OF REIMIWY

P. A . DiRAC

Florida State University

© A WILEY-INTERSCIENCE PUBLICATION

OHN WILEY & SONS, New York - Londen - Sydney . Teorents

I' B MCAEBA

MAan namanr
Ll{er+1 pcﬂunqncn

uneHa-koppecnonnedra AH CCCP
4. U. BIICXMHLUEBA

MOCKBA ATOMMU3LAT 1978




COAEPYKAHME

Ipepucnosue penakropa nepesoga 5
IpenncioBue asTopa f75
9

-

CreunanbHas TEOPHA OTHOCHTEJBLHOCTH

2. Heoproronansiibie 4eKapTOBM KOODAHHATH

3. KpuBoanHe#iHbe KOOPAHHATH 11
4. HevensopHbie BeiudsHbI 13
5. McKpuBJIEHHOE NPOCTPAHCTBO 14
8. Napanaeibhbifi nepesoc 15
7. Camsomst Kpuctoddens 17
8. T'eopesnueckue 19
9. CBOMCTBO CTAUHOMADHOCTH Ie0e3UIecKHx 20
10. Kopapuantioe Au(pPeperuposanme 21
11. Tensop KpuBH3HBI 24
12. KpHTepun miockoro RpOCTpaHeTBA 25
13. ToxpnecrBa Buankn 26
14. Tensop Puuun 27
15. SAHITEAHOBCKUE 3aKOH rPaBUTAUHH 29
16. HbloTOHOBO mpu6inxenue 30
17. TpasuTaunoHHOe KpacHoe CMellleHne . 32
18, Pemenye llIsapumuasga R 33
19. Yepnnle goipsr . 35

20. Tensopuuie MAGTHOCTH.........

21. Teopemn Taycca m Crokca
22. TapMonuYecKHe KOODAMHATHL
23. rekTpPOMArHuTHOE NoOJEe .
24, Morudurauns HEHHA ODHHIITRAHA B NPUCYTCTBHM MaTepHH
25. TeH3op sHeprus — HMnyanca MaTepuu
26. BapuausoHHsi#t MPHHLKN fds rpaBHTAUUH
27. Ienctsue aas HellpEPLIBHO pacnpereseHHON MaTepun
28. HefictBHe A5 5J1eKTDPOMATHHTHONO MOJS
?33. Heficteue ans 3apsixeHHoR MaTepuu

. Baprausonsbifi npunmun B oGmem cayyae e n e 56
31. IcesnoTensop sHeprunm — HMIYJbCA IPABHTALMOHHOTO MOJA . __ e . 58
32. flBHOe BHpaxeHue pus MCeBAOTEH30pa |, 60
33. I'papuraunouusie BoaHB 61
34. TNonapusauus rpaBHTALUOHHEIX BOJH 63

35. KocMonoruuecknii uien ... 64




034(01)—78

YK 530.12

HOupaxk II. A. M. O6mas Teopusi OTHOCHTENbUOCTH: Ilep. e
aurai/ Ilon. pen. J. H. Buoxunuepa. — [ep. wusa.: CIIIA,
1975. — M.: Aromuzaar, 1978. — 64 <.

Kuura Bbhlaalomerocs dJH3HK£l HaHIero- BDeMeHW WHOCTDAHHO-
ro urtesa AH CCCP II. A. M. [lupaka mnpeacTaBaser coBoit
KOHCNEKT JIeKUH#, MPOYHTAHHBIX B YHHBepcHTere mTata Ogo-
puaa. ABTOp naeT B Hell scHyIO H Kpa‘rxyxo ¢opmMynHPOBKY Ma-
TeMaTH4YEeCKoro anmapara OGLLlé‘ﬁ TEODHH OTHOCHTEIRHOCTH Dén-
mrefHa. Hexo‘ropue pesyJbTaThl (a HaCTHOCTH, OTHOCSLIHECS
K IBHXKEHHIO HENDEPBIBHO DacnpenielieHHOH MATEPHH W K TPABH-
TAllHOHHLIM BOJIHAM) B 3TOH KHHTe IOJy4YeHbl HOBBIMH METOZA-
MH, paHee He NyGJHKOBABLIHMHCH.

PaccynraHa Ha HayuseIX PaGOTHHKOB, aCOHPAHTOB, CTydeH-
TOB H NpenojapaTelied, MHTEPECYIOWUXCA MPOGIeMaMH [paBH-
TaHK.

HB X% 808

IIOJb AHAPHUEH MOPHC JUPAK

Pegaxrop E. B. CaTaposa

XynoxecrBendelt penakrop A. T. Kupbasos

O6noxka xynoxuuxa A. H. Ilasapna

Texmuueckne pepaxktopn H. H. Momme6axun, J. &. Wknaesna
Koppekrop C. B. Maaumesa

Cnauo B ga6op 27/IV 1978 r. Ilognucamo X medatu 19/X 1978 r.
DopMaT SDXBO‘/,,_ Bymara Tunorpagckas Ne 2, Yea. new. a. 4,0. Yua.-
us3n. a. 3,65. Tupax 23000 sxs. ILleua 25 xom. 3ax. m3m. 77505. 3axk.
THI. 1457. ATtomusmar, 103031, Mocksa, K-31, ya. JKnaHosa, 5. Moexon-
cKasi THnorpadms Ne 6 ColoanoarrpadmopomMa yna
Komurere CCCP no HenaM H3LaTeABCTB, nmmrpaqmﬁ H KHHXXHO
rorau. 109088, Mockra, 3K-88, IOxwuonoprorag yn., 24,

B3—8—4—1978 © John Wiley & Seons, Inc.,

1975

© IlepeBoa Ha PyccKHi A3KIK. Aromusnar, 1978

MPEOUNCITIOBUE PEOAKTOPA MEPEBOLA

Hosasi KHHra BBIfaOllerocsi (H3uKa HAIEro BpPEMEHH HHOCT-
pannoro wieHa AH CCCP II. A, M. Ilupaka oOcCHOBaH4 Ha ero
JIEKIHSX, TIPOYHTAHHEIX B YHHBepcHTeTe mTaTa PJopuia, u mpea-
Ha3HaueHa [Js1 UHTATeNs, HAUYHHAIOIEro H3yYaTb OOLIYI0 TEOPHIO
oTHOCHTeabHOCTH DfHITeRHA. OTIHIATENBHOR epTOH 3ToH KHUTH
SIBJISIETCd KOMIIAKTHOCTb H H3fLIHOCTH H3/IOKEHH, B nocaennee
BpemMs [OOABHJACCD MHOTO LleﬂUlydl*JYll’l jite) uuu_u:u TEOpHH OTHOCH-
TEeJLHOCTH, BK/IOUAOMHUX HAPALY ¢ GYHAaMEeHTAaJbHEIMH BOIPOCA-

MH TE€ODHH €€ MHOTUOYHCJCHHBIC IDHJIOXKEHHA B aCTpod)HBHKe "
kocmonornu. Ha stom done xaury IT. A, M. Mupara MOXHO Ha-

xocmonorru. Ha stom done xaury paKa MOMXHO Ha
3BaThb «MaTeMaTHUeCKHM MHHHMYMOM>» B obaactn obulefr TeopHu
OTHOCHTEJBHOCTH.

WsnoxeHnne BemeTcd B paMKax TPAIHIMOHHOH reoMeTpPHYECKOHR
HIEOJOrHH, OCHOBHIBamollel oOcyXIeHHe SHHIITeHAHOBCKOH TpaBH-
TauHH Ha DHMaHOBOH reoMerTpuH. [IpounTaB 3Ty KHHTY, YHTaTeNb
6e3 TpyZAa pasbepeTcsi B IPHJOXKEHHSX TEOPHH.

MeTonsl NOJYdIeHHS HEKOTODHIX KJA4CCHIECKHX pe3yJbTaToB
ABJASICTCS CPHrHHANBHEIMH. B uacTuocTH, B camoM ofmleM BHIe
IONy4eHEl ypaBHeHHs] [BHXKeHHS HeNDEpPHBHO pAacupelefeHHBX
HCTOYHMKOB BHELIHHX IoJefl Kak C/IeACTBHe ypaBHeHHA JDiHIUTeH-
HA W YDAaBHeHHH COOTBETCTBYIOILHX IOJeH.

3Ty KHUTy ¢ HHTEPECOM NPOUTYT TAKKE H Te, KTO YXKe aKTHa-
Ho paGoTaeT B obaacTd oilield TeopHH OTHOCHTEABHOCTH HAH Ipe-
noxaer 31oT npeamer. OHH CYMeIOT ONEHHTb ee HCKJIIOYHTENbHEE
JOCTOHHCTBA.

.. Bnoxuunes




CoraacHo o6lieli TEODHH OTHOCHTEJLHOCTH OhHmTeAHA, LA
ONHCAHHA (H3HIecKOl DeabHOCTH TpeGyeTcid HCKDUBJEHHOE npo-
crpancTBo. YTOGH NPOABHHYTBCA TAyGKe B NOHHMAHHH tbuspge-
CHMX 3axeHOMepHOCTEH, HYXHOC YCTAHOBATD KODDEKTHHI BHL ypas-
HEHHH, HeOGXOOWMEIX [Jsl ONHCAHHS HCKPHBJICHHOTO NpOCTPAHCT-
Ba. Jlas 3TOro HMeeTcsl XOPOINO DA3BHTHE, HO HOBONBHO CJOK-
HE MaTeMaTHIecKHi ammapat. Kamnamdi, KT0 XOueT MOHATL TEO-
pui0 DHHITeRHA, JOMKEH UM OBJAlEThb.

STa KHHI4 CO3QaHa H4 OCHOBE Kypca JEKIHIH, TPOYHTAHHEIX
Ha (usuieckoM (axyabTeTe YHHBEDCHTeTa IUTATA ®nopuna. He-
OGXONMUMEIl MaTepHaJ H3JOXeH B Hell B JOCTYNHOH H KOMIIaKT-
Hol dopme. a5t ee moHHMaHHS He TpeGyercs IpeABAPHTENbHEIX
3HaHUH, BEIXONAIIHX 334 paMKH (YHAAMEHTANbHHX HAEH CHenu-
aMbHOA TEODHH OTHOCHTENBHOCTH H YMeHHs AnddepeHmHpoBaTsH
ToJieBble QYHKIAH. DTO NMO3BOIHT YHTATENO, H3ydawollemy OGIIyIO
TEOPHIO OTHOCHTEJNBbHOCTH, IPE0NoJeTh BO3HHKAIOLlHe TPYIHOCTH
C MHHHMAJILHOH 34TPATOH BpeMeHH H SHEPIHH H IOATOTOBHTH cebsi
K Gosiee raAyGOKOMY W3YUEHHIO CIEUHAJbHHX A4CMEKTOR IpenMeTa

Tanaxaceu, wr. daopuaa
Deppans 1975

BpallL

Jns onncaHns (H3HIECKOro TIPOCTPAHCTBA — BPeMeHH Tpedy-
€TCA JeThIpe KOOPAMHATH: BpeMsl ! H TPH IPOCTPAHCTBEHHHIE KO-
OPAHHATH X, Y, 2. [lonoxum

=% x=x% y=ux% 2z=2x3,

TOrja 9YeThPe KOODAHHATH MOXHO 3alHcaTh B BHOe XM, rie HH-
Berc p mpolberaer suHauenna 0, 1, 2, 3. HMHpekc s3amucas B BEpX-
Hell TO3HIHH, 4TOGH BLINOJHHTH YCIOBHe 0ajlaHCa WHEEKCOB BO
BCeX OOLIMX YDAaBHEHHAX TeODHH. TOYHOe 3HAYEHHE BHIDAKEHHS
«6aaHc HHAEKCOB» CTAHET SICHHIM 4yTh HO3Ke.

BosbmeM TouKy, 6/M3KYI0 K DACCMOTPEHHOH Touke XM, mycTsb
ee KoopamHATH OymyT x*4dx*. UeThlpe Beauunnst dx*, omucH-
BaWLIHE CcMellleHHe, MOMKHO DacCMaTpPHBaTh K4K KOMIIOHEHTH BeK-
TOpa. 3aKOHH CHEUHAJbHON TEOPHH OTHOCHTEIbHOCTH NO3BOJSIIOT
NPOH3BOANTL JIHHEHHEIE OJHODOIHLIE IPeoGPa30BaHHSI KOODAHHAT,
BRIpaxawliyecs B JHHEAHHIX OJHOPOAHEIX Npeo6pa3oBaHHSAX dxM.
ITH npeo0pa3oBaHug TAKOBbI, YTO BEJHUHHA

(A0 — (A — (e — (da?) (L.

sIBJsieTCS] MHBAapDHaHTOM (BhI6paHa cHCTEMa eNHHHI H3MepeHHH
IJIAHBl B BpEMEHH, B KOTOPOR CKOPOCTH CBeTa ¢=1).

CoBokynmnocts BeqmunH A, KOTOpbie NpH INpeo6pa3oBAHHAX
KOOpAHHAT NpeolpasyloTcs Tak Ke, Kak dx¥, HasHBalOT KOHTpa-

BapHaHTHBIM BeKTOpOM. MIHBADHAHTHYIO BENHUUHY
(AP — (AP — (A% — (A% = (4, 4) (1.2)
MOXKHO Ha3BaTh KBajpaTOM IJHHH BekTopa. Eciu ectsb BTOpO#

KOHTpABADHAHTHHEA BekTop BM, To cymecTByer HHBapHaHTHOE
CKaJIsIpHOE IPOH3BEJEHHE

~

A A2 1S A M /1o
n“u'———Al) — ADT— ATDT = A, D). {1.9

[na ymo6ctBa 3anHCH TAKAX HHBADHAHTOB BBeJeM HHIKHUE HH-
nexcul. Onpenennm

A, =A% A, =—AY A,=—A% A= — A% (1.4)
Torma sammimeM BHpakeHHe B JjeBoi dactu (1.2) B Buze Ay 4 &,
rie DoApa3yMmeBaeTcs CYMMHPOBaHHE IO YeTHPeM 3HAUeHHSM HH-
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nexca u. B rtaxkux oGoasnauenmsix (1.3) wmommo mpe
Buge Ap B* umn A B .

Yeroipe Beanamusl Ay, BBeleHHble BHIpaXeHusMH (1.4), Ttak-
e MOXHO DAaCCMATPHBATL K4K KOMIOHEHTH BEKTODA. J3aKOHK
npeo6pa3oBaHUs 3THX BeNHYHH MPH HpeoGpas’oBaHUAX KOODAHHAT
HECKOJNBKO OTJIMYAIOTCH OT 3aKOHOB mpeo6GpasoBauus AR u3-3a
pPa3MHIHsA B 3HaKaX. Takofl BeKTOp HA3LIBAIOT KOBADHAHTHEIM BEK-
TOPOM.

Hs neyx xoBapHaHTHEIX BékTopoB AM m BM MoxHO 06paso-
BaTh LUECTHANNATbL BenauuunH AR BV (uHmerc v, TaK Xe Kak BCe
rpedecKHe HHJEKCH B 3TOH KHure, mpoGeraer 3mauerus 0, 1, 2, 3).
OTH INeCTHAANATb BeJHYHH OGPA3YIOT KOMIOHEHTH TEH30pa BTO-
poro pasra. KX WHOrna Ha3bBAIOT BHEIIHHM IPOH3BEIeHHEM BEK-
Topon A* u BE, B OTIHYHe OT CKaAsipHOTO MpoH3BefenHst (1.3),
KOTOPO€ HA3LIBAIOT BHYTPEHHHM IPOH3BEIeHHEM.

Tensop A* BV aBasieTcsi CeHANLHEIM, TAK KAK €T0 KOMIIOHEH-
TH CB ibl JpPYT C APYroM oNpefeJeHHHIMH cooTHOmeHHaMH. Og-
HAKO, CKJIAIHBAas HECKOJbKO TEH30pOB, 0Opa30BAHHEIX TAKHM CIO-
co0oM, MOXHO IOJNYYHTh TEH30D BTOPOrO paHra CaMoro o6uiero
BHAA, CKaxKeM :

T = A"B' 4 A*BY+ A*B™” + . . . (1.5)
DToT TeHsop o6aajaeT BaKHBHIM CBOHRCTBOM: TIDH MPeoGpa3soBaHHSX
KOODJAHHAT €ro KOMIIOHEHTHI NpeoGpasyioTcs TaK 3Ke, KaK BeJH-
ynuHbl A" BV,

MoxHO ONMycTHTH ONHH W3 HHAEKCOB B THY, mpumenss mpabu-

77 wmapsmr {1 RBY
JC ONyCKaHMs HHISKCOB X KaXICMYy WICHY B npaBcH jactH (1.5).

Tax o6pasyercss Ty’ mam TPy . Onyckas o6a HHIeKca, HOJydaem
BeNTHYHHY T py .

B Ty’ MOXHO MOMOXHTE v=u, UTO NpuBOmuT K Tpt . 3geck
IOJIXKHO OHITh IPOH3BEIEHO CYMMHpOBaHHE IO ueThHlpeM 3Hade-
HHAM p. Jajee Bcerfa N0 ABaXKibl NOBTOPSIOLIMMCH HHAEKCAM
nojpasyMeBaercss CyMMHpoBaHHe. 3HauuT, Ip* sBIsercst cKauas-
poM; Tp* TOXKIecTBeHHO paBHO THy, .

MoOXHO TDOXO/IKHTE 3TY NPOUEAYPY H NEPEMHOXKHTb Ooiee
YeM OBa BeKTOPAa ¢ DA3IWIHHMH HHAEKcaMH. TakuMm cmocoGoum
CTPOSITCS TEH3OpHl BHICIIEro panra. EciH Bce BEeKTOPH KOHTpaBa-
PHAHTHE], TO Y TeH30pa GYAYyT TOJbLKO BepXHHE HHAEKCH. Ecam ke
ONyCTHTb HEKOTOPEIE HHAEKCH, TO IOJYdIHM TeH30p o6Ilero BHAA C
PAIOM BEDXHHX H PSIIOM HHIXHHX HHIEKCOB.

TlosoxXHM onpene/eHHBH HHXKHHA HHIEKC DaBHBIM OIIpeleseH-
HOMY BepxHeMy wuHAekcy. Torma HOMKHO OBITh IDOH3BEAEHO CYM-
MHpDOBaHHE IO BCeM SHAYEHHAM 5Toro uuHiekca. OH CTaHOBHTCA
nemblM. OcTaercd TEH30p, HMEOLIMH Ha [1Ba CBOGOZHHX HHIEKCA
MeHbIle, 3eM I1epBOHadaJbHHMN. Takyno mpollenypy Ha3HBAawOT

CREDTK! ONMTE H3 TEH30Pa UYeTBEepTOroe
CBEDTK!

OIUTE M3 TEH30Ppa UYeTBe TOr

T, To, cBOpaumBas cHAuala IO HWHAEKCAM G H p, TOAYIHM

Tensop BToporo panra 7T y®, KOTODHHA HMeeT TOMbKO IIeCTHAl-

8

TOpoB A% H o7,

1ath KOMIOHEHT, COOTBETCTBYIOIIHX YeTHDEM 3HAUeHumy
coB u M v. IlponsBenss cBepTKy cHOBa, mpHIeM K cKaaspy T

COCTORAIIGMY H3 €AHHCTBEHHOR KOMIIOHEHTHL. T
N Tel’levpb TPOACHAETCA CMHCA BHPAXKeHHA «GaJaHc WHIexcops
Kaxzabnil cBOSOnHBIN HHAEKC IOABJSETCS B YPABHEHHH Onmp ¢
TOMbKO OJMH DA3 B KaXKJAOM d/eHe (CaraeMoM) ypaBHEHHS W sB-
Jsercd Bcerja (Bo BCeX CJIATA€MEIX) BepXHHM HJIH BCeriga HHXK-
HAM. VHJexc, BOSHHKAIOLIME ABaXIH B OJHOM qJIeHe, SBJSeTCS
HeMBIM H JOJIKEH HaXOAHTHCHA OLHH DPa3 B BepXHEM H OIHH pas s
HHXHEM IOoJOXeHHH. Ero MoXHO 3aMeHHTb J06BiM LDYTHM rpede-
CKHM HHJIEKCOM, ellle He HCIOJb30BAHHEIM B 3TOM djieHe ypaBHe-
Huy. Taxkum obpasom, TVy® = T, Unmexc umxorza me noi-

JKEH NOoABJAAeTbcaA Oosee deM ABaX bl B OODHOM UJIeHe,

2. HEOPTOIOHAJIbHBIE AEKAPTOBBI KOOPOMHAT

T

Ilpescae uem nepefitu X MateMaTHuecKOMy anmapaty obmed

TEOPHH OTHOCHTE/NIbHOCTH, YAOOGHO paccCMOTpeTh IIPOMEXYTOUHBLA
WOpMaiH3M — CHEUHAJbHYI0 TEOPHIO OTHOCHTENBHOCTH B HEOPTO-
FOHANBHBIX JeKAPTOBEIX KOOpLHHATAX.

Ilpu mepexose X HEOPTOTOHANBLHHIM OCAM KaXias H3 BeAHIHH
dx* B Beipaxennn (l.1) oxasmiBaercs JmmefiHON $yBKIHER HOBBIX
dx*, n xBagpaTHuHas (opma (1.1) cranoBuTcst obmeh KBagpa-
THYHOH (OpMOf MO HOBEIM dX*, KOTOPYI0 MOMKHO 3amHCATb B BHJIE

8By dx™ dx”, 2.1

Ie IoApasyMeBaeTcsi CYMMHPOBaHHe KaK IO y, TaK H no v. Ko-
ahhUNUEHTE £, 2aBUCIT OT BHGODA HEODTOMrGHA Mifoh 1eranm
TrERREEAS Sy 3aBMCIAT OT BHIOOPa HEODTOrOHAJAbHOH A€KapTo-
BOH CHCTEMEl KOODAMHAT. MBHI, KOHeWHO, IOJIAraeM guv =gZvu, T4K
KaK Joboe passiuyne MEXAY Suv H Svp He CKa3ajJ0Ch 6Bl Ha Bbi-
DaxKeHWW Ang xpajipatuuHofi dopmrr (2.1). Mmeerca, taxum oS-
basoM, NeciaTb He3aBHCHMLIX KO3(D(DHIHEHTOB gpuy.

Ipu mpeo6pasoBaHHsX KOOpIHHAT 9eTBIP€  KOMIIOHEHTH AWM
[POH3BOJBHOrO KOHTPAaBADHAHTHOTO BeKTOPa INpeo6pasyloTcs Tak
Xe, Kag dxP. Torma guvA™A¥ gpasercsa HHBAPHAHTOM. 2TOT HH-
BapHaHT eCTb KBaAPaT AJIHMHHE BeKTopa AWM,

Ilycts B — npyrofi KOHTpaBApHAHTHHIA BekTOp; Toraa A 4+
+AB® Tak:e sBJIsleTCS BEKTOPOM ISl TPOH3BONLHOLO 3HAUEHHS
qHC. Kga DAT ero IJHHL eCTh

JAJIRHE €CTh

MITATIMARLS TTTYIYY T A rmrrarrizoe A
OJ/UKHAZ OHTL HHBApHAHTOM HpH BCe HHAX M.

Orciona caenyer, aro kosddunuents mpr A% Al m A? sBasoTcs
HHBADHAHTAMH. Ko3(Q@HIlHeHT NpH A! HMeeT BHI

guwA"B” + g, A"B" = 2 g, A*B",




TaK KA4K BO BTODOM UJIEHE JIEBOH 9aCTH MOXKHO IIOMEHSTb MECTa-

MH W HVH BOCHOJ‘IbaoBaTbCﬂn ycaoBHeM & yv =&vp . TaxkuMm obpa-
30M, BHIACHSETCHA, UTO g wAYBY  gBAAeTCS HHBapHAHTOM. 70T
HHBADHAHT ecTh cKaJfgpHOe mpousBenenue A* u BM.

rfyCTb g — NeTepMUHAHT guv. J3HaUeHHe g He [O/LKHO DaB-
HATBCA HYJI0; B IPOTHBHOM cilydYae YeTHDe OCH He ONHCHIBAIOT
He3aBHCHMble HATpaBleHHA B [POCTPAHCTBE — BPEeMEHH H HE Mo-
ryr 6biTh BEIOpaHB B KauecTBe KOODAHHATHLIX OCeH. B opToro-
HAaJAbHHX NeKapTOBEIX KOOpAHMHATAX, DACCMOTPEHHEIX B NpPENBInY-
el raaBe, AHArOHAJbHEIE 2JEMEHTBl £ uv PABHH 1, —1, —1, —1,
a HeJlHaroHaJIbHEIE 3JAEMEHTHI DaBHBI HYJIO. Torna g=—1. B He-
ODTOrOHAJBHEIX /eKADTOBHIX KOODAHHATAX & MOJXKeH OCTaBaTbeid
OTPHIATENbHEIM, NOCKOJbKY HEOPTOTOHAJbHbIE KOODAHHATHL MOLYT
6HTbL NOJYYEeHH H3 OpTOT HEIX HEeNpepHBHEIM IDOLECCOM, BHI-
paxaloOMuMCsl B HENpepHIBHOM H3MEHeHHH g; C/eloBaTe/bHO, 3HA-
geHHe g He MOXEeT IMPOXOAHThH Yepes HyJlb.

Onpenenny BenuauHy Ay, Ha3bIBAeMYIO KOBADHAHTHEIM BEKTO-

Unpenesn n

poM, ciexylomuM obpasoM: .
A, = gMA'_ (2.2)

Tak kak g He O6paliaercs B HYJAb, 5TH YPABHEHHS IIOSBOAIOT
BEpa3ATL AY gepes Ay. I[1ycTh pesyapTaT HMeeT BHA

A% = g™ A, 2.3)

Kaxaas KOMIOHeHTa gM¥ paBHa aareGpaHIecKOMY OONOJIHEHHIO
COOTBETCTBYIOIlell KOMIOHEHTH gpuv B JETePMHHAHTE MAaTPUIEI
. BaTeJdbHO, 8~"=8"".

Zuv, NENEHHOMY HA caM AEeTepMHHAHT g. LIeno g
TlopcraBry B (2.2) Bupaxenne maa AY us (2.3). Uro6er He

IlopcraBum B
HOJY4HTh TPH OJHHAKOBHIX HHAEKCA B OJHOM UJI€He, HYXHO 3aMe-
HETH HemoOl HHAekc p B (2.3) kakuM-unSyAb APYTHM TIDEIRCKHM
WHIEKCOM, CKaxeM o. Toraa moayanM

Ap=g,,8"%4,.

Tak KakK 3TO COOTHOIUEHHe MOJKHO HMeTb MeCTO HNJd IPOH3BOJB-
HOMl YeTHIPEXKOMIIOHEHTHOH BeJHIHHEI A u. 3akmouaeM, 9TO

8,8 = 2, 24)
roe
_ 1w w=p 2.5
gﬁ_{n mrE u=%o0. ( )
C mpH BT P

II - — P MOXKHO OIYCTHTL ¥

Ipu momomn Qopmyast (2.2) MOKHO OIYCTHT
Goft BepXHHfi HHJEKC; IpH TOMOWIH (opMyiasl (2.3) MOXKHO IOA-
HATH M06OH HHXKHHE HHAEKC. EclIM OnpeleNeHHBH HHOeKC IOA-
HATH H C o (24) n (2.5), Tensop He

HATD H
H3MeHHTCH. 3aMeTHM, 4TO Z§ HDOCTO INPOM3BOJAHT 3aMeHy W HH-
HeKcoM p:

YaBa ONVCTUTL, TO.
HOBa COIyCTUTh, TO, C

10

@A =a
HJIH P MHAEKCOM [:
& Ap = A,
TMpnaMenns mpaBHIO NOAHATHS HHAEKCA K W B Zuv, mnomyunm
&%, =g*g,,.

2To cornacyetes ¢ (2.4), ecan NIpHHATL BO BHHMAaHHE, YTO BCaen-
CIBHE CHMMETDHH Zuv HHAEKCH B g% MOXKHO MHCATh OLHH 1O
npyraM. Iloaunmas nanee mo Tomy e NIpABHJY HHOEKC v, HMeeM

g“ﬁ:gvﬁgfvl_

DTOT pesyJbTAaT HeNOCDeACTBEHHO cieayer H3 (2.5). IIpapmua
NOAHSTHSL H ONYCKAHHS HHIEKCOB NPHMEHHMEl KO BCeM HHIeKCAM

HHIeKcaM
B g, gh oW, bt

Syt

3. KPUBOJIMHEMHBIE KOOPOMHATbI

Teneps mepefinem X cucremam KDHBOJIHHEHHEIX  KOOpIHHAT.
PaceMOTpHM BeJHUHHE, JIOKAIH30BAHHEE B TOUKe TIPOCTPAHCTBA —
BpeMeHH. DTO MOTyT OHITH MHOTOKOMIMOHEHTHEE BEJHIHHE C KOM-
TOHEHTAMH, OTHeCEHHLIMH K KOODAHHATHBHIM OCAM B JAHHOH TOYKe.
Ecin mono6uas Beiuumma cymlecTBYeT BO BCeX ToURax npoCcTpaH-
CTBa, ee HA3LIBAIOT NOJEBOH BeJHYHHOM.

llonesyio pennunny Q (MAM ONHY M3 ee KOMIIOHEHT, eCaH HX

HECKOJMBKO) MOXHO npoiuddencHnunoBats 0o MicSod wa Te
pUARYPOPTLLEPOLATL N0 JXO0HM H3 HeThipex

KOODAHHAT. 3alHIIEeM [e3yabTaT:
0Q/0x" = Q.

Huxeuil Aniexc depes samartyio Bcefa 6yfeT o06o3HauaTts TAKYiO
npon3sonuylo. HMumekc p moMemen BHH3y, Tax xax BePXHHH HH-
AEKC B JIeBOH YACTH HAXOAWTCHA B 3HaMeHaTele. MsMenemne Q mpu
nepexone OT TOYKH X" K Oamsdexallleli Touxe XM +dx* pMeer

BHI
8Q=Q.u %" 3.0
BHI}.HG, 4To yCaAoBHE 564"6}1(‘,3 HHAEKCOB BbINOJIHEHO.
HaM 1101-18110651’1‘(:5{ JIOKAJH30BaHHHE B TOYKE BeKTODBI H TeH-
30DHL C KOMIIOHEHTaMH, OTHECEeHHBIMH K KOOPAHHATHEIM ocaAM B

3Toi Touke. Ilpu mpeoBpazor 9X KOODNHHAT KOMIOOHONTL —8Wie
3% T FasOz Sia AUVpangal aUmuaoacnTbl TAdRKHAX

BEIHIHH NPeOSpasyloTcs MO TOMY e 3aKOHY, 9TO M B IpeNHAY-

dleMm pasiede, HO 3aBHCIIIEMY OT NpeoGpasoBaHHSA KOODAWHAT B
paccmaTpuBaeMot Touke. [lodyumm, kax w mpewpge BeJuTHEL!
Snv H g% C HHXKHHMH H BeDXHUMH WHIeKCAMH. OHAKO OHE GOMb-
Ile HE KOHCTAHTH, & MEHSITCA OT TOYKA K TOUKE, T.e. SBASIOTCH

IIOJeBHIMH BeJIUYUHAMH.
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PaccMOTpHM De3yJbTAT CHENHAJBHOTO NPeoGpasoBaHHsA KOOP-
AHHAT. TTvrvn. Kaxnasg H3 HOBHIX wnunnnunpﬁugy KOODIHHAT x’n
eCcThb Q)yHKIIHSI geTHpex XM Yio6Hee mucath £, rie IUTPHX CTOHT
1pu HHAEKCE, 4 He IPH OCHOBHOM CHMBOJIE.

Bappupysl x M, nomydaem deThipe BeJAHIHHBL 6x*, obpasyiolline
KOHTDAaBapHaHTHHE BeKTOp. KOMIIOHEHTH 3TOrO BEKTOpa B HOBHIX
KOOpAHMHATAX, cOrJacHo (3.1), HMeoT B

= (0x%'19%") 6% = x* , 6",

OTcroja noyuaeM 3aKoH Ipeo6GpasoBaHHsA JIOGOr0 KOHTPaBapHAHT-

wsrg negrona AV
HOTC BeKTOpa A

AR (3.2)

HepeCTaBHB HOBYIO H HCXOJAHYIO CHCTEMBl KOODAMHAT H H3MEHHUB
HHIEKCHI, TTOJYYHM

V3 csoficts nu@eperunpoBaknsi B JACTHBHIX HPOH3BOAHBIX H3-
BecTHO, 4To [B oGosnadeHuax (2.5)]

(0x*/0x"") (0™ 105) = .

A, =g (B4
Drto mosBoJser YBHIeTb coraacosaHHocTs (3.2) m (3.3), Tak KakK
3.2) B mpasywo gacTs (3.3) nmaer

r"—'):.'.r.’?@l,I -.-Av=gf.¥A”=A’“.

Yrto6bl BHACHHTb, KaK IpeobpasyeTcsi KOBADHAHTHBEIE BEKTOD
B, , HenonnayeM yC/IOBHE WHBADHAHTHOCTH BeandnHbl AMBy.

O oamans AOTTIITITAM
. YHETOM \u u/ SalikiacM:

A¥ By = A*B, = x* - AV Bi.
DTOT pesyabTaT LOJXKEH OCTABATHLCH CIPABENIHBHM IJAA BCEX 3Ha-
JeHHHA JeTHpeX BeNHIHH A%, mostomMy, NpHPaBHAB KO3 GHIHEHTH
npu AM, MOXHO TIOJNYYHTH
By = % Ba. (3.5)

Taxkum 06pasom,

79 BY AAT~s TorAm  mavran o
T b I

\yupmymﬂ \o A) H {(v.0) HO3BOJAAIGT TEICP
MPOH3BOJBHEIN TEH30D C JIOOBIM UHCJIOM BEPXHHX H HH}KHHX HH-
pekcoB. KosbduuueHTs THIA x" H x"u KaK pa3 H JIOJXKHH

OBITh HCI0Jb30BaHBl A5 KaxK[AOro BEPXHErC W HHXKHEINC HHACKSA
COOTBeTCTBeHHO ¢ cobaioogeHHeM OaJjaHca HMHIEKCOB, HanpHMep:

. . oa "
T 5 = 5 a2 W T, (3.6)
Jlio6as BeJuuuHa, npeofpasypollasicss IO TAKOMY 3aKOHY, eCTb

tensop. CoorHomenne (3.6) MOXHO CYMTATh ONPENC/ICHHEM TEH-
3opa.
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(27

Qoarspameene  gme  Twe mamas 4~

DaMeTHM, 4TO LJiA TCH30pa CyLiecTBeHHa CHMMeTpHA WIH aH-
TUCHMMETPHS MO HHAeKCAM THIA A H 1, TaK KaK 3TO CBOHCTBO
COXpaHseTCsl IPH NMPeo6pPa30BaHAH KOOPAKHAT.

Gopmyany (3.4) M

epemucaTs
2 P
X, o xﬁ: vga' = g&,
OTKyHa C/lelyer, 4To g ecTb TeH3op. JIJs NPOH3BOJLHEIX BEKTO-
poB AR, BY pmeem
o’ npp’ v ’ 8"
8up A¥ BY =g, A*B =g, e £y A% BY.
Tax xax 310 crmpaBenJHBO AJs BcexX 3Hadenuir A% u B®, zakmo-

Hacm, 4970

ogr =Gy XM XV o0l (3.7

" AY
Suv 7, ' B (18]

Orciona caefyer, 4TO g pv SBASETCS TEH30DOM. AHAJOTHIHO MOXK-

....... TCH3CPOM. AHAJCTHTHC MOXK-

HO moKasaTb, 9To ¥ — TeH30p. DTH BeJHUHHB Ha3HBAIOT (yHAa-
MEHTAJbHEIMH TEH30DaMH.

IIpon3sBOMBHYI0O CKAMADHYIO NOJEBYIO BeJHUHHY MOXKHO CUH-
TaTh Kak tbyHKuueu geTHipex A*, Tak H tbyHKuneﬁ 4YeThIpeX Xpu.
CorsacHo CBoficTBaM ONepanHu nmbq»epeﬂuuposaﬂm B YaCTHHX
NPOU3BOJHHX

Su.zs ,’x"u,

CrnenoBatensso, S,, npeoGpasyercs, Kak Ba u3s ypasmemus (3.5),
., TAKAM 06pasoM, TPOH3BOAHAR OT CKaJSIPHOTO IO/ SIBASIETCH
KOBADHAHTHHIM BEKTOPHHIM IIOJIEM.

CyuwiecTBYIOT BeMHUHHH N¥y... ¢ Das/HYHEIMH BEDXHAMH H
HHXXHHMH HHIEKCAMH, KOTODHle He SIBJAIOTCS TeH3opaMH. Ilpu mpe-
06pasoBaHHAX KOODIMHAT TeH30pHAs BEJHYMHA JOMKHA Ipeod-
DPa30BHIBaTbCA MO 3aKkoHy BuAa (3.6). B mporuBHOM cayuae sta
BeJIHUHHA — He TeH30p. TeH3op o6JaajaeTr TeM CBOHCTBOM, 49TO
€CJIH BCe ero KOMIIOHEHTH o6palllaloTcsd B HyJdb B OZHON CHCTEME
KOOpAHMHAT, TO OHH DaBHH HYJIO H B J1060# apyroit. Iias HeTeH-
30pOB 3TO He 006s13aTe/IbHO TaK.

ToanuMaTs M ONYCKATH HHIEKCH HETEH30DHHX BEJHYAH MOXK-
HO 710 TeM e IpaBHJaM, 9TO H IJs TEH30DOB. Tak,

gow Nu’vp —_ Nua }

IS4y npaBHJIa tbax'm-qecxu HHKaK He CBdA3aHBl C 3aKOHaMu IIpe-

o0pasoBaHHsi K HOBOH cHcreMe Koopiaueat. Ilpu onpesenesun He-
TPHanP—TT—\IY ReJTUUUH C TeM 3Ke Vl"ﬂPYnl\A MOHQ He nenatTs DazJiu-

eH3 BeJIMUUH C TEM 3Ke YCIeXOM MOXHQO He JenaTh Dasid
9HA MeXAY BeDXHHMH H HHXXKHHMH HHIEKCAMH.

TeHsopH H HeTeH30OPE MOLYT CTOSITb BMECTE B OJHOM ypaBHe-
HHH. Banac HHAEKCOB NOHHMAIOT A/ HeTEH30POB TAaK e, KaK LSt
TeH30POB.
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sacteoM. Ilvers Beaumuna Pay
pema o yacTHoM. [lycts BeamumHa Py

T, m

T T
AMPy,  ABAsAETCS TEH30pOM AJs J6oro Bekropa A
caydae Papy — TEH30D.

Umraftr 70KRA22TEL 3T, B
1TOOBI ACKaszaTh 3TC, B

Quv ecTb TEH30D, NO3TOMY

Qpv = Quv = BxY .

an
eo

Torma
A% Pogy = AY Pyoyry 23 5.
Tak kax A* — BexTOp, u3 (3.2) HMeeM:
A =A%,
Takum o6pasom,
A% Pogy = A" e Prrpryr x‘f'ﬁ xY’v-

3TO paBeHCTBO MOJKHO BHITIOJHSITHCS iJS BCcex 3HadeHHHd A% cies
LIOBaTeNbHO,

,

A plt” o
P x ux.BxY‘P'

apy =
Bupguo, at0 P apy — TEH30D.

Teopema ocTaeTcsl CIIpaBeIJIHBOR I/ BEIHYHHB C HPOU3BOMb-
HEIM YHCJIOM HHXKHHUX ¥ BepDXHHX HHJIEKCOB.

P

v

5. UICKPUBJIEHHOE FMPOCTPAHCTBO

JByxme 1 HCT
CTaBHTb KaK IOBEDXHOCTb B TPeXMeDHOM €BKJHIOBOM IpPOCTDAHCT-
Be. AHAJIOTHYHEIM 00pa3oOM MOXHO HMETb OeJO0 C HCKDHBJIEHHBIM
deTBIpeXMEPHBIM IIPOCTPAHCTBOM B IJIOCKOM IIDOCTPAHCTBE GOJb-
LIero 4ucJaa H3MepeHHH. B 3ToM ciayuae HCKPHBJEHHOe IDOCTpaH-
CTBO HA43HBAIOT PHMaHOBHIM. Masass o6JacTb DHMaHOBAa MPOCT-
paHcTBa 6JH3Ka K IVIOCKOMY NPOCTPAHCTBY.

DRHMTEHH NPELNOJOXKH/, UTo (H3HIECKOE IPOCTPAHCTBO SB-
Jasferca NPOCTPAHCTBOM HMEHHO TaKOR IPHPOAE, H NOSTOMY IOJO~
JKHJ DHMaHOBY FeOMEeTpHI0O B OCHOBY TEODHH TPABHTANHH.

B HCKPHBJEHHOM NPOCTPaHCTBE HeJb3s1 BBECTH CHCTEMY Ipsi-
MOJINHERAHHX KoOpAHHAT. Ilpuxomurcsd MHOJB30BaTBCA KPHBOJHHER-
HBIMH KOOpJHHATAMH THIA2 PACCMOTPEHHHX B pa3f. 3. Popmaiausm
3TOTO pa3feja MOXKHO LENHKOM NPHMEHUTb K  HCKPHUBJCHHOMY
TPOCTPAHCTBY, TAK Kak Bce OOCYXAaBLIHecS TaM yDaBHEHHS SB-

OCTDAHCTRO JTerko cefis IFnDejs-
OCTPAHCTBC JICTKC cede IIpel

JAAKTCA JIOKAJbHBIMH, 4YTO AeJdaeT HX HeIyBCTBUTEABHBIMH K KpH-

BusHe
BH3HE.

VinpapnanTuetfi uHTepBas ds MeXAy TOUKOH x* Hm GJH3/IeXKa-
wen Toukon x*+dx* naercs BeIpaxKeHHeM BHAa (2.1):

ds* = g, dx'dx’.
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YnarepBa ds O BPOEeMEHHNOLOOHHIX TOUEK ABJSETCS NeHCTBH~
TeJIbHBIM, AJS IPOCTPAHCTBEHHO-NOAOOHBIX TOUeK — MHHMEIM.

B KDUBOMMHEHHHX KOODAMHATAX guy, 3a/laHHAS KaK GyHERHS
KOODAHHAT, (DHKCHDYET BCE 3JIeMEHTH HHBAPHAHTHOTO PACCTOSHHSA;
TakdM 00pasoM, guv 3a13aeT MeTPHKy. BenHuHHA guy Ompegenser
¥aK KOODIMHATHYIO CHCTEMY, TaK H KDHBH3HY HDOCTPAHCTBA.

6. MAPAJIESIBHLIA MEPEHOC

ITycts BekTop AW sokanusoBaH B touke P. Ecam mpocTpamcr-
B0 HCKDHBJIEHO, NOHATHE TapasIeJbHOTO BEKTOPA B IAPYrofi TOuKe
Q JMHUIEHO CMEICHA, B UeM Jerko yGeIHThcs HAa IIpHMEpe HCKDHB-
JIEHHOTO JBYXMEePHOTO IIPOCTPAHCTBA B TPEXMEDHOM €BKJHIOBOM
mpocrpancree. Oanaxo B Touxke P/, Samskod x P, cymectByer
BEKTOD, HapaJelbHHH AR ¢ TOYHOCTBIO HO UIEHOB BTOPOrO MO-
PAlKAa MO paccToAHHIO MexAay TtodkaMH P u P’. Torma wmoxuO
TIDHAATL CMBICH OHEpanuM TepeHoca Bexropa AP w3z touxm P B
Touky P’, ocraBisiioIllefl BEKTOD NapaJJ/eabHEM camoMy cebe u
He H3MEeHAILeHd ero IJHHBL.

IIpu moMomly onepanuu MAPaNIeJbHOrO IIEPEHOCA MOXKHO He-
TIPepLIBHO HepeMellaTh BEKTOP BIOJb HEKOTOPOR TPAEKTOPHH.
Bubpap Tpaekropuio or P no Q, NoayIHM BeKTOp B TouKe Q,
TIapajJlesibHbIf, B CMbicle JaHHOH TPaeKTOPHH, HCXONHOMY BEKTO-
Py B Toure P. Ilpyras TpaeKTopHA RAaCT HHOA pe3ysbrtat. [loHsa-
THe BeKTOpa B TOUKe Q, Mapasiel]bHOTO HCXOLHOMY BEKTODY B
Touke P, me sBigercs aGcomoTHeIM. Eciu mpousBecTH mapassiens-
Hblfl IlepeHOC BEKTOpa H3 TOYKH P BHOJNb 3aMKHYTOR TPAEKTODHH,
TO TOJIYYHM CHOBA BEKTOp B Touke P, KOTODHIA, BooGlle roBops,
OTAHYAETCS OT HCXOIHOrO HAIpAaBJEHHEM.

YpaBHeHHA /s [apanienbHOIO NEPEHOCA BEKTOpA MOXKHO IO-
Jy9HTh, NPEANOIOXUB, YTO Hallle YeTEIpeXMepHOe (H3HIECKOe NPO-
CTPAECTBO HAXOJHTCS B INIOCKOM IIPOCTPAHCTBe OOJBIIErQ WHCIA,
ckaxeMm N, usMepennfi. Beenem B stoM N-MepHOM mnpocTpaHCTBe
TnpSMOJMHHEHHLe KoopauHath 2" (n=1, 2,..,N). DTH xoopauHaTH
MOTYT OBITb HEOPTOTOHAJBHHMH. g ABYyX G6Ju3TeXRAMHX TOUEK

. CyIleCTByeT HHBAPHAHTHOE DACCTOSHHE:

ds® = h,,dZ" dZ", (6.1)

n u m Renercg ot ! no N. B oraminue oT
n u m Beperca oT ! go N, B oTIHUHe OT

BEJIHYHHBL Apnp, SBASIOTCA KOHCTaHTAMH. C HX IOMOIIBIO MOXK-
ONyCKaTbh HHAEKCH B N-MEDHOM IPOCTPAHCTBE:

Luv
H

OE

dz, = h, dz".

@©H3HTECKOe IIPOCTPAHCTEO 06pAasyeT HUETHIDEXMEepHYI0 <«IO-
BEDXHOCTh» B ILIOCKOM N-MepHOM mpocrpaHcTBe. Kaxpas Touka
Z* 3TOH IOBEPXHOCTH OIpene/seT HEKOTOpYIo Touky y* B N-mep-
‘HoM mpocTpaHcTse. Kaxnas koopAHHarta y™ sgBjsercsd (QYHKIHeH
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geTEIpex XM, YpaBHeHHS NOBEPXHOCTH 3aJalOTCs NYTEM HCKJIOUe-
HHA X* u3 N ¢yuruni y™(x). Taknx ypaBHeHult N —4
Muddepernupys y™(X) no napamerpam XH, momyuaem

AU PRCDERLND 420 MeTpaM AT, O Y N

Y’ ()0 = ot

Ui

Jnsa pByx OMH3KUX TOYEK IOBEDXHOCTH, DA3NHIAIOIMHAXCA Ha OXM,
HMeeM

8y" = g 65", 6.2)
Cornacuo {6.1), KBagpaT HHBADHAHTHOLO DACCTOSHHS MeXIy 3TH-

MH TOYKaMH Hmee'r BHA
= h,,,0y"0y™ —h,,,,,l/" ¥, Ok Oxv,

h’.n"—}{nﬂg'rau H, 10 Hs2 MOXKHO 2aNTUCaTLE B BHIS
OHCTAHTH, TO § OKHO 3aIHCaTh B BHAE
8s? = y* y_ _ OxMoxv.

Yubny

Kpome Toro,
s =g  O6x*ox".

Orciofa noJaydaem, 4To

v =Y 0,y (6.3)

PaccmorpuM B (H3HZeCKOM INIPOCTPAHCTBE KOHTPABADHAHTHMIN
BekTOp A", JIOKaNH30BaHHHE B TOuKe X. KommoHentn: A" mpeo6-
pasymooTcs Tak ke, kak O0x* mu3 (6. 2) H H3 HHX, CJeJ0oBaTesbHO,
MOKHO o6paaosa'rb COOTBETCTBYIOIHH KOHTDABADHAHTHHE BeKTOp

n 5 N-MepHOM IDOCTDAHCTBe, NnecHnasviomufcd Tax K., Xak
A N-vepuom npocrpaHcTBe, npeofpasymwmmics Tak Xe, Kak
6y™ u3 (6.2). Torna

— ]
=y, AN (6.4)

BeK'rop An pasyMeercs, PHHALICKHT NOBEPXHOCTH.
xeut‘pb ﬂ" B Coce >
OCTaBJIsm ero nmapa/JelbHEIM caMoMy ce6Ge (TO O3HayaeT, 4TO
KOMIIOHEHTH A™ 0CTa0TCsl HEeH3MEeHHBIMH). BCAeACTBHe KPHBH3HH
IPOCTPAHCTBA BEKTOP B TO4Ke X+dX¥ yKe He NPHHANIEKHT IO-
BepxHOCTH. OfHAKO €ro NpOEKNHs] Ha NOBEPXHOCTh 3afaeT oIlpe-
Ie/leHHbIH BEKTOD, PHHAMJEXKAIHA TOBEDXHOCTH.

JIisi HaXOXIEHHsI IPOEKIHH Ha IOBEPXHOCTb HYKHO pasfo-
KHTh BEKTOD HA TAHTEHNHAJBHYIO H HODMAJBHYIO COCTABJ/SIOLIHE,
H 3aTeM HOPMaJbHYIO COCTABJSIOULYI0 OTOPOCHTD:

AN an  an P
4 = Atan T Anor. {0.0}
apr B momuonenty AT ” Trer

Ecan ofosunagate KM xoMnonelTs  Aian cH
cTeMe X, npnuannemameﬁ HOBerHOCTPI, TO B COOTBETCTBHH C
(6.4) MOXHO 3amHcaTh:
an . [P IRN PR3
Atan = N7 Y, uix + aXx), (0.9)

tie ko3pdunmentnr Yy

o
A
9]
<]

]
k1
S
<
3]
o
<)

B3SITHl B HOBOH TOUYKe X+dX.
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Cocrapasomas  ARer 10 CaMOMY OIDENEJEHHIO ODPTOTOHAJb-
Ha JuoﬁoMy TAaHIEHIHAJLHOMY BeKTOpY B TOUKe x+dx H, caefo-
BaTEJIbHO, JIOOOMY BEKTOP) a mpaBoR ¢ X
or Buga K*. Torna

o o amee {
IIpaBOH H4CTH \

Ar

noryn.u

Ecan Temepb YMHOXHTH (6.5) Ha Yn,v (¥+dX), TO dnen c Afor
HcuesaeT, u ¢ yieToM (6.3) momyunm

(x+dx) =0.

Ay,  (x+d0) =K'yl (x+dn)y, , (x4 d0) = K*g, (x +dx).
TaguM 06pa3oM, ¢ TOUHOCTBIO IO BEIHIHH NepBOTO NOpsifka II0

dx Haxonum:

Ko (x W= AT Ly de®l =A% 1y 4y 4.9 =
Ko 4+d=4" W, v (O T Y v e 1 =21 ¥,y 7 Ynyodx
o oAk L A%

=Av+ A Y.y el

Tak kak Kv eCThb peaynb‘ra'r lép'JJleJx'nrici‘G epeHoca nv B TO4-
Ky X-+dX, MOXKHO TIOJIOXKHTh
Ky— Av =dA,,

rak uto dAy obo3Hauaer usMeHeHHe Ay IDH NapasJeJbHOM Tepe-

Hoce. Torna uMeeM
dA, = A"y Yn v, dX°. 6.7)

7. CUMBOJIbI KPHUCTODDESSA

Mutbdepennupys (6.3), momyuaem (mTopast zansras IpPH IBY-
[anile A vd Sl by i M
KpPaTHOM lxpxqatbenemmpoaaﬂnu onymeHa)

gu.v I _y uyn v+ynu yn VG yn uo ynv + yn.vcry’fu’ (71)

fI0CKO/IbKY HEeMOK MHEKC 7 BCAEACTBHE NOCTOAHCTBA finm MOMKHO
[NOAHATH H ONYyCTHTb, Menss MecTaMH p H ¢ B (7.1), moaydaem

gov,u: yn,cu yr,Lv +yn.vu. y’,‘o" (72)
Ilepecrapass v 1 ¢ B (7.1), uMeem

8o = Yn yw¥lo T Ynov Y- (7.3)
Teneps caoxum (7.1) m {7.3), BHUTeM H3 IONYYEHHOrO ypavBHa-

ums (7.2) u pasfieyuM nonosam. B pesyabrare HOJTYyIHM:
(1/2) (guv,c_'—gus,v—gVu,u) =yn,wyr,‘u,' (7-4)
{Tonoxum o
Tuvo = (1/2) (8uv.c T 8us, v 8o .u) - (7.5)

DTy BeJHUHHY Ha3biBalT cuMBojioM KpmcToddesas mnepsoro THma.
OHa cHMMeTPHUYHA II0 ABYM IIOCJIENHHM HHIEKCaM. CHMBOJ‘I Kpu-
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cToddens IepBoro THMa He SBJIsETCH TeH30poM. M3 (7.5) Hemo-
CPEJICTBEHHO ClenyerT: -

T ;T —

Buve +Tone =g, 4 - (7.6)
Teneps sicHo, uto (6.7) Moxu aTh B BHAC
u 0
dA, = A l-u,va X . (7.7)

3TO yXKe He OTHOCHTCH K N-mepHOMY mpOCTpPaHCTBY, Tark Kak cHM-
Bon Kpucropdens Brpaxaercs TolbKO Yepe3 MeTpHYeCKHH TeH-
30D guv (PH3HYECKOro IPOCTPAHCTBA.
MoxHo moKa3saTs, 4TO NIHHA BEKTODA He H3MeHseTCs IpH na-

panjenbHoM mepeHoce. [eficTBUTENBHO:

Afuv A AN __ s A 1A N ) 14 . - - N

G ApAy) = 87 Ap aly + g Ay dAp + Ap Ay gV dx® =

v

= AdAy 4 A¥ dA, + A0 Ap 87 o dx° = A” AP T e di® -

+ ara rvﬂﬁdxs + AGAB gﬁﬁ,&!dxc =4 Auguv,d dx® +
+ Ao Ap g o di” . (7.8)
Moo ] - v e PR N .
SIS, B By T 87 By, o = (84 8y) 6 = 85, = 0. YMHOXan

Ha g8V, mouyuaem E
&b = —gumghvg .. (7.9)

DTo IHONE3HOE COOTHOIEHHE BHIpAXKAeT HPOH3BOARYI0 g% uepes
NPOU3BOAHYIO £ yuy. OTCIOm2

A Ap g™ o = — AP Y

C’JIeaosaTeano, BepaxeHHe (7.8) obpaulaerci B Hyab. Taram
o0pasoM, IIHHA BEKTOpa HE H3MeHseTcs. B wacTHOCTH, HymeBoi
BEKTOD (T.e. BEKTOD HYJeBOH JJWHB) NpH mapa
Ce OCTaeTcs HyJEeBBbIM.

HocrosncTBo AHHE BekTOpa NpH  Mapaj/ielLHOM nepeHoce
ClenyeT TaKkKe H3 reoMeTPHIECKHX coobpaxkemmit. IIpm pasmoxe-
HHM BekTOpa A" Ha TaHTeHNMANBHYIO H HODMAJNBHYIO COCTABJSIO-
wne, cornacHo (6.5), HOpMaJbHAA COCTABAANWAS HHOHHHTE3U-
MaJjbHa # OPTOrOHaNbHA TAHTeHUHAJLHOH cocTaBisioulel. 3HAUHT,
B IIepBOM rfpnéJxmxe}mn AJIHHA BeKTOpa paBHAa [JHHe ero TaH-
TeHIHANbHOH COCTAaBJSIOWEN.

IToCcTOAHCTBO AJIHHEI TIPOH3BOJILHOTO BEKTOpa Bieuer 3a coboix
TMOCTOSHCTBO CKaMfPHOTO mpousBelenns g£¥VAuLB,  npyx TIPOH3-
BO/ILHEIX BeKTOPoB A H B. DTo MOXKHO NMOKa3aTh, HCNOIb3YHA TMo-
CTOSIHCTBO AJuHbl BekTopa A-+AB IpPH IPOH3BOBHOM 3HATEHHM
napamerpa A

I:Ia\c'ro OblBaeT MOJIE3HO MONHATH IePBHI HHAeKC cAMBoJa Kpu-
cTo@@ens Tak, 9To6b 06pa30BATH BEeIHIHHY i

g!l‘\l.d .

>
NLHOM IIetens-
TLHOM IIepeHs

KOTODYIO Ha3hIBAI0T CHMBoioM Kpucroddens sBroporo tuma. Omna
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CHMMeTpHYHaZ IO ABYM HHXHHM HHJOEKCaM. Kak mnoscHAJOCh B
JeHa U Ong HeTeH-

- rormyier wremawca QTINENS
e/ u nng HEeTCH

pasg. 4, omepais NOAHATHA HEACKCE OUpeX
30DHBIX BEJAHYHH.
@opmyay (7.7) MOXKHO IepeNnHCaTh B BHAE

dA, =Ths A,dx° . (7.10)

Sro crampapTHAS 3aMACh B KOBADHAHTHHX KOMIOHEHTaX. Bpens
sTOpO#t Bektop B, moayunm

d(4,B%) =0;

14 o 11 o
A,dB® = — B dA, = —B"Ti; A,dx® = —B Mo Aydx® .
TTociensee COOTHOLIEHHE CHPABEINHBO I/ NDOW3BOJABHOTO Ay
Torna
(3

dB' = — Ty B dx’ . (7.11)
Dro — cTaEAapTHAS 3aWHCh VI [apajjielbHOro TepeHoca B KOHT-
paBapHAHTHEIX KOMIIOHEHTAX.

8. T[EQJE3UHECKME

IMyctb TOYKA ¢ KOOpAHHATAMH 2W IBHKeTCd IO Kakof-J1H60
TpaeKkTopHH, Torxa zH BJasercd ¢yHKIHEH HEKOTOPOro NapaMeT-
) .
pa 1. [osoxum dz¥de =u* . i )
ViMeercsi, TakuM o0pasoM, BEKTOD uM, ompeneneHHHA B KaX-
e i o momanirr [ IRATIATOK UM, UTO DU IHBUXEeHHH BIOJDb
JOH TOGKE TPaeKTOpHH. :11pCAUCaLAE, =25 22 & yi(
TpaeKTOPHH BEKTOp WP ~cMellaeTcs IOCPEACTEOM IapaJJieIbHOTG
nepenoca. Toria 3ajanne HaYaJbHOH TOUKH H HAYaIbHOrO SHAHue-
uus Bexropa u' ompenenseT BCIO TPAEKTODHIO. HefcTBHTENbHO,

HHA BEKT QIpe

HAJ0 CMECTHTh HauaJbHYl0 TOUKy u3 z¥ B 2% +uMdr, sateMm mO-
CpeAcTBOM IapaJJienbHoro NepeHoCca CMECTHTh B 3Ty HOBYIO TOY-
Ky BekTop uM, IOTOM CHOBA CMECTHTh TOUKYy B HaTpaBJeHuH,
sazaHHOM HOBbIM BekropoM uM, H T.a. OmnpeneneHa He TOJBKO
TpaekTOpHs, HO H NapaMeTp T BAOJb Hee. Tp_aeK'ropmo, HOJTy4eH-
HYIO TaKAM CII0CO00M, HA3BIBAIOT TeOdC3NIECKOH.

Ecau 4" B HavaJbHOR TOYKe SIBJASETCS HYJEBBIM BEKTODOM, TO
OH GCTaHETCH HYJeBHM BEKTOPOM BO BCeX IDYIHX TOUKAX; B 3TOM
cnydae TPAeKTODHX HASHBAIOT HYJIEBOH re(zz(f:_:jl:lrjec%c’)& ]ic{:\l\u l:n
B Ha4aJbHON TOYKe — BDEMEHHIIONOOHBIA BEKTOp (& 4Yu >vj, TO
OH ocTaHeTcs BDeMEHHIONOGHLIM BEKTOPOM BO BCeX JDYTHX TOH-
Kax, © MH HMEeM BpPeMEHHIOJOOHYIO TIeOlde3HIECKYIO. CoOoTBeTCT-
BEHHO, eC/H LY B HauanbHOH TOUKE fABJSETCE NPOCTPAHCTBEHHO-
ToKO6HHIM BekTopoM (#Puy <0), TO OH OCTaHeTCA IPOCTPAHCTBEH-
HO-TOfOGHKM BO BCeX ADYTHX TOYKaX, W MEl IOJYYHM IPOCTpaH-
CTBEHHO-NIOJOGHYIO Ieode3HIecKyIo.
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O6paTHBUIKCh K YpaBHEHHIO (7.11) ¢ Bv=u" u dxo =dz°_ pgo-
JIYYUM YDaBHEHHS Ie0Ne3uuecKo:

du®jdv 4 Theu d2%/dz = 0,
HIH

d%" jdv® - Ty (d2*/dr) d2°/de = 0. (8.2

Jna BpeMeHHNOZOGHON reOZe3snuecKOi MOXKHO TPUBECTH NJIHHY
HauyaIbHOTO BEKTOpa #" K e[MHHILE, YMHOXKHB €ro Ha COOTBeT-
CTBYIOINMY MHOXKHTeNb. [l 3TOro moTpefyeTcss JHINL H3MEHHTDL
macmrrab v. Temepn BexTop u* Bcerma Gyner uMeTsb eAUHHYHYIO:

Aauny. OH mpexcraBisier co6oi BEKTOP CKOPOCTH o = dz¥/ds
A TAaDAMETD T CTAHOBUTES ~OR T RATI 11T o o s as - 4
4paMerp T CT2HOBUTCA COOCTBEHHBIM BpeMEHeM S.
YpasHenne (8.1) mpuoGpeTaer Bum
dv"/ds 4 TH V% — 0 79 oy
i VG Y, (C.0)
a vnaRHeHue (8 9Y __ nurm
ypaBHeHre (8.2) —Bujg
I L o N N TP -
a*2"/ds® + T4o (dz¥/ds) d2°/ds = 0. (8.4)

I'Ipennouno;xuM, 4TO MHDPOBAasl JIHHHS YaCTHLH, He HaXOASINeHCs
TOA BO3LEHCTBHEM KAaKHX-NHOO CHJI, KPOME TPABHTAIHOHHHIX, eCThb.
BPeMEHHNOZO6HAS reofesnueckass. DTO saMeHseT TepBHIA 3aK0H
Helorona. Ypashenue (8.4) samaer YCKOpeHHe H sIBJseTCS ypas-
HeHHeM [IBHKEHHS.

Ilpennonoxum Takke, 4TO TPAEKTOPHS CBETOBOTO Jdyda ecTh
HyJeBas reopmeanueckas. OHa

e3n 1 3agaerTcs ypasHerueM (8.2) ¢ He-
KOTOPHIM [apaMeTpOM T BAOJAL TpaeKTopuH. COGCTBenHOE BpeMs
S B STOM cjlydae HCHONb30BATH HEJb3sl, MOCKOMABKY ds ofpamaerca

B HYJb.

9. CBOMCTBO CTALIMOHAPHOCTH MEQAE3MUECKMX

Teopesuueckas, He ABATIOWASCA HYJIEBOR, o6ramaer claenyio-
IHM CBOHCTBOM: HHTerpaJ f ds, B3ATHE BIOJb ydacTka TPAEKTODHUH C
TPaHHYHBIME TOUKaMu P u Q, IPH MajibX BapHALHAX TPAeKTOPHH
C GMKCHDOBAHHBLIMH I'DAHHYHEIMH TOYKAMH IOCTOSHEH.

Iycts xampas Touka TpaekTopHH c KoopauHaTaMu 2M* cMe-
IMEeHA B TOUKV ¢ XOonrouuHaTamu 28 1 81 Trro cnsar
s g C ReopAnHaTaMiu < 1 U2 . LCAH CMellleHHEe BLOJb
TPaeKTOpHH 0603HAUYHTL dxM:

ds* =g derdx,

{ad

TO
2ds 8 (ds) = dx# dxv 8g,, + 8,,dx* 8dxv - g, dxv dxr =
= dx™ dxv 8y 2 04 4 2g,,,, dxt 8dx> .
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Kpome Toro,
8 = dox™ .
Takum o6pazoM, mockoasky dx* = v ds, 1o
8 (ds) = [(1/2) g,y 5, v* 0¥ Ox* + g,,, v* dbx*/ds) ds.
CaeoBaTeNbHO,

8 [ds = [8(ds) = [ [(1/2) g,y 0" 0" 8> + g, v* dBxt/ds] ds.
VinTerpupysl 00 44acTsIM H HCHOJb3Ys yCJIOBHE 8x* =0 B rpammu-
HBIX TOYKax P u Q, moayuaem

8 {ds = [[(1/2) g, \ V" 0¥ — (d/ds) (g5, )] dx™ ds. 9.1y

Yenosuem obpamenust (9.1) B Hyap IpH NpOH3BOIBHOM 8x* sB-
aseTcs

—(1/Na MV — (9.9
&= =

~

" dU"_/dS -+

uA

g, dvt/ds +g,, vHY =g

Sun
+ (1/2) (ghu.v + glv.u) oY,
Torza ycaosue (9.2) NMpHHHMAaET BHI
g dvr/ds + Dyt ov =0.
YMHOXKEB 5TO ypaBHeHHe Ha g, MOXKeM 3alHCaTh:
dv®/ds + Ty v v’ =0,

Aoy

T. €. KaK pas ycioBue (8.3) /s reoae3sndecKoi. -

OTciona BUAHO, YTO AJsI reofe3HuecKo#l BmIpaxKeHuwe (9.1) 00-
pamaercs B Hyds #  (ds=const. ¥ naoBopor, ecnun {ds nocros-
HEH, MOXHO IO0Ka3aTh, YTO TPAeKTOPUA ABIAETCS reofe3ndecKon.
TarkuM 00pa3oM, ycJIOBKe NMOCTOSHCTBA  )dS MOXCHO HCLOAb30BATH
KaK ompejejeHHe reoJie3nyecKof, 338 HCKJIOUEHHeM clydas HyJe-

BOH reoae3HYECKOH.

10. KOBAPHUAHTHOE JMdDEPEHLIMPOBAHME

IMycte S — ckaaspHoe moje. TorZa, xak ObUIO MOKa3aHO 8
pasa. 3, S,v ecTb KOBapHAHTHHH BeKTOp. [lazee, mycTs A, — Ber-
TOpHOe ToJe. SlBAfe€TcA JiW €r0 OpOH3BOAHAA Apw TEHIOPOM?

Yro6e OTBETHTb Ha 3TOT BONIPOC, NMOCMOTPHM, Kak mpeolpa-
ayeTcss Apu.w IPH Npeo0pasoBaHAAX KOOPAHHAT. B o0o3HaueHHAX

macuo yvparHenwnwo (3.5):
4CHQ ypaBHeHHIO (3.0):

noan nmnenfnanvaTea. cor
pasia. o 4Ap IpedlopasyeTes, Cof

H, CcJea0BaTeNbHO,
A c = (A x° = c ] + A xe .
n. ( P ,u') v’ Ap'ax.v’x.u.' p L uvt
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3TO BHIpaxeHHe ABAAETCS
TOYHKLIM 33KOHOM 11
30pa, ec/M¥ B MPABOR WACTH OTCYTCTBYeT "mmgfg'ép ren Bane,
TByeT HOCTe
w,v_— He TEH30p. -

Ao

{VI0KHO, OIHAKO, MOJH(PHNHDPOBATL OI
i epaudio nuddepen -
«iax;x]m T2K, 4TOOB NOJNYYHTH TeH30p. BoaeMem nnvmpq’})--pn Efp?n

Bextop A B TO
x+d§M%§;2M3fgo ‘rLIlOCpeﬂ.CTBOM MapanieNbHOr0 IepeHoca B Tor_{l;;
- L M OCTaeTcss BEKTOpOM. Broiu
: « . TeM €ro H3 BEKTO-
pa A B Touke X+dx— pasHoc >
Tb  TOXKe  4BJseTc

B nepBoM mpuGnumeHun mosydnm 7 pexropoM.

AH (x + dx) - [Au (x) + Iﬁ’v A(x dxv] = (A}L,'v - r:v Au) dx" .

3
m;r:aﬂenaquﬂa €CTb BEKTOp AJifl TPOH3BOJBHOTO BeKTopa dxV, cje-
'rem;;l-xo;4 COTJIacHO TeOpeMe O YacTHOM (cM. pasnm. 4). ’Rn:;rh-
g):rixiiﬂnfr"m w.v— 1w Ay ABasieTCH TeH30poM. Jlerxo nl;osepm‘h
HENOCPEACTBEHHD, YTU NPH NPeoGpa3oBaHHAX KOOp
. OHHAT OH Ipe-
:;cﬁ)pzsyeTc;{ IO TEH30PHOMY 3aKOHY. JTO BHIDAKeHHe Ha?anp’Fr‘eq
KOBAPHAHTHON NPOH3BOAHON Ay W 3amAcuhBaercd B Buge
) Au:v:Au.v—‘lrwAa- : (10.1)
3HaK «!» Nepehd HHKHHM HHEEKCOM Aajee 6yner 06o3Ha ,
. 4aTb KO-
BAPHAHTHYIO NPOH3BOAHYIO, NOZOGHO TOMy, KaK 3ansTas o0603HA
4aeT OGBIUHYIO IPOH3BOIHYIO. )
yete By — HexoTOpEIlll Apyrof )
BekTop. Omnpegenum KoBapu-
AHTHYIO IPOU3BOAHYIO BHEIIHErQ IPOH3BeAeHHS xag ’ pH
(Ay By)., = Apio By + Ay Bysg . (10.2)

O’-IEBHIIHO UTO 3TO TEeH30p C TpeMs HHAeKcaMH. Ero B
» I SIBHBIH BUJX

gren [uague
ICH. OH4AYHT,

sk,

(Au Bv):cr = (Au.,a *‘IﬁmAa) Bv -+ A,u (_Bv,n“‘r?-c Bcv.) =
=(AHBV).U'—rﬁ6Aan—rgﬂAuBa- '

.Bmglycc;;“zrmq- TEH30p ¢ li}iaywl uHAekcaMH. OH BrIpaxaercs B
A neHoB Bupa ApBy; Torza ero k )

0 -
H3BOJHAA 34MHUCHIBAETCH TAK: ' PApHARTHAT TP

pr:o' == Tuv.u_maTav—quua. (103)
C;);‘;)O;Ifs}%s1:2338\4;3}!{;1?1};660611114% AN caydas KOBapHAaHTHOH mpo-
bIM YHCJIOM HHJKHHX HHIEKCOB: .
‘ Yiuv....o = Yiyw... .o — [-W1en 115 xamzaoro mugexca. (10.9)
B xaxnoM #3 tHX T-uneHoB HYXHO BHEOMHHTL VCIOBHE Ganar

,,,,,,, HYKHQ BHIOJ ycaoBHe Ganan-

-ca HHIEKCOB. JTOr0 AOCTATOYHO AJAA ONHO3HAYHON PacCTaHOBKH

HHAEeKCOB. KOBapHaHTHAS TIPOH3BO,
‘ (« OHAast cKajagpa noJdydaercs H3
obuedi gopmynnt (10.4) HpH HYJEeBOM YHCJE MHIEKCOR yg Y:

Yio=Y.,. (10.5)

Tipumenum (10.3
o (1?7.6) g g‘ge'r ) K OYHEAMEHTANbHOMY TEH30PY Zuv. C yue-

guv:cr = gu’v.o _rﬁa gonv —r%cr gmx = ng.cr - rvu.r_r - erO' = 0
22

TakuM 06pasoM, NpH KOBaPHAHTHOM nuddepennpoBaHin g pv
MO2KHO paCCMaTPHBaTb Kag KCHCTAaHTY.

®opmyana (10.2) npencrapiaser co60oit 0ObLIYHOe NPABHJIO, HC-
AO/Mb3yeMOe NpH IHOGepeHNHPOBAHHH TPOH3BELEHHH. Tipeanono-
JKHM, 9TC 3TC NPaBHJC CHODABENNHBO H I KOBAapHAHTHOH TpO-

H3BOJHON CKaJspHOro NpOH3BelleHHd IBYX BEKTOPOB. Torpa
(Au Bu):a= Apchp.—l—AuBu;a. (10.6)
Orciona, coraacto (10.5) n (10.1), monyuaem
(A" B,).o = A% o By + A" (By,c—Tg Ba) ,
cJIe[I0BaTeNbHO,

———————— HBO AJAA TIpOH

o ITTINE MTIYOaIK

gTO SIBJASETCH CTAaHOapTHHIM BbipaiKeHHeM Iiad K HAHTHOHM TP
M3BOLHON KOHTPaBapHaHTHOTO BEKTOpa. 3/ech BO3HHKAET TOT Ke
cumpon Kpucrodpdens, uto # B crangaptHoi opmyne (10.1) mas
KOBapHAHTHOTO BEKTOPa, HO €O 3HAKOM ILTIOC. PacnonoxeHne HH-
eKCOB TOJHOCTBIO Onpefensercd TpeGOBaHHAMH GasaHca HH-
HEeKCOB.

dToT dopManu3M MOKHO OGOGIIHTH HA ciayuall KOBapHaHTHOR
NPOH3BOMHOR TEH30pa ¢ JIOOBIM UHCAOM BepXHHX M HHXXHHX HH-
neKcoB. D-ujeHEl BO3HHKAIOT AJS KaXKIOTo HHAEKCa (co 3HaKOM
mIloc IUisi BEPXHETO H CO 3HAKOM MUHYC [IJIA HHXKHEro HHJEKCOB
cooTBeTcTBeHHO). ECaH CBepHYTb ABa HHIEKCa, TO COOTBETCTBYIO-

arrera D _worarrr
e -guennt COXpaTaT .

®opmysaa Ads KOBADHAHTHOH MpPOH3BOJHON NPOH3BENEHHA
(XY).o = X:sV + XYo ©(10.8)

cnpaBejuBa B caMom oflieM caydae AAd NIOGEIX  TEH30PHBIX
penmuns X u Y. [JoCKOJIBKY gpv TPH KOBADHAHTHOM AH(depeHuH-
POBAaHHH BefeT Ce6s KaK KOHCTaHTa, HHIEKCH ' MOXHO OOAHH-
MaTh U ONycKaTb A0 AU(OepeHnHpOBaHHA: pe3yabTar 6yneTr TOT
JKe, 4TO H IpH TepeMellleHHH HX nocie MH(QepeHUHpPOBAHAT.

KoBapnaHTHaA NPOH3BOLHAA HETEH3ODHOM BeNHYHHE He HMeeT
CMBIC/IE. i

duspueckre 3aKOHBL NOJXKHBL ObITh CIPABENJIHBHL BO BCEX CH-
cTeMaxX KOODHHHAT. 3HAYMT, OHH NOJDKHH BHDXKAThCH B BHIe TeH-
30pHBIX ypasHeHHH. ECiH ypasHeHHA COZSpIKaT HpPOH3BOAHHE IMO-
JIeBLIX BEJHYMH, TO 3TO NOJKHE OHITH KOBapHaHTHble NPOH3BOL-
usie. ITosieBbie ypaBHEHHA NOAYYAlOTCS 3aMEHOH OCBIYHBIX MpOHS-
BOXHLIX KOBapHauTHEIMH. Hampumep, ypaBHeHHe JanamGepa
V=0 nas ckaispHoro moias V B KOBAapHaHTHOH (OpMe IpHHH-
MaeT BHI -

gV =0.
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I) u (10.5) 310 maer: -

g5V w—TiwV,a) =0. (10.9)

Jlaxe ecnm paccMaTpHBaTh 3aja4y B IJOCKOM MPOCTPaHCTBe
{T.e. B mpeHeGpexeHnn TPABHTAUHOHHEIM [OJIEM) H HCHOJB30BATH
KPHBOJIHHEHHEIe KOODIHHATH, CAefyeT 3alHCHIBATD yPaBHeHHs1 B
‘TEPMHHAX KOBAPHAHTHBHIX NPOH3BOLHHIX, 4TOGE OHH COXpaHsIIH
‘CBOI BHJ BO BCEX CHCTEMAaX KOOPIAHHAT.

T yuerom (10.

1. TEH3OP KPUBU3HBI

W3 dopmynu gaa AHP(EpeHIHPOBAHNA TIPOU3BeNeHNS (10.8)

BHIHO, 4TO B 3TOM OTHOUIEHHH KOBADHAHTHOe nuddepennupopa-
Hie BIOJHE aHAJOTHYHO OOGBIYHOMY. OnHako BAXHOE CBOHCTBO
‘06LIYHOTO Audpdepennuporanns, KQTCPOC 38KAI0494
Tipi  JIeficTBHN [BYX ONEPAaTOPOB naddepeHapoBanus ux nopsi-
AOK 1e HMEET 3HaYeHHA, LIS KOBAPHAHTHOTO nabdepennnponatus
B ofleM cirydae He coXpaHseTcs.

Haunem ¢ paccmorpenus Ckangpuoro moas S. Mz (10.1)
HMeeM

S:u:v=S:u.v—mvszu=s,uv—‘rgvs,u. (111)

Tlonyuennoe Brpamenne CHMMETDHYHO 10 HHIAEKCAM u H v, TaK

9TO B 3TOM CJydyae HOPALOK ONEpaTOpPOB KOBAPHAHTHOTC NHpde-

PEHIHPOBAHUS He HMeeT 3HAUEHHS.
Teneps nopeficteyem msyms ONEpaTOpPaMu KOB:

depenmuposanns Ha BekTop Av. M3 o

BMecTe Twp HAXOAHM

H .a*r%o'Aa:p—rgu Av:a = (Av.p_I%pAu),c -
B) i F;a (Av.a_rSaAB) = Av,p,cr, ‘r%pAo;,u—'
_rguAv,a—Aﬂ(rgp.a_rgargp—rgarea .

;nepeCTaBJIHﬂ HHAEKCH 0 H O H BHUHTAsS IIOJyYHBIIIEECs BpIpaxe-
HHe H3 npeabiayilero, noay4daeMm

AaHTHOIO AHD-
03) ¢ Awvse

o,

Av:pzo—‘Av:o’:p ZAB R«B;pa, (112)
The
R?iﬁﬁ=~EU.D_I-€¢),0+r:argp—ﬁprgu. (113)

JleBas uacrs (11.2) spasercs TensopoM. CieroBaTeabHo, W mpa-
Bas wacTs (11.2) ecTs TeHsop. 310 cmpaBemiHBO Aus NIPOH3BOJb-
HOTO BexTopa Ap, [03TOMY, COIACHO TEOPEMe O YaCTHOM (cMm.

paan. 4), Rys — 7tensop. Ero HaswmBamoT TeH30poM Pumana —
Kpucroddens, nan tensopom KPHBH3HBL.
24

Tensop KpuBH3HB 06/1a13€T OUEBHAHKIM CB

[s]

Rbps = — Rb,. (11.4p
W3 (11.3) nemocpenctserno cllelyeT, uTa
R ++ Rboy + RByp = 0. (11.5)

OmycTuM HHOexc B Ha Mecto TMepBOro HUXHero HHAeKca. ATo
agacrt

Ru‘vpa = guﬁ R'epu = guB I‘go,p -+ l"fjo FWD — (po),
rie {po) o0603HauaeT TNpeAbIfyIlHe YIeHHE C [epecTaBJeHHbIMB
Mecramu p ¥ ¢. Torra ua (7.6) monyunm

™ r 8
up,p VO T

Q
I
-
]
,
)

- - B ;
=1yuve,0 — Lppp lvo— {p0).
C yuerom (7.5)

71

Ruweo = (1/2) (gua.vp 8o, T Bup,vo T Eup o) T
+ rﬁua r'\B/p - rﬁup rga . (1 16)&

Teneps BuAHH elle HEKOTOPHe CBOKCTBA CHMMETDHH TEH30pa KpH-
BH3HBI, a2 HMEHHO:

Ruvps = — Ruyppo _ (11.7)

Ruvpu = Rpcqw = Rcrpvu, . (1 18}

PesyabraToM BcexX 3THX CBOHCTB CHMMETDHH SIBJASETCS TO, uTO U2
256 KOMIOHEHT R uvps HE3aBHCHMBIMH SBJSIOTCH JIHIID 20.

12. KPUTEPMM MNIOCKOrO NMPOCTPAHCTBA

Ecau mpocTpaHcTBO ABAAETCA NJIOCKHM, MOMKHO BHIGPAaThL nps-
MOJIHHEHHYIO CHCTEMY KOODAHHAT, TOrAa guv O6yneT KOHCTAaHTOR
H, CJe0BATENbHO, R pvps OGPATHTCA B HYJb.

U, naobopt, ecin Ruvps o6pamiaercs s HyJib, MOXHO IOKa-
4Tb, UTO MPOCTPAHCTBO ABJIAETCH IIOCKHM. Bektop 4, , pacmoso-
eHHBIi B TOYKE X, CMECTHM IOCPEACTBOM MADANIENLHOrO nepe-
HOca B TOUKY X+dx. 3aTeM CMECTHM ero moCpeiCTBOM napaJjesnb-
HOro mepeHcca 3 TOYKy X+di+06x Lcium R pwpe ofpalmaercs:
B Hyab, TO IIPH CMeleHHH Ay U3 X CHauala B TOUKy X+0X, a 3a-
TEM B TOYKY X+08x+dx pesyabTaT JOJXKeH OBITb TIpeXXHUM.
Takum o6pasom, mpu cMemennun pexTopa X3 OHOR TOYKH B APYy-
TYIO pesyabTaT He 3aBHCHT OT TPaeKTOpHH Nepexona. Torma, mepe-
Memas [apa/ieJbHIM NepeHOCOM HCXOMHBIA BekTop A, H3
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TOYKK X BO BCEBO3MOXKHEE TOUYKH, noayyaem BEKTODHOEe noJje,
YAOBJIETBOpPSAIOIIEE YCIOBHIO Auww =0, T €.
g
Apv=TuwAs. (12.1)

MOXKHO JH TpeiCcTaBHTL TaKoe BeKTOpHOe NOoJe B BHAe rpa-
muenta oT ckaaapa? [TosoxuM B (12.1) Ay =S, . [oayaum

S‘nw=ruvs,cr- (12.2)

BenenctBHe cUMMeTpHH I'S, 1O HIXKHHM HHAGKCAM BBIDAXKEHHS

aas S,uv u S,yu COBIAnaloT, u ypaBHenue (12.2) saBasercs

HHTErPHPYEMBIM.
BriGepeM ueThlpe HE3aBHCHMBIX CKaafpa, YAOBIETBOPSIONNX

(12.2), B xauecTBe KOOPAWHAT X* HOBOH KOOplIHHaTHOPI CHCTeMBI.
Torza
B e =T % .
. BV wX, o

Cornacro TpancdOpMalHOHHOMY 3aKoHy (3.7)
_ Y
un = 8o X X -
Iuddepermdpys 310 COOTHOLIEHHE mo XV, HaxO#HM c yuetoM (7.6)
B’ 8" =
gp,l.'v gm’B’ xa x k g«x B (xa x k+xa X! }/v)
= Burp (ruvxa xB +xaurivxs ) % uv_!—guu
= + rum =8urve

CJle0BaTENBHO, :
. o v(l' ¥ =0
S’ v, n,
- =0 B nosol ¢
Jna‘uu, gopr,v =V. D H0GBO K00
TeH3op sBAAeTcd KoHcranTOA. Takum o6p aBOM Mhl HMeeM I[eJIO
€ NJIOCKHM HPOCTPAHCTBOM B NPSAMOJHHEHHOH cHCTeMe KOODIHHAT.

b4

13. TOXOECTBA BHMAHKHK

ITpexpe uem OGCYXIaThb BTOPYIO KOBAPHAHTHYIO NPOH3BOAHYIO
TPOH3BOJNBHOTO TEH30Pa, PACCMOTPHM TEH30p, ABJAIOMIHIACA BHeLI-
HUM IIPOH3BENeHHeM BeKTOpOB Ay # Bx:

(Au B‘r);p;c - (Au:pB't + AIL BT-D);U - Au.:p:cr B'r ‘|‘ Au,:p Br;cr +
+ Au:c B1:p -+ Au Br:p:a .
Tenepr HmOMEHAEM MecTaMH p H ¢ H BBIUTEM IIOJyYeHHOE DaBeH-

crBO #3 uexoauoro. C yuerom (11.2) 310 macr
(AyBo).,.. —(AuBy).,. =AeR* B+ Ay R% Ba.
VTR Rpio Slaip PG el

Tlpoussonpuerit Tenzop Tyur BbHDAaxkaerTcs B BHIAE CYMMbl 4JEHOR
tuna AuBv, TOrga OH [OJMXKEH YAOBJIETBOPATb COOTHOLIEHHIO

Tu,r:o:o - T,.u::cr'.p = Tﬂﬂ RITDG + TI-W» R?pcr . (131)
26

IMycrs Ty: sBasercs & 1aHTHOH np
Torna

Au:‘l:p:U_Au.:'[:U:p = Aon:'z R&pﬂ + Au:a R%aa .

BoimosmuM B 310 QOpMysle HMKIMYECKHe NepecTaHOBKM HHIAEK-
COB T, 0 H O H CJOKHUM IMOJydeHHBIE TPH ypaBHeHHs. M3 JjeBoik

' 4aCTH HMeeM

Apio:o:r — Ap:oipiy + Wi mepect. = (Ag Rifpg)., 4-uman. mepecr. -

= Au:x Rﬁpo + Ao Rﬁpﬂ:‘t ~}- uHKa, “ePéCT- (13.2y
flpaBag yacte naer
Ag:x Rifpg - WHKI. nepecr. (13.3y

T4K KaK OCTaJbHEE dJeHn COKpamaioTcst [cM. paBenctso (11.5)]
Iepsoie unens B (13.2) u (13.3) coKpamawmTcs u ocrastes

Aq Rjpo:y - Wi, mepect. = (),

Muoxurens A, QHTYPHDYET BO BceX uJeHAX 5TOrO

H MOXeT 6T oT6poweH. B pesynbTate uMeem .
& & o

Rupot +Ruc‘lp+Ru’rpcr =0 (13 4}

B nonoamerue K YCNOBHAM CHMMETDHH U3 pasn. 11 tensop kpu-
BH3HEL Y/OBJNETBOPAET 3THM AH(dEpeHnHanbHBIM  ypaBHEHHAM.
OTH ypaBHEHWA H3BeCTHBl NOJ HA3BAHHEM TOMKHECTB DBHAHKW.

14. TEH30OP PHUYYM

CBREDTKA

AHUTCsI N0 HHAeKcaM, OTHOCHTEJbHO IIepeCTaHOBKH KOTOprX

AHTHCHMMATDHYAL
AHTHCHMMCETPpHYEH, TO, pasym

CsepreM Ruvs 1O nByMm nHoeKcam. Eciu creprka npouaBo-

s, pesyJibratom Oyner Hyas. Ecian
Xe CBODaYHBaTh Ruwps MO APYrHM NMapaM HHAEKCOB, TO MONYIHM
PE3yJbTATH, OTIHYAIOMHeCs OXMH OT APYroro Jullb 3HAKOM. DTO
caenyer u3 coctB cammerpum (11.4), (11.7) m (11.8). IIpoms-
BeleM CBepTKy IO NEepBOMy H NOCJAeJHEMY HHIEKCaM. Honyqnm

Rion =Ry .
ITOT TEH30P HA3HIBAIOT eH30pOM Puuun.
Yunoxas (11.8) na g , HAXO[HM, UTO

R, =R, (14.1%
(14.1%

v 5
T. €. TeH30p PHuun cuUMMeTpHueH.
MoxHO cBepHYTs Ry, 110 OCTABIIMMCA ABYM HHAEKCAM H 06—

NnazoBRaTs
PasgoBarths

Besquwunna R-—ckalsp H HasmBaercs CKanfgpHOH KpHBU3HOM.
Ona ompenefeHa TakuM 06pasoM, 4YTO SBARETCA NOJOKHTEbHON
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Aast chepsl B TPEXMEDPHOM NPOCTPAHCTBE, B YeM MOXKHO YGeIHTbes
HEnoCpe/ICTBEHHEIM BHIYHCJIECHHEM.

Toxpecrea Branku (13.4) comep:XaT OATh WHAEKCOB. CBepHeM

HX JBaXKIABl H TMOJYYHM COOTHOLIEHHE C OJHHM CBOGOIHBIM HHIEK-
coM. LlonoxuM B (13.4) T=a H yMHOXKHM Ha gWP:
4 o
8" (R po:a + Riiow:p + Rijap:a) =0,

T. €.

(gm) upa):tz -+ (g"pRﬁm):p -+ (gup Rﬁap):u =0. (14.2)

Janee,

&"° Riips = gupé’aﬁ Rppps = g g™ Rupop = g Rgs = RS .

Benencreue cHMMeTpHH Rog MOXKHO THCATh HHIEKCH OLWH HAl
ApyruM, T. e. R%. Torpa ypasHenue (14.2) mnpuobperaer BHI

R:za -+ (g"p Rucr):p —R.s=0
HJaIu

2R%.— Rig =0,

4TO NpencTaBJIsIET co6oit ToxpaecTBa Buanku AJs1 TeH3opa Pruuu.
{Tonuss HHIEKC 0, MOXXeM 3amucarhb

[R™ —(1/2)g"™ R].a = 0. (14.3)

Bblpa}KeHHe s Tensopa Puuum, cornacro (11.3), B sBHOM

SAUT LJIC,LLyIULLLMM OOPZSUM

5 = = o 8 o 8
Ruw=Thaw—Dpv,a—IavIop + 10 hx . (14.4)
Tlepsrli 4eH 34ecb, HA NepBH#l B3IMIAK, He CHMMETpPHYEH WO p
H v, TOrAa KaK OCTa/lbHBle TPH, OUEBHAHO, CHMMeTpHuHH. J[0Ka3a-
TEJIbCTBO CHMMETDHH IIepBOro wieHa Tpebyer mpoBegenus HeKOTO-
PHIX BEIKA4JOK.
Yro6u mpomHddepeHEpoBaTs OCTEpMHHAHT g, HeOGX0AUMO
npoAudQepeHnAPOBATE B HEM KaXKOBIH SJEMEHT giy M JOMHOXKHTD
€ro Ha ajre6panueckoe AomojHeHuwe gg** . Takum o6pasow,

gv—é’g“‘cwv (14.5)
CiulenoBarelibHO,
rﬁu = ?vﬁrhvu‘: (i/Z}g"“‘“ (ng," -+ glu,v _guv.l) =
=(U)g*g,, ,=12)g'g ,=1/2)(ng ,. (14.6)

Orciona BeITeKaeT, 4TO nepBuiit unen B (14.4) chmeTqueH mo w
nv.
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15. SNUHIUTEMHOBCKMA 3AKOH TPABHTALLMM

Ho cnx mop coiepianne KHHTH HOCHJO UYHCTO MaTeMaTHYe-
CKHii XapaKTep, 3a HCKJIOUEHHeM (H3HYECKOr0 HPedNoa0KeHHs
O TOM, YTO TPAeKTOpHS YaCTHILL €cTb reofe3nyeckKasd. MHorue pe-
3yJABTATHl, H3J0XKEHHHE B NPEeILAYIIHX pasjenax, GHUIH NOJydeHbl
B IPOWIIOM BeKe M OTHOCATCA K HCKPHBJEHHOMY IpOCTPaHCTBY
NpPOH3BOJNBHOrO 4MCJAA H3MepeHu#. B mpeaumecTsyromeMm ¢opMa-

JlY3Me Pa3MepHOCTh NPOCTPaHCTBA (QHIYPHPYeT JHIIbL NOCTOJBKY,
fIOCKOJIBKY

g}, = umcao mamepenni.
DBHIITe#H TIPEINOOKUA, YTO B NYCTOM HPOCTpaHCTBE
Ry, =0. (15.1)

B sToM M cocrouT SHHMITERHOBCKHH 3aKOH rpasuranuu. «[Iyctoe»
3leck O3HA4YdeT OTCYTCTBHE MAaTEPHH H KaKHX-IHG0 (H3HYECKHX

i AVTIMATILIATTIIATA TmATa | nantyma
noJel, 22 HCKJICYEHHEM CaMOrC IpaBHTauHOHHOro noaa. I'pasurta-

IIHOHHOE 1I0Jie He HapyllaeT MycTOTH. Bce ocrasibHble moJas Hapy-
i1AI0T. YCJHOBHS MYCTOTHl NPOCTPAHCTBA € XOpOIIefl TOYHOCTHIO
COpaBelJiHBbl [/ MeXIJaHeTHOro mnpoctpaHctBa B CoJHeyHOHR
CcHCTEME, H 3[ecb IPEMEeHHMO ypaBHeHue (15.1).

I10CKOe NpOCTPAHCTBO, OYEBHAHO, YAOBJETBOPSAET COOTHOMIE-
auio  (15.1). Teonmesuueckne B NJIOCKOM NpPOCTpAaHCTBE SBJFIOTCH
fIpSAMBIMH JIHHHSIMH; TakKaM 0O6GPa3sOM, YacTHIbl ABHXKYTCA N0 mps-
MLM JHHHAM. B ciyYae HCKPHBJEHHOPO NyCTOrG IPOCTPaHCTBA
SHHIUTeAHOBCKHH 3aKOH HaKJIaJblBAaeT OTDAHHYEHHS HAa KPHUBH3HY.
BMmecTe c NpeANoJOXKEeHHeM O TOM, YTO MJIaHeThH [IBHXKYTCA MmO

2TQ [J4aeT HeKOTODVIO unrhnnumnum o6 ux BH-

i g
EKOTODYH HH@OpMAaNnHIo 00 HX IB

Ha mepBuifi B3rasih, SHHIITEHAHOBCKHH 34KOH TIP4BHTAUMH He
UMeeT HHYero OG6INero ¢ HBIOTOHOBCKHM. UTOGHI yBHAETb aHaJo-
THIO, HYXHO paccMaTpuBaTh guv KaK IOTEHIHAJEl, ONHCHIBAIOLIHE
TPaBUTAlHOHHOE ToOJie, B OTIHYHE OT OLHOrO HBIOTOHOBCKOIO
[OTeHIHa/1a B SHHIITEHHOBCKON TEOPUH HX HECSATb. DTH NOTEHIHAJLI
ONMHCHIBAIOT HE TOJILKO rPABHTANHOHHOE MOJIE, HO H KOODAHHATHYIO
CHCTEMY. IpaBHTaNHOHHOE MOJe H CHCTEMAa KOOPAHHAT B SHHIITEH-
HOBCKOH# TEOPHH Hepa3PBIBHO CBS3aHBl, H HX HE YIaercs OMHCATb

€3aBHCHMO JPYr OT ApYyra.

[Ipn paccMOTpeHHH KOMMOHEHT gu. Kak moTennuanor (15.1)
OKasbiBaeTcs NOJNEBHM yPABHEHHEM H BHIVIALHT Kak 06EIMHOE
GJeB0e YPa@BHEHHE B TOM CMBICJIE, YTO OHO SIBJISHETCH YPaBHEHHEM
BTOPOroO MOpPAAKa, TaK KaK BTOpHlE TPOU3BOAHEIE BXOAAT B (14.4)
yepe3 cuMBoabl Kpucropdens. Ypasaenne (15.1) oTauuaercs oT
OCHMHEIX TOJAEBHX ypasuenull TeM, Y70 OHO HeJmnHeHHO, CymiecT-
BEHHO HeJHMHeHHO. JHHHITEHHOBCKHE YPaBHEHHS BechMa CJOKHHL,
4 HAXONHUTb HX TOYHEIE pellleHHs TPyHHO.
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16. HBIOTOHOBO MPUBJIMMKEHUE

PaccMOTpHM CTaTHYECKOe TPaBHTALHOHHOE NOJE B CTATHYECKOR
cacreme KoopanHat. Toraa guv IOCTOAHHO BO BPeMEHH, T. €.
guv 0=0. Jazee, fas m=1, 2, 3 NONXKHO BHIOJHATbCA YCJOBHE:

Emo = 0.
CJiiepoBaTesbHO, :
- —1
g™ =0; g°=(g)""
H g™ gpnseTcA O6GpaTHOH MaTpHUEH 10 OTHOUIEHHIO K  Zmn-
JlaTHHCKHe HHIeKchl Bcerfa mpoGeraior 3nadenus 1, 2, 3. Orciona
HaX0JdHM, 4TO l'mon=0, a Toraa u I'y, =0.

DaoceMarouM YacTHIV. ABHIXVIIVIOCT CC CKODOCTLICO Manao# no
PaccMOTpHM 4YacTHUy, ABHXYIIYIOCa CC CKOpPOCTBIC Maac® Io

CPaBHEHHIO CO CKOpocThio cBera. Torma v™ ecTb Majas NePBOrc

nopsiika. B npeHeGpeXeHWH BeNTHYHHAMH BTOPOro NOpsiKa Ma-
JOCTU I

Zu (@) = 1. (16.1)

YacTHua ABHKETCSl [0 re0jesHYecKoH. YpaBHeHHe reOfeawve.
cKoil (8.3) ¢ TOYHOCTBIO IO YJEHOB NEepBOro HOpsAKa AaeT

domjds = — T3, (0 = — g™ T o (V) = (1/2) g™ &y, (Y
Ho ¢ Tounocrtnio A0 4JIEHOB I1€pBOro nOpHILKa
du™ dv™  dxt ™ "

ds P TS de dx®
ds g ds dx
s o Y 5 % AT I
10rga € y‘[UlUM (10.1) 3allnli€l
do™ ! mi 0 mn 6.2
T =T & 80.n" = &" (&) - (16.2)

TTOCKOMLKY gpv He 3aBHCHT OT X, MOMKHO ONYCTHTb HHAEKC M,
YTO JacT COOTHOLIEHHE

Bupldn® = (8f3) - (16.3)

Buano, 4TO yacTHUA JBHXKeTcd TaK, OyATO OHa HaXOMHTCA HOA BO3-
IeiicTBHeM mnOTeHumana gh? . Ilpm moNyyeHHH 3TOro pesyabraTta
HMKaK He MCIOJb30BajoCh ypaBHeHHe DinmrTelina. Temepr Aas
CcpaBHEHHs 3HHUITEHHOBCKOM TEOPHH C HBIOTOHOBCKOH yYTeM 3aKOH
DilymTeltHa, TPUBOAAINUNA K OnpefneneHHHIM YDaBHEHHAM IS IO-
TeHUHAaaa.

TIpeAnoJoXHM, 4TO TPABHTAUHCHHOE IOJE SBJAETCA caadbiM,
T4K YTO KPHBH3HA NPOCTPaHCTBA — BpeMeHH MaJja. Torxa MOXKHO
BEI6pATh CHCTEMY KOOPAHHAT, AJs1 KOTOPOH KpHBH3HA KOODAHHAT-

ey mnaf (noe wosrmad pa ool TR XOoOBnHUaT buxcunonannr)
HbiX OC€H (/iJiaA Kax[AOH H3 OCCH TPH ROUPDAHLATLI PuHRCHpULalisni)

Mana. B 3ToM cayyae guv B IEPBOM NPHONHIKEHHH €CTb KOH-
CTaHT4, 4 g yy,c M Bce cuMBoanl Kpucropdens manbl. YpasHeHHe
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0.1) ¢ TOYHOCTHIO IO YUNEHOB NMEpBOr0 MOPSAKA IpH-
. (14.4)1
a7
lm,v-—luv'a = U,
CeopauuBas (11.6) mo ABYM HHIEKCaM C IePeCTaHOBKOH p H u
H npeHeCperas uieHaMH BTOPOTO MOPSAKa MAaJOCTH, MOXHO Ipe-

006pa3oBaTh 3TO COOTHOIIEHHe K ClelylomeMy Goiee ynoGHOMY
BHIY:

g (gpﬂ.uv_gvcr,up_‘gup.w+guv.pa) =0. (16.4)

Tloroxum Tenepp p=v=0 M HCHOJb3yeM YCJIOBHE He3aBHCHMOCTH
Luv 0T x°. [Toayunm
2" 800, mn = 0- (16.5)

Ypapneune Hanambepa (10.9) B MPHOAMXKEHHH c1a60r0 HOJA NpH-
HHMaeT BHL

Ypasuenue (16.5) KaK pa3 H 03HauaeT, 4TO Zoo yHOBJAETBODSAET
ypasHenHio Jlannaca.

MoxHo BHi6paTe eIHHHIy H3MEpeHHs BpPEMEHH TakK, 4TO6H Goo
M4J10 OTIHYAJOCh OT eMHHUH. TOraa mosoXnuMm:

~ 1 1 O1r /10 Ay
oo = L 4V, (1o.9)

e 17 prm =l T ol oo . 1/9 PR T2 54

T'Ae v — MaJo. D 3TOM CaAy4dae oo '"=1--V H V CTaQHOBUTCA NOTEH-

unanaom. ITockonsky V ynosaerBopsier ypasnenmio Jlamiaca, ero

MOXHO OTOXJAECTBHTb C HbIOTOHOBCKHM TOTEHUHAJIOM, pAaBHEIM

—mlr, Tone m— Mmacca HCeTOUHHKA., Temens B o gro {189 nny
mjr, TAe m— Mmacca HCTCUHHKA. Tenepds Buanc, 4rc (16.2) npa-

BOZHT K COOTHOLIEHHIO:
Yckoperue=-—grad V,

TaK KaK [QHaroHajpHble 3JEMeHTH gmn=—I1. 3HaunT, sHak mpu V
©bla BEIGPAH [P AaBHJBHO.

Takum o6pasoM, 3akon DiiHIITeHHA NepeXoAHT B 3aKon Hbio-
‘TOH&, KOrja mnoJe sBJAdeTcS canabboiM H CTATHUECKHM. CJIEIIOBaTeJIb-
HO, De’YAbTAaTH HBIOTOHOR i Teopuu mo 06%kg 0 IBH
TJIaHeT OcTaTcsl B cHae. [IpHbGaHXKEeHHe CTAaTHYHOCTH ONpPaBIbI-
BAETCH MaJocCTbio CKUpOCTeI‘;I IIJ1aHeT TIO0 CPAaBHEHHIO CO CKOPOCTI':!O
cpera. Ilpubanxenne caa6oro moJs sBJAseTcs XODOIDHM, TaK Kak
IIPOCTPAHCTBO OYEHb He3HaUHTeJbHO OTKJIOHSETCH OT NJIOCKOrO.
PaccMOTpHM DOPAKKH HEKGTODBIX BEAHYHA.

3naueHue mOTeHNHaJsa V Ha NMOBEPXHOCTH 3eMJH OKa3miBaercd
nopsaka 107 Takum oGpasoM, g H3 dopmyasr (16.6) ouensn
6au3k0 K enuHune. Ho naxe Takoe Manoe OT/JHUHE Gg OT €XHHHIE

eHug
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NPHBOAKT K 3HAYHTENbHBIM TIPAaBHTAUHOHHBIM 3¢ dexTaM, Hab/ao-
pacMmuiM da 3emJue. Baas paguyc 3eman nopagka 10° cam, nalinew,
4TO 3HaueHHe Zoo, m NOpAAKa 1078 cm~1. CienosaresnbHO, OTKJIOHE-
HHE NPOCTPAaHCTBA OT IJIOCKOro Kpadne mano. OpHako, yTo6H
nn.nvuwm vvknnpnnp R rnznu'rznnnnnnm moJie HA nnnppvunrﬂru
3eM“u Hy;xno YMHOXHTb 3TO OTKJIOHEHHE Ha KBaApPaT CKOPOCTH
csera, T. e. Ha 9:102° (cm/cex)? TlostoMy ycKOpeHHe (OKOJIO
103 cm/cex?) BmoaiHe OIIyTHMO, XOTS CaMO OTKJIOHEeHHe OpOCTpaH-
CTBa OT IJIOCKOro GeCKOHEYHO MaJjo, AJA TOro 4ToOH ero MOKHO
6BL10 HaGJIIORaTh HENOCPEACTBEHHO.

17. TPABUTALIMOHHOE KPACHOE CMELLEHME

PaCCMOTpHM MOHOXpPOMATHYECKOE H3JAYUYEHHE NOKOSAIErocs arTo-

Ma, HaxOAAIErocs B CTATHYECKOM TIPaBHTALHOHHOM mofe. Hauna
BOJIHbl H3JYYaeMOTrO CBeTa COOTBETCTBYeT ONpefeleHHOMY 3Hade-
HHI0 AS. TI0CKONBKY aTOM TOKOHTCS, B CTATHUYECKOH CHCTeMe KOOp-

JHMHAT THIIA CHCTeMEI, HCIIONb30BaBllelica B pasi. 16, umeem
As® = goo (AX)?,

rae Ax®—nmepuonm, T. €. BpeMs MeXJIy COCeIHHMH MaKCHMYyMaMH,
OTHECeHHOE K BLIOpaHHOM CHCcTeMe KOOpJAHHAT.

[Ipu pacmpocTpaHeHWn cBeTa B ADPYryio 06JacThb HPOCTPAHCTBA
Ax® He H3MeHsercA. BeanunHa Ax®— He TO XKe caMoOe, YTO NMEPHOX
'HEKOTOpOH cHeKTpaJbHOH JIMHHH aToMa, Haxozmmerocs B NaHHOH
TO4YKe. 3Ty poab urpaer As. Taxum uupasom, NEPHOA 3&BHCHT
OT IPaBHTAllHOHHOTO NOTEHUHana Zoo B TOH TOYKE, Ie CBET OBLI
H3JIyYeH:

Axo ~ ggiis.

MHOXHUTENb Zoo~ /2 ONHCEIBAET CMEIUEHHEe CTNEeKTPaJbHON JHHHH.
B npioTOHOBOM npubanxkennu (16.6) umeem

Al ~1—V.

3Hauenue V OTpHNATENbHO B 06.I4CTH CHJBHOTO I'DABHTAUHOHHONO
noJis, HanpuMep Ha mosepxHocrn Counua. ITostoMy cBet, uanyuae-
mui#l Ha CoJHne, CMeleH OTHOCHTENLHO CBeTd, H3/Jy3aeMoro Ha
3emne, B KpacHyo uacTs cnexrpa. DtoT 30dexT MOXKHC SHAC Su
Ha6n1011a'rb nas ceera oT CosHna, ecin 6bi OH He Tepsijicd Ha (oHe
ApYrux (pusﬂqecKax s dexTon, Taknx, Kak adderr [lomaepa, Bo3-
HUKAIOUIWH H3-3a ABUXKEHHA H3JYyUaOMHX aTOMOR. Kn;mnoe cMmerne-
HHe GOJiee 3aMETHO AMA cBeTa OT Genbix KapJHKOB, T BCICACTBHE
BBICOKOH TJIOTHOCTH MaTePHH IpaBMUTAlMOHHBLIA HOTEHIHaJ Ha IO-
BEPXHOCTH 3BE3/bl TOPA3A0 BhLle.
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18. PELLEHME LUBAPLILUMSIBAA

YpaBHeHuss DHHIITeHHA NJAS TyCTOro NPOCTPAHCTBA MPEACTAB-
JSII0T CO60# OUeHb CJOXKHLIE HeJHHeHHble YPaBHeHHT, H HAXOXKie-
HH€ HAX TOYHBIX neIIIGHHI/l SABJASAETCSI BechMa Tnvnunn °azxa'1'eﬁ
OnHaKO B ONHOM CII€LHAJLHOM cJaydYae pemeﬂne Haxomutcs Ges
0COGBIX YCHJHH, & HMEHHO: B CJIydYde CTaTHYecKOro cdepHuecKH-
CHMMETPHYHOIO NOJISl, CO3A4aBA€MOr0 IOKOSIIMMCS CepHuecKH-
CHMMETDHYHBIM TeJIOM.

YcloBHE CTATHYHOCTH 03HAYAeT, YTO B CTATHYECKOH KOODIH-
HaTHOH cHCTeMe Zop HE 3EBHCHT OT BpeMeHH X°, wim f, U, Kpome
TOro, gem=0. B KauecTBe CTaTHYECKOH KOOPZHHATHOH CHCTEMEE
MOXXHO BHIOpaTe cepuuecKue NONAPHLIE KOOPAHHATH xl=r,
x2=0, x3—q; "Hau6oaee o0lilee BhIpaxkeHHe Aas ds® B caydae cie-
PUYECKOR CHMMETDHH HMEET BHJ

ds? = Udf2 — Vdr?2 — Wr2(d92_l_=| 2ﬂfim3\

rie U, V u W 3aBucar toasko ot r. He mapymwas chepnueckoit
CHMMETDHH, MOJKHO 3aMEHHTb I NPOH3BOJbHOH q:ymmaeﬁ oT .
HcnoabsyeM 5T0 0GCTOATENBCTBO A MAKCHMaJbHOTO YHPOIIEHHS
BhIpaxkeHus1 Ana ds®. YnoGHee Bcero o6paTHTb MHOXKHTENIb W
B enuHany. Torma ds? MOXHO 3amHCcaTh CJAEOyOIIHM 06pa3oM:

ds® — exp (2v) di® — exp (24) dr? — r?d6® — r®sin?0de?,  (18.1)
rie v ¥ A 3aBHCAT TOJbKO OT r. PYHKUHH v M A [JOJIKHBEI OBHITB

BbIOpaHEl TaK, 4TOOBl YAOBJETBOPATL YpaBHEHUSAM DiHMITelHa.
Ws (18.1) moxHO Bblpa3HTb guv UEepes v u A:

o N o e 70N
Zoo = exp(2v); gu = —exp(2h);
= —"1"% gs=—risin®g;
g.. =0 nag u==v.

v A Q5

Janee HaxoAuM
g” =exp(—2v); g" =—exp(—2A);
g2 = —r—2; g®¥=—r-2sin—26;
g =0 mna pv.
Teneppr Heo6XOAMMO BEIPA3HTH Yepe3 v H A BCe CHMBOJEE

Kpucrodpdens. MHOrne u3 Hux 06paIlanTcsa B Hyab, a OCTABIUHECH
HMEIOT BHI:

Tho=+v' exp (2v — 2A); Tlo= v

= Th=Th=r

[32 = —rexp (—2A); I3s = ctg6;

[33 = —rsin?Bexp (— 20); I35 = —sin® cos 8,

rae UITPHX O3HAyaeT nnqncpepeﬂuupoaaune no r. JTH BHIPaXKeHHs
HYXHO OACTaBHTh B (14.4). B peaysabraTe moayuyum:
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Rgo = (—v" 4+ AV — " — 2v//r) exp (2v — 2); (18.2)
=V — Ay v 2V (18.3)
Ry = (14 rv —rA)exp(—20)—1; (18.4)
Ry3 = Rypsin?8
{ocranbrble KOMIOHEHTH Ryuy B 5TOM CIyd4ae TOXKAECTBEHHO paB-
HBl HYJI0).
DHHIITEHHOBCKAN 3aKOH DABHTAMHH TpebyeT, uTOGH 5TH Bbipa-

KeHus1 o6pamanuce B Hynb. OGpamenne B myab (18.2) u (18.3)
JZaet

A v =0.

[lpu Gonpiux r IPOCTPAHCTBO AOMKHO GHITH GAH3KO K MJIOC-

KOMy, TaK 4TO HOPH r—>c0 M A, H v JOJXKHB CTPEMHTbHCS K HYJIO.
CJaenoBaTeLHO,

A4+v=0.
U3 o6pamenus B Hysn (18.4) caenpyet, uto
(14 2rvyexp(2v) =1,

HIH
[rexp(2v)]’ = 1.
Orciona
THe m — DOCTOSIHHAA H pHPOBaHHA. 4HOBKA IIOCJIELHero
<ooTHomennst B (18.2) u (18.3) Takke oGpamaer HX B Hyab.

M3 3T0r0 e COOTHOWIEHHS NOJy4aeM BHIpAaXKEHHe IIA ool
8o = 1 —2myr. (18.5)

I GonblinX SHAUeHHH r JOJKHO GBIThL CHPABENIHBO HBIOTO-
HOBO mpaGiuxenue. CpasHenue (18.5) c (16.6) mokaseBaer, 4TO
TNOCTOAHHAA HHTErPHPOBAHHA /M, KoTopas moasadercs B (18.5),
€CTb HEe YTO HHOE, KaK Macca Teja, CO3[AAIONIero rpaBHTallHOHHOE
moJe.

[Tosnoe pemrenne ypasnennii DfHIITeHHA HMeeT BuL,
dst=(1—22Vap (1 2m Vg e it oder. (18.6)

AY £/ AN 7/

7

OHO H3BECTHO NON Ha3BaHHEM pewennsa IiBapmmuiasia u mpuMe-
HHUMO BHE Te/d, CO34aiolllero rpaBHTALHUOHHOE NOJe, T. €. B 06-
J1acTH, TIe OTCyTcTByeT Marepus. Takum o6pasoM, 5TO ypaBHeHHe
€ OpHeMJIeMOH TOYHOCTRIO CHPABCAJHBO BHE IOBEPXHOCTH 3Be3Jibl.

Haa neuxenns naaner Bokpyr CousHna pemenne (18.6) maert
MaJsiple MONpaBKH K HbIOTOHOBCKOH Teopud. OHH OLLYTHMEI TOJBKO

a1 MepKypus — 6aHKalllell K CosHIly NJIaHeTH — H 06BICHAIOT
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OTKJIOHEHHe TPAeKTOPHH 3TOH IJIaHETHl OT TPaeKTODHH, IpeiacKa-
3nBaeMOl TeopHed HreloTOHa. DTO ABJgeTca yOeAHTENbHBIM DOA-
TBEpKIeHUEeM 3HHIITeTHORCKOH Teopuu

TBEP2 ineM OpHH,

19. YEPHBIE LAbIPbl

IIpu r=2m pemenne (18.6) craHOBHTCA CHHIYJSADHEIM, TaK Kak
B 3TOH TOuKe Zp=0 ¥ gu=-—co. MoxXeT mnoKazaTbcs, uTO r=2m
SABJAETCE MHHUMAJbHO BO3MOXHBIM DAaIWUycOM TesNa MAacchl m.
Opnako GJauxalilee pacCMOTpEHHe INOKa3BIBAaeT, YTO 3TO HE TaK.
PaccMoTpuM uacTHIy, Iafalollylo Ha LeHTpaJbHOe Texo. [lycrs
ee BeKTOp CKOpOCTH ectb M= dz"/ds. [IpeanosoxuM, uro wacTuHua

TamaeT N0 nanuvey Tak, uro v2=73=0, Eo nnumenus nananxag
Iazaer ne pamuycy Tag, 4re v v V. Te OBHM{CHHE Onpeaensae

ypaBHeHHeM Feoje3nueckol (8.3):
dufjds = —Tpy " 0" = — g¥ouy 0" 0" =
= gaogoo, 1 vt = — goo (dgoll/ds) o0,
YuureBas yto, g% = 1/g,,, moayYyaem
GoodtP/ds - (dgo/ds) v° = 0.
ST0 ypaBHeHHe HHTErPHDPYETCS H HAeT COOTHOIIEeHHe
ot =k,

rae k— nocTOsiHHAsi HHTErPDHPOBAaHHA, KOTOpas papHa 3HAYeHHIC
Zoo B HAYaJIbHO{ TOUKE TPAEKTOPHH YACTHIBL.
B paccMaTpHBaeMOM ciydae HMeeM, KaK W Ipexne,
P - ons /e
1 =8, 0" 0" = oo (V)" + 8u (V)"
YMHOXaf 3TO ypaBHeHHe Ha Zoo M MHCIOJbB3yds COOTHOLIEHHE
Foolss—-—1 TOJVUSHHOS B INEALIAVIIEM nDazaene, HaXOAUM
Zwlii 1, mosyueHnoe B HDpeiLIIyUIEM paziene, e
k2 — (01 = gog = 1 — 2mjr.
Haa nagaomero teaa vi<0; cjael0BaTeNbHO,
f
ot = — (B — 1+ 2m/r)'/>.
Toraa
—1 _1
dijdr = et = — k(1 —2myry ™" (B2 — 1 + 2myry~ /2.

Tlycts yacTHua HaxXOAWTCS BOJH3H KDHTHYECKOro pamdyca, T. €.
r=2m-g, e & Man0 W WieHH nOpsAKa £* or6pomentl. Toraa
dt/dr == — 2m/e = — 2m/(r — 2m).

HuTterpupys 570 cCOTHOUIEHHE, TOTYYaEM
t = — 2m In(r — 2m) - xoncraura.

Takum 06pasoM, mnpu r—>2m f{—oco, T. €. AJs LOCTHXKEHHS YaCTH-
el KpHTHYECKOro pajmyca 2m TpebyerTcd  OecKOHEUHOe BpeMsd.
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[IpennonoxuM, 4TO yaaneHHBIH. HaGaIOXATE D paccMaTpuBaetr
“H4CTHLY, H3Jy4alomlyl0 CBeT OmpeleleHHOR uacToTel. CBeT HCMBI-
TBIBAET Fip'dcﬂue CMENIeHHe, ONHCHEIBAeMOe MHoxHTeneMgEl;"'z(l—
—2m/r) /s, Tlpn mocTuenun wacThneff KpHTHYECKOTs pannyca
STOT MHOXHTeNb o6pamaercss B GeckomeuHocTb. C TOYKH 3peHHs
yHasneHHOro Habaionarens, Bce (GH3HYECKHE NPOHECCH B YacTHILE
IO Mepe ee MPHONHKEeHHA K KPHTHUCCKOMY Paldycy r=2rm mpore-
Kal0T BCEe MeJJIeHHee U MeJJeHHee.

PaccMoTpuM  Temeps  HaGmofaTeNsl, ABHAKYIIErOCS —BMecTe
< uactunefl. Jlag rtakoro HaGmiofaTens OpHpalleHHe BpeMeHU
coBnazaer c ds. Torza

dsfdr = 1jv* = — (B — 1 4 2myry~"/> .

Ilpu r—2m BenuumHa ds/dr cTpemutcss K —Fk—1t CrienoBarteanHo,
JIOCTHIKEHHE 4YacTHUed pajuyca r=2m TUPOHCXOIHT 23 KOoHeuHoe
cobcTBeHHOe BpeMs Halmiogartens. Ecad B MOMEHT HOCTHIKEHHS
KPHTHYECKOTO paflyca BO3pacT ABHXKYILEroCs HaGJofaTess KOHe-
4€H, TO UTO e MPOH30HAET ¢ HUM Aaablle? ITo-BHEHMOMY, Hab.i0
nateib OyAeT NPOmOJIKAaTh CBOGOLHO MafaTh B NYCTOM NPOCTPAH-
CTBE, NBHrasfchb B 061aCTb BCE MEHLUIHNX ¥ MeHbUIHX SHAYEHHE 7.

I#s Toro uTo6bi paccMOTPETh MPOAO/IKEHHE pemrerns llsapu-
UHIbA2 HA 06MacTh r< 2m, HEOGXOMHMO BBECTH HECTATHYECKYIO
CHCTEMY KOOPHHHAT; guy B 5TOM CJIyYae CTAHOBHTCA GYHKUHeR
BpeMeHHOH KOOpAHHATH. OCTaBHM KOOPIHHATH 0 M @ IPeXHHMH,
4 BMECTO ! W r BBEieM T H p, OlpelessieMble COOTHOUICHHSMH:

1 ~ e IR LY
+g(r), (18.1)
rne F o
tre f u

CTBO

Oorpga cupaBe[JIHBO paBeH-

o TInnIranAamrIiTeTa
£ pOH3BOJIbDHDIE O

de— 2" dor (a4 Fdrt — 2 (et = (1 — 2™\ ap o
T ’ \ r/

" 2m .2 2m
—|—2<f _*Tg>dtdr+(f ——g )drz_t
=(1—2"\ap _ | _ 2\ 4o
&1 - >dt (\l - > dr?, (19.2)

ToJayuenHoe 3a cyer BrIGOpa GyHKNMH [ B g, KOTODPHIE YLOBJIETBO-
PSIOT YCAOBHAM:

F'=Q2mir)g’ (19.3)

@mir)g” —F = (1 —2mr)™" . (19.4)

3[ech WITPHX 0O3HAYAET NPOH3BOAHYIO IO I.
HMcriiouns us 5Tux ypaBHeHuil [, HalileM

g = (r/2m)* (1 — 2m/r)~" . (19.5)
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Uro6H NDOUHTErPHPOBATh ypasHenHe (19.5), nmomoxum r=y? n
9m=a2 Ilpu r>2m BennunHa y>>a. [loayuaem

dg/dy = 2ydgjdr = (2y*/a)/(y* — a¥),

OTKyla
g =1{(2/30)9° + 2ay — a*In[(y + @)/(y —a)]. (19.6)

OxonuaTteapno u3 (19.3) 1 (19.5) numeeM

g —F =(—2mng =(r2m",
4TO HHTErDHPYETCA H HaeT

@R/ Vem) =g —f=p—r. (19.7)
Taxkum obpasom,

r=plp—T)", (19.8)
rle
u = 3/ 1/2m1% s |
WP &) V&)
s npOBeHeHHbIX BHKAARCK BHIAHC, YTO YAOBASTBOPHTH VC M
(19.3) u (19.4) Moxuo. 3HaudT, cupaselanso pasenctso (19.2).
Honcrasass (19.2) s pemenne Hlsapumuasaa (18.6), noayuaem
ds? = de? — —— 2 dp? 2 (p — )*/* (d6* + sin® Bde?). (19.9)

p—m'"

KpuTauecknit pamuyc r=2m, cornacio (19.7), coorsercTByeT
p—T=4m/3. B wmerpuxe (19.0) CcuHry/ISpHOCTE OTCYTCTBYeT.

T e vernury (100) MoNKHGO 9BHO IDeofnaszopaTh B nDe-
110CKOJBKY METPHKY (1v.9) MOXKHC sBHO @IpecopastBarts B pe

wenne Illpapumuabia NpH IOMOMH Npeo8pasoBaHust KOOPAHHAT,
TO OHa yLOBJIETBODSIET ypPaBHEHHAM DHHWITEAHA AJA NyCTOro mpo-
crpaderBa B ofaactd r>2m. Y3 OTCYTCTBHS CHHIYJIIPHOCTH TDH
r=2m ¥ U3 aHANHTHYECKOH HENPEPHIBHOCTH 33K/NI0YaeM, 4TO (19 92
YAOBNETBOPsIET YpaBHEHHSAM JHHIITEHHA H TPH 7==2/it. M€
(19.9) ocraerca NpUMEHHMOH BIJIOTH A0 TOUKH r=0 mim p—rt 0.

CHHTYAPHOCTD HOABJAAETCS IPH TEpexXoje OT HOBHIX KOOpHHHAT
x ucxognsim (19.1). Ho Tak kak BBeleHa HOBas CHCTeMa KOOp-
nuuat, 3abyaeM 06 MCXOLHOH, H TOTJ@ CHHIYJISPHOCTL GOJblle mO-
ABJAATHCA He OyHeT. o

Buano, uto pewenue lIpaprnmuabaa s 0ycTOro IpOCTPaHCTBA
pacnpocTpadEMoO Ha 06iacTh r<<2m. Onmako sTa oGracth H30JH-
poBaHa OT o6sacTH r>2Z2m. KakK HeTPyAHO IIpPOBEPHThH, JIOOOMY
curmany, naxe ceeToROMy, motpefyeTcs GecKOHEUHOe BpeMs, 4TO-
66 nepeceus rpamuny r=2m. Takum 06paagM, oénag’rb r<<2m He
sBJsieTcd HENOCPEACTBEHHO Hal/MofaeMoi. Takyio 06j4acTb Hashi-
BalOT yepHOA ABIPOH, TaK KaK MaTepHaJbHHE Tela MOTYT HONAacTh
BHYTpb cepel pamHycoM r=2m (3a GecKOHeuHOe BpeMs IO Jacam
yAaldeHHOro HaGl/aOAaTens), HO HHYTO He MOMET BBIATH HapyXy.

Bo3HHKaeT BONpOC, CYLIECTBYIOT JiH TaKHe O0JacTH B JNeHCTBH-
TesmpHOCTH? OTpeneneHHO MOMXKHO CKa3aTh TOJIBKO OLHO: ypaBHEHHA
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DHHIITefHA HX CYLIECTBOBaHMe AOMYCKaloT. MaccHBHEL 3Be3NHBIE
OGBEKT MOXKET CKAThCA A0 OUEHb MAJBEIX PAa3MEPOB; B 3TOM cayyae

TDABUTAUUOHHLIE CHAL] CTAUORATES HAATONLRE By
YPRBUTAUHOHHEIS CHJALI CTAHOBATCA HACTOABKO GoJ

H, 4YTO HH~
KaKue Apyrde M3 H3BECTHHX (DH3HYECKHX CHJ He CMOTyT nx vpag»
HOBECHTb X  IpPENOTBPATHTL TeM CaMHIM JajbHefillee CiKATHe.
Toxoxe, 4TO cKaTHE TAKOrO.O6BEKTa MOMKHO TPHBECTH K obpa-
30BaHHIO 4epHOM abipbi*. IlpaBia, mo uacam yaaJleHHOro Hab6Jioga—
TeJsd Ha 3TO NMOoTpefOBaJOCh 6l 6ecKOHeYHOe BpeMs, OLHAKO IIO:
OTHOLIEHHIO K CaMOH majaiolleli MaTepHH BPeMs CKATHA KOHEUHO.

20. TEH3OPHBIE MJIOTHOCTH

DJIeMEHT UYeTrIpeXMepHOro IDH APesfnasananuas  wo
D D iPpH IpPE0OpasCBaHuAX KO
OpAMHAT npeobpasyercs N0 3aKOHY:
0, 17 90 3
de” d'’ dé¥’ dx® = diddxldx®dad), (20.1}
rae J — sxo6uan;
J=0(x" 2" £ £%)/0 (x°x14%) = det £,
Has xpatkocTH sanumem (20.1) B BHae
dix’ = Jdtx. (20.2
YuTeMm, aTO »

8ap = X"‘ o Epry XY'B.

- ‘HpaBle H4CTb 3TOr0 BBIDAXKEHHS MOXKHO PaccMaTpHBaTh Kak
UpOu3se/ieHHe TPeX MAaTPHi; y NepBOH MaTpHIL HHAEKC o 0603Ha-
4aeT CTPOKH, HHAEKC u'— CTOIGIM; y BTODOH MATPHIH HHIEKC uw
0603HaTaeT CTPOKH, HHAEKC v’ — CTONGLH; y TpeTnedt MaTpHIED
HEZAeKC v’ 0603HaYaeT CTPOKH, HHAEKC P — CTOMGUB. TO npoH3Be-
A€HHe DaBHO MaTpulle gap H3 JMeBOH uactu. CooTBeTCTByIOMlee
COOTHOIIEHHE MOJNKHO HMETb MeCTO H AJs NeTepMHHAHTOB,
TO3TOMY

g=4Jg'J wm g=J%.
Hanee, Tak XaK g AB/seTCS OTPHUATEJLHO ONpPeLeNeHHOH BejlH-

YHHOH, MOXHO 06pasoBate J—g, Ile TNOAKODEHHOe BEIpaiKeHHe
BbIODAHO MOJIOXKHTENLHO ONpEefeeHHEIM. )
TakuM o6pazowm,

S o TSt Jan as
vV —&8=JvV —& . (20.3)

T D mocieinee BpeMA MOSBHJMCH aPIYMEHTHl B N0/Jb3y TOTO, YTO ONpeAeJeH-
Hbie (H3HYeCKHe NOJs, He NPeZOTBPAWNAS CXKATHA, NPEAOTBPAIMAIT NOABJCHHE
CHHLYJADHOCTH B METDHKe, T. e. o0pa3oBanHe uepHOA HLIPH  (cM., HATPHMep:
M. A. Mapkos. T'06abHbie CBOACTBA BeMIECTEA B KOJJIAICHPOBAHHOM COCTOSIHHH.—
«Yenexu dus. nayx», 1973, 1. 111, c. 3). — Hpun. nep. :
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Tlycte S — HekoTopoe cKanspHoe moje. Hdas uero S=S’. Toraa
[SY Zgdx=[SV—g Jax =[SV —g d%
HHTETPHPOBAHHA B KOOPIHHATAaX X

Crann-
SJACAU

7
TpH YCJOBHH, 4TO 06jacT

COOTBETCTBYET 00/14CTH HHTETPHPOBAHHA B KOOpAHHA

BATEJBHO,
JS V — g d*x = nHBapHanT. (20.4)

HasoseM BenuuuHy SY—g, HHTerpaa OT KOTOPO¥ sABJseTCH HHBA-
PHAHTOM, CKaJSPHOHR IVIOTHOCTHIO.

AHanOrHUHO MJS JI060r0 TEH30PHOro moas THY:-  BeJHUHHY
T*-- )/ "g' MoXHO HasBaTh TEH30PHOH miaoTHoOcTsi0. Korza oG-
sacte mATerpHpoBanms Mmaaa, | T ) —gdix sIBJIeTC TeH-
aopoM. Ecsm 0614CTe HHTErpHDOBaHWA HE Mana, TO STOT WHTErpat
He GymeT TeH30pOM, T4K KaK OH NPeNCTaBJseT cOGOH cymmy TeH-
30pOB, 3aJaHHHX B PA3HBIX TOYKAX H, CAEAOBATEbHU, He Hpeodpa-
3yeTcs N0 KaKOMy-1u60 IpOCTOMY 3aKOHY MpH npeo6pa3oBaHuAX
KOOpIHHAT.

BenuunHa J—g B AajbHeflueM HCIOJIb3yeTCA OHeHb 9acTO.
Jlanee Aast KPaTKOCTH OyAeM 3amHCHBaTh ee B Bune J . Tax xak

gle. =2y "W,
TO dopmyaa (14.5) naer

V=02V ety (20.5)
u popmyay (14.6) MOXKHO 3amucaTh B BHAE
oy =V.. (20.6)

21, TEOPEMbI TAYCCA U CTOKCA

KoBapuaHTHAS  RuBepreHuua Ab., BekTOpa A ABJAsAETCS
cKaJspoM. JLJs Hee MOXKHO 3amACaTh BHpaXeHHe

Au:u = A':Lu -+ rgu ‘Av = Al.‘u + VAI /.v A, ¢

ALV =(A"Y) (211
IMoacrasus B Kauectse S B (20.4) AM.,, moayduM HHBApHaHT
fa%,V dbx = [ (A*V).udix.

Ecan muTerpan Gepercsa MO  OrpaHHYEHHOMY (quprexmepHOMy‘):
ofbeMy, TO IpaBylo HacTb MOXHO mpeobpasdsaTte IO TeOpeMe
Taycca ® wmHTerpas mo (TpexmepHOH) — TIPaHM4YHOH NOBEPXHOCTH
3TOro 06beMa.

HPH Au:u =0

Orciona

A*V),u=0. (21.2)
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DTO NPHBORMT K 3aKOHY COXPAHEHHS, a HMCHHO K 3aKOHY coXpaHe-

HuAd MHAKOCTH, IJIOTHOCTL KOTOPOH ects A®Y, a motox sagaerca

TPEXMEPHEIM BektopoM A™Y (m=1, 2, 3). Moxuo NIPOHHTErpHupo-

BaTh (21.?)“110 TPEXMepHOMY o6beMy V mpu HeKoTopom duKcupo-
BaHHOM X% B pesyavraTe nosyunm

2V @) 0= —J(AnY) nax
— NOBEPXHOCTHHIA HHTErpas mo rpauume o6bema V. Ecum OTCYTCT-
BYIOT TOKH, NepeceKalllue TrpaHHNy ob6wveMa V, To fAYY a3y
ecTb KOHCTAHTA.

OTH pe3yabTaTH  AJA BeKTOpa A" Heub3ss, BooGlie ToBODS,
PacIpoCTPAHHTL HA TEH30p ¢ GOMBINMM YHCJIOM HHIEKCOB. PaccmoT-
PHM TEH3OD ¢ ABYMA HHIEKCaMH Y®¥. B mnnocKoM mpocTpaHcrse,
HCIOJIB3yst TeopeMy I'aycca, MOXKHO npeo6pasoBaTth Jr YH.y dix
B IIOBEDXHOCTHHIA HHTErpaJt; B HCKPHBJICHHOM IPOCTPAHCTBE B 06-
@M  clAy4de Heab3s npeo6pasoBath O6BEMHBIH HHTerpaJ
JY™ .V d*% B nopepxnoctauft, Hexmoucime cocTaBaseT aHTH-
CHMMETPHYHHI TeHzop F*¥ = — FV%

B sToM cryuae
Fuv:a= F“v,o’“—rgppw_l_
o1ciona ¢ ysetom (20.6)

FWV:V — Fl-W)v + r!:p FO’V + I"va FI-ID — Fuv,v + ]/'—I V'pFllD_
Torna

I"(\)_’p Fl»'-DY

N
F?5V = (F*™Y) ..
Cnenoaarean, [F™.V dex paseH NOBEPXHOCTHOMY HHTErpa.
u mpu yeaosun F*Vy =0 noayuaeMm sakon COXpaHEeHHs.
Has caMMerpHaHoro Tensopa ¥Y™¥ = ¥
H3 HHAEKCOB M paforath ¢ Y. %, TO MoxHO
Iolllee YPABHEHHE C HOMOJHHTENbHBIM
v 4
Yu o= Yp,v.o _rﬁa Yoa + mayua-
IToxcraBus 6=v u Hcnoanr3oBaB (20.6), nonyunm
v v —1 o
YV lo=Y 0+ V7V oY, — Ty Y™,
ITocKoabKy Y®¥ CcHMMETPHUEH, TO MOMNKHO ¢ yuetoM (7.6) same-
HATE I'guy B HOC/AENHEM UEHE BEAHUMHON

(1/2)(rrwu ‘i“ rvau) = (1/2) Sav, i
B nrtore MoxHo 3amucars
A (}fuv V).v_(l/mgab,uyuﬁ V- (21.4)
Hus KoBapuwauTHoro BekTopa A,  HMeeM BEIDaJKeHue:
Au:v - Av:u = Au.v — rﬂ vAp - (Av.u - rg n Ap) =
= Ap.v— Ay (21.5)

<

» €CJIH ONYyCTHTb QIHH

40

e B

Pegysprar (21.5) MOXHO cdopMYJAHPOBATE TaK: KOBApHAHTHEL
POTOp paBeH OCBIYHOMY DPOTOPY. IDTO YTBEPKIEHHE CIPABEIJIHBO
TONLKO LS KOBaDHAaHTHOre Bekrepa. [Jlim xoHTpasaps
BeKTOpa IO cooOpaxeHUsAM GasaHca HHAEKCOB POTOP 06pa3oBaTh
HeJb34.

IMonoxum p=1, v=2. Torza noayunm

A1:2 _‘A2:l =Al,2_A2,l-
[TpomHTErpHpyeM 3TO PaBEeHCTBO MO HEKOTOPo# obaacTw noBepX-
#HOCTH x°=const, x*=const. CorsacHo Teopeme CrToKca, uMeeM
j‘j(Alzz—Azzl)dxldfij(Al,z—Az’,l)tlxldxz=

s

CrA 4.1 4 A g0y
= | (4105 5~ A,dx7),

~(21.6)

TAe TNOCJAeNHHA HHTerpaa Gepercs mo rpaHmme o6GaacTH. Takum
-06pa30M, NOJYdYeHHHIH HMHTErpan mo 3aMEHYTOMY KCQHTYPY paBeH
TIOTOKY 4Yepe3 IOBEPXHOCTb, OTPAHHYEHHYI0 3THM KOHTYPOM. DTOT
PE3Y/bTAT HOIHKEH MMETb MECTO HE TOJILKO B CHCTEME KOODAHMHAT,
B KOTODOH ypaBHEHHE DAaccMaTPHBAaeMOH IOBEPXHOCTH ecTh
x%=const, x3=const, Ho H B o6ieM caydae, T. e. B JIOGOH cHCTeMe
KOOpIHHAT.

YTo6bl NMONYYHTh MHBAPHAHTHEIA cnoco6 3alIHCH 3TOrO pesyJib-
TaTa, BBeAeM oluiee BHIpAXKEHHE IJs 3/7€MeHTa ABYXMepHOH mo-
'BEDXHOCTH. DJIEMEHT NOBEPXHOCTH, ONPeAE/AeMBIH IBYMA MaJbIMH
KOHTPaBapPHAHTHEIMM BEKTopaMH &M H [H¥, 3a1aeTcsd aHTHCHUMMETpHY
HbIM TEH30POM BTOPOLO PaHra:

ds* =

Torna, ecmu E# u {* mumewor pux (0, dx4, 0, 0) u (0, 0, da2, 0),

‘TO B& KOMIOHEHTH dS* BRINIAAAT CAEAYIOHM 06pPasoM:
dS*™ = dx'dx®; dS™ = — dx'dx?,
@ ocTajpHBle KOMIOHEHTH 06pamalTcs B Hyas. JleBas uyactb
(21.6) mpuunmaer sun [f Ay dS™; npasas wacts (21.6) ects, oue-
suano, | A,dx", nostomy nmeen
l vV
- H (Apw — Ay:p) dS™ = j Ay dx®, (21.7)

TloBepxHOCTH Tepamerp

22. TAPMOHUMYECKME KOOPZAMHATBHI

Ypastenne TanamGepa V=0 naa cxanspuoro nons V ¢ yue-
toM (10.9) maer

gV, w—TiwV,e) = 0. (22.1)

B niockoM mpocTpaHcTBe B HEOPTOrOHA/JLHON CHCTEMEe KOODAMHAT

Kaxlasd H3 UETHPeX KOOPAMHAT X* YIOBIETBOPAET YpaBHEHHIO
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Ox*=0. B (22.1) MoxHo B KauecTse V moacrasuts x* . Tak xax
B oTauude oT V x* mne ABJAAETCA cKaJdsApOM, NOJY4EHHOE ypasHe-
Hpue, pazyMeercs, He GYJeT TEH3ODHHIM, T. € 3TO YDABHEHHE Cmpa-
BEAJIUBO TOJBLKO B ONpPEACJCHHBIX KOOPAHMHATHBIX cacremax. OHo
HaKJanbiBaeT Ha KOODAHHATH HEKOTODhie OrpaHHUEHHS.

Ecau B KauectBe V moicTaButh X%, To V| caepyer 3aMeHHTH

BeanunHOf x*.¢ = &% Toraa ypaBHeHne (22.1) npumer BuA
g, =0. (22.2)

KoopauHaThl, yOOBJAETBOPSIOIIAE 3TOMY YCJOBHIO, HA3BIBAIOT 2ap-
monuseckumu. OHM annpOKCHMUDPYIOT HEOPTOTOHAJbHHIE KOOPAH-

2Tyl ¢ MAKCUMANLEODR TOUHOCTLIO, KaKag TOJRKO ROAMOIKHA B HC-
HaTsl ¢ MaKCHMAJABHOH TOYHOCTHEIC, KaKad TOJABKC BO3IMOZKHA B HCO

KPHBJIEHHOM NpocTpaHcTse. [IpH XKenaHHH HX MOXKHO HCIOJb30BATH
B JI060H cHTYyalMH, OJHAKO OYE€Hb 4YacTO AeJO TOro He CTOHT, TakK
KAK TEH30DHHIH (HOPMANN3M B IDOHM3BOJbHHIX KOODIHHATAX HEHCT-
BHTEJILHO SABJAAETCA BechbMa yAoOGHHM anmapatoMm. Ilpm paccmoTtpe-
HHM TPABUTAUMOHHBIX BOJH TapMOHHYECKHE KOOPAHHATBI BCE Ke
OKa3hLIBAIOTCA OY€Hb NOJIE3HEIMH.

M3 (7.9) u (7.6) uMeeM B NPOH3BOJBHBIX KOODAHHATAX

o= —g" g Tupo + Tpao) = — £7° Tho— &I, (22.3)

Otciona c yuetom (20.6) ciefyer paBeHCTBO
@ V)o=(—gPTh — g Tl + 28" TH) V. (224)
CBopaunBas ero mo ABYM HHAEKCAM (moJjaraeM o=v), nojydaem
@ V)v=—2g"Thv. (22.5)

Bunuo, ut
DHJHOC, 4T

HOCTH €CTh

o
0

=1
tr
)
(3

23. SNEKTPOMATHHUTHOE MOJNE

VpapHennss MakcBenna B CTaHAAPTHOA 3alHCH HMENOT BHI:

E = — (1/c)3A/0t — grad ©; (23.1)
H=rotA; ‘ (23.2¥

(1/c) 0H/ot = — 1ot E; (23.3)
divH = 0; (23.4)
{1/c)dE/ot = rot H — 4mj; {23.55
divE = 4mp. (23.6)

CHavaJja 3anulieM HX B 4YeThipexMepHo# ¢opMe B paMKax CHelH-
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ANbHOH TEOPHH OTHOCHTENAbHOCTH. IToTenuuanst A 1 @ o6pasyior

4-BEKTOPp &  COIJIACHO COOTHOIIEHHAM

— & bhm — Am m-—1 0
=%, RIFT=A4a" Mm=1i, z

a
y O

Brenem

Fuy =ty v—ky n. (23.7)
‘Torzna B cootsetcTBHE ¢ (23.1)

#l coraacHo (23.2)
oo 08 Ok Sk o

ox% ax3 Ox Ox® =

TaxaM o06GpasoM, INECT: KOMIOHEHT AHTHCHMMETPHYHOTO TEH-
:30pa Fuy ompelensior nonepnie peanunnsl E n H.
Hs (23.7) crenyer, uto

Fuv,0 + Fyo,u+ Fop,v = 0. (23.8)

-DTO ypasHeHHe cOAEPMKHT B cebe ypaBHeHHs Makceenraa (23.3)
u (23.4). Janee, nz (23.6) umeem

F% o =F" ,— —F" , = divE = 4mp. (23.9)
Ananornuso u3 (23.5) noayuaem
AF“’ :FIO 0 sz Fla - oEL 0H3 . 0H? — 4z
Ry 0+ 2+ .3 o ot o 4mjt.
(23.10)
IlnoTHOCTE 3apAfa p H TOK ™ 06pasyloT 4-BekTOp J*, cOTaIacHo
cooTHowenuam JO=p, Jm=jm Torma (23.9) u (23.10) o6menn-
HAKTCA B OJHO ypaBHEHHE
LRV A s 11
FY ., = dnj®. (23.11)

Hrak, ypasnenns MakcBesaa IlepenHcaHbl B 4eThIPEXMEPHOH hop-
‘Me, TpebyeMoH cHeuuasbHOH TeopHEHl OTHOCHTEJIBLHOCTH.

HUro6nl mepefitTH K o6iieil TEOPHH OTHOCHTEJNLHOCTH, HYXKHO 3a-
IIAcaTh ypapHEHHs B KosapuanTHo# ¢opme. C yyeToM pameHcTBa
(21.5) Tensop (23.7) MOXKHO HENOCPEACTBEHHO 0GOGIIHTH:

Fuv = ku:v —kv:p,.
ITO TO3BOJAET ONPEAEIUTh KOBAPHAHTHLIE IIOJEBhie BEJIHUMHLI
Fyuy . Danee nonyuaem

v - HoAaydaeM
a
Fuv:o = F;w.cr - chrFm: _r'vr,r F!LQ-

BrinonHas uuKInUecKyio nepecTaHoBKY HHIEKCOB W, V, 6 H CKJaIb-
Basi TNOJy4YeHHbIE TaKHM 06pa3soM ypaBHeHHs, HMeeM [c yue-

“mane (92 Q1.
TOM (<o.0j

pr:cr + Fvo:u + Fuu:v = Fuv.cr -+ Fvu,u. + Fau,'v =0. (23.12)
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B pesyabraTe 3TO ypapHeHHe Makcpesnsa aBTOMaTHYeCKHM HPHOG-
peTaeT KOBapHaHTHBIA BH.

Ocraercs pa3ob6pathcd ¢ ypaBHeHneM (23.11). B pamkax o06-
el TEOPHH OTHOCHTEJILHOCTH OHO HE CIPAaBEATHBO H AOJKHO GHITH

3aMaeHeHO KOBRADVAHUTHEIM VDapHeUuaM
SaMeHeHC KCEBapradTHEIM yPaBHEeHHEM

FY.y = 4nJ%, (23.13)

13 paBeHcTBa (21.3), KOTOpoe CIpaBeAsHBO A JIOGOTO AHTHCHM-
M2TPHUYHOTO TEH30pa BTOPOTO PaHra, noJaydaeM

(F™Y) oy =4m" V.
OTciofa HEMOCPeCTREHHO CeyeT DaBeHCTRO

b —1 ( UV
(“I i/).u = (4my 2 (F L/),M‘V

I
=

3710 ypaBHeHHe, aHajoruyHoe ypaeHenuio (21.2), mpexrcraeaser
cobofi 3aKOH COXpaHEHHS 3JIeKTPHUeCTBA. Yd4eT KPHBH3HH IIPOCT-
PaHCTBA He HapylIaeT ero, 3aKOH BLHINOJHAETCS TOYHO.

24. MOAUDUKALIMS YPABHEHMMA SHHLUTEMHA
B MPUCYTCTBHMM MATEPUIA

B oTcyTcTBHe MaTepHH ypaBHeHHst ODHHIITefHa HMEIOT BHL

R¥ =0. (24.1)
Orcrofa caegyert, 4o R=0 u, TakuM o6pasom,
R —(1/2)g"" R = 0. (24.2)

Ecan B3siTh 3a HcXofHoe ypasHeHme (24.2), TO IyTeM CBEPTKH
u

R—2R=0

H, CJeloBaTeJbHO, BEPHYTbcsa K (24.1). B KauecTBe OCHOBHHIX
YpaBHEHHH NYyCTOro IPOCTPAaHCTBA MOXKHO HCINOJAb30BATh Kak
(24.1), Tak u (24.2).

B npucyTcTBHM MaTepHH 5TH ypaBHEHHS HeoGXOZUMO MoAHGDH-
nupoBate. [Ipeanosoxum, 4To MOAHMDHUMPOBAHHOEe ypaBHEHHE

(24.1) 2anucmiaercs TaK

(24.1) zammcuz S TaK:
RUY . yuv {94 2
£ A, \«Z.9)

a (24.2) npuHEMaer BHA

R¥™ —(1/2) g™ R=Y™. (24.4)
3pece X®Y  § YWY — cHMMeTpHYHBIE TEH30pbl BTOPOTO paHra,

OTpaxalollue NPACYTCTBHE MAaTEPHH.

Tenepr Buaro, uto (24.4) — Gosee ynoGHas AJa paGoTH 3a-
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IHCh, TaK KaK MMEIOT MEeCTO TokAecTBa Bnankm (14.3), KOTOpEIE

NOKAasHRAKw

-3
]
3
»)

v oMYV 1
[R *(1/2)5 RJN =0.
Caenoearennuo, (24.4) Brieser 3a coSoil paBeHCTBO

YR =0, (24.5)

Jlio6oe TeHsopHoe moste YHV, mopoxkmaemoe MaTepHel, IOJKHO
YAOBJIETBOPATL TOMY YCJHOBHIO; B NDOTHBHOM CJydae ypaBHEHHs
(24.4) He aABNAKOTCA COTIACOBAHHBIMA.

Huas ynoGetsa BBeneM B ypasHeHme (24.4) xosdduument —8m,
W NepPenuiieM ero B BHIE

R™ . (1/2) g™ R = — 8n¥™, (24.6)

I} danbHefilleM OyneT MOKas3aHo, 4TO TEH30p YH¥ ¢ 3THM K03~
QUUHEHTOM CJeAyeT HHTePNPETHPOBATL KaK IJIOTHOCTb H IIOTOK
SHEPrHH M HMIYJbca (HETPAaBHTANHOHHOTO NDOHCXOMK/IEHHS), NPH-
ueM Y®O0 npexcraeiser coGoii HJIOTHOCTB, a Y — mOTOK.
B nnockom mpoctpaHncTse ypapHenne (24.5) HMeso 65 BHI
¥ ,=0

H BIEKIO Obl 32 Co00# 3aKOH COXDaHeHHA SHEPrHH H HMIY.IbCa.
B HCKpHBJIEHHOM NDOCTPaHCTBe SHEPTHA H MMIYJbC COXPaHSIOTCH
JHb Npr6anKeHHo. OTKIOHeHHe OT 3aKOHa COXDAHEHHA BHIBAHG
AeHCTBHEM TDAaBHTALHOHHOIO M0/ HA MATEPHIO ¥ HaJuuHeM coBCT-
BEHHHIX SHEPTHH M HMNYJHCA T'PABHTALHOHHOTO MOJS.

25. TEH3OP 3HEPIUU — MMIYJIbCA MATEPMU

ITycts samaHo pacmpenesieHHe MaTepHH, CKODOCTb  KOTOPOR
HEeNpephriBHO MEHsieTCs OT TOYKH K Touke. EcaH 0603EauuTh 2%
KOODJHHATHl 3JIEMEHTAa MAaTePHH, TO MOXKHO BBECTH BEKTOD CKOpO-
cTH vM=dz#/ds, KOTOPHH, N0oJOGHO IOJEBHM BelTHUHHAM, OyAeTr
HENpepHBHOA (QYHKUHEH KOOPAHMHAT TOYKH. BEKTOpP CKOPCTH 006.a-
AaeT CAeAYIOMmHMH CBOHCTBAMHA:

8y VY =
= Hov) = v B V) = n gy (o
0 (gii.vv v )‘-G g,ui‘v (v v :6+ et ) Qg;w o 5 '\2:1)
Orciona ®
Orciona
oy’ ie = 0. (25.2)

MoxHo BBECTH CkanfpHOE IIOJIe o TAaKHM 06DazoM, uYTOGE:
BEKTOPHoe MoJie pUM ONPEAeNfI0 IVIOTHOCTb M IIOTOK MaTepHH

Mot wee o L

TaK K&, KaK J © OIpPEAEJiAET NIJIOTHOCTD H ILOTOK 3JIEKTPHYECKOro:
3apsna; ADPYTHMH caoBaMH, uToGm p0° )/ ABJSAIOCH  ILUIOT-
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HOCTBIO, 2 po™y” — notokom. Heo6xomumoe ycaoBHe AJA Co-

XPaHeHHUs1 MATepHH:

JARRTRPR a
wrvip=y,

w
=)
=

(v*).n = 0. (25.3)

B paccMaTpHBAaeMOM cIydae IUIOTHOCTb H IIOTOK 3HEPIHH Ma-
Tepud OyAyr HuMeTb BHI pv°v° vV =m pv°v”‘1/ COOTBETCTBEHHO,
TIOTHOCT: ¥ NOTOK HMIyJbca — PU'0° n pt"v™V . TIlono-
KHM

™ = po* o', (25.4)
Torga T3/ comepxHT IIOTHOCTH W MOTOK SHEPLHH H HMIYyJbCa.
DTy BeJHYAHY HA3LIBAIOT TEH30POM OSHEPrHH — HMIYJIbCA MaTe-
pun, Temsop, 7", pasyMeercsi, CHMMETPHICH.

MoxHo Jm B KauecTBe MaTepHAJbLHOTO uJeHa B NPABOH YacTH
ypaBHenu#i Dfimwreiia (24.6) HcmoOaIB30OBATH T””?w,[l'\.vm 3TOTO
Tpebyercs, uTOGH  BHIOMHAIOCH paBeHcTBO 11 w =0, Ha
(25.4) umeem

T,y = (pv* 0") .y = 0" (pv") .y + p0" v

TlepBulit uieH B mpaBod 9acTH o0paliaercd B HYJb B CHJAY 3aKOHA
‘coxpaHeHHs1 Maccel (25.3). BTopoil useH ncuesaeT, eca¥ MaTepHd
JBHKETCH. IO Te0Je3HYECKHM, IOCKOJBKY B CJAydYae, KOrla BMeECTO
“Toro, 4To6bl GHITH 3aJaHHOH TOJBKO Ha MHPOBOH JIHHHH, U* oI-
peneneHa KaK HenpepuiBHAA moaeBas QYHKuHS, HMeeM

do*/ds = v* 0.
“Toraza (8.3) mpHoGpeTaeT BHA
(o TR %) gV
AV ,vTITAvo v sV My
MR
My’ =0. (25.5)
Tenepb BHAHO, 4TO TEH30P JHEPTHH — HMIyJabca MaTepHH
(25.4) c cOOTBETCTBYIOIIMM UHC/IEHHHIM MHOXKHTENEM R MOXKHO
TI0JCTaBHTL B ypaBHeHHs DiHmTefina (24.4). [Toayunm

R¥ —(1/2) g R = kpv* v°. (25.6)

OnpenennM Tenepe 3HAyeHHE koahdunmehta k. Tlepefinem,

caelys MeETolLy, H3JOxkeHHOMY B pasa. 16, kK HBIOTOHOBY npuéau-
~ - T oE Ay o ov
2KEHHIO. 3aMeTHM IIpexae, 4YTO CBOpAYHMBAsA (<0.0), HMEEM

R — ko
= RO,
Mmoo fOF O) cemiizra AaaTmaamr m DIrma
10rjd (<0.0) MOKHO 3alidtdip 5 DaAAT

B A
R* = ko [0" 0" —(1/2)g"'].
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B npu6anxeHun caaGoro mojas, B COOTBETCTBHH C (16.4), moay-
qaem ' )

00 (v — o

(1/9) / L \
=y \Spo, v Swo, ip up.ve T Buy,po) =

fal
&
2y 1

) Buvi-

PaccMoTpuM cTaTHuecKoe mOJe H CTaTHYEeCKOe DACHpencseHHe Ma-
Tepud. B aToM caydae vo=1, v,=0. Ilonaras p=v=0 u npeHe-
6peras wieHaMH BTOPOrO NOPSAAKA MaJOCTH, HAXOAHM

, — (1/2) go0 = (1/2) kp,
uim ¢ yuerom (16.6)
V2V = —(1/2) kp.

Has Toro 4To6nl 3TO COBHIAJNO C ypaBHeHHem IlyaccoHa, HYyXHO
B3sATb R=—8 m.
Takum o06pazom, ypapHeHus DiHITEHHA B I

30M,

KyLleAca MaTepHH HMeIOT BHL
R™ —(1/2) "R = — 8mpv* v". (25.7y
Torpa T™, szanasaemoe (25.4), coBmazaeTr c¢ YM u3 ypasHe-

HHA (24.6).
YcaoBne coxpaHeHus maccu (25.3) maer

P vt + poty, = 0;
CJIe10BaTeabHO, :

dp/ds = (Ap/dx") o* = — po*.,.. (25.8)

3To ycaoBHe OHKCHDYET 3aKOH H3MEHEHHS p BIOJb MHDOBOH Ji#-
HHH 3/ieMeHTa MaTtepud. [Ipu mepexome oT MHDOBOR JMHHE HeKo-

TOPOro 3JeMeHTa K MHDOBOH JIHHHH COCEJHEro 3JeMEHTa YClIoBHEe
{25.8) momyckaeTr NpoH3BOJAbHOE H3IMEHEHHEe p. J3HAYAT, MONKHO
BEI6paTh p, OGpaLIAIONIAMCA B HYJb Be3le, KpoMe ceMeHiCTBa M-
POBBIX JHHHH, 06pasylomHx TPYOKYy B IPOCTPAHCTBE — BPEMEHH..
Taxoe ceMefcTBO ONHCHIBAJMO OB YacTHIY KOHEYHBIX Da3MEpoOB.
Bre wactuue p=0; cJIeloBaTeJbHO, NPHMEHUMbl VDaBHeHHs OiHH-
mwrefiHa AJ NYCTOTO NPOCTPAHCTBA.

3aMeTHM, YTO eCJH NPHHATH OOCLIMH BHA MOJEBHX ypaBHeHAH
(25.7), TO M3 HHX MOXKHO BBIBECTH JBA CJEACTBHSA: COXpPaHCHHe:
Macchl M JIBHXKEHHE MATEpHH IO Treoie3uyecKHM. BcemoMHEM aas

storo, uto [R™ —(1/2)g""R]l., ofipamaercs B Hyin BenencTmue
TOXZeCTBa DHaHKH, OTKYAa HMeeM
(pvu vv):v =0,
HIH
o (puv):v + pv" oty = 0. {25.9)

n...

YMHOXKHM 3TO ypaBHEHHe HA Uy. BTOPOH 4ied jgacr HyJb, 91O
N4
caenyer us (25.2), n ocranerca (pv*), =0, a 570 Kak pas coBma-
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naer ¢ ycnorueMm coxpaHeuus (25.3). Tenepr ypapuenue (259)

CBOZHTCA K paBeHcTBy v 0",y =0, T. e. K ypaBHEHHIO Teofe3nde-
ckofi. TakuM o6pa3oM, HeT HeoOXOZMMOCTH [1eJaTb npeAnoJiozxe-
"“9 0 ’Tn'M' “’7‘(\ unr"r‘vnn HDYIWQ’FFG no TQATIQQHUP{‘!({\H

....... Hua mamof
YacTHIB ,uBmerue BIOJIb T'€0Je3HYecKOoH “o6ecrneunnaerca npuMe-
HHMOCTBIO YDABHeHHH JDiHMmTeHHA JJs IYCTOrO IPOCTPAHCTBA B

06J1acTH BOKPYT YaCTHIUHL

26. BAPUALIMOHHBIM NMPUHLUMN 419 TPABUTALIMUA

I=[RV ax, (26.1)

r/le WHTETPHPOBAHHE IPOBeAEHO IO ONpPeledeHHOMY YeThipexMep-
HOMY 06‘1:8My Ipunanum g pv Ma.oe MOpHpameHHe 6guy , Oc-
Tapjficliee Juv M eC NepBbie NPCHABCIHHE HEH3MEHHHIMH Ha
rpannue obbemMa. TpeGosanne &6/=0 npH TNPOH3BOJBHEIX OF v
NPHBOJHT, KaK OyJerT HoKa3aHo HHXKe, K YPaBHEHHAM DHHIITEHHA
JJIs YCTOTO IPOCTPAHCTRA.

W3z (14.4) umeem

R =gW Ry, = R*—

rae
0 -0

=g (r;w,v —Iv.0) (26.2)
u N

v 0 g

L=¢g (rpw - vp)- (26.3)

Ckansp [ COAEPIKHT BTODbIE IPOH3BOJHHIE guy, TNOCKOJABKY OHH
nxorar 5 R* Onuaxe 5TH NBOHABOTHLIE BXOAIT JUIIL JHHEHHGC
BxoZAT B R*. .Oxiaxoc 5TH npOH3BOAHLE BXCAAT JHIIL axHelHo

H, CJAeJOBAaTeJbHO, HX MOXKHO HCK/JIIOUHTb HHTEIPHPOBAHHEM IO
gactaMm. lloayuuMm

*V = (g" TV ) — (@ Tiv vV).o—
— (g’” V),'v 1_chr -+ (gm’ V).arﬁv . (26.4)
JlBa MepBHX 4JeHa HBJAIOTCA NOJHBIMH NPOH3BOAHBIMH, H HO3TO-
My oHH He falT BKaaza B /. Torna B (26.4) Heob6xoAMMo ocTa-
BHTL TOJBKO IBa mociegHux uaeHa. C yuetoM (22.5) u (22.4)
OHH MPHHAMAIOT BHI

gvﬂ Ty Tio V +(—24g - rﬁcr + "' T% B) wV .

Oro copnanaer ¢ 2L/ u3 (26.3). Takum o6pasoM, aasa [ nosayda-

€M BhlpaxKeHHE:

4 Cr Y/ ..

1= )LV ax,
COmCDIKALIEE TOALKG & % ero TEepBLHE NDCH3BoAHLe. CKaxan
OACPIKQlIee TOJLKG guv H €ro nepsHe npousscinsnie.  Cxansp
I sBasiercs oAHOpoAHOH KBAaJApaTHYHOH (OpMOH MO NEPBHIM

TIPOH3BOAHBIM.
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s 2

Monoxum £ =L}y u Bo3bMEM 3Ty BEAHUYHHY (C COOTBETCTBYIO-
LAM YHCJEHHBIM MHOXKHTEJIEM, KOTOPHIH OyldeT OIpeAeieH HHKe}

"B KauecTRe INJOTHOCTH TTP“(‘TRWQ ang T‘nﬂHWTHHWOHHﬁT‘n noJsA. BF‘-

anupHa £ He ABAAETCS CKaJaspHOH IIOTHOCTBIO, OJHAKO pabGotath
c Hefi ynoOHee, ueM ¢ BeAHYHHOR RV, ABIAOWENCA CKaJADHOH
IJIOTHOCTBIO, TAK KaKk &£ He COAepPKHUT BTOPHIX NPOH3BOJHBIX & puv-

Cor/acHO KJIAacCHYeCKOHl IHHAMHKE, NeHCTBHE eCTb HHTErpaJ
o0 BpeMeHH OT JarpaHxHaka. B paccmarpuBaeMoM caydae

I=[%dtx = [ dx, | Zdxrdxds®,
TaK 4TO JIarpaH¥XHAaHoOM, OUYEeBHJIHO, ABJAAECTCA
{ Ldxrdxrds®,

Takum o6pasom, £ MOXKHO DaccMaTPHBaTe M Kak IJOTHOCTB
Jnarpanxuana (B Tpex H3MepeHHHX) H Kak IVIOTHOCTb IefiCTBHS

(B GETBIPEX nsmcycnnnz\) KoMnoHeHTH uv MOXHO CYHTATD
JAHAMHYECKHMH KOOpAHHATaMH, & HX BpEMEHHHEe NPOU3BOIHBIC —

CKOpOCTHMPI 3ameTHM paJnee, 4TO JarpaHxHuaH daBJAAeTCsd KBappa-
TUUHOH (upnnnnnnnnnn\ dopMOB 0 CKODOCTAM, KAK OfBIUHO B

10O He0JHODO HOHN Pop KODOCTHAM, K4K

6LiBaeT B K1aCCHTECKOH IIHHaMHKe.
Tenepr mpoBapnupyem £. Henmoawsys (20.6) u (22.5), noay-

gaeM
(T ISp g™ V) =i 8 (T8a g V) + Il g™ 1V 8Tiy =
=T 6@V o) + T8 8 (g V) —TheTh 8 (ev) =
=T 8(g"V o) =T858 (g™ V).v — 5 T8 (g™ V), (26.5)
a coraacHo (22.3)
8(ThalSs g™ V) =2 (M) TV + ThaT3 8 (g™ V) =
=28(Thag V)i —ThaTS 6 (evV) =
=—8(g®al)T% — Tl (@ V). (26.6)
Brunras (26.6) u3 (26.5), naxonum
L = Iy 6 (g%) —rgﬁ 6 (EOWV)V +
+ (TBa T3 —MBaT%) 6 (@ V). (26.7)
JlBa nmepBHIX 41€HA OTJIMYa0TCH OT
—Tiv.a8(@ V) + Tipw 8 (@ V)
Ha NOJHYI0 mpoH3BoaHyI0. OTC00a HMeeM

r & cpaa (&7 uwsr 4..

. /ﬂ
O =& Zd'x = | Ruw 8 (g™ V) {2

QN
S}
rie Ryy sanaercs dopmysofi (i4.4). Ilpm npoHssombHHX Ofuv
BesHunEb O (G%V V) TaKkKe ABJAAIOTCS NPOHM3BOJBHBIMH H HE3aBH-
CHMBIMH, Torja tpe6oBaHne ofpameHHs (26.8) B Hysib NPHBOIHT
K ypaBHeHHaM DiHwrellHa B dopme (24.1).
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Meronom aHajgornuHmM (7.9) MOKHO ToKas3aTh, 4TO
8y = — gho g¥P §gap. (26.9)
B cootBerctBuH ¢ (20.5) moayunm

8y =(1/2) v g8 8gap. (26.10)
Taxum o6pasom,
8(gwy) = —lgr= g —(1/2)g" g**1 V" Ogag-
Toraa (26.8) moxHo 3amucaTs B aApyroft dopme:
8 = — [ Ry (28 — - g8 ) Sutup &'z =
=—((r*— L &R )V Ogap dix. (26.11)

Tpe6osanne obpamenns (26.11) B HyJb NPHBOAUT K YDaBHeHHSAM
DfuiTelina B dopMe (24.2).

» 27. DEUCTBUE 0019 HEMPEPBIBHO
. PACMPEAENEHHOM MATEPUM

PaccMoTpEM HempephiBHOe paclpenejeHHe MaTePHH, CKOPOCTh
KOTOPOH HempephlBHO MEHseTCHd OT TOYKH K TOYKe, NMOJOGHO TOMY,
Kak 370 OBlJIO cHesaHO B pa3xa. 25. 3anemeM BapHalMOHHEIR
NPHHUMI, B NPHCYTCTBHH MAaTePHH, B3aMMOJEHCTBYWOLIEH C CPaBH-
TAUHOHHLIM IIOJIeM, B Bune

8

Fe+1n)=0, . (27.1)

rie IpPaBHTAHOHHAS dYacTb JAEHCTBHA [, COBIAazaeT ¢ TOYHOCTBIO
IO HeKOTODOTO YHCIEHHOTO MHOXHTens 4 ¢ | W3 mpemwiayiyero
pasnena, a I,-—MaTepHadbHas dYacTh AeHCTBHA, KoTopas cefiqac
u O6ylet ompejenena. YciaosHe (27.1) moiakHo NMPHBOAMTL K ypas-
HenusM JDfHmTefina (25.7) A7d rpaBHTAUHOHHOTO MO/ B IPHCYT-
CTBHE MAaTEPHH K K YpaBHEHHAM TleOle3HUeCKOoH JJa ABHKEHHS
MaTepHH. .

B nanvhefiiieM HeoGxofuMo OYAeT 3HATh, KaK BJAHAET HA [,
NPOH3BOJIbHAS BapHALHUA IOJOXKEHHS 3JeMeHTa MaTepHH. Paccyx-
JeHEe cTaHeT 6o/lee MOHSATHBIM, eCJIH IPelBapHTEILHO PACCMOTpPETh

9HCTO KHHCMATHYCCKHe BapHauuH OC30THOCHTENBHO K MeTpHKe
guv . B 3TOoM cayuae cymlecTByeT NpPHHIHIHAJbHOE pasjndne
MeXAYy KOBADHAHTHHIMH H KOHTP2BapHAaHTHHIMH BeKTOPaMH, H
HeJh3s HepefiTH OT ogHOro K apyroMy. CKOpOCTE ONHCHIBAETCS
OTHOUIEHHEM KOMIIOHEHT KOHTpaBapHAHTHOro BexTopa uz* H He
MoxeT ObIT,b HOPMHpPOBaHa (e3 BBeAEHHSA METDHKH.

JIasi HenpepBIBHOTO IIOTOKA MaTEPHH BeKTOp cKopoctH uM (c
HEKOTODHM HEH3BECTHHIM MHOMKHTENEM) 3aJaH B KaXXIOH TOYKe.

MOo3KHO TIOCTPOHTH COBIAJARINYI0 MO HANDPABJAEHHIO ¢ 4™ KOHTpa+
50:

BADHANTHYI0 BEKTODHYIO TIUIOTHOCTh oW, Kotopas onpeleiser
BeJIHYMHY H CKOPOCTb MOTOKA B BHIE

PO dxt dx?dx®,
PaBHOTO KONHYECTBY MaTepHH B sJjeMeHTe ofbema dxldx’dx®
B OIpeJleJeHHbII MOMEHT BPEMEHH U

prdx®dx?ds®,
PaBHOrO XOJHYECTBY MAaTepHH, NpOLIeANIell depe3 3JeMeHT NOBepX-

HocTH dx?dx® 3a Bpemsi dx°. IlpenloJIOKHM, 4TO MAaTepHsi COXpa-
HsieTcs, Torna

ph =0, (27.2)

T A\ 7

[Iyctp Kaxpasifi 57AeMeHT MaTEpHH CMELIEH H3 TOYKH 2' B TOY-

Ky 2* +b ¥, rne b¥— mano. Tpebyercsa ONpefeNHTb DPE3YJbTHPYIO-
I n

ulee H3MeHeHHe p* B 3312aHHO¥ TOYKe X.

Cuagana paceMorpuM cavuali b0=0, UaMenenne xoJinu
Cxayasa paccMoTpHEM cayuay b 0. MaMmenenne xoJnu

e
MaTepHH, HaxOAsAmelcs B TpexMepHOM oGweMe V, paBHOo ¢ 06
HEIM 3HAKOM KOJIHYECTBY MATepHH, Npolllefllleli uepes TPAHULY
o6beMa

o

8 prdxrderds® = — [ pdS,, r=123,
|4

roe dS. o603HAYaeT 3JAEMeHT IOBEPXHOCTH, OTPaHHYHMBAKOIH
o6bem V. IIpamyio uactb 3TOro PaBeHCTBA MOXKHO Hpeo6pas3oBath
no TeopeMe I'aycca; Toraa mosyyuM

Op° = —(p°V"), . (27.3)

Tenmepb 3TOT pe3yJabTaT HYXKHO 0606mHuTh Ha ciaywafi b9==0.

Eean b" nponopuuomantHo pPM, To KaIABIE 3JIeMEHT MaTepHu

Ecan b* npomopumonaJpHO P M, Kax sl 3]eMeH
cMelnlaeTcs BAOJAL CBoefl MHDOBOH JHMHHH H, CJAeJ0OBaTeIbHO, BEK-
TOp p" He u3aMensercsd. O0o0OIleHHe (<4/.5) HMEET, OYEBHAHO, CJe-
AYOLUE BHL:

8p° = (Pt — p°0").r,

Tak Kak npu b°=0 mocieiHee ypaBHeHHe cosmajaer c¢ (27.3), a
npu b*, npomopuxoHadbHOM p*, naer 8p°=0. CooTBercTBylOmas
(opMyaa crnpaBenamBa H AJS APYTHX KOMIOHeHT p*, Tak uTO
OKOHYAaTeJbHO OOIUHA pPe3yJbTaT HMEET BHI

Sp* == (pv b+ — prbY) 4. (27.4)

Tlpn ONHCaHHH HENPEPHIBHOrO NOTOKa MaTepud p¥  ABAAETCA
OCHOBHOH XapaKTePHCTHKOH, KOTOpas [OJKHA BOATH B QYHKIMIO
neficrrus. BenumumHa pM moKHA BapbHDPOBATBhCA, COIMACHO (op-

Mysie (27.4), u 3aTem INOCJTe COOTBETCTBYIOLIErO HHTErPHPOBAHASA
0 9acTAM KO3(hPUIMEeHTH NpH KamAo# H3 KOMIOHEHT &% RO/IMHMI
GHITh TPHPAaBHEHH HYA0. DTO NPHBEAET K YPABHEHHSM JBHMKEHHA

MaTepHH.
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JeficTBHe [MJA H30JAHPOBAHHOM YACTHUL MAacCH /7 HMeer BHI
—m(ds. (27.5)

Heo6xonaMocTs BBeneHHA KoaddHUHEHTa — m  CTAHET NOHATHOR,
€CIH PacCcMOTpeTh cayyafi CnenuajbHOH TeOPHH OTHOCHTEJILHOCTH,

IS KOTODO# JIarpaH:KHAaH HMeJ OBl BHA NPOH3BOJHOH IO BPeMeHH
ot (27.5), a UMeHHO:

L = —mds/dx® = —m [1 — (dx"/dx®) dx"[dx°]'/+

{cyMMHpOBaHHe IpOBeieHO mo r; r=1, 2, 3).

Orcroopa noaywaem
BEIDAKeHHE AJs UMIYJAbCa:

i oL o, A dx® dxe® NV dx”
2 (0x"Jdxo) a0\ o de ) T " Tas
HeficTBHe 1/ HenpepHIBHO pacpeleNeHHol MaTepHi noAy R
samenofi m B (27.5) Bemmuunoit p°dx'dx*d%  u umuterpmpoBa-
HueM
= — | p°dx*ds® ds® ds. (27.6)

Urobnl 3anmucath I, B Gojee NOHATHOH dopMe, BBeieM MeTpuue-
YecKHH TeH30D H IOJIOKHM

b= puky/, ‘ ©@7.7)
TAe p— CKaJasdp, ONpeletsAlOlHA IJOTHOCTB, a UM — BeKTOD end-

HAYHOH [JIHHBI, COBNAajalomuil mo HampasJleHuio ¢ u*. [loayuum
w=—lpy vdxtd®dx*ds = — [p/ dix, (27.8)
rae yureHo, uto 0%ds = di°.
Taxag ﬂ\nnvq 220UCH nefCcTRUS He viaoBHA A9 Bankun

dopma szamucH nehcTeHs He yaoGH2 Aag BapbHpoBa

TaK KakK p 1 v¥ He sBIAIOTCA He3aBHCHMEIMH IepeMeHHHMH, Uro-
65l MOXKHO OBLIO BOCHmOJb30BaThcAd (opMynoit (27.4), p uw v*
IOJKHBI GBITh BEIpaxeHb 4epes p* . M3 (27.7) naxomnum

(P pu)lr = p v/
Torana (27.8) npuHEMaer BHI
1, = — [ (p" pu)'/s dix. (27.9)

,HJHI OoNnpeaeJeHHsT BAPHAUUN 3TOr0 BBIPAXKEHHS BOCHOJAbL3YeMCH CO-
OTHOLICHHEM

8 (p# pu)2 = (1/2) (p* pr) /= (p* p¥ Sguv + 2pu 8p%) =
= (1/2) po* " ¥ 8guy + vy, Sph.

Teneps u3 Bapuanmorsoro npuEnuna (27.1) mocire monCTaHOBKH B
Hero (26.11), ymMHOXKeHHOTO Ha KO3 )HUHEHT &2, HMeeM

800+ 1) =
1 1() + —-pv!‘ vVJy 8y dix — | vy, Bpm dix.
(27.10)

-l -
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mmm oo vums wosddunwepT nnu Ao 121
i1lpHpaBHHBas HYJ o KOQPHIMEnT Ipn uv H

= (16n)~1, momyuaem YypaBHEHHS 3PIHUITEPI§Ia (25.7 ,,)
wiaen (27.10), ¢ yuerom (27.4) m (25.2), aaer

— [ ou (p¥ b% — P b¥) v d*% = [ Oy, 5 (p¥ 0% — pH &%) d'x =

] § p b

= [{Ou,v— Oy,u) p¥ B d*% = [ (Op:v — Vy:r) pubH y/ dix =
=5uuwpv"’bﬂ,/’d“x. 27.11)

IIpupapuaB Hy.110 kKos(hduuuent npu b¥, mojyunm ypaBHeHHe Teo-
nesuueckoit (25.5).
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28. JEMCTBME ONA DNEKTPOMATHUTHOTO nojA

OfLiyHoe BLID2XKEHHe AJg INJIOTHOCTH NelCTRUA  3JeKTpOMAT-
Hoe BHIpaMeEMe 144 .t D
HUTHOTO NOJIS HMeeT BHJI o
(8m)™* (E* — H?).
Ec/iH 3anmcaTth €ro B YeTHPEXMEPHHIX 0603HAUEHHAX CHelHaJbHOH
TEOPHH OTHOCHTEJBHOCTH, 0GCYXKIABIIHXCA B PasA. 23, TO moJsyuHM
— (165) 2 Fppy F*V.

DTo NPHBOAMT K CleAyIOWeMy BBIDAXEHHIO A4 HHBApHAHTHOTO
AefcTBHSA B o6llefi TEOPHH OTHOCHTENBHOCTH:

e = (— 1672 [ Foy F*° / dix. (28.1)
Cnenye'r npHHATE BO BHHMaHHe aTo F,w= SHa'-IH

I sBASETCH PyHKIHEH TpoO-
MAarHuTHHIX IOTEHIHaJIOB.

ByaeM BapbHPOBATh CHAUAMA Guv, OCTaBAAS Kg NOCTOSHHBIM;
(so He FB®¥) gpnsercs xoucramroli. MHa (26.10). u
Toraa Fuv (50 He JISIETCS ( )

(26.9) umeem
8 (Fuy F*°y/) = FusF"¥ 8/ + Fuy Fag v/ 8 (g#* gF) =
= (1/2) Fyy F* g°° / 8800 — 2FyvFop v 840 §%° g 8g00.

Taxum o6pasom,

8 (Fuy F¥ ) = 1(1/2) FuyF* goo — 2F°,F%] o/ 8gp0 = 8nE™ 5%2,,9\
{
===y

rae cHMMeTpHuHEIN TeHaop EfY, ompeliesieMbIi  COOTHOILIEHHEM

AnE*® = — FP,F% 1 (1/4) g F, . F*™, (28.3)

HeprHm — HMIYJbca 3MeKTPDOMArHuTHoro moas. 3a-

op 2
MeTHM, 4TO B CHEEHaJleOH TEOPHH OTHOCHTEJBHOCTH
4mE% = E* — (1/2) (B* — H?) = (1/2) (E* + H*;
ARE = — F% F12 — F'3F13 = E2H° — E°H?,
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T. e. E® omuchiBaer mioTHocTh sueprmu, a EO" commajaer ¢ Bex-

HU, a L COBIIaj ¢ BCK-

TOpOM HOﬁHTHHra, XapaKTepU3yIOIWUM HHTEHCHBHOCTL NOTOKA

Bapunanusa ku 1npm GHKCHPOBAHHBIX Zap C ydUeToM (21.3) naer
8 (FuoP™ y) = 2F™ \/ 8F yy = 4F™ [ Sy, =

=4 (F*"/ 8ky) v — 4 (F*™ ) Oky =

=4 (Fuv '/Gku) v 4pr:v1/- Ok, (28.4)

CknagsiBas (28.2
nonyqaeM Bblpa)KeHI/I

(D ~er
b=
a0
o
=] g
.
=
=
<
=
-]
]
B
1Y
)
g~}
g
=
o
)
Iy
]
=
Y
L
(2]
&

29. LENCTBME AJ1 3APSMEHHOM MATEPMM

B mpenmiaymem pasgene GBII0  PACCMOTPEHO 3JMEKTPOMATHHI-
HO€ moJe B OTCYTCTBHE 3apsAnoB. UTOGH ommcaTth 3apsib, Heo6Xo-
AMMO BBECTH COOTBETCTBYIOINHE 4ieH B gefictBHe. Jlnis yelHHeH-
HOH 4acTHObl C 3apsiAoM e [ONOJHHTEJbHHIA uJdeH B IefiCTBHH
HMeeT BHJ

— e kudxt = —e [ by, vuds, (29.1)

Tl MHTErPHPOBAHUE BEAETCA BAOJIL MHDOBOM JIHHHH.
Ecan swacTuma, necymas 3apal, ABJAAETCH TOYEYHOH, TO BO3~
HHKAKOT TPYAHOCTH, CBA32HHEIE C TeM, 4TO ee 3JIEKTPHUECKOE IoJje

CONEPXKHAT CHHIYJAPHOCTh *. DTH TPYAHOCTH MOXKHO OGOHTH, ecay
PaccMaTDUBATE BMECTO TOUEHHOrC HOCHTENR 3aPAAA HEODEpHIBHO
pacnpejefennylo Martepuo. ByneM ommceiBaTh 3Ty Martepmio a
paMkax (opMasnu3Ma, DasBHTOro B pasA. 27, mpeamosiaras, 49to
KaMJIBIA 371€MEHT MATePHU HeCeT 3apsaf.

B xmmemarthuecknx samauax $urypuponata KOHTpaBapHaHTHas
BeKTOPHAad NJIOTHOCTh p", onpenensooiiad NJIOTHOCT, H  TOTOK
Marepnd. 37ech HEOGXOAHMO BBECTH KOHTPaBAapPHAHTHYIO BeKTOp-

HYIO MNJOTHOCTHL 2;""’, OIpedenAUyi0 IJIOTHOCT: H INOTOK 3JeKT-

DHYECTRA. DTH pBa BeKTODA AOJIXKHBEI COBNAAATL IO HanpasJeHH.

{Ipy maaelx cMelleHHsX NpHpalleHHe BeKTOPHOH MJIOTHOCTH #* B
coorseTcTBuH ¢ (27.4) MOXHO 3ammcaTh CJAelyOLIAM 06pa3oM:

8 = (37— oY), (29.2)
C TEMH XKe 3HAYeHHAMH b, uto u B (17.4).

* Jra npobsema o6Cykiaercs, HampuMep, B Kuure B, Mayan. Teopus orno-
CHTEJIbHOCTH. ng. ¢ aurst. M. — JL, TUTJI, 1947. — Hpun. nep.
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[l1s uacTHum, Hecyluedi 3apsan, AeécrsHe (29.1) clyuae He-

B
HHOH MATEDHM NDHBOLHT
TpepHBHOTG PacHpese’eHHs 3apsieHHOR MaTepy D

[ananormuno (27.6)]
1, = — [ ¥k, oM dx* dx® dx® ds.

[Ipu BBeIEHHH METDHKH TNOJaraeM, B COOTBETCTBHH C (27.7), 4ro
¥ = oMy, (29.3)

rie o— ckaasgpHa# (YHKUHA, onpefeisiollaf IVIOTHOCTh 3apsiia.
Torma meficTBHe NPHHHMAaeT BHI, aHalormuHbili (27.8):

I, = — [ok,vhy dix = — [ By " dx. (29.4)

TakuM o6pa3soM,
81, = — [ [§" 8ku + ku (37 0F — ¥ 07) 0] dix =
= ([—owy by o+ by (§7 0" — 4" B) =
= [o(—uv#* Sky, + Fuyv® B¥)y/ d*x. {25.5)
CTBHS 3apsiKeHHOH MaTepHH ¢ rpa-
sngxig:;:;a i B:;:I?TOD%?:IT:HTHHM pnomMn cllenylor H3 obuiero
BapHALMOHHOrO NPHHIAIA

8 g+ 1+ Lo +19) = 0. (29.6)

Hrax, BosbMeM CyMMy Bhipamenuii (29.5), (28.5) u (27.10) ¢ aame-
Hofi mocaenHero uieHa B (27.10) H?;‘(_?Z._].“I)Q‘I:I npf{ganimsy HYJI0
cyMMapHble KO3(Q(HUUHEHTH IPH BapHalHiX Ogmy, Ofp H U7 )
Y ppr?u x0oachdUnHenT NpH V8guw YMHOXHTbL Ha —167, TO 1O

oy x0ag)

JIy9HM

RM —(1/2) g"R + 8mpuk o¥ + 8nE* = 0. (20.7)
Ypapuenne (29.7) mnpeACTaBASET COGOH  ypaBHEHHE ShuHTeRHA
(24.6) ¢ Y™, cocToslmuM H3 JABYX WIEHOB: TEH30Da 3HEpPruy —
aniy.rxbca MarepHH ¥ TEH30pa SHEPrHH — HMIYJbCA 3JEKTpOMAr-
HUTHOTO TOJ.
Kosddunuenr npx y8kp naer
— ouk - (4m) "Ly, = 0.

uro U™ coBmanaer ¢ BeKtopoM Toka J®; TaKHM

Mz (29.3) BuaHo,
oGpasoM, \

¥, = qnj®, {25.8)

it M a
VpapHeHue (29.8) mnpeneTaBadeT coboii ypaBHemHe Makcsesi

N avmamnnr aandIOR

10\
3.13) B NpHCYTCTBHH 3apAN0CE.
Hakownel, 1151 Koad¢uuuedTa npr Yb* naxoaum

DUy UV A OF iy 0¥ = 0,

—~
N




HJIH
POy 0V 4 prj", =0. (29.9»

Brtopoii wien B (29.9) npencramaser coGoft cuay Jlopenna, npu-
BONAWIYIO K OTK/IOHEHHIO TPAEKTODHH 3JEMEHTA MATEPHH OT reo-
I e3HYEeCKOf.

Ypapuenne (29.9) sBaseTcs ciaeacTBHEM YpaBHeru#t (29.7) n
(29.8). HeficTBuTeaBHO, BO3bMeEM KOBApPHAHTHYI0 IHBEPTEHIMI0 OT
ypaBHenus (29.7). C yyeToM ToXpecTB BmaHku MOJIYUHM

(pvrov + E¥),, = 0.
Hanee, cornacio (28.3), ¥ ¢ HCHOMB30BAHHEM

(29.10)
(23.12) u (29.8)

HMeeM
W pea ]
AE™ g = — FU* FYoy — PP FY5 - (1/2) gWV FOPF 5 —
=—F"Fluy—(1/2) ge F° (Foory — Fouig — Fygig) = 4nF¥* g,

Taxnm o6pasom, (29.10) npuanMaer »

o4 (puY).y 4- ooV oM.y, - FHO

YMHoxas (29.11) Ha v, = HCnoab3ys (25.2), moayuaem
Py = —F* 0,00 =0

31€ech yd4TeHo ycioBHe ja=\0’Ua, 3axkJauawnieecs B TOM, YTO
@ 1 Ug IOJKHBL COBNAA4Th MO HampaBieHuio). Toraa TNepBoii
dreH B (29.11) o6Gpautaercs B HyJb, 0 Mul npuxoguM K (29.9).
Takum o6pasoM, ypaphenns, clelyolde us BADHANHOHHOTO HD

To Ip

uana (29.6), He ABIMIOTCA HESABHCHMEIMH, 4YTO NAJNEKO He cay-

ganao, IInuouyer arara
. Ilpugy 3TO!

BOoVIrmos~mac o=
G

CYRA4i0TCA B pasa. 30.

B OBLLEEM CNYYAE

MeTozLz PasBHTEH B pasi. 29, MOXHO 0GOGIIHTL Ha caydaf
B32UMOACHCTBHA T'DABHTAUMOHHOTO MO/ C JIOGHIMH ADYTHMH IO-
JAMH, B3aHMOAEACTBYIOHIUME MeXAY COGOM. Bapunanuonneit npna-
IHn B obuiem CIydyae MOXKHO 3aIUCATH B BHAE

8+ 1)=0, (80.1)

r’zLe [g“— TPABATALHOHHOE JeHCTBHE, 0O6CyKAaBlleecs BhHIHIE, @
I — neficTeEe Aaa BCEX OCTAMBHEX TOJIEH, COCTOsSIILlee H3 CYMMEI
CJaraeMhix, 1o OAHOMY MJIs KaxAoro mojasd. Boabmmm npeuMyime-
CTBOM HCNOJb30BAHHS BAPDHAUMOHHOIO NPHHUHMOA SBASETCS  BO3-
MOXKHOCTL JIErKO TNOJy4aTs KOPPeKTHHE YPaBHEHHR JiOGBIX B3aH-
MOZEHCTBYIOIINX nosed. HeoGxoauMo aMiue HalTH AelicTBHe A
naagolr)u H3 pacCMAaTPHUBAEMBIX MOJIE€H M BKJIIOYHTL BCE 3TH UYJEHpI
B 1)
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Ipasutanmonnoe naeiictsue I, = [Zd*x, raze £ — narpas-
KeBa IVIOTHOCTb M3 pasi. 26 ¢ muoxurenem (16m)—!. Oaa sapua-

srorer I yraeoaas

UHH (g HMEEM

o= [ (2L sguy - =0Z— 8gup.y ) d% =
£ )\ g 98up,v ")

= ([#5 — (@25)., Jowwe.

Brikianka pasn. 26, mpusopsmne K (26.11), noxaseBamoT, 4TO

A R S
aguﬁ <6gaﬂ,v v (1 .T[) (Ru' 2 g R) ‘/- (30'2)

[+

Ilycte @n (n=1, 2, 3) o0603Ha49aeT HErpaBHTANHOHHLIE HOJe-
Bhie BeJAHYHHBL [IpefNojiaraercs, 49T0 Kamaad Hus ¢, ABIAETCA
KOMIIOHEHTON TeH30pa; KOHKDETHElE TEH3ODHLIE CBONCTBA HECYLIe-
CcTBeHHH. BeanuwmHa [/’ mMeeT BHJ MHTerpajia OT CKaJsfpHOH ILIOT-
soct: 1’ =f&‘3’d4x, rae £’ — QYHKUHA @n H HX NEPBBIX (BO3-
MOXKHO, TAKXK€ ¥ BBICHIHX) IPOH3BOJHBIX.

Bapnauusa neiCTBHS AaeT CJAelIyOUHil pe3yJbTar:

S+ 1) = J (P Oguy + 207 80,) v/ ', (30.3)

Tae p*V=p"*, Tak KakK Ja060f WieH, colepxalluii 8 (nIpousBoa-
Hasg OT NOJeBOH BeJIHUHHBI), NPH NOMOLIM HHTETPHPOBAHHA IO Ya-
CTAM MOXKHO Ipeo6pa3oBaTh K BLIPAXKEHHIO, KOTOpOE BKJIOUAeTcH
8 (30.3). Takum o6pasoM, BaprHauuoHHb# npuuuun (30.1) npHBO-
JHAT K N0JEeBHIM YpaBHEHHAM

3nece pMY cocTouT M3 ABYX craraeMuix: uieHa (30.2), ofiycmaoe-

JenHoro Iy, ¥ wieHa (o6osmauuM ero N®V), mopoxkaaemoro Z£'.
Pasymeercs, N* =NV* Beauuuna £’ O06BIYHO He COAEPIKHUT NpPO-
U3BOLHLIX OT guv; B 3TOM CJaydae
N™V = 3% 19gun-
Tenepb ypaBueHiie (30.4) NpHEUMaeT BHA
R —(1/2) g"R — 16aN™ = 0.

3To He UTO HHOE, KaK YpaBHeHHe DiHWITedHa (24.6) ¢

YW — — oN®Y, (30.7)
OTcioga BUAHO, KAKOH BKJajJ B NpaByl0 9YacCTh JAaeT KaXk[oe U3

MOCTH OT Toro [coraacuo (30.6)), xaxum ofpasoM

(30.6)

fiojiefi B 3
BXOJAT g pv B A€ACTBHE I/ 3TOTO MOJA.

Ilas corjacoBaHHocTH ypasHemuf N jgoaxmo  yAOBaIeTBO-
PATH COOTHOIIEHHIO N®,y=0. DTo cBOACTBO MOXHO B CaMOM
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rpaH CTh. Pé M 1peobpa i€ KOOpAAR-
HaT, ckaxeM, ¥*° = xH 4 b4, rpe b¥ Maso M ABAseTca (GyHKOMeH
x, u 6yneM HcKaTh Bapuauuio I’ B mepBoM mopsifike mo b* . TpaHc-
(bopManHOHHEIH 3aKOH AJA gpuv HMeeT [cornacno (3.7)] Bua

Guv (%) = x|, xB_ gorpe(x'), (30.8)

rie MITPHXOBAHHBIE HHAEKCH CTOAT NPH Npeo6pPa3oBaHHOM TeH30-
pe. ITycts 6g «p 06O3HAuUAaeT H3MeHeHHe gqs B NepBOM MOPSAKE
He IpH (MKCHPOBAHHOM 3HAYEHHH I[OJSA, & IPH (HKCHPOBAHHBIX
3HAUYEHHAX KOODAHHAT, B KOTODBIX Zgg3aMAaHO, TAK 4TO

SR

Gopr (X)) = Zas (%) + Ogap = Gap (x) + Lap.ob® + Sgus.
Hmeem panee

= (x*+b%),p = g% + %,
Torzna u3 (30.8) caeayer, 4To
8uv (%) = (% + %) (88 + BB) [gup (%) + Qup.o 6%+ Bgagl =
= Zuv (¥) + Guv. o 0% + Oguv + gup b, + gav 0%,
HUrak,
Gg;w = -— o b?v — 8va L?u — Zuv,o bC.

OmnpezennM Teneps BaPHALHIO 1" ODH TAKOM H3MEHEHWH & uvi
OCTaubHbLIC NOJNA HMEKT B TouKe x% Teé Xe 3HadeHud, 4TO H IO
mpe 76paaoBaH1m KOOpAHHAT B ToukKe X*. Bocnoab3oBaBUIHCH
(30.6), Ha OCHOBAHMH TeOpPEMEl, BhlpaxkaeMoii dopmyroi

(21.4), :‘nnnnﬂlumaon /g NPOH3BOJLHOIO CHMMETPHYHOTO TeH3O-

Pa BTOPOro paHra, HaX04HM
[/ = J“NIW éguv}/dax :fNHV(_ Guo b.?v — gva b?p, _gm"qbu) _y/' Bx —
=2 NS V) v — Guv.a N/ 186%d% = 2 [ NPy 5%/ dt.

HMuBapuanTtHOCTs [’ 03Hawaer, uto BeamunHa &I’ HosxHa obpa-
LU.aTBCH B HyAb TNpH Jw6biXx 3HaveHHax b% CuegoBaTesasbHO,
@ ’V—O

mn%gnencrsﬂe 3TOr0 paBeHCTBAa MoJeBnle ypaBHeHus  (30.4),
(50.5) He sBAAIOTCA He3aBHCHMBIMH.

21, MCER nn'r:u—:nn SHEPI M4 LAsA I Y

FPABVITALlMOHHOI'O nons

Beexnem Bennuuny &Y, OonpejensieMyl0 COOTHOUIEHHEM
1y’ ¥ = (0L/0gap.v) Gup.u — gp Lo (31.1y
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Torza umeeMm
&'y =

Hanee,

Coraacuo (30.2),
@ V) =[(7E=) ——2Egupn =

98y /v Oup
= (16~ [ReP — -;—g"‘f’R] Gapou /-
Teneps ¢ moMowpi0 NOJEBHIX ypaBHennil (24.6) moayuaem
"V )v = —(112) Y gap uy/;
TakKAM o6pasoM, u3 {21.4) u ycaosus Yu'w = 0 Hmeem
"+ v 1, = (31.2)

Mpi npamANH K 3aKOHY COXPaHEHHS, HOITOMY COXPaHAIOLLYIoCs
maothoets (" 4V, ")y ecTecTBEHHO paccMaTpHBATH B KAdeCT-
Be IJIOTHOCTH SHEPTHH H HMHOyabca *. Kak 6bito mokasamo, VY
npeAcTaBaseT coOOH 3HEPIHI0 H HMIYJbC HEIPDABHTAUHOHHEIX IIO-
neft; clemoBaTeNbHO, !y  ONHCHIBAET SHEPIHIO B HMIYJbc [PABH-
TanuoHHoro moasd. Onanako MV nHe asasercs reHzopom. YpaBHEHHe

/01 1y

PR v e
(31.1), ompeneasiiouiee £, MOMXKHO 3a0HCATh B BUIE

ty = (OL/08ag,v) ap.u — gul. (31.3)
3mecs L He ckaaap, TAK KaK NOPH ero TOAYYERHH NPHUIIOCH ANA
WCKJIOYCHHA BTODLIX TPOH3BOAHHX TpaHcopMEPOBAaTE CKaadap

R, Kortopnifi OHJ NepBOHAYaJbHO BHIGpAH B XKauecTBe HAeHCTBHSA.
3HauHT, fu He MOMET OLITh TEH30pOM. DTa BeJHUYHHA NOJYYHAA
Ha3BaHHe [ICEBIOTEH30D.

IIpH HaxoX/IeHMH BHIDAXKEHHS IJId SHEPTHH TPaBHTALHOHHOTO
110J11 HEBO3MOXKHO YAOBJETBODHTb OJHOBPEMEHHO CJEAYIOLIMM ye-
goBHaM: 1) mocsae po6aBieHHs K APYrHM ¢opMaM 3HEpPrHH BeJau-
YHHH #,  TOJHAA SHEprHA COXpaHsercs; 2) 3HEpTHs, 3aKII0YeH-
Hasd B onpeleJeHHOM (TpexMepHoM) o6beMe B (DHKCHPOBAHHBIA
MOMeHT BDeMeHH, He 23BUCHT OT REOODA CUCTeMEBI KOODIHUHAT.

MOMEE BpeMeHHn , 2aBUCH BHIOODA KOODIHUHAT

* K sakomy coxparenus (31.2) upmsona‘r TakxKe BhIpaxKeHHe IJIs tuVV, OTJIH~

iy [ — = a £ v
qaioilieecs or {(3i.1) uneHOoM BHAa ul| VE /3™, the Ty o=—my . T dy

ONpejieJeHd HeoJHOSHATHO. ,[Iemm;m‘enmo, H3BECTHO HECKOJIbKO BHIPAXKEHHH IJs
STOH BeJHUWHH: D#HUTe#Ha, Jlaujay — Jlupmana u Mearepa — MunkeBHda. —
ITpus. nep.
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TakuMm 0Gpa3oM, 2pASUTAUUOHHYIO JHepeuto, o06uje 2080p3,

HeAB3A A0KAAUZ0RATE, B nvumeM clvuae MOMHEO HONLAGBATLOS

.......................... TydqrmeM cayuae  MOXXHC IMOJAbL30BaThixn

NCEeBLOTEH30POM, YAOBJETBOPSIOLIMM TOJNBKO yciosuio 1). Dro
ZaeT NpHOJIHKEHHYI0O MH(MOPMAIMIO O I'DABHTAIIHOHHON 3HEPTHH
(BUpoueM, B HEKOTODHX CIIeNHAJbHEIX CJHyYasx 3Ta HHQOpPMAanus
MOMXKeT GHTH TOUHOM).

3anuuieM HHTErpaJ

J @+ Y,y detdetd® (31.4)

IO TPexXMepHOMY oﬁ'bemy, BKJIIOYAIOUIeMY HEKOTOPYI0 (H3HUECKyO
CHCTeMY B OIpeJesieHHBIH MOMEHT BpeMeHH. MOXKHO OXHZaTb, 9TO
NIPH CTPeMJIeHHH o0beMa K OeCKOHEUHOCTH MHl HOJYYHM IIOJHEE
SHEPrHI0 M HMIYJbC, NPHYEM: a) MHTerpasJ cXomutcsi, §) mHoToK
depe3 IOBEPXHOCTb, OTPAaHHYHBAIOIIYIO OGBEM, CTPEMHTCA K HYJIIO.
Torga u3 ypasHeHHa (31.2) BHAHO, UYTO 3HaYEHHH aaTerpaia
(31.4) B MoMeHT BpeMeHH X°=a M HEKOTODH JDYro#i MOMeHT
x°=b paBub. BoJiee TOro, 3TOT HHTErpaJ He NOJKEH 3aBHCETb OT
RRYﬁnnﬂ CUCTEME KOONDNMUHAT, TAK KaAK MOWHUOD HE WaAaMoaa WNNNa

BHOOpPA CHCTEMH KOOPAMHAT, TAK KAaK MOMHO, He H3MeHAsS KOO
JHHAT B MOMEHT BpeMeHH x°=a, npeoGpa30BLHIBATb HX IPH x°=;.
lakium oOpasoM, HaHWIEHO OJHO3HAUHOE COXPAaHAOIIeeCs BHIpaxKe-
HHe [AJIs] [IOJHHIX SHEPrHH H MMIYJbca.

YcnoBus a) H 6), HeOGXOHHMBle O/ COXPAHEHHSA IOJHLIX
SHEPTHH H HMIIYJIbCa, B HNPAKTHUCCKH HHTEPECHBIX CJIy4asx BHIIOJI-
HAIOTCA peAKo. DTH YCJOBHS HMeJH OB MeCTO, eCcJH Gbl IPOCTpaH-
CcTBO 6LIIO CTAaTHYECKAM BHE KOHEUHOH UETEHIPeXMEpHOH TpyOKH;
TaKas CHTyallHsl peaJiH3yercs, KOrJZa HeKOTODHE MaTepHAaJbHHE
TeJa HAYHHAIOT [ABHMraThCsl B ONpele/eHHLIH MOMEHT BpeMeHH, U
3TO ABHXKEHHe cO37aeT BO3MYIIEHHs, PacCHPOCTPAHSIOUIHECS BOBHE
€O CKODOCTHIO cBeTa. B ciyuae OOHUHON INJIAHETAPHON CHCTEMS!
JBHXKEHHE NPOHCXOJHT OT SeCKOHEUHOTO NpOLIJIOTO K  YCROBHS
a), ) He BmIMOJHAIOTCA. Ocoforo 006cyxaennsa tpedyer Bompoc
06 SHEpPrHH TPAaBHTALHOHHHEIX BOJH; 3TOH 1poGJeMe MOCBS-
mweH pasg. 33.

32, IBHOE BbIPAXXEHME AJ151 NMCEBAOTEH30PA

®opmyny (31.1), ompemeasromyio ?,Y, MOXHO 3amHCaTb TaK:
b,y = (0%£/0Gn,v) Gn,u — G0, (32.1y

rae g, (n=1, 2,..,10) coOTBEeTCTBYIOT HEeCATH Cuv, H HO BCEM
3HAYEeHHAM 7 IPOBeleHO CyMMHPOBaHHe. Anajoruuso (32.1) mMoxK-
HO HepeNnHCcaTh B BHIE
P Y T Yoy ) N o 2Ty My 3
ty'y = (0Z/6CQm,v) Qm,u — &u £, (92.2}
rae Qm— mobbe NeciTh HE3aBHCHMLIX OYHKUHE ¢n. UToOH IIO-
Ka3aTb 3TO, 3aMETHM, UTO
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Qm,0 = (00/94,) 4n.o-

C/ie0BaTeabHO,
3z _ a3 an,c - 2.Z Qe &= iz Qs
a‘hziv aan;a aqn,v Q.0 94n g an.v [ )
Torza
3.z __9Z Qm - 9z Q
%,y qn.u Qo —_—ﬁq,, qn,n 3 mt, s

OTKyZa CJlenyioT paBerctsa (32.1) u (32.2).
Jna mosydenns sBHOro BHZA [(uY yOOOHO BOCHOJb30BATHCS
BHpameHHeM (32.2) H B3ATb B KauecTBe Qn BeqwumHs g™v7.

Tenepb MOXKHO HCIOJB20BATH HOPMYyIY (26.7), uz xoropol HAXO-
Tenepnr MOXKHOC HCOOJL3CBATE (QOPMYI (26.7), us xoropolr H

[HM (C BBeZeHHEM Koaqacpnmxeﬂ'ra 16m)
16782 — (T3 — G3T5a)8 (%8 y) v + c8(g*y),
rlle ¢— HeXOTOpbIH KospdunuenT. CleaoBaTebHO,
16at, 7 = (Top — gh Tao)(@® v )n — gu & (32.3)

33. TPABUTALIMOHHBIE BOJIHbI

PaccmoTpuM 067acTh IYCTOrO IPOCTPAHCTBA, B KOTOPOH rpa-
BHTALHOHHOe moJsie cj1aboe # Zpv TUPUOMH3HTENBPHO MOCTOAHHO.
Torpa mpuMeHHMo ypaBHenHe (16.4) min

BBefeM TapMOHHYECKHE KOOpPAHMHATH. Yeaopue (22.2) c onyued-
HEIM HHJEKCOM A JaeT
8" [gou.v — (1/2) Guv.p] = 0. (33.2)

TMpoxuddepennupyeM 370 ypapHeHHe mO X B mpeHeOpemeM wie-
HaMH BTODOTO MOpsinKa. B pesyibrare mOJIyIHM

8" [Qup,vo — (1/2) 8w, psl = 0. (33.3)
TToMeHsieM MecTaMH pua
g’” {Zuo.vo — (1/2) Guw,psl = 0. (33.4y
Cnoxum (33.1), (33.3) u (334):
i g"go0,uv = 0.

TakuM 06pasoM, KaxAas KOMIOHEHTa gpo YAOBJETBODSET YpaB-
HeHHIO [lanamepa, W DelLIeHHe 3TOro ypaBHEHHS OyIeT COCTOATH

2 RONH DACHDOCTDAHSICIIMXCS CO CKODOCTBID CBeTa. ITO H eCTh
H3 BOJiH, pacnpoOCTpamHAicliMiCa €O CKOPOCIRI0 C5C

TPaBHTAlHOHHbBIE BOJIHHL. .
paCCMOTpHM 3HEPrHI0 TAKHX BOJH. BcaepcrBHe TOro, HUTC
ICeBAOTEH30P HE ABJSAETCA HACTOSIIIHM TEH30pPOM, MBI HE HOJYYHM
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B OOlIeM Cclayyae SICHOTO Pe3y/bTaTa, He 3aBHCSAINEr0 OT BEIGOpA
cucTeMbl KooDAHHAT, O@HAKO B OJHOM CHeNHAaJLHOM  CavVeae

_____ ONHOM CHeIHAJBHOM  CaYy4ae, a
MMEHHO KOrJa BCe BOJIHBI IBHKYTCSA B OLHOM Hanpasnenné, MO-
HO NOJYYUTHb «YHCTHIA» PEe3yJbTar.

Eciu Bce BOMHBI LBHXYTCS B HANDABJEHHH OCH x5, TO KOOp-
JHHATHYIO CHCTEMY MOXHO BHIGPATb TaK, 4TO Luw GYLYT 3aBHCETH
TONMLKO OT OAHOR mepemenHo# x°—x% Paccmorpum Godee o6uiuit
cJjyuall, KOTAA BCe KOMIOHEHTH Zuv SABIAIOTCS OYHKIHSAMH OXHON
nepeMeHHoft [oX°, rxe lo — KOHCTAHTHI, YAOBJIETBOPSAIOIIHE YCJIO-
Bu0 g°%lpl; =0 (B mpeHeGpeXXeHHH IepeMeHHOH uacTbio gPo).
Torna uMeem

Ew.0 = U g, (33.5)

TA® Upy —IDOH3BONHAS OT Zuv TO [oX°. Pasymeercs, U,y =tiyu.
W3 veaosusa rpamonnuHoctH (33.2) caenyer, uTo

W tpp by = (1/2) g% upy Iy = (1/2) uly,
Tle u=ul . 3TO COOTHOIeHHe MOKHO 3aNMHCATEL B BHIE

uply = (1/2)ul,, (33.6)
HIH
[ty —(1/2) g+ ul 1y = 0. (33.7)
Hs (33.5) Haxonum

The = (1/2) (ufl Lo + tf Ly —uyg 19) .

" Bripaxenne mis L (26.3) B rapMoHHMuecKHX KOODAMHATAaX CBO-
JATCA K CAEAYIOIIEeMY:

L=—gWIolyp=
= —(1/4) g () lo + 4§ Iy — tiuo °) (U5 Ip + ug Ly — 11y 19),
Tlocsie packpeiTHS CKOGOK NOJYSHM [eBSTb UJIEHOB, HO HeTPYLHO

TOKa3aTh, YTO KaXKAHH M3 ofpaimiaercsi B HYJb B COOTBETCT-
BuH c (33.6) u ycaosHeMm lol® =0. Takum o6pasoM, maOTHOCTL aefli-
CTBHA ofpamaeTcss B HyJb. AHAJOTHUHBLIA De3yJbTAT HMeeT MECTO
B 3JIEKTPOMArHHTHOM NOJe, [JsI KOTOPOTO B Cjydae BOJH, pac-
OPOCTPAHSIOMMXCS TOJBKO B OZHOM HANPaBJIEHHH, IVIOTHOCTbL meii-
CTBUS TaKXe ofpaliaeTcs B HYJb.
Temepp Mbl mOJKHBI HaliTH ncesjoTensop (32.3). Hmeem
g = — g g gpe,n = —ubly;

V= (L/Q);/‘g“pgas w= (1,/2)1'/_!4[..

B Fibs

RS

=
0
~

(8% ), u=—[u® —(1/2) g*B ul /" .
‘CnexoBaTenbHo, coraacHo (33.8) u (33.7)
T3o (84 )u = v ,a[—u® + (1/2) g*Bu] f,, =0.
62

B pesyapTaTte ocraercd
1678, = — Top (4B — (1/2) g*Pul I, =
= —(1/2) (u, lg+ 14 Lo — it 1Y) [u*B—(1/2) g“Bul Iy =
= (1/2) [uapie® — (1/2) u?] 1, 1. (33.9)

TloayueHHoe anasi fy’ BHIpa)KeHHe KHMeeT BHA TeH30pa. 2TO
03HAYaeT, YTO IIpH NpPeoOpPA30BAHHAX KOODAMHAT, COXPAHSIOMIHX
XapakrTep HoJf, TAK YTO guv OCTaeTcad (QYHKIHEH TOJIBKO OT OJHON
TepeMeHHOl [¢X® (T.e. IDHCYTCTBYIOT TOJbBKO BOJHEBI, PacHpocTpa-
HsIOIIHeCs B OXHOM HampasJeHHH), [y mnpeofpasyercs Kax Ted-
30p. Taxme mnpeoGpasoBaHHsA KOODAKHAT MOTYT COCTOATb TOJbKO
BO BBeAeHHH KOODAHHATHBIX BOJIH, JABHXKYIlHXCA B HalpasJe-
HHH lg. VX o6muil BuA: x* = x* + b* rpe bM siBasiercss QyHKuHeHk
TONBKO [sx%. KoOrZa HMeOTCS BOJHEL, ABHXKYINHECH TOJBKO B OJHOM

HANpPaBJeHHY, IPABHTANHOHHAS 3HEPTHS MOXeT OEITE JICKAJU30-
HanpaBJeHHH, I'PaBHTALHCOHHAS 2HEPrusg MOXKeT OBITH JIOKaJNH3 0

BaHa.
34 Inle) l'lCIPl.{S

Yro6ul monaATs dusnIeckuit cMuica (33.9), BepHEMCs K caydamw,
KOrga BOJHEl ABUKYTCH B HaOpaBJeGHHH OCH x3, Tak uTo fi=1,
L, =1,=0, [3=—1, B HcmOAB3yeM KOODAMHATH, GJH3KHE K KO-
OpAMHATAM CHEIHANbHOH TEOPDMH OTHOCHTENBHOCTH. Torza Ha
YCJAOBHH rapMoHHuHOCTH (33.6) ciledyioT paBeHCTBA:

Ugg + Ugs = (1/2) 15 yo + 43 =0;
Upg T+ Uog =05 Ugy + Uz = —(1/2)u.

Orciona Ugg — Ung == UL == Uog — Uyy — Ugp — Usg}
3HAYHT,
Uyy + Uy = 0. (34.1y
Kpowme toro, Qg = — (g + Usg).
Teneps n3 (34.1) mosyuaem
tap u™® — (12)u® = uy® + ) + uy)® + uy? — 2uy? —
— 20,2 — 20, + 2u,,% 4 20,2+ 20,2 — (1/2) (tgo — Ugg)? =
=1+ Uy + 2057 = (1/2) (ttyy — ) + 20,%

Taxum o6pasom,

16020 = {1/4) (4 — tg)* + umz (34.2)

to = to.

BPI,ZIHO, YTO IJIOTHOCTb 3HEPTHH MNOJOXKHTENRbHO OIpele/icHa, #

HAGDABJSBHE ocy X3 00 CKODOCTLIC ¢BeTa
SHEPprHA NEepeHOCHTCA B HANIPABJACHHH OCH X° CG CKOPOCTILIC CBeTa.

Jis1 o6Cy:KIeHHsl BOIPOCA O MOJSIPH3AIHH BOJH BBeAeM Omepa-
Top R moBOpOTa B IUIOCKOCTH X!X2?, NeHCTBYIOMIME HA IPOH3BOJIb-

=
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Hoifi BekTop (A14z) crenyomum o6pasom: RA; = Ay RA, = — A,.
Torna R°A;=-—A;, T.e. coGCTBeHHBlE 3HAuEHHS omeparopa
iR npu HeHCTBHH Ha BEKTOp PaBHH —=1,

Omnepatop R fme#icTBYeT Ha ugg TaK:

Ruy = tgy + thyp = 2uy; Rutzy == tigy — tiyy;
Rityy = — gy — Uiy = — 2y,

Takum o6pasoM, R(un+us) =0 u R (un—ug)=4uy; R?(up—
—gg) = —4 (11— tlos) .

3HauHT, MOJ NeHCTBHEM R )+ uge He H3MEHSETCs, TOrAa Kak IpH
JEeHCTBHHM HA Uj; — U1y HJIH Uj; iR uMeeT coOCTBeHHHle 3HAYeHHS
*+2. TakuM 06pasoM, KOMIOOHEHTH Ugg, JAOIIME BEJIAJN B 3HEP-
trio (34.2), COOTBeTCTBYIOT cluHy 2.

35. KOCMOJIOTUYECKUA YJIEH

OBobinenne ypabHeHHA [PABHTALHOHHOTO IOJS B IYCTOM npo-
CTPaHCTBE

Rpw = lgp.v, (35. 1)

TAe A— KOHCTAaHTa, PacCMOTpen caM JiHmITEHH. 310 ypaBHeHHe —
TEH30pPHOE, T.€. OHO AONYCTHMO B KAaUECTBE 34KOHA IPHPOIBL.

Tak kak aast ypasHeHufi Dhmmitefina 6e3 [ONOJHHTENbHOTO
ueHd GHIIO MOJIYYEHO XOPOIee COIVIACHE C SKCIEPUMEHTAMH BHYT-
pu CoJHeuHOH CHCTEMH, A ClexyeT BHIGpaTb HOCTATOYHO MaJIOH,
YTOGE He BO3HHKJO DAacX b

u c

X ToM. Besmunna
Ruv cooepXHT BTOpHE. NPOH3BOLHEIE OT &y, 3HAUHT, A HMeeT
pasMepHocTh (ajuHa)—2. Hrolbl A Oblia MaJof, 3Ta JJAHHA AOMK-
Ha GuTh oueHb Gosbmofl. Bennunna A~!/2-— gocMosoruueckast Asiu-
Ha nopafxa paauyca Bcesennoifl. .

1 AT BAWAT B WALMATS
ODTCT HCHOJHHTEILHBIH 4WIEGH BaXeH B XKOCMOJo

TEO-
PHiX, HO A7 GJH3JIeRAMHX 0GBEKTOB AaeT NpeHeGperkKHMO MaJIHi
sbdexr. UToGH yuecTb 3TOT WiIeH B TEODHM TOJSA, HEOGXOTHMO
BBECTH B JIATDAHXKHAH NONOJHHTENbHHE uwieH [n=c{/ d*x, rtoe ¢ —
COOTBETCTBYIOIIAsl KOHCTAHTA.

W3 (26.10) umeem 61k=cf%guv 8guvy d*x. Torza us BapHa-
UHOHHOI0 MPUHIKIA 5(1g+1hf'=0 clenyeT paBeHCTBO:

167 [R¥ — (1/2) %R} + (1/2) cg™v = 0. (35.2)
Us ypasmemns (35.1) mnonywaeM R=4A H, cJaesoBaTesbHO,
Ry —(1/2) gu R=—Aguy. Tpx subope ¢=232nd 3To cosmakaer ¢
(35.2).

[IpH B3aMMOAEACTBHH IPABHTALHOHHOTO TOJS C JIOGHMH IpY-
THMH TONSMH OCTAETCH TOJNBKC BRIIOUHTE wiew [, B mosmoce pefict-

BHE, H MHl TOJYYHM OGOOIIeHHEle NOJIeBEHle YpaBHeHHS ¢ SHAHIITEH-
HOBCKHM KOCMOJIOTHUECKHM 4JIEHOM.




