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IIpeauciaoBue

AnpbepT DUHIITENH, KOTOPBIN BO MHOTUX OTHOIITEHUSIX
OBIJI OTIIOM KBAHTOBOM MeXaHWKM, UMEJ C Hell XxapakK-
TepHBIE OTHOIIIEHUS JIO0BU-HeHAaBUCTU. ET0 TToJileMuKa
¢ Hunbscom Bopom — Bop mosHOCTRIO IPUHUMAJ KBaH-
TOBYIO MEXaHUKY, a DUHINITeHH OTHOCUJICS K Hell Kpaline
CKEeIITUYEeCKU — XOPOIIO M3BECTHA B UCTOPUU HAYKU.
OOb1enpuHATOE MHEHUE CPeA O0JIBIITMHCTBA (DUBUKOB CO-
CTOUT B TOM, 4TO Bop mobenu, a OUHIITEeTH npourpas. Ha
MO B3TJISAM, U, A IyMaio, 5TO MHEHIE pa3iesisdeT pacTyIiee
yurcJio PUBUKOB, TaKas OIleHKA HECTIPaBeAJInBa B OTHOIIIE-
HUU B3TJIAA0B OUHIIITEHA.

Bop u SiiamiTeiin 06a ObLIN OUYeHb IVTYOOKMMI MBICJIH-
TeJIMU. DUHINITEHH N30 BCeX CUJ CTPEeMUJICS MOKas3aTh,
YTO KBAHTOBasA MeXaHWKa BHYTPEHHE ITPOTUBOPEUYNBA;
Bop, ogHako, Bcerga HAXOAWJI BO3PAKEHUA HA €ro apry-
meHTHI. Ho B cBoell mocaeqHel aTake OUMHINTEH YKa3a Ha
HEUTO CTOJIb IJIy00KOe, CTOJIb KOHTPUHTYUTUBHOE, CTOJIb
TPeBOJKAIIlee U B TO K€ BPEMs CTOJIb BO30y:KIaIoIee, 4To

B Hauaje X XI BeKka aTa 1esi BHOBb BIOXHOBJIAET (PpU3NKOB-



KBaHTOBaA MexaHuKa

TeopeTUKOB. EfuHCTBeHHLIM OTBeTOM Bopa Ha mociienuee
BeJIMKOE OTKPBITHE DUHINITeIHA — OTKPBITHE KBAHTOBOME-
XaHNYECKON 3aIyTAaHHOCTH — OBIJIO €T'0 UTHOPUPOBAHME.

SIBIeHMe 3aITyTAaHHOCTU — BTO KJIIOUEBOH (haKT KBAHTO-
BOII MEXaHUKH, (PAKT, KOTOPHIH IejIaeT ee CTOJb OTIUYHOMR
OT KJlaccuuecKoll pusuku. Baaromaps emy moj Bompocom
0KasaJioch Bce Hallle IOHUMAaHNe TOT'0, UYTO B (PU3UYEeCKOM
MUpe ABJsgeTcsa peadbHbIM. COTyIacHO O0BIAeHHOMY UHTY-
UTUBHOMY IPEACTaBJICHUIO O PU3NUIECKUX CUCTEMAaX, eCJII
MBI BCEé 3HAaeM O CHCTeMe, TO eCTh BCE, UTO B IIPUHITUIIE
0 Hell MOXKHO 3HATh, TO MBI 3HAEM TaKJKe BCE O ee YaCTAX.
Eciu MBI pacmiosiaraeM mOJIHBEIM 3HaHUEM 00 aBTOMOOMIIE,
TO 3HAeM BCE O eTo KoJjiecax, ABUTrareje, KOpoOKe mepe-
Jlad — BILJIOTH 0 IOCJIETHETO BUHTUKA, YAEPIKUBAIOIIETO
obuBky. Byzer abcypaom, eciii MeXaHnK CKaxkeT: «f1 3Haro
BCE 0 BaIlleM aBTOMOOMJIE, HO, K COKAJEeHUI0, T HUYEro He
MOTY CKa3aTh O ero JeTaJIsdX».

Ho Beap uMeHHO 5T0 JUHINTEHH 00bsaACHAN Bopy:
B KBAHTOBOU MEeXaHMWKE MOKHO 3HATH BCE O CUCTEMeE U HU-
Yero 0 ee OTAEJBHBIX UACTIX, OMHAKO Bop He cMoT mIpu-
3HATH 3TOT (PaKT, KOTOPHIN TaKyKe UTHOPUPOBAJICS B He-
CKOJIBKUX IIOKOJIEHUAX YUeOHMKOB 110 KBAHTOBOI (DUBUKeE.

Bce 3HaT, YTO KBAaHTOBas MeXaHWKa CTpaHHAasd, HO
s IIOJJ03PEeBaro0, UTO JIUIIL OUeHb HEMHOTIIE MOTYT CKAa3aTh,
B KaKOM MMEHHO cMbIcjie. POpMaIbHO 3TO KHUTA ABJIS-
eTcsA KypPCOM JIEKIIUI 0 KBAHTOBOU MeXaHWKe, HO OHA
OTJINYAETCS OT OOJBIINHCTBA KYPCOB U yueOHuKoB. OHAa

KOHIIEHTPUPYETCS Ha JIOTHUECKUX IPUHIINIAX KBAHTOBOM



MNpeaucnosne

TEOPUU U CTABUT IIeJIbI0 HEe CKPBITh INIYOOUaHIIIyIO CTPAH-
HOCTBb KBaHTOBOM JIOTUKH, & BLITAIIIUTH €e Ha JHEBHOII CBET.
51 Xx0uy HAIIOMHUTB, UTO 9Ta KHUTA — OJlHA 13 HECKOJIb-
KUX, TECHO CBSIBAHHBLIX C cepreil MOMX OHJIAMHOBBIX JIEK-
IMOHHBIX KYPCOB II0J HadBaHueM «TeopeTnuecKuil MUHU-
MyM» . Moii coaBTop ApT @puraMaH ObLI CIIyIIIaTEIeM d3TUX
Kypcos. Kuura muoro npuobpesia 6iarogaps ToMmy, 4To ApT
HaXOAWJICS B IIPOIecce M3YUEeHUA ee IpeaMeTa U IIOTOMY
ObIJI OUeHb UYBCTBHUTEJEH K BOIIPOCaM, KOTOPBIE MOTYT
CMYTUTHh HaumHaroIero. IIpomecc Hanucanusa AOCTaBUII
HaM MacCy YJIOBOJBCTBUA, U MbI IILITAJIUCH OTUYACTH IIepe-
IaTh 3Ty aTMoc(depy ¢ IMOMOIIbIo IoMopa. Eciu oH BaMm He

IIOHPABUTCS, IPOCTO UTHOPUPYIATE €ro.
Jleonapo Cacckund

Korga s monyuna B Ctoudopae SUIIOM 0o nHMOpMA-
THKe, TO He JOTraAbIBAJICS, UTO CIYCTS I'OJIbl BEPHYCH CIOAA
caymars Jeknuu Jleonapaa mo ¢pusuke. Mosa KopoTKasa
«Kapbepa» B (pusmKe 3aBepIIujach MHOTO JeT Hasan,
Korja s IIOJIYUYIJI CTelleHsb OaKasiaBpa. OJHAaKO ¥ MEeHs CO-
XpaHsjcsd JKUBOII HHTEpPeC K IpeaMeTy.

U, moxoixe, g oKasaJjicA B 00JILIIION KOMIAHUY — B MIPe
TIOJIHO JIofeli, KTO NCKPeHHe 1 ITyOOKO0 nHTepecyeTcs (-
BUKOM, XOT JKU3HD yBeJia UX B IPYTOM HAIIPaBJIEHU . OTa
KHHUra IpeJHasHaueHa IJisd BceX Hac.

Ilo HEKOTOPOM CTEeIleHN KBAHTOBYIO MEXaHUKY MOYKHO
OIeHUTDH Ha YMCTO KaueCTBeHHOM ypoBHe. OIHAKO AJII TOTO

uyTOOBI BIIOJIHE HACJAIUTLCS €e KPacoToli, Hy)KHa MaTe-



KBaHTOBaA MexaHuKa

MaTukKa. MBI MOCTapaanch CAeJIaTh OCHOBHYIO YaCTh DTOMH
3aMeuaTeJTbHOM KHUTY IIOJHOCTBIO ACHOM /I MaTeMaTH-
YeCcKH’ I'PaMOTHOT'O UeJI0BEeKAa, He MMeIOIIero moAr0OTOBKY
B oOJsiacTu pusuKu. Sl cumTaro, 4TO MBI CAeJaJIl OYeHb
XOPOIIIYIO paboTy, 1 Halel0Ch, UTO BEI C 9TUM COIJIACUTECH.

HukTo He MOJKET BBIIIOJHUTH TaKOT'0 MacIiiTada mpo-
eKT B oxmHOuUKY. Corpynuuxku Brockman, Inc. 3sHa4n-
TeJBHO YIPOCTUIN KOMMEPUYECKHEe aCIeKThI, IIPOMU3BO/I-
cTBeHHBIN oTaes Perseus Books 6b11 0ecnogoberH. Xouy
BBIPA3UTh UCKPEeHHIO OaaromzapuocTts T. [I:x. Kennexe-
py, Petiuen Kuur u Tuccu Takamxu. Ham Takke moBesJio
paboTarh ¢ IPEKPACHBIM JIUTEPATYPHBIM PeIaKTOPOM
I:xomom Cépriiu.

§1 npuszaTesieH IpyruM cTyaeHTaM Jleomapma, Ipo-
IOJIXKAIOIIUM YUUTHCS YV HETO, 3a TO, UTO OHU ITOCTOSHHO
IIOOHMMAIT I‘le60}c1/1e IIPOBOKATUBHEIE BOIIPOCHI, 1 3a
MHOJX€ECTBO BIOXHOBJISIOIINX PA3rOBOPOB IIOCJIE 3aHATHIHA.
Po6 Koayemn, Togn Kpaiir, MouTtu ®@poct u :xon Hamr
cIesiaJu K PYKOINUCYU KOHCTPYKTHUBHbBIE 3aMeuanus. [[:xe-
pemu Bparckom u Pacc Bpatian moapo6HO TPOBEPUIIT BECH
TEKCT 1 OOHAPYIKUIN MHOMKECTBO IIPO0IeM.

$1 6maromapeH ceMbe U IPY3bAM 3a IONAEPKKY U 9H-
Ty3Has3M, B OCOOEHHOCTH MoOeli mouepu XaHHe 3a 3a00Ty
0 IIOBCEJHEBHBIX Jejax.

ITomumoO 1100BU, MOAAEPIKKM, MOHNMAHNASI 1 YYBCTBA
IoMOpa MOs 3aMeuaTeJbHad :keHa Mapraper CiaoyH mpu-
JIOXKUJIA PYKY K TPeTU BCeX PUCYHKOB, BKJIIoUas 00e Kap-

TuHKN nuBHOU «I'mawsbeprc Ilasiic». Comacubo, Marru.
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MNpeaucnosne

B mauase pa6orsl JleoHapa, 4yBCTBYS CUJIY MoOei
MOTHUBAIU, OTMETHUJI, YTO OAUH M3 JYUYIINUX CIOCO0O0B
N3YUYUTH (PUBUKY — IHCATh O Heil. ITO IpaBa, HO g JaKe
He morajbIBajicAd, M0 KAKOl cTemeHu, u OJarogapeH 3a
TO, UTO IIOJIYUYIJI IIAaHC 3TO y3HaTh. OrpoMHoe cracubo,
Jleouapn.

Apm ©pudman



IIpoaor

ApT B3rIIAHYJI IOBEPX CBOETO IIMBA U CKA3aJI:

— JlenHwn, a He CHITPATH JIX HAM ITaPTUIO B UTPY IIPO

duHImTeiHa — Bopa?

— O'Kei1, HO MHe HaJ0€JI0 IPOUTrPLIBATh. B aTOT pas
TBI OyHeIs ApTIiTeiHoM, a 1 — Aab-Bopom. U TwI

Ha4YMHAECIIb.

— CupasenauBo. Moii mepBbIii X0: Bor He urpaer

B KocTHu. Xa-xa, dIb-Bop, 0JHO OYKO B MO0 II0JIL3Y.

— He Tax 6picTpo ApTinTeiin, He Tak ObICTPO. BhI,
MO IPYT, OBLIN IEPBBIM, KTO OTMETUJI, YTO KBAHTO-
Bas TEOPUS IPUHIININAIHLHO BEPOATHOCTHAA ., Al-5ii-

A, 9TO ABYXOUYKOBBII X01!

— Xoporiio, g 6epy XoI Hasamn.
— Taxk Henb3d.

— MosxHo.

— Heuanssa.

12



Mponor

Hemuorue 3uaror, uto SiHINITEHH B cBoeli ctaThe «O KBaH-
TOBOM TeOPUU UBJIYUEHUA» , OMyOJaruKoBaHHOM B 1917 roxy,
JTOKAa3bIBaeT, UTO raMMa-u3JayueHre TOAUNHACTCA CTATH-
CTUYECKOMY 3aKOHY.

IIpodeccop u 1000TpPsAC UAYT B Oap

B nepsom mome s mpuBOAUI KOPOTKUE AUATIOTU MEXKIY
Jlennu u [[;KopAsKeM, BEIIYMAHHBIMY II€PCOHAKAMMU, OT/IA-
JIEHHO HAaIIOMHUHAIOIIUMH ABYX repoeB [[»xona Creiinbeka.
B oTom Tome « TeopeTrnuecKoro MUHUMYMAa» S BIOXHOBJIAII-
cs1 pacckasamu [Isiimona Parnnonal. B ero mupe moJiHo miry-
TOB, a)€PUCTOB, UAMOTOB, MAHUIIYJIATOPOB U JOOPAKOB.
U erre ecTb HEMHOT'O OOBIUHBIX JIIOJEH, JKUBYIIIUX OJHUIM
nHeM. [leficTBUe pa3sBopauMBaeTCs B MIUTENHOM 3aBeJIeHUU
«I'masbepte ITasiic».

OTopaBUBIINCE IPOTYJIATHCH, JIeHH 1 APT, IBOE IIPO-
craxoB u3 KanrudopHuu, oTcTaam OT CBOETO SKCKYPCUOH-
HOro aBToOyca. IToxxenaem um ygaun. OHa UM IPUTOIUTCS.

YTo BaM NOHATOOUTCH

Bawm He HYXHO OBITH (PU3UKOM, UTOOBI OTHIPABUTLCS B 9TO
Iy TelIecTBUe, HO BaM IOTPeOyroTca 6a30Bbie 3HAHUA Ma-

1 Ansdpen Ooitmon Panwmon (1880-1946) — amepuKaHCKuUii nu-
careJsib U yKypHaucT. HanboIbIIy0 U3BECTHOCTb €My IIPUHECIa
cepusi pacCKas30B, OMUCHIBAIOIIAS MUDP HbIO-MOPKCKOro Bpoases
BIIOXY CyXOro 3aKoHa. — IIpumeu. nep.

13



KBaHTOBaA MexaHuKa

TeMaTHUYeCKOT0 aHajanu3a u JuHeliHo# aareopnl. Tak:ke
Heo0X0I1MO 3HATh KOe-4TO 0 BOIIPOcax, KOTOPhIe paccMa-
TpuBaauck B mome I. Hecrpainao, ecau Bailiym MaTeMaTH-
yecKUe 3HaHUA HeCKOJIBKO I0A3a0bL11ch. MHOrOe 13 HUX
MbI HAIIOMHUM U IOACHUM IIO X0y JeJia, B 0COOeHHOCTH
TO, UTO KacaeTcs JUHeHOU aaredpsl. B mome I n310:KeHbI
OCHOBHBIE HeH aHaJIM13a.

U nycTs mamr 6e33a00THBIN IOMOP He CO3JaeT Y Bac
BIIeYATJIEHUS, OyATO MBI IUIIIeM AJis 6ayi0ecoB. BoBce Her.
Hazima mmesb B ToM, YTOOBI CoeJIATE CJA0MKHBINA IPEeIMET «Ha-
CTOJIBKO IIPOCTBIM, HACKOJBKO 9TO BO3MOJKHO, HO He IIPO-
II1e Toro», 1 Mbl HaZleeMCA HEMHOTI'O IIOBECEJIMTHCA B ITyTH.
Yeugumcsa B «I'unnbepte ILaetic».

©Margaret Sloan



BBenenue

Kinaccuueckas MexaHMKa MHTYUTHUBHA; IPeIMeThI ABH-
JKYTCA IpeicKasyeMbIM 00pazoM. OIBITHOMY UTPOKY JIO-
CTaTOYHO HAa MTI'HOBEHWE YBUAETH JETAIUNA MAY, UTOOBI
IepeMecTUThCA, Kyaa HYKHO, U MOUMaTsh ero. KoHeuHO,
BHE3aIIHLII IIOPBIB BETPa MOKET ero OOMaHyTh, HO JIUIIL
IIOTOMY, UTO OH He IIPUHSJ BO BHUMAHIE BCe IIepeMeHHbIe.
EcTh oueBumHaA IpUUNHA, AeJIAi0INasd KJIaCCUUECKYIO
MeXaHUKY MHTYUTUBHOM: OHA e)XeJHEeBHO 1 MHOTOKpAT-
HO MCIOJBb3YyeTCA JIIOAbMU IJIS BRIXKUBAHUA, a O HUX
HcIoJb3oBajach »KuBoTHBEIMU. Ho 7o XX Bexa HUKTO
M HUKOTIa He NCII0Jb30BaJI KBAHTOBYIO MexaHUKy. KBaH-
TOBasA MeXaHWKa ONKUCHIBAET BEIIU CTOJIb MaJble, YTO OHU
IMOJTHOCTHIO BHITIAZIAIOT U3 00JIACTH AEHCTBUA YesioBeye-
CKUX OPTaHOB UyBCTB. Tak 4To cjemyeT 3aKJIOUYUTD, YTO
9BOJIIOIMA He BhIpaboTasia y HaC MHTYUIIMN KBAHTOBOTO
Mupa. EIMHCTBEHHBIN CIIOCO0 IMIOHATHL €€ — IEePeKPLITh
HAIIy MHTYUIIIo abCTpaKTHOM MaTemMaTukoii. K cuacTtsio,
110 HEKUM CTPaHHBIM IIPUYMHAM, MBI BEIPa0OTAJI CIIOCO0-
HOCTBb K TAKOMY II€PEKPBITHIO.

15



KBaHTOBaA MexaHuKa

OOBIYHO MBI CHAUAJIA N3YUAeM KJIaCCUUECKYI0 MeXaHu-
KY, a 3aTeM IIOACTyIIaeMcs K KBaHTOBO. OMHaKO KBaHTO-
Basd (puamKa HaMHOTO (pyHIaMeHTaJIbHee KJIaCCUUYeCKOM.
HackoJybK0 HaM I3BECTHO, KBAaHTOBAA (pU3HKA JaeT TOUHOe
omnucanue BcexX (pru3nuecKnX CHUCTeM, HO HEKOTOPLIE Ipe/I-
MeThI JOCTAaTOUYHO MAaCCUBHBI, YTOOLI BMECTO KBAHTOBOM
MeXaHUKH MOXXHO OBIJIO C XOPOIIell TOUHOCTHIO MCIIOJIh-
30BaTh KJIACCUUYECKYI0. AIIPOKCUMAINA — DTO BCE, UTO
ImpeacTaBseT co00 KiaccuuecKkasa mexanuka. C joruue-
CKOM TOUKHU 3PEHUA MBI JOJKHBI ObIIM ObI cCHAaYaJja 13y-
YaTh KBAHTOBYIO MEeXaHUKY, HO OUeHb HEMHOTHE YUUTEIA
(pusUKYU peKOMEHIYIOT TaK MOCTyIIaTh. [laske sTOT KypcC
Jeknuit — «TeopeTnuecKuii MUHIMYM» — HAUUHAETCS
¢ KJacCHUUYeCKOl MeXaHuKu. TeM He MeHee KJjlacCuUYeCcKasd
MeXaHNKa He OyJeT Urparh IOYTH HUKAKOI POJH B 3TOM
Kypce JIeKITUI 0 KBAHTOBOW TeOpUl, 3a NCKJIIOUEHUEM
caMoro KOHIIa Kypca, KOTa BCe OCHOBHBIEC IIPUHIIUIIEI
KBaHTOBOM MeXaHUKH yKe OyAyT 00bscHeHbI. 1 cunTaio,
YTO 9TO II0-HACTOAIIEMY IPAaBUILHBINA CIIOCO0 M3YUEHUT —
He TOJIbKO JIOTUUEeCKH, HO 1 mejarornuecku. Ha sTom myTu
MbI He II0OIIalaeM B JIOBYIIIKY, I'le KaKeTCs, YTO KBAHTOBAasd
MexaHHKa — 9TO, IO CYyTH, Ta JKe KJaccuuecKkas MexXaHu-
Ka ¢ mo0aBjieHreM Hapbl HOBBIX TPIOKOB. MeXk Iy mpoumnm,
TeXHUUYECKU KBAHTOBAs MeXaHNKa HaMHOTO IIPOIIfe KJac-
CUYECKOIA.

IIpocreiimiasa Kaccuyeckas cucTeMa — 9TO 0a30BBIH
JOTHUUYECKUI 9JIeMeHT COBPEeMEeHHON NH(PpOPMATHUKI: CH-

cremMa C AByMd COCTOAHMUAMM. I/IHOI‘,I[a MBI Ha3bIBaeM €€
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BeepeHue

oumom. OHA MOYKET IIPEeJICTaBIAATH COO0M HEUTO, CIIOCOOHOE
HaXOJUTHCS TOJBKO B IBYX COCTOAHUAX : MOHETY, KOTOpasd
MOJKeT JIe;KaTh OPJIOM WJIN PEIIKoil, TyM0Jep, KOTOPBIH
MOKET 6I)ITB BKJIIOUEH 1JIN BBIKJIIOUEH, KpOI.T.IG‘:[HBIfI Mar-
HUTUK, KOTOPBIA MOKET ObITh COPMEHTUPOBAH Ha CeBep W
Ha for. Kak BbI MOTJI OXKUIATH, OCOOEHHO €CJI 3HAKOMU-
JIUCH C JIEKITUAMU moma I, Teopus KJIaCCUUYECKUX CUCTEM
C IBYMSA COCTOSHUAMU IIPeeILHO ITPOCTa, Ha CAaMOM Jlejie
Iaske CKyuHa. B 9TOM TOME MbI HAUHEM ¢ KBAHTOBOM BEPCUU
CUCTEMBI C IBYMS COCTOAHUSAMU, HABBIBAEMOU KYOUmMoMm,
KoTopas ropasgao maTepecHee. /[[J1d ee TOHIMAHUA HAM
IMMOHAT00MUTCS COBEPIIIEHHO HOBBIN CIIOCO0 MBIIIJIEHUI —

HOBBIN (DYHAMEHT JIOTUKH.



Jexuua 1. Cucremsl
1 DKCIIePUMEHThI

Jlemnu u Apr 3abpepaioT B «I'uinoepre Ilmsiic» .

Apr: Yro sT0? Cympaunasa sona? o KoMmHaTa cMe-
xa? Huuero He moHHMAIO.

Jlennu: Pacciabbesa. Thl IPUBBIKHEIIE.

Aprt: I'me TyT yTh HaBEpPX?

1.1. KBaHTOBasI MEXaHUKA — JApyras

Yro Ke TaKkoro 0COOEHHOTO B KBaHTOBOU MexaHuke? Ilo-
yeMy ee Tak TPYLHO HoHAThH? OUueHb JIETKO CBAJIUTh BCe Ha
«CJIOKHYIO MAaTEeMaTUKY», 1, BO3SMOMKHO, I0JISI NCTHUHBI
B aToM OyzeT. Ho aTuM BOIIpOC Ja/ieKo He NCUePIIbIBAETCS.
Muorue jg0au, He CIeInaan3upyolnnecs Ha GusnuKe, Jer-
KO 0CBAMBAIOT KJACCUUECKYI0 MeXaHUKYy U TeOPUIO MOJIs,
KOTOpbIEe TPEeOYIOT CJI0KHON MaTeMaTUKH.

KBanTOBasa MexaHMKa MMeeT [eJio C IOBeJeHNeM 00'b-

€KTOB, HACTOJIbKO MaJIeHbKHUX, UYTO MbI, JIIOAM, IIPOCTO HE
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

cHaOKeHbl HUKaKUMH CPEeICTBAMU, UYTOOBI UX YBUIETD.
OrmenbHBIE aTOMBI IO padMepaM HaXOOATCS Y BePXHEro
Kpas KBAaHTOBOM HIKAJbI MacIiTaboB. HacTo B KauecTBe
00 beKTOB UBYUYEHUSA BBICTYIIAIOT SJIEKTPOHBI. Hauiu opzaHsL
4Yyecmae cO8ePULEHHO He NPUCNOco0seHbl 05 60CNPUSTUSL
dsuixceHus omoenbH020 3AeKMPOHA. JIywuiee, ¥mo mvL
Moxcem clenamov — 3mo nNOnpo6o8ams NOHAMb IJLEKMPO-
HbL U UX 08UMCeHUe KAK mamemamuyeckue abcmpaxyuu.

«Hy nuro? — cupocut ckentuk. — Kiraccuueckas mexa-
HUKa JI0 KPaeB MOJIHA MAaTeMaTUYeCKUMU a0CTPaKIIMAMU: 6e3-
MAacCOBBIE TOUKH, a0COTIOTHO TBEpAbIe Tejla, MHePIIuaIbHbie
CHCTeMBbI OTCcueTa, IIOJOKEeHNnA, MOMEHTHBI, I1I0JId, BOJIHBI —
ATOT CITMCOK MOYKHO IIPOOJI?KATD U TPOA0JIKATh. HeT Huruero
HOBOTO B MAaTeMAaTHUUYECKNX a0CTPAKIIUAX». ITO, B CAMOM
Ieje, cIpaBeIINBOe 3aMeUaHre, KJIACCUUYeCKUN U KBaHTO-
BBIA MUPBI JeHCTBUTEIBHO MMEIOT MHOTO 00Iriero. OgHaxo

KBaHTOBad MEXaHUKAa OTJIMYaeTCA B IBYX BarKHBIX aCIlIeKTaX.

1. Ipyeue abcmparxyuu. KBanToBbie abecTpaknuu GQyH-
JaMeHTaJbHO OTJNYAIOTCS OT Kjaaccuueckux. Hampumep,
MbI YBUAUM, UTO UJes COCTOSHISA B KBAHTOBOI MeXaHUKe
KOHIIENITYaJIbHO NHAas, UYeM Y ee KJIACCUUEeCKOro aHaJiora.
CoCTOSHMS OIMMCBIBAIOTCS PA3IUYHBIMI MaTeMAaTHUECKTMI
00'beKTaMH 1 NMEIOT PA3JINUYHYIO JJOTHTUECKYIO CTPYKTYPY.

2. Cocmoanus u usmeperus. B KiaccmueckoM Mupe
CBA3b MEXKIY COCTOAHUEM CHUCTEMbBI U Pe3yJIbTaTOM BbI-
TIOJTHEHHOTO HaJl Hell I3MepPeHMsI COBePIIIeHHO OHO3HAYHA.
darTrUeCcKU OHA TPpUBHAaJIbHA. MeTKU, OmCchIBAIOIIE CO-

cTosAHUA (II0JI0KEeHYe U UMITYJIbC YaCTUIIbI, HAIIPUMeD), —
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KBaHTOBaA MexaHuKa

9TO Te K€ METKU, UTO XapPaKTEePU3YIOT U3MEPEHUA 3TOI'O
coctosHusa. Uuaue T'OBOPA, MOKHO OCYIITECTBUTDL OKCIIePHU-
MEHT IIO OIIpeaeJIEeHNIO0 COCTOAHMA CCTEMBI. B xBaHTOBOM
MHDPeE 9TO He TaK. Cocrosauusa u n3MepeHud — 3TO ABe pas-
HBbI€ BeIIU, 1 CBA3b MEX 1Yy HUMU TOHKad 1 HEMHTYUTUBHAA.

ITHu ugen SIBJISIOTCSA KpaliHe BAXKHBIMI, U MBI OyaeM
BO3BpAIIaThCS K HUM CHOBA M CHOBA.

1.2. CiuHBI ¥ KYOUTHI

IlousaTue cumMHA MOABMJIOCH 13 PUBUKM dIEeMEeHTAPHBIX
yactuil. [IoMr1MO0 IOJI0KEeHUA B IIPOCTPAHCTBE, YaCTUILBI
MMeIOT IOIIOJHUTEIbHBIe cBolicTBa. Hampumep, OHU MOTYT
00J1a1aTh UJIK He 00J1a1aTh 9JIeKTPUUECKIM 3aPAL0M I
Maccoii. JIEeKTPOH — ITO He TO Ke caMoe, UTO KBAPK I
HetiTpuuo. Ho gake wacTuiia KOHKPETHOTO THUIIA, TaKasd
KaK 9JIEKTPOH, He MOJHOCTHIO XapaKTepPuU3yeTcsa CBOUM
moJiosxenreM. CBsA3aHHAS C 9JIEKTPOHOM JOIIOJHUTEIbHAS
CTeIleHb CBOOOIBLI HA3KIBAETCS CNUHOM. ¥ IPOIEHHO CIINH
MOKHO 1300pasuTh MaJeHbKOM CTPEJIOYKOM, YKa3bIBalo-
el B ompeleieHHOM HallpaBJeHUM, HO TaKas HauBHAs
KapTUHKA ABJISIETCS CJIUIIKOM KJIaCCUUECKOH, YTOOBI KOP-
PEKTHO OTpakaTh pealbHyIo cutyanuio. CInH sJIeKTPoHA
HACTOJIbKO KBAHTOBOMEXaHUUYEH, HACKOJbKO 9TO BOOOIIE
BO3MOJKHO [IJIS CUCTEMbI, 1 J00as IOILITKA BU3yaJIU3H-
poBaTh ero KjaccuuecKu OyaeT KpaliHe HETOUHOI.

MzI MoskeM u OyAeM II0JIb30BaThCA a0CTPAKTHOM ugeeii

CIUHA, 3a0bIB, UTO OH IPUCOEIUHEH K dJIeKTpPoHy. KBauTo-
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

BBII CITUH — 9TO CUCTEMAa, KOTOPYIO MOYKHO U3yUaTh cCaMy
mo cebe. PaKTUUECKHN KBAHTOBBIN CIIMH, U30JIMPOBAHHBIHA
OT 3JIEKTPOHA, KOTOPhINI IEPEHOCUT €T0 B IIPOCTPAHCTBE,
ABJSETCS OMHOBPEMEHHO M IIPOCTEHINe, 1 caMOM KBaH-
TOBOHU 13 BCEX CHUCTEM.

W3ompoBaHHbIIl KBAHTOBBII CIIMH — 3TO IPHMe]P 0011ie-
ro KJlacca CHCTeM, Ha3hbIBAEMbIX KyOUTaMu (KBAHTOBBIMU
OouTamu), KOTOPbIE UTPAIOT B KBAHTOBOM MUDE TY K€ POJIb,
YTO U JIOTUUYECKIe OUTHI B OIIPEeI€HII COCTOSHIS KOMIILIO-
Tepa. MHOTrHTE cricTeMBI — BO3MOXKHO, TasKe BCe CUCTEMBI —
MOTYT OBITh IIOCTPOEHBI IIyTeM KOMOMHUPOBAHUA KyOu-
ToB. Tak uTo, M3yuasa uxX, Mbl y3HaeM O ropasao O0JIbIIIEeM.

1.3. 9xcmepuMeHT

HaBaiiTe KOHKPETU3UPYEM dTHU UOEU, UCIOJb3ysd IIPO-
CTeUIUil BOBMOYKHBIN npuMep. B nepBoii jexkniuu moma I
s1 HavaJ PasroBOP C OUEHDb MIPOCTON AJeTePMUHUCTUUIECKOMN
CHCTEeMBbI — MOHETHI, ¥ KOTOPO# BugeH aubo aBepc (A4),
snu6o pesepc (P). Ee M0oKHO Ha3BaTh CUCTEMOI C ABYMSA
COCTOSHUSIMU, UJIU OUTOM C ABYMs cocToAHuUAMU A u P.
T'oBopsa 6osee hopManbHO, MBI BBOJUM «CTeIIeHb CBOOO-
IBbI», 0003HAUAaeMyI0 0, KOTOpasa MOJKEeT IPUHUMATh IBa

3HaueHusd, a umMenHo +1 u —1. Cocroanue A 3aMeHsAeTCA HaA
o=+1,

a cocrogHue P Ha



KBaHTOBaA MexaHuKa

B Ky1accuke IpocTPaHCTBO COCTOAHUM 9TUM MCUEPIILIBAET-
csa. Cucrema HaxomguTcsa aub0 B cocTosaHuu o = +1, aubo
B COCTOAHUM 0 = —1, 1 MeXXKy HUMI HUUero HeT. B KBaHTO-
BOI MeXaHMKe MbI pacCCMaTPUBAaEM 9Ty CUCTEMY KaK KyOuT.

B mowme I mbl Tak:Ke 00Cy:KAaJKu IPOCThIe 3aKOHBI
9BOJIIOI, KOTOPLIE TOBOPAT HaM, KaK U3MeEHSIEeTCs CO-
CTOSAHIE OT MI'HOBEHUA K MrHOBeHMIO. IIpocreiiinuii us
TaKNUX 3aKOHOB COCTOUT B TOM, UTO IIPOCTO TaK HUYETO
He IPOUCXOAUT. B aTOM ciayuae, eci MbI IIEPEXOIUM OT
OJJHOT'0 TUCKPETHOI'0 MOMeHTa (1) K caexytomemy (n + 1),
TO 3aKOH 9BOJIONUU OyIeT BRITIALETh TaK:

o(n+1)=0(n). (1.1)

CrenaeM ABHBIM CKDBITOE ITPEIOJIOMKEHNE, KOTOPOE MBI
ocTaBuIu 6€3 BHUMAaHUA B mome I. IKCIIepUMEeHT BKJIIOUaeT
He TOJBbKO mayuaemyio cuctemy. OH TaKk:Ke HEBO3SMOIKEH
0e3 npubopa A, BBIIIOIHAIONEr0 N3MEPEHN U 3alUChI-
BaIOIer0 UX pPe3yJabTaThbl. B caydyae CUCTEMBI C ABYMSA
COCTOAHUAMUY IPUGOP B3BAUMOJEHCTBYET C CUCTEMOI (CIIu-
HOM) U 3alliChIBaeT 3HaUeHue o. Bygem cuurars mpubop
YEePHBIM AINUKOM! ¢ OKOIIIKOM, B KOTOPOM OTOOparKkaercs
pe3yabTaT nsMepeHusa. Takske Ha IpuOOpe eCTh CTPeJKa
C IIOMETKOH «BepX 37IeCh». ATa CTPEJKAa BayKHa, IIOCKOJIBKY
OHAa MTOKAa3bIBaeT, KaK MIPUO0p OPUEeHTUPOBAH B IPOCTPAaH-
CTBe, U ee HalpaBJeHUe OyJeT BAUATH HA Pe3yJIbTAThI

HSMepeHHfI. Mgb1 mauneM ¢ TOr'o, 4YTO HalrpaBuM €€ BIOJIb

1 TepMHUH «UepPHBIN SIIUK» 03HAYAET, YTO MBI HE 3HAEM, UTO Ha-
XOIUTCA BHYTPU Ipubopa u Kak oH paboraer. Ho 6yabTe yBepeH®HI,
YTO B HEM HET KOTa.
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

ocu z (puc. 1.1). IlepBoHaUYaIbHO MBI HE 3HaeM, KAKOBO
cocTosgHUe cucteMbl: 0 = +1 nam o = —1. Hama 1menp —

BBIIIOJIHUTH 9KCIIEPMMEHT 1 OIIPpEeneJINTb 3HaUYeHue o.

o Toro kaxk mpuOOP HaUHET B3aMMOIeiCTBHE CO CIIU-
HOM, OKOIIIKO Ha HEM IIyCToe (Ha PUCYHKE 3TO OTMEUeHO
BOIIPOCUTEIHHBIM 3HAKOM ). [Tocsie TOro Kak OH U3MEpPUT o,
B OKOIIIKe OymeT ju6o +1, 6o —1. Barimanys Ha mpubop,
MBI OIIpeIeINM 3HaueHue o. Besd 9Ta mpoileaypa mpeacTas-
JIs1eT co00M OUeHb IIPOCTOI SKCIePUMEHT, IpeJHA3HAUEeH-

HBIN IJIS UBMEPEHNUs O.

[o namepeHus (A) Mocne nameperus (B)

CnuH CnvH

)
o

=>
o

MpuGop MpuGop

Puc. 1.1. A — cnun u He codepicawuii koma npubop 0o
Hawana Kakux-aubo uameperuii. B — cnun u npubdop noc.ae

8bLNOJLHEHUA 00H020 U3MepeHUs, 0a8ULez0 Pe3yibmam
0,=+1.Cnun menepsv npuzomosneH 8 COCMOAHUU 0, = +1.

Ecau cnun He nodgepzaemcs 603MYyu,eHUAM, & NPUOOP
COXPAHSEM NPeHHIO OPUEHMAY U, 8Ce Nocaedylouiue
u3meHenus 6ydym dasamov mom JHce CaAmulil pe3yabman.

Ocu KoopOuHam nokasvlealom Haule coziauleHue
10 0003HAYeHUI HANPABLCHULL 6 NPOCMPAHCMEe
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KBaHTOBaA MexaHuKa

Temneps, KOoTga Mbl UI3MEPUJIN 0, BEpHEM IPpubOP B HC-
XOJHOE COCTOSIHNE M, He BO3MYIIasd CIINH, N3MEePUM 3Ha-
yeHUe o elle pas. Eciu nmpeamogararb, 4To AefcTBYyeT
npocToit 3aK0H (1.1), MBI ZOJIPKHBI IOJYYUTD TOT Ke pe-
3yJbTAT, UTO U B IMEePBHII pas. 3a peayabTaToM o = +1
mocyaenyet caHoBa 0 = +1. I Touno Tak Ke ayas o = —1.
Tak OymeT mpu J000M UMCJie IOBTOPEHUHA. ITO XOPOIIIOo,
IMOCKOJIBKY ITI03BOJISIET HAM IIOATBEPAUTD PE3YJIbTAT 9K CIIe-
pumeHnTa. MBI TaKKe MOYKEM CKas3aTh CIeAyIolee: IIepBoe
B3aumMojelicTBre ¢ mpubopom A npuzomosuso cucTemy
B OJJHOM M3 ABYX cocTosgHMii. ITocaenymoiue sKCIepruMeH-
TBI nodmaepixdaiom 9To cocTosgsHue. [IoKka HeT HUKaKUX

Pa3INYNHA MEXKIY KJIACCUUECKOHN M KBAHTOBOM (DMBUKOM.

Mpubop pa3sepHyT Ha 180°

e N

CnuH

xdog

Mpubop

Puc. 1.2. IIpubop nepeseprym 6e3 603MYyULeHUA PAHee
u3mepernnozo cnuna. Hogoe usmepernue daem pe3ysiomam
o,=—1

Tenepsb caenaeM Koe-uTo HoBoe. ITocsie mpuUroToBIEeHUA
COMHA IIyTEM €ro uaMepeHusa npudopom A mepesepHeM

prbOp BHUB TOJIOBOI U 3aTeM CHOBa nu3MepuM o (puc. 1.2).
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

IIpu aTOM MBI 00HAPYIKUM, UTO €CJIU IEPBOHAYAIBLHO OBLIO
IIPUTOTOBJIEHO 0 = +1, TO IIepeBepHYThIHA IIPUOOP BBIAACT
o =—1. W aHAJIO0TUYHO, €CJIU IIEPBOHAYAIHHO OBLIIO ITPUTO-
TOBJIEHO 0 = —1, mepeBepPHYTHIA Tpubop mokaker o = +1.
Hpyrumu cioBaMu, IepeBopaunBaHe Iprudopa o0OMeHBa-
ero=+1uoc=-1.Ucxona us sTux pe3yabTaTOB, MOXKHO
3aKJIIOUUTH, UTO 0 — 9TO CTEIeHb CBOOObI, CBABAHHAA
C OIIyIlleHreM HalpaBJIeHuA B mpocTpaucTBe. Hampumep,
ecyiu OBI 0 TIpeACTaBIANA COO0H KaKOTo-TO POJa OPUEHTH-
POBaHHBIN BEKTOP, OBLIO OBl €CTECTBEHHO OXKHUIATH, UTO
TmepeBopavYMBaHue TpuOOpa UBMEHUT ITOKa3aHuA Ha obpar-
HbIe. IIpocToe 00'bsICHEHE COCTOUT B TOM, UTO IIPuOOP U3-
MepsAeT KOMIIOHEHTY BEKTOPA BJIOJIb BBIJIEJIEHHOU B Ipudope
ocu. BepHo sz 5T0 00'bsICHEHUE IJIA BCEX KOH(MpUTyparuii?

Ecau MbI yOe:xgeHbI, UTO CIIMH — 9TO BEKTOP, TO OBLIIO
OBl eCTeCTBEHHBIM OIIMCHIBATEL €T0 TPeMA KOMIOHEeHTAMU
02, 0, ¥ 0,. Korma mpubop moBepHYT BBEPX BAOJb OCH 2, OH

HaCTpPOE€H Ha M3MepPEeHue O .

Mpnbop noeBepHyT Ha 90°

CnuH
» X

Mpnbop

Puc. 1.3. IIpu6op noseprym na 90°. Hogoe usmeperue
daem o, = —1 ¢ 50-npoueHmHOIl 8ePOSAMHOCTbIO
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KBaHTOBaA MexaHuKa

IToka ermie HET OTIMYUIM MEXKIY KJIACCUUECKON U KBaH-
TOBOU (u3uKoii. Pasinume cTaHOBUTCA 3aMETHBIM IIPU

IOBOPOTEe IMPpUbOpa Ha MPOU3BOJLHBIN YIoJI, CKaKeM Ha
™ o
5 paguan (90°). CHauasia mpubOp PACIOJIOKEH BEPTHU-

KaJbHO (CTpPeJKa «BepX» HalpaBjeHa BAOJb ocH 2). Ciuu
MPUTOTOBJIEH B COCTOAHUY 0 = +1. 3aTeM MbI IOBOPaUMBa-
em A TaK, 4TOOBI CTPEJIKA «BePX» YKa3bIBAJIA BIOJIb OCH X
(puc. 1.3), u BEIIOJIHAEM U3MEPEHNE, KOTOPOE 10 HAIIIEMY
MIPeAIIOJ0KEHNIO JAaCT X-KOMIIOHEHTY CIIMHA O .

Ecau oxasxercs, 4To ¢ JelCTBUTEJIbHO HIPEACTABJIACT
co60¥ KOMIIOHEHTY BeKTOpa B MPOEKIIUU Ha OCh «BEPX»,
TO cJeayeT OKUITATh, UTO OHA OymeT paBHa HYJi0. IToue-
my? IlepBoHAYAJIBHO MBI ITIOATBEPAUIIN, UTO BEJIUUYNHA O
HaIIpaBJeHa BIOJb OCH 2, & 3HAUYUT, €€ KOMIIOHEHTAa BAO0JIb
ocH X HOJI:KHA OBITH paBHA HYJa0. Ho, uamepsas o,, MBI
o0HapyKHBaeM CIOPIpPU3: BMecTO 0, = 0 mpuOop BBIZAET
anbo o, = +1, 1160 0, = —1. ITpuGop A oueHb yIpsaM 1 He-
3aBHCHMO OT TOT0, B KAKYIO CTOPOHY OH COPHEHTHUPOBAH,
OTKa3bIBaeTCsA JaBaTh KaKue-J1n00 pe3yJabTaThl KpoMe
o = =1. Ecau cuuH AelicTBUTEILHO ABJISIETCSI BEKTOPOM,
TO 9TO OUEHb CTPAHHBIN BEKTOP.

U Bce ke MBI OOHAPYIKUJIN HEUTO MHTEpecHoe. Jlomy-
CTUM, MBI IIOBTOPSAEM 9Ty OIIePaI[i0 MHOTOKPATHO, KaK-
OB pas caenysi OGHOM U TOU JKe Ipolleaype.

- BrauaJse BrIiCTaBUTH A BIOJH OCU Z U IPUTOTOBUTH

o=+1.

+ IToBepHYTH IPUOOP TaK, YTOOBI OH OBLI OPHUEHTHUPOBAH

BJ[OJIb OCH X.
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Nekyms 1. CucTeMbl U SKCMEPUMEHTDI

+ Hsmepurs o.

IToBTOpPHBIE SKCIIEPUMEHTHI BHIIAIOT CIIYUaNHYIO IIOCTIEI0-
BaTeJILHOCTD ILJIIOC-€TUHUI U MUHYC-eqnHUIL. leTepmu-
HHU3M PYLINTCS, HO 0cOOBIM 00pasoM. Ecyiu mpoaeaTh Bce
9TO MHOKECTBO pas, TO 00HAPYKUTCSH, UTO UKCJIO COOBITUI
0 = +1 u cobbITHl 0 = —1 cTaTUCTUUYECKU OAUHAKOBO. VIHBI-
MU CJIOBaAaMU, CpeJHee 3HaUeHNe 0 PaBHO HYJII0. BmecTo
KJIaCCHUYEeCKOro pes3yJjabTaTa, a UMeHHO paBeHCTBa HYJIIO
KOMIIOHEHTHI 0 B IIPOEKIINY Ha OCh X, MBI OOHApy KHUBaeM,
YTO HYJIIO PaBEeH CPeOHUll pe3ybmam Imux noénmopHsvLX
U3Mmeperull.

Mpubop nosBepHyT
Ha NPOU3BOLHLIV yron

3>
>5>

CnvH

Mpunbop

Puc. 1.4. IIpubop noseprnym Ha npou36osbHbLL Y20J
6 naockocmu xz. CpedruUil pe3ysbmam usmeperus
pasen

Tenepb mpozesaeM BCe TO JKe caMoe CHOBa, HO BMECTO
TOr'0, YTOOBI BBLICTABJIATH A BLOJb OCH X, IOBEPHEM €I'0
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KBaHTOBaA MexaHuKa

B IIPOM3BOJLHOM HAIPaBJIEHUU BAOJb eJUHNYHOIO BEK-
tTopal 7. B KJIaccuuecKoM caydae eclau 0 — BeKTOP, TO
cJenyeT OKUIATD, UTO Pe3yIbTaTOM 9KCIIepIMeHTa OyaeT
KOMIIOHEHTA 0 BAOJb ocu 1 . Eciiu BeKTOp 7 HampaBJIeH
o yrJjioM 6 K ocu 2, TO KJIaCCUYEeCKUM Pe3yJIbTaTOM ObLIO
651 0 = cos 0. Ho KaK BbI, BOBMOJKHO, YKe ToTaJbIBaeTecCh,
KasKIbIl pas, BHITIOHAA SKCIIEPUMEHT, BBI ITOJIyUaeTe 6o
0 =+1, mu6o 0 = —1. IIpu 5TOM CTATUCTUUECKU PE3YIbTATHI
pacIpeieJIeHbI TaK, UTO UX CpeHee 3HaUeHNe PaBHO cos 0.

Ira cuTyanus, KOHeUHO, HOCUT 0oJIee O0II1il XapaKTep.
Mgu1 He 00a3aHBI B HaUYaje OPUEeHTUPOBATE A BILOJIL OCH 2.
BribepuTe 11000 HapaBJeHHe M U HaYHUTe, HAIIPABUB
CTPEJIKY «BepX» BIOJb M . [I[pUroTOBBTE CIINH TaK, YTOOBI
npubop gaa sHaueHue +1. 3aTem, He BO3AeliCTBY A HA CIINH,
IOBepHUTe IpuOOp B HAIIpaBIeHUH N , KAK IOKAa3aHo Ha
puc. 1.4. HoBbIN 9KCIIEPUMEHT C TeM JKe CIIMHOM JACT CJIy-
YaWHLIN pe3yabTaT 1, HO CO CpefHNM 3HAUEHIEeM, PABHBIM
KOCHUHYCY yIJIa MeKAy 11 u M . VIHBIMU CJIOBaMH, CPeLHee
3HadeHUe GymeT - M.

B KBaHTOBOI MexXaHUKe AJIs 0003HAUEHUS CTATUCTU-
YECKOT'0 CPeJHEro 3HaUeHNs BeJIUUYNHEL § MCIIOIb3yeTCs
ckobounaa Horanusa [flupaka: (Q). PesynbraTsl Hammx
SKCIIePUMEeHTAIbHBIX NCCIEJOBAHII MOXKHO Pe3IOMUPOBATH
caenyioniuM o0pasoM: ecau HauaTh, COpUeHTHpPOBaB A

BJOJb OCA M ¥ JOOMBIINCH 0 = +1, TO mOcIeAyIOIee u3-

1 CramgapTHOe 0603HAUEHNE €JUHUYHOTO (TO €CTh eAUHUYHON
IJINHBI) BEKTOpa — IIOMelleHre Hajx OYKBOM, IpeACTaBIIAIIel
BEKTOD, «KPBIMIEUKN» (aHTJIL. caret).
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

MepeHUe ¢ IOMOIIbI0 A, OpIeHTUPOBAHHOIO BIOJb 11, faeT

CTAaTHUCTUUYECKUI Pe3yIbTaT

OTCIOI[a MBI Y3Ha€M, YTO KBAHTOBOMEXaHNYECKUE CUCTE€MBbI
HegJeTeEPMUHUCTHUNYECKHNEe — Pe3yJbTaThl OKCIIEPDMMEHTOB
MOT'YT OBITH CTATHUCTHUUYECKU CﬂyqaﬁHbIMH, — HO eCJIN MbI
IIOBTOPAEM SKCIIEPMMEHT MHOI'OKPaTHO, CPeJHIE SHAUYECHIU A
BeJIMYUWH CJIEAYIOT O KN JaHUAM KJIaCCUUYECKOM (l)I/IBI/IKI/I, 10

KpaliHell Mepe IIoKa.

1.4. 9xcnnepuMeHTHI He OBIBAIOT
0e300MTHBIMHU

B Ka'K10M 9KCIIepUMEHTE eCTh BHEIITHASA CICTeMa — IIPHU-
00p, KOTOPBIH JOJIMKEH B3aMOLEeCTBOBATh C N3yUaeMOI
cucTeMol, QUKCUPYA Pe3yabTaThl. B 9TOM cMBICe JIT000MH
9KCIIEPUMEHT MHBA3UBEH. JTO BePHO U AJd KJaccuue-
CKOIi, U OJId KBAHTOBOU (hM3UKM, HO TOJHBKO KBAHTOBAS
mpugaetr aromy 6osibiioe 3Hauenue. Ilouemy? IIpu Kiac-
CUYECKOM MOAXO0/e UAeaJbHbI N3MEPUTEIbLHBIA TPUOOD
OKa3bIBaeT MCUe3alole Majaoe Bo3IelicTBre Ha U3MePaeMyIo
um cucremy. KiaaccuuecKkue sKCI€ePUMEHTBI MOT'YT OBITH
CKOJIb YTOJHO MIaAAINNUMU 1 BCe PABHO JJaBaTh TOUHBIE
¥ BOCIIPOM3BOIMMbIE pe3ybTaThl. CKajKeM, HAITpaBJIeHUE
CTPEJIKU MOKHO OIIPENeJIUTh IO OTPaKeHHOMY €I0 CBeTY,
chOKyCcUPOBAaHHOMY B m3o0paskenue. XOTs AJIA IOCTPoe-

HUA 1/1306pameH1/1ﬂ CBEeT OOJIKEH UMETHh JOCTATOYHO MaJIYIO
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KBaHTOBaA MexaHuKa

IJUHY BOJHBI, B KJIaCCUYECKOI (pu3nKe HUUTO He MeIIlaeT
IIOJTYYUTD N300paKeHNe C IIOMOIIBIO CKOJIb YTOTHO ¢1aboro
cBeTa. [IpyruMu cJI0BaMu, 3TOT CBET MOJKET HEeCTU CKOJb
YTOAHO MaJIO S9HEePTUu.

B KBaHTOBOI MexaHUKE CUTYyaIlUsd NPUHIIUINATIbHO
nHasga. JI1o6oe B3auMOIeicTBIE JOCTATOYHO CUJILHOE, YTOOBI
U3MEPUTHh KaKYI0-TO XapaKTePUCTUKY CUCTEMbBI, HE00XO-
IUMBIM 00pPa3oM SIBJISETCS HJOCTATOUYHO CUJIBHBIM, UTOOBI
HapPYIIUTh HEKOTOPLIE APYrie XapaKTePUCTUKU TOH Ke
cuctembl. TakuM 00pa3oM, Bbl HUUETO HEe MOKETe Y3HATD
0 KBAHTOBOH cuUCTeMe, He U3MEHUB B HEH YTO-TO Apyroe.

9TO DOKHO OBIThH sICHO B mpuMepax ¢ A u o. [lomycTum,
MBI Hauayii 0 = +1 BHoJsb ocu z. Eciii BHOBb UBMEPUTH O
¢ mMoMoIIbo A BIOJIL OCH 2, MBI IIOATBEPAUM IIPEKHEe
3HaUeHMe. ITO MOKHO JejlaTh CHOBa 11 CHOBA C HEUM3MeH-
HBIM pesyJabTaToM. Ho paccMOTPUM TaKyi0 BO3MOMKHOCTb:
MeXKIy IBYMS IIOCJIeI0BaTeIbHBIMU U3MEPEHUIMHU BIOIb
ocu z MbI moBopauuBaeMm A Ha 90° u BBIIIOJHSAEM IIPOMeE-
JKYTOYHOE U3MepeHue, a 3aTeM Bo3BpaliiaeM npubop B uc-
XOJHOE TT0JI0KeHue. ByayT siu mmociieyionie naMepeHn s
BJIOJIb OCH Z TIOATBEPKJATh UCXOAHOEe nuamepenue? OTBer
OUEeBUIHO OTPUIIATEJbHEIN. [IpoMesKyTOUHOE N3MepeHe
BJIOJIb OCY X OCTABUT CIIVH JJIS CJEAYIONIETO N3MEPEHUA
B COBEPIIEHHO CHIYyYaiHOM cOCTOAHUU. HeT HUKaKOTo
croco0a BBITIOJTHUTD ITPOMEIKYTOUHOE OIIpeiesieHne CIIHa,
He HapyIas IMOJHOCTBIO TTocaenHee nuaMmepenre. MoKHO
CKas3aThb, UTO U3MepPeHNne OJHOI KOMIOHEHTEI CIINHA Pas-
pyiraetr nHGOPMAaIIUIO O APYTrUX ero KoMOnoHeHTax. Ha
caMoM JeJjie IPOCTO HEBO3MOXKHO OJHOBPEMEHHO 3HATh
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

KOMIIOHEHTHI CIMHA BJJOJIb IBYX Pa3HBIX Oceil (BO BCAKOM
caydae, BOCIIPOM3BOAUMEIM 0O6pasom). EcTe HeuTO puH-
IUIINAJbHO Pa3INYHOe MEXKIY COCTOAHNEM KBaHTOBOM
CHCTEeMBbI I COCTOSIHIEM KJIACCUUECKOI CCTEMBbI.

1.5. Cy:xneHus

IIpocTpasCcTBO COCTOAHUN KJIACCUUECKOI CUCTEMBI — 9TO
MaTeMaTUYecKoe MHO:KecTBO. Ecsiu cucrema — 3TO MOHeTa,
TO IIPOCTPAHCTBO €€ COCTOAHUHM — MHOIKECTBO, COCTOAIIee
n3 IBYX 5jeMeHTOB A u P. Ucnoan3ysa 0003HAUEHUS TeOo-
PUM MHOKECTB, MOXKXHO 9TO 3amucars B Buze {A, P}. Eciau
cucTeMa — 3TO IIeCTUTPaHHAA UTPaJbHasd KOCTb, TO IIPO-
CTPAHCTBO COCTOSHUI COMEPIKUT IIeCTh 3JIeMEHTOB, 000-
sHauaembIx {1, 2, 3, 4, 5, 6}. JlIoruka Teopuu MHOKECTB
HasbIBaeTcs Oy.esoill morukoii. Byiesa joruka — sTo
mpocTo opMaJIn30BaHHASA BePCU IPUBBIYHON HAM KJac-
CHUYECKOMU JIOTUKU CYKIeHUA.

dyugaMeHTaTIbHAA Uges OyJIeBOM JOTUKU — IOHSATHE
MCTUHHOCTHOTO 3HaUeHUsI. ICTUHHOCTHOE 3HAUEHUE CYiK-
JIEeHUs — 9TO JubO0 ucmuHa, 11ubo s0xsb. Huuero mpome:xy-
TOUHOT'0 MEXKIy HIMHU He JOIIycKaeTcsA. B Teopru MHOXKECTB
COOTBETCTBYIOIEe MMOHATHE HAa3bIBAeTCA ITOIMHOKECTBOM.
I'py6o rosops, cy:KaeHne NCTUHHO AJA BCeX dJIEMEHTOB
B COOTBETCTBYIOIIIEM €My IIOAMHOKeCTBe U JIOKHO IJIs

BCeX 9JIEMEHTOB, KOTOPBIE B 9TO IIOAMHOMECTBO HEe BXOOAT.

1 HasBaHa B 4eCTh aHIVIMICKOro MaTreMaTtuka J»xopasxa Bynsa
(1815—1864). — IIpumeu. nep.
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KBaHTOBaA MexaHuKa

Hampumep, ecau MHOKeCTBO IIpeACTaBJIAeT BO3MOIKHBIE
COCTOSIHIUSI UTPATTBHOM KOCTH, TO MOMKHO PACCMOTPETh CJie-
IYIOIIHE CY KIeHE:

A: Kocmb 6vinana 2pambio ¢ Hewemmblym YuCJLOM.

CooTBeTCcTBYyIOIIlee IOIMHOKECTBO CONEPIKUT TPU dJIe-
menTa {1, 3, 5}.

Hpyroe cy:KaeHne YTBEPIKIAET:

B: Ha kxocmu 8btnaJio 4ucsio meHvuie 4.

CooTBeTCcTBYIOIEE TOIMHOYKECTBO COAEPIKUT COCTOS-
uusa {1, 2, 3}.

15 KasK/IO0TO CYKIeHUSA eCTh IPOTHBOIIOJIOKHOE (ero Tak-
’Ke HasbIBaloT oTpuitanueM). Hanpuwmep:

He A: Kocmb He 8binana epanbio ¢ HewemHuvlm YUCLOM.

IlomMHOKECTBO AJId 9TOT0 OTPUIIATENBHOTO CYy K Ie-
Hus {2, 4, 6}.

EcTh onmepamnuu a1 o0befuHEHNA CYKIeHINA B 6oJiee
CJIOKHBIE CYKIeHUA, 1 HanboJiee BayKHbIe U3 HUX — WJIH,
U 1 He. ToIbKO UTO MBI BN IPUMEP MCIIOJIb30BaAHUA
oIlepalnu He, KOTopas IPUMeHAeTCA K OTHOMY ITOAMHOMKe-
CTBY UJIU cy:KaAeHM0. Omepariusa M IpocTa 1 IPUMeHAeTCA
K mmapam cy:xkaeuniil. OHa roBOPUT, 4YTO OHM 004 UCTUHHEIL.
B npuMeHeHNU K IBYM IIOAMHOKECTBAM Olleparusd U JaeT
9JIeMEHTHBI, O0IIue AJisI 000MX, TO eCTh nepeceieHue IBYX
MOIMHOJKeCTB. B mpumMepe ¢ urpajbHOM KOCThIO IIepece-
YyeHMe IOJMHOMKEeCTB A 1 B — 3T0 IIOAMHOK€ECTBO, COCTO-
dAlllee U3 dJIEMEHTOB, KOTOPbIe OJTHOBPEMEHHO HeUeTHbIe
u MmeubIre 4. Ha puc. 1.5 ¢ momoiInpio guarpaMMbl Benma
MOKas3amo, KaK 9To padboTaer.

1 Omeparmuio 1 MOXHO BBECTHU [JIA MHOTMX CY K IeHUM, HO MBI 0y-
JIeM paccMaTpPUBATH €€ TOJBKO AJId IBYyX. To JKe BepHO U 1A WIIHU.
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Nekyms 1. CucTeMbl U SKCMEPUMEHTDI

MpocTpaHCTBO COCTOSIHUI OAHOW UrPasribHOM KOCTU

MoamMHoXecTBO A:
KOCTb Bbinana
rpaHbio C HeUYEeTHbIM
4yncnom

MoamHoXecTBO B:
Ha KOCTV BbInaso
yucno <4

- J

Puc. 1.5. IIpumep kaaccuyeckoii modeau npocmpancmaea
cocmosanuil. IToOmnoxcecmeo A coomeemcmayem
CYNHCOEHUIO «KOCMb BLINALA 2PAHBIO C HELeMHbLM YLUCTOM» .
IToOmnosxcecmeo B: «Ha kocmu 8binano yucao <4».
TemHo-cepoil 3a1u8K0lL 8bl0eseHO nepecewerue A
u B, komopoe coomeemcmeyem cysxcdenuio (A u B).
Beanvie yugpor — anemenmot 06sedunenus A u B,
coomeemcmaywu,ezo cyxdenuto (A man B)

Omnepanus WM II0OX0Ka Ha M, HO MMeeT OSHY 0COOeH-
HOCTB. B moBceJHEBHOI peUl CJIOBO «UJIN» OOBITHO HCIIOIb-
3yeTcs B MCKJIOUYAIOIEeM CMbIC/Ie — 3Ta UCKJI0UYA0Iasd
BepCcUsA WM UCTUHHA, €CJIU UCTUHHO OJHO U3 ABYX CYIK-
IeHuii, HO He 00a BMecTe. OmHaKO OyJieBa JJOTMKA UCIIOJIb-
3yeT UHKJIIO3UBHYI0 BEPCUIO WM, KOTOPas UCTUHHA B TOM
clyuae, KOrJa UCTUHHO OJHO 1jau oba cysxaeuns. Tak, mpu
HCII0JIb30BAaHUY WHKJIIO3UBHOTO WU CY KIeHUE

AavOepm SiiHwmellH OMKpPvLL Meopu0 OMHOCUMENbHO-
cmu uau Hcaax Hviomon Ovll AH2AUYAHUHOM
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KBaHTOBaA MexaHuKa

ABJISAETCA UCTUHHBIM. TO K€ OTHOCUTCA K CYyXOEeHUIO

Anvbepm JlHULMENH OMKDbLL MEOPUI0 OMHOCUMENbHO-
cmu uau Hcaax Hviomon 0wl pycckum.

MNHKII03UBHOE UM CTAHOBUTCSA JIOMKHBIM, TOJIBKO €CJIU
JIOXKHBI 00a cy:Kaeuusa. Hanpuwmep:

Anvbepm Sitnwmeiln omkpoia Amepuryl nau Hcaak
Hviomon 0vLa pyccrum.

WM HKII03MBHOE MM IMEET TEOPETUKO-MHOMKECTBEHHYIO
MHTEPIIPETALUIO B BUIE 00beJUHEHNS IBYX MHOMKECTB. ITO
IIOAMHOYK€ECTBO, COZepIKaIiee BCe 9JIeMEHThI, BXOIAIINE
B 00a 00'beINHAEMbIX IIOAMHOKECTBA UJIU XOTA ObI B OHO
13 HUX. B mpumepe ¢ urpaiabHoii KocThio (A uan B) os3Ha-

yaeT mogMHOMecTBo {1, 2, 3, 5}.

1.6. IIpoBepka KJIacCHUECKHUX CYKICHUIT

BepHueMcsa K mpocTeiinielt KBAHTOBOM CUCTEMe, COCTOAIIEH
13 OMUHOYHOTO CIINHA, ¥ K PA3JIUYHBIM CYKISHUAM, MCTUH-
HOCTH KOTOPBIX MOYKHO IIPOBEPATH C ITIOMOIITLI0 Tpudopa A.
Paccmorpum cienyromniue aBa CysKIeHNAA:

A: z-KOMIIOHeHTa cIiHa paBHa +1.

B: x-KOMIIOHEHTa cITMHa paBHa +1.

1 Bopouem, OHINTEH, BO3MOKHO, I B CAMOM JieJie OTKPELI AMe-
puky. Ho o ObL7T He IepBBIM.
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

Kaxkmoe u3 HUX OCMBICJIEHHO U MOXKeT ObITH ITPOBEPEHO
IIyTeM OPUEeHTUPOBaHUs A BJOJIb COOTBETCTBYIOIIEIT OCH.
Orpunanne KakJaIoro M3 HUX TOXKe ocMbIcJaeHHOo. Hampu-
Mep, OTPUIlAHUEM IIEPBOT0 CYKIeHUI OyaeT

He A: Z-KOMIIOHEHTA cIinHa paBHa —1.
Temepsb paccMOTPUM KOMIO3UIIUY ATUX CYIKIEHUI:

(A mam B): z-KOMIIOHeHTa cnuHa paBHa +1 uam

X-KOMIIOHEHTA cIimHa paBHa +1.

(Au B): z-KOMIIOHEHTA CIIMHA paBHA +1 M X-KOMIIOHEHTa

cuuHa paBHa +1.

Kax npoBeputs cy:xaenue (A wiau B)? Eciiu 661 COUHBI
BeJu ce0s KJIacCUUecKu (UT0, KOHEUHO, He TaK ), Mbl MOTJIN

ObI IeiicTBOBATH CJIeAyIOIuM obpasoml.

+ OCTOpPOKHO UBMEPUTL 0, 1 3alMNcaTh 3HaUeHNe. Ecanu
OHO paBHO +1, To pabora oKoHUeHA: cy:kaeHue (A niau B)
uctunuo. Eciu o, paBHO —1, IepeiiTu K ClIeqyoIemy

miary.

° T HO 13M UTDH O 4. JIN IIOJIVUUTCA , T -
OcTOpo:KHO 13Me » EcC o ca+1, Tocyx
nenve (A nau B) uctuazo. Eciy HeT, 3HAUUT HU 0,

HU 0, He paBHO +1 u (A uam B) JI0KHO.
A BoT albTepHATHUBHASA IPOIEAYPa, B KOTOPOU N3MeHEeH
MOPAIOK ABYX U3MepeHuii. YToObI HOJUEPKHYTE 9TO U3Me-

HeHUe IOPSALKA, MbI BEI30BEM HOBYIO IIPOIeAypY (Buamu A).

1 TIoMHUTE, YTO KJIACCUUYECKUI CMBICJ O OTJIMYAETCS OT KBAHTO-
BOMEXaHMUYECKOro. B Kj1acCMUeCKOM IIOAXO0Me 0 — TO OOBIUHBII
3-BEKTOP; 0, U 0, COOTBETCTBYIOT IIPOCTPAHCTBEHHBIM KOMIIOHEH-
TaM.
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KBaHTOBaA MexaHuKa

+ OCTOpOXHO U3MEPUTh 0, 1 3anncaTh 3HaYeHne. Eciu oHO
paBHO +1, To paboTa OKOHUEHA: cyskAeHUe (B mian A) uc-

TuHHO. Eciin o, paBHO —1, IepeiiTi K caeayIoIieMy Iary.

+ OcTOpoKHO U3MepPUTH 0,. Ecsiu oHo paBHO +1, TO CyK1€-
Hyue (B umn A) uctuaso. Ecoiu Het, 3HAUUT, HU 0, HU 0,
He paBHO +1 u (B nau A) J0KHO.

B kiaccuueckoii pusuke 00e 9TH MPOIeAYPhI JAIOT OSMHA-
KOBBII pesybTaT. [IpuumnHa B TOM, YTO U3MEPEHU I MOT'YT
OBITH CKOJIb YTOHO IAAAINNMI — HACTOJBbKO, UYTO OHU He
BO3JEMCTBYET Ha Pe3yabTaThl IOCIEAVIOIINX N3MEePEeHU.
Taxum o6pasoMm, cysxeHue (A nau B) mMeeT TOUHO TAKOMH
JKe CMBICJ, KaK U cy:KIeHue (Buan A).

1.7. IIpoBepka KBAaHTOBBIX CY KICHUU

Termepsb MBI 3aiiMeMCs KBAHTOBBIM MUPOM, KOTOPBIH S OITH-
caJ panee. IIpencrasum cebe cuTyaIuio, B KOTOPOI KEM-TO
(nI; YeM-TO) HEM3BECTHBIM CIIMH TaiHO ObLJI IPUTOTOBJIEH
B cocToAHUU 0, = +1. Harra sagaua cocTouT B TOM, YTOOBI
¢ IOMOIIbI0 Tpubopa A onpenesnTh, UCTUHHO CYKICHUE
(A muau B) niau 10:XHO. MBI mOnbITa€MCS MCIIOJB30BaTh
OIIMCAHHLIE BBIIIIE IIPOIeAYPHI.

Haunem ¢ usamepenus o,. IIocCKOJIbKY HeU3BECTHBIN
areHT BCe IIOATOTOBUJI, MbI OOHAPYXKUM, UTO 0, = +1. IIpo-
IoJIKaTh HeT HafoOHocTH: (A niau B) ucturno. Tem He me-
Hee MbI MOYKeM IIPOBEPUTH O, IIPOCTO YTOOBI IOCMOTPETh,

uTo cayunuTcd. Pesdyabrar Henpenckasyem. Mbl cayuaiiHbIM
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

o0pasoM oOHapysKHUBaeM, UTO 0, = +1 uau o, = —1. Ho uu
OJIVIH U3 9TUX UCXOJ0B He BIUAET HA UCTUHHOCTD CYKIASHUSA
(Awnmm B).

A Temeps M3MeHUM MOPAIOK u3Mepenunii. Kak u mpe-
’KJle, HA30BEM ATy PeBEPCUPOBAHHYIO IpoIenypy (Buaun ),
U Ha 9TOT pa3 MbI CHauaJia 6y1eM u3MepATh 0. [lOCKOIbKY
HEeU3BeCTHBIN areHT YCTAHOBUJI CITUH B +1 BIOJIb OCH 2, 13-
MepeHUe 0, AaeT CIydYaliHbIl pesyabraT. Eciiu okakeTcs,
49TO0 0, = +1, To MBI 3akoHunIN: (B mmm A) ncrunzo. Ho
MIPEIIOJIOMKIM, YTO MbI ITOJTYYUJIN IPOTUBOIIOJIOKHBIN pe-
3yJabTaT: 0, = —1. COMH OprMeHTNPOBAaH B HAIIPABJICHUN —X.
CreslaeM KOPOTKYIO IIay3y, YTOOBI yOEAUTHCS B IIOHNMAaHNIN
TOT0, YTO CIYYUJIOCh. B pesyibTaTe HaAIIero mepBoro n3me-
PeHUS CIIMH O0JIbIIIE He HAXOAUTCA B UCXOJHOM COCTOAHUU
0, = +1. OH IpumIeJ B HOBOE COCTOSAHME — J100 0, = +1,
aunbo o, = —1. IloxxkanyiicTa, 3agep:KUTeCh HA DTOU Hee,
4TOOBI KaK CJeIyeT IPOUuyBCTBOBaTh. HeBO3MOIKHO Iepe-
OIIEHUTH €€ BasKHOCTb.

Temepb MBI TOTOBBI ITPOBEPUTH BTOPYIO IIOJIOBUHY CY K-
neuus (B uau A). IloBeprem mpu6op A B0 OCcU 2 U U3-
Mepum o,. CorsiacHO KBaHTOBOII MexXaHUKe, Pe3yJbTaT
cIyuYanHBIM o0pasoM OymeT =1. ITO 3HAUHUT, UTO C BEPO-

ATHOCTBIO 25 % B 9KCIIepuMeHTe OyaAeT MOoJydeHo o, = —1

n o, = —1. JIlpyrumMmu cjaoBamMu, ¢ BEPOATHOCTHIO 1 MBI

o0HAapyKUM, uTO (B nam A) J0KHO; 9TO IPOUCXOAUT He-
CMOTPA Ha TOT (haKT, YTO HEU3BECTHBIN areHT U3HAYaIbHO

rapaHTHUpPOBaJ, 4To 0, = +1.
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OueBUIHO, B 9TOM IIpUMepPe MHKJIIO3UBHOE HJIHN He-
cuMMeTpuuHO. VicTuHHOCTS (A miau B) MOKeT 3aBUCETH OT
MOPAAKAa, B KOTOPOM MBI IPOBEPAEM ABa CYKACHUA. ITO
IajJieKo He MeJIOUb; 9TO He TOJbKO 03HAYAEeT, UTO 3aKOHBI
KBAHTOBOUM (DUBUKU OTJIMYAIOTCA OT CBOUX KJIACCUUECKUX
aHAJIOTOB, HO TaKJKe UTO CAMU OCHOBAHU A JIOTUKHY B KBaH-
TOBOI (pU3UKeE APyTHE.

Ho uTo ke MOKHO cKkasaTs npo (A mau B)? [Tonycrum,
Hallle IIepBoe U3MepeHue BbIgato o, = +1, a BToOpoe —
0, = +1. 910, O€3yCI0BHO, BOSMOKHBIN ncxon. Kasamoch
ObI, MOYKHO IIPDU3HATH, uTO (A miau B) ucturno. Ho B HayKe,
0CO0EHHO B (pU3NKe, NICTUHHOCTD CY KICHU IIPeAIIoIaraer,
YTO €r0 MOYKHO IIPOBEPUTD IOCJIENYIOIINM HAOJIOeHIEeM.
B kmaccuueckoin pusmKe HAOJIIOOeHUA CUUTAIOTCS Ha-
CTOJIbKO aKKYPATHBIMHU, UTO He BJIUAIOT HA TOCJIEIYIOIIE
9K CIIEPUMEHTBI, KOTOPLIE IOATBEPAAT patee MOJyUYeHHbIH
pesyJabraTr. MoHeTa, KoTopas BhIIIaja PeIlKoii, He IIepe-
BepPHETCA OPJIOM H3-3a TOTO, UTO ee IIPOHAOJI0qaIH, 10
KpaiiHeli Mepe B KJaccuke. B KBAHTOBOI MeXaHUKe BTOPOe
nsmepenue (o, = +1) pagpymraer BO3MOXHOCTb IIPOBEPKU
nepBoro. Kax ToJIbKO 0, IPUTOTOBJIEHO BIOJIbL OCH X, HOBOE
n3MepeHue o, JacT CAyUYalHbIil pesyabrar. Takum odpa-
30M, (A wiau B) HEBO3MOIKHO IIOATBEPAUTH: BTOPAA YaCTh
DKCIIEPUMEHTa MeIllaeT BO3MOKHOCTH IIOATBEPKICHU
mepBOil YacTu.

Ecam BBI KOe-uTo 3HaeTe 0 KBAHTOBOM MeXaHUKE, TO,
BEPOSATHO, IMTOHAJIN, UYTO MBI TOBOPUM O IPUHITHIIE HEOTIPe-
IeJieHHOCTH. [IpuHIINUII HeollpeaeIeHHOCTH IPUMEHNM He
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

TOJIbKO K KOOPAUHATE U UMILYJIbCY (M CKOPOCTH ); OH IIPH-
MeHUM KO MHOTUM IIapaM U3MEPUMBIX BeJIUUrH. B cayuae
CIIMHA OH OTHOCUTCA K CY:KIEHUAM, BKJIIOUAIOIIIUM JBE Pas-
JIMYHBIE KOMIIOHEHTEI 0. B ciyuae KOopAUHATEI 1 UMITYJIbCa
MBI MOKEM PacCMaTPUBATH CJEAYIONINE ABA CYKICHUA:

HEeKOTOpad JaCTHuIlla uMeeT KOOPAHUHATY X;

Ta Ke caMad 4yaCTulia nMeeT MMITYJIbC pD.

W3 Hux MOKHO IIOCTPOUTH ABa COCTaBHBIX CYXIEHMA:

YaCTHUIlA UMeeT KOOPAMHATY X M YaCTHUILa
UMeeT UMITYJIbC P;
YacTUIla UMeeT KOOPAHUHATY X MJIH YaCTHUIA

uMeeT UMITYJIBC P.

HecMmoTpsi Ha CBOIO KOPABOCTD, 00a 3T CYKACHUI NIMEIOT
CMBICJI B €CTECTBEHHOM fA3bIKE U B KJIACCUUYECKO (hu3HUKe.
OHaKO B KBAaHTOBOM (pM3MKE IIePBOe 13 STUX YTBEPIKICHIHA
COBEPIIIEHHO OECCMBICIEHHO (jaske He OIINOOYHO), & CMBICJI
BTOPOTI'0 PAIUKAIBLHO OTJIMYAETCH OT TOI'0, UYTO BEI MOIJIA
moAyMaTh. Bee 9T0 IPUBOAUT K MIyOOKUM JJOTMYECKUM Pas-
JIMYUAM MEXKIY KJIACCUYECKUM U KBAHTOBBLIM IIOHATUAMM
COCTOSTHUSA cUCTeMBI. [[J1f 00'bACHEeHN ST KBAHTOBOT'O IIOHA-
THA COCTOAHUSA IIOTpedyeTcs abCcTpaKkTHAA MaTeMaTHUKa,
TaK 4TO IpepBeMCsA IJisi HeOOJIbIIION NHTEPIIOANN, Kaca-
foIIlelicAa KOMILIEKCHBIX UYMCeJI M BEKTOPHBIX IIPOCTPAHCTB.
IToTpeOGHOCTh B KOMILIEKCHBLIX BeJIMUYNHAX CTAHEeT AcHAa
B JAJILHENIIIeM, KOra Mbl U3YYUM MaTeMaTudecKoe IIpe-

CTaBJIeHIE CIMHOBBIX COCTOSIHUI.
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KBaHTOBaA MexaHuKa

1.8. MaTtemaTuuecKass HHTEePJIIOTU:
KOMILJIEKCHbIE YHCJIa

Beaxrwmii, KTo mobpasics qo aToro paszaesa « TeopeTmuecKkoro Mu-
HUMyMa» , 3HAeT 0 KOMILIEKCHBIX uncjax. TeM He MeHee f T10-
Tpauy HECKOJBKO CTPOK, UTOOBI HATTOMHUTE O CAMOM BasKHOM.
Ha puc. 1.6 moxkasaubl caMble OCHOBHBIE 9JIEMEHTHI TEOPHUH.

KowmmiekcHOe 4nea0 2 — 9TO cyMMa BeIleCTBEHHOTO
YucJia U MHUMOTO YHCJIa. OTO MOYKHO 3aII1ICaTh B BUJE

z=x+1iy,

I7ie X ¥  — BeIlleCTBeHHBIE UNCJIa, a i2 = —1. KomiuiekcHbIie
YyIcJIa MOMKHO CKJIAAbIBATh, YMHOMKATE U JEJIUTH 110 O0BIYHBIM
npasuiiam apudpmeTuru. VIX MOKHO BU3YyaIN3UPOBATh KaK
TOYKU Ha KOMILJIEKCHOM IIJIOCKOCTY C KOOPAWHATAMHU X, Y.
Hx Takxe MOYKHO IPEICTAaBUTh B IOJAPHBLIX KOOPANHATAX

z =re® =r(cosb + i sindb).

Co:xeHne KOMILIeKCHBIX YHCeJI JIeTKO BHITOJIHUTD B KOMIIO-
HEeHTHOH (hopMe: IPOCTO CIOIKUTEL IIOKOMIIOHEHTHO. AHAaJIO-
TUYHO UX IIePeMHOKeHIe JIETKO BLIIOJIHAETCS B IOJIAPHOMR
(opmMe — HaIO MEPEMHOMKUTDH PAANYCHI U CIOMKUTD YIJIbI:

¥ KasKI0T0 KOMILJIEKCHOTO YMCJa 2 eCTh KOMILJIEKCHO CO-
MIPSAMKEeHHOoe 2*, KOTOPOoe II0JIyYaeTcs IIyTeM IIPOCTOH 3a-

MEeHBI 3HaKa y MHUMOH yactu. Ecan

z=x+iy=re®,
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

TO
z=x—iy=reo,
KomnnekcHble uncna
0
r cos (0) 2= xtiy
Y
r

0

[$]

o

3 )

g r sin(0)

=

I

=

0
'y
BelyectBeHHas ocb X

Puc. 1.6. /[eéa ocHo8HbLX cnocoba npedcmasieHus
KOMNJeKCHbLX Yucea. B 0exapmoeom npedcmasienuu
X U Y — MO0 20pU30OHMANbHAS (8eULeCMEEHHASL)

u 6epmuKaibras (MHUMASL) KOMNOHEHNbL.

B noasprom npedcmasnenuu r — amo paduyc,

a 0 — yzon c HanpasaeHuem ocu x. B oboux cayuanx
mpebyemcs 06a 8eujecmEeHHbLX YUCAA, ¥mo0bL 3a0amb
00HO KOMNJLeKCHOEe YUCLO

HpOI/ISBelIeHI/Ie KOMIIJIEKCHOT'O UHcCJia C €ro COIIPpAMNEeHHBbIM
Bcerga gaetT IIOJIOMKUTEJIbHOE BellleCTBEeHHOe YN CJIO:
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KBaHTOBaA MexaHuKa

W KomeuHo, 11000e KOMIIJIEKCHO CONPSAMKEHHOE UUCJIO
caMo SBJIAETCA KOMIIJIEKCHBIM YHCJIOM, HO YacTO ObIBAET
IMOJIE3HO AYyMAaTh, UTO 2 U 2* IPUHAIJIEKAT PA3IUIYHBIM
«IyaJbHBIM» YHCJIOBBIM cucteMaM. [lyaibHOCTH! 31€CH
O3HaYaeT, UTO OJd KaiKJOTO 2 CYIIeCTBYyeT eIUHCTBEeH-
Hoe z¥, 1 Ha00OPOT.

CyurecTByeT crenuPuUecKni KJIacC KOMIIJIEKCHBIX
YrceJI, KOTOPbIe g 0yAy Ha3bIBaTh «(DA30BBIMI MHOMKIITE-
JAIMU» . Pa30BbIN MHOKUTEIb — JTO IIPOCTO KOMILIEKCHOE
YHCJIO, F-KOMIIOHEeHTa KoToporo paBHa 1. Eciu z — da-
30BBIIl MHOXKHUTEJb, TO BBITIOJHAIOTCA CAEAYIOIEe COOT-

HOIIIeHUd:

2'z2=1,
z=e",

2 =cosH + i sinH.

1.9. MatemaTuuecKass HHTEPJIIOTU:
BEKTOPHBIE IIPOCTPAHCTBA

1.9.1. AkcuomsIl

s KJaccuuecKo# CUCTeMbI IPOCTPAHCTBO COCTOAHUIT —
9TO MHOKECTBO (MHOKECTBO BO3MOYKHBIX COCTOSAHUM ),
M JIOTHKA KJIACCUUYECKOT0 IIPOCTPaHCTBA — OyJieBa. ITO Ka-

JHeTCA eCTECTBEHHBIM, 1 TPDYAHO IIPEACTaBUTH cebe KaKYyIO-

1 B pycCKOM A3BIKE TAKIKe MCIIOJIb3YIOTCS TEPMUHBI « [BOMCTBEH-
HOCTb» U «COIPAKEHHOCTh» . — IIpumeu. nep.
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

JI00 APYTI'YIO BO3BMOMKHOCTE. TeM He MeHee peabHbBIIA MU
CTPOUTCS II0 COBEPIIIEHHO APYTUM IPUHITUIIAM, 110 KpaiHeH
Mepe TaM, I'ie BayKHA KBaHTOBasA MexaHuKa. IIpocTpaHcTBO
COCTOSIHUII KBAHTOBOII CUCTEMbI He A8/Aemcsa MaTeMaTH-
YeCKUM MHOXKECTBOM!; 9TO 8eKMOpHOe npocmpancmao.
CBsaA3U MeXAY 2JIeMeHTaMI BEKTOPHOIO IPOCTPAHCTBA
OTJIMYAIOTCS OT CBSA3€ MEXXKIy dJIeMeHTaMi MHOMKeCTBAa,
¥ JIOTHKA CY:KIeHUH 3/Iech TOMKe Apyrasd.

Ho mipesxie ueM rOBOPUTH O BEKTOPHBIX ITPOCTPAHCTBAX,
{1 TOJIJKeH MPOSCHUTDL TEPMUH 8exkmop. Kak BbI 3HaeTe, 9TOT
TePMUH HCIIOJIb3YeTCA AJ 0003HAUEHM ST 00'beKTa B 00bIU-
HOM IIPOCTPAHCTBe, 00J1a1a1011IeT0 BeJINYNHOM 11 HAITpaBJIe-
HueMm. Takue BeKTOPHI UMEIOT TPU KOMIIOHEHTHI, COOTBET-
CTBYIOII[ME TPEM U3MePEeHUAM IpPocTparcTBa. S ObI xoTeI,
YTOOBI Bbl BEHIKMHYJIMN M3 T'OJOBLI 9TO IIOHATHE BEKTOpA.
C 5TOro MOMEHTA, eCJIN I UMEIO B BUIY O0BEKT C BeJINUNHOM
U HaIIpaBJIEHNEM B OOBIYHOM IIPOCTPAHCTBE, s OyAY ABHO
Ha3bIBATh €ro 3-gexmopom. MareMaTnuecKoe BeKTOPHOE
MIPOCTPAHCTBO — 3TO abCTpPaKTHAA KOHCTPYKIIUI, KOTO-
pas MOKeT OBITh, a MOJKET He ObITh CBA3aHa ¢ OOBIUHBIM
npoctpadcTBoM. OHO MOKeT UMeTh JIF000e UIICJIO 3Mepe-
HU — OT 1 10 00 — ¥ MOJKEeT UMETHb B KaueCTBe KOMIIOHEHT
1eJble, BEIeCTBEHHbBIE UNCa 1 JasKe 6oJiee 00IIIME BEIIA.

BekTopHbIe MPOCTPAHCTBA, KOTOPbI€ MbI MCIIOJIb3yeM
IJIs oTIpefieJIeHN s KBAHTOBOMEXaHNUECKUX COCTOSHUH,
Ha3BIBAIOTCA 2ULbOepmMOosulMU npocmparncmaamu. Mbl He

1 Ecjau 6bITh HEMHOI'O TOUHEE, MbI He KOHIIEHTPUPYEMCSA Ha Teope-
TUKO-MHOKECTBEHHBIX CBOMCTBAaX IPOCTPAHCTB COCTOSTHUM, XOTH,
KOHEYHO, X MOKHO paccMaTpUBaTh KaK MHOYKeCTBa.
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KBaHTOBaA MexaHuKa

OyZeM IPUBOAUTE 3/IECh UX OIIPEeIeJIeHE, HO BBl BCE PABHO
MoOsKeTe JoOaBUTH 9TOT TEDMUH B CBOI cjoBapb. Korga
B KBAHTOBOII MeXaHNKe BBl BCTpeuaeTe TEPMUH 2ublep-
mo80 npocmpaHcmae0, 3TO CChLIKa Ha IPOCTPAHCTBO CO-
crogHuii. 'mab06epTOBO IPOCTPAHCTBO MOYKET UMETh KaK
KOHEYHOe, TaK 1 0ECKOHEYHOe YMCJIO M3MePeHU.

B KBaHTOBO# MexXaHIKe BEeKTOPHOE ITPOCTPAHCTBO COCTO-
WT 13 3JIEMEHTOB BU/a |A), Ha3bIBaEMbIX Kem-6eKMmopamu,
WJIU TIPOCTO Kemamu. BoT akcuoMbl, KOTOPbIe MbI OyIeM
KCIIOJI30BATH JIJIA OIIPeIeIEH I BEKTOPHOT'O IIPOCTPAHCTBA
COCTOAHUI KBAaHTOBOI CUCTEMBI (2 U W — KOMILJIIEKCHBIE

yucsa).

1. CymMma Jg100BIX IBYX KEeT-BEKTOPOB TaK’Ke ABJIAETCSA
KeT-BeKTOPOM:

4) +|B) = [C).
2. CioskeHre BEeKTOPOB KOMMYTAaTHUBHO:
|[4) +|B) = |B) +|A).
3. CnoxeHUe BEKTOPOB aCCOIMATUBHO:
{14) +|B)} +|C) = |A) +{|B)+|C)}.

4. CymrecTByeT efMHCTBEeHHLINA BeKTOp 0 TaKoii, UTO IIPU
IobaBJIeHUHU ero K JIIOOOMY APYroMYy KeTy CHOBa IIOJY-

YaeTcsa TOT »Ke CaMbIH KeT:

14) + 0 = |A).
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

5. Iluist m060T0 JaHHOTO KeTa |A) cyliecTByeT eANHCTBEH-

HBIN KeT —|A), TaKoil 4To
[4) +(=l4)) = 0.

6. JIro0o0ii maHHBII KeT |A) 1 1:000€ KOMIIJIIEKCHOE YHCJIO 2
MOJKHO IIePEMHOKUTD U MOJYyUYUTh HOBBIN KeT. Takoe
YMHOXK€eHUe Ha CKaJIAp JINHEeHHO:

|zA) + z|A) = |B).
7. JucTpuOyTUBHBIN 3aKOH TJIACUT:

z{|A) + |B)} = z|A) + 2|B),
{z + w}A) =z|A) + w|A).

Axcuombl 6 1 7 BMecTe 4acTO Ha3bIBAIOT aKCHOMAaMMU JIU-
HellHoCcmu.

OOBIuHBIE 3-BEeKTOPEI VIOBJIETBOPAIN ObI 9TUM aKCHO-
MaM 3a UCKJIIOUeHeM OLHOM Bellli: akcruoMa 6 II03BOJIsSIeT
YMHOMKATh BEKTOP Ha Ji000e KoMIjIeKcHoe uncio. O0bIyu-
HbIe 3-BeKTOPBI MOKHO YMHOKATDH TOJHKO Ha BeIleCTBEeH-
HbIEe yucJa (HOJIO)KI/ITeJIbHI)Ie, OTpHuIllaTeJIbHbIE U HOJIb),
OJHAKO YMHOKEeHIe Ha KOMIIJIEKCHbBIEe UMCJa OJId HIUX He
omnpeneeHo. MoKHO CUNTATh, UTO 3-BEKTOPHLI 00Pa3yIoT
BeIlleCTBEHHOe BEKTOPHOE IPOCTPAHCTBO, a KeThl — KOM-
IJIEKCHOEe BeKTOPHOe IIpocTpaHcTBo. Harrre onpenenenue
KeT-BeKTOPOB KpaiiHe abcTpaxTHo. Ho, Kax MbI YBUIUM,
CYIIIECTBYIOT TaK:Ke pas3jNMUYHbie KOHKPETHRIE CIIOCOOELI

IIpeacraBJIeHUA KET-BEKTOPOB.
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KBaHTOBaA MexaHuKa

1.9.2. ®yHKIIUU ¥ BEKTOPBI-CTOJIOI[BI

IlepeiizemM K KOHKPETHBIM IIPpUMepPaM KOMIIJIEKCHBIX BeK-
TOPHBIX ITPOCTPAHCTB. IIpesKkae Bcero pacCMOTPUM MHO-
JKE€CTBO HETIPEPHIBHBIX KOMIJEKCHO3HAYHBIX (DYHKITUHA
nepemeHHO# x. HagoBem atu pyukriuu A(x). JIro6sie gBe
Takue PYHKIIUUA MOKHO CKJIAIbIBATh U YMHOYKATh HA KOM-
IJIeKCHBIE uncya. MosKkeTe IpOBEePUTD, YTO OHU yOBJIET-
BOPAIOT BCEM CEMU aKCHMOMAaM. JTOT IIPUMEP JOJIKEH Cle-
JIaTh OYEeBUIHBIM, UTO PeUb UAET O YeM-TO HaMHOTO0 0oJjiee
0011IeM, UeM TPeXMePHbBIE CTPEJIOUKH.

JByMepHBIE BEKTOPHI-CTOJIOIIHI JAIOT IPYTOI KOHKPET-
HBIT TpuMep. MBI KOHCTPYUPYEM UX, 3aUCHIBAA IPYT HAM

IPYTOM IIapy KOMILJIEKCHBIX YHCEJI (i U Qigp B BUJIE

U paccMaTpuBasg TaKyl0 «CTOIKY» B KaueCcTBe KeT-
BeKTOpa |A). KoMIIeKCHBIe YrciIa (. — 9TO KOMIIOHEHTHI |A).
JBa BEKTOpAa-CTOJIOIA MOXKHO CKJIafbIBATH IOKOMIIOHEHTHO:

Bosee Toro, moxxHo VYMHOMXKHUTH BeKTop-CTOJI6eI.I Ha KOM-

IIJIEKCHOE YMCJIO 2, IIPOCTO YMHOKIMB Ha HEI'O KOMIIOHEHTHI:

Mo:kHO CKOHCTPYUPOBATH IIPOCTPAHCTBO BEKTOPOB-CTOJIO-
OB JI0001 pasMepHOCTH. BoT, HampuMep, MATUMEDHBIH
BEKTOP-CTOJIOeI:
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

Kaxk nmpasmyio, MBI He cMeIlImBaeM BEeKTOPHI PA3HOM pas-

MEPHOCTH.

1.9.3. Bpa u keTsI

Kax MbI Bumean, y KOMIIJIEKCHBIX UMCEJI €CTh AyalbHasd
BepcusA B BUJle KOMIIJIEKCHO COTPSKEHHBIX uncesi. TouHo
Tak Xe KOMILJIEKCHOe BEKTOPHOE ITPOCTPAHCTBO NMEET Iy-
aJIbHYIO BEPCUIO, KOTOPAsA II0 CYTH SBJIAETCA KOMILJIEKCHO
COTIPSKEeHHBIM BEeKTOPHBIM IPOCTPaHCTBOM. {15 T1060T0

KeT-BeKTopa |A) B IyaJbHOM IIPOCTPAHCTBE CYII[€CTBYET

Opa-BeKTOp, 0003HauaeMbIil (A|. OTKya TaKue CTPAHHBIE
TEePMUHBI «Opa» 1 «KeT» ? Ec/Iit KOPOTKO, TO MBI OIIPEAe M
BHYTPeHHee IIPor3BeieHre Opa 1 KeTOB B BUJE BhIPAKEHU
(BJA), To ecTb B hopMme bra-kets, unu bracketsl. Buyrpes-
Hee IPOM3BeAeHNe — DTO YPEe3BLIUYAHO BAKHBIN MaTeMa-
TUYECKUHN MHCTPYMEHT KaK B KBAHTOBOI MeXaHUKe, TaK
U IJI ONMCAHUSA BEKTOPHBIX IIPOCTPAHCTB B I[€JIOM.
Bpa-BeKTOpHI YAOBIETBOPAIOT TEM Ke aKCHOMaM, UTO
¥ KeT-BeKTOPHI, HO eCTh [BA MOMEHTA, OTHOCAII[HeCd K CBA-

31 MeXXAy KeTaMu U 6pa, 0 KOTOPBIX CJIeAyeT IIOMHUTh:

1 Brackets — awen. cko6ru. — Ilpumeu. nep.
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KBaHTOBas mexaHviKa
1. Donyctum (A| — 6pa, cOOoTBeTCTBYOIIUIl KeTy |A),
a (B| — 6pa, coorBeTcTBytomuii Kery |B). Torma xety
[4) + |B)
OyZeT coOOTBETCTBOBATH Opa
(Al + (BJ.

2. Eciin z — KOMILIEKCHOE YHCJIO, TO He8ePHO, 94TOo Gpa, co-
oTBeTCTBYyIOIIUM 2|A), Oyzer (A|z. Haso TOMHUTH O KOM-
IJIEKCHOM colpskeHun. Tak uTo 6pa, COOTBETCTBYIOIIIM

z|A),
oyzmer

(Alz".

B KoHKpeTHOM IIpuMepe, I'ie KeThl IPeJCTABIAIOTCA BeK-
TOPaAMMU-CTOJIOIAMHU, AyaJbHEIE UM Opa IIPeJCTaBIAITCA
BEKTOPAMU-CTPOKAMHU, KOMIIOHEHTbl KOTOPBIX ABJIAIOTCS
KOMILJIEKCHO COIIPsAKeHHbIMU uncaamu. Tak, ecau ket |A)
HMeeT BUJ CTOJIOIa

TO COOTBETCTBYIOIUIT Opa (A| mpecTaBIAeTCsa CTPOKOMH
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

1.9.4. BuyTpeHHee mpousBeaeHue

HecomHeHHO, BBI 3HAKOMBI CO CKAJIAPHBIM IIPOU3BEAeHIEM
OOBIUHEIX 3-BEKTOPOB. AHaJIOTHUHAA oIepanusd AJs Opa
¥ KeTOB Ha3bIBAETCS BHYMPEHHUM npouseedenuem. Buy-
TpeHHee IIPOU3BeeHe — 3TO BCerha IpousBeneHne opa

1 KeTa, 1 3alIMCbIBaeTCdA OHO B BHU/I€
(BlA).

PesyanTaToM 5TOI# ommepanuu ABJAdSeTCA KOMIIJIEKCHOe
yucyo. HeTpygHo goragzatbes, KaK BBITVIALAT aKCHOMBI
BHYTPEHHEro Ipou3BeJeHN .

1. OnHo JuHeHO:
(C[{|A) + |B)} = (C|A) + (C|B).

2. HepeCTaHOBRa 6pa 1 KeTa COOTBETCTBYET KOMIIJIEKCHOMY
COIIPAMEHHIO:

(BlA) = (A|B)".

YIIPAKHEHHE 1.1

a) [Jokakure, MCIOJIb3ysl aKCHOMbI BHYTPEHHEI0
IIPOU3BENeHUS, UTO

{(A] + (B[}[C) = (A[C) + (B|C).

0) Hoxakure, uto (A|A) — Bel[eCTBEHHOE YNCJIO.
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KBaHTOBaA MexaHuKa

B KOHKPETHOM IIpeacraBJI€eHUN 6pa 1 KeTOB C IIOMOIIBIO
BEKTOPOB-CTPOK U BeKTOpOB-CTOJIGI_[OB BHYTPEHHEE IIPOU3-
BegeHune oIIpenesideTcd yepes orrepanmumyu C KOMIIOHEHTaMM .

(1.2)

Jro IIPpaBUJIO OJId BHYTPEHHEIroO IIpon3BegeHud, 1o CyTu,
TaKoe e, KaK IJId CKaAJIAPHOIO YMHOMEeHUA: CKJIaabIBa-
IOTCA IIPpOM3BEeJE€HNA COOTBETCTBYIOIIINX KOMIIOHEHT BEK-
TOPOB, BHYTPEHHEE IIPOU3BENEHE KOTOPHBIX BBIUMCJIACTCA.

YIIPAGKHEHUE 1.2

ITokaxkure, 4TO BHyTPEeHHEe IPOU3BeJjeHne, OIpe-
nesneHHoe Gopmyoit (1.2), yaoBieTBopsaeT BceM
aKCHOMaM BHYTPEHHEro IPON3BeJeHNA.

C moMOIIbI0 BHYTPEHHET0 IPOU3BeqeHIA MOMKHO OIIpe-
IeJUTh HEKOTOPHIE IOHATHS, 3SHAKOMbIE HAM 110 OOBIUHBIM
3-BeKTOpaM.

« HopmuposauHubtii 6exmop. BeKTop Ha3bIBAIOT HOPMUPO-
BAHHBIM, €CJIN €T0 BHYTPEHHEe IPOU3BeJeHNe C CAMUM

coboit paBHO 1. HopMupoBaHHBIE BEKTOPHI YIOBIETBO-
PAIOT KPUTEPUIO

(AlA) =1.
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

B npumeneHuy K OOBIYHBIM 3-BeKTOPAM BMECTO TEpMITHA
HOPMUPOBAHHDBLIL 66KMOP OOBIYHO UCTOJIb3YIOT TEPMUH

eOUHUYHBLIL B6KMOP, TO €CTh BEKTOP eANHUYHON IJINHBI.

+ OpmozoHanbHbLi 6ekmop. [|Ba BEKTOpPa Ha3bIBAIOT OPTO-
FOHAJILHBIMHY, €CJIY UX BHYTPEeHHee IPOu3BeIeHIe PaBHO

HyJI10. |A) 1 | B) OpTOrOHAIBHBI, €CIN

(BlA) =

ATO aHAJIOTUYHO YTBEPIKAEHUIO O TOM, UTO JBa 3-BEKTO-
pa OPTOTOHAJBLHBI, €CJIN UX CKAJIIPHOE IIPOU3BeJeHIe

PaBHO HYJIO.

1.9.5. OproHOpMUpPOBaAHHBIE 0A3UCHI

PaboTas ¢ oObIYHBIME 3-BEeKTOPAMI, UPE3BLIUAITHO II0JIE3HO
BBECTHU TPU B3BAUMHO OPTOTOHAJIBbHBIX eTUHUYHBIX BEKTOPA
U MICIIOJIb30BATE UX KaK 0a3MC I/ KOHCTPYUPOBAHUS JIIO-
ObIX BEKTOPOB. IIPOCTBIM MPUMEPOM CAYKAT eINHNUYHEIEe
3-BEKTOPHI, HaHpaBJIeHHbIe BIOJIb Oocelt x, y u z. OOBIYHO
1X 0603HAYAIOT i ) uk. Kaxapiii u3 HUX UMeeT efMHNY-
HYIO IJINHY ¥ OPTOTOHAJIEH OCTAJbHBIM. Eciu mormpo6oBaTh
HANTH Y4eTBEePTHIN BEKTOP, OPTOTOHAJIbHEIN 9TUM TPEM, TO
TaKOI'o He OKaKeTcs, 10 KpaiiHueil Mepe B TPeXMePHOM IIPO-
crpaucTBe. OZHAKO €CJIN ¥ IIPOCTPAHCTBA NMeeTCs 00JIbIIIe
usMepeHunii, To u 6a3MCHBIX BEKTOPOB OyaeT 0ojbiie. Pas-
MEPHOCTH IIPOCTPAHCTBA MOXKHO OIpPeNeJUTh KaK MaKCH-
MaJIbHO BO3MOXKHOE B 9TOM IIPOCTPAHCTBE UIMCJIO BBAMHO

OPTOTOHAJBHBIX BEKTOPORB.
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OueBUAHO, YTO B KOHKPETHOM BHIOODE OCEH X, I U Z HET
Huuero cuernuduueckoro. Eciiu ToJbK0 6a31MCHBIE BEKTOPHI
WMeIOT efNHUYHYIO IJUHY 1 BBANMHO OPTOTOHAJIbHBI, OHU
COCTAaBJIAIOT OPMOHOPMUPOBAHHBLI 6A3UC.

TorT Ke IPUHITUII BePeH U JJId KOMILJIEKCHBIX BEKTOP-
HBIX TPOCTPAHCTB. MOYKHO HAYaTh C JII060T0 HOPMUPOBAH-
HOT'O BEKTOpAa, a 3aTeM IIONCKATHL BTOPOI, OPTOTOHAJIbHEIHA
nepBomy. Eciiu oH Halllesics, 3HAYUT IPOCTPAHCTBO KaK
MUHUMYM ABYMepHOe. 3aTeM IIOMCKATh TPETUI, YeTBep-
THIN U TaK qaJjiee. B KOoHIle KOHITOB HOBbIE HAIIPABJIEHUA
MOT'YT MCUEPIATHCA, I HOBBIX OPTOTOHAJIBHBIX KaHIUIATOB
0osbIrie He OymeT. MakcuMaaIbHOE UKCJIO B3AMMHO IIePIIeH-
IUKYJISPHBIX BEKTOPOB — 9TO PA3MEPHOCTh ITPOCTPAHCTBA.
151 BEKTOPOB-CTOJIOIOB PABMEPHOCTH IPOCTO PABHA UMCITY
KOMIIOHEHTOB B CTOJIOIIE.

Paccmorpum N-MepHOe IPOCTPAHCTBO M KOHKPETHBIN
OPTOHOPMUPOBAHHBIN 6a3uC KeT-BEeKTOPOB, 0003HaUae-
MbIX |i).! MHgeKc i mpobGeraeT 3HaueHus ot 1 go N. ITycTs

BEKTOD |A) mpe/cTaBIeH KaK cyMMa 0a3MCHBIX BEKTOPOB:
. (1.3)

KoMmniekcuble unca o; Ha3bIBAIOTCA KOMNOHEHMAMU
BeKTOpa, 1 4YTOOBI BBIUMCJIUTH UX, HAJO 00€ CTOPOHEBI
ypPaBHEHHNA YMHOMKUITL BHYTPEHHUM 00pa3oM Ha 3JIEMEeHT

Opa-6asuca (j

1 MaTremaTuuyecKu BeKTOPHI 0asuca He 00A3aHbI GBITH OPTOHOPMHU-
poBauHbIMHU. OTHAKO B KBAHTOBOM MeXaHUKEe OHU OOBIYHO TaKUe.
B mammoi KHUTE Besne, IJe A TOBOPIo 0 6asuce, IOIpasyMeBaeTCsa
OPTOHOPMUPOBAHHEIN 6a3uC.
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Nexupna 1. CUcTeMbl U SKCNEPUMEHTbI

(1.4)

Janee Bocmosb3dyeMcsa TeM (paKTOM, 4YTO BEKTOPHI 6asuca
OPTOHOPMUPOBaHHBIE. ITO 03HAUaeT, 4To (j|i) = 0, eciu i He
paBHO j, u (j|i) = 1, ectm i = j. NupIMu croBamu, (j|i) = &;;.
9TO IPUBOAUT K COKPAIEHUIO CYMMBI B ypaBHeHuu (1.4)
IO OHOTO YJeHa:

(1.5)

Hrax, MBI BUIUM, UYTO KOMIIOHEHTEI BEKTOPA — 3TO IIPOCTO
ero BHyTPeHHNE IPOU3BeIeHNA ¢ 6a3MCHBIMYA BEKTOPAMM.
MosxHo mepenincaTs ypaBaernue (1.3) B aseranTHo# opme:



Jexuusa 2. Keantossie
COCTOSIHHUSA

Apr: [JoBOIBHO CTPAHHO, UTO IIOCJE ITMBA IOJIOBA

y MeHs nepecmaJa KpysKuTbca. B KakoM MbI 1rtate?
Jlenuu: Xores OB 4 3HATH. ITO UMeeT 3HayeHue?

Aprt: Moxer, u umeer. I He J1ymaio, 4TO BCe ellle
B Kasmmmdpopuuu.

2.1. CocToOTHUA U BEKTOPBI

B kimaccuueckoit pusmKe 3HAHUE COCMOAHUSL CUCTMEMbl
moJapasyMeBaeT 3HaHNE BCEro, YTO He00XO0ANMO JJI Ipe/-
ckazanusda ee oOyaymiero. Kak mokasaHo B mpeabIAyIei
JeKIINY, KBAaHTOBbI€ CUCTEMbI He BIIOJIHE ITPeJCKa3yeMbl.
OueBUAHO, KBAHTOBBIE COCTOSAHMS NMEIOT MHOU CMBICII,
yeM KJaccudyeckue. B ouenb rpyboM mpubInKeHUY 3HAHYIE
KBAHTOBOT'O COCTOAHUS O3HAUAET 3HAHME BCET0, UTO MOKET

OBITHL M3BECTHO O TOM, KaK CHCTeMa ObLiIa IIPUTIOTOBJICHA.
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Jlekuusa 2. KBaHTOBbIe COCTOAHMA

B npennigyimeii riiaBe MbI TOBOPUJIN 00 MCIIOJIb30BAHUN
mpubopa IJIA IPUTOTOBJIEHUS COCTOAHU S cITnHA. PaKkTHUUe-
CKH MBI HESIBHO IIOAPasyMeBaJIl, UTO He CYIIeCTBYyeT 0oJjiee
TOHKUX JeTajieil, KOTOPbIe MOYKHO OBLIO OBl 3aaTh HUJIU
KOTOPBIMH MOJKHO OBLIO ObI XapaKTepPru30BATh COCTOSHIIE
CIIMHA.

EcTecTBeHHBII BOIPOC COCTOUT B TOM, CBsSI3aHAa JII 9Ta
HeIIpeaCcKa3yeMOCTh C HEIIOJIHOTOII TOr0, UTO MEI Ha3bIBaeM
KBaHTOBBIM cocTossHueM? Ha aToT cuer MoryT OBITH pas-

JUYHBbIE MHEHUA. BOT HEKOTOPHBIE MPUMEPHI.

« Jla, IpUBBIYHOE MOHATHE KBAHTOBOTO COCTOSHU S HETIOJI-
Hoe. CyIIecTByeT «CKPBITHIE IIepeMeHHbIE» , KOTOPHIE,
eCcJIU TOJILKO BBI CMOJKeTe 0 HUX Jo0paThbcs, obecrieyar
IIOJIHYIO ITpeAcKa3yemMocTh. CyIIecTBYIOT Be BepCUU
9TOU TOUKU 3peHus. B Bepcuu A CKPBITHIE TIepeMEHHBIE
TPYAHO UBMEPUTH, HO B IIPUHITUAIIE OHU JOCTYITHBI IJIA
Hamux sKcnepuMeHTOB. CorsiacHo Bepcum B, TOCKOJIBKY
MBI COCTOMM M3 KBAHTOBOMEXAaHWYECKOU MaTepPUu, TO
IMOABEP)KEHBI OTPAHNYEHUAM KBAHTOBOW MeXaHUKU,
¥ CKPBITHIE TIEPeMEeHHBIE JJIs Hac MPUHITUITAAJIBHO He-

HaOJII0TaeMBbI.

+ Her, KoHIIENIINUS CKPBHITHIX IIEPEMEHHBIX He JaeT HaM
HUYero moJiesHoro. KBanTopas MexaHMKAa HEYCTPAHIMO
HempeacKasyeMas. OTO HACTOJbKO TOUHOE HCUKCTIE-
HUe BePOATHOCTEH, HACKOJLKO 9TO BO3MOXKHO. 3ajaua
(pusuKa COCTOUT B U3YUEHUU 1 MCIIOJIb30BAHUU 3TOTO

HUCUYNCJIEHUA.
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§1 He 3HAI0, KAKUM OyAeT OKOHUYATEJbHBIA OTBET HA STOT
BOIIPOC WJIU gake OymeT Jiu BooOIlle KaKasa-TO IM0JIb3a OT
oTBeTa Ha Hero. Ho aisa Hamux 1eseil He BaXHO, BO UTO
BEPUT KOHKPETHBIN (DU3UK OTHOCHUTEJIbHO IIOAJINHHOTO
CMBICJIA KBAHTOBOT'O COCTOAHMA. 110 IpaKTUUeCcKuM coo0-
Pa'KeHUAM MbI IIPUMEM BTOPYIO TOUKY 3PEeHU.

Ha mpaxTuke gy KBaHTOBOTO CIIMHA U3 JIeKIIUNU 1 5TO
o3HauaeT, uTo Korjaa mpubop A cpabaThIiBaeT u cOO0IIIaeT
HaM pe3yJbTaT 0, = +1 uiu 0, = —1, To He ocTaeTcs OOJIbITIe
HUYEero, 4YTO MOYKHO U1 HYKHO OBII0 OBl y3HATL. AHAajo-
TUYHO, €CJIU MBI ITIOBepHeM A 1 ©u3MepuM, uTo o, = +1 uian
0, = —1, To GoJibllle y3HABATh OyAeT Heuero. I ToOuHO Tak

e C 0, WJIN JI000M APYyroii KOMIIOHEHTO! CIIKHA.

2.2. IIpencraBiaeHne CINHOBBIX COCTOSHUM

Tenepb OPUIILIO BPEMSA IIOIPOOOBATE ITPEACTABUTH CIITHO-
BbI€ COCTOSHUS, MCIOJL3Yys BEKTOPHI cocToaumi. Hamra
1eJb — IOCTPOUTH TaKoe IMpeAcTaBeHre, KOTOpoe OyaeT
oTpaskaTh BCe, UTO MbI 3HAaeM O IIOBeJeHnU cuuHOB. Ha
JMaHHOM dTalle mporecc 6yAeT CKopee MHTYUTUBHBIM, HEXKe-
Ju opMaIbHBIM. MBI ITOTIBITAEMCSA HAWJIYUIITM 00pasom
BCE COCTBIKOBATh, OCHOBLIBASICH HA TOM, UTO HAM yiKe 13-
BecTHO. [ToskamyticTa, untaiiTe 9TOT pa3faes BHUMATEIbHO.

IloBepbTe MHE, 5TO OKYIIUTCH.

Haunem ¢ BBemeHus 0003HaUCHUN OJIA BO3MOMKHBIX

CIIMHOBBIX COCTOSIHUM BIOOJIb TPeX KOOPAMHATHBIX oceti.
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Jlekuusa 2. KBaHTOBbIe COCTOAHMA

Ecau A opreHTHPOBAH BAOJb OCHU 2, TO JBA BOSMOYKHBIX
COCTOSAHUS, KOTOPBIE MOTYT GBITH IPUT'OTOBJIEHBI, COOT-
BETCTBYIOT 0, = =1. HazoBem ux 88epx m 6Hu3 u oymem
obo3HauaTh KeT-BeKTopamu |u) u |d). Urak, ecau npubop
OPUEHTHUPOBAH BAOJb OCH 2 U perucrpupyet +1, To npu-
TOTOBJIEHO COCTOSIHUE |U).

C mpyroii cTpaHbI, €CJN IIPHUOOP OPUEHTUPOBAH BIOJb
OCH X ¥ peTUCTPUPYeT —1, TO IPUTOTOBJIEHO COCTOAHUE |[).
Byznewm HasbiBaTh ero 6.1e60 (left). Eciu A HanpaBiieH 1o
OCH Y, OH MOKET IIPUTOTOBUTH COCTOAHUA |i) U |0) — 6neped
u Ha3ao (in/out). ges moHaTHA.

IIpencraBienme 00 OTCYTCTBUM CKPBITHIX IEPEMEHHBIX
MMeeT OYeHb IIPOCTOEe MAaTEeMATHYECKOe BhIPAKEeHNE: IIPO-
CTPAHCTBO COCTOSHUM [JISl OT/EJILHOTO CIIMHA UMEeT TOJIBKO
nBa msMepeHuA. JlaHHBINT MOMEHT 3aCJyKUBaeT 0cO00TO

BHUMAaHUA:

Bce 803moxcHbLe cCNUHO8bLE COCMOAHUA MO2Ym Oblmb npeo-

cmasJienvl 8 08YMEePHOM BEKMOPHOM NPOCMPAHCMEe.

Mo2KHO 10 HEKOTOPOM CTeIeH! IPOU3BOJIbHO! BEIOPATD
|u) u |d) B KauecTBe 6a3UCHBIX BEKTOPOB U 3alIUCATH JL10-
00e cOCTOsTHUE KaK JUHENHYIO CYIIePIIO3UIINIO 9TUX ABYX.
Mz1 moka BeIOepeM UX MMEHHO Tak. ByaeM McIIoJIb30BaTh
obo3HaueHme |A) 4 cocToAHUA B 061ieM caydae. Torga

MOJKHO 3aIluCaThb 3TO B B I€ YPDABHEHUA

[4) = aulu) + aqld),

1 9ToT BHIGOD HE MOJHOCTHIO TPOUBBOJIbHBIN. BasucHbIE BEKTOPBI
IOJI’KHBI OBITh OPTOTOHAJBHBI IPYT APYTY.
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TZie oy U 0y — KOMIIOHEHTHI |A) BI0JIb 0a3UCHBIX Halpas-
neHuii [u) u |d). MaremaTruecKy MOKHO OIIPEAEINUTb KOM-

IIOHEHTHI |A) ciIeyIOIIuM 00pasoM:

oy, = (ul4),

ag = (d|A). (2.1)

9TH ypaBHEHHUS IpPeae;ibHO adCTPAKTHBI, M COBEPIIEeH-

HO HEOUEeBUIHO, B UeM COCTOUT UX (PU3UUECKUI CMBICJI.

¥ cobuparoch mpsaMo cefiuac paccKasaTh BaM, UTO OHH 03-

HauaoT. [Ipexae Bcero, |A) MOKeT IPECTABIATD JI060€e

COCTOSIHUE CIIMHA, IIPUTOTOBJIEHHOTO JIIOOBIM CIIOCOO0M.

KoMIIoHeHTBI oy, 1 (g — 9TO KOMILIEKCHbIE UKCJIa; CAMU I10

cebe OHU He UMEIOT dKCIIePUMEHTAJBLHOTO CMBICJIa, HO Y UX

a0COJIIOTHBIX BEJIMUUH OH €CTh. B YacTHOCTH, BHIPAYKEHU A

o,y B 0y g IMEIOT CIeAVIOIUI CMBICI.

+ IlycTh ciMH IPUTOTOBJIEH B COCTOSHUM |A), a mpubOp
OPHEHTUPOBAH BI0Jb OCU 2, TOT/Ia BeJIMUMHA Oy, — 9TO
BEPOATHOCTH TOTO, YTO PE3YJIbTATOM U3MEPEHUSA CIIMHA
oymeT 0, = +1. J[IpyrumMu cJaoBaMu, 3TO BEPOSITHOCTh
TOT'0, UTO CIUH OyZeT UMeTh COCTOSHIE 88ePX, €CJIN 13-

MepAThb €ero BAOJIb OCH 2.

- ToYHO TaK e 0y“ 0,y — ITO BEPOATHOCTD TOTO, UTO IIPHU
M3MepeHNun 0, OyAeT MOTyIeHO 3HAUCHNE 6HUS.
3HauYeHUA o, UJIU, YTO DKBUBAJIEHTHO, (u|A) u (d|A), Ha-
3BIBAIOTCSA aMILIUTyAaMu BepoaTHocTu. Camu 1o cebe oHUI
He SIBJISIOTCSA BEPOATHOCTAMU. JIJ1 BHIYHMCIEHNS BEPOAT-

HOCTel Haago BO3BOOAUTH B KBaJgpaT UX a0CoOJIIOTHEIE 3HA-
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Jlekuusa 2. KBaHTOBbIe COCTOAHMA

YeHudd. ,HPYI‘I/IMI/I CJIOBaMM, BEPDOATHOCTH IIOJIYUE€HUA IIPU

M3MepPEeHUN Pe3yJIbTATOB 86€pPX M 6HU3 OYAYT

Py=(4]d)(dl4) 22
Ob0paTuTe BHUMaHNUE, YTO I HUUETO He CKas3ajl 0 TOM, Ka-
KUM OBLIO 3HAUYEeHUe 0, 10 u3MepeHud. Bee, uTo y Hac ecThb
IO U3MEPEHUA, — BTO BEKTOP |A), KOTOPHIN OIIpeseIaeT
IOTeHI[HMaJbHbIe BOBMOYKHOCTHU, HO He JefiCTBUTEJbHbIE
pe3yabTaThl U3MEPEHUIH.

U emte nBa Ba:kHBIX MoMeHTa. IIpesx e Bcero, obparute
BHUMaHUe Ha TO, YTO |u) U |d) BBANMHO OPTOTOHAJILHEL.

pyrumu cjioBamu,

(uld)
(dfu)

0,

0 (2.3)

PusnuecKuil CMBICJ 9TOTO B TOM, UTO €CJIM CIIMH IPUTO-
TOBJIEH B COCTOAHUU 86€PX, TO BEPOSTHOCTH OOHADYKUTH
€T0 B COCTOAHUY 8HU3 PaBHAa HYJIIO, 1 HA000POT. ITO OUEeHb
BaXHO, IOCKOJIBKY, d eIlle pas IIOBTOPAIO, IBAa OPTOTO-
HaJbHBIX COCTOAHUS PUBUUYECKH PA3JIUUHBI 1 B3AMHO
HUCKJIIOUAIOT APYT Apyra. Eciau ciuH HaXOoUTCA B OJJHOM U3
9TUX COCTOSIHUIL, TO OH He MOoXHcem OBITh B APYTOM (TO €CTh
BEPOSATHOCTD 9TOT0 paBHA HYJI0). [laHHAA Uesd IPUMeHH-
Ma KO BCEM KBAHTOBBLIM CHCTEMAaM, HE TOJbKO K CIIMHAM.

Ho He myTaiiTe OpTOrOHAJIBHOCTHL BEKTOPOB COCTOSA-
HUI ¢ OPTOTOHAJIBHOCTBIO HAIIPaBJIEHUI B IPOCTPAHCTBE.

B neticTBUuTEIbHOCTY HATIPABJIEHUA 66€PX 1 6HU3 — DTO HE
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OpTOTrOHAJbHBbIE HATIPABJIEHU S B IPOCTPAHCTBE, HECMOTPS
Ha TO YTO CBA3aHHBbIE C HUMU BEKTOPBI COCTOAHUI OPTOTO-
HaJIbHBI B ITPOCTPAHCTBE COCTOAHUM.

Bropoit BayKHBIT MOMEHT: COBOKYITHAS BEePOSITHOCTD
BCeX MCXOJ0B PaBHA €IWHUIIE, TO €CTh JOJKHO BBLITIOJ-

HATHCS PABEHCTBO
ooy + oagfag = 1. (2.4)

ITO SKBUBAJEHTHO YTBEPIKAEHUIO O TOM, YTO BEKTOD |A)

HOPMUPOBaH Ha 1:
(AlA) =1.

ITOo Upe3BHIUYATIHO OOILIUI IPHUHITUII KBAHTOBOI MEXaHUKI,
KOTOPBII pacpocTpaHsaeTCsa Ha BCe KBAHTOBbIE CHCTEMBEI:
COCTOSIHVE CHCTEMBI IIPE/ICTABIAETCH eJUHNYHBIM (HOD-
MUPOBAHHBIM) BEKTOPOM B BEKTOPHOM IIPOCTPAHCTBE CO-
crosuuii. BoJsiee Toro, KBagpaThl a0COMIOTHBIX BEeJINUYNH
KOMIIOHEHTOB BEKTOPaA COCTOSIHUS BIOJIb KOHKPETHBIX
0a3MCHBIX BEKTOPOB JAIOT BEPOATHOCTH PA3JIMUYHBIX dKC-

IIEpUMEHTaJIbHBIX MCXOJ0B.

2.3. Booas ocu x

Panee Ob1110 cKazaHo, uTO J1000€ CIIMHOBOE COCTOSIHIE
MO:KeT OBITH IIPEICTAaBJIeHO JUHENHO KoMOuHauen oa-
BUCHBIX BEKTODPOB |u) u |d). [lonpoGyeM BHIIOJIHUTDH 9TO
IJIsT BEKTOPOB |r) u |l), KOTOpBIE IPECTaBIAIOT CIINHEI,

IIPUTOTOBJIEHHBIE BIOJIb OCH X. Haunewm c |7"> . BcmomauM 13
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Jlekuusa 2. KBaHTOBbIe COCTOAHMA

smexnuu 1, uTo ecoiu A mepBoHAYAIBHO IPUTOTABIUBAET |I),
a 3aTeM IOBOPAUYMBAETCS [IJIs U3MEPEHNA 0, TO OyAYT PaB-
HbI€ BEPOSTHOCTH OOHAPYKUTH COCTOAHUS 86ePX U BHUS3.

Taxum 006pasoM, Kaxgoe 13 3HAUEHNH oy, 0y, Y 0y Olg TOJTIFKHO

1
OBITH PABHO 3 IIpocToit BEKTOD, YIOBIETBOPAIOIIUI 3TOMY

YCJIOBHIO:

. (2.5)

B BBIGOpE 3TOr0 BEKTOPa €CTh HEKOTOPAasA HeOJHO3ZHAUHOCTD,
HO, KaK MBI YBUJUM JAJIbIIE, OHA CBOAUTCS K IIPOMU3BOJIY
B BBIOODE TOUHBIX HAIIPABJIEHUN OCeH X U Y.

Teneps paccmorpum BeKTOD |I). BoT uTo HaM n3BeCTHO:

KOT[la CIIMH MPUTOTOBJEH B KOHPUTYPAIIUU 8./1€60, BEPO-
ATHOCTH JIJIA 0, BHOBb PABHBI 3 IATOT0 HEAOCTATOYHO IJISA

OIIpeeJIeHNs 3HAUCHU oy, ‘o, U 0yg 0y, HO €CTh eIlle OLHO
yCJIOBHE, KOTOPO€ MBI MOKEeM UCIIOJIb30BaTh AJIA BEIBOJA.
Pamee g rosopu, 4To |u) 1 |d) OPTOrOHAIBHBEI ITO TOH IIPO-
CTOIl IPUYMHE, YTO €CJIU CINH HAXOAUTCA B COCTOAHUU
66epx, TO OH OIIPe/ieJIEHHO He HAXOJUTCSA B COCTOAHUY 6HU3.
Ho B cocTosiHUAX 66epx U 6HU3 HET HUUETO 0COOEHHOTO,
U TO K€ caMoOe BEPHO B OTHOIIEHUU COCTOAHUIU 8npaA6o
U 671€60. A IMEHHO eCJIU CIMH HAXOAUTCA B COCTOAHUU
6npaeo, y Hero HyJieBas BePOATHOCTb HAXOAUTHCA B CO-

crossHuM 8.1e60. Tak uTo, no anasoruu ¢ (2.3),

(rlD)
{[r)

b

0
0.

6
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KBaHTOBaA MexaHuKa

OTHUM YCJIOBUSAM IIOJHOCTHIO COOTBETCTBYET CJIeLYIOIee
BBIpayKeHue A |1):

. (2.6)

YIIPAGKHEHUE 2.1

IokaskuTe, 4TO BEKTOD |r') B ypaBHeHUu (2.5) opTo-

roHajieH BeKTopy |l) B ypaBHeHuu (2.6).

U1 BHOBB CyIIeCTBYeT HEOJHO3HAUHOCTH B BbIGODE |I).
9To TaK HasbpIBaemMas HeonpedeleHHOCMb a3vl. Jlomy-
CTHUM, YTO MbI YMHOKUJIN |l) HA IPOUBBOJIBbHOE KOMILIEKC-
HOe YHMCJIO 2. ITO He IOBJIHUAET HA OPTOTOHAIBHOCTS |I),
OJHAKO B 00IIeM cayuae pe3yJabTat 00JIbIlle He Oy IeT HOp-
MUPOBAHHBIM (TO €CTh He Oy/eT UMeTh eANHUYHYIO JJINHY ).
Ho ecsiu BeIGpaTh 2 = €0 (r1e 6 MOKeT OBITH JTI00BIM Bellle-
CTBEHHBIM UYVCJIOM ), TO 3TO He IOBJIUAET HAa HOPMUPOBKY,
MIOCKOJIBKY € mMeeT e TMHUYHYIO aOCOIOTHYIO BeJIUUUHY.
Opyrumu caoBamMu, oy, oy, + 0g Qg OCTaHeTcs paBHBIM 1.
Tak Kak umciio B (popme z = ¢9 HazpIBaeTCA (pa30OBLIM
MHOKHUTEJIEM, 9Ta HEOJHO3HAUHOCTh HA3bIBAETCS Heonpe-
Odesennocmyio pasvi. B ganbHeiieM Mbl OOHAPYIKUM, UTO
He CylIIeCTBYyeT u3dMepPAeMbIX BEJINUYNH, YyBCTBUTEJIBHBIX
K o0miemMy 0a30BOMY MHOMKUTEJI0, 3SHAUUT, MOYKHO UT'HO-

pUpPOBaATh €r0 MPU 3aJaHNUU COCTOAHUI.
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Jlekuusa 2. KBaHTOBbIe COCTOAHMA

2.4. Bnoas ocu y

ITepeiinem, HAKOHEL, K COCTOAHUSAM |i) U |0), BEKTOpaM,
IIPE/ICTABJIAOIINM CIINHBI, OPMEHTUPOBAHHBIE BIOJb OCH JJ.
PaccMmoTpuM yCa0BUs, KOTOPLIM OHHU JOJIKHEI YI0BJIETBO-
pars. Ilpexx e Bcero,

(i|o) = 0. (2.7)

9To ycJI0BUE YTBEPIKAAET, UTO 8neped u Ha3ad mpeacTas-
JIAIOTCA OPTOTOHAJIBHLIMU BEKTOPAMU TOUHO TaK JKe, Kak
68epx 1 6HU3. PUBNYECKU 3TO O3HAUAET, UTO €CJU CIIUH
HAXOIUTCA B COCTOAHUY 8neped, TO OH TOUHO He HAXOIUTCS
B COCTOAHUU HA3A0.

CYIl[eCTByIOT JOITIOJTHUTEJIbHBIEC OT'DaHNYEeHNA Ha BEKTO-
pHl |i) u |0). Mcnionbsysa cooTHomrenus (2.1) u (2.2) u cra-
THCTUYECKIUE Pe3yIbTAThl HAIIINX 9KCIEPUMEHTOB, MOXKHO

3alimcaTsp CJaeayIollee:

(2.8)

B mepBBIX ABYX YpaBHEHUAX |0) UT'PAET POJIb |A) U3 ypas-
HeHmi (2.1) u (2.2). B ABYX APYTruX YPaBHEHUAX 9Ty POJIb
urpaer |i). [JaHHbIe YCI0BUSA YTBEPIKAAIOT, YTO €CJIU CIINH
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OPUEHTHPOBAH BJOJb J, a 3aTeM U3MEPEH BIOJb 2, TO OH
C PaBHOH BEPOATHOCTBHIO OYAET B COCTOAHUU 88€PX WUIIU
srnu3. Ciaenyer TaksKe OKUAATh, YTO €CJIXA CIIMH U3MepPeH
BJIOJIb OCH X, OH OyZeT C PAaBHOM BEPOATHOCTHIO B COCTOSI-
HUU 8NPAB0 NI 8/1€60. ITO MPUBOIAUT K AOTIOJTHUTETbHBIM

YCJIIOBUAM:

(2.9)

IlaHHBIE YCJIOBUS NOCTATOUHBL JJIsI OpeaeseHus (hOPMbI
BEKTODPOB |i) U |0), 3a UCKJIIOUEHNEM HEONPeJeIeHHOCTA

(asbei. Bor uTo B pesyabTaTe mosiyyaeTcs:

(2.10)

YIIPAGKHEHUE 2.2

Iokaskure, 4TO |i) 1 |0) YAOBIETBOPAIOT BCEM YCJIO-
BUAM B ypaBHeHUAX (2.7, 2.8 u 2.9). YHUKaIbHBI

JIX OHU B 5TOM OTHOIIIEHNI?
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Jlekuusa 2. KBaHTOBbIe COCTOAHMA

NHuTepecHO, UTO [Be U3 KOMIIOHEHT B ypaBHeHuAX (2.10)
ABJIAIOTCA MHUMBIMHU. KOHeUYHO, MBI Bce BpeMsA T'OBOPHUM,
YTO IPOCTPAHCTBO COCTOAHUN ABIAETCA KOMIIJIEKCHBIM
BEKTOPHBIM IIPOCTPAHCTBOM, HO ZI0 CUX IIOD HAM He IIpU-
XOJUJIOCHh UCIIOJIb30BAaTh KOMIIJIEKCHBIE UMCJIa B BBIYUC-
JIeHUAX. SIBIAIOTCA JIM KOMIIJIEKCHBIE YHCJIa B yPaBHEHU-
ax (2.10) gums BOIpocoM yAoOCTBa WK 9TO HEOOXOLU-
MocTb? IIpu HatteM 101X0/ie K CIIMHOBBIM COCTOSTHUSAM HET
BO3MOXKHOCTHU 9TOT0 130erKaTh. [JoOKasbIBaTh 9TO JOBOJIHHO
YTOMUTEIBHO, HO HIYEro CJIOKHOTO TyT HeT. B cienyiomem
yIpasKHeHNN HaMedeH IIJIaH 9Toii mporeaypsl. Heooxomu-
MOCTH B KOMILJIEKCHBIX UHCJIaX — 9TO 00II[asg 0cOOeHHOCTh
KBaHTOBOH MeXaHUKHU, U B JaJIbHEHIIIEeM MbI CTOJIKHEMCH

C IPYTUMU OHPUMepaMu.

YIIPAKHEHMUE 2.3

Ha Bpewms 3abyabre, uto ypaBHeHud (2.10) gator
HaM paboTaoIue BhIPDAKEHUd JJI |i) U |0) uepes
|u) u |d), u IpexacTaBpTE, YTO KOMIOHEHTHI O, (3, 7
1 O HeM3BECTHBI:

i) = ofu) + 8ld),
0) =nlu) + 8ld).

a) Ucnonbsyst ypaBHeHus (2.8), MOKasKuTe, 4TO
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6) Onupasce Ha 9TOT pes3yJaIbTaT u ypaBHeHus (2.9),

IMOKAaKUTe, UTO

B) IToraskure, uTo a3 1 ~*0 HOJPKHBI UMETH YICTO

MHMMBIE€ SHAYEHUA.

Ecau o3 — umeTo MEMMOE, TO YHCIa O 1 3 He MOT'YT
OBITH 00a BEeI[eCTBeHHBIMH. ITOT K€ BhIBOJ IIPHUMe-

HUM H K ~"0.

2.5. IlogcueTr mapamMmeTpoB

Bceerga BaskHO 3HATh, CKOJIBKO HE3aBUCUMBbIX IIapaMeTPOB
TpedyeTcs AJIsI TOT0, YTOOBI OIKCATE cucTeMy. Hampumep,
HWCII0JIb30BaBIIUEcsa B mome I 0600IIeHHbIe KOOPAMHATHI
(oHM 0603HAYAINCH ¢;) COOTBETCTBOBAJIN HE3aBUCHMBIM
cTemeHAM cBoOOIbI. TaKkoi moaxom ocBOOOMKIAT HAC OT
CJIOXKHOHU 3amaum (hOpPMYJIUPOBAHUA IBHLIX YPaBHEHUI,
omnuchIBaOMUX (husuueckue orpanunyenusd. [1o Tem ke co-
o0pasKeHUAM HaIllell cJIeyIolell 3ajaueil OyeT moacueT
yrcsa PU3NUECK Pa3INYHbIX COCTOSHUI, CYIIIeCTBYIOIIIIX
Iis crumHa. S caesaio aTo ABYMS cIoco0aMu U ITIOKaKYy, UTO
pes3yJbTaT ImoJIydyaeTcsa OTUHAKOBBIM.

IlepsBrlil ctoco6 — mpocToii. OpueHTHPYyEeM HPuOOP

BI0JIb JIIOOOT0 3-BeKTopal i u mpuroroBum cumH c o = +1

1 He 3a6bIBaiiTe, 4TO 3-BEKTOPHI — 5TO He Opa WM KEeThI.
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BIIOJIb 9TOM ocu. Ecau o = —1, TO MOYKHO CUNTATE, UTO CIINH
OKa3aJICs OPUEHTUPOBAHHLIM BIOJIbL ocu —7i . Takum obGpa-
30M, JIOJI?KHO CYIIeCTBOBATH COCTOSHUE IJISI eUHUYHOTO
3-BeKTOpa A Ji000it opueHTanuu. CKOJIBKO IIapaMeTpPOB
TpedyeTcs IJisI 3amauusa Takoii opueHTanuu? HyxHO nBa
yrja, 4ToObl 3aJaTh HallpaBJeHNe B TPEXMEePHOM IIPO-
crpaHcTBel.

Temepb pacCMOTPUM TOT K€ BOIPOC C APYTOil TOUKM
3peHusa. O0Iee CHNHOBOE COCTOSIHIE OIIPeeIsaeTCs IBYMs
KOMILJIEKCHBIMH YHCJIAMU O, U 0y. IIOX0Ke, UTO B IeJIoM
MOJIyYaeTcs YeThIpe BeIlleCTBEHHBIX IIapaMeTpa, C yU4eTOM
TOTO, UTO KaXKIBIM KOMIIJIEKCHBI ITapaMeTp CUMTAEeTCS
3a aBa BelecTBeHHBIX. OHAKO BCIIOMHUM, UTO BEKTOP
JOJI3KeH OBITh HOPMUPOBAH COTJIACHO ypaBHeHUO (2.4).
YcaoBue HOpMUPOBKY JaeT HAM OJTHO YpaBHEHIe C Bellle-
CTBEHHBIMH IIePEeMEHHBIMU 1 COKPAIIlaeT YMCJIO Imapame-
TPOB IO TPeX.

Kax s y:Ke roBopuJI paHbIiie, Mbl B KOHIIE KOHIIOB YBIU-
IUM, UYTO (pu3uUUecKue CBOMCTBA BEKTOP COCTOAHUA He
3aBHCHUT OT 00111ero (0a30BOro MHOMKUTEJISA. ITO O3HAUAET,
YTO OAUH U3 TPEX OCTABIIINXCS IIaPaMETPOB SIBJISIETCS 13-
OBITOUHBIM, TAK UTO UX OCTAETCS TOJLKO JBa — CTOJIBKO JKe,
CKOJIbKO HE0OXOAMMO JJIs 3alaHUsA HallpaBJIeHUI B TPeX-

MepHOM mpocTpaHcTBe. TaKuM 06pasoM, B BEIPAIKEHUN

oy |u) + agld)

1 BcmomHHTE, UTO B C(DEPUUECKUX KOOPAUHATAX UCIOJIb3YVIOTCS
JIBa yIJIa JJIf 3a/JaHUA OPUEHTAIINY TOYKY OTHOCUTEIHHO CHCTEMBI
orcuera. Hampumep, 3T0 MOTYT OBITH IITUPOTA U JOJITOTA.
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nmMeercd 1OCTaTO4YHO CBO60/IBI AJId OIIMCaHMA BCEeX OPUEH-
TaI.IPIfI CIIMHa, HECMOTPA Ha BOBMOJKHOCTDB JIUIIIb ABYX pPa3-

JUYHBIX NCXOJOB BIOJL JII000I OCH.

2.6. IIpencraBiaeHne CINHOBBLIX COCTOSHUMA
BEKTOPaMM-CTOJIOLAMU

M5l y:Ke MHOTOMY CMOTJIM HAYYUTHCS, UCIIOJIB3Ys ab-
cTpakTHbIE (DOPMBI BEKTOPOB COCTOAHUI Bpoze |u) u |d).
AT abCcTpaKIMU MOMOTAIOT HAM CKOHIIEHTPHUPOBATLCS
Ha MaTeMaTUYeCKuX B3aUMOCBA3AX, He 0€CIIOKOACH O He-
00A3aTeIbHBIX TOAPOOHOCTAX. OTHAKO BCKOPE HAM IIOTpe-
O0yeTcsA BBITTOJHATHL KOHKPETHBIE PACUETHI CO CIMHOBBIMU
COCTOSIHUAMM, a AJIS 3TOTO MOHATOOUTCSA 3alUCHIBATH
BEKTOPHI COCTOAHUMN B hopMe cToa0110B. M3-3a (pasoBoii
HeompeJeJIEHHOCTH IIPeACTaBJIeHUs B (hopMe CTOJIOIIOB He
SABJAIOTCA YHUKAJIBHBIMY, 1 MBI IIOIPOOYyeM BBIOPATH ITPO-
cTedmuil u HanboJiee YAOOHBIN BapuaHT, KaKOM TOJIBKO
CMOJKEM HaNTH.

Kaxk 0661480, MBI HauHeM C |u) 1 |d). Heo6xoxumo uTo-
OBl OHU UMEJIU eUHUYHYIO UINHY U OBLIM B3ANMHO OPTO-
TOHAJIbHEI. BOT mmapa cToy0IoB, KOoTopas YAOBJIETBOPAET

9TUM TPEOOBAHMIM:

(2.11)

(2.12)
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Hauag ¢ 9TuX BEeKTOPOB-CTOJIOOB, HETPYJHO HANTH BEKTO-
PBI-CTONOIE At |r) u |l), monab3ysck ypaBHeHUAMU (2.5)
u (2.6), aTakoke 114 |i) u |0) ¢ momoIbio ypaBHeHus (2.10).
Mp&I caesiaeM aTO B CJIEAVIOIIEeH JeKI[UN, I'ie HaM II0Tpe0y-

IOTCA COOTBETCTBYIOIIIME PEe3yJIbTAaThI.

2.7. CBoguM Bce BOeTUHO

B oT0oi1 meKuny MBI oXBaTHIM 00JbII0N MaTepuai. Ilpe:xae
yeM JBUTAThLCS JaJIbIlle, faBaiiTe IIPOBeAeM PEBU3UIO TOTO,
YTO HaMu cAesiano. Ilens cocTosmra B TOM, YTOOBI COETUHUTE
HAIIIY 3HAHUSA O CIIMHAX 1 BEKTOPHBIX MPOCTPAHCTBaX. MEbI
MOHSJIN, KaK MCI0JIb30BaTh BEKTOPHI IJIsI IPEICTAaBIEHU A
CIMHOBBIX COCTOSIHIIA, 11 B IIPOILECCE STOM PAOOTHI MbI IIOJIY-
Y IIePBBIN HaMeK Ha TO, KaKyio HH(GOPMAI[IIO COAEePIKUT
BEKTOD COCTOAHUA (U KaKyIo He comep:xut!). Bor kpaTkas

CBOJKA TOI0, 4YTO MEI CaeJIajiun.

+ OCHOBBIBAsICH HA HAIIIMX BHAHUSAX O CIIMHOBBIX N3Mepe-
HUAX, MBI BBIODAJIN TPY IIaphbl BBANMHO [I€PIEHANKYJIAD-
HBIX 0a3UCHBIX BeKTOpOB. [TonapHO MBI HA3BaIU UX |U)
u|d), |r) u |l) u, HakoHe1, |i) u |0). IlocKoabKY 6a3uCHBIE
BEKTODHI |u) 1 |d) COOTBETCTBYIOT (DUBUUECKU PABINY-
HBIM COCTOSHUAM, MbI CMOIJIM YTBEPXKJATE, YTO OHU
B3aWMHO OPTOrOHAJIbHEL. JIpyrumu ciaosamu, (u|d) = 0.

To xe camoe oTHOCUTCA K |r) U |l), a TakKe K |i) u |0).

« Mur OﬁH&py&RI/IJII/I, 4ToO OJIA 3agJaHUA CIIMHOBOI'O COCTOA-

HUA TPeOyIoTCS ABa He3aBUCUMbBIX IIapaMeTpa, U 3aTeM
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IPOU3BOJILHO BHIOPAIN OJHY U3 OPTOTOHAJBHBIX IIap
(lu) u |d)) B KauecTBe 6A3UCHBIX BEKTOPOB AJIA IIPEJ-
CTaBJIEHUA 6CeX CIIMHOBBIX COCTOAHU, HECMOTPSA Ha TO
UTO AJIA 3aJaHUA JBYX KOMILJIEKCHBIX UlceJl B BEKTOPe
COCTOAHUSA TPeOYITCA UeThIpe BellleCTBeHHBIX UHCJIA.
Kax c stum cupasuancs? Ham XBaTujio yma 3aMeTHUTh,
YTO 9TH YeThIPe YHCJIa He II0JHOCTHI0 He3aBUCUMBIL. Y-
JIOBM€ HODMUPOBKY (CyMMapHas BEPOATHOCTD HOJKHA
OBbITH paBHAa 1) MCKJIIOUAET IePBBIH He3aBUCUMBIII ITapa-
MeTp, & HeollpeieJIeHHOCTh (passl (Ha (PUBUKY BeKTOpa
COCTOSHUS He BIUAET 001uil (PasoBbIf MHOMKUTEJD)

WCKJIIOUaeT BTOPO.

- Bribpas |u) u |d) B KauecTBe HAIIINUX [VIABHBIX 0A3UCHBIX
BEKTOPOB, MBI PACCMOTPEJIN, KaK NPEACTABUTH APYTHE
IBe mapbl 0a3MCHBIX BEKTOPOB B KAUeCTBe JIMHEHHBIX
KOMOMHANU |u) u |d) ¢ yueToM OrpaHUYeHUI, HAKJIa-
ABIBAEMBIX OPTOTOHAJIBHOCTHIO ¥ BEPOATHOCTHBIMHU yC-

JIOBUAMMU.

+ Haxkomne1, MbI BBeJIX CIIOCO0 IIpeCcTABJIEHUA HAIIIUX
IJIaBHBIX 0a3MCHBIX BEKTOPOB B (DOPME CTOJIOIOB. ITO
OpeacTaBJeHNe He YHUKAJIbHO. B ciaenqyroiiei Jjexknuu
MBI UCIIOJIB3yeM BEKTOPHI-CTOJOIH |u) U |d) Aaa Ha-

XOXKIOEeHUA BeKTODOB-CTOJI6IlOB B ABYX APYyIrux Oasmcax.

ILOCTI/II‘HYB 9TUX KOHKPETHEIX Pe3yJIbTaTOB, MEI IIOJIY-

UYMNJIN BOSMOHOCTB IIOCMOTPETH B I,I[eI‘/'ICTBI/II/I KOe-4uTO u3

1 MosxeTe MO3BOJIUTD cebe CAMOMLOBOJIBHYIO YIBIOKY.
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MaTeMaTHKI BEKTOPOB COCTOAHUI 1 KOe-UTO Y3HATH O TOM,
KaK 3TU MaTeMaTuuYecKre 00bLeKThl CBSA3AHBI C (PU3UUe-
CKUMU CIIMHAMU. XOTs MBI OyZleM KOHIIeHTPUPOBAThCA Ha
CIIMHAX, Te jKe IMOHATHA U IPHEeMbI IPUMEHNMBI 1 K JPYTIM
KBaHTOBBIM crucTeMmam. IloxKanyiicra, yaeJgnuTe HEMHOTO
BpeMeHHU TOMY, YTOObI YCBOUTH MaTepPUaJl, KOTOPBIN MbI
paccMoTpesiu, Ipekie YeM MePeXOoAuTh K CJeayIiolei

neknuu. Kak g ysKe roBopuJ BHauaJje, 9TO OKYIIUTCH.



Jlekuusa 3. IIpyHIIUTIBI
KBAHTOBOU MEeXaHUKMN

Apr: 5 He Taxoi, Kak ThI, JlenHU. M0 MO3T TPOCTO

HE HpI/ICHOCO6JIeH OJIA KBaAHTOBOM MeXaHUKU.

Jlennn: Xa! Moii Toke He ObLI. S B caMoM fmeJjie He
Mory cebe Bce aTo IIpeacTaBuTh. Ho g Tebe craxy,
YTO KaK-TO 3HABAJ IIApPHI, KOTOPBIHA AyMaJj COBCEM

KaK 9JIeKTPOH.
Apt: UTO ¢ HUM CIAYUIUIIOCH?

Jlennu: Bee, uTo s Tebe cKaKy, APT, 9TO OIIPEeIEHHO

He OBLITIO IPUBJIEKAaTEJILHO.

Apr: XM, HaIe0Ch, 5TOT I'eH He IIepeJaeTcs 110 BO3-

AYXY.

Her, MBI He TpHCIIOCOOJIEHBI OIITYIIIATh KBAHTOBLIE ABJIE-
HUS; HE TaK, 0 KpaliHel Mepe, KaK IIPUCIIocobIeHbI BOC-
NIPUHUMATH KJIaCCUUYEeCKMe BEIIM BPOJIe CUJIbI UJIA TEMIIE-

paTypsI. Ho MbI ouens agaliITUBHBIE CO3JaHUA 1 CIIOCOOHBI
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3aMEHUTh MaTeMaTUUYeCKUMU a0CTPaKIIUIMU OTCYTCTBY-
IOII[Me OpraHbl YyBCTB, KOTOPbhIE ITO3BOJIAJAN OBl HAM He-
TIOCPEICTBEHHO BU3YaJIN3NPOBATh KBAHTOBYIO MEXaHUKY.
U, B KOHIIe KOHIIOB, MBI BCe JKe BhIpadaThiBaeM HOBBIN THUII
WUHTYUIAA.

B sTo#i eIy BBOAATCA IPUHIIUOLI KBAHTOBOM Me-
xaHUKH. [[J1d onrcanua 9TUX NPUHIITUIIOB HAM IIOHAIO0-
0sITCS HEKOTOPhIe MaTeMaTuYecKne nHCTpyMeHThI. C HUX

1 HAYHEM.

3.1. MaremaTnuyecKkasa MHTEPJIIOTNA:
JIMHENHbIEe ONePaTOPhI

3.1.1. MamruHbI M1 MATPHUILBI

CocTosaHUA B KBAHTOBOW MeXaHUKe MaTeMaTUYeCKH OIIH-
CLIBAIOTCS BEKTOPAMU B BEKTOPHOM IIpocTpaHcTBe. Pu-
3uuecKue HabJI0gaeMble — Te BeIlli, KOTOPhIe MOYKHO
U3MEepPUTh, — OIMUCHIBAIOTCA JUHEHHBIMHU OIIEPATOPAMU.
Mgl mpuMeM 9TO KaK aKCHOMBI, a II03JHee O0HaAPYIKUM
(B pasgmesie 3.1.5), uTo omepaTopsl, COOTBETCTBYIOIINE
(husuuecKuM HaOJIIOLaeMbBIM, JOJIKHBI OBITH HE IIPOCTO
JIUHEeHHBIMU, HO eIlle ¥ 3pMUTOBbEIMU. COOTBETCTBUE MEKIY
omeparopamMu 1 HaOJII0gaeMbIMU — BeIllb TOHKAas, U ee II0-
HUMAaHUe TOTPedyeT onpee;IeHHBIX YCUIUM.
Hab6rogaeMbie — 9T0 TO, UTO MOKHO I3MepPUTEL. Harpu-
Mep, MOAJal0TCs HEIIOCPEACTBEHHOMY U3MePEeHUNI0 KOOPAH-

HaTbI YaCTUIIbI; SHEPTUd, MMIIYJIbC HNJIN erIOBOfI MOMEHT
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CHCTEMBbI; UJIU 9JIEKTPUUECKOe II0Je B TOUKe IIPOCTPaH-
crBa. Habsronaemble TaKk:Ke CBSA3AHBI C BEKTOPHBIM IIPO-
CTPAHCTBOM, HO OHU He ABJIAIOTCA BEKTOPAMU COCTOSHUA.
ITO BeIH, KOTOPHIe BB MOXKETe N3MePUTh, — IIPUMEPOM
MOJKeT CIYKUTh Oy, — U OHU IIPEICTABIAIOTCA JUHEULHbL-
Mmu onepamopamu. [I:x0H Yuuep J10011 Ha3bIBaTh TaKkue
MaTteMaTudecKue 00beKThl Mauwunamu. OH IpeacTaBIAl
cebe MAIIMHY C ABYMS IIOPTAMM: BXOJOM U BeIXomoM. Ha
BXOJI BBI II0/JaeTe BEKTOD, CKaskeM |A). Bpybaere nepenauy,
¥ MalllvHa BbIZAeT BaM pesyabrar |B).

00603HAYNM STOT OIIEPATOP MOIYKUPHOI OyKBOH M (0T
cioBa «machine» ). Bot dpopmya, Beipakaoiias ToT GakT,
uro M feficTByeT Ha BeKTOD |A) u naert |B):

M|A) = |B).

He Bcakaa mammmua aBasgeTcs JUHEILHbLM OTIepaTopoM. Ju-
HEeMHOCTh 0O3HAUAET HECKOJBbKO ITPOCTHLIX CBOMCTB. IIpesxae
BCEero, JUHeHHLII oIlepaTop JOJIMKEH TaBaTh OJJHO3HAUHBIN
pesyJabTaT AJIs JJI00OT0 BeKTopa B mpocTpaHcTBe. MoxKHO
IIPeACTaBUTh cebe MaIlIuHy, KOTOPas AJIS OJHUX BEKTOPOB
IaeT pes3yJbTaT, a APyrue IporjaaTbiBaeT, He BhIAaBasi Hi-
yero. Takad MalrnHa He OyIeT JIMHEHHBIM OTIEPATOPOM.
Kaxoii-To pe3ybTaTr JOJKEeH HOJYyYaThCsa, UTO ObI HU II0-
IaBaJIOCh Ha BBO/I.

Crenyroiiiee CBOMCTBO YTBEPIKIAET, UTO IIPU JeHCTBUN
JuHEeWHOTO onepaTopa M Ha BEKTOP C MHOYKUTEJIEM, TOT
JKe MHOYKUTEJb IIOABJIAETCS Y Pe3yIbTUPYIOIIEro BeKTopa.

Tak, ecau M|A) = |B) u z — 11000 KOMILJIEKCHOE YUCJIO, TO
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Mz|A) = z|B).

W maxowner, mocaenHee ¢cBoiicTBO — Korma M melicTByer

Ha CyMMY BEKTOPOB, PE3YJIbTAThI ITPOCTO CKJIAABIBAIOTCSH:
M{|A) + |B)} = M|A) + M|B).

B KauecTBe KOHKPETHOTO IIPECTaBIEeHUSA JUHEHHBIX
0IIepaTOpPOB MBI BePHEMCS K IIPeACTaBJIeHUIO Opa- U KeT-
BEKTOPOB B BUJl€ BEKTOPOB-CTPOK ¥ BEKTOPOB-CTOJIOIOB,
KOTOPBIM MOJIF30BaJIUCh B JeKnuu 1. 3anuck B popme
CTPOK U CTOJIOIIOB 3aBUCHUT OT BhIOOPA 0a3MCHBIX BEKTOPOB.
Ecau BekTopHOE mpocTparcTBO N-MepHO, MbI BEIOEpEM Ha-
6op 13 N OPTOHOMUPOBAHHBIX (OPTOTOHAIBHBIX 1 HOPMU-

POBaHHBIX ) K€T-BeKTOPOB. O603HAYNM UX |j), a JyaabHBIE

“M Opa-BEKTODHI (j

Tenepb MBI CO6I/IpaeMC§I B3ATHb YPaBHEHHNE
M|A) = [B)

¥ 3alucaTh ero B IIOKOMIOHeHTHO! (opme. IIpeacraBum
IIPOUBBOJIbHBIN KeT |A) B BUje CYMMBI 110 0a3MCHBIM BeK-

TOpaM, KaK y»Ke Aesajioch B ypaBHeHuu (1.3):

Mp&I 31ech UCTIOJIB3YEM UHEKC j BMECTO i, UTOOBI y Bac He
OBLIIO MCKYIIIEeHU JYMATh, OyATO ObI peUL UIET O CIITHOBOM
cocToaHUM «Buepen» (in). Teneps IpencTaBuM TaKUM 2Ke

obpasom |B) u moxcraBuM o0a Beipaskenus B M|A) = |B).
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ITonyuaerca

ITocnemumii 11ar COCTOUT B TOM, YTOOBI B3SITh BHYTPEHHUE
IIpou3BeZieHus 00emX JacTeil 9TOro ypaBHEHUSA C OIIpefe-

JIEHHBIM 0a3MCHBIM BEKTOPOM (k|, ITOJTyUYNB B Pe3yIbTaTe
(3.1)

YT0o6BI OCMBICIUTE ATOT PE3YJIHTAT, BCIOMHUTE, 4TO (k|j)
aeT HOJIb, €CJIU j 1 k He paBHBI MeKIy co00i, u 1 mpu ux
paBeHCTBe. ITO O3HAYAET, YTO CYMMAa B IIPABOM YaCTH CO-
KpallaeTcs J0 OJHOTO ujeHa (3.

B neBoii uacTu MbI BuAuM Beauunny (k| M|j)o;. Ee mox-
HO COKPaTHUTh, 0003HauuB (k|M|j) cumBosom my;. O6parure
BHUMAaHUE, YTO KAXK0€e Myj — 3TO IIPOCTO KOMILIEKCHOe
yucyio. YTo6sI yOeaquThCs B 9TOM, PACCMOTPUTE AeHCTBUE
M =Ha |j) u monyuarotuiica HOBbIH KeT-BeKTOp. BHyTpeH-
Hee IpousBeeHue (k| Ha 9TOT HOBBIM KeT-BEKTOD JOJIKHO
OBITH KOMILIEKCHBIM YKCJIOM. BeJmuuHs! my,; Ha3bIBaIOT-
Csl MAaTPUYHBIMU dyieMeHTaMu M U 4acTo 3aIUCHIBAIOTCSA
B Bue KBajgpaTHoii MaTpuiibl N X N. Hanpumep, mpu N = 3

MOJMKHO 3ali1icaThb
(3.2)

B sToM ypaBHeHUU mMeeTcsa HeOOJIbIIOe 3JI0yIoTpel Ie-
HHue 0003HAUEHUSAMU, OT KOTOPOT'O IIYPUCTOB HAUNHAET

TOIIHUTH. B JIeBo# yuacTu cTOoUT abCTPAKTHEINA OIepaTop,
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a B IIPaBOil — ero KOHKPETHOE IIPe/ICTaBJIeHNE B OIIPeeIeH-
HOM Oasuce. Takoe IprpaBHUBAHYE SBJISETCA HEKOPPEKT-
HBIM, OJJHAKO OHO He [JOJI’KHO BbI3BATh HUKAKOMN [Ty TAHUIII.
Teneps BepHeMcs K ypaBHeHUIO (3.1), 3amernum (k|M|j) Ha

My ¥ TIOJTyYUM
. (3.3)

MoxHO TaKsKe IIepenncaTh 3TO B MATPUUYHON hopMe, TOTIa

ypaBHeHue (3.3) mpuobperaeT BuJ

(3.4)

BeposaTHO, BBI 3HAKOMBI C ITPaBUJIaAMU YMHOMKEHM S MATPUII,
HO 5 Ha BCAKHH cJIyuail HamOMHI0. YTOOBI BLIYKMCIUTD IIEP-
BBII 9JIeMeHT 31 B IIpaBOM YacTU, BOBbBMUTE IIEPBYIO CTPOKY

MAaTPUIILI U «CKAJIAPHO YMHOMKbTE» ee Ha CTOI0el] o:
B1=my10q + migap + myzag,

JJ1s MoJIyYeHu A BTOPOTO 9JIEMEHTA IIePEMHOKBTE BTOPYIO

CTPOKY MATPHIILI CO CTOJIGIIOM (!
Ba = ma10q + Mmaogap + Mazaig,

W rak nanee. Eciiz BbI He3BHAKOMBI C YMHOKEHUEM MaTPUIIL,
TO BKJIIOUNTE KOMITBIOTED U IIOUNTAMNTE O HEM IIPAMO ceiiuac.
ITOo KJIIOUEBOM 9JIEMEHT HaIllero Habopa MHCTPYMEHTOB, U1 5
OyIy cUuMTaTh, UYTO C 9TOTO MOMEHTA BbI C HUM 3HAKOMBI.

IIpencraBieHe BEeKTOPOB U JUHEHHBIX OIIEPATOPOB

B KOHKPETHO hopMe CTOJIGII0B, CTPOK U MaTPUIL (cobupa-
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TeJIbHO 9TO IIPeJICTaBIeHYe HA3bIBAETCA KOMNOHEHMHbLM )
MMeeT KakK JOCTOMHCTBA, TaK U HeJgocTaTKu. Ero mocTomnH-
cTBa OueBUAHBI. KOMIIOHEHTHOE ITpeicTaBIeHre 00ecIeun-
BaeT COBEPIIIeHHO ICHbII HA00p apu(MeTUUeCKUX TPaBUI,
110 KOTOPBIM paboTaeT matinHa. Ero HeiocTaToK B TOM, UTO
OHO BaBUWICUT OT KOHKPETHOT'0 BbIOOpa 6a3MCHBIX BEKTOPOB.
PeanbHBIE OTHOIIIEHUA MEXKAY BEKTOPAMU U OllepaTopaMu
He 3aBUCSAT OT BEIOOPa KOHKPETHOT0 0a3rmca, HO KOMIIOHEHT-
HOe TIpe/icTaBJIeHne CKPhIBAET 3TOT (haKT.

3.1.2. CoOGcTBeHHBIE 3HAUEHU ST
M COOCTBEHHBIE BEKTOPBI

B ob1iem cayuae, Korga JJMHEHHBINA OIepaTop AeiCTBYeT
Ha BEKTOD, OH MEHSET ero HanpaBJeHue. ITO SHAUUT, UTO
Ha BBIXOJIe MAITMHBI OyJAeT He IIPOCTO BXOJHOM BEKTOP,
YMHOKEHHBIT Ha umciio. Ho 11 KOHKPEeTHOro JIMHEHHOTO
orepaTopa OyAyT CyIeCTBOBATH OIIPeIeJIeHHbIe BeKTODGI,
HampaBJIeHIe KOTOPBIX OCTAETCS Ha BHIXOJE TAKUM Ke, Ka-
KMM OHO OBLJIO HA BXOe. T 0CO0bIe BEKTOPHI HA3BIBAIOTCS
coocmaeeHHbLMU sexmopamu. I1o onpeneseHn0 cOOCTBEH-
HBIH BeKTOp M — 9T0 Takoii BEKTOD |\), UTO

M|)\) = \\). (3.5)

I BoiiHOE MCIIOIb30BAHME \, KOHEUYHO, HEMHOTO COMBaeT
c Tronky. IIpex e Bcero, \ (B oTsimume oT |\)) — 9TO YucCIIO,
00BIYHO KOMILIEKCHOE, HO BCe »Ke IIpocTo uncyo. C apyroi
CTOPOHBI, |\) — KeT-BeKTOp. Bosee Toro, aTo Ker, 0ueHb
cueruduyecku orHocamuiicsa kK M. Korga |[\) ckapmin-

BaeTCda MalllllHe M, BCe, 4TO C HUM IIPpOMCXOaAMUT, — I3TO

78



Jlekuma 3. NpUHUMNbI KBAHTOBOW MeXaHUKM

YMHOKeHMe Ha urcjo \. IIpuseny npumep. Ecau M — sTo
maTtpuia 2 X 2

TO HETPYAHO YOeAUTHCA, YTO BEKTOD

1

1
mox peticrBueM M mmpocTo ymHOMKaercsa Ha 3. ITompobOyiiTe
camu. ¥ M ecTb TaksKe IPYyroii COOCTBEHHBIN BEKTOP:

1

-1/

Korzma M meficTByeT Ha 9TOT COOCTBEHHBIII BEKTOD, OH YM-
HO’KaeTcA Ha JPYroe 4mcjo, a uMmeHHo Ha —1. C npyroi

CTOPOHEI, ecai M meficTByeT Ha BEKTOP

TO 9TOT BEKTOP Heé IIPOCTO YMHOKaeTCA Ha UMCJIO: M menser

€I'0 HallIpaBJIeHlE, a HE TOJIBKO BEJIMYNHY .

Tak Xe KaK BeKTOPHI, KOTOPble YMHOMKAIOTCA Ha UUCJIIO
mon BosaercTBueM M, Ha3bIBAIOTCA COOCTBEHHBLIMU BEK-
TopamMu M, KOHCTaHTHI, HA KOTOPbIe OHU YMHOKaETCH, Ha-
3BIBAIOTCA COOCMBEHHBLMU YUCAAMU, NITA COOCTMECHHbLMU
3Haueruamu. B o01em cirydae coOCTBeHHBIE UMCJIa SABJISA-
I0TCA KOMILJIEKCHBIMU. BOT mpuMep, KOTOPBIM BBl MOXKETe

mpopaboTaTh CAMOCTOATENHLHO. BO3bMUTE MATPUITY
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U IIOKaKNTE, UTO BEKTOP
1
i
ABJISETCS COOCTBEHHBIM BEKTOPOM C COOCTBEHHBIM UIC-
JoM —i.
JIuHeiiHbIe OIIePATOPBI MOT'YT TaK Ke AeiCTBOBATHL Ha
Opa-BeKTOpHI. Y MHOKeHUe (B| Ha M o603HauaeTcs

(B|M.

§1 cokpamty obcykaeHue, cpaldy IPUBEIA MPABUJIO OJIA
9TOro Tuila yMHOKeHUusA. OHO IIpoIle BCero BBITJIAIUT
B KOMIIOHEHTHOII (popme. BermomHIM, UTO Opa-BeKTOPEHI
MIPeACTABIAIOTCA B KOMIIOHEHTHOU (hopMe KaK BEKTOPHI-

crpoxku. Hanpumep, 6pa (B| MOXHO IpeCTABUTH B BUJE

Harirte mpaBujI0 BHOBD ABJIAETCSA OOBIUYHBIM MATPUUHBIM
yMHOKeHUueM. J[omycTuB HEOONbINTYI0 HEKOPPEKTHOCTD
B 0003HAUEHUH, MOYKHO 3aIUCATH

(3.6)

3.1.3. 9pMHUTOBO conpsKeHNE

Mo:xHO oAyMaTs, uro eciau M|A) = |B), to (A|M = (B|, HO
9T0 ObL1a OBI omnbka. IIpobeMa cBaA3aHa C KOMIIJIEKCHBIM
conpskenueM. [lake Korga Z — 00BIYHOE KOMILIEKCHOE

YHCJIO, TO PAaBEHCTBO Z|A) = |B) B 00111eM cydae BOBce He
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osuauaet, uto (A|Z = (B|. IIpu nepexoze oT KeToB K Opa
He00XO0JVIMO IIOABEPTHYTH Z KOMILJIEKCHOMY COIIPSKEHUIO:
(A|z* = (B

YHUCJIIOM, TO KOMIIJIEKCHOE€ COIIPDAMEHNEe HNYEero He u3Me-

. Koneuno, ecau Z okaskeTcs BeIeCTBEHHBIM

HUT — Jioboe BeIlleCTBEHHOE YNCJIO PaAaBHO CBOEMY KOM-
IIJIEKCHO COIIPAMKEHHOMY.

Ho Ham TpebyeTcs MOHATHE KOMILJIEKCHOTO COIIPSAIKe-
HUA 11 onepaTopoB. Paccmorpum ypaBaenue M|A) = | B)

B KOMIIOHEHTHOI HOTaIlUN

U BBIIIOJIHMM KOMIIJIEKCHO€E COIIpAMKEeHUEe

Mgz mpeamouTeM 3amrucaTh 3TO YPaBHEHNUE B MATPUYHOMN
dbopme, ucnonbdysa 6pa BMecTo KeToB. lenasa aTo, ciaenyer
IIOMHUTH, YTO Opa-BEKTOPHI IIPEJCTABIAIOTCA CTPOKAMMY,
a "He crobmamMmu. YToOBI Pe3yabTAT IMOJYUMIICA KOPPEKT-
HBIM, HAJ0 TaK Ke Peopranm3oBaTh KOMIIJIEKCHO COIIPsI-
JKeHHBIe a1eMeHThI MaTpullbl M. Kak o0bacuaeTca HUKe,
aTa peopraHmns3oBaHHasa MaTpuiia obosuauaercs M. Harre

HOBO€ YPaBHEHNE MMEET BI/,

(3.7)

HpI/ICMOTpI/ITer BHUMATEJIBHO K OTJINYMUAM MaTPUILBL

B 9TOM ypPaBHEHUHU OT MaTpHUIlbI B ypaBHeHuu (3.6). Tam
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ABa OTJIMUYNA. Hawub6osee OUEeBUIHOE — 3TO KOMIIJIEKCHO€E

CONIPSAIKEeHNEe KaKI0oT0 9JIeMeHTa, HO o0paTuTe TaKKe BHU-
MaHUe Ha pasjinuure B HHIeKcax ajaeMeHToB. Hampumep,

TaMm, rjie B ypaBHeHuu (3.6) crout myg, B ypaBHeruu (3.7)
HAXOAUTCA M*39. HBIMU CJIOBAME, CTPOKHU U CTOJIOIBI II0-
MEHAJINCHh MEeCTaMU.

IIpu mepexome oT KeT-(PopMbI ypaBHEHUA K Opa-hopme
JOJI’KHBI OBITH BBIIIOJHEHBI CJAEAYIOIIMEe ABa II1ara mo nus-
MEHEHUNIO MaTPUILbI.

1. ITomeHaTsL MecTaMU CTPOKH N CTOJI6]_U>I.

2. BBITIOJIHUTD KOMILJIEKCHOE COMPSKeHne KaKkIoro dJie-
MEeHTa MaTPHUILHI.

B maTpuuHO#l HOTAruu 00OMeH MecTaMM M3 CTOJIOIIOB Ha-

3bIBaeTCA TPAHCIIOHUPOBAHMEM U 0003HAUYAETCA BEPXHUM

uHaexkcoMm T. Takum o6pa3omM, TpaHCIIOHUPOBaHHAA Ma-

Tpuina M 0yzer UMeTh BUJ

O0paTuTe BHIMAaHIE, YTO TPAHCIIOHNPOBAHHAI MaTPUIIA OT-
parkaeTcs OTHOCUTEJIBHO CBOEH IIaBHOM AMaroHasu ([uaro-
HAJIN, UAYIIeH 13 BEPXHETO JIEBOT'0 YIJIa B HUYKHUIM IPABbIH ).

KoMniexkcHoe conpsaKkeHre TPAHCIIOHUPOBAHUSA Ma-
TPUILI HA3BIBAETCA IPMUMOBLLM CONPAHeHUeM 1 0060-

sHauaercs Tunorpadpckum kpectuxoM (f)1. Moskere cuu-

1 Wuorpga sTOT CHMBOJI Ha3bIBAIOT «marrep» (ot anri. dagger),
a B KBAHTOBOI MeXaHNKe — 3HAKOM SPMHUTOBA CONPAXKEHUT. —
IIpumeu. nep.
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TaTh 3TOT 3HAK I'MOPHUIOM 3B€3J0UKH, NCIIOJIb3yEeMOM A
KOMILJIEKCHOI'O CONPAMEHNA, U OYKBEI T, 03HAUYAIOIIel

TPaHCIIOHMPOBaHUE. C ncrosab30BaHUEM TUX CIMBOJIOB
M = [MT]".

Uraxk, ectu M feiictByer Ha KeT |A) u gaer |B), To oTciona
caenyer, uro Mf neiicrByer Ha 6pa (A| u gaet (B

. @Dop-
MaJIbHO eCJIn

M|4) =|B),
TO

(A|Mf = (B

3.1.4. 9pMUTOBEHI OIIEPATOPHI

BerecTBeHHbBIE UKCJIa UTPAIOT B (PUBUKE 0CO0YIO poJib. Pe-
3YJIbTATHI JIIOOBIX U3MEPEHUN ABJIAIOTCSA BEIleCTBEHHBIMU
yucaamu. IHOTZA MBI M3MepsAEM JBE BEJIUUUHBI, OepeM
X BMecTe ¢ i (00pasysi KOMILJIEKCHOE YMCJIO) ¥ Ha3bIBaeM
9TO UKCJIO Pe3yabTaToM uamepenusi. Ho B reficTBUTEIbLHO-
CTHU BTO JIUIITHb CIOCO0 O0'beTMHEHUA NBYX BEIeCTBEHHBIX
nu3MepeHuit. Byap MBI IefaHTaMu, TO CKas3aau ObI, UTO
Ha0JI0TaeMble BeIMYNHBI PaBHBI CBOUM KOMILIEKCHO CO-
MIPAKEHHBIM 3HAUCHUAM. OTO, KOHEUHO, JIUIITHh BEIYYPHBIH
coco0 cKasaThb, YTO OHU BelllecTBeHHbIe. OUeHb CKOPO MBI
00HapPyKUM, YTO KBAHTOBOMEXaHUYECKUE HAOJIOTaeMble
TIIPeICTaBJIAIOTCA JUHEHHBIMY otepaTopamu. Kaxoro pomga

JauHelHbIMU ontepaTopamMu? Toro, KOTOpPBIH O6JMKe BCETO
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K BeIlleCTBeHHBIM orrepaTopam. HabatomaemMbie B KBAHTOBOM
MeXaHUKe IPeJICTaBISAIOTCA JUHEHHBIMHU OllepaToOpaMu,
KOTODBIE PAaBHBI CBOMM COOCTBEHHBIM 3PMUTOBBIM COITPSI-
skeHUAM. OHU Ha3bIBAIOTCSA SPMUTOBBIMU OIlepaTOpaMu
B uecTh (ppaHITy3cKoro maTemaTuka Illapaa dpmura. Ip-

MUTOBBI OIIEPATOPHI YAOBIETBOPAIOT YCIOBUIO
M = Mf.
Ha ssbike MATPUYHBIX 3JIEMEHTOB 3TO MO HO BBIPA3UTh TaK:
mj = m*i]-.

Hpyrumu cjioBamMu, €CJI BBl OTPA3UTE SPMUTOBY MATPUILY
OTHOCUTEJILHO ee TJIaBHOU JUATOHAJN, a 3aTeM BLITIOJTHUTE
KOMILJIEKCHOE COIIPsKeHNre, TO Pe3yJbTAaT COBIIAAET C HC-
XOAHOI MaTpuneli. JpPMUTOBEI OIIEPATOPHI (U MAaTPUILHI)
00 1a1a10T PALOM 0COOBIX cBOIiCTB. IlepBoe 13 HIX COCTOUT
B TOM, YTO MX COOCTBEHHBIE UNCJIa BCET/IA BEIeCTBEHHBIE.
Hokasxem 3To0.

ITycTs X\ U |\) IPeACTaBIAOT COOCTBEHHOE YUCJIIO U CO-
OTBETCTBYIOIUII COOCTBEHHBIN BEKTOD SPMUTOBA OIepa-

Topa L. To ecTn
L|X\) = X\\).
Torga o onpesesIeHUI0 9PMUTOBA CONIPAKEHUA
(NLY = (NN

OpHako MocKoJIbKY L ABIsA€TCS SpPMUTOBBIM, OH paBeH L.

Tak 4ToO MOXKHO IepenrcaTh 5TU ABA YPaBHEHUA B BUE
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LI\ = N\\) (3.8)

(NL = (NN (3.9)
Teneps ymuoxuMm (3.8) Ha (N\|, a (3.9) Ha |\). [Tonyuurcs

ML) = XA

ONLIN) = N ON).

OueBuUIHO, YTOOBI 002 YpaBHEHU A ObLIN BEPHBI, A\ JOJIIKHO
ObITH paBHO \*. [Ipyrumu cioBamu, \ (a 3HAYUT, U JIF060€
cOOCTBEHHOE 3HAUEHIE 9PMUTOBA OIIePATOPa ) AOJIKHO ObIThH
BeII[eCTBEHHBIM.

3.1.5. 9pMHUTOBEHI OIIEPaTOPHI
M OPTOHOPMUPOBAHHBIE 0A3UCHI

Mgz momornin K BasKkHeHIel MaTeMaTUUYeCcKnil TeopeMe —
s1 0yy Ha3bIBaTh €€ PYHOAMEHMALbHOU meopemoil, — KO-
TOpasd CIIY;KUT OCHOBAHIEM BCell KBAHTOBOM MeXaHUKU. Ee
CYThb COCTOUT B TOM, UTO Habslo0aembLe 6eJULUHBL 8 KBAH-
moeoil Mexanure npedcmasasiomcs IpMuUmosulMU onepa-
mopamu. ITo OUeHb IIPOCTas TeopeMa, HO OHA UPe3BbIUYATHO

BaskHa. Bojiee cTporo ee MoXKHO chOPMYJIUPOBATH TaK.

dynmamMeHTAIBHAA TEOpPEMa

+ CobcTBeHHBIE BEKTOPBI 9PMUTOBA OIIEPATOPA COCTABJIA-
IOT TOJHBIN HabOpP. OTO O3HAUAET, UTO JIOOOH BEeKTOP,
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KOTOpI:Iﬁ ornmepaTop MOKEeT IIOPOAUTD, IIpeJCTaBM KaK

JnHeliHaaA KOMOMHAIIUA ero COOCTBEHHBIX BEKTOPOB.

« Ecim N\ 1 \g — IBa HepaBHBIX COOCTBEHHBIX UHMCJIA 9P-
MUTOBA OTIePaTOpPa, TO COOTBETCTBYIOIME COOCTBEHHBIE

BEKTOPBI OPTOTOHAJIbHBI.

- Jlaske ecau qBa COOCTBEHHBIX UMCJIa PABHBI, COOTBET-
CTBYyIOIIITE COOCTBEHHBIE BEKTOPHI MOT'YT OBITH BHIOpA-
HBI TaK, YTOOBI OBITH OPTOTOHAJNbHBIMU. TaKasa curya-
s, B KOTOPOI BA PA3JINYHBIX COOCTBEHHBIX BEKTOPA
00Ja1a10T ONMMHAKOBBIMU COOCTBEHHBIMU YKCJIAMU,
Has3bIBaeTCA 8blpoicOeHueM. BEIDOKIeHIe BOSHUKAET,
KOoTJla y IBYX ONEPATOPOB MMEITCSA MapaJjieJibHbIEe
co0CTBEeHHBIE BEKTOPHI, UTO 00CYKIaeTcs fajee B pas-

nmeie 5.1.

CyTh QyHIaMeHTaJIbHON TeopeMbl MOYKHO BLIPA3UTH CJIe-
IYIOIUM 00pa3oM: cCOOCTBEHHbBIE BEKTOPHI SDMUTOBA OIIe-
paTopa 00pasyoT OPTOHOPMUPOBAHHLIN O0asuc. [[okakem
9TO, HAaUaB CO BTOPOTO MYHKTa NPUBEJEHHOTO CIUCKA.
CorisacHo oIpeaeieHni0 COOCTBEHHBIX BEKTOPOB 1 COO-

CTBE€HHBIX 3Ha‘-IeHHfI, MOJHO 3allrucCaTb

L|>\1> = >\1|>\1>,
L‘>\2> = >\2‘>\2>

Temepsb, y4uTHIBasA TOT (PAKT, UTO L ABIAETCA SPMUTOBLIM
(TO eCTH COOCTBEHHBIM SPMUTOBBIM COPSIIKEHNEM ), MOXKHO

IIPeBPATUTH IIEPBOE ypaBHeHUe B Opa-ypaBuenue. Mrax,
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<>\1|L = >\1<>\1|,
L|>\2> = )\2|>\2>

IToka Bce omepamuu JOJIKHBI OBITH OUeBUIHBIMII, HO 5 BCE
pPaBHO UX 3allXChIBa0. BosdbMeM mepBoe ypaBHEHUE U YM-
HOKUM eT0 BHYTPEeHHUM 00pasoM Ha |\z). 3aTeM BOBbMEM
BTOPOe ypaBHEHNE U YMHOKUM €TI0 BHYTPeHHUM 06pasoM

Ha (\1|. B pesynbpraTe nosydyaercs

(N|L[x2) =X (M[Xe),
(MILIX2) = Xa(A1[Xg).

BrerunTas ogHO U3 APYTOro, IMOJydaeM
(M= N2)(N|xg) = 0.

TaxuMm 00pasoM, eCJi A\; ¥ Ay PA3JUYHBI, TO BHYTPEeHHEe
npousBeseHue (A\1|\g) ZOMKHO OBITH HyJaeM. [[pyrumu
CcJI0OBAMH, 5THU ABa COOCTBEHHBIX BEKTOPA MOJIMKHBI OBITH
OPTOTOHAJIbHEI.

Temepdb JoKaMKeM, UTO, JarKe €CJIM A1 = Ag, ABa C00-
CTBEHHBIX BEKTOPA MOKHO 8bL0pamb TaK, YTOOBI OHU OBLIN

oproroHajbHbI. IlycTh

L|X\1) =X\X1),

L[X2) = X Xz). (8.10)

Nmaue roBops, CYIIECTBYET ABA Pa3JIUUYHBIX COOCTBEH-
HBIX BEKTOPA C OJHUM COOCTBEHHBIM UmcJIOM. [[0JIZKHO
OBITh SICHO, UTO JII0Oad JUHeITHAA KOMOMHAIINA 9TUX IBYX
COOCTBEHHBIX BEKTOPOB TaKiKe ABJAETCA COOCTBEHHBIM

BEKTOPOM C TEM K€ CaMBbIM COOCTBEHHBLIM UucJaoM. [Ipu
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TaKOM 00JIBIIION cBOOOZE Bcerga MOYKHO HAWTHU JBE OPTO-
TOHAJbHBIX JUHEHHBIX KOMOMHAIIUMN.

Paccmorpum, Kak 5T0 coesaTh. Bo3bMeM IIPOM3BOJIb-
HYIO JUHEHHYI0 KOMOMHAIIMIO 9TUX IBYX COOCTBEHHBIX

BEKTODOB:
[A) = alxg) +B[Xz).

I[IpumeHsAs K 00eUM YacTAM ypaBHeHUs ornepaTop L, moiry-

qaeM

L|A) = oL|\;) + BLg),
L4) = ax[h1) + BXXg)

1, HaKOHeII,
L|A) = X(afx1) +Bxg)) = NA).

9To ypaBHeHUE MTOKA3bIBAET, UTO JI00as JUHeHHAT KOM-
OuMHAIUA [\1) ¥ |\g) TAKIKe ABIAETCA COOCTBEHHBIM BEKTO-
poM L ¢ TeMm ke caMbIM cOOCTBEHHBIM uncioM. Coryacuo
MIPEAIO0JI0KeHNI0, 9TU JBa BEeKTOpa JUHENHO He3aBUCH-
MBI — B IIPOTUBHOM CJIyuae OHU He IPEeACTAaBJIAIUN ObI
pasanuyHbIe COCTOSIHIA. MbI OyIeM TaKKe CUNTAaTh, UYTO HA
HUX HATAHYTO MOAIIPOCTPAHCTBO COOCTBEHHBIX BEKTOPOB L,
NMeIOIX coOcTBeHHOe 3Hauenne \. CyiiecTByeT IpocToii
MeTOoJi, HadkIBaeMblli npoyeccom I'pama — Illmudma,
IJis OTBICKAHUS OPTOHOPMHUPOBAHHOTO 0asuca MoqIpo-
CTPaHCTBA, 3aJaHHOT0 HA0OPOM JIMHENHO He3aBUCUMBIX
BEKTOPOB, Ha KOTOPBII OHO HATAHYTO. '0BOPA IPOCTHIMU

CJI0BaMHU, MOJKHO HAWTHU ABa OPTOHOPMUPOBAHHBIX COO-
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CTBEHHBLIX BEKTOPA, 3aIllCaB X KaK JUHeHHY0 KOMOMHA-
uio [\1) u |Ng). asee, B pasgese 3.1.6, MbI faguM KpaTKOe
onucaunue mpoiiecca I'pama — IImuara.

Ilocnenusasa uacTh TeopeMbl YTBEPIKIAET, UTO HAOOP
COOCTBEHHBIX BEKTOPOB IMOJOH. [[pyrumMu cjaioBaMu, ecau
IpocTpaHcTBO N-MepHO, To 6yaeT N OpTOHOPMUPOBAHHBIX
COOCTBEHHBIX BEKTOPOB. [loKasaTh 3TO HECJOMKHO, U

OCTaBJIAIO 3TO BaM.

YIIPAGKHEHUE 3.1

HokakuTe ciaenyrolee yTBep:KIeHUE: €CIU BEK-
TOPHOE IIPOCTPAHCTBO N-MEpPHO, TO OPTOHOPMUPO-
BaHHLII 60a3uc 13 N BEKTOPOB MOMKXHO IIOCTPOUTD U3

COOCTBEHHBIX BEKTOPOB SPMUTOBA OIepaTopa.

3.1.6. IIponecc I'pama — IlIlmuara

WNuorpa BcTpeuaroTcss COBOKYITHOCTHY JIMHEHNHO He3aBUCH-
MBIX COOCTBEHHBIX BEKTOPOB, KOTOPEIE He 00pas3yioT OPTO-
HOPMUPOBAHHOTO Habopa. ITO OOBIYHO CIyUaeTcs, Koraa
cuCTeMa UMEET BBIPOKIEHHBIE COCTOTHUSA — Pa3JINUYHBIE
COCTOSHUSA C OMNHAKOBLIMH COOCTBEHHBIMI YKCIaMu. B Ta-
KOM CUTyaIuu BCeraa MOKHO MCII0Jb30BaTh UMEIOIITHECS
JIMHENHO He3aBUCUMbIE BEKTODGI JJIA CO3aHUA OPTOHOP-
MUPOBAHHOTO HAOOpa, Ha KOTOPBIN HATSHYTO TO K€ cCaMOoe
npocTpaHcTBO. MlcIoab3yeMblil AJIS 9TOI0 METOM Ha3bl-
BaeTrcsa nporeccoMm I'pama — IIImMuaTa, 0 KOTOPOM A yiKe
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ynomuHas padee. Ha puc. 3.1 mokasaHo, Kak oH padoTaeT
B IIPOCTEHUIIIEM CIydYae ABYX JINHEHHO He3aBUCUMBIX BEKTO-

poB. MbI HaunmHaeM ¢ JByX BeKTOpoB V, u V,, n3 KoTOphIX

KOHCTPYHPYeM JiBa OPTOHOPMUPOBAHHLIX BEKTOpa V, 1 V, .

SARY
Puc. 3.1. IIpouyecc I'pama — LI mudma. I1o 08ym 0aHHbLM

JAUHellHo Hezasucumvim sekmopam V, u V,, komopobie
He00A3aMmebHO OPMOZOHANLbHbL, Mbl KOHCIPYUPYEM
06a OpMOHOPMUPOBAHHbLX 8ekmopa V, u V,. Bexmop
V,, — npomeixcymounwlii pedyavmam, ucnosb3yembli
6 npouyecce KOHCMPYUPOBAHUS. JIAHHbLIL NPOYECC MOHCHO
pacnpocmparumos Ha 604bULe20 PA3MePa HAGOP JUHEHO
He308UCUMBLYX 6EKTNOPO8

IlepBsiii mar cocTouT B fesieHnn V, Ha ero COOCTBEHHYIO

IUTAHY |I7’1 , UTO MaeT eAUHUYHBINA BeKTOP, IapasieIbHbII
171 . HazoBeM T0 efUHMYHEII BeKTOp V, , 1 OH CTaHeT Iep-
BBIM BEKTOPOM B HaIlleM OPTOHOPMUPOBaHHOM Habope.
Hamee, cupoerupyem 772 Ha HaIpaBjeHue V,, MIOCTPOUB

BHYTPEHHEE IIpOMn3BEeeHNE ‘}1 . Tenepb BbIUTEM
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Jlekuma 3. NpUHUMNbI KBAHTOBOW MeXaHUKM

Vv, uz V,. HazoBeM pe3yJIbTaT 3TOT0 BHIYUTAHUSA

—

V, . Kak BugHo us puc. 3.1, 172[ oprororanexn V,.Haxko-
Hell, pasaesiuM 1};[ Ha ero COOCTBEHHYIO IJINHY U ITOJYUYUM
BTOPOI 3JIEMEHT V, HAIllero OPTOHOPMUPOBAHHOI'O Habopa.
oK HO OBITH SICHO, YTO 9TOT IIPOIIECC MOYKHO PACIIIUPUTD Ha
06IbITIIIE HAOOPHI IMHETHO HE3ABUCUMBIX BEKTOPOB B 060JIb-
mem uncJie uamMmepenuii. Hanmpumep, ecyiz umeeTcs TpeTui
JVUHENHO He3aBUCUMBINA BEKTOP, CKaKeM 773 , BBIXOISTITIH
13 IJIOCKOCTY CTPAHUITBI, MOXKHO BBIUECTD €T'0 IIPOEeKIUY Ha
KasKIbIl U3 e IMHNYHBIX BEKTOPOB V, U V, , a 3aTeM pasie-

JINTD IIOJIYUeHHbIH pe3yIbTaT Ha €0 COOCTBEHHYO AJIUHY .

3.2. IIpuHIMIIBI

Temepb MBI HOJHOCTHIO TOTOBLI C(DOPMYJIHUPOBATH IIPUH-
IUIIBI KBAHTOBOW MeXaHUKM, TaK UTO caejaeM 3TO 0es
JaJIbHEHINNX TPOBOJIOYEK.

Bo Bcex sTHX NPUHIIUNAX WCIIOJL3YETCS MOHATHE Ha-
0JII0JaeMbIX U1 IIPEAIIoJIaraeTcs CyIleCTBOBAHIE JIeKAIIEeT0o
B OCHOBE KOMILJI€KCHOT'0 BEKTOPHOT'O IIPOCTPAHCTBA, BEKTO-
PBI KOTOPOTO IIPEICTABIAIOT COCTOAHUSA crucTeMbI. B aT0Oi
JIEKIIUU MBI C(DOPMYJIMPYEM UYeThIpe IPUHIIUIA, KOTOPhIE

He 3aTparmvBarlOT 3BOJJIOIIXUIO BEKTOPOB COCTOAHMUA BO BpPE-

1 BsToM IIpuMepe CJI0BA «BBIXOAAINAM U3 ILJIOCKOCTH CTPAHUILEI »

He 03HAYAIOT, UTO V; 00s3aTeIbHO IepIeHUKYAIpeH II0CKOCTH
CTPpaHUIIbI. BOBMOJKHOCTB HWCIIOJIB3OBAHUA HEOPTOTOHAJIBHBIX
BEKTOPOB B KaUeCTBE MCXOAHOM TOUKU — TJIaBHAA 0COOEHHOCTH
nporiecca I'pama — IImugra.
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MeHU. B 1eKiyu 4 MbI J00aBUM ILATHIN IPUHITHAI, KOTOPBIH
OTHOCHUTCS K I3MEHEHUIO0 COCTOSIHIS CICTEMBI BO BDEMEHI.

Hab6aromaeMble MOMKHO OBLIIO ObI TAKMKE HA3LIBATEL M3-
MepsaeMbIMI. OTO BeIl[1, KOTOPLIE JOIYCKAIOT N3MepeHre
C IIOMOIIILIO IIOAXOAsAIIIero npuodopa. Pamee MbI 00CYy KT
u3MepeHNre KOMIIOHEHT CIIMHA Oy, 0y U 0,. ITO IPHUMephI
HaOsrogaeMbIx. Mbl BepHEMcA K HUIM, HO CHaYaJa paccMo-

TPUM OPUHITUIIHI.

« Ilpuanun 1. HaGmomaemble niu naMmepsaeMble BeJTUYN-
HBI B KBAHTOBOM MeXaHUKE IPEACTABIAIOTCA JINHEHBI-

Mu orepaTopamu L.

1 moummaro, 4TO 9TO MTO-cBOEMY OEe3HAIEKHO abCTPaKT-
HOe yTBepKIeHIe, KOTOpoe TOJKAaeT JioAel K ToMY,
YTOOBI OTJIOXKUTH KBAHTOBYIO MEXAHUKY ¥ BMECTO Hee
3aHATbCA ceppuuarom. He GecriokoiiTech, €ro CMBICT

IIOJTHOCTBIO IIPOACHUTCA K KOHILY 9TOM JEKITUU.

Bcexkope Mmbl yBuguM, uTo L TakKe HOJIKEeH OBITH 9PMU-
TOBBIM. HeKoTopble aBTOPHI paccMaTPUBAIOT 3TO KaK
HOCTYJIAT WK (PyHAaMeHTAJIbHbBIN npuHIiun. MbI mpes-
TOYJIN BBIBECTH €TI0 U3 APYTIUX IPUHIINIOB. KoHeuHbIi
pes3yJbTaT B JII000M cjaydae OLUH 1 TOT JKe: OIlepaTopsl,

KOTODPEBIE IIPpeaCTaBJIAIOT HaﬁJIIOJ_IaeMBIe, — 9PMMUTOBEI.

- Ilpunmun 2. BodaMosKHBIe pe3yabTaThl U3MEPEHUN SIB-
JISI0TCA COOCTBEHHBIMU 3HAYEHUAMU OTIepaTopa, KOTO-
pBIii IpeacTaBasaeT HaOaogaeMyo. Mbl 0003HauaeM sTu
coOcTBeHHBIE 3HAUeHUA \;. CocTosHME, N KOTOPOTO

pes3yJbTaT N3MePEeHUs OAHO3HAYHO PABEH \;, — 3TO CO-
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OTBETCTBYIOIIU1 COOCTBEHHBIN BEKTOD |\;). [logoxaure,
He PACIaKOBBIBANTE ellle JOCKY IJA cep(UHra.

BoT apyroii crocod BEIPA3UTh TO Ke CaMoe: eCJIN CICTeMA
HaXOAUTCS B COOCTBEHHOM COCTOSTHU |\;), TO Pe3yJIbTa-

TOM UBMEPEHUS 2APAHMUPOBAHHO OYIET \;.

« ITpuamun 3. OqHO3HAUHO PA3INUYNMbIE COCTOSHUS IPE/I-

CTaBJAITCA OPTOT'OHAJIBHBIMY BEKTOPaMM.

« Ilpuunun 4. Eciu |[A) — BEKTOD COCTOSHUSA CUCTEMBI,
u usMepserca Habmogaemasn L, To BeposaTHOCTD IPOHA-
OJIroaTh 3HAUEHE \; PaBHA

P(N) = (AIN)(NA). (3.11)

Hamomuuaro, uTo \; — 5T0 coOCTBeHHbIe 3HaueHUudA L,
a |\;) — cooTBeTCTBYIOIIIE COGCTBEHHBIE BEKTOPHI.
ITU KOPOTKUE YTBEP:KACHUSA BPAL JIU MOYKHO IIPU3HATD
BIIOJIHE IIOHATHBIMHU U He TPeOYIINUMU IIOSICHEeHUH,
¥ ¢ HUMHY HaJ0 HOYUYUTLCS paboraTh. [IpuMem mmoka mepBoe
u3 HIUX, a UMEHHO O TOM, UTO Jio0as HabJromaeMas OTO-
JKIECTBJISIETCA C JIMHEHHBIM omtepaTopoM. MbI yike HAUH-
HaeM IIOHUMATh, UTO OIIEPATOP — BTO CIOCO0 YIaKOBKU
COCTOSAHUIT B POpMe ero COOCTBEHHbBIX 3HAUEHHI, KOTOPhIE
SABJIAIOTCS BO3MOKHBIMU Pe3yJIbTaTaMU U3MEPEHUT STUX
COCTOSIHUM. TU ugen OYAYyT IPOSICHATHCSA II0 Mepe HAIIIero
MIPOIBUIKEHUS BIIEPE]T.

Benmomuum HEeKOTOPhIE€ BaXHbI€ MOMEHTHI 113 HaIlle-

r'o IpeKHero oocyKaeHusa cniuuoB. Hauuem ¢ Toro, 4TO
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pes3yJbTaT U3MEePEeHUH O0BIUHO CTATUCTUUYECKU HEOIHO-
smaueH. OgHAaKO AJIsd JII060T0 KOHKPETHOT'O U3MEePeHU A
€CTh OIIpeJieJIeHHbIE COCTOSHU A, Pe3YIbTaThI I KOTOPBIX
COBEpPIIeHHO OfHO3HauHbl. Hanpumep, ecau mpubdop A,
M3MEePSAOINI CIIMHELI, OPUEHTHUPOBAH BI0Jb OCH 2, TO CO-
cTOsiHVe |u) Bcerga OyaeT IPUBOAUTE K 3HAUEHUIO 0, = +1.
AHanornuHo cocTosiHue |d) HUKOTAA He JAaCT HUYero WHOTO,
Kpome 0, = —1. ITpunmun 1 1aeT HaM HOBBII B3TJIAL Ha 9TH
(daxTol. VI3 Hero BeITEKAET, UTO Kaskaas HabmoaemMad (o,
Oy U 0,) OTOXKJECTBJIAETCA C OIPeeIeHHBIM JUHEeHHBIM
OIIepaTOPOM B JBYMEPHOM IIPOCTPAHCTBE COCTOSHUI, OII-
CBHIBAIOIIEM CIIMH.

Korpa mabironaemas nsMepera, pe3yjabTaT BCeraa AB-
JISIeTCS BeIlleCTBeHHBIM UM CJI0M 13 MHOMKECTBA BO3MOMKHBIX
pesyiabTaToB. Hampumep, eciiz usMepeHa sHeprusd aroma,
pesyJabTaT OyAeT OJHUM 13 (PUKCHUPOBAHHBLIX SHEepreTuye-
CKUX YpPOBHEH aToMa. B 3HaKOMOM HaM CJIy4ae CO CIIMHOM
BO3MOJKHBIE 3HAUEHUSA OJs JIOObIX KOMIOHEeHT — =*1.
ITpuGop HUKOrIa He JacT HUKAKOT0 JPYroro pe3yabTara.
IIpunnun 2 onpegesisaeT CBA3b MEXKIY OIepPaToOpoOM, IIpe-
CTABJISIOINM HAOJIIONAeMYIO, ¥ BO3SMOYKHBIMU YNCJIOBBIMU
pesyJjbTaTaMu U3MepPeHuaA. A MMeHHO — pe3yJbTaT u3Me-
PEeHU BCera sBJIsSeTCs OSHIM 13 COOCTBEHHBIX 3HAYECHUN
COOTBETCTBYIOIIEro omeparopa. Tak, Kaskgasa KOMIIOHEHTa
oIepaTopa CIMHA JOJIKHA IMETh IBa COOCTBEHHBIX 3HAUE-
HUA, paBHBIX *1.1

1 Mpui e1rie He OG'BACHUIIN, YTO IIOAPA3YMEBAETCS O] « KOMIIOHEH-
TaMu» CIIMHOBOTO oneparopa. Bckope MbI 710 3TOr0 J06epemMcs.
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IIpuunun 3 Haubosee nuTepeceH. Ilo KpaiiHeil mepe
MHe Tak KaskeTcd. B Hem roBopurcsa 06 00HO3HALHO pas-
AUYHbLX COCMOAHUAX — KJIOUEeBOU ujee, ¢ KOTOPOI MBI
yiKe BCcTpeuaanck. [[Ba COCTOAHUSA (PUBUIECKY PABIUYHEI,
€CJIV eCTh U3MepeHre, KOTOPOe MOKET Pa3jnuuTh Ux 0es
KaKoi-1160 HeogHo3HauHOCcTH. Hanpuwmep, |u) u |d) mosxHO
pPasINunuTh, U3MepAd 0,. Eciu BaM fanu cCIWH U cCKasaiu,
YTO OH JIN0OO B COCTOSTHNUY |u), 11100 B cocToAHMY |d), TO BCe,
YTO HYKHO CJeJIaTh AJIA OIpeleseHNs, B KAKOM U3 9TUX
JIBYX COCTOSTHUII OH B JIeICTBUTEJILHOCTY HAXOJUTCS, 9TO
COPUMEHTUPOBATH A BIOJIb OCU 2 U UBMEPUTH 0,. TyT HeT
MecTa s omuoku. To sxe camoe BepHo i |I) u |r). Pas-
JINYUTH UX MOYKHO, U3MEPSIS Oy.

Ho monmycTum, BaM COOBIITUIN, UTO CIIMH HAXOLUTCH
B OJJHOM U3 ABYX COCTOAHUM — |u) unu |r) (66epx niau
eénpaeo). Her Huuero, 4To BbI MOTJIH OBl U3MEPUTD, UTOObI
OJJHOBHAUYHO CKa3aTh, KAKOBO UCTUHHOE COCTOAHE CIINHA.
Wsmepenune o, aTo He obecrieunt. Ecanu moayuniaocs o, = +1,
TO, BOBMOYKHO, ICXO/JLHOE COCTOSHUE OBLIIO |I), TOCKOJBKY
cyirecTByeT 50-IpPOIeHTHASI BEPOATHOCTD IIOJYUeHHU
TaKOro pe3yJbrara B cocroanuu |r). ITo sToii mpuunHe ro-
BODAT, 4TO |u) U |d) ABIAIOTCA PUBNUECKY PA3TININMBIMIY,
a |u) u |r) — HeT. MOXHO CKa3aTh, YTO BHyTPEHHEE IIPOM3-
BelleHUe ABYX COCTOSAHUU CIYKUT MEPON HEBO3MOYKHOCTH
YBEPEeHHO UX Pas3andyuTh. VIHOTA 9TO BHYTPEHHEe IIPOU3-
BeJleHUe Ha3bIBAIOT nepekpvimuem. Ilpunmun 3 Tpedyer,
YTOOBI (PUBUUECKY PA3IUIHBIE COCTOAHUSA IIPEICTABIAINCH

OPTOTrOHAJBbHBIMM BEKTOPaAMMU COCTOHHPIfI, TO €CThb YTOOBI
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9TU BEKTODPBI He epeKphIBaanuch. Tak, A CIMHOBBIX CO-
crosauuii (u|d) =0, HO .

Haxkonern, npuHnun 4 gaeT KOJNUYECTBEHHOE BhIpa-
JKeHue 3Tol ugee, GOpMUPYSA MPABUJIO IJIsI BEPOSITHOCTH
PaBIMYHBIX NCXOI0B 9KcIepruMeHnTa. Ec/iu IpeamoIoKuTh,
YTO CHCTeMa IPUTOTOBJIEHA B COCTOSHUU |A) 1 3aTeM u3-
MepseTcs Habaogaemasa L, To pe3yabTaToM OyaeT OZHO
n3 cOOCTBEHHEBIX 3HaueHUU \; ormepartopa L. Ho B obiiem
cJIyuae HEBO3MOJKHO CKa3aThb, KAKOe 13 dTUX 3HAUECHUHN
OyzeT obHapy:KeHo. ECTh JUIIIL BEPOATHOCTh — Ha30BeM
ee P(X\;) — Toro, uto ucxox 6yzer \;. [Ipunnun 4 roopur,
KaK BBIYUCJIUTH 3TY BEPOATHOCTD, M OHA BHIPAKAETCs uepes
mepekpoitue |A) u |\;). Bosiee cTporo, BepoaTHOCTH paBHA

KBaapaTy abCOJIIOTHON BEJIMUMHBI 9TOTO IIEPEKPBHITUA:
PO\ ) = [(A]\)[2
WU, YTO SKBUBAJIEHTHO,
PO\ ) = (AIN) (Ni]4).

MoskeT OKas3aTbCsl CTPAHHBIM, II0UYeMY BEPOSTHOCTD He
3ajaeTcs caMUM 3HaueHUeM mnepekpoiTus. Ilouemy oHa
paBHa ero kBagpaty? He 3abniBaiiTe, 4TO BHYTPEHHEE
IIPOM3BeeHNE ABYX BEKTOPOB He BCET/a IIOJOKUTEIHHO
U Jajke He BCerja BelecTBeHHO. Tak 4To 6eCCMBICIEHHO
oroxkaectBaATh P(N\;) ¢ (A|X\;). Ho KBagpar abCcoIIOTHOM
BeJIMUInHEI (A|\;) (\;]A) Bcerna mososKkuTe sIeH U BellieCTBeHeH
M, TAKUM 00pa3oM, MOXKET ObITh OTOMKIECTBJICH C BEePOT-

HOCTBIO OIIpeaeJIEHHOI'O ncxoaa.
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Baxxuoe CJencTBHE 3TOI'O IIPUMHIIMIIA:

Onepamopbst, npedcmasaswuiue Habawdaemvle, — IPMU-
moaul.

IIpuumHa ToMy ABOosAiKas. Bo-IIepBBIX, IIOCKOJIBKY pe-
3yJIbTAT 9KCIEPUMEHTA JOJKEeH ObITh BeIlleCTBeHHbBIM
YKCJIOM, COOCTBEHHEBIE UICJa orlepaTropa L Toike JOIKHBI
OBITH BeIlleCTBEeHHBIMHU. BO-BTOPLIX, COOCTBEHHEIE BEKTO-
PBI, KOTOPBIE IIPEACTABJAIOT OJHO3SHAYHO Pa3JIMUNMBbIe
pes3yJabTaThl, JOJKHBLI IMETh Pa3jJndyHble COOCTBEeHHBIE
3HAUEHHUS, a TAKIKe JOJIKHBI ObITh OPTOTOHAJIbHBI. OTHUX
YCJIOBUH JOCTATOYHO, YTOOBI JOKA3aTh, YTO L JOJIKeH ObITh
9PMUTOBBIM.

3.3. IIpumMep: CIHHOBBIE OIIEPATOPBI

B 5TO TpyaHO IIOBEPUTH, HO OAMHOUYHBIN CIINH, KaK OBl
IIPOCT OH HU OBLI, BCE eIlle MOKEeT MHOTOMY Hac HayUYUTh
B RBaHTOBOfI MeXaHNKe, I Mbl HaAMEPEHbI BEIKAaTh N3
Hero Bce, Ha UTO OH cumocobeH. Harma 1mesnb B 9ToM pas-
JIeje — 3alucaTh COIMHOBBIE OIePAaTOPhl B KOHKPETHOM
dopme — xkax marpuilpl 2 X 2. 3aTeM MbI PACCMOTPUM,
KaK OHU paboTal0T B KOHKPETHBIX CUTYAIIUAX. BCKOpe MBI
HeIoCpeACTBEeHHO 3aliMeMCsA CIMHOBLIMHU OIlepaToOpaMu
u BeKTopaMu cocToauuii. Ho mpe:xae ueM morpysKaTbCcsa
B JeTaJjiu, i Obl XOTeJI IOTOBOPUTHh HEMHOTO O TOM, KaK
OoIIepaToOPhl CBA3AHBI C PUBUUECKUMU U3MEPEHUAMMU.
CB#A3L 9Ta BecbMa TOHKAas, WM IO Mepe O0CYKAeHUSI MbI

OymeM K Hell BO3BpalllaThCs.
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Kax BbI yike sHaeTe, pU3UKU pPasjaudaioT HECKOJIBKO
TUIIOB (PUBNUECKUX BEJIUYNH, TAKNX KaK CKAJIAPHI U BEK-
Topbl. [loaTOMY He JOJKEeH YAUBJIATEL TOT (haKT, UTO OIIe-
paTopshl, CBA3aHHBIE C MI3MEPEHNEM BEKTOPOB (TAaKUX KaK
CIINH), cAMU UMEIOT BEeKTOPHBII XapaKTep.

Ha mamem nyTu BCTpeTUIOCH yoKe 60Jiee OJHOTO TUTIA
BEKTOPOB. 3-BEKTOP — HamboJee IIpocTasd Pa3HOBUIHOCTD,
CJTY KaIlas MPOTOTUIIOM. OTO MaTeMaTUUEeCKOe IPeCTaB-
JIEHWE CTPEJKU B TPEXMEPHOM IIPOCTPAHCTBE U YaCTO IIPE]T-
CTaBJISIETCA TPEeMs BeIllleCTBeHHBIMU YMCJIaMI, KOTOPhIe
3alMCHIBAIOTCA KaK MaTpuiia-croabeir. [IocKoJIbKY KOM-
TIOHEeHTHI 3-BEeKTOPOB — BeIlleCTBEeHHbIE UICJa, OHU He-
MOCTATOYHO GOTaThI AJIA IMIPeACTaBJIeHNI KBAHTOBBIX CO-
crosguuii. [[Jis 9TOT0 HYKHBI Opa 1 KeThbl, KOTOPbI€ UMEIOT
KOMILJIEKCHO3HAYHbIE KOMIIOHEHTHI.

Kaxoro poga BeKTOpPOM SIBJISIETCS CIIMHOBBIN ollepa-
TOp 0? OTO ONpPEsieIEHHO He BEKTOP COCTOAHUA (Opa uiau
KeT). ITO TaKKe He COBCEM 3-BEKTOD, XOTdA C HUM €CTh
BBIPDAKEHHOE CEMENHOe CXO/ICTBO, MOCKOJBbKY 0 aCCOIU-
WPOBAH C HAIIPABJIEHUEM B IPOCTPAHCTBE. PaKTUUECKY MBI
yacTo 0yAeM MoJIb30BaThCA 0 TAK, KaK eCJIu ObI OH OBIJI ITPO-
cTeIM 3-BeKTOopoM. OgHaKo, cTapasch COOIOCTI KOPPEKT-
HOCTB, MBI Oy/IeM Ha3bIBATh €70 3-6eKMOPHbLM ONEPAMOPOM.

Ho uTo Bce sTO geiicTBuTeIbHO 3HAUuT? B miaane ¢u-
BUKU CMBICJI 9TOTO CJEAYIOIINI: TaK Ke KaK mpubop, ms-
MEePSIONUN CITUHBI, MOYKET JIUIITHL 0MBeLamys Ha 60NPOCHL
00 OpMeHTAINY CIIMHA BIOJb KOHKPETHOTO HAaIIpaBJIeHN A,
CIUHOBBIN OIIePaTOP CIIOCO0eH JaTh NH(GOPMAIIHUIO O KOM-

TIOHEHTE CIWHA B ONIPeleIeHHOM HampaBjaeHuu. YTo0wI (u-
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3MYECKU U3MEPUTh CINH B IPYI'OM HAaIIpaBJIeHUM, HYKHO
MIOBEPHYTH IIPUOOP 1 HAIEJUTDH B HYJKHYIO CTOPOHY. OTHU
JKe coo0pasKeHUs IPUMEHUMBI 1 K CHMHOBOMY OIIePaTopy:
ecJIi HaJo Ha3BaTh KOMIIOHEHTY CIIMHA B APYTIOM HaIIpas-
JIeHIH, eT0 TaKsKe TpebyeTcs « IOBePHYTh» , HO 9TOT'0 poJa
IIOBOPOT OCYIIECTBJISETCA MaTeMaTuuecKu. PedioMmupys,
MOJKHO CKa3aTh, YTO CIIMHOBLII OIIePaTOP CYIIIeCTBYET AJIA
KaJKJ0T0 HAIIPaBJIeHUA B IIPOCTPAHCTBE, BAOJL KOTOPOTO

MOJXKET OBITh OPpHuEeHTUPOBaH HpI/I60p.

3.4. KoHcTpynpoBaHHEe CIHHOBBIX
oIepaTopos

Temneps maBatiTe mpopadoTaeM AeTaau CONHOBBIX OIIEPATO-
poB. IlepBas HaIa 11€JIb — CKOHCTPYUPOBATH OIIEPATOPHI,
IpeJCTaB/IAIOIIe KOMIIOHEHTBI CIIMHA Oy, 0, 1 0,. A 3aTeM
Ha UX OCHOBE IIOCTPOUTH OIIePATOP, KOTOPII IIPEICTABJISAET
KOMIIOHEHTY CIIMHA II0 JI000oMYy HampaBjaeHuio. Kak o0bIu-
HO, HAYHEM C 0,. MBI 3BHaeM, UTO 0, UMeeT (PUKCUPOBAHHYIO
OHO3HAUHYIO BeJIMUNHY [JIsI COCTOSTHUI |u) 1 |d) 1 9To co-
OTBETCTBYIOIIVIEe NU3MEPEeHHBIE 3HAUEHUA 0, =+1u o, =-1.

BorT uTO roBopAT HaM HepBbIe TPY HIPUHIAIA.
« Ilpuanun 1. Kakgas KOMIIOHEHTA 0 IPelCcTaBIsaeTCs

JUHENHBIM OIIePaTOPOM.

« IIpuanun 2. Cob6cTBeHHBIE BEKTOPHI 0, — 9TO0 |u) u |d).
CooTBeTcTByMOINE COOCTBeHHbBIE 3HAUeHuA — +1 m —1.

9TO MOKHO BHIPA3UTHh aOCTPAKTHBIMU YPaBHEHUSIMU:
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ozlu) = [u),

6:/d) = —|d). (8.12)

+ Ilpuunun 3. Cocroanus |u) u |d) OPTOrOHANBHBL APYT

IPYTyY. ITO MOKHO BBIPA3UTH B BUJIE
(uld) = 0. (3.13)

Bcromunas npejcrasienue |u) u |d) B Bule KOJIOHOK U3
ypaBuenwuii (2.11) u (2.12), mokHo 3anucars (3.12) B ma-
TPUYHOM (popMe cJIeAYIONIM 00pa3om:

(3.14)

(3.15)

CylecTByeT eIMHCTBeHHAS MaTPUIla, KOTOpas yA0BJET-
BOpPSET 3TUM ypaBHeHUsIM. I ocTaBjsgi0 BaM B KauecTBe
yIpaskHeHHns JOKa3aTh, UTO 3TO OyeT

(3.16)

nau, 6ojee KpaTkKo,

(3.17)

YIIPASKHEHUE 3.2

Hoxkasxure, uro ypaBHeHue (3.16) aBisgerca equs-
CTBEHHBIM pellleHueM ypaBHeHwuit (3.14) u (3.15).
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OTO HAIII CaMBbIil IEPBLIM IPUMEP KBAHTOBOMEXaHUUe-
ckoro oneparopa. [laBaiiTe mOABITOKUM, UTO B HET'O BOIILJIO.
IIpe:x e Bcero, HEKOTOPHIE SKCIEPUMEHTATbHBIE TaHHBIE:
CYIIIECTBYIOT OIpefieJIeHHbIe COCTOSIHNA, 0003HAUEeHHbIE
HaMu |u) 1 |d), B KOTOPBIX U3MePEHUe 0, OJHOSHAYHO JaeT
pesysbrarsl £1. [lanee, IPUHIUNIBI TOBOPAT HAM, YTO |u)
1 |d) OPTOTOHAIBHBI U ABJIAIOTCA COOCTBEHHBIMU BEKTO-
paMu JUHEHHOTo omlepaTopa o,. HakoHelr, 13 IPUHIIUIIOB
TaKJKe CJeyeT, YTO COOTBETCTBYIOIIEe COOCTBEHHBIE 3HA-
yeHUs — 9T0 HabGJII0faeMble (MK U3MepsieMble) 3HAUCHU,
OIIATH JKe paBHBIe =1. ITo Bce, UTO MOTPEOOBATIOCEH IJISA

BBIBOJIa ypaBHeHus (3.17).

MooxeM JIM MBI CIEJIATE TO JKe caMoe IJIA JPYIUX KOM-
IIOHEHT CIKHA — 0, 1 0,7 Jla, MeI MosxeM!. CoGcTBeHHBIE
BEKTODBI 0, — 9TO |r') 1 |l) ¢ COOCTBEHHBIMY 3HAUEHUAMU

+1 u —1 cooTBeTcTBEeHHO. B Buie ypaBHeHUii:

ox|r) = 1),

o,l1) = —|1). (8.18)

BcnomuuM, uto |r) u |l) — 9TO JIMHEHHbIE CYIEePIO3ULNN

|u) u |d):

1 MpzI He TIBITAJINCHh HE3aMETHO IIPOIIUXHYTH HOJINTUYECKHUH JIO-
gyHr. YecrHoe caoBo. IIpocro ckaku sosyuram Hem. («Yes We
Can» — «/[la, MBI MOXXeM» — CJIOTaH, KOTOPBIA MCIOJIb30BAJICA
B IpeABBIOOPHOM KamnaHuu Bapaka O6amser B 2008 rony. — Ilpu-
mey. nep.)
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(3.19)

ITogcraBasasa COOTBETCTBYIOIIMIE BeKTOpr-CTOJI6I_U)I LA |u>

u |d), momyuaem.

Koukperusupys ypaBaeHue (3.18), MOKHO 3anucaTh UX

B MaTPUUYHOU (hopme:

Ecsu pacnucars 51 (pOPMYJIbI IIOYJIEHHO, OHU IIpeBpala-
IOTCS B HECJIOMKHYIO CUCTEMY U3 YeThIpeX YPaBHeHUN I
9JIEMEHTOB MATPUILBI (0,)11, (0x)12, (0x)21 ¥ (04)22. BoT ee
pelleHue:

niain
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Haxomer, MosHO IpoieiaTh TO e camoe a4 o,. Cob-
CTBEHHEBEIE€ BEKTOPBI O'y — 9TO COCTOAHUA «BIIepea» N «Ha-

3an», |i) ulo):

B xomMmoHeHTHO# (hopMe 5TH YypaBHEHUA IPUHUMAIOT BU/T

1 HECJIOKHBIEC BEIKJIAAKU IIPUBOAAT K

Hrak, Tpu olepaTopa oy, 0, 1 0, IPeJCTABIAIOTCS TPeMs

MaTpPUIlaMU

(3.20)

9Tu TpU 3HAMEHUTbIe MATPUIILI HOCAT UM CBOETO IIePBO-
OTKpbIBaTe . VIX HaseiBaioT matpunamu Ilaymanl.

1 Hapsngy ¢ TeM, 94TO 3TO MaTPHUILI 2 X 2, OHU TaKKe ABJIAIOTCS
K6aMmepHUOHAMU.
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3.5. PacipocTpaHeHHbIE HeIOPa3yMeHU

Ceituac HaCTYIIMJIO IIOAXOAAIIIee BpeMs, UTOObI IIpeayIIpe-
IUTh O HOTEeHIMAJbHBIX yIpo3ax. COOTBETCTBIIE MEKIY
olepaTopaMu 1 U3MepeHuAMU (PyHIaMeHTAJIbHO I/ KBaH-
TOBOI MexaHuKU. Ho ero Tak:ke JJerKo IIOHATH HEIIPABUJIb-
HO. BoT BepHbIe yTBEP:KIEHUI 00 ollepaTopax B KBAHTOBOM
MexXaHHKe.

1. OmepaTopbl — 9TO CYIIHOCTH, UCIIOJIb3yeMble IJIsI BbI-
YHCJIEHUS COOCTBEHHbBIX 3HAUCHUH 1 COOCTBEHHbBIX BEK-
TOPOB.

2. OmepaTopsl KeHCTBYIOT HA BEKTOPHI COCTOAHUI (KO-
TOpPBIE ABJAIOTCA a0OCTPAKTHBIMU MaTeMaTUUYECKUMU

o0beKTaMu), a He HAa (PUBUUECKIUE CUCTEMBI.

3. Korga omepaTtop melicTByeT HA BEKTOP COCTOSHUSA, OH

IMOPOXKJAeT HOBBIM BEKTOP COCTOSTHUS.

IlepeuncauB cupaBeaauBbIe CY:KIeHU 00 omepaTopax,
s X0Uy IpedyIpequTh Bac O PACIPOCTPAaHEeHHbBIX 320 Iy K Ie-
Huax. YacTo 1yMaior, UTo n3MepeHue HabaIaeMoil — 3TO
TO JKe caMoe, YTO BO3/IeMiCTBHE COOTBETCTBYIOIIIUM OIlepa-
TOPOM Ha JaHHO€E COCTOAHUE. HOHYCTI/IM, YTO MBI XOTUM 13-
MepuTth HaOmogaemyo L. IsMepeHne — 3T0 HEKOEro poaa
omepanus, KOTOPYIO OCYIIeCTBJISIET IIPHuOop HaL CUCTEMOI,
HO 9Ta oIlepaIiis BOBCe He TO Ke caMoe, UTO BO3AeNCTBUA
Ha cocTosgHue onepaTopom L. Hanpumep, ecau cocTosgsuue
CHCTEeMBI 10 TOT0, KaK MbI BBIIIOJIHIJIN U3MepeHue, ObLIO
|A), TO HeKoppeKkmHO TOBOPUTH, uTO n3Mepenue L MmeHseT
cocrosinme Ha L|A).
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Y00l OHATH CYTH J€JIa, PACCMOTPUM BCe ITOLPOOHO
Ha npuMepe. K cuacTsio, CINH U3 IPEIBIAYIIETO Pasjie-
Jla — KaK pas To, U4TO AJISI 9TOr0 HYKHO. BcmoMHUM ypas-
HeHusd (3.12):

0zlu) = [u),

Oz|d> = _|d>

B aTtux curyanuax HeT IOLBOXA, IOCKOJBKY |u) u |d) saB-
JISIIOTCSI COOCTBEHHBIMU BEKTOPaMU 0,. Ecsiu cucrema mnpu-
rOTOBJIEHA, CKaKeM, B COCTOSITHUH |d), n3MepeHue onpe-
JeJIeHHO JacT pe3yJbTaT —1, a omepaTop o, Ipeobdbpasyer
IIPUTOTOBJIEHHOE COCTOSIHIE B COOTBETCTBYIOIIIEE COCTOSHIE
nocJsie usMeperusa: —|d). Cocroanue —|d) — 9TO TO Ke, UTO
u |d), 3a NCKJIIOUEHNEM MHOYKUTENs, TaK YTO ITH JBa CO-
CTOSIHUA B [IeHICTBUTEILHOCTH OGHO U TO 3Ke. TyT HUKaKux
mpobJeM.

Ho Tenepsb paccMoTpuM JeHCTBYE OIIEPATOPA 0, Ha IIPU-
TOTOBJIEHHOE COCTOSIHUE |I'), KOTOPOE He sIBJISEeTCS ero cob-

CTBEHHBIM BeKTOpOM. U3 ypaBHeHus (3.19) MbI 3HAEM, UTO

HeiicTBUE OIIepaTopa 0, Ha 9TOT BEKTOP COCTOSHUI AaeT
pes3yJabTaT

nJIn

(3.21)
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A BOT 9TO0 yoKe JoByIIKa. UTO OBI BbI HU AyMaJu, BEKTOP
COCTOSHUA B IIpaBoii uactu ypaBHeHus (3.21) onpenesieHHO
He SABJIAETCSA COCTOSIHMEM, KOTOpoe o0pa3yeTcsa B pPe3yJib-
TaTe U3MEPeHUudA o,. Pe3yabTarT uamMepeHusd oymeT Jubo
+1, u Torza cucTeMa OCTaHETCS B COCTOAHUU |u), TUO0
—1, u Torga oHa okaskercs B cocrosuuu |d). Hu ogun us
ATUX PEe3YJIHTATOB HEe OCTABUT BEKTOP COCTOSIHUA CUCTEMBI
B CyIEPIIO3UIINHY, IIPEJCTAaBIeHHON ypaBHeHUEM (3.21).

Ho Benb HaBepHAKA 9TOT BEKTOP COCTOSHUSA AOJIIKEH
UMeTh HeKoe OTHOIIIeHUe K pe3yabrary uamepenusa? Tak
OHO U eCcTh. YacThb OTBETA MBI HalifeM B Ijase 4, rae Oygem
paccMaTpuBaTh, KAK HOBBIM BEKTOP COCTOSHUS ITO3BOJISIET
HaM BBIUHUCJISATH BEPOSITHOCTUA BCEX BO3BMOKHBIX MCXO-
noB usMepeHusa. OTHAKO Pe3yabTaT U3MEPEHUA HEJIb35
aJIeKBaTHO OIMCaTh, He MPUHUMAA BO BHUMaHUEe IPUOOD
B KaueCcTBe YaCTU CUCTEMBI. UTO B IeMICTBUTEIBHOCTH IIPO-

HMCXOAUT BO BpeMs U3MepeHus, o0cy Kaaercs B pasgeie 7.8.

3.6. Ente pa3 0 3-BeKTOPHBIX ollepaTopax

Temepb BHOBB 00paTUMCS K M/iee 3-BEeKTOPHOTO OIlepaTopa.
S maseIBan 0y, 0y ¥ 0, — KOMIIOHEHTAMHY CIIMHA BIOJIb TPEX
oceii, ToApa3yMeBasi, YTO OHU SIBJAIOTCSI KOMIIOHEHTAMU
HeKoero pojaa 3-BeKktopa. Ceifiuac mpuIao BpeMs Bep-
HYTBbCS K OBYM IIOHATUSIM BEKTOPa, KOTOPbIE IOCTOSHHO
HOoABJIAIOTCS B (pusuke. IlepBoe — 5TO OOLIKHOBEHHASA
Pa3HOBUAHOCTH BEKTOPOB B IPUBBIYHOM TPEXMEPHOM IIPO-

CTPaHCTBE, KOTOPYIO MBI PEIIINJIN Ha3bIBaTh 3-BeKTOpOM.
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Kax mbI Bugean, 3-BeKTOPHI UMEIOT KOMIIOHEHTEI BIOJIb
TPeX IPOCTPAHCTBEHHBIX HAIIPABJIEHUIA.

CoBepIlieHHO MHOM CMBICJI TEPMUHA 86K OP — BEKTOP
cocrossuus cucteMsl. Taxk, |u) u |d), |r)u |l) u |i) u |o) — aTo
BEKTOPBI COCTOSTHUI B IBYMEPHOM IPOCTPAHCTBE CIIMHO-
BBIX cocTossHUM. HO 4TO MOIKHO CKa3aTh PO Oy, Oy U 0.
SIBasIOTCA T OHU BEKTOpPaMHU, U €CJIU a4, TO KaKoro pona?

fcHo, UTO OHU He ABIAIOTCI BEKTOPAMU COCTOSHUSI;
OHMU IIPEJICTABJIAIOT CO00I OIIEPATOPHI (3aIChIBaeMble KaK
MaTPHUIBI), KOTOPbIE COOTBETCTBYIOT TPEM M3MePAEeMbIM
KOMIIOHEHTaM cInHa. B JeficTBUTeJIbHOCTY 9TH 3-BEKTOP-
HbIE OIIePATOPLI IIPEACTABIAIOT cO00IT HOBBIM THI BEKTOPA.
OHU oT/IMYAIOTCA KaK OT BEeKTOPOB COCTOSHUSA, TaK U OT
OOBIUHBIX 3-BeKTOPOB. HO IIOCKOJIBLKY CIMHOBBIE OIIEPaTO-
pBI BenyT cebsa BO MHOTOM KaK 3-BEeKTOPBI, HET OOJIBIIION
O6elbl IyMaTh 0 HUX IOLOOHBIM 00pa30M, 1 TaK MEI 1 OyaeM
3IeCh IIOCTYNIATh.

MpbI n3MepsieM KOMIOHEHTHI CIINHA, OPUEHTUPY S IIPU-
60p A BIOJIb OAHOIT 3 TPeX ocell U 3aTeM aKTUBUPYS ero.
Ho Torga mouemy He COpMEHTHPOBATE A BLOJIb 210001l OCH
U He M3MEePUTHh KOMIOHEHTY ¢ BAOJb 3T0oi ocu? Muaue
roBOPsi, BO3bMEM J000I e JUHNYHEII 3-BEKTOP 7 C KOM-
IOHEHTAMU N, N, U N, ¥ COpPUeHTupyeM npubop A coei
CTPEJKOM’ BAOJL 11 . AKTUBUPOBAB A, MBI ©U3MEPUM KOM-
IIOHEHTY 0 BIOJIb OCH 71 . SHAUUT, JOJIXKEH CYII[eCTBOBATH
omepaTop, COOTBETCTBYIOIIUI 3TOM N3MEPUMOM BeJIUUMHE.

Ecnu o gefictBuTebHO BegeT cebda KaK 3-BEeKTOP, TO

KOMIIOHEHTA 0 BJJOJb /I — BTO He YTO MHOe, KaK OOBITHO

107



KBaHTOBaA MexaHuKa

CKaJApHOe Impoussenenue o u 112, O603HAYUM G, COOT-

BE€TCTBYIOIIIYIO KOMIIOHEHTY 0, TO €CTh

WY, B Pa3BePHYTOM BHJE,
0p = 0yl + oyny, + o.n.. (3.22)

YT00BI IPOACHUTH CMBICJ 9TOTO YPaBHEHUSA, UMeNTe
B BUIY, YTO KOMIIOHEHTHI 71 — 3TO IIpocTo uncia. OHu caMu
He orrepaTopsl. YpaBHeHue (3.22) onuchiBaeT BEKTOPHBIH
omepaTop, CKOHCTPYHUPOBAHHBIN KaK CyMMa TPeX YJIeHOB,
KaKIbIN 13 KOTOPBIX COMEPIKUT UNCIOBON KO3 PUIIEHT
Ny, Ny UIHA N,. [lna GonbIiell KOHKPETHOCTH 3aMHUIIeM
ypaBHeHUe (3.22) B MaTpUUHOI hopme:

Wnnu emie 6oJee ABHO, CKOMOMHIPOBAB BCE OTH TPU UJIeHA

B eIVHYIO MAaTPHUILY:

(3.23)

=
1 Mgl HaAUMHAEM MCIIOJIb30BaTh 0003HaUeHne O 3a MCKJIIOUYEHHEeM
CJIiy4yaeB, Korga CCelyiaeMCA Ha KOMIIOHEHTBI BPOJE O .

2 BHI/IMaTeJIBHI:Ifl YuTaTeJIb MOMKET TYT IIPEABABUTH IIPETEH3HUIO,
MMOCKOJIbKY PE3YJIbTAT 9TOTO «00BIUHOTO» CKAJIPHOTO IIPOU3BEIe-
HUS MaTpuiia 2 X 2, a He CKaJaAp, TaK UTO OHO He co8cem OOBIUHOe.
Bo3Mo:kHO, KaK0Oe-TO YCIIOKOeHe MOYKHO HAaiTH B TOM (haKTe, UTO
Pe3yJIbTUDYIOMIUY MaTPUUHBIN O0IepaToOp COOTBETCTBYET KOM-
TIOHEHTe BEeKTopa, KoTopas A8ademcs ckaasapoM. ['1aBHoe, 4YTO
B UTOTe BCE CXOJUTCA.
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Ha uto 510 rogurca? Hu Ha uTo, moKa MbI He HAIIJIU COO-
CTBEHHBIE 3HAUEHUA 1 COOCTBeHHBIE BEKTOPHI 0,. Ho ecaiu
caejiaeM 3TO, MBI OyJleM 3HATh BO3MOJMKHBIE NCXOMbI 13-
MepeHUA BLOJb HAIpaBieHUs M. VI MBI TaKKe CMOKeM
paccuuTaTh BEPOATHOCTH BCEX STUX MCXOI0B. [pyrumu
CJIOBAMMU, MBI IIOJYYUM IIOJHYIO KAPTUHY U3MEPEeHU
CIIMHA B TPeXMepHOM mpocTpaHcTBe. Ha Moii BKyc, 3TO

COBEPIIIEHHO 3aMeuaTeJIbHO.

3.7. Cooupaem yposkai

Celiuac MBI MOJOMIJN K TOMY, YTOOBI BEIIOJHUTL He-
KOTOPhIEe peajibHble BHIUUCJIEHU S, HEUTO TaKoe, UTO 3a-
CTABUT BAIller'0 BHYTPEeHHEro (pu3mKa IpbeIraTh OT Pago-
ctu. PaccmoTpuM crenualdbHBIN cIIyuail, riae A JeXUT
B IIJIOCKOCTU X—2, KOTOpPAas COBOAMAET C IIJIOCKOCThIO
BTOH CTPAHUIBI. IIOCKOJIBKY 1 — eIMHUUYHBLIH BEKTOD,

MOMCHO 3aIlrcaTb

n, = coso,
n, = sinb,
n,=0,

re 0 — yros Meskay ocamu z u 1 . ITocTaBUB 5T BEIpAsKe-

HUA B ypaBHeHUe (3.23), mosyuyum
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YIIPAKHEHMUE 3.3

Brruncinre cob6cTBeHHBIE BEKTOPHI 1 COOCTBEHHBIE
3HaueHusd o,. [[lo0cka3ka: caeaanTe IPeaIo0Ke-

HUSA, YTO COOCTBEHHBIN BEKTOP A1 IMEEeT BU/I

rie o — Hem3BeCcTHBIN mapameTrp. OcTaBbTe 3TOT
BEKTOD B YpPaBHEHUeE AJIA COOCTBEHHBIX 3HAUEHUN
u BeIpasduTe o uepes 0. IloueMy MBI HCIIOJIBL3yEeM
JUITh onuH mapaMmeTp a? O0paTuTe BHUMAaHUE, UTO
HaIIl IpeJIoiaraeMblil BEKTOP-CTOJI0EI] TOJIJKeH

NMMETHb €eJMHNYHYIO OJINHY.

Bor pesyabraTsi:

N =1,

>\2 = —1,

OOpaTuTe BHUMaHNe Ha HEKOTOPLIE BasKHbIe aKThl. Bo-

IIePBBIX, IIOJIYUEHHEBIE IBa COOCTBEHHBIX 3HAUEHU S BHOBb
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paBHBI +1 1 —1. ATO He TOJKHO OBLJIO BaC YAUBUTD: IPU-
60p A cocobGeH BbIJaBaTh TOJBKO OJWH U3 3TUX ABYX
OTBETOB, HE3ABUCHUMO OT TOTO, KyJla OH HanpaBjeH. Ho
BCe PaBHO XOPOIIIO, YTO 3TO BEITEKAET U3 ypaBHeHU. Bo-
BTOPHIX, ABA HalileHHBIX COOCTBEHHBIX BEKTOPA OPTOrO-
HaJbHBI.

Tenepb MBI TOTOBEI CIeJIaTh 9KCIIEPUMEHTAIbHbIE IIPeJ-
ckaszaHud. [JonycTum, A nepBoHaYaILHO YKa3bIBAET BAOJb
OCH 2, M MBI IPUTOTOBUJIY CIINH B COCTOSHUU 86epX |U).
3aTeM MBI MOBOpaYnBaeM A TaK, YTOOBLI OH ObLTT HATIpaBJIeH
BIOJIL ocH 71 . KakoBa BepoATHOCTD HabMI0maTh 0, = +17? He-
[I0JIb3YeM IIpeficTaBJIeHNE (| U |[\1) B BUJE CTPOKH U CTOJIO-

I1a U, COTJIACHO IPUHIUITY 4, IOJYYUM OTBET:
(3.24)
AHaJOTUYHO AJIA TeX JKe HaCTPOeK

(3.25)

IToryuuB aTOT Pes3yabTaT, Mbl HOUTH 3aMKHYJIX KPyT. Kor-
JIa MBI IO3HAKOMUJINCH CO CIIMHOM, TO TOBOPUJIN, UTO €CJIU
IIPUTOTOBUTE OOJIBIIIOE YNCJIO CITMHOB B COCTOSAHUU 88€PX,
a 3aTeM U3MEPUTh UX KOMIIOHEHTY BA0JIb OCH 7 , PACIIOJIO-
JKEeHHO 1101 yTJI0M 6 K ocH 2, TO cpe/iHee M3MepeHHOoe 3Ha-
yerue OyaeT cosd — Takoii sKe pe3yJaAbTAaT MbI HOJYUYUIN ObI
JLJISI TIPOCTOT0 3-BeKTOpAa B KJaccuuecKoii pusuke. Jlaer au
Hallle MaTeMaTUYeCcKoe OIUCaHMe TaKoH Ke pedyabraT? On
Oasxce ryuwie! Eciim Teopusa pacXxoauTCs C SKCIIEPUMEHTOM,
TaKas TeOPUs OTIIpaBjseTcs B udrHauue. ITocmorpum, Kak

XOPOIIIO AeP;KUTCS MOKAa HaIlla TEOPUS.
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K coxxkanenuio, HaM IpUeTCA HEMHOTO CKYJIbHUYATD,
UCIONB3ysA (OPMYIY, KOTOPYIO MBI CMOYKEM IOJTHOCTHIO
O00'BACHUTH TOJBKO HA CJHEAYIONIIeH JeKIun. ITa (popmyJia
TOBOPUT HaM, KaK BBIUYNCIATEL CpeiHee 3HAUECHIE u3Mepe-
HUA (TaK’Ke Ha3bIBaeMoe OKUIaeMbIM 3HaUeHneM). Bor

aTa opmyJia:
(3.26)

IocTaTouHo cKasaThb, 4TO (3.26) — 9TO IPOCTO CTAH-
napTHaa opmyia Aasa cpexHero sHaueHusA. OHa Heclie-
nuuUHa 111 KBAHTOBOM MEeXaHUKH.

YT00BI BEIUMCIUTH CPefHee 3HAUCHNE U3MEPEeHUs, CO-
OTBETCTBYIOIIEe omepaTopy L, MBI yMHOKUM Kakgo0e co6-
CTBEHHOE 3HaUeHNeE Ha €r0 BEPOATHOCTD, a 3aTE€M CJIOKUM
peayJsbTaThl. KoHeuHO, omepaTop, KOTOPHINA MbI PACCMATPH-
BaeM ceiuac, 9TO IIPocTo 0,. I HaM y’Ke M3BEeCTHBI Bce He-
o0xomuMbIe 3HaUeHUA. [IpocTo moacTaBUM UX B DOPMYJIY.
Ucnonbsysa ypaBaenus (3.24) u (3.25) BMecTe ¢ U3BECTHBI-

MU COOCTBEHHBIMU 3HAQYEeHNAMMU, II0JIydaeM

nJIn

Ecau BuI momuMTE TPUTI'OHOMETPHIO, TO 3TO JAaeT

YTO IPeKPacHO corJiacyercs ¢ akcuepumenToM. [[a! MuI aTo

crenaun!
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Jlekuwma 3. NpUHUMNbI KBAaHTOBOW MeXaHUKM

3aiifsa TaKk JaJieKo, BBl HABEPHAKA 3aXOTUTE IIPUJIO-
JKUTBh PYKY K HeMHOTr0 6oJiee o0Ireir 3agaue. Kak u mpe:x e,
MBI HAUHEM ¢ mpubopa A, OpreHTHPOBAHHOIO II0 HaIIpaBJIe-
Huio 2. Ho Ha 9TOT pas, mocJjie Toro Kak CIUH IPUTOTOBIECH
B COCTOSIHUY 88epX, MBI MOXKeM Iiepe]i BTOPbIM Habopom
M3MepeHuii IOBePHYTh A B IPOU3BOJIbHOM HAIIPABJIEHUN
B IpocTpaHCcTBe. B mannom ciayuae n, # 0. IlonpoOyiiTe
pasodpaThbCs C 9TOI CUTyaIHen.

4
v/
@
Q.
O,
0 =~
S : Y Y
P - ! i
S h SO
g R
s
N @’
______________________ AEVI/IAN
r sinf cosp

X

Puc. 3.2. Coepuueckue koopdurnamut. Ha amoii cxeme
NOKA3aHa 00ULeNPUHAMAA CUCTEMA CPepuiLecKUX
KoopOunam r, 0 u p. Ona mariice unrcmpupyem

npeobpasogarnue k¥ QuauLecKum KoopouHamam:
x = rsinB cosy, y = rsind sinp u 2 = r cosH
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KBaHTOBaA MexaHuKa

YIIPAKHEHMUE 3.4

ITycTs n, = cosB, n, = sinb u n, = sind siny. Yras! 6
U (p COOTBETCTBYIOT OOBIYHOMY COIJIAIIIEHUIO O ce-
pruuecKux KoopauHarax (puc. 3.2). Beruucaure
coOCTBEHHBbIE 3HAUEHUS U COOCTBEHHBIE BEKTOPHI

IJIs MaTPUIBI U3 ypaBHeHud (3.23).

BbI TaKaKe MokeTe IOMPOOOBATEL CIIPABUTHLCS € TOPA3/0
6oJiee CJIOKHBIM IPAMEPOM, BKIIOUYAIOIIAM ABa HAIIPAB-
JeHuA N u m. BaToM ciyuae A He TOJIBKO 3aKaHuUBaem
paboTy B IPOM3BOJILHOM HAIPaBIeHUN; OH TaKMKe HAUU-

Haem ¢ (IPYroro) IPOU3BOJIbHOTO HATIPABIEHUA.

YIIPAKHEHHUE 3.5

IIycTs criH IPUTOTOBJIEH TaK, 4TO 0, = +1. [Ipubop
3aTeM IIOBOPAUYMBAaeTCA B HAIIPABJIEHUHU 1l U U3Me-
pdaer 0,. KakoBa BepOsITHOCTDH TOTO, UTO B Pe3yJib-
raTe 6ymer moayueno +1? O6paTute BHUMAaHUE, YTO

— WCIIOJIB3YeTCs TO JKe corjalileHue oo

0003HAUEHUAX, UTO 1 AJI 0.

OrBeToM 6YI[6T KBaJgpaT KOCHHYyCAa IIOJIOBUHEI yIVia MK IAY

i u m.CMosKeTe JIU BBI HTO JOKA3ATh?
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Jlekuma 3. NpUHUMNbI KBAHTOBOW MeXaHUKM

3.8. IIpuHIIMII CHHTHOBOM MOJIIPU3AINHU

CymrecTByeT BaskHasA TeopeMa, KOTOPYIO BbI MOKeTe II0-
npoboBaTh foKasaTk. {1 OyaAy HA3bBIBATH €€ TaK:

IIpyMHINI CINHOBOM MOJAPUIAIUN: J1H000€ COCMOSAHUE
0maoenbH020 CNUHA A8AeMmCsa COOCMEEeHHLLM 8EKMOPOM

Hel'COTTLOpOLVL KOMNOHEeHMmMblL CnNUHA.

Hpyrumu caoBaMu, A JI0OOTO COCTOSAHU S
|A) = aylu) + aqgld)

cylllecTByeT HeKOe HallpaBJjeHHe 1, TAKoe UTo

9TO 3HAYUT, UTO [JIsI IIOOOI0 CIIMHOBOI'O COCTOSAHUS CYIIfe-
CTBYeT HeKas opueHTanusd npubopa A, Ipu KOTOPOH OH,
cpabarwiBasd, peructpupyet +1. Ha pusuueckom A3bIKe
MBI TOBOPUM, UTO 9TO COCTOSIHNE CIINHA XapaKTepPU3yeTCs
8€KMOPOM NONAPU3AYUL, T KOMIOHEHTa CIIMHA BJOJb
BEKTopa IMoJApu3alluu npeackasyemMo paBHa +1, mpu
TOM HPEAIOAJIOKEHNN, KOHEUHO, YTO MBI 3HA€M BEKTOD
COCTOSTHUA.

WuTepecHoe ciieICTBUE 3 9TOU TeOpeMbI COCTOUT B TOM,
YTO He CYIIeCTBYeT COCTOAHUA, AJIA KOTOPOTO cpedHue
3HAYeHUS BCEX TPeX KOMIIOHEHT CIIMHA ObLIM Obl PABHBI
Hyamo. CyiecTByeT KOJNUYECTBEHHBIN CIIOCO0 BRIPA3UThH
oT0. PaccMoTpuM cpefee 3HAUEHNE CIIMHA BAOJIb HAIIPAB-
nenus 7 . [IocKoNbKY |A) siBIIsieTCs COGCTBEHHBIM BEKTOPOM
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KBaHTOBaA MexaHuKa

61 (c cobcTBeHHBIM 3HaUEHUEM + 1), oTCIofa caenyer, uTo

CpegHee SHaUYeHre MOYXHO BEIDA3UTh KaK

C npyroii CTOPOHLI, AJIsI KOMIOHEHT, IePIeHANKYIAPHBIX
K 0, CPeJJHVe 3HAUeHUs B COCTOAHUY |A) paBHBI HYJI0. OT-
ciofia cJaeqyeT, UTO KBaAPaThl CPeJHNX 3HAUCHIHA BCEX TPeX
KOMIIOHEHT 0 B cymMMe nmaioT 1. Bojsiee Toro, ams ai000ro

COCTOSIHUS BEPHO CJIeyIOIlee PABEHCTBO:
(02)2 + (0y)2 + (0,)2=1. (3.27)

3anmomMmHuTe 5TOT (hakT. MBI BepHEMCcA K HeMY B JIEKITUH 6.



Jlekuusa 4. Bpemsa u usmeHneHue

B Kom1re 6apa B 0AMHOUYECTBE CUIUT IIyTaloIllero BUaa

rpomumiia. Ha ero ¢gpyToosiKe Hammcasno: «—1».

Aprt: Yro aTo 3a mapenb «Munyc OnuH», BOH TaM

B yray? Beimubamna?

JlemHu: IT0 ropasmo 6o0JbIlle UeM BhIMIuOaga. ITO
3AKOH.

Bes mero Bce aTo 3aBeleHrne HeMEeJJIEHHO pa3BaJIiu-

JIOCH OBbI.

4.1. HamoMmuHaHMe O KJIACCHUKEe

B mome I momamobuaoch YyThL OOJIBIIIE CTPAHUIILI, UTOOBI
00'BACHIUTD, UTO TAKOE COCTOSIHIIE B KJIACCHUUECKO Mexa-
HUuKe. B KBaHTOBO#I Bepcuu, YTOObI JOCTUYh TOTO Ke ca-
MOT'0, TOHAO0MJIOCHh TPU JIEKIIUK, TPU MaTeMaTUUIECKUX
WHTEePJIIOANI, YTO II0 MOUM IIOACUYETAM COCTABJIAET OKOJIO
17 000 csos. Temeps MBI 3HAaEM, UYTO TAKOE COCTOSHIIE.
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OmHako, Tak Ke KakK B KJIacCUUeCKOou (p13nKe, 3SHaHIIE COCTO-
SHUS CUCTEMBI — 5TO TOJIBKO IIOJOBUHA ucTopuu. [{pyras
TIOJIOBUHA BKJIIOYAET 3aKOH, COTJIACHO KOTOPOMY COCTOSHMS
M3MEHSIIOTCA BO BpeMeHu. IM-TO MBI Telepb U 3aiiMeMCsI.

Ho npe:x e mo3BosbTe MHE KOPOTKO HATIOMHUTD O IIPU-
polie M3MeHeHHNH B KJaccuuecKon (pusuke. B Kiaaccuke
IPOCTPAHCTBO COCTOAHUNA — 9TO MaTeMaTHUUYecKoe MHO-
sKecTBo. Jloruka siBjsercs 0yJieBOi, a 9BOJIOIISI COCTOSI-
HUU BO BpeMEHU — JIeTePMUHHUCTUYECKON 1 00paTUMOI.
B mpocreiiiiiem npumepe, KOTOPBIHE MBI paccMaTpUBaJIH,
IIPOCTPAHCTBO COCTOAHUI COMEePIKaa0 BCETO HECKOJIBKO
rouek: ABepc u Pesepc aasa monersl, {1, 2, 3, 4, 5, 6} gua
urpajibHoi KocTu. CocToAHMS 1300paKainch MHOKECTBOM
TOUEeK Ha CTPaHHuIle, a 9BOJIONNA BO BpeMeHHU ObLiIa JUIIh
MIPaBUJIOM, TOBOPAIINM, KaKOE COCTOSAHMIE OyIeT CIeayIo-
M. 3aK0H ABUKEHUA IPeNCTAaBIAICT rpadoM co CTpeJI-
KaMM, COeIUHAIONINMY COCTOIHUA. ['JIaBHOEe IIPaBUJIO —
IeTePMUHU3M — YTBEPIKIaJI0, UTO T'/ie ObI BBl HU OKa3aJInch
B IIPOCTPAHCTBE COCTOSIHUII, CJIeAyIOIIee COCTOSHME IIOJHO-
CTBIO OIIPeesisgeTCs 3aK0OHOM IBIKeHusaA. Ho ObLIo TaKKe
W IpyToe IIPaBuJjoO, HadblBaeMoe 00PaTUMOCThbIO, — BTO
TpeboBaHMeE, COTJIACHO KOTOPOMY HaAJIe:KalluM 00pasoM
chopMyIUPOBAHHBIN 3aKOH MOJKEH TaKiKe TOBOPUTD, I'Ie
BBI OBLIU B IPEABIAYINEd MOMEHT. XOPOIIUHA 3aKOH COOT-
BeTCTByeT rpad)y, B KOTOPOM POBHO OJTHA CTPEJIKA BXOIUT
B Ka’KJ0€e COCTOSHIE U OJHA N3 HETO — BBIXOIUT.

EcTh gpyroii cnocob ommcaTh oTu TpeboBanus. 1 Ha-

3bIBAalO €ro MUHYC nep8vlm 3AaKOHOM, IIOCKOJIBKY OH IIPDE/-
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Jlekuma 4. Bpema n nsmeHeHune

mecTByeT BceM ripounM. OH yTBEPIKIAET, UTO MH(MOPMAIIA
HUKOIAA He IIpomnajgaeTr. Kcau nBe nuaeHTUYHbIE U30JIUPO-
BaHHBIE CUCTEMBI CTAPTYIOT U3 PA3HBIX COCTOSHN, TO OHU
OCTaHYTCA B PA3HBIX COCTOAHUAX. BoJjiee TOT0, B IPOIILJIOM
OHU TOJKe OBLIU B PA3HBIX COCTOAHUAX . C IPYTroi CTOPOHBI,
€CJIU IBe NAeHTUYHbIe CHCTeMBI HaX0ATCA B KAaKOU-TO MO-
MEeHT BpeMeHU B OAUHAKOBBIX COCTOAHUAX, TO UX UCTOPUU
U OyayIias 9BOJTIOIUS JOJPKHBI OBITh UAeHTUYHBIMU. Pas-
JUYUA COXpaHATcA. KBaHTOBaA Bepcusa MUHYC ITIEPBOTO

3aKOHAa Ha3bIBaeTCA YHUMAPHOCMDbIO.

4.2. YHUTApHOCTH

PaccMOTpUM 3aMKHYTYIO CUCTEMY, KOTOPAs B MOMEHT
BpeMeHU ¢ HaxoAuTcsa B KBaHTOBOM cocrofguuu V). (I'pe-
yeckas OykBa ¥ [mcu| TpaAgMIMOHHO MCIOJIb3YETCS IS
0603HaYeHNsI KBAHTOBBIX COCTOSHUM IIPU PACCMOTPEHUN
aBOJIIOLUY cucTeM.) [yl yKasaHus TOrO, YTO COCTOSHUE
|) nMesT0 MecTO B OnIpeieIeHHbIM MOMEHT BpeMeHU ¢, MbI
HEMHOI'O YCJIOXKHUM 0003HAUeHNs U OyLeM HasblBaTh 9TO
cocrosinue |U(t)). Koneuno, Takoe 0003HaAUEHNE IIPEAIIO-
JlaraeT HeYTO GOJIbIIIee, UeM IIPOCTO «B MOMEHT ¢ COCTOSTHIE
obL0 | V) » . B HEM TaK ke TOAPA3yMeBAETCs, YTO COCTOAHUE
MO’KeT OBITh MHBIM B JPyTie MOMEHTHI BpeMeHu. Takum
o0pasoM, MBI cunTaeM, 4To |V(f)) mpeAcTaBiAeT BCIO UCTO-
PHIO CHCTEMBI.

dyHIaMeHTaIbHOE IPEANOIOKeHIe JUHAMUKY B IIPU-

JOXKEeHUU K KBAHTOBOM MeXaHUKE COCTOUT B TOM, UTO eCJit

119



KBaHTOBaA MexaHuKa

M3BECTHO COCTOSHMWE B OUH MOMEHT BPpeMEHU, TO KBaH-
TOBBIE YPABHEHUSA NBUKEHUA CKAKYT, KAKUM OHO OymeT
B JaabHelileMm. Be3 moTepu oOI[HOCTH MOMKHO CUNTATD
HavaJbHBIN MOMEHT HYJIeBBLIM, a 0oJjiee IMO3JHNIT MOMEHT
obosHauaThk t. CocToAHME B MOMEHT ¢ OIIpeiesisieTca HeKoel
oneparueii, obozuauaemoir U(t), KoTopas Bo3zxeiicTByeT
Ha COCTOsSHIE B HyJIeBOII MOMeHT. Be3 mambHeiiero yrou-
HeHuA cBoiicTB U(¢) 9TO 0OUeHB MaJIo UTO HaM I'OBOPHT, 3a
HCKJIIOUEeHUEM TOT0, UTO |\ ()) OIpeseraeTcsa COCTOSTHIEM

|U(0)). Banuiem 5Ty CBA3H B BuAe (GOPMYJIBL:
U (2)) = U@)[¥(0)). (4.1)

Omnepanusa U Ha3bIBaeTCsa onepamopom c08uza 60 8pemMeHu
IJIS JaHHOM CUCTEMbI.

4.3. JleTepMUHU3M
B KBAHTOBOM MeXaHUKe

Ha sToMm mMecTe HaM He0OXOAMMO 0003HAUUTL HEKOTOPhIE
oueHb BasKHBIe pasianuusa. Mbl onpenenuniu U(f) Takum
00pas3oM, UYTOOBI BEKTOP COCTOSIHUS N3MEHSJICS JeTepPMI-
HHUCTHUYEeCKUM o0paszoM. [la, BbI Bce IIPaBUJIBHO yCJIBIIIIA-
JI — 9BOJIIOIISA BO BpEeMEHU BeKTOPA COCTOSIHUSA SIBJISIETCSA
JdemepmuHucmuieckoil. ITo 3aMedaTebHO, TOCKOJIbKY
y HacC IOABJISIETCA MHCTPYMEHT, ¢ IIOMOIIbI0 KOTOPOTO
MOJKHO IILITaThCA AeJaTh IpeackasaHusa. Ho Kak ke 9To
COTJIACYETCS CO CTATUCTUYECKUM XapaKTePOM pPe3yILTATOB

HaIINX U3MePeHuii?
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Jlekuma 4. Bpema n nsmeHeHune

Kaxk M5l yixe Bugean, 3HaHEe KBAHTOBOI'O COCTOSIHISA He
0O3HaYaeT BOBMOYKHOCTH C YBEPEHHOCTBIO IIPeqCKa3bIBATh
pesyabTaT sKcuepuMenTa. Hanpumep, 3HaHHE O TOM, YTO
CIIH HAXOJUTCHA B COCTOSTHUH |I'), TO3BOJISET IIPEICKA3aTh
pes3yJIbTaT U3MEPEHNUS 0, HO HUero He TOBOPUT 00 u3Mepe-
HUAX 0, U 0. 1o aToii npuunne ypasuenue (4.1) orandaer-
CsI OT KJIACCHUYECKOI'0 JeTePMUHI3MA, KOTOPBII II03BOJISIET
IpeCKas3bIlBATh PEe3yAbTATEI dKCIepruMeHTOB. KBaHTOBAS
DBOJIIOINSA COCTOSHIS II03BOJISET BIUNCJISATD JINIITH BePOSAT-
HOCTH MCXOJIOB N0OCLe0Y U, X SKCIIePUMEHTOB.

9TO OJHO M3 KJIIOUEBLIX PA3JIUUYNUA MeKIY KBAHTOBOM
MeXaHHUKOI 1 Kjaaccuueckoii. OHO CBA3aHO ¢ OTHOIIEHEM
MEKIYy COCTOAHUAMU 1 U3MEPEeHUuAMU, O KOTOPOM I'OBO-
pujJoch B caMOM HauaJjie 3TOM KHUru. B Kiaccuueckoi
MexaHNKe GaKTHUYECKH He CYIeCTBYeT PA3HUIIbI MEKIY
COCTOSTHUAMMU W M3MepPeHuAMU. B KBAHTOBOU MeXaHUKe

9TO pa3djinuynue OUY€Hb I‘JIY6OKOG.

4.4. IIpucmorpumes k U(¢)

O6mienpuHATaA KBAaHTOBAad MeXaHUKAa HaKJIaAbIBaeT
Ha U(t) mapy orpanunuenuii. IIpesxae Bcero, oHa Tpe6y-
eT, 4To0bI onepanusa U(t) Gblna JHHEHHBIM OIIePaTOPOM.
9TO HeYAUBUTEIbHO. B3anMOCBAZH MeXK Iy COCTOSAHUAMU
B KBAHTOBOII MeXaHUKe BCcerja JUHeiiHbIe. ITO COOTBET-
CTBYeT NPEACTABIEHHUIO O TOM, YTO IIPOCTPAHCTBO COCTO-
AHUM ABJIAETCA BEKTOPHBIM IpocTpaHcTBOM. OxHaKO

JUHENHOCTh — BTO He €INHCTBEHHOE yCJIOBUE, HAKJIaJbI-
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BaeMoe KBaHTOBOI MexaHukoii Ha U(t). OHa Takke Tpedyer
co0JII0leHN A KBAHTO-BOMEXaHUYECKOTO aHAJIOra MUHYC
IIEPBOTO 3aKOHA: COXPAHEHUE DA3AULUIL.

BconomHuUM u3 nmpeabIAyIneit JeKIIuM, YTO ABA COCTO-
AHUA PA3JIUYUMBI, €CJIN OHU OPTOTOHAJBHBI. Byayun
OPTOTOHAJBHBIMHU, ABA PA3JIUYHBIX OA3MCHBIX BEKTOPA
IPEJCTaBIAIOT ABa PA3JIUYHBIX cocToaHuA. IIpeamoio-
»xuM, 4ro |V(0)) u |®(0)) — aBa PABIUUHBIX COCTOAHUS;
IPYTUMU CJIOBaMU, CYIIeCTBYeT 9KCIIEPUMEHT, KOTOPHIH
MOJXKET OJJHOBHAYHO OTJINYHUTh UX JPYT OT IPYTa, a CIeso-

BaTeJIbHO, OHU OOJIXHBI OBITH OPTOIrOHAJIBHBIMM:
(¥(0)|@(0)) = 0.

W3 TpeboBanms coxpaHeHNs PA3JINUNNA BEITEKAET, UTO OHI
OyIyT OCTaBaThCA OPTOTOHAJIBLHBIMY BCE BPEMSI. ITO MOIKHO
BBIPA3UTH CJAEAYIOIITUM 00pas3oM:

(U(2)|®(2)) =0 (4.2)

IJIsI BceX 3HaUeHU t. VI3 9TOro NpUHITNIIA €CTh CJIeICTBIE
B OTHOILIIEHUU onreparopa casura Bo Bpemeru U(t). UToOsr
pasodpaThbCs, B UeM OHU COCTOSAT, IIPEBPATUM KeT-BeKTOpP

n3 ypaBHeHus (4.1) B cCOOTBETCTBYIOIMI Gpa-BEKTOD:
(W(t)] = (L(0)[U(z). (4.3)

O6parnTe BHUMaHVE Ha KPECTUK, 03HAYAIOIIUY 9 PMUTOBO
conpsskernue. Teneps noacrasum (4.1) u (4.3) B ypaBHe-
Hue (4.2):

(T(0)|UF(#)U(#)|®(0)) = 0. (4.4)
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Jlekuma 4. Bpema n nsmeHeHune

Hnsa anaausa caeACcTBUM U3 3TOTO YPaBHEHU S PACCMOTPUM
OPTOHOPMUPOBAaHHBIH 6asuc BeKTOpoB |i). ['ogurcs iio-
0011 6asuc. YcaoBre OPTOHOPMUPOBAHHOCTY BBIPAMKAETCS

ypaBHeHUEM
<i|j > = 6ija

rze 0;; — y»Ke H3BeCTHBIN HaM cuMBOJI KpoHekepa.
ITycrs Teneps |P(0)) u [¥(0)) OyayT ss1eMeHTaMU STOTO
opToHOpMUpOBaHHOTO Oasuca. IlogcranmoBka B ypaBHe-

Hue (4.4) naer
Ui U@))j) =0 (i # j),

rae i u j — He coBmagaoT. C Ipyroi CTOPOHBI, CJIN i 1 j O U-
HaKOBBI, TO 9TO K€ MOKHO CKa3aTh U O Pe3yJIbTUPYIOIINX
BekTopax U(t)|i) u U(¢)|j). B aToM cayuae ux BHyTpeHHee
mpousBeleHue NOJKHO ObITh paBHO 1. Takum obpasom,

00I11asa B3aUMOCBA3h IPUHUMAET BU/I
(@ UT()U(2)])) = by

Hpyrumu croBamu, oneparop Uf(¢)U(t) Bemet cebs kak exu-
HUYHBIN ortepaTop I, KOT/ia OH TeHCTBYeT MeK Iy JIIOOBIMU
uyneHamu 6asuca. Orciozna yerko goxasars, uro Uf(1)U(t)
IefCTBYeT KaK eIUHUYHLINA omepaTop I B OTHOIIIEHUHU JIIO-

Ob1x cocrosauuii. Oneparop U, yI0BJIETBOPAIONINH YCIOBUAIO
utu =1,
HasbIBaeTcsa yHumapHvim. Ha pusnyeckom KaproHe roBo-

PAT, YTO 9601I0YUS 60 6PeMEeHU YHUMAPHA.
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YHuTapHbIE OTIEPAaTOPHI UTPAIOT KOJOCCAIBHYIO POJIb
B KBAaHTOBO! MeXaHHKe, MIPeICTaBJIAA BCe BUABI Ipe-
00pas3oBaHUM IIPOCTPAHCTBA COCTOAHUIMA. OBOJIIOIUI BO
BpeMeHU — JIUIIb OAUH npuMep. TakuM o00pasoM, B 9TOM
paszeje MBI IPUMIJINA K IIATOMY IPUHIIUIY KBAHTOBOIM
MeXaHUuKU.

+ Ilpunnumn 5. IBOJIIOINNA BEKTOPA COCTOSHNSA BO BpeMeHN
VHHUTApHA.

YIIPAKHEHMUE 4.1

Ioxaure, uro eciu U — yHUTapeH u ecau |A)
u | B) — mo0ble [Ba BEKTOPA COCTOSHUSA, TO BHYTPEH-
uee npoussegenue U|A) u U|B) 6yzer TakuMm ke, Kak
BHYTpPeHHee IIpousBeseHnue |[A) u |B). 9To nHOTIA
HAa3BIBAIOT COXPAHEHUEM NepeKpbulmus. ITUM BbI-
paskaercsd TOT GaKT, YTO JJOTUUECKAA CBA3b MEKAY

COCTOAHUAMU COXPaHAETCA BO BpEMEHU.

4.5. TaMmuiaprTOHUAH

HSyan KJIaCCUYeCKYIO MeXaHUKY, Mbl IOBHAKOMMNJINCH
C I/I,Z[eefl IOIIaroBLIX U3MEHEeHUN BO BpeMEeHMu. KBauToBas
MeXaHHKa He OTJIMYaeTCAd B 9TOM OTHOIIIEHUM: KOHEYHbIe
MHTepPBaJIbl BPpEMEHU! MO HO COCTaBJIATD, 06'Be,Z[I/IHHH MHO-

JKeCTBO 0ECKOHEUYHO MaJIbIX MHTEPBAJIOB. JTO IPUBOLUT
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Jlekuma 4. Bpema n nsmeHeHune

K nuddepeHINaIbHBIM YPABHEHUAM 3BOJIIOIIUU BEKTOPA
cocrogHud. Ciaenys 1o sToMy IyTH, Mbl 3aMeHsIeM UHTeP-
BaJI BpeMeHU ¢ 6eCKOHEYHO MaJIbIM NHTEPBAJIOM BPEMEHMU £
U paccMaTpuUBaeM ollepaTop CABUTA BO BpeMeHU JJIs 3TOT'0
MaJIoTo UHTepBaJa.

Ectp n1Ba mpuHIUIIA, KOTOPHIE HOJIXKHBI YUUTHIBATHCA
IpU PacCMOTPEHUU TaKUX MaJIbIX nd3MeHeHuli. I[lepBoIii

MIPUHIIUI — YHUTAPHOCTb:
Uf(e)U(e) =1. (4.5)

Bropoit IpuHIIUIT — HEIPEePHIBHOCTH. JTO 03HAYAET,
YTO BEKTOP COCTOAHUSA U3MeHAeTCa maaBHO. YTOObI BhI-
Pa3uUTh 3TO TOUHO, PACCMOTPUM CHAaUaJIa Caydail, Korjaa €
pasuo HyJ10. Torma, oueBUHO, OIIEPATOP CABUIIA BO BpeMe-
HU OyIeT ToKIeCTBeHHBIM onepaTopy I. HempepbIBHOCTD
03HAYAEeT, YTO eCJIU € OUeHb MaJso, To U(g) GIU30K K TOXK-
JIeCTBEHHOMY OIIePaTOPy, OTJINUAACH OT HETO HA BeJIUUUHY

nopanka €. IlloaTomy sanuIiiem
U(e) =1 —ieH. (4.6)

BbI, BOBMOKHO, YIUBUTECH, HOUEeMYy A cTaBJio mepen H
3HAK MUHYC U i. OTU MHOKUTEJIN Ha JaHHOM JTalle CO-
BEPIIIeHHO NPOU3BOJIbHBI. [l pyruMu cJaoBaMu, 9TO CO-
rJalieHune, 3a KOTOPBIM He CTOUT HUKAKOT0 KOHKPETHOTO
cMBICJAa. 1 MCIIOIB3YIO UX C IIPHUILEeJIOM Ha OyayIiee, KOTaa
MbI OOHapyKuM, uTo H — 5T0O HeuTo, 3HaKOMOEe HAM U3

KJIACCUYECKOU (PUBUKU.
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Hawm rakxke Heobxomumo Beipakenue aisa Uf. ITomus,
YTO D9PMUTOBO CONPsIKeHNe TPeOyeT KOMILIEKCHOTO COIIP-
JKeHnA KO9PPUITUEeHTOB, HAaX0IUM, 4TO

Uf(e) =1 + ieHt. (4.7)

Teneps mozacrasisieM (4.6) u (4.7) B ycsoBue yHUTapHO-
ctu (4.5):

(I +ieH) (I —ieH)=1.

PackpbiBas CKOOKY M paccMaTpuBas IMEePBBIA TOPSAIOK
110 €, IIOJIyUYaeM

Hi-H=0
uau, B 6ojiee SBHOM BHUJE,
Hi=H. (4.8)

ITo ypaBHEHNE BhIpasKaeT ycaoBUe YHUTApHOCTH. Ho oHO
TaksKke roOBOPUT, uTo H sABJIsgeTCa SPMUTOBBIM OIIEPATOPOM.
ITo oueHb BasKkHO. Temeps MbI MOKEM yTBEP:KIATh, uTo H
ABJAeTCA HabJJII0gaeMoM 1 00J1ajaeT IOJHBEIM HaOOpPOM Op-
TOHOPMUPOBAHHBIX COOCTBEHHBIX BEKTOPOB C COOTBETCTBY-
IOIUMU COOCTBEHHBIMU 3HaueHuAMU. B ganbueiimiem H
OKa’KeTcs OUYeHb 3HAKOMBIM 00'beKTOM, 8 UMEHHO K8AHMO-
8blM 2amMunAbMOHUAHOM. ETOo cOOCTBEeHHEBIE 3HAUCHII — 3TO
3HAUEHU A, KOTOPBIE MOTYT IIOJYYAThCSI IPU N3MEePEeHN
SHEPruu KBaHTOBOI cucTeMbl. IloueMy MBI OTOXKI€CTBJIS-
eM H ¢ KiaccuuecKuM HOHATHEM FaMUJIbTOHHAHA, a €ro

coOCTBEeHHBIE 3HAUEHUS C 3HepI‘HefI, BCKOpe CTaHeT sACHO.
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Bepuewmcsa k ypaBHeHUIO (4.1) 1 IpUMEHUM €ro K CJIy-
yarfo 6eckoHeuHO Masoro t = €. [Tonsaysacs (4.6), Haxoqum

(e)) = [¥(0)) - icH|T(0).

YpaBHEeHMe TaKOT0 BUIa MOYKHO JIETKO IIPEBPAaTUTh B TU(-
depennuanbHoe. IIpesxe Bcero mepeHeceM IIePBLIN YJIeH

13 IPaBOii YacTHU B JIEBYIO, a 3aTeM pas3e/ UM Ha £:

Ecnu BBl He 3a0bLIM MaTeMaTUYeCKUi aHAIU3 (KpaTKas
cBOZKa faHa B mome I), To 3amMeTuTe, UTO JIeBas YACTh 9TOTO
ypaBHeHUA OUeHb II0X0:Ka Ha ollpe/iesieH1ie IPOU3BOAHOM.
IIpu nepexofe k npegeny € — 0 oHa IpeBpaIiaeTcsa B IPo-
M3BOJHYIO BEKTOPA COCTOSHUSA 110 BDeMeHN:

(4.9)

IlepBoHavaIbHO MBI CTAJIM CUNTATH 3HAUEHNE BPpeMeHHOI
ImepeMeHHO# paBHBIM HYJIIO, OJHAKO B BeiOOpe ¢t = 0 HeT
Huuero ocobernHoro. IIpoaesait MbI Te 3Ke BHIUMCJIECHUS
C IPYyTuUM 3HAUYEHNEM BPeMeHU, HOJYUYUJICI OBl TOUHO
TaKOM JKe pe3yJsbrarT, Kak B ypaBHeHuu (4.9). OHo roso-
PUT HaM, KaK U3MEHAETCS BEeKTOP COCTOSAHMUS: €CJIH MBI
3HaeM ero B OWH MOMEHT, YpaBHeHIe I03BOJIAET OmIpe-
IeJnuTh, KAKUM OH Oy/eT B ciieAyouuii. Y paBueHue (4.9)
JOCTATOYHO BasKHOE, YTOOBI HOCUTHL COOCTBEHHOE UMJ.
OHO Ha3BIBaETCA 3ABUCAULUM OM BPeMEeHU YPABHEHUEM
IlIpéduneepa, niu, uaorga, ypasnenuem Illpédunzepa
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8 obwem cayuael. Eciu ussBecTeH raMuJIbTOHUAH, TO
OH T'OBODUT, KaK COCTOSIHVE HEBO3BMYIIIEHHON CUCTEMBI
MeHSAETCA CO BpeMeHeM. APTy HPaBUTCA HA3BIBATDH ATOT
BeKTOP cocTtoAaHuA kemom IlIpédunzepa. OH naske XoTesa
N00aBUTH K IPEeUYECKO OyKBe HeOOIbIIe YCUKNZ, OTHAKO

s1 HApUCOBAJ YePTOUKY B IPYTOM MecCTe.

4.6. Uto cayunaocs ¢ h?

1 yBepeH, UTO Bce BBI CJABIIIAJNYN O IIOCTOSHHON Ilmanka.
Cawm II;tauk o603uaumI ee i ¥ OIIEHIJI, UTO ee 3HaUeHIe CO-
craBJsieT oKoJo 6,6 X 10734 kr - m2/c. ITocmegoBaresiu mepe-

oIIpeeINJIY ee, pasfeuB Ha 27T 1 0003HAUUB pPe3yJIbTaT f:

3auem geauth Ha 21? IToToMy UTO 3TO M30aBJIAET OT IIOSIB-
JeHusd 27 BO MHOTHX Apyrux Mmecrax. C yueToM 3HaUEeHU I
noctoauHoi Il1anKa 4y KBAHTOBOU MeXaHUKHU KarKeTcsd
HEMHOT'0 CTPAHHBIM, UTO OHA [0 CHUX IIOP He IMOABJSAIACH.
Ceituac MBI 9TO UCIIPABUM.

B kBaHTOBOII MexaHUKe, KaK 1M B KJaCcCUUYECKOil Pu-
3UKe, raMUJIbBTOHNAH — 3TO MaTeMaTHYeCKH 00bEeKT,
KOTOPLII IpeAcTaBJIsIeT sSHepruio cucreMsl. OTcioga BO3-

HUKaeT BOIIPOC, KOTOpBIfI, €CJIN BbI OY€Hb BHUMAaTEJIbHBI,

1 B pycCKOSA3BIYHOM JIUTEPATYPE TAKIKe BCTPEUAeTCS TePMUH He-
cmayuoHapHoe ypasHerue Illpédunzepa. — Ilpumeun. Hayy. peo.

2 JlagHO-JIagHO, IIyYy.
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MOT BBI3BaTh y Bac HejoyMeHue. [IpucMoTpuMcs K ypas-
HeHUIO (4.9). OHO JHUIIIEHO CMBICIA B ILIaHE PA3MEPHOCTH.
Ecau uraopuposarts |V) B 06eux 4acTsax ypaBHEHUS, TO
pPa3MepHOCTH eTo JIeBOH uacTu 0y IeT o0paTHLIM BpeMeHeM.
Ecau ske KBaHTOBBI# TaMUJIBTOHUAH TeHCTBUTEIBHO COOT-
BETCTBYET 9HEPTUH, TO ¥ €IUHUIIHI B IIPABOI YaCTH JOJIMKHBI
OBITH D9HEPTETUUECKUMU. JHEPTUA U3MEPAETCA B KOY-
JIAX, UIN . OueBUIHO, UTO I HEMHOTO CMYXJI€BaJ.
Pemrenue 9Toit mpo6JieMbl COCTOUT B MCIIOJb30BaHUU A,
byHIaMeHTaNbHOU KOHCTAHTHI, UMEIeil Pa3MepPHOCTh

. ITocToanuas c TakoOH Pa3sMepPHOCTLIO — 9TO KaK
pas To, YTO HYKHO, AJA o0ecliedeHUs COrJIaCOBAHHOCTH
ypaBHeHus (4.9). Ilepenuiiem ero, 106aBUB IOCTOAHHYIO
IInanka Tak, 4TOOBI 06ECIIEUUTDH COTJIACOBaHUE Pa3Mep-

HOCTEe!:
(4.10)

Ilouemy mocToAaHHAs A UMeeT TaKoe CMEeXOTBOPHO MaJioe
ynciaeHHoe 3HaueHue? OTBeT Ha 3TOT BOIPOC GOJIBIIIE
OTHOCHUTCS K Omojoruu, uem K pusurke. I[logauHHBIH
BOIIPOC He B TOM, MoueMy A Tak MaJa, a B TOM, IIOYeMY
BBl TaK BeJIUKU. Mconb3yeMble HAMU e IUHUIILI OTpPa-
JKaloT HaIlll cOOCTBeHHBIE pa3dMephnl. IIponcxokaeHme
MeTpa, Mo-BUAUMOMY, CBA3AHO C €Tr0 MCI0Jb30BaHUEM
IJIs U3MEePeHHus AJNHBI BePeBOK MJN TKaHell: OH IPU-
MEepPHO PaBeH PACCTOAHUIO OT HOCA YeJIOBeKa JO0 KOHUYNKOB
HajdblleB BRITAHYTON pyKu. CekyHaa comocTaBUMAa IO

MPOLOJIKUTEIbHOCTI C PUTMOM cepArednenns. A Kujo-
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rpaMM — 3TO BeC, KOTOPBIN YA00HO HOCUTE C c000ii. MuI
WCIIOJNB3YEeM 9TH eqUHUIIbI, IIOTOMY UTO OHHU YIAOOHBI, HO
dyuagaMeHTaIbHaSI (GU3UKA He IPOABJIAET 0 HAC 0c000i
3aboTel. Pasmep aToma cocrasiasier mnpumepuo 1010 me-
Tpa. IloueMy OH TaKoOl MaJIeHbKUN? ITO HeIIPAaBUJIbHBIH
Bonpoc. IIpaBuibHEBIN: HOUeMy B pyKe TaK MHOTO aTo-
MoB? Jlejio B TOM, UTO IJISI CO3TaHUA PYHKITMOHAILHOTO,
YMHOTO, HOJIB3YIOIErocsa OPyAUAMU TPyIa CyIecTBa
HYXHO COeIMHUTHL OUYeHb MHOI'O AaTOMOB. AHAJTOTMYHBIM
o0pas3oM KHUJIOTpPpaMM HaMHOTO 0OJIbIIIe AaTOMHEBIX MAacce
IPOCTO IIOTOMY, UTO JIOAM HEe HOCAT C COO0M OTAeabHbIe
aTOMBI; X CJAMIIIKOM JIETKO IIOTePATh. TO Ke OTHOCUTCS
M KO BpeMeHU, K Halllell JJINHHOM’, TPpeOyIolei 00JIbIIoi
YCUAUMBOCTU CeKYHIe. B nTore nmpuuymHa MaJoOCTH II0-
crogaHo# IlytagKka cOCTOUT B TOM, YTO MBI OUE€Hb BEJIUKU,
TAMEeJIbl 1 MeAJINTEeJIbHBI.

®dusuKy, KOTOPhIEe HHTEPECYIOTCA MUKPOMUPOM, IIPe-
HOYUTAIOT UCIO0JIb30BATh €IMHUIILI, 00JIee IIPHICIOCO0IeH-
HbIE JJId N3y4YaeMbIX UMHA ABJeHNH. Eciu moab30BaThCs
aATOMHBIMUA MaCIHTa6aMI/I JJINHBI, BpEMEHU 1 MacChbI, TO
nocrosaHHad Ilnanka y:Ke He OyJZeT TaKUM I'POMO3IKUM
YHCJIOM; OHA OymeT HaMHOTO OJsm:ke K 1. PakTuuecKu
eIUNHUILI N3MEPEHUI, B KOTOPBIX HmocToAHHAas [lmaaka
pasHa 1, — 3T0 ecTeCTBEeHHBIN BBIOOD [IJI5 KBAHTOBOM Me-
XaHUKU, U Yallle BCero MUCI0Jb3yIOT NMeHHO nux. OgHaKo
B ATOII KHUT€ MBI OOBIYHO OyJeM COXPaHATH A B HAIIIUX

YPaBHEHUAX.
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4.7. CpenHue (oxugaeMblie) 3HAYCHUA

CrenaeM HeOOJBIION IIEePEPhIB, YTOOBI OOCYAUTH BaKHBINA
aCIIeKT CTATUCTUKHU, & UMEHHO U0 CPeSHEro 3SHAUeH! .
M&I BCKOJIB3b YIIOMUHAJIN O HEH B IIPEeALIAYINel JIeKIUN,
HO celiuac IPHUIILJIO BpeMs PAaCCMOTPETh ee IOo0JIIKe.

B kBaHTOBOII MexaHUKe CpeJHNEe 3HAUEHU I HA3bIBAIOT
TaK’Ke OKUIaeMbIMU 3HaueHusAMu. (B onpenenensom
CMBICJIE 9TO HeyJauYHbIN BHIOOD TEPMUHA; II03Hee I 00h-
acHio nouemyl.) PaccmorpuM QyHKIIHIO BEPOATHOCTU
HCXO0la 9KCIIepUMEeHTa, B KOTOPOM m3MepAeTcsa Habaio-
maemad L. Mcxon moJskeH OBITh OJHUM M3 COOCTBEHHBIX
sHauenuii L — \;, a yukiusa BeposatTHoct — P(\;). B cra-
THCTUKE CpeJHee 3HaUeHEe 0003HAYAETCA YePTOUKOM Ha I
usMepaeMmon Beanunuoii. CpenHee sHaueHue HabJII0ma€-
moii L 6yzer L . B kBaHTOBOI MexaHWUKe CTAHZAPTHOE 000-
3HaUeHIe JPYyroe, BRIPoCIliee 13 YAAUHOI Opa-KeT-HOTalln
ITona Nupaka. MuI 3anuceiBaeM cpengHee 3HaueHue L
B Buje (L). Bckope MbI y3HaeMm, mouemy Opa-KeT-HOTAIUA
TaK eCTeCTBeHHAa, HO CHavuaJa JaBaiTe 00CYJIUM CMBICII

TepMUHA cpedHee.

C MmaTeMaTHUYECKOU TOUKU 3PEeHudA CpeaHee orpenesid-

ercsa (popMyIoit

(4.11)

1 B pyCCKOA3BIYHOM INTEpATyPe IPENMYIIIeCTBEHHO HCIIOIb3YEeTCs
TepMUH cpedHee 3HayeHue. B nanpHelieM 6y/1eT B OCHOBHOM IIPU-
MeHATbCA UMeHHO OH. — IIpumey. nep.
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Hpyrumu cJIoBaMU, 3TO B3BEIlleHHAs CYMMAa, BEC B KOTOPOit
npencTaBieH pyHKIe BeposaTHocTy P.

C mIpyroii CTOPOHBI, CpeJHee MOYKHO OIPeNeTUTh 9KC-
IIepUMEHTaJIbHBIM ITyTEeM. Hpe,z:nonomnM, YTO BBIIIOJIHEH
OUYeHb OOJIBIIMON PAS ONMHAKOBBLIX 9KCIIEPUMEHTOB U 3a-
MUCAaHBI MOJYUYeHHbIe ucxoabl. OupeneaumMm QYHKIIUIO
BEPOATHOCTH YKHCTO HAOJJIIOAATEJIbHBIM CIIOCOO0OM: OyaeM
cuurath P()\;) mosneit HaOIIOLEHNT, B KOTOPHIX (QUKCUDY-
ercs peayabTat \;. Oupeznenenue (4.11) Torga coBnazaer
C 9KCIEePUMEHTAJIbHBIM CPEJHUM 10 BCEM HAOJIIOJeHUSIM.
dyugaMeHTATIbHAS MAIIOTE3a JII000H CTATHCTUYECKOI TEeo-
PUU COCTOUT B TOM, UTO €CJIM YKCJIO SKCIIEPUMEHTOB I0CTAa-
TOYHO BEJINKO, TO MaTeMaTHUYeCKle IIOHATUA BePOATHOCTH
U CPEeJHEr0 COTJIaCYIOTCS C 9KCIIepUMEHTAJTbHBIMU. MBI He
OyaeM moJBepraTb COMHEHUIO 3Ty TUIIOTE3Y.

Temepsb s JOoKaKy HEOOJIBINYI0O KPACUBYIO TEOpEMY,
KoTopas 00'bACHAET UCII0Jb30BaHUe Opa-KeT-HOTaIluH I
cpepuux. IlycTts |A) — HOpMUPOBAHHOE COCTOSTHVIE KBaH-
TOBOII cucTeMBbI. PasinokuM |A) 10 OpTOHOPMUPOBAHHOMY
0asucy coOCTBEHHBIX BEKTOPOB L:

(4.12)

W3 uncroro uHTepeca, 6e3 BCAKON 3afHeN MBICJIN IIOIIPO-
6yeM BeruncauThb Beanuuny (A|L|A). CMbIcI 9TOrO HOTKEH
OBITB FCEH: CHaYasa MOoAeHCTBYeM Ha |A) IMHEHHBIM Olle-
paropom L. 3aTreM Bo3bMeM BHyTpPeHHee IIPOU3BELEHUE

1 Tor e pes3yabTaT LOJKEH MOJYUYUTHLCA, €CIN CHAUYAJIA IOLel-
crBoBaTh L Ha (A
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pesysabraTa ¢ 6pa (A|. BeirmotHUM epBhIii U3 9TUX 1IATOB,

npumeHuB L Kk 06enm uactam ypaBHeHus (4.12):

ITomHUTE, UTO BEKTOPHI |\;) ABIAIOTCI COOCTBEHHBIMU BEK-
ropamu L. YuutsiBasa Tor daxr, uto L|\;) = N\;|\;), MokHO

3alrnucaTb

ITocnemuuii M1ar COCTOUT B TOM, UTOOBLI BBIUKMCINUTEL BHY-

TpeHHee IIpou3BeeHue ¢ (A

. M1 ciestaem aT0O, Pa3IoKUB
Opa (A| o coGCcTBEHHBIM BEKTOpPaM B IPaBOil UacTu ypas-
HEeHNs, a 3a4eM HCII0JIb30BaB OPTOHOPMUPOBAHHOCTE COO-

CTBEHHBIX BEKTOPOB. B pesyJjabTaTte IIOJIYUYNTCA
(4.13)

OOpaTuBIINCH K IPUHIANY BePOATHOCTH (mpuHIUIY 4),
OTOKIECTBUM ¢ BeposATHOCTHIO P(\;) 1 cpasy yBu-
VM, 4TO BBIpasKeHue B IpaBoil uactu (4.13) coBnagaer
¢ BoIpaskeHueM B nmpasoil uactu (4.11). To ecTb MOKHO
CKasaThb, 4TO

(4.14)

TeMm caMbIM MBI HOJYUYUJIN OBICTPOE MPABUJIO IJIS BbI-
YKUCJIeHUI CPeTHUX : IPOCTO CAejialiTe COHIBUY, IIOMECTUB
HaOJII0ZaeMy0 MeX Iy Opa- U KeT-IPeACTABIeHUIMU BeK-

TOpa COCTOAHUA.
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B npeasigyimeit mekuuu (pasgern 3.5) 66110 obelaHue
PasbACHATH, KaK JeiiCTBYe SpPMUTOBA OIIePATOPA HA BEKTOP
COCTOSHUA CBA3aHO C pe3yJbTaTaMi (PU3NYECKUX U3Mepe-
HU. BOOpYXKUBIINCEH HAIIIMM HOBLIM 3HAHNEM O CPeJHUX
3HAUEHUAX, MOKHO TellepPhb BBIIIOJHUTEL 3TO OOEIaHue.
Ecau BepryThCA K ypaBHeHUO (3.21), MBI yBUIUM IPUMED
omeparopa o,, AeHfCTBYIOIIEro Ha BEKTOP COCTOAHUSA |r)
1 IAIOIIero HOBLINA BEKTOP COCTOAHMA. MOXKHO paccMaTpu-
BATh 9TO yPaBHEHNE KaK [IOJOBUHY BLIUNCICHUA CPEIHEr0
3HAYECHNA U3MEPEHN 0,, COOTBETCTBYIOIIYIO IIPABOM 4acTH
HAIIIero COHBUYA, ecJu BaM HpasuTcs. Ocrarlnasca 4acTh

BBIUUCJIEHUA BKJ/IIOUAET B3ATHE BHYTPEHHETO IIPDOM3BEE-

HUS 9TOTO BEKTOPA COCTOSHUA C JyaIbHBIM BEKTOPOM (r|.
Tak uTo, Korga o, neficTByer Ha |r) B ypaBHeHuu (3.21),
[I0JIy9aeTCsA BEKTOP COCTOAHMUS, 10 KOTOPOMY MOYKHO BBI-

YHUCJ/JIUTHh BEPOATHOCTU KaXKA0I'0 U3 UCXOJ0B U3SMEPEHUA O .

4.8. HraopupoBanue pa30B0Oro
MHOKUTEJIS

B npenpiayminx JeKIIUAX MBI TOBOPHJIM, UTO MOMKHO HTI-
HOPUPOBATH OOIIUM (PasOBBINT MHOMKUTEIb BEKTOPA CO-
CTOSAHUA, U 00eIllai B JaJbHeHIeM 00bsICHUTD IIOUEMY.
PazobOpasiimch ¢ IpaBUJIOM IJA CPeIHUX, MBI MOXKEM He-
MHOT'O OTBJIEULCS 1 UCIIOJHUATEL 9TO O0eIIaHue.

Yro o3HAUAET UTHOPUPOBAHIE «00IIero (pa30BOro MHO-
JKUTEJNI» ? 9TO 3HAUUT, UTO MOJKHO YMHOMKUTD JI000#

BEKTOP COCTOAHUS HAa KOHCTAHTY e, rie O — BellecTBeH-
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HOE€ YHCJI0, 63 M3MeHEeHUA (PU3UIECKOI'0 CMBICJIa BEKTOPA
cocTosTHUA. UTOOBI yOEaIUTHCA B 9TOM, YMHOKUM ypaBHe-

Hue (4.12) Ha €!® u HasoBeM pesybTar |B):

(4.15)

Ob6paTuTe BHUMaHIe, BO n3beKaHue IyTAHUIIBI THIEKC
CYMMUPOBaHUSA U3MeHeH ¢ i Ha j. HeTpyqHO 3aMeTUTh,
uTo |B) umeeT Ty jKe aOCOJMIOTHYIO BeJIMUNHY, UTO U |A),

IIOCKOJIBKY a6COJIIOTHaH BeJIMUNMHA €ie PaBHaA egMHHUIIE:
(BIB) = (Ac-¥]e4) = (AlA).

TaKoro ke TUIla COKpAaIl[eHIe COXPaHsaeT 1 IPyTue BeJIuun-
Hbl. Hampumep, aMIIuTy1a BEDOATHOCTH (j COCTOSHUA |A)
CTaHOBUTCA paBHOU ef«; nua |B), Tak uTo amniumyods
BEPOATHOCTH pasiandaiTcsa. OfHaAKO PU3NUYECKUI CMBICI
MMeeT peajbHasA BePOATHOCTD, a He aMILINTyAa. Ecau cu-
cTeMa HaXOAUTCS B COCTOSHUY |B) 1 MbI BBIIOTHSIEM U3Me-
PeHUe, eTo pe3yIbTaT OyAeT COOCTBEHHBIM 3HAUEHHEM | X))

C BEPOATHOCTBIO
Fo—i0pi0n . = vF.vs
Qj e Uertq; Q- QG

KOTOpasd paBHA TOM, UTO MOJIYYAETCA AJIA COCTOAHUSA |A).
Hakomelr, #CIIOJIB3yeM TOT K€ TPIOK [JIS CPEJHEro 3Hade-
HudA spMuToBa oneparopa L. IIlpumenus ypaBuenue (4.14)

K COCTOSIHUIO | B), MOKHO 3amIucarh

(L) = (B|L|B).
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IToncraBnsas |B) us ypaBHeHus (4.15), mosyuaem
(L) = (Ae"®|L[eA)
niu
(L) = (A[L]A).

Ipyrumu cioBaMu, L muMeeT To »Ke cpefHee 3HaUeHUE
B cocTosiHUY |B), uTo 1 B cocroanuu |A). Obeuanue BbI-

IIOJTHEHO.

4.9. CB43M C KJIaCCUUECKON MeXaHUKOMN

CpenHee, nau OXKHUaeMoe 3HaUeHe HaOJII0aeMoii — 9TO
MOHATHE B KBAaHTOBOI MeXaHUKe, camMoe 0JI1u3Koe K KJac-
CHUYEeCKOMY HMOHATHUIO BeJUUNHBI. Ecau pacupeneieHue
BEPOATHOCTHU AJIsI HA0JII04aeMOM nMeeT MIPUATHYIO0 PopMy
He CJMIIKOM IIIHPOKON KOJOKO0J000pa3Hoii KPUBOIi, TO
oKHuIJaeMoe 3HaUeHHe — JeMCTBUTEJbHO TO caMoe, KO-
TOpOEe, CKOpee BCero, MoJydnuTcsa npu usMmepenuu. Eciu
clrCcTeMa CTOJIb BeJIMKa U TsKeJa, YTO KBaHTOBasd MeXxa-
HHUKa IJId Hee He CAUIIKOM BasKHA, TO CpelHee 3HAUEeHIe
HaOJIIogaeMoR BeeT ce0s IIOUTH B TOUHOM COOTBETCTBUU
C KJacCUUYeCKNMU ypPaBHeHUAMHN ABUKeHUusa. Ilo aToi
NpUYNHEe MHTEPECHO U BayKHO OIIPeleiTh, KaK CpeIHIe
3HAYEeHUS MEHSIIOTCA BO BpeMeHH.

IIpe:x e Bcero, nouemy OHU MEHSAIOTCSA BO BpEMeHU ?
IToToMy uTO BO BpeMeHU MEHSEeTCSA COCTOSHUE CHCTEMBbI.

IIpeamosioKuM, YTO COCTOSAHIE B MOMEHT ¢ IIPEeCTABISAETCS
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Jlekuma 4. Bpema n nsmeHeHune

xetoMm |V(t)) u Opa (¥(¢)
maemoii L B momeHnT ¢

. Cpenuee 3HaueHMe 151 HAOJIIO-

(W(2)|L[P(2)).

ITocmoTpuM, Kak MeHsAeTCA 9Ta BeanunHa, gudepeHIu-

py< ee o BpeMeHU U UcIoab3ysa ypaBHeHue IIIpéaguarepa

IJ1s TPOU3BOAHBIX 10 ¢ ot |U(¢)) u (U(¢)|. ITo mpaBuy nud-

(hepeHITUPOBAHUSA IPOUBBEACHNUA IIOJIyUAEM

rme, Kak oObIUYHO, TOUKA 0003HaUaeT NPOMU3BOAHYIO IO
BpeMeHU. L He mMeeT ABHOI 3aBUCHUMOCTU OT BPeMEHU,
TaK YTO IPOCTO COXPAHAETCS II0 XOAY BHIKJIAIOK. Temepn
IOJCTAaBUM B Opa M KeT BbhIpaskKeHusa us ypasHenus IlIpé-
nuarepa (4.10):

uau, B 6ojiee KOMIAKTHOIT (hopMme,
. (4.16)

ITpu ncnonb3oBaHuY 00BIUHOM ayredps! ypaBHenue (4.16)
BBITJIAAEJ0 OBl CTPAHHBIM. B mpaBoil yacTu ComepKUTCs
Berpaskenme HL — LH, KoTopoe B 0OBIYHBIX 00CTOATEIb-
cTBaxX paBHO HyJI0. Ho JuHeiiHbIe ollepaTopbl — 9TO He
OOBIUHBIE YKCJIa: KOT/a OHU IePeMHOKATCA (MU II0-
CJIeI0BATEIFHO IPUMEHSIOTCH ), IOPAJOK NMeeT 3HaUeHUE.
B ob61em cayuae, korga H geiictByer na L|W), pesyabrar

moJydaeTcs He TaKUM, Kak B ciayuae, Korga L meiicTByer
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Ha H|V). [Ipyrumu cioBaMu, 3a HCKJIIOUEHUEM CIIEI[HAIh-
HBIX cayuaeB, HL # LH. Eciu gansl 1Ba omeparopa uiau

MAaTpPUIIbI, TO BhIPAsKeHUe
LM - ML

Ha3bIBaeTcsa KoMmmyTaTopoM L 1 M u it HETo UCTIOJIb3Y-

eTCdA CIlennuaJIbHOe obosHaueHue:
LM - ML = [L, M].

Baxkuo ormeruTs, uro [L, M] = —[M, L| gasa a:060i napsr
onepaTtopoB. Boopy:KuBIIKCEH 5TUM 0603HAUEHUEM A5
KOMMYTaTOPOB, MBI MOXKEM TellepPhb 3alucaTh ypaBHe-
Hue (4.16) B mpocToii popme:

, (4.17)
nJIn, 4TO TO e caMoe,
: (4.18)

ITO OUeHb MHTEPecHOoe U BaykHoe ypaBHeHue. OHO CBs-
3BbIBAeT IIPOM3BOJAHYIO II0 BPEMEHHU OT CPeIHEro 3HaUeHU I

Habaomaemoi L co cpeganM 3HaueHEeM APyTroii HabJroma-

eMOii, a UMEeHHO .

Eciu MBI IPEAIOIOKUM, YTO BEPOATHOCTHU OIMUCHIBA-
IOTCA KPACUBBIMU, Y3KMMU KOJIOKOJIO00PA3HBIMY KPUBLI-
Mu, TO ypaBHeHue (4.18) roBopuT HaM, KaK IUKU dTUX
KPHUBBIX IBUKYTCA CO BpeMeHeM. Y paBHEHUsI, [I0J00HbIe
JaHHOMY, — 9TO camoe 0JIM3KOe, UTO eCTh B KBAHTOBOM

MeXaHMKe K YPaBHeHUSIM KJJaccuueckoi pusuku. Muorma
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Jlekuma 4. Bpema n nsmeHeHune

MBI JaiKe OIIyCKaeM yI'JIOBEIE CKOOKU B TAaKUX YPaBHEHUAX

¥ 3alMCLIBAEM MX B COKPAIIIeHHOU (hopMe:
(4.19)

Ho umetiTe B BUAYy, YTO KBAaHTOBbIE YPaBHEHUA 3TOTO THUIIA
IOJIKHBI IIOMEIAaThCs B cepeAnHyY coHaBuya ¢ 6pa (U], ¢ oa-
HO CTOPOHBI, 1 KeToM | V) — ¢ qpyroii. B To ske Bpems 0 HUX
MOKHO IyMAaTh KaK 00 YPaBHEHUAX, KOTOPbIE ONHACHIBAIOT

IBUKEHUeE [eHTPOB paclpeie/IeHNI BEePOATHOCTHU.

YIIPAGKHEHUE 4.2

Horaxure, uto ecau M u L o0a ABIAIOTCSI SPMIU-
ToBBIMU, TO i|M, L] To:ke sapmuroB. O6parute BHU-
MaHNe Ha BaXKHOCTB i. KoMmMyTaTop cam mo cebe He
SIBJISIETCS DPMUTOBBIM.

He rasxercda au BaMm, uTo ypaBHeHue (4.19) umeer
sHaxkoMblii Bun? Eciu Her, BepHUTECh K JeKmuam 9 u 10
B moxme I, rie Mbl usydayiu GOpMYyJIUPOBKY KJIACCUUECKOM
MeXaHNKH ¢ UCHoJb3oBaHueM ckoOku Ilyaccona. Hac. 221

MBI HAaXOJUM CJIefyiolee ypaBHeHuel:

(4.20)

1 Tom I, mexuus 9, popmysa (10). Eme ogHO 13 5TUX 9JI€TaHTHBIX
GpaHIy3CKUX U300peTeHMIA.
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3aecs {F, H} aBasieTcsi He KOMMYTAaTOPOM, a CKOOKOI1
ITyaccona. Ho Bce paBHO (hopmyia (4.20) m0103pUTETHHO
moxoska Ha (4.19). Ha camowm zeJe cyiiecTByeT OTYeTIIN-
BBIM HMapajjIeIu3M MeXIAy KOMMYTAaTOPaMU W CKOOKaMU
IIyaccona u ux ajaredpandyecKrie CBOMCTBA OU€Hb IIOX0MK M.
Hamnpuwmep, ecau F u G npencTaBiasioT coboi olepaTopsl,
TO U KOMMYTaTOPbI, 1 cKOOKu IlyaccoHa MeHAIOT 3HAK,
Korga F u G oOMeHuBaioTcsa mecramu. [[upak, OTKPBIBIITUH
9TO, MOHIJ, YTO 3[]eCh IPOCMATPHUBAETCS BAKHAA CTPYK-
TYpPHAas CBA3b MEKAY MaTeMATUKOM KJIaCCUYeCKOH Mexa-
HUKU U TOM, UTO MCHOJL3YeTCA B KBAHTOBOU MeXaHUKe.
dopMabHOE OTOMKAECTBIICHNE MEXKIY KOMMYTaTOPAMU

U CKOOKaMu HyaCCOHa CTPOUTCA TaK:
(4.21)

s moguepKUBaHUA CXO/ACTBA ¢ ypaBHeHUeM (4.19) Moix-
HO moAcTaBUTh obo3uauenus L u H, KoTopble 1CHO0JIb30-

BaJIuCh B 3TOM pas3jeJie:
(4.22)

ITonpoOyeM cresaTh 9TO OTOKAECTBIEHNE HACKOJIBKO BO3-

MOKHO sACHBIM. Ecsiz HauaTs ¢ (4.19)

a 3aTeM HCIIOJb30BATh OTOXK/ECTBJIEHHE, 3afaHHoe (op-
MyJioii (4.22), nna sanucy KJIACCUUYECKOTO aHAJIoTra, TO

MOy YU TCS
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Jlekuma 4. Bpema n nsmeHeHune

nJjain

YTO B TOUHOCTHU IIOBTOPSIET CTPYKTYPY ypaBHeHUud (4.20).

YIIPAKHEHUE 4.3

BepHeMmcs K ompenenaeHuio ckoOKu Ilyaccona
B mome I 1 IpoBepuM, UTO OTOXKAECTBJICHIIE, 3a-
nanHoe ypaBHeHueM (4.21), coBMeCcTHMO 1O pas-
mepuocTHu. ITokaskuTe, 4TO 0€3 MHOMKUTEIA A 5TO

OBLJIO OBI He TaK.

Ypasuenue (4.21) pasperraer 3aragky. B Kiaaccuue-
cKoli pusmKe HeT pasdHuIbl Mmexkay FG u GF. [[pyrumu
CJIOBaMU, B KJIACCUKE KOMMYTaTOPhI MEKY OOBIUHBIMU
HabJr0faeMbIMU PaBHBI HYJ110. U3 (4.21) BUgHO, 4TO KOM-
MyTaTOpPhbI B RBaHTOBOﬁ MeXaHMKe OTJIMYHBI OT HYJId, HO
oueHb Majbl. Kiaccuueckuit nmpejes (B KOTOPOM KJIacCH-
yecKas MeXaHUKa SBJISETCS TOUYHOM ) — 9TO TaKiKe IIpefed,
B KOTOpOM A mpeHeOpekumo maJja. Takum obpasom, 3TO
mpenesi, B KOTOPOM KOMMYTATOPBI OU€Hb MAaJIbI IO UeJio-

BEeUEeCKUM MEePKaM.

4.10. CoxpaHeHNE 9HEPTUH

Kak ysHaTb, coXpaHseTcs JIM HeUTO B KBAHTOBOH Mexa-

Huke? YTo BoOOIIIe MBI UMeeM B BHUAY, TOBOPs, UTO Ha-
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KBaHTOBaA MexaHuKa

OsomaeMasi — Ha30BeM ee @ — coxpaHsiercsa? B camom
MUHIMAJbHOM BapHUAHTE 3TO 03HAUAET, UTO €e cpeaHee
3HaueHue (@) He MeHseTCs CO BpeMeHeM (ecau, KOHEUHO,
crucTeMa ocTaeTcsa HeBo3MYyIeHHoi1). Eie 6osee cTporoe
ycaoBue: (Q2) (nim cpesHee 3sHAUEHME JO00M cTeneH: @)
He MEeHSEeTCs BO BpeMeHI.

Tnansa va ypaBHenue (4.19), MbI BUAUM, UTO yCIOBUE,

IpY KOTOpOM (@) He MeHsIeTcs, 3TO
Q, H| = 0.

dpyrumMum caoBaMu, €CJAU BeJIUUYNHA KOMMYTUPYET
¢ raMMUJIbTOHHAHOM, TO €e CpeJHee 3HAUeHMe COXPaHs-
eTcs. ATO YTBEPIKACHNE MOXKHO YCUJINTE. 1loab3ysach
CBOMCTBAMY KOMMYTATOPOB, JIET'KO IIOKa3aTh, UTO €CJIU
H, Q] =0, To [Q2, H| = 0 u gaxxe 6osee Toro, [Q", H =0
npu jiroooM 7. OKasbIBaeTCsa, MOMKHO CAEJATE U elre 0oJiee
CHUJILHOE YTBepKIeHNue: ecaru Q KOMMYTHUPYeT ¢ TaMUJIb-
TOHMAHOM, TO CpeJHIe 3HAUeHU 8cex PYHKIIUHA oT Q co-
XpaHATCAa. BoT UTO 03HauaeT coXpaHeHne B KBAHTOBOM

MeXaHUKe.

Camasa oueBUAHAA COXPAHAIONIAACA BeJINUNHA — 3TO
caM raMuabToHUAaH. II0CKOJIBKY J0001i OIIepaTop KOMMY-

THPYET caM co00il, MOKHO 3aIIUCaTh
[H,H] =0,
YTO B TOUHOCTH SABJIAETCA ycaoBueM coxpanenud H. Kak

U B KJIaCCUUEeCKOM MeXaHHUKe, TaMUJIBbTOHMAaH — 3TO APpyTroe
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Jlekuma 4. Bpema n nsmeHeHune

CJIOBO JJI SHEPIrUU CHUCTEMbI, (DAKTUUYECKM 9TO OIpee-
JeHue sHepruu. Kak Mbl BUAUM, B cAMOM OOII[eM caydae

9HEpPTruA B KBAHTOBOU MeXaHUKE COXPaHIAETCA.

4.11. CiMH B MAarHUTHOM II0JIE

ITonpobyeM IpUMEHUTH TaMUJIbTOHOBLI YPaBHEHUSA ABU-
JKeHHUs K OJMHOUYHOMY ciuHy. IIpe:xae Bcero HaM Heo0xo-
IUMO 3a4aTh raMmuiabToHaH. OTKyma ero B3ATh? B 00111eM
cayuae OTBeT TAKOH JKe, KaK 1 B KJIACCUUECKOI (hU3UKe:
MOJIYUYNTDh U3 9KCIIePUMEHTa, BbIBECTH 113 TEOPUU, KOTOPasi
HaM HPaBUTCS, UJIU IIPOCTO B3ATH KAKON-HUOYAb BAPUAHT
¥ IIOCMOTPETH, UTO MoJayduTca. Ho B ciiyuyae ofMHOUYHOTO
CIIMHA y Hac He TaK MHOT'O BO3MOKHOCTe. HaureM ¢ TOXK-
nectBeHHOTO omeparopa I. IlockoabKy I KOMMYTUPYET CO
BCEMU OIlepaTopaMu, ecJu Obl OH ObLJI raMUJIBLTOHUAHOM,
TO HUKaKUX U3MEHEeHU BO BpeMeHH! He IPOUCXOIUJIO ObI.
Hanomunaro, 4To 3aBICHUMOCTE HAOJIIOLaeMOI OT BpeMeH !
ompeze sieTcs KOMMYTaTOPOM 5TOM HAOJII0gaeMoOil ¢ ra-
MUJIbTOHUAHOM.

EguHCcTBEeHHBIN MHON BBIOOP — 3TO CyMMa CIIMHOBBIX
KOMIIOHEHT. PaKTUUYECKH 3TO UMEHHO TO, YTO MBI IOJIY-
yaeM U3 9KCIIePUMEeHTaJIbHbIX HAOMIONeHNH 3a peabHbIM
CIIMHOM — CKa’KeM, CINHOM dJIeKTPOHA — B MAarHUTHOM
nose. MarautHoe mone B — 310 3-BEKTODP — OOBIUHBIH
BEKTOP B IPOCTPAHCTBE, M OH 3aJaeTCA TPeMsdA AeKapTo-
BBIMU KOMIOHeHTamu B, B, u B,. Korga Kiraccuueckuit

CcuH (3apAKEHHBIM BOJIUYOK) IIOMEIIAI0T B MATHUTHOE
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ImoJie, OH IPHOOpPeTaeT SHEPruio, KOTOpas 3aBUCUT OT €ro
OpHeHTaIluN. ITa YHEePrusd IIPOMOPINOHAJIbHA CKAJIIPHO-
MY IIPOM3BENEHUIO JAHHOI'O CIIMHA ¥ MATHUTHOT'O II0JA.

B xKBaHTOBOII Bepcuu 9T0 OymeT

e CUMBOJI ~ O3HAYaeT «IPOIOPIMOHAJILHO». He 3a0nI-
BaiiTe, 4TO B 00CYKIaeMOli KBAHTOBOI BEPCHUU Oy, Oy U O,
IIPEICTABJIAIOT CO00T KOMITOHEHTHI CIIMHOBOTO 0Nepamopa.

PaccmoTpum mpocToit mpuMep, B KOTOPOM MArHUTHOE
ImoJie HAIpaBJeHO BAOJb OCH zZ. B 9TOM ciyuae raMuib-
TOHMAH IIPOIOPIMOHAaJeH o0,. [lJsg ynobcTBa cBeeM Bce
YHCJIOBBIE TOCTOSHHBIE, BKJIOUASA HATTPAKEHHOCTD TTOJISA

(HO He h), B OHY KOHCTAHTY () U 3aLIUIIIEM
(4.23)
IIpuunHa mosiBJIeHUA UKcja 2 B 3HaMeHaTeJie BCKOPe IPo-

ACHUTCA.

Haima mens — HaliTu, Kak cpegmee 3HaUeHNE CIIHA Me-
HSAETCSI CO BpeMeHeM, IPYTIMMU CJIOBaMU, OIIPEAeIUTb (0.(1)),
(0y(t)) 1 (o.(t)). g 5TOTO MBI IIPOCTO BepHEMCA K yPaBHe-
Huio (4.19) n noacraBuMm B Hero KoMmmoneHTsI L. IToxyunres

(4.24)
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Jlekuma 4. Bpema n nsmeHeHune

IToxcraBnsas us (4.23), mosyuaem

(4.25)

To, UTO BEIUMCJAETCSA B JIEBOM UAaCTU 3TUX YPaBHEHU,
KaK IpeaIojgaraeTcs, JOJKHO ObITH BeIlleCTBEHHBIMU Be-
aguunHaMu. MoKeT IOKa3aThbCsd, UYTO MHOMKUTEJD i B 9TUX
ypaBHEHHUAX co3gaeT TpyaHocTu. K cuacThio, cCUTyaInio
cIIacaroT KOMMYTAIlMOHHbBIE OTHOIIEHUA MEXKIY Oy, Oy U 0.
ITogcraBus marpuirs: Ilaynu us ypasuenus (3.20), gerxo
yOeanuThCsa B TOM, UTO

(04, 0y] = 2i0,
[0y, 0] = 2ioy, (4.26)

02, 0] = 2i0,,.

Kasxmoe 3 9TUX ypaBHEHUN TaKKe COTEPIKUT MHOKUTEIb i,
KOTODBI# COKpalaercs ¢ i B ypaBHeHUAX (4.25). O6parute
BHUMAaHNE, YTO MHOKUTEIb 2 TOXKE COKPAIlaeTcs, B pe-

3yJIbTaTe Yero MbI II0JIydaeM OUYeHb IIPOCThle YPDABHEHUA:

(4.27)

9To BaM HUYero He HanmoMuuaeTr? Eciu HeT, BepHUTECH

K jgexnuu 10 B mome I. Tam MBI n3yuajin KJacCUUECKUN
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BOJIYOK B MATHUTHOM TOJie. ¥ paBHEHUS ObIJIM TOYHO Ta-
KUMH K€ 3a UCKJIIOUEeHNEM TOTO0, YTO BMECTO CPEeTHUX
3HAYEHUI MBI pa00TAIN C PeaIbHBIMU JBUIKEHUIMU JeTep-
MUHUPOBaHHOU cucTtembl. Ho 1 TaM, u 31ech periennue —
3-BeKTOPHBIN omepaTop 0 UIU 3-BEKTOP L 8 mome I —
IIPeIecCupyeT, MoJ00HO TUPOCKOITY, BOKPYT HAITPABJIEHUA
MAaTHUTHOTO moJisd. IIpelieccus IpoUCXOAUT PABHOMEPHO
C YIJIOBOM CKOPOCTHIO W.

ITO CXOJICTBO C KJIACCUUYECKON MeXaHNKOMN OUeHb ITPU-
SATHO, HO BAYKHO TaKJKe 00paTUTh BHUMAaHVE Ha PA3HUILY.
dmo B TOUHOCTHU Iperneccupyer? B Kiaaccuueckoii me-
XaHUKe — 9TO X- U y-KOMHOHeHTBI yrjoBOI'O MOMEHTaA.
B xkBaHTOBOI MexaHUKe — 9TO cpeiHMe 3HaueHuA. Cpenmee
3HAYEeHUeE JISI UBMEPEHUSA 0, OCTAETCA MOCTOSTHHBIM BO
BpeMeHU, HO JBa APYTUX CPeSHUX 3HAUEHUS MEHAIOTCH.
HecwmoTpsa ma aT0, pesyabTaT KaKI0T0 OTAeJIbLHOTO U3Me-
peHUuA JI000M KOMIIOHEHTHI CIIMHA TO-TIPEKHEeMY OyIeT
aunb6o +1, 1udo —1.

YIIPAKHEHMUE 4.4

ITpoBepbTe KOMMYTAIMOHHbIE OTHOLIEHUS B YPAB-
HeHUAX (4.26).

4.12. Pemasa ypaBaenusa IlIpéaquarepa

Kanonuueckoe ypaBuenue IlIpéaguHrepa, KOTOpOe TUIITYT

Ha pyTOOIKAX, UMEeT BU/I
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He 6ynem nmoka pasdéupaTbCsa CO CMBICJIOM BCEX BXOIAIIUX
B Hero o003HAYeHU, 00paTUM JIUIIhL BHUMAHKE Ha TO, 4YTO
3TO ypaBHEHUE, FOBOPsAIlee, KAK HeUTO MEHAETCS BO Bpe-
MeHU. (DTO «HEUTO» SABJISETCA IIPEJCTABICHINEM BEKTODA
COCTOAHUSA YaCTUIIBL. )

Kanouunueckoe ypasaenue IlIpéauarepa — 9To 4acT-
HBIH ciry4aii 6oJiee 00IIIero ypaBHeHM s, C KOTOPBIM MbI VoKe
BCcTpeuasuch B hopmyute (4.9). ITo oTUuacTH OnpeeeHue,
a 0TYaCTHU IPUHIUI KBAHTOBOM MeXaHUKH. B KauecTBe
IPUHIAIA OHO YTBEPIKIAET, YTO BEKTOP COCTOAHUSA Me-
HseTCs BO BpeMeHU HeIllPePhIBHO U YHUTAPHBIM 00pa3oM.
B KauecTBe ompejeeHNsa OHO 3aJaeT raMUJIbLTOHUAH U,
TaKUM 00pasoM, HaOII0JaeMy0, Ha3bIBAEMYIO dSHEePIHUei.

VYpasuenue (4.10)

MHOT/[a HA3BIBAIOT 3A6UCAULUM OM 8PeMEHU YPABHEHU-
em IMIpégunarepa. IIockoabKy omepaTop raMUJIbTOHMU-
ana H opexacraBaseTr co0oiil sHEPruio, HAOJIOLaeMbIe
3HAYEHUSA SHEPTrUU — 5TO IMPOCTO COOCTBEHHBIE 3HA-
yenusa H. O6osHauum st coOCTBeHHBIE 3HaueHud K,
a COOTBeTCTBYyIOIue cob6cTBeHHBIe BeKTODPH |E;). Ilo
onpegenenuio H, E; u |E;) cBa3aHb ypaBHEHHUEM [

COOCTBEHHBIX 3HAUECHUN
H|Ej) = Ej|E)). (4.28)

147



KBaHTOBaA MexaHuKa

9To He3asucauee om epemenu ypasnernue Il pédunzepal
¥ eT0 UCIIOJIL3VIOT ABYMS PA3IMUYHBIMU CIIOCOOAMU.

Ecnu mbI paboTaeM B KOHKPETHOM MaTPUUYHOM Oasuce,
TO JaHHOe YpaBHEHUe ompeaesseT cOOCTBeHHBIE BEKTO-
pe1 H. MoxxHO 3amaTh KOHKPETHOE 3HaYeHne sHepruu E;
U OTBICKATh KeT-BeKTOp |E;), KOTODPBIi CITYKUT pellleHueM
ypaBHEHU.

ITo TaKKe ypaBHEeHUEe, KOTOPOe OIIpeesisieT COOCTBEH-
Hble 3HaueHud E;. Eciu 3a1aTh NpousBoIbHOE 3HaUeHue E;,
TO B 00IIeM ciayuae He Oy/IeT MMOAXOIAIIETO B KaUeCTBe pe-
IIeHn A COOCTBEHHOT0 BeKTopa. PaccMoTpuM oueHb ITPOCTOM

IpUMep: JOIYyCTUM, YTO TAMUJIBTOHNAH — 3TO MAaTPUILA

. ITockoabKYy 0, 00JIasiaeT TOJBKO IBYMSA COOCTBEH-

HBIMUM 3HAYEHUAMMN, a IMEHHO il, raMMJIBTOHHNAQH TaKe

HMeeT JINIIE JBa COOCTBEHHBIX 3HAUCHUS . Ecau mon-

CTaBUTH B IIPaBYIO YacTh ypaBHeHU (4.28) m060e Apyroe
3HAUeHUe, TO HUKAaKOoro peleHus He O0yaeT. [IoCKOIBKY
oneparop H npencrasaser suepruio, E; yacTo Has3bIBa-
IOT 9Hep2ZeMuU4ecKuMlU cOOCMEEeHHbLMNU Huciamu, a |E))
IHepzeMULeCKUMU COOCMBEHHBLMU 6EKMOPAMU CUCTEMBI.

YIIPAKHEHMUE 4.5

Bosbmute 110601 e ITUHUYHBIH 3-BEKTOP 1, IOCTPOIi-
Te oIepaTop

1 Ilyist He3aBUCAIIUX OT BpeMeHU raMUJILTOHNAHOB €ro eIle Ha-
3BIBAIOT CMAYUOHAPHbLM YpasHeHuem IlIpédunzepa. — Ipumeun.
Hay4. ped.
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Hatinure sHEepreTnyecKue COOCTBEHHBIE UMCJIA U COO-
CTBEHHBIE BEKTODHI, PEIITUB He3aBUCSIIlee OT BpeMe-
Hu ypaBHeHUe Illpégunarepa. Hamomunuaio, uTo ypaB-

Henwue (3.23) faeT HaM o 7i B KOMIIOHEHTHOI (hopme.

HomycTuM, 4TO MBI HAIIIJIN BCe dHEpTeTUUYeCcKHre co0-
CTBeHHBIe uncya E; u coorBeTcTByIOIMe COOCTBEHHBIE
BeKTODHI |E;). Tenmeps MoxxHO 3a/eiicTBOBATH 9Ty HHDOD-
MaIHIo JJIA PEIleHnA 3aBUCIIET0 OT BpeMeHN YPaBHEHU I
IIpénnurepa. Umes cocTOUT B MCIOJIL30BAHUM TOTO (paKTa,
YTO COOCTBEHHBIE BEKTOPHI 00pasyT OPTOHOPMUPOBAH-
HBI 6a3WC, U B Pa3J0KEHUU BEKTOPA COCTOSTHUSA 10 STOMY
6asucy. O6o3HaYUM BEeKTOD cocToAHUA |V) u 3anmuIinem

ITockoabKy BeKTOD cocToaHUA | V) MeHAETCS BO BpeMEHH,
a 6asuCHBIE BEKTODHI | E;) — He MeHAIOTCH, IOJIyJaeTcs, 9To
K09(h(pUIIMEHTHI (v; JOJIKHBI 3aBUCETH OT BPEMEHU:

(4.29)

Teneps noacraBum (4.29) B 3aBucsIIlee OT BpeMeHU ypaB-

HeHue. Pe3yJbrar:

Haee ucrionsayem ToT pakT, uro H|E;) = E;|E;), n mosryunm
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WUJIY, TIOCJIE TIEPEeTPYIIIUPOBKH,

duHaILHBIN IIAT JOJIJKeH ObIThL oueBHAeH. Ecau cyMmma mo
0a3rCHBIM BEKTOpPaM paBHA HYJIIO, TO BCe KOI(PPUIIEeHTHI
IOJIXKHBI OBITh HyJIeBBIMHU. TaKuM 00pasoM, I KaKI0TO
cobcTBeHHOTO 3HaueHUA E; GyHKIuA o;(t) J0oKHA YI0B-
JIETBOPATE CJAEeAYIOIIeMY IIPOoCTOMY Au(MdepeHITnaTIbHOMY

yPaBHEHUIO:

910, KOHEUHO, 3HaKoMoe AuddepeHIinaIbHOe YPaBHeHIe
IJIsI 9KCIHOHEHIINAJIbHONI (PDYHKIIMY BPpeMeHU, B JaHHOM

cJiydyae C MHUMBIM IIOKa3aTeJIeM. Ero peiienue
(4.30)

IlanHOe ypaBHeHHe FT'OBOPUT HaM, KaK o MeHAeTCA BO
BpemeHu. OHO oueHb 00Illee 1 He OTPAHHUUEHO CIAyUYaeM
CIINHOB, IIOCKOJIBKY I'aMMJIBTOHMNAH HE€ 3aBUCUT ABHBIM
00pa3oM OT BpeMeHM. JTO HAIIl IEPBBIN IpUMep ITyO0KOH
CBA3U MEXKIY dHeprueil m 4acToToii, KoTopas OyaeT mo-
SABJISATHCS CHOBA M CHOBA IO Mepe U3yUYeHUs KBAHTOBOM
MeXaHUKU U KBAHTOBOM Teopuu mojas. Mbel Oymem dacTo
K 9TOMY BO3BpaIaThCs.

B ypasrenuu (4.30) mEosxuTenn o;(0) — 9T0 3HAUEHUA

K03(pPUIEeHTOB B MOMEHT BpeMeH!U HOJIb. Kciu u3BecTen
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Jlekuma 4. Bpema n nsmeHeHune

BEKTOD cocTosiHusA |V) B MOMEHT HOJIb, TO JaHHbIE K03(d-
(buiueHTH onpenenaTca TpoeKkuAmMy |V) Ha 6asuCHBIE

coOCTBEHHBIE BEKTODHI. ITO MOKHO 3aII1CcaTh TaK:
o;(0) = (E;[¥(0)). (4.31)

Tenepb cBeaeM BCe BOEQMHO 1 3alINIIIeM IIOJIHO€E PellleHue

3aBUCAIETO OT BpeMeHU ypaBHeHus A llIpénuurepa:

ITocie moxcTaHOBKY BBIpakeHus nasa o;(0) us opmy-

sl (4.31) ypaBHeHUe IpuoOpeTaeT BU/,
. (4.32)

VYpaBuenue (4.32) MOKHO 3amucarh B 60Jee 3JIeTaHTHOM

dopme
, (4.33)

KoTopasa MoAYepKUBaeT CYMMUPOBaHMe 110 0a3UCHBIM
BeKTopaM. BbI MoKeTe YIUBUTHCS, OTKYAAa BOSHUKAET
«3HaHue» |V(0)). OTBeT 3aBUCHUT OT 0OCTOATEIBCTB, HO
OOBIYHO MBI ITPEATIONATAEeM, YTO MOYKEM MCITOJIb30BATH He-
KU cHenuaJbHbIN IPUOOP AJIA IPUTOTOBJIEHISI CUCTEMEI
B 13BECTHOM COCTOSHUU.

IIpe:xae ueM oOCY:KIATH TJIYOOKHMI CMBICJ 9THUX ypaB-
HeHUM, A Xxouy nepedOpMyJIUPOBATh UX B BUJIE PEIeITa.
51 6yny mpenmoJiaraTh, YTO BHI yKe 3HaeTe JOCTATOYHO
0 cucTeMe U ee MPOCTPAHCTBE COCTOAHUM, YTOOBI IPUCTY-

OUTH K JeJy.
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4.13. Peuenrt kera Illpénunrepa

1. Ompepennure, IOJACMOTPUTE, JOTANANTECH, BHIBEITE NI

yKpanguTe orepaTop ramuiabTonuana H.
2. IlpuroroBbTe HauarbHOE cocTosaAHue |V(0)).

3. Haiigure cobcTBeHHBIE 3HaUeHUS 1 BeKTOphI H, perus
He3aBUCHAII[ee OT BpeMeH! (CTal{MOHAPHOE) YpaBHEHNE

IIpéguurepa
H|E)) = E||E;).

4. UcnonpayiiTe HAUAJIBHBIN BeKTOD coctosiHusA |V(0)),
a TakKyke cOOCTBeHHbIe BeKTODH! |E;) u3 m. 3, 11 BhI-

YHCJIeHN HAaYaJIbHBIX K0 dunueHTos o;(0):

;(0) = (E;{¥(0)).

5. Berpasure |¥(0)) uepes co6cTBeHHBIE BEKTODHI |E;) 1 Ha-

JanbHbIe KoadunueHTs! o;(0):

K sToMy MOMEHTY MBI PA3JIOKWIN HAYAJIbHBIA BEK-
Top cocrosauudA |V(0)) no |E;) — 6GasMCHBIM BEKTO-
pam ramuabToHuana H. ITouemy sToT 6asuc gyuiiie
aroboro apyroro? IToromy uro H 2o6opum nam, kak
sewu menawmes 60 epemeru. Ternepb MbI UCIIOJb-

3yeM 9TO 3HaHHe.
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Jlekuma 4. Bpema n nsmeHeHune

6. B npuBeeHHOM BHIIlle YPaBHEHUY 3aMEHUTe KarK10e
Bxoxzgenue o;(0) Ha o;(t), YTOOBI BEIPAZUTH 3aBUCH-
MocTb oT BpemeHu. B pesysbrate |U(0)) npeBpaimaercs
B [U(2)):

7. Ilonp3ysacek ypaBueHueM (4.30), saMeHHUTE Ka'Ka0€e

.

BXOXKJeHMe o;(t) Ha :
(4.34)

8. IIpunpasbTe MO BKYyCY.

Temneps MBI MOKEM IPEICKAa3bIBaTh BEPOATHOCTH AJIS
KasKJI0T0 BO3BMOYKHOI'0 MCXO0/Ia dKCIIepUMeHTa KaK (PYHK-
U0 BpeMeHU, 1 MBI He OTPaHNYeHbI U3MEePeHUAMU dHeP-
run. IlycTs L mMeeT coOCTBeHHEBIE 3HAUEHUS \; 1 COOCTBEH-

HBIe BEKTODHI |\;). BeposTHOCTS 151 nCcX0a X\ paBHA

PX(1) = |(\T (1)) .

YIIPAKHEHMUE 4.6

IIpumenute penent kera llIpéauHrepa K oqHOY-
HOMY cnuHy. 'aMuiabTOHMAH NMeeT BUJ "

a KoOHeuHas HabaomzaemMasa — 0,. 3aJaHHOe HauaJlb-
HOe cocTosiHMEe — |u) (cocTOosiHME, B KOTOPOM
o,=+1).
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CHYCTH BpeMd ¢ II0CJIe DKCIIePUMEHTAa BhIIIOJTHAETCA
HU3MEPEHUE 0. KaxoBbI BO3MOKHBIE HCXOIOBI 1 BEPO-

ATHOCTH STUX UCXOLOB?

ITosapaBasiem! BBl TOJIBKO YTO PENIUJIN HACTOS-
IIyI0 KBAHTOBOMEXaHUUECKYIO 3a/1a4y IJId DKCIIe-
pUMEHTAa, KOTOPBIHN peaJbHO MOYKET ObIThH BBITIOJTHEH

B JIaGOI)aTOpI/II/I. Mo:xeTe B3ATH C TOJKU IINPOMKOK.

4.14. Koanamnce

Mgz yBumean, KaK 9BOJIIOIIMOHUPYET BEKTOP COCTOSAHUSA
MeKJy MOMEHTOM, KOT/Ia CUCTeMa IPUTOTOBJIEeHA B 3a-
ITAaHHOM COCTOSHHUM, M MOMEHTOM, KOTJa OHA IPUXOIUT
B KOHTaKT C I3MEePUTEJbHLIM HprioopoM. Eciii 6bI BEKTOD
COCTOAHUS OBIJ B I[eHTPE BHUMAaHUA HAOIIOTATEIbHOMR
(pusukm, MBI cCKa3aau ObI, YTO KBAHTOBAS MEXaHUKA JIEeTeP-
MuHucTUYHA. Ho sKcnepuMeHTa IbHAA (DUBUKA HE TMeeT
Jlejia ¢ U3MepeHnueM BeKTOPoB cocTosgumuA. OHa nMeeT J1eJio
c usMepeHueM HabOJOgaeMbIX. Jlaske ecau TOYUHO U3Be-
CTeH BEKTOP COCTOSAHUSA, HEJIb3A 3HATH Pe3yabTaT JI00TO
3aaHHOTO m3MepeHusa. Tem He MeHee OyJIeT KOPPEKTHO
YTBEPKAAThH, YTO MEKIY HAOIIOMEeHUAMY COCTOSHIIE CHCTe-
MBI UBMEHAETCA CTPOTO ONpele e HHBIM 00Pa30M COTJIACHO
3aBUCAIEeMY OT BpeMeHU ypaBHeHuo IlIpénunrepa.

Ho Korma BeIMOIHSIETCA U3MepPeHe, IPOUCXOIUT HeUTO

nHOe. JKCIIePUMEHT 110 u3Mepennio L 0yeT uMeThb Hellpe-
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Jlekuma 4. Bpema n nsmeHeHune

CKa3yeMBbII 1CXO0J, HO IIOCJIe TOTO KaK 3MepeH1e BhIIIOJI-
HEeHO, CICTeMa OCTaHeTCA B COOCTBEHHOM cocToaHuM L.
B Kaxkom u3 cobcTBeHHBIX cocTosHUiI? B ToM, KoTOopoe
COOTBETCTBYET UCXOAYy uaMepeHusi. Ho aToT rcxop Hempe-
cxkasyem. OTcioma cjienyeT, 4YTO BO BpeMsA 9KCIePUMeHTa
COCTOSHNE CHUCTEMBI HEIIPEICKAa3yeMo U3MeHsIeTcsA, mepe-
X0/l K OGHOMY M3 COOCTBEHHBIX COCTOSHUM HAOII0aeMOl,
KOTOPYIO IIOABEPraioT N3MEePEeHII0. ITO SBJIeHIe Has3biBa-
eTcs KOJLLANCOM B0LHOB80LL pyHKyuUl.

9TO MOKHO BRIPA3UTEL nHaUe. IIycTh BEKTOP COCTOAHIS

nepen camMbIM usmepenuem L paBen

CiryuaiiHO, C BEPOATHOCTRIO |02, IprbOp M3MepsAeT 3HA-
YeHWe \; U OCTABJIAET CUCTEMY B OJJHOM COOCTBEHHOM CO-
croaruu L, a mmenHo B [\;). Bea cynepnosunus cocTroanmiz
KOJIJIATICUPYET 0 eAMHCTBEHHOTO UJjeHa.

OTOT CTPaHHBIN (PaKT (TO, UTO CHCTEMA OJHUM CIIOCO-
OOM SBOJIIOIIMOHUPYET MEKAY N3MEPEeHUIMU U APYTUM
CII0CO00M — BO BpeMsA M3MePeHUsA) AeCATUIETUAMU ObLI
WCTOYHUKOM Pas3HOTJIACUU U HeJgopasdyMeHui. BosHUKaeTr
BOIIPOC: He JOJIJKEH JIX caM aKT U3MePeHNs ONUChIBATHCS
3aKOHAMI KBAHTOBOM MeXaHUKU?

OTBeT Ha 3TOT BOIIPOC YTBEPAUTEIbHBI. 3aKOHBI KBaH-
TOBOM MeXaHUKU He HapyILIaloTCs BO BpeMs M3MEPeHUs.

O,Z[HaI-CO AJIA aHaJin3da CaMoOrIo IIpomecca nsaMepeHnud KaK

1 MpsI eme He 00BSICHUJIN, UTO TAKOE BOJHOBAsA QYHKIUSA, HO
BcKope (B pasgeie 5.1.2) MbI 9TO cresaem.
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KBAaHTOBOMEXaHUYECKOU dBOJIOIIUY MbI JOJMKHBI paccMa-
TPUBATH S9KCIePUMEHTAIbHYIO YCTAHOBKY, BKJIIOUAS IIPHU-
00p, KaK YacTh eJNHOI KBAHTOBOI cucTeMbl. MBI 00Ccy 1M
ATOT BOIIPOC — KAaK CUCTEMbI O0'eTIUHSIOTCS B COCTABHbBIE
cucteMbl — B JeKiuu 6. Ho cHauaia HECKOJIBKO CJIOB O He-
OIIpeleIEHHOCTH.



Jexnusa 5. HeonpeneaeHHOCTH
1 3aBUCHMMOCTH OT BpeMeHH

Jleanu: [1oO6poIii Beuep, ['emepas. Pag BumeTs Bac
CHOBA.

I'enepamn: Jleuuu? 9ro Tei? Iles1as BeUHOCTD IPOIILIA.
Hy, Bo Bcakom cayuae, 3T0 OLIIO OUeHB gaBHO. KTO

TBOU IPUATEND?

Jlemnmn: Ero 30ByT ApT. ApT, 3HAaKOMbCS, 9T0 I'eHepas

HeomnpenenensnocTs.

5.1. MaremaTnuyecKkasa MHTEPJIIOTMA:
IOJIHBIN HA00P KOMMYTHPYIOINX
mepeMeHHBIX

5.1.1. CocTostHUSA, KOTOPHIE 3aBUCAT 00Jiee ueM
OT OTHOTO U3MEPEHUus

dusuka OOVMHOYHOI'O CIIMHA tIpeSBI)IT-IaIL/'IHO IIpocra, 1 aTO

AeJjiaeT ee OYEeHb IIPUBJIeKATE/JIbHBIM HNJIJIIOCTPATUBHBIM
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npuMepoM. Ho 5To TaKk:Ke o3HaUaeT, 4TO OHA MHOTOTO He
MOKET IIPOUJIIIOCTPUPOBATh. OIHO 113 CBOMCTB OAMHOUYHOTO
CIIMHA COCTOUT B TOM, UTO €I'0 COCTOSHIE MOYKHO IIOJIHOCTHIO
3aaTh COOCTBEHHBLIM 3HAUEHNEM OJHOT0-eAUHCTBEHHOTO
omepaTtopa, CKakeM o0,. Ecau 3HaueHue o, U3BECTHO, TO
HeJb3d 3aJIaTh 3HAUEHU S HUKAKUX IPYTUX HaOJI0gaeMbIX,
Bpoge 0,. Kak MBI Bugen, n3MepeHue J000Hi 13 9TUX Be-
JIMYWH YHUUTOKAET BCAKYI0 NH(GOPMAIINIO, KOTOPas MOTJIa
y Hac ObITh O IPYTUX.

Ho B 6oJiee CII0KHBIX CCTEMaX MOYKET OBITh MHOT'O CO-
BMECTHO U3MEePUMbIX HAOJII0JaeMbIX; TO €CTh UX 3HAUEHISI

MOJKHO 3HATH OJHOBPEeMeHHO. BOoT mapa IpuMepos.

« Yacrumna, IBMKYyIIascsad B TPEXMEePHOM IIPOCTPAHCTBE.
Basuc cocToannii 114 TaK0# CCTEMBI 3aA€TCSI II0JIOMKE-
HHEeM YaCTHUIIbI, HO IJISI 9TOr0 TpedyeTcs TPU IPOCTPAH-
CTBEeHHBIEC KOOPANHATEI. TaK UTO ee COCTOSIHIE 3a1aeTCs

TpeMs YNCIaMUu: |x, Y, 2). B naspHeiiniemM Mbl yBUIUM,
YTO BCE TPU MPOCTPAHCTBEHHLIX KOOPAMHATHI YaCTUITLI

MOT'YT OBITH 3aJaHbl OHOBPEMEHHO.

« Cucrema, cocTodAIasa n3 ABYX He3aBUCHUMBIX CIITHOB;
IPYyTUMU CJIOBaAMU, CUCTEMA U3 IBYX KyouToB. [lajee
MbI YBUIUM, KaK 00beJUHATH CUCTEMBI JJIsI IOy YeHI
0oJiee KPYOHBIX cucTeM. Ho ceiiuac 1oCTaTOYHO JIUIIID
CKasaThb, UYTO ABYXCINHOBAA CUCTEMA MOYKET OBITh OIIH-
caHa OIByMs HaOJIOJaeMbIMU. A MMEHHO: €CTh COCTOS-
HUe, KoTa 00a CIIMHA HaXOIATCSA B COCTOSHUU «BBEPX»,
Korza oHM 00a HaXOOATCA B COCTOSIHUU «BHU3», KOTIa

HepBbIﬁ CIIMH HAaXOOAUTCA B COCTOSAHHUU «BBEPX», a BTO-
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poit — «BHU3», 1 HaobopoT. Kopoue, oxapakTepnus3oBaTh
IBYXCIUHOBYIO CICTEMY MOKHO IBYMSA IIePEeMEeHHBIMU:
2-KOMIIOHEHTOH MePBOT0 CINHA U Z-KOMIIOHEHTOH BTO-
poro cunua. KBaHTOBas MexaHMKAa He 3aIIpeIaeT OJHO-
BPeMeHHO 3HaTh 00e 9Tu HabogaeMble. PakTHUECKHT
MOJKHO BBIOPATH JIIOOYIO KOMIIOHEHTY OJHOTO CIIMHA
¥ J100yI0 KOMIIOHEHTY Apyroro. KBaHTOBas MexaHMKa

IIO3BOJIAET OJHOBPEMEHHO 3HATH obe.

B aTtux curyanuax HaM HEOOXOAMMO MOJTHOCTBHIO OXa-
paKTepu30BaTh COCTOAHIE cucTeMbl. Hampumep, B Haei
IOBYXCIIMHOBOU CHCTEME KaKIBIH CIIMH MbI I3MEPSIEM OT-
JIeJIbHO U CBSA3BIBAEM 9TU U3MEPEHUA C NIBYMS PAa3HBIMU
oneparopamu. Mbr o603Hauum 3T onepatopsl L u M.

Wsmepenue ocTaBasgeT CICTEeMY B COOCTBEHHOM COCTO-
AHUY (U3 eSUHCTBEHHOTO COOCTBEHHOI'O BEKTODPA), COOT-
BETCTBYIOIIIEM 3HAUEHUIO (COGCTBEHHOMY YHCJIY ), KOTOPOE
O0b110 M3MepeHOo. Eciin mamepArTesa o0a cnmHA TBYXCITH-
HOBOII CICTeMBI, TO CHCTEMA IIepeCKaKNBaeT B COCTOSHIIE,
KOTOpoOe SBJSETCA OJHOBPEMEHHO COOCTBEHHBIM BEKTO-
poMm L 1 cobeTBeHHBIM BeKTOpOM M. 9TO Ha3bIBAeTCA 00U, UM
cobcmeeHHbiM 6exmopom onepaTopoB L 1 M.

IOTOT ABYXCHMHOBLIN IIPUMEP JaeT HaM Koe-KaKyVIo
KOHKPETHYIO ITUIITY AJII Pa3MBIIIJIeHsA, HO UMeliTe B BUAY,
YTO HAIIKU PE3yJIbTATEI OYAYT HOCUTEL rOPas3mo 0oJjee 00IImii
XapakTep: OHU Oy IyT MPUMEHUMBI K JIF0O00I cucTEME, KOTO-
pad xapaKTepu3yeTcs ABYMSA Pas3IuYHBIMU OIIepaTOPaMMu.
U, Kak JerKo gorajgaThcs, B UMCJI€ Ba HET HUUEro Marnuye-

ckoro. IIpencrasienHble 3lech UAeH 0000IAI0TCs Ha 6ojee
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KPYIOHBIE CUCTEMBbI, JJIsI ONNCAHUSA KOTOPBIX Tpedyercs
0oJIbIIIee YKCJI0 OIIePATOPOB.

Y0065l paboTaTh C ABYMS PA3IUUHBIMU COBMECTUMBIMU
olepaTopamMii, HaM IIOTPeOyIOTCs ABa Habopa 0003HAUeH I
IJIs1 UX 0a3MCHBIX BEKTOPOB. MBI OyaeM 0003HaUaTh UX KaK
\; 1 11,. O0o3HAUEeHUA \; U |1, — 9TO COOCTBEHHBIE uncaa L
u M. VHaeKcsl i 1 @ IPo0erarT BCe BO3SMOYKHbBIE MCXOIbI
usmepenus L 1 M. MbI mpenmojaraemM, 4To CyIIleCTBYeT
0asuc 13 BEKTOPOB COCTOSTHUIH |\;, 11,), KOTOPBIE SABIAIOTCS
00IIIMY COOCTBEHHBIME BEKTOPAMU 00enX Ha0II0gaeMbIX.
Hpyrumu cioBamu,

L’>\i’ Ua> = >\i’>\ia Ua>,
M|>\i9 ]-111> = ua’>\is Ua>'

Yr005BI coeIaTh 9TH YPaBHEHII HEMHOTO 0oJiee Y IOOHBIMH
IS BOCIPUATUSA, MYCTh U II€HOM HEKOTOPOTO CHUKEHUS
CTPOTOCTH, I OYAY MHOTJA OIIYCKATh UHAEKCHI:

LIX, ) = XX, ),

MIX, 1) =nlx\, ).
Hiis Toro uT0OBI MMeJICca 0a3uc U3 O0IMIUX COOCTBEHHBIX
BEKTOPOB, omepaTopbl L 1 M moJKHBI KOMMYTHUPOBAT.
B sTom sterko yoeguTbesa. Mbl HauHeM ¢ IPUMeHEHU IPOo-
ussegenusa LM K 1r000My 13 6a31CHBIX BEKTOPOB, a 3aTeM

UCTOJIb3yeM TOT (PaKT, UTO Oa3MCHBIE BEKTOPHI ABIAIOTCA
CcOOCTBEHHBIMH BEKTOPaMIU 000UX OIIePaTOPOB:

LM[X, p) = Lp|X, 1),

nJiain
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LM\, 1) = X\p|\, 1).

CobOcTBeHHEBIE 3BHAUCHUSA \, |1 — 9T0, KOHEUHO, JIUIIIL YKNCJIA,
¥ He BaXKHO, Ha KaKoe 113 HUX YMHOKATh IIepBbIM. TaK uTo
ecJId IIOMEHSATDH HOPALOK 3TUX OIIePATOPOB 1 IMOJEHCTBO-
BaTh Ha TOT Ke 0a3uCHBII BeKTOp onepaTopoM ML, moy-

YUTCA TOT K€ CAMBINA Pe3yJIbTaT:
LM|X ,n) = ML|X, n),
nau, 6ojee KpaTkKo,
L, M\, 1) = 0, (5.1)

rIe IIpaBas 4acTh IPeACTaBJIeHA HYJIeBbIM BeKTOPOM. TOT
pes3yJabTaT He ObLI OBI TaK II0JIe3€H, eCJIX Obl OH OTHOCHUJICS
TOJIBKO K OJJHOMY M3 6a3MCHBIX BeKTOpoB. Ho paccy:xkme-
HUsI, KOTOpbIe IPUBeJIN K ypaBHeHUO (5.1), BepHBI i
N106020 13 6a3UCHBIX BEKTOPOB. ITOTO AJOCTATOYHO IJIs
IokasareabcTBa TOro, 4ro [L, M] = 0. Ecsau onepartop
aHHyupyem 000 a1eMeHT 6asuca, OH JOJKEH TaKIiKe
AHHYJIMPOBATH BCE BEKTOPBI B BEKTOPHOM IIPOCTpaHCcTBel.
A omepaTop, KOTOPLIN aHHYJINUPYET BCe BEKTOPLI, — 9TO
U eCTh TO, UYTO HAa3bIBAETCS HYJle8blm onepamopom. Utax,
MBI JOKAa3aJl, YTO eCJIN CYIIeCTBYeT IIOJIHBIN 0a311C 00X
CcOOCTBEHHBIX BEKTOPOB ABYX HAOII0IaeMbIX, TO 9TH JIBE Ha-
0rogaemMbie KOMMYTUPYIOT. OKasbIBaeTcsa, BepHa 1 o0par-
Hasg TeopeMa: ecJu ABe HabaogaeMble KOMMYTHUPYIOT, TO

CYIIIECTBYEeT IIOJHBII 0a3rc 00X COOCTBEHHBIX BEKTOPOB

1 Bam DOHATHO mouemy?
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IJIs 9TUX ABYX IIepeMeHHBIX. IIpoilie ToBOps, B KauecTBe
YCJIOBUSA COBMECTHOM M3MEePUMOCTHU ABYX HaOJII0JaeMbIX
OHU JOJIKHBI KOMMYTHUPOBATD.

Kaxk yxe ymoMmuHaJIOCHh paHee, JaHHASA TeopeMa SBJIs-
eTcs 6oJiee o01teii. MoskeT moTpedoBaThCA OOJIBIIIE HalJII0-
IaeMbIX, YTOOBI IIOJIHOCTBIO IIOMEeTUTH O0asuc. HesaBucumo
OT YmMcJIa HeoOXOOUMBIX HAOII0TaeMbIX, BCe OHU JOJIMKHBI
KOMMYTHPOBATL MEKAY c000%i. MBI Ha3bIBAEM STy COBOKYII-
HOCTb NOJHbLM HAO0POM KOMMYMUPYIOUWLUX HADI00aeMbLX.

5.1.2. BoxHoBas pyHKIUSA

Temeps MBI BBeZleM MMOHATUE 601H06801 pyHKUuu. Iloka
He OyzeM oOpaIraTh BHUMAHUA Ha ee Ha3BaHUe; B 00IIeM
cayJyae KBAaHTOBAs BOJHOBAS PYHKIIUA He MMeeT HUUEero
o0111ero ¢ BoJiHaMu. B gaybHeiIemM, Korjga Mbl OygeM usy-
yaTh KBAHTOBYIO MeXaHUKY dacTull (1exmuu 8-10), MbI
00HAPYKUM HEKYIO CBA3b MEXKIY BOJHOBOU (DYHKIHEN
¥ BOJIHAMU.

HomycTuMm, y HAcC ecTh 0a31C COCTOAHUI AJIA HEKOTOPOI
KBaHTOBOM cucTeMbl. HazoBeM BeKTOPLI OPTOHOPMUPOBaH-
HoroO 6asuca |a, b, ¢, ...), THe a, b, ¢, ... — cOOCTBEHHBIE 3HA-
YeHUS IOJHOr0 Habopa KOMMYTHUPYVIOIINX HabJI0TaeMbIX
A, B, C, .... Temeps pacCMOTPUM IIPOU3BOJILHLIII BEKTOP
cocrosauus |V). IIocKOJIbKY BEKTODHI |a, b, ¢, ...) ABIAIOTCA
OPTOHOPMUPOBAHHBIM 6a31COM, | V) MOKHO Pa3JIOKUTH 10

HUM:
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Benuuuns ¥(a, b, ¢, ...) IpeacTaBiIdo0T co6oit Koadhduiiu-
eHTHI B 9TOM pasjoskeHnu. Kaxablil 13 HUX TaKKe paBeH
BHYTpPeHHeMY npousBejeHuio |V) Ha oquH n3 6a3UCHBIX
BEKTOPOB:

U(a, b, c,...)=(a, b, c,...

7). (5.2)

Ha6op koapdumnuenros V(a, b, ¢, ...) Ha3bIBAETCS BOJHO-
BoIl QPYHKIMEN cucTeMEbl B 0as3ice, 3aJaHHOM HaOJII0mae-
meiMu A, B, C, ... . 9To MaTemMaTHUYeCKOe OIpeaeieHIie
BOJIHOBOM yHKINY, faBaemoe hopMyJioii (5.2), BRITVIALUAT
opMaNIbHBIM 1 a0CTPAKTHBIM, HO (PUBUUECKUNA CMbBICJI
BOJIHOBOM (PYHKIIMM oueHb raybok. CorysacHo ¢pyHza-
MEHTAJbHOMY BEPOATHOCTHOMY IPUHIIUIIY KBAHTOBOI
MeXaHUKHN, KBaApaT adCOJIOTHON BeJIUUYNHBI BOJTHOBOI
(GYHKIIUE — 5TO BEPOSATHOCTH TOTO, UTO HabJl0gaeMble

OpUMYT 3HAUeHudA a, b, c, ... :
P(a,b,c,...)=V*a,b,c,...)¥a,b,c,...).

dopma BOJTHOBOM (QPYHKITNY 3aBUCHUT OT TOTO, KAKUE UMEH-
HO Ha0JIogaeMble MbI BBIJEJIUIN. ITO CBABAHO C TEM, UTO
BBIUMCJIEHUA AJA ABYX PA3JUUYHBIX HAOJIOJaeMbIX II0-
JaralTcsA HA pasJnyHbie HAOOPHI 0a3MCHBIX BEKTOPOB.
Hanpumep, B cayyae OMMHOUYHOTO CIIMHA BHYTPEHHUE

IIPOU3BENeHU s

V(u) = (ul¥)

v(d) = (d|¥)
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OIIpeIe/ISTIOT BOJIHOBYIO (DYHKITNIO B Oasuce o,, TOTAa KaK

U(r) = (r|w)

V(D) = {w)

OIIpeIeISTIOT BOJTHOBYIO (DYHKITHIO B 6a3uce 0.

Baxuas 0co0eHHOCTH BOJTHOBOM (DYHKI[UM BBITEKAET
13 TOTO (DaKTa, UTO ITOJHAS CyMMa II0 BCEM BEPOATHOCTIAM
IaeT eIuHUILY:

5.1.3. SameuaHue 0 TEPMUHOJIOTHH

TepMUuH 60.1H08aA PYHKUUSA, UCTIOTIBE3YEeMbI B 3TOM KHUTE,
o3HayaeT Habop K0a(GUIIMEHTOB (TaKKe Ha3bIBA€MBbIX
KOMIIOHEHTaMH ), Ha KOTOPbIe YMHOXKAIOTCs 6a3uCHbIe
BEKTODHI B Pas3IOKeHUH I0 COOCTBeHHBIM (pyHKIMaAM. Ha-
IIpUMeD, €CJIU MBI PACKJIaAbIBAEM BEKTOD cocToAHUA |V)
caenyoiuM obpaszom

rae |U;) — opTOHOPMUPOBAHHBIE COGCTBEHHBIE BEKTOPEI
SPMHTOBA OIIEPATOPA, TO HA00P KOIPOUIINEHTOB (j, KOTO-
phle 4yTh BBIIIE MBI 0003Hauanu kak ¥(a, b, ¢, ...), — aTo
M €CTh TO, UTO MbI IIOHMMAaeM IOJ BOJHOBOUN (PYHKIHEH.

B curyanuax, Korga BEKTOP COCTOSAHUS IPEACTABIISIETCS
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MHTErpaJjioM, a He CyMMOIi, BOJTHOBaS (DYHKIINA CTAHOBUTCS
HeIpepLIBHOM, a He JUCKPETHOM!.

o cux mop MBI cTapaTeJbHO OTJINYAIU BOJTHOBYIO
(OYHKI[MIO OT BEKTOPOB cocTosaHusA V), u 9T0 00IIfenpu-
HATOoe coraatiernue. OTHAKO HEKOTOPhIe aBTOPEI paccMa-
TPUBAIOT BOJHOBLIE GYHKIINMU, KAK ecJau ObI OHU OBIJIU
BEKTOPaMI COCTOSIHUH. ITO IIepecTaHeT COMBATE C TOJIKY,
€CJIX IIOHSATH, UTO BOJTHOBASA (PYHKIIUS NeHCTBUTEIbHO
MOJKEeT IIPeICTaBJISATL BEKTOP COCTOAHUSA. PasyMHO pac-
CMaTPUBATh KO3(PQUIMEHTEI O KAK KOOPAUHATHI BEKTOPA
COCTOSHUS B KOHKPETHOM 0asuce COOCTBEHHBIX BEKTOPOB.
IT0 MOm00HO YTBEPKIEHUIO O TOM, UTO JeKapPTOBLI KOOP-
IWHATHI 3aJaI0T KOHKPETHYIO TOUKY TPEXMEPHOTO IIPO-
CTPaHCTBA B 3aJJaHHO cucTeMe KoopauuaTt. Bo nusbe:xanue
MYyTaHUIILI IPOCTO CJEAUTE 34 TEM, KAKOE HCIIOJIb3yeTCs
corJiaiexnue. B aToil KHUTe MBI O0OBIYHO Oy AeM HCII0JIb30-
BaTh IIPOIIMCHBIE OYKBBI, TaKue Kak ¥, 1 0003HaUeHU
BEKTOPOB COCTOAHUSA, a CTPOUHBIE OYKBEI, Takue Kak ¥V, —

[IJIS BOJTHOBBIX (DYHKITHIA.

5.2. U3mepenue

BepueMcsa K TOHATHIO n3MepeHus. [lOmycTuM, MbI U3Me-
psem aBe HaOmogaemble L 1 M B ofHOM 9KCIepUMEHTe,
¥ CHUCTeMa OCTaBJIEHA B COCTOAHUM, KOTOPOE SBJAETCSH
00IIIIM COOCTBEHHBIM BEKTOPOM STHUX ABYX HAOJIIOLAEMbBIX.
Kax mbI ysuaau B pasgene 5.1.1, sto sHauuT, uro L u M

AJOJIKHBI KOMMYTHUPOBATh.
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Ho uto, ecniu oHU He KommyTupyior? Torga, B o01iemM
cJiyyae, HEBO3MOJKHO IMOJYUYUTh HaJle;KHOe 3HAHUE O HUX
BMecTe. Jlasee MbI BLIPA3UM 9TO KOJUYECTBEHHO B (popme
IPUHIUIA HEOIPEeIeJIeHHOCTH (YaCTHBIM CIyd4aeM KOTO-

poro saBisgeTcd npuHIUn ['efizenbepra).

Bepuemcsa k Harleir TecTOBOI 3afaue PO OAUHOUYHBIN
cunH. JIr000e HabaOIeHNe CINHA IIPENCTaBISIETC SPMII-

TOBOII MaTpuiien 2 X 2, a mobdas Takasa MaTPUIla UMeeT BU/I

re AuaroHajJbHbIE 3JIeMEHTHI ABJISIOTCS BeIleCTBEeHHBI-
MU, a IBa APYTruX — KOMILIEKCHO COIpsKeHHbIMu. Kax
cJieJICTBUE, CYIIECTBYIOT TOJbKO UeThIPEe BeIleCTBeHHBIX
mapaMerpa, XapakTepusyIoInuX 9To Habaonenne. B neii-
CTBUTEJBbHOCTH €CTh U3AIIHBIA CIIOCO0 3aIKcaTh JII00YIo
CIMHOBYIO HablofnaeMyto uepes3 marpunsl Ilaynu oy, o,
U 0, U ellle OOHY MaTPUIy — eINHUYHYI0 MaTpuiy I.
Kaxk b1 momHUTE,
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JIio6as spmuToBa maTpuiia L pasmepom 2 X 2 MosKeT ObITh

3anrcaHa KaK CyMMa YeThIpeX YJIeHOB
L=ao,+bo,+ co,+dlI,

rae a, b, c u d — BelllecTBeHHBIE YKCJIA.

YIIPASKHEHHE 5.1

IIpoBepwTe 3TO yTBEDPIKAEHUE.

Envuuunerii onepatop I GopMasbHO CUMTAETCS HaOJIIO-
JlaeMOIi, TOCKOJBbKY OH SIBJIAETCS 9PMUTOBBIM, HO 3TO OUEHb
CKyYHad IITyKa. ECTh JINIIh OTHO BOBMOYKHOE 3HAUEHUE,
KOTOpOe MOKeT UMeTh 9Ta TpUBUAaJIbHAd HabIogaemMasd,
a nMeHHO 1, u J11000Ii BEKTOP COCTOSAHUA ABJSIETCS ee Co0-
CTBeHHBIM BeKTOpoM. Eciu urHopuposats I, To Hauboee
o0111ero Bua HaOJII0HaeMOM ABIAETCS CYIIEPIIO3UIINA TPEX
CIIMHOBBIX KOMIIOHEHT Oy, 0y U 0. MOXXHO Ji1 OIHOBPEMEH-
HO U3MEPUTH JIIOOYIO Tapy CIIMHOBBIX KOMIIOHEHT? ToIbKO
€ecJIi OHY KOMMYTHUPYIOT. BEIUMCINTD KOMMYTAaTOP A
CIIMHOBBLIX KOMIIOHEHT He IIpefcTaBadeT Tpyna. IIpocro
BOCIIOJIB3YHATECH ITPUBEAEHHBIM MATPUYHBIM ITPEICTaBIe-
HUEM, IEPEMHOKbTE MAaTPUIILI B TOM U APYTOM MOPAIKE

1 BO3bMUTE PAa3HOCTD IIOJIYUYEHHBIX PEe3yJbTaTOB.

KOMMYTaIJ,I/IOHHbIe COOTHOIIIEHU A, IIepeUYrCJI€HHbIE

B ypaBHeHuu (4.26),
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[0k, 0y) = 2i0,,
[0y, 0] = 2ioy,

[02, 0] = 2i0y,

MIPAMO T'OBOPAT HAM, UTO HUKAKNe ABe CIIMHOBbIe KOMIIO-
HEHTBI HeJIb3A U3MEePUTh OJHOBPEMEHHO, MOCKOJbKY Ipa-
BbI€ YaCTW YPaBHEHUU HeHYyJeBble. PaKTUUECKU HEJIb3
OJHOBPEMEHHO U3MEPUTh ABe KOMIOHEHTEI CIIMHA BAOJb

JIIOOBIX IBYX OCeIi.

5.3. IIpuHIMII HEoMIpeaeIeHHOCTH

HeomnpenemeHHOCTh — OAWH 13 OTJIMYUTEbHBIX IIPU3HA-
KOB KBaHTOBOM MeXaHUKHU, HO JaJeKO0 He Bceraa pe3yJabTaT
DKCIIEpMEeHTa ABJISIEeTCs HeollpeaeaeHHbIM. Eciiu cuctema
HaXOIUTCSA B COOCTBEHHOM COCTOSAHUY HAOJII0ZAaeMOii, HeT
HUKAaKOM HeOIIPeeJIeHHOCTH OTHOCHUTEJILHO pe3yJibTaTa
COOTBeTCTBYIOIero HabaogeHnsa. Ho B 1r000M cocTOAHIHT
BCEr[a eCTh HEOIPeIeJIEHHOCTh OTHOCUTEJIHLHO HEKOTOPOI
HabOsmogaemoii. Eciiz cocTosgHTE 0Ka3a0Ch COOCTBEHHBIM
BEKTOPOM HEKOEero 9pMHUTOBA OIlepaTopa, 0003HAYUM ero A,
TO OHO He OyIeT COOCTBEHHBIM BEKTOPOM APYTOT0 OIIepPaTo-
pa, KoTOpbIii He KoMMyTupyeT ¢ A. OTciofa IIpaBuJIO: eCcu
A 1 B He KOMMYTHPYIOT, TO JOJIJKHA OBITH HEOIIpeaeseH-
HOCTbH B OJJHOM 13 HUX, €CJIU He B 000UX.

TpaguIInOHHBIN TPUMEpP TaKOM B3aMMHOI Heompee-
JIEHHOCTH JaeT IPUHIIUII HeonpeaeaenHocTu ['eiizenbepra,

KOTOPBIH B CBOeH ITIepBOHAYAJIBHOM (DOPMe OTHOCUJICA K I10-
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JIOMKEHUIO I UMIYJIbCY yacTurbl. Ho ugeu I'eiizen6epra mo-
I'yT OBITH PACIIMPEHEI 40 ropasao 0ojee o0IIero IpuHITHAIIA,
IPUMEHNMOT'0O K JIIOOBIM JBYM HAOJIIOLaeMbIM, KOTOPLIE
OKazaJuch HeKOMMYyTHupyoomumu. Hanpumep, K IByM
KOMIIOHeHTaM ciinHa. Temeps y Hac eCTh BCe MHIPEANEHTHI,
Heo0XoJuMble JJIsI BEIBOLA IIPUHIINIIA HeOIIpeLeJeHHOCTHI

B 0011111 hopMme.

5.4. CMbICJI HeonmpeaeJIeHHOCTH

Ham He0o0X041MO0 OUeHb YeTKO OIIPEAeJINTh, YTO O3HAYAET
HeonpedejleHHOCMb, €CJIU Mbl XOTUM O0XapaKTepu30BaTh
ee KoauuecTBeHHO. O003HAUMM a COOCTBEHHOE 3HAUEHIE
Habaogaemoit A. Torga quist nanHOrO cocrosiaus |V) cyie-
CTBYeT pacmpe/esieHne BeposaTHOCTH P(a) ¢ IpUBBIYHBIMU
ceoricTBaMu. CpenHee 3HaueHUEe A SBJIAETCA OOBIYHBIM

CpeIHNM:

I'pyGo roBopsi, aT0 03HAYAET, UTO pacipeesnenue P(a) meH-
TPUPOBAHO Ha cpefHeM 3HaueHuu. To, YTO UMeeTCs: B BUAY
IO/ «HEOIIPEAEeJIeHHOCThI0O A», — 3TO TaK HasbIBaeMoOe
cmandapmHuoe omkKaoHeHue. YTOOBI BRIUUCIUTH CTAH-
JlapTHOe OTKJIOHEHUVEe, CHA4YaJja BEIUTEM U3 A ero cpemHee

suauenue. OmpegesinM omrepaTop A CJeqYIOINM 00pa3oMm:

A=A—(A).
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CMBICJI TAKOTO OITpeIeIeH U A OyTeM BbIUUTAHUS CPeTHe-
ro 3HAUeHU 13 OIlepaTopa He BIIOJIHE fAceH. [Ipucmorpumest
BHUMAaTeabHee. CaMo cpeaHee 3HAUeHME SBJISETCS Belle-
CTBEHHBIM UMCJOM. JI1000€e BeITecTBeHHOE YNCJIO TaKiKe
SABJIETCA OIIePaTOPOM, a UMEHHO OTIEPaTOPOM, ITPOHOP-
IIMOHAJIBHBIM TOKIECTBEHHOMY, UJIN eTUHUYHOMY OIepa-
Topy I. JlJIs MOJTHOM ACHOCTH MOJKHO 3aIICaTh A BGoee

moJHO# hopMme:

Pacnpenenenne BepOATHOCTH IS A TouHO TaKoOe JKe, Kak
U 01 A, 3a ICKJIIOUEHHEeM TaKOr'o CMEIeH!sI, YTO CpeHee
OIS A pasHO HYJIi0. CoOGCTBEHHBIE BEKTOPEI A raxue Ke,
Kak u 'y A, a coOCTBeHHBIE 3HAUEHUS IIPOCTO CABUHYTHI
TaK, 4YTO UX CPeJHee TOXKe PABHO HyJII0. IHBIMU CJIOBAMH,

coOcTBeHHbBIe 3HaUeHUsa A 3To0

KBagpar HeompeeieHHOCTH (MK CTAHAAPTHOE OTKJIOHE-

Hue) A, o6o3HauaeMblil (AA)2, onpenessercs Kak

(5.3)
niu

(5.4)

9TO MOXKHO 3alMCATh B BUJE
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Eciu cpenHee SHaAUYEHUEe A PaBHO HYJIIO, TO BBIPaXeHue aJjd

HeompeaeJgeHHOCTH AA yIIpoIlaeTcs:

Hdpyrumu cjioBaMu, KBagpaT HEONPEJeJIEeHHOCTU — 3TO
cpenHee 3HaueHUe omepaTopa A2,

5.5. Hepasencteo Komun — IllBapia

IIpunnun HeolpeaeJIeHHOCTH — 9TO HepaBeHCTBO, KO-
TOpOe IT'OBOPHUT, UTO IPOU3BEJeHNEe HEeOompegeeHHO-
creii A u B 0oJbIlle HEKOI BeJIMUYNHDBI, CBA3aHHON C UX
KomMMmyTaTopoMm. I3 syieMeHTapHON MaTeMaTUKM HaM 3Ha-
KOMO HEepPaBeHCTBO Tpeyrojbunka. OHO YTBEPIKIAET, UTO
B JII0OOM BEKTOPHOM IIPOCTPAHCTBE a0COIIOTHAS BeJINUMHA
OJTHOII CTOPOHBI TPEYTOJbHUKA He IIPEBOCXOIUT CYMMBbI
a0COJIIOTHBIX BEJUUYUH ABYX IPYTUX cTOpoH. [ Belre-
CTBEHHBIX BEKTOPHBLIX IIPOCTPAHCTB MbI BLIBOJUM

XY= |X Y|, (5.5)
13 HePaBEHCTBA TPEYTOJbHUKA

X|+Y|=2|X+Y

5.6. HepaBeHCTBO TpeyrojJbHUKA
1 HepaBeHcTBO Ko — IllBapiia

HepaBeHcTBO TpeyroJbHUKA CBSI3aHO, KOHEYHO, CO CBOII-

CTBAMU OOBIUHBIX TPEeyroilbHMKOB, HO B J_IefICTBI/ITeJII)-
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HOCTH OHO HOCHUT ropasno 0oJiee oOIII1ii XapaKkTep U IPU-
MEHHMO K HaMHOTI'0 6oJjiee IITIPOKOMY KJIACCY BEKTOPHBIX
IIPOCTPAaHCTB. CYTB naer MOMHO YJIOBUTBH, B3IVIAHYB Ha
puc. 5.1, re CTOPOHEI TPEYTOJbHUKA IIPEACTABICHBI O0bIU-
HBIMU TeOMeTPUUYEeCKUMU BeKTOpaMu Ha IJIocKocTu. Hepa-
BEHCTBO TPEYTOJbHINKA — 3TO IIPOCTO YTBEPKIEHLE O TOM,
YTO CyMMa JIFOOBIX IBYX CTOPOH 0O0JIbIIIEe TPETheil CTOPOHEI,
a JesKallasi B OCHOBE 9TOTO UAes COCTOUT B TOM, UTO KpaT-
YaRIuil OyTh MEKAY IBYMS TOUKAMI — IIPAMAasd JUHUA.
Kparuaiinmmii myTh Mexay ToukaMu 1 1 3 — 5TO CTOpPOHA Z,

a cyMMa ABYX IPYTUX CTOPOH, OUeBUIHO, OOJbIIIE.

o
~il

Z

Puc. 5.1. Hepaserncmeo mpeyzonvHUKQ.
Cymma Orun sekmopos X u Y Goavuie unu pasna
daune sekmopa Z . (Kpamuaiiwuii nymo mexcoy 08yms

MoYKaAMU — NPAMASL NUHUSA)

HepaBeHCTBO TPEYroJIbHUKAa MOJMKET OBITH BbIDaKeHo

B OoJiee obmiem Buge. HauHeM ¢ MCXOIHOTO OIpeneIeHnsd,
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a 3aTeM «IOKPYTHUM» €ro M0 TOoi (OopPMbI, KOTOpas HaAM

TpedbyeTcsa. MbI 3HaeM, 4TO

X[+ Y=z

Ecuiu paccmarpuBats X 1 Y B KauecTBe BEKTOPOB, IJIA KOTO-

PBIX OIIPpEOEeJIEHO CJIOMKEHMEe, TO 9TO MOKHO 3aIlliCaTh B B /1€

BosBops B KBaapaT 8TO ypaBHEHUE, ITOJIyUYaeM

Ho npaBas uacTh MOKeT OBITH PaCKPLITA KaK

ITouemy? IloTomy uTO — 9TO IIPOCTO

. O6beuHAA 5TU PE3YAbTATHI, TOJYUAEM

Temnepb, TPOCTO BBHIUTS U3 00€UX UacTei U pas-

AeJIB Ha 2, MBI OCTaeMCdA CO CJIeAYIOIIMM HepaBEeHCTBOM:
(5.6)

9to npyrasa ¢opMa HepaBeHCcTBa Tpeyroabuuka. Oma yr-
BepP:KIAaeT, UTO OJIS JIOOBIX ABYX BEKTOPOB XuY mpo-
H3BeleHUe He MeHbIle UX CKAJISIPHOTO MIPOU3BEeIeHNUs.
I9TO HEeYOIUBUTEJIbHO, CKAJIAPHOE IPOU3BEAEHNE YaCTO

ornpenesideTrcd KakK
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rae 0 — yroa Mexxay AByMs BeKTopamMu. Ho MBI 3HaeM, 4TO
KOCHHYC yTIJIa BceTga JeKUT B AuamnasoHe otT —1 mo +1, Tax

YTO IpaBas YacTh BCerJa JOJ»KHA OLITh MeHbIIIe JI00 paBHAa

. JlaHHOEe COOTHOIIIeH e NCTUHHO JJIs BEKTOPa B IBYX
U3MEePeHUAX, B TPeX U3MEePEHUIX 1 B IIPOU3BOJILHOM YKCJIe
nsMepeHuii. OHO BepHO JasKe IJIs BeKTOPOB B KOMILIEKC-
HBIX BEKTOPHBIX IIpocTparcTBax. OHO BOOOIITe MCTUHHO JJIs
BEKTOPOB B /1}000M BEKTOPHOM IIPOCTPAHCTBE P YCJIOBUH,
YTO IJIMHA BEKTOPA OIpeeisdeTca KaK KBaApaTHBIA KOPeHb
13 BHYTPEHHETro IPOu3BeJeHNsI BeKTopa ¢ caMUM COOOI.
ILBI/II‘aHCB gaJjiee, MbI IIJIAaHMPYyEeM MCIIOJIb30BaTh HEPaBEH-
ctBo (5.6), BO3BOAA €r0 B KBagpAar:

. (5.7)

B sToi1 hopMme oHo HasbIBaeTca HepaBeHcTBOM Koimm —
IIIBapma.

B KOMIIJIEKCHBIX BEKTOPHBIX IPOCTPAHCTBAX HEPABEH-
CTBO TPEYTOJIbHUKA IPUHIMAET HEMHOI'0 00JIee CI0KHBIIM
Bux. Ilycrs | X) u |Y) — ABa BeKTOpa B KOMIIJIEKCHOM
BEKTOPHOM IIPOCTPaHCTBEe. AOCOJTIOTHLIE BeJINUYNHBI TPEX
BekTopoB | X), |Y) u |X) + |Y) paBHBI
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(5.8)

Tenepb BBIIIOJIHUM T€ K€ CaMble IIIarm, 4To MbI CAeJIaIn

B BellleCTBeHHOM ciaydae. CHauaJia 3amuIieM
X+ Y| = |X+7Y].
Ianee Bo3BegeM B KBaZpAT U YIIPOCTUM:
2[x] |¥] = |(X]Y) + (YIX)]. (5.9)

9ra popma HepaBerHcTBa Komu — IIIBapiia mpuBemeT HAC
K IPUHIINIY HeolpeaejaeHHocTru. Ho KaKoe OHO mMeeT OT-
HOIIIeHMe K ABYM HaOogaeMbIM A 1 B? MBI BBIACHIM 9TO,
xuTpo onpenesaus | X) u |Y).

5.7. O01uii MPUHIIKII HEeoIIpeaeJJeHHOCTH

IIycts | V) — aTo 106011 KeT, a A 1 B — s110061€ 1Be HAOIIO-
naemsle. Teneps onpeznesum | X) u |Y) coenyrorum o6pasom:

[ X) = AlD),
Y) = iB|T). (5.10)

OOpaTuTe BHUMAaHME Ha i BO BTOPOM omnpefieeHuu. Temepb
nogcrasuM (5.10) B (5.9) u moxyuum

(5.11)
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3HaK MUHYC CBA3aH C MHOXKUTEJIEM i BO BTOPOM OIIpeeJie-
Huu B popmyite (5.10). Ucnosnbays onpeeieHre KOMMY-
TaTopa, HaXO4NM, UTO

(5.12)

IMonmycTrM Ha MI'HOBeHMe, uTo A 1 B umeroT cpegaue 3Ha-
yeHUs paBHbIe HYJI0. B aToM cayuae (A2) — 310 mpocTo
KBaJpar HeolpeneaeHHOCTH A, To ecTh (AA2), a (B2) — aTo
npocto (AB2). Torga MmosxHO epenucaTs ypaBHeHue (5.12)
B BHUJE

(5.13)

3azep:KuTeCh HEHAJ0JIr0 HA 9TOM MaTeMaTHYeCKOM Hepa-
BeHcCTBe. B 1eBoii yacTy MBI BUAUM IIPOU3BEIeHIIe HeolIpe-
IeJeHHOCTel AByxX HabmozaeMblx A u B B cocroguunu W.
HepaBeHCcTBO rOBOPUT HaM, YTO 9TO IIPOU3BELEHIIE He
MOJKeT ObITH MEHbIIIe IIPAaBOI YacTH, KOTOPasa BKJIOUAET
KoMmmyTaTop A u B. A uMeHHO OHO yTBepP KIaeT, UTO IPOo-
M3BeJleHNe HeolpeIeIeHHOCTEe He MOKeT ObITh MEeHbIIIe,
ueM n0JI08UHA AOCOJIIOMHOL BeAULUHbL CPeOHez0 3HAYeHUS
KomMmMymamopa.

OO0ImInii IPUHIIUI HEeOoIpeaeJeHHOCT — JTO KoJnue-
CTBEHHOE BhIpaKeHUe TOT0, O UeM MBI yKe JOradbIBaJIiCh:
ecJii KOMMYTaTOp He paBeH HYJIIO, TO ABe HaOJrogaeMble
A 1 B He MOTyT OJHOBPEMEHHO IMETh OIIpeJeeHHbIe 3HAa-
yeHUusd.
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Nekuusa 5. HeonpefeneHHOCTb 11 3aBUCMMOCTb OT BpEMEHN

Ho uro, eciiu cpegane sHauenusd A u B He paBHBI HYJI10?
B aTom ciryuae nemosib3yeTcsa mprueM, BBOIAIINIM JBa HOBBIX

oreparopa, I KOTOPBIX CPpeJHIe 3HAUEH!U A BELIUNTAIOTC:

3aTeM Bech IIPOIIECC MOBTOPSAETCA ¢ 3aMeHoll A u B ma A
u B. Cienyroiee ynpaskHeHMe MOCTYKUT BaM PYKOBOJI-
CTBOM B 3TOM JieJie.

YIIPAKHEHHUE 5.2

1) ITorkaxkure, 4TO u .
2) IToxaskure, 4TO .

3) Ucnorp3ya 9TH COOTHOIIIEHUA, IIOKAKHUTE UTO

Hajee, B 1eKIUMU 8, MBI HCIIOJIb3yEM 9Ty UPE3BBIUATHO
001ITyI0 BepCUIO IPUHITUIIA HEOIPEAEeJIEHHOCTU AJIA JOKa-
3aTeJIbCTBA IIepBOHAYAILHON (DOPMBI IPUHITUIIA HEOIIpe-
nesneHHocTH 'efizenbepra: npoussedenue HeonpedeienHOo-
cmeil NONOHCEHUA U UMNYAbCA LACMUUDbL He MoXcem Oblmb

MeHblULe NOJL0BUHbL nocmoaHHol Il anka.



Jexuua 6. OoreguHeHne
CHCTEeM: 3aIIyTAHHOCTD

Apr: U Bce :XKe TyT MUJIOe U IPUATHOE 3aBeJleHUE.
Ecau #He cuurars aToro Tuna Munyc OguH, HUKTO He
CKy4YaeT B OIMHOUYECTBE.

Jlennu: I[a, MEeCTE4YKO BIIOJIHE TYCOBOYHOE. n OeJio He
TOJIBKO B TECHOTE. CJIe,Z[I/I 34 KOIIIEeJIBKOM 1 HE BHYTaﬁ-
Cd BO t—ITO-HI/I6y,J_II> CJINIIIKOM CEe€PBbE3HOE.

6.1. MaTemaTuuecKass HHTEPJIIOTU:
TEH30PHOE MPOU3BEIeHNE

6.1.1. Berpeua ¢ Anucoit u Bo6om

ITorumanMe TOro, Kak 0ojiee KPyIIHbIE CHICTEMBI 00PAa3yIOT-
s 3a cueT 00'beIUHEeHU A MEHbBIIINX,, COCTABJISIET 3HAUNTE I b-
HYIO 4acThb (pusuKu. Bpsg i MHe HYKHO TOBOPUTEL O TOM,
YTO ATOM — 5TO COBOKYITHOCTb HYKJIOHOB U 9JIEKTPOHOB,
KasKIBIH 13 KOTOPBIX caM I10 cebe MOKeT pacCMaTPUBATHCS

KaK KBaHTOBadA CUCTEMaA.
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JNekyus 6. O6beAVHEHUE CUCTEM: 3aMyTaHHOCTb

Korma MBI TOBOPUM O COCTAaBHBIX CHCTEMaXx, JIETKO
cOUTHCS Ha MCIOJIB30BaHUE CYX0T0o (DOPMAJbHOTO A3BIKA
U HaUaTh PacCy:KaaTh o cucmeme A u cucmeme B. Bosb-
IIMHCTBO (PU3UKOB IIPEAIIOUNTAaeT 0oJjee JIeTKUi, Hedop-
MaJIbHBIN A3BLIK, TaK 4TO Asuca u 506 cTaniu mouTu yHU-
BepCcaJIbHBIMHU 3aMeHuTe MU 411 A u B. 06 Anuce u Bo6e
MO’KHO T'OBOPUTH KaK 0 X035eBaX CJI0KHBIX CUCTEM U Jado-
PaTOPHBIX YCTAHOBOK caMOT'0 pa3Horo pozaa. MIx obopymo-
BaHWeE U ONBIT OTPAHUYEHBI JINIIH HAIIIIM BOOOpakeHueM,
M OHU C PaJOCThIO 0epyTcs 3a TPYAHLIE Jejia U OIacHBbIe
3aJJaHNs BPOJe IPLIXKKOB B UepHbIe IbIpbl. OHU HACTOSII[Ie
HayJYHbIe cylieprepou!

Homyctum, Anuca u Bob pacmojiaraioT AByMsA CHUCTe-
MamMu — AJIucuHOU cucTeMoi u cucremoir boba. Cucrema
Anucsl, uTo ObI OHA cOOO0M HU IIPEICTaBJIAIA, OINCHIBACTCS
TIIPOCTPAHCTBOM COCTOSHII, 0003HaYaeMbIM Sy, 1 aHaJO-
TUYHO cucTeMa Boba ommuchiBaeTCs: IPOCTPAHCTBOM COCTO-
aui Sg.

IIycThb Temepb MBI XOTUM O0LEIUHUTD 9TH JBE CUCTEMBI
B €IMHYIO COCTaBHYIO cucteMy. IIpeskae ueM OBUTaThHCS
JaJbllle, TaBaiTe JoOABUM HEMHOT'O KOHKPETHUKU B OTHO-
IIIeHUU CHCTEeM, C KOTOPBEIMU MBI mMeeM JaeJio. Hampumep,
AnucuHa cuctemMa MOMKeT ObITH KBAHTOBOMEXaHUUYECKON
MOHETOM € ABYMSA OCHOBHBIMHU cocToAHUAMUu — H u T1.

Koneuno, Kiaccuueckas MoHeTa JOMKHA HAXOLUTLCS JIN0O

1 Ot auru. head — aBepc, perka u tail — pesepc, opena. — ITpu-
meu. nep.
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KBaHTOBaA MexaHuKa

B OOJHOM COCTOAHHNM, b0 B OAPYyromMm, HO KBaHTOBad MOHETAa

MOKeT ObITEH B CYIIEPIIO3UIINI:
OLH|H} + OLT|T}.

Kax BuguTe, s MCIOJIB3YIO O AJMCUHBIX KeT-BEeKTOPOB
HeoObIUHOEe 0003HaUeH1e. ITO AJd TOT0, UYTOOBI OTJINUYATD
ux ketoB Bo6a. HoBoe o6o3HaueHMe JOIKHO IPEIOCTEPEUD
HAC OT CJ0KeHUA BEeKTOPOB AJIMCUHOTO MPOCTPAHCTBA Sy
¢ BeKTOpamMu 13 mpocTpancTBa Boba Sg. [IBymepHOE BeK-
TOPHOE TIPOCTPAaHCTBO ANNCH S, 3ajjaeTca AByMA Oasuc-
HbIMU BeKTopamu |[H} u |T}.

Cucrema Boba Tosxe morJia OBl OKa3aTbCsa MOHETOM, HO
BIIOJIHE MOKET ObITh 1 ueM-TO Apyrum. IlycTs sTo Gymer
KBaHTOBasA UrpajbHAasI KOCTh. IIpoCTPAHCTBO COCTOAHMIHA

Boba S Oyzmer Torga miecTIMepPHBLIM ¢ 0a31ICOM

03HAYAIOIIUM IIIeCTh rpaHel KocTu. Tak ke Kak AnucuHa
MOHeETa, KOCTh bo0a aBiigeTcsa KBAHTOBOMEXaHNUYECKOH
U ee IIeCThb COCTOSHUI MOT'YT aHAJOTMUYHBIM 00pas3oM Ha-

XOAUTBECA B CYIIEPIIO3UITNM .
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JNekyus 6. O6beAVHEHUE CUCTEM: 3aMyTaHHOCTb

6.1.2. IIpeacraBieHne COCTaABHOM CHCTEMBI

Temnepsb npeacTaBuM cebe, uTo crucTeMbl Boba 1 Ajrice o6e
CYIIIECTBYIOT ¥ 00pas3yioT eJUHYIO COCTABHYIO CHCTEMY.
IlepBoIil BOoIpoc: KaK CKOHCTPYHUPOBATL IIPOCTPAHCTBO
COCTOSAHUIT, HA30BEM €TI0 Syp, AJIsI COCTABHOM CUCTEMBI?
OTBeT — IMOCTPOUTEL TEH30PHOE IIpousBeaeHne S, 1 Sg. ITa
omeparusa obo3HavaeTCA TaK:

Yr0o0BI OIIpeneauThb S g, JOCTATOUHO 3a4aTh €ro 0a31CHbIE
BEKTOPHI, 1 OHM UMEHHO TaKle, KaK MOYKHO OKUIATH.
B BepxHeii monoBuHe puc. 6.1 mpeacraBiaeHa Tabauia,
CTOJIOIILI KOTOPOI COOTBETCTBYIOT IIIeCTH 6A3MCHBIM BEKTO-
pam Boba, a cTpoKu — ABYM 0a3MCHBIM BeKTOpPaM AJINCEHI.
Kaxxkmaa kaerka Tabaunsl obo3HadyaeT 6a3MCHBIN BEKTOP
cucteMsbl S, g. Hanpumep, KiaeTKa, momeuennasa H4, npen-
cTaBJISIET cOCTOAHUE Syp, B KOTOPOM Ha MOHETe BUIEH
aBepc, a Ha KocTu — uucJio 4. Becero B 00'beuHEHHOI CH-
creMe numeeTcsa 12 6a3MCHBIX BEKTOPOB.

CylIIecTBYIOT pPas3HbIe CIIOCOOLI CHUMBOJIMUYECKOTO IPe/I-
CTaBJIEHUS TUX COCTOSIHMUM. MOMKHO NCIOJIB30BATDL IJIS
cocrossHus H4 sBHBIe 0003HAUYECHUA, HATTPUMED
nnu |[H}|4). Ho 06614HO y106HEe NCII0IB30BATH COCTABHYIO

HoTanuio: |[H4). OHa noquepKUBaeT, 4T0 MbI TOBOPUM 00

OJTHOM COCTOSAHUU C METKOI, COCTOAIIEH U3 ABYX UaCTe.
JleBas moJI0OBUHA OTHOCUTCS K AJUMCUHON IIOLCHCTEME,

a ImpaBas II0JIOBHA — K mozcucTeme Boba. fIBHas HoTaus
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KBaHTOBaA MexaHuKa

1 coCTaBHAAd MMEIOT ONWH 1 TOT K€ CMBICJI — OHMU CChLJIa-

I0OTCA Ha OOHO 1 TO K€ COCTOAHUE.

MeTKM COCTOSIHMI cOCTaBHOM cucteMbl SAB

MeTku cocTosiHuin Boba

1 2 3 4 5 6
H H1 H2 H3 H4 H5 H6
MeTkun
COCTOSIHWIA
Anucel
T T1 T2 T3 T4 T5 T6
Cucrtema Cucrtema
Anucbl Boba

Puc. 6.1. B mabauye npedcmassetbl 6a3UCHbLE COCTMOSHUS
cocmagnoil cucmemvl Syp. Céepxy nepeuucienv. memru
cocmoanuit kocmu Bo6a. Memxu cocmoanuili Aaucunoil

MOHembL npugedeHnsvl creéa. MemKu cOCmMosHULL cCOCMa6HOl

cucmembvl Haxo00amcs 8 Kkiemrax mabauust. Kaxcoas
COCMABHAS MeMKQ COCMOAHUS NOKA3bLEAEN COCMOAHUE
ob6eux nodcucmem. Hanpumep, memra cocmoanus H4
0603Havaem cocmosHue, 8 KOmopom ALUcCuHa MOHema
evinana pewroil (H), a kocmv Bo6a — yemeepkoil

Kak Tonbko 6a3ucHBIE BEKTOPHI IePeUnCIeHBI — B IaH-
HOM CJIyUae UX 0Kas3ajoch JBEHAAIIATH, — MOYKHO ITOCTPO-
UTh UX JMHEHHYI0 KOMOMHAIIUIO AJIS JIIOOOH CyIIepIIo3u-
nuu. TakuM o6pasomM, ITPOCTPAHCTBO TEH30PHOTO IIPOMU3-
BeJIeHUS B TaHHOM CJIydae sIBJISeTCA IBeHa IaTUMEPHbBIM.
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JNekyus 6. O6beAVHEHUE CUCTEM: 3aMyTaHHOCTb

Cynepno:muna ABYX TaKHUX 0a31CHBIX BEKTOPOB MOJMeET

BBITVIAAETb KaK-TO TaK
Oth‘H3> + Ott4’T4>.

B kakmom ciryuae mmepBas II0JIOBHA METKH COCTOSIHIA 000-
3HAUAeT COCTOAHNEe AJMCTHONM MOHEThI, a BTOpasd MOJIOBITHA
OMMCHLIBAET COCTOsIHIE KocTu Boba.

Wuorma maM moHago0UTCA COCJIATHCA HA IIPOU3BOJb-
HBIHM 0a3UCHBIN BEKTOP B Syp. [lJisd aTOTO MBI OyaeM uc-

II0JIB30BATh KE€T-BEKTOPHBI TAKOI'O B Ja:
|ab)
nJIN TaKOoro:
a'b').

B sToit HOTAnMU @ UaIU a' (mm IPYTro#i CUMBOJ, HAXO/ -
IUICS B JIEBOHM YacTu 0003HAUEHUA) IPEACTABISIET AJIN-
CUHBI COCTOAHUA, a b uianu b' — cocroauus boba.

VY sToil HOTAIUM eCcTh OgHA XUTpasd 0co0eHHOCTEL. He-
CMOTPSA HA TO YTO METKY COCTOIHUM B S g UMEIOT TBOMHOM
WHJEKC, KeT-BeKTOPHI BpoJe |ab) niu |H3) npeacTaBisioT
coboi1 eIHOE COCTOAHME COCTAaBHOM cucTeMbl. [[pyrumMu
CcJI0BaMU, MBI MCIIOJIb3YEM ABOWHON MHAEKC AJIs 0003Ha-
YeHHUs eIUHOI0 COCTOSHUA. K sTOMYy Hamo HEMHOTO IPHU-
BBIKHYTb. AJINCHHA YaCTh METKI COCTOSHIS BCeTa cjaeBa,
auactb Boba — Bcerjga cirpaBa: co0JiogeHne aahaBUTHOTO
nopanka Anucel 1 Boba 1103B0oJISIeT JIerKO 3allOMHUATD 9TO

CorvianmieHue.
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KBaHTOBaA MexaHuKa

IIpaBuyia ocTaroTcss HEM3MEHHBIMU U JIJIsI CUCTEM OoJiee
ob1rero suga. EfMHCTBEHHOE OTJIMYME COCTOUT B TOM, UTO
Ha MecTe IBYX A-cocTOSHMI 1 IiecTy B-cocTOAHMI OKa3hI-
BatoTcsi N4 u Npg COCTOSAHUII COOTBETCTBEHHO, & TEH30PHOE
mpousBeeHre OyaeT UMeTh PAa3MePHOCTD

NAB=NANB-

CucreMbl ¢ TpeMsa U 60Jiee KOMIIOHEHTaMU MOKHO IIpe/-
CTaBUTH TEH30PHBIMU IPOU3BEIeHUAMU TPeX 1 00Jee mpo-
CTPAHCTB COCTOSIHUIM, HO HAM 3[IeCh 3TO He IIOHaI00UTCH.

Temepb, Korga y Hac ONNCAHBI OTAEJbHEIE IPOCTPaH-
crBa Sy, u S naa Anucel u Boba, a TakiKe cocTaBHOE
IIPOCTPAHCTBO S g, OCTAETCS JOTOBOPHUTHCS eIlle 00 OHOI
JeTayu B 0003HAUEHHAX. ¥ AJIKCHI eCTh HabOP oIIeparTo-
POB 0, melicTBYIOIUX Ha ee cucteMy. ¥ Boba ecTh aHa-
JIOTUYHBINA HaOOP AJIS ero CUCTEMBI, KOTOPBIN MBI OyaeM
0003HAUATh T, YTOOBLI HE IIyTaTh C ollepaTopaMu AJIUCHI.
Y Annchl MOKeT ObITh HECKOJIBKO OIIEPATOPOB 0, TAK JKe
KakK y Boba — HecKoJbKO omepaTopoB T. Mesa Ha pykax
ATOT PaCKJIal, Mbl TOTOBEI I'IYOJKe MCCJIeJOBATH COCTABHYIO
cuctemy. B mannHeiiem, B JeKIUU 7, OyaeT o0bsICHEHO,
KaK paboTaTh C TEH30PHBIM IIPOM3BEAEHUEM OIIEPATOPOB
B KOMIIOHEHTHOIT (popMe, TO eCTh B IIPeCTABJIEHN B BUIE
MAaTPUIL 1 BEeKTOPOB-CTOJIOIOB.

K sToMy MOMEHTY y Bac He MOJI’KHO OCTaBaThCs CO-
MHEHUuI B TOM, UYTO KBAHTOBadA (pU3UKA OTJINYAETCA OT
KJIACCUYEeCKOII B CAMbBIX CBOUX JIOTMYECKUX OCHOBAHUIX.
B oroii tekmuu, a TaKKe B CAEAYIONIeH A HaMepeH elre 00-

Jlee YKPEenuTh Bac B 9Toii umee. MbI 00cya1M 0COOEHHOCTD
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JNekyus 6. O6beAVHEHUE CUCTEM: 3aMyTaHHOCTb

KBaAHTOBOUM (DUBUKM, KOTOPAA HACTOJIBKO OTJINYAET €€ OT
(buBUKYM KJIaccuYecKoi, YTO K MOMEHTY HaIUCAHUA dTUX
CTPOK OHAa O3aJaunBaja — U IPUTATUBAJIAa — (PU3UKOB
u pusocodos y:xe moutu 80 ser. CBoero oTkphiBaTeA,
JUHITITElTHA, 9Ta 0COOEHHOCTH ITPUBeJIia K 3aKJI0UEHUI0, UTO
B KBAHTOBOU MeXaHUKe He XBaTaeT Yero-To 04YeHb BaXKHOTO,
¥ C TeX 0P (PUBUKHU CIOPAT 00 9TOM. OMHINTEHH 0CO3HA-
BaJl, 4TO IIPMHMMAaA KBaHTOBYIO MEXaHUKY, MBI ITIOJIydaeM
B3TJIA HA PEaJbHOCTh, PAAUKAJIBHO OTJINYAIOIIUNACA OT

KJIaCCHU4YeCKOro.

6.2. Kiaaccuueckass KOppeassimusa

IIpe:xme ueM 3aHATHCS KBAHTOBLIM 3allyThHIBAHUEM, JaBati-
Te II0OTPpaTuM HECKOJIBKO MUHYT Ha TO, YTO MOHO Ha3BaTb
KJIacCMUeCKUM 3aIllyThiBaHUEM. B ciieayoIiemM sKCcIepu-
meHnTe Anuce (A) u Bo6y (B) momoraer Hapuu (C).

Y Yapisu B pyKax ABe MOHETBHI — II€HT U JeCATUIIeH-
ToBUK. OH BCTPSAXMBAET UX U OCTABJISET II0 OLHOM MOHETe
B KaXKJ0H pyKe — aJsa Ajucel 1 Boba, KoTopble 3aTeM UM
BpyuaeT. HUKTO He moAcMaTpuBaeT 1 He 3HAeT, ¥ KOTO
Kakas MoHeTa. 3aTeM AJsnca caguTcs B IMIATTJ A0 aJb(bI
IlenraBpa, a Bo6 ocraercsa B ITamo-Anbro. YHapau caenan
CBOe JIeJI0 ¥ MOKeT yiTH (coxaseio, Yapin).

Ilepen TeM KakK OTIIPaBUTBLCA B JOJITOE IIyTEIIeCTBUE,
AJnca CMHXPOHU3UPYET Yyackl ¢ BoOOOM — OHM M3ydaJIn Teo-
PHUIO OTHOCUTEJIBHOCTH 1 YUMTHEIBAIOT 3aMeElJIEHEe BPDEMEHU

u Bce Takoe. OHU goroeapmBarOTCdA, YTO Anuca IIOCMOTPHUT
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KBaHTOBaA MexaHuKa

Ha CBOIO MOHETY 3a OJHY-ABe CeKYHIBI IO TOT0, KaK Bo0
IIOCMOTPHUT HA CBOIO.

Bce nger rimagko, m Korga Annca mpuieTaer Ha aabpy
IlenTaBpa, OHA AEHICTBUTEIHHO CMOTPHUT Ha CBOIO MOHETY.
3aMeuaTeJabHO, UTO B OTOT K€ MOMEHT OHAa cpas3y y3HaerT,
KaKyio MoHeTy yBuauT Bo0, XOTs OH Ha CBOIO ellle He CMO-
mpeJ. Crpanuo? Hey:xenn Annce u BoOy ymamock Hapy-
IIIUTHb CAMBIH I'JIABHBLIN 3aKOH T€OPUU OTHOCUTEIbHOCTH,
YTBEPIKJAIOIINI, UTO NH(POPMAIIMA He MOYKET IIepeIaBaTh-
cs OBICTPee CKOPOCTH cBeTa?

Her, korneuno. Hapyiienuem Teopun OTHOCUTEIBHOCTH
5TO OBLIIO ObI, ecJiu ObI ITocJie AJIcMHOro HabogeHnsa 500
HeMeONeHHO Y3HAL, YeT0 eMy OKUAaTh. AJirica MOKeT
3HaTh, KAKYI0 MOHETY YBUAUT B0o0, HO 0OHA He MOKeT eMy 00
9TOM CKas3aTh 06e3 OTIIPAaBKU PeaJbHOTO O0IeHUs ¢ aIb(bl
IlenTaBpa, Ha JOoCcTaBKY KOTOPOT'O CBETY IIOHAAOOUTCA He
MeHbIIIe YeThIpPeX JeT.

IIpomesmaem 5TOT SKCIIEPUMEHT MHOTOKPATHO, JIU0O CO
MHoruMu rapamu Amnnca — Bo0, 1100 ¢ ogHO 1 TOH Ke ma-
poii B pasHoe BpeMsi. YTOOBI pe3yabTaT ObLI KOJINYECTBEH-
HbIM, YapJuu (OH BepHYJICS, IPUHAB HAIIIY M3BUHEHU )
HAAINCBHIBAET «0 = +1» Ha KaKJAOM IleHTe 1 «0 = —1» — Ha
mecATuIleHTOBUKax. Eciu cunrars, utTo Yapau, BCTPAXU-
Basi MOHETBI, o0ecreunrBaeT abCOJTIOTHYIO CIYUaHOCTD, TO
oOHapykaTcs caenyioire haKkThbI.

+ B cpennem A u B nmoayuar oguHaKOBOE KOJUYECTBO

IEHTOB U JeCATUIeHTOBUKOB. O003HAUUB 04 PE3YIbTAT

HaOJJomeHn A U 0og — pea3yabTaT HaOIogeHnii B, aToT

(haKT MOKHO BHIPA3UTh MaTeMaTUUYECKH TaK:
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JNekyus 6. O6beAVHEHUE CUCTEM: 3aMyTaHHOCTb

(04) =0,

(05) = 0. (6-1)

+ Ecau A u B 3anuceiBaoT ¢cBou HAOJIONEHUSA, a 3aTeM
cHoBa BcTpeuaroTca B Ilamo-AnbTo, YTOOBI CPABHUTH
WX, TO OHU O0HAPY:KAT CUILHYIO Koppeaanuol. IIpu
KasKJIol MONbITKe, ecsin A obHapy:KuBaer o = +1, To B
HabaogaeT o = —1, u HaoO6opor. [pyrumu cioBamu,

IpoM3BeIeHIe 040 Bcerga paBao —1:

(040B) = —1.

O6paTuTre BHUMAaHNe, 4YTO CpeJHee 3HAUeHIe IIPOU3BeIeHIA
(04 ¥ 0p) He paBHO IPOU3BENEHUIO CPEJHUX — ypaBHe-

HuA (6.1) roBopAT HaM, u4TO (04){(0g) paBHO HYyI0. TO €CThH
(04)(oB) # (040B)
N
(040B) —(0aXoB) # 0. (6.2)

9To TOBOPHUT O TOM, UTO HabmiomeHusa Anuckl u Boba xop-

peaupogarvl. B 1eficTBUTETBHOCTU BeJINUNHA

(040B) — (04)0B)

Ha3bIBaeTCA CTATHUCTHUUYECKON KOppeaanueil Mexay Ha-
omonenuaMu Boba 1 Anuchl. ITOT TEPMUH IPUMEHSIETCA
¥ TOTZA, KOTZa COOTBETCTBYIOIIee 3HaUeHe PABHO HYJIIO.

Korga :xe craTucTuuecKkasa KOPpeaAnnud OTJIMYHA OT HYJId,

1 Ha camom feJie, B 9TOM IIPUMepPe KOPPeIanus OyaeT uaeaabHOM.
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KBaHTOBaA MexaHuKa

MBI TOBOPUM, UTO HAOJIOAeHUA KOPPeJIupoBaHbl. McTou-
HUKOM 9TOY KOPPEJAIUN CIYKUT TOT (PAKT, UTO IIEPBO-
HauaJibHO Ajrica 1 Bo0 Haxoauianch B OMHOM U TOM K€
MecTe, a y Yapjau ObLJIO II0 OLHOII MOHETe KayKJ0oro THIIA.
Koppensanus coxpansercsa, korga Annca OTIIPaBIsIeTCA
Ha anb(y llenTaBpa, IpoCcTO MIOTOMY, YTO MOHETHI HE
M3MEeHSII0TCS BO BpeMs MyTelllecTBUA. B 9ToM HeT coBep-
IIIeHHO HUYero CTPaHHOTO, KaK U B HepaBeHCcTBe (6.2).
ITo OUeHb PACTIPOCTPAHEHHOE CBOMCTBO CTATUCTUYECKUX
pacupeneeHHnI.

IIycTs mmeercs: pacunpenenenue Bepositaoctu P(a, b)
IJIA IBYX MepeMeHHbIX a u b. Ecau aTu nepeMeHHBIE CO-
BEPITIEHHO HEKOPPEJIMPOBAHBI, TO BEPOATHOCTE OyeT (hak-
TOPU30BATHCA:

P(a, b) = P4(a)Pp(b), (6.3)

rae Py(a) u Pp(b) — BeposaTHOCTH i @ 1 b 110 OTAEJIBHOCTH.
(51 mo6aBmy MHAEKCHL K 0603HAUEHNIO PYHKIIUY B Kaue-
CTBe HAIIOMUHAHUSA O TOM, YTO OHH MOI'YT OBITh PAa3HBIMU
GYHKIMAMYU CBOUX apryMeHTOB.) JIerko 3aMeTUThb, 4TO
€CJIN BePOSATHOCTH (paKTOpU3yeTCcsa IMOoLO0OHBEIM 00pas3oMm,
TO HUKAKOI KOPPEJIAIUY HeT; APYTUMU CJI0OBaAMU, CPeIHee
IIPOM3BENeHNS PABHO IIPOU3BEIEHUIO CPEIHNX.

YIIPASKHEHHNS 6.1

Hoxaskure, uro eciu P(a, b) dakropusyercs, Kop-

penAnua MeXXay a 1 b paBHa HYJIIO.
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IIo3BOSIbTE MHE IPUBECTH IIPUMED, UJIJTIOCTPUPYIOIII
TAKyIO CUTyaIllI0, KOTJa BePOATHOCTU (haKTOPUIYIOTCS.
HomycTuM, uTO BMecTO ogHOTO Hapyam y Hac ux aABoe —
Hapau-A u Hapau-B, u oH1 He B3aUMOAEHACTBYIOT MEMKIY
coboii. Hapiu-B BeTpaxXuBaeT CBOU IBE MOHETEI I BpyYaeT
onuy u3 HuxX Bo0y, a Apyryio BeIOpachbIiBaerT.

Yapau-A gesaeT B TOUHOCTH TO K€ caMoe C Te€M JIUIIb
HCKJIIOUEHIEeM, UTO JaeT cBoio MoHeTy Aunce. B pesyin-
TaTe BePOATHOCTU (PaKTOPUIYIOTCA, U KOPPEJIAI NN He
BO3HUKAET.

B kiaccuueckoii (pusuKe MbI HOJIB3YEeMCS CTATUCTHUKOMI
¥ Teopueli BEPOATHOCTU B TeX CJAyYadX, KOTIa He 3HAaeM
Yero-To, UTo, B IPUHIIUIIE, MOYKHO Y3HATh. Hampumep, 1Io-
cJie BCTPSIXUBAHUA MOHET B IIEPBOM 9KcIiepuMeHTe Hapiu
MOJKET c/iesiaTh HedaMeTHOe HabJojeHne (II0[CMOTPEeTh),
a 3aTeM BPYUYUTHh MOHETHI Ajrice u BoOy. 9To HUKaK He
HOBJUSAET HA Pe3yJbTaThl. B KJIacCUYECKON MeXaHUuKe
pacnpegesienue BepoatHocTu P(a, b) oTpaskaeT HEIIOJIHOe
OonHCcaHUe COCTOAHMUS cucTeMbl. O0 5TOI cucTeMe ellle eCTh
YTO Y3HATh, U 9TO MOKET ObITh y3HaHO. Mcmoab3oBaHue
BEPOATHOCTH B KJIaCCUUYECKOII (DI3UKe BCEerIa CBA3aHO C He-
TIOJIHOTOM 3HAHUSA OTHOCHUTEJIHLHO BCETO TOTO, UTO MOKET
OBITH U3BECTHO.

CBsA3aHHBIN C 3TUM MOMEHT COCTOUT B TOM, UTO IIOJTHOE
3HAHNE O CHCTEeMe B KJIACCUUECKOU (pU3uKe Imoapas3yMeBa-
eT TaKJKe MOJIHOe 3HaHue 060 BcexX ee uacTax. He umeer
HUKAKOI0 CMbICJIa TOBOPUTH, UTO UYapju 3HAeT Bce, UTO
MO’KHO 3HATH O CHCTeMe 13 IBYX MOHET, HO He pacIiojiaraer

nHpopMaIrei 00 OTAeJIbHBIX MOHETAX.
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I9THU KJaccHuUuecKue MOHATHUS IJIyOOKO YKOPEHEeHEI
B HameM MbInaeHnn. OHU SBIAAIOTCA OCHOBOI HAIIEro
MHCTUHKTHUBHOIO IOHUMAHNS (DU3NUYECKOro MIPa 1 OT HUX
OUYeHb TPYAHO 130aBUTHCS, HO 9TO IIPUIETCS CAeIaTh, €CII

MBI XOTUM IIOHATL KBAHTOBBIN MHUp.

6.3. O0benuHEeHNe KBAHTOBBIX CHCTEM

IBe moHeThl HapJu 00pasyioT eqUHYI0 KJIACCUUECKYIO CH-
CTeMY, COCTABJIEHHYIO 13 IBYX KJIACCUYECKUX IIOICHUCTEM.
Kax MbI Bugen B MaTeMaTUUYECKOM NHTEPJIIOINM, IIOCBSI-
II[eHHOI TeH30PHBIM IIpousBeeHUAM (paszen 6.1), kBan-
TOBas MEeXaHHKAa TOXKe MO3BOJISIEeT 00beJUHATH CUCTEMBI.

Annca u Bob 1106e3HO corIacuanch IPeSOoCTaBUTh aHAa-
JOTU TeX CUCTEM C MOHETO!/KOCThI0, KOTOPLIE OHU OJaJI-
JKUBAJIM HAM B MHTEPJIIOANI O TeH30PHBIX IPOU3BEIeHNIX .
BMecTo MOHETHI 1 KOCTH HOBAs CCTEeMAa OCHOBaHAa HA ABYX
CIIMHAX, & BHAUNUT, MBI IM€eM BO3MOYKHOCTh IPUMEHUTH Ha
IIPaAKTHUKE Halllil SHaHUA 06 OOUHOYHBIX CIIMHAX.

Kak u mpe:xae, Mbl nHOTZA OyAeM HMCIOJb30BATh He-
cTaHAapTHOE 0003HAUEHUE |a} /s HAIIOMUHAHUS O TOM,
4TO AJIMCUHBI BEKTOPHI COCTOAHUSA — 9TO HE TO Ke ca-
MOe€, UTO BEeKTOPhI cCOCTOAHNA Boba, 1 4To HAM HeJIb3s UX
CKJIaAbIBATE. C APYroil CTOPOHBI, IOMHUTE, UTO KaMKIbIH
2JIEMEHT OPTOHOPMUPOBAHHOTO 6asuca S 45 IOMeUeH Iapoit
BEKTOPOB — ONHUM U3 Sy, a apyrum us Sg. MbeI uacTo 0y-
ZleM HMCII0JIb30BaTh 3aNMNCh |ab) A1 0003HAUEHU S €JUHOTO

0a31CHOr0 BeKTOopa 00 beJMHEeHHON cCUCTeMbl. ITu Oas3uc-
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HbI€ BeKTOPhI C AIBOWHLIM MHIAEKCOM MOKHO CKJIAaILIBATD
IPYT IPYTOM, M MbI OyIeM 4acTO 3TO JeJIaTh.

Kak 00baCcHAMIOCH B MHTEPJIIOANN, IIOMETKa 0a31CHBIX
BEKTOPOB Mapoii MHAEKCOB TPedyeT HEKOTOPOT'O IPUBLIKA-
HuA. CilenyeT yMaTh o ape ab Kak o eIuHO NHIeKCHOMI
MEeTKEe eITMHOT'O COCTOTHUS.

Paccmorpum npumep. Ilycts HeKkuit TnHEHBIN oTiepa-
Top M ZmeiicTByeT B IPOCTPAHCTBE COCTOAHMI COCTABHOM CI-
creMbl. KaK 00BIYHO, €T0 MOJKHO IIPEICTABUTL MaTPUILeli.
AJIeMeHTHI 9TON MAaTPUILI KOHCTPYUPYIOTCS IIyTEM MO-
MeIleHU A OIepaTopa, KaK B COHABUY, MEKAY 0a3UCHBIMU
BexTopamu. To ecThb 3JeMeHThI MAaTPUIIbl M BhIpasKaioTCs

CJaeoyIoIuM 00pas3oM:

(@b’

M|ab> = Ma'b'ab-

Kamxpgasa ctpoka sToii MaTpUILI IOMeUeHa efNHBIM MH-
IexcoM (a'b') cocTraBHOM CHCTEMBI, 8 KaXKbIi CTOI6EI] —
UHIEKCOM (ab).

BexTops! |ab) BEIGPaHBI OPTOHOPMUPOBAHHBIMH, a 3HA-
YHUT, UX BHYTPEHHUE IIPOU3BEJeHNA PABHEI HYJII0, €CIU
He COBITafaioT 06e MeTKHU (UTO O3HAYAeT He COBIAJieHUe
u b, a coBnagenue abu a' b' ). ATy U0 MOKHO BHIPABUTH

C IIOMOIIIBIO JeJIbTa-CuMBOJIa RpOHeRepa:
(ab|a' b' > = Baa' 6bb'-

IIpaBas yacTh paBHA HYJIO, €CJIV TOJIbKO HE BHITTOJTHSAIOTCSA
paBeHcTBa a =a'ub =b'. Eciiu :Ke 9T MeTKHU COBIIAAAIOT,

TO BHYTPEHHEEe ITPOMU3BEeJ€HEe DABHO €eAMHUIIE.
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Temneps, Korga y HaC eCTh 0a3UCHBIE BEKTOPBI, MOMKHO
CTPOUTH JII0ObIe MX JMHeIHbIie KoMOuHanuu. Tak, 106oe
COCTOSAHIE COCTABHOM CUCTEMbI PACKJIAILIBAETCS II0 0asuc-

HBIM BEKTOPAaM CJIEAYIOI[NM 00pasoM:

6.4. [IBa ciuHa

BepHeMcsa K HamieMy OpuMepy U IpeAcTaBuM cebe ABa
cuuHa — y Anucekl 1 Bo6a. UToObI yIPOCTUTEL cebe BU3Y-
arns3anuio, 0yaeM CUUTATD, UTO CIIMHEI CBA3AHBI C ABYMS
YaCcTUIIAMU, KOTOpPhIe 3a(UKCUPOBAHLI B IIPOCTPAHCTBE
B IBYX OJIMBKMNX, HO PA3JIUYHBLIX TOUKAaX.

Y Anucsl u Bo6a ecTts cobcTBeHHBIE IPUOOPHI, 000-
3HaYaeMbIe COOTBETCTBeHHO A 1 3, KOTOPLIMU OHU MOT'YT
MOJIb30BATHCA [IJIA IPUTOTOBJIEHUSA COCTOSTHUN U 3Mepe-
HUA KOMIIOHEHT cunHa. KamIbIil 13 sTUX IprOOPOB MOMKET
OBITH He3aBUCUMO COPHUEHTHUPOBAH BI0JIb 10001 OCH.

Hawm Heo6xoauMo JaTh Ha3BaHUA dTUM JBYM CIIMHAM.
Korma y Hac ecThb JIUIIbL OAUH CIIMH, MBI IIPOCTO HAa3bIBaeM
€ro 0, U Y HETO eCTh TPU KOMIOHEHTHI BIOJIb OCeH X, Y U 2.
Temepsb y Hac ABa CIIMHA, 1 BOIIPOC B TOM, Kak 0003HAUATDH
X, He 3arPOMOKIasA 3aII1ICh MHOTOUNCICHHBIMY BEPXHIMH
¥ HIDKHUMU HHIeKcaMu. MoxXHO 0003HAUUTh UX o4 u 0B,
a KOMIIOHEHTHI 0° , o: u Tak ganee. Ha moil BKyc, 37eCh

CJIMIIIKOM MHOI'O MHIOEKCOB 1M 3a HUMM TPYAHO yCJIeoUTh,
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ocobenHo Ha focke. [loaTomy s 6yay IpUAEep:KUBATHCA TOTO
JKe COoTJIallleHnA, KOTOPOe MbI UCTIOJIL30BAIU B WHTEPJIIO-
VU O TEH30PHBIX TPOU3BeAeHUAX. S Oyay Ha3bIBAThH CIINH
Aunucel 0, a caegyoonlyio OyKBY rpedecKoro ajdasura, T,
npucBoio cuuuy boba. IlonHbIT HAOOP KOMIIOHEHT JJI

cunuoB Anncel 1 Boba OymeT Torga cOCTOATDL U3

Gx, Gy’ O-2‘

Tas Tyy Tz

CorJiacHO IPUHIIUIAM, KOTOPBIE OLIIN M3JI0JKEHbI BhIIIIE,
IPOCTPAHCTBO COCTOSHUI ABYXCHMHOBOM CHUCTEMBI AB-
JsieTcs TEH30PHBIM IpousBemeHueM. MOKHO COCTaBUTH
TabJIUIy COCTOAHUNA TOUHO TAK K€, KaK MBI JIeJIaJiu B UH-
reparoguu. Ha sToT pas oHa 6yaer kBagpartom 2 X 2, co-
CTOSAIINM 13 YeThIpeX 0a3MCHBIX COCTOSHII].

Bynem paborats B 6a3uce, B KOTOPOM 3aJJaHBI Z-KOM-
TOHEHTHhI 000MX CIITHOB. BOT 0a3nCcHBIE BEKTOPHI:

luu), |ud), |du), |dd),

re mepBasi YaCTh KaKA0il METKHU COOTBETCTBYET COCTOS-
HUIO 0, a BTOpas 4YacTh — T. Hampumep, epBbIii 0a3MCHBIH
BEKTOD |ul) IpesCTaBIsgeT COCTOSHIE, B KOTOPOM 00a CIIu-
Ha HAXOJATCSA B COCTOSTHUM «BBepx». BekTop |du) — aTo
COCTOSIHUE, B KOTOPOM AJIMCVH CIIUH HAIIPABJIEH «BHUB3»,
a cnuH Boba — «BBepx».
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6.5. CemapabeabHbIE COCTOAHUS

IIpocreiiniuii TUII COCTOAHMNII COCTAaBHOI CHCTEMBI HA3LI-
Baercsd cenapabenvHvimu cocmosrHuamul. CemapabesbHoe
COCTOSIHIIE — 9TO PEe3yJIbTAT COBEPIIEeHHO He3aBUCHIMOTO
IIPUTOTOBJIEHNSA cocTosTHUA Asrcoii 1 BoboM, Korja OHH 110
OTAEJbHOCTHY UCHOJIB3YIOT CBOU IPUOOPHI AJIS IIPUTOTOBJIE-
HudA conHa. Bocmosb3dyeMca ABHOM HOTAIHE! 1 3aIIUIIIeM,

qTo AJII/Ica IIpUroTOBMJIA CBOfI CIINH B COCTOAHHNU
aylut + agld},
a Bo6 mpuroToBMII CBOII CIIMH B COCTOAHUN

Bu‘u} + Bd’d}'

Mz Takke IIpeamoJsiaraeM, 4To KaxKaoe COCToOAdHMEe HOPpMa-
JIN30BaHO:

a0yt afgog=1,

B*u Bu+ B*d Ba=1. (64)

Hano ckasarb, 4TO 3TU OTHeJbHbIEe YPaBHEHUSI HOpMa-
JTU3alUM OIS KasKIOM CHUCTeMbI UTPAIOT KJIIUEBYIO POJIb
B OIpeJleJIeHnN cenmapadeibHBIX cocToIHUM. Eciu oHu He

CO6JIIOJ.'[&IOTCH, MBI HE€ ITOJIYUYMM cer[apaﬁeJILHoro COCTOdA-

1 B opurunaje ucCIob3yeTcss TepMuH product states, To eCTb, OYK-
BaJIbHO, COCTOAHUS, ABIAIOIIAECT NPOU3Be0eHUAMU [COCTOAHMUIA|.
ITO MoUePKUBAET NaPaJJIeib C TEH3OPHBLIM npou3gederuem mpo-
CTPAHCTB, HO BMECTE C TEM CO3/IaeT BO3MOKHOCTH JIJIs IyTaHUIIHI,
YTO HUKE OTOBapPUBAaET aBTOP. B pyCcCKOM sIBBIKE TaKUX ITapaJiieseit
He TpocJieskuBaerca. — IIpumey. nep.
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HUA. CenapaﬁeJILHoe COCTOAHME, OIIMCBhIBAIOIIee COCTaB-
HYIO CUCTEeMYy, UMeeT B/

|cenapabenvroe cocmosanue) =

TJie IePBbIA MHOYKUTEJIb ITPEICTaBJIAET COCTOAHNE AJINCHI,
a BTOPOM MHOMKUTEJh — cocTosinue Boba. PackiaanbiBas
IIPaBYIO YaCTh Ha MHOMKHUTEJIN 1 IIePeX0ad K KOMIIO3UTHOM
HOTAIIUU, IIOJIyYaeM

oufulun) + cufalud) + agBuldu) + agbaldd).  (6.5)

I'maBHAsI 0CO0EHHOCTE certapabeIbHOI'0 COCTOSHISI COCTOUT
B TOM, UTO Ka’KJIas 13 ero HMOACHUCTEM BeaeT cebsa Hesa-
BUCHMO OT Apyroii. Eciau Bob BeIDOJIHAET 9KCIIEPUMEHT
HaJ cBoell cOOCTBEHHON MOACHCTEMOI, Pe3yJaIbTaT OyaeT
TOYHO TAKUM e, KaK ecJyu OBl IIOACHUCTEeMbl AJIuChHl He
cymrectBoBaio. To ke camoe BepHO, KOHEUHO, U B OTHO-
HIeHUU AJINCHI.

YIIPAKHEHMUE 6.2

ITokaskuTe, YTO €CIU ABA YCIOBUA HOPMAIMU3a-
nun (6.4) yAOBIETBOPSAIOTCA, TO BEKTOP COCTOS-
Hud (6.5) Toxke aBTOMaTHYECKH OyAeT HOPMAaIN30-
BaHHBIM. J[[pyruMu cJI0BaMu, MOKAKUTE, UTO I
9TOrO cenapabeIbHOTO COCTOAHUA HOPMaIU3aIusa
BCET0 BEKTOPA COCTOSAHNUSA He HAKJIaJbIBAeT HUKAKUX

JOIIOJTHUTEJIbHBIX OFpaHI/I‘—IeHI/Iﬁ HaQu B
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$1 X0ouy OTMEeTUTH, UTO TEH30PHbIE IPOU3BEJeHU I U Ce-
napabesbHBIE COCTOAHUA — JB€e PasHbIe BeIld, HECMOTPA
Ha cxoaHble HasBaHusAl. TeHsopHOE TpoU3BeeHNE — ITO
6EKMOPHOE NPOCMPAHCME0 NJIs N3YUEHUSA COCTABHBIX
cucteM. CenapabessbHOE COCTOAHME — DTO 8EKMOP COCHLO-
AHUS, OMVH 13 MHOTHX BEKTOPOB COCTOSAHUS, HACEIAIOIITIX
IpousBeJeHre IPOCTPauCcTB. Kak Mbl yBUIUM, OOJIBIITITH-
CTBO BEKTOPOB COCTOAHNS B IPOU3BEIEHUN IIPOCTPAHCTB
He SABJISIOTCS cerrapadeIbHBIMU.

6.6. Ilogcuer mapameTpoB
IJIA cenapadeIbHOTr0 COCTOTHUS

PaccmoTpuM, CKOJIBKO ITapaMeTpoB TpedyeTcs AJiA 3ajaa-
HUS TAKOro cemapabejbHOTro cocTosasHuA. KasKabIii MHO-
JKUATEIb TPeOyeT IBYX KOMIIJIEKCHBIX YUCeJ (0, U (g JJI
Anucer u 3, u By gas Boba), a 3HaunT, BCero HyKHO Ue-
ThIPEe KOMILIEKCHBIX UMcja. ITO S9KBUBAJEHTHO BOCHMU
BeIlleCTBeHHLIM mapamMerpaM. Ho moMHHNTe, UTO YCIOBUSA
HOPMAaJIN3aLNY B yPaBHEHUAX (6.4) YMEHBIIAIOT 9TO YKCJIO
Ha naBa. [lanee, oO1ue asbl AJIA KaKJOTO U3 COCTOAHUHA
He uMeloT (PU3WYEeCKOT0 CMbICJIA, TAK UTO 00Ilee YMCJIO
BeI[eCTBEHHBIX ITIapaMeTpPOB paBHO ueTbhipeM. TyT HeT
HUYeTo YAUBUTEIHLHOTO: IJI5 OTMCAHNA COCTOSTHUA OJHOTO
cumHa HeoO0XOIMMO JBa TapaMeTpa, TaK UTo IJid ABYX He-
3aBUCHUMBIX CINHOB TPeOyeTcsa YeThIpe.

1 Vuorpma BMeCTO TEPMUHA MeH30PHOE NPOU3BedeHlLe UCTIONb3YeT-
Csl TEDMUH NPOCMPAHCME0 MeH30PH020 NPOU36e0eH U NI TIPOCTO
npouseedenue npocmpaHcma.
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6.7. SanmyraHHBIE COCTOAHUS

IIpuHIIMIIEI KBAaHTOBOU MEeXaHUKHU II03BOJIAIOT HAM CTPO-
UTDH CYIIEPIO3UINY 0a31MCHBIX BEKTOPOB JaJIEKO He TOJILKO
B BUJe cemapabeJbHBIX cocTosgHui. Hanboaee obmrero
BHUJa BEKTOP B KOMIO3UTHOM IPOCTPAHCTBE COCTOAHUM

uMeeT BUJ,
\Ijuu‘uu> + \Ilud|ud> + \deu|du> + \ded|dd>,

rae cuMBoJI VU ¢ MHAeKCAMU MCIIOJIb30BAH JIJIA IIPEJICTaBIe-
HUS KOMILJIeKTHBIX K09(p(puiimeaToB BMecTO o 1 3. Y1 BHOBB
TpebyeTcs UeThbIPpe KOMILJIEKCHBIX UHCJa, HO B 9TOT pas
Yy Hac eCTh JIUIIb OJTHO YCJIOBME HOPMAaJIU3aIluu

\I[*uu \I[uu + \Ij*ud ‘Ilud + \I]*du \Ildu + \I[*dd \ded =1

U JIUIITH OTHA 00111as1 (hada, KOTOPYIO MOYKHO UTHOPHUPOBATS.
B pesybTaTe 5T0 HauboJIee 00IIee COCTOSHIE JBYX CIIMHO-
BOM CHCTEMBI IMEET IIIeCTh BEI[eCTBeHHBIX IapaMeTpPOB.
OueBUIHO, TaHHOE ITPOCTPAHCTBO COCTOSHU OoTraue COBO-
KYITHOCTH TeX cerapabebHbIX COCTOTHUMA, KOTOPhIE MOTYT
OBITH IPUTOTOBJIEHBI BoOOM 1 AJiricoii He3aBHUCHUMO APYT OT
apyra. IloaBiasiercsa HeuTo HOBoe. M 5TO HOBOe HAa3bIBAETCS
sanymanHocmoiol.

1 Banymannocmo (3anyTaHHBIE COCTOSHU) — Haubosee 4ya-
CTO BCTPEUAIOIUIicA B PYCCKOM sA3bIKe TepMuH. OTHAKO B XO4Y
¥ MHOTO APYTUX BAPUAHTOB: NepenymarHHoCmy, CUenjieHHoCmb,
3ayenjeHHoCMmyb, HeJIOKAJLbHOCMb, HecenapabeivHocmsb., — Ilpu-
Mmey. nep.
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3amyTaHHOCTb — JTO He OmHapHOe cBoiicTBo. HekoTo-
pble COCTOSHUSA 3aITyTaHbI CUJIbHee APyTrux. Bor mpumep
MaKCHMAaJIbHO 3aITyTAHHOT'O COCTOSAHUSA, KOTOPOE 3aITyTaHO
HACTOJIBKO, HACKOJBbKO 3TO BO3MOXHO. OHO Ha3bIBaeTCA

CUH2/leMHbLM COCTOSHUEM U MOJKEeT OBITH 3aIIMCAHO KaK

CUHIJIeTHOE COCTOSITHIE HeJIb3s IIPEeJICTABUTD KaK celapa-
0esbHOe. To Ke caMoe BEPHO U B OTHOIIIEHUY TPUILJIETHBIX
COCTOSAHUN

KOTOpBIE TOXKe ABJIAIOTCA MaKCUMaJIbHO 3aIIyTAaHHBIMMU.
IIpruymHa, 1O KOTOPOW OHM HA3BLIBAIOTCA CUHIJETHBIM
¥ TPUILJIETHBIMU, OyZeT 00'bsICHEHA TTO3KeE.

YIIPAKHEHMUE 6.3

IokaskuTe, UYTO COCTOSTHYE |Sing) HEIb3s IpeacTa-
BUTH KaK cerapabeIbHOe COCTOSTHIE.

Y10 TaKOro 3amMeuaTeJbHOTO B MAKCHUMAJbHO 3aIy-
TaHHBIX COCTOAHUAX? I MOTY pPe3loMUpPOBATH 3TO B ABYX
Tesucax:
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- 3amyTaHHOe COCTOSIHIEe — JTO NCUEePIIbIBAaIOIIee OIIKca-
HIEe COCTaBHOM cucTeMbl. BoJibIlie 0 Hell HU4Yero ysHaTh

HeJIb3d.

+ B MmakcumanabHO 3alfyTaHHOM COCTOAHUU 00 WHOIWBULOY-

aJIBHBIX IIOACHUCTEMaxX HUYETO He N3BECTHO.

Kak raxoe mosker ObITh? Kax MBI MOJKeM BJIaLeTh MAKCU-
MAAbHO BO3MONCHBLM 3HAHUEM O CUCTEeMe 13 ABYX CIIMHOB
Agnca — Bob u TeM He MeHee HUYez0 He 3HATL 00 OTAEe/Ib-
HBIX CIIMHAX, KOTOPhIE ABJAIOTCS €e CYOKOMIIOHEeHTaMI1?
ITo 3arajKa 3anyThIBaHUs, 1 g HAIEIOCh, UYTO K KOHILY 9TOH
JIEKIIU BbI CTaHETE IIOHMMAaTh IIpaBujia UI'PbI, JaxKe eCJIn
rIyOMHHASA IPUPOLA 3aIlyTHIBAHUA eIlle OyAeT Ka3aThbCsd

Hapanomcaﬂbﬁoﬁ.

6.8. Haoaromaemsie Aaucsl u bo6a

Ilo cux mop MBI O0CYIKIAJU IIPOCTPAHCTBO COCTOSHUM
IBYXCIONHOBOU cucTeMbl Anuckl — Boba, HO He ee HabJIIO-
naemble. HeKkoTophle 13 3TUX HAOJIOJaeMbIX OUEBUIHEI,
JIaske ecJIF 9TOr0 He CKasKelllb 00 MX MaTeMaTUYeCKOM IIpe/-
craBjeHun. B yacTHOCTU, NCIIOJIB3Y A cBOU Ipubopsl A u BB,
Annca u Bob MoryT nusMmepsaTh KOMIOHEHTEI CBOMX CIIMHOB:

Oxs Oys Oz

Txs Tys Tz
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Kak sTu HabaomaeMble IPeaCTABIAIOTCA d9PMUTOBLEIMU
orepaTopaMy B KOMIIO3MTHOM IIPOCTPAHCTBE COCTOSHMH ?
Oreet mpocT. OnepaTopbl Boba melicTBYIOT HAa CIIMHOBBIE
cocTosaHMUs Boba B TOUHOCTHU TaK e, KaK ecJid ObI AJINChI
He O0b1L710. To sKe camoe BepHO u a1 Anuchl. [laBaiiTe ipo-
BEPUM, KaK CIIMHOBbIE OII€PATOPLI JeMCTBYIOT HA COCTOSAHMISA

onmHOYHOro criHa. CHavasa pacCcMOTPUM AJIMCUH CIIH:

o.lu} = |uj,

o.|d} = —|d},

oxlu} = |d}, 6.6
o, ld} = |ul, (6.6)
0y|u} = l‘d},

oy|d} = —ilu}.

Koneuno, curyanusa y boba ngenTrnuna AJMCHUHON, TaK YTO
MOJKHO 3aIlliCaTh HapaJLieJbHbII Habop ypaBHEeHUH, IIOKAa-

3BIBAIOITNI, KaK KOMIIOHEHTHI T BIUAIOT Ha cocTosAHMs Boba:

©lu) = [u),
T2|d> = _|d>’

tlu) = |d),

tld) = u), (6.7)
o) = ild),

ry|d> = —ilu).

Temnepsb gaBaiiTe pacCMOTPUM, KaK JOJKHBI OBITH OIIpee-
JIEHBI OTIEPATOPHI, KOTJA OHU AEWCTBYIOT HA COCTOSAHUS U3
uu), lud), |du) u |dd). OrBer
COCTOMUT B TOM, UTO O IIPH CBOEM JeICTBUU IIPOCTO UTHOPHU-

TEH30PHOT'O IIPOMU3BEOECHMA:
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pyeT oTHOcAIIyiocA K Bo0y MOJIOBUHY METKU COCTOSHUA.
HWMeeTcsa MHOTO BOBMOJKHBIX KOMOMHAIINI OIIepPaTOPOB
¥ COCTOSTHUH, HO A BbIOEPY JUIIh HECKOJIBKO 13 HUX CJIY-
yaiHbeIM o0pasom. OcTraabHble BAPUAHTEI BBl MOMKETE IIPO-
aHaJIN3NPOBATh CaMU UJIN IIOCMOTPETh UX B IIPUJIOKEHNN.

Haunem ¢ AnucHUHBIX 0IepaToOpPOB:

o luu) = |uu),
o,|du) = —|du),
o lud) = |dd),
oxldd) = [ud),
oyluu) = i|du),
oyldu) = —ijuu),
T,|luuw) = |uu), (6.8)
T,|du) = |du),
T.|ud) = |uu),
Te|du) = |dd),
T,luu) = ilud),
1,|dd) = —i|du).

U BHOBB IPaBUJIO COCTOUT B TOM, UTO AJIMCUHBI KOMIIOHEH-
ThI CIIMHA AeHCTBYIOT TOJBKO HAa AJIMCHUHY IIOJIOBUHY CO-
craBHOI cuctembl. ITotoBuHa Boba siBiiseTcsa macCuBHBIM
HalOJIogaTesaeM, He IPUHUMAIOIIUM yYacTUs B IIpoIlecce.
B cuMBomueckoii 3ammucu: Korga gefCTBYIOT OIIepaToOpPhI
O, Oy AN O, TIOJIOBUHA CIUHOBOI'O COCTOSAHUSA, OTHOCAIIIA-
scda K Bo0y, He MmeHsieTcsa. A Korja IeliCTBYIOT OIIePaTOPEhI
Boba t, maccuBHOI, aHAJOTUUYHBIM 00pPasoM, OCTaeTCs
AJrcuHa IIoJIOBUHA.
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MbI fonmycKaeM HEKOTOPYIO BOJILHOCTD B 0003HAUEHUAX.
BekTopbl TeH30PHOTO IIPOU3BENEHUA IIPOCTPAHCTB — 3TO
HO08ble BEKTOPHI, IIOCTPOEHHELIE 113 BEKTOPOB ABYX MEHBIIIITX
npocTpaucTB. PopMaSIbLHO TO Ke caMOe OTHOCUTCSA U K OIIe-
paTopaM. Byas MBI meJaHTHUYHBI, TO JOJIKHBI ObLIHM ObI Ha-
CTauBAaTh Ha TOM, UTOOLI 3aIIMICBIBATD 0, U T, AJIS TeH30PHOT'O
OIPOU3BEeNEeHNUS B BUE u COOTBETCTBEHHO,
roe I — ToXKIecTBeHHBIN omepaTop. U geficTBUTEIBLHO,
MOKHO ITOTUYEPKHYTH ABa BasKHBIX CBOMCTBA OIepPaTOpPOB
B TeH30PHOM IIPOM3BEAEeHNH IIPOCTPAHCTB, €CJHU IIepPemnu-

caTh ypaBHeHme
0.|du) = ~|du) (6.9)

B BHZe

(0:@I)(|d) ® |u)) = (02|d) @ I|u)) = (=|d) ® |u)).  (6.10)

dra (popMa 3aIUCHU I'POMO3AKA, XM OOBIYHO MbI IOJIL3yEeM-
CA COKpAIlleHHBIM A3BIKOM, KaK B ypaBHeHuu (6.9). Tem
He MeHee A3bIK ypaBHeHUd (6.10) moscHseT ABe BalKHBIE
BeIIN.

1. CocraBHO#1 omepaTop IeficTByeT Ha COCTABHOM

BeKTOD |d) ® |u) u KaeT HOBBIHA COCTABHOI BEKTOD
—|d) @ |u).

2. AnucuHa (J1eBas) MOJOBMHA COCTAaBHOTO OllepaTopa
IefCTBYET TOJHKO Ha ee IIOJOBUHY COCTABHOI'O BEKTO-
pa. AHAJOrMYHO IOJIOBUHA OIIEePaTopa, OTHOCAIIASCS

K Bo0y, meficTByeT TOIBKO Ha €ro IMOJOBUHY BEKTOpA.
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M1 errje 06CY MM COCTABHBIE OIIEPATOPEL B CJIEAYIOIIEM
paspneJe, a 3aTeM, B JIeKIuM 7, I3bIK ypaBHeHUusA (6.10)
IIOMOKeT HaM IIOHATh, KaK paboTaThb C TEH30PHBIM IIPOM3-
BeJleHreM B KOMIIOHEeHTHOU opMe.

YIIPASKHEHMUE 6.4

Hcmosb3ya MaTpUYHbIE IPEJICTABICHUA IS Oy, Oy
WJIN 0, ¥ BEKTOPBI-CTOJIONBI 1JIs |1} U |d}, IpoBepbTe
ypaBHeHnue (6.6). 3arem ucnosnayiite (6.6) u (6.7)
IJ1 3aIIVICU YPaBHEHU, KOTOPHIe OnyIeHs! B (6.8).

HpOBepI/ITI) CBOM OTBETEI MOMKHO IIO IIPUJIOMKEHUIO.

YIIPAGKHEHUE 6.5

IMokakuTe CaeayIONIYIO TEOPEMY.

Korga 11000 13 CIMHOBBIX OII€PATOPOB AJNCEHI
uau Boba meificTByer Ha cenapabesibHOE COCTOSHIE,

pe3yJsbTaT OCTaeTCAa CeHapa6eJIbHBIM COCTOAHHMEM.

IToxkaxxuTe, uTO B cermapadbebHOM COCTOSHUU CPE/I-
Hee 3HaueHHe JII000I KOMIOHEHTBI O WJIX T B TOU-
HOCTHU TaKoe yKe, KAKUM OHO OBbLJIO OBI B OTIEJIBLHOM

OOJHOCIIMHOBOM COCTOAHHNM.

B mociegnem ynpaskHeHUU JOKa3bIBaeTCA BasKHOE YT-
Bep:KIeHUe 0 cenapabebHBIX COCTOAHUAX. B cemmapabeb-

HOM COCTOSHUIU JIf000e IIpeaCKasaHne, OTHOCAIIleeCAd K TOM

203



KBaHTOBaA MexaHuKa

IIOJIOBUHE CHCTEMBI, KOTOpad mpuHaaaexutr boby, Oyger
TOYHO TAKUM K€, KaK B COOTBETCTBYIOIIEH OJHOCITMHOBOMN

Teopuu. To JKe camoe BepHO U B OTHOIIIEHUU AJINCEI.

B xauecTBe npumepa, rje IPOSABISAETCA 9TO CBOMCTBO
cerrapabesIbHBIX COCTOSHUM, A HA30BY NPUHYUN CNUHOB01L
noaapusayuu N3 JeKnuu 3. ¥ 1o00HO BEIPA3UTH STOT IIPUH-
IIUII TaK:

a5 1106020 cocmosHus 00UHOYH020 CNUHA cyulecmeayem
onpedesenHoe HanpagJaerue, 011 KOmopozo 3mom CnuH
pasen +1.

Kaxk a y:xe 00bACHAM, 9TO 0O3HAUYaAET, YTO CPeIHME 3HA-
YeHUS KOMIIOHEHT YIOBJIETBOPAIOT YPaBHEHUIO

(0)2 + (0y)2 +(0,)2=1, (6.11)

KOTOpPOE TOBOPHUT, UTO HE BCE CPeJHNEe 3HAUCHUSA MOTYT
OBITH PABHBI HYJII0. OTOT (PAKT COXPAHAETCA U IJIs JTIOOBIX
cemapabeJbHBIX cocToAHMUI. OQHAKO OH He CO0JII0gaeTC s
IIJIs1 3aIlyTAHHOT'O COCTOSAHUS |sing). B neficrBurensHOCTH,
KaK MBI ceifuac IMOKayKeM, JAJId COCTOSHUA |sing) mpaBas
yacTh ypaBHeHHd (6.11) cTaHOBUTCA PaBHOI HYJIO.
HanowmHIo, 4TO 3ammyTaHHOE COCTOsIHUE |Sing) onpese-

JIEHO KaK

PaCCMOTpI/IM cpegHre 3Ha4Y€HUd 0 B 9TOM COCTOAHUUA. VY nac

ecTh Bce HeoOXonuMoe s BeluuciaeHuii. Haunewm c (0,):
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3nech mpuronurcA ypaBHeHue (6.8) (a Takike ympak-
Henue 6.4, B KoTopoM HaboOp YpaBHEHUN HOBOIUTCS IO
monHOTHI!). OHU TOBOPAT, KaK 0, AeMCTBYeT Ha KalKIbIH

13 BeKTOPOB 0asuca. B pesysbrare mosydaem

nJian

Hecnoxuasa IIPOBEPKa IIOKa3bIBaeT, 4YTO 3Ta BEJIMUMHA

paBHa HYJ10. Temeps paccMoTpuM (0,):

nJIn

W BHOBB mosry4aeTca HoJb. Hakoner, oOpatumces K (0,):

Kax BbI MorIN AoragaTbCd, 1 34eCh TOMKeE I10JIydaeTCd HOJIb.

Taxum 06pasoM, MBI IIOKA3aJIN, UTO AJIA COCTOSHUA |Sing)

(02) =(ox) = <0y) =0,

u BooOIle Bce cpefHUe 3HAUEHUS 0 PaBHBI HyJio. HeT
HYX]JIbI TOBOPUTH, UTO 3TO TAKYKE OTHOCUTCH K CPEIHUM
3HaUeHUAM T. SICHO, UTO |Sing) paguKaJIbHO OTINYAETCS
OT cenmapabeIbHBIX COCTOSIHU. UTO 13 5TOTO0 CJIeAyeT B OT-

HOIII€eHNUN I/ISMepeHI/Ifl, KOTOPBIE€ MOMKHO BBITIOJTHUTD ?
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Pas cpenHee 3HaueHne KOMIIOHEHTEI 0 PABHO HYJIIO,
3HAYUT UCXOJ SKCIEPUMEHTA C PABHOM BEPOATHOCTHIO
oyzer +1 uau —1. UHBIMU CJIOBAMU, UCXOJ SABJISIETCS
COBEPIIIeHHO HeolpeaeeHHbIM. HecMOTpA HA TO UTO MBI
TOYHO 3HAeM BEKTOD COCTOSAHUA |sing), HaM HUYEro He-
M3BECTHO 00 MCXO0/e KaKoro-anbo n3MepeHus JI000H 13
KOMIIOHEHT CIIMHA.

Bo3MokHO, 3TO 03HaUYaeT, YTO COCTOAHUE |Sing)
B KAKOM-TO CMBICJI€ HEIIOJHOE, TO €CTh CYII[eCTBYIOT Je-
TaJI YCTPOMCTBA CUCTEMBI, KOTOPBIE MBI YIIyCKaeM U He
usmMepseM. B KoHIle KOHIIOB, paHee Mbl BUIEJIN UAeaIbHO
KJIaCCUUYEeCKUH IpuMep, B KoTopoMm Aurca u Bob Huuero
He 3HAIOT 0 CBOMX MOHETaX, II0Ka He IIOCMOTPSAT Ha HUX.
ITouemMy B KBAHTOBOM BepCUU AOJIMKHO OBITH MHaUE?

B Harmrem npumepe «KJAaCCHUYECKOTO 3aIyThIBAHUS »
¢ Anwucoii, Bobom m Hapiiu coBepIIIeHHO ICHO, UTO O CHCTe-
Me M3BeCTHO He Bce. Hapiiu MOT ObI IIOACMOTPETh MOHETHI,
HUYEro 9TUM He MEeHSs, IIOCKOJIbKY KJIACCUUEeCKUe u3Me-
PEeHISI MOTYT OBITH CKOJIb YTOMHO AaKKYPATHLIMH.

MoryT u 6LITh Y KBAHTOBOM CHCTEMBI TAK Ha3bIBae-
MbIe cKkpbimbLe nepemertvie? OTBET: COIIACHO 3aKOHAM
KBaHTOBOM MeXaHUKN HET HUUYEro, YTO MOKHO ObIIO ObI
y3HATh, CBEPX TOI'0, UTO 3aKOJAMNPOBAHO B BEKTOPE COCTO-
HUS — B IaHHOM CJIy4ae B |sing). BeKTop cocTOAHUS — 3TO
MaKCHMAaJbHO II0JHOE OnMcaHue cucteMsl. Tak uTo, moxo-

’Ke, B KBAHTOBOU MeXaHUKe Mbl MOKEM 3HATh O COCTABHOM
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clucTeMe BCE, — BCE, UTO O Hell BOOoOIe MOKHO 3HATb, —
U IIPU 9TOM HUYEro He 3HATh O €€ COCTABHBIX YACTAX. ITO
¥ €CTh TO CAMOE CTPAHHOE CBOMCTBO 3allyTAHHOCTH, KOTOPOe

TaK 0eCIIOKOMJIO DWHIIITEeHA.

6.9. CoctaBHbBIC HAOJIIOTaeMbIe

IIpencraBum cebe KBAHTOBOMEXaHUYECKYIO BEPCUIO SKCIIe-
pumeHTa ¢ Anucoii, Booom n Hapau. Poaps Yapau cocTout
B IIPUTOTOBJIEHUU JBYX CIIMHOB B 3aIIyTAHHOM COCTOSAHUH
|sing). 3aTem, He mogCMAaTPUBAA 38 STUMU CIIMHAMU (TIOM-
HUTe, KBAHTOBbIE U3MEPEHUA He ABAAI0MCA AKKYPATHBI-
MU ), OH Bpy4aeT ofuH ciiuH Ance, a ipyroit — Boby. Xorsa
Annca n Bo6 TouHO 3HAIOT, B KAKOM COCTOAHUY HAXOAUTCS
cocTaBHAs CHCTEMa, OHM He MOTYT IpeACcKasaTh UCX0Ia
CBOUX WHAWBUIYAJbHBIX N3MEPEeHUI.

Ho, 6e3yc/i0BHO, 3HAHNE TOUHOT'O COCTOSHUISA COCTABHOI
CHCTEMBbI JOJI}KHO TOBOPUTH UM %MO-MO, HasKe eCJU dTO
COCTOsAHIE CIJIbHO 3anyTaHHoe. Tak oHo u ecTb. OgHAKO
JJIA IIOHUMaHWA, YTO MMEHHO OHO M I'OBOPHUT, MBI JOJIXKHBI
paccMoTpeTh 0oJiee IMUPOKOe CeMeNCTBO HabI01aeMbIX,
yeM Te, KoTophlie Annca u Bobd MoryT usMepuThb II0 OT-
IEeJIbHOCTH, KOTJa KaKIbINA UCIIOJIb3YeT MOJbKO CBO CO0-
CTBEeHHBIH meTekTop. OKasbIBaeTcs, eCTh TaKe Habaroma-
eMble, KOTOPbhI€ MOYKHO N3MEPUTh, TOJbKO UCIIOJIb3Ys 00a

IeTeKTopa BMecTe. Pe3yabTaT TaKUX U3MEPEHUI MOMKET
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cTaTh U3BECTHBIM AJrice ujau Bo0y, eciu OHU BCTPETATCS
¥ CPABHAT CBOU 3aIUCH.

ITepBBIii BOTPOC COCTOUT B TOM, MOTYT Jau Anuca u Bob
OIHOBPEMEHHO M3MEPUTHh CBOM COOCTBeHHbIe Habaiomae-
Mble. MBI BUZIEJIN, UTO €CTh BEJIUUYNHBI, KOTOPbIe HEJIb3sd
M3MepPUTh OJHOBPeMeHHO. B uacTHoCTH, ABE HabII0HaeMbIe,
KOTOpBIe He KOMMYTHUPYIOT MeKAY co00Ii, HEeJIb3sd BMecTe
M3MEepPUTH TaK, YTOOBI U3MEPEHM He MeIllaau APYT APYTY.
Ho gna Anwucel u Boba, Kak HeTpyAHO yOequThCs, JII00as
KOMITOHEHTa 0 KOMMYTHUPYET C JIF000 KOMIIOHEHTOH T. ITO
o0mIuii PaKT, OTHOCAIIUMCS K TeH3OPHBIM ITPOU3BEIeH-
am. OmepaTopbl, KOTOPLIE TeHCTBYIOT HA ABA COMHOMKIU-
TeJIs IO OTAEeJbHOCTH, KOMMYTUPYIOT APYT Apyrom. Tax
uyT0 AJIica MOKET BBIIIOJHATh N3MEPEeHUsI CBOEro CIIMHA,
a Bo6 — cBoero, HUKaK He Melllad SKCIepUMeHTaM APYT
apyra.

HomycTtum, Anmca usmepser o,, a Bodb — 1, a 3aTem
OHU IEePEeMHOKAIOT Pe3yabTaThl. I pyruMu cJaoBaMu, OHU
CTOBapPWBAIOTCSA N3MEPUTDH IPOU3BENEHUE T,0,.

ITpousBemenue 1,0, — 9TO HabJOJZaeMas, KoTopas
MaTeMaTUYeCKU MPEeACTABISIETCSI MPUMEHEHUEM K KeTy
cHauaJia 0,, a 3aTeM T,. He 3a0bIBaiiTe, YTO 3TO JIUIIh
MaTeMaTUUYeCKHe ollepalui, KOTOPbIe ONpPeaeasaioT HOo-
BBII OlepaTop: OHU OTJIMUYAIOTCS OT aKTa BHITTOJTHEHUA
(usuueckoro usMepenus. Bam He HyKHBI IPUOOPHI AJIs
YMHOKEHUA ABYX OMIEePATOPOB; MOCTATOYHO KapaHaalia
u 6ymaru. ITocMoTpuM, UTO CAYUUTCHA, €CJAU IPUMEHUTH

[IPOM3BeJleHUe T,0, K COCTOAHMUIO |Sing):

208



JNekyus 6. O6beAVHEHUE CUCTEM: 3aMyTaHHOCTb

Crauasa, UCIoab3yd Tabaumy B ypaBueHuu (6.8), npu-

MEHUM O ,:

Temepb IPUMEHUM T,

O6paTuTe BHUMAaHNe, YTO KOHEUHBII Pe3yJIbTaT — 9TO IPO-
CTO |sing) c 0OpaTHLIM 3HAKOM:

T,0,|sing) = -|sing).

OueBUAHO, UTO |Sing) — 3TO COGCTBEHHBII BEKTOD HAGJIIO-
JIaeMoii 1,0, ¢ coOCTBeHHBIM 3HaueHueM —1. [laBaiiTe pasoe-
peMcsi, B YeM CMBICJI 3TOTO pe3yJibTaTa. AJrca u3Mepser o,
a Bob — T,; Kora OHUM BCTPEYaioTCsA U CPAaBHUBAIOT PE3YJIb-
TaThbI, TO 00HAPYKUBAIOT, YTO IOJTYUMJIN ITPOTUBOIOJIOKHEIE
sHauenusa. Muaorga Bob usmepser +1, a y AJuch IoIy4aeTcst
—1. B gpyrux cayuasax Asmca momyuaet +1, a Bo6 — —1.
IIpousBemenme 9TUX ABYX M3MepeHUU Bcerga paBuHo —1.

B takoMm pesyJibTaTe He HOJKHO OBITH HUYETO YAUBU-
TeJILHOTO. BEKTOD COCTOsIHNS |sing) — 9TO Cymeprnosuus
IBYX BEKTODPOB |ud) u |du), KOTOpBIe 06a COCTOAT U3 ABYX
CIIMHOB C IIPOTHUBOIIOJJOHBIMU Z2-KOMIIOHEHTaMMU. BTa
CUTyaIlusl COBEPINIEHHO aHAJOTUYHA KJIACCUUECKOMY Ba-
puaHTy ¢ Hapsau u ero IByMs MOHETaMH.

Ho TyT MBI MOAXOAUM K 4Y€MY-TO, He HMEIIIeMy KJac-

CHU4YeCKOro anaJjora. HOHYCTI/IM, YTO BMECTO U3MEPEHUA

209



KBaHTOBaA MexaHuKa

Z-KOMIIOHEHT cBoero cnuHa Anuca u Bo6 usmepsaior
X-KOMIIOHEHTHI. YTOOBI BBIACHUTD, KAK KOPPEJINPOBAaHbI
UX Pe3yJbTaThl, HAM HAJ0 U3YYUTh HAOIIOLAEMYIO Ty0 .

ITogmeiicTByeM Ha |sing) aTuM npoussefeHueM. Bor mo-
CJIel0BATEIbHOCTD IIIaT0OB:

WJIN, IIPOIILE,

Bor 3T0 y:ke HEMHOI'0 HEOKUJAHHO: |sing) oKasbIBa-
eTcs TaK:iKe COOCTBEHHBIM BEKTOPOM T,0, C COOCTBEHHBLIM
sHaueHueM —1. IIpu B3risAze Ha |sing) coBceM HEOUEBUL-
HO, UTO X-KOMIIOHEHTEI ABYX CIIMHOB BCeTJa IIPOTUBOIIO-
Jo:xxubI. TeM He MeHee BCAKHI pas, Korga Ajnuca u Boo
UX U3MEPAI0T, OKa3bIBAETCS, UTO Oy U T, UMEIOT IPOTUBO-
MOJIOJKHEBIe 3HaueHusA. Ha 5ToM MecTe BbI, BEPOATHO, ViKe
He OyJeTe YAUBJIEHBI, Y3HAB, UTO TO K€ CAMOE€ OTHOCHUTCS
¥ K J-KOMIIOHEHTaM.

YIIPASKHEHMUE 6.6

Homyctum, Yapay IpUTOTOBUII JBa CINHA B CUHT-
neTHoM cocroaHuu. Ha stor pas Bob usmepwun T,

a Anmuca — o,. Kakum Oyzier cpennee sHaUeHME 0,T,?
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YT0 5TO HAM FOBOPUT O KOPPEIAIUYN MEKIY JAaHHBI-

MU IBYMS U3MEPEeHUAMU?

YIIPAKHEHMUE 6.7

3aTeMm LIapJII/I IIPUTOTOBUJI CIIMHEI B IPYT'OM COCTOA-

Huu, HazoBeM ero |T'), rae

B atux mpumepax T obosHauaeT mpunaem. Tpuiier-
HBIE COCTOAHUSA PASUKATIBHO OTJIMYAIOTCS OT COCTOS-
HU B IpUMepax ¢ MOHETOU U KOoCcThbio. KaKoBBI Oy Iy T

cpefHNe 3HAYEeHUS OIEePATOPOB 0,T,, O,Ty U 0,T,?

HackoJbKoO Ke cyIecCTBeHHBIM MOKET OLITHL pas-

Juune B 3HaKe!

YIIPASKHEHMUE 6.8

CraenaiiTe TO 3Ke camoe IJIA ABYX JPYTUX 3alyTaH-

HBIX TPUIIJIETHBIX COCTOAHUM’:

U UHTEPIIPeTUPYyiTe pesyJIbTaThl.
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Haxowmer, paccMoTpuM elfe ogHy Habaogaemyo. OHa
He MOJKeT ObITh msMepeHa Anncoil 1 BoboM, BBEIIOJIHAIO-
MMM II0 OTHeJIbHOCTH N3MePEeHU I COOCTBEHHBIMU IPHOO-
paMu, Jaxke ecJii OHU IIOTOM BCTPETATCSA W CPABHSAT CBOU
samnucu. TeM He MeHee KBaHTOBasd MeXaHUKa HACTAUBaeT,
YTO MOKHO CO3JIaTh MPUOOP, KOTOPHIA Oy IeT U3MePATD 3Ty
HaO0JII0gaeMyIo.

HabaiomaeMmyto, 0 KOTOPO# A Bely pedb, MOYKHO Ipe]-
CTaBJATH cebe KaK OOBIUHOE CKAJIIPHOe IIPOU3BeeHIe

BEKTOPOB-0IIePaTOPOB 0 U T :

Mo:xHO TIOAyMaTh, UTO 3HAUEHIE 9TOM Ha0I0gaeMoi Hati-
nercs, ecau bob usMepuT Bce KOMIIOHEHTEHI T, a AJnca
M3MEPUT BCe KOMIIOHEHTEHI 0; TOI'Ja OHU CMOI'YT Iiepe-
MHOKUTH 9TH KOMIIOHEHTEI 11 CJI0XKUTH Pes3yabTaTsl. IIpo-
0Jiema, OLJHAKO, B TOM, UYTO B00 He MOKeT OJHOBPEMEHHO
U3MEPSTDh OTAeJbHbIe KOMIOHEHTHI T, IIOCKOJIbKY OHU He
KOMMYTHPYIOT. AHAJIOTIYHO AJirca He MOKeT 3a pas us-
MepUTh 0oJiee OAHOM KOMIIOHEHTHI 0. YTOOBI N3MEPUTH
G-T, HyXHO IIOCTPOUTH HOBBIH THI IpubOpa, KOTOPKIH
olpejenseT -7 6e3 U3MepPeHUs OTAeJbHbIX KOMIOHEHT.
CoBepIIeHHO HEOUEBUJHO, UTO 9TO MOYKHO CIeJaTh. BoT
KOHKPETHBIN IIPUMEpP TOT'0, KaK TaKoe M3MepPeHNre MOTJIO
ObI OBITH BBITTOJTHEHO. HeKoTOphIe aTOMBI 00JIaAIOT CITH-
HaMM, KOTOPbIE ONMCHIBAIOTCS TOYHO TaK K€, KaK CIIMHEI
2JIEKTPOHOB. Korga gBa Takmx aTomMa HaXOAATCA OJIM3KO

IPYT K APYI'y — HaIpuMepP, COCEACTBYIOT B KPUCTAJLIIN-
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YeCKOM pellleTKe, — raMUJIbTOHHAH OyAeT 3aBUCETh OT
MX CONHOB. B HEKOTOPBIX CUTYAIIUAX IaMUJILTOHUAH IJIs
COCeJICTBYIOIINX CIIMHOB IPOIOPIINOHAJNeH 0 T . Korga
BTO TaK, U3MepeHUe 0-T SKBUBAJEHTHO OIpeesIeHUIO
DHEPIuU IIapbl aTOMOB. ITO OyIET OAHO U3MepPeH1e COCTAB-
HOT'0 OIIepaTopa, He CBA3aHHOE C U3MEPEeHNeM OTAeJIbHBIX
KOMIIOHEHT CIIMHA.

YIIPASKHEHMUE 6.9

MokasxkuTe, 4TO YeThHIpe BeKTOpA |sing), |T1), |Ts)
u |T'3) ABAAIOTCA COGCTBEHHBIMY BEKTOPAMY G- 7T .

KakxoBbI nX cOOCTBeHHEBIE 3HAUCHUA?

IIpucMoTpuTeCh K Pe3yabTaTaM IIOCJeIHETO YIIPaKHeHUA.
ITousTHO iU BaM, IIOUEeMY OAUH U3 3THUX BEKTOPOB COCTO-
HUS Ha3BaH CUHIJIETOM, a BCe OCTAJbHbIE — TPUILIETOM ?
Hesio B TOM, UTO ecJIu BbI OOpaTUTe BHUMAaHUe Ha UX OTHO-
IIIeHNA ¢ OIIePATOPOM O T , TO CUHTJIeT — 3TO COOCTBEeHHBIH
BEKTOP C OJHUM COOCTBEHHBIM 3HAUEHUEM, a TPUILIETHI
SABJIAIOTCSA COOCTBEHHBIMU BEKTOPAMU C JPYTUM 8blLDOMNC-

O0eHHblM COOCTBEHHBIM UNCJJIOM.

Bor xopormmuit mpuMep, 00beJUHAIONNEN 3aITyTaAHHOCTh
¢ IOHATUSAMU BPeMeHU U n3MeHeHUs us Jeknuu 4. Boc-
MOJAB3YUTECHh UM, YTOOBI BCIIOMHUTH UJI€I0 YHUTAPHOU

9BOJIIOIIMIYM BO BPpE€MEHHM 1 CMBICJI 'TaMNJIbTOHHNAHA.
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YIIPASKHEHHE 6.10

Cucrema us ABYX CIIMHOB MMeeT 'aMMUJIbTOHNAaH

KaxoBbI BOBMOKHBIE 9HEPIrmm CUCTeMBbI 1 KAKOBBI

coOCTBEHHBIE BEKTOPHI ATOTO TaMUJIbTOHaHAa?

IomycTrMm, 4TO CUCTeMa ITIePBOHAYAIBLHO HAXOTUTCS
B cocTossHuH |uu). Kakum Oyer ee cocTosiHUE B JIIO-
0oit mociyenyoiuiit MoMeHT? OTBeTbTE HA TOT Ke

BOIIPOC JJId UCXOQHBIX COCTOAHMUI |ud), |du) u |dd).



Jlekuusa 7. Eme o 3anyranHoCcTH

«l'unvbepme Ilnatic», remo 1935

Yepes epawarouwjuecs 08epu 8xo00am 080e HepAULLUBO
odemblLx 3a8cezdamaes, 6030YxH AeHHO 0 LeM-mo pas-
zosapusas. O0uH ¢ 6310XMAYEHHLLMU Ce0eOUUMU
8010CAMU 8 NPOHCHEHHOM ceumepe zosopum. «Hem,
s He NPUMY 6aULY Meopulo, NOKA 6blL He CKaddceme MHe,
umo npedcmasnarm coboil aiemenmout Quauveckoil
peanvHOCIMUY.

Hpyeoil oenadvieaemes u, pa3gods pykamu 6 xecme
0e3Hadexcnoz0 pa3ouaposanus, oopawaemcs k Apmy
u Jlennu: «OH cHOBa 3a c80e. Demenmbl PeaibHOCTU,
IIIP, 3IIP... — amo eduHcmeeHHOe, 0 YeMm OH OYMma-
em.Anvbepm, 6pocy 60U HABA3YUBbLE UDeU U NPOCMO
npumu paxkmot, KAK OHU eCMb».

«Hu 3a ymo! A He mozy npunambv, ¥mo MOHCHO 3HAMb
0 8ewu 8ce, HO NPU IMOM HUULe20 He 3HAMb O ee Ua-
cmasax. 9mo noanbsLit abcypd, Hunwvce».

«H36unu, Anvbepm. IIpocmo max yic oHO Yycmpoero.
Hail 2 kynawo mebe nusa».
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B aT0ii IeKIuu MBI TJIy0:Ke PacCCMOTPUM SIBJIeHUE 3aIy-
TaHHOCTHU. [[JIsT 5TOTO HAM ITOHAA00SATCSA JOTMOJHUTEb-
HbIe MaTeMaTUJYeCKre NHCTPYMEHTHI. IIpek e Bcero Mul
pasbepemcs, KaK paboTaThb ¢ TEH30PHBIM IPOU3BeJeHIEeM
B KOMIIOHEHTHOU (popMe. 3aTeM MO3HAKOMUMCS ¢ HOBBIM
olmepaTopoM, KOTOPBIN Ha3bIBaeTCA Mampuyeil niom-
Hocmu. 9TU UHCTPYMEHTHI He TAK TPYIHO OCBOUTH, HO
OHU TPEOYIOT COCPEIOTOUNUTHCA 1 KaK ClIeqyeT I0BOeBaTh

C UHAEKCaMu.

7.1. MaTemaTnuyecKas MHTEPJIIOTNA:
TE€H30PHOE IIPOU3BEIeHNE
B KOMIIOHEHTHOU (hopMme

B smexmnunu 6 Ob110 00'BACHEHO, KaK IMOCTPOUTEL TEH30PHOE
IPOU3BeeHNe IBYX BEKTOPHBIX IIPOCTPAHCTB C UCIIOJIb30-
BaHMeM a0CTpaKTHOI HoTanuu 6pa, KeTOB 1 0003HaAUeHUH
OIIepPaToOpPOB BPOJiEe 0,. KaK mepeBoOguTCs BCE 9TO B CTOJIOITHI,
CTPOKU 1 MATPUILBI?

CTpouTh TeH3OPHBIE TPOU3BEIEHUS MATPUIL I BEKTO-
pOB-CTOJIOIOB HecaoKHO. [IpaBuiaa, KaK MBI ceituac ybe-
INMCS, BIIOJIHE oueBUAHEI. CamMoe XUTpoe 3[eCh — IMOHATh,
moueMy 9TH IIpaBuja paboTaioT: ToYeMy OHU ITO3BOJIAIOT
CTPOUTH MATPHUITLI M BEKTOPBI-CTOJIOIBI, KOmMopbLe 001a0a-
10Mm HYHHbIMU HaM c8olicmeamu. MbI monoieM K ey
IBYMsA pasHbIMU ciiocobamu. CHauajga MbI IOCTPOUM CO-
CTaBHBIE OIIEPATOPHI, IMOJb3YysICh METOAOM IIPOO 1 OIITH-

00K, paspabOTaHHBIM B JIeKIIUN 3. 3aTeM MOKaKeM, KaK
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CTPOUTH COCTaABHBIE OII€PATOPEI HEIIOCPEACTBEHHO U3 UX

KOMIIOHEHTHEBIX OIIepaToOpoOB.

7.1.1. IlocTpoeHne MaTPUIL TEH30PHOTO
MMPOM3BEIeHNA HA OCHOBE 0a30BBIX IMIPUHIUIIOB

Beprenmcsa K gexknuu 3, Tae OBLIO IIOKAa3aHO, KaK JH00YH0
Habmogaemyo M 3anucaTh B MAaTPUYHON popMe OTHOCH-
TeJILHO 3aJaHHOoro0 0asuca. He mosenuTecs eme pas mo-
cmotpeTrs opmyst ¢ (3.1) go (3.4). B aTom paszese Mbl
IO CUNTAEM YNCIEHHOE 3HAUEHNE DJIEMEHTOB 1}, MATPHUIIBI

M, osIb3ysCh BhIPAsKEeHIEeM
mip = (IIM|E), (7.1)

TZe |j) u |k) mpencraBisAior 6asucHBIe BeKTOpHl. Karkgas
KOMOUMHANUA |j) u |k) MOpoXKJaeT COOTBETCTBYIOIINUI BJIe-
MEHT MaTpUIbIL,

Ham mraH cocTouT B TOM, YTOOLI IPUMEHUTD 9TY (hOP-
MyJy K HEKOTOPBIM T€H30PHBIM IIPOU3BEIEHUSAM Olepa-
TOPOB ¥ IIOCMOTPETH, YTO IOJYYUTCSA. BBUAY HaIero co-
TJIAIIeHUA O ZBOMHBIX MHAEKCAX [JIs1 0a3MCHBIX BEKTOPOB
TE€H30PHOTI'O IIPOM3BEACHUA, «COHABNY» B OTUX YPaBHEHUAX
OyZeT BBITJIANEeTh HEMHOTO nHaue, ueM B ¢opmye (7.1).

C KaK g0 CTOPOHBI COHABUYA MBI JOJIKHEI IIepedpaTh Bce

1 B gexnuu 3 MBI 3aIMCHIBAIN UHAEKC K clieBa OT MaTpuibl M,
aj — cmpasa, B IPOTUBONIOJIOYKHOCTb TOMY, KaK IIOCTYIIaeM TeIephb.
Ho nmockoabKy j u B — MHAEKCHBIE IePEMeHHbIe, 5TO He UMEeT
3HAUYEHUA, ITIOKA MBI IIPUAEPIKMUBAEMCS OJJHOTO OAXO0A B IPYIIIIe
ypaBHEHUH.
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0asucHBIE BEKTODHI: |uu), |ud), |du) u |dd).1 us npocToTs

MBI OyZIeM B KauecTBe IIpuMepa HUCI0Jb30BaTh OIIePaTOp
0, ® I, rme I — ToKaAecTBeHHBINA omepaTop. MuI Bugenu,
0, ® I meticTByeT Ha AJNCUHY TOJOBUHY BEKTOPAa COCTOS-
HUS KaK 0,, a Ha moJioBuHYy Boba 86000ue HuKkakK He BIUSET.
IlockoabKy MBI paboTaeM B UeTHIPEXMEPHOM BEKTOPHOM
IPOCTPAHCTBE, JOJIKHA IIOJyUnThca maTpuiia 4 X 4. Omy-
CKas CUMBOJI K, YTOOLI OH He MO3O0JINJI IJIa3a, 9Ty MaTPUILY

MOMKHO 3aIIiCcaTh TakK:

- . (7.2)

s BEIUMCJIeHUA 3HAUEHUN 9JIeMEeHTOB 9TOM MaTPUILbI
MOJKHO IIO3BOJIUTE 0, 1 I TeficTBOBaThL b0 HAJIEBO, J10O0
Hanpaso. IIpegmonmoxxum, o, feficTByeT HaJIeBO, a I — Ha-
npaBo. ITockoabky I HMUYero He aejiaeT, HaM HAJO JIUIITh
m03ab0TUTHECSA O TOM, KaK IOAEeNCTBYeT 0, Ha Opa-BeKTOp
caeBa. B aTom Opa-BeKTOpE 0, IEMCTBYET TOJIHKO Ha JIEBYIO
(To ecTh AstrcuHY) YacTh METKHU cocToAHu:A. [Tob3ysach nmpa-
BUJIAMU, KOTOPbIE MBI ysKe BbIBeau (cM. ypaBHeHUd (6.6)
1 (6.7)), MOKHO BEIYUCJIUTD BCE ATU PE3YJIbTATHI JeHCTBUS

0, U TIOJIYyYUTh MaTPUILY U3 BHYTPEHHUX IPOU3BEICHUI:

1 KoHeuHO, MBI MOJK€EM HCIOJIb30BATh APYIroil HA00p 6a3MCHBIX
BEKTOPOB, HapuMmep |rr), |rl) u r. 5. B aTom ciaydae moxydurcsa
Ipyroi Habop 5JIEMEHTOB MAaTPUIIHI.
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Jlekyma 7. Ewe o 3anyTaHHOCTY

(7.3)

ITockoabKyY 5TU COGCTBEHHBIE BEKTOPHI OPTOHOPMUPOBAH-

Hble, JaHHAasd MaTPUIA YIIPOIAETC 10

(7.4)

Kak sanucars coOcTBEeHHBIE BEKTODHI |ul), |ud), |du) u |dd)
B BUJle BeKTOPOB-cT0Ji0110B? Celiuac g IPOCTO CKAKY, UTO
MBI Oy/1eM IpeACTaBIATh |uu) u |du) Kak

(7.5)

ITocmoTpUM, YTO IPOUCXOAUT, KOTA 0, ® I meiicTByeT HA
9TH BEKTOPHI-CTOJIONEI. [I[pUMEHNB HOIYyUeHHYIO MATPUILY
K |uu), moayuaem

Hdpyrumu cioBamu,

0,1 |uu) = |uu),
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KaK MBI 1 O)KUIAJIU. A UTO, €CJIN HOAEeHCTBOBATEL TOH YKe
Marpuuei Ha BeKTop-cTosbers |du) us popmyst (7.5)? Bor-
IIOJIHMB MaTPUYHOE YMHOKEHNe, I0JIydaeM, UTO Pe3yJIbTaT

OyZIer, KaK U CJIef0Bajo OKUAATDH, —|du).

7.1.2. IlocTpoeHne TEH30PHOTO MMPOU3BETEHUST
MATPHUIL II0 KOMIIOHEeHTHBIM MaTPHI[AM

IIpuBeneHHBII BBIIIE METO] BEIUYNCIEHUS 9JIEMEHTOB Ma-
TPUIIBI IMEeT UPe3BbIYalHO OOIUIl XapakTep — OH pa-
O0oTaeT 1 gcex HaOMIomaeMbIX. Eciiu HaM TpebdyeTcs Io-
CTPOUTH TEH30PHOE ITPOU3BEIeHUE IBYX OIIEPATOPOB 1 MBI
YJce 3Haem MaTPpUYHBIE 9JIEMEHTHI CTPOUTEIbHBIX O6JIOKOB,
TO MOYKeM HeIIOCPEeCTBEHHO X CKOMOMHUPOBaAThH. BoT
IpaBuUJia KOMOMHUPOBAHUA MATPUIL 2 X 2 /IS MOJTyUYeHUA
mMaTpuiibt 4 X 4:

(7.6)

niain

(7.7)

Ta ke cxema padoTaeT [JIsI MATPHUIL JI000T0 pasMepa. ITOT
crmoco0 YMHOKeHUST MaTPUIl Ha3bIBAIOT UHOTIA KPOHEeKe-
pos8vim npousgedeHuem, TEpPMUHOM, KOTOPBIN TPUMEHUM
TOJBKO K MATPUIAM U 03HAUAET MAaTPUUHYIO BEPCHUIO TeH-
30PHOTO ITPOU3BeieHNsI. KpoHeKepoBo IpousBeieHre TBYX
MaTpuil 2 X 2 aBjadeTcs MaTpuiieii 4 X 4, u Ta Ke cxeMma
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IpHUMeHNMa K MaTpUIlaM Jilo0oro pasmepa. B obiiem cay-
Yae KPOHEKEPOBO IIPOM3BeIeHNe MaTPUILBI M X N ¥ MaTPU-
IIBI p X ¢ — DTO MaTpuIa mp X nq.

Bce 5T0 mpekpacHO MPUMEHUMO K BEKTOPaM-CTOJIOIaM
Y BEKTOPaM-CTPOKAM, KOTOPBIE SIBJSAIOTCA YaCTHBIMU
caydyagmu maTpull. TeH30pHOE TpouU3BeeHe IBYX BEK-
TOPOB-CTOJOIOB 2 X 1 — 3T0 BeKTOp-cTOIOCI 4 X 1. Eciu
a n b — BEeKTOPBI-CTOJIONEI 2 X 1, MX TEeH30pHOE IIPOI3Be-

JeHle BbITJIAAUT TaK:

(7.8)

ITocmoTpumM, Kak sT0o padoraer auaa Anucel u Boba. Cua-
yajia CKOHCTPYUPYEM UeThIPe TeH30PHBIX IPOU3BEJeHU
0a3MCHBIX BEKTOPOB, UCIIOJIb3Y |U) U |d) B KauecTBe CTPO-
UTeJIbHBIX 010K0B. HamomHI0, YTO COTJIacHO ypaBHEHU-
am (2.11) u (2.12) us gexuun 2,

Ecuiz moicTaBUTh COOTBETCTBYIONE KOMOUHAIUY |U) U |d)
B hopmyury (7.8), TO 4eTHIPHMSI HAIIIUMY BEKTOPAMU-CTOJIO-

mamu 4 X 1 6yayT
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(7.9)

Ianee MbI ucmosab3yeM npaBuio us dopmyust (7.7) mis
KOMOMHNPOBAHUS OIIEPATOPOB 0, 1 T,.. C NCIIOJIb30BAHLIEM
onpeseseHUl 0, U T, ud popmyas! (3.20) sTo faeT HaM

TE€H30PHOE IIPOM3BEACHNE MATPUI]

CpaBHUM 5TOT Pe3yJabTAT C IPOU3BEACHUIEM O, U T,
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O6paTuTe BHUMaHNE, UYTO 0, @ T, — HE TO JKe caMoe, UTO
0, ® Tyx. ITO ECTECTBEHHO, TOCKOJbKY OHU IIPEICTABJISIIOT
pasauuHbIe HAOJIIOgaeMbIe.

IToxa Bce xopotro. Ho manbime Mbl YBUIUM KO€-UTO
HeMHOTO 0oJiee MHTepecHoe. B TOMOIIbI0 HECKOJIBKUX
yIOpaKHeHU MBI IOIbITaeMCs YOeIUTh BAC B TOM, UTO
KPOHEKEepPOBO IPOU3BeIeHNe NeMCTBUTEJIbHO A814eMC A
TEH30PHLIM HIPOU3BEeIeHNEeM MATPUIl, MHLIMHU CJIOBaAMH,
uyro AJNCHHA MOJOBMHA MATPHUILI BJAKUSET TOJBKO Ha ee
TIOJIOBUHY BEKTOPA-CTOJIONA, U aHAJOTUYHO OOCTOUT AEeJI0
nast Boba. 3To HEMHOTO HETPUBUAJIBHO 13-3a TOT'O CIIOCO-
0a, KOTOPHIM KPOHEKEePOBO IIPOM3BeIeHIIe ITIepeMellInBaeT
9JI€MEHTBI CBOMX CTPOUTEIbHBIX 0JIOKOB.

B KauecTBe mpuMepa pacCMOTPUM, KaK JMeHCTBYeT
0, ® T, Ha |ud). IlepeBens abCTPAKTHBIE CHMBOJIBI B KOM-

MMOHEHTHYI0 ()OPMY, MOKHO 3aINCaTh

Ho BekTOp-CcTOJIOEI B IPABOI YaCTU COOTBETCTBYET |Ul)
B (7.9). Cmenas oOpaTHBIH IepeBOs B aOCTPaKTHBIE 000-

3HaUYeHud, I1ojJydaeM
(0, @ Ty)|ud) = |uw).

9TO B TOUYHOCTH TO, YTO MBI XOT€JI1, — MaTPHUYHOE IIPe -

cTaBJIeHUe HAIMNX a0CTPAKTHBIX OIIePATOPOB 1 BEKTO-
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POB COCTOSIHUS, KOTOPbIE BOCIPOU3BOAAT X N3BECTHOE
ImoBeeHUe.

Craenyroliiee yIIpasKHeHIe ITOMOKET BbIKPUCTAJIIN30-
BaTh UEI0 O TOM, UTO 0-IIOJIOBUHA ¢ & T BJIUSAET TOJbKO Ha
AnrcuHy TOJIOBUHY BEKTOPA COCTOAHUS 1 UTO T-II0JOBUHA
BJIUSAET TOJHKO HA YacCThb, OTHOCAIIYIOCSI K BoOy. 9To
yOpaKHeHHe TaK:Ke 00eCIeuuT HeKOTOPYIO IPAKTUKY
paboThI C MATPHUUHBIMU 9JIEMEHTAaMHU OIlepaTopa B YCJIOBI-
X, KOTIa MBI yJKe 3HaeM, UTO OIIepaTop AeaeT ¢ KarKIbIM
0a3MCHBIM BEKTOPOM.

YIIPAGKHEHUE 7.1

3anuInuTe TeH30pHOe IpousBemenue I ® T, Kak
MAaTPHUILY 1 IIPUMEHUTE ee K KayKJIOMY 113 BEKTOPOB-
cToJ010B |uu), |ud), |du) u |dd). Ilokaskure, 4To
AJrcuHAa IIOJIOBMHA BEKTOPA COCTOSIHUS BO BCEX
caydasx ocraercsa HemaMeHHoI. HamomuHalo, 4To
I — 910 eguHUYHAA MaTpuila 2 X 2.

YIIPAKHEHUE 7.2

Bbruuciiure MaTpUUHBIE 3JIEMEHTHI 0, @ Ty, IOCTPOUB
BHYTPEHHee IIpou3BefieHne, Kak B popmye (7.2).

Tperbe ynpaskHeHIe HECKOJIBKO YTOMUTEIbLHOE, 3aTO
OHO IT0-HACTOAIIEMY 3aKpeIIseT MoHuManue. PaccMorpum
ypaBHeHIe

(A®B) (a®b)=(Aa ® Bb). (7.10)
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Kak u B popmysax (7.7) u (7.8), A u B npencTaBasaioT Ma-
TPUIBI 2 X 2 (MU 0IIepaTopsl), a @ ¥ b — BEKTOPHI-CTOJIOIBI
2 X 1. B ynpaxueHun OoT Bac TpedyeTcsa pacnoucaTh ypas-
HeHMe MOKOMIIOHEHTHO U IT0Kas3aTh, UTO JieBas CTOPOHA

COBIIamaeT C HpaBOfI .

YIIPAKHEHMUE 7.3

a) Ilepenummure popmyay (7.10) B KOMIIOHEHTHOM
dopme, 3ameHuTe 0003HaUeHUAA, B, a 1 b MaTpuIia-

MU U1 BeKTOpamMu-croonamu u3 dhopmyst (7.7) u (7.8).

6) BeimosiauTte ymHOKeHue marpui Aa u Bb B mipa-
BOI yacTu. Y0eguTech, UTO KAKAbIHl Pe3yIbTaT
sBaAeTcAa marpurieir 4 X 1.

B) Pacmiuinre Bce TpM KPOHEKEPOBBIX IPOU3BEAEHNUS.

r) IIpoBepbTe padMepsl CTPOK U CTOJIOIOB B KAYKIOM
KPOHEKEePOBOM IIPOM3BEIEHIN:

. (A®B): 4 x 4;
- (a®b):4x1;
+ (Aa® Bb): 4 x 1.

I) BelnosHUTE MaTpUYHOE YMHOKEHYE B JIEBOH Ua-
CTU, IOJIYUYNB BeKTOp-cTo0e1r 4 X 1. Kaskgas cTpoka

JOJIXKHA OBITH CYMMOfI YeThIpeX OTAEJIbHBIX YJIEHOB.

e) Hakoner, mpoBepbTe, UTO IOJIYUUBIIINECS B PE3YJIb-

TaTe BEKTOPHI B JIEBOU U IIPABOM YACTIX COBIAIAIOT.
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7.2. MaTemaTnuyecKkasa MHTEPJIIOTNA:
BHEIIIHee IIPOU3BeIeHUe

Nwmes 6pa (p| u ket |¥), MOKHO IIOCTPOUTH BHYTPEHHEE
npoussegenue (p|V). Kak MbI Busein, BHyTpeHHEE IPOU3-
BeJleHre — 9TO KOMILIEKCHOe uncio. OMHAKO CYII[eCTBYeT
IIpou3BeJieHre IPYTroro TUIa, Ha3kIBaeMOe BHEIIIHIM, KO-

TOpPOe 3allMChIBAE€TCA B B €

[0) (¢

Buemnruee IIpou3BegeHe — 9TO HE YHNCJIO; 3TO JUHEeNHBIN

omneparop. Paccmorpum, uto mpoucxoaur, korga |U)(y|
IeficTByeT Ha APYroi Ket |A):

B sTux mpumepax pasmeuTebHBINA ITP00e NCI0JIb3YyeTCs
BMECTO CKOOOK JIJIA TPYIIIIMPOBKY omeparuii. Hamomumaaro,
YTO BCe oIepaIinu ¢ 0pa, KeTaMu 1 JMHEeHHBIMY OIlePaTopaMu
acCOIIMATHUBHEI, TO €CTh UX MOYKHO I'PYIINPOBATEL IIPOU3-
BOJIBHBIM 00pa30M, €CJIM TOJBKO MTOPATOK MX CJIEOBAHUSA
ocraercsa HendMeHHBIM!. JleficTBUe omepaTopa BHEIITHETO

IIpon3BeJeHNA OUYEHD IIPOCTOE 11 MOMKET OBLITH OIIpeaesieHO KaK

I pyrumu ciaioBamMu, MbI OepeM BHyTpeHHee ITPOM3BeIeHe

(¢| um |A) (pesyabraT ABISETCS KOMILJIEKCHBIM UMCJIOM )

1 Wuorga MOKHO MEHATH U MOPSAIOK, HO IIPU 3TOM HYKHO ObIThH
0oJIiee BHIMATEJIbHBLIM.

226



Jlekyma 7. Ewe o 3anyTaHHOCTY

u ymMmHOKaeM Ha KeT |V). Bpa-Ker-HOTanus HacToabKO ad-
(hexTHBHA, UTO IPAKTUUECKU BLIHYKIaeT HacC 9TO CAeJIaTh.
B sTrom Hamiia orpaskenue reamajabHocThb [loaa [upaka.
Jlerxo mokasaThb, UTO BHeEIIIHee IPON3BeAeHIe TaKKe Oe-

cTByeT u Ha Opa:

Oco0OBIM cIyuaeM sBJIsSETCSA BHEIIHee IPOU3BeleHre KeTa
Ha cooTBeTCTBYOIMu 6pa | V) (¢

. Ecaiu noyctuts, uro V)
OTHOPMUPOBAH, 9TOT OIePATOP HA3bIBAETCH NPOCKYUOH-

Hblm onepamopom. BoT Kak oH JeiicTByeT:

O6paTuTe BHUMAaHUE, UTO PE3yJAbTAT BCETa IPOIOPIIUO-
HaseH |V). O IpOeKIMOHHOM OIlepaTOPe MOYKHO CKa3aTh,
YTO OH IIPOELVIPYET BEKTOD Ha HAIIpaBJIeHUe, 3afaHHoe | V).
BoT HeKoTOpBIE CBOMICTBA IPOEKIITMOHHBIX OIIEPATOPOB,
KOTODBIE BBI JIETKO MOYKeTe HOKa3aTh (HAIIOMUHAI), YTO
|U) HopMupoBaH Ha 1).

« IIpoeKIMOHHBIN OIIepPaTOP — SPMUTOB.

- Bexkrop |V) siBasgeTca cOOCTBEHHBIM BEKTOPOM IIPOEKITH-

OHHOTO OIIepaTopa ¢ COGCTBEHHBIM UmMCJIOM 1:

- JIro60it BeKTOp, OPTOTOHAJIbHBIH |V), ABIAETCA COO-
CTBEHHBIM BEKTOPOM ¢ coO0cTBeHHBIM uncaoM (. Takum

obpasoM, Bce cobcTBeHHBIE yncaa |V) (V| — o100 m 1,
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U CYIIECTBYEeT JIUIIb OJUH COOCTBEHHBINI BEKTOP C eIN-
HUUYHBIM COOCTBEHHBIM UHCJIOM. JOTOT COOCTBEHHBIN

BEKTOD U ecThb caM |V).

* RBa/:[paT IIPOEKIIMOHHOI'O OIIepaTopa — 9TO TO e caMoe,

YTO caM IPOEKIIMOHHBIN OmepaTop:

W) (W[2 = [W)(w

- Cuepn omeparopa (uiau 11000 KBagpaTHON MaTPUILHI)
ompemeasaeTca KaKk CyMMa JUATOHAJIbHELIX 9JIEMEHTOB.
C ucnosib3oBanueM obosHauenusa T'r 1 ciiena, MOYKHO
3amucaThb, 4To cjef omeparopa L 6ymer

YTO 0O3HAYAET IIPOCTO CYMMUPOBAaHNE TUATOHAJIbHEIX dJIe-
MEHTOB MaTpHuIIsl L.

Cien mpoeKIIIOHHOTO oIlepaTopa paBeH 1. 3To ciaenyeT us
TOoTO (haKTa, UTO CJE] SPMUTOBA OIepaTOpPa paBeH cyMMe

ero coOCTBEeHHBIX 3HAUEHUIT!.

+ Ecuu c10:XuTh Bce MPOEKI[MOHHLIE OIIePaTOPhI AJId 0a31-

ca CUCTEMBI, TO IOJYUYUTCA TOKIECTBEHHBIN OIIEPaToOpP:

(7.11)

1 9pmuroBy matpuiry M MOKHO IMAaTOHAIU3UPOBATD, ITIOJABEPTHYB
rpauchopmanuu PTMP, roe P — yHuTapHas MmaTpuiia, CTOJIOIIBI
KOTOPO¥ HNPEACTABIAIOT cO00H HOPMUPOBAHHBIE COOCTBEHHBIE
BeKTOpHI M. Ciieq M saBIsieTcA MHBAPUAHTOM IIPU TaKUX IIPe0O-
pasoBaHuAX. MbI He OyZileM JOKa3bIBATh 3TOT IITUPOKO U3BECTHBIH
pesyJbTar.
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Haxowerr, BOoT BaKHas TeopeMa O IIPOEKITMOHHBIX OIle-
paTopax u cpefHUX 3HaueHusaX. CpefHee 3HaUeHME JIIO00

Habaogaemoii L B cocrosinuu |V) maercs ypaBHeHHIEM
(7.12)

Bor maru qoxasareabcTBa 3TOr0 yTBep K aeHusa. Beibepure
10001t 6asuc |i). 3aTeM, HCIOJb3Ys OIpesesieHue c.ieda,
3aIUIINTE

I[Ba MHOMUTEJIA 1104 SHAKOM CYMMBI — 3TO IIPDOCTO UMcCJia,
TaK 4TO MOMHO IIOMEHATHh UX IIOPAJOK:

Brinecem mHOMKUTETU U3-II104 SHAKa CYMMBEI U, UCIIOJIB3Yy A

PaBeHCTBO , TOJIYIUM

HpaBaa 4JaCThb — 9TO KaK pa3 CpeagHee HauYeHure L.

7.3. MaTpuIIbl IIJIOTHOCTH:
HOBBIA HHCTPYMEHT

o cux mop Mbl yUUJIUCH MeJATh IPeJCKa3aHusI OTHOCHU-
TeJbLHO CUCTEeMbI, 3Has ee TOUHOEe KBAHTOBOE COCTOSHIIE.
Ho ropaszo uariie MbI He BMeeM IOJHON NHMOPMAIIU O ee
cocroauuu. Hanpumep, gomyctum, Arca IpuroToBuIa

COUH, UCIOJL3YSA IPHUOOP, OPUEHTUPOBAHHLIN BIOJb
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HekoTopoii ocu. OHa mepemaer 3TOT ciuuH Boby, HO He
TOBOPUT €MY, BAOJIb KaKOIi 0c1 ObIJI OPUMEeHTHUPOBAH IIPU-
6op. BosMoskHO, OHA JaeT eMy YaCTUUYHYIO HH(pOpMAIKIO,
Bpoze Toro pakTa, 4TO 9TO JuOO OCh 2, JUOO OCh X, HO
OTKAa3bIBaeTCA COODINUTEL UTO-TO OoJbiee. UTo gesaTh
Bo6y? Kak emMy Mcnoab30BaTh 9Ty HHPOPMAIINIO AJ
npeackasanmii?

Bob6 paccy:xmaer caenyromiuMm odpasom: ecau Ajmca
IIPUTOTOBUJIA CIIUH B cocTogHuY | V), TO cpegHee 3HaAUEHUEe

J100011 Habaomaemoi L Oymer
Tr|¥) (¢|L = (V|L|D).

C mpyroii CcTOPOHBI, ecyix AJjiica IIPUTOTOBILIA CIIMH B CO-

CTOSIHUY |¢), TO cpenHee 3HaueHue L Oyzer

Tr[¢) (p|L = (p|Lly).

Kax 6bITh, ecoiz uMeeTcsa 50-IIpoIieHTHAS BEPOATHOCTD, UTO
npurotosyieHo cocrosguue V), u 50-mporneHTHAS BEPOAT-
HOCTB, UTO IIPUT'OTOBJIEHO cocTosHUe |p)? OueBUIHO, UTO

CcpeagHee SHaueHue 6y,ueT

Bce, uTO MBI JesiaeM, — 3TO OCPEHSIEM COCTOSHUSA, IPH-
roToBJIeHHBIe AJIncoli, 110 He3HaHuio boba.

Ho Temeps MBI MOXeM O0BeIUHNUTE 9TH UJEHBI B OJHO
BBIDa’KeHUe, ONpPeJeJIUB MAaTPUITY IIJIOTHOCTH P, KOTOpasd

KoaupyeT 3HaHue Bo6a. B AaHHOM CJIydae MaTpuia I1JoT-
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HOCTY — 3TO IIOJIOBUHA IIPOEKI[MOHHOTO OIIepaTopa Ha |¢)

ILJIFOC ITOJIOBMHA IIPOEKIIMOHHOTO olleparopa Ha |V):

Tem caMbIM MBI YIIAKOBaJu BCE 3HaHue Boba o cucreme
B OJIuH omiepaTop p. Terepsb IpaBUI0 BHIUNCIEHUA CPETHUX
3HAUEHUI CTAHOBUTCS OUEHb IIPOCTHIM:

(7.13)

9To BBRIpasKeHUe MOKHO 0000muTh. Jlomyctum, Anuca
roBoput Bo0y, YTo OHA IPUTOTOBUJIA OOHO 13 HECKOJbKUX
COCTOSTHUI — Ha30BeM X |p1), |p2), |p3) 1 Tak nanee. Boee
TOTr0, OHA 3ajsiajya BepoATHOCTU P1, Ps, P3, ... 1A KaXKJI0TO
M3 9TUX COCTOSIHUM. B00 mo-npexHeMy MOKeT YIIaKOBATh
BCe CBOE 3HAHNE B MATPHUILY ILIOTHOCTH:

p = Py |1) (1| + Palipz) (ol + Pslips) (s| + .

Jlayee oH MOJKeT UCIIOJIb30BATH BCE TO *Ke IpaBuio (7.13)
LIS BBIYMCJIEHUA CPeHEr0 3HAUEeHU .

Korga marpuiia mJIOTHOCTH COOTBETCTBYET eHCTBEH-
HOMY COCTOSHUIO, TO 3TO ITPOEKITMOHHBIN OTIEPaTopP, KOTO-
pBIN IpoenupyeT HA JaHHOe cocTosHMe. B Takom ciydae
MBI TOBOPHUM, UTO COCTOSHUE SIBJIAETCSI yucmuim. ducroe
COCTOAHVE JaeT MaKCcUMaJbHOe 3HAHWEe, KOTOPBIM Bo06
MOJKEeT paciojiaraTh 0 KBaHTOBOM cucteme. Ho B ob1iem
caydyae MaTPHUIlA IIJIOTHOCTH — 9TO CMeCh IIPOEKIIMOHHBIX
ommepaTopoB. MEI TOT/1a TOBOPUM, UTO MATPUILA IJIOTHOCTHU

IIpeacTaBJdAeT CMeulaHHOoe COCTOAHUE.

231



KBaHTOBaA MexaHuKa

S ucmonb3yio TEpMUH MamMpuya NAOMHOCMU, HO, CTPO-
r'o TOBOPA, p — 3T0 onepaTtop. OH CTAHOBUTCA MaTpPUILEH,
TOJIBKO KOoTJa BbIOpaH 6asuc. [[olycTUM, MBI BBIOpAJIU
6asuc |a). Marpuiia IJI0OTHOCTH — 3TO IPOCTO MaTPHU-

IIa, IIpeacrTaBadrInad P II0 OTHOIIIEHWIO K STOMY 6a31/1cy:

Paa = (alpla’).

Ecnu L, , — marpuduHoe npeacrasienue L, to (7.13) npu-

obperaeTr popmy

(7.14)

7.4. 3amyTaHHOCTH
M MATPHUIBI IIJIOTHOCTH

B xiaccuueckoil puduKe TOXKE €CTh IIOHATHUE YUCTHIX
¥ CMEIIIaHHbIX COCTOSHUI, XOTSA OHU TaK 1 He Ha3bIBAIOTCH.
IIpocTo nist maTIOCTPAIlU PACCMOTPUM CUCTEMY U3 ABYX
YaCTUIl, ABUKYIITUXCA BAOJb NpamMoii tuauu. CorsacHo
3aKOHAM KJACCHUUYECKON MeXaHUKU, MOKHO BBIUUCIUTH
OpPOUTHI HTUX YACTUIL, €CJIN N3BECTHLI 3HAUCHIUSI NX KOOP-
IOUHAT (X1 U Xg) ¥ UMIIYJIBCOB ( P U P2) B OIPEJeIeHHBIH
MoMeHT BpeMeHu. CocTOsTHME CHUCTEMBI, TAaKIIM 00pa3oMm,
3amaeTcsda YeThIPbMA YNCJIaMU: X1, X9, P1 U Po. Ecau us-
BECTHBI 3TH UeThIPe UMCJIa, TO Hallle OINCAHNE CUCTEMBI
U3 IBYX YACTUI] ABJIIAETCA HACTOJIBKO ITOJHBIM, HACKOJIBHKO
9TO BO3MOJKHO: 00JIbIIIE O Hell y3HaTh Heuero. HazoBem sTo

YHUCTBIM KJIaCCUUYECKHMM COCTOAHMNEM.
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YacTo, 0JHAKO, MBI He 3HAEM COCTOSHIE TOUHO, a 00J1a-
JIaeM JIUIIh BepoATHOCTHOM nuHpopmatnueii. Tak nadopma-
U MOYKeT ObITH 3aJJaHA IMJIOTHOCTHIO BePOSITHOCTHU

p(x1, X2, P1, P2).

Kiaccuueckoe yncToe cOCTOAHUE — 3TO IIPOCTO OCOOBIH
cJaydail IJIOTHOCTY BEPOATHOCTH, B KOTOPOM P UMeeT He-
HyJIeBOe 3HaueHNe TOJLKO B Of4HOI Touke. Ho B obIem
caydae p OyaeT pasMas3aHHBIM, U TOTA MbI OyJeM roBO-
PUTH O KJIaCCUUECKOM cMelranHoM coctossuuul. Korapa p
pasMasaHa, 9TO O3HAUaeT, UTO HAallle 3HAHMIE O CHCTeMe
HemoJHO. YeM cuIbHee OHa pa3MasaHa, TeM 00JIbIlle Hallle
He3HaHUe.

OaHO B 9TOM HpUMepPe AOJKHO OBbITH COBEPIIIEHHO OUe-
BHUIHO: €CJIX BbI 3HAETE YNCTOE COCTOSHIE AJIS 00 beInHeH-
HOU IBYXYaCTUUYHOM CCTEMBI, TO BbI 3HAETE BCE O KaXKIOM
yactuie. [IpyrumMmu cJIoBaMu, YHMCTOE COCTOSTHUE OIS IBYX
KJAacCUYeCcKUuX YacTHUIl IPeaIIojaraeT YMCcTOe COCTOSIHUE
IJI KaKIOM OTAEeJbHOM YaCTUIIHI.

Ho umeHHO 9TO He8epHO OJid 3alIyTAHHOU CUCTEMBI
B KBaHTOBOI MexaHuKe. COCTOSITHME COCTABHOI CHCTEMBI
MOJKeT ObITh a0COJIOTHO YNCTBIM, HO Ka)KIad U3 ee COCTAaB-
JISTIOIIUX JOJIJKHA ONMNCHIBATHCSA CMEIIaHHBIM COCTOSIHIEM.

Bosbpmem cucTeMy, COCTOAIIYIO U3 ABYX yacTeil A u B.

9TO MOTYT OBLITEH ABAa CIIMHA WJN Ji00as Apyras cocTaBHASA

1 Tlox pasmMa3aHHOCTHIO MBI IMEEM B BUIY TO, 4TO P(X1, X3, D1,
Pp2) OyIeTr HeHyJIeBbIM AJIA qUala3oHa apryMeHTOB, COLEePIKAaIero
0oJiee omHOTO 3HAUEHHUA. UeM O0JIbITIe ATOT UAaTla30H, TEM CUJIbHee
pasmasaHa p.
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cucrteMma. B ramHom cJIydyae MBI IIpearoJjgaraeM, 4To Anuca
nMeeT IIOJHYI0 THPOPMAIUIO O COCTOIHNA COCTaBHOI CH-

creMsl. [[pyruMu cI0BaMu, OHA 3HAET BOJTHOBYIO QYHKIIVIO
U(a, b).

B cocTaBHOII cricTeMe HEeT HIUETr0, YCKOJIb3HYBIIIETO OT ee
sHanug. [Ipu sTom Anrcy He mHTepecyeT B, HO OHa X04eT
y3HATh KaK MOJKHO 0oJibIlie 00 A, He IMOATIAIbIBAsI 3a B.
Omna BeIOUpaeT HaOd0maemyo L, KoTopasa mpuHaaIe:KuT A,
¥, KOT[Ia JeificTByeT, Huuero He nesaet ¢ B. IIpaBuio gisa

BBIUNCJIEHUA CPeJHEeIr'o SHaueHud L
(7.15)

o cux mop Bce 5TO UMeeT MaKCUMAaJIbHO 001y (opMy.
Opguako ecau Habaomaemas L cBa3aHa TOJBKO ¢ A, oHa
TPUBUAJBHO AefCTBYeT HA MHIEKC b, U BRIPAKEHNEe I

CpegHEero SHaYeHU A MOMKHO IIepelInucaThb TakK:
(7.16)

Temeps Anca MOXKeT BRIPA3UTh BCE CBOE 3HAHIE, 10 Kpaii-
Hell Mepe B TOM, YTO OTHOCHUTCS K m3ydeHUio A, B (hopme

MaTpPUIIHL P:
(7.17)

YauBuTenbHbBIM 06pasoM ypaBHeHue (7.16) umeer B TOU-
HOCTH TaKyio GopMy, Kak u (7.14) ni1a cpejHEro 3HAUEHUA
CMEIIIAaHHOTO COCTOAHMUA. B neficTBUTEIBHOCTU TOJIBKO

B OU€Hb CIIeIITMAaJIBHOM CJIyuae cenapa6eﬂbHoro COCTOAHUA
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p OymeT MMeTh BUJ IIPOEKIIMOHHOrO0 oneparopa. [[pyrumu
CJIOBaMU, HECMOTPS Ha TOT (paKT, YTO COCTABHASA CHCTEMA
ONMCHIBAETCS UAEATbHO YUCTHIM COCTOAHUEM, IOACUCTE-
Ma A JJOJI3KHA OMUCHIBATHCS CMEIIaHHBIM COCTOSHUEM.

EcTh TOHKUII MOMEHT, KacaloIluiicsa HaIllell cucTe-
MBI 0003HAUYEHUN I MATPUIGI IJIOTHOCTH, HA KOTOPBIM
CTOUT 00paTUTH BHUMAaHUeE: B ypaBHeHUU (7.17) mpaBblii
WHIEKC P, TO €CTh UHIEKC a', COOTBETCTBYET KOMILJIEKCHO
COLIPSAKEHHOMY BEeKTOPY cocTossHusi U*(a'b) mpu cyMMupo-
BaHUU. ITO CJIEACTBYE HAIIIEr0 COrJIallleHU s

Ly = (a|Ll|a’)

00 0003HAUeHU U 2JIeMEHTOB MaTpuIlsl oneparopa L. ITpu-
MEHsIS 9TO coTJIallleHune K

p = W) (¥,

IIojgydaeM

Paa = (a|V)(V]a’)

Paa = V(a)T*(a').

7.5. 3anmyThIBaHME JJIA ABYX CIIMHOB

Hpem;[e 4YeM BeCTH BaC JaJibIllle B MUD 3allyTaHHOCTH, A JaM
BaM IIPOCTOe oIIpeaesieHrne 1 KOPOTKOe YIIpaXHEeHUue OJIA

pasorpeBa. Ecinu y Annchl TOJBKO OJMH CIIMH HAXOLUTCS
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B I3BE€CTHOM COCTOAHHNU, €€ MaTpUIla IIJIOTHOCTHU OIIpeae-
JIdAeTCd TaK:

Paa = \IJ*(a')\Il(a) .

ITo ypaBHEHNE IT'OBOPUT, KAK BBIUNCJIUTD 9JIeMeHT AJu-
CHUHOII MaTPHUIILI ILIOTHOCTH. Ec/I MBI IpuAEP:KUBAEMCS
3HAKOMOTO HaM 0asuca 0,, KaKIbIA U3 UHIEKCOB a 1 a'
MOJKeT IPUHNMATDL 3HAUCHUS «BBEPX» U «BHU3», TAK UTO

y AJiuchl moJiyyaeTcsa MaTpulla IJaoTHOCTy 2 X 2.

YIIPAKHEHUNUE 7.4
Beruucinre MaTpUILy IIJIOTHOCTH IJIs

V) = afu) +8|d).

OrBer:

Temeps mopoOyiiTe IOACTABUTH BMECTO (v 1 3 KaKIe-

HuOy b unciaa. He 3a6yabTe, 4TO OHU SOJIMKHBI OBITH

orHOopMupoBausl Ha 1. Hanpuwmep, .
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ITOT IPOCTOM IPUMEP — XOPOIINI CIIOCO0 MOHATH CBOIi-
CTBa MaTPHUIILI IIJIOTHOCTH. BBl MOKeTe BO3BpAaIlaThCs
K HeMY II0 Mepe TOr'o, KaK MbI OyZeM paccMaTpuBaTh 0oJiee
CJIOKHBIE IIPHUMEPEI 3alIyTAHHOCTH.

HomycTrM, MBI 3Ha€M BOJTHOBYIO (DYHKIIHIO COCTABHOT'O

COCTOAHUA, HAIIPUMeED
Y(a, b),

HO Hac MHTEepecyeT TOJIbKO AsncuHa moacucreMa. [[pyrumu
CJI0BaAMHU, MBI XOTHM OTCJIEKUBATh BCE, UTO MOYKET 13Me-
puthb Anuca. Hamo 1y Bam 3HATEH BCIO BOJIHOBYIO (PYHKILIO?
Wnn ecTh KaKoO#i-TO CII0cO00 M30aBUTHCS OT II€PEeMEHHBIX
Bo6a? OTBeT Ha TTOCJIEJHUN BOIPOC — YTBEPAUTEIbHBIH;
MOJKHO IIOJIYYUTD IIOJIHOE OIKCcaHue A AJNCHI B TEPMU-
HaxX MaTPUIIbI IJIOTHOCTH p.

Paccmorpum Habaogaemyo L AJINCHHON CUCTEMBI.
Kak u gro0as mabiarogaemasi, oHA MOXKET, KOHEUYHO, ObITh

IIpeacTaBJieHa B BUJe MaTPUIbI:
La'b', ab = <albI’L’a’b>'

He 3a6n1BatiTe, 4TO IJI51 COCTABHOM CHCTEMEI I1apa ab — 9To
B IeMICTBUTEJILHOCTY OJNH UHIEKC, YKa3bIBAIOII I Oasuc-
HBII BEKTOD.

Korga mbe1r roBopum, «L — sT0 Habaogaemasa AJHCHI»,
MBI IOIpa3yMeBaeM, 4To L HuUKaK He BJIUAET Ha ITOJOBUHY
METKU COCTOSHUS, OTHOCAIINYIOCSA K Bo0y. 9To HakIaabl-
BaeT HEKOTOphIe orpaHnueHuda Ha popmy L. Maes cocrout

B TOM, 4TOOBI OT(HUIBTPOBATE (IPUPABHATH HYJIIO) JOObIE
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9JIEMEeHThI MaTPUIbl L, KOTOPbIe 3aCTaBISAIOT MEHATHCS
MIOJIOBUHY METKM COCTOSIHU A, OTHOCAITyI0CA K Booy. IIpy-
TUMHU cJIOBaMu, L mMeeT clielaJIbHBIA BUT,

La'b',ab = La'a6b'b- (7 18)

ITo BHEIIIHE IIPOCTOEe YPpaBHEHNEe TPpeOdyeT HeKOTOPHIX II0-
ACHEHHI, 1 BAM MOKET IIOHAJO0UThLCA BePHYThLCA K MaTe-
puaay o TeH30PHBIM IIPOU3BEeHUSIM B KOMIIOHEHTHOM
dopme, U3JT0KEHHOMY B MHTEPJIIOINN O TEH30PHBIX IIPO-
n3BeneHUAX (paszes 6.1). B seBoii uacTu 9TOro ypaBHeHUA
CTOUT 3JieMeHT MaTpuisl 4 X 4. KaabIii 13 ero IBYX NH-
IeKCOB MOJKET IIPUHUMATh YeThIpe Pa3JINUHbIX 3HAUCHUA:
uu, ud, du, dd. A 9T0 MOKHO CKasaTh O IIpaBoi yacTtu?
MarpuuHnbiii as1eMeHT L, UMeeT 1Ba UHIeKca, HO KasK bl
W3 HUX MOXKeT IPUHUMATh TOJbKO ABa Pa3JIUYHBLIX 3HA-
yeHHnA: u nan d. PaxTuuecKku 0yKBa L MCIOJIb3yeTCs I
0603HaquI/IH ABYX Pa3/IMYHBIX MaTPHUIL B PpadHbBIX YaCTAX
ypaBHeHus (7.18).

Ha mepB&Iii B3TJIAL MOYKET IIOKA3aThCA, OYATO MbI IIPH-
paBHuUBaeM mMaTpuny 4 X 4 u matpuny 2 X 2, 1 3T0, KO-
HEYHO, ObLIO ObI IIpobyeMoii. OJHAKO MHOMKIUTEJID Oy BCE
MPUBOIUT B MOPANOK. UieH L,, Opp ABIAETCA 3JIeMEHTOM
TeH30PHOT'0 IIPOU3BEeIeHNA ABYX MaTpuil 2 X 2, a Taxoe
TEH30pHOE IPOU3BeJeHe KaK pas3 1 ecTh MaTpunia 4 X 4.1

Bot kak cienyer moHuMarh ypaBHernue (7.18):

1 Ero Takske MOYKHO Ha3bIBATh KPOHEKEPOBCKUM IIPOU3BEICHUEM,
MMOCKOJIBKY MBI TOBOPUM O MaTpuiiax. @opMaibHbIe PA3TUUUS I
HAIIWX IeJieil HeCyIecTBeHHBbI.
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Mampuyy 4 X 4 Ly qp MOHCHO npedcmasums KAK mem-
30pHOe npousgederue 08yx mampui, 2 X 2: Ly, 1 Oy, 20e
Opp — 2KBUBANIEHM eQUHUYHOU MampuubL 2 X 2.

Teneps naBaiiTe BEIYKCINM cpenHee 3HaueHue L (B Bepcuu
4 X 4), NCIOAb3YsA BCIO TEXHUKY PAOOTHI C COCTABHBIMU

CucreMaMu.

Kak s npenymnpesxaai, I0JIy4aeTcsa MHOKECTBO HHIEKCOB.
Ho Bce ympoimaercs, ecjiu UCIOJIb30BaTh CIEIIUATbHYIO
dopmy marpunst L. MHOKUTENH Oy, B ypaBHeHUY (7.18) —
neabTa-cuMBOJ Kporexkepa — oThUIBLTPOBLIBAET BCE dJIe-
MEHTBI, KOTOPbIe MEHAIOT IIOJJOBUHY METKM, OTHOCSII[Y-
ocst K BoOy, 1 ocTaBiisgeT BCce OCTAJIbHBIE HETPOHYTHIMMU.

OH mpeamuchIBaeT HAM IIPUPABHATL b' = b U MOJMYUYUTh
(7.19)

Ha Bpemsa 3a0ymem 0 cyMMUPOBAHNI IO @ U &' 11 COCPEIOTO-
yumMcd Ha cymMmMupoBaHuu 110 b. IIpu aToM MBI BCTpeTUMCA

C BeJINUNHOA
(7.20)

dTa MaTpuIia Py, pasMmepom 2 X 2 ABAsgeTCI AITUCUHON
maTpulieit miorHoctu. O6paTurTe BHUMAaHUeE, UTO Py, HE
3aBUCUT HU OT KaKOT0 b-UHAEKCa, MTOCKOJIbKY II0 UHEK-
cy b y:Ke BBIIIOJIHEHO CYMMUPOBaHME. ITO B ULCTOM BUE

GYHKINA AJINCUHBIX IIePeMeHHLIX a U a'. PakTuuecKu
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MbI COXPaHUJIN 0003HAUeHUE b B 9TOM yPaBHEHUH TOJIBKO
JIJISI TOTO, YTOOBI Jierde OBLIIO pa3dmpaThCsa C IIPUIMEPOM 13
cJIeIYIOIEero pasnaeia.

Ypasuerue (7.19) MOYKHO YIIPOCTUTH, IIOCTABUB P,y U3
ypaBHeHusd (7.20). Cpennee sHauenue L (B Bepcuu 2 X 2)

BbhIpaiXaeTcd Torma Tak:
(7.21)

IIpocymmuposBas 110 b, MbI cikaiz MaTpuity 4 X 4 mo maTpu-
el 2 X 2. B aTOoM ecTh cMbIcja. MBI O:KKgaeM, UTO oIlepa-
TOpP, AEHCTBYIOINI Ha COCTABHYIO CUCTEMY, TOJIJKEH ObITh
marpuiieii 4 X 4, 1 MbI OJKHUaeM, UYTO AJICHUH OIepaTop
oyzmer 2 X 2.

OOpaTruTe BHMMAaHNe, UTO IpaBas YacThb ypaBHe-
Hud (7.21) aBideTca CyMMOU JUAarOHATHHBIX 9JIEMEHTOB
maTtpuilbl. [pyrumm caoBaMu, 9To caex MmaTpuns! pL, Ko-

TOPBIN MOYKHO 3allCaTh KaK
(Ly=TrpL.

YPOK COCTOUT B CJIAYIOIIEM: IJIA BBIYUCIEHUSI AJTNCUHONR
MaTPpUOBI IIJIOTHOCTHU P HAM HYMHO 3HATH IIOJIHYIO HOBYIO
(GYHKIINIO, BKJIIOUASA 3aBUCHIMOCTD OT IIepeMeHHbBIX Boba.
Ho xak TOJIBKO MBI 3HaeM P, MOKHO 3a0bITh, OTKYZA MBI
ee MOJYYNJIN, ¥ NCII0JIL30BaTh €€ AJIA BEIUNCIeHUS JI00BIX
Anucunbix HaOIIOgaeMbIX. B KauecTBe MpocTOro IIpuMepa
MOJKHO HMCIIOJI30BAaTh P JJIA BHIYUCJIEHUA BEPOATHOCTH

P(a) Toro, uro AnncrHa CUCTEMa OCTAHETCH B COCTOSHUH 4,

240



Jlekyma 7. Ewe o 3anyTaHHOCTY

€CJIU BBIIIOTHUTH udMepeHue. [lna onpenenenus P(a) Mbl
HauHeM ¢ P(a, b) — BepOATHOCTH TOTO, YTO COCTABHAA CHU-

cTeMa HaXOJUTCSA B COCTOAHUH |ab). ITO mIpocTo:
P(a,b) =V*a, b)¥(a, b).

Ilo cTanmapTHLIM IpaBUJIAM AJIA BEPOATHOCTH, €CJIU CYM-

MUPOBATH 110 b, MOJTYUUTCA BEPOATHOCTD IJIA A:

aTo IIPOCTO IIII/IaI‘OH.‘:':UIBHE)II;’I 9JIEMEHT MaTPHUILbI IIJTIOTHOCTH
P(a) = pgq- (7.22)

Bor HeKoTOpHBIE CBOMCTBA MATPUIL IJIOTHOCTH.

+ MaTpuiibl IJIOTHOCTH 3PMUTOBLIL:
—_ *
Paa' = P a'a-
» Cuenm maTpUIlbI ILIOTHOCTH paBeH 1:

Tr(p)=1.

VYpasuenue (7.22) J0IKHO IIOMOYb 9TO IOHATH, IIOCKOJIBKY

JieBad 4acCThb 3eCh ABJIAETCA BePOATHOCTHIO.

+ Bce cobGcTBeHHBIE 3HAUCHUS MAaTPUILI IIJIOTHOCTH TO-
JOMKUTeJNIbHBIEe uncia B guamnaszone or 0 o 1. Orcioga
cJenyeT, UTO eCJIM OJHO 13 COOCTBEHHBIX UKCeJI PaBHO 1,
TO BCce ocTajbHbIe paBHEI 0. YaacTes Jiu BaM UHTepIIpe-

THPOBATH 3TOT PE3yJIbTAT?
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° I[JIH YHUCTOI'O COCTOAHMA:

° ILJIH CMEIIaHHOI'O NN 3allYyTaAHHOI'O COCTOAHMA:

p2#p,
Tr(p2) <1.

JlBa mocyieTHUX CBOMCTBA MAIOT ACHBIA MaTeMaTUYeCKUN
coco0 pasInvyaTh YMCThIE U CMEeITaHHble cocToaHuA. [loa-
crcTeMa 3alyTaHHOI'O COCTOSHUSA (Bpoje AJVCUHON IO-
JIOBUHBI CUHTJIETHOI'O COCTOSHUS) PACCMaTPUBaeTCA KaK
CMeIlIaHHOe COCTOSIHIE.

TyT cTOUT HEMHOTO 3a/IepP:KaThCs, YTOOLI MOJIYUIIIe
YSCHUTB cebe 5THU aBa cBoiicTBa. /I yIPOIeHUs Ipes-
IIOJIOXKUM, UYTO p — AUaroHaJIbHAd MaTpUIla, IPYyTUMU
CJIOBaMU, BCe ee HelaroHaJbHbIE 9JIEMEHTHI PABHBI HYJIIO.
ITo yIpoIlleHie HUYero HaM He 0yJeT CTOUTh, IIOCKOJIbKY
p — 9PMUTOBA, a 9PMUTOBBI MATPUILHI, KAK MBI YK€ BbI-
SCHUJIN, MOTYT OBITH IIPHBEIEHBI K JUATOHAJBHONI (hopMe
B HeKoTopoM Gasucel. BosBecTu B KBaJpaT AUaroHaJIbHYIO
MaTpPHUIy OUYeHb IIPOCTO: BCE, UTO HYKHO, 3TO BO3BECTU
B KBaJpaT KasKIbIi ee OTAeJIbHBIN 3J1eMeHT. IIoCKOIBKY p
IpencTaBJseT CMEIIaHHOEe COCTOAHNEe U TUaroHaJbHbIe

DJIEMEHTHI p JOJYKHBI B CyMMe JaBaTh 1, HUKAKOIL U3 gua-

1 Kak y»Ke yIIOMUHAJIOCh B pasgeie 7.2, spMuToBy matpuny M
MOJKHO AMArOHAJIU3UPOBATH C IIOMOIIbIO TpeobpasoBauusa PTMP,
roe P — yHuTapHad MaTpuIia, CTOJIOIBI KOTOPOH ABIAIOTCA HOP-
MHUPOBaHHBIMU COOCTBEHHBIMU BEKTOpaMu M.

242



Jlekyma 7. Ewe o 3anyTaHHOCTY

FOHAJBbHBIX 9JIEMEHTOB P He MOKeT ObIThH pager 1. B mpo-
TUBHOM CJIy4Yae p mpeAcTaBaANa ObI YMCTOE COCTOSAHUE.
Takwum oOpasoM, p ZOYKHA UMETh KAK MUHUMYM JBa
TMOJIOKUTEJbHBIX JUATOHAJBbHBIX 9JIeMeHTa MeHbIe 1.
BosBensa aTu ajieMeHTHI B KBaJApaT, MbI IOJYUYUM HOBYIO
MaTPUILy p2, 3JIeMeHTBI KOTOPOi1 elfe MeHbIte. OTcroma

BBITEKAIOT 00a CBOMCTBA P IJIsI CMEIIaHHOTO COCTOAHUA.

IIpexxkme ueM mepediTH K CJAEAYIOIEMY YOPaKHEHUIO,
s HAIIOMHIO eIlle 00 OJHOI BeIly, OTHOCAIIEeNCA K Caeny.
OxkaswIiBaeTcs, cjaen obaagaeT MHOMKECTBOM MHTEPECHBIX
MaTeMaTHYecKux csoiicTB. Cpelu HUX OJHO M3 CAMBIX
IIOJIE3HBIX COCTOMUT B TOM, UTO CJieJ IIPOU3BEAECHUA ABYX
MAaTPHIL He 3aBUCUT OT IIOPAIKA NX IepeMHOKeHusa. Haue

roBops,
TrAB = Tr BA,
Iake ecau

AB + BA.

1 ymoMmuHaio 00 9TOM, IIOCKOJIBKY MHOTIa BaM OyAeT BCTpe-
YaThCs 3allUCh CJIeJ]a MaTPUILLI IIJIOTHOCTU B Buge Tr Lp

BMecTo T'r pL. 9T JABa BbIPAKEHUA S9KBUBAJIEHTHEI.

YIIPAKHEHMUE 7.5

a) ITokaxxkure, 4TO
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6) Temepb ZOIYCTUM, UTO

Brruucaure

p2,
Tr(p),
Tr(p?).

B) Ecau p siBnsieTcss MaTpuIleil IIOTHOCTY, IPEJ-

CTAaBJISIET JIX OHA YMICTOE COCTOSIHNE I CMeIllaHHoe ?

YIIPAKHEHMUE 7.6

Ucmonbayiite ypaBuerue (7.22) 1yis1 [eMOHCTPAIINT

TOT'0, UTO €CJIU P ABJIAETCA ManHHeﬁ IIJIOTHOCTH, TO

Tr(p)=1.

7.6. KoHKpeTHBII IpUMep: BHIYUCJICHHE
AnMcuHON MATPUIBI IIJIOTHOCTHU

Ho cux mop obcysKaAeHre MaTPUIL IJIOTHOCTY HOCUJIO JJISA
HEKOTOPBIX UUTATEJIEH NSJIUIITHE a0CTPAKTHBIA XapaKkTep.
Ceituac MBI pACCMOTPUM IIPUMEDP, KOTOPBIH TOJIFKEH CII0CO0-

CTBOBATH OoJIee OTYETJINBOMY UX IIOHMMaHHNIO. Bcmomuum
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ompeneseHue AJIVCUHON MaTPUIBI IIJIOTHOCTH B ypaBHe-
Huu (7.20):

(7.23)

Tenepb pacCMOTPUM BEKTOP COCTOSIHUS

O6paTuTe BHUMaHIE, YTO ABa 0a3MCHBIX BEKTOPA B3SATHI

1
C Koa(ppuiimeHTOM ﬁ , BTO BpeMd KaK Apyrue 1Ba UMeT

Koa(umnuesT HOJb. COCTOSAHIIE HOPMUPOBAHO, IOCKOJIBKY
cyMMa KBaapaToB Koa(pumnuentos paBHa 1. Tak:ke Bce
4 xos((puIeHTa OKA3aJNCh BEIIeCTBeHHBIMI, UTO YIIPO-
I1aeT IPOoIecC KOMILJIEKCHOIO COIPSIKeHM .

Beruncaum AnucuHy MATPUILY ILIOTHOCTH JJIS 9TOTO
cocroauusa. IIpexxae Bcero Ajas BceX BO3MOXKHBIX a U b
oupenenum 3unavenusd V(a, b). HamomHuio, 4TO 9TO IPOCTO

Koa(hpuImeHTH IpY 0Aa3UCHBIX BEKTOPAX:

ITajee, UCIOJIB3yEM 9TH YeThIPE YPABHEHUS [JI BBIUKC-
JICHU S KaKI0T0 3JieMeHTa AJIMCUHON MAaTPUILLI IVIOTHOCTH,
BBIMIOJIHSAS CyMMupoBaHue 1o popmye (7.23). PackpbiBas
cymMMmy, oOpaTuTe BHUMAaHUE, YTO B BhIpaskeHuu V(a, b)
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U(a', b) cocrosiaure Bo6a ofuHAKOBO i 060X MHOMKU-
Tesieii. MBI oTOpOoCUIIM BCe UJIeHBI, KOTOPHIE He 00JI1afaioT
9TUM CBOMCTBOM. B 9TOM CMBICJ «IpUpPaBHUBAHUA b' u b

Ipu cyMMUPOBaHUM» . ITak, pacKpPbIBaeM CyMMBbI:

IATU 3HAUEHUS ABJISAIOTCA dJIeMEeHTaMU MATPUIIBI 2 X 2:

(7.24)

Cuieq 5TOM MaTPUILLI PaBeH equHuIe. 11 MAaTPHUIBI ILIOT-
HOCTH 5TO TOLUTCL.

YIIPAKHEHMUE 7.7

IIpumenure ypaBHeHue (7.24) ns BEIUYNCIEHUA
p2. KakuM 00pasoM aTOT Pe3yJIbTaT HOATBEPIKIA€ET,
YTO p IPECTABJAET 3ayTaHHOe cocTossHne? Bekope
MBI OTKPOEM, UTO CYILECTBYIOT JPYTHE CIIOCOOLI IIPO-

BE€PKM Ha 3aITyTAHHOCTb.

1 ApTr — HEeMHOrO II03T, HO OH 00 5TOM [Jaxke He JOraJblBaeTCsd.
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YIIPAKHEHMUE 7.8

PaccmoTrpure cieqyiomue COCTOSHMAI:

J 1 KayKI0oT0 U3 HUX BEIUMCJINTE MATPUITY IJIOTHO-
ctu Asnchl ¥ MaTpuIly mioTHocTu Bo6a. IIposepnTe
nX CBOMCTBA.

7.7. IIpoBepka Ha 3aTyTAHHOCThH

ITomycTuM, A 32427 BaAM BOJTHOBYIO (DYHKITHIO
U(a, b)

LI COCTaBHOUM cucTeMbl S,p. Kak BBl MOXKeTe ompeje-
JINTH, SIBJISAETCS JIL COOTBETCTBYIOIIlEe COCTOSAHME 3aIy-
raunHbIM? 1 rOBOPIO He 00 SKCIIepUMeHTaJIbHOM IIPOBEPKe,
HO 0 MaTeMaTuueckoii mporeaype. C aTuM cBA3aH BOIIPOC
0 TOM, CYII[eCTBYIOT JII PA3JINYHbIe CTEIIeH! 3allyTAHHOCTH.
U ecsiu CyIiecTBYIOT, TO KaK UX MOXXHO KOJHMYECTBEHHO
0XapaKTepu30BaTh?

3anmyTaHHOCTb — 9TO KBAHTOBOMEXaHUYECKOoe 000011ie-
HUe Koppeasanuu. [[pyrumu ciioBamMu, oOHa yKa3bIBaeT Ha

TO, UYTO AJnca MoKeT Koe-uTo VY3HATh O IIOJIOBNHE CHCTEMBI
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Boba, namepsas ToabKO0 CBOIO cOOCTBeHHYIO mosoBuHY. Ha
KJIACCUYECKOM IPUMepe B MIPEeABbIAYIIel JeKIIU! I IPOo-
WJLJIIOCTPUPOBAJ 3TY UAEI0 KOPPEJAIUY C UCI0JIb30Ba-
HueMm MoHeT. Eciu Ajnca Hab0gaeT MOHETY, KOTOPYIO
el Bpyuusa Yapau, oHa He TOJIBKO 3HAET, JOCTAJICA el
IEeHT UJU NeCATUIEHTOBUK, OHA TaKiKe 3HaeT, KaKyIo
MOHeTY HoJayun Bo6. 3To sKcnepruMeHTAIbHAS CTOPOHA
mesa. MaTeMaTnyecKUM yKasaHUeM Ha KOPPEIAIUIO
ABJIETCA TO, UTO pacupernesienue BepoaTHoctu P(a, b)
He PaCcKJIaJbIBaeTCA HA MHOXKUTEJNH (TO €CTh He MOXKET
OBITH IPeACTaBJIeHO KaK B ypaBHeHuu (6.3)). Becerza,
KOr[a pacmupeqesieHre BepOATHOCTY He (paKTopuayercH,
CYIIeCTBYET HeHyJieBasA KOPPEJAIlns, ONucaHHasd MHOO
B HepaBeHCTBe (6.2).

7.7.1. KoppeadainuoHHbIi TECT Ha 3aIIlyTAHHOCTH

ITlyers A — Anucuna mabaomaeMasi, a B — mabiogaemas
Boba. Koppenamnusa Me:xK oy HIMHA OIIPeeIsieTCs uepes Cpe-
HYe 3HAUeHNA (TaKiKe Ha3bIBaeMble OJKU/JaeMbIMU 3HAUEHH -

HMI/I) OTOEeJIbHBIX Ha6JIIO,Z[aeMBIX 1 X IIPOU3BEAECHUA. HYCTB

(A),
(B),
(AB) —

aTo cpenuue 3HaueHus. Koppeasuusa C(A, B) mexxay A uB

ornpenesdeTcd KakK

C(A, B) = (AB) — (A)(B).
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YIIPAKHEHMUE 7.9

Bssas ai00yio Habaogaemyio Anncekl A u Habaoga-
emyio Boba B, moxakure, 4TO AJId cerrapabdeIbHOTo
cocroaHuda Koppeaamnusa C(A, B) paBHa HYJIIO.

W3 sToro ynpaskHeHUsA Mbl MOKEM KOe-uTO y3HATh O 3a-
nyTeiBaHUU. Ecam cucTeMa HaXOOUTCA B COCTOAHUM,
B KOTOPOM MOJKHO O0HApPYKUTh, UTO KaKue-Jmndo JBe Ha-
6arogaemsle A u B koppesnuposansl (To ects C(4, B) #0),
TO TaKO€e COCTOSAHME ABJAETCA 3allyTaHHBIM. KoppeJis-
WU TI0 OIPeIeJIEHUIO JIeKaT B AuanasoHe oT —1 mo +1.
I9THu mpenesbHbIE 3HAUEHUSA IIPEeNCTaBJAAI0T cCO00M HaM-
BBICIIIIE BOBMOJKHBIE KOPPEAANNU — OTPHUILATEIbHYIO
U TIOJIOXKUTENbHYI0. YeM 60JIbIlie a0COTIOTHAS BeJIUYNHA
C(A, B), Tem 0oJiee 3aIyTaHHBIM SBJISAETCA COCTOSHUE.
Ecau C(A, B) = 0, To HUKaKO# KOppeadanuu (1 HUKaKOoro

3alyThIBAHUSA) HET.

7.7.2. IIpoBepka MAaTPHUIBI IJIOTHOCTH
Ha 3aIIyTAaHHOCTH

[ BRIUNCIEHUS KOPPeadanuii BaM HYKHBI 3HaHUA 00
obenx — Boba 1 AJncel — YacTsaX CUCTEMbI, HAPSALY C BOJI-
HOBOM (hyHKI[Hell Bcell cucTembl. Ho ecTh APYyTroil TecT HA
3aIllyTaHHOCTb, KOTOPHI TpebyeT 3HATH TOJILKO MaTPUILY
mwroTHocTy Asucs! (unu Bob6a). omycrum, uro |V) aBis-
eTcdA cenapabeJbHBIM COCTOAHUEM, IIPUUYEM MHOMKUTEIH

Bo6a — |p), a MmHOKUTENb Asricel — |V}, OTO 3HAYUT, UTO
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COCTaBHAasA BOJITHOBAA (PYHKIIUA TaKKe ABJIAETCA IPOU3Be-

JeHneM MHOKUTe NI Boba 1 MHOKUTE I AJINCHI:
Y(a, b) =Y(a)p(b).

Temeps BEIBEZIEM MAaTPUILY ILJIOTHOCTHU AJinckl. Bocmoabao-

BaBIINCh onpenesnenuem (7.20), moxydaem

Ho ecau cocroanue Boba HopMupoBaHHOE, TO

4ToO meJsiaeT MaTpPUILy IIJIOTHOCTHU AJICHI NCKJIIOUNTEIBHO

IPOCTOI:
(7.25)

O6paTuTe BHUMAaHHE, UYTO 9TO BEIPAKEHNE 3aBUCUT TOJIb-
KO OT AJIMCUHLIX IIepeMeHHbIX. BO3MOXKHO, He TaK YK
U YAUBUTEJIbHO, UTO BCE HeoOXoauMoe 3HaHme 00 Au-
CUHOI CHUCTEME COJNEPIKUTCA B AJTMCUHONU BOJTHOBOU
PyHKIUU.

Teneps a cobuparch JO0Ka3aTh KJIIOUEBYIO TEOPEeMY
o CO6CTBeHHBIX qucJiax AJIPICI/IHOﬁ MATPHUIIBI IIJIOTHOCTHU
B IIPEAIOJOKEHNN, UYTO COCTOSIHIIE CICTeMBbI cerrapabeib-
Hoe. TO BEPHO TOJbKO MIJI He3allyTaHHBIX COCTOSHUN
U CAYIKUT AJA UX uaeHtTuduranuu. TeopeMa yTBepK-
IaeTr, 4YTO AJisA JIIo60oro cemapabeabHOr0 COCTOSIHUS Ma-
TpuIa mIoTHOCTH Ajuckl (uau Bo6a) mmMeeT pOBHO OJHO

HeHyJieBoe cobcTBEHHOE 3Ha4YeHue, 1 OHO B TOUHOCTHU
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paBHO 1. MBI HAaUHEM [OKa3aTeJIbCTBO TEOPEMEI C TOTO,
4YTO 3alullleM BbIpa'keHUe AJd COOCTBEHHBIX 3HAUEHUN
MaTPUIBI P:

Hdpyrumu cioBamMu, MaTpuiia p feficTByeT Ha BEKTODP —
cToJIOell (v, JaBas TOT K€ CAMbIIl BEKTOP, VMHOMKEeHHBIH
Ha coOcTBeHHOE Ymcao . Mcmoab3ya npoctyoo dopmy p

n3 ypaBHeHUd (7.25), MOKHO 3aIucaTh
(7.26)

Temepb MOKHO 3aMeTUTh ITapy MOMeHTOB. IIpesxae Bcero,

BeJIMYMHA

VMeeT BUJ BHyTPEHHero Ipou3BeaeHnsa. Eciiu BeKTop-CToJI-
Oer o oproronasies U, To jeBad yacTs ypaBHeHus (7.26)
paBHa HyJf0. Takoil BEKTOP ABJAETCSA COOCTBEHHBIM BEK-
TOPOM p ¢ coOCcTBeHHBIM umciiom 0.

Ecau pasmepHOCT: AJIMCHHOTO IIPOCTPAHCTBA COCTOS-
Hui paBHa N4, TO cyimecTByeT Ny — 1 BEKTOPOB, OPTOTO-
HaJabHBIX V. KK IbIH 13 HUX SBJISIETCA COOCTBEHHBIM BeK-
TopoM p ¢ cobcTBeHHBIM yncyiom 0. [TosTomy ocraercs ogaHO
eIMHCTBEHHOE BO3MOKHOe HallpaBJIeHMe IJIsI COOCTBEHHOI'O
BEKTOPA C HEeHYJIeBBLIM COOCTBEHHBIM UKCJIOM, & UMEHHO
BeKTOp V(a). PaKTUUYECKH €CJIU OTCTABUTD Oy = ¥(a), MBI
IeCTBUTEJILHO OOHAPYKUM, UTO 3TO COOCTBEHHBIA BEK-
TOP P C COOCTBEHHBIM YmCJIOM 1.
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PestoMupyto J0Ka3aTeIbCTBO TEOPEMBI: €CJIU COCTAB-
Hag cucrteMma Ausnckl m Boba HaxonuTCA B cernapadeIbHOM
COCTOAHUMU, TO MAaTpuIa miIoTHocTH Anucel (uau Bob6a)
UMeeT OHO U TOJHKO OJHO cOOCTBEHHOE 3HaUeHNEe, PaB-
Hoe 1, a Bce ocTaJibHBIE PaBHBI HYJIIO. Bojee Toro, cob-
CTBEHHBI!I BEKTOP C HEHYJEBbIM COOCTBEHHBIM 3HAUYEHU-
eM — 3TO He UTO NHOe, KaK BOJHOBASI PYHKIMA AJTMCUHONA
IIOJIOBUHBI CUICTEMBEI.

B aTom ciyuae AnucuHa cucTeMa HaXOJAUTCS B YMCTOM
cocroaHuu. Bce AnrcrHbBI HAOJIIONEHUA ONNCHIBAIOTCA
Tak, Kak ecau ObI Boba ¢ ero cucreMoii HUKOrjga He Cy-
IITeCTBOBAJIO, U cUcTeMa AJIMCHI OMUCHIBAETCSA BOJTHOBOM
byuxnueit V(a').

ITonHOT TPOTUBOIIOJIOKHOCTHIO YUNCTOTO COCTOAHMUSA
ABJIAETCA MAKCUMAJLLHO 3aNYyMAaHHOe COCTOSIHUIE. ITO
TaKoe COCTOSHIE COCTABHOM CUCTEMBI, B KOTOPOM HUYETO
HEU3BECTHO O COCTABJAMIINUX ee IMOJACUCTEMaX, HECMOTDA
Ha HAJWYe MOJIHOTO — HACKOJBKO IT03BOJIAET KBAHTOBAA
MeXaHuKa — ONHCAHUA cucTeMbI B meqoM. CocTosasHmMe

|sing) — »TO MaKCHUMAaJIbHO 3aIIyTAHHOE COCTOSTHYE.

FKorpa Annca BeIYucIgeT CBOI0 MAaTPUITY IIJIOTHOCTH JIJIS
MaKCUMAJbHO 3aIIyTAHHOTO COCTOSHM A, OHA OOHAPY KUBaeT
HeUTO KpaiiHe pa3zoyapoBBLIBAIOINEe: MATPUILA TIJIOTHOCTH
IIPOHOPIIMOHATbHA eIUHNYHOII MaTpuile. Bce coOcTBeHHbBIE
3HAUEHUA PABHBI MeXKAY cO00i, 1, MOCKOJBKY, B CyMMe
OHU JaIOT eAMHUITY, KasKaoe u3 Hux paBHO 1/N 4. Ipyrumu

cJIoBaMHU,
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. (7.27)

ITouemy Anmuca pasouapoBana? BepHurech K ypaBHe-
Huio (7.22). OHO TOBOPHUT, UTO BEPOATHOCTH AJI KOHKDET-
HOTO COCTOAHUSA (. — BTO AUATOHAJBHBIN dJIEMEHT P, HO
ypaBHeHue (7.27) rOBOPUT HAM, UTO BCE 3TU BEPOATHOCTH
paBHBI MesKAy coboii. UTo MoxkeT OBITH MeHee HHMOpMA-
TUBHBIM, UeM paclpeeieHre BePOsITHOCTH, HACTOJbKO
0ecCTPYKTYPHOE, UTO JJa’Ke BCE BOBMOYKHBIE MCXObI PABHO-
BE€POATHBI?

MakcumanbHOe 3aITyThIBAHTE TOAPa3yMeBaeT MOJTHYIO
moTepro nHGoOpMaIuu 00 AJTUCUHOIM TTOICUCTEME JIJIST DKC-
IepPUMEHTOB, KOTOPhIe 3aJefCTBYIOT TOJILKO 3Ty HOACH-
cremy. C Ipyroii cTOPOHBI, 5TO IIOAPaA3yMeBaeT CUIbHYIO
KOPPeJaIinio Mex a1y usMmepenuamu Ajnncel u Boba. [[aa
CHUHTJIETHOT'O COCTOAHUA, ecau Ajca u3MepHUT J00YI0
KOMIIOHEHTY CBOEro CIIMHAa, OHAa aBTOMATHUYECKHN Y3HAaeT
pesyJIbTaT, KOTOPBIi moJryuni 661 Bo0, eciiv ObI OH M3MEPHII
Ty K€ caMy0 KOMIIOHEHTY CBOETO CIIMHA. ITO UMEHHO TaKoe
3HaHMe, KOTOPOro He OLIBAET B cellapadeIbHBIX COCTOAHMIAX.

Tak 4TO B KayKJOM THIIE COCTOIHUI OHYU BEIU Ipe]-
CKa3yeMBbI, a Apyrue HeT. B cemapabeIbHOM COCTOSHUU
MOJKHO JTeJlaTh CTaTUCTHUUYECK e ITpeIcKasanusa 00 nsMepe-
HUAX, BBIIOJHAEMBIX B KayKI0! OTIEJILHON IOACUCTEME,
HO AJIMCUHBI U3MEPEHN I HUUEro He T'OBOPSAT O IO CHCTeMe
Bob6a. C gpyroi cTopoHbl, B MAKCUMAaJbHO 3aIyTAHHOM
cocToaHUM AJrica He MOKeT IIpecKa3aTh HUUero OTHO-

CUTEJHHO CBOUX COOCTBEHHBIX 1/13MepeH1/1171, HO OHaA O4YE€Hb
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MHOI'O 3HAET O CBA3W MEXKIY ee pe3yabTaTaMU 1 Pe3yJib-
rTaramu boba.

7.8. IIpouecc uamepeHus

MpsI BuAeIn, YTO KBAHTOBLIE CHCTEMbI N3MEHAIOTCS pas-
JIMYHBIMHU CIIOCO0aMM, KOTOPhIE BRITJIAAAT B3aIMHO HECO-
BMECTUMBIMH: IIOCPEACTBOM YHUTAPHOM 9BOJTIOINN MEKIY
M3MepPeHUIMH 1 ITyTeM KOJLJIallca BOJTHOBOU (DYHKIIUY B MO-
MEHT, KOTZIa COBepIllaeTcsA u3MepeHne. ITo 00CTOATEILCTBO
IPUBEJO K OJHOM M3 CaMbIX HAIIPAMKEHHBIX TUCKYCCHUH
M MHOKeCTBY COMBAIOIINX C TOJIKY YTBEP:KISHUH O TAK Ha-
3BIBAEMOI peaIbHOCTH. 1 cOOMPAarOCh AEPIKATHCA ITOJATIBIIIE
OT ATOI IIOJIEMHUKH 1 IOOJIMKe K paKTaM. ¥ 3HaB O TOM, KaK
paboTaeT KBAaHTOBAas MEXAHUKA, BbI MOJKETE PEINThb HJIs
cebs, BUAUTE JIU BHI 3[eCh KaKYIO-TO IpobJiemy.

Haunewm ¢ 3ameuanus o ToM, 4TO Ji000e n3MepeHue 3a-
TparuBaeT cuctemy u npubop. Ho ecyi KBaHTOBasA MeXaHU-
Ka SIBJISIeTCS HeIIPOTHUBOPEUMUBOIL TEOPHE, TO JOIKHA OBITE
BO3MOJKHOCTH O0BLEIMHUTh CUCTEMY U IPUOOP B €IUHYIO
6osiee kpyuHyIo cucremy. ITpu6op A — TOT »Ke, UTO MBI HC-
TOJIB30BAJIM B CAMOI IIePBOI JeKInl. B oKoIke mpudopa
MO2KeT OBITH TPU Pa3JIMUHbIX TTOKas3aHnusa. [lepBoe — mycroe,
IIPeICTaBJISIOIIEee HENTPATBLHOE COCTOSTHUE IPMUOOPa, 0 TOTO
KaK OH BOIIIeJI B KOHTAKT CO CIIMHOM. /[Ba Apyrux mmokxasa-
HUS — 5TO IBA BO3MOMKHBIX 1cXoma uaMmeperus: +1 um —1.

Ecan npu6op sABJIAETCSA KBAHTOBOI CHCTEMOH (KOHEUHO,

OH JIOJI’K€H €0 OBbITh), TO OH ONHMCHIBAETCS IIPOCTPAHCTBOM
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Jlekyma 7. Ewe o 3anyTaHHOCTY

cocToAgHMH. B mpocreiinemM onucaHuy MpuOop MMeeT POBHO
TPHU COCTOSHUA: IIyCTOE COCTOSHYE U IBA COCTOSAHUS C VC-
xomamu usmepennii. Taxum odpasom, 6a3MCHBIE BEKTOPEI
IJis Ipubopa

b},
|+ 1},
- 1.

Memny TeM 0a31CHBIE COCTOSHUS CIIMHA MOMKHO Iapeacra-

BUTH OOBIYHBIMY COCTOSHUAMU «BBEPX» U «BHU3» .

W3 aTtux ABYX HaﬁopOB 0a3MCHBIX BEKTOPOB MBI MOJK€EM II0-
CTPOUTH COCTaBHOE IIPOCTPAHCTBO COCTOAHUM (TeH30pHoe

[IPOM3Be[eHNE ), NUMEIOIIee 1I1eCTh 0a3NCHBIX BEKTOPOB

lu, b),
lu, +1),
d, ~1),
d, b),
|d, +1),
|d, —1).

TouHBIN MEXaHU3M TOTO, UTO IIPOUCXOIUT, KOTJa CCTEMA
BCTpeUaeTcs ¢ IpubOPOM, MOKET OBITH OUEHb CJIOMKHBIM,
HO MBI CBOOOTHO MOJKEM BBIIBUHYTH HEKOTOPOE JOITyIIeHNe

0 TOM, KaK OymeT pasBuUBAThCA O0beIMHEHHASA CHCTEMAa.
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IIycte mpubop HaunHaeT paboOTy B IIyCTOM COCTOAHUMH,
a CIIMH M3HAYAJbHO HAXOAUTCS B COCTOSIHUU «BBepPX». I1o-
cJie TOTO KakK Mpubop IPoB3anMO/IeliCTBYET CO CITMHOM, KO-

HEYHOe COCTOSIHYE CUCTEMBI (II0 HAIlleMy HOIYIEeHN0 ) OyAeT
lu, +1).

dpyrumu caoBamMu, B3AauMOIENCTBYE OCTABJSET CIIUH He-
W3MEHHBIM, HO IePEBOJAUT NPUOOP B cocTosgume +1. IT0

MOJMHO 3allriCcaThb B B e
lu, b) > [u, +1). (7.28)

AmnajornyHsIM 00Pa30M €CJIN CIINH HAXOAUTCSA B COCTOSIHUN

«BHU3», TOT/a IPUOOP MEePEeKJIIOUNTCA B cCOCTOSTHMIE —1:
|d, b) = |d, —1). (7.29)

Tak uTo, B3TJIAHYB Ha IPUOOP IIOCJIE €TO B3BanMMOAeICTBU S
CO CIUHOM, MOJKHO CKa3aTh, KAKUM CIIUH ObLJI IePBOHA-
yajabHOo. Temepsb IPeAIIoIo KM, UTO IePBOHAUATIHLHO CIIMH

Ob1J B 00JIee 00II[eM COCTOSAHUM, 4 UMEHHO
OLu’u> + OLd|d>.

Ecnu BKIIOUNTH TPUOOP B KaUeCcTBe YaCTU CUCTEMBI, TO

HavYaJIbHBIM COCTOAHMEM 6YJIET
i, ) + agld, b). (7.30)

ITo HaUYaJIbHOE COCTOSHIIE — CeHapaGGJII)HOG, a UMEHHO OHO

ABJIAETCA IIPOU3BEAEHNEM HaAYaJbHOI'O COCTOAHMA CIIMHA
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Jlekyma 7. Ewe o 3anyTaHHOCTY

U ITyCTOTO COCTOSIHUS Tpubopa. MoskeTe caMu TPOBEPUTD,

YTO 9TO COBEPIIIEHHO He3allyTaHHOe COCTOAHUE.

YIIPAKHEHMHE 7.10

Y6enurecs, uTo BeKTOp cocTosauusd (7.30) neiicTBu-
TeJbHO IpeCTaBIAeT cOO0M COBEepIIeHHO He3ally-

TaHHO€ COCTOAHUE.

ITockoabKy MbI 3HaeM us popmy (7.28) u (7.29), kax us-
MEHAIOTCA OTAeNbHbIe MHOXKUTEIU B (7.30), JIETKO MOXKHO
OIIPe/leJINTh KOHEUHOE COCTOSHYE:

oylu, b) + a4ld, b) = oylu, +1) + a4ld, —1).

ITO COCTOAHME ABJSIETCA 3aNTyTAHHBIM. PaKTUUYECKY €CIU
Qy = —Qg, 9TO OyIeT MaKCUMAaJbHO 3aITyTAHHOE COCTOSTHUIE.
Ha nmese KTO-TO MOKeT B3TJIAHYTH Ha IpuboOp U cpasy
CKas3aTh, KAKOBO CIIMHOBOE COCTOSHUE: ecJu IPubop IIo-
KasbIBaeT +1, 3HAYUT, CIWH HATIPABJIEH «BBEPX», & €CJIU
mpubop IOKa3bIBaeT —1, 3HAUNT, CIUH HAIIPABJIEH «BHU3» .
Boiiee Toro, BepoATHOCTH TOTO, YTO B UTOTe MPUOOP II0-

Kaker +1, paBHa
o'y, oy

ITO YMCJIO IPeACcTaBIsIeT COO0M BEPOATHOCTh — OHA B TOU-
HOCTHU TaKasd iKe, KaK U UCXOAHasa BePOATHOCTD TOT'0, UTO
CIIMH HaIIPpaBJIEH «BBEPX». B 9TOM OIIMCaHUM M3MEPEeHUd

HeT MeCTa KOJLJIaIICy BOJTHOBOM Q)YHKIII/II/I. BwmecTo Hero s3a
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cuerT YHHTapHOﬁ 9BOJIIOIINM BEKTOPA COCTOAHUA MEXKAY

HpI/I60pOM ¥ CUCTEeMOII BOBHUKAET 3allfyTbIBaHUeE.

EnuncrBennasa nmpobieMa COCTOUT B TOM, UTO B He-
KOTOPOM CMBLICJIE MBI IIPOCTO OTJIOMKHIJIM HAaIlle 3aTPY/I-
HeHue. Bpsang iu Hac yoOBJIETBOPUT YTBEPI;KIEHNIE O TOM,
uyTo IPuOOP «3HAET» CIIMHOBOE COCTOSHIIE, IMPEeKIe ueM
DKCIIEPUMEHTATOP, CKaeM AJnca, CMOKeT B3TJIIHYTD
Ha ero moxasaHusd. 1 passe He IIpaBaa, UTO KOTJa OHa Bce-
TaKU B3TJISHET, TO BBI30BET KOJIJIAIC BOJHOBON (PDYHKIINH
coctaBHO# cucreMbl? U na, u Her. I[J1sg Bcex AJMMCUHBIX
ImeJieit — Jga; oHA IPUJET K BEIBOAY, UTO IIPHOOP U CIINH Ha-
XOISATCS B OSHOM M3 JBYX BO3MOXKHBIX COCTOSIHII, 1 Oy IeT
o0paIraTbCcsa ¢ HUMU COOTBETCTBEHHO.

Ho Temeps go6aBuM B Halry KapTuHy Boba. o cux
IIOP OH He B3aMMOJEMCTBOBAJI CO CIIMHOM, IIPHOOPOM MJIN
Agnucoii. C ero TOuKku 3peHus, BCe 9TU TPU 00'beKTa obpa-
3YIOT eINHYI0 KBAHTOBYIO cuctemMy. Korga Ajrica cMOTPHUT
Ha mpubop, HUKAaKOro KoJljanca BOJHOBOM (DYHKIIUYU He
npoucxoauT. BmecTo sTOro0, Kak yreep:;xgaer bob, Anu-
ca 3allyThIBAETCSA C OCTAJbHBIMU ABYMS KOMIIOHEHTAMU
CIHICTEMHBI.

Bce 5T0 X0pOIII0, HO YTO IIPOUCXOAUT, Korga Bob cmo-
TpuT HA Asucy? [1Jia cBoux 3a7ayu OH MOJKET CUUTATD, UTO
BBI3LIBAET KOJLIATIC BOJTHOBOM PyHKITUU. HO Benb ecTh elre
cTapblil fobpwiit Yapau...

HelicTBUTEJNBHO JIU IIOCJEIHEE CYIIeCTBO, KOTOPOe

CMOTPHUT Ha CUCTEMY, BHIBBIBAET KOJIJIATIC BOJTHOBOU (PYHK-
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Jlekyma 7. Ewe o 3anyTaHHOCTY

U1 WJIX OHO IIPOCTO 3amyThiBaeTcs ¢ Heii? U cyiecTBy-
eT Ju IocJeAHuN HabaomaTeas? 1 He Oyay mbITaThCs
OTBETHUTH HA 3TH BOIPOCHI, HO JOJIYKHO OBITH SICHO, UTO
KBaHTOBasA MeXaHNKa IpeAcTaBasgeT co00ii HeIIPOTHUBO-
peuYnBLIe NCUNCICHU BEePOSITHOCTEN NJIs OIIPeSeIeHHOTI'0O
THUIA SKCIIEPUMEHTOB, BKJIOYAIOIINX CUCTEMY 1 IIPHIOOP.
MpbI moJib3yeMcs €10, M OHA paboTaeT, HO ILITAAChL CTABUTh
BOIIPOCHI O JIEKAIIleH B ee OCHOBE «PEeaJIbHOCTH » , MbI IIPH-

XOOUM B HeJOYMeHIe.

7.9. SanmyThIBaHME U JIOKAJIbHOCTh

Hapymiaer iu KBaHTOBas MexXaHHKa JoKaabHOCTh? Heko-
TOpBIE CUNTAIOT, UTO TAK OHO 1 €CTh. JNHIITEHH CeTOBAJI
Ha «IIpU3pavHoe JeficTBUE Ha paccToAHUU» (spukhafte
Fernwirkung), koTopoe, KaK OH yTBEepPXKAaJl, IPeAIIO0JIa-
raeTcs KBaHTOBOM MexaHUKoM. A JI:xoH Bej cras mouru
KYJIbTOBOM (pUTYyPOIi, JOKa3aB, YTO KBAHTOBAs MEeXaHUKa
ABJIAETCA HEJIOKAJbHOM.

C Ipyroii CTOPOHBI, OOJIBIINHCTBO (D3MKOB-TEOPETUKOB,
0CO0EHHO Te U3 HUX, KTO 3aHUMAETCS KBAHTOBOU TeOpUeHi
MOJIA, KOTOpasA BCS IMMPONUTAHA 3aIyTAHHOCTHIO, OOBIYHO
YTBEPIKAAI0T IPOTHUBOIIOJIOMKHOE: KBAHTOBASA MexXaHUKa
IIPU KOPPEKTHOM MCIIOJIE30BAHIY COXPAHAET JJOKAJIbHOCTD.

IIpobyiema, KOHEUHO, COCTOUT B TOM, KAKOU CMBICJ 9TH
IBe TPYIOBI BKJIAABIBAIOT B MOHATHE JOoKalbHocmu. Hau-
HEeM C TOr0, KaK IIOHNMAIOT 9TOT TePMUH CIeIlNaJINCThI IO

KBaHTOBOI Teopuu II0JIdAd. C aToi1 TOUKU 3peHud JOKaJab-
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HOCTBb MMEET JIUITh OMUH CMBICJI: HEBO3MOJKHO IIOCJIATh
curHaJ OLICTPee CKOPOCTH cBeTa. §I MoOKaXKy BaM, Kak
KBaHTOBad MeXaHMKa rapaHTupyeT BBIIIOJITHEHNE 3TOI'0
TpeOOBaHU’.

I Hayuajia TO3BOJIbTE MHE PACIIUPUTDH OIIpeesieHre
Aanucunoii cucmembr u3 cucmemuvl boba. Ilo cux mop MbI uc-
MMOJIL30BAJIN TEPMUH AJlUCUHA cucmema AJis 0003HAUCHU S
CUCTeMBI, KOTOPYIO AJtrca Jep:KUT npu cebe 1 ¢ KOTOPOH
MOJKeT dKCIepuMeHTUPOBaTh. [lo KOHIIa 3TOTO pasaesa
s 0yay UCIOJIb30BaTh 9TOT TEPMUH HECKOJBKO MHAYE: CU-
cremMa AJMCHI COCTOUT HE TOJBKO U3 HEKOTOPOHA CUCTEMBI,
KOTOpPOM OHa BJIAJieeT, HO TaK:Ke 13 Iprubopa, KOTOPBIM OHa
MOJIB3yeTcd, U fake u3 Hee camoii. To ke camoe, KOHEYHO,

OTHOCHUTCA U K cucTeMe Boba. basuc xeT-BeKTOpoOB

|a}

OIIMCBIBAET BCE, C UeM MOKET B3anmMOAelicTBOBATh AJjnca.

AHajoTUYHBIM 00Pa30M KeT-BeKTOPHI
|b)

OIIMCHLIBAIOT BCE, C UeM MOJYKEeT B3aMOLeHCTBOBATEL B00.

A TEeH30PHOe IITPOM3BEeACHIE COCTOAHUN
|ab)

oImchIBaeT o0besuHeHne Mmupos Auricel u Boba.
Mgz1 6ygem npeamosarath, uto Ajnnca u bod HeKoTopoe
BpeMs Ha3aJ HaXOAUJINCh JOCTATOUHO 0JI3K0, YTOOBI B3au-

MO/IeliCTBOBATE APYT C APYIOM, HO ceiiuac Ajrrica HaXOQUT-
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cqa Ha aab(de [lenraspa, a Bo6 B [lamo-Anbro. BomHoBas
byuxua Anucrsi-Boba

U(ab),

M OHa MOJKeT OBLITH 3allyTaHHOM. AJIMCUHO IOJHOE OMIH-
caHme, BKJIIOUAIOIIlee ee CUCTEMY, ee IPuOOp U ee camy,

COOEPIKUTCA B €ee MaTpulie IJIOTHOCTHU P:
(7.31)

Paccmorpum ciaenyoIuii BOIIpoc: MoxKeT jiu Bob co cBoeit
CTOPOHBI CAEJATh YTO-HUOYAb, HEMEJIJIEHHO U3MEeHAIIIee
Anucuny matpuny miaotaoctu? Mmeiite B Bugy, uro Bob
MOKET JIeJIaTh JIUIITH TO, YTO ITO3BOJIAIOT €My 3aKOHbBI KBaH-
TOBOM MexXaHUKM. B uacTHOCTH, 5BOJIOIINS BoOa, uem ObI
OHa HU ObLJIa BEI3BAHA, OJKHA OBITHh YHUTAPHOU. [{pyruMu

CJIOBAMMU, €e MOJKHO OIIMCAThL YHUTAPHON MaTPUIleH
Ubb'.

Martpuna U npezacraBiiseT Bce, UTO IIPOUCXOIUT C CUCTEMOI
Bob6a, HezaBuCHMO OT TOTO, BEIIOJHAET Ju B0o6 sKcIepu-
meuT. OHA BO3JeiCTBYEeT HA BOTHOBYIO (DYHKIIIIO 1 IIOPOIK-
JaeT HOBYIO BOJIHOBYIO (DYHKIIMIO, KOTOPYIO MbI Ha30BeM

«KOHEUYHOM » BOJITHOBOU (DYHKITMEN:

Mo:xkHO TaKKe 3anncaTh KOMILJIEKCHOe COIIpAMKEeHnue TON

BOJHOBOM (DYHKITUU:
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O6paTuTe BHUMaHUe, YTO MbI [OOABUJIU IITPUXU K HEKOTO-
PBIM 0003HAUEHUAM, YTOOBI OHU HE CMEIIIUBAINUCH MEXKIY
coboii Ha cienyiomieM miare. Temeps BBIYKMCIUM HOBYIO
Anucuny MaTpuIy ILJI0THOCTH. MBI OyAeM MCI0JIb30BaTh
ypaBHenmue (7.31), HO 3aMeHUM II€PBOHAYAIBHYIO BOJIHO-
BYIO (DYHKITNIO KOHEUHOI:

SJIGCB OKa3aJIOCb MHOTI'O NHAEKCOB, HO BBIKJIAAKX HE TaK
CJIOJKHBI, KaK 9TO KaKeTCd. HOCMOTpI/ITe, KaK MaTpuma U
BXOJUT B BbIPpaXe€HUe

ITa KOHCTPYKIIUA — IPOCTO MAaTPUUHOE IIPOU3BEAeHIe
UiU. Ho Bcnomuure, uro U yHuTapHA. ITO 3HAUUT, UTO
npoussenenne UTU ABiaseTcs efMHUYHON MATPUIIEH Opp.
Kax u mpe:x e, aTo 03HaUaeT KOMaHAY BKJIIOUATh BCe UJe-
HBI, IJI KOTOPBIX b" = b', 1 UTHOPUPOBATH BCE OCTAJIbHBIE.

C 9TUM yIpoIleHrneM MbI II0JIyYaeM

OTO B TOYHOCTHU TO JKe caMoe, uTo 1 ypaBHeHue (7.31).
JpyruMu cioBaMu, P, — MOYHO MAKaAs e, Kak 0blaa 00
8o30eiicmsus U. Huuro, mpoucxopsiee Ha KoHIle Boba, He
“MeeT HeMeIJIEHHOTO BJINAHNUA Ha AJTUCUHY MaTPUILY IIJIOT-
HOCTH, faske ecau Bo6 u Annca MaKCUMaJIbHO 3aITyTaHbI.
9TO 03HAYAeT, YTO AJIMCUHO BOCIIPUATHE €€ TOACUCTEMBI

(ee craTucTHIUECKAas MOZEJb) OCTAETCSA B TOUHOCTH TAKUM,
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KaKuM ObLJIO. ATOT 3aMeUaTeJbHbBINA Pe3yJIbTaT MOMKET II0-
KasaThbCsd HEOXKUAAHHBIM I MaKCUMAaJbHO 3allyTaHHOMK
CUCTEeMBI, HO OH TaKJKe TapaHTUPYyeT, UYTO HEBO3MOYKHO

IIOCJIATh CUTHAJI ObICTPEEe CKOPOCTH CBETA.

7.10. KBaHTOBAA CUMYJISAIMA:
BBeJleHHue B TeopeMy beia

NuTepecHo, YTO YHUTAPHOCTL UTPAET BAXKHEHIITYIO POJIb
B TOM, T-I'I‘06I)I rapanTupoBaTb HEBO3SMOMHOCTB MFHOBeHHOﬁ
nepemauu curaajyia. Ecanu 661 U He ObLiia yHUTapPHOM, KO-
HeuHas MaTPUIa IJIOTHOCTH AJKCHI MOTJIa ObI OKa3aThCs
oo BausHueMm booba.

YTo Xe B TAKOM CJIyUae CTOJIb 00€CIIOKOMIIO DMHIIITEH -
HAa, eCJIX OH T'OBOPUJI O IIPU3PAUYHOM JeMCTBUHN HA PACCTOSI-
Hun? YTo0BI OTBETUTH Ha 3TOT BOIIPOC, BAYKHO IIOHNMATD,
YTO OH 1 BeJiy ToOBOPHUIM 0 COBEPINIEHHO MHOM MOHATHN
JoKaJbHOCTH. [[J1A MIIIOCTpaIluy A IPUAYyMaJ KOMIIbIO-
TEPHYIO UTPY. ITa UI'PA ILITAETCS OOMaHYTh Bac, 3aCTABUB
IyMaTh, OyATO Obl BHYTPH KOMIbIOTEPA €CTh KBAHTOBBINA
CIIMH B MArHUTHOM I10Jie. BaM IIPeACTOUT SKCII€EPUMEHTI-
pOBaTH AJIsI IIPOBEPKHU dTOM BO3MOKHOCTHI. CXeMa sKcIIe-
puMeHTa usobpaskeHa Ha puc. 7.1.

Bor kak oHa paboTaer: BHyTPU KOMITbIOTEPA B IIAMSATH
XpaHATCA JBa KOMILJIEKCHBIX YMCJIa Oy, W Oy, ITOSUMHSIIO-

IUXCS OOBIYHOMY ITPABUJIY HOPMHUPOBKU

a0y + afgag=1.
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B Hauasie urpsl KO9PPUITUEHTHI 0 UHUITNATU3UPYETCS He-
KOTOPBIMU 3HAUEHUSIMHU. 3aTE€M KOMIILIOTED PelllaeT ypas-
Heuue [lIpéaguarepa 1 oOHOBIAET 3HAUEHUA (x B TOUHOCTH
TaK, KaK ecJid ObI OHHM ObLIN KOMIIOHEHTAMMU CINHOBOIO

BeKTOpa COCTOAHUA.

M

. J

Puc. 7.1. Keanmosuwiii cumyaamop. Ha komnviomeprom
aKpare u3obpaixcen npubop, opuenmayueil KOmMopozo
ynpaensem nonb3o6amedns. [[aa npocmomel nOKA3AHA
6803MOHCHOCMb OPUEHMUPOBAHUS MOJLKO 6 08YX
usmeperusax. [Tonv3oeamenv moxcem HAIAMb
KHonky M, Koz0a xouem npou3gecmu u3mepeHue CnuHa
(He norkasano). Mexdy usmepeHuUAMU CRUHOB0€ COCTNOAHUE
usmensemcs 6 coomeemcmeuu ¢ ypasnenuem Illpédunzepa

KomnbioTep TakKe IOMHUT KJIACCUUYECKYIO TPeXMep-
HYIO OpMeHTAaInio npubopa B Bue ABYX YIJIOB UJIU €U~
HUYHOTO BeKTOopa. C KiaBuaTyphl Bbl MOJKETe 3a/aBaTh
STH YIJILI ¥ IPOM3BOJIBHO NX MEHATH. EIlle OqUH dJIeMeHT,

XPaHUMBIH B TaMATH, — 3T0 3HauyeHwue (+1 unu —1), npex-
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Jlekyma 7. Ewe o 3anyTaHHOCTY

CTaBJIAIOIUI YKMCJIO, oToOpaskaemoe mpubopom. B posu
9KCIIepUMeHTaTopa Bbl BLIOHpaeTe, KaK OPUEHTHUPOBATh
Bam nmpubop. meerca Tak:ke KHomTKa M, KoTopas mpu-
BOJIT €T0 B JelicTBUe.

Ilocnenuuit sJaeMeHT IPOTPAMMBI — T'eHepaTop CJy-
YAWHBIX YHCEJI, KOTOPBI BhIZAET Pe3yJIbTAThl I3MEPeHH
+1 uau —1 ¢ BepoATHOCTAMHU O, Oy U 0¥y 0ty COOTBET-
cTBeHHO. He 3a0bIBaiiTe, YTO reHEepPaTOPHI CAYUYANHBIX
ypceJ Ha caMOM JeJie He TeHepPaTOPhI CIyUaNHBIX UHCEeJT;
9TO CUMYJISATOPHI CAyUYalHbIX uncesa. OHM OCHOBAHBI Ha
YHCTO KJIACCUUYECKHUX HeTePMUHUCTCKUX MeXaHU3Max,
HMCIIOJIb3YIOIIUX AJIS MeHepalnul Ynces TaKkue Bellu, KakK
nu@psl yrcaa 7. TeM He MeHee OHU JOCTATOYHO XOPOIIIH,
4yTOOBI HAC OOMAHYTh.

WUrpa maunHaeTcs, 1 KOMIIbIOTEP HEIIPEPHIBHO O0HOB-
JISIeT 3BHAYEHUA O, U Og. BBI JKJTeTe CTOJIBKO, CKOJIBKO XO-
TUTe, a 3aTeM Ha)kuMaeTe KHOKY M. 3aTeM ¢ IOMOIIILIO
reHepaTopa CJOYYaWHBIX UYKMCeJ Urpa BbIJAaeT pe3yabTar,
KOTOPBIN oToOOpasKkaeTcsa Ha skpaHe. OCHOBLIBAsACH Ha 9TOM
pes3yJabTaTe, KOMIBIOTEDP OOHOBJISAET COCTOSAHIE, BHITIOJIHAS
kKoJsanc. Eciu pesyabrar — +1, To 3HaUeHHUE oy cOpaCHI-
BaeTcsd B HOJIb, 3BHAUYEHUE (, YCTAHABJINBAETCA B € IUHUILY.
Ecau pesyiabTaToMm ObLIO —1, TO 3HAUEHIE Oty CTAHOBUTCS
enuHUIEH, a ad cOpackiBaeTcs: B HOJIb. [lajiee ypaBHeHUe
IIpénuurepa onaThL BO30OHOBJISET CBOE IelCTBIIE, ITOKA BEI
He HasKkMeTe M cHOBa.

Bynyum XopoIiuM sKCIIepruMeHTaTOPOM, BbI ITPOBOIUTE
MHOTO TE€CTOB 1 HaOMpaeTe CTATHUCTUKY, KOTOPYIO CpaB-
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HUBaeTe C KBAHTOBOMEXaHUUYECKUMU IIPEICKA3aHUAMU.
Ecsu Bcé paGoTaeT mpaBMJIBLHO, BB 3aKJII0YaeTe: KBAHTO-
Bad MeXaHWKa KOPPEKTHO OIMUCHIBAET TO, UTO IIPOUCKOIUT
B KoMIbioTepe. KoHEUHO, KOMIIBIOTED OCTAETCSA IOJTHOCTHIO
KJIaCCUYEeCKUM, HO OH 0e3 0COOBIX 3aTPyIHEHUN CUMYJIU-
pyeT IoBeleHre KBAHTOBOTO CITMHA.

Hamee, mompoOdyeM mpoaeaTh TO Ke caMoe C IBYMSA
KoMIbioTepaMu A u B, cuMyJIUpPYIOIUMHU IIOBEeIeHIE
KBAHTOBBIX COMHOB. ECcJIM CIIMHBI UCXOAHO HAXOAATCSH
B cemapabeIbHOM COCTOSHHNHU 1 HUKOTAA He B3aUMOJel-
CTBYET, MbI MOJYKEM IIPOCTO UI'PATh B HAIILY UI'PY Ha KaiK-
JIOM M3 IBYX KOMIBIOTEPOB 0€3 BCAKON KOMMYHUKAIIINA
me:xay HuMu. Ho Teneps Anuca, Bo6 nu Hapau Bo3Bpa-
IIal0TCA IOMOUYb HaM. Yapiu, KOHEYHO, XOUeT CO3JaTh
sanyTraHayio napy. OH HaunmHaeT ¢ TOT0, UTO COEAUHSET
IBa KOMIbIoOTEpPa KabejgeM, U MbI IIPeAIIoJaraeM, 4To Ka-
0eJIb MOJKET IIepefaBaTh CUTHAJLI MTHOBEHHO. B mamMmsTu
00BbeIUHEHHOTO KOMIIBIOTEPA TEIePh XPaHATCA YeThIpe
KOMILJIEKCHBIX UMCJIA:

Qyus Ouds Odys Odds

¥ OH OOHOBJIAET 9THU UKCJIa B COOTBETCTBUY C YPABHEHUEM
IIpémnuurepa. Ha sxpame KaaI0ro KOMIIbIoTepa oTobpa-
skaerca npubop. Ha Anucunom skpane — A, a Ha sKpaHe
Boba — B. KaxxabIiii BUpTyaabHBINA TPUOOP MOKHO Hesa-
BHUCHMO OPHEHTHUPOBATh U HE3aBHUCUMO aKTHUBMPOBAaTh,
Ha)KuMas ero coocrsennyio KHonky M. Korga Haskara

onHa U3 KHOMOK M, o0beiMHEHHASA TaMATD (C IIOMOIIILIO
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Jlekyma 7. Ewe o 3anyTaHHOCTY

reHepaTopa CJIyYaflHBIX YKCEJ) IOCHIIAeT CUTHAJ COOT-
BETCTBYIOIIeMY Npubopy 1 reHepupyeT pes3yabTar.
Mo:xeT s 3TO YCTPOUCTBO CUMYJIUPOBATH KBAHTOBYIO
MeXaHUKY IBYXCIUHOBOI cucTteMbI? [la, Mo:KeT, — ecJiu
TOJILKO He OTKJIIOUATDh Ka0esb, COeINHAIONINNA KOMIIbIOTe-
PbBI, U €CJIM OH MOJKET IlepefaBaTh COOOIe s MTHOBEHHO.
Ho oTkaoueHre KOMOBIOTEPOB APYT OT APYyTra HAPYIIUAT
CUMYJIANIO, €CJH TOJbKO CHUCTEMA He HaXOQUTCA U He
ocTaeTcs Bce BpeMsA B cenapabelbHOM COCTOSTHUU.
Mo:zxeM Jiz MBI 9TO foKa3aTh? OTBeT BHOBb YTBEPAUTEIb-
HBI — W 9TO caMas CyTh TeopeMbl Benna. Jlrobas Kiac-
cruuecKas CUMYJISAINA KBAHTOBOM MeXaHUKU, B KOTOPOI
JleJIaeTCs MOIIBITKA IPOCTPAHCTBEHHO Pas3leInTh IPUOOPHI
Anucel u Boba, Hy:kmaercsa B KabeJse, KOTOPBIIZ MITHOBEHHO
CBA3BLIBAET pasdie/ieHHbIe KOMIILIOTEPHI C IIeHTPAJIbHOI I1a-
MATBIO, T/Ie XPAHUTCA U OOHOBJISIETCSA BEKTOP COCTOSHMUS.
Ho 3rauuT 1 9T0, YTO MHMOPMAIINIO, HAPYIIIAIOIIYIO
JIOKAJIbHOCTh, MOJKHO IIepefaBaTh 110 Kabero? ITo ObLIO ObI
Tak, ecau 06l Ajsnca, Bo6 u Yapau morjau gesaTsh BCE, HA
YTO CIIOCOOHBI HEPEIATHBUACTCKIE KIACCUUECKIe CUCTEMBbI!.
Ho eciiuz Bcé, uTO UM IO3BOJIEHO, — 3TO CUMYJIANNA KBaH-
TOBBIX OIlE€pAINii, TO OTBET OyAeT OTpHUIlaTeJ bHBIN. Kax MbI
BUIEeJU, KBAHTOBasA MeXaHNKAa He MO3BOJISIET JeliCTBIeM
Boba BauaTh Ha ATMCUHY MATPUILY HMJIOTHOCTH.
Ira npobieMa He ABJISIETCA IPO0JIeMOil KBAHTOBOII Me-

XaHUKU. ITO IpodIeMa CUMY LAY UL KBAHTOBON MeXaHUKN

1 ,prI‘I/IMI/I CJIOBaAMHu, CUCTEMBI, KOTOPBIM II03BOJIEHO MI'HOBEHHO
ImepegaBaTh CUTHAJIBI.
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C IOMOIIIBIO KJlacCUUeCKOTro 0yJjieBoro KomibioTepa. To
€CTh CYTh TeOpeMbI Beila: KjaaccuuyecKre KOMObIOTEPHI
IOJIJKHBI OBITh COeAMHEHEI KabejieM OJIA MIHOBEHHBIX
COOOIIeHU T, YTOOBI MMETh BO3BMOKHOCTh CUMYJHUPOBATD

3aIllyTaHHOCTB.

7.11. 3anmyTaHHOCTB: pe3roMe

W3 Bcex KOHTPUHTYUTUBHBIX BBHIBOJIOB, K KOTOPBIM HAac
BBIHYJK/TaeT KBaHTOBasA MeXaHWKAa, IPUHATH 3allyTaH-
HOCTB, IOXKaIYH, TpyHee Bcero. He cyiecTByeT Kaaccu-
YeCKOT0 aHajora JJis CUCTEeM, MOJIHOe OIMUCAaHUe COCTO-
HUSA KOTOPBIX HE COAEPIKUT MHPOPMAIIUN 00 OTAeIbHBIX
KoMIlOHeHTaxX. He/loKaJabHOCTD, HA YAUBJIEHUE, TPYIHO
Jake onpeneanTh. JIyuIinii ciocod 0OCBOUTHCS C TAKUMU
BeIl[aMM — MCII0JIb30BATh MaTeMaTuKy. llajsee npuBeneHa
KOMIIaKTHAasA CBOJAKA TOTO, UTO MBI Y3HAJIU OT 3aIyTaHHO-
cTu. BuacTHOCTH, MBI IIOIBITAJINCH YeTKO 0003HAUNTD pas-
HUIY MeXKIy 3allyTAaHHBIMY, He3aIyTAHHLIMU 1 YACTUYUHO
3aIlyTAHHBIMU COCTOSHUIMMU, CAEJIAB «IIMHIaprajaku» IJIs
TpexX XapaKTePHBIX IIPUMEPOB — CHUHTJIETHOT'O COCTOS-
HUS, cermapabeJIbHOT0 COCTOSAHUS U «TOUTH CUHTJIETHOTO»
cocroAaHmuA. MBI HazieeMcs, YTO TAKOU (hopMaT IIOMOIKET
MPOACHUTH MaTeMaTuUeCcKre CXOACTBA U pazanund. Ilo-
JKaJgylicra, HoTpaTbTe HEKOTOPOe BpeMs Ha aHaJI3 3TOTO
MaTepuaJja U BBLITOJHEHNE YIPaKHEeHU, Ipexae ueM

ABUTaTbCA JaJbIIIe.
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Jlekyma 7. Ewe o 3anyTaHHOCTY

IIImapraaka mo BeKTopam coctoauus. Jluer 1

HasBaHue: cenapabesbHOe COCTOSHYE (HET 3alyTaH-
HOCTH).

BocTpe6oBaHo AJiA: mpesebHOM JOKAJIbHOCTH, BOILIO-
IeHNA KJIACCUUECKIX CUCTEM.

Onucanune: Ka)Kaas CUCTeMa IOJTHOCTHIO OXapaKTepus0-
BaHa. HeT xKoppenanumu Mexxay cucteMamu Ajucel 1 Boba.

Bexrop cocrosaus: o3, |uu) + o,B4ud) + ag,|du) +
+ agfaldd).

Hopmuposka: o, o, + agog = 1, 3%,8, + B%4084 = 1.

Marpuiia mIoTHOCTH: AJMCUHA MaTPUIlA IJIOTHOCTUA
“MeeT POBHO OJHO HEHYJIeBoe COOCTBEHHOe 3HAUeHe, PaB-
HOe 1. CoOCTBEeHHBINI BEKTOP C HEHYJEeBBEIM COOCTBEHHBIM
3HAUYEHUEM — 9TO BOJHOBasA QPYHKIUSA AJVMCUHON ITOACH-
creMbl. To ke camoe oTHOcuTCA U K BoOy.

BoanoBaa pyHKIUA: pasjiaraeTcsa Ha MHOMKUTEJIN:
U(a)p(b).

Cpegnue 3HAYCHUA:

(0)2 + (0y)2 +(0)2=1.

(T2 + ()2 + (1) = 1.

Koppeasamus: (0,1,) — (0,)(1,) = 0.
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IIInapraaka mo BeKTopaM COCTOAHUA. Jluct 2

Ha3BaHue: CHHTJIETHOE COCTOSHNE (MaKCUMaJIbHAS
3aIyTaHHOCTS).

BocTpedoBaHO AJIA: HEJIOKAJIBHOCTH, MAaKCUMAaJIbHON
KBaHTOBOM CTPAaHHOCTHU.

OnucaHue: cocTaBHAs CUCTEMA KakK IleJI0€e IIOJHOCTBHIO
oxapakTepusdoBana. HeT HuKaKoi mH(pOPMAaIIIN O TIOACH-

cremax Anucel u Boba.
BekTop cocToaHusd: .

Hopvmposka: V*,, U, + U*,aV,q0+ V0, Vau + V¥ 3aVaa = 1.

MaTtpuna nimoraoctu: IlorHas cocraBHas cucrema: p2
=puTrp2=1.

AnucuHa moacucTeMa: MaTPUIlA IJIOTHOCTU IPOIIOP-
[[MOHAJIbHA efUHUYHON MaTpPUIle, UMEOIIel paBHbIe CO0-
CTBEHHBIEe 3HAUeHHusdA, nawiinue B cymme 1. ITosTomy Bce
HUCXObl U3MEePEHUA PABHOBEPOATHEI. p2# p u Tr p2 < 1.

BoaHoBas (pyHKIMs: He pasjaraercsa Ha MHOYKUTEIN:
U(a, d).

Cpegnue 3HAYCHUA:

(02), (o), {oy) = 0.

(T2)s (Ta)s (Ty) =0.

(T202), (Tx0z)s (Ty0y )= —1.

Koppeasmus: (0,1,) — (o, ){(t,) = —1.

YIIPAKHEHHUE 7.11

Beruncaure AnucuHy MaTpPUIy IIJIOTHOCTH IJIS O,

B «IIOYTH CUHTJIETHOM» COCTOSTHUHU (CM. JIUCT 3).
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IIInapraaka mo BeKTopaM cocToaHusd. Juct 3

Ha3zBaHmue: «I10YTY CHHIJIETHOE» COCTOSIHIE (YaCTUUHAS
3aIyTaHHOCTb).

BocTpeboBaHo mJisi: HeollpeaeIeHHOCTH, 00IIell Hepe-
IIIUTEJIbHOCTH, TPYAHOCTH BBIOOPA «BBEPX» MU «BHU3»

OnucaHue: eCTb HEKOTOpPasa MHMOPMAIINI O COCTaBHOM
cucTeMe 1 HeKOTopas — O KasKAoii moacrucTeMe.

BekTop cocToaHusd: .

HOpMPIpOBRa: \Il*uu\lluu + \Il*ud\:[lud + \I[*du‘ljdu + \p*dd‘ljdd =1.

MaTtpuna naorHocTu: IloHasa cocraBHad cucreMma:
p2=puTrp2=1.

Anucuna noxcucrema: p2# pu Trp2 <1.

BoanoBas yHKIIMA: He pa3iaraeTcs Ha MHOMKUTEN —
U(a, b).

Cpennue 3HAUEHU:

(02) = 0,2; (o), (o) = 0.

(TZ) =-0,2; <Tx)’ (Ty) =0.

(t.0,)=-1;

Koppeaamus: (t,0,) — (0,)(1,) = —0,96 B tanrOM IIpU-
mepe. JlJ1d YacTUYHO 3allyTaHHBIX COCTOAHUMI B 00IIEM
caydae KOa(D(PUIIMEHT KOPPEIAIINN JIEKUT Mexxay —1 u +1,

HO He paseH 0.

YIIPAKHEHMUE 7.12

HpOBepI:Te YHCJIEHHBbIE SHAUYCHUA Ha KA IOM JINCTE

MIIaprajgKu.



Jexuua 8. YacTuisl 1 BOJIHBI

Apr u Jlennu y:xe u3pAIHO IPUHAIA 3aITyTAHHOCTH.

Temepb OHM I'OTOBEI K UeMY-HUOY b IIOJIeTUe.

Jlenuu: Jii, 'nabbepT, HeT Ju y Tebs Yero-Hubyab

OJHOMEPHOTO?

I'mas6eprt: [latiTe-ka mocmoTpio. Ha omHoMepHOCTH

0O0JIBIIION CIIPOC IIOO Be€Yep. Wuorma koHnuaeTtcs.

Aprt: {1 661 B35/ UTO-HUOYAb KJIaCCUUYECKOE, €CJII DTO

BCe, 4TO y BacC €CThb.

I'man6ept: He 31ech, mpusaTens. A TO y HaC JIUIIEH3UIO

oTOEepyT.

Aprt: BepHo mogmeueHo.

51 yemoBEKA C yJIUIBI KBAHTOBASA MEXaHUKA — 9TO O TOM,
YTO CBET ABJIAETCS YaCTUIIAMHU, a SJIEKTPOHBI — BOJITHAMU.
Ho 10 cux mop A mpakTuUecKu He YIIOMUHAJ O YacTuIlax,
a eIUHCTBEHHBIM YIIOMMHAHUEM BOJH Oblja BOJHOBAas

GyHKIIUA, KOTOPad IIOKa He MMeeT HUYEro O6H.Iel"0 C BOJIHAa-
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mu. Tak Korzga ske Mbl 3aiiMeMCsI « HACTOAIeH» KBAHTOBOM
MeXaHUKOn?

OTBeT, KOHEUHO, COCTOUT B TOM, YTO HACTOAIIAS KBAH-
TOBasA MEeXaHNKA He CTOJbKO O YaACTUIIAX 1 BOJHAX, CKOJIb-
KO O KJAaCCHUYECKHUX JIOTUUYECKUX IIPUHIIUIIAX, KOTOPhIE
YIIPaBIAIOT IoBeJeHrneM. KopnycKyIsapHO-BOJIHOBOMN AY-
aJIN3M — 3TO IIPOCTOE PA3BUTHE TeX HULel, KOTOPbIE BbI
yoKe OCBOMJIN, I MBI YOeIMMCs B 9TOM HA JaHHOM! JIEKI[UN.
Ho npesx e ueM IIOrpys3uThCa B PUBUKY, A X0Uy pasodpaThb
KOe-uTO U3 MaTeMaTHUKN — HeMHOT'O CTapoii, KoTopas yiKe

MOSBJAAJACH B IPEALIAYIINX JIEKITUAX, HEMHOT'O HOBO.

8.1. MaTemaTnuecKass HHTEPJIIOTUI:
padoTa ¢ HenmpepPsIBHBIMHU (PYHKITUAMM

8.1.1. O630p BoIHOBOM (PyHKITUU

B oT0ii TeKIuu MBI OyAeM MCII0JIb30BATh I3bIK BOJTHOBBIX
(byHKIIUI, IT09TOMY JaBaliTe mepe IIOTPYyKeHNeM caejiaeM
HebO0JIBIIION 0030p MaTepuaa. Mbl 00CY K IAIN B IEKIIUUA D
BOJTHOBBIE (DYHKITUY a0CTPAKTHBIX O0BEKTOB, He 00bICHAA,
KaKoe OHY MMEIOT OTHOIIeHUWE K BOJTHAM UJIU QYHKIIUIM.
IIpesx e ueM BOCIIOJIHUTE 9TOT IIPO0EJI, I HATIOMHIO TO, UTO
MBI 00CY K IAI1 paHee.

HaunewMm c Toro, uro Beibepem HabaogaeMyo L ¢ coo-
CTBEHHBIMU 3HAUEHUSIMU N\ U COOCTBEHHBIMU BEKTODA-
mu |[\). ITycTs |¥) GyzeT BeKTOpOM cocToAHuA. II0CKOIBKY

coOCTBEHHBIE BEKTOPBI 9PMUTOBA OIepaTopa o0pasyioT

273



KBaHTOBaA MexaHuKa

IIOJIHBIMI OPTOHOPMUPOBAHHBIH 6as3uc, BeKTOD |V) MOKHO

PAaBJIOKUTH II0 9TOMY 0asucy:
(8.1)
Kax BoI momuuTe 13 pasgesios 5.1.2 u 5.1.3, BeTuunHbI
U(N\)

Has3bIBAIOTCA BOJHOBOMU (hyHKITMEl cucTembl. Ho 3ameTnbTe:
KOHKpeTHas (popma W(\) 3aBUCUT OT KOHKPETHO HabJII01a-
eMoii L, KoTopyio MbI IIepBOHAYAJILHO BbIOpain. Eciu BbI-
OpaTh IpyTyIo HaOII0AaeMyIo, BOJTHOBaA (QYHKIUA (HAPALY
¢ 6a3MCHBIMYU BEKTOPAMU U COOCTBEHHBIMU 3HAUEHUAMU )
OKaKeTcs MHOU, HeCMOMPs HA MO WMo Mbl NO-NPeHcHeMY
zogopum 0 mom xHe camom cocmosaHuu. Takum obpaszom,
MBI JIOJI’KHBI CleJIaTh OTOBOPKY O TOM, uTo W(\) ABIsgeTCA
BOJIHOBOH (pyHKIMeH, cBsizaHHOH ¢ |V). Eciu ObITh TOYHBI-
MU, MBI JOJIKHBI CKasaThb, 4To W(\) sIBIseTCs BOJHOBOM
dyuarmuii B L-6asuce. Eciu ncmosis30BaTh CBOMCTBA OPTO-
HOPMHMPOBAHHOCTH 3TOT0 6a31ca BEKTOPOB

(NIN) =

TO BOJIHOBasA QYHKI[UA B 9ToM L-6a31ce MOKeT ObITh TAK-
JKe 3aJjaHa ¢ IIOMOII[bI0 BHYTPEHHUX IIPOU3BENEeHUN (Man
IIPOEeKINii) BeKTopa cocTosaHusA |V) Ha cCOOCTBEHHBIE BEK-

TOPBHI |\):

TN = NW).
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O BOTHOBO#I GYHKIIMY MOKHO IyMaTh ABYMs CIIOCOGAMMU.
IIpesx e Bcero, 5To Ha6OP KOMIIOHEHT BEKTOPA COCTOAHUA
B KOHKDETHOM 0asuce. T KOMIIOHEHTHI MOYKHO BBIIACATH
B hopMe BEKTOpa CTOJIOIIA:

Hpyroii crmocod AyMaTh O BOJIHOBO (DYHKIITUU — STO Pac-
cMaTpUBATh ee KaK PyHKITHIO \. Ecaiu BBI 3aa71u J1r060€e 0-
IIyCTHMOE 3HaUeHue \, To GYyHKINA V() ZaeT KOMILJIIEKCHOE

yucyo. MoxHO0, TakIM 00pa3oM, CKa3aThb, UTO
U(N) —

9TO KOMNJIEKCHOSHAYHASL PYHKUUSL OUCKDPEMHOIL nepeMen-
Hott \. IIpu TakoM paccMOTpPeHUM JIMHEHBIE OIIEePaTOPHI
CTAHOBATCS OIEPAIUIMU, KOTOPbIE MPUMEHSIOTCA K QYHK-
IUSAM U JAIOT HOBBIe QYHKIIUH.

U eme onHoO, TTocjiefHee HATIOMUHAHKE: BEPOSITHOCTD

TOI'O, YTO SKCIIEPMMEHT JaCT pe3yJjabTaT )\, paBHaA

P(N) = T*(\)T(N).

8.1.2. ®yHKIUU ¥ BEeKTOPHI

Hlo cux mop cucTeMbl, KOTOPBbIE MBI M3yUaJid, UMEJJIN KO-
HeUHOMepHbIe BEeKTOPhI COCTOAHUA. Hampumep, IIpocToii

CIIMH OIIMCBhIBA€TCA ABYMEPHBIM IIPOCTPAHCTBOM COCTO-
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aauii. [lo sToit npuunHe HaOJIOZaeMble UMEJIU TOJbKO
KOHEYHOE YMCJIO BOSMOKHBIX HAOJII0aeMbIX 3SHAUYEHUH.
Ho cyiectByioT 6oJiee CiIOKHBIE HabOI0aeMble, KOTOPbIE
MOTYT UMeTh OeCKOHEeUHOe UICJO0 3HaueHuii. IIpumepom
CAy:KUT yactuita. KooparHATHI YaCTUIIHI IBJIAIOTCSA Ha-
0JIF0Ja€MBIMH, HO B OTJIMYNE OT CIMHA KOOPAMHATEI UMEIOT
0eCKOHeUYHOe UMCJI0 BO3MOYKHBIX 3HaueHuii. Hanpumep,
YacTHUIla, ABUIKYINAACA BIOJIb OCU X, MOKET HaXOJAUTHCS
y JIt000¥ BeIecTBEeHHOW OTMETKHU X. [lpyrumu cjoBaMu,
X ABJISIETCA HENPEPBHIBHON OECKOHEUHO! epeMeHHOM.
Korga nabimomgaeMble CUCTEeMbI HEIIPEPLIBHEI, BOJTHOBAS
(GyHKIMA CTAaHOBUTCSH IIOJHOIIEHHON (DYHKITVE HETIPEPhIB-
HOM mTepeMeHHOM. [1JIs mMpuMeHeHUA KBaHTOBON MeXaHUKU
K CCTEeMaM TaKOT'O PO MbI JIOJIXKHBI PACIITUPUTD ITPE/ICTAB-
JIeHUe 0 BEeKTOpaX TakK, YTOObI BKJIIOUHUTDH B HETO QYHKI[UH.
DYHKIIUY ABIAIOTCA PYHKIIUIMY, 8 BEKTOPHI — BEKTO-
paMu; OHUM KaKyTCA COBEPIINEHHO PA3SHBIMHU CYIITHOCTAMH,
Tak B KaKOM sKe CMbIcJie QYHKITUY ABIAIOTCSI BeKTopaMu?
Ecuiz BB 1ymaeTe 0 BEKTOpPaxX KaK O CTPEJIKAX B TPEXMep-
HOM IIPOCTPAHCTBE, TO OHU, KOHEUYHO, COBCEM HE TO JKe
camoe, uTo @yHKIIuu. Ho ecyi BbI B3TJIsTHETE HA BEKTOPHI
mupe, Kak Ha MaTeMaTUudecKle 00 beKThI, YIOBJIETBOPSIO-
IITe HeKOTOPBIM MOCTyJIaTaM, PYHKIIUY B IeHCTBUTEIHLHO-
cTu 00Pas3yI0T BEKTOPHOE IIPOCTPAHCTBO. TaKkoe BeKTOPHOE
IIPOCTPAHCTBO YaCcTO HA3bIBAIOT M'MJIb0EPTOBLIM ITPOCTPAH-
CTBOM B UecTh MaTemaTuka [lasuga I'minoepra.
Paccmorpum HAGOp KOMIIeKCHBIX GYyHKIUI V(x)

OTHOM BeIlleCTBEHHOU mmepeMeHHON x. Ilox KoMIIIeKCcHOM
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byHKIIMEl a1 nMelo B BUAY, UTO KayKJOMY X OHA COIIO-
craBiser KoMmiaekcHoe yucyo V(x). C gpyroit cTopoHsI,
He3aBHUCHUMAas IIepeMeHHadA X ABJIAETCA OOBIYHOI Belre-
CTBeHHOU mepeMenHoii. OHa MOKeT IPUHUMATH JIO0ObLIe
BeIlleCTBeHHbIe 3HAUEHNS OT —00 10 00,

Temneps chopMyIUpPyeM TOUHO, UTO MBI IMeeM B BUAY,
roOBOPsA, UYTO «PYHKIIUU ABJISIOTCA BEKTOPAMU». ITO HE
IIOBEPXHOCTHAA aHaJorusa uian meradopa. Ilpu Hexoro-
PBIX OTPAHUYEHUAX (K KOTOPBIM MBI €Ille BEPHEMCs ) TaK1e
byuruuu, kak V(x), yJOBIETBOPAIOT MATeMaTUIECKUM
aKCcHOMaM, KOTOPBIE OMpPeNeIsilOT BEKTOPHOE IIPOCTPAH-
CcTBO. MBI BCKOJIB3b YIIOMUHAJIM 9Ty Uei0 B pasgeine 1.9.2,
a Telephb UCIOJIb3YeM €€ B IOJIHYIO cuay. OriaabiBasich Ha-
3a]l, Ha aKCHOMbI KOMILIEKCHOI'0 BEKTOPHOTO IIPOCTPAHCTBA
(B pasmese 1.9.1), MBI BUAUM, YTO KOMILJIEKCHbBIE DYHKI[AY

YIOBJIETBOPAIOT UM BCEM.

1. CymMma J1100BIX ABYX QPYHKIINI ABJASIETCA PYHKIIMEH.
2. Ciroxenne QyHKIINHA KOMMYTATHUBHO.
3. CioskeHune PYHKIIUI aCCOIIUATUBHO.

4. Cy1ecTByeT eIVMHCTBEHHAA HYJ/le8asa PYHKUUS TaKkad,
YTO IIPH ee CJIOMKEHUHU C JI0001 (DYHKIIMEeH II0JIyJaeTCs

Ta Ke caMasd (PyHKIHA.

5. s nob6oit nanuo# pyHruuu V(x) cylecTByer equH-
crBeHHaA pyHKnua —V(x), rakas uto ¥(x) + (—U(x)) = 0.

6. YMHOKeHUe QYHKIIUYA Ha JII000e KOMILJIEKCHOE YHCJIO

naeT QYHKIINIO U IBJIAETCSI JUHEHMHBIM.
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7. Cobmromaercsa 1ucTpuOyTHBHOE CBOMICTBO, O3HAUAIOIIIEe

qTo

2[U(x) + ¢(x)] = 2¥(x) + z2p(x),
[z + w]¥(x) = 2¥(x) + w¥(x),

rje z U W — KOMILIEKCHBIE YHCJIa.

Bce sT0 mogpasymeBaeT, 4TO MbI MOYKEM UAeHTUDUIA-
poBaTh @ynkuio V(x) ¢ Ker-BekTopoMm | V) B abcTpakTHOM
BEKTOPHOM ITpocTpaHcTBe. HeyauBUTEIIBHO, UTO MBI TAKKe
MOXKEM OIIpeieIuTh Opa-BeKTophl. Bpa-BekTop (V|, coor-
BeTCTBYOIUH KeTy |V), 0TOK/IECTBIAETCA ¢ KOMILJIEKCHO
conpsAKeHHON QyHKIHeHn U*(x).

s ahpeKTUBHOTO UCIOJIB30BAHUA dTOM UAEN HaAM
Heo0X0ImMO 0000IITUThL HEKOTOPhIE IPEeIMEThI 13 HaIIero
Habopa MaTeMaTHUYeCKUX MHCTPYMEHTOB. B mpeabiayimmx
JIEKIIUSIX METKM, KOTOPbIE NAEHTU(UIMPOBAIN BOJTHOBLIE
(byHKIUM, OBLIN YJIeHAMU HEKOero KOHEUHOIO SUCKPEeT-
HOT'O MHOXK€CTBa, HAIIPHUMeP COOCTBEHHBIMY 3HAUEHUSIMU
ompeneieHHON HabaogaeMmoii. Ho Temeps HesaBucumas
rnepemMeHHasd HenpepovisHa. Cpemu mpoyuero sSTo 03HAYALT, UTO
MBI He MOYKeM CYMMUPOBATh O Hell, TOJIb3YACh OOBIUHBIMU
cymmamu. S gymaro, BeI 3HaeTe, 4TO HAZO AejaTh. BoT opu-
€HTHMPOBaHHEIE HA qJYHKIlI/II/I 3aMEHUTEeJIN OJId TpeX HalllnuX

BEKTOPHBIX IOHATUI, C IBYMS 13 KOTOPBIX BEI YK€ 3HAKOMBI.
« CyMMBbI 3aMeHSAIOTCA NHTETPDAJIaAMHU.

+ BeposaTHOCTY 3aMEHSAIOTCS IIJIOTHOCTSIMY BEPOATHOCTH.
« Hesnbra-cuMmBoJ KpoHeKepa 3aMeHsAeTCA AeabTa-QyHK-

nuett [lmpaka.
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IIpucMoTpuMCA K 9TUM MHCTPYMEHTAM BHUMAaTeJIbHEE.

CyMMBI 3aMeHAIOTCA HHTerpajdamMmu. Ecau MBI I10-
HACTOAIIEMY XOTeJIH ObI COXPAHUTL CTPOTOCTE, TO HAUAJIN
OBI C 3aMEHBI OCH X JUCKPETHLIM HAaOOPOM TOUEK, pa3/esIeH-
HBIX OU€Hb MaJILIMU HHTEePBAJIAMU £, a 3aTeM IIePeIILIN ObI
K mpemeny € — 0. ITonagzo6muaoch ObI HECKOJIBKO CTPAHUIT HA
TO, YTOOBI 000CHOBATH KasKAbIN 1m1ar. Ho MbI MmosxeM usoe-
JHATh 9TUX XJIOIIOT C IIOMOIIBbIO HECKOJIBKUX NHTYUTUBHBIX
ompeeieHNI, TAaKNX KAaK 3aMeHa CyMM HMHTerpajJaMu.

CxeMaTUYEeCKU 3TOT II0AXO0a MOJMHO 3aIluCaThb TaK:

Hampumep, ecau Hamgo BBIYUCIUTSD IIJIOIALEL IO KPUBOIL,
OCh X JEJUTCS Ha KPOIIIeYHbIe OTPE3KU, 3aTE€M CKJIAIbI-
BalOTCA ILJIOIIAAX GOJBIIIOTO YHKCJIA IPAMOYTOJIbBHIUKOB,
B TOYHOCTHU KaK 9TO JIeJIaeTCs B dJIeMEeHTapHOM MaTeMaTH-
YyecKoM aHajsmuse. Korga Mbl JaeM oTpe3KaM CiKUMAaTbhCS
[0 HYJIEBOTO padMepa, CyMMa CTaHOBUTCSA MHTETPAJIOM.

Paccmotpum 6pa (V| u ket |U) 1 onpesesinm uxX BHYTPEH-
Hee nmpousseaene. OueBUAHBIN CIIOCO0 CAeIaTh 9TO COCTOUT
B 3aMeHe CYMMUpOBaHus B ypaBHeHuu (1.2) Ha nHTErpu-

poBanue. MbI onpesieiuM BHyTPeHHee IPOU3BeleHUE TaK:
(8.2)

BGPOHTHOCTI/I 3aMEHAIOTCA IJIOTHOCTAMU BEPOATHOCTH.

Ilasee, MBI OTOXKIECTBUM

P(x) = W*(x)¥(x)
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C TIJIOTHOCTBHIO BEPOATHOCTH JJis TiepeMenHou x. [louemy
WMEHHO C IIJIOTHOCTHIO BEPOSTHOCTHU, & HE IIPOCTO C BEPO-
araocTbio? Eciau x siBiseTCs HelpepuIBHOI IIepeMeHHO,
TO BEPOATHOCTD, UTO OHA IIPUMET JI000€e TOUHO 3aJaHHOe
3HaueHWe, OOBIYHO paBHA HYJ 0. [losTOoMy mpaBuIbHEE
CTABUTH BOIIPOC TaK: KAKOBA BEPOATHOCTH TOTO, YTO X Jie-
JKUT MEKIY ABYMSA 3HAUeHUAMU X = a 1 X = b? ILi1oTHOCTD
BEPOSITHOCTH OIIPEJNIeJAETCA TaK, UTO 9TA BEPOATHOCTh

JaeTcd mHTerpajoM:

ITocKoIBKY ITOIHASA BEPOATHOCTD SOJIMKHA OBITH 1, MBI MO-

JKeM OITpeeINTh HOPMUPOBKY BEKTOPA KaK
(8.3)

HeasTa-cumBoi Kponekepa samenserca geabra-pyHK-
nuei [lupaka. [lo cux mop Bce ObLJIO OUeHb 3HAKOMO. [lesrb-
Ta QyHKIUA [[lupaka — 9TO YTO-TO HOBeHbKoOe. [lesbTa-
(byHKIIMA ABISETCA aHAJIOTOM JeJIbTa-cuMBoJia KpoHeKkepa
0;j, KOTOPBIH 110 onpezenennio pasen 0, eciu i # j, u 1, ecan
i = j. Ho ero mosxHO ompefesiuTh 1 mo-apyromy. Paccmo-
TpuM J1000# BeKTOp F; B KOHEUHOMEPHOM IIPOCTPAHCTBE.
Jlerko 3amMeTuTh, UTO AeJbTa-cuMBOJ KpoHeKkepa yIoBJIeT-
BOPSAET YCJIOBUIO

ITO CBA3aHO C T€M, UTO B TaHHOI CyMMe HeHYJIeBbIMHU SIBJIA-
FOTCA TOJIBKO YIEHBI ¢ j = i. B X0/le cyMMupOBaHUA CUMBO.I

Kponekepa oThuIbTPOBBIBAET BCe KOMIIOHEHTHI F Kpo-
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Me F;. OueBUIHBIM 0000IIIeHEM 9TOT0 Oy AeT OIIPeaeINTh
HOBYIO QYHKIIUIO, KOTOPada 00JiaaeT TaKUM ke QUIbTPY-
IOII[IM CBOMICTBOM, KOI'/IA MCIIOJIb3yeTCs IO HHTEerPAIOM.

IIpyrumu cjaoBaMu, HAaM HYXHa HOBasd CYII[HOCTH
o(x — x'),
00J1aaro1ias TeM CBOMCTBOM, UTO AJis 000 pyHKnmu F(x)
(8.4)

YpaBHeHue (8.4) onpejensaer HOBYIO CYIIHOCTh, HA3HI-
BaeMylo deavma-QpyHryueil [Jupakxa, KoTopas okasajach
BaKHEHNIIINM MHCTPYMEHTOM B KBAaHTOBOM MexaHukKe. Ho
HecMOTPs Ha ee Ha3BaHUe, 9TO B JelCTBUTEJILHOCTU He
byHKIIUA B 00bIuHOM cMbIcse. OHa paBHA HYJIO Besle,
rae x # x', HO Korja X = x' oHa oOpailraercsa B OeCKOHeu-
HOCTh. PaKTUUECKH OHA OECKOHEUHA POBHO HACTOJIBKO,
uT00BI IJIOINALb o O(x) OpL1a paBHa 1. 'py6o roBops, ata
(GYHKIIUS OTJIMYHA OT HYJIS Ha 0ECKOHEUHO MaJIOM UHTEP-
BaJie €, HO Ha 3TOM MHTepBaJje uMmeer 3HaueHue 1 /€. Takum
o0pasoM, IJIOINAAE IO Heil paBHA 1, 1, UTO BaskHee, OHA

yZoBJIeTBOpsAET ypaBHeHUO (8.4). PyHKIUA

JOCTATOYHO XOPOIIIO AIlIIPOKCUMUPYET IeJIbTa-PyHKIIIIO
IIpH1 OYeHb OOJIBINKNX 3HAUeHuAX n. Ha puc. 8.1 mokasana
9Ta OIITMMMU3alMd IIPU YBEJIMUYNBAOINMUXCA 3HAYEHUAX 1.
HecmoTps Ha TO UTO MBI OcTaHOBMINCH HA n = 10, To ecThb
OUYeHb HeOOJILIIIOM 3HAaUYeHNM, O0paTuTe BHUMAaHNIE, UTO

rpaduK y2Ke cTasl OYeHb Y3KUM U PE3KUM ITUKOM.
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282



Jlekuuma 8. YacTnubl 1 BONHbI

8.1.3. UaTerpupoBaHue 1Mo 4acTaM

IIpexme ueMm oOCyKIaTh JUHENHBIE OIePaTOPhI, MbI Cle-
JaeM HeOOJbIIO KPIOK, YTOOBI HAIIOMHUTE IPHEM, HA3bI-
BaeMbIA unmezpuposaruem no wacmsam. OH OUeHb ITPOCT
¥ COBEPIIIeHHO HeOOXOAMM AJIs HaIluX meseii. MuI Oygem
IIOJIb30BaThCA UM CHOBA U CHOBA. JlommrycTuM, y Hac ecTh JBe
dyuxunuu F u G. Paccmorpum guddepeHInal UX IPOus-

Begenusd FG. MBI MosKeM 3aicaThb
d(FG) = FdG + GdF
unu
d(FG) - GdF = FdQG.

Bssas ompeseneHHBIN MHTETPAJ, IIOJIyUAeM

nJiain

Iro crangapTHad GopMyJia, KOTOPYIO BBl MOYKETe IOMHUTD
13 MaTeMaTUUecKoro anaansa. Ho B KBAaHTOBOII MexXaHUKe
Ipeje bl O0OBIYHO PACIIPOCTPAHSIIOTCS Ha BCIO OCh, M HAIIIa
BOJIHOBASA (PYHKIUA M1 KOPPEKTHON HOPMUPOBKU JOJIIKHA
CTPEMUTHCA K HYJIIO Ha 0eCKOHEeUHOCTHU. IloaTOMY IIepBbIii
YJIeH B TaHHOM BBIDAKEeHUU Bcerga OyaeT paBeH HYJIO.
Nmes sTo B BUAYy, MOKHO HCIIOJb30BATH YIIPOIIEHHYIO

BEPCHUIO MHTEI'PUPOBAHUA I10 HACTAM:
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Ira popMmyJia BepHA IPHU ycJaoBuu, uro F u G crpeMsTcs
K HYJI0 HA 0ECKOHEUHOCTH, TAK UTO 'PAHWYHLINA YJIeH
oOpaiijaeTcsi B HOJIb. BbI CHMJIBHO oOJieruuTe cebe KU3Hb,
€CJIY IIPOCTO 3AIIOMHITE dTY CXEMY: IIEPEHOC IIPOU3BOSHONI
C OJJHOT'O MHOXKHTEJIS B HOIBIHTEIPDAJILHOM BEIPAYKEHI HA
JPYI'oi CTOUT BaM 3HAKa MUHYC.

8.1.4. JIuneiinsie oriepaTopbl

Bpa 1 KeTbl — 9TO JIUIII ITOJIOBHA KBAHTOBOM MeXaHUKU;
Ipyras HOoJOBMHA — 9Ta KOHIENIUS JUHEHHBIX ollepa-
TOPOB 1 B 0COOEHHOCTU 3PMUTOBEIX omepaTopos. OTciozma
BO3HUKAET ABa BOIIpoOca:

+ YTo moHMMATS IO JNHEHHBIM OIIEPATOPOM B IIPOCTPAH-
cTBe QyHKITUU?

« KakoBo yc/ioBu€ 9pMUTOBOCTH AJIA TAKOT'O JIMHEHHOTO
omeparopa?

IlonsaTue TuHEHHOTO OoIepaTopa JOCTATOUYHO IIPOCTOE:
ATO MaIllMHa, KOTOpas AeficTByeT Ha (PYHKI[UIO U JaeT
apyryio ¢pyuknuio. Korga oHa geiicTByer Ha CyMMYy ABYX
(byHKIIUIT, TO TaeT CYMMY IBYX OTAEJIbHBIX PE3yJIbTaTOB.
Korpga neiicTByeT Ha QYHKITUIO C KOMILIEKCHBIM MHOKUTE-
JieM, OHa IaeT Pe3yJabTaT C TeM JKe MHOKUTeJaeM. [l pyrumMu
ciaoBamu, oHa (ciopupus!) TuHelHa.

Paccmorpum HekoTOpbIe TpuMephl. OHA U3 TPOCTHIX
ormeparuii, KOTOPYIO MOKHO BBITIOJHUTDH HaJX PYHKITUEH

U(x), — 9TO yMHOKeHUe ee Ha X. B pe3yiabraTe MbI IIOJY-

284



Jlekuuma 8. YacTnubl 1 BONHbI

yaeM HOBYIO QyHKIUI0 XW(X), 1 Terko yoeauThCs, UTO 3Ta
onepanud auHelHa. IIpefcraBuM « yMHOKEHUE HA X» KaK

onepatop X. Torga mo ompeneieHUIO
X U(x) = x¥(x). (8.5)

Bor gpyroit mpumep. Onpenenum D Kak omepaTtop gudde-
PEHIIMPOBAHUS:

(8.6)

YIIPASKHEHHUE 8.1

Hokakure, uto X u D — JmHeHBbIE OTIePATOPHI.

Komeuno, 9T0 JIUIITL KPOIITEUHOE TOAMHOYKECTBO BCEX
JVWHENHBIX OIIePaTOPOB, KOTOPHIE MOXKHO CKOHCTPYUPO-
BaTh, HO MbI CKOPO YBUAUM, 4T0 X 1 D uUrpaioT caMyio UTo
HU Ha eCThb IeHTPaAJbHYIO POJIb B KBAHTOBOM MeXaHUKe
YacTUIL.

Temepb pacCMOTPUM CBOMCTBO 9PMUTOBOCTH. Y JOOHBIMH
CII0CO0 BBIABUTH 9PMUTOBOCTH OIIepaTopa — 39TO PaccMo-
TPETh €ero MaTPUYHBIE DJIEMEHTHI IIyTEM IIOMEIeHUA ero
B COHABUY MeKay Opa u xKerom. IlomecTuTs onepartop L

B COHABUY MOYKHO JBYMS CIIOCOOAMMU:
(IL[|P)
nJjan

(P[L|W).
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B o61em ciiyuae He CYI[eCTBYET IIPOCTOM CBA3ZU MEMKIY
STUMU ABYMA coHABUYaMu. Ho B caryuae spMuTOBAa omepa-
Topa ([J1s1 KoToporo 1o onpenesennto Lf = L) cymectByer
IIPOCTOE COOTHOIIIEHNE — BTHU ABA COHABUYA ABJIAIOTCS

KOMILJIEKCHBIMY CONPAKEHHBIMY IPYT APyTa:
(V[L[®) = (P|L|¥)*.

ITocmoTpum, aBigioTcs au ormepaTopbl X 1 D spMUTOBLIMU.

Hanomuro, uTo
X ¥(x) = x¥(x),

U, UCHOoaB3ysA hopmyay (8.2) mis BHYTPEHHEr0 IIPou3Be-

JA€HUA, MOHO 3allrcaTb

ITocKOJBKY X — BelleCTBEHHOE YKCJIO, HETPYAHO IOHATD,
YTO 3T JBa MHTErpaJja ABJIAITCA KOMIJIEKCHBIMU CO-
MPSXKEeHUSIMU APYT AJIA APyra, a 3HAYUT, omepaTop X —
SPMUTOB.

A uT0 MOKHO cKasaTh 00 omepaTope D? B aToMm ciryuae
IBa COHABUYA OYIYT MMETh BUJI

(8.7)

. (8.8)
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s ompenenenus, siBasdeTcs jiu D spMUTOBBIM, HAM He-
00X0IMMO CPABHUTH STU JBa MHTErpaJja U MPOBEPUThH,
SIBJISTIOTCSA JIM OHU KOMILJIEKCHBIMY COIPSMKEHUSIMU APYT
apyra. B manHoii (popmMe caeiaTh 3TO JOBOJILHO TPYIHO.
XHUTPOCTH COCTOUT B TOM, YTOOBI B3SITH BTOPOM MHTETPAJI IT0
yacTsaMm. Kak y»Ke roBopuIoch, MHTETPUPOBAHUE I10 YACTSIAM
[T03BOJISIET IIEPEHOCUTD ITPOU3BOAHYIO C OHOTO MHOMKUTEJIS
B IMOABIHTErPAJIbLHOM BBIPAXKEHUU Ha APYTO#l IpU yCJIo-
BHUH, YTO OJJHOBPEMEHHO MeHseTcs 3HaK. Takum o6pasom,
vHTerpas B ypaBHeHHUu (8.8) MOXKHO IepemnucaTth B BUje

. (8.9)

Teneps HYKHO IIPOCTO CPABHUTDL BhIPAKEHUSI B yPaBHEHH-
ax (8.7) u (8.9), uTo oKkasbIBAETCA COBCEM He CJIOKHO. M13-3a
3HAKA «MUHYC» SICHO, YTO OHU OIIPEJIeJIEHHO He SBJISAIOTCH
KOMIIJIEKCHBIMY COIIPSIMKEHUSAMY APYT Apyra. BmecTo aroro
WX CBsI3b BhIpaskaeTcs (popMyJIoi

(VD|®@)=(®|D[¥)*,

KoTopasd AuaMeTpaJbHO MPOTUBOIIOJI0MKHA TOMY, UYTO HAM
Hanmo. B oranunme ot onmeparopa XD He sBIsieTCs 3pMUTO-
BBIM. BMeCTO 3TOT0 OH yIOBJIETBOPSIET COOTHOIIIEHUIO

OmnepaTtop, 06/1afafOINii TAKKUM CBOMCTBOM, HA3bLIBAIOT
AHMUIPMUMOBHLM.

XO0TA aHTUSPMUTOBBI I SPMUTOBLI OIIEPATOPBI IIPOTUBO-
TOJIOYKHEI APYT APYTY, IEPEUTH OT OTHOTO K APYrOMY OUeHb

Jerko. Bece uTo HYMXHO — 9TO YMHOMKHUTHb Ha MHUMOE€ YK CJIO
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inau —i. Takum o6pasom, MbI MOYKEM MCIOJIL30BaTEL D 115
KOHCTPYMPOBAHUS OIIEePATOPa, KOTOPBIHA ABJISETCS SPMIU-

TOBBIM, & UMEHHO
—ihD.

Ecau mocmoTpeTrs, KaK AeHMCTBYET 9TOT HOBLIA 9PMHUTOB

omepaTop Ha BOJHOBBIE (PYHKIIUU, TO MbI OOHAPYKUM, UTO
(8.10)

3amomuuTe sty popmyay. CKopo oHa CTaHeT urpaThb Be-
IVIIYIO POJBb B ONpeAeeHN OYeHb BasKHOI'O CBOMCTBA

JacTul, — MX MMIIYJIbCAa.

8.2. CocTogHne 4aCTHUIbI

B Ki1accuuecKoil MexaHUKE «COCTOSHNE CUCTEeMBbI» O3Ha-
yaeT BCce, UTO HYKHO 3HATh, YTOOLI IIpeJICKa3aTh OyayIiiee
CHCTEMBI, €CJIU JaHbI IefICTBYIOIINE Ha Hee CUJIbI. ITO, KO-
HEYHO, 03HAYAET II0JIOKEeHNe BCeX YaCTHIL, COCTABJISIOIIIX
CHCTEMY, a TaKJKe MMITYJbChl DTHUX YacTHUIl. B Kiaccuue-
CKOM IIOJX0Jle MTHOBEHHbI€ KOOPAUHATELI I UMIYJIbCHI —
9TO COBEPIIIeHHO He3aBUCUMbIe lepeMeHHbIe. Hampumep,
JIJISI YACTHUILBI C MACCOIi M, IBMIKYIIEMCs B OJJHOM M3Mepe-
HNU BAOOJIb OCH X, MTHOBEHHO€ COCTOAHINE CUCTEMBI OIIV-
chIBaeTcs mapoii (x, p). Koopaguuara x — sTo mososkeHue
YaCTHUIBI, a — ee UMIIyJbc. B3aTbeie BMecTe, 9T
IBe IepeMeHHbIe 3a4a10T (Da30BOe IIPOCTPAHCTBO CHCTEMBI.

Ecau MBI 3HaeM cuy, JeHCTBYIOMIIYIO Ha YaCTHUITY, KaK
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(GyHKIUIO ee MOJIOXKEHUA, ypaBHeHUa ['aMUIbTOHA TIO-
3BOJISTIOT BHIUUCJIUTD €€ IMOJIOMKEeHNE U UMITYJILC B JIO0O0MU
nocienyioiuii moMeHT. OHU OIpeAesaioT TeueHusd B ¢a-
30BOM IIPOCTPAHCTBE.

C yueToM 5TOTO MOYKHO IPEAIIOJIOKUTE, YTO KBAHTOBOE
COCTOSTHUE YaCTUIIBI OyAeT HAaTAHYTO Ha 0a3MCHbBIE COCTO-

HUAg, o0o3HaUeHHBIE KaK KoopaumHaTa U MMIIYJIbC:

%, p).

BoanoBasa pyHKIM TOra OKasaaach ObI PyHKI[Mei 00enx

IIepEMEHHbIX

V(x, p) = (x, p|¥).

Ho sT0 e Tak. MBI yiKe BUAeJIN, UTO BEII, KOTOPhIE B KJIac-
CHUUYEeCKOH (pu3HKe MOXKHO 3HATh OJHOBPEMEHHO, B KBaH-
TOBO# (DHBUKE He BCeTa MOI'YT ObITh OIIpeeIeHbl BMECTe.
IIpuMepoM MOTYT CAYKUTH Pa3Hble KOMIIOHEHTHI CIIMHA,
CKakeM 0, 4 0,. O0e 9T KOMIOHEHThBI HeJIb3s 3HaTh OJHO-
BPEMEHHO; II09TOMY HeBO3MOKHO M COCTOSHIIE, B KOTOPOM
3aJaHbI 00e 5TH KOMIOHEHTHI. To Ke caMoe BePHO U B OT-
HOIIIEHUU X U P: 3aJjlaHNe 000UX 3HAUYEHU — BTO Imepedop.
ToBopuM sut MBI O cIMHAX (0,, 0,) UJIX O KOOPAUHATAX
U UMIIyJIbCax (X, p), X OGHOBPEMEHHAsA HEN3MEPUMOCTD
SABJISIeTCA HAIEKHO YCTAHOBIEHHBIM SKCIIEPUMEHTATbHBIM
darToM.

Yro B TaKOM cJayduae MBI MOYKeM 3HATh O YacTUIle Ha
ocu x, ecau He X u p? OTBeT: X MJAM pP; MaTeMaTUUYECKU

orrepaTopbl KOOPAMHATHI 1 UMIIYJIbCA HE KOMMYTUDPYIOT
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Mexay coboii. Ho g momuepkuBaio, UTO 3TO HeJIb3s OBLIO
cKasaTh 3apaHee; 3TO CYXOM OCTATOK MHOTHUX JMeCATUIeTH ]
9KCIIePUMEHTAJIbHBIX HAOJJIIOJeHNIH.

Ecau xoopauHaTa 4acTUILL SBJIsSEeTCA HabOJJI0IaeMoii,
TO DOJIKEH CYIIeCTBOBATDL CBSIBAHHBIN C HEll 9PMUTOB OIIe-
parop. OueBUAHBIM KaHAUAATOM SBJISAETCA OoIepaTop X.
IlepBoIii mIar K TOHUMAHNUIO (PYHAAMEHTAJNbHBIN CBA3U
MeXKOy MHTYUTUBHBIM IIPEACTABICHNEM O IIOJJOKEHUN
M MaTeMaTH4YeCKHUM ollepaTopoM X — 5TO OoIpeleJieHlue
COOCTBEHHBIX BEKTOPOB U COOCTBEHHEIX unces X. CobcTBeH-
HBIE UIICJa — DTO BO3MOJYKHLIE 3HAUEHUSA KOOPIMHATEI,
KOTOpPbIe MOT'YT HAOJ/I0IAaThCA, 8 COOCTBEHHBIE BEKTOPELI

IIpeacTaBJaA0T COCTOAHNUA C OIIPpeaeJIEHHBIM IIOJIOYKEHMEM.

8.2.1. Co0cTBeHHBIC 3HAUYCHU I U COOCTBEHHBIC
BEKTOPHI KOOPIUHATHI

EcrecTBeHHBIN CaeqyIONINHA BOIPOC: KAKOBELI BO3MOYKHBIE
MCXOMABI N3MepPeHNna X 1 KAKOBBI COCTOSHUS, B KOTOPBIX OHO
JlaeT oIIpesiesieHHOe (IIpencKasyemoe) sHaueHue? J[Ipyrumu
CJI0BaMU, KaKOBEI eT0 COOCTBEHHBIE 3HAUEHH A 11 COOCTBEH-
HbIe BeKTOPbI? Y paBHEHNeE [JIsi COOCTBEHHBIX 3HaUeHn X

BBITVIALUT TaK:
X|W) = xo|¥),

rae coOCTBeHHOe 3HaUeHre 0003HaueHo Xy. Ha a3bIKe BOJI-

HOBBIX (DYHKIIMI 3TO ypaBHEHUE IIPeBpaIiaeTcsa B

xW(x) = 2P (x). (8.11)
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ITo moceHee ypaBHeHUe BHITIIALUT cTpaHHo. Kak Mo-
KeT X, YMHOKEeHHOe Ha (YHKIINIO, ObITH IIPOIIOPIIMOHATIBHO
To ke pyHKIuM? Ha mepBwIi B3TJIA 5TO KayKeTCs HeBO3-
MoxxkHBIM. Ho pasbepemcsa BHUMaTeIbHO. Y paBHeHue (8.11)

MOJKHO IIePeNncaTh B BUJE
(x—x9)¥(x) =0.

Komeuno, eciiu mpousseeHe paBHO HYJIIO, TO II0 KpaliHel
Mepe OOVH 13 MHOKUTeJel JoKeH ObITh HyaeM. Ho npy-
rye MHOKUTEJIN MOTYT OTJINYaThCs OT Hy1A. Takum o6pa-
30M, €CJIX X # X, TO W(x) = 0. ITO OUE€Hb CUIBHOE YCIOBHE.
OHO roBOPUT, UTO AJIA JAHHOTO COOCTBEHHOTO 3HAUEHU A X
dbysarnua V(x) MoKeT OBITH HEHYJIEBOI TOJHKO B OLHOM

TOYK€, UMEHHO B
X = Xg.

Ha oObIYHO HEIPEPHIBHON (DYHKIIUU 9TO CMEPTEJTbHOE
ycJIOBUe: HU OfHA padyMHasaA (PYHKIIUU He MOXKeT OBITh
paBHA HYJIIO Be3/ie 3a UCKJIIUYEHNEM OJHOW TOUYKU U OBITh
HeHYyJIeBOIl B aToli Touke. Ho KaK pas TaKOBBI CBOMCTBA

IUPAKOBCKOMH IeabTa-(PyHKIIUN
8(2 — xq).

OueBUAHO B TaKOM CJIyuae, 4TO KaKJg0e BellleCTBEHHOe
YUCJIO X ABJIAETCA COOCTBEHHBIM 3HAUEHUEM X, U COOT-
BETCTBYOIIE COOCTBEHHBIE BEKTOPHI — 9TO QYyHKIUY (UX

YaCcTO HA3BIBAIOT COOCMBEHHbLMU QYHKYUAMU), GECKO-
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HEYHO CKOHIIEHTPHUPOBAHHEIE HA X = X. Tenepb BCe JACHO:
BOJIHOBad (IJYHKIII/IH

W(x) = b(x — xo)

IIPEICTABJISIET COCTOAHUSA, B KOTOPBIX YAaCTUIIA HAXOJUTCS
B TOUKE X HA OCH X.

Koneuno, 570 BecbMa ri1y00KOMBICIEHHO, YTO BOJI-
HOBasi PYHKIUA MPEACTABIAET YACTUILY, O KOTOPOIT 13-
BECTHO, UTO OHA HAaXOJUTCS B TOUKEe X, HyJIEM Be3lie, 3a
UCKJIIUYEHNEM Xo. Kak ObI e1rte aTo MorJio 6bITE? U Bee 1xe
MIPUATHO BUJETH, YTO MaTeMaTUKa 3/[eCh IOATBEPIKIaeT

NHTYUIINIO.
PaccmorpuM BHYyTpeHHEee TpousBeieHre COCTOsTHuS | V)
Ha cOOCTBEeHHOE 3HaueHUe KOOPAMHATEHI |X):
(%0|W).

ITonbsysce ypaBHeHUEM (8.2), mosyuaem

ITo onpenenenuio genbTa-pyHKIINNI, JaHHOMY B (hopMy-
se (8.4), MOKHO OIIpeZeIUTH 3HAUEHNE ATOTO MHTerpaja:

(xo|W) = W(xo). (8.12)

ITockOJIBbKY OHO MCTUHHO JJ JIFOOOTO X(, MbI MOYKEM OT-

OpPOCUTEL MHAEKC U 3alllCATh YPaBHEHIe B 00IIleM BUIe

(x|T) = U(x). (8.13)
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IOpyrumu cioBamu, BOIHOBasA GyHKIUA V(x) yacTULbI,
NBUIKYIeiicA BIOJb HATIPABIEHUS X, — JTO IPOEKI[U
BeKTOpa cocTosHus |V) Ha cOGCTBEHHBIE BEKTOPHI KOOPIY-
HaThl. MBI TaKKe roBopuM 0 V(x) Kak 0 80.1H080U PYHKUUU

8 KOOPOUHAMHOM NPedCcmageHul.

8.2.2. Ummyabce u ero co0CTBEHHBIE BEKTOPBI

HOJIO)KeHI/Ie — WHTYUTUBHO ACHadA BeIllb; UMIIYJIEC — HE
HACTOJILKO, 0COOEHHO B KBAHTOBOY MeXaHUKe. JIUIIh mMo3/-
Hee MBI YBUJIUM CBSI3b MEKIY OIIEPATOPOM, KOTOPBIN OTO-
JKIECTBJISETCSA C UMITYJIbCOM, M 3HAKOMBIM KJIACCUYECKUM
IpeacTaBJIeHNEM O Macce, YMHOMKEeHHOU Ha cKopocTh. Ho,
IIOBepPhTEe MHE, MBI YCTAHOBUM 9Ty CBS3b.

IToka OymeM mosiaraTbcsi Ha aOCTPaKTHYIO MATEMATHKY .
OmnepaTop UMIOYJIbCca B KBAHTOBOM MeXaHNKe 0003HAaUaeT-

ca P, u oH onpenenserca uepes omeparop —iD:

Kax mbI yxe Bugenu padee B ypaBHeHuu (8.10), Ham He-
00X0IMM MHOYKUTEJb —i, YTOOBI CAEJATh 9TOT OIIEPATOP
SPMUTOBBIM.

Mo:xHO 0B1JIO OBI IIPOCTO onpeneauTh P xak —iD, HO
ecJIM MBI TaK cejiaeM, TO CTOJKHEMCS C IIPo0IeMOoIi I03/1-
Hee, KOT/Ja CTaHeM YBSA3BIBATEL OTHU HUEN C KJIACCUUECKOI
¢usukxoii. [IpuunHa gojKHAa OBITh ACHA — 9TO HECOOTBET-
CcTBUe pasMepHocTeli. B KiaccuuecKoi (pusuke equHNIIA
HNMIIyJbCa — DTO Macca, YMHOMKeHHAasa Ha CKOPOCTH, TO

€CTh MacCCa, YMHOMXEeHHad Ha JJINHY U OeJIeHHad Ha BpeMA
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(ML/T). C gpyroii cropoHsl, oreparop D mmeer pasmep-
HOCTBb oOpaTHOU AyiuHbI 1/L. 136aBUTHCA OT 9TOTO HECO-
OTBETCTBUSA II03BOJIAET MMocTosHHaA Ilmanka h, KoTopasa
umeeT pasmepuocTb M L2/T. Takum o0pasom, mpaBUIbHOE
cooTHomIeHue Mme;kay Pu D —

P=-inD (8.14)
WJIN, Uepes ero AelicTBIe Ha BOJHOBbIe QYHKIIUH,
(8.15)

B xBaHTOBOI (pr3MKe YACTO MCHOJIB3YIOT €IMHUIILI, B KO-
TOPBIX i B TOUHOCTH PaBHA 1, ¥ 5TO TTO3BOJISIET YIPOCTUTH
ypaBHeHus. Ho MbI He OyzeM 9TOTO AesiaTh, HECMOTPSA Ha
BCIO IIPUBJIEKATEJIHFHOCTD TAKOTO IIpUEeMa.

Onpeneanm coOCTBeHHBIE BEKTOPHI U COOCTBEHHEBIE
sHaueHusa P. YpaBHeHus AJid COOCTBEHHBIX 3HAUEHUI

B abCTPaKTHON BEeKTOPHOI (hopme
P|V) = p|¥), (8.16)

rae OyKBOI p 0003HaUeHO coOCTBeHHOe 3HaueHme P. Ypas-
HeHUe (8.16) MOKHO TaK’Ke BRIPDA3UTh YePe3 BOJIHOBBIE

QyHKIIUA. BOCHOJIBSyeMCﬂ TOXIECTBOM

¥ 3aIIuIlleM YpaBHeHMe IJIs COOCTBEHHBIX 3HAUCHUI B BUE

nian
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C ypaBHeHHEM TAKOT'0 THUIIAa MbI YoKe UMeJIU AeJI0 IIPerKIe.

Ero pemrenne nmeeT Bu SKCIOHEHITUAJIBHON (PYHKITUN:

WHpeKc p IpoCcTo HATOMUHAET, 9T0 W, (X) — 9TO cOGCTBEH-
HBIIT BeKTOp omeparopa P ¢ ompeseieHHBIM COOCTBEHHBIM
3HAYeHUEM p. ITO GPYHKIUA X, HO OHA TTOMeYeHa COOCTBEH-
HBIM 3HaueHueM P.

Koncranra A mepes 9KCIIOHEHTOM HE OTIPEIeJIAeTCA U3
ypaBHEHUS IJIs COOCTBEHHLIX 3HaueHUi. TyT HeT HuUYero
HOBOIO; YPaBHEHUS IJIsI COOCTBEHHBIX 3HAUEHUN HUKOT A
He TOBOPSAT HaM, KaK HOPMUPYETCSA BOJHOBASA QYyHKITUA
B ejoM. Kak mpaBmJio, MBI OIIpe/iesisieM 9Ty KOHCTaHTY,
Tpebysi, YTOOBI BOJIHOBAsA (PYHKI[Ms Obljia HOPMUPOBAHA
Ha eIUHNYHYIO BePOATHOCTh. IIpuMep ToMy MOKHO Hali-
TH, BEPHYBIIINCEH Ha3al B pasaen 2.3, e MbI OIIpeae I

COOCTBEHHBIN BEKTOP X-KOMIIOHEHTBI CIIITHA:

MHOKUTETb 31ech obecrieynBaeT paBeHCTBO COBO-
KYITHOM BeposATHOCTH 1.

HopmupoBka co6cTBEHHBIX BEKTOPOB P — 6osiee ToOHKAs
omepalus, HO ee pedyabTatr mpocT. OupeaeuTb MHOMKH-
TeJIb A — JIUITh He HAMHOTO CJIOJKHEee, UeM B cJIydae CIIMHA.

YT00OBI COKOHOMUTE BPEMS, S CKAYKy BaM OTBET U IIOTOM
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IIpeagoCTaBJIIO BOSGMOMHOCTE CAMOCTOATEJIBHO €TI0 JOKa3aThb.

IIpaBuIbHBIN OTBET: . Uraxk,
(8.17)

W3 ypasuenuii (8.13) u (8.17) cienyer Koe-4T0 HHTEPEC-
Hoe. BHyTpenHee npoussezeHie COOCTBEHHOT'O BEKTOpa
KOOPAMHATHI |X) 1 COGCTBEHHOI'0 BEKTOPa UMITyJabca |p)

HMeeT OUeHb IIPOCTYI0 CUMMETPUUHYIO (QOPMY:

(8.18)

Bropoe ypaBHeHNE — 3TO IIPOCTO KOMILICKCHO COIPSKEH-
HOe mmepBoe. B aToM pesyibTare JIErKO yOeIUTHCA, €CJIU
IIOMHUTD, YTO |X) IPEACTaBIseT CO00M Aeabra-QyHKIIUIO.
IIpesx e ueM ABUTATHCA JAJbIIE, S X0TeJ]I Obl OTMETUTE ABA

BaXHBIX MOMEHTA.

1. YpaBuenwue (8.17) mpeacrasBiser cCOGCTBEHHYIO DYHK-
U0 UMIIYJIbCa B KOOPAMHATHOM Oasuce. [Ipyrumu
CJIOBAMM, XOTS OHA U IIPEJCTaBJIAET COOCTBEHHOE CO-
CTOSIHVE MMITYJIbCA, OHA ABJsSEeTCSA PYHKIMEHR X, a He

ABHOU (QyHKI[MEH p.

2. 1 ucononpayio O0ykBy WV 1151 0003HAUEHUA COOCTBEHHBIX
COCTOSHHUM KaK KOOPAMHATHI, TAK W UMIIyJbca. Ma-
TeMaTUKKM MOT'YT He OLOOPUTH MCIOJb30BAHMIE OJHOT'O
¥ TOTO Ke 0003HAUEeHUS IJIA IBYX PA3HBIX PYHKIIUMH,

HO GUBUKYU JeJA0T TaK IOCTOAHHO. ¥(Xx) — aTO IIpOCTO

296



Jlekuuma 8. YacTnubl 1 BONHbI

0011 CMMBOJI AJI JIF000M (PYHKIINM, KOTOPYIO HAM J[0-
BEJIOCH O0CY K IaTh.

Ha sTo#1 KoueBoil TOUKEe Mbl HAaUNHAEM ITOCTEIeHHO
HIOHMMATh, II0UeMYy BOJHOBaA (PyHKI[MA Ha3bIBae€TCA BOJI-
HOBOM (pyHKIHeli. O0paTuTe BHUMAaHNE, YTO COOCTBEHHBIE
byHKIUY (BOJHOBBIE DYHKINY, IPEACTABIAIOIINE COO-
CTBEHHBIE BEKTODHI) OllepaTopa UMIIYJIbca UMeIoT GopMyIy
BOJIH — CHHYCOUJ 1 KOCUHYCOUJ, €CJIH OBITH TOUHBIMH.
daKkTUUeCKU MBI ceifiuac BUAUM OAUH 13 caMbIX (PyHIA-
MeHTaJbHBIX aCIIeKTOB KOPIYCKYJIAPHO-BOJIHOBOTO Iya-

Ju3Ma KBaHTOBOI MexaHMKH. [imHa BOJTHBI QGYHKIIUU
ipx
e h

JaeTCd BbIPpaKeHneM

MMOCKOJBbKY 3HaUeHUe (DYHKIIUYW He MeHseTcA, ecau gooa-

BUTH K IIepeMeHHO Xx:

CroenaeM HeOOJIBIIYIO IAY3Y AJIA 00CYKISHUSI BAYKHO-
CTU 9TOH CBA3YU MEXKIY UMIYJIbCOM U AJINHOM BOJHBI. ITO
He IPOCTO BasKHO: BO MHOTMX OTHOINEHUAX AaHHAasa B3au-
MOCBSA3L onpeneania pusuky XX Bexa. Ha nmporsaxenun
IMOCJIEJHUX CTAa JIeT (DU3UKU B OCHOBHOM OBLIM 3aHATHI OT-
KPBITHEM 3aKOHOB MUKPOMUPA. ITO 03HAYAJIO IOHNMaHWIe

TOT0, KaK 00'bEKThI CTPOATCA 13 00Jiee MeJTKIX 00bEKTOB.
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IIpuMepsl XOPOIIIO U3BECTHBI: MOJIEKYJILI COCTOSAT 13 aTo-
MOB; aTOMbI — M3 9JIEKTPOHOB U AAeP; IApa — U3 IPOTOHOB
¥ HeHATpoHOB. IlocaenHue cyObsagepHbIE YACTUI[HI COCTOST
M3 KBAPKOB U I'JIIOOHOB. U sTa Mrpa mpogoJsKaercs, 1o
Mepe TOT0 KaK yueHble UIIYT BCe MEeHBIIIIE 1 Bce IIy0oiKe
CIIPSTAaHHBIE CYIITHOCTH.

Bce 5Tu 00BEKTHI CAUIIIKOM MaJibl, YTOOBI YBUAETEH UX
B JIYUIIIFE OIITHUYeCKNe MUKPOCKOIILI, HEe TOBOPS yIKe 0 He-
BOOpPY:KeHHOM rjase. [IprunHa He IIPOCTO B TOM, UTO HAIIIA
rJa3a HeJOCTATOUHO UYBCTBUTEJIbHBI. BakHee TOT (pakxT,
YTO rjas3a U ONTHYECKHEe MUKPOCKOIIBI YYBCTBUTEJIbHBI
K BUAUMOMY CIEKTPY, OXBaThIBAIOIeMY AJUHBLI BOJIH,
KOTOpPbIe B HECKOJILKO ThICAY pa3 AJInHHee, UeM pPadMepPhbI
aroma. Kak mpaBuiio, HeJIb3s pasTidaleTh 00beKThbl, HAMHO-
ro MEHBIIINE AJINHBI BOJHEI, C IOMOIILI0 KOTOPOI Ha HUX
cMmoTpAaT. I1o aToii mpuumHe ucTOPUI PUBUKU ABASIIATOTO
cToJieTus ObLJa BO MHOTOM IIOTOHell 3a Bce OoJjiee 1 OoJjiee
KOPOTKUMHU BOJIHAMHU — CBETOBBIMU MJIU JIIOOOTO IPYTrOro
tuna. B mekmuu 10 MBI BBIICHUM, UTO CBET OIpeaeIeHHOMI
OJWHBI BOJHBI COCTOUT 13 (POTOHOB, UMIYJIbC KOTOPBIX

CBdA3aH C I,l'.'l,'JII/IHOIL/'I BOJIHBI MME€HHO 9THUM COOTHOIIIEHHEeM:

Orcrozna cienyeT, YTO YeM MEHBIIIE Pa3sMepPhbl N3y4aeMbIX
00'bEKTOB, TeM 6OJIbIIle UMIYJILC POTOHOB (MIU APYTUX
06’BeKTOB), KOTOPBIE JJISI 9TOT0 HY KHBI. BOJIBITTION NMITYJILC
Hen30eKHO 03HauaeT 00JILIITYIO 9HePTHio. IMeHHO 10 9TOoi
IpUYMHE A OTKPBITHA MUKPOCKOIIMTYECKNX CBOMCTB Ma-

Tepun TpedyIoTca Bee 60Jiee MOITHBIE YCKOPUTEIN YaCTHII.
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8.3. IIpeoopaszoBanue ®ypnbe
U UMITYJIbCHBII 0a3uc

BosnoBas pyakiusa VU(x) urpaer BasKHYIO POJIb B OIIpe/e-

JIEHUY BEPOSITHOCTY OOGHAPYIKUTH YACTHUILY B IIOJIOKEHIH X'
P(x) =V (x)¥(x).

Kak MbI yBUAVM, HI OAWH 9KCIIEPUMEHT He MOXKeT OIIpe/e-
JIUTH OJHOBPEMEHHO II0JIOMKEeHe U UMITYJIbC YacTUIbl. Ho
eCJI HUUYero He 3HATh O IIOJOMKEHNN, TO UMIIYJIbC MOMKHO
M3MEPUTH TOUHO. ITa CUTYaIlHA COBEPIIIEHHO aHaJIOTMYHA
TOM, UTO MMeJia MECTO B X U 2z cjJydyae C KOMIIOHeHTaMU
cunua. Kaxmoe 13 3HAUEHU MOXKHO U3MEPHUTh, HO He 00a
BMecCTe.

KakoBa BepOsATHOCTH TOT'0, UTO YACTUI[A MUMEET M-
IIyJIbC P, €CJU MBI PeIIuM ero udMeputhb? OTBeT ABIAETCA
OPAMBIM 0000II[eHIIEeM IPUHIIUIIOB, 3a(PUKCAPOBAHHBIX
BJIeKINU 3. BepoATHOCTE TOr0, UTO N3MEPEHNE NMIIYJIbCA

OJacT HaM BEeJIMUUHY P, paBHA
P(p) = [(P[¥)[2. (8.19)

Breiparkenue (P|V) HasbiBaeTca BOJHOBOI GyHKIuUEH |V)
B UMNYIbcHOM npedcmasaenuu. EcrecTBeHHO, 5TO PYyHK-
A OT P, ¥ OHA 0003HAYAETCSA HOBBIM CIMBOJIOM:

(8.20)

Termeps sICHO, UTO CYIIIECTBYET JIBA CII0CO0A TPEICTaBIeHUA
BeKTopa coctossHusa. OfuH — B KOOpAWMHaATHOM Oasuce,

a apyroii — B uMmnyJbcHOM. O6e BOJIHOBBIE PYHKIIUU —
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KOOPAMHATHAA BOJHOBaA QYHKIUA V(X) U UMIYIbCHASA
BOJIHOBasI PYyHKIIUSA — TIPEACTABISIOT OLUH U TOT
ke BeKTOp cocTossuusA |V). Orciofa ciaenyer, 4To LOJIIKHO
CYIIleCTBOBATH IIPE0Opa30oBaHMe MY HUMU TAKOe, UTO
ecsiz n3BectHa V(x), mpeobpasoBaHue gaeT , ¥ Ha-
o6opoTr. PaKTUYECKU 9TU [BA IPEICTABICHUSI ABISIOTCS

dypbe-rpeodpaszoBaHUAMHU APYT APYyTa.

8.3.1. PasioskeHne eTMHNIIBI

Temepb MBI TOTOBEI YBUJETh CUJIY AUPAKOBCKUX Opa-Ker-
0003HAaUEeHHUI B YIPOIIEHNN CIOMKHBIX Belrei. IIpexme
BCero BCIIOMHUM BaXHYIO €10 13 IIPEABIAVIIITNX JIeRIIPIﬁ.
HomycTuM, MBI OIpeEeJUIN OPTOHOPMUPOBAHHBIN 6a3uc
COCTOAHUN C IIOMOIIIbIO0 COOCTBEHHBIX BEKTOPOB HEKOH
2PMUTOBOM Habromaemoii. O003HAUNM 9TH O0a3MCHBIE BEK-
TopHI |i). B mekuu 7 A pacckasbpIBas 006 OJHOM OUeHb II0-
JIEBHOM TIpUEeMe, U TeTlePb Mbl YBUAUM, HACKOJBKO OH B JIeii-
CTBUTEJIbHOCTU ToJsie3eH. OH HAa3bIBACTCS PA3JLOHCCHUEM
edunuyyt. Ilpuem, npencraBiaeHHbI B ypaBaeHuu (7.11),
COCTOUT B 3aIlMICU TOXKJECTBEHHOTO (€IMHUYHOTO) oIlepa-
topa I (omepaTop, KOTOPHII1 AeficTBYeT Ha 000 BEKTOD,

IaBas TOT JKe BEKTOD) B (hopme

ITocKOMBKY UMITYyJIbC U KOOPAUHATA O0BABJIAIOTCA SPMU-
TOBBIMUY, KaKJbIil 13 HAG0POB BEKTOPOB |X) U |p) ABIsETCSA
0asucoM. 3aMeHssI CYMMUPOBaHEe MHTETPUPOBAHUEM,

MBI 06HapyﬁanaeM ABa crocoba Pas3JIOKEeHNnd e JTMHUIbI:
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(8.21)

(8.22)

HomycTuM, 4TO HAM M3BECTHA BOJHOBAA QPYHKIUA ab-

CTPaKTHOTrO BeKTOopa |V) B KOOpJUHATHOM IIPEICTABIECHUN.

ITo OIIpeaeJIEeHNIO OHa paBHa

U(x) = (x] D). (8.23)

Tenepb IIPeaInoJIoX MM, YTO MbI XOTHUM Y3HaTb BOJTHOBYIO

byHKIIIIO B UMIYJBCHOM IIpeJicTaBieHnr. BoT moj-

pobHad mornaroBasd MHCTPYKITHA:

CHauaJjia nCII0JIb3yeM OITpeieieHre UMITYJIbCHOTO IIPe]I -

CTaBJIEHUSA BOJTHOBOI (DYHKITUN:

Tenepsb BCTAaBUM MeKIY Opa- U KeT-BeKTOPaAMU eIMHIY-
HBI orrepaTop B opme, faBaeMoii ypaBHeHueM (8.21):

Bripasxkenue (x|¥) — aTo IpocTo BOIHOBAaA (PYHKIUA
U(x), a (p|x) maercsa BropsIM u3 ypaBHeHwuii (8.18):

CBojs1 Bce BOGITHO, IIOJIyUaeM

(8.24)
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OTO ypaBHEHUE YETKO ITOKA3bIBaeT, KaK IIPeobpa3oBaTh
BOJIHOBYIO (DYHKI[MIO, 3aJaHHYIO B KOOPJUHATHOM IIPE/-
CTaBJEHUU, B COOTBETCTBYIOIIYIO BOJHOBYIO QYHKI[UIO
B UMITYJIbCHOM IIPeACTaBJIeHUH. [ 4ero sTo HyKHO?
IMomycTuM, M3BECTHA KOOPAUHATHAS BOJHOBASA (QDYHKI[UAA
HEKOTOPOM YaCTUI[bI; OJHAKO I[€JIb BAIIIEr0 9KCIIePUMEHTA
COCTOUT B U3MEPEHUU UMIIYJIbCA, U Bbl XOTUTE 3HATD Be-
POATHOCTH HAGIIOEHUS UMITYJIbca p. IIpomeaypa coCTOUT
B TOM, 4TOOBI CHaUaJa HANTHU o hopmye (8.24),

a 3aTeM BbIUYNCJIUTHb BEPOATHOCTDb

CTOJIb sKe IIPOCTO BBHIIIOJHUTH IIepexol B 00paTHOM
HamnpasJjeHun. IlycTs M3BECTHA U MBI XOTUM HAWTHU
U(x). Ha aTOT pas3 MbI BOCIIOJIb3yeMCA AJIA PA3JIOKEHUSA
enuHUIBI ypaBHeHUEeM (8.22). BoT mocienoBaTeibHOCTD
nIaroB (SaMeTBTe, YTO OHA BBITVIAAUT IIOAO0O3PUTEJIBHO II0-
XOJKel Ha IPeAbIAYINYIO).

+ CHauaJja UCIOJIb3yeM OIIpe/esIeHre NMITYIbCHOTO IIpe]-

CTaBJIEHUA BOJITHOBOU (DYHKITUN:
U(x) = (x|¥).

« Temeps BcTaBUM MeK Iy Opa- 1 KeT-BeKTOPAMU eTUHIY-

HBI omepaTop B popMme, faBaeMoil ypaBHeHUEM (8.22):
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- Bripaxernue (p|¥) — 3T0 IPOCTO BOTHOBAA PYHKIIUA
, a (x|p) naercsa ypasuernueM (8.18). Ho Ha aror

pas MBI OepeM mepBoe U3 ABYX YPaBHEHIH:

- CBojs Bce BOEIITHO, IIOJIyUaeM:

Bpocum erre oguH B3IJISAA HA 9TH ABa YPABHEHUS IJISA
mepexoja MeXKIy KoopAuHaTon n umiyabcom. Oboparure
BHUMaHNE, HACKOJIBKO OH CMMMETPUYHBI. EI[I/IHCTBeHHaH

aCHMMETPHS COCTOUT B TOM, UTO OJHO YPABHEHNE COAEPIKUAT
f'p_r
e" ,angpyroe — :

(8.25)

CBs3b MeXKIY KOOPAUHATHBIM U UMITYJILCHBIM IIPECTaBJIIe-
HUAMY, BEIpaKeHHasA ypaBHeHuAMH (8.25), COCTOUT B TOM,
YTO OHU ABJIAIOTCS BBAUMHBIMU 1Npeoopa3o8anuimu Pypve
IpYT 1uia npyra. @akTUYeCKH 9TO KJIUYeBbIe YPABHEHU S
B oOJstactu @yphe-anaausa. s xouy, 4ToOBI BB 00paTHIN
BHUMAaHUE, KaK JIETKO BLIBECTU 3TY YPABHEHUS, UCTIOJIB3Y A

aJeraHTHBIe 00o3HaueHuA [mpaka.
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8.4. KommyTaTOophl
u ckoOku Ilyaccona

Panee B Jexnuu 4 MbI chopMyIUPOBATU ABA BAKHBIX
OPUHIIUTOA, OTHOCAIITUXCA K KoMMyTaTopam. IlepBouIiii us
HUX KacaJiCAd CBSA3W MEXKIY KJIACCUUYECKOM MeXaHUKOU
M KBAHTOBOM MeXaHUKOM; BTOPOI OTHOCUJICA K HeoIllpe-
neaenHoctu. Ceiiuac g 3aKOHUY 9Ty OUEHDb IJINHHYIO JIeK-
IO, ITPOJEMOHCTPUPOBAB, UTO 03HAYAOT 3TU IIPUHITUIIBI
B mpuMeHeHuu K X u P.

Haunem co cBA3Y MeXAy KOMMYTaTOpPaMU W KJIACCH-
yecKoil (pusukoii. Kax BBl MoKeTe MIOMHUTh, MbI O0OHA-
PY/KHJIUN, UYTO KOMMYTATOPhI OUEHDb MMOXO0KHM Ha CKOOKU
IIyaccoHa, 1 9T0O CXOCTBO B ABHOM BH/I€ BBIPDAYKEHO ypaB-
HeHueM (4.21). Ecsiu mogcTaBUTh B HEr0 0003HaYEHU A OIIe-
paTopos L 1 M, KoTopbIe NCIIOJIL30BAICH B 9TOM JICKIUH,

MBI ITOJITYYH M
[L,M] & ih{L, M}, (8.26)

YTO HAIIOMHUT HaM O CUJILHOM CXOJCTBE MeKy KBaHTO-
BBIMU YPABHEHUAMU ABUIKEHUA U UX KJIACCUUECKUMU
dKBHUBaJIEHTaAMU. BTO HaAaBOAUT HA MBICJIb O TOM, UTO MOYKHO
y3HATh HEUTO MHTEPECHOE, BLIUNCIUB KOMMYTATOP Ha0JI0-
maembIx X u P. K cuacTbio, 9T0 HETPYAHO CAeIaTh.

IIpe:xae Bcero MOCMOTPUM, UTO JejJaeT IIpou3Bee-
Hue XP, Korma oHO IelicTBYeT KaK omepaTop Ha IpPOuUs3-
BOJIBHYIO BOJIHOBYIO yHKIUIO V(x). BcmoMHUB ypaBHe-
Hus (8.5) u (8.15), MokHO 3anucaTh
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BmecTe 9TH ypaBHEHUs TOBOPAT HaM, KaK Ipou3Be/e-
Hue XP neficrByer Ha U(x):

(8.27)

Tenepb monpodyeM IIOBTOPUTH TO ke camoe ¢ X u P B 00-
PaTHOM HOPSTKE:

YT0o0BI BLIUKCJIUTD IIOCTIeAHEee BhIpasKeH1e, BOCIIOJIb3YeMCs
CTaHZAPTHBIM IPABUJOM AUPPEPEHIINPOBAHNA IPOU3I-

BegeHud xV(x). C ero moMoIrbio HETPYLHO YOeJUTHCS, UTO
(8.28)

Teneps BbruTeM ypaBHeHue (8.28) us (8.27), 4To6bI yBU-

JeTh, KaK KOMMYTAaTOP JeHCTByeT Ha BOJHOBYIO (DYHKIIHIO:
X, P|¥(x) = XPU(x) - PXU(x)
nJjain
X, P|¥(x) =ihV(x).

Ipyrumu cioBamu, Korga kommyraTop [X, P] gefictyer
Ha 21100y BOJHOBYIO pyHKIu0 V(x), oH ymHOKaeT V(x)
Ha YmcJo ih. 9TO MOYKHO BLIPA3UTh, 3aIINCaB

X, P| = ik (8.29)
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ITo camo 110 cebe OUeHb BasKHBIN pedyabrat. ToT pakT,
yro X 1 P He KOMMYTHUPYIOT, UTPAET KJIIOUEBYIO POJIb B I10-
HUMaHUU TOTO, IIOYEeMY OHU He MOTYT OBITH OJHOBPEMEHHO
usMmepeHsl. Ho Bce cTaHOBUTCS elrje HTepecHee, KOrIa MbI
CpaBHUBAEM 5TO YPaBHEHIE C 9KBUBAJIEHTHOCTHIO, BLIPA-
’KeHHOI1 B popmyte (8.26), KoTopas CBA3bIBaET KOMMYTa-
TOPHI ¢ KJIaccuuecKumu ckookamu Ilyaccorna. PaKTuuyecku
ypaBHeHue (8.29) ykaspIBaeT Ha TO, UYTO COOTBETCTBYOIIAA
KJlaccuueckasa cKoOka [lyaccona — aTo

{x,p} =1,

YTO B TOUHOCTH COOTBETCTBYET KJIACCUUYECKOMY OTHOIIIe-
HUIO MEKY KOOPAMHATAMY U UX CONPAKEHHBIMUA UMITYJIb-
camu (cm. moxm I, nexuus 10, ypaBaenue 8). B koHeuHoM
cueTe IMEHHO 3Ta CBA3b 00'bACHAET, KAK KBAHTOBOE IIO-
HATHUE UMIIYJIbCA CBA3AHO C KJIACCUUECKHUM.

BconoMuMB 00IIMY IPUHIIUII HEONPEAeIeHHOCTH U3
JIEKIIUY 5, MOKHO B IPUMEHEHUU K JaHHOMY YaCTHOMY
CJIy4alo 3alHcaTh

X, P| = ik

Mpg1 3atimeMcs 3TUM B CJIeAYIOINEM pasjesie.
Tenepb obpaTuMcA K IPYroMy OPUHIIUIY, OTHOCAIIIE-
Mycd K KomMyTaTopam. B jeKnuu 4 Mbl 00HAPYKUJIIN,
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uTo nBe HaOmomaemble L u M He MOTYT OBITH OTIpEe/IeIeHBI
OTHOBPEMEHHO, €CJI OHU He KOMMYyTupyioT. Eciiu oHu He
KOMMYTHUDPYIOT, HEJIb3s U3MepUTh L, He Memiasa uamepe-
"o M. HeBo3MOKHO OTHOBpEeMEHHO HAWTH COOCTBEHHBIE
BEKTOPHI ABYX HE KOMMYTHUPYIOIIUX HAOJII0AaEeMbIX. ITO

MIPUBOAUT K OOIIeMY OPUHITUITY HeOIIPeaeJeHHOCTH.

8.5. IIpuHnun HeonmpeaeJaeHHOCTH
I'eiizenOepra

Teneps, Jean U MKEeHTJIbMEHBI, TO, UeT0 BBl TaK JOJTO
sKkpanu. BerpeualiTe DOJTOMKIAHHBIA NPUHUUN Heonpede-
nennocmu I'eiizenbepzal

ITpunnun HeonpeneaenHocTu I'eiisenbepra — 9To OqUH
13 CaMbIX 3HAMEHUTBIX PE3yJIbTATOB KBAHTOBOM MeXaHU’-
KIU: OH He TOJbKO YTBEPIKIAET, UTO II0J0MKEHIIEe 1 NMITYJIbC
YACTUIILI HEBO3MOXKHO 3HATH OJHOBPEMEHHO, HO TaKiKe
HaKJaIbIBaeT TOUHOE KOJMUYECTBeHHOe OrpaHuYeHre Ha
WX B3aMMHBIE HeollpeaeaeHHocTH. Ha aTOM MecTe s mIpes-
Jaraio BaM BePHYTBLCS K IJIaBe b, rle d 00bACHSI O0IIIiA
MPUHIIUI HeonpeaeJeHHOCTH. Bcio paboTy MbI yiKe BbI-
MMOJTHUJIYN TaM U Tellephb MOKUHaeM ee ILJIOIHI.

Kax MbI Bugeau, oOLuii IPUHIIUI HeOIIPeaeJJeHHOCTH
HaKJaJbIBAET KOJNUYECTBEHHbIE IIPe/eIbl Ha OJHOBPEMEeH-
HbIe HeoIIpeleJeHHOCT! ABYX HabmaomaeMbIx A 1 B. 9ta
unesi 6pLya BeIpasKeHa HepaBeHCTBOM (5.13):
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Temnepb IPUMEHNM STOT IIPUHITUI HEIIOCPEACTBEHHO K OIIe-
paTopaM KOOpAuHATHI 1 mMnyJjabca X 1 P. B manHOM ciryuae
KOMMYTaTOP — 9TO JIUIIH YHCJIO, U €T0 CPeHee 3HAUeHe —

TO Ke camoe uucyo. 3amenuB A u B na X u P, monyuaem

a mocraBuB ih BMecTo [X, P|, umeem

Ho (V|¥) paBHO 1, Tak YTO OKOHYATEIHLHBIM PE3YJIHTATOM
oyzmet

Hu oguH sKCIIepUMEHT HUKOTAA He CMOYKET IIPE00JIeTh 3TO
orpaHuuenue. MOKHO IPUIOKUTD BCE CUJIbI K TOMY, YTOOBI
Hay4YUThCA BOCIPOU3BOAUMEIM 00pa3oM OJTHOBPEMEHHO
OoIpeneAaTh UMIYJIbC U MOJOMKEeHNe YaCTUIIbI, HO KaK ObI
aKKypaTHBI BBl HI OBLIN, HEOIPeAeJIeHHOCTh KOOPAMHATEI,

YMHOKeHHas Ha HeOIPeeJIeHHOCTb UMITYJIbCa, HUKOT1a
He OyIeT MeHbIIIe Eﬁ .

Kax mb1 Bumean B pasgeie 8.2.1, BosiHOBas (PyHKIIUS
COOCTBEHHOTO COCTOSHUA X OUEHDb CUJIBHO CKOHIIEHTPU-
POBaHA BOKPYT TOUKU Xg; B 5TOM COOCTBEHHOM COCTOSHUIN
BEPOATHOCTD TOXKE IPEKPAacHO JoKasu3oBana. C apyroi
CTOPOHBI, BEPOATHOCTH P (X) AJ151 UMIIYJIbCHOTO COGCTBEHHO-

I'0 COCTOSIHMSI PABHOMEPHO pacipe/esieHa BA0JIb BCEH OCH X.

308



Jlekuuma 8. YacTnubl 1 BONHbI

Yr0o0BI yOEIUTHCS B 9TOM, BO3bMEM BOJHOBYIO (DYHKITHIO,
npejcTaBiIeHHYIO B opmysie (8.17), u yMHOKUM Ha ee
cOOCTBEHHOE KOMILJIEKCHOE COIIPsIKeHHoe:

PesyabTaT COBEpIIIEHHO OJHOPO/EH, 0€3 BCAKUX MUKOB
rae-an6o Ha ocu x. OUueBUIHO, COCTOSHIE C OIPeAeJeHHBIM
WMIIYJIbCOM COBEPIIEHHO HEOIIPEIEJIEHHO B OTHOIIIEHU U
CBOETO MOJIOKEH!A.

Ha puc. 8.2 mokasaH cMbICJ HEOTIPEAEJTEHHOCTH IJISA
KOOpAMHATHON mmepeMeHHON X. Ha BepxHel MOJIOBUHE
PUCYHKA BUIAHO, UTO HEOIIPENEJeHHOCTh AX SABJIAETCA
MepOoii TOr0, HACKOJIBbKO IITUPOK Paszdpoc GyHKITUM OTHOCHU-
TEeJILHO ee cpefHero 3HaueHud (X). BykBoit d 0603HaUeHO
OTKJIOHEHUEe OJHOU M3 TOUeK OT (X); OHO MOYKeT UMeTh
MOJIOKUTEbHOE UJIN OTPUIATEIbHOe 3HaueHne. Heompe-
JIeJIEHHOCTh AX — 9TO Pe3yJabTaT IPOIlecca YCPpeJHEHU S 110
BCEM BO3MOJKHBIM d 1 XapaKTepusyeT QYHKIIUIO B I[€JI0M.
JJ1s1 TOTO UTOOBI ITOJIOKUTEIbHBIE 3HAUEHUA d He KOMIIEH-
CUPOBAJIU OTPUIIATEIbHBIE, KajKI0€e 3HaUeHe d B IIpoIlecce
9TOT0 yCPeaHeH!s BO3BOIUTCSA B KBaIpAar.

Hu:xkuasaa monoBuHA puc. 8.2 MOKa3bIBAET, KAK MOXKHO
VIIPOCTUTH BBIUMCJIEHME, CABUHYB HaYaJI0O KOOPpAMHAT OO0
ero coBnageHud ¢ (x). UucaenHoe 3HaueHme Ax He MeHs-

€TCdA IIPpU TaKOM COABUTIE.
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OCHOBHbIE MOHATNS
2 HeomnpeaeneHHoCTU
[ ()] pen
<x>
KpvBas cmeleHa Bnpaso
OT Hayana koopamHat

d=(x—-<x>)
Ax

[ ()2
Havano KoopauHat
CMelLleHOo BnpaBso

d=x; <x>=0

Puc. 8.2. OcrogHble nonamus HeonpedeseHHOCMU.
Bgepxy: (x) Haxodumcs cnpaga om Hawala KOOPOUHAmM.
Omrnonenue d moixcem 6blMob NOJOHCUMESbHbLM USU
ompuyamenvivim. O6uias Heonpedenrennocms Ax (> 0)
xapaxmepudyemcs cpedHuM 3Haveruem d2.
Brusy: nauano koopduram cdeurnymo 6npaso,

(x) =0, Ax umeem mo se 3naverue



Jlexknmua 9. IlmHaMuKa 4acTHIL

Apr u Jlennu xpanu B «'masbepre Ilisiic» Kakoii-
HuOyAbL IBuKyxu. Ho Bce BEKTOPHLI COCTOAHMSA 3a-

MepJin, CJIOBHO 3aMOPOMEHHEIE.

Jeunu: Ckyuno, Apr. Ilouemy 3mech HTUEro He Ipo-

ucxoaut? i, 'mapbepr, 4ero TyT Tak TUXO?

I'mas6epr: O, He OecriokoiiTech. Bee sakpyTuTcs, Kak
TOJBKO HOoABUTCA ['aMUIbTOHNAH.

Aprt: 'amuabronunau? Iloxoixe, OH HACTOAIIIUHA OIIe-

parop.

9.1. IIpocToit mpumep

IlepBrie nBa ToMa « TeopeTUeCKOTO MUHUMYMa» B OCHOB-
HOM COCPeIOTOUEeHEI Ha IBYX Bolpocax. IlepBrIii: UTo TaKkoe
crcTeMa 1 KaK ONNCHIBATH MI'HOBEHHBIE COCTOSHISA CUCTe-
MbI? Kak MbI BUeIN, KJIACCUYECKUI 1 KBAHTOBBII OTBETHI

Ha 3TOT BOIIPOC OYE€Hb CHMJIBHO Pa3JIndarOTCA. Kaaccuueckoe
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(ha30BOE IPOCTPAHCTBO — IIPOCTPAHCTBO KOOPAWHAT U M-
OyJIbCOB — 3aMeHAEeTCA B KBAHTOBOU TeOPUU JIMHEMHBIM
BEKTOPHBIM IIPOCTPAHCTBOM COCTOSHIM.

Bropoii 6011108 BOIPOC: KAaK COCTOSHUA U3MEHIIOTCS
BO BpeMeHHu? KakK B KjlaccuuecKoii, TaK 1 B KBAHTOBOI Me-
XaHWKe OTBET HA 9TOT BOIIPOC: 8 COOMBEMCMEUL C MUHYC
nepsvim 3axoHom. [[pyruMu cJaoBaMu, COCTOAHME U3MEHS-
eTcs TakK, YTO nH(MOPMAaIiA 1 Pa3JINUNsd HUKOTJa He ucue-
3a10T. B Ki1accrnuecKkoit MexaHUKe 9TOT IPUHITUATL ITPUBOJAUT
K ypaBHeHuaM 'amuabToHa u TeopeMe JIlnysuiisa. Panee
B JIeKITuU 4 51 00'bsACHSAJI, KaK B KBAaHTOBOII MeXaHHUKe 5TOT
3aKO0H NPUBOAUT K NPUHIIUNY YHUTAPHOCTH, KOTOPHIH,
B CBOIO OUepenb, BeJeT K ypaBHeHuIo Ilpéauurepa B obIeM
BU/ie (3aBUCHAIIEMY OT BpeMeHH ).

Jleknusa 8 meamKoM ObljIa IIOCBAINEHA IIEPBOMY BOIIPO-
Cy: KaK OIIMChIBATH COCTOsSHIE yacTulbl? Temeps, B 9TO
JEeKIIUM, MBI IIepeieM KO BTOPOMY BOIIPOCY, KOTOPBIHA
MOJKHO Tepe)PasupoBaTh TaK: KAK YACMUUbL 08UNYMC
8 K8AHMOBOIL MeXaHUKe?

B nexiuu 4 g u3I0KNT PyHIaAMEHTAJIbLHBIE IPaBMIa,
ompenedIine, KAaK KBAaHTOBbIe COCTOSHUSA MEHSIIOTCS
BOo BpemeHu. CyIiecTBeHHBIM MHTPEIUEHTOM SBJIAETCS
raMmmJabTOHMAaH H, KOTOPLIN KaK B KJIaCCUUYECKOI, TaK
¥ B KBAHTOBOI MeXaHUKe IIPEeACTaBJISIET cO00I IIOJHYIO
DHEPTUIo ccTeMbl. B KBaHTOBOII MeXaHNKe raMUJILTOHUAH
OIIpejiesiseT 9BOJIIOIUI0 CICTEMBI BO BDEMEHHU Yepes 3aBU-
caiee oT BpemeHu ypasuenue IlIpénuarepa:

(9.1)
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Ira JeKIU IeJIMKOM ITOCBAIIEeHA OPU2UHAJLbHOMY YpasHe-
Huw Illpédunzepa — Tomy camomy, Kotopoe IlIpénmuurep
BBIBEJI 11 OMMUCAHWA KBAHTOBOW MEXaHUKU YACTUIIBI. ITO
opuruuajbHoe ypaBHeHue IlIpénuurepa ecTh YaCTHBINA
cayuait ypaBHeHud (9.1).

IBrkeHMEe OOBIYHON (HEPEIATUBUCTCKOMN) YaCTHUIIBI
B KJIACCUUYECKOU MeXaHUKe yIIPaBJIsaeTcsa raMUuJIbTOHM-
aHOM, PABHBIM CyMMe KMHETUYECKON 9HEePTUHU U IIOTeH-
MUaJbHOI dHepruu. BcKope MBI IIOJYYNM KBAaHTOBYIO
BEpCHUIO 3TOT0 raMUJIbTOHMAHA, HO CHayaJja pacCMOTPUM
raMUJIbTOHMAH, KOTOPBIA YCTPOEH elrle IIPOIIIe.

MgI HauHEeM ¢ IIPOCTEHINero raMuJIbTOHIAHA, KOTOPBIH
A TOJBKO MOTY HpPHUAyMAaTh. B JaHHOM ciiydyae OIepaTop
ramuiabToHUaHa H — 5TO HemdMeHHaA BO BpeMeHU KOH-
CTaHTa, YMHOMKeHHAadA Ha omepaTop umnyJabca P:

H = cP. (9.2)

ITOT mpuMep PeIKO PpacCMaTPUBAIOT, XOTs, KAK BLISICH-
eTcs, OH BecbMa IoyuunTtejeH. KoHcrauTa ¢ — 3To PUKCHU-
poBaHHOe uncJIo. ABiasgercs au cP mojsesHbIM Ha IpaKTHUKeE
raMuiabToHnanoM? SIBsgeTCs, 1 BCKOPe MbI YBUIUM, KaKO-
IO THIAa YaCTUILI OH omnrckiBaeT. Ceiiuac mpocTo oopaTuTe
BHHUMaHUe, YTO ypaBHeHUe (9.2) OTIIMYaeTcs OT TOro, YTo
MOYKHO OBLIO OBl OKUIATE AJIs HEePEJIATUBUCTCKON YaCTH-
bl. MHaue rosops, sto He P2/2m. C 9T0Oro mpocToro mpu-
Mepa XOPOIIo HAUMHATD, IIPOCTO UTOOLI IOCMOTPETh, KaK
paboTaeT MaTeMaTHUUYECKUII ammapar.

Kaxk BeIpasuTs npuMep yepes BoIHOBBIe PyHKIIY V(x)

B KoopauHaTHOM 0asuce? Haunem ¢ TOro, 4TO MOJACTABUM
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HAIIIU OIEePATOPHI B 3aBUCSIIlee OT BPEMEHU YPABHEHUE
IMTpéauurepa (9.1):

O06paTuTe BHUMaHME, UYTO MBI Telleph 3amucbiBaeM V¥ Kak
(byHKIUIO IBYX ITepeMeHHbIX X U t. COKpaTuB ypaBHEHUE
Ha ih, mony4uaeM

(9.3)

UTO ABJIAETCA OUEHb IPOCTLIM ypaBHeHneM. DaKTUUeCKU
nobas QyHKIUA (X — ct) aBasgercs ero perrenueM. Ilof
«yHKIMEH (X — t)» 1 UMe B BUAY QYHKIMIO, KOTOpas
3aBUCUT He OT X 1 f 10 OTAEJbHOCTH, a TOJIBKO OT KOMOU-
Hauuu (x — ct). YTo0bl yBUAETH, KaK 3TO paboTaer, IPOCTO
BO3bMEM IIPOU3BOIBHYIO pyHKIMIO V(X — ct) 1 paccMOTpUM
ee mpou3BogHbIe. Ec/ii B3ATH 4aCTHYIO IPOU3BOLHYIO 110 X,

TMOJTYYUTCS

IIOCKOJIbKY IIpom3BoxHaA (x — ct) mo x paBHa 1. Ho ecau

B3ATH YaCTHYIO IIPOU3BOAHYIO I10 ¢, TO IIOJYUYUTCA

fIcHO, uTO 3Ta KOMOMHAIUA IPOU3BOJHBIX YOBIETBOPSET
ypaBHeHUIO (9.3); mosToMy Jobas GYyHKINA TAKOTO BUAA

CIYKUT perntenueM ypasHenus IlIpéauurepa.
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Temepsb paccMoTpuM, Kak BezeT cebsa GyHriua V(x — ct).
Ha uTo ona moxo:xa? Kak ona meHseTcs Bo BpeMmenu? Ilo-
MIyCTUM, MBI HAUMHAEeM C MI'HOBEHHOTO CHUMKAa B ¢ = 0.
OTOT MI'HOBEHHBIN CHUMOK MOYKHO 0003HAUUTH KakK V(x),
IOCKOJBbKY OH T'OBOPUT HAM, KaK BBRITVIAAUT ¥ B KAXKIOH
TOYKE 8 3a0aHHbLiL momenm gpemenu t = 0. Koneuno, Ham
He ropuTcs Jriobas QyHKIus or (x — ct). MbI XOTUM, YTOGEI
IIOJTHAS BEPOATHOCTD

ObL1a paBHa 1. [IpyruMu croBaMu, MBI XOTUM, YTOGHI V(x)
OBICTPO CTPEMIJIACH K HYJIIO Ha 6€CKOHEUHOCTH 1 9TOT MHTe-
rpaJi e pacxoguics. Ha puc. 9.1 cxemaTnuecKu moKasaHa
byurua VU(x). IIpu Takux XapaKTepPUCTUKAX €CTh CMbBICJI
HasbIBaTh V(X) BOJTHOBBIM naKemomM.

b(x)
[MepBoHa4anbHbIN
BOJIHOBOW NakeT

X

Al
TRV

b(x)

[MakeT ABwxeTCS BNpaso,

coxpansisi hopmy
AV/\\//\ {\\/AVA

X

Puc. 9.1. Pukrcuposanroii popmvL 601H0E01L naxem,
osuxcyuLuiics ¢ QUKCUPOBAHHOL CKOPOCMbBIO C
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Teneps, KOTja MBI OIIMCAJIN MI'HOBEHHBII CHUMOK U(x)
BMoMeHT t = 0, pacCMOTPUM, UTO CIIYIUTCS, €CJIU IIO3BOJIUTD
BpeMenu uaTu Bepen? C pocToM ¢ BOJTHOBOM HAKET B TOUHOCTH
coxpauseT cBoio (popmy. Bee meTanmu KOMILIEKCHO3HAUHOM
by V(x) ¢ TOCTOSHHO CKOPOCTHIO ¢ ABIXKYTCA BIIPABOL.

Y meHs Oblja IpUUYMHA 0003HAUNUTEL HAITY KOHCTAHTY
OYKBOIi ¢ — aTa OyKBa YacTO MCIOJIb3YeTCs AJId 0003Haue-
HUS CKOPOCTU cBeTa. SIBisieTcs jiu 9Ta yacTuiia (poromom?
Ha camom zmese Hetr. Ho HaIllle onrucaHue 5TOM r'IIIoTeTHYe-
CKOI YaCTUIIbI OUeHb OJIM3KO K KOPPEKTHOMY OIMCAHUIO
HEeWTPUHO, ABUIKYIIErocs co cKopocThio cBera. (Hacros-
e HeATPUHO, BEPOATHO, IBUIKYTCSA CO CKOPOCThIO, KOTO-
pas Ha HeN3MePUMYIO BeJINYNHY MeHbIITe CKOPDOCTH CBETA. )
ATOT raMuJIbTOHNAH OBLI ObI OUEHb XOPOIINM OINCAHKIEM
OJTHOMEPHOT'O HEUTPHHO 34 UCKJIIOUeHNEeM eIMHCTBeHHO’
Ipo0JIeMbI: YACTHIIA, OIUChIBaeMasI Hallleil BOJTHOBOM (PYHK-
muei, MOJKeT BUTaThCS TOJbKO BIIPaBo. YToObI 000MTH 3TO
oIrcaHu’e, HaM HYKHO 1060aBUTH APYTYI0 BOBMOMKHOCTD —

BO3MOHOCTBb IBUMKEHUA YaCTUILbI BJI€BO2!

1 970 BKJIIOYAET KaK BEI[eCTBEHHYIO, TaK M MHUMYIO yacTu V(x).

2 Hamm gBMKYIMeCs BIIPABO YaCTUIHI HATTOMUHAIOT MHE KJIACCH-
yeckyio ucropuio JlokTopa Chio3a Ipo 3aKCOB, U 5 HE MOTY CIIPABUTD-
Cd C UCKYIIIEHNEeM Ha3BaTh UX «3aKCOHAMU, UAYIITNMHU BIIPABO» . He
3HAI0, KaK MMoBepHYyJIach 061 mcTopusa Teomopa I'etizens, ecau ObI OH
GosibIrie 3HA PO HeiTpuHo. — [Tpumey. asm. (Teomop Coios Teii-
3estb (ToxTop Chio3), 1904—1991 — 3HaMeHUTHI aMePUKAHCKUIT
[eTCKUI IrcaTe/J b U MyJbTAILINKATOP. B ero mryTousnom pacckase
«3aKc» mocpeau MYyCTHIHU BCTPEUaloTCA 3aKC-UAYyITUi-Ha-ceBep
u 3akc-unyniuii-ga-or. OTKasbplBasgch YCTYIUTH JOPOTY, OHU Ha-
BEUHO OCTAIOTCS CTOATH APYT HAPOTUB Apyra. — Ilpumey. nep.)
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JNekuyua 9. InHamunka vactmy,

Hainn nayimuii BIipaso 3aKCoH! mMeer elrje OgHYy CTpaH-
HYIO 0COOEHHOCTH — €ro dHepPrus MOKeT OBbITh JIM0O II0-
JIOYKUTEJBbHOM, JIN0O OTPUILLATEIBHOMN. TO CBA3aHO C TEM,
uyTo omepatop P B KauecTBe BeKTOpPa MOYKET IPUHNMATD
MOJIOYKUTEeJbHBIE I OTPUIlaTeJbHbIe 3HaUeHus. B obiem
caydae SHEpPTUSa YaCTUIBI C OTPUILATEIbHBIM UMITYJIbCOM
oTpHUIlaTEeJIbHA, & DHEPTUA YACTHUIIHI C ITOJIOKUTEIbHBIM
HMIIYJIbBCOM IIOJIOMKHUTEIbHA. 1 He Oyay moapoOHee pac-
CKa3bIBaATh 00 9TOM, 38 UCKJIOUEHUEM TOTO, UTO IpodiemMa
OTPHUIIATEJbHON 9HEPTUHN TaKOT0 poJa dacTull Oblaa pe-
meHa JlupakoM, KOTOPBI# MCIIOJIb30BAJI €€ IIPY CO3aHNH
TEeOPeTUUECKOM 6a3bl AJId ONNCAHUA auTuYacTuIl. 11 Ha-
IuX I1eJieil MOKHO UTHOPHUPOBATH 9Ty IP00JIeMY 1 IIPOCTO
TIO3BOJIUTH SHEPIUU YACTUIIBI OBITH KaK ITOJIOMKUTEJILHO,
TaK ¥ OTPUIATEJILHOM.

ITockonbKY BOIHOBAA PYHKI[HS UYACTHUILbI JBUMKETCS
CTPOTO B HAIIPaBJEHUU OCHU X, TO yKe IPOUCXOAUT U1 C pac-
npenejeHueM BepoATHocTu. Kak pesyabrar, cpegHee
3HaUYeHNe X IBUKETCA B TOUHOCTHU TaK Ke, TO eCTh Iiepe-
MeIlaeTcsa BOPaBoO CO CKOPOCTHIO ¢. B aTOM cyTh KBaHTO-
BOMEXaHUYECKOT0 OIIMCAHUA AJaHHOI cucTteMbl. OTHAKO
CYIIIeCTBYeT Apyras BaskHas Belllb, KOTOPYIO Hal0 UMEeThb
B Buay. Korma MbI cKasajau, 4TO CKOPOCTh C ABJISETCA He-
U3MeHHOIl KOHCTAHTOM, MbI He mryTusau. Harma vactuma
MOJKET CYIIeCTBOBATh TOJbKO B COCTOAHUM, KOT/a OHA
JIBUIKETCS C 3TON KOHKPETHOM CKOPOCTHIO. Ee HEBO3MOIKHO
3aMeIJINTh UJIU YCKOPHUTD.

1 TTa, s 5TO IPOU3HEC.
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Kaxk sTo cooTHOCUTCA ¢ KIaCCHUUYECKUM OIIMCAaHIEeM
Takoi yactunbl? Hauas ¢ TOro »xe raMuJIbTOHMAHA, KJIAC-
CHUYECKUI (DU3UK IIPOCTO 3amucasi Obl ypaBHeHUsI ['aMuIb-

toHa. IIpu H = cP ypaBHeHudA 'aMUJIbTOHA UMEIOT BU/I

Ilociie B3ATHS YaCTHRIX IIPDOM3BOAHBIX IIOJyUuaeTCd

Takum o6pasoM, B KJIACCMUECKOM OIIMCAHUU HaIllel ua-
CTHUIIBI UMITYJIBC COXPaHAETCHA, a MOJ0KeHre MeHAeTC s
¢ (pUKCHPOBAHHOI CKOPOCTHIO €. B KBAHTOBOMEXaHNYECKOM
OIIMCAHUU paciipeesieHIIe BePOSITHOCTHU B I[eJIOM U CpeJHee
3HaUeHNe ABUKYTCS CO CKOPOCThIO ¢. [IlpyrumMu cjaioBamu,
cpefHee 3HaUeHNe KOOPAMHATEI BeJleT ce0s B COOTBETCTBUU

C KJIaCCUYEeCKUMU YPaBHEHUSAMU IBUKEHUA.

9.2. HepeaaTuBucrckue
CBOOOTHBIC YaCTHIIBI

Harmu 6e3amMaccoBbie YaCTUIILI MOTYT JBUTATHCS CO CKOPO-

CTBIO CBETa, U g J00aBJIO: OHU ABUMKYTCA TOJLKO C 3TOH
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JNekuyua 9. InHamunka vactmy,

CKOPOCThIO. Bce m3BecTHBIEC UaCTUIbI, OTJIUYHEIE OT (POTO-
HOB U I'PaBUTOHOB, 00JIaIal0OT MACCOl U MOTYT JABUTATLCS
¢ 11000 CKOPOCThIO, MeHbIIeil ¢c. Korga oHu ABUIKYTCS CO
CKOPOCTHhIO HAMHOI'O MEHBIIIE ¢, UX Ha3LIBAIOT HEPEJISATH-
BHUCTCKUMH, a X IBUKEHNE TOIUNHAETCSI 00bIYHOM HBIOTO-
HOBCKOI MeXaHWKe, 110 KpaliHeil Mmepe B KJaccuke. Cambie
TepBble MPUJI0KEHNST KBAHTOBOM MeXaHUKM OTHOCUJINCH
K IBU)KEHIIO HEePeJISTUBUCTCKUX YACTHIL.

§1 moxasau panee (B aeknuax 4 u 8), uro ckobku Ilyac-
COHA UTPAIOT TY sKe MaTeMaTUYeCKYIO POJIb B KJIACCUYECKOM
MeXaHUKe, UYTO 1 KOMMYTATOPhl B KBAHTOBOII MeXaHUKe.
YpaBHeHUsA IBUMKEHUA KJIACCUUYECKON 1 KBAHTOBOU Me-
XaHUKU, 3alICAHHbIE C MCIIOJb30BAHIEM dTUX KOHCTPYK-
Ui, BRITJIAIAT BHEITHE II0OYTU UAeHTUYHO. B yacTHOCTH,
raMuJIbTOHHAH 3aleficTByeTCA B CKoOKax IlyaccoHa rakum
JKe o0pasoM, KaKk B KoMmMyTaTopax. Tak uTo, ecau HaJL0
3amncaTh KBAaHTOBOMEXaHUUEeCKle YPAaBHEHUSI CUCTEMBI,
KJIaccuuecKasd (pu3mKa KOTOPOI BaM yiKe U3BeCTHA, BeCh-
Ma pasyMHO HOIIPOOOBATH MCIOJL30BATh KJIACCUUECKUIA
raMmuJIbTOHUAH, IIePEeBEeIeHHBINA B OIIePATOPHYIO (hopMy.

7151 HePeIATUBUCTCKOI CBOOOIHOI YACTHUIIHI €CTECTBEH-
HO ITOITpo60BaTh raMuJIbTOHUAH p2/2m. ['oBOps, UTO UacTH-
1a cBoboHA, MBI B IefiCTBUTEIHLHOCTA UMEEeM B BUAY TO,
YTO HA Hee He AelCTBYIOT CIUJILI 1, CJIeJ0BATEeIbHO, MOYKHO
UTHOPUPOBATH ee IMMOTeHI[NaJbHYI0 9HepTruio. Bee, 0 uem
HaM HaJIo 0ECIIOKOUTLCHA, — 9TO KMHEeTHUeCKas dSHeprus,

KoTopasda oIipeneydeTcda KaK
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Kak BbI TOMHUTE, UMITYJIHC KJIACCUUECKOMN YaCTUIThI
p = muo.

Ee raMuiabTOHMAH — 9TO HPOCTO KUHETUUYECKAas DHEePIis,
KOTOPYIO MOKHO BBIPA3UTh Uepes3 uMIyJibc p. [loaTomy ra-
MUJIbTOHUAH KJIACCUYECKOM HEPEJIATUBUCTCKON CBOOOTHOM

YaCTHUILbI IMEeT BT

B orimune oT 3aKcoHa, UAYIET0 BIIPABO, U3 IPEIbIIYIIero
npuMepa, SHePTUa 3TON YaCTHUIILI He 3aBUCUT OT HaIpas-
JeHUdA ee IBUKEHUA. ITO CBA3AHO C TEM, UYTO dHEPrusa
[IPOMOPIIMOHANIbLHA P2, a He caMoMy p. Tak uTo Mbl HAUHEM
C YaCTHI[bl, DHEPTUS KOTOPOI paBHA p2/2m, U BbIBEIEM
ypaBHenue IlIpénuurepa (To camoe, nepBoOHAYAIbHOE,
Koropoe oTKpbLI IIIpénunrep) st cBOGOLHOM YACTUIIBI.

Hauim ntas cocTouT B TOM, UTOOBI CJI€40BATEH IIPOIEY-
pe, KOTOPYIO MbI UCIIOJIL30BAJIN B IIPeAbIAYIeM IpuMepe,
ONPUMEHUB raMUJIbTOHMUAH AJA 3alUCH 3aBUCAIIETO OT
BpeMeHnu ypaBueHus [lIpéguurepa. Kaxk o0bIuHO, B JI€BOI

YacTU ypaBHEHUA CTOUT

IIpaByio uacTb MBI BEIBELEM, II€PENIICAB KJIAaCCUUCCKUI
raMUJIbTOHUAH — KMHETUYECKYIO DHePTuio — B BHUJIE OIle-

paropa. Kiaccuueckas kuHeTuueckas 9HEeprud paBHa

p2/2m.
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JNekuyua 9. InHamunka vactmy,

B xBaHTOBOI Bepcuu 3amMeHAeM p Ha P:
H=P2/2m.

Kaxos cmbIca 9TOT0 ypaBHeHuA? MBI BUAeIN, YTO Ollepa-
Top P onipenesien kak

KBazgpar P — aT0 mpocTo omepaTop, KOTOPLIH IIOJIyUYaeTcs,

ecJI IBasKIbI ITOCIefoBaTeabHO IpuMeHuTh P. To ecTh 9TO

nian

araMmJjJbTOHMAaH an/I06peTaeT BU/,

Haxouwnerr, ecsiu npupaBHATH JIEBYIO U IPABYIO UACTU 3aBU-

csaIero or BpeMenu ypasHeHuA [IIpéaquHrepa, MbI ITOJTYYUM
(9.4)

Mp1 nonyunan TpagunnonHoe ypasHenue Illpeguarepa
IJIs1 OOBIUHOM HePeJISATUBUCTCKOM CBOOOSHOM YACTHIILI. DTO
0co00T0 pojia BOJIHOBOE YpaBHEHIe, HO, B OTJIMYIE OT IIpe-
IOBITYINEro IpUMepa, BOJHBI PA3HOM JJINHBI (M ¢ PASHBIMU
UMIyJIECAMU) JBUKYTCS C PA3HBIMU CKOpoCTAMU. BBUIY
9TOTO0 BOJHOBAA (DYHKIIUA HEe COXPAaHAET CBOIO JOPMY.

B oTriuume oT BOTHOBOM (PYHKIITUM 3aKCOHA, OHA MMeeT
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CKJIOHHOCTB K PaCIlJIbIBAaHUWIO U paciianay. ITo cxeMaTHuUe-

CKU IIOKas3aHo Ha puc. 9.2.

W(x)

/\ /\ lMepBOHaYanbHbIN BONHOBOW NakeT
A\ N A
v \Y

W(x)

X

MakeT ynnouwlaeTca n pacnibiBaeTca

v"’\/\/\/\,\[\/\/\’\’\, «
VVVVVVVVVV

Puc. 9.2. Tunuunstil 60110801 nakem
025 Hepeaamueucmckoil c60600HOU vacmuuybl.
Beepxy: ucxo0ublil 60110601 naKem KOMNAKMeH U X0POULO
J0KAAU308aH. BHU3Y: cO 8pemenem 601HOB0L nakKem
dsudcemcsa 6npaso u pacnivlé6aemcs

9.3. 3aBucsdIee OT BpeMeH! YpaBHEHHE
IMIpénunarepal

MgzI cobupaemes pelnuTh 3aBUCAIIee OT BpeMeH! YpaBHeHIe

IIpénuurepa o1 HEPEIATUBUCTCKITX CBOOOTHBIX YACTHIT, HO

1 Tak:ke MIMPOKO UCIOJb3YeTCA TEPMUH HECTAI[MIOHAPHOE yPaB-
nenue [lIpéguurepa. — Ilpumeu. Hayy. peod.
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JNekuyua 9. InHamunka vactmy,

CHAauaJja HaM HAJI0 PEIINTh He3aBUCAIIYIO OT BpeMeHU Bep-
cuto. HesaBucsilee oT BpeMeH! ypaBHeHNE — 3TO, 110 CYTH,

ypaBHEHUE AJIs COOCTBEHHBIX BEKTOPOB raMUJIbTOHHNAHA
H|V) = EV),
BBIPpa’KeHHOE ABHBIM 00pasoM uepe3 BOJIHOBYIO (DYHK-
o U(x):
(9.5)

Haititu mosHbBIN HAOOP COOCTBEHHBIX BEKTOPOB, KOTOPhIE
YIOBJIETBOPAIOT 3TOMY YpPaBHEHNIO, COBCEM HETPYAHO.
daKTUUeCK 9TO OYAYT COOCTBEHHBIE BEeKTOPBI IMIIYJIbCA.

ITonpobyem GpyHKITHIO
(9.6)

B KauecTBe BOBMOXKHOTO pelteHnd. B3saB Ipon3BoOgHbIE, MbI
00HAPY:KUBaeM, UTO 9Ta PYHKITUA JeHiCTBUTEIbHO ABJIAET-

cd pelieHreM ypaBHeHUd (9.5), eC/Iu MOJIOKUTH
E =p2/2m. (9.7)

9TOo He HOJIXKHO YAUBJIATH — B KOHIIEe KOHIIOB, E mIpeacras-

JisieT COOCTBEHHOE 3HAUeHMe SHepruu B ypaBHeHuu (9.5).

YIIPAGKHEHUE 9.1

BriBenure ypaBHeHue (9.7), I0ACTaBUB ypaBHEHUE

(9.6) B (9.5).
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Kax mb1 Bumesu B pasgesie 4.13, gro060e pellieHue cra-
IIMOHAPHOIO (HEe3aBUCHIIEro OT BPeMEH!) YPaBHEHU
ITpénuurepa mo3BoJasgeT HAM IOCTPOUTL 3aBUCAIIEE OT
BpeMeHHU pelenue. Bece, 4To HAM HYMXKHO CIeJaTh, 3TO
YMHOMKUTDH 3aBUCAIIEE OT BpeMEeHH PellleHe — B JaHHOM

ipx
ciaydae e " — Ha . Urak, moaHbIi HabOp pe-

MMIeHUH MOKHO 3aII1ICaTh B CJIeAyIIIeM Buae

JIro6oe pelllerne sIBJISETCS CYMMOI MM HHTErPAIOM CJie-

OVIOIINX PEeIIeHun:

Mo:xHO HaUaTh ¢ JIF000Ii BOJIHOBOI (PyHKIMY B MOMeHT ¢ =0,
HaHTU PYHKIIHIIO ¢ momoIrbio Pypbe-npeodpasoBaHUs
¥ TIO3BOJIUTH €ii 5BOJIONMOHNPOBaTh. Ee opma Oymer me-
HSATHCS, IIOCKOJIbKY BOJIHBI C PA3HBIMY 3HAUEHUAMU P JBU-
JKYTCS ¢ pasHbIMU cKopocTaMu. Ho, KaK BbI CKOPO YBUAUTE,
BOJIHOBOI TIAKET B II€JIOM JIBUXKETCS CO CKOPOCTHIO (p/m),
B TOYHOCTH KaK ABHUTaJach ObI KJaccuuecKas YacTHUIA.

9To mpocToe 001TIee pelleHre MeeT BasKHoe CIeICTBHe.
Cpenu mpoumx Belrei, 0HO TOBOPUT, YTO UMITYJIbCHOE TIPEJ-
CTaBJIeHWE BOJHOBOU (DYHKIIUU MEHSETCA CO BpEMEHeM

OUeHb IIPOCTEIM 00pa3oM:
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JNekuyua 9. InHamunka vactmy,

Opyrumu caioBamMu, CO BpeMeHeM MeHAETCs TOJIbKO (asa,
Torza KakK abCoIIOTHAA BeJIUYNHA OCTAETCS IIOCTOAHHOM.
Ho ocobGeHHO MHTEPECHO TO, YTO BePOATHOCTEL P(p) He
MeHseTCsA CO BpeMeHeM. JTO, KOHEUHO, COOTBETCTBYET CO-
XPaHEHWI0 UMITYJIbCA W BHIMOJHAETCA, TOJIBKO €CJIU HET

CILJI, NeHCTBYIOIINX HA YACTUILY.

9.4. CKOpoCTh M MMITYJIBC

IIo cux mop A He 00'bACHUJI CBA3b MEXKAY omnepaTopom P
U KJIACCUUYECKUM MOHATUEM UMITYJIbCa, a UMEHHO Maccoii,

YMHOKEHHOH Ha CKOPOCTh, NJIN
v=p/m. (9.8)

Yo MBI UMeeM B BUAY II0JI CKOPOCThIO KBAHTOBOMEXaHUYe-
ckoit yactuibl? IIpocTeiimii OTBET COCTOUT B TOM, UTO 9TO
cpenHee 3HAUEHME IIPOU3BOMSHOM II0 BpeMeHH OT CPeIHEr0
sHaueHus mosoxxkenusa (V| X|U):

unu, 60jee KOHKPETHO, HA sIBbIKE BOJHOBBIX (DYHKITUH,

325



KBaHTOBaA MexaHuKa

ITouemy (V|X|V) menserca co Bpemenem? Iloromy uro
U 3aBUCUT OT BPEMEHH, I B JEeHCTBUTEILHOCTU MbI JasKe
3HaeM KakK. 3aBUCUMOCTh ¥ OT BpeMeHHU OIpeaesieTcs
3aBUCANIUM OT BpeMeHU ypaBHeHueM llIpénuurepa. Mul
MOTJIN ObI MCIIOJB30BATHL 3TOT (PAKT AJIA OIpPemeIeHN
toro, Kak (V|X|V) mensercsa co BpemeneM. fI mpogenasn
9TO — METOLOM I'PYy0OH CUJILI, — M 9TO 3aHAJI0 HECKOJILKO
crpauuil. K cuactesio, abcTpakTHBIE METOABI, KOTOPBIE MBI
W3YUYNJIN B HIPEILIAYINUX JeKIUAX, HO3BOJIAIOT CAeIaTh
9TO IIpoIre; PaKTUUeCKU MBI YaKe coesaan OOJIBIIYIO YaCTh
paborsl B jexknuu 4. I[Ipex e ueM OpomoJKaTh UTeHUe,
s PeKOMEHIYIO BEePHYThCS K JIeKIuu 4, 0coOeHHO K pase-
a1y 4.9 — oT ero HauaJa 10 NOsABIeHNUA ypaBHeHus (4.17).
Breinuiiem ypasuenue (4.17) moBTopHO:

B cioBecHo# hopme: Ipon3BOgHAS IO BPEMEHH OT CPeTHEeTo
3HaAUeHU JTI0001 Habrromaemoi L paBHaA cpeHeMY 3HAUEHIIO
KoMMYyTaTopa ramMuiabToHnaHa u L ¢ koadduiiunentom i/h.

IIprMeHHUB 5TOT IPUHIIUI K CKOPOCTHU U, HAXOAUM, UTO
(9.9)

Temneps HYKHO BeIuncaAuTh KommyTaTop P2 u X. ITapa mpo-

CTBhIX IITaroB IIOKa3bIBaeT, 4YTO
P2, X] = P[P, X] + [P, X|P. (9.10)

B npaBusbHOCTU 5TOT0 paBeHCTBA MOMKHO yOeaIUTHCA,
PacCKpPBIB KaXKIbI KOMMYTATOP 1 BBITIOJHUB OUE€BUAHBIE

COKpAaIlleHUd.
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JNekuyua 9. InHamunka vactmy,

YIIPAGKHEHHUE 9.2

Ioxaxkure ypaBaernue (9.10), paCKpBIB BHIPAYKEHUA

¢ 00erx CTOPOH 1 CPABHUB Pe3yJIbTaThl.

Ha mociiensem 1are Mbl HCIIOJIB3yEM CTaHOAPTHOE KOM-

MyTaln¥MOHHOE COOTHOIIIEeHMEe
[P, X] = —ih.

IloxcraBasaa sTo B ypaBHeHue (9.10), 3aTeM pe3yabTar

B (9.9), HaxoguM

nau, B 6ojiee 3HAKOMOM BHUJE,
(P) = mo. (9.11)

M= foxasanu B TOYHOCTHU TO, UTO COOMPATINCH: UMITYJIBC
paBeH Macce, YMHOKEHHOI Ha CKOPOCTh, UJIH, 00Jiee TOUHO,
cpefHee 3HaAUEHME MMIIYJIbCA PABHO Macce, YMHOYKEHHOMN
Ha CKOPOCTB.

Yr10o06bI AyUIlle TOHATHL CMBICJ 9TOTO, TOMYCTUM, UTO
BOJIHOBaA DYHKIIUA mMeeT (DOPMY HaKeTa WJIU Ype3-
BBIUANHO KOMIIAKTHOTO crycTKka. CpeqHee 3HaueHUE X
O0yIeT HaXOAUTHCA IPUMEPHO B IIEHTPE 9TOT0 CI'yCTKa.
VYpasuenue (9.11) roBopur HaM, 4TO LEHTP ITOr'O BOJI-
HOBOTO MMaKeTa ABUKETCA COTJIaCHO KJIACCUUYEeCKOMY 3a-

KOHY p = mu.
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9.5. KsauroBauue

Hpe&c,ue yeM nmepexoguTb K paCCMOTPEHMNIO CHUJI B KBaH-

TOBOM MeXaHWKe, g X0Uy IIPUOCTAHOBUTHLCA U OOCYIUThH

TO, UTO MbI cAesasr. MBI HaUaJld ¢ XOPOIIIO U3BEeCTHOM!

1 HaJe)XHOU KJacCUUeCKOI CUCTeMbl — CBOOOJHON ua-

CTUIIBI — U NPOKBAHMOBALU ee. ITY IPOIEeAYPY MOIKHO

CrUCTeMaTu3npoBaTh CJAEAYIOIIINM 06pa30M.

1.

Hauars ¢ Kj1accruecKoi cucTeMbl. OTO O3HAUAEeT Habop
KOOPAMHAT X U UMIYJIbCOB p. B Hallltem nmpumepe ObL1a
TOJIBKO OJJHA KOOPAMHATA U OJUH UMITYJIbC, HO 3TY IIPO-
Meaypy Jerko ooo0muTh. KoopauHATEI 1 UMIIYJIbCHI
MMOABJIAIOTCS Iapamu: Xx; u p;. Kiiaccuueckas cucrema
TaK:Ke MMeeT TaMUJIbTOHNAH, KOTOPBIH ABJIAETCA PYHK-

muell KOOPAMHAT X; 1 UMITYJIHCOB P;.

3aMeHUTh KJlaccuuecKkoe (pa3soBoe MPOCTPAHCTBO JIU-
HEeMHBIM BEKTOPHBIM IIPOCTPAHCTBOM. B KOOpAMHATHOM
IpeiCTaBJICHUY IPOCTPAHCTBO COCTOSTHUH IIPE/ICTAaBIIA-
eTcs BOTHOBOH (pyHKIumeit WU(x), KoTOpas 3aBUCUT OT

KOOpAMHAT — B 00IIEM CJIyuae OT BCeX.

3aMeHUTH X; U p; oneparopamu X; u P;. Kaxaerin X;
IeMCTBYET Ha BOJTHOBYIO (DYHKITMIO, YMHOXKAA ee Ha X;.

Kaxxawiii P; meiicTByeT corjacHO IPaBUIY

ITocsie BEITTIOTHEHUA STUX 3aMeH raMUJILTOHIAH CTAHO-

BUTCSI OTIEPATOPOM, KOTOPBII MOYKHO MCII0Jb30BATh KaK
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JNekuyua 9. InHamunka vactmy,

B 3aBUCHINEM OT BpeMeHU, TaK 1 B CTAI[IOHAPHOM ypaB-
HeHuu [lIpénuurepa. 3aBucsiliee OT BpeMeHU YPaBHEeHME
TOBOPUT HAM, KaK BOJHOBaA (QPYHKIUSI MEHAETCA BO
BpemeHnu. HesaBucsaimas or BpemeHu ()opMa II03BOJISIET
HaMTH cOOCTBEHHBIE BEKTOPEI M COOCTBEHHBIE 3HAUCHIS

raMmnJIbTOHHaHa.

dra mpolleAypa KBAaHTOBAHUSA ABJIAETCA CPEICTBOM,
C IIOMOIIBI0O KOTOPOTO KJAaCCUUYeCKIe YPaBHEHUSA CUCTe-
MBI IIpeo0pasyTca B KBAHTOBLIE ypaBHeHuA. OHa Oymer
MCIO0JIB30BAaThCA Pas3 3a pa3oM BO BCeX 00JacTAX — OT
IBUMKEHUS YaCTHUIL 0 KBAHTOBOM BJIeKTPOAUHAMUKM; ECTh
Jlaske MOMBITKY (He CIMIIKOM yCIEeNTHbIe) IPOKBAHTOBATH
SUHINITEHHOBCKYIO TEOPUIO rpaBUTAIu. KaK MBI yBUIEJIN
Ha OJTHOM ITPOCTOM CJIy4uae, 9Ta IIPoIeypa rapaHnTupyer,
YTO ABU)KEHUE CPeIHNX 3HAUYEHUU TECHO CBA3AHO C KJIac-
CUYECKUM ABUMKEHIIEM.

Bce sTo mogHUMAaeT IpobiieMy «KYPHUIIBI U SHIIa»: UTO
MIePBUYHO — KJIacCHUUecKas Teopus Ui KBaHToBasa? [omk-
Ha JIY JIOTUYeCcKas CTapToBas TOUKa (PU3UKU OBITH KJac-
CHYeCKOU MM KBaHTOBOMexXaHuuecKou? f gymario, oTBeT
oueBugeH. KBaHTOBaA MeXaHMUKAa SIBJAETCA PeabHBIM
onmmcaHueM ONpupoabl. Kilaccuueckas MexaHUKa, HECMO-
TPSA Ha BCIO CBOIO KPACOTY U 3JIETAHTHOCThH, — He 0oJiee
yeM npubau:xenue. 'pydo roBops, 0Ha COOTBETCTBYET HC-
THHE, KOT/Ia BOJIHOBbBIE (DYHKI[UU COXPaHAIOT CBOIO (DOpPMY
Kak maxerbl. MHOrma HaM Be3eT, 1 0 KBAaHTOBOI TEOPUU
CHCTEeMBI MOYKHO OTaAaThCA — BTO UMEHHO JI0TaaKa, — OT-
TOJIKHYBIITNCH OT 3HAKOMOI KJIACCUYECKOM CUCTEeMBbI U TIPO-
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KBaHTOBAaB ee. VIHorga sTo paboTaeT. KBanTOBOE IBUIKEHME
3JIEKTPOHOB, BHIBEJEHHOE N3 KJIACCUUECKON MeXaHUKU
YacTHUIl, — OAUH 13 IpuMepoB. KBaHTOBaA 2JIeKTPOAHA-
MUKa, BbIBeJIeHHadA 13 ypaBHeHusa MakcBeiia, — IPyroi.
Ho unorma He cyIecTByeT KJIACCUUECKOH TEOPUU, KOTOPYIO
MOJKHO OBIJIO OBI MCIIOJIB30BATH B KauecTBe OTHPaBHOM
TouKu. CIITH YaCTUIIBI He MeeT KJIACCUYEeCKOT0 aHaora.
U xBanToOBaHuIe O0IIIEH TEOPUH OTHOCUTEIBHOCTH B I[€JIOM
OKOHUMJIOCH Heymaueii. KBaHTOBasA Teopusi, BePOSATHO,
sABJISIETCS HAMHOTO 0oJiee pyHIAMEHTAJIbHOI, UeM KJac-
cHYecKas Teopus, KOTOPYIO B I[eJIOM HaJ0 PacCMAaTPUBATD
KaK aIllIpoOKCUMAaIIIIO.

ITociie Toro Kak 3TO CKa3aHO, s IIPOJOJKY KBAaHTOBATD

IBUKEHNE YaCTHUIl, HO HA 3TOT pa3 C yUeTOM AeMCTBUSA CIJI.

9.6. Cuasl

Mup 05171 OB CKYYHBIM MECTOM, €CJIX ObI BCE YACTHIILI ObLIN
cBoOogHBIMU. CHUJIBI — 5TO TO, UTO JeJIaeT YACTUIILI MHTE-
pecHBIMU 00bEeKTaMM, CIIOCOOHBIMU COOMPATLCS B ATOMEI,
MOJIEKYJIbI, IIIOKOJIAAHbIe 0ATOHUNKY 1 YePHbIe ALIPEI. Cuiia,
JeHCTBYIONIaA Ha JI00YI0 JAHHYIO YACTHUILY, — 9TO COBOKYII-
HOCTB BCeX CILJI, C KOTOPLIME Ha Hee JeCTBYIOT BCe OCTAJIb-
HbIe YacTHuIlbl BO Becemennoii. Ha nmpakTuke MbI OOBLIUHO
mpenArojaraeM, 4To 3HaeM, KaK JefCTBYIOT BCe OCTaJIbHbIE
YACTUIILI, I 3aMeHsIeM X BO3JeCTBIIE Ha MN3yYaeMyIo Ja-
CTUIY PYyHKIMEN MOTeHIINaJIbHON SHEePTruu. ITO BEPHO

KaK IJId KJIaCCI/IT-IeCKOI';I, TaK U OJId KBaHTOBOM MEeXaHUKMU.
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JNekuyua 9. InHamunka vactmy,

DyHKINA IOTEHIINATBHOM 9Hepruu obosxHauaercs V(x).
B ki1accrmueckoil MexaHMKe OHA CBsI3aHAa C CUJION, NefiCTBY-

IOIIel Ha YaCTUIY, YPaBHEHUEM

Ecnu nBu:KeHue ogHOMEpPHOE, TO YaCTHYIO IIPOU3BOIHYIO
MOJKHO 3aMEeHUTh OOBIYHOM IIPOM3BOJHOM, HO I OCTaBJIIO
BCe KaK ecTh. Eciiu 3aTeM 00beJUHUTH 9TO YPaBHEHUE CO

BTOPBIM 3aKoHOM HuioToHa, F = ma, moayuurcs

B kBaHTOBOII MexaHUKe IIOCTYIIAIOT MHAUE: 3AIINCHLIBAIOT
raMHJIbTOHUAH U penraioT ypasuenue llIpéaqunrepa. Kak
BKJIIOUHUTH IIOTEHIINAJbHYIO S9HEPTUIO B 3Ty IpOorpamMmmy,
coBepuIeHHO oueBugHO. [loTeHnmanbHaa aueprus V(x)
CTAHOBUTCS omlepaTopoM V, KOTOPBIHM moOaBaseTcA K ra-
MMNJIBbTOHMUAHY.

Yro npencrasisieT coboii onmepatop V? OTseT mpoiie
BCEro BBIPA3UTh, €CJIM AyMaTh Ha sI3bIKe BOJTHOBBIX (DYHK-
muii, a He B TepMHUHAX a0CTPaKTHBIX Opa 1 KetoB. Korzma
omepartop V AelicTByeT Ha JIOOYIO BOJIHOBYIO (QYHKI[UIO
U(x), OH yMHOKaeT BOJIHOBYIO (PyHKIMIO HA pyHKIUO V(X).

V|U) - V(x)¥(x).

TouHO Tak JKe KaK U B KJIaCCUUECKOl MeXaHKe, IPU BKJIIO-
YeHUU CUJI MMITYJIBC HaCTUIIbEI HE COXPaHAeTCd. q)aKTI/IT—Ie-
CKH HBIOTOHOBCKINE 3aKOHBI IBUKEHUSI MOYKHO BBIPA3UTD
B (hopme
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nian
(9.12)

ITpaBuia KBaHTOBaHUS TPEOYIOT 106aBUTH V (X) K raMILIb-

ToHHaHy!
(9.13)

¥ OYEeBUAHBIM 00pasom moguduimpoBaTs ypaBaenus IIpé-

IUHTepa:

(9.14)

Kaxoii aTo naet appert? [omomHuTeIbHBIN YJIeH, ecTe-
CTBEHHO, BJIsET Ha TO, KaKk ¥ MeHsaeTCs co BpeMeHeM. ITo,
KOHEYHO, JOJIXKHO OBITh TaK, €CJHU CPpeaHee MOJOKeHUe
BOJIHOBOTO HaKeTa cJedyeT II0 KJIACCUUeCKOl TpaeKTo-
pun. [Iyisg IpoBEPKU HAIIIUX PACCYKIAEHUHA IIOCMOTPUM,
Tak Ju 9To. IIpesKkge Bcero, BLIMOJIHACTCS JI YPaBHEHIe
(9.11)? OHO OI2KHO COOIIOATHCHA, IIOCKOIBKY CBA3b MEXK-
Iy UMIOYJIbCOM 1 CKOPOCTBIO He 3aBUCHUT OT HAJUUUS CHJI.

ITockonbky k¥ H 61710 mo6aBIeHO HOBOE caraemoe,
IOJIKeH MOABUTHCA HOBBIN WyieH U B KomMyTaTope X u H.

HOTeHI_'LI/IaJIBHO 9TO MOJKET USMEHUTDH BhIPDaKE€HUEe OJId CKO-

1 dopmasibHO 9TO BEPHO U IJIA CBOOOAHONI yacTulibl. OMHAKO B 9TOM

caydae Mbl npupaBHuBaeM V(x) k 0.
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JNekuyua 9. InHamunka vactmy,

poctu B ypaBHeHUu (9.9), HO JIeTKO YOEAUTHCS, UTO ITOTO
He mpoucxonut. HoBoe ciaraemoe BKJIOUaeT KOMMYTATOD
X uV(x). Ho ymHOKeHUe Ha X 1 YMHOKeHIE Ha QYHKIUIO

OT X — BTO KOMMYTUPYIOIIHe oiepanuu. [[pyrumu ciaoBamu,
X, V(x)] =0.

TakuMm o6pa3oM, B KBAHTOBOM MeXaHUKE CBSI3b MEXKAY
CKOPOCTBIO ¥ UMIIYJIHCOM He 3aBUCHUT OT CHJI, KaK U B KJIac-
CHUYECKOH MeXaHUuKe.

EcTb 60/1ee mHTEPECHBIN BOIPOC: MOYKEM JIX MBI IIOHATD
KBaHTOBYIO Bepcuio 3axoHa Hriorona? Kak rosopuocs

BBIIIIE€, 3AKOH MOJKHO 3alluCaThb B BUIE

Brrumciaum 1pou3BOLHYIO II0 BpeMeHHU OT CpeJHero 3Ha-
yeHua P. XuTpocTh BHOBL B TOM, 4T0 P KOMMyTUpyeT

C TaMUJIbTOHUAHOM:
(9.15)

IlepBoe caaraemoe paBHO HYJIIO, IOCKOJBKY OIIEPATOP
KOMMYTHUDPYET ¢ JI000¥ QyHKIMEN oT camoro ceba. [lasa
BBIYMCJIEHUS BTOPOTO CJIATaeMOT0 UCIIOIb3yeM YPaBHEHNE,

KOTOpPO€E MBI €IIle HE JOKa3aJIl.
(9.16)

IMoxcraBnss ypasuenue (9.16) B (9.15), monyuaem
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Temneps qoxaskeM ypaBuHeHusd (9.16). IlosBoauB KOMMYTATO-

Py IeCTBOBATH Ha BOJHOBYIO (DYHKITNIO, MOKHO 3aII1ICATD
(9.17)

9To ypaBHEHHe JIeTKo cBoauTcA K (9.16). Urak, MbI 110-

Kas3ajau, 4To
(9.18)

W 5T0 KBaHTOBBIN aHAJIOT HHIOTOHOBCKOI'O YPABHEHU A IJIs

HU3MEeHEeHUA UMIIYyJIbCa CO BpeMeHEM.

YIIPAKHEHMUE 9.3

ITokakure, 4TO IpaBasi uacTb ypaBHeHus (9.17)
VIIPOIIAETCS U IIEPEXOSUT B IPABYIO YACTh YPaBHe-
Hud (9.16). [Todcka3ka: cHauaia paCKpoiiTe BTOPOi
YJieH, B3sIB IPOU3BOAHYIO IPOU3BEIeHUA. 3aTeM

IIOCMOTpPHUTE, YTO MOXHO COKPaATUTh.

9.7. IIpamoJuHeiHOE IBMKEHHNE
M KJIaCCUUYECKUHU Ipeest

Bb1 Mmorsiz mogymaTrhb, OyATO MbI JOKa3aJd, UTO CpeldHee
3HaueHMe X B TOYHOCTH CJIEIYET O KJIACCUUECKO TPAEKTO-
puu. Ho B geficTBUTEJIbHOCTY MBI JOKA3aJI COBCEM APYyTroe.
Pasuuiia BOsHUKaeT IOTOMY, UTO CpefHee 3HaUeHre PyHK-
IIUU OT X COBCEM HE TO JKe caMoe, YTO PYHKIUS OT CPeTHETO

sHavyeHud x. Eciu 661 ypaBuenue (9.18) umesno Bug
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(mog4yepKuUBalo, IM0 He MAK), TO B CAMOM JieJie MbI MOTJIN
OBI CKa3aTh, UTO CPeJHee IMOJ0KeHe 1 UMIYJIbC YIOBJIET-
BOPSAIOT KJaccuUecKnM ypaBHeHuaAM. Ho B geficTBUTEIbHO-
CTHU KJIACCUYECKIE YPABHEHI I — 9TO JIUIIb IIPUOINIKEeHN S,
KOTOpbIe XOPOIIH TOTAa, KOT/a MOYKHO 3aMeHUTh CpeIHee
sHaueHue dV/dx pyHKIIEHA OT cpeqHero 3HAUEHUA X.
Korpga pasymuo ato genars? OrBet: Korzpa V(x) MeqiieHHO
MeHSAETCS IO CPaBHEHUIO C pa3dMepaMu BOJTHOBOTO ITaKeTa.
Ecou V pe3ko mensaeTcA B mpejieax BOJTHOBOTO ITaKeTa, TO
KJIaccHUuecKoe IPUOJIMKeHre mepectaeT padorats. PaxTu-
YeCKU B DTOH CUTYyaI[MM CTPOMHBIN aKKYPATHBIA BOJTHOBOM
makeTr OyIeT IpeBpallaThbCsAd B CUJIBHO PACIIJIBIBIIYIOCS
BOJIHY, COBCEM HEMOXOJKYIO Ha Ty, UTO Obljia BHaUaJe.
DYHKIIUA BEPOATHOCTHU TOXKe OyAeT pasMbIBaThbeA. Y Tor-
Iay Bac He OymeT BbIOOpPa, KpoMe KaK pellaTh YpaBHEHU s
IIpénuurepa.

PaccmoTpum sTOT MOMEHT BHUMAaTe bHee. MaTemaTuue-
CKU MBI He JIeJIaJI1 IIPEAI0JI0KeHUH OTHOCUTEIBLHO (hOPMbI
HAIIlero BOJIHOBOTO mMakeTa. Ho HeABHO MBI CUNUTATIU UX
aKKypaTHBIMU 110 (popMe PYHKIIUAMU C eJTUHCTBEHHBIM
MaKCHUMYMOM U I'IAZKUMU CKJIOHAMM, UAYIIUMU K HYJIIO
B MIOJIOJKUTEJbHOM U OTPUIATEIbHOM HAIIPABJIEHUIX.
Taxkoe MmaTeMaTHUUYeCKOe MOIYIeHe, XOTA MBI HUTE He
BBOJIMJIU €T'0 ABHBIM 00pa3oM, CUJIbHO BJIKUSIET HA TO, OyIeT
JIV YacTHUIla BeCTu cebs TaK, KAK 3aCTaBJISET HAC OJKUAATH
KJIaccuuecKas MeXaHUKa.
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b(x)

Puc. 9.3. [Jeyxmodosas (08yzopbas) pyrryus,
uenmpuposannas Ha x = 0. Obpamume sHumaHuUe,
yumo (x) =0,ro Ax >0

Yr06bI TPOUIIOCTPUPOBATEL 3TOT TE3UC, PACCMOTPUM
HEMHOTO «CTPaHHBIN» BOJHOBOM naker. Ha puc. 9.3 moka-
3aH JJBYXMOJOBHI BOJIHOBOI TaKeT (MMEeIOIIUii Ba MaKCH-
MyMa), IeHTPUPOBAHHBII B HaUYajie KOOPAUHAT Ha OCH X.
Temeps paccMOTPUM HEKYIO QYHKI[UIO X, cKakeM F(x),
rae F npencrasaser cuny. Cpennee snauernue F(x) — aTo
He TO Ke caMoe, uTo F oT cpeauero sHaueHusa x. JIpyruMu
cJ0BaMM,

(F(x)) # F((x)).

B paBoii vacTu HaxoaUTCA PYHKIIUA OT IEHTPAa BOJTHOBO-
ro maKera. 9To He TO Ke caMoe, UTO JieBas 4acTh, KOTOpAas
COOTBETCTBYET HAIIUM pe3yJbTaTaM U3 IPeAbIAYINero
paszena: (F(x)) numeeT TOT Ke BUJ, UTO U IpaBasd 4acTh
ypaBHeHus (9.18)1.

av
1 HaHOMI/IHaIO, qTo —<— ImpencraBjgadeT B 9TOM YpPaBHEHUU

cuiy.
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Ilo3BoJIbTE MHE MPUBECTHU IIPUMEP, B KOTOPOM 3TH
IBa BhIPAKEHUI MOTYT CUJBHO pasjudaTrbes. JlomycTum,
F paBHO KBagpary Xx:

F = x2.

W momycTum, 4TO BOJTHOBOH IIAaKeT BRITJIALUT KaK Ha
puc. 9.3. Kaxoso cpenuee sHauenue x? OHO paBHO HYJIIO,
¥ TO ’Ke caMoe MOXKHO cKa3aTh Ipo F((x)), MIOCKOIBKY
F(0) = 02 = 0. C gpyroii cTOPOHEI, KAKOBO CPefHEE 3HAUE-
Hue x2? OHo OoJbIle HyJA. TaKk 4TO eCJIi BOJTHOBOM IIaKeT
He ABJIAETCSI aKKYyPATHBIM OJUHOUYHBIM TOPOOM, KOTOPBIH
B OCHOBHOM XapaKTepU3yeTcsi CBOUM IIeHTPOM, TO BOBCE
He 00A3aTeJIbHO N3MeHeHe UMIIYJIbca BO BpeMeHU Oy IeT
PaBHO BeJIMUMHE CUJIBI B TOYKE, COOTBETCTBYIOIIEH CpeaHe-
My 3HaueHMIo x. Tax ObIBaeT, TOJILKO €CJM BOJHOBAA (PYHK-
IUsA CKOHIIEHTPUPOBAHA HA OUeHb HeOOJIBIIIOM yUaCTKe
u cpenHee sHaueHue F(x) He orauuaercs ot F((x)). Tak uro
MbI HEMHOT'O CMYyXJIEBaJIl, TOBOPS, UTO Hallle KBAHTOBOE
ypaBHEHUE IBUIKEHUS BBITJIAAUT KaK KJacCUuecKoe. ITO
3aBUCUT OT BOJITHOBOTO MaKeTa, KOTOPBI MOJKeH ObITh
KOI'€PEHTHBIM U XOPOIIIO JIOKaJIN30BaHHBIM.

IIpu npoumx paBHBIX, KOTJla Macca YaCTUIIbI BeJIMKa,
ee BOJTHOBas PYHKIIUSA OUeHb CUJIbHO CKOHIIEHTPUPOBAaHa.
Ecnu y pyHKIIMYN IOTeHIMAIBHOM 9Hepruu V(x) HeT oueHb
YeTKUX IIMKOB, TO 3aMeHa (F(x)) Ha F((x)) 6ygeT xopormeit
annpokcumanueii. Ho korga V(x) numeer nuKu, BOJTHOBOI
MmakKeT HAUMHAET pacumagarbcda. [lomycTum, HaIpumep,
y Hac eCTh aKKYPATHBIN BOJHOBOII MaKeT, IBUKYIITUNCI

BIIPAaBO, U OH CTAJKHNBAETCSA C TOUEUHON CTPYKTYPOH,
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mog00HOM aToMYy, MOTeHIInaJAbHAaSA (PYHKIIUSI KOTOPOTO Ha-
moMUHaeT n3obpakeHHy0 Ha puc. 9.4. BosHOBOI makeTt
pacceeTcs u paspymurcs. Eciu, ¢ Ipyroi CTOPOHELI, OH
HATOJKHETCS Ha OUeHb IOJIOTHU IIOTEHITUAJI, TO ITPOMIET II0
HeMy 00Jiee NN MeHee B COOTBETCTBHUI C KJIACCUUECKUMU
YpaBHEHUSAMU IBUKeHUA. MbI He 0KHULaeM, YTO KBAHTO-
Basi MeXaHMNKa 0yJeT BOCIIPOM3BOAUTH KJIACCUUECKYIO IIPH
JI00BIX BO3MOJKHBIX YCJIOBUAX. MBI OJKHgaeM, UTO OHA
OyaeT BOCIPOU3BOAUTH KJIACCHUUECKYI0O MEXAHUKY B TeX
YCJIOBUSAX, B KOTOPBIX OHA LOJIMKHA 9TO AejaTh, — Korga
JacCTHUIbI TAMeJble, a IIOTeHIIaJbl IVIagKue, 1 HUUYTO He

BBIBBIBAET PacCIiafia UJIU PACCESHUs BOJHOBOM QyHKIMUL.

V(x)

i

Puc. 9.4. 3aocmpennas nomeHyualbHas QYHKUUA.
PyHKyUU, 3a0at0uiue NOMEHYUAL C OCMPLLM NUKOM, 6yOym
8bL3bL8AMb PACCEAHUS B0LHOBbLX PYHKYUL. Dem meHblULe
Uux 0c06eHHOCMU 6 CPABHEHUU C 80JLHOBLLM NAKEMOoM,
ueMm cusbHee nakem 6ydem pacceu8ambuvcs u mem meHee
«KJaaccuveckum» on 6ydem cmarHo8UMbCs

X

1 He Tak sj1eraHTHO BBIPAYKEHO, HO CTOJIb Ke 6aHAJIbHO UCTUHHO,
kak y lappucona Keitsmopa. — ITpumey. aem. (Tappucon Keitiaop
(Garrison Keillor) — amepukaHCKnil FOMOPUCT, U3BECTHBIA CBOMMU
IJIMHHBIMA U O4eBUAHBIMYU adopusmamu. — ITpumeu. nep.)
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B Kaxux GpuU3NUECKNX CUTYAIlNAX BOSHUKAIOT «ILJIOXKE
MMOTEHIINAJIBI» , KOTOPBIE PA3PYIIIal0T BOTHOBYIO QYHKIINO?
MomycTuM, IOTEHIINA KUMEEeT 0COOEHHOCTH OITPe e IeHHO-
ro, XapakTepHOTro AJsI HUX pasmepa. IIpeacrasnre cebe
yCyry0JeHHYI0 BepcHio puc. 9.4 co MHOKECTBOM BBICOKHX,
ILJIOTHO YIIaKOBAHHBIX MUKOB. O003HAYNM BeJINUNHY STUX
0CO0EHHOCTEeH 0X, 1 9Ta BeJIMUNHA 0X 3HAUNTEJIHLHO MEHbIIIEe

HeOoIpeLeJIeHHOCTHU IIOJIOMKEeHNA MOL4JIeTAIOIIe YaCTUIIhI:
dx < Ax.

Ecau octpele nuku V(x) umeroT MaciiTab MHOTO MeHbIIIe
pasmepa IPUIIIeIITero BOJHOBOIO TaKeTa, TO ITaKeT pacma-
JleTcA Ha MHOYKECTBO MaJIEHbKUX (DPAarMeHTOB, KaKIbIA U3
HuX OyZeT paccesH B CBoeM HampasJsieHuu. I'py06o rosops,
KOI'Zla OCOOEHHOCTH IIOTEHIINAJIA MEHbIIE AJUHELI BOJHDI
BXOJAINEHN YaCTUILI, BOTHOBAA (DYHKIIUSA PaspyIlIaeTcs.

HomycTum, Bl GepeTe miap AJisg OOYJIUHTA U CIIPAIITH-
BamirTe: «Yemy paBHO Ax?» Mcmoab3ys IPUHIIAII HeoIIpe-
IeJIEHHOCTH, MOYKHO COPHMEHTHUPOBATHLCA B 9TOM BOIIPOCE.
O6b1uHO Ap X Ax Gosbiie i. Ho Bo MHOTHUX cirydasXx pas-

YMHO CUUTATh, UTO 9TO BeJIMUMHA ITOPAJKA A:
ApAx ~ h.

Hanee, 3HaUeHNE P HACTOJHKO CKOHI[EHTPUPOBAHO, Ha-
CKOJILKO 5TO BO3MOJXXHO, HO JJIA OOBIYHOT'0 MAKPOCKOINYE-
CKOI'0 00'beKTa COOTHOIIIEHE HEOIIPe e IeHHOCTH HaX O UT-
csl MpaKTUYeCKHU Ha IIpefiesie — JieBas YacTh IIOYTH PasHa h.

IIpuymHBI 5TOT0 OUEHB CJIOMKHEI, U A He OyIy UX KacaTbCd.
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IIpocTo mpuMeM, UTO 3TO TaK, X HIOCMOTPUM, KaKKe OyIyT
caencrBud. Yemy paBHo Ap? Ito mAv, 4To naeT

mAvAx ~ h.

CresaB mpocToe mpeo0pasoBaHue, IOJIydaeM

nian

Temepb, ecyu g MOJOMKY IIap AJA OOYJIMHTa Ha 3€MJIIO,
s 0yIy TOYHO 3HATH, UTO HEOIPEeJeJIeHHOCThb €I0 CKOPOCTU
He oueHb BesimKa. 1o mepe Toro Kak map OyzeTr cTaHo-
BUTHCS BCe TsKeJee U TsKeiee, MOKHO OKUIATDH, YTO
HeomIpeeJIeHHOCTDb eT0 CKOPOCTH OyIeT CTAHOBUTHCA BCe
MeHbIIle 1 MeHbIle. Ho B JIfo60M ciiyuae B IPaBOil UaCTHU
Macca HaXOJAUTCA B 3HaMeHaTeJie, HE3aBUCUMO OT Av,
¥ KOT/Ia Macca m CTaHOBUTCS MeHbIIle, BeJInunHa Ax Oyaer
yBennumBaThbcsa. VI B yacTHOCTU, OHA Oy/IeT CTAHOBUTHLCS
60JIbIIIe 0COOEHHOCTEH II0OTeHITAaIA.

B kBaHTOBOMEXaHUYECKOM IIPefeJie, Koraa m oueHb MaJa,
a Ax ctaHOBHUTCS OOJIBITION, BOJTHOBASA (PYHKITUA MOITaaeT
MO, BJIMAHNE 3a3yOPEHHOr0 IIOTEHITAIa, KOTOPBII BOCIIPHU-
HUMAaeTcs el0 KaK ropasno 0oJjiee IpyObIi 1 HACHIIIEHHBINA
0COOEHHOCTAMU, UeM caMa BOJHOBaA GyHKIUA. VIMeHHO
B TAKOU CUTyaIlMu BOJIHOBas (hyHKIUs paspyiiaercs. [Ipo-
TUBOTIOJIOXKHASA CUTYaIMsI BOSHUKAET, KOT/A 1 CTAHOBUTCH
OueHb 0O0JIBIIOM, a AX — MaJIeHbKOIi. ¥ OOJIBIIIOTO IIIapa

IJ1s1 O0yJIMHTa BOJIHOBOM MAKeT MOXKET ObITh 04€Hb CUIBHO
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CKOHIIEHTpUPOBaHHbIM. Kora oH IBUIKeTCA TI0 3y0IiaM I1o-
TEeHIUAJA, AJIA er0 KPoULeYHOll BOJTHOBOU (DYHKITMU BCTPE-
YaroI[recs: 0COOEHHOCTH IIOTEHI[MAIA BRITVIAAAT (CPaBHU-
TGJII:HO) O4Y€Hb NINPOKVNMMU. HBI/DKGHI/IG II0 TAaKMM IIIMPOKKM
TJIAAKUM OCOOEHHOCTSIM He BHI3LIBAET PACIIaja BOJTHOBOM
dyuKINYN Ha yacTu. BoJbliine Macchl U IVIagKKe ITOTeHI!-
aJIbl XapaKTePHBI AJIA KJIACCUUEeCcKOoro mpenesa. Jacruma
€ MaJIOM MacCo¥, ABUIKYINAACA B IIOTEHIINAJIE C PEBKUMU
CKauKaMu, BeZleT cebsa KaK KBAHTOBOMeXaHMYeCKas CHCTeMa.

Yrto MOKHO cKasaTh 00 ayekTpoHax? JlocTaTouHo am
OHU MACCUBHBI, UTOOKI BecTH ce0s Kiaaccuuecku? OTser 3a-
BHUCHUT OT COOTHOIIIEHHNA MOTeHIIaJaa u Macchl. Hampumep,
€cJIY y Bac JBe IJIaCTUHBI KOHAeHCATOPa pPa3HEeCeHbI Ha CaH-
THUMETP C TJIAAKUM 9JIEKTPUUECKUM II0JIeM MeXKIy HUMH,
2JIEKTPOH OyAeT IBUTATHCSA Uepes 3a30P KaK akKKypaTHad,
KOTepeHTHAasdA, IOUYTHU KJaccuueckasa yactuiia. C apyroi
CTOPOHBI, IOTEHITNAJ, CBA3AHHBINA C AAPOM aToMa, Bceraa
MMeeT Pe3K0 BhIparkeHHbIe 0co0eHHOCTU. Eciiu 3/IeKTPOoH-
HBIM BOJIHOBOM IAaKeT IOIIaJaeT B TAKOM IIOTEHI[MAJ, OH
OyIeT paccesH IO OKPECTHOCTSM.

IIpe:x e ueM 3BaKPBITH 9TY TEMY, A XOTeJI ObI YIIOMAHYTH
O BOJIHOBBIX MAKeTaX C MUHUMAJLbHOU HeonpedesieHHO-
cmbi0. TO BOJIHOBBIE ITIAKEThI, y KOTOPBIX AxAp pagro h/2
(a He OoubIITe 3TOM BeMunHbI ). [[pyruMu cioBamMu, B TAKUX
cayuaax npousBeneHre AxAp HaCTOJIBKO MaJio, HACKOJIIbKO
9TO JONYCKaeT KBAaHTOBadA MeXaHUKa. TaKkue BOJTHOBBIE
MmaKeThl UMeIoT (h)OPMY rayCCOBOM KPUBOI 1 IIOSTOMY YACTO
Ha3BIBAIOTCA 2ayCCO8blMU BOIHOBBIMU TaKeTamu. Co Bpe-

MEeHEM OHHU PaCIlJIBIBAIOTCA 11 CTAHOBATCA 0oJiee IMJIOCKMU.

341



KBaHTOBaA MexaHuKa

IlomoOHBIE BOJIHOBBIE MMAKETHI — HE caMble OOBIUHEIE, HO
onu cyiiectByior. [Ilap nys1 60ysimHTra B COCTOSTHUY ITIOKOSA
ABJISIETCA XOpoIllei annpokcuManueii. B mexkiuu 10 Mmbl
YBUAUM, YTO HYJIEBOE COCTOSAHUE TAPMOHUYECKOT'0 OCIJI-
JIITOpPA ABJAETCA TAyCCOBLIM BOJTHOBBIM ITAKETOM.

9.8. UHTErpaabl MO MyTAM

Kiaccuueckas raMuIbTOHOBA MEXAaHIKA CTPOUTCS Ha pac-
yeTe MOMIaroOBbIX MPUPAIIeHUH, U3MEHAIOINX COCTOSHUE
cucrembl. Ho ecTh APyTroit cmmocod (QOpMyIUPOBKU MeXa-
HUKU — NIPUHIIUI HANMEHBIIIET0 JeMCTBUA, — KOTOPLIHA
KOHIIEHTPUPYETCS HAa UCTOPUAX B IeJ0oM. [[J1 YaCTUIIBI 9TO
03HAYaeT pacCMOTPEHNE BCell ee TPAeKTOPUU OT HEKOTOPOTO
HavYaJbHOTO MOMEHTA A0 HEKOTOPOT0o KoHeuHOoro. O0a oTu
MOAX0a 9KBUBAJEHTHBI, HO PA3JINYAIOTCA aKIleHTaMu.
TaMuiabTOHOBa MeXaHUKA IIOJHOCTHIO KOHIIEHTPUPYETCs
Ha OTAEeJbHOM MTHOBEHUU U IT'OBOPUT, KaK U3MEHUTCS CU-
cTeMa Me:KIy STUM MTHOBEHUEeM U caenyioniuM. [Ipuaiumn
HanMeHBIIero JefCTBUA IpejaraeT OTCTYOUTDb Ha Imar
Hasaj U1 gaet oomuii Bug. MoKHO IpeACcTaBIsATE cede, UTo
IpUuPOLA IIPO0yeT BCce BOSMOKHbBIE TPAEKTOPII 11 BEIOHPAET
U3 HUX OJHY, KOTOpasd MUHIMUSUPYET JelicTBre MeKIY ma-

Poii 3apMKCUPOBAHHLIX TOUEK — HAUYAJIbHOM 1 KOHEUHO1.

1 Crporo rosops, 3TOT IMIPUHIUII SOJKEH HA3LIBATHCA IPUHIIA-
IOM CTAI[MOHAPHOCTH JIeficTBUsA. PeasbHBIE TPAEKTOPUU — BTO
cTalrMoOHapHBbIE TOUKU IJIA AEeNCTBUA, U OHU HE BCETA ABJIAIOTCH
mMuHEMyMamMu. Ho q1a Hamumx mejiel 9To TOHKOe 3aMeuyaHue He-
CYIIIECTBEHHO.

342



JNekuyua 9. InHamunka vactmy,

B KBaHTOBOM MeXaHUKE TOKEe eCTh FaMUJILTOHOBO OIIHCA-
HIe, KOTOpoe padoTaeT ¢ HaKaIJIMBAIOITUMUCA U3MeHeHU A-
mu. OHO Ha3bIBAETCA 3aBUCAIIIM OT BpeMeHU YPpaBHEHUEM
IIIpénunrepa u ABJIAETCA Ype3BbIUaHO 0011TMM. HacKoabK0
HaM M3BECTHO, er0 MOKHO MCIIOJIb30BATD JJIA OIIMCAHUS
Bcex (pU3MUeCKUX cucTeM. Tem He MeHee CIIPaBEIJINBO
CIIPOCHUTH, KaK 3TO caesas Puuapa PeifHMaH OK0JIO CeMu/Ie-
CATHU JIET Ha3a/l, CYIIIeCTBYEeT JIF TaKOH IIOAX0] K KBAHTOBOI
MeXaHUKe, KOTOPBIH paboTaj ObI C IeJbIMU UCTOPUAMU ?
pyrumu ciaoBaMu, CyImiecTByeT Jiu ()OpMyJIUPOBKAa, aHa-
JIOTUYHAS IPUHIIUITY HauMeHbIero neiicrsua? S He oymy
B 9TOI JIEKIITUU BO BCEX AETAIIX 00bICHATD (heiHMaHOBCKOE
ommcaHIe UHTerpaJja mo IyTsaM, Ho, YTOObI BO3OYIUTE BaIlle
JIIO0OIIBLITCTBO, JaM HeKIIl HaMeK Ha TO, KaK 3To paboraer.

IIpe:xae Bcero mo3BoJIbTe MHE OU€HBb KPATKO HAIOM-
HUTH KJIaCCI/I‘IeCRI/Iﬁ IIPUHIIWUII HAMMEHBIIIETrO ,Z[efICTBI/Iﬂ,
0 KOTOPOM 5 pacckaswiBag B moxme I. Ilycts KIaccuueckasa
YyacTHUIla HAUWHAET JIBUXKEeHUe B TOUKE X1 B MOMEHT t1
U IpUOBIBAET B TOUKY X2 B MOMEHT t3 (puc. 9.5). Bompoc:
IO KaKOM TPaeKTOPUHU OHA ABUMKETCS MEXAY t1 U t9?

CorylacHO IPUHIIUTTY HAMMEHBIIIETO AeHCTBUA peasu-
3yeTcs TPAeKTOPU, AJIsI KOTOPOH TeficTBre MUHUMAJIbHO.
Heilcmeue — 3T0, KOHEUHO, CIeIMaJbHBIN TEDMUH, U OH
oO3HauUaeT MHTEeTrpaJl OT JJarpaHKHuaHa MeXXKIY KOHeUHBIMU
TOUKaMU TpaeKTopuu. [Jid IIpoCcToli CUCTEeMBI JIarPaH K-
aH — 3TO KMHETHUYECKAas 9HEPTUA MUHYC IIOTEHIINAJIbHAA
sueprus. Tak, Ajd YacTUIlBI, KOTOPAs IBUKETCI B OJHOM

nu3mMepeHuu, IZ[eI._/'IC’I‘BI/Ie PaBHO
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(9.19)

nJIn

ty

X1 X

Puc. 9.5. Knaccuueckas mpaexkmopus. 30ecy noka3an
nymo, N0 KOMOPOMY YLACTULA MOKHCem 08UzAMbC
us mouku 1 (xq, t1) 6 moury 2 (xg, ty).

Jlas npocmombt ocb X, COOMBEMCmMaEYULAs CKOPOCMU
yacmuuybl 8 HANPABJLEeHUU X, He NOKA3AHA

I/I,ZIeH COCTOHUT B TOM, YTOOBI IIPDOBEPUTH BCE€ BOSMOMHEBIE

TPpaeKTOpPpHUM, COeJNHAIOIIE 1B KOHEUYHbI€ TOUKM, 1 BbI-
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JNekuyua 9. InHamunka vactmy,

YHUCJUTD felicTBre A nJis Kaskool ua Hux. Ilodbenut Ta us
HUX, IJIS KOTOPOH HeMCTBUEe OKAMeTCs HauMeHbInumL-2,

Temepb BepHeMcs K KBAHTOBOI MeXaHUKe. 13-3a IpuH-
I[UIIa HEOIpeAeJeHHOCTY Uaes YeTKO 3aJaHHOM TPaeKTo-
pUM MEXKIYy OBYMS TOUKAMH B KBAHTOBOM MeXaHHKe He
umeeT cMmbicyaa. OQHAKO MBI MOYKeM IOCTABUTh BOIIPOC:
€CJI YaCTUIA HAaUMHAeT JBUKEHUE B (X1, ¢1), TO C KAKOH
BEPOSATHOCTHIO OHA OOHADPYIKUTCA B (X9, t3), €CIU B ATOH
TOYKEe BLIIIOJHUTE HaOIIoneHue?

Kak Bcerga B KBAaHTOBOII MeXaHUKe, BEPOSATHOCTh PaBHA
KBagpaTy adCOJIOTHOTO 3HAUEHUSA KOMIIJIEKCHON aMILIN-
Tyabl. B «T006aibHON Bepcum» KBAHTOBOM MeXaHUKU
CTABUTCS BOIIPOC:

ITpu 3a0annoil HavavbHOU MouKe yacmuybl (X1, t1) KAKYIO

amnaumyody ona 6ydem demoncmpuposams 8 (xg, t)?

O6osumauum sty amnauryny C(xy, t1; Xg, tg), uiu,
npocToTsl panu, Ci 2. HauanbpHOe cocTOsTHEE YaCTHUILBI
|W(t1)) = |x1). Ha uaTepBase BpeMeHU MeXKAY {1 U Ly CO-
CTOSHYE SBOJIIOIMOHUPYET K3

(9.20)

1 9T0, KOHEYHO, JIUIIL OOIUN CMBICI JaHHOro upuHnuna. Ha
IpaKTHUKe YpaBHeHUA Jijiepa — JlarpaHska, onucauubie B mome I,
COKpAIIaloT 3Ty padoTy.

2 HJISI VIIPOIIEeHNA HallluX AuarpaMM MbI HEe IIOKa3bIBae€M OChb X,
XOTd JJarpaHXnaH ABHBIM o6pa30M 3aBUCUT OT X.

3 3mech MBI HCIOJIb3YeM eIUHUIBI, B KOTOPBIX A = 1.
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X1 Xo X

Puc. 9.6. I1epsbiii waz k KBAHMOBAHUIO MPACKMOPUL.
Paszobvem mpaexmopuio vacmuyb. Ha 08e pagHbvle Lacmu
(pasHule no ocu epemenu). Y uacmuybl ocmaiomes
HeU3MEeHHbIMU HAYALbHASL U KOHeYHAS MOYKU,

HO ee mpaeKkmopus npoxodum uepe3 pas3Hvie
npoMeNcymouHvle MOUKU X

Amvnnuryna o0HAPYKEeHUsT YaCTHUILHL B |Xg) — STO IIPOCTO

BHYTpeHHee npousBenenue |V (ty)) u |xz). Ero sHauenue

(9.21)
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AN

"N

X1 X2

Puc. 9.7. [lanvreliwue wazu KOHCMPYuposanus
unmezpaaa no nymu. Coxpanss Heu3meHHvLMUU HAYAJLbHYIO
U KOHEeYHY MOUKU, pa3dueaem nymbsb Ha 00JabULee LUCILO
PaBHbLX ce2MeHmos

JlpyrumMu cjaioBaMu, aMILIUTya IIepeMeIleHus 13 X1 B Xg
B TeueHUe UHTepPBaJjia BpeMeHU {y — {1 IIOJydaeTCd IyTeM
IOMeIleHU A B COHABUY MEXXKIY HAaYaJbHOU U KO-
HEUYHOU mo3unuAMHU. YTOOBI YIIPOCTUTE (pOPMYJIY, s 000-
3Hauy tg — t1 uepes t. Torma ammautyna oymeT

(9.22)

Teneps paso6beM MHTEPBAJ BPEMEHH ¢ HA JBA MEHBIINX
uHTepBaja pasmepoM ¢/2 (cm. puc. 9.6). Omepatop e '

MOJMHO 3alluCaTh KaK IIpou3BeJeHe JBYX OIIepaTopoOB:
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(9.23)
BceTaBuB TOMKAECTBEHHBIHN ollepaTop B popme

(9.24)
MOJKHO IlepenncaTh YpaBHEHUA IJId aMIIJIUTYAbI B BUIe

(9.25)

Ira popMa ypaBHEHUSA BBHITJAIUT 00Jiee CIOKHOI, HO
U IMeeT OUYeHb MHTEePeCcHYI0 nHTepinperanio. Ilo3BoabTe
MHe Ha Hell 3aJiepKaThcA. AMILINTY/Ia IepPeMeIleHna U3 X1
B X 3a BpeMs { — 9TO MHTETrPaJI II0 BCeM IIPOMEKYTOUHBIM
moJoKeHuAM X. [loabIHTerpaJIbHOE BhIpasKeHne — 9TO aM-
IJINTYIa TIepeMeIe A U3 X1 B X 32 BpeMd t/2, YMHOMCEH-
Hoe Ha aMILIUTYAY IIepeMelleHus 13 X B Xy 3a BpeMd t/2.
Ha puc. 9.6 sTa ugesa npeacraBieHa rpa)uuecKH.
B knaccuke, 1BUrasch ot X1 4O X9, YACTUIA JOJIKHA ITPOUTH
yepes IPOMEKYTOUHYIO TOUKY X. Ho B KBaHTOBOII Mexa-
HUKe aMILIUTyAa IepeMeIleHns U3 X1 B Xy ABJISETCS WH-
TerpaJjioM II0 BceM BO3MOKHBIM IPOMEIKYTOUHBIM TOUKAM.
MoskHO Pa3BUTL 3TY UEI0 1 Pa3eINTh BpeMeHHOI NH-
TepBaJI Ha OTPOMHOE UK CJI0 KPOIIIeUHbIX MHTEPBAJIOB, KaK
mokasano Ha puc. 9.7. fl He cTaHy 3alIKMCHIBATH CI0XKHBIE
(hopMmyJIbl, HO UAeA TOJIKHA OBITh AcHA. [[J1a KasKo0ro Kpo-

IIIeYHOT0 NHTEPBaJIa, CKayKeM €, MbI JOOABUM MHOMKIITEJID

e iH

3areM MeXAY KamKJIOW mMapoil MHOMKUTEJel BCTAaBUM

eJINHUYHBIA OllepaTop, Tak 4To ammiautryna Cq g cTaHeT

348
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KPaATHBIM HHTETPAJIOM II0 BCEM IIPOMEKYTOUHBIM TOUKAaM.
ITogpIHTErpaIbHOE BRIpAsKeHE Oy AeT IPeACcTaBIIATE CO00M
IIpoM3BeieHNe BhIPAKEHNH BUIa

Ecau onpenenuts U(e) Kak
U(e) =eieH,
TO IIPOM3BE/IEHNE B [1€JIOM MOYKHO 3aIIHCAThH B BIJE
(x2|UN]x1)
niu

(x2|UUUU...

.X'1>.

B sTtom ypaBHenuu U moABIsgeTCsI B KaueCTBE MHOMKIUTE-
asa N pas, rme N — 3TO UMCJIO IIIAar0B Pa3MepoM €. 3aTeM
MOJKHO BCTaBUTh MeKAy U eTUHUYHEIE OIIePATOPLI.
Taxoe BhIpaskeHNe MOYKHO Ha3BaTh aMILIUTYIOM AJIs
maaHoro nytu. Ho uacTuiia He IBUMKETCS BAOJIb KOHKPETHO-
ro nyTu. B geficTBUTEILHOCTH B Ipeesie O0JILIIIOTO YMCIa
0ECKOHEUYHO MAaJIbIX WHTEPBAJIOB aMNAUMY0a A87as1emcs
UHMezpaLoMm no 6cem 03MOHCHLLM NYMAM MeH 0y KOHelU-
Huimu moukamu. KpacuBbelil (pakT, OTKPBITEIN DeitnMa-
HOM, COCTOUT B TOM, UTO aMILIATYAA IJA KaKIOT0 IYyTHU
HaXOJAUTCS B IPOCTOM CBA3YU CO 3HAKOMBIM BhIpaKeHUeM
13 KJIACCUUECKOM MeXaHUKU — JeHCTBUEM BAOJL STOIO

nyTtu. TouHOe BhIpakeHue IJIA KasKI0T0 ITyTU:
eiA/h,

rae A — gelicTBue BAOJIb OTAEJIBLHOTO IIYTH.
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DeiHMAHOBCKYIO (GOPMYJIUPOBKY MOXKHO CBECTU

K eJMUHCTBEHHOMY YPaBHEHHNIO:
(9.26)

dopmyIMPOBKA Uepe3 MHTET'PAJIBI 110 ITyTAM — 3TO He IIPO-
CTO BJIETAHTHBIA MaTeMaTUUYECKUHN TPIOK; OHA objamaer
peanbHOI cuoii. Ha camom gejie 13 Hee MOMKHO BBEIBECTHU
o0a ypasuenuda IlIpéguarepa 1 Bce KOMMYTAI[IOHHbBIE CO-
OTHOIIIeHU A KBaHTOBO# MmexaHuKu. Ho B moaHOI Mmepe oHa
pacKpwIBaeT ce0s1 B KBAHTOBOU TEOPUU TTOJISA, T ABIAETCA
OCHOBHBIM CPeACTBOM (POPMYJIMPOBKU 3aKOHOB (DUBUKU

9JIEMEHTapPHBbIX YaCTHII.



Jlexkmusa 10. 'apmounueckuu
OCIIUJLJIATOP

Apr: [Ilymato, s HaunHao BpyoaThbed, Jlennu. Kapru-
Ha B IIeJIOM IOCTeIIeHHO o0peTaeT 4eTKOCTh. MuHyc
Opun, 'enepan HeompenmeleHHOCTD, 3allyTaHHBIE
napouku, [aMUJIBTOHNAH U OaKe BLIPOKICHHBIE
JeMeHThI. UTo majbIiie?

Jennu: Ocruansanuu, Apt. Bubpamnuu. ThI Ke CKpu-
may — chIrpaii-Ka HaM IOCJIeIHIO0 MeJOIMI0 dDTUM
BeuepoM. UTo-HIOYIL BOJIHYIOIIIEE.

W3 Bcex mHIpequeHTOB, IOIIEIIINX Ha CO3JaHe KBAHTO-
BOT'0 OIIMCAHUA MUPA, JBA MOYKHO CUNTATH OCOOCHHO BasK-
uHpiMu. OIUH U3 HUX — 9TO, KOHEUHO, CIINH, UJIU KyOuT.
B Kiaccuueckoii Joruke Bce MOKHO IOCTPOUTH Ha BOIIPO-
cax Turma «Ja uiu Het» . [lomo6HBIM Ke 00pa3oM B KBAHTO-
BOM MeXaHUKe JII0001i JIOTUUEeCKITI BOIIPOC B CYXOM OCTaTKe
IIpeBpaIlfaeTcs B BOIPOC 0 KyOuTax. B mepBbIX JIEKITUAX

MBI TOTPATUJIX MHOTO BpEMEHU Ha 3HAKOMCTBO C KyOu-
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TamMu. B 8TOl JeKIIuu MBI y3HAaeM O BTOPOM BasKHeMIIIeM
MHTPEAVEeHTe KBAHTOBOM MeXaHUKU — TFapMOHUYECKOM
OCIIUJLIATOPE.

TapmMoHnUecKUiT OCIUIIATODP — 5TO He KOHKPETHBIN
00'bEeKT, BPOJe aToMa BOJOpPOJa MM KBapKa. B meiicTBu-
TEJIbHOCTH 9TO MaTeMaTHuuecKasa MOJIeJIb, KOTOopas IIoMora-
eT IOHATH OIPOMHOE UICJIO ABJieHuii. [louaTIe rapMOHMIUe-
CKOTI'0 OCITJLIIATOPA CYIIECTBYET TaKyKe U B KJaCcCUUecKOoM
(usuKe, HO MONMCTHUHE IEPBOCTEIIEHHOE 3HAUYEHE OHO
npuodpeTaeT UMEHHO B KBAHTOBOM TEOPUU.

OnvH 13 BapUaHTOB TAPMOHNYECKOT0 OCITUJLIATOPA —
9TO YaCTHUIIA, IBUKYIIASICA IO JeiCTBUEM JUHEHHOM BO3-
BpaIIaiolneil CUIbl; XPECTOMATUNHBIM IPUMEPOM CIIYKUAT
rpys3 Ha KOHIle NPY:KUHbBI. MaeaansnupoBaHHas IPYKIHA
yIoBJeTBOpAeT 3aKoHY I'yKa: cuja, melicTByIolas Ha
CMEIIeHHYI0 MacCy, IPOIMOPIIMOHAJbHA PACCTOAHUIO, HA
KOTOPYIO 9Ta Macca cMelreHa. MbI Ha3bIBAEM 9Ty CUJIY
8038pawianuieil, TIOCKOJbKY OHA TSTHET Maccy Hasas K II0-
JIOYKEHIIO PABHOBECH .

Hpyroit npumep — IIapuK, KaTalUINNCsa B3al 11 BIIEPe/T
Ha OHe uariy 0e3 moTepu sHepruu Ha TpeHue. ITogobHbIE
CHCTEMbI XapaKTePU3yITCA TeM, UYTO (DYHKITHSA IOTEeHII-

AJIbHOI 9HEPTUU B HUX MMeeT BU HapaboJibl:
(10.1)

KoHcTaHTy k HAa3BIBAIOT KOIQPPUUUEHMOM HecmKOCmu.

Ecau BCIIOMHUTB, UTO CHUJIA, AeHCTBYIOIIasd Ha 00BEKT,
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PpaBHaA Ir'rpaueHTy V co sHakoM MMNHYC, TO OKaKeTCd, 4YTO

aTa CuJjia
F =—kx. (10.2)

3HaK MUHYC TOBOPUT O TOM, UTO CUJIA AeHCTBYeT B HAITPAB-
JIeHUH, IPOTHUBOIOJOKHOM CMeIleHNI0, U TAHET Maccy
00paTHO K MCXOJHOMY IIOJIOKEHUIO.

ITouemy rapmMoHMUYECKYE OCHUJIIATOPHI TaK PACIPO-
crpareHsbl B pusuke? Iloromy uro moutu jrobas raagkas
(yHKIIMA BRITJIAAUT KaK 1apabosa JoCTaTOYHO OJIUBKO OT
cBoero muauMyMma. Ha camom fejie MHOTHE THUIIBI CUCTEM
XapaKTepusyoTca QyHKIUell sHePTrUuu, KOTOPYIO MOKHO
TpubJMIKEeHHO OITMCAaTh KBaJPaTUUYHON (PYHKIIUEH OT He-
KOTODPOU IIepeMeHHO, XapaKTepu3yIoIleil OTKJIOHEeHNE
OoT paBHOBecudA. Byiyuu Bo3MyIIeHbl, TAKWE CUCTEMBI Ha-
YMHAIOT K0J1e0aThCsa BOKPYT IOJIOJKEHNA paBHOBecusA. Bor

elfe HEKOTOPbIE IPUMeEPHI.

« ATomM, HaXOOAIHUICA B KPUCTAJLJINUECKOU PeIIeTKe.
Eciiu oH HEMHOT'0 CMeIlleH OT CBOEro MOJI0KEeHU I PABHO-
Becusd, ero TAHeT Hasda IPUMePHO JUHeHasA Bo3BpaIia-
oIrnasa cuyia. ITo ABUKEeHNE TPeXMepHOe U B IeCTBU-

TEJIBHOCTH COCTOUT U3 TPpeX HEe3aBUCUMBIX OCHHHHHHHﬁ.

+ JJIEKTPUUECKUI TOK B IIeIN C HUBKNM COIIPOTHUBJIEHIEM
YaCcTO OCIUJIJINPYET C XapaKTepHoii yacToToi. MaTema-
THUKAa OJId TAaKUX Ilellell COBIagaeT ¢ MaTeMaTHUKO! I

Macce, IPUKPeIIeHHBIX K IPYKUHEe.
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« Bouabl. Ecau BO3MYyTUTh TOBEPXHOCTH IpPy/a, 110 Heil
noiiayT BoaHbI. Habmronasa 3a KOHKPETHBIM MECTOM Ha
TIOBEPXHOCTHU, MOKHO 3aMETUTD, UTO IOBEPXHOCTDH KOJIe-
0JieTcs, KOorJa 10 Hell MPOXOAAT BOJHBI. ITO JBUKEHIIE
MOXKHO OIIMCATh KaK MPOCTOM rapMOHUYECKUI OCITUJI-

JIATOP. To »xe camoe OTHOCUTCA U K 3BYKOBBIM BOJIHAM.

+ JJIeKTPOMATHUTHBIE BOJIHLI. Kak 1 J00ble APyTriie BOJI-
HbBI, CBET ¥ PaJMOBOJIHBI KOJIEOJIIOTCA, IIPOXOII MUMO
Bac. Ta jKe MaTeMaTHKa, KOTOPasa ONNCHIBAeT K0JIe0JII0-
IIYIOCSA YaCTHUILY, IPUMEHNMA 1 K 3JIeKTPOMATHATHLIM

BOJIHaM.

ITOT CIMCOK MOXKHO IPOJOJIKATH 1 IPOAOJIKATh, HO
MaTeMaTHKa Bcerjga ogHa u Ta »ke. IIpocTto 1y Toro, uto-
ObI UMETh B BUAY KOHKPETHBINA IpUMep, OyaeM IIpeacTaB-
JIATH cebe OCIUIIATOP IPY30M, BUCAIIUM Ha MPYKUHE.
Her HYXIBI TOBOPUTH, UTO HaM BPSAJ JU HOoTpedyeTcs
KBaHTOBasA MeXaHMKA /I ONMMCAHUSI OOBIUHOTO Ipy3a Ha
IpY:KUHe, TaK 4TO OyJeM IPeacTaBIATh cebe KPOIIeUHYIO

BEPCUIO TAKOI CUCTEMBI U ITOIIPOOyeM ee IPOKBAHTOBATh.

10.1. Kixaccuueckoe onmucanue

Bynem mcmosb3oBaTh y AJiA 0003HAYEHUS BBICOTHI MO/ -
BeIlIeHHOT'0 I'py3a. Beibepem Hauajao oTcueTa TaK, YTOOLI
B Touke y = 0 rpy3 HAXOAUJICS B COCTOSHUU PaBHOBECU A,
TO eCTh MOT OBbI BUCETh B mOKoe. /1 n3yueHus sToi cu-

cTeMbl KaK KJIACCMYECKON MOXKHO MCII0JIb30BaTh MeTOon

354



Jlekuwma 10. FapMoOHMYECKNA OCLUUANATOP

Jlarpam:xa, KOTOPBIH MBI udyuajau B mome I. Kuaeruue-

CKad 1 IIOTeHIIUaJIbHadA d9HEePI'nu1 paBHBI u

COOTBETCTBEHHO.
Kax BbI IIOMHUTE, JarpaHXnaH — 9TO KMHeTHn4YeCKasd

9HEeprud MUHYC MOTeHIIUAJIbHAAd S9HEPIrud:

g Havaia IpuBeIeM 3TOT JIaTPpaHXKUAH K HEKOTOPOU
cTaHJIapTHOI (hopMe, 3aMEHUB Y APYTOil IepeMeHHOH, KO-
TOpYyIo OymeM o6003HAYATH X. ITA KOOPAWHATA — HE YTO-TO
HOBoe. OHa mo-TIpe;KHeMY IIPeACcTaBIdgeT coOO0M cMellleHre
maccel. [lepexons oT y K x, MBI IPOCTO BeIOUpaem 6oJjiee

ymo0HbIe enuHUIIBI. OIpenenM HOBYIO IePeMeHHYIO TaK:

C ucmosb30BaHUEM X JarpaHKKUaH IpruobdpeTaeT BUL,

(10.3)

ITocTosrHaA W onpeneisgeTcA KaK ¥ OKa3bIBaeTcs
PaBHOI YacTOTE OCIIUJLIIATOPA.

BbInmoIHUB 9Ty 3aMeHy IIepeMeHHBIX, MbI eITHO00pa3-
HO OIIMCAJIX BCE BOBMOKHBIE OCIIMJIIIATOPHI. IIpm 3amucu
B 9TO# (popMe OCIIUJIJIATOPHI OTJANYAIOTCA APYT OT APYyTra
TOJIBKO CBOEH YaCcTOTOM’ .

Temneps NIpUMeHUM ypaBHeHUA JlarpaHska [Jisd BBIBOJA
ypaBHeHUH ABM:KeHnA. Takas ogfHoMepHasI CCTeMa OIIKCHI-

BaeTcA eIMHCTBEHHBIM ypaBHeHUEM JlarpaH:xa, a UMEHHO:
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(10.4)
IIpumenss stu onepanuu K ypasaenuio (10.3), moayuaem
(10.5)

IT0 Ha3BIBAETCA KAHOHWUYECKUM MMITYJIBCOM, CONIPAKEH-
HBIM ¢ X. [{uddepeHIImpoBaHue 10 BPeMeHU TaeT

(10.6)

M TeM caMbIM MBI IIOJIyUYaeM HPaByiO0 4acTh ypaBHe-
Husd (10.4). OGpaTUBIINCE K €T'0 JIeBOI YaCTH, HAXOIYM, UTO

(10.7)

IIpupaBHUBaAsA BLIPAIKEHUS [JJIS JIEBOU M IPABON yacTeit
(ypaBuerus (10.7) u (10.6)) ypaBuenus Jlarpam:ka, mo-
Jydaem

(10.8)

9To ypaBHEHUE ABJISIETCSA, KOHEUHO, SKBUBAJIEHTHBIM
F = ma. Orryza B HeMm 3HaK muHyc? IToromy uTo cuia
ABJISIETCS BO3BpAalalolell — ee HallpaBJeHNe ITPOTUBO-
MMOJIOKHO HAIIPABJIEHUIO CMeIlleHns. BrI yiKe 3Haere, 4To
pellleHns TAKOT0 Po/ia YPaBHEHU COIepKaT CUHYCHI U KO-

cUHYyCHI. B 0611eM Bu/e pellleHre HMeeT BUL
x = A cos(wt) + B sin(wt), (10.9)

KOTOPO€e ITOKAa3bIBAET, UYTO W JENCTBUTEJHbHO SBJISAETCA
YacTOTOU ocrmmATopa. Bamas mpoauddepeHIIIPOBaB

9TO YypaBHEHME, MbI [IOJIYYNM MHOMKUTEIb W2,
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YIIPAKHEHUE 10.1

HaiiguTe BTOpyI0 NPOM3BOAHYIO II0 BPEMEHH OT X
B ypaBHeHuu (10.9) 1 moKaXKuTe TeM CaMbIM, YTO

OHO CJIIY?KUT pelrreHreM ypaBaenus (10.8).

10.2. KBaHTOBOMEeXaHNUYECKOe OIIUCAHUEe

Tenmeps BepHEMCS K HAIllE MUKPOCKOIIUYECKO BEePCUU
rpysa Ha npy:kuHe. IlycTs ou Oyzer, ckaskeM, He 00JIbIIIe
OJHOU MOJIeKYJibl. Ha mmepBblii B3TJIAL 9TO KayKkeTcs adbcyp-
mom. Kak MOXKHO cO3aTh TAKYIO MAJEHBKYIO IPYKUHY ?
Ho Ha camowm mesie B IpUpojie eCTh BCe BUJBI MUKPOCKO-
MUYEeCKUX MPYKUH. MHOTHE MOJEKYJIbI COCTOAT U3 ABYX
aTOMOB, HAIPUMeEpP TAMKEJIOT0 aToMa U JIeTKoro. EcThb
CUJIBbI, yIeP:KUBAIOIEe MOJIEKYJY B paBHOBECUU, KOTa
9TU aTOMBI pa3feJeHbl ONIPeJeJIEHHBIM PACCTOSIHUEM.
IIpu cMmeleHny JerkKoro aromMma oH OyZeT IPUTATUBATHCS
00paTHO K PaBHOBECHOMY ITOJIOKeHUI0. Takasa MoJeKy-
Jla — 9TO MUHUATIOpHAaA Bepcusd I'pysa Ha NpPYyKUHE, Ha-
CTOJILKO MaJIeHbKasd, UTO JJIA ee TOHNMAaHUSA He00X0JUMO
HMCII0JIb30BATh KBAHTOBYIO MEXaHUKY.

Pacmosiaras y:xe BbIBeZIleHHBIM KJIaCCUYECKUM JarpaH-
JKMaHOM, IOIIPO0yeM ITOCTPOUTh KBAHTOBOMEXAHNYECKOE
onucaHue Halllel cucteMbl. [Ipek e Bcero HaM HYIKHO
IIPOCTPAHCTBO cocToAHMT. Kax MBI BUe i, COCTOIHME Ua-

CTUIIBI, IBUKYIIIEHMCS BIOJb IPSIMOI, IIPENCTABIISIETCS BOJI-
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HOBOI pyHuKuei V(x). IMeeTcss MHOKECTBO BO3MOIKHBIX
COCTOSAHUI CUCTEMBI, ¥ KasKJj0e U3 HUX IIPE/ICTABIAETCSA
cBoeil BoJIHOBOM GyHKImei. Pyurmusa V(x) ompexpeser-
ca TakuM obpasom, uTo U*(x)¥(x) ABIsAETCA IIOTHOCTHIO
BEPOATHOCTU (BEPOATHOCTHIO B pacueTe HA eIUHUYHBIN
WHTEPBAaJ) O0HAPYKUTh YACTHUILY B IIOJOKEHUN X:

U*(x)W(x) = P(x).

B arom ypaBuenuu P(x) o603HauaeT MIOTHOCTH BEPOAT-
HocTu. VITak, y Hac eCTh HEUTO BPOie KHHEMATUKU — OITH-
caHNe, B KAKUX COCTOSAHUAX CUCTEMA MOYKET HaXOAUThCS.

Mo:xket au V(x) OBITH COBEPIIEHHO IPOU3BOJIBHOM
dyurmueii? [Tomumo TpeGoOBAHUA HETTPEPHIBHOCTH U UD-
(hepeunupyemocT, Ha Hee HAKJAAbIBAETCS JIUIIb OTHO
yCJ0BUE — IIOJIHASA BEPOSITHOCTH O0OHAPY KEeHUS YaCTUIIbI
B KaKOM-J1100 II0JIOJKEeHUH JOJIKHA OBITE 1:

(10.10)

9TO He BBITJIAIUT OOJbIIUM OorpaHuueHueM. Kakoii ObI
HU OKasaJiach IpaBas 4acTh YPAaBHEHUS, BCEra MOMKHO
yMHOKUTH VU(X) HAa HEKOTOPYIO KOHCTAHTY U NOOUTHCS,
uyT0OBI MHTETrpaJ ObLI paBeH 1, eciu TOJIBKO OH He pa-
BeH HYJIIO UJIU 0eCKOHeUYHOCTH. IIOCKOIbKY BeInUYnHAa
U¥(x)U(x) IOI0KUTETIbHA, MBI MOKEM He 6ECIIOKOUTHCSA
0 HyJIe, a BOT 6eCKOHEUHOCTb — JTO COBCEM APYToe JIeJio;
CYIIIeCTBYeT MHOYKECTBO (PYHKIIMiT, KOTOPbIE ITPUBEIUN OBl
K pacxoAuMocTH nHTerpasa B ypaBHeHuu (10.10). IToaTo-
MYy YCJOBUSA, HaKJIaJAblBaeMble Ha Pa3yMHYIO BOJHOBYIO
(GYHKIINIO, BKJIIOUAIOT TPpeboBaunsd, uTo0bI ¥ cTpeMuIach

358



Jlekuwma 10. FapMoOHMYECKNA OCLUUANATOP

K HYJIIO JJOCTATOYHO OLICTPO, AJIS 00eCIIeUeHI A CXOAUMOCTH
uHTterpaJsa. HazopeMm QyHKIINIM, KOTOPbIE VAOBIETBOPSIIOT
ATOMY YCJIOBUIO, HOPMUPYEMbLMU .

EcTs nBa Bompoca, KOTOPhIe MOYKHO IIOCTABUTh B OTHO-
IIIeHNY IapPMOHUYECKOr'0 OCIIUJIIATOPA.

- Kax BEKTOP COCTOAHUA ME€HAETCA CO BpeMeHeM? I[JIH
OTBeTa Ha 3TOT BOIIPOC HAM HaJa0 3HATh raMMJIbTOHHUAH.

« KaxoBbI Bo3MOsKHBIE 9Hepruu ocrmiaaTopa? OHU TaK-
JKe OTIPeIeJITIOTCA 110 TaMUJIBTOHUAHY.

Wrak, uToOBI BCce y3HATh, HAM HYKeH FaMUJIbTOHUAH.
K cuacTbio, ero MOKHO BbIBECTH 13 JIaTPAHMKKMAHA, U S Celi-
Yyac KOPOTKO HAIOMHIO, KakK 9To geiyiaercsa. Ho cumauana
BIOOMHUTE, YTO KAHOHUYECKUN NMITYJIbC, CONPAKEeHHBIN
¢ X, ompeniesigeTca Kak .1 O6bequussa aTo ¢ ypas-
HeHueM (10.5), monyuaem

HCHOJIB[&YH 9TO UEeTKOe oIIpenejieHue 13 KJaccuuecKom
MEeXaHUKW, HAXOOAUM, UYTO raMNJIbBTOHMAH TapMOHUYECKOI'O
OCIUJLIIATOPa paBeH

rIe p — KaHOHUYEeCKUU UMNYJIbC, CONPAXKEHHBIU C X,
a L oboszHauaeT jgarpamsxknan2. Mul Mmoriau Ol paboTaTh

HaIIpaAMYyIIO C JaHHBIM OIIpeaesIeHrueM, HO BMECTO 3TOIo

1 9ro obbsacusaerca B mome I.

2 3mech HET HEOOXOAUMOCTH UCIIOIb30BATh 3HAK CYMMUPOBAHNA,
IIOCKOJIbKY MMEETCS JIUIIb OJJHA CTeIIeHb CBOOOIBI.
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BOCIIOJIB3yeMCdA COKPAITaIIM IIPDUEMOM. HOCROJIBKY
JlarpaHXHaH — 9TO KHHeTUu4YeCKad oHePprud MUHYC IIOTeH-
IDajJIbHadA SHEPIrusd, a raMHJIbTOHNMAH — 3TO KMHETHNYEeCKasd
9HEeprud nJjrc IIoOTeHInaJlbHad sHeprud, mHade roeopd,
IIOJIHad sHeprud. TamunbTOoHMAH ocIuJIIATOpa MOMHO
3aliucaThb B Buje

IIoka Bce XOpOIII0, HO MEI eIlfe He 3aKOoHY M. MbI BbIpasu-
JIM KUHETUYECKYI0 D9HEePTUIO Yepes CKOPOCTh; B KBAHTOBOM
MeXaHuKe, OJHAKO, Mbl HUKOIIA He IIPeICTaBJIaAeM HaIll
HabJfomaeMble KaK onepamopsv. U 'y Hac HeET ollepaTopa
cKopocTu. YTOOBI ¢ 3TUM CIIPABUTHLCS, HAJO II0JH30BATh-
cA KOOPAMHATOU M KAHOHUYECKUM UMNYJIbCOM, KOTOPHIE
HMEIOT CTaHZapPTHYIO ollepaTopHyo popMy. BrIpasurhb
raMUJIbTOHUAH Yepe3d KAaHOHMYECKUH UMITYJIbC HETPYIHO,
IMOCKOJBbKY

9ToO IIO3BOJIAET 3allrcaThb
(10.11)

ITO KJaccuUYeCKUil raMuJIbTOHHAH. Temepb Mbl MOMKeM
IPEeBPATUTL €TI0 B KBAHTOBOMEXaHUUYECKOe YpaBHeHue,
PEVHTEPIPETUPOBAB X U P KaK OIlepaTOpPhl, OIpeaeJIeH-
Hble cBouM BoszelicTBueM Ha V(x). Kak MBI yixe qesmanu
IpeskJie, NCIIOJIb3yeM JKUPHbIe 3arjiaBHble OyKBbI X u P,

YTOOBI OTJINYATH KBAHTOBBIE OoIIepaTopsl OT UX KJiacCHru4e-
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CKUX MTapTHEPOB X U p. VI3 mpeAbIAYIITUX JEKIIUHA MBI TOUHO
3HAEeM, KaK paboTaloT 3TH OIIePAaTOPHhI. X ITPOCTO YMHOXKAET

BOJIHOBYIO (DYHKI[UIO HA KOOPAUHATHYIO IIePEMEHHYIO:

A P npurumaer Ty ke GopMy, UTO U B APYTUX OJHOMEPHBIX

3amavax:

Temepb MbI MOJKEM BbIBECTH JIeCTBYE FraMUJIbTOHUAHA
Ha BOJIHOBYIO (PYHKIIIO, IT03BOJIUB P meiicTBOBaThH Ha Hee
IBaYKbI. JTO Ta YKe MPOIeypa, KOTOPON MBI CJIeI0BaAIN

B Jeknuu 9. uaue rosops,

nian
(10.12)

M&I ncmoab3yeM yacTHBIE IPOU3BOAHEIE, TIOCKOJILKY B 00-
uiem ciayuae U 3aBUCUT U OT IPYToil IepeMeHHON — gpe-
MeHU. BpeMsa He ABJIsAeTCA OIepaTOpPoOM 1 MMeeT He TaKOHi
CTaTyC, KaK X, HO BEKTOP COCTOSTHUSA M3MEHAETCA BO Bpe-
MEeHHU, 1 MbI, TAKIIM 00pasoM, odpaliaemMcsi CO BpeMeHeM
KaK c mapamMeTrpoM. HacTHbIe IPOU3BOAHBIE YKAa3LIBAIOT,
YTO MBI OITUCHIBAEM CHUCTEMY «B (DMKCHUPOBAHHBINA MOMEHT

BpeMeHU» .
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10.3. Ypasuenue llIpéaunrepa

Vpasuenue (10.12) noxasbiBaeT, KaKk raMUJIbBTOHHAH BO3-
meiicrByeT Ha V. Temeps mM03BOJINM €My CIeJIaTh CBOIO pa-
6oTy. Kax ObLIO CKa3aHo B IIPeAbIAYIIeM pasaeie, OqHA 13
ero 3aJau COCTOUT B TOM, UYTOOBI COOOIIATE, KAK MEHAETCSA
BEKTOD COCTOAHUSA cO BpeMeHeM. [losToMy BeITTHIIIEM 3a-

BUcAIlllee oT BpeMeHu ypaBHeHue Illpéaunrepa:

IMoncraBaas H us (10.12), monyuaem
(10.13)

ITo ypaBHEHIE TOBOPUT, UTO €CJM BLI 3HaeTe pyHKIo ¥
(KaK BeIleCTBEHHYIO, TAK ¥ MHUMYIO YaCTH) B HEKOTODBI
MOMEHT BPeMeHH, TO MOJKeTe IpeacKkasaTh, KaK oHa 0y-
IeT MEeHAThCA B OyAyIIeM. 3aMeTuM, UTO 3TO ypaBHEHUe
KOMILJIEKCHOe — B HeM e€CTh MHOKHUTEJb i. TO O3HAUAeT,
uyTo maxke ecau ¥ ABJIAETCA BEIIeCTBEHHO-3HAYHON B Ha-
yaJbHBIZ MOMEHT BpeMenu ¢ = 0, y Hee 0UueHb OBLICTPO IIO-
SABUTCS MHIMAs YacThb. JIto0oe perrenne W T0JIKHO, TAKIM
o0pasoM, OBITh KOMILIEKCHOMI (PYHKI[HEH X OT t.

9To ypaBHeHNe MOYKHO PeIlIuTh B uncjiax. Hampumep,
BBITIOJIHMB pacueT Ha KoMIIbiIoTepe. HauHneMm ¢ m3BeCTHOTO
sHaueHua pyHrnunu V(x) u 6y1eM IOHEMHOT'Y OOHOBJIATD
ee, BLIUKCJIASI IIPOU3BOAHYIO. 3HAS IIPOU3BOAHYIO, MOMKHO
BBIUUCJIUTH usdMeHeHue V(x) 3a HeOOJBIIION 1IAT 11O Bpe-

MeHU. 3aTeM 3TO IpUpaIeHne MOXKHO IpubaBuTh K V(x)
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¥ IPOZJOJIKATE TaK pas 3a pasom. OKasbiBaeTcs, 4To ¢ V(x)
IIPOMCXOAT NHTEPECHBIE BEII — OHA OCYIIECTBJIAET JBU-
JKeHMe OlpeleIeHHOro xapakrepa. Ha camom zmese mpu
HEKOTOPBIX YCIOBUAX OHA OyAeT ()OPMHUPOBATH BOJTHOBOM
ImaKeT, ABMKEeHNe KOTOPOTO OYeHb ITOX0)Ke Ha JBUKEHIe

TapMOHMYECKOI'O OCIIUJLIIATOPA.

10.4. OHepreTuuyecKue ypoBHU

Eite ogra 3amava, 1yist KOTOPOM MOJKET OBITH MOJIE3EH T'a-
MUJIBbTOHUAH, — 5TO BBIUNUCJIEHNE 9HEPTeTUUECKUX YPOB-
Hel OCIMJIIATOPA ITYTEM HAXOMKJIEeHUA DHEPTeTUUECKUX
coOCTBEHHBIX BEKTOPOB U COOCTBEHHBIX 3HaueHUl. Kak
MBI Y3HAJU B JIeKIUU 4, eCJIN U3BECTHHI 9TU COOCTBEHHBIE
BEKTODHI I COOCTBEHHBIE 3HAUEHU S, TO MOYKHO OIIPEIEJINTH
3aBHCUMOCTH OT BpeMeHU, He pelrada suddepeHnuaib-
HbIe YPaBHEHUS. ITO CBA3AaHO C TEM, UTO yiKe M3BECTHA
3aBUCUMOCTD OT BpEeMEHU KaXKJ0T'0 9HEPTETUUECKOTO CO0-
CTBEHHOTO BeKTOpa. TyT BamM, BO3MOYKHO, CTOUT OCBEXKUTH
B IAMSATH PEIENT IMTPEANHTEPOBCKOTO KeTa, KOTOPBIH OBII
mau B pasgeie 4.13.

Cefiuac CKOHIIEHTPUPYEMCS HA HAXOMKJEHUU CAMUX
SHEPreTUYEeCKUX COOCTBEHHBIX BEKTOPOB C MCIIOJIH30Ba-

HUEeM 3aBUCAINET0 OT BpeMenu ypaBHenus IlIpéaguurepa:
H|Vg) = E|Vg).

WNupexc E yKkasbIBaeT Ha TO, UTO Vg — 5TO COOCTBEHHBLIH

BEKTOD [JIsI KOHKPETHOT'0 COOCTBEHHOI0 3HaueHusd K. 9To
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ypaBHEHUeE OIpeeAeT ABe Beli: BOJHOBbIE PYHKIUN
Ug(x) u sueprerudeckue ypoBHu E. CHUBUM ypPOBEHB ab-
crpakTHOCTH, noactaBuB H us ypasuenus (10.12):

(10.14)

I 7151 pelieHnsa 3TOT0 YPaBHEHUI MbI JOJIKHBI:

* HaWTHU JOIIyCTUMLIE 3HaUeHUA E, IPU KOTOPLIX CYIIIe-
CTBYeT MaTeMaTUUYecKoe pellleHue;

+ HaWTH cOOCTBEHHBbIE BEKTOPHI I BO3MOYKHBIE COOCTBEH-

HbI€ SHAUYEHUA OHEePIruu.

CoesaTh 5TO HEMHOT'O TPyAHEe, YeM BbI MOTJIX ITOIY-
MaTh. OKasbiBaeTCs, PeIleHusa 9TOTO YPaBHEHUA eCTh I
BCeX 3HaUeHUl E, BKIOUYAsa KOMIJIEKCHEIE, HO OOJIBIIINH-
CTBO 3THUX pelleHuu pusmuecku adbcypaHbl. Ecau mpocTto
HavaTh c JiIo00I TOUKY U pelnaTh ypaBHeHUue [lIpéauurepa
MEeTOIOM MAaJIbIX IPUpPAIeHnii, TO ITOUTH BCer/ja OKasKeTcs,
yTo V(x) pacTeT u «pasAyBaeTcsa» IPU OOJBIINX 3HAUE-
HUAX X. [I[pyruMu cjioBaMu, MBI MOKEM HalTHU pelleHIe
9TOTO YPaBHEHU s, HO JIUIIh OUEHb PEIKO MbI O0OHAPYKUM
HOpPMUpYyeMoe pellieHue.

dakTruyecKu OJisa OOJLIINHCTBA 3HAUYEHUN E, BKJIIO-
yasg Bce KOMIJIeKCHBbIe 3HAUGHU S, PellleHne ypaBHe-
HusA (10.14) sxcIOHEHIIUATBHO PACTET, KOI'Aa X CTPEMIUT-
cAd K +00, —oo myim K HUM obemM. Tarkoro poma pemnreHus
He IMeIOT (PU3UUECKOr0 CMbICJIA; 9TO TOBOPHUT O TOM, UTO
C KOJIOCCAJIbHOII BePOSTHOCTHIO KOOPANHATA OCIIUJIISTOPA

6eckoneuno BospacteT. OUeBUIHO, UYTO HALO HAJIOKUTDH

364
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HeKoe yCJIOBUe, KOTOPOoe M30aBUT OT TAKUX PEIIeHU.
IToTpebyem cienyroInero:

Dusuueckoe peutenue ypasrnernus Ilpédunzepa 0onxiHo
ObLMb HOPMUDYEMBLM.

ITo OUYeHb CUJIbHOE OrpaHndYeHre. PaKTUUECKU TOUTHU
IIJIs BCeX 3HAUeHU# K HOPMHUPYEMbIX PEIIeHui He cyIIe-
crByeT. OmJHAKO OJId HEKOTOPHIX, 0COOBIX 3HaueHuil K

TaKue PeIleHnsd CyIIeCcTBYIOT, M Mbl X HAWIEeM.

10.5. OcHoBHOEe cocTOAHUE

KakoB HanmMeHbIINI BO3MOMKHBIN SHEPTeTUUYECKUN YPO-
BEeHb rapMOHHUYECKOro ocruaAaTopa? B Kiaccuueckoii
(usuke sHepTUa HUKOTIa He MOKeT IPUHUMATh OTPHUIIA-
TeJbHbIe BHAUECHU A, TOCKOJIbKY TaMUJIbLTOHUAH CONEPIKUT
wieH X2 v 4iIeH p?; IJid MUHUMU3AIUN SHEPTUU MbI IIPOCTO
3aJlaeM p M X paBHBIMU HYJI10. Ho 119 KBAHTOBOM MeXaHUKU
9TO0 ObLI OBI mepebop. IIpuHIINT HeoIpeaeIeHHOCTH I'OBO-
PUT, UTO HE603MONHCHO OMHOBPEMEHHO IPUPABHATH K HYJIIO
x u p. JIyuiiiee, 4ero MOKHO JTOCTUYh — 9TO HAWTHU HEKOE
KOMITPOMUCCHOE COCTOSTHUE, B KOTOPOM X U P HE CJAUIITKOM
cuygbHO padbpocanbl. 1I3-3a 3TOT0 KOMOpPOMUCCA HAN-
MeHbIIlee 3HaUeHNe 9Hepruu He 6ydem uyaeBbiM. Hu p2,
HU x2 He OyAyT paBHBI HYII0. IIOCKOJILKY omepaTopsl X2
u P2 MOoryT uMeTh TOJBKO MOJOMKUTEIbHBIE COOCTBEHHbBIE
3HAUEHUS, Y TAPMOHUUYECKOTO OCIIUJIJIATOPA HET OTPHUILA-
TeJbHBIX DHEPTeTUUECKUX YPOBHEH, a paKTUUeCKU Y HEero
HeT 1 HYyJeBOT'0 YPOBHJI.
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Ecnu Bce sHepreTnuyecKue YPOBHU CUCTEMBI TOJIMKHBI
OBITH TOJIOKUTEIHLHBIMU, TO JOJIYKEH OBITH HAMMEHBIITUN
JIOIYCTUMBIH YPOBEHB 1 COOTBETCTBYIOIIAaA €My BOJTHOBASA
GyHKRIUA. OTOT HAUMEHBININN dSHEPTreTUYEeCKNil ypOBEHb
Ha3bIBAETCA OCHOBHBIM COCTOsIHNEM U 0603Hauaerca Wo(x).
He 3a6n1BaiiTe, uro ungexc 0 He 03HaUaeT, UTO €r0 SHEPrusd
paBHA HYJIIO; OH 03HAYAET, UTO 9TO HAWHUBIIUYA BO3MOK-
HBIA YPOBEHB.

Ecth nosednasa maTeMaTuueckas TeopeMa, IIOMOraio-
maa HalTyu OCHOBHOe cocTodgHUe. MBI He OyzeM ee 371ech

IOKAa3bIBaTh, HO OHA OUEHB IIPOCTO (POPMYINPYETCS:

Bosanosas GYHKUUSL OCHOBHO020 COCMOAHUSL 015 S100020
nomenyuaLa He umeem Hyaeil, U 3mo eOUHCMEEHHOe
oHepzemuyeckoe cO6CMBEHHOe COCMOoAHUe, He uMelouLee
y3a08l,

Takum obpasom, Bce, UTO HAM HaJO CAeJaTh, UTOOBI
HalTH OCHOBHOE COCTOSIHHE IapMOHNYECKOr'0 OCI[HJIJISI-
TOpa, — 9TO HANUTHU pellleHne 0e3 y3J0B A HEKOTOPOIro
3HaueHuda E. He BaXHO, KaK MBI ero HaliieM, — MOYKHO
HMCII0JIb30BaTh JI00bIe MaTeMaTuUeCKue TPIOKH, BbIABUTaTh
JOTaIKU MJIM IIPOCTO CIPOCUTH y IIpodeccopa. Bocmoansy-
eMcs IIocJIeJHUM croco6oM (poJib mpodeccopa ChITParo ).

Bor @pynknua, koTopad HaM rogUTCA:

(10.15)

1 Yzyamu BOIHOBOM )y HKIIMY HA3bIBAIOTCS TOUKY (B OZHOMEPHOM
ciydae), IMHUAY WIN IIOBEPXHOCTH, T/l €€ 3HAUEHNe 00palaeTcs
B HyJb. — IIpumeu. nep.
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Jlekuwma 10. FapMoOHMYECKNA OCLUUANATOP

ITta pyHKIUS yca0oBHO mokasaHa Ha puc. 10.1. Kax BuI
BUAUTE, OHA KOHIIEHTPUPYETCsS BOIU3U Hauaaa KOOPIH-
HAT, T'Je U CJIeyeT OKUIaTh KOHIIEeHTPAI[UY JJIS HUSIIIEero
PHepreTUYecKoro cocrodauusd. C ymajeHueM OT Havajaa
KOOPAMHAT OHA 0Y€Hb OBICTPO CTPEMUTCA K HYJIIO, TAK UTO
MHTEerpaJl INIOTHOCTH BEPOATHOCTH KOHeueH. U, uTo BayKHO,
y Hee HeT y3Ji0B. TaK UTO OHA BIIOJIHE MOXKET OKa3aThCs

HaIIIIM OCHOBHBIM COCTOAHMEM.

() = e—wxz/zh

Puc. 10.1. OcHno8Hoe cocmosanue zapmMOHULECKO020
OCUUNLAMOPA

ITocmoTpumMm, 4YTO raMUJIBTOHUAH JIEJIAET C TOM (PYHKITUE.
ITepBblil YieH raMUIbTOHNAHA (B JI€BOM YacTu ypaBHe-

Hud (10.14)) npeanuceiBaeT IpUMeHUTH K W(x) omepaTop

Bberuucaum sToT uiieH, 0eps IPOU3BOAHEIE IO oxHOI. Ha

IIEePBOM IIIare 1mojgay4daeM
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KBaHTOBaA MexaHuKa

4TO yIIpoIlmaeTcda 40

Korpa 6epercs BTopas HIpousBOgHAA, TO IOM Heil OyAyT
IBA MHOYKUTEJSA, K KOTOPBIM HAJ0 HPUMEHUTEL IIPABUJIO
sudepeHuPOBAHUA IPOU3BENEHNUA:

ITogcraBum pesyabrar B ypaBuenue (10.14) u ogHOBpE-

MEHHO 3aMeHUM 1) B IPAaBOU YaCTHU HAIIIeH ToraKou :

ITocae cokparreHn A YIEHOB, ITPOIIOPIITMOHATBHBIX ,
00HapyKUBAETCSA TOT 3aMeUaTeJbHBIN (DaKT, UTO PeIlleHre

ypaBHeHusda llIpénuurepa cBOAUTCA K PEIIeHNIO

Kak BugnTe, e IMHCTBEHHBIN CIIOCO0 PEIIUTH 3TO ypPaB-
HeHUEe — TOJOKUTh FE paBHBIM . Ipyrumu caoBamu,

MBI TIOJIYUYUJIUA He TOJbKO BOJHOBYIO YHKIIUIO, HO TaKKe
U 9HEPruio OCHOBHOTO cocToAHUA. O603HAUUB ATy 9HEP-

ruio Ej, MOXKHO 3anmucaThb
(10.16)

Hy a BOJIHOBadA (I)YHRIII/IH B OCHOBHOM COCTOAHHUU — 3TO

npocro pyukmud ['aycca, KOTOPYIO HAM YKasaJ mpodeccop:
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OH B0OODIIIe TOJKOBBII CIIEI], 9TOT IIpodeccop.

10.6. OnmepaTopsl posKIeHUA
U AHHUTHIISIIUHT

Ha nporsa:keHnn sTUX JeKIIUHN MbI YBUIEJIU JBa CIIOc0o0a Iy-
MaThb 0 KBAaHTOBOI MexaHuKe. OH1 BocxoAT K ['efizeHOepry
u Illpénunarepy. I'eiizenbepr a00ua anredpy, MaTPUILL
u (ecsiu GBI OH 3HAJ 9TOT TEPMUH ) JINHEHBIE OIIEPATODEI.
IIpénunrep, HAIPOTUB, MBLICJUJ B TEPMHUHAX BOJHOBBIX
(byHKIIMI 1 BOJHOBBIX YPaBHEHUI, CAMbIM 3HAMEHUTHIM
IPUMEPOM KOTOPEIX crajyo ypaBHenue IlIpénunarepa. Ko-
HEeUYHO0, 00a 9T crroco0a MBIIJIEH!UA He IIPOTUBOPeYaT ApyT
IPYyTry; GyHKIUK 00pas3yioT BeKTOPHOE IIPOCTPAHCTBO,
a IIPOM3BOJHBIE ABJIAIOTCS OIepaTOPaMu.

o cux mop, udyvyad rapMOHUYECK U OCITUJIIATOD, MbI
KOHIIEHTPUPOBAJINCH HA PYHKIIUAX 1 fUP(pepeHIInaTIbHBIX
ypaBHeHUsaX. Ho BoO MHOTuX cay4asiX, 1 B OCOOEHHOCTH IS
rapMOHHYECKOT0 OCIIUJLJIATOPA, HAMHOT0 00Jiee MOIITHBIM
MHCTPYMEHTOM SBJISETCS OIlepaToOPHbIN MeTon. OH coKpa-
I1aeT BCE MCCJIef0OBaHNE BOJTHOBBIX (DYHKIIUHA 1 BOJTHOBBIX
YPaBHEHUH 10 OUeHb HeOOJIBIIIOTO YKCJIa aJIre0pandecKux
MIpHUEeMOB, KOTOPHIE IIOUTH BCerjaa 3aAeliCTBYIOT KOMMYyTa-
IIIOHHBIE COOTHOMIeHNI. PaKTUUECKU BCAKUH pas, KOTaa

BCTpeuaeTcs Iapa olepaTopoB, MO BaM COBET — IIPO-
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BepbTe UX KOMMYyTaTop. Ec/Ii 5TOT KOMMYTATOP OKa3aJjcs
HOBBIM OII€PATOPOM, KOTOPOTO BbI IIPEKJe He BUAEJIH,
HafiguTe ero KOMMYTAaTOP C MCXOAHOM mapoii. BoT TyT-TO
M HAUMHAETCs caMoe MHTepecHoe.

OueBUIHO, UTO 3TOT COBET MOKET IPUBECTU K 6ecKo-
HEUHOM IeIIoOYKe CKYUYHBIX BbIKJagoK. Ho nHoOrma seser,
¥ BBl OOHapPY KKMBaeTe MHOMKECTBO OIIePaTOPOB, 3aMKHYTOe
OTHOCHUTEJBHO AelicTBUA KoMMyTaTopa. Eciiz Takoe mpowuc-
XOJOUT — He YIIYCKalTe CBOHU IIAHC; KaK BBl yyKe BUIEJN,
OIlepPaTOPHBINA METOI MOPA3UTEJIbHO CUJIeH.

Temeph IPUMEHUM 3TOT IIOAXOJ K TAPMOHUYECKOMY
ocHuLIATOPY. HauHeMm ¢ raMuIbTOHMAHA, BEIPAKEHHOTO
yepes onepaTopsl P u X:

(10.17)

YTo0bI HAWTU OCTAJIbHBIE dHEPreTUUeCKrue YPOBHU, BOC-
MOJIb3yeMcA Koe-KaKUMU TpIoKaMu. Ve cocTOUT B TOM,
YTOOBI NCII0JIb30BaTh cBoiicTBa X 1 P (B uacTHOCTH, KOMMY-
rarrnoHHoe cootHolenue [ X, P| = ih) qis mocrpoenus 1yx
HOBBIX OIIEPATOPOB, HA3bIBAEMbIX OIIEPATOPAMU POHCOCHUS
u anHHuzuaauyuu. Korga omepaTop posKaeHN JefCTBYeT Ha
9HEpPreTUYecKuil COOCTBEHHBIH BEKTOD (MU COOCTBEHHYIO
(YHKIUIO), OH IOPOXKAAeT HOBBIH COOCTBEHHBIN BEKTOD,
COOTBETCTBYIOIUH CJAEAYIOIEMY II0 BEJIUUYNHE SHEPTETHU-
yecKoMYy ypoBHIO. OmepaTop aHHUTUIAIAY JleJIaeT IPAMO
ITPOTHUBOIIOJIO}KHOE: OH ITOPOKJaeT COOCTBEHHBIN BEKTOD,
9HePrus KOTOPOro Ha OAWH YPOBEHb HUKE COOCTBEHHOTO
BEKTOPa, K KOTOPOMY OH IIpuMeHsaeTcsd. Tak uTo, rpyoo

TOBOPSA, OHU CO3IAI0T U aHHUTUJINPYIOT sHepruio. X Takxe
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Ha3bIBAIOT OMEPATOPAMHU NOBbLULEHUS U NoHUNMceHUus. Ho
IIOMHHUTE: OIIePaTOPhI AeHCTBYIOT Ha BeKTOPHI COCTOSIHUS,
a He Ha cucTeMy. YToOBI YBUAEThH, KAK Pab0OTAIOT STH OIe-

PaTopEkI, II€epenumeM raMmuJIbTOHNAaH B (bopMe
(10.18)

9To KjaccuuecKuil U OJHOBPEMEHHO KBAaHTOBOMEXaHUYe-
CKUU raMUJbTOHMAH: OH OCTaHETCs KOPPEKTHBIM, €CJH
HCIIOJIB30BATh CTPOYHEBIE 6yKBBIp nux. O,I[HaRO MBI UCIIOJIb-
3yeMm P 1 X, mOCKOJIbKY HaMepeHbI CKOHIIEHTPUPOBATHCA
Ha KBAaHTOBOMEXaHWYECKOM raMUJIbTOHHUAHE.

HaumeMm ¢ BBIKJIAZOK, KOTOPHIE KOPPEKTHHI B KJIACCH-
YeCKOou (pu3uKe, HO IIOTPEeOYIOT HEKOTOPLIX MOAU(MUKAITITIA
B KBAHTOBOM MexXaHUKe. B ckoOKax BBIIIIe 3alIcatHa cyMMa

kBagpaToB. CoriacHo hopmyte
a?+b2= (a+ib)(a—ib)
MOJKHO ITepelcaTh BEIparkeHue JJId raMUIbTOHNAaHa TaK:
(10.19)

u 370 MouTU KoppeKTHO. [louemy noumu? Iloromy uto
B KBaHTOBOU MexaHuke P u X He KOMMYTUPYIOT, I HAM
HaJ0 BHUMATEJNbHO CJEIUTH 34 MOPAAKOM OIlepaIinii.
PackpoeMm ckoOKU B HaIlleM BbIPAMKEHUHN U IIOCMOTPIM,
B UeM MOI'yT 6BITB OoT/JINUNMA OT NCXOAHOI'O raMMNJIBbTOHHMA-
Ha B ypaBHeHuu (10.18). TijaTenbHO caesa 3a IOPASKOM
MHOMKUTEJIeH, MOKHO IPpeodpasoBaTh 5TO BhIPaKeHUE
cJaeayIoIIM 00pa3oM:
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PaccmoTpum mpaByro mapy CKOOOK B ITocJiefHe cTpoke. Mbr
BCTpeUAaJIV TaKOe BhIpasKeHe PaHbIlle — 9TO KOMMYyTaTop X
u P. B neficTBUTeIbLHOCTHY HAM YK€ U3BECTHO eT0 3HAUEHMe:

(XP - PX) = [X, P] = if.

TakuM 06pasoM, HAIIT PA3JIOKEHHBINI HA MHOYKUTEH Ta-

MUJIBTOHUAH MPUOOpeTaeT BUT,

nJIn

IIpyrumu cIoBamMu, pasaosKeHre Ha MHOYKUTEIH, C KOTOPO-

ro MBI Hauasu B ypaBHeHnu (10.19), B feficTBUTEIBHOCTH

MEHBbIIIEe TaMNJIbTOHHNaAHa Ha . I[JIH 3alliC1 HaCTOAIIero

raMuJbTOHMAHA HYKHO JOOABUTH MOIPABKY :

IlepenuceiBanre raMuJIbBTOHNAHA TO B OJTHOM, TO B IPY-

I'OM BUJ€ MOET Ka3aTbCA 0ecIoJe3HbIM 3aHdTueM, HO,
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moBepbTe MHE, 3TO He TaK. IIpe:xae Bcero, mocjaegHuin
YJIeH ABJIAETCS BCEro JININDL afAUTUBHON KOHCTAHTO’, KO-

TOopas JOOABJAET BeJIUUNHY K JII0OOMY COOCTBEHHOMY

3HAUYEeHUIO sHepruu. MbI IOKa MOKeM ee UTHOPUPOBATD.
IlosmHee, Korga MBI CIIPAaBUMCS C OCTAJILHOU 3ajaueil, ee
MOKHO OymeT cHOBa J00aBuTh. CyTh JKe 3aJaun 3aKJII0UeHa
B BhIpasKeHUU . OkasbpIBaeTcs, 4TO 9TU
IBa MHOMKUTEJI, u , 00J1a1a10T HEKOTO-
PBIMU 3aMevaTeJbHBIMU cBolicTBaMu. Ha camoMm zesie 9To
OIIePaTOPEI IIOBBIINIEHUA U IIOHMMKEHNA (I/IJII/I orrepaTopsbl
CO3JaHUS ¥ aHHUTUJISAIUAN ), 0 KOTOPHIX S YIIOMUHAJ BBIIIIE.
IToka sT0 O Hac mMpocTo Ha3BaHUA, HO B JaJbHeEHIIEeM
MBI VBUAMM, UTO 9TO YAAUHO BhIOpaHHbIe TepMUHEI. EcTe-

CTBEHHO OBILJIO OBI OIIPEAeIUTh OIIEPATOP IMOHMKEeHNA KaK
a = (P-inX),

a omepaTop MOBBIIIIEHUI KaK
at = (P+inX).

Ho ucropus nuorga BeIOupaeT He caMblil OUeBUIHBINA Y Th.
Hcropuuecku B OIIpeie/IeHUSIX OePaTOPOB ITOBBIIIIEHU A
¥ IIOHM)KEHUA IIPUCYTCTBYET AOTOJHUTEIbHBIN MHOMKM-

TeJb. BoT ux opuiiuaJbHbIE OIIPeaeIeH A

(10.20)

(10.21)
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Ecau ncnosnpzoBaTs aTu omnpeaneseHnd, raMUJIbTOHUAH

nprobpeTaeT O4eHb IIPOCTOH BUA:
H=wh(ata” +1/2). (10.22)

Y atua ecTh TOTBKO IBa CBOMCTBA, KOTOPHLIE HAM HAIO
3HaTh. IlepBoe U3 HUX COCTOUT B TOM, UTO OHU ABJISIOTCS
SPMUTOBBIMU COMPIAKEHUAMU APYT O IPyra. TO BbITE-
KaeT u3 ux onpepaejgeHuii. Ho camMbiii cMaK — 9TO aApyroe

CBOMCTBO: KOMMYTAaTOp a+ 1 a~ paBeH
[a-, at] = 1.

JTo Jerko goxasaTh. CHauaia, NCIOJIb3YA OIpeneIeHnsd,

3allnuiieM

3aTeM HCHOJb3yeM KOMMYTAILMOHHOE COOTHOIIEHUE
X, X] =0, [P,P]=0u [X, P| =ih. [Ipumenss ux K 3a-
NHCAHHOMY BBIIIIe YPaBHEHUIO, 0e3 TpyLa HaXOgUM, UTO
[a-, at] =1.

Famuabronuan (10.22) MoskHO eire 60Jee YIPOCTUTE,

omnpeneB HOBBIHM OIIepaTop
N =a'a",

Ha3bIBae€MEbIil onepamopom yucaa vacmuy. VI BHOBB 9TO
JINIITH Ha3BaHUe, HO KaK MBI YBUIUM, OU€Hb XOpOIIIee
HazBaHue. C HUCIOJIBL30BAHMEM OIIEPATOPA YKCJIA YACTHUIL

raMuJbTOHUAH TpuodpeTaeT opmy

H = oh(N + 1/2). (10.23)
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Bcee, uTo MBI 70 cUX IIOP CAeJIaau, 3TO BBeJIU 0O003HaUe-
Hug at, a- u N, 61arogaps KOTOPLIM raMUJIbTOHUAH CTAJ
BBITJISAAETH OOMAHUYMBO IIPOCTHIM; HEOUEBUHO, OSHAKO,
YTOOBI MBI IPUOJIU3UINCH CKOJIBKO-HIOYIb K OIpeneIeHII0
DHEPreTUYeCKnX COOCTBEHHBIX 3HaUeHU. YTOObI IIPOABI-
HYTbhCS JaJIbIlle, BCIOMHNM MOM COBEeT: BCAKUI pas, Korga
BUINTE JBa OllepaTopa, IPOKOMMYTUPYHTe ux. B nanHom

cJayuae MBI ysKe 3HaeM ONUH KOMMYTATOP:
[a-, at] =1. (10.24)

Tenmepb HalileM KOMMYTATOPBI OIIEPATOPOB ITOBBIMIIEHU A
¥ MMOHMXKeHUd ¢ ormepaTopom uncia yactul N. Coreraem
9TO MeTOoAOM Irpy6oi cusbl. BoT mocjie1oBaTeIbHOCTD

11aroB:
[a,N]=a_N-Na =aafa —afaa".
Temepb CKOMOMHUPYEM 3TO CJIELYIOIIIM 00pasoM:
[a-, N]=(a—a*—a*fa)a".

ITO KasKeTcd CI0KHBIM, IIOKA MBI He 3aMEeTHM, YTO BbI-
pasKkeHme B CKOOKaX PaBHO IPOCTO [a~, at], 0 KOTOPOM MBI
3HAEM, UTO OHO PaBHO 1. YIIPOCTUE 3aIIUCh C YUETOM STOIO

darTa, moaydaem
[a",N]=a".

To ke camoe MOKHO TIpozeaaTs ¢ a™ u N. Pegysnbrar 6yaer
IIOYTH TAaKUM JKe, 3a UCKJIIUeHneM 3HaKa. BoT Bech criu-

COK HaIlNX KOMMYTaTOPOB OJHMM KOMIIAKTHBIM ITaKE€TOM:
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[a-,at] =1,
[a-,N]=a",
[a+, N] = —a*. (10.25)

ITO MOKHO OBIJI0 OBI Ha3BaTh KOMMYTATOPHOI aJjire-
Opoii: Ha0Op OIIepaTopoB, 3AMKHYMbLIL OTHOCUTEIHHO
KommyTanuu. KoMmMyTaTopHBIE aaredphl 001a1a10T 3aMe-
YaTeJbHBIMU CBOMCTBAMU, KOTOPHIE JeJAI0T UX OTHUM U3
JIOOMMBIX MHCTPYMEHTOB (pu3nKOB-TeopeTuKoB. Ceiiuac
MBI YBUIUM CHJIY 9TOM KOMMYTATOPHOI aare0psl Ha Xpe-
CTOMaTHUNHOM IIpUMepPe TaPMOHUYECKOTO OCIIUJIJISATOPA,
IPUMEHUB €e IJIA HaX0KJIeHUA COOCTBEHHBIX SHAUYEHUH
¥ coOCTBEeHHBIX BeKTOPOB N. A KakK TOJIbKO MBI X Y3HaeM,
cpas3y CMOJKeM oIIpeleJuTh coOcTBeHHbIe 3HaueHusa H mo
dopmye (10.23). XuTpocTh 3aKI0OYAETCA B TOM, YTOOBI
WCIIOJIB30BAThH CBOETO POJa METOJ MHIYKITUU: MBI HAU-
HEM C ONYIIeHN A, YTO y3Ke 3HaeM OJHO U3 COOCTBEHHBIX
3HaUeHUH u cobcTBeHHBIN BeKTOp N. O603HAYUM 5TO
coOCcTBeHHOE 3HAUEHUE N, & COOCTBEHHBIN BEKTOD |n).
ITo onpenenenuio,

Nin) = n|n).

Teneps pacCMOTPUM HOBBIA BEKTOP, MOJIYUAIOIITUICA B pe-
3yJabTare meiicTBud a” Ha |n). [JokaykeM, UTO pe3yabTaT
ABJAETCA NPYTUM coObcTBeHHBIM BeKTOpoM N ¢ Apyrum
coOCTBeHHBIM 3HaUeHUeM. V BHOBB cliejlaeM 3TO IPAMBIM
OIPUMeHEHUEM COOTBETCTBYIOMIUX COOTHOINeHUM. s
HauyaJia 3anuiieM Beipaskenue N(at|n)) B HemHOro GoJiee

YCJIO0KHEeHHOI hopMe:
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N(a*|n)) = [a*tN — (a*N — Na*)]|n).

BripaskeHre B KBaIpaTHBIX CKOOKAaX B ITPAaBOM YacTu —
9TO TO :Ke camoe, uro Nat ¢ mpubaBjeHreM 1 BRIUUTAHI-
eMm uireHa a*IN. Ho oOpaTuTe BHUMaHNUe, UYTO BhIpakeHUe
B KPYIJIBIX CKOOKAX — 3TO IMOCJEeTHUN N3 KOMMYTaTOPOB

B cuucke (10.25). Ecau nogcraBuTh ero, To MOIYIUTCA
N(af|n)) =a*(N + 1)|n).

ITocnmemuuii mar coCTOUT B UCIIOJIB30BAHUM TOTO (PaKTa,
4TO |n) siB/IsieTCs COOCTBEeHHBIM BeKTOPOM N ¢ COGCTBEHHBIM
3HAYeHMUeM 1. ITO O3HAYAET, YTO MOKHO 3aMeHHUTH (N + 1)
Ha (n+1):

N(a*|n)) = (n + 1)(a*|n)). (10.26)

Kak Bcerga, BKJIOYasi aBTONMUJIOT, HAZLO BHUMATEIbHO
CJIIeUTDh 32 BOBMOYKHBIMU NHTEPECHBIMU PE3yJIAbTaTaAMMU.
Ypasuenue (10.26) Becbma a060nbITHOE. OHO YTBEPIK-
ZlaeT, 4TO BEKTOD a*|n) sABigeTcs cOGCTBEHHBIM BEKTO-
poM N ¢ coO6cTBeHHBIM 3HaueHueM (n + 1). Ipyrumu
cJoBaMu, 3HAas COOCTBEHHBIN BEKTOD |7), MBI HAIIJIN
IPYroil coOCTBEHHLIN BEKTOP, COOCTBEHHOE 3HaUEHIIe
KoToporo 6oabiire Ha 1. Bce 5To MOXXHO BRIPA3UTh OSHUM
ypaBHEeHUEM

atin)=|n+1). (10.27)

OueBHUAHO, YTO HTO MOXKHO JieJIaTh CHOBA U CHOBA, HAXOAA
cobGcTBEeHHBIE BEKTOPEL |1 + 2), |n + 3) u Tak nanee. O6paTure
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BHUMAHNE, UTO MbI OOHAPYIKUJIN: €CJIN €CTh COOCTBEHHOE
3HAUeHUe 1, TO HaJ HUM JOJIXKHA CYII[eCTBOBATh O€CKOHEeU-
Hasd IOCJIeIOBATEJIbLHOCTh COOCTBEHHBIX 3HAUEHUI, pasmie-
JIEHHBIX II€JIOUMCJIEHHBIMY NHTEPBaJIaMU. HOSTOMY Ha3Ba-
HIUE «OIIepaTopP NO8bLULeHUSA» BBITVISIUT OUEHb VIAUHBIM.

A uTO MOJKHO CKas3aTh 00 omepaTope MOHUMKEeHUS?
Bpsig v BBI yquBUTECH, Y3HAB, UTO a~|1) aeT COGCTBEH-
HBIN BEKTOpP, COOCTBEHHOE 3HAUEHIEe KOTOPOIo Ha eu-
HUIY HUMXKeE:

a’n)=|n-1). (10.28)

ATo mpexIIoJiaraeT, 4YToO JOJKHA CYIIeCTBOBATh O0ECKO-
HeuHasd MOCJeI0BATEJbHOCTh COOCTBEHHBIX 3HAUCHUMN
HUKe 1, HO 3TO HeBepHO. MBI y:Ke 3HaeM, 4TO OCHOBHOE
COCTOSTHVE MMEET II0JIOKUTEIbHYIO SHEPTHUIO, 1 IIOCKOJIBKY
H = wnh(N + 1/2), Hucxo111as moceL0BaTeJIbHOCTb JOJIK-
Ha 3aKaHuYuBaThbCcs. HO 3aKOHUYUTHCA OHA MOJKET TOJIBKO
OJHUM CII0cO60M — Ha TakoM cobcTBeHHOM BekTope |0),
IeficTBYs Ha KOTODHIiL, a~ faer Hy b. (He cienyer myrars
|0) u myseBoit BekTOpl.) B Bue GopMyIBI 3TO MOKHO BBI-
pasuTh TaK:

a-|0) = 0. (10.29)

Byayun HUSMIUM 9HEPreTUYECKUM cOcTosHUEM, |0) aB-

JIAeTCAd OCHOBHBIM COCTOAHMEM, 1M €I'0 9HEPI'ud paBHa

1 0-BEKTOpP — BTO BEKTOP, BCE KOMIIOHEHTHI KOTOPOTO paBHHEI 0.
B ro Bpems Kak BeKTOD |0) — 9TO BEKTOD COCTOSHIS C HEHYJIEBBIMU
KOMIIOHEHTaMu.
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E¢ = wh/2. 910 cobecTBeHHBIN BeKTOP N ¢ COOCTBEHHBIM
3HaueHueM, paBHBIM 0. MbI YacTO roBOPUM, YTO OCHOBHOE
COCTOAHUE AHHUZUAUPYEemMmCs OTIePaTOPOM a ™.

Kax BbI BuguTe, abCTpakTHASA KOHCTPYKIINA U3 a*t, a~
u N npunecJia miaoabsl. OHa T03BOJIMIIa HAWTHU BECh CIIEKTP
SHEPTETUYECKUX YPOBHEN rApPMOHUYECKOTO OCIIUJLISATOPA,
He pelras CJO0KHBIX YPaBHEHUN. OTOT CIIEKTP COCTOUT U3

CJIEeNYIONINX 3HAUCHUN DHEPT U
E,=wh(n+1/2) =wh(1/2,3/2,5/2,..). (10.30)

KBaHTOBaHME 5HEPreTUUECKUX YPOBHEII rapMOHMUYe-
CKOTO OCIIUJLIATOPA OBIJIO OTHUM U3 IePBHIX PEe3yJIbTaTOB
KBAHTOBOM MeXaHUKH 1, IOKAIYIT, CAMBIM BasKHBIM. ATOM
BOJIOPOJIa — 3TO IPEKPACHBIN IPUMep IPUMeHeH I KBaH-
TOBOII MeXaHUKU, HO, B KOHIIe KOHI[OB, 9TO JIUIIb aTOM
Bomopoaa. C Ipyroi CTOPOHLI, TAPMOHUYECKUI OCITHJIIISA-
TOP HNPOSIBJISIETCS Be3le — OT BUOpaIuii KPUCTAJJIOB IO
9JIEKTPUUECKUX Ielell 1 3JIeKTPOMATHUTHEIX BOJIH. OTOT
CIIMCOK MOJKHO IIPOJOJI:KATh U IPOA0JIKATh. [laske MaKpo-
CKONHNUEeCKIe OCIIUIJIATOPHI, Bpoje pebeHKa HA Kaueldax,
MMeIOT KBaHTOBAHHBIE SHEpPTreTHUYeCKe YPOBHY, OQHAKO
npucyTcTBUe nocTosAHHOoM [Inanka B ypaBaenuu (10.30)
03HAYaeT, 4YTO NHTEPBAJIBI MEKIY YPOBHAMU HACTOJIBKO
MaJIbl, YTO COBEPIIEeHHO He 00HAPYKUMBI.

BecKoHEUHBIN CIIEKTP MOJIOKUTEJbHBIX DHEPTeTH-
YeCKUX YPOBHEHN rapMOHNYECKOT0 OCIIMJIISATOPAa MHOTAA
CpaBHUBAIOT ¢ OalllHeli, a mHOTrAa — C JecTHuIiei. Cxema-

THUUYECKU OH IPOUJIIIOCTPUPOBAH Ha puc. 10.2.
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Puc. 10.2. Jlecmruya sanepzemuveckux ypogreil
2APMOHULECKO20 OCUULLAMODPA. IHepzemuiecKue YposHU
pa3sdenenvl pagrvimu unmepsaaamu. Onepamopot
a’t ua” coomgemcmeeHHO NOOHUMAIOM U ORYCKAOM
aHepzemuyeckue yposHu. N umeem HUMCHUIL npede,
PasHuLil HYa10 (0CHOBHOE COCMOsHUE), HO He UMeem
8epxHezo npedena

10.7. Hazaa K BOSTHOBBIM (DyHKITHUSAM

IIpomenanuoe ynpaskHeH1e B TOJHON Mepe IoKa3aJo yau-

BUTEJBbHYIO MOIIb OlepaTopHOi anredpbi. OmiepaTopHBIH
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MeTOJ AeMCTBUTEIbHO 3aMeuaTesieH. Ho OH TakKe U CIUIII-
KoM abctpakTeH. [loseseH jiu OH JI HAXOXKAEHU S BOJTHO-
BBIX (DYHKITUH, KOTOPbIE HAMHOT'O KOHKPeTHee 1 KOTOpPbIe
mIpolife BU3yaausupoBaTh? BeaycaoBHoO.

Haumem ¢ ocHOBHOTO cocToAHUsA. KaK MBI TOTBKO UTO
Buzenu B ypaBHeHuu (10.29), oCHOBHOE COCTOSAHUE YHU-
KaJIbHO TeM, UTO OHO aHHUTHUJINPYETCA OIlepaTopoM a .
NaBaiiTe Teneps Beipasum ypaBHeHue (10.29) uepes ome-
paTopbl KOOPAMHATHI U UMITYJIbCa, a TaAKyKe BOJHOBYIO

(OYHKIUIO0 OCHOBHOTO cocTosTHUS Yo (x):

WJIN, €CJIU Pa3geINTh Ha IIOCTOSHHBIN MHOMKUTE b,
(P —iwX)¥y(x) = 0.

Ecau reneps samenuts P Ha , moayuurca gudde-

peHIluajJbHOE YpaBHEeHNE IePBOT0 NOpALKa, KOTOpOe Ha-
MHOTO ITpoitle ypaBHeHUs IlIpénuurepa, nMeromnero BTopoi
OPALOK:

Ito nmpocToe nuddepeHIIAIbRHOE YPaBHEHE, KOTOPOe
JerKo pemriuTb. Iam BBl MOXKETe IIPOCTO IPOBEPUTH, UTO

BOJIHOBaA (DYHKIUA OCHOBHOT'O COCTOAHUA

u3 ypaBuenus (10.15) aBaserca ero pemrerueM. Berunc-

JIeHVe BOJHOBBIX (DYHKIHII BO30Y K/IeHHBIX (HEOCHOBHBIX )

381



KBaHTOBaA MexaHuKa

COCTOSTHUH eIlle IIPOoIle — HaM BOOOIIe He TOHaA00UTCA
peliaTh HUKaKuX ypaBHeHU#. IIpocTo mogHmMeMcs BBEpX
mo JectHure Ha n = +1. CaesaTs 5TO MOXKHO, IPUMEHIB
ommepaTop at K OCHOBHOMY cocTosHUI0. HamoMmui0, 4TO
BOJTHOBAsS (YHKITUA AJIA 9TOTO HOBOT'O COCTOAHMUS 0003HA-
yaercs Vq(x).

Yro06BI HE TACKATHh KOHCTAHTY II0 BCEM BBI-
KJIaAKaM, MbI ITPOCTO OTOPOCHUM €€ B HallleM OIIpeeIeHUN
a’. ITo BIMAET TOJBKO Ha YUCJIOBOU Koadurtuent. [lory-

YUTCA YpaBHEHUE
\III(JC) = (P + l(.l)X)\I/()(x)

nJIn

Brinocsa 3a ¢cko0OKM i, TosTyuaeM

Camas «TpyIgHAas» 4acTh pab0ThI — 3TO B3SATHE HECJIOKHOM

IIPOU3BOIHOM OT . Bor pesysbrar:

nJIn

EnuncTBeHHOE BaskHOe pasanune mexxay Vo u ¥y cocto-
UT B HAIUYNU MHOKUTeJsI X B V. Kak pesybrar, BOJHO-

Bas (DYHKIIUSA IEPBOTO BO30YKIEHHOTO COCTOSHUSI NMEeT
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HOJIb, WJIU y3eJI, B Touke X = 0. Ta ke cxema moBTopseTcH,
KOT/[la MBI ITOJHUMAEMCS BBIIIIE 10 JECTHUIE: ¥ KaXKIOTO
CJIeIYIOIEro BO30Y K/ IEHHOTO COCTOAHUSA MOABJISIETCS J0-
MOJTHUTEJIbHBIN y3ei1. [locmoTpuM, Kak padoTaer sTa cxeMa
IPU BHIYKCJIEHUU BTOPOIO BO30YKIEHHOTO COCTOSIHUA,
cOoOTBeTCTBYyIOIEro nn = 2. Bee, 4To HAM HA/I0 ClIeJIaTh, 3TO
NPpUMEHUTH a™ elrle pas:

Bugno, uTo ciraraemoe wx MpuUBeAET K IMOABIECHUIO YIeHA
wx2. Oneparus MeK Iy TeM BBIBOBET IIOABJIEHUE IBYX

YJEeHOB, B CUJIY IpaBuJia fudpPepeHIIupoBaHNA IPOonu3Beae-
Hus. OguH us HuX 0yeT cBsasaH ¢ guddepeHITIPOBaAHEM
SKCIIOHEHTHI (U IOPOAUT ellfe OAVH UieH wx). JIpyroii mo-
SIBUTCSA IIPU B3ATUY TPOU3BOAHOM OT X. SIcHO, uTO B mTOTE
Yy Hac MOABUTCA KBaJPaTUUHBIHN nosimHOM. Eciu B3ATH Bece
9TU TPOM3BOAHEIE, TO MOJYUYUTCA CIAeAYIONIaa Pe3yabTHU-
pyroIas BOJHOBasA QYHKITUA

W rak mpomosikaeTcsa Ha BceM myTHU o JecTHuiie. TyT
MOKHO 3aMETUTh U eIle OJHY ITIOBTOPAIOIIYIOCT CXEMY:

Ramxagad coOcTBeHHAA (I)YHRIII/Iﬂ ABJIAETCAd IIOJIMHOMOM

OT X, YMHOKEHHBIM Ha . IlTockonbKyYy 9KCIIOHEHTA
CXOOUTCA K HYJII0 ObIcTpee J000ro HOJIMHOMUAJILHOTO
pocra, Bcakasda coOOCTBeHHAS PYHKIINASI AaCUMIITOTUUECKU

CTpeMuTCA K HYJIIO, KOrga X YXOAUT B IIJIIOC NJIN MUHYC
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0eCKOHEUHOCTh. TaKiKe MOCKOJIbKY CTeIIeHb OUepPeIHOT0
HOJMHOMA HA eIUHUILY BBIIIE CTEIEeHU IPeLbIAYIIero,
KasKkIasd caeayiolas cooOCTBeHHAA PYHKIIMA MMeeT 00JIb-
IIe HyJel, yeM ImpejliecTByoinaal. 9TumM Takxe 005b-
SACHSAETCS, II0UYEeMY B IIOCJIeL0BATEJIbHOCTH COOCTBEHHBIX
(GYHKIUHI yepeayIOTCA CUMMETPUYHbBIE I ACUMMETPUYHEIE.
A nMeHHO coOCTBeHHBIE PYHKIIMY C IOJUHOMAMY YeTHBIX
CTeHeHefI CUMMETPHNYHBI, a C IOJIMHOMAaMM HEUYETHBIX
cTemeHell — acuMMeTPUUYHBI. CaMy HOJHUHOMEI B OTOM
IoCJIeOBATEJIbHOCTH XOPOIIIO N3BECTHLI. VX Ha3bIBAIOT

noaurHomamu Ipmuma. CoocrBeHHaAA QPYHKIIUSA OCHOB-
(-]
——x

HOT'O COCTOAHUSA € 2 , KoTopas HOABJIETCA U BO BCEX
COOCTBEHHBIX (DYHKIIUIX, COOTBETCTBYIOIIUX 60Jiee BHICO-
KUM YPOBHAM 9HEPruu, CHMMETPUYHA OTHOCUTEJIbHO X.

Ha puc. 10.3 mokasansl cOOCTBeHHBIE PYHKITUY IJIA
HECKOJLKUX Pa3JINUYHBIX YPOBHEH sHepruu. Kaxxkmas cie-
IyIolasi coOCTBeHHAsS PYHKIINA KoJie0JieTcs ObicTpee, ueM
MIpebIAyIas. ITO COOTBETCTBYET YBEeJIUUEHUIO MMITYJIbCa.
Yewm 6bIcTpee KosebaeTcs BOJTHOBasA GYHKIIUA, TeM OOJIbIIe
UMITYJbC cuCTeMbl. Ha BLICOKUX 9HepreTuYecKnuX YPOBHAX
BOJIHOBas (PpyHKIINS Bce Oojiee pacinibiBaercsa. C ¢pusuue-
CKOIf TOUKHM 3peHUA 9TO O3HAUAET, UTO Macca JAAJbIlle OT-

XOOUT OT IIOJIOMKEHUNA PaBHOBECHUA U NBUMETCA 6I>Ic'rpee.

1 OxasbIBaeTcs, 9TH HYJIX IPUXOAATCS HA BeIl[eCTBEHHbIE 3HAYE-
HUA X, HO 9TO HEOUEBUIHO U3 HAIUX BBIKJIaLOK. C pusnueckoit
TOUKU 3PEHUSA 9TU HYJIU KAKYTCA HECKOJIbKO CTPAHHBIMHU, II0-
CKOJIBKY OHU OTMeYaloT MeCTa, IJe ABIKYIAAcA Macca HUKOra
He MOJKeT ObITb O0HAPYKeHAa, XOTA OHA IIOCTOSHHO IIIMBITAeT uepes
HUX TyJa 1 00paTHO.
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Polx) ()

Uy (x) HI(x)

Dy(ax) V3(x)

AV

V() 3(x)

Dy(x) e

—\\—

Dgo(x) ’i)zzo(x)

dIIe

Puc. 10.3. Co6cmeennble PYHKYUL 2APMOHULECK 020
ocyunaamopa. Cresa nokaszansvt amniumyovl, Cnpasa —
sepossmuocmu. Boanosevle pyrKyuU 60J€e 8bLCOK020 YPOBHS
KoJsebaomces 6vicmpee U pacnpocmpansomces wupe

9Tu coOcTBeHHbIe PDYHKIINY HECYT HaM eIlje OAUH BaK-

HBIN YPOK. XOTs OHI HPUOJIMKAIOTCS K HYJIIO aCUMIITO-
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TUYeCKHU (U 0OUeHb OBICTPO), OHU HUKOTA He JOCTUTAIOT
HyJd. ITO 3HAUUT, UYTO €CTh HEeOOJIBbIIN0, HO KOHEUHBINA
IIaHC O0HAPYKUTHh YACTHUILY «BHE UaIlll» , KOTOPAas 3aaeT
(byHKIMIO IOTeHIINANbLHO sHepruu. JlaHHOe SBJIeHKe Ha-
3BIBAETCA K6AHMOBbLM MYHHEJUPOBAHUEeM U COBEPIIIEHHO

HEe3HAKOMO KJIACCUYECKOH (hu3uKe.

10.8. BaskHOCTh KBAHTOBAHU S

B xome sTux JeKnuii Mbl 3a0pajanuch Ha BHICOKYIO TOPY, HO
oHa He mocJieHsAa. C HIHeITHell Ha0JI0[aTeTbHON TOUYKK
y:Ke MpoCMaTPUBAETCA BeJIMUeCTBeHHBIN JaHAIIa()T KBaH-
TOBOI TEOPHUU II0JIA. ATO MaTePUAJ AJIA APYTror KHuru. Vi
Iake nmist Tpex. Ho Bce paBHO, maske OTCIOZla BUAHA YaCTh
9TOM TEPPUTOPUU.

PaccmoTpuMm, HampuMep, 3JeKTPOMAarHUTHOE U3JIY-
YyeHIe B II0JIOCTHU, n3obpaskeHuoi Ha puc. 10.4. B gau-
HOM KOHTEKCTe I0JOCTh — 3TO 00JIaCTh IPOCTPAHCTBA,
OrpaHWYEHHAs Mapoy UJeaJIbHO OTPAKAIOIINX 3ePKaJl,
MeXXIy KOTOPBIMU U3JIyUeHNe MOKeT 0eCKOHEUHO XOIUTD
Tyga 1 oopaTHo. MoKkeTe IpeAcTaBIIATE cede IIOJ0CTh KaK
MeTaJIINUYeCKYIO TPYOKY, BAOJb KOTOPOI U3JIyUeHUEe TBU-

JKeTcs B 0001xX HaITpaBJIEHUAX.

Puc. 10.4. SnexmpomazHumHoe usayvenue 6 noJLoCmu
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HWMeeTcsa MHOKeCTBO AJUH BOJIH, HOAXOOAITNX IJIs
JaHHOI moJiocTu. PaccMoTpuM BOJIHEI AJInHON A. Kak 11 Bce
BOJIHBI, OHM K0JI1e0JII0TCS, BO MHOT'OM II0JOOHO I'Py3y Ha
KOHIle IPYKUHBI. Ho TyT BasKHO He 3aIIyTaThCs: OCIILI-
JIITOPBI TO HEe MACChI Ha IPYKUHAaX. B 1eficTBUTEJIbHOCTH
OCIITMJITUPYIOT dJIEKTPUUECKOe U MAarHuTHOe moad. [lasa
KasKJI0M AJINHBI BOJTHBI UMEEeTCsS MaTeMaTUuYeCcKU rapMo-
HUYECKUH OCIUJIIATOD, ONUCLIBAIOIINN AaMIJIUTY Y, UJIN
cuy mojs. To ecTh MHOKECTBO TAPMOHUYECKUX OCITIJI-
JSATOPOB KoJebJieTcsa ogHoBpeMenHo. K cuacThio, OfHAKO,
BCe OHU K0JIeOJIIOTCA He3aBUCUMO, TaK UTO MOYKHO CKOH-
IeHTPUPOBATh BHIMAaHNeE Ha BOJIHAX OLHO OIIpe e/ IeHHO
IJINHBI 1 UTHOPHPOBATEL BCE OCTAJIbHBIE.

EcTb TOJIBKO OJHO YKCJI0, CBA3AHHOE C TAPMOHUYECKIM
OCIIMJLJIATOPOM, & MMEHHO ero 4yacToTa. Bo3aMOsKHO, BBI yoKe
3HaeTe, KaK BbIUNCJIUTDL YaCTOTY BOJIHBI C IJIMHOM \:

B kmaccuueckoii pusuke, KOHEUHO, YACTOTA — DTO IIPOCTO
yactoTra. Ho B KBAaHTOBOI MeXaHNKE YacTOTa OIPeaeIsieT
KBaHTOBYIO DHEPrHUI0 OCHUJIATOpPA. [ pyrumMu cjioBamu,

SHEPrus, cojepsKaliasicsa B BOJIHAX AJIUHOI A\, paBHA
(n+1/2)hw.

Yien (1/2)hw HecymiecTBeH AJ1d HamuXx mesueii. OH Ha3bI-
BaeTCs 9HePIUs OCHOBHOI'O COCTOSHUA 1 €70 MOXKHO UTHO-

puposaTh. Torga sHeprus BOJIH JINHON A\ OyIeT UMeTh BU,
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rIe n MOKET ObITh JIIOOBIM UMCJIOM OT HYJIS 1 OOJIbIIIe.
OpyrumMu cjioBaMu, SHEPTUA dJIeKTPOMATHUTHON BOJHEI

KBAHTYETCA Ha HeJeJIMMbI€ IIOPI 1N BeJIMUMHON

JJia KyaccuyecKoil (pU3MKYU 9TO BRITJIAAUT KpaliHe CTpaH-
Ho. HezaBucumMo OT TOTO, UTO BHI [lejIaeTe, SHEPIUs Bcerga
MPUXOIUT HEAETUMBIMU TIOPIIUAMU.

Boamo:kHO, BB yiKe 3HaeTe, UTO OTU MOPIIUY Ha3bIBa-
orea poronamu. Ha camom gesie pomon — 5TO IIPOCTO
Ipyroe Has3BaHUe AJId KBAHTOBAHHOM IMOPIIUHN SHEPTUU
B KBAHTOBOM rapMOHUYECKOM ociiujiasaTope. Ho Te ke ca-
MbIe (PaKThl MOYKHO OTIMCATH U PYTUM criocobom. Byayuu
HeJeJIMMBIMU, (POTOHBI MOTYT PACCMAaTPUBATHCA KaK 3JIe-
MeHTapHbIe yacTunbl. O BoJIHE, BO30YKICHHOMI 1O CBOETO
n-T0 KBAHTOBOTO COCTOSHUA, MOKHO TyMaTh KaK O COBO-
KYIIHOCTU 1 (DOTOHOB.

KakxoBa sueprusa oguoro ¢gorora? Tyt Bce sacuo. OHa
IIPOCTO PaBHA SHEPTUH, KOTOPasd HYKHA, YTOOBI J0OAaBUTDH

eIre OOHY IOPIUI0, a UMEHHO

W TyT MBI BUAUM HIeI0, KOTOPAasa JOMUHUPYET B (pu3uKe
0oJiee CTOJIETUSA: UeM MEHbIIe JJIMHA BOJHBI (DOTOHA, TeM
BbIlIe ero sHeprusa. C uero 6bI PU3NKaAM MHTEPECOBATHCS
co3laHreM KOPOTKOBOJTHOBBIX (DOTOHOB, €CJIV 3TO O3HAYA-
eT MoBbIIIIeHre 3aTpaT sHeprun? OTBeT Terepb OYeBUICH.

Kax rosopuiochk B jieKiiuu 1, 4TOOBI PasTiIsifeTh O0BEKT
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IAaHHOTO pasMepa, HY:KHO HMCIO0Jb30BATh BOJHBI TOTO Ke
WJIN MEeHBIIIeTro padMepa. UTo0bl YBUIETh Ye€JIOBEUECKYIO
(urypy, BIoJHe JOCTATOYHO AJUHBI BOJHBI B HECKOJIBKO
npoiiMoB. UToObBI YBUAETH NBIIUHKY, IIOHAJOOUTCS BI-
IUMBIII CBET ¢ ropaszo 6oJjiee KOPOTKOII BOJMHOM. UTOObBI
pasriaAmeTh 4acTh IIPOTOHA, AJINHA BOJIHBI JOJKHA OBITDH
Kopoue 10~15 merpa, u coorBercTByIONe (DOTOHLI OYAYT
OUeHb DHEPTUUYHBIMU. B TOTe BCe BO3BPAIIaeTCA K rapMo-
HUYECKOMY OCIIUJLIATOPY.

ITuM 3aMeuaHueM, IPy3bA, MBI 3aBEpPIIaeM 9TOT TOM
«TeopeTnueckoro MuHuMyMa». I HageOCh YBUAETHh Bac

CHOBAa Ha JIEKIIMAX IIO0 CHGHH&HBHOﬁ TEeOPHUHM OTHOCUTEJIb-
HOCTH.

©Margaret Sloan



IIpuaosxkenue

Matpunsi Ilayan

JIlelicTBUE CIMHOBHIX OII€PATOPOB
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MpunoxexHne
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KBaHTOBaA MexaHuKa

N3menenue 0asuca

KoMmoHeHTHI CTHHA B HATIPABJIEHUH 71

B BeKTOpPHBIX 0003HAUYCHUAX

B xommoueHTHOI (hopme

B pasBepnyToii hopme

B dopme ogHO MATPHUIIBI
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Mpunoxexne

Tadauia yMHOKEHU A CITMHOBBIX
oIepaTopos

3ameuaHue 00 0003HaUeHUAX: B Ta0OUIe 3 HIKe OyKBa i
HWCIIOJIb3yeTCsA B IBYX PasHBIX CMbICJIax. BHyTpu Kera,
KaK, HaIIpUMeD, B |i0), 9TO YaCTh METKU COCTOAHUA — i0
o3HauaeT «gneped-nasad» («in-out»). Ho xorga 6yksa i
IIOSIBJISIETCA BHE KeTa, KaK, HallpuMeD, B 3aIIUCH i|00), OHA

0003HaYaeT KOMIIJIEKCHOE UICJIO — MHUMYIO €JUHUIY .

Tao6auna 1. Basuc «BBepX-BHU3»

JIByXCcIIMHOBBIE COOCTBEHHBIE BEKTOPBI

| uu) ud) |du) dd)
0, |uu) |ud) ~|du) ~|dd)
Ox |du) |dd) luw) lud)
oy i|du) ildd) —iluu) —i|ud)
Tz |uu) —|ud) |du) —|dd)
Tx |ud) luu) |dd) |du)
Ty ilud) —iluu) i|dd) —i|du)
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Taoauma 2. Bazuc «BIpaBo-BJIeBO»

KBaHTOBaA MexaHuKa

JAByXCcrIMHOBHIE COOCTBEHHBIE BEKTOPBI

|rr) |rl) | Ir) 1)
o, lir) 1) Irr) Irl)
Ox |rr) ) =[ir) —[i)
o, —ilir) —ili1) i|rr) i|rl)
T Irl) Irr) 1) ir)
T Irr) 171) 17 1)
T, —ilrl) i|rr) —ii1) i|1r)
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Tao6auma 3. Basuc «Bnepea-aasamg»

Mpunoxexne

JAByXCrIMHOBHIE COOCTBEHHBIE BEKTOPBI

| 1) |i0) |od) |00)
o, |oi) |00) |ii) |io)
ox iloi) i[0o) i) ~|io)
o, lid) lio) ~|oi) ~|0o)
T lio) id) l00) o)
T ilio) —ilii) ijoo) ~iloi)
Ty |ii) ~lio) |0i) ~|oo)




J1. CacckuHd, A. ®pudmaH
KBaHTOBass MexaHuKa.
TeopeTU4eckui MUHUMYM
Ilepesen ¢ anenuiickoco A. Cepeees

Hayunsrit koHCynsTanT JAMmutpuii [opOyHOB,
KaHauaaT GU3MKO-MaTeMaTHUECKUX HayK

3aBenyromuii pegakiueit I1. Il]econes
Bemymuii penakrop FO. Cepeuenko
XYI0XKHUK OOJIOKKI JI. Aoyesckas
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BZNNTEP

M. deppeiipa

UOEAJIbHAA TEOPU4.
BUTBA 3A OBLLYIO TEOPUIO
OTHOCUTEJIbHOCTU

Kaxabin 4enoBeK B MMpe Chbllwan 4To-TO O 3Ha-
MEHWNTOI TEOPUN OTHOCUTESNIBHOCTU, HO Masio KTO
NnoHMUMaeT ee CYLHOCTb. A Beab Teopus AnbbepTa
OMHWTENHa coBepLlUnia NepeBoOpPOT HE TObKO
B dn3nKe, HO N BO BCENM COBPEMEHHOI Hayke,
MOSIHOCTbIO M3MEHMNa Haw B3rn4aa Ha mup! Peso-
NOUVOHHasa naes dHwTenHa 06 o6beanHeHnn
BPEMEHU N NPOCTPaHCTBa BOT yxe bonee cTa net
OCTaeTCd NCTOYHMKOM BOCTOProB 1 pa3oyapo-
BaHWN, CIOPNPU30B N reHmnanbHblX 03apeHnin ons
caMbIX NbITAMBLIX YMOB. ICTOpMSA NyTU K NOHU-
MaHuIo 9TON BceobbeMtoLlelt Teopum cama rno
cebe HeOObLIKHOBEHHA, N NO3TOMY ee crnenyeT
pacckasdatb Mupy. bputaHckuin actpodusuk lNe-
apo @epperipa pewnn noBTopuTb yecnex CTueeHa
XOKMHra n Hanmcan Hay4YHO-MONyASPHYI KHUTY,
B KOTOPOW J0X0A4MBO 0ObSACHAET N0AAM, AaNeKUM
OT CNOXHbIX MAaTEPUI, YTO TaKOe TEOPUSA OTHOCU-
TENBHOCTM U MOYEMY CNOPbLI BOKPYF HEE HE YTUXAIoT
[0 cux nop.



BZNNTEP

3. YuncoH

XO39EBA SEMJIN.
COLUUAJIbHOE SABOEBAHUE
MNAHETbI YHEJTOBEYECTBOM

HoBas kHura n3esecTHoro 6mosnora v coumonora da-
BapAa YWncoHa, BeAyLero yyeHoro frapsapackoro
yHuBepcuTeTa n naypeara lNynmtuepoBCKon npe-
MWK, KOTOPOro YaCTO Ha3bIBAKOT HACNEAHMKOM Be-
nvkoro JapBuHa, cyMMUpyeT npeabiayLime paboTb
n unccnenoBaHus astopa. OTkyaa Mol npuwnmn? Kto
Mbl? Kyga mbl upem? 3aeapn YWUncoH cospan yau-
BUTENIbHO CUJIbHYIO, ICHYIO 1 CTPACTHYIO paboTy,
KOTOpas OTBeYaeT Ha 3TU TPU GYyHAAMEHTAsbHbIX
Bonpoca penurnmn, Gunocodun 1 Hayku, ogHOBpeE-
MEHHO KapAuHasbHeIM 06pa3oM NepeocMbICINBas
TEopuIo 3BOJIIOLMN N CTAaBHA B Ka4eCTBE MaBHON
OBUXYLLEN 3BOMIOLNOHHOW CUAIbl CEMbBIO U Fpym-
noBol oTOOpP. YNNCOH [OKa3bIBAET, YTO UCTOPUS
HEe MMEeEeT HMKaKoro cMmbicna 6e3 npegbicTopun,
a npenbicTopus He MMeeT cMmbicna 6e3 Guonorun.
JleMOoHCTPUPYS, YTO UCTOYHUKIM MOpann, penurum mn
TBOPYECTBA HOCHAT MPUHLUMNNANILHO BUONOrMYECKUIA
xapakTep, YUNCOH faeT HaMm Hanbonee CHOe 1 Nno-
HATHOE OOBbACHEHME O NMPOUCXOXAEHUN YeNOBEKA
M NpUYMHax, Npueeawmx K Hawemy rocnoncTay
B 6uocdepe 3emnu.



BZNNTEP

J1. CacckuHpg, Ox. N(paGoBckn
TEOPETUYECKMA MUHUMYM.
BCE, YTO HY)KHO 3HATb

O COBPEMEHHOW ®U3UKE

«TeopeTn4eckin MUHUMYM» — KHUra ANng Tex, KTo
nponyckan ypoku Guanku B WKOJSIE U UHCTUTYTE,
HO yXe xaneeT 06 aToM. XoTnUTe pazobpaTbes
B OCHOBAX €CTECTBEHHbIX HAYK M HAY4UTbCSA AyMaTb
1 paccyxaaTb Tak, Kak 3TO AenaloT COBPEMEHHbIe
dU3nkn? B opurnHanbHom n HectaHgapTHOM dop-
Me M3BEeCTHble aMepuKkaHckue yyeHble JleoHapa,
Caccknng n Ixopox MpaboBckuy npegnaratoT BBOA-
HbIX KypC Mo MaTtemaTuke u Gusnke ois nbiTanBbIX
YMOB. B oTnnyme oT Npoyunx Hay4HO-NonyasipHbIX
KHUT, NbITALWMXCS AOCTYNHO OObACHUTL 3aKOHbI
dU3NKM, NOBKO YKJIOHAACH OT YypaBHEeHUn n Gop-
MyJl, @aBTOPbI y4aT YyuTaTeNsa Knaccuyeckmm oc-
HOBaM eCcTeCcTBEeHHbIX Hayk. KHura npepgnaraet
COOCTBEHHYIO OPUTNHANIBHYIO METOANKY 00OYYeHUs,
[OMOJIHEHHYIO BUAEONEKUNAMUN, NYOINKYyEMbIMU HA
canTte theoreticalminimum.com. KHura BkntoyeHa
B 6ubnnoTeky doHaa «AuHacTums».



BZNNTEP

C. lMab6cep
MAJIEHbKAYA KHUTA
O BOJIbLLOW TEOPUU CTPYH

Teopwuio CTPYH 4aCcTo Ha3bIBAKOT «TEOPUEN BCEr0»,
MOTOMY 4YTO €€ Leflb — onucaTtb Bce PyHOaAMEH-
TasibHble CUJIbl BBAMMOAENCTBMSA BO BceneHHon,
BKJTIO4MB B CEDOS rpaBUTALLMIO, KBAHTOBYHO MEXAHUKY
1 TEOPUI0 OTHOCUTENBHOCTU. ITa PEBONOLMOH-
Has KOHUEeNnuMsa NpeactaBnsieT HOBOE NOHMMaHMe
npocTpaHcTBa U BPEMEHU, OHA CTPEMUTCHA 0ObsC-
HUTb CBA3b TakMx PEHOMEHOB, Kak YepHble AbIpbl
1 KBapK-rNOOHHAs nna3ma, AOMOJSIHUTENbHbIE U3-
MepeHNs 1 KBaHTOBble PnyKTyaumumn. HecmoTps Ha
CNOXHOCTb paccMaTprBaeMoi TeMbl, Npodeccop
MpuHcTOHCKOrO yHMBepcuteTa CtueeH Mabecep
npepnaraet eMKoe, LOCTYNHOE U 3aHUMaTesIbHOe
BBEOEHME B 9Ty OAHY U3 Hanbosnee obcyxaaemMblx
cerogHs obnactein Guamkn. C MUHUMYMOM MaTe-
MaTuKK1, UCMOJIb3Ys MHTEPECHbIE aHanorMmn, aBTop
06BACHSAET CyTb CYNepCMMMETPUN, AyanbHOCTH,
MCKPUBNEHNA NPOCTPAHCTBA-BPEMEHMN Tak, YTO
39TO OyAEeT NOHATHO NtoBOMY YnTaTento ¢ baraxom
3HaHWI cpeaHen WKosbl. [loka nonoxeHns Teopun
CTPYH OKOHYaTENIbHO HE A0Ka3aHbl, OOHAKO U Te
TaliHbl, KOTOPbIE HAM YX€e NPUOTKPbLIINCK, MO3BONSA-
10T BOCXUTUTLCS CTPOMHOM rapMOHUE MUPO3OaHNS
1 06CcyXaaTb NPakTUYeCcKoe NpMMeHeHne 6yayLmx
OTKPbITUN B GU3NKE BbICOKNX SHEPTUNA.
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