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BBenenue

CoBpemeHnHast KOMOMHATOPUKA —3TO BEChbMa MHOTOTDaHHAas U OypHO
pa3BuBaloIiasics Hayka. ToIbKO 3a MOCIeHAE JeCATUICTUSI B Hell BOZHUK-
JIO MHOKECTBO HOBBIX U BaKHBIX, HO 3a9aCTYIO KpaiiHe HaJIeKuX IAPYr OT
Apyra pa3znesoB. B pe3ysbrare Bce Tpy/Hee CTAHOBUTCH yBUIIETH KOMOU-
HATOPHUKY B IEJIOM, IIOYYBCTBOBATH €IMHCTBO KOMOMHATOPHBIX MPOOJIEM,
OCO3HATD IO/JINHHBIE B3AWMOCBS3U MeXK/ly HUMH. BMecTe ¢ TeMm, Heorpa-
HUYIEHHOE JIpobJieHne JII060#i, CKOJIb YIOHO COJEPKATEIbHO, HAYKH B KO-
HEYHOM cdueTe Juib BpeauT eii. Heobxomnma cephbesnast 6a3a, Ha OCHOBE
KOTOPO# HAOOP Pa3pPO3HEHHBIX 337149 W HAOMIOMeHU chOpMUPOBAJICS ObI
B LEJbHYIO JucHuIunHy. VI TyT OrpoMHYyIO pojib urpaer 6a3a MeToI0J10-
ruvyeckasi. BOSHUKAOT MOIIHBIE METO/IbI, IMO3BOJISIONINE JAaTh OTBETHI HA
caMble Pa3/IMYHbIe BOIPOCHI U CJIy2KAIue, TAKIM 00pa30M, eCTeCTBEHHBI-
MM UHCTPYMEHTAMU JIJIsi [IEMEHTUPOBAHUsI HAYKU: OTHBIHE 3HAYUTEJIbHAS
9acThb €€ Pa3/esioB, KOTOPbIe, HA IE€PBBIA B3IV, COBCEM HE KOPPEJIU-
pPOBaHBI M€Ky CODOM, I'DYIIUPYeTCs BOKPYT €IWHOTO METOJd, W dTOT
METOJ HEe TOJBKO BEJIET K PEIICHUIO MPEXKHUX YACTHBIX 33J1a4, HO eIle
U BBICTYIIAET KaK KaTaJM3aTOP K CO3JAHUI0 HOBBIX HETPUBUAJIBHBIX U TJIY-
OOKO B3aMMOCBSI3aHHBIX IpPoOJieM. B KoMOMHATOPUKE MOXKHO BBIJIEJIUTH
HECKOJIBKO TAKMX OOIMUX M JAEHCTBUTEIHLHO BAXKHBIX MeTOIOB. Eciau pedn
UZeT O HojcYere YUCiaa KOMOMHAIMI TeX WM UHBIX OOBLEKTOB (T.e. O Tak
HA3BIBAEMOIl «IIePEUUCIUTEIHHON KOMOMHATOPUKEY ), TO, KOHEYHO, HYKHO
B IIEPBYIO 0Y€Pe/ib YIOMUHATH MeTO/| Ipou3Boidamux GyHkuuii (cm. [1,2]).
Hac, ogaako, 6y1yT B 60JIbIIIEll MEpE HHTEPECOBATD «IKCTPEMAJIbHBIE» 3a-
Ja9u KOMOMHATOPUKHU — 33/1a491, B PAMKAX KOTODPBIX TPeOyeTcsi HAXOIUTh
pa3/IM9HbIE IKCTPEMAJIbHBIE XaPAKTEPUCTUKU KAaKOU-IHO0 COBOKYITHOCTH
00beKTOB (HALIPUMED, MAKCUMAJIbHOE YHUCJIO IOLIAPHO II€PEeCeKAIONIMXCs
[OJMHOYKECTB KOHEYHOI'O MHOXKeCTBa W 1p.). U 31ech Haumbosee cyime-
CTBEHHBI METO/IbI, CBSI3aHHBIE C IIPUMEHEHNEM UJIefl TeOpUH BepOsSITHOCTEH
7 aJirebphl.

Pazywmeercsi, nesnp3st ckazarh, KTO ObLI IEPBBIM, IPUMEHUBIIIM, CKa-
K€M, BEPOATHOCTHBIE COOOPAXKEHUsT JJIsT PeIleHnsl KaKOH-HuOy I» KoMOm-
HaTOpHOU 3aja4uu. HekoTopble aBTOPHI elie B Hadajge XX B. JIOraIaJINCh,
9TO BBIYUCJIEHNE CPEIHUX 3HAYEHUN «CJIyJailHbIX BEJIMYNH» ObIBAET BECh-
Ma I0JIE3HBIM B KOMOMHATOpUKe. TeM He MeHee, UMEHHO BBIIAOIIUICS
Benrepckuii Maremaruk II. Oprémr (1913—1996) 3ansiics B IATHIECATHIE
oMbl CHUCTEMATHYECKUM PA3BUTHEM BEPOATHOCTHOI'O METONA, U IIOTOMY



Beenenne 5

UMEHHO €ro — CO3J[aTelisi BEHIePCKOI IIKOJIbI COBPEMEHHOTO KOMOMHATOD-
HOTO aHA/IN3a, YeJOBEKa, BHECIIEro HEOIEHHMBIH BKJIAJ, B CTAHOBJICHIE
KOMOMHATODHKH (B TOM YHCJIE B BEPOSATHOCTHOI), — IIPUHATO CIATATH OC-
HOBaTeJIeM METOJIA.

Yro ke KacaeTcs aJrebpamdeckoro Merojia, TYT eCThb CBOsl GOJbIasi
ucropusi. Mbl He cTaHeM, OJHAKO, BJAABATHCSI HU B KAKHME HCTOPHYECKHUE T10-
JIPOOHOCTH, OTCHLIIAs 3AMHTEPECOBAHHOIO YNTATENS K JIPYTUM UCTOUHUKAM
(M. [3-9]). Bamerum JmIb, 9TO JyId HAC OyIeT aKTyaJeH JUHEHHO-aIre6-
pamdecKuii acieKT aarebpandeckoro MeToja, 0 4eM IogpobHee HIXKe.

B cepun u3 deThIpeX JIEKIHIt MBI IIPEIIOIAraeM PaCCKa3aTh O HECKOJIb-
KHUX SIDKUX 3a/[a4aX KOMOMHATOPUKM M KOMOMHATODHON reomerpuu. Ha
UX [pPUMEPe Mbl IIPOMJUIIOCTPUPYEM Dsifl OCHOBOIIOJIATAOIIUX IIOJXO0B
BEPOSATHOCTHOI'O U JINHEHHO-aJIreOpandeckoro xapakrepa. Mmenno 3a caer
STHX METOJIOB 33Ja9l OKAaXKyTCs HEOXKHJAHHO OJM3KUMHU M TECHO JAPYT
C JPYTOM CBSI32HHBIME, XOTs AlPUOPU ObLIO ObI TPYJHO YBHUJETH HX €CTe-
CTBEHHYIO U TUIyOOKYIO Ojin30cTh. Jjist GoJIbIIeil TOCTYITHOCTH U3JI0YKEHMS
MBI npuseseM B riae JlonosHeHue HaGOp HEOOXOJUMBIX ONpeiesIeHuit
U3 TEOpUM BEPOSITHOCTEl, JmHelHO asreGpsl, Teopun rpadoB U MaTe-
MaTHYECKOTO aHAJM3a, TAK YTO YUTATE]b, HE COBCEM 3HAKOMBIN C COOT-
BETCTBYIOIIEH TEPMUHOJIOIHAEH, CMOXKET IIOJIYyIUTh BCIO HEJIOCTAIONLYIO EMY
naGOpMAIMO, He 00pamasch K BHEINTHAM HCTOYHUKAM; BIPOYEM, BCIIO-
MOTaTeJIbHYIO JINTEPATYPY MO [PeJMEeTaM Mbl TAKXKe yIOMsiHEM. B KOHIe
KazKJION JIeKIuK Mbl chOPMYJIMPYEM HEKOTOPOE KOJIMIECTBO 33144, CPeJIu
KOTODBIX Oy/yT KaK IHCTO y4eOHbIe, TaK M HCCJIEIOBATEILCKIE — €IlIe He
peIIeHHbIE.



JIekmna 1

3aja4un o mepecevyeHnsIX MHOXKECTB

1.1. IlocranoBku 33124 1 (POPMYJIMPOBKN HEKOTOPHIX
pe3yJIbTaToB

B 60-e roger XX B. Hadajga aKTUBHO DAa3BUBATHCH HAayKa 00 IKCTPe-
MaJIbHBIX CBOHCTBAaX COBOKYITHOCTEH TOJAMHOXKECTB KOHEIHOTO MHOYKECTBA.
OTHU COBOKYIIHOCTH YaCTO HA3BIBAIOT TAKYXKe «IHUIeprpadamMus, UMest B BH-
J1y, 9TO Tpad 3aJaeTCsd KOHEUHbIM MHOIHCECTNEOM BEPIIMH U COBOKYIIHO-
CTBIO Tap BepuuH — pebep (CM. JIONOJIHEHUE): MOHATHO, YTO, PACCMaT-
pUBasi BMECTO JIBYX3JIEMEHTHBIX POU3BOJILHBIE ITIOJMHOXKECTBA MHOXKEe-
CTBa BEPINNH, MBI MOJydaeM o0oOIeHne rpada — «cBepxrpad», rumep-
rpad. Mbl u3y9nm 3/1€Ch JB€ Ha BUJL OY€HDb MOXOXKUE 38291 YIOMSHYTOrO
tuna. O6e OHE UMEIOT 3HAYUTEIHHOE KOJUIECTBO IPUIIOXKEHUHA, ITPOCTHI T10
CBOMM IIOCTAHOBKAM U KpaiiHe, OJHAKO K, HETPUBUAJIHHBI.

Urak, nycrs R, = {a1, as, ..., a,} — IPOU3BOJIILHOE MHOYKECTBO, CO-
CTOSIIIEe W3 1, JEeMEHTOB. MOXKHO canTaTh 0e3 OrpaHmYeHUsi OOIHOCTH,
ayro R, ={1,2,...,n} ecrb npocro OTpe30K HATYDAJILHOIO psza. Pac-
CMOTpHUM Kakyo-Hubyup coBokynsocts M = {Mj, ..., M.}, obpasosan-
Hyio (pasjuddbiMu) k — 3jeMeHTHbIMU HoaMHOokecTBaMu M; (k — coue-
TammsMu), i =1, ..., s, MHOXKecTBa R,, 0 < k < n. Ouesnmno, s < CF,
U TYT HUKAKUX pobsieM HeT. BO3HUKAET BOMPOC: & 9TO, €CJIU MbI 3AIIPETUM
MHOKECTBAM U3 COBOKYIHOCTH M MMeTh TONMapHbIe IepecevueHus: TONH WiIn
unol momuocTu? Kak 3T0 moBJIUseT Ha pa3Mep § CaMOil COBOKYITHOCTH?
Haun6osiee uzyuens! e cuTyarnuu. B mepBoM ciiydae Mbl IOTpeOyeM, 9To-
ObI JIIOOBIE JIBAa MHOXKECTBa U3 M mepecekaJnch He MeHee, 4eM 1o ¢ < k,
obmuM dmeMenTaM. Bo BTOpPOM ciIydae HaM BayKHO OyIeT JIUIIb OTCYT-
cTBHUe map mMHOXKecTB M;, M; € M, KOTOpBIE OB IEpeceKaInch POBHO IO T
asremeHTaM u3 R,. [losoxkumM, cooTBeTCTBEHHO,

f(n, k,t) = max{s = [M|: Vi, j € {1,..., s} |M;NDM;| > t},
m(n, k,t) = max{s = [M|: Vi, j € {1,..., s} |M;NM;| # t}.

Oteickanue Besmand m(n, k, t), f(n, k, t) — kpaiiHe cioXKHasi, Kpacu-
Bag u Goraras NpUIoKeHUsAMHU 3agada (cMm. Jjeknun 2 u 3). Huke Mbr
IpUBeeM /Be ApKHUe U MOKA3aTeTbHBIe TeOPeMBl OTHOCUTETHHO 3TUX Be-
JIITTH.
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Teopema 1 (II. Opzémr, Y. Ko u P.Pagno). Ecaun <2k, mo f(n, k,1)=
=CF; unave f(n, k,1)=C*"}

Teopema 2 (II. ®pankis u P. M. Yuncon). ITycmo p — npocmoe wucao,
n=4p, k=2p, t=p. Toeda m(n, k,t) <20~}

O6e TeopeMbl HOCAT JOCTATOYHO creruduydeckuil xapakrep. Tem He
MeHee, B HUX YK€ COIEPIKUTCS BCsl CYyTh IIPOUCXOISIIIETO, & HEKOTOPYIO UC-
TOPUIO, CBSI3aHHYIO C HUMU, U OoJiee obI1ue popMyJIMPOBKU MbI [IPUBEIEM
B §1.4. Ceityac MbI 3aMETUM JIUIIb, 9TO PE3YJILTAT TEOPEMbI 1 OKOHYATE b~
HBIi, TOT/1a KAK B TeOpeMe 2 MPUBOIUTCS TOJHKO OIleHKA cBepxy. Ha camom
JleJie, 9Ta OLEHKA [PAKTUYeCKH HeysydmaeMa (cM. 3aja4dun). Bosee Toro,
OHa, Ha IEPBBIN B3IVIsA, aOCOJIOTHO HeOXKuJaHHa. JleficTBUTENbHO, eciu

m
aKKypaTHO NPUMeHUTH hopmyny Crupiaunra m! = v/ 277m(%> (1+0(1)),

m — 00 (CM. JOIIOJHEHNE), K KaXKJOMY K3 (baKTopHaJIOB durypupyromux
B M3BeCTHON 3amucu Boipazkernit C¥ 1 20771 10 HeTPYIHO yBHIETH, 4TO
B [IEPBOM CJIydae Mbl UMeeM JIeJIo ¢ BeananHoii (2 + o(1))™, a Bo BTopoM —
¢ Besmaumuoit (1,754 ...+ 0(1))™. D10 03HAUAET, YTO, €/[Ba MBI 3aIPETUIN
BCErO OJIMH BAPUAHT II€PECEICHNs] MHOXKECTB B COBOKYIHOCTH (Pa3PENIeHO
BeJ(b BCE, ITO YTOHO; JHIIL Obl MHOXKECTBA HE IIEPECEKAINCDH [0 P OOIHM
9JIEMEHTaM ), U Cpa3y ¥Ke OT TPUBUAJILHOM OIEHKH § < (2 +o(1 ))" MBI [IPH-
ILIM K 9KCIOHEHIUAILHO MeHbIeMy HepaseHcTBy § < (1,754...+ o(1))™.
TpyAHO NOBEPUTDH, 9TO OYyKBAJILHO OJWH 3aLPET CTOJIb CHJIBHO ODAHNYA-
Baer CBOGO/Y B IIOCTPOEHUU COBOKYITHOCTU M ; OJJHAKO 9TO TaK.

Teopemy 1 moxkaxkem B ciiemytommeM maparpade, a reopemy 2 —B §1.3.

1.2. J/loka3aTebCTBO TeopeMbl 1

Haunem ¢ 3amedanusi, gro ciydait n < 2k odeBuzen. B camom resne,
MIpU JAHHBIX YCJIOBHUSX IIPOCTO HE CYIIECTBYET HEMEPECEKAIONTNXCS MHO-
JKEeCTB, TaK 9TO JIeHICTBUTEIHLHO f (n k,1)=CF. Jlanee, Bo BTopoM ciydae
HIKHSs oneHka f(n, k, 1) > C 1 TOXKe IpaKTUIecku odeBuaHa. locra-
TOYHO PacCMOTPETh COBOKYITHOCTb MHOXKECTB, KaKIbIil 3JIEMEHT KOTOPOIA
COJIEPYKUT, HAIIPUMED, €IIMHUILY:

M:{McRn;|M|:k, 1 e M)

Hougaruo, uro |M|= C 1, U BCe B IOpsaake. B cBOIO o4uepesn, BEPXHIOO
OIIEHKY MOKHO, B IIPUHIUIE, [TOJIYYUTh PA3JUIHBIMU CIIOCODAMU, HO MBI
[IPUMEHUM CaMblii €CTeCTBEHHbIN U [TOKa3aTe/IbHbII U3 HIUX — BEPOSITHOCT-
HBIA. DTOT crrocod popmasbao npeaioxua . Karona B 1972 1., XoTst HaMm
[IPEJICTABJISIETCS, ITO [TOJ00HAS UJles NOJIKHA CPa3y K€ IIPUITH B TOJIOBY
BCSKOMY, JKeJIAIoEeMy 0D0CHOBATEH TeopeMy dpaéna—Ko—Pago.
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SadurcupyeM IPOU3BOJBHYI COBOKYIHOCTH M, COCTOSIIYIO U3 IIO-
MAPHO TIEPECEKAIONTUXCS MHOXKECTB, W PACCMOTPUM BCIIOMOTATEIHHYIO
KOHCTPYKIuIO: mosiozkuM Ag ={s,s+1,...,s+k—1},s=1,...,n. Suecn
CYyMMUDOBaHU€e [OHUMAETCs 110 MO0 1, Tak uro As C R, u |4 =k.
Herpynuo 3amerurs, uro u3 MuoxkecTB Ag He Gosiee k momanaer B M.
JleficTBUTEIbHO, €CJIU JOMYyCTUTh, 9TO Kakoe-To Ay npunamiexur M,
TO oOCTajlbHble MHOXKeCTBa A;, KOTOpble Iepecekaiorcs ¢ Ag u, Tem
CaMbIM, MMEIOT IIpaBO JiekaThb B M, MOXKHO pa3buTh Ha [apbl BUIA
(As—iy Asir—i),i=1,..., k— 1. Takux nap k — 1 mryka, 1 u3 KaxK1a0ii Mbl
BOJIBHBI 100aBUTHL B M He 0ojiee OIHOrO 3JjieMeHTa. Bmecre ¢ MCXOIHBIM
A € M nonyuurcs B akkypar He 6osiee k MHOXKecTB Tuna Ag B Haei
COBOKYITHOCTH, U yTBEPKJIEHUE JTOKA3AHO.

Teneps paccMOTPUM CAYUATHBIG ITEMEHT ¢ € Ry, U CAYUAUHYO TTEPECTA~
HOBKY 0 Ha MHOXKecTBe R,,. B 00oux ciaydasix ciay4ailHOCTb MBI [IOHUMAEM
B CMBICJIE KJIACCUYECKOI'O OIPEJEJICHUs] BEPOATHOCTH (CM. JOIIOJIHEHUE),

. . 1
TAK 9TO BEPOSITHOCTH KAXKJIONO KOHKPETHOro ¢ ectb P(i) ==, a Beposr-
n

1
cuuraeM ux paBHoBeposTHbIME). [Ipu 3T0M, paszymeercs, BLIGOD 1eMeHTa
MBI OCYIIECTBJISIEM HE3ABHCHMO OT BbIOOpa MEPeCcTaHOBKH. PaccMorTpum
muO)ecTBO A; o ={0(i),0(i+1),...,0(i +k — 1)}, no-upexxkuemy ompe-
JleJidsl CJIOXKeHHe 1Mo MoJyso n. MuoxkectBo A; , BlOXKeHO B R, , mMeeT
MOIITHOCTH k, 1 00pa30BaHO OHO IIEPECTaAHOBKOI 3JIEMEHTOB MHOXKeCTBa, A;.
Hecioxuo ybenuTbest B TOM, ITO MHOXKeCTBO A; , ecTh cirydaiiHoe k —
3JIEMEHTHOE TIOJIMHOXKECTBO R, OMATH-TAKU B KJIACCHIECKOM CMBICJIE, T. €.
9T0 BepOATHOCTH P(A; ;) BOSHUKHOBEHHSI TOI'O HJIH HHOI'O MHOYKECTBA A; »
1

1
HOCTBb J1060ro o pasHa P(0) = = (pasiM4HbIX NepecTaHOBOK n!, W MbI
n

COBITAJIAET C BEJIMUMHON

Ck’
C 0J1HOI CTOPOHDI, BBUJLY CIECJAHHBIX HAOIOJEHUIN SICHO, YTO
M
P(A;, e M) = ML
Ch

C apyroit CTOpOHBI, ecju Mbl (DUKCHPYEM Ha BpEMsi IIEPECTAHOBKY, TO

k
yciioBHast BeposaTHOCTh P(4; , € M|o) He npeBocxoauT —. DTO BbITEKAET
n

U3 HAIEro PaccyKJIeHus npo nonaganre B M mHo)KecTB Bujia Ag. [Torst-
HO B€Jlb, YTO U CPEJH <II€PECTABICHHBIX» MHOXKECTB Ay , IPU JAHHOM O
ue 6osee k sexkar B M. Tlonbsyscs dbopMmysiol moJHoit BepoaraocTr (CM.
JIOTIOJTHEHHUE ), TIOJLY 4AeM
k1 k
PAi, e M) = g P(A;» € M|o)P(0) < E —= =
nmn: n
o8

o
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Takum obpaszom, |£,/l—k| <
3aHa. "

B sak/iodenue cieryeT OTMETHTD, 9TO IPUBEJEHHOE «BEPOSITHOCTHOE
JIOKA3aTEIHCTBO BIIOJHE MOYKHO OBLIO U3JIOKHUTH HA SI3BIKE «KOJINIECTBEH-
HOM», CPABHHUBasl HE BEPOSITHOCTHU, a MoIHOCTU. [logobHoe 3aMedanue He
MOYKET He IPUATH B TOJIOBY BCIKOMY, KTO BHUMATEJIHLHO CJIEINAT 38 HAIIUM
paccyxKjeHreM. 3aMedaHue 3TO BIOJHE IPABOMOYHO, HO BO3Pa3uTh Ha
HEro MOXKHO Tak. KoHewHo, npocmetiwue BEPOSITHOCTHBIE COOOPAYKEHUS
CYTh COODpayKeHUsI B3ATHUs CPeaHero apudMEeTHIeCKOTO, 1 IOTOMY UX HH-
YEro HE CTOUTH MEPEBECTH HA KOJUIECTBEHHBIA s3bIK. TeM HE MeHee, TaKue
coODOpaskeHusl JIexKaT JIMIIb Ha caMOl BEPXyIIKe OPOMHOTO aficoepra, Ko-
TOPBI MBI Ha3bIBAEM «BEPOATHOCTHBIM MeTOIoM». COBpeMeHHasi Teopusi
BEPOSTHOCTEH TOPA3/I0 TOHBIIE W MHOTOIDAHHEE, HEXKEJN <«BEPOSITHOCTH
KJIaccu4ecKast». TexHuka, pa3paboTaHHAs B €€ paMKaX, CJIOKHA, MHOTO-
IJIAHOBA, W AIEJUTIPYET OHA MOAYAC K TAKUM IIOHATHUSIM, KOTOPBIE KpaiiHe
TPYJIHO, & IJIABHOE, COBEPIIIEHHO HEECTECTBEHHO IIPEICTABIIATH YUCTO KOM-
6unaTopHo. HeT cMbIC/Ia NBITATHCA <«IEPAHIOMU3UPOBATLY BEPOSITHOCT-
HbIE MHCTPYMEHTBI, OTHOCUTEIHLHO KOTOPBIX UMEETCsl OTPOMHAST JINTEPATY-
pa; pa3Be 9TO TAKOTO POJIA JEPAHIOMU3AINS TIOMOTAET KOMY-TO Ha TIEPBBIX
ropax Jrydire oco3HaTh MeTo . OHAKO B KOHETHOM UTOTE 3aTesT U32KUBALT
cebs.

n—1

k k _
— OTKy/ia M| < ECﬁ =C*~1 u reopema moxa-

1.3. /loka3aTebCTBO TeOpeMbI 2

SadukcupyeM IPOU3BOJBHYIO COBOKYIHOCTH M, YIOBJIETBOPSIOILYIO
YCJIOBHSAM TEOPEMBI, U pa300beM ee Ha jBe dactu: M = My | | Ma. 3necn

My = {ME M: M C Rnfl}.

Herpyauo Bugers, uro npu kaxkiaom i € {1, 2} s aobbix M, N € M; BbI-
nosHeHo: |[M (Y N|=0 (mod p) Torga u tossko Torma, korga M =N (1o
yeaosuto |M (\N| # p, u so0ble JBa MHOXKECTBA TellepPhb IIE€PECEKAOTCSI).

-1
Mer gokazkeM HiKe, 9ro |[Mi| < CPZ,. U3 Hamero paccyzieHus: Gyuer

HOHATHO, KAK 0GOCHOBATH AHAJOIMYHYIO OUeHKy |Ma| < CP~1 (unrarems
caM 6e3 Tpy/Ja MpOJIesIaeT HeOOXOUMbIE BBIK/IAJIKN), U B PE3YJIbTATE MbI
HOJIy UM YTBEPKJICHUE TEOPEMBI.

PaccMOTpUM COBOKYITHOCTH BEKTOPOB

V=_{x=(x1,...,2n-1):2; € {0,1}, 21 +... 4241 = k = 2p}.

Acno, uyro muOXKecTBaM n3 M| OIHO3HAYHO OTBEYAIOT HEKOTODBIE U3 ITUX
BekTOpOB: ecsin M € M, To coorBeTCTBYIONMiT X € V mMeeT KOOPIMHATEHI
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x; =1, Kosb ckOpo i € M, u x; =0, KoJsib ckopo i & M. Ilpu 3Tom ycioBue
« M N|=0 (mod p) rorma u rosbko roraa, korga M = N» upespaiia-
ercs B ycaoBue «(x,y) =0 (mod p) Torpa u TOJIBKO TOTJA, KOIJIA X =y »;
CKOOKaMU MBI 00O3HaYaeM OOBIYHOE CKAJIIPHOE MPOU3BEIEHNE BEKTOPOB
(cm. ponosrenne). Ilyers Vi = {x1, ..., X4} CV ecrb TouHBI 06pa3 COBO-
KynHoctn M B copokynsocTu V. Ham Hy»KHO JloKasars, uro |V;| < ng.

Kaxaomy BekTOopy X € V' colOCTaBUM HEKOTODBI MHOrouieH Fiy
or n — 1 mepemennoit. Koadpdumumerrsr 3Toro MHOTOWIEHa OyAeM CUM-
TaTh IPUHAJJIEXKAIMMI MHOXKECTBY (II0J110) Z, KJIACCOB BBIYETOB IIO
Mozayio p (cM. momosnenue). HbIMU cjioBamMu, BO3bMEM  CJIEIYIOLIHIL
Fx €Zyfyr, -, Yn—1]:

p—1
Fx(y) = H(Z - (Xa Y))a
i=1
rue y = (y1, ..., Yn—1). VIMeer MecTo mpocras JemMMa.
Jemma 1. Jas aobwx x,y €V snauenue Fx(y) cpasrnumo ¢ nysem no
MOOYA10 p mozda u moavko mozda, kozda (X,y)Z0 (mod p).
JlemMa ogeBuHA, U MBI ee He JOKa3biBaeM. Ternepb packpoeM CKOOKH
B OIIpeJIeJICHIH KaxKJI0ro MHorodieHa Fy, T.e. 3anumem Fy B Buje JinHedi-
HOI KOMOMHAIINU OHOWIEHOB. [lo/ryauTcest HEKOTOpOEe BBIpaskKeHue BUA
— Qiq Qig
Fe(y) = E Cirysig¥iy "o Yiy -
3aech ¢ <p — 1, u, 6osee Toro, a, + ...+ a;, <p—1, npudem 1 <y, <
<p—1,v=1,...,q; BMecTe c TeM 1 <41 <...<iy;<n— 1. [Tosmoxkum

Fe(y) = Ciroig¥in - Uiy

T. €. «OOpEXKEM» BCE CTEIIEHU NEPEMEHHBIX ¥,. BO3SHMKAET HOBBIH MHOTO-
anent Fy € Zy[y1, ..., Yn_1], I STOT MHOTOUIEH 3aMEUATETHHBIM 00Pa3OM
VJOBJIETBOPSET YCJIOBHIO JIEMMBI 1: IPOCTO €ro 3HAYEHUs HA BEKTOPAX
y €V coBHasaioT co 3HAYEHUsIMH MHOrOYjIeHa Fy Ha TeX Ke BeKTOpax
(y =y, s Beex ¢ 1 Bcex m > 1, Beap y Hac y; € {0, 1}).

Ob6o3HaunM Yepe3 d pa3sMepHOCTb ITPOCTPAHCTBA, 0OPA30BAHHOIO MHO-
rounenamu Fy, X €V (cM. jonosHenmue).

Jemma 2. Hmeem mecmo nepaserncmeo | M| = |Vi| < d.

JlokasarenscTBo JemMMbl 2. PaccMoTpmM MHOrOYJIEHBI Fxl, ceey Fxs,
oTBedaromye BekTopaMm u3 V). Ilokazkem, 9TO OHU JINHEHHO HE3aBUCHUMBI
Hax Z, (cM. monosHenue). Jjis 9TOro JOCTATOUHO yOEAUTHCS B TOM, UITO
TOXKJIECTBO

c1Fx, (y)+.. . +eslx,(y) =0 (mod p) Vy eV
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BbBIIIOJTHEHO, TOJIBKO €CJIN

ca=ca=...=¢; =0 (mod p).

Iycrs y =x;, i=1,...,s. Torma (x;,y) =0 (mod p), u Fx,(y) 0
(mod p) mo semme 1. B To ke Bpewmsi 3a cuer yeiobust «(X,y) =0 (mod p)
TOLJa B TOJIBKO TOLAA, Kornax =y» (X, y € V1) umeeM (x5, y) Z0 (mod p)
JIst JTI000ro j # i, W, CTAJO ObITh, ﬁxj (y) =0 (mod p) onsitb-Taku 1o
semme 1. IToCKONTBKY p — IPOCTOE |MCII0, HAIIE TOXKIECTBO BMECTE CO CIle-
JIAHHBIME HaOJIOAeHnAME BiedeT cpasHenme ¢; =0 (mod p). Cpasrenme
BEpHO JJIs KayKJ0TO 1, U JIMHEeHHas He3aBUCUMOCTh MHOTOUJICHOB J0Ka3a-
ua. OTCroga, B CBOIO 09epe/ib, CIEAYET YTBEPKICHUE JIEMMBbI.

TloguepkHeM, 9TO MMEHHO IIPH J0KA3aTEILCTBE JIEMMbBI IIPOCTOTA P
ObLIa aKTyaJbHa. BosbIille oHa HAM HUTE He TOHAI00UTCS.
-1
Ocraercs nousts, nouemy d < CP~]. B npocrpaHcTBe, IOPOXKIEHHOM

MHOrOwIeHaMu Fyx, X € V| MOXXHO BBIOPATh €CTECTBEHHBIN 6a3uc (cM. jo-

IIOJTHEHHE), COCTOAIMI U3 OJHOYICHOB BUIA Yi) - ... Yi,, 0 <qg<p—1,
p=1

1<i; <...<ig<n—1. OueBnano, Takux oxaowienos y . C!_;. Onnako
i=0

Ha V BCe 9TU OJHOYIEHBI MOXKHO JIMHEHHO BBIPA3UTDh UePe3 OHOUICHDI
crapieii crenenn (crenenu p— 1). B camom siesie, paceMOTpuM, JiIsl IpH-
Mepa, OTHOUIEH ¥ - . . . - Yp—2. JJOMHOKHIM €ro Ha CyMMY BCEX IepeMeHHbIX
Yly .-, Yn—1, KaxkoBasg Ha V coBmazaer ¢ Besmumaoit k = 2p. Ilomyaum
(ma V') 11enoduKy COOTHOIIEHMIT

2oy Yp2= WY )Y Yp2 = YTl Ypat et
F YL Yp3Yo g YL Yp—2Yp1 F e F YL Yp2Yno1 =
={p-2)yiy2----Yp—2+Y1- - Yp—2Yp—1+ ...+ Y1 Yp—2Yn—1.
CiietoBaTesIbHO,

P+2)y1y2- - Yp—2=Y1 - Yp—2Yp—1+- - F YL Yp—2Un—1,

T.€. MBIl I B CaMOM JIeJIe JINHEHHO BBIPA3UJIN OJHOWIEH Y1 - . . . - Yp—2 UePe3
OJIHOUWIEHbl creneHu p — 1. AHaJOruguo (€ UCHIOJB30BAHMEM WHJLYKIIHN)
MOXKHO IIOCTYIHUTb ¥ B OTHOIIEHHH JIPYIUX OJHOWIEHOB. OKOHYATEIHLHO
nosygaem d < C’g:i, U TeopeMa JIOKa3aHa.

1.4. HeckoJibKo cJ10B 00 McTOpHun 33124

Teopemy 1 II. Dpném, Y. Ko u P.Pauno mokazanu eme B 1938 r. Oana-
KO, KaK I'OBOPMJI BIOCJIEIACTBUN DPIENI, B T€ BPEMeHa TeMaTHKa 3a1ad O
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[epeceYeHnsIX MHOYKECTB Obljla He CJIMIITKOM HOIyJIsipHa, U IOTOMY paboTa
6pL1a ommybsmmkoBana TobKO B 1961 1. JlrobombITHO, UTO 3a mpOIeIme
€ MOMEHTA JI0KA3aTeJbCTBA 0 MOMEHTa IIyOJIMKAIINN OB IIPOOJIEMATHKA
«runeprpadoBy» craja Kyja IMOIyJsipHee: Ha CErOJHSIITHUNA JeHb CTaTbs
Oppéma—Ko—Pano — enpa i He 0JHA U3 CAMBIX [IUTUPYEMBIX B 00JIACTH.

Ha camowm gene, Dpuémr, Ko u Pajo gokazanu Heuro ropas o GoJibiiee,
a MMeHHO: sl JoObIX k,t Haifimercs takoe ng(k,t), Wro mpm Becex
n > ng(k, t) Beimosnmeno f(n, k,t) = Cﬁ:ﬁ. Koneuno, pesysibrar BIOJIHE
oxugaemplii (cM. §1.2); He sCHO JMINb, [IOYEMy OH HE BCErJA BEpEH.
B peiictBuTeNIBHOCTH, BCE JIAJIEKO HE TaK MPOCTO, KAK MOIJIO OBl MOKa-
3aThCsl Ha NEPBBIH B3MIs, U 3HadeHue f(n, k,t) OTHIOAb HE JUIS JHOOBIX
n, k, t mocturaercs Ha BeeM HOHATHONH koHcTpykimu (cp. §1.2). O6uryio
KOHCTPYKIMIO MBI TIPUBEJIEM HUKe, HO MMOKA MBI BEJb JIaXKe He 3HAeM,
yTo U3 cebs upeicrasiser no(k,t). B 1977 r. II. ®panka nokasai, 91o
no(k,t)=(k—t+1)(t+1) mpr k> 15. Hocagnoe orpanmdenne Ha k
ycrpaami cemb Jier ciycts P. M. Yuicon. Takum obpazom, HadnHas
¢ 1984 r., ocraBajicd OTKPBITBIM BOIPOC, YTO YK€ IPOUCXOIUT, KOJb
ckopo n < (k—t+1)(t+ 1); Hanpumep, uTo Oy/IeT, €CIU BEJIUUUHBL N, Kk, t
YCTPOEHBI TaK ke, Kak B TeopeMme 27 11 Tosibko B 1996 1. Ha MOCTABJICHHBIH
BOIIPOC OBLI JIAH OKOHYATEHHBINA OTBET.

Teopema 3 (P. Ascsene u JI. Xagarpsan). Hyems r € N makoso, wmo

(k=1 1) (24 ) <n < -t 1) (247

(npu =0 cuumaem NPaBYI0 YACTD YENOWKU HEPABEHCTNG BECKOMEWHOU,).
Tozda f(n, k, t)=|F,|, ede

Fr={F CRu:|F|=k, [FN{l,....,t4+2r} > t+r}.

Bo-nepBbIx, J1€rko BUAETDH, 9TO BCe IIapaMeTphl B TeopeMe 3 Olpeieie-
HBbI KOPPEKTHO. BO-BTOPBIX, HOHATHO, 9TO npu 7= (0 MbI IMEEM B TOYHO-
CTH pe3yJbTat, joKa3anublil dpuémemMm—Ko—Pauo, npuaem ng(k, t) posuo
10, KoTopoe Hamwin Ppankn n Ywicon. Hakownen, sicHo, 9TO C Teope-
Moit Asicene—Xauarpsina 3agada 1upo f(n, k, t) okasajach HOJHOCTHIO
pemenHoii. BripoueM, MbICIL YejloOBeYECKas He CTOMT HA MECTe, U Tellepb
KpaiiHe aKTyaJbHBI JBa HallpaBjeHus ucciaegosanuii. C 0JHOI CTOPOHHI,
pPaCcCMaTPUBAETCS BEJIMINHA

f(n’k7t7r):
= max{|M|: YM € M [M|=k, YMi, ..., M, € M [MyN...0 M| >t}.

WMupivu ciioBaMu, Terepnb He mapaM MHOXKECTB MbI 3aIIPEIIaeM IepeceKaThb
Cs MEHbIIIE, YeM II0 ¢ SJIEMEeHTaM, & IIPOU3BOJIbHBIM NX HAOOPAM MOIITHOCTH
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7; IpU T = 2 MbI BO3BpaIllaeMCsi K y2Ke u3ydeHHOH 3azade. Mbl He cra-
HEM [UTHPOBATH 3/1€Ch U3BECTHBIE Pe3yJIbTaThl OTHOCUTENbHO f (N, k, t, );
TOJIBKO 3aMETUM, YTO JlaKe IPU 7 = 3 JI0 OTBICKAHUSI COOTBETCTBYIOIIEI
BEJIMIUHBI UCKJIIOYUTETHLHO JAJIEKO.

Hpyras 3ajada, eCTeCTBEHHBIM 00pa30oM 0000IIAOIIAs PEIIeHHYIO,
MoOxKeT ObITh nocrasjiera Tak (cp. §1.3). Ilycts M —3T0 COBOKYIHOCTD
7-MEPHBIX BEKTOPOB, KOODJUHATHI KOTOPBIX IIPUHUMAIOT 3HAYEHUS W3

dbukcuposanHoro muoxkecrBa uuces {bi, ..., b.}, HpuUeM KOJIMIECTBO
KOOD/IMHAT TOM WM WHOW BEJMYUHBI B KAXKJIOM BEKTOPE OJHO M TO
JKe — CKazkeM, l; KoopauHar Bejauduubl b, i=1,...,7 (I1 +...+ 1. =n).
ITonoxxum

f(nsby, .o byl ool t) = max{IM|: Vx,y € M (x,y) > t}.

Ouesugno, f(n;1,0;k,n —k;t)= f(n, k,t). Yke upu r =3, by = —1,
by =0, b3 =1 3amada He pernreHa.

Tenepp o 3agaue juisi m(n, k, t). Obmas dopMynmupoBka TeopeMbl
Dpankia—YuIcoHa (TeopeMbl 2) 3BYUIHUT TaK.

Teopema 4 (II. ®pankn u P. M. Yuscon). Iycmo (k—t) —amo cme-
nenb HeKomopozo npocmozo wucaa. Ecauw k> 2t + 1, mo m(n, k,t) <
< Ck=t=1. Unave, noaazan d=2t — k+ 1, umeemm(n, k, t) < CICL~% /4.

IlonsaTHO, 9YTO TEOpeMa IPUMEHNMA, K 3HAYUTEIHHO GOJILIIEMY KOJITIe-
CTBY NapaMeTPOB, U BCE K€ OCTAETCS HEJOyMEHHe: Mbl ONSITh-TaKH CyIIe-
CTBEHHO OorpaHu4uBaeM cebs ycjaoBueM, 4ro (k — t) — CTEleHb IIPOCTOro
qncsa. Heyxkenm HEMB3s OT 3TOrO yCjaoBust M36aBUTHCS? DTO CJIOKHBII
BOIIPOC, HA KOTOPBI HUKTO 0 CHX HOP HE 3HAET OTBeTa. VI3BECTHO, Ha-
upumep, uro upu n =4t (t soboe)

max{|M|: VM, N € M [MON| # t} < (1,99)",
HO 3TO I'Opa3o XyzKe pe3yabTaTra
m(4p, 2p, p) < 2CE~1 < (1,754 +o(1))"™.

ﬂaﬂbHeﬁLHHe HeTpuBHUaJIbHBIE aCIIEKTBI JedTe/JIbHOCTU BEeCbMa ITOXO0XKHU
Ha Te, 9TO ObLIM 3aJI0’KEeHBI HaMU B olrpeJieJjieHrus BEeJIMYNH

f(nakatar)a f(n;blv"'7br;l17"'alr;t)'
AHaJIOrHYHO MOXKHO, Pa3yMeeTcs, OUPEIeIUTh U BEJIUINHbI
m(n, k,t,r), mm;by, ... bpsle, o0, L t).

IlepBast BemumHa UCCIIEO0BaHA [TOKA COBCEM MAJIO, & BOT OTHOCHUTEIHHO
BTOPO¥ BEJIMIMHBI 3HAYATEIHHOE KOJIMIECTBO PE3YIHTATOB OBLIO TTOJLY 9€HO
aBTOPOM JIAHHOM Opomropsl. TeM He MeHee, U ¢ Hell 1aieKo He BCe SICHO.
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3agaun

1. Hoxazxure, aro m(4p, 2p, p) > (1,754 ...+ o(1))™, n=4p.

JlokaxKuTe BApUAHT TEOPEMBI 2, 3aMEHUB IPOCTOE P HA CTEIEHb IIPO-
cToro p®.

C nomorpio JIMHEHHOH asireOpbl gokaxkuTe onesky m(n, 3,1) < n.
MozkHO /11 9TY OIEHKY YTOUHHUTH?!

C momompio MHEHHOH anre6phl JoKaxkuTe omenky m(n, 5,2) < C2.
MozkHO /11 9TY OIEHKY YyTOUHHUTH?

5. Hokaxkure Teopemy 4.

6. (Teopema DPpanrsa—Yuscona). Iycrb M = {My, ..., My} —upous-

BOJIbHAsT COBOKYITHOCTH CEMUJIEMEHTHBIX IIOJMHOXKECTB MHOXKECTBa
R, obaamaonas CBOMCTBOM:

‘MiﬂMj‘ € {0,2,3,5,6)
st mobbix i # j € {1, ..., s}. Hoxaxure, aro |M|< C2.
IIycre
V={x=(x1,...,216): ¢; € {-1,0,1}, |{i: x; = £1}| = 8}.

IIpegmomoxxum, W C V' takoBo, uto yia jobbix X,y € W ckassiproe
upoussesenue (X,y) He paBHO Hyso. Haiinure uiam xorst 66l ornieHuTE

max |W|.



JIekiusa 2

IIpo6sembr Bopcyka
u Hencona—39paéma—Xaapurepa

2.1. ITocranoBku mpodseM u (opMyIMPOBKH TEOPEM

B 3700t jiekiuu Mbl paccKaXkeM O IPUJIOYKEHUSX U3YJEeHHON HAMU TeX-
HUKJ K JBYM KJIACCHYECKHUM 3aJ[adaM KOMOUHATODPHOI reoMeTpuu — IIpo-
6sieme Bopcyka u mpobsieme Hesrcona—39puéma—Xaapurepa.

IlepBas 3amaga, nocrasiennas K. Bopcykom B 1933 1., cocTouT B 0TBIC-
KaHUU MUHUMAJIbHOrO uucia f(n) dacreil MEHbIIEro JuamMerpa, HA KOTO-
pble MOXKeT ObITh pa3bUTO IIPOU3BOJIBHOE OIPAHUIEHHOE MHOXKECTBO B €B-
KJInI0BOM 1pocrpancTee R™. Eciim roBoputh 4yTh 60J1€€ Pa3BEPHYTO, TO
HY?KHO CIepBa JTsi KaxK10ro orpanndennoro 2 C R™ BBecTu BeJMIumy

Q) = min{f: @ = 2| |...[ |2, diam@; < diamQ v i},

rue diam Q= sup |x—y|, & |Xx — y| — eBKJINIOBO PACCTOSIHIE MEXK]Y BEK-
X,y €
ropamu. CoorBercrBerHo, f(n) = max f(Q).

IIpo6iema . Hencona—II. Dpuéma—I. Xagasurepa cdopmupoBaiach
na pybexe 40—50-x romoB XX B., U CBOAUTCH OHA K HAXOXKIEHUIO TaK
HasbIBaeMoro xpomarudeckoro umcia x(R™) eBK/INIOBa IPOCTPAHCTBA.
31ech

x(R") = min{x: R"™ = V1|_|---|_|an Vivx,y € Vi |x—y| # 1}.

Wuadve roBops, XpOMATUIECKOE YHUCJIO MIPOCTPAHCTBA — 3TO MUHUMAJBHOE
KOJIMYECTBO IIBETOB, B KOTOPHIE MOXKHO TaK PACKPACUTH BCe TOYKH R,
9TOOBI MEKJLy OJHOIBETHBIMU TOUYKAMU He OBLLIO PAcCTOAHHA 1.

Wcropust obenx 3a1a9 U CMEKHBIX ¢ HUMH BOIIPOCOB MCKJIIOUUTEJILHO
Gorara u K TOMy XKe JgpaMaThdHa. meercsa oOmmpHasi JUTepaTypa, 110
KOTOPOI MOYKHO O3HAKOMUTBCST CO BCEMU TOHKOCTSIMU MTPOGIEMATHKHA (CM.
[8,10-16]), u MbI He GyjeM 37ech TPATUTh BPeMsl HA HCTOPUYECKHE OT-
crymtenns. CKazkeM OyKBaJIbHO HECKOJILKO CJIOB, JOCTATOYHBIX JIJIST TOTO,
9TOOBI CO3JaTh 00IIIee IPEJCTABICHHEE O 3aa9aX.

Bo-neperpix, 3amernM, uTo B npobieme Bopcyka MOXKHO BIIOJIHE CYUH-
TaTh BCE MHOYKECTBA MMEIOIIUMHE JUAMETp 1; HAIPOTHB, HUYTO HE MEMIACT
HAM B 3aJlade O XPOMATHYECKOM YHUC/IE 3aIPETUTh TOYKAM OJHOTO IBETa
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OTCTOSATD JIPYT OT Jpyra Ha JIo0oe 3aJ]aHHOE HAIlEPE]I PACCTOSIHUE: OJIHO-
POZIHOCTH LpPOCTpaHCTBa moKasbiBaer, uro Hu f(n), uu x(R™) or momo6-
HBIX MomuduKanmit He nmocTpaganT. Kcraru, BeJudnny <«OMHOIBETHOTO»
pAaccTOsiHUSI, KOTOPYIO MbI 3amperiaeM B mpobsieme Hesrcona—9puérma—
Xagsurepa, Tak U HA3bIBAIOT 3ANPEWEHHBIM PACCTNOAHUEM.

Hauee, mpobisiema Bopcyka BbIpocia M3 THUIIOTE3bI TOIO XK€ aBTOpA,
KOTOpBIN npejanosoxkui, uaro f(n)=n+ 1. Eciu 66l rumoresa nomrsep-
JAIaCh, TO 9TO ObLT OB KPYMHBIA ycIeX, TaK KaK BO3HUKJIO ObI HOBOE
onpenesienne pazmepHoctu. K coxasennio, B 1993 r. k. Kan u I'. Kanan
nokazas, ato f(n) > (1,203... 4 o(1))V™, u 370 HATO KOHTPIPHMEPE
K runore3e B pasmepHocTsx n > 2014. Ceiiyac m3BeCTHO, 4TO THIIOTE3a
BepHa 1pu N < 3 u HeBepHA pu n > 298. Jlo cux mop BOIPOC O TOM, UTO
[IPOKMCXOAUT B pa3MepHOCTX 1 € [4, 297], ocraercs OTKPBITHIM. UTO0 110 2Ke
110 BeJImIuHbL f(n), TO HA JAHHBIA MOMEHT HAMJIYYIIUE €€ OLEHKU TAKOBbL:

n

(1,2255...40(1))V" < f(n) < g—i—o(l)

Himxknss onenka mosxydena B 1999 1. aBTOpoM 3TOi OPONIIOPEI, & BEPXHSIA
ycranossiena O. [IIpammowm B 1988 . Camoe yuBrATEIBHOE B 9TOM HCTOPUN
TO, YTO TUIIOTE3a BEPHA JIJIsi MHOXKECTB C IVIAJKOW I'DAHUIEH, T.e., ecyiu
rpanuiia §) HenpepbiBHO Juddepenmupyema, to f(2) < n+ 1. Kazanocs
ObI, KaK OJIN3KO OT IVIAJKUX TeJI JI0 JIOOBIX: OCTAJIOCH TOJBKO HOCTPOUTH
HaJJTEXKAIILY IO AlIPOKCUMAINAIO. AH HET, 1 MBI YBUJIUM, UTO YK€ KOHEIHBIE
MHOKECTBA TOYEK B IPOCTPAHCTBE JAI0T KOHTPIPUMEDHI.

B mpobsieme Hesncona—paéma—Xaasurepa HamboJiee <«TparmdeHs
TOT (QaKT, YTO JaxkKe IPH 7N = 2 XPOMATHUIECKOe UKHCJIO He HAaNIeHO.
Useectro smmib, ato 4 < x(R™) < 7, npuueMm ofe ONEHKH IPAKTHIECKH
TpuBnabubl. Hac, ommako, Oymer OOJbIlle MHTEPECOBATHL 3€CH CJIydait
pacrymeit pasmepuoctu. Ha manmom srame ycTraHOBJIEHBI HEPABEHCTBA

(1,239...+0(1))" < Y(R™) < (34 o(1))"

IlepBoe U3 HUX TPUHAJJICIKUT aBTOPY OPOIIIOPHI, BTOPOE JOoKa3aHo B 1972 r.
. JTapmanom u K. A. Pomxkepcom.

B npunnune, 6;m3ocTh AByX mpobJsieM BUIHA YK€ IO UX ITOCTAHOB-
KaM; OJHAKO J0JIFO€ BPEMs OHU CYIIEeCTBOBAJIM IIOPO3Hb: JIIOIW, 3aHU-
MaBIIIHECH OJHOM 3ajadeil, PEIKO WMeJH [OCTATOYHOE IPEICTABJICHIE
o apyroit. Umenno cozpanue II. Opankiaom u P. M. Yuiconom JsmneitHO-
aJIredpPanIecKoro MeTo/1a, pacCCMOTPEHHOI'O HAMU B ITPOIILION JIEKITUH, IIPH-
BEJIO K BOSHUKHOBEHUIO €IMHOM TOYUBBI JIJIsl PENIEeHUs 33189, U ITO JIUITHU
pa3 MOJTBEpKIAET HAIl OCHOBHOW Te3WC. 3aJad OKa3aJiCh HACTOJBKO
OJIM3KUME, YTO HEJABHO aBTOPOM OBLI MTOJIyUIeH, TPyDO TOBOPs, TaKO# pe-
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syisrar: mu60 (R™) > (1,24...4 0(1))", mbo f(n)>(1,23...+o(1))V™,
T.€. MBI HE 3HAEM IOKA, KAK YJIyUIINTh [IPEKHIE PE3YJIbTATHL

X(R™) > (1,239...40(1))", f(n) > (1,2255...40(1))V",

HO MBI MOXKEM TapaHTHPOBATh CYIIECTBEHHOE VIIydIlleHne XOTsl Obl OIHOIO
n3 nux (em. [13,17]).

B macrosimeit 6porope Mbl JOKAXKEM CJIELYIOIIIE IBE TEOPEMBI.

Teopema 5 (II. ®panki u P. M. Yuicon). Hmeem mecmo nepasercmao
X(R™) > (1,139...40(1))™.

Teopema 6 (A.M. Paiiropouckuii). I'unomesa Bopcyka nesepna npu
ecex n > 561.

O6e TeopeMbI JAI0T HE CaMble CHIbHBIE PE3YJILTATHI CPEJU U3BECTHBIX,
HO U OHU y2Ke BechbMa Oyin3Kd K HAmIydmuM. K ToMy 2Ke B HUX 3aJI02KEHA
CyTh IIOJXO/a, a Hallla 33/Ja4a 37eCh COCTOUT B IIEPBYIO O4Yepeb B yCBOe-
HuM cyTu mpobsembl. Teopemy 5 Mbl tokazkem B § 2.2, Teopemy 6 —B §2.3.

2.2. Jloka3aTejabCTBO T€OpPeMbI 5

IIycts p —mpoctoe gucio, n = 4p. Paccmorpum B R™ COBOKyITHOCTH
BEKTOPOB

V={x=(z1,...,20): 2z € {0,1}, z1+... 4z, = 2p}.

[ousitHo, uto |V|= C2P. Ilpeanosoxum, Mbl packpacuiu Bce R™ B x <

2p
n

Yo [IBETOB C 3ampeToMm paccrosnus +/2p. Torma m ma V ymuwio me
n—1

GoJibllle Y KPacoK. SHAYWT, HalIeTCsl I[BET, B KOTOPHI IIOKpaIieHo 6oJjee
qeM 2C£j BekTopoB u3 V. Ilo Teopeme 2 @pankia—Yuicona B paMKax
JIAHHOTO IIBETA €CTh Iapa BEKTOPOB CO CKAJISIPHBIM ITPOU3BEJICHUEM pP.
Oxnako paccTogHme MexKAy TAaKUMH BEKTOPAaMH PABHO /2p, U 3TO IIpPO-
THUBOPEIHUT UCXOTHOMY IIPEJIITIOIOKEHIIO 0 pacKkpacke. Cie10BaTesbHO,

cr @4
(4,754 ... 4o(1))

n n
X(R") > — = (1,139...+0(1))".
20771

Bce 6b1 x0poro, ma ojHa 6es1a: n He BCSIKOE, HO JIMIINb PABHOE yUeTBe-
pernomy 1pocroMy. Kak 6biTb? Hy»KHO BCIIOMHUTB, YTO IPOCTBHIE YUCIA
BCTPEUYAIOTCs JIOBOJIBHO YACTO B HATYPAJBLHOM DSy, 8 XPOMATHIECKOE
YUCJI0, OYEBUJIHO, MOHOTOHHO PACTET C yBeJndeHneM pa3meproctu. rax,
IIyCTb 71— IIPOU3BOJIBHOE HATYpPaJbHOE YHCJIO. PacCcMOTpUM MaKCHMAJIb-

/ n
HOE MPOCcToe p, Jjisd KoToporo n' =4p < n. lousarHo, uto p < Ve Onnako

B aHAJIUTUYECKOU TEOPUHU YMCesI, KOTOpad 3aHUMAETCsd, B YACTHOCTU, U3Y-
YeHueM paclipe/iesIeHUsd IIPOCTBIX YHCes, eCTh TeopeMa, yTBepKIalolad,
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YTO TIPH N — 00 JIsT NOAXOAIIEro ¢(n) = o(n) HARJETCs IPOCTOE YUCIIO P

Ha UHTEPBAJIE (% —¢(n), %) (cm. [18]). B pesyiubrare umeem

Y(R™) > y(R™) > (1,139...+0(1))" >
> (1,139.. .4 o(1))" %™ = (1,139...+ o(1))".

Teopema mokazaHa.

2.3. loka3aTeyibCTBO TeOpeMbI 6

31ech MBI Tak:Ke IpUOErHeM K ITOMOIIY JUHEHHON ajaredphl; 0JHAKO Ha,
ceif pa3 MOBO3UTLCS MPUAETCS 3HAYUTEILHO OOJIbIIIE.
ITonoxkum n =36 U paccCMOTPUM COBOKYITHOCTH BEKTOPOB

Y={x=(x1,...,xn):x; €{-1,1}, ;mm=aza=23=1, 21-... 2, = 1}.

VHBIMHI CJIOBAMH, Y COCTOUT U3 BCEX BO3MOXKHBIX 36-MepHBIX (—1, 1)-Bek-
TOPOB, Y KOTOPBIX IEPBbIE TPU KOOPAMHATHI PABHBI €IUHUIE M CPEIu
OCTABINUXCH TPUIAINATA TPEX KOOPJMHAT YETHOE HUUCJIO IOJIOKUTENbHBIX.
[omarHo, uto || = 232. MMeroT MecTo JBe OUeBH/IHBIE JeMMEL.

Jemma 3. Jas aobvix X,y €3 eunoanerno (X, y) =0 (mod 4).

Jlemma 4. a) Jaa mobux X,y € X umeem (x,y) =0 (mod 9) mozda
U MoAavko moeda, Ko2da aubo X =y, aubo (x,y)=0;

6) Jas aobvx X,y €5 umeem (x,y) =4 (mod 9) mozda u moavko
moada, xoeda (x,y)=4.

Kaxmomy BekTOpy X € ¥ mOCTAaBUM B COOTBETCTBUE MHOTOYIeH Fy €
EQ[?J4, SRR yn]

8
1

Ry =+ T -Gy
i=1, i4
Buecs y=(1,1,1,y4, ..., Yn), TaK 9T0 B camoMm jsesie Fy 3aBucur b

OT TPHUANATHA TPeX MOCTIEIHNX MepeMeHHbIX. Kpome Toro, KoadduimeHTo
MHOTOWJIEHA Ha Cell pa3 paluoHaJbHbI. TeM He MeHee, JIETKO JIOKa3aTb
CJIEJIYIONIYIO JIEMMY.

Jlemma 5. a) Jasn aobvix X,y €Y umeem Fx(y) € Z;

6) Ecau x,y € ¥ maxoswv, wmo (x,y) =0 (mod 9), mo Fx(y) Z0
(mod 3);

B) Ecau x,y € ¥ maxosv, wmo (x,y)#0 (mod9) u (x,y) # 4
(mod 9), mo Fx(y)=0 (mod 3);

JlokazaTenbCcTBO JIeMMBI MBI OCTaBjsieM guTaTe/ 0. C MHOrOWIeHAME
ke Fy MBI IposieiaeM 3HAKOMYIO HAM MIPOIEAYPY: PACKPOEM CKOOKH U 00-
pEeXKeM CTEeleHH MMEePEeMEHHBIX. TOJIbKO Telepb, ¥Kejas TOOUTHhCS YCIeXa,
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JIOCTUTHYTOIO HAMM B aHAJIOTMYHON CUTYallud paHee, Mbl JIOJI?KHBI I10JIb-

30BaThCst TeM baKToM, 9T Y7 = 1, KOJIb CKOPO MBI UMeeM JIeJI0 C TIPOU3-

BOJIbHOI KOODMHATOI BeKTOopa u3 Y. Hamomuum, aro B §1.3 Mbl paborasm

¢ HyJISMH U €JIWHUIAMH, TAK UTO TaM pedb IIa O TOXKIECTBE Y2 = Y.

B 11060M CJIyuae HOBbIE MHOTOU/ICHBI, KOTOPBIE MbI TAKIKe 0603HAUNM L,

YJIOBJIETBOPSIOT JIEMME 5, ¥ Pa3MEPHOCTb IPOCTPAHCTBA, [TOPOXKJIEHHOIO
7

STUMH MHOTOYJIEHAMH, He TPEBOCXoT Besmmannbl Y. Ok, (ecrecTBenHbIit
k=0
6a3uc B JAHHOM IIPOCTPAHCTBE COCTABJIAIOT OJHOWICHBI, KOTODBIE 3ABHCHT
OT TPHIUATH TPEX IIEPEMEHHBIX, UMEIOT CYMMADHYIO CTEIEHb 110 BCEM
[lepeMeHHBbIM He BBIIE CeMU W CTeleHb He BBINe eIMHUIBI 110 KayK IOl
OT/IeIBHOI IepeMeHHO ).
Jlemma 6. Kakosa 6v, Hu Gbuia COBOKYNHOCTD EKMOPOS

Q=1{x1,...,%xs} C 3,

CKAAAPHOE NPOU3BEIEHUE NOOBLT 08YT PASAUNHBLT INEMEHMOE KOMOPOT He
CPABHUMO HU C HYAEM, HU C YEMBPOMA N0 MOOYAIO 0EBAMD, €€ MOUHOCTID
ydosaemeopsaem HEPAGEHCMEY

7
s=1QI <D Ch
k=0

JokasarenbcrBo jgeMMbl 6. /focTaTodHO yCTaHOBUTD JHHEHHYIO He3a-
BUCHMOCTH MHOTOWIEHOB Fx , ..., Fyx_ Hax Q (cM. gomosnnenue u cp. §1.3).
151 3TOTO K€ Hy?KHO IIPOBEPUTBH, YTO TOXKJIECTBO

C1Fx1(y)+...+csﬁxs(y) =0 Vyex

BBIIIOJIHEHO, TOJIBKO €CJIU ] = Co = ... = ¢g = 0. CuepBa JOMHOXKUM TOK-
JIeCTBO Ha OOLIMIl 3HAMEHATEJNb PAIMOHAJIBHBIX (II0 OLPEIEIeHHIO) Y-
cemx ci, ..., Cs. B pe3yabraTe Mbl BOJBHBI CUATATDH, HE TEpAsd OOIIHOCTH,
9T0 €1, ..., Cs € Z. Janee, BCIOMHAM, YTO UMEET MECTO IIYHKT &) JIeM-
Mbl 5. OH 03HAYAET, 9YTO MBI TAKXKE HE OUPAHMYUM OOIIHOCTD, IIOJIATASI
€1, ..., Cs € Z3 M OHUMAsI OTHBIHE PABEHCTBO HYJIIO B HAIIEM TOXKJIECTBE
KaK CpaBHeHHE IO MOiyJio 3 (MBI [IPOCTO BBIHECEM <«3a CKOOKHU» MAaKCH-
MaJIbHYIO CTEIIeHD TPONKH, JeIANLYI0 KasKIbIi N3 HAIINX KO3 (OUIUEHTOB,
KOJIb CKOpO, KOHEYHO, HE BCE ¢; PaBHBLI HYJIO; HO B IIOCJCIHEM CJIydae
U JejaTh HeYero, Bce W 6e3 Toro B mopguke). Tax, ocTaercd MOKa3aTb,
YTO ¢ HEOOXOIUMOCTELIO

Ch=C=...=2¢C

0

(mo
Kak u B §1.3, BO3bMEM ¥ = X;. Tor/:La (xi,y) =36=
IyHKTa 0) JeMMbI 5 BBHIIOJIHEHO cpaBHeHue Fy, (y) #

v

(mod 9), u B cuny

0
0 (mod 3). B To ke
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BpeMsd 10 yeaoBuio (X7, y)#0 (mod 9) u (x;,y)#4 (mod 9) (j#1i), Tak
YTO 33 CYET YTBEPXKJEHUs B) JIEMMbI 5 BBIIIOJHEHO CDABHEHUE ﬁxj (y)=0
(mod 3). CrnenoBarenbHO, Jyisl KaXKJIOT0 § BEJMYNHA ¢; 00si3aHa JeIUTHCS
Ha 3, u jjeMMa 6 J0Ka3aHa.

Ocy1iecTBUM HEKOTOPYIO «HAJICTPOMKY» Hal Y. DTO U OyJIeT MHOMKe-
CTBOM, JOCTABJISIONINM KOHTpIpuMep K runore3e bopcyka. MTak, Kaxkmo-

My BeKTOpY X = (Z1, ..., Zp) € ¥ COLOCTABUM BEKTOD
x*xx = (x;-x;), 1=2,...,n, Jj=4,...,n,
T. €.
X *X = (ToXyg, ToXs, ..., Tokn, T3Tq, . ..
2 2
ey T3E, LYy ey T4y ooy Ty o ey Lo )e

Tlostyunrcst HOBasi COBOKYITHOCTh BEKTOPOB ., 3JIeMEHTBI KOTOPOil HaXO-
JATCs, KaK HETPYIHO BUJETH, BO B3AUMHO OJIHO3HAYHOM COOTBETCTBUH C
3JeMeHTaMu COBOKyIHocTH Y (u, B wactHocTH, |X*| = 232). Ouesusmno,
gro X* CR™ ¢ m=(n—1)(n —3). Oanako, Ha caMoM Jiejie, MOXKHO CKa-
3aTh TOpas3o OOJIBINE: X* JIEKUT B MOAIPOCTPAHCTBE TPOCTpaHCTBA R™,
nmerormeM pasmeprocts d < C2_s + (n — 3) =561, Tak 4TO B KOHETHOM
cuere ¥* C R%. Haite yTBep:K/IeHIe BBITEKAET U3 JIMHEHHBIX COOTHOIICHMI
xf =1, x;xj =x;T;, TaTj = T3Tj, T2T3 = 1, KOTOPLIE BEPHBI JJIs KOOPAUHAT
JI000T0 BEKTOpA X * X € X*.

Jlemma 7. J[uamemp cosoxynnocmu X* docmuzaemces mHa MET U MoAb-
KO Mer 6eKmopar X * X,y *y, das womopwr aubo (Xx,y) =0, aubo
(x, Y) =4.

JokasarenbcTBo gemmsl 7. I3BecTHO, 9TO (CM. JOMOJIHEHHE)

ex —yxy? = (ex, x5%) + (y+y, y#¥) = 2(x X,y ).

Bwmecte ¢ Tem

n n n n
(xxx,y*y) = szixjyiyj = sz‘yi Zﬂ?iyi
i=2 j=4

= ((xy) - D((xy)-3)

(MBI He 3a0bIBAEM, YTO MEPBblE TPU KOOPAUHATHI KAXKJIOTO BEKTOPa U3 X
dukcuposanbl). Takum 06pazom,

[xxx—y*y[® =2(n—1)(n—3) - 2(x*x,y*y),

U MAKCHMYM JOCTUTAETCs, KOJIb CKOPO CKAJSIPHOE IIPOU3BEJICHUE MUHMU-
MaJbHO. A OHO MUHMMAJBLHO (BBHIY JIEMMBI 3) TOLJA U TOJHKO TOLJA,
Korja 6o (x,y) =0, aubo (x,y)=4. Jlemma 7 nokazana.
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32
[Ipesnonoxum, Ml pasbumu ¥* na f < ———— wvacTeil MeHbIIEro

> Css
k=0
mmamerpa: LF = Q| |... ] Q} Torna malinercs Takas dacTb (), 4TO

7
Q2| > > Ck. Pacemorpum mpoobpas (2; muoxkectsa QF B Y. Kax b

k=0
3HaeM, €ro 3JIEMEHTBI HaXOAATCA BO B3aUMHO OJHO3HATHOM COOTBETCTBHUU

7
¢ Bektopamu m3 QF. Craso 6bth, ;] > Y. Ck. o gemme 6 B Q; ectsb

JIB& PA3JIMUHBIX BEKTOPA X, Y, y KOTOpBIX jmbo (x,y) =0 (mod 9), smubo
(x,¥) =4 (mod 9). Oxmako B cmiy Jyemmsl 4 ju6o (x,y) =0, subo
(x,y)=4. I B ToM, 1 B Ipyrom ciiydae Ha BEKTOpaX X * X,y *y € {1F
JIOCTUrAETCS IUAMETD COBOKYIHOCTH X (cM. jleMMy 7), & 9T0 IPOTHUBOPE-

YUT HallleMy U3HaYaJIbHOMY IIDEAIIOJIO2KCHUTO. HOJIy‘{aeTCH, qTO
232

f(561) > f(¥7) 2 ——— > 758 > 562.
> Chy
k=0
Kontprpumep k rumnorese Bopcyka Mbl MOCTpoman (PAKTUIECKU IIPU

Beex d € [561, 756]. OHAKO JIErKO PACIPOCTPAHUTH KOHCTPYKIMMIO M Ha
GOJIBIIIIE PA3MEPHOCTU. UUTATENIO0 MpeIaraeTcss CaMOCTOSATEIbHO Cle-
JIATB 9TO, XOTsI UMEETCsl U CChLIKA HA CTATHIO, B KOTOPOIl COOTBETCTBYIO-
Uil pe3yJbrar ObLI ITOJIyYeH TOTrJAIIHUME INKoJabHuKaMu A. laiidyiin-
w1 1. T'ypesuuenm (cm. [19]). Teopema 6 mokasaHa.

3agaun

8. Hoxaxute, aro Beauuunbl X (R™) u f(n) KoHeuHsbI.

9. (Teopema /1. Jlapmana, K. A. Podoicepca, I1. Opdéwa u B. IHlow). U3
pesysbTaTa 3a1a9n 3 BhBeauTe orenky X (R™) > cn?, ¢ > 0.

10. (Teopema /. Jlapmana). VI3 pesynbrara 3agaun 4 BbIBeAUTE OLEHKY
X(R™) = en3, ¢>0.
11. (Teopema /. JIapmara u K. A. Podoicepca). Toxazkure, ato y (R1) > 19.

12. TIycrs B C R™ —map. Hdokaxure, uro f(B)<n+ 1. MoxHo s pas-
OUTDH ImIap HA N 9acTell MEHbIIEro auamerpa’

13. (Teopema B. Baticcbaxa). IonbrraiiTech cierka MoauduIapoBaTh J10-
Ka3aTeJIbCTBO TeOpeMbl 6 ¢ TeM, ITOOBI OMPOBEPTHYTH TUoTe3y Bop-
cyka B pasmepHocTa 560.

14. Ilycrp V — npousBoiibHAs COBOKYNHOCTH n-MepHbIX (0, 1) — BEeKTOpPOB.
ITpu Kakux n MOXKHO yTBepkKAaTh, uro f(V)<n+ 17



Jlekmus 3

Yucaa Pamcesa

3.1. Onpenenenns u GopMyJIUPOBKH PE3yJIHTATOB

Hayxka, koTopyrto mpuaATO HA3bIBATL «Teopueit Pamcesy, Hadama OypHO
pa3BuBaTHCH ele B mepBoil mososuie XX B. Henb3st ckazaTh, 9T0OBI cam
Pawmceit, omybimkoBaBIuii 3aMeuaTeIbHYIO U, IO CYIIECTBY, SIOXAJbHYIO
crarbio B 1930 1., ObLJ1 UMEHHO OCHOBATEJIEM HAYKHU; U JI0 HErO Pa3jIndHbIe
ACIEeKTHl MPODJIEMATHKYE HE pPa3 PacCMATPUBAJIICh MHOTUMHU aBTOPAMHU.
Bcee xe pesynbrar Pamcest siBuiicst oaHOit M3 IMIaBHBIX BeX B (hopMuUpo-
BaHUU Teopuu. Ecam roBopuTh coBceMm o0IMo, Teopus Pamces cocTout
B OTBICKAHUU <«HEN30€KHBIX 3aKOHOMEDPHOCTel» BHyTpu Xaoca. 1yTh 60-
Jlee KOHKPETHO MOXKHO C(OPMYJIUPOBATH OCHOBHYIO 3aJiady ITOW HAayKH
CJIEIYIOIIMM 00pa3oM: TpebyeTcs J10Ka3aTh, YTO, KAK Obl Mbl HU pa3bmin
HEKOTOPYIO COBOKYITHOCTH OOBEKTOB HA YACTHU, HAWJIETCS IaCTh, COIEPIKA-
masi OTPEJIIEHHYI0 MOJACTPYKTYpy. OHA U3 KJIACCHYIECKUX TEOPEM Teo-
puu Pamces npunaggexxur B.JI. Bar nep Bapaeny: npu atob6om pazbueruu
HAMYPAALHOZ0 PAOA HG KOHEUHOE YUCAO Yacmeli 8 HEKOMOPOT Yacmy ecmb
cKOAL Y200Ho daunnve apupmemuyeckue npoepeccut (em. [20]). Tlo Teo-
puu Pamces umeercst obiupHas aureparypa (cM., Hanpumep, [1,4,21,22]),
U MBI HE CTAHEM JIa’Ke IBITATHCS OXBATHTH B ITON JIEKIIUA BCE MHOTOO0-
pasue «paMceeBCKuX» 3aja4d. Hac GyeT nHTepecoBaTh MMEHHO Ta 331844,
KOTOPYIO BIIEPBBIE PacCMOTpes caMm Pamceil B CBOeil OCHOBOIIOJIArAOIEN
pabore 1930 r. Ilepeiizem K ee mocTaHOBKE.

Iycre K, —210 nosmelii rpad Ha N BepIIMHAX (CM. JOIOJHEHHE).
st Kaxk70ii mapbl HATYDAJIBHBIX S, ¢ oupepeiauM wucao Pamces R(s, t)
KaK MuHEMajbHOe N € N Takoe, uro mpu J060ii packpacke pebep K,
B KpaCHBII 1 cuHwmii mBera jubo Haiijgercss K C K, y KOTOporo Bce pebpa
Kpacuble, jqubo Haiimercs K; C K,, y Koroporo Bce pebpa cunwme. Ilo-
HSITHO, YTO U 3J/IeCh PeYb UJET O HAJUINHN <«PEryJISPHON MOJCTPYKTYPhI»
B CKOJIb YTOJIHO <«XaOTHIECKOM» pPa30MeHNN MHOXKECTBA pebep IOJTHOro
rpada Ha JBe YacTu («PacKpacuTb» U «pa3bUTh» CYyTh CHHOHMMBI B Ha-
IIeM KOHTeKCTe). YTBep:KieHue o ToM, 9ro R(3, 3) =6, MHOrHe 3HAIOT €O
IIKOJIBI. 3BYYUT OHO OOBIYHO TaK: «Cpeiy JIFOOBIX IMEeCTH YeJOBEK JIOO
Tpoe JPyr C APYrOM IIOMapHO 3HAKOMBI, JUOO TpOe APYr € JPYyrOM IIO-
[APHO HE 3HAKOMBI». 371eCh pebpaM KPaCHOTO I[BETa OTBEYAIOT, HAIIPUMED,
mapbl 3HAKOMBIX JIIOJIell, a pebpaM CHHEro IBeTa — Mapbl HE3HAKOMBIX.
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B 310it cBs3u yuo6HO nepedopMyIMpOBATh 3a0a4y CJIELYIOIUM 00PA30M.
Mpur ckazem, uro R(s, t) —3ro munuMaiabsHoe n € N, Takoe, 4ro y j11060ro
rpada G = (V, E) ma n Bepmmuax ysmbo w(G) > s, mbo a(G) =t (cm.
ponosaenne). OTMeTHM, YTO 10 MOHATHBIM IpuduHaM ducio R(s, s) upu-
HATO HA3BIBATDH «JIUATOHAJBHBIMS.

TlepBhlil 2ke BOIPOC, KOTOPDIH BOSHUKAET B CBA3M € YucIaMu Pamcest, —
9TO BOIIPOC O KOPPEKTHOCTHU UX OIPEJEJICHUS: [I0UeMY, COOCTBEHHO, TAKOe
MuUHHMaJIbHOE N cymectByer? Cpady fCHO, KOHEYHO, 9TO IPOOJEM HeT
¢ Besmunnamu R(1,¢) =1 («Bce kpokommibl B peke ly6Ha KpacHbles)
u R(2,t) =t. Oxuako orbicKanne BesmanHbl R(3, t) —3a1ada yxke Kpaiine
HeTpuBHajibHast, ¥ juiib B 1995 r. Kum ycraHoBmwI IpaBUIbHBIA HOPSIIOK
pocra dyuxmn R(3, t)

(ks +0(L) i < RE.1) < (1+0(1) .

Pasywmeercsi, 3mece Her TouHON hopmysibl, Kak mpu s =1, s =2. Tem He
MeHee, pe3yJIbTaT COBEPINEHHO Bhljaromuiicsa. Mexy mpodnm, HUKHs
OTIeHKA, KOTOpasi, COOCTBEHHO, W MpUHAIeKUT KuMy, moJIydeHa ¢ moMo-
IBIO0 BECbMa TOHKUX BEPOSITHOCTHBIX coobpakenwuii. Tam u miceBaocydaii-
Hble rpadbl, 1 MAPTUHTAJIbI, 1 MHOI'HE JAPYTUe UCKJIIOYUTEBHO IPOIBUHY-
Thle HHCTPYMEHTHhI. EcTecTBEHHO, MBI HE CTaAHEM M3JIaraTh B 9TOM OpoIIope
COOTBETCTBYIOIIEE PACCY K IeHIEe, 3aHUMAOIIEe B OPUTUHAJIBHOM YKy PHAJIb-
HOIi CcTaThe YeTBEPTHh COTHU cTpanull. Ham erme GyJeT 0 4eM MOrOBOPHUTh.
Bupouewm, cierka 6osee ciaaboe HEPABEHCTBO, HEXKEIN HepaBeHCTBO KuMa,
MBI BKPATIIE OOCYIAM.

Yro racaercst uncen R(s, t), s >4, 1o TyT Bce nokpeiTo MpakoM. O rHa-
KO Koe-4To (1 Jlaze, CKopee, MHOroe) n3BecTHO. Hanpumep, Mbl 3HAEM, 9TO
R(s, t) Bcerga cymecrsyer. IlepBbiM, ycraHoBuBIIUM 3T0, ObL1 cam Pam-
ceff, HO €ro BepXHUe OIEHKHU YePecdyp POMO3JKU, U Mbl UX HE IPUBOJIUM.
3aro B 1934 r. I1. 9paém u I'. Cekeper 1o0Ka3a/m CJIEIYONYIO TEOPEMY.

Teopema 7 (IT. 9paém u T. Cexepem). Hmeem mecmo pekyppernmroe
HEPABEHCMEBO

R(s,t) < R(s—1,t)+ R(s,t—1).

Teopema Dppéma—Cekeperia uMeeT HECJIOXKHOE JI0KA3ATEIHCTBO, U
MBI OCTaBJIsIeM ero uurareno. HeTpygHo 3aMeTUTb, UCXOd U3 KJIACCH-

geckoro kombumaroproro toxaecrsa CK = CK~1 4 CF_ | wro Bmecre

¢ HagaubHbiMu yesoBusMu R(1, s) = R(s, 1) = 1 pekyppeHTHOe HepaBeH-
cTBO Batever omerky R(s,t) < C2.) ,. B wacTHOCTH, AMATOHATBHOE THCIO

Panicest e npesocxoyut sesmanant Oy, Ly rze ¢ >0 — abcomoTHaA

A
cy/s’

MTOCTOSTHHAS, JIETKO BBIBOJMMast 13 (popmMysibl CTUDJIHHTA.
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IlopazuTenbHO TO, YTO 38 MPOIIEJNIAE C MOMEHTA, ITyOJIUKAIIUN CTATHU

45
/s

HE YJIy4IInI. DTO, HECKOJIBKO IT030PHOE, 06CTOSTENIbCTBO, JOZKHO TOJIBKO
MOJCTErnBaTh HacC K 60pbhbe ¢ mpobiemoii. Bpodem, koe-uro mokaszamno. Ha
JIAHHBIA MOMEHT CaMblii CHJIbHBIN pedysbrar npuHaiiekut 1. Komrowny,
KOTOPBIii IIOKa3aJ1 OYKBAJILHO IO Ha3ak, 9TO

Opuéma—Cekeperna 72 rozga, HepaBeHCTBO R(s, s) < HHUKTO, IO CYTH,

In? s
R(s,s) < e "lms -4°, 4 > 0.

2

IMadoc onerkn B ToM, uro byHKIuS €(s) = ewllnnl—nss crpeMuTCsl K 6ecKo-
HEYHOCTH ObIcTpee JIFOOro MOIMHOMA (TaK YTO 9Ta OIEHKA Kyja JIydIle
HEPABEHCTBA C KODHEM U3 § B 3HAMeHaTese), a ee cJaabocTb 00yC/IOBIEeHA
TeM, 4TO KaK /S, Tak u e(s) — pyHKiuu, 6eCKOHEYHO MaJible B CDABHEHUU
€ 9KCIIOHEHTOM 4°, BBUJY Yero B 0O0OMX CJIydYasiX Mbl MOIJIM Obl 3aIlMCAThH
HepaseHCTBO Tak: R(s, s) < (44 o(1))*. Korna Mer paboTaiu ¢ npobiema-
vu Bopcyka u Hejicona—39paéma—Xaapurepa, HaC He CJAUIIKOM 3a00THII
BH/JI «O MAJIOTO», & TEIEPh BOT MOIM K Thl — KOBBIPIEMCSI U C HUM; HE OT
«xoporneii )uzuu» 310. OTMmerum eme, 410 BYHKIWA €(S) COBEPIIEHHO
HEOXKUJAHHO TIPOSIBUTCS B MHOM KOHTeKcTe HmKe. CKopee Bcero, To Gymer
IIPOCTOE COBIAJIEHNE, J1a KTO 3HAET?

Koab ckopo ¢ BepXHUMHE OIIEHKaAMU MBI 00Jiee WJIM MeHee Pa30bpanch,
HMHTEPECOBATH HAC OyJIyT OTHBIHE OIEHKM HUKHME. HacKoJIbKO, TaK CKa-
3aTh, IJIOX mau xopor pesyabrar Kommona? Ceiiuac mbl cchopMmymmpyem
JIBE TEOPEMBI: PE3YJILTAT IEPBOM M3 HUX, KAK Mbl YBHIAM HUXKE, CJIETKA
ciabee pe3yabTaTa BTOPOIL; sl HAC Ke aKTYaJbHBI OYJIyT MMPEXkKJie BCEro
METOJIBI JOKA3ATE]bCTBA, K KAKOBBIM MBI, 0€3yCIOBHO, OOPATUMCS 9yTh
IO33KeE.

Teopema 8 (II. Dpuém). Ecau n u s makosol, wmo 6’321’05 <1, mo
R(s, s) >n.

Teopema 9 (/Ix. Cuencep). FEcaun u s makxogvl, 4mo

e(C2C57 2 +1)21% < 1,

mo R(s, 8) >n. 3decv e=271 ... — ochosanue HamMyparvhozo A02aPUPMA.
Imeror mecTo cieacTsBus.
Caencreue u3 TeopeMsl 8. IIpu s > 3 6uinosnena ouenxa

R(s, s) > [23].

CaencrBue u3 TeopeMsbl 9. Buinoarena ouyenxa

R(s, s) > ?(1 +0(1))s23.
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Teopema 8 ObL1a JOoKazaHa JpaéneMm B 1947 1., a Teopema 9 moJryueHa
Cuencepom Jjuinb npumMepro 30 Jier cirycrs. BuiHO, 94TO pasHula MeXKLy
PE3YIILTATAME OISITh-TaKU (KaK U B CJIy4Yae BEPXHUX OIEHOK) HE CJIMIIKOM
BeJIMKa: U B TOM, U B APYIOM CJIydae pedb HIET O HePaBeHCTBE BUIA
R(s,8) > (V2 +0(1))®, npudem crieHcepoBCKOe HEPABEHCTBO BOBCE HUKAK
JIO CHX TIOp He yJrydrieHo. Mrax,

(V2+0(1))* < R(s, 5) < (4+0(1))",
nm, 6ojiee TOYHO,

\/5 s _ In? s
~—(1+0(1))s22 < R(s,s) < e "nlns -4°,
(&
JIi060e HOBOE yCujIeHNe OIEHOK OYIEeT 3/1eCh OIPOMHBIM JOCTHXKeHuEM!
Teopemy 8 mbr jtokaxkem B § 3.2, Teopemy 9 — B § 3.3. Heckouibko cjioB
O TOM, KaK BBIBOJUTH U3 JAHHBIX TEOPEM CJIeJICTBHUsI, MbI CKaxkeM B § 3.4.

B §3.5 MbI 06CynM HUKHIOO OIeHKY Jutst R(3, ).

3.2. Jloka3aTeyibCTBO TEOPEMBI 8

Hawm Hy?KHO 1T0Ka3aTh, 9TO IPHU HAIIIEM 7, CYIECTBYET pacKpacka pebep
K,, B KpacHublit U CUHWiI 1BeTa, MPU KOTOPO#l Bce mosmHble moarpadbr K
rpada K, HeOIHOIBETHBI (T. €. COJePXKAT U CUHUE, U KpacHble pebpa). Cy-
[IECTBOBAHNE PACKPACKH MBI JIOKAYKEM C IIOMOIIBIO TEOPUU BEPOSITHOCTEA.

Ilpuceonm KazkjaoMy pebpy TOT WJIM MHOI IBET C BEPOSITHOCTHIO 3
IpUYeM TaKOTO POJIA CIYYaiHyI0O pACKpacKy pebpa MbI OyJeM OCYIIECCTB-
JISITH HE3aBUCUMO OT TOT'0, KaK pacKpalleHbl Jro0be apyrue pebpa. Nnaue
roBOPsi, MbI CUATaeM BCe pacKpacku pebep K, B JBa IBeTa paBHOBEPOSIT-
HBIMH, TaK 9TO, €CJIU X — HEKOTOpas KOHKPETHAs PACKPACKa, TO BEPOST-
HOCTH €e BO3HUKHOBeHus ectb P(x) = 2-Cn.

Hycre K, =(V, E), tue V={1, ..., n}. Hua xaxmoro S CV, |S]|=s,
BBeZieM cobbiTue (cM. pomosiHenue) Ag, coCTosIee B TOM, 4TO Bce pebpa
nosiHoro rpada Ky ¢ MHOXKecTBOM BepmuH S ogHongerHbl. O4eBHIHO,
P(Ag) =2'"C2. CnenoparensHo,

P( U A5> < Z P(As) = 0221_062'.
sScv Scv
VeioBHe TEOpeMEBI IaeT HaM OINEHKY

P( UAS) <1,

ScV
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u, cTayo ObITh, P ( N AS) >0 (uepra O3HAYAET OTPHUIAHHUE COOLITHS).
SCcV

Ho B cobbitun [ Ag J1esKaT IMEHHO Te packpacku, KOTOpble HaM HYZK-
SCV

HbL. Pa3 BeposSITHOCTB 9TOr0 COOBITHS IIOJIOXKUTEIBHA, TO U COOTBETCTBYIO-

mye pacKpacKu CymecTByIoT. Teopema JloKa3aHa.

OTMeTHM, YTO OIAThb-TAKU HUYErO HE CTOUJIO JI0KA3aTh TEOPEMY HE Ha
BEPOSTHOCTHOM, a Ha KOJUIECTBEHHOM s3bIKe. 1eM He MeHee, coobpazke-
HUSI TEOPUH BEPOSITHOCTEH TYyT yKe KaK HeJIb3sl KCTATH, U Mbl yOeammMcs
B CcHJIe MEeTOa IIPU JI0Ka3aTe/IbcTBe TeopeMbl 9. TaM BeposiTHOCTH pacKpo-
eTcsd BO Bceil cBoeil Kpace.

3.3. loka3aresibcTBO TeopeMbI 9

31ech MBI BOCIIOJIb3yeMCsl IIEHTPAJIBHBIM IIOHSITHEM TEOPUU BEPOSITHO-
cTelt — MOHATHEM HEe3aBUCUMOCTH COObITHiT. OKaXKeTCsl, 4TO €CJIU COOBITHS
Ay, ..., A, «HE CIUIIKOM CHJIBHO» 3aBUCHMbI, TO IIPU HEKOTOPBIX YCJIO-

BHSIX JIETKO OIIEHUTDH CHU3Y Bejndnny P ( N Ai); a MbI IIOMHHUM, YTO TaKasd
i
BeJIMYIMHA KpaifHe MoJIe3Ha pU pelrennn Hammeil 3aga4an. B aeificTBuTeb-

HOCTH, OT 9TOW BEJUYIUHBI U JEThCSI HEeKyda. KOHeIHO, MOKHO ObLIO ObI
[BITATHCS PACIUCATD ee 10 «(DOpMyJie BKJIOYEHUH U UCKJIIOYeHuii» (cM.,
HanpuMmep, [1]), HO 3TO BecbMa HeGJIArOJAPHOE ¥ MAJIONEPCIEKTHBHOE 3a-
HaTHE. BMECTO HEro Kak pa3 U IIPUMEHSIETCS TOT MOIIHBIA UHCTPYMEHT,
0 KOTOPOM ceiiyac HoiJeT pedb.

IIycrs Ay, ..., Ay — coObITHS Ha KAKOM-TO BEPOSITHOCTHOM IIPOCTPAH-
crie (2, F, P). MbI ckaxeM, 4T0 A; «HE3aBUCHMO OT BCEX OCTAJBLHBIX CO-
ObITHIT, KPOMe, OBITH MOXKET, d», ecin HaiigyTcs coberrust Ay, ..., A,
d=0,1,2,..., OT COBOKYIIHOCTH KOTOpPbIX A; He 3aBucuT (CM. JOIOJIHE-

)

uue). Ecim d =0, T0 MBI IpUXOAUM K OOBIYHOI HE3ABUCHMOCTH B CO-
BOKYIHOCTH, W, 9€M OOJIbIie d, TeM CTENEeHb COBOKYITHON 3aBUCHUMOCTH
HAIKMX COOBITUI B HEKOTOPOM CMBICJIE BhINIe. VIMeeT MECTO 3aMedaTebHas
JIEeMMa, KOTOPYIO, BOOBIIE-TO, CIeJ0BAJIO Obl HA3BIBATH TEOPEMOil (1a Tak
YK CJIOYKIIIOCD).

Jlemma 8 (JI.JIosac). Ilyemwv Ag, ..., Ay — cobbimus wa KaKkom-mo
seposmuocmmom npocmpancmee (2, F, P). Ipednososicum, P(A;) < p
oas mobozo 1. Honycmum, danee, kaoxcdoe A; mesasucumo om ecex
ocmanvruir cobumul, kpome, Oums mooicem, d, npuvwem ep(d+ 1) <1
(3decv e=271...). Tozda

P(ﬂE) > 0.
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Jlemmy 8 mazwiBator «JlokasbpHoit jemmoit JIoBacay. OHa ObLIa JT0Ka-
3ana B cepeaune 70-x rogos XX B., u 3a mnporreamiue ¢ Tex mop 30 jer oHa
HAIILJIA BEJIMKOE MHOXKECTBO pasHo00pa3Hbix npumenenuii (cm. [4]). Mol ne
CTaHeM JIOKA3BIBATH JIEMMY 3J1€Ch, OTCHLIAs YUTATENIS K COOTBETCTBYIOMNIEH
Jiareparype. 3aMeTUM TOJIBKO, YTO [IPU YKEJIAHUH YATATE]Ib BIIOJIHE MOXKET
JIOKa3aTh JIEMMY U CaM. 3aMETUM TaKzKe, UTO 3araJlovqHasl KOHCTAHTa €
B (opMyJINpOBKE CyNIECTBEHHA M HUYEM MEHBINNM ee B ODIIeM Ciiydae
3aMEHUTDH HeIb3s. BrpodeMm, o00CHOBaHUE 3TOTO (PaKTa COBCEM HETPHUBU-
AJIbHO, U OHO-TO y2K TOYHO BBIXOJUT 3a PAMKH JIAHHOI GPOIITIOPHI.

IIpumennm JTOKaIBHYIO JJEMMY K HAIeil cuTyaruu. Y HAC B POJIX COOBI-
THIi BEICTYIIAIOT MHOXKECTBA PACKPACOK Ag, OIpeie/IeHHbIE B IIPEJIBLILY IEM
maparpade. Tam ke Mbl (paKTUIECKHU JTOKA3AIU, ITO P = 21-CZ . Ocraercs
pazobparbest ¢ BeqmuanHoit d. OjHako sicHo, 9ro jioboe Ag He 3aBUCHT
or coBokymHOCTH Tex Agr, y xoropex |[SNS'| <1 (mpocro Torma y co-
OTBETCTBYIOIIUX TOJHBIX IpadoB HET 00mux pedep, ! JIETKO MPOBEPUTh,
YTO pacKpacka JH00ro U3 HUX HUKAK He BJIUsET Ha PACKPACKY JPYroro).
Orcroza cieyet, 9To d eCcTb, HAIPOTHUB, KOJTMIECTBO TAKUX ITOJIMHOYKECTB
S CV (em. §3.2),uro |SN S| > 2. Honarwo, uto d < C2C3~2, u Teopema 9
JIOKa3aHa.

3aMeTuM CrepBa, 9TO ONEHKY BeJMYuHbI d MBI cjierka orpybuau. I1po-
BepbTE CAMOCTOATENBHO (cp. §3.4), 9TO 3TO HAC CMyIIaTh HE JIOJXKHO.
Hasee, Mbl 3HaeM (u Mbl ybeJuMcst B 9TOM B cjejyomeM naparpade),
qro Teopema 9 He MHOrMM cuiabHee Teopembl 8. Kaszajock Obl, m 4ro
oCJIe ATOrO MPOKY B JIOKabHOU Jiemme? CTOMIIO Jin ee Tak XBaJuTh? A
JeJI0 B TOM, YTO B JIAHHOI-TO KOHKPETHOI CATYyalluy 3aBUCUMOCTEN! Cpein
HAIUX COOBITUIl OYE€Hb MHOTO, M 3TO, K COXKaJIeHUIo, Bpeaut. B § 3.5 MbI
YyBUIMM, 9TO OblBaeT MHade: K OleHKe uncia R(3,t) sokagbHas JieMma
KyJla Kak 60Jiee IPIMEHNMA, HEYKEJIN YeM K OIEHKE JMaroHaJbHOTO YUCIIA.

3.4. OOcyxieHue cieJicTBUil U3 TeopeM 8 u 9

CoBceM IPOCTO BBIBOJIUTCS CJIEJICTBHE U3 TeopeMbl 8. B camom jeire,

E]

n
C, < —, 4, KOJIb CKOpO,
St

n
$2

272
Mbl nmeem Cf < —-. 3Hauur,
8!
2

. s_ ; 1+ 2
Cosol-C? 22 .217§+§ _ 22
" s! s!
1+3
Herpynuo Busers, uTo <1 upu s = 3.

s!
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AnanuTudeckasi BO3HsI CO BTODBIM CJIEJICTBUEM HOCHUT CJjierka 6oJiee
[IPOTUBHBII XapaKTep, HO, IO CYIIECTBY, [EATEeILHOCTh aOCOIIOTHO aHAJIO-
ruvgHas. Mbl OCTaBjIsgeM ee YUTATENIO0 B KAYeCTBE HECJOXKHOIO W, Ha HAII
B3IJId/1, 110JIE3HOT'O yIIDasKHEHN.

3.5. O6cyxaenue amxHeil onenku aius R(3, t)

B srom naparpade Mbl 06CcynuM OIEHKY

2

In2¢’

R(3,t) > ¢ ¢ > 0.

Dra oueHka 4yTh cyiabee TouHOro Hepasencrsa Kuma (cm. §3.1), Ho oriu-
une B jorapudM pa3 B ONPEIETEHHOM CMBICJIE HE CJIMMIKOM CyIIECTBEHHO,
a Teopemy Kuma HaM 311€Ch Bee paBHO He U3JIOXKUTL. /1 ToKazaTeabeTBa
OLIEHKHN TIoTpedyeTcst Gosiee 00Ul BapuaHT JIOKaJIbHOH JeMMbl JloBaca,
HeXKeJIn TOT, KOTOPBIi comep:kuTca B jemMme 8. B cBoio ouepenn, jeM-
Ma 8 OKAXKETCST YACTHBIM CJIyIaeM JIEMMbI 9, KOTOPYIO MBI ChOPMyYTHpPyEM
HUKE. 3aMeTHM Cpaldy, 9To 6e3 jieMMbl JIoBaca HUYEro JIydInero, 4em
HepaBeHcTBO R(3,t) > ¢t, ¢ > 0, yCTaHOBUTBH, [0 CYTH, HEJIb3sl. TaKuM
06pa3oM, cefidac Mbl, HAKOHEI, MOJYyYHM BECbMa 3HAYUMYIO AIOJIOIHIO
MeTo/IA.

IIycrs Ay, ..., Ay — cOOBITHS Ha HEKOTOPOM BEPOSTHOCTHOM IIPO-
crpancrse (€2, F, P). Beegem nonstue opuenmuposanrozo zpaga (opepa-
da) sasucumocmed, a uUMeHHO, paccMorpuM Jjoboit oprpad G = (V, E),
y KOTOPOTO

V= {Al, ..., A}

u Kazkjoe coobiTre A; He 3aBUCUT OT COBOKYIHOCTH COOBITHIT (CM. JOMOJI-
HEHHe), ¢ KOTOPBIMU OHO He coeinuneHo pebpamu. VHbiMu cioBamu, eciu

Ji, ..., Jk —9TO BCe HHIEKCHI, I KOTOPIX {A;, A; } ¢ E (momuepkuem,
9ITO MOPsIIOK d1eMeHTOB B mape {A;, A; } Baxken), To A; He 3aBucur
OT COBOKyHIHOCTH cobbITuil Aj , ..., A; . W3 onpenenenus BUIHO, UTO,

BoODIIE TOBOPsI, oprpad 3aBUCHMOCTE 3aaeTcs HeoAHo3HaIHO. OTHAKO
3aBUCUMOCTH MEKJy COOBITUSMH OH OTJIMYHO YJIaBJUBAET: YK KOau Aj;
u A;, HalpUMep, 3aBUCUMBI, TO HEIIPEMEHHO B oprpade IosgBuTcd 1 pedbpo
{4;, A;}, u pebpo {4;, A;}. Bosee Toro, cymecTByoT TOHKHE CHTYaLIH,
Korjia pebpa «Tymaa-00paTHO» BECTU He 00s13aTeJIbHO. JTO CBA3AHO C Pas-
JIMYUAMH B HMOHSTUAX, CKayKeM, IMOMapPHONR U COBOKYITHONW HE3aBUCUMOCTU
(em. zagaay 21). Jljps mymieil siCHOCTH OPUBEIEM HPOCTOH M B TO ¥Ke
BpeMsi HamboJiee aKTYaJbHBINA Jijist HAc npumep. [losoxkum n =15, s =3
B obozHavenusx §3.2 u paccMoTpuM coObITHsT Ag, KOTOpBIE DUTYPUDYIOT
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As,
ASQ \ AS4
Agl A55
ASw ASG
As As
9 AS8 7
Puc. 1

B TOM 2Ke naparpade. 3aHyMepyeM 3TU COOBITHS B CJIELYIONEM IIOPSIIKE:
Sl = {17 2; 3}7 52 = {17 2) 4}7 S<3 = {1a 27 5}7 54 = {17 3; 4}7
Ss ={1,3,5}, Se=1{1,4,5}, Sy =1{2,3,4}, Ss=1{2,3,5},
So ={2,4,5}, Si0=1{3,4,5}.
Houngaruo (cp. §3.3), uro Ha puc. 1 nzobparken HanboIee €CTECTBEHHDIH Op-
rpad 3aBucuMocTedl qys cobbituil Ag, , ..., As,,. Ha pebpax Mbl opuenra-
[IMIO HE YKAa3bIBaeM, HO ITOJIPa3yMeBaeM, dTO KaxKji0e pedOpo COOTBETCTBYET

JBYM HaIpaBjeHHbIM pebpam. Temepb MBI TOTOBBI CPOPMYIUPOBATH 00-
it corygait semMmol JloBaca.

Jlemma 9 (JI. Jloac). Hycmo Ai, ..., Ap — cobbimus Ha KaKkom-mo
sepoammocmmom npocmpancmse (2, F, P) u G=(V, E) — a060 opepad
uz sasucumocmet. IIpednoroscum, 1, ..., Ty maxoso, wmo x; € [0, 1),
t=1,...,m, u

PA) <z [ -z, i=1...,m
j: {Ai,AJ}EE
Tozda

m
P ﬂ A,L' 2 (1 - J,‘i).
i i=1
B npemwme JaeTCA dBHadA OIECHKaA HHTepeconmeﬁ HaC BEpPOATHOCTH, HO

HaM, KaK IIPaBUJIO, ITO-TIPEXKHEMY BarKHO TOJIBKO CJIEJ/ICTBUE: P( N Ai) >0.
i
Ilo moHaTHBIM TpPUYMHAM JIEMMa 8 HA3BIBAETCHA «CUMMETPUIHBIM CJTyda-

eM» JieMMbI 9: B Hell Bce COOBITHS PABHO3HAYMMBI C TOYKH 3PEHUS OIle-
HOK ux BepositHocTeil. Herpynuo BoiBectn jemmy 8 u3 jemmbl 9. Hyxkmo
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paccMorperhb JBa caydas (cM. Jemmy 8): d =0 (CoOBITHsI HE3aBUCUMBI
B copokymHocTH) 1 d > 1. B mepBom cirywae MBI cpasy ke nMeem

P(ﬂE) [0 P = [0 -p) = (1-p)" > (1-2)" >0
7 =1 i=1

(IIpeamociieiHee HEPABEHCTBO BbITeKaeT u3 yciobus ep =ep(d + 1) < 1.)
Bo BTOpOM ke cilydae MbI HOCTPOUM TAaKOi oprpad 3aBHCHMOCTEH, YTO
{j: {4, Aj} € E}| < d (370 MOXKHO CIieJIaTh 3a CUYET yCJIOBUSA JIEMMEL 8),

U TIOJIOYKUM T; = a1 < 1. Torma, B camom JeJe,
1 1 1 \¢
PA)<p< =0 <n(l-g) <o [T -

7 {A,’,,AJ‘}EE

TaK 9TO IPpUMEHUMA JeMMa 9, U BCe B TOPSIJIKE.
Jlemma 9 nokasbiBaercs ¢ IOMOLIBIO MHAYKIMU (3a1ada 17), HO MbI

JI0Ka3aTeJIbCTBO HE ITPUBO/INM.
2

Kaxk ke u3 slemmMbl 9 nostyanTsb HepaBeHcTBO R(3, 1) > chi—gt? HeiicrBo-
BaTh HyKHO 110 cxeMme § 3.2, 3.3. Tam packpacku ObLTH PABHOBEPOSTHBIMIT;
371eCh 7K€ HMMeEeTCsl OYeBUHBII alpUOpHBI aucbajaHc: Mbl CTPEMUMCH
waiitu 6o cunnit K3 C K,, («rpeyroibuuk» ), jmubo kpacubiii Ky C K.
ITousaTHO, 9TO HEPa3yMHO Telepb PUCBaNBaThL peOpaM IBeTa ¢ OJIUHAKO-
BBIMU BEPOSTHOCTSIMU. ByJIEM CIUTATH, YTO CUHUH IIBET BOSHUKAET C BEPO-
araocTbio p € [0, 1], a KpacHbIli — ¢ BEPOATHOCTBIO 1 — P, COOTBETCTBEHHO
(«Haz KaxkapIM pebpoM» 0AOPACHIBAEM MOHETY CO CMENIEHHBIM IIEHTPOM
THXKECTH: BBIIAQJIAET PENIKa — KpacuM pebpo B KPACHBIH IBET, BBINAIAET
OpeJI — KPachuM €ro B CUHHI IBeT; 6poCaHusl MOHETHI HE3aBUCUMBI B COBO-
kynaoctu). IIpu aroM MBI IOKa He 3HaeM, YeMy PaBHO Pj; MbI [I0A0GEpPeM ero
MO32Ke U3 COOOpaskeHuii HEKOTOPOH onTuMmusanuu. Bosee TOro, p MoXKeT
BIIOJIHE 3aBUCETDH OT 1.

Beenem giist kaxkgporo T CV ={1,...,n}, |T| =3, (cp. §3.2, 3.3) cobeI-
te Ar, cocTosiee B TOM, 9TO Bee peOpa TpeyroJbHUKa ¢ BepIIuHaMu B 1
CHHFE; aHAJOTMYHO BBejeM cobbitusi Bg st S CV, |S| =t («Bce peGpa
kpacnbie» ). Ogesnmno, P(Ar)=p?, P(Bgs)=(1— p)Ctz. IocTpoum op-
rpad 3aBucumMocrTeii misa cobbiruit Ar, Bg, coeaungas ux pebpamu (B oboux
HAIPABJIEHUSX ) TOIJA U TOJBKO TOLJA, KOTJa COOTBETCTBYIOIIUE HOJIHBIE
rpadbl UMEIOT X0Ts Obl 0IIHO 0611ee pebpo (cobbiTus 3aBucumbl). [TonsaTHo,
uTo jobas BepumHa Buga Ap coequnena ¢ 3(n — 3) < 3n BepiiuHaMU BHIA

Apr u ¢ <C! Bepmnamu Buja Bg; Touno Tak ke jobast Bg cmexHa
2

t“n
c CtQ (n - t) < - BeprmuHamMu A u ¢ < C’fL BepmuHamu Bgs. [lomyctum,
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mbl Hanum takue p=p(n) € [0, 1], x=2z(n) €0, 1) u y=y(n) €0, 1), uro
2 2n
PP a(l—a)(1-y)%, (1=p)F <y(l-a)F (1-y)%
Torza npumeruMa JjemMMa 9 ¢
mzC’fL—l—Cﬁ“ TL= .. =Ty =X, T34l = .= T = Y

W3 nemmbr 9 cemyer oreHka
P < NarNN A_s> >0,
T S

KOTOpag KaK pa3 W O3HA4YaeT HaJudue XOTd Obl OJHON packpacku pebep
rpacda K,, OCTABJISIONEH HEOJHOIBETHBIME U BCE TPEYTOJbHUKH, U BCE
K, B K,,. B urore R(3,t)>n.
Ocraercst onrumasbHO 10406paTh napamerpsl p(n), x(n), y(n), t(n);
OLTUMAJIBHOCTh U3MEPSIeTCsl, KOHEIHO, BeJIMUNHON n(t), KOTOpast JIOJIKHA
2
In?¢
HAIMIIEM 3JIeCh ee pelleHne, He 00OCHOBBIBAg €ro ONTUMAJIBHOCTD. 11po-
BEPUTD K€, UTO OHO YJOBJIETBOPSAET HAIIUM YCJIOBHsIM, GOJIBIIOTO TPYIA,
O-BUAMMOMY, He cocTaBuT. VTak:

OLITL HEe MEHbLIIE ¢ . 910 MYTOpHasd aHaJIUTHUYIECKasl 3a/iada, U MbI

2 Cc3

_a _ _
p*ﬁ’ x*nsm7 y*e\/ﬁ In2 n t = cavnlnn

2
C MOJXOJSAIIIMUA Cq, . .., ¢4 > 0. B pesynbrare n = C5E’

3aHa.

U OIeHKa JT0Ka-

3.6. fBHBIC HUXKHIE OIIEHKH JAMAroHaJbHBIX unces Pamces

Mot Bugiesn B §3.2, 3.3 u 3.5, CKOJIb MOIIEH U IMHPOKO IIPUMEHUM
BEPOATHOCTHBII MeTox. OIHAKO €CTh OJHO «HO». Jleio B TOM, UTO BCAKHI
pas, anejupyst K TEOPUH BEPOSATHOCTEH, Mbl (haKTUIECKH JIUIIb 0OOCHO-
BBIBAJIM CYIIECTBOBAHNE MHTEPECYIONEro HAC 00beKTa. B nmanHOM ciryuae
pedsb muia, 1mo cytu, od orbickanuu rpada G, y KOTOpOro 0JIHOBPEMEHHO
Mmasnsl 1 w(G), n a(G) (cm. §3.1). A Kak BeIIgUT M0A00HE rpad? a,

OH TJIe-TO €CTh, HO BCero rpadoB Ha 71 BepIIHHAX 205, U TIOJH, OTBIIIN
UroJIKy B crore ceHa: y»ke npu n = 10 nepebop neobozpum. Konewuno,
€CJIM MbI CJIyYalHO «TKHEM» B OJUH U3 I'padoB, TO C OrPOMHON BEpOST-
HOCTBIO MbI IIOJIyYHUM TO, 9TO HaM HyxKHO. Ho uro, ecju He mosydnm?
Mbl XOTHUM ONPEJEIEHHOCTA, U K TOMY K€ HAC UHTEPECyeT CTPYKTypa
«pamceeBckoro» rpada. Hy, naitmem mbl Taxoit rpad mpu n = 10, Haiiaem
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npu n =100, 1a BeJb Bce paBHO HE SICHO, KAK YCTPOEHA OOIAs CUTYAIUSI.
Takum o6pazoM, KpaiiHe BaXKHa «JIePaHIOMU3AIMA», KOHCTPYKTHBU3AIINS
pesynbraroB dpaéma, Cunencepa u mnp. OKasblBaeTcsi, HA 9TOM IYTH BCE
coBceM nevasibuo. CaMast JIydiias siBHAsT HUXKHsIST OIIEHKA, IMATOHAJBLHOTO
qncsa Pamces: 6bpu1a ycranossena B 1981 r. I1. @panksiom u P. M. Yuiico-
HOM, HO OHa KpaiiHe JaJIeKa OT TOr0, K Y€MYy Mbl CTPEMUMCSI.

Teopema 10 (TI. @pauksn u P. M. Yuucon). Moowcno seno ykazamo
epag, ceudemervbcmsyrouull 0 Mmom, “mo

In? s

R(s, s) > (ei —l—o(l)) s
Bor rue cuoBa nosiBuiiack Gynkuus e(s). Bps i, KoHedHO, 9T0 HEYTO
GoJIbIliee, HEXKEJIN COBIIAJIEHIE, HO BCE BO3MOXKHO. Y2KAC K€ IOJIOKEHUS B
ToM, 4To e(s) =o0(e®), a 9T0 3HAUUT, UTO KOHCTPYKTHBHASI OIEHKA HECPAB-
HUMO XYy2Ke OIIeHKH BepPOsITHOCTHOI. Tem He MeHee, 3TO BCe, UYTO Y HAC €CTh;
9TO HA3BIBAETCS, «IeM OoraTobl». M 3mech Kak pa3 paboTaeT HAIl BTOPOI
METOJ — MEeTO/T JTUHEHHO-aIre0panIecKuii.

3.7. loka3aresbcTBO Teopembl 10

IIycts ¢ — mpocToe aucio. Pacemorpum
V={x=(21,...,0p8): 2 € {0,1}, 31 +...+ 3, = ¢°},
E={{xy}:x,yeV, (x,y) =0 (mod ¢)}.
Hosoxum G = (V, E). 910 u ecrb uckombiii rpad. ITobbl J0Ka3aTh 310,

JI0CTATOMHO ycTaHOBHTDH HepasencTsa w(G) < qCh; n a(G) < qClk. B ca-

2
MOM JIeJI€, TOTJA JJIst § = qC;I3 un= C’gg KaK Pa3 BBIIIOJIHEHO COOTHOIIECHUE
1 In? s
=< Inln s
n=(e1+ 0(1)) ,
u teopema gokasana. OCTajoch MOSICHATD, OTKY/A B3SLIUCh HEPABEHCTBA
M KaK BO3HUKJIO COOTHOIIEHUE.

Jis 060CHOBaHUS HEPABEHCTB HYKHO BOCIIOJb30BATHCS JIMHEHHOM
HE3aBUCUMOCTBIO HEKOTOPBIX MHOTOUWIEHOB. B ciyuae a(G) MOXKHO B3sITh
MHOTOUIeHBl Fy € Zg[y1, ..., Yg3], X €V, BUIR

qg—1
x = — X ) = sy Yg3 )y
Fy)=[[6-y), y= - vp)
i=1

6 2=y;,. B G
u 06pe3aTh UX CTEIEHU IO HpaBWIy y; =Y;. B ciydae xe w HOJIE3HBI
muoroustensl Fy € Rlyi, ..., y,s] Buna

Fe(y) = (x,y)(xy) —)((x,y)=2¢) ... (x,y) —¢* +q).
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Mgl ocTaBjIsieM YuTaTeNio (Terneph y»Ke B KAa4eCTBe HeCJIOXKHOTO yIpasKHe-

HUs1) JI0KA3aTebCTBO JIMHEHON He3aBUCHMOCTH BBITUCAHHBIX MOJTMHOMOB

U, KaK CJIeJICTBUe, 00OCHOBaHNe HEPaBeHCTB (G) < qug, w(G) < qC;13.
Temneph HECKOILKO CJIOB O BHIPAXKeHHH 1 depe3 s. Pacnmmewm crepsa s:

3 i qg—1
s g0t — L@ =1 (¢—g+1) _qq(l_q?’)""'( B )
=qCl = p = 7D .

IlousTHO, 9TO

g—1\4 1 g—1 1\¢
(1_ ¢ ) S (1_(1_3)""'(1_ ¢ ) S (1_5) '
B cBoro ouepenp, u mpaBas, U JeBasd YaCTH HEPABEHCTBA, CTPEMATC K €IH-
7**(1+0(1))
(g—1)!

Hure npu g — oo. Takum obpazom, s = . 3a cuer oOpMyIIBI

CTI/Ip.HI/IHFa IIoJIy9aeM

et (o) | aq(i+o),

s =
2m(¢—1)

AHAJIOTUYHO JOKA3BIBAETCS, UTO 1 = qq2(1+°(1)). Hanee,
Ins =2¢g(14+0(1))Ing,

tax uro Inln s = (14 0(1)) Ing, a In? s =4¢%(1 + o(1)) In? q. Cireoares-
HO,

In? s

(e +0(1)) 7" = gr' (o) =y,

7 BCE DOKA3aHO.

OTMeTHM, YTO MBI OUSTh-TAKW IIOJIYUHJIM PE3YILTAT TOJBLKO IIPU
HEKOTOPBIX §. TeM He MeHee, COOOparKEHWs IJIOTHOCTH PaCIIPEIeIeHUs]
IPOCTBIX YHMCET B HATYDPAIBHOM DsiLy (CM. §2.2) IO3BOJISIFOT CIPABUTHCS
¢ 7Toit mpobsiemoii. [TompobyiiTe yoeuThes B 9TOM CAMOCTOSITEIBHO.

Sagaun
15. Hatimmre R(3,4), R(4, 4), R(4,5), R(3, 5), R(5, 5).

16. C momorbio JIOKaIbHO# JieMMbl JloBaca JloKaXKuTe, 9To
R(4,t) > 35,
KaKaH OIl€HKa IIOJIy9IUTCs, €CJIU He HUCIIOJIb30BaTh JIOKAJIbHYIO JIeMMy?

17. TlomprTaiiTech MOKA3ATH JIOKAJIHHYIO JIEMMY.
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18.

19.

20.

21.

As
A,
Ay

Puc. 2

C HOMOIIIBIO BEPOSITHOCTHBIX METOJIOB IIOMPOOYITE MOy YUTh KAK MOXK-
HO JIydIllie HUZKHUE OIEHKU JJIs IIPOU3BOJIbHOTO uncia Pamvces R(s, t).

Yro 6ymeT, ecau B JOKa3aTeIbCTBE TeopeMbl 10 IOJI0KUTD
V={x=(r1,...,2202): ¥ € {0,1}, z1+ ...+ 222 = qz},
E={{xy}:x,yeV, (x,y) =0 (mod ¢)}?

TTompobyiiTe yoeauThess B TOM, ITO TapaMeTpPhl B JOKA3aTEILCTBE MO~
JIOOpaHbl B HEKOTOPOM CMBICJIE OIITHMAJIHHO.

IMonprTaiiTech MOJIYyIUTh KAKne-HUOY b ABHBIE ONEHKHU JIJIsl TIPOU3BOJIb-
HBIX ances R(s, t).

[Iycrs Q= [0, 1]%, F cocrour u3 Bcex MHOKecTB B C ), «ILiomaib»
KOTOPBIX Mbl MOXKEM H3MEpHUTDH (Tounee, F — curma-airebpa 6opesies-
CKUX NOJMHOXKECTB KBapara), a P(B) —3T0 U ecTb «miomaby» (Me-
pa) B. Paccmorpum Aq, Ag, A3, nzobpazkennbie Ha puc. 2. [Ipusenure
npumep oprpada 3aBUCHMOCTEl s 3TuX cobbituit. KakoBo muHUI-
MaJIbHOe 4ncjio pebep B TakoM oprpade?



JIeknna 4

Packpackn runieprpacgos

4.1. Omnpenenenus u GOpPMyJIMPOBKHU Pe3yIHTATOB

B 910l JlekiMu MbI BepHEMCsl K U3YYEHHIO CBOWCTB COBOKYIIHOCTE
M={My, ..., Ms} mOoAMHOXKECTB KOHEIHOIO MHOXKeCTBa R, (cM. §1.1),
KOTOpBbIe, Kak Mbl HoMHUM, 3agator runeprpader H = (V, E) ¢ V=R,
u E = M. OcHoBHas HaIla 3aja49a Oy/IeT COCTOSTh B TOM, 9TOOBI TaK WU
UHAYe PACKPacUTh BepINMHBI Tureprpada (ssemeHTsl R,) B JBa IBeTa;
[IpU 3TOM BCAKUN pa3 MBI, IO CYIIECTBY, OyjeM TpebOBATH HEOHOIBET-
Hoctu pebep (muoxkecTB u3 M). IIpexie Bcero paccMoTpuM 3agady «06
OTKJIOHEHUW>.

Jliobyio packpacky R, B /[Ba IBeTa MbI OyJeM HHTEPIPETUPOBATD
Kak orobpaxenue x: R, — {—1,1}. dua xaxporo M € M paccmorpum
BEJINYUHY

X(M) = > x(),
ieM
KOTOpasi PaBHA PA3HOCTU KOJMYECTBA <«KPACHBIX» M «CHUHUX» BEPIIUH
B pebpe M runeprpada (R, M). Omxaionenuem cosokynnocmuy M
6 packpacke X HA30BEM BBIDAYKEHIEe

disc (M = max |x(M
(M) = s [x(M)],
a IIPOCTO 10, omKAoHeRuem M OyreM IOHUMATH TUCJIO

disc (M) = mindisc (M, x).
X

Takum 06pa3om, pedb uaeT 06 OTHICKAHUU CUTYAIlnN, B KOTOPOI JaxKe ca-
MO€ «HEPABHOMEDHO PACKPAIIEHHOE» MHOXKECTBO B COBOKYIIHOCTH PAaCKPa-
IIIEHO BCe Ke He CJUMIKOM HepaBHOMepHO. OTMeTnM, 9o obo3naderue disc
[IPOUCXO/IUT OT AHIVINHCKOTO cjoBa «discrepancys, MMEIOIIEero, BIPOYEM,
JIATUHCKUIT KOPEeHb; CJIOBO BIIOJIHE KOPPEKTHO OTPAYKAET CMBICJI TEPMUIHA.

3amMeuaTeIbHBIM 00Pa30M IIPU PeIleHnr 3a7ad 00 OTKJIOHEHUH Pabo-
TAIOT W BEPOSTHOCTHBIN, W JIMHEHHO-aarebpandecknii MmeToabl. K coxka-
JIEHUIO, JInHENHAsA ajaredpa, KOTOPYIO CJIeI0BAJIO ObI UCIIOJIb30BATh 31€Ch,
TpebyeT BBEJEHUSI MHOTHUX JOIMOJHUTEIbHBIX MOHSATUN, BBIXOJANUX 33
paMKHU JAHHOI'O KPATKOrO0 Kypca Jieknuii. [103ToMy MBI U3JI0KUM JIAIIB
BEPOSITHOCTHBIH acekT rpobsiematuru. OgHaKO, (hopMyIupysi pe3yJibTra-
TBI, MBI CKayKeM, KaK/ie U3 HUX AleJIUPYIOT K JIMHEHHO-aredpamdecKoi
TEXHOJIOTUHU, U JIAJINM COOTBETCTBYIOIIUE CCHLIKU.
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Teopema 11. ITyemo M ={M;, ..., Ms}, M; CR,. Tozda

disc (M) < v/2n1n(2s).

Teopema 11 HOKa3BIBAETCS € MOMOIILIO HECJOKHOTO BEPOSTHOCTHOTO
coobpakeHnsi, KOTOpPoe MbI IpubegeM B §4.2. 3amMeTnM, 4TO pe3ysbTaT
He 3aBUCAT OT MolgHocTel Muoxects M € M. Tem He MeHee, MOIEIBHON
CUTyaIueii MOXKeT CJIy’KHTb Ta, B paMKaX KOTOPOH MOIIHOCTbL KaxKIOTrO
3JIEMEHTa COBOKYIIHOCTH UMEET MOPSIOK 7. Torja npu He 0O9eHb GOJIBITIX
s (ckaxem, ipu s < n¥, Tae k— moboe GUKCHPOBAHHOE) MBI IMEEM OT-
JINYHYIO OIEHKY OTKJIOHEHUS: ee BeJIMIMHA €CTh BCEro JIMMb cv/n Inn, 9To
GECKOHEYHO MaJIO 110 cpaBHeHHo ¢ |M|. Mbl, Tak cKa3aTh, MOYKEM rapaHTH-
POBaTh, YTO «IIOYTH IIOJIOBUHA» BCEX 3JIEMEHTOB KaxKJI0ro M B HEKOTOPOI
pacKpacke UMeeT KPACHBIA IBET M «IIOYTHU OJOBUHA» — cuHuil. [lpn s=n
TeopeMa 11 JIomycKaeT BaKHOE YCUJIEHUE.

Teopema 12 (Ix. Cuencep). Ilyemve M ={Mi,..., M,}, M; CR,.
Tozda

disc (M) < 6y/n.

WNubivu  citoBamu, teopema 12, mosydennasi Crencepom B 1985 .,
[I03BOJISIET YCTPAHUTD JIOTAPUPMUAIECKAN COMHOKUTEIb 110/, KODHEM. DTa
TeopeMa JIOCTATOYHO HETPHUBHAJIbHA. He J0Ka3aTeJIbCTBO TaKXKe HOCHUT
BEPOSITHOCTHBIN XapaKTep, HO OHO [IJIsl HAC YK€ CJIOXKHOBATO, U MBI HE
CTAHEM U3JIaraTh €ro 3/1eCh, COCJIABIINCH Ha KHUTY [4].

Ornenka TeopeMbl 12 MpakTUIeCcKu TOYHA.

Teopema 13. Cywecmeyem maxas cosoxynnocmo M ={M, ..., M,},
M; CR,, wmo

disc (M) > c¢v/n

¢ nexomopvim ¢ > 0.

ITopasurespHo, HO U TYT He 0DOILIOCH KakK 6€3 BEPOSITHOCTH, TaK 1 Oe3
JINHEHHO# aJireOpbl. BeposTHOCTHBIE COOOParKeHUsT Mbl H3JIOKUM B § 4.3,
a JmHeliHyo anre6py cM. B [4]. OTMeTrM, HAKOHEI], YTO ¢ HOMOIIBIO JIU-
HeliHo-aJIredbpandeckoro MeToIa JOKA3BIBAETCs CTOSAINAsl HECKOJIHKO 0COD-
HSKOM Teopema 14.

Teopema 14 (T. Duana). IHoaoorcum

deg M = nel%x|{M eM:ie M}
Ecau deg M <t, mo
disc (M) < 2t —1.

TeopeMa 0COGEHHO 3aMedaTebHa TE€M, YTO MBI HUKAK HE UCIOJIb3yeM
B HEil HU BeJMYUHY 7, HU Belnduny s = | M.
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Ouenp 6/m3Ka K 3ajade 00 OTKJIOHEHWM 3aJ1a9a O TaK Ha3bIBAEMOM
«cBoiicree B», koropoe B Hadaje 60-x rogos XX B. BBes I1. Dpuém. Mot
CKazkeM BeJel] 3a dpuémeM, uro runeprpad H = (R,,, M) obuagaer cBoii-
CcTBOM B, ecjii ero BepIinHbl MOYXKHO TaK PACKPACUTDH B JIBa IBETA, 9TOOLI
BCe ero pebpa OKa3aJuCh HEOHOIBETHBIMH. 10 eCTh OTHBIHE HAC HE BOJI-
HyeT OTKJIOHEHHUE: JIUIIb Obl XOTh CKOJIbKO-TO BEPIIUH B KaXKIOM pebpe
MMeJIO KPACHBIN I[BET U XOTh CKOJIbKO-TO — cuHMIL. MBI cKaxkeMm, 9TO I'-
neprpad k — pasromepen, KOab CKOpo Bce ero pebpa M € M umeror ogny
u 1y ke mMommuocTh k. Oupenenum m(k) Kak MAKCUMyM CpPeIU TaKuX
m € N, uro 060ii k — paBuoMepHblil runeprpad (YUCIO BEPIIUH KOTO-
pOro 3HaveHus He MMeeT) 06J1aJaeT CBoicTBoM B.

Teopema 15 (I1. Dpagin). Hmerom mecmo ouenru

k=1 < m(k) < 9%%2

O6e OIEHKN B TeOpeMe IMOJIYYIAl0TCs C MOMOIIBI0 TEOPUU BEPOSITHO-
creii. Hukakumx, ofHako, HOBBIX W€l B HUX HE COMEPIKUTCS, TPUIEM HUK-
HAd OIEHKa HIPaKTUYEeCKU TPpUBUAJIbHA. HOSTOMy MBI OCTaBJIdAEeM Teope-
My 15 guraTesro B KauecTBe yIparKHEHHUsI. 3aMEeTUM, YTO TeopeMa JPAIna
HEOJHOKPATHO yJIydllaJjach, HO BCAKUIA pa3 yJjaydieHue KaCcajJloCh OIICHKU
m(k) > 2F~1 Camblil cuIbHBIIT pe3yjbTaT Ha JAaHHOM 3JTalle IIpUuHa/jIe-

K22k,

xkutr Pagxakpuinnany u Cpunusacany: m(k) = ¢,/ &2”. DTOT pe3ybTAT
ane/uIpyeT K «PpaHJOMU3UPOBAHHBIM aJI'OPUTMaM» B T€OPUU BEPOSATHO-
CTell, U ero U3JI0XKEHNe TAK¥Ke BBIXOIUT 38 PAMKHU TUX JIEKIUH. 3aMeTUM,
9TO, XOTs HBIHEITHUI 3a30P MEXKJIy BEPXHUMU U HUKHUMU OIIEHKAMU Be-
simausbl (k) coBceM HEBEJIMK, YCTPAHEHUE ero — BeChbMa BayKHAd U IIOILYy-
JisipHas 3aga4da. OHAKO [TOKa, HECMOTPs HU HA KAKUEe YCHUJIMS, IIOJIHOMY
PEIIeHNIO OHa He I0JIaeTCAd.

4.2. Jloka3zarejbCTBO TeopeMbl 11

ITycrs dukcuposata Mpou3BoJbHas COBOKyIHOCTb M = { M7, ..., M}
Ha R,,. HaMm HyKHO HaiiTu Takyio packpacky X, 910 |x(M)| < /2n1n(2s)
st moboro M € M. Tloctponm, Kak OOBIYHO, CJIyYaiflHyIO PaCKpacky
1 JIOKarKeM, 9TO C IIOJIOYKUTEJIbHON BEPOSITHOCTBIO OHA 00JIaJlaeT HaJljle-
JKalllUM cBoficTBOM. B jlaHHOM ciryuae MbI OyjeM CUYHTaTh BCEe PacKpac-
KU DABHOBEPOSTHBIME, T.€. KaxkKjoe x(i) Mbl OyleM, eciu yroJHo, pac-
CMATPHUBATh KaK CJIyJIaliHy 0 BEJMIUHY (CM. JOHOJIHEHNE ), IPHHUMAIONLYIO

1
cBou 3HaveHns +1 c BEPOATHOCTBIO 5, Ipu 9TOM CJIydaHlHbI€ BEJIMINUHDbI

x(1), ..., x(n) mezaBucumbl B coBokyunocru. Ilonsruo, uro Myx(i) =0,
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Dy (i) =1, u npuMeHnMa IEeHTPAJbHAs [IPeJIeJIbHAs TeopeMa (CM. JOII0JI-
uenue). Torga, nonaras a = +/2n1n(2s) u |M| =k, umeem

Px(D)] > @) = P(| 3 x(0)] > o) =

ieM
AN
=pl==_ 1> — |~ — \ e zdux
Vk vk 2m ,Sm

Tlocemauit mHTErpas OMEHUBACTCS CBEPXY BEJTHINHON

ITony4aercst, 9TO IpH JOCTATOYHO OOJBIIUX 71 BBLIIOJIHEHO HEPABEHCTBO
1
P(lx(M)| > a) < o
3uaunr,

P(EM € M: [x(M)| > o) < sP(|x(M)| > a) < 1,

r.e. PVM e M: |x(M)| < ) >0, u upu n — 0o Teopema JoKa3ana. B neii-
CTBUTEILHOCTH, MOYKHO YCTAHOBUTDL aHAJIOTHYHDLIE HePaBEHCTBa U IIPU Ma-
abix 1 (eMm., HampuMmep, [23]), HO MBI 3TOrO Jenars He Oyjgem. Ha Ham
B3IUIsAJ, CyTh JOKA3aTeJIbCTBA COCTONT B IPUMEHEHUN KJIACCHIECKOTO Alllla-
paTa TEeOpHUU BEpPOSITHOCTEI, a BIaBaThCs B HOAPOOHOCTH cefiuac He CTOUT.

4.3. [lokazarenbcTBO TeopeMbl 13

3mech MBI TOXKE OyeM CJIerka HEaKKypPaTHBI B BBIKJIAJIKAX, HO CyThb
MBI IIOCTAPAEMCS OTPA3UTh BEPHO. Ternepb MBI HCKATH CTAHEM HE CJIydaii-
HYIO pacKpacky, a cjydaiinyio coBokynnocts M = {Mi, ..., M,} nox-
MHOX)KecTB R,,. Ham xodercst, 9To6bl B mTOre s JIOGOH PacKpacKm X
OTKJIOHEHHE 3TOi COBOKYIIHOCTH B JaHHON pacKpacke ObLIo GoJbIIe cy/T.
ITocrpouMm cayuwaiinyio marpuity U pasmepa m X 1, 3JEMEHTHl KOTOPOW
CYTb HyJM U eIUHHIBI. KaskI0My 3JIEMEHTY MATPHILI IPUCBOUM TO WJIN

1
NHOE 3Ha4YeHHEe C BEPOATHOCTBHIO 5 He3aBUCHUMO OT OCTaJIbHBLIX. HOHHTHO,

9TO CTPOKU MaTpuilbl U BIOJIHE MOXKHO MHTEPIPETUPOBATH KAK IOJIMHO-
xKectBa R,. KoHeUHO, HEKOTOpBIE CTPOKU MOTYT COBHACTb, HO HaM OT
9TOTO TOJILKO JIyUIlle: €CJIU y MAJEeHbKOH COBOKYITHOCTH (PA3JIMUHBIX) MHO-
2KeCTB DOOJIBIIIOE OTKJIOHEHHE, TO C YBEJIUIEHHEM COBOKYITHOCTH OHO TOJIBKO
BbIpacTeT.



4.3. JloxkazaTeabCcTBO TeopeMbl 13 39

IIyctp x — npousBosibHast packpacka R,,. Torja oHa KoJIUpyeTcst BEKTO-
pom x = (x(1), ..., x(n)). Boaee Toro, koopauuaret Bekropa (L1, ..., L,),
BO3HUKAIONIErO B pe3yJIbrare yMHOX«KeHusi marpunbl U Ha BEKTOP-CTOJI-
er T, cyTh Bemmaunsr L; = X (M;), KOJIb CKOPO MBI TIPOJIOJIZKAEM CIATAT
crpoku U muoxkectBamu My, ..., M, € M. Eciau momyctuTh, 9T0 I0OJIO-
BUHA KOODJIMHAT BEKTOPa X OTPUIATE/]bHA, & IOJOBUHA IIOJIOXKUTEIHHA
(a0, BOOOIIE rOBOPSI, HE TaK), TO HETPY/HO BUJIETH (CM. JIONOJIHEHHE), YTO
L;=¢& —n, rae obe BemmauHbL €, 1) UMEIOT OJINHAKOBOE OMHOMHUAJILHOE PAC-
upe/ieieHue ¢ n/2 UCHBITAHUAME U «BEPOATHOCTHIO yeiexay 1/2. Moxuo
[I0KA3aTh, YTO ACUMITOTHIECKN pacipeiesieHne L; HOpMaIbHO C IapaMeT-
pamu 0 u \/n/2 (cum. monosnnenue). B sToM cirydae MBI BHIOMpaeM A\ Taxk,
9TOOBI N )

L S e_%dx < 1
V2T A 2’

¥ TOLIA,

P(|Li| < AWWr/2) < 3.

Ha camom seste, TO Ke HEpABEHCTBO BBITIOJIHEHO U JJI X C HEOJMHAKO-
BBIMHU KOJIMYECTBAMU OTPUIATE/bHBIX U I[MOJIOKUTE/IbHBIX KOOPJAMHAT, HO
MBI He CcTaHeM OOOCHOBBIBATH 3/1€Ch IAHHBI TE3WC: 3aMHTEPECOBAHHBIIM
quTaTenb caMm 6e3 Tpyma caeaaeT 31o. s Hac riaBHoe, YTO BETUIUHBL L;
HE3aBUCUMbBI B COBOKYIIHOCTHU (9TO 00YCJIOBJIEHO HE3ABUCUMOCTBIO BBIOODA
as1eMeHTOB Marpulibl U), a 3Ha4uT,
1 n
P(¥i |Li| < \Wn/2) < (5)

Orcrofia citeyer, 9ro
P(3x Vi |L;| < \W/n/2) < 1,

Py 3 |Li| > \Wa/2) > 0,

un TeopeMa JOKa3aHa.

3agaun

22. Haiigure m(2), m(3), m(4).

23. Jloxazxkure onenky Dpaémra m(k) > 271,

24. C nomoIpio JIOKAJIbHOM jteMMbl JloBaca JI0KaXKUTe CJIEYIONIYIO Teo-
pemy: myctb H—k — paBHOMEpHBIH THHEpPrpad, ¥ KOTOPOTO KaXKI0€

pebpo mepecekaeTcs ¢ He Oosee, deM d, ApyruMu pedpamu; TOTIa IPH
e(d+ 1) < 2k~1 runeprpad obmamzaer ceoiicrsom B.



Jomomaenne

1. Teopus BeposgTHOCTEI

1.1. Knaccudeckoe omnpesesenne BepoaTHOCTH U cxema Bepryimm

Knaccuaeckoe onpesesnenne BEpOSTHOCTH MMEET MHOTOBEKOBYIO MCTO-
pUIO, ¥ MHTYUTHBHO OHO IMOHSATHO Kakiaomy. JlBa cobbiTusi necosmecm-
Hbl, €CJU OJIHO HWCKJ/IoYaeT apyroe. Hampumep, MoHera mpu CciydaiiHOM
[MaJeHuy Ha CTOJ HE MOXKET OJHOBPEMEHHO BBIIACTH «OPJIOM» U <«PEIIl-
koit» kBepxy. Cobbrtust Aq, ..., A, 00pa3ylOT NOAHYO 2pYnny, ecau Xo-
Ts1 OBl OJHO M3 HUX O0S3aTEIHLHO IIPOM30IIET: COOBITHS «MOHETa yIIaja
PEIKOil KBEPXy» M <«MOHETa yIiaja KBEPXY OPJOM» 00pa3yIoT IOJIHYIO
rpyuiy (Ha pebpo MoHera He BeraHer). COObITUS CIMTAIOTCH PAGHO8EPO-
AMHBLMY U3 UHTYUTHBHBIX cooOparkeHuil. CKaykeM, eCTECTBEHHO TIPEIIO-
JIOXKHUTB, YTO IPU CIy4aifHOM W3BJIEYEHHU IIapa U3 YPHBI, COJeprKalei
OJvH OeJIbIil U OJIMH YEPHBIN IIap, BEPOSTHOCTD JOCTATH YEPHbI Iap paB-
Ha BEPOSITHOCTU BBITSHYTH OeJiblit. IlycTb wq, ..., w, 00pPasyoT IOJIHYIO
rpyuiy ) IOHapHO HECOBMECTHBIX PABHOBEDPOSTHBIX COOBITHUI (HAIIpUMED,
n =6, w; — «Ha UrPaJIbHON KOCTHU, CJEJAHHOU U3 OJIHOPOJIHOIO MaTepH-
aja, BBINAJO ¢ OYKOB» ). Torma BepositTHOCTh P(w;) mosaraercsi PaBHOI

1
—. CobbiTUs W1, ..., W, HASBIBAIOTCI IAEMEHMAPHLLMU; U3 HUX, KaK U3
n

KHPIIIHIKOB, CKIAbIBAIOTCS 0JIee CiI0KHBIe cOObITHs: A =w;; U...Uw;,.
k

TousTHO, 9TO BeposiTHOCTL P(A) I0/KHA PABHSATHCS —. DTO IPOCTO J0JIsE
n

Tex (PaBHOBEPOATHBIX) COOLITHIH, KOTOPbIE «OJIANOIPUATCTBYIOT> BBIOJ-
mermio A. Ckaxkem, cobbITHio A — «Ha UIPAJBHON KOCTH BBINAJIO YETHOE

9UCJIO0 OYKOB» — OJIATOIPHUATCTBYIOT TPU IJIEMEHTAPHBIX COOBITUS, U IIO-

1
romy P(A) = % =3 MHozkecTBO Beex cobbiThil 0603HaUar0T 6yKBOH F.

Owuesmmno, 3mech | F| =2". BosankaeT Tak Ha3bIBAeMAas <«BEPOSITHOCTHASI
Tpoiika» (Q, F, P), nMeHyeMast TAKIKe 6EPOAMHOCTIHbLM NPOCTPAHCTIEOM.
Vexogist U3 onpe/iesieHunst, HeTPY/HO IPpoBepuTh, uro P: F— [0, 1] obuama-
€T HEKOTOPBIM HAaGOPOM €CTECTBEHHBLIX CBOMCTB THIIA

PQ) =1, P®) =0, P(Ai|]...| |4n) = P(A1)+...+P(A,),
P(AiU...UA,) < P(A1)+...+P(A,) urnm

IIpocteiiniee 00061IEHNE KIACCHIECKOTO OIPEICJIEHIS COCTOUT B TOM,
9TOOBI CINTATH dJEMEHTAPHDBIE COOBITHS HEPABHOBEPOATHBIME. MbI Gepem
rpoiiky (2, F, P), B koropoii |Q|=n, |F|=2", o P(w;) =p;. Tem ne
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MeHee, CBOWCTBa BEPOSITHOCTH MBI COXPaHSEM U, B YaCTHOCTH, TpedyeM,
91006 P1 + ...+ p, = 1. Haubosiee BaKHBIM NPUMEPOM CJIYKUT 31ECH
npocrpanctso (Q, F, P) ¢ Q={0,1}", P(w) = pl{#: @=1Hgl{i: 2:=0} " xomp,
ckopo ¢g=1—p, pe[0,1], w=(x1,...,x,). Hacro roopar mpu 3rom
o cxeme ucnvimanut Bepryasu. Mogens TakoBa: n pa3 6pocaeM Ha CTOJ
MOHETY €O <«CMENIEHHBIM IIEHTPOM TSXKECTU» (P — BEPOATHOCTH PEIIKU
(«ycriexa») n3 «husmdeckux» coobpazkeHuii), U, ecan Opu i-M GPOcaHUN
(B i-M «HCIIBITAHUW> ) BBIIAJAET PEIKa, TO KIaJeM T; = 1; nHave mojaraeMm
€T; — 0.
Ionpobuoctu cm. B [23-25].

1.2. TeomeTpuieckue BEepOATHOCTH U 00IIee TIOHATHE
BEPOATHOCTHOTO ITPOCTPAHCTBA

Wuorna B posm COOBITHS, BEPOATHOCTH KOTOPOIO MBI XOTHM H3Me€-
pUTh, BBICTyIIAET MHOXKeCTBO ToueK B R"™. Hampumep, BosMoxkHA Takas
3azada. J[Ba 4e/I0BEKa JOrOBOPHIUCH BCTPETUTHCS HA OCTAHOBKE MEXKIY
JBYMsI U TpeMsl JacaMu. JeJoBeK IPHUXOJIUT, XKJIeT 15 MHUHYT H, eCc/n
HE JOXKHUJIAETCs TOBAPHIA, IIOKUJAET OCTAHOBKY. KaKoBa BEpOSTHOCTDH
Berpeun? PasyMHO BpeMsi HNPHXOja IEPBOrO YEJOBEKA OTMEYATh TOU-
Koii x u3 orpeska [0,1] ma ocu abcipce, a BpeMsl IIPUXOAA BTOPOrO
YEJIOBEKA — AHAJOIMYIHON TOYKO# y Ha ocu opauHar. Torma ycjioBuem
BeTpeun Oyuer nonajanue TOYKU (X, y) B 00JACTH, M300PAKEHHYIO HA
puc. 3. JI0BOJIbHO $ICHO, YTO 3J€CHh MPOCTPAHCTBOM 3JIEMEHTAPHBLIX CO-
oeITHit cienyer cumrath 2 = [0, 112, a mame cobpiTme A ecTh TOTyA
MHOXKECTBO ¢ puc.3. OCHOBHAsE TOHKOCTH COCTOMT B TOM, UTO TeNeph §)
Geckoneuno u HaMm Obl cromsno mosarars P((z,y)) =0. Kak ke Torma
naiitu P(A)? D70 He cOBceM TpPUBHAJBHBIN Bolpoc. I'pybo roBops, 3a-
nator P(A) pasrolt «wromaau» (uiam, BepHee, Mmepe) MHOXKecTBa A
(cM. [26]). B aToM cirydae BO3MOXKHBIE COOBITUSI CTAHOBSITCSI OIIAC «HEBE-
postusiMu»: P((x,y) € {(0,0), (0, 1), (1, 0), (1,1)}) = 0. Oguaxko Takoe
OIIpeJIeIeHne TOYKe MHTYUTUBHO MMOHSTHO, & IJIABHOE, B HEM COXPAHSAIOTCS
BasKHeHIe CBOICTBa BEPOSATHOCTH, YaCTh U3 KOTOPBIX MBI y2K€ Iepeduc-
gy, B obmieM ciydae paccMaTpPUBAIOT BEPOSTHOCTHOE IIPOCTPAHCTBO
(Q, F, P), B koropom  C R™ — MHOKECTBO, UMEIOIIee KOHEUHbIH 06bheM
(Mepy p), F —HEKOTOpas COBOKYIIHOCTH MOAMHOXKECTB ), 06JIaJarommx
ecTecTBeHHBIMU CBoiicTBamMu Tuna A € F umeer mepy wiu AN B € F
n AUB € F, koab ckopo A, BEF, u P(A):M.

1(82)

O0611ee OHATHE BEPOATHOCTHOrO IpocTpancTia BeegeHo A. H. Kosmo-
roposbiM. OHO yHUDUIEPYET BCE MPEXKHUE PA3PO3SHEHHBIE OIMPEIETECHUS.
B nem ) — npousBosibHOE (CKOJIb YIOIHO CJI0XKHOE) MHOXKECTBO 00HEKTOB,
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=

=

Puc. 3

JF — COBOKYIHOCTb IIOZMHOXKECTB ), Y/IOBJIETBODSIIOIINX €CTECTBEHHBIM
akcuoMaM, (OHO Ha3BIBACTCS cuzMa-aazebpol cobwmuty) u P: Fi— [0, 1] —
BEPOAMHOCTIVHAA MEPQ, TAKIKE YIOBIIETBOPSIOIAs OIIPEIEJIEHHbIM aKCHO-
MaM, KOTOpbIe IOBTOPSIOT OCHOBHBIE M PAHee NHTYUTHBHO SICHbIE CBOHCTBA
BEPOSITHOCTH.

IMoxpoGuocru cM. B [23-25].

1.3. He3aBucHMOCTD CTy9aiiHBIX BEJININH U COOBITHI
CobbiTust A, B HA3BIBAIOTCS HE3A6UCUMbBLMU, €CITH
P(ANB) = P(A)P(B).

Cobeitust A1, ..., A, HE3a8UCUMDL 68 COBOKYNHOCTMU, €CJIA JIsi JIFODOrO
Habopa nHAeKcoB 1 < iy < ... < i < N BBIIOJJHEHO

P(Ai,N...NA;) = P(A)-...- P(As).

Yenosnoti seposmmocmvio cobbitug A orHocuTebHO coObITHA B (P(B) #

# 0) nasbiBaercs Besqmanna P(A|B) = %;)B); nnade P(A|B)=0. Co-
ObiTue A He 3asucum om cosokynHocmu codbiTuil By, ..., By, eciu 1upu

Beex 1< i1 <...<ip<n mer nmeeMm P(A|B;, N...NB;,)=P(A). Ilycrs
Q=DBi|]...||Bn, & A— cobbrrue. Torga

P(A) =) P(A|Bi)P(B))
=1

(popmyaa noarot sepoammocmu).

Oyukius £: Q) — R Ha3bIBaETCA CAYHATHOT 8EAUNUHOT, €CITH IS JIIO-
6oro x € R Bemonueno {w: &(w) <z} € F. Ecnu ) KoHewHO, TO CrydaitHast
BesimauHa — 310 Jiobast dyuknus Ha (. Ciydaiinble BesmauHbl &, 1) He3a-
BUCUMDI, KOJIb CKOPO HezaBuCHMBI cobbitus {w: {(w) <z}, {w: n(w) <y}
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npu Beex x, Yy € R. AHajorudso onpedeasaemca HE3aBUCUMOCTL CAYHAT-
HOLT BEAUNUH 6 COBOKYNHOCTIU U HE3ABUCUMOCTNG CAYATHOT GEAUNUNDL
0T, COBOKYNHOCTIU, CAYHATHOIT BEAUNUH.

Ionpobuoctu cm. B [23-25].

1.4. PacnpeneneHnsi ciIyJaliHBIX BeJIWIWH, MOMEHTHI,
IeHTpaJIbHAS IpeJebHas TeopeMa

Oynxrmusa Fe(z) = P(§ < ) = P({w: £ < z}) HasbBaercs @ynryued
pacnpedeaerus ciydaitnoil esmannsl . Ecin { npunnMaer KOHETHOE MIIH
CUETHOE MHOXKECTBO 3HAUEHUH, TO I 3ajaHus Fy NOCTATOYHO 3HATD

sesmanubl P(€ = z). Takas ¢ maseiBaerca duckpemnot. Muorma cyme-
T

crByeT Takas dyHKuus pe(t) >0, ar0 Fe(x) = S pe(t) dt. B sToM cirytae
—o0

TOBOPSIT, ITO & abCoMOMHO HenpepbieHa, a Pe(t) — ee naommuocmos. BeiBator

u GoJiee CJIOKHO PacIpejiesIeHHbIe CIIydaiiible BEJIMIUHBI, HO MbI He Oy1eM

UX PACCMATPUBATH.

IIpumepomM AMCKPETHOI BEJIMYUHBI CIIYXKUT BEJIMUUHA OUHOMUAALHAA,
T.e. Takag £: Q4+ {0,1,...,n}, aro P(£ =k) = CFpFq"*, xom cxopo
g=1—p, p€|0,1]. Ee uaTepuperupyoT 0OLIYHO KaK UHCJIO DEIIEK, Bbl-
MABIIUX B CXeMe U3 N UChblTanuii Beprysuin.

Camasi BaxkHast abCOJIIOTHO HEIIPEPBIBHAS BEJIMYNHA HA3BIBAETCS HOP-
manvroti. Humryt &€~ N(u, 02). Y nee

1 _—w?
t) = —e¢ 202
pf( ) V2no
Mamemamuneckoe ostcudarue TUCKPETHOH BETMIHHEL
& Qe {ag, ...}

— 9TO €€ «B3BeEIIIeHHOEe Cpe/iHee», T.e. BeJINYUHa

o0
Mf = E (EZP(f = (Ei).
i=1
B clry4dae abCoOJTIOTHO HereprBHOfI § II0J1araemM

oo

M¢ = S xpe (z) de.

— 0o
Jlucnepcuet cydaifHoi BeInInHbI £ HA3BIBAIOT UUCJIO
2
D¢ = M(§— M)

(cpenmee KBaIpaTUYHOE OTKJIOHEHUE BEJUIUHBI OT CBOETO CPEIHErO 3Ha-
genns1). Momenm k-20 nopadxa—sro MEF. Jlerko sumers, aro ME = p,
D¢ =02, xomb ckopo & ~ N (1, 02). Beimosmena 3amMedare/bHast
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Teopema 16 (Ilenrpasbhasg mupemenbhas teopema). Ilycmo &1, ...

5 €n,y oo — HE3aBUCUMDLE 8 COBOKYNHOCTIU U 00UHAKOBO PACTPEIEAEHHDLE

cayuatinoe seauvunol. IIpednonosicum, ME = p, D& = 0. Tozda ons
a0bux a, be R

b )
P a<—£1+"'+£n_ﬂn<b NLSe_%dt n — 00.
Vo Vor 7
CMBICJT TEOPEMBI TAKOB: €CJIH HEKOTOPOE (UICI0BOE) HAOIIOIEHNE CKIIa-
JIBIBAETCST U3 HE3ABUCUMBIX OJMHAKOBBIX (PAKTOPOB, TO aCHMITOTHYECKU
OHO PAaCIPEEJIEHO HOPMAJIBHO. JTO, MOXKHO CKa3aTh, YHUBEPCAJBHBIIN 3a-
KOH [PUPOJIBL.
Ionpobuoctu cm. B [23-25].

2. JImneitnas airebpa

ITosem (roBopsi HeOPMAJIBHO) HAZBIBAETCS HEKOTOPAsl COBOKYIHOCTD
00BEKTOB, Ha KOTOPOIl BBEJCHBI OIEPAINN «CJIOKCHHA» U «yMHOKCHHUSY,
0b1a1a1o0Ne ONPEIEIEHHBIM HAOOPOM AKCHOMATHYECKUX CBOMCTB THIA
KOMMYTATUBHOCTH & + Yy = Y + &, TY = YT, ACCOIMATUBHOCTH U AUCTPHUOY-
THBHOCTH; KPOME TOTO, B IIOJIE €CTh «HYJIEBOI» U «EGIUHUIHBIN» 3JIEMEHTHI
(x+0=2z, x-1=2x), a TakKe «OOpaTHBIE» JIEMEHTHI (IOJPOGHOCTH CM.
B [27]). Baxkseifimumu 11l HAC TPUMEPAME TOJIel SBJISAIOTCS MoJe Jiefi-
cTBHTENIbHBIX dncesl R, mose pamponHaibHbIx uucesa Q u mose Zp, vie-
MEHTBI KOTOPOT'O CYyTh KJIACCHI BBIYETOB 10 MO0 p. Ilocnennee mose
KOHeuHo (cM. [28]).

Han manbbiM mosieM F MOXKHO OUDPEIETUTH  AUHETHOE MPOCTPAti-
cmeo V. Toopst onsitb-Taku HepOPMaJbHO, V €CTh MHOXKECTBO <«BeK-
TOPOB», KOTOPBIE PA3PENIAETCs «CKIAIBIBATY MEXKJLy COOOM M yMHOMKATD
HA <CKAaJSIPbl», NpUHAJJIEXKANME F; Ipu 3TOM CHOB& MHOCTYJMPYETCS
HEKOTOPBII HAOOP €CTECTBEHHBIX AKCHOM THUIIA KOMMYTATUBHOCTH U JIH-
Heitnoctn (A\(z +y) =Mz + Ay, A€ F, x,y € V); B npocTpaHCTBe BCerja
€CThb «HYJIeBOii» 3jeMenT. B wactnoctu, R™ — 310 JInHEiHOE IPOCTPAHCTBO
nas nojtem R, n ananormano seogarcs Q" mmm Zy (cm. [27]).

Ewe waz nmosem F' onpelesisioT POCTPAHCTBA MHOZ0YAEHOE (104U~
HOMOB), 3ABUCSIIUX OT HEKOTOPOIO YHUCJIA IIEPEMEHHBIX Y1, ..., Yn. IDTHU
npocTpaHcTsa 0603Ha4a0T Fly1, ..., Yn]. VIX 3/1€eMEHTHI UMEIOT BUJL

Qg iy,
C7'17~~~7'kai1 et y’Lk ?

0’7;1 Ou,k
3IECh Ci,,...i, € F'; BoIpazkeHus Y b Y,

(moromamu).

Ha3BIBAIOTCA 00HOYACHAMU
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Ecmm 21, ..., £, — BEeKTOpPBI B HEKOTOPOM JIMHEITHOM TpPOCTpaHCTBE V|
aci, ..., Cp— CKaJdpbl U3 COOTBETCTBYIOIIErO I10JIA, TO CyMMa

c1x1+...+chxn

HOCUT HA3BaHUE AUHEUHOU KOMOUHAUUY OGHHHIL GEKMOPOS € OaHHbBLMU
«UUCA08BIMUY KoIPPuyuenmamu. Ecaum paBeHCTBO ¢121 + ... + ¢pxy =0
BBITIOJIHSETCS UCKJIIOUUTEBHO Il ¢ =C2 = ... = ¢, =0, ¢; € F, TO ro-
BODPSAT, ITO BEKTODPBI 1, ..., Tp AUHEUNHO He3a8ucumb, 1Had nosem F. Ba-
3UC MPOCTPAHCTBA — 9TO TAKOU HAOOD B JIMHEINHO HE3ABUCHUMBIX BEKTODOB
B HEM, UTO JIIOOOI APyroit ero BEKTOP MPEICTABISIETCS B BUJE JTUHEHHOI
KOMOHMHAITIT BEKTOPOB n3 B. M0XXKHO MoKa3aTh, 9TO BO BCeX DA3MCax OTHO
U TO K€ KOJIMIeCTBO 31eMeHTOB. OHO Ke PaBHO YUCIY BEKTOPOB B MaKCH-
MaJIbHOM JIMHEHO He3aBUCUMOiT cucTeme 37eMeHToB u3 V. Pasmeprocmuvio
[IPOCTPAHCTBA HA3BIBAIOT KOJUYECTBO IJIEMEHTOB B JIIOOOM ero Oasuce.
Takum 0b6pazoM, ecau B MPOCTPAHCTBE JaH HAOOP JIMHEHHO HE3aBUCHUMBIX
BEKTOPOB, TO UX YUCJIO He IPEBOCXOIUT PA3MEPHOCTH IPOCTPAHCTBA (CM.
[27,29]). BameTnM, BpoueM, 4T OBIBAIOT 1 GECKOHETHOMEPHBIE IIPOCTPAH-
CTBa — CKaXKeM, TAKOBO IIPOCTPAHCTBO HEIIPEPBIBHBIX (DYHKIINI HA JTAHHOM
orpeske. OiHAKO MBI PabOTAEM JIUIIH ¢ KOHEIHBIME Ha3UCaMU.

IIpocTpancTBO HA3BIBAETCS MEMPUUECKUM, €CTTH B HEM BBEJIEHO PaC-
crosiue (mempura) p(x, y) (cm. [30]), 1 2uavbepmosvim, ecin PACCTOSHIE
MOXKHO OIPEJIEJIUTb C HOMOIIBIO CKaAAPHO20 npoussedenus. Hanpumep,
R™ — rusp6epToBO POCTPAHCTBO, U IIOTOMY B HEM €CTh CTAHJIAPTHOE CKa-
JISIPHOE IIPOU3BEJICHUE

xy)=z1y1+.. . F2Yn, x=(T1,...,2T0), ¥ =W1,---sYn);

py 9TOM (€BKJINIOBO) PACCTOSIHUE BBHIPAXKAETCS B BUJIE

Ix—y|* = (x%)+(y.y) - 2(x, y).

3. Teopus rpacdos

I'pagp— 10 mapa G = (V, E). 3uecy V — Hekoropoe (BO3MOXKHO, Gec-
KOHEYHOE) MHOYKECTBO O0'bEKTOB, HA3bIBAEMBIX Gepuiutamu, a F — mpous-
BOJIbHAST COBOKYITHOCT Iap 00LEKTOB U3 V, IMeHyeMbIX pebpamu. Tepmu-
HOJIOTHSI €CTECTBEHHA, T.K. rpadbl IPUHATO H300pazkaTh HA IIOCKOCTH,
COIIOCTABJIAA BEPIIMHAM TOYKH, & PeOpaM OTPE3KH, 3T TOYKH COEJIUHSAIO-
mrue. OOBIMHO IPEJIIOJIATaloT, YTO ¥ Ipada HeT «KPaTHBIX pebep», T.e. 9To
Kaxkzasi napa (z, y) scrpedaercst B E He Gosee omnoro pasa. IIpenmnosa-
rafor, gaJee, 9ro (z, ) € E (Her «ueressb») u uro (z, y) = (y, z). Ecau ot
HOCJIEIHETO CBOMCTBA OTKA3aThCA, TO BOSHUKACT OPUCHMUPOSANHBIT 2pag
(opepa), KOTOPBIH M300paKAIOT TaK, KaK MOKA3aHO HA PHC. 4: MOPSIOK
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Puc. 4

9JIEMEHTOB B pebpe 3a/aeTcsl CTPEJOYKON, HIyIIell OT IEPBOi ero Bep-
muHbl Ko Bropoii. I'pad G’ = (V', E’) masweiBaercst nodzpagiom B rpade
G=(V,E), xoub ckopo V' CV E' CE.

I'pad nasbiBaercst noanvim, ecjii B HEM TPOBEJEHBI BCE BO3MOXKHBIE
pe6pa; y mostHoro rpada Ha n BepmmHax C2 pebep; Takoit rpad obo3HadTa-
0T K,,. IlomabIit moarpad HEKOTOPOTo rpada Ha3bIBAETCS ero Kaukol. Ko-
JIMYEeCTBO BEPINVH B caMoii GoJibinoil Kiarke rpada G obosnavaercs w(G).
MozkHO, HAIIDOTHB, PACCMATPUBATD HE3AGUCUMDBLE NOOMMHONCECTNEA MHO-
JKeCTBa BepiiuH rpada, T.e. MOJMHOXKECTBA, JIEMEHTBI KOTOPBIX MOMAp-
HO He coequHeHbI pebpamu. Jucaom neszasucumocmu rpada HA3BIBACTCS
BesmunHa «(G), paBHAs MAKCHUMyMy MOIIHOCTEH HE3aBUCUMBIX IIOIMHO-
JKECTB MHOXKECTBa BEPIIUH Ipada.

IMoxpobGuocru cM. B [31-33].

4. Apayms

Tosopsr, uro dbyukuus f(r) ecrb «o Majgoe» or dbyHkmu ¢(x) npu
x— xo umumyT f(x)=o0(g(z)), Ko ckopo f(z)=a(z)g(x), rue a(z) —0
upu = — xo. Hampumep, n = o(n?) mpu n — oo wm eV = o(e"), mm

1

o = o(1); Moxmo mamucars Takxke eV’ = e, Ecim Mbl 3ammchiBa-
nn

em uHepasencTBo B Buze f(x) < (1 + o(1))g(z), To MBI 1OIpa3yMeBaeM,

gro cymecrByer Gynkims h(x) = o(1), ¢ Koropoii BbInONHEHO f(2) <

< (1 + h(x))g(z). AranornusbiM 00pa3’oM Mbl IIOHMMAEM HEPABEHCTBO

ruma f(n) < (1,185 + o(1))"™. 3zaech omarb-raku Hajigercs h(n) = o(1),

rakasi, 910 f(n) < (1,185 4 h(n))”. ToHKOCTH B TOM, YTO B IOCJIE/HEM

cilydae HeJIb3s yTBepKIaTh, oyaro (1,185 + o(1))™ ~ 1,185™ (f(x) ~ g(x),
n

ecmn | f(x)| = (14 0(1))|g(z)|). Hanpumep, (2 + %) ~ €2™; olHAKO caMa

KOHCTaHTa, CTOAIIAsi B OCHOBaHWHU 3KkcnoueHTHl (v + o(1))™, ¢ pocrom n
TOJIBKO yTOYHSIETCSL.
Tonpo6HocTH MOXKHO HaliTh B [34].
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