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IIpenuciioBue

[TousiTHe Ipenesa — OCHOBHOE MOHATHE MATEMATHYECKOI0o aHAJIU3a. Bcee
ocTaJIbHBIE ITOHATHSA (IPOU3BOAHAs, HHTETPAJI U JIp.) BBOIATCS 9€pe3 HOHA-

THE TIpeIena.
[Tesp HacTOAIEro mocobus — JaTh CHCTEMATHYECKOE HM3JI02KEHUE Teo-

DHH IIPEJIENIOB, PA3bICHUTH CaMO HOHATHE MPEIEeNa, ero CBOUCTBa, TOKA3aTh
OCHOBHBIE TEOPEMBI O Ipeleax ¥ Hay4YWTh YUTATENd INPUMEHATH 3TH TEO-
peMBbl IpH penieHny 3a1a4. M3moxxenne BeieTcs Ha ypOBHE, JOCTYIIHOM IIH-
pokomy Kpyry umrareneit. Ilocobue cnabkeHO HOCTATOYHBIM KOJIMYECTBOM
npuMepoB # 3ama4d’. OHO OOMHAKOBO MPUTOMHO KaK i MIKOIbHUKOB (ripu
u3yueHnH pasjzena <«Asirebpa u Hadaja aHaJIn3a» U3 IIKOJILHOIO Kypca),
TaK W JJisl CTYIEHTOB HEeMaTeMaTHYeCKHX CIEIHaJbHOCTEN BBICIIAX yuebd-
HBIX 3aBeeHUH.

[Ipu pabore ¢ ZaHHBIM OCOOMEM YUTATENIO H3J0 C CaMOro HaTaJa XO-
DOIIO OCMBICTHTEL TOYHOE ONPeJIeIeHue pesena. JTo rmorpedyer U3BECTHLIX
yeummit. OHaKo, yeuius He OyayT HanmpacHsMA. Jlesio B TOM, 4TO yaalui-
CsI, YCBOMBIIMIA OHSATHE TIpeJIesIa JIUIIb Ha HHTYUTHBHOM ypPOBHE, Hen30exK-
HO GyIeT HCIBITHIBATL CEPbE3HBIE 3ATPYJHEHUS DU U3yYEHHH MOCHIENYIO-
X pasmenoB. Mbl y6e:KIeHbl, YTO HU3JIOKEHHE MATeMaTHIeCKHX AUCIIH-
[I7AH He JIOJKHO OBITh M3JIMIIHE YIpoueHHbM. Beap y4yamemycsa IpeacTo-
AT BHHUKATH B CMBICJ MaTeMaTHYeCKHUX PACCyXKICHHH U HAy4YUTHCA CaMOMY
[IPOBOIUTH HX. DTHU PACCYKIECHUS HE JOJKHBI COACPAKATH JTOTHIECKHX IIPO-
TUBOPEYHl, ABYCMBICJICHHOCTEHM U HE BIIOJHE 0DOCHOBAHHBIX 3aKJIOYEHUU
(B wacTHOCTH, IPY BBEJIEHAH HOBBIX NOHATHH CJELyeT u3beraTs NpuBJIeYe-
HUS TEPMHHOB, TOYHBIH MATEMATUIECKUI CMBICII KOTOPBIX nesicen). Ecnu B
pormecce 00yYeHns yJaalliuiicss He JOCTUIHET HeOOXOIMMOro ypOBHS MaTeMa-
TUYECKOH KYJIbTYPbI, ero 3Hanus 0yayT MOBEPXHOCTHLIMH H dopMaIbHBIMU,
4TO OTPUIIATENLHO CKAXKeTCsl IPU U3YYEHUH LEOro pAna MUCIHATIIHH.

B roco6uu 4eTKO BBLIEJICHBI BOIPOCHI, OTHOCAIIMECS K OCHOBHBIM ITOHS-
THSIM, KOTOPBIE HMEIOT pellalollee 3HadeHue JJid NOHMMAHUsL BCEro Kypcea.
MpI He CTPEMUIIACH H3I0XKUTH TEOPHIO IIPE/IeNioB ¢ HanboipiIe OOIIHOCTBHIO.
B wacTHOCTH, NOHATHE mpefeta YHKIMHM Opu © — a (rae a — YUCJIO)
BBOAMUTCSA JIMIIb i (DYHKIMHA, ONPENENEHHbIX B HEKOTOPOH IIPOKOJIOTOM’
okpecTHOCTH a. He cTaBmiace 1eib NPUBECTH JI0KA3aTe/NbCTBA BCEX yTBEP-
YWIEHHH — B pse CIydaeB Mbl OTPAHHIMBAIKACH JAIIb (POPMYTHPOBKAMH
reopem. KpoMe TOro, Mbl OTMETHJIHM 3BE3I0UKOM HEKOTOpbHIE naparpadsl,
HEeCKOJIBKO OoJiee TpyIHbIE JIJIsi BOCIPUITHS M0 CPABHEHUIO C JPYTUMHU. IIpu
[IEPBOM YTEHWM 9TH Iaparpadbl MOXKHO OIYCTHTD. N3nmoxkenne BegeTcd B

TIpu noxbope 3as1a4 66110 uCnoNp30BaH0 «[locobue Mo BRICITEH MaTeMaTHKe> (aBTO-
pur C. H. Onexuux, E. A. Oprosa) — M.: U3z-Bo Mock. yn-Ta, 1985.
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KJIACCHYECKOH MaHepe 6e3 UCIONb30BaHUs JIOTHICCKUX CUMBOJIOB, 4TO0bI HE
3aTpyJHATH YATATe s, He IPUBLIKIIEro K JTOTHYecKoil cuMBoJIMKe. Bmecre B
TeM, B IPHUTOKEHUN | MBI yTIOMHHAEM O BOSMOXKHOCTH LIPHMEHCHHH Jlorude-
cKOJ CHMBOJIMKH sl 3AMHCH MaTeMaTHIeCKuX Paccy’KJeHUH ¥ IPUBOLIM
COOTBETCTBYIONIME IPUMepbl. Jlornyeckne CUMBOJIDI YIIOTPEOJIAIOTCA JTHUIIb
uHOTIA, (ISl WULOCTPAIMH), IAPAJITIe/IbHO C OCHOBHBIM TEKCTOM.

PexkoMeHAyeM 4YuTaTesio, paboras C mocobueM, MoApoOHO, BHAMATEb-
HO ¥ CAMOCTOSTENHHO (/IOIMyCKas HCKITIOYEeHUs JIUMb B PEIKUX cirydasx)
pa3bupaTh NPHUBEIEHHBIE TPUMEPDI. 10 HEOOXOMUMO, UTOObI 3HAHHUSA ObLIA
3 PHeKTUBHBIMU.

Aprop mpussaresnes 2K. M. Pab6ory, BHUMATEIHHO NPOIUTABIIEMY 110~
cobme B pyKOTIHCH U CIETaBLIIeMy PAJl IEHHBIX sameuanuii, u E. E. [Iymxkapb
38 BeChbMa [T0OPOCOBECTHYIO, HE(OPMATIBHYIO paboTy MO MOArOTOBKE MOCO-

Oudg K U31aHUIO.
A. K. Pwbruxos

10 anpensa 2003r.
MockBa

I1aBa 1.

JlelicTBUTEJIbHBIE YNCJIA.

§ 1. OcHOBHBIE CBOMCTBA AEUCTBUTEJILHBIX YHCEJI.

[Ipucrynass K M3y4YeHHIO OCHOBHOTO IOHATHS MATEMATUYECKOTO aHAJIU-
38 — IIOHATUA Ipeleiia, HaM IIPHAETCS TPEeIBAPUTENIBHO O3HAKOMHUTHCH C
HEKOTOPBIMHU CBONCTBAMM YHUCJIOBBIX MHOXKeCTB. Mbl HOJI3KHBI UMETDh IIPe-
CTaBJIEHHE O TOM, KakKue ObIBaIOT YKCJIOBBIE MHOXKECTBA, KAKUE HUCIIa OHH
COJIepIKaT.

[TousiTre uuciaa (GoOpMHUPOBAJIOCH B CO3HAHMM JIOMeH nocremenno. CHa-
YaJia B NPOIECCe CUeTa BOBHUK TAK HA3BIBAEMBIH HAMYPaAbHbl pad duCe

L T

B panpHelneM 3amac 4dmcesa ObLI MO BIHSHUEM MPAKTHUKHU CYIIECTBEH-

HO pacmidpeH. BBIIM BBEIEHBI Iesble OTpPUIATENbHbIEe 4ncia (Buma —1,

—2,...,—N,...) H 9UCJIO HYJIb, 4 32TEM U PAUUOHAALHBIE YUCAG (BAIA g rje

p, ¢ — uenbie; ¢ # 0). Bbuiu onpeneneHbl ONepaIyy CIOKEHNS, BBIYUTAHNA,
yMHOXKeHuda U genenusa. IlpogenviBast 3Tu jeiicTBus HaJ, PaAlMOHAJIBHBIMU
YHCJIAMM, MBI IOJIy4YaeM OLSATh palmoHaJbHbe ducia. ClenoBaresibHO, de-
ThIpE ZefCcTBUsA apu@METHKH He BBIBOISAT HAC M3 KJACCI PAIMOHAJbHBIX
YHCelI.

Hekoropoe BpemMs Ajisi Hy»KH TPAKTHKHA XBATAJIO OIHUX TOJBKO PallHo-
HaJIbHBIX gucen. Ho nmo3nHee morpebHOCTh H3MEpPEeHUs BEJIUUUH U TIPOBEJIe-
HHs TaKUX OLIEpallii, KaK M3BJIEYEeHUE KOPHSI, BBIYUCICHAE JOrapudMOB, pe-
HICHHE aJredpandyecKux ypaBHEHUH, IPUBEJIa K JaJbHEHIIEMY PACIINPEHNUIO
3aIaca PacCMATPHUBAEMBIX ynces. K palMOHAJbHBIM YUCAAM 100aBJISIOTCA
uppayuonasbHoie vucaa. Ilpu 3rom BO3HUKaeT Oojee IMHPOKas COBOKYII-
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HOCTE — KJace deticmeumenbhsir (MM, TOBOPS IIO-IPYTOMY, GEWECTNGEH-
HOIT) YUCEN.

CyIecTByIOT Pa3JIHuHble ClIOCOOb BBEIeHY A IOHATHA HPP AlMOHAJIBHOTO
upcaa. OnuMH U3 BO3MOMKHBIX CIIOCODOB — NPeACTaBUTH €r0 B BUIIE OecKo-
HEUHOH HENepHOAuIecKo# JecATHIHON npobu (Jroboe panyoHaJIbHOE YHCIIO
aubo nenoe, aubO mpencraBaseTcsa B BHIAEC KOHEUYHON JIecaTudHoi apobu,
JIUO0 MpeaCTaBISEeTCA B BUIE 6eCKOHEUHOM TIePUOAAYIECKON AeCATHIHON APO-
6u).

[Iocne TOTO, KAK MBI PACIIMDHIIA 3a11aC PACCMATPUBAEMBIX HHCEIT 10 CO-
BOKYIIHOCTH BCEX HefCTBUTENbHBIX YHCEJT, MBI MOZKEM, BBEIOPAB IIPOUBBOJILHO
MacIITabHbI OTpe30K (T. €. YCIOBHBUINCH CUMTAThH €ro JJIMHY pasHoit 1),
H3MEPUTh IJIMHY JII000r0 Jpyroro OTPe3Ka. JInuHa n3MepsAeMOro OTpesKa
BBIPAKAECTCH AeHCTBUTE/IbHBIM THCIIOM. D10 YUCII0 MOXKET OBITH PAlHOHAIb-

HBIM WJIW HPPAlHOHAJbHDBIM.

BamewaHue. BO3MOMXKHO, YHTAIOIIMHA 3TH CTPOKH elle He IOJHOCTHIO OCO3HAT Heobxomu-
MOCTD BBE/ICHHAS HPPAIMOHATIBEBIX YHCe. B TakoM Ciydae, IPOLHUTUPYEM EMY OJIHO MECTO
a3 xuurx A. S1. Xupuuna «Bocempb nexpuil IO MaTeMaTHYECKOMY AHAJIMIY» (TUTTJI,
M.~JI., 1948). «Ilogemy 6Bl HEe OrPAHHYUTHCS OJHAMH PAUOHAJILHBLIMH yucaamu! Msr
He MOYKEM COTJIACHTHCS Ha 3TO MOTOMY, YTO CPed PAlHOHAILHBIX YHCEJI HET, HAPHMED,
gucia V2, T.€. HeT YHCJIa, KBaJApaT KOTOPOro paBHAJICA 6Bl YHCay 2. A IoueMy Takoe
qucno meobxomumo umers? Iloromy xord 6Obl, 9TO AHArOHAIE KBalpaTa, CTOPOHA KOTO-
poro papHa 1, UMeeT Kak pa3 INJIUHY V/2; criemosaTenbHO, ecyu OBl MBI NMOKEPTBOBAIM
CYIIECTBOBAHHEM TAKOTrO WHCJA, TO HAM NPHIIIOCE OBl MAPUTHCA C T€M, 4YTO JJIMHBI OT-
DE3KOB, KOTOPbIE€ C TaKOi NPOCTOTOH BO3HMKAIOT B I€OMETDHH, MOI'YT HE BBIPa’KaThbCs
HUKAKAMM 9uciaMu. $1cHO, 4To HA Taxoid Dase W3MepUTEJbHAA IeOMETPHA pPa3BUBATHCA
He MOXKeT. SHauuT, /2 AoJKeH HalTH cebe MECTO CPe/iH BELIECTBEHHDIX HHCE; HO Cpenu
DAHOHAJIBHBEIX YHCEJ ero HeT; IOITOMY MbI Ha3blBaeM 3TO MMCJIO HPPAIMOHATBHEIM ».

ITonnas TeOpHs JEHCTBUTETBHBIX YHCENT JOCTATOTHO CIOKHA M B IIKOJIb-
HOM Kypce He obcyskaaercs. OTMeTHM JIMIib, YTO MPY HOCTPOCHUH STOH T€O-
pun GOPMyIHPYETCs Psif yTBEDIKICHUI, HeKOTOPbIE M3 HUX IPUHNMAIOTCH
6e3 JOKa3aTEeNbCTBA (OHH COCTABJIAIOT CUCTEMY AKCHOM JIGHCTBUTEIIHHBIX K-
celr), a BCe OCTaJIbHBIE JOKa3bIBAIOTCA. CHCTEMY aKCHOM MOXKHO BHIONPATDH
pa3MYHbBIME criocobamu. B kauecTBe OZHOM 13 AKCHOM MBI IPUMEM aKCHOMY
0 CYIIECTBOBAHMY TOYHON BePXHeH TPAHMIIp! OTPAHUYEHHOIO CBEPXY MHOKE-
crBa. TIOHSITHE O BEPXHHUX M HUXKHMX IPAHHIAX (W, TOBOPA HO-APYroMy,
0 TPaHsAX) YHCIOBBIX MHOXKECTB MbI 06CyzuM B § 3.

3aMeTHM, 9TO WHOTAA BCTPEHaioTcsa JIIOAH, OpaBupyOIKHe CBOUM TEMOHCTPATHBHBIM
HENIpUATHEM BCEro abCTpakTHOTO. QOnuako, oHH (Kak abCoJIIOTHO BCe JIOM) OCTOAHHO
UMEIOT HeJIO C AeHCTBHTeNbHBIMA YHCIaMH W HE MOTYT 6e3 uux obxopurhcea. Ipu arom
OHM HE OCO3HAIOT, UTO IOHSATHE YHCJIA — TO B BBICIIEH CTETICHH abCcTpaKTHOE TIOHATHE.
JleficTBATE/IbHBIE YHCIIA ABIAIOTCA NOPOXK/ICHHUEM UCKJIHYUTENILHO 1eJIOBEYeCKOro pa3y-
Ma, HO B TO YK€ BPEMsl OHM HMYYTb HE MeHee PeaJsibHEl, €M, K IpUMepY, KaMHHU, [€PeBb

WJIM JIpYTHE OKDYIKaloliye HAC NpeJMeThl.

§ 2. TeomeTpuueckoe m30bparkeHue OENCTBUTEIbHBIX
quCell.

3a1aB Ha OPAMON CHCTEMY KOODPAWHAT (WJiv, TOBOPS MO-JIPYrOMY, Ipe-
BPATHB €€ B KOODJAMHATHYIO OCb), MOYKHO YCTAHOBHUTH B3aUMHO OLHO3HAY-
HOE COOTBETCTBUE MEXKY COBOKYITHOCTBIO BCEX MEHCTBUTEIHLHBIX YHUCET H
COBOKYITHOCTBIO BCEX TOYeK Ha npaAMOil. M3 MIKOJBHOroO Kypca 4urare/ib
3HAET, YTO CHCTEMa KOOPAUHAT Ha NPAMOU OIIpepeJisieTcs BHIOOPOM OJHOTO
M3 IBYX HaIpaBjeHni# (BHIOpAHHOE HAIPABJIEHHE YCIOBHO HA3BIBAEM IIOJIO-
JKUTEJILHBIM M HA YepTexke 0D03HAYaeM CTPENKOil), HadaabHOH Touku O U
Macirrabaoro orpeska. CooTBeTCTBHE MEXAY ACHCTBUTENLHLIMH YHCIIAMH
W TOYKaMH IIPSMOM, OlpelelisieMOe 33JaHiueM Ha IIPSAMOI CHUCTEMbI KOOp-
JIMHAT, YCTAHABINUBAETCS CyeayomuM obpasom. Jlwoboit Touke M (puc. la)
Ha TPsSIMOii, IPEeBPaIleHHOH B KOOPAMHATHYIO OCb, COOTBETCTBYET BIIOJIHE
OTIpEeNieIeHHOe JIeHCTBUTEILHOE YHUC/IO & — KoopauHara Touku M. Cropa-
BEAJINBO U 00PATHOE YTBEPKJIEHHE: KaXKIOMY AeHCTBUTEIbHOMY YHUCIY &
COOTBETCTBYET HA KOODJIMHATHOH OocH TO4YkKa M (npudeM eIMHCTBEHHAS),
KOOpAHHATA, KOTOPO# paBHa x. Takum 0bpa3oM, BEIIECTBEHHbBIE THC/Ia MOXK-
HO M300parkaTh TOYKAMH Ha KOOpAMHATHOU ocu (puc. 16).

0 M
0 x
Puc. 1

Touky, ©300parKAIOLIYIO YUCIIO X, IPUHATO HA3bIBATH TOYKON X, 8 KOOp-
ITAHATHYIO OCh — YUCAOB0U NPAMOU.

3amMeruM, 9TO PACCTOSHHE MEXKIY TOYKAMH T; U Ty (T.€. MEXJIY TOY-
KaMF, H300pakalonUMy YUCJIA T; U Tp) PaBHO |T, — x| (oueBmmno, 910
Ty — 21| = |2, — x3]). Tak, HanpuMep, PACCTOAHME MEKIY T1 = O U Ty = —3
paBHO | — 3 — 5| = |5 — (-3)| = 8.

Kax npaBuio, rOpU3OHTAJbHAS YHCJIOBasl IpsAMas HU300pakaercs Ha
JepTexKe C IMO3UIMH HabJImaTess, KOTOPbIA BHIUT IIOJIOXKHUTEIHbHOE Ha-
IpaBJIEHWE KaK HallpaBJIieHre, UAYIIEee cJIeBa Hanpaso. B arom ciaygae ajs
JIO0BIX 9HCENI Ty U Ty TAKHUX, UTO T; < Tp, TOYKA T JIEKUT HA YHUCIOBOK
IIPSAMOH CJIEBA, OT TOYKH Is.

JI1060€ MHOZKECTBO YHUCEJ MOXKHO PACCMATPHBATH KaK MHOXKECTBO TOYEK

Ha 4MCJO0BOM mpamoi. Haubomee ynoTpeOUTENbHBIMUA YHMCAOBBIMA MHOXKeE-
CTBAMHU SIBJIAIOTCS:

® OTPE30K (CerMeHT) ¢ KOHUAMH @ U b, T.e. MHOXKECTBO BCEX YHCEN X
TaKuX, 970 a < & < b (ays Hero npunaTo obo3Ha4YeHEE [a;b]);



e WHTEPBAJ C KOHIAMM @ U b, T.e. MHOXKECTBO BCEX HHMCeJ & TAKHUX, UTO
a < T < b (nna mero npunsaro obosxadenue (a;b)).

OueBHIHO, YTO HATEPBAI (a;b) — 9TO MHOXKECTBO, COCTOAIILE 3 BCEX 6HYM-
pennur movex (T.e. TOYeK, JIeXKalUX CTPOTO MEKJIy JIeBbIM KOHUOM a H
IpaBbIM KOHIIOM b); 0Tpe30ok [a;b|, KpoMe Bcex BHyTPEHHHMX TOYEK, COLEp-
JKUT Takzke oba KoHIa, a U b.

QueHb YACTO PacCMATPUBAETCA MHTEPBAJ BUIA (@ — &;5a + €), Te € —
noJioxuTeapHoe gucao. CepeuHoil 3TOr0 HHTEPBAJIA ABJIACTCA TOYKA a, a
KOHIIbI PACIIOJAral0TCa Ha OJUHAKOBOM PACCTOSIHUU £ OT cepejuubl. Takoii
MHTEPBAJl HA3BIBALTCA £-0KPECTHOCMbIO MOwKY @ (CM. PUC. 2; 3116Ch CTPEJI-
K¥ O3HAYAIOT, YTO TOYKH @ — € U @ + € He NPUHAIIEKAT E-OKPECTHOCTH).

| /N

L e
! =
£ a a-+ e

Puc. 2

a

COBOKYIIHOCTb BCEX TOYEK £-OKPECTHOCTH TOUKH @, OTIMIHBIX OT CaMO
TOYKY @, HA3BIBAETCA NPoKoAomoti e-oxpecmuocmbvio (puc. 3).

"-.h‘__',,..-r"
P
a

| AN

S
-
a— & a-+ €

Puc. 3

OueBHIHO, YTO IPOKOJIOTAS £-OKPECTHOCTD TOUKH G SABJISAETC 00beIuHe-
aueM (a—e; a)U(a; a+€) ABYX HHTEPBAJIOB, B3 KOTOPBIX (0—&; (1) HA3bIBAETCS
4e601 noayoxpecmuocmsio, a (a; a + €) — npasoll NOAYOKPECTNHOCTbIO.

Hapany ¢ oTpe3skaMu M HHTEPBAJAMU PACCMATPHUBAIOTCHA 1OJIYHHTEDBA-
ael [a;b) (a <z <b)u(a;b] (a <z <Db).

OTpe3ku, HHTEPBAJILI U [OJIyUHTEPBAJIbI HAZBIBAIOTC KOHEYHULMU TPO-
mesicymxamy. OTPe30K HABBIBAIOT TAKIKE 3AMKHYMbIM NPOMENCYMEOM (OH
cozepKUT 00a CBOMX KOHIIA), & MHTEPBAI — OMEDPLUNGIM NPOMENHCYMKOM
(OH HEe COIEPKUT CBOUX KOHIOB, BCe ero To4ku — BHyrpennue). ITomyun-
TEPBAJILI HE SIBJISIOTCS HA 3aMKHYTBIMU, HU OTKPBITHIMH.

PaccmaTpuBaioTesi Tak»Ke 6eCKOHeYHbIe IPOMEXKY TKH:

e [a;+00) (a<z<+x);

o (a;40) (a<x<+00);
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o (—o0;+00) (—00 < x < +00), T.€. BCA YUCTOBAS IPAMAs.

ITpomexxyTox Buma (A;+oo), rme A > 0 (T.e. COBOKYNHOCTH BCeX I TaKHX,
gr0 = > A), IPUHATO HA3BIBATH OKPECMHOCTIBIO cumsoaa -+oo. [IpomexyTok Buma
(—oo0; —A), tme A > 0 (T.e. COBOKYNHOCTb BCEX T TaKux, 4TO0 & < —A) Ha3BIBAIOT
OKPECTIHOCTBIO CUMBOAG —0Q. TepMUHOM OKpecmHOcmt Cumeoaa 00 0003HaNaIOT 00DL-
eqUHEHHE IBYX OECKOHEYHBIX HPOMEKYTKOB (—oo;—A) U (A;+o0), tne A > 0; B He#t
COAEPXKATCA TOYKH T Takue, 910 |z| > A.

§ 3*. I'paHu YKMCIOBBIX MHOXKECTB.

3.1. Yuciaosble MHOXecCTBa, orpaHnudeHHbie cBepxy. Ilonarue
TOYHOM BepxXHel I'paHHIIbI.

Yucnosoe MHOKECTBO X Ha3BIBAETCS 02PAHUNEHHbLM CEEPTY, €CIIN CYIile-
CTByeT 4ucjio B Takoe, 4To HJjisi Jiioboro ¥ € X HMeeT MeCTO HEPaBEHCTBO
r < B (obparure BHUMaHKHE: HEPABEHCTBO, BOOOIIE rOBOP:A, HECTPOToe; OHO
MOXKeT ObITh CTPOrMM JIMIIb B YaCTHBIX Caydasx). [Ipu sroMm aucio B Ha3bI-
Baerca eeprHeli epanuyet (nnm eeprmedi 2panvro) MuoxkecTBa X . O4eBuIHO,
YTO cOpaBa OT TOYKHM B HeT HU OAHOM TOuku MHOXKecTBa X. OueBuzHO
TakxkKe, 4To eciau B — BepxHag I'paHulla, To Jiodoe uucino B', bosbiuee B
(B < B'), takxe siBusiercsi BepxHeil rpanuieil. CaegoBaTelnbHO, €ClIi MHO-
»kecTBO X OrpaHHYEHO CBEPXY, OHO UMeeT DECKOHEYHO MHOI'O BEPXHUX I'pa-
nun, (puc. 4). Ilpu 3ToM cpeau BepxXHUX TPAHUIL BCETIa CyIIECTBYET Hau-
MEHbIIAsL.

Y

T G X B B’
Prc. 4

Ona Ha3LIBAETCA MOYHOU 6eprHeli eparuyel. Y TBEpXKIEHUE O ee CYIIeCTBO-
BaHUM MOKeT OBITh IPUHATO B KaYeCTBE OJHOU U3 aKCMOM TE€ODHH JEUCTBU-

i I
TeJIBHBIX YuCes (3Ta AKCHOMa HABBIBACTCSI QKCUOMOT NOAHOMYL):

AxcuoMa moJsiHOTBI. Jloboe o02panuverioe C8epITy HENnYCmoe HUCAOBOE
MHOHCECTNEO UMEETL MOYHYIO BEPTHION0 2PAHULY. '

AKCHOMY IOJIHOTHI HA3bIBAIOT TAKXKE aAKCUOMOU HENPEPHIEHOCTIU.

Samevarue. Ecan B 4UCI0BOM MHOXKECTBE MMEETCS HAUOOJIBIINN JJIEMEHT,
TO OH, OYEBHUIHO, SBJIAETCH TOYHOI BepXHEl rpaHuLei.

ITpumep 1. Paccmorpum MHOXKeCTBO X, 3JIEeMEHTAMHU KOTOPOIO ABJIAIOTCA
1 1
yucaa 1 + 5 -3,1 + 1 —5, ...(cM. puc. 5). B manprefiimem MbI OyaeM Huc-

[I0JIb30BAThH CJAEAYIONYIO (POPMY 3alMCH MHOXKECTBA:

X{1+%,—-3,1+%,-5,...}.

11



S =3 i foniala T
Puc. 5
B sTrom MHOXecTBe mMeeTcss HaubOIbIIME 3IeMEEHT 1+ % — g ITO YHUCIIO

ABJIACTCA TOYHOM BepxHel rpanuiell MHOXKeCTBa X .

MuoxecTBo X, OrpaHUYEHHOE CBEPXY, MOMKET HE HMETh HAHOOIBIIEro
ssiemenTa. IlpuBenem npuMep Takoro MHOMKECTBA:

IIpumep 2. PaccMorpum MHOXKECTBO

Y{l—-l ey A }

2’ 3’ 4¢
(cMm. puc. 6).
1 o 1 -] } o
0 g 157 S AT
Pwuc. 6

Huxakoe uncno a < 1 e aBnsercs Bepxueil IrpaHuleil MHOXKECTBa Y, Tax
KdK BCEra MOXHO yKa3aTh JOCTaTOYHO OOJIbIIOE HATYDPAJIBHOE YUCIO T

1
Taxoe, 9To a < 1 — —. Tak, nanpumep, ecin @ = 0,97, T0 a < 1 — X IIPU BCEX
n

T
n > 34 (obparure BHUMaHHEe HA TO, 4TO 097 =1 — IS_[})’ eCIu a = %&l, TO
1 170 21
a < 1— = npu Bcex n > 10 (oBpaTuTe BHEMA i ) )
— 1p (obparuTe BHEMaHME HA TO, YTO o 1 191).

Hucno 1 apnaercs rounoit Bepxueit rpanuneil MEoxKecrsa Y. MmuoxectBy Y
OHO HE IIPHHAIJICIKUT.

Ormerum
OcHoBHoe cBolicTBo TouHOH BepxHeill rpaHuIbL. Hyemov b — moynas
GEPTHAA 2PAHUYQ “UCA068020 mHodicecmaa X . Tozda, xax 6ve Maad Hu 6bia0
wucao € > 0, eceada natidemes wucao © € X, pacnososcennoe MENCOY b — ¢
u b (puc.7), u npumom maxoe, wmo b—e < x < b (obpamume enumanue
Ha TNO, "0 AE60E HEPABEHCINBO — CMPO20€, 4 NPABOE, 6006UWE 2080DA, —
Hecmpozoe).

b

b—e¢ e X 3
Puc. 7

Aorazamenvcmeo. DTO yTBEpIKICHIE HETPYIHO J0Ka3aTh, PACCyKIasl OT
MPOTUBHOrO. JlomycTuM, 9TO Ayist KAKOro-1o £ > () He Hafigercs HY OJTHO-
ro saemenTa r € X rakoro, 410 b — & < z < b. Ho Torna Bce uucna u3

12

L

nHTepBaJIa (b — £;b) ABIAIOTCA BEepXHUMY IpaHUIAMU MHOXKecTBa X, U BCe
OHM MeHbIIe Yncaa b. Takum 00pa3oM, u3 HAIIEro IPEAIOJI0KEHUS CIeIyerT,
4TO b HE dBJAeTCA HaWMeHbllelt BepxHeH IpaHulei, T.e., TOBOps APYIH-
MH CJIOBaMH, b He ABJSETCH TOYHOU BEPXHEH rpaHuied, 94To NPOTHBOPEYNT

VCJIOBUIO. []

Samevarue. Bo3amoken ciyuail, korma npu mobom € > 0 mexxny b—e u b
HaXoOuTCA OECKOHeYHO MHOT'O 3JIEMEHTOB MHOXKeCcTBa X (MMEHHO TaKas CHU-
Tyallrsl HMeJa MeCTo B mpuMepe 2). BMmecTe ¢ TeM BO3MOXKEH U TaKOH CJIydaii,
KOIJa IpH JIF0OOM IOCTATOYHO MaJioM € > (0 Mexkay b— e u b pacronmaraercs
TOJILKO OJIVH 3JIEMEHT T € X Takoi, 4To b—e < z < b (3T0 MOXKeT UMeTh Me-
CTO TOJBKO, ecau & = b; 310 o3uayaeT, 4T0 b € X U sABJsgeTca HaUOOIBIIUM
ssieMeHTOM MHOKecTBa). C Takoi CHTyaluel MbI BCTPETHIINCH B TpuMepe 1.

3.2. UwmcioBbple MHOXKeCTBa, orpaHndYeHHblie cHu3y. Ilomarue
TOYHOH HH>KHEH I'paHHIIbI.

HYucnoBoe MHOXKeCTBO X HA3BIBACTCS 02PAHUNEHHDIM CHUSY, €CITU CYIIe-
crByeT uucio A Takoe, 4ro mjist m0boro x € X uMeeT MeCTO HepaBEHCTBO
A < z. Yneno A B 3TOM ciryuae Ha3bIBAETCA HUMNCHEU 2panuuyeti MHOXKe-
ctBa X. QueBunno, 4uro Jiroboe umcio A’ < A Takike gBaserca HHUXKHEH

rpauuneii maoxkecrsa X (puc. 8).

‘1!‘

/il’ A ze X
Puc. 8

Haubonpmasa u3 HUXKHUX IDAHUIL HA3BIBAETCA TMOYHOU HUNCHEU 2DaAHU-
yeu.

CrpaBemyIiBO CHEAYIONIee YTBEPXKICHUE:

JI0boe 02panuMenHoe CHU3Y Y“UCA060E MHONCECTNBO UMEETN TNOUHYIO
HUDIICHION 2DAHUUY.

OrmeTnm
OcHoBHOe CBOMCTBO TOYHOM HIKHe#H rpaHunsl. [Tyemb a — mownas
HUNCHAA 2PAHUUE YUCA06020 mHoocecmea X . Tozda, xax 6t Hu 6bLA0 MaAAO
wueno € > 0, sceeda matidemces vucao r € X, pacnosodicennoe mexcoy a u
a—+ € (puc.9), u npumom maxoe, wmo a < x < a—+ €.

::1 re X (1—.!—6
Puc. 9
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Ilonaraem, 9To ynraresb B COCTOSHAN CAMOCTOSITENBHO TOKA3ATH 3TO YTBED-
KJACHUE, PACCYXKIAA MO aHAJIOTHU C JOKA3ATEIbCTBOM COOTBETCTBYIOIIEO
CBOMCTBA TOYHOH BepxHeit rpaHuIbI.

Jamenanue. OYEBUIHO, YTO €CIM B MHOMKECTBE X MMEETCS HaUMEHbIITUH
JJIEMEHT, TO HMEHHO OH W ABJIAETCS TOYHOI HMXKHEH I'pDaHMIIe.

MHozxecTBOM, OrpaHNYEeHHBIM CHU3Y, ABJSETCS MHOXKECTBO Y 13 pumMe-

pa 2 (0HO OrPAHUYEHO H CHHU3Y, U cBepxy). OHO HMeeT HAMMEHBIIHH 3IeMEeHT

1 1 % i
1— 5. 75" ITO YUCIIO ABJSETCS ero TOYHOM HIKHel rpaHuIei.

PaccmoTpum ere oaun nmpumep:
1
'2'&
3y. Upeny HHXKHUX TDAHUIL 9TOrO0 MHOMKECTBS, comepxkurcsa quciao 0. Huka-
Koe a > 0 He sBjsercs HMXKHEH rpaHuIel, Tak Kak mis Joboro ¢ > 0

Ipumep 3. Muoxecrso U { 1, =33, i,. : } (cm. puc. 10) orpanuveno cuu-

1
MOKHO yKa3aThb HaTypaJabHOE YHCIO N Takoe, 4ro U 5 — < a. Cnemosa-
T

TENbHO, 4uCi0 ( gAB/IgeTCAa TOYHON HHKHEH I'DaHuUIe. MuoxecrBy U ono
He IPUHAIJIEXKHT.

Y

-
4 2
Puc. 10

3.3. OrpaHudeHHbIE YHCJIOBBIE MHOMKECTBA.

OzpanuvenHvim TUCIOBBIM MHOXKECTBOM HA3BIBAETCS MHOXKECTBO, OI'pa-
HUYEHHOE OJTHOBPEMEHHO U CHU3Y, U cBepXy. OHO UMEeT M TOYHYIO HUIKHIOI
TPAHUILY, ¥ TOYHYIO BEPXHIO rpaHuily. TakuM MHOXKECTBOM SBIIFeTcs, Ha-
IpUMEp, MHOXKECTBO Y u3 mpumepa 2. 3amerum, uTo MHOMKeCTBO M 13
IpuMepa J — HeOrPaHWYeHHOE (XOTS X OrPAHUYEHO CHH3Y ).

Iipusenem eme ogun npumep:

%,%,1— %, u;—,} (cm. puc. 11) — orpa-

1
Hudennoe. OHO cocrouT u3 gucen Buma 1 — o (k=1, 2,...) u 9ucen Buxa
1

T (l=1,2,...). Bce anements MEOKeCTBA V PacHOIIOKEHbI mexay 0

u 1. IIpu srom gucio 0 aBiagercsa ToUHON HIKHEH rpaHunei, a ducao 1 —
TO4YHOH BepxHel rpanuueit. Hu 0, au 1 ve npuuamiexar MHOKECTBY V.

Hpumep 4. Muoxkecrso V {1 —

v

0 - 15 1/38 d~ip 14 ey
Puc. 11

14

3aMeTuM, 4TO €CJIM MHOXKeCTBO X OrPaHHYeHO, TO HalJeTcss KOHCTAH-
ta C' > 0 Takas, 4To myg Bcex £ € X mMeeT MeCcTO HepaBeHCTBO |z| < C
(ro1m, yro 1O k€, —C' < & < (). B camoMm jiesie, B 3TOM CJiydae CyIIeCTBYIOT

yucna A u B Takue, uro g Bcex © € X

A<z < B.

Ecnu B3aTb npoussonsHoe unciao C, koropoe 6omnbiie u |A|, u |B|, To oue-

BUOHO (cM. puc. 12)
-~ ez< O




I'1aBa 2.

Ilpenen
[10CJIeJOBATEJILHOCT.

§4. YwucisoBble mociienoBaTeIBLHOCTH U apudMeTHue-
CKHe OeMCTBUS HaJd HUMMA.

C 4uCIOBBIMHM TIOCTIEHNOBATEILHOCTSMU YHTATEIb YKEe BCTPEYAJICST B
IIKOJbHOM Kypce. Tem He MeHee, MBI CUMTaeM HEOOXOJUMBIM eIIe pa3
BEPHYTHCH K ITOMY MOHATHIO ¥ HAIIOMHHUTEH OCHOBHBIE CBEJEHHUS O IOCIIENO-
BATEJILHOCTAX U apUPMETHIECKUX JeHCTBUAX HAJ HUMIA.

Tuca0600 nocaedosamesvHocmb10 (MITH IIPOCTO NOCAEI0EATNEAHOCTIHI)
HA3bIBAETCS COOTBETCTBUE

n — T,

IPY KOTOPOM KaXKIOMy HATYPATHHOMY YHCILY 7 COTIOCTABJISETCS HEKOTOPOe
BIIOJIHE OIIPEJENIEHHOe JeHCTBUTENILHOE YHCIO Z,,, KOTOPOE HA3BIBAETCH N-M
3JIEMEHTOM I10cieoBaTenbHocT. Kazknpiil sanement z,, mocsenoBaTebHO-
CTH UMEET CBOH HOMED n. 3HaYeHMs HEKOTOPBIX (HJIM JaKe BCEX) JIEMEHTOB
MOT'YyT COBIIa/IaTh, OJHAKO BCE 3JIEMEHTHI PA3MNYAIOTCI CBOUMH HOMEDAMHU.

MoxHo 3ajarh nOC/ICAOBATENLHOCTD, yKa3as dhynknmio f(z), onpeme-
JIEHHYIO0 aHaJuTHIecKu (T.e. dbopmymnoii), Takywo, uro f(n) = z, (Takyio
DYHKIHIO OOBIYHO HA3BIBAKOT NPOU3BOAsNIeH GyHKIueii), 1 0603HAUUTD TIO-
CJI€IOBATEILHOCTh CHMBOJIOM (Z,,), Tae =, = f(n).

Hapsany ¢ kpaTkoil 3aMChbIO MOCIEN0BATEILHOCTH B BHIE CUMBOJIA, (B)
MCIIOJIL3YEeTCA TAKXKE PA3BEPHYTas 3alUCh B BHUJE CTPOKH

L1yLayeey Tpyons
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Tak, HanpuMep, pa3BepHyTas 3aluch MOCJIeL0BATEIbHOCTH, 0003HaYEHHOM!

CHMBOJIOM (""), HMEET BHI
T

1 1 1
17 5: ga 3 ;1-:
IlpuMepsl HmocJie0oBaTEILHOCTEM:
1) (n(—l)“)
Pa3BepuyTas 3amuch
1 1 _1)7™
1:21§a495161- :n( 1):
G
2) ( :
Pa3BepuyTrasa 3amuick
5 ey e
bl 2.’1 3? 4? b n ]
| i S
3) ( 2 K n
Pa3BepuyTas 3amnmch
y ol 1 1+ (-1 (="
m1,1+—,———§}1+—,..., 5 - n) ST

3amevanue 1. Crenyer pa3znuyuaTh MOHITHE SJIEMEHTA TOCTIEI0BATEILHOCTH
M TIOHSATHUE €r0 3HAYEHHU. DJIEMEHTBI NOCJIEA0BATE/IbHOCTH, COOTBETCTBYIO-
[IIye Pa3JIUYHBIM HOMEpaM, MOTYT HMETh OJIMHAKOBbIE 3HaueHus. Ilosromy,
3a1aBas IJEMEHT IMOCJeI0BATEILHOCTH, HAJ0 YKa3aTh HE TOJLKO €r0 3Ha-
qeHHe, HO M ero HoMep. L'OBopsd APYTHMH CJIOBAMH, MHOXKECTBO 3JIEMEHTOB
[10CJIeI0BATEILHOCTH (T, ), TIe T, = f(n), — 3TO MHOXXECTBO YIOPSII0YEH-
HBIX map gucen (n, f(n)), rje mepBoe YHUCIO0 — HOMED AJIEMEHTa, & BTOPOE

YHUCJIO — €ro 3Ha4YeHUE.
K nmpumepy, 3anmuck x5 = —3 03HAYAET, UTO JIEMEHT II0CJIeI0BATEILHO-

cru ¢ HoMepoM 1 = 10 umeer 3Hayenue —3 (WiIu, rOBOPSI APYTUMU CJIOBAMM,
npencrasiaser coboit napy (n = 10, f(10) = —3)).

Sameuarue 2. Cpenu mocaenoBaTeIbHOCTEH CONEPIKUTCS, B YACTHOCTH, I0-
CJIEIOBATENBHOCTD, N~ 9JIEMEHT KOTOPOM IPH KarXJA0M N UMEET OTHO U TO

573 iE=1 63
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sKe TIOCTOSIHHOE 3HadeHue . Pa3BepHyTad 3alHCh TAKOH MOCJIEeI0BaATEIbHO-

CTA UMEET BUJ
G 1 o v iy g s wis 3

MHOKECTBO 3JEMEHTOB 3TOH IOCIEI0BATEILHOCTH — JTO, TI0 CYIIECTBY, Oec-
KOHEeYHOe MHOMKECTBO map uucen (n, a), rae n — HoMep sJjemenTta. B 1o xe
BpEMsI MHOXKECTBO 3HAYEHUH 3JIEMEHTOB ITOH 110CTIeA0BATEIbHOCTH COCTONT

W3 OJHOIO—EJUHCTBEHHOI'O YHCIIa d.

TloC/Ie IOBATENBHOCTD HA3BIBACTCS O2panurenHol ceepxy (MMM cHu3y),
eC/TM OTPAHMYEHO CBEpXy (WM CHHU3Y) MHOMKECTBO 3HAYEHHI €€ dJIEMEHTOB.
Ilocnen0BATENbHOCTh HA3LIBAETCS 02PAHUMEHHOT, €CJiM OHA OrPaHUvIeHa
ONHOBPEMEHHO M CHH3Y, W CBepxy. Paccmarpubas NpHUBEJEHHBIE BbIILE
MPUMEpBI MOCTe0BATEILHOCTEN, MBI BUJIMM, YTO 3JIEMEHTBI IOCTIe10BATE/ b-
gocru (n(~V") npu n — YETHOM C yBeTUIEHHEM HOMEDA, IPHHUMAIOT CKOJb
YrOMHO OOJbINHE 3HAUEHNs. IJTa MOCJEHN0BATEIBHOCTh — HEOrPDAHUYCHIAs

Ll e
(xorss u orpammueHa cumsy (z, > 0)). llocrmemoBarenbHOCTH (( n) )

u s ! +~(-i)—) — OrpaHUYEHHDIE (—1 =3 ) < 1; —1 <
2 n n 2
L0 =" o §_)
S 2 s e i el '

MOXKHO OIpPEIeIUTE OEePAIHH HaJ IOCIeA0BATEIbHOCTAMHU, aHAJIOI -

HbIE ApU(METHIECKHM JeHCTBUAM HaJ YACIAMH. |
Fcau 3a1aHbl IBE TOCICIOBATENHHOCTH (Z,) U (Yn ), TO MX CYMMOU HAI-
BAETCS MOCJIEIOBATENBHOCTD (T, + Yn), Npoussederuem — MOCIIeI0BATENb-
HOCTD (T, * Yn ). BECim @, # 0 i J0OBIX HOMEPOB 71, MOXKHO ONPEIUTH
1
IIOCIEI0OBATEILHOCTD (-‘fi), KOTOPad HA3BIBAETCS “ACTNHOLM ITUX ABYX I10-

T

ai a
crnenosarenbaocTei. IlocmenoBarelbHOCTH (az,) (m—-), roe @ = const,

T
MOKHO PACCMATPUBATD COOTBETCTBEHHO, KaK (Tn, - Yn) U (%’1

T

G U, — a

upu JiroboM n.

§ 5. IToHsTHE HMpenesa Mocjea0BaTeIbHOCTH.

5.1. IIpenes nocaeoBaredbHocTH. OnpenesieHns U NpUMephI.

C BBICKA3BIBAHUSIME THIIA <IIOCJIEIOBATEIBHOCTD (Z,) CTPEMUTCA K Ipe-
JeNly @ TIPH 7, CTPEMAINEMCsl K OeCKOHEIHOCTH» (WM, YTO abCONOTHO TO
e, «IUCI0 @ ABJIACTCH TPEJIEJIOM IIOCHIE0BATCALHOCTH (&y,) TIPH 1 — 00 )
YPTATENh YK€ BCTPEUACs B IIKOJILHOM Kypce (HanmpuMep, KOrja petb M3,
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KO,H,HTCH Bce N 9JIeMEHTOB I, .
9JIEMEHTOB X7, . .

0 cyMMe DecKOHedHOi reomeTpudecKoil mporpeccuy npd |gf < 1, rae ¢ —
spaMeHaTens nporpeccuu). CoBa «CTpeMUTCA K YHCIY @ IPH 7 — OO»
PEACTABJIATCA MOHATHBIMA ¢ TOYKK 3PEHUs HAIISIAHBIX NCOMETPHYECKUX
npeacrapiaeHnii. e oTMeTHTh Ha YMCJIOBOU LIPAMOM HENOJBWKHYIO TOY-
Ky @ ¥ NOIBUXKHYIO TOUKY I, IOJIOKEHHE KOTOPO# Ha IPAMOI M3MEHAETCA
P U3MEHEHWH M, TO MOXKHO NPEeACTaBuTh cebe Kak TOYKa Tp, «IEPECKa-
KUBag» C POCTOM HOMEPA N U3 OJHOIO IOJIOXKEHHS B APYToe, IMOCTeNeHHO
npubsmrkaerca K a Bce O6umxe u 6moxe. OJHAKO, I8 TPOBEICHU MaTe-
MATHUYECKHUX JTOKA3aTeJbLCTB M 0O0CHOBAHUSA BBIYUCICHUN TaKWe WHTYUTUB-
HO MOHSTHBIE, HATJIAIHbIE MPEICTABICHUA OKa3bIBAIOTCA HEIOCTATOTHBIMH.
Heo6xoauMo ONpeieuTh MOHATHe Ipeesia TaKuM 00pa3oM, YTOObI BbIPA-
JKEHHST «7. CTPEMHTCSI K OECKOHEYHOCTH» U «T, CTPEMHUTCH K @» TOJyIHIH
ObI TOYHBIA CMBICJI.
[Tpumem caemyioniee

Omnpenenenue. UuciIo a HA3BIBALTCA npedesom nociedosamesbHocmu T,
PU 7, CTPEMSAIIEMCST K OECKOHEUIHOCTH, €CIH i JIIODOTO MOT0KHUTETHbHOTO
4uCaa €, KAaK OBl MaJIO OHO HU ObLIO, CyIecTByeT HOMep /N TakKoi, 9To BCe
3HaueHus T, ¢ HoMepaMu n > N comepyKarcsi B -OKPECTHOCTH a (HiH, 9TO
TO JKe, yIOBJIETBOPAIOT HEPABEHCTBY |z, — a| < £).

[oxuepkueM, 9TO J1J1d KaXA0ro € > () CyIIecTByer cBoit Homep N, T.e.. V..
3apucur or Buibopa € (N = N(g)). B £-0KpecTHOCTH @, T.€. B MHTEPBaJe

(@—; a T &), CONEPIKATCH BCe SIEMEHTHI Ty, 71 KOTOPBIX 1 > N (puc:13).

33, ee Hpe;lenamn MOXKEeT Haxo,anbcH Hé 60.:'186 “9eM KOHEYHOe HHCIIO 3Jie-

L bl akf REE——

e G L e T LE B

& T N)s .]“.[H60 menbIe N (emm HEKOTOPBIE U3

e PN T T b e P s ey, P,

2y HAXONATCS BHYTPH £-OKpecTHOCTH).Bo3moxHa U Ta-
Kasi CATYAIIHs, KOTJa 33 MPeIeIaMi £-OKPECTHOCTH He HAXOJUTCA HU OHOTO

9JIeMEHTa, TOCJIEN0BATEIHHOCTH (T. €. aDCOIIOTHO BCE HJIEMEHTHI COLEPAKATCA

BHYTPHU £-OKPECTHOCTH).

=
T

+V
0

e  Zn(n>N) o a
Puc. 13

a

[TocsiejoBATeIbHOCTD, UMEIOUIAs-HPeAeH, HA3RIBACTCI. cxodauetics no-

e T

meﬁoeammmwcmbm ITpo mocenoBaTenbHOCTb, HE HMEIOLLYI0 IPEAEa, ro-

il e AR

BODAT, 4YTO OHA, pacmodumm “Fear oce NOBa e/ HOCTD T, CXOAATCA H HMe-

sy T v e Ak o T PR

il... s

eT CBOUM MpeaesioM 4ucjiao a, TO CHUMBOJIMYECKH 3TO 3allUChIBACTCH TaK:

hm #,=a WJIH T, — @ TOpH N — OO.

TL—3 D
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B npumoxenun I npusesena 3amuch OnpejeneHus Ipeaesa MOCIeAOBATEIBHOCTH C

HCIIOJIB30BAHHEM JIOTHYECKHX CHMBOJIOB.

Jamevarue. VI3 upuHATOrO HAMHI ONpeNeSIeHUs [TOCIEI0BATEILHOCTH C OYe-
BUIHOCTBIO CJEAYET, UYTO MOCJIeNOBATEILHOCTE

Ay Qy o vv 5y Gy oe

rae a = const, CXOOUTCA M MMEET CBOHM IIPENeOM YUCaO a (3TO yTBep-
JKJIeHHe TPUHATO 3amuchiBaTh Tak: lim @ = a). B camom gene, B aTom

T — o0

Cllydae T, = a IpH JI000M n U JJs Jo00ro CKOJIb YLOAHO Majoro € > 0
UMeEeeM '

|z, —a| =|a—a| =0<¢& mpu BCex n.
.. n+sinn
Ipumep 1. Hokaxkure, yro lim =
TL— OC n
n+sinn

Pewenue. Ytobsl pmokazars, yro lim = 1, HaM HaJO ITOKa3aTh

Ta— O T

(cm. onpenenenue npesena), 9T0 Ats 060TO (CKOMb YTOTHO MAJOro) € > 0
cymecTByeT HoMmep [V Takoit, yro |z, — 1| < € mua Bcex n > N (rme

n -+ sinn
Lp = )
T
| sin n
Bosbmem mpoussonbHOe uncso € > 0. 3amerum, uro |z, — 1| = 5 <

1
= O4eBnano, uTO KaKOBO 6 HE 6bUT0 € > (), BCeraa MOXKHO yKa3aTh HO-
mep N = N (€) Takoit, 4ro must Becex n > N Gymer UMeTh MECTO HEPABEHCTBO

1
+ < € ¥, CIeI0BATeNbLHO, [T, —1| < €. B kagecTse N, COOTBETCTBYIOIIEr0 3a-

1
JaHHOMY € > (), MOJKHO B34Tb JI000€ HATypaIbHOE YHUCIO0 DOsbIIee, YeM —.
€

Tax, nanpumep, ecnu € = 0,01, 7o MmoxHO B3aTs N = 100 (HO MOXKHO B3STDH
1 Jobo# apyro#t Homep Gonbmnit, yem 100, Hanpumep, N = 203, . k. He
0bs13aTesbHO GpaTh MHHMMAJIBHO BO3MOXKHOE 3Havenue N); ecom £ = 0,001,
TO MO2KHO B34Tb [N = 2001 u . 1. ]

IIpumep 2. Hokaxkure, yto lim ,/1 + ig = 1,

TL—+ 00 T

1
Pewerue. 3ameTnM NpeaBapuTensHo, 9To 4 /1 + — > 1. CremoBarensHo,
T

1/1—|——1§+1>2
T

20

1 1
— eciii N > —.
Bozpmem npoussosbHoe € > 0. O9eBHIHO, 9TO - cof .=

1
s PO HOM > N
Fean B3saTh B Kadecrse N jr00oe HATYpPasbHOE N > o p

HMeeM

1 1
= — — <€
} ™ 1] o
' : 1 =
CienoBaTenabHO, T}LH;D 1 5 = 1.
lim &1+ g 1.
ITpumep 3. Hoxaxure, 9T0 1M —

Pewenue. B arom npumepe (1om00HO IpeapLIyleMy) Mbl PACCMOTPUM MO-

31+ #15 — 1| u npEJCTABUM €rO B BHJIE APOOH, THCITHTEND
n

KOTOPO# He COIEPZKUT KOPHEH

JyJb pa3HoOCTH

I




TakuMm 00pa3oMm,

1
31+;1'§*1

Terneppb y»ke HETPYIHO JOKa3aTh (cM. mpeIBLAyIIil TPUMED 2), 9TO

1
lim §/1+—==1

TL =t X0 T

5 9. (OcHoBHBIe CBOWCTBA IIpejesia HocJeaoBaTeibHOCTH.

CBOMCTBA CXOISIIIUXCST TIOCIEI0BATEIbHOCTEN (cripaBen-

OTMmeTM TPH JIEHHS

npeje
IHBOCTD KAyKIOTO U3 ITUX yTBEPKACHUM CIEAyeT 13 CaMoro Ompes
npesena,). d
npeden

\ ji[ eopema 1. ITocaedosamesbHOCTD MOICETT UMEMb TOALKO 00UH TP

ueM OT.
- TToxa3ameabcmeo. ITO yTBEPKICHUE MOKHO IOKa3aTb PacCyXIeH ;b
IPOTHUBHOTO. JIomyCTHM, 9TO J{Ba PASJIAIHBIX THCIa 4 u b (mycTdb i Omp

e
) ONHOBPEMEHHO ABIIAIOTCH [peiesiaMu D,I[HOH i Tpu K

TENEHHOCTH @ < b
MOCIICOBATCABHOCTH (T4):

e i
e T

o= limz, uw b= lim Z,.

2y — OO0 T+

22

3516‘29?&1 IHCIO.£.> () HACTONBKO MAaJIbIM, LITDGL.I €-OKPECTHOCTb YHUCHIA @
" b—a
pacnoarajiach CIeBa OT £-OKPECTHOCTH YHCIIA b (cnemyer B3ATH € < 5

i WP
T 1 .

R

T.€. MEHBIIE [OJOBHHbI PACCTOARTT | MeXIy @ U b) (cM. puc. 14).

W\

-
T

I S
1 pred
€ @ a-+e b

Pnc. 14

(L

ITockonpxy a.=lim z,, cymecrsyer Homep N, Taxoit, 410 ,, € (a—¢; a+e)

s AT ol R G

npu Bcex n > N;. C ,IprI‘DH CTOPOHBI, TaK KaK b = lim z,, CYIIECTBYET HO-
Tl i i b T s TR 00

Mep NE Takoit, 4To T, € (b — € b+¢) upu_Beex n.>_N,. Eciu B3sars
HOMED 7, KOTOPbIi Gonblie U Ny, i V3, 10 COOTBETCTBYIOUINH ITEMEHT T

R T R S S Y P TS s A A e e

TIOJI2KEH D,II,HOBpEM@HHO COLEDPKATHLCA B JBYX HENEPECEKAIOMIHXCST HHTepBa—
nax (@ — &;a + &) u (b =¢erb+€);ro HeBO3MOKHO DTS TIPOTHBOpEUHe
ABJIACTCH CNECTBUEM NPEIIONOKEHNS. O HeeANHCTBEHHOCTH IIPE/IETA. C.;rle=
AOBATEILHO, Mpejes (eCan OH CyIMIeCTBYET) ONpENeISeTCs eMHHCTBEHHBIM

00pa3oM. ]

Teopema 2. Czodawasca nocaedosamenrvnocmy oepanuvena. (-~

il

Loxazameavemeo. Ilycth mociteioBaTeIbHOCTD (:r;ﬂ) CXOIUTCA U a =
=l ., BDSBMBM IPOM3BOJILHOE chKcupOBaHHoe YHCIIO £ > 0 Hanpu—-

n—oco

'-ITD{I—l <:_$n_§:t a+ 1 mns scex n > N. BHe BHe unreppaa @-—1 a—l—l)

AP i b SR

MD}KET H&XG,IIHTI)CH HE 60JIE€ qu KOHEE‘{HDE 1LIIEIZ{.':.]"[(} BHEMEHTDB HOCJIEr[LOBa"

p—— am-n-- —

TGJIE:IEQCTH — 9TQ.3IEMEHTbI Ty, ..., Ty WIH, MOMKET GbrTb HEKOTODBIE U3
HUX (HE UCKJIIOYEHO, YTO KAKUE-TO U3 3JIEMEHTOB Iy, ... , &y, UITH JAKe BCe
OHH, MOTyT OKa3aThCsd BHYTpU uHTepBasa (a — 1;a + 1)). Orciona crenyer,

YTO MOXKHO yKa3aTh 2 uncyaa A u B rakux, 4ro abCcoIOTHO ISt BCEX T

AL B,

o

B xagectse A MOKHO B3sTE M06Y0 TOUKY YHCIOBOH IPAMO, KOTOPasi HaXo-
AUTCA JieBee a — 1 1 OJHOBPEMEHHO JIeBee CaMOoro JIEBOTO U3 TeX JIEMEHTOB,
Y70 HAXOOATCH CIeBa OT @ — 1 (eciu Takue 3JIeMEeHTHI cymeCTByfoT) aHaJIo-
I'MYIHBIM 00pa3oM MOXHO BeIOpars B (puc. 15).

| o > e < | e = > . — -
A : & a—1 a ail o B
Puc. 15
Cuiel0BaTenbHO, MOCIeI0BATENLHOCTD (z,) orpanuyena. L]
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. ) Teopema 3 (cBoiicTBO mpemena, cBSI3aHHOE € HEPABCHCTBAMIL).
Wk 9

Ilyemv nocaedosamesvnocms x, cxodumea u lim z, > b (waw orce

Th=— 20

lim z,, <b). Toeda cywecmeyem nomep ny maxoti, wmo dasn ecex n > ng

o= 0O

II.
J

/
([ uMeem Mecmo Hepasencmeo T, > b (coomeememeenno x, < b).

Aoxazameancmeo. Ilycrs lim z, = awua > b (B cayuae a < b 10Ka3aTENDH-

=+ 00

CTBO aHAJIOTMYHO — IPOBEJUTE €0 CaMOCTOATENbHO). Bribepem uucso £ > 0
HACTOJILKO MAJIbIM, YTOObI £-OKPECTHOCThH YHCJIA ¢ PACIOJIATANIACH CIDABA
or b (puc. 16), r.e. € < a — b.

i S
L o
£ a ~a+e

Puc. 16

Ilockonbky a = lim z,, cymecryer HoMep N Tako#, 4to z, € (a—e;a+¢)

=00

AJiA Bcex n > IN. B3sB NpousBoOILHBIH HOMED ng > N, HoIy4yaem
Tp>a—E>Db

IJISE BCEX M > Ng. ]

PopMyaMpOBKa 3T0f TEOPEMEBI, 3aNMCAHHASA C HCIOJIL30BAHUEM JIOTHYECKHAX CHMBO-
JIOB, IIPDHBEJEHA B NpUjIoxKeHun 1.

9.3. HeobxomumMmoe m gocrarouHoe ycjioBue CXOJAMMOCTH IOCJIe-
JOBaTeJIbHOCTH.

B zaxniodenue 3Toro naparpadga npuseseM 63 10Ka3aTelbCTBA CHeNyIOIYI0 Teope-
MY:
_/ \Teopema 4 (HeoOxomumMoe u nocTaTouYHOEe yciioBHe CcXOOMMOCTH ITocJiefoBa-

‘?f TeNbHOCTH). Jas mo2o, wmobu nocaedosamenvnocme (Tr) umesa npeden, HeobTodumo

J

[
!
|

u docmamonto, wmobv 0as A106020 NONONCUMEALHOZ0 YUCAA E, CKOAD Dbl MAA0 OHO HU

bvin0, cywecmeosan nomep N maxoti, wmo dan ecex HOMEPOS N maxux, ¥mon > N, u

0As AOOBIT HAMYPAALHUE P Gota0 66l CRPABEOAUBO HEPAGEHCTNEO |Tntp — zn| < & (m.e.

wmobu das ecex n > N umeau 6v Mecmo Hepasencmea |Znt1] < € |Znt1 + Tnya| < €;
R__Jm”'f'l + T2 F Iﬂ+3| B J

ITy TeOpeMy Ha3bIBAIOT TakKe xpumepuem Kowu' uiu xe Kpumepuem crodumocmu
(kpuTEepueM B MaTeMaTHKe IPUHSTO HA3HIBATE YCIIOBHE, KOTOPOE SIBIACTCS OAHOBPEMEHHO
¥ HEOOXOAUMBIM, M JOCTATOYHBIM).

PopMyaMPOBKA KPHTEPUS CXOAUMOCTH, 3AIHCAHHAS C UCHONB3OBAHMEM JIOIMIECKIX
CHUMBOJIOB, TIPUBEJCHA B NIPUJIOKEeHUH .

1 Oz10cmen JTyu Kowu (1789-1857) — Bmigarompuitcst bpanHLy3cKuit MATEMATHK. Kyp-
Chl JieKuui Komu nocunyxuiu obpasmaMu st 6OIbBITIHCTEA KYpCOoB mo3aHeiilrero Bpe-
MEHH.
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1 1
Ipumep. JIoOKarkuTe, 4TO MOCIEHOBATEIBHOCTH (Tn), TJe Tn = 1+ 5 +.t o, He

YIOBJIETBOPSET YCJIOBHIO KDHUTEPHs CXOOUMOCTH U, CIEOBATENIHLHO, PACXOJUTCA.

Jloxasameavcmso. Jl0Ka3aTelbCTBO IPOBEJEM PACCyXJeHHeM 0T NPOTHUBHOro. Jlomy-
CTHM, 4TO IIOCIELOBATENLHOCTD YJOBJIETBOPHAET YCIOBHIO KDUTEPHS CXOAMMOCTH. B03b-

MeM £ < %; HATIPUMED, £ = % B cuny Hanero mpeamnoJioKeHHsd CyHiecTByeT Homep N
TaKoM, YTO A8 BCEX HATYPAJBHBIX n U p, rgae n > N, a p — moboe, umeeT MeCTo Hepa-
BEHCTBO | ] N b ] !

[Tntp — 2| = n+1 g e n-+p

B wacrHOCTH, eciiu n. = ng > N u p = ng, TO

1 1 1 1

|$”D+”[’ﬁm”0!:ng+1+nn—l—2+"'+nn+nﬂ =

{Z.

Ho B TO ke camoe BpeMsi (IIOCKOIBKY B 3TOH CyMMe 7 CJAAaraeMbIX W HaMMEHbIIlee U3 HHUX

A
PaBHO o —I—nﬂ 2‘”[}

1 1 cmid vy il gl
|$nﬂ+ﬂn_$ﬂ{]|;nn+1+n0+2+'”_] ﬂn-l—ng}ﬂﬂ 210 2

Mpi npanutd K nporusopednio. OT npejinonoxKeHns TPUXOAUTCA OTKa3aTncs. Ilocmemo-
BATEJBLHOCTh HE V/IOBJIETBOPSET YCJIOBHIO KPHTEPHA CXOOHMOCTH H, CIEI0BATENBHO, Pac-

|
XOJHUTCH.

§6. Ilpemennublii mepexos B HepaBEHCTBAaX.

Hepeaxo BO3HUKAET BOIPOC: MOXKHO JIM U3 HEPABEHCTBA T, < Y (UMe-
JOIIEr0 MECTO IJIs BCeX 1) 3aKJIOYHTh, uyTo lim z, < lim y, (ecam obe

TL— O TL— 00

nmocaemoBarebHOCTH cxoasaTces)? Takoe 3ak04eHne CIeNaTh MOXKHO: CIIpa-
BEIJINBa

Teopema 1. Ecau nocaedosamenrvnocmy (T,) U (Yn) CTOOAMCA U UT INe-
MEHMBL, HAYUHAA C HEKOMOP020 HOMEDPE, YJ0BAEMEOPAIOM HEPAEEHCTNEY
Ty < Yn, MO U UT Npedeast YO0BAEMEOPAIOM HEPACEHCTNEY

it &, € A ..

L —+ O nN— oo

oxasamenavcmeo. Ilycrs lim z, = a, lim y, = b & BV U JUIs BCeX

oo ; : n—oo '

HOMEPOB 7, BOJBIIIX HEKOTOPOro 7g. Tpedyercs Aokazars, uro a < b. Jlo-
[IyCTHM IPOTHBHOE, T.€. YTO @ > b, WU, TOBOPA MO-APYTOMY, YTO G JIEXKHUT
pasee b. BozbMeM MOJIOXKHTEIBHOE YUCIIO €, BHIOPAB €ro TakuM 00pasoM,
qT0DBI £-0KPECTHOCTh TOYKHU ¢ PacIojarajach IpaBee -OKPeCTHOCTH TOY-
ki b (B KagecTBe € MOXKHO B3fITh JIHODOE IOJIOXKHUTEIBHOE YHUCIIO, KOTOPOe

- a—b
. Tak kak a = lim z,, u b= lim ¥,, TO CyIeCTBYIOT:

TL—+ 00 Tn—00
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S
{ ",

-

1)" nomep N7 Taxoit, uTo T, € (a — &; a + €) gnsg Bcex n > Ny;

________

2) nomep N, Takoit, 4To y, € (b —€; b+ €) mns Bcex n > Ns.

i

Ecau n > Ny, N, (1.e. n 6onbiie kak Ny, Tak 1 Ny), TO
T, €(a—¢c;a+e), y,€(b—e¢;b+e),

U, CJIeJOBATEJNIBHO,
Tp>a—E>b+e > y,,

B RE S
Tn = Yns

i AR P PR

4TO NIPOTUBOPEYUT YCJIOBHIO TeopeMbl (cM. puc. 17).

Un Ln -

- =

€ b ¢ bia a—¢€ a a

Puc. 17

LA\

+V
™

Wrak, mpeanojoKenue, 9To a > b, IPUBOJMAT K nporuBopedunio. Cnenosa-
TEeJbHO, a < b. | ]

YrBepKaeHue TeopeMbl 1 ocTaHeTcs B CUJIe, eCJIU B €€ YCJIOBUY 3aMEHUTD
HECTPOroe HEPABEHCTBO Ty, < ¥, CTPOIUM HEPABEHCTBOM T, < ¥Y,- A HMEHHO,
OYEBHIHBIM CJIEJCTBHEM TeOpeMbl 1 aBjigeTcd

“Teopema 2. Ecau nocaedosamenvrocmu (T,,) u (Y,) crodames u uz sne-

MEHMBL, HAYUHAA C HEKOMOPO2O HOMEDPE, YOOBAEMEOPAION HEPUEBEHCMNEY
Ty < Yn, MO UT NPEdeAs, YI0BAETNBOPAIOM NEPAGEHCTNGY

lim &, & Lmy..

T = (20 FL—+ 20
Jamevanue. ObpamaeM BHIMAHHE YUTATE]ISI HA TO, YTO U3 CTPOTO HEPABEH-
CTBa T, < ¥Yn, BOODIIE NOBOPS, He caedyem CIPOroe 2Ke HEPABEHCTBO [IJId
IPeNEnaoB, HO o-nipexkueMy: lim z, < lim y,. Tak, Hanpumep, 11 nocJie-

TL =0 ﬂ'—"FDO
ky 1 e
JIOBATENbHOCTER Ly = 1 — =1 Yp =1 L = umeem T < Yn JAJIS BCEX N U IIPH
n.-n—r-ﬂ'— I R —
3TOM _ i

i (1-7) = tim (14 3) =1,

T Y R
e

T.€. B 9TOM CIIYyH4ae LTpDI"OL HEdeEHCTBO lim .?Jn g Ilm ‘yn HE BBIIIOJIHACTCA.

Tl 20 TL—* 203
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OTMeTHM noJe3Hoe

)\/EJIE,[[CTBHE reopeMsl 2. Fcau nocaedosameavrocms (z,,) cxodumes u ece

INEMEHMNDBL, HAUUHAA C HEKOMOPO2O HOMEPG, YO0B8AEMBOPAIOM HEPAGEH-
emsy ., < a, 2de a = const, (z, > a), mo lim z, < a (lim z, = a).
TL—DC

Fi—r 0

§ 7. DBeckoneuno OoJbIIINE ITOCJAEXOBATEIbHOCTHU.

R TR T R p——,

J000rO MOJIOKHUTENIBHONO Yuca A ”LI(ELI{ 651 BEJIHK{J 0HO HI 6bm3) cymie-

e w
\.-‘— iy T B T, B o T S P v 1A AT O TS

CTBYET HOMED N T&KOH 4TO BCE :nm JJISE KOTOPBIX 1 > IV, yJIOBJIETBOPAIOT

_____ Sl Mum..,_u; T L b . B I

HepaBeHcTBy
. . |:c,_.,,| > A.

A P iy g,

Beckoneuno 60J'I]E:I_H}"IO MocCgae10BaTEJIbHOCTh HAa3bIBAKT TaK2Ke ITOCJIEIO-
BaTeJIbHOCTBIO, C??’EPBM.HU‘;LHCH K 680?30?‘58“6%06??3% AIPpH 1 — OQ.

T A R ST M AT T s

Ec/u mocsie 10BaTeIbHOCTD (9:.”) GECKOHB‘{HO 6DJIhIIIaH TO CHMBOJIMYECKH
3TO 3aIIUCHIBACTCS TAK:

lith a8, = e WA T, — 00 IIPH 7T — OO,

—
mm|m“.mﬁn

I[IpuBenem ornpenesenue OeckOHeYHO OOJBIIOH IOCJIEIOBATEIBLHOCTH, 3allHCAHHOE C
HCTIOJIb30BAHUEM JIOTHYECKHX CHMBOJIOB:

Mlim on =00 <L VA >0 3N = N(A) Taxolt, uro ¥n > N: |zn] > A.

poo

Ipumepwi: IlocnenosarenbHOCTH

Tn = (—1)"-n;  zp=m L= —1

sy N

— BeckoHevIHO boJibHIne.
JelicTBATENbHO, Ul KaXKJA0H U3 STHX.TOCHeI0BATeIbHOCTe EMETE S
st moboro A > 0 (kak Obl BEJIHKO OHO HH OBLIIO) MOKHO yKa3arh Homep N

Rk

Takoit, 410 N > A (MOXKHO B3ATH Jiioboe HaTypaJIbHOE 9HCI0. O6IIbIIIee A).
Ouesnzno, uto ecu n > N, 10 [Z,| =1 > N > A 1.e. |z,] > A

OueBuaaO, YTO OECKOHEYHO OOIBIIAS ITOCIEJOBATEFHOCTE SIBJISETCH He-
OPpaHUYEHHOH H, CJIe0BATENHHO, He UMeET Ipeesia (BCIIOMHUTE TeOpeMy 2
us §5). CrnenoBarenbHO, CIPaBEJIMBO CIEAYIONIee YTBEPKAEHNUE, KOTOPOE,
BO3MOYKHO, KOMY-TO M3 YUTATEJEH B MEPBOE MIHOBEHHE MOKAXKETCS IIapa-

JIOKCAJIBHBIM:
Feaw lim z,, = o0, mo lim z, He CYuecmesyemn.

R &= T oo,
H&J],EEMEH, YTO 3TO YTBEPXKIEHHE HE BBI3OBET Y HWHTATEJd HEODOYMEHHH. Bcenomuure
onpegenenue upeaena (§ 5) K1 00paTHUTE BHHMAHKAE HA TO, YTO IIPeJes IoCHeJ0BaATeIbHOCTH

JNOHCTBUTENBHOE YHCI0, 8 CHMBOJI 0O YHCJIOM HE SBJIFIETCS.
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Jamevanue. 3aMeTm, 4TO HEOI'DAHUYIEHHAS IOCIEeIOBATEIBHOCTE MOKET U
He OBITH BeCKOHEYHO 00MIbII0M (X0TsT M06ast GeCKOHeTHO BOIbITAS IIOCJIET0-

b

BATENBHOCTD ABJISETCS HeorpanuyenHoi). Hanpunmep, IOCJIEI0BATEIBHOCTD

OyZlyun HEOrpaHHYEHHOM, He SBJISETCH OeckOHEYHO 6OIBINON: Kakoe 6Bl quc-
A0 A > 1 MBI HU B3SIIIH, MBI HE CMONCEM yKasaTh HOMep [N Tako#, 4ro mis
écex n > N Oyzer BBINOMHEHO HEPABEHCTBO |z, > A (am mos ogI:mI'o J1e-
MEHTa C HEIETHEIM HOMEPOM OHO He HMeeT MeCTa).

Ecnu nocnenosarensrocTs (,) — Oeckonedno Gombmas U, HAYHMHASA C
HEKOTOPOTO HOMEPA, Ty, > (), TO ee HA3BIBAIOT NOAOHCUMEALHOT BeckoNew o

b0abULOT g t
wol (Wm 2Ke TIOCIIeI0BATEMLHOCTHIO, CTPEMAWETCA K NAIOC BECKOHE=
HOCMU TIPH N, — 00). e A

AHaJIOrHYHBIM 06pa3oM OIIPENCTIACTCA TIOHATHE OMPUYLAmMesbHoti becko-

HEYHO 6@.‘220& IOCIEN0BATENILHOCTH (€CH (T,,) — OECKOHEUHO BONbIIAS I
Zn <0, HAYHHASL.C..HeKOTOPOr0, HOMepa.); Wil K€, 9T0 AbCOMOTHO~To-3Ke
NOCIeN0BaTEeIbHOCTH, CmpemAwenca K munyc beckonennocmuy IpU N — c:‘x:}j

st nonosxurenbHbIx 6%crcifiﬁe'iii-nﬂ"':5aﬁb'iﬁﬁmweﬂsﬁﬁtieﬁ'ﬁpH—
HATO CUMBOJIMYECKOE 0003HAYCHIE

E

lim z,, = 400

lim (umm  z, — +co npu n — 00).
COOTBETCTBEHHO 15t OTPHIATENLHBIX GECKOHETHO GO LM TIOCJIEZI0BA-
TEIbHOCTEH HCIOJIB3YEeTCs CHMBOJITIECKOE O603HAUCHIIE

lim Ty = —00

N—rog

(umm z, — —o00 mpu N — o).

Pmme MBI IIDUBENHU 3 IpuMepa OECKOHEYHO GOJIhIIIIX IIOCJIEIOBATEIILHO-
crei. 3amMerum, 4To

im n= g .

n—00

T —+ 0

IIpo mocienoBarensruoc
Th = (—=1)*. ' ¢
b1 Zn = (—1)" - n MOXHO cKasaTh, 4TO OHa cTpe-
MUTCA K OO, HO HEJIb3A CKa3aTh, YTO OHA CTPEMHUTCS K +00 60 K —00, T €.
OHA DECKOHEYHO BOJIBbIIAs, HO He SBJISIeTCH Hit TIOJIOXKHATEJIbHON DeCKOHEeYHO
OOJIBIIIOM, HH OTPUIATENBHON HECKOREYHO BOJTBIION.
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§ 8. DbeckoHedHO MaJibie IIOCJIEA0BATEJIbHOCTH.

Cpenu CXOmsIIuXCs MOCHEI0BATEILHOCTEH OCOOBIA HHTEPEC NPeNCTaBIIdA-
JOT IIOCJIEOBATEIBHOCTH, CTPEMSIILUECS] K HYJIIO. Takue mocJieI0BaTEeILHO-

B M g - Tk 1oyt
i i L A R TV S L A e oar e S Bl ] e

CTM NPHUHATO Ha3bIBATH Oeckoneuno maavimu. VI3yuuB OECKOHEYHO MAaJible
TI0CJIEIOBATENbHOCTH U UX -CBOHETBS, - MBL-EMOKEM (B §9) moxkaszaTb OCHOB-
HbIe TEOPEMbI O mpezesnax (0 Mpeaene CyMMbI, MPOU3BEICHUSI W YACTHOIO
JIBYX TIOCJIEIOBATEIBHOCTEH ), 3HAHHE KOTOPHIX HEOOXOOMMO MJISI BBIUHUCIIE-

HUA IIPEIEJIOB.
Tepmul «BeCKOHEYHO MaJias IMMOCJIEIOBATEJIBHOCTE» COXPAHUJICS B CHJIY TPaIHIUH

C TOM IIOPHI, KOT'Ha MaTeMaTHYECKUI aHAJIH3 €lle TOJLBKO Hada)l (pOpPMHPOBATHCA. IDTOT
HE BHOJIHE YHa4YHBIH TEepMUH HE JOJI’KeH BBOJAUTHL dyuTaTesas B 3a0nyxperue. OTiaenbHbIE
2JieMeHThl OeCKOHEYHO MaJIOH MOCHenoBaTeNbLHOCTH MOrYT HEe MMETh CTOJb YK H MAJibie
s3HadeHud. JIHIE B nponecce CTpeMJIeHHUs HOMEpPa 7 K DEeCKOHEeYHOCTH 3HAYEHHA JIEMEH-
TOB Tn, OEJAITCA CKOJb yrogHo mMaabiMu. O6 arom xopomro ckazan H. H. Jlysun (omun
U3 Bennyainux MaTeMATHKOB Haliel crpaHnsl) B cBoeit kuure «/Iuddepenuunansaoe mc-
gyucnenuesr (M.: «Coeerckasa Haykay, 1946): «B cymmuocTtu roeopsi, 6p110 661 TOpasmo
TIpaBHJbHEE YIIOTPEOIATh HE TEPMHH «0eCKOHEYHO MAA0E», HO TEPMHUH «becKoHeHo YMa-
AfUeecA», Kak 00Jiee sIpKO BBIPaXKalolinil udero nepemerHHocinuy.

8.1. IlopsaTme GeckKoHeYHO MAaJIOH IOCJIeJOBaATEJIHBHOCTH.

[TocnenoBarensHOCTh (I,) HA3BIBAGTCH OECKOHEWHO MQAAOT, €CITA OHA

YIOBJIETBOPSET YCJIOBUIO Y
g TL—F 0

e

" 3JTO 03HAYAET, Y4TO JJIsT JIIOOOr0 IMOJIOKUTEIBHOTO YHCII, € (KaK OBl MajIo
OHO HH OBLIO) cywiecTByeT HOMep N TAKO#, 4TO IJis BCEX HOMEpPOB 1 > N

HMeeT MeCTO HEPaBeHCTBO :
R <)

-

S

e i

Samevanue 1. Crenyiomue IBa yTBEDKIEHUS PABHOCUIIBHBIL:
g )i lim z,, = a;
ER 100

-

N-BIA IJIEMEHT IMOCJEe J0BaTEJIbHOCTH HMEECT BH/I

i

e

T, =a+ Q,,

rae o, — DeCKOHEYHO MaJlad.

—

['oBopsa mo-apyromy, 3TO O3HAYAET, 4TO €CJAH IIOCAEIOBATEIHLHOCTL MOXKHO
HPEACTABUTH B BUIE CYyMMBbI IIOCTOSHHOM a 1 OECKOHEYHO MaJIO, TO IOCIE0-
BATEJIBHOCTH CXOJIUTCsI U MIOCTOSTHHAS @ SIBJISIETCsI ee mmpegenoM (1 obpaTHO).
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B 3ToM MOXKHO yOeauThes CAeAyIomuM 00pa3oM. 3aMeTUM CHAYaJa, YTo
BTOPOE yTBEP/KJEHHE O3HAYALT, ITO MOCICJOBATENLHOCTD (x, — a) — Gec-

KOHEYHO MaJjiad, T.e. ‘{TO lim (z,, — a) 0. ZLHH qUTATEesIsI, YCBOUBIIEIO

00 ¢ R . N oo e s
OTpEJIe/IeHe TPEieNa, OYeBHAHO, Y10 0ba yreepxaenus ( lim T, = a W
FUmp O
lim (z,, — a) = U) O3HAYAIOT (Ha «sI3BIKE £» ) OIHO M TO XKe. A umenno: mis

TL—+ 00 561 SO SRR A N [

i i e e i

10600 IIOJIOXKUTEIHHOIO YHCIIA € (KK GBI MaJIO OHO HH OBLIO) CyIIECTBYET
gomep NN Takoii, 4To 171 Beex 1 > N MMEeeT MeCTO HEPABEHCTBO (T, —a| < €

JaMeuaHue 2 HyLTb (z,) — mOC/IeI0BaATEeNLHOCT, BCE 3JIEMEHTEI KOTOPOH

g

1
OTJIMYHBI OT Hyﬂﬂ Torna eciu (x,) — 6eckoreuHO HombIIas, TO (:1:_) —
L

-—

1
6eckoneuno magas. Obparno: ecnu (x,) — OECKOHEYHO MaJiad, TO (— .
L,

DeckoHeYHO DOosIbIIasl.
L IIpeniaraeM YUTATEIO TPOBECTH JI0KA3ATENBCTBO CAMOCTOATEIHEHO. ITO
IIOK, CHJIY TeM, KTO XOPOIIO OCMBICJIUJI Onpenenenne DecCKoHeyHo MaJloi 1o-
CJIeIOBATENHLHOCTH (Ha <«sI3bIKE £») W ONpeaesieHne OecKOHedHO OOJIbIIOL
IIOCJaeI0BaTeIbHOCTH (§7).

8.2. OcHoBHBIE cBOHCTBA DeCKOHEeYHO MAaJibIX.

OTMeTHM OCHOBHBIE CBOMCTBA DECKOHEYHO MAaJIbIX, ChOPMYINPOBAB HX B
dopme ceayoIux ABYyX TEOpPeM.

{' TeopeMma 1. Cymma u pasnocms 08YT GECKOHEYHO MAABLE NOCALI0BATMEAD-

k U‘xﬁ"'ﬂocmeu" ecms BECKOHENHO MAAAA NOCAEJOBATNEALHOCTILD.

Toxaszameavemeo. Ilycrs (a,) u (5,) — nBe GeCKOHEYHO MaJible IOCJEN0-
BaTejbHOCTH. Tpebyerca 0Ka3aTh, 4TO MOCIEI0BATEIbHOCTD (o, £ B,) —
DECKOHEeYHO MaJias.

BoinuineM npeaBapaTeIbHO OUYEBHTHOE HEPABEHCTBO

£ Bl < laal + |6,

€
3agaauMcs TPOU3BOJIBHBIM YKCIOM € > (). BozbmeMm 3" Coryiacao onpenese-
e - — Y S

« &
HUIO OECKOHEYHO MAaJIoH IIOCJEI0OBaTCJIHbHOCTH IO YUCITY 5 ,H,JIH OEeCKOHEeYHO

magoit (o, ) Haligercs Takoil HoMep Nl, HAQYHMHAs C KOTOPOro (T.e. JIJisd BCex
n > Nl)

| < -3-

Touno Tak ke (B COOTBETCTBHH C OIpeJielieHreM OeCKOHEYHO MaJloil IIo-
CJIEZIOBATENLHOCTH) U 1151 OeckoHewHo Masoi (f3,) cymecrByer Homep Na,
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e. mnuda Bcex n > Na)
=
|48n‘ < 9"

Ecii B3aTh HaTypaJpHoe wmcao N Takoe, 9o N > max (N1, Ns), TO

npu n > N OyayT OJHOBPEMEHHO BBIIOIHATECA [Ba HEepaBEHCTBA |0, | < 5

HauuHAA ¢ KOTOPOro (T.

1 |Bn| < % CnenoBarensHo, mpu n > N

) £
ol + [Bul < 5H'5 =€

Taxum 06pa3oM, TOCTEJI0BATENBHOCTD (Qlyn £ B,) HEACTBUTENHHO SIBJIAETCA
OECKOHEYHO MAJIOH, []

CnencrBue. Anzebpauneckan Cymma a100020 KOHEWHOZ0 HUCLA beckoreny-
10 MAABLE nocaedosamenbrocmets ecms HECKOHEYHO MAAAA nocaedosamens-

HOCIb.

Ypraresib B COCTOSHIN CAMOCTOSATENIBHO TOKA3aTh CIPaBeqIMBOCTD 3TO-
ro yreepxkaenus. OH MOXKeT, IO CBOEMY KEJIAHHIO, aub0 IPUMEHUTH METO
MATEMATHIECKOW MHIYKIINHU, Ju60 NPOBECTH JA0Ka3aTeIbCTBO, AHAJIOTHIHOE
[0Ka3aTeNbCTBy TeopeMsl 1 (B ciydae, KOrja quC/IO CJIaraeMbIX DaBHO 11,

€ g i
CIeayeT BMECTO 5 B3ATH NPUHKMAs BO BHUMaHUE, ITO MOIYJIb ayrebpa

MYECKOM CYMMBL 7 CJIaraeMbIX MEHbIlle 1M DaBeH CyMMe HX MO,LYJIEH ).

\/’I‘eopema 2. IIpoussedenue beckoHewHo MAAOU nocAedosamenbHOCU Ha
02PAHUMENHYIO NOCALO0EAMENDHOCTND ABAALTICA beckoHeuHo Manol nocae-

006aIMEABHOCTNBIO.

Toxazameavcmeo. IIyctsb (o) — 6CKOHETHO Maslasi IOCHENOBATEIBHOCTD,
a (z,) — OrpaHMYEHHAA MOCIEIOBATEILHOCTD, T.€. CYIMECTBYeT TAKOe YHC-
n0 M > 0, 470 i BCEX HOMEPOB 7. HIMEET MeCTO HEPABEHCTBO

|z, < M.

€
Ecny 5aHo Mpou3BOJbHOE Yucio € > 0, TO o YUCTy ~p A OECKOHEYHO

MAJION [TOCTIEA0BATENbHOCTH (@, ) HalijeTcs TaKoi HoMep [V, 4TO I 1 > N
OysieT crpaBeymBO HEPABEHCTBO

=
‘CEH| < i

[losTomy nuis Bcex n > [N uMeeM
&
| - Tn| = o] - |2a] < 27 .M =¢,

Y0 ¥ O3HAYAET, YTO IIOCIE0BATEIbHOCTD (tpT,) — OECKOHEYTHO MAJIA. ]
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Caencrue 1. Ecau nocaedosamenvrocms (an) — Beckoneuno manan u
¢ = const, mo nocaedosamenvrocms (¢ - a,) — Geckonewno maras.

B camonm neste, mocnenosarensHoOCTL (¢* @) — 9T0 Ipom3BeMEHME HOCTE-
JOBaTENbHOCTH (v, ) Ha MOCIeN0BATeIbHOCTE

Bs Cinlsin g €4 4

OueBHIHO, YTO MOCJ/IENOBATEIHLHOCTE (c-a,) aBuserca Ipou3BeaeHneM Hec-

KOHEYHO MAJIOH IIOCJIEeIOBATEILHOCTH HE, OI'PAHHYEHHYIO IOCJIEIIOBATEIIH-
HOCTb.

Crencreue 2. Ecau (o) u (8,) — dee Geckonenno maine noc.edosa-

MeAbHOCTU, MO UL Npoussedenue (o, - Bn) aeasemcs beckoneuno MAAO0T
NOCAEIOBATNEABHOCTNBIO.

ITO OYEBH/HO, OCKOIBKY GECKOHEUHO Maias TOCITIeH0BATENILHOCTD (3,)
— OrpaHMYeHHas (HAIOMHHM Teopemy 2 u3 § 5 o TOM, YTO BCAKAS CXOISIIA~
ACS1 TIOCJIE0BATEILHOCT OIPAHUYEHA).

§ 9. Teopemsbr o IIpeneJie CyMMBbl, IIPDOU3BEOCHUS U
9aCTHOI'0 ABYX IIOCJI€A0OBATEJIbHOCTE!].

9.1. IIpeaBapurenbubie 3aMeyanus,

B sTom naparpade Mpl cdaopmyﬂnpyem 1 MTOKa2KeM OCHOBHBIE TEOpPEMbI
O Ipezeniax: TeoOpeMbl O TNpelesax CYMMBI, IIDOU3BEAECHUA U YACTHOLO JBYX
HOCJIEeI0BATEIbHOCTEH. 9T TEOPEMBI ITO3BOJIAIOT BO MHOI'MX CJIYYasix HAXO-
AUTH 3HAYEHHE IIpeiesia, He 00paliasichk BCIKH Pa3 K OIIPEIEJICHHIO TIPEeIesia,
(c Pa3bICKaHuEeM II0 3aJaHHOMY € > () cooTBercreyromero N u 1. ,[;.). Ilocra-
TOYHO HAUTH IIPEJIEbI JIUIIb HECKOIbKIX HauboJiee 4acro BCTPEYAIOIINXCA
rnocnenosarenbuocTen. B 6oabminucTae CIyYaeB pacCMaTrpUBaEMYIO IIOCJIe-
HOBATENBHOCTb YIA€TCHA NPEICTABUTH B BHIE CYMMbI, IIPDOU3BEJICHUSA MK
9aCTHOI'O TaKHX IIOCJEI0BATCIbHOCTECIL.

B panbrefiniem nns nokasarenscTsa, OJHOH U3 TeopeM (reopema 2) Ham
IoHagoburca *

Jlemma. FEcau nocaedosamenvrocms () czodumcs, npuwem z, # 0

: 1

(n = 1,2,...) u lim z, # 0, mo nocaedosamervrocme (—) — oepa-
n—00 £

HUNEHHA. ”

Aoxasamesvcmeo. Ilycrs lim Tn, = a u a # 0. Paccmorpum CIy4ai, Kormua,

TE—3 OO0

a > 0 (B ciyyae a < 0 moKa3aTeancTBO pOBOAUTCH aHasoruyHo). Co-
[JIACHO OMPEAEJICHUIO IIpesiesia, st Jioboit €-0KpeCTHOCTH (¢ > 0) gucna a
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CYIIIECTBYET HOMEDP, HAYMHAS ¢ KOTOPOTr'O BCE 3JIEMEHTBI IOCJe0BaTeIbHO-
ctu OyayT HAaXOAUThCA B &-OKpecTHOCcTH @. Moxno BbiOpaTh € > (0 TakuMm
00pa30M, 4TOOBI £-0KPECTHOCTH BCH UEJIMKOM PaCIOJIaraliach Ha HONOXKH-
TeNLHOH Nosyocu. B gacTHOCTH, €Cii € = 5 TO €-OKPECTHOCTBIO @ ABJLACTCA

3
HHTEPBAJL (g, Ea) (cm. puc. 18).
fu (> N) i L
. < o : ﬁ 5
a —
0 —.2= a 2{1
Puc. 18

Jlnst BBIOPDAHHOTO £ = % Halnercss Homep N Takoi, UTo 1npu Bcex n > N
YUCJIAMHA —
9JIEMEHThI I, PacnojaraloTcd MexKJy JBYM:A HNOJIOXKHTEIbHbIMHA 5

3
1 5a ¥, CTIEAO0BATEILHO,

D e = ™ Tl oy,

2
3a L

=

it
TaxuM 06pa3oM, BCe IJIEMEHTHI I0CIe10BaTenbHoCcTE (1/2,) ¢ HoMepaMu

2 2

—, = 3a NpeJejaMu TOIO MHTEpP-
n > N jnexxat BHYTpPH HHTEDBAaJA ( 3 ﬂ), a pen
BaJia pacrosaraercs He 6ojee, 4eM KOHEYHOE YHCIIO 3JEMEHTOB (3JIEMEHTHI

A 1 o ux gacth). CnenosarensHo, Haigerca qucio C' > 0
o 3 .‘132: y TN

HACTOJILKO OOJIBIIIOE, YTO Me}iii;l,}f —(C' u C dyayT pacnojsiaraTbCs u Hﬂgepgaﬂ

(»«-2—- E) ¥ BCE 3JIEMEHTBI —, PACIOJIOXKEHHBIE BHE MHTEPBAJA, ( 3. E)’
e o/’ %

OCJIM TaKoBhIe HalayTcs (puc. 19).

']

(: + * & i f=2
3
G 3a

Puc. 19

QY

SHR-

D00 03HaYaeT, 9TO abCoMIOTHO JJI BCEX HOMEPOB 7

L
||

el



9.2. Teopema o npenesie cymmnr u NpousBeJeHUusd ABYX ITOCJIe-
JAoBaTeJbHOCTeld,

Crpasemsa

Teopema 1. Ecau nocaedosamesvrocmu () u (yn) czodames, mo czo-
JAMCA aKce NoCcAeF08amessHOCTIU (T £ Yn) v (2, - Yn), nOUNEM

lim (z, £y,) = lim z, + lim y,,

=3 TL=300 TL—r oG
lim (z, - y,) = lim z, - lim hi
n—00 T O Th=—+ 33

ZLloxazamenvemeo. Iycers lim Tn = a u lim y, = b. 3 ycnosus namei

TL— 30 N—+0o0

TEOPEeMBI (C yueToM 3ameyanus 1 us § 8) caenyer, uro

$n=ﬂ+ﬂﬂ?

Yn = b""ﬁn:

rie (a,) u (£,) — 6eckoreuno mabie. Takmm obpazom,

Ty L, = (ﬂlib)‘f‘ (ﬂfn iﬁn)!
T Y= (a-b)+(a-b’n+b-aﬂ+an-ﬁn).
IIpu srom (o, £ B8,) u (a- B, + b a,, + anf,) ABIsIOTCHE GECKOHEIHO
MaJIbIMH B CuTy TeopeM 1 u 2 u3 §8 u ux ciencruii. Caenosarensho, a + b

FABJIACTCA NPENENIOM IOCIe0BATeNbHOCTH (T, & ¥,), & a - b ecThb TIpemes
[OCJIeIOBATENILHOCTH (Z,, * Uy, ), T. €.

lim (z, +y,) = lim z, + lim g,

TL =00 — O e L
lim (z, - y,) = lim z,, - lim y,,
T— 00 TL = D Te— 00
4YTO U TPeDOBAIOCH TOKA3ATD. [

Crnencrsue 1. Ilpeden xoneunot AN2EOPAUNECKOT CYMMBL CTOORUUTCA TO-

caedosamenvrocmeti pasen maxol oce anrzebpauvecxotli cymme npedesos
CAG2ACMBLE.

Carencreue 2. Ecau nocaedosamenvrocms (z,.) cxodumes, mo czodumes
maxoice nocaedosamenvrocmy (cx,), 2de ¢ = const. IIpu smom

lim (cz,) =c- lim z,,

— o0 n—oo

M. €. NOCMOAHHUY MHONCUTNEAD MONHCHO BHINOCUID 30 3HAK npedeaq.
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9.3. Teopema o npenesie 4acTHOIrO JABYX IIOcCJe0oBaTeJbHOCTEH.

CuopaBenjinBa, TakKe

Teopema 2. IIycmv nocaedosameavnocmu (T,) u (y,) crodamea. Ecau
npu omom z, # 0 (n = 1,2,...) u lim z, # 0, mo nocaedosamervrocmo

n— 0D
(y—“) CTOOUMCA, TPULEM
Ln,
lim yn
lim =% = ==
FL—00

AHoxaszameavcmeo. Ilycts lim z, = a (a # 0), fgin;,l@ Yy, = b. Torma

mn:a+&n, yn:b-{"/ﬁn?

rie (o, ) u (B,) — 6eckoneuno mansie. CieqoBaTenbHO,

_ otn—boy _ a(btfa)—blaten) L 1o 4oy

Yn

Ln

b 2

1 =
ITocaenoBaTenbHOCTH (—) — OrpaHu4eHHad (B CHUJIY JIEMMBI), ITOCIEI0BA,
L

TEJIbHOCTD (—1- - (aB, — ban)) — DeckoHedHO MaJias. Mx npoussenenue
{II -

(i . i. Aaf, — ban))

In

~— Takxke beckoHeuHO MaJiast. Takum obpasoMm,

]
'?’E —_ E"‘ ot 5 “(aﬁn_ban):
:Eﬂ, a mﬂ a

[T ] b [T]
T, €. IpeIcTaBjsgeT C€000# CyMMy IIOCTOSTHHOM . OEeCKOHEYHO MaJIoi

Ay 1(@3“ — ba, ). CnenoBaTensHo,
(L

L

lim yn
Jim =& = — = —_—
n—oo UYn a hm Lr
T — O

B cnenyromem naparpade (§ 10) 6yayT npuBeaeHbl IPUMEPhI BLIYHCIE-
HUI [IPeJesIoB II0C/Ie0BATEbHOCTEN (PEKOMEHAYEM YUTATEN0 pa3obparh

OTH TIPUMEDPLI IIPpE2K e, 4eM HIATH ,I[&JTI::I_HE).
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§10. Brrumcaenmne IPEESIOB mociexoBaTenbHOCTEIN.
IIpumepsr.

2
LY ® + 3“
Ipumen 1. Haiitu lim -2 :
P P n—oo 22 —n —+ 1

n? + 3n
Pewenue. IIpo6s 53 1 € YAOBIeTBOpAeT yCcaoBmsM TEOPEMBI O Ipe-
n —n

AEJIE YACTHOIO, T. K. IBJISETCS OTHOMIEHHEM IBYX 6ECKOHEYHO GOJIb X (mpu-

L] m
HATO TOBOPHUTD, YTO OHA TIPENCTABIIET coboit Heonpedenenrocms munag —).

o0
O,JH&KD, pPa3neins HYUCJIHTEJIb U SHaAMEHaTEeIb Ha, OIHMH U TOT e MH

OXKH-
T€Jb 1°, MBI H36ABUMCS O HEOIIPEIeIEHHOCTH 1 CMO3KeM IPHMEHHUTH Teope-

IDH 3TOM YHCIUTENb U 3HAMEHATEs H3MEHSIIOTCSI, HO CaMO BBIPAYKEHHE —
H¥X OTHOIIEHUE, 1pO0h — OcTaeTcs Tem ke CaMbIM):

37 lim (14 ?
; n® + 3n , 1+ nses n 1
on TR | Gl —
lfﬁi&‘_" 1
[Ipumep 2. Haiiru lim -7 n+1 .
n— 00 1
1+ = -1

&S

Pewenue. 3amerum, gro

|
' ab 4 /1 + —= + 1, xo-
KBaJIpaTOB, T. €. —15 B uncauTene 100aBUTCHA MHOMKHATE —

5 HNrak
TODBIHA NPHU 1L — OO CTPEMHUTCS K Ipejeny, paBHOMY 2. \

it 1
, 14+ —=+41
5t (E‘H+J ( T ) _
T}l—'n';ﬂ 1 i i 1+i_1 ; \/;zz'i“l)
1+'n_§'_l ﬁ,? n

1 1
1+—+1)
aind 1) (\/_”2 = lim ——- (@H) B

1 neaco N4 1

1 2
[Tpumep 3. Haiitu lim [(3 1—1——2—1) ‘n }

T — 0

1im(1— 1)—11111 L. )
n—oo \n n4+1 Hnﬂmn(n+1)‘

lim (1/1+—1§-m1) =0
— 0 T3

(cM. npumep 2 u3 §5). Ha sror pasz mur UMEEM Heonpedesenrnocms mung
0

0’ - €. OTHOLIEHWEe ABYX GeCKOHEYHO Magbix. U36asurheg or HeonpepesieH-
H 9HCIHATeNIb ¥ 3HAMEHATENb Ha, OIUH U TOT Ke

HOCTH MO2KHO, YMHOKUB

1
MHOXHTEND 4 /14 =
n

+ 1. Ilpu stom B 3HaMEHaTe/e MOSBUTCS IPOU3BeEIe-

HHE Pa3HOCTHU 1/1 -+ ;:% — 1 na cymmy v/ 1.+ ~15 + 1. OHo pasho Pa3HOCTH
n
36

6 LY

2
97 gt ] 5 Siapaagi | =
JKOHUE Ha HEenoJIHbIN KBaJpaT CyMMBbIL: (( 31+ ng) -+ e

IIOCKOJIBKY
MBI [IPEMEHSIIH 3TOT mpueM B mpuMepe 3 u3 §5. B pesymbrare (

1
3 = 314+ =, b = 1, modTOMY
(a — b)(a® + ab + %) = a® —b%, a y Hac a \/—;

3 -
¢/ > 2% aHET PABHBIM
a3~b‘3=(31+i2) —1:1+?_1—T—L§)HHCHHTEHBCT p
- 2
S D) fie B
L .n? = 1, a B 3HAMeHATEIE TIOABUTCA CYMMA ( 1+ ) {1t =+
End=1,

n
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1
. n®. 5
= n
n—o0g 1 2 =
]
(1+7 + 01+ =41
n
= lim 1

I

2
l]Il’l o 1 - _;1_ 3 1
n— 00 [( ?32 e 14 a_}?f+ 1

Ilpumep 4. Hasitn lim (\/ni’ +3n+1—-+/n2 -3, 5)

TEo=—+ 0

u30aBUTBLCS OT H
. COMPEAETIEHHOCTH, MOKHO YMHOKHTE, U OJTHOB
IPaXKEHHe Ha cymmy 1/n2 + 3n, ET e/ onn PEMEHHO pa3-
B

lim (\/n2—1—3n+1_\/n2_2n_5):

— 00
1 (\/ﬂ2+3n+1_ p)
“TSLHC}Q-_ \/EEQH_SJ'(\/EE+3”+1+\/HE*2?L—5
Vn? 43 )__

(n2+3n+1)-(n2~2n-5) on +

] : ' i Wi o n+ 6

-ﬁmx/i*?+3n+l+\/n3—2n—5 nim-\/nz n+4+14++vnZ_9 —5
+ n

Taxum obpazowm,

jim (V2 430+ 1— VP —2n—5) =

= lim Limd =
n—oo /N2 +3n+1+v/n?—2n—235
Brp
= lim L =
\/1+~+—2+\/———2
T mn T (
6
] 5+ —
T2 — D T T T2 T
Y TBEPKIACHUS
lim\/l-l—gwtig:l, Iim\/l—g-—-%zl
71—+ 00 n T n— 00 TL T

NIOKAXKUTE CAMOCTOATENIbHO (TpeBapuTesibHO pa3bepure npumMep 2 u3 § 5,

3aTeM paccyKaaire aHAJOTHYHO).

V/n? - sin(n!)

[Ipumep 5. Haiiru T}an}o e

Pewenue. DTO BHIPAsKEHHE MOXKHO IIPEJICTABUTD B BIIE IIPOU3BEICHUA ABYX

BEJIMYMH:
Bfnz ' :
sin(n!).
Ileppasa u3 HUX — OECKOHEYHO MAJIA:
1 I 1
ﬁr’ 2 3/ nl—»nc:'oT {]
limn 1—11111 \/ﬁl-— ¥ :TZO’
1+a TE&(1+E)
4 BTOpas — OrpaHuYeHHasd:
|sin(n!)]| < 1.

(J1e10BATENIbHO, HX NPOu3BeIeHNe — DECKOHETHO MaJIad:

3m2 . qi 1
T Vn? sm(n.):o. -

n— 00 ﬂ—f—}.
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Ilpusenem Ges BBIBOZIA /IBE (POPMYJILL:

o

. 7
ﬂlinsﬂ&—ﬁzﬂ (k> 0, a>1); lim lmg“n:(} (e>0 a>1)
n—oo N° ' .

K
OTOpbIe HEOOXOAMMO NPUHSATH BO BHUMAaHN

HIMX TPUMEPOB (1puMepsr 6, 7). ® fIPY. pacevMorpennu crenyio-

[pumep 6. Haiirn lim —> 5
n—oo 2" +n-57°

Pewen
ue. Paznenum wuciurens u 3HAMEHAaTeJb Ha 5"

2

n
. [ Sgd 1+ —
lim kg 38 57
”-*002”4-%-5”%?31_;11 T =0,
(g) 0
s
TaK Kak lim 1 _ﬂ_ ot ‘ 2\ n
ti (14 2) =1, i [(2)" 4] = oo s

Hpumep 7. Hajiru lim 7187
n—oo Ig(4™ 4 1)

F
cwenue. llpeobpaszyem IPpEeABAPUTEIbHO 3HAMEHATE),
B4+ 1) = lg [ar . (1.4 1
}=lg 1+F)J=nlg4+lg(l+%),

(1 i __) e Jb Ha 1. Ilpu a1oM 3amerinm
1im e . Tpedyer mokasarenncTsa, (x0T mATYHTHE

HO MOXKET nokasar
b
i sl Ca o9eBuanbIM). [IposecTn AOKa3aTeILCTRO
JIE TOro, KakK npopaboraer §19 YHUTATENb

B wurore nonyuuwm:

b

n—lgn

lim T i)
oo lg@ + 1) i,
n-lg4+lg(1+a_£)
lgn
] el - lgn
e fe 1 o B {120
28t m)  dmfear g (14 2]

§ 11*. Momnoronnsie mocienoBarenpHocT. Teopema
Beiiepurrpacca.

[Toc/ie10BATEILHOCTD (&, ) HASBIBACTCA MOROMOHHO 603Pacmaloused, ec-
JIM JJIsT KasKIOro HoMepa n mMeeT MeCTO HEPaBeHCTBO T, < A

COOTBETCTBEHHO MOC/IEI0BATeNbHOCTD (Zn) HABLIBACTCS  MOHOTMOHHO
ybuearowjeti, eciau [yl KaXKJIOro HOMEpa 1 MMEET MECTO HEpaBEeHCTBO
Tn Z Tnil-

MOHOTOHHO BO3PACTAIONIHE U MOHOTOHHO yOBLIBAIOUIHE IIOCIEI0BATEb-
HOCTH MMEIOT OOIIee HABBAHHIE: MOHOMOHHYLE NOCAEJ0BAMEADHOCTIU.

Ecau 1mjis KasKaoro HOMEpa 7 MMEET MeCTO Cmpo20€ HePaBeHCTBO
T, < Tpyr (WIH XKE T, > T,y1), TOCNEAOBATCTHHOCTD (z,) Ha3BIBaETCS
CTPO20 MOHOTMONNO 603pacmatowseti (COOTBETCTBEHHO CMPO20 MOHOTNOHHO
ybuearouseti). CTPOro MOHOTOHHO BO3PACTAIOIINE U CTPOTO MOHOTOHHO yOBI-
BAIOHIHE [TOCJIEIOBATEIHLHOCTH HA3bIBAIOTCA CMPO20 MOHOTROHHBLMU TIOCTIC-

noBaTeJIbHOCTAMH.
Nmeer mecTo cjenymolinasa O49€Hb BasKHad TeopeMa O MOHOTOHHBIX ITIOCJIE-

JIOBATEJILHOCTAX:

Teopema BeiiepmiTpacca'. Beakas 02paHUMEHNAA CEEPTY (cHu3y) momo-
monno eospacmarouwas (yoveauan) nocaedo8amesbHOCb UMEE npedean.

Jlokasameavemeo. IIpoBeseM J10Ka3aTeNbCTBO CYMIECTBOBAHUA PE/EJIa
OIpPaHUIEHHOI CBEPXy MOHOTOHHO BO3PACTAIOMICH MOC/Ie0BATEIPHOCTH (mo-
KA3ATeIHCTBO CYIIECTBOBAHMS MpeJieNa OrPaHUYeHHOH CHU3y MOHOTOHHO

yOBIBAIOMIEH TOCIIEI0BATEIEHOCTU IIPOBOJIUTCS AHAJIOTUYHO).

[Io yCIOBHIO, MHOYKECTBO 3HAYEHHIl IJIEMEHTOB IOCJ/IEL0BATETLHOCTH
orpanudeHo csepxy. ITosTomy B CHJly aKCHOMBI IOJHOTBL (§3) cymecTBy-
o1 upcio b, KOTOpoe ABJIAEeTCs TOYHOI BepXHel rPaHUIEeH MHOXKECTBA X

JokazkeM, 4TO

e i .

TL— OO

Bospmem npou3sosbHoe drcyo € > 0. CorytacHO OCHOBHOMY CBOHCTBY TOY-
HOli BepxHeit TPaHMIBI, CYIIECTBYeT JIEMEHT IOCTeIOBATeIbHOCTH Ty Ta-
KO, 9T0

b—e < N -4 b.

| Kapa Teodop Buavzeavm Beldepwumpace (1815-1897) — BBIJAIONMHC HEMEIKHH Mar-
vomaruik. B cBonx nekmuax BeltepmiTpace HOCTPOUS CHCTEMY JIOTHYIECKOTO ob6ocHOBaHUSA
MATOMATHIECKOrO aHAJIM3a M BIEPBBIE C JOCTATOYHOU CTPOrOCTHIO PACCMOTPEJN Pl T0-

ruit MaTeMaTHYecKOr0 aHaJu3a.
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TaI{ KaK II0 . = | T
CJIETOB:
% | . A0BaTeJIbHOCTD (iBN) MOHOTOHHO BOBpaC AIAsAg, TO Ty <
T l

bk By € 5 'k
Taxum 06
Pa30M, Jijist BCeX HOMEPOB v > N umMeeT mecTo HEPaBEHCTBO
|z, — b| < €.

T = 0

§12. Ymcmo e.

B srom 1a
ar
ﬂaﬂbﬂeﬁmero)p pade MBI puBeneM UHTEDECHBIH (M OYeHBb BAXKHBIH 1T
: LHIPHMED CXOOAMIHCS MOCHEIOBATeILHOCTH o
aCCMOTPHM I1OCJIE JOBATEIbHOCTE .

Ly = (1+_];)n
n

¢
ﬂDK&)KGM, 9TO 9Ta IIOCJIEJOBATENILHOCTL yZIOBJICTBOPAET }’CHDBHF;M-TBDDB
: -

mbI Beiiepmpacca (§11)
U, CIe10BaTEJILHO, C
Ounoma (mpunoxenue II), TIOJIy4aeM » cxomures. lpumerns dopuyay

- 1 n(n-—1)
"Eﬂ—l‘!‘ﬁ'——}— ; 1 ﬂ'(n‘"l)(ﬂa——g) 1
wn—1)...] n( e i) . 3! 3 st T
B .m—(k—-=1 i
t k! H k+.—-~+n(n_1)'”[n_(nhl)] 1
1 n! e

IIpencrasum z,, B caenyroueir gpopme:

ﬂrn:1+1+i( ui) 1 1

+i(1 1 kmlﬂ T
= “E)“'(l_ )+...+i O Lo
- - 2) (1= )
Ananorununsmv o0pa3oM mpencraBum Loyt
$n+1:1+1+—1—-(1—- 1) 4 - L
21! n+ 1 +3! (l_ﬂa—]—l) (1_n+1)+“'+
1
ta (=) - (1-20) +
n-+1 n+1 &
+i|(1'— : ) o Bt
n! n+1/""" w41 T
i .
+———(1u——L) L
(n+1)! n+1/""" 1_n+1)'
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3ameTuM, 910 1 — % < 1— njj—l npu 0 < k < n. [TosTomMy KaxIoe

craraeMoe ¢ TpeThero mo (n + 1)-e B BbIpaXKeHUY JUIA T, MEHBILIE COOTBET

CTBYIOIIETO CJIAraeMOTO B' BBIPAXKEHUM JUIA Tnii (mepBBIE JIBa CJIATAEMbIX
OMHAKOBBI), W, KPOME TOTO, ¥ Tn41 1O CPABHEHHUIO C Lp n0DaBIACTCA elle

OIHO TOJIOKUTEJIbHOE CJIaTaeMOe. C1e10BaATeNBHO, Ty < Tpi1, T €. IOCIHE-

NOBATENIBHOCTD (Z,) — MOHOMOKHO 603PACTNAIOULAR.
Teneps 00paTUM BHAMAaHWE Ha TO, YTO B BBIPANKCHUU JLIHA T, KaxKIasd
1

ik
u3 ckoboK BHIa 1 — " MEHBIIe eJMHALBI, ¥ Ha TO, YTO 75 < pr 2
k=1,2,...,n (tak kax k! =1-2-3-... k > 2F1). CinenoBaTenbHO,

IpH

1 1 3 ‘ 1 ¢ 1
$n{1+1+'2—!'+“:i+...+}l—!‘(1+1+'§+§§+...+2n_1¢

1 1 1
CYMM31+§+§§+'“"'|_ gn—1

geckoii porpeccun. OHa paBHa

— 3T0 CyMMa LIEPBbHIX 71 4JIEHOB I'€eOMETPH-

1
I
Ty, o, __}__)__ . 1
b =2(1- ) =2~ 7
2

Takum obpa3oMm,
1
O &, 4 3= =% B
2

[TocenoBaTenbHOCTS (T,) — Ozpanuvena (KaK CBEpXyY, TaK U CHH3Y ).
y0BJIETBOPSAET YCJIOBHUAM TEOPEMBI

Wrax, HOCIEI0BATENBHOCTD ()
), 4, CJIe-

BeitepmTpacca (0Ha MOHOTOHHO BO3pACTaeT OrpaHUYEHA CBEPXY

JIOBATETHHO, OHA UMEeT IIPee)t. JToT Ipeell eCTh YHUCI0, KOTOPOe IIPHHATO

o6o3Ha9aTh OyKBO# €.
3 ycTaHOBJIEHHBIX HAMU HEPABEHCTB 2 < z,, < 3 cnenyer (B cuiy Teope-

MBI O TIPEJIeJIbHOM IIEPEX0e B HEPABEHCTBAX ), UTO YHUCJIO € 3AKI0ICHO MEXK-
ay 2 u 3. MoxKHO JI0Ka3aTh, YTO YUCIO € ABJIACTCA UPPALMOHAJILHEIM (J0-
KASATEILCTBO TON0 MBI IPUBOAMTH HE OyaeM). YKaxeM 3HaUEHHE TUCIa, € C
OPBBIMY CEMbIO JECSATHIHBIMA 3HAKAMU NOCJIE sanaroil: e = 2,7182818.. ..

Upesio € B MATEMATUKE UrpaeT ocobyio POJIb. B 4yacTHOCTH, AMEHHO 3TO

HHCIIO B OCOBEHHOCTH Y 100HO BBIOUPATH B Ka9€CTBE OCHOBAHUA ISl CHCTEMBL

norapudmos (pag dopMmysl, B KOTOPbIE BXOAAT jporapuMbl, EMEIOT B 3TOM

GJiysiae Gosee IPOCTOH BHL). JIorapudMBbI 10 OCHOBAHUIO

MY PAALHHMY A02GPUPMAMYU T oBo3Hada0TCsT 3HaKoM In (T.e. log, z = In x).
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3anaumn.

H rx ’
AUTUTE TIPEJIesIb nocenoBaTenbHOCTed

1. Iim 2n—5

neo (27 g
3. lim Vn? +n
n—oco N4 2

V2 + 1+ m

. lim -
e V3 +n+4n
- lim (Vn?+n - /n? —9p

=00 )

4
5!
6. lim (\E/nﬂ ER ;7 n)
7

n—00

»Im i (Vo 1- /m)

8. lim 2 2
A B ({’/;‘;—1)

9. lim V3 -1

= Ina (a >

10
11, lim — " —1
Tl'-rkm]_-i—-n.(ljl)?'l-

12, lim 2" —Inn
TL—+ 00 n._,3!5
13. lim (3n2 4 2) - I 2102
00 2
Ti

Yrasanue. Ipu
T —F DD Oin

14, lim [982(n+3)

T —+ 00 7 — ]_?3

= 1: eCJIn Xy,

OTBeThl.

1
1.0. 2.2. 8.0 4.1 /5.
11.0. 12.5. 13.06.  14. 0.

3

6.
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2
!

B | =

.

— 0 (cM. crencreue 1 Teopemsl 2 u3 § 20)

9T0

['maBa 3.
[Ipenen (pyHKINN.

§13. OmpenejieHue PyHKIUH. OcHOBHBIE CIIOCODBI 3a-
naHns (QyHKIUA.

HamoMHAM YHUTATEIO

Oupeneienne (QYyHKIHAN. dyuknyeil, 3aJaHHOM Ha YHCIOBOM MHOZKE-

crBe X, Ha3bIBAETCH COOTBETCTBHE, IPU KOTOPOM Ka)KIoMy T € X Ccomo-

CTaBISETC HEKOTOpOoe eIUHCTBEHHOe 1uCio Y.
910 COOTBETCTBHE OOO3HAYAIOT HEKOTOPHIM CHMBOJIOM, HAIIPHMED f u

[TAILLY T
y=Fflz}; oEX

MioskecTB0o X Ha3bIBAIOT 0044CMbIO onpedeaenusa Gynkmun. Tucio yo, €O-
OTBETCTBYIOLIEE STEMEHTY T € X, 0b03HauaeTCsa CUMBOJIOM f(zo) (mumryT
paKie Yo = f(Zo)) ¥ HA3BIBACTCA FHAMEHUEM Fynkyuy Tpu £ = To (MK
ynaenneM (GYHKIAH B TOYKE To TUCIIOBOH npsimMoii). MHoxecTBO Y, are-
MEHTAMHA KOTODPOrO SIBJAAIOTCA YUCIA Y = f(z), coorBeTCTBYIOINE BCEBO3-
MOIKHBIM © € X, Ha3bIBAETCSL 00AaCMbI0 3HAUENUY pYHKIUH.

[lepeMeHHAs BETHYHHA, TPUHMMAIONIAs BCEBO3MOKHDIC 3padenud & € X
(Mx MOXKHO BHIOMPATD NPOU3BOJIBHO) HA3BIBAETCH HE3ABUCUMOT nepemerHot
(nim apzymermonm) GyHKIUH f, a IepeMeHHast, IPUHHMAIOIIAsA BCEBO3MOK-
unie spavenus y € Y (cae y = f(z)), Ha3pIBaeTCA 3a8UCUMOT NepemeHHOU.

Samch y = f(x) (mnm f(z)) ynoTpediaeTcs Kax Jyid 0b03HaYeHUS 3HA-
WOHUsT DYHKITEH, COOTBETCTBYIOMIETO 3aJaHHOMY & € X, rak u ana 0003Ha-

Worms camoit dyHKIMU (HApALY ¢ CHMBOJIOM .
(Oypxuust [ ABIAETCA OTHOSHATHBIM COOTBETCTBUEM

f: X =Y,
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HO 9TO COOTBETCTBUE IAIEKO HE BCErAa — B3ANMHO OHO3HAYHOE. Kaxxnomy
z € X cooTBercTBYyer CMHCTBEHHOE 3HaYeHMe f(z) =y € Y, nomnay € Y
MOKET CYIIECTBOBATH HECKOJIbKO (MJIH TaxKe GeCKOHEYHO MHOT'0) 3HAYEeHU T
TaKuX, 4T f(z) = y). Tax, manpumep, byrKIHIS

fl@)=1, =z € (—o0;+00)

[IPpeAcTaBIgeT cob0i 0TobpaskeHue
f:(-00;+00) 32— 1€ {1},

KOTOPOE, Oyyu ONHO3HAYHBIM, HE SBIISETCS B3AMMHEO OZHO3HAYHBIM. 31€Ch
KaxnoMy € (—00;+00) CONOCTABIEHO €IUHCTBEHHOe gucno y = 1. B 1o
KE BpeM: i Y = 1 uMeeTcs GECKOHEYHO MHOIO TaKux, uro f(z) = 1
(MHOXKeCTBO TakuX T 3amomHIeT Bero 9UCIIOBYIO NIPSAMYIO).

B mkonssOM Kypee ocsemaercs momsgTie bOYHKIUU U DaeTcs: npeicTas-
JIeHHe 00 OCHOBHBIX CHOCOBaxX 3aJaHus PYHKIUU: AHAJTUTHYIECKOM, rpadu-
YECKOM U OIHCATETLHOM.

lIpu ananurmyaeckom croco6e 3a/lanus byHKIuA 3a5ana GOPMYIoit. IIpu
9TOM YKa3aHa Ta COBOKYIIHOCTH JEUCTBHI, KOTOPYIO HYXKHO B onpeneJsieH-
HOM IIOpAZIKE NPOM3BECTH HAJ 3HAYEHHEM apryMeHTa T, YTOOBI IOJYYUTH
COOTBETCTBYIONIEE 3HAUEHUE 3ABHUCHMON IEpeMeHHOMN y = f(z). Oyuknus
Y = V22 — 1 sBnsercs IPUMEPOM (DYHKIIVH, 3aIaHHON aHAIHTHYCCK.

IIpn rpaduyeckom crnocobe 38JaHIsA DYHKIMHA COOTBETCTBUE

YCTaHABIUBAETCA ¢ MOMOIIBIO Ipaduka. Onumen IPOLIEYPY YCTAHOBIIE-
HUA COOTBETCTBHS B CIy4ae, KOLAa 00JIACTE OLNPENeNeHAS] SBIISeTCs oTpes-
KoM (X = [a;}]), a rpaduk byukuun upeacraBisier coboi murmio AR
(puc. 20). Ilpu HPOEKTHpOBaHuK Ha och Oz nuHusA AB orobpaxaercs B
OTpe30K |a;b]. Kaxknoit Touke z € X (= [a;8]) coorBercrByer emuncTBER-

Hast To'Ka M (z, f(z)), pacnonosxkennas ua rpacduke (T.e. Ha aunmu AB).
CoorBercraue

fila;b] 32—y = f(z)

— 9TO HE 1TO HHOE, KaK JBHXKEHHE OT TOYKH & Ha, ocH OZ K TOUKe y = f(x)
Ha ocH Oy BAOJIb JIOMAHOMN, COCTABIEHHON u3 ABYX 3BEHLEB, MAPAJLIEb-

HPbIX KOOPAMHATHBIM OCAM (CTPENIKM HA YepTeKe YKa3bIBAIOT HAIIPABJICHUE
JIBUKEHHS ).
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fe) =y M(z, f(x))

i === == e s e -

H‘IF

T

Pric, 20

Gl\.
g T

Ky 00-
IIpu onucaTenbHOM crocode 3aaanus PYHKIHH COOTBETCTBHE MEXK LY
JacThIo onpenenenns X U 001aCThIO 3HAYEHUH Y

f: X->Y

onuchiBaeTcs ciaosamu. IlpuBeaeM 2 npuMepa:

Ipumep 1. Pynryua «cuenym T> (0bosnaverue y = sgn T). ol
HasBanue 370§ (GYHKIHE IIPOUCXOAAT OT JIATMHCKOrO CJIOBA Sig

: 3HaYeHut Y
smax. 3mech obsacTs onpenenenus X = (—00;+00), a 001acTh
cocrout u3 tpex umcem: —1,0,1. OTobpaxkenue

sgnz: (—oo;+00) =X — Y ={-1,0,1}

OIpenensaercs CleayomuM obpa3om:

e, ecin T > 0;
sgnx = ¢ 0, eciu x = 0;
—1, ecmu z <O0.

\

['paduk GyHKUME Y = SEN T UMEET CIeAYIOMHA BUL:
Y

[§S

' ' AE.
IIpumep 2. Pynxyus Jupux ity
pSToi IOyYHTENbHBI IPAMep ObLI MOCTPOEH BBIJAIOMIUMCH HEMCI]

: |
maremarukoMm XIX Beka dupuxse’.

I-LIHTE.-[EJ]I:: HECUMHEHHO, Dﬁp&THﬂ BHHAMAHHE H4 Tﬂ, qTO HEMEHKHI‘:[ Te T
= ]

| 3CKyI0 (baMHIHIO. o
Ml}-}“::;; ?")gff)carl:;g JIe}:;mEH-ﬂupumﬂe (1805-1859) — mMOTOMOK IyreHOTOB, KOTODbIE B
e
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A

PBIBHO U3MEHss
Cb, IpUbIIMKY
€TCA Kak yrox
HO baiu3

L, ecs s
¥z =1 M T — panuonaJbHoe,

0 e
s CIHu 1 — APPaluOHAILHOE.,

Obuacrs onpenenenus X —
ABYX 1ucen: 0, 1. I'pacux b
PasHTh crenyrommum 0bpaszowm:

G
§
=Y

bacnonaraercst ma ocu QOg, g g
!
gByMH HHCIaME T | T, comepak
€CKOHeYH
- Fpad)ﬁo MHOI'0 MppalHOHALHEX qHcesn). Mpr
S K QYHKIHNE He BCEra gBJIsteTcs o
H =
T KOMY-TO U3 4yurareneit 3o [IOKazkeTc

BHIHUM, TakuM 06pazom
¥ b
UHMEH (BOBMO}KHO, B IIepBEIif
1 HEOXKHTAHHBIM ).

, I7Ie @ — HeKoTo
§ b ITOUIET O Iipe
Jierie,

(—00; +00):
yHKuP;H ); obmactTs 3uavenys Y cocrour uz
Hupuxie ymosxmo CXeMaTuvecku uzof

ompenenenns X ). B mpocreiimem ciry4ae MOXKHO IPEANO/IaraTh, 1To dyHK-
musi f() ompenesieHa BO BCEX TOYKAX HEKOTOPOH MPOKOJIOTOH OKPECTHOCTH
TOUKH @. DTOT mpocTediuil caydai Mbl v OyIeM pacCMaTpUBaTD.

14.1. Omupenenenne npejieia QyHKIUN.

Janum Tenephb ONpeIeseHne npeeia DYHKIHE B TOYHBIX TEePMHUHAX.

Onpenenenne. llycrs dynkuus f (x) ompezmeneHa B HEKOTOPOH IIPOKOJIO-

708 OKPECTHOCTH TOUKH @ (B caMoil TOUKe a dbyuxuus f(z) Be 00A3aTENHHO

Ypeno A nassiBaerca npeneioM gyukuuu f(r) mpu  — a,

JMeeT CMbICJ)
§ > 0 (BbI-

eCTTM TS JTI000TO MOMOXKUTEJIBHOIO YHCIIa, € CYIIECTBYET THCIIO
Gop § 3aBuCHT OT € 0 = 6(¢)) Takoe, 9TO Iyisi BCEX T M3 IIPOKOJIOTOM

§-OKpECTHOCTH TOUKM @ (T.e. TaKuX, 9TO |& — a| < 8, T # a) nMeer Me-

CTO HEPABEHCTBO
|f(z) — Al <e

WM, 970 aDCOJIIOTHO TO KeE,

A—= s fli) < A+B.

Eenu aueno A sisigerca npenenoM dbyakuun f(z) mpa & — a, TO CHM-
BOJIMYECKH 3TO 3aIMHUCHIBACTCS TaK:

lim flx)=A AJIY f(z) > A npu z—a.

e 1

Wcmons3ys JIOTHYECKHe CUMBOJIBL, MOKHO 3aIHCATD onpejeneHye npenesia QyHKIHK

cjeayomum obpasom:
lim f(z)=A «1@% Ye > 0346 =46(e) Takoe, 4TO

T—+a

Ve{|lz —a| < duz # a}: |f(z) — A| <e.

| 'eoMeTpuYecKmii CMBICIT OLIpeJiesIeH s Ipeeia byHKUIHA MOXKHO BBISIC-

Wb, 00paTuBmUch K rpabuKy QyHKIEH Y = f(x) (cm. puc. 21).
BoiroaaeHye HEPaBEHCTBA

A—g < flz) <A+e

T W3 TPOKOJOTOM 0-OKPECTHOCTH TOYKH G O3HAYAET, 9TO TOTKH
(a — 8,a) U (a,a+ ) Haxogarcs B moyoce
A—euny= A+ e Kaxoi Obl

JLJIs BCex
rpacduka pysaknuy g BCeX T €

HIMPUHON 2€, OrpaHUYEHHOH NPAMBIMU Y =
YAKOM MBI HYM B3SJIM 3Ty IIOJIOCY (1.e. KakuM Obl MAJIBIM MbL ObI HE BBIOpA-

i & > 0), Bcerga Hafizerca Takasd MPOKOIOTAA J-OKPECTHOCTh TOYKH Q, B
Koropoit rpaduk GyHKIUKM HE BRIIIET 33 IPEI/bl IOJOCHL.
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Puc. 21.

Ipumep 1, Hoxazxkem, uro lim 72 — 9

T—+3
Pewenuy
e. Corn
Gt dCHO OIIpeeNeHH o npeJe
1000r0 £ > 0 cymecr Ja, MBI TOJIKHBI

BYeT 0 = §
IPOKOJIO 2 g) >
TOH 0-OKPECTHOCTH TOYKy 7 — g f)iy A
JEeT UMEeTh

ZOKa3aTh, 9T0
AJIST BCEX T U3
MECTO HepaBeHCTBO
la? —9
| <e
u
T, 9TO abCOMOTHO TO Ke. Yo
?

4+ 3] |z - 3| <&,

Ham

= Oymer cymecrsemnno JIerye g

. 60}KHM OrDaHHYeHne Ha pasme
bIOUpaTE § TakuM, yTo § < ] B

9
YIET pacrosararecs BHYTDH OTp

anuTy § =
ol (e), ecin IIDEABADUTENIBHO Mp]
PECTHOCTH. YcnoBumces, Hanpumep
?

9TOM City4ae d-ok
PECTHOCTh TOy -
e3Ka, [254] (puc. 29). KH'Z = 3

Puc. 29

To
rna |z + 3| < 7 H, CJIeIOBATEIHHO
b

[mﬂhgl:1m+3;-1m-3;<7Jm-~3f,

o0

Tenepb Mbl BAIHUM, 9TO 33JJAHHOMY € > 0 cooTBETCTBYET JI000e 0 TaKOe,
E
a0 § < & u & < 1. B gactrocth, eciu € = 0,01, MBI MOXKEM B3IATH moboe 0

rakoe, 4To 0 < 7710—[} (mampumep, 0 = 0,001), MOCKONBKY B 3TOM CIIyHac

g
S < 1. Eciu xxe € > 7 (HampuMep, € = 10), To = > 1 ¥ MOXHO B34Thb n0boe

7
6 < 1 (mampumep, 0 = 0,95). O

Ipumep 2. Hokaxem, 9to lim (sgnz)? = 1.

Ir—F

Pewenue. B mpenpiyiieM naparpade Mbl pacCMaTPHBAJIH bYHKIUIO Y =
— sgn z (mpumep 1 u3 §13). Teneps paccMoTPUM dbyukmuo y = (sgnz)?. Ee
MOXKHO 3aIlucaTh TaK:

& l: 3:%0:-
(sgn ) #{01 z = 0.

['pacux 310 HYHKIUH 1306pasKeH Ha puC. 23.
Pagencrso lim (sgnz)? = 1 oueBUIHO, TAK KAK A moboro € > 0 Hepa-
H e

BEHCTBO
lsgns)® =1i5 &

UMEET MeCTO B JI0DO# MPOKOJOTOH OKPECTHOCTH HyJld, n6o jJist J0boro

@+ 0
(sgnx)® —1|=1-1=0<e.

O6pamaeM BHUMaHUE IUTATENA Ha TO, 9TO pees Hatel GyHKIMA Py
1 — 0 cymecTByeT, HO He paBeH 3HAUCHHUIO dbyaxuun npu x = 0. L]

Y4

&t

0
Puc. 23

B ciemyiomemM npEMepe pedb MOUZJET O IPEAEJIC [IOKa3aTeIbHOM (DYyHK-
i a® (a > 0). B mxospHOM Kypee TlepevnCIeHsl OCHOBHbIE CBOHCTBA 3TOMI

¢y nkipn. OrvMedeno, B 4aCTHOCTH, 9TO

1) 06sacThIO ONpPeleIeHUs dynxmun y = a® (a > 0) sBIAETCs BCS THC-
jiopast npaMas (—oo < & < +00);

o1



3) dymxuusa o7 (a>0,q
" CTpOro Mmoot

«/le
€MaTuKe.» — M. Hﬂyria,, i KIIHHK ¥ 33~

Ipum
‘ bumep 3, Hokaxem, yro lim 2% = 920
TeIIbHOE Yucjio, g

E(SO f" Y < +00), byrkimms Yy = 9
CeH obnacTu onpenerems 29

270 +y

- e
.-
_——

------
--------

______

y =2
0 e =0 N
o= To+ 4 —%
Puc. 24

[TockoabKy 21 < 2%2, a (pyHKIHA — CTPOro MOHOTOHHO BO3pacCTaonasd, TO

T X Tp % Do

Beerna MOKHO Bhibparh 6 > 0 Takoe, 910 (To — 05 %o + 8) C (z1;22), H
B CHJIy CTPOroi MOHOTOHHOCTH [JIfi BCEX T € (zq — &; o + §) UMEIOT MEeCTO

HEPABEHCTBA,
9%0 _ g — 971 < OF £ 972 =270 4 g,

n.e. |2° —27°| < £ (9TO HEPABEHCTBO NMEET MECTO He TOJIBKO /1 BCEX TOHCR

13 IPOKOJIOTOM 0-OKPECTHOCTH, HO M I & = Zg).
CrnenoBarenbHo, lim 2% = 270, ]
T—I0

[Ipumep 4. MOKHO NOKa3aTh, YTO lim Inz = Inzg, rae xo > 0 — mpous-
Tr—Tn

BOJILHOE TOJIOXKUTEJIbHOE YUCJIO.
Hpeﬂﬂaraem YUTATEJIIO IIPOBECTH TOKa3aTeNIbCTBO CaMOCTOATEJBbHO IIO

AHAJIOTHMH C NPEAbIAYIIAM MPUMEPOM, TaK KaK dysrnus y = Inx npuHUMa-
o1 BCE 3HAYEHUs OT —00 0 +00 B CTPOr0 MOHOTOHHO BO3PACTaeT BCIOAY B

o6nactu onpenenenns (0 < z < +00). [paduk dynxnun y = In z m306pa-

JKeH Ha pHC. 29.
o iy = I

¥

Puc. 25

14.2. CsoiicTBa npegesja.

[Ipenen dysxuum 00ITACT TEMH KE CBOMCTBAMH, YTO M Npene Mo-
aieoareabHocTy. Jijia Hero CnpaBeiiuBLl TEOPEMBI 1-4 (Toumbie HGOPMy-
JIMPOBKY KOTOPBIX MbL IPUBEIEM HUYKE), aHAJIOTMYHBIE TeopeMaM 1, 2, 3
ws §5 u reopemam 1, 2 u3 §6. JlokazarenbCTBa TEOPEM 1-4, 1o CylIecTBY,
HIMOM HA OTJIMYAIOTCS OT JOKA3aTeNIbCTB COOTBETCTBYIOIHUX TEOPEM O HIPE-
JGJIAX T10CIIET0BATE/IbHOCTEH. Uprarens yoeuTCI B 3TOM, O3HAKOMUBIIHCH
¢ OKASATeIBCTBAMU TEOPEM 2 U 3 (Teopemsl 1 1 4 IPUBOJAATCH Oe3 nmoka3sa-

POJILCTBA — TIpeJIaraeM JuTaTeslio J0Ka3aTh X CaAMOCTOSITEJIHHO).

5%



Teopema 1. Eeu lim f(z) Cywecmsyem, mo on — edunCmee b,

Teopema 2. Ecuy, Cywecmeyem

& Hexkomopotll npoxosomor oKpecmmocmu mouky q.

Zloxasamervemeo. Ilycres lim Fa

L—ra

JI0TaA d-OoKpecTHOCTE TOYKH @, B KOTOPO}i

A-1<fl@) < A+1 T

3ameuanye, st iocnenosaremsrocTH, HMEIOIel npenenr i
MHOKECTBO 3HaueHuH 31emenToR [IoCIenoBaTeILHOC

MECTO JUIlDb B HEKOTOPOH npokosoToit OKDECTHOCTH TOYKY g

1.3
eClIu x € ( 5 5), T.€. ecimu & npunannexuy %~OKDECTHOCTH €AMHHUIIBT (Tem

boutee, ecomn 7 NPHHANTIEXKUT NPOKOIOTO %-OK}}ECTHDCTH). Opnaxo ua ecer;
obmacru Olpenenenus dbymuxrus f(z) — Heorpanuyenmas,

Teopema 3. Ecuy cywecmeyem lim f(x) u lim Iz) &> A (uau ace

lim f(z) < A) 20e A = const, mo natidemes NPOKOAOMaAR oxpecmuocme
L—ir
mouKU a, 6 Komopoti f(z) > A (coomeememeenno Iz} < A).

Aoxazamenrvemeo, Hycrs lim f (£)=BuB> 4 (B cygae B < A JIOKa3a-

L=

HallpaBJIEHHE uieT cirepa, HalIpaso).

Bosbmenm yueno ¢ > 0. Ilpu sroum BBIOEPEM ero Taxmy 00pazomM, 9To6m;

BCA €-OKpecTHOCTh Toyky B baclionaranacy crpasa ot A (cnenos
€ <B—A4) (cu. pue. 26).

CoryiacHO OmpenesIeHUIO ripe,n;t1
gaiinerca 6 = 0(g) > 0 TaKoe,

- U a uMeeM
lim f(z), mo Pyrrxyua f (z) ozpanuweng O
£T—r il

Teopema 4 (D I}Pe

P 11 — 00, Bce

Th orpanuyeno. O gya-
KO, mns byukimmy, HMEIOLIel npexes npy ¢ — @; OrPaAHHYEHHOCTH HMeer

CTH.
CXONMMMOCTH IIOCJIC[OBATEIHHO
st bysxmmit (

gamu € > 0
BBIOPAHHOTO

HKIAW, I 4 THOCTH
o (?3; BCeX T M3 IIPOKOJIOTOM 0-OKpecT

TO J1 .

B-e¢< fz)<B+e =

v, Tak Kak B —e > A, 10 f(z) > A.

CyY-
= H
neJbHOM nepexole B HEPHBEHCTE::.S() 636???,1){:
lim g(:s) U 6 HBEOTIBﬂpOﬁ NPpoKoAOTMOU oK muocmu
U D

z—a : f(z) < g(z). Tozda

reo
OUKU @ UMEEM MECTO HEPABEHC
m

lim f(z) < lim g().

T—a
T—*d

a
HUS IIpeaet
OneHo4YHbIH MPU3HAK CyIIEeCTBOBA

§ 15. i

(TeopeMa O «3aXKaTOM» byHKUIUT).
T

ATEPUs
5) mbl npusenu (HOPMYTMPOBKY Kp HB}; .
; AnajorpyHas TeopeMa CHpaIBf,IIJI :
WUBO-
kmuu). Ho np
Tepuil CyIIECTBOBAHKS IIPEIENa (byio f]f ﬁgmee b
KpHOBIfy MBI He DyneM. YKaxKeM Ha EEEHHI% g e
- CTAT :
e BEB&HHH npesena dbyskimm (10 N e
s IBAEMBI OUeHOUHBIT NPUSHAK cya:mm o oy o
7 b
 —— oI Ha3BaHWEM ‘TeopeMa O «3aX
i U3BECTEH 11
KOTOPBIN 13

7Y .
oit pynkun”):
JKe “reopeMa O IPOMEXYTOTH 4))

ol
ITyemv 6 Hexomop
K T yHKHHH). »
Teopema (TeopeMa O «3 aTDH:npfdmenmS pymeyuu: f1(z), f(@)

J MoYKY b
N ﬂ*‘;ﬁf CT:G;?;?«'( fo(x). Tozoa, ecau npu T — a Py
npuvem fr(T) < < »
i(?zm)pcmpmmmm K obulemy npeoesy
2

Boiie (cMm. Teopemy 4 u3

lim fi(z) = lim fo(z) = A,

- n— L
e i 4

e mpedeny:
T — @ K MOoMY HC
mo Pyrxuua 9()

lim g(z) = A.

T =+l

€MBl,
JIOBHUIO TEOop
sameabemso. 1o yc

A = lim fi(z) = il_l‘}cll fa(x).

P ke (1,
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Bceerma,
MOXKHO B
filz) € PIopars mp OKOJIOTYI0 J-OKpecTHOCTS T
ity 9(z) < J2(z), u npurom Takyro, 4yro ¢ g
TaKo# J-oKpecTHOCTH i S, Oy, 03 Owesrapo, wrp &

A—¢ </fi(z) < g(z) < Jo(z) < A+ e
4, cenoBaresHo,
| 9(z) — A] < ¢.
TO ¥ O3Hauaer, yTo A = Jim g9(z).
]

Ipumep. Hoxaxenm, yro lim cosz = 1

T—+(]

Pe ﬂ O -

A
B i

C 3701t nenpio B K
Pyre paamyca R ¢ e
HERTPaNbHLIA yron / AOQRB (pic. 2?) HTPOM B TOgke () PACCMOTPHM ocmpp

p ‘::::

Cer
Heen: Goa (mromans cexro
pa). Tak kakx S 2
-&D = - . 3] ol
AB R* - sin z; Soenmio i

Puc. 27.

it sin? 2 UBO y2Ke KaK IpU

KOTOpOE B CHJIy 9ETHOCTH byuKIpi sin® z 1 z° crpaBeml g{ e ;

OO KUTEIHHBIX, TAK U [PH OTPHULATENBHBIX T TAKHUX, HTO 5+

« 9 2

A Tax xak |sinz| He mpesocxozuT 1 M IpH T = 0 dyskumu Sin“T 4 T
[PAHAMAIOT OHO U TO K€ 3HAYMEHHUE 0, T0 a6COMOTHO NPH JH0OOM T

5 2
sin’x < z°.

2) 3ameTuM, 4ITO

s 00 il T 2__932
1 —cosz = 2sin §£2' 5) = 3

§l, CJIeI0OBATENILHO,
£
0<1—cosz < 5

askarois dyHxkuun. Mbr BUIUM,
a pysxmuamu: fi(z) =0 u

Toreps MOXKHO IPUMEHHTH TEOPEMY O «3
r — 0. Cneno-

410 (byHKIHS 1 — COST «3axKaTay MEKIY IBYM
2
T kakzad w3 KOTOPBIX CTPEMHUTCHA K HYJIO pu

T
fﬂ(w) F 9
BATEJIbHO,
111%(1 —cosz) = 0.
ITocKOBKY,
cosz = 1+ (cosz — 1),

i cos - — 1 sBisercs 6ECKOHEYHO MAJIOH dbyukuueit mpu € — 0, T0 04€BUHO,

Yo
limcosz = 1. LI

—0

a7



16.1.
1. Beckoneusng MaJble hynk
187247

Hayn
eMI?OHpe
en
(I)yHKHHH gy = f’?&c) e;al';ﬂ IIOHATU S 6€CKDHet{HU MaJiof
BIBae H
yﬂOBﬂeTBUpHeT YcioBuro A 66‘9%0“8%%5: MAAOT] HP?EYHKHHH'
y CCIH OHa,

2
) bynxnua f(x) umeer BHJ
rae af L
Z) — Beckoreuno MaJiast rpu
T~ 4.

leticTBuTe
JIBHO, ¥ 11
» 1 TIEPBOE yTBEpK neHue (lim f(z) = A)
= 4), ¥ BTOpOE yT-

(Ha «a3pIKke €») OIIHO U TO 3
e.

f(z) u g(z), A6A10MCA GecKOHENHO Ma-

Teopema 1. Ecau dee PYHKUUL,
snocme f(z)Eg(x) maxsice ABAAOMER

AbLMU DU T — @, TO UT CYMMA U Pi

6eckOHENHO MAAbBMU NPU T — Q.

Crnencreue. Anzebpauieckos Cymma 4100020 KOHEWH
4 U3 KOMOPHIT ABAALTCA DECKOHEUHO Mmaaoti npu T — a,

xatcoa
KOHEYHO MAAAA NPU T — Q.

Hynxuus f(z) ozpa
) — beckorewHo Maaai npu & — a,

Gecxoneuno maroli ynkyuet np

020 wucaa PYHKUUY,
ecmb bec-

nuvena 8 Hexomopol nPoKoAoMOU
mo ux npo-

Teopema 2. Ecau
U — a.

0KPECTIHOCTIU TNOYWKY O; @ g(x
uzeedenue f(x) - g(x) asasemca

mo dynxuyua c-g(x) (ede

CieJcTBUHA:
a) Ecau g(z) — OecKOHEUHO MAAAA npu T — a,
¢ = const) ecmb becronewno maaas npu & — @,
MEABLMU TP

u g(z) AeamomMCs OECKOHENHO

6) Ecau @ynsuuu f(x)
denue f(x) g(z) ecmv bECKONEUHO MAAAK bymK-

T — a, o uT Npou3ee

yuA Npu T — @.
npousBegeHus W JacTHOTO.

16.2. TeopeMsl 0 IIpezese CyMMBl,

o TIpejiene CyMMbl, TIPOU3BE/ICHIA
TCTBYIOLIMM TEOpeMaM JIJIA [IOCIe10-

U 4acTHOT'O

CropasejiiBbl TEOPEMBI
Byx yHKIui (aHANOrHIHbIE COOTBE

BATETLHOCTEN).

Teopema 3. Ecau cyuecmeyiom lim f(z) u lim g(z), mo CYU,LCMEYIOM
maxoice }im(f(a;) + g(z)) u lim(f(z) - g(x)), npurem
lim (f(z) £ g(z)) = lim f(z) £ lim g(z),
lim (f(2) - g(x)) = lim f(z) - lim g(=).

i

Teopema 4. Ecau cyujecmeyrom lim f(z) u lim g(z) u npu IMOM
Z—a T—F

lim g(z) # 0,
mo c1 ’ li M
yujecmeyem maxdice i )’ NPUYEM
oo flo) BRI
s—a g(z)  lm g(x)
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y Ipennaraen quTaTeNIo Cg
TCIBCTBa, 9THX Teopeny uje

Teope '
PEM L1a ocnenopares,
HCIIONB3yeT s )

MOCTOsITeNbHO noKasaTE

;TH:{HH AOKa3arenncrpy
T &

eid. B npornecce JOKa3

0be Teopempr. Hoxka-
M COOTBeTCTBY IOMIIX
aTe/IbCTBRY TeopeMnr 4

2 9(%) u npu smon, lim

deme
ueem E R OKpecmmocms mo e 9(z) # 0, mo naqj-
eyem KUY @ 5
Yem v ozpanunend. » 6 KOMOpot dhymmyng L
glx Y-

CYMECTBYET IpokooTas 0-

If(z)] > A.

Ecnu f(z) — beckon

9€CKU 370 €YHO GoJrbII
3alTHChIBY, afd Ipu
eTcs Tak: — @ pynky
= HHd, TO cum
BOJIHN-
lim
7 40—

f(m)———}oo HpPI 3_’,’-_7;.&

DyHKIIN M
' OXCHO 3amnmcar

b TaK: be

_ss CKOHEYHO Bompmo (npm z )
. e o 7
Jm f@) =00 &L vy 034
HHEd = 0(A4) >0 TaKoe
' y 4HTO

Y P
z {lz —a| <4 TFEal:  |f(z) > A

1
6ecKOHEeYHO OoJiplilad Mpu T — @, TO PYHKIUSA g HeCKOHEYHO MaJias

npu T — a.

Uurareib, BHUMATEJbHO H OCMBICICHHO [IPOYIMTABIINN ONpeIesIeHN
6ECKOHEUHO MaJioif # OECKOHEHHO GonbuIo (PYHKIHM, B COCTOSHUM CaMO-
CTOATENILHO JoKa3aTh 00a 3TH yTBGp}K,ILeH.IfIH.

Ecmu Geckonedno Gompiuas (mpa & — a) dyskupa y = f (z) TOIOWKY-
TenapHa (Mn GTpHuaTEJ]bHa) B HEKOTOPOH MPOKOJOTON OKPECTHOCTH TOY-
K# @, TO OHA HA3bIBAETCH noaooicumessroti beckoneuno 60avwol (coorBet-
CTBEHHO 0MPUUAMEALHOT DeCKOHEewHO boabwolE) Ipu L — a. JI7isi TIOJIOXKH-
renbHLIX GeckonedHo Goupumx (Ipu z — a) pyHKL@i TPUHATA 3AMUCH

lim f(xz) = +o0.

T—+l

C0OTBETCTBEHHO JJIsi OTPULIATE/IBHBIX BecKOHEYHO bospmux (Ipu T — a)

pyHKIMHA MALITYT
lim f(z) = —ox.
IIpuMepbI.
1

lim — =
1) lim = = +oo

2) linéln\:}ﬂ = —00;

3) mpo (QyHKIHIO
ool mpu & — 0; BMECTe C TeM OHa He SBJISIC
HOM BeckoHedHO OOJNBIION, HA oTpHLATEILHON 6e

1
= = MOSKHO CKa3aTh, YTO OHa sABJIAECTCH HEeCKOHEYHO

TCS HU IOJIOIKUTEIb-
CKOHEYHO OOJIBITION.

['paduku QyHKIHA Y = ;1.5, y =In|z|, y = % cM. Ha puc. 28, puc. 29,

pue. 30 cooTBETCTBEHHO.

ylt
¢ ; :
_ 1
332
Puc. 28
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x
; Puec. 30

§18. Pa
CIIMPEHNe MOoOHgTIIS IIpenesa

18.1.
O,I{HDCTUP OHHUE npegeinr

K @, ocTaBas
k. €64, KOrma x crpemurcs

lim ; My
T e () f(&'“), : OH 0603HﬂanTCH CAMBOJIOM

K @, ocraBasch 6
i OJabllie q (z =

62

O HOCTOPOHHEE IIPEJe/Ibl HashIBAIOT TAKIKE AE6bIM U NPABHIM NPEden-

mu Pyrryuu f(z) 6 mouxe a.
Jagum Tenepb ONHOCTOPOHHUM peaesiaM TOYHOe

Onpepneiienue. llycrsb byrkuust f(z) onpeneneHa B HEKOTOPOi JIeBOM
(nmu ke paBoit) NOMYOKPECTHOCTH TOUKH d-. Yucjgo A Ha3bIBaeTCA Jle-
BLIM (COOTBETCTBEHHO npaBbIM) MpenesioM (hyHKIHHA f(z) B TOUYKE @, €CIH
nis J1000ro Yucia € > 0 cylIecTByeT JieBas (cOOTBETCTBEHHO npasasi) 0-
ONMYOKPeCTHOCTD (6 = 0 (¢) > 0) Touku a, s BCEX TOUEK KOTOPO MMeeT

MECTO HEepaBEHCTBO
|f(z) — Al <e

uiu, 9TO abCOJIIOTHO TO K€,

A— g fle] €« A+E

Vcronb3ys JIOTWYECKHe CHMBOJIBI, MOKHO 32IHUCATH 3TO OmpejesieHne CJeyIonM
obpa3oM:
. d
1) lim Df(:u) _ 4 &L vwyes>0 35=468(e) >0 Taxoe, UTO
r—ri—
vz{a—d <z <a}: |f(z) — A] <&;

2) lim f(=)=A def yes0 36=05(s) >0 maKoe, 4TO

E—*il
Ve{a <z <a+d}: |f(z) — A| <&
TeopeMpl O TIPEEIAX OCTAIOTCA B CHIIE 1 I O/THOCTOPOHHUX TIPEJIEJIOB.

[Ipumep 1. Hurareib, yCBOMBILIMH ONpPEe/IeHIe ONHOCTOPOHHHUX NPEIEsOB,
MOYKET JIEPKO yOeIiThCs B CYIIeCTBOBAHMN OITHOCTOPOHHHUX ITPEJeIIOB pyHK-

nuw y = sgna (upuvep 1 u3 §13)

lim sgnz=—1; lim sgnz = 1.
z—0—0 x— 040

1
lpumep 2. PyHKIHUA Y = 2z (ee rpaduK CM. Ha PHC. 31), KaK MbI yBUIAHUM
e (cM. mpuMepsl 2, 3 13 §19), umeer B TO4UKe () TOJIBKO JIEeBBII Mpened,
KOTOPBI paBeH HymiO; NpH T — 0 + 0 sra byHKUIUS — DOJOKHUTETbHAA

HockoueuHo OoJbuIasd

1 L
lim 22 = (; lim 2z = +00.
z—0—0 x-—+040

Clpsizb Mexk 1y npeaesoM f(z) npu T — a (lim f(z)) 1 OHOCTOPOHHUMH

T—*d

3 : :
upt’;t,zx&'lamn g Touke ¢ ( lim ' f(z)m lim f(z)) ycraHaBIUBAET CIICAYIOMAN

€T r—r a0

Teopema. Jas mozo, wmobv, cywecmeosan lim f (z), neobzodumo u do-

Ir—

CMmamonmo, wmobvl cyuecmeosal oba 0OHOCTROPOHHUT NPedeia U 4mobul
lim f(z)= lim f(z).
i ) x—ra-40

g ot £ =
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HPenCTouT nokaszare 2 YTBepxx nenus:

1) IIycrs Cymecrsyer lim f(z) =

Ca A. Tpebyercs MOKa3aTh, 410

A= lim f(z)= lim

LT —1{)

2) Ilyc ' ,
) YCTh mano mEE_l.ﬂ f(a:) = Tk f(:s:

A = lim f(z). 1O
i T )
Ipumep 3. O
. Oues ' I
-l HUIIHO, YTO 31:1113 SEILT HE CyIecTByeT, tak xakx |
im s ). ot "
o Sgn T (cM. mpumep 1). .

64

yi= 4, Tpebyercs A0Ka3arTh, 4o

gl 4

18.2. IIpenes ¢pyHKIMHU NpU CTPEMJIEHHMH apryMeHTa K becko-
HEYHOCTH.

KpoMme paccMOTPEHHBIX HOHATHH Npejesia GyHKIUM NpU T — @ 1 OIHO-
CTODOHHUX TIPE/ENIOB, BBOUSATCH MOHATHA IPeAesa dbyHKIUM IPH T — 00,
r — 4oo, £ — —oo. IIlpu aTOM oOmpeneneHue mpezneysa OLINIAETCA OT
onpenenenns nouarus lim f(x), rae a — 9HUCIO, TOJNBKO TEM, HTO BMECTO

T—> L

CYIECTBOBAHHM TIPOKOJIOTON OKPECTHOCTH TOUKH &, COOTBETCTBYIOMIEH Ipo-
U3BOJIHLHOMY € > 0, TOBOPUTCH O CYIIECTBOBAHUM OKPECTHOCTH CHMBOJIA OO
(400 Mt —00), COOTBETCTBYIOLIEH IPOU3BOJILHOMY & > 0 (0 mOHATHU OK-
DECTHOCTH CHMBOJIA GECKOHEYHOCTH CM. §2).
Hanpumep, yTBepKIeHHAE

lim = A

T—+00
O3HAMAeT, YTO IS JI000ro (Ckosb yrogHo masoro) € > 0 CyIIecTByeT
OKPECTHOCTH CUMBOJIA 0O (T.€. CYIIECTBYeT MHOXKECTBO (—o0; A)U(A;+00),

rre A = A(e) > 0) Takas, 9T0 JJIA BCEX & H3 ITOH OKPECTHOCTH (1. e. myist
BCEX T TAKMX, 4TO |z| > A) uMeer MeCTO HEPaBEHCTBO

f(z) — Al <e
MM, 9TO aDCOJIOTHO TO 2Ke
A—g'< fg) < A+E.

TeopeMbl O IpefeIax OCTAIOTCA B CHJIE M JJIs NPEIENoB IpH T — OO,
@ — +00, T — —00.

ITpumep 4. Hoxaxure, 4ro lim mi e 118

Pewenue. CoriacHo onpenesieHuio Ipelena npu & — 00, HaM Tpebyercsa
NOKA3aTh, YTO JJIs j1000ro € > 0 cymiecTByer A = A(g) > 0 Taxoe, 4TO s

m —1‘«:5 T.€
x+1 4 i

BCEX T TaKuX, 9T0 |x| > A, ©uMeeT MeCTO HepaBEeHCTBO ‘

1
yro ——— < €.
|z gl :

HGDE&BEHCTBO |3'J 73 1| < £ paBHOCHJIbHO COBOK)"HHOCTH HE‘EP&BEHCTB:
1
HJIHN

(00



B xavecrse A(e) moxmo B3ATD J1I000€ 9HCII0, KOoTopoe Gopie

,,qu§~+].
1 & 1
Ecm [z| > A > g-kl, TO i —1[_ o+ 1] < €. Hnsa moboro £ > (

TaKoe A = A(e) > ( CyImecTsyer. 9To o3nauaer, yro

mlinga B by O
Ilpusenem eme ABa IpuMepa;

Hpumep 5. Hokaxkure, uro lim o =i

L= —o0

Ipumep 6. Hokaxure, uro lim 9= — +00.
rT—4oo

IIpennaraenm YUTATENI0 CaMOCTOST
HUA, UCNOJb3ysi CBOMCTBE,

byuKIIN
rpacuk (cM. puc. 24)), B

HACTHOCTH, CTPOTyI0 MOHOTOHHOCTY,.

§19. 3amena ICPEMEHHOI npu BRIYMCIeHEH npegeJia.

Pynxuus F(y), roe ¥y = f(), v.e. dynruus Buna F(f(z))
CAOMAUCHOY Pynryuer, Hapsany ¢ TEPMHHOM <«
JTACTCA PABHO3HAYHBII Te

PMHUH «Cynepnosuiy
«KOMOMHanus ¢ YHKIMIf» ),

Bosuukaer €CTECTBEHHBIN BompoC:
Hpenena cnoxxuon byuxmun lim

Ha3bIBALTCs
CNOKHAA DYHKIHsy ynorpeo-

UsT (DYHKITHH» (rHOD A Ir'OBOPAT

PaBO IIPU BBIYUCTICHUY
F(f(z)) B cayuae, Korga lim f(z) = p ¢
CylLIecTByeT Iirr%] F(y), npoussonurs SaMeny y = f(z) u nucars
T —

lim F(f(2)) = lim #(y)?

1 mpuy=0,
Fly) =
0 1pu Beex y 0;
Jlz) =0 (~oo<:c<:+oo).
O4eBuno, yro liné J(z) =0n Iin:‘:zI F(y)
T— Y—

= 0. Croxnast byngrms E(f(r)) =
= 1 ipu Beex H, CllenoBaTes

BHO, 11':1[1] F(f(z)) =1. Mu BHIUM, 4TO

im F(f(z)) # lim F(y),

y—0

66

CIBHO JIOKa3aTh 3TH 1Ba YTBEDK 1e-
y = 2% (obparure BHEUMAHME Ha ee

T- - )1 H{.)

1] HH). EMU
1 (mepBas TeopeMa O Hpeﬁejlebcgl 3:;{ a YUCAO UAYU CUMEOA
: — 2 i
S xonewnis npedea lim f(2)
em
cyuLecmey

e X

yc

lim F(y) = F(b),

y—rb

mo cywecmeyem lim F'( f(x)), npunem

L

fim F(f(2)) = lim F(y) = F0),

= {1

5" b 5’ JIOBU A Te()pe—
1 OBH
T 1 JI raa BBINNOJHEH : C
aMeTumM, 9 O B C qaeg, KO rZl;
BHMS%GHHB. 3 L}
I'b
MBI 1 MBI UMEEeM Hpaﬂ(} IIHca
3

lim F(f(z)) = F (nm f(::r:)) .

T— L
=L

p

y lim f(z) = b (a
m (woneuwnwvilh Ul Gecroneunviii) npeden
1) cywecmeye

€T+l

A0 UMY CUMBOA BECKOHEMHOCTIU);
— YUC

f(z) # b.

5) lim F(f(x)), nputem
yem (KoHewnvild Ul Gecronewnoti) Lim F(f(
Tozda cyuwecms

lim F(f(2)) = lim F(y)-
r—a

8. BBIUMCJICHUS

& pmepax 1, 2, 3 pacCMaTPUBACTCA Baﬂ&‘lo & fri

3 I —.0..2 '

" g 51 (cm. puc. 31) mpu & — 00, & = 0 3 (] :

' i S | c. 24), THe Yy = =

y dj;l 510 coovkmas pyHKima Buga 2¢ (CM. pH ’ %

(Dyuarmua 2% —

(em. puc. 30).
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Hpumep 1. Haittu Lim 2315

=000

Pewienue. 3necr lim 1 — 0
1

T—o0 T

lim 2¥ = 20, 1
Im 2¢ = = CM. npuMmep 3
* lim ( P 3 u3z §14
IOJIHEHBL YCIOBHST TEOpeMbr 1. Crenosarennio =iy
I | ?

: 1
lim 2= = Um 2t DRI iy

Ipumep 2. Hatiru lim 25:1".

x—0—0

Pewenue. Bpecy [im 1 — e
b

li 2y
BbIIIOJTHEHbI ycno;};{o;{;; 9 Cyﬁ!_nm &% =l (cm. IpumMmep 5 u3 §18), "
pemer 2. Cnenosar
€JIbHO,

: 1
111’11 Qz — lim 2y:0‘ D

z—0—0 PO

Ipumep 3. Haiitu 1im 2%.
x—040

Pewenue. Bnecs lim 1 =

+00, lim 2v —
v—0+0 T s = 400, U BBIIOJIHE
Teopemsl 2. CrenosarensHo, e i At
- l

m 2% eion g

Pacemorpum €IIe ONWH NpHMep.

IIpumep 4. Haiiry lim Y~ 1

17—41.{4/5.__1'

Pewenue. IT

. OJIOXK . 3 =

Ha, Tpe/r .HM:B d (t‘—I\E/EHE——}IHpHm—}I)T
AMIPHHATS, C LeJIbI0 H36aBUTHCS O . Takas 3ame-

T T panukan M
IIYTEM CBECT i . OB. MBI H a
CTH Baﬂ&q}’ K IHCITe e aleeMcsa T KHM
HT&K, 0J IIpocToro Ipeneua,.

V= e
Vo=l et
Hpﬁt#lHMeeM

.t4_ . 2
ES_F—_]_E — (t lJ(ﬁ‘f—l)(ﬁ 'f—l) s (t‘f‘l)(tz—}-l)

<pL 2
(E=DE +t+1) P
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CnenoBaTesibHO,

4 _ e+ 1
Ya-l g -1 _p, RO

iifﬁw—l T8 1 s PeetEl
i By gaks o |
}{_IE(‘H‘ Wi+ )_;2'2____4?;_ o

L - iEimlt(tg +t+1) 3

§20. Isa 3ameyaTeJbHbIX npegeaa.

B stom maparpade MbI PacCMOTPUM J1Ba npezesia, MMeIONEe BaKHOe

JHaMeHue 1A AasbHelero (1x MprHATO HaShIBATh 3GMENAMENDHBLMU NPE-
deaamu). Mbl yCTAaHOBAM, TO

o B R | (nepBBIi 3aMeyaTeIbHBIH TIPeen),

x—+0) H

1 OTMETHUM, 9TO

1 e
lim(l1+z)s =e€ (BTOpO# 3aMedaTeNbHBIN npeJien).
z—0

20.1. IlepsBbiit saMedaTebHBIA IpeneJl.

]

CrpaBeJJiiBa

i

sin . — 0, npuuem

R UA umeem npedea npu T — U,

: Teopema 1. Pynxy -

{/ .
n

Sl ok 1‘

lim
' B x—0 I
i o

Joxazameavcmeo. B xpyre p
oempout LEeHTPAJIbHbIN YyTOJ ZA
pAMAHHYIO Mepy & (T.K. yTOJ OCTPBIH,
"mawenbﬂym K OKDY?KHOCTH B TOIKE
(A u mepecekaercs € MPOAO/DKEHHEM P

0 :t;amﬁl_{ca1 YTO
-

anuyca R c ﬁ,eHTpoM B Touke O paCCMGTpHIf
OB (BcnomMHUTE npqrrmep u3 §15), mMeonui
00 < = < —2-). TIposenem xopay AB
A. Ona nepleHIuKyiIsapHa pajinycy
amuyca OB B Touxe C (pHC. 32).

Sroap < Scexr. 0AB < Saroac

2 2 R?
R i S&C?AC et —2—tgm?.T0

" ; e Y

POK KAK SproaB = — S, Scexr. 0AB = T

R

| 2
R2 B R

it < —1ig.

5 ST < 5 5 g
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S e

Puc. 32,

Ymuox
HB BC€ YJIeHb .,
" . 1 9TOI'0 IBOHHOrO HepaBeHCTBA Ha HIOJIO2KUT
(sinz > 0, IOCKOMBKY () < 22 < & ) eNIBHYIO Be-
9/ ITOJIy9umM

2 .
R*sin ¢
& 1

1 <
SINT  cosx

3amens
S 3TU
BEIMIMHBL UM OODATHBIMY, 6yaeM uMeTs

cosg < SIBZ

Sin

K

JIUBBI KaK JJ1
s IIOJI
0 [l OXKHUTENIBHBIX, TaK U U OTPHIATCIIBHE
2 IX T TaKux, 49To

Tak Kak i
p a3 COST = 1 (cM. mpumep u3 §15), 10 B
Tol> dynKIHE (cM. §15) umeem | “SHlEROPEi @

sin

li =
:c—l-}l{} &I - 1’
9TO U TPebOBAJIOCH OKA3ATE.
Ipumep 1. Hadiru lim gl e ’
z—0 I

70

Peweniue.
sin bx
— 5?

. g BB o v
Bx s

-0

sin bz

lim

x—0

TaK Kak lim

g —)

) nuua (§19).
Bo3MOYKHO TAKXKe BBeIEHHE HOBOM nepeMeHHO’ O

cJIeJOBATEIbHO,
. O sInhe . sin t
Iim =WmG oo—="=b: El
wes0 I t—0 i
tgx

ITpumep 2. Hairn lir% e

pe/ieNIeHHOCTh THIIA

Pewenue. 34ech Mbl HMeeM HEOI
M 00pa3oM

A36aBUTHLCS, IpeACTaBuB (PYHKIMIO CHISIyIOM]
sin

tgxr _ =
x COST

Termeph MOKHO IPUMEHHTH TEOPEMy O mpejesie 4acTHOrO,

CTBYIOT TIpefensl lim

a—

x—+0

sin @ P 161
te 111110 e 1
- N
lim = = i LR - — —=1
b O bal] COST lim cosx 1
o —k
arcsin x

IIpumep 3. HauTn Iin%

Pewenue. 11onoxuM Y =
npu  — 0. Mimeem:

. arcsina g : 1 1
lim = lim 'y = lim — == :
x—0 €T y—0 SIN Y y—0 S111 Y - S1 Y
Iim
Y y—0 Y

Bamevanue. AHAJOTHYHBIM 00pa3
. Igx
0 lim 2% =1
x—0 I

(cM. puMep 2), MOXKHO yCTAHOBUTD:
arctg T .
BE =1

lim
z—0 H

71

sin 52 i
— 1 B ¢ty BTOPOH TeOPEMBI O MPENEJIE CJIOKHON (PYHK-

t
:::=t.Tor,n;a:1:=5H,

HO OT Hee MOXKHO

TaK KaK Cylle-

SINT _ 4 o limcosz = 1 # 0 (mpumep u3 §15):

arcsin z. Torna = = siny. 3ameTuM, 4TO Y — 0

OM, IPMHIMAsA BO BHUMAHHE, 9TO



- .1 —cos
IIpumep 4. Haditu lim —
xr—0 o
Pewenue.
2 L 4 e
i Wdigogy . 2 o qR BTG 1 ) liggofieitis i e 1
im 77— = lim ——= = lim = - = — | lim = =
xz—0 74 xz—0 T x—0 Z 2 \z=0 E 2!
2
sin &
TaK Kak PE% s 1 B cruty BrOpoit Teopemsl 0 mpemene CIoKHON byHK-
2 .
xr
My (BO3MOXKHA 3aMeHa, e t) ¥ IEPBOrO 3aMEYATENBHOrO [PEIENa. L]

20.2. Bropoii 3amevarenbHsIH mpepe.

HUmeer mecto

1 .
Teopema 2. Qymuxyus (1+ 2)= umeem npedea npu  — 0, npuvem

1
lirrl1](1 +z)z =e.
Mer npuBomuM 3Ty Teopemy 6e3 AOKasaresnbcrBa. Panee (B §12) 6bI-

JIa HOKa3aHa CIPaBEIJIHBOCTH 3TOTO COOTHOILLIEHUA B Cly4Yae T = —1“

, TIIe
= 1,20 i

Caencreue 1. Cnpasedauso coommnowenue lim L @) =
x—0 xI

1
,%Zomsammwmaa. Honoxum y = (1 4+ z)= u npumem Bo BHUMaHHE, YTO
limlny =Ine =1 (cm. npumep 4 us §14). Teneph MOIKHO BBIMHCIMTH HC-

y—e

KOMBIH [IPEJIEIT, UCHOJB3Ys HEPBYIO TEOPEMY O Ipemesie CAoKHOMN DYHKITHH:

. In(1+= o il
lim ( )=llm+nln(1+m)=Iinéln(1+:t:)%zlimlnyzlnezl. L]

z—0 45 z—0 I it

&
CaencrBue 2. Cnpasedaueo coommowenue lim &—— pe 1

x—{) T

Aoxasameavcmeo. Tlonoxum e* — 1 = y. Torna z = In(1 + y). Bamernm,
910 Y — 0 mpu z — 0. Urak, umeewm:

HH

lim =—= = Jj Y _is
i A iﬂln(l+y}‘1 B cuny ciencrsusg 1. [

12

ero
BameuaHue. DTO COOTHOLICHUE ABJIACTCH GaCTHBIM CiydaeM Oosiee 001

COOTHOIITEHUA

S LU
i ="
a0 &£

= Ina (a>0),

KOTOPOEe HETPYAHO yCTAHOBUTD, EC/IH 3aMETUTh, UTO

¢ zlna ploa
g | R Toe ! lna

—

(a?:f-O,ﬂl?él)

p’ T zIna

1 crenaTh 3aMeHy zlna = i

u 5 Incosx
T 111N ;
HpuMP“'p 5 ) Fah x—0 .'I‘.;""3

i rIpenel u
HOCTU MOYKHO, IpUHUMAaA BO BHUMaHNAE TEePBbIA 3aMedaTeJbHbId IPeL

caencrBue 1 U3 BTOPOrO 3aMEUYATEIbHOTO IPEeaeIa:

. Incosz ; -
R it = I SRS
£ T 2T
In [1+ (—2sin® )] (-2sin ) 1
et ] 2
}:IE{IJ (—-2 sin? % m 3
=) T 9 T
ofis (oart3)] (w3Y 1] _
— — llm :—G— 2
z—0 (-—2 sin? %) 2 5
3 ) 5 :
B L sk (-—28111 5 } . g 1 ..
ﬁﬂllimn[ - lim =g Ll =g
~ %m0 (—gaw? %) e N
2
. e¥ —cosx
ITpumep 6. Hajitu }:1_1% e :

[

0
- aBATHCA
M HEONPEJEIeHHOCTD THIIS 5. 1306

; Mee
Pewenue. 30eCb Mbl CHOBA H u
BHIMAHNE TepBbIi 3aMedaTeb

OT HEOTIPEIeIEHHOCTH MOXKHO, npuHAMAas BO

73



HBIH IPENesI U CJISACTBUE 2 U3 BTOPOrO 3aMEYaTeIbHOTO Mpeesias

L'L‘E 32 " s S
im S 2‘30535' . T (€ 1)+ (1 — cosz) o
a—() i z—0 3}2
2 e 2.2 b 20 2
i (e 1) 4+ 2sin 3 e o1 i 1 sin 3 v
z—0 2 = z? 2 €z i
2
sin T ?
e T 2 1 3
= lim & 2 s Simifiesnd
e e z L e

§ 21*. Beluncienue mpenesoB CTEMEHHO-IIOKA3ATE b
HBIX (DYHKITHIA.

PaccmorpuM 3amavy BbIUMCIEHWST mperesia CTelNeHHO-NOKA3aTelIbHOMN
bynkmm y = [u(z)]*@ (u(z) > 0).

B BuIpazkenuu [u(;r:)]"(m) MOXXHO TIEPEHTH K IOCTOAHHOMY OCHOBAHMHIO,
Hanpumep, e. OueBunHo, uro u(z) = e “(*) (BecmoMuuTe ONpenenenue mora-
pudMa) u, ciaenoBaTensHO,

[u(m)} v(a) - Bfu(:r:)-ln u(x) ‘

Eenmn cymecrsyer (xomeunsrit nim Geckoneunstit) lim v(z) - Inu(z), To aus
L —+iL

BbIMHCIeHHsT npenena lim[u(z)]*™ = lim @124 yoxHo npumenuTs
I ==k (1,

Tkl

EPBYIO HJIK BTOPYIO TEOPeMy O Mpefesie CAOXKHOH ByHKIMY.
B cinyuae, korma cymecrsyor koneunsie npemensr lim u(z) = A (A > 0),

lim v(z) = B, umeeM (B crity nepBoil TEOpEMBL O MpEeNe CIOKHOI byuk-

E—+dl

ITHH )

: lim v(x)
meﬁﬁﬂ:AB=OMM@U““ .

B cayqae, xorpa lim u(z) = A # 1 u lim v(z) = +oo (anm limv(z) =

kil

= —00), Beraucaenne npezena lim [u(z)]®) rakxe ne BBI3BIBAET 3ATPYIHE-

=+

HUIA.
3aTpy/IHEHHST MOTYT BO3HHKHYTh B TX CJIy4asiX, KOTAa B MIPOU3BEICHHH
v(z) - Inu(z) npezen onmoro u3 coMHONKHUTENEH P T — @ PABEH HYIIO,
& BTOPOM COMHOXKHUTEJIb ABJsAeTCA OeCKOHeYHO Goubinoit dpyHKuel. Takoe
BO3MO>KHO B TPEX CJIydasx:
a) lim v(z) = 0, lim u(z) = +o0;

r—a =+

74

6) limv(z) =0, lﬂu(ﬁ) =

i = 1im u(z) = 1.
) limo(@) = o0, Imu(@)
v(z) Ipeli-
B srux C/yuasx IPUHATO TOBOPHIL; g0 BBpaxkenue [u(T))] Op it
2, 1% €HHO.
T coBoil HeonpedeseHHOCTb MUNG 50%,07; 1 CGOTBEETB -2
i HeompeIesieHHOCTH THIIA 192, BOS
r — a. B caMOM

craBJisie
Eciam ©¥ MpeAcTaBiaeT cobo

=%

w(z) =1+ a(z),
aTh CJeIyIO-

' » HO TIPecdPas3oB
rme az) — 0npu T — @, U BhIpasKeHUe U’ MOXKHO IPEoLP

M 00pasoM: 1 qva
uU:(l+&)“:\:(1+Q)ﬂ] .
lim [u(a)]*®. B wac-

HHAIO Ipeneyd
Terepb MOXHO NMPHUCTYIUTH K BLIUUCIIE P lim

HOCTHU, €CITA CYIIECTBYET EE}L (v(z) - a(z)), TO

i PRI

}U{I}-{ximj lim (u(:t!]ﬂ(fﬂ})

T—a

e 15
lim [u(z)]°® = lim [1 4o ) *=)

T—

" , sin Em)“m
IMpumep 1. Halitn }Eﬂ (

sin2r _ 2, lim (1 + z) = 1. CremoBaTesIbHO;
x—0

—

Pewenue. 3AeCh i{l}]

lim (sin 29:)”“: _9l—92 [

€ZT

x—0

: z+1\°
ITpumep 2. Hairru lim (2$+1) :

0=t 0
Tt .
- 1i ) = . TToaToMm
e. 3necy lim T+l — tim a{ = 5 ﬂ}Lngﬂ(:r ) = 400 y
PETMBH'U . =+ 00 2$+1 q— D0 2+ E
o X
. $+1) L IO
:,rh_.ﬂc}o(%:+1

. fE=TY"
ITpumep 3. HaiiTu Jﬂ ($+1) v
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Pewenue. Bpecy lim £=1 — B e I
Tina 1. Ocy HLEGH’;‘EI?MEJI P oMECM: HEOHDEHCHEHHGCTS
i yKaga,ﬁHO €PEX0OL K HOBOMY OCHOBAHHIO, CTPEMAIEMYCS K e
‘ i € BbIlIe mpeobpa3oBanue). HT&K nMeeM (3amern
M,

z—1
T TR ¢) =

1 4T0 lim s e
T TR il = 0);

—2r

. fﬂ—]_ e " E:L'_,l_ z+1
lim (227)" = tim { [14+ (=2)]
T—+00 $+1 —"Bm_*m &1 ) 2. [j

§22. Ilpumeps! Boranc/ienus Ipenenos byHKImii

Ipumep 1. Haiita i 92t — 4.3
: im L
z—00 23 — 8z L 5 (HeompenenennocTs THITA —).

Pe
wenue. MoxXHO U36aBUTLCS OT HeOIIpeIeIeHHOCTH

M 3HAMEHATEeIh Ha, 13 y PA3EJTUB YUC/IUTENh
2 1 3
R & ‘ S RE S o 1
hm g: z+3 = lim i T2 3 P!
22 T g
lim E s _1_ E_
B \n g gt 0
15 0540 1o

Pewenue. O
> HEOHPE,LI;eﬂeHHUCTH MOXKHO U30aBUTHCS, Pa3
1 3HAMEHATeJb Ha, T2 » PA3JIC/INB THCIUTEND

4
lim - 3¢” — 4z + 1 : 3\ Sl b
?+w+§+y
lim (3 o E s _:L
- T— 0o T 2 3

Ilpumep 3. Haiitn i ln(‘rz —z+1)
111
T 00 ]]1(3_;- 4z - 1 (HEOHPEAEHEHHOCTL THIIA, "{C;—;I'),

76

Pewerue.

(i3]

In(z® — z + 1)

2
lim = lim
:LEDD 111($m +x + ].) mic-o ka0 J__
.73
1 1
Inz? + In 1-1+-1~ 2n|z|4In |1+ =+—
: oy | i , :;r.: &2
= lim 1 1 = lim 1 ] —
T Inz' +1In (1 + — + m) "7 10|z +In {14+ — —#)
€I M ¥ iT'
In|z| |2+ . - In 1——-+1
! In |z|
=, lim - 7 =
In |z] ,10+1HI$| -ln( +m“)1
limy |2 F . - In 1—1-1——1—
T == OO In lﬁJi €I x2 2 1
L WL RS S i
i b iy e ‘i
P In |z| 29 ' g0
3 2
ITpumep 4. Hafitu lim & im E :r:;— : (HeompeneseHHOCTh TUIIA %)
r—=1 6 R M i
22 +2?+x+1
Pewenue. B umcmTene u 3HaMeHarese Apoou o Phid MHOTO-
4JIeHbI, KOTOPBIE 0BPAIAOTCS B HYJIb IPH & = —1. CrenoBaTelbHO, KayK IbIH

W3 9THX MHOTOYJIEHOB COJIEPIKUT MHOXKHTEND T+ 1. Ipobs npeacrapiiger co-

0
6oii HEOTpeAeIeHHOCTD THIIa o MPH r — —1. OT "HeonpeaenIeHHOCTH MOXKHO

H36aBUTHCH, BHIIEINB B YUCIUTEIC ¥ 3HAMCHATEIIC YKA3aHHBIA MHOKHTEb
¥ 3aTeM COKDATHB Ha HEero Jpobb:

2+’ +z+1 (:1:+1)(:ﬂ2+1)___ 5 mg—l-l:

mlir& 2 —x — 2 za}i}m1 (z+1)(z—2) az—-12—2
_aityle Ty A¥L
N 111131(:1:—2) s S R

¥ ; —1 0
IIpumepvs. Haditu lim = (1HeonpeieIEHHOCTh TUTIA 6).

c—1 /o +3—2

Pewenue. YMHOKUB GUCIUTENb ¥ 3HAMEHATEb Ha BBIPAKEHUE, COTIPSI?KEH-

HOe 3HAMEHATEN0, — CYyMMY V& + 3 + 2, MBI n3baBuMCcsa OT PaJHUKaAJIOB B
spaMeHarene. 11ocje 3TOro Halle BHIPDAXKeHNe NPEICTAHET B BHIAC npobu, B
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YUCUTESE W 3HAMEeHATeJ e KOTOPOH colep:KuTcsd obmuit MHOXKUTeNb & — 1, | 136aBUMCH OT HEOIpeJeNeHHOCTH
crpemsammiica xk Hymo npu ¢ — 1. Ilocme coxparienus Ha £ — 1 Mbl u30a-
2 3 l e :SS ==
BHUMCSI OT HEOIPEIeJIeHHOCTH: 111110@ e
ey, 2
373 22—z Y1 —23 + (V1 —2° ]
lim z® —1 _hm (z® - D)(vVz+3+2) y (e V1 fﬁ)[w i 2+ { _ ) ”
a1 /T + 3 e & OO TR T e 2z Y128+ (Y127
: -1 1) ﬁ/ 3+ 2 , 5, FAT
g i Rl )=11m((3:2+m+1)-(x/55'+3+2))= 2 + (V1—2°) -

x—s1 z—1 — 111‘11 3 3 332
u:-—>+ou;1f: L m_+\/71 m)
=lim(z* +z+1) lim(vz+3+2)=3-4=12. O
=i i ol W-F\,/l*mg

r—1 Rl
[PUNLTA K BBIPaXKEHMUIO, IIC B qnca
e — CyMMa TpeX CJlaraeMbiX: 7

= [},

99

0
Hpum Haitru lim < He e =0))
pumep 6. lim ~— (reonpenenentocTs THIA ) B peayisrate npeoGpasoBaN Mo

guTesie CTOUT eIuHMLA, 4 B 3HaMeEHaTE

Y1 — % /(1 —28)?, xaxpoe ¥s KOTOPbHIX CTPEeMHTCS K +090 Ilpé
Pewenue. Ilomoxum © — 1 =t (cnepoBarensHo, = 1 + t). 3amerum, 4T0 PR A
t — 0 npu = — 1. Ilpusumas Bo BHUManue Gopmyiry 6uHOMa (CM. IPUIIO-
skenue IT), MBI MOKeM TIPEeJICTABUTh YUCAHTEb ¥ 3HAMECHATENb CIELyOIUM i 5. T hm 1 —+/cosz (HEOTPEETEHTOCT, THTIA ﬁ)‘
obpasoM: pumep 8. ——

HTEJb
W 1=+t -1=14+99%+t(6.m.); — 1 =1¢(99 4 (6.M.)1); Pewenue. OT HBOHPB,I{GHEHHOTJTH MOYKHO n30aBUTHCH, YMHOXKUB TUCI
| A 3HaMeHaTesb Ha 1 + 1/CoS Tt

6L _ = (1 —i—t)ﬁl —1=1 +61t-{—t(6,m_)2 s t(ﬁl I (GM)E)a
1 —/cosx _ lim (1 —+/cosz) (1 + \/cosT)

I ilirrl:u 1 — cos 3z ~ 250 (1 —cos3z)( 1+1fcosm)
2 T

ecJId MCIIOJIL30BAThL MeHee (POPMAIbHYIO, HO Bojiee HarJIggHy0 (hOpMY 3alld-

cH, Ipu KOTopoit cuMBoi (6.M.) obo3Hauaer 6eCKOHEYHO MAJIYI0 (KOHKPETHOE T i 280 5
BBIPAKEHUE BEJUYMHDBI, 0003HaueHHOH cUuMBOJIOM (6. M.), TIPU BBIYUCIEHAH = .-};i-% (1= cosaz) (1 + JcosT)  =—0 2gin? (1 + 4/cos m)
MpeJiesia He MMeeT 3HAYEHHUS). g
Taxkum obpasom, _ S _,% 2 2 sin 5
S &€
] £(99 + (6-M.)1) % - 2 =

y - : -M.)1 ; = Jim -

lim = = i = ar 4

r—1 :.!:61 —1 t—0 t(ﬁl = (6M)9) = 1}_1&] 1n 3z K 2 Y Sl %-md

Sl -5~ , s
&, ]1m(99+( 6.M.)1) 2 92" (1 4 feosm) 5 .9 (1 + +/cosz)
= lim 99+ (B3 s _ 9 ] 3 9T
i0 014 G805 = lim(61+ (6. m)2) ~ 61 L} 5 2
P 2
sin E
Ipumep 7. Haiitu luf (m + /1 — :33) (HEOIPeIeJIEHHOCTh THUIA 00 — 00). il_rﬂj ?2_ 1 1 o
& —+ 00 o —
— = : 18
T a2 g 1-9-2
i 1 9. (14 +/cosz)
Pewenue. YMHOXKHUB U Pa3JeJIMB 3TO BBIPAXKEHHE HA HEMOJIHbIA KBaJpAaT Lim 3T
: o

pasHocTH umcen & U /1 —z°, T.e. Ha 2? —z - V1 — 2% + (V1 —28)", mMer |\ 2 4
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) &HT

I N
e o8 (&3 (2 — arctg 93)) MedaTenbHOro npezgena (§ 20):
(meonpemenenHoCTs THIA 00 - 0). ) ( y)ﬂ
. R Cgut2 (2 2 _ ¥ - 14+ 5
Pewenue. IToso 4 lim et WS lim (2+) — lim 4 2/
- KUM — — arcteg o = z—2 T — y—0 Y y-—0 Y
2 & y (y—0 npu  — +00). Torna 1
e — 79 il
iy = 4 lim 4° _ 4lim 2 1-r1—}—y =

&I‘Ctgﬁs — 5 e y y—+0 'y' y—0 4.
H, CIE€I0BATEIIbHO, — 4(ln2-1—-0)=4(n2 — 1) =4In %. O

2 = Cigy = T pumep 12. Haittu lmé(cos z)=’ (Heompe/eleHHOCTH THIIA g

Taxum obpazowm,
Pewenue. IIpAMEHHEM METOJ, BHIYUCICHIA 110A00OHBIX IPEJEsOB, OTIMCAHHDBIII

mEI_Ex (33 : (g o arctgm)) = Tim ey B §21.
( y—0 tgy j
CM. 11 _i .
puMep 2 us §20) ﬁIIl(CDSSU) =2 — lim (1 = 2811’12 _:E) 42
D ‘ z—0 xz—0 o
Ilpumep 10. Haiitu | 2ain? &
] 3 ._,r 1 2 . 2 X —Zﬁnzﬁ- & A
lim (24 1) (14 2)) ‘ = tim 3 [1+ (250”3 -

(eonpenenennocTs THIA 00 - ()

_ 2511‘12%
- - 9 €T _Egi-llng — :g.]i?ﬂ(_ ¥ ) _.l 1
i 1+ (2o )] s bk, O
Ve

Pewenue. U ,,
(§20): CHOJIb3yeM CIIE/ICTREE 1 M3 BTOPOro 3aMevyaTenbHOro mpemens, " :
AHATH3UPYS MPUBEJEHHbIE BbIILE IPUMEPDI, qUTATEIb MOKET IOy IUTh
e ( (z + D)o (1 P 3 ) ) - RO ( i3 ) rpeicTaBJeHYe O TPHEMAX BBIIHCICHIHA [PEIeJIoB, KOTOPHIC IIPUMEHAIOTCH
s ta 2= S ! g qaIre BCETO.
9 Tax, Py OTHICKAHUU NpPeJeNa OTHOIIECHHIA JIBYX MHOTOYJICHOB OTHOCH-
3 v TenbHO T TPX & — OO MOJIESHO NPeJBAPUTENIBHO pa3IeJATh ¥ GUCIIUTeND,
= lim 3+1) K & (1 * 5) i 3HaMeHaTeNnb Ha ", TAe 7 — HaHWBbICINAA cTereHb ITHX MHOIOYJIEHOB
e ® ey 3 =3-1=3. L (cm. mpumep 1). A nAIOrHIHBIE TIPHEM BO MHOTHX CJIy<dasx MOXKHO TPHME-
“ HsTh W Ui Apo0eit, cozepaKaliux MpPPALHOHATLHOCTH, WK, TIPOIIE FOBOPA,
Hpumep 11. Haiiru lim 2T _ 12 ( xopu# (CM., HaTIpIMep, TPUMEp 2). C moxosKeii CUTyaIuel Mbl BCTPETUIIACH B
am ———— (HEONpPeJEIeHHOCTD THIIA 9). npumepe 3. Tam BHIACHAIIOCH, 9TO KaK GHUCIUTENh, TAK U 3HAMEHATe b sABJIA-
{OTCs TIPA & — 00 DECKOHETHO 60TBIIAMHE OJIHOTO IOpAZKa POCTa (cm. § 23),
Pewenue. Tlonoxum z — 2 = y (3amern roro e, 9ro In |z|. B pesysprare HejeHIA Ha In || u Toro, U APyroro, Met
M0 0 e <32, MO H3GABUTHCSA OT UPPAIHOHAIBHOCTH.
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IIpu BBIMHCTIEHNY TpelerTa OTHOUIEHHS ABYX MHOTOYIIEHOB MDH T — a
(rme @ — wuco)

. P(x)
1
o Q(2)
P(x)
B ciydae, koraa Pa) = Q(a) = 0, pekomenayercs cokparnTh 1pobh 0

Ha T — @ OJMH WJIK HECKOJBKO pa3 (cM. mpumep 4).

[Ipu orbickanuu mpejena BbIpasKeHHUH, COTEPIKAIIMX UPPATHOHAIHHO-
CTH, HEPEJKO OKA3BbIBAETCH IIOJE3HBIM IEPEBOJ] HPPALMOHATLHOCTH U3 YHC-
JUTEJIsI B 3HAMEHaTeJb WM, HAobOpOT, M3 3HAMeHaTe/sl B YHCIHTEIb
(cM. mpumeper 5, 7, 8).

ITpy Berumcnenny mpesesoB oT BLIPaXKEHHU, CONEPIKAIINX TPUTOHOMET-
pUieCKHe U 0OpaTHBIE TPHIOHOMETPUYeCKHEe QYHKIUY, YACTO HCIONb3YeTcs
NEPBLIA 3aMevarTeNbHbIE npees u ero ciaencTus. [Ipy HAXOXIEHAR TIpe-
J€JI0B OT BBIDAXKEHHH, CONEPHKAIMX JIOrapudpMUIECKYIO U II0KA3ATEIBHYIO
bYHKIMIO, BO MHOTHX CIydYasX HCIONb3YIOTCS CIENCTBHS BTOPOTO 3aMEda-
TeJILHOTO npejiena (cM. npumeps: 8, 9, 10, 11 u npuMepst u3 § 20).

B npumepe 12 MbI BeTpeTniuch ¢ 3amayuell OTbICKAHMS IIpe/esia CTerneH-
HO-TIOKa3aTeNbHOR PYHKIMN ¥ NPUMEHAIIN TPHEM BBIMHCICHUS HOTOOHBIX
NpeIesoB, OnucanHbIi B § 21.

Bo mMuOrux ciyvastx-1omesHo BBOAUTH HOBYIO [IEPEMEHHYIO (MBI HCIIOIb-
30BaJIM 3TOT NpueM B mpumepax 6 u 11).

B npumepax, paccMOTpEHHbIX BbILIE, MBI HEPEIKO HCIONb30BATH hOp-
MyJibl (ipumepst 3 u 4 u3 §14)

litn 2" = 290, lim Inz = In(zy) (20 > 0).
T—LQ T T
B nanvueitmem (B riase 4) MbI cMokeM 0Ka3aTh, YTO 3THUM CBOHCTBOM

obnamaoT Bce sneMeHTapHble byuKima. B pALe CHy4vaeB OJisd BbIYMCJICHUA
[IpeJeJsIoB HeODXOIUMO 3HAHUE ITOrO (haKTa.

§ 23*. CpaBuenme 6GeckoHeuno  GOJBIIHX T
beckoHedHO ManbIX PYyHKIHMIA.

23.1. CpaBuenue 6eckoHe4HO GONBIINX (DYHKIMIA.

Ecmu f(x) u g(x) — nse Geckonedano Gonbmue npu 2 — a (o — unc-
JIO HJIA CUMBOJ OECKOHEIHOCTH) (DYHKIMH ¥ CyUIECTBYET KOHEIHbIH TPEIet

flz

lim ok C,rne C # 0, To f(z) u g(x) naspiBatoTcs beckonewro 6oAbwWU-
L=+
MU 00HO020 Nopadka pocma UpH T — a. B 9acTHOM cnydae, xkorma C = 1,

82

i U-
(byHKU;HI/I (SE) 151 g(ﬂl‘) Ha3bBIBAKTCA IKEUBAACHTMHBIMU becKoHEYHO boABUL

i ) — BecKoHEe4HO OOJbIIHE OTHOTO nopsAAKa PoCTa IIPH

Bcnu f(z) u g(T ‘
T — @, TO CUMBOJIMYECKH 3TO obo3HauaeTcd TaK:
b
flz) < g(z) (z—a)
THOTIIEHNST SKBUBAJEHTHOCTH NMPUHATA CUMBOJINYECKAA

Jns 0OO3HAYMEHHU O
3aICh

f@)~g(x) (z—0a) 2
e mpu & — oo dysKmuE f(z) = —T% + lm

oHEeYHO 0OOJIbIIINA .
IIpumep 1. beck # opsanoK pocta (HO He 9KBHBAJICHTHBI):

g(z) = 222 4+ 1 uMel0T ONUHAKOBEI
2 41x224+1 (z—00)

JTeificTBUTENBHO, 1
L lim (—1+ ~—)

: x? ¥ —_ — = — =,
:}}.}ng g(z) n':.!_l—vnc}::} 202 +1 3= 94 __EE Tim (2 s 'Eé’)

T IBYX OECKOHEIHO DOMBITHX IIPH

_ MIMeeT MeCTO SKBHUBAJIEHTHOC
Ipumep 2. U u Ny ($)=l:
¢ — 0 dysxmuit f(z) = n g .

1+mwl (m_}o)w
X €Zr

f@) o
mockopKy lim ek ili%(]. +x2)=1
z) — 00 IpHU T — &, g(x) — oo npu

g®) _ o

Bo3MOKEH TaKXKe CIydai, KOria f( .
HE), o s W1, 9TO PaBHOCUJIBHO, iﬂ (z)

— o

M Opy 9TOM lim
. vt g f(z) crpemuTcs K OeCKO-

«
(nomycKas BOIBHOCTb P, MOXHO CKA3ATD, 97O e
HEYHOCTH HIpU T — 0 ObICTpee, 1eM g(z)»). B aTtom cay

HO 00JIb-
a f(z) = 2° —2 Apjserca npu & — 00 OeckoHed
. (z) = z* + 4. [eHcTBUTENBHO,
10# GoJiee BHICOKOTO TOpsAAKa pocTa, 1eM git) =

1+ 4
“ e N WS
Jim ale) lim 3:3-|—4 = Jim —L—%—:(l,
P — 00 f(ﬁ':) x—o0 T -2 T—00 ] 5__3,_
f@) _

8

JIbHO, 11
1, CIe0BaTe B

)



. 1
Ecmn f(x) < T—ar (n > 0) mpu £ — a (@ — 4mcno), ro byuknusa f(z)

Ha3bIBALTCH beckoneno boavwol nopadke n upu ¢ — a. Ecim f(z) < 2"

H n

Ilpumep 4. @yuxuusa f(x) =

1
3 5~ ABJAETCHA OECKOHEYHO D0JIb-
z° 4+ In (1 4+ %-)

IIOM NopAnkKa 2 npu x — 0:

i 1 ( )
TN T z—0
z° + In (1 + ﬂ) %
3
He#icTBUTEIBHO,
il i . : g
iy £ = sy (0 - 1(0)) = iy ——F v =
2 i'_*UI:I:S—I—IH (1+%—)
g 1

T x—0 2

In (1 + —3—-> In [ 55
x + ' T4 : i
z* ﬁ g

; 3

» 1 1
5 — — T mm— T 3

In (1 + %) L

Iim | = + ¥ < ;

=) ":EE 3
3

23.2. CpaBHeHme DecKOHeYHO MaJbIX (DYHKIIHI.

Bremme (B 1. 23.1) MbI paccMaTpUBaJIM BOIIPOC O CPABHEHHH GECKOHEYHO
bonpmux. AHAJIOrHYHBIM 00PA30M MOIKHO CDABHUBATH 1 HECKOHEYHO MAJIBIE
Ilycre a(z) u f(xz) — nBe GeCKOHEYHO MAajble NP T — a (l)yHKIlHﬁ;
(@ — wucmo mim cuMBOJI GECKOHEYHOCTH). EC/M CyMECTBYeT KOHEUHBIH

OTJIMYHBIN OT HYJIA NPeaes] OTHOIICHH S _a_(_m_)__

Bz)’

iﬂ%%:a e C #0,

10 () 1 B(2) HA3BIBAIOTCS HECKOHEUHO MANBIMU 00HOZ0 TLOPAIKE MAAOCTI
npu z — a (cuMBosmIecKoe obosnadenue: 3(z) < a(z) npu  — a). B uacr-
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som cityuae, korpa C = 1, QyHKIHN oz) u f(z) BHa3BIBAIOTCH IKGUEAAEHTI-
ML BecKoHeuH0 Maavimy (CAMBOITYECKOE 0003HAEHHE: B(z) ~ a(z) npu

T — a).
IMpumep 5. BeCcKOHEYIHO MAJIbIe IPU T — 0 dpyukmun a(z) =+1+z—1mn
B(z) = T — OHOrO NOPAJKA MaJIOCTH (mpu 9TOM OHU HE SKBUBAJEHTHBI):

vVi+zr—1xz (z — 0),

TaK KaKk
o VIFB=1_ (Vite-1) (VItz+l) . (Vitz) =1 _
z—0 & z—0 :z:(-\f1+:1:+l) __m—+ﬂfc(x/1+:r+1)

—_—

; 1 1
8 o '] -
mﬂm(w/1+m+1) sno/itzs+1  lm(vI+z+1)

T—1

B ] =

ITpumep 6. 1lpu x — 0 crpaBeJIuBbl SKBUBAJIEHTHOCTH (cM. mpuMepbL U3
IpeIbLIY X naparpadoB):

2z~ sinz ~ tgx ~ arcsinz ~ arctgz ~ In(1 +x) ~e” — 1L

ITycrs az) u B(z) — mBe GeCKOHETHO MAJbe IpH & — 4 byHKIUA.
Oynknus [(T) HA3bIBAETCA GeckoHewHo Maaol boaee 8blcoK020 nopaAdKa Ma-
aocmu, YeM (), eciiu CyImecTByeT 6eCKOHEYHO MaJjad npu T — @ (QYHK-

st (z) Takas, uro f(z) = a(z) - v(z), Te.
B(z) = afz) - (6-m.),

eCITH MCTIONB30BATH MeHee (OPMabHYIO 3auCh (CM. TIPAMED 6 u3 §22).

Bamenanue 1. Tycrs a(z) m B(x) — nBe OECKOHEUHO MAJIbIE byHKIMHE IPH
r — a, TOe @ — YACIO WM OJUH M3 CHMBOJOB 6eCKOHEYHOCTH, IpHIEM

a(z) # 0 B HEKOTOPOil OKPECTHOCTH & (IPOKOJIOTOM, eCnu a — qucso). Oqe-
punHO, 4T0 [(Z) ABIACTCA DECKOHETHO Masoii 60jiee BBICOKOT'O IOPALKA,

. £
gem (), B TOM ¥ TOJILKO B TOM CJIy4ae, ecili lim A 0.
T—a {I(.T)

IMpumep 7. Beckone4dHno MaJiast Mpu T — 0 byukims 1 —cos T ABNACTC dec-
KOHEYHO MaJIoi 60JIee BHICOKOIO MopaaAKa MaJIOCTH, 9EM L. Je#icTBUTEIHHO,

2
oD, o 2si112—”'(2E % sin-mz—
lim —lim——2=lm |z | — =0-1=0.
z—0 I x—0 Z ax—0 2 -i :

Ecm a(z) < (x—a)* (n > 0) mpu z — a (¢ — ducimo), To a(z)
HA3LIBACTCS BECKOHEUHO MAAOT NOPAJKE N IPH T — a-
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[Tpumep 8. ®yuknus 1 — cos T ABIAETCsST OECKOHETHO MaJIOH HOPAKA 2 pU Pewenue. Tak kak e* = 1+ + z - (6.M.) (cm. mpumep 10), To

r — 0, Tax Kak (cM. nmpumep 4 u3 § 20
( PHMED §20) e*+x=14+2zx+z (6.M.) =14 2(2+6.M.).
.. 1—COSTE 1
}E}; SR g CrnenoBarenbHO,
1
Bamewarue 2. Ecim f(x) siBnsercsa OeCKOHEYHO MaJIOH MOPAAKa 7. IIPH 1111;1](@ +z)z =lim[l+z- (24 6.Mm. )]E};‘ —
r— ax—0
DJ;E Z) = = C # 0, To pyuxuuio f(x) MOXKHO IPEICTABUTH B | A-Bin.
BUE o :Iin%{[1+m (2+6.M.)]7 2+6m)} —
f(x)=Cz™ + 2"+ (6:M.). .
{ 3}@0(24—6.%}
lim[l 4 z(2 + 6. m.)] =2+ M)} = e2,
| Joxasameavemso. Ta ) fi_f) = (70 "%(fl = C + (6.m.) (cMm. 3a- e )
Meuganue u3 § 16). YMHOXKAA 00€ YaCTH PABEHCTBA HA X", IOJIYIHM ]
|
| fl@) = Ca” + a" - (BM.) s B
3aaadu.

B sTom cinydae craraemoe Cz" HA3bIBACTCA 2A068HOU “aCTNDIO PyHKINA

f(z) nmpu z — 0. Hapitn npenesr:

. 11— 1 .
ITpumep 9. 110CKOIBKY ilil{l] ;}” = (mpumep 4 u3 §20), T0 1. lite z? 4 3z + 4 2. lim 3 + 3z — 2
z—0 T+ 2 3 -m_.(} 4$2+1
o B =l i B —id
l—cosz = lzcg—f-mz-(ﬁ.m.). 8. im —5— 4. lim —
| 2 w—1 T > 1 r—1 p° — 1
| 5. T, VB TN X Va? ¥ 1+ Va7 F 2
| CaenoBaTesIbHO, mT—m z+3 ‘ ) zﬁ+oo z+4
2 7. lim (/1422 —2x). . \/ 2
| cos:rzl—%—l—mz-(ﬁ.m.). I—j+m( - :{:) . xllrmm( k. +$)
9.mETm(\/$2+3w+1—\/$2*8m+4). lim (M——\/x—r)
ITpumep 10. V3 s3KBUBaJIEHTHOCTEH : LB
Mg 11. lim 2222 12.ﬁn1?“;”$.
' In(1+2) ~e* —1 (x —0) "0 08T — cosa | e e sina
x ~ sinx ~ ~ e’ — . = : —
13. 1 :
i T—a | L& };IE.}; rT—a
crenyer: 15. lim Z ”:;;n“‘. 16. lim = ?"
: = ; : x— x— sin bx
il 17, fim B 18, lig 1 =¥ 990
In(1+ T)=z+zT" (6.Mm.); __x—0 1sm 3x .- ¥ m_l;ré 2 -
e =1+z+z-(6.Mm.). 19. lim fﬂ:@. 20. lim ‘/1mcc’5$2_
z—0 In cos4x z—0 1 —cosz
Brinenenue rIaBHOM YaCTU MOXKET YIPOCTHTE BBIKJIAAKY IPHU BBITUCIIE- | 21. :}:IE}? amsmlzl(f 4_ 2) . 29 1111% arctg(x ; 3)‘
HUH TPE/IEIOB (3anmch MOXKeT CTaTh. KOPOYe 1 npuobpecTtu Gosee 0003pH- T s, e L 2
MBI, HHOTIA 60JIee BIPA3UTEIbHbIH, BHUI). | . . B « il oSt
1 : ;
Hpumep 11. Hafitu iﬂ(em+$)m_ 25 ilf}l ctgimj}ga- 26. lin}} \/1+s1nm;\/1—smm.
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@27.

29.

31.

33.

35.
37.

39.

41.

43.

45.
47.

49.
ol.
53.
25.

o7.
09.

61.

63.

65.

2
lim ,m :
z—0 /1 + zsinx — \/cosx
% m
lim ctg 2z - ctg (-2- — :1:)

a—0

L
COS -

lim 2 _
z—1 1 —-\/E

.
1 — sin =
2

lim
=T T —
T ki
x—0 ]ﬂ(l -+ :1’:) ;
logez —1
x—5
(%_ 1) (E.".Eml - 1)
cos(zx —1)—1
. 22 -8
Iim — ,
z—3 Sin 7T
. 3rx%—4
lim —; _
o—0oo0 T —
. 20 + 5
lim — y
z—oo ° + T+ 1
: 2241
Iim :
r—+4oo0 & 1
lim z? +1
lin‘é(l + tgx) 2.

! (a: — 1)I
lim ,
lim (3374— 1)33’“

. sin 2¢\ ' %
lim _
g —t ) T

o
111'%(1 - t.g ,1:) sin @

lim

L—D

lim

r—1

B

lim (cos z)°*&" =.

x—0
3z
lim In(2 + Eh) :
rT— —00 lﬂ(g "I' A ) ;s

Incosz4+e 2 —1
r-tg(sinz)

lim
z—0
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28.
30.

32.

34.

36.
38.

40.

42. i

44,

46.

48.

50.

52.
o4.

56.

98.
60.
62.

64.

66.

Jcosx — 1
sin” 3z

; 1l —2sinx

lim —

m_,% T — 6x

lim

r—0

. 14+ xsinz — cos2z
lim —
z—0 sin” x

lim (3: - g) - tg .
z—
. Inmxz—1
lim |
z—e L —E
lim 2imd
a—0 6m _(7:1:' )
: lg(1+tgx
ilfcln log4(1 +sin3z)
sin bz - (/1 + 322 — 1)
z - Incos 3z )
e
lim | ——
z——o0o0 I° + 2
; (z + 1)1? . ($2 -+ 3;1:]5
it — - -,
%o @ F )Tz +4)
T oo e e 1,

1111

a—0

aﬁl—l*ngo (14 z)1%
. sin(z + 2)

a*ll—rnc;lﬂ Bt 21 E

liné(l + g)sinz,

:13“2 1—4r
Iim( ) ;
T—r 00 :[:—I—S .
lim (1”“’)”_4
z—+o0 \2 + 3T 1'
I (1 sinm)m'
e

lim(cosz)=.

x— |
lim (1 +a +sing)ee.
o —t

In(2 4 €°%)
Em) F

B[

lim
z—+oo In(3 4 e

lim
xc—0

tgx

eSine 111(1 ‘]‘-‘E) = 1' S

OTBeThI.
5
1.2.2.-2. 5. % 4% 5.3 6.1 7.0 80 9.3 10.1 11. 3,
- 2 1 4 2 451 19. 2
12. ™. 13. —sina. 14.cosa. 15.2. 16.—%. 17. 3. 18. 7. T
. 1
L : d 1 5 26.1. 27.=.
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e
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I 1aBa 4.

HenpeprniBable pyukimn.

§24. HenpepsiBHOCTL (DYyHKIIHMN.
24.1. HenpepsiBHOCTh DPYHKIHH B TOYKE.

C nonaTuem npenena bYHKIHMUE TECHO CBA33HO APYIOE BAXKHOE TIOHATHE
MaTeMaTH4YeCKOI0 aHajIn3a — IOHATHE HeNPEPBIBHOCTH (DYHKIINH.

Omnpenenenne 1. Oynxuus f(x), onpenenennas B HEKOTOPOi OKPECTHOCTH
TOYKH @, HA3BIBALTCA HENPEPbIGHOU B 3TOH TOYKe (MJIM, 9TO TO 3Ke, IIpH
T = a), eclIn

lim £(z) = f(a).

llomyepkuem, yro eciu dynkuus f(z) mempepblBHa B TOYKE @, TO CO-
[JIACHO TAHHOMY OIIPEIEJIEHHIO OHA ONPENEseHa B HEKOTOPOH OKPEeCTHOCTH
9TOH TOUKH (OOLIMHOM, & HE IPOKOJIOTOI, KaK 310 OBLIO B CIIyYae Ompeieie-
Hug npesena gynkuun). Ilpu stom f(a) cymecrsyer u pasuocts f(z)— f(a)
npu & = a obpamaercsa B Hynb. [losromy nam Gespazmuano, 6yger au z B
CBOEM CTPEMJIEHUH K @ NPUHUMATh, B YACTHOCTH, 3HAUYEHHE A, WU HET.

Ha aspike «& — §» ompenenenue 1 3ByynT Tax:

@ynkuus f(z), onpegenedHas B HEKOTOPOH OKPECTHOCTH TOYKH a4, HA3HIBACTCS Herpe-
PBIBHOH IIpU & = a, eCiHu Ay Jiroboro € > 0 (xak 6b1 Majgo oHO HM 6GBLIO) CcymiecTByer
0 = &(e) > 0 Takoe, YTO JJisi BCeX T U3 §-OKPECTHOCTH TOYKH G UMEET MEeCTO HEPAaBEHCTBO

|f(z) — f(a)] <e.

Tepmun «HenpepBIBHOCTH» CBSA34H ¢ MHTYHTHUBHBIM [PEICTABJICHUEM O
HEIPEPLIBHOCTU (HEPa3PLIBHOCTH) KpuBOH. ECau KpHBYIO, ABISIOMYIOCH
rpacdukoMm ¢yskiuu f(z), npencraBurs cebe B BUJEC TOHKOH HHTH, TO B
CiIy4ae, Koria f(r) HenmpepbIBHA NP T = a, 9T& HATh B COOTBETCTBYIONICH
TOYKE HE UMEET Pa3phIBa.
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[Ipumep 1. ®ynknua f(z) = x° HeupepriBHA B KaxkI0# ToUke a. B camom
pesie, lim f(z) = limz? = @?, ¥ 9TOT IpemeN COBNAJAET CO 3HAYCHHEM
r—*

r—+il

f(a) = a* (ycmoBue EE}; f(z) = f(a) Bbmonusercs).

lpumep 2. ®Oyuxmas f(z) = sgnz (cm. mpumep 1 u3 §13) He ABACTCA
nenpepsisaol npu z = 0, Tak Kax lim sgn x He CylecTByer ( im sgnzx =

x—0 x—0—=0

= —1; lim sgnz = 1) m, cjleI0BaTENBHO, yCIIOBHE im:; f(x) = f(0) me
040 =g
BIIOIHEHO.

[Ipumep 3. @ynxmus f(z) = (sgnz)? He aBigercsa HenpepbIBHOH npu z = 0.
B arom cirydae cymiecTByeT lingL}(s,gnm)2 = 1 (npumep 2 u3 §14), HO 3TOT
upeaen He copnagaer co 3nadenuem f(0) = 0.

sinx

Ipumep 4. @yuxuusa f(x) = (ee rpacduk uzobparkeH Ha puc. 33) He

sinJisierest Henpepsisroil pu ¢ = 0, Tak kak f(0) He cymecTByeT (DyHKIHA

Elm) = ST ve onpenenena mpu z = 0).

H
Ya
/*\ e i :
ﬂw_w 0 T~—___ _— o =5
Puc. 33

[lpumep 5. @yHKIMA

sin &
npu x # 0,

) = &
He) 1, npu z =10

nenpepsisaa npu = = 0. Ona onpenesnena npu 2 = 0 (B omyiMyHe OT (byHKIHK

Hinm).,. ee 3aadenue f(0) = 1 paBHO nmpezeiy Iin%] Flas)=1.
& iy

24.2. Jpyroe ompelejieHHe HENPEPLIBHOCTH.

Yenopue menpepsisHocTH lim f(z) = f(a) paBHOCHIBHO yCIOBHIO

L=t

lim (f(z) - f(a)) = 0.
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O603HaYUM Pa3HOCTh T — G CUMBOJIOM AT:
Arx=z—a

1 HA30BEM €€ npupaujenuem apeymernma. Torma
T = a+ Aw.

Pasuocts f(z) — f(a) o6o3HaunM cUMBOJIOM AY:
Ay = f(z) = f(a) = f(a+ Az) — f(a)

U HA30BEM npupaujervesm GynKyuy B TOUKE T = @, COOTBETCTBYIOIIMM JIaH-
HOMY IPHPAIIEHUIO aprymenTa Az.
Yenosue menpepsisrocta lim ( f(z) — f(a)) = 0 mocsie 3ameHsI epeMeH-
=

HOH T = a -+ Az IpuMer BUJ

lim Ay = 0.

ANxr—0

Taxum 06pa3oM, MoJydaeM PaBHOCUIBLHOE ONmpeeleHuio 1
Omnpegenenue 2 (Apyroe ompegejieHue HenpepsiBHOCTH ). PyHKIINA
f(z), onpenenennas B HEKOTOPOH OKPECTHOCTH TOYKH G, HA3bIBACTCA HEIpe-

PBIBHOU IIPH T = @, €CJIU
lim Ay = 0.

Da—0

[Ipu uccnepoBanun GYHKIUYU HA HEIPEPBIBHOCTH MOXKHO MOJIB30BATLCA
KaK II€PBBIM, TAK ¥ BTOPLIM OIIpeesieHieM HenpepbiBHOCTH. B npumepax 1-
5 HaM OBIIO YHOOHO KCIONB30BATH onpejenenue 1. B creayromem npumepe
bosiee ynoOHBIM OKA3BIBAETCSA OlpeAesIeHue 2.

Ipumep 6. Hokasars, uro dyHKims Y = Sinz HempephIBHA NPH JHOO0M
=,

Pewenue. Bocnonp3yemcs onpenesnenneM 2. s mx060# TOYKH a M JTH000-
ro Az uMeeM

Ay = sin(a + Az) —sina = 25in‘&—;— - COS (a.—l— %:E) .

. X
Tak xax sin — ABJIACTCH Heckoneyno maJgoi gyukimeit npu Az — 0, a

: Az
sin (| a + =~ ) — orpamutienHas dbyukua aprymenra Az, TO

&y=28iné§-cos(a+%n~),
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e —

Gyiyun rpousBeneHHeM OECKOHEYHO MaJiOf Ha OTPAHUYEHHYIO, ABJIACTCH
Heckoneuno mastoit dynkmueit npu Az — 0. UTak,

e e

1, CJEJOBATENbHO, MYHKINSA § = SIN & HENPepPLIBHA, MPH aoboM x = a. U

MoKHO IOKa3aTh, YTO HE TOJBKO Sin ¥, HO M KaKJas U3 INPOCTEHIIHX
SJIeMEeHTApHEBIX PYHKIME (K HUM OTHOCATCA X%, a”, log , , TPUrOHOMETPH-
qecKHMe 1 OBpaTHLIE TPUrOHOMETpUYecKHe (MYHKIMM) HEPEPLIBHA B hjiielele)!
TOMKE CBOel 00JracTu OIpeneICHUs.

§ 25. Touku paspsiBa dysxnuu. Kiaaccndukanusa To-
Y€K pa3pbiBa.

Eean dynxnus f(z) onpeneneHa B HEKOTOPOH OKPECTHOCTH TOYKH a
(IIPOKOTOTO! WM HENMPOKOJIOTOH) W B TOUKE @ HENPEPLIBHOCTb HE MMEeT

MOCTA, TO TOUKA @ HA3BIBATCA moukol paspuea dynxuuu f(z).
HenpepsisaocTh byuKipE f(r) B TOYKE a MOXeT He HMETbh MECTa B
coeyIomumx cuydaax (secnomuuTe onpexenenue 1 us §24):

a) dynkuus f(r) He onpeneneHa npu r = a;

6) dyukims f(x) ompeneneHa B TOUKe a, HO He CyjecTsyer lim f (z);

B) dbysknus f(z) onpereneHa B TOYKe @ W Cyujecrsyer lim f(z), BHO
I—+

lim f(z) # f(a)

oL =+

Touku pa3pbiBa NOAPA3IeISIOTCs Ha 2 Kracca:

1) mowxku paspviea 1-z0 poda, B KOTOPBIX CYIHECTBYIOT KOHEYHBIE OIHO-
cropoHHue npejgenst lim  f(z) u limﬂ f(z) (oHM MOTYT OTIMYATHLCA
c—a—0 T —a-+

IPYT OT IPyTa Wid ObITh PABHBIMH — Pa3PbIB MOXKET HMETb MECTO U
B TOM, X B JPYTOM CJlly4dae);
2) mouku paspuiea 2-20 poda — BCE OCTAJIHHBIE (7151 KOTOPBIX XOTHA ObI
OIMH U3 OomHOCTOpPOHHUX mpexenos lim f(z), lim f (z) me cyme-
r—a—10 z—ra+0
CTBYET).

Touku paspbiBa 1-ro popa, A KOTOPBIX 00a OLHOCTOPOHHHUX IIPEIEJa
lim f(x), limD f(x) HE TOJIBKO CYILIECTBYIOT, HO, K TOMY K€, DABHbI:
0 r—a-}t

= —

limnf(:t:) = lim: flz),

I b (], — r—ra--0
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dae cymecrsyer lim f (), HO Hempeps paspuisa. OueBunno, yro 5 3TOM CiIy-
) - -PBIBHOCTE He ymMmeer M

ecta jubo IOTOMY

b

tIrIIO Xr—ra
J(z) ne onpenesnens HPH = a, mubo noromy, uro lim f(z) # f(a)

Hz) = sgnz
(cM. pumep 1 u3 §13).
Pewenue, 3necs mpr UMeeM
I (1 ;
LI sgnr = —1, lim sgnz =1,

Pewenue, '
3aecs mngzﬂ(sgn z)* = lim (sgn z)*=1(c
Caenosarenno, ¢ itn #(z) b,
» CyIecTByer lim f(z) = lim(sgnz)? = 1, @
PaBeH 3Havenuio f(0) = (. o = St oot £ 7

Toy S
Ka = = 0 aBasiercst Toykoi YCTPAHUMOTO paspeisg,
Ipumep 3. O )
Ipefenurs xapakrep
TOYKH pa3prIBa x = () b
— YHKIIHn
1
f(z) = 2%
Pewenye, 3 ' - :
. 31ec = ' @
. J1E€ChH m_li%lzﬂ.?m =0, TE?}FU 22 = 400 (cMm. IPUMEDBI 2, 3 13 §19)
K& iy s , | .
a = = 0 gBastercst Touko beckoneunorg Pa3prIBg,
L]
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: [ . . . 1
Powenue. He cymecrsyer nmpaseiid npesen lim  f(z) = limsin - (HH KO-

x—040 040
HetLl, Hn OeCKOHEYHBIH ), TIOCKOJIBKY B JII00OW CKOJIb YTOJHO MaJIOi mpa-
nofl noayokpecraocTy Touku £ = () cogepkurcss 0eCKOHEYHO MHOI'O TOYEK,
2
i ROTopLix f(z) =1 (Touku = = e n — 49erHoe) u f(z) = —1
2
(PouKn x = , TIe n — HeyeTHoe). Paccy»k1aa aHAJIOrMYHO, MOXKHO
m(2n + 1) -
HOKASATE, UTO HE CYIIECTBYET JIEBBIH Mpeel Iilc‘:.lrlD Flapi= li:[r]n DSin - (Hn
r—+0— z—0—

KOMOUHBINA, HE OeCKOHEYHBbIH ).
Cuenosarenbuo, £ = 0 gBaseTcss TOYKOH pa3pbiBa, 2-r0 POJA. L]

§26. CpoiicTBa HENpPEPHIBHLIX (DYHKITHIA.
26.1. OcHoBHBIE TEOpeMbI 0 HEIPEPHIBHBIX (DYyHKIIAAX.,

HenocpencTBEHHBIM CJIEICTBUEM OIIPE/IENIEHUs HEIIPEPBIBHOCTH (OIIpe ie-
nonne 1 u3 §24) u reopem 3, 4 u3 § 16 apnsercs

Teopema 1. Fcau gynruyuu f(xr) u g(z) Henpepwens. 8 mouxe a, mo ux

cymma f(xz) + g(x), npoussedenue f(x) - g(x) u wacmmoe % (npu donoa-
numeavrom ycaosuu g(a) # 0) maxoice nenpepwuiens, 68 movke a.

Cunencrseue 1. Ecau dpynxuus f(x) nenpepuiera npu x = a, mo Gynxyus
¢f(z) (¢ = const.) maxoice nenpepviena npu T = a.

Cunencreue 2. Cymma KOHEWHO020 “UCAG HENPEPLIBHLIL PYHKUUT ecmb
Pynryus Henpepsieras.

Cuencreue 3. Ilpoussedenue KOHEUHO020 “UCAQL HENPEPLIBHLLE PYHKUUY
Gemy PYHKUUL HENPEPDLBHAA.

13 Teopembr 1 u ee ciencTBuil HENOCPEIACTBEHHO BBHITEKAET, YTO MHOTO-
"JIeH
2
P(z)=as+ a1z +axz" +... + a,z"
~ HenpepniBHasg MYHKIMS IMIPH BCEX T U YUTO ApOOHO-panuoOHaJbHAA (DYHK-
st

R(z) = a0 + a1% + a2z® + ... + apz”
bg+b1$+bgm2+...—l—bm:ﬂm

HENPEpPbIBHA BCIOJNY, 38 HCKIIQYEHHEM TeX 3HAYCHUH T, rje 3HAMEHATeDb
oOpaiaercs B Hy/b.
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U3 onpenenenus HEIPEepEIBHOCTH (onpenesenue 1 u3 §24) B cuny Teo-

Teopema 2 (Teopema o HCIPEPRIBHOCTH CJIOKHOL bysxumm),
Ilyems dynryus Yy = f(z) nenpepmena npu x = a, fla) = b y nycms
Pyrsyua F(y) HENPeEPuIeHa npu y = b. Toadg croocran gynryus F(f (z))
HENpepouena npy ¢ = ¢,

26.2. (IJyHKuHH, HenpeprIBHbIe Ha OTpe3Ke, u px
CBOMcCTBA.

Pynkiums f (z) HasbIBAETCYH HeIpeprIBHO Ha POMEKyTKe (OTpeske, up-
TepBaJIe, HOJyunTepBasne), eciau ona HEIIDEPBIBHA B KasKI0H Touyke 3TOro
TpoMeRyTKa. Ocoberno Baskmoe SHAYeHUE IIPU najbHeHmeM H3YYeHUHn Mma-

TEPKHEM, 4TO bynknus f (z), HenpepwIBHAS Ha OTpPe3Ke [a; b], HempepriBHa
PO BCEX TOUKAX OTpesKa, BKIowas ero KOHUBL. Ilpw arom nox HEMpPephIB-

OynKIum, HETIPEPbIBHBIE Ha OTpe3Ke, OB A0T psimom 3aMeYaTebHLIX
CBOUCTB. CnpaBennupn CACIYIOIHNE TPU Teopemp (MBI IpHBOMHM ux Oe3
AOKa3aTe/IbCTBA).

Teopema 3. Beaxas Pynryua, HENPEPBIEGHAA Ha ompeske [@; b], ozpanumeng
HA HeM.

3
S
¢...,h
—_—
&
S
I
2
=
8
%]

j —
I
=
8
L
I
S
N
P
=
A
I
=
8
=t
3
2
@
g
3
8

T € [a;b]).

Samevanue. B obenx Teopemax (3 u 4) Becbuma CYHMIECTBEHHBIM O6CTOSTEE-

CTBOM ABJISIETCST TO, YO Gynkima f (z) 3amana Ha OTpeske. ITu Teopemy

. 1
Ha, HEM, HO OHa He OFp&HHqEH&, TaK Kak Ilm — = 4.
T—04-0 T

lpuBenem eme OfuH npumep. Oynkiys Y =, 3allaHHas Ha WHTEpBAJe
(0;1), HenpepbiBHa, Ha, HEM. Y MHOXecTBg, ee SHAIEHUN CyImecTByer Toumas
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Hivknsst rpasnna 0 u ToyHas BepxHssg rpanuna 1. Ommako, :fejﬂggﬂoﬂ
touKe narepeana (0;1) byskuus ¥ = x He IPUHAMAET 3TUX 3H .
Teopeva 5 (0 TpoMeKyTOUHBIX BH&‘IBHHHXI)LJﬂycme fn (;:e)m-;- ?iiiziuj;
nenpepvenas na ompesxe [a;bl, u nyemv m u — co

aAKAIO-
Haumenvuee © Houboavutee snavenud. Tozda das 6caK020 YUCAQ Cb', 3 °
\ennozo meoicdy m u M (m < C < M), natidemesa mowsa & € [a; b] maxaa,

Bmari(c) = C.

I 7 1 U HenpepueHoTti
lnencrBue. Muoostcecmeo anavenudi PynryuY, 3adanroti pep

Ha ompeske, npedcmasasem coboli maxstce ompesox.

SaIadm.

s
B 3amagax 1-5 noxasarb mernpepsiBEOCTS byHKIMHA npu J1000M

1-1 yzma'
Y = cos .
31 y: |$[‘
4. y=CC}S$3.

l+z mpu z <0,
D, Yy = l—z mopu z>0.

B sanagax 6—10 ¢yukums f(z) me onpenenena mpu x = 0. ﬂogzﬁlea-
JenTe dyuknuio, 3anas f(0) Tak, urobbl momyumBIIascs GyHKIUs
nenpepeiBHa npu x = 0.

() = (Lo (n — HaTypanbHOE).

() = 1_;.:}5:5‘
n z)—In(l -2z
8. f(z) = 20 ):gl —

1
B f(z) = 2* - sin —.

MW (z) = 2 ctgz. | :
B 3amagax 11-17 naitTu T09Ku pa3peiBa QYHKIINH, OLIPEIENUTD THUII pa3

pbiBa:
z—1
L) = z+3
Tz —1
12. f(z) =2 + o

1
18 (@)= el

o7



14. f(z) = sin g..

15. f(.i,“) — &rctg 1

22—z
16. f(z) = 35-1.
17. f@) =1n| 223
z + 3
OrBerhI,

6. L
n.7.2.8.2.9.0. 10. 1,

11. z = —3, PaspeIB 2-ro

;::3' = 1: p&prIB 2-1“0 poaa
T =3, x=3; Pa3pbIBhI

e b pol;c;;‘;a (beckoneunpri PasphIs).
13. z = 0, paspeis 1-ro pona (yer
14. z = 0, Pa3peIB 2-ro poja.,
15. z =2 Pa3pbIB 1-ro posa.
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PAHUMBIA pa3phIB).

(6eckoneumpris Pas3phIB).
IO posa (6eckoreyHpe Pa3pbIBEI).

IIpunnoxenne 1.

HexkoTophlie jjormyeckue
CYMMBOJIBL.

B MareMaTHYeCKHX MpeIIOKeHussX (OmpeneeHnax, (GOPMYIUPOBKaX

1PeOPEM M JIp.) YaCTO HOBTOPAIOTCA OTIENbHBIE CIOBA U IENbIe BhIPAXKEHU.

| YACTO BCTPEYAIONTHECS CJIOBA, U BHIPAXKEHHs MOYKHO IIPH 3aIMCH MaTe-
MOPHYECKAX PACCy KIeHuit 3aMeHsaTh jorudeckumu cumponamu. llpumene-

HUe cuMBOJIOB 0OJIer4aeT 3aIUCh JIEKIIUH B KOHCIEKTHPOBAHUE M TTO3BOJIAET

WHIPABHTL MBICTH DoJiee KOPOTKO.

Haubonee ynorpebuTembHbIMUA JOIHIECCKUMUA CUMBOJIAME ABJIAIOTCA CHM-
BOJIBL CYIIECTBOBAHYISE U ODIIIHOCTH, & TaK»Ke CHMBOJIbI UMILIMKAIIUY A TOXK-

JIECTBA.

CMMBOJIBI CYILLECTBOBAHUS WU ODIIIHOCTH.

Cumeon cyuecmeosarus 3, T.e. 3epKajibHOE OTPaXKeHHe JATUHCKOH Oy K-
nut B (or amrmuiickoro cinosa Existence — CYIIIECTBOBAHME ), UCIIOJIb3YETCH
WMOETO CIIOB «CYIIECTBYET», «CYIIECTBYIOT» WM «HAHAETCs», «HAMIYTCA».

Cumeon obuwmocmu V, T.e. mepeBepHyTOe JaTHHCKOoe A (0T aHrIAHACKOrO
enosa Any — mroboil), WCIIOAB3YyeTCs BMECTO CJIOB «JODOHY, «KaxKIbIH»,

LNCHKIIY UIH «IUTS JTI0O0D0», «JIJ1s KaXKJOro».

CuMBOJI MMILIHKATIHAN.

Cumeon umnaukeyuy => o3Hadaer «cienyers. OH BRIpaXKaeT JIoTHYe-
CKYIO CBA3H MEXIy ABYMs BBHICKA3BIBAHHAMH, NEPENABAEMYIO B BUJE CJIO-

BOCHOIO BBIPAYKEHHUS «€CJH ..., TO ...>.
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a

DTOT CUMBOJI YaCTO UCIONb3YIOT B COYETAHNI C CHMBOJIOM ° (mBOEGTOYMRE),
KOTOPBII O3HAYAET «<UMEET MECTO», «BhIIOIHAeTC Ty, Tak, HallpuMep, 3al1Ch

3 lim z, >b = 3N makoii, yro Vn > N: B Bl

— 00

O3Ha4daeT

«Ecmu mocrenosarensrocTs (7,,) umeer npemen u sToT npeaen OoJbIe
qucna b, To cymecrsyer Homep N Takoif, 94TO JIs BCex HOMEpoB n > N
MMEET MECTO HEPABEHCTBO Ty, > by (3T0 opMynupoBKa TeopeMb 3 U3 §5).

CHuMBOJI TOXK DecTBa.

Cumeon moocdecmea <=> 03HAYAET PABHOCHIbLHOCTE YTBEPKICHUI,
CTOALIUX 10 pa3HbIe OT HEro CTOPOHKI. 3amuch A < B, rne A u B — 1sa
YTBEPXKIEHHUS, BhIPaXKaeT JIOTHYECKYIO CBA3b HepeJaBaeMyIo B BUIE CJIOBEC-
HOTO BBIPAZKEHHA <«IJI TOTO, YTO0BI OBIIO cupaBemineo A, HeoOXomuMO u
AOCTATOIHO, ITOOBI OBLIO cIpaBesnBO By mmm «A crpaBeamBo B TOM u
TOJIbKO B TOM CJIy4ae, KOrja CIPaBeIIuBo B».

Hanpumep, 3anuch

3 lim z, <= Ve>0 3IN (N =N(¢)) mrakoii, aTo

L=+ OO

V>N un Vp: |z, —z,./<e¢

O3Ha4vaeT

« st Toro, uTober MOCENOBATEIHLHOCTD T, UMeTA npenes, HeobxXoIuMOo
U TOCTATOYHO, YTOOBI IJisd JIIOOOTO IMOJOMKUTEIHLHOTO YHUCHa £ CYILIECTBOBAJI
roMep N (BBIOOP KOTOPOTO BABHCUT OT £) Takoii, uro mis jwoboro n > N
7151 JII0O0r0 HATYPAJIBHOIO P UMEJIO MECTO HEPABEHCTBO |Trgp — Tn| < &
(310 bOpMYIMPOBKA KPUTEPHS CYNIECTBOBAHMUS PENEIA IOCTET0BATEIHLHO-
CcTH — Teopema 4 u3 §5). 3aMerum, YTO B CHMBOIMYECKOL bopme 3anucu

CKOOKHM BBITIONIHAIOT TY K€ CUHTAKCUYECKYIO (DYHKUIHIO, YTO U B CJIOBECHOI
3aIIVCH.

CuMBOnMYeCKas 3aIMCh NPUMEHAETCS W TOT/A, KOTIA BBOIUTCH HOBOE

IOHATHE U NAETCs ero onpenenenve. B arom cayuae ymorpebsierca cum-
def

604 paGEHCMEa No onpedesenuro <= (3Ha40K def SIBISETCS HAYATIOM Jia-

THHCKOTO coBa definitio — onpenenenue). HampuMep, noruygeckas 3aiuch
Ollpeziesienus npesesia mocaeI0BaTebHOCTH (§ §) BRIVISIUT Tax:

a=limz, €5 Ve>0 3N (N = N(g)) maxoit, uto

TL—+ 20

Vn>N: |z,—a|l<e
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[Ipunoxenne 1l.

MDopmyJia buHOMA (OMHOM
Hpioronal).

MMeeT MecTo ciaeayiomas hopMyia, KOTOpas HOCUT Ha3BaHUE Popmyaa
buroma (CIOBO «OUHOM » O3HAYAET JBYJIEeH):

(1+z)" = 1+n:1:+ﬂ—(n21_ Lot 4 n(n—;)!(ﬂ—mma_'_ @)
f pneo oo oty el o (s Dl

Yecs cumsosiom n! (umraercs: n gaxmopuan) 0OGO3HATEHO NIPOU3BEICHHE
BEEX HATYPAaJbHBIX umcesa or 1 mo n:

il =1 2 L

CnpasenuBocTh (HOpMyJIbl GMHOMa NpH JIOOOM HATYPaJbHOM 7. MOXKHO
JI0KA3aTh, TIPUMEHHUB METOJ, MaTeMATHYECKOH HHIYKIHA (mpengiaraeM 4u-
PIEIIIO TIPOBECTH JIOKA3ATEIHCTBO CAMOCTOATEIIBHO). )

Mgt me 6ymem 311eCh 0OCYKIATh 3aMEYaTebHbIe CBOMCTBA, KOTOPBIMA 00-
nagaoT xoaddummenrs hopmyibr bunoma (Kpaiitne K03 PHUIIHEHTHI paB-
WLl euEALe; KO3MUIMEHThI YWIEHOB, PABHOOTCTOALMX OT KOHIIOB, ONUHA-
KOBLI; CyMMa BCeX K09 dUIMEHTOB paBHa 2™ U 1p.).

(Mopmyna 6uHOMA IPHMEHAETCA BO MHOIHX Da3jesax MaTeMaTHKH.

(nesyer 3ameTuTh, 410 (popMmyna OuHOMA CIpaBeJIMBa HE TOJII:KO JLIIST
byukimn (1+x)", oae n — HATYyPaAIbHOE YUCIIO. e MO2KHO PacpOCTPAHUTE

=

TE &
I urareno HaBepHAKa 3HAKOMBI HMEHa BEJIHKHX MAaTEMaTHKOB HcﬁaﬁaﬁHbmmg:ﬁ
(1643-1727) u Tordpusa Bunsrensma Jlelibunia (1646-1716), Bemuvaiiue Ba;a;y
JICH .
KOTOPLX fBIgeTcs pa3paborka quddepeHIHaIpHON0 i HHTEIPAJIbHOTO HCIHCIE
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Ha pyrknmo (1+2)%, roe g — TPOU3BOMBHOE JieficTBATebHOE YnCio. Pasy-
MEETCH, B CJIy4yae, KOTJA G HE SIBIISeTCs LOEJIBIM HEOTPUUATEIbHBIM YHCIOM
(nEad 0,19 .. .), bynkuus ( 14+x)* ve aBnsercs MuorowrenOM. Ouaxko,
€€ MOXKHO IIPEJICTaBUTH B BUIe OECKOHEYHON CYMMBI, HJIH, POBOPS TOYHEE, B
BUAE pada (cM. npunoxkenne I11):

(1+2z)*=1+az+ _a(am—_l)mg + . F

+a(a—1)--£§a—n+%n+... (2)

Pasencrro (2) cupasemmmso B Clly4ae, Kornma —1 < z < 1.

B mkomsaoM kypee TCPMUH «psAL» HE BCTPEYAETCHA, HO TaM €CTh MO-
HATHE «CyMMBI OECKOHEYHOIO YHCIIa, WJICHOR yObIBaOImIEH TeOMETPHYECKOH
IIPOrPECCUU», U KaXKJbIH MIKOJIBHUK — CTaPIICKJIACCHAK 3HAKOM C (hopMy-

JIOH
1

i___‘}':l+a:+m2+---+$”+-~: (3)

HAE & yAOBJIETBOpseT ycioBumo |z| < 1. ®opmyay (3) moxuo IIONTYYUTh U3

bopmynsr (2), ecau B3sTE @ = —1 1 3aMEHHUTbL T Ha, —1.

@opmyuty (1) wacTo naszsisaioT dbopmysnol 6uroma Hpioroma, (i 2xe GarOMOM Hbio-
ToHa). OHaKo, ona 6613, H3BECTHO 3ax0sro 40 Heiorona. HeoTon ke yKazaJ B 1676 romy
Ha TO, 9TO uMeeT MecTo (opmyna (2) B cayuae, KOTZia a — npobroe maum ke resoe or-
PHIATEJIbHOe YHCIO (XOTH CTpOroe AIOKA3ATENBCTBO 3TOr0 OBIIO Jano aumb A6enen’ s
1826 romy).

L Huave X enpux Abean (1802—1829) — BBIIAIOIMIICH HOPBEKCKMIIT MaTeMaTHK, paboThl
KOTOpPOr0 OKa3ayiu GOJibIIOe BAHSHHE Ha Pa3BUTHE MaTEeMAaTHYeCKOH Hayku u IIDUBEJIH,
B HaCTHOCTH, K CO3/aHHI0 HOBHIX MATEMATHICCKIX AUCIHINIAE: Teopun lanmya u Teopun
anrebpanydeckKmux dyHKIIiE,
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I Ipnnoxenne I11.

Panor.
HaugyaabHabie MOHATHS.

. € (IIPpH-
13 HACTOAIIIEM mocobuu VIIOMHHaHHE O pddax HMeeTCd TOJBKO B OIHOM ESCCEGH(HT]E)H}E
H
nokenue 11). 3mecs MBI OrpaHHYUMCH JIULIb OIIPEAEICHHAMH CAMbBIX HAYaJIb

THOPHH PAOOB.

0
- ai +as+...+an+ ..., (4)

1 1

oM vaerom pada. CyMma MepBBIX 7t YJIEHOB psiaa
Sn=a1+azx+...+an
HAULIBAETCA -0l YacmuyHoOU Ccymmotl paga.

; bIBaeTCA
Ecnu mocnenoBaTenbHOCTh YACTHYHBIX CyMM (Sp) cxomurcs, paAn (4) H;I?DCTH i
ﬂmﬂdﬂmumc.ﬂ [Tpu aToMm uucso S, KOTOPOE ABJISAETCH TMPEIEJiOM TOCIIe0BaTENl

CUHYHBIX CyMM: '
i S = lim S,,

Lo (4) Ha-
HagbiBaercs cymmoti pada. Eciu e nocnefoBaTeNbHOCTh (Sn) pacXoguTed, Paj

% MEeT).
ULIBAGTCH PacTodAULUMCH (pasymeen:cﬂ, PACXOLOAIINKMCA PO CYMMBI HE H )

Ilpumepsr.
1) Psag
1 1 1 _
L5+ oot g+

F €DBBIM
— cxopsmutics. Ero wieHsl COCTaBAAIT F€OMETPUYECKYIO MPOTPECCHIO C I1ep

1
HBIM =. V3 MIKOJBHOTO Kypca
“JIGHOM, DABHBIM eIUHHUIIE, U CO 3HAMEHATENEM, DABHBIM &

H3BECTHO, YTO B 3TOM CJIy4ae

]
o e
Sy = o Sml_.._l_ 2
L 2
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2) Pan
bl Al A
— Pacxonamuiica. B camom mene, B aToM caydae

Sn=1+1+...—]-l:n;
“‘-—-—5,___,.#'
1 CHnaraeMerx

Iim S, = lim n = +oo.
TL— D —00

Kpome uuciioenrx PANOB, MOXKHO PAaCCMAaTPHBATE DSALI BUITA
ul(m)+u2(m}+...+un(m)+..., (5)

‘ICHAMHM KOTOPBIX SABJISIIOTCH HEKOTODBIE bynkuun. Takue pAbr HA3BIBAIOTCS Pyrxyu-
OHAADHBIMU; X 9aCTHYHBIE CYMMBI — (DyHKIHK nepemenHoro x. CopokynuocTs X rTex
SHAYEHHUH T, JIJIT KOTOPBIX byuKnuOoHATEHBIH D (5) cxomurcs, nasnBaercs obaacmvio
cxodumocmuy pana. Bcau z NPHHANTIEXKHUT 061aCTH CXOOAUMOCTH, TO CYILIECTBYeT Mpenes

nzmm Sn(z) = S(z) (z € X).

CymMma psnma S(x) sBnserca dpyuknmel, onpemrenenuol na, MHOXKecTBe X,
IIpumep. ObnacTeio cxomUMOCTH psga

1+:r+m2—i—...+:1:“—|-...
ABJNAETCA nuTepsan (—1,1).

CaMOM feJsie, YIeHb PANA COCTABIISIOT TEOMETPHYIeCKYI0 IPOrPECCHIO, 3HAMEHATED
KOTOpO# paBeH z. V3 mkonbHOro KypCa H3BECTHO, 4YTO

Sp(z) = -li%m; (z # 1).

ITpenen ﬂlﬂlgﬂ Sn(x) cymecTByer B TOM M TONBKO B TOM chy4vae, korpa |z < 1. Cymma

pana S(z) onpenenena na unrepsae (=1;1) (npu [z| > 1 bysuxuus S (z) He onpenenena).
IIpaBas wacTe pasencrna (2), r.e. pax

1+m+a(ugl—l)mg+l..+a(a~l)...(a—n—f—1)

IpUBOZAM ux Ge3 NoKasaTenseTsa):
1) obnacTeio cxonuMocTH OMHOMHMAJILHOrO psna sBISETCS uHTepBaa (—1;1);

2) cymmol GHHOMHAIBLHOrO pada ABasieTcs: DyHKIUs

S)=(1+2)* (-1<az<1)
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