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NPEJUCJIOBHUE KO BTOPOMY U3TAHNIO

Korpa sta xuura Obuia w3JaHa BICPBEIC Ooiice JIBajIIa-
TH JICT Ha3aJ], aBTOp aJ]pcCOBall €C IIUPOKOMY KpPYyry YHTaTe-
TIeH, KaK MaTEMaTHKOB, TaK ¥ QU3UKOB, C HAMEPCHHEM TTO3HAKO-
MUTh UX C HOBBIMH ITEPCIIEKTIBAMU ¥ BO3MOXKHOCTSIMH, KOTOPBIC
HECEeT B3aMMOTPOHHKHOBEHHE 1€l MaTeMaTHIECKOi CTATHCTH-
KM ¥ KBAHTOBO TCOpHH. 3a MpOLIE/ALIce BpeMs MOJ00HbIH O/~
XON npruoOpei enie OoNBNIY0 aKTyalbHOCTh, C O/THOM CTOPOHEI,
crany 00JIee OYCBUIHBI M O0IIETIPU3HAHEI €TO IPSUMYIICCTRA B
BOIIPOCAX OCHOBAaHW KBAaHTOBOM TEOpPHH, CBSI3aHHBIX C KBAHTO-
BBEIMH M3MEPEHUSMU.

C npyroit cTOpOHEBI, B COBPEMEHHBIX BBEICOKOTOYHEIX (hH-
3WYCCKHMX DKCIIEPUMEHTAX HCCIEA0BATENM Bce 0osice OCBauBa-
IOT BO3MOXXHOCTH OICPUPOBAHUSA DIEMEHTAPHBIMH KBAaHTOBBI-
MM CHCTEMaMH, TAKAMH KaK OJUHOYHBIC MOHBI, aTOMBI ¥ (oTO-
ubl. IIpuobperaer OONBIIOE 3HAYEHHE BOMPOC 00 H3BICYCHHHU
MaKCHMAJIBHO BO3MOXHOUW MH()OPMALMH U3 COCTOSHUS TAHHOU
KBaHTOBOU cucteMbl. HampuMep, B 00cyk/1aeMBIX ceiigac mpes-
JIOXEHUAX KBAHTOBBIX BEIYHACICHUN HH(POPMAITUS 3aMACHIBACTCS
B COCTOSIHMAX 3TICMEHTAPHBIX KBAHTOBBIX TYEEK MAMATH — ¢-0u-
TOB, @ CUMTHIBACTCA IIPX MOMOIUM KBAaHTOBBIX M3Mepenuil. Co
CTaTHCTHYECKON TOYKH 3PEHHUS, H3MEPEHHE JaeT OIEHKY KBaH-
TOBOTO COCTOSIHUSI — JIMOO BCEro COCTOSIHUS B IICJIOM, JH0O
HECKOTOPBIX €r0 KOMIOHCHT (mapaMerpoB). Tak BO3HHKAeT HO-
BBII MIHTEPEC K KBAHTOBOM TEOPUH OIICHUBAHUS, HAYalla KOTOpOH
U3TI0XKEHBI B HacTosmeid kuure. OMHUM K3 CYLIECTBEHHBIX I10-
CIIEACTBUY IPOHUKHOBEHUSA UAEH MaTeMaTHYeCKON CTAaTUCTUKU
B TCOPHIO KBAHTOBOTO U3MEPCHUS SBISICTCSA LIMPOKOE HCIONb-
30BaHUC PA3JIOKCHUI CIMHHIEI B THIL0CPTOBOM MPOCTPAHCTBE
cucteMs! (B 3apybexnoil muteparype — POVM, nonoxurens-
HBIX OIEPaTOPHO-3HATHBIX MEP), OMHUCHIBAIOIMX CTATUCTHKY pe-
HIAFOIIUX TPOIENyp. 3a MPOIIeAIIee BpeMs Pa3IOKEHHS €IHHH-
(6l CTAJIA CTAHJAPTHBIM HHCTPYMEHTOM KaK B MAaTEMaTHIECKOM,
Tak 1 B pu3HUccKor (mpap/ja, B OCHOBHOM, 3apyOCKHOM) JINTe-
parype 1o KBaHTOBBIM W3MEpeHUsIM. Bce 3To, Ha Hamn B3I,
OIIpaBIBIBACT MOABICHUE BTOPOTO PYCCKOTO U3AAHUA KHUTH, TEM
6onee, 4To nepBoe crano OubIuorpadpUICCKON PEAKOCTHIO.

B HacrosInee m3nanue BKIOYEHO JlONOIHEHUE, B KOTOPOM
MOAPOOHO PACCMOTPEHA MPOIODKAIOIIAS BBI3BIBATE KUBOM MH-
Tepec nmpoblieMa CKPhIThIX MapaMETPOB B KBAHTOBOM MEXaHHKE.
Kpome Toro, usnanue cHabXEHO KOMMEHTapUsIMH, B KOTOPBIX
OTPaXKECHEI HEKOTOPEIE HOBEIC PAOOTHI M TOCTHIKCHUS.
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MaTeMaTHUECKAM anmapaToM COBpeMeHHO# KBaHTOBO#
MEXaHHKH CJYXHT TeODHA ONepaTtopoB B THAbGepTOBOM
npoctpascTBe. OnepaTopu HrpalorT 3Jech TaKylo Ke OCHO-
BOMOJIATAIONLYIO0 POJb, YTO H (PYHKUHH B KAACCHUECKOH Me-
XaHHKe, TEOPHH BeposTHOCTel H eraTncTHKe. OfHAKO ecaH
B KJAaCCHYECKHX TEOPHSX HCNOJIb3OBaHHE MaTeMaTHYeCKOro
annapata GyHKuufA O6asHpyercs Ha HHTYHTHBHO SICHHX
MPeANOCHJAKaX (KOTOphie KaXyTcs HaCTOJbKO OYEBHAHBIMHE,
YTO KJacCHYecKasi MeXaHHEa Kak OH CJAHBaeTcs C Jexalneh
B OCHOBE €e MaTeMaTHKOfi), TO B KBAaHTOBOH TEODHH CHTya-
1usa HOCHT HHOJ xapakrep.

Hctopuueckr «MaTpHuHas MexaHuka» IefisenGepra n
«BOJIHOBaA MexaHHKa» Illpexunrepa, HenocpeaCTBEHHO
NpeAlleCTBOBABIIHE COBPEMERHOA KBaHTOBOA TEOPHH, BO3-
HHKJH KaK pe3yJbTaT pAja yRauHHX AOTajloK, B XoAe NOA-
Gopa MaTeMaTHIeCKHX OGDBEKTOB, CNOCOGHHX OTPasHTh
HeMOHATHHE 0cOGeHHOCTH, B 9acTHOCTH, cBoeo6pasHoe cove-
TaHHe JUCKPETHOCTH H HENpPepLIBHOCTH B NOBEACHHH MHKpO-
o6bekroB, PaspaGoranmas nmosgnee DBopHoM H Apyrumu
«BepOAITHOCTHAA HHTepIperanHsa» NPOSCHUNA 3HaUeHHe sJjie-
MEHTOB onepaTopHoro ¢opmasuaMa, yCTaHOBHB INpaBHJa,
M0 KOTOPHM OHH JAOJXEH CBS3HBATbCA C peajbHO Habuaio-
NaeMbIMH BeJIHYMHEAMHM, OXHAKO H B STHX NOCTyJaTax ocTa-
Bajach, N0 BHAHMOCTH, 3HaUMTe/NbHAas [AOJAS <NPOH3BOJIA
TeopeTHKOB». OCHOBHHM JXOBOXOM B MOJb3y HENPHBHIYHOrO
dopmManHsMa MPOJOJIKAJIO OCTaBaTbCA MOPasHTENbHOE CO-
OTBETCTBHE MOCTPOGHHHX HAa €ro OCHOBe MpeACKasaHHi ¢
SKCNEPHMEHTAJbANMH AaHHHMH. Takas CHTyallus NOPOAH-
Ja MHOXeCTBO NOMKTOK, C 0XHOA CTOPOHH, HAATH KJaaccHye-
CKYI0 aJbTepHATHBY KBAaHTOBOH MEXaHHKH, KOTOpas CTOJb
Xe YNOBJETBOPHTENbHO OMHCHBajJa OH CYIIECTBYIOWHA
MacCHB SKCIepHMEHTalbHHX JaHHHX, ¢ APYrofi CTOPOHMI,
#ao60poT, 060CHOBATb C PU3HUECKHX H QHAOCOPCKHX MO3H-
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unft HeH3GeXHOCTL HOBOA MeXaHHKH B o6xacTd HBJAeHHH
MHKpomupa. [TosBuaace H mpojoskaeT nonoNHATHCA 006-
mypHas ¢usuko-buaOocOPCcKas JHTepaTypa, NOCBsIEHHAs
OCHOBAHHAIM KBaHTOBOH TEOPHH.

Hapsany c sTam omymaercs notpe6HOCT: H B MaTeMaTH-
YecKH Gosiee onpejiesieHHOM pPacCMOTPEHHH CTPYKTYpH
KBAaHTOBO/A TEOPHH H «CJIOBapsA», YCTaHaBJHBAIOLIEro COOT-
BeTCTBHE MeXAYy 3JeMeHTaMH ¢opmanu3Ma H (PH3HYECKOH
peaabnoctH. M3 paGor Takoro xapakrepa B nepsyio ode-
pPeAb cienyeT yNOMAHYTb HMeIOIHECH B PYCCKOM mepeBose
moHorpadun ¢on Hefimana «MarteMaTHyeckHe OCHOBH
KBaHTOBOA MeXaHHKH» H Makku <«JlekuHH no MaTeMaTH-
UeCKHM OCHOBaM KBaHTOBOW MexanHkh». Hacrosiias KeHura
NMPHMBIKaeT K HHM NO HanpaBJEHHOCTH, HO 3HAYHTENbHO
OT/JIHYaeTCA NO COJEPIKAHHIO H METOAOJOTHYECKHM Npeano-
CLlJIKaM, YYHTHBas HeAaBHRA mporpecc B MaTeMaTHYECKO
TEOPHH KBAHTOBOIO H3MEpPEHHS.

[Tepuie Tpu raaBw KHurd o6pasyioT BBeAeHHEe B OCHO-
BaHHS KBaHTOBOA MEXaHHKH, aJipecOBaHHOe UHTATENIO, KO-
TOpHi HHTEepecyeTcsi CTPYKTYpOi KBAHTOBOA TEOPHH H ee
CBA3SIMH ¢ Kaaccuueckofi reoprefi BepoaTHocTelt. Hecmorpsa
Ha MaTeMaTHYeCKH#i XapaKTep H3JOXKEHHH, OHO He ABJsIET-
€l YHCTO «aKcHOMAaTHYecKuM». Ero ueab—— BLISIBHTH npouc-
XOXJieHHe OCHOBHHIX S/JEMEHTOB KBAHTOBOMEXaHHUECKOro
¢opMann3aMa, ocTaBafsChb B paMKax oOIWENpHHATON BepoAT-
HOCTHOR HHTeprnpeTauuH H 6asHpysch, HACKOJILKO 3TO BO3-
MOXHO, Ha KJacCCHYeCKHX BEPOSITHOCTHHX KOHNENUHAX.

OGpaienne K STHM Bonpocam He ObLIo AAA aBTOpa ca-
MOleNblo — pa3o6paThcs B HHX OKa3ajoch HEOGXOAHMBIM
ANs pemeHWs KOHKPETHHX 8ajfay O TrpaHHIax TOYHOCTH
KBAHTOBHIX H3MEpeHHH, BO3HHKIUUX B NPHIOKeHHAX. Jlo He-
AaBHEro BPeMEHH K HHM He GHJIO CKONbKO-HHOYAb €HHOro
H YeTKOro MoAxofa. MeToAn MarTeMaTHUeCKOR CTaTHCTHKH,
npucnoco6jaeHHble JAA peElIeHH aHaJNOTHYHHX 3ajgad B
KNaccHYeCKOR BepPOATHOCTHONA NOCTaBOBKE, HYXXAJAHCh B
panuKanabHoft mepepaGoTKe ¢ MO3SHUHA KBaHTOBOA TEOPHH.
Bropas uacrb kauru — raass [IV—VI — conepxaimas B oc-
HOBHOM HOBHE pe3yJbTaThl, MOCBAILlEHa KBAHTOBOA TEOPHH
OlLleHHBAHHS — aHAJIOry COOTBETCTBYIOLIErO pasjesa MaTe-
MaTH4eCKON CTaTHCTHKH.

[lepefinteM K H3J0XeHHIO KPAaTKOrO COAEPXKAHHA IJaB.
B raase I BBOAATCA OCHOBHLHE NOHATHA COCTOSIHHA H H3Me-
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penusi. B oTamane orT TpanunuonHoro crnocofa H3NOXKEHHH,
KOrla 3TO AeNaercs NMOCTYJATHBHO, 31eChb 3TH MOHATHA BH-
BOAATCA U3 aHAJH3a CTATHCTHYECKOTO ONHCAHHMS SKCNEpH-
MeHTanbHOK cuTyamuu. [loMHMO YHCTO MeToaHuecKHX mpe-
HMYLIECTB, TaKoOfi MOAXOA Y>Ke Ha HayaJbHOR CTajWH NpH-
BOXHT K COAEPIKATeJbHOMY pAaCIUHPEHHI0 TpaAHIHOHHOM
KOHHOENUHH KBAHTOBOI'O H3MepeHHs, HAywe# or Jupaka H
¢on Hefimana. B mMaTeMaTaYeckoM NJaHe 3TO NPUBOAHT K
NPOH3BOJbLHEIM (BOOOLIE roBOpsi, HEOPTOTOHAJBHHM) pas-
JIOEHHAM eAUHUUH B FHIb6EPTOBOM NMPOCTPAHCTBE BMECTO
NpexHHX OPTOMOHANbLHHX (CIEKTPaJbHHX Mep) H K OTKasy
OT CaMOCONPAXXEHHOCTH KaK HeoOxoxumoro arpubyra Ha-
6nioxaemoii. Hajpo cKasaTh, YTO HEOPTOrOHaJbHHE PasJno-
JKEHHSA eIHHHIb HE SIBJAAIOTCA KaKOK-TO «3K30THKOMA» B ¢u-
SHKe; NpUMep XAlOT <IepenoJNHEeHHHe» CHCTEMB BEKTOPOB
THNA <KOTePEHTHHX COCTOSHUfi», HrpalolHe Bce 60abWIyIO
poJb B TeopeTHdecKoh PpuskKe ¥ npuaoxernsax. Hosas xou-
llennua M3MepeHHA #BASAETCS CTepXKHeM Bcero jpasbHefine-
IO H3JI0XKEeHHS.

Ilens nepBofi ryiaBH COCTOHT TaK¥e B TOM, YTOOH NPH-
BJeYb BHHMaHHe X oOleMy MOHATHIO CTaTHCTHYECKOR MO-
Jlenn, KOTOpOe MOXeT OKasaTbCsi NOJE3HHM H 3a npejena-
MH KBaHTOBOfi TeopuH, Baaropaps emy nosydaer HOBOe
ocBenleHHe nNpobieMa CKPHITHX NepeMeHHbIX *) (BO BCAKOM
caydae, TOT ee acleKT, KOTOPh MOAAaeTcsi MaTeMaTHyec-
KOMY aHaJu3y).

Bo Bropofi ryaBe BBOAMTCA ammapaT KBAHTOBOK Mexa-
HUKH — 3JIEMEHTH TEeOPHH ONepaTopoB B THJIbL6EPTOBOM
npocrpaHcTse. Hapsagy ¢ uajioXxeHHeM TPaXMUHOHHOrO Ma-
TepHaJa (AAepHBHE OMepaTOphl, CNEKTPAJbHAS TEOPHS) MHO-
ro BHHMAaHHA YZREJCHO HEOPTOrOHAJbLHHM pPas3JOKeHHAM
epuHANN. HoBHM MOMEHTOM 3fiech TaKXXe #ABJASETCS BBele-
HHE NMPOCTPAHCTB &3, CBASAHHEIX C KBAHTOBHIM COCTOSHHEM
H HIpaIoMHUX Ty Xe PoJib, 9TO rUAL6GEpPTOBH NPOCTPAHCTBA
ClyyakHEIX BEJHIAH ¢ KOHEUHHM BTOPHIM MOMEHTOM B TeO-
pua BeposTHOocTefi. B 9THX mpocTpaHcTBax HOJNYYaiOT Mpo-

*) Mn npeanouATaeM TOBOPHTh O SCKPWTHX NMEPEMEHHHX», a He
O «CKPHTHX napaMerpaxs, 97o0n B36eXaTh HEHYXHHX accouxauuft c
napaMeTpaMH B CTATHCTHYECKOR TeOPAR OLeHHBAHRS. Takofi nMepesoA
anrmmfickoro Tepunna «hidden variables» mpeacrasnserca Taxie Go-
Jiee TOYHLIM.
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CToe M ecTecTBeHHOe 060CHOBaHHe HeKOTOpHe AeficTBHA HaA
HeorpaHHYeHHHIMH ONepaTOpaMH.

dyHAaMeHTaJbHYIO POJb B KBaHTOBON TEOpHH Hrpaer
nouatHe cuMMeTpHu. B raaee III ma npocreityiux kBaHTO-
BHIX MOJAENAX NMOKa3aHO, KaKHM 06pasoM cBORCTBA cHMMeT-
PHH NO3BOJIAIOT YCTAHOBHTDb CBfA3b MeXAy (HH3HUECKHMH ma-
pamMeTpaMH H BIOJIHE ONpefeJeHHHMH Da3JIOXKeHHAMH elH-
HHIH B rHAL6EPTOBOM NMpPOCTPAHCTBE. B HaCTHOCTH, CTPOATCS
PasNoXeHHA eJMHHIH, KaHOHHYECKH OTBEYAIOIHE TaKHM
BeJIHYHHAM, KaK yroJ noBopoTa, ¢asa rapMOHHYECKOro oc-
LHANATOPA, BpeMs JOCTHXKEHHS, a TaKxe [ape BeJHYHH
KOOpAHHATa — CKOpOCTb. M3MepeHusi 3THX BeJHUMH HEe HMe-
JIM ONpeNeJeHHOrO CTaTyTa B KBaHTOBOR MeXaHHKe, No-
CKOJIbKY CaMOCONpSXKEHHHX OnepaTopoB (OPTOrOHAJbHEIX
pasyiokeHuR eXMHHIH) ¢ HeOGXOAHMHMH CBOACTBAMH CHM-
MeTpHH BooOlle He CYIIECTBYeT.

KBaHTOBOMexaHuueckasi mpupoAa o6beKTa HAXORHT BH-
paxeHHe B NPHHIHIHAJNbHBIX OTPaHHYEHHAX HA BO3MOXKHO-
CTH NMPOM3BOAHMHIX Hal HuUM u3Mepenuil. Ilporpecc dusn-
YeCKOro SKCINEePHMEHTa 3acTaBJjseT 3agyMaThcsi o Heolxo-
AMMOCTH MPaBHJBHOTO yueTa KBAaHTOBOMEXaHHUECKHX orpa-
HHYeHHAi Ha TOYHOCTb H3MepeHHA. BaXHHM THNOM TakKHX
OrpaHHYeHU#l ABJSIOTCA H3BECTHHE COOTHOLIEHHS HeoNpexe-
JIEHHOCTefi ANS NMap KaHOHHYECKH CONMPSIKEHHHX BEJHYHH.
OnHaxo, ecid paccMaTPHBaTh COOTHOLIEHHE HeompeaeJeH-
HocTeft He KaK anpHOpPHWH (H3HYeCKUH NMPHHNMIN, AAIOIHA
MOPSAAKOBYIO OLIEHKY, a KaK CTPOroe HepaBeHCTBO, SIBJSIO-
eecs MaTeMaTHYECKUM CJEACTBHEM OCHOBHHX NOJOXeHHH
KBaHTOBOi TEOPHH, TO CHTyalHs OKa3hBaeTcs NpocTofl
TONbKO B CJydYae KaHOHHYECKON napH «KOOpPAHHATAa — HM-
nyabc». B raaBe IV cTporo ycraHasauBaloTCs COOTHOLIGHHS
HeoNnpeeJeHHOCTe «yroa — yrioBo MoOMeHT», «paza—
YHCJI0 KBAaHTOB» H APYrHe HepaBeHncrsa. OHH OKasHBalOTCH
TECHO CBA3aHHHIMH C KBaHTOBHM aHaJOroM TeopeMb Xad-
tTa — CreilHa, H3BeCTHOR B MaTeMaTHUECKO# CTaTHCTHKE.

BhicoKas TOUHOCTb XapaKTepHa, B 9aCTHOCTH, A/ H3Me-
penufi B kBanTOBOA onTHKe. IlpauMepom caryauus, B Koro-
poft MOXeT OKa3aTbCsi HeOGXOAHMEIM yY€T KBaHTOBHX Orpa-
HUYEHHR, ABASETCH NMepefavya CHrHaja IO ONTHYECKOMY Ka-
HajJly CBfi34, B KOTOPOM YPOBEHb <«KBaHTOBOIO MLIyMa»
CPaBHHM C YPOBHEM KJIaCCHYECKOro TENJIOBOro myMma HJH
NPEBOCXOAHT €ro. 3J4ech BOSHHKAIOT Te XKe 3ajauH, 4TO U B
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OOGHIYHOM CTAaTHCTHUYECKON TEOpHH CBA3H, OXHAKO OHM YXe
He MOTYT GHTb pelleHH H JaxKe MPaBHJIbLHO NOCTABJEHH B
paMKaX MaTeMaTH4ecKOR CTaTHCTHKH B CHJY KBaHTOBOMe-
XaHHYeCKOA NMpHpoAHl HOCHTeNs HHGOpMaLUH.

IT'naBa V mocsfillleHa TaK Ha3HBaeMHM TayCCOBCKHM CO-
CTOSIHHAIM, KOTOpHE, B YaCTHOCTH, BO3HHKAlOT NpH OMHca-
HUH ONTHYECKOro CHrHajda Ha (OHe «KBAHTOBOrO IIyMas.
H3anoxeHne nocTpoeHo TaK, YTOGH NMPOCJEAHTb H B MaKCH-
MaJbHOi Mepe HCIOJb30BAaThb 3aMeyaTeJbHYI0 aHAJIOTHIO C
raycCOBCKHMH pacnpe/lefleHHIMH TEODHH BepOSITHoCTeil.
BaxHyio poJb 3jech Hrpaer NMOHATHE KBAHTOBOR xapakTe-
pacTHueckoit ¢yHxuuu. B rmase VI paccmarpusaercs 3a-
laya U3MepeHHs CpeAHero 3Ha4yeHHR raycCOBCKOrO COCTOfI-
HHf, KOTOPYI0 MOXHO HHTEPNPETHPOBATh KaK BhIAEJEHHE
CHTHAaJIa H3 aAAMTHBHOTO KBaHTOBOr0 rayccOBCKOro IIyMa.
Jaerca BhBOA OOGIIHX HepaBeHCTB, NOAOOHBIX HepaBeHCTBY
Pao— Kpamepa B MaTemaTuuecko# cratuctuke. C ux mo-
MOIIBIO YXaeTCSi OXapaKTepH3oBaTh Haubosee TOYHOE H3Me-
peHHe cpeHero 3HaueHHs.

Hacrosmas xHura, KOHeYyHO, HE MOXET M HE CTaBHT
IeJb 3aMEHATh CTaHAApTHOE PYKOBOACTBO MO KBAHTOBOA
MexaHHKe; lenbifi psij Ba)KHefANIMX BONPOCOB, COCTABJSIO-
II¥X OCHOBHOE COAEpIKaHHe TaKHX KypcoB, B Hefi paccMa-
TpuBaercs (parMenrapHo, Au60 BooGlle He 3aTparuBaercs
(HanpuMep, TeopHs BO3MYyIleHHH). ABTOp He CTpeMHJcCSH
Taxxke OXBaTHTb BCe, YTO OTHOCHTCSL K KBAHTOBHIM H3Mepe-
HuAM. OcBelleHB! TOJLKO T€ BOMPOCH, KOTOPHE KacaioTcs
CTaTHCTHKH pe3yJbTaToOB H3MepeHHS H He TpeGyioT paccMo-
TPEHHS H3MEHEHHs KBAHTOBOLO COCTOSIHAA NOCJe H3Mepe-
HHA, B 9aCTHOCTH, OTCYTCTByeT oOCYXJeHHe NnocJeloBa-
TeJIbHHX H3MepeHHH, KBAHTOBHX CJAyYafiHHX RpPOLECCOB H
AHHAMHKH €OTKPHTHIX» CHCTEM, B MaTeMaTHYeCKOA TeopHH
KOTOPHIX 3a MOCJAeXHee BpeMS MAOCTHTHYT ONpejAeJeHHHHA
nporpecc. KpaTkuii 0630p COBpPeMEHHOTO COCTOSIHHA 3THX
H IPYrHX BOMPOCOB, HMEIOUHX HENOCPeACTBEHHOE OTHOILle-
HYe K H3JlaraeMoMy MaTepKajly, uATaTeab HafAAer B KOM-
MeHTapHSAX.

JKenanue cOBMeCTHTb CTPOrocTh pacCyXAeHHUH C J0-
CTYNHOCTBIO 3aCTaBHJIO aBTOPa OTKa3aThes OT HanboJsee 06-
mero H, GhITb MOXeT, MaTeMaTHYeCKH HanboJee «IKOHOM-
HOro» cnoco6a M3joxenus. BHaO coureHO BO3MOXHBIM He
yray6asTbcs B BONPOCH, CBA3AHHHE ¢ H3MEPHMOCTHIO ¥
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HHTErpHpoBaHHeM; NOAPOGHOe H obulee pacCMOTPEHHe STHX
BONPOCOB HHTepecylollufics UHTaTeNb HalZieT B APYrux pa-
6orax, Ha KOTOpHE AAlOTCA CCHIAKE B KOMMeHTapusx. He-
o6XOZMMHM JJIfi NMOHHMAaHHA BCErO MaTepHalNa fBJAAETCSA
BAafeHHe OCHOBHHIMH NOHATHAMH TEOPHH BeposTHOCTeH, a
aasa raaB IV u VI—u MateMaTHueckofi CTaTHCTHKH.

Han6onee sneMeHTapHOf B TEXHHYECKOM OTHOLICHHH
fBJserca raasa I, ucnosnb3yomas QUL annapar JHHefiHo#
anre6pu. B raase Il paercs HedbopMmaabEHE 0630p cBeae-
HHf H3 TEOPHH ONEPATOPOB, NPHUEM TEOPEMH, KaK NPaBHJIO,
He JOKaSHBAIOTCR, & CONPOBOXKAAIOTCH NOACHEHHSIMH H MpH-
MepaMH. MarepHaJ, Heo6XOAMMHE A/nf (H3UYECKHX NDH-
aoxenuft B ra. 111, asnaraerca B §§ 1—6 ra. 1I; unraresao,
3HAKOMOMY ¢ (YHKUHOHAJbHHWM aHaau3oM, GyAeT aocra-
TOYHO Gersio HX mpocMorperhb. C APyrofi CTOPOHH, YHTATEb,
3HAIOLIHA KBAaHTOBYI0O MeXaHHKY, MOXeT OnycTutb B ri. III
noapoGHOe MaTeMaTHYECKOE PacCMOTpPeHHe TaKHX BOIpO-
COB, KaK rapMOHHYECKHA OCLHJANATOP, YrAOBOA MOMEHT,
CMHH, BKJIOYEHHOE AJIf 3aMKHYTOCTH H3JIOXEeHHSA, H cocpe-
OOTOYHTbCH HAa MeHee H3BECTHHX eMy Bellax.

B KHHre akTHBHO HCHOJIb3yeTcsl CHMBOJHKa Jlupaka, HO
Ans 0603HaueHHs CKaJIAPHOrO NPOH3BefeHHA ynoTpebJasioT-
cfl He YIJIOBHE, 2 KPYrJbie CKOOKH, KaK STO NPHHATO B MaTe-
MaTHueCKOR JuTepaType. YrioBne CKOOKH, aCCOIHHPYIO-
l{HecA ¢ CHMBOJIOM YCPeAHEHHS B CTaTHCTHUECKOR ¢u3mKe,
0603HaYaI0T Jpyroe cKajspHOe NpOH3BEAeHHEe, 3ajalollee
KOppeJAUHOHHYI0O OYHKIHIO ABYX HalaiopaeMux. JHas
KBaHTOBOI'O COCTOSIHHA (omepaTopa MJOTHOCTH) HCTNOJB3Y-
erca cuMBoll S (a4 He p), POACTBEHHHA cHMBoay P ans
KJIaCCHYECKOro COCTOSIHHA (pacmpelesieHHsi BeposTHocTefR).
B ocraabHoM o0603HaueHHs cTaHAapTHH. BHYyTpH kawaoft
rfaBHl NpHHATa ABOAHAA HyMmepauusa (OpMyJ; CCHJKAZ Ha
naparpa¢ uau GopMyJty H3 ApYyrofi rJiaBu COAEPAKHT AONOJ-
HHTEJbHO HOMEpP 5TOH IJ1aBHI.

Astop Gaarozapern [I. Il. )Xenobenxko u 0. M. Hlu-
POKOBY, KOTOpbie MPOWIH PYKONHCh KHHTH M CAelaJH PAX
NoJie3HLIX 3aMeYaHHi,
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§ 1. Cocrosinna W H3Mepenus

B ocHoBe TeopeTHuecKOA MoAenH PpeaybHOrO SBJEHHS
HJIH 00beKTa JleXXaT B KOHEUHOM cdYere jJaHHHE OMNHTa; CO-
BOKYIHOCTb BCEBO3MOMHBIX SKCNEPHMEHTOB BMeCTe € NOJ-
HHM ONIHCAHHEM HX DesyJbTaToB 06pasyeT «OCTOB» BCAKOH
TeopeTHYecKoA MopenH. PaccMOTPHM CXeMaTH3HPOBaHHOE

——

Homeoewye

Puc. L.

omNHCcaHHe NMPOH3BOJBHOIO IKCNEPHMEHTa H NMPOCJAeAHM, Kak
OTCIOfia BO3HHKAIOT OCHOBHEIE SJIEMEHTH TEOpeTHUecKOH Mo-
Zienn.

Bo BcAKOM SKCnepHMEHTe MOXXHO BHIJIGJIHTb JBe OCHOB-
Hhe cTagHh. B nepBofi craguu, craaum npHroroBJae-
HHU A, QAKCHpYyeTCS OmpejesieHHas SKCNePHMEHTaJbHas CH-
Tyannsi, T. €. YCTaHaBJHBAIOTCA HCXOAHBIE YCJOBHSA, 3aja-
10TCA «BXOAHHE JaHHHEe» SKcnepHAMeHTa. B caenyiomef
CTajHH H3MepeHH S onpejeNeHHHM 06pa3oM «IPHroTOB-
JeHHufi» OGBEKT BO3JEACTBYET Ha TOT HJAM HHOM H3MepH-
TeAbHNA NpA6Op, Pe3yAbTATOM 49ero B KaXXAOM HEAHBHAY-
aJbHOM 3KCTNEepHMEHTe ABJAAIOTCH Te HJH HHHE «BHIXOLHHEC
naHHbie» (pHc. 1).

BaxueAmInM ycaoBHEM, KOTOPOMY JOJXKeH YNOBJETBO-
PATb BcAKHE HaydHHt SKCHEPHMEHT, SBJAETCHS YCJOBHe
BOCHPOHSBOAHMOCTH, BOIMOXXHOCTH HEOrpaHHYeHHOro Mo-
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BTOPEHHS AAHHOTO H3MEpEeHHA B [aHHOA 3KCMEePHMEHTAaJb-
Holt curyaunu. PaccMoTpum mocsefoBaTeNbHOCTh OXHHAKO-
BbIX H HE3aBHCHMBIX NOBTOPEHHA HEKOTOPOro SKCIepHMeHTa.
PesysbTaTH NOAOGHHIX HHAHBUAYAJbHHIX SKCIEPHMEHTOB,
Kak npaBujo, He OyAyT crporo oguMHakoBu. IIpakruueckd
BCerfa MNojydYaeMble pe3yJbTaThl MOABEPKEHH caydaii-
HOMy pasbpocy, aMnJuTyZa KOTOPOTO BapbHpyeTcs
B 3aBHCHMOCTH OT XapaKTepa SKCNEPHMEHTa W NPHPOAH
Hcenegyemoro o6bekra. Hanuune omnbox namepeHus sB-
AsieTcsl OOBEKTHBHHIM (aKTOM, MHMO KOTODOTO He MOXKeT
NPOATH HH OZHA Pa3yMHAs TEOPHS SKCNEPHMEHTa.

CymecTByioT, 0fHaKO, OGIIHPHbIE KJacCHl fBAeHHA, AJf
KOTOPHX pa3bpoc SKCNepHMEeHTaNAbHLHX Pe3yJabTaToB OKa3H-
BaeTcs HaCTOJNbKO HECYIEeCTBEHHHIM, 4TO ero Boo6iie MOXKHO
He NPHHHMATb B pacueT. TO OTHOCHTCS, HampHMep, K Me-
XaHHYeCKOMY TOBENEHHIO MAaKPOCKOMHYEeCKHX OO6BEeKTOB
HJIH K MpoLeccaM, NMPOTEKAIOWHM B 3JeKTPHUECKHX MLeNsX.
COOTBETCTBYIOIIE TEOPHH — KJACCHYECKass MeXaHHKa H
TEOpHS SAEKTPHYECKHX Lenel — HCXOAAT K3 NPEANOCHUIKH,
YTO BO3MOXHO CKOJb YrOAHO TOYHOe, B HAcane — abco-
JIOTHO TOYHOE H3MepeHHe MapaMeTpoB, XapaKTepH3YIOUIHX
nopeaeHne o6bekra. B Takux cayuasix roBOpfiT, 4TO O6BEKT
AoNycKaeT JAeTepMHHHPOBaHHOoe omnucaHue. IloAuepkHeM,
4TO JIeTepPMHHHPOBaHHOEe onHcaHHe O06GLYHO ABJAETCA JHIIb
HEKOTOPHM NPHOJHXEHHEM K PpeajbHOCTH, CIpaBeJHBHIM
JIHLIb TOCTOJNbKY, MOCKOJbKY OHO COTJIaCyeTcl ¢ AaHHHIMH
OnHTa.

[MnoAOTBOPHOCTb AETEPMHHHCTHYECKHX MpPEACTaBACHHA
B KJaccHuecKo#l TeoperHueckoft ¢pusuke 18—19 BB. nopoau-
Aa HAJIO3HI0O YHHBEPCaJbHOCTH AETEPMUHHPOBAHHOTO ONH-
canusi. OaHaKO MO Mepe NMPOHHKHOBEHHSA SKCNEPHMEHTalb-
HOfl QHU3HKH B 06JacTh SIBJEHHHA MHKPOMHPAa CTaHOBHJACh
Bce Gosee ficHOM HeNpPHMEHHMOCTH B 3Tofi o6JacTH merep-
MHUHHDOBAHHOTO ONHCAHHf, 3aHMCTBOBAaHHOrO H3 KJacCH-
YeCKOA MeXaHHKH, H HeOOXOAHMOCTb INPHBJIEYEHHS CTaTH-
CTHUYECKHX KoHHenuu#. XapaKTepHHR NpuMep CHTYaLHH,
B KOTOpOfi NPHUXOAHTCH CYLIECTBEHHO YYHTHBaTb pa3bpoc
pesyJbTaTOB H3MEPeHHs, Nal0T SKCNEPHMEHTH Mo pacces-
HHIO YacTHL. B mogoGHBIX 3KCNEepHMEHTax HeBO3MOXHO TOY-
HO TMpeACKa3aTh, B KAKOM HANpPAaBJIeHHH pacceeTcss AaHHas
YacTHIa,— MOXHO JIHIIb FOBOPHTb O BEPOSITHOCTH pacces-
HMf B TOM WJIH HHOM HanpasjieHWH, MoXHo OnJ0 OH NpH-
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BECTH LeJHft pAX APYrHx NPHMEpOB, OAHAKO SaHHTEpeco-
BaHHHA YHTaTeNb JErko Ha#lJeT HX B Kypcax KBaHTOBOA
¢u3nxu. B nacrosmee BpeMs HeoOXOAMMOCTb CTATHCTHYE-
CKOTO ONMHCaHHf MHKPOMHPA MOXHO CYHTaTh obmenpH-
3HAHHOA.

I'oBops 0 BO3MOXKHOCTH CTATHCTHYECKOrO ONMHCAHHS, MH
nojpasyMeBaeM, 9TO pacCMaTpHBaeMoe sIBJIeHHE YNOBJETBO-
pAeT caeayomeMy GynaaMeRTaIbHOMY TPeGOBaHHIO, BKJIO-
yaomeMy B cebsi yclOoBHe BOCHDOH3BOXHMOCTH, KOTOpoOe
AaA yroGeTBa CCHUIOK MBI OyZeM Ha3WBATh CTAaTHCTH-
9eCKHM MOCTYJNAaTOM: 8CAKud sxcnepument donycxa-
eT 8 NPURLUNe KeocPAHUXERKOE 4UCAO nOBTOpPeHud; undu-
8udyasbHvie PesyabTaTs. 8 ROCAE)08ATEALHOCTU OOUHAKO-
8bIX, HE3ABUCUMBLX IKCNEPUMENTO8 MO2YT ObITb PASAUUHDL
00HAKO nosBACHUE TOZO UAL UHOZO pesyAabTaTa 8 00CTATOY-
KO OAURHOZ nOCAe00BATEALHOCTU XAPAKTEPUSYeTCR onpe-
Oeaennoti yacrorodt (ycroftunBocTs gactor). Toraa, aberpa-
CHPYSICb OT INpPaKTHYECKOH HEBO3MOXKHOCTH IPOH3BECTH
HEOrPAHMYEHHYI0 NOCJIEOBATENbHOCTb OJNHMHAKOBHIX IKCIe-
PHMEHTOB, MOXHO NPHHATb, YTO PesyJbTaTH IKCIePHMEHTa
HOMYyCKalOT TeOPEeTHYeCKOe ONHCAHHE B BHAE BEPOSITHO-
cTefl Tex HIH HHHX HCcxoAoB. TouHee roBops, cleAyeT pas-
JM4aTh NOHATHS WHAHBHAYAJbLHOTO SKCHEPHMEHTa, pe3yJb-
TAaTOM KOTOPOrO SIBAAIOTCS KOHKpEeTHhe RaHHHe, H SKcnepH-
MEHTa KaK COBOKYIHOCTH BCEBO3MOMKHHX HHAHBHAYaJbHHX
peanu3daunfi. IlonmMas SkcnepHMEHT HMEHHO B 3TOM
CMBICJIe, ECTECTBEHHO CHHTATH ero KOHEYHHM pe3yJbTaToM
pacnpezenenue BepoaTHoctefl. IIpn sTOM AeTepMHHHPOBaH-
Has 3aBHCHMOCTb Pe3yJbTAaTOB SKCIEPHMEHTa OT BXOXHHX
AaHHHX YCTYNaeT MeCcTo CTaTHCTHYeckofi: ¢yHknuel Bxox-
HHX JAHHHX SIBASEeTCA pacmpefeseHHe BeposTHOCTed pe-
8yJbTaTOB H3MEpEHHS.

IIpumepoM sKcmepHMeHTa KaK COBOKYMHOCTH HHAMBH-
AyaJbHHX peantuH3anufl ABIAIOTCA PACHPOCTPaHEHHHE B (H-
3uKe HaGJIOREHHA HaA MYYKaMH HACHTHIHHX, HE3ABHCHMHX
yacrun. Ilpeanonoxkum, 4To ANs perucTpauMH YacTHN, pac-
CeSTHHEIX Ha HEKOTOPOM NDEeNATCTBHH, HCIOJAb3YeTC KpaH-
ReTeKTop, nonajfanie B KOTOPHA HHAWBHAYaAJbHOR YaCTHIH
BH3BIBaeT, HanpuMep, nodepHenne orosmyanscud. Toraa
B pe3yabTaTe SKCNO3HIHH AOCTATOYHO MHTEHCHBHOTO NMydYKa
9acTHIl Ha 3KpaHe o0pa3yeTcs HEKOTOpOe pachpejejeHHe
TEMHEBX H CBETJLIX NATEH, KOTOPOe N0 CYLIeCTBY RaeT npex-
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CTaBJIeHHe O MJOTHOCTH pacnpefiesleHHS! BEPOATHOCTeA no-
najaHus HHAMBHAYaJbHOR uacTHUH. XOpOILIO H3BECTHHE
H3 ONTHKH AHPPaKHHOHHHE KapTHHH, obGpasylouinecss NMPH
paccesiHHH eCTEeCTBEHHOro cBeTa (KOTOPH# ecTh He YTO
HHOe, KaK XaOTHYeCKH# MOTOK OrPOMHOro uucia $HoroHOB),
AAlOT BH3yaJbHOE NpeACTaBJIeHHe MJIOTHOCTH pacnpejnene-
HHR BePOSITHOCTEH AAA MHAMBHAYyaJabHOro (oTOHA.

PasyMeercs, cTaTHCTHYECKOe OMHCaHHe He sBJAAETCH
npeporaTHBoii spjeHu#t Mukpomupa. I[Ipu nccaegoBanHH
¢u3nuecKHX OGBEKTOB, COCTOSUIMX H3 OFPOMHOrO 9HCAa
YaCTHI, TaKHX KaK rasbl, XXHAKOCTH HJH KPHCTaJJH, 3KC-
NepUMEHTATOp WMeeT BOSMOXKHOCTb BapbHpOBaTh MO CBOe-
My MPOH3BOJY JHIIb BeCbMa OrpaHHYEHHOE YHCAO BXOAHBIX
JAaHHHX — TaKHX Kak o0beM, gaBjieHHe, TeMnepatypa. Or-
POMHOE KOJIHYECTBO MMepeMEeHHHX, XapaKTepH3YIOIUX NOA-
pPOOHOCTH mNOBeJeHHS COCTaBHHIX YacTel CHCTEMBI, OCTa-
eTcsl BHe KOHTPOJISI HCCNEAOBATEN]A; KX HEKOHTPOJHpYEMHeE
H3MEHEHHS MOT'YT OKashBaTh BJHSHHE Ha HHIHBHAYaJbHHE
pesyJabTaTH H3MepeHHH, BH3HBas (QAYKTyalHH, ydeT KO-
TOPHX HMeeT CyllecTBEeHHOe 3HaueHHe AJs MOHKMaHHA Me-
XaHH3Ma fIBJIeHHHA, MPOHCXOAAIHX B TAKHX GOJBIIHX CHCTe-
max. CraTHCTHKa HaGaOfeHHt Hrpaer BaXKHeMIyl0 poJab
B BOmMpocax nepepauu uHHopMauuu, rae GAyKTyauuu na-
pamMeTpoB (H3HYECKOrO HOCHTeNs HH(POPMAUHH ABAAIOTCA
HCTOYHHKOM PpasHOTO pORA <IIyMOB®, HCKaXaloWHX co06-
IeRye.

INMono6Has cuTyalluss MOXKET MMeTb MeCTO U B OHONOTH-
YeCKHX HccaenoBaHuax. Hanpumep, nposoas anpo6anuio
KaKoro-JH60 MeroXa Jie4eHHus, HCCJIeAOBaTeNb Pacnojaraer
JHIIb OTPAaHHYEHHHM HaGoOpOM «BXOAHHIX AAHHHX», Xapak-
TepH3YIOLHX €ro NauueHToB (BO3pacT, moJj, rpynna KpoBH
K T. ). OaHako ab¢ekT JeyeHus B KaXKAOM HHAHBHAYaMb-
HOM cayuae Gyjer onmpenensiTbes, BooGile roBops, He TOJb-
KO STHMH <HHTErpaJbHHMH» NapaMeTpaMH, HO H LeNHM pA-
AOM J[pYTHX, HEyuYTEeHHHX JH0O0 He NOANAIOIHXCH YUeTy
BHyTpeHHHX ¢aKTopoB. Takum o6GpasoM, 3ddeKr JedeHus,
HJH, Ha HalleM s3blKe, «pe3yJbTaT H3MepeHusa», He ABAA-
eTcsi, BooGile rosops, OAHO3HAYHOR (YHKUHeN H3BECTHHIX
JaHHHX MAHHEHTa; B TaKHX CJAYyyasix CTAaTHCTHYeCKHA moa-
xoJ, 6biBaeT BeCbMa YMeCTHHM H TJIOAOTBOPHLIM.

Ha stux pByx npumepax Mbl BHAEJH, YTO HCTOYHHKOM
caydafinoro pa3bpoca B pe3yJabTaTax H3MepeHH MOXKeT



%) COCTOSIHUS M1 U3MEPEHUS 13

OLITH HEONPENeJeHHOCTh 3HAYeHHA HEKOTOPHX «CKPHTHX
nepeMeHHBIX», HAXOAAMUXCA BHE KOHTPOJAA SKCIEePHMEHTa-
topa. Ilpapona craTHCTHYHOCTH NOBefeHHA OGBEKTOB MHK-
pOMHpa He CTOJNL SiICHA, XOTH NATHAECATHNETHHR ONHT yc-
MEIIHOT0 NMPHMEHEHHS CTATHCTHIECKHX KOHHENNHA B KBaH-
TOBOH TeODHH HECOMHEHHO CBUAETEJLCTBYET O TOM, UTO OHH
RaloT NPaBHJABHYIO KapTHHY.

Mu pe OGyzeM 3aTpar#BaTh 37eCh BONpOCa O NpPHPOAe
CTATHCTHYHOCTH B MHKPO(H3HKe, XOT H KOCHEMCS HEKOTO-
pPHX MaTeMaTHYeCKHX acNeKTOB COOTBeTCTBYIOlled <«mpo-
O6neMEl CKPHTHIX mepeMeHHunx» B § 7. OcHOBHOe BHHMaHHe
MH YHAeJNHM 3Zech CIeACTBHAM CPOPMYJHPOBAHHOrO BHIIIE
CTAaTHCTHYECKOrO TNOCTYJaTa AJsi MPOH3BOJBHOrO 0O6beKTa,
YAOBJETBOpAIOMEro 3ToMy Tpe6oBaHuio. Mel nokaxeM, 4To
yXe Ha TakoM ofmieM ypoBHe BO3HHKalOT (pyHZaMeHTaJb-
Ehle MOHATHA COCTOSIHAA H H3MepeHHs, Hrpaiollue, B 4acr-
HOCTH, CTOJIb BAXKHYIO POJIb B KBAHTOBOA TEODHH.

YcnoBHO npefcTaBuM cefe O6BEKT KaK «UEepPHHA ALIHK»,
Ha «BXOJE€» KOTOPOTO MOIYT CO3AaBATLCH Te HJIHM MHHE HC-

xonnune yciousi S. [Mociae Toro Xak o6beKT NMPUroTOBJEH
onpexeJeRHHM 06pa3oM, SKCHEPHMEHTAaTOp NPOH3BOAHT TO
HJAH HHOe HM3MepeHHe M ToNyuaeT XaHHHE 4. BuxoaHbe
AaHHHE ¥ MOTyT HMeTb pasaHyHu# xapakrep. OHH MoryT
OLTb OHCKPETHHMH, HaMpHMeED, B TOM clydae, KOria Hame-
puTeabHHHA npHOOp ABASETCH NOPOrOBHIM YCTPOACTBOM, pe-
THCTPHPYIOLINM HaJKHYHE HJIH OTCYTCTBHEe oOmnpeaeaeHHON
YaCcTHUH, JH60 HENPepHBHHIMH, ecJin MPHOOp HMeeT WIKaJy
HJIH HeCKOJbKO IKak. BHIXOZHHMH JaHBHMH MOTYT GHTH
MOKasaHnus HecKoJIbKHX npubopoB. Hakomen, pe3ysbraTom
n3MepeHnsi MoxeT GHTh uenas TpaekTopus — dororpadus
crepa gacTHuH. UYro6u nath eannoo6pasHoe paccMOTpeHHe
BCEBO3MOXHLIX CHTYalLHit, MBl MPHMEM, YTO MRONECTBO UN-
OusudyasvHoLx pesyAvbTaros usMepenur obpasyer Kexoro-
poe uamepumoe npocrpancrso U ¢ o-aszebpod usmepumoix
nodunoxecre o (U). Pamepumomy noamuoxectsy B<U
COOTBETCTBYeT COGHTHE: pe3yJbTaT U3MEpeHHs u Je-
XHT B B¥).

*) Uwrarenb, He 3HAKOMHHA ¢ KOHnenuwefi RK3IMEepHMOCTH, MOXKeET yC-
JNOBEO npeAcTaBaATh cefe U xak o6AacTb B MHOTOMEPHOM NDOCTpPAHCT-
Be, a B —xak «gocraTouno xopounee» noamnoxectBo U. Oxuako y
Hac U moxer Outh ropasgo Goaee croxHuM 06pasoBaHHeM — HanpH-
Mep, MPOCTPAHCTBOM HENPepHBHHX QYHKIHA,
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CorslacHo CTaTHCTHYECKOMY NOCTYJATY, Pe3yJbTAT HHAH-
BHAYaJbHOTO SKCMEPHMEHTa MOXHO DACCMaTpHBaThb Kak pea-
JHSAUHI0 HEKOTOPOR cJydafiHON BeJMYHHH, NPHHHMAIOLIEH
sHavenust B U. Ilycts pg (du) — pacnpenesienne BeposiTHOCTeH

sroft cayualinolt Beauuunn. MHpaeke 8 orpaaer saucumocts
CTaTHCTHKM pesyJbTaToB H3MEpeHHs OT MpOLEAYpH NpHro-
TOBJIEHHS, T. €. OT HCXOAHHX YCJHOBHA SKCMEpPHMEHTa, TaK
uTo

ng (B)=Pr{uceB|3}, Beof ()

€CTb YyCJNOBHAasg Be€POSATHOCTH MNOMAYYUTb pe3yJbTaT

ueB npH HCXOIHHX YcaoBHsX 3. MoxHo cxasath, 9TO
TIOJIHOE CTAaTHCTHYECKOE ONHCAHHE Pe3YJbTaTOB H3MepPEeHHS

naercs oroGpaxeHnneM S — iz (du), conocTaBASIOWHAM KOH-
KPETHHM HCXONHHIM YCJOBHAM S pacnpesiesienne BEpOATHO-
crefi py Ha mpocrpaHcrse U pesyabratoB usmepenusi. [Ipu
STOM CJefiyeT TNOAYepPKHYTh, 4YTO, AABasf NOJHOE ONMCaHHE
pesyJIbTaToB H3MepeHHs, orofpaxenue S —- 3 HEe CONEPKHT

HHKAKHX yKa3aHull HY O KOHKpPeTHOM MeXaHH3Me H3MepeHHuH,
HE O €ro TNOCTEACTBHAX AJds paccMaTpuBaeMoro oOmneKTa.
C oTOl TOYKH 3pEHHs M3MEpHTeJbHbE NPOLESAYPH HE Pa3/H-

YaloTCH, €CAM AAS JIOOHX MCXOAHHIX YycJoBuA S OHM NpH-
BOAAT K OHOMY H TOMY XK€ pacnpefie/IeHHI0 BEPOATHOCTed Py,

XOTsl MPAaKTHUECKH OHH MOTYT OCYINECTBJIATLCH COBEPIIEHHO
pasnnyHbiMu npHGopamH. Kaxnofi KoHKperHoR HamepuTeNsb-

HOlt mpoueype oTBedaer orofpaikeHHe S —- g, OKHAKO OAHO

Takoe OoTOOpaxkeHHe MOXeT oObeAHHATh B cefe meanl KJaacc
M3MEpUTE/bHBIX NpPOLEAYP, He Pa3/IHYAIOMHXCH CTATHCTHKOH
pesyJIbTaToB.

TOYHO TaK e HCXOJHHE YCAOBHS O; H S, aBAsorcs
Hepas/HYHMbBIMM C TOYKH 3DEHHS CTATHCTHKH pe3yJ/bTaToB

H3MEDEHHUSI, €ClH Uz =Mz, A moBoro oroGpaxenns S —
> [Lg, OMHCHIBAOWErO H3MEPHTeNbHYI0 mpouenypy. O6wenu-
HHUM HepaslHyMMble NpoUeAypH MPHrOTOBJCHHs $ B xnacen

skBuBasentHocrd S =[S8], xoropwe HasoseM cocToOs-
HHuaMu. [Tycts & = {S} — MHOXKECTBO BCEBOSMOXHHIX COCTOs
nuft. TIoCKO/ILKY pacnpejiesienue BePOATHOCTER g OJMHAKOBO
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zna Beex S us ogmoro kaacca S, TO €ro MOXHO CUHTATh
¢yuxuueln cocrosHusi py =po. OroGpaxenne S—pg U3

MHOXKECTBA COCTOSHHA B MHOXECTBO pacnpefieJieHHH BeposAT-
HocTeli Ha mnpocTpaHcTBe pe3yabTatoB U Gynem HaswlBaTb
H3MEepeHHEM.

CrarncTH9eCKHfi NOCTYJIaT Haharaer onpefesieHHoe orpa-
HWYEHHE Ha CTPYKTYPY MHOXeCTBA COCTOSIHHA & M OMHCH-
Balomee uaMepeHneotob6paxkeHne S —pg. Ilyets Sq, a=1, ...
..., A, —kaxune-nu6o cocroanns. Ilpeanmonoxum, uto skcne-
pUMEHT2TOp He 3HAeT TOYHO, B KaKOM M3 3THX COCTOSHHMA
NPUroToBNIeH OGBEKT, OAHAKO €My MSBECTHhHl BEpPOSTHOCTH g
TOrO, YTO NPHIOTOBJEHBEIM COCTOSHHEM SBJSETCH Sq, & =
=1, ..., A. DaxTAveckH STO O3HaUaeT, YTO B HeOrpaHHueH-
HOft TOC/AEHOBATeNbHOCTH MHAMBHXYAMbHHX SKCIEPHMEHTOB
OGBeKT NpPHrOTABJMBAETCA B OXHOM HS COCTOSIHMAA S,, NpH-
YeM MOSBJEHHE COCTOSHHS S, XapaKkTepHsyercsi COOTBETCT-
sylomell uvacTorofi. ®u3ndeckn 370 CcooTBeTCTBYET (VIYKTYa-
UHAM TeX MJH WHHX IapaMeTpoB, XapaKTepHSYIOIHX NpPHro-
TOBHTENbHYIO mpoueaypy. IlycTe B KaXiaoM HS HHAMBHAYaMb-
HBIX SKCMEPHMEHTOB NPOR2BOAUTCA ORHO H TO XK€ H3MEpEeHHe.
Torga coriacHo CTaTHCTHYECKOMY NMOCTYJIATy H SJleMEHTapHhIM
CBOHCTBAM BEPOSTHOCTEH MOSBJEHNE TOTO HJIM HHOTO pe3yJb-
TaTa u GyneT ONHCHIBATHCA pacTpefie/ieHHeM BepOSTHOCTeH

u(du) = 2 Palts,, (du). OnmcanHylO BHIlE CHTYalHIO MOXHO
@

paccMaTpuBaTh Kak ONpefeNieHHbi CIoco6 NpHTOTOBJEHHS
COCTOSIHHS (CMellHBaHHe), NpH KOTOPOM 3HaueHHe HeKo-
TOpPOro mapaMeTpa o He (GHKCHpYeTCSs TOYHO, a BHIGMpaercs
COTJIaCHO anpHOPHOMY PacnpeseneHHio {p,). O6o3HaunM Takoe
COCTOSIHHE-CMECh CJEAYIOIHM 06pasoM:

S$=S§ ({Sa.}’ {pa.})v (l-l)
TaK uTo ANA mobGoro HsMepeHHUa S —-pg BHINONHAETCH
ps(du) = 3 paus, (du). (1.2
a

Taxkum ofpasoM, cjefyeT NPHHATb, YTO JJf KaXAOro
HaGopa cocrosinuit {S,} <@ ¥ pacnpeneneHHss BeposiTHO-
crefi {p,} cymecTByer opHOSHAYHO OMpejesieHHOE COCTOSAHHe-
cMech S ({Sa}s {Pa}), XapakTepusyemoe coorHowerusmu (1.2).
OxasniBaercs, YTO TOTAA MHOMNECINE0 COCMOARUL MONCHO ecme-
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CMBEHHO OMONCOCCMBUMb C GOINYKALIM NOOMHONCECMAOM HEKO-
MOpO20 AUKERH020 NPOCMPANCMBa, max «mo Gyoem ebiNOAHAMbCR

S ({Sa}s {Pa))= ; PeSa-

Ins Tounofi GopMyJAHPOBKH STOTO H paja APYTAX YTBEPK-
JeHHR HaM TOTPeGYIOTCS CBENCHHSI H3 TEOPHH BHIMYKJIOCTH,
H3JIOXEHHIO KOTOPHIX MOCBsllaercs ciexyiomu#t maparpad.

§ 2. HexoTophie reomeTpHueckHe NOHATHA

Mycs Sy, ..., Sg— TOUKH HEKOTOPOro JHHeAHOro Npo-
crpaHctBa &, py, ..., Pn— Ha0Op BeLECTBEHHHX uHCeJ,
YAOBJIETBOPAIOMUA YCAOBHAM

p;=0, ,2|Pi=1.

T. €. KOHeUHOe pacmpenelienwe BeposTHoctedl. Torma Touka

S= 23 pS;

=1

Ha3LBaeTcs ewnyKaod Kombunayued Touek S; ¢ xosdpdunuen-
TaMH (BecaMM) p;. Bonyxaod 060a0uxod MHOXKECTBA TOYEK
& — X HasHBaeTcs COBOKYIIHOCTb BBINMYKJHLIX KOMOMHauuf
BCEBO3MOXHBIX KOHEUHHX HaGopoB Touek {S;} < . MHoxe-
cTBO & Ha3KIBAaCTCA 6LINYKALIM, €CTIH OHO COBNIAZaeT CO CBoelR
BHINYKJIO% 06OJIOUKORN, T. €. COAePXKHT BRITYKAYIO KOMOHHA-
nuio moGoro KoHeuHoro HaGopa cBoux Touek. Ecam orpanm-
YHTHCH JBYMS TOYKaMH Sy, S;, TO COBOKYINHOCTb HX EHIMYK-
JHX KOMOHHaIH# reoMeTpHUECKH NMpezcTaBiseT coboit oTpe3ok,
COEAHHAIOWHA 3TH TOUKH:

{S: S=peSo+piS1i P P1=0, po+p1=1}.

Herpyauo yGemuibesi, 4TO MHOXECTBO & BHIIYKJO TOTA2 H
TONBKO TOTJ3, KOTAa BMeCTe ¢ JIOGHIMH CBOHMH JBYMS TOU-
KaMH OHO COJIEPXKHT H COENUHSIOLIHA UX OTPesoK.
AGcTpakTHOEe MHOXKeCTBO & HAsOBeM NMpOCMPAaHCMEOM
cueced, eC/iu KaXaoOMy KOHeuHOMY HaGopy siiemeHToB {S,}
< & u pacnpegesnenuio BeposTHocTedl {p,} conocrapnen opno-
sHauHbfl snemenT-cMech S ({Sa), {pa}). INpumepom mpocTpan-
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CTBa CMecell SIBJSIETCH BRINYKJIOE MHOXKECTBO, €CJH CMECh
onpejensieTcA Kak BHNyKJas KOMOWHauHs.

[Tycrs F — oroGpaxkenue npocrpaHcrBa cMecei @ B Kakoe-
an6o nuHefirioe npocTpaHcTBo., OHO Ha3wBaerCA aAPPuHHbLM,
echn s JmoGofi cMecH S ({Sq}, |pa}) BHDOJRSETCH

F(S({Sa}{Pa)) = 2 Paf (Sa).

OuesugHo, uTo 00pa3s BHINYKJOro MHOXKecTBa npH adduHHOM
OTOOpaMeHHH ABASETCH BHIMYK/NLIM MHOMKECTBOM. B JIHHeAHKIX
NpOCTPaHCTBaX CYIIECTBYET TecHas CBfi3b MEXKAY addpHHHBIMH
W JuHeAHBHIMM OTOGpaxeHHSMH: WMEHHO, Bcsikoe adunHoe
orofpaxeHne BHOYKJOTO MAOXECTBa & < £ aBasercs Cyxe-
HyueM Ha & oroGpawenus Buga T — L (T)+4Ly; T =%, roe
L — nunefinoe oToGpaxkenne. B aactHocTH, Beakufl adbuHHbIA
¢dyHxIHOHaN (T. €. O0ToOpaxeHHe Ha BELECTBEHHYIO npsAMYio R)
C TOYHOCTbIO 1O NMOCTOSHHOTO CJ/AaraeMoOro COBMAjaeT C Cyke-
HieM Ha & JuHefiHorO QyHKUHOHANA Ha L.

[MpoctpancTBo cmecelt HasHIBAeTCA OMOCAUMbIM, €CIH ANA
MoOEIX ABYX 3sfeMeHToB S;, S, =& nafigerca apduHHNG
dysknuonan @ Ha & rtakoft, 49ro @ (S;) F=(S,).

IpuMepoM oraesmuMoro npocTpancTBa cMeceft sBJsercs
MHOXKecTBO cocrosinnii 3 § 1. B camom gene, pas moGoro
H3MepeHus S — ps W moboro nopMuoxkecTBa B = o (V) dynk-
unoHan S —pg(B) sBaserca adpdunrmM B cuay (1.2). Ilo
MOCTPOEHHIO, ANl MOGHIX cocTosHufA Sy H Sy JOMKHO HaATHCD
u3MepeHMe Takoe, 9TO ps, EPs,, T. €. us, (B) #=us, (B) ans
Hekoroporo B. Hs caegylomero npeasioXeHHs BHITEKaerT,
qTO BCSIKOE MHOMKECTBO COCTOSIHHA MOXHO pacCMaTPHBaTh Kak
BHIYKJI0e TOIMHOXECTBO HEKOTOPOTO JHHeAHOro NpOCTpaH-
CTBa ¢ onepauueil BHINYKJoH KOMOWHALMM B KauecTBe CMe-
IIHBAHAA.

IMpennoxenue 2.1. Beaxoe omdeaunoe npocmpancmeo
cxeceli & e3aumn0-00803KOUHO U adpurno omobpancaemcs Ka
8bINYKAOE NOOMHONCECMBO AUHEEHO020 NPOCMPAHCMAA.

Hokxasarteabcrso. Ilycte A(S)— nuneiinoe npocr-
pancTBo Beex adduHHEIX dyBEKuHOHAN0B Ha &. PaccMoTpuM
conpskeHHOe TPOCTpaHCTBO £ = A (@)’ Bcex JauHefinnx
¢ynkumonanos wa A(@). Haa xaxgoro S&& soeneM
S = &, nonaras

§$ @)=0(S), p= L.
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Orobpaxenre S —~$ sBasercs adppHHHBIM, TAaK KakK
gp/$,(¢>= 57: P (S)=o(SUSs) 1) =
=S (S}, (o) (@)

H B3aHMHO-ONHO3HaYHBHIM, TaK Kak 1(q>)=§, (p) BJewer
9(S1) =9 (S,) ana Bcex adppunHEX PyHkuHonajoB ¢. I1pen-
JIoXEHHe J0Ka3aHo.

IpocTefiuuM npuMepoM BHIMYKJOrO MHOMXECTBA SIBJSETCH
n-MepHbIl CuMNAEKC, KOTOPHI onpefieliseTCs Kak BhINYKJasi
obonouka n+1 Todek OOEro MOJIOXKEHHS B NMpPOCTPAHCTBE

5 5 ¥ !‘
3’ %A .y’ sz
Prc. 2.

pasMepHOCTH ==n (TOYKH S, Sy ..., S, HasHBAIOTCH TOY-

KaMH OGWIEro MOJIOXKEHHS, €CHH 7 BEKTOPOB Sgdj, ..., SoS»
JuHefino HesaBucHMHI). B caywae n=1 cumnaekc aBasercs
OTPEe3KOM, B CJaydae 7 = 2 — TPeyroJbHHKOM, B cltydae n=3 —
TerpasapoM (puc. 2). Touku Sy, ..., S, Ha3HBAIOTCA Gepui-
Hamu CUMNIeKca.

®yHfaMeHRTaNbHYI0 pPOJIb B TEOPHH BHIMYKJLIX MHOMKECTB
Hrpaer noHsaTHe Kpafinefi Toukn. Touka S HasuBaercs xpad-
Held moukod BHIMYKJIOr0 MHOXeCTBa €&, eC/IH OHA He ABJAETCA
BHYTpeHHefi TOUKOZ OTpesKka, LEJNHMKOM Jexamero B &, T. e.
He MoxeT OLITb NpeAcCTaBlieHa B Bhie S=p,S,-p,S;, The
Pos Pr>>0, po+pi=1; S, S, =@ 1 Sy S;.

MHoxKecTBO BCeX KpafHHX TOUEK Ha30BEM OCIOB0M BEHITYK-
JIOTO MHOXeCTB2. B KOHeYHOMepHOM JIHHeAHOM NpPOCTPaHCTBe
HMeeT MeCTo

Teopema 2.1. Bcaxoe xomnaxmsoe (0zpanusentoe 4
2amKrymoe) esinyraoe mroacecmeo & cosnadaem ¢ evinyk ol o6o-
A04K00 MHONECMEa CO0UX KPalnux mouex.

B npou3BOJIbHOM BHIIYKJOM MHOXECTBE OAHY H Ty e
TOYKY S MOXHO NpPEACTaBHTb B BHJE BHINYKJOH KOMOHHAUKH
KpafiHux ToueK, BooOlie roBops, pasHLIMA cnocoGamu. Pas-
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A0xcenue no Kpadnum moekam o00HOSHaRHO OaR awoboll mouxu
S =& mozda u moavko mozda, K020a & RBAREMCR CUMNAEKCOM.
3amerdM, 9T0 KpafiHAMH TOYKAMH CHMIIEKCA HBJSIOTCH €ro
BepIIHHEL

Teopema 2.1, onpegelieHHe M XapaKTepHCTHYeCKOe CBOfi-
CTBO cHMNJleKca 06o0iaoTcs ¥ Ha GecCKOHeWHOMEpHBIR cydalt,
ONHAK0 aKKYpaTHOe H3JIOXKEHHe ITHX BONPOCOB noTpe6oBaio 6ul
Goablne MeCTa, YeM NO3BOMAKT PaMKH 9Toff KHHIH. B To ke
BpeMa A/ TIOHHMAHHSA CJERYIOUMX pa3sfielioB JOCTaTOYHO
NPUBEACHHBIX BHIle KOHEUHOMEDHHIX pe3yJbTaToB. OcTaHo-
BAMCS JHIIb HA OJHOM NPHMEpPE, KOTOPHIA BCTPETHTCS Aadiblile.

PaccMOTpHM MHOXKeCTBO BCEBOSMOXHBIX pacnpefeneHHi
BepoaTHocTefi P (Q) Ha HEKOTOPOM (PUKCHPOBAHHOM H3MEpH-
MOM NpOCTpaHCTBe . ITO MHOXECTBO fBJSETCA BhIMYKJHIM,
TaK KaK BCAKas BHINYKJas KOMOHMHALMS HJIH €CMeCb» pac-
npe,gneﬂnﬁ P, (dw), o9eBHAHO, SABJAAETCH pacrpefelleHHEM
Ha Q:

P(A)= 2’] piPi(A), Aeof(Q).

Beskolt Touke @ & Q oTeeuaer §-pacnpefiefeHune, cocpe
JOTOUEHHOe B TOYKEe O:

6..,<A)={

1, A3oe,
0, AsSo.

He orpannuuBas oOIHOCTYy, MOXKHO CYHTAaTh, 9TO O-ajirebpa
of (Q) paspenser TOUKH 2, T. e, AT JOOHX ®;, 0 Q
cymectByer 4 € of (Q) Taxoe, yro o, = A, g A. Torna
COOTBETCTBHE ® —- 8, AB/ASETC B3aUMHO-OAHO3HAYHLIM. Kpaii-
HHMHM TOYKaMH MHOXecTBa B (Q) asasiorcs §-pacnpepeseHus
¥ ToAbKO oHH. OueBHgHO, uTO AN Juoboro P = P (Q)

P(A)={P(d0)8,(4), Asof(Q) @.1)

310 npeacTaBleHHe ABJAETCA HENPEPHBHHIM aHAJOrOM pas-
JIOXKEHHA MO KpafiBHM TOWKaM, npH%eM poib HaGopa Kos¢-
¢uuMenTOB p; spaech Hrpaer pacnpepenienne P (dw). Ilpen-
craByienre (2.1) ofHO3HAYHO, TaK YTO BHINYKJOE MHOMECTBO
B(Q) obnagaer cBOACTBOM, XapAKTEPH3YIOUUM B KOHEYHO-
MepHOM cJydae CHMIJEKC, W MH COXPaHHM 33 HHM 970
Ha3BanHe,
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Ians uamocTpanun paccMOTPuUM ciyuadl, Koraa 2= Q,
COCTOHT M3 KOHEWHOr0 4HCJIa n ToYeK (of (Q) sBasieTcs
GyaeBofi anreGpofi Bcex noaMuoxkecTB L,). Torza MHOXKECTBO

n
%ﬂ-{P=[p1’ cesy pn]: p];o' ,zlp!=l}'

OYeBHAHO, siBJIsieTcsi (n — 1)-MepHBIM CHMNJIEKCOM C BepilH-
Hamu [1, 0, ..., 0}, ..., [0, ..., O, 1].
Ina nac 6yner ympoOHOo sanuchBaTh P B BHAE JHArosajb-

HONl MAaTpHIB:
n 0
P=| =~ |
0 Pn

Torpa ycnoBHs, XapakTepusyiomue P, samumyTcs B BHfe
P=0, TrP=l, (2.2

rae Tr oGo3navaer c1e0 mampuyss, T. €. CyMMy JAHarOHa/b-
HBIX 5JIEMEHTOB.

Ecmu X —cayuafinas BeanudHa Ha §),, NpHHHMAlOmas
SHAYeHHs X3, ..., X5, TO, MoJaras

n 0
X={ = |
A

noJlydaeM, 4YTO MaTeMaTHYeCKOe OXMAaHWe BeNHYHHH X o
HOCHTeJILHO pacnpefiefieHus BeposiTHocTeli P paBHO

n
>’ pyxy=Tr PX. (2.3)

=1

PaccMOTpuM MHOXeCTBO £, CIyYaliHHX BeJMHUHH, YAOB-
JerBopsiomux ycaosuio 0<<x, <1, T. €.

0<< X<, rae | —enuHruHaA MaTpHUA. (2.4)

Torpa £, GyAeT BHNYKJABIM MHOXECTBOM — €AHHUYHBIM TIH-
nepky6oM, a ero KpafiHHMH TOUKaMH — BepIIMHH runepky6a,
T. €. TakHe MaTpHun X, AAs KoTopnix X; paBHo O uau 1.
Oas takux Matpun X*=X, Tak 9TO KpafiHHMH TOYKaMH
MHOXeCTBA L), ABJSIOTCA NPOCKIHOHHEIE MATPHIbL.
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Sror npocTefiufi npuMep NOSBOJSET €CTECTBEHHO noO-
ROATH K APYTOMY, KOTOpHI MpeACTaB/seT OCHOBHOA HHTepeC
B CBSI3H C KBaHTOBOH TeopHef.

PaccMotpuM MHOXecTBO &), BCeX KOMINJEKCHHX SPMHTO-
BHX 7 XN-MaTpHll S=[8xn'], YAOBNETBODPSIOWHX YCHOBHSM
THna (2.2):

§=0, TrS=1. (2.5)

CornacHo Koxewnomeproll cnexmpassnold meopeme, BCAKas
SPMHTOBA MAaTpHLA NMpPEACTEBJAETCA B BHAE

S= E' MSyp 2.6)

rae A; — (BemecTBeHHBE) coOCTBEHHLIe anca (6e3 yuera kpar-
HOCTh), 2 Sy, ="V} — B3AHMHO-OPTOrOHA/LHHE POEKTOPH *)
Ha eJUHKUHbe COGCTBEHHbIE BEKTOPH MaTpHUH S. 310 Ha3H-
BAETCSL CReXmparbsvis pasioxcerues Marpuon S. M3 ycno-
puft (2.5) cnenyer, uro cofcTBeHHBbI UHCAA MaTpHUL S & &,
ofpasyloT pacnpeseiieEne BeposiTHoCTelt

n
y=0, =L

=1

B uacthoctd, 0<<A; <1, u us (2.6) nonyuaem
n
S—8=3 & (1—1)Sy,=0.
I=1

Tpu sroM S=3S? TorAa U TONBLKO TOrAa, KOrAa S=S¢k ans
HEKOTOPOr0 €AMHHYHOTO BEKTOpa ¥, T. €. KOrxa S snjasercs
ONHOMEPHBIM TIPOEKTOPOM.

Npexnoxenune 2.2. Mnowecmso &, ewnyxao; ez0
0cmoa o6pasyrom OOROMEDHBIE NPOEKMOPH.

*) INonpaaymeBaercs, 4TO CKANSPHOS IPOH3BENICHHE BEKTOPOB-CTONG-

n
uoe @=[Pn] H V=[Pn] omperensercs xak ¢*p= Y, FmPm, e

mes
@°® —9PMHTOBO cONpsAREHHMA Bekrop-ctpoxa. [Ipom3penenue _t_:mﬁu‘a ¥
Ha CTPORY Y* siBaseTcss X n-Marphuest ¢ KOMIOHCHTAMH [YpYy,-]. Ecau
$ —eauHHuHNA BexTop, P*P=1, 10, Sy=yp* saBanerca Marpunel
OPTOrOHANLHOIO MPOEKTEPOBAHHA Ha BEKTOP V.
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IHokasateancrBo. IlepBoe yTBepxkjeHHe CleXyeT H3
TOro, 4uro o6a ycioBHs (2.5) BeaepxuBaioT o6pa3oBaRHe Bhl-
NYKJIBX KomOuHauuf. JlokaxkeM, YTO BCAKHEA ORHOMEPHBIX
npoekrop S sBaAsercss Kpafinefi Touxof. Ilycrs

S=pSo+pSi;  Po» P1>0, po+pr=1; S S8,

BosBoasi 910 COOTHOIWIEHME B KBajpaT, BhiunTas S? u3 S H
yuuThiBasi, uto S=S? a1 S =@,, noiayyaeM

S — 82=py (So—S8) + p1(S1— 81 + pop1 (So — S1)* =
= PoPs (S — S))*

Takum obpasoM, u3 S =S?® cirexyer S,=S;, TaKk aro S sB-
aserca xpafineli Touxo#i. Jlokaxkem oOparHoe yTBepXKAeHHe.
PaccMoTpuM  crekTpalibHOe pasnoxkeHue (2.6). Taxk kak
Sy=@, u Sy, Sy, NPH j#k, TO pNs Marphub S, fB-
asouefics xpa‘aeﬁ Toukofi MHoxectBa &, cymma (2.6)
MOXET COZepXaTh TOJNBLKO ONHO HeHyJeBoe charaemoe. Cie-
JOBaTeJILHO, S=S¢I AJis HeKoToporo j, aro u TpeGoBaJjaoch

JOKAasarh.

®opmyna (2.6) paeT oAHH H3 BApPHAHTOB Pa3JOKEHHA S
0o KpafiHKM TOYKaM.

PaccMOTpHM TakKe BHINyKJoe MHOXecTBO X, Bcex
n X n-3pMUTOBHIX MaTpHIl X, YAOBJETBOPSIOMHX OrpaHuue-
HusM (2.4). TlokaxkeM, 49TO Kpadnumu mMoKAML MHONCE-
cmea X, ABASIOMCA NPOCKMOPLL, M. €. IPMUMOBH MAMPULbL,
yOosremeopsuowgue ycaoeuro X?=X, u moavko onu. Jlokasa-
TeJCTBO TOrO, 4TO BCAKHA NPOEKTOp ABJseTCA KpaitHed
TOYKOfi, NMPOBOAMTCA TaK ke, KaK AN &,; AoKaxeM, 49TO
BCsiKasi KpafiHasi TOYKa 00A3aTe/NbHO SIBJseTCS IPOEKTOPOM.
3anuweM cnekTpajJbHOE pa3fiokeHHe MaTpHUH X:

X=E XpEr; 0<x,<l. m=n, (27)
k==l

rae X, —coGcTBeHHble uKciaa X (C yueToM KpaTHOCTH), E,—
NPOEKTOp Ha COGCTBEHHOE MOANPOCTPAHCTBO, OTBEUAIOLIEE Xj.

YCTb X, >X3>>...>>Xpm, TOTAA, NPHMEHAS K cyMmMme (2.7)
npeoGpasoBanue AGens M YyuutBas, 9ro E,+...4+E,=I,
HMeeM

m—1
X=(l -—x;)-0+ hZ; (x,,-x,m)-Ei-I-x,,.- 1, (2.8)
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rge Et=E,+...+E;. Tax kak O, [, a Takxe E; npunan-
aexar X,, a Bce KO3(HIMEHTH NPH HHX HEOTPHLATENbHbL!
H B cymme cocraBasioT I, To (2.8) sBasercs BmINyKJOH
KomGunaiuelt (HecoBmapaiomwux) npoektopoB. Ecmn X —
KpaliHsisi TOYKa, TO cymMa (2.8) RO/UXHA COCTOSATDH H3 OLHOrO
claraeMoro, TaKk uro marpuna X Jo/bkHa OHTb NpOeK-
TOpOM.

Ewe pas nopuepkReM, 9TO pPasHula MeXKAY MHOXeCT-
paMmu P, # &, (cooTBeTCTBEeHHO Mexay L, M X,) 3ak/mo-
yaeTcss B TOM, UTO BO BTOPOM CJy4ae paccMaTpHBAIOTCH BCe
SPMHTOBHl MaTPHIM, TOrZia KaK B NEpBOM — TONLKO AHATO-
HalbHHEE WIH, YTO TO JXe, ONHOBPEMEHHO JAHaroHajausye-
Mble (KoMmyTHpyioulwe) marpuubl. IlostoMy BTOpOfi cayuadh
MOXHO pacCMAaTPHBaTb KK CHEKOMMYTaTHBHLIi» aHaJor mep-
BOTO; Tak, MaTpuly S & &, MOXKHO HaIBaTb «HEKOMMYTa-
THBHHM pacnpefieleHHeM BEPOATHOCTEli», SPMHTOBY MaTpHIY
X — «<HEKOMMYTaTHBHOH CJyYafiHO}{ BeJNHUHHOM», 3ajaB cpeX-
Hee sHauenue topmynol Tuna (2.3). Haavie MH yBHAUM,
YT0 31eCh KpOeTcs Hedro GoJibiliee, 4eM Mpocras aHa-
Jiorus.

AHajorn4suiM o6pasoM MOXKHO Obio Gbl paccMOTpeTb H
Ciyuail BeleCTBEHHEIX CHMMETPHYHBIX MATpPHIl, OAHAKO /IS
KBaHTOBO# TEOPHH OCHOBHOH HMHTepeC NpEACTaBAseT HMEHHO
KOMNJIEKCHRIA cly9ai,

B sak/ioyeHine paccMOTpHM nofpolbHee CTPYKTYpPY BHIMYK-
aoro muoxecrsa &, B mpocreiilieM «HEKOMMYTaTHBHOM» CJy-
gae n=2. Beaxas maTphna S =@, moxer GHTh 3anucaHa

B BHIE
1148 6—it
S=zluim =al (29)

rae 8,, 8,, 6;— BellleCTBeHHbIE YHCAA, HasHBaeMble napamemn-
pamu Cmoxca. Ycihosie S=0 paBHOCHBHO HepaBeHCTBY
1+a+0<l1.

Takum ofpasoM, @, Kax BHIYKJIOe MHOXECTBO NpeACTaB-
asier coBoft Wap B TPEXMEPHOM BelleCTBEHHOM MPOCTPAHCTBE;
KpafiBUMH TOYKaMH SBJISIOTCA MaTpHunl (2.9), AN KOTOpHIX
Touka [0,, 8, 6,] nexur Ha cdepe 6f-4 654 63=1.

B cnydae n>2 wmHoxectBo &, ABASETCA YXKE HEKOTO-
PHIM COOCTBEHHHIM NOAMHOMKECTBOM (n®— l)-MepHOro BelLecT-
BeHHOTO [1apa H JAaTh €MY KOMIAKTHOE reOMETPHYECKOe OfH-
CaHKe NpEeACTaBJSAeTCHd 3aTPYAHHTEJbHLIM,
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§ 3. Onpepenenne cTaTnCTHYECKOH Mojean

OcHoBhiBasicb Ha paccyxkaenusax § 1, Beenem crhepyomee
onpefeNieHHe: crmumucmuyeckold Mo0eavl0 Ha30BEeM COBOKYIM-
HOCTb, COCTORILYIO M3 HEKOTOPOTO BHIMYKJIOro MHoxecTBa &
U Hexoroporo kKJjacca IN aduuHHIX oroOpameHHA S — s
MHOXKecTBa & B MHOXECTBa pacnpejesieHnfi BepoATHOCTel Ha
pasauuHEX npocTpaHctBax U. Dnementhi MHOXecTBa & Ha-
SBIBAIOTCA  COCMOAHUAMU, a oToOpaxeHus u3 D — usmepe-
nusmu, TipoGneMy TeopeTHUeCcKOro ONHCAHHA BCAKOro 06b-
€KTa MJH SBJEHHS, YAOBJETBOPSIOUErO CTATHCTHYECKOMY
NocTyJIaTy, MOXHO Toraa cgopMyJHpOBaTh Kak 3ajayy mo-
CTPOEHHS COOTBETCTBYIOmMeRA craTHcTHuecko# moaenu. [oBops
noppoGHee, Takoe NOCTPOEHHE JOMKHO, BO-NEPBHIX, COXEp-
XKaTh ONHCAHHE MarTemaTHUecKHX oOBnekToB & (MHOXecTBa
TeopeTHdeckHX cocTosiHufi) B D (MHOXKECTBA TEOPETHYECKHX
H3MepeHHfi) H, BO-BTOpHIX, YCTaHaBJMBATbh NPABHJA COOTBET-
CTBHAI MeXAy pealbHHIMH TNpPOLEXYPAMH MPHTOTOBJEHHS H
M3MepeHHs] M TEOPeTHUECKHMH 0GbeKTaMH, T. €. S3ajaBaTh BJO-
KEeHHe SKCMEpHMEHTaJbHHX JaHHHX B CTaTHCTHYECKYIO MO-
zedb.

B kaaccuueckofi TeopHH BeposiTHOCTER W MaTeMaTHYECKOH
CTaTHCTHKE PacCMATPHBAIOTCS CTaTHCTHYECKHE MORENH, B KO-
TOPHIX MHOXECTBO cocTosiHHAi & uMeer ocolo npocTyio CTpyK-
Typy. KBaHTOBasi Teopusi MMeeT fe/io ¢ PajHKa/JbLHO OTJHY-
HOll cratucTHueckoft mopenbio. MH paccMOTpHM STH MOJAENH
B clepylomux naparpagax.

B srofi raaBe Mbi wacTo GyAeM NPOBOAMTbL PACCMOTPEHHS
Ha M3MEPEHHsiX C KOHeUHbIM 9HCJIOM 3Hadenufi. B srom cay-
Yae YHCJO BOSMOXKHHIX pe3yJIbTaTOB HHAMBHAYAJbHOTO H3Me-
peHHsi KOHeYHO H pacnpefielieHHe BEpOSiITHOCTER pe3yibTaToB
M3MEPEHHS 3ajlaeTcsi KOHCUHBIM HabopoM adpduHHLIX Bellect-
BeHHRIX QyHKuuA {ps(u); u = U} na &, ynoBAECTBOPAIOWUM
YCJAOBHAM

ps()=0, uclU; D) ps)=1. (3.1)

ssU

3nech ps(#)— BepOSTHOCTb pesyJbTaTa ¥ OTHOCHTENbHO CO-
crosinus S. Has moboro B U

us(B)= )} pusw).

uesB
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TexHHYeCKH 3TOT cAyuaft ropasgo npouie HenpepuBHOroO
H B TO e BpeMs OH NMO3BOJISIET NOHATH OCHOBHHIE TNOJIOXKe-
Hus TeopHH. IlpaKTHYeCKH H3MepeHHs C KOHEYHBIM YHCJIOM
3Ha9eHHWH COOTBETCTBYIOT H3MEPHTEbHBIM NIPOLEAYPaM, LEbIo
KOTOpHIX AIBJISETCSl HEKOTOpas KJaccHpHKauus AaHHHX. B To
e BpeMms JIETKO [MpeAcTaBuTb cefe, 9TO H3MepPeHHsl Hermpe-
PHIBHBIX BEJAHYHH MOTYT OLITb AMNPOKCHMHDPOBaHH H3Mepe-
HHAMH C KOHEYHHIM UMCJOM 3HaYeHH nyTeM pasGueHHs mpo-
crpacTBa U Ha A0CTaTOYHO MeJIKHe YacTH.

WsMepernst ¢ ABymMs 3HaueHHsiMH OYAYT HasbBaThCs
mecmamu. OGo3nadvas ofuH H3 pesyabraToB Tecra 1, a apy-
rofi —0, nonydYaeM, uTO BCSKHHA TECT ONpeAeNsercs 3ajaHHeM
opofi ¢yHkumu Ha & — HanpuMep, BEPOATHOCTH mOJyYe-
Hust 1, Tak kak ps(0)=1—pg(1). Bepoarnocte pg(l) se-
asercst appuHELM PYHKOHOHANOM Ha &, YXOBJIETBOPSAIOUIHM
yeaoeuio 0 <<pg(l)<<1.

Ilycrb S —pg(du) — u3MepeHne C MpPOH3BOJBHLIM [1PO-
cTpaHcTBoM sHadeHHit U. Torja BCAKOMY HSMEDHMOMY NOA-
MHOecTBy B U MoxHO comocrasuth TeeT S—-{us(B),
us (B)}, pesyabrar Kotoporo pasex 0, ecin u&B, u 1,
ecad u e B. Takum ofpasoM, BCAKOE HSMEPEHHE MOXKHO pac-
CMaTpHBaTh Kak OnpejiefeHHHM 0o0pasoM COrJacoBaHHOe ce-
Mei#CTBO TeCTOB.

§ 4. Kaaccuueckasi CTaTHCTHYECKAS MOAeAb

B § 1 Mul BHAesH, 9TO COCTOSIHHE MOXKHO paccMaTpHBaTh
KaK CXaToe ONHCAHHE HCXOAHBIX YCJOBHH SKCnepHMeHTa.
INonbiraeMcsi YTOYHHTb NOHATHE KHCXONHBIX YCJIOBHH», NpH-
HAB JONOJHHTE]bHO, YTO OHH JOMYCKAIOT TeOPEeTHYECKOe OIH-
caHue B BHAE, BooOlle roBops, 66CKOHEYHOrO ¢CMHCKA HCXOA-
HHX AaHEHX» ©. O6o3HaunM uyepes Q = {@} MHOXeCTBO Bcex
KOHKPETHHIX CNHCKOB, OTBEYAlOIHX BCEBO3MOXHKIM BapHaH-
TaM HCXOAHHX YycioBuii. Hasosem Q ¢asoBHM npo-
cTpaHCTBOM 00BeKTa,

Jlasee, Mbl XOTHM Yy4YecTb BO3MOXHOCTb TOrO, 4TO NpH
MOBTOPEHHH HHAMBHAY&JAbHHX SKCNEDHMEHTOB BXOAHLIE AaH-
HBle MOT'YT HCNLITHBATb CAyuaiiHble OTKJIOHEHHS, 00yC/IOBJECH-
Hbleé TMPAKTHYECKOHA HEeBO3MOMKHOCTBIO B TOYHOCTH BOCIPOH3-
DECTH OJMHAKOBble YCJOBHS JHGO HeonpeAeNEeHHOCTbIO He-
KOTOpHX napameTpoB. YrTobbl OXBaTHTL TaKHe CHTYalluH,
Mbl OyfieM paccMaTpHBaTh pacnpeie/ieHHs BeposTHoCTed Ha Q
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(cmemyer, KOHeYHO, NPEANOJIOKHTb, 4YTO B ) BHjENEHa
g-aarebpa of () U3MEPHMBIX NOAMHOMECTB; MH GyaeM CHH-
TaTh TakXke, 4TO of () pasgenser Toukx Q, cMm. § 2).

Besikoe pacnpenesieHne BeposiTHOcTeh P Ha Q MH Ha3o-
BEM Kaaccudeckum cocmosnues. Ero cnepyer mHrepmperupo-
BaTb KaK TMOJHOE CTaTHCTHYECKOE ONHCAHHE CTaAHM NPHIo-
TOBJIeHHAl. BCAKOMY CNHCKY o & (oTBeYaer 4ucmoe cocmos-
Hue

Gm(A)={(l): :;:’ A< of (U).

CornacHo § 2 mMHOXec1BO ‘R () BCceXx KAacCHYECKHX COCTOf-
HHA fIBSETCS BLINYKJBIM MHOXECTBOM mpocTefilleli CTpyk-
TYpbl — CHMIIIEKCOM, @ WYHCThieé COCTOSIHHSI #BAAIOTCA Kpafi-
HHMH TOYKAMH STOrO MHOMKECTBA.

IepefineM k u3mepeHusiv. Bcskoe u3mepeHHe cO 3Have-
HUAMH B npocrpaHctBe U onucuBaercs adpHHHEIM oTOGpa-

eHnen P —>pp (du) @.1,

MHOXECTBa KJACCHYECKHX COCTOSHHM ‘.Bgl) B MHOMKECTBO
pacnpezefenufi  BeposTHoctefi P (U). O6osnauum uepes
M, (du) pacnpenesieHHe BepOATHOCTe#fl JaHHOTO H3MEpEBHA
OTHOCHTEJ/IbHO YHCTOTO COCTORHHUA Oy, (T. €. My (du) = s, (du)).

PaccmoTpHM CMeChb UHCTHX COCTOSIHHIA
P (do) = 3 poBu, (dw).
@

B cuay adpdunnoctn oroGpaxenus (4.1) pacnpenenenne Be-
pOSTHOCTeR JAHHOTO HSMEpEeHHs OTHOCHTEJBHO TaKOro Co-
crofinua Oymer paBathest opMyJiof

bp(B)={ Mo(B)P (du), Bsof(U).  (4)

ITpn HeKOTOPHX JAONMOJHHTENBHHX MNPEANONOKEHHAX 3Ta dop-
MyJna Gyser BepHa AAA JoGOro KJacCHYECKOTO COCTORHHSA P.
Mu Be OyaeM yrayGasThcsi B STOT BOBPOC, a NPOCTO Orpa-
HHYHUMCS HSMEpeHHSIMH P —-pp, KOTOphble 3ajaloTCs COOTHO-
meHusiMu (4.2), rae My (du)—nepexonsas BepoAT-
HocTb *) u3 R B U. Ecan P xapaKkTepusyer HeonpeeJIeHHOCT

*) T. e. pynkuus aprymenros © < Q # B = o (U), koropas uame-
pEM2 MO @ MPH KaXaoM ¢UKCHPOBaHHOM B H ABJAETCS pacnpegereBEeM
BepoATHOCTe!l KaK QyHKUUA B npH KawAoM PHKCEPOBARHON .
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B HCXOAHBIX YCJAOBHAX SKCMEPHMEHTa, TO pacnpeje/eHHe Be-
posrtHocrefi M, (du) onuchiBaeT CTaTHCTHIECKYIO NOrPELIHOCTD
U3MepeHHsl, BHOCUMYIO M3MepHTeJbHEIM nMpubopoM. Popmyaa
(4.2) nokasbiBaeT, KakHM 0o6pa3oM 3TH jBa HCTOYHHMKA CJy-
YalfHOCTH BXOAAT B HTOCOBYIO CTATHCTHKY H3MepeHHs. Yclo-
BHMCH KpaTko o6o3sauaTb uepes M Halop BeposTHOCTelt
{M, (du)}, a Takxe 3apaBaeMoe HMH H3mepeHue (4.1).

B ocHoBe KJaccHueckofl CTaTHCTHYECKOA MojesH, ompe-
JelleHde Kortopolt OymeT AaHO HHXe, JEXKHT JOnylleHHe
O nonHoOA HabJIIORaeMOCTH, COIVIaCHO KOTOPOMY JIO-
Oble mapaMeTphl o0bekTa Moryr OwITh H3MepeHol c aGcoJior-
Hofi TounoCTHIO. JlNs Toro 4roOw AaTh MaTeMaTuHYecKoe Bhi-
paxkeHHe STOMY JONYIEHHIO, BBefieM CJERyiollee NOHATHE.
Hamepenne M={M, (du)} nasuiBaeTca demepmunupOBaRHLIM,
ecmn aas mwoboro o € Q 1 Joboro B & of (U) umeer Mecto
aJbTepHATUBA

Me(B)=0 wmm M,(B)=1.

310 o3Hauaer, 9TO e€CNH OOBEKT NPHTOTOBJIEH B YHCTOM CO-
CTOSIHHH, TO AAA Mmoboro B = of (U) pe3yabTar u3aMepeHHs
¢ BeposiTHOCTbiO 1 mpuHapiexur Jubo He nmpuHazAexkuT B.
STo MOXHO 3amHCaTb TaKXKe B CJeAYIOleM BHAE:

My (BP =My (B), Beof (U). 4.3)

PackpoeM cmbica 3TOrO YyCJ/IOBHA, OrpaHHYach A/l Npo-
CTOTH H3MepeHHsMH C KOHEYHHIM 9nucioM 3Havern#t. Takoe
H3MepeHHe 3ajaercs HaG0pOM NepexXoXHBIX BepPOATHOCTel
M={M, (4); «u U}, rae M, (4) —BepoATHOCTD pe3yJibTaTa U
OTHOCHTEJIbHO 9HCTOI0 COCTOARHA Oy, YAOBJMETBOPAIOMHM
YCJIOBHAM

Me@)=0, N Myw)=1;, oecQ. (4.4)

Ecan M — perepmuHHpoBaHBOe H3MepeHHe, To M, ()
paego O wam 1. o3Hayas 1g(®) HHZMKATOP MHOXKECTBa
FcQ, 1. e. pyuxuuio, paayo 1 sa F u O Bue F, nMeeM

Ma(@)=1q,, (0), Tae Q) ={o: Mo(w)=1}.

Hs (4.4) BuTekaer, uTo MHOKeCTBa Q4 NPH PasHEIX # He
nepecexaiorcs H B o6beAHEeHHH cocTaBasoT Q, T. e. obpa-
ayior pasbuenue npoctpanctda Q. Ilostomy aas JmoGoro @
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ecTb eJHHCTBeHHOe SHayeHHe u=u(w), AT KOTOpPOro
M, (u (@))=1. Tlpu sTom

My (B)= X, Mg (4)=1p(u(0)). (4.5)
uesB

dynkuus u (o) sBAseTcs cHAydaliHOA BeJMUHHOR Ha  co
sHaueHusaMH B U; ¢opmyna (4.5) ycraHaB/HBaeT B3aHMHO-
OJ{HO3HAYHOe COOTBETCTBHE MEXAY AeTePMHHHPOBAHHHIMH H3-
MepeHHsSIMM H CAyYafiHHIMH BeJlWYMHaMH CO 3HaueHHsMH B U.
Urobul clieNaThb STY CBsisb eilie GoJee npo3paynofl, paccMoT-
PHM JHMCKPETHYIO BellleCTBEHHYIO CiydaiiHyl0 BeAnuuny X (o)
Ha Q, NpHHHMAIOMYI0 KOHeYHOoe uuCjO 3HaueHuH {x}. [lyctsb
Q(x) — noaMHOXecTBO {2, Ha KoTopoM X NpHHHMaeT 3Hade-

HHE X, TOTAa

X (@)=Y x-1g (@) = X xMq (x). (4.6)

TakuM oOpasoM, cayuafinofi BenuduHe X OJHOSHAYHO COMO-
CTaBJsieTcsl JeTepMHHUpOBaHHOe u3Mepenue M={M, (x)},
Tak 4r0 X NpHHHMaeT 3HaueHHWe X TOrAa H TOJLKO TOrAa,
KOTZa X fIBAAETCA pe3yJ/bTaToM H3MepeHHs M.

AHaNorsuHHe, HO TeXHHYeCKM GoJiee CJOXKHBIE PaccMOT-
PeHHSI MOXHO NpPOBECTH H A/ H3MepeHM# C HenpephBHLIM
npocTpancTBoM 3sHaueHH#i U: mpH HEKOTOPHX npeanoJioxe-
HHAX MOXHO MNOKasath, 4To (opMyJa (4.5) ycranaBmauBaeT
B3aHMHO-OfHO3HAYHOe COOTBETCTBHE MEXAY CHAyYafHHIMH Be-
NUYWHAMH K JeTePMHHUPOBAHHLIMH H3MEpEHHSIMH.

M Moxem Tenepb ¢opMalM30BaThb TNOCTYNAT NOJAHOR
Ha6/MmoaeMOCTH, NMPHHAB CJeayiollee OnpefeneHue:

Kaaccuveckoll cmamucmuseckoll mM00€abio Ra3biBAETC MO-
IeNb, B KOTOPOA MHOXECTBOM COCTOSIHHH CJYMKHT CHMIJIEKC
pacnpeaesicHuii BepOATHOCTeR 2‘3&9) Ha «asoBOM» npoCTpaH-
crBe Q, a kJacc u3mepenufi I CcoOmepIKHT BCeBOSMOXKHHIE
JeTepMHHUPOBaHHHE H3MepeHus.

accMOTpHM Tenepb MHOMKecTBO N (U) BCeBO3MOMKHHX

appuHnbLX oToOpaxenufi Buaa (4.2). Ono, odeBHAHO, sB-
JISAeTCS BLIMYKJILIM MHOXECTBOM.

Npeanoxenne 4.1. [emepmunuposannse usmepenus
o6pasyrom ocrmoe mroscecmea M (U).

HDoxkasareanctBo. [lyctb M={M, (B)} — nerepmu-
HUPOBaHHOE WSMepeHHe, H nycTb M=p,M°+4-p M, T. e.

M, (B) = peMis (B) +PMa(B), B of (U)
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BosBOzsi STO pPaBeHCTBO B KBaJpPAT W HCHOJb3Ys PaBEHCTBO
Mg (B)= M, (B)?, nonyuaem
PoMi (B) + piMi (B) =
= piMa (B)* + piMi (B)' +2pop, Ma (B) Mi, (B)
nan
PoMi (B)[1 — M, (B)]+ Mo (B)[1 — M (B)]+
+ pop1 [Mu(B) — Mi, (B)]' =0.
Orciofa, yauteiBas HepaseHcTBO Mg, (B)[1 — MG, (B)]=0 u
aHaJorHyHOe HepaBeHcTBO XA M:, nonyuaem My (B)=
= M}, (B), a 310 o3Hauaer, yT0 M sBisierca KpafHe#t TOu-
koit MHOXXecTBa M (V).
paTHO, nyctb M= {M,(B)} — Kpaiinsis TOUKa MHOXe-
crBa M (U). Ilycts B, — GHKCHPOBAHHOE MOAMHOXKECTBO H3
of (U), By=U\ B, —ero pononnenue. Ilonoxum

MG (B)= Moy (B) = [My (By) Mo (B By) —
— Mo (Bs) My (B By)]. “.n

Torsa M,(B)= % My (B)+ % My (B). Tlokaxkem, 4ro

{Ms (B)} sBnsioTcs mepexomHHMKM BeposTHOCTAMH HS Q B U.
Jlns sTOro JOCTATOMHO MPOBEPHTH, 90 Ma (B), B € of (U),
ANs. KamAOro © & Q ABAAIOTCA pacnpenesieHHAMH Beposi-
Hocrehi. OueBumno, ato My (U)=M,(U)=1 n gto M (B)
ABJIAIOTCA MepaMH [o B, TaK Kak Kaxjoe H3 CJaraemux
B (4.7) sBasmerca mepoii. Ocraerca npoBepuTh TOMBKO, UTO

M3 (B)=0, a 910 CllesyeT U3 HEPABEHCTBA
Mg (B)=Ma (BN By [1 =My (By)] +
+ Mo (BN By) 1 My (B,)]=0.
Hs 71oro, uwro M —kpaiiHas TouKa, BHTEKaer, 4TO
Mz (BY=M,(B), Beof (U), . e
Mo (By) Mo (BN By) =Ma (By) Mu (BN By).

Tonaras sgece B =B, u yuurniBas, aro B, (] B,= @, umeem
My (B Mg (B)=0 um M, (B,)[1 — M,(B;)]=0. Caeno-
BaTe/NbHO, { M, (B)} — nerepMuHHpOBaHHOE H3MEpPEHHE.

I'%m | W)} — HekoTophifi KOHeYHnA HaGop H3MepeHH#H
a3 M(U) u {p;}— pacnpenenenne BeposTHocrei. Torga



30 OBIIEE MOHATHE CTATHCTHYECKOM MOAENH ra.l

BuNyKJas KomOuHaums M={M,(B)}, rae
Mo (B)= 3, pyM4(B), Beof (U),

ONHCHIBaeT PaHJAOMH30BaHHOE H3MepeHHE, B KOTOPOM
C BEPOATHOCTHIO p; NpousBoauTcsi HamepeHne M. ®usuueckn
9TO MOXKET COOTBETCTBOBATH (VIYKTYaLHsIM TeX HJIM WHLIX napa-
METPOB H3MEPHTEJIbHOro g)({rpoﬁcma. B npocrefimem ciyuae,
Koraa H Q, u U xoneunst, M (V) aBiseTcs KOMNAKTHHIM BhINYK-
JILIM TOAMHOXKECTBOM KOHEUHOMEPHOrO NPOCTPAHCTBA H H3
TeopeMnl 2.1 BHITeKaeT, UTO BCAKHA SJIEMEHT MHOXeCTBa
M (U) moxHO paccMaTpuBaTh KaK PaHAOMH3OBAHHOE H3Me-
peHHe. AHaNOTHuHBIR pe3yJbLTaT CrpaBeAuB H I SHA9H-
TeIbHO GoJlee OOIIero ciyyas: NMPH HEKOTOPHIX €CTECTBEHHBIX
OrpaHHY4eHHAX Ha mnpocTpaHcTBa Q W U MOXHO mokasaTb,
4TO BCSIKOE NepeXxofHoe pacnpeae/ieHne BeposTHocTelt { M, (du)}
H3 Q@ B U sBasiercs «HenpephlBHOA BHINYKJOH KoMOHHAaiuehs
JAETePMHHHPOBAHHHIX H3MEpeHHH

Mm(B)=SMz(B)Q(d“)r Beof (U)

dra ¢dopMyJia ONHCHIBAET PaHAOMH3OBaHHOE H3MEpeHHe, B KO-
TopoM Q(da) fBAfeTCS paHAOMH3YIOWUM pacnpeaencHHeM
Ha MHOXECTBE NETEepMHHMPOBAHHLIX H3MepeHHult. Takum obpa-
30M, He OrpaHHYHBas CYIIECTBEHHO OOIIHOCTH, MOXXHO CYH-
TaTh, UTO 8 Kaaccuueckoll cmamucmuueckol MoOeau USMEPERUR
ONUCHIBAIOMCR  BCEBOSMOIHLIMU omobpaxcenusmu euda (4.2)
mroxcecmea cocmosnud P (Q) e mnoxcecmeo P (U), 20e U —
00CMAamo4Ho NnPOU3B0AbHOE NPOCMPAHCME) PE3YALMAIMOE U3Me-
penus.

B 3ak/moueHue 3roro paspgesia OCTaHOBHMCS HA ONMCAHHH
TECTOB B KJaccH4ecKoll Mozenn. Bceakufi TecT opHosHa4HO
3ajjaeTci BEPOATHOCTHIO eAUHHYHOTO Hcxosa X (w)= M, (1),
Kotopasi aBJisiercs ¢yHkuue#i Ha £, ygosJerBopsiomed

YC/IOBHSIM
0<X(0)<]. (4.8)

BepositTHOCTD €AHWHHUYHOTO HCXOA2 OTHOCHTEJNLHO KJaccHue-
CKOro cocTosiHH P paBHa

{ X (0) P (do).

Ilns perepmunupoBanHoro Tecta X (0)=0 nam 1, Tak
uro X (0)=1qa  (®). TakuM oGpasoM, AeTepMHHHPOBaHHbIH
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TeCT 38J3eT JUXOTOMHIO ()330BOro MNpOCTpaHCTBA =
=02 U Q) Ly N0y = Q.

Ecau npocrpascrBo Q koHeuno, Q =12, TO MHOXeCTBO
BCEBO3MOXKHBIX KJaccuueckKux TecToB (4.8) siBssierca n-mep-
HBIM €JHHUYHEIM THNEpKy6oM L., a €ro KpaliHHMH TOUKaMH
ABAAIOTCA BeplIMHEI THnepkyGa (cM. § 2). BeposiTocTb
€IMHHYHOrO Hcxofa adsti TecTa {X,} OTHOCHTENLHO COCTOS-

una {P,} pasHa Y PoXq.
(]

§ 5. Penyxuns craTHcraueckofi mopenn.
Kaaccnueckas Moaesb ¢ OrpaHuMEHHSMH
Ha MHOXECTBO H3MEpeHHil

Ipegnonoxenue o nonHoit HabmoaaeMocTH, Ha KOTOPOM
OCHOBBIB2ETCAl KJacCHYeCKas CTaTHCTHYECKas MOAEb, sIBJA-
ercs onpefiejieRHofl Haeain3auuell, H BHBOAM, K KOTOPLIM
NPHBORHT 3TO MNpeAnoJOKEeHWe, pasyMeercd, AO/DKHbI CONO-
CTaBASATBCA C JAHHBIMH onbiTa. PaKkTHYeCKH XalleKo He BCA-
KHil BOOGpaXaeMbifi SKCTEpPHMEHT SBJISETCH peallbHO BHINOJ-
HAMBIM, H BO3MOXKHOCTb HEOI'PAHHYEHHO YBEJIHYHBATh TOUHOCTb
H3MepeHUR npefcTaBiseTcs He crodb GesycnosHofi. He Bpa-
BasiChb 3Jech B OOCYyXAeHWe NPHPOAH OTpaHHYEHHA Ha MHO-
JK6CTBO BO3MOMKHBIX H3MEPeHHA, W3YYHM C OOUMX nO3MIUH
MOCJEACTBHA AJIA CTAaTHCTHYECKOH MOJENH, K KOTOPHM TNpH-
BOAUT HaJH9Me TaKHX OrpaHHueHHil.

PaccMoTpuM  npOM3BOJBLHYIO  CTAaTHCTHYECKYIO MojeJb
C MHOXECTBOM COCTOSHHH & M MHOXKeCTBOM HaMepenuit M.
IBa cocrosnus S,, S; Ha3s0BeM KEPASAULUMBIMU, €CIOH NS
moboro u3MepenHsi S —ps H3 Kaacca IM pacnpepenenus
BepOATHOCTeH COBMAAAIOT: ps, = |ts,. CTaTHCTHYECKYIO MOJEJb
(€, M) rasosem omdesumod, eciu B Hefi HET HEPa3AUUHMBIX
cocTosiuult S, = S,. JlonycTuM, 9TO SKCNEpHMEHTaTop, mNpo-
BOMSIIMA H3MepeHus, He 3HaeT, B KaKOM H3 COCTOsfiHHA S,,
S, neficTBHTENbHO NpUroTOBAeH RaHHHHA 06beKT. C ToukH
SpeHHA TaKOIo 3KCMEepPHMEHTAaTopa, pacnoJarziodlero Juilib
CTATHCTHKOA  BCEBO3MOMKHBIX  HM3MepeHufl, HepasJMUYMMHe
cocrosinua GyAyT aGCOMOTHO MAEGHTHYHBLIMH, YTO H ONpaBAK-
BaeT STOT TEPMHH.

MoxHo 06beANHHTD Hepas3JJHIHMbIe COCTOAHHA S B KJacchl
skBuBanentHocTH [S]. OroGpawenne S —[S] addunno, u
MHOXECTBQ KJaccOB SKBHBAJIGHTHOCTH OYyAeT HEKOTOPHIM
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HOBHIM BHINYKJHWM MHOXecTBoM &’. [Tonaras pis)=ps, rae
S —xaxofi-iu60 mnpexcTaBHTeNb M3 Kaacca [S], moaydaem
HOBYIO CTATHCTHUECKYIO MOAENb C MHOXECTBOM COCTOsSHHH &'
u usMepenufi M. Ora Mopesb COBepUICHHO 3SKBHBAJIEHTHA
HCXOIHOR C TOUKH 3peHHsl ONMHCAHHA CTATHCTHKH pesyJbTa-

TOB M3MepeHHsi, OAHAaKO OHa YxXe fABJsETCA OTAENHMOMH.
OnucaHHH MNepexox OT MCXOAHOH MOZENH K OTHeAHMON Mbi
HasoBeM pedyxkyued. DakTHUECKH MHl YXKe BCTPETHAHCH
C TakuM nepexofoM B § 1; mpoBepeHHHe TaM paccyXaeHus
NOKa3blBAIOT, YTO HMEHHO OTHe/HMAasi CTaTHCTHYecKasl Mojesb
AIBJISIETC KOHEYHHIM NPOAYKTOM aHAJA3a CTATHCTHKH H3Me-
peHni.

HurepecHbiM B 3TOA TPHBHAJIBLHONR KOHCTPYKIMH SBJsETCS
TO, YTO peAyLUPOBaHHOE MHOXECTBO COCTOSHHE &' MOXKerT
PafMKabHO OTJIHYATBCH OT MCXOAHOro MHOxectBa &. B wacr-
HOCTH, €CJ/IH UCXOJHHIM MHOXECTBOM SIBJIIETCAA KJacCHYeCKuf
cumnaexc B (RQ), To, noabupas COOTBETCTBYIOMIMM 0OGpa3s’oM
MHOXecTBO H3Mepenuft IN, B kayecTBe &' MOXKHO NOJYIHTH
npakTHYecKH Juo6oe BHNYKJIoe MHOXeCTBO. B wacTHoOCTH,
CBOfICTBO ONHO3HAYHOCTH NMpPEACTaBJeHHS No KpaiHHM TOYKaM
yKe MOMeT He HMEeTb MeCTa Il PeRyIHPOBAHHHIX COCTOAHHIN
H3 @&'. Uro6H npOHMOCTPHPOBATh STO MOJIOMEHHe, MpHBe-
JieM npocTediuufi npuMep.

PaccMOTpHM HeKOTOPHIH YCJIOBHEI OGBEKT, AJs KOTOPOro
MMEIOTCS YeThipe Pas/IHYHbBIX BAPHAHTA MPHIOTOBJICHHA YHCTOrO
COCTOfIHUS, T. e. Q=£,, TaK 4TO BCAKOE COCTOSIHHE 3aja-
ercs BekTOopoM [Py, ..., P,] u3 Tpexmepsoro cumniekca P,
B kauecrBe H3MepeHHfi MH OGyfeM paccCMaTpPuBaTh TOJLKO
TecThl. PaccMorpuM 4-MepHuift runepky6 Q,={[(X,, ..., );ﬂ:

0<X,<l, j=1, ..., 4} 4 nNOAMHOXECTBO TECTOB .
nojyuaiolleecss OT NepecedeHHs Ky6a ¢ THNEPIAOCKOCTBIO
Xi+ Xy = X3+ X, (5.1)

CocrosiHus P={P,£)u Q=1{Q;} HepasIHYHMBI OTHOCHTE/]bHO
MHOXecTBa TecToB IR, ecau u3 (5.1) caepyer

; PiX;= ; QX

T. €. ecau Bekrop [P;—Q;] nmepneHAauKyJsipeH runepmio-
ckoctu (5.1). Oproronanbuoe ponosmenue K (5.1) asasercs
O/IHOMEpHBIM TOANIPOCTPAHCTBOM, HaTAHYTHIM HAa BEKTOp €=
=[l, 1, —1, —1], nosromy cocrossus P={FP;} 1 Q=
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= {Q;} BepasAHIHMH TOTAa W TOJBKO TOTA3, KOTAa COOTBET-
CTBYIOIHE BEKTOPH JexaT Ha opHo#t npsMoli ¢ HanpapJsio-
QUM BeKTOPOM e, Aflsi HexoToporo f

P1=Q1+t- P3=Qa—t.
Ps=Q9+tv P4=Q;—t-

Ecnu wusobpasuth ‘I, B BHpe TeTpasapa, NOrpyKeHHOro
B TpexMepHoe npocTpaHctBo (puc. 3), To gueaa P; Gyayr
GapuUEHTPHYECKHMH KOOPAWHATAMH TOYKH BHYTPH TeTpasjpa
(P; ecTb pacCTosiHME OT TOYKH A0 rpa-

HH, TNPOTHBONONOXHOH BeplmHe j), a 7
ypaBHenus (5.2) 3aaaloT npsiMbie, Npo-
XOffili¥e B HanpaBJieHHH, COSAHHAIO-
mem cepeautbt pebep [1, 2] u [3, 4]
Knacc HepasiuyuMBIX cocTosuuit 06-
pasyioT TOUKH TeTpasApa, Jexalue Ha
mo6oft Takofi mpsamoii. ITosroMy MmHO-
KeCTBO COCTOSHHA MOXKHO OTOXAEeCT-
BUTb C MpoeKunHe# TeTpasgpa BXOJb
yKasaHHOTO HanpaBfieHuss Ha JnoGyio Puc. 3.
MOAXOASAILYIO NJOCKOCTb (CM. pHC. 3).

MHOXeCTBO COCTOSIHHH SIBJISETCH B 3TOM CJyuae BHINYKJLHIM
9eTHpeXyroNbHHKOM Ha NJOCKOCTH.

Ha sroM mnpumepe yXe BHAHO, KaKHM o0pasoM OTpaHH-
YeHHi Ha MHOXECTBO TECTOB NPHBOAAT K «CKJEHBAHHIO)
COCTOSHMA M BO3HHKHOBEHHIO HOBBLIX BHIMYKJIHIX MHOXECTB,
B KOTOPHX HeT OAHO3HAYHOCTH NpeACTaBJeHus No Kpaf-
uaM ToukaM. He Bxoas moka B Gosiee noapoGHoe o6CyKpe-
HHE 3TOrO BOMpOCA, 32METHM, YTO OIpaHHUeHHs] HA MHOXKECTBO
U3MepeHUl MOT'YT BOHHKHYTb KaK OTpPa)KeHHe TeX HJH MHBIX
SMMHPHYECKHX «3aKOHOB CHMMeTpHH». B Hamem npumepe
pPOJib TAKOrO €3aKOHa» Mrpaer pasencTBo (5.1); B craTHcTH-
YeCKHX MOZeJfAX KBAaHTOBOM MeXaHHKH, IJie CYILeCTBEHHYIO
POMb Hrpaer NpOCTPaHCTBEHHO-BpeMeHHOe onHcaHHe o0bexTa,
HA NEpBHA NJaH BHIXOZAT 3aKOHH CHMMETDHH OTHOCHTEJbHO
CPYNN KHHEMAaTHYECKHX W JHHAMHYECKHX npeoGpasoBaHuii
(npocTpaHCTBEHHHX M BPEMEHHRIX CABHIOB, IOBOPOTOB, OTpa-
JKeHu#H).

PaccMorpyM Tenepb NpuMep, oTHocAmufcA K KBaHTOBOA
MexaHuKke, a MMEHHO K OMHCAHWI0 KBAaHTOBOR 4YacCTHUH CO
cnuHoM 1/2. Mu  yBHAMM Jafee, YTO COCTOSIHHA TaKkoro

5.2
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06beKTa OMHCHIBAIOTCA ABYMEpPHHIMM MaTpuuamu Buaa (2.9).
Kak 6mbJ0 nokasano B § 2, MHOXECTBO BCeX TAKHX MaTpHL
@; MOXHO NpeACTaBHTL KaK Wap B TPeXMEPHOM BelIECTBEH-
HoM npoctpanctse. [loJsesHo mpoclenuTb, Kakoro poja orpa-
HHUEHHMSi MOTYT NpHBeCTH K OTOGpaXeHHI0 KJAcCHYECKOro
CHMNJIEKCA Ha BbINYKJOE MHOMXECTBO, KOTOpPOe B CMHIC/]E
OJHO3HAYHOCTH PAa3JOXKEHHA NO KPaiHMM TOUKaM <«npOTHBO-
MOJIOXKHO» CHMNJIEKCY: BCSl PaHHIla €ro COCTOMT H3 KpaHHHX
TOYEK M pasjioKeHHe fBJAETCS B BhICIIEHA CTeNeHH HEONHO-

SHAYHbLIM.
‘T
L1
~d I
iamftfm Maewum
\w
Pnc. 4.

PaccmotrpuM cxemy sxcnepumenTta I[lrepuna—
Fepaaxa, korophifi B CBoe BpeMs H MPUBEA K OTKPHITHIO
cnuia. [Tydok wactuu (B onmrax Ulrepna — lepaaxa sro
6biny aToMb cepeGpa) MPOMYCKAJCA MEXAY NOMOCAMH Mar-
HHTa, KOTOPHIAi CO3/laBa]l HEOAHOPORHOE MArHHTHOe nose B.
Yactuupl, npowenume Yepe3 noje, oceAadu Ha naactuuke &,
TaK. 4TO N0 pacnpefefieHHIO MJOTHOCTH BelLECTBa, OCeBLIEro
Ha NJaCTHHKe, MOXHO OblJI0 CYAMTb 00 OTKJOHEHHH 4acTHI
nox AeficTBieM HEOAHOPOAHOrO MarHHTHoro noas B (puc. 4).

Toraa kak kJaccHYecKkas TeOpHs MpeACKashiBala BCEeBO3-
MOXHbIe OTKJIOHEHH#, T. €. GoJlee uJM MeHee PaBHOMepHOe
OCaXkJicHHe BellleCTBa Ha NJIaCTHHKe, B SKCNepuMeHTe HaGJmo-
BaJoCh 4eTKoe pasfieieHHe OTKJOHMBIUHXCS HacTHU Ha JiBa
CHMMeTpHUHLIX nyuka. Hcnosbsys arombl Apyrux BellecTs,
MOXHO OBJIO NOJNYYHTb pAacCIler/ieHHe HCXOAHOrO NMydka Ha
Zpyroe 4uc/iO KOMMOHeHT 241, rae j—uenoe uam noay-
uesoe 9HC/AO, Ha3biBaeMoe CMHHOM JAHHOrO COpTa aTOMOB
(npn pacuiensiesdd Ha ABa NyYka CnuH pasen 1/2).
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PaccmorpuM MozudmuupoBannnii sxcnepumeHT IlitepHa —
[epnaxa, B KOTOpPOM BMECTO NJIACTHHKH HAaXOJUTCH SKPaH
C OTBEpCTHEM, NMpONyCKalomuii BepXHHA NyYOK H MOrJIOLIAIO-
wuft mmxanl. Takoro popa npuGop MOXHO Has3BaTh (UJLT-
pom Illrepna —I'epaaxa. OTdnJbTpoBaHHEIA NMYyYOK, KOTOPHI
HasHBaeTcs NOJAPH30BAHHLIM B HanpasjeHuH B, He pacna-
AaeTcs jalee NPH TNOBTOPHOM IIPONYCKaHHH 4Yepes moJe
C TeM Xe HanmpaBJieHneM B, ofHako pacmajaercsi, ecJu
Hanpasnienne B Oyzer ppyroe. llpu nponyckanuu duepes
BTOpofi OQHILTP C OPOTHBOMOJOXKHHWM HanpasjieHueM B
OTQHALTPOBAHHLIA NYYOK MOJNHOCTLIO NOTJ/IOLIAETCS.

Eout

Puc. 5.

CxeMaTHINpPOBaHHOE «NONHOE ONHCanne» (UIbTpa onpe-
fensiercsi sajaHHeM eAMHUYHOrO BekTopa 0=[6,, 64, 68,]
B TpeXMepHOM [MpPOCTPAHCTBE, YKASHIBAIOUIETO OPHEHTaLHIO
¢uabTpa, T. e. Hanmpasienne B (Bce ocTajJbHHE NMapamerpH
ocTaloTcsi GUKCHPOBAHHEIMH H TOSTOMY MOTYT OHLITBH HCKJIO-
YeHH H3 OMHCAHHA). PaccMOTpuM cliefyiomull sKCIepHMEHT:
NydoK YaCTHI ONpejieleHHOA HHTEHCHBHOCTH NpONycKaercs
uepe3 ¢uaALTp 8; (MpUroTOBJEHHE), SaTEM BHXOAAWMA NYYOK
nponyckaercs udepes GHALTP 8ow, MOCKE YEro C MOMOLILIO
TOrO HJM HHOTO JETeKTOpa ONpeje/ieTcsi HHTEHCHBHOCTb
npoureuero nydka (uaMepenne) (puc. 5). OrHomenue «BHXOZ-
HOfl» MHTEHCHBHOCTH X MOJIOBHHE ¢BXOXHOA» MHTEHCHBHOCTH
ZaeT AAA WHAHWBHAYAJNbLBOA 9acTHIE BEpOSITHOCTb TOro, 4TO
gacTHLA, «MNPUTOTOBJECHHAs» GHALTPOM Bi,, mpofiner uepes
8,u: (mpepnoJaraeTcs, YTO MYHOK, BXOAsuuf B Oy, siBAseTca
€XaOTHIECKHM», TaK 9TO [OBHO NOJOBHHA BXOASIIMX WYacTHI
npoxojuT vepes 6;,).

INpoctpancreom 2 B 5T0M caygae Gyser MHOXECTBO BCe-
BO3MOXHHIX HanpaBiennii 8, T. e. eauHuuHas cdepa S?
B TpeXMepHOM BelIeCTBEHHOM npocTpaHcTBe. KiaccHueckoe
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cocrosinve P (d6) na $? onHCbiBaeT «9aCTHYHO NOJNAPHIOBAH-
HBIfl» MYYOK, YHCTOE COCTOSIHHE 8y COOTBETCTBYET NOJHOCTBIO
NOJIPH30BaHHOMY, a paBHOMepHOe pachnpeje/ieHHe — XaoTH-
YeCKOMY NYHKY.

HauHM Py, (Bin) BepOATHOCTb MPOXOXKACHHA WACTHIH
B 9sKcmepuMeHTe Ha puc. 5. Hs coolpaxeHud cCHMMeTpHH
€CTECTBEHHO OXKHAATb, YTO 3Ta BEPOSTHOCTb 3ABHCHT TOJb-
KO OT BeJIHUMHH YIJia @ MexAy HanpasJieHHsMH O, u Oy,
MIH OT ero Kocuuyca, cos@="7. Wrak, Py, (8i)=F (f),
~l<i<].

Ecan nanpaBnenue 6,y coBnagaer c 6;,, TO Becb My4oOK,
BHIXOZAIMKUA H3 mepBoro ¢uiabTpa, MNpOHZET uepe3 BTOPOMH.
Ecnn Ranpasiienne 6, NPOTHBOMOJOXKHO Bin, TO BeCh MyHOK
norJoTuTcs BTOpbIM ¢uabTpoM. Orcioga

F(l)=1, F(—1)=0.
Boo6me, ana moGoro HampaBJeHHS O,y OTKJIOHHBIIMeCH
gacTHOH mofinyT 60 B HanpaBAeHHH 804, MO0 B MpOTH-
BOMOMOXHOM, OTKyAa F(f)4-F(—t)=1, um %—F(t)=

=— —;— + F (—{). Taxum o6pa3soM, % — F(t)saBasercs Hever-

Hofi ¢ynkumedr f. Tlpocrefimesi nenpepuBHOH ¢yHKIHER,
YHOBJIETBOpSAIOMEA 9THM YCJIOBHSAM, SBJseTcs JHHedHas
bynkuns

14¢ 1406, .6
FO) =1t omyma Puy, O) = -3 m o 2,

rae 0,.0, —ckanaspHoe mnpoussefeHne BekTopoB B RS, Kax
MH YBHAMM jajee, HMEHHO TaKOe BHpaXKeHHe JaeT AnA
BepoATHOCTH Py, (Oin) KBaHTOBOMEXaHHYECKas MOAC]b B ABY-

MEpPHOM KOMILJIEKCHOM TNpOCTPaHCTBe. ITO pacmpejeeHue
NOATBEPXKAAETCA H SKCIEPHMEHTAJbHBIMH NaHHBIMH.

TakuM oOpasoM, B HameM CJy4ae NpPOCTPAHCTBOM &
aBaserca cdepa §2, a uno;xec'rlso ‘frec'roa M aBasercs cemefi-

.0

crBoM ¢yHkuuiA BHRa X (0) = 140 %om 3 e B = St YeaoBHE
HepasJIHUHMOCTH JBYX KJACCHYeCKHX cocrosumit P,, P,y CBO-
JMTCA K CJenyiouieMy:

§0-6,P, (d6) =]0-0,P, (dB), 8 =",
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um § 6P, (d) =§ 6P, (d6). CneporatenbHo, cocTosHuA Haxo-
ASTCS BO B3aHMHO-OJHO3HAYHOM adpHHHOM COOTBETCTBHH
C BEKTOpaMH, NPeACTAaBHMLIMH B BHJE SOP (d0), rme P — pac-
npesesieH¥e BeposaTHocTed Ha $3%, T. e. ¢ TOUKaMH ejHHMu-
HOTO INapa B TPeXMEPHOM MPOCTPAHCTBE, KOTOPHIA HSOMOp-
¢en &, CoorserctBHe P —S, adduHHO mnepeBopsilee
KJIaCCHYECKHE COCTOsIHHS P B KBaHTOBhe S, paercs (opMmyJiof

s 1[t+inP@  §ou— i Ps)
2|f@+is)P(do) 1—[o,P(d) |

rae 6=[0,, 6;, 6,]. ConocraBnssi Tecry, KOTOpPHA XapakTe-
puayercs HanpaBJeHueM 0o, =[0{, 03, 03], Marpumy

x = L[+ e;-io;]
2 |00, 1—0 |

nosiygqaeM ABa BHp&XeHHS IS YCJIOBHOH BepOSITHOCTH NOJy-
YuTb pes3yabTar #=1 gna Tecra X (:) B cocrodnHH S:

Pr{l|S}=TrSX = { X (8) P (d8).

Ecau yrogHo, MH Aanu sIBHOe NOCTPOEHHE MONEJNH CO
¢CKPHTHMH NEepeMeHHBIMH» AJsi YacTHipl co cmuHoM 1/2. Mul
IpofosukHM 06CYAeHHe 3TOTO Bonpoca B §7, a cedyac pac-
CMOTpHM O6I1YIO CTATHCTHYECKYIO MOAE/b KBAHTOBOMA MeXaHHKH.

§ 6. CrarncTuveckas MoAeNb XBAHTOBO# MeXaHHKH

OCHOBHHIM INIPEIMETOM Halero paccMOTpPeHHs Gyjer CTa-
THCTHYECKass MOJeNIb, B KOTOPOX COCTOSIHHsSI ONHCHIBAIOTCS
KOMIJIEKCHEIMH SPMHTOBLIMH MaTpHUAMH S, YAOBJETBOPSIO-

HIHMH YCJIOBHAM
S=0, TrS=1

(mampuyamu nsommocmu). MHOXKeCTBO TAKHX MaTpau &,
AIBJIfeTCS BHOYKJLIM NOIMHOMKECTBOM BelleCTBEHHOro JuHefi-
HOrO NPOCTPAHCTBA BCEX SPMHTOBHIX 71 X n-MaTPHIl, NpHYEM
KpafiHAMH TOUKaMH ABJAIOTCS MAaTPHLIHN NJOTHOCTH BHAA
Se=v* (cM. § 2); OHH ONHCHBAOT 4UCMbIE COCMOAHUSA.
B nanbHefimuem ans Hac ocEoBHOM uHTepec Gyjer npepcras-
AaTh GeCKOHeYHOMepHHEI aHaJIOr MaTPHLL! NJOTHOCTH, OHAKO
B STOA rjaBe MH OrpaHHYHMCA KOHEYHOMEPHLIM CJydaeM,
9700b OUBACHHTL HeKOTOphle MPHBIMNHAJNbBHE NOJOXKEHHS,
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HE OCTAHABJMBAsiChb HA TEXHHYECKHX TPYAHOCTAX, CBASAHHBIX
¢ 6eCKOHeYHOMEPHOCTHIO.

ToMuMO MHOXeECTBA COCTOsIHMA, NSl 3ajaHHA CTATHCTH-
yecKoil MozieNH HeOOXOJMMO ONHCAaTh MHOXECTBO H3MepeHHi.
CornacHo o6lieMy onpefie/IeHHIO, BCAKOE H3MepeHHe C Npo-
CTpaHCTBOM pesyJbrartoB U onuchiBaercs adduHHEM oToGpa-
MeHHeM MHOXeCTBa cocTosiHHA &, B MHOXeCTBO pacnpepe-
nenust BepostHoctefi Ha U. IlpesmonoxuM ans Hawana, uro
mHOXecTBO U KOHe4HO, B PacCMOTpHM B 3TOM cJiyiae GoJiee
noapoGHO MaTeMaTHUECKyI0 CTPYKTYPY TaKOro oToOpakeHHs.

peaaoxenne 6.1. Coommuouwerue

ps(u)=TrSM, ueU, (6.1)

yemanaeausaem 63auMRO-00ROSHAYROE COOMEemLmeue Mexcoy
afpunnoimu  omoGpamenuamu S —> s MHONCECTBA Mampuy
naomuocmu &, 6 MHONECMBO pacnpedererull 6eposmHocmeld
na U u pasrodxcenusmu eOuruys, m. e. HABOPami 5pMUMOGHIX
mampuy {Mg; u = U}, ydosremeopsrougux Ycaosusm

Mu?O. Z Mu= l. (6-2)

uel

Jlemma 6.1. Besxud afpunnnid ¢ynxyuonar p(S) xa
&, umeem aud p(S)=TrSM, ede M — spmumosa mampuya.
JokasateAbCTBO JeMMH. MHOXecTBO MaTpHU
MJIOTHOCTH NOPOXKJ2eT BellleCTBEHHOe JHHefiHOe NpoCTpas-
crBo £ BceX SPMHTOBHIX MaTpHIl. JTO 0O3HAuaeT, WTO BCsIKasi

SPMHTOBa MaTpHua MNpefcTaBisiercss B Buge T = D 4S;, rae
i

t) — BellleCTBeHHBle 9HCJ3, S;—MaTpHUH NJIOTHOCTH (A
JOKAsaTe/ibCTBa JOCTATOYHO PaCCMOTpETh CNEKTpajbHoe pas-
aoxenne Marpuunl T). Iloctpoum no p(S) dynkumonan Ha

£, noaaras
p(T) = ;‘, i (S).

Jlng o6OCHOBaHHS KOPPEKTHOCTH 3TOro ompefesieHnsi Heol-
XOAHMO TOKa3aTb, YTO CyMMa B NpaBOf 9aCTH He 3aBHCHT
oT cnoco6a npeacTaBieRusi T B BuZe JHHEAHON KOMOGHRAIMH

MATPHO MJIOTHOCTH, T. €. UTO paBeHCTBO ), 4S; = ) #S}
[ &

Baeser 3 4 (S;) = ) L (Sk). Tlepenocs, ecau neoGxopunmo,
i ‘
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HEKOTOpble ClaraeMbie B APYTYIO YacTb PaBeHCTBA, Mbl MOXEM
cuntath, 910 £ =0 u ¢ =0 (npuuem xoTa OH oaHO u3
H t; cTporo noJoxutenbuo). Bepa cien or moayuusiuerocs
paBeHcTBa M yumthiBag, uro IrS,=TrSi=1, noayuum

=1 ti=:>0. Beezem pacnpefenenus BeposTHOCTe}

7 ]
Py =1/%, pi=1{ys. Torza HaMm NOCTAaTOYHO MOKA3aTb, YTO H3
Ep;S;—ZpaSk « ienyer Zp,u(sl) pr‘(sh) a 310

i
BHITEKaer ua apdpuHHOCTH (bynxlmonalla p.(S)

Ilo noctpoennio p (7)) ABASETCA BElleCTBEHHHIM JIHHEMHbI 4
dyrkanonadoMm Ha £. Bceakuh rtakofi ¢pynkumonan or T =
== [{;,], oYeBHRHO, MMeeT BHA

p(T)= E tatny, =Tr TM,

rae M=[my;], npuuex my, =my, Tak 9T0 M =M*.
Jlemma 6.2. fTycmo X —spmumosa mampuya, X =0
mozda u moasko moeda, xoeda TrSX =0 0az ecex S = &,.
HdoxasarteabcrBo. X=0 o3nauaer, uro $p*Xp=0
ANA BeeX (eNMHHUHHIX) BeKTOpoB P, T. €. TrS X =0.
Ocraerca BOCNO/L30BATBCA TEM, 9TO MaTPHUR Sy 00pa3yioT
OCTOB BHINYyKJoro muoxecrsa &, (cm. § 2).
HokasartenscTBo npexnaoxenus. CornacHo
aemme 6.1, pg(u)=Tr SM,, rae {M,}— nexoropuiii HaGop
SPMHTOBHIX Marpuil. M3 JsemMbl 6.2 w neoTpHIATENILHOCTH
dyakunf pg(u) Burekaer M,=0. Hakoneu, ana moGoro S

Zus(u)=TrS(2M,)—l OTKY A8 ZM,,—I B canom
nene, TrS(Z M,—I)—O I8 BCeX SE@,.. TaK 4TO0 Mo

aemme 6.2 2M,—I>0 W onHospemeHno Y, M,—I<0.
u

l'lpemoxtenue JOKa3aH=o.

Ha6op {M,} dopmansHo aHanornuen Habopy NepeXoFHLIX
BepoaTHOCTER {M,(#)}, XapakTepH30BaBIIHX H3MEpEHHe
B KJaccHyeckofi craTHcTHueckofi mopseau. Tam ocobyio poJsib
HIpalH fNeTePMHHUPORAHHHE H3MepeHHA. AHAJOr YCJOBHS
ATepMHHHPOBAHHOCTH (4.3) B HEKOMMYTAaTHBHOM Cllydae HMeeT
BHA

Mi=M, uesl. (6.3)
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Ho sto osnauaer, uto M, ana moGoro u fBJASETcs OPTOro-
HaJbHBIM mpoekTopoM. ITokaxeM, dro (6.3) BAeueT paBeHCTBO

MM, =0, ussv, (6.4)

T. €. My, M, fBJIAIOTCA NpOEKTOpaMH Ha B3aHMHO-OpTOro-
HaJIbHBle MOANPOCTPaHCTBA.

JemMa 6.3. Ecau A, B, C— spmumogn mampuysr, 0 <<
<B<C u CA=0, mo BA=0.

HNokasarteanctso. U3 CA=0 caenyer A*CA=0,
tak yto 0=A*CA= A*BA=0, orkyna A*BA=0. 3ro
moxno samucath kak (J/'B A)* (V' B A)=0, rae ¥ B — nosio-
KHTeNbHHA KBafpaTHHA KopeHb M3 maTpHun B =0. Orciona
VBA=0 u BA=0.

Yro6ut BeiaecTH (6.4), sanuien (6.3) B Buge (I — M, )M,=
=0 u sameruMm, uT0 B cuay (6.2) O M,<1—M, npu
u#v. Ocraercsi mNpHMEHHTb JeMMy ¢ A=M,, B=M,,
C=I1-M,.

Takum o6pasoM, ¢opMaJbHBIM aHAJMOTOM KJACCHYECKHX
AETepPMUHUPOBAHHHIX H3MEPEHHI B KBAHTOBOH TEOPHH ABJISAIOTCA
0pmozoHanbHble Pasrodcerun eduruyst {E,}:

EuEu= uEm z Eu =]

vEU

(840—cumBoa  Kponekepa). CoorBercTByiollH€ KBaHTOBhIE
u3MepeHHss Mb HasnBaeM npocmuiuu. Tlopo6Ho ToMy Kak
KJaccuHueckoe JeTepMHHHPOBaHHOE HSMEepeHHe 3ajaeT p as-
6ueHue (asoBoro mpocTpaHcTBa Q Ha Henepecekalomuecs
obnacTH Q(,), NPOCTOE H3MepeHHe 3ajaeT pPa3JOXKeHHE
paccMaTpiUBaEMOro YHHTapHOrO BEKTOPHOrO MPOCTPAHCTBA o
B CYMMY OpPTOrOHAaJbHHIX MPOCTPAHCTB ¥y = E, (¥"). ITycth
BOSMOXHEIMM  pesyJ/ibTaTaMM npocToro H3Mepenus {E,}
fiBJASETCS KOHEUHHA HaGop BelleCTBEHHHIX 4ucea {x}, Toraa
STOMY HM3MEPEHHIO COMOCTaBJSeTCS SPMHTOBA MaTpHuua (ome-
parop)

X =) xE,. (6.5)

x

dra ¢opmysa ycTaHaBJHBaeT B3aHMHO-OAHO3HAYHOE COOTBET-
CTBHE MEXAY NPOCTHIMH H3MEPEHHSAMH M SPMHTOBHIMH Omne-
paTopamu B <%, aHaJOTHYHOE COOTBETCTBHIO (4.6) Mexny
IeTepPMHHHPOBAHHHIMH H3MEPEHHSIMH K CHY4YaliHbIMK BeJHYU~
HAMH B TeOPHH BEPOATHOCTeA. DPMHTOBLI ONEPATOPH MOITOMY
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HrpalOT B KBAaHTOBOA TEOPHH TY Xe poJb, 9TO CJAYdYafiHbic
BeJMYHUHE B TEODHH BEPOATHOCTEHl; OHH HA3LIBAIOTCH TaKMXKC
KBaHTOBHMH HaGanogaembMH (cM. § 11.6). Cpennee sHa-
geHHe pe3yJIbTaToB H3Mepenus {E.} HenocpeacTBeHHO BHIpa-
KaeTcsl yepe3 COOTBETCTBYIOUMYIO HalMozaeMyio mo ¢opmyae

Y xus(x) = x Tr SE, = Tr SX.
2 x

B ofbyHOM H3JOXEHWH KBaHTOBO# TEOpHH OTNPABHLIM
ABJIAETCR TNOHATHe HabGMmonaeMofi M yCTAHOBJIEHHOE BhIlIE
BHIpaXKeHHe JAJIA CPejHero 3navenus HaGmopaemo#i. 10 pab-
HOCH/ILHO TOMY, YTO OTNPABJIA1IbCH OT NMPOCTHX H3MEpEHuil,
3371aBAEMBIX OpPTOTOHAJBHHIMH PASJOXKEHHAMH eRMRHIH. Mul
BHJEJH, OJHAKO, 4TO cOllee CTATHCTHYECKOE ONMHCAHHE H3Me-
peHHsl MPUBOAMT, Boofiie roBOpf, K HEOPTOTOHAAbHBIM pas-
JIOMEHHAM efWHALL. BhijeseHne MpocTHIX H3MepeHHH JODKHO
OCHOBHIBATBCSL Ha KaKHX-TO AONOJHHTEJBHBIX COOGpaXKEHHSX;
oueBHAHO, 9T0 opMmajbHas aKaNoTHR C KJAacCHYecKoH Teo-
pHelt BepoATHOCTeHi He #ABJAETCH JOCTAaTOYHLIM JJS STOrO
OCHOBaHMeM. B TeopuH BeposiTHOCTEHl HCKJ/IOYHTENBHAs PoJlb
NETEPMHHHPOBaHHBIX H3MepeHHi OGOCHOBHIBAeTCS NpepJioxe-
HHeM 4.1, corJacHo KOTOpOMY CTAaTHCTHKAa BCSIKOTO H3Mepe-
HHA MOXKeT ObiTh BEIpaXeHa 4epe3 CTaTHCTHKY ACTEpMHHHPO-
BaHHBIX H3MepeHHH NOCPEeACTBOM NOAXOASINEH paHZOMH3AIMH.
BaxHO, OAHAKO, NOAYEPKHYTh, WTO aHajor noaoGHO# Teo-
peMHl B KBARTOBO TEODHH YyXe He BepeH.

O6o3znauuM uepes M (U) Brinykioe MHOXKECTBO BCEX pas-
noxenn#t eguBnun {M,; u e U}

INpepnoxenne 6.2. Beakoe opmoezorassroe pasioxce-
nue edunuybst {En; u = U} seasemes xpaidned mouxod mmo-
awecmea Tt (U). O6pamnuoe ymsepaxcdenue eepro auuss Oan
U={0, 1}; ecau U cocmoum 6osece wem us Oyx snemenmos,
mo cyuecmayem Kpadnsa mosxa muoxcecmea M (U), ne sgasio-
WQACR OPMOSORAALHUM DPOASAOIERUCH EOUHLLbL.

HokaszateabcrBo. IlepBoe yTBepxkaeHHe AOKa3H-
BaeTCsl TOYHO TAK XKe, KaK B KJaaccHueckoM ciyduae. Ecan
U={0, 1}, To Bcaxoe pas/joeHHE eAHHHUE HMEeT BHJ
M,+ M;=1 n nosroMy OANO3HAYHO ONpEjENSAeTCH Oneparo-
poM M; =X, KOTOpHIl YAOBJICTBOPSET EAHHCTBEHHOMY YCJO-
Bulo 0<< X<<I. Y3 § 2 u3BecTHo, 9To KpaRkHHMH TOYKaMH
STOr0 MHOXECTBO SBJASIOTCH NPOEKTOPH! ¥ TOJBKO OHH. TakHM
o6pa3oM, ANA KpafiHHX Touek M, u M, ABAAIOTCA NpPOEKTO-
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pamu, T. e. {M,, M,}— opToroHa/ipHoe pasJioXeHHE eIH-
HHIIBL.

Myctb Teneps U=|{l, ..., d}, d>2. Paccmorpum cHa-
gaja cayvali n=sdimd¥ =2. [lns HarasaHOCTH MOXHO
CUHTaTh, YTO MAaTPHUM NJIOTHOCTH S & &, ONHCHIBAIOT COCTOR-
Hus vactHun co cnuHom 1/2 (cM. § 5). Torma cocrosinue,
NpHroToBJeHHoe GHALTPOM C HanpaBjeHueM ©={[6;, 6, 6],
sajaerca MarpHuefi mJjorHoctH (2.9). B uacTHOCTH, MaTpHua
NJIOTHOCTH

Sami[ b )=ttt w5 an | 69

ONHCHBAET COCTORHHE, NPHUTOTOBJENHOe (PHABTPOM, HaNpas-
JeHHe KOTOpOro JexuT B nJiockocth 6;,, 6, u cocrasiser
yroa o ¢ ocbio 8,. Paccmotpum d Ha-

(@=3) npasieHull o, =2nu/d, u=1, ..., d,

JeNSWUX NAOCKOCTb X, § Had paBHbIX

&1 yraos (puc. 6), Tak uTo
o Zdl| ¢ =0, 6.7)
=
% Torga naGop MaTpHi
Puc. 6. Me=399 (h=Vs,) (8

ofpasyer HeOPTOTOHAMbHOE Pas/OKEHHe EJHHHIL; B CaMOM
mene, M,=0, a Tor ¢axt, uro >, M,=1, BhTekaeT H3
(6.7) u (6.6). *

TlokaxeM, uro npu d=3 pasioxkerue eauHuup (6.8)
aBAasgerca kpanuelt Toukofi. B camoM zene, ecin

My=pMi+pMi;  po. p>0,

10 MY< p5'Ma, Mi<<pi'M,, otkyna ML= Yero-
BHE HOPMHPOBKH ZM{,=I BMecTe ¢ (6.6) npuBoauT K pa-
o

BeHCTBaM
3 2nu

3
1=
Sa =0, N y-2

#=] u=1



$9 CTATUCTHYECKAS MOIENb KBAHTOBOW MEXAHUWKH 48

Ilepsoe ospauaer, 9to A/ ABJSIOTCA CTOPOHAMH TPEYrofib-
HHKa, BCe YINIbl KOTODOro paBHHl 21/3, Tak 410 A/ BCe paBHH
Mexay cofoft, a B cuay Broporo pasencrsa A/ = 2/3. Takum
obpasoM, M,=M,;=M, n {M,} saBnserca Kpafnefi TOU-
KOH.

Joxaxem Teneps, uTo ans JmoGoft pasMepHOCTH n=2 H
moboro d=3 cymecTByeTr HEOPTOroHajAbHOe pPas/CKeHHE
eAMHNLM, fBAsIOMleecs Kpafinei Toukofi MHoXectBa MM (U).
PaanoxuM n-MepHoe NPOCTPAHCTBO X, B OPTOTOHAJNBbHYIO
CYMMY ABYMEPHOrO NpPOCTPAHCTBAa <y M €T0 OPTOrOHAJLHOTrO
KONONHEHNS <X . B 0603HaUUM yepes E npoekTop Ha o¥ p4.
Iocrpom B o', HeopTOroHa/LHOE pas/oXKeHHe eRHHHIL
{My; u=1, 2, 3} no dopmyane (6.8) ¢ d=3. Toraa HaGop
OnepaTopoB

M=M, PO, My=M, DO, My=M;DE; M,=0, u>3,

o6pasyeT HEOPTOrOHANbHOE pAasilOKeHHe eAMHHUN B <X .
Jlerko r%onepwrb, 9TO OHO #BAfETCA Kpahnelt TOUKof MHO-
xectea M (U).

XoTs npuBeaeHHas B A0Ka3aTe/bCTBe KOHCTPYKHHS MOXET
NoKa3aThCcA HCKYCCTBEHHOR, 3TH PacCYXAEHHS NOKasHBAaioOT,
YTO, B OTJHYME OT KJ/IZCCHUeCKOHA CTAaTHCTHKH, The AeTepMH-
HHPOBaHHbiE H3MepeHHs o0pasyloT OCTOB MHOXKECTBA BCEBO3-
MOXHbBIX H3MepeHHH, CTaTHCTHYECKOe ONHCAaHHe SKCIIePHMEHTa
B KBaHTOBOH TEODHH He AaeT pelAIoUIMX OCHOBaHWA orpa-
HHUHTBCH OPTOrOHAJIbHHIMH PasiOMeHHsIMH emXuHuuB. Ha
caMoM Jiefile Mbl Aajiee YBMJAWM, 9TO CYLLECTBYeT HENB# psp
(H3HUECKHX H3MEpeHuHi, KOTOpHle €CTECTBEHHO ONHCHBAIOTCA
HEOPTOrOHAJIbHLIME Pas3ioXKeHHAME efHHHUM. B pamkax srtoft
HOBOH KOHLENIHW MOJYYaloT NPOCTOe pa3pellleHHe HEKOTOpble
¢apafioKCH® KBAHTOBOH TGOPHH, CBA3AHHBIC C H3MEPEHHSIMH
TaKWX (PU3HYECKHX BEJINYHH, KaK BpeMs, yrod, ¢asa, c coBMecT-
HbIME MSMEpeHHSMH HEKOMMYTHPYIOIIHX RabMonaeMbx —
KOOpIHHATH M HMNyJbca H T. N. Heoproroxaibhnie pasno-
XKeHHs efHHHIB AAIOT afileKBaTHOe MAaTEMaTHYeCKOE ONHCaHHe
¢KOCBEHHbIX» H NOC/JefOBaTeNbEHX H3MepeHHR (CM. KOMMeH-
tapun K ra. 11 u 1II).

OcHOBHIBasicb Ha CKa3aHHOM BHIllle, Mbl HasOBeM cmamu-
cmuveckoll mo0eabI0 KeaNmoBol Mexanuxi Mojenb, B KOTOpo#
COCTOSIHHA OMHCHIBAIOTCA BCEBOSMOXHBIMH MaTpHUAMH NJIOT-
HOCTH S, a H3MepeHHA — BCEBO3MOXKHLIME adduHRLIMU 0TOOpa-
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JEeHHAMH S —- g MAaTPHL MJIOTHOCTH B pacnpee/ieHHsl BeposT-
HocTefi Ha NPOCTPAHCTBE PE3YJLTATOB HSMEPEHHSA.

B cBsisH ¢ STHM onpejesieHHeM BaXHO elle pas MOZYEpK-
HYTb, YTO CTaTHCTHYECKas MOAEJb H OCHOBHEIE e SJIeMEHTH —
COCTOSIHHA ¥ M3MepeHHs — ABJAIOTCA MaTeMaTHIeCKHMH O0beK-
tamd. To 0OCTOATE/NBCTBO, YTO HEKOTOpas COBOKYMHOCTb
pesysbTaToB peasibHHIX SKCNEPHMEHTOB afieKBATHO OMHCH-
BaeTcsl JAHHOM craTHCTHUecKoH Mogenbio (&, M), osmayaer,
YTO CYIIECTBYET BJIOXKEHHe HajjexamuM obpasoM obpaboran-
HBIX SKCMEpUMEHTANbHLIX JAHHHX B STY MOAeNb, T. €. Kaxk-
Iofi peaspHON npoueAype NPHTrOTOBJEHHS CONOCTAaBJSAETCA
HeKOTOpoe TeOpeTHYecKoe cocTosiHHe S &&, a KaxioMy
R‘teuanbnouy M3MepeHHIO — TeopeTiueckoe HaMepeHne M = M.

Naad sjgecb aGCTpaKTHOe ONHCAHHEe CTaTHCTHYECKOH
MOAE/NM KBAaHTOBOR TeOpHH; B NOCHEAYIOUHX TIiaBax GyayT
YCTaHOBJIEHH NpaBHJa COOTBETCTBHSHA, NO KOTOPHM
(H3HUECKHM BEJHYHHAM COTOCTABJSAIOTCS Té HAH HHLIE MaTe-
MaTHUecKHe OOBEeKTH. IJTH npaBHJa (OCHOBaHHbE [VIaBHBIM
o6pasoM Ha HJee CHMMETPHH H KOBaPHAHTHOCTH) NO3BOJSIOT
YCTAHOBHTb CBfi3b MEXAY HEKOTOPLIMH TeopeTHUYeCKHMH
COCTOAHHSIMH, T. €. MaTPHUAMH IJIOTHOCTH, M HX ¢H3uve-
CKHUMH TpPOTOTHNAMH H MeXJY TeOPETHYECKHMH H3MEpEeHHsMH,
T. €. Pa3fioXKeHHAMH eIMHHIL, M PealibHLIMH H3MEepeHHAMH
}pM3HYECKHX BEJHYHH.

Boiio Gbl, OAHAKO, HAMBHO OXHIATb, 9TO BCSAKOMY TeO-
PETHYECKOMY KBaHTOBOMY COCTOSIHHIO, T. €. TPOH3BOJILHO
B3ATOH MaTpHle NJOTHOCTH, AO/KHA aBTOMAaTHYECKH COOT-
BETCTBOBAaTh B NPHPOAE HEKOTOpas peasibHas Npoleaypa NpH-
rOTOBJIEHHsS, a BCAKOMY TeOpPeTHUECKOMY KBAaHTOBOMY H3Me-
PEeHHIO MJIM HabJMoAaeMON — HEKOTOpas peasibHasi H3MepHTe/b-
Hasi TpoHeAypa, —STOT BONPOC HYXAaeTcsi B CIelYalbHOM
H3yUeHHH B KaXXIOM KOHKPETHOM ciydae.

IlosToMy B mnpuHUHMNE He CJeAyeT HCKJIOYaTb BO3MOX-
HOCTb, YTO COBOKYMHOCTbL SKCTEPHMEHTaAbHBIX AaHHHIX, ajfieK-
BaTHO ONHChHIBaeMasi CTATHCTHYECKON MOJeJNBIO KBAaHTOBOR
TEOpHH, MOXeT JONYCKaTb M CYUIECTBEHHO HHYIO MOJeNb,
«NepeceKkalollylocsi» C KBaHTOBOH (TaK 4YTO «mepeceyeHHe»
OXBaTHIBaeT BCe SKCHEepPHMEHTaJbHbie RaHHLle). BnpoueM, Bech
OMNBIT Pa3BHTHA KBAaHTOBOH TeOPHH, Haxopsmledi Bce HOBLIE
SKCTepHMEHTaJbHble NOATBEPXKACHHS, CBHAETENLCTBYET O TOM,
YTO KBaHTOBasi CTaTHCTHYeCKas MOAeJNb AaeT Haubojee ajex-
BaTHOe H KOMNAKTHOe ONHCaHHe ABJEHHH MHKPOMHpaA.
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Teopernueckue KOHUENUHH KBAHTOBOIO COCTOSIHHSA H H3Me-
peHHst SBJIAIOTCA pPesyJIbTaTOM OmNpejesieHHOA KAeaNu3auuH u
OTpPakaloT CYUIeCTBEHHhe UYepTHl peasbHHX ¢(u3nuecKux
skcniepuMentoB. JlioGofi oGmu#l pesy/bTaT, YCTaHOBJEHHBIA
B paMKaX KBaHTOBOH TEOPHH AJIA BCeX TEOPETHYECKHX COCTOSA-
HHA 4 MIMepeHHR, 3aBeloMo GyxeT BepeH H IJs «peajusye-
MBIX» COCTOSIHHA H HM3MepeHHfi MOCTONbKY, NMOCKOJIbKY KBaH-
TOBas TEOPHH A3eT NPABHILHYIO MOJie/b PeaJbHOCTH. B T0 xe
BpeMs nojOGHHE pe3yJbTaThl Obi/0 O HeBO3MOXHO noJay-
9NTh, HE OMHPascb HA MareMaTHyecKHe KOHUENUHMH COCTOfi-
HHSL H H3MEpeHHs.

§ 7. 3ameuanns K npoGiemMe CKPHTHIX NEPeMEHHBIX

PaccmoTpertnie B § 5 npuMephl NOKa3LIBaIOT, YT0 HalH4ne
orpaHuvYeHRH B pacnpefefleHHsX BepOATHOCTEH BOSMOXKHHIX
H3MepeHHH B KJACCHYECKOH MOfeNH MOXKET NpHUBECTH K BO3-
HHKHOBEHHMIO BRINYKJHX MHOMECTB COCTOSIHHN, pagMKaJbHO
OTJIMYAIOIUXCA OT cHMnJekca. IlokaxeM, 4To Ha camoM jefle
BCAKOE BHMYKJOE MHOXECTBO COCTOSTHHH MOXXHO pacCMaTpH-
EaTbh KaK pe3yJbTaT PeAyKUHH KJaCCHYeCKOA Mojeld C Haf-
JexallyM 00pa3oM TNOZOGpaHHLIMH  OrpaHudenusMu. Jlas
NpPOCTOTH MBI MPEANOJIONKHM, YTO PacCMaTpHBaeMOe MHOXeCTBO
COCTOSIHHI KOHeYHOMepHO, a pe3yJbTaTH H3MepeHHH MOryT
NpUHAMATb KOHEYHOEe YMC/IO SHAYEHHH, HO JOKa3aTeJbCTBO
MOXeT 6hiTb 0600MieHO B Ha obmuA cayaad.

Teopema 7.1. Beaxkas omoeaumasn cmamucmuyecKas
MOOERL, MHONCECMEO COCMOAKUGL KOMOPOX RBASEMCA 02PAHUYEH-
HOLK BAMICHYMbIM GONYKADIM NOOMHOICECTIBOM KOKEUHOMEPHO20
npoCMPANCMBa, G USMEPEHUR UMEIOM KOMEYHOE WUCAO 3Hade-
nuil, aeanemes pedyxyued wexomopod Kaaccuueckoldl modeau
C OZDGHURERUAMYU KO MHONCECBO uamepenud.

JokasaTeabcTBo. IlycTh & — MHOXECTBO COCTOSIHUA,
M — MHOXKECTBO u3MepeHufi Mogenu. OGo3HauuM depes Q
OCTOB MHOXecTBa ©&; COOTBETCTBEHHO KpaiiHHe TOUKH Oyayr
o6osuadathea GyxBofi @. [Tyctb S — pg — naHHOe H3MepeHHE;
Toraa QYHKUHS P (4); @ =Q, u < U, asaserca nepexopnon
BepoaTHocThiO *) 13 Q B U. Takum 06pasoM, BCSIKOMY H3Me-

*) B onpeleneHHH nepexoaHOfl BEPOATHOCTH TpebyeTcs H3IMEPHMOCTb
NO apryMeHTY o) STO 31eCh BHNONHMACTCH, TAK KaK e (-) sBasercs cy-
menueM adunnoro dynkuuonana pg(-) Ha MHOXECTBO KpPalHHX TOYEK Q,

KOTOpOe M3MEPHMC A1A Juoboro 3AMKHYTOr0 BHRYKJOro MHOXECTBa.
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pennio M: S—-ps COOTBETCTBYET MNepexoxHas BepOSTHOCTH
M= {p, (u)}, npHUeM COOTBeTCTBHE B3aHMHO-ORHO3HAUHO: H3
TeopeMul 2.1 chepyer, uTo xBa apdHHHLIX PyHKUHOHANA, COB-
najaiolye Ha KpafiHUX TOYKaX, COBNAJAlOT HA BCeM BHIYKJIOM
MHOXeCTBe.

PaccmorpuM Q Kak (pasoBoe npOCTPaHCTBO KJacCHUeCKOH
MOJie/I C OrpaHHYeHHSMH, B KOTOPOH COCTOSAHHSAMH SIBJISIOTCS
BCEBO3MOXKHHE pacnpefie/ieHHs BeposTHOCTed HA Q, a H3Me-
peHHsi ONUCHBAIOTCH TNEePeXOAHLIMH BEPOSTHOCTAMH BHA3
M={p,(4)}, rme S->ps—BCeBOSMOXKHEE HIMEpeHUS HCXOA-
Hol Mofienn. OGosnaunM IN MHOMECTBO TaKHX KJ/AaCCHUECKHX
namepenui. TlokaxeM, 9TO peaykmus sTofi Mofie/H COBINaxaeT
C HCXOAHOHA.

Tpexnae Bcero 3aMeTHM, YTO AJA JMoGOro pacnpenelieHus
BeposiTHocTefi P Ha () onpepesieH BeKTOPHOSHAYHLIA HHTerpan

§ wP (do) (7.1)

KaK HHTerpaj or QyHKIHH CO 3HaYEHHSIMH B JIRHeHAHOM mpo-
CTpaHCTBe, COZepXKalleM BHINYKJoe MHOXecTBO &. Ecim

" JoP @)= Spe, .2

TaK 4TO SmP (do) npeacraBasier co6ofi HEKOTOPYIO TOUKY
Q

s &, T. e. cocrosHHe. B ofumem cayuae unterpan (7.1)
AIBAsieTCS Npefie/ioM KOHEYHHX BHIMYKJIHIX KOMOHHauu# Buja
(7.2), u Tak Kak & mNO mNpPEeANOJIOXKEHHIO OrPaHHYEHO K
SaMKHYTO, TO STOT mnpefesl TaKike npunaanexur &. Hare-
rpan (7.1) saBisercss HenpepHBHHIM aHAJIOTOM BHNYKJOH KoM-
Ounanny YncTHX cocrosinnfi. Tak kxak Beakuil adduRHLM
GyHKUHOHAN Ha KOHEYHOMEPHOM TNPOCTPAHCTBE, OUYEBHJHO,
HenpephiBeH, TO JJifi BCAKONO HIMepeHHs

s ()= é ke (4) P (da),

S= {wP (da).
g
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[lyctb Tenepr P, n Py—jBa HepasIUUHMBIX KJaccHue-
CKHX cocToAHHR Ha Q, TaK 9TO

§ Ho (4) Py (do) = é Bo(u) Py(de), ueU,

AJIA  BCeX H3MepeHHil 1ﬁ={p.,(u)}. CornacHo cKa3aHHOMY
Bhillle, 3TO PaBEHCTBO MOXKHO NeEpenHcaTb B BHE
ps, (@) =ps,(4), uel,
rae S;= (0P, (dw), j=1, 2. s orgeaumoctn ucxomHoR
Q

MOJZIe/IH BLITEKAeT TOraa, 4TO
S, = { 0P (do) = { 0P, (do)=S,.
Q Q

Taxum 08pasoM, KN3cCy HEPA3NHIHMBIX KNACCHUECKHX COCTOS-
ault  [P] B3aEMHO-OAHO3HaYHO COOTBETCTBYET HCXOAHOE
cocrosnue § wP (dw), rae P —moBoi npexcTaBHTeNb KAacca.
D10 COOTBETCTBHe, OUEBHAHO, addHHHO; GOjiee TOro, OHO
oToGpaxkaeT MHOXECTBO KAaccoB [P] Ha MHOXeCTBO cocrosi-
Huh &, Tak Kak aan moborc @ Q) Kaace, coaepxamni
YHCTOE KJAaccuueckoe coctofinwe 8, OTOGparkaercs B .
Hcnonbsys teopemy 2.1, ME sakmaouaeM, 4T0 ajs JoGoro
S = @ nafinercs KoHeuHoe pacnpepefeHHe BepoATHOCTed
{p/} 1 0, = Q Taxue, ar0 S =[Y}p,;8,] Taxum obpasom, pe-

aykuus Mozmean (B (), 2)51} MAPHBOAHT K MHOXECTBY COCTOSIHHH
© ® MHOXKecTBY u3MepeHufi M, Tak uro

§»o(u)P<dm)=um () (7.3)

Ans moBoro usMepexus.
PaccMoTpuM 5Ty KOHCTPYKUMIO B HauGoJlee HHTEpECHOM

AXA Hac clydae kBauToBof Teopun. Ilycrs Q, — eauHHuHAR
chepa B n-MepHOM KOMIJIEKCHOM NPOCTPAHCTBE BEKTOPOB-

cTonbuos P,
Q= {4: b*o=1}.

HBa BexkTOpa Y, Y’ 3ajaOT OZHO H TO 3Ke COCTOsIHHe
Se="}*, ecxu $=2y’, rae |A|=1. OGo3naunM uepes L,
MHOMXECTEO COOTBETCTBYIOUIHX KJACCOB SKBHBAJIGHTHOCTH B Q,.
OsieMeHTH MHOMeCTBa £, HAXOAATCA BO B3aUMHO-OAHO3HAY-
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HOM COOTBETCTBHH C YHCTHIMH COCTOSIHUSIMH MHOMecTBa &,.
MuoxectBo Q, Gymer Hrparh poJib NpOCTpaHCTBA Q AAS
KJacCHYeCKOA MoJeJdH C OrDaHHYEHHAMH, KOTOPYIO Mbl cefi-
4ac NOCTPOMM.

Ilycrs P (dy) — pacupenenienne BepoaTHocTeft Ha £,

Torza muTerpan
Sp= S YW*P (dy)

onpefiessieT MaTpHly nJoTHOCTH Spe&,. [lokaxkem, uto
BCAIKasA MaTpHIA NJIOTHOCTH NpEACTaBHMAa B TaKOM BHJE.

Coraacno (2.6), S=ZA,S¢1. OueBngso, ut0 Sy, =

i
= { pp* 8y, (d¥), Tak 9m0 S=Sp, e P= }‘7,116%. Takum

obpa3oM, P — Sp siBasercss adpduHHBIM OoTOGpakeHHeM CHMII-
Jexca P (Q,) HA MHOKECTBO KBAHTOBHX COCTOSHHMHA.
Iyers S — ps (4) — kBanTOBOE M3Mepenne. CorsiacHo npex-

Joxenuio 6.1,
ps (4) = Tr SM,,

rae {M,}— Hekoropoe pas/ioxeHHe eaHHHUE. Paccmorpum
NepeXOHYIO BepoATHOCTh H3 R, B U:

My (4) = ps,, (4) = 9* M. (7.4)
Torza pns moGoro usmepenus
§ My (©) P (dip) = pisp (u).

Takum o0pasoM, CTaTHCTHUeCKash MOJeMb KBAHTOBOH TeOpPHH
ABJIAETC peAYKuUHeR KJACCHYeCKOR MOJeNH C MHOXECTBOM
cocroauuft P (Q,) # U3MEPEHHAMH, KOTOpHIE 3afaloTCs mepe-
XORHLIMH BeposiTHOCTAMH Bupa (7.4), rae {M,} — npouaBob-
Hoe pasioXeHHe efHHMIH.

OrmeruM, uTO B cllydae n=2 3Ta KOHCTPYKUHMs COBIa-
R8T C KJacCHYeCKOR MOZE/BIO AJsi SKCNepHMEHTOB ¢ YacTH-
neft co cnuHoM 1/2, koropas Ghia mocrpoena B § 5. B stom
cillydae CYWECTBYeT B3aHMHO-OAHOSHAYHOE COOTBETCTBHE
MeXAY 4YHCTHIMH COCTOSIHHAMM H ToukamH opepn $? (na-
npaBJIeHHSIMH NPHIOTOBJsIOMEro GUALTPA), AAIOWMMH COmEp-
JaTe/IbHOe KJACCHUeCKoe OMHCaHHEe MPOUEAYPH MPHIOTOBJe-
Hus cocrosiHHsi. B camoM jede, Kak oTmeva’ochk B § 2, ycJo-
BHe 8 = §* skBuHBaJIeRTHO TOMY, 4TO MaTpuua (2.9) sBxasiercs
ORHOMEDHHIM NpPOEKTOPOM Sy =Yp*; Takum o6pas3oM, ycra-
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HaBJHBAETCA COOTBETCTBHe Mexay §? m Q,. CnejpoBaresbHo,
RCAIKOE pacnpejelieHHe BepOAITHOCTeA Ha 3 MOXHO pac-
CMATPHBAaTh KaK pacrpejelieHne BeposiTHocTei Ha 33, T. e.
KaK KJacCHUeCKOe COCTOsIHHE B SKCnepHMeHTe, H306paXKeHHOM
Ba pHc. 5.

BosMoxkHocTe nopo6GHOfl coaepiKaTesbHOA HHTEpNpETaluH
KJaccHaeckofi Mmogesan, c¢opMaibHasg KOHCTPYKIHMSI KOTOpo#
maerca TeopeMmofi 7.1, AAS JAPYrHX KBaHTOBHX OGBEKTOB
3aBHCHT OT TOrO, MOXHO JIH HHTEPIPETHPOBATH SJEMEHT
P = Q, KaK «nOJHBI CNHUCOK», JAIOMHA KJaCCHYECKOe ONH-
caHHe TpOUEeAYpH NpHroToBNieHKs. Mun He OymeM 3zech
yray6asTbCa B STOT BONPOC, OAHAKO 3aMETHM, YTO Yxe Ads
YacTHIl CO CMHHOM j >> 1/, MOABJASAIOTCS BEKTOPHI COCTOSHHM P,
IS KOTOPHIX 3aTPYAHUTENbHO RaTb MHTEPNPETALHIO C TOUKH
3peHHs] SKCTIEPHMEHTOB C BPAINAIOUHMHCS MNOJAAPHU3YIOMHMHA
(AALTPaMH, Kak 3TO GblJIO CAeNaHO 1a caydas j=1/3 B § b.

Mo BHAenH, YTO AN BCAKOM JOCTaTOYHO PperyJsipHOR
CTaTHCTHYUECKOH MOJIe/IH MOXKHO, N0 KpafiHeft Mepe ¢opMalbHO,
NOCTPOHTb KJIACCHUECKYIO MOZeJb (C OrpaHHYeHHsMH Ha H3Me-
penus), Koropas Gyjer CTaTHCTHYECKH SKBHBAJEHTHA HCXOJ-
HOff B TOM CMBICJie, YTO BHIMOJHSETC CooTHouweHue (7.3)
ANA pacnpefiefieHHA BEpPOATHOCTEA BCEBO3MOXKHBIX H3MepeHHH.
B 5TOM CMbiC/ie BCAIKas CTATHCTHYECKAass MOAEJ]b, B TOM YHCJeE
MOJeNb KBaHTOBOA TeopHH, (OpMaNbHO SKBHBAJNEHTHA HEKO-
TOpoli MOJENH CO «CKPHITHIMH mnepemeHHLIMH». PoJp mnaGopa
«nepeMeHHBIX» Hrpaer ®, nmpoleraioias ¢as3oBoe NpocTpaH-
CTBO €3, a SMHTET ¢CKPHITHE» YKasbliBaeT Ha OTCYTCTBHE MoJ-
rofi HaGMORAEMOCTH, KOTOpasi BhHIpa)kaeTcs B HaJHUHM Orpa-
HuueHH#l Ha M3MepeHHA. DTO yTBepMKAEHHe, KOHEUHO, He O3Ha-
YaeT BO3MOXKHOCTb CBEJEHHSi KBAHTOBOW MeXaHMKM K Tofi
uau nHo#t ¢opme Mexanuku HeloToHa, ogHako OHO kaxercs
NPOTHBOpEYAIlHM ILIHPOKOH3BECTHOMY TE3HCY O HEBO3MOX-
HOCTH BBEAGHHS «CKPHITHIX NEpeMEHHBLIX» B KBaHTOBYIO Teo-
puio. B stoM noJoxeHuH, BhicKasanHoM ¢oH Helimanom,
pedb TAKXKe HAET JHIIb O CTATHCTHYECKOM ONHCAHHH pe3yJib-
TATOB KBaHTOBHMX u3MepeHufi. [lepBoHadanbHasi, AOBOJLHO
cnopHas aprymentauus ¢on Hefimana Gwina BnocaepcTBHH
SHAUMTENIbHO YCOBEpIIEHCTBOBAaHa W JOBEJEHA J0 YpOBHSA
BECbMa HETPHBHAJIbHLIX TeopeM (CM. KOMMEHTapHH).

Ha camom jpene 3pech, KOHeuHO, HeT TNPOTHBOpPEUHS.
YTo6H AOKA3aThb TY HJM WHYIO TeopeMy, Hajo opmasnsoBaTh
NMOHATHE TEOPHH CO CKPHITHIMM NepeMeHHHIMH. KoHCTpyKims
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Teopempl 7.1 He o6samaer HEKOTOPHIMH JONMOJHHTE/bHBIMH
CBOAICTBaMH, KOTOpH€ MOCTYJ/HPYIOTCA MPH ¢JOKa3areJbcTBaX
HEBOSMOXKHOCTH». B oO6mMX YepTax 3STH JONOJHHTEJIbHBEIE
TpeGOBaHHA CBOAATCA K TOMY, UTO KBaHTOBLIM HabuiozaeMbiM
BOJUKHB HeNmpeMEeHHO COOTBETCTBOBaTb B TEOPHH CO CKPH-
THIMH NEpEMEHHBIMH ClyuafiHble BEJHYMHBI, NpHYEM ¢ coxpa-
HEHHEM  OnpefejeHHbX (YHKNHOHAJAbHHX  COOTHOILCHHHA.
Baxno, onHako, 4To6nl Tpe6GoBaHHS, NpeAbABASEMHE K Teo-
PHH CO CKPLITHIMH NepeMeHHbIMH, O/l B JIOCTATOYHOR Mepe
MOTHBHPOBaHHLIMH C TOMKHM 3pEHHs OOIEro CTaTHCTHYeCKOro
ONHCaHHs 3KCTIepHMeHTaJbHOR cuTyauud. Ha wam B3rasg,
KOHCTpPYKuHus TeopeMbl 7.1 yznoBiersopsier sroMy TpeGoBa-
HHIO, TOTa KaK YNOMsHYThie Bhiile GoJiee CHJbHBIE OrpaHH-
YeHMsi OCHOBLIBAIOTCSI CKOpee Ha JOTMATHUECKOM CJENOBaHHH
TpaAMUHOHHOM KoOHUenuuu Habmoxaemot H (OPMadbHHIX
aHaJIOTHAX C TeOpHeRA BEPOATHOCTEH.

BripoueM, cBeseHHe K KJACCHYECKOW MOJE]H JAOCTHTaercs
B KOHCTPYKUMHM TeopeMbl 7.1 HeHOA pajguKaJbHOrO YBeaH-
YeHHA PasMEPHOCTH MHOXECTBA COCTOsHMA (0T 3 A0 co B cay-
yae CNHHa !/;) ¥ OYEBHAHO, YTO OHO JIHIlL YC/IOXKHSET ONH-
caHHe 06beKTa, BBOAA MacCy «HeCyIeCTBEHHHIX NogpoGHocTef»,
He HaXOAsIIMX NPAMOrO OTPaXXEHHS B CTAaTHCTHKE H3Mepe-
Hufi. Pepykuus sapaserca apduHHbM oroOpakeHueMm, a npu
TakoM OTOGpaxKeHHH KOJHYeCTBO KpafWHHX TOYEK Y BHNYK-
JIOrO MHOXKECTBa He MOXeT ymeHbwHTbcs. [lostomy, ecim
MHOXECTBO COCTOSIHHH B HEKOTOpOof CTaTrHCTHUYecKol Mopenu
aMeer N kpafiHHX TOYeK, TO PasMEPHOCTb CHMILJIEKCA SKBH-
BaJIGHTHON KJIacCHYECKOA MOAeNH Jo/KHA OhTh He MeHblie
N —1. Hau6oabmmfi BEIMIpHII B pa3MEpHOCTH JAIOT CTPOTO
BHIMYKJ/Ible MHOXECTBA, TaKHE KaK MHOXECTBO KBAHTOBLIX
COCTOSIHHA.

LR IR J

Paccmorpenns Hacrosimefi raiaBel HOCAT ofiufi xapakTep
H TMpHMEHHMH B JIOGOA CuTyauuH, B KOTOPOH MOXHO CYH-
TaThb BHINOJHEHHLIM &CTATHCTHUYECKHA MNOCTYJAT», TapaHTH-
pYIOIlA caMy BO3MOXHOCTb MOCTPOEHHS! CTaTHCTHYeCKOH
Mozesin. Mbl BHAenHu, 9TO BO3HHKHOBEHHE SHEKJaCCHUECKHX»
mogieniefi o6ycnaBAuBaeTcs HaJMUHeM OIpaHHYeHHWH Ha BO3-
MOXKHHle H3MepeHHS. KBanTOBas Teopus ABASETCS NOKa 4To
€[UHCTBEHHBIM MPHMEPOM HEKJIACCHUYECKCH CTaTHCTHUeCKOH
MOJE/JH peatbHOro KJacca o0beKToB H aBicHHA. [lomxHa
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JM ofJacTh NpHMEHeHHs HEKJAaCCHYECKHX Mojesefi orpaHu-
YHTbCA HBJEHMSIMA MHKpoMEpa? B sroff cBsi3u MH XOTHM
npHBJeds BHHMaHWe K mnoamedennniM H. Bopom, Ha nepsuift
B3rasay, GbiTh MOXKET, HEOXKHJAAHHBLIM, HO [0 CYIIecTBY BecbMa
rAyGOKHM aHAJIOTHAM MexXJy 3aKOHOMEPHOCTAMH MHKpOMHpa
u siBleHHAMM xwuBofi npupoa. Kax ykasmBaer Bop, Tpe-
Gopanue HaGmogaemocTH ¢yHKUHOHHpPYIOmero OGHoJorHve-
ckoro o6beKTa HakJajgbiBaeT MPHHLUHMNHAJbHHE OrpaHHYeHHs
Ha BO3MOMHBIe H3MEpeHHs, MOCKOJbKY Ka)KJoe M3 HHX Npex-
noJlaraeT Xakoe-To BO3feficTBHe Ha Ha6moxaeMuifi oObeKT.

Tak ke, kak B KBaHTOBOH ¢H3HKe «3/IeMEHTapHOCTDb»
HaGmofaeMoro MHKpPOOGBEKTa He mno3BojiseT npeHeGpeun
pesy/asTaTaMH BO3ZeHACTBHS HA Hero H3MEepHTeNbHHX MNpHGO-
POB, LENOCTHOCTH KHBBIX OpPraHM3MOB fBJsercsa TeM QyHaa-
MEHTaJIbHBIM KadecTBOM, KOTOpPOE HCKJIOYaeT NpOoH3BOJIbHOE
BMEMIATENLCTBO B XOf Ouosiornueckux mpoueccos. [Toannifi
«Kkaaccudeckuii» aHanu3 GuoJOruveckoro o6beKTa MOMeT OKa-
3aThCSt HECOBMECTHMBIM C CAMHMH MpOSIBJEHHSMH JKH3HH.
Tak, MO:KHO npeAcTaBHTb cele HECKOJLKO BO3AEACTBHIA, Kax-
Jioé H3 KOTOPHX B OTIEJBLHOCTH JOMYCTHMO, HO COueTaHHe
HX YyiKe He fBJfSercs JONYCTHMEIM; H3BECTHH CHTYaUHH,
B KOTOPHX CYUIECTBEHHYIO pOJIb HrpaeT MOPAAOK Bo3jeh-
creufi. ITogoGnnle coobpaxeRHsi IOKa3mBAIOT, YTO MPH CO3Aa-
HAHM CTaTMCTHYECKHX MojeNiefi OGHOJIOrH9eCKHX OOBEKTOB,
HanpuMep (QYHKUHOHHPYIOMIETO HefipoHa, BO3MOXHOCTb He-
RNaccCHYeCcKoH MozesH, B CTPYKTYpe KOTOpPOH 3aJjioXeHa
HHPOPMALMS O NPHHUHNHAIBHEIX OrpaHHUEHHAX, CBA3AHHBIX
¢ HabmoxaeMocThi0 (QYHKUHOHMpYIOmErc o6beKkTa, ABAAEICH
naocraToyHo peajbHof. Kak Ob TO HH 6bl10, HECOMHEHHBIM
SIBJINETCS TO, 9TO KJACCHYECKas MOJENb, BEeRyIlas MPOHCXOXK-
JeHHe OT KJaccHY9ecKOH MeXaHuKH, a priori He saBjsercs
€AMHCTBEHHO BO3MOXKHOfi ¥ HauGoJiee ajieKBaTHOM OpPH CTaTH-
CTHUECKOM MOJEJIHPOBAHHH HeMeXaHHYeCKHX OGDBEeKTOB; MpH-
HATHe WAH HeNpuHATHE Tof HJM HHOR MOAENH JOJIKHO
B KOHeYHOM CHYETe OCHOBLIBAThCSl Ha JAHHLIX ONKITA.

Kommentapue x ra, |

§§ 1—3. Bonpocam craTHcTHUecKOH mHTepnpeTauuH KBaHTOBOS Mexa-
HEKE NOCBsuleHo Goubimmoe Yacao paloT; oTMeraM 3fech crathio Poka
{100], » xoTOpOfi, B YaCTHOCTH, YETKO IPOBONHTCH pasfiefieHne SKCIepH-
MEHTa Ha CTafiaM, Hrpapinee BaXKAYI0 Pojdb B HalleM H3/IOXKeHRHu. B Toit
BAY BEOA Mepe BONPOoCH OGOCHOBAHMA, HHTEpAPETanMH, HaMepeHnft sa-
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TParWBaloTCsl NOYTH B JUOGOM Kypce KBaHTOBOA Mexawukm. C Goabuioi
nonnoto#l onn obcyxzaaiorcs B Jexuusax Poka [99], MaupemmmraMa [67]
B B xuurax Boma [15], Banoxuunesa [11], [12], rae MoxHO Takxe no3na-
KOMATBCA C KCTOpHeA BBENEHHs CTAaTHCTHYECKHX KoHmenuuii B QH3WKY
MHKDOMHpa.

TlonsiThe cTaTHCTHUECKOlI MOJEJH B SHAaUHTEJbHOR Mepe HaBESHO
HCC/ICOBaHHSIMH MO OCHOBAHHSM KBAHTOBOR MEXaHHKH C NO3HIAN JaCTHYHO
YINOPAAOYEHHHX NPOCTPAHCTB, NpPeANPHHATHIMH JliOABHrOM (CM. CTaThH
Xaptkemnepa [105], Hefimana [73] u Jhiopeura [62] B cGopHuke «Oco-
BaHHS KBaHTOBOf MEXaHHKH H YACTHYHO YMOpPSJOYEHHble JHEefHbe npo-
ctpancrBa») u [Isucom [38] —[41]. B paGorax JlionBura OCHOBHOE BHE-
MaHHe yjeasercd W3MepeHHsM ¢ JAByMs 3HaueHnsiMu. Obmee onpenesenne
H3MepeHHs Kak ahduHHOrO orobpakeHHs MHOXECTBa COCTOAHHH B pac-
npefiesieHHst BeposTHOCTeR Gui0 chopMyaHpPOBaHO B paGote aBTOpa [112]
B paMKax a/nre6pauyeckoro Mmopxoxa. AKCHOMaTHueCKH NOAXOA K KBaH-
ToBOl TeopHH, Oepymuii 3a HCXONHHA SJEMEHT BHNYKJOE MHOXECTBO
cocronHufl, 661 npepnoxen Tamnepom [30] (cm. Takxe Kpayse [54]).

Teopema 2.1 aokasana MuHKOBCKHM. BecKoHeuHOMEDHHIM aHaJIOrOM
STOro pesysbTaTa sBJAfeTcA H3pecTHas Teopema KpeitHa — MusbMana.
HanoxeHre TeOPDHE BHNYKJOCTH MOXHO HaiTH B KHHrax Pokadenapa
[88) u Basenrafina [20]. ¥YrayOnenHoe HCCIEAOBaHHE CTPYKTYPH BHIMYK-
JHX MHOXECTB, BOMNDOCOB pAa3JIOXHMMOCTE N0 KpakHAM TOYKaM, TEOPHIO
cumnaexcop Illoke comepxur Momorpadus Andcena [1].

Tlo moBoxy CneXTpaJbHOrO PA3JIOKEHHS SPMHTOBLIX MATPHI[, a TaKkKe
IPYTEX BONPOCOB JHHefiHOA aareOpnt cM. Masbues [66], Xaamom [103).

§ 4. Co BpemeHn nyGiaMKanuu ocHoBonoJaraioilefs paSorst Kosmo-
roposa [561] mOsIBRJIOCH HeMaJO KYPCOB TeOpDHH BeposTHocreit. Jloctyn-
HOe BBEJeHHe, JIOCTATOUHOE AJA Hejefi HACTOAIIEr0 H3JNOMKEHHs, XaeT
yueGhux [Hemenko [34]. B mareMaTHueckoff CTaTHCTHKE BMECTO TepMHHA
CH3MEepeHHe» UCNOJb3YIOTCA TEPMHHBI «CTPATETHs» HJH <pelaloiee NpaBn-
J0s. PaHpoMU3OBaHHBE CTPaTerHn OLLIM BBENEHH CO3KaTeJeM TeOpHH CTa-
THCTHYECKHX pemeHn# Bamppom [21] (cm. Taxxke depriocon [98], Uen-
nos él28]£.

b, BecbMa creuwaJbHHIM THIIOM OFpaHH4YeHHHl Ha H3MePeHHs ABJA-
€Tl paccMaTpHBaeMas B KJACCHYECKOR CTRTHCTHKE €CXeMa HeNOJELIX
HaGmojieHnii», KOrfa AOCTYNHHIMM HaG/NONEHHIO CYHTAIOTCA JHIObL CJy-
yajiHble BEJHYHHB, H3MEPHMHE OTHOCHTEJLHO O-NIONANTEe6pH of C oA~ (R).
CooTBeTcTBYIOIAs PefYKIAA NEPeBORUT cHMILIEKC B () B cHMIexc pac-
npexeneHull BeposiTHOcTel Ha o, H ¢HEKJIACCHIECKHE» MHOXKECTBA COCTOS-
Hufl NpH STOM He BO3HHKAIOT.

SneMeHTapHOE KBaHTOBOMEXAHHYECKOE DPAcCMOTPEHHE SKCIEPHMEHTOB
¢ ¢uasTpamn [litepra—lepaaxa naercs B efiHMaHOBCKHX JeKuEsx [97].
Ipyrue MofeaH €O CKPHTHMH NEPEMEHHHMH JJIA YaCTHUM €O ChHHOM 1/2
Guan npepaoxens Bentom [9] m Komenom u Iinekxepom [52].

§ 6, OcHoBH onepaTopHOro opMasHsMa KBaHTOBOR MeXaHHKR OLUIH
H3JOXeHNY B KJaccuueckom Tpyae Impaxka [37]. Hpen xnpaxoBckoro nox-
XOlla B 3HAUWTENbHOR Mepe NPOHH3WBAIOT OPHIEHAJBHEE Kypc defirMana
[97], B koTOpOM, OIHAKO, CYHIECTBEHHOE MECTO 3aHRMAlOT KOHEUHOMEpHLIE
cnuHoBble Monean. HATepecHo orMeruts, uro (eitnman, no-BuamMomy,
OXHUM H3 NEpBHX CeJaJ NONWTKY o6paTHTh BHHMaHHE BEPOATHOCTHHKOB
Ha npo6ieMbl B3aMMOOTHOLIEHHA MeXLy TeOpHeA BepoATHOCTed H KBad-
TOBOl MexaHuKkoR [96].
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MarteMaTHYeCKH CTPOroe H3JIOXKEHHe OCHOB KBAaHTOBOA MeXaHMKH,
ONUPAIOWEECH HA TEOPHIO FHJbOEpPTOBa NPOCTPaHCTBA, GHUIO MPEXNPHHSTO
¢or Heitmanom [10[1_i EMy NpHHagNeXHT KOHUENUMs: Oneparopa MJIOTHO-
ctu. B kuure don Hefimana moayuusa Takke yTOUHEHHE H Da3BHTHE
JAMpaKOBcKas KoHUennmusa HaGmoxaeMofi Kak omepatopa B rHabLGepTOBOM
npocTpaHcTBe. 3Ta KHHTA MOCJYXKHJA OTHPaBHHIM NYHKTOM JJs LeJOro
pAfa MOMBITOK NOCTPOSHHS aKCHOMATHYECKOro (@3uca KBaHTOBOH TeopHH,
T. €. CHCTEMH NPOCTHIX, (HIAYECKH HHTEPIPETHPYEMHX MTOCTYJATOB, H3
KOTODEIX KdK CJIeficTBHE BHTeKaJ OH (opMasu3M ruibGeproBa NpocTpaH-
ctBa. B maeane sTa cucTeMa jomkHa Ghia GH ArpaTh 3%ech TY Xe poJb,
9yT0 akcuomatHka KoummMoroposa B Teopun BeposTHocTefl. B jekuusx
Magka [65] 6nna chopMysmpoBaHa CHCTeMa NOCTYJATOB, KOTOpas mpm-
BOAMT K pPAacCMOTPERHIO <JOTHK BLICKa3biBaHHRly, ofoOmaiomux GyneBH
G-anareSpH TeODHE BepOsATROCTed. 3agava TOrfa CBOAWTCHA K MaTeMaTH-
4ecKO:l XapaKTepH3aldE JOTHKH NMPOEKTOPOB B IHAbGEPTOBOM MmpoCTpaH-
cree. Jra npobjemda ofcyXjasach MHOTHMH aBTOPAMHE M NOJYUYHJA pelle-
ure 8 pabore [Mmpona [80]. Ilogpo6HOMY H3JIOXKEHKIO OCHOBAHHR KBaH-
TOBOA MEXaHHKH, HCNOJb3YIOMIEMY ¢JIOTHKH BHICKa3hlBaHHfly, IOCBALIEHA
xumra flyxa [134], a mMaremaTnueckue npoGaeMbl STOro MOAXOAA paccMat-
puBalorca B xuure Bapagapaftana [22]. Xopomnuf#i 0630p MONMHTOK aKCHO-
MaTA3allMH KBAHTOBOR MeXaHHKH Jaercs B craTthe Bafitmana [19]. K coxa-
JIEHHIO, B OTIHUMe oT OyJaeBniXx azare6p, KOTOpHE OPraHAYecKH BIIKCH-
BalOTCA B KJ/IACCHIECKOE HCYHCJIEHHE BEPOSITHOCTER «JIOTHKH BHICK 33bIBAHHi»
npejAcTaBAsT cofoll ckopee OGBEKT CaMOCTOATEJNBHOrO HCC/AGAOBaHHS,
Hexenn paGoumit anmapar ¢usuuecKof TeOpHH, KOTOpPas MMeeT Jelo
HENOCPEACTBERHO C omepatopaMyu. K ToMy e u3 mocTynatoB Makkk
JAHWE HCXOZHbIE aKCHOMH 1 —6 mMeioT GeccnopHoe BepOSTHOCTHOE TOJIKO-
panue (M0 CYmeECTBY OHH O4YeHb GJHM3KH K HaleMy ONpeje/eHHIO CTaTH-
cTHYecKoR Mozesau). B mnoayuvaioumemcss #3 HHX MHOXECTBE «BOMPOCOBY
(TecToB) £ 3ateM IPOCTO NOCTYJHPYETCA CYMECTBOBaHHE OPTOCOH3NLHOTO
KOTIOJTHEHHS, YTO MpespainaeT £ B «IOTHKY BICKaswBaHuis. 3nech dax-
THYECKH YiKe 33/I0KEHO aNpHOPHOE NMPHHATHE TPAaRXHILHOHHON KOHUENMUHN
Habatonaemolt. YZOBJETBOPHTENbHOE PacCMOTPEHHE B PAMKAX STOro MOA-
XOla BOMPOCOB, COCTABJAAIIMAX COAEPKAHHE HACTOAUIEA KHHTH, Npej-
CTaBJIAETCS BECbMa 3aTPYRHHTENbHHM HJAH Ke BOOSUle HEOCYMeCTBHMbIM.

O6mue pa3sioKeHHs eIHHHUE (Ha3biBaeMHe TaKkKe NMOJOXHTENbHBIME
ONepaTopHO3HAYHEIMH MEpPaMHK, B OTJIMYHE OT NPOEKTOPHO3HAUHHIX Mep —
OpTOrOHA/LHLIX Pa3/IOXKeHHH eXMHULK) GhiId BBEIEHH B TEOPHIO KBAHTOBOIO
n3mepennst JsBucom n Jlioncom [41] n Xoneso [113] —[116]. [asuc
H JIbioHC paccMaTpHBaJE NOC/IEROBATe/NbHHE HW3MEPEHHs M MOKa3aJju, YTo
CTaTHCTHKA [OCJEA0BaTeNIbHOCTH KBAaHTOBHIX n3mepeHufl xomyckaer mpo-
CTOE ONHCaHHe B TepMHHaX, Boolule roBops, HEOPTOrOHaNBHOrO Pa3.o-
XEHHA eJHHHI Ha NPOH3BEAEHHH NDOCTPAHCTB PE3YJbTATOB OTAEAbHHIX
a3Mepennit. Kaura Jlssaca [39] comepxur 0630p pesysnbTaToB 06 ¢OTKPH-
ThIX» KBAHTOBHIX CHCTEMAaX M KBaHTOBHIX CJy4afiHHX mpoueccax, B KOTO-
Elux CYLIECTBEHHYIO POJIb HIpaeT H3MeHeHHe COCTOARHS MOcJ/e H3MepeHus.

anoxenne B § 6 caexyer paGoram [113] —[116].

PaccMoTpeHne KBAETOBRIX CHCTEM ¢ GECKOHEYHBIM YHCJIOM CTeleHei
cBofoan (moselt), a Taxxe CHCTEM C TaK HA3HBaeMBIMH NPaBHJIA&MH
cynepo16opa DPHEBOAHT K CYUIECTBEHHOMY aJjreGpaunyecKoMy OGOGIIEHHIO
KBaHATOBOX MexaHHKH {cM., Hanpumep, Curax [91], Boromo6os, JloryHos,
Tonopos [14]), B KOTOPOM COCTOSHMA ONpPEACAAIOTCH K&K NOJIOKHTEIh-
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Hue JuHefinble QYHKHHOHAJAW HAa aareGpe «HaGiofaeMbiX». Boabnias
9acTb H3JaraeMoR 3NeChb TEOPHH H3MEDPEHHs TaKxke NOMyCKaeT COOTBET-
crByomee anreGpauueckoe oGobmeHne.

§ 7. YTBepXKJeHHE O HEBO3MOXXHOCTH BBEJIEHHS! CKPLITHX NMepeMEeHHHX
conpepxutcs B xuure dor Hefimana [101). Syx [134] ycopepmencrsoBan
paccyxaenusa ¢orn HefimaHa, noab3ysch TepMHHOJIOTHER «JOrMK BHICKa-.
suBanufis. HanGosee uHIepecHH{I pe3yabTaT B STOM HampaBJeHAH TOJY-
yuan Kowen u Illnekkep [52], RoxasaBmHe, 4TO ¢KBAHTOBas JOFHKa»,
T. €. JOTHKa NpPOEKTOPOB B CHJALGEPTOBOM MNPOCTPAHCTBE PAIMEPHOCTH

wme 2, He JOMyCKaeT NOAXOAAMIEro BJOXKeHHS B OyieBy ajare6py
(ans pasMepHOCTH 2 Takoe BJ/IOXKEHHe KOHCTPYHPYeTca SIBHO). Jra Teo-
peMa HMHTEepNpeTHPYETCH aBTOPAMH KaK JOKasaTe/bCTBO HEBO3MOXKHOCTH
BBEJICHHS CKPHTHX NepeMEHHbIX.

Oanako stH, Kasanoch G, Gesynpeunne pesyJbTaTH He YAOBJETBO-
PHIM SaMETHHKOB «CKPHTHX NEpeMeHHHX», KOTOPHE IPOAONKANR
HaCTaHBaTh Ha CBOEM. 3HAYHTE/bHOE INPOsICHEHHE CHTYamuH OHJO Joc-
THrHyTO B paGote Beana [9]. OH nocTpoua Momenb O CKPHTHIMA nepe-
MEHHBIMH J18 YaCTHUN CO CNHHOM 1/3 M NPOAEMOHCTPHPOBaA Ha Heit
RAJICKO He OueBHAHHE (U3MYECKHE CJEACTBHS <¢eCTECTBEHHBIX» MaTeMaTd-
YeCKHX NPEANOCHJIOK, KOTOphie Ge30roBOpOYHO NPRHHMAJHCh CTOPOHHHA-
KaM¥ «KBAHTOBHX JIOTHK». Jla/bHefillee MCCAGAOB2HHE MPHBEJO K BhIfe-
JIEHHIO HMHTEPECHOro KJacca «/OKaJbHHX» TEOPHH, CTaTHCTHUECKHE Nped-
CKa3aHHA KOTODHX He MOryT OLTb TOXAECTBEHHH NpPeACKa3aHMAM KBaH-
TOBOA TeOpHH (TaKHUM 06pasoM, KOHCTPYKLMA TeopeMil 7.1 faer «Heso-
KaJbHyIO» Teopuio). JKuBoe obcyxaeHHe BCeX STHX BONPOCOB MOXHO HaflTH
B o6sope Bafirmana [19]. Bexundanre [8) mpoanaamsmpopaa Gosabiuoe
YHC/O MOZiesiell B pasfesna HX HAa TPpH Kareropun. Coracko sroit kJjac-
caduxanuu, «HeocymecTBuMbie» Teoprn $on Hefimana — Ayxa u Komena —
Illnekkepa nonapaioT B «HyJeBoA Khaccs. <[lepBuiéi KJaccs oSpasyior
HeNPOTHBOPEUHBLIE TEOPHH CO CKPHTHIMH MNepeMeHHbIMH, CTATHCTHYECKHE
NpeACKasaHHsi KOTOPHIX TOXKAECTBEHHH INMPEACKa3aHusM KBAHTOBOA TEOPHH.
B khure Besundante BCKpHBalOTCH (H3HUECKHE PA3JIAYEA MEKAY Teo-
PHSAMH HYJICBOTO H NIEPBOrO KJACCOB M OOBACHAETCA, NoueMy CymiecT-
BYIOIIHE ¢Z0Ka3aTeJbCTBA HEBO3MOXHOCTH» He ABJAAIOTCA pPelaloMHM
apryMeHTOM NPOTHB CKPHWTHX NepeMeHnuix. [IpeacTaBnTesieM Teopun nep-
BOrO KJlacca sBJsieTcs H NMpefJjaraeMas 3sfiecb KOHCTpyKuusa. Hakone,
KO BTOPOMY KJIacCy OTHOCATCS (pH3HUECKHE MOJE]H, MPHBOAANINE K Mpen-
CKa3aHHAM, OT/IHYAIOMHMCA OT KBAHTOBOR TEOpHH.

IlonpoBHoe ofcyxnaeHwe aHaNOrWfi MeXAy KBaHTOBOA MeXaHHWKON
H HEKOTOPLIMH aclleKTaMW IOBEAeHHS JKMBHIX OPraHH3MOB MOXHO HafiTH
B cGopHHKe BHcTynJerut Bopa l!IG] (cM. Takke Bom [15]). 3nameHHTHA
SMPHHUMA AONOJHHTEJbHOCTH» Dopa mposmBaer cBeT Ha MPHPORY NPHH-
HMNAa/JbHHX OrPaHHYeHHA B SKCNEPHMEHTaX ¢ MUKPOOGBHEKTaMU.
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MATEMATHUECKHHA ANNAPAT KBAHTOBOH TEOPUM

§ 1. Onepatopsi 8 rumnGeproBoM MPOCTpaHCTBE

B npempiaywedi raaBe craTHCTHYeCKds MOAE/b KBaHTOBOH
Teopuu Obifla BBejCHAa B €e npocrefilieM KOHEYHOMEPHOM
MaTpuuHom Bapuante. OfHaKo A8 ONMMCaHMS MHOTHX HaH-
Gonee HHTePeCHHX CBOMCTB KBAaHTOBBHIX OOBEKTOB HEOGXOMHM
GecKOHCYHOMEPHLIft aHaNOr 3TOA MOAeNH, B KOTOPOM pOJib
MaTPHIL HIpaioT onepaTopn B FHALGEPTOBOM IpOCTpPaHCTBe.

Funp6epToBO NPOCTPAHCTBO—3TO KOMIJEKC-
Hoe JuHelHOE NPOCTPAHCTBO (BexkTOpHl KOTOpOro GyayT
obo3navarbcs GykBaMu ¥, @, ...) CO CKaNsgpHHIM NpOH3Be-
neHHeM (@ V), DOJHOE OTHOCHTENLHO METPHKU |@—Ppl=

=V(@—V¥/¢—"¥). Mu OyneM uMeTb 1eJI0 TOABKO C Cena-
paGenbHE MH NpPOCTPAHCTBAMH, B KOTOPBIX OPTOHOPMHPO-
BaHHBI 6asHC fIBASETCA CUETHHIM (MM KoHegHHM). ITo Heko-
TOpbM COOGpaXKeHHHM, KOTOphie CTaHyT SCHHIMM H3 Jatib-
Heftiiero, kaM yAcGHO Gyae1 CYHTATh CKallsipHOE MPOH3BENEHHE
(9 )¥) AHHEHHHIM NO BTOPOMY aprymenty Y. THNHYHLIM npH-
MEpOM TaKOro ru/ib0epToBa NMpPOCTPaHCTBA ABAfercH L2 (a, b)-
NpPOCTPAHCTBO KOMMJEGKCHWX GYHKuMi (x), KBagpaTH4HO-
HHTerpupyemux no JleGery Ha uurepsane (a, b), co ckaasp-
HBIM NPOH3BEACHHEM

]
@)=\ @ P (x)dx

Orobpaxkenne ¢—-§ runnbeprosa mpocrpancrsa <X

B H/ALGEPTOBO NPOCTPAHCTBO o Ha3LIBACTCS HIOMEMPUUHDIM,
eca

@IV=@: o v=X.

Mockonbky npu stom '@l=19), To n3oMeTpuaHoe oTOOpa-
KeHHe 00f3aleAbHO B3aHMHO-OXHO3HAYHO. Ecau cymecrsyer
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H30METpHUHOe oToOpaxenne <X Ha <¥’, TO MPOCTPaHCTBa

" u X W HasbBaOTCH U3omoppuoimu. Hanpumep, npoctpan-
cTBO £3 (— n, %) H30MOPGHO NMPOCTPAHCTBY /* KBaApaTHIHO-
CYMMHpYeMBIX NOCJ]ef0oBaTeNbHOCTe ¢={C;} €O CKaaApHBIM

(-]
npoussesieueM (¢|¢’) = Y] ¢,k CooTBeTCTBYlOIEE OTOGpae-
— 0

HHe paercs ¢opmyJioh
n
1
Ck= =— f(x)e‘kxdx’ k=0. il’-oo'
7E

8 €ro HSOMETPHYHOCTb COCTaBJifeT cojepkanue (opMyJsl
IMapceans. Pasnuune Mexay M30MOPGOHBIMH IPOCTPAHCTBAMH
HECYIIECTBEHHO C TOYKH 3peHHMs obinell Teopuu rHAbLOEPTOBHIX
NPOCTPAHCTB; BCAKOE YTBEPKACHHE AJA OAHOrO H3 usomopd-
HbIX MPOCTPAHCTB MOXeT OWTb B NMPHHILMIE TNepeBejeHo Ha
asblk gpyroro. OpHako ¢akTHYeCKH TaKofi NepeBoj MOMKET
ObiTh OYeHb CJOKHHIM; KpOMe TOro, yAauHLfi BhIGOp KOH-
KpeTHoro rujb0epToBa NpPOCTPAaHCTBA MOMKET CYIIECTBEHHO
yNnpoCTHTh H3ydYeHHEe TOro HJH HHoro obGmekta. Hampumep,
NpH H3ydYeHHH onepatopa AudepeHUUpoBanusa B L2 (— x, 7)
BHTOAHO mnepefiTH X N30MOP(HOMY NPOCTPaHCTBY Ko3dhdu-
uunenroB Pyppe 2 u T. M.

ITpunsitoe Bhie corJaimeHHe O JHHEAHOCTH CKadsApHOTO
NpOH3BefeHHs MO BTOPOMY AapPryMeHTy CBSI3aHO ¢ yzA00HOA
CHMBOJIMKO! A/l 0603HaYeHHs] BEKTOPOB I'HALOGepToBa mNpo-
CTpaHCTBa, BBefieHHOM JIupakoM. dra CHMBOJHKA IIHPOKO
HCToJNb3yeTcsi (PM3HKaMH, H Mbl Takxe OyAeM ee NPHMEHATH.

Coraacno pynnamentanbtoli nemMme Pucca—®peme,
ecaxuil Henpepoignuill (ommuocumenrvno Hopmor |-|) aunelinoil
ynxyuonar na I umeem 6ud @ — (P '), 20e p — nexomo-
po eexmop u3 J¢". TlosroMy BesiKuit BEKTOp Y MOXKHO pac-
CMaTpHBaTh He TOJNbKO KaK SJ€MEHT CaMoro mnpocTpaH-
cTBa <¥°, HO M KaK SJIEMEHT CONPSKEHHOrO NPOCTPAHCTBA
JH’* HenpepblBHHIX JIHHEAHBIX (YHKIHOH3JNOB Ha oX .
YcanoBuMcs 0603HauaTh BEKTOP Y, paccMaTpUBaeMbill Kak
sJieMeHT <%, uepes |v), a TOT ke P, pacCMaTpHBaeMbili Kak
SJIEMEHT COMpSIXKEHHOTO MpOCTpaHCTBAa <X *, —depes (P|.
Oro6pakense |P)— (Y| B3aHMHO-OAHO3HAYHO H AHTHIHHEAHO
nepeBofHT ¥ B <X ¥ (aHTH/IHHEAHOCTL O3HAaYaeT, 4TO K-
GHUMEHTH JAHHeAHOf KOMOMHALMH MEHSIOTCS HAa KOMNJEKCHO
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conpsikeHHule)., B KoHeuHoMepHOM c/ydae |{) COOTBETCTBYeT
%

BEKTOpY-cTONGIY [w, ], a (Y| —Bexropy-cTpoke [¥;, Ps» ...].
b

Ilpu TakomM corjamenny cKaJsipHoe NPOH3BEAEHHE TPAKTYeTCs
Kak «BHyTpeHHee» mnpokssefienxe (p| Ha |¢) u ¢opmaibHO
noJydaerca rpapHYecKHM COEAHHEHHEM CHMBOMOB (@[ H [).
¥Yao6etBo cuMBoaHKH Jlupaka s3ak/io4aeTcss B BOSMOX-
HOCTH HarJajHON 3anucy ONepaTopoB B BHJE «BHELIHEro Npo-
H3sefeHus». HanomHuM, YTO B KOHEYHOMEpPHOM ClydYae Mmpo-
u3BejeHHe cToJ0LAa Ha CTPOKY TOf »Ke pa3MepHOCTH Jaer
KBaJpaTHYIO MaTpHLy, T. €. onepaTop. ¥ CIOBHMCA NMOHHMATb
cuMBOA | @,)(Py| KaKk omeparop, oToSpaxaiomuii BexTop |)
B BEKTOP |®;) (Pg|VP), CHMBOJA KOTOPOTO fBJASETCH pesysb-
TaToM rpapuuecKoro COeHHEHHA HCXOXHBIX cHMBoJioB. Ore-
paTopH BHAA |, ) (Ps | ABAsAIOTCA ONepaTopamu panra 1, oroGpa-
JKalOIUMH ¥ Ha OfHOMepHOe NOANpocTpancTBo. B yacTHOCTH,
NPOEKTOP Ha eAMHHUYHLIA BEKTOp ) SalHCHIBAETCH B BHUZe

Se=1¥) (|- (1.1)

Koneunule /upefinnie KoMOHHAUMM (HWJIH, YTO TO XKe,
KOHedHBbie CYMMb) OneparopoB panra |l

T=;|%) (W1 (1.2)

ONHCHIBAIOT OREPamops KoKewnozo panea 8 J¢°. JTiobasi KoHey-
Has COBOKYNHOCTb ONEpaTopoB KOHEYHOrO paHra MoxeT pac-
CMaTpuBaTbCA KaK AeHACTBYIOWAS B KOHeIJHOMEPHOM MOANpO-
ctpancTBe oX° < oX; MMEHHO, B KauecTBe <7 MOMHO B3ATh
NOANPOCTPAHCTBO, NOPOKAECHHOE BCEMH BEKTOPaMH | @y), |¢)
us sanucu (1.2) kamgoro u3 stux onepatopoB. Ilostomy
anrefpa KOHEUHOfi COBOKYMHOCTH ONEPaTOPOB KOHEYHOro
paHra cBOAHTCA K Matpnusofi aareGpe. Ilpou3Beneuue onepa-
TOPOB KOHEYHOTO paMra noaydaercs rpadHYecKHM COefHHe-
HHEM COOTBETCTBYIONIHX CHMBOJIOB, HampuMmep

[Zwmw, |]-[z:|¢.)(¢k|]= 3 1@y) (b | @) (e |- (1.3)
7 [] I3

B npocrpancree #® (a, b) onepaTopul KOHEYHOTrO paHra
ABJSIOTCS HHTErpaZibHLIMH ONEPaTOPAMH C BHIPOKACHHBIMH
aApaMu; Tak, onepatopy (1.2) coorsercrByer sapo

T, x)= ; @ (') By (%) (1.4)
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flcHo, 4TO Aalieko He BCe MPEACTaBJAAIOUHE HHTEpeC one-
paTophl nonagaioT B 9ToT knaacc. Opua us Tpyasocrefi Gec-
KOHEYHOMEPHOrO CJlyuasi COCTOHT B TOM, 9TO HHTepecylollHe
Hac onepaTopH MOTYT OHITh He OnpeneneHb (M HeonpeleaseMbl)
Ha BceM mpoctpancTe o . [IpuMepoM Moxer clyXuTb one-
patop audpepeHUUpOBaHHA B (a, b). OxHako cymecTByeT
BaXHbIi KJacC OrpaHHYeHHBIX OMNEpPaToOpOB, eCTeCTBEHHON
o6nacThio onpefieieHHss KOTOPLIX SBJISETCS BCe MPOCTPAHCTBO.
Onepatop X HasbBaeTCs OZPARUYEHHHIM, €CU

I Xpi<<civl

AN HeKoTOpoll mocTosiHHOA ¢ M Beex P =¥ . [eoMerpu-
YeCKH 310 O3HavYaeT, YTO X MepeBOAMT OTpaHHYeHHblE NOJ-
MHOJKECTBA NPOCTPAHCTBA <¥° B OrpaHHUCHHBIE IOAMHOXKECT Ba.
Haumenbiee suayenue nocrosuuoft ¢, paBHoe

1 X0l
IXi=up W1

HasuBaeTcs Hopmod oneparopa X.
BcakoMy orpaHuueHHOMY omeparopy X orbedaeT mnoJy-
TopaJuHefiHas (AuHefiHas no ¥, aHTW/IHHefHas 1o @) Popma

Ha o
X (9, P=(o|X¥).

3T0 COOTHOLIEHHE YCTaHABJAKBAET B3aHMHO-O/IHO3HAYHOE COOT-
BETCTBHE MEXJY OrpaHHuYeHHBIMH OnepaTopamH B <¥ H noay-
TopaNHHeAHHMH ¢GOpMaMH, HenpepHBHHIMK NO mape nepeMeH-

HHX @, Y& . Paccmorpum dopmy X* (¢, ) =(p| Xo).
Orpevaroliufi efi onepatop HasbiBaeTcs (SpPMHTOBO) CONPANCCH-
noim K X u obo3Hauaercss X*, Tak 4ro

X*olP) =@ X¢); ¢ v (1.5)
Conpsixenne X — X* saBasercs aHTHAMHeAHHM oOToGpaxke-
HHEM, MEHSIOIHM TMOPAAOK COMHOXHTeJeli B NPOHMSBEACHHH

(XY)*=Y*X*
H COXpaHSIOMHM HOPMY
IX1=1X*| (1.6)

X**=(X*)*=X.

IMepexoR K conpsikeHHOMY ONEpaTOpPy aHAJOrHYeH Mepe-
XORy K SPMHTOBO CONpSIKEHHOH MaTpHie B KOHEWHOMEpPHOM

Kpome Ttoro,
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ciayaae. [IpepoctaBnsem guraTenio mpoBepuTb, YTO AAs One-
paTopa KOHEMHOro paHra

(Zz: l@y) (W I)' =3 1%) (9]

]
IMycrs U — usomerpuunnii oneparop B X7, T. e.

Ue|UpP)=(2]|¥); ¢ b=,
Torga U orpaunuen; B cuay (1.5) ycjoBHe H30METpHUHOCTH
MOXXHO 3salHcatb B BHAe

UrU =1,

rxe | —ennnnunnit oneparop. Ysumapnoim HasHBaeTCs H30-
MeTpHYHH{ onepatop, oroGpaxaiomufi ¥  Ha ¥ . YcJoBhe
YHHTApHOCTH HMEET BHA

UsU=00*=1.

(TTpumep M3OMeTpHYHOrO, HO He YHHTapHOro oneparopa Gymer
npuseges B § III. 10.)

Onepatop X HasbiBaeTcs pMUMOGHM, €CJH OTBevalomas
eMy ¢opMa spMHTOBa:

Xvlo =@ XY)=|Xe) o, V=X, (L7)
T. . X=X*. IlockoJxKy spMHTOBa ¢opMa OAHO3HAYHO Onpe-
JensieTcs CBOHMH «IHAaroHaJNbHLIMH® 3HAUEHHSAMH NpH @ =1,
spMuTOB onepartop X OHOSHAYHO onpejefisieTcsi 3HaUEHHAMH
($| X¢), Y =¥ . [losromy i3 npoBepKH Kakoro-an6o NuHed-
HOTO COOTHOLICHHSi MeX/ly SPMHTOBHIMM (OpMaMH HJIM onepa-
TOpaMH JOCTaTOYHO YGEHTHCA B ero BLINOJHEHHH JJisi AMaro-
HaJlbHEIX 3HaveHn#t cooTBercTBYIOmMHMX (opM. Mui GyaeM vyacTo
STHM MOJIb30BAaTbCA. 3aMETHM, YTO HOPMa SPMHTOBA Oneparopa
BHYHCJfETCS Yepe3 AHaroHajbHbe 3HAaYeHHA Mo dopmyde

= [0 ] X)i
1X1 P “win (1.8)
OTKYA4 BHAHO, 9TO B KOHEYHOMEPHOM CJyyae HOpPMa SpMH-
TOBa ONeparopa paBHa MaKCHMYMY MoAyJefi ero coGCTBEHHBIX
sHaueHnfi. B oOmem cayuae cnextp oneparopa X Takxke
nexnt B uHrepBane [—|X|, |X|], xors camo nousTue
cnekTpa ychoxHsercs (cM. § 3).

Mycets <%, (3aMKHYTOE) NOANPOCTPaHCTBO <%"; TOraa
HMeeT MeCTO pasjoXKeHHe B OPTOTOHAJbHYIO CYMMY

0%'=W1®9%‘.,
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thae <X 3 — OpPTOroHa/ibHOE JOMOMHeHHe K ¥ ;. [lna BCAKCro
V=19, DY, nosoxum PY=1,. Toraa

Pi=P, P*=P,

OG6patHo, Bcakufi onepatop B ¥, YAOB/ETBOPSIOMKMA ITHM
YCJIOBHAM, SIBJISIETCS ONEpPaTopoM (OPTOrOHaMAbHOrO) NpoelH-
pOBaHHS Ha NOANPOCTPAHCTBO Xy = {: Pp=1p}. Mbl Gynem
HasbiBaTb TaKHe ONepaTOphl NpoeKmopamu.

Mycrs ¥y — KOHEUHOMEPHOE NOANPOCTPAHCTBO; TOTAA
NpoeKUHs BEeKTOpa P Ha <X, salHIleTcA B BHJE

[y) = Z;. | &) (e | ¥)s (1.9)

rae {e/} — moGofi opToHOpMHpOBaHHbIA Gasuc B <X ;. Iosromy
MPOEKTOp Ha ¥, fABJAETCA ONEPATOPOM KOHEYHOIO paHra

BHJAA
P= ; l&) (e (1.10)

Sra ¢opMysna cnpasepsiuBa H AN GeCKOHEUHOMEPHHX NOX-
NPOCTPaHCTB, OAHAKO, MOCKOJBKY 3/iech BOSHHKaeT 6ecKOHey-
HHil psii OnepaTopoB, HEOGXOAHMO YTOUHHTb NOHATHE CXORH-
moctH. OueBHAHO, CXOAHMOCTD MO ONEpPaTOpHOfi HOPMe 3ReCh He
nofiofiieT, TaKk KaK HOpMa cC/laraeMblX He CTPEMHTCH K HYJIO:

lle) e ll=1.

[MonesHuMH JKasHBAlOTCS ABa APYFHX THNMA CXOAHMOCTH.

TocnepoBarensnocTs onepaTopoB {X,} cxodumes k X cusswo,

ecmn lim | X, — X¢|=0 aaa moGoro Bekropa Y =o¥", H
-~

cxoaw';n-c’n K X caabo, ecnn lim (9| X,$) = (9| X¥P) Ana mobeix

¢, V=X . [Ins SPMHTOBHX ONEPaTOPOB 3T0 PABHOCHJBHO
oMy, uro lim ($|X.9)=(9|X¥), =¥ . HOLIeHHe

MEXAY STHMH THNAMH CXOAMMOCTH HJMOCTPHpYETCH AHarpaM-
Mot

CXOIHMOCTh _, CHJbHAZ _, cnabas

N0 HOpMe ~~ CXONHMOCTb —~ CXORHMOCTDb

ggycrb ¢;} — Npou3BOJIbHAA OPTOHOPMHPOBAaHHAs CHCTeMa

B H , — NopoxJaeMoe €i0 (3SaMKHYTOe) NOANPOCTPaH-
c1B0. ITockoabky Ass moGoro P psia BekTopoB (1.9) cxoaurca
B <X, 10 pap oneparopoB (1.10) cxoauTcs CHALHO H oOnpe-
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Hensier MpoekTop Ha o¥",. B gactHocTH, AAs moGoro opro-
HOpMHpOBaHHOro 6asuca B <X~

1=3lle) e (1.11)

310 #BASETCH PABHOCHJLHON 3aMHCHIO BEKTOPHOTO COOTHO-

LleHHs
|‘|’)=;|el)(ejl‘l’)s Y=, (1.12)

BHIPAXKAIOIErO NONHOTY CHCTeMH {¢;}.
I/lcno.nbs%x (1.11), umeem gaa moGoro OrpaHRYEHHOro
omeparopa X:

X=(Z‘.Iez)(e: [)X (Elek)(eu l)-
I [}
= 5,.‘. 2": le)es | Xes)(er), (1.13)

TAe HMeeTCsi B BHAY CHJIbHaA CXOXHMOCTb. 3jech (¢ | Xe,) —
Mampuanne sremenmor oneparopa X; sta ¢opmyna Aaer pas-
JioXeHHe OrpaHUYeHHOro onepaTopa B JHHEAHYIO XKOMOHHa-
LHIO ONEpaTOpoB paHra 1 — «MaTpHUBHIX epuHHID {|e)(ex|}.
Ecmn X —onepatop KOHEWHOrO paHra, TO B MOAXOAsALIEM
Ga3nce OH HMeET JIHIIb XOHEYHOE WHC/AO OTVIHYHBLIX OT HYJs
MaTpPHUYHEIX SVIEMEHTOB.

MHTOB ONEpaTop HasHBAETCA H0L0xcUMesbNsim (0603Ha-
vaerca X =0), ecau

W XP=0, =X .

OueBugno, 910 X*X =0 u XX*>=0. 3anuce X=Y o3Hua-

qaer, U0 X =Y =0.
Cacdom nonoxutenbHoro omeparopa X HaswiBaeTcs BeJiH-
yHHA

TrX= 2 (e, , Xe,), (1.14)
!

rae {e;} —opronopMupoBanubifi Gasuc B o¥°. Psax cocromt
H3 HEOTPHRATEALHALIX CJIaraeMblX; KaK H B caygae dim ¥ << oo,
€T0 CyMMa He 3aBHCHT OT BHIGOpa OPTOHOPMHPOBaHHOTO 6asuca,
OfHaKO MOXeT OHTb Oeckoneunolt. Takum o6pazom, ecin
X=0, 10 0 Tr X << 400,
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Ecin X — He-nOJIOXKHTENIbHLIA onepaTop, TO onpefesieHHe
ciefia no ¢opmyde (1.14) mMoxKeT OKa3aThCsl HEKOPPEKTHHIM;
OHAKO CYIECTBYeT BaXKHBI KJacC SifepHEIX ONeEpaTopCB,
WU ONepaTopoB C KOHEUHHIM CJEJOM, AJS KOTOPHX TPYAHO-
cref ¢ onpenesieHHeM cleja He BO3HHKaeT. M pacCMOTpHM
9TOT KMacc B § 7, a moka 3aMeTuM, uto c¢opmyaa (1.14)
BaeT KOppeKTHOe ompefie/ieHHe AJs CJleja onepaTopa KoHeu-
Horo panra. B camom pene, naa moGoro Gashca {e}

el (Ple)=(%|9) (1.15)
OTKYAa '
Trio) (b|=(b!9), (1.16)
TaK 4T1o
'rr(z,‘. loy) (W |)= ;mnw- (117

Orciona, coraacko (1.4), nojayuaeM ¢opmyay AJs chena
HHTerpajibHOro oneparopa B £* (a, b) ¢ BHPOXKAEHBHIM
agpom T (x, y):

b
TrT={T(x, x)dx.

Hs dopmya (1.17), (1.3) BuiTexaloT BaxkHHE COOTHOMIEHHS
TrT*=TrT, TrTX =Tr XT, (1.18)

KoTopuie 6yayT o6o0meHn B § 7 Ha GoJiee MMPOKHiE KJacc
onepaTopos.

§ 2. CocTossHAA H W3MEPEHHS B KBAHTOBOH TEOPHH
Onepamopom naomurocmu HasHIBAETCA NOJIOKHTEJIbHBIR
SPMHTOB ONEpaTOp C eANHHYHBIM CJECIOM
S=0, TrS=1 2.1)

[TpumepoM onepatopa NAOTHOCTH ABJAETCS OAHOMEPHLIA NpoeK-
top (1.1). Kak Mu yBHauM B § 7, AN BCSIKOro onepartopa
NJIOTHOCTH HMEET MeCTO CNeKTpasibHOe PpasJioxeHHe

S= Z'I 5719 (s 2.2)

anaforyusoe pasnoxenuio (1.2.6) B KoHeuHOMepHOM CJydae.
Psan agecb cxoautca no HopMe onepatopos. Ms (2.1) Bhite-
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KaeT, 4T0 COGCTBeHHbie 3HAYeHHs ONepaTopa IVIOTHOCTH YAOB-
JeTBOPSIIOT YCAOBHAM

S]?O, ZS]=1.
i

OGosnauum uepes & (c#”) MHOXeCTBO BCeX ONepaTopoB NJIOT-
HOCTH B ¥ ecin {S;}—onepaTopn nJoTHOCTH, 2 {p;}—

KOHEUHOe pacnpefielieHHe BepoaTHoCTedl, To onepatop ) p;S;

i
yRosaerBopsier ycaosusM (2.1). Takum oGpasom, & (o) —
BHIMYKJIOE MHOXECTBO.

MuoxecTBO & (") HrpaeT pofib MHOXKECTBAa COCTOA-
Hufi B XKBaHTOBOH MexaHuke. M3 (2.2) BuiTekaer, 4to B Gec-
KOHEYHOMEpPHOM CJydae CNpaBeAJIHB aHaJor MNpenJiOXKeHH:
1.2.2: odnomepnne npoexmopes Syy b= K, (Y| ) =1, obpa-
sylom ocmos mwoxcecmsa & (%), CocTosiHUA, NpeACTaBUMbE
OIHOMEPHEIMA NIPOEKTOpaMH, HA3BLIBAIOTCH «UCmobLMY.

IepefinleM K oOnucaHWio KBaHTOBHMX H3Mepennfi. Ilycrs
U — usMeprMoe NPOCTPAHCTBO PesyibTaToB (nanpumep, U —
KOHeYHOe MHOXXECTBO HJH o6sacTb B R*® ¢ o-aiareGpofi Gope-
JNeBcknX MHOxecTB). Chenys § 1.6, HasoBeM usmepenuem co
snauenuamu ¢ U, wam, ropoue, U-usmeperuem, apdunnoe
orobpaxkenHe S —-ps(du) BHNYKJAOrO MHOXECTBA COCTOAHMHA
@(<%") B MHOXeCTBO pacnpenesiennt BepositHocTed Ha U.
Pacnpegenenue BeposiTHOCTeH g (du) HHTepIpeTHpyeTcs Kak
pacnpefiesieHHe BEpOATHOCTEH pe3yqbTaToOB H3MEPEHHS OTHO-
chtelbHo coctoanMs S. Jlaflee Mbl YCTAaHOBHM aHAJOr Npex-
aoxenus 1.6.1, nosBoasiomuit onHcaTh H3MEPEHUS B TEPMHHAX
pasnoxeHn# eIWHHUN B THJABGEPTOBOM NpOCTPaHCTBE o .
Puasnoxcenuen edunuyse na U BasmBaerca cemelicteo M =
= {M (B)} spMuTOBHIX OmepaTOpoB B <% , Tae B npoGeraer
usMepuMbie noxMuOXecTBa U, Takoe, 4TO

1) M(®)=0, MU)=1;

2) M(B)=0, Beof (U);

3) ana moGoro pasbuenns B=|]B; (BjNBy=Q npu

i

j#=hR) M(B)= 2 M (B;), rae pAR CXORUTCA B CMbHICJe cha-
i

Gofi cxoaumoctd oneparopos (cM. § 1).

OTH yCNOBHA HANOMHHAIOT ONpejelieRHe BePOATHOCTHON
Meph (OAHAKO He C YHCJOBHIMH, @ C ONMEpaTOPHBIMH 3Haue-
HHsIME), H Pas/OXKeHHs eIUHHLH HASHIBAIOTCA HHOrAA BEPOAT-
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HOCTHLIMH OMEPaTOPHLIMH MepPaMH HJH TNOJIOKHTENbHLIMH
OnepaTopHO-3HaYHHIMH MepamH. Ecan U —koHeuHoe MHOXe-
ctB0 H {M,; u = U} —Habop SPMHTOBHIX OmepaTopoB, YAOB-
JeTBopslomHX ycaoBuaM (1.6.2), T. e. pasjoxeHue egHHHLE
B cmbiciie § 1.6, To dopmysna

M@B)= M, BcU,

ucsB

onpefiefiseT ONEepaTOPHO-3HAUHYI0 Mepy Ha ajare6pe Bcex
noamHoXecTB U, T. e. pasiioxeHHe ejHHHIH B CMLc]e cdop-
MYJMPOBaHHOTO Bhile onpenenienusi. O6patHo, BcAKoe pas-
JIOXKEHHe eIHHHIN Ha KOHeUHOM U uMeeT Takylo CTPYKTYpY.

YacTHeiM, HO BecbMa BaXXKHLIM CJlydaeM SIBJASAIOTCA OpMo-
COHANLHIE PASAONCEHUR eQURUYL, YAOBJETBOPSAIOMHE KpoMe
ycaoBuit 1) —3) Takxke TpeGOBaHHIO

M (By) M (By) =0, ecin B,(\By= Q.

Kak u B KoHeuHOMepHOM clydae (cM. § 1.6), sro pasmo-
CHJIBHO YCJIOBHIO

M(B)=M(B), Beeof (),

T. €, NMPOEKTOPHO-3HAYHOCTH MepH M (du).

Ananor npepnoxenus [.6.]1 ycranaBaHBaer B3auMHO-
OZIHO3HAYHOE COOTBETCTBHE MexkAy U-uamepenusiMu S —- pg (du)
¥ passoXeHHAMH eRuHHUH Ha U.

Teopema 2.1. Ilyeme S —pg—U-uamepenue. Tozda
cywecmayem (eduncmeennoe) pasaoacerue eduruyse M= {M (B);
B e of (U)} 6 K maxoe, ymo 0asn aw0boeo cocmosuus S

ps(B)=TrSM(B), Bef£ (V). (2.3)

06pamno, ecau M= {M (B)} — pasroxcenue edunuyw, mo (2.3)
onpedeasem U-usmeperue.

CootHowenHe (2.3) Mbi GyZAieM HHOr/la CHMBOJIHYECKH 3amy-
CLBaTh B BHJE

ps (du) = Tr SM (du).

3ametuM, uTo B npaBoft gactH GopMyin (2.3) crouT caen
He-TIOJIOKUTENbHOTO (MW He-3PMHTOBA) onepaTtopa, KOTOpbIH,
OJ\HaKO, Kak Mbl OKaxeM B § 7, aBJsercs suepHuiM. [Toxa xe
3aMeTHM, YTO AJIf YHCTOTO COCTOSIHHS

sy (B) = (9| M (B) ¥),
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tak KaK coraacuo (1.16) Tr|$) (p| X = (| X$). Uamepenns,
OTBevalolllie OPTOTOHANBHEIM PpA3/OXKEHHSAM eRUHHUM, MH
YCJIOBHMCA HasuBaThb npocmuimi. Beskoe npocroe namepenne
siBAsieTca Kpafineft Toukof Bumykaoro Muoxecrsa MM (U) Beex
U-nsMepenn#t (oKa3aTeNbCTBO STOTO COBEplIEHHO TaKoe xKe,
KaK B KOHEUHOMEPHOM CJiydae; cM. nipefioxkenue [.6.2), oanako
ofpaTHoe, KOREUHO, HEBEpHO.

HanGonee unTepecHHM mnpeAcTaBAsieTca cJayuall, Koraa
pesyJ/bTaTaMH HSMEpeHHR SBJAIOTCS BeUleCTBEHHbe YHCJA.
B stom cnywae npocThie H3MepeHHS ONHCHIBAIOTCA B TEpMH-
HaxX HaGJ/ONaeMHIX, T. €. ONepaTopoB B ¥, KOTOpHE ABJIAIOTCA
aHa/oroM cJydafiHHX BEJIHYHH B KNAaCCHYECKO# TEOPHH BeposiT-
gocrefi. Cnepyiomuft naparpad mocesanles Gojee AETaNbHOMY
PaccMOTpEHHIO STO# CBSASH.

§ 3. CnexTpasbHoe pas/ioxenne OrpaHHuEHH bX ONEPATOPOB

B XoHEeYHOMEpPHOM MpPOCTPAHCTBe BCAKMA SPMHTOB onepa-
Top X HMeeT CneKTpalJbROE PasjioXeHHE

X=§ a'kEk' (3'1)

rae Ay —coGCTBeHHBle 3HaueHus onepatopa X (6e3s ydera
KpaTHocTH), £,—NpoexTopnl HA HHBAPHAHTHbLIE NOANPOCT-
paHcTBa, oTBesaiollne sHadennsM A,. HaGop npoextopos {E,}
o6pasyer OpTOrOHaJbHOE Pas/oXKeHHe eAMHHObI, TaKk YT

N Ex=1, EsE;=0 npu k=] 3.2
k

BeckoHeuHOMepHLIA aHajor ¢opMyau (3.1) umeer MecTo aan
BROJHE HENpephiBHHIX SPMHTOBHX oneparopoB (cM. § 7).
Opnako jpajfeko He BCAKWA OrpaHHYeHHHA oOMepaTop BNOJHE
HenpepuiBeH H BooOlle HMeeT Xors Oh OfHH COGCTBeHHBIft
Bektop. [IprMepoM MOXeT CJYXXHTL OnepaTtop YMHOXEHHA Ha
HesaBHCHMYIO TIepeMeHHYIO X B npocTpancrse %*%{(a, b), rae
(@, b)—orpannUeBHHA HHTEPBaN Ha mNpsAMOil. YpaBHeHue

xp (x) =Ep () 3.3)
UMeeT KOHTHHYaJbHEA HaGop GOpMaMbHHX perneHul
h(D~8(x—8); ae<i<h, (3.4)

OAHAKO MM He COOTBETCTBYIOT HeHyJleBble BEKTOpH B &£* (a, b).
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Tem He MeHee BCAKHH 3pMHTOB onepaTop B rHJbGepTOBOM
NPOCTPaHCTBE HMeeT CHEKTpajlbHOe Pa3jioKeHHe, B KOTOPOM
nosBJseTc yXKe HenpephBHuf anajor cymmu (3.1). Urobu
NOSICHHTb NEPEXOfl OT CYMMH K HHTerpaljy, BBeJieM OpTOro-
HallbHOe pas/iOKeHHe eRHHHUL Ha MpsMofi, moJjaras

E(B)= Y E. Beof (R

k: hkeB

(e (R) —o-anre6pa GopenieBckHX MuOXecTB *) B R), Ham,
¢dopmanbHo,

E(d))= [g; 8 (A—Ag) E.] dA. (3.5)

Toraa coorHowenne (3.1) MoxHO 3anucaTh B BHAe
X ={AE (d)). (3.6)

ITycts Teneps E (dA) — npou3BoJIbHOE OpPTOrOHAJbHOE pas-
JIOXKEeHHe eJHHHIH B . IlpeanonoxumM, YTo OHO COCpexo-
TOYEHO Ha orpaHHYeHHOM MHOXectBe AR, T. e. E(A)=1.
Torpa ana moGoro P & ¥ HOCuTeNeM BepOATHOCTHOR Mephi
e (dA) = Tr SyE (dA) = (P| E (dA) ) Oyaer orpanHueHHOE MHO-
XecTBO A, H MOSTOMY HHTerpa

§AP1E (d0)¥) = § Ay (dh) 8.7

CXOAWTCS. DTOT MHTErpaJ onpeeiseT HenpephLBHYIO SPMHTOBY
dopmMy Ha &¥°, KOTOPOfi COOTBETCTBYeT SPMHTOB omepartop X,

TaK 4TO
@I XP=[A@IE@)Y), v (3.8)

Takum o6pa3oM, HMeeT Mecto paBeHcTBO (3.6), rze HHTerpan
NOHUMAaeTCA B CMHicie clabolt cxoxumoct. (Bonee merans-
Ablfl aHaJMMS ToOKashBaeT, uTo HHTerpan (3.6) cxogutcs
TakXe B CHJABHOM CMBHICJe.)

Teopema 3.1 (cmekTpaibHas TeopeMa jAfif OrpaHHuYeH-
HuX onepartopos). Coomwnowuerue (3.6) ycmanasaueaem esaumno-
OOHO3HAUHOE COOMEemcmane Mexwcly SpMUmosMy onepamo-
pamu X u opmozonarbroimMu pasroxcerusmu edunuyor E (dA)
8 X", cOCPelOMOsERHYIMIL KA 02PARUUEHHBIX nOOMKONcecmeax [R.

*) g-aare6pa GOpeneBCKHX MHOMECTB—STO HaHNEHbiuas G-aarepa,
coiepxRaIlan BCe OTKPHITHE MHOXKECTBA,
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Pasnoxenne epunuun E (dA\) HasbiBaeTcs Takke chexm-
pasoroti mepoii onepatopa X.

BepHeMcs Ha BpeMs K OMepaTopaM, OTBEYAlOIHM KOHeY-
HbIM pasfoxeHuaM egunuun (3.5). Ws (3.2) Burekaer, uto
aja moboro MHorouwsieHa p (A)

p(X)= %',P (M) Ex={p () E (d1).

Annpoxcumupys B obineM ciydae HHTErpajbi CyMMaMH, MOXHO
noKasaTh, WT0 AXf MPOHM3BOJLHOTO SPMHTOBa onepatopa X

BHINMOJHAETCA
P(X)={p () E (dh).

Moabaysice sThM, onpeaenum spmutoB oneparop f(X),
rge f—orpanHdeHHast H3MEpHMan (YHKUUA, COOTHOLICHHEM

@OV ={FA)DIE@N Y veH

OroGpaxenne f—-f(X) coxpanser ajnre6pandeckue QyHKUHO-
HajJbHEE COOTHOIUIEHHWA: JIMHe/Has KOMOWHALUHUS H NPOH3Be-
genne GQyRKIuA nepexogAT COOTBETCTBEHHO B JHHeRAHYIO
KOMOHHANMIO B MPOHSBEJCHHE COOTBETCTBYIOUHX ONEPaTopoB.
OGosnauasi 15(A) mHguKatop MHOXecTBa B & of (R), HMeeM

E(B)=15(X).

OroGpaxtenne f—f(X) coxpanser TaKke OTHOWIEHHA
ynopsacuesHoctd. Hanpumep, nonaras

| X|=§|A)E (dM), (3.9)

nMeeM X <|X|, T8K Kak *x<|x| AAa BceXx xR
Hs pasencrsa
X3={ ME (d2)
BHTeKaeT, 9T

1 X9F =A% (9| E (d0) §).

B xavecrBe npuMepa paccMOTPHM oneparop Q yMHoXeHHA
Ha HE3aBHCHMYIO [IeDeMEHHYI0 X B TMpPOCTpaHCTBe £2(a, b),
rae (a, b)—orpanuvennnit unTepBad. MMeeM

b
Q={EE (d), (3.10)
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rae E (B)=13(x). B camom aene, (3.10) osmauaer, 81O

]
91 Q) = Eny (dk), (3.11)

b

rre pe(B)=(BIEB))={1a(0):p(x)rde = b(x)Pax,

a B
Tak uT0 py(dE)=|P(§){*dt u pasencreo (3.10) ouesnauo.
TakuM o6pa3oM, cnekTpa/ibHOR Mepofi omepatopa yMHOXKe-
HH Ha X siBAserca ceMefictBo npoextopoB {lg(x); Be
eef ((a, D)}

OnepaTtop YMHOXEHHSI ABJAETCA THNHYHBIM NPHMEPOM
ormepaTopa ¢ HenpepoHBHHM cneKTpoM. Kak mm Bi-
NeNH, OH He HMeeT COOCTBEHHHX BEKTOpPoB B X2 (a, b), xoTs
ypaBienue (3.3) HMeeT MHTYHTHBHO NOHSATHHE (opMmalbHble
pewennst (3.4). B sTOfi CBA3KM YMECTRO CKasaTh HECKOJbKO
caoB 0 ¢opmanusme Jlupaka npHMeHHTENbHO K ONepaTopam
¢ HenpephiBHEM cnekTpoM. Cienya Iupaky, o6osxaunM
uepe3 | &) dopmanbuyio coberpennyio dynxumo (3.4). HaGop
{|€); E=(a, b)} sBAsETCH <COPTOHOPMHPOBAHHLIM® B TOM

cMbiCe, 4TO
€ 18)=8@E—-F)
H YHOBJETBOpsieT (OpPMa/bHOMY YCAOBHIO TOJIHOTH

b
fivEIa=1 3.12)

Ha camom pene (3.12) sBaserca cokpamenHodi ¢opmoft sa-
NHCH DaBeHCTBa

b
[@IDRIVE=0IY. v,

KOTOpOe CTaHOBHTCA OCMBICJCHHBIM, €CJIH NOHHMATh CHMBOJI

Ei¥) xa \
GO ={8(-De@d=v®.  (.13)

Takum oOpasom, cemefictBo {|§)} sBasierca ¢opMaibHLIM
KOHTHHYa/IbHBIM  aHAJIOrOM OpTOHOpPMHpOBaHHOTO Gagnca,
a coorHomieHne (3.12) sABJAserca HWenpepuLiBHHIM aHAAOTOM
ycaoBua noanothl (1.11). CnekTpanbHoe pa3sfoxenue onepa-
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TOpa YMHOXEHHSI HA X B AHPAKOBCKHX 0003HAYEHHUAX HMeeT
BHA

b
Q={E|D)EIdE (3.14)

H BRITAAJMT KaK HeNOCPeACTBEHHbi KOHTHHYaJbHHI anaJor
CMEKTPANLHOr0 pa3NiokKeHHs C JHCKPETHHM cnekTpoM. Pak-
THueckH (3.14) ossauaer, uTo

b
WY =StP DEIVG vsX,

a sro 70 3e camoe, 4ro (3.11). Takum obpasoM, Mb noay-
gaeM cBasb Mexzgy (3.10) » (3.14), nonaras

E (dB)=1§) €l dE.

KoHeuHo, STO COOTHOIIEHHE Helbh3fi MOHHMaThb OyKBaJbHO,
TaK KaK NMpOeKTOpHO-3HauHas Mepa E (dt) e sBasercs pud-
depenmupyeMoii (He uMeeT MJAOTHOCTH) OTHOCHTEJIBHO MEpH
Jlebera dt. Opmako ckanspueie Mepnl py (dE) = (| E (dE) ¥)
yxe muddepeHuupyeMu OTHOCHTENbHO d§, npHYeM

ke (dB)=|L(E) P dE=(¥|8) (E|¥) dE.

Harnspnocrs ¢opmanusma Jlupaka pmaer onpefefeHHbie
MeTOnHYEeCKHEe TPEeHMYINecTBA B HSJIOXKEHHH KBAaHTOBOH Teo-
pun. Ilo cymiecTBy MOXHO MOJMB30BATHCS STHM (POpPMaH3MOM
B TeX paMKax, B KOTODHX OH SKBHBAaJEHTER CNEKTPaNbHOMY
PpasNoKeHHIO.

§ 4. CnexTpanbHOe pasjomeHHe HEOTpaHHYCHHBIX
onepaTopos

s KBanTOBOH MeXaHHKH BaXXHO 0GoCileHHEe CHEKTpaib-
HOfl TeopeMbl Ha HeorpaHH4YeHEEe oneparoph. Heorpanuuen-
Hble ONepaTOpH (32 HeCYLIECTBEHHHM HCKJIOYeHHEM) He MOryT
OuTh onpepeNenHl Ha BCeM TIPOCTpaHcTBe o . 3ajaHue He-
OrpaHHYeHHOrO OnepaTopa BCerAa MOApasyMeBaeT W OMHCAHHe
obaactu ero onpeaenerus. Ilycts X —onepatop ¢ obuiacTbio
onpefeniens 2 (X). OH Ha3LIBACTCA CUMMEMPUUHLIM, €CNH
COOTBETCTBYIOIl2Sl MOJIyTOpanuHediHas ¢opMa SPMHTOBa Ha

 (X):
Xeiv)=(9!X¢); ¢, b= (X) 4.1)
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HanGosee BaxHHM, ONHAKO, fIBASETCR MOHSTHE CAMOCO-
npaxeHHoro onepatopa. Ilyctb X —onepatop ¢ nJoTHo#
obnactblo onpesenenns ' (X). OGosnaunm gepes & (X*)
MHOXECTBO BEKTOPOB @, I/ KOTOPHLIX BhipaxeHHe (@ |XY)
ABAAETCS HenpepuiBHLIM ¢yHKUnoHatoM o . Torma no
neMme Pucca — @petite (@, X§) = (¢* i §), rae ¢* — HekoTOpHIK
BEKTOp, OMpefe]scMbfi OAHO3HAUHO, TaK Kak P mpoberaer
nJAoTHOe NOAMHOXKeC1BO o . OGo3nauuM X* onepatop ¢ — @*
¢ obnactbio onpegenenns & (X*). On Ha3HBaeTCA CONpPANCEH-
woim K X. Takum oGpa3som,

X*olP)=(e| X¥): =D (X), 92 (X*).

3 uactHocTH, X —cHMMerpuuHbifi, ecin X = X*, 7. e.
ZX)s D (X*) B Xp=X*}, =T (X).

Oneparop X ¢ nJoTHOR 06/1aCThIO Onpeae/IeHHs Ha3HBaeTCs
camoconpaxcernoin, ecii X =X*, 1. e. F(X*) =D (X) u
BHINOJIHAETCA paBeHcTBo (4.1).

Hnorza cuMMmerpuunnifi omepatop X MOXHO pacHIMpHTD
10 camoconpsukeHHoro. EciH 3T0 MOXHO caesaTh H NPHTOM
€AWHCTBEHHHIM Cnoco6oM, TO X H43HBAETCH CYUJECINBERNO
camoconpsocennoin. CHMMETPHUHHIA onepaTop, He HMelouluii
CHMMETPHYHHIX pacCIUpEeHHi, Ha3HBAETCH MAKCUMAALHOLM.

B xauectBe npuMepa paccMOTpHM onepaTtop P+=i-17:7
8 npocrpacree £2(0, co) ¢ obaacTbio onpenesieHns

9(P+)={1p: $(0)=0, §|%¢(x)|’dx<oo}.
Torga

<w|P+¢)=i-l§w>%w(x>dx=i-lq>_(0‘m(0)-

—i-l§d%$(?)¢(x)u=(mw). eEF (P}, 42

rae P} =i-11 ¢ oONacTbIO OnpeneJieHHs
+ dx p

.w(P:.)={¢: il%w(x)l’dx<oo}.



$4 PA3NIOXEHNE HEOFPAHHYEHHBIX OTMEPATOPOB n

Takum o6pasoM, P, P%, P, P%. Oneparop P, cummer-
puuen, Ho P} He cuMMeTpMueH, TaK Kak AJA Hero cjarae-
moe ('@ (0)¢(0) B popmyse Tuna (4.2) yxke GyseT OTJIHYHO
or Hyas. MoxHO nokasath, ¥TO0 P, MaKCHMaJieH.

C apyroit croponu, oneparop P =it dix B £?(— 00, )
¢ 00acTbi0 OnpejiesieHUA

9(P)={~p= §° |Zv® |’dx<oo}. 4.3

KaKk OYyAeT MOKa3aHO HuKe, SIBASETCS CaMOCOMPSMKEHHLIM.
[TprmMepoM CyIECTBEHHO CAMOCONPAMEHHOTO ONEepaTopa MoXxeT
CAYXKHTb CYXKEHWe 3TOTO ornepaTopa Ha (HHHTHHIE GeCKOHEUHO
mmddepenuupyemble PyHKIHH.

PaccmotpuM Tenepb unrerpan tuna (3.6), rae E (dA)—
NPOHSBOJILHOE OPTOrOHaJbHOe pas/oXKeHHe eNHHMUbL Ha mps-
moii. Tenepn Hesb3s oXHEaTh, YTOOH HHTerpas B npasoi
aactu (3.8) cxoaunca aas Beex Y € oX”, OXHAKO OH 3aBEIOMO
CXOIHTCH, €CHH P NPHHANACKHT NOANPOCTPAHCTBY

9={¢: { & (¢(E(dx)¢)<oo}. 4.4)

MoxHo nokasath, uTo & TJIOTHO B ¥ H 3pMHTOBa opMa
(3.2 onpexeaser camoconpsxkensn#t onepatop X ¢ ¥ (X) =
» TaK UTO

b1 X0 =(A(p E(dV)Y), VeI, (4.5)
IX¢P={M@|E@MY), b= (4.6)

[locnentee paBeHcTso noKashBaeT, noueMy AO/MKHO OHTbL
X)=9.

Teopema 4.1 (cnexTpanbHas TeopeMa AJs caMocomps-
xeHBHX onepatopoB). Coomwmouienus (4.4), (4.5) yemanasau-
B0IOM 83AUMHO-O0HOIKAYHOE COoOMBemCcmsue Mexcoy camoconps-
NCEHHOIMU  ONnepamopumu U OpPMIO20HANGHUME  PASAONCERUAMU
eduruybs 8 X (CREXMPAALHOIMU MEPAMUL).

Paccmorpum (Heorpanuyennuifl) onepatop Q  yMHOXe-
HHA Ha x B JL3(—o00, 00) ¢ nOJAACTHIC oONpeneseHus

{1p: S x';¢(x)|*dx<oo}. das mobux ¢, p=Z Q) Bu-
-
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nomuserca (@|QY)={xp () p(x)dx=(Qpiy), Tak wr0 Q
cumMmerpHueH. Jlns AOKasaTeIbCTBA CAMOCONPAKEHHOCTH BO3b-
MeM ¢ = P (Q*); Torpa qunpdx AIBJINETCA HenpepHBHBIM
¢dyHxuHonasoM ot Y u no JeMMe Pucca — @peme Sdox =
={hpdx, e (la(x)Pdr<<co. Orciona h=xp =
{120 (x) fdx < o0, Tax w0 9 = D (Q) 1 T (Q*) =T (Q). Pac-

CYXJaf Kak B CAyuae KOHeYHOro HHTepBaja B § 3, HaxomuM
€ro CMeKTPaJabHYI0O Mepy

E(B)=15(x); Beeof (R), 4.7)
a4, ¢opmanabHo,
E (d¥)=|%)(§|dE,

rae |E); — oo < << 0o, —dopManbible COGCTBERHEBIE BEKTOPH
oneparopa YMHOXEHHs, TaK aro, B oGosHauennax [lupaka,

Q=1 tIDEId

B kauectBe clenyollero NpHMEpa pacCMOTPHM CaMOCO-
npsikeHHbA oneparop P=it— B £*(— oo, 00). ot oOne-
parop HMeeT KOHTHHYaJbHH HaGop (opMaNbHEIX COGCTBEH-
HHX BeKTOpOB

—}7%4'“; —oco<N< 00,

YAOBJICTBOPAIOMMA YCJOBHSM OPTOTOHANbHOCTH H MOJHOTH
tuna (3.12). OGosHauan ¢opMabHble COGCTBEHHLE BEKTOPH
gepes |1)); — oo <1 <O, MHl MOXEM OXHAaTh, WTO P uMeer
CNeKTpaJbHOE pas/ioxeHHe

P=§ nin)(nldn.

Ins Toro 4To6ul npuAaaTh STHM PacCyXACHHAM TOURHA CMBICI,
paccmoTpuM mpeoGpasosanne Dypbe

bo=yg § eemarmonin,
-®



$4 PASJIOXXEHME HEOIrPAHHWYEHHBHIX ONEPATOPOB Lt

KOTOpOe  M30MEeTPHUHO orofpamaer L3(— o0, ©0) Ha
Z*(— o0, o). IIpn sroMm, kak HsBecTHO, omepatop P mepe-
XORHT B ONEpaTOp YMHOXEHHA Ha T, npuieM & (P) nepe-
XORHT B COOTBETCTBYIOINYI0 06NacTb ONpejeseHHs. 1048
BhITEKaeT, YT0 P SBJIAETCA CAMOCONPSIKEHHBIM, a CNEeKTpasibs
Has mepa F(dv) oneparopa P noayuaercs o6paTHbIM npeol-
pasoBanneM Pypbe crekTpanbuoli Meph (4.7), TouHee,

®IFBW =5 | Umw(x')emmdndx'dx. (4.8)

<bopuam>no 90 MOXHO 3anucath Kak
@IF =g | | v )en=1dv dedn=

- =@V, @9

F(dn)=|n)(n|dn,

YTO COrJiacyercs C MOJNYydeHHHM POPMabHHIM CTEKTPaNbHHIM

asnoxenue™ oneparopa P. OrmeruM, 90 B 0GO3HaueHHSX
Je.lnpaxa npeoGpasosanye Pypbe COOTBETCTBYeT NepexoAy OT
«Basuca» {|E)} k «Gasucy» {|n)}:

MW ={ @8 EIvdE

BN Xe

NOCKOJIbKY
1= § B — s =,

Bee ckasaHHOoe B § 3 0 (QyHKUMSIX SPMHTOBHX ONeEpaTo-
POB IEPEHOCHTCA € OUEBHAHLIMH WSMEHEHHWAMH Ha (QYRKIHH
CaMOCONPSKEHHHX OneparopoB. PaccMOTpHM, B 9acTHOCTH,
npeoGpasoBaniue Pypbe cnexTpanbHOf MepH oneparopa X:

X ={ ¢ (dh), (4.10)

Henocpencteenno nposepsiercst, wro cemeficreo V,=eiX.
—oo<i<<oo, ABNMETCA 2pynnoll yYsUMapHsx onepamopos,
T. e

Vo=1, Vye=VV, Vi=V_. 4.11)
MoxHO TaKxe mnoxasath, 910 ceMeficrBo omeparopoB {V}
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CUAbHO Henpepuigro NO &, T. €. 9T0 ;jas JuoGoro ¢ ¢opMyna
P=etXPp, —oo<t<oo, 4.12)

onpesie/isieT HeNPEPHBHYIO KPHBYIO B FH/IbGEpPTOBOM NpOCTpaH-
crBe ¥ Bonee Toro, kpusas (4.12) dugppepenyupyema e ¢ mo-
20a u moavko mozda, kozda ) & ¥ (X); npu smon p.=Z (X) u

B X 4.13)

BepHo H ofpaTHOe yTBep)KIeHHe, HSBECTHOE KaK TeopeMa
Croyna.

Teopema 4.2. Bcaxas cuavno (caabo) nenpepoisnas
epynna yrumapruix onepamopos umeem 8ud V,=e*X, z20e X —
OOHO3HA4RO OnpedencHroill camoconpacennuli onepamop.

Oneparop X Ha3HLIBAETCH UHPUHLMEIUMAILHBIM ONEpPamo-
pox rpynnut {V,}.

Hafipem rpynny {e?P} B &£ (— co, o). Hicnoabays (4.10),
(4.9), nonyaaem
@lerp) =g | { § 90 () ety anar ax = piv,
rae P (x) =¥ (x+f). Takum obpasom,

PP (x)=P(x+1), —oco<t<<oo.

IMepefineM Temepb K pacCMOTPEHHIO CHMMETDHUHHIX, HO He
06513aTe/IbHO  CaMOCOTpsXeHHLX onepatopoB. Hmeer Mecto
caepyouiee ofobiienne TeopeMu 4.1.

Teopema 4.3. Haa naomuo onpederennozo cummempuy-
ro20 onepamopa X cywecmeyem, 6oobiye 2060pA, He edurcm-
6eNHOe pasnoocerue edurnuyw (cnexmpansras mepa) M (dA) ma-
Koe, 4mo

(X)) {: M (9| M (dA)§) <oo;
B X9 =[A(p|M(dV)¥), Y=T(X); (4.14)
IX¢2={M ! M@V}, b= (X).

Ecau ace onepamop X MAKCUMAACH U GKAIOMERUE 8 NEPEOM
COOMHOWERUL SaMERReMCR Ha paseticmeo, mo M (dA) onpede-
asemes no X OONOSHAUKO.

B xauectBe nmpuMepa paccMOTpHM oneparop P, B mpocr-
panctBe %% (0, co). Mu nokameM, YTO €ro crneKTpajibHas
Mepa HMeeT BHX

M (dn) =|n.) (n+ | dn, (4.15)



§ 4) PA3JIO)XKEHHE HEOTPAHHYEHHBHIX OIEPATOPOB %

rae |ns) —dopManbHble cOOCTBeHHHE BEKTOPH Omeparopa
AudepeHuHpOBAHKA 7_279“"; — oo << << 00, KOTOpHE OT-

ARYAI0TCSL OT |1)) TOJNBKO TEM, UTO apTyMEeHT X MeHsiercs ot 0
no co. CucreMa {|n,)}, oueBngHO, YROBjeTBOpsieT GopMaip-
HOMY YCJIOBHIO MOJHOTH!

(- -]
S ) (e |dy =1, (4.16;
—

HO He OPTOroHaJibHa, TaK KaK
0
(n, |} = 2%5 -1 i = -8 (1 — )+ ()L (4:17)

[MostoMy pasnokenue emuunubl (4.15) me sBAserca optoro-
HaabHEM. [lopofHBE CHCTeMb HaswBalOTCA B (u3HKe «nepe-
NOJIHEHHEIMH».

Pasnoxenune eaununn (4.15) MoxkHO akkypaTHO onpefie-
JAHTH ¢ moMompblo GopmyJ THna (4.8):

o o0

(DI M (B)¥) = o § 5 §¢Tx)1p(x')e"l(‘—*”dx' drdy. (4.18)

Mpopomkan ¢ynxkuun, sapannne Ha (0, co), HyJeM Ha OTpH-
naTeJbHYIO NOJYOCh, MHl NOAYUaeM €CTeCTBEHHOe BJIOXKEHHe
£3(0, c0) B XL3(— o0, 00). [Ipn 3tom M (dn) saBaserca
orpaHHd9eHueM Ha L*(0, oo) cnmektpajabhodi Mepn F (dn)
onepatopa P, T. e.

(b1 M (dn) $) = ($| F (dn) §),
rae §—yKasauuoe npopovikenne ¢ynkmun ¢$. Ecm $=
e I (P,), 10 $ = ¥ (P), npruem Pyp=Py. ITostomy
(bI1P) =(H| PR =0 (| F (dn) §) = n (| M (dn) ),
1PAP=1PHP={n G| F(dn) ) ={n* (¢ M(dn) ),

OTKyAa BHAHO, 9t0 M (dn) YZROBJETBOpSiET COOTHOILIEHHAM
{(4.14), xapakTepu3yiomuM CNEKTPaAbHYIO Mepy onepatopa P,.
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§ 5. O peanusaunu H3MepeHHA

B npennaymeM naparpage MH BHAeaH, YTO HeOPTOTrOHA/b-
Hoe pasioxenHe eauHHUM {M(B)} B <#  Moxer BO3HH-
KaTh KaK OrpaHHYeHHE OPTOrOHaJbHOro pasioxenus {E (B)}

B HekoTOpoM 6oJiee IIHPOKOM NPOCTPaHCTBE K
MB)=EE(B)E; Beeof(U), (5.1)

rae E —npoexrop u3 <¥ ma o¥. Jlerko nousTb, 4TO, NMpO-
elupys TakuM ofpasoM Jmoboe, B YaCTHOCTH, OPTOroHaJ/bHOE
pasfioKeHHe eAMHHUN, MH BCErAa MOJYYHM HEKOTOpoe pas-
Joxenne emuununl B <% . Kak nokasan HafiMapk, BepHO H
ofpaTHOe YTBep:KAEHHE.

Teopema 5.1. Beaxoe pasaoxcenue edunuuyss {M (B)}
6 ¥ moxem Obimb npodosxceno 00 OPMOZOHAALHOZ0 PASAO-

acenun edunuyo {E (B)} e Goaee wupoxom npocmpaoncmee <%,
max umo 6ydem evinoanamecs (5.1).

OCHOBBHIB2siICb Ha 9STOM pesyJbTaTe, Mhl MOKaXeM, YTO
NpoM3BOJbHOE KBaHTOBOe H3Mepenne M B onpepesieHHOM
CMHIC/Ie CBOAMTCS K npocroMy usmepennio E Haj Hekoropofi
KBaHTOBOA CHCTeMOR, BK/nogalomiefi KpoMe HCXOAHOrO O6beKTa
HEKOTOphle JIONOJIHUTE/IbHbe He3aBHCHMBIE ¢CTeneHH cBOGOH.

Ias aroro HaM NMOHafOOHTCH NOHATHE TEH30PHOTO NMPOH3-
BefieHHs1 THJILOEPTOBHIX MPOCTPAHCTB, ChyXKailee AJsi Mare-
MaTHYECKOTO OMHCAHHA CHCTEMbl KBAHTOBHIX OOBEKTOB.

Mycrs ¥ ,, ¥ 3 — ruaL6epTOBH TPOCTPAHCTBA €O CKa-
JASIpHBIMH NpOH3BelieHHAMH (+|+); H (-|-)g COOTBETCTBEHHO.
PaccmoTpuM MHOXeCTBO £ (JOpPMaJbHHX KOHEUHHIX JXAHEHHHIX
KOMOHHAIKA SeMEHTOB Py X P =¥ 1 X X 5. BoepeM B mmuefi-
HOM TIPOCTPaHCTBe & NOJIOKHTE/LHO ONpefesieHHYI0 SPMHTOBY

¢opmy (-|:), nonaras
(P2 X P2 [ Y1 X ba) = (P1 | P1)1* (P2 Pa)s (5.2)

K npopokas ee Ha & no Juuefinoctu. Ilycrs e#” — nyJe-
BOE NMOANPOCTPAHCTBO 3Tol (OpMH; TOrAa (aKTOP-NPOCTpaH-
ctB0 L/e#” sBASETCS NpPeATHIbOGEPTOBHIM NPOCTPAaHCTBOM
€O CKaJIspHbLIM NPOH3BeJieHHeM, onpefiefseMulM (opMmoit (5.2).
[Mononuenue £/e#” U HA3LIBACTCH MENSOPHLIM NPOUIBLOCHUEM
rHALGEPTOBHIX NPOCTPAHCTB X3, o¥ o 1 o6o3Hauaercs
X, ® K y. Bekrop npocrpanctBa ¥, @ <Xy, COOTBETCT-



(3] O PEANTMSAUMH WIMEPEHHS n

sylOllMf KJacCy SKBHBAJEHTHOCTH BeKTOpa Y XPp =L,
oGosnagaercs P, @ ¥y. Us (5.2) cnenyer, sro

(P1 ® P3| 1 ® $o) = (@1 Yo)1 (@] ba)s. (5.3)

Xopomryio HJUTOCTpanuio 3Toft aGCTPaKTHOR KOHCTPYKUHH
naer chexyomu#t npumep. ITycte ¥, = %2 (R*) — npocrpan-
CTBO KBajAPATHYHO-HHTEIPHPYeMBIX (YHKUHE P, (x), x ER",
H ¥ g=JL3 (R™) — npocTpaHCTBO KBagpaTHUHO-HHTErpHpYye-
MuX pyHKDUuE Py (¥), ¥y =R™. Toraa £L/e#” COCTOHT H3 KO-
HEUHHIX CYMM BEJa

(% )= ¥ = @),
npHyeM !
@l={{oF Hv(x y)dxdmy,

a X'y @ ¥y COCTOMT HS BCEX KBAJIDATHIHO WHTErPHPYeMbIX
¢yexunlt @(x, y); x=R* y=R™, c TeM XKe CKaNApHLIM
npousBefeHueM. BeKTOp ¥ ® VP COOTBETCTBYeT (YHKUHH
¥1 (%) P 9)-

Bepuemcs x obmemy citywaio. Ecau {e{}—dasuc B Xy,
a {e}} —o6asnc B ¥, 10 cucrema {e] ®@ef} obpasyer Gasnc
B ¥ ® ¥y (HMeIOTCSl B BHAY OPTOHOPMHPOBaHHbIE 6a3HCHI).

PaccMOTpEM 57leMeHT @ = 2 ¢l® q:{ e X' @ JHy. Pasna-

)
ras ¢4 no Gasucy {ef} u obvenunsn MuoxuTes M npu KaNaOM
Bextope ¢}, nosyauMm ¢= Y ) @ €§, rae Y —nexoropue
k

OJIHOSHAYHO OMpefesisieMble BEKTOPH NpPOCTPaHCTBA <Xy
SaMetuM, WTO moampocTpancTsa oX ) @ €k = X @ Ny,

cocTosue H3 BEKTOPOB BHIZ ¥ ® €); $y = <Xy, B3auMHoO-
oproroHaZsubl. Takum ofpasoM, uKCHpys GasHC B ¢¥y, MB
noslydaeM pasioxeHne oy @ ¥ 3 B OPTOTOHAILHYIO CYMMY
NOANPOCTPAHCTE, HIOMOPPHLIX o¥ y:

0%'1®0%.’=§@[9”.1®e:]n (5-4)

TensopHoe npousBefenne onepatopoB X; ® X,, rae X; --
orpaHMYeRHHI omepatop B <Xy, onpegensercs (opmyJok

(X1 ® X3 (0 @ o) = X1t @ Xty
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Ha SJieMeHTaXx BHAA P, ® P, H OAHO3HAYHO NPOROKAETCH
Ha ¥, ® ¥y 1O JHHEAHOCTH W HENpepHBHOCTH.

PaccmotpuM  ¢ukcHpoBanHoe pasjioxenue (5.4). Toraa
BCIKHA orpanuueHHHN onepatop X B <X, @ ¥, 3amaerca
Gnounofi Matpuuelt [X;,], s/neMeHTaMu KoTOpO#i sBJASIOTCA
oneparopul B ¢¥ "y, no ¢opmyJe

X(é}ﬁ@e&‘k%}(}} X;.apf)@e!-

B uacrHocTn, oneparopy X, ® X, COOTBeTCTBYeT MaTpHua
[X, (e | X;el)s)-

MMpeanoxenue 5.1. Han awbozo usmeperus M=
= {M(B)} 6 X" naddymcs aurvbepmoso npocmpancmeo < g,
aucmoe cocmosrue Sy 8 ¥ o u npocmoe ussepenue E={E (B)}
8 N Q@K , maxue, «mo

ries, B)=1¥(B), Beeo#(U), (5.5)

023 06020 cocmoanus S 6 I,
3nech pggs, — pacnpenesenue BepoATHOCTel u3Mepenns E

OTHOCHTENILHO COCTOAHHS S ® Soy @ W& — pachpefieieHue
BeposiTHOcTefl H3MepeHHss M OTHOCHTeJNBHO COCTOAHMA S.

HoxasarteabcTBo. [lyctb E— opToronalibHoe pasio-
MeHHE eNHHHUE B <X, CYILECTBOBaHHE KOTODOTO YTBEPX-
naerci B Teopeme 5.1. Pacmmpas AONOJHHTENbHO, €CJH
HeOGXORHMO, MPOCTPAHCTBO X" u npopomkas E, Mb MOXKeM
CYuTaTh, UT0 X =K @ K @..., NpHUEM TaK, uTO ¥ =
=X ®[0]@®[0]®... Torna K =K Q@ Ky, rae H o=
= [% — NpPOCTPaHCTBO KBAaAPAaTHYHO-CYMMHPYEMLIX MNOCJ/eA0Ba-
TemHocTe® {¢;; j=1, 2,...}. Tlyctb Sy=3Sy, rae p={l,
0, 0,...}; Torza onepatop S ® S, HMeer MaTpHuy

H HeNnocpeACTBEHHO OYeBHAHO, 4YTO ANA MOGOro OrpaHHYeH-
Horo oneparopa E B ¥~ @ ¥ Bunoausiercss Tr(S @ Sy) E =

= Tr SEEE, Yuurusas (5.1), nonyuaen (5.5).



§ 8] COBMECTHAS M3MEPHMMOCTDH 7

310 npepsioxeHne yTBepkpuaer, uto HsMepenua E u M
CTATHCTHYECKH 3KBHBAJEHTHH B TOM CMHC/e, YTO
HMEIOT OJMHAKOBLIE pacrpefefieHHsi BepOSTHOCTeAl pesyJibTa-
TOB AN /moBoro cocrosmus S.

Mbi GyneM HaswBatbh Tpo#ixy (¥ S, E) peasusayuerd
nsMepeus M. Peanusamus coOTBETCTBYeT HPOCTOMY H3Me-
peHHIO Haj cucreMoli ¥ ® ¥y, cocrosmell W3 HCXOAHOH
cHcTeMBl ¥ H BCHOMOTaTeJbHHIX HE3aBHCHMHIX «cTeneHed
cBoGombl» <y B (HKCHPOBRHHOM cocTosHHM S,. B kaaccu-
9eCKOR CTaTHCTHKE STO COOTBETCTBYET PaHAOMHS3HPOBAHHON
npouesype, B KoTOpoll BCIOMOraTejbHasi CHCTEMa MoOXer
paccMaTpHBaTbCA KaK <¢pyJeTKa», Bbiaalomas CaydafiHble
Y4clla B COOTBETCTBHH C 3aKOHOM pacnpejelieHHs S,. Podb
<Xy B KBaHTOBOM cayaae Gyzner GoJjiee sicHOE B AajibHefiuieM,
KOTZia MBI PacCMOTPHM HeKoTopble npuMepst (cM. § 111.7).

§ 6. CooTHoweHNA HeompenenenHocTed
H COBMECTHAf H3MEPUMOCTD

B kBantoBofi TeopH¥ HauGOJbINMA HETEpeC NPeACTaBJSIOT
HSMEPEHHsl C BelNeCTBEHHBIMH 3HaueHUsaMH. Ilycre M: S—
—us(dx) Takoe uaMepeHue; TOrja Ks(dx) ect pacnpenefe-
HHAe BepoATHOCTell Ha BeiliecTBeHHON npsiMoit R. BaxHefmumu
XapaKTepHCTHKAMHA TaKOro pacnpelefieHHs fBAAOTCA cpeduee
" Oucnepcus

Es{M}={xms(dx), Ds{M}={(x—Es{M})ips(dn). (6.1)

OTH BeNHUYMHE ONpefe/eHH W KOHEWHH, BO BCAKOM Cay4ae,
€CclH Mg HMeeT KoHeuHu#i Bropod MoMeHT. B sTOM cayuwae
Mbl CKaxeM, 4TO usmeperue M umeem worewnvul emopod
MOMEHIT. OMNOCUMEALHO COCIMOSHUA S.

Habawdaemoll B KBaHTOBOH MeXaHHMKE HasHIBAeTCA caMo-
conpsuKeHHbIi onepatop B <¥; MH, OAHaKo, OyaeM npuMe-
HATb STOT TePMHH K IIPOM3BONBLHOMY NVIOTHO ONpejie/IeHHOMY
CHMMEeTPHUYHOMY oneparopy. CorjacHo CneKTpajbHHM

TeopeMaM, COOTHOIeHHe X =§xM (dx) ycranaBsiHBaeT coot-

BETCTBHE MEXAY HaGmojaeMuMu M H3MepeHHAMH. Cpedsnun
snauenuesm Eg(X) u Oucnepcued Dgs(X) nabawdaemod X Mb
6yaeM HasbiBaTh BeJHYHHEH (6.1), BHIYHCAEHHBE MO COOTBET-
crByioweMy nsMepennio M (dx). Ms coornomennit (4.5), (4.6),
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(4.14) ans uucroro cocrosHus Sy nodyuaem *)
E%(X)=(¢|X1p),
Ds, (X)=1(X — Esy(X) I = X9P —(Es,(X))
npu ycjoBHu, 910 P € F (X).
Ecmn X —orpannuennas HaGJofaemas, TO COOTBETCTBYIO-

lliee MPOCTOe H3MepeHHe HMeeT KOHEUHHEH BTOpOA MOMERT
OTHOCHTEeJIbHO MOGOro COCTOAHHA S, npHueM

, (6.2)

Es(X)=TrSX, (6.3
Ds(X)=Tr S (X — Es(X))*. (6.4)

Boo6me, ana orpannuennoft ¢ynkumn f
§ 7 (%) s (dx) = Tr Sf (X)- (6.5)

Sru popMysn GyRyT yCTaHOBJIEHH B CJEAyiolUleM naparpade.
Paccmorpum napy naGmogaemnix X; H X; H cOCTOsiHMe
Sy TaKoe, uro p = F (X,) | Z (X,). Az moboro BelecTBeH-
HOTO ¢
0<I(X,—Es(X\)p—ic(X,—Es(X, )y =
= DS' (X)) 42 Im (X, 9| X,9) +c'Ds¢ (Xy)s (6.6)
OTKYyAA

Ds, (X))-Dsy (X = [Im(XpI X)) P, (6.7)

NpHYEM PaBEHCTBO AOCTHraeTcs TOTAa W TOJIbKO TOTA4, KOTAa
AN HEKOTOpOro ¢

i(Xy—Es(X))+ ¢ (X, —Es(Xy)] $=0. (6.8

B npemnosioxeHHH 33aKOHHOCTH mpeoBpasoBaHufi Hepa-
BeHcTBo (6.7) MOXHO mepenHcaTh B BHJE

Ds(X)-Ds(X)=1|Es¢iX,, X, DB (6.9

rae
[Xl’ X,]=XIX,—X,X1 (6.[0)

— xommymamop oneparopos X,, X,. 10 HepaBeHCTBO Ha3Hl-
BaeTcs COOTHOIIeHHeM HeonpeaedeHHocTel. B§9

*) Mu ycnOBHMC4 B 3amHCH ONEPaToOPoB, KPATHHX ENHHAYHOMY,
omyckats HHOrAa cHmBoa I, Tak 910 X —Eg(X)=X—Eg(X)-1 u 7. 0.
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MB 0GO0GIMMM €ro Ha NMPOH3BOAbHHE COCTOAHHS W H3MEpeHHA
€ KOHEWHbLIM BTOPHM MOMEHTOM.

OcraHoBHMCA Ha HHTeprperauun coorHowenus (6.9).
Hnorga MOXHO BCTPeTHTb YTBEpXKAEHHWe, HTO COOTHOLIEHHE
HeonpefiefleHHOCTe ycTaHaBJ/HBaeT OrpaHWueHHe Ha TOYHOCTb
€COBMECTHOrO H3MepeHusi» HaGmopaemux X,, X,. Ias Toro
qTo6Hl pasobpaThcsl B CpaBeqauBOCTH Noxo6HOH uaTEpnpera-
UMM, HeoOXOAMMO MNPHAATH TOUHHA CMBICA MOHATHIO €COB-
MeCTHOHA H3MEepHMOCTH).

B peanbHHX SKCIepUMeHTaX AOBOJBHO 9aCTO MPHXOXHTCS
NPOM3BOXHTb COBMECTHOE H3MepeHHe HECKOJIbKHX BeJMYHH.
B Takux ciyuasX pesyJabTaTOM HSMepeHHA fBJAsercs HaGop
BEINECTBEHHBIX WHCeN X, ..., Xp, MOTYIHA NPHHHMATL 3Ha-
YeHNs B HeKoTopolt 06/MacTH A n-MepHOro MPOCTPAHCTBA.
Takum 0O6pazoM, MaTeMaTHYeCKH COBMECTHbIE H3MepeHHA
HOJIKHBI OMHCHIBATLCA PasAOeHUAMH euHKun M (dx, ... dx,)
Ha AcR".

O6Li9HO roBOpAT OO <€OAHOBPEMEHHOM® H3MEpEeHHH He-
CKONMbKHX Beax4ynH. Ha camom pene MOMEHTH noanyueHHs
JAaHHBIX X, ..., X, He HCPaOT SHECh CYIIECTBEHHOA pOJH.
Hamepenne MoxeT OHTb OAHOBpPEMEHHHIM HJM TOCJENOBa-
TeAbHBIM, 5TO, KOHEYHO, OTPASHTCA Ha CTaTHCTHKE H3Mepe-
HHf, HO B moGoM ciiydae oHa GyIET OMMCHBATHCH HEKOTOPHIM
apduHHLIM oToGpaxkenHeM S —-pg(dx, ...dx,). Baxno mumsb
TO, 9T0 BCe AAHHHE INOJMYYeHH B ORHOM SKCNMepHMeHTe,
OTHECEHHOM K OMpefejieHHOMY HCXOXHOMY COCTOSIHHIO S.

PaccMorpaM BelniecTBeHHble n3MepeHus M, (dx,), x, €R;;
M, (dx;), x,=R;. Mm ckaxeM, uTO 9TH H3MepeHHs C06-
Mecmumsi, echH cymecrsyer usmepenue M (dx, dx;) na R, X
XR; =R? rakoe, aro

M, (dx,) =|§’ M (dx, dx,), Mg (dxy) ='§ M (dx, dx,),

Townee, M, (B,)=M(B,XRy), B, = of (R;), n anaioruusHo
ans M,. Tlo amajoruu c Teopueli BepOSTHOCTeHl MOXHO CKa-
3aTb, YTo M,, M, ABIAIOTCA MAPLUHANGHOIMU USMEPDEHURAMU
A msmepenus M.

PaccMoTpuM Tenmepb BOMpPOC O COBMECTHOH M3MEpPHMOCTH
HaGMOAAEMEIX, onpefeliieMblX CAMOCONPSAMKEHHLIMH Oneparo-
pamd

X;=\xE/tdx); 1=1,2.
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Hasobem ux cosmecrnumvimu (WM COBMECMHO USMEPUMDIMU),
€C/IH COBMECTHMB HSMEpPEHHS, OMHCHIBaeMble HX CNEKTPalb-
HEIMH Mepamu E; (dx;).

Npeanoxenune 6.1. Habuodaeme X,, X, cosmecmuo
usmepumes mo20a u moasko mozda, Ko20a ux CrReKMparsHyie
mepot E,, E; rxommymupyom, m. e. [E,(B;), E,(B;)]=0
018 aobeix By = of (Ry), j=1, 2.

HoxkasatenbcTBo. [N ROKasaTeNbCTBa AOCTAaTOYHO-
CTH Onpefie/iMM OPTOTOHAJbHOE pasjiOXKeHHe eAMHHLB Ha
Ry XRy, nonaras

E (B, X By)=E, (B,)- E4(By)

u mnpopomxan E Ra of (R;XR,) crampapTHhM o6pasom.
Torga E; sBAsiOTCS MapruHaJbHHIME H3MepPeHHSMH Ans E.

Iokaxem Heob6xopumocTb. ITyctbh cymecTByer H3MepeHHe
M, pna xoroporo E, u E, sBJAAIOTCA MapruHajJbHHIMH
usmepenusmMH. Ham Hapo pnoxkasats, wro nas mobuix B,
By =of (R) npoexktropu E;(B;) u E,(B,) KOMMYTHpYIOT.
Mycrs B, — pononnenune muoxectsa By; j=1, 2; Tora mul
MOXeM H306pa3uTb Clefylomyio TaGaumy:

Elffl) =M (B, iB:) +M (313'(_3:)
E, lel)=M(BIXB,)+M(BIXB,) (6.11)

I I
I E,(By) + Eu(By,

rae E,(B,)E, (B,)=E,(B,) E;(By) =0. Tlepenucupas sro
COOTHOLIEHHe B BHAE
[M (B, X By)+ M (B, X By))-[M (B, X B,)+ M (B, X B,)] =
=[M (B, X By)+ M (B, x B,)]-[M (B, X By) + M (B, x B,)] =0
H TpHMERAs HeCKONbKO pa3 arajor Jemms [.6.3 gxaa
ruAb0epTOBa NPOCTPAHCTBA, NOJYyYaeM, YTO TNpOH3BeAcHHE
mo6LX ABYx H3 oneparopoB M (B,xB,), M(B,xB8,),
M (B, x B,), M (B, x B,) paBno nymo. Orciona E, (B,) E, (B,) =
=M (B, XB,)*=E;(B,) E,(B,), n npepnoxeHue JOKasaHO.
AnanorHuHbifi pesy/sbTaT CnpaBeAJHB AJAA JMOGOrO KOHed-
Horo Habopa RHaGmoRaeMhix

X;=S}.,E(dk,); i=lL...,n
Ecmu X; COBMECTHO H3MepHMB, TO OHH MOTYT GHITb mnpef-
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craBiieHn duepes musMepenme E (dx,...dx,)=]]E;(dx) mo
i

dopmyae
X,=S...SJL,B(dL,...dA,.), i=1,..., n. (6.12)

OG6paTHO, A1 BCAKOTO MpPOCTOro MsMmepeHus gopmyna (6.12)
onpexensieT Ha6op COBMECTHO HSMEPHMBIX HaGJIOZAEMBIX.

MoxHO nOKasaTh, YTO OrpaHHYeHHbie Hab/MoxaeMbie COB-
MECTHMbl TOrZa H TOJAbLKO TOTA3, KOTAA COOTBETCTBYIOLLME
omepaTopu kosxmymupyom, T. €. [X;, X]=0. na weorpa-
HHYEHHBIX OMEpaTOPOB KOMMYTAaTOp MOXeT OwThb He onpe-
nesieH; TO3OPAT, 9T0 OHH KOMMYTHDYIOT, €C/H KOMMYTHPYIOT
HX CneKTpajibHble Mepbl. JT0 PaBHOCHILHO TOMY, YTO KOM-
MYTHDPYIOT MNOpOXKIaeMble HMH YHHTapHHe Trpynnn, T. €.
[%1, ¢*X4] = 0.

®opmyna (6.12) ssaserca oGolimeHueM CneKTPaabHOTO
pasjioKeHUs] HA KOMMYTHpYOUlMe ceMelicTBa CaMOCOMpSIXKeH-
HuIX oneparopoB. OCHOBHBAACH HA Hell, MOXKHO OnpexesuTDb
GYHKIUHIO f OT KOMMYTHPYIOIHX ONEpaTopoB Kak

F(Xpsooes Xa) =0 FOgseees M) E (dhy... dhy).

BosBpamasicb K COOTHOLIEHMIO HeompefeNieRHOCTel, 3aMe-
THM, 9TO €CJIH NpaBas YacTb OTAHYHA OT HyJd, To X; M X,
He KOMMYTHPYIOT H, C/ef0BaTeNbHO, BoOOmEe COBMECTHO
He u3MepuMbi. [TosToMy He/Mb3s rOBOPHTH, 4TO COOTHOLICHHS
(6.9) ycraHaBAMBAIOT rpaHHOM LN TOYHOCTH COBMECTHOTO
usmepenua X, n X,.

Ina Toro uto6bl AaTH MNpPaBHJbHYIO HHTEprpeTanuo,
paccMOTpHM JBa HaGopa, cocTosuuue H3 GOJbLMOro YHCMA
9K3eMMJApPOB OAHOIO W TOrO e O0OBEKTa, NPHIOTOBJEHHOTO
B ONHOM M ToM e coctosHuw S. Toraa, ecin B nepsoM
Ha6ope usMepsierca Halmogaemas X,, a BO BTOPOM —
HafmonaeMass X,, TO mpoM3BeJieHHe JMCTepCHA TaKkHX, He-
3aBHCHMO JDYT OT ApPYra Npou3BeJeHHbIX H3MepeHH#A Oymer
YIOBJeTBOpPATh cooTHoweHHo (6.9). Hau wuaue, npeanoso-
XHM, 4YTO M3 CAMOTO OMHCAHHS NPOMEAYpH NPHTOTOBACHHS
U3BeCTHA OfHA W3 AucnepcHli, ckaxeM, Dg(X,) (Hanpumep,
OXHOPOAHEIA NYYOK YacTHI NPOMYCKaeTcs depes OTBepCTHe
onpeaeseHHOro pasmepa). Torsma HaGmoseHHOe 3HaueHue
Ds(X;) Gyner ynosierBopaTb coorHoweHuo (6.9). OGe stu
HHTepnpeTauHH BecbMa OMHM3KR APYr K ApYyry, TaK Kak
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onpenenenre Beanunnbl Dg(X,) no nepomy HaGopy MOxHO
paccMaTpHBaTh KaK NpegBapHTeNbHOE ONpejeJsieHHe XapakTe-
PHCTHKH NPUTOTOBJICHHOTO COCTOSIHHS.

Tem He MeHee, KaKk Mbl YBHAMM, COOTHOLICHHWe Heolpene-
JieHHOCTell HMeeT OTHONMIEHHE H K TOYHOCTH COBMECTHOTO
H3MepeHHsA, XOTA 9Ta CBfASb He HBJAETCA CTO/b MNP AMO-
JuHefiHOM, KaK STO 9acTO NpeAnoaaraercs.

§ 7. Sinepunie omeparopsi
H oneparopui 'manbepra — IIMnnTa *)

PaccMoTpuM orpaHuueHHBie OMepaTopH, AWAroHa/bHbie
B JAHHOM ¢uKcHpoBaHHOM Oasuce {¢;}:

X=2,:x,|e,) C78 (7.1

rae pap CXOAuTca CHJbHO. JlioGoMy cBORCTBY Takoro one-
paropa X OTBedaeT HEKOTOpPOe CBOACTBO MOC/AENOBATE/bHOCTH
{x;} ero coO6CTBEHHBIX 3HauYeHMH.

Hopma oneparopa X pasua

1X l=s1;p | % 5 (7.2

9pMuTOBOCTb X COOTBETCTBYET BelleCTBEHHOCTH, 8 MOJOXKH-
TE/IbHOCTb — HEOTPHIATE/ILHOCTH SHavenufi x;. Jliobomy knac-
CHYECKOMY MpPOCTPAHCTBY MOC/EROBATENLHOCTER COOTBETCTBYET
HEKOTOpHIl KJacC AHaroHaJbHHX omeparopos. IlpocTpancteo
BCeX AHArOHAJbHHIX OMNEPaToOpOB C OMepaTOpHONl HOPMOH H30-
MOpPGHO NPOCTPAHCTBY ¢ OrPAaHHYECHHHIX NOCJEAOBATE/NbHOCTEH
¢ Hopmofi (7.2). Ilpn srom omeparopaM KOHEUHOro paHra
COOTBETCTBYIOT NOCJICOBATEAbHOCTH C KOHEUHHIM YHCJIOM HeHy-
JieBHIX 3HaueHHf x;. 3aMeTHM, UTO NMOMNOJHEHHE ITOrO MHO-
xectBa no HopMe (7.2) jaer He Bce ¢, a MOANPOCTPAHCTBO
¢, mochaenoBaTenbHOCTeHl {x;}, crpemamuxcs k HyJmo. [lo-
STOMY NOTOJIHEHHE [0 OTEePaTOPHOA HOpMe MHOXKECTBa JHaro-
HaJILHEIX OMEepaTopOB KOHEYHOIO paHra AaeT He BCe OrpaHH-
ueHHHEe onepatopu Bhma (7.1), a Jmmb onepaTopH, y KOTo-
PHX NOC/ELOBATENLHOCTb COOCTBEHHHIX 3HauEHHH CTpeMuTCH
K HYJO.

*) Marepuan, usnaraemuit B §§ 7— 10 Gyger cyuiecTBeHHO HCIOAB-
3oBal Toasko B ra. V, VI.
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JpyruMu BaKHbIMM IPOCTPAHCTBAMH NOC/EA0BaTeNLHOCTEH
SIBJIAIOTCA NpocTpancTsa {! m /2, KOTOPHM OTBEYAlOT NPOCT-
PaHCTBA JMArOHaNbHLIX OMEpPAaTOpOB C HOPMaMH COOTBETCT-

BEHHO
|!X|,=§7]|x;|=Tr|X|,
rie | X|=V X"X=Z’lx1||e!)(ef|’ o
| Xk= =) TrX*X.
]/-Zilx;l r

Mul coBupaeMcsi OnpefesUTh ¢HEKOMMYTATHBHBIE» aHAJIOTH
9THX NpPOCTPAHCTB, He CBA3AHHHE C TpeGOBaHHEM XUaroHa/b-
HOCTH, MOMOJHAS MO COOTBETCTBYIOULHM HODMAaM MPOCTpaH-
CTBO ONEpPaTopOB KOHEYHOrO paHra.

OGossauuM 3TO TPOCTPaHCTBO § (¢¥"); MPOCTPAHCTBO BCEX
OrpaKHYeHHHX omepatopoB Oymer oBo3Hadatses B (X).
Hanekc # sHu3y Gymer o603HauaTh COOTBETCTBYIOMIME Belle-
CTBeHHBIE NPOCTPAHCTBA 3PMHTOBHX omepaTopoB. IlonoJne-
HueM § (%) no onepatopHofi HOpMe |-| siBAsieTcs MpOCTpaH-
CTBO 8nOAHEe Henpepoiansix onepatopos. Mul me GyaeM obcy-
WAaTh SAeCh CBONRCTBA 3TOr0 BAXHOrO KJAacCa H OTMETHM
AMIUb, YTO LA SPMHTOBHIX BHOJIHE HENMpepHBHHIX Oneparo-
pOB CNpaBeAJHB aHaJOr KOHEeYHOMepHOR cnexTpaibHOf Teo-
peMbl: BCAKHI Takofi omepaTop AONYCKaeT CHeKTpajbHOe pas-
Joxenue Buma (7.1), rae {¢}—G6asuc us ero coGCTBEHHBIX
aex‘ropo)n, a {x;} —cobcTBerHHE 3HaueHHA (CTpeMsAllHeCH
K HY/o).

ITepeiinem k amanory mpocrpasctsa !, Ecau X — spmu-
TOB onepaTop, To onepatop | X | onpegensercsi €00THOLICHHEM
(3.9); ans NpOHSBOMABLHOrO OrPaHAYEHHOr0 X NOJOKHM

| X|=VX*X.
Tax kak |X[P=X*X, To ana Bcex Y =¥ BHNOAHAETCS
HX [$l=]1X¢i. (7.3)
3anerun, uto eciu T = § (X)), 10| T| = §(X). Monoxkum
ITh=Tr|T|. (7.4)

Hoxaxem, aro ans mobux T, X = § (X))
ITTX|<ITh-IX] (7.5)
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Mockoabky |T |— SpMHTOB omepaTop KOHEYHOTO paHra, To
A Hero cyllecTByeT GasHC H3 COGCTBEHHHIX BEKTOPOB {&;}.
HUs (7.3) nonyuaem Te|=||T|¢l=(¢||T|¢), Taxk uro

ITrTX|=|Z‘.(X*eflTe;)|<|x'n-§;‘,|Te,|=uxu-|T|1.
i

Monaras B (7.5) X=E, rae E —npoekrop Ha Noanpocr-
PaHCTBO, COiepXKailiee Bce BEKTOPH @y, Y, HS NpPeACTaBJeHHS
T=l9) (|, umeem TX=T, Tak w10

i

|TrT|<ITh.

310 HepaBeHCTBO NOKa3HBAeT, UTO E€CTECTBEHHOA 06./1acThio
onpesie/ieRHs clleia AOKHO OWTH TONOJNHEHHE MPOCTPAHCTBA
§(*) no Hopme |-h. ChopMmymupyeM KoHeuwHHIT pe-
3yJIbTaT.

Teopema 7.1. Coomnowenue (7.4) onpedeasem nopmy
Ha § (QWE); nonoanerue § () no smod Hopme seasemes 6ana-
xoevim npocmpancmeom 1 (K"), komopoe cocmoum u3 ozpa-
ruuennix onepamopos T maxux, umo Tr|T|<< co. Odwnosnay-
HOe auHedinoe nenpepoisroe npodosxcenue caeda wa ()
0aemca COOMHOWERUEM

TrT =Y (¢ Te),
7

20e pad cxodumcs K OOHOMY & MOMY e SHAYEHWIO AR 2106020
opmonopMuposanrozo basuca {e}.
Oneparopn kJaacca Tt (e?é' ) HasHBalOTCR oneparopamu
C KOHEUHHIM CJefioM MJAu s0epnoimu. Beaknufi agepnuifi one-
patop sBJsieTcs BNOJAHe HenpepHBHHM. B camom nene, pas
Te§@EX)
|T|<|T|l:

TaK KaK, cornacho (7.3) u (1.8), | T|=}| T||=s"lg>ow(£'i—+$)”<
< Tr|T|. Iostomy nonoanenne § (<¥°) no Hopme |-, conep-
XuTcA B nonosHesun §(<#°) no HopMe |-|.

Orciona cnemyer, 9To BCAKHHA SPMHTOB ifiepHHIA oneparop
HMeeT CNEKTpalbHOe PasJioNKeHHe

T= 2,"' tle) (el (7.6)
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rie psa u3 coOCTBeHHHX 3HaYeHHil CXOAWTCA aGCOMOTHO, TakK
kak 3|4 |=Tr|T|. Pag (7.6) cxogurca no Hopme |-h; npu
1

STOM
TeT = Z t;.
7
ITonaras
Ti= D yle)(gl, T-==23 tle) (gl

;>0 0>t
HMeeM

T=T.—T., |T|=Ts+T-, 7.7
Tak 970

iITh=Te T, +TrT-=|T L +IT-}h.

Besikuii  nOJOKNTENABHHIA ONEPaTop C KOHEYHHIM CJCAOM
fBAseTCS. AAEPHBIM H, C/eAOBATENLHO, AONYCKAET CMEKTpalb-
Hoe pasnoxkenue (7.6) ¢ §{=0. B uactHoCTH, BeAKuA ome-
patop TJIOTHOCTH HMeeT CNeKTpajbHOe pasioxeHne (2.2).

ConpsAxeHHHM X MPOCTPAHCTBY MochKefRoBaTesbHOCTEd [
AIBASIETCS NPOCTPAHCTBO BCEX OTPaHHYEHHHIX MOC/HejoBaTe/b-
Hocreft ¢. OcHoBHBasice Ha HepaBeHcTBe (7.5), MOXHO ycra-
HOBHTb HEKOMMYTATHBHHA aHajor SToro ¢akra.

Teopema 7.2. Ecau T —adepruil, X — oepanuserssoul
onepamopes, mo TX u XT — sdepruwe onepamope u umerom
secmo coomnowenus (1.18), (7.5). Banaxoso npocmpascmeo
B(JI) nsanemea conpsxcennuis & Ganaxosy npocmpancmey
QL(K"), max wmo ecaxuld nenpeposnslt aunednodl Gynxyuo-
naa na () umeem sud T —TrTX, 20e X =B (X).

Jna pemecTBeRHHX GaHAXOBBIX MPOCTPAHCTB SPMHTOBHIX
ONepaToOpoB  HMEeT MeCTO  aHaJOTHUHOe BepXKJCHHE:
(R4 (X)* =B, (X"). Pacemorpuu Buipaxenue Tr 7' X, sagato-
mee asoficTBenHocTh mpocTpaicTB ) (¥7) H By (K7). Ono
o6siazaeT CBOACTBOM, AHAJNOTHYHBIM TOMY, KOTOpOE@ BHIpaxa-
erca Jemmolt 1.6.2: TrTX =0 O0ss ecex T=0 mozda u
moatko moeda, xoeda X =0. Orciona, B 9aCTHOCTH, CJieAyeT,
qro ec T=0u Y=X, 10 TrTX<TrTY.

Tenepn Mu MOXKeM RokasaTb TeopeMmy 2.1. ITycre S »>ps—
HEKOTOpoe M3MepeHHe. PaccMOTPHM BelIECTBEHHYIO JIHHeAHYIO
oBosouKy MHOMecTBa coctosiuuft & (). Beakas auHefiHas

KoMOHBaNHA
T =345,
1
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OnepaTopoB MJIOTHOCTH SIBJISETCS, OYEBHAHO, SPMHTOBHIM
sAAfepHHM onepaTtopoM. OGparHo, nycts T & €} (JK'); Toraa

‘corqaacto (7.7)
T=tS,—tS_,

rae ty=TrTs+, S+=({+)'T+—onepaTopu NJIOTHOCTH.
Takum ofpasoM, JmnefiHoli ofosioukofi MHOxecTBa & (%)
fABAserca npocrpaHcTBo T (cX”) SPMHTOBHX fAlePHHIX ome-
paropos.

®ukcupyeM MHOXecTBO B H paccMmorpuM  addHHHMEA
¢ynkunonan S—ps(B) Ha &(J¥). Ilpomoskum ero RO
nunefinoro ¢ynkuuonana Ha T} (JX°), noaaras

p(T)= Z, tius, (B),
ecin T=)%4S;. KoppeKTHOCTb TAKOTO MPOAO/KEHHA 0GO-
i

CHOBHIBaeTC KaK H B KOHEYHOMEPHOM Cilyuae (CM. JieMMy
1.6.1). 3ror ¢pyHKUHOHAN HeNmpepHBeH, TaK Kax

LM <pT)+pT)=tp(S)+tp(S)<
<t,+t=Tr|T|=|Th

TlosTomy, corsacHO BTopo#t YacTu Teopemu! 7.2, CyllecTByeT
orpaHuvenHuit oneparop M (B) Tako#i, yro p (T)="Tr TM (B),
B 9acTHOCTH, ps(B)=Tr SM(B). U3 Toro, aro 0 <ps(B) <<
<1, cregyer 0<<M(B)<<I, a us pus(®)=0, ps(U)=1
caegyer M(®)=0, M(U)=1. Noxasarenscro sTux $pakToB
COBEpIEHHO AHAJNOHYHO KOHEYHOMEPHOMY CJydai0 H OfH-
paercs Ha aHajor jemmul [.6.2. Ilna nokasarenancrsa cBofi-
crBa 3) pasfokeHHs eAUHHUL 3aMeTHM, 4TO jia JmoGoro S
BEpOATHOCTD g (B) o-apmuruBH2 mo aprymenty B. Ilosaras
S =S8y, HMeeM

(b| M(B)$) = ZI: (I M(B))¥) (7.8)

ans moGoro pasbuenus {B;} mHOxecTBa B, a 910 H O3Ha-
yaeT BHINOJHEHHe CBOACTBA é).

OGparro, nycrb {M (B)} — pasioxenHe eAHHHUN B ¥ .
Torza ¢opmyaa (2.8) onpenensier cemeficro adhpBHENX PyHK-
nuoHaoB Ha &(JX). aeTcs NPOBEPHTH JHIIbL O-afAHTHB-
HocTb QYHKIUHH pg(-), T. e. fOKasaTh, uro 3 (7.8) ciemyer

Tr SM (B)= X\ Tr SM (B)) (7.9)
Il
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Ans JoGoro oneparopa naoTHOCTH S. PaccMOTpHM cnekTpanb-
Hoe pasfoxenue (2.2) onepatopa S. Toraa

TrSM(B)= Zk: sx (bs | M (B) u). (7.10)

C onmpyrofi cropon, B cuiy (7.8) (x| M(B)¥s)=
= 31 (¥x| M (B;) ). YMHONEsA 5TO PABEHCTBO HA Sy, CYM-

!
MHPYA N0 k H MEHASA NOPSAOK CYMMHPOBaHHS NO | H R, 9TO
BO3MOXHO B CHJY HeOTPHUATEAbHOCTH CJAAraeMbiX, Nojydyaem
(7.9).

Mu Mokem jgokasaTh Takie ¢opmyay (6.5) ana cpeanero
sHagenna. Hcnoawsys (7.10), noayvaem

§F (x)ps (dx) = Z}s,Sf(x)(1|:;lE(dx)1|:,)=
=Z': s (W | 7 (X) 9y) = Tr Sf (X),

NpHYeM TNePecTAHOBEA CYMMHPOBAHHS H HHTEIPHDOBAHHS
3aKOHHA B CHJNy aGCOMOTHON CXOAMMOCTH PAla W OrpaHH-
9eHHOCTH (YHKUHH f.

PaccMoTpHM Teneph HEKOMMYTATHBHHII aHAJOr MPOCTpaH-
crea A, Ha § (%) BBesieM cxanspHOe NponsBeleHHE

(T T)=TrTIT,, @7.11)
KOTOpPOMY COOTBETCTBYET HOpMa
ITh=V (T, T). (7.12)

Teopewma 7.3. MHonoanenue npedzusvbepmosa npocmpan-
cmea §(X) co cxaraprsim npouseedenuen (7.11) no nopme
(7.12) seanemes eurvbepmossis npocinpancmeon T3 (X) one-
pamopoe T'usvbepma — Llimudoma, cocmosuyum u3 ozpanuuen-

wowx onepamopos T maxux, wmo TrT*T =3 |TgP<oo
dan am0b020 opmoropuuposannozo Gasuca {e). ill.m Ar00bLx
Ty, T, =S (H) npousecdenue T,T, seasemca ade,

DHOLM
onepamopox U cKaasproe npouseedenue 8 T (") onpedess-
emes gopmyaoir (7.11). Mpu smom

ITiTsh<iTily-iTyly (7.13)
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[Mpoussedenue oOzpanuuernozo one, X wna one
Tuavbepma— uudma T (6 mdom;asaxe) maemcm
pamopom Tuasbepma — [Imudma, npusem
ITX =1 XTHh <1 X|:|T),. (7.19)
3amerum, 91O
TaK Kak

ITu=*lTH’=Sl;I‘>) I.J:H’ sup'?;,"<TrT*T

MosroMy Bcsikuii oneparop [uabGepra — lliMuara sBaAseTcst
BMIO/HEe HeNnpephBHBIM. B YacTHOCTH, BCAKMA 3pPMHTOB Ome-
parop [umbGepra — llIMuara nmeer cnexkTpaJibHOE pasioxe-

Bue (7.6), rae
vV

OTMeTHM TaKkXe, 9TO

iTh<ITH
IOCKOJbKY
TrT*T =Tr|” |’-21’}<(Et,) =(TrI T,

rae T —colcTBeHHbe 3naYeHus onepatopa |7 |. [losromy
acsumﬁ filepHbIf onepaTop ABAseTcs oneparopoM [HABGepTa —
[Umnara. Takum obpasoM,

§ (@) () = () < B(X).

B s3akmouenne paccuggmu omne ‘ga'ropu T'uanGepra —
lllMuara 8 npocTpaHCTBE (a, b). 'lycrs, ANg npocrotsl,
T — 5pMHTOB ONEpaTop; TOTAA HMEET MECTO CNEKTPaJbHOe
passioxenne (7.6) ¢ D) ¢} < co. Coberpennnle pyHK1MK 06pa-

i
3yIOT OpTOHOpMHpOBaHHHMA Gasuc B £*(a, b). PaccMorpum

Anpo
T(x, x)= 2’ te; (x') & ().

B cmay Toro, uto Y} #<<co u {|g(x)Pdx=1, sror psn
cxopurca B 2L*((a, b)’x(a, b)) B onpenensieT HUTETPHPYEMYIO
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B KBajpare JYHKUHMIO ABYX NEpeMEHHLX X, X', MpHUEM
T =Y #={{IT(x »)pdrdx'.
7

IOns mobofi e L3 (a, b)
b
TY(x)={T (', x)(x)dx. (7.15)

Ecan T —sfepubift onepatop, T0 3} |#] << 0o H nostoMy
¢yuknua T (x, x)=Zt,|e, xpe anna:e'rca HHTerpHp yemod.
Tlpn stom ! .

TrT={T(x, x)dx. (7.16)
a

B o6o3navuenunx Jlupaka aapo AOMKHO 3aNHCHBATHCA CHM-
BOJIOM
(' |T|x)== ?f;(x' 1€7) (¢ ] x)-

Hs coorsowenus noisort (3.12) dopmanbHo chexyer Henpe-
puiBEbl aHanor coorsowenus (1.13):

T={§|2)(< |T| 2 (x|dr dv,
OTKyAa MoJIyuaercs AHpaKoBcKas gopma cooTHowenus (7.15):
& IO = (x* I T | %) (x| ) d.

Ecaun T —onepatop I'mapGepra—IlImuara, To, KaKk Mu
paienn, agpo (x’'|T |x) sBnfercAs KBaApaTHYHO-HHTEIpHpYe-
Mofi ¢yBKuMeA ¥ 9TH BHIKNAAKH HMEOT HenocpeAcTBeHHOe
MaTeMaTH9eCKOe HCTOAKOBaHHe.

§ 8. Mpocrpancrsa £3, accouuEpoBaHHbie
C XKBAHTOBLIM COCTORHMEM

Miorxe Baxxabie KBaHTOBbIe HabGMoaeMble NpeACTaBASIOTCA
HeorpaHHYeHHHMH onepatopamu. OaHaKo HeorpaHHYeHHOCTb
ABJIAETCA MCTOYHHKOM OnpejeNeHHbLIX TEXHHYeCKHX TPYAHOC-
tefi, nopod BecbMa cepbe3nbix. Ecin B Teopun BeposTHOC-
tefi onpefenenne CyMMH CAydaiiHbIX BeJdWYHH He MpeACTaB-
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JsieT 3aTPyAHeHH#, TO ANS HEKOMMYTHPYIOIUHX HEOr paHHUEH-
HEIX ONepaTopoB CyMMa MOXXET HMeTb JHIb TPHBHAILHYIO
obnacth onpefesieHHs. To 06CTOATEeNLCTBO, YTO B COOTHOLIE-
HUR HeonpepeneHHocTeft (6.7) MbI paccMOTpesiH NHIIB YHCTHIE
COCTOSIHHSA, TaKXKe OOBACHAETCA XKeJlaHWeM H36exKaTh TPyA-
HocTefi, CBA3aHHEIX € HEOTrPaHHUEHHOCTbIO. Temepb Mb cobH-
paemca OTOpPOCHTb MOZOGHLIe OrpaHHdeHHss H paspaboTaTb
annapar, KOTOpHi MNO3BOJHA OH AOCTaTOYHO CBOGOAHO ome-
PHpPOBaTh HeOTrpaHHYEHHHIMH HaGMOJaeMEIMH, B YacCTHOCTH
ONpene/NHUTh HX CpefHHe SHAYeHHS H AHUCTEPCHH OTHOCHTENBHO
COCTOSIHHSA, 3a1aBaeMOro JIOOHIM ONepaTopoM MJIOTHOCTH.

B Teopuu BeposiTHOCTEi BaXKHYIO POJib HrpaeT rHiblep-
TOBO NPOCTPAHCTBO CAY4YafiHLIX BeJHYHH C KOHEYHHIM BTOPLIM
MOMeHTOM. B 3TOM mnaparpacde BBOAHMTCA HEKOMMYTATHBHBIH
aHajJor STOfl KOHCTPYKHHMH JJisi NPOH3BOJBLHOTO oneparopa
njotHoctH.  CooTBercTBYIOWEe HJLGEPTOBO INPOCTPAHCTBO
€KBaJIpaTHYHO-CyMMHPYEMBIX»  HaG/MiOfaeMbIX  OKasHBaeTcs
BecbMa YAOOGHBIM; B YaCTHOCTH, CYMMa TaKHX HaGJofaeMbiX
BCErAa oOmpejesiecHa H sBJseTCs KBafpaTHYHO-CYMMHpYeMOH
HabMoxaeMo#.

ITycts S — nponsBoJIbHLIA OnepaTop IJIOTHOCTH:

S=le/|\l7/)(‘l’fl,

X —orpanudennas BelllecTBeHHas HaGmopaemas. Bropof
momenT X, coryacHo (6.5), pasen

TrSX*= Z,: 87 (X | Xopy).

Ecnu paccMaTpHBaTh STO BHpaXeHHe KaK KBafpaTHSHYIO
dopmy or X & B,(¢¥"), 10 cooTBeTcTBYIOmAn Ouannefinas
cumMerpuuHas ¢opma, KoTopyio Mul oGosnHauuMm (X, Y)s,
Gyner uMeTb BHX

1 Y [re | X9+ (Xty| Y] =5 Tr S (VX + XV) =
i

=ReTr SY X.
BBoas cHMMeTpH30BaHHOE IpOHSBeleHHE
XY =g (XY 4YX), (8.1)

MOXXHO 3amnHcCaTb
¥, X)s=TrS(Y-X). 8.2)
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YcanosrmMess onepatopl X, Y & B, (%)) cuurarth skeusa-
seumuviny, ecii (X —Y, X—Y)s=0. OueBugno, X u Y
SKBHBAJICHTHH TOTZa H TOJLKO TOTAA, Korga Xy =Y, npn
8 %0, nm XS=YS. OGosnaunm uepes Z} (S) nononHenue
MpOCTPAHCTBA KJAcCOB SKBHBAJEHTHOCTH OMEPaTOPoOB M3
By ( OTHOCHTE/IbHO CKaJNfipHOTO TnpousBefieHHss (8.2).
Torza Z}(S) ABASeTCA BeNIECTBEHHHM THALGEPTOBHM MpO-
CTPaHCTBOM, nipHueM B, (c¥") eCTeCTBEHHO BKJAJLIBAETCA
B ZL}(S). IaguM oOmucaHue SAEMEHTOB STOrO MPOCTPAHCTBA
8 TePMHHAX HEOrpaHHYEHHHX ONEpaTopoB B o .

CummerpuuHbfi onepatop X Ha30BeM Kea0pamu4Ho-cyM-
MUDYEMbIM  OMHOCUMEAbRO  onepamopa naomuocmu S =

= ZI}s,lnp,)(\p,L ecta YyesP(X) nmpp 50 w
351 Xy P<<oco. MlBa takux onepatopa X, Y Gyaem cuu-
i

TaTh sKeuearenmusimu, echn X¢; =Yy, npu s; 0.
Jns xBagpaTHYHO-CYMMHpPYEMHIX }( , Y cxopurca psap

3 35 [0r9 | X+ Xy | Vo)) =
i

=Re Z, 8 (Y‘I,f I le) = <Y, X)s. (8.3)

Eciu X, Y orpaHuueHH, T0 OHH KBajpaTHYHO-CYMMHpYeMbI
B cymma sroro psaga (¥, X)s coBnagaer co sHaueHHeM,
RaBaeMbiM Gopmyofi (8.2).

Teopema 8.1. Ssemenmm npocmpancmea X} (S) sers-
10MCA KAACCAMU HKBUBAALHIMAHOCINY KBAOPAMUHHO-CYMMUDYEMOIX
onepamopoe; umenno, ecau { X} — ynoamenmarvran e cuvicae
CKaARPROZO Npoussedenun (8.2) nocredoeamersrocms 8 By, (),
mo nalidemcs xsadpamuuno-cymmupyemoud X maxod, wmo
lim (X,— X, Xz—X)s=0, u, obpamno, ecsaxud xsadpa-
R=—>00
MULHO-CYMMUDYEMOIE ONEPAMOD ABARLMER npedesox Pynoamen-
maavrolt nocaedosamessriocmu {X,} < By ().

Mut Gypem oGosnauats opno#t u Toft ke GykBo#t X u ome-
paTop, H COOTBETCTBYIOMUNA SNeMeHT MpOCTPaHCTBa L7,

Hcnompsys nonstue onepatopa [nibGepra — IllMugra,
MOXKHO 2aTh ApYTO€ ONHCaHHe KBafpaTHYHO-CYMMHPYEMbIX
oneparopoB. PaccmorpuM onepatop

V§=; Vs L) 9y -
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Ouesnpro, V'S =2 (X), Tak kak |V Sh=Tr (V'SP <co.
OGo3nauasi uepes &% (T') obnacte suagenuds onepatopa T,
HMeeM

% (V§)={'P= b= ZI: Vs ey, lelcf p<< 00}-

Npeanoxenne 8.1. Onepamop X xsadpamuaro-cys-
Mupyem moz0a u moavko mozda, xozda X npodosxcaemcs na

% (V' S) max, umo X V'S ssanemes onepamopom I'uavbepma—
LlIauoma. Ipu smom
Y, X)s=ReTr (XVS)(YVS)*. (8.4)

HokxasateabctBo. Eciu X xBagpatHuHo-cymMMupyeM,
TO TpeGyeMoe mponoJ/KeHHe 3apaeTcs (GopMyJok

X (Z’.‘. Vy C/'I’/)= Zi: Vs Xy ; l¢ P <oo,

npHYeM pAA B NPaBOl YacTH CXOAMTCA CHJBHO B CHJy KBaj-

pathuuoli cymmupyemoctH. Oneparop X V'S spaserca one-
paropom I'mabGepra—IlIMuara, Tak Kak

Tr(XV'S)* (XV9=‘V;',IXV?\PJI'=§I_‘,31IX¢;I’<00.

®opmyna (8.4) nonyuaerca ananornuno ns (8.3). OGparuoe
yTBepXKCHHE OUEBHJIHO.

aK Kak no TeopeMe 7.3 mnpousBeieHHe OlEPATOPOB
IaanGepra—IliMnara sBAsiercs sAAepHLIM ONEPaTOPoOM, TO
BhHIpaxeHHe

X-SmL[(XV3)-V3+VE-XV3)]

onpefenser ajepHHR onepa‘rolp B ¥ . Ucnossys sto oBo-
sHaueHve H coorHomienns (1.18), noaysaem eme omny dop-
MyJly AAs CKaJISpHOTO MPOH3BENECHHS

¥, X)s=Tr(X-S)Y, 8.5)

cnpapepnuByi0 AAa orpanndenHoro Y u X e %) (S).
PaccMoTpHM Tenepb KOMMYTaTOp

[V, X]=YX—XY
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on;paropoa X, Y. Ecan 3B oneparopn SPMHTOBH, TO
i[Y, X] rakxe spMutoB. IlosroMy cooTroienHe

[V, X}s=iTrS[Y, %'=2ImTrSXY  (8.6)

onpezefseT BelleCTBeHHYIO GuauHelinyio dopMy Ha By ().
Bocnonbsobasuch npesnoxenvem 8.1, MoxHO 3ajaTh npo-
Ro/uxenue srofi ¢opmu Ha L} (S):

Y, X;s=2ImTr(XV3)(YVS)".
Ilna X e %3} (S) coornomenne
[X, S]=(XV'8)-VS-VS§.-(xV5)*

onpeaeisier sepubii onepatop. BocnoabsopaBmmch ¢opmy-
Jamu (1.18), Mol MOXeM sanucaTb AMS OTpaHHYEHHOro Y

(Y, X)s=iTr[X, S]1Y. 8.7
Ora dopma sBAseTCA KOCOCHMMeTpHYHOA Ha XL} (S):
[Y, X]s=—[X, Y]s.

B uacrmocth,
[X, X]s=0, XeZ}(S) (8.8)
Hs (8.7) u (1.18) oveBuaso TaKxe, YTO
[Iv X]s-O. (8.9)

Hna aanpHefimero OGymer yAOGHO BBeCTH KOMNJeKCHOH-
Kauuio npocTpancrBa £} (S). PaccMoTpuM KoMnJekcHoe CKa-
JASpHOE NpOH3BejeHHe

(Y, X)s=TrS(Y*-X)=Tr(S.-X)-Y* (8.10)

Ha NPOCTPAHCTBE BCEX OrpaBHYEHHHX oneparopoB B ().
Ero orpannuenHe Ha BellleCTBEHHOe NOANPOCTPAHCTBO B, (
COBMajaeT ¢ BellleCTBEHHBIM CKaJApHBIM npoussefcHHeM (8.2).
Kococummerpuanas dopma (8.6) siBnsiercs orpanHuueHHeM
KOCOSpMHTOBOK (opMEl

[V, X}s=iTrS[Y*, X]=iTr[X, S]-Y*. (8.11)
Besiku#t orpannueHHBIft onepaTop MpeicTaBAseTCA B BHAE
X=Xy +iXy,
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rae X, = % (X+ X*), Xy= wl (X — X*)— spMuToBH Onepa-
Top. Henocpeacrsenno npoepsiercs, ¥ro
(X, X)s=(X1, Xi)s+(X;5 Xp)s.
OGosHauasi gepes £3(S) nonoanenue B (<¥") no ckansp-
HOMY npom'.neneul'lplg3 (8. 10(), uMeeM L3 (S) = é’; (S) @ iXZ}, (Sg.

JIBa ApPYrHX NOJE3HBIX KOMNAEKCHBIX CKaNAPHHX MNPOHs-
sefieans Ha B (") natorcs dopMyaaMu

Y, X)§=TrSXY*, (Y, X)s=TrSY*X. (8.12)
Tak kax
(Y, X)s=5 (Y, X)§+(Y, X)3),
10 (X, X)§ <2(X, X)s. [Tosromy, oBosnauas gepes L% (S)
nonoAxeHHs B(<X") no CKaNApHHIM nponssepeHuaM (8.12),
nMeeM L3(S) < L% (S). OrMerum oueBHAHBE GOPMYJIHI
(X, Vis=g[X, YIs=(X, V),

(8.13)
[X, Y=i((X, V)s—(X, )§) X.YeL(S)

§ 9. CootHowenus ueonpereaensocredi ans usmepenud
C KOHEYHBIM BTOPHM MOMEHTOM

IMpennoxenne 9.1. Cxarspuoe npouseedenue (-, -)s
u gopma [+, -Js cansanst cAedyIOUUM IKGUBRAEHMNNMY He-
pasencmeanu:

1) (X, X)s=5[X, Xls, Xe=L3(S)

9 (X, X)s=—5[X, Xls X2 (S)

3) (X1 Xps+(Xs Xs=[Xy, Xelse Xi Xs = L1(S);

4) (X1, Xp)s:(Xs Xs)s?'%' (X1 X8, Xy, Xy = £ (S).

HNokasateabctso. [las nposepku 1), 2) mocraTouno
SaMeTHTb, 9TO

X, X)s 51X, Xls=(X, X)§ =0, XeXS)
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MNonaraa X = X, +iX,, rae X; = L%(S), u yuurnsas (8.8),
HaXOfIHM

0<< (X, X)s=(X1 Xi)s+{Xs» Xo)s—[X1, Xsls»

OTKyAa BHTekaer, ¥wro 1) passocuabno 3). Hakowen, noa-
craBass B 3) {X, pMecto X,;, monyuaeM

t’<xlv Xl)S'_t[xlt xs]S+(x3' Xt)SZO’ —oco<t<< o,

YTO PaBHOCH/ABLHO 4).

3 HepaBeHcTBa 4) JIETKO NOJXy4aeTcd COOTHOMEHHE
HeonpexenenHocTel AAA HabAOAAEMBX C KO-
HeUYHHM BTOpHM MOMeHTOM. Ecm X Takas wnaGmo-
Aaeman, KOTOpas S3ajaeTcst IVIOTHO ONpefie/ieHHHIM CHMMeT-
PHYHBIM OMEPaTOPOM CO CMEKTPAJbHEIM pasjiokeHneM X =

=AM (dA), 1o
Es(X)=(, X)s, ©.1)
Ds (X) = (X — Es(X), X — Es(X))s. 9.2)

JlokaxeM, RanpHMep, BTOpOe COOTHOleHHe. YuuThiBas (4.14)
a (8.3), HmeeM
Ds(X)={ (A —Es(X)Pps(dr) =

= ; 5§ (A —Es(X)? (b | M (dM ) =

= gsj (X —Es(X) ¥ (X —Es(X) ) =
=(X —-Es(X), X—=Es(X))s»

npHYeM BCe MepeXoibl 3aKOHHH B CHJY KOHEYHOCTH BTOPOro
MOMeHTa.

Iycers X,, Xq— ape Takne nabmopaemwe. Ilpumenss 4)
K Xy—Es(X)), X;—Es(X,) ¥ yuntusan (8.9), noayuaem
oGofuleHne COOTHOLICHHA HeompeaeneHHocTel (6.7) B BHpe

Ds (X1} Ds (Xa) = 7 [X10 X,B. 9.3)

Hs pokasarenscrsa npegnoxenus 9.1 jerko ycmorpers, wro
PaBEHCTBO 3/ieCh AOCTHTEETCS TOTAA H TOALKO TOCAAa, KOTZa
Ans  Hexoroporo  semectBenHoro ¢ X, —Eg(X;) 4
+ic(Xg—Es(Xg) =08 L2(S), 1. e

(X, — Es(Xy) +ic (X —Es(X4))) S =0,
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HepaBencrso (9.3) OTHOCHTCS K H3MepEHHAM, KOTOpHEe
SaJa10TCA CNEKTPaNbHHIMH MepaMH HaGmopaemuix. IMTosyunm
Tenepb 060OmEHHEe COOTHOLIEHHS HeompejejeHHOCTeRk Ha npo-
H3BOJIbHbIE BellleCTBeHHbie H3MEpeHHS.

B Teopun BeposiTHOCTel SJEeMEHTaMH NPOCTPAHCTBA L3
ABASAIOTCA CJyvaiiHble BeJIHYHHH C KOHEUHLIMH BTOPHIMHM MO-
MeHTaMH. B HeKOMMYTAaTHBHOM CJydae HMeeT MeCTO aHaJo-
THYHOE COOTBETCTBHE MEXXY SJeMeHTaMH npocTpaHcrBa L} (S)
¥ BEUIeCTBEHHHIMH H3MepDEHHAMH C KOHEUHBHIMH BTOPHIMH Mo-
meHTamu. Ilycrb M= {M (dx)} — n3amepenue, umeolee Ko-
HeuHH#A BTOPOA MOMEHT OTHOCHTEJILHO COCTOSHHA S,

§ 235 (dx) < oo,

rae ps (dx) = Tr SM (dx). na Takoro u3MepeHus: onpeaeseHs
cpennee u mucnepcus (6.1). Ilokaxkem, 4To uHTErpan

Xm="1 xM (dx)

cxomurcss B Z}(S) u onpefiefifieT SJeMeHT STOTO MPOCTPaH-
crBa. A1y QopMysy MOXKHO paccMaTpuBaTh KaK HEKOTOpoe
obofineHne CMEKTPaJbHOTO COOTBETCTBHS HA NPOH3BOJIbHBE
pasiioXKeHHs] eHHHIM; eclH M— cnekTpajbHas Mepa, TO X
AIBNAETCS KJ/AaccOM SKBHBAJEHTHOCTH COOTBETCTBYIOIWIEH Ha-
GmogaeMofi.

OnpepennM uHTErpai

{F (x) M (dx) 9.9)
CHauajla AJs TPOCTHX Bellle.TBeHHHX (QyHKuuA BHAa f(x) =
'EfilB; (%) kak
f {F(x) M (dx)= Z,: fiM (By).
HMeer MecTO HepaBeHCTBO
[§ 700 M (d0)]* < §F (x* M (dx). (9.5)
B camom zese, ana nmpoctofi f 9TO 0sHauaer, YTO
[ZI: 1M (B,)J’< 2M By,
H HeNOCPeACTBEHHO cJiefyeT W3 OYEBHAHOTO HepaBeHCTBa

Z': [h - ;: M (B.)J M (B,)[f; — ; faM (B.)]> 0.
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¥muoxas (9.5) Ha S ¥ Geps chieR, noayuaem
(FxM@dx), (F)M(@dx)s<(f(x)Pps(dx). (9.6)

Iycte Teneps {f.} — nocaenosarenbHOCTb MPOCTHX (yHK-
uuil, KoTopas CXOAMTCH K Hekoropofi ¢ymkuun f B cpelHe-
KBaJPATHYHOM N0 Mepe pg(dx)=Tr SM (dx),

§ (Fn () — F (2))* ps (dx) 0.
Torna us nepasenctBa (9.6), npuMeHeHHOTO K fx— fms
BHITEKaeT, 4T0 NMOCJeNi0BaTeIbHOCTb OTPAHHYEHHBIX ONepaTopoB
{§ f2(x) M (dx)} sBaserca dyunamenranshos B Lk(S). Ipe
IeNt STOfl NOCHEeJOBATEJNLHOCTH fBJAseTCH SjemeHTOM &£} (S),
koropuifi ofo3Hauaerca cumposioM (9.4). OueBngHO, 4TO He-
paBeHcTBO (9.6) coxpaHsercsa mns JoGofi f, KBagpaTHYHO-
HHTErpHpyemoii no mepe pus(dx). Mu nokasanau
Npegnoxenue 9.2. [an amoboll esewjecmeennod [e
= X3 (us) unmezpas (9.4) onpedeser xax npedea nocaedosa-
measrocmu {§ f.M (dx)}, e {f,} — a6as nocaedosamenvrocms
npocmoix ynxyud, cxodawascs k f 8 L3(us). Haa aobod
f = L3 (ns) umeem mecmo nepasercmso (9.6).
Ecan B xauectBe f OpaTb KOMNJIEKCHbie (YHKUHH, TO
Sf(x)M(dx) GyAeT Yke SMeMEHTOM N pOCTpaHncTB L3 (S),
£%(S), a BepaBencTBO (9.6) 3aMeHuTCS Ha

§royMn), [FMEs<{If®rps@). @7
OrueruM Taxie dopMmyay
§F ) ps @dx) = (1, §F(x) M (dx))s.

KOTOpas OYeBHIHA A8 NPOCTHX [ ¥ NOAydaercs CTaHAapT-
HHM Mpelle/lbHEIM TepexofoM Ana f < &3 (ps). B uacrnocry,
nonaras f(x)=x, nonydaem ananor ¢opmyan (9.1):

Es{M}=(1, Xa)s.
INonaras B (9.5) f(x)=x—Es{M], noayuaem HepaBeHCTBO
Ds {M}?(Xu— Es {M}. XM—ES{M})S. (98)

Coraacso (9.2), paBeHCTBO SjeCb HMeeT MecCTo, ecliH M —
CNeKTpaJbHas Mepa NJOTHO OMpENeNeHHOrO CHMMETPHYHOTO
oneparopa X = Xu.

Hcnomsys nepasenctBa (9.8) u 4), noaywaem HauGo-
Jee ofmylo ¢opMy COOTHOWIEHHN HeonmpejeteH-
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HocTel

Ds {Mi}-Ds {My} =+ [Xu,, X},

CMpaBeRJHBYIO AN MOOHIX H3MEePeHHRA C KOHEYHBIMH
BTOPbHMH MOMeHTaMH. OTMETHM, 9TO 3TO HepaReHCTBO
yxe MOXeT ObiTb OTHECEHO M K COBMECTHBIM H3MEPeHHAM,
Koraa M, (dx,), M,(dx,) cyT MaprHRaAbHble H3MEPEHHS NO
OTHOLLUEHHIO K COBMECTHOMY H3MmepeHHio M (dx,, dx,).

§ 10. MaTtpHutoe npeacTaBacHHe HeOrpaHHYEHHBIX
oneparopos. KommyTanuoHnuii onepatop cocTosHus

DJleMEHTH MPOCTPAHCTB £L? €CTECTBEHHO MPeACTaBAAIOTCH
GeCKOHEYHHIMH MaTpuuami. JAs npocToTH NpeAnoAoKHM

CHayaja, YTO OmepaTop NJOTHOCTH S = Zs,l\p,) (P! Hesn-

i
poxaen, Tak uro s, >0. Torna ceaeiicmeo sampuunox edunuy
Ejp=1v;) (e
o6pasyem opmozonaronsil 6asuc 8 npocmpancmeax X% (S),
X3(S), npuden
i
(Ejpv Epds =51, (Ejns Ejn)s =5 (Epp» Esp)s= 1 (s7 + s»)-

Dokaxem st0 gaa X3(S) Ina moboro X & X3(S)
(Eppr X)s = (550 (BIX), Tak wro

_Ew X)s
0| X) (Ei Ep)s’

Monnora cuctemst {E;;} caexmyer u3 Toro, uro paBeHCTBO
(Eipo X)s=0 ans Bcex j, & Bneder X=0 nas Bcex %,
T. &. X=0 8 X2(S).

MimeeT MecTo pasnoxeHue no 6asncy {Eu}):

X=,2kx,.E,.=%:x,.i¢,) (i (10.1)

rae x;p=({;: XP) u pag cxomurca & £?(S). Takum obpa-
30M, BCAKHA KBajgpaTHUHO-CyMMHpYeMulii onmepatop X oaHo-
8HaUYHO (C TOYHOCTBIO AO IKBHBAMNEHTHOCTH) NPEACTABIAETCH
MaTpuued { (P, X¥z)]. IT0 ABAAETCH HEKOTOLbIM 00OGUIEHUEM
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MaTpuuHoro npeactasjenns (1.13) Ha HeorpaHuwYeHHue one-
paToph.

PaccmoTpum  BeillectBenHoe npoctpauctBo £ (S). [lo-
ckoabky £} (S) < £2(S), pasnoxenne (10.1) nmeer mecto u
s X = X2} (S), oanako 310 He 6yzer pasaoxenueM B L4 (S),
Tak Kak omepatopn E;, He SpMHTOBH H KO3((PHUMEHTH X4
KoMnJiexchbl. [losToMy BBeseM HOBYIO CHCTEMY

Cie= '; (Era+ Efe)s S;k=§l (Ejn—ETe)-

Jlerko nposepsetca, 910 {Cp, j<<k; Sp j <<k} oBpasyior
oproronanbibifi 6asuc B8 ZA(S) n zna X = LL(S) umeer
MECTO pasjioxKeHHe
X=2 ouCpn+ 2] BuSpa
ik i<k
rae Gy, s — BElIECTBEHHH.

MMycrb Teneph HekoTOpbie COGCTBEHHHlE 3HAYeHus s; one-
paTopa NJOTHOCTH S paBHb HYMO. YcJioBhMca 06osHavaTb
gepe3 J, MHOXKECTBO HHIEKCOB j, ANA KOTOpHX S;=0, a ue-
pe3 J,—ocraibHbie HHAeKCH, H GyaeM cuuTarb, 9TO S; 3a-
HyMepOBaHBl TaK, UTO CHayaja HIyT HenyJ/eBhle cOGCTBEHHbE
sHaueHHA. Toraa S npeacraBiifiercs AHAroHajJbHOA GA0YHOM
MaTphed s 0

) H

Pacemotpum X% (S). Tockoabky (Ejs, Eja)§=0 npu j= J,,
70 OpTOTOHAAbHHNA Gasuc B L3 (S) obpasyior onepatopn Ejy;
je i ke JyU Ji. CrepoBarennho, Besikuli semeHt L3 (S)
NpeICcTaBAseTCA MaTpHled BHRa

X_[Xngfﬁg]
rae 6nokn X;;, Xy COOTBETCTBYIOUIHE CTPOKAM C HHAEKCOM
je=J,, GHKCHpPOBaRH, a ocTajbhble OM0KH, 00O3HaYeHHbie
CHMBOJIOM ~~, TIPOH3BOMbLHL (B aCTHOCTH, MOXHO CUHTaTh
WX HYJIeBHIMH). AHANOTHYHO, 9MeMeHTH KL (S) npeacraBis-
10TCA MaTpPHUGMH BHA2

x=[§‘.¥.§.§’

S ot

vl
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IMockosnbky (Ejs, E,,)s=%(s, +53)=0 TOrXa H TONBKO

TOorAa, KorAa j& Jo, k< Jo, 10 Gasuc B £2(S) obpasyior
oneparopul Ejs; (j, k) & Jox Jo. ChepoBarenbHo, S/eMeHTH
X2 (S) npeAcTaBAAIOTCS MaTPHIAMH BHAa

Xnﬁxu]

X =i
0: v
Ina saementoB ZA(S) sra MaTpHua yaOBJeTBOpsSieT AONOJ-
HHTEAbHOMY YCJOBHIO SpMHTOBOCTH X§i = X;;, XPy= X,;.
OcoGeHHO MPOCTYIO CTPYKTYPY HMEIOT STH NMPOCTPAHCTBA
B CJy4ae YHCTOIO COCTOSIHHA S =|v¥,)(P;|. Torxa snementn
npocrpaHcTBa &3 (S) MOXKHO paccMaTpHBATb KaK BEKTOpH-

CTPOKH:
x_["n x: ...]’ N xy P <oo.
i

Bcan yc/nOBHTbCA CUHTaTh ReCYIMEeCTBeHHHle KOS(PHIHEHTH
PaBHHIMH HYJIO, TO MOJNyuaercsi npeacrasienne X =|v;) (Y|,
YEJ¥, Tak 410 .Z’?..(g) OKasHBaeTci H3OMOP(HHM NPOCT-
PAHCTBY HeNpepHBHHX JHHeHHBIX (YHKIUHOHANOB Ha
AHAJIOTHYHO, SJIEMEHTH MpOCTpancTBa L (S) MOXHO pac-
CMaTpHBaThb KaK MaTpHUB BHAA

[z |

T. €. KaK BekTOph-cToA6un, X ==|¢)(P;|, Tax uro L (
usoMopdHo ¥ . Hakonen, sinementnl £3(S) npenc‘ranmm

B BHJE
X ceo
x=[§: " ] (10.2)

. ~

T e X=|9)@+HP W] te 9 PN Omeenrn
X}, (S) npeAcTaBAMOTCA SpMHTOBHMH MaTpHIaMu BHga (10 2),

T. e
X=[{v) b+ V(. b=, (10.3)

PaccmotpuM rusib6epToBO TIpOCTPaHCTBO L3(S); W3 mpen-
noxenua 9.1 surexaer, uro ¢opma [Y, X]s HenpepnBHa Ha
Z3(S). TlosroMy cymecTByeT OrpaHHueHHHH KOMNJEKCHO-
aunefinnfi oneparop D B £3(S) Takof, uro

[¥Y, X]s=(¥, D - X)s. (10.4)
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Onepatop D HasoBeM XOMMYMAYUOHHbM ONEPAMOPOM COCTOA-
uua S. Hepasencrsa 1), 2) npepnioxkerns 9.1 B TepmuHax
onepatopa D NpUHHMAIOT BUA

1£:D=0 B £3(5), (10.5)
OTK
(1+ 7 9)=(1+39)(1-59)=0.

Tak xak ¢opmut [V, X]s u ﬁY. X)s BellleCTBEHHH Ha
BeeCTBEHHOM nNopnpocrpancTee £} (S), To sT0 NopnpocTpan-
CTBO HHBapHAaHTHO OTHOCHTeJbLHO omeparopa . Paccmarpu-
BaeMuii B £} (S), sToT onepatop sBJAseTcs OrpaHHYeHHBIM
BEIECTBEHHO-JIHHEAHBIM  KOCOCHMMETPHYHBIM  ONEpaTopoM,

YAOBJICTBOPSIOLIHM YCJAOBHIO l+%‘3>’>0. Toxaecrso (8.9)
B TepMWHaX D npHHHMaeET BHA
D.I=0. (10.6)
IlanumM siBHOe onucanMe AelicTBas onepatopa D. Hs (10.4),
(8.5) u (8.7) BHTekaer, uro AMA MmobOro orpaHHdYeHHoro Y*
iTr[X, §)-Y*=Tr(®.-X.S)-Y*,

OTKyZa chiegyer, 9ro sieMenT Z=9.X = £?(S) asaserca
pelleHHeM OMEPaTOPHOre ypaBHEe HHS

Z.S=i[X, S} (10.7)

Mlycrs {s;} — cobcrpennuie aucha, {y;} — oproHopmupoBaH-
Hee COOCTBEeHHHle BEKTOpE! oOmeparopa mnJjoTHoctd S. Pac-
CMOTPHM MaTpHYHOe NpeAcTaBJeHHe

X= z x,.E,..
"

rae Xp=(9;| X¥s) B pan cxomurcs B £*(S). Ymuoxas
ypasHenne (10.7) cxanspHo c/eBa Ha Y, H cnpaBa Ha v,
noaydaeM

& (56 +9) (0 | Z9) =1 (52 — 5} (B | Xw),

OTKYAA HAXOAATCS MATPHUHEIE SAIEMERTH onepatopa Z =D - X;

2 (sp—s1)
(b1 290 =~ Oy [ X,
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CnegoBatenbno, ZeficTBue onepatopa D cBogutcs K yMHOXe-
HHIO MaTPHYHBIX SJIEMEHTOB X;, omepaTopa X Ha uyHCAa

Abr—s),
Stks ‘
2i (sp —5;)
SD([x,,,j) =ITk+-s’—/ x,.,]. (108)

Tak 4ro Gasuc {E,,,‘J> aBJsieTca 0a3sucoM H3 COOCTBEHHLIX
sexTopoB onepatopa D B L2(S). [TosToMy man JocGofi hyHK-
uun | neiicreue omepatopa f(D) samaercs COOTHOIUeHHeM

21 (sg—5y)

[ (D) (%72 = [f (THT) Xn]-
B usactrocTH,
(1 + % 59) (xa) =[;;2%§ xn].
(1= 50)trnd =| 52 5n). (10.9)
(1 + -:- Q’-/\(l)‘ml) =[&% thJ'
Orciona BHTEKaeT NoJie3Hoe yTBepiKIeHHe.
[Tpeanoxenne 10.1. Ecau cocmosnue S — mounoe

(m. e. ece 5; >0), mo onepamopol li%@, l+%5)’ Heeve

poxcoenst.
OrmeTHM Takxke MnoJiesHyio (opmyay

(1 +4 fb)" - (1 +5 @t)"(l F3D)  (1e.10)

Kommentapun x ra. 1}

§ 1. CucreMmaTHueckoe H3N0XKEHHE TeopHH rHAbGepPTOB2 NPOCTpaH-
cTBa CM. B KHHrax: Axuesep u [nasman (3], Pucc u Cekedaansu-Haap [86).
MoznepHn3oBaHHOe H3N0KeHHe (PYHKUHOHAAbHOrO ana.u3a, NPHCNOCcobAeH-
HOe K HYXJaM MaremartdHyeckofi ¢u3Hku, Jxaercs B KHure Pupa u Cail-
moBa [85]. Borartbifi ZOMOAHHTENbHWA MaTrepHal MOKHO HafTH B 3ajay-
unke Xaamowa [103]. [ns ¢BHewHEro» MPON3BESCHUR BEKTOPOB B Marte-
MaTHYecKkofi auTepaType HCHO/bL3YeTcs MeHee BhIpa3uTeAbHoe 0603HaeHHe

§. 2. Ofobuterunte PasnoXeHHs EARHHUL (Ha NPsMOil}) bi1 BBEJEHH
Kapaemanou u nonpoGro uayuenn Hafimapxom (71], |72). Teopema 2,|
noxasana B paGore astopa [115).



KOMMEHTAPUH 105

§§ 3. 4. ToxaaaTeincTBa CNEKTPAJLHHIX TEOPEM IS SPMHTOBHIX W
CaMOCONPsIKEHHLIX ONEPaTOPOB MOKHO HANTH B YNOMSIHYTHIX Bbille KHH-
rax. Teopema 4.1 noraszana por Heitmasiom n Croyuom. [lo noBomy
CNEXTPaNbLHOrO Pa3foXKeHHs CHMMETPUUHLIX onepatopos cM. Hafimapk [71],
Axnesep u [naamas [3]. [Iwpaxosckoe pa3noxeHHe no ¢opmajibHLIM
colcTBEHHLIM BEKTOpPaM noJyyaerT cTporoe o60ocHOBaHHE B TEOPHA OCHa-
WeHHHX Thab0epToBHX npoctpancts (cM. Tenbhana u Busenxkun [31),
BoroaioGos, Jloryuos, Tozopos [14]).

§ 5. Teopema 5.1 Geuta moxasana Hafimapkom B palote [72) nmyrtem
ABHOIO FMOCTPOEHHA OPTOrOHANHLHOIO DA3JOKEHHA EIHHHUN B MPAMOR
CyMMe KONMi WCXONEOTO OpOCTpancTBa 2/7 . IlpenfioxenHHe BNOCAENCT-
BUH Gojee sneraHTHBE NOKa3aTenbCTBA (CM., HanpuMep, Axuesep u I'nas:
Man {3]) sBasiorcs u Gosee dopmanbuniMn. Tlo moBoay reﬂss?uoro npo-
W3BEACHHAs rUMbGepTOBHX mpocTpaBcrs cM. Pua n Cafimon [85).

TMoxrsThe peann3auvn A €10 CBA3L ¢ PAHJIOMH3HPOBAHHHIMH NpoUeny-
PaMK MaTeMaTRYeCKofl CTaTHCTHKA ofcyKganuch B paGorax asropa [113],
[115], [122]. Hpyraa BO3MOXKHOCTb BO3HHXHOBEHHS! HEOPTOrOHANbHHX
Pa3JIOMEHNT H eMepencIHEHHHMX» CHCTEM BCXTOPOB CBA3aHa C TaK HasHl-
BAEMEIMH KOCBEHHWIVE H3MepenHsMmu (Masjeabwrram [67]). [Ipn kocBew-
HOM U3MepeHHH OGBeKT 2/ B3aUMOAeNCTBYer ¢ «H3MEPHTENbHLIM NPHEO-
pom» 1» KOTOPHIi HAXOAMTCH CHa4afta B HEKOTOPOM «PaBHOBECHOMY
COCTOAHHE S;, 3aTeM € 27 , cCHHMAIOTCH 1I0Ka3aHMs», T. €. NPOR3BOAKTCS
npocroe H3Mepenue E;(du) B npoctpanctee o4 . Herpy Ho noxasats
(cp. Kpayc [55]), uro pacmpezesenne BepoaTHOcTefl pesysbTaToB TaKoh
K3MEePHTENbHOA MPOUENYDH TaKiKe OMMCHBaeTcs. BooGlle FOBOPS, HEOPTO-
TOHANILHLIM PA3NONEHHEM EIHHHIM B NpPOCTpaHcTee ¥ .

Mul OCTaB/IseM B CTOPOHE BONPOC O BO3MOXKHOM MeXaHH3Me MepeHoca
HWHPODMANHH C MHKPOCKONNYECKOr0 Ha MaKpocKomuuecknfi yposenb. Hure-
pecHEan TOUYKA 3PEHHs Ha 3TOT BONPOC pas3sEBaercs B paGore Xenna [110].
[Tockonbky u3MepuTenbHER NPHGOP WBASETCA MAKPOCKOMHYECKHM OODBEK-
TOM, T. €. CHCTEMO ¢ NpaxTHueckn OecKOMEYHWM uHCAOM cTeneHedf cBO
Gonul, AAS €ro ONHCAWHA NPHBAEKAIOTCA CrneuHanbHele aare6pw HaGuio-
naeMuix. Jlag Takux aare6p CymecTBYIOT Tax HashiBaeMbie AM3BIOHKTHHE,
HAH «MAKPOCKOIHYECKH PasiBYHMHEY, COCTOSIHHS. B3auMoaefcTBHe MAKPO-
ofvexta ¢ MPHGOPOM TNEepPeBOANT NOCAECREAR B OAHO H3 AHIBIOHKTHHIX
COCTOSIHH, OTBEYAIOMEX HEKOTOPOMY 3HAYEHHIO # Pe3yJLTaTOB SKCnepH-
menra. B paGore Xenna paccMatpHBaercs paa  KOHKpeTHHX Monenedl,
v6enutenbHo HINOCTPHPYIOULHX STY KapTUHY.

§ 6. PopmaabHOe COOTHOIIEHHE HeONPeseNeHHOCTEA A5 NPOH3BOABRBIX
nalaioaaemux Gbino ycranoBreHo Poleprconom [87), xotopuit oGoGmun
cOOTHOLICHHe  Heompenefmennocreii lefisenGepra AAs  KOODAMHATH R
amoyssca. Tlpepaoxenne 6.1 noxasano 8 kwure [IsBuca [39]. O6cyxae-
nMe COBMECTHOY H3MEDAMOCTH C APYTHX TOUEK 3peHHs MOXHO HafiTn
y bou Heilmana [101], ¥pOannza [95], Bapagapafiana {22 . Oruocurennno
COBMECTHOrO CITeKTPa/MbHOTO DPa3foXeHun H QYHXKUHOHAALHOLO HCYRCAE
l;lml He[cslgi.mux KOMMYTHpPVIOTIWX onepartapoB cM. Pucc n Cexepanbsy

aab .

§ 7. Snepunie omeparopm # oneparopu T'nanSepra-lilmnara paccmar
puBawores B KEure Puga u Catmona [85). Bomee noapoGHoe usfoxenne
yararens Hafiaer y Warrena [129], a rakxe lenvdanna u Bunenkuuna [31].

§ 8. [TpoctpancrBa £3(S) Oun BBefenn B paGorax astopa [121),
[128]. B nocnepne® paGore, rje pacCMaTPHBAETCR Caydai NPOH3BOIbLHONM
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anrebput ¢on Hefimana, coaepxnrca Aokasaredbcrso reopemt 8.1. Ilous-
THE KBAAPATHYHO-CYMMHPYEMOro ON: eg:opa ACNOAIL30BAJAOCH panes B pabo-
Tax Xoneso [1156] 8 Kpayca n IUpérepa (56

§ 9. Crporoe coorHOmeHHe neonpeneneunoml AAR CAMOCON PSDReH-
HHX oneparopos Guao mosnyveno Kpaycou u [Lip&repou [66). Korcrpyx-
uHs nmerpula (9.4) aaserca B paGore [12

Tpexcrasnenune neorpauaqenuux ompmpon MaTPULAMA CBS-

$8HO C HSDECTHMMM TPYAHOCTAMH (CM., HanpuMep, Axuesep ® ['nasman
[8]). Conepxanne storc maparpada noKastiBaer, WT0 B TeX Bonpocax,
TAC BAXHH ANMD ¢BTOPLie MOMEHTHD, STH TPYANOCTH necymecrsenun 1
YAOBNETBOPHTENbHOS MATPHUHOE NPEACTABNCHHE HMEET MeCTO.
uBoNNH#A omepatop cocTosHHsA GHA BBepeH b paGorax Xonepo |I2l] 823].
TAC PACCMATPHBAANCH TaKXKe COCTORHHA Ha aareGpe pon Heltmana.
CTBYeT NPOCTOe COOTHOLICHHE MEXKA xoumannosnuu onepmpou H
moayaspunM oneparopoM Tomurei —Taxecaxs [938); cu. [123].
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CHMMETPHH B KBAHTOBOR MEXAHHKE

§ 1. CraTncTiuecxan MOAEAb W NPHHUHN OTHOCHTEALHOCTH

Mu nepexofiuM K PacCMOTpEHMIO CNELHOHKH CTaTHCTHYE-
CKOTO ONHCAHWA KBAHTOBOMEXaHHYECKHX OGBLEKTOB, OGYCJOB-
NeHHONl TOA MCKJIOYHTE/NLHOA POJBIO, KOTOPYIO HIrpaeT B HeM
HaAHYHE POCTPAHCTBEHHO-BpeMeHHOH cTpykTypul. O6paTumMcs
CHayalla K KJAaccHuecKofi MexaHuke. DyHmaMeHTaNbHHIA
NPHHUMN OTHOCHTeNAbHOCTH [ajuies TrJAacHT, 9TO SaKOHH
MEXaHHKH HMElOT OAHHAKOBYI0 (GOpMYy BO BCeX HHEpIHAaJb-
HHIX CMCTeMaXx oTcdera. Beskas cucrema oTcueTa COCTOMT HS
JEKapTOBOR NpAMOYrO/MLHOA CHCTEMH KOOPZHHAT H 4vacoB,
ocymecrisiomux orcier spemenn. Ecan (§, t)— koopam-
HaThl MaTepHaJbLHONA TOUKH B (HKCHPOBAHHOM HHepUHaAbHOR
CHCTeMe OTCYeTa, TO Mepexox K Apyrofi HHepIHANLHOM CHCTeMe
OTCUeTa OMHCHBACTCA npeobpasosanuem Iaruses

f,if_gl_"t"""'"’ (1.1)

ree R —oproroBaibHas MaTpHila (BpalleHue), 3azalomas
NONOXKeHHe Ocedl HOBOM JeKapTOBOR CHCTeMb KOOpAHHAT
OTHOCHTebHO CTapolt, X — BEKTOp NPOCTPAHCTBEHHOrO CABHra
HaYa/la KOOpPAMHAT, © — BEKTOpP CKOPOCTH, C KOTOpO#i ABH-
JeTcA Crapaf CHCTEMAa KOOPAWHAT OTHOCHTENBbHO HOBOH,
a t—pa3HoCTh XOZa Y¥acoB B Crapodl u HOBOA cHCTeMax
orcuera. CoBoKynHocTb Bcex mnpeoGpasoBanufi Buma (1.1)
ofpasyeT NOJNHYIO 2aAtiaeesy epynny; OHa COACPIKHUT NOATpynny
Kunesmamusecxux (ORHOBpEMEHHHX) npeobpasosatud

$ =Rt+x+or,
Tt =7,

N e8Kxaudosy nodzpynny NPOCTPAHCTBEHHHX NnpeobpasoBammik
(aBuxenuht)
V=R +x.

(1.2
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Maremaruueckasi GopMyJIHPOBKA MPHHIMNA OTHOCHUTEJNbLHOCTH
B KJIaCCHUECKOA MeXaHHKe COCTOMT B TOM, UTO YPaBHeHHA
MEeXaHHKH JO/KHB ObiTb HHBAaPHAaHTHH NpH 3aMeHaxX mnepe-
MeHHBIX Buja (1.1), onuCHIBAIOIMX Nepexox OT OAHOH MHep-
OHaNbHOA CHCTEMBbl OTCYeTa K ApYrod. 3to TpeGoBaHHE OTHO-
CHTCSi, KOHEUHO, K H30JHPOBAHHOMY OOBEKTY; €C/IH e pac-
CMaTpHBaeTcs JBHXKeHHE B MoJieé BHEUIHHX CHJA, TO 3TOT
MPHHIHA CAeXyeT 3aMEeHHTb OrpaHHYEHHHIM NPHHIMNOM HHBa-
PHMAHTHOCTH, YYHTHIBAIOIHM CTeNneHb CHMMETPHH BHEILIHEro
nons. Tak, ypaBHeHHS JABHXEHHS B IIOTeHIHAJBLHOM NoJe,
He 3aBHCALUIEM OT BPeMeHH, AO/KHH OhITh HHBapHAaHTHHI OTHO-
cHTe/ibHO npeoGpasoBanuil

§'=8+or
v =%+

€c/H XKe moJie, HanpuMep, H3OTPOMHO, TO CloAa CNexyeT MpH-
coeuHuTb noBopothl &' =RE u T. m.

INepexoasa K KBaHTOBOAi MeXaHHKe, NMPHMEM, YTO MPHHUMI
paBHONpaBHsi MHEPLHAJBHEX CHCTEM OTCUETa COXpaHseT CBOIO
CNpaBelJIMBOCTL H JJIA MHKpOOGbeKkToB. OnHako MBI He
MOXeM B3fATh TOYHYI0 (GOPMYJHPOBKY MPHHIUMMA OTHOCHTENb-
HOCTH H3 KJAacCHYeCKOH MeXaHMKH, Ije mnapamerpn §, ©
HMEIOT HENOCPEACTBEHHbIAi CMBICA KaK NpOCTPaHCTBEHHO-Bpe-
MEHHEle KOOpAHHATH MaTepHaJbHOH TOYKH; B CHTYAIlH,
ONMHCHIBAEMOM KBAaHTOBOH Teopuel, HEMOCPEACTBEHHO NAaHHBIMH
MOXHO CUHTaThb CTATHCTHYECKHE Ppe3YJbTAaTH SKCNEPHMEHTOB
Hajl paccMaTpHBaeMbiM MHKpPooOBbekToM. C 310t TOUYKM 3pe-
HHSl TIOAXOAsIEeHA CJOBecHOA (OPMYJIMPOBKOH NpHHLMNA
OTHOCHTE/IbHOCTH MNpEACTaBAseTcs CAeRYIOUlas: Cmamucmuxka
pesyabmamos 1106020 IKCNEPUMERMA He 3agucum om ewbopa
UNepyUaAbHOL cucmembr omcuema, 6 Komopol nposooumcs
axcnepumenm.

Hagum MateMaTH4ecKyl0 (GOpMYJHPOBKY NPHHUHKNA OTHO-
cuteAbHOocTH. [IpeanosioxxuM, 49TO COCTOSIHHE KBaHTOBOTO
00beKTa NpPHIOTOBJAECTCA HEKOTOPOA YCTaHOBKOM, ¢ KOTOpO#
cBsizaHa cuctema orcvera (&, v) (puc. 7). Ilocae npurorosae-
HHS COCTOSIHMA S npoBOgMTCA u3MepeHHe M, TaK 4YTO KOHeu-
HHM pe3yJibTaTOM SKCNEPHMEHTa HABJAETCH pacnpeaeienne

BepositHoctefi pd. Msmepenne ocymiectBasiercs TpHGOPOM,
HMEIOIHM OMNpejie/ieHHYI0 OPHEHTAlHIO B MpOCTPaHCTBe-Bpe-
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Menn. ByzeMm cuuTath, 4TO ¢ HHM TaKkKe CBf3aHA CHCTEMA
orcuera (€, %).

[IpeanosioxknmM Tenepb, 4TO NOJIOKEHHE H YCTAHOBKH, H
npu6opa HIMEHAETCR OAHHAKOBLIM 06pa30OM, TaK 4TO CBA3aH-
Hble C HUMB CHCTEMBI OTCYeTa NOABEPTAIOTCH ONHOMY H TOMY 3Ke
rajJujieeBy npeobpasobanmio g. IlpuroroBienne cocTosiHus S
AaHHOA YCTaHOBKOE ¢ mocjeXylomMM npeoGpasoBanHeM g
TIOJIOKEHHR YCTAHOBKH MOXHO PacCMaTpHBaTh KaK HEKOTO-
pHifi HOBHIA Cnoco6 NpPHroTOBJEHHA gS; aHAJOTH4YHO, H3Me-
penre M, npoBenenHOe nocje npeoOpasoOBaHHUA g, MOXHO

&b s H g #
|
|

=
f,l

o i
P

paccMarpHBaTh KaKk HekoTopoe HoBoe H3Mepenne gM. Onnaxko,
NOCKOJIbKY OTHOCHTe/IbHOe IOJIOKeHHe NpHGOpa W YCTaHOBKH
He H3MEHSEeTCH, JOMKHO ObiTh

pEY =pnl¥ (1.3)

Ans moGoro coctosArua S B uaMepenus M. Hs pasHompas-
HOCTH BCEX CHCTEM OTCYeTa CJieffyeT TaKke, 410 oTobpare-
ane S — gS (coorBercrBeHEo M — gM) IO/DKHO GbITH B3aHMHO-
OJIHOSHAYHBIM OTOGpaXceHHeM MHOXKeCTBAa COCTOfiHM#A (CoOTBer-
CTHeHHO H3MepeHMH) Ha cela. Otciofa BhiTeKaer, 9TO oToGpa-

xKenne S—gS aBnserca apummbM: nycTe S= ) p;S;
i

'~

|
|
|
|
|
L 7%
HC.

7.

TOrga .
WS =pl'=3 puf = X puis,
i ]
Ilockonbky gM npoleraer BCeBOSMOXHLIE H3MEpeHHs, TO,

B CHJIY OTASNMHMOCTH pacCMaTPHBAEMOf CTATHCTHUECKOH MoAe/H,
STO O3HauaeT, 910

gs= ; Pr{85p)s
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T. e. abdunHOCTD OTOGparkeHHs S —gS. B3aanmHO-0AHOSHAY-
Hoe ajduHHOe OTOGparKeHHe MHOXECTBa COCTOAHHA Ha ce6a
HasbiBaercsi agmomopgpusmom. TlpHMeM Takke, 4YTO TOCJEHO-
BaTeJIbHOE MpHMEHeHHe JBYX npeoOpa3oBaHuil g,, g, MOJO-
JKeHHs YCTaHOBKH WJH NpH6Opa 3KBHUBAJEHTHO NmpeoOpasoBa-

HHIO gy, TaK 4YTO
£1(8:5) = (189 S,

g1 (g:M) = (g,g) M.

310 03Hauaer, YTO 3ajaHH jAefcTBHsA rpynns G={g}, c oxnof
CTOpOHBl, Kak Tpynne aBTOMOP(H3MOB S —gS MHOXKecCTBa
cocTosiuuil & u, ¢ APYroi CTOPOHH, KaK rpynnb B3aHMHO-
ONHO3HaUHbIX npeobpasosanuii M-—-gM MHOXecTBa H3Mepe-
uuft M, npuueM geficTBUA STHX TPYNN CBA3aHH ycoBueM (1.3).
B sTOM H cOCTOMT MaTeMaTHuecKas G(OPMYJHpPOBKa I P H H-
HHNAa OTHOCHTEJAbHOCTH. B paccMarpuBaeMoii Hamu
HepeNATHBUCTCKOH KBaHTOBOM MexaHHKe nog rpynnofi G nog-
pasyMeBaercsi raiuiieeBa rpynna, a (&, M) sBasercs cra-
THCTHYECKOA MOJe/IbI0 KBAHTOBOA TEOpHH.

3aMeTHM, OZHaKO, YTO BCe 3TH PACCYXKJIEHHS NPHMEHHMbI
H K JioGof apyrofi rpynne caMMeTpHit G. Kpome Toro,
MH [OKa He HCHOJp30Baj# cneliMpHKy MOZENH KBAHTOBOMH
teopuu. Crepylomuit pesy/bTaT, npunasiexamuit Burmepy,
PacKpLIBaeT CTPYKTYpY aBTOMOP(H3MOB MHOMKECTBA KBAHTO-
BBIX COCTOSTHHM.

Teopema 1.1. Beaxuii asmomxoppusm mroxecmea xsan-
mogwix cocmoarul & () umeem eud

S—VSV*, (1.5)

20e V — ynumapnoul usu anmuynumapnsul onepamop 8 eusb-
6epmosom npocmparcmee .

(Oneparop V, orobpaxaiomufi <¥ Ha ¥, HasuBaercs
QHMUYRUMAPHLIM, €Clii OH anThIuHeeH: V (Ap+pp)=2Vo+
4@V u ypoBiersopsier ycioBuio (V| V1|:)=lq>|1pi.)

Baxno ormernts, 9TOo oneparop V ompepenserca B (1.5)
HEOZHO3HAYHO: V MOXHO YMHOXHTb Ha NIDOH3BOJILHOE KOMII-
MeKCHOe UHCJIO, PaBHOE MO MOAYJIO eluHHlle, He H3MEHHB
cocrosiua S=VSV*. PaccMorpuM RpOM3BOJBHYIO rpynmy
cummerpull G (es0 MoXer OHTh TajiHJieeBa, €BKJIHAOBA HJH
Kakas-au6o apyras rpynna). Us (1.4) rorza BuTekaer, 9710
Adisi mo60ro CoCToOsHHA S

VaVeSVEVE = Ve SV i

(1.4)
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rae VS Vi=g§,omkyna
V¢|VE| =0 (g2’ gl) V‘l‘l; I o (gE’ gl) l =1 (l '6)

PaccmarpuBaeMble HaMH TpYNNE ABJSIOTCA He N p e p bl B-
HEMH: B HAX €CTECTBEHHO ONPEENAIOTCA NOHATHSA OJH30CTH
H cxoguMmocTH. IlpakThueckn He orpaHHukBas OGLIHOCTH,
MOXHO CUHTaTh, ¥TO OTOOpaMeHnue g— V, HenpepLIBHO B TOM
cMuicie, 4910 (@ | Vep)—(p| V) npu g'—g ans Beex o,
Y= . Byaer cuurath Takke, uto V,, rje e — eAMHHUA
rpynnn G, Bcersa BuiGupaercs Tak, uto V.= 1. Kpowme Toro,
TNPEANOJIOKHM, 4TO TPYNINa ABAAETCH CBA3HO M, T. e. Jobue
ABAa ee 3NEMEHTa MOXHO COeJMHHTb HenpepuiBHOA KpHBOMH.
Toraa uu omun u3 oneparopoB V., me Moxer OwmTb aHTH-
YHUTApHEIM — B NPOTHBHOM CJydae MOXXHO Obljio Ghl nepefiTu
HeMpepHBHEIM ©00pasoM ©OT JuHeiltHoro oneparopa V,=I
K anTHAuHeAHOMY onepatopy V,. Hrax, B npeanosioxenuu
cBasnocth rpynnsl G, Bce onepatopsl {V,.} aBasiorca ynu-
TapHBLIMH.

CeMefiCTBO YHHTApHHIX OMNEpaToOpoB qgf—» Ve g=G, B He-
KOTOpPOM THJALOGEPTOBOM NPOCTPAHCTBe o/, yAOBJETBOpSAIONIEe
yeaoBuio (1.6), nasniBaercs npoexmuensim (YHUTApHBIM) nped-
cmasrenuen epynnot G B <%, Ecam o==1, TO OHO HasH-
BaeTCsi MpOCTO yHumaprsim. Mbl GyzieM pacCMaTpHBATh TOMBKO
HeNIpepHBHbiE B YKa3aHHOM BHIIle CMbICJE TNPEACTABJIEHHS.

OpnHofi M3 OCHOBHHIX 3a7a4 TeOpHHW NpeAcTaBJeHul AB-
Jfercl KlaccHPuKaluHA TIpepcTaBleHuit AaHHOH rpynnu. s
CKa3aHHOTO Bhllle BHAHO, YTO, HMeR TaKyio KJacCH(pHKaumo
AN HeKoTopo#i rpynme cuMMmeTpuii G, MBI MOXeM ONHCaTh
BCE TEOPETHYECKH BO3MOXKHHE KBAHTOBbIe OOBEKTH C JAHHHIM
TunoM cuMMerpid. OcoGyio posib HIpaIoOT Henpusodumsie npen-
crasnienuss g—V, AN KOTOpLIX B NPOCTPAHCTBe He
CYLIECTBYeT HETPHBHAJBHOIO (3aMKEYTOTO) NOANPOCTPaH-
CTBa, WHBAPHAHTHOTO OTHOCHTENbHO BCeX oOneparopos V,.
HenpuBoguMele npefcTaBiAeHHs SBJIAIOTCA B STOM CMHCJe
MHHUMAJIbHBIMH, ¥ MPH OnpejeJeHHHX YCJOBHAX peryJsp-
HOCTH BCSKOE NpejCTaBJeHHE MOXKeT GhiTb PasJioXKeHO B AHC-
KPETHYIO HJIH HeNnpepbiBHYIO CyMMY (HHTerpaj) HenpHBOAH-
MEIX NpPEACTaBJeAnH. YCJOBHMCA CUHTATb, YTO HENPUBOAHMMOE
(T. e. BepasJo:KHMOE) MpeAcTaBICHHE ONHCHBAET ¢JIEeMeHTap-
BB OOBEKT® C JaHHEM THNoM cuMMerTpun. OueBngHO, uTO
34eCh PElIAOMIYIO POJb HTpaeT ompefelfeHHe GYHJAMEHTalb~
HOfl rpynnn! CHMMeTpHH, KOTOpas BKJiodaeT B ce0s Bce Qu-
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SHMECKH 3HauuMble cuMMerpuu. Ecau B HepelsiTHBHCTCKO#H
KBaHTOBOH MeXaHHKe 3Ty pOJb WIpaeT MOJHaA TaJHjieeBa
rpynna, T0 B PeNATHBHCTCKOH ee 3ameHsier rpynna Ilyan-
Kape. Boabmoe MecTo 3anuMaloT rpynnsl cuMMeTpu#t B no-
NMHTKaX KJAacCHPMKAUHH 3JIeMEHTapHHIX uacTuw *).

YpaBHeHuss A8 CBOGOZHBLIX YacCTHIL B KBaHTOBOAI Mexa-
HHKe mNpejacTaBjaloT cofoff no cymecTtsy YAOOHWA cnoco6
ONHCaHHA HENPHBORUMHIX TPEACTaBJEHHH COOTBETCTBYIOIKX
rpynn. [locnenoBaTesbHHil BBIBOA KBAHTOBOM JHHAMHKH,
OCHOBHIBAIOIIMACS] HA NpPHHIHNE TafujecBoft OTHOCHTEbHO-
CTH, npeacTaBiisier GOJBbILOCH MeTORHUECKHA HHTepeC, ONHAKO
OH TpeOyeT NpHBJeYeHHs PAJA Pe3yJbTaTOB TEOPHH NPOEK-
THBHBIX NpeACTaBJeHHH, KOTOphle BHXORAT 32 paMKH HAacTOsi-
mefi xuurd. OrpaHHUMBasiCb JOCTATOUHO S/EMEHTAPHBLIMH
CPeACTBaMM, MH pPacCMOTPHM NOAPOGHO JAHINb npocTeluui
chayuali HepeNIATHBHCTCKOM YaCTHUL B ORHOM H3MepeHuWH,
uyTOGH NOKas3aTb, KakKuM 00pasoM cooOpaxkeHHS CHMMETPHH
NO3BOJIAIOT CBf3aTh C MEXAHHUYECKHMH NapaMeTpaMH, TaKHMH
KaK KOOpAHHATa, CKOPOCTb, BpeMsl, 3HEPrHs, Te HJIH HHble
KBaHTOBO-TEOpPeTHYECKHE HIMEDEHHS, T. €. pPasfoXeHH: elu-
HHUB B rHJb6epTOBOM NMpPOCTPAHCTBE NPEACTaBJCHHSA,

§ 2. OnnonapameTphuecKHe TPYNNbi CABHIOB.
CooTHomenne HeonpeReNeHHOCTeR «BpeMsi—SHEPrHA»

ITpeanonoxuM, 9TO YCTaHOBKA, NPHIOTOBJASMONIAs KBaH-
TOBOE COCTOsIHMe, CABHMTaeTcs napajiie/bHOo ce6e NO OCH
afcupcc Ha pacCTOsiHHe X, YTO OMHCHIBaeTcs npeoGpa3oBa-
HueM &' =% —x (puc. 8). Torpa, ecin HCXogHOE COCTOSIHHE
06beKTa OMHCHBAJOCh ONEpPaTOpPOM NJOTHOCTH S, HOBOe CO-
crosinue GyneT MMeTb omeparop mJjoTHoctH S,=V,SV%, rae
x—V . — HenpepuBHOE NPOEKTHBHOE NpEeACTaBlieHHe TPYINH
CABHMroB BemlecTBeHHOH npsamofi. IlJas Takux oxHOnapamerph-
YeCKHX TPYNN HMeeT MecCTo

*) K coxanennio, sieMenTaphahifi o6vext (Mo Buruepy — ssemenrap-
Baf CHCTEMa) He eCTb TO Xe caMoe, YTO SJeMEHTapHasA YacTHNa B MOHH-
masHH (usukoB. IlosHOCTbIO OTBeTHTH HA BONPOC, 4TO Xe SABISETCA
MATEMAaTHYeCKHM SKBHBAJIEHTOM MOHATHS SJeMEHTapHON YacTHub, NO-BH-
AHMOMY, CMOXeT Jaumb Gyayuwtas Teopusi. TeM He MeHee, IONYCKasi BOJb-
HOCTb peun, MW uHoraa OyneM HaswBaTh «dacTHefiy suieMerTapHufR
KBAHTOBLA OOBEKT B ONpeiefeHHOM 34ecb CMEicAe, .
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Ipennoxenne 2.1. Beaxoe nenpepuigroe npoexmugroe
npedcmasaenue x— V. 0dnonapamempuueckod HenpepoisHodl
apynnue  cOBu208 Moxcem Goimb CEEGEHO K YHUMAPHOMY, m. e.

A
I
s & |l
%Wgnm——
]

Prc. 8.

CYueCMBYem HENpPEPLIsHOe CeMeldcme0 YHUMAPHOIX Onepamoros
x—U, maxoe, umo V,=a,lU,, 20e |a,j=1 u

L’;‘Ux‘ = le +xa

Onepatopu {U/,.} ofpasyioT rpynny yHHTapHHX omeparo-
poB; no TeopeMe Croyna (cm. § I1.4), cymecrByer camoco-
npAxKeHHH onepatop P B &% Tako#, 4TO

Ue=exp(—iPx), —oco<<x<<oo.
IlostoMy peficTBHe ORHONAapaMEeTPHUECKOH FPYyNmbl MPOCTpPaH-

CTBEHHLIX CJBHTOB Ha MHOMeECTBE KBaHTOBbIX COCTOSHUMA
onuceiBaeTca ¢opmyaoi

S-S, =e—1PxSetPx, @.1)

ITo npuuknam, XOTOpHe MH BBISICHWHM B AaJibHefiieM, HHOH-
BHTe3HMaJbHHA onepaTop P CBASHBAETC C HMNYJAbCOM
(xoAMuecTBOM JABHXKEHHA) pPacCMaTPHBAEeMOIO KBAHTOBOIO
obbekTa.

Bce 3710 OTHOCHTCA He TONBKO K MPOCTPAHCTBEHHHIM CJBH-
ramM, Ho H K JmoGoii Apyroit ofHONapaMeTpuiecKoll NoArpynmne
npeoGpa3oBanufi. PaccMoTpuM npecOpa3oBaHHE CHCTEMH OT-
cueTa, MPH KOTOPOM NPOCTPAaHCTBEHHAsA CHCTEMA KOOPZHHAT
OCTaeTCS HEH3MERHOH, HO CBHraercsl OTCYET BpeMeHH T =
= t—{. D10 COOTBETCTBYET TOMY, YTO BCE HSMEPEHHs HauH-
HalOTCS1 Ha BpeMsl { NO3XKe NO CPaBHEHHIO C HCXOAHBIM OTCYE-
TOM BpeMeHH. Toraa onepaTtop NJIOTHOCTH TaKie H3MEHHTCA
no topmyne thna (2.1). OGosHagas cooTsercTBYlomui nHdH-
HHTe3HMaJbHbI onepatop uyepes — H, umeeM

S;=e—tHISelAL, 2.2)
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Huddepenunpys ¢opmaibHO 9TO COOTHOWEHHE MO {, MO-
ayqaeM
18_[H, S} S,=S5. (2.3)

B uactrOoCTH, ecyiu S =|) (Y| —uncroe cocrosHue U Y
e Y (H), 10 S;=|%:) (|, rae |P)=e*4?|}), Tak uro co-
oTHoumeHHe (2.3) BuTeKaer u3 dopmyan (11.4.13), koropas
NPHHUMaeT BHJ

%= HY: = @4)

3ro ypaBHeHHe HashBaercs ypaBHeHueM llpeaun-
repa, a onepatop H, no npHYHHaM, KOTOpHe CTaHYT ACHBI
nosjHee, Ha3bIBAaeTCHA ONEPAaTOPOM SHEPTHH HIH 2aminb-
monuaron. KoHKpeTHH#i Buj onepatopa H onpemenser jau-
HaMMKY KBaHTOBOTO OGbeKTa, T. €. 3aKOH H3MEeHEHHS COCTOf-
HHS BO BPEMEHH.

MH nosnyuHM CTPOTYI0 BepCHIO cOoTHouenns (2.3)
B ra. VI, onupasicb Ha MareMaTHueCKHil anmapaT, pasBHTH
B §§ 7, 8 npexmayimtefi rsaBh, a moOKa OrpaHMYHMCA pac-
CMOTpPEeHHeM YHCTHIX COCTOSTHHH.

Ecan X — orpanuuennas nabmopaeMas, To A ee Cpep-
Hero sHauenus E;(X)=({:|X{), B cuay (2.4), umMeer mecto
COOTHOILEHHE

%Et(x)"‘(%lx‘h) + (x‘l’tldj‘l}l) -
=i (H¥e| X)) — i (X | HY) =—21m (Hy | Xop).  (2.5)

(duddepenunpoBanne specb SAKOHHO B CHJAY OI'paHHYEHHO-
cth X.) 310 MOXHO TaKXe NepenucaTb B BHAE

2 E«(X)=E(i[H, XD, (2.6)

ec/i TpaBas d9acTb HMeeT cMuici. Mcnoaesys cooTHomenne
seonpezenennocre#t (I11.6.7), nonydaem BaxkHOoe HepaBeH=-
¢TBo Manjgeapmrtama—Tamma

11d
D(X) D (H) =7 | FE[
B ra. VI mu 06o6muM 3TO HepaBeHCTBOHA MPOHSBOMbHEIE
COCTOAHHA Sg H U3MEpEHHA M ¢ KOHeUHEIMH BTOTHMH MOMEHTaMB.

D/ {M}D (H) = ; | ;Etmy[" @7)
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AHaNornuHHA pe3yJbTaT HMEeT MecTo Aja JoGo# oaHo-
napamMeTpHyecKodl rpynnd, HanpuMep AAs FPYNNH NPOCTPaH-
CTBEHHBIX CABHIOB:

D. {M} D, (P) = ¢ | SE. 1M}’

3HaueHHe STHX pPe3yJbTaTOB COCTOMT B TOM, YTO OHH MO3BO-
JS10T MOAYYHTb NPHHEUKNHANBBYI0 HHXXHIOIO TpaHUIy MIs
TOYHOCTH M3MepeHHS (PH3HYECKHX MapaMeTpoB, CYLIECTBEHHO
o6obutalomyio oSEIYHOE COOTHOIIEHHE HeompeefeHHOCTeN.
PaccMoTpuM cHaualla u3MepeHHS NapaMmerpa MNOJOXEHHs
(xoopAMRaTLI) KBaHTOBOrO ofbekTa. Ecaum ycraHoBka, npu-
TOTOBJIAIOMIAA KBaHTOBOE COCTOSIHHE S, CABHraeTcs napal-
JefIbHO cefe Ha paccTOfHHE X, TO HOBHIM COCTOsiHHeM Gymer
S, onpexenseMoe cooTHouweHueM (2.1). B srom cmuicne na-
paMeTp X oTpakaeT WHPOpMalWIO O MOJOMEHHH MHKPOOOH-
exta. ITpexnosioxkum 1emepb, 9TO HCTHHHOE 3HaueHHe napa-
MEMPA KOOPOUHAME: X HEH3BECTHO H AO/DKHO OHITb onpeye-
NeHO no pesyabrataMm wuamepenuit. Ilycte M={M (dx)} —
HEKOTOpOe H3MEpeHHe, KOTopoe TPOH3BOAHTCH C WeJbio
OlIeHKH HCTHHHOrO 3HadeHus x. IIpeanosoxuM, uTO H3Mepe-
HHe M He jJaeT cHCTeMaTHYeCKOH NOTPeMHOCTH; MareMaTH-
YeCKH 9TO 03HA9aeT, 9TO CpefHee 3HaueHHe pe3yJbTaTa H3-
MepeHHsl PaBHO 3HAYeHHIO H3MepAeMON BeJHYHHHI, T. €.

E:{M}=x, —oco<<x<<oo.

Crenys TEpMHHOMNOTHH, NMPHHATOHR B MaTeMaTHUYeCKoR cra-
THCTHKe, Mbl HasHIBaeM TaKHe H3MepeHHs HeCMelle HHB M H.

Ilns BecMenleHHOrO H3MEpeHHA :—x E.{M} =1, TaK uTo Haue
HepaBeHCTBO NPHHHMAET BHA

D,{M};zr‘u,;. 2.8)

TakaM o6pasoM, Afa MoSOro HECMEIIEHHOTO H3MepeHHs ma-
pamMeTpa KOODAHHATEl JHCIIEPCHS OrpaHHYeHa CHH3Y BeJHUH-
HOH, 06paTHO MPONOPIHOHANLHOK RHCIEpCHH («HeomnpexeseH-
HOCTH») MMNyabca P.

AHanornuselii  peayJbTaT HMeeT MeCTO H AN HSMepeHuft
napamempa epemenu f. Paccmorpum ceMmeBicTBO COCTOAHHM
(2.2). 3amena cocrosinus S Ha S, O3HauaeT mepeHOC BO Bpe-
MeHH MpouexypH NpHrotoBlenns. JlOnycTHM, 9TOo Hac HHTe-
pecyer WSMepeHHe MOMEHTa OCYMIECTB/ICHHA HEKOTOPOro Co-
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ObiTHRA, CBSISAHHOI'O C AAHHBHIM OGBEKTOM, NPHYEM STOT MOMEHT
ofNafaeT CJeAyOIHM CBOMCTBOM: MEPEeHOC BO BpeMeHW Npo-
UeAYpbl NPHTOTOBJEHHS HCXOAHOTO COCTOSHHA TIPHBOXMT
K TOYHO TAaKOMYy € CJABHI'Y MOMEHT2 OCYINeCTBJIHHs pac-
cMaTpuBaeMoro cobGurug. TakuM cBofictBom o6namaer, Ha-
NpHMEp, BCAKAs BEJNHYMHA THMA «MOMEHTA JOCTHXKEHHS» WJH
«MOMEeHTa NpoxoXAeHuA». JlHcnepcua Mmo6Goro HeCMEMEHHOTO
H3MEpeHHsi TaKOro MOMEHTa BpeMeHH OrpaHH4YeHa CHHM3y Be-
JIHYHHOA, 0OpaTHO NPONOPUHOHANBLHOA ¢HEOTpPeNeNeHHOCTH?
sHepruH H B HCXOJHOM COCTOSIHHHM:

Di{M} = 4—0}1(7)'- (2.9)

B ¢usuueckolt Juteparype RoAro Ae6aTHpOBaJICA BONPOC—
NPHMEHUMO JIH COOTHOIIEHHe Heonpeje/ieHHOCTeA K nmpo-
AONXKHUTEABHOCTH u3MepeHus {;—¢,. B srolt cBaA3u 3a-
METHM, YTO BeJHUMHA f{, —f, BooGille He ¢pUrypHpyer B HallleM
aHaJiu3e; KOHEUHH pe3yJbTaT SKCNepHMeHTa — pacnpezele-
HHe BepOATHOCTei pe3y/IbTaTOB H3MEpeHHA — NOJYd4aeTcs Io
HCTEUEHHH BpeMeHH I, —{,, KOTOpOe OmpefetseTc KOHKpeT-
HBIM MEXaHM3MOM H3MepeHHsi M, BooGme roBops, MoxeT GhITb
npou3BosbHHM. OfHako B Tex ciydasx, KOTJa NPOROJDKH-
TeJNBHOCTb 3KCMepHMeHTa OOYCJIORJEHa MOMEHTOM HacTymnJe-
HHA HEKOTOpOro cOOHITHSA (HanmpuMep, NFOXOXKACHHA YaCTHILLI),
T. e. npuGop paboTaeT B peXHMe OXHAAHHSH, H SKCTIEPHMEHT
3aKaHYMBaeTCA, KOTAA OXHAaemMoe COOHITHE HACTynaer, COOT-
Howenus (2.7), (2.9), KOHeYHO, NpPHMEHHMH K JHCHEPCHH
CTaTHCTHYECKOA OLIEHKH BO3MOXHOHA NPOAOJ/KHTEIbHOCTH H3-
Mepenus fy —1,.

§ 3. KnnemaTHKa KBaHTOBOM -4aCTHUR
C oaHOM cTenensio cBoGoan

B cinyuae OZHOMepHOro ABMXKEHHSI CHCTeMa OTCYeTa Onu-
cHiBaeTcsi mapofi nepeMeHHHX (E, v), rae § — npocTpaHcTBeH-
Has, T— BPEMeHHAs KOOpAHHATH. PaccMOTpHM JpYryio CH-
CTeMy OTCueTa, CABHHYTYIO OTHOCHTENbHO NepBOofi Ha pac-
CTOfiHNE X W JBHXKYILYIOCS OTHOCHTENbLHO Hee CO CKOPOCTBIO U.
Iepexon k 3rofi cucTeMe 3ajaercsi KHHeMaTHYeCKHM npeol-
pasoBanueMm [anunes

F=t—x—uv1, =1 (3.1)
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310 paBHOCHJIbHO HSMEHEHMIO MOJIOXEHHA SKCNepHMEeHTab-
HON YCTaHOBKH, NPH KOTOPOM OHA CABHHYTA Ha pacCTOsiHHe X
H ABHIKETCA CO CKOPOCTbIO U OTHOCHTEJNbHO CBOErO HCXOAHOTO
nonoxennss. COBOKYMHOCTb BceX TakuX npeoGpasoBaHufh
o6pasyer rpynny R?, Tak KaK Kaxpmoe npeoOpasoBaHHe 3a-
AaeTcsl Mapod mapaMerpoB (X, v), MpudeM MpoH3BEAEHHE Mpe-
06pa30BaHHi ONHCHIBAETCA COOTHOLIGHHEM

(X1 ©) (Xgs Ug) =(X;+ X5, U+ 0y).

B coorBercTBun ¢ ofme#t cxemol, H3a0xkeHHOR B § 1, MH
OyleM WHCKaTb HENPUBOAWMEIE MPOSKTHBHHE MNpPEACTaBACHUS
TPynnbl KHHEMaTHYeCKMX mnpeoOpasoBaHud (x, 0)— Wy ,.
IlokaxkeM, 9T0, NOAL3YACH NPOH3BOJOM B BHIGOpEe MHOXKHTEJS
nepex W, ,, MOXHO BCErAa CAellaTh TaK, 4TO COOTHOLIEHHE
(1.6) 6yner uMeTb BUE KAHOHHUYECKOTrO0O KOMMYTAall K-
OHHOTO cOoOTHomwenns Befina—Curaana

sz. v.Wxa. U=
= exp [_ ?g (x,vg —xivl)] Vet no+os BF0.  (3.2)

MNonoxum V=W, , U,= W, ,. Ilpeobpasosanus
S—>V.SVy S->U,SU;

ONUCHBAIOT H3MEHEHHe COCTOHHS COOTBETCTBEHHO MPH CABHIe
Hadala KOOpAMHAT Ha PACCTOAHHE X W NpPH Nepexoje B CH-
CTeMy KOOPAMHAT C TeM e HAuaNioM, HO ABHXYILYIOCS CO
cxopoctbio v. Kak GO yKkasaHO B mpexbifylieM naparpace,
BCErJa MOXHO CAenatb Tak, urobm cemefictBa {V,}, {U,}
06pa30BLBaJH OAHONApAMETPHUECKHe TPYNNbl YHHTapHHIX
OnepaTopoB:

VeV =Veix UglUo=Uso,.

PaccMOTpEM Tenepb nepexon B CHCTEMY OTCYeTa, CHBHHY-
TYI0O H2 PACCTOSHHE X H ABHXXYWYKCA CO CKOPOCTBIO U. 10T
nepexox MowerT ObTb COBepllie ABYMS Pas/HYHHIMH CIO-

coBamu:
(x! )= (x' 0) (0' V)= (0' 0) (x’ 0)1
npudeM pesyJbTaT He AO/IKEH 3aBHCETb OT croco6a nepexoza
S UV, SViUs =V U,SUV%
Ans JjuoGoro S, oTKyaa
UV, =V, Uentxo, 3.3)
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rae v (x, v)— BemecTBeHHas HenmpepbiBHas (YHKUMA CBOHX
aprymentoB. [lpy x=0 uan v=0, cormacso (3.3), 1 =
=00 =M, 0 TaKk Y10 MOXKHO NOJMOKHTL (X, 0) =
=9(0, v)=0. Ymuoxas (3.3) Ha U,, nonyuaem

n(x, v+0)=n(, v)+n( o) (mod2x).

EnQMHCTEEHHLIM HenpepLBHLIM pelIcHHEM STOr0 YpaBHEHHS,
YAOBJICTBOpSIIOLWIMM YcJa0BHIO V) (x, 0) =0, aBaserca n(x, v) =
=1 (x)-v. Asanoruuno, n(x+x', v)=n(x, v)+n(s', v)
(mod 2x), oTKyna m(x, v) =pxv, TAe B — HEKOTOpas BellecT-
BeHHasi NMOCTOSIHHAsA, TaK 4TO

Uaqu == Vva . e‘“x’. (3.4)

Bui6upas MHOXkHTeNb nepex W, , Tak, YTOOH BHIMOJHAJIOCH
inxo

Wx'-p=e 2 VxU’” (3.5)

y6exkpaemcsi, uro cemeficrso {W,, ,} yaoBnersopser cootHo-
wenuo (3.2).

ToxkaxeM, uT0 TpeGOBaHHe HENPHBOAUMOCTH HCK/UOYAET
cayuali p =0 npu dim ¥ > 1. YMHOKa1 (3.4) Ha V3, nonyunm

VEU,V = Unelteo, 3.6)

Mo teopeme Croyna U,={e**G (dA), rae G (dA)—oproro-
Ha/lbHOEe pa3jioXkeHHe eAHHHUN B &% . Us (3.6) torza cae-
Ayet, uT0 s JuoGoro ¢ B X
(el (0| VIG (d) V.9) = (e *+10) (9| G (dD) @)
B ofenx yacTax 3TOr0 paBeHCTBa HAXOAATCs npeobpaso-

Banusi ®ypbe BepOATHOCTHHX Mep. B cHJy eauHcTBEHHOCTH,
9TH MepHl JO/UKHH COBMNajaTh, T. €.

(@|ViG(B)V.9)=(9|G(Bys) @)

1as moGoro MHOXecTBa B of (R), rae B_,={§ —x: E=B}—
cABMr MHOXKecTBa B Ha — x. Tak Kak STO BHIIOJHEHO AAA
moboro ¢ =¥, 10

V3G (B) V x =G (B 3.7)
B uacrtHocTH, ecin p=0, T0 orciona ciaepyer, 910
V.G (B)=G(B)V.. 3.8)
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o nocrpoesnio
U,G (B) == G (B) Um

TakuMm 006pasoM, BCAKOE MOAMPOCTPAHCTBO BHAA o g=
= G (B)X" aBAseTc HHBapHaHTHBIM MOANPOCTPAHCTBOM Ce-
meiicts {V,}, {25}" a sHauut u {W,,}, Ecan cymectBy-
eT B TaKoe, 910 ¥ g5=[0], %", T0 ¥ s —HeTpHBHANbLHOE HH-
BapHaHTHOe MOANpPOCTPAHCTBO. B NpoTHBHOM cayduae rpym-
na {U,} asasercs ckaanpHOR M CymeCTBOBaHHE HHBapHaHT-
HOro moanpocrpascTBa npi dim ¥ >>1 Jerko noKasHBa-
ercsi.

Npeanoxenne 3.1. Beaxos nenpepwsnoe nenpusodu-
MOE npOEKMueHOe npedcmassenue epynnsl KUHeMAMULLCKUX
npeobpasosaruil (3.1) sadaemes cemelicmeom ynumapusx one-
pamopos {W .. ,}, ydoasemasopsiousum coomuowernuio Bedas — Cu-
aara (3.2), 20e p—eGeweCMBERKAR NOCMORHHAR, HE PAGHAR
nyno, ecan dim J¢ > 1.

B nanpHefimeM MH YBHAHM, YTO NapaMeTp B HHTepmpe-
THPYETCA KaKk Macca, TaKk 4TO (u3uuecKHfi CMBIC/ HMEIOT
npeacrasiennsa ¢ p>0.

§ 4. Kanonnueckne naGmogaembie. CooTHowenne
Heonpenenennocreft eftsenbepra

CorsacHo Teopeme CroyHa, B NMpOCTpaHCTBe NpefcTaBJe-
HHS ¥ CYHIECTBYIOT CaMOCOMpsiKEHHHIe omepatop P u Q
TaKHe, 9T0

Veyme P, _oco<x<<00;
Uy mm efnoQ, — 00 <9< O,

Oneparopul P ¥ Q sBAAOTCA KBAaHTOBHIMH HaGJ/IORAEMBIMH;
COOTBETCTBYIOIHE OPTOrOHaNbHBE PA3NOKEHHSA ERUHHIL

Q={tE@r), +P={nF@n

ONMHCHBAIOT HEKOTOPHE KBAHTOBHlE HIMepeHHs. BuiscHEM HX
KHHeMaTHYeCKHR cMbicl. JINs 9TOrO nepenmileM COOTHOMIE-
Busa (3.2) B dpopme Befins

V;Uon = emva’. (4; l)
TSV, U, =e-inoxy 4.2)
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PaccMoTpuM A onpejie/leHHOCTH NepBOe COOTHOLUEHIe.
Bouitexaiomyio u3 Hero dopMydy (3.7) MOXHO nepenHcaTbh
B BHAE

VIE(B)V.=E(B.x), Beeof(R). 4.3)

Ipennosioxum, uT0 COCTOsIHHE S NMPHrOTABJAMBAETCH HEKOTO-
poft yCTaHOBKOW, C KOTOpPOH CBsi3aHa MCXOfHAs CHCTeMa
orcueta. Eciin ycTaHOBKa CABMraeTci Ha paccrosiHue X, TO
HOBO@ COCTOiHH® B HCXOAHOR CHCTEMe OMNHCHIBaeTCA Omepa-
Topom mJorHoctH S, =V ,SV:. Pacnpegenenue BeposTHOCTEH
nabmonaeMoli Q OTHOCHTENBHO COCTOSIHHA S,:

bE, (B)=TrV.SViE(B)=p§(B.), Beof R, (44)

AIBJISETCA CABHIOM Ha X pacnpefesieHusl BeposTHOCTeR 3TOf e
nabmonaemofi OTHOCHTENILHO cocTosHUA S (cM. puc. 8). Takum
06pa3oM, NpOCTPAHCTBEHHBIA CABHI YCTaHOBKH, IIPHTOTOBJSIO-
(uefi KBAHTOBOE COCTOSTHHE S, HAXOAHT OTPaKeHHE B TAKOM ke
CABMre pacnpefiefieHnsi BeposiTHocTeli Habmonaemoit Q, HesaBu-
CHMO OT XapaKTepa MNpHroToBjseMOro cocrostua. [Tostromy
pasioxenue equHHib E (dE) n accouuupyercsi ¢ naMepeHHeM
(usHUeCKOro napaMeTrpa — KOOPAWHATH CHABHra X.
CoBepllieHHO aHAJIOTHYHO, M3 COOTHOMICHHA (4.2) BhITeKaeT

UsF (B)U,=F (B_,). (4.5)

Orcioga cJjiegyer, 4TO €C/H YCTaHOBKAa ABHXKETCA OTHOCH-
TeJIbHO HMCXOAHOrO TMOJOXEHHs CO CKOPOCThIO U, TO pacmpe-

IefleHHe BeposiTHOCcTeRl naGmopaemo i -:;P SIBASETCH CARHTOM

Ha U HCXOAHOrO pacrnpegesieHHs, OTBEYAIOMEr0 HENOABHXKHON
ycraHoBke. [Tostomy cooTBercTBYIOLI€e CreKTpaJbHOe pasfio-
xkeHue F(dv) accoumupyercs ¢ u3MepeHHeM OTHOCHTENbLHOM
CKOpPOCTH KBaHTOBOro oGbekTa. CBOMCTBO, KOTOpOE MO3BO-
JMUNO CBA3aTh pasfiokeHHe epuHuub E (dE) c usMepeHnem
KOODAHHATH X, BbipaXkaeTcs COOTHOWEHHeM (4.3) W Hasw-
Baerci KoBapHaHTHocTbio E(dE) no ornomenuo
K NpeAcTaBJeHHI0 x— V, rpynnel npocTpaHCTBEHHHX CHABH-
roB. Besikoe pasioxeHHe eRMHHUB, YXOBJeTBopsioumee Tpe-
GOBaHHIO KOBapHAHTHOCTH, Mbl BpaBe acCOLKHPOBAThb C HEKO-
TOpLIM, GoJiee HJIM MeHee TOYHLIM H3MEpPEeHHeM KOOPAHHATH X.
Hanee Mbl yBHAMM, 4TO CyllecTBYeT GeCKOHEYHO MHOTrO JaXke
OPTOTOHAJNbHEIX PasOXeHHH# eRUHHLL (T €. MPOCTHIX H3Me-
penuil), yROBJIeTBOpsIOMWHKX TpeGOBaHHIO KOBAPHAHTHOCTH (4.3).
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IMostoMy cooTBercTBHEe MeXAy (PHIHUECKHMH TapaMeTpaMH
KBaHTOBLIMH HabmopaeMbiMH (M3MepeHHAMH) JaJIeKo He ORHO-
3HAYHO, OfHA H Ta e BeJHYHHA MOXeT OhiTh H3MepeHa
Gecuuc/ieHHHIM MHOMeCTBOM crioco6oB. Tem ne MeHee Gyaer
yao6HO, Kak 3T0 OOLIYHO JenaeTcd, 3aKPeNHTb Ha3BaHHA
Habaodaeman Kkoopounams: 3a MHPUHHTESUMAJIbHHIM ONEpaTo-
pom npeactaBieHus v—U, W #abaodaemasn cxopocmu *)
3a onepatopoM P/u. Oneparopn P, Q Ha3mBalOTC KaHOWU-
wecKuUMY Rabawodaemiimu.

ITycrs M={M (dt)} — moGoe u3MepeHHe, KOBapHAHTHOE
MO OTHOLICHHIO K NPEACTABJEHHIO TPYIIIB NPOCTPAHCTBEHHbLIX
CHBHMMOB H HMeiOlllee KOHEUHLIA NepBbifi MOMEHT OTHOCHTENbHO
cocrosiuull S,. U3 (4.4) BuTeKaer

EelM)m= { tuf @)= | G+rnd@d=

-0

=Eo{M}+x. (4.6)

Takum o6pa3oM, C TOMHOCTBIO N0 NMOCTOAHHOHN, M sABAseTCA
HeCcMelUleHHHM H3MepeHHeM KoopauHatol x. [Tostomy He-
paBeHcTBO (2.8), orpaHuunBaloIee TOUHOCTL H3MEPEHHS KOOpP-
AWHATH, CNpaBefJIHBO AJA MOGOro KOBapHAaHTHOIO H3Mepe-
HHs napamerpa x. B gactHocti, ans HaGlionaeMol kKoopau-
Hatel Q moayuaem

Ds(Q)-Ds(P) = 1/4. 4.7

10 HepaBeHCTBO Ha3biBaeTC COOTHOLIEHHEM Heompe-
Aenennoctedi Tle#izen6epra. K Hemy nosHOCTBIO
npHMeHHMa HHTepnpeTauusi, fanuas B § [1.6. B uacthoCTH,
W3 Hero BHTeKaeT, 4r0 Habmonaembie Q w P HecoBMe-
CTHMBI, T. €. He CYUIECTBYET NpOueAYPH, KOTOPas COBMECTHO
peanusoBania Gb H3Mepenna Q u P. Orcioxa, oxHako, He CJe-
ZyeT, 94TO (pu3nveCKHe NapaMeTphbi — KOOpZHHATa CABHTa X M
OTHOCHTENbHAA CKOPOCTb U—B TNpHHUWNE HE JOMYCKAIOT
coBMecTHOro usMepennsl Mu paccMOTpHM 9TOT BOmpoC mo-
apo6ro B § 7.

'g' Daa sapnennoll wacThmEl ONEPATOP CKOPOCTH HMEET HECKO/LKO
Zpyroi bHA, OAHAKO Mu He¢ OyseM BAABATLCA B ITOT BONPOC (CM., Ha-
upunep, Slyx [134)),
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§ 5. Teopema eRMHCTBEHHOCTH.
Npeacrasnenne Llpeaunrepa

Kanonuveckoe KOMMYTalKOHHOe CcOOTHOMLieHMe (3.2) H ero
obo6llenus urpailoT ¢QyHZaMeHTaNbHYI0 pOJib B KBaHTOBOR
TEODHH.

Bcesikoe KOHKpeTHOe CeMeHCTBO YHHTapHBIX OfepaTopoB
(%, v) > W4, , B KORKPETHOM IHJILOEPTOBOM NPOCTPAHCTBE agf ,
YAOBJIeTBOpSiolIee COOTHOMEHHIO (3.2), Ba3niBaeTca npedcmas-
ACHUEM  KQHOHUMECKO20  KOMMYMQUUORHO20  COOMHOUIEHUR
Befinsg —Curana. HMeer mecro BaxHHf pesysibTaT, nosydeH-
Heiit CroyHom u ¢on Hefimanom.

Teopema 5.1. Beaxue dsa Henpepoigrbix HenpusoGuUMbx
npedcmasaenun (x, v)—>WPy j=1, 2, xanonusecxozo xom-
MUMAaYUORHO20 COOMNOWEHUR YRUMADHO SKBUBAAEHMHNLL, m. e,
Weo=U*W3'U, e0e U — usomempusnwi onepamop, omo6pa-
acarouguil npocmpancmso X'y npedcmasenus (x, v)— WP,
Ha npocmpancmeo <Xy npedcmaenenus (x, v)—>Wi',.

Besxoe nenpepoisroe npedcmasrenue KaHORUMECKO20 KOMMY-
MAYUOHKO20 COOMNOWIERUR RBAREMCR  OucKkpemHod npamoit
cymmoil nenpusoOumwix npedcmasrenud.

U3 sTHX yTBepxjeHHA BHLITeKaeT, YTO BCAKOE HelpephbiB-
HOe NpeACTaB/eHHe YHHTADHO SKBHBAJIEHTHO MPEACTABJCHHIO

BHJa
W
@ v) —»[0 v, 0].

rae (x, v) > W o — PHKCHPOBaHHOE HeNMpPUBOAUMOE NPEACTAB-
nenne. Takum 06pasoM, KaHOHHYECKOe KOMMYTalHOHHOE
COOTHOILIEHHe MO CYMECTBY OXHO3HA9HO ONHCHBAeT KHHEMa-
THKY (HEpeJATHBHCTCKOro) KBaHTOBOIO oGbeKTa C OAHOIM CTe-
NeHbI0 CBOOOAb, AJNs NaHHOTO 3HAYEHHS MapaMeTpa W.

Mu jpokaxeM 3ty TeopeMy B ri. V. CorziacHo efi mocra-
TOYHO NOCTPOHTb XOTAA Ohl OAHO NPEACTaBJECHHE KaHOHHYE-
CKOr0 KOMMYTAallHOHHOTO COOTHOIIeHHs. PaccmoTpuM npo-
CTPaHCTBO = %3 (— 00, 00) KOMNJEKCEHX KBagpaTUYHO-
MHTErpUpyeMbX ¢yHKuufi Ha R=(— oo, c0) u cemeficTBO
YHHTapHHX ONepaTopoB B <X, AeACTBYIOIHX Ha QYHKIHIO P

no ¢opmyJe
Vsp@®=cxp[ipo(t—7)]eGE-2. 6.1
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Jlerko yGeguthcst, uTO onepartophl W, , YAOBJETBOPSIOT COOT-
Homenmo (3.2) u g9ro cemeficteo (x, v)— W, , HenpepHBHO.
Y066 ycTaHOBHTL HENPHBORHUMOCTb, PacCMOTPHM OXHONapa-
metpuieckie mnoarpynnu {V,), {U,}, neficrBylomue no

dopmyitam
V@) =p(E—2x), (6.2)
U} (§) =M% (8). (5.3)

Nyew LI, X #[0), ¥, — nuBapnautHoe nopnpocr-
pancTBo. M3 Toro, uto £ sBjseTci MHBapDHAHTHLIM MNOANPO-
crpancrBoM rpynns {U,}, clexyer, 9To CymecTByeT MOAMHO-
wectB0O BC R HeHyneBoit neGeroBofi MepH, HONOJNHEHHE
K KOTOpPOMY TaKXe HMeeT HeHyJeBylo JeGeroBy Mepy, Takoe,
9T0 HOCHTeNH Bcex QyHkuuii M3 ¥ cogepxarcs B B. Opnako
TaKoe NORNPOCTPAHCTBO He MOMeT OLiTb HHBAPMAHTHHIM LOA-
NPOCTPaHCTBOM rpynnkt casuroB {V,).

IpeacraBnenne (5.1) KaHOHHYECKOrO KOMMYTAaLHOHHOTO
COOTHOIIEHHI B H£3(— co, 00) HA3LIBAaeTCA NpPeiCcmasreniem
llipeduneepa. 13 ¢opmya (5.2), (5.3), yuntniBas, ut0 V, =
=P U,=erQ yalineM kanoHuuecKue HabMogaeMue
B 3TOM NPEACTaBJEHHH

d

PY(E) =i 9@ v= T (P)
QE=EE. v=TQ.

Bo BcaAxom caydae, STO 3aBeAOMO HMEET MeCTO AAA QYHKumMi
us npoctpaHcrBa & (R) GeckoHeuno andxpepeHUHpYEMBIX
¢bysxuuit, yOLIBAIOIIHX BMeCTEé CO BCEMHM MpPOHSBOAHBLIMH
Grictpee /moGo#t crenenn §. OTMeTHM nonesuyio ¢opmyay

W, o=exp[i (uvQ — xP)], (5.5)
rae poQ — xP —camoconpsDKeHHOS pacliHpeHHe Oneparopa
pot — xi-t ‘%, 3afiaHHoro, HampuMep, Ba & (R). 3t0 BhiTe-

KaeT M3 TOro, vro ceMefictBO {— Wi 0y LR, Toe x, v
¢uxcupoBanu, ofpasyer, B cuay (3.2), rpynny yHHUTapHbiX
oneparopos, npudeM corsacuo (5.1)

& Ve, 0 (8) oo = (40Q — xP) $ (B).

Onepatop Q seficTByeT Kak onepaTtop YMHOMXEHHSI Ha
HeSaBHCHMYI0 TIepeMeHHYIO; NO3TOMY MOXHO CKasaTh , 4TO

(6.4)
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npexacrasienue Lllpeaunrepa «anaronasusyer» HaG/monaeMyio
koopaunatel Q. Beoas aupaxoBckue o6osnavenns (cM. §§ 1.3,
11.4), MOXHO YCNIOBHO HamucaTb

Q=88 &!d2,

rae |E) —«BekTOp» (H3HYECKH HepeaNH3yeMOro COCTORIHHSA,
B KOTOPOM OOBEKT HMeeT TOUHO OmpefiesIeHHYIO KoopauHary §.
Ins cnekTpaibHOR Mephl omeparopa Q umeer Mecto ¢op-
MajlbHOe COOTHOLLEHHe

E (dB)=|%) (1 dE,

OTKyAa BHIHO, UTO pacnpejiesieHde BeposiTHOCTell HaGmopae-
MO KOOPAHHATH OTHOCHTEJLHO COCTOSIHHSA S Aaercs GopMyJIod

us (dB) =& |Si§)dE, (5.6)

rae (| S|E') —anpo oneparopa naotHOCTH S B £3% (— co, oc)
(cM. § 11.7). Ias gncroro cocrosinus Sy=|¥) (Y|

u‘s’*(d§)=|(§l¢) *di.

Yem GoJiee CKOHLEHTPHPOBAHO 3TO pacnpenieieHHe B HeKOTO-
poit Touxe Q, T. e. yem MeHbie gucnepcus D (Q), Tem cuib-
Hee CXOACIBO PaccMaTpHBaeMOro KBaHTOBOrO COLEKTa ¢ KJac-
CHYeCKHM OOBEKTOM, CTpOTO JIOKaJH30BAHHBIM B NPOCTPaHCTBE
(sactTuued).
C apyrofi CTOPOHH, PacCMOTPHM Oneparop % =$Ed§'
1
MajbEbe  COGCTBEHHBIE HKIHH = ——enk
Ero ¢op ¢ynknun | n) Vo

OMHCHBAIOT (PH3HUECKH HepeajH3yeMble COCTOSHHS, B KOTO-
pbiX OGBEKT MMEeT TOYHO ONpefie/ieHHYy:0 CKOpoctb 1)/u. Pac-
npegesieHne BeposTHoctedi HabGmogaemofi P OTHOCHTE/NLHO
cocTosiHus S aaercs GopmyJson

uf(@dn)=Mn!Sin)dn. (5.7

3ametM, 49TO, nepexoas K mnpeoOGpasoBannio Pypbe
Y(M)=(n'!P), M noJSyuaeM YHHTapHO 3KBHBAJEHTHOE (TaK
Ha3bBaeMOe UMNYAbCHOE) NPEACTABNCHHE KaHOHHYECKHX KOM-
MYTAUHOHHUX COOTHOLIEHH#A, B KOTOPOM AHAroHaJeH onepa-
Top P, a oneparop Q sapaerca oneparopom Au¢pepeHuupo-
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pauusa. Pynxuna (n|S|y) u3 dopmysn (5.7) spaserca
AAPOM OnepaTopa MJOTHOCTH S B 3TOM NPEACTaBJCHHH.

W3 suipawenuit ana Q n P B npexacrasienun Ulpenun-
repa HENoCpeACTBEHHO noayvaem QPy — PQy = i, Hanpumep,
ana p & (R), Tak at0 Ha & (R)

[Q, P]=il (5.8)

AT0 COOTHOWEHHE HA3LBAETCA KAHOHHYECKHM KOMMY-
TaUHOHHHM cooTHOwekueM [efisenbepra. B 10
BpeMsi KaKk NpaBas 4acTh €ro BCIOAY OnpenefieHa, B JieBO#
HaXOAITCA HEOTPaHHYEHHLE ONEpPaTopH, W MO3TOMY ero
HeJb3l PAacMpPOCTPaHUTL Ha BCE ¥ . OPMaAbHO COOTHOLLE-
HHe (5.8) paBHOCHABHO cooTHOUeHHI0O Befina — Curana,
OIIHAKO MOCJIeHee NPeANOUTHTeNbHEe, TaK Kak popMyanpyercs
B TEPMHHAX OrpaHHYEHHHX ONEpaTopoB (MpHYEM Henocpen-
CTBEHHO CBSI3aHHHIX C TPEACTaBJeHHeM KHHeMaTHYecKod
rpynnhi). BoJjee crporas ¢OpMYJHMpPOBKA COOTHOLIEHMS He-
onpegejaeHHoctedl (5.8) umeer BHA

2Im(Qp PP =(pI¥), Y=TQNT(P)

H MOXeT OBITb HemocpeACTBeHHO noiayyena u3 (5.4). Orciona,
noMb3yAch o6iMM cooTHOWeHHeM Heonpenenentocreit (11.6.7),
BHOBb NOJyYaeM COOTHOHIeHHe HeonpenedenHocred [efiseH-
Gepra (4.7).

N3 cooTHOmeHu#t neompenesieHHOCTEl BbiTEKaer, YTO YeM
GoJjiee TOYHO ONpelieNeHHOH ABJAETCH CKOPOCTb 06beKTa, T. e.
yeM Menbile Dg(P), Tem MeHee OnpeaeJeHHON CTaHOBUTCA
JIoKaAu3auus ofbekTa B MpOCTpaHCTBe. MOXHO CKasaTb, YTO
B cocrosiuax ¢ Dg(P)~=0 xBanTOBHIt 06BEXT NposBJAAET
CXOACTBO ¢ KJaccuuyeckod Boauo#. Takum o6Gpasom,
B 3aBUCHMOCTH OT NPHTOTOBNEHHA MCXOZHOTO COCTOSIHMS,
KBaHTOBLIi OOBEKT B M3MEpeHHSX MOMXeT NPpoABAATb Kak
9epThl KAacCHYeCKOA YaCTHIH, TaK H KJacCHYeCKOA BOJIHHL.

§ 6. CocTonHAS MHANMAJNbLHON HEONpeReNeHHOCTH.,
CooTHOWEHHA MOAHOTH H OPTOrOHANLHOCTH

Yuctele coCTOAHHA S =Sy, IIA KOTOPHIX AOCTHTaeTcR
3HaK pPaBeHCTBa B COOTHOLUEHHW HeonpegenenHocred (4.7),
Ha3HIBAIOTCA COCMOARUAMU MUNUMAABHOL HeonpedereHnocmy.
Coraacuo (I11.6.8) 510 uMeeT MeCTO TOrga H TOJMBKO TOTAA,
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KOrja /ISl HEKOTOPOTO BElIECTBEHHOTO ¢
(QR-Q+ic(P-P))v=0 @=Es@Q, P=Es(P)). (6.1)

IMokaxem, uro ans Kaxpaoro ¢>0 s10 ypaBHeHHe HMeeT
CYILECTBEHHO €IHHCTBEHHOe peilieHHe P & X3 (— oo, ©0).
B npeacrasnenun Illpeaunrepa ypaBrenue (6.1) npuun-

MaeT BHI
[@—@+c(F—iP)]GIwr=0. (6.2)

Pemas ero n HCnoJb3ys ycJOBHe HOPMHPOBKH Sl(; |¢) 2dE =
==], poxyuaem
=k _GE—Qr
€19 =g exp|iPr—-E5F),
rae |k|=1, ¢>0. Ilonaras k==exp(— 5—%‘:), c=20® n

o6o3Havas coorBercrsyomufi BekTop cocrosnas |P, Q; o%),
HMeeM
. 1 Q -Q
€1P, & o) =prsexp|iP(t-7)-E2F). 69
Cuuicn napamerpoB P, @, o® ouesngen; P u @ smasiorca
CPeAHHMH SHaueRHsMH HaGmopaeMbx P H Q, a

0*=Ds (Q) =[4Ds (P)}.

Cocrosnas MuHHMaibHON Heonpezesiensoctu | P, §; o%) x
x (0% @, P| nasuBaloTCS HHOrZAa «BOJHOBHIMH TaKeTaMH».
Oco6yi0 poJib HIPaeT OCHOBHOE COCMOANUE C HYJIEBHIMH Cpef-
HHMH SHAYeHHSIMH

&0, 0; o= ;/lm“"(‘ =) (6.4)

Bekrop cocrosimus | P, Q; 0% noayuaercs us ocsoBHOro Zeit-
creueM oneparopa capura Wy 5.

|P, @; o)=Wp, 5,,|0. 0; o?). (6.5)

IlokaxeM, 90 ans moGoro GHKCHPOBaHHOIO 02 cemefi-
crBo Bektopos {| P, @; o%; (P, Q) =R*} o6nanaer croficTBOM
NOJMHOTH

SSIP. Q& o) (% Q P45, (6.6)
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B oramune or ¢opmanbumx cooTHowenuw#i TthHma (11.3.12),
(11.4.16), sro paBeHCTBO, ec/i NOHHMATh WHTErpaJ B CMbIC/e
cnaboii CXOAMMOCTH, HMeeT HenoCpeACTBEHHOe HCTOJKOBaHHe,
TaK Kak | P, J; o) sBAsercs OGHYHBIM BEKTOPOM THJbLGep-
T0Ba npocrpaHcTBa. OfHAKO 3TH BeKTOPH He OPTOrOHaNbHbI
NpH pasAHYHBIX SHaYeHuAX mapamerpoB P, ; Gosee ToroO,
MEXAY HHMH CYINECTBYIOT JHHefiHEle COOTHOWEHHS. MOXHO
CKa3aTh, 4To cemelictBo {| P, Q; o%)} sBasercs enepenosnen-
HOM» CHCTEMOli BEKTODOB.

CeofictBo nonrOTH (6.6) BHITeK3aeT H3 TaK Ha3HIBaeMbIX
COOTHOWEHHA OPTOFOHANLHOCTH AN HENPHBOLH-
MbIX NPeACTABJAEHHA KaHOHHYECKAX KOMMYT2UHOHHHIX COOT-
nomenru#t. IlogoGubie cooTHOWENHA HMEIOT OOLLYIO MPHPORY
H BBHINOJNHSAIOTCA XA HENPHBOAHMOrO MPEACTAaBJIEHHA AOCTa-
TOYHO NPOM3BIIbHOA Fpynnu. Mbl YCTAHOBHM 3TH COOTHOLIe-
HUA, A8 HHTEPECYIOUEro HaC YaCTHOro Cjly4vas, SjleMeHTap-
HBIMH CDEJICTBAMH.

Npennoxenue 6.1. Myems (x, v)— W, ,—nenpe-
poisroe  nenpusodumoe npedCmasreRue KOROHUNECKUX KOMMY-
mayuonnsix coomnowenuii (3.2) e npocmpancmee J¢°. Mampuu-
noie aremenmer ($| W, \p) sersiomes xsadpamusno-unmezpu-
pyemoimu pyrxyusmu om (x, v). Ecau {e;} —6asuc 6 X", mo

Pyrxyuu _
{(V &£@W..en}

obpasyrom Gasuc & npocmpancmee L (R) xomnisexcrox Kead-
pamuyno-unmezpupyenvix pyrxyud om (x, v), max ¥mo

5§ @IV )@l Vo) drdo= 8180 (6.7)
(BCIOAY HMEIOTCA B BHAY OPTOHOPMHPOBaHHEe GasHCH).
IDoxasateabcTBo. B cuny rteopemn CroyHa— ¢on

Hefimana Mu MoxeM HMeTb nesio ¢ npepcraBieHneM Illpe-
zunrepa. Coraacso (5.1), a9 muobux @, Y=

L p—
7;_?_WEW"”¢)=V]—2T:e 2 S¢(§)e‘"€\p(§—x)d§=.
Sy
=5’ SSq»(E)w(n)e‘"‘e-'m*-wdgdq, (6.8)

rae ‘3(ﬂ)=7]§s\b(§)e""‘d§, a y=pv. Tak Kak @, P
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KBAAPATHUHO-HHTErPHPYEMH!, TO P TaKke KBaApaTHUHO-HHTe-
rpupyeMa u @ (E) P (n) e = L2 (R?). Ilosromy unrerpan
B (6.8) uMeer cmbicn kak npeoGpasoBanue Pypbe F KBan-
paTHuHO-UHTerpHpyeMofi ¢yHkuMH H ¢yHRuuA (@ |W,, )
npunagnexur £* (R%). Ecim {e;} —Gasuc B 7", 0 pynKUMH
¢ (E) &, (n) s o6pasylor Gasuc B Z*(R?). Ilostomy ux npe-
o6pasoBanns Dypve F [&; (§) &, (1) ™) 1'laxx{e o6pasyior
2 P =

6a31:c B X* (R?). CrenoBatenbHO, QYyHKUMH Vs (6| Wy, v2)

o
= e 2 F [¢; () &, () €™] oGpasyior Gasuc B mpOCTpaHCTBe
L ¢yHKnM#A OT NepeMeHHBIX X, y=Mv, OTKYA3, B 4acT-
HOCTH, cJhepyer (6.7).

Pasnaras npousBosibHbE BEKTOPH @, §, ... no Gasucy {¢},
noJiyuaem

2% S S (@11 We, o1) (@2 W, o¥s) dx dv = (@1 | 9g) (1 ! o). (6.9)
lonaras ¥, =y, =1, rae (Y!$)=1, nonyuaem

2§ @ we) b W0y dedv= @il o),
T. €.

2 Weotw @IW2 odido=1,  6.10)

rZe HMHTerpaj NOHHMaeTc B CMuicje ciabolt cxopuMocTH.
Takum o6pasoM, mJsi JoGOro eAHHHIHOrO BEKTOpa P cemefi-
ctB0 {Wiol¥): (v, v) =R} sBasercs «mepenoneHHOMN»
cHcTeMONt BeKTOpOB. D10, B 9aCTHOCTH, BEPHO H ANS CeMefi-
CTBAa BEKTOPOB COCTOSIHHA MHHHMAJbHOH HeOonpee/IeHHOCTH,
xo'rcgms’ NOMAYYaAlOTC H3 BEKTOpa OCHOBHOTO COCTOSIHHSA
lop s )'

§ 7. CoBmecTHbie H3MEPEHHS KOOPAHHATH M CKOPOCTH

Us coorHomenun neompepedeHHoctedi [eiisenGepra Brite-
KaeT, uto HaGmonaembie CKOPOCTH P/u H KOOpAHHATH Q
HecoBMecTHMH. He cymiectByer namepenus M (dx dv) takoro,
utoOpt u3Mepenusi E(dx) u F(dv) 6buiM no OTHOWEHHIO
K HEeMy MaprHHajbHbHIMH, T. €. BBHIOJHAJIOCH

E (dx)={ M (dx dv), F(dv)——-SM(dxdv).
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MoOXHO /1M, OCHOBMBASICH HA STOM, YTBEPMKAATH, YTO KBAHTO-
Basi TeOpHA MNPUHNMNHANLHO HCKJMOYAET BO3MOXHOCTb COB-
MECTHOTO H3MEpeHHsI KOOPAMHATH H CKOPOCTH oObeKTa?
IocnepoBarenbHOe npoBefeHAe TAKON TOUKH 3DEHHS NpPHBEJIO
68 X BHIBOJaM, KOTOpHle HaXORATCA B OYeBHJHOM NpPOTHBO-
pednu ¢ onerroM. IToscHuM 910 yTBepKAEHHe.

IlpakTHuecKH B 3KCIepHMEHTE H3MepseTCs JacTo He CaMa
CKOpOCTb U, & NpONOPHHOHAJbHAA efi BeJSHYHHA — HMIYJbC
my, The m — e¢KJaccHueckas macca» ofnextTa. Mu oObACHHM
CMBICK BENHYHHE m NOSKBee, a noka GyAeM paccMaTpPHBaTbh
ee n;;_loc-ro Kak HeKoTOpHH KoSpdHOHEHT NPONOPUHOHANLHO-
ctu. IMonaras A =m/p, BBefieM Habridaemyo umnysbca p =
= hP. OGosHauas ¢=Q, nMeeM

(9. pl=iR 7.1
H COOTHOILeHHe HeonpenxeJexrHocTeR
D (9)D(p)=n"4. (7.2)

B stEX coorHOmMERAAX B5:0. Ecan xe #=0, 10 cooTHO-
wenne (7.1) npespamaerca B ycsnosue [¢, p]=0, xapakrep-
HOe [/l KJIaCCHUeCKHX TeOpHii, rae Bce HabmoxaeMble COB-
mectaMul. [IpeficTaBasieTcss OYEBHAHLIM, UTO B KJIGCCHYECKOM
npeaefte B —-0 HabmonaeMble ¢ H P JNO/DKHB B KaKOM-TO
CMBICJIE ¢CTAHOBHTHCH COBMECTHO MIMepHMEIMH». Kak coraa-
COBaThb STO C HECOBMECTHMOCTBIO § M p NpH JIOGHX CKOJb
YrogHO MaJhx #s=0?

Sror «napaZioxc» MOXHO cpopMyJHpOBaTh emle OGonee
OTUeTJIHBO, €CJIM PacCMOTPeTh €MaKpOCKOnHYeCKHH OGBeKT»,
cocTofmuii @3 GoMbmoro 9mcaa N KBAHTOBHX 4acTHil, KaHO-
HAvecKHe Hab/ofaeMble KOTOPHIX YAOBJETBOPAIOT KOMMYTa-
UHOHHBHIM COOTHOMIEHUSIM

(9, Pel=iR8ss, [@ps Gel=[P;, P2)=0. (7.3)
Torza MARPOCKOMHTECKHe naﬁmnaeuue»—xoop#nua'ra

UeHTpa Mace q=—llv 2 ¢y H NOJHHA HMOY/ALC p == 2 pPr—
=] fm1
YAOBJIETBOPSIOT TOMY 3Ke KOMMYTAHOHHOMY COOTHOLIEHHIO
(7.1), wro B «uukpockonuveckHe Habmonaemuies. TakuM
o6pasoM, cootHomerus (7.1), (7.2) uMeior MecTo n Aas
moBoli Makpockomuueckofi cTemens cBoGoaH. ITockosbKy
R0 (x0TA OHO W OuYeHb MaJ0 B MAKPOCKONHYECKOM Mac-
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wrale), chefoBajo Ob NPHSHATL NPHHUUNHAJBHYIO HeBOS-
MOJXHOCTb COBMECTHOTO HSMEpeHHSl KOOpAMHATH M HMNYyJbCa
H B KJacCHuYeCKOR MeXaHHKe.

OueBuaHO, OfHAKO, YTO TaKOA BHBOLX NPOTHBOPEYHT
SKCTIepHMEHTaNbHOR NpaKTHKe KJacCHuecKof (u3KKH, KOTO-
pas NOBCEMECTHO HMeeT fieJIo C COBMECTHHIMH M3MEepPEeHHSMH.
CoBMecTHbIe H3MepeHHs1 KOOPAHHAT H HMNYJBCOB BCTPedaloTcs
H B SKCMEpHMEHTaX Haj MHUKpOOOBEeKTaMH; HanmpHMep, §O
TPAeKTOPHH 3apsiMeHHOA uacTHUH B Kamepe BuibcoHa ompe-
IeNsAIOTC M KOOPAHHATA, H HMNYJLC YaCTHOH (MO pagmycy
KPHBH3HH TPaeKTOpuH B MarHuTHOM noJne). [lo cymectsy,
Aaxe B TeX cJydasX, KOTZa HIMepseTcs TOJNLKO HMNYJhC,
SKCepHMEeHTaToOp pacrnoJaraer W HeKoTopok uHpoOpManuei
O JIOKaJAuSallHH «YacCTHIbl» — HanpuMep, 9YTO OHa HAXOXHTCH
B MOMEHT H3MepeHHs B MpefieslaX SKCNEPHMEHTAaNLHONR ycTa-
HOBKH. Bkmmouas sty HHpOpMaumuio B pe3yJbTaThl H3Mepe-
HHf, MOXHO TOBOPHTb, 4YTO 3JeCh TaKiKe MPOH3BOAUTCH
HEKOTOpOe COBMECTHOE M3MepeHHe HMNYJbCa H KCOpPAHHATHI.
OueBuzHO, OZHAKO, YTO BO BCeX NOAOGHHIX CJAydasx MAeT
pedb He O TOYHOM, 2 O KaKOM-TO «npHOIHIKEHHOM» H3Mepe-
HHMH, pesyJbTaTH KOTOPOrO HMeIOT HEKOTOpHifA ciyvalinulit
pa36poc. ITockonbKy nopoGHBE H3MepEeHHsS ABJAOTCH OOLIY-
HbIMH B (H3HKe, OHH JO/DKHH HMeTh OTpaXkeHWe B MareMa-
THUeCKOM ¢opMaiusMe TeOpHH, MpeTeHAYiomel HA MOJHOe
ONMHCaHHE SIBJICHHA MHKPOMMpa.

Bonpoc 0 <«npHONHIKEHHbLIX®» COBMECTHHX H3MEpPEHHAX
KOODAHHaTH H CKOPOCTH HaXOJHT €CTeCTBEHHOe pellleHHe
B pPaMKax HOBO/ KOHUENUWHM KBAHTOBOrO H3MepeHHsl, PasBH-
Toff B ra. I, II. CornacHo 3T0#f KOHUENNWH, COBMECTHOE
H3MepeHHe MapaMeTpoB KOOPAHHATH X H CKOPOCTH U, KaK H
H3MepeHHe JOOOA naphl BeNHYHH, ONHCHBAETCH HEKOTOPHLIM
pasnioxenneM efuHHUHN M (dxdv) B ¥, npuueM COBMecT-
Hoe pacnpefiefleHHe BepPOSATHOCTEH H3MEPEHHS! OTHOCHTEJLHO
cocrosnus S paercs ¢opmydolt p¥ (dxdv)= Tr SM (dx dv).
Yro6nl BHIENHTb M3 pasioXeHHA eAHHHOH Te, KOTOphie
JefiICTBHTEJIbHO MOTYT COOTBETCTBOBATb COBMECTHHIM M3Mepe-
HHSAM KOOpAWHATH M CKOPOCTH, MHl MpHBJiedeM C000paMeHHs
KOBADHAHTHOCTH, aHAJOrHYHHE TEM, KOTOpPHe HCHO/b3OBa-
JHch B § 3 A/ BHISACHEHUA KMHEMaTHYECKOro CMeiC/ja HaG/mo-
naemMuix P u Q. Ilpeanonoxum, 9T0 cocTosHHe S NPHroTOB-
NseTcs HeKOTOPOH YCTaHOBKOM, C KOTOpO# CBsi3aHAa MCXOAHas
cucTeMa orcdera. Ecau Temepb TaKas ke YCTaHOBKA JBH-


































































































































































































































































































































































































































































































































































































































































































































































































































































