


























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































16. CBepTKa o6o6Il.{eHHbIX cpyHKI..Pfif 509 

H3MeHeHHe nop.si:.n;Ka HHTerpHponaHH.sI B03MO)KHO, TaK TaK HHTer­
pa.n: (16 . .1) CXO.llHTC.sI paBHOMepHO. 

kf 3 onpe.n;eJieHH.sI ( 16 .1) H CBOHCTB HHTerpa.n:a aenocpe.n;CTBeHHO 
., 

BbITeKaIOT .llOCTa TO'tJ:HO O"tJ:eBH.llHble CBOHCTBa. 

1. JlHHeHHOCTb CBepTKH 

EcnH f(x) = C1/1(x) + C2f2(x), TO 

(f *g)(x) = (C1/1 +C2/2) *U(x) = C1(/1 *g)(x) +C2(/2 *u)(x) 

npH ycJIOBHH, "tJ:TO (/1 * g)(x) H (/2 * g)(x) CYlllCCTBYIOT. 

2. KoMMyTaTHBHOCTb cBepTKH 

EcnH cnepTKa (! * g) ( x) cymecTByeT, TO cyuxecTnyeT H cnepT­
Ka (g * f)( x) H OHH paBHbl: (! * g )(x) ::::; (g * f)(x ). 

3. nuct>cpepeHn;HpyeMOCTb CBepTKH 

IIycT:& f ( x) H g ( x) - 6ecxoHetiHo .o;uq><J;>epeauupyeMble H a6-
con10Tao HHTerpHpyeMbie <PYHKUHH. Ecnu cnepTxa (f it: g) ( x) 
cymecTByeT' TO cymecTBYIOT CBepTKH 

H (16.2) 

npH'tleM 

4. C.z:tnHr cnepTKH . 

EcnH cnepTKa ( f * g )( x) cytUeCTByeT, TO cyJllecrreyeT JI caepT­
Ka f(x +a)* g(x), npHl!eM_ f(x +a) * g(:v) = (! * g)(x +a), 
T.e. onepaUHH C.llBHra H cn.epTKH KOMMYTHPYIO'J.', 

5. Accon;HaTHBHOCTb cnepTKH 

EcJIH cBepTKa (/1 * /2 * g)(x) cymecTByeT, TO 0:11a ae 3aBHCHT 
OT nop.si:.n;Ka BblilOJIHeHH.H onepan;HH 

(/1 * f2)(x) * g(x) == /1(x) * (/2 * g)(:n)::;: (/1 * /2 * g)(x). 

+ CBepTKOH 06061IleHHoi 4>YHKUHH f ( x) E V' H ocHoaaoti 
cpyHKllHH <p( x) E V Ha3&IBaeTCa ct>YHKUHX 

(! * cp)(x) = (f(y)lcp(x + y)). (16.3) 

+ CBepTKOH o6o6meHHLIX <l>YHKn;Hii g ( x) H f ( x) aa3hJBaeTC.H 
o6o6meaHa.sI cpyHKUH.sl (g * !) ( x)' KOT0pa.s1 .IBJUie'l'C.sI .si:.npoM JlHHeit .. 
HOro cpyHKIJ;HOHa.n:a 

((g * f)(x)l<p(x)) = (g(x)l(f * cp)(x)) == 
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= (g(x){/(y)l<p(x +y))). (16.4) 

HeTpy.z:tHo 3aMeTHTL, 'tlTo B cnyqae «06LI'tlHLIX» (a6coJIIOTHO HH­

Terp111pycMLIX) <l>YHK!lHH COOTHOllleHHe ( 16. 4) onpe.rtCJI.HeT CBCpTKY 

(16.1). 
0 Mo)KHO noKa3aTL, 'tlTO npaBLie qacTH cooTHOllleHHH (16.3) 

H (16.4) KoppeKTHO onpe.n;eJieHLI (.n;eTaJIH CM., HanpHMep, B [64]). 
3.n;ecL MLI JIHlllL c<t>opMyJIHpyeM ,lJ;OCTaTO'tlHLie ycJIOBH.H cymecT­

BOBaHH.H cBepTKH ( 16. 4). 
0 CBepTKa o6o6meHHLIX <l>YHKUHH f ( x) H g ( x) cymecTByeT, 

onpe.n;eJI.HeTC.H <t>opMyJIOH ( 16. 4) H y ,D;OBJieTBOp.HeT CBOHCTBaM 1-
4 ( CBOHCTBO accouHaTHBHOCTH MO)KeT 6LITL HapymeHo, 'tlTO MLI 

o6cy.n;HM Il03,D;Hee)' ecJIH O,D;Ha H3 HHX HMeeT orpaHH't.IeHHLIH HOCH­

TCJIL HJIH HOCHTeJIH o6eHX <l>YHKUHH orpaHH't.IeHLI c O.l(HOH H TOH 

)Ke cropoHLI, Hanp111Mep f = 0 npH x < a, g = 0 npH x < b 
( CBepTKa (1.36.11))' HCilOJIL3yeMruI B onepaUHOHHOM HC'tlHCJICHHH, 

COOTBeTCTByeT CJiy'tlaIO, Kor .n;a a = b = 0). 
IloKa)KeM, 't.!TO CBepTKa JII06oi o6o6meHHOH <l>YHKUHH f(x) c 

.n;enLTa-<t>yHK!lHei HJIH ee npoH3BO,n;Hoi onpe.n;eneHa Beer .n;a. 

lleiCTBHTenLHO, corJiaCHO onpe.n;eneHHIO, HMeeM 

00 00 

((.5 * /)(x)l<p(x)) ;=. j dy j .5(y)f(x)<p(x + y)dx = 
-00 -oo 

00 

= j f(y)<p(y)dy = (/(x)l'P(x)), 
-oo 

OTKy.n;a B CHJIY npOH3BOJILHOCTH <p(x) MO)KHO 3anHCaTL 

(o * /)(x) = f(x). (16.5) 

AHanorH'tlHO B cny~1ae .n111<t><t>epeHu111pyeMoi <l>YHK!lHH f ( x) cnpa­

Be.ItJIHBO 

(o' * f)(x) = f'(x). (16.6) 

0 CMLICJI <t>opMyJILI (16.5) cocTOHT B TOM, 't!TO Bc.s1Ky10 0606-

meHHYK> <l>YHK!lHIO MO}l{HO pa3JIO)KHTL no .n;enLTa-<t>yHKllH.HM, 't.ITQ 

<t>opMaJibHO 3ailHCLIBaeTC.H B BH.n;e 

00 

/(x) = j f(y).5(x - y)dy. 
• 

( 16. 7) 

-oo 
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MMeHHO 3TY <t>opMyJiy HMeioT B BH.ny, Kor.n;a roBopgT, 'llTO MaTe­

pHa.n:LHOe Teno COCTOHT H3 TO'tlffllHbIX Mace, 'll'l'O BCj!KHH HCTO'llHHK 

COCTOHT H3 'l'Q'lle'l!HblX HCTO't!HHKOB H T .,n. 

0 0TMeTHM, 'tl'l'O cyrn;eCTBOBaHHji CBepTOK (/' * g )( x) H (/ * 
g' )( x) He.nocTa TO'lIHO ,nJig cyrn;ecTBOBaHHg cBepTKH ( f * g )( x) H 

cnpane,nJIHBOCTH paBeHCTB (/' * g)(x) = (! * g')(x) = (! * g)'(x). 
HanpHMep, ( 8' * 1 )( x) · ( o * 1 )( x) = 1, Ho ( 8 * 1' )( x) = ( 8 * 0 )( x) = 
0, IlOCKOnLKY (8 * l)(x) co.nep:>KHT <l>YHKUHH, He y.noBJieTBOpjIIO­

rn;He .nocTaTO"tIHLIM npH3HaKaM cymecTBOBaHHjl. B TaKHX cnyqa­

.six MO:>KeT HapymaTbCjl H CBOHCTBO accon;HaTHBHOCTH, HanpHMep 

[(8*o') * l](x) = (8' * l)(x) = 1, Ho [8* (o' * l)](x) = (8*0)(x) = 0. 

II puMep 16 .1. IlycTh f ( x) H g ( x) - JIOKa.n:LHO HHTerpHpyeMble B 

JR <PYHKUHH, TaKHe 'tl'l'O f(x) = 0, g(x) = 0 npH x < 0. IloKa3aTL, 

'tl'l'O 
x 

(! * g)(x) = 8(x) f f(y)g(x - y)dy. (16.8) 

0 

PeweHHe. CornacHo ycnoBHIO 3a,na't.IH 

f(x) = 8(x)f(x), g(x) = 8(x)g(x) 

H onpe.neneHHIO (16.4) HMeeM 

((/ * g)(:z:)l<p(:z:)} =:!. _l [_l f(y)g(x - y)dyl <p(x)dx = 

= _l [_l 8(y)f (y)8( :z: - y)g_( :z: - y)dy l 'P( :z: )d:z: = 

= _l [l f (y)8(x - y)g(x - y)dy] <p(x)dx + 

+ l [l f (y)8(x - y)g(x - y)dy] <p(x)dx = 

= l [l f(y)g(x - y)dyl <p(:z:)d:z: = 
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_l [o(x) l f(y)g(x-y)dyl ip(x)dx= 

= (o(x) j f(y)g(x-y)dyip(x)). 
0 

OTC10.n;a n CHJIY npoH3BOJI:bHOCTH <PYHKUHH cp( x) E 'D H cne.n;yeT 
(16.8). 

IlpHMep 16.2. IloKa3aTL, 't!TO ecJIH cnepTKa (/ * l)(x) cym;ecT­
nyeT, TO OHa panHa IlOCTOjlHHOH. 

PemeHHe. IlycT:b Heco6cTBeHHDIH HHTerpan 

00 f f(y)dy 
-oo 

cxo.n;HTCg K neJIH't!HHe A, ror .n;a 

((/ * l)(x)lip(x)} = _l ll f(y)dy] <p(x)dx = (Alip(x)}, 

't!TO COOTBeTCTByeT onpe.n;eJieHHIO o6o6meHHOH <PYHKUHH, jlBJijIIO­
m;elicg nocrogHHOH A. 

IlpHMep 16.3. IloKa3aT:b, 't!TO 
-

§(n)(x - xo) * g(x) = g(n)(x - xo), n = 1, oo. 

P emeHue. Cor nacHo npanHJIY .n;Hcp<t>epeHUHponaHHg cnepTKH ( 16. 2), 
HMeeM 

§(n)(x - xo) * g(x) = (6(n) * g)(x - xo) = g<n>(x - xo) 

H T.)l;. 

IlpHMep 16.4. IloKaJaT:b, 't!TO 

6(x - a) * 6(x - b) = 6(x - a - b). 
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Pemeuue. H3 pemeHH.sI npe,nbI,DSmero npHMepa npH n = 0 3TO 
YTBep:>K.n;eHHc Ot.ICBH.n;Ho. 

IIpHMep 16.5. BLit.IHCJIHTL 

a) 8(x) * 8(x); 6) 8(x) * 8(x)x 2
• 

Pemeu11e. H3 pemeHH.sI npHMepa 16.1 HMeeM 

x 

a) 8(x) * 8(x) = 8(x) f dy = 8(x)x; 
0 

x 

6) 
? ? •v .. I '1"3 

8(:c) * 8(~c)x .. = 8(x) y-dy = 8(x)3· 

0 

1 7. .UenbTa-«t>yHK:QHJI llupaKa u 

opTOHOpMHpOBaHHLie CHCTeMLI «l>YHK:QHH 

B Kypce JIHHe:HHoi anre6pbI Hee npHJIO:>KeHH.sIX pemeHHe MHO­
rHx 3a.n;aq cymecTBeHHO ynpomaeTC.si: c nne.n;eHHeM TaKoro noH.si:­
TH.sI, Ka.K eDKJIH.n;ono npocTpaHcTno. He MeHee noneJHbIM oKa3hIDa­
eTc.si: o6o6meHHe H pacnpocTpaHeHHe 3TOro noH.si:TH.sI Ha 6ecKoHe't.I­
HOMepHbIH cnyt.1ai, Kor .n;a 3JieMeHTaMH npocTpaHCTBa .sIBJI.sIIOTC.sI 
cpyHKD;HH, a caMo 3TO npocTpaHCTBO - cpyHKUHOHaJILHbIM. Hat.1-
HeM c onpe.n;eneHH.sI 3JieMeHTOB npe.n;nonaraeMoro cpyHKD;HOHaJIL-
Horo npocTpaHcTna. • 

+ BemecTBeHH03Hat.1Ha.s1 cpyHKD;H.sI ·v( x) Ha3bIBaeTC.si: KBa.n;pa­
THtIHo HHTerpHpyeMOH Ha 0Tpe3Ke [a, b] c BeCOM p( x) > 0, x E 
[a, b], ecnH cymecTByeT HHTerpan 

b · f p(x)·v2 (x)dx. (17.1) 

(l 

MHo:>KecTBO ncex TaKHX KBa.n;paTHt.IHO HHTerp111pyeMbIX Ha [a, b] 
<l>YHKD;Hi 6y.n;eM o6o3Hat.IaTL L2([a, b], p(x), D) = L2([a, b], p(x)) 
HJIH npocTO L2. 3.n;ecL D C IR - MHO:>KecTBO 3Hat.IeHHi <t>YHKD;HH 
v(x ). 

MHo:>KeCTBO L 2 Harns.z:tHO xapaKTepH3yeTCX cne.n;yromHM YTBep)K­
.neHHeM. 
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YTBep)IC,z:teHHe 17.1. EcJIH v1(x),-u2(x) E L2([a,b],p(x)), TO HX 
JIHHeHHaJI KOM6Haa:a;H.si At v 1 ( x) + A2v2 ( x) TaK:>Ke npHHa.nne:>KHT 
MHO:>KCCTBY L2([a, b], p(x) ), npH~eM 

b J p(x)v1(x)t12(x)dx ~ 
b b 

~ p(x)·ui(a;)clx p(x)vi(x)tlx . [! .., ] 1/2 [/ ] 1/2 (17.2) 

a a 

/ 

HepaBeHCTBO ( 17. 2) Ha3bIBaen:.si aepaBeHCTBOM KowH-B ya.siKoncKoro 
HJIH HepaBeHcTBOM Wnapua. 

IleicTBHTeJILHO, nepBa.si qacTL yTBep:>K.neaH.si .noKa3bIBaeTC.si B cTaH­
.napTHbIX Kypcax MaTeMaTH't.IecKoro aHaJIH3a ( cM., aanpHMep, [24]), 
a .llJI.sI .llOKa3a TeJibCTBa ( 17. 2) BOCilOJIL3yeMC.sI TeM, "t.ITO npH JII06bIX 
nemecTBeHHbIX A .nn.si JIHHeiaoi KOM6Haa:a;HH v 1 ( x) + A·i12 ( x) cnpa­
ne.nJIHBO 

b b J p(x){l·v1(x)I + Alv2(x)l}
2 
dx - J p(x)vi(x)dx + 

a a 

b b 

+2A J p(x)lv1(x)v2(x)ldx + A2 J p(x)v~(x)dx;:: O. 
a a 

Ey.neM paccMaTpHBaTL noJiy't.1eaaoe Bbipa:>KeHHe KaK Kna.npaTHOe 
HcpancHCTBO OTHOCHTeJILHO .neicTBHTeJILHOro A. Tor .na. ero .llHC­
KpHMHHaHT .llOJI)KeH y .llOBJieTBOp.sITb ycJIOBHIO 

b b b 

[/ p(x)·vd~:)v2(x)dxr - J p(x)vi(x)dx J p(x)11~(x)dx ~ u, 

a a a 

H3 KOTOporo H cne.nyeT aepaBeHCTBO (17.2). 

IlpO.llOJI:>Ka.sI aHa.JIOrHIO c JIHHeHHOH a.rrre6poi, onpe.neJIHM Ha 
MHo:>KeCTBe L2([a, b], p(x)) cKa.rr.sipaoe npoH3ne.neaue. 

+ CKan.sipHbIM npoH3ne,zxeaHeM .llBYX <t>YHKUHH ·v1 ( x) H ·02 ( x) 
6y.neM Ha3bIBaTL 't.IHCJIO ( 111 ( x )lv2 ( x) ), onpe.neJI.sieMoe paneHCTBOM 

b 

(v1 lv2) = ( t11 ( x) lv2( x) }p = J p( x )111 (x )t12(x )dx. ( 17 .3) 

a 
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CKaJuipHoe npoH3Be.z:teHHe o6na.naeT Ot.IeBH.nHbIMH cBoicTBaMH 
.. 

([.A1·u1 ( x) + .A2112(x )]11,3(x) )p = 
= .A1(v1(x)lv3(x))p + .A2(v2(z)lv3(x))p = 

= .A1(v3(x)lv1(x))p + .A2{-l,3(x)l·u2(x)),, = 
= (-u3(x)l[.A1·n1(x) + .A2·r12(x)])p. 

(17.4) 

c IlOMOmLIO CKa.JI.sipHoro npOH3Be.n;eHH.sI onpc.n;enHM HOpMy <PYHK­

UHH ·u( X ). 

+ HopMoH <PYHKUHH v(x) 6y,neM Ha3bIBaTL t.IHCJIO 

b 

111111 = llv( x Jll = (11( 2;) Iv( x)) p = J p(x )'l12 ( x )d~; ~ ti. ( 17.5) 

a 

HepaBeHCTno KomH - ByH.siKoncKoro B TepMHHax cKanSipHoro 

npOH3Be.z:teHH.sI H HOJ>MbI MO:>KHO 3anHCaTb B BH.Ite 

( 17 .6) 

J13 ( 17.6) BbITeKaeT BeCbMa none3HOe H .nocTa TQl.IHO Ot.IeBH.n;HOe 

HepaneHCTBO - HepaBeHCTBO :M:HHKOBCKOro 

( 17. 7) 

TaK :>Ke KaK H B JIHHeiHoi anre6pe, cpyHKllHH ·u1 ( x) H v2 ( x) 
6y.n;eM Ha.3bIBaTb opTOrOHa.JlbHbIMH, ecnH HX CKaJISipHoe npOH3Be-

.z:teHHe paBHO Hynio, T.e. 

b 

('111(x)l·112(x))p = J p(x)v1(x)v2(x)dx = 0. (17.8) 

a 

3aMeTHM, t.ITO opTOrOHa.JlbHOCTb <PYHKUHH V1 ( x) H V2 ( x) 3aBH­

CHT He TOJibKO OT HX .sIBHOro BH.z:ta. HO H OT npoMe:>KyTKa. [a, b] H 

OT BeCOBOH <PYHKUHH p(x), T.e. <PYHKUHH, opTOroHa.JILHbie Ha o.n­

HOM npoMe)l{yTKe, MoryT 6bITL He opTOroHa.JibHbI Ha .npyroM HJIH 

OpTOrOHa.TILHble c O.z:tHOH BeCOBOH <PYHKUHei He oprorOHa.JlbHbI c 

.npyroli. 

+ KoHe't!Ha.sI HnH 6ecK0Het.1Ha.s1 CHCTeMa JIHHeiHo He3aBHCHMLIX 

4>YHKUHH {'Uk ( x)} Ha3blBaeTC.sI opTOrOHa.JlbHOH, ecJIH 

(17.9) 
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IlpHMep 17 .1. IloKa3aTb, 'tlTO CHCTeMa TpHroHOMeTpH't.IeCKHX 

4>YHKUHH 

{ 1~ cosnx, sin nx }, n = 1. oo 

OpTOrOHaJlbHa Ha 0Tpe3KC [-11"' 11"] c BeCOM p( x) = 1. 

(17.lU) 

Pemeuue. OproroHaJihHOCT:& pa3JIH't.IHbIX 4>YHKUHH cne.n;yeT H3 

HHTerpaJIOB 

7r 7r J 1 · cos nx dx = J 1 · sin nx dx = 0, 
-7r 

• s111"" nx 7r !
1r • ? 

cos nx s111 nx dx = 2n -7r = 0, n=l,oo. 
-7r 

C IlOMOI..QblO COOTHOIIIeHHH 

sin o: cos ,6 = ! [sin( a+ ,6) - sin( a - ,6)], 

siu a sin ,6 = ! [cos (a - ,6) - cos (a + ,8)], 

1 
cos a cosfJ = 

2 
[cos( a - /3) - cos(a + /3)] 

aeTpy.n;ao y6e.n;HTbc.si:, 't.ITO npH n f:. 1n, n, m = 1, oo 
, 

7r 7r J sin nx cos mx dx = J sin nx sin mx dx = 
-Tr -Tr 

7r 

= J cos nx cos1nx dx = 0. 
-7r 

Hai.n;eM HHTerpanbI OT Kna.n;paTOB cpyaKn;Hi CHCTeMbI: 

7r 

j 12 dx = 211". 
-7r 

C IlOMOI..QblO COOTHOIIICHHH 

? 1 
COS"" a= 2 (1+cos2a), sin2 a= ! (1- cos 2a) 
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7r 7r 

j cos2 nx dx = J sin2 nx dx = 71'1 11 ~ 1, (17.11) 

-1t' -7r 

l.ITO H Tpe6onanocL noKa3aTh. 

t B qacTH III «Cnen;HaJILHLie <l>YHKI.lHH» MLI no.npo6Ho pac­
CMOTpHM opTOrOHaJ1bH¥e CHCTeMhl cnCIJ;H8JlbHblX <l>YHKIJ;HH: 

• <l>YHKJ.lHH Becce1u1 { .J v (a;; x)}, k = 1, oo oproroHaJILHLI Ha OT­
pe3Ke [O, 1] c BCCOM p(x) = x (3.zteCh o:k - k-LIH nonO)KHTCJibHblH 
KopeHL <l>YHKIJ;HH Beccenx J v (a:) = O; 

--
• nonHHOMLI Jle)KaH.npa P,,.,, ( x), n = 0, oo oproroHanLHLI Ha oT-

pe3Ke [-1, 1] c necoM p(x) = 1; 
--

• nonHHOMLI 3pMHTa H,.,, ( x), n = 0, oo oproroHaJILHLI Ha HHTep-
2 

Ba.Jle ] - oo, oo[ c BCCOM p( :i;) = e-x ; 

• nonHHOMLI Jlareppa L~(x), n = 0, oo oproroHaJILHLI Ha HH-.. 
Tepnane [O, oo[ c necoM p(x) = x0 e-xw (o: > -1); 

• 4>YHKIJ;HH 3pMHTa Un ( x), n = 0, oo opTOroHaJihHLI Ha HHTep­
naJie] - oo, oo[ c necoM p(x) = 1; 

• 4>YHKJ.lHH Jlareppa Ia+n,n (x), n = 0, oo opTOrOHaJILHLI Ha HH­
TepBaJie (0, oo[ c necoM p(z) = 1 (a > -1·). 
K poMe roro, MLI paccMoTpHM HeKoTOpLie ocHoBHLie cnoicTna 

oproroHaJILHLIX cHCTeM, o6pa3oBaHHLIX co6cTneHHLIMH 4>YHKJ.lHX­
MH 3a.nal.IH lliTypMa - JI111ynunnx, an qacTH IV «YpanHeHHSI Ma­
TeMaT111qecKoi <l>H3HKH» - CHCTeM, o6pa30B3HHblX co6cTBeHHbIMH 
4>YHKIJ;HXMH CHMMeTpHl.IHbIX' x.nep HHTerpanhHblX ypaBHeHHA. 

+ OproroHaJILHax cucTeMa 4>YHKUHH { ·v k ( x)} Ha3LIBaeTCx op­
TOHopMHponaHHoi, ecnH llvkll = 1. 

0 JI106y10 opTOrOHaJ'IbHYIO CHCTeMY 4>YHKn;HH { Vk ( x)} MO)KHO 
npenpaTHTb B opTOHOpMHpOBaHHYIO {'Uk ( z)}' IlOJIO)KHB 

IlpHMep 17.2. OproHopMHponaTb TpHrOHOMeTpuqecKylO CHCTe­

My $YHKilHH (17.10). 

PeweHue. C yqeroM cooTHOIIIeHHX (17.11) nony"lnIM 

{ 
1 1 1 . } J2; , v:rr cos nx, v:rr sin nz , n=l,oo. 
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t OpTOroHan1>Hy10 cHcTeMY <i>YHKUHi {·vk(x)}, k = 1, oo, 6y­
JteM HaJbIBaTb nonHoi, ecnH B L2([a, b], p(x)) HC cyruecTByeT OT­

nHqHoi OT Hyn.SI <i>YHKUHH f ( x), opTOrOHaJibHOH BCeM <i>YHKUH.SIM 
1Jk ( X) 3TOH CHCTeMbl. 

Ilo aHanorHH c o6o6rueHHbIMH <i>YHKUH.SIMH <i>YHKUHlO, paBHYIO 
Hyn10 Ha [a, b] BCIO.llY' KpOMe KOHeqHoro 'llHCna TQqeK, 6y,lleM TaK)KC 
cqHTaTb HyneM. 

IlonHylO opTOrOHaJihHYIO CHCTeMY <i>YHKUHH { Vk ( x)}' k = 1, oo, 
MO:>KHO paccMaTpHBa Tb KaK opTOrOHaJlbHbIH 6ecKOHeqHoMepHbIH 

6a3HC B npocTpaHCTBe £ 2 ( [a, b], p( x)), TaK qTO n106ru.r <l>YHKUH.SI 
HJ 3TOro npocTpaHCTBa Mo:>KeT 6DITh npe.ncTaeneHa pa3no:>KeHHeM 

00 

/(x) = L C1,:t11,:(x), (17.12) 
k=l 

B KOTOpOM DOCTO.SIHHble c,. HrpalOT ponb «KOOP.llHHaT» <i>YHKUHH 
f ( x) OTHOCHTen&Ho 6a3Hca { v1; ( x)}. 3HaqeHH.SI 3THX Ko3<1><l>HUH­
eHTOB MO:>KHO onpe,llenHTh, YMHO:>KHB CKaJI.SlpHO npaey10 H neByk> 
qacTH ( 17 .12) Ha <i>YHKUHIO Vn ( x) H HCDOJib30Ba.B COOTHOilleHH.H 
(17.5), (17.8). Tor.na 

OTKy,lla 

00 

(/(x)lvn(x)) = L C1,:(vk(:i;)lvn(x)) = 
k=l 

00 

= L C1.:ll11n(x)ll28kn = Cnllvn(x)ll 2
, 

k=l 

C _ (/(x)lun(x)) 
n - llvn(x)ll2 ' 

n = 1, oo. (17.13) 

• PaJno:>KeHHe (17.1~), B KOTOpoM K03<l>$HllHeHTLI ck onpe.ne• 
JI.SIIOTC.SI <t>opMynoi ( 1 7 .13), HaJDIBaeTC.SI p.SI.llOM cl>yp1>e no opTOro­
HaJibHoi CHCTeMe <i>YHKUHH { Vk ( X)}, a caMH K03<l><l>HUHeHTLI Ck 
- K03<l><l>HllHeHTaMH cl>yp1:>e ~YHKllHH f ( x) OTHOcHTeJihHO 6a3Hca 
{ Vk (x) } . 

.lIJI.SI 11ccne.n;oBaHH.SI CXO.llHMOCTH pana <l»ypi,e ( 17 .12) pa.ccMOT­
pHM BeJIH'tlHHY 
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b n b 

= f p(x)f2 (x)dx - 2 L C1.: f p(x)/(x)111.:(x)dx+ 
a k=l a 

n b 

+ L Ci.C; f p(x)vk(x)v;(x)dx = 
k,J=l a 

ft 

= 111(x)11 2 
- L ci11v1.:(x)11 2 ~ o. (17.14) 

k=l 

H3 ( 1 7 .14) cnc,llyIOT cxo,llHMOCTb pa,na 

00 

L Clllvk(x)ll 2 (17.15) 
k=l 

H TaK Ha3LieaeMoe HepaeeHCTBo Beccena 

00 

L C~llvk (x )11 2 ~ 11/(x )11 2 
• (17.16) 

k=l 

0 .Una opTOHopMHpoeaHHLIX cHcTeM ( 11 Uk ( x) 11 = 1) HepaBeH­
CTBO Beccena npHMeT BH.ll 

00 

L ci ~ 111(x)11 2
• 

k=l ' 

+ OpTOroHa.JibHYIO cHcTeMY cpyHKUHH { ·i1k ( x)} Ha3LIBalOT 3a­
MKHyTOi, ecnH ,llJI.sl n106oi cpyHKUHH /(x) E L2([a, b],p(x)) Hepa­
BeHCTBO Beccena (17.16) o6paIUaeTCa B paneHcTeo: 

00 

L C'tllvk(x)ll 2 = ll/(x)ll2 
• ( 17 .17) 

k=l 

PaeeHCTBO (17.17) Ha3hIBalOT paeeHcTBOM Ilapceeana, HnH cpop­
MynoH: 3aMKHYTOCTH. 

<l>opMyna 3aMKHYTOCTH D03BOJI$1eT 33DHC3Tb (17.14) B BH,lle 

n 

nl~~ llt(x) - L Ckvk(x)ll = 0. (17.18) 
k=l 
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• 

0Ha oTpa)l(aeT TOT <t>aKT, 'tITO npH 3aMeHe cpyHKUHH f ( x) ee n-
qacTHl:JHOH cyMMOH p.SIJ::ta <l>yphe cpe,llHeKBa,llpaTHl:JHa.sI norpew­

HOCTh CTpeMHTC.SI K Hyn10 npH HeorpaHHl:JeHHOM B03pacTaHHH n, 
T.e. p.Sl.ll (17.12) «CXOJ::tHTC.SI» K <l>YHKUHH f(x). 0TMeTHM, O,llHa­

KO, 't!TO CXOJ::tHMOCTh p.Sl,lla <l>yp&e, onpe,llen.SleMaJI COOTHOmeHHeM 

( 1 7 .18)' OTnHqaeTC.SI OT CXO,llHMOCTH p.Sl,lla B o6LI1:JHOM ( llOTOl:Je'tJ­

HOM) 
n 

lim f(x) - '""Ckvk(x) = 0 
n--t-oo L...J 

k=l 

CMhIC11C H npe,llCTann.SICT co6oil npHMep CXO,llHMOCTH B cpe,llHeM 

HnH cpe,llHeKBct,llpa THl:JHOM [ TaK Ha3LIBaeMaJI CXO,llHMOCT:b no HOp­

Me B npocTpaHCTBe L2([a. b], p(x))]. 

+ Ilocne,lloBaTen&HOCTh v1.:(x) E L2([a, b]. p(x)), k = 1, oo, 6y­

,lleM Ha3LIBaTh CXO,ll.SIIUeHC.SI K <l>YHKUHH f ( x) H3 L2 ([a., b]' p( x)) D 

cpe,llHeM [HnH cpc,llHeKBa,llpaTH'tlHOM, HnH no HOpMe B npocTpaH­

CTBe L2([a, b], p(x))], ecnH 

lin1 11/(x) - v1.:(x)ll = 0. 
k--t-oo 

(17.19) 

00 

L vi~(x), ·vi~(x) E L2([a, b], p(x)) 
k=l 

6y.lleM HaJLIBaT& CXO.ll.SlmHMC.SI K <l>YHKUHH f(x) H3 L2([a, b], p(x)) 

B cpe,llHeM [no HOpMe B npocTpaHCTBe L 2 ([a, b],p(x))], ecnH no­

cne,lloea TenhHOCTh ero n-qacTHl:JHl:dX cyMM CXO,llHTC.SI B cpe,llHeM K 

<l>YHKUHH I ( x). 
0 If 3 CXO,llHMOCTH B cpe,llHeM He cne,llyeT CXO,llHMOCTh B o6LI'tl­

HOM CMDICne, IlOCKOnhKY B HCKOTOpLIX TOl:JKaX oTpe3Ka [a., b] <l>YHK-
00 

UH.SI f ( x) H p.Sl.ll I: ·v1.: ( x) MoryT .llOCTaTOl:JHO cHn&Ho oTJIH'tiaThC.SI 
k=l 

.llpyr OT .llpyra, 'tlTO HeB03MO)l(H0 npH o6LI'tlHOH ( IlOTO'tle'tlHOH) cxo­

,llHMOCTH. 3aMeTHM K TOMY )Ke, 1'.JTO H3 noTOqeqHoil cxo,llHMOCTH 

TaK)l(e. eoo6me roeop.SI. He cneJ::tyeT cxo,llHMOCTh B cpe,llHeM, 'tlTO H 

npoHnn10cTpHpyeM cneJ::tylOIUHM npHMepoM. 

llp:nMep 17 .3. Hccne,llonaTh nocne,llOBaTen&HocT& 

n = 1, oo, x E [O, 1] 

Ha CXO.llHMOCT:b. 

/ 
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PeweHHe. QqeeH,nHo, q:TQ 'Pn (0) = 0 H ,nn51 nro6oro <l>HKCHpoeaH­
Horo x E]O, 1] cnpaee.nnHBo 

. . - V2nX . y'2X (-2) 
hn1 <p ,1 ( x) = Inn ., I = 11111 ? ., = 0. 

n.-+oo n-+oo en.rM 2 n-+oo 2 ..;n x ... enxM /2 

3.nec& MDI Bocnon&JOBaJIHCb npaeHnoM JionHTaJI51. Cne.noBaTCnb-
HO, 

li1n <pn(x) = 0, x E [O, 1]. 
n-+oo 

Hccne.nyeM Tenepb Bonpoc o cxo,llHMOCTH B cpe.nHeM nocne.noBa­
TenbHOCTH { <pn ( x)} K <l>YHKI.lHH <p( x) = 0. PaccMoTpHM HHTerpan 

1 1 

.!,. = f lv>n(x) - 0] 2dx = J 2nxe-""'
2

dx = 1- e-", 
0 0 

H3 KoTOporo cne.nyeT, 1.ITO 

li1u Jn = 1 
n-+oo 

H nocne.nonaTen&HocTb { <pn ( x)} He cxo,llHTC51 no HopMe npocTpaH­
CTBa L2([0, 1]) K <PYHKI.lHH <p(x) = O. 

IlhUIC:HHD xa.pa.KTep _cxo,llHMOCTH B cpe.nHeM H D03Iipamruicb K 
pa3no:>KeHHIO <l>YHKI.lHH B p51.z:t cf>yp&e, c<J>opMynHpyeM cne.nyromee 
YTBep:>K,neHHe: 

YTBep)l(,neaHe 17.2. 3aMKl:lyTrur opTOroHaJibHaJI cHcTeMa <l>YHK­
llHH {vk(x)} E L2([a,b],p(x)) 51Bn51eTC51 nonHoi B L2([a,b],p(x)). 

JleiCTBHTenbHO, npe.nnono:>KHM, 'CITO CHCTeMa { V1.: ( x)} He 51B­
n51eTC51 nonHoi, T.e. cymecTByeT <l>YHKUH51 <p(x), opTOroHan&Hrui 
BceM t11.: ( x) CHCTeMLI { ·uk ( x)}. Ho TOr .na Bee ee Ko3<J><l>HnHeHTbI 
<l>ypbe paBHhI Hynro H <J>opMyna 3aMKHYTOCTH npHHHMaeT BH.z:t 

b 

liv>(x)ll2 = J p(x)v>2 (x)dx = O. (17.20) 

a 

EcnH <l>YHKI.lH51 <p2 ( x) HenpepDIBHa Ha [a, b], TO, npHH51B BO BHHMa­

HHe. 'CITO p(x) > 0, MO)l{eM 3anHcaTb <p2 (x) = 0 H, COOTDeTCTBeHHO, 
<p(x) = 0 ,nn51 Bcex x E [a, b]. TaKHM o6pa3oM, <l>YHKUH51, opTOro-. 
Ha.JihHaJI BCeM ·u1.: (x), eCTb TO:>K,lleCTBeHHhIH Hyn&, a 3TO H 03HaqaeT 
nonHoTy CHCTCMhI { 11 k ( x)}. 
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EcnH c}>yHKUH.sl '{)2 ( x) Ha [a, b] Kycottao-aenpepLinHa, TO HJ 
(17.20) cne.nyeT, 'tlTO oHa 6y,neT paaaa HYJIIO BCIO,ny, KpoMe KO­
He"IHoro 't!Hcna OT,z:teJibHLIX TO'IeK, .slBJI.sIIOmHXC.sl rpaHHUaMH HH­
-repaana aenpepLIBHOCTH. TaKyio c}>yHKUHIO, no npHH.sITOH paaee 
.noroaopeHHOCTH, Mhl C'-IHTaeM HyJieM, a cne,noBaTCJibHO, H B .naH­
HOM cnyqae 3aMKHyTa.sl CHCTeMa { 'Vk ( x)} .slBJI.sleTC.sl IlOJIHOH. 

0TBeT Ha nonpoc o .. cxo,z:tHMOCTH p.sr.na <l>ypbe c}>yHKUHH f ( x) 
.zcacn:.sr cne.nyiomHM yTaep)K,neHHeM: 

Y TBep)l(,n:eHne 17 .3. EcnH { v1; ( x)} - opTOroHaJibHM 3aMKHY­
TaJI CHCTeMa B L2([a, b], p(x)), TO n106ru1 cpyHKllH.sl /(x) H3 npo­
CTpaHCTBa L2 ( [a, b], p( x)) MOJKeT 6LITb C.llHHCTBeHHLIM o6pa3oM 
pa3JIO:>Keua B p.sr.n <l>ypLe, CXO.ll.slmHHC.sl K Heil B cpe,nHeM . 

.lleilcTDHTeJILHO, H3 oproroHaJibHOCTH CHCTeMhl BhITeKaeT B03-
MO)KHOCTb pa3JIO)KeHH.sl <l>YHKUHH B p.sr.n <l>ypbe, H3 laMKHYTOCTH 
cne.nyeT ero cxo,z:tHMOCTb K c}>yHKUHH f { x), a 3ao.nao H nonHoTa 
{ ·i11; ( x)}, KOTOpa.sr, B CBOIO Ot_Iepe,nb, o6ecne'IHDaCT e,z:tHHCTBeHHOCTb 
3TOro pa.3JIO)KeHH.sl. 

IlpHMep 17 .4. IloKa3aTb, 'tlTO cpe.naeKBa.npaTH't!HOe OTKJIOHeHHe 

n 

f(x) - Lakvk(x) (17.21) 
k=l 

6y,neT HaHMeHbWHM, ecnH npoH3BOJILHLie BemecTBeHHLIC K03c}>c}>H­
llHeHThl ak npHH.slTb paBHLIMH K03c}>c}>HllHeHTaM <l>ypbC Ck c}>yHK­
llHH f ( x) H3 L2 no opTOrouanbHOH cHcTeMe { ·vk ( x)} E L2. 

Peweane. PaccMoTpHM aeJIH't!HHY 

n ., n n 2 

f(x)-L akvk(x)i- = f(x)-L ck·vk(x)-L(a,.-Ck)·vk(x) 
k=l k=l k=l 

KOTOpyio c IlOMOmLIO o603Ha'IeHHH 

n 

j(x) = f(x) - L ck'Vk(x), ak = a1; - C1; 
k=l 

MO)KHO 3an11caTb B BH.llC 

11/(x) - i>kt•k(xf = llf(z) - f akvk(x)r = 
k=l k=l 



17 . .aeJIDTa-tfJyHKI..{MH H opTOHOpMMpoBaHHbIC CHCTCMbI 

II pHH.sIB so BHHMaHHe, qTO 

n 

(v1.:(~c)lf(x)) = (u1.:(x) f(x) - L Cri11(x)) = 
~ l=l 

= C1.:ll111.:(x)ll 2 
- C1.:llv1.:(x)ll 2 == 0, 

H3 ( 17.22) Haxo,nHM 

HJIH 

n ? n 

lt(x) - La1.:v1.:(x) w = llf(x)ll 2 + Lakllvk(x)ll 2 

k=l k=l 

2 

/(x) - L a1.:111:(x) 
k=l 

523 

OTKy.na H cne.nyeT, q'I'() (17.~1) npHM~T MHHHMa.JlbHOe 3Ha~ICHHC 

npH ak == C1.:. .. 
0 CKa3aHHoe Bbiwe MO:>KHO pacnpocTpaHHTb Ha cny~1ai KOMD­

JieKcHo3HaqHbIX Q>yHKUHi semecTBeHHoro apryMeHTa. B JIHHei­
Hoi anre6pe TaKoi nepexo.n COOTBeTCTBYCT nepexo.ny OT CBKJIH­
JlOBblX npocTpaHCTB K 3pMHTOBblM. 

+ KoMnJieKCH03Haqaa.sr Q>yHKIXH.sl v ( x) Ha3blDaeTC.sr KBa.npaTH~I­
Ho HHTerpHpyeMoi Ha oTpe3Ke [a, b] c necoM p(x) > 0, t E [a, bL 
ecJIH cy:mecTByeT HHTerpan 

b 

j p( x) It• ( x) 12 dx. (17.23) 

a 

MHo:>KecTBO ncex Kna.npaTH~IHo HHTerpHpycMblX Ha. [a, b] KOMD­
neKcH03Ha~1HblX Q>yHKUHH 6y.neM o6o3HaqaTb L2([a, b], p(x), C) HJIH 
npocro L2. 
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AHan:or1PIHO onpe,nenS110TCS1 cKanSlpHoe npoH3Be,neHHe H HopMa 

B npocTpaHCTBe L2 ([a, b], p(x)~ C). 
t CKanSlpHLIM npoH3Be,z:teHHeM .z:tBYX KOMnneKCH03HaqHLIX 4>YHK­

llHH ·t11 ( :c) H ·v2 (x) 6y.JleM Ha3LIBaTh qHcno ('oi( x )l·v2 ( :1;)), orrpe,lle­

nS1eMoe paBCHCTBOM 

b 

(·111 !112) = ( V1 ( X )1112( X)) p = J p( X )11~ ( X )112 ( X )dx, (17.24) 

a 

r .nc ·v: ( :c) - <i>YHKUHSI, KOMnneKCHO conpSl)KCHHaSI <i>YHKUHH 'l1n ( x). 

t HopMoi KOMnneKCHOJHat.i:Hoi <PY~KllHH ·o(x) 6y,neM Ha3blBaTh 

qHcno 

b 

llvll = ll·o(x)ll = y'(v(x)lv(x))p = J p(x)l11(x)l2dx > 0. 

a 

( 17.25) 

fl pHMep 17 .5. Y CTaHOBHTh CBOHCTBa CKanSlpHoro IlpOH3BC,JleHHSI 

(17.24), aHanorHl:IHLie cnoicTBaM (17.5). 

PemHTh caMOCTOSITenhHO. 

t CHcTeMa KOMnneKcH03HaqHLIX 4>YHKUHH { ttn ( x)} Ha3LinaeT­

CSI opTOHOpMHponaHHOH Ha HHTepBaJIC a. < x < b. ecnH 

b J u,.(x)u;,.(x)dx = &,,.,., (17.26) 

a 

r .ne ·u.:i ( x) ... <i>YHKIJ;HSI, KOMrrneKCHO conpSl)KeHHaJI <i>YHKIJ;HH 'U.n ( x). 

IlpHMep 17.6. IloKa3aTh,~ITO CHCTeMa KOMrrneKCH03Hat.IHLIX <i>YHK-

UHH 

{ 
1 inx} rrc:.e . 

v £.'Tr 

·---n = -oo,oo 
• 

SIBnSICTCSI opTOHOpMHpOBaHHOH c necoM p( x) = 1 Ha 0Tpe3Ke [ - 'Tr. 'Tr]. 

Peweuue. IlpH n 'f:. ni, ni, n = -00, oo 

~ ~ 

J 1 . 1 . 1 J "( ) 
Jnm = J21re-•mx J21reinx dx = 27r e' n-m x clx = 

= e' n-m x = 0. -·i "( ) I~ 
27r(n - m) -~ 
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AHanorH"tJHO npH n = 11i 

'tJTO H Tpe6oBaJIOCh DOKa3aT:b. 

OpTOHOpMHponaHHhIC· cHcTeMbl <l>YHKUHH o6na.naroT p$1.z:tOM 3a­

Me"tJaTenhHhIX CBOHCTB, KOTOpLie 6y11.yT H3ytteHl:d Il03,z:tHee. 3.nech 

)Ke OTMeTHM, ~1TO Ko34>4>HUHeHThI cf>ypi,e Cn pa3JIO)l(eHH$1 cpyHK­

UHH f ( x) ( 17 .12) no nonHoi oproHopMHponaHHoi CHCTeMe KoMn­

neKCH03Ha~1Hhlx cpyHKUHH BhlqHCJI$1lOTC.I no ct>opMyne 

b 

Cn = ff (y)u;., (y)dy, (17.27) 

a 

KOTOpa$1 c 0~1eBH,z:tHOCThJO B-hITeKaeT H3 ( 1 7 .12) c y"tJeTOM ( 17.26). 
IIo,ncTaBHB ( 17.27) B ( 17 .12), 3anHmeM 

00 b 

/(x) = :Lu,.(x) f f(y)u;,(y)dy, a< x < b. 
n=O a 

(17.28) 

ct>opMaJihHO H3MeHHB B ( 17.28) nop$1,llOK HHTerpHpoBaHH$1 H cyM­

MHpOBaHH$1, DOJIY'tJHM 

b 00 

/(x) = j I (y)G( x, y)dy~ G( x, y) = L u11 (x )'It;. (y); ( 17.29) 
n=O a 

a < x < b, a < y < b. 

CpaBHHB $1.llpo cpyHKUHOHana ( 17. 29) c onpe.neneHHeM .nenhTa-<l>yHKUHH, 

BH.ltHM, ttTO cpyHKUH$1 G(x, y) B npocTpaHcTBe £ 2 HrpaeT pon& 
6(x - y). 

+ CooTHomeHHe 

00 

<5(x - y) = L ttn(x).u:i (y), a< x < b, a< y < b, (17.30) 
n=O 

cnpaee.nnHBoe .z:tJI$1 n106oi cpyHKUHH f ( x) E L2, Ha3hIBaeTC$1 ycno­
BHeM DOJIHOThI ,llJijJ opTOHOpMHpOBaHHOH CHCTeMhI {Un ( x)} B KJiac­
ce L 2 • 
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TaKHM o6pa3oM, nonHLie opTOHopMHpoBaHHLie CHCTeMLI cpyaK­
UHH { 1.Ln ( x)} nopo)l(.ztalOT npe.ncTaBneHHe .ne.rr&Ta-<PyHKUHH n BH.lle 
(17.30). 

CooTHoweHHe (17.30) wHpoKo HcnonL3yeTC.sr B <l>H3HTiecKoi JIH­
TepaType. r.ne ero TiacTO npHHHMalOT 3a onpe.neneHHe nonHoi D 

npocTpaHCTBe L2 CHCTeMLI <l>YHKllHH H Ha3LIBalOT ycnoBHeM non­
HOTLI. 3aMeTHM, qTQ pu B (17.30) MO)l(eT B o6LittHOM CMLicne pac­
XO,llHTLC.sl. B 3TOM cny1:1ae cxo.nHMOCTb p.sr.na (17.30) noHHMaeTC.sr 
B 06061.JleHHOM CMLicnc. OnHmeM O.llHH H3 HaH6onee Hcnon&3ye­
MLIX MeTO.llOB cyMMHponaHH$1 pacxo.zt.sil.JlHXC.sl p.sr.noB - MeTO,n A6e­
n.sr (cM., HanpHMep, [58]). Ha3BaHHe MeTO.na nocxo,nHT K -reopeMe 
A6en.sr I. 6 .1, H3 KoTOpoi cne.nyeT HenpepLIBHOCTb cyMMLI c-reneH­
Horo pua. PaccMoTpHM BcnoMoraTenbHLIH cTeneHHOH p.sr.n 

00 

G(x, y, z) = L un(x )u: (y)zn, (17.31) 

a< x < b, a < y < b, lzl < 1. 

EcnH pan ( 17.31) cxo.nHTC.sr B o6LittHoM cMLicne, TO paBeHCTBO 
(17.30) IlOHHMaeTC.sl cne.ny10w;HM o6pa30M . .Iln.sr JII06oi <l>YHKUHH 
<p(x) E L2 

b 

li1n J tp(y)G(x, y, z)dy = tp(x). 
z-+l+O 

(17.32) 

a 

0 EcnH B COOTHOWeHHH ( 17 .31) z KOMnneKCHOe ttHcno, TO npe­
.ne.rr npH z --+ 1 B ( 17.3 2) BLiqHCJI.sleTC.sl no JII06oi KpHBOH B KOMD­
neKCHOH nnocKOCTH, He KacaTeJibHOH K e,llHHHqHoii OKpy)l(HOCTH. 

IlpHMep 17. 7. IloKa3aTb, qTQ Ha MHO)l(CCTBe 27r-nepHO.llHt!CCKHX 
<l>YHKUHH, y.noBneTnop.s110mHx Ha oTpe3Ke [-7r, 7r] ycnoBH.sIM .IlH­
pH:xne ( T .e. KYCOT.IHO-MOHOTOHHLIX H HMelOlll;HX KOHeTIHOe ttHcno 
TOqeK pa3pLIBa nepBoro po.na), cnpaBe,nnHBO cooTHomeHHe 

00 

d(x-y) = ~ + .!_ '°'(cosnxcosny+sinnxsinny). (17.33) 
27r 7r L.J 

n=l 

PeweHHe. P.sr.n, CTO.sIIJlHH B npaBoi 1:.IaCTH (17.33), pacxo.ztHTC.sl B 
o6LiqHoM CMLicne, ~aK KaK .nng Hero He BLinonH.sreTC.sr Heo6xo.nH­
MLIH npH3HaK cxo.ztHMOCTH. IIpocyMMHpyeM ero MCTO.llOM A6eng. 
p aCCMOTpHM BCDOMora TeJILHYIO <l>YHKUHIO 

00 

G(x,y,z) = ~ + .!_,Ezn(cosnxcosny+sinnxsinny) = 
27r 7r n=l 
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1 1 00 

= -
2 

+ - L zn cos n(x - y). 
1r 'Tr 

n=l 

Ho npH I z I < 1 H npoHJBOnbHOM a cnpaBe.D;nHBO cooTHOIIIeHHe 

1 00 1 00 . . 

2 
+ L z" cosna = 

2 
[1 + L z"(e""' + e-wn)] = 

n=l n=l 
. . ? 

1 ( ze' 0 ze-' 0 
] 1 - z-= - 1+ . + . = ? • 

2 1- ze' 0 1- ze-• 0 2(1- 2zcosa + Z"") · 
T.e. 

1 
00 

1 - z2 

- + L zn cos na = . 
2 n=l 2(1- 2zcoso: + z2) 

(17.34) 

Cne.nona TenbHo, 

1 - z2 

G(x, y, z) = ( 2 • 
2tr 1 - 2z cos(x - y) + z ) 

(17.35) 

p accMoTpHM npoH3BOnbHYIO 2tr-nepHO,nHqecKylO <l>YHKUHIO cp ( x)' 
y.noaneTBopa10my10 Ha oTpeJKe [-tr, tr] ycnoBHXM .lIHpHxne. 06o-
3HaqHM qepe3 

7r 

<,o(x, z) = j G(x, y, z)<p(y)dy = 
-7r· 

7r-X 7r 

J G(x, t + x, z)<,o(t +jc)dt = J G(x, t + x, z)<,o(t + x)dt. 
-7r-X 

3,lleCb Mbl BOCDOnb30BaJIHCb nepHO.llHlIHOCTblO <l>YHKUHH cp ( x) H 
G ( x, y, z). P a3o6beM nocne,nHHH HHTerpaJI Ha ,llBa: 

7r 

0 

<,o(x, z) = f G(x, x + t, z)<,o(x + t)dt + 
-'Tr 

7r 

+ J G(x, x + t, z)<,o(x + t)dt = 
0 

= J ( G(x, x + t, z)<,o(x + t) + G(x, x - t, z)<,o(x - t)] dt. 
0 
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C yqeTOM j{BHoro nu,n;a 4>YHKilHH G(x, y, z) (17.35) nony"CJHM 

7l" 

( ) - ljg(x+t)(l-z2 )d <p x, z - - .., t, 
7r 1 - 2z COS t + Z"" 

(17.36) 

0 

1 
g(x +tr= 

2 
[<p(x + t) + <p(x - t)]. 

3aMeTHM, 'CJTO .D;JI.sI Bcex z BhIIlOJIH.sie'I'Cj{ 

7l" 

~ J 1- z2 d - 1 t-
1r 1 - 2z cost+ z2 

(17.37) 

0 

H .n;n.si: n106oro E E] 0, 7r [ cnpaae.n;JIHBO 

7l" 

1. 1 J g(x + t)(l - z2
) d _ 0 1111 - ? t - ' 

z-+1-0 7r 1 - 2z cost+ Z"" 
( 17.38) 

e 

TaK KaK B 3TOM cnyt.1ae 3HaMeHaTeJib .n;po6H IlOJIO)KHTeJieH, a 'CJHC­
JIHTeJib cTpeMHTCj{ K Hynro. 

lln.si: JII06oro 'CJHCJia p > 0 Bhl6epeM TaKoe e E] 0, 7r [' t.IT06hl .D;JI.sI 
acex t E [ 0, e [ DLinOJIH.sIJIOCb HepaBeHCTBO 

lg(t) - g( +o) I < p. (17.39) 

Tor .n;a B cHny ( 17. 3 7) H ( 17.3 9) cnpaae,n;JIHBa cne,n;yroma.si: oneHKa: 

e 

1 j g(t)(l - z2) d o I - t-g + < 
7r 1 - 2z cost+ z2 ( ) 

0 
€ 

< I.!. j [g(t) - g( +0)](1 - z2) dt = 
7r 1 - 2z cost + z2 

0 
e 

= ~ J lg(t) - g( +O)l(l - z
2

) dt ~ 
7r 1 - 2z cos t + z2 ~ 

0 
e 

1 I 1 _ z
2 

~ p- dt ~ p, 
7r 1 - 2z cost + z2 

0 

/ 



18. KnaccHtieCKHe H o6o6ll{eHHMe pellieH.HJI O,llY 529 

T.e. crrpaae.n;JIHBa oueHKa 

~ 1· g(t)(l - z2) ,dt - g(+O) < p, 
7r 1 - 2z cos a+ Z*' 

0 

He Ja.BHcsimasi OT z. OTC10.n;a c y,_1eTOM ( 17.38) H orrpe.n;eneHHSI 

<l>YHKUHH G(x, y, z) rrony,.IHM 

7r 

• .!!i1:.o j G(x, y, z)<p~y)dy = ~ [<p(x + 0) + <p(x - O)], (17.40) 
-7r 

'tJTO H TO:>K.D;eCTBeHHO ( 17.33). 
0 B "t.IaCTH «CrreuHaJibHbie <l>YHKUHH» Mbl D SIDHOM BH.D;C IIOKa­

:>KeM crrpane.n;JIHBOCTb ycJIOBHSI IIOJIHOTbl (17.30) .D;JISI IIOJIHHOMOB 

Jle:>KaH.n;pa p n ( x)' <l>YHKUHH 3pMHTa Un ( x) H <l>YHKUHH Jlareppa 

lv+n,n (x). 
0 CooTHOIIIeHHe {17.40) MO:>KHO paccMaTpHBaTb KaK o.n;Ho H3 

o6ocHOBaHHH <l>OPMYJibI ( 10.9), a HMeHHO, .D;JISI 27r-IICpHO)J;H't.ICCKHX 

<l>YHKUHH, y.n;oaneTBopsiron:tHX ycnoBHIO IlHpHxne, crrpaae,i::v1Hno 

7r 

j cl(x - y)<p(y)dy = ~ [<p(x + 0) + <p(x - O)]. (17.41) 

-7r 

18. Knacc:aqecKHe H ·06061.UeHHLie peweHH.a: 
.n:a<t><t>epeH:QHanhHhlX ypaBHeHHH* 

IloHSITHe o6o6meHHbIX <l>YHKUHH H rrpaDHJia ,neHCTDHSI c HH­

MH II03BOJISIK>T c<t>opMyJIHpOBaTb IIOHSITHe o6o6meHHOro peIIIeHHSI 

.nH<l><l>epeHUHaJibHoro ypaBHeHHSI 

Lu(x) = f(x), ( 18.1) 

r.n;e 

n 

L = L(x, D) = 2:P1.:(x)Dk, 
k=O 

dk 
Dk - - IR; - dxk' x E ~' ( 18.2) 

P~· ( x) - Ja,naHHble 6ecKoHe'tJHO .n;H<P<PepeHuHpyeMble <PYHKUHH, a 
u(x) H /(a.:) - o6o6meHHbIC <PYHKUHH. 
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+ 06o6meHHhIM perueHHeM ypaDHeHH51 (18.1) Ha3hIDaeTC51 o6-
o6meHHM cpyHKUH51 u( x), y.rcoDJieTDop5110ma51 3TOMY ypaDHeHHIO n 
o6o6meHHOM CMhICJie, T .e. 

(L(x, D)u(x)lcp(x)) = (/(x)lcp(x)) ( 18.3) 

.z:cn51 n1060E: cp( x) E 'D. 
CooTHOIIIeHHe ( 18.3) MOJKHO nepenHcaTh D DH.rte 

(u(x)IL*(x, D)cp(x)) = (/(x)lcp(x)), ( 18.4) 

r.rce L* (x, D) - oneparop, cpopMaJibHO conp5IJKCHHhIH K onepaTOpy 

t ( 18.2) 

n 

L*cp(x) = L*(x,-D)cp(x) = L(-l)k Dkpk(x)cp(x). 
k=O 

KaK H KJiaccH"t!ecKHe perueHH51, DC51Koe o6o6IUeHHOe perueHHC 
ypaBHeHH51 ( 18 .1) MOJKHO npe.rccTaDHTb D DH.rte cyMMhl ero '1aCTHO­
ro perueHH51 H o6mero perueHH51 cooTDeTCTDy10~ero o.z::tHopo.rcHoro 
ypaDHeHH51. 

p accMOTpHM CHa"t!aJia O.Z:CHOpo.rcHoe ypaDHeHHe 

H npocTeHIIIee H3 HHX 

L(x, D)u(x) = 0, 

dtt(x) =O. 
dx 

( 18.5) 

( 18.6) 

JleMMa 18.1. ,lluffiffiepeHt,ua.AbHoe ypa6HeHue ( 18.6) He tL.M.eem 
UHbl.X peuteHutl a npocmpaHcmae o6o6·u,eHHbtX {/iyH~tlUt'1.. ?l:po.M.c 
'K!J&accu~ecnux . 

.UoKa3aTenLCTBO. B npocTpaHcTDe o6o6meHHhIX <l>YHKUHH ypaD­
HeHHe ( 18. 6) 3KDHDa.JieHTHO COOTHOIIIeHHIO 

('~'(x)lcp(x)) = -{u(x)lcp'(x)) = 0 (18.7) 

.z:cn51 n1060E: cp ( x) E 1J. 
JleMMa 6y.rceT .rcoKa3aHa, ecJIH Mhl noKaJKeM, ,_ITO o6mee perue­

HHe 3TOro ypaDHeHH51 B KJiacce o6o6m;eHHblX 4>YHKUHH CCTb no­
CT05IHHM, T.e. u( x) = Const • 
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Bocnon&3yeMCJI npe.ztcTaBJieHHeM ( 13. 3) ocHOBHOi <l>YHKUHH cp ( x) 

00 

'P(:z:) = 'Po( :z:) j 'P(y)dy + 'P~ (a:), (18.8) 

-00 

r.rce <po(x) H cp1(:i:) npHHa.rcne)l(aT npocTpaHCTBY V, npH'tleM 

00 

j 'Po(:z:)dx = 1. 

-oo 

Tor.rca 

00 

(u(:z:)l!p(:z:)) = (u(:z:) ['Po(:z:) J 'P(:z:)d:z: + 'P~(x)]) = 
-00 

00 

= (u(:z:)l'Po(:z:)) J 'P(:z:)d:z: + (u(:z:)i'P~(:z:)). 
-oo 

CornacHo {18. 7)~ Ha MHO)l(eCTBe npoH3BO.Z:CHbix ocHOBHbIX <l>YHKUHH 
,n;nx cpyBKUHH u(x) cnpase.o;nHBO COOTHOIIIeHHe (u(x)jcp'(x)) = 0, 
a IlOCKOn&Ky <pi ( x) TaK)l(e npHHa.o;ne)l(HT 3TOMY MHO)l(eCTBY' TO 
(·u(x)l<p~(x)) = 0, a (u(x)lcpo(_x)) = C = const. C yqeTOM 3TOro 
nonyqaeM 

00 00 

(u( :z: ll'P(:z:)) = C f 'P( a: )d:z: = J C'P( a: )d:z: = ( Cl'P( :z:) ), 
-oo -oo 

't!TO COOTBeTCTByeT onpe,n;eneHHIO o6o6meHHOH cpyHKUHH u( x)' XB­
nx10meicJ1 IlOCTOJIHHOH c. 

IlpnMep 18.1. B npocTpaHcTBe o6o6meHHbIX <l>YHKUHH HaiTH 
o6mee pemeHHe ypaBHCHHSI 

• 

x du(x) = O. 
dx 
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PemeHHe. PemeHHe ypaBHeHH.SI ,n;oJDKHO 6bITb nocTO.SIHHoi BCJIH­
l-IHHOH KaK npH x > 0, TaK H npH x < 0. OTC10.n;a cne.n;yeT, qTQ 
ypanHeHHC HMeeT ,n;Ba JIHHeHHO He3aBHCHMblX pemeHH.sI 

H, cne.n;oaa TeJibHO, o6mec pemeHHe 

co.n;ep:>KHT ,nae npOH3BOJibHbie IlOCTO.SIHHbie. 

IlpHMep 18.2. HaiTH o6mec pemeHHe ypaaHeHH.SI 

2x3 u'(x) + u(x) = 0 

B npocTpaHCTBe o6o6meHHbIX <l>YHKllHH. 

P emeHHe. EcnH KJiaccHt-ICcKHM pemeHHeM 3TOro ypaBHeHH.SI ( npH 
X -:j:. 0) .SIBJI.sieTC.SI <l>YHKUH.sI 

u(x) = Ce 1lx
2

, 

r .n;e c - npOH3BOJibHa.SI IlOCTO.SIHHa.SI, TO B npocTpaHCTBC o6o6meH­
HbIX <l>YHKllHH cymecTByeT e.n;HHCTBeHHoe pemeHHe u(x) = 0 . .Uei­
CTBHTeJibHO, npH x # 0 o6o6m:eHHOe pemeHHe .D;OJI:>KHO coana,na.Tb 
c KJiaccHqecKHM, l-ITQ B03MO:>KHO TOJlbKO, eCJIH c = 0, TaK KaK 
HHTerpan 

00 J e11x' <p(x)dx, 

-oo 

r .n;e <,o( x) E TJ, He .n;onycKa.eT perynxpH3allHH. 

3anHIIIeM o.n;Hopo.n;Hoe ypaaHeHHe n-oro nopx.n;Ka ( 18.5) n BH.n;e 
O.D;HOpo.n;Hoi CHCTeMbI n .n;Hq)(pepeHllHa.JibHhIX ypaBHeHHH nepnoro 
nopx.n;Ka c MaTpHuei A 

dit(x) = Au(x), 
dx 

(18.9) 

t-ITO, KaK H3BeCTHo, acer.n;a MO}ICHO c.n;enaTb. CHcTeMY ( 18.9) MbI 
.D;JI.sI y.n;o6cTBa 3allHCaJIH B BeKTOpHoi «t>opMe ·u = (u1' ·u2, . .. 'Un). 

IlycTb u ( x) - <l>YH.IlaMeHTa.JibHruI MaTpHlla o.n;Hopo.n;HOH CHC­
TeMbl ( 18. 9). IlepeH.neM OT HeH3BeCTHOH ·it( x) K HeH3BeCTHOH t7( x)' 
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HcnonL3Y51 cooTHomeHHe -u(x) = U(x)-v(x). Tor.na cHcTeMa (18.9) 
npeo6pa3yeTC51 K BH.nY 

IlocKOJlbKY 

TO 

_dU_(x_) ·u + U(x)-dv = AU(x)·v. 
dx " dx 

dU(x) = AU(x), 
dx 

dv 
U(x) dx = 0. 

C yqeroM roro, 'tJTO MaTpHua U ( x) 5IBJI5IeTCg o6paTHMoi, yMHO­

)KCHHe 3TOrO ypaBHeHH51 Ha u- t ( X) npHDO,llHT K CHCTCMe pacnaB­

WHXC51 ypaBHeHHH 

d'l.J 
- = o. 
dx 

CornacHo neMMe 18.1, v 5IBJI5IeTCg nocTOBHHbIM neKropoM. OT­

c10.na cne.nyeT. ttTO ·u = U(x )v ecTL neKrop, aeng10mHica nu­
HeiHoi KOM6HHauHei BeKTOpOD KJiaCCHttecKoi <l>YH.z:taMeHTa.TlhHOH 

CHCTCMbI. A TaK KaK cHCTeMa (18.9) 3KBHBaJieHTHa ypaBHeHHJO 

( 18.5), TO Mbl .noKa3aJIH cne.ny10my10 TeopeMy: 

TeopeMa 18.1. Jlu(fi(/kpeHtfl.'a.AbHOe ypaBHeHtte ( 18.5) He u.M.eem 
1'HbiX ]J€'UteHU'l.l 6 npocm]JaHCm<J e o6o6u~eHHbi:t: (/iyH?i!tfU.?l, npo.M.e 
~.tiac CU'lte CX!UX. 

HecooTBeTCTBHe, B03HHKaiomee MelK.D;Y KJiaCCH't.JecKHM H 06 .. 

o6meHHbIM peweHH5IMH B npHBe,D;eHHblX BhIWe npHMepax, MO)KeT 

6bITb ycTpaHeHo, eCJIH o6o6meHHOe peweHHC HCKaTb D DH.rte 

B(x)u(x). 
+ MHo)KeCTBo o6o6meHHbIX <l>YHKUHH, .z:tJI51 KOTOpblx u( x) = U 

IlpH X < 0 (HJIH supp 'll. = J:H:.+, X > 0), 6y,neM 0603Ha.'t.JaTb v+. 
3TO MHO)KeCTBO 5IBJI5IeTC51 no.n;npOCTpaHCTBOM npocTpaHCTBa. 'D'. 

lleiCTBHTeJlbHO, eCJIH peweuHe ypaDHCHlUI xv.' = 0 HCKaTb B 

· npocTpaHCTBe V~, TO ero o6mee peweHHe ecTh u( x) = CB( x), 
conna.na10mee c KJiaccHttecKHM ·t1. ( x) npH x > 0. 

0 B MaTeMaTHtteCKOH cl>H3HKe npocTpaHCTBO v+ eCTCCTBCH· 

HbIM o6pa30M B03HHKaeT H3 CaMOH nocTaHODKH 3a,naq, IIOCKOJibKY 

peweHH51 KpaeBbIX Ja,naq, KaK npaBHJio, HWYT Ha noJIO)KHTeJibHbIX 

HHTepBaJiax ]U, l[, ]O, oo[, a peweHHe 3a,naqH KowH - .z:tJI51 noJIO)l{H­

TeJibHblX MOMeHTOB BpeMeHH x > o. 
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Ilp11Mep 18.3. B npocTpaHcTBe o6o6meHHbIX cpyHKllHH V' HaH­

TH o6mee pelIICHHe ypaBHCHH51 

xmu(x) = 0, 1n = 1, oo. (18.10) 

PemeHHe. IIpe.n;BapHTe.JILHO OTMeTHM, "t!TO .n;n5I 1n = 1 pellleHHe 

H3BeCTHO H npHne,n;eHO B IlpHMepe 13.1. nn51 npOH3BOnLHOro 1n 
Hai.n;eM pellleHHe .D;BYM51 cnoco6aMH, Ka.>K.D;bIH H3 KOTOpbIX HMeeT , 
CBOH npeHMymecTBa. 

IIepebtii. cnoco6. IIocKon&Ky u(x) EV', TO 

(18.11) 

.i:tn5I Bcex <p(x) EV. Ha~eM (u(x)l<p(x)), HcnonL3Y51 TOlK):tecTBeH­

Hble npeo6pa30BaHH51 H CBOHCTBa cpyHKllHH .,p ( x)' onp~eneHH:ble 
neMMOH 13.3: 

(u(x)l<p(x)) = 
m-1 (k)(O) m-1 (k)(O) 

= (11(:z:) [ip(:z:)-71(:z:) L 'Pk! xk +71(x) L 'Pk! xk]) = 
k=O k=O 

m-1 

= L (-1 )k <p(k) ( 0)(-tL( x) l7Jk (x)) + {'u(x )lxm·l/1( x) ), (18.12) 
k=O 

r .n;e 4>YHKllHH 

xk 
1Jk(x) = (-l)k'kf17(x); 

1 m-1 (k)(O) 
1/i{x) = xm [ip(x) - 71(x) L 'P k! :z:k] 

k=O 

(18.13) 

5IBJI5IIOTCJI OCHODH:bIMH cor nacHO neMMe 13. 3 H onp~eneHHIO ( 11. 3). 
0603Ha~IHB Ck= (u(x)l7Jk(x)), C yqeTOM (18.11) MO)KHO 3ailH­

CaTL (18.12) 

m-1 

(u(x)l<p(x)) = L Ck(-l)k<p(k)(O) = 
k=O 

= (~ Ck6(kl(x)lip(x)). (18.14) 
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3.lleCb HCDOJIL30BaH pe3yJibTaT npHMepa 14.8. B cuny npoH3BOJib­
HOCTH cpyHKUHH <p( x) H3 ( 18 .14) . nony"t!HM 

m-1 
u(z) = L Ck8(k)(x). (18.15) 

k=O 

Bmopo?.I. cnoco6. Ilpe,ncTaBHM (18.10) B DH.Ile 

(18.16) 

Tor.na, cornacHo pemeHHIO npHMepa 13.1, 
~ 

(18.17) 

r,lle Cm-1 - npoH3BOJibHaJI nocTOJIHHaJI. Ilpe.ncTaBHB (18.17) no 
aHaJIOrHH c (18.16) B BH,D;e 

x(xm-2u(x)] = Cm-1c5(x), 

(18.18) 

H3 npHMepa 14.8 npH p(x) = x cne.nyeT BeCbMa none3Hoe cooTHO­
meHHe 

1· = 0, oo, (18.19) 

KOTOpoe D03BOJIJICT 3aDHCaTb (.18.18) npH r = 0 B BH,lle 
.. 

x{(xm- 2u(x)) + Cm-18'(x)} = 0, 

OTKy,lla 

Ilpo,llOJI)l(aJI no HH.rtYKUHH B nepeo6o3Ha"t!HB Cm B cooTBeTCTBHB 
c (18.15), nonyqaeu 

m-1 
u(x) = L Ck8(k)(x). 

k=O 
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IlpuMep 18.4. Il rrpocTpaHcTBe TY HaiTH 061.Uee pemeHHe ypaa­
HeHHH 

a) xtt'(x) = O; 

6) x2H'(x) = O; 

a) X'll."(x) = O; 

r) x 2u"(x) = 0. 

Peweuue. a.) CornacHo (18.15), rrpH 1n = 1 rrony,.IHM ·lt'(x) = 
C18(x) HJIH u'(x) - C16(x) = 0. TaK KaK 8(x) = 8'(x), TO [u(x) -
C18(x)]' = 0, OTKy.na B CHJIY neMMhI 18.1 u(x) - C18(x) = C2 H, 
cne.noaa TeJihHO, 

6) CornacHo (18.15), rrpH 1n = 2 rrony'lHM u'(x) = C16(x) + 
C26'(x) HJIH u'(x)-C18(x)-C28'(x) = 0. Tor.na [u(x)-C18(x)­
C26(x)]' = 0, OTKy.na cne.nyeT tt(x) - C10(x) - C28(x) = C3 H 

n) IlpH 1n = 1, cornacHo (18.15), u"(x) = C18(x), [u'(x) -
C18(x)]' = 0, u' - C18(x) = C2. IlocKOJihKY 

[x8(x)]' = 8(x), (x)' = 1, ( 18.20) 

TO 

H 

OTKy.rta 

u(x) • C3 + C2x + C1x8(x). 

r) IlpH m = 2, cornacHo (18.15), ·u"(x) = C16(x)+C28'(x) HJIH 
[u'(x)-C18(x)-C28(x)]' = 0. Tor.na u'(x)-C18(x)-C26(x) = C3 
HJIH, cornacHo (18.20) [u(x) - C1x8(x) - C28(x) - C3x]' = 0, 
OTKy.na u(x) - C1x8(x) - C28(x) - C3x = C4, H, cne.nonaTeJibHO, 
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19. «l>ya,naMeBTan1>Bhie peweaua nuaeaBhIX 
.nn«1>«1>epeBQHan1>BhlX onepaTopoe* 

PaccMoTpHM ypaBHeHHe (18.1), B KOTOpOM onepaTOp L (18.2) 
- .IlH<l><t>epeHUHaJlbHbIH onepaTOp c IlOCTOSIHHbIMH K03<l><l>HuHeHTa­

MH (Pk(x) =Pk, T.e. 

Lu(x) = f(x), 

r.n;e 
n 

L = L(D) = LPkDk, 
k=O 

J, 
D=-. 

dx 

(19.1) 

(19.2) 

• <l>yH.naMeHTaJlbHbIM pemeHHeM ( HJIH <l>YHKUHeH BJIHSIHHSI TO­

qe'llHOro HCTO'tJHHKa) .n;H<t><t>epeHUHaJibHOro oneparopa L ( D) ( 19. 2) 
(.n;H<t><t>epeHUHaJlbHOro ypaBHeHHSI ( 19 .1)) Ha3bIBaeTCSI o6o6rueH­

HaSI <l>YHKUHSI g ( x), y.n;oBJieTBopsiroruasi ypaBHeHHIO 

L(D)g(x) = 6(x), x E IR. (19.3) 
i 

0 EcTeCTBeHHO, 'tJTO <l>YH.IlaMeHTaJibHoe pemeHHe He SIBJISieTCSI 

e.n;HHCTBeHHbIM H onpe.n;ensieTCSI c T0'1HOCTblO .no cnaraeMoro g0 ( x), 
SIBJISIIOIUerocSI pemeHHeM 0.IlHOpo.n;Horo ypaBHeHHSI 

L(D)go(x) = 0. (19.4) 

IleHCTBHTeJibHO, 

L(D)[g(x) + go(x)] = L(D)g(x) + L(D)go(x) = d"(x), 

a 3TO 03Ha"tJaeT, 'llTO 0606rueHHaJI <l>YHKUHSI g(x) + go(x) - TaK)!{e 
" 

<l>YH.IlaMeHTaJibHOe pemeHHe onepaTOpa L = L ( D). 
Heo.n;Hopo.n;Hoe ypaBHeHHe ( 19. 3) co cneuHaJibHOH npaBOH 'l1ac­

Tb10 f ( x) = 6 ( x) SIBJISieTCSI Bbl.D;eJieHHbIM B TOM CMbICJie, 'llTO <l>YH­

.n;aMeHTaJlbHOe pemeHHe g ( x) Il03BOJISieT HaxO.D;HTb qacTHble pe­

meHHSI ypaBHeHHSI ( 19 .1) c npOH3BOJibHOH npaBOH "tJaCTblO f ( x) no 

<t>opMyne 

00 

u(x) = g(x) * f(x) = j g(x - y)f(y)dy (19.5) 

-oo 

npH ycJIOBHH, 'tJTO CBepTKa g(x) * f(x) cyruecTByeT. 3TO YTBep)!{­

.n;eHHe nerKO npoBepHTb, ecJIH BOCilOJib30BaTbCSI npaBHJIOM .IlH<l>­

cpepeHuHpOBaHHSI CBepTKH H paBeHCTBOM ( 19. 3) . .lleHCTBHTeJibHO' 
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npH ycnoBHH~ 't.ITO cnep'fKa g ( x) * f ( x) cymecTnyeT. 3TO yTnep:>K­

.n;eHHe JierKo nponepHTb, eCJIH BOCilOJib30Ba TLC.SI npaBHJIOM .n;H<P­

<t>epeHUHpoBaHH.SI CBepTKH H paBeHCTBOM (19.3). lleilcTBHTeJibHO, 

k=O 

= [~pkDkg(x)] * /(x) = 

= [L(D)g(x)] * f(x) = o(x) * f(x) = /(x). 

0 BTOpoe HaJnaHHC - <PYHKUH.SI BJIH.SIHH.SI TO't.Ie't.IHoro HCTO't.IHHKa 

- CTaHOBHTC.SI IlOH.SITHbIM, eCJIH Heo.n;Hopo.n;HOCTb f ( x) npc.n;cTaDHTb 

B BH.n;e «CYMMbl>) TO'lJe'lJHbIX HCTO'lJHHKOB, corJiaCHO (16.5), 

00 

/(x) = O(x) * f(x) = J O(x - y)f(y)dy. 
-oo 

B CHJIY ( 19 .1) f ( y) o ( x - y) onpe.n;en.SieT BJIH.SIHHe TO'lJe'lIHoro Hc­

TO'lJHHKa, pacnoJio:>KeHHOro B TQ't.IKe x = y HCl. peweHHe, Il03TOMY 

00 

u(x) = g(x) * f (x) = J g(x - y)f(y)dy 
-oo 

eCTb HaJIO:>KeHHe, HJIH cynepnoJHUH.SI, 3THX BJIH.SIHHH. 

0 HHTepecHo oTMeTHTb, 'llTO peweHH.SI a) H 6) npHMepa 18.4 
A 

noJBOJI.SIIOT onpe.neJIHTb <PyH.n;aMeHTaJibHoe peweHHe onepa TOpa L 
KaK qacTHoe peweHHe 6onee o6mero ypanHeHH.SI 

xL(D)g(x) = 0, 

IlOCKOJibKY, cor JiaCHO ( 18 .15)' ( 19. 6)' MO:>KHO JanHca Tb 

L(D)_q(x) = C1o(x), 

OTKy.n;a npH C 1 = 1 nonyqaeM (19.3). 

(19.6) 

IlpHMep 19.1. IloKa.3aTb, 'lJTO <PYHKUH.SI g(x) = 8(x)e(x) .SIBJI.SI­

eTC.SI <PyH.n;aMeHTaJibHbIM peweHHeM onepaTOpa 

n dk 
L -~Pk--;:-, Pn f 0, L.J dx,. · 

k=O 
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ecJIH e(x) - pemeHHe 3a.l(a't1H KomH 

n 

E Pke(k){x) = 0, 
k=O 

e(O) = e' {O) = ... = e(n- 2) (0) = 0, 
1 e(n-1) {O) = -. 

Pn 

(19.7) 

PemeHHe. Heo6xo,nHMO y6e,nHThcg, qTO <PYHK~Hg g( x) y,noBJie­

TBOpSieT ypaBHeHHIO 

n 

E PkY(k)(x) = o(x). 
k=O 

B&I'tlHcnHM npoH3BO.l(Hble g(k)(x) c ytieTOM (14.6), (19.7) 

g(x) = O(x)e(x); 
g'(x) = [8(x)e(x)]' = 8'(x)e(x) + 8(x)e'(x) = 

= a(x)e(O) + O(x)e'(x) = 8(x)e'(x); 
• • • e • • • • • • • • • • • e • • • • II 

g(n-l)(x) = 8{x)e(n-l)(:c); 

g(n){x) = 8'(x)e(n-l)(x) + 8(x)e(n){x) = 
1 = a(x)- + O(x)e(n)(x). 

Pn • 

{19.8) 

Ilo.z:tcTaBHB Hai,neHHLie npOH3BO.l(Hble B ypaBHeHHe {19.8), nony­

qBM COOTHOWeHHe 

SIBJISllOIIleecsi: TO)l(JleCTBOM, TalC KalC 

n 

L: Pke(k) (x) = 0. 
k=O 
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20. 
I'na.Ba 2. OcHOBIJ reopIDI o6o6rqeHHIJX ,PyHxl(lfJf 

IlocTpoeHHe «l>YH.ZXBMeHTanbHOrO pemeHHJI 
JIHHeuHoro .zxu«t>«t>epeHQHan&Horo onepaTopa* 

TeopeMa .20.1. Ec.tiu e( x) ecmb n.tiaccu't4ecnoe peuteHtt.e 3aaa'l4u 
Ko·wu 

L(D)e(x) = 0, 

e(O) = e' (0) = ... = e(n- 2) (0) = 0, 

(20.1) 

(20.2) 

mo e auH.Cm6 eH.HbiM fPYHaa.MeH.ma.AbH.bl,Af, peW.eH.UeM g ( X) onepamo­
pa L(D) (19.2) e npocmpaH.cmee v+ JI6.tiJiemcJI fPYH.tequJI 

g(x) = 8(x)e(x). (20.3) 

IloKa3aTen&cTBO. EcnH g(x) - cpyH,naMeHTaJibHOe pemeHHe one­
paTOpa L(D), TO oHa y.noBneTBop.sieT ypaBHeHHIO (19.3), T.e. 

L(D)g(x) = 8(x), x E IR, 

KOTOpoe BO Bcex TO'tJKax, Ja HCKnIO'tleHHeM TO'tJKH x = 0' MO:>KHO 
paccMa TpHBaTb KaK o.nHopo.nHoe 

L(D)g(x) = 0, x E IR\{O}, (x -:f 0). (20.4) 

IlyCTb ii( x) = ( U1 ( x)' u2 ( x)' .•. ' Un ( x)) - cpyH,naMeHTaJibHa.sI 
CHCTeMa pemeHHH O,l(HOpO;a,Horo ypaBHeHH.sI, T.e. 

L(D)it(x) = 0. 

Tor.na cpyHKUHIO g(x) MO:>KHo HCKaTb B BH,ne 

g(x) = { ~(x) = (e', ii(x)) 
x < 0, 
x > 0, (20.5) 

r ;a,e npOH3BOnbHhIH BeKTOp e( X) = ( ei, e2, ••• , en) cne;a,yeT IlO,l(0-
6paTb TaK, 'tJT06bI cpyHKUH.sI g( x) H ee npoHJBO)lHble BilnOTb :a.o 
( n- 2)-ro nop.smKa 6blnH HenpepbIBHbIMH. IlpoHJBOlJ.Ha.sI ( n-1 )-ro 
nop.si;a,Ka :a.on:>KHa HCilbIThIBaTb cKa'IOK 1/Pn· B pe3ynbTaTe npo­
H3Bo;a,Ha.si n-ro nop.si;a,Ka ;a,on:>KHa co;a,ep:>KaTb cpyHKUHIO 8 ( x), cpHry­
pHpy10my10 B npaBOH 'tlaCTH '!aCTH ypaBHeHH.sI (19.3), T.e. 

e(k)(O) = 0, k = O,n- 2, 
1 e(n-l)(O) = -. 

Pn 

/ 
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3TO ycnoBHe coBna.z:i;aeT c (20.2) H npe,ncTaBn.sieT co6oi nH­
Heiay10 HeO,ZJ;HOpO.D;HYIO anre6paHqecKyIO CHCTCMY .D;n.sI COCTaBn.sI--IOI:nHX ek BeKTOpa e 

(1.:) (k) - • - • eiu1 (0) + ... +en·u,.,, (0) - U~ k - O,n-2, 
. (n-1) ) . (n-1) ) _ 1 eiu1 (0 + ... +enltn (0 --. 

Pn 

(20.6) 

Onpe.z:i;enHTenb CHCTeMbl (20.6) eCTb npoHCKHaH <Pya.z:i;aMeHTaJib­
HOH CHCTCMbl pemeHHH ·u( x) H, cne.noBa TeJibHO, HHr .ne He o6pam;a­
CTC.sI B aynb. 3To 03HaqaeT, 'tlTO cymecTByeT e.D;HHCTBeHHOe pewe­
HHe CHCTeMbl (20.6), onpe,D;en.sIIOI:nee BeKTOp e H, COOTBeTCTBeHHO, 
<l>YHKUHH e(x) H g(x) = 8(x)e(x). TeopeMa .z:i;oKa3aHa. 

0 Y cnoBH.sI (20.2), onpe.D;en.si10mHe o,nHo3Ha'tIHoe <l>YH.D;aMeHTanb­
Hoe pemeHHe onepaTOpa L ( D) B npocTpaHCTBe v~' 3a,ZJ;aIOT HY­

neBoe peweaHe go(x) = 0 o.naopo.naoro ypanHeHH.sI (19.4). 

IlpHMep 20.1. HaHTH e,nHHCTBeHHOe B npocTpaHCTBe v~ <l>YH­
.naMeHTaJibHOe peweaHe onepaTOpa 

" d2 d 
L = d ? - 4d- + 5. 

X"' X 

Peme&He. Tpe6yeTC.si HaHTH pemeHHe ypaBHeHH.sI 

d2 d ~ 
Cx2 - 4 dx + 5 )u(x) = O(x). (20. 7) 

Haxo.z:i;HM o6mee peweaHe O.D;Hbpo.naoro ypanaeHH.sI c nocTO.sIHHbI-
MH K03<l><l>HUHeHTaMH • 

e" - 4e' + 5e = 0. 

IIocKonbKY KOpHH xapaKTepHCTHl!ecKoro ypanaeHH.sI 

k2 
- 4k + 5 = 0 

KOMnneKCHbl 
ki,2 = 2 ± ·i, 

TO 

H. COOTBeTCTBeHHO, 

e' ( x) = e2
x [2( c1 sin x + c2 cos x) + c1 cos x + c2 sin x]. 
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TaK KaK cornacHo (20.2), (20.7) Hal.laJihHhle ycnon1u1 HMeIOT BH.z:t 

e(O) = 0, e' (0) = 1, 

TO .ZJ;n.sI onpe,neneHH.sI npoH3BOnbHblX IlOCTO.sIHHhlX HMeeM CHCTCMY 

TaKHM o6pa3oM, 

e(O) = c2 = 0, 

e'(O) = c1 = 1. 

e( x) = e2
:r. sin x, 

H <l>YH.z:taMeHTaJlhHOe peIIIeHHC 

g(x) = 8(x)e2:r sinx. , 

llpHMep 20.2. HaiTH e.ZJ;HHCTBeHHOe B npocTpaHCTBe v~ <l>YH­
.u;aMeHTaJlhHOe pemeHHe onepaTOpOB 

d2 
a) LA - w2• 

1 - d 2 - ' - :r; 

d2 
A 2 

6) L2 = d ., + w . x .. 

Pemeaue. 
a) KopHH xapaKTepHCTHttecKoro ypaBHeHH.sI k2 - w2 = 0 .nci­

CTBHTeJihHhl H pa3nHl.!Hhl: k1 = w, k2 = -w. Cne.noeaTeJI&Ho, 

H 

0TCIO,ll;a 

TaxHM o6pa3oM, 

e( x) = c1 sh wx + c2 ch wx 

e' (x) = wc1 ch wx + wc2 sh wx. 

e(O) = c2 = 0, 

e' (0) = WC1 = 1, Ct = .!:.. 
w 

1 
e(x) =-sh wx 

w 
H <l>YH.ZlaMeHTaJlbHOe peU!eHHe 

g(x) = B(x) sh wx. 
w 
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6) KopHH xapaKTepHCTH'tiecKoro ypaBHeHH.SI k2 + w2 = 0 MHH­
Mhle k1,2 = ±iw, cne.z:toBaTeJibHO, 

H 

0TCIO,[(a 

TaKHM o6pa3oM, 

e(x) = c1 sinwx + c2 coswx 

e'(x) = wc1 coswx + wc2 sinwx. 

e(O) = c2 = 0, 

e' ( 0) = WC1 = 1, 
1 

Ct=-. 
w 

e(x) = _!.. sinwx, 
w 

H <t>yH.n;aMeHTaJlbHOe peweHHe HMeeT BH.l( 
. 

g(x) = B(x) s1n~x. 
w 

IlpHMep 20.3. HaiTH e.D;HHCTBeHHOe B npocTpaHCTBe v+ <l>YH­
.n;aMeHTaJibHOC pemeHH~ onepa ropa 

"" dn 
L=-. 

dxn 

PemeH11e. XapaKTepHCTHt.iecKoe ypaBHeHHe k" = 0 HMeeT O.D;HH 
n-KpaTHhIH KopeHb k = 0. Cne.z:toBaTeJibHo, 

H 

( ) + n-2 + n-1 e X = C1 + C2X +... Cn-lX CnX 

'( ) 2 ( 2) n-3 ( 1) n-2 e x = c2 + C3X + ... + n - Cn-1 x + n - Cn x ; 

e(n-:?)(x) = (n - 2)!cn-1 + (n - l)!cux; 

e(n-l)(x) = (n - l)!c,.. 

0TCIO,ZJ;a 

e(O) = c1 = 0, 

e1 
( 0) = C2 = 0, 

e(n- 2)(0) =·(n - 2)!cn-1 = O. 

e(n-l)(O) = (n - l)!c .... = 1, Cn = 
1 

(n - 1)!" 
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TaKHM o6pa3oM, 

( ) 1 n-1 
ex = (n _ l)!x 

H cpyH.z:taMeHTaJibHOe peweHHe 

n-1 

g'( x ) = (;l ( x) ( 1: - 1 ) ! . 

IlpHMep 20.4 • .Un.si «o6bPIHoH» cpHHHTHOH cpyHKUHH /(x), x E 
Ilt' HaHTH peweHHe ypaBHeHH.sI 

ecJIH 

L(D)u(x) = /(x), 

d 
a) L(D) = -; 

dx 

d2 
6) L(D) = dx2. 

PeweHHe. CornacHo (19.5), peweHHe MO:>KHo JanHcaTb B BH.z:te 

00 00 

u(x) = (g * /)(x) = f g(x - y)f(y)dy = f g(y)f(x - y)dy, 

-00 -00 

r.z:te g(x) - cpyH.z:taMeHTaJibHoe peweHHe onepaTOpa L(D). 
a) IIycTb u' ( x) = f ( x). lf 3 peweHH.sI npe.z:thl.z:tymero npHMepa 

npH n = 1 cne.z:tyeT, qTQ g ( x) = 8 ( x). OTCio.z:ta 

"° 00 x 

tt(x) = f B(x - y)f(y)dy = f B(y)f(x - y)dy = j f(y)dy. 

-oo -00 -00 

6) IIycTb u"(x) = f(x). Tor.z:ta g(x) = 8(x)x. OTC10.z:ta 

00 

u(x) = f B(x - y)(x - y)f(y)dy 

-oo 

HJIH c y'tieTOM TOro. qTQ [8(x)x]" = 6(x) (cM. npHMep 20.3 npH 
n = 2) H (lxl/2)" = 6(x) (cM. npHMep 14.5), 

00 

u(x) = J ~ Jx -yJ/(y)dy, 
-oo 
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l.ITO aaanorH'tJHO H3BecTHoH <PopMyne KomH (1.36.13) ,z:tn51 Bbl'tJHC­
neHH51 n-KpaTHOH nepnoo6pa3HOH 

x 

(n ~ l)! f (x - Yt- 1 
f(y)dy. 

Xo 

21. «l>yHKQHJI rpuHa KpaeBOH 3a~a'IH 
~JIJI ~uct>ct>epeHQHaJibHhlX ypaBHeHHH 

c DOCTOJIHHhlMH K03cl>cl>HQHeHTaMH* 

IloH51THe Kpaenoi 3a,z:ta'!H H 3a,z:ta'!H ill TypMa-Il11yn11nn51 ,z:tn51 
o6bIKHOBeHHblX .z:tH<P<l>epeHUHaJibHblX ypaBHeHHH BTOporo nop51,z:t­
Ka BBO,z:tHTC51 B CTaH,z:tapTHOM Kypce BblCWeH MaTeMaTHKH. Bonee 
no.npo6aoe paccMoTpeHHe 3THX 3a,z:ta'tJ 6y,z:teT npoBe,z:teHo B pa3-
,z:tene «3a,z:ta'tJa ill TypMa-Il11yn11nn5!» 'tJaCTH III. HH)l{e MDI noKa­
)l{eM, 'tJTO HCnonb30BaHHe o6o6meHH&IX <l>YHKUHH, B 'tJaCTHOCTH 
,z:ten&Ta-<t>yHKUHH IlHpaKa, Il03BOn51eT ynpoCTHTb peweHHe HeKO­
TOpblX Knaccon KpaeBbIX 3a,z:ta'tJ. 

B o6meM cny"tJae KpaenaJI 3a,z:taqa npe,z:tcTaBn51eT co6oi aaxo)l{­
.neuHe KnaCCH'tJecKoro peweHH51 .z:tH<P<t>epeHUHaJibHOI'O ypaBHeHH51 
(19.1) Ha HHTepnane ]O, l[, T.e. <f>yHKUHH u(x) E Ck([O, l]): 

L(D)u(x) = f(x), x E]O, l[C ~' 
d 

D=-, 
dx 

y,z:tonneTBOp5!10mero KpaeB&IM (rpaHH'!H&IM) ycnoBH51M 
,. 

Vk(u) = Ak(u) + Bk(u) = 0, k = 1, n, 

r.z:te Vk(u) - nHHeHH&Ie <PopMhI OT u(O), ... ,-u(n-l)(O), 

n-1 

Ak(u) = ~ akmU(m)(O), 
m=O 

H OT U ( l) , . . . , 'lt ( n - l) ( l) , 

n-1 

Bk (u) = ~ bkmtt(m) (l), 
m=O 

51BJUllOTC51 nHHeHHO He3aBHCHM&IMH. 

(21.1) 

(21.2) 

(21.3) 
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PerueaHe HeO,ZlHopo,nHoro ypanHeHH51 ( 19.1) Mo:>KeT 6hITb HaH­
.lleHo c noMOIIlbIO cpyH.z:i;aueHTa.JlbHoro pemeHH51 onepaTOpa L(D). 
0.z:i;HaKo .lln51 TOro '!T06hl perueHHe Y.llOBneTnopgno o.z:i;HonpcMeHHO 
H KpaeBLIM ycnoBH51M, Heo6xo.z:i;HMO, '!T06hl H <PYH.z:taMeHTaJ'IbHOe 
pemeHHe y.nonneTBopgno 3THM :>Ke KpaeBhIM ycnoBH51M. 

TaKHM o6pa.30M, Mhl npHxo.z:i;HM K noH5ITHIO cpyH.llaMeHTa.Jib­
Horo perueHH51, y.nonneTnopgiomero KpaeBhIM ycnoBH51M, ICoTOpoe 
6y.lleM Ha3hIBaTb 4>YHKnHeH rpHHa KpaeBOH 3a,tta'!H HnH 4>YHKnHeH 
rpHHa onepaTOpa L(D) Ha HHTepBane ]O, l[ . 

• cl>yaKnHeH rpHHa KpaeBOH 3a,Zla'!H (19.1), (21.1) Ha3bIBaeTC51 
o6o6meHHag <l>YHKnHg G(x, y), y.lloBneTnopg10zna51 ypaBHeHHIO 

L(D)G(x, y) = 6(x - y), D= .!!.__ 
dx 

(21.4) 

H rpaHH'IHOMY ycnoBHIO (no nepeMeHHOH x) 

Vk(G(x, y)) = 0, (21.5) 

npH Ka:>K,ll;OM <t>HKCHpOBaHHOM y. 

TeopeMa 21.1. Kpae6aJI3aaa14a(19.l), (21.1) UMeem oaHy u mO.Ab­
?CO oaHy (fiyH'll!tfU'IO I'puHa G(x, y), ec.AU coom6emcm6y1014aJI oaHo­
poaHaJI 3aaa14a uMeem .AUu.tb mpu6Ua.t&bHoe pew,eHue u( x) = 0 . 

.lloK&3&TenbCTBO. IlocKonbKY <l>YHICnH51 rpHHa Y.llOBneTBOp5IeT 
ypaBHCHHIO (21.4), ee MO)KHO HCKaTb B BH,ll;e 

G(x, y) = g(x - y) + go(x), (21.6) 

r.ne g(x) - <PYH.z:taMeHTa.JibHOe pemeHHe onepaTOpa L(D) (19.3), a 
go ( x) - pemeHHe O,ItHOpO,ItHOI'O ypaBHeHH51 ( 3aBHcamero OT y KaK 
OT napaMeTpa), nopo>K,naeMoro onepaTOpou L(D) (19.4) 

L(D)g(x) = 6(x), 

L(D)go(x) = 0 . 

.lleHCTBHTenbHO, IlO,ll;CTaBHB (21.6) B (21.4), nony'IHM 

L(D)[g(x - y) + go(x)] = L(D)g(x - y) + L(D)go(x) = 
= L(D)g(x - y) = 6(x - y), 

r.ne iJ d/d(x - y). TaKHM o6pa30M, <PYHKUHj{ rpHHa B DH.Ile 
(21.6) y.nonneTBOp51eT ypaBHeHHIO (21.4). OcTanocb IIO.z:t'IHHllTb 
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ee rpaHH't.J:HblM ycnoBHj{M (21.5) . .lln.si 3TOro BbIIlHWeM cpyHKnHH 
g(x), go(x) n .sinuoM BH.n;e. TaK, cornacao (20.3), 

g(x - y) = 8(x - y)e(x - y), (21.7) 

a 
go(x) = (c, u(x)), (21.8) 

r.o;e ·u(x) (-u1(x), ••• , un(x)) - <f>yu.n;aMeHTa.JihHaJI CHCTeMa pe­
meHHH o.nuopo.n;Horo ypanueHH.sI (19.4); c = (c1, ••• , en) - npo­
H3BOJibHbIH IlOCTO.sIHHbIH neKTOp, no.nJie)KalllHH onpe.n;eneHHIO H3 
rpaHH't.J:HhIX ycJIOBHH. 

IIo.n;cTaBHB (21.6) n (21.5) c y~1eTOM (21.7), (21.8), nonyt.JHM 

HJIH B CHJIY JIHHeHHOCTH Vk ( 21. 2), ( 21.3) 

C1 Vk(u1) + c2Vk(u2) + ... + cnV1:(un) = -Bk(e(l -y)). (21.9) 

IloJiy"t.J:eHHaJI CHCTeMa .sIBJI.sieTC.sI ueo.nuopo.n;uoi H JIHHeHHOH OT­
HOCHTeJibHO neJIHt.JHH Ck - Koop.n;HHa T neKTOpa c. Onpe.n;eJIHTeJib 
CHCTeMbl OTJIHt.JeH OT uyn.si 

(21.10) 

n CHJIY ycnoBH.sI TeopeMbI o n:uueiuoi He3aBHCHMocTH cpopM V1: 
H cyw;ecTBOBaHHH TOJihKO TpHBHa.JlbHOro pemeHH.sI o.n;uopo.nuoro 
ypaBHeHH.sI ( Ha.JIH"t.J:He HeTpHBHMbHoro pemeHH.sI Il03BOJI.sieT Bblpa-
3HTb Vj (Um) c 3a.n;aHHbIMH j H m qepe3 OCTa.JlbHble, BCJie.D;CTBHe 
~1ero onpe.n;eJIHTeJib ( 21.10) paneu HY JIIO) . 

TaKHM o6pa3oM, CHCTeMa (21.9) HMeeT e.n;HHCTneuuoe pemeuHe 
OTHOCHTeJibHO c = ( c1, •.• , Cn). TeM caMbIM .n;oKa3aHo cyw;ecTBO­
nauHe H e.nHHCTBeHHOCTb cpyHKnHH rpHHa G ( x' y) H o.n;uonpeMeHHO 
.n;au MeTO.n; ee nocTpoeHHj{. 

TeopeMa 21.2. Ee.Au G(x, y) - {fiyHntfUJI I'pv.Ha npaeBotl 3aaa14u 
( 19 .1), ( 21.1) , mo ee pe·uteHue 3aaaemc11 {fiopMy.Aotl 

I 

u(x) = f G(x, y)f(y)dy. (21.11) 

0 
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IloKa3aTen&cTBo. Henocpe.ncTBeHHoi no.ncTaHOBKoi (21.11) n 
( 19 .1) y6eX<.naeMC.sI, ~ITO cpyHKIUf.sI u( x) B BH,lle ( 21.11) y.nonneTBO­
p.sieT ypaBHeHHIO ( 19 .1). lleiCTBHTen:DHO, 

I l 

L.,(D)u(x) = J L.,(J?)G(x, y)f(y)dy = J d(x - y)dy = f(x). 
0 0 

BLinonHeHHe rpaHHqHhlX ycnoBHH ( 21.1) cne.nyeT H3 BhlnonHeHH.sI 
aHaJioruqHhlX rpaHHqHhlX ycnoBHH .nn.si G ( x, y) ( 21. 5), TaK KaK 

I 

Vk(u) = J Vk(G)f(y)dy = 0. 

0 

TaKHM o6pa3oM, TeopcMa .noxa3aHa. 

0 <l>opMyna (21.11) 03Ha~1aeT, qTO <l>YHKI.lHIO rpHHa MOX<HO 

paccMaTpHBaT:n KaK .si.npo HHTerpan:&Horo onepaTOpa £- 1, o6paT­

Horo .nu<t><t>epeHnHan:&HOMY onepaTOpy L = L(D), T.e. 

£-1 Lu(x) = u(x) = £-l f(x) (21.12) 

(CM. 6onee no.npo6Ho pa3,n. «HHTerpan:&Hhle ypaBHeHH.sI» ~1acTH 
IV). TaKHM o6pa30M, Tpe6oBaHHe cymecTBOBaHH.sI TpHBHan:&Ho­
ro peweHH.sI B TeopeMe 21.1 MOX<Ho paccMaTpHnaT:D KaK ycnoBHe 

cymecTBOBaHH1I o6paTH~ro onepaTOpa L - 1. 

IlpHMep 21.1. C IlOMOillhlO <l>YHKI.lHH rpHHa HaHTH peweHHe Kpa.­
eBOH 3a.na~1H 

d2u(x) 5 
dx2 = x ; 

u(O) = u(l) = 0. 

(21.13) 

(21.14) 

Pemeuu:e. BbI.sICHHM CHaqana, cymecTnyeT nH <l>YHKI.lH.sI rpHHC\ 
3a,naqu (21.13), (21.14). lln.si 3TOro BhlnHweM o6mee peweHHe o.n-
Hopo,nHoro ypaBHeHH.sI 

QqeBH,llHO, qTQ 



21. <l>yHKLCJfB I'pHHa rpaesoll 38A8'lH 

oTKy.na, cornacHo (21.14), 

Uo(O) == c1 :..:.. 0, 
Yo ( 1) ::::: c2 = O. 
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TaKHM o6pa3oM, o.naopoJlHaJI 30Jlatta HMeeT '1'0nb1t0 TpHBHaJI:DHoe 
peweHHe Yo ( x) = 0' OOSTOMY 4>YHXJ.lKI rpHHC\ tyilleCTByeT. 

HJ peweHHa npHMepa 20.4 cn~yeT, qTO tPYH.llaMeHTaJI:DHoe 
peweHHe onepaTOpa d2 /dm2 (ypaBHeHHS (21.13)) HMeeT BH.ll 

• g(x) = 8(:c):v. 

IIo3TOMY' cor nacHO ( 21. 6) ' cpyHXllHIO rpHH8. HIIleM B BH,lle 

G(x, y) = 8(x - y)(x - y) + c1 + c2x. (21.15) 

IIo.ncTaBHB ( 21.15) B rpaHH'tlHLie ycnoBH.I .nna G ( x, y), aHaJiorHq .. 
HLie (21.14), nonyqaeM 

G(O,-y) = C1 = O, 
G( 1, y) = ( 1 - y) + c1 + c2 = 0, c2 = y - 1, 

OTKy,na 
G(x, y) = 8(x - y)(x - y) + (y - l)x, 

H B CHny TeopeMLI 21. 2 HMeeM 

1 

u(x) = j G(x, y)y5 dy = 
0 

1 

(21.16) 

I . x = [8(x - y)(x - y) + (y - l)x]y5dy = 
42 

(x6 
- 1).(21.17) 

0 

<l>yHKllHjJ rpHHa (21.16) MO)KeT 6LIT:D 3aDHCaRa B 6onee npHBblq­
HOH q>opMe 

G(x, y) = 8(x - y)(x - y) + (y - l)x = 
= { (y - l)x 0 < x < y . 

(x - l)y 1 > x > y 
(21.18) 

KaK cne.nyeT HX ( 21.18), <l>YHKllHa f pHHa aa1u1eTCa CHMMeTpHq­
Hoii no apryMeHTaM x Hy. 
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B cny~rae 3a.z:taHH.sl <l>YHKitHH rpHHa B BH.z:te ( 21.18) HHTep­
BaJI HHTerpHpOBaHH.sl ]O, 1[ npHXO.z:tHTC.sl pa36HBaTb Ha .nna: ]O, x[ 
H ]x, 1[ 

1 

tt( :z:) = j G( :z:1 y)y5 dy = 
0 

x 1 

= j (:z: - l)yy5 dy + j (y - l):z:y5dy = ;
2 

(:z:6 
- 1). 

0 x 

fipHMep 21.2. C IlOMOIUblO <l>YHKitBH rpHHa 3anHCaTb peweHHe 

I 

J4u.(x) = f( ) 
dx4 x ' 

u(O) = u'(O) = u(l) = u'(l) = 0. 

(21.19) 

(21.20) 

Peweuue. 0.nHopo.z:tHaJI 3a.na~1a (21.19), (21.20) c <l>YH.z:taMeHTaJib­

HOH CHCTeMOH L x, x 2 , x3 HMeeT TOJI&Ko TpHBBaJI1>Hoe peweHHe, 
cne.z:tOBaTeJibHO, <l>YHKitH.sl rpHHa CYIUCCTByeT. 

HJ peweHH.sl npHMepa 20.4 cne.nyeT, ~TO <l>YH.z:taMeHTaJI1>Hoe 
peweHHe oncpaTOpa d4 /dx4 HMeeT BH.z:t 

IIo3TOMy, corJiaCHO (21.6), <l>YHKUHIO rpHHa HIIJ;eM B BH.z:te 

. 3 (x - y) ., 3 
G(x, y) = 8(x - y) 

6 
+co+ c1x + c2x"' + c3x . (21.21) 

IIocKoJI1>Ky 

d I (x -y)2 ') 
dx G(:i:, y) = 8(x - y) 

2 
+ c1 + 2c2x + 3c3x-, (21.22) 

TO, no.ncTaBHB (21.21), (21.22) B (21.20) B 3aMeHHB u Ha G, nony­
'tlHM CHCTeMY .nn5t onpe.neneHH.sl Ci 

G ( 0, y) = co = 0, 

dG(O, y) = Ct = 0, 
dx 

(21.23) 
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1 
G(l, y) = 6 (1 - y) + C2 + C3 = 0, 

d 1 ') 
dx G ( 1, Y) = 

2 
( 1 - y )- + 2c2 + 3c3 = O 

co= c1 = 0, 
1 3 

C2 + C3 = -
6 

( 1 - Y) ~ 

1 ') 
2c2 + 3c3 = -

2 
( 1 - y)"' . 

PeweHHe (21.24) Hl.l{CM MCTO.llOM KpaMepa. TaK KaK 

TO 

1 1 
fl. = 2 3 = 3 - 2 = 1 :f:. 0, 

-~(1-y)3 1 

1 ') 
-2(1-y)- 3 

1 -! (1- y)
3 

2 -!(l-y) 2 

1 = --(1+2y)(l - y) 2
• 

6 

(21.24) 

Ilo.ncTaDHB HaH,llCHHble 3Ha'lJeHH5! Ci B ( 21. 21)' Ha.xO,llHM jJ:BHhIH BH.ll 

<l>YHKJ:lHH f pHHa , 

Tor.na 
1 

u(x) = j G(x, y)f(y)dy, 

0 

0 < x < y, 
(21.25) 

1 > x > y. 

r .I(e G ( x, y) onpe,neneHo O.llHHM H3 Bhlpa:>KeHHH ( 21. 2 5). 
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IlpHMep 21.3. C OOMOID;:&IO <i>YHICllBB rpuHa HaHTB peweHBe Kpa-
-

d'}, 

d 
~ - w2u = x, x E]O, l[; 

x-
u(O) = u(l) = 0. 

(21.26) 

(21.27) 

PemeHHe. 0TMCTBM OCHOBHLie MOMeHT:&I. <l>yH.z:ta.MeHTaJlbHaJI CBC­
TeMa peWCHBH O,ZtHOpO,nHoro ypaBHeHJUI MOX<eT 6LITh 3anucaaa B 
nH.ne sh w x, ch w x. O.naopo,nHaJI KpaeBaJI 3a.z:tat1a HMeeT nBWh TpB­
BHan:&Hoe pemeHHe, a <PYH.ztaMeHTM:&Hoe peweaue onepaTOpa 

- d2 ? 
L- - -w­

- dx 2 

3anBCbIBaeTC.H KaK (CM. IlpHMep 20.2) 

sh wx 
g(x) = 8(x) . 

w 

<l>yHKllBIO rpBHa Bm;eM B BH.z:te 

sh~w(x - y) 
G(a!, y) = 8(x - y) + c1 sh wx + c2 ch wx. (21.28) 

w 

IIo,ncTaBHB (21.28) B rpaHHtIHLie ycnoa1u1 ,zxn.H G(x, y), aHanorH~­
Ho (21.27) nony~BM 

OTKy,na 

G(O, y) = C2 = 0, 
1 

G ( l, y) = - sh w ( l - y) + c1 sh wl, 
w 

sh w(y - l) 
c1 = ' wsh wl 

G( . )-B( _ )shw(x-y) shw(y-l) .. 1 ,-J2129 ) 
x, y - x y + 1 l 8 l wx """"" . 

W WSl W 

IlOCKOn:&Ky 

sh wx sh w(y ~ l) 
wsh wl 

wysh w(x - l) 
wsh wl 

0 < x < y, 

y < x < l, 

sh w(x - y) sh wl +sh w(y - l) sh wx =sh wysh w(x - l). 
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TaKHM o6pa3oM, 

I 

( ) f [fJ( ) sh w(x - y) sh w(y - l) 
1 

] d 
'lt x = x - y + 81 wx y y = 

w w sh wl 
0 ~ 

= i_ [ ~h w :J! - x] . 
w2 sh wl l 

22. .llpyrHe MeTO~hI DOCTpoeHHJI 

4>YHKD;HH rpHHa* 

B npe.llhl.llYII.tCM naparpacpe Mhl paccMoTpeJIH B03MOJKHOCTh no­
cTpoemur cpyHl{ltHH rpHHa KpaeeoH 3a)lat.m, ecJIH H3BeCTHO cpyH)laMeH­
Tcl.JlhHOC pewe1me onepa Topa ( 19. 2), nopoJK)laioII.tcro 3TY :Ja)laqy. EcJIH 
Ko3cpcpmnteHTLI Pk oncparopa ( 19.2) .mnRK>TCJI <l>YHl{IUIJIMH x [pk = 
Pk ( X )] , TO cpyHl(J.lHIO rpHHa MOJKHO IlOCTpOHTh cne)lyIOlltHM o6pa30M. 

flycT:b 

Lx(x, D)u(x) = f(x), x E]O, l[, 

k = 1, n, 

-- KpaeeaJI 3a)lat.1a, r)le L(x, D) - onepaTop, onpc,zteneHBhIH cpopMynoH 
(18.2), a Vk(u) - rpaHH'IHhle ycnoeH.&: (21.1). Tor)la <l>YmantR rpHHa 
Y.llOBneTeopJ1eT ypaeHeHHK> H rpaHW-IHhIM ycnoeWIM 

La.(x, D)Gfx, y) = 8(x - y), 
Vk(G) = O, k = 1,n. 

x E]O, l[. 
(22.1) 

He o6p~aRC:b K BhlpaJKeHHIO (21.6), <l>YHKllHK> rpHHa 6y)leM HCKRT:b B 
B~e ~ 

G( ) _ { c(x) = (c,t"t(x)), 
x,y - e(x) = (e,ii(x)), 

0 < x < y, 
l > x > y, 

(22.2) 

r)le ii( x) = ( ut( x)' U2 ( x)' ... , tLn ( x)) - cpyH,ZtaMeHTBJU,HaJI CHCTCMa pe­
weim::H O)lHOpO)lHOro ypaeHeHH.SJ: 

Lx(x, D)it(x) = o. 

<l>opMa (22.2) o6ycnoeneHa TeM, t.ITO G(x, y) J1BnJ1eTCJ1 pewelDleM 
O)lHOpO)lHOro ypanHeHWI BO ecex TOt.IICax, 3a HCKnK>qeHH:eM 'l'()qKH x = y' 

L.i:(x, D)G(x, y) = o, x 'I= y, 

a IlpOH3BOJihHhle DCKTOphl c. e cne.ztyeT no.zto6paTh TaJC, '-IT06hl cpyHKJ.lHJI 
G(:r., y) H ee npoH3DO)Ulhle JlO (n - 2)-ro nopJIAKa 6hIJIH HenpephIBHLI. 
IlpoH3BO)UlaJI (n - 1)-ro nop~Ka )lOnJKHa HCilldThIBRTh CKRt.IOK l/p,,. 
B pe:Jy1IhTaTe npoH3Bo)Ulrui n-ro nopJIAKa 6y)leT co.ztepJKaTh <l>YHl{IUIK> 
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'5(x). cpHrypHpyK>rny10 B DpaBOH ttaCTH qaCTH ypanHeIDUI (22.1). 3TH 

ycnoBHJI fiylJ,yT DhIIIOnHCHhl. ecJIH 

(k) (k)( (k) 81 u 1 (y) + S2u'J y) + ... + Sn'Un (y) = 0, 

S (n-1) ( S (n-1) ( ) (n-1) 1 
1'1'1 Y)+ 2"-'2 Y + ... +Sn'Un (y)= ( )' 

Pn Y 

(22.3) 

KpoMe roro, IJ.On)K.Hhl e1.1rromu1T:&CJ1 rpa~IHhle ycnoeHH (22.1), KOTO­

phle rrocne IIOlJ,CTaHOBKH B HHX (22.2) IIpHHHMRIOT DH.It 

(22.4) 

rronHocT:&Kt coenalJ,aIOi.nw'{ c ( 21. 9). 
Kruc y)K.e OTMe't1anoc:&, CHCTeMa (22.3) HMecT CIJ.HHCTDCHHOC pewc­

HHe, onpe,nenJJ:R)mee ne.JIKtmHLI S; = e; - c;, a cHcTeMa (22.4) 01J.H0-

3HR'tIHO onpelJ,enHeT nenwnmhl c;. Tru<:HM o6pa3oM, lJ,Be CHCTeMhl (22.3) 
H (22.4) 01J.H03Ha'-IHO orrpelJ,enJJ:IOT .z:tBa BeKTOpa CH e H, cnelJ,OBaTCnbHO, 

4f>YHKnHIO rpHHa, cornacHO (22.2). 
IlocKOJlbKY n paccMaTpHDaeMOM cny"t.Jae K03cpcpl{nHeHTLI onepaTopa 

L = L( x, D) JIBnHIOTCH cllYHKnHHMH OT x, Heo6X01J.HMO, 'tIT06hl Pn ( x) f:. 0 
lJ,nH ncex x E [o, l]. EcJIH )K.C Ha Oil.HOM H3 KOHnOB oTpe3Ka [o, l] 4f>yHIC­

rtHH ]>o ( x) ecc-TaKH 06paw;a10TC H n HY m,, TO 'tiaCT:& rpaHH'tlHhIX ycnonlrii: 

( 2 2 .1) 3aMeHJJ:eTCJI CCTeCTBeHHLil\4 rpa~IHLIM ycnODHCl\4 -- orpaHH'tleH­

HOCTH peWCHHJI B :iTOH TQ'tJKe. 3TH ycnODHJI TaJC.llCC II03BOnJIIOT IIOCTpo­

HTb G(x, y) H HaHTH u(x) (cM. IIpHMep 21.2). 
H:uro.llCeHHLIH BLIWe MeTO,zt IIOCTpoeHHJI cllYHKnHH r1nma 1140)1{.CT rrpH­

MCHJITbCJI H lJ,nH orrepaTOpa ( 19.2) c IIOCTOJIHHLIMH K034f>cllHnHeHTRMH. 

IlpH 3T0114 He Tpc6yeTCJI npHDnCKRTb «llYH.ztaMeHTaJibHOe peweHHe 3TOI'O 

orrepaTopa. 

IlpHMep 22.1. HaiTH cllYHICI.nfIO rpHHa KpaenoH 3RlJ.C:l'tJH H~ IIJ>HMCpa 

21.1, He Hcrrom,3yg cpyHlJ,aMeHTaJlhHoe peweHHe orrcparopa. 

PeweuHe. <l>yHKnHIO G(x, y) cornacHo (22.2) H c y'{1eroM 4>YH1J.aMeH­

TanoHoH CHCTCMhl pewemm OlJ.HOJ>OlJ.HOro ypanHCHHJI U1 ( x) = 1, U2 ( x) = 
x HI.lleM e BH.ne 

G(x, y) = { C(x) = c1 + c2x, 
e(x) = e1 + e2x, 

0 < x < y, 
1 > x > y. 

(22.5) 

IlolJ.CTaBHD (22.5) B ycnoBHJI «CWHD8JDUI» (22.3) H rpaHH'tlHhIC ycnoBHJI 

G(O, y) = G(l, y) = 0, rrony'l:.IHM 1J.DC CHCTCMhl lJ,nJI HaxO)K.lJ.eHHH r:1, c2 H 

e1, e2: 

{ c. = 0, 
Ct + C:.? = 0, { 

(e1 -c1)+(e2-c:.?)y=O, 
C2 - C2 = 1, 

Ct = 0. C'l = 1J - 1; 
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H, COOTBCTCTBCHHO, 

G(x, y) = { (y - l)x, 
(:r. - l)y, 

O<x<y 
1 > :r. > y, 

coena.z:ta10my10 c Haii.AeHHoH pae:ee (21.18). 
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IlpHMep 22.2. C IlOMOI..UblO cpyHICrnm: rpHHa HaHTH peWelille KpaeBOH 
3a.ZJ;a"qH 

xu"(x) + u' (:r.) = x, x E]O, 1[; 

lu(O)I < oo, u(l) = u'(l). 

(22.6) 

(22. 7) 

PeweuHe. HabeM cHaqana o6mee peweHHe o.z:tHopo.z:tHoro ypanHeHHs 

II I 
XU + U = 0. (22.8) 

HeTpy.z:tHo 3aMeTHTL, qro ypanHelille (22.8) MOJKHo npe.z:tcTaBHTL B BH.D;e 

(xu')' = O, 

OTKy.z:ta nocne .z:tByKpaTHoro HHTerpHponrums HMeeM 

u(x) = c1 + c2 lnx. (22.9) 

~YHICIUfS (22.9) y.z:tonneTnopseT rpaHWIHhIM ycnoBHSM (22.7) TOIIhKO 
npH c1 = c2 = 0. Ta.ICHM o6pa3oM, o.z:tHopo.z:tHaa: 3~aqa HMeeT TOJih­
KO TpHDHaJlhHOC peweHHe H, CJie.D;OBaTeJILHO, cpyHICQHS rpRHa 3R.ZJ;R"qH 
(22.6), (22.7) cymecTByeT. 

CornacHo (22.5), ~eM G(x, y) B BH.D;e 

G(x )={ c1+c2lnx, 
'Y e1 + e2 ln x, 

0 < x < y, 
1 > x > y. 

H3 ycnonml «CWHBaHHS~ (22.3) H rpaHWIHhIX ycnonml .z:tns G(x, y) 

lim IG(x, y)I < oo, 
z-+0 

[G(x, y) - dd G(x, y)] = 0, 
X z=l 

cne,z:tyIOII.lHX H3 ( 2 2. 7), nonyqaeM ce:cTCMY .z:tns onpe.z:teneHHs c 1 , c2 , 
e1, e2 

( e 1 - c1) + ( e2 - c2) ln y = 0, 

1 1 
(e2 - C2 )- = -, [vn(Y) = y], 

y y 

lim lei + c2 lnxl < oo, 
z ..... o 

(22.10) 

(22.11) 
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1'f3 TpeT:&ero ypaeHeHH.S:•3TOH CHCTeMhI cne,ztyeT, 'l:JTO c2 = 0, a H3 OCTCl.D­
WHXC.S: ypaeHeHHH HaJCO,ztHM ei = e2 = 1, Ct = 1 +lny H, COOTBeTCTBeH-
HO, 

OTKy,zta 

{ 
1 +lny, 

G(x,y)= l+l nx, 

l 

0 < x < y, 
1 > x > y, 

u(x) = j G(x, y)ydy = 
0 

~ l 

I I 1 'J 

= (1 + lnx)ydy + (1 + lny)ydy == 
4 

(x- + 1). 

0 ~ 

23. KpaeBaJI 3aaa11a an.s nuueHHhlX 
an<t><t>epeHU:HaJihHhlX ypaBHeHHH 
c napaMeTpoM* 

PaccMOTpHM no,ztpo6aee O.ztHY H3 Ha.H6onec pacnpocTpaHCHHhIX n 
MaTeMaTHt-IeCKOH 4>H3HKe Ja,zta-.::i 

[L2(x, D) + .Xp(x)]u(x, .X) = f(x), x E]O, l[, 
Vi (u(O, .X)) = l'2(u(l, .X)) = O, 

r.zte A - eem;ecTBeHHhlH napaMeTp, a 

d d 
L2(x, D) == -d k(x)-d - q(x), 

x x 
Vi ( u(O, .X)) = aou(O, .X) - 0:1 u' (0, .X), 

V2(u(l,.X)) = f3ou(l,.X) +f31u'(l,.X), 

( 23.1) 

(23.2) 

(23.3) 

(23.4) 

4>YHKUHH k'(x), q(x), p(x) HenpephlBHhl, np~IeM k(x) > 0, q(:r.) ~ O, 
0 < p(x) < oo .ztnH ecex x E [O,l], a qucna a;, f3i y,ztoeneTnopHIOT 
ycnoBHHM 

ao ~ O, 0:1 ~ 0. ao + 0:1 > 0: 

f3o ~ fr, f31 ~ 0, f3o + f31 > 0. 
( 23.5) 

0TMCTHM, 'l:JTO caMOCOilp.S:)l(eHHruI <t>opMa onepaTopa ( 23.3) HC orpa­
}{HqHBaeT o6IUHOCTH paccMoTpeHH.s: 3a.zta~rn, rrocKOJihKY nro6oli onepa­
rop (18.2) BTOporo nop.11,ztKa Mo)l(eT fihIT:& 3amlCaH e BH,zte (23.3). B 
ceoro o-.::iepe,zt:&, MHoroqucneHHLie Tpe6oecum.s: K <l>HrYPHI>YK>IInlM n 3a­
,zta-.::ie cpyHK:umIM H K034>cp~eHTRM JmnHK>TCH pa3yMHhlMH orpaHW-IeHH­
HMH, BLITeKaK>J:InlMH H3 cpH3~ecKoH nocTaHOBKH 3a.zta~1. Ec-recTeeHHo, 
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'tJTO HeKOTOphle H3 ma MoryT eaphHpOBRThCJI, TOr,&a ~TO 6y,&eT cneUH­
an&HO oroeopeHo. Ha.KoHeU, ycnoeHH ( 23.5) 06ecnet.mea10T JIHHeiiHy10 
He3aBHCHMOCTh rp~hIX ycnoDHH (23.4) True. 'tJTO 

rang ( °o0 0 
Po 

Oncparop (23.3) H rpaHHq}fhte ycnoee:.s: (23.2) nopo)IC,&aIOT 3a,&at.1y 
III TypMa-Ile:yeHJIJI.&: 

[L~(x, D) + Anp(x)]un(x) = O, 

Vi (un(O)) = l"J(un(l)) = 0, 

(23.6) 

cooTeeTCTey10my10 Kpaeeoil 3a,&a'tle (23.1), (23.2). PeweHHe Kpaenoil 
3a,&at.m c napaMeTpOM ( 23.1)' ( 23. 2) cymecTBeHHLIM o6pa30M 3aBHCHT 
oT cooTHoweHHH MeJK.Zty napaMeTpOM A H co6cTeeHH&IMH 3Ha'tleHHHMH 
An. 

JieMMa 23.1. PeweHue ~paeaou 3aaa~u (23.1), (23.2) cyw,ecmayem u 
Jl(jJf.Jiem,cJI eauHcmaeHHb&M, CCAU 3Ha~eHUJI napaMernpa A ornAu~momcJI 
om co6cmaeHHb&X 3Ha~eHuu An 3aaa~u lllmypMa-lluyau.1&AJI, m.e. npu 
A# An . 

.lloKa3aTenbCTBO. IlycTL 

(23.7) 

-- o6mee peweHHe o,&Hopo.z:tHoro ypaeHeHHH 

[L2(x,D) + Ap(x)]u(x,A) = 0, (23.8) 

IlO,&CTaHOBKa KOTOporo B rp~hle ycnoBHH ( 23.2) npHBo,llHT K CHC­
TCMe 

Vi (u(O, .X)) = C1 Vt(ut(O, A))+ C2 Vt(u2(0, A))= 0, 
V2 ( u ( l, A) ) = c I V2 ( u 1 ( l. ,X)) + C2 V2 ( U2 ( l, A)) = 0. (23.9) 

CornacHo TeopeMaM 12.1H12.2, cyiuecTBODaHHe H e.u;HHcTDeHHocTL 
peweHHJI Kpaeeoil 3a,&a'tlH (23.1), (23.2) o6ycnoeneHo cymecTeoeaHHeM 
TpHBHan&Horo peweHH.&: ypaeHeHH.s: (23.8), T.e. ycnoeHeM 

det V(.X) = (23.10) 

Ycnone:e (23.10) npoTHDonono.lKHO ycnoeHIO cymecTBOBBHH.&: HeTpHBH­
an&HhIX pewellH:H 3a,&a'-lll ffi TypMa-IlHyBHJIJIJI, onpe,&erunomeMy CilCKTp 
co6cTBCHHhIX 'lHa'tleHHH Xn 

d t V(A ) - I \/i(un1(0,An)) 
e n - \12(uni(l, An)) 

Vi ( Un2 (0, An)) I - O 
V2(un2(l,An)) - ' (23.11) 
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r.n;e Un1, Un2 - <l>YH.llaMeHTanLHaa CHCTeMa pewemm ypanHeHHll (23.6). 
TaxHM o6pa3oM, onpe,n;eJIHTeJI:& (23.10) 6y.n;eT OTJmqeH OT Hyna 

TOJI:&Ko npH ycnonHH A =f:. An, 3Ha'tleHHa KOTOphlx Haxo,n;aTcll H3 pewe­

HHll ypanHeHlUI (23.11) 11· COCTaBJillIOT cneKTP co6CTDCHHhlX 3Ha'tJCHHH 

An 3a,n;a'tm: (23.G), 'tITO H Tpe6om:UIOCh ,n;oKa3aTh. 

3a:MeTHM' 'tJ:TO IlOCKOJI:&Ky o6hJ't{HaJI KpaenaJI 3a,n;a-qa HDJilleTCg 'tJaCT­

HhlM cny-qaeM Kpaeno:H 3a,n;a't{H c napaMeTpoM A = O, To .n;na Hee ycno­

BHe cy:w;ecTBOBalUljJ: H e,n;HHCTBCHHOCTH peweHHJI, 3aKJIIO'tlaIO:w;eeca B 

cy:w;ecTBOBaHHH T}>HBHanLHOro pewe
0

HHll O)lHOpOJlHOH 3a,n;a'tJH, MO)KCT 

6hlT:& c<t>opMynHpOBaHO KaK OTCYTCTBHe 3Ha'tJ:CHHll A = 0 B cneICTpe 

co6cTneHHhlX 3Haqemrif An, T.e. An =f:. 0. 

23.1. <l>yHKllHJI rpuHa KpaeBOH 38,ll;8'tlH C napaMeTpOM 

Ilepe:H.ZleM K pewemuo Ja.z:ta'tIH (23.1), (23.2) npH ycnon1m, 'tITO .A =f:. 
An. IlycTh u 1 ( x, A), u2 ( x, A) - <l>YH.z:taMeHTcUibHaJI cHcTeMa pewc:HHI{ 

ypanHCHHJI (23.8), a vt(x, A) H u2(x, A) - HX JDIHCHHhle KOM6HHaumi, 

y.n;onneTBOplllOlllHC rpaHH'tJHhlM ycnOBHJIM 

(23.12) 

HJBecTHo, qTO TaICHe OTJIH't!Hhle OT HYJIJI peweHHa ncer.n;a cy:w;ecT­

ByK>T H HDJIJllOTCjJ: JIHHe:HHo He3aBHCHMhlMH. B npoTHBHOM cny-qac, ecm1 

u1 (x) = Cv2(x ), TO 

det V(A) = Vi ( vt( 0, A)) 
\'2(v1(l,A)) = 0, 

a 3TO, nonpeKH npe.n;nono~eHHK>, 03Ha't1aeT, 'tlTO v1 (x) gnnaeTCa co6cT­

BeHHo:H <l>YHK~e:H c HeKoTOphlM co6cTBeHHhlM 3Ha'tJeHHeM A = An. 
PeweHHe Heo,ztHopo.n;Horo ypanHeHHa ( 23.1) 6y.n;eM HCKaTh MeTO,n;oM 

BapHa.IlHH npoH3BOJI:&HhlX IlOCTOJIHHhlX 

(23.13) 

B COOTBCTCTBHH C KOTOphlM <l>YHKitIDI C{ ( X, A. C~ ( X, A) JlOJIEHhl YJlOB­

JICTBOpllT:& CHCTCMe JlH<l><t>epeHqHanLHhlX ypanHeHHH 

C{ (x, A)vi(x, A)+ C~(x, A)v2(x, A) = 0, 

C!(x, >.)vUx, >.) + CHx, >.)vHx, >.) = ~~= ~, x E [O, l] 

c JlOilOJIHHTeJI:&HhlMH ycnoBHllMH 

Ci (l, A) = C2(0, A) = 0, 

BhlTeKalO~MH H3 (23.2), (23.4), (23.12) H (23.14), IlOCKOJI:&KY 

Vi(u(O,A)) = Ci(O,A)Vi(v1(0,.A)) + C2(0,A)Vi(v2(0,A))­

-a1[CUO,A)vi{O,A) + C~(O,A)v2(0,A)] = O, 

V2 ( u(l, A)) = C1 (l, A)V2 ( vt(l, A)) + C2 (l, A)V2 (v2 (l, A))+ 

+,Bi[C{(l. A)vi(l, A)+ C~ (l, .A)v2(l, A)] = 0 . . 

(23.14) 

( 23.15) 

(23.16) 
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B (23.16) nepB:&Ie cnaracM:&Ie pa.BH:&I Hyn10 cornacHo (23.12), nocne,llHHC 
- corJiaCHO {23.14), a OCTaBWHeca ypanHeHHa 3aIIHC:&IBRK>TCJI D B~e 
(23.15). 

Tax KaK onpe,lleJIHTeJID CHCTeMl>I (23.14) npe,llCTaBJIJieT co6oi npoH­
CKHaH JIHHeiHo He3aBHCHM:&IX peweHHi, TO 

,llna ncex x E [O, l], H, cn~oBaTeJI&Ho, 

C'( ') __ /(x)u2(x,.X) 
1 X, A - , 

k(x)W(v1,v2) 
C~(x, .X) = _ f(x)v1 (x, .X) • 

- k ( x) w ( v 1 ' 'l.72 ) 

(23.17) 

Ecm1 nocnoJID30BaTDca <f>opMynoi IlHyBHnJIS 

k(x )W( u1 (x, .X), v2 (x, .X)) = 

= k ( 0) W ( v 1 ( 0, .X), u2 ( O, .X)) = k ( 0) W ( 0, .X), 

TO HHTerpHpOBaHHe ( 23 .17) c y'tleTOM ( 23 .15) ,llaeT 

l 

C1 (x, A)= k(O)~(O, A) f J'(y)v2(y, A)dy, C1 (l, A) = O: 

a: 

C2(x, A) = k(o)H!(o, A) f J'(y)v1(y, A)dy, C2(l, A) = o, 
0 

OTKy,lla 

I 

u(x, A) = k(O)~{O, A) [vi (x, A) f f(y)t•2(y, A)dy + 
a: 

a: 

+v2(x, A) f f(y)v1 (y, A)dy] 

0 

I 

u(x, A) = f G(x, y, A)f(y)dy, (23.18) 

0 
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r.ne 

G(
. ') _ 1 {vi(x, .A)v2 (y, .A), 
X,y,A - -----

k(O) W(O, .A) v1 (y, .A)v2 (x, .A), 

0 ~ x < y; 

y < x ~ l. 
(23.19) 

TaxHM o6pa3oM, .noxa3aHa 

TeopeMa 23.1. Ec"u napaMemp A He J16Ji.1Iemc.11 co6'cm6eHHb'M 3Ha­
"'eHueM An onepamopa L2(x, D), mo peweHue tepae6otl 3aaa"'u (23.1), 
(23.2) cyu.+eCm6yem, .116./UlemcJI eauHCm6eHHbiM U 3aaaemc.11 fPOpMy"a­
MU (23.18), (23.19). 

Hcno.m,3ya nony11eHHLie <t>opu:ynw, MO)l(HO noKa3aTb, "-ITO ct>YHKUHS 
G ( x, y, ,\) y.noBneTeopJieT xpaenoi 3a,ttaqe 

[L2 (x, D) + .Ap(x)]G(x, y, .A) = &(x - y), 

Vi (G(O, y, .A)) = V2(G(l, x, .A)) = 0. 

(23.20) 

(23.21) 

lleMCTBHTeJILHO, H3 D&IllOJIHeHHS (23.21), cornacHO (23.18), cne.nyeT 
(23.2). IlonO)l(lfB /(x) = '5(x) H B03,lleHCTBYJI Ha (23.18) onepaTOpOM 
L2(x, D) + .Ap(x), nonyqaeM (23.20). 

c .npyro:H CTOpOHhl, Henocpe,ttCTDeHHO H3 (23.18), (23.19) DhlTeKaeT, 
't!TO 

1) <l>YHICQHJI G(x, y, .A) ae~eCTBeHHa H Henpep:&IDHa a KBa.npaTe x E 
[O, l], y E [O, l]; 

2) npoH3BO.llHaJI G z ( x, y, ,\) TaK)l(e aenpepwnHa D yKa3aHHOM KDa.npa re 
3a HCKn10qe1meM ,llHaroHanH x = y' r .ne OHa H:MeeT CKa't!OK 

1 
Gx(y+O,y,.A)-G~(y-0,y,.A) = k(y); 

3) BHe .nHaroHanH x = y <PYHKUHS G ( x, y, ,\) Ka.IC <l>YHKUHa x y.noBne­
TBopaeT O,llHOpO,llHOMY ypaBHCHHlO 

[L2(x, D) + .Ap(x)]G(x, y, .A)= 0, x -:/:- y, 

c rpaHH't!HhlMH ycnoBHJIMH (23.21); 

4) <PYHKUHJI G(x, y, .A) cHMMeTpiAHa, T.e. G(x, y, .A) = G(y, x, .A). 

TaxHM o6pa3oM, .nnJI <PYHK~ G(x, y, .A), KoTOpyK> HB3hlBBIOT ct>YHK­
UHeM rpm1a KpaeBOM 3a,lla't!H c napa:MeTpOM, Mhl HMeeM ,llDa 3KDHBa­
neHTHhlX onpe.neneima: Bo-nepBhIX, Ka.IC peweHHa KpaeBOM 3a,lla't!H (23.20), 
(23.21 ); BO-BTOphlX, KBK <PYHKJlHH, Y.llOBneTBOPJIK>w;e:H COBOKYIIllOCTH 
CBOMCTB 1-4, He Hcnom,3y10nzyIX noHJITHJI o6o6w;eHHhlX <PYHK~. H, 
HBKOHe.rt, q>op:u:yna ( 23 .14) 03HaqaeT, 't!TO <PYHKUHIO G ( x, y, .A) MO)l(HO 
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.. 1 

paccMaTpHDaTh K~\IC JI.D;po HHTerpam,Horo oncpaTopa (L2 + Ap)- , 06-
paTHoro K L2 (x. D) + Ap(x ), T.e. 

TaxHM o6pa30M. Tpe6onaime A# An B TeopeMe MO)KHO paccMaTpHDaTh 
A 1 

KaK ycJIOBHe cym;ccTnoBaima o6paTHoro onepaTopa {L2 + Ap)- . 
EcTecTBeHHo, -.:.1TO npH A = 0 Mhl B03Bp~aeMca K ofihl-.:.mo:H Kpacno:H 

3a,Zla'l:.!e H o6hl1'.IHQH <PYHICUHH rpHHa G ( x' y). 

IlpHMep 23.1. Ha:HTH peweHHe KpaeBoH 3a,n;a-.:.m: c napaMeTpoM 

u:, + >}1(x) = f(x), (23.22) 

Vi(u(O)) = u.(O) = O, V2(u(l)) = u(l) = 0. 

PewenHe. Cne.ny.a: H3JIO)KCHHoMy BhlWe Mero,n;y, H~eM peweHHe o,n;-
Hopo,n;Horo ypaBHCHHj[ 

II \ 0 u + l\tL = . 

Tax Kax KopHH xaprocTepHCTH'tlecxoro ypaBHeHH.a: k1.2 
<t>yH,n;aMeHTaJILHaa CHCTeMa HMeeT DH.It 

- ( ) ~z Ut X = e , () 
-~r ii2 x = e . 

(23.23) 

±R, TO 

y ,n;ofiHee, o,n;HaKO, B Ka-.:.1ecTBe <t>yH,n;aMeHTaJILHOH CHCTeMhl Bhl6paTh 

<l>YHICUHH 

( ) 1 ( ~x -~x) 
tt1 x = r-T' e - e , 

2v-.A (23.24) ' 

( ) - 1 ( ~:r. + -v=x~) u.., x - - e e . 
- 2 

Troco:H Dhlfiop cTaHODHTca noHaTHhlM, ecJnt yt.1ecT1>, -.:.1ro npH >. --+ 0 

u.i(x, 0) = lhn ut(x. A) = x, 
~-+0 

KOTOphle o6pa3ylOT q>yH.z(aMeHTaJihHYIO CHCTCMY peweHHli ypanHeHHa 
(23.23) npH A= 0. TrucHM o6pa3oM, CHCTeMa (23.24) cnpane,n;mma IIJ.>H 
JII06hlX A. 

B Ka'l:.!ecTBe <PYHICUHH V1 ( x, y), y,n;onncTBop.snom;e:H nepBoMy rpamtt.I­
HoMy ycnOBHIO (23.22), MO)KHO Bhl6paTh <l>YHICinflO tL1 (x, y), T.e. 

Vt (x, >.) = u1 (x, .A), (23.25) 

Tru<: KaK 

Vt (0, A) = 'Ut (0, A) = 0. 
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Jin.SI onpe.ttenemul u2 ( x, A) noJioJKHM 

11 noTpe6yeM 

0TCIO,na 

c.., 
v2(x. A)= - l~ A) [u1 (l, A)u1 (x, A) - ui(l, A)u2(x, A)]. 

'Ut ( ' 

BLI6Hpas C2 = -u1 (l, A), c y-qeTOM (23.24) HMeeM 

( ') - 1 [ v'=X(;a:-1) -v'-°X(:r:-1)] 
v2 x, A - . /\' c - e • 

2v-A 

Ilo (23.24), (23.25) Ii (23.26) Bhli:.m:c.rmM BpOHCKHaH 

W (·t11, u2) = 

1 [ v'=X2· -r-xJ.'] --e -e 
2R 
1 [ ./=x:r: -v'-Xx] 
2

e +e 

1 ( .;=:II -v'=Xl] l\'e -e . 
2y-A 

(23.26) 

(23.27) 

Tax Kax k(x) = 1, a W(u1, u2) He 3aDHCHT OT x, TO G(x, y, A), cornacHo 
( 23 .19)' 3aIIHWeTCJI B BH):te . 

1 1 
G(x,y,A) = ..;=r V-X Ax e ->.I - e- ->.I 2 -A 

(23.28) 

{ 

[ev'=X:r: _ c-.;=:I.r][e.;=:I(u-1) ~ e-vCX(u-1)] 

X [eV::Xt1 _ e-V-X11][e.;=:I(x-I) _ e-v'=X(x-1)] 
0 ~ x < y; 
y < x ~ l. 

llna KomcpeTHhlX .X BhlpaJKeHHe (23.28) MOJKHo 3axmcaT:o 

a) A = -w2 < O, R = w, 

1 { sh wxsh w(y - l), 
G(x, y, .X) = w sh wl sh wysh w(x - l), 

0 ~ x < y; 
y < x ~ l. 

6) .X = w = 0, 

G(x,y,O) = ~ { x(y - l), 
y(x - l), 

0 ~ x < y; 
y < x ~ l. 

(23.29) 

(23.30) 
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n) .A = w2 > 0, R = iw, , 

G( ') _ 1 { sinwxsinw(y - l), 
X.tj,A - • • 

·· wsinwl s1nwys1nw(x - l), 
0 ~ x < y; 
y<x~l. 

563 

(23.31) 

flerKo 3aMeTHTh. -q:TO npoMeJKyTO-q}ihIH cny-qa.ff 6) (23.30) MoJKeT 
6h1Th nonyt:IeH H3 a) (23.29) H B) (23.31) npe,tteJihHhIM nepexo,n;oM npH 

.A = ±w2 -+ 0 . .UelicTBHTenhHO, HanpHMep, 

li1n .
1 

l sin w:r. sin w(y - l) = 
w-+0 W SlllW 

x(y - l) 
1
. 

= llll 
l w-+0 

sin wx sin "1(y-l) 
"1X w(y-1) 

sin wl 
-;-;--

H T.,n; • 

x(y - l) 
l 

.Una ncex Tpex cnyt:1aeB peweHHe Ja,n;at:m (23.22) onpe.n:enaeTca Bbl-
paJKeHHeM 

I 

u(x, ,\) = f G(x, y, ,\ )f(y)dy. (23.32) 

0 

0,n;Haxo ec.1IH .ztna cnyt:1aeB a) H 6) peweHHe (23.32) cyllleCTByeT H o.n:­

H03Ha"qHO, TO .n:na cny~1rui B) npH .A = (7rn/l)2 (w = 7rn/l), n = 1, oo, 
peweHHe (23.32) MoJKeT He cyllleCTBODaT&, nocKoJihKY nocne.n:onaTeJib-

HocTh ( 7rn / l) 2, n = 1, oo, npe,n;cTaBnaeT co6oil cneKTp co6cTBCHHhIX 
3Ha-qeHl!H .A,. Ja,n;aqu III TypMa-flHyBHnna 

Un(O) = Un (l) = 0, x E [O, l], n = 1, oo 

c co6cTBeHHhIMH <PYHKI.lHSMH (cM. npHMep 2.1 pa3,n;. «3a,n;at:1a IIITypMa­
flHyBHnna:a> t:1acTH II I) 

. ?rnx 
ttn(x) = Cn Slll -l-. (23.33) 

Ilo noBo,n;y peweHHa 3a,n;aqu (23.22) npH .A = (7rn/l)2 cM. npHMep 
23.4. 

IlpHMep 23.2 . .llna 3a,n;a'qff IIITypMa-flHyBHnna (23.6) HaHTH ycno­
BHa, npH KOTOphIX .A= 0 mlnSeTCa co6CTBeHHhIM peweHHeM 3a,n;a"t1H, a 
TiUOKe COOTBeTCTBYIOlllYIO eMy COOCTBeHHylO <PYHKJ.lHIO. 

PeweHne. IlycT:& uo(x) - co6cTBeHHaa <PYHKJ.lHS, cooTBeTCTBYIOlllaJI 
co6cTBeHHoMy 3Ha-qeim:IO .A= 0, T.e. 

L2 ( :r., D )uo ( x) = 0. (23.34) 
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Tor.n;a, cornacHo (23.3) H (23.34), B:&IpaEeHHe 

I 

J 2 (.Anun(x)lun(x)) = Anp(x)u,.(x)dx = 
• 0 

I 

= - J [L2(x, D)un(x)]u.,(x)dx 

0 

.n;na uo ( x) H A = 0 npmm:MaeT BH.n 

I J {[k(x)u~(x)]' - q(x)uo(x)}uo(x)dx = O. (23.35) 

0 

c y't{eTOM TOro' 't{TO 

[k(x)u~(x)]'uo(x) = [uo(x)k(:r.)u~(x)]' - u~(x)[k(x)u~(x)]' 

BblpaJKCHHC (23.35) MOJKHO 3aIIHCaTb 

I -J {k(x)[u~(x)]2 + q(x)u~(x)}dx+ 
0 

l 

+ k ( x )uo ( x) u~ ( x) = 0. (23.36) 
, 0 

IlocKOJihKY H3 (23.2) HMeeM 

, ao 
u0 (0) = -u(O), 

a1 
u'(l) = -::u(l), 

TO (23.36) IIpHMeT BH,Zt 

l -J {k(x)[u~(x)]2 + q(x)u~(x)}dx-
o 

Po 'l ao 2 -k ( 0) - u"' ( 0) - k ( l) - u ( l) = 0 
P1 a1 

(23.37) 

(nocne.ztHHe cnaraeM:&Ie npH a1 = P1 = 0 oTCyTCTDYIOT). Hl (23.37) D 
cHny npe.n;nonoJKeHHs, ~ITO .n;ns Bcex x E [O,l] Be~:&I k(x), q(x), a;, 
{3; He MoryT 6wTh OTp~aTeJihHbIMH, a k( x) ellle H OT~IHa OT Hyna, 

k(x)[u~(x)]2 = 0, q(x)u~(x) = 0, ao =Po= 0, 
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OTKy,ita cne,ityeT. ~ITO ,itnJI Uo = const -:/=- 0 HC06XO)J;HMO BbIIlOJIHCHHe 

ycnOBHJI q( x) = ao = /30 = 0. IloKaJKeM, ~ITO 3TH ycnOBH.sI JmnJllOTCJI H 
)J;OCTRTOt.IHbIMH. 

IlycTL q(x) = ao = /30 = 0. Tor,ita B cHny (23.5) a1 > 0, /31 > O, H 
3a,ita~Ia (23.6) npenpaw;a.eTCJI n cne,ityiow;yio: 

[1'~(x)u~(x)]' + .Ap(x)u(x) = O, 

u'(O) = u'(l) = 0, 

.itna KOTOpo:H Uo = const - ecT:& co6cTBeHHaJI <PYHKUHJI, COOTBCTCTBYif>o. 
Illa.JI co6CTBCHHOMY 3Ha~IeHHIO ,\ = 0. 

TaKHM o6pa3oM, Mhl noKa3aJIH, "tJ:TO aeo6xo.n;HMDIMH H .ztocTaTO'lHJat .. 
MH ycnoBHJIMH, npH KOTOpbIX ,\ = 0 ecn, co6CTBCHHOe 3Ha1:.J:CHHC 3a.zta't.m 

(23.6), JmnJllOTCJI paBeHCTBa 

q( x) = ao = /30 = 0, (23.38) 

IIpH'tICM co6cTBCHHrul <PYHKUHJI Uo ( x)' COOTBCTCTBYIOillaJI co6CTBCHHOMY 
3Hat.ieHHIO ,\ = 0, JmnJieTCJI IlOCTOJIHHOH. 

23.2. KpaeBaJI 3a,naqa ,ZJ;JIJI ypaBHeHHJI BeccenJ1 

PaccMOTpHM xpaeByio la,ita-qy (23.1), (23.2) .itnJI KOHKpCTHLlX cl»YHK­

UH:H k(x) = p(x) = x, a q(x) = v2 /x. B 3TOM cny-qae 

lhn k(x) = O • 
.1:-+0 

H nepBoe rpa.HK<-nme ycnoBHe (23.2) cne,ityeT 3aMeHHT:& ycnoBHeM orpa~ 
:EfH'qCHHocTH <PYHKUHH B ro~IICe x = 0. TaKHM o6pa30M, M&I npmco.ztHM IC 
la,ita"tJ:e 

( 
d d v

2 
) dxx dx - -;: + ,\~ u(x,.A) = f(x), x E]O,l[; 

lu(O)I < oo, /3ou(l) + /31u'(l) = 0. 

(23.39) 

(23.40) 

YpasHeHHe (23.39) npH f(x) = 0 enaeTCa ypaBHeHHeM Becceng c 

HH,D;CKCOM v H HMeeT cne,ityioutyIO <PYH.itaMeHTanbHYIO CHCTeMY pewe­
HHH ( cM. pa3,it. «<l>yHKQHH Beccena DTOporo po,ita~ qacTH Ill) 

u1 (x, .A) = J,,( J:\x ), u2(x, .A) = N 11 ( ~x), 

onpe,iteJIHTen:& BpoHcKoro KOTOpoi paBeH 

r. r. 2JX 
W [ J" ( v .AX), N,, ( v ,\x)] = - . 

1f'X 

IlocKO~KY npH k(x) = x 

2JX 
k(x)W[J11 (v'Ax), N,,(v'Xx)] = -

1f' 

(23.41) 

(23.42) 
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He 3aBHCHT OT x, TO ,ztna nocTpoeHHS q,ymcinm rpHHa G ( x' y' .A) 3aAa"{m 
(23.39), (23.40) MO:EHO DOCilOJib30BaTLCS q,opMyno:H (23.19). 

llna 3TOI'O .,,l (x, .A) MOJKHO DbI6paTL D PlmC 

v 1 ( x, .A) = J" ( ~x), v ~ 0, 

Tc\K KaK 

lim jJ"(v1°x)I < oo, 
.r-tO 

a u2 ( x, .A) nonoJKHTL 

H IlOTpe6oeaTL BhlllOJlllCHHS BTOporo rprumquoro ycnoBHS 

v2(x, .A)= -C2[A.,Jv(V°Xx) - N.,(JXx)], 

A _ f3oNv( v'Xl) + f31 \/'XN~( v'Xl) 
41 - f3oJ"( v'Xl) + f31 v'XJt( \l'Xl) · 

B1a16pas C2 = -1, c y-.:1eTOM (23.19), (23.42), (23.45) H 

w (vi( x' ,,\) ' t12 ( x' ,,\)) = 

= W(J"( v'Xx), A"J.,( v'Xx) - N.,( v'1x)) = - 2\/'X, 
1rX 

HMeeM 

2y'1 
G(x, y, ...\) = - -- x 

1rX 

X { J"( J:\x)[A"Jv( v'Xy) - N.,( v'Xy)], 

J"( v':\y)[A"Jv{ V'Xx) - N"( V'Xx )], 

oTJCy,zta 
l 

0 ~ x < y; 

y < x ~ l, 

u(x, .\) = f G(x,y, .\)f(y)dy. 

0 

0. 
.Una ypanHeHHJI 8:Hnepa 

2 

[ 
I ]' V :cu (x) - -u(x) = 0 

x 

(23.43) 

(23.44) 

(23.45) 

{23.46) 

(23.47) 

(23.48) 
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DMCCTO CTaH.ztapTHOH CHCTeMLI x", X-
11 BLI6epeM <PYHICinm 

u1(x) = x", ,,, ;;?!: 0, (23.49) 

KOTOphle 06pa1y10T <PYH.ztaMeHTaJlbHYIO CHCTeMY pewemm: H npH II= o . 
.UeHCTBHTem,Ho' 

1. ( ) l• ( ) l" 1 ( " -nu) 1 Im Ut x = 1, llll U2 x = lID - x - x = nx, 
v~O v~O 11~02v 

(23.50) 

T.e. <PYHKI.tHH (23.49) npH v = 0 y,zxoBneTBOpJIIOT ypanHCHHIO (23.48) H 
mmeimo HC3aBHCHMhl. B KaT.1ecTBe <Pymcium vi(x), y,zxoBneTBopaK>mei 
ycnoBHIO (23.40), MOJKHO Bhl6paTL <PYHKJ.lHIO 

v1(x) = u1(x) = x". (23.51) 

.llnJI onpe,zxeneHHa v2 ( x) nono)ICHM 

• G· 
( ) C ,, 2 ( ,, _,,) 

u2 x = 1 x + 
2

v x - x 

H IIOTpe6yeM 

(23.52) 

Bhl6pan C2 = 1, HMeeM 

V2 (x) = 2~ (a,,x 11 
- x-"). (23.53) 

Ilo <PYHKJ.lHJIM (23.51) H (23.53) BhlT.m:CJIHM onpe,zxeJIHTem, BpoHcKoro 

W(v1(x),u2(x)) = w(x", _!_(a,,x" - x-")) = ~. 
2v x 

Tor.zxa 
k(x) W( t11 (x ), u2(x)) = 1, 

H, cor naCHO ( 23 .19), <PYHICI.lHJI rpHHa npmmMaeT B~ 

G(x 0) = _!,.. { x"[a,,yv - y-"], . 0 ~ x < y; 
,y, 2 "[ ,, "] l v y a,,x - x- , y < x ~ . 

(23.54) 

~opuyna (23.54) cnpae~JIHBa H npH v = O, TaK KaK 

l• 1 ( II -V) /31 1 X im - a,,x - x = - - + n -
v~o 211 f3ol l 
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H, cne,noBaTCJibHO, 

/31 y 
- f3o l + In l' 0 ~ x < y; 

f31 x 
- f3o l + In l, y < x ~ l. 

G(x, y, 0) l,,=
0 

= (23.55) 

TaKHM o6pa3oM, pewemt:e 3a,naqH (23.39), (23.40) npH A = 0 no­
npcJKHeMy onpe,nenJicTCJI q>opMynoH (23.47), r.ne <PYHK~.H G(x. y, ..\)l..x=o 
G(x, Y~ 0) 3a,nacTCJI nhlpa:>KeHHeM (23.54) :mm (23.55) (npH 11 = 0). 

PeweHHe KpaenoH 3a,ztaqH (23.39), (23.40), onpe.nenJieMoe <PYHK~eH 
( 23.4 7), o,nHo3Ha"tJHo H cyw;ecTByeT ,nng ncex A, He JIBJIJIIOw;HXCJI xopHJI-
MH ypanHeHHJI 

'Y = ~l. (23.56) 

TaK KaK KOpHH 'Y~ ypaBHCHH.H ( 23.56) o6pa3YIOT cneKTp COOCTBeHHhIX 

3Hai:1emm ..X = (-y~) 2 3a,nai:.m illTypMa-JlHyBHnng ,nng ypanHeHH.H Bec­
ceng c co6cTBeHHhIMH <PYHK~JIMH 

n = 1, oo 

(CM. pa3,n. «3a,naqa illTypMa--JlHyBHnnJI ,nng ypa.BHeHHJI Eeccen.H~ qac­
TH III). 

IlpH 1.1 = 0 H3 (23.56) cne,nyeT, i:.1TO cneKTP co6cTBeHHhIX 3Haqemm 
BKn10qaeT H 3HaqeHHe ..X = 0 c co6cTBeHHoH <l>YHK:rnleH, en.H10w;ei'.ic.H 
nocTOJIHHoi'.f, ecnH (:J0 = 0 (H3 npID4epa 23.2 cne,nyeT a.HanorH"tIHLtii 
pe3yJILTaT: ecnH A = O, TO v = f3o = 0). 

TaKHM o6pa3oM, B TeX cnyqruoc, Kor.na ,\ = (-y~/l)2 H A = 0 (1.1 = 
f3o = 0), peweHHe Kpaenoi'.f 3a,ztaqH (23.39), (23.40) Heo.nHo3Hai:.mo H 
cyw;ecTByeT ,nng Y3Koro Knacca <PYHK~ f ( x). K Hccnc,noBaHHIO 3THX 
cnyi:.1aeB Mhl H nepei,neM, paccMoTpeB cne,ny10w;m'{ npHMep. 

IlpnMep 23.3. HaliTH pewemt:e Kpaenoi'.f 3a,nai:.m 

'> 

"( I ) V- ) 2 2 xu x) + u (x - -;-u(x = x - 2x + 
3

; (23.57) 

lu(O)I < oo, f3ou(l) = O, f3o :/:- O, x E]O, 1[. 

Peweuue. Tax xax f3o :f. 0, TO,\= 0 He en.aeTC.H co6cTBeHHhlM 3Haqe­
HHeM COOTBeTCTBYIOill;eH 3a,na't!H fil TypMa-ilHyBHJIJI.S:, H, cne,noBaTeJib­
HO, peweHHe 3a,naqu (23.57) cyw;eCTByeT, JIBn.HeTC.e: e,nHBCTBeHHhIM H 
onpe,nen.HeTC.H q,opMynaM:r.t (23.47), (23.54) 

a· 

avx - x v '> v -v J ( 2) u( x) = 
2
v y y- - 2y + 

3 
dy+ 

0 
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IlpH I/ =f:. 1, 2, 3 HHTerpHpoBamte B (23.58) .n;aeT 

HJIH 

r.n;e 

x" [ ( y3+11 y2+v 2 y•+11 ) 1 
+-av -2 +---

2v 3 + v 2 + v 3 1 + v z 

-( Y3-v _ 
2 

Y2-v + 2 Yl-11 ) I] 
3 - V 2 - V 3 1 - I/ x 

Av = 3(av - 1) - l/(av + 1) _ 
9- ,_,2 

_ 2 2(av - 1) - v(av + 1) + 2 (av - 1) - lJ~av + 1). 
4 - v2 3 1 - VM 

569 

(23.58) 

(23.60) 

IlpH 11 = 1 D (23.60) c~araeMoe y•-v /(l-11), eCTeCTDCHHO, 3aMeH.H­
eTC.H Be~ofl In y. AHanor~mo Haxo.ztHTC.H u( x) npH v = 2 H v = 3. 

23.3. HopMaJihHaJI pa3pem11MoCTh KpaeBhIX 3a,naq 

Ka:>K.n;rui KpaeBrui 3a.n;aqa (23.1), (23.2) nopo:>K.n;aeT .z:tBe BcnoMora­
TeJihHhle 38.D;B'tlll (23.6) H (23.20-), (23.21) co cne~aJihHhIMH npaB&IMH 
't.1acT.HMH, paBHhIMH HynK> H /J(x - y), cooTBeTCTBeHHO. B&1rm:weM HX 
Cil.l;e pa3, nono:>KHB .n;n.e: npocTOThl p(x) = 1, 

[L2(x, D) + An]un(x) = 0, 

Vi (un) = \/2(un) = 0 

[L2(x, D) + .X]G(x, y) = &(x - y), 

Vi (G) = V2(G) = o. 

( 23.61) 

(23.62) 

3a.n;aqa IIITypMa-IlHyBHnnJI (23.61) onpe.n;cn.e:eT 3HaqeHH.e: napa­
MeTpa .\ ( .\ =f:. An ) , .n;n.e: KoTOp:&Ix cymecTBYK>T o.n;Ho3Ha't.m:&Ie pewe1m.e: 
ucxo.n;HoH Kpaenofl 3a.n;a't.m. A 3a.n;aqa (23.62) onpe.n;en.e:eT JIBH&IH BH.Zl 
aTHX peweHHi 

I 

u(x. A) = J G(x, y, A)f(y)dy. (23.63) 

0 
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IloKa)J(eM, i:1TO, HapH,Ity c y)J(e nony·qeHHhIM npc,z:i;cTanneHHeM <PY.HK­
~ rpHHa D BH,ZJ;e ( 23.19), CilpaBC,Z:tJllmO npe,z:i;cTanncHHe D BH,ZJ;e pa3-
no)J(eHH.SI no co6cTDeHHhIM <PYHKitH.SIM tin ( x) 3a,z:i;ai:m ( 23.61) (CM. rnany 
«HHTerpan&HhIC ypaBHCHH.s:» qacTH IV) 

00 

( A " Un (x )un(Y) 
G x,y, ) = L.J (..\ - An)lluu(x)ll 2 • 

n=l 

(23.64) 

CHCTCMR cl>y.HKi:nn{ Un ( X) IIOIWR (CM. pa3.z:t. « 3a,z:i;aqa ill TypMa-JluyBHJI­
n.s:» 't.laCTH III H pa3.z:t. «.llen:oTa-ct>yHKl.lH.SI ,llHpaxa H opTOHOpMHpOBaH­
Hhle CHCTCM&I «l>YHKtlHH»)' H, cne,z:i;oBaTCn&Ho, ,z:i;en&Ta-ct>yHKitHIO & ( x - y) 
B ( 23.62) MO)J(HO npe.z:tCTaBHT& B BH,ZJ;e 

00 

~(- _ ) _" u,.,(x)un(Y) 
~ .r. y - L.J llun(x)ll2 • 

n=l 

<l>yHKitHIO G(x, y, .A) 6y,z:i;eM HcKaT& B BH,ZJ;e pa3nO)J(CHHJI no co6cTBeHHAIM 
«l>YHKitH.SIM 3a.z:ta"-m: ill TypMa-JlHyBHnn.s: 

00 

G(x,y, .A)= L Gn(y)u,,(x). 
n=l 

Ilo.z:tcTaBHB nony"-IeHHoe Bhlpa)J(eHHe B ypanHeHHe (23.62), nonyi:mM 

oTKy,z:i;a cne,z:i;yeT 

tLn (y) 
Gn(Y) = (..\ - An)llun(x)ll 2 

H, COOTBeTCTBeHHo, (23.64). 
Ilo.z:tCTaHOBKa (23.64) B (23.63) Ta.KXe Il03BOn.SICT nony"-m:T& pewc­

HHe KpaeBOH 3a.z:ta"-IH B BH,ZJ;e pa3noJK.eHH.SI no COOCTBeHHhlM ct-YHKitH.SIM 
Un ( x) ( «pa3no)J(eHHe no rnaBHhIM Kone 6cumJIM») 

00 

u(:r.) =LA !"A,. u,.(x), (23.65) 

n=l 

r,z:i;e 
I r f(x)u,..(x)dx 

' 0 _ (f(x)lu,..(x)) 
fu=------

llun 11 2 llun 11 2 
(23.66) 

KRK cne.z:tyeT H3 (23.64), co6cTBeHHhle 3HaqeHH.s: An imn.s:10TC.s: npoc­
ThIMH non10caMH <l>YHKl.Ulll G(x, y, .A). 3TO 03Ha,._1acT, "-ITO npH A = ..\,, 
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Kpaenrui 3a}J,,a'tla }J,,n.fl npoH3BOJihHhIX cpyHKUHH f ( :r.) peweHHJI He HMC­
CT. 0}J,,HaKO MO:>KHO yKa3aTL ycnonH.s.r:, KOTOphIM }J,,On:>K.Ha Yll.OBnCTBOp.fITL 
<PYHK~.s.r: f ( :r.), '(.rro6hl pewcHHe Kpaenoif 3a}J,,a'tm cy~eCTDOBano. 

IlycTL .X cOBIIa}J,,aK>T c HeKoTOp&IM co6cTBeHH&IM 3HatteHHeM Ak, T.e. 
,\ = Ak· Tor}J,,a u(x, Ak), cornacHo (23.65), MOJKHO 3aIIHCaTL 

(23.67) 

EcJIH npe~nono:>KHTL, 'tJTO pewcHHe (23.67) cy~ecTBYCT. TO 3TO 6y~eT 
D03MOJKHO npH ycnonHH fk = 0. ,llpyrHMH cnonaMH, cnpanc}J,,mma 

JleMMa 23.2. Heo6xoiJuM.b&M ycA061'eM cyUfecmooaaHua peweHua ~pa­
eaotl :Jaaa~u {23.1), (23.2) npu .X = Ak .IIa1u1e1nc.II yc"oauc opmo20Ha.Ab-
uocniu 

l 

(f(x)!t1t(x)) = J f(x)t1k(x)dx = 0. (23.68) 

0 

.lloKa3aTeJlbCTBO. y cnoBHC (23.68) O'tleDH,ItHhIM o6pa30M BhITeKaeT H1 
ycnoBH.fl /1.: = 0 H <t>opMynhl (23.66). HanoMHHM JIHWL, 'tITO }J,,n.s.i: A = 
A1.· = 0 co6cTneHHcUI <PYHKIUIJI uo = const. 

0 KpaeB&Ie 3a}J,,a'tlH, HMeK1~e peweHHe npH BhIIIOJIHeHHH ycnoBH.s.I: 
23.68. Ha3hIBaioT HopMa.rr&Ho paJpewHMhIMH. B 3TOM cny'(.1ae pewe­
HHC 3a}J,,a'tlH HCO}J,,H03Ha'tlHO H onp~eneHO c TO'tlHOCTLK> }J,,O cnaraeMO­
ro Cun ( x). r~e C - npoH3BOJihHruI nocTOJIHHa.fl, a Un ( x) - co6cTBCH­
HaJI <PYHICQHJI 3a~a'(.IH III TypMa-IlHyBHnnJI, OTBe'tlaK>~a.fl co6cTBeHHoMy 
3Ha'tleHHIO An. 

0 AHanorHt-IHa.fl npo6neMa BOJHHKaeT n JIHHeimoif anre6pe np1t1 pe­
weHHH CHCTeM Lu = f, r}J,,e u, f E IR: n, a L - Kna~paTHa.fl MaTpim;a 
pa3Mepa n x n. EcJIH MaTpim;a L o6paTHMa (<let Li= 0), TO u = L-1 f~ 
ecJIH •e MaTplll.la L Heo6paTHMa(det L = 0), TO cHcTCMa, KaK IIpaBHno, 
He HMeeT peweHHil, 3a HCKnK>'tleHHeM BeKTOpoB f, y~oBneTBOJ>.s.I:K>IUHX 
ycnoBHK> opTOroHanLHOCTH f J_ Ker L •, r}J,,e Ker L * -- rro}J,,rrpocTpaH­
CTBO IR n' COCTO~ee H3 peweliHH conp.s.r::>KeHHOH O~Hopo~HOH CHCTeMhl. 
TaxHe CHCTeMhl HRJhIBaK>TC.s.r: HopManLHO pa3pewHMhIMH • 

.lln.s.i: KpaeBOH Ja}J,,a'tlH (23.1) ycnoBHe A = Ak (<let V(.Xn) = 0), co­
rnacHo (23.11) ), }J,,enaeT orrepaTOp L2 (x, D) + Ak Heo6paTHM&1M, Taic 
xax ero HHTerpaJILHoc ~po G(x,y, Ak) He orrpe}J,,eneHo. rroclCoJlbKY Ak 
J1Dn.fleTC.s.r: rromocoM <PYHKUHH G(x, y, A). EcJIH KpaeBrur Ja.ZJ;a'tia (23.1) 
rrpH A = An HOpMc\JlbHO pa3pew1t1Ma, TO ee peweHHe MOJKHO npe}J,,cTa­
BHTL <t>opMynoH (23.63) c IIOMOIIlbK> MO~H<l>HUHPODaHHOH (o6o6r..ueHHoH) 
«l>YHKUHH rpHHa Gn ( x' y). 

• <l>yHKIUl.s.l G n ( x' y) HR3hIBaeTC.s.r: MO~H<l>HUHPOBaHHOH <l>YHKUHeH 
rpHHa KpaCBOH 3a}J,,a'tlH ( 23.1), ecJIH OHR y~oBneTBOp.s.I:eT ypanHelillIO 

[ ( ) ] ( ) 
Un(x)un(Y) 

L2 X, D +An Gn x, y) = c5(x - y - llunll 2 
(23.69) 
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c rpaHJ.P.m:&IM ycnoBHeM 

Vi(Gn(O,y)) = V2(Gn(l,y)) = 0. (23.70) 

r.ne An - co6cTBeHH:&Ie qHCna, a Un ( x) -- OTBe'l:IaK>~e HM co6cTBeH­
H:&Ie «l>YHK~ 3a,nat.IH IIITypMa-JlHynHnn.a: (23.61). 

JierKo nponepHTD, 'l:ITO peweHHe 3a,nat.IH (23.1), (23.2) u(x, An) HMe­
eT DH.n 

I 

u(x, A,.)= J G,.(x, y)f(y)dy. (23.71) 

0 

.lleHCTBHTeJILHO, H3 B:&IIIonHeHH.H rpaHH'q}{:&IX ycnoBHH (23.70) cne.nyeT 
BhIIIOJIHCHHe ycnoumi (23.2), a ,neHCTBHe onepaTopa L 2 (x, D) - An Ha 
(23.71) o6paw;aeT ero B TO)K,zteCTBO 

I 

[L2(x, D) + A,.Ju(x, A,.) = J [L2(x, D) + A]G,.(x, y)f(y)dy = 

0 

I 

/[
fJ( Un(x)uh(Y)] ( = x - Y) + llun(x)ll2 f(y)dy = f x). 

0 

IlocKOJibKY ct>YHKUH.H u( x, An) onpe.neneHa c TO'l:IHOCTLK> .no cnarae­
Moro Cun ( x), C = const , imnmom;eroc.a: peweHHeM o,nHopo,nHoro ypan­
HeHH.a: {23.6), TO .nns o,nH03H8'1:IHOro onpe.neneHH.a: 3TOH IIOCTO.flHHOH MO­
.nH«t>HUHPOBaHHYK> ct>YHKUHK> rpHlla Gn(x, Y) MO)KHO IIO,ztT.mHHTL ycno-
BHK> 

I J G,.(x,y)u,.(x)dx = 0. (23.72) 

0 

YpanHeHHe .nn.a: G,1 ( x, y) oTJIHqaeTc.a: oT ypanHeHH.a: .nn.a: 
G ( x, y, A) HanwmeM .nonoJIHHTeJILHoro K fJ ( x - y) cnaraeMoro, panHoro 
tin(x)un(y), T.e. KpoMe TOT.Je-qaoro HcTOqimKa npHCYTCTByeT .nonomm­
TeJILH:&IH HenpephIBHO pacnp~eneHH&IH HCTOT.JHHK. 

«l>H3H"qeCKH 3TO o3Ha'l:IaeT, 'l:ITO .ltmI co6cTBeHH&IX (pe30HaHCHhIX) 
qacTOT { CTPYH&I wm cTep.)KHJI) KoHeqaoe cTaTH'l:Iecxoe oTKnoHeHHe He­
B03MO.)KHO npu Ha.JIH'<IHH TOJILKO cocp~OTO'l:IeHHOH CH1ILI H Heo6XO.ltHMa 
Henpep&IBHO pacnpe.zteneHHruI cHna • .fipyrHMH cnonaMu, «cTantqeCICo­
ro»- pe30HaHCa MO)KHO H36e.)KaTb c IIOMOII.tbK> CIIeUHaJILHOH Henpep:&IB­
HO pacnp~eneHHoH CHJI:&I, o6ecIIe'q}IBaK>~eH OTCYTCTBHe pe30HaHCHldX 
rapMoHHK B pa3no)Kemm (23.67). 

Bee cKa3aHHoe cnpanc.nmmo H .nns cnyqrui A= 0, 'l:ITO cooTBeTCTBY­
eT pe30HaHCY Ha HyneBOH qacTOTe. 
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PeweHHe 3a~a-.:m (23.69), (23.70) npH ycnoBHH (23.72) MOJlteT 6LITh 
Ha:H.neHo MeTO~oM, a11anorHt1H&1M l·nnoJK.eHHoMy B pa3~. «.llpyrHe MeTO­
~hl IIOCTpoe1nu1 <l>YHK~ rpHHa». .fieHCTBHTeJlhHO, o603Ha"t.J:HD 1:Jepe3 
Yn (x, y) n106oc qacTHoe peweHHe ypaBHeHHJI (23.69) npH x -::/= y, a qe­
pe3 uu(x) - JIHHeiHo"He3aBHCHMoe c un(x) peweHHe ypanHeHHJI (23.6) 
( "lLn ( x) He y~onneTBOpJieT rpaimq}{bIM ycnOBHJIM, KOTOphIM y~oBnCTBO­
p.s:cT "lLn ( x)), <PYHKI.tIIIO Gn ( x, y) mrteM B DH,zte 

0 ~ x < 11; 
y < x ~ l. (23. 73) 

IloBTOpJIJI 3aTeM COBMeCTHO c ( 23. 72) Bee BLIKna.ztKH pa3.zt. ¢,llpyrHe 
MeTO~hl IIOCTpoeHHJI <PYHK~ I'pHHa», npHBQD;mIUfC K O~H03HaqHoMy 
onpe~eneHHIO Ko3<P<PHnHeHTOB Ci H, cn~oBaTen&Ho, cl>YHKIUOI Gn ( x, y), 
MoJK.eM YTBepJK.~aT&, qTO cnpaBe~JIHBa 

TeopeMa 23.2. Heo6xoau.Mb&M u aocmamo"Hb&M yc.a06"l£eM HOpMaAb­
HO"ll pa3pewuMocmu K;paeao"ll Jaaa"4ru (23.1), (23.2) aa.aaemca yc.ao6ue 
(23.68). flpu 3mOM peW.CHUe 6bipaJ1CaemC.ll 6 auae (23.71), zae MOcJU­
fP"UU,Up06aHHaJI ifjyH>t.U,'UJI Gn(x, y) onpeae.AJiernca ffiopMy.aaMu (23.69), 
(23.70), (23.72). 

0 ~YHKI.UfJI (23.71) onpe~eneHa c TOtIHOCT&IO no cnaraeMoro Cun(:n), 
r.zte c - IlpOH3BOJibHaJI IIOCTOJIHHaJI. 0.ztH03H8't!HLIH BLI6op pememu1 
MOJK.HO ocy~ecTBHT&, na.zt-.:mmm <PYHKI.UfIO Gn ( x, y) ycnoBHIO 

(u(x )lun(x )) = O, 

KOTOpoe 3KBHBaneHTHO ycnoBHIO ( 23. 72). 
0 HecnoJK.HaJI. ao rpoMo3~KaJI Ja.zta't.Ja nocTpOeHHJI Gu ( x, y) (CM. 

npHMep 23.4) MOJK.eT 6&1T& 3aMeHeHa xoppeKTHhIM upe.ztelll>HhIM nepe­
xo~oM B <PopMynax (23.63) H (23.67) . .lleicTBHTCJil:tHO, pacICpLITHe HC· 

onp~eneHHOCTH B nepBOM cnaraeMOM (23.67) U03BOJIJieT nony-.:mTb pe­
weHHe u(x, An) 3a~a'lH (23.1) npH A= An B BH,z:te 

l 

u(x,An) = lim u(x,A) = lim f G(:z:,y,A)f(y)dy, 
>.-t>.n ..\-t>.n 

0 

qTO Mhl H npounnIOCTpHpyeM cn~yIOl.UHMH npHMepaMH. 

IIpuMep 23.4. Hai:TH peweHHe xpaeno:R 3a.zta't.JH 

u"(x) + c;r u(x) = x(l- x), 

u(O) = u(l) = 0. 

x E]O, l[, 

{23. 74) 

(23.75) 
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Pewenue. 1a.z:taqa (23.75) xaprucTCpH3yeTcJI TCM, qn> peweHHe o.z:tHo­
po,IUloH 3a.z:taqif conna.z:taeT c co6cTBeHHoH 4lYHICIUleH 

( ) f2 . 21" 
U2 X = v l Sill -l-X' 

co0Teen:Tny10~eii co6cTBeHHoMy 3Ha't.IeHHIO A2 = (211'/lf·, T.e. 3a.z:ta­
't.Ia ( 23. 75) HMCt!T HC e.z:tHHCTBCHHOC peweHHe. JierKO npoBepHTI:-, 't.ITO 
3a,ltR't.Ia JIBnJieTC.B: HOpMWlhHO pa3peWHMOH, Ta.IC Ka.K 

fl f2J' . 211' 
x(l - x)u:i(x)dx = y l x(l - x)sin -l dx = 0. (23.76) 

0 0 

06o3Ha't.nm .z:tnJI Y.z:toOCTBa An = w~, Wn = 7rn/l, f(x) = x(l - x) pac­
CMOTpHM B03MO)K.Hlde MCTO.z:tld peweHHJI 3a,J:ta't.m. 

I. Ha.H.zteM MO.z:tHcp~BaHHyIO q,ymcJ.UUO rpHHa G2 ( x' y) . .llJlj[ 3TO­
ro HaM Heo6xo.z:tHMo n106oe qacTHoe peweHHe ypaBHeHHJI 

( 
d

2 
..,) ( ) 2 . • dx2 + w2 92 x, y = -y Sill W2:r. Sill W2Y· (23.77) 

IlpHMeHHB K (23.77) MCTO.z:t Heonpe.z:teneHH&IX K034l4l~CHTOB, nony't.IHM 

Yn(x,y) = --l
1

.., (sinw2x - 2w2zcosw2x)sinw2y. 
2 w2 

(23.78) 

IlocKoJihKY u2(x) = cosw2x, TO G2(x,y), cornacuo (23.73), HMecT BB.I( 

0 ~ x < y, 

y < x ~ l, 
(23.79) 

r.z:te nocTOJIHH&Ie C; .z:tOn)K.Hld 6&1n. onpe_tteneHhl H3 ycnoeHi: (23.69), 
(23.70), (23.72). 

rpamNHlile ycnOBHJI (23.70) ,J:tlllOT 

G2(0, y) =Ci = 0, 

G2 (l, y) -. _..!:.._ sinw2y cos wl + C2 cos w2l = O, 
W2 

OTKY.z:ta cne,ttyeT . 
C1 = 0, G 

_ s1nw2y 
2 - - • 

W2 
(23.80) 
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y cnOBHJI HenpepldBHOCTH cpyHIC~ G2 ( x t y) H ec npOH3DO,ltHOH IJG2 ( x, 'Y) I ax 
npH x = y npHDQD;JIT K ypaBHCHHJIM (CM. pa3.z:t. «JlpyrHe MCTO,ltld no­

CTpOeHHJI 41>yHIC~ rpHHa») 

-(C2 - Ci)cosw:!y+ (C-t - Ca)sinw211=0, 

-(C2 - C1 )w2 si11w2y + (C4 - C3)w2 cosw2y = 1. 

KOTOplde c y~1eTOM (23.80) DldpO~aIOTCJI B O.z:tHo, HMeIOr..uee peweHHe 

{23.81) 

Bhlpa3HM C4 qepe:.t C3 H ncpeIIHweM (23.73) B DH.z:tC 

(23.82) 

OcTaBWYK>CJI nocTOmmyK> C3 MOJKHO HaHTH, no.z:tcTaBHD (23.82) B (23.72). 
Taxru1 no.z:tcTaHOBKa .z:taeT 

I I 

- 21~~ sinw2y [! si?
2 

w2xdx - 2w j xcosw2xsinw2 xdx] + 
0 0 

I I 

J . ., J sin w2 ( x - y) . 
+C3 sin- w2x dx + w

2 
s1nw2x dx = 0. 

0 11 ' 

I 

J •) l 
sin- w2x dx = 

2
, 

0 

I 

I 

Jxsin2w2xdx = __ l_' 
2w2 

0 

(23.83) 

J sin w2 ( x - y) . 1 . l - y 
-------'- 8111 W2 X dx = - Sln W2Y + COS W2y, 

w2 4w2 2w2 
11 

H3 (23.83) HaxQD;HM 

1 l -y 
Cs = 

2
l ., sin w2y - cos w2y. 
"'2 2w2 
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Ilo'ACTaBHB Hai.D;eHHoe 3Ha'tleHHe C3 B (23.82), nony'lHM oKOH"qa­
TeJil>Hoe B&Ipa:>KeHHe 'AnB: G2 ( x, y): 

G ( ) 
1 . l - y . ( 23 8 ) 2 x, y = -l - s1nw2y cos w2x - l cos w2y s1nw2x + . 4 
W2 W2 

{ 

0, . 

+ sin w2 ( x - y) , 
W2 

0 ~ x < y, 

y < x ~ l. 

PcweHHe 3R'AR'lH u(x,w~), cornacHo (23.71), 'AaeT HHTerpan 
-

l 

u(x, wi) = f G(x, y)y(l - y)dy. 

0 

H3 JIBHoro BH,zta <t>ymcmm G2(x, y) B <t>opMe (23.85) c y'tleTOM cooTHo­
wemm 

a: 

f [sinw2(Y - x)]y(l - y) dy = 

0 

HIDCO'AHM peweHHe 38'A8'lH 

2 x(l - x) 2 
u(x.w2 ) = ., + ---:.-(1- cosw2x) = 

( 
l ) 2 

.[ w
2 w(

2 
l ) 2 

2 1rX ] 
= 

2
7r x(l - x) + 4 

2
1" sin -l- . (23.85) 

II. B cnyqae B) A= w2 > 0 npH!4epa 23.1 nony'tleHa ci>YHICI:nf.S: rpima 

2 1 {sin wx sin w(y - l), 
G2 x,y,w = . . . 

( ) w s1nwl s1nwys1nw(x - l), 
0 ~ x < y, 

y < x ~ l. 
(23.86) 

IloKa:>KeM, qTO B&IpaJKeHHe (23.85) 'AnB: G2(x,y) MOJKeT 6&1Tb 'AOCTa­
TO'l:.JHO npocTO nonyqeHO H3 ( 23 .86) npeAeJibH&IM nepeXO'AOM 

G2(x,y) = lim .
1 

l x 
'""~"'2 W Sill W 
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x {[sinwxsinw(y - l)]~, O ~ x < y, 

[sinwysinw(x - l)]~, y < x ~ l, 

577 

(23.87) 

r~e WTpHX o6o3HaqaeT npo:~nno~HYIO no napaMeTpy w . 
.lleHCTBHTeJihHo, BhIIlOJIHHB B (23.87) oneparnm ~H<t><t>epeHnlfPODa­

HlUI' nony'tlHM 

G2 ( x, y) = lim . 
1 

x 
w-+w2 sin wl + w cos wl 

x {xcoswxsinw(y- l) + (y- l)sinwxcosw(y - l), 0 ~ x < y, 

ycoswysinw(x - l) + (y- l)sinwycosw(x - l), y < x ~ l, 

x {x cos w2 x sin w2 y + ( y - l) sin w2 x cos w2 y, 0 ~ x < y, 

y cos w2 y sin w2 x + ( y - l) sin w2 y cos w2 x, y < x ~ l. 

(23.88) 

B:&Ipa:>KeHHe (23.89) nerKo npHBo~HTC.e: K (23.85), ecJIH npe~cTaBHT:& 
(23.89) B B~e 

+ { o, 
G, 

0 ~ x < y, 

y < x ~ l, 

G = ycosw2ysinw2x + (y-l)sinw2ycosw2x -

-x cos W2X sin W2Y - (y - l) sin W2X cos w2y. 

y npoCTHB 3TO Bhlpa:>KeHHe, HaibteM 

G = l sin w2 ( x - y) 

H CBO~HT (23.90) K (23.85). 

(23.89) 

III. IloKa:>KeM, qTO peweHHe u(x, w2) (23.85) MO:>KHO nonrraT:& npe­
~eJihHhlM nepexo~oM 

, 
u(x,w2

) = lim u(x,w
2

) = lim JG(x,y,w2 )f(y)dy, 
w-+w2 w-+w2 

(23.90) 

0 
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r.ne /(y) = y(l - y) cornacHo ycnoBHIO 3a,naqu, G(x, y, w2) onpe.neneHo 
Bhlpa)l(eHHeM (23.86) (cM. IIpHMep 23.1). 

JlelicTBHTeJibHO, 

I 

2 2 J
J 

u(x, w ) = G(x, y, w )y(l - y)dy = 
0 

z 

= .
1 

l {sin w(x - l) J y(l - y) sin wy dy+ 
w s1nw. 

0 
I 

+sinwx J 11(l -y)sinw(y - l)dy }· 

x 

A IIOCKOJibKY 

J: J y(l - y)sinwydy = 

0 

(23.91) 

= .!_ [x(l - x)coswx + l - 2
x sinwx + _;.(1- coswx)], 

w w w-
1 J y(l - y) sinw(y - l)dy = ~ { x(l - x)cosw(x ~ l)-

_ l-
2
x sinw(x -l) - -;.[1- cosw(x - l)J}, 

w w 

TO (23.91) IIpHHHMaeT D~ 
') 

u(x, w"") = 

= .
1 

l { x(l - x)[sinwxcos w(x - l) - coswxsinw(x - l)] + 
ws1nw. w 

+ : 3 {(1 - coswx)sinw(x - l) - [1- cosw(x -l)]sinwx} }· 

BocnoJib30BaBWHCh H3BeCTHhIMH TpHrOHOMeTpH'-IeCKHMH cooTHoweHH­
HMH, :lTO Bhlpa)l(eHHe MO)l(HQ 3aIIHCaTh KaK 

2 1 { 2 [ cos w ( x - l / 2) ) } 
u(x, w ) = --w2 x(l - x) + w2 1 - cos(wl/2) . 

B pe3yJibTaTe, cornacHo (23.90) H c yt.1eTOM cos(w2l/2) = cos 11' = -1, 
II})HXO.llHM K ( 23.85): 

u(x,w~) = li1n \ [x(l- x) + _;.(1- cosw2x)]= 
w-+-w2 W w-
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l :l l 'l 

( ) [ ( ) 

.. • '> 1rX ] 
= 

2
1r x(l - x) + 4 

2
1r s111- -l- . 

IlpuMep 23.5. HaliTH pewe1me Kpaenoii 3a.na-.:m 

[xu'(x)]' = x - 2x + ~, j lin1 u(x)I < oo, u'(l) = 0. 
.r-+0 

(23.92) 

PeweHHe. H11i1ee11i1 't.IaCTHhIB cny-.:.1aif Ja.na't.m (23.39), (23.40) npH 11 = 
fJo = 0. Cnc.nona-renhHO, .. Ao = 0 .smn.aeTC.a co6cTBCHHhIM JHa't.IeHHeM 
O,llHOpO,llHOH Ja,lla"lm ( 23.92) c COOCTDeHHOH <l>YHKIUfCH Uo = 1. Jln.a 
BhIJICHCHHJI pa3pCWHMOCTH 3a.Aa't.IH {23.92) nponcpHM opTOrOHHJlbHOCTb 

<t>yHKI.(W{ uo H x 2 
- 2x + 2/3. IIocKOJibKY 

l J ( 1:2 - 2x + ~) dx = 0, 

0 

3rucn1oqae11i1, qTO Ja.naqa imn.aeTCJI HopManbHO paJpewHMoii • .1ln.a Ha­
XO:JK.AcHH.a peweHHJI DMecTO rpoM03,llKOB npo~e.nyphl IIOCTpOCHHJI MO­
JlH<l>HIUiI>OBaHHOH <l>YHKI.um rpHHa DOCII0Jlb3YCMCJI pcWCHHCM (23.60) 
npHMepa 23.3, nono:JK.HD /30 = 0. 

IlpH /30 = 0 Hawa 3aAa-.:.1a (23.92) BBJIJieTC.a qacTHhIM cny't.1aeM 3a­
JlR't.IH (23.57) c peweHHeM 

3 2 x x 2 x 
u( x, 11) = 'l - 2 'l + - 'l , 

9 - v- 4 - v- 3 1 - 1,1· 
(23.93) 

TaK KaIC av = -1. A 11 = 0. HcKoMoe peweHHc u(x) nony't.1acM HJ (23.93) 
npe.neJibHhIM nepexo.noM 

3 'l 

( 
. ., x x· 2 

u :r.) = li1n u(x, 11) = - - - + -x. 
J'-+0 9 2 3 

24. 06o6~~HHWI 3a.Qaqa Kown* 

Cp~H Kpaen1a1x ycnonui o6~ero n~a (21.1) paccMOTpHM -re, KOTO­
pLie COOTBeTCTDYK>T Hynenoi MRTpHO;e b1;.m = 0 H CAHHH't.IHOB MaTpm.te 
a1;.m =~km, T.e. ycnonH.a 

Vi (u) = u(O) = 0, 
V:i(u) = u'(O) = O, 
. . . . . . . . . . . . . . . . . . . . . ' V1;.(u)=u(k-l)(O)=O, h~=l,n. {24.1) 

3RAaBRCMhle D O,llHOH TO't!KC x = 0 HHTepBana ]o, l[ (HJIH ]O, oo[), D KOTO­
poM onpc.neneHo JlH<l><l>epcHUHanbHoe ypanHeHHe ( 18.1) (HJIH ero 't.IacT­
Hhle cny"liaH). 
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rp~hle ycnOBHJI (24.1), KaJC H3BeCTJIO; Ha3hIBaIOT ycnOBHjl:MH 
KollIH, H1IH Haqa.JlhHhIMH ycnoBHJIMH, KOr,D;a He3anHCHMaJI nepe:MeHHaJI 
H:MeeT C:MhICll npeMeHH, a COOTBeTCTBYIOillYIO 3a,D;aqy (18.1), (24.1) -
la,D;aqeif Kowu. Kpaenhle ycnonug KowH (24.1) BLI.D;eneHhI cpe.D;H npo­
~mx (21.1) Te:M, qTQ O.D;HOpO,llHOe ypanHeHHe (18.1) ncer.na H:MeeT TOJibKO 
TpHBHa.JlhHOe peweHHe. A 3TO nneqeT la co6oil cymecTnonaHHe e.nHHcT­
BeHHoro peweHHg Heo.u;Hopo.nHoro ypanHeHHJI (18.1) (no Kpaimei :Mepe, 
n npocTpaHcTBe o6o6meHHhIX cl>YHICllHil). 

Pacc:MoTpHM 3a.naqy KowH ,D;nJI ypanHeHHg (19.1) c Heo.nHopo,llHhl­
MH Haqa.JlhHhl:MH ycnOBHji:MH BH.Ita ( 24 .1) 

L(D)u(x) = J(x), x E]O,l( (HJIH x E]O,oo[), 

u(k) (0) =Uk, k = O,n -1. 

(24.2) 

(24.3) 

Hano:MHHM, qTO aaanorHttHaJI 3a.naqa pacc:MaTpHBanacb Ha:MH :MeTO­
.naMH onepartHOHHOro HC'tlHcneHHJI (c:M. pa3,ll. 11.37.1.). IloKa)l{eM, KaJC 

· peweHHe 3a,lla'llH (24.2), (24.3) MO)l{eT 6LITb nonyqeHo c noMOUV>IO ct>op­
Ma.JIH3Ma o6o6meHHLIX ct>ylllCllHH. 

Ilpo.non)l{HM cl>YHKLlffH u( x) H f ( x) _HyneM Ha x < 0, o6o3Ha't!KB 

npo.u;on)l{eHHlale cl>YHKLlHH qepel ii.( x) H f ( x), cooTneTCTBeHHo. Tenepb 
noHgTHe o6o6~HHhIX npoH3BO.llHLix, ecTeCTBeHHLIM o6pa30M y'llHThl-

naIOI.ItHX CKa~H u(k) (0) =Uk B TO~e x = 0, Il03BOnJieT CBeCTH 3a.naqy 
0 HaJCO)K,lteHHH peweHHJI ypanHeHHjl (24.2) c Haqa.JlhHhIMH ycnODHJIMH 
(24.3) K O,llHOMY ypanHeHHIO, B o6o6meHHOM C:MhICne cno6o,llHOMy OT 
KaKHX-nu6o .nononHHTeJibHhIX ycnonHi. 

JleilCTBHTeJibHO, nycTb u(x) = 8(x)u(x), i(x) = 8(x)f(x), u(x), i(x) E 1)+. CornacHo (14.6), H:Mee:M 

u'(x) = 8(x)u'(x) + u(O)c5(x) 

HJIH c yqeTOM Haqa.JlhllhIX ycnonHi (24.3) 

u'(x) = 8(x)u'(x) + uod'(x). 

Ilo HH.llYKUHH HaJCO,llHM 

k-l 

u(k) (x) = 8(x )u(k) (x) + L Umc5(k-m-l) (x ), k = 1, n. (24.4) 
nl=O 

ff3 (24.2) c yqeTOM (19.2) H (24.4) nonyqaeM 

n-1 

{L(D)ii.(x)} = L(D)ii.(x) - L Ckc5(k) (x) = i(x), (24.5) 
k=O 



· 24. 06o6ll{eHHas .18AB'la Kow11 581 

I'Ae {L(D)u(x)} = 9(:c)L(D)u(m) - perynJtt>Htul tit\C!Tlt ltpOHlDOAHOH 
L(D)ti(x) = L(D)9(:c)u(x), n 011 Dhlpa»U\IOttA ttepe1 tl1t cneAYiO~MH 
COOTHOWeHIUlMH: 

Pl Uo + [J2Ut + • • • + Pn-1 Un-2 + PnUo-1 =Co, (24.6) 

• • • I I I I I • I I I I I • I • • • • • • • • • • I ' 

Pn-1 Uo + PttUt ~ Cu.-2, (24. 7) 

PnUo == Cn-l • 

TaKJIM o6pa30M, «l>YHIClUIJI u(x) D o6o6mcHHOM CMLicne y,ztonneTBOpHeT 
ypanHeHHIO 

n-1 

L(D)t&(x) = i(x) + E Ck6(1t) (:n), x E IR:. (24.8) 
ka::O 

• 
IlycTL g(x) - cl>YHAaMcHTC\JILHoc peweHHe onepwropa L(D), TOr.zta co-
rnacHo (19.5), (16.5), (16.6) peweHHe ypanHeHHH (24.8) onpe.ZJ;enaeTcH 
cnepTICOH 

u(:r:) = g(:r:) * (i(:r:) + ~ c • .sl•l (:r:)) = 

n-1 

= g(x) * f(x) + E Ckg(k) (x), (24.9) 
k=O 

ICOTOpruI cymecTByeT H JIBnHCTCJI e,ztHHCTBCHHOH B CHilY e,nHHCTBCHHOC­
TH g(x) B v+. CornacHO Teo;)eMe 20.1 g(x) = 9(x)e(x) H c y-.:.1eTOM 
(16.8) peweHHe (24.9) MO)KHO 3arIHCaTb 

z n-1 

U(x) = IJ(:r:) f e(:r: - y)f(y)dy + IJ(:r:) L c.el•>(x), 
o k=O 

(24.10) 

r.zte e(x) ecTL peweHHe 3RAa-.:.m (20.1), (20.2), a Ck onpeAeneHLI ct>opMy­
naMH (24.7). 

<!>opMyna (24.10) npH x > 0 .u;aeT HCICOMoe peweHHe 3a,D;a'tlH KowH 
(24.2), (24.3) • 

r 

u(:r:) = f e(x - y)f(y)dy + ~ c.e(•) (:r:). 
o k=O 

(24.11) 

TaICHM o6pa3oM, cnpane.ZJ;mma 
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TeopeMa 24.1. Ec.11u i!x) E I>+, mo peweuuc 0606t1.4euuoi1 3aaa­
~" Komu. (24.8) cyt1.4ecmayem_. ecJuucmaeuuo u :1aaaemca tJ01JMy.11oil 
(24.10). 

IlpuMep 24.1. PewHn. 3a.a;a't1y KowH 

u" - 4u' + 5u = e2;r, 

u(O) = 2, u'(O) = 3. 

(24.12) 

PeweHHe. CornacHo o6o3HaqeHHJIM, rrpHHJITbIM n p83.a;. «cl>yH.a;aMeH­
TaJihHlale peweHHJI JIHHeimbIX onepaTOpon», .a;Hct>ct>epeHQHa,m,HlalH one­
paTOp ypanHeHHJI {24.12) :HMeeT BH.ZJ; 

d d2 

L(D) =po +Pi d- +P"J-d ·>, x x-

r.zte 
po = 5, Pl = -4, P2 = 1. (24.13) 

B npHMepe 19.l noKa3aHo, qTQ ct>yH.a;aMeHTaJILHlalM pewcHHeM 3TOro 
onepaTopa B I>+ JIBJUieTCJI 4>YHKllHJI 

g(x) = 9(x )e(x), ( ) 

") ;t: • 

e x = e"' s1nx. 

JJl3 (24.7) c yi:.1eTOM (24.13) H aaqaJILHbIX ycnOBHH (24.12) HMeeM 

Co = (-4) · 2 + 1 · 3 = -5, Ci = 1 · 2 = 2. 

Tor.a;a HJ (24.10) wm (24.11) aaxo,z:t:HM peweHHe 3a.a;ai:.m: 

;r 

u(x) = J e2<~-y) sin(x - y;9dy- 5e2~ sinx + 2(e2~ sinx)' = 
0 

= e2;r(l +cos x - sinx ). 



3a.naHBjl _nJig caMOKOHTpOJijl 

TeopeTuqecKue Bonpocbl 

qacTL I. OcHOBLI KOMUJieKcHoro aH8JIH3a 

r JiaBa 1. BBe.u;eHHe B TeOpHIO ~YHKllHH KOMllJieKCHoro 

uepeMeHHoro 

1. KoMnnexcH1>1e 't!Hcna H .neicTBH$1 Ha.n HHMH 

2. Anre6paH'tlecKaJI H TpHroHoMeTpH'tlecKaJI <Pop MDI KOMnneKcHo­
ro 't!HCJia. reoMeTpH'tleCKaJI HHTepnpeTaIJ;H$1 onepaa;HH Ha,n 
KOMnneKCHblMH 't!HcnaMH 

3. OcHOBHble noH$1TH$1 MHO)KeCTB Ha KOMnneKcHoi nnocKOCTH. 
reoMeTpH'tleCKHH CMbICn 

4. Ilpe.nen noCJie,noBaTen1>HocTH. BecKoHe't!HO y.naneHHaJI TO't!Ka. 
P acwHpeHHaJI KOMnneKcHag nnocKOCTb 

5. P$1llbl KOMnneKCHbIX 't!Hcen. Heo6xo.nHMhli H .nocTaTO't!Hble npH-
3HaKH cxo.nHMOCTH. A6conIOTHaJI H ycnoBHag cxo.nHMOCTb 

6. lIOH$1THe <PYHKIJ;HH KOMnneKcHoro nepeMeHHOro H ee reoMeTpH­
'tleCKaJI HHTepnpeTaIJ;H$1. 0.nH03Ha't!Hble H O,D;HOnHCTHbie <PYHK­
IJ;HH 

7. II pe.nen H HenpepbIBHOCTb <PYHKIJ;HH KOMnneKcHoro nepeMeHHO­
ro 

8. <l>yHKIJ;HOHaJII>Hble H cTeneHHhle pg,nbl. TeopeMa A6eng. PaB­
HOMepHaJI CXO,D;HMOCTb 

9. CTeneHHrui H o6maJI cTeIJeHHaJI <PYHKUHH 

10. TpHroHoMeTpH'tleCKHe H rHnep6onH'tleCKHe <PYHKIJ;HH, CBSl3b 
Me~y HHMH 

11. JiorapH<t>MH'tleCKaJI <PYHKIJ;H$1. 06paTHble TpHrOHOMeTpH'tleCKHe 
H rHnep6onH'tleCKHe <PYHKIJ;HH 

12. IlH<P<t>epeHa;HpOBaHHe <PYHKIJ;HH KOMnneKcHoro nepeMeHHOro. 
Y cnoBH$1 KowH-PHMaHa. lIOH$1THe aHaJIHTH'tlecKoi <PYHKIJ;HH 

13. rapMOHH'tleCKHe <PYHKIJ;HH. CB$13b aHaJIHTH'tleCKHX H rapMOHH­
qecKHX <PYHKIJ;Hi. Conpg)KeHHble rapMOHH'tleCKHe <PYHKIJ;HH 

14. IIIHTerpan OT <PYHKIJ;HH KoMnneKcHoro nepeMeHHoro H ero cooi­
CTBa 

15. TeopeMa KowH ,nng OllHOCB$13Hoi o6nacTH. lIOH$1THe nepooo6-
pa3Hoi. <l>opMyna H1>10TOHa-Jiei6HHUa 

16. TeopeMa KowH .nng MHorocB$13Hoi o6nacTH 

17. TeopeMa KowH H TeopeMa Mopepa 
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18. TeopeMa KowH H Teopewa JixynHnns 

19. HaTerpa.n KomH .nns QllHOCD.H3Roi o6nacTH. TeopeMa o cpe.n-
aeM 

20. HHTerpaJI KomH .z:tJI.H MHorocDJl3HOH o6nacTH 

21. HHTerpaJI KomH H npHHUHll MaKCHMyMa Mo.llyJig 

22. HHTerpaJI KomH .llJIJI npOH3BOJlHJ:aIX aHaJIHTHtiecxoil <l>YHK:UHH 

23. HaTerpan THna. KowH 

rnaBa 2. Teopaa BLll.leTOB Hee nplUIOllCeBHJI 

1. 06na.CTb CXO.z:tHMOCTH 4>YHKllHOHM&HOro ps11a aa KOMnJieKC­
HOi nnocxocTM. PaBHOMepHNl CXOJlHMOCT&. IlpH3HaK Beilep­
UITpacca 

2. TeopeMa BeiepwTpacca wu1 paBHOMepHo CXOJlJllllHXcg pll.llOB 

3. CTeneaawe p.smw B xounnexcHoi o6nacTH. TeopeMa A6ena. 
Kpyr H pa,llHyc cxo.z:tHMOCTH. TeopeMa. o cyMMe crreneaHoro 
p51,lla 

4. Pa.n Teilnopa. EAHHCTDeHHOCT& pa3Jlo>KeHHJI <l>YHKttHH B 
Pllill Teinopa. Hepa.ueHcTDO KomH .llJill xoa4>4>HnHeHTOB pa.na 
TeAnopa 

5. P•.ixw Teinopa sne:t.teHTapH&IX 4>YHICUHH 

6. PR.z:t JiopaHa, KonLu;o CXQAHMOCTH. E.rtHHCTBeHHOCT:& p~3JIO:>Ke­
lfHj{ <l>YHK!tHH B PM nopaaa. HepaneHCTBO KomH ,llJill K034>­
$HttHeHTOB pa.na IlopaHa 

7. JA30JJ11poaaHl1hle oco6we TO'lKH &HaJIHTHtICCKHX 4>YHKitHi H HX 
K.naccH<PHKa1uu1. Onpep;eneHHe uenwx H MepoMop<t>Hwx 4>YHK­
UiiH 

8. y CTpaHHMaJI oco()aa TO't!Xa 

9. Ilonroc, nop51JlOK nonroca. Cus3:& aynei H non10cos <t>YHKttHH 
f(z) H 1/f(z) 

10. Cyw;ecTseHHo oco6aJI TO'tIKa. 
TeopeMa Coxo1.ucoro-BeilepwTpacca 

11. BecKoHel.JRO y .naneRHaJI H3onHpouaHHaJI oco6aJI TOl!Ka. 0606-
~eHHe TeopeMhl Jluyu:wnnll 

12. A:aaJIHTHtJecxoe npO)J;OJl}KeHHe, TeopeMa o t\llHHCTBeHHOCTH 
aHaJIHTH'tJeCKOrO llpO.llOJI~eHHJI 

13. Henocpe.ncTaeHHoe aHa.JIHTH'lecxoe npQnOJl:>KeuHe 'tlepe3 .llyry 
H npl!HI.lHll HenpepwnHoro npo.z:tonX<eHHg 

14. AHaJJHTHl.JecKoe npo.aonJKeHHe B.llOJI:& nenotiKH o6nacTei 

15. AHa.nHTit'tleCKOe npQAOJilKeHHe MCT<>.z:tOM BeipmTpacca. 
IIonHrur aHaJIHTH'tleCKaJI <l>YHKitlUI 



TeopcTHt.JecKHe Bonpoc.LI 585 

16. IloH$1THe pHMaHonoH nonepXHOCTH. To'llKH neTnneHHSI 

1 7. IloHSITHe DbPieTa. OcHonHaSI TeopeMa o DbPieTax n KOHe'llHOH 
o6nacTH 

18. IlbPH:~Tbl B ycTpaHHMOH H cyw;ecTDeHHO oco6ol1: TO't!Kax 

19. BbPIHcneHHe Bbit-IeTa n non10ce 

20. Bb1qeT n 6ccKoHC't!HO y.naneHHOH TO'tIKe. TeopeMa o DbP-ICTax B 
v v 

pacllIHpeHHOH KOMnneKCHOH nnOCKOCTH 

21. BbP-IHcneHHe Bb1qeTa n 6ecK0He-.:1Ho y.naneHHOH oco6ol1: TO't!Ke 

22. IloHSITHe JiorapH<t>MH1:.leCKoro Dbl'tleTa. JiorapH<l>MHl:IeCKHe Dbl-
i:1eTbl D Hyn.s1x H non10cax aHanHTH'tleCKOH <l>YHKilHH 

23. JiorapH<l>MH'tleCKHH Dbll:.IeT MepoMop<t>HOH <l>YHKilHH 

24. IlpHH:UHn apryMeHTa H TeopeMa Pyllle 

25. OcaonHaSI TeopeMa a.n:re6pb1 

26. 3a,n;v-1a Payca- rypnHna 

27. Bhl't!HCJieHHe onpe.neneHHblX HHTerpanon, co.nep)KaIIlHX panHo­
HclJibHble <l>YHK:UHH OT TpHrOHOMeTpH'tleCKHX <f>yHKilHH, c IlOMO­
Ill;blO BbJ"C.IeTOD 

28. Hcco6cTneHHbie HHTerpanbI B KoMnneKcHoH nnocKoCTH. KpH­
TCpHH CXO.l(HMOCTH H rJiaDHOe 3Ha't!eHHe 

29. BbitIHCJieHHe Heco6cTneHHblX onpe.neneHHbIX HHTerpanon OT 
.npo6Ho-pa:UHOHaJlbHblX <l>YHKilHH c IlOMOIIl;blO DbI'lleTOB 

30. JieMMa )l(op.naHa 

31. BbP-IHCJieHHe Heco6cTneHHblX onpe.neneHHblX HHTerpanon OT oc­
:UHnHpy10mHx <l>YHKilHH c IlOMOIIl;blO DbitieTOD H JieMMbl )l(op­
.naHa 

32. 
33. 

JieMMa )I( op.naHa H HHTerpanbI B poMDH'tia--Bar Hepa ., 
Bb1q11:cJieHHC Heco6cTneHHblX HHTerpaJion THna HHTerpanon 311:-
nepa c IlOMOIIl;blO Bbl'tleTOB 

34. BbI'tIHCJieHHe Hcco6cTneHHblX HHTerpanon, HMe10w;Hx oco6eH­
HOCTH Ha KOHType HHTerpHpOBaHH$1, c IlOMOIIl;blO Bbl'tJeTOB 

35. CyMMHponaHHe p.s1.non c noMow;blO Bbl'tJeTOB 

36. Uenble H MepoMop<f>ilble <f>yHKilHH. TeopeMa o pa3nO)KeHHH Me­
poMop<t>Hble <l>YHKilHH c KOHC'tJHbIM 'tlHCJIOM nonlOCOB Ha npoc­
TeHIIIHe .npo6H 

37. TeopeMa MHTTar-Ile<f><t>nepa .nng MepoMop<t>HoH <l>YHKilHH 

38. BecKoHe't!Hble npoH3Be.neHHSI, KpHTepHH cxo.n11:MocTH. 
A6con10THaJI H paBHOMepHa.sr cxo.nHMOCTb 

39. Pa3no)KeHHe uenoii <l>YHKilHH B 6ecKOHC't!HOe npoH3ne.neHHe 
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rnaBa 3. Bne.neHHe B TeopHIO KOH4>opMHLIX OTOOpa>KeHHH 

1. IJpOH3BO,l(Ha.sI <f>yHKilHH KOMnJieKCHOrO nepeMeHHOro. reoMeT­
pH'tJeCKHH CMhICJI MO.z:tYJI.sI npoH3BO,z:tHOH 

2. IloH.sITHe KOH$OpMHOro OT06pa)l{eHH.sI. IlpHHUHil COOTDeTCTBH.sI 
rpaHHil. TeopcMa PHMaHa. 

3. 0T06pa)l{eHHe, 3a,naBaeMOC nHHeHHOH 4>YHKI{Hei 

4. 0To6pa:>KeHHc, 3a.nanaeMoe 4>YHKilHeH ·w = 1/ z. Kpyroeoe cBoi-
cTno H CBOHCTDO coxpaHeHH.sI CHMMeTpHH 

5. 0T06pa:>KeHHe, 3cl..l(anaeMoe .npo6HO-JIHHeHHOH <l>YHKQHei 

6. 0T06pa:>KeHHe, 3a,nanaeMoe crreneHHoi 4>YHKilHe:H 

7. 0T06pa:>KeHHe, 3a,na.nacMoe noKa3a TeJibHOH H norapH<f>MH'tJec­
Koi $YHKilH.sIMH 

8. 0T06pa:>KeHHC, 3a,nanacMOC TpHrOHOMCTpH'tICCKHMH H o6paT­
HbIMH TpHrOHOMeTpH'tJeCKHMH 4>YHKilH.sIMH 

9. Oro6pa:>KeHHe, 3a,naeaeMoe rHnep60JIHi:1ecKHMH H o6paTHDIMH 
rHnep60JIH't.IeCKHMH 4>YHKilH.sIMH 

10. Oro6pa:>KeHHe, ocyiil;ecTnn.sieMoe <f>yHKUHe:H )KyKOBCKoro 

11. II pHHUHn CHMMeTpHH B KOH<f>opMHDIX oro6pa:>KeHH.sIX 

12. IlpHHQHil CHMMeTpHH KaK MCTO,n aHanHTH't.JeCKOro npo.noJI:>KC­
HH.sI 

13. HHTerpan K pHcTO<f><f>en.si--lllnapna 

rnaBa 4. 3JieMeHTLI onepaUHOHHOrO HC'tlHCJieHHJI 

1. IIpeo6pa3onaHHe Ilannaca. OpHrHHaJIDI H o6o6meHH:ble opHrH­
HclJI:bl. H3o6pa:>KeHH.sI: cyrn;ecTnonaHHe H aHanHTH't.IHOCTb 

2. TeopeMa o6pameHH.sI H <PopMyna MenJIHHa. E,nHHCTBeHHOCTb 
o6pameHH.sI 

3. H3o6pa:>KeHHe npoC'reHllIHX 4>YHKilHH 

4. CBoilcTna npeo6pa3onaHH.sI Ilannaca: JIHHeiHOCTb, no,no6He, Te-

opeMDI cMelI(CHH.sI 

5. IlH<t><t>epeHUHponaHHe opHrHHa.n:a H H306pa:>KeHIUI 

6. HHTerpHpoeaHHe opHrHHana H H3o6pa:>KeHH.sI 

7. CBepTKa 4>YHKilHH. TeopeM:bl yMHO:>KeHHj{ opHrHHa.n:on H H3o6-
pa:>KeHHi 

8. 0TblCKaHHe opHrHHana no 3a,z:taHHOMY H3o6pa:>KeHHIO. TeopeMa 
e.z:tHHCTDeHHOCTH. Ilepna.si H DTOpa.SI TeOpeM:bl pa3JIO:>KeHHj{ 

9. <l>opMyna Il10aMen.s1 

10. TeopeMa 3<t>poca 
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11. HHTerpHposaHHe CHCTeM .LlH<P<PepeHUHaJibHblX ypaBHeHHi c no­
MOIIlbIO npeo6pa30BaH1u1 Ilannaca H HHTerpan:a IlroaMeJISI 

12. HHTerpHponaHHe HeKoTOpbIX .LlH<P<PepeHUHaJibHbIX ypaBHeHHi 
c nepeMeHHbIMH K034><PHilHeHTaMH onepaUHOHHbIM MeTO,LlOM 

13. BbI't!HcneHHe HeKoropblX Heco6cTneHHblX HHTerpan:on onepa­
UHOHHbIM Mero.n;oM. <l>opMyna IIapceBan:SI 

14. OcHOBHble onpe.n;eneHHSI raMMa-ct>yHKilHH. AHan:HTH'llHOCTb 

15. AHaJIHTH'tlecKoe npo,LlOJI)KeHHe raMMa-ct>yHKilHH n o6nacTh 
Re z < 0. Ilon10cbl raMMa-<PyHKilHH 

16. OcHOBHbie cnoiicTna raMMa-<PyHKilHH: ocHOBHoe <PYHKilHOHan:b­
Hoe COOTHOIIIeHHe, cpopMyJibl .n;onoJIHeHHSI H y,nBOeHHSI 

17. BeTa-cpyHKilHSI, CBSI3b 6eTa- H raMMa-cpyHKilHH. OcHOBHble 
CBOHCTBa 6eTa-ct>yHKilHH 

18. BHHOMHan:bHbie Ko3cl><l>Hn;HeHTbl H 6eTa-<l>yHKUHSI 

19. HHTerpan:bI <l>peHeng H omH60K 

rnasa 5. MeTO,ZUd aCHMilTOTH'tleCKHX o:a;eHOK 

1. IlpocTeHIIIHe aCHMIIroTHt.IeCKHe oueHKH Heco6CTBeHHblX HHTer­
pan:on 

2. AcHMIIroTH'lleCKHe nocne.nosaTeJibHOCTH H HX cnoicTBa. CTe­
neHHble aCHMnroTHt.IeCKHe nocne.n;ona TenbHOCTH 

3. AcHMIITOTHt.IeCKHe psi.n;bI. E.z:tHHCTBeHHOCTb acHMnroTH'tlecKo­
ro pa3noxeHHSI 

4. Mero.n; Ilannaca. IleMMa BaTCoHa. BKna.n; OT BHyTpeHHei H 
rpaHH'lJHOH TOt.IeK MaKCHMyMa 

5. Mero.rt cTan;HoHapHoi <Pa:ibl •. AcHMnroTHKa <Pypbe-o6pa30B. AcHMn­
TOTH'tlecKaSI oueHKa HHTerpaJIOB <l>ypbe, He HMeIO!IlHX CTaUHO­
HapHblX TO'lJeK 

6. Mero.rt cTan;HoHapHoi <Pa3bl. IlpHHilHil noxan:H3an;HH. IleMMa 
3p.nei1:H. AcHMIITOTH'lleCKaSI on;eHKa HHTerpan:os <l>ypbe n 06-
meM cny'llae 

qacTL II. 3neMeHTLI sap:ua:a;:uoHHoro HC'tlHCJieHHJI 

H TeOpHH o6o6meHHLIX «l>YHK:O:HH 

r JiaBa 1. 3JieMeHTLI BapH8:0:HOHHOrO HC'tlHCJieHHJI 

B KJiaCCH'tleCKOH MexaHHKe 

1. <l>yHKilHOHan:, JIHHeHHhIH <l>YHKn;HoHan. BapHan;HSI H 3KCTpe­
MYM <l>YHKilHOHan:a 
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2. OcHonHa.SI neMMa napHaUHOHHoro Hc~1HcJieHH.SI H cne,llCTBH.SI H3 
Hee 

3. YpaBHeHHe 3iinepa 

4. CHcTeMa ypaBHeHHH 3iinepa 

5. II pHHUHII HaHMeHbillero ,lleHCTBH.SI ( r aMHJlbTOHa). <l>a.30BOe rrpo­
CTpaHCTBO 

6. KaHOHlPieCKHC ypaBHeHH.SI r aMHJibTOHa 

7. IIepBhle HHTerpa.Tihl CHCTeMhl raMHJlbTOHa. CKo6KH IIyaccoHa 

·s. KaHoHH~1ecKHe rrpeo6pa3oBaHH.SI Koop,llHHaT cpaJonoro 
rrpocTpaHCTBa 

9. To)l(,lleCTno 51Ko6H H TeopeMa J1HyBHJIJI.SI 

I'naBa 2. OcHOBLI TeopHH o6o6meHHLIX 4>YHKIJ;HH 

1. IIpocTpaHCTBa OCHODHbIX H o6o6m;eHHblX cpyHKUHH. 
Cxo,llHMOCTb n rrpocTpaHCTBe 0606meHH1>1x cpyHKUHH 

2. IIpocTpaHcTBa IIInapua H o6o6m;eHHbIX <PYHKUHH Me,llJieHHoro 
pocTa. Cxo,llHMOCTb <PYHKUHOHaJibHOH rrocnc,lloBaTCJibHOCTH n 
rrpocTpaHCTBe IIIBapna 

3. IleHCTBH.SI Ha,ll o6o6meHHblMH cpyHKUH.SIMH 

4. Ilen1>Ta-cpyHKUH.SI IlHpaKa H ee CBOHCTBa 

5. CeKBeHUHa.TibHhlH rro,llxo.n H ,lleJibTOo6pa3Hbie rrocne,noBa TeJib­
HOCTH 

6. 06o6m;eHHhle cpyHKUHH: rrocTO.SIHHa.SI, cpyHKUH.SI XeBHcaii.ua, xa.­
paKTepHCTHi:1ecKa.SI cpyHKUH.SI 0Tpe3Ka 

7. 06o6meHHble cpyHKUHH, rropO)l(,IlaeMhle rJiaDHhlMH 3Ha'tieHH.SIMH 
Heco6cTneHHbIX HHTerpa.non. P eryn.SipH3an;H.SI 

8. HeKoTophle rrpe.ucTaBJieHH.SI ocHoDHhlX cpyHKIJ;HH 

9. IIpoH3BO,llHa.SI o6o6meHHOH cpyHKIJ;HH H ee CBOHCTBa 

10. II peo6pa3oBaHHe <l>yp1>e o6o6m;eHHbIX cpyHKUHH Me,llJieHHoro 
pocTa 

11. CBepTKa o6o6m;eHHhlX cpyHKUHH 

12. IIpocTpaHCTBO KBa,llpaTHi:1Ho HHTerpHpyeM1>1x <l>YHKUHH. CKa­
JI.SipHoe rrpoH3Be,lleHHe, HOpMa, opToroHaJibHOCTb 

13. OpTOrOHaJibHbie CHCTeMbI cpyHKUHH. P.SI.Il <l>ypbe. IIonHoTa H 

3aMKHYTOCTb opTOHOpMHponaHHhlX CHCTeM 

14. .IleJibTa-cpyHKIJ;H.SI IlHpaKa H opTOHOpMHpOBCl.HHbie CHCTeMbl 
<l>YHKIJ;HH 

15. KnaccH~1ecKHe H o6o6meHHhle perneHH.SI .D:H<P<PepeHUHaJibHhlX 
ypanHeHHH* 
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16. <l>yH.n;aMeHTaJI:bHhte peweHH.K JIHHeHHblX .n;H<l>cpepeHIUrlMLHhtX 
onepaTOpon* 

1 7. <f>yHKil;IUI rpHHa KpaeBOH 38.)'.tattH 

18. Kpaenru1 3a,naqa .D;JUI JIHHeHHoro ,ne:q,cpepeHll;Ha.JILHoro onepa-
ri>pa c napaMeTpoM* 

19. <f>yHKIJ;HSI rpe:Ha KpaeBoH 3a.n;attH C napaMeTpoM* 

20. K paenasr 3a.D;a'lla H <l>YHKil;H.I rpHHa 'AJlSI ypaBHeHH.sI Beccen.si:* 

21. HopMa..TILHa.si: pa3pemHMocTb KpaeBbIX 3a,nat.J:. Mo.n;M<t>Hn;Hpo­
BaHHa.sr <l>YHKIJ;HSI rpe:Ha tcpaeBOH 3a,na.ttH"' 

22. 06o6meHHaJI 3a.n;aqa KomH* 
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Bap1:1aHT Ne 1 

1.1. Ha.HTH ncc 3Ha'l.!emu1 KOpHjl 
a) if.=2"; 6) ~1 - i. 

1.2. IIpe,z:tCTRBHTb B anre6paH'l.!eCKOH <t>opMe 
a) ch (3 + 7ri/ 4): 6) arccos(-3i). 

1.3. Hcxo.z:tj[ H3 orrpe.z:teneHHjl TpHrOHOMeTpH'l.!eCKHX H rHIIep6onH'l.!ec-

KHX ct>YHKUHH, ,z:toKa3a Tb I cos z I = .J ch 2 y - sin 2 x. 
1.4. Hccne.z:toBaTb Ha a6coJIIOTHYIO H ycnoBHYIO cxo,z:tHMOCTb pj[Jl 

00 

L 5n-l ~n -i' 
n=l 

1.5. Ha.HTH yron noBopoTa a H K03~4>~eHT paCTjlXCHHjl kB To'tJICc 
zo = i + 1 rrpH oro6paxemm w = 1 / z . 

1.6. Ha:HTH aHaJIHTH'l.!ecKyio 4>YHKl.lHIO f (z) = u + iu no H3BecTHOH 
,z:tCHCTBHTCJlbHOH ( H.TIH MHHMOH) ~1aCTH H 3Ha'l.!eHHIO f ( Zo) 

3 ') ') ') 
a) u = x - 3xyM + 3xM - 3yM , f(i)=l-3i. 

/(0) = 0. 6) u = - (cos x sh y - 2xy), 

1. 7. BLI'l.!HC.TIHTb 

/(Re z +Im z)dz, 

r 
r,z:te r - JIOMaHCUI C BCplllHHaMH B TO'tJICax Zt = 0, Z2 = 1, Z3 = 1 + 2i. 

1.8. BLI'l.!HC.TIHTb 

I dz 
z 3 (z - 2i)2 ' 

r 
r.z:te r: a) lzl = 1, 6) lz - 2il = 1, B) lzl = 3. 

1.9. Ha.HTH H nocTpOHTb o6nacTb cxo,z:tHMOCTH pj[Jla 

-1 oo 2n 
'""(-l)nz2n_'"" Z • 
L.-J L.-J 4n+ 1 

n=-oo n=O 

1.10. Ha:HTH nepBLie TpH 'l.!JleHa pa3JIOXCHHjl cpyHKUHH f(z) = ez / z 
B pj[Jl IIO CTeIICHjlM ( z - 1I2). 

1.11. HaHTH Bee nopaHOBCKHe pa3JioxeHHjl .z:trumoii 4>YHKUHH no cTe­
neHj[M z - zo 

z-2 
a) z4 + z3 - 2z2 ' zo = O; 

z+2 
fi) (z - l)(z + 3)' Zo = -2 + 1. 

) 
. z 

B 8111 , 
z-1 

zo = 1. 
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1.12. llns .zt8HROH 4-YHICIUIH f ( z) = th z HaHTH HlonuponRHHLie oco-
6we 'l'O'llCH H onpe.zteJIHT& HX THil. 

1.13. llns )t8HRLIX cpyHICJ..Uil\ HaHTH BLtqeTLI B yKa38HRLIX oco6LIX 
T<AKax 

"). 

e-U -1 
a) , z = 11'; 

z + 1r 

1 
3 6' z = O; 6) 

z -z 
n) z3 +lei/.:~ ~z = O; 

z 

e5
.: - 1 - 5z 

r) . , z = 0, 
SlllZ - Z 

A) z'5 ln(l +a/z), ) llz + 24 .:/(.:-4) 

e 121 + llz - 2z2 e ' 

a) 

z = oo; 
1.14. Bw~mCJIHTL HHTerpanLI 

J zdz 
(z+2)2 (z-1); 

lrl=3 

6) 

z = oo. 

J (z+ l)e1l•dz; 

l.tl=l/3 
oo D"+ioo 

n) J x
2 

(lx· r) J 
2
c= dz, u > O; 

1 + x 4 
' z + 1 

0 D"-ioo 
2~ 2~ 

,q) J dt ) J dt 
4v'2 sin t + 6; e (1 + y'i07i1 cost):?· 

0 0 
1.15. HdTH o6pa3LI yxa:iaHHWX MHoEecTB npn 3R.zt8HRLIX oro6pa-

ECHHJIX 

a) D : {lzl > 7}, 
z +i 

w = .; 
z -i 

6) D : { 0 < Re z < 1r}, w = cos z; 

B) D: {lzl = 1, 0 ~ argz ~ 11"/4}, w = z"
1

• 

1.16. KoH<&>opMHO oro6pa31'fT& o6nacTL D : ilzl < 1} Ha o6nacTL 
D • : {I tv I < 1} npH ycnonHJIX w ( [ 1 + i] / 2) = 0, w ( [ 1 + i] / 2) = a. 

1.17. HailTH H3o6paxeime yxa38HRLIX <l>YHICUHH 
a) e5

t sin2 t; · 6) (1 - cos t)/t. 
1.18. HfillTH opHrHHan no 3a,t(RHHOMY H3o6paJKe.HHIO 

e~ ~ 
a) ; 6) . 

p(p - 1) (p·1 .. 1)2 
1.19. C nouo~IO <&>opuynLI 1[10a1i1enJ1 HaHTH peweHHe AH4><t»epeH-

UH8J!LHoro ypaeHeHHa 

x - x = tht, x(O) = :i:(O) = 0. 

1.20. Onepru.uioHH:&IM MeTOAOM pewHT& 3aAa~1y KolllH 

a) x + :i: =cost, x(O) = 0, :i:(O) = 2; 

6) x + 4x = 4e2
' + 4t2

, x(O) = 1, :i:(O) = 2; 

B) .. + . - { 1, 0. ~ t < 2, (0) . (0) 0 x x - O, t > 2, x = x = . 
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1, 21. 'OnepamioHHWM Me~oM HBHTH o6mee peweHHe AH<t><t>epeH­
~aJlblloro ypaaHemu1 

t!D + ( 2t - 1) :C + ( t - 1) x = 0. 

1.22. OnepaJ.tHOHHhIM MCTOAOM pewHTlt CHCTCMY JU14>4>epeHIU1BJI1>­
HhIX ypanHeHHH 

{ 
x :::: :n + 2y + 1, 
ii :;;: 4x - y, x(O) = 0, y(O) = 1. 

BapnaHT M 2 

2, 1. HlUiTH nee 3Ha"!emul xopaa 

a) ~1 - i; o) V-2 + 2iv'3. 
2.2. IIpeACTRBHT!» n anre6paHqectcoi ct>opwe 

. '(4 + 3i) a) sh(2-1T't.); Ci) arcth 
5 

• 

2 .3. HcxoAJI H3 onpe.zteneHH.R TpHrOHOMeTpwiccKHX H rHIIep6oJUMec­

KHX q>yHKlU{H, AOKa3aTb I sh 11=y'ch2:r. - cos2 y, 
2.4. HcCJie.ztoBaTb ua a6conIOTHYJO H ycnoBHYIO cxQttHMOCTlt p.s.zt 

00 
• 1 1 
~ ,tg ~· L-l n + 2i vn 
n::l 

2.5. Haiim yron noBopoTa a H JCos<t><t>HI.U1eHT pacT.R)KeHHa kB TO'tJKe 

zo ~ 2i npH oT06pa)l(eHHff w = 1 / z2 , • 
2.6. Haim EUU\IIHT:wtecxylO <l>YHXJ.tHIO /(~) = u +iv no H3BecTHoi 

ACHCTBHTCIIl>HOH ( wm M!IHMOH) ~1aCTH H 3Ha:'-leHHJO / ( zo) 

a) v :::; 2( ch :r. sin y - xy), /(0) = O; 

6) u ~ x 2 
_... y2 + :n, · f ( o) = o. 

2.7. Bhlq'.HCffilTb f e'dz, 

r 
r,lle f - noMaHM C pepIUHHf\MH D TO'tJICrut %1 == 0, Z2 = 1, %3 = 1 + i. 

2 .8. Bhl'UICJU!TI> 

I z ( % + i~~ z - 2i) • 
r 

r.ite r: a) lz I = 1/2, 6) 1~ + ii ;;:: l/2. B) Is I = 3. 
2. 9. HaiTH H nocTpOHTI> 0GnacT1:t cx~HMOCTH pau;a 

• 
00 00 

(z + 2) 0 1 E 30+1 + E (z + 2)" · 
n=O n=l 
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2.10. Ha.HTH nepnLie TPH 't.IneHa pa3noxemu1 ct>YHKUIDI /(z) = exp(e;) 
n p~ no CTenCHJlM z. 

2.11. Ha.HTH nee nopaHOBCKHe pa3noJKemu1 .llaHHOH <l>YHICUHH no cTe-
neHBM z - zo 

) 
5z - 50 

a ~ , 
~z3 + 5z2 - 25z 

zo = O; 

4z+8 
6

) (z - l)(z + 3)' 
Zo = -3 - i; 

) 
. 2z 

D Slll 
2

, 
z+ 

Zo = -2. 

2 .12. .llnH <l>YHICUIDI / ( z) = (sin z) / [ z3 
( 1 - cos z)] HaHTH H3omq>o­

BaHHhle oco6&1e TO't!KH H onpe,zteJIHTl:t HX THil. 
2.13 . .llnH ,ltaHHLIX ct>YHKUHH HaHTH BLI't.JeTLI B yKa3aHHLIX oco6LIX 

T()'t.IICet.X 
1 

a) ct.g z - -, 
z 

z = O; 

) 
1 . 1 

B --::;- + Sill -
3 

, 
z- z 

.D:) (z - i) cos 7r, 
z 

z = oo; 

z = O; 

2.14. B&1"t1HCJIHT1:t HHTerpaJihl 

a) f tg (u) dz; • 

I= I= 1 
00 

f dx 
n) (x2 + 4)2; 

0 

e2= 
6) . ' z = 7ri/2; 

e= - i 

r) cos7z -1- 49z
2
/2. z = O; 

sh z - z - z3 /6 
7z+l . 7rZ-1 

e) Sill , 
98 + 7 z - z2 2z + 4 

z = oo. 

6) f 
lz-11=1 /2 

l+ioo 

1/(--1) . 1 d e - sin z; 
z-1 

r) f "(~:· )dz, t>O; 
Z"" Z"' + 1 

1-ioo 

.D:) f J2" 
1 

d!; e) f ~ dt. 
4 2 sin t + 6 ( 1 + 6 / 7 cos t) 2 

0 0 
2 .15. HaliTH o6pa3hl yxa3aHHLIX MHoxecTB npH :ia,ZJ;aHHLIX oT06pa-

JKeHHJlX 

a) E : {Re z = 7r / 4}, w = cos z; 

6) E: {lzl2 < 2, l.z - ll > l}, w = z/(z - 2); 
z 1 

w= -+-. 
2 2z 

B) E : {I z I < 1, Re z > 0}, 

2.16. KoH<t>opMHO oT06pa:lHTl:t 06nacT1:t D : {lzJ < 1} Ha 06nacT1:t 
n• : {lwl < 1} IlpH ycnOBHJlX to(l/3) = -i/2, argw (1/2) = O:. 

2 .17. HruiTH H3o6pa:>KeHHe yxa3aHHhIX q>yHKI..tHH 
eat _ ebt 

6) a) COS
6 t; 

t 
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2.18. HaiTH opHrHHaJI no 3a.n;8.JIHouy H3o6pa:Eemuo 
e-"Jp p 

a) ; 6) • 
p2 (11 - 2) p4 + 4 

2 .19. C nououu,10 q>opuynw Jl1oauen.a HaHTH peweHHe .n;114"1>epeH­
~allhHoro ypaBHCHHJI 

e' •• 2 • x- x+x=--
• 1 + t 2 ' 

:r.o = xo = 0. 

2.20. Onepal.\HOHH&IM MeTQZtoM peWHTb 3a.n;a~1y KowH 

a) x + x = 2 cost, Xo = O, zo = 1; 

6) x(.i) - Sx + lOx - 6x = 0: 

xo = 1, Xo = 1, xo = 6, zo= -16; 

) 
.. { 0. 0 ~ t < a, 

B x + 4x = 5· -(t-o) ......._ 
e , t ~a, xo = zo = 0. 

2.21. Orrep~oHHhIM uero.n;ou HaHTH o6mee peweHHe .n;Hcl>«l>c1>eH-
~a.JlhHOro ypaBHCHHJI 

tx - x = o. 
2. 22. Orrep~oHHhIM MeTO.n;oM peWHTb CHCTeMY .ztHcl>«l>epeKQHam.­

HhIX ypaBHCHHH 

{ 
:i; = x + 4y, 
y = 2x -y + 9, xo = 1, Yo= 0. 

BapH&HT Na 3 

3.1. Hai:TH Bee 3Ha~1eHHJ1 xopHJI 
a) R; · 6) v2 + i. 

3.2. Ilpe.n;cTaBHTb B anrc6pa.H~ICCKOH q>opMe . 
a) sin(7r/3 - 2i); 6) arth(4 + 3i)/5. 

3.3. Hcxo.n;.a H3 onpe.z:teneHHJI TpHrOHOMeTpH'lecKHJC H rH11ep6on111-1ec-

KHX cpyHICIUlli, .n;oKa3aT& I sin zl = y'ch 2 y - cos2 x. 
3.4. Hccne.z:toBaTL Ha a6conIOTHYIO H ycnonsy:a> cxO,.lllDlocn, PJUl 

00 

L 1 1 
---. arctg • 
1- ni ~n- 1 

n=2 

3.5. HailTH yron noBopoTa a H xo:JCl><llHUH~HT pacTJl:Ee~JI kB ~ucc 
zo = 1 npH oro6paJKeHHH w = z3 - 6z. 

3.6. HaH'l'H aH<UIHTJ11.1ecxy10 fl>YJ;UCpHIO f ( z) = u + iu no H3BecTHoli 
.n;elicTBHTem.aoli ( HJIH MBHMOH) 'tlaCTH u 3Ha'tlem110 f ( zo) 

a) u = 2sinxch y- x, 

) 
2 2 6 v = x -y - x, 

/(0) = 0, 

/(0) = 0. 
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3. 7. Bhl"'-IHCJIHTb 

r,ZJ;e r - no:l\UUia.S: C BepllIHHaMH D TO"'-IKax Z1 == 1, Z2 == 0, Z3 = 1 + i. 
3.8. Bhl"tJHCJIHTh 

I cosz dz 
z 2 + 4 ' 

r 

r,ZJ;e r: a) lz - 2·il = 2, 6) lzl = 3, n) lz + 2il = 2. 

3.9. HrulTH H nocTpoHT& o6nacTb cxo,ZJ;HMOCTH p.s:,na 

,, 
v n=O n=l 

.~ 

3.10. HrulTH nepnhlc TPH '(1neua pa3no)KeHH.s: cpyHK~ tg z B PJm 
no cTeneu.s:M z. 

3.11. HaHTH nee nopaHOBCKHe pa3no)Kemr.s: ,ZJ;<l.HHOH cpyHKIUIH no cTe­
neu.s:M z - zo 

4z - 64 
a) z4 + 4z3 - 32z2 ' 

4z -8 
6

) (z + l)(~ - 3)' 

zo = O; 

Zo = -1 - 2i; 

) 
. 5z 

B Z Sill . , 
z - 2i 

Zo = 2i. 

3.12 . .lln.s: cpyHK~ (e.i - 1)/ sin 1rZ HaHTH H30JIHPOBaHHhle oco6hle 
TO'l:.IKH H orrpe,ZJ;eJIHTh HX THII. 

3.13 . .lln.s: ,ZJ;aHHhIX <PYHK:cnril HaHTH Bhl"'-IeThl B yKa3aHHhlX oco6&1x 
TOqJCaX 

ez-1 - 1 
a) 

z-1 
z = l; 

z = -1; 

z -'Tf'i 
,ZJ;) z ch , z = oo; 

z 
3.14. Bw"tJHCJIHTb HHTerpanhl 

zs . 
6) (l+z2)3' z=i; 

sin 8z - 8z 
r) cos z - 1 + z 2 I 2 ' 

Z + 3 } 'Tf'Z 
e) Cl 'l , 

z2 + 1 2z- - 1 

z = O; 

z = 00. 
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J 
'l 

J 1 
a) 

z-
6) 

1/(:-1) ( - r dz; e cos dz; 
e .. - 1 - z-1 

lz-27rl=l lz-1 l=l 
00 00 

B) I :r.-3 d 
'l x; 

. x- - 6x + 109 
r) J 3 

(2:r. + 13x) sin x d· . 
'l :c, 

x 4 + 13x- + 36 
-oo -oo 

2n- 2 7r 

~) J dt . e) J .1.. dt. 
v'2i fiill t + 5, ( 15 +cos t)2 

0 0 
3.15. HailTH o6pa3LI yKa3aHHLIX MHOJKecTB IIJ.JH 3a~aHHLIX oT06pa-. 

JKeHHHX 

a) E:{lz+ll=l}, w=l/z; 

6) E : { 0 < ln1 z < 7r}, w = ch z; 

B) E : { I z I < 1; ...!.. 37r / 4 < arg z < -7r / 4} , w = ~ ( z + ~ ) . 

3.16. KoucpopMHo oT06pa3HT& o6nacT& D: {hn z > O} Ha o6nacTh 
D*: {lwl < 1} npH ycnoBHHX w(-i/2) = O. argw'(l/2) =a. 

3.17. Ha.HTH H3o6paJKeHHe yKa3aHHLIX 4>YHKUHH 
a) te3

t cost; 6) t sh 2t. 
3.18. Ha.HTH opHrHHan no 3a~a.HH0My H3o6paJKeHHK> 

1 p2 -1 
a) p2(p + 1)3; 6) (p2 + 1)2 

3.19. c IIOMOIIU>K> cpopMynLI .llK>aMeng HaHTH pemeHHC ~HcpcpepcH­
QllaJihHOro ypaBHeHHg 

•• h'l x - x = t -t, xo = Xo = 0. 

3.20. Onep~oHHLIM MeTO~oM pellIHT& 3a~aqy KomH 

a) 
. . . • t .. 0 :i:o = 2; x +x = e; xo = xo = , 

6) x + 4x = sin 2t; Xo = 0, :i:o = l; 

x +i: = { 
o, 0 ~ t <a, 

B) 1, a~ t < b, Xo = 0, :i:o = 2. 
o, t ~ b, 

~ 

3.21. OnepauHOHHLIM MeTO~OM HaHTH o6~ec pcmeHHe ~HcpcpepcH-
QllaJihHOro ypaBHeHHH 

tx + 2:r. = o. 
3.22. OrrepaQHoHHLIM MeTO~oM pellIHT& CHCTeMY ~Hcpcpepemntam,­

HLIX ypanHeHml 

{ 
~ = 2x +Sy, 
y = x - 2y + 2, xo = l, Yo = 1. 
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BapuaHT Ne 4 

4.1. Ha.HTH nee 3Ha't.1eHHJ1 KOpHJI 

a) \YI+ i~ 6) ~. 
4.2. Ilpe,n;CTaBHTb B anre6pa.H't.JeCKOH <PopMe 

(
-2v'3 + 3i) a) sh (1 - 7ri/3); . 6) arctg 

7 
. 

4.3. Hcxo.n;J1 H3 onpe.n;eneHHs TpHrOHOMeTp1'NeCKHX H rHIIep6onw-1ec~ 
KHX ~YHK~, .n;oKa3aT& 

ltg zl = 
ch 2y - cos 2x 

ch 2y + cos 2x · 

4.4. Hccne.n;onaT& Ha a6con10THy10 H ycnoBHYIO cxon;HMOCT:& pii,z:i; 

~ n
2 +2 

L.J n5 + sin 2n + in· 
n=l 

4.5. HaHTH yron rmnopoTa a H xo34>~HI.UieHT pacTS)l(emu1 kB TOqxe 
zo = 1 - i/2 npH oT06paJKeHHH w = ln(2z - i). 

4.6. HaHTH aHaJIHT1'NCCKYIO 4>YHKUHIO f(z) = tt +iv no ~nuecTMoH 
.n;eHCTDHTen1>HoH ( H1IH MHHMOH) 't.JaCTH H lHa't.JeHHIO f ( zo) 

4. 7. Bhl"tJHCJmT& 

a) v = ln(x2 + y2
), 

6) . 'Lt = x 2 
- y

2 
- 2y, 

f(l) = O; 

f(O) = 0, 

/(Re. z + hn z)dz, 
r ., 

r.n;e r - 0Tpe30K npJIMOH Z1 = 0, z2 = 1 + 2i, 
4.8. BhltmCJIHT& 

J sinSz d 
(z-7r/2){z-7r/4) z, 

r 

r.n;e r: a) lz - 21 = 1, 6) lzl = 1, B) lzl = 2. 
4.9. HffiiTH H nocTpOHT& 06nacT1> CXO.z:tHMOCTH ps.zta 

4.10. HaiTH nepnhle TPH 'tlJieHa pa3no:zemu1 4>YHKUHH ln(l + e 4
) n 

pJI.n; no CTeneHJIM z. 
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4.11. HaiiTH nee nopaHoBcKHe pa3n0Eemu1 .z:ta.HHOH cf>YHlCl.lHH no cTe­
neHgM z - zo 

17z - 242 
a) Zo = 0~ 
c 2z3 + llz:.? - 121z' 

4z -8 
6) , Zo = 3 + i; 

.(z + l)(z - 3) 
2z 

B) Z COS , Zo = 1. 
z-1 

4.12 . .Ung cf>ymci:um f(z) = e7 =(e= - 1)-1(1 - z)3 HaHTH H3onHpo­
BaHHhle oco6hle TO't.IKH H onpe.z:tenHTh HX THn. 

4.13 . .Ung .l{aHHhIX cpymcrutii HaHTH Bhli:IcTLI B yKa3aHHhIX oco6LIX 
TO't.IICaX . 

) 
Sill Z - Z 

a 
3 

, z = O; 
z 

) 
3 1 

D Z COS , Z = 2; 
z-2 

2z z = 3 
.z:t) ? cos , z = oo; 

z- + 4 z 

• e= 
6) ( 1) •) , z = 1; z - z-

sh 6z - 6z 
r) cl 1 ?/2' z = O; 

l z - - z-. 
2• 11'-i 

e) Z Sill , Z = 00. 
z 

4.14. BLI'IllCnHTh HHTerpan:LI 

a) J (z:•11")3 dz; J ( 1 .:? ) 6) sin z2 + e"' cos z dz; 

lzl=4 1:1=2/3 
00 00 ) J x+l d D x· 

(x2 + 4){x2 + 9) ' 
) J xsin3xd r x· 

4 + x2 
' 

-oo 00 

2" 2" 

.n) f 2.,12 s:~t + 3; e) f 2v'a +~cost dt. 
0 0 

4.15. Hcmn1 o6pa3LI yKa3aHHLIX MHoEeCTB npH 3a.z:taimLix 00'06pa-
EeHHjJX 

a) E : {1 < lzl < 2}, w = z/(z - 1): 

6) E : { o < Im z. < 1r}, w = cl1 z; 

B) E :. {Re z = 1}, 
? 

w = z-. 

4.16. KoHcf>opMHo oT06pa3HTh o6nacTh D: {Im z > O} Ha o6nacTh 
D* : {lwl < 1} npH ycnoBHjJX w(-3i) = 1/3, arg w'(-3i) =a. 

4.17. HaitTH H3o6paEeHHe yxa3aHHhlX cf>YHICUHH 
1 1 - eat 

a) 
2

shatsinat; 6) t • 
te 

4.18. Ha.HTH op:urHH·an no 3a,ZJ;a.HHOMY H3o6paEemuo 
1 p 

a) ; 6) . 
(p _ 1)2(p _ 2)3 (p2 + a2)2 
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4.19. C nououn-10 <t>opMyJlld .lboauen.a BaHTH peweHHe .z:tH<t><t>epcH­
:QHaJihHOro ypanHemIJI 

.. . 1 
x-x= --

1 +et' 
:co= :Co= 0. 

4.20. OnepRl.lHOBHLIM ueTO,llOM pewHT& 3a.z:ta~1y KowH 
, 

a) 
. . . 1 ') t • .. 0 
x +x = 

2 
t'" c , :co = :c0 = xo = ; 

6) x - 2x - 3x = 2t, xo = 1, :Co = O; 

) .. . { b, 0 ~ t < a, 
b x + x = 2b, t ~ a, Xo = 1, x = 0. 

4.21. OnepRl.lHOHHLIM MeTO,llOM HaHTH o6ntec peweHHe .z:tH<t><t>epcH­
:QH8JlhHOro ypaeue1D1J1 

tx-(t-5)x+3x=O. 

4. 2 2. Onepa:QHOBHhlM MeTO,llOM peWHT& CHCTeMY .llH<t><t>epeHI.tHanh­
HLIX ypa.BHCHHH 

{ x = -2x +Sy+ 1, 
y = x + 2y + 1, xo = 0, Yo= 2. 

BapnaHT M 5 

5.1. Ha.HTH nee 3HaqeHHJI ICOpHJI 

a) r-5 
• 

6) 
4 l+iv'3 

32 
5.2. Ilpe,llCTaBHTh B anre6pa1r1ec1COH <t>opMe 

a) sin( 1f /6 - 3i); , 6) arth ( 
8 + ~-/3i). 

5.3. Hcxo,ll.a H3 onpe.z:tenemu TpHrOH0MeTp1NeCICHX H rHnep6on~1ec­
JCBX <l>Yiucnm'i~ ,llOICa3aT& ch '.? z - sh 2 z = 1. 

5.4. Hccne,lloBaT& Ha a6conIOTHyIO H ycnonHy10 cxo.z:tHMOCT& ps.n; 

00 

L n- cos
21

6n +in2 • 
n=t 

5.5. HaiiTH yron nonopoTa a H JC034>4>mtHeHT pacT.JDKCIDIJI kB TO~IKc 
zo = i npH oT06paxemm w = z3 - z. 

5 .6. HaiiTH aHaJIHTWlecICyIO cl>YHKUHJO f ( z) = u + i1.1 no H3BecTHo:H 
,lleHCTBHTe1IhHOH ( HJIH MHHMOH) qacTH H 3HaqeHHIO f ( Zo ) 

a) u = 2 sin x ch y - x, f (0) = O; 

6) t1 = x 2 
- y2 

- x, f ( o) = o. 
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5. 7. Bhl'l!HCJmT& 

J z2 
Im zdz, 

r 

3a,l{aHJfJI ,l{nJI CBMOKOHTponJI 

r.z:te r - nOMaHM C BeplllHHaMH D TQqJCaJC Z1 = 0, Z2 = 1, Z3 = 1 + i. 
5 .8. Bhl'l!HCJmT& 

r.z:te r: a) lzl = 1/2, 6) lz !_ 11 = 1/2. B) lz I = 2. 
5.9. HaHTH H nocTpoHT& o6nacT& cxo.z:tHMOCTH pJI.ZJ;a 

5.10. HailTH nepnhle TPH ~neHa pa3no:>Kemu1 cf>YHK~ ch (1 - z) B 
pJI.ZJ; no cTeneHJIM z - (1+1fi/2). 

5 .11. HailTH Bee nopaHOBCKHe pa3noJKeHHJI .z:taHHOH cf>yHKumi no c~­
ncHJIM z - zo 

7z - 196 
a) z 4 +7z3 -98z2 ' 

4z -8 5) (z + l)(z -3)' 

zo = O; 

zo = 2 - 2i: 

z-3 
B) (z -3)cos1f , zo = 0. 

z 

5.12. JlnJI cpyHKUIDI 

/(z) = _;. +sin_;. 
z- z-

HaHTH H30JmPOBaHHhle oco6hle T()ql(H H onpe.z:teJmTh RX THil. 

5.13. JlnJI ,llaHHhIX cf>YHK~ HaHTH Bhl~eThl B yKa3aHHhlX oco6hlx 
TO'tJKaX 

1 +cos z 
a) . , z -:-- 1f; 

eu + 1 
. 1 i/z B) 'tZ COS - - C , Z = 0; 

z 

.z:t) (z + i)2 e<:i-i) I z, z = oo; 

sin2 z 
6) (z - 7r/2)3, z = 7r/2; 

Ch 5z - 1 , z = O,· 
r) ez - 1 - z 

) 
2z . ') 1fZ - i 

e ') Sill-
3 

. , Z = 00. 
z- - 4 z + i 

5 .14. Bhl'l!HCJmTh HHTerpanhl 



lfH.ztHDlf.l{yanhHhle 38,ItaHKB 601 

a) J z 
6) J cos 1/z d dz· z· 

(z - 4)2 (z + 1) ' 1 - z , 
1:-31=2 1:1=1 /2 

00 1+ioo 

n) J dx J czt 

(:r.2 + 4)3; r) -.>dz, t > O; 
z-

-oo 1-ioo 
2ir 27r 

.ll) j 1 
dt: e) j ~ dt. VS sin t + 3 · {3v'2 + 2 3 cos t) 2 

0 0 

5 .15. HaHTH o6pa3hl yICa3aHHhlX MHOJKeCTB npH 3a,llaHllLIX oT06pa­
)l{eH1urx 

a) E : {R.e z > 0}, w = 1 / z; . 
6) E :'{I z I = 2}, w = ! ( z + ! ) ; 
B) E: {1 < lzl < 2}, w~= 2/(z - 1). 

5.16. KoH<t>opMHO oT06pa3HTh 06nacT1> 

D: {lzl > 0, z <i [-2, -1], z <i [1, 2]} 

Ha o6nacTh D*: {hn ·w > O}. 
5 .17. HaiTH H3o6pa)l{eHHe yKMaHHhIX <t>YHKUHH 

a) e-at cos2 fJt; 6) ~(cost - cos 2t). 

5.18. HroiTH opHrHHan no 1a,z:taHH0My H3o6pa)l{CHHIO 

) 1 ) p a · 6 
(p + 1) 2 (p + 3) ' (p2 + 1 )(p2 + 4) 

5.19. C noMOilthIO <t>opMynhl -.ll10aMeng HaHTH peweHHe .z:tH<t><t>epcH­
:QHaJihHoro ypaBHeHH1I 

.. 1 
x-x=-­ch t, :co= xo = 0. 

5.20. Onepa.QHOHHhIM MeTO,z:toM pemHTh 3a,n;a~y KomH 

a) x + 2x + x = t, xo = xo = O; 

6) 2x + 5:i: = 29cos t, xo = -1, xo = O; 

:co = :i:o = 0. 

5 .21. bnepa.QHOHHhIM MeTO,D;oM HaHTH o6I.I.tee peweHHe .z:tH<t><t>epeH­
:Qlla.JlhHOro ypanHeHH1I 

tx - 2(t + l)x + (t + 2)x = o. 
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5.22. Onepa.QHOHHhIM MeTo~oM pewHTL cHCTCMY ~Hct>ct>epcHI.nitaJIL­
HhIX ypaBHeHHH 

{ x = 3x + y, 
iJ = -5x - 3y + 2; xo = 2, Yo = 0. 

BapuaHT N'2 6 

6.1. HailTH nee 3Ha'tleHHJI 1CopHJI 

a) J1 - ·iv'a 6) ea 
6.2. Ilp~CTaDHTL B anre6paH't1CCKOH cl><>pMe 

a) sh (3 + 7ri/6); 6) arctg (
3 -5 4·i). 

6.3. Hcxo~JI H:l onpe~eneHHJI TpHrOHOMeTpw.1ecKHX H rH11ep6onw.1ec-
"" .. .., . .., 1 KHX 't'YHKUHH, ~OKa3aTL cos- z +sin- z = . 

6.4. Hccne~oDaTL Ha a6conIOTHYIO H ycnoBHYIO cxo,nHMOCTL pJI.n 

00 

L 1 1r 
----arctg --. 
~-iyn 4.y"n 

n=l , 
6.5. HrulTH yron nonopQTa a H K03cl>ct>:mnieHT pacTJIECHHJI kB TOqxc 

zo = 1fi / 2 npH oT06paEemm ~u = ch z. 
6.6. HaiiTH aH<\JIHTW.1ecKy10 <l>YHKl.lHIO f(z) = u + iu no H3BCCTHOH 

~eHCTBHTCnLHOH ( HJIH MHHMOH) qacTH H 3Ha'tlemno f ( zo) 

a) u = 2(sh x siny + xy), f(O) = 3i; 

/(1) = 2. ) 
• x 

6 u = +x .., + .. ' x- 1l"' 

6. 7. Bhl't.JHCJmTL J zRe z
2
dz. 

r 

r~e r - nonyoKpyEHOCTL lzl = 2, ln1 Z ~ 0. 
6.8. Bhl'l!HCJIHTL ... 

f z2(4:·~ i?r) dz, 
r 

r~e r: a) lz +ii = 1/2, 6) lzl = 1/2, B) lzl = 2. 
6.9. Ha:HTH H nocTpoHTL o6nacTL cxo~HMOCTH pJI.na 

n=-oo 

6.10. HaiiTH nepBhle TpH 't.JneHa pa3noEeHHJI cl>Y:Hia:tHH 1/(5 + e-:) 
B PJI.n no cTeneHaM z. 
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6.11. Ha.HTH Bee nopaHOBCICHe pa:moJ1teHHJ1 ,ttaHHo:i ct>YHICUHH no cTe-
neHJIM z - zo 

z+2 
a) z + z2 - 2z3 ' 

zo = O; 

8z - 16 
6

) (z + l)(z - 3), 
Zo = -2 - i; 

z 
B) Z COS . , 

z + 2i 
Zo = -2i. 

6.12 . .llns ct>YHK~ exp[l/(z + l)] BaHTH H30JIHPOBcUIHhle oco6Lie 
TO'tIKH H onpe.nenHTh HX THn. 

6.13 . .linJI ,ll;lUU!hlX cf>YHK~ HaHTH DLiqeThl B yICa3aHHhlX oco6LIX 
TOtIKax 

• ·> 
s111· z 

a) z = O; •) , z-
1 

6) (z4 + 4)3, z = 2i; 
.2 ') 

') 1 
n) (z-1) .. cos-, z=O; 

z 

e~ - 1 - z• 
r) z = O; 

sinz - z + z3 /6' 
z-1 ( 2 ) .n) 1 ch , z = oo; 
z +1 z-3 

6.14. Bhlqi{CnHTh HHTerpanhl 

a) J -f-dz; 
SlDZ 

1:-61=5 
00 

I xdx 
n) (x2 + 4x + 13)2 ; 

l 1 
e) z ch - exp - , z = oo • 

z z 

6) J (z + 2)e*dz; 

l=l=l/2 
IX) 

I xsinx dx; 
r) x 2 + 4x + 20 

-oo -oo 
2w 2w 

.n) J ..ti 1 
dt; e) J 1 

) dt. 7 sin t + 4 _,. ( 4 + 3 cos t 2 

0 0 
6.15. Ha:iTH o6pa3hl yKa3aHHhIX MHo)l(:eCTD npH 3a.ztaRH:&lX oT06pa­

:JKeHHsx 

a) E : { 0 < Im z < 'Ir/ 2, Re z > 0}, 

6) E : {lzl = 2}, w = z/(z + l); 

B) E:{lzl<l,z~[O,l]}, w=~(z+!)· 

6.16. KoHct>opMHO oT06pa3HTh o6nacTh D: {-oo < ln1 z < oo, -oo < 
Re z < oo; z ~ [i, 3i]} Ha o6nacn D* : {hn w > O}. 

6.17. Hai:TH H3o6paJKeHHe YICa3aHHLIX 4>YHKUHH 

' 
a) te-• sin t; 6) J cos(t - -r)e2

r d-r. 

0 
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6.18. Ha.HTH opHrHHaJI no 3a,zi;a.HHoMy H3o6pruKcHHIO 
') 

p- + 1 p 
a) ') ( 2 ) 6) 4 .., • 

p- p - 1 p + 5p- + 4 
6.19. c IlOMOIIU>IO ct>opMynLI .ll10aMenJ1 HaHTH ~1acTHOC peillCHHC 

.lUicl>ct>epeHUHaJibHOro ypanHeHHJI 

.. . • et 
x - x = 1 +et' xo = xo = 0. 

6.20. OnepaI.tHOHHLIM MeTO.n;oM pewHTh 3a.n;a~1y KowH 

a) x - :i; - 6x = 2, xo = 1, Xo = 2; 

6) x(4
) + x<3

) =cost, xo = xo = :Eo = 0, x~3 ) = 1; 

B) •• + { cos t' 0 < t < 11'; • 0 x x :s:: 0 t ........_ xo = xo = . 
' .:;; 11'; 

6.21. Onepfil\HOHHLIM McTO.n;oM HaHTH o6II.tee pcIIIcHHe .n;HqupepeH-
1.tHallhHoro ypanaemu1 

tx - ( t + s )x + 3x = o. 

6.22. OnepaI.tHOHHLIM MeTO.n;oM peWHTh CHCTeMY .n;Hct>cl>epeHUHaJlh­
HLix ypaBHeHHH 

{ x = -x + 3y + 1, 
iJ = x + y, xo = 1, Yo = 2. 

BapnaHT Ns 7 

7 .1. Ha.HTH Bee 3Ha~1eHHJ1 KopHJI 

a) V./3-i 6) ~ 
7.2. Ilpe.n;cTaBHTh B anre6paH~eCKOH ct>opMe 

a) cos( 11' /2 - i); 6) arcsin 4. 
7 .3. Hcxo.n;.s: H3 onpe.n;eneHH.s: TpHrOH0MeTpw.1ecKHX H rHnep6on~cc­

KHX cl>YHKUHH, .D;OKa3aTh 

sh 2y 
Im (ctg z) = - . 

ch 2y - co~ 2x 

7.4. Hccne.z:toBaTh Ha a6con10THy10 H ycnoBHYIO cxo.n;HMOCTh pJIJt 

7.5. Ha.HTH yron noBopoTa a H Ko3<P<PHI.tHeHT pacT.s:EcHHJI kB TO~ncc 
zo = i + 1 npH oT06paEemm w = e.i. 
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7.6. HaiTH aHC:um:Tw-tecKyIO <l>YHICQHIO /(z) = u + ·iu no H3DCCTHOH 
.ztCHCTDHTenhHOH ( HJIH M:Enl:MOH) ~acTH H 3Ha'CleHHIO f ( zo) 

) 
2 3 

a u = 3x y - 'Y, + y, 

) -u 6 tr = e cos x + x, 

/(0) = O; 

/(0) = i. 

7. 7. BhI't!HCJIHTh f (z - lzl)dz, 
r 

r.zte r - nonyoKpyE:HOCTh lzl = 1, Re z ~ o. 
7 .8. Bhl't!HCJIHTL 

I zchz d z, 
4z2 + '71"2 

r 

r .zte r: a) I z - 11 = 1, 6) I z + i I = 1, D) I z I = 4. 
7.9. Ha.HTH H nocTpoHTL o6nacT& cxo,ttHMOCTH p.l,lla 

~ ( z - 1 )
0 + ~ 3n + 5 ( z _ l) n, 

L.J 9 L.i g • 20+2 
n=-oo 01110 

7.10. HaiTH nepBLie TPH 'l!JleHa pa3no)Kemta ct>y:mcmm /(i) = t lilin ~ 
B ps,n no c-reneHJIM z - 1. 

7 .11. Ha.HTH Bee nopa.Honcxue pa.3noxcemu1 ,r:taHHoi ct>ymn.nm no core· 
IlCHJIM Z - ZO 

2z + 16 
a) 8z2 ;+ 2z3 - .i•' .io = O; 

2z 
6) 'l + 4. • z .. Zo = -1- 3i; 

B) • z + i 
810 '' 

. 
zo = i. z _.,, 

7.12 . .llnJI <l>YHICI.tHH cos(l/ z) HaiTH n:Jomtpo:aa.HHLie oco6ble 1'Qq}(H 
H onpe.zteJIHTh WC THU. 

7.13 . .llnJI ,Q;aHHhIX ti>YHJC~ HaHTH BW'leTJM p yKa3aHHhIX oco6hIX 
TO't.IICax 

a) (z-~)tgz, z==-11"/2; 

B) z2 e 1 /(l-.i), z = l; 

1 
6) ~cosz, i=O; 

z ') 2 
sin z~ - z 

r) it == 0; 
COii! z - 1 + z 'JI 2 ' . 

Z + 1 , ( 1rZ ) ~) sin 
z(z - 1) 2z - 1 ' 

e) (.c - 2i + 3) In ( 1 - ;z), 
z = oo; z = oo. 
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7 .14. Ilhl'llHCJmTh HHTerpanhl 

a) J ctg zdz; 6) J . \ dz; 
s111· z 

1.:1= J 1.:1=2 
00 

J dx 
B) (x2 + l)(x2 + 4); 

r) x· J cos 2x d 
,, 1 ' x- + 

-00 -oo 

e) ., dt. J 1 

(4 +cost)-
0 0 

7.15. HailTH o6pa3hl yxa3aHHLIX MHOEeCTB rrpe: 3aJlaHHhIX oT06pa­
)KCHHJIX. 

a) E : {Re z = 1}, w = z / ( 1 + z); .. 
6) E : { 0 < hn z < 11' / 2, Re z > 0}, 

B) E: {lzl > 1, z ~ [-2,-1], z f. [1,+oo]}, w = ~ (z + ~)· 

7.16. KoHcpopMHo oro6pa3HTh o6nacTh D : {Re z > 0, 0 < ln1 z < 
a} Ha o6nacn v· : {Im tu> O}, a> o. 

7 .17. Ha.MTR H3o6pruiteHHe yKa3aHHhlX cl>YHIC~ 
t 

a) e.-• sin2 t 6) J ~sh -rd-r. 

0 

7 .18. Ha.HTH ope:rHHan no 3a.llaHHOMY H306paEeHH10 
c-21' 1 

a) )3 : 6) ,, . 
( 1 + p p- + 2p + 5 

7.19. C noMo~IO cpopMynhl .ll10aMenJ1 HaHTH ~1acTHoe pcweHHe 
.llHcpcpepeHIUlan:bHOro ypanHeHHjf 

:Jt 
- . e . 0 x + x = t , xo = xo = . 

3+e 

7.20. OnepfillHOHHhIM MCTO.llOM peWHTh 3a,lla~y KoWH 

a) x+x=~sint, Xo=l, Xo=-1; 

6) x - 3x + 2x = 12e3
t, xo = 2, xo = 6; 

B) x --X = { 01 - t. ot ~ t < 1; Xo = Xo = 0. 
, ~ 11"; 

7. 21. OnepRl.lHOHHhIM MeTO,ZJ;oM HaHTH o6Il.lee peweime .llH<l><l>epeH-
1.lHaJihHoro ypanHeimg 

tx - ( 1 + t )x + 2 ( 1 - t) x = o. 
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7 .22. OnepauHOHHhIM MeTO,noM peWHTh CHCTeMY .n:e:ctut>epc~aJlh­
HhIX ypaBHeHHH 

{ x = -3x - 4y + 1, 
y = 2x + 3y, Xo = 0, Yo = 2. 

BapnaHT Niz 8 

8.1. HaiTH Bee 3Hat.1eHHa xopHJI 

a) JI - i 6) v l i J3 
2 2 

8.2. Ilpe,ll;CTRBHTh D anre6pa.Ht.ICCKOH ct>opMe 
a) sh(l+?ri/2); · 6) {-l+·i.J3)3

;. 

8.3. Hcxo.na H3 onpe,ZleneHHH TpHrOHoMeTpWiecKHX H rHIIep6onw1ec­
KHX ct>YHK~, ,ll;OKa3aTh 

R ( t ) 
_ sin 2x 

e c g z - . 
ch 2y - cos 2:c 

8.4. Hccne,noBaTh Ha a6con10THy10 H ycnoBHYIO cxo,nHMOCTh pJI,D; 

.. oo . 
~ 3n-2i 
Li n(n - i)(n + 2)" 
n=l 

8.5. HaiTH yron nonopoTa a H ~03ct>ct>HIU1eHT pacTHEeHHH kB TOt.nce 
zo = i npH oro6pa:xceHHH w = 3e -•.: + 2z2• 

8.6. HaliTH aHaJIHT:Ht.1ecxy10 ct>YHKitHIO /(z) = u +iv no H3BeCTHOH 
.neiicTBHTenhHOH ( HJIH MHHMOH) 'C.J3CTH H 3Hat.IeHHIO f ( Zo) 

a) u = :c3 
- 3x_y

2 + 2x, /(0) = i; 
6) u = e:a: (y cosy+ x sin y), /(0) = 0. 

8.7. Bhlt.mcnHTh f z'lm zdz, 

r 

r,ne r - 0Tpe30K npJIMOH Z1 = 0, Z2 = 1 - 2i. 
8.8. Bhl't!HCnHTh 

f z + 1 dz 
z(z - l)(z + 3) · 

r 

r,ne r: a) l.zl = 1/2, 6) lz - ll = 1/2, B) lzl = 2. 
8.9. HaiTH H nocTpOHTh o6nacTh cxo.ztHMOCTH pJI,D;a 

00 00 

E ( + 1 ·)n E n n z · - i + ( .) . z+l-in 
n=O n=l 
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8.10. Ha:iTH nepn1a1e TpH "tJJieHa pa3noEeHHJI <f>YHIC:tnm e1 /(I-.:) n 
pa.it no cTeneHJIM z. 

8 .11. Ha.HTH Bee nopaHOBCKHe pa3noxeHHJI ,z:i;aHHo:H <f>YHICltHH no cTC-
neHJIM z - zo 

) 
7z + 98 

a • ., 3 , zo = O; 
49z + 7z- - 2z 
• 
· 2z 

6) ,, Zo = -3 + 2i: 
·z2 + 4' 

B) z exp ( 
1 

) , zo = 2. 
• z - 2 

8.12 . .llnJI <f>YHICI.tHH (1 - sin z)/cosz HaHTH H30nHpOBaHHLie oco6Lie 
TO-qJCH H onpe,z:i;eJIHTh HX THII. 

8.13 . .llnJI )l;aHHLIX <f>yHICrnm HaHTH BLiqeTLI B YKR3aHHLIX oco6LIX 
TO-qJCRX 

z3 
a) . cos z, z = O; 

8111 z - z 

) 
z 

B z exp , z = 1; 
z-1 

z-1 2(1rz-2) 
,z:i;) ( z + 1) 2 cos z + 3i ' 

z = oo; 
8.14. B1a1~cJIHTb HHTCrpanLI 

a) J (z2 _ :;(:2 _ 4) dz; 

lz-31=3/2 
00 

J 
2 

B) ( 2 X '> r dx; x +a- -

z . 
6) ( •) )') ' z = ·t; z- + 1 -

') 

r) 
cos z- - 1 

z = O; 
sh z - z - z3 /6' 

e) (z + 2i) cos2 (~), 
2.z 

z = oo. 

6) J zcos
2

(2/z)dz; 

l.il=l/2 
l+ioo 

r) J xch x d 
., x; 

x- - 2x + 10 
-oo 1-ioo 
2~ 2~ 

,z:i;) J 1 
dt; • e) J 1 

dt. 
3v'7 sin t + 8 (3 + v'5 cos t)2 

0 0 
8 .15. Ha.HTH o6pa3LI yKa3aHHLIX MHoxecTB npH 3a,z:i;aHHLIX oT06pa-

EeHH.ax 

a) E: {Re z = ?r, Im z > O}, w = eu; 

6) E : {I z I < 1, Im z > 0}, w = ( 1 - z) / ( 1 + z); 

B) E: {lzl < 1, Im z < 0, z ft [-i,-i/2]}, w = ~ (z + !)· 
8.16. KoH<f>opMHO oT06pa3HTh o6nacTb 

D · { - 7r < Re z <· 7r } . 2 2 
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Ha o6JiaCTb D"' : {Im w > o}. 
8.17. HaliTM H306paxe1nte yxa3aHHhIX <PYHKUHH 

t 

a) f ch 2t; 6) f ch:- l dT. 

0 

8.18. liaHTH opHrHHan no 3a,ItaHHOMY H306paxeHHIO 
p2 + a2 p2+ 1 

a) · 6) 
(p2 _ a2)2' p(p + l)(p + 2) · 

8.19. C noMo~IO cpopMyJihl ,ll10aMeJIJ1 HaHTH -qacnme peweHHe 
.z:tH<P<PepeHI:CHa.JILHOI'O ypanHeHHJI 

- 1 . x - x = xo = xo = 0. 
l+cht' 

8.20. Onep~oHHhIM MeTO.z:tOM pewHTb 3~a-qy KowH 

a) x + 4x + 4;::::. t
3
e

2
\ xo = 1, xo = 2; 

6) 2x - 2x + x = t - sin t, xo = xo = O; 

{ 

t, 0 ~ t < 1; 
B) x + x = 2 - t, 1 ~ t < 2, xo = O, 

0, t ~ 2; 
:i:o = 1. 

8.21. Onep~oHHldM MeTO.z:tOM HaHTH o6~ee pewemte .n;:e:q>cpepeH­
~a.JILHoro ypanHeHHJI 

tx - 2 ( t + 1 )x + ( t + 2 )x = o. 

8.22. Onep~oHHhIM MeTO.n;oM peWHTb CHCTCMY .z:tH<PcpepeHI:CHa.JIL­
HldX ypaBHeHHH 

{ x = 2x + 3y + l, 
ii= 4x - 2y 

xo = -1, Yo = 0. 

BapuaHT Nsz 9 

9.1. liaHTH Bee 3HaqeHHJI ICOpHJI 
a) -\Y-1 - i; 6) v'-81. 

9.2. Ilpe.n;cTaBH'l'l> B anre6pa:e:qecxoi: cpopMe 

a) sin(1r/3 + i); 6) arctg(-
2v; + 3i). 

9.3. Hcxo.n11 H3 onpe,zxeneHHJI TpHrOHOMeTp}JqeCICHX H rHIIep6on:e:qec­
ICHX <PylllCilHH, .noxa3an, Re (ch z) = ch x cosy. 

9.4. Hccne.z:toBaTh Ha a6coJIIOTHyIO 11 ycnoBHYIO CXOAHMOCTh pJI,It 

00 

L 9n2 + :2ni - 5 · 
n:=:l 
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9.5. HaiTH yron nosopoTa a H Ko3<P<P~eHT pacTJ1XeHHJ1 kB TO~e 
zo = i1t/2 npH oT06paxemm w = z ch z. 

9.6. Hai:TH aHamt:TIAecKy10 <l>YHKUHIO f(z) = u + iu no H3BecTHo:i 
.neic'l'BHTeJILHOH ( wm MHHMOH) qacTH H 3Ha~1eHH10 f ( zo) 

a) u = 2 cos x sh y + 2y + 1, f ( 0) = 1; 

6) t1 = x3 
- 3xy

2 + 1, f (0) = i. 

9. 7. BLI't!HCJIHTL f z Re z
2
dz, 

r 

r,ZJ;e r - 0Tpe30K IlpJIMOH z1 = 1, Z2 = i. 
9.8. BLI~m:CJIHTL 

I ch z 2 

(' ) ,, dz~ 
i - z z~ 

r 

r,ZJ;e r: a) lzl = 1/2, 6) lzl = 3/2, B) lz - ii = 1/2. 
9.9. Haim n nocTptJHT:& o6nacT:& cxo.z:i;HMOCTH pa,na 

9.10. HaiTH nepBLie ~PH qneHa pa3noxeHHJI <l>YHKtnm f(z) = sh ( 1-
z) B pJIJJ; no CTeileHJIM (z - 1 - 1ri/2). 

9.11. HaiTH Bee nopaHOBCKlfe pa3noxe1DU ,llaHHOH <l>YHICtnm no cTC­
rtellitM z - zo 

2z 
a) zo = 2 + 3i ·, 

z2 + 4' 
5z + 100 

6
) 50z2 + 5z3 - z4 ' 

zo = O; 

) 
. 2z 

B Sill , Zo = 4. 
z-4 

9.12. nJIJI tl>YHICmut f(z) = ·z/(1 - sin2 z) HaHTH H30JIHPOBaHH:&le 
oco61ale TOtncH H onpe.neJIHTL HX THII. . 

9.13 . .nnJI .namtwx <l>YHKilHH HaHTH BLI't!eTw B YK838HHLIX oco6D1X 
'i'O':ilcax, 

et-2 - 1 
a) z _ 

2 
, z = 2; 

) 1 1 -
B COS - + - , Z = 0; 

z z 
2z • z + 1 

Jt) Sill 1r Z = oo; 
z2 - 4 2z ' 

ez 
6) z=-1; 

z2 (z + 1)6 ' 

e5 z - 1 
r) z = O; 

ch z - 1 - z 2 /2, 

e) z3 ln ( 1 - ~i ) , z = oo. 
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9.14. BLI't!HCJIHTb HHTerpanLI 

a) I sin
2 

z dz· 
(z - rr/2)3 ' 

6) f (zcos !- e*)dz; 
lz-21=2 lzl=l 

00 

r) I x sin(-2x) dx· 
x 2 + 4 ' 

-oo -oo 
2n 2~ 

~) J 1 
dt; e) f 1 

. dt. 
4v'3sint - 7 {2v'a + v'7cost)2 

0 0 
9.15. Ha.E:Tu o6pa3LI yxaJaHH:&IX MHoxecTB npu Ja,u.;aiuudx oro6pa-

xeHHJLX 

a) E : {Re z = 1}, w = z 2
; 

6) E : {O < ln1 z < 2rr, Re z > O}, w = ez; 

B) E : { 7r / 4 < arg z < 3rr / 4, z ~ [O, i]}, w = ~ ( z + ! ) . 
9.16. KoH41>opMHO oT06pa3HTb o6nacTb D : {a < Re z < b} Ha 

o6nacTb D* : {Im w > O}, a< b. 
9.17. Ha.HTH H3o6paxeHHe yxaJaHHLIX q,yH1C~ 

a) sh t cos 2t cos 3t; 6) 
1 

sin2 t. 
t 

9.18. HailTH opurm1an no Ja~aHHoMy H3o6paieHHIO 

p + 2 6 p3 
a) (p + 1) (p - 2) (p + 4) ; ) (p2 + 1 )3 

9.19. c IlOMO~IO q,op:MyJlhl .llIOaMeJIJI HaHTB peweHHe .u.;Bcl>~epeil­
UHaJihHOro ypa.BHeHHJI 

< 2 2t .. . e . 
x - 4x + 4x = ch 2 2t, xo = Xo = 0. 

9.20. OnepauuoHHLIM Mero,u.;oM pewuTb Ja~aqy Kowu 
• 

a) •• • t 
x - x = te , Xo = 1, :Co= O; 

6) 
') x - x = t•, Xo = 0, xo = 1; 

X +9x = { 

o, 0 < t < 1; 

B) t, 1 ~ t < 2; 
xo = xo = 0. 3-t 2 ~ t < 3; , 

o, t~3 

9. 21. OnepaI.llfOHHLIM MeTO~OM HaHTH o6mee peweHHe .u.;uq,cpepeH­
~aJibHOro ypasHeHHJI 

tx - (t + 5)x + 3x = o. 
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9.22. Onepain10HHLIM Mero,z:i;o:M peWHn CBCTeMY .z:i;u<t><l>epe~­
HLIX ypaBHeHHH 

{ 
:i; = 2x + 3y + 1, 
iJ = 4x - 2y, 

Xo = -1, Yo = 0. 

BapHaHT Nii 10 

10.1. Ha.HTH Bce 3Haq~HHJI xopHJI 

a) A°; 6) V2 + 2iv'3. 
10.2. Ilpe.z:tCTaBBTI» B anre6pmAeCICOH <t>opMe 

( 
1r ·) ( 3 + i2v'3) a) sh 2 + 
4 

i ; 6) arcth 
3 

. 

10.3. Hcxo~JI H3 onpe.z:teneHHJI TpHrOHoMeTpuqecxwc H nmep6oJIH­
qecKHX <l>ymc:l.lBH, ~0Ka38Th 

R 
sin 2x 

e {tg z} = . 
cos2x +ch 2y 

10.4. Hccne,z:i;oBaTb Ha a6conIOTHYIO H ycnoBHYIO cxo.z:i;HMOCTb pH,D; 

00 

L 9n2 + :ni -8 · 
n=l 

10.5. Ha.HTH yron noBopoTa a H K03<l><l>~eHT pacT.iOKeHHJI k B 
roqxe zo = 1 + i npu oro6paxemm w = ln( z - 1). 

10.6. Ha:HTH aHaJIHTHt1ecxy10 <l>YHKUHIO J(z) = u+iv no H3BeCTROH 
~eHCTBHTeJI&HOH ( HJIB MHHMOH) qacTH H 3HaqeHHIO f ( zo) 

10. 7. BLI"qHCJIHTh 

a) u = 2 cos x ch y, f ( 0) = 2; 

6) " = 2xy + x, f (o) = o. 

J f:i· 
r 

r~e r - OTpC30K npJI:MOH Z1 = 1, Z2 = i. 
10.8. BLI'qHCJDITb 

J (z~z1)2dz, 
r 

r.z:i;e r: a) lz - 2il = 2, 6) lz + 2il = 2, B) lzl = 2. 
10.9. Ha:iTH H nocTpOHTb o6nacTb cxo.z:tHMOCTH piu:ta 
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10.10. HaliTH nepBhle TpH 'tineHa pa~noxcemtJt <l>YHtcllHH [sin(3z -
1)]/ z B piut no cTCneHJIM (z + 1). 

10.11. HaliTH see nopaHoBcKHe pa3no)l(eHHJI ,ttaHHoi <Pymcium no 
CTCileHJIM z - Zo 

2z 
a) Zo = -3 + 2i; 

z2 + 4' 
13z + 338 

6) zo = O; 
169z + 13z2 - 2z3 ' 

(
4z - 2z

2
) 

B) exp ( z _ 
1

) 2 , zo = 1. 

10.12 . .llnJI <l>YHKUHH /(z) = z 2 (cos z - 1)-3 HaHTH H30JIHPOBaHHhle 
oco6Lie TO't!KH u onpe,tteJIHT::& ux THII. 

10.13 . .llnJI ,l:taHHhIX 4>YHIC~ HaHTH BLI'tleTLI B yKa3aHHhlX oco6LIX 
TO't!Kax 

cosz z5 
a) z = 37r /2; 6) e1/(z+1) + z = -1; 

z - 37r /2' (z + 1)3 ' 

B) 
z 

z = 2; r) 
sin4z - 4z 

zcos 
z - 2' 

, z = O; 
e-= - 1 - z 

.tt) 
4z + 2 1l'Z 

e) (z+2)
2 1n(1-:), ") ) exp , (z-i (z+3 z-2 

z = oo; z = 00. 

10 .14. BLI't!HCJIHTb HHTerpaJiLI 

a) J z 
6) J ch z - cos

3 z d 
16zl6 + 1 dz; 2 • z; 

Z Sill 57r 
1.:1=1 lzl=O,l 

00 00 

B) J (x2: 4)' dx; r) J . SlllX d :c. 
x 2 - 2x + 2 ' 

-oo -oo 
2~ 2~ 

.tt) J 1 
dt· e) J 1 

dt. 
4 sin t + 5 ' " (JG + Vs cos t )2 

0 0 

10.15. Ha.HTH o6pa3LI yKa3aHHLIX MHO.JKecTB npu 3a;D;aHHhlX oro6pa­
.JKeHH11X 

a) E : {Im z = 7r / 4}, w = cos z; 

6) E: {7r/4 < argz < 37r/4}, 

s) E: {lzl < 2, lz - ll > 1}, 

w=~(z+~); 
w = z/(z - 1). 

10.16. KoHct>opMHO oT06pa3HTb o6nacTb D : {lzl < 2, lz - ll < 1} 
Ha o6nacTb v· : {Im 'W > O}. 
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10.17. HaiTH u106paxe1me yxa1ammx cl>YlllCIUDi 
t 

a) t 2 sin at; 6) J sin T d-r. 

0 

10.18. Ha:HTH opHrHHan no 1a,z:taHH0My u:io6paxeHHIO 
3p+ 1 1 

a) · 6) 
(p2 + 1) 2 ' p(p + 1) 

10.19. C noMOlUDIO <f>opMynLI .ll10aMenJI HMTH qacnme pewe1me 
~H<t><f>epeHIUla.JlhHOro ypaBHeHHJI 

.. 1 . 
x + x = h '> , Xo = Xo = 0. 

c "'t 

10.20. Onep~OHHLIM MeTO~OM pewHTh 1~aqy KoWH 

) 
•• • 2 • 

a x - x = t , xo = O, Xo = 1; 

6) x+4x=8sil}2t, Xo=3, Xo=-1; 

{ 

1, 
B) x+x= O, 

-L 1 ~ t < 2; 
xo = xo = 0. 

10.21. Onep~oHHLIM MeTO~OM HMTH o6mee pewe1me ~<P<t>epeu­
nH'.aJibHoro ypaBHCHHJI 

tx - 2(t + l)x + (t + 2)x = o. 
10.22. Onep~OHHLIM MeTO.z:tOM pewuTh cuc-reMy .z:tH<P<t>epeHUHam,­

HLIX ypaBHeHHH 

{ 
:r. = 2:c - 2y, 
iJ = -4:c, xo = 3, Yo = 1. 

BapHaHT Nsz 11 

11.1. HaiTH see 3Ha'leHHJI xopHSI 

a) y'1/8; 6) V:,. 
11.2. Ilp~CTaBHTb B anre6paH'leCKOH cpopMe . 

a) sin( 11' /4 + 2i); 6) (-1 - i)4
'. 

11.3. Hcxo.z:tJI H3 onp~eneHHJI TpuroHoMeTpH"Iecxux H rHIIep6onu­
qecxux <l>YHICtlHH, ,z:toxa1aT1> Re (sh z) =sh x cosy. 

11.4. Hccne,z:toBaTb Ha a6conIOTHYIO H ycnoBHYIO cxo~uMocn. pau; 

00 

L 4n2i +
2

sn + 3' 
n=O 

11.5. Ha:iTH yron nonopoTa a H xos<Pcl>HUHeHT pacTJIJKeHIU k B 
roqxe zo = 2 + i npu oro6paJ1CeHHH w = z / ( z + i). 
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11.6. HaiiTH cuuum:'i'Ht1ecxy10 cpyHICUHIO f ( z) = u + iv no H3Bec1'Ho:H 
.neHCTBHTenLHOH ( HJIH M~MOH) 'tlaCTH H 3Ha'tleHHJC) f ( zo ) 

11. 7. BLI't!HCJillTh 

) 
2a: a u = e cos 2y, 

6). v = 2xy - 2y, 

f(7ri) = 1; 

f(O) = 1. 

J exp(lzl 2
) Re z dz, 

r 

r.ne r - OTIJC30K npJIMOH Zt = O, Z2 = 1/2 + iv'3/2. 
11.8. BLI't!HCJIHTL 

J cosz d 
z(z - 1r/2)3 z, 

r 

r,ne r: a) lzl = 1/2, 6) lz - 21 = 1, B) lzl = 2. 
11.9. HaiiTH u nocTpOHTL o6nacTL cxo,nHMOCTH pJI.na 

-1 00 

L (5n + 6)z2n + L z2n4-n-l. 

n=-oo · n=O 

11.10. Ha:HTH nepBLie TPH qneHa pa3noxemu: cJ?y~ (l+cos z)- 1 

B p~ no cTeneHJIM z. 
11.11. Ha:HTu see nopaHoBCKHe pa3noxeHHJ1 ,ncumoii cpyHICtnm no 

CTeileHJIM Z - Zo 

,3z - 18 
a) 2z3 + 3z2 - 9z' zo = O; 

2z 
6) z2 - 4' zo = 2 + 2i; 

1rZ 
B) z exp , zo = 7r. 

z - 7r 

11.12. IlnJI cpyHICi.nm f(z) = (z - 7r)/ sin2 z HaHTH H30JIHPOBaHHLie 
oco6Lie 'l'()q[(H u onpe,neJIHn ux THII. 

11.13 . .llnJI .z:tallllLIX cpyHICillUi HaHTH BLI'tleTLI B yKa3aHHLIX oco6Lix 

4 
6) z cos 2 ' z = - 2; z+ 

z = oo; 

) 
ch 5z - 1 

r z = O·, '}/2' ez - 1- z - z-

e) z3 exp ( :, ) , z = oo. 
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a) 

n) 

11.14. Bw"DlcnHTO HHTerpanw 

J 
lz+ll=l 

J 
1~1=3/:1 

z5 + z 8 

" 1 dz; z + 

00 

J 
(x + l)e-Si.21 

6) ~ dx,· 
:r:· - 2x + 5 

-oo 
00 

J :l:2 - x + 2 d 
r) x 4 + lO:l:2 + 9 x; 

-oo 
~w 2w 

in) J :- l dt; e) J 1 
dt. 

4{5°siut+3 v'fi +sint+ 5 
0 0 

11.15. Ha.ATH ofipa:sw ~a:numwx MHo:zecTD npH 3~aHH:wx oT06pa-
>KeJmax 

a) E: {lz.,.... 1/21=1/4}, w = 1/.i; 
6) E : { O < Im Al < ?r, Im z > 0}, w = cth .i; 

») E : {I z I < 1, -31r / 4 < arg z < -fr/ 4}, w = ~ ( z + ~) . 
11.16. Koa<t>opwao oTOftpa:tHT& o6nacT& D : {O < arg(z - 1 - i) < 

7r/2} JU\ oOnacTh n• : {Rew> 0}. 
11.17. HaiTH H:totSprutteHHe yxa3rumwx 4>YHJC~ 

a) ch at t cos at; 6) 1 
e-at sin2 t t . 

11.18. liaHTH opHrRHM no la,IUUIH014Y H306pa:.elDIIO 

1 ' p2 + 2 
a) (p + 1 )(p + 2) :l ; 6) p• + p2 + 1 . 

11.19. PewRTJa .nucl>cfJepe~MltHOe ypanHeHHe 
-t 

iC + 2:h + m :::; ( t: 1 ):I , xo = :ho = 0. 

11.20. Onepat.tKOHHJdM Me~OM pemHTla :i~a~y Kowu 

a) ~ + 4x = sin t, xo = :Ca = 0; 

6) :ii + :h + x ;:!? t'J + t, xo ;::: 1, d:o = -3; 

B) .. + - { 1, 0 ' t < 1; . 0 
X W .-- Q, t > l; XO = :Co == • 

11. 21. OnepaI.ll!OHHWM MeTO.lf;Ol4 HaHTH o6Ulee peweHHe .U:H4>cl»epeH­
QHamtHO:ro YPADHeHH.11 

ID - 2t:i: + (Gt - 13):z: = 0. 

l l. 2 2. OnepE\WfOHHltl14 MeTQUoM pewHT& CHCTeMy .u:uct>ci»epeHI.lHam.­
HWX ypaaHeHHi 

{ x ;::: a: + 3y + 2. y = x _ y + l, :z: o = -1, Yo = 2. 



BapnaHT Ne 12 

12.1. HaliTH Bee 3HaqeHHH KOpHH 

a) R; 6) Vl + iv'3. 
12.2. Ilpe,ttCTaBHTb B a.nre6pawrecKOH <t>op:Me 

. (3 + 4i) a) cos(7r/6+2i); 6) arctg 
5 

. 
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12.3. Hcxo,D;H H3 orrpe,D;eneHHH TpHI'OHO:MeTpHqecKHX H rHIIep6o.JIH­
qecKHX <l>YHKrnrH, .z:toKa3a~b Im (sh z) = ch x sin y. 

12.4. Hccne,ttoBaTb Ha a6con10THYIO H ycnoBHYIO cxo,ttHMOCTb pH.It 
00 

'"' 3 + 7n 
L.J 5n + ni. 
n=l 

12. 5. HaliTH yron noBopoTa a H K03<l><l>HUHeHT pacTHieHHH k B 
TO"t!Ke zo = 2 + i rrpu oTo6pa)KeHHH w = (z + 1)/(z - i). 

12.6. Ha.HTH aHa.JIHTKt-1ecKy10 <l>YHKl.UiIO f (z) = u +iv no H3BeCTHOH 
.nelicTBHTenbHOH ( H.JIH MHHMOH) qacTH H 3HaqeHHIO f ( zo) 

a) u =ex siny + 2y, 

) 
2 2 6 v = x - y - 2x, 

12. 7. Bhl't!HC1IHTb J z*dz, 

r 

f (0) = i; 

f(O) = 1. 

r.ne r - rronyoKpy)KHOCTb lzl = 2, Im z ~ 0. 
12.8. Bhl~C1IHTb 

J z2e" 
------dz, 
(z-:- l)(z + 1) 

I' 

r,ne I': a) lz - lj = 1/2, 6) jz + ll = 1/2, B) lzl = 2. 
12.9. Ha.HTH H rrocTpoHTb o6nacTb cxo.z:tHMOCTH pH,Ita 

00 00 2 2n - 1 Z n 

'"'(5n + 1) ( ) +'"' ( ') . L.J z+l n L.J n+i n 
n=l n=O 

12.10. Haii:TH nepBhle TpH qneHa pa3noieHHH <l>YHKI.Um ln(l +cos z) 
B PH.rt no cTeneHHM z. 

12 .11. HaliTH Bee nopaHOBCKHe pa3noieHHH ,ttaHHoil <l>YHKI:tHH no 
CTeIICHHM Z - Zo 

2z 
a) , zo = -1 + 3i; 

z 2 -4 
3z - 36 

6) , zo = 0; 
z4 + 3z3 - 18z2 

) 
z + 3 

B Z COS 7r , Zo = 1. 
z-1 
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12.12 . .llns <PYHIC~ ctg (1/ z) - 2z 3 HfillTH H30JIHpOBaHHLie oco6Lie 
TO't!KH H orrpe,zteJillTb HX THII. 

12.13. llns ,zta.HHLIX <PYHIC~ HfillTH BLiqeTLI B yKa3aHHLIX oco6LIX 
TO't!Kax 

) 
1 - sin z 

a z = 7r /2; 
(z-7r/2)4 ' 

ze-
6) z2 - 3z + 2' z = l; 

cos3z - 1 z-1 
B) z exp , z = -1; 

z+l 
r) z = O; 

sin z - z + z3 /6' 
Z - 2i . 1rZ + 2 

ll) 4i - Z 2 Sln 2 ( Z - 1) ' z = 00; e) z3 ln ( 1 -
2i; 1), z = oo. 

12 .14. B LI'tlHCJillTb HHTerpanLI 

a) I ez · I ez + 
1 

dz; • 6) [izcos(l/z) - ei/z]dz; 

lz-.-il=4 l=l=l 
oo 1 +ioo 

B) I x2 - d;x + 2; r) I z2e: 1 dz, t > O; 

-oo 1-ioo 
2~ 2~ 

.it) J 1 
dt; e) J 1 

dt. 
2v'6 sin t - 5 ( v'2 +cos t) 2 

0 0 
12 .15. HfillTH o6pa3LI yKa3aHHLIX MHoxecTB rrpH 3a,zta.HHLIX OT06pa-

xeHH.SIX 

a) E : { 0 < Re z < 1}, w = 1 / z; 

6) E : { 0 < Re z < 7r, Im z > 0}, iz 
w = e ; 

n) E: {lzl < 1, -37r/4 < arg z < -7r/4}, w = ~ (z + !) . 
12.16. KoH<PopMHO oT06pa3HTb o6nacTL D: {lzl < 1, Im z > O} Ha 

o6nacTb D* : {Im w > O}. 
12 .17. HfillTH H3o6paxeHHe yKa3aHHLIX <Pyax~ 

t 

J 
e 0 T - e 13T 

a) sin t - tcos t; • 6) dT. 
T 

0 

12.18. Hfil!TH op:wrHHan no 3a,zta.HHOMY H3o6paxeHHIO 
1 e-P/3 

a) · 6) 
(p - 1 )(p - 2) , p(p2 + 1 r 

12.19. C IIDMOl.UbIO <PopMynLI .ll10a:Mena HfillTH qacTHoe peweHHe 
llH<P<Pepe~am,l!OI'O ypaBHeHHil 

- 1 . 0 x - x = ch 3 t, xo = xo = . 
12.20. Orrepaint:OIQILIM ¥e'I'Q.llOM pewHTb 3a,ztaqy l(owH 

a) x + x = 6e -t, xo = 3, xo = 1; 
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6) x - 2x + x = t - sin t, xo = xo = O; 

B) .. + 2. + - { 1, 0 ~ t < 2; . 0 x x x - 3 t 2 2. xo = xo = . 
' ?' ' 

12.21. OnepaQHOHHLIM MeTO.z:tOM HaHTH o6~ee pemeHHe .n1t1<1><PepeH­
AJilan:hHoro ypanHe1nu1 

tx - 2 ( t + 1) x + ( t + 2) x = o . 
. 

12. 2 2. Oneprun10HHLIM MeTo.z:toM pem1t1Th cHcTeMY .z:t1t1<P<P epe~an:h-
HLIX ypaBHeHHH 

{ 
x = 3x + 5y + 2, 
y = 3x + y + 1, xo = O, Yo = 2. 

BapnaHT N2 13 

13 .1. HfiliTH Bee 3Ha'l~HHH KopHH 

a) ~ 6) yc1f8 
13.2. Ilpe,z:tCTaBlilTh B anre6pawiecKOH <PopMe 

a) ch(2 + 7ri/2); 6) arccos(-5). 
13.3. Hcxo.z:tx lil3 onpe.z:tene1mx TP:HJ'OHOMeTp1t1'IecK1t1X 1t1 rHIIep60Jlll­

i::.1ecKHX <l>YHKrum, .z:tOKa3aTb 

sh (z1 + z2) = sh z1 ch z2 +sh z2 ch z1. 

13.4. Hccne.z:toBaTh Ha a6con10THy10 1t1 ycnoBHYIO cxo.z:t1t1MOCTh PH.z:t 

00 

'""" 2n + 1 
L.J n 2 (n + i)2 • 
n=l 

13.5. HaifTH yron nonopo~a a 1t1 Ko3<P<P~eHT pacTx:>KeHHx k B 
TOi::.n<:e zo = 3 + 2i np1t1 oT06pa:>Kemm w = ( z + 1) / ( z - 1). 

13.6. HaifTH aHa.JIHTH'lecxy10 <PYHKI.UiIO f(z) = u +iv no lil3BeCTHOH 
.z:teHCTBHTenbHOH ( HJill MHHMOH) qacTH 1t1 3Ha'leHHIO f ( zo) 

13. 7. B bl'llilCJillTh 

a) u = e-11 cos x, 

6) v = y - 2xy, 

f(O) = 1 + i; 
f(O) = 0. 

/(z*)2 ~z, 
r 

r.z:te r - OKpy:>KHOCTh e,z:tlllilNHOro pa,z:t1t1yca. 
13.8. BhI'llilCJillTh 
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I' ,z:te r: a) I z - i I = 1, 6) I z + i I = 1, B) I z I = 3. 
13.9. Ha.HTH H nocTpoHTh 06nacT1> cxo,z:tHMOCTH p11,D;a 

00 • • 00 

e'" (z + l)n 
L (z + 1)" + L ein+1/2 
n=l • n=O 

13.10. Ha.HTH nepB:&re TPH qneHa pa3noxeHH.a: <l>YHKUHH exp( cos z) 
B p11,D; no cTeneH.a:M z. • 

13.11. Ha.HTH Bee nopaHOBCKHe pa3noxeHH.a: ,z:taHHo.i <l>YHKUHH no 
CTeneH.S:M z - zo 

2z 
a) 

z2 - 4' 
Zo = 3 - 2i; 

9z - 162 
6

) 2z3 + 9z2 - 81z' 
zo = O; 

. z2 
- 2z 

B) Z Slll ( z _ l) 2 , Zo = 1. 

13.12 . .Un.a: <l>YHKUHH 1/ sin z HaHTH H3011HpOBaHH:&Ie oco6:&re TO'qKH 
H onpe,z:tenHTh HX THII. 

13.13 . .Un.a: ,z:taHHLIX <l>YHKUHH HaHTH BLI"t.J:eT:&I B yKa3aHHLIX oco6:&rx 
TO'qKaX 

) 
1 - cos z 0 

a . 2 ,z=; 
Slll Z 

1 z 
B) exp , z = 2; 

z-2 z-2 
') 

z . z- - 2z 
.lt) 2 Slll ( ) 2 , Z = 00; 

1rZ - 2 Z - 1 
13.14. B:&ri::mCnHTh HHTerpan:&r 

a) J ~dz; 
SlllZ 

lzl=8 
00 

n) /C2:1fdx; 

z 
6) (z - l)(z - 2)2' z = 2; 

sh 2z - 2z 
0 r) ,z=; 

cos z - 1 + z2 / 2 

e) ( iz + 2) sh ( 1 / z), z = oo . 

6) J zne2 l'dz; 

lzl=l 
00 . 

I cosx d 
r) (x2 + l)(x2 + 9) x; 

0 -oo 
2~ 2~ 

.11) I v'35 si~ t - 6 dt; e) I (3 + !os t)2 dt. 
0 0 

13.15. Ha.HTH o6pa3:&r yKa3aHHLIX MHoxecTB npH 3a,z:trom:&rx oT06pa-
xeHHIDC 

a) E : {Re z = 1}, w = z / ( z - 1 + i); 
6) E : { 0 < Re z < 7r / 2, Im z > 0} ,_ w = ie u; 

B) E : { 1 < I z I < 3, Im. z > 0}, w = ~ ( z + ~ ) . 
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13.16. KoH<t>opMHO oT06pa3HT& o6nacT& D : { 0 < Im z < 7r, Re z > 
O} Ha o6naCTb n· : {Im w > O}. 

13.17. HruiTH H3o6pa:>KeHHe yKa3aHHLIX 4>YHK~ 

a) e-4 tsin3tcos2t; 6) 
1

sint. 
t 

13.18. HaHTH opHrHHan no 3a,ztaHHOMy H3o6pa:>KeHHIO 

p + 1 p
2 + 14 

a) p2 (p - l)(p + 2); 6) (p2 + 4)(p2 + 9)° 
13.19. C noMo~IO <t>opMynLI .ll10aMen.s: HaHTH qacTHoe pewe1me 

.ztH4>4>epe~8JlbHOro ypaBHeHH.S: 

t -t 
.. . e 
x + 2x + x = 

1
. 

t+ 
13.20. Onepa:u110HHLIM MeTO,ztOM pewHTb 3a,zta't.IY KowH 

) 
.. . . t • 

a x - x = te., xo = xo = O; 
• 

6) x - 9x = sint- cost, xo = -3, xo = 2; 

B) .. . - { 1 - t, 0 ~ t < 1; 
X-X- 0 '1 ' t 7 ; 

xo = xo = 0. 

13.21. Onepa~OHHLIM MeTO.ztOM HaHTH o6w;ee pewe1me .ztH4>4>epeH-
~8.JlbHoro ypasHemu1 

x + tx + 3x = o. 
13.22. Onep~OHHhl)tf MeTO,ztoM pewHTD CHCTeMY .ztH<P<t>epe~aJib­

HLIX ypasHeHHH 

{ x = 2y + 1, 
iJ = 2x + 3, xo = -1, Yo = 0. 

BapnaHT N2 14 

14.1. Hai!TH see 3Haqe1m.s: xopH.sr 

a) v=t; 6) \/-1 + iv'a. 
14.2. Ilpe,ztCTaBHTb B a.nre6pawteCKOH <t>opMe 

a) cos(7r/4+i); 6) Arctgv'a. 
14.3. Hcxo,zt.sr H3 onpe,ztene1m.sr TpHrOHOMeTp11qecx11x H rHnep6oJIH­

qecKHX 4>YHK~, .ZJ;OK838Tb 

cos(z1 + z2) = cosz1 cosz2 - sinz1 sinz2. 

14.4. Hccne.ztoBaTb Ha a6conIOTHYIO H ycnoBHYIO cxo,ztHMOCTb p~ 

00 01 
L v'n5 + 5ni

0 

n=l 

14.5. Ha.HTH yron nosopoTa a H K034)(p~eHT pacT.sr:>KeHH.sr k B 
TO't.IKe zo = -2i npH OT06pa:>Kemrn: w.= 1/z. 
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14.6. HaiTH aHanHTW-1ecKy10 ct>YHKUHIO /(z) = u +iv no H3BecTHo:H 
,D;eHCTBHTen&HOH ( HJIH MHHMOH) t.JaCTH H 3HatieHHIO f ( zo) 

a) u = x 4 
- 8x

3
y - 6x2 y2 + 8xy3 + y 4

, f(O) = O; 

6) v = (ez +.e-z) cosy, f(O) = 2i. 

14. 7. Bw ... mcmrTh 

f (z*)2 dz, 

r 

r,D;e r -- 0Tpe30K, COe,D;HH11IOI!lHH TOtIKH Z1 = 1, Z2 = i. 
14.8. BLI't!HCnHT& 

J 2 z dz, 
z -1 

r 

r,D;e r: a) lz - 11 = 1/2, 6) lz + 21 = 2, s) lzl = 3. 
14.9. HaiTH H rrocTpOHTh 06nacT1> cxo.u;HMOCTH pJI,Ita 

~ (z+i)" ~n.2 -5 L./n + 1) 3 + L...J (z + i)n. 
n=O n=l 

14.10. Ha:HTH nepBLie TPH t.ineua pa3noxeHH.s: ct>YHK~ exp(z cos z) 
B ps,n no CTeneHJIM z. 

14.11. Ha:HTH see nopa.HoBCKHe pa3noxeHH.s: .ztaHHOH cpyHIC~ no 
CTeneH.S:M Z - Zo 

• 
z+l 

a) zo = 2 - 3i; 
z(z-1)' 

6z - 144 
6) zo = O; 

z4 + 6z 3 - 72z2 ' 

1 
B) Z COS 

2 
, Zo = 2. 

z-

14.12 . .llnJI cpyHIC!lHH sin(1r/(z + 1)) HaHTH H30JIHPOBaHHhle oco6Lie 
TOtIKH H orrpe,zteJIHT& HX THII. 

14.13 . .lln.s: .ZJ;aHHLIX cpymcI..tHi HaHTH BLitieTLI B yxa3aHHhIX oco6LIX 
TOtIKax 

1 1 
a) - - , z ...:. O; 

z ez - 1 

) 
. 1 

B Z Slll , Z = 1; 
z-1 

.zt) z - 2 .t/(.t-3) 

( z - i)( z - 1) e ' 
z = oo; 

.2 
e"' 

6) ( 2 ·)2 , z = 2i; z z - i 

ch 2z - 1 - 2z2 

r) z = O; 
sh z - z - z3 /6' 

I 2 - i 
e) z e 1 .t cos , 

z 
z = 00. 



14.14. BLI't.IHCJIHTh mrrerpanLI 

a) J z•e: 1 dz; 

1%-l l=l 
00 

x ' 
B dx· J 

2 

) (x2 + l){x2 + 9) ' 

6) J z exp 
2 

dz; 
z+l 

1%1=2 
ioo 

J ch zt 
r) ( )( )dz,t>O; 

z+l z+2 
-oo -ioo 
2~ 2n 

.zt) J 1 
dt; e) J 1 

dt. J3 sin t - 2 ( y'3 + cos t )2 

0 0 
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14.15. HailTH o6pa3:&I yKa3aHHLIX MHO)l(eCTB npH 3a.D;aBHLIX oT06pa­
)l(eHlUIX 

• 
a) E : {Re z > 0, Im z = 7r / 2}, w = e2 z; 

6) E : {I z - i I > 1, Im z > 0}, w = 1 / z; 

B) E:{lzl<l,O<argz<7r/4}, w=~(z+~)· 

14.16. KoHcpopMHO ·oT06pa3HTb o6nacn D : {a < Re z < a+ h} Ha 
o6nacTL D* : {O <Rew< l} npH h > 0. 

14.17. HailTM H3o6pa)l(eHHe YKa3aHHLix <PYHK~ 

) 
2 1 t 

a cos t; 6) t + -e . 
2 

14.18. HailTH oplU'HHan no Ja,n;aHHoMy HJo6pa)l(eHHIO 

p + 1 6 p5 
a) p3 - 5p2 + 4p ; ) (p6 - 1) 

14.19. C noMOIUhIO <PopMynLI .U10aMen.H HaHTH qacTHoe peweHHe 
.ztH<PcpepeHJnt:anbHOI"O ypaBHeHH.jl 

.. sht . 
0 x - x = ch 2 t, xo = xo = . 

14.20. Onep~oHH&IM MeTO,noM pewHTh Ja,n;aqy KowH 

) 
.. • • t 

a x - x = te , xo = 1, xo = O; 

6) x - x = cos 3t, xo = O, xo = 1; 

{ 

t, 
B) X + X = 2 - t, 

0, 

0 ~ t < 2; 
2 ~ t < 4, 
t ~ 4; 

xo = xo = 0. 

14.21. Onepai:zyroHHLIM MeTO.ztOM HaHTH o6~ee peweHHe .u;uq,q,epeH­
Ulfa.JlhHOro ypaBHeHH.H 

tx - ( 1 + t) x + 2 ( 1 - t )x = o. 
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14.22. Onep~OHHWM MeTO,ztOM pewHT& CHCTeMY .z:tHcl><Pepe~an::b­
HWX ypaBHeHHH 

{ x = 2x + 2y + 2, 
ii= 4y + 1, xo = 0, Yo = 1. 

Bap11aHT Nsi 15 

15 .1. HaiT:K Bee 3Ha~1emu1 xopHs 
a) ~; 6) J2 - 2i. 

15.2. Ilpe.ltCTaBHT& D anretipawtCCICOH cl>opMe 

a) ch (1 - wi); 6) arctg ( 
3v'3/ Si). 

15.3. :Hcxo,7,J;j[ H3 onpe,ZleJleHHa: TpHI'OHOMeTpH't!eCICHX H rHIIep6oJIH­
qecxu cpyllKllHR, ~oKa3aT& 

sin( z1 + .i2) = sin ~1 cos z2 + cos z1 sin z2. 

15.4. Hccne~onaT& aa•aoconIOTHYIO H ycnoDHYIO cxo,ztHMOCT& ps.zt 

00 

E 1 n+3 
ar.: arctg s 5 .. vn n + i 

n~l 

15.5, HaiiTH yron nonopoTa a H JCo34>cll~eHT pacTa::>Kelllfa: k n 
TO'l!Ce zo = 1 + i npH oT06paJKemm w :::; 1 / z. 

15.6. HaiTl! a.Ha.JIHTW?ecJCyIO 4>YHKUHJO /(z) = u +iv no H3BecTHoH 
iACHCT»HTCJlbHOH ( HJIH MHHMOH) qacTH H JHa'leHHIO f ( zo) 

n) u ~ ln(:v2 + y2
) + :c - 2y, /(1) = 1; 

6) u == e - fl cos :v + a: , f ( 0) ::::: i. 

15.7. BlJl~Cra!Tlt J Im zdz, 

r 
r.z:te r - 0Tpe30K, coe.z:tHlUIIOI.UHi TOt.JICH Zt = l,.a:2 = i. 

15.8. BLii:m:CnHTb 

r .rte r: a) I z I == 1, 6) I ~ ~ 3i I :::;; 1, B) I z I = 4. 
15.9. HaiTH H nocTpoHTi> oOnacT& cxo,ztHMOCTH pJI.Zta 
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15.10. Hai!TH nepBLie TPH qneHa pa3noxeHH.s: <PYHKUHH y'cos z B 
PH.It no cTeneH.s:M z. 

15.11. Ha.HTH Bee nopaHOBCKHe pa3noxeHH.s: ,D;aHHOH <PYHKUHH no 
CTeneH.S:M Z - Zo 

z+l 
a) zo = -2 + i; 

z(z - 1)' 
15z - 450 

6
) 2z3 + 15z2 - 225z ' 

zo = O; 

z 
B) z exp , zo = 5. 

z-5 

15.12 . .lln.s: <PYHKUHH - exp( -1/ z2
) HaHTH H301IHpOBaHHLie oco6Lie 

TO'tlKH H onpe,D;eJIHTb HX THII. 
15.13 . .lln.s: ,D;aHHhIX <PYHKUHH HaHTH BLJ:qeTLI B yKa3aHHhIX oco6hlx 

TO't!KRX 

) 
cos z - 1 0 

a . , z = ; 
Z SlilZ 

B) ( z + 1 )
2 sin ( 

1 
)2 , z = -1; 

z+l 
4z + 24 z 

,D;) cos , 
32z2 + 4z - 1 z - 5 

z = oo; • 
15.14. BLI'tlHCJIHTb HHTerpanLI 

a) J expz d z· 
z 4 + 2z2 + 1 ' 

00 

B) J x 4 

+ 1 
dx· 

x 6 + 1 ' 

exp 7rZ . 
6) ( ')2 , z = i; z-i 

• "') 2 s1nz- - z 
r) z = O; 

(exp z 3 - 1 - z 3 ). z ' 
2 2 - i 

e) ( z + 1) exp , 
z 

z = 00. 

6) J . z d 
Z Slil z; 

z-1 
lz-ll=l/2 

00 

r) J (:c + 1) sin 2x dx; 
x 2 + 2x + 2 

-oo -oo 
2~ ~ 2~ 

A) f Jl5si~t- 4dt; e) f (v'i3 + 2~cost)2 dt. 
0 0 

15.15. HaliTH o6pa3LI yKa3aHHhIX MHo:>KeCTB npH 3a,D;aHHLIX oT06pa-
:>KeHH.s:x 

a) E : {Re z = 1}, w = z / ( z + 1); 
6) E: {O <Re z < 27r, hn z > O}, 
B) E : { 0 < Re z < 7r, Im z > 0}, 

15.16. KoHq>opMHo oT06pa3HTb o6naCTb 

Ha o6nacTb D* : {Im w > O}. 

. 
w = s1nz; 

w = exp(iz). 
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15 .17. HaliTH H3o6pa)l{eirn:e yKa3aJIHLIX <PYHK~ 
a) sin4 t; 6) tchatcosat. 

15.18. HallTH oplll'm1an no 3a,IlaJIHOMY 11306pa)l{eHHIO 
e-P e-3p 1 

a) -2 + 6-4 ; 6) ( 2 f( 2 ) • p p p+l-p-4 
15.19. C noMOII..tbIO <t>opMynLI .ll10aMeng HaHTH qacTHoe peweirn:e 

.IlH<P<Pepe~a.JlbHoro ypanHeHHg 

.. + 2 • + exp( -t) x x x= 2 , 
l+t 

xo = xo = 0. 

15.20. OnepainroHHLIM MeTO.ztoM pewHTh 3a,Ilaqy Kow11 

a) x + x = 2 sin t, x o = 1, 

6) x+±-2x=-2(t+l), 
xo = -1; 

XO= 1, xo = 1; 

{ 

t, 
B) X + X = 2 - t, 

0, 

0 ~ t < 2; 
2 ~ t < 4, 
t ~ 4; 

xo = xo = 0. 

• 
15.21. OnepainroHHLIM MeTO,IlOM HaHTH 061.I.lee peweirn:e .IlH<P<PepeH­

UHailbHoro ypaBHeHHg 

tx - ( 1 + t )x + 2 ( 1 - t )x = o. 

15.22. OnepainroHHLIM MeTO.rtOM pewHTh CHCTeMY .rcu<P<t>epe~am,­
HLIX ypanHeHHH 

. -
{ 

x = -2x + y + 2, 
iJ = 3x, xo = 1, Yo = 0. 

BapuauT N2 16 

16.1. HallTH Bee 3HaqeHHg xopHg 

4/-1-2iv'3. a) {;/-27i; 6) y 
16.2. Ilpe,IlCTaBliT:b B anre6pawieCKOH <t>opMe 

a) cos( 7r / 4 - 2i); 6) ( -i)5;. 
16.3. Hcxo,IlJI 113 onpe,IleneHHg Tplil'OHOMeTp11qecxux 11 rlfilep6omr­

qecx:wc <Pymc~, .rtoKa3aT1> 

. . 
2 

. z1 + z2 z1 - z2 
Slll Z1 + Slll Z2 = Slll COS • 

2 2 

16.4. Hccne.ztoBaT& Ha a6con10THYIO 11 ycnoBHyK> cxo.z:tHMOCTh p.HJt 

0() 

L n 2 -

1
ilnn · 

n=l 
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16.5. HaE:TH yron nosopoTa a H Ko3qHp~eHT pacT.SDKeHH11 k B . . ~ 
TO't.IICe z0 = 1 - i npH oT06pa)l{eHHH w = -iz*. 

16.6. HaE:TH aHaJIHTH"t.1ecKy10 <PYHKUHIO f(z) = u +iv no H3BecTHoH 
,llCHCTBHTenhHOH ( HIDI MHHMOH) qacTH H 3Ha'tleHHIO f ( zo) 

a) u= 2(x2 
-y

2
), /(l+i) =0; 

6) v = 1 - 2 y 2' /(1) = 1 + i. 
x +y 

16. 7. BLiq:KCJIHTb 

j z•dz, 

r 

I',lle r - nonyoKpy)l{HOCTb lz I = 1, Re z > o. 
16.8. BLiq:KCJIHTb 

r,lle r: a) lz I = 1/2, 6) lz - ii = 1/2, B) lzl = 3/2. 
16.9. HaE:TH H nocTpOHTh o6nacTh cxo,llHMOCTH pa.zta 

00 00 

n=O n=l 

16.10. HaE:TH nepBLie TPH qneHa pa3no)l{eHH.SI q,yHKinm: exp(sinz) 
B PB.It no cTeneH.SIM z. 

16.11. HaE:TH see nopaHOBCKHe pa3no)l{eHHa ,llaHHOH q,yHICinm: no 
CTeneH.SIM z - zo 

z - 1 
a) z ( z + 1) , zo = 2 - i; 

z+4 
6) z2 + z3 - z4) ' zo = O; 

3z 
B) COS . , 

z - i 
zo = i. 

16 .12. .Una cpyHICUHH 

1 . 1 
( 

') 3 Slll -z + i z 

HaHTH H30.1IHpOBaHHLie oco6Lie TO'tlKH H Onpe,lleJIHTb HX THII. 
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16.13. ,llng ~aHJrLIX <l>YHKLtHH HaHTH BLI'tleTLI B yKa3aHHLIX oco6Lix 
TO"qKaX 

z 
a) z = O·, 

1 - cos z' 
') 1 

B) z # exp , z = 1; 
z-1 

(13z + 338) cos2 [-z/(z - 3)] 
~) 169 + 13z - 2z2 

z = oo; 
16.14. BLI'tlHCJIHTh HH~rpanLI 

a) j z dz; 
(z - l)(z - 2) 2 

lzl=3 
00 

s) j x
2 

dx· 
x 4 + 6x2 + 25 · " 

. 
Sill 1f'Z 

6) (z - 1)3' z = 1; 
sin6z - 6z 

r) z = O; 
sh z - z - z 3 / 6 ' 

• 1f'i + 2 
e) ( z - 3i + 1) sh , 

z 
z = 00. 

6) J (z" + 1/:)2 (z - i) dz; 
lzl=3/4 

00 

r) J ( x - 1) cos 2x dx; 
x2 - 4x + 5 

-oo -oo 
2~ 2~ 

.ll) f 6-4~sintdt; e) f (3+2~ost)2 dt. 
0 0 

16.15. Ha.HTH o'6pa3LI yKa3aHHLIX MHOX<.eCTB npH 3a~aHHLIX oT06pa-
X<.eHHHX 

a) E : {I z I < 1 Im z > 0}, w = z + 1 
/ z ; 

2 

6) E:{lzl=l}, w=(i+z)/(i-z); 
B) E : { 0 < ;Re z < 7r, Im Z < 0} , w = cos z. 

16.16. KoH<PopMHO oT06pa3HTh o6nacTh 

D : {I z - 1 I > 1, I z + 1 I > 1, Im z > 0} 

Ha o6nacTh D* : {Im w > O}. 
16.17. Hai!TH H3o6paX<.eHHe yKa3aHHLIX <PYHKLtHH 

a) cos4 t; 6) t(et +ch t). 
16.18. HailTH opHrHHan no 3a~cumoMy H3o6paX<.eHHIO 

a) 
1 

· • 6) p 
p3 + 2p2 + p ' (p2 - 1 )(p2 + 4) . 

16.19. c IlOMOII..U>IO <PopMynLI .llioaMeng HaHTH 'tlaCTHOe peweHHe 
~H<P<Pepe~aJlbHOI"O ypasHeHHH 

) 
•• • t • 0 a x + x + x = te , xo = xo = ; 

6) x + 2x = sin(t/2), xo = -2, xo = 4; 

B) X + X = ! { ~ - i, 
1f' 0, 

0 ~ t < 1f' /2; 
7r/2 ~ t < 1f', 

1f' ~ t; 
xo = xo = 0. 
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16.20. Onep~oHHLIM MeTO,z:tOM pewHT& :ia,z:ta't.IY KowH 

-t .. . e . 
x + 2x + x = - ch 2 t, xo = xo = 0. 

16.21. Onep~OHHLIM MeTO.z:tOM HaHTH o6mee peweHHe .z:tHqHpepeH­
Ulrla.JibHoro ypaBHeHH.sr 

tx - ( 1 + t )i: + 2 ( 1 - t )x = o. 
16.22. Onep~oHHLIM MCTO,z:tOM pew1r1T& CHCTeMY .z:tH<Pcpepe~an:o­

HLIX ypaBHeHHH 

{ x = x - 2y + 1, 
iJ = -3x, xo = 0, Yo = 1. 

BapnaHT N2 1 7 

17 .1. Hai!TH Bee 3Hat.ieHH.sr KOpH.sr 

a) \/-1 - iv'a; 6) yfii27. 
17.2. Ilpe,z:tCTaBHTb B anre6pa.Ht.IeCICOH <t>opMe 

( 
4 - 3i) a) ch (1 + 7ri/3); 6) arth 

5 
. 

17 .3. Hcxo,z:t.sr H3 onpeheneHH.sr TpHroH0MeTp1r1t.iecICHX H rHIIep6oJIH­

t.iecKmc <Pymc~, .z:toKaJaT& I ch z I = J ch 2 x - sin 2 y. 
17.4. Hccne.z:toBaT& Ha a6conIOTHYIO H ycnoBHYIO cxo,z:tHMOCT& p~ 

00 

E 1 . 1 
--=-;== Slll - • 
~n + i y'n 

n=l 

17. 5. Hail:i-1r1 yron noBopoTa a H xo~~ct>~eHT pacT.srxemu1 k B 

TQqxe zo = -i np1r1 OT06paxeHHH w = -iz . 
17.6. Hai!TH BHa.JIHTWiecKyio ct>ymcUHIO /(z) = u +iv no HJBecTHo:H 

.z:teHcTBHTen&HOH ( 1r1n1r1 MHHMOH) qacTH 1r1 3Hat.ieHHIO / ( zo ) 

a) u = y + x/(x
2 + y 2

), /(1) = l; 
6) v = 3x2 y-y3

, f(O) = 0. 

17. 7. BLit.IHCJIHTh 

J (2Re z - 3ilm z)dz, 

r 

r,z:te r - nonyoKpyx:kOCT& lz I = 2, Im z < o. 
17 .8. BLit.IHCnHT& • 

J expz 
') ( ) dz~ z- z - 2 

r 
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r,D;e r: a) lzl = 1/2, 6) lzl = 3, n) lz - 21 = 1. 
17 .9. Ha.HTH H nocTpoHT& o6nacT& cxo,D;HMOCTH pJma 

oo n oo 

L 2:+1 + L z~l· 
n=O n=l 

17.10. Ha.HTH nepnhle TpH 't.IneHa pa3no)KeHHa <l>YHK~ f(z) = 
exp(cos(z + 1)) B PAA no cTeneHaM z + 1. 

1 7 .11. HaiTH nee nopaHOBCKHe pa3no)KeHHa ,D;aHHOH <t>YHIC~ no 
CTeneH.RM z - Zo 

z-1 
a) z(z+l)' 

Zo = -2 - 3i; 

Sz + 50 
6) zo = O; 

25z + 5z2 - 2z~ ' 
• 3z - i . · 

B) Slll 
3 

. , Zo :.:::: -i/3. 
z + i 

1 7 .12. .Una <l>YHIC~ 

1 1 

( 
.).1 exp -

z - i - z 

HaHTH H3011HpOBaHHhle oco6L1e TO't.IKH H onpe,D;eJIHT:b HX THil. 
17 .13. ,Ung ,Zl;aHHLIX <t>yHKi:.nW HaHTH naiqeThl B yKa3aHHLIX oco6hlx 

TO't!KaX 
_2 

e· - 1 
a) 3 • 

2
, z = O; 

z - iz 

( 

? 1 
B) z - 1)"' exp , z = -1; 

z+l 
1 2 (7rz

2
+2z) ,D;) - cos , z = oo; 

z - 2 z 2 - 2 
17.14. BLlq:HCJIHT& HH'l'erpanhl 

a) J tg w:z dz; 

lzl=l 
00 

J x
2 

- x + 2 d 
n) x4 +10x2 +9 x; 

1 
6) 3 cos( z - 1), z = O; 

z 

) 
sh 4z - 6z 

0 r , z = ; 
ez ....... 1 - z 
3 ? 1 

e) z sh - - , z = oo. 
z 

J dz 
6

) (z - 3)(z2 - 1); 

ioo 

r) J e2z 

? dz; 
z- - 1 

-oo -ioo 
2w 2" 

,D;) J 1 
dt; e) J 1 

dt. 
8 - 2VS sin t ( JiQ + 3 cos t)2 

0 0 
1 7 .15. HailTH o6pa3hl yKa3allHLIX MHo)KecTB npH 3a,D;allHLIX oT06pa­

)KeHH.ax 
·. 

a) E: {Re z = 7r/2}, 
. 

w = s1nz; 
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6) E:{lzl<l,lmz>O}, w=i(l-z)/(l+z); 

B) E : { 0 < Re z < O, 0 < hn z < a}, 

17 .16. KoHcpopMHO oro6pa3HTh o6nacT& 

2 
w = z ' 

D : {I z I < 1, hn z > 0 z ft [ i / 2, i]} 

Ha o6nacT& D* : {Im w > O}. 
17 .17. HaliTH H3o6pa)KeHHe yKa3aHHhIX cpyHICI.tHi 

) 
• 2 ) 1 -at • b a sin t; 6 -e sin t. 

t 
17 .18. HaliTH opHrHHan no 3a.u;aHH0My H3o6pa)KeHHIO 

) 1 -p ) 3p
2 

a - "> e ; 6 ( "> )"> • p- - 1 p- - 1 -

a> 0. 

17.19. C noMOIIU>IO $opMynhl .ll10aMenJ1 HaHTH ~1acTHoe peweHHe 
.D;HcpcpepeHin{aJIDHOro ypaBHeHHJI 

.. . 1 . 
x + 2x = ch "> , xo = xo = 0. -t 

17 .20. Onep~oHHhlM MeTO.D;OM peWHTD 3a.u;aqy KowH 

.. '} 

a) x + x = t- + 2t, xo = :i:o = -2; 

6) x + x = tet + 4 sin t, xo = zo = O; 

{ 

1, 
B) X + 2x + X = -1, 

o, 

0 ~ t < 1; 
1 ~ t < 2, 
2 ~ t; 

xo = xo = 0. 

17.21. Onep~OHHhlM MeTO.u;oM HaHTH o6mee peweHHe .z:tH<t>~epeH-
IUlaJIDHOro ypaBHeHHJI 

.. . 0 tx - x = . 

17.22. OnepaitHOHHhlM Mero.u;oM pe111HT1> CHCTeMY .D;H~~epeHI.tHan&­
HhIX ypaBHeHHH 

{ x = x + 4y + 1, 
y = 2x .. + 3y, xo = 0, Yo = 1. 

BapHaHT Nsi 18 

18.1. HailTH Bee 3Ha"tieHHJI KOpHJi 

a) \(if8; 6) \/-128 + 128i/3. 
18.2. IIpe.u;cTaBHTh B anre6pauqecKoH ~opMe 

a) cos(7r/3 + 3i), 6) arch(-2). 
18.3. Hcxo.z:tJI H3 onpe.ne:11eHHJ1 TpuroHoMeTpH'leCKHX H rHnep60JD1-

qecKHX cpyHICum'{, .z:tOKa3aT& sin 2z = 2 sin z cos z. 
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18.4. Hccne,z:toBaTb Ha a6conK>THYK> H ycnoBHYK> cxo.z:tHMocTb p.sm 

00 t-"' 2ni +cos n 
L.J 3n + i sin n · 
n=l 

18.5. Ha.HTH yron 11onop0Ta a H K03cpcp~eHT pacTB:JKemu1 k B . ~ 

TO't!Ke zo = i rrpH oT06paJKemm: w = z- + 2 z. 
18.6. HaHTH aHaJrnTWiecKyK> cpyHKIJ;HK> f(z) = u +iv 110 H3BecTHoH 

)leHCTBHTenbHOH ( HJIH MllllMOH) qacTH H 3Ha'1:ellllK> f ( Zo ) 

a) u = ch x sin y, /(0) = O; 

6) v = x
3 

- 3xy2 
- x, f (0) = 0. 

18. 7. BLiqJICJIHTb 

r,IJ;e r: {y = x
2

, z1=0, z2 = 1 +i}. 
18.8. BDI'tlllCJIHTb 

J z
3 

- 5z.- 4 
z(l - z)3 dz, 

r 

r.z:te r: a) lzl = 1/2, 6) lzl = 2, B) lz - ll = 1/2. 
18.9. HaliTH H 11ocTpOHTb 06nacT1> cxo.z:tHMOCTH p.sma 

00 00 

L(2z)n+L;. 
n=O n=l 

18.10. Hai1:TH 11epn&1e TPH qneHa pa3noJKeimB: cpyHKUHH cos z B p.sm 
110 cTe11eHB:M z + 7r / 4. 

18.11. HaliTH nee nopaHOBCKHe pa3noJKeimB: ,z:taHHOH cpyHKIJ;HH 110 
cTe11eHB:M z - zo 

7z - 196 
a) z4 + 7z 3 - 98z2 ' 

Zo = 3 - i; 

4z + 64 
~ 6) 

32z2 + 4z3 - z4 ' 
zo = O; 

) 
. z 

B Z Sill • 
z-1 

Zo = 1. 

18.12. l(ng <l>YHKUHH 1/[(z + 1f /2) cos z] HaHTH H30.1IHpOBaHHhle oco-
6:Die TO't!KH H orrpe,z:te.JIHTb HX. THII. 
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18.13 . .lln.s: .z:taHH:&IX cpyHIC~ HaHTH B:&I"<teT:&I B yKa3aHHLIX oco6wx 
• TO't!Kax 

sin(z-1) ( l) a) cos z - , z = 1; 
z-1 

) 
1 i:: • 

6 (z2+1)2e , z=i; 
') 

1 
B) Z COS , Z = 1; 

z-1 
cosz- - 1 

r) z = O; 
sh z - z - z3 /6' 

9z + 16 , 'TrZ 
.z:t) '> Sill ( ') , 81 + 9z - 2z- 2 z - i 

e) (z + 1)3 sh (1/z), 

z = oo; z = oo. 
18.14. B:&I"IHCJIHTh HH'J:'.erpanw 

1 
a) J Z tg 'TrZ dz; 6) J dz· 

e.r -1 ' 
I.: I= i lz-3il=·t 

00 00 J , J cos3z dz· B) 
x· 

r) dx· 
x 4 + 10x2 + 9 ' 

. 
9 + x2 ' 

-ov -oo 
2w 2w 

.z:t) J 1 
dt; e) J 1 

dt. 
4- 2V'3sint (J7 + V'3cost)2 

0 0 

18 .15. HailTH o6pa3LI yKa3aHHhlX MH011CecTB npH 3a.ztaHHLIX oT06pa­
JKeH1u1x 

a) E:{lzl=R}, w=z-1/z; 
6) E : { 0 < Re z < 11" / 2}, w = cos z; 

n) E:{lz-11>1,lz+il>l}, w=l/z. 

18.16. KoHcpopMHo oT06pa3HTh o6nacTh 

D : { O < I~ z < 11", Re z > 0} 

Ha o6nacT& D* : {Im w > O}. 
18.17. HailTH H3o6paJKeBHe yxa38HHLIX <l>YHIC~ 

a) cos3 t; 6) 
1

sin7tsin3t. 
t 

18.18. HailTH opHrHHan no 3a,z:taHHoMy H3o6paJKeHHIO 

a) p e - 2P • 6) 1 
p2 - 4 , p4 + 5p2 + 6 . 

18.19. C noMorn&IO <t>opMyn:&I .ll10aMen.s: HaHTH qacTHoe peweHHe 
.z:tHcpcpepeHIUlan&HOI"O ypaBHeHH.s: 

-2t 
- . e 
x + 4x + 4x = -( --)-2 , 

1+2t 
xo = :i:o = 0. 

18.20. Onepa,uHOHHhlM MeTO.z:toM pewHTh 38,ilaqy KowH 

-
) .. . 7 2t a x+x+x= e , Xo = 1, ±o = 4; 
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6) x -2x + x = 4, xo = 1, xo = o, xo = - 2; 

) .. + 2. + - { o, 0 ~ t < 1; . 0 
B x x x - o, t ;;:;: l; Xo = Xo = . 

18.21. OnepaintoHHhlM MeTO~OM HaHTlf o6iuee peweHHe ~H$cl>epeH-
IUlaJILHoro ypaeHeHHJI • 

tx - 4( t + 1 )x + ( 4t + s )x = o. 

18.22. Onepa.UHOHHhlM MeTO.z:toM peWHTL CHCTeMY .z:tH$$epeHitHa.m.­
HhlX ypaeHeHHH 

{ 
:i; = y + 3, 
y = x + 2, xo = 1, Yo = 0. 

BapHaHT Nsi 19 

19 .1. Ha.HTH nee 3HB't!eHHJI KopHa 

a) A4; 6) {/-128-128i/3. 
19.2. Ilpe,D;CTaBHTb B anre6palN:eCKOH cpopMe 

( 4 + 3i) a) ch (2 - 7ri/6); 6) arctg 
5 

. 

19.3. Hcxo,u;st H3 onpe,u;eneHH.s: TpHrOHOMeTpJtqecKHX H rH1Iep6on11-
qecKHX cpyHKllHH, ,ItOK83aTL 

sh 2y 
Im (tg z) = . 

cos2x +sh 2y 

19.4. ·Hccne,ItoBaT& Ha·a6conIOTHYIO If ycnoBHYIO CXO,ltlfMOCTb p~ 

~ n
2 +3 

L.i n 5 + i In 4 n · 
n=l 

19.5. HaiTH yron rroeopoTa a H K03cl>4>HUHeHT pacTJ1)KeHlfJ1 k B 
TO~IKe zo = 2i npH oT06pa)Kemm w = In( z + 2). 

19.6. HaiTH aHanHTINecKyIO cl>YHICIUIIO /(z) = u+iv no H3BecTHoH 
.z:teicTBHTen&Hoi ( HJIH MHHMoi) qacTH H 3Ha't!eHHIO f ( zo) 

4 
a) u = - , f (0) = -4; 

(x + 1)2 + y2 

6) v = ea: ( x cos y - y sin y), f ( 0) = 1. 

19.7. B:&I'tIHCnHTL f Im z
3
dz, 

r 
r.z:te r - 0Tpe30K IlpJIMOH Zt = 0, Z2 = 2 + 2i. 



19.8. BLl'IHCJIHT:b 

f z(z'l+ 2) dz, 
r 

rAe r: a) lzl = 1/2, 6) lz +ii = 1/2, B) lzl = 4. 
19.9. Ha.HTH H uocTpOHTh o6nacTD CXOJUIMOCTH pJl)la 
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19 .10. Ha.HTH DepB:ble TPH qneHa pa3noJ1Cemu1 <f>YHI<llHH 1 / ( 2 +sin z) 
B PJI.Zl Do cTeDeHJIM z. 

19.11. HailTH nce nopaHOBCKHe pa3no.&eHHJl ~aHHoH <f>YHKI.lHH DO 

CTeDeHSIM z - Zo 

z+3 
a) to = -2 - 2i·, 

z2 + -1' 
llz + 242 

6
) 121z + llz2 - 2z3 , 

zo = O; 

2 • z + 1 B) Z Sln?T--
z 

zo = 0. 

19.12 . .Uns <f>ymci:.nm tg ( 1/ z) HaHTH H30nHpOBaHH:ble oco6L1e TO'UCH 

H onpeAeJIHT:b HX THII. 

19.13 . .UnJI AaHHLIX <t>ymci:.nm HaHTH B:blqeT:bl B YK83aHHLIX oco6wx 

TOqJCaX 
1- ez 

a) z = O·, 
z2 - 2z' 

n) (z + l)exp(2/z), z = O; 

z+3 1 

6) 
COS 1rZ 

( )3' z = 1; z-1 

r) 
sinz3 

- 2z3 

z = O; 
exp(z2 ) - 1 - z2 ' 

A) '} 
1 

exp 2 1
, z = oo; e) z2 ch 2(?T/z), z = oo. 

z- - z + 
19~14. BLl'CIHCJIHTL HH"Terpan:bl 

a) f 2z:~ 1 dz; 
lzl=l 

00 

n) I ., 1 1 dx; 
x- + 

6) f (z - 1)2 cos(l/z)dz; 

lzl=l/2 
ioo 

r) f z2e:ldz,t<0; 

-oo -ioo 
2w 2w 

A) f 1 
dt; e) f 1 

dt. 
5 - v'27 sin t (VS+ v'2 cos t)2 

0 0 
19.15. Ha.HTH o6pa31d YKa3aHHldX MHOJKeCTB rrpH 38Aa.HHLIX oT06pa-

xeHHJIX 

a) E: {1 < lzl < 2}, w = (z + 1)/(z + 2); 
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6) E : {Re z + Im z = 1}, w = 1 / z; 

B) E : { 0 < Re z < 1, 0 < Im z < 1l' / 2}, w = exp z. 

19.16. KoH<t>opMHO oT06pa3HTb o6nacT& D: {Re z < 1} Ha o6nacT& 
D • : {Im w > o}. 

19 .17. HaiiTH H3o6paJKeHHe yKa3allHhlX <l>YHKrnm 
t 

a) ! (ch t sin t + sh t cos t); 
2 

6) f (t- 7-}' cos27d7. 

0 

19.18. Ha:HTH opHrHHan no 3a,ztaHHoM:y H3o6paJKeHHIO 

1 ~ a) · 6) 
p2 (p'l - 1)' (p2 + l)(p2 + 9) 

19.19. c IlOMOil.ll>IO <t>opMyJlhl .ll10aMeng HaHTH '1aCTHOe peweHHe 
.ztH<t><t>epeHitH8JlbHOI"O ypaBHeHHJI 

t .. . e . 
x - 2x + x = , xo = xo = 0. 

l+t 

19.20. Onepain10HHhlM MeTO.ztOM pewHTD 3a,zta'1y KowH 

a) x + x = t cos 2t, xo = xo = O; 

6) 2x - 3x + 2x = et' Xo = 1, xo = O; 

X-4x={ 
t, 0 ~ t < 1; 

B) 2 - t, 1 ~ t < 2, xo = Xo = 0. 
0, 2 ~ t; 

19.21. OnepainioHHhlM MeTO,ztOM HaHTH o6w;ee peweHHe .ztH<P<t>epeH-

tx + 2x = o. 
19.22. OnepaUHOHHhlM MeTO,ztOM pewHTD CHCTeMY .ztH<t><t>epeHitH8Jlb­

HhlX ypaBHeHHH 

{ x = x + 3y, 
y = x + y + 1, xo = O, Yo = 1. 

BapHaHT Ni 20 

20.1. Hai:TH nee 3Ha'1eHHs KopHJI 

a) V'256; 6) v-1 ~ i./3. 
20.2. IIpe,ncTaBHTb B anre6p8lAecKoH <t>opMe 

a) cos(1r/6 - i); 6) arch(3i). 
20.3. HcxQ?ts H3 onpe,neneHHJI TpHrOHOMeTpH'1ecKHx H rHIIep6onH­

qecxmc <l>YHICIUIH, .ztox83aTD Im (ch z) = sh x sin y. 
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20.4. HcCJie.z:toBaTL Ha a6con10THy10 H ycnoBHYIO CXQZUIMOCTh p11,D; 

00 

E 1 . 1 
--;::::== Slil -. 
Jn+i n 

n=l 

20.5. Ha.HTH yron nonopoTa a H Ko34>4>HUHeHT pacTa11CeHHa k D 

TOqice zo = -i rrpH oT06paJKeHHH w = ( 1 - iz) / ( 1 + iz). 
20.6. HailTH aHaJIHT~IeCKYIO cl>YHKWfIO f(z) = u +·iv no H~DecTHoA 

.z:teHCTBHTen&HOH ( wm MHHMOH) qacTH H 3Ha"leHHIO / ( zo) 

a) u = 2xy + y, /(1) = O; 

• x + 1 ) 
6) v = ' /(0 = 1 + i. 

(x + 1)2 + y2 • 

20. 7. B:bI'qHCJIHT:b 

r.z:te r - 0Tpe30K DpJIMOH Z1 :: 0, Z2 = 1 + i. 
20.8. Bhl'lHCJlHT:b 

f z(z2 ~ 14) dz, 
r 

r.z:te r: a) lz - ij = 3/2, 6) jzj = 1/2, B) lzl = 6. 
20.9. Ha.HTH H rrocTpOHT& o6nacn, cx~HMOCTH pua 

20.10. Ha.HT11 nepnwe TPH 1:.UleHa palnoxceHHJl cpyHJCllHH z tg z D PAA 
no CTeIIeHJIM z. 

20.11. Ha.HTH nee nopauoDCICHe pa3nozeHH• .JiaHHOH ct>ym:~ no 
CTeIIeHJIM Z - Zo 

z 
a) zo = -1 - 2i ·, 

zi + 1' 

fi) 7z - 196 zo ;:::; O; 
98z2 + 7z3 - .i• • 

-
z'J - 4.z 

D) COS ( ) 'J , .IO = 2 • z-2 

20 .12 . .llnJI cl>YHICigDI ctg( 1 / z) HaiTH H:SOJDIPOBaHH:ble oco6:ble TOqJCJl 
H onpe.z:teJIHTh HX TmI. 
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20.13 . .Una .z:taHHLIX cpyHIC~ HaHTH BhlqeThl B yKa3aHHLIX oco6LIX 
TO't.IKC\X 

sin2z - 2z 
a) z = O; sh 3z - 3z, 

cos z 
6

) (z - 2i)(z + i)2 ' 
z = O; 

1 
B) 3 ln( 1 + z); z = O; 

z 
.z:t) 2z + 16 1 ( 1 + z ) 

8z2 + 2z - 1 
11 

2z + i ' 
z = oo; 

20.14. BLI"CIHCnHTh HHTerpanhl 

sin4z - 4z 
r) 

exp(z2 ) - 1 - z2 , 
z = O; 

e) (z - 2i) ln(l - 7r /2), 

z = 00. 

) I cos z2 
- 1 d . 

a 
3 

z, 
z I cos 3z - 1 + 9z

2 
/2 dz· 6

) z4 sh(9z/4) ' 
l•l=l 

00 

I x 2 
cosx d 

r) z· 
x·1 + 10x2 + 9 ~ 

-oo -oo 
27" 

I 1 
.z:t) dt; 

3 - VS sint I 1 
e) dt . 

v'7 +cost 
0 0 

20.15. HruiTH o6pa3hl yKa3aHHLIX MHo:>KecTB npH 3a.z:taHHLIX oT06pa­
:>KeHH.ax 

a) E: {1 : lzl < 2}, , 
6) E : {Re z < 1}, 
B) E : {Im z. = 7r}, 

w = 3/(z - 1); 

w = (z - 3 + ·i)/(z + 1 + i); 
'W = cthz. 

20.16. KoHq>opMHo oT06pa3HTh 06nacT1> 

D : { O < arg( z - 1 - i) < ; } 

Ha o6naCT:b n· : {Im w > O}. 
20.17. HallTH H3o6pa:>KeHHe yKa3aHHLIX q>yHICumi 

a) t 3 e-t: 6) (1 + t) sin 2t. 
20.18. HallTH opHrHHan no 3a.z:taHHoMy H3o6pa:>KeHHIO 

) p 6) p + 2 
a (p - 2) (p - 1) ; p 2 + 2ap + b 

20.19. c IlOMO~IO $opMynLI JboaMena HaHTH 't.laCTHOe peweHHe 
~Hq>q>epem:tHam.HOI'O ypanHeHHJI 

2t 
.. . e . 0 
x - x = , xo = xo = . 

2 +et 

20.20. Onep~OHHLIM MeTO~OM peWHT:b 3a~aqy KowH 

a) x + 4x~= sin2t, xo = O. xo = 1; 
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) .. 2· 2 t 1 6 x + x = + e , xo = , xo = 2; 

B) .. + { 1, 0 ~ t < 2; 
x x = 2 2 ~ t· , '.;;:: ' 

Xo = xo = 0. 

20.21. Onep~OHHLIM MeTO,ZJ;OM HaHTH o61I:(ee peweHMe .D;Hq>«pepeH-
UHaJibHoro ypaBHeHMJI 

.. . 0 tx - x = . 

20.22. Onepa,nHOHHLIM MeTO,ZJ;OM pewHTL CHCTeMY .ztH$cpepeHm1aJIL­
HhlX ypaBl:leHKH 

{ 
~ = x + 3y, 
y = x - y, xo = 1, yo = 0. 

BapuauT N~ 21 

21.1. HailTH nee 3Ha"-IeHMJI xopHJI 

6) 
•I /-1 

32
iv'3. 

a) v'2 - 2i; y 
21.2. Ilpe.ztCTaBHTL D anre6paiAeCKOH q,opMe 

a) sin( 11" /2 - 5i); 6) arctg (3 v'3
7
- Si) . 

21.3. Hcxo,ZJ;JI H3 onpe,D;eneHMJI TplU'OHOMeTpH'leCKHX H rHIIep6oJIH­
qecxHX cpyHK~, ,ZJ;OKa3aT:b sh 2 z =(ch 2z - 1)/2. 

21.4. Hccne,i:toBaTL Ha a6con10THy10 H ycnoBHYIO cxo,ZJ;HMOCTL pJI,ZJ; 

21.5. HailTH yron nonopoTa a H K03cp$HUHeHT pacTJIJKel:IHJI k B 
TO't!Ke zo = i npH oT06paE:elDIH w = ( z + 1 )-2• 

· 21.6. Ha.HTH aHaJIHTH"t.1ecxy10 <PYHKUHIO f(z) = u +iv no H3BecTHoi 
,ZJ;eHCTBHTenLHOH ( wm MHMMo:H) qacTH H 3Ha'leHMIO f ( z0 ) 

a) u = - y , f (0) = O; 
(x + 1)2 + y2 

'> '> 
6) u = x- - y"' - 4xy - 2x - y, f (0) = -2. 

21. 7. BLl'lHCJIHTL 

f * -Id z z z, 

r 

r,ZJ;e r - rpamma o6nacTH {1 < lzl < 2, Re z > O}. 
21.8. BLl"<IHCJIHTL 

f sin3x d z, 
z 2 (z-1r) 

r 
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r1J,e r: a) lz - 31 = 1, 6) lzl = 1, B) lzl = 6. 
21.9. HrulTH H nocTpoHTh o6nacT:& CX01J.HMocTH pJ11I.a 

-1 oo n 

L (-l)n(2-n2)zn+ L(-l)n;n. 
n=-oo n=O 

21.10. HrulTH nepBhle TpH 'IJleHa pa3noJKemur <PYHIC~ tg z B PJl1I. 
no cTeneH1IM z + 1. 

21.11. HrulTH Bee nopaHOBCKHe pa3noJKeHH1! 1J.aHHOH <PYHIC~ no 
CTeneH1!M z - Zo 

z 
a) z2 + 1' zo = -3 - 2i; 

z-2 
6

) 2z8 + z 2 - z' 
zo = O; 

) . z 
B Z Sln , 

z-3 
Zo = 3. 

21.12 . .lln1I <PYHIC~ (z-1r)-1 ctg 1l'Z HaHTH H30JIHPOBaHHhle oco6hle 
T0q}(H H onpe1l,enHTh HX THII. 

21.13 . .lln1I 11.aHHhIX <PYHKQD HaHTH Bhl'tleThl B yKa3aHHhIX oco6hlx 
TOqxax 

z+l 
a) sh ( z + 1) + sin ( z + 1) ' z = - l; 

B) ( z + 1) exp 
1 

. , z = i; 
z -i 

) 12z + 4 z/(r-4) Z = 
.z:t 121 + llz - 2z2 e ' 
oo; 

21.14. Bhl"tIHCnHTh HHTerpanhl 

a) I exp(l~) + 1 dz; 6) 

00 

6) 
2z + 1 _ .. 

'} ' z - -i, 
z- + 1 
ch 3z - 1 

r) . , z = O; 
SlnZ - Z . 

e) z
5 ln(l + 1/z), z = oo . 

I 
lz-11=2 

00 

z 2 + 1 
( '} ) . I dz; z- + 4 Slll 1l' 3 

I x-1 
B) (x2 + 4)2 dx; 

r) I (x
3 + 1) sinx dx· 

x 4 + 5x2 + 4 ' 
-oo -oo 

2" 2" 

11.) j 1 
dt; e) j 1 

dt. 
3 - 2y'2 sin t ( y'3 + v'2 cos t)2 

0 0 
21.15. HaHTH o6pa3hl yKa3aHHhIX MHoJKecTB npH 3a1J.aHHhIX oT06pa-

JKeHH1!X 

a) E : { 0 < Im z < 1l', Re z > 0}, w = cthz; 

6) E:{-1r/4<Rez<1r/4}, w=tgz; 

B) E: {lzl = 2}, w = 2/(z - 1). 
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21.16. KoH41>opMHo oT06pa3HTh o6nacTh D: {Int z > O} Ha o6nacTh 
D* : {Im w > O} npH ycnoBH.ax w{l + i) = -3 + 2i, argw'(l + i) =a. 

21.17. Ha:HTH H3o6paEeHHc yKa3aHHLIX 41>yHKxnu\ 
t 

a) I T2 e2(t-T) d-r; 1 t 
6) -(e - 1 - t). 

t 
0 

21.18. Haii:TH opm-HH<UI no 3a,ztaHHoMy H3o6paEeHHIO 
1 p 

a) .., .., ; 6) . 
p~ (p~ - 1) p 3 - 1 

21.19. C noMOIUhlO <PopMynLI .ll10aMena HaHTH ~1acTHoe peweHHe 
.ztH4><t>epeHI.lH8JlhHOI'O ypaBHCHHS: 

.. . 1 . 
x + x = 1 +et, xo = x 0 = 0. 

21.20. Onep~oHH&IM MeTO.ztOM pewHTh 3a.ztaqy KowH 

... • 2t • •• 
a) :c +x = e , Xo = xo = x = O; 

6) 2x - x = sin 3t, xo = 2, xo = l; 

B) x + 4x = /(t), Xo = xo = 0. 

21.21. OnepauHoHH&IM MeTO,ztoM HaHTH o6mee peweHHe .ztH<P<t>epeH­
InfaJlhHoro ypaBHeHHa 

t~ -(2t- l)x + (t- l)x = o. 

21.22. OnepauHOHH:&IM MeTO.ztOM peWHTh cHcTeMY ,ztH41>41>epeimHa.1Ih­
HLJ:X ypaBHCHHH 

{ x = -2x + 6y + 1, 
iJ = 2x + 2, xo = 0, Yo = 0. 

BapuaHT N222 

22 .1. Ha.HTH Bee 3HaqeHH1I KopH1I 
a) ~; 6) v'-1-:- i. 

22.2. IIpe.zlCTaBHTh B anre6pruAecxoil 41>opMe 

a) sin(?r/4 + i); • 6) arcth( 
3 

- ~iv'3). 
22.3. Hcxo,zta H3 onpe.zteneHHa TpHrOHOMeTpuqecKHX H rHnep60JIH­

~1ecKHX 41>yHKxnu\, .ztoKa3aTh ch 2 z = (ch 2z + 1)/2. 
22.4. Hccne,ztoBaTh Ha a6comoTHy10 H ycnoBHYIO cxo,ztHMOCTh pa.rt 

22.5. HaiITH yron nonopoTa a H xos41><t>Hin1eHT pacT.&JKeHHJI k B 

TOqxe zo = -2i npH oT06paxemm w = exp(3z). 
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22.6. HaiTH muumT~IecKyIO cl»YHKI.niIIO f(z) = u + iu no H3BeCTHOH 
.z:teHCTBHTenLHOH ( HnH MHHMOH) ~1acTB H 3Ha'tleHHIO f ( zo) 

a) ti= (ez + e-z) siny, /(0) = 2i; 

6) u = 2x2 
- 2y2 

- 2xy - x + 2y + 1, f ( 0) = 2 + i. 

2 2. 7. B&I'tlHCnHTL 

r.z:tc r: {lzl = 4, Re z ~ O}. 
22.8. Bhl~m:cn11T& 

J lzlz•dz, 
r 

J cosz + 2 dz, 
4z2 + 'TrZ 

I' 

r.z:te r: a) lz + ll = 1/2, 6) lzl = 1/2, B) lzl = 6. 
22.9. HaiiTH H nocTpoHTL o6nacTL cxo.z:tHMOCTH p.fl.na 

-1 00 

L 3~l (z - l)n + L(-l)u2n(z - l)n. 
n=-oo n=O 

22.10. HaiiTH nepBhle TPH ~1neHa palnoxeHHg cl»YHKilHH th z n pazt 
no cTenCH.DI z + 1. 

22.11. Ha.HTH Bee nopaHoBCKHe palnoJKeHlfg .nmmoi «l>YHKllHH no 
CTenCHjlM Z - Zo 

4z +s 
a) ( z _ 1 )( z + 3) , zo = 1 - 3i; 

2z -16 
6) zo = O; 

z 4 + 2z3 - 8z 2 ' 

B) exp (z: 
3
), zo = 3. 

2 2 .12. Jlng «l>YHKllHH (sin 7r z) / ( z + 1) 4 HaHTH H3omq>oBallllhle oco6h!e 
TO'tlKH H onpe,zteJIHTL HX THn. 

22.13. Jlng .z:taHH&IX «l>YHKIUIH HaHTH Bhl'tleThl B yKa3aHHhIX oco6h!X 
TO~IKax 

sh 3z - sin3z 
a) 

z2 +sin z + 2 
6) z =-'Tr; z = 0: 

z2 sh 2z ~ 

n) ! exp ( .!:. + 1) , z = 0; 
z z 

.z:t) 2~ + 1 sh ( 2 ) , 
z- + 1 z - 3 

z:! + 1rZ 
.: " . e - 1 - s1n 4z 

r) z3 sh l67rz 

e) ( z + i) sh ( e / z) exp( -1 / z), 

z = O; 

z = oo; z = 00. 



22.14. BbP:IHCJIHTb HHTeI'paJihl 

a) I z(~ + 7r) dz; 
s1n2z . 

1.:-11=2 
00 

D dx· I 1 

) (x2 + 2)(x2 + 3) ' 
-oo 

6) f sin( if z')dz; 

1-1-'l ---
00 

r) I (x')+ 1) sin 2x dx; 
x- + 2x + 2 

-oo 

~) J 1 
dt· e) f 1 

dt. 
7 + 4 J3 sin t ' ( 3 + 2 v'2 cos t):? 

0 0 
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22.15. HaliTH 06pa31a1 yKa3aHHhlX MHoxecTn npH Ja~aHHhlX 0T06pa-
xc1nu1x 

a) E : {O < hn z < 7r }, ·w = cth z: 
6) E : {Re z = C, ln1 z ;:: C}, w = e·; 

n) E : { 0 < arg z < a}, w = ln z, a ~ 21". 

22.16. KoH4>0p:MHo oT06pa3HTb o6nacTh D : {lzl < 1} Ha o6nacTh 
D * : {I w I < 1} npH ycnoDHJIX w ( 1) = 1, w ( -1) = -1, w ( i) = ( 3i - 4) / 5. 

22.17. Ha.HTH H3o6paxeHHe yxa3aHHhlX <l>YHK~ 
t 

a) sh 3 t; 6) f Tc
1
-Y sin(t - T)d'T. 

0 
22.18. HailTH opm:-HHan no 3a_z:taHHoMy HJo6paxemuo 

2pe-p p 
a) p2 - 4 ; 6) (p2 + 4 )2 . 

22.19. C no:Momi,10 <1>opMyn1a1 .ll10a:MeJIJ1 HailTB qacTHoe pewe1me 
~Hcpcpepe~8JlbHOro ypanHeHWI 

.. . 1 . 0 
x - 4x = ch 3 2t , xo = xo = . 

22.20. OncpauuoHHhlM :MeTO~oM pcWHTh 3a~a't.1y KowH 

) 2 .. 3· 3 t 1 . 0 a x + x + x = e , xo = , xo = ; 
. .. ') 

6) x +6x + 1 lx + 6x = 1 + t + t-. xo = xo = xo = O; 

n) x + 9x = f(x), xo = O, xo = 1. 

22.21. Onepa,infOHHhlM :MeTO~OM HaHTH 061.llee peweHHe ~H<l><l>epeH-
IlHaJlbHOl'O ypanHeHHa 

tx + 2± = o. 
22.22. OnepauuoHHhlM MeTO~oM pewHTh cHcTeMY ~H<t>cpcpcHIU1anb­

HhlX ypanHeH:wi 

{ 
:i; = 2y, 
iJ = 2x + 3y + 1, xo = 2, Yo = 1. 
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BapnaHT NR 23 

23.1. HailTH Bee 3Haqeinu1 xopm 

a) yci/8; 6) \/-s + SiVJ. 
23.2. Ilpe,u;CTaDHT:& D anre6paH'leCKOH ct>opMe 

a) sh(l - 7ri/2); , 6) arctg ( 2v'37+ Bi). 
23.3. Hcxo.ZJ;.sI H3 onpe.D;enemu1 TpHrOHOMeTpuqecxux H rHIIep6om1-

qecxmc cl>YHK~, ,ztoKa3aT:& 

ZI + Z2 ch Z1 - Z2 
sh z1 + sh z2 = 2 sh 

2 2 
. 

23.4. Hccne,ZJ;oBaT:& Ha a6conIOTHYIO H ycnonHyIO cxo.ZJ;11MocT:& pJI,D; 

00 

""' n! 
~ (3n)! + 2ni° 
n=l 

23.5. HailTH yron noBopoTa a 11 Ko3<P<PHUHeHT paCT.fl)KeHH.sI ~~ B 

roqxe zo = 1 npH oro6pa)Kemm w = exp z + 2z. 
23.6. HailTH aHaJIHT~1ecxy10 <PYHKIUllO f ( z) = u + it1 no H3necTHoH 

.ZJ;CHCTBHTen:&Hoi ( HJill MHHMOH) 'tJaCTH H 3Ha'tICHHIO f ( zo ) 

a) u = 3x2 y - y
3 

- y, /(0) = O; 

6) v = exp(-5y)(2 cos Sx +sin Sx ), f( 7r) = -2 - 2i. 

23. 7. B1:a1'tm:CJIHT:& 

r.ZJ;e r: {lzl = 1, Im z ~ O}. 
23.8. B1:a1'1'.JHCJillTh 

J sin2 z - 2d 
... z, 

Z"" + 21rZ 
r 

r.ZJ;e r: a) lz + ll = 2, 6) lz + 61 = 1, B) lzl = 8. 
23.9. HaiiTH H nocTpOHT:& o6nacT:& cxo.ZJ;HMOCTH pJI,D;a 

23.10. Ha.HTH nepB1:a1e TpH "-IJieHa pa3no:xceHH.s: <PYHKUHH exp(z + 
cos z) B PJl.Zl no cTeneH.s:M z. 
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23 .11. HaiTH nee nopaHoBct<He palno}KeHlU.c ,naHHo:il <l>YHK~ no 
CTeneH!CM z - Zo 

) z + 1 
.co = 1 + 2i~ a z(z-1)' ' 

7.z - 98 
6) Zo = 0~ 

2.z3 + 7.z2 - 49z' 

. z4 
- 4z 

B) Slll ( z _ 2) 2 , 
, 

Zo = 2. 

23.12 . .lln.11 <l>YHK~ (sin z)/(cxp .z -1) HaHTH H30JIHPOBaHH:&Ie oco-
6:&1e ~IKH H onpe,neJIHT& HX THII. 

23.13 . .lln.11 ,ztaHH:&IX cpyHKintH HaHTH BWtteTLI B yKa3aHH:&IX oco6:&1X 
TO't!KaX 

e2 = - cos 9z 
a) h . , z = O; 

S 1riZ 
6) sh (1riz/2) z = l; 

(z-1)2 (z+l)' . 
) 

. i 
B Z Slll , Z = 2; 

z-2 
eh - 1 - sin3z 

r) z = O; 
z2 sh(31rz) ' 

) 2z + 1 . ( 'TrZ ) 
,n Z ( Z - 1) Slll 6z - 1 ' e) (z - 2i)ln(l -1r/3z), 

a) 

z = oo; z = oo. 
23.14. B:&1-qucJIHT& HHTerpan:&1 

J z
2 + coszd . 

3 z, z 
6) J 

l.i 1=3 1:-31=2 
00 00 

1 
z cos dz; 

z-4 

J x
2 + 1 J cos 2z 

B) (x2 + x + 1)2 dx; r) (:z:2 + 1/4)2 dx; 
-oo 0 

2" 2" 

.11) f 4-Jrsintdt; • e) f 4+J.rcostdt. 
0 0 

23.15. Hai:TH o6pa3:&I yxa3aHH:&IX MHoJKecTB npH 3a,na.HH:&1X oT06pa­
EeHH!CX 

a) E : { 0 < Re z < 1r / 4}, w = tg z; 

6) E : {Im z = k Re z + b}, w = e.i; 

B) E : {I z I < 1, 0 < arg z < a}, w = ln z, a ~ 211'. 

23.16. KoHcpopMHo oT06pa3HTh o6nacT& D : {lzl < 1} Ha o6nacn, 
D* : {lwl < 1} npH ycnoBHJIX w(i) = i, w(i/2) = 4i/5. 

23.17. HilHTH H3o6paJKeHHe yxa38HH:&IX cpyHK~ 
t 

a) sh 4 t; 6) f (t - -r)2 ch -rd-r. 

0 
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23.18. HailTH opHrHHan no 3a.z:taHHoMy H3o6pa)KeHHIO 

~-1 ~ 
a) · 6) 

(p - 1)2 (p - 5)' (p2 + 3)(p2 + 4) 
23.19. c IlOMOm&IO 4J>opMynhl .n10aMenJ1 HaHTH i:.iacTHOC peweHHC 

.z:tH<t)(pepCHUHaJihHOl'O ypaBHeHH.H 

t 
.. . e . 0 
x + x = t , xo = xo = . 

l+e 

23.20. Onepa.UHOHHhIM MeTO.z:toM pewHTL 3a.z:tai:.iy KowH 

a) x + x = cost~ xo = 2, xo = O; 

6) .. . 2 t 1 . 0 x + x - x = e , xo = - , xo = ; 

) .. 4 { 0, 0 ~ t < 1; 
B x + x = Se1-t, 1 ./ t 

~; 
XO= XO= 0. 

23.21. OneprunioHHhIM MeTO.z:tOM HaHTH 061Ilee peweHHe .z:t1i1<t>4J>epeH­
IUiaJILHoro ypasHeHH.H 

tx + (2t - l)x + (t - l)x = o. 

23.22. OnepRUHOHHhIM MeTO.z:tOM pewHTL cHcTeMY .z:t1i14J>41>epeHUHaJIL­
HhIX ypasHeHHH 

{ x = 4x + 3; 
y = x + 2y, xo = -1, Yo = 0. 

BapuaHT Ns 24 

24.1. Ha.HTH nee 3Hai:.ieHH.a: xopH.a: 

a) ~; 6) Wf. 
24.2. Ilpe.z:tCTaBHT:b B anre6paH"-IeCKOH <t>opMe 

a) ch ( 7ri / 4 - 2) ; 6) 1 2 ; • 

24.3. Hcxo.z:t.a: H3 onpe.z:teneHH.a: TpHroH0MeTp1i1i:.iecx1i1x H rHnep6oJIH­
i:.iecKHX 4>YHKUHH, .z:toKa3aTL 

ch :h 2 ch Z1 + Z2 ch Z1 - Z2 
Zt + C z.., = . .. 2 2 

24.4. Hccne.z:toBaTL Ha a6conIOTHYIO H ycnoBHYIO cxo.z:tHMOCTL p.JI,Zt 

oo I 

L n. . 7r 
---.sin-. 
1 + 2ni 2° 

n=l 

24.5. HaiiTH yron nonopoTa a H K03$4>HIUICHT pacT.H)Kemu1 k B 
TO~nce zo = 1 - i/2 npH oT06pa)KeHHH w = exp( 3z). 
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24.6. Ha.HTH aH8JIHTH'!ecxy10 <PYHKlnfIO f(z) = u +iv no H3BecTHoH 
~eicTBMTenLHOH ( HJIH MHHMOH) 'tiacTH H 3Ha't!eHHIO / ( zo) 

a) u = 2x2 
- 2y

2 + 2xy + x - 2y + 1, /(1) = 4 + 4i; 

6) v = e"(cosx - sinx), /(0) = 1 + i. 

24. 7. Bhl'tlHCJIHTh 

r 

r.zte r: {lzl = 1, ln1 z ~ O}. 
24.8. Bhl'tllfCJIHTh 

I '( 2 2·)•lz, 
Z"' Z + i 

r 

r.zte r: a) lz - 1 - ii = 6, 6) lzl = 1/2, n) lz + 3i/21 = 1. 
24.9. Ha.HTH H nocTpOHTh 06nacT1> cxo.ztHMOCTH p.fl,Ita 

~ 

oo ( ")" oo n ~ z+i '""" 2 . 
LI 3°(i+n) +LI (z+i)n(n+i). 
n=O n=l 

24.10. HallTH nepBhle TpH tmeHa pa3no)KeHHJ1 <PYHKl.UIH sec z n p.a.z:t 
no cTeneHJIM z. 

24.11. HallTH Bee nopaHoncJCHe pa3no)KeHHJ1 .ztaHHOH cf>YHKJ:.lHH no 
CTeneHJIM z - zo 

z+l 
a) zo = -3 - 2i: 

z(z., - 1)' 
5z - 100 

6) 
z 4 - 5z3 - 50z2 ' 

zo = 0; 

B) zexp ( ,.. )', zo =a. 
z-a 

24 .12. Jlng <PYHKJ:.lHH [exp ( 1 / z)] / ( z 4 
- 1) HaHTH H30JIHPOBaHHhle oco-

6hle TO'tlKH H onpe,zteJIHTh HX THII. 
24.13. Jln• .ztaHHhIX <t>yHKI:(IUI HaHTH Bhl"leTLI B yxa3aHHLIX OC06hlx 

TO'tlKaX 
exp 6z - cos 8z 

a) sh 4z 
• z = O; 

1 .., 1/z2 B) -(z-e - 1), z = O; 
z 
2z - 1 2 • 

.zt) (z + 1 )2 cos ?rZ - 23z + 3i, 

z = oo; 

cos( ?rz/3) 
6) z = 3; 

(z - 3)2 (z - 5)' 
Ch 3z - cos 4iz 

r) .., . , z = O; 
z- s1115z 

1 .., Z'lr -
e) (z + 2i) cos- --

2z 
z = oo. 
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24.14. B&I~mCJIHTh HHTerpan&I 

a) j z ch 3 
dz;• 

z-2 
6) J 

. 
1n. d 

( I ) . z; 
exp 7rz 2 - i 

l.t-21=2 l.t-il=2 
00 00 ) J x

2 
d ) J sin 2x d 

B (x2+11)2 x; r (x2-x+1)2 x; 
0 -oo 
2~ 2w 

lt) j 1 
dt· e) j 1 

dt. 
5 + 2y'6 sin t ' y'5 + v'3 cos t)2 

0 0 
24 .15. HaiiTH o6pa31d yKa3aHHldX MHO:>KeCTD npH 3altaHHldX oT06pa-

JKCHH.HX 

a) E : {O < Re z < 7r }, w = tg z; 

6) E: {O <Re z + In1 z < 27r }, w =er; 

B) E : {Re z = C, Im z == C}, w = cos z. 

24.16. KoHcpopMHo oT06pa3HTh o6nacTD D : {jzl < l} Ha o6nacTh 
D * : {I w I < 1} npH ycnoBH.HX w ( 1/2) = 1/2, ai·g w ( 1/2) = 7r / 2. 

24 .17. Ha.HTH H3o6paxeHHe yxa3aHHLIX ~ymc~ 
a) et sh t; 6) t cost. 

24.18. Ha.HTH opurHHan no 3altaHHOMY H3o6paxceHHIO 
e-P/3 • p-1 

a) p(p2 - 1); 6) (p2 + 2)(p2 + 3)" 
24.19. c noMOmhIO cpopMynLI ,ll10a:MenJ1 HaHTH 'tJRCTHOe peweHHC 

ltHcpcpepeJmH8JlhHOro ypaBHeHHJI 

.. . e 2t 

x - x = -(--t)-')' 1 +e .. xo = xo = 0. 

24.20. OnepaI.tHOHHLIM MeTOltOM peWHTh 3alta~1y KowH 

) - t t • a x - x = e , xo = xo = O; 

6) x - 3x + 2x = 2et cos(t/2), Xo = 1, xo = O; 

{ 

2t, 
B) X + 4x = 4 - 2t, 

o, 

0 ~ t < l; 
1 ~ t < 2, 
2 ~ t; 

xo = xo = 0. 

24.21. OnepaI.tHOHHldM MeTQZtoM HaHTH o6lllee peweHHe ltHcp<PepeH­
lUfaJILHoro ypaBHeHHJI 

_ tx - ( 2t + 8 )x + ( t + s )x = o. 
24.22. OnepaUHOHHldM MeTOltOM pewHTh CHCTeMY ltHcpq,epeHI.tHaJIL­

HldX ypaeHeHHH 

{ 
~ - x + 3y + 3, 
y - x -y + 1, xo = O, Yo = 1. 
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BapnaHT Na25 

2 5 .1. Ha.HTH Bee 3Ha'l:leHHJI xopH1I 

) 4 /1 6) J v'3 i . 
a '/ 256; 2 2 

25.2. Ilpe,D;CTaBHTh B anre6pamqecKOH <t>op:Me 
a) Ln(-1 - i); 6) i 3

'. 

25.3. Hcxo.ZJ;1I H3 onpe.D;eneHH1I TPHrOHo:MeTJ>H'l:lecKHX H I'HIIep6on1r1-
qecKHX <l>YHKIUIH, ,ZJ;OKa3aTh 

z1 + z2 h z1 - z2 ch z1 - ch z2 = 2 sh s . 
2 2 

25.4. Hccne,ZJ;oBaTh Ha a6conIOTHYIO H ycnoBHYIO cxo.ZJ;HMOCTh p.sm 

00 1 

E (2n - i)ln2n · 
n=l 

25.5. Ha.HTH yron noBopoTa a H K03<l><l>Hin!eHT pacT11JKeHH11 k B 
TOqxe zo = -5 + i np1r1 oT06paEemm w = z/(z + 4i). 

25.6. Ha.HTH aHaJIHT~1ecxy10 <l>YHKUHIO f (z) = u +iv no H3BecTHoH 
,ZJ;eHCTBHTeJihHOH ( HnH MHHMOH) qacTH H 3Ha'l:leHHIO f ( zo) 

a) u = 9x2 y - 3y
3 + x + 1, /(1) = 2 + 2i; 

6) v = e fl cos x + y, ! ( 1T I 2) = i. 

25.7. Bhl'qHCnHTh 

J (exp lzl 2
) Im z dz, 

r 

I',ZJ;e r - 0Tpe30K np1IMOH Z1 = 1 + i, Z2 = 0. 
25.8. Bhl'qHCnHTh 

J 2 + sinz d 
z2 (z+2i) z, 

r 

I',ZJ;e r: a) lzl = 1, 6) lz + 2il = 1, B) lzl = 3. 
25.9. Ha.HTH H nocTpOHT:& o6nacn, CXO.ztHMOCTH pa,zta 

~ (z - 2i)" 
00 

i - 3° 
~ (3n + i)" + E (z - 2i)" · 
n=O n=l 

• 
25 .10. Ha.HTH nepBhle TPH 'IJieHa pa3noEeHHJI 4>YHKinm In( cos z) B 

pa.it no cTeneH11M z. 
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25.11. Ha.HTH ace nopa.HOBCKHe pa3noJKemu1 ,naHHoH 4>YHKUHH no 
c-reneH.RM z - zo 

z-1 
a) z ( z + 1) , zo = 1 + 3i; 

13z - 338 
6) , zo = O; 

2z3 + 12z2 - 169z 

) 
• z + 2 

B Z Sill 11" , Zo = - 1. 
z+l 

25.12 . .llnH <PYHICUHH .(cos 11"Z) /[( 4z2 - 1 )( z2 + 1 )] HaHTH H30.11HpO­
BaHHLie oco61a1e TO't!KH H onpe,neJIHTL HX THII. 

25.13 . .llnH .ZJ;a.HHldX q,yHICrnm HaHTH a1a1qeT1a1 B yxa3a.HHldX oco61a1x 
TO'tlICax 

e 3
.z - 1- sin3z 

a) h ( ) , z = O; z s 311"z 
1 

a)zch ,z=-2; 
z+2 

6) sh ( 11"iz) z = _ 2. 
(z+2)2z' ' 

sh 2z - 2z 
0 r) I , z = ; 

cos z - 1 + z 2 2 
z-1 z 

.n) 2 sh , z = oo; 
z +1 z-3 

e) (z + 1)2 sh(e/t), z = oo . 

25 .14. B1a1q}ICJIHTL m1-rerpan1a1 

a) I cos2 z dz; 
zcosz 

6) I zelfz_z-1 
3 

dz; 
z 

lzl=l 
00 00 

B) I (x2 + 9)~:1:2 + 4)2 dx; I cos5.x 
r) (x2 + 1)2(x2 + 4) dx; 

-oo -oo 
271' 271' 

.n) J 5 _ ~sin t dt; I 1 
e) dt. 

( y'6 +cos t) 2 

0 0 
25.15. Ha:HTH o6pa31d yxa3a.HHldX MHOJKeCTB npH 3a,na.HH1a1x oT06pa-

• 

a) E : { 0 < Re z < 7r}, w = cos z; 

6) E: {Re z = 1}, w = (z - 3 + i)/(z + 1 + i); 

B) E : { 0 < Re z < 7r, Im z > 0}, w = tg z. 

25.16. KoHct>OpMHO OT06pa3HTL o6nacTL D: {In1 z > o} Ha o6naCTh 
D • : {I w I < 1} npH ycnoBH.RX w ( 0) = i, w ( -1) = 1, w ( oo) = -1. 

25.17. HailTH H3o6paJKeHHe yxa3a.HHldX 4>YHICrnm 
t 

6 e sin 'T 'T. ) I t-'r • d 

0 

'25.18. Ha.HTH opHrHHan no 3a.ZJ;a.HHOMY H3o6paJKemuo 
2p + 3 p2e-2

P 
a) ; 6) . 

p3 +p2 p3+1 
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25.19. C noMOJ.W>IO qmpMynLI .ll10aMeng HaHTH qacTHoe peweHHe 
.ztH<P<Pepe~a.JibHOro ypaBHeHHjl 

t .. . e 
2x - x = -(l_+_et_/_2)-2, xo = xo = 0. 

25.20. Onep~oHHLIM MeTO,noM pewHTb 3a,naqy Kowlt 

) 
••• t •• 0. 2 a x + x = e , xo = x = , Xo = ; 

6) x + 4x = 10 cos 3t + 3 sin t, xo = -2, xo = 3; 

{ 

t, 0 ~ t < 1; 
a) x + 9x = 2 - t, 1 ~ t < 2, xo = xo = 0. 

o, 2 ~ t; 
.. 

25.21. Onep~oHHLIM MeTO,noM HaHTH o6~ee peweHHe .nH<P<PepeH-
1.lHa.JibHoro ypaBHeHHg 

tx + ( 2 ~ + 1) x + ( t + 1) = o. 

25.22. Onep~oHHLIM MeTO,noM pewHTb CHCTeMY .nH<P<PepeHUHa.Jlb­
HLIX ypaBHeHHH 

{ x = 3y + 2, 
y = x + 2y, x o = -1, Yo = 1. 

BapuaHT N2 26 

26.1. Hfil!TH ace 3HaqeHHg xopHg 

3 1 . y'3 . -----
a) -16 + i 16; 6) {/-125. 

26.2. Ilpe.ncTaBHTb B anre6pcmqecxo:i <PopMe 
a) Ln 6: 6) (-1) 4i. 

26.3. Hcxo.ns H3 onpe.neneHHg TpHrOHoMeTpHqecKHX H rHIIep6oJIH­
qecKHX <PYHKrnm, ,noKa3aT& cos2 z = (1+cos2z)/2. 

26.4. Hccne.noaaTb Ha a6conIOTHYIO H ycnoBHYIO cxo,nHMOCTb PJI..Zl: 

.. 00 

L (3n -
1
i)lnn · 

n -'> - .. 
26.5. HfilITH yron noaopoTa a H xo3<P<P~eHT pacTgJKeHHg k a 

roqxe zo = 1 + iv'3 npH oro6pa:>Kemm w = 1 / z 2
• 

26.6. HfilITH aHaJIHT1AecKy10 <PYHKl.lHIO f ( z) = u + iv no H3aecn10:i 
.ne:icTBHTenLHOH (mm MHHMo:i) qacTH H 3HaqeHHIO f ( zo) 

a) u=eY(cosx+sinx), f(O) = l+i; 

6) v = 3x2 
- 9xy2 

- y + 2, f(i) = 1 + i. 
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26. 7. Bhl't!HCJlllTh 

r.zte r: {lzl = 1, Re z ~ O, Im z ~ O}. 
26.8. Bhl't!HCJlllTh 

J e% + 1 
z(z - 1) dz, 

r . 

r.zte r: a) lz - 1/21 = 1, 6) lzl = 1/2, a) lz - ll = 1/2. 
26.9. HaHTH H nocTpoHTL o6nacTL cxo,ztH:uocTH pa,tta 

26.10. HaiTH nepBhle TpH qneHa pa3noxemu1 <PYHKI.Um exp(z + 
sin z) B PJl.zt no c-reneH.&:M z. 

26.11. HaiTH ace nopa.HOBCKHe pa:mo:xceHWI ,ztaHHoH <PYHKUHH no 
CTeDeHJIM z - Zo 

z-1 
a) z(z + l), zo = -1+2i; 

8z - 256 
6) zo = O; 

z 4 + 8z3 - 128z2 ' 

2 • z + 3 
B) Z Sill , Zo = 1. 

z-1 

26.12 . .llnJI <PYHKI.Um (sin3 z)/[z2 (1 - cosz)] HaHTH H30JIHPOBaHHhle 
OC06hle TO'D'.H H onp~eJlllTh HX THil. 

26.13 . .llnJI ,ltaHHlalX <PYHKrnm HaBTH Bld"qeTld B YJCa3aHHLIX oco6hlx 
TO'D'.8X 

) z . ( ') . a Slll Z - 3i , Z = 3i; 
z+2 

) 
2 4 . 

B z exp z = i; 
(z - i)3 ' 

2z -i 
.n) z 2 + 4 exp 3z + i , z = oo; 

26.14. Bhl'IllCJIHTh 1m-rerpanhl 

6) 
sh ( ?riz) 

z = O; 
( z - 2 - i)2 ( z - 1) ' 
Ch z - cos3z 

0 r) . ( ) , z = ; 
Z Sill 5?rz 

) 2 
• 2 11" 

e z sin 
3
z, z = oo. 
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2 ( I 2 z - i d, I 
3 • 

C·~) z• .. . ", 
(z - 7r) sin 2z 

6) I z exp 1 z ) - 1 d z· 
' z 

I= I= 1 
00 

1:1=1 
00 

B) I (x2 + 4)1(x2 + 9); I xcosx d 
r) x 2 - 2x + 17 x; 

-oo -~ 
2~ 2~ 

.n) J 1 
dt; e) f 1 

dt. 
8 - 3v'7 sin t ( ./7 + y'5 cos t)2 

0 0 
26.15. Ha.HTH o6pa3LI yICa3aHHLIX :MHo3tecTD npH 3a,naHHhIX oTo6pa-

)f(eHHa 

a) E : { 0 < Im z < 1r}, w = ch z; 

6) E: {arg z =a}, 'W = lnz; 

a) E : { 9 < Re z, 0 < Im z}, w = arcsin z. 

26.16. KoH<PopMHO oT06pa3HT& o6nacT& D: {In1 z > O} Ha o6nacT& 
D" : {lzl < 1} npH ycnoaHa w(O) = -i, w(2i) = i/3. 

26.17. HaiTH HJo6pa:>KeHHe yKa3a.HHhIX <Pymcl.lHH 

a) e2
t sh t; 

t 

6) J (t- r)3e-~ dr. 

0 
26.18. HaiTH opHrHHaJI no Ja,naHHoMy H3o6pa:>KeHHIO 

1 e-p/'J. 
a) · 6) 

p3 - 1 ' (p2 + 1 )(p2 + 2) 
26.19. C noMOJ.QhIO <PopMynhl .ll10aMen1l HaHTH ~racTHoe peweHHe 

.n11<P<Pepe~aJThHoro ypaaHeHHg 

2t .. . e 
x - x = _t_+_e_t ' xo = xo = 0. 

26.20. Onep~oHHhIM MeTO,ztOM pewHT& 3a,naqy KowH 

a) ii+ x = tet + 4 sin t, xo = xo = O; 

6) ii - :i; = t2, xo = 1, Xo = O; 

a) x + 4x = f(t), Xo = xo = 0. 

26.21. Onep~oHHhIM MeTO,noM HaHTH o6mee peweHHe .n11<P<PepeH­
IlHaJThHoro ypaaHeHHg 

tx - ( 2t + 6) x + ( t + 6 )x = o. 
26.22. Orreparzy10HH1.IM MeTO.n;oM pewHTD cHCTeMY .n11<P<PepeHin1am.­

HhIX ypaaHeHHH 

{ 
. . 
x = x + y, 
y = 4x + y + 1, xo = 1, yo = 0. 
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BapuaHT N2 27 

27 .1. HailTH ace 3Haqemu1 KopHH 

a) ~; • 5) 250 - 2~0 
27.2. Ilpe,ncTaBHTh B anre6pawieCKOH q,opMe . 

a) Ln(l+i)~ 6) (4-3i)'. 
27 .3. Hcxo,nx H3 onpe.neneHHH TpHrOHOMeTpH'tleCKHX H rHIIep6oJill­

qecKHX q,ymcI..tHi, ,noKa3aTb sin2 z = (1 - cos 2z)/2. 
27.4, Hccne.noaaTL Ha a6conK>THy10 H ycnoBHYIO cxo.ztHMOCTL p~ 

00 

L (2ni -3)~(3n + 1) · 
n=2 

27.5. HailTH yron noaopoTa a H Ko3<P<P~eHT pacTHJKeHHH k B 
TO'tlKe zo = 3 + 2i npH oT06paEeHlm w = exp(2z + 1). 

27.6. HailTH aHaJIHTKtrecKy10 <PYHICl.lHIO f(z) = u +iv no H3BecTHoH 
.nemcTBHTenLHOH ( HJill MHHMOH) qacTH H 3Ha'tleHHIO f ( zo) 

a) u=e-211 (3sin2x-cos2x), /(0)=-1+3i; 

6) v = 2x
3 

- 6xy2 
- y + 1, /(1) = 3 + 3i. 

2 7. 7. B :Dl'lllCJillTh 

/lzldz, 
r 

r.ne r: {lzl = v'2, 7r/4 ~ arg z ~ 511" /4}. 
27 .8. B@'tlHCJillTh ~ 

Jcos2 z+ld 
2 ') z' z -11"-

r 
r .ne r: a) I z - 21 = 3, 6) I z I = 4' B) I z + 21 = 3. 

27.9. HailTH H nocTpoHTh o6nacTL CXQZlHMOCTH pH,D;a 

00 

n==-oo 

27.10. HaHTH nepa:Die TpH 'tlneHa pa3noJKeHHH q,ymcmm ez(I+sin z) B 
PH.lt no c-reneHHM z. 

27 .11. HailTH ace nopa.HoBCKHe pa3noJKeHHH ,naHHoH 4>ymcrnm no 
CTeneHHM z - Zo 

a) 
z2 - 1' 
z+3 

Zo = 2 + i; 
3z - 18 

.6) 9z + 3z2 - 2z3 ' 
Zo = 0~ 

z 
B) Z COS , Zo = 3. 

z-3 
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27.12 • .llnH <PYHK~ cos z~2 HaHTH H30JIHPOBaHHhle oco6hle T0q}(H 
H onpe,ZJ;enHTb HX THII. 

27 .13 • .llna ,naHHhlX <PYHKrnrii HaHTH Bhl'tleThl B yKa3aHHhlX oco6hlX 
TO'tlKaX 

2z - 1 
a) ') sh(z - 2i), z = 2i; 

z- + 4 

) 
. 6 

B z sin 2 , z = O; 
z 

) 
2z + 1 . 1rZ - i 

,n ') Slil . , Z c: 00; 
z- - 4 z + i 

2 7 .14. Bhl't!HCnHT& HHTerpanhl 

a) I sin2 z dz; 
zcosz 

00 

B) I (x2: 3)2 dx; 
-oo 

21" 

.II) I 5 - ! sin t dt; 

e;z 

6) ( )3 , z = 7r; z -1f 
3 

) 
exp z - 1 

r z = O; 
ch z - 1 - z 2 /2' 

(
2 ')2 e) ( z + i) 2 exp 2~ i , z = oo. 

6) J z3 
cos ~i dz; 

lzl=2 
00 ) I (x3 

- 2) cosx/2d : 
r (x2 + 1)2 x, 

-oo 
21" 

I 1 
e) dt. 

( v"5 + 2 cos t)2 

0 0 
27 .15. Ha:i:TH o6pa3hl yxalaHHLIX MHO:>KeCTB npH 3a,naHHhlX oro6pa-

:>KeHHj{X 

a) E : {I z I < 1, Im z > ~}, w = ( 1 - z) / ( 1 + z); 
6) E : { O < Re z < 7r, Im z > 0}, w = cos z; 

a) E:{Rez<O,O<Imz<a}, w=e·, a<21r. 

27.16. KoH<PopMHo oro6pa3HT& o6nacT& D: {Im z > O} Ha o6nacT& 
D* : {lwl < 1} npH ycnoBHj{X w(l + i) = 0, arg w'(l + i) = 7r. 

27.17. Ha.Hn1 H3o6pa:>JeHHe yxalaHHhlX <PYHKi:.nni 
t 

a) ch 2tcos 2t; 6) J -? ch (t - r)dr. 

0 

27 .18. HaiTH opHrHHan no 3a,ZJ;aHHOMY H3o6pa:>KeHHIO 
1 e-P 

a) · 6) 
(p + 1 )(p2 + 4p + 5) , p2 - 4 . 

27 .19. C noMo~IO <PopMynhl .ll10aMenH HaHTH qacTHoe peweime 
llH<P<PepeHinranDHOro ypa.BHeHHH 

t .. . e 
x + x = -( l_+_e_t )-2 , xo = xo = 0. 

27.20. Onepa.I.tHOHHLIM MeTO,ZJ;oM pellIHT& 3a,naqy KollIH 

a) 2x + 5x = 29cost, xo = 1, xo = O; 
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6) 2z + 4:i: + 29:z: = e-2
t, :co = 0, xo = 1; 

a) x - x = /(t), :co = Xo = 0. 

2 7. 21. Onepain10HHLIM MeTO,D;oM HaHTH o6Ulce peweHHe .ztH<t><t>epeH­
J.lHaJihHoro ypaaHeHH.a 

tw - (t + 5):i: + 3x = o. 

27.22. OnepatlHOHHlitM MeTO,ttoM peWHTb CHCTeMY .a;H~~epe~anb­
HhlX ypaaHeHd 

{ 
x ::::: 2x +Sy+ 1, 
y ::; 3:z: + 4y, :z:o = 2, Yo = 1. 

• BapH&HT Na 28 

28.1. Ha.iTH nee saa11eHHB Kopu11 

a) {lili25; 6) {-1- i/3. 
28.2. IlJ?e.rtCTIU)JITb D anre~prut'lCCICOH 41opMe . 

a) Ln( v'3 + i); a) (-v'3 + i)-6
'. 

28.3. Hex~• H3 onpe.ztenemtJI TpHrOHoMeTpH'lieCICHX H rHIIep6oJIH­

qecKHX «t>ymuum, .a;oxasaTb sh z1 sh z:i == [ch ( z1 + z1) - ch (z1 - z2 )]/2. 
28.4. Hccne.notu\Tlt Ha aGco.nJOTHYIO H yc.nonHyIO cxo.u;HuocT& P.fl.ll 

00 1 

2: ( n + 3i) ln2 (2n)' 
fllllil2 

28.5, HaiiTH yron noaopoTa a H xos4>ct>HIU1eHT p6CTE1Cemu1 k n 
TO't~e .10 = 1 + 2i npH oT06pa'1<:emm w = 1/(z + 1)3

• 

28.6. HaiTH a1uumTW1ecKyIO <l>YHX~JO /(z) = u +iv no H3Decmo:H 
,zte:HcTBMTenhHOH ( MJIH MRHMOH) "'U\CTH H 3Ha"tJeHHIO f ( zo) 

4x 
a) u = y - ') 2 • /(1) :::: -4; 

X"' + y 

6) v;:;::: x2 
- y2 

- 2xy + 2x + y, /(1) = 3 + 3i . 

28. 7. BM"tJHCJIHTh 

r.zte r: {lzl ~ 0}. 
28.8. BLI'UICIIHTb 

• 

J ain8 
z + 2 d 

,el - 41f~ z, 
r 

r.ne r: a) lz - 61 = 1, 6) lz - 27rl = 1, D) 11.:I == 8. 
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28.9. Ha.HTH H nocTpOHT:& o6nacTb cxo.ztHMOCTH p.sI.Ita 

~·n n ~ 1 
L...J i Z + L...J 3n zn . 
n=O n=l 

28.10. HairTH nepnDie TpH "lJneHa pa3no)Kemu1 cpymcr.um 4e%+exp % B 
pg,n no CTenCHj[M z. 

28.11. HallTH ace nopa.HoBCKHe pa3no)l{eHHj[ .ZJ;aHHOH cpymcr.um no 
CTeneHj[M z - Zo 

z+3 
a) zo = -2 + 3i; 

z 2 - 1' 
3z - 18 

5
) 18z2 + 3z3 - z 4 ' 

zo = O; 

z 
B) Z COS z _ S , Zo = 5. 

28.12 . .llnj[ cpymcr.um (z - 1)-1 exp(z - i)-2 HaHTH H30JIHPOBaHHl.de 
oco61.de TO"t!KH H onpe,neJIHT:& HX THII. 

28.13 . .llnj[ ,ltaHHl.dX cpymcrnm HaHTH Bl.d"lleTl.d B yKa3aHHl.dX oco61.dX 
TO"t!Kax . 

ez-• - 1 . 
a) . , z = i; 

z-i 

B) ( z + i) cos
2 

( 
4 

. ) , z = 2i; 
z - 2i 

Z • ?rZ - 1 
.zt) 98 + 7 z - z2 sin 2z + 4 ' 

z = 00~ 
28.14. BDI't!HCJIHT:& HHTerpanl.d 

a) J z 2 + z + 3 d -

( ) 
• z; 

?r + Z SlllZ 

00 

B dx· J 1 
) (x2 + 4)2 (x2 + 16) ' 

z . 
6) (z+2)2(z - 1)2' z = 1; 

') 

cos z~ - 1 
r) h 3 / , z = O; s z-z-z 6 

e) (z - i) 2 cos(?r/z), 

6) 

z = oo. 

J 1 - s~n 1 / z dz; 

lzl=3 
00 ) J ( x - 1) sin x d . 

r (x2 + 9)2 x, 
-oo -oo 

2" 2w 

.n) J 1 
dt; e) J 1 

dt. 
9 - 4v'5 sint (2 +cos t)2 

0 0 
28.15. HaiTH o6pa31.d yKa3aHHl.dX MHO)KeCTB npH 3a,zta.HHDIX oT06pa-

)KeHHJIX 

a) E:{Rez>O,lmz=?r/6}, w=ez; 

6) E: {Re z > 0, Im z > O}, w = arsh z; 

a) E:{O<Rez<?r, -h<lmz<h}, w=cosz, h>O. 
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28.16. KoH<PopMHo oT06pa3HTL o6nacTL D: {ln1 z > O} Ha o6nacTL 
D* : {Im w > O} npH ycnoaHn: w(-1) = 0, w(O) = 2, w(l) = oo. 

28.17. Ha:iTH HJ06pa)fcem1e yKa3aHHhlX q,ymcrnm 
t 

a) (e3
' - e2')/t; 6) f T 3e-• dT. 

0 

28.18. Ha:iTH opHrHHan no 3a,zta.HH011y H3o6pa:>KeHHIO 
1 1-p 

a) · 6) 
(p - 2)(p2 - 2p + 3)' p(p2 + 3p + 3) 

28.19. C noMOIULIO q,opMynhl .ll10aMen.a HaHTH qacnme peweHHe 
.nH<P<Pepe~anbHOI'O ypa.BHeHH.a 

t 
.. 2. e 
x- x+x=ch2t' Xo = xo = 0. 

28.20. Oneprun10HHblM MeTO,noM pewHTL Ja,naqy KowH 

a) x + x - 2x = e-t, Xo = -1, Xo = O; 

6) x- x = 4sint+ 5cos2t, Xo = -1, xo = -2; 

a) x-x=9(t-1)9(3-t), xo=xo=O. 

28.21. OnepaUHOHHblM MeTO,noM HaHTH o6mee peweHHe .nH<P<PepeH­
l.lH8JlbHoro ypa.BHeHH.a 

tx +~2t + 2)x + (t + 2)x = o. 
28.22. Onepa.tn10HHblM MeTO,noM pewHTL CHCTeMY .nH<P<PepeHIU18Jlb­

HblX ypa.BHeHHM 

{ x = x + 2y, 
y = 2x + y + 1, Xo = O, Yo = 1. 

BapuaHT Nsz 29 

29.1. Hai!:TH ace 3Ha'tleHH.a KOpH.a 

a) {/-i/125; 6) {/8 - 8i\1'3. 
29.2. Ilpe,ncTa.BHTh B anre6paH'tlCCKOH q,opMe 

a) Ln(-1-i); 6) (1-i)4
;. 

29.3. Hcxo.n.a HJ onpe.neneHH.a: TpHrOHoMeTpH'tleCKHX H rHIIep6oJIH­
'tleCKHX q,ymc:um{, .noKa3aTL 

I cth zl = 
ch 2x +cos 2y 

ch 2x - cos 2x · 

29.4. Hccne.noaaTL Ha a6conIOTHy10 H ycnoaHy10 cxo,nHMOCTb P.a.zl 
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29.5. HairTH yron noaopoTa a H Ko3<P<PHinieHT pacTJDKemu1 k a 
TOqxe z0 = 1 + 2i npH oT06pa)Kemm w = 1 / ( z + 1). 

29.6. HairTH aHa.JIHT1AecKy10 <PYHKUHIO f(z) = u +iv no H3BecTHoi 
.neicTBHTenLHoi ( HJIH MHHMOH) qacTH H 3HaqeHHIO f ( zo) 

a) u = x2 
- y 2 + 2xy - 2y - x - 2, f ( i) = -5 - i; 

6) v = e-3!1(3cos3x - 2sin3x), /(7r) = -2 - 3i. 

29. 7. BhlqJjllCJIHTh f z Im z
2
dz, 

r 

r.ne r - 0Tpe30K npJIMOH Z1 = 0, Z2 = 1 + i. 
29.8. BhlqJjllCJIHTh 

I cos
2 

z + 3 dz, 
2z2 + 1l"Z 

r 

r.ne r: a) lz + 3/21 = 1, 6) lzl = 1/2, a) lzl = 3. 
29.9. HairTH H nocTpoHTL o6nacn, cxo,nHMOCTH pJIJla 

00 00 

~ irrn/6 ( ')n ~ 1 
. L....J e z + i + L....J (1 + i)n(z + l)n. 
n=O n=l 

29.10. HaiTH nepahle TpH qneHa pa3no)KeHHJI <PyHK:rnm z/(2+sinz) 
a p.11,n no c-reneHJIM z. 

29.11. HaiTH ace nopa.HOBCKHe pa3no)KeHHJI ,lta.HHOH <PYHK~ no 
c-reneHJIM z - zo 

z 
a) z2 + 1 , zo = 2 + i~ 

9z - 162 
6) zo = O; 

81z + 9z2 - 2z3 ' 

) 
• 1l"Z 

B .z Sill , 
z-a 

zo =a. 

29.12 . .llnJI q,yHK:rnm (sin 1/z)/(z+i) HaHTH H3o.rmpoBa.HHhle oco6hle 
TO"<UCH H onpe,neJIHTb HX THII. 

29.13 . .llnJI llamn.IX <PYmanri HaHTH BhlqeThl B yKa38HHbIX oco6hIX 
T<NJCaX 

ez-i - 1 
a) . ( '), z = i; 

Slll Z - '£ 

B) ( Z - 1) ch 2 l . , Z = -2i; 
z + 2i 

) 
. 2 - ?ri 

,lJ; Z Slll , Z = 00 ~ 
z 

z 3 -1 
6) , z = O; 

(z+11") 3 z 
cos 7z - 1, z = O; 

r) shz-z 

e) 2z + 1 ch ?rz ' z = oo. 
z 2 + 1 2z2 - 1 
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a) 

29.14. Bhl't.IHCJIHT:& HHTerpanhl 

J iz(z - i) d . 
. z, 

Slll 1f'Z 

lz-1/21=1 
00 

6) 

3a,l(aHHJi ,l(nJI caMOKOHTpOJIJI 

J z - sinz d 
2z4 z; 

lzl=2 
00 

B) I x2 - ~ + 1 dx; r) J (x:cos~,dx; 
x- + 1 -

-oo -00 

2~ 2~ 

~) J 1 
dt; e) J 1 

dt. 
1 + /i5sint (2 + vfacost)2 

0 0 

29.15. HaliTH o6pa3hl yxa3cumhlx MHo:>KeCTB npH 3a~cumhlx oT06pa-
:>KeHHHX 

a) E: {Im z > 0}, w = arcsinz; 

6) E: {Re z > 0, Im z = 7r }, w =ch z; 

B) E : { 1 < I z I < 3, z ~ [ 1, 3]} , w = ln z. 
I 

29.16. KoH<t>opMHo oT06pa3HT:& o6nacT:& D : {lz - 1 - ii < 2} Ha 
o6nacTh D*: {lzl < 1} npH ycnoBHHX w(i) = 0, argw'(i) = 7r/2. 

29 .17. HaliTH H3o6pa:>KeHHe yKa3alillhlX <PYHKinrii 

) 
1 -3t • 2 

a -e sin t; 
t 

t 

6) J ( t - r)2 cos2 rdr. 

0 

29.18. HaliTH opHrHHan no 3a~mm0My H3o6pa:>KeHHIO 
) 2p + 1 6) 2 - 3p 

a (p + 1 )(p2 + 2p + 3) ; (p - 2 )(p2 - 4p + 5) · 
29.19. c IlOMO~IO q,opMynhl .Il10aMen.s: HaHTH 'tlaCTIIOe peweHHe 

~H<t><t>epeHUHaJibHOro ypaBHeHH.S: 
. 2 x - 4x = th 2t, xo = xo = 0. 

29.20. OnepanuoHHhlM MeTO~oM peWHT:& 3a~a'tly Kowu 

a) x + 4x = 8sin 2t, xo = 3, xo = O; 

6) x + x = sh t, xo = 2, xo = 1; 

B) x + 2x + x = O(t)0(1 - t) - O(t - 1)0(2 - t), 
xo = xo = 0. 

29.21. OnepanuoHHhlM MeTO~oM HaHTH o6~ee peweHHe ~H<P<t>epeH-
~aJibHOro ypaBHeHH.H 

tx - 2(t+ 3)x + (t+6)x = o. 
29.22. OnepanuoHHhlM MeTO~oM peWHT:& CHCTeMY ~<P<Pepe~aJib­

HhlX ypaBHeHHH 

{ x = -x - 2y + 1, 
y = -3x/2 +y, xo = 1, Yo = 0. 
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- BapuaHT Na 30 

30.1. HaiTH Bee 3HaT.Iemu1 KOpHa 

a) {/i/2s6; 6) \/soov'a - 500i. 
30.2. Ilpe.z:tCT8BHTb B anre6p8HT.leCJCOH ct>opMe 

a) Ln(l + iv'3); 6) (-12 + 5i)-i. 
30.3. Hcxo,ztJI H3 onpe,zteneHHJI TpHrOHOMeTpHT.Iecxcux H rmtep6oJIH­

qecKHX <t>yHKIUUi, ,ztoICa3aTb sh z1 ch z2 = [sh(z1 +z2) +sh(z1 - z:?)]/2. 
30.4. Hccne,ztoBaTb Ha a6conIOTHYIO H ycnODHYIO cxo,ztHMOCTb pJI.zt 

30.5. HaiTH yron no~opoTa a H K03ct>ct>HUHeHT j'acTsr.>KeHHJJ: k D 
TOT.IKe zo = -2 + 3i IIpH OT06paxcemm w = 1/(z - 1)·. 

30.6. HaiTH aHaJIHTJAecxcyIO <PYHK~IO /(z) = u +iv no H3BCCTHOH 
,zteHCTBHTenbHOH ( HJIH MHHMOH) '-Iacm H 3HaT.IeHHIO f ( zo) 

a) u = -y3 + 3x
3

y + 2x, /(1) = 2 + 2i; 
., ., 

6) v = x"' - y"' + 4xy - y - 2x, f ( i) = 1 - 2i. 

30. 7. BhP-mCJIHTb J lzlzdz, 
r 

r.zte r: {lzl = 1, Re z ~ O, Im z ~ O}. 
30.8. Bhlq}ICJIHTb 

J COBZ d 
z(z - 7r) z, 

r 

r,zte r: a) lz - 31 = 1, 6) lzl = 3, B) lzl = 4. 
30.9. HaiTH H nocTpOHT:& o6nacT:& cxo.ztHMOCTH pa,zia 

~ ( z )n ~ 112 
L.../n + i) 1 + i + L,., ;;;· 
n=O nml 

30.10. HaiTH nepBwe TpH qneua pa3no:>KeHHa <t>ymc~ /(z) = 
exp( cos 2z) B PJI.Zt no cTeneHJIM z + 1r / 4. 

30.11. Ha.HTu Bee nopauoBcxue pa3no)l(eHHSJ. ~aHHOH <PYHICl:tmf no 
CTeneHJIM z - Zo 

a) • z:l: 1 • zo = -3 + i; 
fi) 6z - 144 zo = O; 

• 72z2 + 6.z3 - z4 ' 

z-1 
B) z sin 1r , zo = 2. 

z-2 
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30.12 . .Una <t>ymc~ 1/(ez + 1) HaHTH H30JIHPOBaHHhle oco6hle TO~I­
KH H onpe,z:teJmTh HX. THII. 

30.13 . .Una ,z:taHHhIX <t>ymc[(Hi HaHTH Bhl'tleThl B YKR3aHHhIX oco6hlx 
TO~ucax 

) z + 3 . ( ') • . a 'l Slll Z + i , Z = -i; 
z- + 1 

B) z 3 exp ( 7 / z 2 
) , z = O; 

2z + i . z + 3 
.z:t) 'l 

4 
Slll 1T , Z = oo; 

z- + 2z 
30.14. Bhl~IHcJmTh HHTerpanhl 

a) J z3 cos(2i/ z )dz; 

1=1=2 
00 

B) J x• + l~x2 +9dx; 

z3 -1 
6) (z + l)(z - 2i)3' z = 2i; 

_2 2 
e"' - 1- z 

r) z = O; 
sin z - z + z3 /6 ' 

) 
2 • 211' + i 

e Z Slll , Z = 00. 
z 

6) J e
2

% - cos9z d 
z ch ( 1Tiz) z ; 

00 

J xsinx/2 d 
r) (x2 + l)(x2 + 9) x; 

-oo -oo 
27r 21r 

.z:t) J 1 
dt; e) J 1 

dt. 
6 + vJs sin t ( v17 + J2 cos t)2 

0 0 
30.15. HailTH o6pa3hl yxa3aHHhIX MHO)l{eCTB npH 38,z:taHHhIX oT06pa­

)l{e:murx 

a) . E : { 0 < Re z < 11' / 2, Im• z > 0}, w = cos z; 

6) E: {lzl:;::: 2, Im z < O}, w = lnz; 
B) E : {Re z > 1}, w = ( z - 3 + i) / ( z + 1 + i). 

30.16. KoH<t>opMHo oT06pa3HTh o6nacTL D : {Re z > -1} Ha 06-
nacTh v· : { lw I < 1} npH ycnoBHRX w(O) = o, arg w' (0) = 1T. 

30.17. HailTH H3o6pa)l(eHHe yKa3aHHhIX <t>ymc[(Hi 
t 

a) t•e-5
'; 6) J -r2 cos(t- -r)d-r. 

0 

30.18. HailTH opHrHHaJI no 38,z:taHHoMy H3o6pa)l{eHHIO 

a) 2 . 6) p + 4 
p 3 - 8 , p 2 + 4p + 5 

30.19. c IlOMO~IO <t>opMynhl .U10aMena HaHTH 'tlRCTHOe peweHHe 
.z:tH<t><t>epe~aJILHOro ypasHeHHa 

.. 1 
x - x = (1 + et)2' xo = xo = 0. 

30.20. OnepRlUIOHHhIM MeTO,z:tOM peWHTh 3a,z:ta'tly KowH 

a) x + 2x =et, xo = 1, Xo = 2; 
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.. 

6) x + 3x - lOx = - sin 3t,. Xo =a, Xo = -1: 

s) x + 4x = t9(t)9(1 - t) + (2 - t)9(t - 1)9(2 - t), 

xo = xo = 0. 
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30.21. OnepaIU10HHLIM MeTO.z:tOM HaHTH o6w;ee peweHHe .itH<P<t>epeH­
~a.m,Horo ypanHeHHJI 

tx - 2{3t + l)x + (9t + 6)x = o. 

30. 22. Oneprun10HHLIM MeTO~OM pewHTb cHCTeMY .z:tH<t><Pepe~anD-
HLIX ypa»HeHmi . 

{ x = 3x + 2y·, 
y = 5x /2 - y + 2, xo = 0, Yo= 1. 
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