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IIPEANCNOBHUE K IIEPBOMY W3JIAHUIIO

Hearro mpepnaraeMoit paGoTH SBISETCA AKCHOMATHYe-
CKoe 060CHOBAHME TEOPHH BEPOATHOCTE . Bepymeii myiciibio
aBTOpa OBLIO IPH DTOM E€CTECTBEHHOE BKINYEHHE OCHOR
TeOpUH BePOATHOCTEH, CIATABIIAXCH emie HeNaBHO coBep-
IEHHO CBOGOOPA3HKMH, B pAX o6muX IOHATHI COBpEMeH-
HO# MaTeMaTuKu. J[0 BO3HMKHOBeHHA meGeroBoii TEOPHH
MEpLl M MHTErpama 3Ta 3agada Obma moutu GesHameskma.
Ilocme wmccneposanmit JleGera crama sicHoit aHaJoOTHA
MEHY Mepoii MHOKECTBA M BePOSTHOCTHIO cobpiTHA,
a TAKIKe MEKAY HHTErPAIOM 0T QYHKINH H MAaTEeMATHYCCKAM
O}KUIaHUEM CAyYIafiHodl BeJWYHMHBI. JTa aHAMOTHA Jomy-
CKaeT u janbHellllee mpoJoJKeHme: Tak, HalpuMep, MHO-
THe CBOWCTBA HE3aBMCHMHIX CJAYUAHHBIX BeAMUMH BUOJIHE
AHAJIOTHIHEL COOTBETCTBYIOIMHUM CBOMCTBAM OPTOrOHAIBHDIX
¢yuxnmit. Jas Toro 9To6H, HCXONA M3 3TOH aHalormy,
060CHOBATL TeopHIO BepPOATHOCTEIR, CIEe0BAN0 eme OCBO-
6oxuTE TeOPMIO MEPH H TeopHIo HHTETPHUPOBAHUA OT reo-
METPHYECKUX BIEMEHTOR, KOTOPEIe eme umeanch y JleGera.
10 0cBOGONIEHHE GBIl ocyinectsieno Mypemre.

IlonniTkn wocTpoenus ocwos TEOPUH BepoATHOCTeI,
HCXONAIINEe M3 3TOU 06H[ell ToUKH 3peHHA, yiie MMEIOTCH,
H BeCh KPYT M/ei, N3/1araeMbX 8[ieCh, yiie yemen opuobpe-
CTH M3BECTHYIO IONYJNSPHOCTH B Y3KOM KDPYTy CHenmai-
CTOB; OJHAKO OTCYTCTBOBANO MOJHOE W CcBOGOTHOE OT
H3IHMIMHAX yCIOKHeHNA U3N0KeHne Beeil cmeTemn (mo-
TOTOBJIAETCA, BHpoYeM, K medatd Kumra @peme, cwu.
Fréchet [2]).

1 xoren GuI eme ykasaTh sjech HAa Te MecTa B JalibHeH-
IeM U3JI0KeHNH, KOTOPLIE BRIXOAAT 3a Hpesiedbl YIOMs-
HYTOTO BBIIIe KPYTa Hfed, yike 0CTATOYHO 3HAKOMOLO
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B OGMUIX YepTax CIEHHAJHCTAM. JTH MecTa chaefyiomue:
pacnpepelennsl BepoATHoCTe B GeCKOHeTHOMePHHX HPO-
crpancrBax (riasa Tperest, § 4), nuddepenmuposaine u
IMTErPHPOBAHEE MATEMATHIECKMX OMUZAHUA MO HapaMeT-
py (rmasa wersepras, § 5) m 0COGEHHO TCOPHA YCJIOBHMIX
BCPOATIOCTEH M MaTeMaTHIeCKUX osRIanmit (rnasa narasn).
Ciemyer mpm 9TOM OTMETHTH, YTO BCe HTH HOBbIE HOHATHSA
I IpoGiemsl ¢ HeoOXOUMOCTEI0 BOSHHKAIOT IPH PaCCioT-
PCHAM BHOJHE KONKDETHHIX QUSIIECKUX 2ajad l).

Iecras raabBa COmEPIKUT 0G30p OTHCHLHLIX PeRY.inTa-
Tos A. fI. Xununma m apropa, KacaOmMEXCs YCAGEUI -
MEHHMOCTH HPOCTOr0 W YCHJACIIIOr) 3aK0HA GOALIIUX Yii-
cel. B cnmucKe nMTEpaTYpH NPHEBENEHT HEKOTOPHE Ho-
5B paboTe, TIPENCTABIAIONME HHTEPEC C TOUKH BPEH
BOLIPOCOB 0GOCHOBANIHSA TEOPUM BePOATHGCTeil.

Hprronry croio ceppeunyio 6narogapmocts A. . Xui-
YHHY, BHMMaTeJbH0 HPOYRTABIZEMY BCIO PYRGHHCH I
DPEefNOKHBIIEMY UeXNIT paj) ylyvlHenwi.

Kasasema 6aus Mocwsu, A. Hoaxozoros
1 man 1933 r.

T) Cp., manpumep, IUTHPOBAHNYIO B ¢HOCKe 1) K c1p. 69 paboty
M. A. Jleorropuua M aBropa, a Taxsme M. Leontowitsec h,
Zur Statistik der kontinuierlichen Systeme und des zeitlichen Ver-
faufes der physikalischen Vorginge, Physik Zeitschr. d. Sowjet-
union, 7. 3, 1933, c¢rp. 35—63.



TIPEJUCIOBUE HO BTOPOMY U3JTAHIIO

C mepeoro HEMEI[KOTO H3/(aHAA 3TOH KHEJKKH MPOIII0
copox Jer. brlmo pemeno, TeM He MeHee, He IOJBEPraTh ee
cymecrseHnoil mepepaborxe. A. H. llupsaesniMm m wmuomn
pHecembl HeGONBIINE YCOBEDINEHCTBOBANUNA MN3JI0/KEHHUA.
Mopeprusupopansl HeroTophie obGosHadenma. [laa Hexo-
Topux Teopem § 3 — O raaBm VI maHH moKazaTeNnCTBa,
orpegaxtupoBanubie A. H. Ilupsessim mo Momm paboTam
1925—1930 romon. B coBpemenHBIx yueGHEKAX STH Teo-
peMil 00LIYHO JOKasHBAITCS ¢ HOMOMBI0 ammapaTra Xa-
paxTtepmcrudeckux Qysriuumii. Moum nepsomavansmme o-
Ka3aTeJbCTBA NPAMBIMY, BJIEMEHTAPHLIMA CPEICTBAMH, MO-
MeT O6BITH, COXPAHAT HEKOTOPHIA mHTepec.

Haneqemusie B § 2 mepBoi riiapsl B3TAAAL HA OyTH 000C-
HOBAHHA IIPIMEHIMOCTH AKCHOMATHIECKOH TEOpUH BEPOAT-
HOCTeil K pealbHRIM 3a7auaM OBUTH DPasBUTH MHOI HoI-
po6uo B [1]. Ho m 371ech ocTaBamuch HEBHIACHEHHBIMU IPH-
9UHEI TOIO, I0YEMY MBI TAK YaCTO BCTPeIaeMCs Ha IPaKTHREe
€ yCTOHYMBOCTHIO YacToT. HoBBIl moIx0/ K 9TOMY BOmpocy
ovr1 muow mameven B {2] u [3] (cam. Tawme [4]):

[1] Monorpagus «MaremaTnkra, ee cofiep:Kamue, Me-
Tojbl 1 3Hawenuwer, maxm. AH CCCP 1956, raasa XI.

1A H.Hoanmoropos, Tpu mopxoma & ompe-
HeNeHHIo IOUATHS (KOJMIeCTBO MuopMannm, [Ipobaemst
nepefadn undoprmanuu, 1. I, prm. 1 (1965).

Bl A.H. Koamoropos, K aoruseckum ocuo-
BaM Teopuy MHQOPMALMHE H Teopun BepoarnocTel, [Ipodae-
MBI mepenadn uHbopManmu, 1. V, Boir. 3 (1969).

4] A.K.3Bonxun nlJl. A Jesuu CiomHocTs
KOHETIHIX 00BEKTOB M 000CHOBAHWE TEODPHH HHDOPMALHH
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W CTYTa¥iHOCTH ¢ HOMOMBI0 TEOPHH aJCOPHTMOB, Y CICXH
mMaTeMaTHIeckux mayk, ToM 25, Bum. 6 (1970).

OTMmeuy cHeumagbno Te BOHPOCH, IO KOTOPHIM UHTA-
TCMIO CJefyeT o0co0EHHO HACTOATENBIO PEKOMENI0BATh
COTOCTABJeHMe IH3JIOKENNs, MAAUmoro B aToll KEMIKKE,
¢ 0oJee COBPEMENHLIM.

1. B § 1 rmasut V pgano onmpepeenme ycaoBHON Bepo-
ataoctn P (4 | E), rme & — cayuafinwii 2JaeMeHT IEROTO-
poro MHO:KecTBa X, T.e. orobpamcenue B X. C arum
orofpaskenneM MoOKHO cbasaTh axarebpy $5C F Beex
NpEHAZJIEKAMUX F TOJHLIX TPooGpa3’oB HOAMIIOKECTB
mnoncectRa X. Temeps mpegmoumraor cmauwaaa ompeje-
JIATH YCA0BHBIE BEPOATHOCTH 0 OTHOIIEHMIO K 106011 6-u0p-
anrebpe §' < § u saTeM CUMTAThL, UTO

P(A[E)=P(4|55.

2. Pesyaprarn § 4 raasn 111 mupoxo ymorpebasores,
10 He AT HENoCPeJCTBeHHO IIPUEMIEMbIX paclpeseaenni
P HMEIOMUX peanbnblii wmurepec (yHKIUMONANBHEX TIPO-
cTpancTBax (cM. o0 sToM Ha cTp. 40).

17 pewabpa 1973 1. A. Koamozopos



I. DJJEMEHTAPHAS TEOPUA BEPOATHOCTEN

Mmn naswviBaem saemenmaphoii meopuei éeposmuocmeti
Ty 49aCTh TEOPHH BEPOATHOCTeH, B KOTOPOH DpHXOANTCA
HMETDH 10 ¢ BePOATHOCTAMH JHIIL KOHEYHOTO YHCIAa CO-
Ouitmii. TeopeMsl, KOTOpHE 371eCh BEIBONATCH, €CTECTBEHIO
OPHMEHAOTCA TakiKe U K BOIPOCAM, CBA3AHHHIM ¢ GecKo-
HEYNBIM 9UCAOM CHYIaliHbIX cOGBITHI, OfHAKO NpPH H3yde-
HMH OTHX NOCHeANNX NPHMEHAIOTCHA TaK:ke CYMECTEeHHO
Honnie mpranunn. IlosTomy enmHCTBeHHas akcHoMa MaTe-
MATHYECKOH TeopHH BEPOATIOCTEH, OTHOCANIAACH HMEHHO
K caydano GeCrOHeIHOTo Wiciaa CAYdaifHHX coGLITHH, BBO-
ANTCS Jumib B Hadajdle BTOpO# riasnl (axcmoma V).

Teopns BeposATHOCTeH Kak MaTeMaTHweCKas JANCIHILIH-
Ha MOKET M JOJKHA OHTH aKCHOMaTHRHpOBalla COBEPHICH-
110 B TOM jI€ CMBICJIe, KaK TeOMeTpHA uau airefpa. 3To 03-
NavaeT, 9TO, MOCJHE TOTO KAaK JAHLI HABBAHHMA H3YIaEMBIM
06BEKTAM W MX OCHOBIILIM OTHONIEHHSAM, a TAKI{E aKCHOMH,
KOTOPHIM 9TH OTHOINEHNA JOJIKHBI HOMIHHATLCH, BCE Hajb-
Heiliee N3JI0KeHNe JOKHO OCHOBLIBATHLCH MCKIIOUATEN b-
WO Jiniib HA 9THX aKCHOMaX, He oNMpasAch Ha OOLITHOE
KOHKpeTIioe 3Hadenne 3THX O00LEKTOB H MX OTHOINCHHI.

CootnereTeeno sToMy B § 1 ompefensercs moHATHE
12044 6eposmiocmert Kak CHCTEME MHOKECTB, YEOBIETBO-
PAIOIMe# onpejieJeHAnIM yeaosusam. YUTo mpencrapisaor co-
ol B/IeMEHTH STHX MHOIKECTB, COBEPIIENHO Geapasimno
ANA 9HUCTO MAaTeMaTHYECKOTO Pa3BUTHsA TEOPHH BepOATHO-
creil (cp. BBefeHHEe OCHOBHEIX TEOMETPMICCKHX HOUATHI
B «Ocnopax reomerpmm» I'manGepra mim ompepenenme
I'PYLI, KoJer U Ted B abCcTpaxkTHOH anre6pe).

Besakas axemomatmueckas (abeTpakTHasm) Teopus fo-
oyckaer, Kak M3BeCTUO, (eCKOHeYHoe YHCI0 KOHKDETHBIX
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nmnrepuperannit. Taxum of6pa3oM B MaTemMaTmaecKas Teo-
Mt BEPOATHOCTEH JOMyCKaeT HapAAY ¢ TeMH HHTepHpe-
TalEAMIT, M3 KOTODHIX OHa BOBHIKIA, TaK:ke MHOTO JApY-
rux. Tax, ME IPHXOMM K IPHIOIKEHHAM MaTeMaTIHIeCKOH
TeOPUH BEPOATIOCTEIl K TaRMM 061acTAM HAyKH, KOTOPDIE
He HMMEI0T OTHOIIENH K MOUATHAM CHyYaa I BepoATHOCTI
B cOOCTBGHHOM CMBICIE HTOTO CIODA.

AxcmoMarusanms Teopun BEPOATIOCTEl MOKeT OLITh
OpoBeJeHa pa3IAYHLIMH CHOCO6AaMH KakK B  OTHCIIEIHH
Bpibopa arCHOM, Tak I BMOOpAa OCHOBNGHIX WWOHATHI U
OCHOBIIBIX cooTnomennii. FEcaum npeciemoBaTs Ieldb BoO3-
MOKHOM TPOCTOTHL KAK CAMOH CHCTEMBI AKCIIOM, TAK If
TOCTPOCHNA M3 Hee AajdbHelimeR TeopHH, TO IPEACTaBHACT-
e Hauboiee 1eneco06pasHsM aKCHOMAaTA3HPOBAHNE IIOT!-
TA® caywadnoro cobmTIA 1 €ro BepoaTHOCTH. CymecTByOT
Tawkyke JpYIHe CHCTeMBl AKCHOMATHIECKOTO IIOCTPOGHHA
TeopUH BePOATHOCTCH, a MMeHHO TAKHE, B KOTODHIX HOHs-
THE BEPOATHOCTH HE OTHOCHTCA K UNCIY OCHOBHBEIX HOHSM-
THH, & CaMO BHIDAyRaeTcA HYepes apyrme moustual)., Ilpm
9TOM CTPEMATCA, OQHAKO, K JDYToil menm, a HMMeHHO,
00 BO3MOKHOCTH K Haubolsiee TeCHOMY CMBIKAHMIO MATEMa-
THIECKON TEODPHY ¢ BMIHEPAYECKUM BO3HHKHOBEHMEM IO -
THSI BEPOATHOCTH.

§ 1. Axrcnovinr ?)

Ilyets €2 — MHOJKECTBO BIeMCHTOB o, KOTODHE MU
OyaeM HasBIBATE 94eMEHMAPHHMI COOINUAMIL, & F — MHO-
JKECTDO TIOIMHOIRECTB U3 2. JNeMenTHl MEOsKecTBA F Oyniem
MABBIBATDL CAYHQUHMMU COOUMUAMY (HAH TPOCTO — COHni~
muamu), a £ — npocmparncmeon saemenmapnuz cobumuli.

L. 5 seanemes anze6poii muoxcecme®).

') Cp., manpumep, R. von Mises{i] un [2luC. H.Bepnm-
Teitm [1].

%) Ynratenn, meaaomuii cpaay e IPIATH> KOHKPETHBIH CMIICH
HIGRCCJIEAYIOMHM aKCHOMAM, JONM(eH HAYATL QuTaTh § 2.

3) CucreMa F HOAMHOMECTE MHOMtecTBa € HA3BIBALTCA aare6-
pot, ec Q & F, coefunenne, Hepecegcnue H PA3BOCTH JABYX MHO-
HECTE CUCTCMBI ONATH HPHAALICKAT dTOIl cHeTeme. Mul 0603HATACM
lepeceucnne muoikecTs A U B uepes A (| B wnn AB, ux coefuuonde



§ 1. AKCHOMLI it

. Rasmdony miomecmay A us § nocmasaerno ¢ coom-
eemcemaeue Heompuyamesvroe deticmeumenviioe wucio P (4).
IMo uucao naswisaemes seposmuocmuio cobwmug A.

HI. P(Q) = 1.

IV. Ecau A u B ne nepecerawmes, mo
P(4 + B) =P (4) + P (B).

Conoxyumects o6sextor (£, F,P), VAOBJIETBOPAIMYI0
arcrmoMaM [—1IV, Gygenm HasuBarh #20.ten 8e PO A HO-
cmetl,

Hama cuereva axcmom I—FV HERPOMUOPpeuuea. ITo
HORA3BIBACT CIE/YIOIME IPEMED: £ COCTOUT H3 eIHHCTRem-
HOTO dIeMeHTa @, § — k3 @ I mycToro MHOKeCTBa 5,
upu sToM moaoskeno P (R) = 1, P(Q) = 0.

Hama cmerema axcuo, oinaxo, He spaseTcs noanot:
B PasHHX BOIPCCAX TEOPHH BEPOATHOCTE paccMaTpuBaioT-
CA PasIHINEe MOJA BePCATHOCTEIR.

Ilpocrefimue noas BEPOATIIOCTEH CTPOATCA CHefyIoNmM
oGpasom. DBepyTes IpoH3BONBHOE KOHEWHOE MIOKECTDO
2 = {0, ..., 05} B TPOUBBOIBHOE MHOKECTEO {P1, ooy PR}

HEOTPHIATENBHLIX YHCEN C CYMMOIO py . .. 4 p, = 1|
3a § npHEAMaeTCH COBOKYIHOCTE BCEX OOAMHOKeCTB A m3
QH}IJIHA'={((),-I, .« ., 0, ) Hojaraercs P (4) = P+ ...

-+« +pi,. B arom cayaae ronopar, uro P1r + « - Pi CYTH
BEPCATHOCTH  9IEMEHTAPHHX coOnInit ..., @, uIn
HpecTo asexenmaphue seposmuocmu. Taxk moxysaiorcs pee
BOGMOIRELIE KOMCUNLE HOGIST BePOATHOCTCH, B KOTOPHY F
COCTONT M3 COBOXYIHOCTH BCEX MOMMUOKECTB Ha §) (mpw
9TOM TOJIE BEPOATHOCTEH Ha3LIBAIOT KOHEIHHIM, CCIIH MIIO-
mecrno {2 xonmeuno). Ilo momopy pmanbHeimmx npHMEpos
em. ra. II, § 3.

— uepe3 AJB, pasmocts — uepes 4 \_B. Homonaurtennnoe MuosRe-
¢TBO 2 \ 4 K MHOKecTBY A 0003mAYaen A. Yepea ( ofosmanaeTcs
nycroe MmuOMKecTBO. Eciam MEOmectBa 4 w B mHe epeceKanTCy
(4B= (), To ux coenumenne A | B 6v/ier 0603mauaThen TaKe depes
A - B u BasHBaibes CyMMOI, MuosecTea 13 & 6yneM B gaabEel-
meM 6603HATATL GONLITMMU  JATHHCKIMU G6yrBamu. Cp. A. H.
KHoamoropon, C.B. ®omu H, JJAEMEHTH TeOPUM (YHKINi
B QYyOROHOHANBLUOr0 anmanusa, Man-po «Hayxa», M., 1968.
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§ 2. OTnoirenne K JAHHBIM oubiTa ')

[T pumenenne Teopud BepOSATHOCTEH K AeHCTBHTENHLHOMY
MHDPY OLOBITA IPOUCXOMHUT IO CAeyIomell cxene.

1. HpexgmonaramoT faHEHM HeKOTopbd rommiexc S yc-
MoBWH, AOHYCKAIOIE HEeOrPAHNIeHH 0 9IICI0 J0BTOPEHMI,

2. WUsygaor onpemenenmslii Kpyr coOORITHH, KOTOpPDLIS
MOTYT HACTYHIaTh B Pe3ylbTate OCYMecTBicHus ycaosmi S,
B orgenpubix cayuasx st coGuITHSA MOTYT HACTyOATh HIN
He HACTYNATh B Pa3HBIX KesbuHanumsax. B suoskecTtBo {2
BKJII0YAIOTCSA BCE BO3MOKHBIC BAPHAHTHL HOABICHHH Wit
HETOABHEHHN pPACcCMATPHBAEMBIX COOBITHH.

3. Ecum nocne peammsamun ycinosuil & ocyiecrBue-
IHUHACA Ha OPAKTHKe BapHAHT OKARETCA HPUHAJJIE;KAIIEM
K (ompegeleHHoOMy KaKHMH-AI00 YCIODHAMH) MIOHECT-
By A, TO rOBOpAT, UTo HacTymmiIo cobeitue A.

If pumne p. Homnnexe yenosuit & 3akio9aercsa B ToM,
qto GpocaloT Ba pasa MoHery. Kpyr cobuiThii, 0 KOTOPOM
L3 pedb B I. 2, COCTOUT B TOM, YT0 IPH KAKIOM GpocaHus
MOT'YT MOABUTLCS penieTka uim rep6. Orcopa ciaejgyer, aTo
BCEro BOBMOJKHO YeTHpe pasindHbIX BapuaHTa (ajleMen-
TAPHBIX COOBITHA), MMEHHO: peIieTKa — pemuleTKa, pelier-
Ka — repb, rep6 — pemerxka, rep6 — rep6. B kagecrse
coObTHA A pacéMaTpPHBAEICA (HOBTOPEHHE». DTO cOOHTHE
COCTOHMT H3 CYMMSHI LEPBOLO H 9ETBEPTOrO 3JEMEHTADHBIX
coontuit. Taxum ofpasoMm, Momuo Kangoe cobbTHE pac-
CMATPHBATh KAaK MHOJKECTBO 2JEMEHTapHLIX COOBITHIH.

4. Hpm #m3BeCTHHIX YCIOBUAX, B KOTOPHIE MUI 3jech He
GyneM ray0ske BIABATHCH, MOYKHO MPEANONOKATE, YTO He-

1) Yurarean, KOoTopH HHTepecyeTCH HHIIL UYHCTO MATCMATH-
4eCKUM PA3BUTHEM TeOoDPIHIl, MOKET 3TOT Haparpad me TUTATh — JaJb-
HeliImee M3.T03KeHNe OCHOBHBAGTCA HA AKCHOMAX § 1 W He HCIOJNB3YeT
paccysitenuil ayoro maparpaga. B gemM Mul OrpaHHYEMCH JiHNIb NIPO-
CTHIM yKa3aHUeM Ha dMIHMPHUUYCCKOe BOSHMRHOBEHHE AKCIIOM TeOpHU
BOPOATHOCTEH M CO3HATENBIO OCTABIAEM B CTOPOHE INIyOoKHe (HIO-
COPCKAE HBBICKARNA O HOHATHN BePOSATHOCTII B MIpe olnTa., B Hamo-
JKCHUH HeOOXO[HMBIX IPeAIOCHIIOR [ IIPHIOMKUMOCTH TeOPHH Bo-
poATHOCTel K MUDY AeHCTBUTENLIBIX COOBITIII aBTOD B 3HAUHTEIBHON
mepe ciaefyeT BuiBojgam Museca, B wactHOocTH ¢p. R. vonMises
[1], cTp. 21—27, naparpag «Das Verhiltnis der Theorie zur Er{ah-
rungswelts,
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KOTODHIM COOMTHAM A, KOTOpBIE MOFYT 11aCTYyOMTb WM
7K He HACTymHTh Tmocde ocymecTnienua yceaosuii &, mo-
CTaBJEHLl B COOTBETCTBHIE OIpeeenise JelcTBHTeIbHbIe
agcna P (A), obragaomume CHeNyIOIMIME CBOHCTBAMM:

A. Mosio mpaxTugecku OHITH yBePEHHHIM, 9TO €CJII
KoMmmieke yeaosuil & Gymer momTopen 6Gonblioe THCTO 1
pas I ecau mpn 9TOM Uepes m 0603MadeHO UNCHO CAYUAED,
HPH KOTOPHX cobuniTie A HACTYNHI0, TO OTHONIEHHE -
Oynaer mMado oTnmuatbes of P (A4).

B. Ecin P (4) odenp Mano, TO MOKHO IpaKTHIECKH
6LITH yBepeHHbIM, UTO HPH OJHOKPATHOH peaTm3amuy yc-
nopuit & cobriTe A me GymeT mMeTh MecTa.

Imnupunecras dedyryus arcuor. OBLUHO MOAKHO Hpes-
mojaraTh, 4To cHcTeMa F paccMaTpHBAEeMBIX COBLITRIL
A, B, C, ..., KOTODHM OPUNNCAHH OTpe/ieTeHHEe Bepo-
ATHOCTH, ofpasyeT aire6py MHOKECTB, Collep/RaIlyl0 B
KagecTBe dlIeMeHTa MHOKeCTBO £ (axcnoma I, a Tawsie mep-

Bas 9acth akcuomsl 1l — cymectsoBamne pepoarmocreit).
n

n
omsl Il oxasniBaercss Bmoane ecrectsenmoit. J{as cobbrrus
{2 Bcerfa m = n, GraroflapsA 9eMy ecTeCTBEHHO TOJO;KAThH
P () =1 (akcuoma I1l). Ecau, naromen, A n B mecoBMe-
CTHH MexIy coboil (r. e. MHOKecTBa A u B 1e mepece-
KalTcA), TO m = m, + m,, TAe m, m,;, m, 0603HATAIOT
COOTBETCTBEHHO YHCJIO ONLITOB, B KOTOPHX NPOHCXOAT
cobutaa A + B, A, B. Otciofia caegyer:

Hanee sacuo, ato 0 < <{ 1, Tak 9To BTOpas wacTh aKcH-

n mi | Ty

n  n U m

CJICIIOBEITGJII)HO, ABIHACTCA YMECTHLIM HNOJ0KHATH

P(4 + B) =P (A) + P (B) (akcmoma 1V),

IHpumeuganue I. I3 mpaxkruueckoii mocToBepHo-
CTH JBYX YTBEp/RAEUHH cieflyeT mpakTHYecKas J0CTOBe]-
HOCTD yTBEpsienua 06 UX 0JHOBPEMEeNHOH MPaBUIBHOCTH,
XO0TA CTeleHb JOCTOBEPHOCTH NPH 3TOM HECKOABKO MOHM-
sraerca. Ecan, ogHako, 9uCI0 yTBEpsKACHTI 09enb BEINKO,
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TO HW3 TPAKTHYECKOH [OCTOBEPHOCTH KAKIOT0 OTAEND-
HOTO W3 9THX YTBep#ileHAil BooOme Hemb3s BHBECTH
HHUKAKAX 3aKJII09eHHi#l OTHOCKHTEIBHO 0JHOBpPeMeHHoH mpa-
BHALHOCTH Beex aTux yrpepyrnesnii. loasrosmy ms mpum-
ngma A nuromM o6pasoM Iie clIefyeT, 4To Ipil 09end 60b-
HIOM 9HCJE Cepiil Mo 72 HCUHTAHHA B Kaxdoll cepun OTHO-

m
eHge — oyner mamo oraniarncd ot P (A4).

Mpusmeusanue II. Hesosyommony cobutuio (my-
CTOMY MHOKECTBY (7)) COOTBETCTBYeT B CHJY HAIIHX aKcH-
oM BeposarHocTh P (J) = 0 %), B To BpeMa kax, Haodoper,
s P(4) = 0 me caegyer eme HeBO3MOKHOCTH COGHTHI
A; cormacmo mpunHiunmy B ms o0pamennsa BepoATHOCTH
B OYJDL clAeAyeT TOABKO, 4T0 OIPH OJHOKPATHON peainsaliui
yeiosnil & cobmrtHe A MpakTHIECKM HEBOBMOKHO. ITO,
0lHAaK0, HEe 03HAYaeT, uTO IMPHU AOCTATOUIO AJIUHHOM pPALE
seneTaEwi cobnitHe A Tarke me HacTymuT. CoraacHo
npnamuny A MOHO ARMB yTBeP)iAaTh, 9ro mpm P (4) =

n
= 0 @ Goupmom n oTHOWEHME —— oynmer marno.

§ 3. Tepuunonornieckne 3aMedanus

Mu1 onpepesunn 065eKTH Hamero fajibHEHAICro M3y-
qenns — cAydaiinee CoOmTHA — Kax MHosKkecTBa. MHO-
I'me TeopeTHKO-MHOJKEeCTReNHbe HOMATHA o0osmadaorcs,
OflHAKO, B TEOPUM BEPOsATHOCTEHl ApyrmMm myvenamm. Mul
HpHBefeM 37eCh KPATKHIl yKasaTedb TAaKUX MOHATHH.

B meopuu mmoacecms Han cayuaiinwxr cobumuil
1. Au B me mepeceraior- 1. Cobmrus A m B ne-
cia, T. e. AB = (. COBMECTHHI.
2. AB...N = {J. 2. Coburua 4, B,..., N
HECOBMECTHH.
3. AB...N = X. 3. CobGurue X saao1act-

¢s1 B OiIOBpeMentoi peanu-
sanuu Beex coduruit 4, B,...

co N

Ly Cp. § 4, dopmyna (3).
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4 AUBU ... UN=X. 4. Cobmitue X 3aramogaer-
¢f B HACTYILIEHHH II0 Kpaii-
Hell Mepe onoro 13 cobHI-

tnit A, B, ..., N.
5. HomonuuTeasnoe Muo- 5. Iporusonocixmnoee co-
skeeTBo A, fotHe A, cocTosmee B He-
HACTYUJCHAHA CoOLITHg A.

6. 4 = ¢, 6. A HeBo3MOKRHO.
7. 4 = Q. 7. A pommpo HecOxonm-
MO HACTYUHTE,

8. Ciicrema 9 MHOKRecTB 8. Henwmanue ¥ sanino-
Ay, Ay oL, A, ofpasyer  WaeTCs B TOM, UTO yCTaHAB-
pasaoxcenue MHOEeeTBA ),  JHBAIOT, KaKoe H3 COOLITHI
ecan Ay Ay + ... Ay, 4, ..., A, §poucxo-

oot A, =00 (Oro ywe ant; A4, A, ..., A, Ha-
npefuosiaraeT, UTO MHOKe- BHIBAIOTCA HpPH HTOM DO3-
cTBa A; HOHAPHO HE MEpe- MOKIBIMH HCXOXAMH HCIbi-

CeKalTCs. ) tanus U,
9. B sapasercsa TmomiHO- 9. M3  ocymectniennsa
skecTBoM A : B A. cobuitng B ¢ Beofxomu-

MOCTBIO CcaeayeT oCcymect-
Benue A.

§ 4. HerocpezcTpennble cleICTENA I3 AKCHONM,
YOIOUHEIE BCROATHOCTH, Teopema balieca

Ms A -+ A = Qu axcnom HI u IV caegyer, uro

P4)+P(4) =1, (1)
P(4) =1 —P(4). (2)
Tar kak Q@ = (', T0, B MaCTHOCTH,

P () = 0. (3)
Ecmn 4, B, ..., N HeconMecTHH, To U3 akcHOMEI 1V

caenyer dopuyna .
PA+B+ ...+ N)=P(4)+P(B)+...--P()
(4)

(mecpena cacaceHun).
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Eecan P (4) > 0, to wactnoe
P(AD
P(B|4)= LD )

HA3HBAIOT YCA08HOU 6eposmHocmblo coduitua B mpu yciao-
BHA A.
W3 (5) HenmocpemcTBeHHO CcaEyeT, 4TO

P(AB) =P (B| A)-P(4). (6)

Sakmio4eHNe M0 HHAYKIHA jgaeT obmyio ¢opMyrTy

P (A1A2 ces An) =P (Al) P (4, | Ax) P (Aa | A145) ...
Py AyL A (D

(meopema ymmoxcenus).
Jlerko mokassiBaioTcH Tam#ie caegyomume GOPMyIIH

P(B14)>0, (8)
P(R1]4) =1, (9)
P(B+C|A)=P(BI1A4)-+P(C1|A). (10)

Cpasnusaa dopmyast (8) m (10) ¢ axcnomamm HH—IV,
HoJyTaeM, 4TO CHCTeMa MHO;KeCTB § BumecTe ¢ QyHKIHeil
muokecTs P (B | A) (npm sakpemrenunom mioskectse 4) 06-
pasyer moxe BepoaTmocteil. Cremosarensuo, Bce doxasar-
nye Oas seposmuocmeti P (B) obwue meopemwr cnpasedau-
sl Oas yeaosnwur eeposmuocmeti P (B | A) (npu Purcupo-
sannon cobuwmuu A). Jlerro Taxske 3aMeTHThL, UTO

P(414) = 1. (11)
N3 (6) u u3 amamormamoii Qopmy.s
P(AB) =P(4 |B)P(B)

nmoAydaeM Baykuymo QopMmyay

P(AYP (B A

P(41B) = 2T ELD

(12)

cogep:Karyo, cobcreedno, meopemy Batieca.
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Teopewma (o moamoit Bepoarnocta). ycmv A, -+
+ A4, + . + A, Q u B — npoussoavhoe cobuimuc.
Toeda

P(B)=P(A)P (B |A) +P(4)P(B[A4y)+ ...
P (4,) P(B | 4,). (13
Horxasartensctso. [lockoabky
B=A4,B+...+A4,B,
10, coryacuo (4),
PB)=P(A4,B)+ ...+P(4,B)
cormacmo (B) mpm oTOM MMeeT MeCTO PaBEHCTBO
P(4;B) =P (4,)P (B | 4.

Teopema (baiteca). Iyems A+ A, ..
..+4, = Q, a B — npoussoavnoe cobwmue, mozda
P(A)P(B|A)

P(ANP (Bl A) + ... +P (AP (B 4,) ° (14)

P (4| B) =

Jorasarteasnctso. Cormacao dQopmyre (12)
P(A B P(A)P (B[ A)
(4;| B) = Pl

Ilaa nonyvennsa gopmyast (14) ocraercsa TOMbKO 3ame-
uuThL BepoaTaocTh P (B) ee pupaskenmeM (13) mo Teopeme
0 HOJTHOH BEPOSITHOCTH.

(Cobrtia A, 4,, ..., 4, 9acTo HA3BIBAIOT (THUHOOTe-
saMu» ® Tropopar, aro Qopmyna (14) maer BepoATHOCTH
P (A4; | B) rmmoresnt A; nocie HacrymieHusa cobutua B,
P (4,) osnagaer OpH 3TOM ANPHOPHYI0 BEpoATHOCTH A;.)

§ 5. HesaBucumocts

IMouatue Hesasucumocmu JABYX MIH HECKOJBKHMX
ONLITOB 3aHMMAeT B H3BECTHOM CMBICJe IEeHTPAJIbHOO
MecTo B Teopuu BeposaTmocTeill. B camom pene, Mu yike
BH/eJH, 9TO TEOPHI0 BepOATHOCTEd C MaTeMaTHYECKO
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TOUKH 3DCHAS MOMKHO DPacCMATPHBATH KaK CHENUATbIIOE
TIpHMeHEHHe Oo0mell TeOpHH aIIHTHBHLIX QyHRIHE MHO-
secrs. EcrecTBeHHO 3agaTh BOIPOC, KaKIM ke obpasom
Teopus BepoATHOCTed paspuiacs B Goabmiylo, o6aamaro-
ILYIO CBOMMH COGCTBEHHEBIMH METOaMI CAMOCTOATENBITY
HayRy?

Las orsera ma stor mompoc CleyeT yKasaTh Ha Ty
CLEUHRTIIANM0, KOTOPYIO HOAYIaioT B TEOPHI BepOSTHO-
creil obmue mpoGaemb!, Kacaommecs aATJHTHBHEX (y/1K-
Oni MHOKecTs.

To obcroarennerso, uro mama aganTuBHEagd Gynruus
mnoyects P = P (.) meorpunarexnna m VA0BJIETEOpACT
veaosuo P (R) = 1, ue obycaosampaer eme coGoil Bo3-
HHKIHOBEHHA HOBHX IiIyOokux npoGiuen. Cayuaiinsie peamn-
THHBL (CP. TPETBI0 IVIABY) C MATEMATINECKON TOTRI 3penusg
UPENCTABJIAIOT COOO0R He 9TO HII0e, KAK U3MEPHMbIe (oTHOCH-
TesipHO ¥ ) QYHROUH, a UX MareMaTHIeCcKHe ORETaHHS AB-
JAIOTCA a0CTPaKTHEIME mHTerparamm JleGera. Bra amsio-
I'¥A OBJIa BIEPBHE NOJHOCTHIO pasbsacHeEa B paboTax
Dpeme ). Bpegerne YOOMANYTEIX HOHATHH He MojKer,
C/IE/I0BATENBII0, eMe I0CTABATD HHKaKOTO fasuca AnA pas-
BUTHA GOJBmONE opuUIrnHATEHOM TEOPHH.

Mcropmaeckn Hesanucnmocts wmemmTaumit caygail-
HLIX BEJMYHH SABAIACE TeM MaTeMaTUYeCKHM NOHATHEM,
KOTOPOC NpUAAN0 Teopuim BepoATHOCTell CBOeolpasHbIil
otneyarox. Hiuaccuueckue pabormt Jlannaca, Iyaccona,
Yebrnesa, Mapxosga, JIsmynosa, Museca n Bepumreiina
REUCTBATENBHO ITOCBAMEHH B OCHOBHOM U3Y9eHHI0 PAROD
HC3aBUCHMBIX CHYJalHHX BeJUMYHH. ECOH B HOBEHmIX
uccaegosannax (Mapxos, Bepumreiin u ADP.) 4acTo OTKa-
SBIBAIOTCA OT IPEeANONO;KCHHA IONHONH He3aBHCHMOCTH, TO
ORA3bIBAIOTCA NPHHYKNCHHBIMH I HOJAYYEHHMS JOCTa-
TOYHO COZEPIRATENLHLIX PEe3YJIbTATOB BBECTH aHAJOIHY-
HEEe oclaljenHbe TPelmoIosKenus (cp. B or0it raare § 6,
o neasx Maprosa). Mu mpuxosunt, ClIe0BaTeabHC, K TO-
My, 4TOOH B MOHATHH HE3aBHCHMOCTH BIEETH IO KpadHeid
Mepe MePRBII BapoAwIn csocobpasHoit mpoGieMaTHRE Teo-
PHE BEPOATHOCTEN — 06CTOATCABCTED, KOTOPOE B 9TOMH

)Cp. Fréchet [1] n {2].
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guure GyIeT Maso BLIEAATHCH, TaK KAK B Heil MBI 3armu-
MaeMCHl TTaBHHM 06pasoM TOABKO JOTHIECKOH HOATOTOL-
Koit K cOBCTBEHHO TEOPETHKO-BEPOSITHOCTHBIM HCCIEIOR -
HUAM.

CoOTBETCTBEHHO TOMY OHOH H3 BamHEHINHX 3agat
¢rrIoCcOPUU ecTCCTBEHHLIX HAYK, HOCAe PasbACHCHUA Ipe-
CJAOBYTOTO BOMPOCA O CYIHOCTI CAMOTO LOHSATHs BePOST-
HOCTH, ABISIOTCH BHSICHEES 1 YTOTHEHHE TeX HpPEeHnoCLi-
70K, TPH KOTOPHIX MOJMKHNO Kakue-nubo paumbe geifcTni-
TeJplIble ABIEHIA PACCMATPUBATE KAK He3aBHCHMBIE. JTOT
BOIPOC BBEIXOJHT, OJHAKO, 88 IPEIENH JAHROI KHHTH.

HlepeiileM K OmpejieNeHIio He3aBHCHMOCTH.

Hyers pamm n wmemertanmit L, %@ . A,
T. €. I Pa3J0KeHu

Q=AP + AP ...+ 40 (=1,2,...,n)

GCHOBIIOTO MHOMKecTBa €2 Ha cyMMy (HEIepeceKaouiuXcs)
cobmituii. Torga MosHo 3amaTh r = ry'y...TI, BEePOAT-
HOCTei

1 2 n
Prjes., = P (Afgl'x)‘/il(‘fz) R A/('c’,:) >0
BoofIme MPOM3BOABHO MPM ENHHCTBEHIIOM YCIOBHH ')

D Peken, =1 (1)

(K1, Kzveenr B )

Onpepgednenue 1. Vcosrapma AL, ABD, ., ., A™
Gyries MA3HIBATD HE3ABUCUMBIMU, GCIM U1 TIOOHX Ky, foyy + . .
..., k, IMEET MECTO PABEHCTBO

P(ADAD .. AP =P(ARYP(AY) ... P(AD).  (2)

1y Tlose BepoATHOCTCH ¢ TPOH3BOABEHIMA BePOATHOCTAMH, YA0B-

JNETBOPAIOMMME TOJBKO YOOMAHYTHM YCJIOBHAM, MOJKHO IOCTPOHTD

crepyomuy ofpazoM: MHOMKeCTBO  cocTaBiifeTca H3 r JIEMEHTOR

Oif, ...k, » COOTBETCTBYIONIAC D7I€3IATa PHEE BePOATHOCTH MYyCTh Oy-
(i) ate . -

RYT Py, ..k B A}’ ompesienAsTeA KaK MHOMKGCTBO BOEX Wy iy

OaIA KOTODHX ki = k.
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Cpemu r ypasHenmit (2) mMeeTCH T0IbKO F — (ry + ...
<. 1) (n — 1) HesaBHcHMEIX 1),

Teopema 1. Ecau ucnumanus AL, g
oo WY nesasucumwm, Mo us  Hux  a06we m (m <
<n) ucnwmanu Wi, W, Yl oo, Hesaeu-
cumsl 2),

B cryuae nesapucunoctn UMEIOT, CJIef0BaTeNbHO, MECTO
PaBeHcTBa

iy iy (i) iy is (i)
P(AfD A . A = P (ALY P (AD) .. P (A} ) 3

“m

(mpegmonaraercs, wro {; Pa’3INgHKI).

Onpemenenmne II. Cobrrtusn A4,, A,, . . o A,
Ha3BIBAIOTCA  He3q6UCUMBMU, €CTAN  DA3IoKeHIs (menur-
TaHUA)

QZAh—{—/Th (l£=1,2,...,n)

ABJAAIOTCA HE3aBHCHMEBIMH.

1) B camom meue, B CIY'ae He3aBUCUMOCTH MOKIO BHGPATh mpo-
UBBOILHO TOJABKO 1y - ry - ... + r, BeposTHOCTE! P =P (4D),
UPHTOM TaK, 4TOOH cobIIopanuch n YCIOBHI

Zpﬁj):i.
k

Caeposateanno, B obmen cly4dae HMeeM r — 1 creneneil croo-
AL, & B CIy4Yac He3aBHCHMOCTH TOABKO e 41y — n.

) Jlaa pomaaaTemncrsa mocraroumo YCTaHOBUTL, 4YTO M3 Hesa-
BRCHMOCTH n Pa3JioKeHNH clie[yeT He3aBHCAMOCTE nepBLIX n — | u3
HuX. JIpumewm, 4o ypaBmerns (2) ymoBuerBopenst. Torma

A 4(2 (n—1)y _ 1) 4(2 —
PARAD A ) = P (ADAD Ay =

k)l
=P (AP, . P (Ag;jl)) e (A1) =

k‘n
_ 1 2 (N~1
=P(AD)P (42) . P (A,;;_l)).
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B otom caywae ri=ro=...=r, =2, r=2"
CJIC/I0BATENbHO, N3 2" ypaBHeHUil (2) HMECTCH He3aBICHMEBIX
Tonbko 2" — n — 1. Jlns HesaBHcHMoCTH coOuiTmii A,
Ay, ..., A, HeoGXoQUMBI M [OCTATOYHLL CJeYIOIIIe
yeaosusa 1):

P(Aydyy. .. 4;) = P(4)P(A). . .P(4 ), (4

m=12,..,m1<i<li...<ip<n

Bce amu ypasnenus wnesasucumu mexcdy coboii.

B cayuae n = 2 monyuaem us (4) Toanxo ommo (2% —
—2 — 1 =1) ycaosue A He3aBHCHMOCTH ABYX COOBITHIL
A, m A,

P(4,4,) =P (4,)P(4,). (5)

Cucrema ypaBHeHwmii (2) COCTORT B 2TOM ciydae, Kpome
(5), emie m3 Tpex ypaBHeHuit:

P(4,4;) = P (4,) P (4y),
P (121—1142) =P (/Il) P (A2)r
P(d,45) = P () P (dy),
KOTOpHIe, 0UeBUAHO, caeayior us (5) 2),
Cuenyer mpu dTOM eme B3aMEeTHTh, YTO W3 RONAPHOL

HezanmeumocTn cobnituit A,, Ay, ..., A,, T. . U3 cooT-
HOIIEH I

P(4:4)) =P (A)P(4) (i%])

B Ciay4dae n > 2 OTHIOAL HEe CjedyeT HEe3aBUCUMOCTH ITHX

» Cp. C.H.Bepmmreitm [1], crp. 47—57. Bupoucw,
qHTaTeNb MOJKET DTO cam IPOBepHTH (e3 TPyAa (3AKIIOIGHHE L0 HA-
OYKUKH). _

Y P(Ade) =P (A1) — P(Aids) = P(A) — P(A) P (Ay) =

=P (A1) [1 —P{A42)] =P {41)P(d2)
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cobniTuii 1) (nast Hee HeoOXOMHMO BhIIONIICIHE BCoy pa-
BeHCTB (4)).

lips BBefenBM HONATHA HE3ABHCHMOCTH MLl 1€ 10db-
80BAJHCEH YCAOBHBIME BepoATHocraMu. Haimeit neanio 6o
OpPH BTOM BOBMOKHO ACHCE HBIOMNTHL YHCTO MATEMATHYE-
CKH CYMHOCTL 9TOF0 HoHsTHS. Ero mnpmromenns omi-
PaIOTCH, OFHAKO, IIABHHM 06pasoyM Ha CBOMCTBA HEKO-
TOPELX YCIOBHLIX BepoaTHocTelf. Eeam Mur mpenmomxonsi,
UTO BCe BEPOATIIOCTH MOJORATENLHE, TO U3 ypaBHeHui (3)
cirenyer, 9To %)

(i AN T o1y i
P4 AR AR AT —p ™). (o)
O6patno, ma gopmyn (6) caenyvior mo TCOPene YMHOKe-
wuA (Gopmyna (7), § 4) goprayam (2). Mu HMECM, cJaepno-
EaTeIBHC, CACIYBINYIO Teopey.

Teopexall. B cijuae nororcumenvioz 8epoamHo-
cmet ecex Aﬂhz Gan  Hesacucumocmu  ucrumanwui Yy,
4O, L., WY meobrodumo u  Gocinarnouno caelyoujee
ycaogue:  yeAosHAS  6EPOAMMOCINL  UCTodd A,gfi) npu moil
eunomese, wmo nexomopeie dpyeue ucnumarus Y, At
oo WY noaguuan onpedeaennne uczods A, Al

(ip) . (1)
ceny A;,-l’, pasraemea abcoaomuoeii eepoamruocmy P (A,ifi’).

1} 9To mOKABLIBAETCS CIeRYIOMIA upocreiM npumepom (C. H.
LGepmurreiin): MEoKecTso Q@ coctont us UETLIPCX BIIEMCHTOB )y, @y,
g, 3, COOTECTCTBYIOILNE DUCMEHTAPHEIC BODOATHOCIN py, po, Pa.
L Bee HOJAraloTcA PaBHBIMU 1/4 m 4 = {0, ©,}, B = {0y, @3},
C = [, o).

JierKo TOrga cocUUTaTth, uTO

1
P(A)=P(B)=P(()=,

P(AB) =P (BC) =P (AC) =

u_\l [
i
——
[T
~—
- Y

1 /1
F(ABC):—Z#\E).

%) Jlns noKasaTenbeTBa CHEAYeT DCLOMHETD OTIPEReNEHIe YCHOD-
Bo#i BepositECCTH (PopMyaa (5), § 4) u 3aMCBITL BePOATHOCTU Lepe-
CeYeHUH HA OpPOM3BeleHHsA BeDOsSTHOCTel 1o gopmyne (3).

(%}
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Ha ocrore dopmyn (4) aHanoOrnuH0 TOKA3HIBACTCH CJIe-
ayomasa TeopeMa.

Teopewma IIl. Ecau ece eepoammocmu P (A}) no-
AOHCUTEADHY, MO 043 He3asucumocu cobmmuii Ay, A,, ...
« oy 4, HeobzoOuM0 w docmamouno, umedn

P (Ah' l Ah‘;v A}m LY Ah'l) = P(A:'f) (7)

das antux nonapuo pasauunnx ky ki, ks, ..., k.
B cnywae n = 2 yenosus (7) cooarcs K {pyM ypaniie-
HAAM:
P (4, | A =P (4,),

P (Al lAz) =P (Al)'

Jlerko ycMoTpeTe, 9To yske OfIHO JHNIb MepBOe YpaB-
nenne (8) mpepicTaBisAeT HE0GXOANMOE H JOCTATOTHOE YCIO-
Bue mesasmemmoctH A, m A,, ecam Toasro P (4;) > 0.

(8)

§ 6. Yecnosusle BeposTHOCTH KaR cHIyyaiiHble BeJNHYHHB;
geun Mapkosa

ITycte ¥ aABaAeTCA pasnoKeHAeM OCHOBHOTO MHO}KO-
c¢TBa €2,

Q=A1+A2+--~+Am1

a § = £ (0) — melicTBuTenbHan Qynkmus 9JIeMEeHTAPHOTO
COOBITHA ©, KOTOPAs Ha KaiK10M MHOMecTBe A; IpPHHAMAET
BHAuEIHe ;!

n
E(0) = 2 il (o),
i=1
rme I, (o) — magmKaTtop MHOKecTBa A;, T. e.
Is (0) =1, ecom 0o =4; n I, (0) =0, ecin 0 = 4.
B srom cnygae roBopar, ure § — cayuaiinas éeaununa,
OPAUHMAIONAA KOHEIHOC UMCI0 BHAYCHHH X,. .., Iy, O
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HABHBAIOT MameMamuieckum oxcudanuesm BDeJaddIuHb £,
Teopusa cayvafiubix BeJIWIHH 0 UX MATEMATHUECKHX OJKH-
jaEmid OyneT pasBHTa B TpeThell U 9eTBEPTOH rJiaBax, Ile
OTPAHAYHBASACH IPA DTOM CAYTafHBIMH BeTHINHAMU, KOTO-
PHle MOTYT HPHHAMATH TOJNBKO KOHEUHOe UHUCI0 PAa3IUYNBIX
3HaYEHNH,

Onpepenenne I. Cayualinyo peamsnny, KoTo-
pas Ha KamIoM MHoMecTRe A; NIPUHAMaeT ANaYeHME
P(B | A;), Mbl HaB0BEM YCAOGHOI 6eDOAMHOCIMLIO COORMUS
B nocae dannozo ucnumarnua % u oGosuauum P (B | %) (w),
nian npocro P (B | %):

m
P(B|%) = 2 P(BIA) 14, (0).

j==1
Jna neomranua YO m Y2 Torma m  TOABKO TOrAa
He3aBHCUMB, KOTIA
(2 (1 (2) .
P(Al)l521 ))=P(Al )7 l=1’21---7m2'

Ecan pans kakne-mbo neunitanua YO, YR Y,
TG wepes

9{(1)9{(2) 91(71)

Mbl 0003HA9AM MCIHITANGE, COOTBETCTBYIOMEE pazIosike-
A0 MHOjKecTBa £ ma mpomspenerms AL AP . .. Aﬁ';).
Wenmramma AP, A®, ..., Y™ rorga m Toamko Torma
[e3aBHCUMEI, KOTAa

P (AP | 4Dy® | y* ) = p (4"

npu aoGoM puibope k u il).
Onpepgeanesnne lI. IlocnemobaTenbHOCTE MCILI-
TaHi

1 (2
>, AP, L, AuW, L

1) HeobxommmMocrs stux yejopnit ciegyer ms teopemm II § 5,
a UTO OHM TaKiKe SIBJSIIOTCH JOCTAYOIHBLIMH, MOKHO B8KIIOUHTL He-
TDOCPeACTBeRR0 N3 TeopPeMH YMHOKeHHUs1 (fopmyaa (7) § 4).

854
4]

§ 8. YCJJOBHBIE BEPOATHOCTA

oGpasyet yenv Mapkosa, ecnn npn mobux k u i
P (AP 9@ o) = P (AP A*),

Ilenn MaproBa 06pasyoT ectecTRerroe 0600menne mno-
clefoBaTeNbllocTell Ne3aBHCHMBIX HNCOHTanmit. Ecanm no-

JdORETH
Pii, (m, n) = P(AD[ AT, m<n,

To ocHOBNas Qopmyaa Teopun teneil Mapkona 6yaer aMeTh
CAEGAYIOMUA BH]:

Pigiy (5, 1) = 2ypiga,, (k m) Py, (m, m). (1)
h<m<n
O6osnauns Marpmny || py,.i, (m, n) || wepes p (m,n),
moskuo (1) sanmcaTh B caemyromeM Bmpel):

p (k, n) = p (k, m) p (m, n) (2)
k<m<n.

1y TIo nomoay nanbmefiliero passUTHA Teopunm nenefdl Mapxosa
cM. R.von Mises [1], §16 m B. Hostinsky, Méthodes
générales du calcul des probabilités, Mém. Sci. Math. 52, Paris, 1931.
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§ 8. YCJJOBHBIE BEPOATHOCTA

oGpasyer yenv Mapkosa, ecnnm npn no06ux k u i
P (AP 9@ o) = P (AP A",

Ilenn Mapropa o6pasyior ecrecTBerroe obobmenne mno-
clenoBaTenbliocTel HE3aBHCHMHKX NCOHTanmi. Ecan no-
JI0 JKHTH

Pii, (m, n) = P(A[ A), m<n,

10 ocHOBIas Qopmyna Teopun teneil Mapkona 6yaer nMern
caeqyIonuil BHUA:

Pigi, (s 1) = 2yPiga,, (K, m) iy, (m, ). (1)
k<m<n
O6osnauns Marpmmy || py.i, (m, n) || wepes p (m,n),
moskpo (1) sanmeaTs B caemyiomeM Bmuel):
p (k, n) = p (k, m) p (m, n) (2)
k<<m<n.

1y TIo nomoay nanbmefiliero passUTAA Teopunm nenedl Mapxosa
cM. R.von Mises [1], § 16 m B. Hostinsky, Méthodes
générales du calcul des probabilités, Mém. Sci. Math. 52, Paris, 1931.



II. BECKOHEYHLIE [H0JIf BEPOATHOCTEN

§ 1. Axcuoma menpepniBHOCTRN

Mur ofosmauaem, rak ofw4mo, yepes ()4, mepecede-
m

HAE MHOKeCTB A,, (B KOHEUHOM MIH (GECKOHEWHOM dHCile)
u uepes [ JA, ux coenmHeHme. B ciaydaec Hemepeceraro-

m

My XCA MAOKeCTB A ,, coegunenne | A, HasniBaeM cyMMoil o
m

o6osnagaem NA,,. Cregosaresnnno,
m
U Am = AIUA2UA3U' .oy

DiAn = A+ Ay + Ay + .,

™m

ﬂ Am == A1A2A3...

ITpr Bcex manpHEeHmMUX pACCMOTpENUAX MBI MpeIo-
naraem, uro kKpome akcmoM I—IV (ru. I, § 1) sumoansercs
ele Cefylomans AKCHOMA HECOPEPBIBHOCTH:

V. Hdas ybusarnweii nociedosamesvrocmu

ADA,D. DA, D... (1)
cobumuil uz § makoti, umo

()4, =g, (2)

MEENM, MECMO DABEHCMBO
lim P (4,) = 0. 3)



§ 1. AKCHOMA HENPEPEIBHOCTA

[
<3

Bo Bcem manpmelinieM M3JN0KEHHHM MBI HA3HIBAEM HO.1EM
eepoamHocmell TOJbKO Takoe mole BeposaTHOCTeH (£2, §, P)
B cMmicJe IJaBhl NEPBOil, KOTOpPoe, KpoMe TOTo, yAOBJIET-
BopsieT axcnome Y. Ilons BeposTHOCTEH B CMBICJIE IIABLI
nepBoii MOKIIO HABBIBATDH ROALMU 6eposmHOcmel 8 paculi-
DEHHOM CMBICIE.

Kean cucteMa MHokecTB § KoHeuHa, akcnoma Vocle-
ayer m3 arcuom I—IV. B cawmou gexe, B oToMm caydae
CVINECTBYET TOAbKO KOHEUHOe WHCJI0 PA3JIMYELIX MHOKECTB
B nocaegosateasnocta (1). llyets 4, — Haumedplmee U3
HEX, TOTJa Bee MHokecTBa Ay, coBHanawT ¢ A, u Mul,
caejoBaTeNEHO, MGAyIaeM

A}f = Ah‘+l = ﬂ An = @1
lim P (4,) = P(Q) = 0.

I

Jce mpuMepsl ¢ KOHEUHHIMH HOJAME BEPOATHOCTEH M3
Tmepnol TraaBBl  YAOBAETROPAIOT, CAEHOBaTeIBHO, TaKjKe
arxciiome V. Cucrema axcmonm I—V gmasgercsd, rakum obpa-
30M, HEIPOTHROPEUYHBON M HENOJHOIL.

Hamporas, pna GecxoHewHHX noJe#dl aKCHOMA HeIpe-
pueHocry V sBigercss HezapHcHMo# ot axcmoMm [—I1V.
Tar Kak HoRag axcHOMAa CYIIECTBEIHA JUMb AJfA Gecxo-
HETHLIX NoJell BePOATHOCTEN, TO ABIMAETCHA HDOYTH HEBO3-
MOYRHBIM PasbsCHETD ee sMINpuIeckoe 3HAYeHHE, HaOpPH-
Mep, TaKk, KaK 310 6HJI0 BKpaTHe NPOReNaHo Jis akCHOM
I—IV 8 § 2 rnasw nepsoit. [lpn omucanwsm raroro-nuGo
RelicTBHETeIBHO TabiiogaeMoro  caydalinoro Ipoiecca
MOYKHO HOIYYaTh TOJBKO KOHCIHBEE HOJIS BEPOSATHOCTEI.
Becroneanrie mons BepoATHOCTEH HOABIAIOTCA TONBLKO
KaK ulealusdpoBaHHLIe CXEeMbl NeHCTBUTENLHBIX CAyIail-
HLIX siBjieHUN. MBI Opon3Bosi0 OrpaHUdINBAEMCH HIPH 9TOM
TaKHMH CXeMaMH, KOTOPHE YIZOBJIETBOPSIIOT aKkcuoMme V.
JTo OrpalIueHIIe 0Ka3bIBACTCH ENeCo0BpAsSHEIM B CAMBIX
Pa3JIIMIEIX  HCCHeNOBAHUAX.

Teopema I (pacmmpennas Teopema CIOKEHHSA).
Ecau A, A, ..., AL, ... npunadaeucam § u

4 = 2V A, (4)

T
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mo
P(4) = P (4,). )
Qoraszarteascrtso. [loaownam
R, = D) A,.
m>n
Torna, ouesmpno,
Q Bn, = @v
H, CllefoBaTellbHO, Mo aKcHoMe V
limP(R,) = 0. (6)

C gpyro#f cTOpOHEH, IO TeopeMme CIoKeHHH
PA)=P(4)+...+PU)+P(R,). ()

Uz (6) u (7) caenyer memocpenctsenno (5).

Wrak, My gorasanu, duro BepoaTHocTs P = P (.) as-
agerca Ha §  cuemmo-addumusrol Gynryuel muoxcecmas.
Obparno, axcuoMsl 1V 11 V umewT mecro mas Beakoit ompe-
JeNeHHOR Ha KawoH-Iubo aiareGpe MHOMKECTB § CUETHO-
afniuTHBHON QyHKuuu MHokecTs!). Moskno, cnemoparens-
HO, IMOHATHE II0JA BEPOATHOCTEH oUpefeJuTh CAETYIIHM
obpasoM.

Tyemv Q — npoussoavnoe mmoscecmeo, § — aazebpa
nodmuoscecms 2, a P = P (.) — neompuyameavnas cuem-
Ho-addumusraa @GYHKEYUS MHOKCECMS, OnpedejeHHas HA
¥, noduumennan yeaosurw P (Q) = 1. Tozda cucmena
(2, ¥, P) o6pasyem noae sepoammocmet.

Teopema Il (o mowpurunx). Ecau 4, 4,, 4, . . .
vowy Ay, o L. npunadaercam F u
A= J 4, ®)
mo "
P(4) < 2P (40, 9

Yy Cm., mBampumep, wKmumry A. H.Koamoroposa u
C. B.®omMmuma, nurdpoBamsyio ma crp. i1.
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DMoxasaTeansbcrtso. Ilockoarky

A=A (|JA,) = A(A; + A, 4 A4, + .. ),
TO
P(A) = P(A4) 4+ P(A4,1) + ...<
<K P(A) P4y + ...

§ 2. BopeneBckne nmona BepoATHocTel

Anre6pa § nonMHOMECTB MHoKECTBA £ HA3HIBAETCSA
6opeaesckoll anzebpoil, eCIA BCe CUETHHE CYMMBI DA, MHO-
k3

mects A, ma § nmpunamnessaT §. Bopenesckme axre6pu
Ha3KBaIOT TaKske c-areebpamu. Vs dopmynu

UAn=A1+A2/II+A3Z[1/Ig+... (1)

MOM{HO 3aKJIIOYUTh, 4YTO 6—anre6pa COAEpPHAT TaKHEe BcCe
MHOHECTBA U Am COCTaBJEHHLIE W3 CIUCTHOTO 4YHCJIa MHO-

n
sweers A,. H3 dopmyan

Nd,=Q\ U4,

cIefyeT TO jKe [JiAl MepecedeHHWil MHOKeCTB.

Hone seposamuocmeti (2, ¥, P) wnaswseaemcs 6Gopeaee-
CKUM noJder eeposmHocmell, ecialu coomeemcemeyouyas a-
2¢6pa F seasemca 6Gopenescrol.

Ilpu Gopeaescrur moaax Teopus BepOATHOCTEH noayda-
€T MOJTHYI0 ¢BOOOAY MeHCTENA, HE CBA3AHHYIO C OITACHOCTHIO
WPHATH K COOHITMAM, KOTODLie He HMEIOT HAKAKOH BEpoAT-
HOCTH. ME Temepp MOKAajKeM, ITO MOSKHO OTPAaHAIATHCS
paccMOTPeHNEM TOABKO 0OPelIeBCKIX II0oJiell BeposTHOCTEH.
ITo OyeT craemoBaTh H3 TAX HA3LIBAEMOM TeopeMsl ¢ mpo-
ZOJeHNY, K KOTOPOM MEI cefigac mepeiieM.
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Mycres mamo moxe meposrHocTeir (£, ¥,, P). Haw
Hm3BecTHO '), cymecTByeT HamMeHbLIafg o-airedpa § =
= 6 (§,), comep:ramast Fg.

Teopema (o upogommennn). Onpedesennyno Ha
(8, o) Heompuyameavhyo cuemmno-addumuenyn GyHEyuio
muoscecme P = P () eceeda Mmoo npodoamcums ¢ cox-
DaHeHUeM 000Ux ceoticmeé (HeOmpuyameAsHocmiL U cuemnotl
adduinuernocmu) Ha éce mHoxcecmea us § = o (§,) u npu-
Mo eQUHCMBEHHBLM 00DA30M.

BopeJIeBCKa;I anredpa § = o (F,) BMecre ¢ IPoj0JI-
menHol ¢ynxnmedt muomects P = P (.) obpasyer mexo-
TOpOE ToJe BeposaTHocTeH (Q,J, P). IT0 TmoJe Ha30BEM
69pe./¢eechu.u pacwupenuen mousn (2, §,, P).

HJowxasaTeinbeTBO TEOPEMH O IPOROIAKEHUH,
KOTOPAs OTHOCUTCS R TEOPHH ANNHTHDHHX QYHKIHHE MHO-
MMECTB W KOTOpAas B OCHOBHOM MOJDKHA OHTH M3BECTHA
B PasJIMIHHIX APYTUX TPAKTOBKAX, IPOBOTHTCA MO CIEEYIO-
meit cxee.

Iyers A — mexoTopoe HpON3BOJIBEHOE HOIMHOMKECTBO
£2. Ompemenum P* (A) Kak HIKRAOO TPALULY CYMM

QP (4,

I7If BCEX HMOKPHITHH
A U 4,
n

MHOsEecTBA A KOHEYHEIM WM CIETHHIM YMCAOM MHOMKECTB
A, U3 §,. Jlerko morasarp, uro P* (4) spasercs snew-
neti mepot B cmruicie Hapateomopu *). CornacHo Teopeme
o moxperruax (§ 1), P* (4) copmamaer ¢ P (4) gna scex
MHOKECTB M3 ¥ ,. [lasee foKasbBaeTcs, 9TO BCe MHOKECTBA
B3 ¥, usMepumnl B cMmEcae apareogopn. Tak xak Bce m3-

) ®. Xaycgop@d, Teopus mmomect, I'ocrexmspar, M.,
1937; A.H. Koamoropos, C.®. ®omum, JilemedTH T¢o-
par  pyEROAE W QyEKOUOmAnbHOTO aHAajuza, Msa-o «Hayxa»,
1968, c1p. 44.

3 C.Carathéodory, Vorlesungen iiber reele Funktio-
nen, Teubner, Berlin und Leipzig, 1918, ctp. 237—258; A. H.
HOJIMOI‘O})OB, C.B.Qomun (u;m. peime), L.V, § 3
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MepuMbie MHOKeCTBa 00pasynT G-airebpy, To, CIefoBa-
TeALHO, BCe MHOJKECTBA U3 6 (§f () ABIAIOTCA M3MEPHMbIMIH.
dryaruua muoskects P* (A) aBasercsi, caemomaTennHo,
cyeTHo-aIuTIBHON Ha 6 (§F4), M Ha S (§F,) MBI Mo;Kex Tic-
JOFRUTH

P(4) = P* (4).

ITUA OKABAUO CYUYECTEO6AHIe TPOTOTAenua. Eoun-
cmeeHHocmb TPOJONKEHHT CHEIYET Cpasy e U3 MuHH-
MaJIbHEIX CBOHCTB aare6pur ¢ (§F ,).

3dameganue. Ecam muomecrsa (cobetua) A us
& 5 MOTYT H3eTh CMBICJA B KauecTBe JeHCTBHTEIHHBEIX U Ha-
6momapwxes (xota 6er opubmmredio) cofprull, To 07T-
clofia emle He cIefyeT, ¥TO MHORECTBA I3 PaCHIUpEHHOMN
aarebpir 6 (§F,) HCHYCRAWT TaKOe ¥Re pa3yMIOe HCTOM-
KOBaHIe B KadecTBe [MelicTBUTenAbHo Haba0zaBIINXCH
coomruii. MosReT cnyguThCH, UTO0 HONE BEPOATHOCTEH
(2, §,, P) paccuarpunaeres B xadgecrne (xors 66l nmea-
BM3UPOBAHHCr0) o0pasa peaNbHHX CAYIANHBIX COOHITHI,
R TO BpeMs KaxX DPacUlPEeHHoe IIoJe BEpPOATHOCTEH
(2, 6(Fo), F) ocraercs 9HCTO MaTEMATHYCCRUM HOCTPO-
€HHEM.

MuoskecTsa u3 6 (F ;) MBl DACCMATPHBAEM TOJNBKO Kak
«WHeayinlbie COORITHMY, KOTOPHM HEIEr0 HE COOTBETCTBYET
Bo BHeIOleM MHpe. Ecam, ofHAaKe, pacecysiuenne, KOTopoe
HCIOAB3YeT BEPOATEGCTH TARKEX NCAJbHBIX COOHTMIA,
OPHBOIUT K OHpeelelllIo BePpoLTHOCTeH [eliCTBUTeABIOrD
cobutud w3 § , TO 5T0 OUpeeNenke, OYeBHIHO, aBTOMATH-
gecKH GyZeT HEHPOTHBOPETHUBLIM U € DMIHMPUYECKOH TOYKH
3PeHusI.

§ 3. lipunepnl GecrkoHeunbix monedl BeposATHOCTEIH

1. Eme B mepnoii ruase, § 1, M ¢TPONIE pas3ImulEe Ko-
neunkle noJd BepoaTHOCcTed. IlyeTs Tenepn
Q= {(1)1, @y . © '}

~— C4YeTHOoe MUIOKecTBo, a ff COBOARAeT ¢ COBOKYDNHOCTBIO
BCeX IDOAMHOMKECTB MHOKeCcTBa Q.
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Bcee Bosmoskmnie mons BEPOATHOCTEH ¢ TakuM MHOKe-
CTBOM § Holywarorcs Carenymioimus o6pazons: bepercs mocae-
AOBaTeIbHOCTH HEOTPHIATEN biIpix qwcer {p,} opu yeaosuu

Prtpy L =1
H A I(aH{}IOI‘O MHOH{eCTBa A IIOJIaI‘aeTCH
»
P(4) = D p,,
n

npaaemMm CyMMHpOBaHHe Z paCHpOCTpaHﬂeTCH Ha BcCe Te
n

UHACKCH 7, [l KOTODRIX o, OpuBagae:ut A. dta mong
BepoATRocTel, owesnguo, ABIAIOTCA Gopenencrummy.

II. Teneps Ipeamoso:kuM, wro ) opencrasiser
coboit AeiicTrATe B Y10 HHCJIOBYIO mpsamyio R. Cuauaia
nycTs ¥, o6pasoBano ma BCCBOBMOKHEIX KONeUITnrx cyMn
HOTYyOTKDBITHIX  mHTepBamop la, b) = {o:a<Co< b}
(npu atom mp baccmMatpuBaem Hapsgy ¢ cobcTBenHnIMy
MHTEPBAIAMH C KOHEUHLIME ¢ ¥ b Tax;ke u HecobcTRermHLIp
[— oo, b), la, + o0)  [— 00, 4- 00)). Jlerko ybenurnes, uto
F o ABIACTCH anredpoit. Ilo T€opeme o uponomskennn Moj;-
HO, 0HaKo0, Kakmoe moe sepoATHoCcTel (£, F o, P) pacmu-
PUTE B mogoGuoe mose (Q, 5 (F o), P). Crcrena MHOKOCTR
F = o(F,) B mamen CAydae ABAAercA mp ey HHbI,
KaK CHCTeMOH Bcex bopeacecruz MHONMCECME  TUCTOBOH
npaAMoi.

II. Myers Q@ = p — neffcTBuTe N BITA S YACIOBAaA npsi-
Masdg, a F COCTOUT M3 Bcex Gopenenckux muosrecrs BTOl
upamoi. [lnsa mocrpoenns BEPOATHOCTIOTO mpocTparcTna
€ Manuoi Goperescroi anredpoit  § nocrarowno ompese-
JHTh Ma MHOmecTBax A F 106y1o0 HeoTpunaTensnyo
CIeTHO-aIIUTUBHY IO dyugnmo muomects P (4), yronaer-
BOPAIOMYIO ycaoBHIo P(Q) = 1. Takax QyRKIUA, Kax
nsgecTHo 1), ommosmaumg Ompenensercss cvoumu 3mage-
HLAAMHE

Pll—co, 2)} = F (2) (1)
JA CHeMuanbHbIX HUTePBaoB [ — oo, z).

Y Cm., A.JTe6 e I, Haterpaposanpe n OTHICKANMAC I PUMUTHD-
HuX QynKyui, I'TTH, 1934, ¢Tp. 127-—132.
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@Oyurnuio F = F (z) wnaspBaor @Pynxyuei pacnpe-
deaenua ©. [lanee noraswmsaerca (Tpernd riaasa, § 2), uto
F (2) ne ybuipaer, HenpephiBlla CI€Ba Il IMEET CJAELYIOMue
Ipejesblibie 3HATEHIA:

lim F(z) = F (— o0) =0,
A—=—00
. 2
lim F(z) = F (4 o) =1.
x—>f-00
Otpatno, ecan pgana ¢ynruua F = F (z), ynosmer-
BOPAIOMAs 9TUM YCIAOBHAM, TO OHA BCErJa OIpeNeJisieT
HEOTPHUATENbHYI0 CUCTHO-ALJHTHBHYI0 (YOKIUIO MHO-
mects P (A4) raxyo, ato P (Q) = 1 1),
1V. IlycTh Temeps 3a 0CHOBIIOE MHOKECTBO Q IpPHIH-
MacTcs n-MepHOe eBKJIHMAOBO KOOPMMIIATHOE WPOCTpPAH-
cTBO R™, T. . MHOIKECTBO BCEX YUOPATOUYEHHLIX KOMILICK-
coB @ = {r, xy, ..., T,} U3 n J[eHCTBATEIBHHX IACE.
Cucrema ¥ mycTh COCTOMT mpM DTOM M3 BCeX GOpPeeBCKHX
muokects ?) mpocrpancrsa R™. Ha ocnosammu paccyssme-
Ui, aHAJTOTHYMELIX IPHBEICHHHM B npumepe II, Mo »o-
JKeM OTKa3aThCA OT PACCMOTPEHHsA 0ojice Y3KUX CHCTEM
MHOKECTE, HALPAMED CHCTEMLI BCEX - 7-MEPHHX HHTep-
RAJIOB.
3a sepoarHoctuyo Gynknuio P (4) smecs, xar Beerna,
MOJRHO OPHUILITE J100YI0  LEOTPHLATEJNbHYI0 W CYeTHO-
AIUTHBHYI0 QYUKLHIO MHOKECTB, ONpPEeNelnyl0 Ha F
u ynopaersopsouyso yeaopuo P () = 1, Tarkaa pyaxoumsa
MITOKCCTB OfIIO3IIAYHO OIPEJessAeTCA, eCHIl Janbl ee 3Ha-
SeHUH

P(Aax. <777 ) = Ii‘ (alv aZv LR ] a‘n) (3)

"n
IJA CHeNHAJbILIX MIIOHCCTB Aahag,_”,an, rae Aq,, a, o a
021127TaeT MILOHIECTBO BCEX O, ANA KOTOPLIX

"

n<<a,i=1,2,... n

1) Cu., BaupHMep, UATHPOBAHHYIO BHIIIE raury A.H. Kon-
Moroposa u C,P. Domumua, crp. 262,

¥) Oupenenenue Gopesesckux mHoMecTd B R™ em, @, X a y ¢-
&op ¢, Teopus mmomects, l'ocrexmsgar, M., 1937.

2 A, 1. Rosxoropos
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Herpynno nmogeanTats, 9T0 JIJA MII0:KeCTBA

byserns B

Alln..., (LZ = {0 ¢, < £y < bh sy @y < L < bn}

BEPOATHOCTD

Ui, b

P (e 0" =

= F(bh ey b'n) - El F(blv L bF]’ a;, Z/t 1y 0 e 0y b:‘) 7!‘

i==1

o
A= 2V F (byy ooy bicay @y biyy - o D, @5, Bigs o D) —
i<j

A (=D g, @) (D)

3a gyuruuio F (a;, . . ., @,) MOKIO NP 3TCM BHEPaTh
7106yI0 HempepHBHYI0 CleBa, IeyOLBAIOILYIO 10 BCEM He-
peMerrHEIM QYHKIHIO, [JIA KOTOPOH BHpaskeile B TPaBoi
yactu (4) HeOTPHIIaTeAbHO NpH Mi0BHX a; < b;, i = 1,...

., N, ® KOTOpAas YOOBJIETBOPSET TaKyKe CJACHYICHM
YCIOBUAM:

Mim Fay,..., a)=Flay, .., ¢y, — 00, Qqijgye.., a) = 0,

s —+— 00
(ll

i=1,2,...,n, (5)

lim F(a‘h'--ya’n): F('i‘ 00, ..ty +°C):1-
G—>4-00,..., @) —-00

QOynrruo F (a,, ..., a,) vasunaor @yuryued pac-
npedeseHus, 6eAUNUH Ty, . « ., Tp.

Paccmorperne mosell BeposiTHOCTEH DBHIIEONMpEResicH-
HOT'0 THHA HOCTATOYHO AJIf BCEX KJIACCHUECKHX npobiem
Teopun pepoarnocreii '). B  wactaHocTn, BeposTHocTHAsM
¢yuxiysa B B" wmoskeT GnTH oupenesneda caegyomumM ofipa-
soM. beperea nobas onpepeiedtasn B 1" neoTpunareiasnast

1y Cp., maupumep, R. von M ise s[1]}, ctp. 13—19. 3pccn 1pe-
(yercsi CYHIECTBOBAHME BePOATHOCTEH JJIf «BCeX NPaKTHUCCKM BoE-
MOKHLXY MHOMKECTB n-MEPHOTG NPOCTPAHCTBA.
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Jymuupa f = f (v, ..., x,) Tagas, 100
[e¥)

U S e day = 1,

— 00

H 1omaraetcst

Pty =\ . {r@y . om0 dey. . da,. ©)
A
@Oyormua f(zy, ..., ZTp) ABIASCTCA B 2TOM clydae
naomHocmuLI0 éepoamuocmu B Touke (X, a, . . ., 2p) (CD.
ra. 111, § 2).

,I[pyrou THII BEPOSATHOCTHRIX ¢ynxumit B R momyvaer-
cs caepyomum obpasom. Ilycrs {®;} — mocaegoBaTesns-
HocTh Touexk u3 R™ m {p;} — TOCJIe/I0BATENLHOCTE HEOTPII-

H&TGJIBHLI\ J_[(:‘I/ICTBHTG.HLITLIK qucea Tawad, 4UTO ___|p, = 1.

Torra, Tak ske Kax u B mpumepe 1, noaaraes
P(A) = 2 Py
i

3
TnpaYeM CYMMHpPOBaNHe > pacmpocTpanserca Ha BCe To
i

MHAeKcH i, MIA KoTOphx «; npuHagize:kat 4. 06a ymo-
MAUYTHX 37iech THIA BEPOATHOCTHHIX (ymkmumi B R
NCIePIHBAIOT BCEX BOBMOIKHOCTEH, XOTA MMH OOBIYHO JIO-
BOJALCTAYIOTCA B NPHIOSKEHWAX TEOPHH BePOATHOCTEIL.
Mosxuo, ofHAKO, cefe mMpefcTaBUTL, KPoMe BTOM KJac-
CATecKoi 00IacTH, TaKKe U ApYyTHe, HHTePeCHHIe A MpPH-
JAOMKEeHMH 3afauf, B KOTOPHX dileMeHTapHsle cOOHNTHA Orl-
pefeaIoTes ¢ TMOMOIBI0 OECKOHEUIOro 9HCJAa KOOpAMHAT.
CooTBETCTBYIONIME IOJA BEPOATHOCTEH MBI HCCIEyeM
GJmke T0CTe BBELCHA A HeKOTOPHIX Heo6X0MMBIX A 3TOTO
BCHOMOTATeTbHMX monarui (cp. ra. 111, § 3).



H1. CIYYAUHBIE BEJINYNHBI

§ 1. Bepoatnocrnsie Qynkimu

ITyers mamo orofpasmenue wMumoskecTBa Q B MHOKECTBO
X, cocrosimee u3 KARUX-AUBO DIEMEHTOB, T. e. oIrpeaeeH-
Hasg na Q ofHosnauHas GyHKIUA § = (®), smavenns xo-
TOPOi mpuuajie:kaT mMHomectBy X. Kaskmomy momamosie-
¢rBy A w3 X MBI CTABHM B COOTBETCTBHE B KAUECTBE ero
npoobpasa B Q mmoskecTBo &' (A) BCeX pieMEHTOR m3
Q, KoTOpEIe 0TOOPasKAIOTCA B ONIIH U3 2J1eMeHTOB A . Ilyern
manee &z — cHcTeMa Beex moammoikects A mz X, mnpo-
06passl KOTOPHIX NPHHANAERAT K a4ce6pe MHOMKECTD F.
Cucrema &: Torma Takike sBaseTCH aarebpoit. Ecan npu
9TOM § — Gopeaescras areebpa, T0 Toyke UMeeT MeCTO H
A Fe.

Mrr mosaraem Temeps

Pe(4) =P {E1(4)). (1

JTa ompefeneHHasn Ha Fz QYHKIAA MHOKECTB P ynosier-
BOPseT OTHOCHTEALHO anre6pH § ¢ BCEM TIAIIHM aKCHOMAM
1—V n, caeposatensno, sBagercs BEPOATHOCTHOH ¢yHK-
nmei nHa §. Ilpespe uem mepeitrn & I0Ka3aTeNLCTBY
BCEX TOJBKO 9TO YKa3aHHEIX (arToB, MH cPopMyampyem
yike Temeps cjemylomee

Onpenmenenue. Iycrs nana ofHOo3Ha4YHag QyHK-
mig § = § (») cayuvaitnoro cobutis o. Torma GyHKIU ST
P, ompenenennan dopmymoit (1), masuisaercs 8epoamiio-
cemnot Pyuryuet E.

{Ipumevanue I. Ilpm wccienosamum mous Bepo-
arHocredt (Q, ¥, P) dyErmIN0 P HaszHBaoT BEPOATHOCTIOH
¢ynrnuefi HIN IPOCTO BEPOATHOCTHIO, a P — Beposrio-
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crioit ynrnueir & B caywae & (o) = o P (4) coma-
gaer ¢ P (4).

Hpumeuwanne . CoGrrue £~! (4) cocTont B TOM,
uro & (w) mpunajie;RuT MHO)kecTBy A. CJIGIIOB&T(—).;ILH(),
P (A) ects BepoATHOCTH TOTO, 4To § (0) = A.

Ham ocramoce gokasaTh BLINEYMOMSHYTHE CBONHCTBA
Fe¢u P Ounm caegymor, oIHAKO, U3 OZHOrO-GHHCTREH-
Horo dakTa, a UMEIHO cleAyIomero.

demwma Cymuna, nepecelteitue U pasHocmb Kakuz-
Aubo npoodpasrsr mroxcecms E7' (A) asaswomea npoobpa-
BAMU COOMBLMCMEYIOUYUT CYMM, Repecederi] u pasnocmel
mioxcecms A.

MHoxkasaTenbcTB o 9T0M JeMMB IpPEIOCTABIAET-
CA THTATeNIO.

Iycte Teneps A m B — gBa Muoskectha u3 F s, HX
11p006pa3bl A'u B’ IpHHAIEKAT Tora § . Tak kag § —
anredpa, To MHO;KecTBa A'B', A" + B" m A'\ B’ rarme
IIpUHAJIeKAT Ho atu mHOKECTBA ABAAIOTCA TPoOBpa-
3aMHI MHOSKeCTB AB A + B n AN\ B, crefosarennso, mo-
Cllefiiie MHORECTBA NpmHajmaemaT k § ¢ Mrax, msr po-
Kasanu, 4t0 ¥ y — aarebpa. Tawr me pgoxasmBaercs, 4To
ecan F sABaAerca GopenaeBckoii anreGpoit, To To ke cIpa-
BEJINBO M A F .

S

Hauee sacHo, wro
P(X) =P {1 (X)} =P(Q) =

o P, Bcerma meoTpiuarespHa, TOHATHO caMo coBoit.
C.iegoBaTeqbHO, 0CTAeTCH MOKA3aTh, 9TO P cuerno-au-
nurusia (cp. xomer § 1 ra. I1).

Hrak, nycers mboskectsa A,, a c/iefoBaTeabHo, U UX
npoobpass §71 (4,) ne mepeceranrca. Torga

P2 4) = PlEr (S a)) =
=P{2E1 (4} = DPEt(4)) = D P (4,),

9eM 0Kasana CuIeTHasd ajiuTHBHOCTE P,
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B saxaouerme aamernm eme crenyiomee. IIyets §, =
= £, (®) — pyurnua, orobpaskaomas £ B X, at =
= &, (z;) — mpyras Qynxnma, orobpaskawmasn X, B X,
Torpa cuoxnan ¢ynknms & (o) = E, (€, (0)] oTobpaskaer
mHosecTso £ B X,. Mul paccmoTpun Temeps BeposTHOCT-
ute pynruuu Py (4,) v Py, (4,) nans  dynxruuit &, (o)
i §(0) =&, [E (o). 9t nse BepoATHOCTHEE (QYyHKILK
CBABANDLI, KAK JIeTKO NOACANTaTh, CACAVIOLIUM COGTHOIIE-
nyen:

§ 2. Oupeneacure eayuaiinpix BEJHUNH,
GYHKUBR pacnpeneldenin

Oupenmenenmnme I[. Onnosuaunyio peiicrpurens-
nylo $yarmuo & = E (w), OLDENCIEHHYI0 Ha OCHOBHOM
MHO3KECTBC (2, HRsWBAIOT CAYUalinol eAuuunol, ecin 1pH
KajKI0M BHIGOpe MeHCTBUTENBNOr0 9HCAA Z MHOJKECTRO
{E <} Bcex Tex ®, pusm KoTopmx COpaBeflJINBO Hepa-
percTBo §(0) << z, NPHHAMUIEIRUT K CHCTEME MHOKECTR F.

Jd1a pynruna & (o) 0TO0paskaeT 0CHOBHOE MIOIKeCTRO
£ ma MuoskecTBO R Beex MefCIBMTeNbHBIX umcel. Hame
ompefiesienine CJAyIaiHOl BEAHUAHH MOJKHO Temeps cdop-
MyIHpOBaTh TaK: HNeHCTBHTeNbNAaA (QyHKIuA E = g (o)
AIBJIAETCA ClydaiiHofi Benudumoii Torga wm ToabKO TOrAA,
KOTTIAa § g CONEPIKUT KasKubLit HHTEepBayX BHja (— oo, a).

Tar rar §; — anrebpa, 10 oma CONEPsKUT HapARy
C HHTepBaNaMM (— co, @) TaKiKke BCEBOBMOKHEE KOHEeUIInie
CYMMBI DOJNYOTKPHTHX MuTepRayxos [a, 8). Ecan mame mo-
se nepoATHocTell Gopenesckoe, To F u F ¢ ABasA0TCH Go-
PeTEeBCKUMU ajire0paMm; CJI€0BATENBHO, B OTOM cnyuae
F ¢ comep:kur Bce GopeleBCKHMe MHO;KeCTBA I7. Bepoar-
nocrnas yaknua Py cayvaituoit Benmanin £ onpeneneua
AR BCeX MHO:keCTB A anrebpnt § ;. B wactroCTH, B Bak-
nelizieM cayuae Gopesesckoro mosa BeposTHOCTEH P om-
pefesieHa [ BeexX GopeseBckux Mmoskectn K.

Onpenenenme II. Dyurnua

Fy(z) = Py(—o0, 2)=P{E(0) <z},
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e — oo B —+ oo JONYCKAIOTCA B KadeciBe 3HAYCHNH 1z,
Na3LIBAeTCA PyHrylUell pacnpedeienus CAYIaAHHOHN Beu-
qipe £,

N3 oupegenenmsa memocpedcTBeHHo cleyer, 9ro

Fi(—o0) =0, Fy(+o0) =1. (1)

BeposarHocTh BHIOOTHEHMA HepaBencts a < £ << b, ode-
BHANO, 3ajgaercsa dopMmyroi

Pla<< E(0) <) = Fy(b) — Fg(a). (2)
TCIOfa CAeNyeT, 9To IIA a << b
Fz(a) < Fe (D).

JdT0 osmauaer, uro F (z) — HebeLeaiou;aﬂ dyarmua,
IMycrs paxee a, << ag <...<<a,<<...—> b, TOorga

[1H{o: E(0) S ay, b)) = O
CnenoBaTensiio, COrIacHO AKCHOME HENPEpPHBHOCTH
Fe(b) — Fy(a,) = P {o:E(0) & la,, b))}
CTPEMHTCA K HYJNIO OPH 1) — oo. OTcoaa BA/HO, 9T0 PYHK-

mua I ¢ (z) Henpepusha caesa.
AHaNOTHYHO MOKHO NOKa3aTh, 4TO

lim Fg(z) = Fz(— o) =0, 3)
x>t

Ecan mone - eposrtHocTedt (2, &, P) — Gopenencroe, To
BHAuEHHA BEPOATHOCTHOH Qynrmmm P (A) pia Beex Go-
PeIeBCKAX MHOKecTB A n3 R 0gHO3HAYIIO OIPEACIAITCA
sHaudem ¢yuxnmn pacnpepenenns F. (z) (cp. ra. II,
§ 3, ITI). Tar rkax raaBHBIM o6pasom mITepecymTCH TOJNBKO
ormvu sHavenuamMu P (A), To ¢yHROU ( pacupemeneHus
HTpaIoT BO BeeM fAalNbHefinieM H3JI0KEHME CYMECCTBEHHYIO
pois,
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Eenmn ¢yuknua pacnpepenenna F, (r) paddepennn-
pyeMa, To €e NpPOM3BONHYIO IO
dF, (x)
. £
fe(2) = ——

NaBEBAOT NAGIMHOCMbIO 6ePOAMHOCTILL & B TOUKE Z,
Ecau pgna xaskmoro z

Fe@ = \ 1 () dy,

TO NI KasKuoro OopeneBckoro muo;kecTsa A BeposTHo-
¢TIy YHKIUIO § MOKHO BHIpasuTh depes f. (x) caenyio-
oM obpazom:

P (4) =\ /2 (2) da. (5)

A

B 3ToM ciyuae TOBOpAT, 4To pacnpedeaerue & abcoatoms-
Ho HenpepvisHo. B ofniem caydae 10 aHANOTHH OUIIYTS

P, (4) =\ dF; (a). (6)

A

Bee BBenenmnnie monATHA RonycKaioT o6obmenue ma
cayduait ycrmopumx BeposatHocTedl. (DyHEIHMA MHOKECTB

P.(A|B)=P{t= A |B}

ABIACTCA YCA08HOU Gepoammuocmnoll pynryued § mpu ru-
norese B (mpenuonaraercs, uro P (B) > 0). Hey6nBalo-

masa QyHROus
Fy(z|B) =P {E<=z|B}
€CTh COOTBETCTBYIOmAA (YHKIMA pacmpegesenns, W, fa-
KoHen (B caywae pudpdepenmmpyemocta F. (z | B)),
dF. (z | B)
Je (x| B) = ——

— VCJOBHAL MIOTHOCTL BEPOATHOCTH § B TOYUKe £ OpH T'd-
notese B.
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§ 3. MHoromepusle Qyuxunn pacupemeseHus

ITycrs Teneps pannl # cayuaitunx penmdun Ej, &, . ..

o & Touka E= (Ev .+« &) N-MEPHOTO IPOCTPANCTBA
F" ABJsIETCA QYHKUNEH BJIPMOIITapHOI‘O cobrtna o. Crego-
BATENDLIIO, 0 OO IIIM npaBmIa\1§ 1 morydgaem aareGpy miio-
wecTB  F ¢ = Fi...g,» COCTOAMYIO T3 TOJNMHOIECTB
MpPOCTPAHCTBA R", n ompepeiennyio Ha §Fr = Fg,,..¢
BepoATIHoCcTHYI0 Qyurmun Pg (4) = Py, ..e, (4). Oty
BEPOATHOCTHYI0 (YyNKOMIO HABLIBAIOT R-MEPHOU 6EpOSMHO-
cmnoli fynryueti caywaiinnr eeaunun & = (&, ..., E,).

Anre6pa ?El,___,gﬂ COMED/RUT (KaK 8TO LPAMO clemgyer
H3 oHpeseNelnsa CAyIaiHol BeJUTIHIB) OPH Ka:kjoM BEI-
Gopeima;, i =1,2,..., n, MHO/KECTBO BCeX TOYEK I =
= (z,, ... z,) & R", ana roropex z; << a;. Cienona-
TCNBHO, §F, .., e, COREPIKUT TaKiKe I Nepecetdernne yKasak-
ULIX  MHOJKECTB, T. €. MHOIKECTBO Aqg, g, .. a, BCEX TO-

96K Z = (Zy, . . ., Zp) € R", 1 KOTOPHX BHIMOIHAIOTCA
Bce HepaBeHCeTBa x; << ay, (= 1,2, ..., n?).
Ecian uazeaTh n-MepHLIM NOJYOTKPHITHIM HHTEPBAJIOM

[ah gy + + oy QAp; b]a bza AR bn)

MHOKECTBO Bcex Touek R, Iisa KOTOPHIX BHNOTHAIOTCA Bee
HepaBeHcTpa a; < x; < b;, To BUANIO Cpasy, 9TO Hamnmﬁ
TakoH WHTEpBaJ TakKe NPUHALJIEKUT anredpe &g, o Ept

HOCKOALKY
(a1, agy .. ., ag; b1, bgy o oy bn) =

= Abh [ bn - A(lx, by by, T Aau aznbsy, by, T Aby,.... bn-1s a,*

n n

Bopeiesckoe pacmmpeHre CHCTEMH BCEX R-MEPHLIX Ho-

JYOTKPHITHX HMHTEPBAJOB COCTOUT M3 BCeX 6opeﬂencxnx

mHokects R". Orcioma caenyer, 410 aazebpa Fe,...:,

8 cayuae G0PeAcECKO20 NOAR 6eposmMHOCMEl codepicum éce
Gopeaesckue Mmuoxcecmea npocmpancmea R™,

1) x; MOryT npvmEMMaTh Tam:Ke OeCKOHeYHHe BHAUCRWA -1 oo.
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Teopewa. B cayuae 6opereeckozo noas . sePosSMmHo-

cmeli u Gopeaesckoli Pymryuu f(xy, ..., &) QYHEYUL
(@) = f(E; (0), ..., E,(0) Koneunozo wuucaa cayuali-
wox eeauuun & = E (@), ..., &, = E, (0) mowe ss-

AREMCA  CAYUAUHOT el Uk o,

J7ra morasaTenbCTBa HOCTATOYHO B3aMETHTDL, UTC MHO-
MeCTBO BCeX ToYer (X, Lo, . . ., L) B R", AJA KOTOPHIX
flxy, 25y ...y xn) << a, ABAAEeTCA OopedenckuM. B ua-
CTHOCTI, BCe KOHETHHIE CYMMbl H HPOMA3BENEHHA CHAydail-
HBIX BESIHIAH TOYKE ABIMIOTCH CAYIAMHLIMU REJIMIUMIAMY.

Oonpengenenue Oyurnuo

FEA,...,En (W IO n) = ‘1, - E,n(‘/\r‘,...,-\'ﬁ)
HA3LIBAEM 7- .uepna; Pynryueil pacnpedeaerus cnysaifinsrx
BeAHYHHE &q, . . ., Sp.

Hax m B ogmomepHoa ciydae HOKA3HIBACTCH, 4YTO N~
Meprnasg QYHRIUA  pacHpejeielnns F-ghwgn (),

., Z;) He yOBIBaeT M0 BCeM TMePeMeHHLIM B HenpepRBHA
crepa. Amanormumo pasencroam (3) u (4) us § 2
Iim Fo, ¢ (x1,..., %) =

:':i—b——oo n

= 11‘21» ‘En ('rl’ ey Tigy 00, Ty v oy xn) = Ov (1)

xpfoo,.., X~

Oynxous  pacupepenenns  Fg e (21, . . ., Z,) Ve-
NOCPECTBEHHO JaeT Ham BHadeHms Pg ¢  Toabko
I CHEMMAaNbHBIX MHOECTB Ay, ..« . Ecam, ogmaxo,
Hame 1ojie BepoATHocTell — Gopesesckoe, TO Pg .z

00H03RauHO onpedeasemca Ons GopenesckUr MHOMCECHE ue-
pes  Pynryuio  pacnpedeaerus Fg, . (T, ..., xo)').

1 Cp. ra. II, §3, TV.



§ 3. MHOTOMEPHEIE @OYHKUNU PACHPEIEJIERNSA 43

Ecan CymecTByeT Ipon3BonHan

a'n

ry B FE;,..., E, (Il, vy .’L‘n),
N

fE,i,..., En (xl, . ey .Z'n) = 3 )

TO 5Ty HOPOM3IBOAHYIO fy, ..& (T, ..., Z,) HaBHBAIOT R~
MEPHOIL NACTNHOCIMOLIG 6e[OAMKOCI CAYIAHHBIX BeNIUMH
E1r -+ o & B TOURE (24, . . ., 2,).

Fean mgas wasknoil rouxm (g v v vy )

FE.;,.... £ ('rl’ vy xn) =

Xy n |
= S v S fily...,in (F1r - v Yuydyy . .. dy,,

T0 pacupeneaenne § = (§,, . . ., £,) masuBaloT abcoaromuo
nenpepwientin. s Kaskmoro 6GopexeBCKOro MHOKECTBA
A CC R"™ nmeer MecTo paBeHETBO

Py,.....z, (4) = S Sfal,...,zn ¥ - Yn)dyr ... dyn. (3)
A

B saxmouenne sroro maparpada cuemaeM eme ofHo 3a-
MedanHne 0 COOTHOHNIEHUAX MEeXIy pPasiHYHBIMH BEPOATHO-

CTHHMH QYHEOWAME M QYHKOUAME pacupefedenus. 1Jycrs
Jlana MORCTAHOBKA

1, 2,...,n
S == ( . . 1
L1y loy0 00y Iy
H IyCTh pg O3HATaeT npe06pa30BaHHe

x,;=x,-k, Ek=1,2,...n,

opocTpaHcTBa R™ B camoro ce6a. Torma siemo, 1o

g (A) = Pe,.. ¢, (05 (A (4)

n

Pe

jareenr

Ilyers temeps z' = my (2) — «mpoexnumsy mnpocTpan-
crza R" B mpocrpauctso R¥, k < n, npu koropoii Touxa
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2= {x,, ..., T,) oTOGpaiRaeTcsa B TOUKY ' = (&, ..., Tp).
Toria peaegcrsue gopmyrnr (2) § 1
Po .z () = Pyg {7 () (%)

Iaa cooTBeTeTBYWHIMX (YHKIHH pacnpegenerHus H3
{4) u (D) caepyor paseHcTBa

F v Ein (‘Iiﬁ EORES xin) = FEx,.u. En (‘T’lv ceey ‘Tn)v

,
Fop g

(l‘l, ey ‘Th') = l"ih”” En (.'2:1, ooy Ty + oo, ... + 90).

§ 4. BeposTHoCcTH B GECKOHEYHOMEPHBIX NPOCTPRHLTBAX

B § 3 rnaswm BTOopoil MBI BHAEdH, KaK CTPOATCA pPas-
JMYHBIE TPHMEHSIONHecs i B TeOpuUM BepoATHOCTeH mHoJs
pepoaTHocTedl., MoskHO, OflHAKO, HpeCcTABHTL cebe HHTEe-
pecHuie TaK:e W A OPHI0AEHNH MpobGaeMl, B KOTOPHX
piIeMeHTaplble COOLITHA ONpPEAeJsiioTesT ¢ IOMOMNIbI0 Gec-
KOlleuHoTo uucia Koopauuar. Mrax, oyern BeiOpaHo Mmo-
wecTso " mHpercon v aicGoi mouytocta N. CoBOKYIHOCTH
BCEX CHCTEeM

W = {Iv}

ACHCTBUTEABIBIX 9UCeT X, T/e Vv Ipoleraer Bce MHOYRECTBO
A7, mazomen mpocTpaHceTBoM R (s ompepeenns alde-
MenTa 0 gpocTpanctsa RV ermenyer KamIoMy dIeseuTy
v MIIgHECTBa 7 MOCTABUTh B COOTBETCTBUE JEHCTRUTEIL-
110G UIC/H0 X, MM, YTo TO j;Re camMoe, 3ajaTh ompejenel-
nyw 1a 7 0fHO3UAUHYI0 HeHCTBHTEALHYIO PYIRITAIO
2, oaemenTta v 1),

Ecuau muoskecTso /7 cOCTOMT M3 72 TMEePBBHIX HATYPAaJb-
noix ugeea 1, 2, ..., », To R ectn 00nITHOE R-MEPHOE
npocrpancrso R™. Ecan BubpaTn B kKatectne MIosRecTBa -4~
MHOKECTBO BCEX HeHCTBHTCABHEIX umcen R, 1o coorser-
cTByIOUiee mpocTpaictso R = RE'  cocromt m3 Beex

L Cp. ©. Xaycpnopd®d, Teopua muomecte, Iocrexusjar,
M., 103

-3
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AeHCcTBHTeNbHEX  (YyHKUD

o = {2}

JICHCTBUTEIBITOT0 TICPEMEHHOTO f, — oo < t < oo.
Mmosecto R**° npm mpousBoabmoy MuoskecTBe A
MLl TIDHMEM CeHYac 3a OCHOBHOe MHoskecTBo f2. Ilycrs
w = {x,} — onesenr (). Uepes To,..., v, (©) Oynem o6o-
BHAYATL TOUKY (2., Z,, ..., I, ) R-MEPHOTO TWpo-
crpanctBa 7. Tlogmuosxectso 4 u3 © Hazonewm YuAUuH-
Opuneckun MHOKRECTBOM, eCJHl OHO IPEICTABHMO B (ophe

A=, (4,

re A' ecth mogmHoskeetso R Kaace neex OHJIHHAPUYe-
CKIX MHOKECTB COBIAJaerT, CJIEI0BATEARHO, € KIACCOM
BCEX TAKHK MHOKECTB, KOTOPHE MOryT GHITh OMpemeseHLl
COOTHOIIEUAMH  BH/A

f (o, 24, .. ., x, )= 0. )]

Huas Toro wroGe mpouM3BoNbHOE IHAHHPHYECKOE MHO-
IKECTBO I, iy e, (A") ompeeauTs TaKUM COOTHONIEHHEM,

AOCTATOYHO HPHIATHL 3a f (GyHKONMO, KoTopas Ha A’
paBHa Hymo, a BHe A’ papua eguHHbe.
Hnanuapnyeckoe MHOKECTBO sBJsAeTCA 6GOPETEBCKAM
I PHYECKHM  MIIOYKeCTBOM, €CJAH COOTBeTCTBYIOMES
mio;kectso A — Gopemesckoe. Bee Gopenenckme 1mn-
TUHJpHYeCKHe MuoskecTBa ') mpocrpancrea R+’ ofpasyior
aureGpy, KoTopas B aabneiiies Gyjer oGos3nauarses F 4,

1} T3 DHeLDHBeICHHEIX PaccyHAen il ciaenyer, 910 Gopeies-
Crie HUINHIPHIECKNC MHOMKECTBA — 3TO T€, KOTOPLIE MOTYT GHITL
onpefcieHrl GopeaeBeruMu cooiiomernamn (1). Hyers teneps A n
B — jBa mLIIEAPIYeCKIX MBO/KeCTBA, ONPEJeNCHARX COOTIOIIC-
HIAMI

f(;rvl, vens xvn) =0, g (x}\l, ey :r}\m) = 0.

Torna muosectsa A - B, AB m A\ B MOMHO ONpegeiuTh
COOTBCTCTBCHHO CHEAYIOUHMI CCOTHOIICHMAMMN:

f'gzov f2+g2 :0: f2"|_h(g):01



490 {11, CAYIAUHBIE BEJIUIIHHEBI

Bopenescroe pacmupenie anreGpu F° mur 0003@aTNM,
rar Beerna, gepes o (F<). MuoskecTBa n3 cmeTeMBl & (74)
MBI HASHIBAGM O0DEACGCKUMU MIOAHCECMBAMU NPOCMPAHLI-
éa R,

Tlanee Gymer maH MeTOR NAA HOCTPOGHHs H OHEpPIpO-
pAHHA ¢ BepOATHOCTHEMH QyH:mmamm ma F-° m, caeno-
BaTeNbpHO, [0 TeopeMe O TPONOJGKEIMH TaKye H HA
s (F#°). B cayuae CIETHOCTH MHO;keCTBa 7 moXydaenie
TaKkIM 00Pa3oM IOJs BepOATHOCTed [MOCTATOTHEL [IIA BCEX
mesefi. Mul onsazenaei, CJeROBaTeNbIO, BCEMH BOI[O-
caMif, RACAIOMHMECA CIETHON HOCHEIOBATEIBIIOCTR CIY-
wafineix Bejawanil. Eeau e o7 mecdeTHo, TO TOTHAA MHOIUE
npocTHe ¥ HOTepecHsle moimHomecTsa R ocTanTes Bild
cucTeMsl o (F+°). Hanpumep, MHOKECTBO DBCEX DJICMEHTOB
®, LI KOTOPHX x, TpH JoboM Belope HHJEKCA V 0CTa-
ercsA MeHbpIIe KakKoi-imnGo HOCTOAHHON BEAHMIHUH ¢, T. C.
miosrectso {0F z, < ¢, v & A7} 1e NPHHALICKAT K CU-
creme o (F4) B caydae HecUeTHOCTM MHO3KecTRa A7

CsefoBaTe b0, BCErjla CTOMT HOOHBATBHCA, €CJIH 3TO
BO3MOIKREO, IPHBeeHNs BeAROH npofaeMsl K Takoit gopare,
IpH KOTOpPOii MPOCTPANCTBO BCEX BJIeMENTapHBIX cobuTHi
® MMeeT TOJbKO CUETHOe MHO;KeCTBO KOODAHHAT.

Ilycrs Ha ¥ ompefielieHa BepoATHOCTHAA QYHKIASA P.
Kasayo KOODAMHATY %, 3JeMeHTapHoro COGHTHR ©
MOJKHO PACCMATPHBATH KaK CAYYafiHy:0 BeJATHHY. Cire-
[OBATENBIO, BCAKAA KoHeuHas IPyHAa (Ty, T,

.« . Iy ) OTUX KOODRMHAT HMEET f-MepPHYIO BEpOATIOCT-

gyo Qynkmao P, ., ... v, (A) 1 coorseTcTBylOmYy0 dyHK-
nmio pacmpepenenus F. ., vy vp (Bgy @2y« oy a,). flcuo,
970 IS BCAKOTO GOPENeBCKOro LUJIMHIPHYECKOro MIIO-
FRECTRA

I | ’
A= 2k g (A)

e A(x) =0 gna <=0 u h (0) =1. Fean f m g — GopenCREKIo
$YHERURA, TO TAKOBRIMU JKe HBJAAIOTCH [-g, ffgu fPd k(o)
Crnegosatensno, A + B, AB u A \_B snnawoTca GopeseBcKuyy 1u-
ANHAPUMCCKHMH MROMKECTBAMH. ITHM A0KA33HO, Y10 CHCTeMA MAO-

wecre FV asnsetca axeedpoit,
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HMeeT MEeCTO PpaBelCTBO

P(4) =P, ... (A),

h2ITE
npuuem A’ sapaserca 6opeNencKHM MHoskeCTBOM B R™.
Taxum obpasom, seposTuocTiasn ¢ynrmnusa P oxmosmauso
onpeneiserca Ha axrebpe F° BceX UMIAHHAPHYECKIX
MHO/KECTB Yepe3 3HAUCHNs BCEX KOHEYHOMEPHHX DEepOsT-
HOCTHRX  QyHRumid P, ,, ., 718 Beex 6opolaeBCKHX
MHOYKECTB COOTBETCTBYICINEro IpocrpamcTa R™. Onmako
BJA GOPeNEeBCKUX MMOJKECTE BEAYENWA  BepOATIOCTION
dymunmn P, ., .., OFHOBHAYLO OUDCACIMOTCA uepes
COOTBETCTBYIOIEE (YHKUBM pacupeneienus. Ciegona-
TeIbII0, M JOLa3aju CIETYIONIYI0 TeopeMy.

Teopema. Cosorynnocme ecex KOHEUHOME [ HbLT
dynxyuil pacnpedeaerus F,, o, . . 00noswauno onpedessem
eepoamuocmiyio gynryuio P dan ecex mmomecme uz FN,
Bepoamnocmuas gynryus P (no meopeme o npodosaenu)
onpefeasemcs, 0dHO3HauHO Ha S (F ) snavernusnu Pynn-
yutl pacnpedeaenus F.,,, .. .

Temeps Mo;kHO TOCTAaBHTL BOmpoc, MPH KAaKHX yCJ0-
BUAX a priori 3ajaubas cucTeMa QYHKUmH pacmpeseieHMsA

v, Vg, .oy vy OHPERENISIET BEPOATHOCTE HA §° (m, caremoba-
TeNrpHo, Ha G (F ).

Cmepsa orMeTum, 9To BesAkaa QYHKONA pacupeReienus
Fyyyo,...., vy MOMKAA YIOBIETBOPATD YCIOBUAM, TAHHHIM B IJ1a-
Be Bropoii (§ 3, III), uto, romeuHo, COJIEPIRATCHA B CAMOM
HoHATEN QYHKUAK pacipenenenus. Kpome roro, BerencToue
dopuyan (13) u (14) 13 § 2 mmeior MecTo eme clenyionme
COOTHOLICHUA:

) (.’Ifi‘, Ligy oo ey Ty

1"
Vg Vigrees '"Z-.-‘
?

F,,.

) = Fvl, Vasi Yy (931, Tayeens .1.‘,,1), (2)

Ty Lgy o ooy Ty) ==

e |

= FV;, Virees ¥, (1 Tgy 000y 2y, F 00, ...y - 00), (3)

1, 2,...,n
rie k<n m (

. . > — OPOH3IBOJILMas HOJCTa-
1y Igy e ooy In
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HoBKa. ITH HeobXopmMEe ycioBus, ONHAKO, ARAAIOTCA
TAKNKE M NOCTATOUNLIMH, Kak 8TO ABCTBYET U3 CAEAyIOLeil
TEOPEMLI.

OCHOBHASfl TEOPEMA. Beaxas cucmema PyHr-
yuil pacnpedeierus I ydosaemeopsowuz
yeaosuam (2) u (3), onpedessem 6EPOIMROCIMHYI0 BYHKYLIO

na F°, komopas ydosaemeopsem ecem arcuomam i—
Y. Ima eepoamnocmnan Pynryua P moxem 6umo npo-
doaxncena (no meopese 0 npodoasxcenuu) makxe u Ha
3 (F).

HorkasatTenscrtso. Wrax, mycrts pamm Qyux-
IUI pacupenenenus F,, ., .. ., yA0OBIAETBOpAIODHE 06IHM
ycaoBuAM raasw sropoi (§ 3, III) u ycaosuam (2) n (3).
Besaxan ¢yunkuna pacnopemenenns F,, ., .. v, ofHO3HAHO
OIIpefesIsieT COOTBETCTBYIOMYIO BEPOATHOCTHYI0 (YHKIHIO
P, o, ... vy BIIS BCEX GOPENEBCKAX MAOIKECTS M3 R™(cp. § 3).
B panpueiimem mm Gypem paceMarpuBaTh TONBKO Gope-
JeBckme MHoiecTBa R"™ M GopeneBckue HENHHAPHICCKIE
MHOMKecTBa B L.

Ana Beskoro umaMEApHIeCKOro MHOMECTBA

A = n‘jzl, V2y400y Yn (A’)

nmoJsaraesm
P(A) =P, ., ... (4) (4)

Tax rar ommo um ToO sx:e DUWIHAPAYECKOe MHOKecTBo A
MORET OBITH ONpemeaeHo 9epes pasanvHble MHoecTna A,
TO Iy;KIO CHAYasda 0Kasars, 4to Gopmyaa (4) gaet Bceria
ofuHarosoe sHavenwe s P (A).

lyers (z,,, x,, ..., Zy,) — KOWeYHas CHCTeMA cay-
Jaifnbix BeanwnH z.. lcxops mas BePOATHOCTIION JyHLEOUR
P v, OTHX CHYYafiHBIX BEAWTHH, MLl MOKEM, COTJIACHO
opapaiam § 2, oupemeants BEPOATHOCTHY10 (DYHKMMIO
th' Vg KasiIoil moficHcTealn! (.Tvi‘, va, Ce :rv,.k). Pa-

perctBa (2) n (3) UMEIT CBOMM CefCTRHeM, 4To HTa ompe-

menentas 1o § 2 peposTHocTHAA GYHKUHA coBmamaer ¢

apriori sajaHHO# QpyHKIHe Py vy v - Mu Teneps npes-
k
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MOJOMAM, 9YTO NHJIHHIpHYECKOe MHOMKecTBO A ompepe-
asieTcd uepes

A=amt

14
i ‘Lz""’v‘lk (A)
I OXHOBPEMCHHO depe3

4= T[;%_ Vi vj (A”)v

PYEITEY im

mpudeM Bee CAydaliHble BeIHIMHH T, H T,; MpHHAIeHAT
cucreme (., Zu, - - - T, ), 970, O9EBHHO, HE ABIACTCH
CYUeCTBEHHHM OIpaHHIeHHEM. ¥ CIOBHA

(xvin' xvh..---. ‘TV.lk) E A,
(xv].l, Tujyeeo xvjm) = A"

paBHO3HAYAIOU. C.TIGAOB aTeJbHO,

P, o Vi (AY =Py vy &y 2o, oy xvik) = A

I

= PVn V2yuiey Yy {(xv:"ly xv]-za oy .ij )E A”} =P (A”)1
m

Vie Vi Vi,
9TO /IOKA3BIBaeT Halle yTBEP:;KAEHUEe OTHOCHTeNLHO OJIII0-
3Ha9HOCTH ompegenenus P (A4).

Hoxaeym Temeps, 4o mose BepositHocteit (2, F4°, P)
yaoniaersopsAeT  BceM axcumomaM [—V. Axcmoma I
yTBepHpaeT TolbKo, 9To §°V° moisKHA OBITH aireGpoii; aTo
o0cToATeNbCTBO (3a HekIUeHuem TpeGopaHma L &= §F )
Oniao ywce pgoxasamo Buime. [lanee, mpu nwoboM v & 47

Q = 7' (RY),
P(R) = P, (RY = 1,

uTO HOKasniBaeT npmMeHmMocTh axcuoM | m II. Haromer,
us onpepenennsa P (4) memocpencTtsemmo caegyer, 4To
P(4) ueorpumaressna (awcmoma II).
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HeckoaAbpKko ciojkHee [OKa3pIBaeTca HPUMEHHMOCTH
arcwoysl 1V. J{ns arofi menm paccMOTpUM [Ba HAJAIADPE-
9eCKHX MHOKECTBa

A= T v, Vi (49

A § ’
B = (8.

, \‘]‘2,..., ij

Hp}l STOM MBI HPENIoNO;KIM, 1TTO BC€ BEIHYHMHLI .’IZJI H .iL\,].

ODpRAAJJEKAT K O0fbeMiomei ux KoHeaHeH cucreMe
(Toyy Tusy - - - @ ). Bcam mmomecrsa A un B me nepe-

ceKaloTcsi, TO COOTHOIICHUA
’
(Zopp oo x\,ik) = A4,

!
v A
(s e @y VEB
ym

HECOBMECTHLIL. CJ'IGIIOBBTBJII:.HO ,

P4+ B)=
=Py, v, {(@o; Top e oo x«,ﬂ;k) = A" nan

(Zus Togy oo or Ty VE B}y =
m

j2?

= P\z,, Vay vens Y {(xv,-ly xvi" ceey xvik)'e AI} -+

*'n

Py gy ey vy @y Ty oo :c‘,jm) e B’y = P(4) + P (B).

Ocraercst mpoBeputh ancumomy V. Ilyers
AD4D... D4, 2...
— y6uBaomad NOCJHEKOBATENLHOCTH  IHJIHHAPHIECKNIX
MHOKECTB, VAOBJIETEOPAIOMAsa YCIOBLIO
limP(4,)=L>0.
n

Mul moKaskeM, 9To TepeceveHme Beex MHoects A,
e mycero. Moskgo Ge3 CymecTBERHOr0 OTpaHAdGHHAs 0CTa-
IOBKHM BOOPOCAa INPERNOA0KATb, 9TO B oLpefexenne n
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TOepBHX HUIHIAPDHICCKHX MHORECTB Ak BXOJAT TOJBKO 17
nepBBIX KOOpAHHAT .T\." nocaeJ0BaTeAbHOCTH
13

Topy Logy ooy Tugy o v vy
T. €. 4TO
-1
4, = Ty, vay vy v (Bn)'

Tonoxaym moasg KpaTkoCTH

Pn (B) - Pv,, Y2y seey Y (B)'
Torpma, ouesupgso,

P (B)=P(A4)>L>0.

B ramgonm mirosectse B, Mo;kno HalTH 3aMKHYTOE orpa-
Hidennoe Muo:kectso U, Taroe, 910

Py (BuNU) < 5 -

I/I3 2TOT O HepﬂBeHCTBa OJIsT MIIOKECTBA
-1
Vn == Ty, vay wuny v (Un)

cjaenyer HepaBeHcTBoO

PANY ) < 5 - )
Ilycts nmanee

Wy, =VVy...V,.
Wz (5) cumemyer, uro

P4\ W, <,
I TAK KaK

‘;‘/Il g—-’-' VTI- (; Al‘“
TO
P(W,)>P(A,)—e>L—e.

Ecnu & nocratogdo Mado, 1o P (W,) > 0 a MuosrecTso
W, e nycto. Mt smGepem Teneph B KaXKIOM MHOJKECTDE
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W, Touky o™ ¢ roopammaTamm x.". Beswam ToTxa
o p=0,1, 2, ..., DpAHALIE;RAT MHOKecTBY Vi,
caeoBATEABHO,

vy *

{n+p) (4 p) RUSS N | 3
@, P, ) = L, @) E U

Tak wax muoskectna U, orpadutensl, To U3 II0CIEI0BA-
reaprocT {®M} MoiknO (JHArONAaALHLI MeToA) BHGPATh
UOATOCIe10BATETBIIOCTD

), o), o™ L,

o (n,)
VIl KOTOPOH COOTBETCTBYIONNE KOODAMHATHL &, — CTDe-
HATCA IpH M0HoM £ K ompeieteHHoMY npefeay xy. HycTs,
IAaKOHEeI[, ® — ToUKka MIO;KecTBa £2 ¢ KOoOpjUHATAMH
x‘lk = Ty
z, =0 vV, k=1,2,..).

!

Touka (x,, g, ..., &p) KaK Npeje]d IOCTELOBATEAb-
NOCTH (:c(;li), x_(zni), C e x;"i)), i=1,2,..., OpHOaUIeRIT
muoxeeTBy Uy, CaemoBarennbuo, o IPUHANJIEKUT MHO-

JKECTBY

7 -1
A,\. c I/h” = Ty, va,..., v (Uk)

npu awGom Kk, a CcefOBATEJBHO, M K INEPECcCUeHnio
A == ﬂ Ah"
k
Teopema moxaszaHa.

§ 5. JxBuBaseHTHbIE CAyyaiiHble BETHIHHEI,
PasHbBIC BUABLI C€XOJUMOCTH

C »roro maparpada Mul paccMarpHBaeM HCKJIOIHTE]b-
no 6opesesckue ToaA BeposTHocTed (£2, &, P). dro ue
jellaeT, KaK OHUIIO y/Ke pasbacHEeHo B § 2 IIaBwl BTOPOIL,
HHKAaKOT0 CYMECTBEHHOr0 OTPAHHYEHHA [NA IalmX WHC-
cjaefoBaRAH.
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Oupeneneune [. IBe cayuafinvie perwunHe &
H 1) Ha3bBAOTCA IKGUEAIEHMHLIMU, €CII BEPOATIOCTL
COOTHOHIEHNUA § = 1] paBHAa HY.IIO.

flcHo, 4To ABE DKBUBAJRUTHDBIE CAYUAHbIE BETAMUYMILE
HMEIOT OJ[HY M TY JKEC BEePOATIOCTHYI0 (DYHKIUIO:

P (4) = P, (4).

Caenosarensuo, ¢ymriuun pacmpemesenas F, n F,
TaK}ke COBIATAIOT. B0 MHOTHUX Bompocax TeOPHU BEPOAT-
nocTell MO0 3AMEHATH KaKylo-aubo ciayualinylo penu-
YUHY JA1000# SKBHBAJEHTHOH eH BeJIuIunoii.

IIycrs Temepn

gl! gzy L ] gn’ L] (1)

— TOoCJeoBaTeNbHOCTh chAydailiieix Beamunmn. Paccemot-
puUM MHOMECTBO A BCeX 3JeMEHTAaPHBIX COOHWTHHA ®, IAA
RKOTOpHX mociefgoparensuocts (1) cxomurca. Feam uwepes
Ay} oBosmaunth  MHOMECTBO BCEX ©, A KOTODHIX

BBIIIOJIHAXTCA BCE IiepaBeuncTsa
E Lk=1,2
|5n+l\‘—§nl<n—L7 t=14.,D
TO HENOoCPeCTBeHHO IIoJdy4daeM, 4TOo

A= U N AR (2)

m n p

E {m)
Cornacuo § 3 wmHomecTBa Ay, HpHHAJTEMAT BCerma
s-aaredpe miosrects F . CoorHomenue (2) mokaseiBaer, uTo
MHORecTBO A Tarike mpuHamdemut §F. Crhemomsareanuc,
Bcerjla WHaleeT BIOJHE ONpefeJeHHBIl CMBICA TOBODPHTH
0 BEPOSITHOCTH CXOAUMOCTH TOCTEHOBATEALHOCTH CHYydUaii-
HBIX BEJUTHH.

Ilyers 7Temeps peposatumocts P (A4) muHOMecTea A
papna efammine. Torma Mbl yTBepsRaaeM, 4To HOCJIELOBa-
TeapHocTs (1) crodumea ¢ eepoammocmuvio edunuya K He-
KOTOpOH cay1TaiiHo#t Beamunue E, KoTopas OTpeedaeTcH
OJHOSIAYII0 € TOYHOCTBIO (G HKBUBAJEHTHOCTH.
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Haa pocTpoenus atoil cAYYaliHOA DEJHINHEl TOJa-
raeM

= lim§,

ma A n £ = 0 sre A. Hau nano noxazats, uro & — cay-
uyafinasg BeJUYHHA, T. €. 9TO MioskecTBo A (x) sneMeHTOB
o, naa Kotopux & < x, mpubagaesur aare6pe §F. Ho

Az) = AE{} Q {0 Enyp < 7}

B caygae z< 0 n

A@)y=AJ N{o: &up<lay+ 4
nop

B IPOTHBONIQIOIKHOM CJAydae, OTKyJa HeNOCPeCTRenHo
clepyer Hale YTBEPIKIEHHE.

Onpepmenenune II. Ecnhm peposrnocts cxopu-
MOCTH IHocClefoBaTenbHocTd &y, £y, . . . K £ paBHa egunune,
TO MH IOBODHM, YT0 9Ta HOCIENOBATENbIOCTh ROYMU Ha-
6epHoe CcXomuTCca K &,

Onmako [JA TeopuHm BepoATHoCTel, noMaayii, eme
BasiHee JIPYrof BUI CXOAHMOCTH.

Onpenenenne [Il. TlocaegoBarenrnocts ciay-
wafigpx Beamuud £y, &y, . .. CXONHTCA NO 62POAMHOCIU
K chnydaiinoit Beamumue §, ecam pas moboro e > 0 me-
POATHOCTE

P{lE, —E|>e}—0,
npa n—> ocol).
1. Ecan mocaeposarenbHocth (1) cxopuresa mo Bepo-

ATHOCTH oAHoBpeMenHo K E u K E/, To £ u &' okBUBajenTHIl.
B camom pneae,

{

Ple—81> ) <P{E—&GI>5t) +
+P{E =8> )

1y Bro wessTMe BGCXOMUT B OCHOBHOM eme K Bepmyaam, on-
pake B woiHe# ofOmuoctr Gwio Beeiewo E. E. Caynxmm (cp.
Slutskylih.
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Tark kar Doclennne BepOATHOCTH NIPHA AOCTATOYHO 60.Ib-
WO0M N CKOJIBKO YIOJHO MAJEHI, TO OTCIOfla CIELyeT, 4To

Pll—8(>=} =0,

m

A, 3HAYAT,

PEFEI<IP{E—F >0 =0
m
II. Ecam mocaeropareasnocts (1) mowrn wapepitoe
exonnica K §, To OHa CXONHTCA K § Tamske W 10 BeposiT-
HOCTII.
Ilyets A — MIIO3RECTBO CXOAAMOCTH LOCASIOBATE -
Hoctit (1). Torma

P(A) < Lim P np — E] <o, p=0,1,2,..0 <
\<\11mP {|&. — & <e},

OTRY[A CleiyeT CXOZAMOCTh 0 BePOATIIOCTH.

ITf. J{sa ¢XOMUMOCTH MO BEPOATHOCTH HOCHETOBATEN -
nocti (1) meobxoxuMo ¥ KOoCTATOUHO clegyioee YCIoBHe:
s a06oro &€ > 0 CYmMECTBYeT TaKoe n, 49To A Ka-
goro p > 0 mMeeT MeCTO HEPaBEHCTBO

P{|§n+p_‘§n |>8}<8.

Mycrs remeps F (2), F,(z), F (a:), ee. — OVURIEH
pacopeneJeHns cAydalmnix Be.rmtmn E, & & ... Ecau
TOC/Ie0BATENBIOCTE £ &a, . . . CcXommTCH TO Bepomﬁocm
K §, To ¢yuknumsa pacupegeienus F (z) opnosnaumio oupe-
oensercs smaumeM Qynrumil F, (x), Tak Kak WMeeT MecTo

Teopewma. Ecau nocn,eé’oaarnve,rzhnocmb £, &
cxodumea no eeposmuocnu k&, mo nocaedosamens-
HOCHbL COOMBEMCMAYIWNT (BYNKYUL pacnpo(?e/zenuﬂ F, (x)
crodumes ® Pyuryuu pachpedesenus I (x) cayuaiinoii
CEALHUNDL § 6 raxcdod moune nenpepusnocmu F (x).

Howasarenncrno. Tor darr, uro [ (2)
AcicTRATEARIO ompenensiercs uepes {F, (x)}, caemyer
n3 Tore, 9T0 F () Kak menpepuiBIiaf chaeBa MOHOTOUHAs
QYUKIUA  OALO3IATHO OHPCAGAACTCS €e  3HAUEHHAMIH
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B Tourkax HempepmHocT: !). lna morasareancrBa yreep-
JEAEHUsT 0 CXOMMMOCTH MHl IIPETIONOIKHM, YTO & ABJsETCH
Toukoit mempepmsmoctn F (z). Ilyers 2’ < x. Toraa
» cayuae £ < z', &, > z Heobxommmo [E, —E| > 2 — 2.
CrnemoBaTeabHO,

hmP{§<xls §n>x} = O:

F@)=PElay<<PE <2 +PEELE, En > 2) =
= F71(1)+P{§<x17 En>x}7

F@@)<liminfF, (z) 4+ limP{E <z, E >2a),
F@Yy<liminfF, (x). (3)

AHaNorMyNo NOKAsHBaeTcs, UTo ecam z' > Z, TO
F (z") > lim sup F,, (2). (4)
n

Tak kak F(z’)m F(z") mpu 2’ { zm 2" |  cTpemarcs
k F (z), To m3 (3) m (4) caegyer, 4TO

lim F, (z) = F (z).

Teopema poKasaHa.

1y B camoM jeJe, OBa WMeeT caMoe Gospinee MAME CIETHOE MHO-
mecTBo ToUeK paspmBa (cp. JI e 6 e T, JarerpmpoBadne W OTHICKA-
EHe NPEMHTHBREX QyRkumi, 1934, ctp. 70). IlosroMy TOUKX menpe-
PHEHOCTH JIe;KaT BCIOAY DJIOTHO, ¥ 3HAYERNe dysxomn F (x) B TOUKe
PaspuBa oOpefeligeTcs KaK mpejen ee 3HAYCHUH B JealluX CIeBa
TOYKAaX HempepHBHOCTH.



1V. MATEMATHYECKIIE OKHIAHUA

§ 1. A6crpaxrabie murerpansr Jle6Gera

ITyers & — cayuaiimasg Benuwumna m A — MI0/KECTBO
a3 §F '). ObpasyeMm s HOJOKHTENBHOTO A cyMMy

—+o0
Si= 2 MPIMM<E<(E+DMN AL (1)

k=—o00

Ecam aror pap abcomoTno cxommres npm mio0oM A, To
opa A — 0 ) cTpeMuTes K oupejeNenaoMy Opemeny, Ko-
TOPHH 0O ONpefeleHuI0 €cTh HHTErpad

§2(0) P (@o). (2)

A

B sroit aGerparThoit dopme momATHEe MHTerpana OHLIO
poeneno dpeme 2). B gactHocTH, OHO OKasHBaeTCA me-
00XofuMbLIM A TeopmH BeposiTHocTed. (B caenyomux
naparpagax dUnTaTenb YDHAMT, 9TO OOHIYHOE ompemesc-
IMe YCAOBHOTO MAaTeMaTHYECKOTO OKMIAHMA BENHYANH £
npu runotese A CoBHAfaeT ¢ TOYHOCTHIO JO IOCTOSHHOIO
MIIO)KUTeNsi ¢ oupejieleHneM unrterpaia (2).)

Mp pganmM spece KpaTKWii IepedeHp BajKHeHmuX
cBoficTB mHTerpanoB $opmu (2). Uwuratennr wmaiimer mx
JI0KABATENLCTBO B KayKLOM ydeGHMKe Ho TeopuH GyHKOHH
HeACTBHTENLHOTO  HePeMeHHoro, XOoTA  onm  Godkiueif

'y Kak Ouao yHoMsEyTo B § 5 IiIaBe TpeTheil, MH paccMaTpu-
EaeM B 9TOH M BO BCeX LOCHEAYIOIIMX TJIABAX TONBKO 6operesckue
1O0JIA BePOATHOCTEHH,

®) Fréchet, Surl'integrale d’'une fonctionnel étendue 4 un
ensemble abstrait, Bull. Soc. Math. France, T. 43 (1915), crp. 248.
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GACTHIO MPOBCIEHH IA CAydas, ora P apmgeres neGero-
Boii Mepoil muosmects B R". lepemecerme »TAX JloRaza-
TeNbCTB TIa OGMI cIydail He IpecTaBigeT HILKaKOU HoBOI
MaTeMaTHUeCKoll 3agadn; oHHM octaoTes Oonnmielf 9acTBHIO
MOCTOBIIO TeMu e ').

I. Fean caydafimaa peiamsnma § WHTCTpUpPYeMa 11a A,
10 OHA HHTETPHpYEMa Ha KadIoM HOMHOKECTBE A" us 4,
npuuagieskamem § .

II. Ecan § unrterpupyema nma A m A pacmajgaeTcs 1a
e Gojee YeM cUeTHOe HUC/I0 Hellepecekalonii XC s MHOIReCTD
A4, u3 §, To

(e@r@o) =2 | t@P o).

A A

111. Barecte ¢ £ narerpupyes scerga u | § | Ilpu atom

ISE(w)P(dw)K SIE(@)IP(dm).
A A

IV. Ecaym nns KasKAoro  BLIIOJHAIOTCS HEPanencrTsa
0 << n(w) < E(w), 1O BMECTE C £ (®) wuuTerpupyema
raroke W Benmumua 1 (®)?), @ DpH STOM

(1@ P @) < {5 P @o).
A A
V. Teomm m < E(0) < M, npadaeM 1 m o M — pgpe
NOCTOSIHHBIE, TO

mP (4) < (& ()P (do) <M -P(4).
A

VI. Ecam & (0) mm (®) marerpupyemul, a K 1 L —
nBe pAeiicTBATeNBHNE TOCTOAHHEE, TO cmydaiiHafg Be-
amanda KE (@) -+ Ln (0) Tawiae WHTErpmpyeMa, ¥ 1pd

1) CM. OUTUPOBAHHYIO BA CTP- 11 epury A. H. Konuoro-
posa nm C.B.®domuma.

%y [Ipu pTOM WpeAmOIATARTCH, 9TO 1] (@) — ciayuaifHAs BeJUIH-
[z, T. €. B TCDMIHOJOTHM o0Iel TeOPUH WHTCFPHPOBANHS OHA H3ME-
pUMa O OTHOMIEHMIO K K.
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9TOM
VK2 ) + L (@)1 P (o) = K (& ()P (do) +
A A

-+ L S 1 (0) P (dw).
A

VII. Ecan pag
|En (@) P (do)

Dy

n

CXONMTCH, TO PHAJ

ZEN ((D) == ‘:((0)
7
CXOINUTCA B I(ﬂﬂ\'ﬂoﬁ TOYKEe MHOKECTBa A C TOULOCTRIO o

HexoToporo Muoskectsa B rakoro, uro P (B) = 0. Eeau
sae miuomectra A \ B nouoskare E (o) = 0, To

§2@)P@o) = 3 (&, (o) P (do).

A n A

VIII. Eenn & (0) 1 1 (0) okBmBamentas, P {€ (o) 5=
7= N (0)} = 0, To qna wamgoro muosesTBa A m3 F

§(@)P(do) = {n(0)P o). 3)

A A

IX. Eciu (3) nMeer MecTo Iis RasKioro MHOIRECTEA
A us &, 10 §(0) 1 v (©) sKBABAJNENTHEL.

W3 pumeynomsnyToro ompemenenus HHTErpajia HOJy-
MaeTCA eIe CJeAyIoN[ze CBOMCTBO, KOTOPOro HeT B o6bIvu-
noit Teopun JleGera.

X. Ilyers P, u P, — nipe BepoarmocTHHe $dyaRIHEN,
COpefleiennbie Ha O/HOH W Toif jie c-aarebpe &, P =
=Py -+ P, E = [ (0) mmTerpmpyema ma muomecrse A
oruocnreasno P, u P,. Torma

§SE@P o) = (&) @0) + §& ()P (@),
A A A

X1. Besikast orpanmdennas ciayuaiiilag BeJuTHHA Bl
TeIrpHpYyema.
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§ 2. AdcomoTHble M YCIIOBHbIe MaTeMaTHYecKHe
OKANAHHSA

INycrs £ = E (©) — unrerpapyeMasa ciyvaiiHag Be-
TMIUTA. HHTeI‘pa'I

a

AL

AE —

> \
Y
s}

HAa3pIBAIOT B TeOpHH BB[)OHTHOCTQH mamemamuieckum

oxcudanuem seamanaol &,
U3 ceowcrs 111, IV, V, VI, VII, VIII, IX caegyer,

910

L [MEIKMIE;
II M1 < ME, ecmu 0 <1 (o) < E(0);
1. inf§& (o) << ME < supE(w);

IV. M(KE 4 Ln) == KME + LMn;
V. M (ZEH) Z‘,Mbn, ecau pHaf Z‘,Mlgn[ CXOUTCH;

VI. Ecau § u 1) 9KBHBAJIEHTHHI, TO
ME = Mn;

VII. Bcearasa orpanmutueHHada clydaidHasg BejiHIHHA
HyeeT MaTeMaTHUECKoe ojkujaHme.
Ilo ompeseiennio HHTErpajia

oo

ME = lim D) EAP {h < E(0) < (k -+ 1) A

0 pe oo
o0
=lim D} kM [Fs((k - 1)A) — Fz (M),

A—D k=—o00c

Bropasg CTpoKa €cTh He ITO HHOE, Kak 0DHUIoC ompese-
pen

o0

asenme wunrerpata Cruarseca \ng(d;v). Hoatouy

—a

¥ 8

ME = \ zF; (dx). (1)

o0

[ o
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®opmyna (1) moiker, caemoBaTenbHO, TaKe CIAYIKHUTE
OmpejesieHIeM MaTeMATHYECKOT0 oMugaHua ME.

Hyers Temepn & = E (0) — dpyukuna 3IeMEeHTaPHOTO
cofuTHsI ©, a 1) — caydaiinas BeamuwHa, ompepedeHHas
Kaxk oxauosnaunas gyaxuma or &: 1 = n (&). Torxa

P U< < (k4 D) =Py (a:hh < (2) <
<(k + 1) 3},

rxe P, —Beposrtnocrnas $yakmusa E. Orciona cnegyer
IO ompefleslelINI0 MHTerpana, dTo

InE@)PE) = (@) P ()
Q X

H, cJjenonaTeanHo,

M= {0 (@) P; (da), )
X

fe X 03HAYaeT MHOSKECTBO BCEX BO3BMOMKHBIX BNATCHMI E.
B wactmocrn, worma & = E (0) spaserca CyJaiii o
EQIAIAHON, TO

M= {1 E@©)P@Eo) = {n(@) P (da) =
Q h

= {n@F@. @

—00

Hocaenmmit mirerpan B gopmyse (3) spasercs b clydae
HeIpeprBIocTd QYNKIAN 1 = 1 (r) OOKKHOBEHHLIM WH-
rerpazoM Cruatbeca. Oimako oTMETMM IpPH 2TOM, 4UTO
HHTerpaJj

oo

{ m@)F:(do)

<
—_—0

MOKET CYIEeCTROBATh TaKiie U B CAYYae OTCYTCTBUA MaTe-
MaTHueckoro opaanusa Mmn. Jlns cymecrsopaums M)
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4

Heo6XoANMa 1 [OCTATOYNA KOHETINOCTs WMHTOrpata )
o0
§ 1@ | Fs @),
—0

Femn & = (&, & .. ., En) — CAYTAIHAA TOURA UPO-
crpancrBa R", To Bememersme (2)

My = S S N(@1, Tay oes Tn) Pry 2z (A8 ooy d20). (4)
Rn
M yixe pmmenn, uro ecau P (B) > 0, To yciosHas
pepositHocTh P (| B) o0iazaeT BeeMH CBOUCTBAMHE BEpO-
ATHOCTHON QyHEUmA (IpH 3aKPEIICHHOM MHOKECTRBE B).
CoOTReTCTBYIOIWHA WHTErpall

ME|B) = {E(0)Pdo|B) )

MBI TIA3LIBAEM UCAOBHUM MAMEMAMUIECKUM O0XcUOAHUEM
cnyaaiinoil peaumauas § = § (®) OTHOCHTENBHO cOOBITHA
B. Tar kar

P(B|B) =0,
(&P o] B) =0,

I
to ma (D) caefyeT paBemncTBo

ME|B) = &) Pdo|B) =

Q
- ég(w)P(deH SE(@))P(dm|B):
B

= 1§§((o)P(d(o|B).

Bemoumnuns, uto B caysae A & B n P (B >0

P(AB)y P(A)

PAID =25 =F@)

) Cp. V.Glivenko, Sur les valeurs probables de fonc-
tions, Rend. Accad. Lincei, 1. 8 (1928), crp. 480—483.



§ 3. HEPABEHCTBO YEFBBIIIEBA 63

Mbl TOJYy4YaeM
ME| B) —

5 (B) E((o) P (dw), (6)

Sle oy Ty

P(B)-M(E|B) = E,(Lo) P (dw). (7)

Uz (€) » m3 pasencrra

o

\ E@P@o) = (E@)P o)+ (&0)P(0)

A%B A B
CHefyerT, HNaKoHel, 94To

\ P(AYME| A +P(BYM(E|B
ME| A4 By = 2D <IP(31+£§)> CIBD (g

B =acrnocru, ecan 0 < P (4) <Z 1, To umeer mecro dop-
Myna
ME = P (4)M (E | 4) + P (D) M (E |4). (Y)

§ 3. Hepasenerso Yelnnmena

llyers f = f(2) — meoTpunareasnas ¢ymkuma pneii-
CTBUTENBHOTO APTYMeHTa 2, KOTOPAsA IPH & > a4 0CTaeTcd
ne mensute b > 0. Torga nua awboi cayuaiinolt Bermauuss
§=E (o) W )
£ )
P{E(0) > a) < —5= (1)
(npepmonaraetcs, 9ro MareMaTH9eCKoe OMHAAHmE Mf (&)

CYMEeCTBYET).
B camoM pexne,

M@= {/E)PU)> | 7E@©)PE)>
[9)

{w:E(w)za}
> 0P {E (@) > a},
OTKY[a HemocpencTsenno caezyer (1).
Hanpamep, naa mo6oro modo:KETEABHOIO ¢

MeE

PE(0)>a)<< gl (2)
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Ilyers temeps f = f(z) — HeoTpmmaTenwiasg, YerHad
U OpH TOJNOMRUTETBHOM 2 Heybupatonaa ¢ynrnua. Torna
LA Kampo# caydafiHolt Beamumasl § = § (w) 0 mpe ao-
BoMm BrIGOpe moCTOAHHOK a > 0 HMeeT MecTo LepaBeHcTBO

. M/
PUE @] >a < 2 3)
B gacrmocry,
- M/ (5 —
P{]E—Mgf>a}<-—‘(—;‘(—a)M—E). (4)

OcoGo BamubIM sABIseTca caydait f(z) = z2. B atom
ciydae us (3) Hoaydaem Hepasencmso Yebviucsa

PllE©)|>a < )

s (4) umaxommm Takike, 9TO
M (£ — ME) D%
(E P ) = . (6)

a? o

PUE—ME|>a) <
Beanunny

DE = M (§ — ME)?
Ha3bIBalOT Oucnepcuell ciaydafino#t peaumanun §. Jlerro
TOACIATATE, UYTO

DE = ME* — (ME)~
Ecan ¢ynxnusa f (z) orpauugena,

1/ (2) | < K,

0 P {|E(0) | > a} Mouo omedarp Tawwe W CHH3Y.
B camom peue,

MIE) = (fE@©)PEo) =
0
= § reopPdo+  § fE@PUE<

{o:[Ew) <a} (o Z(w)=a)
< (@) P{E(0)| a} 4+ KP{E(0) > a) <
@) 4+ K-P{E(0)| > a)



§ 4. HEROTOPBIL IIPH3RHAKHN CXO/JUMOCTH 6hH

n, clefoparelbHo,
r —
P{|§(®)|>a}>w. )

Ecan sumecro orpammuenmocts Qyuxnun f(r) morpe-
0oBaTL OTPAHMYEHHOCTH CAMOH CIYYAHHOH BEAMIUIILI

£ = E(0)
€ (o) | << M,
10 f (§ (@) </ (M), n Byecto (7) MuI moaygaem dopmyay
. Mf (E) —
PUE ()] >a) > B0 ®)
B cayuae f(2) = 2 u3 (8) maxonmm, 9ro

PUE@)]>a) > 9)

§ 4. Hexotopsie npusmarm cxogmyocTa

Tlycrn
E)U g?ﬁ s ey gn’ LR (1)

— MOCJAe0BATeNbHOCTh  CAYYallHHIX  BeJIHUAH, W [ =
= [ («) — HeoTpUIaTeNbHAS 9eTHAA H IIPU ILIOJNOIKATEN b-
NOM ¥ MOHOTONIIO Bo3dpacTalomasn ¢ynruus ). Torga cmpa-
BCNJUBEl  CleJYIONEe yTBEpiKIeHNA.

1. Jlns cxomumoctn mocaemosarensrocta (1) mo Bepo-
ATHOCTH [0CTATOYHO CJefyIomee YCJIOBHE: A KayKIOTo
¢ > 0 cyumecTsyer rtaxoe n, 9To ANA KAKIOTO P >0
CUPABCIJIABO HEPaBEHCTRO

Mf (§n+p - gn) < e. (2)

I1. Jlaa cxogumocTH 10 BEepOSTHOCTH MOCIIELOBATENh-
noctu (1) x caywaiimoil Besmmumue § mocTaTodmo ycsosme

lim Mf(§, — &) =0. (3)
n—}oo

Yy Cuejoarensuo, f(x) >0, ecau z =% 0,
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III. Ecau f (2) orpanngera, nenpepsipua u f (0) = 0,
to yeaorus I n Il saBaslores raxike m meo6XogmuLIMU.

V. Ec: an f (x) Henpepuieya, 1 (0) = O u Bce cayuaiinme
eI IHE

Ev Elv Ela L

CTPAHAYEHE B CBOEH COBOKYIHOCTH, TO YCHAOBHA I a 11
SIBJIATIOTCA Takike M HeoOXOIHMBIMIE.
Wz Il u 1V caeayer, B gacruocrn,
HaA cX0A¥MOCTH IO BEPOATHOCTH HOCICHORATeNE-
peera (1) K E J10CTATOUHLIM ABALLTCH YCIOBHE
lim M (g, — ) = 0. (4)
n—x
Fean npu srom &, &, &y ... orpanugens B cpoeil
COBOKYIHOCTH, TO 3TO YCIAOBHE ABIAETCA H HeoOXOIAMBIAM.
Horazarenscrse yreepisenuit I—IV car. B paborax
Slutsky [MluFréchet [1]. Bupouenm, atn reopess
CJIEeAYI0T NMOUYTH HEeNGCPeACTBReHHo m3 dopmyn (3) u (&)
ppeauniecTBylomero unaparpada.

§ 5. JinddepeninpopaHne M HHTErPHEPOBAHKE
MAaTEMATHYECKEX OKRIAHME no mapaMerpy

IIycrh RasREOMY 9jeMETapHOMY COOLITHIO  HOCTaB-
JeHa B COOTBETCTRME OUpenelieHEAs BelecTBeHHAHd (ylK-
nug &, (@) neficTBHTENbHOTO NEpeMeHIore f.

Onpemeneunmne. Mo ropopum, ato § = {§, (o),
— o0 < t<{ co} €cTv cayuainas GyHryus, €CIA NP
KamoM (QuEcHpoBaHHOM ¢ BedmumHa §, (@) sBasercs
caydYaiuoil DeawunHOI.

Bo3muKaeT ToTa ROOPOC, DPH KAKHX YCHOBHAX 30K
MATeMaTHYeCKOTO OKUAAHUA ABIACTCH IIePEMECTATENLHLIM
co 3HaKaMM WHTeTpHUpoBanua H JInddepeHIHpOBANFL.
e caexyolime TeopeMuni MOTYT, He McuepnLiBag Beei
npofaeME, Aarb BO MHOTHX NPOCTHIX CHY4afAX YIoBIET-
BOPMTEJBHBH OTBET Ha S3TOT BOIIPOC.

Teopewma l. Ecau das awboco t mamemamuuecroe
oxcudanue ME, (o) xoneuno, E,; (o) augﬁgﬁepel-)u;upyema
t(”’

— o a6-

(ro t dan ecex ®) u npoussodnas g (0) =



S5, JIDPQEPEHIIMPOBAHNUE M HHTEIPHPOBAHHE 67

COAIMNONY  SHAUENUIO  6cecdd  MEHLULE HEKOMOpPOl onpe-
Oeacnnol nocmosunoii, mo

d(_l; ME, (0) = ME, (o).

Teopenmall. Eeau § (0) no ascovomuony sia-
uenuio cceeda OCINACIACA MEHLWE HEROMOPOl ROCIoANHO ]
A w urmeepupyema no t e cumcae Pumana, mo

i)
3

ME, () di = M %L E (@) dt !

an

Y) nmmeepupyemo ¢ cumeae Pumana.
AnerBo teopenun I. Tipemie
{(©) Rar npeges CTyIaiaLx DeIHdnn

,)
-
=
=
=}

(m

ABAdAcTea caydaiinod senmunneit. Tam war § () orpa-
HUICHA, TO  CYIHECTBYET MATeMATHIeckce  ojuuganue
ME (o ) (cnoﬁcmo VIl marematuueckmx osmmganuil ua
§ 2). Buibepem Temeps moctosHmoe ¢ u 6603HAMHM aepes
A cofwmitne

{o

Bepownocm P(4) crpesnress & nymo npu h— 0 gan
aodoro & > 0. Tar kax peerpa

St+h ((1))—- i, (0)) -
3 =

Epon (@) — (0)

7 — & (o l>3

[& ()| <M

I, KDOMEe Toro, B cAywae o = A4

Erin (0) — &, () .

— —E(0)| <,

s
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TO
iMiHh (‘ﬂ)h_ ME (@) ME, ((0)’<
<m O8O g -
Pty {22 [ 4] +
p(@)/\r\{ﬂuﬂ‘5("”‘15}<

< 2M.-P(A)}e.

[Mockonpry e >0 Moo BHOpaTh NPOM3BOJIBHO,

a BeposaTnocTh P (4) cKoNb yroguo Maia mpH A0CTaTOUHO
MajioM h, To

d . ME L (@) —ME (@) .
= ME (0) = lhlino —— = M§; (0),
4To0 u TpeboBalloch JoKasarTh.

HoxasaTteanbcrBo Tteopemu [l. Iyers

n

=% D B (), b= b=—a

n

b
Tax rax S, cxopmtea k S =S§, (w)dt, To MoKHO pasm

a
mo6oro & > 0 BuGpars Taxkoe N, uto pmaA Bcex n > N

P{Sn—S1>e} <
Ecim monommte A = {| S, — S | >e} n

= in Z §(+kh (0)) = M’Sm

TO

Sn— MS | = [M(S, —8) I<MIS, —§|=

=PA)M{| Sy — S|A}+PADM{] S, -84} <
L 2KP (4) + e <C (2K + 1) &,
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.
Caegosarennno, S, crpemuresa Kk MS, orkyga caenyer
pPaBencTno
b
£
(Me, () dt = 1im S, — MS.
h it

a

Teopema II mosier 6wTh Ge3s BCAKHX HOBHIX 3aTpynHe-
Hni obobmena aas nBOHHMX U TPOWHHX HHTErpaJsios.
Mgpr gajuM npumenenue sToi TEOPEMLI I OMHOH Bajadm
TEOMETPHUECKOH TeOPUHM BeposaTHOCTEN.

Ilyers G = G (o) — KBaJapupyeMas obiacTs Ha 110-
CROCTH, BUJ KOTOPOIl BaBUCHAT OT CAYYas, T. . MYCTh Kask-
AOMY DJICMEHTapHOMY COBHITHIO ® &= {) IocTaRJeHa B ¢oO-
OTBETCTBIE ONpeHelleHNasd KBajpupyeMas o6aacThb G (w)
Ha maockocT. Yepes S obosnaunm mromansb obiactu G,
a uepes P (x, y) — meposTHOCT TOTO, 4TO To4YKa (x, y)
npudagre:kut obaactu G. Torma

MS; = (SP(x, y)de dy.

%

J,IJIH BOKa3aTeIdLCTBA TOCTATOYHO 3aMEeTUTh, YTO
So =\ /6 (, y)dzdy,
¢

P (.2‘, y) = MfG ('T7 y)$

rjie fe (2, y) — xapakTepucruueckas PyHRIMA obnacTu ¢
lfo (2, y) =1 na G u f; (x, y) = 0 BHe G]1).

) Cp. A.Kolmogoroff und M. Leontowitseh,
Zur Berechnung der mittleren Brownschen Fliche, Physik. Zeitschr.
d. Sowjetunion, 1. 4 (1933).



. YCJIAOBHBIE BEPOJATHOCTH
141 MAT‘—’"\EAT THUECKEE O/RUEJJAHKA

,
§ 1. Yenonurie BepoOATHRCTH

B rnape mepsoil, § 6 L1 onipenennan yeaonRIIyio BepoaT-
woeT P (B | 8%) cobrtus B OTHOCHTENDLHO HCHBITaTiiA 9.
1lpr s71oa Ttam QLo mpepuodoskeHc, d9ro ¥ omycxact
ROHEUHOZ UICIC PARINYNLIX RO3MOKULIX YMCXO070nL.
10, ojpnaro, omupezeants P (B W rawme wo o
asl HCORITanuA U ¢ SechOHewHuM  MIIDIRCCTBOM Bou-
MOMRIBX REXO/0B, T, €. JUISA PARNOKEHWMs MHCKecTBa ya
fecHoHeYes  YBCJIC  NeNepSCeKAIONNXCA  IONMIIORECTS,
B uwactnoctu, Tanoe pasicikenie MONYyUaeTed, ecAH pac-
CAIATPHBATE MPOMABOIABEYI0 Qyrxmmo & = £ (@) or o
H ONDeNEINTh B KA4ecTBE JJAEMENTOR pazioskenus % =
= U: mmoskecrna {®! § (®) = const}.

Venosnaa Bepoarmocts P (B | 2U) OGymer obosua-
gareea  Tarike uepes P (Bl E). JlioGoe pasnosxernnme 9
MHO;KecTBa £ MOKHO OmpefenmTh Kax pasiaomenme g,
KoTopoe <«upgynupyercsy ¢yurummeit & =E(w) or o,
ecId Kad{IioMy ® TOCTABIEHO B COOTBETCTBAE B Kadecrne
£ (w) To MmoskecTBO W3 pasaoskenns U, KoTopoe coiep-
MUT @,

HNre pyaxnum § 1 1 0T © ompemessioT TOTAR U TOJBKO
Torma ofHo M To e pasnoskenue (Uz = A,) muoecrna
{, ecou CcymieCcTBYeT Taxkoe BBAMMHO OAHOSHATIOE COOT-
perctBue ¥ = f () Mekay UX SHAYCHHAMH, HPU KOTOPLIX
tompaecroento 1 (o) = f (§ (®)). Ynratenp MoyKeT JErKO
HOKAB2TL, YTO ONPEIeHAAeMIe IHKe CAytaiisie BeRHTHIIL
P(BE)uP (B |%) B oroM ciaydae COBOAMAIOT; CHEHOEA-
TeNbIO, B ocnom{on OUW ONPEHEIsIOTCH CAMHM PaRJIoke-
mwem Yz = U,
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Hasi oupenenenus P (B | £) MOKHO UpmMeHHTH cie-
AYIOmee paBeHCTBO:

PBIEeA)=MIP(B|Y|te4al (1

Jlerxo noxasarn, wro B cayaae rereunocmu MHO:KecTBa
X DposMomunix smavenmi [ parescTBo (1) BHImoaimsercs
opu mobom  pmGope AMHoweeTna A (mpnuem P (B | §)
onpeneisercst cormacHo § O raasul mepnoit). B ofmen
cnydae (AAd  ROTOPOro clysaiiEas bpersmunma P (B &)
eIle e OIpe/eseHa) M JOKadeM, 9To ecezda cyuecmeyem
GIHA H, ¢ TOYNOCTHIO 10 DKRBUBAJICHTHHX BeJHTHH, TONDEO
onua caydaitHas peamunma P (B | E), OLpelersaeMas Kok
(6epenescras) (ynxmus o § u ynomaersopsomasn npn
RaLpoM A 13 g, nas koroporo P (4) > 0, ypaBuenmo
(1). Onpedeaennyro marun o6pasor (c mownocmulo o oxeu-
earerwmuocmu) gynryuio P(B | E) om £ mm nasweaem
Yycaosnoti eeposmuocmblo B omnocumeavno (mam upm
nansoM £). 3nagenne P (B | E) apu § = z mu 6ygem 6603-
Ha1ate P (B | E = z).

HoxasarearcTno CYIMecTBOBAaHHN A
menuuncrsennoctu P (B |E). Vumowxus (1) na
P{E& A} = P, (4), nonysaem caesa

PE€A}PB It =PBN {t=4)) =
=P(B [ E7(4)),

a cnpasa
PESHMIPBIYIES 4] =
=\ PBIHP@) = (P(BIE=2)P.(da).

{w: k= A) A
CrnemonarentHo,
PENE M = PBE=0P @ @
A

O6patno, u3 (2) cnenyer dopmyma (1).

B cayuae P;(A4) =0, npm Kortopom (1) me mMeer
cMbicTa, paBeHcTBo (2) TpuBHadsHo. TpeGopamme (2),
CJIefloBaTeNbHO, JKBHBadeHTHO (1).
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Ilo csofictsy IX mmTterpana (rnasa uersepras, § 1)
cayuaiinsie BeMHIHHB 1 = 1 {(®) C TOYHOCTBHIO JO HKBU-
RATEHTHOCTH ONHOBHAYHO OMPEHENAIOTCHA [0 SHAYCHAAM
HOTerpaslos

Rn(co)P(d(o), Bey.
b

Tar wax P (B | = z) — cayualinas senmunma, omnpe-
jejienuad Ha motie Bepoatnocteit (X, §:, Py), To oTcopa
cnenyer, 910 dopmyaa (2) o0drosHauro (¢ TOTHOCTBHIO 7O
ORBUBANEHTHOCTH) OIpelensdaeT oTy BeJuduny,

Han ocraercs nokasats cywecmsocanue P (B | B). Qusa
aroll neam OPHMEHHM cledywomylo Teopemy Pamona —
Hukopnma ),

Teopema. Hyecmv J — Gopeacscran anzeb6pa mHo-
awecme ¢ Y, P — onpedeaennas na (Y, [J) neompuyameas-
Hag cuemHo-addumueHas  Pynryus muoxcecms, a P —
smopas onpedeaennas maxvce va (Y, ), cuemuo-addumug-
Han Pynryus mhrosxcecms, npuuerm us P (A) == 0 caedyem
pasencmeo P (A) = 0. Tozda cyujecmeyem UIMePUMAR
(no omuowenuto k¥ J) dynryus ¢ = ¢ (y) (6 meopemuro-
6eDOAMHOCIMHOY.  MEPMUHOAGZUY, — CAYUAUHAA éeAuuUNA),
yooeaemeopaiowyas Oas kawcdozo muoxcecmea A us Y
pasencmay X

P() = \ewPay.
A

g nmpmMedenmsa 5Tofl TeopeMbl K HAMEMY CAYIAI0
ocraeTcs gokasath: 1° wro P (4) = P (B [ £ (4))
cuetno-apmuTHBHA Ha (X, %), 2° utro m3 P (4) =0
cienyer mHepaseHcTso P (4) > 0.

Yroepmaenune 2° cnenye’r M3 TOro, 9T0

0<PBNENA))SPET(4) = Pg(4).

') O.Nikeodym, Sur une généralisation des integrales de
M. J. Radon, Fund. Math., 7. 15 (1930), 168 (théoreme III) Cm,
TaKMe QUAT. BmmemmryAH Konsmoroporawmw C.B.®o-
MU HAa. .



§ 1. YCQJIOBHAIE BEPOATHOCTA 73

Ilna mokasarenpcrBa yreepiienna 1° momoyknm

A =D\ A,

Torma

n

BOE(A) = 2B N (4.
Tax kak P cuermo-agguTuUBHA, TO
P(BNE™(4) = 2P(BNE™ (4.),

uTo W Tpe0oBalloch [AOKAa3aTh.
W3 papercrsa (1) cremyer, B TacTHOCTY (@CIH MOJIOMKHATH
A = X), Bamumasa dopMmyrna:

P(B) = M IP(B | E)l 3)

Teneps Mul mepeiiieM K J0KAa3aTeNLCTBY ABYX CIefy-
omEXx QyHIaMEHTATBHLKX CBOHCTB YCAOBHHIX BEPOATHO-
cTeii.

Teopewma l. loumu naseproe

OCPB B L. (4)

Teopewma Il. Ecau codwmua B, By,... npunadae-
acam Fou
B =B,
Ti

mo nowmu HGGEPHOE

P(B|E) = 2P (B,[8). ®)

9tr nsa csofictBa P (B | E) COOTBETCTBYOT ABYM Xa-
pPAKTEPACTAYECKAM CBoHcTBaM BepoATHOCTHOH (yHETUM
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-1
o

P (B): Bcerna 0 << P (B) < 1 nP(B) cuerno-anmaTuRHA.
Onum 103BOJAIOT mepemecTH A yCAOBHHE BEPOATHOCTH
(* 1 &) mmorme pannHelimMe CyIMECTBeHHBe CBOHCTBA
abcomoranix Beposarrocreit P (+). Ogmmaro OpH HTOM IIe
creqyer sabuBaTh, wro P (B | ) mpm ¢umrcuposanmom
MAOMeCTBe B sinnsieTca penmunHO, ompeeneHHoi JInb
C TOYHOCTBEI0 [0 OKBUBAJEHTHOCTI.
HoxasareascTno Teopesmun I. Ecan mur
DPEANONOKAM — B MNPOTHBCIOIORHOCTE JOKA3HIBAEMOMY
VTREPIRICHAIC, — 9T0 ma MmuoskectBe M ¢ P; (M) >0
runonuaerca uepasedcrso P (B [ E) > 14-e, To mo
¢opmyne (1)

PBIEEM =MPBIDIES M >1 +e,

9TO, OYeBHIHO, HEBO3MOKHO. Tar ke NOKa3LIBaeTcs, uTO
noyTn Hasepuoe P (B |E) > 0.
HoxasareancrBo reopemum Il. 13 cxo-

AHMOCTR DAL

DM P (B, |E)| = DIMIP (B, |E)] = S\P(B,) = P(B)

clefnyeT Ho cBOMCTBY V MaTemMarH4ecKHX osmpanui (ri.
IV, § 2), aro pan

P (B, %)

cxoqurcs mourn mapepmoe. Tak wak pan

DIMIP(BL[B)|EE A) = DP (B, |E= ) = P(B|t < A)

CXOJHTCA OPA KaiKIOM BHGope MHO;KecTBa A Takoro, 4T0
Py(A) >0, To m3 ymomamyToro cmoiictsa V MaTeMaTh-
9eCKOX OJKHJAHWNH CHefyeT, 9ro IJA KasKIoT0o MHOJKeCTBa
A yKa3amHOTO BAJA HMEeT MECTO COOTHOLICHUE

M[ZP(BnIE)IﬁeA]=2M[P(Bnl§)l§eA]=
=P(Blt=A) = M[P(B|})|t = 4],

H3 HKOTOPOTO HENOCPEe[CTBeHHO CclefyeT papeHCTBO (D).
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B sarionenne 9Toro maparpada yRaykeM Ha JiBa yacT-
nnx caydas. Ilyers E(w) = C — mocTosafuas, TOTIA
nowrn  uapeprioe P{(4 | C) =P (4). Ecan nononm‘rb,
nanporns, § (©) = o, To moaydnM cpasy, uto P (4 | o)
WGHTH 113 nepHoe paBiia enmiune fma /A i myao Ha 1 Cre-
nosareanuo, P(A | o) ABnAeTca  zaparmepucmueciol
@urryued suomectsa A.

§ 2. Ofwpsicizenne oaxoro napaiorca bopeis

IIycrh 2a ocuonioe MiuosecTBo £ BLidpaHo MHOMKCCTBO
RCEX TOUCK c(epIueckoil MOREPXUOCTII. 32 F MKl OPIHMEM
COBORYEHOCTD BCeX GOPONCBCKUX MIIGHRECTE cdhepHTueckmX
mopepxuocreii. Hawowmelr, nycrs P (A4) nponozmnouam,ﬁa
mepe aitoimectsa A. Bobepey Temeps [Be Amaserpassl
IDOTHROTONOIKIEE TOUKI B KAYECTBC HONIDCOB. %01*;:,;
RAGEBIT MeDUHATELT npvl‘ ONHORHATIIO ONpenenseTca
cooTseTCIRyOMmedl recrpadusecroil goareroi P (0 <Ly <L
<), Tar rar ¢ nsMensercs Toabko oT 0 mo m, T. e. il
paccMarpuBaeM [HOJHBE MepHiMallHsle kpyrd (a He mosy-
ORPYHHOCTH), T0 B mupora 0 7oa/KHa H3MEHATHCA OT —it

7t I
no (a HE OT — 5710 ?) BopeneM mocrapiaena cinegynoias

3a7a98: OIpPENEeNNTh «YCIOBHO® pAaCIpefelenIe BOePOTIT-
mocreily gas muporst 0, —n < 0 < &, opn 3agaunoit fou-
rote . Jlerko momcumrare, UTO
0
Mt
P(0:<< 0 <8, ) = - | cos0]d0

0

11, RHAYNT, pachpefelcHnHe BepogTHocTel ana O mpi sa-
HAHHOM ) HepaACHOMEPHO.

Tean e Temeph OPEfIIOJOKATL, YTO YCJIORHOE pAac-
npejenenne BeposrtHocreil ana 0 «opm rmmortese, 4TO
JeMKAT Ha MEPHIHAHIOM KPYre», TJOJKHO OHTH pPaBHOMep-
IHIM, TO HEAYHASTCHA TMDPOTHBOPEtiNe

BTO OﬁCTOHTL’HbCTBO HoKasnipaeT, YTO HOIATHEC YCAOB-
noif BePOATIOCTH OTHOCHTENLII0 HB0JKRDOBANHO 3aXalHOH
TANOTEZLI, BEPOATHOCTL KATODOI papla Iymmio, ABISETCH
ueggonycl‘mlmu: TOJLKO TOr'AAa Mbl JIOAYYHAM IIa MepPHAULL-
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HOM KpyTe pacnpefenenne BepoarHocreit pag 0, ecan
OymeM paccMaTpHBATh 8TOT MEPHMAHHKI KPYT B KauecTpe
dJIEMEHTa pasiioKeHH:A Bcell cdepuvieckoil moBepxHOCTH
fa MepUAMAHHKE KPYTH ¢ 3ajaHIIBIMI HOJIOCAMH.

§ 3. Yecaosubie ReposgTHOCTH
OTHOCHTEILHO CAYIAHHOH BeanuRing

Ecan § = § (0) — cayuaiinas Beausuna, To YCIOB-
nyo BepoATHocTs P (B | E) mMomno onpegeinTs Taxme
pJlieMeHTapHBIM nyTeM. B caygae P (B) = 0 mnosgaraem
P(B | E) = 0. Ilycrs teneps P (B) > 0. Torya gopmyne
(2) m3 § 1 MokHO TpHATL cAEAYOmMME BHI:

PBPE=AIB) = \PBle=a)Pdr) (1)
nan :

P(B) Pe(A]B)= \P (Bt = o) P (da).
A

OTcrofa mosydaerca WemoCpeACTBEHHO, 9TO
PB)Fz(@|B)= \PBIE=o)F (). ()

—0C

Cornacno opmoit Teopeme JleGera!) ms (2) caenyer,

uTO
F_( h|B)y—F.(z|B
CP(B|E=1) = P(B).lim 2o MD = ] F)
h—o

Fy(e+h)— Fe(h)

¢ TOYHOCTBIO [0 MHoxkecTsa H Tower z Taxoro, uTo
Pe (H) = 0. Ecam paccmaTpuBath Temeps dopmyay (3)
kax ompenenenme P (B | £ = z), mpauem B ciydae Hecy-
HieCTBOBAHHA Ipefena B npaBoil wactu (3) mOJ0KATE
P(B |t = x) = 0, 10 5Ta HoBasA BeJUUNHA YIOBIETBOPSET
nceM TpeGoBammam § 1.

()

H le6Ger, UaTerpupoBamme u OTHCKanue NPAMHETHBHBIX
byaxnuii, 1934, crp. 245—246.
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Ecan, xpome Toro, ¢ymecTBYIOT HJIOTHOCTH BepoAT-
nocreil fy (2) ® fi (z | B) m ecim fy () > 0, To dopmyana
(3) mpeBpamaeTca B ciaegyHOMYIO:

P(BIE =) = P(B) L2 *)
( - - fg () °

N3 dopmyast (3) ciaenyer Taxsue, 9To CymecTBOBamme
npefena (3) » mwroTnocTH BeposaTHOCTH [, () WMeeT cBomm
caesictsueM cywecrsosanne f. (z | B). Ilpm stom

P(B) f(z | B) < fg (o). (5)
Ecan P(B) > 0, To ms (4) caenyer papeHcTBOJ

P(BIE =) {, ()
fe (@] B) = == (6)

B caysae f;(z) = 0, cornacuo (5), f¢(z | B) = 0 n,
caenoBareabno, (6) Taxxe Bepro. Ecam npm aToM pacmpe-
nenenne § abCOJIOTHO HeUpepHBHO, TO

P(B) = MIP(BIY] = (P (B8P @) =
Q

= {PBli=0R@ = {PBIE=0f@a @

Na (6) m (7) caepyer, uro
P(B |E =12)fg (x)

fe(@|B) = — .
§ P(BIE=2)/g(x)ds

- 00

(8)

OT0 DaBEHCTBO JiaeT HaM TaK HaBHBAeMYIO meopemy
Baiieca 0. abcoaomno nenpepuenuz pacnpedesenuil.
Ilpeanososkenns, mpu KOTOPHIX 9Ta Teopema COPaBELINBa,
caeayomme: P (B | E = z) usmepuma B cmmicie Bopeasn
n oupeneneHa mo ¢opmyne (3), pacnpenenenme £ aco-
JIOTHO HEUPePHBHO (B TOYKE Z CYmECTBYeT IJIOTHOCTD
BEPOATHOCTE f¢ (1)). : :
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[
[

§ 4. Yenopnnie MAaTeMATRUCCKH? OMHIRINS

Ilyern & = & (©) — npouzBoidApHas (Lym\'u,m{ 0T,
an =7 (0) — caydadimas pedmunna. Cruygaiinag soad-
anHa M (1 ]3), Dpexgcrasusias Kaxk (by}mmm 6T § 31 yjaonact-
popscmiag g modoro muoskeersa A 13 F e e (A) >0
YCHORHO

MM E=A)=MIM@Hn |8 |E=

uazripasrea (B Caydae, eC7H OO CYIISCTAT
O UOGHUCA  CAYHATIHGT
RHOM JHIHCHUU 5.

Yymomun (1) ma P {A4), nonyyae

—_—
piin
~—

o, w3 (2) caepver

/ 0, mpu oropos{l) s

anplic, Tar (xe Gak u B eIy ]

(cp. § 1), ;joxasmnaercs, 410 M (v | &) ompesierigerca

(2) oamnezmagno (¢ TOYHOCTHIO [0 ORBHBATEHTIOCTIH).
G

Qnagerrme M (n | &) npu § (o) = = Mu olosuzgacy
wepes M (n | & = z). 3asernn ecme, uto M (| §), rar
je zar u P (B | ), saBHCUT TOIBKO OT pasioennd %

It MoskeT 05TL ofosnageno gepes M (n | Hy).

Ilpu cupemenennn M (n | §) yre mpegmodosnernio cyule-
crBoBame Mn (ecan nozonuts 4 = X, rorma M (n | E &
e A) = Mn). Mo Temeps mokaskeM, U0 CYMECTROBAIIMII
MW T foctarourlo st cymectBosaHuA M (n | E). Han
5TOTO OCTATOYHO I0KA3aTh, 4To [0 Teepeme Pamora —
Huropmya (ep. § 1) dyHKIUA MHOMKECTE

Q(4) = "N () P (dw)

{2

YETHO-AAATHREA HA F ¢ M 26COT0THO FeDBePLBIA 0Tiio-
cutensHo P, (4). TlepBoe 06CTOATEABCTDO ASEAZMBALTCA
HOCIOBHO Tarq 7@, KAK W B CHYUAS YCNOBILIX BCpPOATHO-
cresr (cp. § 1). Bropoe tpeforanne — afcorretizoll neunpe-
puBHOCTH — pardoduaerca B ToM, wro un (J{A) =0
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ROZ;KN0 caenoBaTh HepaBenctBo P (4) > 0. Ecan wm
npejuosonnM, uro P, (4) = P(§ & 4) = 0, 10 scHo,
910
o) =\ 1P @o) = 0.
EEA)

Taxny oGpasoM, Kame Bropoe TPefoBaupe TaKae DH-
neAeno,

Eenx B pasenctse (1) modosmurs 4 = X, 10 Boiy-

"gacTesa gopayia
Min=MIM(n | L (3)

,HEEJ]GG AOKasbipaercst, 9TO0 IOYTH Hapepioe
Mlan + b 18l =aM@m B +bMEIE, )

rie a v b — nBe mponsBoJbHEE mocToanuLie, M |1 | < co,
M L] << oo. (lipoBejenste J0Ka3aTeALCTB WPELOCTARIACT-
cA YHTATexNo.)

Fean Eu { — npe QyHruun sneMenTapioero cobWTHS o,
to napa (£, {) MOsKeT TaKkiKe paccMaTpPHBATHLCH Kak QyHK-
s o. Hueer MecTo cienyiolee BajKHOE DPaBeicTBO:

MIMnE, DIt =M(Mn1E). (5)

B camom xexne, M (v | E) ompemensercsa wepes coor-
HOIIEHNE
M lEed4)=MIMn |} |t e 4l

CiiemonaTelbno, HY:KHO MOKA3aTh, 4GTO BeIUUMHA
M M ]E, 0 |El ynosuersopser paBencTBy

Mnlesd) =M {MIMn[E DIEIIEe 4). (6)
Hsa onpepenenus M (n | &, §) caenyer, dro

M lte4)=MIMMnIE D) It e Al (7)
Us ompepememna M [M (v | E, §) | E] crenyer nanee, uto

MIM(n |E D) It 4]l =
=M {MMMnIE DIEEs A4} (8)
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Papencrso (8) apasercs cnepctemem panerncts (7) u
(8), uem mame yrBep;KAEHUE OKABAHO.
Fean monosnte 1 (o) papupiM epnnuie Ha B m HyJ0

BHE B, TO
M (&) =P(B[E),
MM IE O =P(BIE D

B sronm cayuae uz gopuyan (D) moayuaerca gopmyna
M P (B IE O It =P(B|E). (9)

Ycaopusle MaTeMATHIECKIE OJKHTAHHS MO0 OIpe-
JeNNTH TAK/Ke W HeNoCPeCTBeHHO dYepe3 COOTBETCTBYIO-
m@e yeJloBHbIE BepOSATHOCTH.

Linsa sTolt melln paccMaTPUBANTCH CIENYIOMUE CYMMbI

S(®) = 3 KAP kA << (k4 1)M]E (: SR

=00 f=—o0
(10)

Ecau Mw cymecrsyer, 1o psag (10) cxomurcs nourn
maseproe. B camon neie, uo dopmyae (3), §1

Ryl = kAP N m << (k4 1)L}

a CXOMHMOCTL Pria
2 o0
DR P < (kD= D M| R,
Ke=—o0 =
ABAACTCA TeoOXOIMAMBIM YCJIOBHEM CYIecTBOBAaHHA M
(cp. raasy werBepryio, § 1). U3 aToit cxopmviocTn crenyer,
yro pay (10) cxojurcs moutH HaBeproe (Cp. TJIaBY "YeTBep-
ryw, § 2, V). Jlamee moraspiBaeM, Tak jke Kak # B TEOPHH
unTerpana JleGera, 9ro m3 cxopmmoctu (10) mpm warom-
o A cliefyer ¢XoIWMOCTh OPH BCAKOM A M YTo B ciydae
cxopmmoctr paga (10) S, (§) crpemutca Kk onmpenenenuomy
upegeay mpu A — 0. Moo Torga B mopske onpegese-

Yy IIpm atoM MBl paccMaTpHBaeM TONBKO CUBTHYIO HOCTeZoBa-
TeJABHOCTh 3HAYEHNII A: B 910M ciryqae Bce BepoaTHOCTH P {fIA < 1 <
<(k +4- 1) A | §} epesesieHE TOYTH HABEPHOE QA BCEX DTUX 3HATCHHMIL,
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HUA OOJNOMUTE

Mn|E) = lxl_f.? S (8). (11)

Has Toro 9robu morasats, 4To onpefeseHHoe COOTHO-
menuem (11) yeaosnoe oxnmanme M (| §) yuosaersopser
II0CTaBJICHHBIM Hpesle TPeOOBAHAAM, HYMKHO TOJNBKO yie-
AUTECA B TOM, 9TO OLpeneneHHas, coriacuo (11), sennun-
Ha M (1| §) ynoBaeTrsopser paBeHcrsy (1). 910 HoKa3aTean-
CTBO MPOTEKAeT ClefylomumM o6pasoM:

M[M(ﬂlﬁ)lﬁeAl=lkil_£Mle(§)I§EA]=

- 1Aim > FAPIRA K<< (k+1)A|EE A]=M[n|Et=4).
—0

k=—o0

IlepecTanoBKa B3HAKOB MaTeMaTHIECKOIo OKHIAHAA
I mpeflena fONyCTHMA OPH 5TOH BLIKIaNKe, Tak Kak S (&)
CXofuTcA pasHOMepHO K M (n | §) mpu A — O (mpocroe
CleCTBHE CBOMCTBA y MaTeMaTHYECKHX OKUTaHN A
13 § 2). IlepecraHoBKA 3HAKOB MaTeMaTHIECKOIO oxuga-
HOA # CYMMHDOBAHHA TaK:Ke ONpaBgaHA, TaK KaK psif

2 MR PIA S n<(k+ DAY [Es 4) =

Jmm—co

= 2 [BPE <+ DAt 4)
Kem—co
cXonAmuHca (HemOCpeJCTBEHHO® MpHMEHeHHe cBofcTBa V
MaTeMATHIOCKAX OKHTAHUI).
Bumecro (11) mMoxu0 Hanmcats

M(n|2) =§n(w)P(dwl§)- (12)

He caenyer, ogmako, mpm arom 3abniBaTh, 910 (12) He
ABJIAETCS UHTEIPAJIOM B CMbicie § 1 raaBel YeTBepToif, Tak
aro (12) — ToaBKO cHMBoNHMuECKOE 0603HATEH e,

Ecnm § — caygaiinas senmumma, To dyarumo or §

By
FalylO)=Pn<y ¥
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MBI Ha3wBaeM YCJOBHOH QYyHKuHmeHd pacmpefielleHAA 1 mpd
nssectEoM E. OyErmus F, (y | ) ompegemeHa mo4rn Ha-
BepHOE mpH BCAKOM J. Ecnm y; < y,, TO moyTH HaBepHOe

Faly, 18) < Fa(ya 18).

Us (11) = (10) caexyeT, 9To mOYTH HaBEPHO®

M@E) =lim 3 K (Fa((k+ )M [E) — Fa(kr D).
0 oo

(13)

10 06CTOATENHCTBO MOKHEO CHMBOJHYIECKHE BHPa3HTh §op-
Myoit

MmIe) = \ vFaul®. (14)

C DoMompbI0 HOBOTO OIpEJeJIeHAs MaTeMaTHIeCKOTo
oxupanma (10), (11) merko goxasaTb, 49TO (Il [(EHCTBH-
rexsnoii ¢pyarnmE f(E) ¢ M |f(E) n | << oo copamepimBo
(mouT: HaBepHOE) PABEHCTBO

MIf @) nlEl =7 @) MIn|ElL



V1. HE3ABUCHMMOCTD. 3AKOH BOJIBIINX YUCEJI

§ 1. HezaBucumoctn

Onpenenenne I. e ¢ymxmmnm § = §(0) n
1 = () Hasweaomca HE3ABUCUMBML, €CJIHA 1 JIOGHIX [BY X
mHoKecTB 4 3 § ; 1 B m3 §, cupasensmso cJaenyiomee
paBEHCTBO:

P4, neB)=PEed4)PneB). )
Ecan muoxectsa X M Y COCTOAT JIMIIb U3 KOHEYHOTO
9ncia 2JeMeHTOB:
X =z 4+ ... + z,,
Y=y 4+ «oc. + Ym»

TO 'Halle olpejesende HE3aBHCHUMOCTH £ W 1 coBmajaer,
coraacuo § O riapsl nepBoil, ¢ ompefeieHHEeM HE3aBHCHMO-
CTH pa3oyeHHH

Q= Z {0:§(0) = 2},

k=1
Q= D {o:n(®) =y}
k=1

HOaa mezasucamoctn § m M Heo6rodumo u docmamouro
cienyiomee ycioBue: npu Jwobom BnhBope MHOo;kectBa A
U3 § ; HOYTH HaBepPHOE BHINOJHEHO PaBEHCTBO

PEs4 |n)=PEc4). (2)

B camom pnene, B caydae, xorma P, (B) = 0, 064 pa-
percra (1) m (2) ynoBuaerBopsiorea. CiepoBarennuo, jlo-
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CTaTOYHO JOKaBaTh HX 9KBHBAJEHTHOCTD B caydae P, (B) >
> 0. B s10M cayqae (1) pKBHBAJTEHTHO COOTHOMEHHUIO

PEesAd|neB)=P(Ec4d) 3
n, BHa‘IHT, COOTHOIIEHHUIO
MIP(Ee= 4 [n)|ne Bl =P (¢t = 4). (4)

G zpyroii cropons, BuiHO, uTo B3 (2) clegyer paBeH-
crBo (4). O6parro, Tak kak P(E & 4 |n) ommosmawHO
ompefieJsAeTcA u3 (4) C TOYHOCTHIO 70 MBOKECTB BEPOAT-
HOCTH HYJb, To W3 (4) IOYTH HaBepHOE CJeyeT paBeH-
cTBO (2).

Ompemenenme II. Hyers I — MHOMECTBO
ynruuit §, (o), rme v & N. DtM QyHROAM HasHBAOTCA
HE3A6UCUMBLMIL 6 COBOKYNHOCMU, eCIW BHIOJHAETCH CJe-
nyiomee ycaoBme: nycth X' m 2’ — 1Ba HemepeceKamIIUX-
ca mogMHOKecTBa m3 X, A’ (coorBerctBemHo A”) —
MHOMECTBO W3 §, onpefeiseMoe COOTHONMIEHHEM MEK-
ny &y (w) ms X’ (coorsercrsemro X”); Torma

P(A'"NA")y =P (4')P(4").

CoBoxynnocts Beex £, (w) m8 2’ (cooTBercTBeHHO U3
2"), MOKHO paccMaTPHBATH KaK KOODAHMHATH HEKOTOPOH
dynxnun &' (coorsercrsenno &”). Onpenenenne 11 Tpebyer
aume Hesasucuyoctw § m " B cMmbicae ompemesnenns |
Opd  KakAoM BHIOODe HeIepeceKalmMUXCA MHOIKECTE 3’
a X

Ecmm §,, &, ..., £, HesaBHcmMH, To Bcerga

P(EIEAD §2EA27'--9 gneAn)=
=PE €4)PE, e4).. . PE e4,), 5

€CHH TOJIBKO MHOMECTBA A IPHHAMIERAT COOTBETCTBYIO-
meEM §;, (KOKa3aTeNbCTBO WOCPEACTBOM HHXYKIMN). DToro
PaBeHCTBA, OfiHaKo, B o0uleM ciyJae HAKOMM 06pasoM He-
MOCTATOYHO JI15 He3aBUCMMOCTH E,, &y, . . ., &,.

Papercrso (5) Ges sarpynmennii o6oGmaercs Ha cly-
qafil CYETHOIO HpPOM3BEJCHNA.
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N3 nesaBucumoctn CIIy9afiHbIX Besnuuj Evk B Kaximo#
KoneuHoi rpymme (E,, E,,,..., Evk), BooOme rosops,
eme He clienyer, 9To BCe £, HE3aBHCHMEL.

HHKOHBH, JIETKO BaMeTI/ITI), q9T0 HE3aBHCHMOCTH
oynrmuit §,, cofersenHo TOBODA, ABIAETCA CBOHCTBOM
COOTBETCTBYOIAX pasioxennit YU . Ecam, nanee, &, —
ONHOSHAYHEIE (YHKIHH COOTBeTCTBYIOMEX E,, To m3
HesaBHcuMocTH §, cienyeT He3aBHCHMOCTH E.

§ 2. HesaBucumbie cnywaiinbie Beswdmant

Ecam &, &,..., E, — HezaBUCHMLIe clydaiinrie
BEJMIAHE, TO 3 paBeHcTBa (2) mpemmymero naparpaga
caenyer, B yacTHOCTH, GopMyaa

Fa bty @0 22y« @) = Py, (20) Fry(zy) . . Fe, (z,). (1)

Teopema I. Ecau aseebpa MHoMecmes fj-lz_hgz__"an
COCIMOUM MOALKO U3 GOPeAeCKUL MHONCECTNE npocmparcmen
R", mo ycaoeue (1) ssasemes maxxce docmamounvim das
Hesasucumocmu eeaunun &y, E,, ..., E,.

HdokasaTenbcrso, Hycu&’=(§,,,§i,,...,§,~k)
1t =, &,..., &i,,) — ABe HeIepeceKapmuecH
mojcmereMbl  BenmamH §y, &y, ..., E.. Ha ocuoBammn
dopmyam (1) caenyer AOKa3aTh, 9TO A JI0GHIX ABYX Go
penesckux MHEOxecTs A’ u A” cooTBeTcTBeEmO ma R* g
R™ BHIONHAETCA paBeHCTBO

P(E =4, §”EA")=P(g'eA’)P(g’EA”). (2)
Hnas Muaomects Bmja
4 = {(xilv ce ey xik) LTy, <d1, v -’xik <ak}1
A" = {(zj,, ..., z )ixy, by ..., z; < by}
9TO CJleflyeT HemocpencTBerso u3 (1).
Hanee mokasbiBaercs, gro ato cBoiicTRO coxpaHseTca
AAA CyMM U Pa3HOCTEH MHOMKECTB yKasaHHOIO BUIa, OT-

KyZla paBeHcTso (2) ciemyer m jas Beex 6opeseBcknx MHO-
ecTB,
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Teopema II. Hyeme § = {§,} — npoussoavhas
(6006wye GeckoneuHas) COBOKYNHOCTb CAYHAUHLLY 6eAUMUN.
Ecau aacebpa muoxcecme §Fy cosnadaem ¢ 3-aazebpoil
s (F) (N ecmb mHOKHCECNEO 6CEX v) 1), mo cosorynrocmo
pasercms

Fepot (@) = Fe @) Foy (@) @)
Heobxoduma u Oocmamouna 048 HE3A6UCUMOCTIU  6eAUHUN
L veE S

MoxaszaTenabcTso. HeobxonumocTs 3TOTO yC-
JOBAA CJC/yeT HENoCPEeJACTBEHHO W3 (PopMyJnl (1). Mu
Temephb JlOKax{eM, 9TO OHO TaKe M JOCTATOIHO.

Ilycrs 4 u A" — ABa HemepeceKaolnxcs NOIMHOIKe-
CTBa M3 MHOKecTBa " Beex nHiexcoB v, A’ (cooTsercTBeH-
B0 A”) — MHOKeCTBO u3 G(F+), ompejeseHHOe COOTHO-
menueM Me;kay &, ¢ mAAeKcamMu v us A (cooTBETCTBEHHAO
m3 4°"). CnenyeT fokasaTb, 9T0 TOTAA BHIOOJNHEHO PaBeH-
CTBO

P4’ A") =P (4) P (4"). (4)

HeiicTutensno, ecam A’ u A" — nmamHApAYeCKHe
MHOKECTBA, TO MBl HMEEM [eJ0 C COOTHOIEHHAMH MEXELY
KOHOYHEIM 9HCJoM BenuanH £, M paBeHCTBO (4) mpencTas-
JfeT B 9TOM cJytdae MpocToe CIeJCTBAE INPEAIiecTBYOMUX
pesynbTaToB (Qopmyna (2)). A Tak Kak COOTHomENUe (4)
COXPAHSETCA U1 CYMM W DasHOCTEH MHOKECTB A’ (coot-
BeTcTBeHHO A”), To (4) /0KasaHO JUIA BCeX MHO:KECTB M3
s (F).

IlycTh Temeps AJA KasKJOTO v 03 HEKOTOPOrO MHOMKECT-
Ba J" 3ajana a priori pynkuus pacupenenenus F, = F, (z).

Teopewma III. Cyuecmeyem noae sepoamrnocmet
(2, F, P) u onpedesennsie Ha HeM cAYUATRbIE 6EAUNURYL £
v &= A, KOmopbie Ke3asUCUMbL 6 COBOKYNHOCU, a4 KaXOas
us eequnun &, umeem ¢ Kawecrnee PyHKYUL pacnpedeseHus
a priori dannyio dynryuio F, (z).

MloxasaTexbcTso. llpameM 3a 0OCHOBHOE MHO-
secTBO 2 mpocTpaHeTBo R (MHOKECTBO BCEX CHCTEM
o = {z,} OEACTBHTCADBLBIX dUCEN Ty, V & A7), a B Kade-

Ly Cm. § 4 ra. LiL
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crBe § BosbMem S-anrebpy !) 6 (F). IMomomum namee
£y (0) = z, monpegeaur GpyHKIMIO pacopesenenns Fopityn,
PaBEHCTBOM

Fov (@1, 20) = Fo (z) .. F, (z,).

Torpa, cornaciio ocuosmoii Teopenme (§ 4, ra. I11), ma (R, F)
ONHOBHAYHO ONpeJlelieHa BepoATHOCTHasa ¢yHkmua P,
npudeM P {E, < z} = F, () ana awboro v = 4",

3ameTHM eme, 9T0, Kak OHUIO BHUAHO BHIe, W3 Hesa-
BHCHMOCTH BCAKOH KOHEYHOH Ipynmm BeawdmH &, (papen-
cTBO (3)) cleayerT HeaaBHCHMOCTH Bcex &, Ha o(F+°).
B o6wemiiomux mosisx BeposATHOCTeH 9T0 CBONHCTBO MO:KeT
YTepAThCA.

B sakmogenne aToro maparpada gamumM eme HeKOTOpHE
OPH3HAKH HE3aBHCHMOCTH NJA ABYX CIAYIaHHEIX BeJHYUH.

Ecnu e ciyvaiinble BeawuuHH £ H v He3aBHCHME
u ecim ME m Mv KoHedHH, TO IOYTH HaBepHOe

MM [E) = Mn, (5)

M (E | n) = MEL.
9T GopMyJTEH IpENCTABIAT HENOCPefCTBEHHOE CJIeI-
CTBHE BTODOro ONpeJfe/eHUs YCJIOBHHX MATeMATHYECKHX
omunanmit (opmyan (10) u (11) § 4 maroit raasm). Coe-
AOBATeJNbHO, B CAydae HE3aBHCHMOCTH § H 1 BeJNYHHEH

fz_MU’l—M(ﬂli)]2 g _ ME—ME|N)?
- Dn y g - Di

paBHH HyT0 (mpepmonaraercs, ato DE > 0 m Dy > 0).
Yucso f* Ha3HBACTCA KOPPEASYUOHHBM OMHOUEHUEM 1) NO
§, g° — roppeasyuonnvm omuowenuem & no m (Ilmpcomn).

M3 (5) nanee caegyer papeHcTBo

MEn = MEM7, (6)

LIS I0KA3aTeqbCTBAa KOTOPOTO HAZ0 BOCIOML30BATHCA $HOp-
mysoit (15) 3 § 4 martoh raasui:

MEn = MM (En) [El = M [EM (n | )] = M [E-Mn] =
= Mg-M'r].

) Cm. § 4 ra. IIL
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CrnenoraTenbHO, B CAydae He3daBUCUMOCTH En 7 Beaw-
9YUHa
— MEN — ME-Mn

V DE-Dyj

Tak:ke paBHa Hyaw. Hak ussectmo, p — roapfuyuenm
koppeasyuu mexncdy & u 1.

Ecau pBe cnyuaiinre Benmuman & o YXOBAETBOPAIOT
paBeHCTBY (6), TO OHH HasHBaWTCH HEKOpDeAUDOSAHKEIMU.

Han cymma
8=§1+§n+---+§n

NOMAPHO HEKOPPEeNMPOBAHHHX Bemmmd &, &y, ..., &,
TerKo COCYATATH, UTO

Ds = DE, 4+ DE, + ... -+ DE,. (7)

B wacreOCTH, paBeHCTBO (7) cupasegnmBo nus Heaa-
BHCEMHIX BeawduH §y, &,, ..., E,.

§ 3. 3axom Gommmx wmcen

Onpenenernme. Cayuaimme penmamum 1, Oo-
CHIe0BATEILHOCTH

NsMNes e v ey Nnpooo

HA3HRIBAIOTCA ycmoliuuabwu, 6CJIH CYIIecCTBYeT TaKasd 9YHO-
J0Bafg OOCIAEAOBATeJIbHOCTDH

8 dy ooy dny..y,
9T0 AJas moBoro HOOJOHHATEIABHOIO 8
P{ Inn_dn,>3}'_>0’ n = oo.
Ecam cymectsymor Bce Mn, m ecim MoxEO moTomETEH
d, = Mn,,

TO TOBODPAT, 4TO YCTOHYHBOCTD KODMQALHAS.
Ecau Bce 1, paBroMepmo OTPaHWYEHH, TO U3

P{'ﬂu_dnl>9}'_*00 n — oo, (1)
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clelyeT COOTHOIIeHHE
M1, —d, | =0, n—> oo,
d, CAeoBaTeNbHo,
P{Iny—Mn, [>e}>0, n—> oo (2)

Taxuy 06pPa30M, YCMoliusocnms 02PAHULEHHOL nocaedo-
8aMEAbHOCIIY, HE08x00uM0 HOPMAALHA.
IIycts

=D, (= MM, — Mn,)%).
Ilo uepaseuctny Yebniniena
52
P — M| >e) < o
Cnenosarenbro, ycaosue Mapkosa:
on—>0, n— o0, 3)
[OCTATOYHO MJAA HOPMAMBHOH yCTOHIMBOCTH.
Ecau 1, — M1, paBHOMEPHO OTPaHUYEHE,
|nn - Mnn I<Cy
10 mo Hepasenctny (9) us § 3 uerneproil rIABLL

P{Inn—Mnnl>3}>‘lCT{_-

52 —g?

CieqoBaTedbH0, B 9TOM ciIydae ycaopme MapKOBa (3)
ApJsieTes TAKike M Heo6rodumuam IS HOPMATbHOU yCTOi-
YUBOCTH 1.

Fcan

Bu-- B2 t-e e+ Ey

T = -

W BequuIAnn &, MOHapHO HEKOPPEIHEPOBAHLI, TO
1
Dnn:'n_e‘lDfél"l—D 9 4= Dn]

CrenoBaTenpno, B OTOM CIydae A HOPMAIBHOME Yo-
TOHUMBOCTH CPEHAX apHPMETHICCKUX 1),, T. €. AAA TOTO,
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uTo0H a7 Bearoro & > 0

_ Eifreeb B ME deeah ME
hmP{ L. Z>ep =0,
n a n
JOCTATOYHO BHIMIOJIHEHH S CJI(BJIYI()Il[eI‘O ycnomm: .
n

. 1 -
lim — DE. =0 4
im = ) DY, (4)

i==1

(meopema Yebruuesa). B wacruoctn, ycnosme (4) prmonue-
10, €CJM BCe BeNUIBHN §, PaBHOMEPHO OTPAHUYEHH.

1. Mosxao 06o6muTs aTy Teopemy Ha cayuaii caabo
Koppeauposaniux eeauiur §,. Ecam npegmomomnaTs, uto
K03 QUUUEHT Koppenanuu p,,') Mmemay &, u &, ynonuer-
BOPAET HEPABEUCTBY

pmn<c(lm"'nl)

n gro ¢ (k) > 0, To pas BopMmanbHofi ycroitampocTn cpep-
nnx apEQMETHYECKHX, T. €. [ Toro, 9To6ul Jisd BCAKOTO

e >0

e ME eesbME
mp{|BEt e Mt d NG, > =0,
n n n
AOCTATOYHO BWIOJHNEHEs YCJOBHA %)
lm-Sr . 3 pg = 0 ()
ns [ M ?
n i=]
n—1
e C, = 2, ¢ (k).
k==0

2. B cnyuae Hesasucumwuiz cnaraeMmx £, MOKHO naTh
Tax;e HeoGXOMEMOE M JOCTATOYHOE YCJOBHWEe AiA YCTOi-
YMBOCTH CPEIHNX apAYMETHYECKHX 1),.

1) flcgo, aro Bcerna pn, = 1.
»Cp. A.Khintehine, Sur la loi forte des grandes
nombres, C. R. de I'Acad. Sci,, Paris, 7, 186 (1928), 285,



§ 8. BAKOH BOJIBIIHX THCEJ "
Huaa rasgporo &, cymecTnyer KOHCTAHTAa m, (meqaala
£.), yrnonaereopAOman CJIe}IYIOlILHM YCHOBHAMS
P(En\nln) < 2 s

1
PE.>m,) < 5.

Honomnam
g = Elcv ecal lgk — my l < n,
m 0, ecau & — my | >n,
. Eﬂl +"'+Enn
hWeE

Teopewmal) Hyemv &, &, ... — nocaedoscamenn-
HOCMY 63QUMHO Hesagucumnr cayuatinmxr eeaudun. Tozda
yeaosun

D P& —mp>ny = D P FE) =0, n— oo,

k=1 k==1
(6)
n
1 -
ey 2 Dgnk"éoy n—> 020 (7)
k=1
Heo6xodumbr u Gocmamouns 04 YCmMOUMUGOCTNU GeAUMUN
Nas B =14,2, ...
ITpu smom nocmoaumuwe d,, n=1,2,...; MmoxHo
L
npunsams pasHumi M1, mar wmo @ cayiae

M1, — M, —0, n— oo

(v moavko 6 smox cayuae) ycmoliuusocmv HOPMAILHAR.

HCp. AL KRolmogorov, Uber die Summen durch den
Zufall hestimmter unabhéngiger Grossen, Math. Ann 1. 99 (1928),
crp. 309—-319 (chpaBneHnﬂ H 3aMEYaRHAA K 3TOH paGOTe 1. 102
(1929), crp. 484—488), reopema VIII B pofaBieEme K Hed Ha
crp. 318.

5%
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Horasaren b ¢ T B o. Jocrartouncers yeaornii (G),
(7) ycramaBnmpaetcs opocto. B camom AeJie, mockoakky

PO #m) < 2 PEuw ) —0, n — oo,
k=1
a coryacHoO nepansenctry YeGrimeng

UM =M1 1> 8 <ot Dy 0, 7 o,
k=1

TO
P{ I — Mni | > e} = 0, n = oco.

Hna morasarennerpa HeobxonnuMocTn nHam noHano6nT-
CA pAJ BCHOMOTaTeNBbHEX OpemI0ReRni.

Jdemma 1, Lyems A4,, y: PN 4, — ueansucu-
M€ cobumus, P(A4)) >0, i= 1, 2,..., nu dan

Rekomopozo u > ( P U 4)>u. Eeau, kpone mozo,
l=1

cobuimue U Maxo60, wmo das kaxcdozo | = 1,2,...,n

PWUIA) > u,

mo mozda
POY> L, (8)

Aorxasarenpers 0. Ecnm cymecrsyer raxoe i
uto P (4),) >—31— u, To
PSP 4Py > Lo,
Dycrs Temeps Anapcex i=14,2,,,, 2 12
P(4) <+,
Torga Haliflercs Takoe k, ato

Fu<P(4 ... Ud <L,
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4, BHATHT, 1A BCeX [ < &

Py o U Aig | A) =P(A ... U A<

SPAU.- U< 4w,
PIONET - UA) | 4) >+,
PUNATU---UA) N 4) > —-uP (4).

Orcrona '
k
P> QPUNEU- T4 N 4)>
k :
> —u N P(A) > uP(A, ... 4) >,

i=1

Jlemma 2. Hycms El, €y -« .y &, — Hesasucu-
mue, oepanuuennwve, | E; | e, i =1, o R, caydali-
Hule 6eAUtUHbl ¢ HYasesumu cpeanu.uu T 036a Oas ecarozo

a >0 u yerozo m

P{m‘Xm§1+ ‘& >m @D+ o) < 2,,,, 9)
~ede

= 2 Dt
i=1
Hoxasateancrtsno. Ofosraunm
R=aD+c¢ 55=0, s =& ...+ &,
By = (015 <iR, | <k [s¢]> iR),

n

B‘ = Z Bik‘

k=1

3ameaan, 9T0 Ha MHOREcTBE B\
Ton ISR 4e,
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nonygaeM
P (Bis1| By) = P{llélag [s] > - D R| By} <
- P
<P{ max >aD|B,-k}=
-1<pn J=k+41
»
=P i|=>aD;.
{k+llll\ap){(n Z E] =4 }

j=k+1
W3 noxaswmiaemoro ganee mepasenctsa (3) Teepemn 11
§ O caenyer, uTO

r ) i ,
P{HIP;;@ l;=%1 §j'>aD}< < aﬁ; = %2
Hoaromy P (Biy | By) < ’aT upn mobom k=1,2,...,n.
Jnpaunr,
P(Bis | B) < =
n
P{ max |s;|>mRA) = P(B,) =

1<k<gn

=P (Bm ’Bm—l) P (Bm-l l Bm-‘z) “os P (Bl l BO) <

Jdemma 3. Hyems E, E, ..., E, — nesasucu-
MUE  02DAHUNCHHbE  CAYHAUHGIE — 6CAUNUMBL,  NPUNEM
]E,—M§1I<C,i=ﬂ,2,...,n.T020a

Pu§1+---+§nl>a}>—1—éw[1—4—“?—gi- (10
2 b
i==1

Hoxasartearcrno. Ofosnaumm s=E +
L

4+ ...+ &, D= ZD”;,-. Ecom € > D nau 2a > D,
i=1

T0 mpapaa 9acTe B (10) oTpmnaTenrHa M HepapencTBo

OYeBH/INO.



§ 3. BAKOH BOJbIMINX YHUCEN a5

IIyets Temeps opmonpemenno C < D, 2a < D. Torxa
AOCTATOTHO TOKa3aTh, 4T0

P15l >5) >

NOCKOJBKY, OYEBHJIHO,

DY 1 1 4 o
P(lsl>a)>P(lsl>7)/1uuo>1600 [1— aj Wr

Céosmamnm 4 = { |s|> % }. Ecam [Ms | > 2D, 1o

m] b

2D _ﬂ)‘z P(d) =

D*>PA)M{(s — Ms)? | A} > 5

—

= 2 D*P ()
H, 3Ha4YAT,
1

P(4) > .

IIpennonosns, Teneps, dro |M s | < 2D. Qb6osnagan
Am:{w:3m0\|s—Msf<3(m+ 1) D, ]s;>-‘23-}

U OpUMEHAS JeMMy 2, HaX0HM
P(Am)<P{I.S‘-——MSl ng}:P{IS-—MS‘

>m[2D + DIy <P{]s — Ms[>m[2D + Cj < —

et
Orcona
M (52 4,) P (4,) = M[(s — Ms)? - 2 (s — Ms) Ms -

+ (M) AP (4,) < 25D e

2 m

Ha muoomectne 4’ = D) 4,
m==0
[sI<<Is—Ms |+ [Ms|<<20.-D.
Tloatomy
M (s* | A") P(A") 400 D2P(4).



[*TH) V1. HEBABUCHUMOCTD. 3AKCH BOJbLIIUX UUCEJL

Heno TaKKe, 9To
ME [ DP ) <L pe

CJ‘[eJIOBaTeJIBHO,
D' Ms? = M[sszﬂ P(A) + M(s?| 4% P4’y 4

+ z MIs*| 4,1 P (4,,) <

m==g

< D* - 400D°P (4) 4- 2 2P 5.,

2m
mM=g 2

U, 3Ha9mT,

1
P(4) > 1600 °

Horkasareancrno Teopemu. Heogg-
X¥oaxmMocts. Iyers nocaeI0BaTeNbHOCTE d,,
n=41,2 .., TAROBA, 4T0 ;a1a  moGorg e >0
P([n,,-—d,, [>€) >0, n— oo, Ioxaskem, aro TOTa

ZP”Ek“—mkl =>ne)— 0, n-s co. (11)

=1

O6o3naunm AnA mavHoOro N

Lo U={,nn-dn’>%}i

Ay = ”Ek — My | > ne},

2 oy
By = %—dﬂ >—Z— =
={)( h ) o _5”'>%}

Iloekonpry my — Menama Eh, To

P(U|By)>-L
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Jas nocrarouno Goapwmmnx n

1
P <+

H03TOMY
1
— >P(U)>PU|BYP (By) >+P (B,

1
Hanee, ecan cobstie A, BumoMHAeTes, a B, muer, 1o
BHIoJdHAeTcA cobwrtue U m, 3maumr,

PBr A +PWU 14, > 1.

Ho
P(By| 4) = P(By) < -

" Cnemoparensno,

PUIA) > 1= P (By| A)> 5> P

-
(g

Ap).
1

I

ITprmenum semmy 1, B3sB
. ) n
u = T P ( U Ak)'
K=1
Torga
1. n
PU)> 3P (U 401 (12)

Cobrrmsa Ay, ..., A, mesaBucEMH, O02TOMY

PCUA)=1— ]I 4 —P(4y). (13)
. = k=1
| Hocnbnmy oo yc.nbnmo P(U)—>0, n—> oo, To u3
(12) » (13) moayuaeM mcromoe cootrHomenne (11).
HomoxuM Tenmeps ' ' ' '
- {Ekr ecan [& — my | <n,

bk = my, ecan |E, — my|>n,
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i
e
Sp  comt [§ — my | < en,

En;’c (8) = {

My, ecanm [E.—m.|[>en.

Hsa (11) caeayer, uro ecam, ¥ {|n, —d,| >e} -0,
n-—> oo, T0 M

n
P { ‘i‘ 1§1 Enr‘r - dn

> S}" - Oy

n
1 -
e _S‘_] Eui () — d,,

k=1

i

Ooznaumt Ty (e) = By (6) — MEny (). Toraa | Ty (e) | <
<< 2 ne u mo Jemme 3

g

>8}—->O.

—rit— i Enk () — d"l > e} =
k=1

= P{lhélénk(e)—ndn >e-n}= :

2 = | [l 8e2n2
2 (Enk (8) —_ dn) I > 8]2} > 1600 1 — %—- ’
st 3 0F,, ()

—_—P{“

k=1
OTKYyZIa
. n .
lim sup—nl_T D) DEi () < 822 (14
k3 k_—__]_
Haag e < 1

| D& () — DEpe | << 8% {| & — muy| > ne).
Torpa ua (11), (13) m (14) cnenyer, ato

' 1 n _
hmnsup — D\ DE,, < 8e?, .

k=1
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4 8HA9NT, B CHAY UpomsBoabnocTH € & (0, 1]

n 13
. 1 . &
lim —- Z DE,, = hm—jz— Z D, = 0.
n S n M

3. Jlanpueiimee o6o6menne Teopemsl UeGmmena mony-
92€TCH, eCAM DPEANOJIOIKUTD, UTO 1), KaKHM-HAGYIb 00-
Pa30M 3aBHCAT OT ECXONOB KAKNX-AH00 1 MCHMTAHUI

Sul: ?‘[2’ RS ] Q[nv

TOK UTO HOCJIE KajKAOTO OMPeIeNenHoro HCXoNa BeeX 9THY
I WMCHLITAHEE 1), NPUEAMAET ONpefelNecHHoe sHATCHMO,
Ofman mpes Bcex TeopeM, HM3BECTHHX IO, HasBaHHEM
2akona GoAbWUZ uuced, COCTORT B TOM, 4TO CJIH 3aBHCH~
MOCTL BeJIMYHHH 1), OT KaKHEOTO OTAENBHOTO HCHOLTANES
Uy, £ =1,2,..., n, ogens nama HpH fonpmux n, To
ECTHYEDH W, ycrofumpul. Ecam pacemarpmsars

Bflk =M [M (n'n ' g'2111 9'(2, ooy Sulf) —M (nn I Sul, 5112, seey Sl{k—l)jz

Kak pasyMnylo MepY 3aBHCUMOCTH BEJMYUHH 1), 0T HCILi-
TaEmsag U, To BHmMeymomamyTas ofmas mes 3akoma
ConpmMEX umCea MosKeT GHTH KOHKPETHBHPOBAHA CIeNyIo-
MVMH pacCcy:KIeHnaMu 1),

Hyets

ka =M [nn]mh L) Q‘[k] — M [n'n,mh o0y Q[k—llk'
Torpa
Tln_Mrln = gﬂl’l‘sz A eee A Enny
MEa = MM, [0, ] — MM {1, [, ] =
= Mnn - Mnn = Oy
Dan = Mgrzlk = B?ﬂ:-

Jlerro, nanee, momcamTaThH, UTO CAy9aHHHE BeAWIMHLL
Loms & = 1,2, ..., n, HeKoppeanposans. B camonm Jedne,

Y Cp. A. Kolmo goroff, Surla loi des grandes nom-
bres, Rend. Acad., Lincei, v, 9 (1929), 470—474,
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uyeTb i << k, Tormatl)
M [Cnian I QI17 .oy QIk'—ll = CniM [an I ax17 LELARY ] QIk"l.l =
= ;niM {M (nn | Qxla LIRS ] mh) -
— M| ¥%, .. W) | Upy v vy W} =
= ‘Zni !M (nrnlml’ seny m;h‘—l) — M (rln I QI1’ vy QIi»'—l)j = 0

U, cJAef0BATe]bHO,
Mgnian = O) l < ]'7-
Hrak,
k(3 n
3 o2
Dy, = ) Do = X B
i=] i=]

Takam obpasoMm, ycjaoBue

n

Z B;"”—>0, n—;> o0

i=]

HPCTATOUHO A4 HOPMAJBHOH yCTOWIMBOCTA BEJMYHH 1),.

§ 4. 3aMeyanna K TOHSITHI) MATEMATAYECKOT0 ORHIAHHA

Mp1 ompegenmim MaTeMaTHYecKoe OKUjaHue BeTUvH-
el £ kak.

oo

ME =2 (@) P @) = 2P, (da).

Q —c0

Hpﬂ 9TOM HHTErpaja B upanoi'l JacTH ODOHUMAECTCA B CMKIC]e

i oo b

Me= \ 2F; (dz) = lim \aF.(du). (1)
- s ‘

Haopammpaercss MeICTB 0 TOM, 9TOON paccMaTpPHBATL BH-
pasKeHme ‘ '

Me= lim  2F; (d2) B E)
a—»4-o00 —a ) .

1 Hpumeaeﬁue dopmyam (15) § 4 ra. V,



§ 4. BAMEYAHHIA K HOHATHIO OHUITAHUA A

B HadecTBe 06OGIEHHOr0 MaTEMaTHUECKOTO ORHIAHHA.
Onnaxo 1mpu sToM TepswoTCs HEKOTOPhIe IIPOCTHE CBoHCTBA
MaremaTH9IecKHX oskupanmit. Hampumep, dopamyra

MIE -+ ] = ME + My

e Bcerja sepua. [lanee M yBHIEM, 4To IPH HeKOTOPEHIX
OTPAUMTMBAIONIUX TPE/INONOKeHNAX Onpesenenne (2) sap-
JIAETCA BIOJHE €CTECTBEHHLIM M NPHTOIHEIM.
Wmenno, Mo3kHO TOCTABUTH BOIIPOC caegynomum obpa-
som. Ilycrs
E]’E%---,En?-'-

—— HOCTE0BATENBHOCT, HE3ABUCHMBIX BeNHUNWH, WMe-
HUX Ty jKe QYHKIHIO pacupeeseHns Fi(z) = Fy, (2),
n=41,2,..., w0 n & Ilycrs panee

LitBat+. . -E,

n

n

CnpammBaerca, cymecTByer J¥ IIOCTOAHHASA M®E rakas,
To PN KaxkpoM & > 0

limP {1, — ME|>¢} = 0. (3)

Otser raacur: ecau mawras nocmosmnas MOE cywecm-
eyem, 1o M°E = ME. HeolGxoanmoe i foctatounoe ycaopme
AdA cymecTBoBaHMA M°E Bakii09aeTcas B CYMECTBOBaHHH
npepiesa (2) ¥ BHIIONHEHUH COOTHOMICHWS

PUEI>m =0 (<. (4)

IJTOT pe3yIABTAT HEHOCPE[ICTBEHHO BHITEKAET W3 clc-
AYIOHER TeopeMEL.

Teopema. Hyeme E,, &, ...— nociedosamern-
HOCMb  He3a8UCUMBLY 00UMAK060 paCHpedeicHHWE - cayuati-
Huz eeaunuk ¢ pyuryueil pacnpedesenus F (z). Has yc-
_motinugocmu cpedrux apugdmemuneckux

LBt 8,

n T n ?

n=1,2,.‘..
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Heobx0duMo U docmamouno ewnoaHenue ycaosus (4). Hpu
3MOM 6 CAyLae YCMOTMUBOCTIU MOICHO NOAOHUMD
Tt

d, = \ zF (do).

HorasareansdcTso. OGosmaann
Ey ecam B, —m|<n
Bk = {0, ecnn |E; —m| >n,
e m — smequapa caydaimoit seamamust £,. M3 yenomua
(4) caegyer, 9ro

P (Es £ E) = nP (B —m|>n) =0, n— o
k=1

n

n n

fim L~ S 227 (dz) = hm—— Q *F (dz). (D)
<

{0 |x—m[<n} Jxf<n
Ho
—}L— S 2F (dx) = -—i— 2 S 22 F (dx) <
lxj<<n =11 x| <k
<L OEPhE—1<|uI<H<
= ,
, & 1k C
ST [Bre—1<inl<h] <
=1 ~l=1
2 < |
<R PU—1<]E< —Zqusl >1—1)-0,
=1 =1
HOCKOABKY :
IP{lEI>1—1}—=0, - oo.
IToaromy
1 " 1 (3
- 2 DEu <7 2 MBS =
Fa==y k=1

=L ‘i 2?F (dz)—0, n—oo.
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Taxmm o6pasom, ycnosma (6), (7) Teopemu m3 § 3 Bo-
HoJueHs W AJaA BeAxoro & > 0

P(lﬂn*~Mﬂ;l>8)—>0, n-— oo,
rae
. . Ce E *
My, = M ML — 5 2F (dz).
r Jx—mjn
Ho B cuary yenonua (4)
S 2l (dx) —
[x—~mjn Jx

HODTOMY

2F (dz) —0, n-—» oo,

n

N

P —d.|>e)—0, n— oo,
Tae

d, = 1§ zF (dz).

n

O6paTnHo, eciii HOCIEIO0BATENBHOCTD Ny, 1 = 1, 2, ., .
ycroiiumsa, To B cuay coorHomenus (14) ws § 3

P {|t —m|[>n}—>0, n— oo,

OTKYZa ciepyer ycionue (4).

Ecam cymecTByer MaTeMaTHIeCKOe OKAJaHUE B TPEK-
neM cumsicre (Popmyia (1)), To yeaosue (4) Bcerna Brmo-
HeHo ') @ Mt = M°E,

Taxmm obGpaszoMm, M° (E) amagerca 3axkoummmM o6oGme-
npeM MaTeMarmdyeckoro oskmpjanma M (E). Ixs mero co-
xpansiorcs cpoiictBa [—VII (rxasa versepras, § 2), on-
HaKo B o6meM caydae m3 cymecrsoBarma M° (E) me cxe-
nyer cymecTBoBanme M° |k |.

Iasa Toro 9To6L [OKaBaTh, YTO HOBOE IOHSTAE MaTeMa-
THYECKOTO OKHNAHAS ABJAOGTCH NelcTBHTENLHO Goyee 00-
UM, 9eM TpeLAylee, ZOCTATOYNO CIEAYIOMEro OpuMepa.

Y Cp.A.Kolmogoroff, Bemerkungen zu meiner
Arbeit, Uber die Summen zufilliger Grissen, Math. Ann., 1. 102
(1930), crp. 484—488, Tteopema XII,
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BosbMeM HA0THOCTL BEPOATHOCTH f; (T) paBHOH -

c
fz (@) = (z]+2rIn(a|+2) "’

TPIHYeM TOCTOAHIIAA C ompefeNaercda U3 yCJIoBHUA

Jlerko gajee TOJCYMTATh, 9TO B DTOM CAYTae BHIOJHEHO
veaosre (4). @opumyna (2) gaeT 3HavdeHne

M°E =
OJIHAKO HHTETPaJ

o

\ el Fatde) = § 2lf (@) da

—00 - 00

pPACXOaUTCAH.
Ecan Q ectp orpesox [0,1] uw P — neberoscran mepa,
To M° £ ecTh He 9To miloe, kar A-marerpan ')

1

(D) £ (0) P (do).

0
r = s
§ 5. Ycuaendsni 3agoA 00JLITHX Ammeen,
CXOIIMOCTD PSIOB

Onpegeneunne Crydailgsle BeINIUHBI V], OO0~
CJIEIOBATENBHOCTH

111»712,---,1%””-

CiLADHO ycmouuuebz, eCJIH CymeCTBYGT Tarafg 4dUCJaA0Bafa HO-
'IQ,IIOB’II‘GJIBHOCTB

dlvdZ?-~-sdnv"'7

Ly Cum., manpumep, H. K. b a pn, 1pumﬂouelpmecmxb pALLL,
(bmuanm 1961,
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9T0 cIAydaiHHE BEJIAYUHEL
Nn — dn
HOYTH HABEPHOE CTPEMATCHA K HYJIW0 OPH 17 — ool

W3 cnavroit yeroitamBocTn ciegyer, o4eBUAHO, OOHI-
HafA ycrofiuupocTs. Eeam MoykHO BLIOpaTsH

dn = Mnny
TO TOBOPAT, YTO CHJbHAF YCTOHIABOCTH HOPMAALHA.
Teopema . Hycmv &, E,, . .. — nocaedosamensn-

HOCMb HE3A6UCUMBLET CAYHAUHBIT eeaunut. i cuabiol
HOPpMAAbHOU ycmotinugocmu cpedHUT apudMmemuieckus

L. +E, '
nnz_—'ﬁ'—"“—’ n=1,21--'1 (1)
docmamouno ewnoAKerua Ycaoeus L)

[s5]

2)

n=1

(2)

Imo ycaosue A6AREMCA HAUAYLULUM 6 MOM CMBICAL, HMO
dan 406020 pada HEOMPUYUMEALHMEL ROCMOAHHWL by,
00 b"
by .. . makux, umo 2 —& = 09, MOJACHO nocmpoums ma-
N=1
KOl pad us Hesagucumulr caywalinwviz seaudur &y, s . . .,
uymo D &, = b,, a coomsemcmsywwyue cpednue apugdme-
muueckue N, = 1,2, . .., He 6ydym cuavHo ycmol-
Huesl.
Hoa porasatenbeTBa HaM HmOHAZoOWICA HePABEHCTBO
(3) us cnegyromieil Teopemst.
Teopema II. Hyemwv &, &, ..., &y — Hesasu-
cumble cayuaiinve geaununw ¢ Hyaeeumu cpednumu. Tozda

"Iy A, Kolmogoro ff, Surlalol forte des grandes nom-
bers, C. R. Acad. Sci., [au:., v. 191 (1930), 910—911.
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daa awbozo a >0

P{max [{, +... - &[> <5 (3)

1<h<n

Ecau k momy e cayualinble 6eAUNUHBL Gpye « o« 4 Epn 027
panuvenw, | &; 1< e, i =4,..,n, mocnpasedauca max-
e OyeMmKa CHU3Y

P{max |&+... +EI>a>1—LEE @
1IShkKm O
D\ bg,

,Il,onaaa'renbc'rno reopemu II. Ilozdo-

wmam s, =0, 5, =&, + ... + Eny
A= { max || >a}, Ay={max [sil < a, |sg| > a)
1<k<<n I<k1

i

ek = 1,2 .., n Torga Z A, = A, n, oGosnagan Ip —
k=1
NHIEKATOD MHOMKeCTBa D, Haxolm

D Db = M > Msilal = 2 Msula,] =

Be=1 k=1
= 3 M5+ (5 — 1P Lo = 2 MLash +
k=1 k=1
+ 2' MIAJ: (Sn - Sk)2 - 2 Z M [IAl‘sk (Sﬂ - Sk)] >
ES k=1

> a? Q\P(4;) = a’P(4), (5)
rie MH KCOO0JB30BANNA TO, YTO
M g 55 (8 — sk)] = MT45M(sp — 5 [810 ..o EB) = 0.

HNa (b) caegyer TpeGyemoe HepaBencTBo (3).
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YroGnl yeTaHOBHTE (4), 3aseTHM, 9T0, C OTHOH CTOPOHHI,
Msila] = MsE — Msﬁ[z >
Z D& — a?P (1) = Z DE, — a® - a2P (4).  (6)
k=1 k=1

C npyroft cTopoHH!, BOCHOAB3YEMCS TEM, 9TO Ha MHOKECT-
Bax Ak lsg-r | << a, wu, smaunt, | s, | << a+c. Torna

f"\ [SnIA] - :2_] M ‘(”LIA I ‘I“ Z M [lAh (Sn Sk)z} <

k=1

<(a+c)? 2 P(4,) + 2 P(4y) Z DE<C

=1 k=1 J=k+1
<[@+eor+ Yog|P@. @
je=1

W3 (6) u (7) monydaeM HMCKOMOE HEPABEHCTBO

k3
Z DE, — a?
-
P(4)> — =
(@4 + 3 DE, —
k=1
2 3
—1 — (fl-l;C) >1— (a +0)
(@ +ep + 3 0 —a 3, oz,
k=1 k=1
HorazarenncTno teopemu . He orpa-
HUIHBAA 061]1HOCTH MO;KHO cumTaTs ME, = 0, n =1,
2, ... Torma pna poxasaTexpcTBa TOTO, 9UTO CPelHMe

S
apmpMeTHILCKIe T, == —11—1 CXONATCA ¢ BEPOATHOCTBIO epu-

HHL@ K HYJdI0, JIOCTATOYHO [OKA3aTh, 9T0 M 10600
e > 0 BepoATHOCTH

P {lim sup Sn
n -
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B cuay nepasenctsa (3)

P,.=P { max > 8} <
2m<n<nm+1 n
gM+1
< P{ max [s,]|>2"e} < < — > Z, DE,..
1K<+l 2 n=1
IToatomy
r l ©0
P= Pillm sup 8} < 2, P,
mM=0
oo oM+l o o0 ) 2’i+1
1 1 1 1
<'32—2u<2m> > D < D Z(Tm) 2 D& <
m=0 n= i=0 m=i n=-gl
- Lt “ b
1 '1 8 n
<% ZO<F> 2 DL 2
1= 11,—27' n=

3aMmerum Tenepb, 9T0 BEPOATHOCTH P me HU3MEHHUTCHA, €CAHA
BAMEHHUTDh HYJIEM n06oe KOHEUHOE YHCIO OEePBRIX YJeHOB

mociegopaTeibHocTd &y, Ly, . . . 3HaUAT, Asa aoboro N
o0
8 DE
P 2 =52

n=—
o0

gT0 B CHJAY CXOMHMOCTH psAfa z nz” MOKa3HBAEeT, 4TO

n=1
P =0.
JIaa porasaTelXBCTBA 3aKTIOIATEIBHOTO YTBEDHIEHHA
TeopPeMhl TOCTPOMM HOCIeZOBATEIEHOCTE HE3ABHCHMHX
crydaliEmx BeawdnH §;, &y, . .. caegyiommm obpasom.

b
Ecm —3 <1, To BO3BMEM

‘ Enzn’§n=_n7§nzo
C BGpOHTHOCTHMH

COOTBETCTBEHHO.
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b

Ecmn e —x> 1, T0 HmOMOMKHM

n
= Vl—)m En = - Vl;n

1
C BEPOATHOCTAMM, PaBHBIMHI 5

Torma ME, = 0, ME. = b,. Ecam Ttemeps npeamo-
JOKHUTh, UTO HA MHOIKECTBE IOJOMKHTEIbLHON BEPOATHO-

s
cTH —”21 — 0, n — oo, TO TOrJla N3 paBeHCTBA

by (n=t) S
T Tn n n—1

6ygeT CleloBaTh, 9T0 € HOJOKHUTEJLHOR BepOATHOCTLIO
0
b

£, ‘ n
T‘-—) O, n— co. Hos CHJIy pacxoguMoCTH pAda Ty
n=1

pan

2?{

Orcrona B cmuy semmsr Bopeans — Hantennu ') caexyer,

12
9710 % He MOKEeT ¢ HOJIO/KUTeJLHOU BEpOATHOCTBIO CXO-

IHUTHECA K HYJ0.

B clydTae, KOIf[a HE3ABHCHMBIE cIy9ailHBe BEAHIHHN
s Eoy . .. HMMEIOT OHY M Ty jxe QYHKOWIO pacmpesee-
mag F = F (z), Mo)kHO JaTh HEoGX0IMMOE B J0CTATOTIOE
ycjuoBue JUiA CHJILHOHM YCTOMIMBOCTH CpefHHX apudme-
anecxfﬁx,

1) d,qcca H Janee ncnonm)eq cA CIegYIOMUil BApHaHT 1T e M MKl
Bopena—HKantenxu ecan 4, As, ... HOCIZOBATENBHOCTH
cobuThil TaKAX, 9T0 WX muAnNKaropwt [, , T A, -+ HEIAGUCUMS, TO
o i
M A, <0 © BEPOATHOCTBIO BJUHNNA TOIAA H TONBKO TOTAR,
n=1 NI R SRR

KOrja Z} P(An)<oo.
n==i
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Teopewma Il Ecau &y, &, . . . — rocaedosamenn-
HOCIMb He3qeUCUMBLY O0OUHAK060 pacnpedeieHHBT cayuaii-
nux eeauuur, mo ycaosue M | &, | < oo s6ascmea neobxo-
Oumum u Jocmamounuy 048 CUALHOU HOPMAALHOLYcmol-

S
yugocmu cpedHUL apuPMenmuieckur v, = —;L’l ,n=1,2,...

Horasarteasncrno. [lyets M [§ | << oo mo-

Ka)KeM, 4TO TOTHA € BepOfATHOCTHI0 eJuHnNa

s,
s M, n—> oo, ®)

Hapany c¢ BenmumEaMm §, PacCMOTPHM «ypesannney be-
IUYIEEE :

. {'Em eciin ]En ] < n,
&= 0, ecan |E,[>n.
Toraa

NP, FE = g P{t|>n = QP >n =

n==] N==1

=N Pk LI<E+ 1=

=] k2n

=P |GI<n+ 1<
<> Iz F (d)< \ |2|F (d2) = M|, | < oo.
k=0 {k<|x|<k+1} —o0

TosTomy mo nemme Bopeas — HanTeaam ¢ BepoATHOCTHIO
eI@AONa DPOMBOHAAET JHUIOL KOHEYHOe FHCHO CcobuTmi
A, = {En=t)}, n=14, 2,... Orcoga BuTexaer,
¥T0 HOCTATOYHO JOKA8aTh, 9TO C BEPOATHOCTHIO EHNHNA

g 4.+

n

brd MEI‘
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Hockonbry
ME: — ME,,
TO OTCIOlAa HETPYAHO 3aKIIOYATH, 9TO
) *
MM
- glv

n
H, 3HAQIHUT, HAA0 YCTAHOBHTH, UTO C BepOATHOCTHIO eJANNIA

B+...+E,

n

— 0,

rae
. =& — ME..

Hna morasareabcTBa 9TOro HOCTATOYHO JIMMIL yoeauTh-

CA B TOM, 4TO JJIs HOCHENOBATENBHOCTH &, &gy... BBIIOJ-
72
n
n‘l

[}

a

oeio ycjaosue Z.I
N=]

< o0 Teopemsl I,
Nueem

oM S MEr S

2 i 2—-‘,;—-= Zn_z S z*F (dz) =

n=i n=t [l - <

sz(d‘x)} <

i
M s
3=
—r—
M

n=1 k=1 (x_13]x1<k)

<D E3E S |z | F (dz) =

n=t - E=l e Majhy

=Dk 2| F (do) X} - <

=1 (—1<lni<hy n>k

<22 S [2| F (dz) = 2M[&] < oo.

k=1 (e—1 & michy
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Uraxk, ycaosne (2) Teopemnl I Brimosimeno, |, ciefoBa-
Bi+...+E,
TeJBHO, ¢ BEPOATHOCTHIO EIHHANA —————— —> 0, n— co.
8,
Ilycts Tenmepr ¢ BepOATHOCTHIO €JHHALNA ~—,’:——> ME,,

n—»co.
Torga m3 paBeHCTBa

N L AT
n n n n—1

£ _
clenyer, 4To ¢ BepOATHOCTHIO emmnua—nla 0, n—> co.
IlosTomy mas Beskoro € > 0

Pl } =0,

4To SKBHBaJEHTHO N0 Nemme Bopens — Kanrtenan mepa-
BeHCTBY

55

Nn=]

<o

Ho B cnyzae oamHarkoBO pacupefeseHHLIX BEJIHIH HTO
yC/IOBME PaBHOCAJIBHO, KaK Jerk0 OPOBePHTb, YCIOBRIO:
M1E | << oo
Teopema 111 mowasama.
Ilycrs Temepb OWATH El, €y « . » — DoOCTENOBaTENB-
HOCTh HE3aBUCHMHX clydaiiHmx Beiamumd. Torga Be-
o0
POATHOCTH CXOAMMOCTH pHJA Z E. pasHa smbo mymo,
n=1
anbo emmEnue (cp. ¢ Teopemoit Hononmenus).
Teopema IV. Jasa cxobumocmu ¢ eepoamnocmuio
edunuya pada
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docmamouno o0HospeMennoll crodumocmu dsyx pados

D\ Mg, D) DE,.

n=1 Ti==]

Ecau x momy owe cayvaiinwe seaunumnn I
paswomepHo ozpanuenw, |E, | < C, n=1, 2, ... ,
mo 3mo ycaosue A6ANeMCA U Heobrodummm. o0

Horxasatensctro. U3 cxonmmoctn pAna Z,Dgn

n==1
H HepaBeHCTBA (3) caenyer, UTO ¢ BEPOATHOCTBIO eIMHi-
o0

LA CXOMHUTCA PAL Z, (En — ME,). Bumecte co cxomuMocTLio
oo n=1
pAana Z, ME, orcioma BuTekaerT Tpebyemoe YTBep:RIeane
n=1
o0

0 CXOfIMMOCTH C BEPOATHOCTLIO eIMHANA pAfA Z E..
Te=]
Ilycts Tenmeps BenmuUuHH Eis Eoy et PaBHOMEpHO oOrpa-
(o)

HUYEHLl U pALN Z En CXOJUTCA C BEPOATHOCTHIO eTuHna,
n=l ‘

HOCTpOHM HOCJeqOBATEIbHOCTL HE3aBUCUMEIX ciaydaii-

HBIX BeJNUHH £, &y, ..., BMEOIIHX Te jKe caMhie pacmpe-
feneHus, uTou &y, Ey, ... Torma ¢ BeposTHOCTBIO efmHUIA
oo oo

CXO[ATCA TaKiKe M KayK[Hil M3 PAROB 2, En Z (& — E,).

nN=1 n=]1

Tockoabry M (&, — En) =0, To m3 cxomuMocTH ¢ BEepOAT-

(=)

HOCTBIO AMHALA pAfA Z, E.—E) = HepaBeHCTBA - (4)

N==]

caenyer, 9TO Z, D¢, — En)< oo. A smaunr, H.ZDEn =

Nazzx) =t}

= _i- A DE, — E) < oo. Torna B CUIy mepBoii wacTH

n=1 . .
TEODEMB C  BEPOATHOCTHIO  €JMHHNA  CXONHTCA  pAJ
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oo fe5]

2 (&, — ME,), 410 BMCCTE CO CXOJAHMOCTLIO DPAAA ZEH

n==i n=\
o

N
ofecreTHBaeT CXOLMMOCTh pAfa 2 ME,.
n=1
Teopema IV pgorazama.
IIycrs

c {En B ciayHae ‘ETL!<C1
En = 0 B cayuae |E.| > C.

Tecopema V. Jua cxodurnocmu pada

Z Em

n=]

us Hesasucumnr caynatinnz eeautur By, &y . .. HEOOZO-
duma u docmamouna O0OHOEPeMEHHAA CTOOUMOCIL RDU
nexomopom C > 0 kancdozo us mpex pados ')

S P> C D) MEL, D) DEL

n=1 n=1 n=1

Norxasateabcteo. Jlocraroumoctn. [o-

o0
CKONBKY 2 P{E&.| > C}< oo, TO mO JHeMMe bopensa —
n=1 .
Kagrenad Do4YTH HABepHOe §n=§,f{ oA BCeX R, 3a
MCKoUeHNeM, OHTh MOKeT, KoHeuHoro umcia. Torma
Ho TeopeMe 4 ¢ BePOATHOCTBIO e[MHMIA CXOHHTCA PAA

oo oo
c
Z t,, a 3HAYAT, H DPAJ 2 Epe
n=1 n=1
o0
Heob6xongumocthb. Ecau papg Z . cxogmTeA G Be-
Mn==1

POATHOCTBIO efuHuna, T0 £, (0 mouTH HAaBEpHOE, N —> °O.

o

Cp. A.Khintchine und A.Kolmogoroff,
Uber Konvergenz von Reihen, Matem. ¢6., 1. 32 (1925), 668—677.
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Hosromy mus meaxoro C >0 MoxeT HpOmBOHTH camoe
Gonpmee xomeymoe wmeno cobwrmit {|&,[> C), a snaunr,
o

o nemme Bopens — Kamremam D\P {|&, |>C) < oo, Tanee,

n=]1
co

B3 CXONHEMOCTH PAfA Z E, caefyer, 4To CXOIUTCH TakiKe

n=1

 pAf ZES Torpa  cxoguMoCTh pAKOB ZM&? "

n=1 n=1
o

Z DgS BrHITeKaeT 3 TeopeMu 1V,

n=]1



NOMOJHEHNE

OJJHA 3AMEYATE/JILHAA TEOPEMA
TEOPUM BEPOATHOCTEN

Habmonanancs y:xe MHOTHE ¢Aydad, B KOTOPHIX U3BECT-
HbIe Ipefe]bHbe BEPOATHOCTA ¢ HEOOXOMMMOCTHIO PABHE
sy mwid efasuie. [aopaMep, BepoATHOCTE CXOAUMOCTH
pAfa B3 HE3aBUCHMBIX CTydailHEIX BEJMIHH MOjieT IPUHN-
MaTh TOJBKO OTH ABa 3uHauzenma'). Mul foxaskeM Temepb
o6uryo TeopeMy, OGHHMAOIIYI0O MHOr0 TaKAX CJAydaes.

Teopema (saron «0 mam 1»), ITycmv &y, &y - o . —
kaxue-aubo cayuaiinve seaudunsl, a f (z) = f (zy, &gy « . )—
6aposckas @Pynryus 2y nepemennur x = (ry, Ty . . .) Ma-
Kaf, YMO YCA0BHAS 6ePOAMHOCMb

P{f (B By oo ) =018, B ooy B}

COOMHOUIEHUR

f(En&ser) =0

npu ussecmHuxr n nepeur eeAuduHar &y, 8ay « .., E 0C-
maemca pasHoll abcoaomHol 8epOAMHOCINU

P{f(En & ...) =0} , (1)

1y Cp. rnasy mecryio, § 5. To ke mmeer mMecro ®m [JA BepOAT-
HOCTH
o C P {Mp—dp =0, n— o0}

B yCHJCHHOM BaKoHe OOJBIIMX dHCel, 10 Kpafimedl mepe Kkorma be-
auvavan £, B3aNMHAO HE3aBUCHMH.

?) Tlog GopoBckoll PymKumell moEEMaeTca QYHKLUA, KOTOpPAA
MO)KeT OHITh TpeAcTaBJeHa, HCXONA A3 IOJHHOMOB, Yepea UocJe-
JnoBaTeNbHbIE HTePAPOBAHHEE INpefesibHEeE HePeXOofH.

.
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042 waxcdozo n. Ilpu smux ycaosuszx sepoammuocms (1) pas-
Ma Hyao usu edunuye.

B wacTHOCTH, IPEANOCHIKE 9TOH T€OpeMH BHMOJHAIOT-
cH, ecI@ CJayYalHHE BeNWYHHH E;, &,, . .. HezaBHCHMH
U sHadenme GYRKNAH f (T) OCTaeTCHA HEeM3MEHHHIM MDA M3-
MEHEHNN JIMMEL KOHEYHOT'0 YUCHA BEJIUYHH I,.

HNoxasaTenscTBo. Obosmaumm & = (§,, &,, .. .),

B IYyCTh
A4 = {o:f(§) =0}

Hapapy ¢ ormm cobsitmeM Mui paccMoTpum anre6py R
BCeX COOHTHUIl, KOTOPHE MOTYT OLITHE OHpeHeldeHH depes
KaK@ge-1a60 COOTHOMEHHS MeKNY KOHEYHLIM YHCIOM
penmyul §,. Ecam coburme B npmragaemxur RN, To mo ye-

JIOBAAM TeopeMH
P(4 | B) = P (4). (2)

B cnygae P(4) = 0 mama Teopema ysie HoKasama.
Iycre Temeps P (4) > 0. Torma ms (2) caexyer dopmyna
P(A|B)P(B

PB|4) = LD — ps). 3)

Wrax, P(B) n P(B | A) — [Be cueTHO-aqIATHBEHE

§YHKOEE MHO’KECTB, COBHajamimde Ha N, clIefoBaTeNh-

HO, OHH JOJ/KHH OCTaBaThCA PaBOHIMA APYT APYry mna

Ka)KIOM MHO;kecTBe OGopexenckoro pacmmEperaa o (M)
anreopn N. Ilostomy, B wacrHOCTH,

P(A)=P(414) =

Teopema foxasaHa.

HexoTopne apyrme ciysam, B KOTOPHX MOMHO yTBep-
’KAATh 00 H3BECTHHIX BEPOATHOCTAX, 9TO OHH IPHHAMAIOT
TONBKO SHAYCHAA HYJL W eJUHANA, OBUIH OTKPHTH
II. Jlesm ?).

1y Cm. mo sTomy mosogy P. L 6 vi, Sur an théoréme de A,
Khintchine, Ball. des Sci, Math., r. 55 (1931), 145--160, reopema II,
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