

























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































510 I'nasa 2. OcHoBal Teopuu 0606ieHHIX (yHKIA
= (9(z)(f(W)le(z +y))). (16.4)

HeTpynno 3aMeTHTD, 9TO B cnydae «obbruHBIX® (abCOMIOTHO MH-
TerpupyeMsix) GyHKIMi cooTHowenue (16.4) ompenenseT cBEpTKy
(16.1).

{ MoxHO MoKa3aTb, YTO NMpaBble 4acTU cooTHoweHuit (16.3)
u (16.4) xoppekTHO ompenesneHsl (OETAJNHM CM., HAIpUMeD, B [64]).
3nece Mbl nuIlb cHOPMYIHPYEM HOCTATOUHLIE YCJIOBHSA CYIIeCT-
BoBaHUNA cBepTKu (16.4).

(O CsepTka obobmennbix ¢yHknuit f(z) u g(z) cymecTtsyer,
onpenensercs ¢dopmynoit (16.4) u ynosnerBopsier cBoicTBaM 1-
4 (CBOMCTBO aCCOUMATHMBHOCTH MOXeT OLITL HApYILIEHO, YTO MbI
o0OCcynuM mo3aHee), €CIM OOHA M3 HUX MMeeT OrpPaHUYEHHBbIH HOCH-
TENb UIN HOocUTeNn obeux PYHKIIMMA OrpAaHMYEHBI C OOQHOM U TOM
X)e cTopoHnl, HanpuMep [ = 0npru z < a, g = 0 mpm ¢ < b
(cBepTka (1.36.11)), ncmonpayeMas B onepanMoOHHOM MCUMCIIEHUH,
COOTBETCTBYeT ClIyyalo, Korna a = b = 0).

ITokaxeM, uTo cBepTKa n060# 0606menHon dyHkuuu f(z) c
menbTa-GYyHKIMEH MM ee IPOU3BOMHOM OIpenelieHa BCeraa.

JeicTBUTENLHO, COTIIACHO ONpPENeIeHUIo, UMeeM

(6 f)(z)lo(z)) = 7dy75 ) f(z)e(z + y)dz =

(o <)

_ / FW)p(y)dy = (f(z)le(2)),

- 00

OTKyHda B CHIIYy IPOU3BOJILHOCTH ¢ (Z) MOXHO 3aMUCATh

(6 % f)(z) = f(2). (16.5)
AHasnoruuso B ciydae .nnqm)epennnpyeMoﬁ byukuun f(z) cnpa-
BEJIUBO

(8 * f)(z) = F'(=). (16.6)

O Cwmbica popmyast (16.5) cocrouT B TOM, 4TO BCAKyio 0606-
IEeHHYI0 QYHKIIMIO MOXHO PA3JIOXKUTL MO OejibTa-PYyHKUUAM, UTO
¢opMaJIbHO 3aNIUCbIBaETCI B BUOE

f(z) = / f(y)d(z — y)dy. (16.7)



16. CBepTka 0600LeHHBIX (DyHKLIMAHA 511

WMenHO 3Ty ¢$OpPMYyily MMEIOT B BUAY, KOr[a rOBOPAT, UTO MaTe-
PHAJILHOE TEJIO COCTOUT M3 TOYEUHBLIX MACC, UTO BCAKUA MCTOUHUK
COCTOMT M3 TOUYEYHBLIX MCTOYHHMKOB U T.[.

{0 OrmeruM, uTo cymecrBoBanus cBepTok (f' * g)(z) u (f *
¢')(z) memocTaTouHO I cymecTBoBaHMs cBepTKH (f * g)(z) u
cupasennuBocT# paseHcTB (f' * ¢)(z) = (f * ¢')(z) = (f * 9)' ().
Hamnpumep, (6’ x1)(z) = (dx1)(z) =1, 10 (6*1')(z) = (8%0)(z) =
0, mockonbky (6 * 1)(z) comepXuT dyHKUMH, He yAOBIETBOPIIO-
II¥e OOCTATOYHLIM NMpU3HAKaM CYLIeCTBOBaHMA. B Takux ciayda-
AX MOXeT HapYUaTbCA U CBOMCTBO ACCOLUMATHBHOCTH, HAIIDUMeED

[(0%6")x1](z) = (' x1)(z) = 1, Ho [@% (8’ *1)](z) = (6% 0)(z) = 0.

IIpumep 16.1. Ilycts f(z) u g(z) — J0KaBLHO UHTErPUPYEMBIE B
R ¢yukuun, Takue uro f(z) =0, g(z) = 0 nmpu z < 0. IlokasaTs,
4YTO

(f*g)( f(y)g(z — y)dy. (16.8)
- | 1

Pemenne. CoriacHo yCIOBHIO 3a0aUN

f(z) =0(z)f(z),  g(z) =6(z)g(z)

1 onpenenenuio (16.4) umeem

((f * g)(z)|p(z) )—'/ [f f(y)g(z — )dy} p(z)dz =

_w—

/ 0(y)f(y)6(z — y)g(z — y)dy] p(z)ds =

+0/ [0/ f(y)8(z — y)g(z - y)dy} p(z)dz =

I
0\8
—
0\08

<
S
Y
)
l
NP

8.

—s
S,
3

S

)

I
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= / G(z)/f(y)g(fl? —y)dy| p(z)dz =
- <0(q:) ff(y)g('v — y)dy ¢($)>

Orcloma B cuny mpousBoibHOCTH yHKiNH ¢(z) € D u cnenyer

(16.8).

IIpumep 16.2. IlokasaTs, uyTo ecu cBeptka (f * 1)(z) cymect-
ByeT, TO OHA pPaBHa NOCTOSHHOH.

Pemenune. IlycTe HecoGCcTBeHHBIR MHTETrpAI

[ seay
CXOOHNTCA K BE€JIIMYHHE A, TOr A4a
(Fsv@lead = [ | [ fa)dy| pe)ds = (Al

YTO COOTBETCTBYET OmnpeneiieHUI0 06061eHHON QYHKIIMH, ABIIAIO-
1Ieics TMOCTOSHHOM A.

IIpumep 16.3. Ilokasats, 410
8§z — zo) % g(z) = ¢'™ (z — z0), n =1, 00.

Pemenne. CoranacHo npaBmiy nuddepennuposanns ceepTku (16.2),
nMeeM

6™ (@ — 20) % 9(z) = (5™ % g)(z — 20) = ¢™ (= — 20)
H T.0O.

IIpumep 16.4. Iloka3aTh, uTO

d(z —a)*é(z —b) =8z —a—b).



17. HenbTa-pyHKIIUA 1 ODTOHOPDMUDOBAHHLIE CHCTEMEI 513

Pemenune. VI3 pemenus npenbiaymero npuMepa npu o = 0 3To
yTBePXOEHUC OUEBUIHO.

IIpumep 16.5. Buiunmcauts
a) 0(z) x 0(z); 6) 8(z) * 6(z)z>.

Pemenne. I3 pemenus npumepa 16.1 umeem

A

a) f(z) * 0(z) = 0(z) /dy = f(x)w;

0

y 3
- T

0) 8(x) * 8(z)z* = 6(z) fyzdy = 6(z) 3

0

17. Henpra-¢pyaknua HIupaka mn
OPTOHOPMMPOBaHHEIE CUCTEMBI QYHKIMMA

B kxypce nmuHeHON aJireOphI U ee MPUIIOXKEHUAX pellleHre MHO-
THX 3a4a4d CYUIECTBEHHO YNPOINAeTCs C BBEOEHHEM TAaKOro IOHS-
THUS, KAK CBKJIXOOBO NpocTpancTBO. He MeHee MOIe3HBIM OKa3biBa-
eTcst 0000LIEHNE ¥ PACTIPOCTPAHEHNE 3TOr0 MOHATUS Ha GecKoHeU-
HOMEDHBIA CIIy4yal, KOrAa 3JIeMeHTAMH MPOCTPAHCTBA SBIAIOTCH
GYHKIMH, a caMO 3TO IPOCTPAHCTBO — GYHKIHMOHAILHBIM. Hau-
HEM C ONpEeHeSIeHUs 3JIEMEHTOB IpeArosiaraeMoro GpyHKIMOHAIb-
HOT'O NPOCTPAHCTBA. .

¢ BemecrBenHo3HauHas QyHKuusA v(r) Ha3bIBaeTCA KBanpa-
TUUHO MHTErpUpyeMoil Ha oTpeske [a,b] ¢ Becom p(z) > 0, z €
[@, b], ecnu cymiecTByeT METErpai

b

’ /p(z)-vz(z)dz. (17.1)

a

MHoXecTBO Bcex TaKUX KBaJPATUYHO MHTErPUPyeMBIX Ha [a, b
dyukumit 6ymem obosHauats La([a,b], p(z), D) = La([e,d], p(z))
nnu npocto Ls. 3pecs D C R - MHOXecTBO 3HaueHU QYHKIMH
v(z).

MHuoxecTBO L2 HATIIAOHO XapaKkTepu3yeTcs CIIeqyIOMIUM yTBePX-
OeHHEM.
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Yreepxnenune 17.1. Ecau vy(z),v2(z) € La([a, b}, p(z)), TO Bx
nuHeliHad KoMOumHaius A1vi(z) + A2v2(r) TakXe MpUHAONEXUT
mHoxecTBY La([a,d], p(z)), npuuem

b

|./P(3’)T)1(:c)v3(g;)d$ <
; ’ b
S [/p(z)”%("’)d‘”]1/2[/p(z)v§(az)dw]1/2. (17.2)

Hepasenctno (17.2) nassiBaeTcs HepaBeHcTBOM Komn-ByHsakoBckoro
unn HepaBeHcTBOM IlIBapna.

JeicTBUTENBHO, IEPBai YaCTh yTBEPXKOEHNS NOKA3LIBAETCA B CTaH-
OAPTHBIX KypCcax MaTeMaTHUecKOro aHaiunsa (cM., Hanpumep, [24]),
a i HoKa3aTenbCTBa (17.2) Bocmonb3ayeMcs T€M, UTO NPH JIIOOBIX
BCILECTBEHHBIX A IS JIAHENHOM KoMbunaumn vy (z)+ Ava(z) copa-
BCIJINBO

b b

[ pe){leste)l + M@)o~ [ plapii)de +

b b
+2 [ p@)luslaoa(ollds + 3 [ pla)odz)do > 0

BynmeM paccMaTpuBaTh MOJyUYeHHOE BhIPaXXe€HHMe KaK KBaIpaTHOe
HCPABCHCTBO OTHOCHTEJILHO meMcTBHTENbHOro A. Torma ero muc-
KPUMMHAHT OOJIXKE€H yIOBJIETBOPATL YCIIOBHIO

b b b
2
[/ p(z:)'vl(a:)'vz(:c)dz] —/p(:z:)v%(:v)d:z:/p(a:)'vg(:z:)dm <0,
M3 KOTODOIO ¥ cllenyeT HepaBeHCTBO (17.2).

IIpomonxas aHANOrMIO ¢ JIMHENHOM aJirebpoM, onpemesiuM Ha
muoxectse La([a, b, p(2)) ckansproe npouspenenue.

¢ CkansapuniM mpomsBeneHueM ABYX GYHKUHE v1(x) u va(z)
6ymeM Ha3biBaTb uMcio (v1(z)|v2(z)), onpemenseMoe paBeHCTBOM

b
(v1]v2) = (v1(z)|v2(2))p = /p(:z:)vl(:z:)vg(m)dm. (17.3)
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CKaJ'IﬂpHOC np0H3Beﬂer{e 06JIa.J:[a.eT OYeBHOHBIMH CBOﬁCTBaMH
((Mv1(z) + Azva(2)]|va(z)), = (17.4)
= Ar(v1(z)|va(2))p + A2 (va(z)|va(z)), =
= Ai(va(z)|v1(2)), + A2 (vs(z)|va()), =
= (va(z)|[A1v1(2) + A2v2(2)]),.
C noMoIIbio CKaJIAPHOro MPOU3BENeHUs ONpEaeIuM HOPMY GYHK-

unn v(z).
¢ Hopmoit ¢pyuknum v(z) 6yneM Ha3bIBATH YHCIIO

b

loll = llo(@)li = \/((2)lo()), = f ple)o?(z)de > 0. (17.5)

a

HepasencTBo Kouiu — ByHsikoBckoro B TepMHHaX CKaJISpPHOrO
IPOM3BENEHNS ¥ HOPMBI MOXHO 3aIllUCaTh B BHAE

[{v1(2)fo2(2))] < |lva(=)]| {|vz(2)Il- (17.6)

N3 (17.6) BeITeKaeT BeécbMa MOJIe3HOE U OOCTATOUHO OYEBUIHOE
HePaBEHCTBO - HEPABEHCTBO MMHKOBCKOTO

lvi(2) + v2(2)|| < [lva()]] + llvz(2)]]- (17.7)

Tak Xe Kak ¥ B nuHeiiHOM ajrebpe, byHkuuu vi(z) 1 va(z)
OyZeM Ha3bIBATH OPTOTMOHAJIBHBIMH, €CJIM MX CKAJISpPHOe IIPOM3Be-
IeHWe DaBHO HYJIO, T.€. -

b

(v1(z)|va(z))p = /p(:z:)'vl(:z:)vg(:c)d:z: =0. (17.8)

a

3aMeTHM, UTO OPTOrOHAJILHOCTL GYHKUMI v1(Z) U v2(Z) 3aBH-
CHT He TONBLKO OT MX SBHOTO BHIA. HO M OT IPOMEXYTKa [a,b] u
OT BecOBOM QYHKIMHU p(z), T.e. PYHKUHH, OPTOrOHAJIILHEIE HA Of-
HOM NpPOMEXYTKe, MOT'YT ObITL He OPTOrOHAJILHBEI HA IDYTOM HIIU
OPTOroHaJIbHLIE C OOHOM BeCOBOM (PyHKIIMeHl He ODTOrOHAJIBHBI C
Opyromn.

¢ Koneunas unu GeckoHeuHas CUCTEMa JIMHEMHO HE3aBUCHMBIX
byuxiui {vi(z)} HasbIBaeTCA OPTOrOHAIILHOM, €CIIH

(op(z)|oi(z)) =0 mns k#L (17.9)
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IIpnmep 17.1. IlokasaTs, 4TO cucTeMa TPUTOHOMETDHUUECKMX
byHKIUA

{1,cosnz,sinnz}, n=100 (17.10)

OPTOrOHAJILHA HA OTpe3ke [—, 7] ¢ BecoM p(z) = 1.

Pemenne. OpTOroHaIbHOCTh PA3NUUYHLIX GYHKIMHA CIenyeT u3
HHTEr paJioB '

T g
/ l-cosnzdz = / 1-sinnzdz =0,
- -
T . 5
) sm” ne |* —
cosnrsinnrds = ———— =0, n=1,x.
2n -x

-

C moMoubio COOTHOINEHUI

sinacos 8 = %[Sin(a + B) — sin(a — F)},

sin a sin 8 = %[cos(a — ) — cos(a + B)],

cos @ cosf3 = -;—[COS(Q — ) — cos(a + ()]

HETPYOHO y6emuTbCsH, UTO IPH N # m, n,m = 1,00

¢

n w
/ sinnz cosme dz = / sinnz sinmzrdz =
-7 -

T

= / cosnzcosmzdzr = ().

-7

Haitnem mHTerpasinl OT KBaAPATOB PYHKIMHA CHCTEMBI:

T
/ 12 dz = 2.
-r
C noMoIIbI0 COOTHOWICHUM

1 0 1
cos” a = —2-(1+cos2a), sin“ a = i(l—cos2a)
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NOJIY UMM
T T
/cos2 nz dz = /si112 nrdr=m, n21l, (17.11)
- -

yTO M TpeboBajIOCh MOKA3aTh.

¢ B uvactu IIl «CneunansHeie GpyHKunMus» Mbl noapobHo pac-
CMOTPHMM OPTOTOHAJIbHBLIE CUCTEMBI CIENNAJILHEIX QYHKITMIL:
e dyuxmun Beccens {J,(a¥z)}, k=1,00 OPTOTOHAJILHBI HA OT-
peske [0, 1] ¢ BecoM p(z ) = z (3mechb af ~ k-blil MOIOKMTCILHLINA
kopeHb dyHkuun Beccena J,(a) = 0;

e nonuHoMsl Jlexannpa P, (z ) 'n = 0, 00 OpTOroHANLHEL HA OT-
peske [—1, 1] ¢ Becom p(z) =

e nosuHOMBl OpMmuTa Hy (2), n = , 0O OPTOTOHAJILHEI HA HHTEP-
BaJle | — 00, 00| ¢ BecoM p(z) = e~ ;

e mnosuHoMHI Jlareppa L3 (z) OO0 OPTOrOHAJIbHBI Ha UH-
(a > —1);

0, OC OPTOrOHAJILHBLI HA MHTED-
= 1;

b
repBadte [0, o[ ¢ BecoM p(z) = z°

e (GyHKIHU 3pMHTa Un.( )a n
BaJie | — 00, 00| ¢ BecoM p(z

o dynxmuu Jlareppa Iyqn n(2), n = 0,00 OPTOrOHANLHE HA MH-

TepBaste [0, 00| ¢ BecoM p(z) = 1 (@ > —1).

Kpome Toro, Mel pacCMOTPMM HEKOTOPhIE OCHOBHBLIE CBOMCTBA
OPTOrOHAJILHLIX CHCTEM, 06Pa30BaAHHBIX COOCTBeHHBIMH GYHKIMS-
My 3agaun [lrypma — Jluysunns, a B vactu IV «YpasueHus ma-
TeMaTH4ecKoil PU3MKN»> — CHCTeM, 0O0pa3oBaHHBIX COOCTBEHHBIMH
GYHKUMAMHE CHMMETDHUUHLIX SeD MHTEr PAJIbHLIX ypaBHeHUlt.

¢ OproronanpHas cucTeMa QJyHKLum {vr(z)} HaspBaeTcsa op-
TOHOPMHPOBAHHOIM, ecnu ||vg|| =

¢ JT06y10 OpTOroHajIbHYIO cnc'remy dyukuuit {v(z)} Moxmo
IpPeBPATUTh B OPTOHOpMUpOBaHHY0 {uk(z)}, momoxus

ug(z) = ka(:z:).
IIpumep 17.2. OpTOHOPMHPOBATEL TPHIOHOMETDUUECKYIO CHCTE-
My dyukuui (17.10).

Pemenne. C yueToM cootHomenus (17.11) nomyunm

1 1 1 }
cosnr, Sln nT n
{ Vor' VT

Il
3
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¢ ()p'roronanbnyro CHCTEMY cpynxnnn {v,, z)}, k =1, 00, 6y-
IIeM Ha3bIBaTh NONHOM, eciu B Lo([a, b], p(2)) He cywecTByeT oT-
JIUYHOM OT Hyns ¢yHKIuMM f(z), OPTOroHANBbHOM BCeM (PYHKIMAM
v () 3TOM CHCTEMEL.

ITo ananoruu c 0606mennbIMy GyHKIUAME GYHKIINIO, PABHYIO
HYJIO Ha [a, b] BClony, KpOMe KOHEYHOTO YUCIIa TOYeK, OymeM TaKxXe
CUMTATbL HYJIEM. L

ITonxyio opToroHalbHyo cucTeMy dyuknun {ve(z)}, k = 1, 00,
MOXHO PACCMATPMBAThb KAK OPTOTOHAJILHLEIN GecKOHeuHOMeDHLIH
6asuc B mpoctpanctBe Ly([a,bd], p(z)), Tak uTo mobas $yHKIus
M3 3TOr0 MPOCTPAHCTBA MOXeT GLITH NpPENCTABIIEHA Pa3IOXEHNEM

f(z) =) Crue(), (17.12)

B KOTOPOM NOCTOAHHBIE C} UTPAIOT POJlb «KOOPAMHATY QYHKIUM
f(z) otHOoCcmTEenBHO Gasuca {vi(z)}. 3Hauenus sTux ko3dpduuu-
€HTOB MOXHO OIIPENESIMTh, YMHOXMUB CKAJISPHO IIPABYIO U JIEBYIO
yacTu (17.12) Ha QyHKUMIO v, (Z) M HMCHONB3OBAB COOTHOIIEHUA
(17.5), (17.8). Torna

(f(@)|va(z)) = ZCL (vi(z)|va(z)) =

0o
Z L”'Un IZJLn—Cn”'Un )”23

OTKYyIla

_ (f(z)|va(z)) n=T1 oo
Cn = o @ =1, 0. (17.13)

¢ Paanoxenue (17.12), B koTopoM koaddunuentnt C), onpene-
ngiorcs dopmyioit (17.13), HassiBaeTca panom Pypbe o oprToro-
HaJIbHOM cucTeMe yukumit {vi(z)}, a camu xospdunuentnt Cj,
~ Kko3ppnouentamu Pypne q)ym(mm f(z) orHOCETENBHO Gazmca
{ve(z)}.

Hng uccnepoBanus cxonumoctr pana Pypwe (17.12) paccmor-
PHM BEJIMYUHY

n b ]
”f(a:) > Ckvk(:z:)"2 _ /p(z) [f(:c) — ZCk”k(”)] “de =
k=1

a
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: n b
+ Z CLC / UL :c)v., )
kyj=1
= |If(=)II* - ZCan(z 1 > (17.14)

13 (17.14) cncayoT cxonMMOCTb pAza

Z C?|ve (= (17.15)

M TaK Ha3LIBAEMOE HepaBeHCTBO Beccens

Zc,.nvk N2 < IF @2 (17.16)

¢ Ons opronopmuposanusix cucreM (||lur(z)|| = 1) HepaBen-
cTBo Beccens npumeT Bup

Z Ci < IF @)%

P

¢ Oproronanbryio cucreMy dyunxuuit {vi(z)} HasmBaloT 3a-
MKHYTOM, ecnu gas awoboir ynkmuu f(z) € La([a, b], p(z)) Hepa-
BeHCTBO Beccens (17.16) o6paiuaercs B paBeHCTBO:

> Cillve (=) = || f(=)]|>- (17.17)
k=1

PaBencrpo (17.17) nasfisatoT pasenctsoM IlapceBans, unu ¢op-
MYJIOM 3aMKHYTOCTH.
dopMyna 3aMKHYTOCTH I03BOJseT 3anucath (17.14) B Bune

lim ”f(:v) — iC’kvk(m)“ = 0. (17.18)
k=1

n—00
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Ona oTpaxaeT TOT pakT, UTO npu 3ameHe GyHkuuu f(z) ee n-
JacTUYHOM cyMMmoli paaa Pypbe cpenHeKBaApATHUYHAS IOrDeEll-
HOCTb CTPEMUTCS K HYJIIO NPU HeOTDAHMYEHHOM BO3DACTAHMHU Ti,
T.e. pan (17.12) «cxogurca» x pynkuum f(z). OT™MeTHM, OomHA-
KO, UTO cXomMMOCThb pana ®Pypbe, onpefenseMas COOTHONIEHUEM
(17.18), oTnmuyaeTcs OT CXOMUMOCTH psAfa B ob6biuHOM (moTOUYEdU-
HOM )

lim |f(z) = Y Covn(e)| =0
k=1

CMBICJIC M NpeAcTaBiafeT Ccobo# mpMMeED CXOOMMOCTHM B CpernHeM
WM CPEHEKBANPATUYHOM [TAaK Ha3LIBaeMas CXOAMMOCTb IO HOD-
Me B npoctpaHcTBe Lo([a. b], p(2))].

¢ Iocnenosarenbrocts v (z) € La([a, b]. p(z)), k = 1, o<, 6y-
OeM Ha3wlBaThb cxopsiiedcs X yukumu f(z) na ([ bl, p ) B
CpelHeM [MNM CPCAHEKBAAPATMYHOM, WIM IO HODME B npoc'rpaH-
cree La([a, b, p(2))], ecriu

lim ||f(z) — v (2z)|| = 0. (17.19)

k— oo

¢ Pan '
Z‘Uk(m)9 'vk(m) € LZ([O" b]’P(-'B))
k=1

6yneM Ha3mIBaTh cXomswmuMcs k ¢yuxknuu f(z) us La([a, b, p(z))
B cpedHeM [nmo HOpMe B npoctpaHcTBe La([a,b], p(z))], ecnu no-
CTIeIOBATENILHOCTD €r0 N-YaCTHYHBIX CYMM CXOOUTCH B CPefHEM K
dyuknuu f(z).

(O W3 cxoOuMOCTH B CpeHEM He CJIefyeT CXOMMMOCTb B O6BIU-
HOM GMEICITe, TIOCKOIILKY B HCKOTOPHEX TOUKAX OTpedKa [, b] dynK-

uus f(z) u pan Z Ui (Z) MOTYT MOCTATOYHO CHIIBHO OTIMYATHCS

APYT OT APYTa, ITO HEBO3MOXHO NpH 06BLIUHOM (TOTOUEeYHOM) CXO-
IUMOCTU. 3aMETUM K TOMY e, YTO M3 IIOTOYEUHOH CXONUMOCTH
TaKXe, BOOOILIe rOBOPA. HE cllenyeT CXOAMMOCTD B CPeIHEM, UTO M
MPOMJIITIOCTPUPYEM CIIEAYIOIIMM IPUMEPOM,

Ilpnmep 17.3. UccnenoBaTs nocnenoBaTebHOCTD

wn(z) = V2nzeé —net/2 n =100, z€]0,1]

Ha CXOOMHMOCTbD.
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Pemenue. OueBunno, 4T 0, (0) = 0 1 m1a mM06oro GUKCHPOBAH-
noro z €]0, 1] cnpaBeanuso

lin () = Ii © V2nz 5 vz (-2)
n—nio Pnll) = n&lolo ent?/2 nﬂlgo 2./n z2enz®/2

= 0.

3mech MBI BOCIIONIL30BaJINCh npaBuiioM Jlomurans. CrenoBaTenb-
HO,

lim ¢,(z) =0, z€]0,1].

n—00

HccnenyeM Tenephb BONPOC 0 CXOMMMOCTHM B CPefHEM IOCIIEOBA-
TeNbHOCTH {@n(z)} k dyuknuu o(z) = (. PaccMoTpuM uMHTErpad

1

1
Jn = /[son(:c) — 0)%dz = /2m: e dy =1—e ",
0 0

13 KOTOPOro CJIeNyeT, UTO

hm J, =
n—0

M NOCJIeAOBATENbHOCTD {0, (Z)} He cxXomUTCS MO HOPMe MPOCTPaH-
ctBa L2([0,1]) x pynxmuu ¢(z) = 0.

BEISCHMB XADaKTep ,CXOOMMOCTH B CpPeIHEM M BO3BDAILAsACh K
pasnoxenuio ¢yHknuu B pan Pypwe, chopMyrIupyeMm ciregyiorice
yTBepXOeHue:

Y rBepxneune 17.2. 3aMKHyTas OPTOrOHAILHAS CUCTEMA QYHK-
nuit {v(z)} € La([a, b], p(z)) aBnserca nonnon B Ly([a, b], p(z)).

HeicTBUTENbHO, NPERNOIOXMM, UTO cucteMa {vi(z)} He sfB-
JseTCs IOJIHOM, T.e. CyllecTByeT PyHKUMS (), OPTOrOHAJIbLHAS
BceM Ui () cucremnl {vr(z)}. Ho Tornma Bce ee xoad¢dmumeHTHI
®ypbe paBHHI HYTIO 1 GOPMYJIa 3aMKHYTOCTH NPUHUMAeT BUI

b
lo(z)|? = f o) (2)dz = 0. (17.20)

a

Ecnu ¢pyuknus ¢*(z) mempeprisna Ha [a, b], To, IpUEAB BO BHMMA-
HUte, uTo p(z) > 0, MoxeM 3anucaTs p>(z) = 0 1, COOTBETCTBEHHO,
w(z) = 0 ona Bcex = € [a,b]. Takum o6pa3oM, GyHKUHUA, OPTOTrO-
HaJIbHas BCeM U (&), eCTh TOXIECTBEHHLI HYNb, & 3TO H 03HAYAET
noHoTy cucteMul {vi(z)}.
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Ecnu dyuknus ¢°(z) Ha [¢,b] KycouHo-HempephiBHa, TO M3
(17.20) cmemyet, uTO OHa GymeT paBHa HyJIO BCIOAY, KpOME KO-
HETHOTO YMCNa OTHENbHBLIX TOUeK, SABJISIOIIUXCA MPaHMIlaMU MH-
TepBaJia HenpephiBHOCTH. Takyio ¢yHKIHMIO, MO NMPUHATON paHee
IOTOBOPEHHOCTH, MbI CUMTAEM HYJIEM, a CJIEIOBATENILHO, U B MAaH-
HOM cj1yyae 3aMKHyTas cucteMa {vp(z)} sBIseTCA MOIHOIM.

OTBeT Ha Bompoc o, cxonuMocTu psna Pypbe dyuxkmum f(z)
IACTCA CIENYIOLMM yTBepPXNeHUEM:

Yreepxnaeune 17.3. Eciu {vr(z)} - opToronanbHas 3aMkHY-
Tas cucreMa B La([a, b}, p(z)), To mobas dynkmus f(z) ma mpo-
crpanctBa La([a,d], p(z)) MoxeT GbiTh eOMHCTBEHHBIM 06pa3oMm
pasoxeHa B pan Pyprbe, cCXOAAIIMACT K Hell B CPeHEM.

IefcTBUTENLHO, N3 OPTOrOHAJILHOCTH CHCTEMBI BHITEKAET BO3-
MOXHOCTb pa3jioXeHus GyHKuuM B pan Pypbe, u3 3aMKHYTOCTH
CllelyeT ero CXOAMMOCTb K GyHKnu® f(z), a 3a00HO M NOIHOTA
{v.(z)}, xoTopas, B ¢BOIO OUepenb, 06ecHeTNBACT eAMHCTBEHHOCTD
3TOro PA3JIONKECHUS.

IIpumep 17.4. IloxasaTs, 4TO cpegHEKBAADATUYHOE OTKIIOHEHHE

Hf(m) = Zn:akvk(w)” (17.21)
k=1

OymeT HaMMEHBILMM, eCJIM IPOU3BOJILHBIE BellleCTBEHHBIC KO3 du-
OMEHTH ¢p NPUHATHL PaBHEIMU Ko3ddunuentaM Pypbe Ci dyHK-
nuu f(z) us L, no oproronanbuon cucreme {vg(z)} € La.

Pemenue. PaccMoTpuM Benuyuny

2

)

llf(m)"i (llcvl»'(‘l’)”2 = "f(:l:)—i Ck'vk(w)—i:(ak—ck)vk(m)
k=1 k=1 k=1

KOTOPYIO C HOMOIILI0O 0603HaIEHUH

f(z) = f(z) - ZCk'vk(iU), ar = ap. — Cy,
k=1

MOXHO 3anucaTb B BUAOC

o1~ St = 1~ et -
k=1 k=1
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— <f(z,) — devk(m)|f Z"”'U" >
= |f (=)l —zzam |£(=)) + Zazum( )P (17.22)
k=1

IIpuHsAB BO BHEMAaHMeE, UTO

(s (@) f(2)) = (vs(2)|f(2) = 3 Crun(2)) =

= Ci||ve(2)||* — Cillvr(z)|]* = 0,

n3 (17.22) raxomum

[#0) - S wnt@)| = 1@ + Y anllon (I
k=1 k=1

niin

n 2

|£2) = 3 aron ()

k=1
= "f(:z,) ~ ZC;,-'U,,.
k=1

OTKyAa M cienyeT, uTo (17.21) mpuMeT MHMHMMAJIbHOE 3HAtUCHHC
npn ap = Cj. .

(¢ Cxa3aHHOe BbIllle MOXHO PACIPOCTPAHUTDb HA CIAydYal KOMII-
JICKCHO3HAYHBIX (QYHKIUH BellleCTBEHHOro apryMeHTa. B nuHeli-
HOM ayrebpe Tako# Iepexofi COOTBETCTBYET NEPEXOANY OT CBKIIU-
IOBBIX IMPOCTPAHCTB K 3PMUTOBLIM.

¢ KoMmnekcHosHauHas pyHKuus v(z) HasHBaeTCH KBAAPATUU-
HO UHTErpupyeMoit Ha oTpeske [a,b] ¢ BecoMm p(z) > 0, t € [a,b],
eciIi CYIIeCTBYeT MHTErpaJl

[

+ Z ak - C], ”U;.(:l: ”

b

/p(a:)hr(:v)lzda:. (17.23)
a
MHoXecTBO Bcex KBaApaTHUHO MHTETPUPYCMBIX Ha [a, b] xomm-

JIeKCHO3HAYHLIX PyHKuui 6yneM obosnauats La([a, b], p(2), C) nan
npocto Lo.
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AHAJIOrMYHO ONPEAENIAIOTCH CKAJIIPHOE MPOM3IBeilcHUE M HOPMa
B npocTpancTse La([a, b], p(z), C).

¢ CxansapHLIM NPOKU3BENEHNEM ABYX KOMIIJIEKCHO3HAYHLIX QyHK-
uuit vy (x) u vs(z) GymeM HasmBaTh yuciao (vq(z)|va(x)), onpene-
JIseMO€ PABEHCTBOM

b

(v1lv2) = (v1(2)[va(2)), = / p(z)v}(z)va(w)de,  (17.24)

a

rae v () — QYHKUMS, KOMIJIEKCHO CONPAXEHHAS DYHKIUM U, ().
4 Hopmoit koMntexcHO3HaYHON GyHKIMM v(z) GyneM Ha3LIBATD
YUCIIO

b

Ioll = lo(e)ll = \flo(@llote), = | [ pleliote)da > .

a

(17.25)

IIpumep 17.5. YcTaHOBHTDL CBOMCTBA CKAJISIPHOTO IPOM3BEACHUS
(17.24), ananoruunsie coiictBam (17.5).

PemuTh caMocTOSTENBHO.

¢ CucteMa xoMIIeKCHO3HAYHBIX GyHKUu#A {u,(z)} HazbBaeT-
Csi OPTOHODMMPOBAHHOM Ha MHTepBaJe ¢ < & < b, ecnu

b
/u,,(:c)u:‘n(m)d:u = dyn , (17.26)
a
rue ), (z) - GYHKUMSA, KOMIITIEKCHO CONPSXXEHHAS QYHKIUM Uy, (2).

IIpumep 17.68. IloxasaTh,u4To cucTeMa KOMIJIEKCHO3HAYUHLIX PYHK-
105074

n = —00,00

{ 1 infv}
.—.___..e * .
vam

ABJISETCH OPTOHOPMMPOBAHHOIA ¢ BecoM p(z) = 1 Ha oTpeske [—. 7).

Pewmenne. IIpu n # m, m,n = —oc, 0o
® 1 r
— 1 1 o
Jnm - ‘—\/'2=1r€ tme \/.2_ "u‘dil} = 2—7r e‘(" ’")”(l:z: =
Zn J
— —1 i(n—m)a 0
2m(n — m) ¢ —x '




(S
N
(S}

17. HensTa-¢yHKLUMA U OPTOHODMHDOBAHHAIE CHCTEMBI

AnaJjiornyHo npu n = m

n

Jon = /(—-}‘/é—__;)zda: =1,

-r
YTO ¥ TpeboBaJIOCh NTOKA3aTh.

OpToHOpMEpOBaHHBIE cUcTeEMbl GYHKIMHA 06i1a1al0T pAAOM 3a-
MeYyaTelnbHLIX CBOMCTB, KOTOphie GYOYyT M3yUCHLI HO3aHee. 3aech
Xe oTMeTHM, uTo ko3dpdunuentnt Pypre €, pasnoxenus PyHK-
nuu f(z) (17.12) no monHOR OPTOHOPMUPOBAHHOM CHCTEME KOMII-
JIEKCHO3HAUYHBIX QYHKIMHA BBLITTUCIAIOTCH 110 dopMyiie

b
C = / F (v (4)dy, (17.27)

KOTOpas ¢ OUeBHAHOCTBJO BhITeKaeT u3 (17.12) ¢ yueTom (17.26).
Iloncrasus (17.27) B (17.12), sanumem

. b

f@) =Y w@) [ fupun@dy, a<z<b  (17.28)

n=0 a

PopManbHO u3MeHUB B (17.28) nopamok MHTErpMpOBaHHUS U CyM-
MUPOBAHMA, IOTYYUM

b x0
Sflz) = /f(y)G(w,y)dyi Gz, y) = Y ua(z)up(y); (17.29)

n=0

a<z<b a<y<hb

CpaBHuB a0po pyHkmonana (17.29) ¢ onpenenenneM menbTa-QyHKINH,
BUAuM, uTo dyHkmus G(z,y) B mpocTpaHcTBe L UrpaeT podib
d(z — y).

¢ CoorHolenue

(e o)

J(a:—y):Zun(:c)u:‘,(y), a<z<b a<y<b (17.30)

n=0

cnipaBennuBoe ans nioboi dbyakuuu f(x) € Ly, Ha3niBaeTcs ycio-

BUEM IIOJIHOTHI VIS OPTOHOPMMPOBAHHOI CUCTeMBI {4, ()} B Kitac-
ce L,.
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TakuM 06pa3oM, MoTHEIE OPTOHOPMHMPOBAHHBIE CUCTEMBI QYHK-
nuit {u,(z)} mopoxnaioT npencrasienne nebTa-GyHKIUME B BUIE
(17.30).

CooTromenue (17.30) mupoxo ucnoneiyercs B Gu3nMuecKon JIu-
TepaType., Tlie ero YacTO NPUHHMAIOT 3a ompefielleHUe IIOJIHOM B
npocTpaHcTBe Lo cucTeMbl QYHKIHMIA ¥ HA3LIBAIOT yCJIOBHEM IIOJI-
HOTHI. 3aMeTHM, 4TO pan B (17.30) MoxeT B 06LIYHOM CMBICIIE pac-
xonuThca. B aToM cnyuae cxomumocts pana (17.30) momumaeTcs
B 0606mennoM cMmeuicite. OnuineM onMH U3 Hanbosiee HCIOJNbL3Yye-
MBIX METOJIOB CYMMMPOBAHUSA PACXOAAIIUXCS paaoB — MeTon AGe-
ns (cM., HanpuMep, [58]). HasBanue MeTona BOCXOOUT K TeopeMe
Ab6ens 1.6.1, u3 KoTOpOI crieQyeT HEeNpPEepPRIBHOCTh CYMMBEI CTEIEH-
Horo psaga. PaccMOTpHM BCIIOMOraTeJILHLIA CTENeHHOM PsAn

G(z,y,2) = ) _ un(2)u;(y)2", (17.31)

a<z<b a<y<bd |z«

Ecimu pan (17.31) cxonurcs B OGLIYHOM CMBICTIE, TO PaBEHCTBO
(17.30) nmoumMaeTcs cienymomumM obpasoM. s mwoboit GyHKIMK
p(z) € L2

b
lim ]go(y)G(:c,y,z)dy = p(z). (17.32)

z—=140
a
Q Ecnn B cooTHomenuu (17.31) 2z koMmnexcHoe 4nciIo, TO mpe-
nen npu z — 1 B (17.32) Buluncnsercs no mo6oi KPUBOI B KOMII-
JIEKCHOM INIOCKOCTHM, HE KacaTeJIbHOM K eMUHMUYHOU OKPYXHOCTH.

IIpumMep 17.7. IlokasaTh, YTO Ha MHOXeCTBe 27T-IEPUOAUIECKHUX
byHKUMil, YOOBNETBOPAIOIIUX Ha OTpe3Ke [—m,w| ycinoBusm Iu-
puxie (T.e. KyCOYHO-MOHOTOHHBLIX M MMEIOLIKMX KOHEUHOe YHCIIO
TOYeK pa3pbIiBa NepPBOro pofa), CIpaBe[JIMBO COOTHOIIEHME

o0
21 + — ! (cos nz cosny + sinnzsinny). (17.33)
s

é(z—y) =

n_l

Pemenne. Psan, croawuit B npasoit yactu (17.33), pacxonurcs B
OOBIYHOM CMBICJIe, TaK KaK IJIS Hero He BBHINIOJIHAETCH Heobxomm-
MBIM Ipu3Hak cxomuMocTH. IIpocymMMmupyem ero metomom A6ens.
PaccMoTpuM BcnoMoraTenbHylo QYyHKIMIO

1 18 , .
G(z,y,2) = 2— — Z (cos nz cos ny + sinncsinny) =

:q
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—L+liz" osn(z — y)
m 7rn=1 -~ o

Ho npu |z| < 1 1 npoM3BOIBLHOM (¢ CIPABEIIMBO COOTHOIIEHUE

_+Zz COS N = — [1+Z n(gion +e—zan)] —

_1(1+ ze'® 4 ze '@ ]_ 1-2°
-2 1 —zetd " 1—ze~'al  2(1—2zcosa+z2)’
T.€
> 1-22
= : 17.34
g ORI = 2(1 — 2zcosa + 22) ( )
CrnenmoBaTenbHo,
1 — 2
G(z,y,z) = z (17.35)

2m(1 — 2zcos(z — y) + 22)

PaccMoTpuM npousBosbHyIo 27-nepuonuyeckyio GyHKIuIo p(z),
YOOBJIeTBOPAIOILYIO Ha oTpeske [—, w| ycnousam Hupuxne. O6o-

3JHAOYAM qepes
o(@,2) = / G(z,y, 2)p(y)dy =

/ G(z,t+z,2)p(t + z)dt = f G(z,t + z, z)p(t + z)dt.

3mech Mbl BOCHOJIL30BAIMUCh NMEPUMOOAYHOCTBIO PYHKIMH @(z) H
G(z,y, z). PasobbeM mociienuuit uHTErpasl Ha OBA:

oz, 2z) = /G(:c,:v+t,z)(,o(m+t)dt+

T

+/G(:z:,:v+t,z)(,o(:c+t)dt=

0
r

= / [G(z,z+ ¢, 2)p(z +t) + G(z,z — t,2)p(z — t)]dt.
0
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C yueroMm saBHoro suma dyukuuu G(z,y, z) (17.35) nomyuum

T
1 fg(z+1t)(1-2°)
ple,2) = - / 1 —2zcost + 22 at, (17:36)

0

rne 00603HaueHo

g(z+ty= %[w(w +1) + p(z — t)].

BaMeTHM, YTO IOJIsL BCEX Z BBINNOJIHAETCA

T
1 1-—22

;/ 1—2zcost+z2dt=1 (17.37)

0

u nns mo6oro € €]0, 7| cnpaBennuBo

T

lim l/g(w+t)(1-z~)dt=0, (17.38)

:=1-0m | 1—2zcost + 22
€

TaK KaK B 9TOM ClIyuae 3HaMeHaTellb OPO6Y HOJIOXUTENEeH, a duC-
JNTENb CTPEMUTCA K HYIIIO,

Ilns mo6oro uucna p > 0 BuGepem Takoe € €0, 7[, 4TO6R K5
Bcex ¢ € [0, €[ BBIMONHATIOCH HEPABEHCTBO

lg(¢) — g(+0)]| < p. (17.39)

Torgma B cuny (17.37) u (17.39) cnpaBennuba ciienyomas oLeHKA:

|—/ Bl = 2°) dt—g(+0)\<

1-— 2zcost+z~

/[g — g(+0)) (l—zz)dt‘=

1 —2zcost+ 22

[ lg(t) — g(+0)](1 - 2%)
dt
1—2zcost+z~ S

1 1-
<P / al 54t < p,
1—2zcost + 22

0
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T.€. CIIpaBeqJINBa OECHKA

=
<

‘1/ 9L =2") o <

1—2zcosa + z2

0

He 3aBucamas oT z. Otciona ¢ yuerom (17.38) m ompenenenus
dyuknuu G(z,y, z) HOIyUnM

) lim /G (z,y, 2)e(y)dy = —[go(a: + 0) + (z — 0)], (17.40)

YTO M TOXIOecTBeHHO (17.33).

¢ B vactu «CnenuanpHble @YHKIUM»> MBI B SBHOM BHIC IOKAa-
XeM CIpaBeJIUBOCTL ycioBus nonHoTsl (17.30) mns nmonmHOMOB
Jlexannpa P,(z), dyukuuit Opmura U, (z) 1 dyrkumit Jlareppa
Iv-i-n,n (iB)

¢ CootHomrenue (17.40) MOXHO paccMAaTpPUBATL KaK OZHO M3
obocHoBaHuE dopmynsl (10.9), a uMenHO, I 27-IEPUOAUIECKAX
byHKIU#A, yOOoBIETBOPAOMWINX yciaoBuio Jnpuxie, cipaBenianBo

T

[ oo - oy = 3loe+ 0+ —0). (1741

-

18. Kinaccuueckme u 06006111eHHEIE pellIeHN
AndpdepeHnnanbHEIX ypaBHEHRNN"

IlonaTue 0606meHHBIX QYHKIUE N IIpaBMiIa NEACTBUA C HU-
MU TO3BOJIAIOT CHOPMYINPOBATH MOHATHE 060011eHHOTrO pelmeHns
nudGepeHINaIBLHOTO YPaBHEHNS

Lu(z) = f(z), (18.1)

roe

R n ' ' d¥
L=L(z,D)=) m(z)D*, D= 5 TER, (182)

Pr(z) - 3amannble 6ecKoHeuHO NuddepeHUUpyeMble GYHKUNH, a
w(z) 1 f(2) - 0606IeHHble DYHKIINAM.
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¢ O606umeHHbIM perueHneM ypaBHeHns (18.1) HasmiBaeTcsa 00-
obuenras GyHKIus u(T), YOOBIETBOPAIOIIAS 3TOMY YPABHEHUIO B
060011eHHOM CMBICTIE, T.e.

(L(z, D)u(z)lp(2)) = (f(2)lp(z)) (18.3)

nns mobont p(z) € D.
CoorHomenue (18.3) MoXHO nepenucaTh B BALE

(u(z)|L7(z, D)p(z)) = (f(z)lp(z)), (18.4)

roe L* (z, D) — onepaTop, dOpMasIbHO CONPSIXKCHHBINA K ONEpATOPY
L (18.2)

n

L*p(2) = L*(z, D)p(z) = Y (~1)* D¥pi(a)p(x).

k=0

Kak u knaccuyeckme peluenns, Bcsikoe 00OOLeHHOe peIleHNC
ypaBHeHus (18.1) MOXHO NpencTaBUTHL B BUAE CYMMBI €r0 YacTHO-
ro pelueHus ¥ obIIero peleHUs COOTBETCTBYIOIEr0 OQHOPOXHOIO
ypaBHEHHUS.

PaccMoTpuM cHavasta onHOPONHOE ypaBHEHUE
L(z, D)u(z) = 0, (18.5)

U IIpoCcTeNIlnee U3 HUX
du(z)

= 0. 18.
I 0 (18.6)

Jlemma 18.1. Jupdepenyuavroe ypasnenue (18.6) He umeem
UHBIE peutenull 8 npocmparncmee obobujerHble Pyrryul. Kpome
KAACCUUECRUT.

Hoka3aTenscTBO. B IIPOCTPAaHCTBE 0600611IeHHBIX QYHKIINHA ypaB-
HeHue (18. 6) 3KBMBaJIEHTHO COOTHOILIEHUIO

(u/(2)|e(z)) = —(u(z)|¢'(z)) =0 (18.7)

s moboit p(z) € D.
JleMMa GymeT moka3saHa, eciIM MBI ITOKaXeM, UTO oblee pelue-

HUe 3TOr0 ypaBHEHHMS B KJlacce 0O0OIIEHHBIX GYHKIMH CCTb IO-
CTOsIHHasA, T.e. u(z) = const .
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Bocnonsayemcs npencrasinenueM (13.3) ocHoBHo# dhyHKIUN @(T)
o0
v(z) = po(z) / e(y)dy + v1(z), (18.8)
—00
rae po(z) n p1(z) npunannexar npocrpancTsy D, npudeM
o0
/ wo(z)dz = 1.

—00

Torna

[wo(w) ]0 p(z)dz + <p'1(:z:)]> —

-0

(u(@le(a)) = (ula)

= (u(2)lpo(z)) f p(z)dz + (u(z)|p} (2)).

Cornacho (18.7). Ha MHOXeCTBe IIPOM3BONHBIX OCHOBHEIX GyHKINH
s Gysxuun u(z) cnpasennuso cootHomerue {u(z)|p’'(z)) = 0,
a MOCKONBKY ¢}(z) Takxe NPUHAIJIEXHT 3TOMY MHOXECTBY, TO
(u(z)|pi(z)) = 0, a (u(z)|po(z)) = C = const. C ygerom 3Toro
nonyyaem

-

walp) =C [ pe)iz= [ Cp(a)iz = (Clo(a,

YTO COOTBETCTBYET ONpeAeNeHnIo o6obmenHon dynkuuy u(z), aB-
nsomencs nocrosuxon C.

IIpumep 18.1. B npocrpancTse 0606meHHBIX GYHKIUHA HalTH
ofbuee pelreHUe ypaBHECHUST

du(z)
Tz

= 0.



932 I'nasa 2. OcHoBrI Teopnm 06061UeHHEIX YHKLMIA

Pemenne. Pellenne ypaBHeHUs OOIXKHO ObITh NOCTOSHHOM BCIIU-
upHOM Kak npu = > (, Tak ¥ nmpu z < 0. Orciona cienyer, 4TO
yPaBHEHUC MMeeT NBA JIMHENHO HE3ABUCVMBIX pPelleHUs

w(z) =1,  ua(z)=90(z),
U, CJIeOOBAaTeJIbHO, o0lee pelueHue
u(z) = Cq + Ca6(z)
CONCPXUT ABE IPOU3BOJIbLHBIE IIOCTOSHHEIE.
IIpumep 18.2. HaijiTy obmee pelueHre ypaBHeHUS
2z (z) + u(z) = 0
B IIPOCTPAHCTBE O0OOIEHHBIX GYHKIIWMA.

Peiuenune. Ecinu KnaccuCcKuM peleHreM 3TOro ypaBHeHUs (IIpn
x # () aBasercs GyHKuus

u(z) = C'el/“’z,

rxe C — npon3BoJibHasA NOCTOSHHAA, TO B IPOCTPaHCTBE 06061€eH-
HBIX GYHKIME cyllecTByeT equHcTBeHHOe pernenue u(z) = 0. Hei-
CTBUTeNbHO, Np¥ & # () 0600ImeHHOe pemieHe NOJIKHO COBNARATH
C KJIACCHUYECKMM, YTO BO3MOXHO TONbKO, ecnu C = (, Tak Kak

MHTErpall
O

/ el/ngo(a:)d:n,

-0
roe ¢(z) € D, He nonyckaeT perynspu3alnyu.

3anuiueM oZHOPOOHOE ypaBHEHMe n-oro nopsnka (18.5) B Buge
ONHOPOLHOR cHCcTeMbl 1t nuddepeHIHAILHLIX yPaBHEHUHT NIePBOro
nopsinka ¢ MaTpuuei A

—diim) = Au(z), (18.9)

YTO, KaK M3BECTHO, BCErAa MOXHO chenaTs. Cucremy (18.9) Mmu
IOy yoobCcTBa 3alUCcaIN B BEKTOPHOMW dopMe U = (w1, Uay ..., Uy ).

[Iycts U(z) - dyHmaAMeHTaNBLHAA MaTpHla OMHOPOLHOM CHC-
Temnl (18.9). Ilepeitmem oT HewsBecTHOM w(z) X HeM3BECTHOR ¥(T),
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ucnonb3ys cooTHomenue U(z) = U(z)7(z). Torna cucrema (18.9)
npeobpasyerca K BULY

dU(:z:)‘_, dv _ -
—EFU + U(-’B)a‘; = AU(:U)U.
ITockonbky
dU(z) _
T AU(z),
TO g
U

C yueToM Toro, uro MaTpula U(z) aBnsgercs o6paTUMOi, YMHO-
XecHue 3Toro ypasrenus Ha U~ 1(z) npubonuT K cucreme pacnas-
IINXCH ypaBHEHUH

dv

— = 0.

dz

Cornacno nemme 18.1, ¥ apnserca noCTOSHEEIM BekTOpoM. OT-

cioga cilenyeT. uTo 4 = U(2)¥ ecTh BeXTOp, ABAAIOIIMIACA JIU-
HellHOM KOMOMHanueid BEKTOPOB KJlacCuuecKod ¢yHIAaMeHTAJILHOM

cucteMbl. A Tak kxak cucrema (18.9) sxBMBaneHTHa yPaBHEHHIO
(18.5), TO MBI mOKa3aTK CIIEAYIOMIYIO TEOPEMY:

Teopema 18.1. fJugdepenyuaabroe ypasnerue (18.5) ne umeem
UHBIT pewenuli 8 npocmpancmee obobujennblr Gynryud, Kpome
RAGCCUYECKUL,

HecooTBeTcTBHNE, BO3HMKAIOLlee MEXOY KJIAacCUYeCKUM ¥ 06-
OOIIeHHBIM pelleHUSIMHM B NPUBEeJEHHEIX BhILIE MPUMEPAX, MOXET
O6bITE ycTpaHeHO, ecinu O00OOLIEHHOe peIlleHre NCKATh B BHIE
O(z)u(z).

¢ MuoxecTBo 06061eHHBIX QYHKINHA, I KOTOPBIX u(z) = (
npu z < 0 (mnmm supp v = R4, z > 0), 6ymem obosnayats D/, .
OTO MHOXeCTBO SBIISIETCS NOAIPOCTPAHCTBOM IpocTpaHcTBa D',

HelicTBuTeNnnHO, ecnu perueHue ypapHenng zu' = () uckaTe B

‘npoctpancTse D', To ero obmee pemenne ecth u(z) = Ch(z),

coBmafaouee ¢ kiaaccuyeckuM u(z) npu = > 0.

O B maremaTuveckoii ¢usnxe mpoctpanctso D ecTecTBeH-
HelM 06pa3oM BO3HMKAET U3 CaMOM MOCTAHOBKM 3a1ad, TOCKOILKY
PellleHNs KpaeBbIX 3aad, KaK IPaBIJIO, MUY T HA NOJIOXUTENLHEIX
uaTepBasax |0, [, ]0, oo[, a pemenne 3amayn Komu — mis nomoxn-
TeJILHBIX MOMEHTOB BpemeHH = > ().
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IIpumep 18.3. B npoctpancTBe 0606meHHbIx dyukuuii D’ Haii-
TH oblIce pelllcHUe YPABHCHUS

" u(z) = 0, m =1, 0c. (18.10)

Pemenne. IIpenBapuTesibHO OTMEeTHM, UTO IJid M = 1 pelreHKe
M3BeCTHO M mnpuBedeHo B npuMepe 13.1. Ing npousBosbHOro m
Hal[eM pellleHne NBYyMs crocobaMy, KaXIbl U3 KOTOPBIX MMCET
CBOM NIPENMYIIECTBA.

ITepeniti cnocob. Ilockonbky u(z) € D/, To

(z™u(z)lp(e)) = (u(@)e™p(z)) =0 (18.11)

ans Beex @(z) € D. Haitnem (u(z)|p(z)), ucnonsiys ToxmecTnen-
Hble IpeoGpa3oBaHus M cBoiicTBa GyHKuuu (), onpeneleHHbIe
memMmoii 13.3:

(u(z)|p(z)) =

- (e

m-

Z 1)"s0""(0 () (2)) + (u(@)lz (), (18.12)

ml ()

rae yHKIUNA

P J
me(z) = (—1)"i-n(w);
m-1 ) (18.13)
$e) = ol (&)= (o)

SABJILIOTCA OCHOBHBEIMH COrJIacHO JiemMe 13.3 u onpenesnennio (11.3).

O6o3nauns Cy = (u(z)|mk(z)), ¢ yzerom (18.11) MoxHo 3ann-
catb (18.12)

m-—1
(u(z)lp(z)) = E Cr(-1)* %) (0) =

m-—1
<§_: Cka‘“(z)|«p > (18.14)

k=0
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3nech MCHOONIL30BaH pe3yabTaT npuMmepa 14.8. B cuny npoussosns-
HocTu dyHxuun p(z) u3 (18.14). nonyuum

m-1

z) =Y Cré¥)(a). (18.15)

Bmapoti cnoco6. Ilpencrasum (18.10) B Bune
z[z™ lu(z)] = 0. (18.16)
Torxna, cornacho PellIeHyio NpuMepa 13.1,
[z 1u(z)] = Cn-16(z), (18.17)

rne C,,—1 — MpoussonbHad moctosuuas. Ilpencrasus (18.17) mo
aHajorus ¢ (18.16) B Buge

z[z™ 2u(z)] = Cru-10(z),
TOJIY UMM
z[z™ %u(z)] = Cp-16(z) = 0. (18.18)

W3 npumepa 14.8 npn p(z2) = z cnenyer BechbMa IOJIE3HOE COOTHO-
HIeHMe

1
r+1

§M(z) = — 26t (z), 7 =0,00, (18.19)

KOTopoe no3BoJseT 3annucaTh (18.18) opu » = 0 B Buge

z{[z™%u(z)] + Crm—18'(z)} = 0,

OTKyna ) _
™ 2u(@)] + Con16'(2) = Crm—26(z).

Ananoruuso

:z:{[:z:'""su(:lt)] C'; L5"(2) + Cm-28"(2) ~ Cu-36(2) } = 0.

Mpononxasg mo MEAYKOUM B mepeoGosHauuB Cy, B COOTBETCTBHMA
c (18.15), nonyuaem

m-—1
u(z) = Z Cr6*)(z)
k=0
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IIpumep 18.4. B npocrpanctse D’ HaiTu obliee pellieHre ypas-
HEeHU#

a) zu'(z) = 0;

6) zu/(z) = 0;
B) zu'(z)=0;
r)

zu'(z) = 0.

Pemenue. a) Cornacro (18.15), mpn m = 1 moayunm v'(z) =
C16(z) nmn v/ (z) — C1é(z) = 0. Tak kxax d(z) = 6'(z), To [u(zr) —
C16(z)]' = 0, orkyna B cuny nemmsr 18.1 u(z) — C16(z) = Ca n,
CJIeROBATENBHO,

u(z) = Gy + C16(z).

6) Cornacuo (18.15), mpu m = 2 nonyunm ' (z) = C1d(z) +
C2¢'(z) nnu v/ (z) — C16(z) — Cad’(z) = 0. Torma [u(z) — C10(z) —
C2d(z))' = 0, orxyna cnenyer u(z) — C16(z) — C2é(z) = C3 1

u(z) = C3 + Cad(z) + C16(=).

B) IIpz m = 1, cornacuo (18.15), v (z) = Cyd(z), [uv'(z) —
Ci6(z)) =0, v — C16(z) = C,. Ilockonbky

[z8(z)])' = 6(z), (z) =1, (18.20)
TO

[u(z) — C1z6(z) — Caz] =0
"

u(z) — Crz8(z) — Caz = Cj,
OTKYZRA

u(z) = C3 + Caz + C1z0(z).

r) IIpu m = 2, cornacuo (18.15), u'(z) = C1d(z)+C>4'(z) nnu
[v/(z)—C10(z)—C38(z)) = 0. Torma u'(z)—C16(z)—C2é(z) = C3
unu, cornacHo (18.20) [u(z) — Cizb(z) — C20(z) — C3z] = 0,
orkyna u(z) — C1z8(z) — C26(x) — Caz = Cy, u, clenoBaTeNLHO,

u(z) = Cy + Caz + Ca6(z) + C120(z).
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19. @dyHnamMeHTaNbHBIE PEeLICHNA JIMHEMHBIX
IndpdpepeHINATIBHEIX olepaTopoB”

PaccmoTpum ypaprenne (18.1), B koTopoM onepatop L (18.2)

— DuddepeHINaTIbHBIR OIEPATOD C IOCTOSHHBIMHI KO3DdPUIKMEHTa-
n (pr(z) = pi, T.e.

Lu(z) = f(z), (19.1)

rnoe

d
= Zka* D=—. (19.2)

¢ OynnaMeHTaNbHBIM peLeHueM (WX GYHKIMEHR BIUSHUS TO-
YeUHOTO UCTOYHMKA) nuddepeHnunanbHoro onepaTopa L(D) (19.2)
(mnddepernnanbroro ypabHenus (19.1)) HaswiBaeTcs 0606mmen-
Hasg QYHKuug ¢(), yOOBIeTBOPAIOUIAS YPABHEHUIO

L(D)g(z) = 6(z), z € R. (19.3)
O EcrecTBeHHO, 4TO DyHIAMEHTAIbLHOE DEIIEHNE HE SBIISETCS

eNNHCTBEHHBIM U ONPENeseTCs ¢ TOYHOCTHIO A0 CJlaraeMoro go(z),
SBJIFIOIErOCd pellieHeM ONHOPOOHOrO YpaBHEHUS

L(D)go(z) = 0. (19.4)

HeicTBUTENBHO,

L(D)[g(2) + go(z)] = L(D)g(z) + L(D)go(z) = é(z),

a 3TO O3HavaeT, uTo 0606weHHas dyHKIUs ¢(z) + go(z) — Takxe

byHnaMeHTaJIbHOE pemeHne onepatopa L = L(D).

Heonxopontoe ypaBrenue (19.3) co cnemuainnHOR NpaBoi yac-
ToI0 f(2) = &(z) ABNseTCS BBILETEHHBIM B TOM CMEICIE, YTO QyH-
OaMeHTaJlbHOE pelueHue ¢(z) mo3posiseT HaXOOUTh YaCTHBIE De-
meHus ypasHeHus (19.1) ¢ nponsBosbHO# npaBoit yacTeio f(z) mo
dopmyie

o

uo)=g(0)+ f@)= [ gle-nftiay  (195)
-00
IIDH yCIOBHH, YTO cBepTka ¢(z) * f(z) cymecTByeT. OTO yTBepX-

IeHWe JIETKO IPOBEPHUTH, €CJIM BOCIOJIb30BATHLCA NMPABWIOM Oud-
depeHnMpoBanus cBepTku u paBeHcTsoM (19.3). HeicTBuTeNbLHO,
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IIPpH yCJIOBMH, UTO ¢BepTKa ¢(z) * f(x) cymecTByeT. OTO yTBEpX-
IeHWue JIETKO MPOBEPMTh, €CJIM BOCIIONIbB30BAThCA IPABUIIOM Aud-
¢dbepenuupoBaHua cBepTKH U papeHcTBoM (19.3). HeitcTBHTENBHO,

L(D)u(z) = L(D)[g(z) * f(=)] = Y _ p D*(g(z) * f(2)) =
k=0

= [Zka’*g(m)] x f(z) =
k=0
= [L(D)g(2)] * f(z) = d(z) * f(z) = f(z).

O BTopoe Ha3BaHue — GYHKUMA BIMSIHNS TOUEUHOTO MCTOUHHUKA
~ CTAHOBMTCS NOHATHLIM, €CIIM HEOMHOPOAHOCThE f(Z) MPCACTABUTE
B BUJE «CYMMBI» TOUEYHBIX MCTOYHMUKOB, coriacHo (16.5),

f(z) =4d(z) * f(z) = / d(z — y) f(y)dy.

B cuny (19.1) f(y)é(z — y) onpemenser BAMAHMEC TOYEUHOrO HC-
TOYHMKA, PACIOJIOKEHHOTO B TOUKE T = Y HA pelleHue, [I03TOMY

o0

u(z) = g(z) * flz) = / oz — v) flv)dy

-0

eCTh HaJIOXeHUe, WM CYNepHo3uuus, 3TUX BIUIHUM.
Q UuTepecHo oTMeTHTB, UTO pelieHus a) u 6) nmpumepa 18.4

IIO3BOJIAIOT ONpeAenTh GyHIOaMeHTaJIbHOE pellleHue onepaTopa L
KaK 4acTHoe pelleHue 6osiee o0liero ypaBHeHNd

zL(D)g(z) = 0, (19.6)
IIOCKONBKY, coryacHo (18.15), (19.6), MoxHo 3anmmncaTsb
L(D)g(z) = C1d(zx),
oTkyna npu C; = 1 nonyuaem (19.3).
IIpumep 19.1. ITokasaTs, uTo dyuxkums g(z) = 6(z)e(z) aBng-

eTci PyHOAMEHTAJILHBLIM pellleHNeM ollepaTopa

. o~ dF
L= ¢ T T n ’
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ecin e(z) — pemrenue 3agauu Kowmn

Y mee®)(z) =0, (19.7)
k=0
1
e(0) =€ (0)=...=e™"2(0) =0, e*-1(0)= —

Peutenne. Heobxonumo y6enmrhes, uto dyHKuus g(x) ymoBie-
TBOpPSAET ypPaBHEHMIO

Y peg®)(z) = §(2). (19.8)
k=0

Brrancaum npomspomusie g(*) (z) ¢ yuerom (14.6), (19.7)

g(z) = B(z)e(z);
g'(z) = [0(z)e(z)]' = &' (x)e(z) + O(z)e () =
= d(z)e(0) + 8(z)e'(z) = O(z)e' (z);

IloncTaBuB HaligeHHBle MPOM3BOOHBIE B ypaBHeHme (19.8), momy-
YNM COOTHOLIEHNE

n

8(2) 3 pre®)(z) + pu —5(z) = 8(2),

k=0 n
ABNAOIIEECT TOXOECTBOM, TaK KakK

n

> pre®)(z) = 0.

k=0



940 I'nasa 2. OcHoBEI TeopHH 0GOOLLEHHAIX (DYHKLIMHA

20. Ilocrpoenue dbyHIaMEHTAJIBLHOI'O pelleHUA
JuHenHoro audpdepeHunanbHEOro oneparopa*

Teopema 20.1. Ecau e(z) ecmb kaaccuuecxoe pewerue 3adauu
Kowu

L(D)e(z) = 0, (20.1)

e(0)=e(0)=...=e™ D) =0, "¥0)= pi, (20.2)

mo eduncmeennbim Pyrndamenmaavrbim pewenuenm g(z) onepamo-
pa L(D) (19.2) ¢ npocmpancmee D!, geagemca Pynryusg

g(z) = 6(z)e(z). (20.3)

Hoka3zarenscTBo. Ecnu g(z) — dynnamenTanbHoe peienue ore-
patopa L(D), To oHa ynosneTsopseT ypasHenuwo (19.3), T.e.

L(D)g(z) = (=), r€R,

KOTOpO€ BO BCeX TOYKaX, 3a MCKJIIOYeHMeM Touku T = (), MOXHO
paccMaTpUBaTBh KaK OMHODOHHOE

L(D)g(z) = 0, z € R\{0}, (z #0). (20.4)

Iycte u(z) = (ui(z), u2(x),...,un(z)) — dynnaMeHTaILHAS
CHCTEMA DellleHMH OTHOPOAHOTO ypaBHEHHMH, T.e.

L(D)ud(z) = 0.

Tornma dyHkuMIo ¢(T) MOXKHO MCKATH B BHAE

_J 0 z <0, ,
g(z) = { e(z) = (€,d(z)) z >0, (20.5)
Iie IPOU3BOJILHEIA BeKTOp €(z) = (e1,e€2,...,€,) cllenyeT momo-

6paTh Tak, 4TOOBl GyHKUUA ¢(T) M ee NMPOM3BOAHBLIE BIUIOTH MO
(n— 2)-ro nopsaxa 6uute HenpepuiBHBIMA. IIpomssoanas (n—1)-ro
NopsiAKa NOJKHa MCILITHIBATL CKauoK 1/p,. B pesynbTaTe mpo-
M3BOAHAS N-I'0 MOPAAKA AOJIXHA codepxaTh dyuxuuio d(z), pury-
PUDYIOIIYIO B NPaBO#l YACTH 4aCTH ypaBHenus (19.3), T.e.

e*)(0)=0, k=0,n-2,

1
(n-1) 0) =
e —_— .
( ) Pn

-
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JTo ycnosme coBnagaeT ¢ (20.2) u mpeacrasiseTr coGoit yu-
HEMHYI0 HEOOHOPDOAHYIO ajire6pamdecKylo CUCTEMY HJIA COCTABIISA-
IOIMX € BEKTOpa €

elfu.(lk)(O) +...+ e,,u,(:")(()) = 0, k=0,n-2;
elu(ln-l)(O) +...+ e,,,ui,"'-l)(O) = —

(20.6)

Onpenenurens cucteMmnl (20.6) ecTs BpoHCkMaH GyHOAMEHTAab-
HOM CHCTEMBI pelenmit i(z) u, cieqoBaTesIbHO, HUTle He obGpalia-
eTcs B HYyJIb. JTO 03HAUAET, YTO CYILIeCTBYyeT eAMHCTBEHHOEe pellle-
uue cuctemsl (20.6), onpenensioliee BEXTOD € ¥, COOTBETCTBEHHO,
byukuun e(z) n g(z) = 6(z)e(z). Teopema moxasaHa.

QO Ycnosus (20.2), onpenensomue oqHo3HaUHOe GyHAAMEHTAJIb-

Hoe pemlenne omepaTopa L(D) B mpocrpanctee D/, 3amawoT Hy-

nepoe perrenne go(z) = 0 onHoponHoro ypasaenns (19.4).

> !
IIpumep 20.1. HanTn enuncTsensoe B mpocrpancTse D ¢yH-
IaMeHTaJIbHOe pellleHHe OnepaTopa

@ 4 d +5
dz? dx )

Pemenue. TpebyeTcs HallTH pellleHne ypaBHEHUA

L=

2
(dda;'-’ - 4d(i + 5)9(3@) = 4(z). (20.7)

Haxonum obiiee pelrenue ogHOPOLHOIO YPAaBHEHMS C MMOCTOSHHBI-
MH Ko3bpuuueHTaMu i

e’ —4e' + 5e = 0.
ITockoIBKY KOPHM XapaKTEPUCTUUECKOrO ypPaBHEHMS
k? — 4k +5=0

KOMIIJIEKCHEI

k1,2 = 2 :l: ’I:,

Q2 .

e(z) = e (cysinz + c3 cos x)

M. COOTBETCTBEHHO,

e'(z) = e®"[2(c1sinx + c3 cos T) + ¢ cos z + ¢ sin ).
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Tax kak corsnacHo (20.2), (20.7) HauanbHBIE yCIIOBUS MMEIOT BUA
e(0) =0, e(0) =1,

TO JIA ONIPEOCIJICHUA IIPOM3BOJIBHBIX ITOCTOAHHBIX UMEEM CHCTCMY

e(0) =c2 =0,
e'(0)=c; = 1.
Taxum obpa3zom,
e(z) = e** sinz,

U byHOAMEHTAJILHOE pelleHue

g(z) = 6(z)e>* sin z.

L

IIpnmep 20.2. HajiTu enmHcTBeHHOe B mpocTpaHcTBe D! dyH-
RaMeHTaJIbHOe pellleHMe OlepaTOpOB

dz d?.
2 2 2 2
a.) L= —- W 6) L, = 4+ w
dz? ’ ) dz?
Pemienne.
a) Kopuu xapakTepucTmueckoro ypaBHeHus k? — w? = 0 peit-
CTBUTEJIbHBI M PAa3siMuHEl: k; = w, ks = —w. CnenoBaTenbHO,

e(z) = c1sh wz + cach wz

¢ (z) = wey ch wz + wea sh we.
Orciona

e(0) = ¢ =0,

1
e'(O) =we = 1,61 = —.
- w

Takum obpa3zom,

1
e(z) = —sh wz
w
1 GpyHOaMEeHTAaJIbHOE pelreHue
sh wz
g(z) = 6(<) :

W
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6) Kopun xapaxrepuctudeckoro ypasHenus k? + w? = 0 mau-
Mble k1 2 = fuw, CleNOBaTEeNILHO,

e(z) = c1 sinwz + ca coswz

e (%) = wey coswz + wep sinwe.
Orcona

6(0) =Ca = 0,

e(0)=we; =1, ¢ =-~-.
W

Taxum obpazomM,

1 .
e(z) = —sinwz,
¥ dyHIOaMeHTANBbHOE pellleHUe uMecT BHUI
sSinwe

IIpumep 20.3. HaitTu enguHCTBEHHOE B IIPOCTPAHCTBE Df*_ PdyH-
OaMeHTAJIbHOE PellIeHu¢ ollepaTopa

a dar
L—EE.

Pewmenne. Xapaktepuctuueckoe ypaBHenne k" = 0 umeer onun
n-KpaTHHI xopeHb k = (. CrnenoBaTennbHo,

e(z) =c1+cax+...+ 12" 2+ cpz" !t
n ,

C,(:B) =c2+2c3z+ ...+ ('n - 2)611—153”—3 + (n - l)cnmn—z;

e(0) =c1 =0,

e'(0) =c3 =0,

e(""z)(O) ='(n - 2)lc,_1 =0,

1

(”-1) — —_— | —_— = ——
e (O) = (n 1)-cn — 1, Cn (n _ 1)!
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TaxuM obpasoM,

elz) = :l:"—l
(=) (n — 1)!
1 QJYHJIaMeHTaJIbHOC pelienmne
, mu—l
g(z) = 6(z)

(n— 1)1

IIpumep 20.4. Insa «oboluHoit» GuuuTHOM dyHKuMM f(z), T €
IR, HaiiTH pellleHMe ypaBHEHUSI

€CJIN J dz
=i 6 L(D)=—.

a) L(D)

Pemenue. CornacHo (19.5), pelienie MoXHO 3alMCcaTb B BHIeE

u(z) = (g * )(z) = [ oz — ) f(y)dy = f o(v)f(z — v)dy,

rae g(z) — dyHOaMeHETalIbHOE pellenre onepaTtopa L(D).
a) IIycte v'(z) = f(z). N3 pemenus npemwimyliero npumepa
npu n = 1 cienyer, uro g(z) = 6(z). Orcrona

0

() = f Oz — y)f(y)dy = / 0(y)f(z — y)dy = / F(y)dy.

- Q00

6) lIycte v'’(z) = f(z). Torma g(z) = 8(z)z. OTcrona
wo)= [ 8- )@ - i)y

wiu ¢ yuetoM Toro. uro [0(z)z]” = é(z) (¢cM. nmpumep 20.3 mpn
n=2)u (|z|/2)" = d(z) (cM. npumep 14.5),

o0

u@) = [ 3l - ylf Wy,

— 00
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4TO aHAJIOMMYHO M3BecTHOM dopmysie Komu (1.36.13) mus serumc-
JIeHus N-XKpPaTHOM nepBoobpasHON

T

(n__ll—)! f(fb' - y)" " fy)dy.

To

21. @dynxkmus 'pura xpaeBoil 3agaum
aia nudpdepeHINaANIbHLIX YpPaBHEHUNA
C IOCTOAHHHIMM KO3pdPuumenramm™

IlonaTue kpaepoit 3agaun n 3agauu llrtypma-JInysunng nmns
0OBIKHOBeHHBIX AuUPPepeHInaIbHBIX YPaBHEHU# BTOPOrO IOpsa-
Ka BBOOMTCA B CTAHOADTHOM Kypce BuICiIedl MaTeMaTukmu. Bonee
noapobHOe pacCMOTpeHMe 3THX 3adad OymeT mpoBedeHO B pas-
nene «3amaua lItypma-JIuysunng» wactn III. Huxe Mu moka-
XeM, 4YTO HMCNOJIL30BaHMe 0000IIeHHBIX (PYHKIUHMHA, B YACTHOCTH
nenbTa-byHKuuu Iupaka, nmo3sosifeT YyOPOCTUTHL pellleHHe HeKo-
TOPBIX KJIACCOB KpaeBLIX 3ahad.

B obmeM ciiyyae KpaeBasd 3ajaua NpeacTaBiigeT coboil HaxoxX-
IeHMe KJ1acCHMuyecKoro peineHus auddepeHUnalbHOIO yYPaBHEHUA
(19.1) ma unrepsaie ]0,I[, T.e. dyuxuun u(z) € C*([0,1]):

LDju() = (=) z€lUCR, D=1,

YAOBIIETBOPAIOILEr0 KPAeBLIM (IDaHMYHEIM) YCIIOBHAM

Vi (u) = Ag(u) + Bg(u) = 0, k=1,n, (21.1)
rae Vi(u) — muueitnste dpopmut ot u(0), .. ., u®~1)(0),
n—-1
Ap(u) = Z armul™(0), (21.2)
m=0
u ot u(l),...,u®"1(),
n-1
Bi(u) = ) bemul™ (1), (21.3)
m=0

ABIAIOTCA JIMHEMHO HEe3aBUCHMBIMU.
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Pemenue neognoponsoro ypasHenus (19.1) MoxeT ObITh Hali-
IEHO C MOMOIUbI0 PYyHAAMEHTAJILHOrO pelleHus omnepatopa L(D).
Onnako mns Toro uToOHl pellleHNe YIOBJIETBODSJIO OOHOBPEMEHHO
I KpaeBbIM YCJIOBHUSM, HeOOXOAMMO, YTOOHR M bYHAAMEHTAJIbHOE
pellieHye YAOBJIETBOPSJIO 3THM Xe KPAaeBhIM YCJIOBUIAM.

Taxum o6pasoM, MBI NIPUXOOAMM K NOHATHIO PYHIAMEHTAJIb-
HOTO DeIlleHMs, yAOBJIETBOPSIOLIEr0 KpaeBEIM YCIIOBUSM, KOTOpOe
6yneM HasnBaTh dyHkumen 'puna kpaepoit 3agaum unu GyHKIHER
I'puna onepatopa L(D) Ha untepnase |0, [[.

®yuxuueit ['puna xpaesoit 3agaun (19.1), (21.1) naseiBaeTcs
06o01rennas ¢pynkunsg G(z,y), yHOBIETBOPAIOIIAA yPABHEHUIO

L(D)G(z,y) =é(z—y), D= % (21.4)
¥ FPAHUYHOMY YCJI0BHIO (IO IepeMeHHOl )
Vi(G(z,9)) =0, k=1In (21.5)

P KaXaoM (PUKCUPOBAHHOM Y.

Teopema 21.1. Kpaesag3zadaua(19.1), (21.1) umeem odny u moan-
xo 0dny dynxyuio I'puna G(z,y), ecau coomeemcemeyouag odHo-
podxad 3adaua umeem auwb mpusuasbroe pewerue u(z) = 0.

Hoxa3zarenscrBo. Ilockonbky ¢pyukuus I'puna ymoeneTBopser
ypaBHenuio (21.4), ee MOXHO MCKaTh B BULE

G(z,y) = g(z — y) + go(z), (21.6)

rre g(z) — dyrmaMmenTanbHoe pemenne onepatopa L(D) (19.3), a
go(z) — pellleHne ONHOPOMHOIrO ypaBHEHMs (3aBHUCALICIO OT Y Kak
OT napaMeTpa), opoxnaemoro onepatopom L(D) (19.4)

L(D)g(z) = (),
L(D)go(z) =
(21.

HeicTBuTensHo, nmoactasus (21.6) B (21.4), nomyunm

D)lg(z ~ y) + go(z)] = L(D)g(z — y) + L(D)go(z) =
= L(D)g(z —y) = é(z — y)

roe D = d/d(z — y). Taxum o6pasom, byuxuus I'puna B BuAe
(21.6) ymosnerBopseT ypaBHeHuio (21.4). OcraJyioce NOOUMHUTH
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ee TPaHMYIHBIM ycioBusaM (21.5). Ilns sToro BuinuureM ¢GyHKINH
g(z), go(z) B sBHOM BHme. Tak, corynacso (20.3),

g(z —y) =6(x — ye(z — v), (21.7)

a
go(z) = (¢, u(z)), (21.8)
rae U(z) = (u1(z),...,un(z)) - dynoamenTanbHas cucTeMa pe-
IeHU# omHopogHoro ypasHeHus (19.4); ¢ = (c1,...,¢p) — Hpo-

M3BOJIBHBIA NOCTOSHHBIA BeKTOp, NOMJIEXAaIUNid OnpenesIeHUIO M3
TPAHUYHBIX YCJIOBMH.

IToncTasus (21.6) B (21.5) ¢ yuerom (21.7), (21.8), momyuum
Vi(G) = Vi((, @) + Bi(e(l - ) =0
win B cuiny jueeirHocTn Vi (21.2), (21.3)
c1Vi(u1) + caVie(ua) + ... + e Vi (un) = —Br(e(l — y)). (21.9)

ITonyuenHasa cucTeMa ABIAeTCA HEOOHOPOAHOMN M JIMHEMHON OT-
HOCHUTENILHO BeJIMYMH ¢ — KOOpPAMHAT BeKTopa ¢. Onpenenuresb
CHUCTEMBI OTJIMYEH OT HYJIA

Vi(u1) ... Va(ug)
#0 (21.10)
‘/n ('lb]_) oo Vn (u,.)
B CMJIy YCJIIOBHS T€OpeMBl O JIMHeHMHOM He3laBUCHMOCTH dopMm Vj
M CYILIECTBOBAHHMM TOJIBKO TPMBHAJILHOI'O DeIlIeHMS OOHOPOXHOIO
yPaBHeHNUs (HaJMune HETPMBHMAJILHOTO pellleHUs I03BOJISeT BhIPA-
3uThb Vj(um) C 3a0aHHBIMM j M M 4Yepe3 OCTaJIbHBIE, BCJICACTBHUE
yero onpenesanTens (21.10) paBer Hymo).

TaxuMm obpasomM, cuctema (21.9) uMeeT enMHCTBEHHOE pellleHMe
OTHOCUTENBHO C = (€1,...,Cn). T'€M CaMBIM NOKa3aHO CYILIECTBO-
BaHMe U eMHCTBEHHOCTH GyHkuuu I'puna G(z, y) 1 oqHOBpEMEHHO
IaH MeTOol ee IMOCTPOEHMUS.

Teopema 21.2. Ecau G(z,y) - pynryug I'puna xpaesoti 3adavu
(19.1), (21.1), mo ee pewenue 3adaemca Popmyaot

l
u@) = [ Gl (21.11)
0



e
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INoxasaTenbcrno. Henocpencreennon nomcranopkoir (21.11) B
(19.1) y6expaemcs, uro ¢pyukuus u(z) B suge (21.11) ynosneTso-
pser ypaBHeuuio (19.1). HeiicTBuTENBHO,

i
Li(D)u(e) = [ L(D)G(z, ) f(w)dy = [ 6( ~ v)dy = (o).
0

0

Brinonunenne rpaHnyHbIX ycaoBui (21.1) ciaegyer U3 BBITOSIHEHUS
AHAJIOTMYHLIX FPaHUYHBIX ycnosuit s G(z,y) (21.5), Tak Kak

!
Vulw) = [ V(6)f(u)dy = 0.
0

TakuM obpa3oM, TeopeMa OOKa3aHa.

O ®dopmyna (21.11) ossauaer, uro PyHxkuuio I'puHa MOXKHO
PacCMATPHMBATh KakK SAPO WHTerpajibHoro oneparopa L1, o6par-
Horo nuddepenumnanbHoMy onepatopy L = L(D), T.e.

L~ Lu(z) = u(z) = L' f(=) (21.12)

(cM. Gosee nompobHo pasn. «MHTerpasbHbIC ypaBHEHMS» UacTH
IV). TakuM o6pasoM, TpebGOBaHME CYLIECTBOBAHUS TPUBUAIILHO-
ro peureHus B TeopeMe 21.1 moxHO PaccMaTpUBATE KaK yCIIOBHe

CyILIeCTBOBAHUSI 06paTHoro oneparopa L1,

IIpumep 21.1. C nomorsio dyukuun I'puHa HATH pellleHne Kpa-
€BOM 3aIauH

dzd‘;(;”) — 25, (21.13)
u(0) = u(1) = 0. (21.14)

Pemlenue. BriacHuM cHayaja, cymecTByeT Jmm ¢yHkuus ['puHa
sagauu (21.13), (21.14). Ina s3toro BunuuieM obiee pelreHue Ofi-
HOPOMHOrO ypaBHEHUS
d*go
dz?

= 0.

OueBHOHO, YTO
go(z) = ¢1 + caz,
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oTKyna, corJlacHo (21.14),
gO(O) =0 = 0,
go(l) =¢2 = 0.

TaxumMm obpa3oM, omHOpoAHAad 3aDaus KMeeT TONbLKO TPUBUAJIBHOE
peltenne go(z) = 0, moaromy dyrxuust I'puna cymtecTByer.

W3 pemienus npumepa 20.4 cineyer, uro pyHOAMEHTAIBHOE
pemenne onepartopa d2/dz? (ypasmenus (21.13)) umeer Bug

© g(z) = 8(z)x.
ITostomy, cornacuo (21.6), dpyuxuuio I'puua umeM B BunOe
G(z,y) =0z —y)(@ —y) +c1 +coz.  (2L.15)

Iloncrasus (21.15) B rpanuuHsle ycinoBus ana G(z, y), aHayorny-
Hule (21.14), monyyaem

G(an) =C = 01
Gl,y)=(l=-y)+ec1+c2=0, ca=y-1,

OTKYOa
G(z,y) =6(z - y)(z —y) + (y — 1)z, (21.16)

¥ B CHJIy TeopeMH 21.2 umeem

1
MM=mewf@=

= [ - 9@+ - Dolvidy = (= - 1)(21.17)

dyuxuua Fpuna (21.16) mMoxer 66T 3ammcala B 6ojiee MPUBLIY-
HO¥M ¢opMe

G(z,y) =0z —y)(z—y) +(y—1)z =
3 (y—1lz O0<z<y 21 18
B (z—-1)y 1>z>y (21.18)

Kax crnenyer ux (21.18), dyuxuna I'puna spiaseTcs cUMMeTpHy-
HO# 1o apryMeHTaM T H .
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B canyuae 3amaus ¢yuknumm I'puna b supe (21.18) uurep-
BaJs1 uHTerpupoBanus |0, 1[ npuxonurcs pasbuBaTh Ha nsa: |0, z

|z, 1
1
u(w)= [ Gla,ytdy =
0
1

HH

= /(:r. - Vyy’dy + /( —-1)zy’dy = 42($ ~-1).
.0

X

IIpumep 21.2. C nomomsio ¢pyukuun ['puna sanucare perenue
KpaeBOH 3alauy

I
9 - fla), (21.19)

4(0) = v'(0) = u(l) = /(1) = 0. (21.20)

Pemenne. Onnoponunas sagaua (21.19), (21.20) ¢ dyrnamenTans-

Holt cucremoit 1, z, 2, 3 uMeeT TombKo TPUBHANIBHOE pellleHHe,
cleqoBaTeNbHO, GyHkuusa I'puna cymecTByer.

W3 pemenus nmpumepa 20 4 cnegyer, 4TO PyHIOAMEHTAJIBHOE
pettenre onepatopa d*/dz* umeer un

ITosTomy, cornacuo (21.6), dyuknuio I'puua umem B Buge

Lz —y)° 2 3
G(z,y) =6(z — )——-B—— +co+ciz+caz”+caz®. (21.21)
ITockoneky

‘(2 —y)?
2

TO, nonctasus (21.21), (21.22) B (21.20) n 3amenus u Ha G, nosy-
UMM CHCTeMy [Jist ONpeNeeHus C;

G(0,y) = co = 0, (21.23)

dG(0, y)
dx

—G(:l y) = 6(z - y) + c1 + 2c2T + 3caz?,  (21.22)

:Cl__‘O’
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1
G(l,y) = 6(1-1/)‘1'02 +c3 =0,
—d—G(l )—1(1— )* +2c2+3c3 =0
de YY) = 9 Yy 2 3 —
HIIH
C():cl:oal
¢z +e3=—z(1 — ), (21.24)
1 9
2¢cy + 3c3 = —5(1——y)“.
Pemenne (21.24) nmiem metogom Kpamepa. Tak kak
1 1
A:I 2 3 =3-2=1#0,
TO
—1(1—1 321
¢ Y 1 ,
2=| = 5yl =y)%,
—Z(1=1?
5(1-y)" 3
1
1 —g(l-y)a )
c3 = ) =-s(1+2)(1 -y)".
2 "5(1—’y)2

IloncTaBuB HalmeHHBIE 3HAYEHN C; B B (21.21), HaxoouM ABHLIA BUI
¢yuknuu I'puna

Gle,) = 0z - ) 20y
1 o o 1 ,
+5y(1 = 9)°s" — <(1+2y)(1 - y)’z® =
]. D) 1 9
§y(1 —y)?z? — 6(1 +2y)(1 — )’z 0<z<y,
=47 X (21.25)
5:1:(1 — z)%y® — 6(1 +2z)(1 —2z)*®, 1>z >uw.

3

Torna
u(z) = /G (z,y) f(y)dy,

roe G(z,y) onpeneneHo ofHuM n3 Beipaxkenu# (21.25).
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IIpumep 21.3. C nmomomsio dpyrkuuu ['pula HaliTH pelreHue Kpa-
€BOM 3aaun ’

2

&

S

2

o wiu==z z€0,l; (21.26)
1(0) = u(l) = 0. (21.27)

&

Pemnenue. OTMeTNM OCHOBHEIE MOMEHTHl, PyHIaAMEHTAJIbHASL CHC-
TeMa PelLICHUH OSHODOMHOI'O ypPaBHEHNA MOXeT OLITh 3ammcaHa B
suge sh wz, ch wz. OngHoponHas xpaeBad 3a4ava UMeeT JIMIIbL TPH-
BHAJILHOE pelleHue, a QyHOaMeHTAJIbHOE PellleHne OMepaTopa

-~ dr
L= dzz "
3anucbiBaeTca Kak (cM. npumep 20.2)
sh wz
=6 :
9(z) = 6(z) —

®yuxnuio ['puna umem B sune

G(z,y) = 0(z — y) hew(z - y)

+ c1sh wz + cach we.  (21.28)

Ionctasus (21.28) B rpaunynse ycnosus ans G(z, y), aHaIoruy-
Ho (21.27) momyumm

G(Oa y) =C2 = 0)

1 sh w(y —1)
G(l,y) = ;bh w(l—y)+cshwl, ¢ L ol

OTKYyHa

sh w(z — y) + sh w(y — 1)

G(z,y) =6(z —vy) sh wz ={21.29)

w w sh wl
( shwzsh w(y —1) O<z<y,
_ wsh wl
i wyshw(:z:—l), y<z<l,
\ wsh wl _

IIOCKOJILKY

sh w(z — y)sh wl + sh w(y — 1) sh wz = sh wysh w(z - 1).
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Taxum obpazom,

!
u(z) = /[0(:{: _ ey  shely—D) o w:c] ydy =

W w sh wl

0

[ shwz =z
=z laar ~ 1l

22. Ipyrue MeTonsl NOCTPOEHUA
¢ysxuun I'puua*

B nmpeasiaymieM maparpage Mbl PacCMOTPE/M BO3MOXHOCTB IIO-
cTpoeHmna ¢yHkimm I'puHa xpaepoit 3agaun, €c/I M3BECTHO PyHIOaMeH-
TaJIbHOE pelueHune onepatopa (19.2), nopoxaaomero 3Ty 3agady. Ecmm
K03poummeHTH p; omcpaTopa (19.2) sBnaiorTca QyHKUMAMM = [pr =
pr(x)], To dyrkinno I'puaa MoXHO mOCTpPOUTH CreRyoOLMM 06pa3oM.

IIycTs

L.(z,D)u(x) = f(x), z €]0,1,
Vi(u) =0, k=1,n,

~ KpaeBas 3agavda, rae L(xz, D) - onepaTop, ompenesieHHbIA (HopMyIioi
(18.2), a Vi(u) - rpasmunne ycnosus (21.1). Torma dymximsa I'puna
YAOBJIETBOPAET YPABHEHMIO M TPDAHUYHBLIM YyCJIOBHIM

L"(xi D)G.(m’y) = 6(1’__ y)’ T E]O’l[‘ (22 1)
Vi(G) =0, k=1,n. )
He obpamasce k Beipaxesuio (21.6), dyukumio I'pusa 6yneM uckats B
BUIE !

_J ¢e(z) = (¢,d(z)), 0<z <y,
G(z,y) = { e(z) = (6.(z), 1>z >y, (22.2)
rae d(z) = (ui1(x),u2(x),...,un(z)) - byHKaMeHTANBLHAR CHCTEMA pe-

LLICHUII OQHOPOLHOr0 ypPaBHEHUA
L.(z,D)id(z) = 0.

®opma (22.2) obycnoBreHa TeM, uTo G(T,y) ABIAETCA pelueHUEM
OAHOPOAHOTO YPABHEHUSA BO BCEX TOUKAX, 3a MCKJIIOUEHMEM TOUKU T = y,

L;(:I:,D)G(:B,y) =0, T # Y,

a IPOU3BOJNILHBIE BEKTOPHI C. € CJIeAyeT NoxobpaTh Tak, ATobn dyHkimsa
G(x,y) u ee npoussoxusie a0 (n — 2)-ro nopanxa OLIIM HeNPEPHIBHLI.
IIpousponuas (n — 1)-ro mopsaxa AOJ/IXHA MCOHITHIBATBH CKaudox 1/p,,.
B pesymsTaTe mpomssonuas n-ro mopsnka GyneT comepxaTb GYHKLMIO
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d(z). durypupymomyio B OpaBoif yacTU JacTU ypapHenus (22.1). Otu
ycioBuss OYAYT DBINIOJTHCHBI. €CITHA

109 () + Sl (0) + .+ SadP)0) = 0

(n—

- — 1 22.3
St U, ”(y) + Sz’llz l)(y) +...4 Shup ! (U) = 7 ( )

n(Y) '

Kpome Toro, nosxHbl BHIOJHATHCA FPpaHNIHbie ycioBus (22.1), koTo-
pHI€ II0C/Ie TIOACTAHOBKM B HMX (22.2) MPUMHUMAINT BUX

aVi(u) + caVi(uz) + .o+ enVi(un) = —Bi(e(l — y)),  (22.4)

IIOJIHOCTBIO CoBnafaommii ¢ (21.9).

Kax yxe oTMeuanocs, cucTteMa (22.3) MMeCT eQUHCTBCHHOC PCLIC-
HUe, OMpeAcisioulee DemmrauHul S; = e; — ¢;, a cucreMa (22.4) oxHo-
3HAYHO ONpeResaeT BEJIMIMHH c;. TakuM o6pa3oM, ABe cucTeMul (22.3)
1 (22.4) OXHO3HAYHO ONpPeENesAIOT ABA BEKTOPa € M € U, CJICAOBATENBHO,
¢ynximio I'puna, cornacuo (22.2).

Ilockonbkxy B paccMaTpuUDaeMoM Cilyuae K03hGUIMEHTH OIICPATOPa

L = L(z, D) sBasorcsa GyHKIMAMY OT T, He06X0qMMO, UTOOH py,(x) # 0
ana ncex x € [0,1]. Ecrm x%c Ha onnoM m3 xouuos otpesxa [0,1] dyuk-
M P, () Bce-Taxu o6pAIIAIOTCS B HYJIb, TO YACTb FPAHMYIHBIX Y CIIOBUI
(22.1) raMeHACTCA €CTECTBEHHHIM I'DAHWYHLIM YCJIOBUEM - Or'DAHMYEH-
HOCTH pPeUICHUsA B 3TOM TOUKC. OTH YCJIOBUS TaKXKC IO3BOJIAIOT IOCTPO-
uts G(z,y) u Haittu u(zx) (cM. mpumep 21.2).

M3noxennwit Berlie MeTox noctpocHus dyukuuu I'puna Moxer npu-
MCHATBCA M g omepaTopa (19.2) ¢ mocTosHHEIMU K0o3hdMIMEeHTaMM.
ITpu aToM He TpcbyeTcsa npubickaTh GYHAAMCHTAJIILHOE PELUEHUE ITOrO
orepaTopa.

IIpumep 22.1. Haittu ¢pyuxmmio I'puna xpaenoit 3anaum u3 npumepa
21.1, He uUcnONB3ysa OYHAAMEHTANILHOE DElIEHNE OIICPATOPA.

Pemenue. Qynxrmio G(':l:,y) cornacHo (22.2) u ¢ yueToM pyHAaMeH-
TAJILHOIN CUCTEMBI PellleHuii OAHOPOAHOTO ypabHerms 1) (&) = 1, u2(x) =
T WILEeM B BUAE

C(z)=c1 +coz, 0<z <y,

G(z,y) = e(z) =e; + ez, 1>z>y.

(22.5)

IoncTasun (22.5) B ycnobusa «cumpanuss (22.3) u rpaunvHbie yCaoBus
G(0,y) = G(1,y) = 0, nosnyumM ABE CMCTEMBL I HAXOXKIAEHUA [, C2 U
€1, €2

C, =0, (e. —c1)+(c-3—c-3)y=0,
€1 +ex =0, €2 —c2 =1,

OTKYAa HanugeM

cp =0. co=y—-1; ey =—y, €=y
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M, COOTBETCTBEHHO,

[ (y-Dz, 0<z<y
G(:B,y) - (g;— l)y, 1>xz> Y,

COBIANAIOIIYIO C HaiiileHHON paHee (21.18).

IIpumep 22.2. C noMoimusio pysxkimu ['puaa HaiTu peillenue KpaeBoi
3agaun

zu'(z) + u'(z) = T, z €]0,1[; (22.6)
lu(0)] < oo, u(1l) = u'(1). (22.7)
Pemienue. HaitneMm cHagana obiee pelenue oqHOPORHOIO ypaBHEHWS
zu’ +u =0. (22.8)
HerpyaHo 3ameTnTs, yTo ypaBHesme (22.8) MOXHO IIPEACTABUTD B BUMIE
(zu') =0,

OTKYZAa I0C/Ie ABYKPATHOTO MHTETPMPOBAHMA MIMeeM

u(z) =c1 +cz2lnc. (22.9)

Pynkuusa (22.9) ymoBneTBOpseT TPaHMYHBIM yciaoBuaM (22.7) Tombko
opu ¢; = ¢ = 0. Takum ob6pazoM, ogHOpoAHag 3aflada VMeeT TOJIb-
KO TPHMBHAJIbHOC pelleHNe U, CIeAOBATeNbHO, dbyHKmma I'puna szagawm
(22.6), (22.7) cywecTsyer.

Cornacuo (22.5), mmem G(z,y) B Bune

_ c1 +c2lnz, 0<z<y,
G(z,y)—{ e1 +exlnz, 1>z>y.

-

W3 ycnopmit «cummBammsy» (22.3) u rpasmunsix ycraosmit ansa G(z,y)

=0,

. d
im [G(zy)| < o0, [Glo,) - 5-Gla,v)]

x=1

cnepyommx w3 (22.7), nonydyaeM cucTeMy AN ONpPenesieHMA Ci, C2,
€1, €2

(e1 —c1) + (e2 —c2)Iny =0, (22.10)
1 1
(e2 — 02)_ = - [Pn(y) = y]a
y y
lim |1 + e2Inz| < o0, (22.11)
=0

e; —eq = 0.
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N3 TpeTbero ypaBHeHU A 3TOM CHCTEMBEI CJleAyeT, 4To ¢c2 = 0, a 13 ocTas-
LUMXCSA YPABHEHMI HaxoauM e; = e2 = 1, ¢ = 1+Iny u, coorBeTcTBEH-
HO,

l1+lny, 0<z<y,

G(z,y) = l14+Inz, 1>z>y,

OTKyna

1

u(x) =/G($,y)ydy=

0

x 1

1, 4
= /(1 +Inz)ydy + /(1 + Iny)ydy = Z(T' +1).

0

23. Kpaepag 3agaua nJia JIMHEMHBIX
AnddepeHnNATILHEIX YPpaBHEHUN
C mapaMeTpom’

PaccMoTpuM noapobuee onuy u3 HambGosiee pacnpoCTPAHCHHBIX B
MaTeMaTUJYeCKon ¢uiMKe 3agayd

[La(z, D) + Ap(z)]u(zx, N) = f(z), = €]0,{[, (23.1)
Vi(u(0,A)) = Va(u(l, A)) = 0, (23.2)

rme A — BELUECTBEHHHINA IApaMeTp, a

d d
L:(z,D) = Ek(w)a; —q(z), (23.3)

Vi(u(0,))) = aou(0,)) — a;u'(0, ),

(23.4)
Va(u(l, N)) = Bou(l, N) + Brv' (1, A),
oyuxwmu k'(z), ¢(z), p(z) Henpepmpunl, npmwaem k(x) > 0, ¢(x) > 0,
0 < p(xz) < oo mana Bcex = € [0,l], a wcna a;, Bi ymROBIETBOPAIOT
yCJIOBUAM
a 20, a 20, ao+a; >0

ﬂ0>0, ﬁl?oa ﬁ0+ﬁl>0

OTMeTHM, YTO camMoconpsxeHHas ¢popMa onepaTopa (23.3) He orpa-
HIYNBACT OOIIHOCTH paccMoOTpeHUs 3axayum, IMOoCKOJBKY Ji0boil onepa-
Top (18.2) BrOoporo mopsaka MoxeT 6mTBL 3amucax B Bume (23.3). B
CBOIO O4epelnb, MHOTOUMCIIEHHEIEe Tpe6GoBaHMA K QUTypHMPYIOILIMM B 3a-
Kavue GYHKIMAM ¥ KO3GOMIMEHTAM ABAAIOTCA Pa3y MHBIMY O PaHITIeHN-
AMI, BBITEKAIOILMMY U3 GU3MIECKO IIOCTAHOBKHU 3aZau. EcrecTsenHo,

(23.5)
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YTO HEKOTOpPhIE€ M3 HMX MOT'YT BapbMPOBATELCA, TOrKa 3T0 OyaeT crelm-
anbHO oroBopeHo. Hakoren, ycmoBusa (23.5) obecneumpaioT yMHeMHY 10
HE3aBMCMMOCTh CpaHMUHHIX ycnoBuit (23.4) Tax. uTo

R ap - 0 0 _
xa.ng( 0 0 Bo ﬂl)_z.

OmnepaTtop (23.3) u rparmunble ycnopus (23.2) nopoxaaoT 3agady
Ilrypma—JInysunna

[La(z, D) + Anp(z)]un(z) = 0, (23.6)
Vi(un(0)) = Va(un(l)) = 0,

COOTBETCTBYIOLIYI0 KpaeBoi 3amade (23.1), (23.2). Pewenne xpaenoit
sagaum ¢ mapameTpoM (23.1), (23.2) cymecTBeHHBIM 06pa3oM 3aBMCHUT
OT COOTHOLUECHMsI MeXJIY NapaMeTpoM )\ ¥ COGCTBEHHBIMM 3HaAYEHUAMM

An.

JIemma 23.1. Pewenue xpaesoti 3adauu (23.1), (23.2) cywecrneyem u
HCAZEMCH COURCTNBEHNbIM, CCAU IHAUCHUT NAPAMCINPG N OTRAUNGOTRCE
om cobcmeernbiT anauenut N, 3adauu IlImypsma-Jluyeussg, m.e. npu

A% A

v’

Hoxa3arenscTtBo. IIycts
u(z,A) = Cruy(z, A) + Coua(z, A) (23.7)
—- of1ee peureHe OQHOPOMHOT'O ypaBHEHUS
[L2(zy D) + Ap(z)]u(z,A) = 0, (23.8)

IOACTAHOBKA KOTOPOTO B rpaHuymble yciosus (23.2) npuMBomuT K cumC-
TeMe

Vi(u(0, X)) = C1Vi(w(0,N)) + Ca Vi (1

2(0,A)) =0,
Va(u(l,A)) = CLVa(uwn (1. X)) + CQV_,(ug(g, ) (23.9)

A)) = 0.

CornacHo Teopemam 12.1 u 12.2, cyliecTBOBaHME U €AMHECTBEHHOCTD
peuresms xpaepoit 3agaum (23.1), (23.2) o6ycnoBneHo cymecTBOBaHMEM
TPMBMAJILHOTO pelleHMs ypabHenus (23.8), T.e. ycioBueM

Vi(ui (0, A V1 (u2(0,
det V(}) = Vzgmg” ,\)))) V’-’EM%?» f)))) |;£0. (23.10)

Ycnoeue (23.10) IPOTHUBONOIOKHO YCIOBMIO CYIeCTBOBAHMA HeTPMBU-
anbHBIX peuterHyi sagaum Hlrypua-JInyennng, onpeaensiomenmy cnexTp
CcOOCTBEHHBIX IHAYEHMI )\,

det V(An) = | Y1(un1(0:2n))  Vr

2 0, /\n —
= Vz(‘u,u (l,/\,,)) V’%’llnzgl,/\ ,)))) ' = 0, (23.11)
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I tpl, Yn2 — GYHAAMEHTANbHAL CHCTEMa pelueHuy ypasHenus (23.6).

Taxum o6pa3soM, onpenesmrens (23.10) 6ymeT oT/I4EH OT Hyns
TOJILKO NIPU YCJIOBMHE A # \,;, 3HAYEHUE KOTOPHIX HAXOZATCHA U3 pellle-
Hus ypasHerus (23.11) u'cocTaBALIOT CHEKTP COOGCTBEHHBIX 3HAYEHMIA
An 3agaum (23.6), 4To ¥ TpeboBATIOCH AOKA3ATS.

3aMeTHM, UTO IIOCKOJILKY 0ObIuHAasd KpaeBas 3ajada ABJIAETCSA “1acT-
HEIM CJIydaeM Kpaenoll 3agauu c napaMerpoM A = 0, To s Hec ycno-
BH€ CYLUECTBOBAHNUSA ¥ eAWHCTBEHHOCTM PeLIeHUsd, 3akKJlojalolleecs B
CYLIECTBOBAHMM TPUBUAJILHOIO PELIEHUS ONHOPOAHOM 3ajauy, MOXeT
6LITh CHPOPMYIMPOBAHO KaK OTCYTCTBHEe 3HaueHMz A = 0 B crekTpe
COGCTBEHHEIX 3HAYEHMA A,, T.e. A, # 0.

23.1. Pyuxumsa 'puHa KpaeBoM 3amgaum ¢ mapaMeTpoM

IlepeiineM k pewrermio sanauu (23.1), (23.2) npm ycnobmm, uto A #
An. Hycte wy(z, M), va(z, ) — QJYHnaMeHTcUILHaH CUCTEMA PeLICHMUIA
ypapHeHus (23.8), a vy(x,\) u va(r, ) — MxX JMHekHbIe KOMOMHAIIM,
YZOBJIETBOPAIOLIME I'PAHMYIHBIM YCIOBUSIM

‘/1(‘01 (0, /\)) = V;('vg(l, /\)) =0. (23.12)

HSBCCTHO, 49TO0 TaKNE€ OTJIMYHBIC OT HYJIA PEIUCHNA DCermga CcyniectT-
BYIOT 1 ABJIAIOTCA JIMHETHO HelaBucMMEIME. B IIPpOTUBHOM cClJIiydae, eCim

v1 (x) = Cva(x), TO

det V()) = Vl(vl§0w\)) Vi (v2(0, \))

Va(ui(L,A))  Va(wallA)) | =

a 3TO, BONPEKM HPEATION0XKEHNIO, 03HAUAET, UTO U) (z) smBageTca cober-
BEHHOM (PYHKIMEH C HEKOTOPLIM COOCTBEHHBIM 3HAUEHUEM A = \,.

Pewterme HeomsoponHoro ypasrerus (23.1) GyneM MCKaTh MeTOAOM
BapMaliu [IPOM3BOLHEIX ITOCTOAHHBIX

u(z, A) = Ci(z, N)vi(z, ) + Ca(x, Nva(z, A), (23.13)

B cooTBeTcTBMU C KOTOpEM yrxmm C|(z, . C3(x,\) nomxun ynon-
JIETBOPATEL cucTeMe auddepeHIMaIbHBIX yPaBHEeHUN

Ci(x, Mvi(z, ) + Ca(z, N)va(z, ) = 0,

Ci(z, M\)vi(z, ) + Ca(z, Nva(z, ) = %,

z€[0,l] (23.14)

C JIOTIOTHUTENLHBIMU YCIIOBUAMMU
Ci(l,A) = C2(0,)) =0, (23.15)
BeITeKaoumMu u3 (23.2), (23.4), (23.12) u (23.14), nmockonsKy
Vi (u(0,))) = C1(0, ) Vi (v1(0, 1)) + C2(0, A Vi (v2(0, 1)) -
—a1[C1(0, A)v1 (0, N) + C2(0, M)v2(0,A)] =0
Va(u(l,A)) = Ci(, )Va (v (L, A)) + Ca(l, M) Va(va (1, M)+
+6:1[C (1. MN)vi (1, \) + Ca(l, A)v2(l,M)] =0.

(23.16)
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B (23.16) nepBrle cnaraeMsle paBHBI HYJIO coryacHo (23.12), mocneanme
— cornacHo (23.14), a ocTaBLIMecs yPABHEHMA 3AIACHIBAIOTCA B BUAE
(23.15).

Tax kax onpeaermTens cucTeMsl (23.14) npencrasnser coboit BpoH-
CKMAaH JIMHEMHO He3aBUCUMEIX PeLICHMI, TO

W(qlvv2) =

v U2
Lo | £0
Uy V2

ana Becex & € [0,1], n, cnemoBaTensHo,

_ f(z)va(z, X)

k()W (v1,v2)’
oo (23.17)
k(z)W (vi,v2)’

Ci(z, ) =

Ch(z, \) =

Ecmu Bocnionb3oBaThea dopMynoit JInysunns
k(z)W (vi(z, X)), va(z, A)) =
= k(0)W (v1(0, ), v2(0, X)) = E(0)W (0, )),

TO MHTerpupopanue (23.17) ¢ yueTom (23.15) naeT

{
Ci(w,\) = k(O)W}'(O, 5 / Fy)va(y: Ndy, Ci(l,A) = 0;

Cr(e ) = gy | F @l Ny, Galt, ) =

OTKyZa
I
u(c,A) = k(O)W];(O Y [vl(m,A)/f(y)zrg(y,A)dy+
+v2(z, A) / f(y)n(y, /\)dy]
I

{

u(z, A) =/G(:z:,y,/\)f(y)dy, (23.18)

0
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rmge

G(x,y, )

1 {vl(m,/\)vz(y, A), 0<z<y; (23.19)

T EO)W(0,N) vy, Nva(z,)), y<z <L
Taxum o6pasoM, moxazaHa

Teopema 23.1. Ecau napamemp A\ ne gesagemca cobcmeennbis 3Na-
uenueMm A, onepamopa Lz (z, D), mo pewenue xpaeeotl aadauu (23.1),

(23.2) cywecmeyem, geagemca eOuRcmoerKbik U 3adaemc Popmyaa-
xu (23.18), (23.19).

Hcnomeays nonyyennsle GpopMyssl, MOXHO [OKa3aTh, YTO QyHKLMA
G(z,y, ) ymoBieTBOpAET KpaeBoil 3anade

[L2(z, D) + Mp(z)]G(z,y,A) = 8(z — y), (23.20)
V1(G(0,y, ) = Va(G(l, =, )‘)) = 0. (23.21)

HeitcTBuTembHO, M3 BRmonHeHna (23.21), cornmacuo (23.18), cnemyer
(23.2), Honoxus f(z) = d(z) n BosmeitcTeys Ha (23.18) omepaTopom
La(z, D) + Ap(z), monyuaem (23.20).

C apyroit cTopoHn, HerocpeacTBeHHo U3 (23.18), (23.19) BriTeKaeT,
9TO0

1) ¢yukums G(z,y,)\) BelleCTBEeHHa M HeNpephLIBHa B KBaipaTe T €
[0,1], y € [0,1];

2) mpomaponuaf G:(T,y,\) TakXe HempepLIBHA B YKA3AHHOM KBaApaTe
3a MICKJTIOYEHNEM NUATOHANM T = Y, T'l¢ OHa MMeeT CKajuoK

1
G"‘(y—"'o’y”\) ""G-'L‘(y"' O’yaA) = m')';

3) BHe puaroHanu r = y ¢ymxmug G(z,y,\) Kax PyHKImMA T yHOBIE-
TBOpPAET ONHOPOAHOMY YPABHEHUIO

[Lz(:l:, D) + )\p(:l.')]G(:E,y,/\) =0, T # v,

C rpaHMYHBIMY yclloBuaMu (23.21);
4) oyuxmms G(z,y,\) cummerpuuna, T.e. G(z,y,A) = G(y,z,A).

Taxum o6pasom, ana pyuxipm G(z, y, A), KOTOPYIO HA3RIBAIOT QYyHK-
mmert I'puna kpaeBoit 3azauM ¢ IIapaMeTpoOM, MBI MMeeM IBa 3KBHBa-
JIEHTHEIX OIIpefie/IeHM: BO-TIEPBLIX, KaK pelIeHnd KpaeBol 3axaun (23.20),
(23.21); Bo-BTOpHIX, Kak GYHKIMM, YAOBJIETBOPSIOIIEH COBOKYITHOCTH
cBOitcTB 1-4, He KCHONBL3yIOIMX HNOHATUA 06o6meHHBIX (ynxipm. W,
HakoHerl, dopmyna (23.14) osnauaer, uro pymximio G(z,y,A) MOXHO
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paccMaTpHMBATBH KAK SAPO MHTErpajibHoOro orncpatopa ( Ln + Ap)~!, 06-
paTtHOTO K La(. D) + Ap(z), T.€.

(L2 + Ap) ' (L2 + Ap)u(z) = u(z) = (L2 + Ap) ™ f(=).

TakumM o6pazom. TpeGoparme A # A, B TeopeMe MOXHO PacCMaTPUBATh

KAK yCJIOBMe CyLIecTBoBaHMs obpathoro oneparopa (L» + /\p)_1 .
EcrecTBenno, uTo npu A = 0 MuI Bo3ppaujaeMcsa K 06BIYHOI KpPacBon
3afiade U obnruHon ¢ymkiwm I'puna G(x,y).

IIpnmep 23.1. Halitk peluerme kpaeBoil 3afauy ¢ NapaMeTPOM

2
(% + ,\) w(x) = f(z), (23.22)

Vi(u(0)) = «(0) =0, Va(u(l)) = u(l) = 0.

Pemtenue. Crnenys u3noxXeHHOMY BhILIE METOAY, HAMAEM pelIecHUE Of-
HOPOQHOTO YPaBHEHUSA
u’ + du=0. (23.23)

Tax kax KOpHM XapakTepPUCTUIECKOro ypaBHeHHA ki 2 = xv—A, To
dyHAAMEHTAILHAR CHMCTEeMa MMeeT BUN

V=Xz

i (z) =e \ as(zr)=e

—V=Re

Y nobHee, ogHAKO, B KauecTBe dyYHAAMEHTAJIbHOM CHCTeMBl BnIODATH
P YHKIINM

— €

L}

1 (e\/—_/\::
2/=X
1 x —vV=Az
E(e‘/__)‘ te vV ).

Taxoit BHOOP CTAHOBUTCA MOHATHHIM, €CJIM YU€CTb, 4TO mpu A — 0
NOJIy UMM

wr(x) = —V=AE

(23.24)
ug(:l:) =

uy(x,0) = lim vy (z. X)) = =, ua(z,0) =1,
A=+0
KOTophle 06pa3yioT pyHNaMEHTAIbHYI0 CUCTEMY PELIeHWA yPADHEHUS

(23.23) mpu A = 0. Takum o6pa3som, cuctema (23.24) crpaseamisa npu
mobeIx .

B xauecTBe QyHKIMM V) (T, y), yAOBIETBOPAIOLIEH IEPBOMY IPaHIY-
HoMy ycnoBuio (23.22), MoXxHo BRIGpaTs pyHKIMIO U (T,Y), T.€.

v1(z,A) = ui(z, ), (23.25)

TaK KakK
V] (0, /\) = Ui (0, /\) = 0.
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Ilnsa onpenenerms vo(z,\) mosoxum
v2(l, ) = Cruy (z, A) + Coua(z, )
u norpebyem
v2(l, A) = Crua (1, A) + Caua(l, A) = 0.
Orcrona .
u2(l, A)

Cl == —Cg u.l (l, A)

C-
Cw (L)
Bribupas Cy = —uy(l,A), c yueTom (23.24) umeem

va(z. A) =

[te1 (2, M ua (2, A) — wa (1, A)ua (2, N)].

1 vV=2A(x-1) —V=A(z=1)
2T, \) = ——— — . 23.26
SR W ’ ] (2.20)

ITo (23.24), (23.25) u (23.26) BEIMC/IMM BpPOHCKMAH
W(v,ve) = (23.27)

1 VIR _ =V

=2\/[
L[V eV
2

[e\/'-'-T(z-t) _ e—\/—_A(r—l)]
2\/—/} —
E[em(z—l) +e—\/:A_(.r—l)]
1 V=X~ =X
2\/__)\[(3 e .

Tak kak k(z) = 1, a W(uv,,v2) He 3abucur ot z, To G(z,y, A), cornacHo
(23.19), sammreTcs B BUAE

1 1
T VN eV g R

G(z,y, )

(23.28)

[e‘/j"" _ \/—z][ vV=Aly-0) _ —\/3(11—1)] 0< <y
[e\/'—_i'y "‘/_"][e Alz=—l) _ —\/—_A(r—')] y<z<l

Hna KonxpeTnsix A Bripaxenne (23.28) MOXHO 3ammcaTb
a) A= —w? <0, V-2 =w,

1 sh wrshw(y—1), 0z <y;
G(IE,y, A) = wsh wl sh uJySh w(:l,' _ l), y 2 T < l. (23.29)

6) \=w =0,

_ 1l x(y-—1 0<z<y;
G(z,y,0) = -l—{ y(z-—lgz nygl. (23.30)
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B) A =w? >0, V=) = iw,

1 sinwrsinw(y —1), 0
G(z.y,A) = wsinwl | sinwysinw(z —1), y

I (23.31)

Jlerxko saMeTMTH. 4TO mpOMeXyTOUHEIN ciaydair 6) (23.30) Moxer
66ITH Tonyded u3 a) (23.29) u B) (23.31) mpenenbHBIM IePEXOAOM NP

A = +w? - 0. HeitcTBUTENBEHO, HATIPUMED,

. 1 . .
lim sinwrsinw(y —1) =

w0 W SINW
sin wa sin w(y—1{)
_oy—=) . e —o-m _ #(y—l)
- — sin;ul - l
w

l w—0

U T.A.
Ina ncex Tpex cnyuaes peurenue 3agaun (23.22) onpeanengeTcsa Bhi-

paXxcHINEM
{

u(x, A) =/G(:z:,y, M) f(y)dy. (23.32)

Onnaxo ecrm nns ciydaeB a) u 6) peurenme (23.32) cymecTByeT M ofi-
HO3HAYHO, TO WA ciayuas B) mpu A = (wn/l)? (w = mn/l), n = 1,00,
peurerne (23.32) MOXET He CyHIECTBOBATb, IIOCKOJILKY IIOCIEAOBATEND-

(2] — ~
HocTe (mn/l)”, n = 1,00, npeacTaBngeT co6oit criekTp cOGCTBEHHBIX
3HayeHmi1 A, 3anaum lllrypma-JInysunns

Up+Antin =0, un(0)=u.() =0, z€[0l], n=T

c cobcTBeHHBIMU pyHKIMAME (cM. npumep 2.1 pasx. «3agaua lTypma-
JIuysunnas» uactu III)

un(z) = Cp sin 1r1lm: . (23.33)

Ilo noBony peurerms samaum (23.22) mpu A = (mn/l)? cM. npumep
23.4.

IIpumep 23.2. Ina sagauu lItypma-JInysunna (23.6) maitTu ycio-
BUA, IpH XO0TOPEIX A = 0 apngeTca co6CTBEHHEIM pelIeHMEM 3aZadu, a
TAKXE COOTBETCTBYIOIIYIO €My COOCTBEHHYIO (DYHKIMIO.

Pemenne. Ilycte uo(zr) — cobcTBenHas ¢yHKUMS, COOTBETCTBYIOIIAL
co6cTBeHHOMY 3HadeHuIo A = (), T.e.

’Lg(:n, D)uo(z) = 0. (23.34)
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Torga, cornacuo (23.3) u (23.34), BrIpaxenue
|

(Antn(z)|un(z)) = /A,,p(:z:)u',z,(m)dm =

0
{

= — /[Lg(:l:,D)u,,(a:)]u,,(:z:)d:z:
ang we(z) m A = 0 npuHUMaeT BUA
]
/{[k(:z;)u(',(m)]' — q(z)uo(z)}uo(z)dz = 0. (23.35)

C y4eToM TOro, uTo

[R(z)ug(x)]) o (x) = [wo(z)k(z)ug(z)] — g (z)[k(x)ug(z)]

BeipaxXcHue (23.35) MoxHO 3ammcaTh

]
- /{k(ﬂf)[":)(ﬂi)]2 + g(z)ug (x) }dz+

+k(x)uo (z)ug(z) ; =0. (23.36)

Ilockonbxy m3 (23.2) umeeM

uh(0) = %u(O), W'(1) = =2y,
1

B
1o (23.36) mpuMeT BUL

{

- / (@) (@) + gl (o) }do—

0
Qp =2

—k(O)g‘llur',(O) - k(l)(—x—l-u'(l) =0 (23.37)

(ocrensme crmaraeMsle mpu a; = 1 = 0 orcyrcrpylor). M3 (23.37) B
CUIy Ipenrosnoxenus, 1To aius cex = € [0,1] semravmm k(z), g(z), a;,
B; He MoryT GBITH OTpPUIaTENLHEIMU, a A(T) ellle 1 OTIMUIHA OT HyJA,
IIPUXOAMM K 3aKJIIOYEHUIO, UTO

k(z)[uo(x)]* =0, g(z)ug(z) =0, ag = fo =0,
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OTKyda CJIeAyeT, UTO A g = const # (0 Heo6XOMMMO BBITIOJTHCHME
ycnoeusg ¢(x) = ag = Bo = 0. IlokaxeM, 4TO 3TH yclIoBUA ABIAIOTCH U
JOCTATOTHBIMU.

IIycte ¢(2) = ao = Bo = 0. Torma B cuny (23.5) ay >0, 51 >0, u
3agada (23.6) npenpamaeTcsa B CHEAYIOLIYIO:

[(z)up(z)]' + Ao(z)u(z) = 0,
u (O) =u'(l) =0,

IIA KOTOPOM 9 = coust‘ecTh cobcTBeHHAf (PYHKIMA, COOTBCTCTBYIO-
mas cobcTBenHoMy 3Hadermio A = 0.

Taxum 06pa3oM, MBI IIOKa3aJIM, YTO HEOGXOMMMBIMY ¥ ROCTATOYHA]-
MU yCJIOBUAMMU, IPU KOTOPEIX A = 0 ecThb COOCTBEHHOE 3HAYUCHUE 3alauN
(23.6), mBngIOTCE paBEHCTBa

g(z) = ao = Bo =0, (23.38)

npudeM cobcTBeHHAS GYHKIMA o (T ), COOTBETCTBYIOLIAA COGCTBEHHOMY
sHaueHnio A = 0, ABIgeTCA NOCTOSHHOM.

23.2. KpaeBas 3anaua nis ypaBHeHusn beccensn

PaccmoTpumM xpaesyro 3agauay (23.1), (23.2) ans KoHKpeTHRIX GyHK-
mmit k(z) = p(x) = z, a ¢(z) = v*/z. B 3ToM ciyuae
lim k(z) = 0,

r—0

1 NepBOe rpaHIIHoe ycioBue (23.2) cireayeT 3aMEHUTDH YCIIOBHUEM OTpa-
HIr4eHHoCTH GyHkipm B Touke T = 0. Takum o6pa3zoM, MEl IIpUXoauM K
3agade

d d °
(&—:-l:-ng - l—/x_" + )\17) :I:, )‘) = f(m)s T E]Ovlh (23.39)
[w(0)] < ooy PBou(l) + Pru'(l) = 0. (23.40)

Ypasuerne (23.39) mpu f(r) = 0 sBageTca ypaBHeHmeM Beccens c
MHAEKCOM I M MMeeT CIEAYIOINYI0 GYHAAMEHTANBHYIO CHCTeMYy pelile-
Huit (cM. pasn. «Pyuxmum Beccena sroporo pona» wactu I11)

ui(z, ) = J.,(\/X:z:), uz(z,\) = N.(Vz), (23.41)

onpenenuTeNs BPOHCKOro KOTOpOil paBeH

W[J.,(\/X:c), N.,(\/X:c)] = &

T

ITockomsky mpu k(x) =

1S

k(z)W [J(VAz), No(VAz)] = (23.42)
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He 3ABHCHT OT &, TO N4 nocTpoerus ¢yuxknm I'puna G(xz,y, A) 3agaunm

(23.39), (23.40) moxHo Docnonb3opaThea dopMynoit (23.19).

Hnsa satoro v (z,\) MoXHO BHIGPATL B BHAE

vz A) =L (VAz), v 320,

TaK KakK

lim |.J,(VAz)| < oo,
r—+0

a v2(x, \) IONOXUTH

va(z,A) = C1J,(VAz) + Ca N, (VAz)
U noTpeHoBaTh BRINIOHEHMA BTOPONO 'PAHMYHOTO YyCJIOBUSA
ﬂovz(l, A) + ﬁlv-'_,(l, A) =0.

Ozcioga
va(z, X) = —Ca[A,J, (VAz) — No(VAz)],
rne
A = BoNo(VA) + B VAN, (VL)
Y Bodo (VA + B VATL(VAL)

Bribpas C2 = —1, ¢ yueTom (23.19), (23.42), (23.45) u

W (v (2, 2),v2(z, A)) =

= W(J, (\/—.B),A Jo(VAz) - N,,(\/—.z;)) = ___\{__
nMeeM
G(z,y,\) = —%x
{Jv(\/_x)[AuJ \/—y) N, (\/—y)], 0Lz <y;
\/_y)[A., v(\/_m) - Nu(\/—m)], y<z gl
OTKyZRa

{

u(z,\) = /G(w,y,/\)f(y)dy-

0

(23.43)

(23.44)

(23.45)

(23.46)

(23.47)

HaitneM Teneps ¢yuxumio I'pyma xpaeboit sagaum (23.39) mpu A =

0.
Jna ypanuenns Oinepa

[ru'(z)]) — -l;iu(:c) =0

(23.48)
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BMECTO CTAaHAAPTHON cucTeMH T, £~ 7 BrIGepeM byHKIM

uy(z) = =", ua(z) = ziu-(:c" -z "), v >0, (23.49)

KoTopeie 06pazyoT PyHAAMEHTAIBHYK) CHMCTeMY pelueHui u ripu I- = 0.
HeficTBUTENMBHO,

Hm u (z) = 1, hm uz(z) = im (:z: ") =Inz, (23.50)

v—0 v—0 2v

T.¢. Oyuxipm (23.49) npu v = 0 ynorserBopsioT ypanueumio (23.48) u
JIMHEeNHO He3aBMCHMMBEI. B KauecTBe QyHKumMuM v)(T), yAOBIETBOP AIOLIEH
yciopuio (23.40), MoxHO BrIOpaTh QYHKIMIO

vi(x) = ui(z) = z". (23.51)
Ina onpenenenuig v2(zr) momoxum
-uz(:z:)'= Ciz"” + %(m" —z7")

u norpebyem
Bovz(l) + Biva(l) = 0.

Orcona
va(x) = g—z(aym" -z "),
rae
Bol — Brv/
[ 34 = . 23'52
a e2p(ﬁ0l +ﬂ11’) ( )
Bribpan C; = 1, umeem
1 v —-v
va(x) = Z—V-(a.,:z: -z ). (23.53)

Ilo pysxumam (23.51) u (23.53) BerumcimiM onpenesmTess Bporckoro
W (v1(x), v2(x)) = W(m", L (ayz® — m—")) =1
2v T

Toraa
k(z)W (vi(z),va(z)) = 1,

u, cornacHo (23.19), pyuximsa I'puna nmpmsumMaeT sug

1 { t'[avy” —y~™"], 0<z<y;

G(z,y,0 23.54
(2.3,0) = 2v Ylawzs” — 27", y<zgl ( )

®opmyna (23.54) cnpaBenympa u nmpu v = (0, Tak Kak

1 =) = T
lmy ptens” =) = g+
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Hn, ciaengobpaTeJIBHO,

—ﬁ—ll+1n% 0< =<y
G(z,y,0)| _ = %0 L (23.55)
- ~ L tmI, y<ogl
Bol T

TakumM oGpa3zom, peurerme 3agaum (23.39), (23.40) mpu A = 0 mo-
IPCKHEMY ompenesnacTes dopmynoir (23.47), roe dyuxmusa G(x.y, A)|a=o
G(z,y.0) sagacTca BeipaxecHueM (23.54) wmm (23.55) (mmpm » = 0).

Pewrenue xpaenoit sagauu (23.39), (23.40), onpenenseMoe $yHKIMeEH
(23.47), onHo3HaUNO U CyIIECTBYET OJIS BCEX A, He SABJIAIOIMXCSA KOPHSA-
MM ypaBHEHM S

podu(n) + Byl =0, = VAL (23.56)

TaK KaK KODHM <, ypaBHeHus (23.56) o6pa3yioT cnekTp co6CTBEHHEIX

. 2
sHauerwt A = (v,)” sagawm Mltypma—JInysunns nns ypasuenus Bec-
cens ¢ cobCTBEeHHBIMU DYHKIMAMMU

un(z) = Cpnd, ('Yl—":z:) \ n =100

(cM. pasn. «3anava ltypma-JInysunng ans ypasuenns Beccens» gac-
™ I1I).

IIpn v = 0 13 (23.56) cienyeT, 4TO CrieKTP COGCTBEHHBIX 3HAYEHMIA
BKJIIoYaeT ¥ 3HaueHMe A = 0 c cobcTBeHHON QYyHKIMEN, ABIAIOIIENCA
IIOCTOAHHOM, ecmM By = 0 (m3 mpumepa 23.2 cienyeT aHAJOTWIHLIA
pesympraT: ecim A = 0, To v = B¢ = 0).

Taxum obpasom, B Tex ciayuasx, korna A = (y5/1)’ u A =0 (v =
Bo = 0), peutenne xpaesoit 3amaum (23.39), (23.40) HeomHO3HAUHO M
CYLIECTBYeT IO/ y3koro kiacca ¢dyuxumia f(z). K uccnegopanuio sTux
CJIyuyaeB MBI ¥ NepeleM, PACCMOTPEB CJEAYIOLMM IIPUMeED.

IIpumep 23.3. Haitu peiuexme xpaepoil 3amaum

2

2
zu''(z) + u'(z) — V;—u(:z:) =z’ -2z 4 3 (23.57)

|1(0)] < o0, Bou(l) =0, Po#0, =z€]0,1].

Pemenne. Tak xax By # 0, To A = 0 He aBNZETCA COGCTBEHHBIM 3HaUe-
HMeM cooTBeTcTBylowelr 3agaum llIrypma-JInysunng, u, cnemoBaTens-
HO, pelleHMe 3amaum (23.57) cymecTByeT, SBJ/ISeTCH €MUHCTBEHHBIM U
ompenenseTca ¢popmynamm (23.47), (23.54)

a

apz’ — 7Y of 2 2
u(z) = o /y (y —2y+§)dy+

0
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1
ZL'V 9 2
— u V— -” “ —2 - d o L ]
+2V/[a,y y ](y y+3) y (23.58)

IIpn v # 1,2,3 unrerpuposanue B (23.58) maeT

34 v 2

B ayzu _ :B—v (y3+u y2+u

14v
u(z) = 4 )
2v l14+v

+
(- J i L)

+23.59)
0

mwm

w(z) = —— — 2 + —VA,,, (23.60)

rmoe

A, = 3(a, — 1) — uq(a,, +1)
9 —v-
2(a, —1)—v(a, +1)  2(ay—1)—v(a, +1)
—9 + 2
4 — 2 3 1 -2

IIpn 1 = 1 b (23.60) criaraemoe y' ™" /(1 —r), ecTecTneHHO, 3aMeHs-
eTcsA BeJuuHoM Iny. Ananormuso Haxoaurcs w(z) mpu v =2 u v = 3.

23.3. HopmanbHas pa3peminmMocTh KpaeBhIX 3axay

Kaxnas xpaeBas 3agaua (23.1), (23.2) mopoxaaeT ABe BCIIOMOTa-
TesdbHBle 3amaum (23.6) u (23.20), (23.21) co crelMaTbHBIMU IPABBIMUI
JACTAMM, PaBHBIMM HYJIO ¥ §(T — ¥), COOTBETCTBEHHO. BrimmeM nx
cIte pa3s, MOJIOKMB A/ HPOCTOTH p(z) = 1,

La(z, D) + Aplun(z) =0,
[Z2(2, D) + An}un(z) =0, 2361
I,1(7-411) = Vl(un) =0
[L2(z, D) + N]G(z,y) = §(z — y),
Vi(G) = V2(G) = 0.
3anaya IItypma-Jluysunng (23.61) ompemenseT 3HaueHuMsa mapa-
MeTpa A (A # A,), WIS KOTOPBIX CYIMECTBYIOT OQHO3HAYUHEIE PELIEHNUA

MCXORHOM KpaeBoll 3afmaum. A 3amaua (23.62) ompenenser SBHBIA BUI
3THUX PeLUeHNH

(23.62)

{

u(z. ) =/G(m,y,))f(y)dy. (23.63)

0
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IMokaxeM, uTo, HAPAAY C yXe OOJYUEHHLIM NPEICTABIeHMeM (YHK-
um 'puaa b Bume (23.19), crpasennmso MpencTaBiicHUE B Bune pas-
JIOXKE€HMA N0 COGCTBEHHBIM GYHKIWAM t,(z) 3amaum (23.61) (cM. rnany
«Hurerpansusie ypaBucHua» yactu V)

' _ = Up (Z)un(y)
S0 = 2 T3 o P (264

Cuctema QpyHkmmit u, () momga (cM. pasn. «3anaua MTypma-Jlaysu-
nay» gactu 1II u pasn. «Jensra-pyuxiua Iupaxa u opToHOpMUpOBaH-
HEIE CHCTeMBbI GYHKIMIAS ), U, CIIeN0BATENILHO, AeibTa-byHKImMIo §(T — y)
B (23.62) MOXHO IpeACTaBUTH B BUIE

oo

(e — o) = Un(T)un(y)
=9 =D @l

Oyuxiio G(,y, A) 6ymeM UcKkaTh B BUAe Pa3jIoXKeHMA 110 cOGCTBEHHBIM
¢dyuxmmaM sanaxm lrypma-JInysunnsa

G(z,y,\) = Z Gn(y)un(z).

n=1

IloncTaBuB HosyueHHOe BHIpaXeHMe B ypanHeHue (23.62), mosmyunm

o<

(o + NGalphun(z) = 3 kD)

n=1 n=1

OTKyZ&a clenyeT

un(y)
Gnl(y) = = 5
L P W T
1, COOTBETCTBeHHO, (23.64).
IloncTranoBka (23.64) B (23.63) TakXe Mo3BOJIACT IOJIyATH PeLIC-
HMe KpaeBOH 3amajud B BHUIe Pa3iloXeHus Io0 coO0CTBeHHBIM (PYHKIMAM
Un(T) («pa3noxeHue Mo rIaBHBIM KoJie (aHUAM S )

[ =]

u(r) = )‘f"/\ un(x), (23.65)
rmge
~
[ f(z)un(z)dz
0 _ {f(=)|un(z))
S i = R

Kaxk cnenyet n3 (23.64), co6cTBerHbIe 3HAYEHMS A, ABJIAIOTCA IPOC-
TBEIMM noswcaMu GyHKwmM G(x,y, ). OTO 03HAUACT, UTO OpH A = A,
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Kpaepas 3agajua AJif DPOU3BOMLHBIX YyHKIMA f() pelteHusS He mMMe-
¢T. OnHako MOXHO yKa3aTh yCJOBUA, KOTOPBIM JOJ/DXHA YIOBJIETBOPATD
byuxiuma f(x), 4To6sl pelicHMe KpaeBoi 3aAady CYLIECTBOBAJIO.

IlycTs ) coBnmamaioT ¢ HeKOTOPBIM COGCTBEHHBIM 3HAYEHMEM Af, T.C.
A = Ar. Toraa u(z, A ), cormnacro (23.65), MOXHO 3amcaTh

. frur(z) fotin(z)
JAk) = bl g ciinl it g 23.67
w(m )= I a — X=X (2367)

Ecnu npennonoxnTs, uTé pemcrue (23.67) cyuecTsyeT. To 310 GymeT
po3Moxuo nipu ycnosmm fi = 0. Ipyrumu cnonamn, cnpabeaymsa

JIemMma 23.2. Heobzodumbism ycaosuesm CYuecmes o8 avud peueRud Kpa-
esoti 3adauu (23.1), (23.2) npu A = A\ Feademcd Yycaosue OPpMozoOKaAb-
HOCTIU

!
(f(z)|ur(z)) = /f(:l:)uk(:c)d:c = 0. (23.68)

Hoka3arenbcTBo. ¥Ycmobue (23.68) oueBuaHbEIM 06pa3oM BEITEKAET U3
ycropua fr = 0 u popmynsr (23.66). HanomuumM nuus, uto mng A =
At = 0 cobcTBeHHas pyHKIME up = const.

O Kpaensle 3agaum, nMelOle PelLIeHNe IIPY BLIMOJHEHMM YCIJIOBUA
23.68. HA3BIBAIOT HOPMAJILHO Ppa3lpelumMuiMu. B 3ToM ciydae pele-
HMC 3aZavyy HEOOHO3HAYHO M ONPCHEJIEHO C TOUHOCTHIO A0 ClaracMo-
ro Cu,(z). roe C — mpomsBosibHAA NOCTOSHHAA, a uUn(z) — cobcTBeH-
Haa ¢ynxiug sanaum llrypma-JInysunng, orsevuanias co6cTBeHHOMY
3HAYEHUIO A, .

Q Ananoruunas npobiieMa BO3HMKaeT B JIMHEeWHOI anrebpe mpu pe-
wenym cucteM Lu = f, rme u, f € R”, a L — xpagpaTHas MaTpuua
pasmepa n X n. Ecrt matpuna L o6patuma (det L # 0), To u = L™' f;
ecym xe MaTpuua L neobpatuma (det L = 0), To cucTeMa, Kak MpaBuio,
He MMeeT DELUeHMM, 3a MCKJ/IIOUEHMEM BEKTOPOB f, YOOBJIETBOPAIOLIMX
ycnosuio oproronansuHoct f 1 Ker L*, rme Ker L* — moampocTpas-
ctBo R", cocTodinee n3 peuieHmi1 COMpPIXEHHOM OTHOPOLHOM CHCTEMBEI.
Taxue cucTeMBl HA3LIBAIOTCA HOPMANLHO PA3PEIUNMEIMM.

Hns xpaepoit sagaum (23.1) ycrosue A = A (det V(A,) = 0), co-
raacHo (23.11)), menaet omepatop La(z, D) + Ar HeobpaTuMbIM, Tak
KAK ero MHTerpaymsHoc anpo G(z,y,Air) He ompenmesieHO. IOCKOJBKY Ak
fBNAeTcA NoniocoM ¢yuxkmm G(z,y,A). Ecrm xpaeBas zamaga (23.1)
opu A = A, HOpMATLHO pa3pelluMa, TO €€ pelleHre MOXHO NpencTa-
BUTEH dopmyroii (23.63) ¢ momonmio MonuduImponanHoit (0606LeH 0 )
¢oyuxmm 'puna G (z,y).

¢ Oynxima G, (z,y) HassiBaeTca MORUPUIMPOBAHHOM ¢yHKIMeH
I'puna xpacBoit 3amaum (23.1), ecym OHa yAoOBJIETBOPAET YPADHEHMIV

[L2(z, D) + A ]Gn(z,y) = 6(z — y) — — h‘f‘):;";(y) (23.69)
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C T'PaHM'IHBIM YCJIOBHEM
Vi(Gn(0,y)) = Va(Gn(l,y)) = 0. (23.70)

The A, — CcOGCTBeHHble YMCNA, a Uy, (L) — OTBedarollMe UM COGCTBEH-
uele dyuximpym 3agaxm Iltypma-Jluysunns (23.61).
Jlerxo nmpopepuTs, uTO pewreHue 3amaum (23.1), (23.2) u(z, An) umMe-

€T B
{

(T, An) = / Gn(z,y)f(y)dy. (23.71)

HeticTBuTeMbHO, U3 BBINOMHEHNA IPDaHWIHBIX yciaoui (23.70) crenyet
BHINONHeHMe yciaoBwi (23.2), a meiicTtBue onepatopa Lao(z,D) — A,, Ha
(23.71) o6pamaeT ero B TOXIECTBO

{
[L2(z, D) + Anlu(z, An) = /[Lz(m, D) 4+ NGu(z,y) f(y)dy =

l

= [ Tsta - 4 Sn(@un() e

0

ITockonbky dyuximsa u(z,An) ompenesieHa C TOYHOCTBLIO OO clarae-
Moro Cu,(z), C = const , ABAMONUIErOC pellleHMeM ONHOPOLHOIO ypasB-
Henusa (23.6), To IR OOHO3HAYHOTO ONPENESIEHN 3TOM MOCTOAHHOM MO-
nubmmposaHHyI0 dynkmmo I'pmna G,.(z,y) MOXHO IIOMIMHUTD YCIIO-

BHNIO
l

/G,,(m,y)un(z)d:c = 0. (23.72)

Ypasuerme nna Gp(z,y) oTaM4YaeTcs OT ypaBHEHMA A
G(z,y, A) HasDIMMEeM MONOTHUTENHLHOTO K §( — Y) c/1araeMoro, paBHOTO
Un(z)tn(y), T.6. KpOMe TOUEUHOIO MCTOYHMKA MPUCYTCTBYET MOMOJIHM-
TEJILHBIN HENPEPHIBHO pacIpefesIeHHBIN UCTOUHNK.

®uamyeckn 3TO 03HayaeT, YTO AJIZ COOCTBEHHEIX (Pe3OHAHCHHIX)
YacTOT (CTPYHHI WIM CTEPXHSA) KOHEUHOE CTaTHIeCKOe OTKI/IOHeHUe He-
BO3MOXHO IPM HaJIMIMM TOJILKO COCPEAOTOYEHHOM CMJIBI M HeobxomuMa
HENMPEPBIBHO pachpefesieHHas cwia. JpyrmMm ciioBaMu, «CTATHUIECKO-
ro®» pe3oHaHCa MOXHO M36eXaTh C IIOMOIILIO CIELMAJILHOM HeITpephIB-
HO pacHnpenesIeHHO! CHWIEI, ofecrieuMBalOLIel OTCYTCTBME Pe30HAHCHBIX
rapMOHUMK B pasjioxermmm (23.67).

Bce cxasannoe crpaBenymso u a4 ciaydad A = 0, 4To COOTBETCTBY-
eT pPe3OoHAHCYy Ha HYJIEBOM JacTOTe.
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Pewrenue 3agaun (23.69), (23.70) npn ycnobun (23.72) MoxeT 6rTh
HAMZEHO METONOM, aHAJIOTHYHEIM M3JI0XKEHHOMY B pa3n. «Ipyrue meto-
nel noctpoenua ¢pyuxkumu I'punay. HeicTeurensuo, o6o3uaump uepes
gn(T,y) m060¢ yacTHOE peurenue ypasHenus (23.69) mpu = # y, a de-
pe3 U, (z) — MmHeHO He3aBUCUMOE C t,(T) pelenue ypabuerus (23.6)
(25 () He ymoBseTBOpPSET PAHNMYHLEIM yCJIOBUAM, KOTOPLIM YIOBJIETBO-
pacT ty(z)), dyrxkimio Gy, (z,y) vilteM B BULe

Citin(z) + Caun(z),

. 0sz<y
Gn(2:9) = 9n(3:¥) ¥ { Gy () + Crun(z), y<o<l (2373

IlopTopss 3areM coBMecTHO c (23.72) Bce BRIKNaAKY pasn. «pyrue
MEeTOABI NOCTPoeHMA GyHKIym ['puHa», NpUBoAAILME K OXHO3IHAYHOMY
onpenenienuio ko3pdumenros C; u, cnenopaTensHo, dyukimu G (z,y),
MOXeM YTBEPXIaTh, YTO CIpPaBeRIMBa

Teopema 23.2. Heobzodumbism 4 dOCMAMOYKLIM YCAOBUCMH HOPMGAL-
Kot paspewusocmu xpaesot sadavu (23.1), (23.2) geagemca ycaoeue
(23.68). Ilpu amom pewerue evipaxcaemcg 6 eude (23.71), ade modu-
puyuposannag gynruug G,(z,y) onpedeagemca popmysamu (23.69),
(23.70), (23.72).

O Oyukums (23.71) ompenernena ¢ TOUHOCTHIO Ko ciaraeMoro Cuy, (i),
rae C - mpousposbHas nocTogHHasg. OnHo3sHauHBIM BHIGOp pellleHUS
MOXHO OCYINECCTBUTH, NoquMHMB byHKimo Gn(z,y) ycioBuo

(u(z)|un(z)) =0,

KOTOpOe 3KBUBAJIEHTHO yciopuio (23.72).

O Hecnoxuan., Ho rpoMosnkas 3amaua noctpoeruns G, (z,y) (cm.
npumep 23.4) MoXeT GBITH 3aMEHEHA KOPPEKTHHIM IPERE/LHEIM lepe-
xomom B dopmynax (23.63) u (23.67). HeitcTBuTe/IBHO, PACKPHITHE He-
ONpeNeNICHHOCTH B NepBOM ciiaraeMoM (23.67) nmosBosgeT HMONYYUTH pe-
weHne 4(z, A\, ) 3agauum (23.1) npu A = A, B Buge

]
u(z,An) = lim u(z,A) = lim /G(z,y, A f(y)dy, (23.74)

A=Ap A=A
0

YTO MBI ¥ IIPOMIJUTIOCTPUPYEM CIeAYIOLUMU IIPUMEPAMHU.

IIpumep 23.4. HaliTu peurenue xpaepoit 3agatum

2n

u'(z) + ( l )2u(z) = z(l — ), z €)0,1[, (23.75)
u(0) = u(l) = 0.
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Pentenue. 3anaua (23.75) xapakTepusyeTcs TEM, YTO PELICHUE OLHO-
PORHOM 3aZadM cOBIAXAeT ¢ COOCTBEHHOM (yHKIMEN

2, 2«
ua(z) = \/;sm 75

, 2
COOTBETCTBYIOILIEH COGCTBEHHOMY 3HaueHMio X2 = (2#/l)°, T.e. 3ana-
ya (23.75) uMeeT He emuHCTBeHHoe pelueHme. Jlerko mpoBepuTh, uTO
3azava ABIAETCA HOPMAJILHO Pa3pellMMoil, TaK Kak

] ]
/m(l — x)u2(z)dz = \/g/.r(l — ) s8in -led:c = 0. (23.76)
0 0

O6osmasmp ang ynobcrea A\ = wi, w, = m/l, f(z) = z(l — ) pac-
CMOTPHMM BO3MOXHBIE MCTORLI PELICHUS 3aRavIM.

I. Haitnem Monuémmposanuyio ¢pyrxumio I'puna Ga(z,y). dna ato-
ro HaM HeolxoauMo 1060e YacTHOe pelleHue YpPaBHEeHMUS

)

d- 2 2, .
(dm2 + wz) g2(z,y) = — 7 Sin w27 sinway. (23.77)

IIpumenus k (23.77) MeTox HeollpemeNIEHHEIX KO3 GMULMCHTOB, IOy M

gn(z,y) = — (sinw2z — 2w2Z COS w2z ) sin way. (23.78)

1
2lw3

Iockomeky 42(z) = coswaz, To G2(z,y), cornacuo (23.73), umeeT BUA

Ga2(x,y) = — T (sinwaz — 2wax cos wax) sin way+
2

{ Cicoswaz + Cysinwpr, 0z <y,

23.79
Carcoswat + Cysinwez, y <z <Kl ( )

rae nocrogHHele C; mo/MmXHB GHITH onpefeneHsl u3 yciosmit (23.69),
(23.70), (23.72).
I'pamrunmie ycnosus (23.70) naroT

G2(0,y) = Ci =0,

1 .
Ga(l,y) = o sinway cos wl + Cs cos wal = 0,

OTKynOa clienyetrT

C, =0, Cq = — . (23.80)
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Y cnosusg HenpepuBHocTH dyHKInm G2 (T, y) 1 ec mpousnonHoi IG2(T,y)/dz
IpU & = Yy NPUBOAAT K ypaBHeHmaM (cM. pasnm. «lpyrme meromm mo-
cTpoerus pyuxuuu I'pmmas)

(C2 — C1) cos way + (Cy — Cs3 ) sinway = 0,
—(C2 — C1)wz sinway + (Cy — C3)wa cos way = 1.

KoTophle ¢ ydeToM (23.80) BEIpOXKIAIOTCA B OQHO, MMeOLIEe PELUECHUE

Cy— C3 = —=22Y (23.81)

w2

Bripasum C4 uepes Cs u nepermuem (23.73) B Buac

1 . .
Ga(z.y) = — T (sinw2z — 2waT cos w2 ) 8in way+
ws
0, 0<z<y,
+Cs sinwaxz + ¢ sin wzuEa: - y) Cy<zgl (23.82)
2

OcTtaBuryrocs noctrosuryo Cs MOXHO HaiTH, moacTasun (23.82) B (23.72).
Takas momcTaHoBKa naeT

i {

) . .
T smw«_ry[/sm2 wga:d:z:—2w/z:cosw2:t:smw2:cd:c +
w3 .

0 0
{

!
+Cs /sin2 waz dz + / sinws(z — y) sinw:zdr =0. (23.83)
0

Wwa

v,
Yurs, uro

i !

sin’ waz dz = L, zsin2wyrdr = — ! ;
2 2wa

0 0
!

sinws(z — . 1 -
2 y) sinwszdr = — sinway + Y cos w2y,
w2 4w- 2wo

y

u3 (23.83) maxomuM

l —
Cs = ——— si -
*T e Y T o0

CO8 way/.
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Ioncranus Hamennoe 3Haderme Cs; B (23.82), mosyumum okoHdYa-
TeJbHoe Bhipaxerue nius Ga(z,y):

l —

1 .
Ga(z,y) = o 8iN w21 COS Wa T — 0y cos way sinwa + (23.84)

2

w
0, "0z <y
+ smwg(:v—y), y<z<l

W

Pewermne 3amaum u(z,'wg ), cornacuo (23.71), naeT MHTerpan

{

u(:c,wg) = /G(:c,y)y(l — y)dy.

0

N3 spuoro smna ¢oynxmm Ga(z,y) B dopme (23.85) c yueToM cOOTHO-
LLIEHUIA

4
l2
/y(y — 1)’ coswaydy = ——,
2

0

x

/ [sinw:(y — z)Jy(l — y)dy =

1 l . 2
= o [—:c(l —z)+ w—g—sm wol — ;-g-(l — cos wgz)] ,

HaXooMM pellleHME 3agayM

u(z.w3) =, ———= (lw— z) + =5 (1 — COSW2T) =

= (%)2[:1:(l—a:)+4(.%)zsin2 W—f-] (23.85)

I1. B cnyuae B) A = w? > 0 npumepa 23.1 nonyuena ¢pyuxmus I'puna

Ga(z,y,w’) = (23.86)

1 {sinwzsinw(y -1), 0<z<y,

wsinw! |sinwysinw(z —1), y<z Ll

IlokaxeMm, uyto Bhlpaxerme (23.85) mana G2(z,y) MoxeT 6uITH OOCTa-
TOYHO IpocTO monydeHo n3 (23.86) mpenesbHLEIM IepexonoM

Gz2(z,y) = lim

wows W Sin wl

x
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[sinwzsinw(y —1)],, 0K =<y,

X
[sinwysinw(z - 1)],, y<z<l,

(23.87)

rage wTpux ofo3HavaeT HNPOM3BOAHYIO IO ITaPpaMeTPy w.
HeticTourensho, peimosys B (23.87) onepamnm nuddepeHImpona-
HHIA, IIOJIYy UMM

1
G, = 1
2(<,y) ulyrg._. sin wl 4+ w cos wl X

zceoswrsinw(y — 1)+ (y — ) sinwzcosw(y —1), 0z <y,
X
yeoswysinw(z — 1)+ (y — )sinwycosw(z — 1), y <z |,

OTKYyZa C yueToM sinwszl = 0, coswal = 1 nMeem

Ga(z,y) = ——x (23.88)

wgl

{:c cos wez sinwey + (y — l)sinwaz cosway, 0 < z < y,
X

ycoswaysinwaz + (y — l)sinwaycoswaz, y <z L.

Bripaxenne (23.89) nerko mpusonuTcs k (23.85), ecrm npencTaBuTh
(23.89) B BuRe

1 . .
Ga(z,y) = 7 [:c cos waZ sinway + (y — 1) sin wax cos wgy] +  (23.89)
w2
0, 0<z<y,
G, y<z<l
rae .

G = ycoswaysinwaz + (y — l) sinway cos waz —

—T cos waZ sinway — (Y — l) sin w2 T cos way.
YrnpocTus 3TO BIpaxeHue, HailtneM
G = lsinws(z — y)

n ceonuT (23.90) x (23.85).

I1I. HoxaxemM, uro peurerne u(z,w’) (23.85) MOXHO MOIYUMTH Hpe-
Oe/IbHBIM TIePeXonoM

!
u(z,w’) = lim u(z,w’) = lim / G(z,y,w’)f(y)dy,  (23.90)

w—wy w—wo
]
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2
-

rae f(y) = y(l — y) cornacuo ycnosuio 3anaum, G(«,y,w" ) onpenenexo
BripaxeHueM (23.86) (cM. npumep 23.1).
HecTBUTEIIBHO,

l

u(x,w’) =/G(m»y,w2)y(l—y)dy=

0
S sinw(z — 1) (I — y)sinwydy+
"~ wsinwl | Yy —ysmeydy
0
]
+sinw:r;/y(l —y)sinw(y - l)dy}. (23.91)

A mockonnxy

£

/ y(l — y)sinwy dy =

0

1 2
= ——[:c(l—:t:)cosw:z:+ xsinwm+—7(1—coswm)],
w w*

{

/y(l —y)sinw(y —l)dy = —l-{a:(l —z)cosw(z — 1)—
w
_l - 2z
w

sinw(z —1) - ;22-[1 — cosw(x — l)]},

To (23.91) mpuHUMaeT BUZ

u(z,w’) =

= _1 {T(l - m)[sinwa: cosw(z — 1) — coswrsinw(x —1)] +
w sin wl w

+%{(1 — coswz)sinw(z — 1) — [1 — cosw(z — )] sinwm}}.

Bocnons3sopapurcr M3BeCTHLIMU TPHUTOHOMETPHUYECKIIMM COOTHOILUCHN-
AMH, 3TO BREIpAaXE€HME MOXHO 3aIIicaThb KakK

otor) = (ot 0+ 1= 2]}

B pesyneTaTe, cornacHo (23.90) u ¢ yuyeToM cos(wal/2) = cos® = —1,
mpuxonuM x (23.85):

i.z [:c(l —z)+ —2;(1 — cos wga:)] =

w w?

u(z,w3) = wl_i_:g

2



24. O60o61ucHuas 3anada Ko 579

= (%)2 [:r:(l — )+ 4(%)2 sin” Z—T]

IIpumep 23.5. Haittu pewrerme xpaepoit 3anauu

[zu/(2)]' = = — 2z + %, I.lm(l) u(z)| < oo, u'(1)=0. (23.92)

Pemuenne. MmeeM uacTHH ciyvait 3agaum (23.39), (23.40) mpu 1 =
Po = 0. CncnobaTenpHo,, \¢ = () gBnseTca COOCTBEHHBEIM 3HAUCHUEM
onHoponHoit 3amaum (23.92) ¢ cobcTpeHHon ¢ynxmmeir wo = 1. Hns
BRIACHEHMA Pa3pelUnMOocTH 3agaum (23.92) nponepuM opTOrOHAIIBHOCTD

byuxumit up 1 x° — 2z + 2/3. Iockomsky

1

/(m2—2w+ g)dmzﬂ,

0

3aKJII0YaeM, 4YTO 3ajada ADJIAeTCS HOPpMAaJLHO paspewrnmoii. Ins Ha-
XOXACHUA PelUeHus BMeCTO POMO3IKON Npoueqyphl MOCTPOEHUA MO-
InpuMpoBadHOX ¢yHKiImM I'puHa pocnosbayeMcsa pewrcHueM (23.60)
npumMepa 23.3, monoxus G = 0.

IIpn Bo = 0 Hawa 3apgaua (23.92) sBLETCHS YACTHHIM CiIydaeM 3a-
naum (23.57) ¢ pelreHmeM

3 2
T T T
L, = - 2 g 23093
we) =g~ iy +31—: (23.93)
Tak Kak 4, = —1. A, = 0. MckoMoe pewrerne u(z) monyuacm us (23.93)
IIpene/IbHBIM TIEPEX0N0M
3 2
> 2
u(x) = J.lx_l’n u(z,v) = % - % + 3

24. OOCo6miennas 3axaua Kommu*

Cpenn xpaebrIx ycnoBmii obuiero suga (21.1) paccMoTpuM Te, KOTO-
pBle COOTBETCTBYIOT HYJIeBOM MaTpune b, = 0 ¥ equHUTHON MaTpule
Gtm = Okm, T.€. YCIIOBUA

Vi(u) = u(0) =0,

— ’ — ——
Va(u) = '(0) =0, Vi(u) = u“‘")(o) =0, k=1,n. (24.1)

ooooooooooooooooooooo

Vi(u) = u("—')(O) =0,

3agaBaeMLule B oMo Touke & = () nmuTeppana |0, ! (1 ]0, oo[), B xoTO-
poM onpcgeneHo auddepcHmanbHoe ypasHenue (18.1) (mnm ero uact-
HEle CIIydaM).
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I'parmrauble ycnoBus (24.1), Kak M3BeCTHO; HA3LIBAIOT YCJIOBUAMM
Koum, mm HavyanbHEIMM yCNOBMAMU, KOrga He3aBUCHUMas IlepeMeHHas
MMeeT CMEBIC/I BPEMEHM, a COOTBETCTBYlomylo 3anauy (18.1), (24.1) —
sagauerr Kowmn. Kpaenste ycnosna Kown (24.1) prigeneHnl cpeau mnpo-
mx (21.1) TeM, uTO omHOponHOe ypaBHenme (18.1) Bcerza uMeeT TOJBKO
TPUBHAJILHOE pelueHme. A 3To BjredeT 3a co6oil cyiecTBOBaHME eqVHCT-
BEHHOIO pelleHUsa HeOMHOPOXHOro ypasHeHus (18.1) (mo xpaltHeit Mepe,
B IIPOCTPAHCTBE 0GOOIIEHHEIX (YyHKIMIA).

Paccrorpum sanauy Kown gns ypaeuenus (19.1) ¢ HeoqHOpPORHEI-
MU HaJaJbHBIMU yCJIOBUAMM Bufa (24.1)

L(D)u(z) = f(=x), z €]0,![ (mm T G]O,oo[), (24.2)
u*¥)(0) = ug, k=0,n-1. (24.3)

HamomummM, uto aHasorvyHas 3ajadya pacCMaTpUBaliaCch HAMM MeTO-
OAaMU OIEpAalMOHHOr0 ucumcienus (cM. pasg. 11.37.1.). Ilokaxem, xak
- pelrenue 3agam (24.2), (24.3) MoxeT GBITH MOJIYYIEHO C IOMOUTBLIO HOP-
MaymiMa 0006IEeHHEIX §yHKIDNA.

IIponosmxum dysxmmm u(x) n f(z) Hynmem Ha = < 0, o603HauMB

nponoxkeHHbe GyHKIm yepe3 u(z) u f(z), coorBercTBenHo. Temneps
oHATNE 0GOOIIEHHBIX MPON3BOAHBIX, €CTECTBEHHHIM 06pa3zoM YUMTEI-

Balomx ckauku u'f) (0) = ux B Touke T = 0, I03BOJIZET CBECTH 3ahady
0 HAXOXZEHUM pelueHus ypaBHeHUs (24.2) ¢ HaYANBHEIMHU YC/IOBUAMU
(24.3) x omHoMy ypaBHeHWIO, B 0600uteHHOM CMEICHe cBOGOOHOMY OT
KaKnx-ymb60 JOMONIHUTEJILHBIX YCIIOBMIMA.

Ieitcrpuremsuo, nycrs i(z) = 0(z)u(z), f(z) = 0(z) f(x), @t(x), f(z) ¢
D!, . Cornacuo (14.6), umeem

a'(z) = 0(z)u'(z) + u(0)é(z)
I C YYeTOM HadalbHBIX ycyioBuir (24.3)

@' (x) = 0(x)u'(x) + uod(x).
Ilo muayxium Haxomum

k—1
i¥(2) = 0(e)uM () + Y ums* "V (2),  k=Tm (24.9)

m=0
W3 (24.2) ¢ yuerom (19.2) n (24.4) monyvaem

n—1

{L(D)i(=)} = L(DYi(x) ~ ) _ Ce6™ (z) = f(a), (24.5)
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rae {L(D)u(z)} = 6(z)L(D)u(r) — perynspHas dacts HpousBogHOM
L(D)u(z) = L(D)6(z)u(x), a Cy BHpaxatoTcs depes ty ciaenyiolmmt
COOTHOUIEHNAMMN:

Pito + pauy + .o + P Unei + Prtin—1 = Cg, (24.6)

Pato + oo + Pru=itin=8 + Putin—a = C,

Pn~ttio + putyy = Cy_2, (24.7)

Patio = Co_y.

Taxum o6pa3zoM, ¢pynxuusa i(x) B 06061teHHOM CMEIC/IE YAOBJICTBOPAET
YPaBHEHHUIO

n=1

L(D)i(z) = f(z) + Y Cud™(5), zeR. (24.8)

ke0

IIycTe g(z) - cpynnamen'x:mmnoe peterne oneparopa L(D), Torna co-
raaceo (19.5), (16.5), (16.6) peuienue ypapHenms (24.8) onpepensercs
CBEePTKOM

u(z) = g(z) * ( f(z) + Z C6™ (a:)) =

n—1
= g(z) * f(z) + Y _ Cug™ (2), (24.9)
k=0

KOTOpas CYINECTBYeT M SBJIACTCH EAUHCTBEHHON B CHJIY €AMHCTBEHHOC-
tn g(x) B D). Cornacro Teopeme 20.1 g(z) = 6(z)e(z) n c yueToMm
(16.8) pewenne (24.9) MOXHO 3ammcaThb

z n—1
) =0(e) [ elo = )y +0@) Y Cue¥(a). (2420
0 k=0

rae e(zr) ecTs pewrerume 3agawm (20.1), (20.2), a Cy onpeneneHsl popmy-
namu (24.7).

@opmyna (24.10) npu > 0 KaeT MckoMoe peluenre 3anaum Koum
(24.2), (24.3) ’

x

n-—1
u(z) = / e(z — y)f(y)dy + Z Cre™ (). (24.11)
0 k=0

Taxum o6pasoM, cripabelmmbBa
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Teopema 24.1. Ecau f(:z:) € D, mo pewenuc o6obujennot 3ada-
wu Kowu (24.8) cywecmeyem, eduncmeenno u 3adaemca gopmyaots
(24.10).

IIpumep 24.1. Pewmnts 3agauy Koum

u'’ — du’ + 5u = %, (24.12)
u(0) =2, '(0)=3.
Pemenne. CornacHo 06o03HauyennaM, npuHATHM B pasn. «PyHnaMeH-

TAJIbHBIE PElLUeHNUA JIMHEMHBIX ONepaTopoB®», AudPepeHIMATbHLIN OIre-
paTop ypaBHeHus (24.12) umeeT BUn

d d>
L(D)=po+m =t
riae
Do = 5’ mn = —49 ;= 1. (24.13)

B npumepe 19.1 mokazano, 4TO GYyHAAMEHTANBLHEIM PEIICHAEM 3TOTO
oneparopa B D), sensercs dynxims

g(z) = 0(z)e(x), e(z) = e*“sinz.
N3 (24.7) c yueToM (24.13) 1 HauanbHEIX ycyoBwit (24.12) uMeem
Co=(-4)-2+1-3=-5, Ci=1-2=2.

Torma u3 (24.10) wm (24.11) HaxoAUM pelUEHUE 3aKATM:
u(z) = /ez(’_”) sin(z — y2¥dy — 5¢** sinz + 2(e* sinz) =

0
= €**(1 + cos ¢ — sinz).



3amaHusg oA CAaMOKOHTPOJIA

TeopeTHueckye BONPOCHI

YacTp I. OcHOBBI KOMIIJIEKCHOIO aHAIN3a

I'naBa 1. BBenenue B Teopmio GYHKIMI KOMILIEKCHOIO
nepeMeHHOro

1.
2.

11.

12.

13.

14.

16.
17.

KoMmnekcHrle uncila ¥ OeNCTBUS HAd HUMHU

AnrebGpanyeckas ¥ TpUroOHOMeTpHUecKasd GOpPMbI KOMIIEKCHO-
ro uymucia. 'eoMeTpuueckasd HMHTepOpeTalUus oONepanuil Hax
KOMIUIEKCHBIMH YHCJIaMHM

. OcHoBHEIE ITOHATHNA MHOXECTB Ha KOMINIEKCHOH! IIJIOCKOCTH.

I'eoMeTpHueckuin CMBICI

. Hpe.uen I[I0CJIEQOBATEJIBHOCTH. Beckoneuno YAAJIEHHAs TOUYKa.

Pacmnpem{ax KOMINJIEKCHAaA IIJIOCKOCTDb

. Pansl xomnnekcHbix ynces. Heo6xognMerit 1 focTaTOUHbBIE IPH-

3HaKH CXOOUMOCTH. AbGcomoTHaa u YCIIOBHAA CXOONMOCTD

. IlousaTue (p}'HKI.IHPI KOMIIJIEKCHOTO [ICPEMEHHOI'O 1 €€ reOMEeTpH-

yeckas uHTepnpeTanusd. OOQHO3HAYHEIE M OOHOJIMCTHRIE QYHK-
i9%01

. Ilpenmesn u HenpepBIBHOCTS QYHKINM KOMIIJIEKCHOTO IIepeMEHHO-

ro

. PyHKIMOHAJILHLIE M cTemeHHble panbl. Teopema Abens. Pas-

HOMEPpHaA CXOONUMOCTB

. Crenennas u obwas crenenHas &dyHKIUK
10.

Tpuronomerpuueckne u runepbonuueckue GyHKHUH, CBA3D
MeXAYy HEMH

Jlorapndmuueckas ¢pyukuusa. O6paTHble TPUTOHOMETPHYECKHE
¥ runepboiinyeckne GpyHKIUH

Iunddepennuposanne GyHKIMA KOMIJIEKCHOIO II€PEMEHHOTO.
Ycnosus Komn—PuMmana. I[louaTue aHanuTrueckon GpyHKIUUN
l'apmounueckue ¢pyHKuun. CBsA3h aHAJIMTUYECKMX U TaPMOHH-
yeckux ¢yukuuit. ConpsxeHHble rapMoHniyeckue GyHKINH

Murerpan or GyHKIIME KOMIIIIEKCHOTO IEPEMEHHOT0 ¥ €r0 CBOM-
CTBa

. Teopema Komu ansa onunocssasuon obnactu. IlorsaTue nepsoo6-

pasHoi. Popmyna HeloTona-Jleitbauna
Teopema Kouu nns MHOrocBs3Ho# obacTH
Teopema Komu u Teopema Mopepa
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18. Teopema Komn u Teopema JInysunng

19. UuTerpan Komn pns ogHocBg3Roit obnacTu. Teopema o cpen-
HeM

20. UnTerpan Komu nng MHOrocBR3IHON obnactn

21. NnTerpan Kommu n nppuuun MaxcuMyma Mony”ns

22. Nnrerpan Komu ang npoM3BoAHRIX aHAIUTHYEeCKOH GyHKIUM
23. Unrerpan Tuna Kouu

I'nnaBa 2. Teopus BLIYETOB U €€ IIPUJIOKEHUSA

1. O6nacTh cxomuMocTH GYHKUUOHAJNLHOrO psga Ha KOMILIEKC-
HOU nlockocTH. PapHOMepRAf cxogumocTh. [Ipusnak Beitep-
HITpacca

2. Teopema BeiltepwiTpacca IS PaBHOMEPHO CXOOSILIMXCSA PAMIOB

3. Creneunnle panul B KoMuyekcHol obnactm. Teopema AGens.
Kpyr » pamuyc cxomuMocTu. TeopeMa o cymMMe CTENEHHOrO
pana

4. Pag Teitnopa, EpuHcTBEHHOCTR pa3noxeHus OGYHKIUA B
pan Teinopa. HepasencTso Komu nna xoapduunenTos pana
Teknopa

5. Papul Teltnopa sieMeHTAPHBIX QYHKIUMA

6. Pan Jlopana, Konslo cxonumocTy. EAMRCTBERHOCTD pasioxe-
Hus pyHkuuu B psa Jlopana, HepaBercTso Kommn nng kKoag-
dbummenTos pana Jlopana

7. N3onupoBaHHule ocobble TOYKY AHAJIATHIECKUX GYHKIIUHA U UX
knaccubukanusg. Onpefienienye HeNbIX U MEPOMOPMHEIX QYHK-
M

8. Ycrpauumas ocobas TouKa
9. Ilomioc, nopanok nomoca. CBg3b Hysell u NOMIOCOB YHKIMIA
fz) m1/f(2)
10. CywmecTBenno ocobag TOUKA.
Teopema Coxouxoro-Beiepurpacca

11. BeckoHeuHo ynaJleHHas W3onupoBaHHas ocobas Touxa. 0606-
IlleHMe TeopeMnul JluyRming

12. AnpanuTuveckoe npomonxkenue, TeopeMa O EAMHCTBEHHOCTH
aHAJIUTHYECKOTO IIPONOJIKEHUS

13. HemocpencTeeHRoe aHaNIMUTHYECKOE IIPOAOIKEHUE uepe3 AYTy
U NPUHIKT HENPEPLIBHOTO NPOROIIKEHUS
14. AnanuTyveckoe IPONOMIXKEHHE BIOJIL Henouky obacTen

15. AnanuTHyeckoe OPONONIXKEHUEe MeToloM Be#pmTpacca.
IlonHas aHanuTUYecKas QyHXKUNL
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16.
17.

18.
19.
20.

21.
22.

23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.

39.

[lonsTHe pUMaHOBOM MOBEPXHOCTH. TOUKM BeTBIEHUS

[TousiTue Boiuera. QOCcHOBHASA TeopeMa O BHIUETAX B KOHEUHOHN
obnacTu

BeryeTsl B ycTpAHMMOR M CYIIECTBEHHO 0COOOM TOUYKAaX
Brruuciienue BulueTa B IOJTIOCE

BriveT B 6eckoHCUHO ynaJieHHOR Touke. Teopema o BbIUETAX B
PACIIMPEHHOM KOMIIIEKCHOU IIIIOCKOCTH

Breruncienue BoiyeTa B 6€CKOHEUHO ynaJieHHON ocoboit Todke

ITonsTue norapundpmuueckoro BoiueTa. Jlorapudmutieckne BI-
IeTHl B HYJIAX U NOIIOCAX aHAJUTHUECKOW GYHKIUH

Jlorapudmuueckuit BelueT MepoMOpdHOHR QyHKIMH

IIpuHIMDI aprymeHTa M TeopeMa Pyime

OcnoBHas TeopeMa ajire6pol

3anaua Payca-T'ypsuna

BrruncsieHue onpenesieHHBIX MHTErPAJIOB, COLCPXKALIUX PALMO-

HaJIbHble QYHKIIMK OT TPUIOHOMETPHUIEeCKNX PYHKIIMH, C TIOMO-
INBIO BEIUETOB

HecobcTBenHble MHTErpasisl B KOMINIEKCHOM IimockocTH. Kpu-
TCPUU CXOOMMOCTHU M IJIaBHOe 3HadYeHMe

Briuncnenue HecOOCTBEHHBIX OIPEOENICHHBIX HHTErPAJIOB OT
IPp0obHO-pAIMOHAJILHBEIX GYHKIMH ¢ IIOMOIIbLIO BBIUETOB

JIemma 2Kopnoana

Boiuncinenue HecoOCTBEHHBIX ONpeNesIeHHLIX MHTEr PAJIOB OT OC-
IUINPyIOMWNX GYHKIUA ¢ IOMOIILIO BLIYeToB M JieMMbl 2Kop-
IaHa

JIemma 2KopnaHa u nHTEerpainl bpoMBuua-Baruepa

Brruucnennc HecoGCTBEHHBEIX MHTETPAJIOB THIIA MHTErPAJIOB Dii-
Jlepa ¢ IOMOLIBLIO BHIYETOB

Baruuciene HCCOOCTBEHHBIX HMHTErpatioB, MMeEKIOIINX ocobeH-
HOCTHM HAa KOHTYp€ MHTer pMPOBaHMs, C IOMOIIbIO BLIYETOB

CyMMupoBaHue pAAOB ¢ IIOMOIIbLIO BLIYETOB

enpie 1 Mepomopdtisie dyHKuuu. TeopeMa 0 pa3ioXeHUN Me-
poMopdHbIe QYHKIMMN ¢ KOHEYHBIM UHMCJIOM IIOJIIOCOB Ha IIPOC-
Telnmiue apobu

Teopema Murrar-Jlepdinepa onsa mepomopdHON PyHKINH

BeckoHeunble  mpoM3BeOeHMs, KDHUTEPUH  CXOOUMOCTH.
AG6conoTHad 1 paBHOMeEpHasS CXOMMMOCTD

Pasmoxenue nenoit GyHkuum B 6ecKkoHEUHOE NMPON3BeIEHUE
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I'nasa 3. Brenenue B Teopuio KoHPOPMHBIX OoTOGpaXKeHUN

1.

Ll

-~ O O

10.
11.
12.

13.

IIpoussoguas PyHKIUN KOMIUIEKCHOIO mepeMeHHoro. [‘eomer-
PMUYECKHH CMBICJI MORYJIS IPOM3BOIHOM

. IlorsaTue xkoupopmHoro orobpaxenns. IIpunnun coorseTcTBHA

rpanni. Teopema Pumana
OTobpaxenue, 3agaBaeMoc JIMHERHON GYHKIMEH

Orobpaxenuc, sagaBacmoc pyuknuein w = 1/z. Kpyrosoe cBoii-
CTBO ¥ CBOMCTBO COXPaHEHUS CUMMETDHHU

OTobpaxenue, 3anapaeMoe OpOGHO-IMHENHOM QYyHKIIMER
OTo6paxenne, 3aiaBacMOC CTEIIeHHON (PyHKIMen

OTobpaxeHue, 3agaBacMoe IMOKA3ATENIbHON H JIorapudpMuiec-
KON GYHKIUAMHU

Orobpaxenue, 3agaBacMoOC TPHCOHOMCTPHMUYCCKMMHU M 00paT-
HBIMU TPUTOHOMeTpUYeCKUMHA GYHKIIMIMU

OTobpaxenue, 3agapaeMoe runepboIMuecKUMI ¥ 06paTHBIMHU
runepbonuueckuMu GyHKINAMHU

OTobpaxeHnue, ocymecTiaseMoe dyHkuuen 2KyKoBCKOro
[Ipranun cuMMeTpun B KOHGOPMHEIX 0TOOpaXeHHAX

IIpuHnun cMMMeTpHUM KaK MCTOHN AHAJIMTHUECKOro IPOOOIINKC-
HUSA

WNnrerpan Kpucrodpdensa-—-llsapua

I'naBa 4. DJ1IeMeHTHI OIIEPAIIMOHHOIO MCYUCJICHNSA

1.

bl o

3 S O

IIpeobpazoBanue Jlannmaca. OpuruHaJibl 1 0006IEHHbIE OPDUT K-
Hadibl. N300paxeHus: cyiiecTBOBaHNE U aHAJIMTHIHOCTD

Teopema obpamenus n bopmyna Mennmaa. EnquncTBeHHOCTD
obpallcHus

N3o06paxenne npocTediinx GyHKIMMA

CsoiicTBa npeobpasopanus Jlamnaca: INHEAHOCTD, MOKOOKeE, Te-
OpPeMBEI CMelLCHUSA

Iuddepennuposanne opUrnHala n n300paxeHus
Vnrerpupobanue opUruHalla ¥ M300paKeHus

CeepTka dyukumit. TeopeMbl yMHOXEHUS OPUTHHAJIOB ¥ M3006-
paxXeHUN

OTelckaHue OpUrNHAJIA IO 3afaHHOMY u300paxennio. Teopema
equHcTBeHHOCTH. [lepBasd M BTOpas TeopeMbl Pa3ilOXeHUS

. ®opmyna Hwamens
10.

Teopema Jdpoca
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11.

12.

13.

14.
15.

16.

17.

18.
19.

MNuTerpupoBanne cucteM nuddepeHIUAILHBIX YPABHEHUH C NO-
Molibio npeobpa3oBanud Jlannaca 1 uHTerpasia Hioamens

HNurerpupoBanne HekoTOpbix OuddepeHINAILHBIX YPaBHEHUA
C NepeMeHHBIMU KOo3pdUUUEeHTaAMH OepalMOHHLIM METOAOM

BrrunciieHue HEKOTOPBIX HECOOCTBEHHBIX HMHTErpPaJiOB oOlepa-
IMOHHBIM MeTomoM. Popmyna [lapceBansa

OcHoBHEBIE onpeneneHuss raMMa-GyHKINY. AHAJIUTUYHOCTD

AnanuTHYecKoe NpoOmoIXeHMe raMMma-GyHKUMM B o0OiacTh
Re z < 0. Ilomiocsl raMMa-pyHKIIHK

OcHoBHBIE cBOMcTBa raMMa-GyHKIIMI: OCHOBHOE PYHKIMOHAIIb-
HOe COOTHOIleHue, GOPMYJIbI OOIIOJIHEHN M YABOEHMS

Bera-pyuknuus, cBa3p 6era- m ramma-pyHkuuir. OcHoBHBIE
cBoiicTBa HeTa-QyHKIUMN

Bunomuansuele ko3pduimeHTH ¥ GeTa-byHKIIUSA
NuTerpans: Ppenens n omubok

I'nmabpa 5. MeTonbl acCMMITOTHYECKUX OIMEHOK

1.

2.

[}

IIpocreiimue acMMITOTHYECKNE OLEHKN HeCOOCTBEHHBIX MHTET-
paJioB

AcuMnToTHUYeCKHE IIOCJIEOOBATEJIBHOCTH M HX cBoiicTBa. Cre-
IIeHHbI¢ aCHUMIITOTHUYECCKHE ITOCJIEAOBATCIIBHOCTH

. AcuMITOTHUYECKHE PAOLIL. EouHCTBEeHHOCTHL acMMIITOTHYECKO-

'O pa3JIOXeHN

Meton Jlamnaca. Jlemma Barcona. Bkinag oT BHyTpeHHEN H
CPAHUYHOU TOYEK MAKCUMyMa

. MeTon cranuoHapHOn ¢aibl.. AcuMnToTHKa Gypne-o6pa3oB. AcuMmi-

TOTHYeCKas OlleHKa HHTerpaJyioB Pypre, He HMEIOIIUX CTAIMO-
HaPHBIX TOYEK

. MeTon cTraunmonapron ¢aswl. I[Ipunnun noxanusanuu. Jlemma

Opaeitn. AcuMOToTHYEeCKasd OlleHKa MHTerpayiop ®ypoe B 06-
IIEeM CIIydae

Yacte II. DreMeHTH BapallMOHHOI'O UCUMNCIICHUAS
M TeopuH 0GO6IHIEeHABIX QYHKIIUNA

I'nasa 1. DseMeHTHl BapMaIIMOHHOI'O MCUNCIICHN A
B KJIaCCUUYECKOM MeXaHUuKe

1.

OyHKIUMOHAJ, JNUHENHBIM GYHKIMOHA. Bapuauug m 3KcTpe-
MyM byHKUMOHAJIA
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N

9.

OcHoBHas JeMMa BapHaOMOHHOI'O UCUYNCIICHNA B CGJIEOCTBUA M3
HeEee

Y paBHeHUe Disepa,
Cucrema ypaBHeHMHE OHiepa

Mpunnun rauMensmero nectus (amunbTona). PasoBoe npo-
CTPAHCTBO

Kanounueckue ypaBHeHus ['aMuiabTOHA
[lepBrie unTerpansl cucremsl I'amunsToHa. Cxkobku Ilyaccona

Kanonuueckue  npeobpasoBaHMs  KoopaMHAT  (a3oBOro
IPOCTPAHCTBA

ToxnecTBo fIkobu u Teopema JInyBusis

I'naBa 2. OcHoBBI Teopuu 0606IIIEHHBIX PYHKITHANI

1.

v b W

10.

11.
12.

13.

14.

ITpocTpancTBa  OCHOBHBIX ¥ OGOOLIGHHBIX  QYHKIWM.
CxooMMOCTB B IPOCTPAHCTBE 0GOOIICHHBIX PYyHKITNIT

IIpocrpancTBa llIBapua 1 0606MIeHHBIX QYHKUMA MEOIIEHHOTO
pocTa. CXoOUMOCTb QYHKIIMOHAJILHON MOCJICAOBATEILHOCTH B
npocTpaHcTBe lIBapua

HeitcTBus Han 0606IIEHHBIMY GYHKIUAMHE

Henbra-dyukuns upaka n ee cBoiicTBa

CekBEHUMANILHBIN MOAXOM M OeNIbLTOOOpa3HBIe NOCIENOBATE b
HOCTH

O606mennble QYHKINU: TOCTOsHHAS, QYHKIMS XeBUCalOa, Xa-
pakTepucTHdecKas QyYHKUUS OTPe3Ka

O606meHHbIe QYHKIINH, TOPOXK AAEMBIE TIABHEIMY 3HATEHUSIMHU
HecoOCTBEeHHBIX MHTerpadyioB. Perynspusanus

HexoTopsle npencTaBieHUss OCHOBHBIX PYHKIIAMA
IIpoussonHas 06061meHHON QYHKINHT U €€ CBOMCTBA

IIpeobpasoBanne Pypne 060011eHHBIX GYHKIUA MeOJIEHHOTO
pocTa

CBepTka 060011eHHBIX GYHKITNT

IIpocTpancTBO KBamgpaTUUIHO MHTErpUpyeMblx dyHknui. Cka-
JISPHOE MPOMU3BeAEHUE, HOPMa, OPTOrOHAJILHOCTD
OproroHanbuble cucTemsl GpyHKuni. Psn ®Pypwe. Ioanora u
3aMKHYTOCTb OPTOHOPMUPOBAHHBIX CHCTEM

Henbra-¢yukuns Hupaka ¥ OpTOHOPMHMPOBAHHEIE CHCTEMBEI
PYHKIIUA

. Knaccuueckue 1 ob60b6menHble pelteHEus nuddepeHUINAIbHBIX

ypaBHEeHUI*
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16.

17.
18.

19.
20.
21.

22.

dyunaMeHTaNbHbIE DellleHNns JIUHEHHBIX AuddepeHIUaTbLHEX
onepaTopos*
dyukuna ['puna kpaenort 3anaun

KpaeBas 3anaua mig audeitgoro auddeperiinanibLHoro onepa-
TOpa C IapaMeTpom™

Pyuknua ['pusa kpaeBoit 3agauu ¢ napaMeTpoMm™
KpaeBas 3anaua u ¢yuxuus I'puna ana ypasueuus Beccens®

HopManbHas pa3pemiuMocTb KpaeBbIx 3amad. Moaudunupo-
BaHHas ¢yHknusa ['puHa KpaeBoit 3anaun”

O606meHnas 3anaua Komn*
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MHJIMBI’II[yaJIbHI:Ie 3aaHMA

Bapunant Ne 1

1.1. Hasit BCce 3HaYeHN KOPHS
a) ¥—2; 6) v1-1.
1.2. IIpeacrasnts B anreGpanyeckoin popme
a) ch(3+ mi/4): 6) arccos(—31).
1.3. Hcxons u3 ompenenesnus TPUrOHOMeTpUYECKNX M rumepbonmyec-

- 2 .2
Kux QyHKIWMIA, [oKa3aThk | cos z| = \/ ch 2y — sin” z.
1.4. UccnenoBaTh Ha abCOMOTHYIO M YCIOBHYIO CXOXMMOCTDL DAL

o

2
1 5r=1 4 n—9q’

n=

1.5. HaitiTu yron mosopoTta a 1 Koa?cpmmen'r pacTaxeHns k B TOUKC
zo = 1 + 1 1pu oToGpaxenmm w = 1/z°.

1.6. Haittu ananmurgeckyo ¢oynximio f(z) = u + v 10 M3BecTHOR
OeACTBUTENBHON (MM MHUMOIL) JacT U 3HadeHmio f(Zo)

a) v=z" —3zy’ + 3z — 3y°, f(z)=1-31.
6) u = —(cosz sh y — 2zy), f(0) =0.
1.7. Beluncrmrs

/(Re z +Im z)dz,

r
rae I' — nomanasn ¢ BepiuvHaMu B Touxax 2 =0, z0 =1, z3 = 1 + 2t.

1.8. Brruncymts
dz
z3(z — 21)?’

r
roe I': a) |2| =1, 6) |z — 2¢| =1, B) |2| = 3.
1.9. Haittu u mocTpouts obnacTs cxomuMocTH paaa

- -
R I et

n=-—o0o n=0

1.10. HaitTu meppuie Tpu 4ieHa pasiioxeHus ¢pyukmmm f(z) = e’ /z
B pan mno creneHsM (z — 1/2).

1.11. HaiiTu Bce JTopaHOBCKME Pa3IokKeHUA NAHHON QyHKIMHU II0 CTe-
TIEHAM Z — Zp

z—2
) :O;
a) zd 4 23 — 222 %0
z+ 2
§] \ = -2+ 1.
) (z—1)(z+3) %0 +

. z
B) sin , zo = L.
z—-1
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1.12. ling gaunoit pyuxmm f(z) = th z HaiiTn M30/MpoBaHHEIE 0CO-
Onle TOUKM K onpenesMTh UX THII.

1.13. ling gaHHBIX QYHKLMI HANTH BRIYETHI B YKa3aHHLIX OCOOLIX
TOUKAaX

e — 1 1
a) T y Z =T 6) W, z=0;
D) b4 +1€l/:. vz = 0 I") 14 .—1—52’ 2 =0,
;- U s
5 s/(z—4
In(1 ,
A) 27In(1 +a/z), ©) Tit1z-22
Z = 00; z = 00.
1.14. Brismc/mTs MHTerpasisl
zdz 1/=
a . ; 6 z+1)e ' “dz;
b ] GErG-D [ e
I:l 3 |2}=1/3
o4
e d
)/ —di; r) f F 1% a>0;
o—ico

x) /‘ dt . ) / dt
4y/2sint + 6’ (1+ 1/10/11 cos ¢)?
0 0
1.15. HaitTi 06pasnl yKkajaHHEIX MHOXECTB IIPH 3aJaHHHIX oTOGpa-
KEHMAX

N
+

i

a) D:{|z| > 7}, W= ——;
6) D:{0<Rez< 7}, w=cosz;
B) D:{|z]=1, 0<argzn/4}, w=2".

1 16. Kondopmuo omﬁpaan&‘b obnacte D : tzl < 1} Ha o6nacTs
: {|w| < 1} npm ycnosuax w([l +1]/2) =0, w'([1 +z]/2) = a.
1.17. Haititin n3o6paxenue yKa3aHHBIX (YHKIGIA

a) e*'sin’t; " 6) (1-cost)/t.
1.18. Haiit opurusasn 1o 3agaHHOMY #300paXxeHMIO
p 3
p(p—1) (p* 1)

1.19. C nomompio ¢popmyne Mioamens HaiiTh peutenue auddepeH-
IMabLHOINO YPaBHEHU S

5—z=tht, (0)=3(0)=0.
1.20. OnepauMoOHHEIM METOLOM pewnTh 3amauy Koum
a) £+% =cost, z(0)=0, z(0)=2;
6) & +4z =4e”' +4t°, z(0)=1, #(0)=2;

0gt<2, s _
B) :r+.r_{0 LS 2, xz(0) = z(0) = 0.



592 3anaHNA ANIA CAMOKOHTDONA

’

1,21, OnepanmonurM MeToNoM HaiiTy ofiiee pelueHve nuddepeH-
IMAJILHOTO yPABHEHNA

t5 + (2t — 1)& + (t— 1)z = 0.

1.22. OnepaimoHHEIM METOROM PEWKTh cucTeMy muddepeHIaTs-
HBIX yPABHEHWUN

T=x+2 1,
{ Fhabe z(0) =0, y(0)=1.

Bapuant N¢ 2

2,1. HaiiTy pce 3HAYeHUA KOPHA

a) Y1-3; 6) v —2+ 2iV3

2.2. llpencTaBuTk B anrebpanueckoil dopMe
: 4+ 3
a) sh(2 — m); 6) m'cth( t z).
2.3. Mcxona u3 onpenienieHu s TPUMOHOMETPUICCKMX M runepGonmyec-

xux QyHKIWi, noxasaTh |sh z| = 1/ch ?z — cos? g,
2.4. NccrenoBaTh Ha aGCONIOTHYIO M YCIIOBHYIO CXOAMMOCTD DAL

St
1n-+-2'i 8 vn’
nz

2.5. Haittu yros noBopoTa a ¥ K03 PUILMEHT PAacTAXKEHN k B TOUKe
zo = 21 mipy oTobpaxenun w = 1/2%,-

2.6. HanTy apAammTIaecKylo dyHKimio f(2) = u + v no miBecTHO#H
RefCTBUTE/bHON (WM MHUMOR) yacTy ¥ 3Havenmio f(%)

a) v =2(ch r siny — zy), J(0) =05
6) umat g ba | f(0) =0,

2.7. Beruucmte
/ e’dz,

r
rre [' - moManas ¢ BeplUMHAMU B Toukax #; =0, 22 =1, 23 =1 + 1.

2.8. BelunermTh
dz
2(z+1)(z - 22')'

r

rze It a) |2| = 1/2, 6) |z +i] = 1/2. 8) |2| = 3.
2.9. HasTy » mocTpouTh 06nacTh: CXORUMOCTH PAaa

Z + 2)1]
3n+l + Z z + 2)n

1n=0
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2.10. HatiTy mepBhie TPH WieHa patoxerus pyuxipm f(z) = exp(e”)
B PAN IO CTEICHAM Z.

2.11. HasiTu BCe Jmpanoncxne pa3yioXeHus JaHHOK QYHKIMHA II0 CTe-
IIEHAM Z — 2o .

52 — 50

N (] = 0;
AT vy T
4z + 8 .
6 . = =3 — 1;
D GonGry P T
. 2z
D) sin ——, zp = —2.

2.12. ona dpymxmm f(z) = (sinz)/[z*(1 — cos z)] maitTn uso;mpo-
BaHHbIEe 0co0ble TOYKM M ONpPEREeSMTh UX THIL.
2.13. Ina maHupIX QYHKIM HANTH BHIUYETH B YKa3aHHBIX 0COGBIX

TOUKaX o
2z

1 .
a) ctgz——=, z=0; 6) ——, z=m/2;
T2 e: —1 212

1 1 cos 7Tz — 1 — 49z°

Y 1 papd z = 0; = 0;
) z? +Sln3z # r) shz—2—23/6 #

) (2—1)co L e) 1z2+1 in"rz_-1
—_ | —, 8 “_ 1 2!
A z 98 + Tz — 22 2z 4+ 4
2 = ooy z = 00.
2.14. BervmcymTh MHTErpansl
1
a) / tg (7z) dz; 6) / e/ =7 gin 1dz:;
» z —
z|= jz—1|=1/2
14ic0 .
dz e’
B VT r -T—_,——dz, t> 0;
) / (z? +4)° ) / zX(z* +1)
0 1—ioo

RE 4

ds;

1
%) /4\/§qint+6 ‘ /(1+\/ 7co<t)

2. 15 Haititu o6pa3sr ykasaHHBEIX Mnoxcec"m IIpM 3aXaHHEIX oTOSpa-
XeHNIX

a) E:{Re z=mw/4}, W = COS z;

6) E:{|z]° <2, |z—1|>1}, w=z[(z—-2)
1
E: 1 0}, = -4 —
B) {lz]| < 1, Re z > 0} w 2+2z
2.16. Koupopmuo orobpasurh obmacte D : J < 1} Ha obnacTm

*: {lw| < 1} npu ycnosmax w(1/3) = —i/2, argw ' (1/2) = a.
2.17. HaitTu m3obpaxenne yxka3aHHBIX cpymcl-mlzl

at _ bt
a) cos® t; 6) < . ©
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2.18. Hast™y opuruman mo 3agaHHOMY M300pa’xeHHIO

————26 ; 6) 7 r_

r’(p-2) p'+4
2.19. C nomousio ¢popmynnl HwaMens HailTh peuteHue naudupepeH-
LMAJILHOI'O0 ypPaBHEHNS

a)

¢

& -2+ ¢
’ - z = ———————
o142

Lo = :l'to = 0.
2.20. OnepaiMoHHEIM MeTONOM pewnTh 3anady Kown
a) £+z=2cost, 1o =0, £ =1;

6) z'*) — 5%+ 10& — 6z = 0;

To = 1, i‘o = 1, 570 = 6, $0= —16;
“ 0, 0t <a, .
B) T+4+4z = { 56_(‘_"), t} a, To =9 = 0.

2.21. OnepalmMoOHHBIM MeTOXOM HalTH ofiree pewreHme auddcpeH-
IIMAJIbHOIO ypaBHCHUA

tz—z =0.
2.22. OnepallMOHHEIM METONOM PELINTh CUCTeMY AMd¢epeHIMAIS-
HBIX YPaBHCHUM

{ T = T + 4y,

y=2c—y+9, To=1, yo=0.

Bapuanr Ne 3

3.1. Haiitu Bce 3Hauenms KopHs
a) V/-1; . 6) v2+i.
3.2. IllpencrasnTh B anrcbpauueckoit ¢popMe .
a) sin(w/3 — 21); 6) arth(4 + 31)/5.
3.3. Hcxona n3 onpeaneneHus TPUIOHOMEeTPHYECKNX ¥ runepbomriec-
KuxX QyHKIMif, Toka3aTs |sinz| = y/ch 2y — cos? x.
3.4. UccnepobaTh Ha aGCOMOTHYIO K YCJIOBHYI0 CXORMMOCTB PRA

o0

Z l oty ——L
1—mna 8 Vn-1

n=2

3.5. Haittu yron noBopoTa a u k03¢PUUMCHT pacTaxeud k B Touke
zp = 1 npn orobpaxenmu w = 2 — 6z.

3.6. Haittu aramaTiueckyo dygkimmo f(z) = u + tv no u3BecTHoM
ReCTBUATENbHOM (WM MHUMOM) YacTn U 3HavyeHnio f(zo)

a) u=2sinzchy-z, f(0) =0,
6) v=z*—-y° —z, f(0) =0.
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3.7. Beruucm e

/elzldz,

r

rae I' - nomanas ¢ BepuivHaMu B Toukax z; = 1, 20 =0, z3 = 1 + 1.

COS 2 dz.
z2 44

r

3.8. BeruucmTe

roe I a) |z — 2i| = 2, 6) |2| =3, B) |2+ 24| = 2.
3.9. HaiiTu n mocTpouTs 06macTe cX0OUMOCTH piAna ' .

’ T /2\" = /14 41\
SO S
., ‘."c‘xggr ; #

B

3.10. Haittu nepsrie Tpu WieHa pa3iioXeHUAS GYHKIWM tg z B pan
YI0 CTEIIEHAM Z.

3.11. HaiiTu Bce mopaHOBCKMe pa3iIokeHUA JaHHON ¢YHKLMH 10 CTe-
MeHAM 2Z — 2o

a) 4z — 64 0
sy 20 = U§

21 + 423 — 3222 °°

42 — 8 )
6 - , = —1— 23
) (z+1)(z — 3) %0 v
B) zsin —2—, 20 = 2i.

z— 2t

3.12. Ina dyuxkmvm (e — 1)/ sin 72 HallTM U30MMPOBaHHBIE 0CODbIE
TOYKY ¥ ONpeNeTh UX THII.
3.13. qna mauubIx QYHKIMIT HAMTH BHIYETHl B YKa3aHHBIX 0COOBIX

TOUKaX ;
= -1 .
a) € T z=1; 6) (1—:—;,,—)3, zZ =1
- — 2
2/(x41) - 1. sin 8z — 8z 2 = 0:
B) € ' .z ' r) cosz — 1+ 22/2° ’
) 2ch 220 2 = oo e) z+3ch ke zZ = 00
a z ’ z2 41 222 -1’ )

3.14. BurumcimTs MHTErpasnsl
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2 - 1
a) -z ~dz; 6) e /771 cog dz;
(er —1)? . z—1
|z=27m|=1 |z—1]=1
r—3 (22° + 13z)sinz
dz; dr;
®) / 22— 65 + 109 v) f £ + 1322 + 36

/ dt

x) . ;

vV2lsmut+5
0

. r
3.15. Haittu o6pa3sl yka3’aHHBIX MHOXECTB IIPM 3afaHHHIX oToOpa-

KEHNAX

a) E:{ls+1 =1},
6) E:{0<Im 2z <~}

w=1/z;

w = ch z;

B) E:{|z] <1; 23n/d <argz < —7/4}, w= l(z + %)

2

3.16. KoudopmHo oTobpasuts o6nacte D : {Im z > 0} Ha ob6nacTs
D* : {|w| < 1} npn ycrnoBuax w(—i/2) = 0. aagw’(1/2) = a.
3.17. Hairtu u3o6paxenue yka3zaHHEIX GyHKIANA

a) te* cost;

6) tsh 2¢t.

3.18. Haittu opurunan mo 3agasHoMy M300pakeHuIo

1

a) FG:TF;

p’—1

e

3.19. C nomouisio ¢opmyns HoaMens HaiTu pellerue auddepeH-
IMAJIBHOTO yPaBHEHW S
:E—:B:thzt, .’E()=3':0=O.

3.20. OnrepaiMOHHEIM MeTOLOM pelunTh 3amauy Koiim

. t o .
a) T4z =c¢€; To = T =0, To = 2;

6) &+ 4z = sin 2t; zo =0, To = 1;

0, 0<t<a,
B) E+i=4 1, a<t<b =0, io=2.
0, t>b,

3.21. OmepalmMoOHHBIM MeTONOM HaWTH obiuec pelleEme auddepeH-
IMAJIbHOI'O ypaBHEHUS
tz + 2z = 0.

3.22. OnepanmoHHEIM METONOM PELINTL CUCTEMY InddepeHIMAND-
HbIX YpaBHeHMIA

{ T = 2z + 5y,

y'=$—2y+2, $0=1‘ y0=1-
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Bapuant Ne 4

4.1. Haittu Bce 3Hayemms KOpHs
a) V1+1; 6) V—t.

4.2. [IpencTtasuts B anrebGpanyeckoit popme
a) sh(l — w¢/3); 6) arctg (

4.3. HUcxona n3 ompeneneHus TPUTOHOMETPIYIECKUX M rumep6otmaec-
Kux QyHKIW, JOKa3aTh

ch 2y — cos 2z
Itgzl=\/

-2V3 + 3i)
7

ch 2y + cos 2z

4.4. HccnemoBaTh Ha aGCOMIOTHYIO M YCJIOBHYIO CXOOMMOCTE DAL

i n® + 2
n5 + sin 2™ + in

n=1

4.5. Haiitu yron nosopoTa a ¥ x03pdUIMEHT PACTIXEHNS k B TOYKe
zo = 1 — 1/2 ipu orobpaxenvm w = In(2z — 7).

4.6. Haitn aHamTireckyo ¢oyHkmo f(z) = u -+ v 1o W3BecTHOR
ReCTBMTENLHON (WM MHMMOI) YacTn u aHadeHuio f(zo)

a) v=In(z"+4%), f(1)=0;
6) u= * —y* -2, F(0)=0,

4.7. BeraucymTs
/(Re z+1Im z)dz,
4 .

rae I' - oTpesok npamont z; =0, 22 = 1+ 21,
4.8. Buuncmuts

sin8z
/ G =72z /8

r

rae 1 a) |2 — 2| =1,6) |z| =1, B) |2] = 2.
4.9. Ha%itu n nocTpouTs 0o61acTh CXODUMOCTH PAAA

© a1 @
’Zzan +ZZ"

n=1 n=1

4.10. HaiiTu nepBeie Tpu uneHa pasnoxexus ¢dysxnm In(l+e”) n
PAO TIO CTENEHAM Z.
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4.11. Haitti Bce sropaHoBcKMe pa3iloXeHUs NaHHOM GyHKIM 110 cTe-
IeHAM 2 — 2o

17z — 242

a ’ =0:
3 Sm Tl oL »

4~ — 8 )
6 20 =341
) G- PTEtE

9
B) ZCOS z , 2zo=1.

z—

4.12. IIna oyuxmmu f(z) = e *(e* — 1)~ (1 — 2)° masiiTn m3o/mpo-
BaHHBIe 0COOBIE TOUKM M ONPENESIMTh MX THII.
4.13. Ona naHHRIX GYHKUIME HAMTH BEIYCTH B YKa3aHHEIX 0COOBIX

TOUKAX X
Sz — 2 - e’
—_— =0: 6 y 3R] =1.
a) s ' )(z—l)z~ # ’
1 sh 6z — 6z
3
B) z° cos y 2= 2 r ——, 2 =0;
) z—2 . )chz—l-z-/Z *
n) 22 co<=z=3 z = 00; e) zzeinw_i z = 00
2244z P77 ) 2 0T

4.14. BauncianTs MHTErpasnsl

a) — —dz; 6) / (sin L +e* cos z)dz;

(z+ )3 2?
|z|=4 |z|=2/3
z+4+1 zsin 3x
dr; dc;
2 /($2+4)(x9+9) v r) /‘4+:1:2 ’
~c oo

t.

2r
zx)/ dt . e)/ 1 J
24/2sint + 3’ 2v/3 + V1l cost
1] 0

4.15. Haitrtu o6pa3sl yKa3aHHEIX MHOXECTB IIpM 3afaHHEIX omobpa-
FKEHMAX

a) E:{1<|z|<2}, w=2z/(z—1):
6) E:{0<Imz< 7w}, w=chz;
B) E:{Rez=1}, w=2z"
4.16. Koudopmuo oTobpasnts obsnacts D : {Im z > 0} Ha obnacTs

D* : {|w| < 1} npn ycnosuax w(—3i) = 1/3, arg w'(—3i) = a.
4.17. Haittn u3obpakeHue yKa3aHHRX yHKIDAA

1 . 1 _ at
a) 3 sh at sin at; 6) tef
4.18. HaitTu opuruHan mo 3agaHHoMy u306paxeHMIo
a) - 6) P

p—1)°(p—2)° (P +a?)?
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4.19. C nomorsio ¢popmynu Moamens HaiiTu peluenue nuddepcH-
IMAILHOI'O YDABHEHUSA

1

It;:;u Lo = io =0.

- =

4.20. OnepauMoHHLIM MeTOAOM pemwnTsh 3anavy Koun

L4

a) ':B“-I-:l::%-t?e', To =Lg =Tog =0
6) :3—255—311::212, :Co=1, :i:o=0;

. b 0Kt<a,
B) T+T =19 2b, t>a, To =

4.21. OnepaumoHHEIM METOROM HaMTM obwiec peulerne nuddepeH-
LMAIBLHOI0 ypaBHEHM A

t:'l':—(t—5):l’:+3:c=0.

4.22. OnepalmMoHHMM METONOM pelmnTh cucTeMy AuddepeHLMAIb-
HBIX YyDaBHCHUM
& = =2z + 5y + 1, _ _

Bapunanr Ne 5

5.1. HaiiTu Bce 3HaYCHMA KOPHA

a) ¥E , 6) /1tive Z;‘/g

5.2. IlpeacTraButh B anreGpanueckoit popme

-«

a) sin(x/6 — 31); 6) a.rth(

9.3. Ucxona na OIpeze/IeHus TPUTOHOMETPIIECKUX U rurniepbonutiec-
xux GyHKImMA, nokasatb ch "z —sh “z = 1.
5.4. HccnepoBaTh Ha aGCOMIOTHYIO M YCIIOBHYIO CXORMMOCTH DAL

8 + 3x/§i)
—).

(o <]

1
Zn—cos‘-’6n+in2°

n=1

5.5. HafiTi yron nopopoTa a 1 xo3pGUIMEHT PACTAXKEHNE & B TOUKe
Zo = 1 Ipy oToGpaxewym w = 2° — 2.

5.6. Halitu anamriraeckyio pyukmmio f(z) = u + iv 10 M3BeCTHOM
JNEACTBUTENEHOM (WM MHMMOM) yacTy ¥ 3HaveHno f(2o)

a) u=2sinzchy—=z, f(0)=0;

6) v=x" -y’ —x, f(0)=0.
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0
/z Im zdz,

r

5.7. Beraucmts

rae I' — nomanas ¢ BepuummaMu B Toukax 23 =0, z2 =1, 23 = 1 4 1.

5.8. BrarumcimTs
e’ -1
_d
/z%z—n &

r

roe I': a) |z| =1/2,6) |z= 1| = 1/2.8) |2| = 2.
5.9. Haiity 1 noctpouTs 06/1aCTH CXOXMMOCTH pPAOa

(z—a)™
Z 27® +1

5.10. HaitiTu mepBrie Tpu uneHa pasmoxenus ¢dysHkinm ch(l — 2) B
psan mo cteneHam z — (1 4+ wi/2).

5.11. HaitTu Bce nopaHOBCKME pa3/IoKeHNA KAAaHHON QYHKIMA 10 CTC-
TMCHAM Z — 2o '

7z — 196

; = 0;
a) 24 4 723 — 9822 %0
4z - 8 .
6 [y =2—2':
) G nG-3 TR
B) (z—3)cos7rz;3, zo = 0.

5.12. Ina ¢pyukinm

HallTH M30JIMPOBAHHBIE OCOOHIE TOYKM M ONPENENIMTHL WX THIIL.
5.13. Ina pauueix GYHKLMIA HAMTH BHEIYETHI B YKa3aHHBIX 0C0OOBIX
TOYKAX

14 cosz sin? z _ .
3 Gy P °) (=2 =
° 5
B) izcos— —e/7, z=0; r) z , z=0;
§ e~2—1—z Tz —1
2 (2-i) [z — aa- Z .2 — — 0.
n) (z41)7e , 2z = 00; e) e Pt 00

5.14. BeruncimTh MHTErpaJibl
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@) / GG

65) f Ccos l/zdz;

1-2
|z—3]|=2 jzl=1/2
) 14i00 .
. dr e’
— 1} ~dz, t>0;
i /(z-'+4)3 X / Zh
—_n0 1—ioc

a) / ,1 dt;
\/gsmt+3
0

dt.

-7 1
) /(3\/5+2\/§cost)2

5.15. Haiity o6pa3sl yKka3aHHBIX MHOXECTB NP 3aJaHHEIX 0TOOpA-
KEHUAX

a) E:{Rez>0}, w=1/z
6) E +{|2| = 2}, w=1(z+%);

B) E:{1<|z[|<2}, w=2/(z-1).

5.16. Koubopmuo oTo6pa3suTs 0651acTh

D:{lz| >0,z ¢ [-2,-1],z ¢ [1,2]}

Ha obnacts D* : {Im w > 0}.
5.17. Hastitit m3obpaxenue yxasaHHBIX GYHKIL

a) e~ cos® Bt; 6) %(cos t — cos 2t).
5.18. Haittu opuruman no sagaHHOMy M306paXxeHMIO
1 r
) 2 ; ) <2 ] ¢
(p+1)*(p+3) (p* + 1)(p* +4)
5.19. C nomoursio ¢popmyinsl JioaMmens HaiTn pemeHue nudpdepcH-
IMANILHOTO YPABHEHMA .

1
cht’

r—x= :Bo=:i20=0.

5.20. OnepaimoHHEIM MeTOOOM pewnTh 3anady Kounm

a) £+2x+xz=t, =z ==x0=0;
6) 2%+ 5& =29cost, =z =—1, zo =0;

—t )
. ) e, 0Lt g e —
B) & :c_{o, £> o = To = 0.

5.21. OnepalmoHAEIM MeTOmOM HaiiT ofluee peureHme nuddepen-
IMALHOI0 ypaBHEHMA

tt —2(t+ 1z + (t+2)x = 0.
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5.22. OnepaiMoHHEIM METONOM PEIINThL cUcTeMy anddepcHIMANE-
HEIX yPaBHEHMI

T = 3z
{ y=—5:3,3y+2; zo =2, yo=0.

Bapuaut N: 6

6.1. HaitTn Bce 3HauYeHMA KOpHA

a) V1—1iv3 6) Vi
6.2. IIpencTtanuts B anrebpanmyecckoit popme
. 3—4
a) sh(3 4+ mi/6); 6) arctg ( = L).
6.3. Mcxona us ONpeze/IeHNs TPUTOHOMETPUYECKHUX ¥ runepGosniec-

A
Knx GyHKIWMIL, MOKa3aTh cos- z + sin” z = 1.
6.4. MccnenobaTs Ha abCoMIOTHYIO M YCJIOBHYI) CXOAMMOCTDL DAA

1 T
————— arctg —=.
z_; Tn—iyn 8 4/

6.5. Haitut yron noBopgTa a ¥ K03 GPMIMEHT PACTAXEHNA K B TOUKe
z9 = 71/2 npu oTobpaxenu w = ch z.

6.6. Haittn amarmmTuieckyo oyHkimw f(z) = u + iv 1o M3BCCTHOM
NeACTBUTENbHON (MM MHUMOM) YacTy M 3HaveHMIo f(20)

a) u= 2(sh zsiny + zy), f(0) = 3s;

6) v—x Y +z, f(l)=2.
6.7. Baruncimrs
/zRe z2dz.
r

rae I' - nonyokpyxuocts |2| =2, Im 2 > 0.
6.8. Baruncnute

2

ez
/ 4z + i)

r

roe I': a) |z +14| =1/2,6) |z} =1/2, 8) |z| = 2.
6.9. HaitTu u nocTpouTh 06aCTh CXONMMOCTH PAAa

n=—00

6.10. Haittn nmepprie Tpu wiena pasnoxenus ¢pyuxupm 1/(5 + e~ %)
B PAX IO CTEIEHAM 2.
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6.11. HasiTu Bce nopaHoBckMe pa3jIoXeHUI NaHHOM QYHKIDIM 1O CTe-
IIEHAM 2 — Zp

*

z+2
. =0;
3) z+ 2z — 228 “0
8z-—-16 .
6 =—2—13;
) (z+1)(z~-3)’ %0 :
z .
.9 =—20
B) zcosz+2‘ 20 1

6.12. Mna dyuxumm exp[l/(z + 1)] madiTu u3ompopaHHbBle ocobhle
TOUKM M ONpeReMTh WX THIL.

6.13. na nauHanlx GYyHKIMIA HATH DHYETh B YKA3aHHKIX 0COORIX
TOUKAX

sin” z 1 :
a) poand z = 0; 6) m» z =21
1 et —1-2°
- 1) cos =. =0: ‘ =0;
B) (z ) cos —, z ; r) Snz—z+2/6 z

-1
I) :1+1Ch(zi3)’ Z = 00} e) zch;exp;, Z = oo.
6.14. Barmc/mmTh MHTErpaisl

2
a) / .z dz; 6) / (z+2)cz/:dz;
sin z

|1—6|=5 Iz)=1/2
o o0
) z dz . r) T sin de:
(z? + 4z + 13)?’ z? + 4z +20
-0 - Q0
2r 2r
1 1
1 dt; e dt.
) /ﬁsint+4 ’ ) /‘(4-}'3(105%)2
0 0

6.15. HajtTu o6pasnl yka’aHHEIX MHOXECTB NpHM 3aJaHHHX 0To0pa-
MEHNAX

a) E:{0<Imz<w/2,Rez >0}, w=¢e";
6) BE:{|z|=2}, w=z/(z+1);

B) E:{|z]<1,2z¢][0,1]}, w= %(z+§)

6.16. Koudopmuo oTobpasuts obnacts D : {—o0 < Im 2 < 00, —00 <
Re 2 < 0032 ¢ [1,31]} Ha obnacts D* : {Im w > 0}.
6.17. HaitTu niobpaxeHne yKa3aHHBIX PyHKIAA
¢

a) te 'sint; 6) /cos(t—f)ezrdf.
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6.18. HaitTn opuruua mo sagaHHOMY M300paXCHUIO
r+1 p
a) 2(n2 — 1) 6) 4 2 :
P’ (p* —1) p! +5p° +4
6.19. C noMoursio dopmynur HoaMmens HailTM 4YacTHOC pelICHNC
InddepeHINAIILHONO ypaBHEHUA

. et

.'B—(L‘=T+—et‘, :Do=:l:0=0.

6.20. OnepaimoHHEIM MeTOnOM peuIuTh 3amavy Komm

a) E—t—6zx =2, z0=1, $o = 2

6) ™ 4+ 23 = cost, o =0 =To =0, w((,3)=1;
B) :n+:n=={ 0, > m zo = 9 = 0.

6.21. OnepalrmoOHHEIM MeTOAOM HalTHM obluee pelicHue auddepeH-
IMaJILHOIO YPaBHEHNUA

t& — (t+5)& + 3z = 0.

6.22. OnepalmMOHHLEIM METONOM PELINTH cucTeMy nuddepeHIalb-
HhIX ypaBHeHUM

£ = -z + 3y + 1, _ _
{3)=m+ya To=1, yo=2.

Bapunaunr Ne 7

7.1. HaiiTu Bce 3HaueHNA KOPHA

a) Vv3—1 6) Vi
7.2. llpencraButs B anrebpamyeckoit dpopme
a) cos(mw/2 —1); 6) arcsind.
7.3. Hcxons u3 onpeneneHns TPUTOHOMeTPUIECKUX U runepbonmdec-
KX QYHKIMA, NOKa3aTh

sh 2y
ch 2y — cos 2z

Im (ctg 2) =

7.4. HccnegoBaTh Ha abCOSIIOTHYIO M YCJIOBHYIO CXOXMMOCTSL DAL

=~ 1
nz__.; n(n—1)

7.5. HairTu yros nosopoTa a 1 K03QPMIIUEHT PACTAXEHNA k B TOUKC
zo = 1+ 1 mpu otobpaxenmm w = e*.
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7.6. Haittnm amaymTudeckyo ¢yuxumio f(z) = u + iv no mapecTHoit
MeACTBUTEbHON (MM MHRMOI) JacTH ¥ 3HadeHno f(zo)

a) u=3c"y—¢ +y, f(0)=0;
6) v=e Ycosz+z, f(0)=1.

/ (2 — |2])dz,
r

rae I' - monyokpyxsocTs |z| =1, Re 2 2 0.

7.8. BuiumcyuTe
/ z2ch z
—dz,
4z~ 4 -

r

rae I''a) [z—1|=1,6) |z+1i| =1, 8) |2| =4
7.9. HaiTt 1 nocTpouTs 06s1aCcTh CXOXMMOCTH PANA

7.7. BarmcimiTs

-1 xc
(z=-1)" n+5
Z —5 —t2 o (z=1)".

n=-—00 n=0

7.10. Haiiti nepBrle TpM WieHa pasnoxeHus pyuxkmm f(z) = % 8ip z
B PAA IO CTeNeHAM 2z — 1,

7.11. HaitTi Bce nopasoBckue pa3nokeHuUs AaHHON QYHKINM 10 cTe-
IICHAM 2 — 29

2 2216 Y —o:
822 4 228 — 24’ 0T
2z ,
6)‘ e zo = —1 — 345
. 2+ .
B) sin =y RO = .
z—1

7.12. Ilng dyuxmm cos(1l/z) HaltTy waommpopaHHbie 0coORIe TOUKM
M ONpenesMTh MX THIL,

7.13. Ilna nanubIX QyHKIMA HAATH BEINETH B YKa3aHHEIX 0COOBIX
TOUKAX

a) (z-—-’z[) tg 2z, z=m/2; 6) -:Tcosz, 8 =0
' 2 2
21/00-8) g, Bz — 2 = 0;
B) z°e 1 , 2 ; r) conz—1+ 2372 2 0;
z+ . mZ . L
— T —sin | ——— ). — 2i 4 3)1 (1——),
A) z(z-1)“n(2z-1) e) (#-2+3)n 22

Z = 00; z = oo.
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7.14. BeruvcymThs MHTErpassl

a) /ctg zdz; 6) /-qinlgde;

|:|n=°l |z|;2
dz cos 2T
°) / (£ + 1) (x> +4)° r) / 2 +1d""
1 | 1
——dt; —dt.
A) /33int+5 €) /(4+cost)-’
0 0

7.15. HaiiTu o6pa3nl ykasaHHEIX MHOXECTB IIPY 3aaHHEIX 0TOGpa-
KCHUAX

a) E:{Rez=1}, w=2z/(1+4 z);
6) E:{0<Imz<m/2,Re 2>0}, w=c"7;

) E:{lz] >1,2¢[-2,~1], 2 ¢ [Li4o0]}, w= %(H %)

7.16. Koupopmuo oTobpasurs obnacts D : {Re 2 > 0,0 < Im 2z <
a} Ha o6macts D* : {Im w > 0}, a > 0.
7.17. HaitiTu m3o6pakenne yKkasaHHBIX &YyHKIMMA

t
a) e tsin’t 6) flsll TdrT.
T
0
7.18. HaiiTt opuruMHaJI no 3agaHHOMY M300paKeHMIO
=2p 1
a) ——(-:-———3': 6) 7 .
(1+p) PF+2p+5

7.19. C nomoumsio ¢opmynu oaMmens HARTH YacTHOE pCLUEHHE
AnddepeHINAIIBHOIO yPaBHEHUA

7.20. OnepaiMOHHLIM MeTONOM pelIXTh 3agady Kouwm
a) T+ =2sint, To=1, To=-1;
6) F—3%+2r =12 =z0=2, %o=6;
.. f1-t o0gt<ly .
B) :v—*.z:—{o‘ t> £o = To = 0.

7.21. OnepaumMoHHEIM MeTOZOM HaiTH oflice pelreHue nuddepeH-
IMAJIbHOIO ypaBHCHMSA

tF — (1 +t)& +2(1 — t)z =0,
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7.22. OnepaimMoHHEIM METOLOM PEWNTH cucTeMy nuddepcHIMAIIb-
HEIX YypaBHEHUM

{:i::—3$—4y+1, $o=0 yo=2.

y = 2z + 3y,
Bapuaunt Ne 8

8.1. HairTy BCcc 3HavIeHMA KOPHA

a) vI—1 6) 1
8.2. IlpeacTasuTts B anrebpanmyeckoit popme

a) sh(1+ 7i/2); ' 6) (—1+1iv3)¥.
8.3. cxonsa n3 onpenesieHus TPUrOHOMETPMIECKNX U rm'xepﬁonmlec-
knx GyHKI, AOKA3aTh

V3

——

2

(A

sin 2z
ch 2y — cos 2z’

Re(ctg 2z) =

8.4. MccnenopaTs Ha aGCOMIOTHYIO M YC/IOBHYIO CXORMMOCTSL DAL

o<

\ 3n— 2z
Z n(n—1)(n+2)

n=1

8.5. Hasttit yrost nosopora a n K03 PMIMEHT PACTAXKEHU k B Touxe
70 = 1 pu oTo6paxeHm w = 3e~' + 22°.

8.6. Haittu ananuruueckyio dyukmmo f(z) = ¢ + tv o M3BeCTHOIL
NefCTBUTEILHON (MMM MHUMOIL) yacTu 1 3HaveHmio f(zo)

a) u=g" —3zy’ + 2z, f(0)=4;
6) v=e“(ycosy+zsiny), f(0)=0.

/z2 Im zdz,

r

rme I' - oTpesok mpaMonit z; =0, 2o = 1 — 21,
8.8. Brrumcmuts

8.7. Burmcmuts

. z+1
z2(z—1)(z+ 3)
r
rae I': a) |z2| =1/2,6) |z - 1] =1/2,8) |2z| = 2.
8.9. HastiTit 1 nocTpouTh 0671aCTH CXORMMOCTH PAAa

dz.

o0

2 Z+1—z)”ﬂLZ(z+1 LN

n=0 n=1
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8.10. HaiiTu nepnrle Tpu uieHa payioxeHUs GyHKIMAN el/(1-2) p
pPAn II0 CTEIIeHAM 2. -

8.11. HaitTu Bce nopaHoBcKMEe pa3smoXeHUS OaHHOK (YHKIMM II0 CTe-
IICHAM 2 — 2o

7z 4+ 98

. z0 = 03
a) 49z + 7z% — 223’ %o
+ 2z ]
6) _m, Zg = -3 + 22:
( 1 )
B) zexp ,  zo = 2.
. z—2

8.12. lna dyuxumm (1 — sin z)/cosz HaliTH M30MMpOBaHHbEIE 0COOKIE
TOYKM U ONpeneJmTh MX THII.

8.13. Ilna nmaHHBIX GYHKIMII HANTH BHIYETHI B YKa3aHHEIX OCOOBIX
TOUYKaX

3
z z .
¢ . “9 ‘=O. 6 ) o9 z =1
a) S, 08 A 2 ; ) T 1) z=1
z cosz® —1
B Z €X ’ =1 r , z=0;
)7epz_1 # ) ) shz—2z—23/6
z—1 2(7rz— ) . o(w)
———— coS8 , e 21)cos” | — },
" Gre z + 31 ) (z+29) 27
z = 00; Z = 00.

8.14. BuluncimTes MHTCrpassl

a) / -0 -4 dz; 6) / zcos (2/z)dz;

|z=3]|=3/2 |z|=l../2
o0 ) 14t
T zch z
————dz; dz;
®) / (@ +a)E r) / 22 —2z 10
— 00 1—tc0
2n 2

1 . 1
it dt; e dt.
) f 3/7sint + 8 ) f (3 + V5 cost)?

0 0
8.15. Haittt 06pa3nsl yKa3aHHEIX MHOXECTB NpPH 3aZaHHEIX 0ToOpa-

KeHMAX

a) E:{Rez=mx,Im z > 0}, 'w=eiz;
6) B:{lz|<1,Imz>0}, w=(1-2)/(1+z);

e e 1
B) E:{|lz|<1,Im 2 <0, z ¢ [—1,—1/2]}, w=§<z+§).
8.16. KoudbopmMHO oT0Opa3’uTh 0b6nacTsh

T™ ™
D.{—§<Rez<'§}



HunusunyaneHelie 3aganus 609

Ha obnactes D' : {Im w > 0}.
8.17. Haitti n3obpaxenme yxka3aHHHX ¢yHKINA

t
a) t*ch 2t; 6) /(:h:——ldf.
0

8.18. HaitTu opuruuan 1o 3agaHHoMy n3o0paxeHmio

p'..' + a2 . ) p2 + 1

(P* —a?)*’ p(p+1)(p+2)
8.19. C nomomsio dopmynm IioaMens HalTH uacTHoe pellleHUe
nuddepeHIMATILHOTO YPABHEHUA

a)

1
" 14cht’

To =z0 = 0.
8.20. OnepaiMOHHEIM MeTONOM pelunTh 3amauy Koiwm

a) :'13+4:i:+4.=t362t, zo =1, To=2;

6) 22 —2¢+z=t—sint, o= = 0;

t, 0t <1
B) T+z=¢ 2—-¢t 1£t<2, o =0, Zo=1.
0, t> 2;

8.21. OnepaimoHHEIM MeTOAOM HalTH ofluee peunenme guddepeH-
IMaJIbHOIO yPaBHEHMSA

tz —2(t+ 1)z + (¢t +2)z = 0.

8.22. OnepamMoOHHBIM MeTOIOM PEILINUTL CUCTeMy audepeHIMaIDb-
HBIX ypaBHeHMI

{z=2:l:+3y+-1, zo = —1, yo=0.

y =4z — 2y
Bapuanr Ne 9

9.1. HasiTi Bce 3HayeHMs KOpHSA
a) v—-1-—1; 6) +—8s.
9.2. llpencTaBuTts B anre6pamyeckoit popme
a) sin(mw/3 + 1); ’ 6) arctg(

9.3. Ncxons u3 onpenesiekus TPUIOHOMeTPHMIECKUX U ruIiepbonmyec-
kux ¢yuxmmit, noxasathk Re (ch z) = ch z cosy.
9.4. MccnenoBaTh Ha abCOMIOTHYIO B YCJIOBHYIO CXORMMOCTD DA

—2/3+ 3i)
> :

oo
> s
— In2 4+ 12nt — 5
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9.5. Haitti yrous nioBopoTa a u x03¢PHILMERT pacTIXKeHUS k B Touxe
zo = in/2 npu oTobpaxemm w = zch 2.
9.6. Halttu amarmTaeckyio ¢yukumio f(z) = u + iv 1Mo M3BECTHOM
neficTBuUTENBbHON (MMM MHUMOM) yacTu u 3HavyeHmio f(zo)
a) u=2coszshy+2y+1, f(0)=1;

6) v==z"—3zy’ +1, f(0)=1.

/ zRe zzdz,

r

9.7. Brruncymrs

roe I' - oTpesok npsamont z; = 1, z2 = 1.

9.8. BarymcrmaTs
ch 2°
—_———,—,'dZ,
(1 — 2)2z°

r

rae I': a) |2| =1/2, 6) |2| =3/2,B) |2 — 1| =1/2.
9.9. Haittii 1 nocTpouTs 065acTs CXOQUMOCTH pAna

S ()2

9.10. Haittu nepsrie Tpu wiena pasmnoxenus ¢pyuxmm f(z) = sh (1—
z) B paR no cTeneHaM (z — 1 — wi/2).

9.11. HaitTi Bce TopaHOBCKNME Pa3/IOXKEHME LAHHOM GYHKIMM II0 CTe-
HeHAM 2 — 2o

22 .
a) aya 2T 2 + 3q;
9z + 100
6 = 0;
) 5022 + 525 — 21 0T
2z
si , = 4.
B) sin 1

9.12. Ona bysxkmm f(z) = z/(1 — sin® z) 'HallTH M3I0JMPOBAHHLIE
ocobile TOYKHN M ompene/mMTh MX THIIL.
9.13. Ina gaHHEIX QYHKIMEA HAMTH BEIYETH B YKA3AHHEIX OCOGLIX

Toukax )
e — e’
— =2; 6 = -1
8) z-—2 # )22(z+1)°’ #
1 1 ¢ esz—l
cos — s =0; 1 _0;
5) osz+z # r) chz-—1-22/2 #

2z , z+1
i) ST g onT
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9.14. Barmc/mTs MHTErpasnsl

L4
a) / (?%dz; 6) f (z cos% - er‘)/’)dz;
z=2|=2 |z|=1
zsin(—2z) ,
/:v~+z:+2 r) / T2 +4 as;

1 1 .
%) _/ 44/3sint — 7dt; ) / (2v/2 + V7 cost)? at

0
9.15. HaiiTu 06pa3sl yKa3aHHEIX MHOXECTB IIpM 3afaHHEIX 0TO6pa-

XKEHIAX

a) E:{Rez=1}, w=2z%
6) E:{0<Imz<2m, Rez>0}, w=e';

B) E:{r/d<argz<3n/4,z¢[0,3]}, w= %(z—[— %)

9.16. Koudopmuo otTobpasuts obiacts D : {a < Re z < b} ma

o6nacte D* : {Im w > 0}, a < b.
9.17. HatiTu u3obpaxenne yKa3’aHHEIX YHKIDAA

a) sh tcos 2t cos 3t; 6) % sin” ¢.
9.18. HaitT opuruman no sagaHHoMy u306paxeHMIO
2 3
y P o 2 .
P+ Dp-2)p+4) (p® + 1)

9.19. C noMourpio ¢dopmynsl HioaMens HainTn peiuerne nuddepet-
LIMAJIbHOTO yPaBHEHMs

" 2e*
£—4i+4$=m, $o=:i20=0.

9.20. OmrepaIMOHHBIM MeTONOM peluuTh 3axauy Koium

a) fé—:i::tet, zo=1, zo=0;
6) E—&=¢t, zo=0, £=1;
0, 0Kt
. . t, 1<t< 2 .
B) T+ 9z = 3t 2<t<3: To=To =0
0, t>3

9.21. OmepaimoHHEIM MeTONOM HaMTH OOInee peilueHme audpepen-
LMaNbHOr0 ypaBHEHUA

te — (¢ + 5)c + 3z = 0.
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9.22. OnepaiMoOHHBEIM METONOM PELUMThL CHACTEMY ANPQepeHIMAND-
HEIX ypaBHEHMIA

{ =2z +3y+1,

y = 4z — 2y, To = -1, v =0.

Bapuant Ne 10

10.1. HaitTu Bce 3amauyeHmMa KOpHSA

a) v—1; 6) V24 2iV3.

10.2. IIpeactaBrTer B anreGpamdeckoi ¢popme

a) sh(2+ —}i); 6) arcth(
10.3. Hcxonsa u3 onpeneseHMsa TPUIOHOMETPUMUYECKUX M rumepbosm-
Yyeckux QYHKIDOA, OOKA3aTh

3+ i2\/§)
=)

sin 2%
cos 2z + ch 2y

Re {tg z} =

10.4. HccnenoBaTs Ha abCONIOTHYIO M YCJIIOBHYIO CXOOMUMOCTDL DAL

n=1

10.5. HaitTu yron moBopoTa a ¥ x03ddrimeHT pacTaxeuus k B
Touke Zo = 1 + ¢ mpu oTobpaxenym w = In(z — 1).

10.6. HaitTu anaymTiaeckyo dyuximio f(z) = u + tv 1o n3pecTHOR
ReCTBUTENILHOM (MMM MHUMOM) yacTu M 3HaveHmio f(2o)

a) u=2coszchy, f(0)=2;
6) v=2zy+=z [f(0)=0.

[
|z|’

r

10.7. Beramcrmts

rge I' - oTpesok npamoit z; = 1, 2o = 1.

10.8. Brrumcms
sh z de
(2 +1)*

r

roe I': a) |z — 24| = 2, 6) |2 + 2¢| = 2, B) |2] = 2.
10.9. HaviTi 1 nocTpouTs 061aCTh CXOAMMOCTH PEOa

> ()2 ()"

n=0 n=1




Hunnsunyansuue 3agaHus 613

10.10. HaiiTi mepBrle Tpu *wieHa pajzftoxenus ymkmm [sin(3z ~
1)]/2z B pan no crenensam (z + 1).

10.11. HaiiTu Bce JopaHOBCKME pPamIOKeHUS HaHHOR GYHKUMM IIO
CTEIlEHAM Z — Zg

2z
2244’
13z + 338
169z + 1322 — 223"

4z — 22°
B) €xXp (m y 20 =1,

a) 2o = -3 + 21:;

6)

zo =03

10.12. IIna dbysxmmm f(z) = 2?(cos z — 1) ™% maitTut miommpobanmste
0cobble TOYKM M ONIpENe/mMF¥h MX TMIL,

10.13. IIns pauueix GyHKUMHA HAWTHU BEIYETHl B yKa3aHHBIX 0COOBIX
TOYKaX

5
cos 2 _ . 1/(z+1) Z - 1.
—_ = 371/2 —_—
B) zcos z I ) sin 4z — 4z =
~4z¥%» — 4y e‘—l-z’ 4— s
z nz 2
o) (z—i)(z+3)exPz—-2’ e) (z+2) ln(l z)’
z = 00; z = 00.
10.14. Berunc/imTs MHTErpasts
z ch z — cos® 2
8) / 16216 + ldz’ 6) 22sin5m dz;
lzl:l IZI:O,I
oo o0
1 sinx
— _dr: . .
) / (22 + 4)3 s ) / z? — 2z + Zdw’
—_0 -— 0
2n 2w

1 1
) /4311”‘*‘5 ’ °) /(\/E+\/§cost)2

0 0

10.15. HaitT 06pa3nl yxa3zaHHEIX MHOXECTB NIPH 38JAHHLIX 0TO6pa-
KEeHMAX

a) E:{Imz=mn/4}, w = cosz;

6) E:{m/4 < argz < 3w/4}, w=%( +§);

B) E:{|z|<2,|z—=-1|>1}, w=2z2/(z-1).

10.16. Kondopmuo otobpasuts obnacts D : {|z| < 2,]|z - 1] < 1}
Ha o6macTe D* : {Im w > 0}.
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10.17. HaiiTn n3obpaxenue yKa3aHHBIX ¢YHKITAIA

t
a) t°sinat; 6) /sin*rd*r.
0
10.18. HaitTu opurusan mo 3agaHHOMY u300paXXeHMIO
3p+1 1
a) ——2———,,; 6) —_—
(p* +1)° p(p+1)

10.19. C momouusio ¢popmynm ioaMens HalTH YacTHOE pellleHME
AnddepeHINAIEHOrO YypaBHEHNA

T4z = To = To = 0.

ch 2¢’
10.20. OmeparmoHHyM MeTOOOM peIUNTH 3afavy Kouunm

a) :.1..7—2'7=t2, :L'o=0, {i20=1;

6) £+ 4z =8sin2t, o =3, o= -1;
1, 0Lt

B) T4+ = 0, 2t To = To = 0.
-1.1<t<?

10.21. OmepammoHHEIM METOROM HaliTH obee peiuerme audgdepeH-
IMAJILHOINO ypaBHEHWA

tz —2(t+ 1)z + (t+ 2)z = 0.

10.22. OnepalMOHHEIM METONOM PELUUTHL CHCTEMY ANddepeHImaIs-
HEIX ypaBHeHMH

r = 2c — 2y, _ .
{ y = —4r, zo=3 w=1

Bapunant Na 11

11.1. HaitTu Bce 3HayeHms KOpHA
a) /1/8; 6) V1.
11.2. IIpencTaBuTer B anrebpandeckoit ¢popme .
a) sin(m/4 + 21); 6) (—1-12)*.
11.3. Mcxonsa u3 onpeaeseHMs TPUIOHOMETPUYECKUX M rumepborm-
veckux GyHKIpA, noka3ath Re (sh z) = sh = cosy.
11.4. McenenoBaTe Ha aGCOMIOTHYIO M YCIIOBHYIO CXORMMOCTDL DX

= 2
Z 4n%t1 +8n+3°
n=0

11.5. HaitTu yros nmosopoTa a M Kos3bduumMeHT pacTaxeHus k B
Touke zp = 2 + 1 rpu oTo6paxemm w = z/(z + t).
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11.6. Haittu aHarmmtuaeckyio dyukmmio f(2) = « + v 10 mapectHoOR
NeCTBUTENILHOM (MM MHMMOI) JacTU M 3HaueHmo f(zo)

a) u=e cos2y, f(mi)=1;
6). v=2zy—-2y, f(0)=1.

11.7. BeraucrmTs
/exp(lzlz)Re zdz,
r
rae I' - oTpesok npsawmoit 2y =0, 22 = 1/2 + i\/§/2.

11.8. Beruncrmts
COS 2 de
z2(z—-nf2)3"

r

roe I': a) |z| =1/2,6) |z— 2| =1,8) |2| = 2.
11.9. HaiiTt u mocTpouTs 06J1aCTh CXOOUMOCTH pAna

-1

Z (5n + 6)z°" + i 22rgnt,
n=0

n=—oo °

11.10. Hasttu nepprte Tpu wieHa pasioxenus ¢ysxkmm (14cos z) ™!
B PAA IIO CTeIleHAM 2.

11.11. HaiiT Bce 5opaHOBCKMeE pa3ioXeHMs AAHHOM QYHKIMM II0
CTENeHAM Z — Zg

) _Bz-18 . —o0:
a 223 + 322 —9z° T
2z .

6) -zT-:z, Zo=2+2‘l;
Tz

B) zexp , Zo =T.
zZ—7

11.12. Ina dymxmm f(z) = (2 — m)/sin® z HaitTn M3oIMpOBaHHLIE
0COORIe TOYKM U ONPEAEIMTH MX THII.

11.13. Ina naHHBIX GyHKIMA HAATH BEIYeTHl B YKa3aHHBIX 0COOmIX
TOYKaX

1—'622‘.
_— =7 z= -2
a) I 5 G)ZCOSﬁ"'Z’
e'* ch 52 -1
B) ———=, 2=; r —, 2= 0;
)z(z—1r)3 ' )e‘—l—z-—z-/z’

— 7
A) :?'_*_llch(zis),z:oo; ) z3exp(;_-_,-),z=oo.
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11.14. Brvmc/miTh MHTErpPANK

€'’ (z+1)e™
?) [ @z 13, 5) / 2 — 25 5%
|z42]=1}
5 3 °° +2
2"+ 2z -z
d H d ’
8) / AL *) /z4+10m2+9 g
|z|=3/2 —-c0
1 1
I = dt; e dt.
) /4\/Eaint+3 ) ,/\/21+sint+5
0 0

11.15, Ha#Ty o6passl YKa3AHHLIX MHOXKECTB [IPY 384aHHLIX 0TO6pA-
KEeHUAX

a) E:{lz—-1/2|=1/4}, w=1/z
6) E:{0<Imse<mImz>0}, w=cthe;

B) E:{|z| <1, -3r/4 <argz < —7/4}, w= -;—(z+ i—)

11.16, Kondopmuo otobpasuts obnacts D : {0 < arg(z~1—1) <
7/2} ua obnacte D* ;: {Re w > 0}
11,17, Haitty nao0paxenne YKa3aHHBIX $yHKIMA
a) ch attcosat; 6) }-e"" sin® ¢.
11,18, Haitty opurusan no jagaHHoMYy moﬁpaxcermm
1 o P’ +2

~ -; 6 :
FTD(p 27 ) Frp
11.19, Peumts auddepeHImambHoe ypanHeRNe

a)

et .

m—g', Tq = Lo = 0.

11.20. OneparMoHHKIM MeTOROM pelIuTE 3anauy Kowm

E+2t+a=

a) £ +4x =sint, zo =29 =0;

6) #+adt+ec=t 4+t D=1, H0=-3
. 5 13 .

B) :t:+m={ (1)' ?f{f zo = o = 0.

11.21. OnepalmoHHAIM MeTONOM HalTK ofiuee pewerHue anddepeH-
IMa/TLHONO YPABHEHUS

— 2t% + (6t — 13)z = 0,

11.22. OneparmoHHEIM METONOM PEIUINTL cucTeMy AuddepeHIMaTL-
HBIX YPABHEHMN

{ T =+ 3y-+2,

gzm_y_l‘l’ :Bo—"—"']-, y0=2'
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Bapuant Ne 12

12.1. HaiiT BCe 3HAUEHUA KODHSA

a) v—1; 6) V1+1v3.
12.2. IlpencrasuTes B anrebpamdeckoit ¢popMe
. 3+ 4
a) cos(mw/6 + 21); 6) arctg( _; z).

12.3. Ucxons u3 omnpeneneHns TPUTOHOMETPUYECKMX M Trurepbosm-
yeckux byHxmmit, nokasats Im (sh z) = ch zsiny.
12.4. UccnenoBaTh Ha aGCONMIOTHYIO M YCIOBHYIO CXOLMMOCTb Pl

347
25"+:‘”

n=1

12.5. Haiit yron nosopoTra a u Xo3pduimeHT pacTaxeHus k B
TouKe 29 = 2 + ¢ npm oTobpaxermmm w = (z + 1)/(z —1).

12.6. Haitt anasmTuueckyio ¢pyuxumio f(z) = u+ iv 1o u3secTHOM
OeCTBUTENBHON (M/IM MHUMOI) YacTy U 3HadeHMIO f(2p)

a) u=-¢e"siny+2y, f(0)=y4;
6) v=z"—y —2z, f(0)=1.

12.7. Berumcrmrs
/ 2 dz,

T
roe I’ — monyokpyxsocTs |2] =2, Im 2 < 0.

12.8. BrraucimuTe
2%e*
dz,
/ (z - 1)(z+1)

r

roe I': a) [z — 1] =1/2,6) |2+ 1| = 1/2, B) |2z| = 2.
12.9. HaitTu 1 nocTpouTs 06/1acTh CXOLMMOCTH psana

0 2n

2" —1 =z
> (sn+ I)W + ; e

n=1

12.10. HaitTu nepBuie Tpu wieHa pasioxenus dyukimu In(1+ cos z)
B PAQ II0 CTEIICHAM Z.

12.11. HaiiTk BCe slopaHOBCKME Ppa3JIOXeHMS OAaHHON (GYHKIWIM IIO
CTeIleHAM 2z — Zp

a) et 20 = —1 + 313
3~z — 36

6 20 = 03

) z4 + 323 — 1822’ #0 ’

z43
B) ZCOST , 20 =1.
z.—
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12.12. Ilna ysxmpm ctg (1/2) — 22° naiiTu usompobannsie ocobnie
TOUKM U OIPefe/MTh MX THIl.

12.13. IIna naHHBIX QYHKIMIA HANTHU BRIYETH B YKa3aHHLIX 0COOBIX
TOUKaX

1 —-sinz ze”
—_—, 2 =T[2; 6 =1;
a) (z~=/ )4,z ™/ . )z2—3z+2’z
B) zex z— 1 z=—1; r cos3z — 1 z = 0;
PoF1 * 777 sinz—z4+23/6" "
)Z—Zi sin7rz+2 z = 00} e)z3ln(1 2i+1) z =00
M2 2(z—-1)" " 7 z )T

12.14. Borumc/mTh MHTErpaisnl

a) / ° _dz - 6) / [z cos(1/2) — €'/ *]dz;

e 41
|[z—mi|=4 . |z]=1
oo' 1+i0c0 .
dzr e’
; d t > 0;
B) /z2—2z+2’ r) f 22 41 % >
—00 1—too

2%

2=
1 1
dt; dt
%) / 24/6sint — 5 °) / (V2 + cos t)?
0 0

12.15. HaiTu o6pa3snl ykazaHHEIX MHOXECTB IIpU 3aJaHHLIX 0TO6pa-
XKeHUAX

a) E:{0< Rez< 1}, 'w=i/z;
6) E:{0<Rez<mImz>0}, w=e?;

1 1
B) B:{|2|]<1,-3n/4<argz< —7/4}, w= -é-(z+ —z—)

12.16. Koudpopmuo orobpasuts obnacts D : {|z| < 1,Im z > 0} Ha
o6rmacts D* : {Im w > 0}.
12.17. Haittu n3o6paxeHue yKa3saHHBIX PyHKITAA

p e — eﬁr
a) sint — tcost; . 6) / —dr.
T
0

12.18. HaitTu opurunai mo 3afaHHOMY H306paXeHHIO
1 e~ P/3

a ; 6) ———.
) G-0e-2) ) @+
12.19. C momoiumio ¢popmyner HioaMmens HaliT YacTHOE pellleHUe

Iud¢PepeHMANBEHONO YpaBHEHUSA
a8 1 Ld
rT—0r = —— To = To = 0.

ch 3¢’
12.20. OnepaloOHEEIM METQAOM PELINTH 3amady Koim

a) F+xz=6e"", zo=3, do=1;
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6) £ —2c+x=1t—sint, =z =L = 0;
" . _J 1, 0Kt .
B) :c+2:z:+a:—{3, £> 2 To = o = 0.

12.21. OnepaioHHBIM MeTOAOM HalTH oblilee peleHne nuddepeH-
MUAJILHOTO0 YPaBHEHMU S

ti — 2(t+1)& + (t + 2)z = 0.

12.22. OmnepalmoHHEIM METONOM PElINTDH cucTeMy auddepeHImab-
HEIX YpaBHEHUN

{:i:=3:c+5y+2, 20 =0, yo=2
=0, = 2.

?;’ =3z +y+1,
BapuanT Ne 13

- [
13.1. HatiTu Bce 3HaueHMs KOpHA

a) V256 6) 3/-1/8
13.2. IIpeacTaBuTh B anrebpamueckonn ¢opme
a) ch(2 + ni/2); 6) arccos(-5).
13.3. Ucxona 13 ompeneneHus TPUIOHOMETPUYECKMX M rumep6orm-
yecKMX (YHKIMM, NOKa3aTh

sh (z1 + z3) = sh 21 ch 22 +sh 22 ch 2.
13.4. UccnemoBaTh Ha abCONMIOTHYIO M YCJIOBHYIO CXOOQUMOCTDL PAX
o0
Z 2n +1
— n?(n+1)?

13.5. HaitiTu yron mosopoTa a u K03pIMIMMEHT pacTsaXeHus k B
TOUKe 2Zp = 3 + 21 mpu oTobpaxemm w = (z + 1)/(z — 1).

13.6. Hantu anammuTuyeckyio ¢pyuximio f(z) = « + v 110 nM3BeCTHOM
OeCTBUTEILHOMI (n.rm MHMMOI?’I) YacTH U 3HaYeHMio [ (zo)

a) u=¢e Ycosz, f(0)=1+47;
6) v=y—2zy, f(0)=0.

/ (Yo,

r

13.7. BeraucrmTs

rae I’ — okpyXHOCTh eAMHUYHOrO paguyca.

13.8. Beruucomre
z2e?
dz,
z2 41

r
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roe I': a) |z—14|=1,6) |2+ =1, B) |z| = 3.
13.9. Haiti 1 mocTpouTh 06JI1aCTh CXOOUMMOCTH PANa

o0

1)
Z z.|_1)n Z(:n:-lﬁ'

13.10. Haltitu mepshele Tpu WieHa pa3iioXeHNA GYHKIMM exp(cos z)
B PAA IO CTEIIEHAM 2. *

13.11. HaitTu Bce slopaHOBCKME pa3jIoXeHUA MAHHOM (GYyHKIMM II0
CTEIIEHAM Z — Zg

2z .
a) T zo = 3 — 21;
9z — 162
6 = 0;
) 223 + 922 — 81z’ %0
2
. -2
B) zsmé—_ﬂ%, Zo=1.

13.12. IIna ¢pysxumu 1/sin z HaliT M30/MpoBaHHEIE 0COGBle TOUKM
¥ OIIpeAeMTh MX THII.

13.13. IIna gaHHBIX GYHKIMI HAWTHU BEIYETHI B YKA3aHHEIX OCOOBIX
TOUKAX

1l —cosz z

—_— = 0; 6 = 2;
LT PR )(z—lg(z_z)z’ ?
B) 1 exp ——, z = 2; r) sh 22 — 22 z=0;

z_2 Py TS cosz—1422/2" "
) z in 2 2% = 00; e) (¢2z 4+ 2)sh(1/z), z = oo.

I R (z —1)%’ “
13.14. BeruncrmTh MHTErpahl

a) / _1 dz; 6) / 2"e* *dz;
sin z

|z{=8 |z|=1
0o oo

2 /(2:2::- 1)2d$; r) _f (22 +Clo)s($2 +9)%%

0

2r
1 1
I dt; e —
) /vsssint—ﬁ ) /(3+cost)'
0

0
13.15. Hasitu o6pa3snl yKa3saHHBIX MHOXXECTB ITpM 3afaHHEIX oToOpa-
XKeHUIX

a) E:{Rez=1}, w=2z/(z—141);

6) E:{0<Rez<x/2 Imz>0}, w = ie';
' 1

8) E:{1<|z|<3,Imz> 0}, w:E(z+§).
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13.16. Koudopmuo oTobpasuts o6nacts D : {0 < Im z <, Re 2 >
0} na o6nacts D* : {Im w > 0}.
13.17. Haiitu usob6paxenne yKa3aHHLIX yHKLIL

. 1.
a) e * sin3tcos 2t; 6) 7 sin t.
13.18. HaiiTu opurusan mo 3agaHHOMY u306paxKeHMIO
1 >+ 14
a) P+ 6) P+

Plp-1)(p+2)’ (P +4)(p*+9)
13.19. C nomommio popMmyns [oamesnsa HalTH YacTHOEe pelUeHME
nudPepeHIMAIIBLHOIO ypaBHEHU A
te™*

t+1°

13.20. OnepannornuM MeTonoM peiunTsh 3agady Koium

T+2z 4z =

o . -t .
a) T —x=te, mzo=zxo=0;

6) £— 9z =sint —cost, xo = -3, To=2;
. 1—-t, 0Kt .
B) T—x& = 0, t;l; ! To = To = 0.

13.21. OnepammonusiM MeTOOOM HalTH oflee pelueHue auddepes-
IINaJILHONO ypaBHEHM
T + tz 4+ 3z = 0.

13.22. OmepaimoHHBIM METONOM PELIUTEL CUCTeMy nuddepeHImab-
HBEIX yDaBHEHUI

=2 1,
{:I: y+ :Bo=—-1, yo=0.

Yy =2z + 3,
Bapuaut Nt 14

14.1. HaitTu BCce 3HaUEHUS XKOPHSA

a) V-1 6) \a/—1+i\/§.

14.2. IlpeacTaBuTh B anmrebpamyueckoir hopMe

a) cos(m/4 + 1); 6) Arctgy/3.
14.3. Mcxons u3 onpenesieHus TPUTOHOMETDMUIECKMX M rumep6osm-
yeCcKX (PYHKIWM, NOKA3ATH

cos(z1 + 22) = cos 2; cos 22 — sin 2y sin 2;.

14.4. ViccnenoBaTs Ha abCONMIOTHYIO M YCJIOBHYIO CXOAUMOCTEL DS

YL
— nd 4+ 5ng.

14.5. HaiiTi yron nosopoTa a u ko3pdumumeHT pacTaXeHus k B
TOUKe Zo = —21 IIpu oTobpaxenuu w.= 1/z.
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14.6. HaiiTu anarmTugeckyio dyukumo f(z) = %+ tv 1o M3BeCTHOMN
IeCTBUTEeNbHOM (MM MHUMOI) yacTi u 3HadeHMo f(2o)

a) u=z'—8z%y — 6%y’ + 8zy” + ¢, f(0) = 0;
6) v=(e* +e ")cosy, f(0)=2i.

[,

r

14.7. Beramcmuts

rae ' - oTpesok, coenumgonmit Touky z; = 1, zo = 1.

14.8. Burymcmure
z
/ 7 1dz,

r

roe I': a) [z — 1| = 1/2,6) |2+ 2| = 2, B) |2| = 3.
14.9. Hajitu u nocTpouTs 0651aCTh CXOOUMOCTH PAXA

i(n+ 1)(z:i)n+i-(1j—_|i)—5’;.

n=0 n=1

14.10. Haittut nepBule Tpu wieHa pa3noxeHus GyHKipm exp(z cos z)
B pAn II0 CTEIleHAM 2.

14.11. Haiitu BCe sOpaHOBCKME pPa3JIOXEHMs NAHHON QYHKIMU I10
CTEIleHAM Z — Zo

L)

z+4+1 .
2T =2 — 3i;
a) z(z—1)’ “ :
6z — 144
6 , = 0;
) z4 4623 — 7222 = ’
1
B) zcosz_z, z0 = 2.

14.12. Ina ¢pysxipm sin(w/(z + 1)) HalT! usoympoBaHHbIe 0COOBIE
TOYKM U OIPeNe/MTh MX THIIL.
14.13. Ina naHHBIX QYHKIMI HAWTH BHEIYETH B YKa3aHHBLIX 0COOBIX

TOIKax 2

1 1 e’ )
- , 2 =0; 6) —————=, 2 = 21;
8) z er—1° )z(z—Zz)2 e=a
B) zsin ! z=1; r)chZz—1—2z2 z = 0;
z—1""7" 7 shz—z-23/6""
z—2 z/(z-3) 1/z 2—1
I) 9 =1) , e) ze'/* cos —,

z = 00} z = 00.
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14.14. Belmcmth MHTErpasninl

622
a) f . 1d.e:;

[z—1|=1

) [ ErieTe

-—00

J 1
I dt;
) / V3sint — 2
0

2
6 .
)/zexpz+1dz,
|z]=

ch zt

*) / CERCET ke

—100

: 1
e)o/‘(\/é+cost)2dt.

14.15. HaitTu o6pa3sl yKa3aHHBIX MHOXECTB IIPM 3aZaHHBEIX oTOOpa-

XKECHMAX

a) E:{Rez>0,Imz=mn/2}, w=e"";

6) E:{|z—1>1,Im z >0},
B) E:{|z|] <1,0<argz < w/4},

w=1/z;

'w—l(z+l)
T2 z]’

14.16. Koudopmuo oTobpasuts obnacts D : {a < Re z < a+h} Ha
o6nacte D* : {0 < Re w < 1} mpu h > 0.
14.17. Hamttu n3o6paxkeHne yka3aHHBIX GyHKIIN

1
a) cos’t; 6) t+ Eet.
14.18. HaitTu opurunan no 3agaHHOMY 13006paXeHHIO
a) pt1 : 6) _!L
p® —5p* +4p’ P*-1)

14.19. C nomomsio ¢opmynsl HioaMens maiiT wuacTHOE pellieHHMe

nud¢PepeHIMaILHONO YPaBHEHUSA

sh ¢

L —x=

ch 2¢’

o =.’1.:o=0.

14.20. OnepaimoHHsIM MeTOnoM pelnTh 3amaudy Kounm

a) & — & = te,

6) € — x = cos 3t,

£,
B) 5:+:i:={ 2 —t,

o =

1, o =0;

:l:o=0, :i:o=1;

0<t< 2
2 L t<4, zo = To = 0.
t 2 4

14.21. OneparmoHHEIM MeTOOOM HauTu oOitee pelueHMe nuddepes-

IIMAJIbHOI'O YpaBHCHU A

t¥ — (1 +t)z +2(1 — t)z = 0.
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14.22. Onepauuom-xum Me'ronom peunTs cucteMy auddepeHImIATL-
HBIX yPaBHEHNN

{:c-—...-2:z:+2y+2, Do =0, yo=1.

y=4y+1,
Bapuant N\¢ 15

15.1, Haitu Bce 3nauyeHus KopHs

a) Vis 6) V2 - 2i.

15.2. IIpeacranuTe B anrefpaudeckoit dopme

a) ch(l ~ mi); 6) arctg

15.3. Ucxong m3 onpeneneHuUs TPUTOHOMETPUUECKMX U rurepGorm-
YeCcKUX QYHKIIMA, JOKA3ATH

(3\/§7+ Si).

sin(z; + 23) = sinz; cos 23 + cos z; sin 23.

15.4. MccnenopaTh HaraGCOMIOTHYIO Y YCAOBHYIO CXOLUMOCTB DX

Z n+3
\/' & Wi 51

ns=l

16.5. Hatitu yronm momopora a ¥ Ko3dbduumeHT pacTaxermd k B
TOUKe 20 = 1 + ¢ mpy oToGpaxermm w = 1/z.

15.6, Haiity anamatigeckyio pyuxumio f(2) = u + tv o M3secTHoOM
AECTBATENBbHOY (WM MHMMOM) JacTy ¥ 3Havenuio f(zg)

a) u=ln(z® +y*)+e -2y, f1)=1;
6) v=€eYcosz+mz, f(0)=1.

/Im zdz,

T
rae I’ — oTpesok, coequugommiz TOYKM 2) = 1,.22 = t.

15.8. BeraucmuTs
ch z
——————d 2,
z(g —im)?
‘T

rae I': a) |z| =1,6) |z — 3| = 1, B) |2| = 4.
15.9. HajiTyt m mocTpouts 06/12CTh CXOAMMOCTH PAna

(z+14+4)" (n+1)
an1+m Z(z+1+z

n=0

15.7. Buruncnurs
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15.10. HaitTi mepBBI€ TPM WiIeHA Pa3jloXeHMA (GYHKIMM /COSZ B
PAA IO CTENEHAM Zz.

15.11. HaiiTu Bce nopaHOBCKHME Da3JIoXKEHMS NAHHOM (GYHKIMM IIO
CTEIIEHAM Z — 2o

z+1 ‘ .
a) D)’ 2o +1
15z — 450
6 , = 0;
) ST isZ oy X
z
B) zexp ——, 2o = O.
z—95

15.12. Jns ¢ysxipm —exp(—1/2z") Haliti m3omposansme oco6ule
TOYKU M OIIpeNeJITh MX THMII.
15.13. dnsa maHHBIX QYHKIMIA HAWTH BEYETH B YKa3aHHBIX 0COOBIX

TOUYKAX .
a) COSL’ z:O; 6) &7‘:22’ z:i;
zsinz (z —1) .
9 . .. sinz” — z A
B) (24 1) s1n-(rl)2,z——-1, r) (e — 1= )2’ z = 0
) 4z + 24 cos — e) (z+ 1) ex 2=
M3 tdz—1 T z-5 P
zZ = 00; ’ z = oo.
15.14. BeluncmTs MHTErpannl
exp z _ . z .
a) / z4+2z2+1dz’ 6) / zsmz_ldz,
[z—sl=1 |]z—1|=1/2
(o o] 4 o0
1 n 2
) z 4+ de: r) (z 4+ 1)sin z :
8+ 1 z2 4 2z + 2
—_00 -0

2
1
i3 dt;
) / V15sint — 4
0

; 1
°) / V312Vt

15.15. HairTu 06pa3ssl yxa3aHHBIX MHOXECTB IIPX 3aJaHHHIX oTo6Gpa-

XKECHNAX

a) E:{Re z=1},

w=z[(z+1);
6) E:{0<Rez< 2m, Im z > 0},

w = sin z;

B) E:{0 <Rez<m Imz>0}, w=exp(iz).

15.16. Kondpopmuo oTobpasuTts o6iacThb

D;{|z|<1, 2 ¢ [%1]}

Ha ob6nacte D : {Im w > 0}.
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15.17. Haittu n3obpaxenne yKasaHHBIX (yHKIAM

a) sin't; 6) tch atcosat.
15.18. Haittu opurmuan nmo sagaHHOMY n306paxeHMIO
) e P e 3P ) 1
a) —— +6 ; 6 — .
P pt (P* +1)*(p* — 4)

15.19. C noMoumio ¢popmyns IioaMmens HalTH YacTHOE pelUeHNE
auddepeHIMaNbHOIO ypaBHeHUs

exp(—t)

T+ 2c 41z = PRl

120=:I.:0=0.

15.20. OnepaioHHEM MeTONOM pelunTh 3azady Koium

a) T+ x=2sint, o =1, To=-1;

6) :'l.:+:f:—2:n=—2(t+1), zo =1, zo=1;
t, 0L t<2;

B) T+ =1¢ 2—¢t 2<t<A4, To = Zo = 0.
0, t > 4;

15.21. OnepammorHmM MeTOOOM HalTH 00lee peiueHme auddepeH-
IMaJILHOTO ypaBHEHUSA

ti — (1 + t)z + 2(1 — t)z = 0.

15.22. OnepaniMOHHEIM METONOM PEIUUTHL CUCTEMY IuddepeHIMalTE-
HEIX ypaBHEHIMIA

:i:=_2;:+y+2, — —
{g=3m, .'Bo—l, yO—O.

BapuanT Ne 16

16.1. Haittu Bce 3anaueHus XKopHs

a) V—27i; 6) "‘/i_z_"‘_@

16.2. IIpeactasuts B anrebpandeckoit ¢popme
a) cos(w/4 — 2i); 6) (—1)°.
16.3. Mcxons u3 ompenenenns TPUTOHOMETPUYECKMX M ruriepbosm-
YecKuX (PYHKIMIA, JOKa3zaTh

. . . 21+ 22 Z1 — 22
sinz; +sinz; = 2sin 5 cos 5 .

16.4. UccnemosaTes Ha abCONMIOTHYIO M YCIIOBHYIO CXOOUMOCTE PAX

o0

1
Z n2 —ilnn’

n=1
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16.5. Hamitu yron mosopora a u K03QQUIMEHT DACTHKEHUS ks
TOUKe zo = 1 — ¢ Ipu oTobpaXxenmu w = —iz°

16.6. Haittu anammTuyeckyio GyHKImIo f (z) = 1 4+ 1V 0 U3BECTHOMN
AefCTBUTENbHOM (MM MHMMOM) YacTH M 3HaueHMo f(zo)

a) u=2(z> -y, f(1+i)=0;

/z'dz,

r

16.7. Baruncimrts

rae I' - nonyokpyxnocts |z| = 1, Re z > 0.

16.8. BrruucrmTs
ez
—_—dz,
/ 2@

r

rae I't a) |z| = 1/2, 6) |z — 4| = 1/2, B) |2| = 3/2.
16.9. Haittu u nocTpouTh 06/71aCTh CXOOMMOCTH pAfA

D (z=2)"2"(n+1) + ) n® +5(z - 2)"
n=0 n=1

16.10. Haitt mepsmie Tpu wieHa pasioxeHus GysHkiwmm exp(sin z)
B PAJ IO CTEIIEHAM 2.

16.11. HaiTu Bce nopaHOchne pa3oXeHNsa OaHHOM (GYHKIMM IIO
CTEIIEHAM Z — Zo

3 =2
) z(z+1) z0 “
z+4
6) 22 +Z3 Z‘!)’ 20 = 01
3z
B) cos y Zo =1
z—1
16.12. Insa yHKmmm
1 sin 1
(z +14)3 z

HalTn N30JIIPOBaAHHEIE ocobnle TOYKHM U onpeneymMTh UX THIL.
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16.13. Insa naHHBX QYHKIMIA HANTH BRIYETH B YKa3aHHBIX 0COOBIX

TOYKAX .
z sinwz
— = 0; 6) ——= =1
?) 1—cosz’ ) (z — 1)%’ Z
B) z°ex L z =1 r) in 6z — 62 z = 0;
Po—1 *795 shz—2z—-23%/6" =~
(13z + 338) cos*[—z/(z — 3)] 7t + 2
b

—3i+1)sh
A) 169 + 13z — 22 »©) (=34 1)s
Z = 00; z = 00.

16.14. BeruncrmTs nHTErpansl

) / RSy el / (z8+1/z TP

|z|;3 lz]= 3/4
x? (x — 1) cos 2z
T; dz;
3) /$4+6m2+25dt” ) / 22 —4z+5

2r

x) / L a ) f L
6 — 44/2sint (3 + 2 cos t)?
0 0

16.15. Haitu 06pa3sul yxa3saHHEIX MHOXECTB IIpU 33JQaHHEIX oToGpa-
KEeHUAX

a) E:{|z| <1Im z> 0}, w:z+21/z,

6) E:{lz|=1}, w=(i+2)/(i-2);
B) E:{0<Rez<w,ImZ <0}, w=cosz.

16.16. KondpopMHO oTO6pa3suth 06/1acTh
D:{lz—1]>1,|z+1] > 1, Im z >0}

Ha obnactes D* : {Im w > 0}.
16.17. Haiitu n3obpaxenmne yxasaHHEIX (yHKIQAL

a) cos®t; ~6) t(ef +chit).
16.18. Haitti opuruxai 1mo 3agaHHOMY M300paXxeHUIo
a) L ; : 6) d
P +2p% +p’ (P* —1)(p* +4)

16.19. C nomMommio ¢popmynsr JlioaMens HaWTH YacTHOe pelleHMNe
AuddepeHIMAIIBHONO yPaBHEHUA

a) E+&+x=te, zo=xo=0;

6) £+ 2¢ =sin(t/2), =zo = -2, %o =4;

i 9 [ & 0K t< /2

B) £+4+z=— m—1, w[2<Lt< To = To = 0.
7r 0, T <t
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16.20. OnepammoHHEIM MeTOoaoM pelunTth 3amady Kouun
-t
ch 2¢’

16.21. OnepaimoHEIM MeTOOOM HalTH obiee pelnenue nuddepeH-
IMAIIbHOTO yPaBHEHUS

T+ 2z 4=~ Tog =9 = 0.

ti — (1 + )% + 2(1 — t)z = 0.

16.22. OnepanmoHHBIM METOLOM PEIUUTh CUCTeMY AurddepeHImAIb-
HbIX ypaBHeHMII

{ =z —2y+1,

g —_ _32:, o = 0, yO = 1-

Bapuanr Ne 17

17.1. Haitt;r Bce 3maveHns XOpHA

a) vV —1—1iV/3; 6) $/i/27.

17.2. IIpeacraBuTh B anrebGpamuecKoit popMe
. 4 — 33
a) ch(1+ w:/3); 6) a.rth( 531).

17.3. Mcxons u3 ompeneneHMs TPUroHOMETPUYECKHUX M rurepbosmu-

yeCKuXx GYHKIMA, OoKa3aTk |ch z| = \/ch 2z —sin’ y.
17.4. Yccnenobath Ha abCONIOTHYIO M YCJIOBHYIO CXOXMMOCTB DAL

1 .1
gmsmﬁ.

17.5. Hasitu yronm nosopora o u xoacgcpmmeH'r pacTaxeHusa k B
TOUKE 2Z9 = —1 OPU OTOGPAXEHNH W =

17.6. HaiiTu anammuTU4aeckyo QyHKIMIO f (z) = u + tv no M3BeCTHOM
AeCTBUTENLHOM (MM MHUMOM) yacTH K 3HaueHno f(zo)

a) u=y+z/(z’+y"), Fl)=1
6) v=3z"y—y’, f(0)=0.

17.7. Beraucsmts

/(ZRe z —3i1lm 2)dz,
r

rae I' - nmonyokpyxsocts |z| =2, Im z < 0.

17.8. BrruncmuTs .
exp z de
z2(z—2)

r
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roe I': a) |z| =1/2,6) |z2]| =3,B) [z -2| = 1.
17.9. HaiiT 1 mocTpouTs 06J1aCTh CXOOMMOCTH PsAAa

1
2n+1 + -Z—'T.
n=0 n=1

17.10. Haiiru nepsmie Tpm wieHa pasmoxeHus ¢yHkum f(z2) =
exp(cos(z + 1)) B pan mo creneHsM z + 1.

17.11. HafiTn BCce nopaHOBCKHMe pa3lIoXeHUs KaHHOM (PYHKIMM TIO
CTEeIleHAM z — Zg

L4

z—1

T = -2 — 3i;
2) z(z+1) “ b
5z 4+ 50
6 ) = 0;
) Tagsa oz
3z —1 '
1 . = —1/3.
B) sin 3 2 1/
17.12. Ona ¢pysxipm
1 ext 1
(z —1)? P

HalIT! M30JIMPOBaHHEIE 0COOBIE TOUKM M OIpPEeme/MTh MX THII.
17.13. Ina gaHHBIX GYHKLMI HANTU BRIYETHl B YKA3aHHBIX OCOGBLIX

TOUKaX
et —1 1
a) 23—_7:25', z =0 6) 'z—e"COS(Z—-].), zZ =0.‘.
1 sh 4z — 62z
B) (z — 1)? exp 1 y 2= —1; r) —Z—T_—;,zzo;
) — L cos2(wzz+zz) Z = 00; e) 2° sh21 Z = 00
S z2-2 /)7 77 z’ T

17.14. Baruncrmrs vmTerpansl

a) /tgvrzdz; 6) /(z_?’;l(;_l);

I=1 |z|.=:2
o0 100 22
— 2
z —zt dz; r) f dz;
z* 4+ 1022 4+ 9 : 22 -1
2n 2w

1 1
I dt; e dt
) /8—2\/§Sint ) /‘(\/10+3cost;)2
0

17.15. HaitTit 06pa3nl yKa3zaHHEIX MHOXECTB IIpM 3aZaHHEIX 0TOOpa-
XKeHMAX

a) E:{Rez = w/2}, w =sinz;
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6) E:{|lz] <1, Imz>0}, w=11-2)/(1+2);
B) E:{0<Rez<0,0<Imz<a}, w=2> a>0.

17.16. KondopMmuo oTo6pasnthk obnacTs
D:{lz|<1,Imz>0 z¢][i/2,i]}

xa obnacts D* : {Im w > 0}.
17.17. HaiiTu usobpaxenne yKa3saHHBIX (yHKIDIA

1 _a .
a) sin’ t; 6) € ** sin bt.
17.18. HaiiTu opurusasn no 3agaHHOMy M3006paXeHUIO
1 3p
a) ————e ¥ 6) ——s
p’—1 (p* — 1)

17.19. C momousio dgopmynm Iroamensa HaiT yacTHOe pelleHUE
andpPepeHIMAIILHOIO YPaBHEHUA

w . 1 .
rZ+2r= —, zo=2z9=0.

ch 2t
17.20. OnepanMoHHEIM METOHAOM PEIINTH 3axavy Kowmnm

a) T4z = t"+2t To = To = —2;
6):z:+:1:=te +4sint, xz9 =z = 0;

1, 0<t<l;
B) T+2z 4+ = -1, 1<t<K?, o = Lo = 0.
0, 2<¢

17.21. OnreparmMoHHHIM METOXOM HaiITH obluee pelrenue nubdepeH-
IUAJILHOI0 YpaBHeHUA )

tz —z=0.

17.22. OnepaimoHHEIM MeTOAOM PEIINThL cucTeMy auddepeHIIAIIL-
HBIX ypPaBHeHUA

{:i:::z:+4y+1, To =0, yo=1.

y =2z + 3y,
Bapuanr N2 18

18.1. HaiiTu Bce 3sHauenms xopusg

a) /i/8; 6) +/—128 + 128iV/3.
18.2. IIpeacraBuTs B aymeGpaumueckoit ¢popme
a) cos(w/3 + 3i), 6) arch(-2).
18.3. Mcxons u3 ompefesieHus TPMIOHOMEeTPUYECKUX U rumep6osm-
yecKnX GYHKIDNI, HOKa3aTh sin 2z = 2 sin 2 cos 2.
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18.4. UccnenoBaTes Ha abCOIIOTHYIO M YCJIOBHYIO CXOOUMOCTB DS

.m 1 °
2”14 cosn

37 +i1smnn
n=1

18.5. Haiit yronm noBopoTa «a M K03 PUIMEHT pacTaXeHUA Kk B
TOYKe zp = % IIpM oTobpaxemm w = z° + 2z.

18.6. Haitty anaymruraeckyio ¢yHxkimo f(z) = u + v no u3BecTHOR
OeCTBUTENLHON (MM MHUMOM) 9acTH M 3HadeHUo f(zo)

a) u=chzsiny, f(0)=0;
6) v=z" —3zy° — =, f(0) = 0.

| F/ (")"dz,

rne I: {y=2>, 21=0, 2z2=1+1}.
18.8. Beruucmurs
3
z° —5z.—4
dz,
f z(1—2)3 #

r

rre I': a) 2| = 1/2, 6) |z] =2, B) |2 — 1| =1/2.
18.9. Haitt 1 mocTpouTs 06/1aCTh CXOOUMOCTHU pAna

18.7. Berauciuts

(o o] o0

Z(Zz)" + Z zin

n=40 n=1

18.10. HaiiTi nepBrie TpHM 4ieHa pPa3/ioXeHNA PYHKIMU COS z B PAX
II0 cTereHaM z + w /4.

18.11. Haittu Bce sopaHOBCKVe pa3jioXeHMs RAHHOM (PYHKIMU IIO
CTeNeHAM 2z — Zg

7z — 196 . .
a) 2% + T23 — 9822’ 20 =3 -1
4z + 64
-6) 3222 4 423 — 24’ z0 =0
z
si =1.
B) zsin S %

18.12. IInsa ¢pyukmum 1/[(z + m/2) cos z] HaliTK M30/IMIPOBAHHEEIE 0CO-
6nle TOYKM M orpene/lUTh UX THII.
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18.13. JIna naHHBIX QYHKIMIA HATH BEIYETH B YKa3aHHBIX 0COGBRIX
TOYKaXxX ‘

a) ﬂz—_—l)cos(z—-l), z=1; 6) -,,—1-—_.,6‘.:, z =1

z—1 (22 +1)2
cosz® —1

B) z €08 —, z=1; r) R ——_yT z = 0;

9z + 16 . nZ 3
_ 1)°sh(1/z),
%) 81+92—2z28m2(z—i)’ e) (z+1)"sh(1/2)
z = 00; z = 00.

18.14. BrrumcnuTs MHETErpansl

a) / ztg wzdz; 6) / pr: 1_ 1dz;

z|=1 |z —=3i|=1
o0 Y o0
T° cos 3z
5) _/ z? 4+ 10z? + Qdm’ . r) / 9 + x? dz;
ke, bl .

2n

2w
1 1
I dt; e dt.
) /4—2\/55int ’ ) ,/.(\/'7+\/?:cost)2
0 0
18.15. HaitTi 06pa3m yKa3saHHEIX MHOXECTB IIpH 3alaHHBIX 0To0Opa-

XeHax

a) E:{|z|=R}, w=2z-1/2;
6) E:{0<Rez<w/2}, w=cosz;
B) E:{|lz-1|>1,|z4+3 >1}, w=1/z.

18.16. Koudopmuo orobpa3nts o6nactn
D:{0<Imz<m Rez>0}

Ha obnacte D* : {Im w > 0}.
18.17. HaiiTu n3obpaxenue yka3zaHHBIX (yHKIDIA

a) cos®t; 6) 7 sin 7t sin 3t.
18.18. HaiiTu opurusan mo 3agamHoMy n306pakeHUI0
D —2p
; 6 .
2) p2—4e ) p*+5p>+6

18.19. C momommkio dpopMynm JroaMens HalTHM JaCTHOE pellIeHWE
IuddepeHIMATBLHOIO YpaBHEHUSA

-2t

S 4 dg 4 A =
z +4z + 4z ——(1+2t)2’

:Bo=:i:o=0-

18.20. OnepalMoHHBIM MeTOROM pewuTh 3axady Koumn

a) :'é+:i:+:c=7e2t, Lo = 1, o = 4;
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6) T -2z 4z =4, zo=1 zo=0, zo= -2
L .. [0, 0Kt<; L
B) :z:+2:n+:c—{0, E> 1; zo = 2o = 0.

18.21. OmrepalmMoHHLIM MeTOROM HaiiTH obiiee peleHmne auddepeH-
IHUAJILHOTO yPaBHEeHUA -

t — 4(t + 1)z + (4t + 8)z = 0.

18.22. OnepaumOHHLEIM METOROM DPELINTHL cucTeMY AuddepeHmMalIb-
HBEIX ypPaBHEHUN

z=y+ 3, _ _
{g=z+2, zo=1, yo=0.

Bapuant Ne 19

19.1. HaitiTu Bce 3HaueHus KopHs

a) /—if4; 6) v/ —128 — 128i/3.

19.2. IlpeacraBure B anrebpamnueckoit popme
. 44 3
a) ch (2 — i/6); 6) arctg( + )
19.3. Mcxonst 13 onpenmeneHMs TPHUIOHOMETPHYECKMX M Tumep6osm-
YeCKMX (QYHKIN, OOKa3aTh

sh 2y
cos 2z + sh 2y~

Im (tg 2z) =
19.4. NccnenosaTey Ha-abCOIIOTHYIO M YCJIOBHYIO CXORMMOCTEL DA

n® +1ilnin’

n=

19.5. Hasitu yros moBopora a M Ko3pPMIMEHT pacTAxXeHHT k B
TOUKe 2o = 2¢ Npm oTobpaxemwmm w = In(z + 2).

19.6. HaitTu anammriaeckyio ¢oyuxkumo f(z) = u + iv 110 m3pecTHOR
HECTBUTENbHON (MM MHMMOM) YacTH U 3HadeHuio f(zg)

4
(z +1)? +y?’ J0) = -4

6) v=e"(zcosy— ysiny), f(0)=1.

/ Im 2%dz,

r
rae I' — orpesok mpamon z; = 0, 22 = 2 + 21.

a) u=—

19.7. Baiuncmars
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1
——d
/ 22 +2)

r
rge I': a) |2| =1/2, 6) |z + 1| = 1/2, B) |2| = 4.
19.9. Haitt u noctponth 06acTh CXOAMMOCTH pAAa

19.8. Barumcmite

.

f:(’zil)n*-i(z:l)n'

n=0 n=0

19.10. HaitTu nepshie Tpu wieHa passoxenus ¢yuxim 1/(2+sin 2)
B PAA II0 CTEIEHAM Z.

19.11. Hasitu Bce nopaHOBCKMe pa3znoxXeHUd NaHHON (PyHKIMM IO
CTENeHsAM 2z — Zp

z+3

) gy BB
11z + 242
6 , = 0;
) 1212 4+ 1122 — 223 %0 ’
B) z2sin7rz-:1, zo = 0.

19.12. Nna dyuxmuu tg (1/2) Haiity nsomposaHHsie 0cobble TOUKH
1 OIIpeneJIMTh MX THII.
19.13. Ina naHHLIX (YHKLMIA HAATH BLIYETHl B YKa3aHHBIX 0COORIX

TO‘n(aJIC .
—e cos Tz
) = 0; 6 -— = ]_;
M R
sin z° — 22
B) (z+:13)exp(2/z), z = 0; r) op() —1— z=0;
z+ 1 - a 4 o
9] z_'-’—lexPzQ—-}-l’ ‘Z=00; e) z°ch *(n/z), 2z = oo.
19.14. Burumcrmrh MHTErpasul
3
2
a) Y 1dz; 6) / (z — 1)° cos(1/z)dz;
z|=1 lzl=1/2
oo 100 .
1 e’
B) / mdm; r) / z2—1dz’t<0;
—o0 —ioco

27

2w
1 1
dt; dt.
%) [5—\/27sint °) /(\/§+\/§c03¢)2
0 0

19.15. Haiiti 06pa3sl ykasaHHBIX MHOXECTB NPU 3aNAHHEIX 0TO6pa-
XKeHUIX

a) BE:{1<|z|<2}, w=(2+1)/(z+2);
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6) E:{Rez+Imz2=1}, w=1/z;
B) E:{0<Rez2<1,0<Imz<n/2}, w=expz.

19.16. Koudopmuo otobpasuts obnacts D : {Re z < 1} Ha obnacts
D* : {Im w > 0}.

19.17. HaiiTu n3zobpaxeHue yKka3aHHBIX (YyHKIIA
t

1 . 9
a) E(Ch tsint + sh tcost); 6) /(t—T)' cos 27 dT.
0
19.18. HaiiTu opurunan mo 3agaHHoOMYy N300paxeHUIO0
p’(p* ~ 1)’ (> + 1)(p* +9)

19.19. C nomoumio ¢popmynm Ioamensa HaiTM yacTHOE peLIEHME
AnddepeHIMAIILHOINO ypaBHEHUA

4

14+ ¢’

.'L'o=:&o=0.

T—2z4+z=

19.20. OneparmoHHEIM MeTOHOM peluuTh 3agady Kowm

a) T4+ z =tcos2t, zp =2z =0

6) 2% —3t+2zx=¢€¢", zo=1 £o=0;
t, 0t

B) £ —4z = 2—-¢t 1£t<2, To = T = 0.
0, 2 L ¢

19.21. OnepaiMoOHHEIM METOROM HaWTH obliee peleHue auddepeH-
ITMaJIbHOTO ypaBHEHUSA
tz + 2z =0.

19.22. OnepalmMoHHLIM METOHOM PELINTh CUCTeMY AuddepeHImaIb-
HEIX ypaBHEHIIA

z =z + 3y, _ _

{ j=z+y+1, =0 w=L

Bapuant Ne 20

20.1. HairTu Bce 3HaYeHUA KOPHA

a) V256; 6) 1 ;11;;\/5

20.2. IIpeacrasurs B anreGpauveckon ¢popme
a) cos(w/6 — 1); 6) arch(3z).
20.3. Mcxona n3 onpeneneHMsS TPMIOHOMETPHUUYECKMX M rumep6osm-
yeckux GyHKIMA, noxa3aTh Im (ch 2) = sh zsiny.
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20.4. UccnenopaTe Ha aGCONMOTHYIO U YCIOBHYIO CXORMMOCTh PAR

[ ]
E sm -
n+1 n’

20.5. HaitTn yron nmoBopoTa a u Ko3pdImMmeHT pacTaxeHus K B
TOUKe z9 = —1 npy oTobpaxenum w = (1 —1z)/(1 + iz).

20.6. Hatity anaymruaeckyo ¢yukmmio f(z) = u + v no napecTHoOR
meiicTBUTENBLHON (WM MHUMON) YacTH ¥ 3HAYeHUIO f(20)

a) u=2zy+y, f(1)=0;

e z+1 _ .
6) v= EESYEEwRL f(O)—-l-{-.‘l-.

/(z')zdz,
r

roe I' — orpesok mpamoit 2y =0, z3 =1+ 1,

20.8. BerancoymTs
1 4
z(2? +14)

r

roe I': a) [z — 1| = 3/2,6) |z|=1/2,8) |2]| =
20.9. Haittt u nocTpouTh 06NACTH CXODUMOCTY PAAA

Z n2" ( Z (n+ 1)“z"

n=0

20.7. BorumcrmTs

20.10. HaiiTu nepBbie TPY WieHa pasoXeHus GyHKI ztg 2 B PAL
II0 CTEIICHAM 2.

20.11. HaniTu BCce jiopaHOBCKME PA3/IOXEHUS RAHHON (PYHKIMM IO
CTEeIICHAM 2 — 20

z
2241’
Tz — 196
, 9822 4 Tz3 — 24’
2% - 4z
(z~-2)¥

20 = —1— 23

a)

6)

zg = 0

B) cos 2y = 2.

20.12. IIna dpynxinm ctg(1/2) wakTy myompoaHHEle 0coGhIe TOIKY
I ONpene/MTh MX THIL
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20.13. JIna paueIx GyHKIMIX HAMTH BEIYETH B YKA3aHHLIX OCOGBIX
TOUKAX ,

sz — 2z COS 2
a) S =0 6 s, 2= 0;
a) shdz_3z" ° ) (2 — 21)(z +1)? y
1 sindz — 4z
Y § = : ) = 0;
B) - In(l14+2), z2=0 r) exp(?) —1— 7 2
2z 4+ 16 142 .
1 ( ) — 2§)In(1 — /2
%) 822 +2z2-1 "\ 2z +1/’ e) (2= 21)In( ™/2),
z = 00} zZ = 00.
20.14. BaiuncymuTh MHTErpajInl
2 2
cosz” —1 cos3z —149z°/2
—_—dz; 6 dz;
2) / 23 § ) / z1sh (92/4) z
|z|;l |z|;l
) 1 do- ) z° cos T de:
® x4 41 i r ! 4+ 1022 4+9

1 | 1
dt; —dLt.
n)/3—\/§sint e)/ﬁ-i-cost
0

0
20.15. HaitTu o6pa3nl yka3aHHLIX MHOXECTB IIpH 3aJaHHLIX oToGpa-

XeHnsAX

a) E:{1:|z2| <2}, w=3/(z—-1);
6) E:{Rez< 1}, w=(z-3+1)/(z+1+1);
B) E:{lmz=nx}, w=cthz.

20.16. Koupopmuo oTobpa3nthk obnacTsb

D:{f)<arg(z—1—i)<%}

Ha o6macTes D* : {Im w > 0}.
20.17. Haiit m3o6paxenne yKka3aHHEIX (DYyHKIDARA

a) tle": 6) (14 t)sin2t.
20.18. Haiitn opurunalt no sagaHHoMy M306paXeHUIO
a) 4 ) 6) p+2
(p—2)(p-1)’ p? +2ap+b

20.19. C nomonmio ¢popmynnr HioaMmensa HaTH YacTHOE pellIcHUE
AP epeHIMANILHOIO ypaBHeHns

e2t

2+6" :Eo=:i20=0.

T —I=

20.20. OnepalmoHHHEM MeTONOM pelunTh 3amauy Komm

a) £+4r’=sin2t, o =0, To=1;
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6) F+28=24+¢, zmo=1, zo=2;

w 1, 0Kty .
B):B-}-:B——{Z, 2 < b To = g = 0.

20.21. OnepaMoHHEIM MeTOROM HaWTH obluee pelenue auddepeH-
IMaLHOI'0 ypaBHEHUA
" tE-z=0.

20.22. OnepaumoHHEIM METONOM PEILUNTL CUCTEMY AU epeHIMATE-
HEBEIX ypaBHeHMA

{ z =z + 3y,

:i/=:c—y, .'L'o=1, yo=0.

Bapuaunr Ne 21

21.1. HaiiTu nce 3nauenus KopHs

a) V2= 2i; 6) W:léﬂﬁ.

21.2. Ilpencrasurs B anrebpawyeckoit dopMe

3Ji—&)

a) sin(7/2 — 51); 6) arctg(

21.3. Ucxona us OIPEREsIEHNs TPMIOHOMETPUIECKUX 1 rumepbosm-
vecknx GyHKINA, MokalzaTh sh “z = (ch 2z — 1)/2.
21.4. MccnenoBaTs Ha aGCOMIOTHYIO M YCJIOBHYIO CXOOUMOCTDL PAX

=~

1
Z n —i1cos?(6n)

n=1

21.5. HadiTi yro;n moBopoTa a M K03)PHUUMEHT pacTAKEHHMI Kk B
TouKe zp = i mpu oTobpaxemm w = (z + 1)72.
* 21.6. HaitTnn amamtudaeckyo oyskmmio f(z) = u+ v 110 M3BeCcTHOM
AefiCTBUTENIbHOM (MM MHUMOI) YacTy U 3HaueHUIo f(2o)

- _ Yy — 0

6) 1:::1:2—-y2—-4my—2:c—y, f(0) = -2.

/z'z—ldz,

r

21.7. Baruncmate

rae I' - rparmma o6nactu {1 < |z| < 2, Re z > 0}.

21.8. Briuncrmts
sin 3z dz
z2(z — =)

r
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roe I': a) |z — 3| = 1,6) |z| =1, B) |2| = 6.
21.9. Haittt 1 ocTpouTs 06J1aCTh CXOOMMOCTH PAXa

-1 oo

Z (-1D)™(2-n?)z" + Z(—l)"g;.

n=—oc n=0
21.10. HaiiT nepBrie Tpu 4YneHa pasnoxeHus QYHKImM tg z B pax
IIO cTenleHAM 2z + 1.

21.11. Haittu Bce Jl0OpaHOBCKME Pa3jIOXKEHUS DAHHON (QYHKIMM II0
CTEIIeHAM 2 — Zg

z

a) ———, 2= —3—2i;

a) 211 20 1
z—2

6 =0;

) 228 4+ 22 — 2 %0 ’

B) zsin z , 2z =3
z—3

21.12. IIns pymximm (z—7) "' ctg 7z HaliTy N30/ MpOBAHHEIE 0COGLIE
TOYKM M ONpPERe/MTHh UX THII.

21.13. Ina nauunix GyHKLMIA HaUTH BHIYETHl B YKa3aHHBIX 0COOBIX
TOUKAX

z+1 2z+1 .
a) - , 2=—1; 6) — y 2= —1;
sh(z+1) +sin(z 4+ 1) z2 41
: ch3z-1
B) (24 1)exp -y 2 =1 r) ——, z=0;
12z+fl—z et sinz — z
z/(z—4 _ 5 —
11;). i1l —22°¢ y 2 = e)z In(l4+1/2), z= oo.
21.14. BuluucimTs MHTErpaisl
exp(l/z)+1 , 22 +1 .
2) / z az; ) (22 +4)sin1r/3dz’
|z| 3 . |lz—1]|=2

z —1 (z° 4+ 1)sinz
3) / z? + 4)2 ) i 4+ 522 + 4 dz;

—oo

11)/ _zﬁsintdt; )/\/_-{-ﬁcost

21 15. HasiTit 06pa3nl ykasaHHEIX nmoxcec'rn IIpH 3agaHHBIX 0TOOpa-
KEeHMAX

a) E:{0<Imz<w Rez>0}, w=cthz;
6) E:{—-n/4 <Rez<n/4}, w=tg z;
B) E:{|z|=2}, w=2/(z-1).
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21.16. Kongopmuo orobpasuts obnacts D : {Im z > 0} Ha o6macTs
D* : {Im w > 0} opu ycnosusax w(l +1) = =3 + 21, argw'(1 + 1) = .
21.17. HaiiT u3o6paxenne yKasaHHBIX GyHKIMA

t
0 9(t_ 1
a) /‘r'cm "dr; 6) -E(et —1-1t).
0
21.18. HasiTu opMruHaI o 3agaHHOMY M300paxkeHmMIo
a) R 6) —b
p*(p* = 1)’ p* -1

21.19. C nmomoursio dopmynsr HioaMens HaiTH UacTHOe pellieHME
InpdepeHIMAIILHOINO YPaBHEHNS

1

.].--{-_P_t., :Bo=:&o=0.

T+ =

21.20. OnepaumMoHHLEIM MeTONOM peliuTh 3axaqy Kowun

o » 2t . ve
a) T4z =e, To=To=T=0;

6) 22 —z=3sn3t, xo=2, To=1;
B) £+ 4z = f(t), To =0 =0.

21.21. OnepanMoHHBIM MeTOHOM HaTH obiee pelueHme auddepen-
IIMAJIbHOIO YpPaBHEHUSA

t& — (2t — 1)& + (¢t — 1)z = 0.

21.22. OnepaitMoHHLEIM MEeTONOM PEILUNTh cucTeMy AuddepeHIMb-
HbIX YpaBHEHMIA

{ T =-2z+6y+1,

g =2z +2, To =0, o =0.

Bapuanr Ne 22

22.1. HaiiTu BCce 3HaueHMA KOpDHSA

a) V1; 6) v—-1-—1.

22.2. lIpeactanuth B anreGpamdeckon ¢popme

a) sin(m/4 + i); ‘ 6) m'cth(s——gi—\/_?-).

22.3. Mcxons 3 ompenesleHMsAs TPUIOHOMETPMYECKMX M rumepbosm-
yecknx ¢yHKImMit, nokasaTh ch >z = (ch 2z + 1)/2.
22.4. NccnenopaTh Ha aGCOMIOTHYIO M YCNOBHYIO CXOOWMOCTH PAn,

oo

3"
" (n+ 2)1 4 447"

n=

22.5. Haiitu yronm moBopoTa a M kxo03d¢immeHT pacTaxenus k B
Touke zg = —2i IpM oTo6paxenun w = exp(3z).
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22.6. HaiiTu asamrudgeckyo ¢pyrkmmo f(z) = u + iv 1o u3BecTHOR
OeMCTBUTENbHON (MM MHUMOM) yacTu ¥ 3HaveHmio f(2o)

a) u=(e" +e ")siny, f(0)=2i;
6) v=2z" -2y —2zy —z+ 2y +1, f(0) =2 +1.

/lzlz'dz,
r
rac I': {|z| = 4, Re z > 0}.

22.8. Beruucomts
/ cosz + 2
— 4z,
42 4wz
]\

roe I': a) |z4+ 1] = 1/2,6) |2| = 1/2, B) |z| = 6.
22.9. Haiitu u mocTpouTs 06J1aCTH CXOMMMOCTHU PARA

22.7. Baruncmrs

-1

Y 317(,: —1)"+ S (-1 - 1),

n=—od

22.10. Haitu nepBrle Tpu WieHa pa3zioxkeHus ¢pyHxkumm th z b pan
1o crenensaM z + 1.

22.11. HaitTi BCe nOpaHOBCKME Pa3/IOXCHUA DAHHOM GYHKIMM II0
CTENICHAM 2z — Zg

4z 4 8 .

[ =1—3;

) Eone+ ’
6) 2z - 16 20 = 0;

z4 4 223 — 822"

z
B) exp (z—3)’ z9 = 3.

22.12. Ina ¢ymxipm (sin 7z)/(z+1)* maditu nsompopanuzie ocobrie
TOYKM M oNpene)IMTh MX THII.

22.13. IIna nauuelx GyHKIMH HANTY BHIYETHl B YKa3aHHBIX 0COOBIX
TOUKax

sh 3z — sin 3z 22 +sinz+2

a) , z=0; 6) ~ , zZ=—m;
z2sh 2z ‘ 2tz

1 1 e —1-—-sndz

—_ — . ) 0' . —_ 0:
) gexl)l(z t 1)2 z ’ r) z3sh 16nz z '
) ;IISh (2_3), e) (z+1)sh(e/z)exp(—1/z),

z = 00} z = 00.
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22.14. Ber'mcymTh MHTErpain

a) / Malz; 6) / sin(i/z°)dz;

. sin 2z
jz—1}|=2 |z]=2
1 (z + 1)sin 2z
dz; 3 de;
») /(:c2+2)(x'-'+3) ’ 0| T reamgz

2n

| 1 1
I 1t: e dt
) /7+4\,/§sint( ) _/(3+2\/§cost)"’
0 0

22.15. HatiTn 06pa3ssl yKa3aHHBIX MHOXECTB IIPM 3aJaHHEIX 0TOOpa-
KCHUAX

a) BE:{0<Imz< 7w}, w=cthz:
6) E:{Rez=C,Imz=C}, w=c’;
B) E:{0<argz<a}, w=lnz, a2
22.16. Kondopuuo otobpasuts obnacts D : {|z| < 1} Ha obnacTs

D* : {|w| < 1} npu ycsopuax w(l) = 1, w(-1) = -1, w(z) = (3i —4) /5.
22.17. Haitti m3o6paxeHne yKa3aHHBIX PyHKIA

t
a) sh ®t; 6) /*rc"r sin(t — 7)dr.
0
22.18. HairTy opuTrHMHAI 10 3aJaHHOMY HM300paXkeHMIO
2pe”" P
a) ——; 6) ——.
P-4 (p* +4)?

22.19. C nomonmio ¢opmynu Hioamenda HailTH yacTHOe peLUeHUe
IuddepeHIMATLHOIO YypaBHeHUS

"1
ch 32¢’
22.20. OnepanioHHEIM METOROM PCIUMTL 3amady Kouan

Tz —4z = To =9 = 0.

a) 2% + 3t +x =3¢, zo=1, zo=0;

6) = +6F+1154+6z=1+t+t>. o= =Fo = 0;
B) £+ 9z = f(z), zo=0, %o=1.
22.21. OmepalmoHHEIM METONOM HaTH o0liee pelreHue audpdepeH-
LMAJILHOTO ypaBHeHUSA
tr + 2z = 0.

22.22. OnepalitoHHEIM METOAOM PeLNTh cucTeMy AnddcepeHans-
HBEIX ypaBHEHUNA

& = 2y, B ~
{1}=2:c‘+3y+1, o =2, yo=1.
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Bapuant Ne 23

23.1. HaitTi Bce 3Ha4YeHUA KOpDHA

a) {/—i/s; 6) /-8 + 8iv/3.

23.2. Ilpeacranute b anreGpanmyueckoin $popme

L4

a) sh(l — w1/2); 6) arctg

23.3. Mcxons u3 ompeneneHus TPUrOHOMETPUYECKMX U rumepbosm-
Yeckux GyHKIMMA, KOKA3aTh

(z\/§7+ 81‘).

Zl+zzch z) — 22

sh z; +sh zo = 2sh 5 5

23.4. NccnenopaTh Ha aGCONIOTHYIO M YCJIOBHYIO CXOOMMOCTDL PALX

(o o

n!
Z (3n)! + 2ni

n=1

23.5. Haittu yronm nmoBopoTa a M K03QPUIMEHT pacTAXeHUs Kk B
TOuKe 2zp = 1 npu oTobpaxeHm w = exp z + 2z.

23.6. Haity anamiraeckyio ¢yuxmmmo f(z) = u + iv 1o uapecTHoi
OCACTBUTENLHON (MM MHUMOM) YyacTu ¥ 3HaueHmio f(zo)

a) u=3z"y—y’ -y, f(0)=0;
6) v = exp(—5y)(2cos 5z + sinbz), f(w) = -2 — 2i.

/Izl Re z°dz,
r

rae I': {|z| =1, Im 2 < 0}.

23.8. Buaiuncmts
sin?z — 2
——dz,
/ z° 4+ 27wz

r

23.7. Buavtucmuts

rneI:a)|z2+1]=2,6) |z+6|=1,8) |2]|=8.
23.9. Haitt 1 nocTpouTs 06/1aCTH CXOOMMOCTH pAna

z’”:(zﬂ_) +Z( 1) (1+z)

n=0 n=1

23.10. Haittit mepBrle TpM wieHa pa3oxeHus byHxmmm exp(z +
COS Z) B PAX IO CTEMEHAM Z.
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23.11. HaitTu BCce JIODAHOBCKME DBIJIOXKEHUS NaHHOM (PYHKIMM IO
CTEIeHAM Z — 2o

z2+1 .
— =14 24
8) z(z —1) % +2
7z — 98
) =0;
6) s rTai—d0z °
4
z? -4z
; S — = 2.
B) sin =27 20

L4

23.12. Ina byrxkivm (sin z)/(exp 2z — 1) HaitTu n3osmpoBaHHEIE 0CO-
OLle TOUKH M OIpeneSNTh MX THIL.

23.13. IInsa naHHBIX QYHKIMIA HARTH BHIYETH B YKa3aHHEIX OCOORIX
TOUKaXx

2z 3 2

a) € cc'os 92’ 2= 0 6) sh (1rzz/ ) z=1;
sh 7iz (z2—1)*(z+1)’

) 2ein i . ) e’* —1—sin3z =0

B) 2 ’ Z =& 2 =
m z?sh (3wz) ’

n) zz(z i— 1) sin (Gz”f 1), e) (2 — 2t)In(1 — /3z2),
z = 00} % = oo.

23.14. BerumcimTe MHTerpansl

2
1
a) / i—i—zscoidz; 6) / zcosz_4dz;

|z]:°3 |.—3| 2
) 2 + 1 d: r) cos 2z do-
y (z24z+1)2 (a:2 +1/4)2 7
T2n
1 i 1
I dt; e dt.
) /4—ﬁsint . ) /4+ﬁcost
0 0

23.15. Haititit 06pa3sl yKa3aHHEIX MHOXECTB IPM 3a8JaHHBIX 0TO6pa-
XKEeHMAX

a) E:{0<Rez<w/4}, w=tg z;
6) E:{Imz=kRez+b}, w=e";
B) E:{|z2|]<1,0<argz<a}, w=lnz a<2n.
, 23.16. Koudopuno orob6pasuts obnacts D : {|z| < 1} na obmacts

: {|w|] < 1} mpn yenosmax w(i) = 4, w(i/2) = 41¢/5.
23.17. Hasitu u3obpaxenne yka3saHHBIX ¢yHKIIAI

a) sh't; 6) /(t — 1)° ch rdr.
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23.18. Haiitu opuruHaI 1o 3agaHHOMY M300paXKeHMIO
4p —1 ) 6) p3
(p~1)*(p~5) (p* 4+ 3)(p* +4)
23.19. C nomompio ¢opmynnl HoaMens HaiTHM 4YacTHOE pPeLUEHHC
IudPepeHIMAILHOIO YypaBHeHNA

23.20. OnepalMOHHEIM MeTONOM pewnTh 3amauy Kowm

a) £+ =cost, zo=2, zg=0;
6) t+&—2x=¢€', m=-1, £o=0;

. _J o, 0Lt 1; —
B) :c+4:c—{ 5el_t, 1<t To = o = 0.

23.21. OmeparmoHHEIM MeTONOM HaWTH oOluee peiuerme nudbdepen-
LMAJIbHOIO ypaBHEeHUS

ti + (2t — 1)& + (t — 1)z = 0.

23.22. OnepallMOHHEIM METONOM PELINTDL CUCTeMY AnddepeHImais-
HBIX yPaBHEHWHA

T =4z + 3; . .
3]=:z:+2y, :Bo——]., yo-—O.

Bapuanr Ne 24

24.1. Hamitu DCe 3HaAYEHUA KOPHS

5 _1__ 3
a) 7 6) V27.
24.2. IllpencraBuTh B anrebpauwdeckoit hpopme
a) ch(mi/4 — 2); 6) 1*
24.3. Mcxona u3 onpeneneHWs TPUIOHOMETPMYECKMX M rurepbosm-
Yeckux GYHKIMIA, NoKa3aTh

»

ch z; +ch z2 =2ch

2z +Z2ch z) — 22
2 2

24.4. MccnenopaTh Ha abGCOMIOTHYIO M YCJIOBHYIO CXOQMMOCTL PAX

%)
-;. an 27

24.5. HaiiTu yron mosopoTa a M Ko3dpduuMeHT pacTaxeuus k B
Touxe 2o = 1 — 1/2 npu oTobpaxenuu w = exp(3z).
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24.6. Haittn anaymudeckylo dynximio f(2) = w+ 1v 1o usBecTHoM
mecTBUTENbHOM (MM MHMMOI) YacTH U 3HadeHMIo f(zo)

a) =2a:2-—2y2+2:z:y+:c-2y+1, f(1) = 4 4 45
6) v=eY(cosz —sinz), f(0)=1+1.

/ zRe z°dz,

[\

rae I': {|z] =1, Im z < 0}.
24.8. Brruucrmts

24.7. Brruucymths

rae I': a) [z —1-1|=6,6) |z =1/2,8) |2 +3¢/2] = 1.

24.9. Hajiti 1 nocTpouTs 061acTh CXOXUMOCTH pAxa

o

= (z+3)" 2"
wern T g

11=0 n=1

24.10. HaiiTi nmepphle TPM WieHa pa3oxeHns QYHKIMM SeC z B PAR
IO CTENeHAM Z.

24.11. HaitT;t Bce JIoOpaHOBCKME pa3jIOXKeHUS NAHHOM (QYHKIMU IO
CTelleHAM z — Zg

z+41
z(z-1)’
5z — 100
z% — 523 — 5022’

B) zexp( il )-, Zo = a.
zZ—a

a) 20 = -3 - Z'i:

6) 20 — 0;

24.12. Tna dyuxmm [exp(1/2)]/(z* — 1) mattTi M305mpobanHEIe 0CO-
6ble TOYKM M opeme/IITh MX THII.

24.13. IIng nanueix GyHKIME HAMTH BHYETH B YKa3aHHEIX 0COGBIX
TOUKAaX

exp 6z — cos 8z . cos(mz/3)
' =0; 5 ’ = 3;
8) sh 4z # 6) (z—3)*(z —5) #
1 5 2 - 3 41
B) _(Z-el/z ~1), z=0 r) ch B.i : cosdiz 0:
z z°sIin 52
) 22— 1 2 23z + 34 + 21) cos? 2m — 1
I G+1) cos” mz — 23z + 31, e) (z -y

z = 00; zZ = 00.



648

3aqaHUA 4J19 CAMOKOHTPDOJIA

24.14. BermcrmTs MHTerpalinl

a) f zch 3 dz;
z—2

5 / exp(W:;:Z) —39%

|z—-2|=2 |z=i|=2
[ ] o0
z? sin 2z
———dz; dz;
») /(x2+11)2d"’ r) /(zz—x+1)2 ’
0 -0
2r

dt.

I
1 1
I dt; e
) /5+2\/§sint ) ‘/.\/§+\/§cost)2
0 0

24.15. HaiiTu 06pa3nl yka3zaHHBEIX MHOXECTD IIPM 3aXaHHBIX oToGpa-
KEHUAX
a) E:{0<Rez< 7w}, w=tgz;
6) E:{0<Rez+Imz<2r}, w=e;
B) E:{Re2=C,Im2z=C}, w=cosz.
24.16. Kondopmuo otobpasuts obnacts D : {Jz| < 1} na obnacts

D* : {|w] < 1} npu ycnopusax w(1/2) =1/2, argw'(1/2) = n/2.
24.17. Haittu usobpaxenne yxa3saHHEX &yHKIp

a) e'sht; 6) t°cost.
24.18. HaitTu opurvsan mno 3afaHHOMY M300pPaXeHUIO
e P/3 ’ p—1
a) _2—’ 6) 2 2 ‘
p(p* = 1) (P° +2)(p° +3)

24.19, C nomoumsio ¢opmynm HioaMmens HaiTH YacTHOe pelIeHUe
auddepeHINANTBEHOIO YypaBHeHNUSA

2t
€

(1+¢t)?’

24.20. OnepalMOHHEIM METONOM pelnTh 3agauy Koim

:.l.:—:f:= $0=:i;0=0.

w t »
a) T—x=te, z¢=T0=0;

6) & — 3%+ 2z = 2e’ cos(t/2),
2t, 0 <
B) £+4z =4 4-2t 1K
0, 2 <

24.21. OnepaiMOHHBIM MeTOAOM HailTu obiuee pelreHmne auddepeH-
LMAaJILHOrO ypaBHEHUA

tE — (2t + 8)& + (t + 8)z = 0.

24.22. OnepalMOHHEIM METONOM PEIUNTL CUCTeMY INddepeHIMais-
HBIX ypaBHEHUH

{ z=x+3y+ 3,

y=c—-y+1, zo =0,

yo=1.
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Bapuaunr Ne 25

25.1. HafiTu BCce 3HaUeHUS KOpDHSA

V3

2
=5’ 6) 4/ X2 _ .
a) 6 ) ) 2 2
25.2. IlpencTasuTh B anrebpanmyeckoit popme
a) Ln(—-1—1); 6) 1.

25.3. Mcxons u3 ompenesieHMs TPUIOHOMETPMYECKMX M rumepbosm-
Yeckux GYHKIMA, OOKA3aTh

z1 + 22 <h z) — 22
2 2

ch zy —ch 2o = 2sh

25.4. HccrenoBaTh Ha abCOMIOTHYIO M YCJIOBHYIO CXOOUMOCTh PAR

. 1
; (2n —i)In2n’

25.5. Haittn yron noBopoTa a um xo3p¢uimeHT pacTaxeHus k B
TOUKe zg = —5 + ¢ 1pu oTobpaxkeHmm w = z/(z + 41).

25.6. HaitTu anamTuaeckylo pyskimio f(z) = 4+ tv 1o M3BeCTHOIA
DefCTBUTeNbHON (MM MHUMOIM) YacTH ¥ 3HadeHUIo f(2o)

a) u=92"y—3y° +z+1, F(1) = 2+ 23
6) v=eYcosz+y, f(n/2)=1.

25.7. Beraucymrs

/(exp |z|*) Im 2 dz,
J

rae I' — oTpesok mpsamoit z; =141, 22 = 0.

25.8. Beruncmts
2+sinz ds
22(z+21)
r

roe I': a) |z| =1,6) |24 2i| =1, B) |2| = 3.
25.9. HaiiTu u nocTpouTs 0651aCTH CXOOMMOCTM pALa

(z—23)" i—-3"
nz_; (3n +:)" Z (z - 20)*°

25.10. Haittu nepBrie Tpm wieHa pasnoxenus GyHKmun In(cos z) B
pAX 10 CTENeHAM Z.
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25.11. HaiiTi Bce JIOpaHOBCKME Pa3OXEHMA NAHHOM PYHKIMM IIO
CTeNeHAM Z — Zg

z—1 .
2) z(z + 1) %0 +o
13z — 338
6 ’ = 0;
) 223 4+ 1222 — 1692 “0
B) zsin‘lrz—i_2 zo=—1
z+1’ o=

25.12. Ona ¢yuxmm (coswz)/[(42° — 1)(2° + 1)] maittn usompo-
BaHHBIe OCOORIEe TOUKM M ONpeNesMTh WX THII.

25.13. IIng nasHpIX GyHKIMIA HANTUA BHIYETH B YKA3aHHHIX 0COOBIX
TOUKaX

3z 4 o .
a) e 1 sm3z, 2= 0; 6) sh (miz) 2= _2:
zsh (37z) (z+ g
B) 2ch ——, 2= -2; r) sh 22 — 22 z = 0;
z+2' 77 cosz—1+422/2" " 7
z—1 z o N _
I) ane Ll Sl e) (z+ 1)*sh(e/t), z = oo.

25.14. BriumcymTh MHTerpanm

cos® z
a) dz;
2C08 2

1/z _ -1
6) / ze z3z dz;

|:-;;r|=2 lzl;l
1 cos 5
®) / o +ar r) f @ 1)

/(f+cost

25 15. HaitTu o6pass yKadaHHBIX Mnomec'rn IpH1 3aJaHHEIX 0TobOpa-
KEHUAX

a) E:{0<Rez<~7}, w=cosz;
6) E:{Rez=1}, w=(2—-3+1)/(z2+1+1);
B) E:{0<Rez<wImz>0}, w=tg-=.

25.16. Koudopmuo oTobpasuts o6nacte D : {Im z > 0} ua o6nacrs
D* : {|w| < 1} npu ycnosuax w(0) = 1, w(—1) = 1, w(oo) = —
25.17. Haittu m3obpaxenue yKa3aHHHIX GyHKIDA
t

6) /et_*sillfdr.
0

25.18. Haiiti opurnuan nmo 3agaHHOMY moﬁpa)xenmo

a) te”'sht;

2p+3 —2p
p® +p*’

a)

pe
6 L d
)p3+1
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25.19. C nomourpio ¢opmyns HioaMerns HallTH JacTHOe pellleHMe
AundPepeHImanbHOIO0 ypaBHEHNA

t
€

Aremp ™=%=0

22 —z =

25.20. OmepaIMoHHEIM MeTOROM pelnTh 3anavy Komm

a) ."I.I+.’I.3=et, :Bo=:.13=0, i70=2;
6) £+ 42 = 10cos 3t + 3sint, o= -2, zo =3;

t, 0Lt
B) 1.2+91L’= 2—t, 1<t<2, :130::1.30:0.
0, 2Kt

25.21. OneparmoHHBIM MeTONOM HaWTH obiltee pelreHme nnddepen-
IMaJILHOTO yPaBHEHUS

tt + (2t+ 1)+ (t+1) =0.

25.22. OnepaumOHHLIM METONOM PELIUTH CHCTeMY INddepeHIMATE-
HBIX YPaBHEHWM

Tz =3y+2, _ N
{z)=fc+2y, Zo=-1 =1

BapuanT Ne 26

26.1. HaitTu Bce 3HaYeHNs KOpPHA

3 1 \/5 .
2) \/ TRAST: )
26.2. IIpencraBuTs B anrebpanyeckonn ¢popme

a) Ln 6: 6) (—1)*.
26.3. Ucxons n3 ompeneseHns TPUTOHOMETPUYECKMX M CIIIEpGOIm-

JecknX GyHKI, HokazaTk cos’ z = (1 + cos 22)/2.
26.4. UccienoBaTh Ha aGCOMIOTHYIO M YCJIOBHYIO CXOOMMOCTB DAL

« o© 1
Z (3n —i)lnn’

n=2

26.5. HairTn yron noBopoTra a m xo3¢¢duumMeHT pacTAXeHNs k B
Touke 2o = 1 + i4/3 npu oTobpaxemm w = 1/27.
26.6. Haittu anamurudeckyio dyuxmuio f(z) = u+ 1v 00 M3BeCTHOI
HeACTBUTENHHONA (WM MHUMON) yacTi u 3HayeHmo f(zo)
a) u=eY(cosz +sinz), f(0)=1+43;
6) v=3z" —9zy’ —y+2, f(i)=1+1.
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flzlzdz,
r

rae I': {|]z| =1, Re 2 2 0, Im z > 0}.

26.8. Briuucimre
_e_";_l_dz,
z(z —1)

r

26.7. Beruucm s

roe I': a) |2 —1/2| =1, 6) |2| =1/2, B) |z — 1| = 1/2.
26.9. Haittu 1 mocTpouTs 065acTh CXOMMMOCTM PAAA

(z—12)" (1+12)"
Z.(2—z)" Z(z—z)”

n=0

26.10. HaitTn nepBeie Tpm wiena pasnoxeHus (yukuvm exp(z +
sin z) B pan no creneHaM z.

26.11. HaitiTi Bce nopaHoBCKME pa3fIoXeHUS NAHHOM (PYHKIM II0
CTEeIleHsAM Z — 2Zg

z—1

—_ —1 4 2;:
a) Z(Z+ 1)’ + 1’7
8z — 256
6 R 0;
) z1 4+ 823 — 12822 %0
B) zzsinz+3, zp = 1.
z—1

26.12. ona pysxmm (sin® z)/[2%(1 — cos z)] HaitiTi u3omuposanHEIe
0COOBIE€ TOYKM M OnpeAe/MTh 1mX THIL.

26.13. llnsa naHHBIX QYHKIMA HAWTH BHYETH B YKa3aHHBIX 0COGBIX
TOIKaX

a) £ sin(z — 31), z = 33; 6) sh(mz) , 2 =0;
z+2 (z—2-12)2(z2-1)
B) z%ex _* z =1 r)chz—cos3z z = 0;
Pla—9p #705 zsin(57z) o
,u) 22 i z = 00; e) 2z sin’ 2 z=00
714 P3p i P70 32’ ©T %

26.14. Briuncrmre ymTerpans
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3 . 2 2y
2) / Ml Y 6) / z° exp(1/2%) 1dz;
(2 —m)sin 2z z

lz]=1 |z]=1

i

o0 o0
1 L COST
) / (z2 + 4)(z? +9)° r) f z? —2m+17d$,
—00 -—00

27 2

") /s 3\1/7sintdt; ) / \/_+s/§(30$t)

26 15. Haiiti o6pasnl yxka3aHHEIX MHOJ!(eCTB IIPM 3aaHHHIX 0TO6pa-
XKEHMAX

3

a) E:{0<Imz<n}, w=chz;
6) E:{argz=a}, w=lnz;
B) E:{9<Rez 0<Imz}, w=arcsinz.

26.16. Koudpopmuo orobpasurs obnacts D : {Im 2z > 0} na obnacts
D" : {|z| < 1} mpu ycnosuax w(0) = —1, w(2:) = i/3.
26.17. Haiitn n3obpaxeHne yKas’aHHBIX (YHKIIA
t

a) e**sh t; 6) /(t —7)%e7"dr.

0
26.18. Haittu opurusan no 3agaHHoOMY M306paXeHNIO
1 -p/2
a) 7 6) T
-1 (p*> + 1)(p* +2)
26.19. C nmoMousio popMmynsl JroaMmens HalTHM YaCTHOE pELICHHE

aInddepeHAIILHOTO YPaBHEHNA

e2t

o=

$o=:i:o=0.

26.20. OmepalmOHHEIM METOROM peIMTh 3anady Koirm
a) ¥4z =te +4sint, o =go = 0;
6) £ —&=1t>, To=1, &o=0;
B) £+ 4x = f(t), o =g0=0.

26.21. OnepalMOHHBIM METONOM HaiTH oflllee pelIcHMe ,uncpcpepen-
IMAJIbHOTO ypaBHEHU S

t¥ — (2t + 6)& + (t + 6)z = 0.

26.22. OnepalmoOHHBIM METOHOM PEIINTh cUCTeMYy auddepeHImas-
HBIX YPaBHEHWH

{ t==z+y,

y=dzt+y+1, “o=h w=0
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Bapuant Ne 27

27.1. Haiitu Bce 3HaUeHMA KOpHA

1
.‘ L) — — o—
2\ 256 . 5) 250 750
27.2. llpencrasuth B anrebpamdeckon ¢popme
a) Ln(1 4+ z); 6) (4 — 3i).

27.3. Hcxona un3 onpenenennn 'rpm*onoue'rpnqecxnx U rumepb6osm-
wecKmMX QyHKIMIL, Hoka3aThb sin’ z = (1 — cos 2z)/2.
27.4. HccnenoBaTh Ha aGCONIOTHYIO M YCJIOBHYIO CXORMMOCTBH DAX

1
Z (2ni —3)In(3n + 1)

n=2
27.5. Haittn yronm nmoBopoTa a M K03dQGMIMeHT pacTaxeHus k B
TOuKe zg = 3 + 21 npu oTo6paxenum w = exp(2z + 1).
27.6. Hasin anamurmaeckyio ¢pyuxumio f(z) = u + iv 1o M3BeCTHOA
NeACTBATENBHON (WM MHUMOM) YacTy u 3HadeHmo f(2zo)

a) u=e “Y(3sin2z —cos2z), f(0)=—1+ 3s;
6) v=2z"—6sy’ —y+1, F(1) =34 3u.
27.7. BeramermTs
JE

r
rae I': {|z| = V2, n/4 < arg z < 57/4]}.

27.8. BeiuucimTs .
/ cos’ z +1
————dz,
22 — 1r-

r
roe I': a) |z — 2| =3,6) |z2| =4,8) |2+ 2| =3.
27.9. Ha¥iTi ¥ mocTpouTh 06JIACTH CXOOMMOCTH DALA

[ o]
Z ginl,m,

n==-00

z(14sin z) B

27.10. HaitTn nepBrie TpH WieHa palIoXeHNs QYHKIMM e
PAL MO CTeIeHsAM Z.
27.11. HaiiTu Bce yopaHOBCKME pa3IOXKeHMA NAaHHOW GYHKIMM IIO

CTEIIEHAM 2 — 2o

a) :zt31 2o =241

: 3z — 18

6 = 0;
) 9z 4 322 — 223’ 0 =0

z
B) zcos zo = 3.
) z—3’
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27.12. IIna pysxipm cos ;35 HAlTHM M30JMPOBAHHbIE 0COGBIE TOUKM

M OIpeNesMTh MX THIIL.
27.13. IInsa nasHeIX GYHKIDOA HAMTH BHIYETHI B YKa3aHHBIX 0COOBIX

TOYKaX

) 22 i) a2 6) — s
sh (z — 24), z = 2§ ——, 2=
2?4+ 4 (z — 1r)33
. 6 expz® —1 P
B)z31nz—2,z=0; r)chz—l—z2/2’z_0’
2 1 . 4 . 2_ o\ 2
n) zzi—4s1n1;z+;,z=oo; e) (z+z)2exp( Zzz) , Z = OO.
27.14. BeiuncymTh MHTErpain _
sin” 2 21
a) / "0 2 dz; 6) / 2* cos —dz;
2COs 2 z
|z°=°2 |z|°=°2
2 3
T (z° — 2) cosz/2
dz; d
) [ e 0 [ e
—o00 — 00
2% 2

1 1
it —————dt; e dt
) /5—431nt ) f(\/§+2008t)2
0

27.15. HatiTi o6pa3m yKasaHHBIX MHOXECTB IIPM 3aXaHHEIX 0TOGpa-
FKEeHUAX

a) E:{|]z|<1,Imz>0}, w=(1-2)/(142);
6) E:{0O<Rez<mImz>0}, w=cosz;
B) E:{Re2<0,0<Imz<a}, w=e', a<2m

27.16. Koudopmuo oTobpasuts o6nacts D : {Im z > 0} na obnacts
D* : {lw| < 1} opn ycnoBuax w(l +1i) =0, argw'(1 +1) = .
27.17. Haittin m3o6paxkeHne yKasaHHBIX PYyHKIL

t
a) ch 2tcos 2t; 6) f’r2 ch (t — T)dr.
0

27.18. HaitTu opurunan no sagasHoMy M306paXeHNIO
1 ' 6) e’ ?
(p+1)(p* +4p +5)’ pP—4
27.19. C nomougpio ¢popmynsl Hroamens HaiTM YacTHOe pelleHMe
InddepeHIMANBHOI0 YpaBHEHNA

a)

et

(1+ef)?’

27.20. OnepaimoHHEIM MeTOnOM peuinTh 3anady Komrn

T+T= To = o = 0.

a) 2%+ 5 =29cost, T =1, Zo=0;
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6) i +4t + 29z =¢e" %, =0, Zo=1;

B) £~ = f(t), zop=%o=0.

27.21. OnepaimoHHEIM MeTOAOM HallTH obiice pewrerme nudbdepen-
IINaJIBHOI'0O YPaBHCHUA

t& — (¢ +5)z + 3z =0,

27.22. OnepaloHHLIM MEeTOAOM PEUIUTh CUCTEMY AuddepeHIMAIb-
HRIX YPARHEHM

[ i=2r+8y+1, _ _
{Q=3m+4y, =% w=l

* Bapuant N 28

28.1. HajiTi Bce 3snauerHms KopHA

a) +/1/126; 6) vV —1-1iV3.
28.2. IlpencrapnTe B anrelpandeckoil popme '
a) Ln(v3+i); 6) (—v3+i)"%,
28.3. Ucxans U3 onpeneneHus TPUTOHOMEeTPHUUECKHMX M rumep6orm-
vecknx QyHKUM#, noxaaTthk sh z; sh 23 = [ch(21 + 2z3) —ch (21 — 22)]/2.
28.4. UccnenonaTk Ha abCOMIOTHYIO ¥ YCNOBHYIO CXORMMOCTB DAL

(> <]

1
Z (n+ 3¢)In*(2n)°

nsl

28.5, Hatty yronm nosopoTa a ¥ kK03QdMMEHT PacTAXKeHUT A B
Touxe £p = 1 + 2i npu oTobpaxemm w = 1/(z + 1),

28.6, Halitu anaymTudeckyo ¢pyuxumio f(z) = u - iv 110 uapecTHOIA
neACTBUTENLHON (M MHMMONM) yacTy ¥ 3HaveHno f(zo)

4
oy L f(1) = —4;

6) v=u® —y —2oy+ 24y, f(1)=3+3i

/z*dz,

r

sinsz+2dz
23— 4nd
r
rne I': a) |z — 6] =1,6) |z —2x| =1, B) |2| =8.

a) u=qy—

28.7. Brruncimrs

rme T: {|z| = v2}.

28.8. Briquemuth
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28.9. HaitT 1 nocTponTs 06JiacTh CXOXMMOCTH pPARa

i 2"+ i 3nlzn .
n=0 n=1

28.10. Halitn nepnuie Tpy wWwieHa passoxesus GpyHkmm 4e TP~ p
PAO IO CTEICHAM Z.

28.11. HaiiTnm Bce nopaHOBCKMe Da3JIOXEHMA LAHHOM (QYHKIMM ITO
CTeNeHAM 2z — 2o

z+3 .
a) 1 zo = —2 + 335
3z —-18
= 0;
6) 1822 4 323 — 21’ 0 ’
z
2, z =5.
B) zcosz_s 20

28.12. lina dyuxmwm ¢z — 1)~ exp(z — 1)~° HaiiTi M3oymMpoBaHHbIE
0cobBIe TOYKHM M ONPENESIMTh MX THII.

28.13. lIna namupix GyHKIMIA HAWTU BHYETH B YKa3aHHBIX 0COGBIX
TOUKaX

et -1 . z :
— =1 6 y 2 =1
a) z—i 27" ) (z+2)%(z — 1)2 ?
. 2 . cosz® — 1
B)(z+z)cos"(z_2i),z=2'z; r) shz—z—z3/6’z=0;

. -1 .
n) 98 + ’;z — 2 om ;r:+4, e) (z — 1)” cos(w/z),
z = 00; 2 = oo.

28.14. Beramc/mTe MHTErpaEl

a) /(z~+z+3 dz; 6) /l;ilﬁ/_zdz;

7+ z)sinz z

[zl=m |z|=3
0o

(z — 1)sinz

r 1
®) / E T 116 0| @iy

2r _2°:
1 1
I dt; e dt.
) /9—4xfgsint ) /(2+cost)2
0 0

28.15. Haiit 06pa3sl yKa3aHHBIX MHOXECTD IPH 3aaHHBIX 0TOOpa-
KEHNAX

dz;

o

) E:{Rez>0,Im z=x/6}, w=¢e";
) E:{Rez>0,Im z>0}, w=arshz;
) E:{0<Rez<m —h<Imz<h}, =cosz, h>0.

=]

B
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28.16. Koupopmmuo orobpasuts o6nacts D : {Im z > 0} na ob6nacts
D* : {Im w > 0} npm ycnosuax w(—1) = 0, w(0) = 2, w(l) =
28.17. Haitti maobpakermne ykasaHHrIx ¢yHKIIA
¢

a) (e —e)/t; 6) /73e_rd*r.

28.18. Haittu opuruHan no 3afaHHoOMYy M306paXeHMIO
1 l-p
a) > : 6) > .
(p—2)(p* —2p +3) p(p* +3p + 3)
28.19. C momoumsio ¢popmynnl IoaMesis HATHM YACTHOE pellEeHME
auddpepeHnUaLHOTO ypaBHEHUSA

et

:E—Z!L’-I—Z’:m, $0=1i30=0.

28.20. OnepanmoHHBIM MeTOROM peinThb 3anauy Koiun

a) T+t —2r=e", zo=-—1, £o=0;
6) £ —z =4sint+5co82t, zo=-1, o= -2;
B) T—=0(t—1)0(3—t), o =2=0=0.

28.21. OnepalmoHHKM MeTONOM HAMTH oblree peurerue auddepeH-
IM&JILHOTO ypPaBHEHU S

tE + (2t + 2)& + (£t + 2)z = 0.

28.22. OnlepaiMOHHBIM METONOM PEIINTh CUCTeMY IuddepeHImas-
HBIX ypaBHEHUM

{ z =z + 2y,

y=2z+y+1, z0o=0, w=1

BapunanT Ne 29

29.1. HaiiTu BCe 3HaYeHMs KOpHs

a) /—i/125; 6) /8 — 8iv/3.
29.2. lIpencrasnTe B anrebpamyeckoin popme
a) Ln(—-1—1); 6) (1—12)*.
29.3. Ncxona U3 ompenesieHNs TPUTOHOMETPMYECKMX u rumep6orm-
YecKux PyHKImOL, NOKa3aTh

ch 2z + cos 2y
ch 2z — cos 2z

|cth z| =

29.4. UccnenoBaTh Ha abCONIOTHYIO M YCIOBHYIO CXORMMOCTb PAXR

,,n+1
Z( b \/—+z
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29.5. Haittn yron moBopoTa @ m Ko03pPMIWIEHT pacTaxeHMs k B
TouKe 2o = 1 + 2i py oTobGpaxermm w = 1/(z + 1).

29.6. Haittu anammrudeckyo ¢oysxmmio f(z) = u + tv 0o u3aBecTHOR
OEeACTBUTENbHOM (MM MHEMMOM) 4acTH 1 3HadeHunio f(zo)

a) u=1z —y +2zy—2y—z — 2, f(2) = =5 — 3
6) v=e °Y(3cos3z — 2sin3z), f(x)=—2— 3i.

/z Im zzdz,

r

29.7. BeiumcrmTh

rae I’ — orpesok npamoit z; = 0, 22 = 1 + 1.
29.8. BeruncimTs
cos’ z +3
222 4+ 12

r

rae I': a) |2+ 3/2| =1, 6) |2| = 1/2, B) |2| = 3.
29.9. Haittu u nocTpouTs 0651aCTH CXOMMMOCTH pANa

oo (o ]
irn [6 o1 1
'z_%e (23] +X_;(1+z')"(z+1)"'

29.10. HaitTut nepBrie Tpu wWieHa passnoxenns Qpyukmm z/(2+sin z)
B PAA IIO CTEeNEHAM Z.

29.11. Hailt; Bce yIOpaHOBCKME DAa3JIOXKEHMS NAHHOM (YHKIMM IO
CTEIeHAM 2 — Zp

z
2241’
9z — 162

81z 4 922 — 223’
nz

a)

6)

20 =2+'I.,

zo = 05

B) .zsin 20 = a.

’
zZ—a

29.12. Ina pysxmum (sin 1/2)/(2+1) naittu nsosmpoBaHHBIEe 0COGBIe
TOYKHM U ONpPeNeMTh MX THIl.

29.13. lIng gamHBX QYHKIMIA HANTH BHIYETH B YKA3aHHBIX 0COOBIX
TOYKaX

et —1 22 -1
=1 6) —m—, z =0;
8) sin(z — 1)’ £=n ) (z 4+ m)3z2’ ’
1 cos7z—1
_ 2 — 9, =0.
B) (z—1)ch 50 2= 21; r) Tz > ;
. 2—m 2z+1 nZ
S = : ch z = .
n) zsin S 2= 00 e) e )
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29.14. Belunc/mTh MHTErpalibl

iz(z —1) ,
a) / sinmz dz;

|z—1/2]|=1
o0

1
B) /'—xz—x+1dw’

— 00

dt;

2r
I) f L
1+ v15sint
0

|z]=2

1122(,'03117
) [ e

—_— ok

27
1
e dt.
) /(2+\/§cost)3
0

z — 81N z
6) sz;
oo

29.15. Haiitu o6pa3ss yKa3aHHBIX MHOXECTB IIPH 3aJaHHEIX 0TO0pa-

XEHMAX

a) E:{Im z > 0},

w = arcsin z;

6) E:{Rez>0,Im z=n}, w=chz;
B) BE:{1<|2/<3,2¢[1,3]}, w=lInz.

29.16. Kondopmuo oTobpasnts obnacts D : {

|lz—1—14 < 2} Ha

ob6nacts D* : {|z| < 1} npu ycnosmax w(z) = 0, arg w'(z) = n/2.
29.17. Haitt nsobpaxenne ykasaHHEIX (YHKIIA

1 _a¢ .
a) ¢ 3 sin® ¢;

t
6) /(t — 7)% cos® 7d.
0

29.18. Haittu opurusan no 3agaHHOMY M300paXXeHMIO

2p+1 .
(p+1)(®* +2p+3)’

a)

2—-3p
%) (p—2)(»* —4p+5)

29.19. C nomoursio ¢popmyns Hioamens HalTH 4YacTHOE pellcHUe

muddepeHIIMAIILEHOIO YyPaBHEeHUA

% — 4z = th?2t,

IL‘o=:f20 = 0.

29.20. OnepallMOHHEIM MeTONOM PelunTh 3amady Koun

a) T+4z =8sin2t, wo =3, zo=0;

6) £+x=sht =zo=2, =zo=1;

B) T+22+z =0(t)0(1 —t)—0(t—1)0(2 - ¢t),
:L'o=:i:o=0.

29.21. OnepaimoHHEIM MeTOHOM HaTH o0llee pelueHme nuddeper-
LUAJILHOTO yPABHEHUSA

t% — 2(t + 3)& + (t + 6)z = 0.

29.22. OnepaumoHHBIM MeTONOM PELUNUTH cUCcTeMy AuddepeHIMAIL-
HbIX YypPaBHEHMHI

{ rT=—z—2y+1,

y=—3:z:/2+y, :L'0=1, yo=0-
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’ Bapuantr Ne 30

30.1. Haittu Bce 3HAYeHMA KOPHA

a) {/i/256; 6) +/500v/3 — 500;.
30.2. IIpencrabnths B anreGpanyeckoit popme '
a) Ln(1 + iv3); 6) (—12 4 5:¢)".
30.3. Ncxons n3 omnpeneneHns TPUTOHOMETPUYECKUX ¥ rureplosm-
yeckux yHxImis, moxasaTs sh 21 ch z9 = [sh(z1 + 22) +sh(z; — 22)]/2.
30.4. HccnenoBaTh Ha aGCOMOTHYIO M YCJIOBHYIO CXOQUMOCTD PAX

=~ sin3"
Z 3 4+ ong’
n=1

30.5. HastTm yron moBopora o m xo03ddHIMEHT JPBCTAXKEHNR k o
TouKe 29 = —2 + 3¢ npu oTobGpaxemm w = 1/(z — 1),

30.6. Hasttu anamrriryeckyo pynxmmio f(z) = u+ tv o napecTHON
nefcTBUTeNnbHON (WM MHUMON) uyacTy ¥ 3HaveHuio f(zo)

a) u=—y’ +3z’y+ 2z, F(1) =2+ 23
6) v=ga’ -y’ +4zy—y—2z, f(i)=1-2i

/lzlzdz,
r

rae I': {|z| =1, Re z > 0, Im z < 0}.

30.8. Buraucomrs
CO8 2 dz
z(z—m) !

r
rae I': a) |2 - 3| =1, 6) |z| =3, B) || = 4.
30.9. Haittu m mocTpouThk 0GNACTE CXORUMOCTH PAIA

30.7. Beramcrmts

oo 2 n o0 77‘2
Z("“)(Hi) T2
n=0 nwl

30.10. Haiitu neppule Tpm unexa pasioxerma ¢ymkmmm f(z) =
exp(cos 2z) B pan no crenensM z + /4.

30.11. HaiiTu Bce NOpaHOBCKME pa3zIoOXKeHUS NAHHON GYHKIMM IT0
CTEMeHAM 2 — Zg

2 .
-___. - -_3 ;
a) A1 20 + 1
6z — 144
' = 04
6) . 7322 16—z

-1
B) zsinw> , %o =2.
z—2
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30.12. Ina dysxipm 1/(e” + 1) maliTy M30MMpoBaHHBIE 0COGBIE TOU-
KM 1 ONpenesiMTh UX THII.

30.13. Ina gauHBIX QYHKIMIA HAATH BEIYETH B YKa3aHHBIX 0COOBIX
TOUKAX

z+3 . : -, 2 —1

a) z,_,_l_lsm(z+1,),z=—z; )(z+1)(z 22)3,z=21,
e” —1— 22

3 2 _ .
B) z° exp(7/27), z = 0; r) smz—z+z3/6’z 0;
)2z+z in7rz+3 zZ = 00 e)zzsmzw-l-i z =00

s = 00; ) =

A z2 44 2z ’ z

30.14. Berunc/mTs MHTErpansl

2z
3 e- ] e —cos9z ,
a) / z" cos(2:1/z)dz; 6) / 2 ch (i) dz;

|:|°=°- |z|°=°1/-1
1 Tsinz/2
®) / S T 107 79 *) / @+ D@ 19

2n
1 1
I dt; dt.
) /6+\/§gsillt ) f(\/7+ﬁcost)2
0

0
30.15. Haittu o6pa3sl yKa3saHHBIX MHOXXECTB IIPH 3alaHHEIX oTo6pa-
)KEeHUAX

a). E:{0<Rez<n/2,Imz >0}, w=cosz;
6) E:{|lz|]=2,Imz2<0}, w=lnz;
B) E:{Rez2>1}, w=(z2-3+1)/(z+1+1).

30.16. Kondopmuo oTobpasuts o6nacts D : {Re z > —1} na 06-
nactes D* : {|w| < 1} npu ycmoBusax w(0) = 0, arg w'(0) = =.
30.17. HaitTu n3obpaxenue ykasaHHEIX &YHKIDM

t
a) tle™°"; 6) /1’2 cos(t — 7)dr.
0

30.18. Haittu opurusan mo 3agaHHOMY M306paXeHMIO
2 4
p>—8 pPP+4p+5
30.19. C nomoursio ¢opmynsr HioaMesns HaiTHM yacTHOe pellieHHe
IunddepeHIMaNbHOIO ypaBHEHUS

. 1 N
r —r— - ——m $0=:B0=0.

(1+et)?’
30.20. OmnepalMoOHHBEIM METONOM PEUIUTDH sagauy Kommn

a) 7+ 2z =€, To =1, xo=2;
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6) &+ 3z — 10z = —sin3¢,’ :z:o =3, Zo=-1; °
B) &+ 4z =t0(t)0(1 —t) + (2 — £)0(t — 1)6(2 — ¢t),

:L‘o=1':0=0.

30.21. OnepalMOHHEIM MeTONOM HaitT! ofiuee peurenue nuddepen-
LMaJIbHOIO yPaBHEHMSA

t% — 2(3t + 1)& + (9t + 6)z = 0.

30.22. OnepammMoHHEIM METOAOM PELIATH CUCTEMY nuddepeHIMaDb-
HBIX ypaBHEHUIA

{ T = 3z + 2y,

g=5$/2—y+2, $0=0. y0=1-
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