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HPEJUCJIOBIE.

He cxbzya Bmorm’b Bp msnomenim Teopim cpamemiii coummeniaws
Jemangpa: Théorie des nombres w T'ayeca: Disquisitiones arithme-
ticae, 1 cUMTAI0 HeOGXONUMENMD OCBACHUTH NPAUMHE, 3acTABHBINA MeRT
eI bIaTh OTCTYILIEHIA OTH BTHXD IPEBOCXOJHEHXD COUMHEHIE IBYX' BO.H-
kuxp ['eomerpos. [xa sroro a4 Bofixy BB HBEOTOPHA mOZPOOHOCTH
005 9THX'B COUMHEHIAXD I O COBPEMEHHOMB HMB cocrodnim Teopim ym-
ceab.

Eiirepons momomeno Hayaro BeBXD H3HCEamil, cOCTABIAOIEXD
o6mywo uacrs Teopin uucerss. BB 9TUXD H3HCEaHiAXD Hirepy mpejmes-
ersopars Qepuars; OB HEpPBHI Hauarh 3aHmMaTheA H3eIbroBamiews
CBOHCTBD UHMCENh BH OTHONIEHIH HXB CHOCOOHOCTH YIOBIETBODATH He-
OTpe; BICHHEND YPABHEHIAWD TOTO HIM JPYTaro BHJA, H Pe3YIbTATOND
er0 W3HCKaHilt GBLI0 OTEPHTie MHOTEXB 0GIEXDH TeopeMt Teopin ymcexs.
Ho msmeramia sroro 'eomerpa He mwBim HemocpefcTBEHHATO BIIAHIA HA
Pa3BUTie HAYEH: IO MPELIOEEHIA OCTALHCH (€3 IOLA3aTeIbCIBD I (€35
npmiozenii. Bb sToms cocTogmim oTkpHTIA DepMara CIYELIM TOIBEO



BHBHBOMD 1'eoMerpoBh Ha M3Hckamia BH Teopim umcess. Ho me cmorpa
Ha Bech WHTEDech STUXD H3HCKamii, fo Kiirepa HuETo Re BH3HBaxcd. 11
9T0 MOHATHO: 9TH W3HCKaHIA TpeGoBalN He HOBHXB HPHIOKeHiH mpie-
MOBD Yike W3BBCTHEHXD M He HOBHXD DasBHTIil IpieMOBS, Hpe&me ymoT-
DeCIABIMAXCA; STH HBHCKAHIA TPeGOBAIN CO3TAHLA HOBEHXD IpieMOBD,
OTEPHTIA HOBHXD HAUAIH, ONHUMD CIOBOMB, OCHOBAHiA HOBOH HAyLH.
910 exbrano Owro Eifnepons.

Mexny mmormuu m3nckanianm Eitzepa 3p Teopinm wmcers mamborbe
mwban BriAnia Ha yewbxs orToff HAYRW MBHICKAHiA eT0 IO cIbIyOMENE
IBYWH IpeiMeTans: 1) o eTemeHAXD Umcelh BD OTHONEHIH OCTATEOBD,
MOXyYaeMEXD NPH JbieHi HXP Ha IaHHOE WHCIO I 2) 0 HCIaxD, mpey-
CTABIAOIMZLD CYMMY JBYXD UHceXB, H3D KOTOPHXD OJHO €CTh LBaJpalrd,
a Ipyroe MpoE3BejieHie KBafpaTa Ha JaHHOe Umexo. IlepBHA MOJOEEIX
0CHOBaHi® Teopin yrasarexeif, cpaBHeHill IBYUICHHHXD BOOGIE I BB 0CO-
GeHHOCTH TEODIM KBAJPATHUHKX BEYETOBD; BTODEA CELIM HAYAION
TeOPill EBAIPATHYHHXD (OPMD.

OcroBamie Teopim ykasareneil Eineps MOIORIID HeMYapOMD CBOMMD :
Demonstrationes circa rvesidua ex divisione potestatum per nume-
ros primos resultantio, HaNeUATAHHEMD BH 3aUHcKaxDh Hamedr Araje-
iz 33 1773 rogb. Bb sToMD Memyaph oHB packpHIb €BONicTBA yEasa-
Texelt B MePBOOGDASHHXD LopHeH, MOKa3ars Bremiil mperbrs umea phb-
eHiil, JONycKaeMHXD CDABHEHIAME JIBYUICHHEME ¢b IPOCTHMS MOYIeNb,
I IpHAOEEHie Teopim yrasaTexeli Kb TeOpim KBAPaTHUYHHXD BHUETOBH XM
KBAJIpATHYREXD (opwb. [L1a coBepmencrBa Teopim ykasaTeneli ocraBa-
106k HafiTH cmoco0s omperbienia mepBOOGPAsHHXs KOPHEH, He MCUHTH-
Bad PAsIMYHHXD yucexs. Beb crapamia Eiirepa Bb m3bCRamin 5TOTO
ORI THETHH; OB TOBOPHTS: ,Via quidem adhuc non patet, tales
radices primitivas pro quovis divisore primo inveniendi, neque
etiam demonstratio, qua tales radices primitivas semper dari
evict, methodum eas inveniedi declarai“*). Ho mpm Beews yembxh

*) Op. min. col. Toxs I, cTp. 523.
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Teopinm umcexb, MH IO CEXD IOPH HAXOJENG IePBOOGDAsHHE KODHH,
MCTHTHBAA PA3IAUHES UHCIA, I TEOPENEl, M3I0:EEHHHA MHOO BO BTOPOMD
IpROaBIeHin, 6B JI He IEPBHH ONHTH HAXOXUTH IEPBOOOPA3HHE KOPHH
0e3b IMpeBaPUTEIbHEXD HENHTAHIHL.

Maeabrosania Eilzepa o pbimrenaxs umeers Buga a" == b" moio-
ARIIM HAUATO TEOPiM CPaBHeHIHt IBYUIEHHHXB. OTH M3CIBIOBAHIA MEH
HAXOJAMMG BO MHOIHMXD Memyapax® Hifzepa; m3b HEX'D 0C00CHHATO BHINA~
Hid 3acaymuBaers nenyaps: Theoremata circa divisores numerorum.
31behb OHD IOKA3HBAETH, UTO BO3MOZLHOCTH YIOBIETBOPHTH CDABHEHIN
2" —a=0 (m0d. mn -+ 1), upn mn -+ 1 mpoerows ymers, mpeuo-
raraers jbammocrs ¢ — 1 Ha 9TO UMCIO, W JOKA3HBAETH O0GpaTHOe,
mpefmoarad # W % TPOCTHMH MeETY €0000. Sa MCEIOUEHIeMD Jmm-
HATO OTPAHEYGHIA #0 H 7 IPOCTHME MOEIY €000, STH TEOPeMEH CyTh
OCHOBAHIA COBPEMEHHOH Teopim CpaBHEHiH IBYWIEHHHXH B0OGI® H BbH
0¢006HHOCTH TEODIH EBA/PATHIHHXD BHUETOBS. BIpouews, pascMarpusad
y Eilrepa rorasareincrso mocrbimeil TeopemH, Jerko 3aMBTHT pacmpo-
cTpaHeHie ed Ha cIyuaff m I n KakmXb-HEOYAb. Bb Meuyaph: De qui-
busdam eximiis proprietatibus circa divisores potestatum occuren-
tibus OHD 0CO0GHHO JOKAZHBAETH 5T0 AL cIyuad m=—2, ue nbiad m-
KaKuXD OTpaHHueHiif OTHOCHTEIBHO #, N HOLA3HBAETH, UTO NBIAMOCTD
a"—1 Ha 2n—+ 1 ecrp HeoOXOLWMOE K JOCTATOUHOE YEAOBie TOTO,
uro0K ¢ OBLIO KBAJ[DATHUHHNG BHYeTONS ymcra 2u —+ 1. Kpowd Toro
Eitreps, BH JApyTEXD MeMyapaxb, MHOTO BAHHMAJCA KBaIPATHUHEMI
BHYeTaMH, I Bb Observationes circa divisionem quadratorum per
NUMEros pPrimos, DA3CMATPEBAT OCTATKE, HOIyyaeMse mpm jxbienim
EBAJPaToBD Ha IIPOCTHS UHEIA, OHD BHBEID Tak0e BakIOUeHIe:

Frxistente s numero quocunque primo, dividantur tantum quad-
rata imparia 1, 9, 25, 49, elc, per divisorem 4s, notenturque
residua, quae omnia erunt formae 4q + 1, quorum quodvis littera
o indicetur, reliquorum autem numerorum, formae 4q—+ 1, qui
inter residua mon occurunt quilibet littera A indicetur, quo facto
st fuerit
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divisor numerus
. tum est
primus formae
4ns 4+« 8 residuum et — 8 residuum
4ns—uo —+ 8 residuum et — s non-residuun
4ns+UA -+ § non-residuum et — s non-residuum
4ns—A -+ S non-residuun et — s residuum

Bro orepmrie i Haxonuud y Eiizepa »p 1-wp Tomh Opuscula
Analytica, 1772 rora. He prﬁno B HEMD Y3HATh BAKOHD B3AMMHO-
CTH JBYXD UDOCTHXB WHCerb, 00HApozoBammmii Jlemamgpows Bb 1785
rox W MOMOREHHEH WMP BB OCHOBAHIE TeODIH KBaJParTHuUHXD BEH-
4eTOBb.

B reopim EBasparmunsixs Qopwd Kifreps Hauars ¢BOE M3HCEAHIA
¢h CYMMH JBYXD EBajparob, I BDb Memyaph: De numeris, qui sunt
aggregata duorum quadratorum J0Easalb, 410 ABIATENN CYMME IBYXD
KBAJ[PATOBD MPOCTHXH MEETY C0G0H JOMEHH MPeCTABLATH MOTOCHYIO
CcyMMY, T BEBeIb JHHeffHYI0 opuy o1uxb jbamreneil. Tarmud 00pasoms
OHD JIOWeND j(0 3HAMEHHTON Teopemn Depmara 0 PasromEeHIH HPOCTHXD
wmeens Bua 4m —+ 1 ma gBa mBagpara. Logodusms o6pasons Eitreps
HAMeXh KBAJPATHUHHXD M JAOHefiHHXB pbiurereil j1id KBajpara, CJo-
KEHHATO ©B YIBOGHHHMS HIN JTPOGHHEHMDB KBaJPaTOMB, M HPE/IOKAIE
063D J0KA3aTeIbCTBA JMHEHHET OpME JBauTereli MHEOIWXD EBAIDATHU-
HEXD (opis. Tars moxomnrs Eiizeps ocnosanie Teopinm pbaureneil kBaj-
paTHIEEXD Qopnb. I'emialbHEA OTEpHTIA, cibrammbd Jarpanmens Bb
aroft wacTH Teopim umcess, OoTEpHAN myTh Killepy Kb HOBHND H3HCEa-
Hiaws. CubperBiens WXB OHIO HOBOe pPasBHTie TeOPIM KBALPATHUHHXD
(opMb €0 MHOTHME HPEIOEEHIAME €1 Kb H3CIBIOBAmil, UTO JamHOe
YHCI0 MPOCTOe MAM HBTH, M Kawh MOKHO HAHTH MPOCTHA UMCIA UPe3BH-
qaliHo GoIBImid.

Kiizeps e orpaHmuEBALCA BD M3HCKAHIAXD CBOMXB OLHBME KOHeu-
HEMM (OPMyXaMu; OHD NOKA3alb Takike, KAKEMD 006Pasows ymorpeGie-
HieM'b PAJOBD MOKHO JTOHTH 10 PasImyHEXD mpexaomeniit Teopin umcers.



Coja oTHOCATCA H3HCKaHid ero de partitione numerorum Mo CyMMAxb
mbanTeneif pasINUHBIXD UHCOTB.

Nwba »p Bupy passmrie oOmeii yact Teopim umeers, MH He 6y-
MO OCTAHABINBATHCA Ha M3HcRamiaxb Kilrepa B amammsb [liodanta,
Pe3YIABTATOND KOTOPHXD OHuo pbmenie ypapmemiit Bmia ax®—by’=—cz?,
IOKA3aTeJbCTBO HEBO3MOKRHOCTH HBEOTODHXD ypaBHeHilf ¢b AByMA I
TpeMa HemsBBeTHHME W philenie MHOTEXD HeONperBIeHHNXD YpaBHeHii
BeChbNa CIOKHHXD, I Tepefifent LB H3Hekamlint Jlarpanma, EOTOPHND
¢'BIAHEL BeCHMA BAKHE PA3BITIA BB 0CMIXD HAUATAXT Teopim umcers.
Cojga otHOCATCA M3FCRAHiA ero o umexrds phbmenidt, FomycEaeMHXH cpas-
HOHIAME ¢ IPOCTHMB MOJYIeMDb, H H3cxBroBanid eBoiicTB KBagpaTmy-
HEXD (Qopwb. Mu Bmrbmr, uro Eiizepows Hafizers Bremiit nperbis
umera phmeniit IBYTIeHAEXD cpaBHeRifl; Jarpanms Jokasars, 1m0 9T0TH
&e mpebas Oyrers MPH BEAKOND UHCIS WICHOBS. OTHMD OTKPHTIENS
Jarpanmd Iarb BO3MOKHOETH JOKA3arh MHOTLA mpexiomenia Teopim wu-
¢erb, KOTOPHXD JOKA3aTeNbCTBA IPEATLe NPEICTABLAIN HENPeOOJMMEL
sarpy/HeHiA. Wb ume1y TAREXD IPefIOKeHi JOLKHO OTHECTH CYIIECTBO-
Bamie MePBOOGPAZHHIXS KOpPHEH 1A BebXB HPOCTHXD UHCEND; LOKA3a-
TeIbCTBO, NPEIJOKEHHOe Ha HT0 JiIepOMNB, OCHOBHBAETCA Ha CBOicTBS
TBYUIEHHEXD CDABHCHIH, K0TOPOE MOTIO OHTH CTPOTO JOKA3aHO TOABEO
mocxs orepuria Jarpamka. Ho m3s Bebxs Tpyrons Jarpansa sp Teo-
pim umcerd mamGorbe mwbim Biigmia Ha yen'bXp 5TOlf HAYRE €ro M3HC-
KaHiT 0 KBagparmuasx® (opuaxs. OHD Farb o0mif mauata JIi ThXD
m3Hekanif, KoTopEa Osum cxbrans Eirepows pr1 meMAOTEX® mpoerbii-
muxD GOPWS, I HTH Havyaxa, PasBETHA JleHaHIDOND, COCTABUIN HOIHYIO
Teopilo pbamrenedt EBAIPATHIRHXD (POPUE, OLHY H3H CAMEXD TAABHHXD
Bp Teopim umeers I 0cOGEHHO BAKHYO 10 CBONMD NPHIOKEHIAND Kb
ompexbaenin rbanTereit jarHEAr0 YmEIA.

Pagsnrie Teopin kBagparmunnxs Gopus, crbianmoe Jemangpouts,
6H10 crbierBiews OTRPHTIHE 6ro BB TEODIM KBAJDATHUNHXD BHUETOBD.
SakI0uenie, IPUBEJEAR0e HAME BHIIe 135 counnenia Eiirepa: Observa-
tiones circa divisionem quadratorum per numeros primos coxep-
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KATH Ty TeOPOMY, EOTOpad HEES m3BBCTHA TOND MMeHEND 33K0HA B3amM-
HOCTH JBYXh NPOCTHXD UHeeIB M KOTOpofi 06g3ama eBOMND yemwrbxomn
TeOPid EBAJPATHYHHXD BHYeToBb. Bp sammckaxs Ilapumeroit Axagemin
Hayrs 3a 1785 roxs Jemanzpp J0Ka3alb ee Ha OCHOBAHIN NpH3HA-
EOBD BO3MOZKHOCTH ypaBHeHid ax® —- by? = cz?, UMb ®e OTEDPHTHXD, W
M0Ka3arh TPUIOKEHIA o4 K M3cIBI0BAHID epaBHemiH BTOpoil cTemenm m
omperbiaenio rbamrenrelil KBaZpPaTHUIHEXD (POPMbB.

Bb rarows cocroaninm mAXOMIMED PAsIMYHEA YacTd Teopim umeerrs,
rorga Jlemannps Hammears counnenie ¢soe: Fssai sur la Théorie des
nombres, M3TAHAOS MOCTE O MHOTMME NPHOABICHIAME, HO Gesn eylme-
CTBEHHHXD W3MBHEHIH BB cmeTeMb H3IOMeHIA TIABHHXD vacTel, MOXD
HasBamiens Théorie des mombres. Ilpm BeeMD pasBuTim oT’BIBHEXD
uacreii Teopim umcenp, cHeTeMATHUECKOe W3IOXEHie HTOH HAYRE Ipej-
CTABIANO HEMPeOJoInMEA TPYAEOCTH. Mu Bmbim, YT0 2aK0HD B3AMMHO-
CTH JBYX'h IPOCTHX'D UMCEND, CXYEAIIIi 0CHOBAHIENT TeODim KBaJpaTHy-
HEIX'D BEUETOBD I BCIBACTBie TOTO HeOOXOZMMEIL IIT TOODIH KBAZpATHY-
HEXD (OpND, BHBeJeHB OHID JemaHIPOND H3T CBOHCTBD ypaBHeHil
Bropoit cremenm. IlosToMy Teopid EBaIPATHUHHXD BHUETORH H (OPMDB
MOTMa GHITH M3I0KEHA TOIBLO TOCTS IpeBAPATEIBHATO W3AOKEHIA TEOPin
Heonper’bIeHHHXD ypaBHeHiil BTOPOI eTemeHy, TeOPIH MO NMpeIMeTy CBO-
eNy T0pasxo BHcmel I ¢b cBoefl CTOPOHH IpefcTaBIAONell TpHIOKeHie
TEOPIM EBAPATHUHHXD BHUETORD. BerbicTsie sSTOr0 BB COUMHEHIH CBO-
enp JemanIps, Mocrh TPeBAPATONLHATO H3IOKEHIA PABIMIHEXD Mpe] -
JOEEHIT OTHOCHTENLHO THCEND, HAUMHATH ¢b Phienia Heompe,BieHHEXD
ypaBHEHiff, W TOIBKO IO H3IOKEHIM IMoiHOH Teopim ypaBHeHiif BrOpoil
CTEMeHN OHD HPHCTYNAETD KB 00uuMs ceoucmeams wuceas, TLH Haxo-
IEMD y Hero IMABHHA mpexrromenia Teopinm cpasmemiit m moanyio Teopiio
EBA[PATAYHEXD BEUOTOBD W KBaJpaTHUEHXD (opnt. Tanoif mopazoEsd
Bb H3MOMEHIN TIaBHHXDH vacreil Teopim umeerd, JHIUBINIE ee cHCTOMH,
0CTABAACA HEOOXOLUMHND TOAbEO 10 THXB mopb, moka I'ayced He MOKa-
Barb, KAKAND 00PasOMbh BAKOHD B3AMMHOCTH JBYXD IDOCTHXB THCELH
MOKeTD GHTb BEHBeJeHD HEOCPELCTBOHHO H3B PA3CMATPHBAHIA cpaBHeHif.



Takb OTEPHIACH BO3NOAKHOCTH, HE HAPYWAM eCTECTBEHHATO MOPANEA Bb
TIABHHXD UacTAXD Teopim umcers, W3I0EATH CPABHEHIA BTOPOH CTEMEHH
BWECTS ¢ IPYTEME CPABHOHLANE IpekJe ypaBHeHil BTOPOi cTememu, I
IOTOMD Ha OCHOBAHIM pe3yxpTaTobb Teopim epaBHeRifi ympoermtsh macrb-
ToBaHie ypaBmeniff BHCIIEXD cTemeHeit.

OGpamaenca Teneps Eb coynseniio I'aycea. Mu Bmybiam, raria pas-
BOTIA ¢IBIAHH OHIM BB DA3IMUHHXD YACTAXD Te0pim Umcerb Tpyjaum
Eiirepa, Jarpanma m Jemamzpa. Ho T'ayees BB coumHeHIm €BOEND:
Disquistiones arithmeticae He MOXb30BANCA M3HCEAHIMME STHXD ['eo-
MeTpors. OHB He3ABHEHMO OTH HAXD DPA3BHIP TIABHEA vactnm Teopim
umcess, 060raTHBD ee HOBEIMH IDieMAMI, MHOTHME OTEPHTIAME I BeCHMa
BAREHME IPHIOKEHIANE Kb pbmeHilo IByTIeHHHXDH ypasmemiit. Ho mpm
BeeMD JocTomHCTBS coummenia I'aycca MEI He MOKeND He HPH3HATH, UTO
00JbIIAA UACTh €T0 BHBOJOBH JHIIeHA TO MPOCTOTE, KOTOPOW OTIMYA-
orea upiewst Eifzepa, Jarpanma m Jemamgpa. Bp srows ornomenim
eT0 m310KeHie OTBIBHEIXD dacTedt Teopinm umeers, 3a mekI0UeHIeNs HE-
KOTODHX'h, HEIb3d IpeJIouecTs H310meHil Jlemanypa.

W3s proro BEIHO, uTO HY coumBemie Jlemamipa, HE COUMHEHie
Taycca e mpepcraraors Teopim umcens BB TOMH COBEPIIEHHOMH BHIE,
BB ROTOPOMD OHA MOEETH OHTH H3MOKeHA mocxb pPasBUTiif, ¢iBIaHmEBXD
Bh Heff Tpyjamm sTEXD I'eomerposn, a Thub Gorbe mocxbh mamCEamiit
Teonerposs mogzmbiimuxs. Ilosrouy B5 manomenim Teopim cpasmemii a
TOXEeHD OHLID PYKOBOACTBOBATHCA He OJHEMDB JIeHARIPOND I He OTHEMS
Tayccons, mo wbers m Jemangpons n I'aycconws I MEOTEME JpyrAME,
3aHIMaBIEMECA 5Tol 4acrblo Teopim wmcexs. Ho wroGm mpmpecrm BB
cucTeny mspcrania I'eoMeTpoBs, ynOTpeGIABIIXS HpieMH BechbMa PasHo-
o0pasuple, 4 JOLKeHD OBID W3MBEATH GOXBIIYH YACTh HXD BEBOJOBE.
Kpouh Toro J1d MOIHOTE CHETEMH & HAIIEX HEOGXOJUMENSG DPasBHTh
wbroropsit crarsn. Tawh BB Teopim cpaBEemid 1-#f crememnm & pascma-
TPHBa OTABIBHO TPH CIydad, KOTA 9TO cpaBHemie mwbers ogmo ph-
wenie, ABCRONBEO I Be muwbers HE o1HOro. Wsiaras cpoificrsa cpaBHemif
BHOIAXD CTOIGHE, mpefJaral0 OTHOCHTENBHO HXPH HBCKOIBEO OGIEXH
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Te0pens, Eponb Teopensl Jarpan®a. Db Teopim EBafpATHUEEXD (OpMB
NOKA3EBA10 CPEJCTBO Y3HABATh, KOTJA BB KBAZDATHUHELT (JOPMEI jbam-
TeJeii IpEBOZATCA Kb OJHBME ImHefimbME (popmaws. Itpomb Toro BB
COUMHEHIM MOeMT HAXOJHTCA TPH NpHOaBIemid. Bb mepBoMb A M3Iaraio
pacmpoerpanenie 3HakomoNokenia Jewangpa, crbiannoe Aro6m, I moka-
3HBAK NPUIOKEHI® STOTO KB H3CIBI0BANII0 KBAJPATHUHHXD BEUETOBE;
BO BTOPOMB A TOKA3EBAl0 TeOPeMH, ompebifiomii mepooGpasHHil Ko-
PeEb HBKOTOPHX® UMCNs IO UXD BHLY; BH TPEThENDH A IpeJIaran pe-
3YABTATE CBOMXD M3HCKAHIE OTHOCHTEIBHO €BOHCTBS (pyHEUIM, ompexb-
Idmedi cKOAbEO IPOCTHXH UHCEXh HE IPeBOCXOZATH AAHHON BeIH-
YHHH.

(@ et



OI'IABAEHIE.

HOPEIBAPUTEJILHBA IOHATIA.

§§. CrpAH.

1. Opexmers Teopin wnceas u Teopinm epaBEemifi,......co0euu..
2. O 4ACIAXD AGCOXIOTHO MPOCTEHIXD « v v s o v v v oo veeennensennenns
3. O 9HCIAXT OTHOCHTEIBHO IPOCTEIXE 4o v v v\ v ueeenenneennsss
4, CpoficTBa YHCEAs OTHOCHTCIBHO IMPOCTHXD oo e veveeennoesssns
5. O pasToEeHiH 9UCEND NA MPOCTHE MHOBHTEIM. . v oo vuuesosos
6. TeopeMH HA DTOMB OCHOBATHHA . v o v v oo uavsoenassosanosens
7. O 4ncraxb, COCTABIANMIXT APHOMETHYECKYH Iporpeceio ......

T'masa 1.

O cpasneniu 6000ue.

8. TIOHATIE 0 CPABIEHIM o v v v vt veeeenenessseasssasssonnns
9. O cnoficrBaxb CpaBHEHiA YHCEID MEEILY COO0I0 . .vvevevere..s
10. O pbmeHin CpaBHEHIl .. ...covveiiiiiiiiiieinnnennennns
11. O HAMMEHDBUIHXD BHIETAXD - ¢ o v e v ovnsonscnnsoncsnenoneens
12. O gncab pbmenift CPpaBHEHIA ... .vvviviinnrnnnernennnnnn

Taasa Il

O cpasneniv nepeow cmenenu.

13. Phmenie aTuxd cpaBHeHilt upu Moxyat upocroMs ¢t Koeddunien-
TOMD HEH3BBCTHATO. oot v it iienienenaennnannsennonns
14. Teopemnr PepMata T EHIEPA ¢ v vverervreenenansnnssnnnnns
15. HOpuaomenie STUXT TeopeMb Kb phurenifo cpapEenift 1-it eremenn,
16. O cpaBHeHiaXb, Bb KOTOPWXT MOAyIp n Loeddumients memspber-
HAro HMEIOTH 00maro ABIATENT ... veevviernnennennnenns

| oo m

D 0 Ot

19
21
25
25
29

31
33
37

39



— XIV —
I'maa I11.

O cpasreniaxrs eolcutxs cmeneret 60odue.

§§ CrPAH.
17. OcsoGomaenie ors Eosddunienta Bucmell cremenn Heusphermaro, 43
18. Bucmifi npexbas gncra pbmeniff ............ Ceiieeeeeee.. 45
19. Hpuromenie 9TOr0 Kb LOEA3aTEILCTBY TeopeMH Bumiscoma u apy-

THXD CBOHCTBD YMCEID 4o vsvvevoonsecnns B 1
20. IIpupenenie cpabHERili Eb BHLY, B KOTOPOMs CTEUEHb €0 MeAbire

MOEFIL o oo vvenevnennnannns ettt e .. b3
21. Opu3aks, 10 KEOTOPOMY y3HAEMB, 94T0 cpaBHeHie mMbeTs CTOIBEO

pbmenifi, CKOIbEO €XUHAND BB MOEA3aTeIB €10............. DI

T'masa IV.
O cpasreniazs 6mopot cmenenu.

22, Ipnpexenie NoIHNXB cpasmeniii BTOpod cremenr b CPaBHEHIO

BHIA 22==Q (MOO. D).« ev . vuvnniennnrennnnnnenns ceeee. D9
23. O uncrb pbmeniii cpasmenia 22=q M00. p).......cvveve... 63
24. O cmmBoxb (—%—) 64
25. CsoficTBa 9TOTO CHMBOXA, ..... ettt e e cee.. 67
26. Bupamenin ero ompexbasiomia; crbicrsia nxn: 1) 3madenie (%),

2) 3aKOND B3AHMHOCTI JBYXD IPOCTHXDG THCEAB . ... .. ceeees 71
27. Cooco6s HAXOIUTH 3HAYCHiE (—Z—) e et e e veees.. 83

. e X x
28. Pbmenie ypasmenii (?): 1, (}T)‘—:—l PR < 15
29. Phmenia cpasnenia 22 =gq (nod. p), upu p npocroMs Buga 4n-+3. 89
30. O cpasmenim 2®=¢ (M00. p), IPI P COCTABHOMB........... .. 90
Taasa V.
O cpasneniars 06YuseHHbIXS.

31. O cpasmenin 2™ —A4 = 0 (m00. p), upu p UPOCTOMS. . ... ceee. 95
32. O cpasmenin #™—4 =0 (M00. p), UpH P LPOCTOMSG, . .. ... ... 100
38. O cpasrmenin £™—A4 =0 (mo0. p), IPH p COCTABHOMD ........ 106



T'masa VI.
O cpasneniars euda a”==A (mo0. p).

§8 Crran.

34. O cpasmenin a® = A (m00. p) BooGIme K BB 0COGEHHOCTI O CpPAB-
HeHII %=1 (MO0. D)« et vvrvennenrneerennrnannsennnn
35. O pbmeniaxs cpasmenia a®=A4 (M00. P) ... vevrrnenn...
36. O0'p yEasaTeIaxb.....
37. 0 pbmeniu apywsennmxb cpasueniii momomin TaGiEmd yrasa-
TeXel . oo v
38. Teopemsr gaa ouperbaenia mepsoo6pPasHHXDd KOPHEH. . ........
39. Onpexbirenie HePBOOOPABHEIXE EOPHEH v v v e veveneeurneneensns
40. Ipyroft cuoco6s ompexbienia mepBoo6pPa3HEXD KOpmed .. ......
41. O wircxh 1epBOOGPAZHEXT EOPHCH v vvvvevunernsonenoonnens

T'aaa VII,

O cpasreniaxs 6mopow Cmencru cs 06YMa HeUuseRCMHLLMU.

42. O cpasueniu x9+AyQ+B‘—O (Mod.p)..... Ceeeeeaeaeas
43. OJL'B.mrememx‘-'—A_/ ....... e e
44. Onpexpbicaie nhmmeﬂeu 2% 4= Ay® upu A mpocroms . e
45. O cBOfCTBAXD EBAJPATUTIHXD POPMB e v v v v e e eeennnnneeeeions
46. O pupamenin mmu rbauterell 2 £ ay? ...t
47. Onpexbrenie muueitanxs jpbanreseli moMOmilo EBAIPATHIHHIXD

hopMB ...t e

TiaaBa VIII.

Ilpuaoocenic Teopiu cpasueniii £ Passoncenito wucess Ha

NPOCMBLE MHONHCUMEAU.

48. Pazromenie 9licers Ha UPOCTHE MIOMKOTENN UPABOAATCA Kb OIpe-

Jtbrenio gbanrexefi...............
49. Oupexbrenie xbaareref umeeds BOIA @™ =1 v v veennnnn.
50. Onpexbrerie pbrurexredf yncers ma ocuoBamin Teopim mbinrexeir

22Eay® ool et e
TIPIGABJIEHIA.
T. O EBaJpPATHUOHXD BHICTAXD oo vesenvanennnn e et ve

II. OO0 oupexbrenin mCpBOOGPABHNXD EOPHEH < v'vevreenenannn
III. OGo oumpexbiemin umcia HPOCTHXE WHCEIb, He MNPEBOCXOLANIXD
JOHHOH BEXHUIIL o 4o v v v vt asenvonoesoonnonsossonsonons

110
114
116

120
126
127
129
134

137
139
147
155
160

166

178
179

183

193
203

209



— XVI —

TABJIHUIILL
§§. Cream.
1) Opocruxd 2HceIB 0 6000 .. ov v v inrenrenrnnsacneennsns 231
2) Vkasarexell 1 mepBooGpasHEXb KOpHET AIA NPOCTHXD MoOAylell, me
mpesocxogamoxs 200.......... et ees e ean s 235

3) JMumefinuxs pbaorereli x? - ay® o1s a =1 30 a=101
4) JIneeiinuxs pbiorexeii 22 — ay? ors a=1 j0 a =101



INIPEABAPUTEJBHDBIA IIOHATIA.

§ 1. Teopia umcers, mHade HasbiBaemasn TpaHCIEHJEHTHO0
Apnemernkoro, ecTb Hayka 0 phmeninm HeonpexbieHHBIX'D ypaBHeHil
Bb 4nCIaXbh IBIbIXb. 3aHMCTBYA HOHATIA 0 YACIAXD 3B Apmeme-
THKH H 06> ypaBHeHiAXDb n3b Aare6ps! B Tpancuengentnaro Ama-
am3a, OHAa BB TOKE BpeMaA CYIIeCTBEHHO OTIMYHA OTH ITHX'D HAYKb.
Ona otamyaerca oTh ApmeMeTHKH TEMB, 9TO Pa3CMaTPHBAETH TACJA,
TOIBKO BB OTHOIIEHIN HXB CIOCOGHOCTH YJOBIETBOPATH Heonperh-
JeHHBIM'D YPaBHEHIAMB TOr0 WJIHW APYraro BAAA, W cIbl. ocTaerca
HE3aBHCHMOI0O OTH CACTEMbl HyMepalin, Ha KOTOPOH OCHOBBIBAIOTCA
abitcrBia Apmemernkn. OHa oTimuaercA oTh AJIre6phl W JAPYTAXD
gacreil onperbiennaro anaimza TEMb, 4TO, pa3cMaTpHBAA ypaBHe-
Hifl, OHa OTPAHUYABAETCA TOJBKO I'BIBIMA 3BHAYEHIAMA HeH3BECTHRIX .

Pazcemarpusas TakuMb 06pa3oMb U 4mCIa W yPaBHEHis ¢b 0CO-
Gennoit Touxu 3phuia, Teopia 9mcead 10XOAWTH 0 PE3yJIbTATOBD
COBEpHIEHHO HOBHIX'> N BechbMa BaKHBIX'D i Apuomernkm @ Teo-
pinm onpexpkiennsixds ypaBuewniil. IlepBoit ona 06Jersaers BHIRIAIKH,
0 OFPOMHOCTH CBO€Hl HEBBINOJHWUMBIA (€3 ed MOMOMIH; BTOPOH OHA
OTKpBIBAeTH NYTh Kb phimeHio BoOpocoBb, 6Ge3b NOMOIIN ed He
pasphmumMbIxs.

Beakoe ypapuenie, 3sariouaromee HBECKOIBKO mnepeMBHHBIXD,
nojaesxaTd n3cabropanio Teopin gnceas. Ho we Beh onm ogmHaxoBo

poctynusl m3crbioBanito n He Bch oBm nMEOTH 0AMHAKYI0 BasKHOCTH
1
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10 NPAIOKEHIAMD CBOEMbB. Teopia dmceld A0 CHXB IOPH OrPAHIM-
9EBAETCA TOABKO paszcMorpbHieMtb ypasHenifi Ham6oxbe npocTsIXb
1 BB Toe Bpema mvbrlomuxs namborbe Bamubpla npuioxenia. sp
9THX'h YDaBHEHi 0COGEHHATO BHEMAHIA 3ACIYKHUBAIOTH T, KOTOPHIA
3aKINYAIOTH OJHO M3Db HEM3BLCTHBIX® BB NEpBOil cTeneHH; OHM 3a-
mByaTelbHBI KaKD N0 CBOHCTBAMD CBONMB, TAKD H 110 NIPHIOKEHIAMD
Kb ynpomenio ybiicteiii Apmevernkn m plhinenito BOmpocoBs, Ka-
caiomuxcaA onpeibieHnaro anaimsa. OTH TO ypaBHeHiA COCTaBIAITD
npeamers m3cabpoania Teopin cpaBHeHiii.

§ 2. Mpesmae abus upmerynaMs Kb #3cabioBanio sTHXD ypas-
HeHifl, MBI OCTAHOBHMCA Ha CBOHCTBaXb 4mCelb, W3BLCTHBIXD HaMD
yacTito W3b APHOMETHKE W H3I0MKHAND HXD Cb HALJIERAIEN IOJ-
poGHOCTiI0.

Bet ymena paspbasroresa Ha 1Ba poga: NpoCThiA M COCTABHBIA.
IIpocThiMb HA3bIBaETCA Takoe 4YHCAO0, KOTOPOE MOMKETDH ABIuThCA
TOIBKO Ha 1 B camoro ce6d. CocTaBHSIMB HA3b1BAETCH TaKOE YHCIO,
KOTOpOe MOeTh AbamThea ma jpyroe gmciao, 60apmee 1. Taxs 2,
8, 5, 7, 11 u upoy. cyTh umcaa npoctsid, a 4, 6, 8, 9, 10 mupou.
CYTh YHCJIA COCTABHBIA.

He tpypuo y6banreca BB TOMB, 9TO IPOCTHIXD YHCEAD GE3KO-
HegHoe MHO:KecTBO. BB camoms pbab, nomycrmpmm nporusHOe B
Ha3p1Bad 9epe3b NN namGOapniee W3 IPOCTHIXD YACESD, MbI JOLKHBI
ponycTath, 9T0 Bek umcaa 60abmia N ¢yTh cocTaBHbig 1 cabj. npo-
ACXOAATH OTD lepeMuoikeHia 2, 3, 5, 7, 11,. ... N, B3AThIXD Bb
#broToppIXb cTenenaxb. Ho HecnpaBepiusocTh 3TOr0 0GHADYHKH-
Baerca umcaomd 1. 2. 3. 4. 5.... (N—1). N—+1, Koropoe, ode-
BHAHO, He AbamTea Ha wmeaa 2, 3, 5, 7, 11,.... N u caby. ne-
peMHOKeHieM'b HX'B CTeneHell He MOEeTH 6bITh coctaBieHo. I Taks
Heab3s JONYCTATh, YTOObl NMPOCTHIX'B YHCEID GHLIO HE (GE3KOHEYHOEe
MHOKECTBO.

Jaa onpeybaenia Behxb npocThIXD YACEIb, MEHLINAX'D JAHHArO
nperkaa N, cnoco6s camblit IPOCTO#l COCTOMTD BB TOMB, 9T0GHI Bh
pank

1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14,.... N—1, N
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BBIKHABIBATE N0cIBL0BATEIbHO YnCIa KpaTHbld 2, 3,5, 7,.... 1
T. I. A 3T0, 09eBHAHO, MOMKETDH ObITb BHINOIHEHO 3aYEPKHBAHIEMD
BD park

1,2,3,4,5,6,7,8,9 10,11,12, 13, 14,.... N—1, N

9rceas 4pesn 1, cadrad oTh 2, 9epesb 2 cyaTad OTH 3, Yepess 4
cunTadg orb 5, W BoollIme yepe3b n—1 9ECeND CYATAA OTH YACIA 7.
Tarknms 06pasoMs Bb 3TOMB paxb mckaouarca Bek umera cocras-
HbIA W OCTAHYTCA OJHH JANIb NPOCTbIA YHCIA.

§ 3. Jsa mmm mbckoIbKO dmcerh HA3BIBAIOTCA OTHOCHTEIBHO
npocThIME, ecad oHA He IMEoTH ob6maro muomATexd. Taxw dmcia
10 m 21 cyTh OTHOCHTEALHO OPOCTbIA. II3b CKa3aHHATO HAME O YH-
CIaxX’b OTHOCHTEAbHO NPOCTBIXH cAbayeTh, Kakb 9YacTHLIH caydai,
9o ecan A, 6yayun camo 1o ce6h npocrsims gacioMs, He abiaTs B,
T0 A m B, cyThb YACIA OTHOCHTEIBHO JPYI'B JXpyra npocTsid. Bb
camond nbak, BB aromt caydsak uacia 4 w B ne moryrnh mmMbTh
o6munb pbanrenemd 1-e) Hm w@cra oramgnaro ors A; 6o A 6y-
AYyYd OPOCTHIMB YACIOMB He MOmeTdh ABIThcA HA Apyroe 9mclIo,
2-e) um camoro A; n6o B no noxoxeniio Ha A me pbamrea. 3amb-
qad, 9T0 ecin BB mensme A, To B Ha A pbinThcA He MOMKETD, MBI
0 NPejpIAYLIEMY 3aKi0daeMb, 4ro npn B menbmems A n A npo-
croMDb umcaa B A4 GyiyTh OTHOCATEIbHO APYI'h APYra IPOCTHIA.
JTO CBOHCTBO UACEID MOKETH ObITH BBIPAEEHO TaAKD: «BCAKOE YACIO,
MEHbIIee JAlHArO IPOCTAro YACIA, €CTh OTHOCHTEIBHO €ro IPOCTOoe
gpcao». Taks 2, 3, 4,5, 6,7, 8,9, 10, cyrs npocTold OTHOCH-
TeIbHO 11.

Otrcroza He TPYAHO BbIBECTH TAaKOe 3aKiroyenie:

JBa umcia He paBHbIA MeEAy C060K m camo 1o ce6b mpocrbia
CyTb OTHOCHTEJbHO APYI'H APYIa IPOCTDIA.

§ 4. Mbs1 Teneps 3aiiueMca A3I0KEHIEMD CBOACTBD 9ACEIH OT-
HOCHTEJBHO IPOCTHIX.

1. TEoPEMA.

Ecau A w B cymp wucaa npocmoLs 0mHoCUmessno S; mo u npo-

ussedenie uxs AB ecmb wucao npocmoe ommocumessno S.
1%*
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Hoxasameascmeo. JIaa J0Ka3aTeIbCTBA 3TOH TEOPEMbl HIIEMB
o6maro nau6oapmaro pbanreas sncers 4 n S. Jlaa sToro, Kakb
n3pberao m3p Apnemernky, JomkHbl A pBanTe Ba S, NOJIyYeHHBIND
IPHE 9TOMDB OCTATKOMD JOMKHBI AbanTh S, HOBBIMB OCTaTHOMB Ab-
JuTh nepBblil ocTaTok® U T. A. Ilocabpuif ocTaToks Oysers 1; n6o
A m S, Kakp umcia OTHOCHTEIHHO IpOCThlA, o6maro yhamress
uBTe He MoryTb. Ecanm e Mbl H306DasHMb 9€Pe3td ¢, ¢, Gg.... 4,
YaCTHBIA, N0Iy9aeMbld OPH 3TEXD JbIHIAXD, a yepests 7, 7, 7y,....
yp—y T'n—1s 7y OCTATKH; TO NPHDPABHHBAA AbIMMOE NPOM3BEJEHII
xbimrens Ha 4acTHOe, CIOMKEHHOMY CBb OCTATKOMD M 3ambuas, 4TO
nocrbpuiff ocTaToK® 7, paBend 1, NoIydaeMd Takia ypaBHeHiA:

—— . ’\’_— — . P
A=08g-+r, S=rq~r, r=r, @7y . ...y Ty =", 4,+1,

KOTODPbIA 1O YMHOXKeHiW nHa B 1aayTs

AB = BSq ~+ Br, BS = Brq, + Br,, l
_ _ (
Br=Br,q,~+ Br,,...., Br, ,=DBr, ,q,+Bj

IlepBoe m3® 3THXD ypaBHeHill mOKa3biBaeTH, YT0 06 1bam-
texb AB m S 6yrers pbanrs Br, Bropoe, 4To aT0TH AbinTens Gy -
aers pbamrs Bri, Tperse, uro oub G6ysers abinte Br,, @ T. A., Ha-
xoHeln's nocrbanee, uro o6wiil xbaureas AB n S 6yaers phaates B,
Ho B n S, no noxsomenito, He numboors o6maro pbmrena; crbi. we
mubioTs ero AB u S, 9ro m cxbosaro pokasats.

Pacopocrpanas sty TeopeMy Ha HBECKOIBKO NPOCTBHIX'B YHCEAD

otrocureabno S,, S;, S,,...., Mpl yGbmpaemca, 4ro umcaa
ABCD. ... n8,8,S,.... cyTb OTHOCHTEIBHO JPYyI'b ApPyra mpo-
croia, ect 4, B, C, D,.... Bck cyTh 9ncia NpoCThIA OTHOCH-

TeIBHO Kamjaro usb umcexs S, S, §,,.. ..

2. TEoPEMA.

Ecau S, 6yoyuu npocmoims wucaoms omuocumessro A, omauwms
npoussedenie AB; mo ono dmaums w B.
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Hoxasameancmso. Jlag 10Ka3aTelbCTBA 9TOH TEOPEMbl MBI Bbl-
BOIUMD ypaBHeHia (1) u m3b aTHXH ypasHeHifi 3ambuaems, gro yb-
ammocth AB na S upegnosaraers ybinmocts ma S uncers Br, Br,
Br,,. ... n nakonend ybmmmocrs B, uro m cabjoBaio 10Ka3aTs.

3. TEOPEMA.

Ecaw uss deyws wucers A w B, npocmuirs mescdy coborw, xasrc-
doe dmaums S; mo u npoussedenie uxs AB dwaums S.

Joxasameascmeo. HaspiBaa depess L vacruoe orp rbaenia S
Ha A, mbl 1aa onpejbienia Bexmunasl S 6yjems nubTh

S= AL;

oTkyja crbayers gbammocts AL ma B; m6o mo noxomenito S xb-
anresa Ha B. Ho nmo npeasniymeit Teopemt pbammocts AL na B,
rak B umcio opoctoe ¢b A, npeamoraraerds jpbammocts L ma B.
Haspias me yepess M gmciao, norydaemoe npm 3ToMdb ghieHin, Mpl

6yremMsb uMETh
L = B,

BCIBICTBie 9ero npejpsiyliee ypaBHeHie JacTh
S = ABM;

oTKyJa AcHO BHAHA Abammocts S Ha AB, 9ro m cabjoBato 10Ka3aTh.

Pacnopocrpansa sty TeopeMmy Ha HECKOJIBKO 4mCeNb, MBI 3aKII0-
qaems, 910 S phanrea na ABCD. . . ., ecaw ono ybinTea na Kam-
noe u3b uncers A, B, C, D,. ... nuncia 4, B, C, D,. ... npo-
CTBIA MEXKLY C060I0.

§ 5. Mer nprcrynums reneps Kb paseMorphaio cBoficrb um-
ceqb, OGHAPYKABAIOITAXCA NPA MX'h PA310KEHIN HA NPOCTBIE MHO-
JRATEJH.

WspbeTHO M3H ApHOMETHKH, YTO BCAKOE WHCIO MOMKETH ObITh
Pa3I0KeH0 HAa Npom3BefeHie IPOCTBIXB udcedb. (O3Hauad dvepesn
&, B, Y,.... Pa3JMYHBIA NPOCThIA YHACIA, BXOAAMIA BB COCTABD
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Nn gepe3s m, N, P,. ... CTENCHN UX'b, MbI Gyﬂ,eM"b aMbTE
N=mm@an. o« o

N3b aToro ypaBHeHis, Ha OCHOBaHiHm 1-it TeOpeMbl Mbl 3aKII0-
gaeMb, 9r0 N eCcTh TPOCTOE YMCJIO0 OTHOCHTEIbHO BCEXD 9HCeD
IPOCTHIX'E caMo 1o cedh 1 oTIMYHBIXB OTH a, B, y,.... B ca-
moms Bab, no § 3 Bearoe mpocroe umero, oTIMYHCE OTH @, B, ¥,
.+.. OyIeTH TaKme NPOCTHIMB OTHOCHTENbHO &, B, ¥,.... H
cxbi. OTHOCHTEIPHO ero OyAeTHh NPCCTBIMB YHCIOMD IPOU3BELe-
mie o™ B" yP. ... Otcioga MBI MOKEMB 3aKIHOYATH BOOGUIE, UTO
BCAKOE JACIO He MOMeTDH IBINThCA Ha MpoCTOe 4MCI0, BB COCTABD
ero He Bxojamee. Uroxe Kacaerca 10 rbammoctr N, KOoTOpoe MBI
npeamotoxman paBupb o " yP. .. .| Ha crenenm gmcens a, B3, v,

... BB COCTABD ero BXOAAMIXD, TO Takke He Tpyano yobawrocsa,
9T0 OHO He MOKeTh xbamTheA ma o™ npm m'>> m, ma B”, opu
w'>n u T. 1. Bb camoms phak, taxe kaxe N=a™ " yP. .. .; 1o
gactroe orh yhienia N ma a™ npejcraBuTca JPoObIO

pryp. ...

aMm pn P, ...,
T ’
' —m

7 , T

9T0 NpH M >m HEe MOMEETDH ObITh YHCAOMD WEIBIND; 60 o, GyLydn
9ACION's NPOCTHIMB OTAMYHBING OTB {3, Y,...., 10 3ambueHHoMy
namm, ybamrs B" yP. ... me moxers. Hraxs N momers pbamrbes
TOJBKO Ha CTeNem: o, {3, y,. ..., He NPEBOCXOAAIIA m, N, P,.... A
cxba. uncao N moxeTdh LBIATHCA TOJBKO HA YHCHA, BH COCTABD KO-
TOPBIX's BXOJATH OJHE NPOCTHIA 9mCId «, B, Y,.... I BH CTele-
HAX'D HeNPeBOCXOAAIUXD M, N, P,.... TakEMB 06pa3oMb A0X0-
JIAMD Mbl 10 cabpyronieit Teopemsi:

4, TEoPEMA.

Yucao N mosicems Omaumsca wa wucio P mossko 63 moms cay-
uam, K010Q 6CI NPOCMbIE MHOKHCUMe wucaa P 6xodams 6 cocmass
N u 68 N cmenenu uxs ne nusce unwms ¢ P,
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Ha ocuoBauin 3Toit TeopeMbl He TPYIHO JOKa3aTh CIEIyONLyIoO:

5. TEoPEMA.

Jaa wucaa N 603M09icHO 00HO MOABKO PASAONACEHIE HA NPOCHRbIE
MHOAHCUMENU.

Jorasamesscmso. Bb camoms rbrk, ecam MBI Z0ONyCTEMB Add
gncia N JBa Pa3loiKeHid HAa NPOCTble MHOMKHTENN, TAKb:

N=a"f"yP...., N=a.?, @:’/Y{’,. v

To, baA 3TH ypaBHeHiA OAHO Ha Apyroe, HaileMb
a™ R P alm'B{‘/y{”....__l

ot gl AP T gmgngp T

IlepBoe m3b aTAXDH ypaBHeHil mo npegsiayiledl Teopemt npe-
noiaraers, 9ro Bek unera oy, B, v,,. . . . HaxozaTes BB pArb um-
cexs a, B, ¥,. ..., a Bropoe o6parno, 9ro Beh wmera a, B, v,.. . .
Haxoxared Bb park «;, B, Yp,....; OTEYyZA4 cabiyeTs, 9TO 9mCIa
o, B,y ... may, B, vy. ... cyTs oauk m Th-me. [Ipnamvan xe
a=a, =03, Y=1,...., Mbl 00 npespiaymmei Teopemb m3b

ypaBHenlA
aMm ph P, .,

B A
anbeMB
m we>m, W we>n, p H&>P,. ...}

IToxo6ubIME 06pa3oMb ypaBHEHie
A I
am R yp, ., T
IpPeANoIaraeTs m ue > m', n ue > n, p ne >p', e
N3b coemuenis mKe 9TAXS HEPABEHCTBD Cb NPEAbILYIIAMA Ha-

XOLEMD
m=m', n=wn', p=p,....

Ntaks pascMaTpmBaeMbld HaMH JBa pa3ioikenia gmcia N He
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pasHATCA MemLy 0600 HE MPOCTHIME YHCIAMA HH CTENeHSMH HX'D;
OTEyJa 1 cablyers NpellomenHas HAMA TeopeMa.

§ 6. Pasromxeniens umcers Ha IPOCTble MHOIKHTEIN J€TKO 10-
Kasarh crbiyromia Teopemsl:

6. TEOPEM A.

Ecau N onwaums xeadpams wucia M w ne Moicems onaumsca
Ha K6a0Pams Kaxo10-4ub0 wucia; mo N owaums maxoce M.

Joxasameavcmeo. Paznomeniemd gncia N HA IpPOCTble MHO-

AKHITEJA MbI HAXOJUMD
N=a"f"y?....

Ho tax® kak® N 00 HOJOMKEHII0 He MOKETDH ABINTHCA HA KBa-
ApaTh Kakoro am6o gmcia, to 3xbch morazarerm m, n, p,.... He
MOT'YTH HPEBOCXOJHTH 1; 160 BB NPOTHBHOMD caydal mpm m He << 2
gicao N, odeBmIHO, ABimiocs 6bi Ha &, npm » He < 2 oo ybiam-
zock 6b1 Ha (32, m 1. 1. Cabx. BB npejbliyimenMs ypasuerin Bch mo-

Ka3aTeld M, %, P,. ... PaBHBI 1; a moTOMY
N=afy....,
rik o, B, v,.... OpOCTbIA umCIa, DAsIMIHBIA MEKLY COGOIO.

Y6baace BB 9TOMB, paszaraeMb MM Ha HIPOCTble MHORATENH; 3TO
JaeTh HaM'b

’ ’ 14
M=oy . .. ... ... (2),
ik a, By, Yy ... Da3IMIHBIA HPOCTHIA UHCIa. V3B TOrO ypas-
HeHisd Mbl BBIBOAUMD
% e 2 ’ 9 ’ 9 4
M "_alm Bln Yxp"‘ﬂ

n 3ambuas, 910 N0 moxoxenito, M? phanrca ma N, ik N=oafy....,
bl 110 Teopemb 4-if 3ariovaemMs, 9ro BB pALbk a, B, v,. .. . 3a-
Kaouatoresa Beh wmera a, B, y,. ... MYTO CTeNeHH HXB BB cocTaBh
M? ue cyrs 0. Caba. Bch umcna a, B, v,. ... BXOAATD BB COCTABD
M n caby. M pbanres Ha o, B3, v,.... # BMberh cb TEMB (CM.
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teopeMy 3) rbamrca m Ha npom3BejeHie mXb, paBHoe NV, 4TO T CIb-
J0BAJIO J0Ka3aTh.

Taxs 3ambuada, uro 15 He MomeTd ABIATHCA Ha KBaApPATH Ka-
Koro Iu6o ymcia m 9To oHO JbanTs 452 paBHoe 2025, MBI 3aKIi0-
92eMb, 9T0 15 Gyaers Takme pbanth 45.

7. TEoPEMA.

Kopenv h-it cmenenu wucaa N moavko 65 mOMs CAYuan ecmy
UUCAO UIA0C, KOUWA CINENEHIU NPOCBIXS MHONCUIMEIE €10 CYMb
UUCAA KPAMHOLA h.

Hoxasameavcmeo. Pazromeniemd umcia N # KopHA ero h-it
CTeNeHH Ha NPOCTble MHOKATEIH HAXOAMMD

N=anfrypr. . .., Ih/jV-=oc’1”/ By ..

IlepBoe m3b 3TAXD> ypaBHeHiff W BTOpoe MO BO3BeleHIN €ro Bb
crenenpb h fatorh crbiyomisa ABa pasiomeHid gmcia N Ha npocThie
MHOKATENN:

Nea™ @y .., N=ow g '

Ho no reopemb 5-if arH pa3iaosenia A0LEKHBI GBITH TOMJIE-
crBenusl. A moromy umcia o, 3, y, . . . . JOEHbI GBITh DaBHBI
uncIaMs o, P, Yy .... I 9ECIA M, N, P,.... JOIKHBI AMBTH
paBHGIXD: BB paxk hmd, h', hp', . . . . ; mocabamee AcHo o6HAPYMH-
BaeTb, 9T0 M, N, P, .... CyTh YHCIA KpaTHbIA h, B 9eMB W 3a-
KI09aeTcsA MpeloEeHHas Teopema.

Taxb Haxoaa umcao 576 pasupinb 2° 37 m 3ambuas, gyro 3xbes
nokasatern 6 @ 2 ambiors o6muMb rhImTeNeMD TOIBKO 2, MBI 3a-
KI1092€eMb, 9T0 H3Db BCEXD KopHeldl umcia 576 TOIbKO KOpeHb KBa-
apatubiil mmbers 3navenie mbuoe.

8. TEoPEMA.

FEeaw N pasaosiceniens na npocmole MHONCUME NPUEOOUNCE
wy o PP .. mo cymma pasawnexs Onawmeness N ecmo
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aM+1_1 pr+l_]  yP+1_]
«—1 =~ TBp—1 =~ y—1
m+=1)m+1)(p+1)....

c e e e e e ey O HUCAO UTE ECMB

Hoxazamenvcmoo. Ilo 4-it Teopemt wmcio N, kawb pasHoe

o™ 8" yP. ..., Momerp gbumThCA TOIBKO HA UHCAA PABHBIA
VBV, o <y, o <y p’<p,. . . . Iosromy
sek phanrean ncaa N onpexbasrea snagenisvm o™ B y¥...., co-
oTBETCTBYIOIIAMA
m=0,1,2,....m—1, m,
nW=20,1,2,.... n—1, n,
’
p=0,1,2,.... p—1, p,

v e 4 & 4 s s s 4 8 e s &

n crbi. mafigyTes B pAlk 9I€HOBD, N0AyIaEMBIX'D IIePeMHOKEHIeMb
BBIpasKeHiit
o+’ ..o

OBt . . .= p"T!

n
-+ ",
0 2 p—1 p
YV y+Y . .y -+ vP,

e s s s e s s e e

A mnostomy cymma pbanrexeit yncia N ompexbianres npoussesenieMsb
(a0t~ 0" T e a™) (B B BT X

Yy =y Ty,

KOTOPOE PaBHO
aM+1_1 pr+l_] P+l

— ) v el
100
a°+a+a2+....+am“1+am:%r—l,
0 a n—i n-_an+l__,1
B+pf+fB ... +p +~[3_..-B—_~_1—,
_ p+1_1]
e e S S R A o G e—

—1

© s+ e s s+ e e 8 6 * & s e e e € s & o e



Yneno ke rbamrereii N onpexbaares 4mcioMs YIeHOBD OPO-
n3Bejenia

(094 o+ 0P 0" T a™) (B0 B - B BT )
(Y+y+y =y YD) o,

WM, 9TO OJHO W TOe, 3HAYeHieMb TOr'0 BBIpa:KeHia npm o =1,
=1, y=1,.... Caba. uncro pbamrereir N ectp

m+=1m+1(p+1)....

Taxs 111 umcaa 72, pasaro 2%. 32 cymma pbsmrereii ompe-

. 20 -1 331
pbuTcsa BhIpaEeHieMb T—7 * 57 9T0 paBuderca 195, a um-

cio pbamrereit 72 6yrers (3 + 1) X(2—+ 1), mm 12. B cnpa-
BEJINBOCTA THXDb 3aKiioveniii Ml yobmuaemca, sambrupp, aro 1b-
Jnread 72 CyTh

1, 2, 3, 4, 6, 8, 9, 12, 18, 24, 36, 72,

KOTOPHIXD CyMMa paBHa 195, a 4mcio uxp 12.

9. TEoPEMA.

Feauw N pasaoocenieMs Ha RPOCHvie MHOHCUINEIU NPUCOOUMCA
wg o™ BT L., W mo kpaiimeds Mupn 00HO u3s  wcess
m, N, Py .... €CMb Heuemuoe; mo 04 uucaa N 603M0dHcHO
1 (m=-1) (m—-1) (p—+1). ... passuunvixs pasaoxcenisi ua dea
MHOAHCUM AR,

Ecau oce 6co noxasaments m, w, P, . ... WUCA®H UCHHVIA; MO
daa N 6osmosicno £ (m—+1) (n—+1) (p—+1).... 4+ 1 marurs
PA3A0AHCEHTT.

Joxasameascmeo. Bb mepBoms ciysab mo 7-oit Teopemt mETH
YmECIa, KoToparo 6bl KBaapaTb paBHaica N, a motomMy gmcio N He
MOKETh Pa3JaraTbcd Ha IPOW3BeJeHie JBYXD MHOMUTeNdeil PABHBIX'D
MeELY co60r0 U cxbj. BeAkoe paspomenie ymcaa N Ha JiBA MHOKH-
teaa onperbaars aBa pbamrexns ero. OTKyZa ACHO, 9TO 9YHCIO Pas-

JoxeHiff N Ha JBa MHOEATeXA paBHO noxopnib gmeaa ero ybamre-
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Jeit m cxbi. no mpexpiAymel Teopemt oHO paBHO

tm4+-1)(n+1)(p+1)....

Bo Bropoms caysak, — b ciysak m, m, p,.... 9eTHBIXB,
BB yncrb pasroseniit N Ha 1Ba MHOKHUTEXd OY1eTh MEMEKLY OPOIAMD
TaKoe, Bb KOTOPOMDB 00a MHOKATEIA PaBHLI W KOTOPBIMB cabjioBa-
reapro onpepbantea oxmas rbamarers gmcaa N; 3arbmb Beh ocradn-
HblA pa3JoiKenid, KaKb W BB NEPBOMB cIydal, jazyrs mo jBa rb-
aarexsa. Utaks, naspiBasg yepe3b K HCKOMOe 9HCA0 pasiokenii N
HA JIBA MHORHTENA, Mbl HafiteMb 1-+ 2 (K—1) 1aa gnmcia xbamre-
Jefit N. Ho no mpegpiaymeit Teopemt umcro pbamrexeit N ects
(m—+1)(m=+1) (p—+1).... Crbroareipro

l1+2H—D=m+1)(n+1)(p+1)....;
OTKyJa 11 BeImunHbl K HaxoJaMb
=im+1) (n+1)(p+1)....+ 1,

9T0 7 cIbAoBajio JOKA3aTh.

Taxs gaa mcia 72, papmaro 2°. 3% wgmcao pasxo:xeniii Ha JBa
MHOHTEN JOJEKHO GbITh L (3+-1) (2—+1), mam 6. JbiicruTessHo
HaXOIMMB MBI, 4TO AJA 72 BO3MOKHBI TOIbKO crbayrouiia 6 pasio-
KeHiff Ha JBa MHOMKATEN:

1.72, 2.36, 3.24, 4.18, 6.12, 8.9.

Jaa ancra me 36, paBHaro 22.3%, 4mc10 pa3umuHBIXB PalIo-
#meuiil na aBa MHOEHETENA OyfeTd & (2 —+1) X (2 +1)—+ 1, mim 5.
JtiicrBuTeapHo Jaa 36 BO3MOKHBI TOIBKO crbjyyromiis pasnomenia
Ha JBa MHOKHATEIA

1.6, 2.18, 3.12, 4.9, 6.6.

§ 7. Ipemze abup nofizems jarbe, MBI 10KameMb OTHOCH-
TeJpHO JBIMMOCTH 9ucelb, COCTABIAIOINXD ApPHOMETHIECKYI0 IPO-
rpecciro, crbayromyio Teopemy, KoTopad HaMb GyAeTh Hy#HA Te-
nepb m BnocabacTein.
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10. TEoPEMA,

Ecau pasHocms npowweccits ecmb wucao npocmoe ¢ P, & 4ucA0
YA EHOGS PAGHO MP; MO 65 MAKOL NPOYPECCIU UUCAO UAeH06T ONad-
WULCA HA P ecmp M.

Jorasameavcmso. Ilycts Gyznerd pascMaTpmBaeMas mporpeccisa
a,a+d,a+2d,.... a+(mp—2)d, a+ (mp— 1) d,
rrb d 1mcxao mpoctoe ¢b p. ITOTH PALH WIEHOBH pa3bmBaeTcs HA

m cIBAy0OMAXD:
a, a+d, a+2d,....a-+(p—1)d,

a—+pd, a —+ pd —+d, a—+ pd +2d,.... a—+pd + (p—1) d,

e & & & e e s & e % o 4 8 8 e s 4 e s e e o o o

3
a—+npd, a+npd—+d, a+npd—+2d,.... a+npd-+(p—1)d, ®)

@ ¢ s s & 4 s & & e 4 e s+ & s & s+ e & s s e s e

a+(m—1)pd, a-+(m—1)pd-+d, a+(m—1) pd-+2d,..a+(mp-1)d

7 He TpyAHO y6banThCcA, 4TO KamIbl W3B ITHXD PAIOBD 3aKI0-
yaeTh OJUHD 4IeHD Ahaamifca Ha p. Jaa oGHapysmkeHia aToro pas-
CMOTPHMDB PALD

a—+npd, a + npd —+d, a + npd + 2d,.... a +npd + (p—1) d.

Bb HeMT He MOMKETDH 6bITH IBYX'H WIEHOBDH, KOTOpble Gl mpm k-
JeHim Ha p JAIM OCTATKA PaBHble; W00 PA3HOCTH TaKNXb JBYXD
qreHoBb gbamiach 6bI HA P, & Bb HEBO3MOMKHOCTH 9TOT0 MbI yOkmk-
aaemcs, 3aMETHBD, 9TO Pa3HOCTh KAKAXB-IAG0 ABYX'H WIEHOBH 3TOTO
pAJa OPEBOAUTCA Kb NpOH3BeJeHilo d, 9mcia DPOCTaro ¢b p, Ha
queao < p, 4ro mo 2-if reopemt ma p pbamreca He Momers. Ho
eclIl OCTATKA OTH JbieHis

@ —+npd, a +npd +d, a +npd + 2d,.... a +npd + (p—1)d

Ha p Bck pasamuuel Me:xkay co6oro m crba. BH uncarb EXD He Mo-
#eTdb 6bITh 6oabe OZHOr0 PABHArO HYJNIO; TO Cb JPYroil CTOPOHBI
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OAMHD H3b HAXH HEOGXOJEMO OYyAeTH HyleMb; ®G0 npeinoJaras
npornBHoe # 3ambyad, 9To KpoMb HYJIA OTHOCHTEIBHO OCTATKOBH
0TH LbaeHiA ymcerd Ha P MOAHO cABIaTh TOIBKO p» — 1 mpexnoao-
Heniit

1, 2, 3,.... p—1,

MBI JOKHBI OBl OblIM JONYCTATH, 49TO BB YHCIE p OCTATKOBL OTDH
rhaenia

a—+npd, a—+npd +d, ¢ +npd +2d,.... a—+np—+(p—1)d

ecTh JBa 10 Kpailneii mbph pasuble, 9TO 10 JOKA3aHHOMY HAME He-
BO3MOZKHO.
Y6badace TakuMb 06pa3oms, 9T0 BB PALb

a -+ npd, a + npd +d, a 4+ npd + 24d,.... a +npd + (n —1) d

7 c1bi. Bb KamKAoMb U3 (3) 9ACIO WIeHOBD JBIAMEXCA HA P ecTh
1, MBI 3aKI09aeMb, 9TO BO BCEXB m pAjaxd (3) 4ACIO YIEHOBH
Jbasmuxea na p ectb m. Ho coBokynsocTs BCEXB 3THX'D PAALOBD,
KaKkb BALBIA, COCTABIAETDH PA3CMATPABAEMYI0 HAMH IPOI'DECCiio

a, a+d, a—+2d,.... a-+(mp—2)d, a+ (mp—1) d;

OTKyJa W cIbiyers mpejlo:keHHas HAMA TEOpeMa.
W3p aroit Teopembr He TPYAHO BhiBecTH cabpyromyro:

11. TEoPEMA.

Ecau a wucao npocmoe camo no cebw w A npocmoe cs a; mo
65 paomw 1, 2, 3,...., aAN —1, aAN uucao uieno6s npocmolrs
cs A x5 wucay uaeH06s NPocmuixs ¢ A U 4 OMHOCUMCA KAKS & K3
a—1,

Joxazamearcmeo. Bp Apmemermrh porasano, 4ro o6miil Ham-
66apmiii phanreas unceads X m A ecth Tamkme o6mIiii HAMGOIBIIIRA
rbanrens ancaa 4 uw ocrarka orb abaenia X ma A. Orcioza cab-
ayers, 9ro ecin X n A He mvbiors o6maro pbaarers, To M 0CTa-
TOKD 0TH Nbienia X nHa 4 6yzers gmcro npocroe ¢b A @ 06paTHO,
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ecan ocTaTokb O0Th Abrenia X na A4 ectb umcao mpocroe ¢b A, TO
X rakge uncao npocroe ¢b 4. Ho Tarbs Kakb 0CTATOKD OTH Ab-
Jenia Ha A 6yners Bceraa Menbe A4, to mpm X npoctoMs ¢b A
octaTokb orb fbaenia X Ba A 6yners BCerla OJHO HW3D YACEID
MEéHpEX'D ¢b A 7 npocthixb ¢b A. Ilyctsb me

o, o, " ... ™
6yLyTH 9HCIa MpocThid ¢b A 1 MeHbmia A; Herpyano ompexbaats
sub gneaa X, 108 KOTOParo ocraTrokb oTh rbiaenis Ha A 6b1rb GbI
paBenh ofHoMy m3b umcexd o, o, o, .... . Taxb, 9T0GLI
nafita X, woropoe mpz ybienim na A aersh 0cTaTokd o, MycTh
6yseTs m’ wacthoe orh gabaenis X wa A; npupasmmsas pbaumoe
npoussejenito Abiareas Ha 9aCTHOE CAOMKEHHOMY Ch OCTATKOMD, MbI
HaXoEMB AJA BbIpamenia X cabayomyto eopmyay:

X=0a +m A.

Takke HAX0AUMD CIBAYOINIA ©OPMYIbl IA4 YACENH, KOTOPBIXD OC-

TaTkE 0Th ybaenia ma A4 cyms o, o, o, ... . a™:

X=o aomldy X=o'n' 4, ... X=o® 4-m® A,

Uraks Bch umcaa, koropeia mpu jbienim Ha A JalTh OCTATKA
pasuple o, &’ o« .... &™ u cabs. mo 3awbuennomy mamm, cyTh

yEcAa MPOCTBIA Cb A, BBIPA3ATCA TAKAMD 06pa3oMb
X=o+m'A, X=0o"+m'A, X=0"+m"4,... X=a™4+m"4.

Tarp BeIpamarTea Beh gncaa mpoctsia ¢b» 4. Ha ocuoBauin sTnx®
®OPMYJID JerK0 JOKa3aTh NPEeLI0KeHHYI0 HaMH TeopeMy.

Co sroro whaito M1 onperbigemt no sTEMB @opmylaMb Beb
grcia npocteld ¢b A m Méubmia aAN, 1aBad Bb HEXD GYKBaM'b
m', m’, m", .. .. m™ smavemiz 0, 1, 2, 3, w T. 1. Jo TEx®
noph, HOKa 4HCcIa, ompeybideMbld sTAME LOpMylaMd, He GylyTbh
6oxke aAN.

Taxp HaxoamMB, 9T0 Beh wmcaa mpoctsia ¢b A umensmia a AN
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CyTh
o, o +A4, o« +24,....,d +@N—1) 4,

@', o'+ A, o +24,....,0" +-(@aN—1) 4,

"y oA, " +34,....,d" +(@N—1) A4,

™ o™ -4, ™24, ..., a™ 4 (aN—1) 4.

1 BCEXB XD, KAKD He TPYAHO 3aMETATH, cieTOMD eCTh alNn.
Tenepp He TPYAHO MOKA3aTh YHCIO NPOCTHIXDH YACESh €b A T
a 1 Bb TOM)e BpeMd MeHbmAXDb @ AN. 14 3TOro CTORTH TOIBKO Bb
HailjeHHbIX's HAMH YACIAXB, NPOCTHIXD Cb.A, BBIKAHYTh YACIA KPAT-
HblA a; 160 @ 9meao camo no ce6b mpocroe m caba. nmo § 3 Beh
gncaa, He Xbaamisgca Ha Hero, 6yayTs npocteld ¢b HaMb. Ho mo
npeapiaymeir Teopemt BB pagb
o d,d 4+ A 24, & 4+34,.... a+(@N—1) A
YpcI0 YIeHOBD Abaammxed Ha a ecTh N; cabi. NPOCTBIXD €b @
31bes aN — N, nam (a — 1) N. Tome 3ambuaeM® 0 npounxs pa-
1axb

o', o'+ A4, " +24,.... 0"+ @N—1) 4,
a”/, a/// -+ -A, a‘”/—l—- QA’ o a//l - (aN.___ 1) A,
™ o A, ™24, ... a™a-(aN—1) 4.

Otkyna crbiyert, uro umceas MeéHbNXD aAN 1 npocThiIXb €b A
n a 6ysers (a— 1) Np. Ho aro umeio b umcay BCEXB 4mcers
MeHBIHXD a AN # npocThiXh ¢b A, KOTOpoe, Kakb BALBIH, €CTh
aNn, oTHOCHTCA Kakb ¢ — 1 Kb @, 9T0 U cibjoBat0 J0Ka3aTh.

Ha ocrnoBanin TeopeMb M3J0eHHBIS HAMH HE TPYAHO GYIeTH
JoKazaTh cabaymomywo Teopemy:
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12. TEOPEMA.

Eeauw N pasaooiceniems Ha npocmvie MHONCUMEIU NPUGOOUMCA
ws o B yP. L. w" mo wucao wuceas mpocmuiws cs N w Menvunas

N ecms o™ B yP. . gr 2=l Bl iyl Tl
a B Y T

Hdoxasameavcmso. Ha ocHOBaHIE NpPeJbIIYIEXD TEOPEMB He
TPYAHO IOKA3ATh CKOJIBKO YICEIB MPOCTHIXB Cb o, B, Y.... m, Bb

pank
1,2,3,....,a" B"yP. ... ="

Jad 3Toro Ml nmmems 3TOTH PALb Bb BELE apmoMeTHYECKOH mpo-
Tpeccin ¢b pasHOCTiI0 PaBHOKW 1 TaKAMB 0GPA3OMb:

L, 1+1,1+2.1,...., I+(a.a" ' B"yP....s"—1).
Ha ocropanin 10-ii TeopeMbl MBI 3aKI09aeMb, 9T0 315ch die-
HOBB jhasmuxea ma a ects o' " yP. ... =" sarbMB ocradb-
Hpre, umcaoms o B yP.. .. wT—a™ T BY APL L. w7, mam
—1
o" B yP. ... w 2= Gyayre mpoctsie ¢b « (oM. § 3). Mraxs
BD park
maon _p r
1,2,8,...., a"B"yP.... =
a—1
9ACIO YICHOB MPOCTHIXD €b e ecth o B yP. ... =l ——.

Otcroza mo 11-it Teopem’t MBI 3aKIH09ae€MB, YTO YACIO YIEHOBD
IPOCTBIXD Cb o W (3, WM, YTO OXHO M TOKe, IPOCTHIX'D Ch IPON3BE-

. mon P r‘d—l.ﬁ—l. o
zeniems af ects a™ B yF. ... wh — — Aarbe mo Toil e
TeopeMb, 3HaA, YTO YHCIO WIEHOBH BB pALk

1,2, 8,....,a"B "y ... 7"
BIX'B ects a™ " yP n" 2= B=1 g maxo-
IPOCTBIXD €B of} Yoo, - 7

IAMDB, 9T0 34Ch YHCIO WICHOBH NPOCTHIXB Cb afy ecTh

ra—1 B—1 y—1
o g Y

m nn \{p -

o , A T. I.

2
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Hakonens naiizemd TakuMb 00pa3oMb, YTO YACIO YIEHOBD IPO-
CTBIX'B Cb af3y. ... T €CIb

mon . p re—1 f—1 y—1 ~ =w—1
A . 7 —

Taxb onpeybigerca 9HCIO UACerb IPOCTBIXB €b afy.... T
# mempmnxb ¢ B yP. ... «". Ho 370 Bce paBHO, KaKb GBI MbI
pascmaTprBan 9ncia mpoctsid ¢b N, mim o™ B yP. ... ="; m6o
Beh amexa npoersia oTHocHTeapno & B yP. ... n" cyrb mpocThia
orHocuTelbHo aPy.... W obpaTtHo. Bb aroms MpI yobmpaemcs
ThMb, uro ormocmTexbHO o B yP.... ®', TaKKe Kakb OTHOCH-
TeIbHO of3y. ... T, BCAKOE YACIO GY1eTh LPOCTOE, eCIH BB CO-
crash ero ubrs o, B, ¥,.... 7 BB OPOTHBHOMD Ke cIydal oHo
He OyAeTH HPOCTBIMB HE oTHOcHTexbHo o B™ yP. ... =", mH oTHO-

CHTEJBHO ofdy. ... T.
T.Q—I‘B—‘-I.Y"-l....ﬂ—
a B Y T

Oraxs o™ f"yP.... = ecTh

9HCIO 9IEHOBD BB pALE
mnn r
1, 2,8,...., " B"yP.. .. ¢

IPOCTHIXD ¢b o " YP.... =", 9r0 W c1b10BaI0 JOKA3ATH.

Takp p1a onperbieHia CKOJBKO YHCeXb NPOCTHIXD Ch 36 1
MeHBIINX'H 36, MbI pasiaraeMd 36 Ha npocTble MHo:xkmTerm. Ha-
X014, 910 36 pasno 22.3% MBI mo jgokasaHHo# Hamum Teopemb 3a-

KJIH09aeMb, 9T0 BCEXD 4icers OPOCTHIXH €¢b 36 W MeHbIEXD 36

92—1 3—1
2 3

gpcJaMa oTb 1 10 36 MBI HaxoimMb 12 yncers

ects 22.3 y mam 12. JbiicrBrreapno, memiy Bchmm

1, 5,7, 11,13, 17, 19, 23, 25, 29, 31, 35
IPOCTBIXD €b 36; BCh e npoula
2,3,4,6,8,9, 10, 12, 14, 15, 16, 18,
20, 21, 22, 24, 26, 27, 28, 30, 32, 33, 34

CYTh He TPOCThIA CH 36.
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OTHMD Mbl OKAHYMBAEMD H3JI0MKEHie CBOMCTBD 4ACENh, HEOGXO-
JUMBIXD HaMB Boocrbjicrsie, I mepexojaMd Kb macrbroBamiio cpas-
HeHii.

TVIABA L

O cpaBHeHigXBs BOOOIIE.

§ 8. Teopis cpasueniit mrbers npesmeroms macrbiosanie ue-
onpeabieHHBIXs ypaBHEHiil, Bb KOTOPHlA 0jJHA W3 Hem3BBCTHBIXD
BXOJATH BB neppoit crenenn. OOuriii BEIH 9THXD YpaBHEHI ecTh

F, vy, 2,....)= Au+ B,

rabk F jannas oyuknia, 4 u B masberapa gncia. Takds RKaks o
yDaBHeHis 04eHh YACTO YHOTPEOIAOTCA, TO 1A HAXD BBEJEHO 0CO-
6enHoe 3naxonoxoxkenie. He tpyano sambraTh, 9to mpm Heompexk-
JCHHOM'b 3HAYeHIN YmclIa ¥ ypaBHeHie

Fe, vy, 2,....)= Au—+ B,
IPABOJACH Kb PABEHCTBY

F(x, y, 2,....)— B
A

= u,

eCTh HM 9TO MHOE, KaKb Bblpa:kenie pbimmocrm pasHocTn
F( y #z....)—B
na A. A 1oToMy Mbl MOMKEMD UDEICTABATH 3T0 YpaBHEHie TaKb

F(x, y, 2,....)=DB (m0d. A),

0352924 BOOOIIE 3HAKOMD ==, IIOCTABICHHBIMD MEMKAY ABYyMs 9HC-
Jamd, I'BIEMOCTH Pa3HOCTH HXB HA TPETHE UACI0, KOTOPOE Chb CJIO-
BaMH M00. MOCTaBIAeMb B CKOGKAXE.
Taxs paa osmavenisa, yro pasHocts 17—5 ypbaurca ma 3 Gy-
AeMb THCATh
17=5 (no00. 3).
2*
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Bripamenia Buja
M=N (m0d. A)

m3BBeTHRI NOAD HAa3BaHieMDb cpaBHenil, urdcia M m N Ha3pIBaIOTCA
CpaBHEMBIME 10 Mogyato A, uncao A Moaylems cpapHenia. CpaBHn-
BaeMmbls gmcaa M, N moryrTs uMBTh 3HaYEHIA W TOJORUTEIBHBIA
I OTPHIATEIbHBISA; BO BCAKOMD cIyuab Bblpamenie

M=N (m0d. A)

6yaerd o3HadaTh AbamMocTs aire6pamdeckoil passoctn M — N Ha
A. Yucao e A, MOLyIb cpaBHeHiA, Mbl GyAeMb BCera IPeinoia-
TaTh YACIOMD HOJOKATEIbHBIME.

3aMBTHMDB, 9TO O CKA3AHHOMY HAMH 3HAKONOJOKEHil0 Oy1eTh

BCET
M=r (nod. 4),

ecan 7 ecth 0CTaTOKD oTh Abaenia M nHa A; m6o Ha3bIBag 9epe3d
q wactroe npn rhaenin M na A n npmpasamBas pbimmoe npomsse-
Jeniro pbaaTensa Ha 4acTHOE, CIOMKEHHOMY Cb OCTATKOMDB, HalijieMb

M= Aq +r,

OTKyJa AcHO, 9T0 pasnocts M u r yhamrea na A.
He tpynuo taxse yobiarecsa BB 06PaTHOMD, 4TO eca npu M nm
7 TOJORATEILHBIX'D YHCIO 7 MeHbme A 7 cpaBHEMO ¢b M 10 MO-

qyao A; To 7 ecTh 0CTaTOKD 0TH Abienia M Ha A; m60 m3b cpas-
M—r
4

a 910 ypasuenie upn r < A n r=">0 o6HAPYRHBAETH BH 7
octaToks oTp ybienia M ma A.

W3 Toro, 9ro rhammoe cpaBHEMO CBb OCTATKOMB, ecam Aban-
TeIb NPHHATD 34 MOAYIb, KAKD YACTHBIH CIyyadl, MBI BBIBOAUMD,
yro ecni M pbantea Ba A 6e3b ocraTka; TO

M=0 (n0d. A).

nenia M==r (m0d. A) BBIXOIATH =¢q; oTkyIa M = Ag—+r,

Ha ocuosanizm 3TOro Mbl 6yjeMb FOBOPATH 9acTo, 9TO YHCIO
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cpaBaEMO ¢b O mo moayxo A4, Bubcro Toro, 9roGel rOBOPATH, 4TO
oHo abanres Ha A.

§ 9. U3s nouatis, cocraBieHHAr0 HAMA O CDABHEHiAXDB, He
TPYAHO OOGHAPYKHTH BB HEXB crbaylomisa cBoiicTsa:

1) Asa uucaa, cpasHumvif €% OOHUME U MOME HCE UUCAOMS
no KAKOMY 4UO0 MOOYM0, CPACHUML U MEHCOY COOOI0 MO MOMY dice
mooymo. By camoms xbak, ecim M=N (n0d. 4), M'=N (mo0d. A);
T0 1 M=DM (mod. A); m6o cpasuenin M=N (m0d. A),
M'=N (mod. A) npexnorarawors, aro A pbamrs pasnocrn J/—N,
M'—N u caba. pbaurs pasnocTs sTEXB pasHocTeidl. Ho sTa mo-
crbyaas pasuocrb ects M— M n phammocts es na A BhipamKaercs
cpasreniens M= M’ (mod. A).

2) B3 cpasneniaws, nodoGHO YpasHEHIAMS, 4AeHbl MOVYIMS Obinb
nepeHocUMst U3y 0010w wacmu 65 opywyo. Tars ecan M+ M'= N
(m00. A); T0 M= N— M' (m0d. A). Bb camons ybak, cpasmenie
M~+M'=N (n00. A) seipamaers pbmmocts M—+M'— N na A;
80 M+ M’ — N pasno M — (N— M'); xhamMocTs me aToro Ha
A ripamaercs cpasueniens M= N — M (m00. A).

3) Hoa uau HnCKoAbKO CPAGHENTN C3 0OHUME U IBME e MO~
0yaems MOLyms Gblmb NOUAEHHO CKAAOLIBAEMb 4 sbruumaemv., Taks
ectt M= N (n00. A), M'=N' (mod. A); 10 M == M'=N=+=N"'
(m00. A). Bb aTomd He TPyAHO YOBAETHCH, 3aMBTHBL, 9TO cpaBHe-
pia M= N (mod. A), M'=N" (mod. A) npepnoraraiors xbin-
mocts pasuocreit M — N, M'— N’ na A. Otkysa crbiyers ab-
ammoctb Ha A uncaa pasHaro M— N==(M'—N'), wm M=+=M'—
(N==N'); a a0 BBIpamaerca cpasueniems M &= M'=(N+ N')
(mo0d. A4), ato m cabroBaxo joxazath. OTB coejuHeHia ABYX'b CpaB-
HeHiif He TPYJHO NepeiTH Kb COeANHEHII0 TPexXb, YeTHIPexXb ’ T. .

4) UYnenwr cpasrenia movyms Obims YMHONCEHDL HA 00KO UUCAO.

Taks, ecitn M= N (mod. A); To kM =FkN (m00. A). Bb ca-
MoMB ABaB, Do npexpiiymieMy cBOfCTBY, CIOKEBIOA HOYIEHHO %
ojuHaknx'b cpaBHeHil M==N (mod. A), naitiems kM=EkN (m0d. 4).
Tak® poxameTca BO3MOKHOCTH YMHOKATh YIEHbI CPABHEHiA HA BCA-
Koe mhioe, noxoxnTeIpHOE YCI0. TOMe KacaeTcA 10 YMHOMEHiA
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Ha, YHCJIO OTpHIATEIbHOEe, TO Mbl 3amMbuaems, dro ecim kM =FkN
(m00. A); o Taxme — kM= — kN (mod. A); n60 neppoe cpaBHe-
nie npepmoraraerd pbammocts ancia kM — kN na A, a aTo 9mcxo
¢b 3HaKOMB — 6yneTs — kM —+ kN u pbammocth ero Ha A Bhipa-
#KaeTca cpaBHeHieMD — kM = -— kN (mod. A).

5) Msa uaw HwCKOABKO CPAGHENIT C3 00HUME U MIBMS HCE MO-
0yaeMs MOwyms Goimb NOUIEHHO NEPEMHONCCHDL.

He tpyano yobaurses, uro ecin M= N (m00. A) u M= N’
(m09. A); o MM'= NN’ (m00. A). Bb camoms ybrk, cpasnenia
M=N, M'=N" (n00. A) Boipamarors ybaamocrs uncers M—N,
M — N’ na A. Hazeipas e 9epesdb ¢, ¢, 9aCTHBLA NOAYIaeMblsA
npH 3TAXD ALICHIAX'D, HAXOIAMD

M—N__ M —N' __
A —% A ’_Q7

OTKYJa BBIXOJHTD
M=Aq—+ N, M'=Aq +N'.
OTH ypaBHEHiA N0 NepeMHOMKEHIN JAI0TDH
MM = A%q¢ + A (gN'+¢ N)+ NN/,

gr0 o6mapyxmBaerd Abammocts MM — NN’ na A, m cabx. cpas-
nenie MM' = NN’ (moo. A).

Ecan mpl nepeMHOEIMD TAaKAMB 06pa3oMb cpaBHeHia M == N,
M' = N’ (m0d. A) mesxy o010, Npou3BejeHie AX> NEPEMHOKAMD
¢cb M = N" (m0d. A) m T. L; TO MBI AOfijeMB 10 CpaBHe-

min MM'M'....=NN'N".... (mod. A). Ilpegnoraras e
sgbeb M=M'=M"=...., N=N'=N".... u HaspiBaa ge-
pess k ancio pasmpixb uncexs M, M', M",.... N, N, N".

naiizens M* == N* (n00. 4). Ha ocHoBamizm 5T0ro Jerko J0KasaTb
crbywomee npejtoxeHie:

6) Snauenia umaols Pynruin cz yrwavimuw KoePPuniermany
0MB 06YLB WUCENS CPASHUMNXE N0 KAKOMY HUGYIb MOOYLI0 CPASHUMDL
no MOMY 9ice M00Y.0.

Taxs, ectn M=N (nod. A), fr=ax"-+bx" '+ cx™ ...,
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rab a, b, ¢,.... wncra nbisia; 1o f(M)=f(N) (mod. A). Bs
camoms nbak, usb cpasmenia M=N (mod. A) no joKasaHHOMY
HAMHA ceiyach BBIXOJATH

M™=N™ M™ ' =N""1 M™P==N""*. ... (nod. A);

YMHOAs 9TH CPABHEHIA Ha @, b, C,. ..., BBIBOIAMD

aM"=aN", bM™ '=bN™ ", cM™ *==cN™ . . .. (0. A).
OTH Ke CPaBHeHis, GyAydYd CIOMKEHHI NOYICHHO, JAHTD

aM™ 4+-bM™ ' - M" TP . =aN" + DN

4+ CcN" . ... (m00. A),
15 sambuas
aM™ 4+ bM™ " - cM™ P,

aN™ 4-bN" ' ¢ N2 4.

uepess [ (M), [ (N), mmbens [ (M)=f(N) (m0d. A), aro u cabpo-
BAJO J0KA3aTh.

7T) Yaenvt cpasuenia Mowyms Goimo COKPAUIEHLL 1A ULS 00UAL0
MHOJUCUMENS, ECAU FMONB MHOHCUINELD UUCLO NPOCIOE C8 MOOYIEME.

Taks, ecim kM ==FkN (mod. 4), rak k umcio mpocroe c¢b A;
0 M=N (mod. 4). Bp camoms pbrb, cpaBmenie IM=FkN
(m00. A) mpepnoraraerd pbmamocts kM — kN, wiu k (M — N) Ha
A. Ho npu k npocroms ¢b A mo 2-it reopemb sto mpeinoraraers
abmmocre M — N Ha A, a 910 BbIpaskaerca cpaBHenieNs M =N
(m00. A).

8) Ecau 00na wacmv CPAGHENIA U MOOYAb OIAAMCA HA KAKOE
HUOYODL WUCAO; THO MO MO HCE UUCAO O0ANHCHA OIAUTRCA U OPYLAL
YACL CPABHEHIA; UHAUE CPABHENIE HE BO03MONCHO.

Taxp, ecin M=kN (mo0. kA), To M rbinrea na k. Bwb ca-
moMb Abak, aT0 cpaBHeHie npejnoxaraeTs, 910 pasHocts M — kN

xbanrea na kA. Haseias sxe gepess g gacTHOE 0TDH 9T0oro ghienis,
— kN
avwbens —][—lk—Ak— =g¢. Otkyza sexogurs M =1k (N -+ Ag), gro

o6napy:xuBaeTs ybammocts M Ha k.
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9) O0wyith MHONHCUMESD UACHOCS CPAGHEHIA U MOOYAR MONHCEMS
Goums coxpawens. Takw ecun kM=kN (mod. k4); o M=N

(m00. A). Bn camoms nbrk, cpaBuenie kM =kN (mod. kA) npez-

kM —EN
noxaraers tbaamocts kM — kN Ha kA; Ho M

kA
M—N .
——; Akmmocts me M-— N Ha A BIpamaerca CpaBHeBieM®

M= N (mo0. 4).

10) Jsa wucsa, cpasHumvlds no 06YMS UAU HICKOALKUMS MOOY-
LKAME BPOCILLME MeHCcOY CO6010, CPAGHUMbBL % NO NPOUICEOEHTIO ULS.
Tars, ecin M= N (m00. A), M= N (m0d. A, rak A, A" uncia
npocThis Memay co6ow; 10 M =N (mod. AA"). Bb camoms phak,
cpasienia M= N (mod. A), M= N (m0d. A') npeinosaranorsn
abammocts M — N na A u A'. Ho npn A u A" npocthixb MemLy
coGoro ata pbamMocts (Teop. 3) mpexanoraraers rbammocts M — N
ma npomsseseniec AA’, uro BBIpamaerca cpasmemient M= N
(mod. AA’). Ha ocuosamim sroro, mwba wubckoasko cpapmeniit
M=N mod. A), M= N (mod. A), M= N (mod. A")...., Tk
sch umcaa A, A', A”,.... CyTb mpoCTBIA OTHOCHTEIBHO ADYI' IPYTa,
MBI H3b COEIMHEHIA IBYX'h NePBbIXD HAXoLmMb M=N (mod. AA);
coepmusAs e 310 cpasHenie ¢b M==N (mod. A”), moryuaems
M=N (mod. AA' A”) n rtarvp paxbe, BH 4eMb W 3aKIOAETCA
IpeJIoKEeHHAs HAMA TeopeMa.

11) He napywas cpasnenia mooyss moscems 0oimos 3amMmHens
UUCAOMB, Ha KOMOPoe 0nz Omaumca. Taxs, ecin M=N (mod. AA");
10 M==N (m0d. 4). By camoms pkrk, ymHOMm®as dwiemsl 3TOro
cpasnenia na A, naiinems A' M= A' N (mod. AA"). Ho no samb-
YeHHOMY HaMH CBOHCTBY cpaBHeulil (cM. #° 9) o6miit MHOEHTEID
YIEHOBD CPABHEHIA I MOAYJA MOMKETD GbITh cokpamens. Cokpamadn
e Bb cpassenin A’ M==A'N (mod. AA") muomnrers A', maxo-
ab M =N (mod. A), aro u crbroBaro 10Ka3aTh.

Borb raaBubig cBOfCTBA cpaBHeHill IBYXB UHCEID MEKLY CO-
6o10; aTH CBOHCTBA mOCIyXKaTh BaMb J1d phlienia cpaBHewii, 3a-
KJII0YAIOMUXD 0JHO mIR HEcKoapko HemaBbeTHpIXB. Kb aTOMy MBI
Teneph W OPACTYIAM.

NPABOAUTCA KB



— 925 —

§ 10. Mb1 srgban, 9To BB CpaBHEHIE 9I€HBI MOIYTH GBITH Iie-
peHocEMbI B3 0JHOH gacTH BB Apyrylo. IIpesnoaaras ke Bch wiensi
IepeHeCeHHbIMA B O/HY 9aCTh CpaBHEHid, Mbl IPHBELEMD €ro Kb

BHAY
flz, v, 2,....)=0 (mo00. p),

rab f Kaxas HEGYIs GYHKIif, p IaHHOE 9HCI0, NPUHAMAEMOEe 33 MO-
Iyab, %, Y, 2,. ... 4AcIa HemaBbCTHBIA.

M3cabroBania Ham@ MbI HAYHEMD ¢Bb NPOCTHAINNXD CpaBHeHid,
Ch CpaBHEH1, 3aKJI09AIONIUX'Db OJHO HemaBLcTHOE W cHavata pas-
CMOTPAMD TOTH CIyYail, KOrja ®YHKIiA, BX0AAmas Bb CpaBHeHie,
ecTh kiad ¢b OEJILIMI KOedDHMieHTAMHA.

OrpanmumBadch CpPaBHEHIAME 3TON0 BHJA, MBI JIOKQJKeMD AIA
HOX'D crbryromyio Teopemy:

13. TEoPEMA.

Ecau cpasnenito fx==0 (m0d. p) ydosiemsopaems = = a;
MO eMY YO0BAEMBOPAIOMS U 6CIb UUCIA CPASHUMBA C5 @ NO MO~
dyao p *).

Joxasameavcmeo. By camom® yhab, no coiicTBaMb cpaBHeHif,
sambueHHBIMNG HAMA BB OpPeJbIAyIleMb naparpaeh (cM. tams #° 6),
n3b cpaHeHis X ==a (mod. p) BBIXOAHTH [X==fa (m0d. p). Ho
@ 10 MOJOKEHII0 yJ0BIETBOPAETH cpaBHeHito fx==0 (mo0d. p), cabx.
fa==0 (mod. p), a BB 3TOMB ciydab mo n° 1 nmpegpirymaro napa-
rpa®a n3b cpasrenia X == fa (mod. p) Be1xoauTd [X == 0 (M00. D),
910 B cIbjI0BaI0 JIOKA3aTh.

§ 11, Mbs1 Bagban, uto ecim @ ects 9HCIO yA0BJIETBOPAIIIEE
cpasuenito fx==0 (m0d. p); TO eMy yJ0BIeTBOPATDH U Bch uncia,
cpaBumMbI Ch @ 10 Moaymo p. IlocMOTpEMB Temeps Kakid me
gncia GyIyTH CPABHEMBI Cb @ 1O MOAYX0 p. Jig aroro MbI IpH-
IOMHEMD, 9TO YHCJIA, CPABHAMBIA MeMLY COGOI0 IO MOLYIHO P, CYTh

*) 3nben u Be3yk Bmocabrcrsie moxs sHakamu fr, Fx, gir,.... Mol OyreMs
pasymBrs nbasia oyaknin ¢b nbisivu KoeoouniesTAMH,
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TE, KOTOpBIXB pa3mocTh XbiuTca Ha p 0es3b OCTaTKa; MOITOMY
X 6yzeTd YACIOMD CPABHEMBIME Chb @ IO MOLYJIIO P, €CIH PA3HOCTH
nxb pbamrea na p. Haspisas ke vactHOe 0TDH Abienia a — X Ha p

o a—X
yepesb NN, Mbl HalileMB

= N; orkyra X = a— pN. Bors
o6man eopMyIa BCEXD dYmcerb CPaBHAMBIXB CBb @ 110 MOAYJIO P,
Jagasa 3rbep uncay N pas3imunbla BeIMYAHb] KAKD NOJ0KATEIBHBIA,
TaKDb W OTPULATEIbHBIA, MBI HaliJeMb O0E3KOHeYHOE MHOKECTBO M-
cexb, CPaBHEMBIXD C€b @ 1m0 Moxymo p. Ho m3® Behxb umcesn
CPaBHAMBIX'D CBH ¢ IO MOAYJK p OCOGEHHAT0 BHHMAHIA 3aCIy:KHBa-
I0TD JBA 4ACIa: 1-€) 9HCIO MOJOKUTEIbHOEe HAMMeHbIee H3h BCEXB
9Ecelb CPABHAMBIXD Cb @ 10 MOAYJIO p; OHO W3BECTHO mOJD HasBa-
HIEMD HOUMEHLULOL0 NONOHCUTHEALHAIO GLINEMA YUCAA (& 1O MO-
Oyao p; 2-€) YACIO OTPHOATEIRHOE, KOTODAr0 YHCICHHAA BENHYHHA
Menke yncaennoil BeamImHb! BCEXDH OTPHOATEIBHBIXD ACEN, CPAB-
HAMBIX'D CB @ 10 MOAYJIIO p; TaKoe 4mCI0 m3BECTHO OL'h Ha3BaHieMD
HOUMEHOUAL0 OMPUUAINEIVHALO GLINEMA YUCAG G MO MOOYA0 P.
Kpomt Toro M1 6y1eMb 0TIAIATH 0COGEHHBIMD HMEHEM'D AGCO.M0MHO
MAAAI0 BHMEIMA UUCAG (& MO MOOYA0 P TOTH N3h HANMEHBIIEX'D BbI-
YeTOBh MOJOKATEIBHBIH WA OTPANATEIbHBIH, KOTOpPBIE mMbeTH
HanWMeHBIIYI0 YACIEHHYI0 BelnunHy. Bb cayyat paBeHcTBa 4YmcieH-
HBIX'h BEIMYHHD HAWMEHBIIAr0 MOJOKHTEIBHATO BLIIETA YACIA ¢ 1O
MOJYJI0 p W HaHMEHBIIAro OTPHIATEIBHATO BBHIYETa €r0 MbI 33 al-
COJIOTHO MAJBIl BBIYETH YACIA @ TO MOAYJIIO P MOMKEeMDb 6e3b pas-
JWYiA OPEHAMATH TOTH WA APYroff B3b HANMEHBIINXD BBIYETOBD W
MBI GyAeMDB TOBOPHTH, YTO BB 3TOMDB clydal aGCOIOTHO Malblil BBI-
4eTh 9nucia @ 1o mMopyxo p umbers BB Beamumnesl.

ITo wopmyab X = a— Np, onpepbiaomeii Bch uymcra cpas-
HAMBIA Cb @ IO MOJYJI0O p, He TPYAHO HAWTH W HamMeHbHIii mo-
JOMRHTEIbHBIH BBIYETD ¢ 1O MOLYJNIO P W HAUMEHBHIIH OTPHIUATENb-
Hblil BBIYETD ero. Jlad atoro mel ypaBaenie X = a — Np nmmemsb

a
Takp X = — — N); OTKYJa BHJAHO, YTO HAMMeHbINAA YHCIEH-
) ’ )

Had Beamumna X cooTBBTCTBYeTH 3HAYeHiAMD N HAmGIMEe MOAXO-
a
JAMEMD Kb - UPHTOMD BEAHO TaKike, 9TO X 6ynern umETh 3Ha-
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YeHie NOJOKHTEIBHOE WIA OTPHNATEIBHOE, CMOTPA HO TOMY Gy-
Jlets qa1 N menbe mam 6oabe abmb % .

WTaxp HamMeHbIIi# MOJ0KATEIbHEbIE BBIYETD YACIA ¢ 1O MOLY-
1o p onpexbaarca no eopmyrk a — Np, xorza 3a N Mbl BO3bMEMD

a
q@ca0 HamGIMEe HOAKOAAIee Kb 5+ HO He IPeBocxofsmee %; Ta-

KOe 4ACJ0, 0YeBHAHO, IPA ¢ MOJOKATEILHOMD MbI HAafieMb BB Ya-
cruomb, Jbia @ Ha p m npene6perada ocraTkoMb. OTKyaa ACHO,
9TO HaWMeRbIIifl NOJOKATEIbHBIH BBIYETD IO MOAYJNIO p YHCIA IO-
JOKATEIbHAr0 bl HaiizeMdb BB ocrarkb orh AbieHia ero Ha p.
Taks gaa onpexblenia HaNMEHHIATO MOJIOKHTEIBHAr0 BbIYeTa 23
10 MOAyMo 7, Mbl OyieMb mmbrs @opmyry 23 — 7N, rib sa N
JOMEHB] 6yJeMb B3ATh IB1oe 9mcio, moxydaemoe mpu jpbienim 23
Ha 7. Brimoxnas sto xbiemie maxojmmb, uro 3xber N =3. [Ib-
Jdaa N=3 Bp eopmyrs 23 — 7N, Haxopumb, 9To 2 eCTh HaH-
MeHbIil M0I0KATEIbHBI Bb1IETD 23 10 MOAYIIO 7.

Takme J1J9 HANMEHBIIATO MOJOEATEIBHATO BBIYETA — 2 110 MO-
Aymo 5 HaxopuMb @opMyly — 2 — 5N, ik 3a N JI0.KHBI B3ATh

—9 —2
g9icJa0 HAMOJMMKe HOJXO0jAlee Kb 5 HO HE mpeBoCcXojdimiee 5

Taxroe umeao ectb — 1; crbjl. HCKOMBIR BBI9ETH €CTH — 2-+5=3.

He Tpyuo yobaaThea, 9T0 Beerja HaNMEHBIIiH NOJIOKATEAbHBIR
BBIYETH @ 10 MOLYJNI0  MeHpIIe p. IT0 cIbIyerTds H3H CKA3aHHATO
BamMm 006 onpexrbaenin ero. Me1 Bupbim, yro oHb onpepbiserca
@opmyaow @ — Np, rpb N ecrs nwbioe umcio nambimie mogxojd-

mee Kb %; a 1oTOMY %—N< 1 7 caby.

@
a—pN=1p (F——N) <p.
Jlaa ompenbienia HamMeHbIIATO OTPBIATEIHHATO BhIYETa YHCIA ¢
10 MOAYJIO P, Mbl JOJKHBI Bb ©0pMy s ¢ — pN, mia p (% — N)
npraATh 3a N 4mCI0, KOTOpOe 6bI GblI0 GOJble % 1 Hamlam:xe

a
IOAXOARIO Kb —p—, TaKo€ YHCIO NPWE 4 IOJOKUTEIbHOMD, OYeBHI-

HO, MBI NOJIYYHMB, ecin, Abia ¢ Ha p, Apo6b vactHaro 3aMBHAMB



epunnnero. Takp HamMenblIifi OTpHIATENbHbIH BBIIETD 4ACIA 23 1O
MoxyXo 7 onpexbantes eopumy.aoto 23 —7.N, ik 3a N 101HKHbI B3ATH

9aCTHOE ?: 3+ -3—, 3aMBHABD eJUHANECI0 APOOh —3—;
maMmb N =4 u no oopmyrt 23 — 7N naxojAMb, 4TO HAEMEHb-
mift oTpruaTelIbHBIH BHIYETD 9ACIa 23 1O MOAYMO 7 ecTh 23—7.4,
I — 5.

OnpepbanBmy HamMeHbMmill NOJ0ARATEIbEBII Bh{YETDH U HANMEHb-
Wit OTpEOATEebHBIH, MBI JeTKO y3HaeMb TOTH H3b HAXDB, KOTODBI
JOIAEeHD OBITh NPHHATDH 32 a6COJTHO Malblii BblueTs. Ho ero

TAKHKE MOKHO OHpG}L’ﬁJIHTb HenoCpeJCTBEHHO Ha OCHOBaHIN POPMYJIbI

3T0 JACTH

e
@ — Np, nian p(;—N). Jlag 3TOro CTOHTH TOJBKO BBHIGPATDH

3Hagenie N Takb, YTOGHI %-——N aMEI0 HAHMEHBIMY0 YHCICHHYIO
BCJNYAHY; TaKoe 3HadeHie N Mbl, OUEeBHAHO, Hafizem®, onperbias
4acTHOE % I OTKWJbIBaA BB HEeMDB JADPOGHYI0 4YacTh, KOrja OH&
Menpule 1 mim 3ambpas ee egmmmmero, ecanm oma Goxbe 1. Kcam

e Ipo0Hag 9acTh % He 6OJblue § W He MeHbe &; TO Mbl ee

10 POM3BONY MOMKEMD WIA OTKHHYTh HIA 3aMBHATH ejuHANE0; BB
a
TOM'B H JIpyToMb clydab umcienHas BeJwumna > N Gyaers pas-

na 1. Taks gaa onpepkaenia abcomoTHo Majaro Bbraera 23 1o
MOJYI®0 7, Mbl JONEHBI Bb @opMyxb 23 — 7N npmuars 3a N
vacTHoe %% = 3 -+ 2, OTKEHYBIH JPo0b 2. IT0 JaeTh HaMb N=3
n crbjoBaTe pHO WCKOMBIH afCOMOTHO MAJblii BBIYETH OYIeTH
23 —7.3 =2.

Hanpornes npm ompepbienim aGcoaroTHO MaJaro BbldeTa 25
o MOAyIo 7, MbI Bo3bMeMB BB @opMylt 23 — 7N sa N uact-
Hoe 2% =3 —+ 4, sanbnuBn ejmEnnerd JApoGb 4. 910 JacTh HAMB
N=4 7 214 BeIHunHbl HCKOMATr0 BbIYETQ HAWZEeMD 25—7.4=—3.

N3 ckazannaro namu cabayers, 4ro npm onpexbieninm a6co-
JIOTHO MaJaro Bpldeta 1o opmyas ¢— Np, Mbl 33 N IpHHAMA-

eMb 9ACI0, KOTOParo pasHocTh Cbh —;i 6yrers mMmbers dmcIeHHYIO

peanyuny He 6oxbe L. A moToMy aGCOMOTHO MAIbLi BHIYETDH YACIA



— 99 —

@ 10 MOLyJI0 p, onpexbiaacs eopmytow @ — Np, mIm p ( — N>

=l e

6yaeTs EMETH 9ACIEHHYI0 BEIMINHY He IPEBOCXOAILLYIO -120—.

§ 12, Pascworphsmn 9ncia, CPABHEMBIA €b @& O MOLYIO P,
o6pamaemcs kb phuenio cpaBuenia fzr==0 (mo0d. p).

Mbs! Burbam, 9TO eCIE 3TOMY CpPaBHEHII0 YIOBIETBOPAETH @&, TO
eMy yIO0BJeTBOPAETD W BeAKoe 9meao X, 1ia Koroparo mmbers mbero
cpaBaenie X==a (M00. p). ITAXD YACeIb G€3KOHETHOE MHOKECTBO; HO
Bch OHH, CPaBHAMBIA Ch OJHUMD HTEMD e 4ncIoMb a H CIBIOBAT.
MeskLy COGOI0 10 MOAYJII0 P, IPHHAMAIOTCA 3a 0AHO PBuienie cpaBHerid
fe==0 (mod. p). Ilo sromy MpI GyjeMb TOBOPHTH, UTO CPaBHeHie
fr=0 (mod. p) mubers ogno Toipko plmenie, ecim emy yAOB-
JeTBOPAIOTD TOJBKO 9YACIA, JIA KOTOPBIXB & = a (M00. p); MBI 6y-
JeMb TOBOPHTH, 4TO cpaBHeHie fr==0 (mod. p) mmbers 1Ba pb-
miedidA, ecan emy kpomt uncersb, onperbageMbIXxh cpaBHEHiEMb

r=a (m0d. p),
YZIOBIETBOPAKTS APYTid, NOIydaeMbld 3B CpPaBHEHiA
x==a, (m0d. p),

rik a me ==a, (mod. p). I BooGme MbI OyjeMb TOBODPATH, YTO
cpaBuenie fx==0 (m00. p) mmbers n phmeniii; ecan emy yroBie-
TBOPAIOTH TOJIBKO 9HCIA, onpeabiAeMbld cpaBHEHiAMH

rT=a, 1=0a,, T=4a,,.... r=a,_, (M0d. p),

ik a, a,, Gy.... @, | CYTh YHCIA He CPABHEMBIA MEHAY COGOIO 10

MoxyIro p. Ha ocHoBaHim 3TOro Mbl J0KameMb cIb1yoIIyo Teopemy.

14. TEoPEMA.

Cpasnenie fr=="0 (M00. p) UMPEMS CMOILEO PIULEHIT, CKOIBKO
uuceas 63 paomw, 0, 1, 2,. ... p— 1 emy ydosaemsopaems u eCaw
9MU UUCAQ CYMB Oy Oy Ogy v« o . O MO B==0y, B==0,, T==0,,
ceeny, =0, (M00. p) cymo prwenia cpacnenia fx=0 (mod. p).



Aoxasameascmeo. Bb § 10 Buybin, uro ecinm ay, oy, o,.. . .0,
YILOBIECTBOPAIOTH cpaBHeHilo fr==0 (M0d. p); TO eMy YIOBIETBO-
pawTs 7 Beh uncaa, onpeybiseMpia cpaBHeHIAME

T=0, T=0y, T=0...., z=0_ (400. p).

Ho ue TpyJHO J0Ka3aTh b OAHOH CTOPOHBI, YTO KPOME 3THX'D UH-
cexrb HETH HE OZHOTO YI0BIETBOPARIIATO cpaBHeHiko [x==0 (x0d. p),
& ¢ JpPyToif, 4TO YACIA o, &y, Ggy. ..., O, HE CDABHAMBI MEKLY
c060I0 10 MOAYJNIO p; OTKyZa IO cKasaHHOMY Hamu o umcrb pb-
weniit cpasuenia fr==0 (mod. p) m Gyrerd cabrosarh npeiIo-
ReHHAad TeopeMa.

JLIg JoKa3aTeIbCTBA IEPBAr0 IPEANOJOKAMB, 9T0 KaKoe IHGO
anca0 A yroBaeTBopAeTs cpasmerio f2=0 (x0d. p), me yxoBIe-
TBOPAA HA OJHOMY H3B CIBAYOINAXDB:

=a, 1=0,, T=0,,.... t=a, (k0. p).

Ecm A ynosieropaers cpasHenito fr==0 (m0d. p); T0 10
§ 10 6yAeTp YAOBIETBOPATH €My H BCAKOE YHCIO, CPABHEMOE CB
HEMB 10 MOAYJNIO p, U cIbl. BamMeHbIIifl MOJOKEATEIBHBIH BBHIIETH
ero. HaspiBas sToTh BbI9eTH Yepes3d a, MbI 6yAeMb EMETH

A=ua, f(0)=0 (n0d. p). . .". . ... (4)

I 0., KaKb HAWMEHbIIi#l IO0J0KHTeJbHBIH BbIIETH A 1O MOLYIIO P,
Oyaers sakmodarbea b pagh 0, 1, 2..... p—1. Hoecar a BAKTI0-
yaercs Bb 9TOMB ALk U yA0BIETBOPAETD cpaBHeHito fx==0 (n0d. p);
TO & €CTh OJHO M3B YACETb O, Oy Oy, . . .. &5 BOO 110 IOJOKEHiH
oy, @, Og..., & CYThb eIHHCTBEHHbIA gHcia paja 0, 1,2,... p—1,
yAoBIeTBOpA©IIiA cpaBHeHilo fx==0 (m0d. p). Ho aTo HeBo3mo-
MHO; W60 10 (4) A yAOBIETBODAETH CPaBHEHil0 Z==a (M0d. p),
MemLy TEMB Kakb 10 NOJOMKEHIH0 OHO He YJOBIETBOPAETH HH Of-

HOMY H3b CpaBHeHiif
r=o, t=0y...., v=0a, (M00. p).

ITepexopums Teneph Kb JOKA3aTEILCTBY, UTO UHCIALL, &y)....,y O,
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He CPABHEMBI MEERLY €000i0 IO MOAyJo p. Jlag 3TOro AONycTHMB
IPOTHBHOE; IyCTh 6yleTd a,==o, (M0d. p). U3p storo cpasne-
Hia crbayers abammocTh o, — @, Ha p, 9TO He BO3MOKHO; H6O
o, o, YACIA NOJOKATEIbHbIA N Kakjoe W3b HAXD MeHbIIe p,
BexbjcTBie gero pasHocTh mxb 6ylers AMETH YHCIEHHYIO BEIRYAHY
MeHbIe p U cxbjoBaTersHo He phammyo Ha P.

Taxkp y6bmaaemea Mpl BB CHpaBEJINBOCTH TeOPeMbI, HaMI
npejtoKeHHoll.

Yr066! NOKA3aTh NPHIOKEHie 3TOH TEOpPEMbl, BO3BMEMD CPaBHE-
gie 2 —ax— 1==0 (m00. 5). BHoca croja Bubero z wmcra O,
1, 2, 3, 4, mbI yobmpaemea, 4T0o TOABKO 2 YJOBIETBOPAETDH Pas-
cMaTphBaeMoMy cpasHewito. OTKyla B3aKIiyYaeMb, 9TO 3TO CPaB-
Hedie mnbers ojHO phmenie z=2 (mod. 5).

Takamp me o6pa3oMd ag cpaHenia z®— 3 =0 (mod. 11)
HaXO1UMB ABa pbmenia x==5, =6 (n0d. 11); pascmaTpuas
®e cpasmenie 2 —11==0 (m0d. 3) yGhmjaemecd, 9T0 OHO He
avwbers HE oHOrO phmenis.

TVIABA II.

O cpaBHEeHiu IepBOM CTEHNEeHH.
§ 13. OGwiit Buab cpaBueniii nepsoii crenenn ectb
ar—>b=0 (mod. p),

rib a, b Kakia En6y]b YACHA NOJORATEIbHBIA WIH OTPANATEILHBIA;
p 9mcIo noxo:xATerbHoe. CpaBHEHiA 3TOTO BHAA NPEACTABIAIOTD JBA
cIyJas CyIeCTBEHHO OTIMYHBIE OAUHD OTH JIPyraro; mXb MbI pPas-
cuoTpEMB oTAbBapHO. IlepBriil cayyail a10, Korga ¢ m p umeaa or-
HOCHTEJBHO JApPYr'd APYra NPOCTHIA; BTOPOH, Koraa onm mMBIOTH
o6maro mHommTe d. Mb!l HAUHEMD C€Db mepBaro ciydad, a u p Opo-
CTBIX'D MEKILY C00010, I JOKameMDb crbiyromyio Teopemy:
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15. TEoPEMA.

Cpasnenie ax—b==0 (m00. p) npu a NPOCIMOMS C3 P UMIBEMT
6cerda 00O pruenie.

Hoxasamesvcmoo. VI3b JokasanHaro HaM# BB naparpaeh 12
o yncak pbueniit cpasuenia fr==0 (x0d. p) cabryers, 4ro cpas-
Henie ax — b==0 (m00. p) mmbBersd croipko phimenii, ckoJpko Ha-

xopnrea BB park 0, 1, 2,. ..., p—1 uncers, eMy yAOBIETBOPSIO-
MAXD, WIH, 9T0 OJHO W TOMe, CKOIbKO BB part .0 —b, a.1—D,
a.2—b,....,a(p—1)—2>b uncers pbaammxea Ha p. Ho Kar®

3TH YHCIa COCTABIAIOTH apNOMETHYECKYI0 IIporpeccito, KoTopoit
Pa3HOCTH €CTh (&, YHCIO NPOCTOE C€b P N0 NOJOKEHi0, YACIO Ke
9J1eHOBD paBHO p; To 1o 10-if Teopemt 3rbee 6yieTs OLMHD UIEHD
Xbaamifica na p. Cxba. Bp crbiannoM® HAME NPEANOI0KEHIn CpaB-
Henie ax — b= 0 (mod. p) mmbers oxuo phbmenie, uro u cabro-
BaJO J0Ka3aTh.

Y6kinBmncy TakuMBb 06pas3oMb, YTO BB Pa3CMaTPHBAECMOMD
Hamm ciydal cpasuenie ax —b=0 (m00. p) mmbers oano phure-
Hie, MbI IOKaKeMb Teleph, Kakb Hafizercs ono. Bb HacToAmee Bpe-
ma u3pbeTHO HBCKOMBKO cnoco60Bb phmath cpasHenie ar — b= 0
(m00. p); sambuaresbubiimie n3bp HEXD Mbl NPeLIOKEMD Brocrbi-
cTBie, ToOBOpPs O CBOHCTBAXD YHCENH, HA KOTOPHIXH OHH OCHOBBI-
Batorca. 31ubep ke 3ambraMb, 4T0 cpaBHeHie ax — b= 0 (M0d. p)
MoEeTh O6bITh pbmeHo mo cooco6y npexiaraeMoMy Bb Auare6ph
11a phmenia HeonpelbleHHaro ypaBHeHid ax — pg=—>, 0TH Ko-
TOparo cpaBHenie ax —b==0 (m0d. p) OTIAIACTCA TOJBKO BHAKO-
noxoxeniens. [ bicrBrTeasHo, cpaBmenie ax—b=0 (n0d. p)

ecTb HUYTO MHOe, Kakb BbIpamenie jbamyoctm ax—b Ha p, d9TO
ax—Db

MOKETD GBITH NPEJCTABIEHO YPaBHEHieMD = &, ImpexnoJaras

2 MPOH3BOJBHBING OBIbIMD uncaoMb. OTKyza xaa ompexbienia x m
# moayJaeM’b ypaBHeHie ax — pz = b.
Nraxvy pbmeniems ypaBHenia ax — pz = b onperbasarcsa 3ua-



— 33 —

YeHid , yIOBIeTBOpAMIIiA cpaBHenito ax—>b==0 (mod. p). Itm
3HAYeHiA &, KaKb M3BECTHO, BBIpAMKAIOTCA TaKb: & = o —+ np, A
o0 O0JHA W3Db BEINYUHB &, CHOCOGHAH YJOBIETBOPHTH YpPaBHEHIIO
ax — pz = b, n ymcio npomsBoabHoe. IIo mpmHATOMY HAMH 3HAKO-
10JOReHil0 MBI BMECTO TOro, YT00BI MHCATH & = o — NP, OPELNO-
Jarasd 7 NPOH3BOJBHBIMD YACIOMDB, MOKEMD HANUCATD Z==a (M00. P)
B Bb 3TOMB BULE MbI 6yAeMb Bcerja npeicraBiaTh phmenie cpas-
Hemia axr — b==0 (m00. p).

Hanpuwbps, mvba aaa pbmenia cpaBrenie 70—3=0 (x09. 10),
MBI BO3bMeMb ypaBHeHie 72 —10z = 3. Phmas ato ypaBHenie, MbI
HaiijeMb JJA 3HaYeHiA & W 2 Takig BpIpaKeHia = 9 -+ 10n,
2=06-+"7n; oTKyAa a1 pbmenia cpasnenia 7x— 3=0 (m0d. 10)

H0Iy9aeMD
=19 (mod. 10).

§ 14. Ha ocroBanin 10Ka3aHHBIXD HAMHI TEOPEMDB OTHOCHTEJb-
HO CpaBHEHiii BOOOMIE W Bb 0COGEHHOCTH OTHOCHTEIHHO cpaBHeHii
BHJa ax — b==0 (M00. p) MOryTH G6BITH JoKa3anbl ABE IHOGOIBIT-
HbI TEOPeMbl OTHOCHTEILHO YHCEIb, KOTOPblA IOCIYKaTh HAMD
Takme LII phuieHid cpaBueniii mepeofi crenmeHnm. JTHMH-TO CBOIi-
CTBAMH YHCEIb MBI Telepb U 3afiMeMcd.

16. TEoPEMA.

. —l___
Ecau p wucao npocmoe u ne Onaums a; mo aP~ ‘=1 (mod. p).

Joxasameavcmeo. I1ycTb OYAYTD 1), Tyy Vgyery T p—1 HATMEHb-
IIie IOJ0KWTelbHble BbIYETH! 4nceld la, 2a, 3a,...., (p—1) a
0 MOAYJIO p; OHH GYAYTH YAOBIETBOPATH CPABHEHLAMD

la=r,, 2a=ry, Ba==ry,. . . ., (p—1) a=r,_, (w0d. p) (5).

Ilepemuomas aTH cpaBHeHiA MemLy cO600, MBI HafijeMb

1.2.3.... p—D P =rrry... Ty (m00. p) (6).
3
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Ho merpyaso y6baureea, 9To npousseieHia

1.2.3....(p—1), ry1y7,.... Tp—i

PaBHBI MeELY CO060¥0.

Jaa atoro M1 3apnbkuaemMs, 9T0 7, ¥y, 75, . . oy 7 p_y KAKD HAH-
MeHbIIie NoJoKATeIbHBIE BBIUETHI 9ncers la, 2a, 3a,. ... (p—1)a
10 MOLYIIO p, MOTYTH UMETH TOJBKO 3HAYeHiA

0,1, 2,....,p—1.

IlprTOMD HE OJHO M3 HEXB HE MOKETDH ObITh HyleMb; HGO BB
npoTHBHOMB crydal cpaBHenie (6) npejmorararo 6s! phammocts

1.2.3.... (p—1)a®?

Ha p, MexEay ThMb Kakp 1, 2, 3,...., p—1 7 a YACIa IPOCTHIA
ch P.
Wrags ancia 7y, 7y, 7y, « - -, 7, _, MOTYTH HMETH TONbKO 3HA-
Jeni
1,2,38,....,p—1.
Ho memny umciaMu 7y, 7y, 7g,...., ¥, _, HE MOKETDH GbITh

IByXb HMBIOIMAXD OJHY N Ty-3Ke BeJIMUWHy; HGO, Opejnolaras
T =", =", MbI 110 (5) mmban Gpr

ma="b, pa==>b (mod. p),
rxk m u p xBa umcxa w3b paja 1, 2, 3,...., p—1, m crba. pua

cpaBHeHiA ax==0b (m0d. p) Hamuam 65! jBa phuenia

x=m, x=y. (M0d. p),
YTO HE BO3MOMKHO.
Orcroga crbryers, 9T0 BB COCTaB® PAAA
T1y Tay Pgye v v vy Tp_y
MOTYTH BXOJAUTH TOIBKO YHCIA
1, 2, 3,...., p—1

H K& J10€ TOJbKO IO OZHOMY pa3y.



Ho Taxp Kak® Bb pALaxb

Tis Py Tageov vy Ty

1,2, 8,...., p—1

OJMHAKOE 4YHCJO YJIEHOBD; TO BB INEPBBIil JOJEKHBI BXOAUTH BCH
BTOpbIe, cabj. 9T’ pAXBI cocTaBleHbl U3B OJHAXD U TEXb-Ke Y-
cel'b W IIPA TOMDH B3ATHIXH 110 OJHOMY pa3dy; a HOTOMY NpPOH3Beje-
Hie YIEHOBH NepBaro pAja PaBHO NPOH3BEJEHII0 YIEHOBD BTOPAroO.
Yo6baace BB 3ToMB, MbI MOMEeMDb BB (6) 3ambumTh npomssejeHie
Ty TyTy ... T, Upom3BejeHiens 1.2.3.... (p—1).

Taxumb 06pa3oMb HAXOAEMDB

1.2.83.... (p—1)aP7'=1.2.3.... (p—1) (m00. p).

Ho uxene1 aToro cpasuenia MOryTh GbITH COKpAINeHBI Ha 2, 3,
«..., p—1; m60 Bck 31Tn 4yncra, Gyiyum MeHbme p, GYIYyTDH OT-
HOCHTEJIBHO €r'0 NPOCTsIA. BBINOIHNBYD iKe 9TH COKpalleHis, HafleMb

P l=1 (mod. p),

yT0 7 crbroBato JoKazaTh.

Takb g1 p=17, a=2 Oyaers 2" '=1 (m0d. 7), BB cupa-
BeIMBOCTH 49ero Mbl yobxpaemea, sambrapb, uro 2° paBHo 64 1
64=1 (m00. 7).

Idra TeopeMa ecTh ojHa m3b 3ambuareabmbiimmx® Bb Teopinm
unceld n EMBerd BecbMa BasKHbIA mpmiomenia. Ona orkpbita Pep-
MaTOMB; HO NPELIOKEeHa HMDB 6blIa 6e3b JoKasaTelbcTBa. Ilepsoii,
yenbpmiit ee nokazarh, 6611p Eflzeps; ondb ke Jarb cabayounyo
Teopemy 6oxbe o6myro.

17. TEoPEMA.

Eeauw n osnauaems crosvko wuceas mpocmuxs ¢z N u Mewov-
wuws N w a wucao npocmoe ¢s N; mo a" =1 (mod. N).

Horasamesvcmeo. Haspizas uepess N, N,,...., N, 9012 IPOCTHIA

¢b N u menpmia N, 9pesd 7y, 7y,...., 7, HAHMEHbIIiE HOXOMKHA-
3*
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TeJbHbIE BbIYETHI YACETD alN,, aN,,.. . .,aN, 1o mogyio N, mbens

aN,=r,, aN,=7,,...., aN,=r, (m0d. N) (0,
9TO N0 TEePEMHOKEHIH J1aeTh

N,N,....N, d"=rryry....r, (mod. N) (8).

Ho ne Tpyano y6bamthed, uro npomsseienia N, N,.... N, ,
Yy 7g. ... 7, DABHBL

TakbKaKB 7, 7,,. . . ., 7, CYTh HAHMEHDIIiE I0JOKATEIBHbIE BbI-
gernt ncerb alN,, alN,,....,aN, 10 nogymo N; To OHE MOTYTH
nMETh TOIBKO 3HAYEHis

0,1,2,....,N—1

W E3b 9THXb 3HAYEHiH JIA 7, 7,, 7g,...., 7, BO3MOMKHBI TOILKO
1B, KoTophla He AMEIOTH 06maro Muoxmrers ¢b N; n60 cpaBHe-

Hie (8), kKoTOparo mepBas 9acTh COCTONTH W3D HPOH3BEJEHiA mpo-

CTBIXD 9HCEID ¢b N, Ipeinoraraers, 9T0 N 0 7, 7y, V5. o .. 7,
pe umBors o6maro ybinrend.
Orcropa crbayers, 9T0 AaA 7, 7y, 7y, . . . .7, BO3MOKHBI TOIBKO
3Havenia
N,, Ny,.... N,.
IIpn TOMD MEMmLY YHCIAME 7y, 7y, 75,. . . . 7, He MOKETD GbITh

ABYXD PABHBIXh MEFEAY C0Gow; m6o npm pasencrsh 7, =r, =D
Mbl 10 (7) mvbam 651

ap.=b, am=b (mod. N),

rxb m, p 1Ba Kakia HEOYAb 4mcia H3B pAga 1, 2,....,p—1xm
cxba. 1A cpaBreHia ar==b (nod. N) mpl Hamam Gb1 Ba phue-
HifA, 9TO HE BO3MOIKHO.

Otcioga cibryers, 4To BB COCTaBD DAL

Yy Tay Tgyennny Py
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BXOJATDH OJHH JHINb YHCAQ

N, N,,....,N

n

1 KamjJoe TOIbKO 1o ojHoMy pasy. Ho Kakbs BB 9THXB pAgaxb
0JMHAKOE YHCIO YIEHOBD; TO Bb IEePBBI JOHKHBI BOiTH BCh uncaa
BTOParo  cabi. aTh pALBI COCTABIEHH! W3B OAHAXD M THXD Ke un-
cel’b, IPH TOMD B3ATHIXH IO OAHOMY Pasy, a HOTOMY IIPOH3BejeHie
YHcel’s NEePBaro PAja PaBHO NPOU3BEJEHiI0 YHCEIH BTOpAro.
Yo6taace B aTOMD, MBI MOEEMD BB (8) Hpoussesenie 7, ry....r,
sambunts npomspeseniems ) N,. . . . N,. Takunn 06pasoms Haxo-

JAMB
N,N,.... N, a"=N,N,....N, (no. N).

Ho 3abcp g1ens! cpaBHeHiA MOrYTH OBITH COKpalleHbl Ha OGINEX'D

muosgnTeredi Ny, N,,...., N, ; u60 9ncaa ata CyTh NpOCTHIA Cb N.
Beinoanmps e 5TH COKpallenis, HafizeMb
a"=1 (m00. N),

9T0 ¥ crbj0BaJ0 J0KA3aTh.

Tarp ecim N =20, a=3; 10 1o 12-it Teopent ja11 Bean-
9YHHB] %, 03HAYAIOMAr0 CKOJIBKO IPOCTHIXD 4Acelb ¢b 20 7 MeHb-
muxb 20, HAXOAUMB 8 W N0 JoKasaHmoi Hamu TeopemB 6yrerH
38==1 (m00. 20). B cnpaBelJuBOCTH 3TOr0 CpaBHEHiA MbI yObx-
JaeMcsa, HaxoAd, 9T0 35=6561 1 6561 =1 (m0d. 20).

§ 15. Ha ocuoanim atnx® TeopeMs He TPyAHO Hafitn phme-
Hie cpaBHeHia ax — b==0 (m0d. p), AL a Mo mpexkHEMy IpeANO-
JaraeMb OPOCTHIMD CH P.

Haunems ¢b wacrnaro ciydas p npocraro. Takbs Kakb @ IO
TOJOREHi0 9HCIO NPOCTOE Cb P | p caMo Io ce6h npoctoe; T0 @ He
abamrea va p (§ 3) m no Teopemt 16-if, xoropyio Be3rbt Bmocabi-
cTBiN 6yleMB ynoTpe6IATh HOAD HMEeHeMB TeopeMbl <PepMaToBOif,
oyxers mbre Mbero cpasaenie a’ T =1 (Mo0. p), 4T0 1O YMHO-
KeHil Ha b MOKeTD ObITh TAKb NPEJCTABIEHO

a.ba?™*—b=0 (m09. p).
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Cuamyasd ;re 9T0 cpaBHeHie ¢b JaHHBIMD Add phmenia ax—b=0
(mo00. p), ub1 3anbuaens, uro nocrbauemy yrosrersopsers x=>ba’ "
a notoMy phmenie ero npejcTaBATCA OPMY.IOI0

2=ba? " (m0d. p).
Takp onpepbastorca phmenia cpaBuenisa
ax—b=0 (mod. p)

IPH p NPOCTOMB I Heybramems a.
Hanpmwbp® paa pbmenia cpasnenia 32— 8=0 (m0d. 5)
HaIeMD
x==8.3""" (mo0d. 5),
A
2==216 (n0d. 5).

9ro phmenie cpaBuenia 3x—8==0 (n0d. 5) MBI MOKEMB
npeACcTaBATh npome, 3aMbaaa 216 ero HaWMEHBIIEMD IOJOMRATENb-
HBIM'B BBIYETOMB IO MoAyJo 5. Takb Haxoaumb

=1 (m00. 5)

1aa phuenia cpaBrenia 3z — 8==0 (m00. 5).

Ilepexopum® Tenepp Kb phmeHiaAMD cpaBHEHiH, KOTOPBIXB MO-
Ayab 4meao cocraBHoe. IlycTs jaHo 6ynerd cpaBHeHie ax —b=0
(m00. N), it N kaxoe HEGYyAp 9HCIO, 9YACIO K€ @, KaKb HpEL-
noaaraim, npocroe ¢b N. Ilo teopent Eitrepa (Teopema 17) mMbl

6yrems nMETH
a"=1 (mod. N),

03HAYaA 9epPe3b % CKOIbKO YHCelh MeHbIuXH N i OPOCThIXD ¢b V.
10 cpaBHeHie MO yMHOMKEHIm Ha b MOKETH OBITh TaKh Ipel-
CTAaBIEHO
a.ba" " '—b=0 (mod. N).
Cimyan 310 cpaBHeHie ¢b JAaHHBIMG 114 phuenia ax—b==0 (x0d. N),
HAXOAUMB, 9TO €My YAOBIETBOPAETS

x=0ba""" (m0d. N).
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Yro KacaeTcd 10 3HAUeHiA 7, onpeBIA0IIAro CKOIBKO YACED
npoctbixd ¢b N ¥ MeHbmEXD N, To no 12-fi teopemb MbI ero
Jerko Haiizemb. Ha ocHoBaHiM 3Toff TeopeMbl MBI HAaXOJHMbB, UTO

7 PaBHO
mon . p a—1 ﬁ—l.y—l
A R -

cee sy

ecir N pasio:EenieMb Ha OPOCTble MHOMHTENH UPHBOJUTCA Kb
o™ B"yP.... Takmnb o6pasoMb MbI yGhikjaemcd, 9T0 B0OGIe
phmenie cpaBrenid

ax—b=0 (mo0. &™ B" yP....),

ik a, B, ¥, ... pasimuEblA OpoCTRIA 9YHCHa, onpexbaserca crb-
AYIOIIEI0 GOPMYIOH0
mon _p a—1 p—1 y—1
) Pt . ceee—1
r==ba B o B Y (m00. a™B"yP..).

Taxp paa pbmenin cpasnenia 2z — 7=0 (m0d. 15), rik
15 = 3.5, naxogums
83—1 5—1
xE7.23'5' 3 75 ~_l(Mod. 15),
“HIH
2 ==896 (mo0d. 15).

anbuas me 316chr 896 ero HAXMEHLIMIAMD OOJOKHTEIBHBIMD BBI-
9eTOMB 10 MOAYI0 15, MBI 9TO cpaBHeHie IPEJCTABUMDB TaKb

x=11 (mod. 15).

druMDb MBI OKaHYmBaeMb m3cIBl0BaHiA cpaBHEHill mepBoil cre-
TIeHH, BB KOTOPHIX'H MOAYIb H KoeddHUieHTH Hem3BbcrHaro cyrh
9ACHa OTHOCHTEIBHO APYI'D APYra IPOCThIA, W NEPEXOAAMD Kb TOMY
CIyd9aio, KOTJa 9TH 9ACIa EMBIOTH 061aro MHOMKHATEIA.

§ 16. Ilo ceoiictBy cpaBueniii, moxasannomy Hama Bb § 10,
cpaBHeHie az==b (m0d. p) He BO3MOKHO, ecan @ u p EMEBIOTH 06-
Iaro MHOKATeNd, Xotopblil Be Abaars b. Ortkyza cabiyers Takas
TeopeMa:
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18. TEoPEMA.

COpasuenie ax—b=0 (M0d. p) He ummwems pPrUEHia, eciw
00Wyith MHoNCUMERd G U P He Owaums b.

Takp y6bmpaemca, uro cpasmenia 20z — 7 =0 (mod. 15),
62 — 5=0 (m0d. 9) e umbioTs phmenia.

O6pamaemca Teneps Kb cpaBHeHiAMD BHAA ar—b==0 (n0d. p),
Korga oobmiie MHoxEnTean ¢ # p Abaars b. [Jaa stEx® cpasHeniit
IOKa;EeTCA carbiyomasn Teopema;

19. TEoPEMA.

Eeau a w p ummioms 00uums Haubosbuums onsumesems d o d

omaumzs b, mo cpasuenie ax—Db=0 (m0d. p) ummwems d pwuwenii,

KOMOPHIA MOYYME 06l MAKS NPEOCINABACHDL: X == 0L, T == 0o —I—% )

2

r=o-+ g,-- ) xza—u—@ (m00. p), 10n ecms o uucao <%

a

. b P
u ne < 0, ydosaemsopaiouee cpasuenio — &——==0 (Juod. 7).

Joxasameascmeo, Ecam d ectb o6mifi HamGoapmiif abimreas
yncerb @ U p W Ha Hero ABimTcd b; To cpaBHeHie

ar—b=0 (m0d. p),

0 COKpAIIeHid ero 4JeHOBD U MOAy.1d HAa d, 6YAETH

a b »

Ex—E*:O (MOd. 7),
rib % ’ % ) % gncaa rbabla; OpE TOMB, KaKb HETPYAHO YOoEauTHC,
Lh (At %, % GyLyTH TPOCTHIA OTHOCHTEIBHO APYI'H ApPyra; m60 Bb

IpOTHBHOMSB caydat d He 6bpl1o 6b1 o6mMEMD HamGOJAbIIEMD ABIu-
Tedemd ¢ # p. Ho npm %, % IPOCTBIXD MLy c000l0, Kakbh BH-
Xbam, cpaBrenie

%w—-—f;—so (Mod. %)
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nmbers Beerja phmenie, KoTopoe 1o IpieMaMs, IOKA3aHHBIMD HAMH,
Jerxo maitperca. Ilycrtp ke 6yJeTh « 4MCIO, 3aKINYAIOIEECT BB

pazk 0,1, 2,...., %—- 1 u yzoBieTBOpAOIIEE CPABHEHIIO
—Z—x-——-%EO (Mod. %);

BCh 4mcla, yAOBIETBOPAWIIA 3TOMY CpaBHEHilo, HalIyTcsA m3b crb-
AYIOIIATO
e ._pL
r=oa (Mod. g ) .

Idrn xe yucaa GyLIyTh YJOBIETBOPATH W CPABHEHIIO

ar—b=0 (mod. p),

KOTOpOE OTB
b
—a

@ =0 (Mod. —f;—)

e

OTJHYAETCA TOIBKO MHOMKHTEIeMD d, OGIMAMD MOAYI0 W YIEHAMD
cpapHeHis,
Uraxs Bek uymena, y1oBIETBOPAOIIIA CPABHEHIIO

ax — b==0 (m00. p),
onpeabaaoTea TAKb '
r=a (MO(). %\) .

Ha ocHoBanin 3TOr0 He TPYAHO IOKa3aTh CKOJIBKO BB pArk

0,1, 2,....,p—1

9Hcerb, YA0BIETBOPAIIMAXD cPaBHEHi0 ax—b=0 (m00. p), 3buB
r onpexbimrca gmcao phmeniit sToro cpasmenia. Jaa aToro Mbl
HAXOJAMD OGIIYyI0 ®OPMYIYy YACEIH, YAOBIETBOPAWIUXD CPABHEHiIO

rT=a (Mod. %—).

Ilo ckazanHoMy Ham; BB § 11 HaxoAuMB, UTO $OPMyJR, Ompe-
rbagromasn aTn 4Acia, ecTh

—_—a—N2
r=uo Nd'
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Ho sra oopmyaa, rib, xkaxs sapbmm, o ne <0 1 < %’ 12€eTD
MA@ 3HA9eHiA He BBIXOAAMiA m3b npeibiorr O m p— 1 TOIBKO
ompg N=0, —1, —2,.... —(d— 2), — (d — 1), moaromy BB
park 0, 1, 2,.... p—1 uncia, YIOBIETBOPAIILiA CpPaBHEHIIO

=a (Mod. %) n crby. cpaBuenito ax — b==(mod. p), cyTb

» 2p 3p (d—1p
O, a7, &=, G-, .. G
A Takp Kakp uxXb unciomd d; To no 14-if Teopemt cpaBHeHie
ar—b==0 (m00. p) mubers d phmeniit, KOTOPKIA CYTh

2 d—1
r=a, (L‘Eoc-—l—%, an+7§—’,.... xEoc—l—(—d—)p(MO(). ),

OTKyJa @ cIbIyeTs NpejIoKeHHasd TeopeMa.

Taxb cpaBuenie 152 — 9 =0 (m00. 12), BB KOTOPOMD KOed-
OUOieHTs £ @ MOAYJb EMEIOTH OGIEMD HAWGOJBIMHAMD XBIATEIEMB
3 m wiends He cojepmamiii « abimTca mHa 3, mmbers Tpm phme-
Hig. UT06b! HAHTH EXB, MBI COKpaIlaeMb Bb JAHHOMDH CDaBHEHIH H
WwIeHbl H MOLYJIb Ha 3; TAKEMB 06pa30Mb NOIydaeMb CpaBHEHie

52— 3=0 (m00. 4).
Ha ocHoBanim cka3amHaro HaMH BDb NpeABIAYyOIeMD Laparpash
MBI HaXO0AUMB, 9TO phienie ero ectsb

a2 -1
x==3.5 73 1 (mo0. 4),

AT
x==15 (mo0. 4).

Sambuasn spbes 15 ero HauMEHLIIAME HOJOKHTEJIBHBIMD BBIYE-
TOM'D 110 MOLYI0 4, HAXOJUMB

=13 (mod. 4).
Orcropa a1a phmenia npeaJomKeHHaro cpaBHeHiA HOJIyYaeMb

x=3, x=7, =11 (mod. 12).
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TVIABA II1.
O cpaBHEHidgX'®s BBICIIMX'H CTEIEHEeH BOOOIIe.

§ 17. B aroii crareh Mb1 orpaumymmea pascmorphuiems cpas-
Hilt ¢b npocreiMa Moxyaamu. Ilo atoMy o6miit BEABH cpaBHeHiil, Ko-
TOPBHIME GYJeMD 3aHEMATHCA, NPEJCTABUTCA TaKb

Az" + Ba" ' - Cx" P a-. . . .4~ Hr 4+ S==0 (m00. p),

rab p mpocroe umcio A, B, C,.... H, S rakig mun6yAp 49HmCIa.
IIpexze wbms npmerynmms Kb mscibposamito nx® phuenid, 3a-
MEBTAMDB, YTO BB HAXD KOEPOHIieHTH BhICHEH CTENEHA % MOKETH
66176 cibaans eqmunnero. Bb camoms pbak, BB cpaBHeHin

Ax" -+~ Ba™ ' - O™ - . .- Hx 4+ S=0 (n00. p)
MOKeTD OBITh OTKHHYTH BCAKill 4IeHD, KOTOPAro KoeddmIieHTs Ah-

arTca Ha p. Taxd ecaim C pbamres Ha p; TO 10 HAlEMy 3HAKOIIOIO-

menio 6y1erTd
C=0 (m00. p),

9T0 MO0 yMHOMeHiE Ha 2™ ° 1aerd
Ox™ =0 (Mm0d. p).
Briunras e 3To cpaBHEHie W3B

Ar" -+~ B2" T+ 02" P4~ ... Hx—+ 8= 0 (M00. p),

MBI 0cBOGOAUMD nocabamee orp wrena Cxr™ 2. Toske MOEeTH GbITh
cabIano co BCAKAMD APYTAMD UIEHOMB, €CIN KOedPHIieHTH ero
Abaarea ma p. Ilpepnososkum’® Teneps, UTO CpaBHEHie

Az™ 4~ Bx" T - O™ TP .- Hr + S=0 (n0d. p)

0CBOGOKCHO OTH 1ICHOBDB, KOTOPBIXh KOE®LHmieHTH! Abiarca Ha
P, # Az™ ecrb WIeHDb Cb BbICIIEI CTENEHbI0 Z. B aToms caydak A,
He GyAy4m KpaTHBIMB p, 6yAeTh OPOCTOE OTHOCHTEIHHO ero; a Io-
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TOMy HafijercA 4HCIO «, AJA KOTOparo GyAeTh

Ao—1=0 (mod. p).

Ymuo:kaa ato cpapHenie nocarkioBaTelbHO HA

Bs™ ', ox™,.... Hz, S,
Haif1eMD
ABaz™ ' — Bx™ 1= 0 (m09. p).

ACag™* — Ca™ =0,

¢« e e e & o o

AHax — Hr==0,
ASa.— S =0.

OTH CpaBHEHIA 1O CIOMKEHIN Ch Pa3CMATPHBAEMBIMD HAMM
A2™ + B ' 4 Ca™ P 4. .. .+ Hx + S=0 (m00. p)
JAI0TD

A"+ ABox™ ' 4+ ACax™ 4. .. . AHaw-+ASx==0 (mod. p).

Ho Tak® Kakb A 9ACIO TPOCTOE Ch p; TO ITO CPaBHEHie MO-
’ReTh ObITh COKpaIneHo Ha A; BB crbJcTBie 4ero oHO mpmBegercA
KB cabpyromemy

2

2" 4 Bax™ '+ Cog™ F 4. . . . -+ Hozx -+ Sau =0 (n00. p),

rib Koeo®HNieHTH BbICHIEH cTeneHm x ecth 1, 4ro H crbyoBaro
crbaaTe.

Taks 1ag npeoGpasosanis cpaBueHis 223+ 32+7=0 (n00. 11)
BB Jpyroe, Bb KOTOPOMDB Obl KOeddHIieHTD BhIcHIeH creneHn &
6blI'b PaBeHb elmHunl, MBI JOKHBI HAfiTH YHCIO «, AT KOTOPAro
20— 1=0 (m00. 11). Taroe uymcio ectb 6. Ilocat Toro MbI Kb
JAHHOMY CPaBHEHiI0 JOJKHBI NPHIOKHUTH crbayomia:

2.3.6 x—32x=0 (mo00. 11),
2.7.6 —7T=0.
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C10KUBIIE 3TH CpPaBHEHiA Cb

22° + 32+ T7==0 (mod. 11)

n cybiaBb mpuBeeHie, HAXOIUMB
20 +2.3.624+2.6.7==0 (m0d. 10);
OTKYJA [0 COKpallleHiN Ha 2 moiydaeMb cpaBHeHie
2+ 182+ 42 =0 (m00. 11),

rif KoexoUnieHTDH BhiCHIeH CTENeHH Z ecTh 1.

§ 18. Orrocurersno cpasmeniii BpICIIAXD cTENEHEH J0KAKETCA
crbrytomas Teopema:

20. TEOPEMA.

Ilpu p mpocmoms cpasuenie
2" - Br" T - " P . - Hr - S=0 (m00. p)
He MOoACEms UMMy 604ne m Pruenti.

Hoxasamenvcmso. Jaa J0Ka3aTeIbCTBA 3TOH TEOpeMbl MBI 3a-
mbyaemd, uTo no § 13-my ona copaBermBa aaa m =1 T. e. Jig
cpaBHeHill nepBoil crenenn. YUToGhI JOKa3aTh CIPABEAIABOCTH ef
MJA BCAKOH Jpyroil cremeHd, JOKaskeMb, 9TO OHA JOJEHA OBITh
CIpaBeJJuBa JIA CPABHEHIH CTeleHH 7, eclH COpPaBeJJABa OHA IIA
cpaBHeHiit crenenn m— 1.

Yro6p! yOobiaThCA BB 9TOMB MBI JONYCTHMB HPOTHBHOE; J0-
IYCTHAMD, 9TO CpaBHeHie

2"+ By '+ O™ 4. .. . Hz -~ 8= 0 (m00. p)

nvbers 6oxbe m phmenift, Memay TEMB Kakb cpaBHeHie TaKOTO
e Buja crenenn m —1 6oxbe m —1 phmeniii nMETh He MoKETD,
A JOKaKeMb HecO06DPa3BOCTh TOrO.

Mber Brgban, gro gncao phmeniit BcAkaro cpaBHenia ¢b MOAy-
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IeMb p onpexbiaerca 4mcioMb yacerds BB pALE
0,1, 2,....,p—1,
yLoBIeTBOpAMEXD cpaBHeHiro, IToaTomy cpaBuenie

2"+ B T 4+ O™ P 4. ...+ Hx + S=0 (m09. p)

MoxeTh UMETH 601be m pbmenii Toapko BB ToMB caydab, Korjpa
eMy yAOBIETBODAETD 7 — 1 umcerdb H3b PAJA

0, l, 2,...- p_lo

IIycTp a1H 4HCIa GYAYTH
Ay Gy Ogyeo v Oy

Bossmens ojHo m3s HEXB, HanpuMEpD @, H Pas3HOCTIIO & — @
6yrems xbaate

2" +Ba" ' - O T . .+~ Hr - S
9aCTHOE, OYEBHHO, 6YAETD BAAA
2" '+ Ba" P+ O " P .+ H xS

Bb ocratkb Oyzers mbkoropoe umcio R. IlpmpammBag pbimmoe
npouspe/lenito gbiaTers Ha 9acTHOE, CIOMKEHHOMY CB OCTATEOM®,

HaijeMD
2"+ B '+ C" P, ...+ Hr+ S=

@#—a) @ '+Ba" P+ C 2" *+....+~Hz+8)+R.
By cabacrsie yero cpasrenie
2"+ Ba" T+ 0" P+, ...+ Hr+ 8= 0 (m00. p)

npeACTaBATCA TAKD

(x—a)(@" +B, 2" *+-C 2" . .. .+ H 2+8)+ R=0 (n00. p).

Ibraa 3pbes # =a, tab @, Do moxosKeHilo, ecTh OJHO H3B
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qmcenb, YIOBIETBOPAKINUXD DPA3CMATPUBAEMOMY HAMH CpaBHeHiio,

HalileMDb
R=0 (mo9. p);

BBIYHTAA Ke 3TO Cp&BHeHie H3'b NPEIbIAYIHAro, noayJacMb

(@—a) (@™ '+ Ba" 0 g™ P 4+ Hi+-8)) == 0 (m00. p) (9).

Bory kb KakoMy BHLY HPHBOAUTCA Ppa3CMaTPEBAECMOE HAMH
CpaBHeHie.

ITocMoTpEM®s Teneps MOTYTH JH €My yIOBAETBOPATH BCh m—+1
qAcerb

Gy Qyy Ggy o v v Gy s

eclId cpaBHeHie

m—2 3

2" ' B T+ Ca" - .o+~ Hix—+ 8, =0 (n00. p),

crenenn m—1, He nmbers 6oabe m—1 pbmenii. Ecam aTo cpas-
Henie e mubers 6oake m — 1 phmeniit; To Bk m yncers

Upy Gyyennn Gy

B3ATBIA HaMu u3b pafa 0, 1, 2, . ... p—1, HEMOrYTH eMy yAOB-
JeTBopaTh. IlycTh 6yzeTs @, TO 9HCIO, KOTOpOE eMy He YJOoBle-
TBOPAETH; Bb 3TOMD crydak

m—1 m—2 m—3
o '+DBa" "+ Ca" "4....4+Ha~+8,

He OGylydd CpaBHEMO CBb HYIeMB IO MOAYJII P, OPEICTABETH YH-
cao HepbaAmeeca na p m cxbi. npocroe ¢b p; W60 P UACIO CAMO
no ce6t npocroe. To-me mmbers MEcTo oTHOCHTEJBHO pas3HOCTH
a, — a; 160 4ncia a, u a, 6ysysn He 6oxke p— 1 um He mMenke O,
Bb DA3HOCTH He MOryTh JaTh umcIo, xbiameeca Ha p.

Hraxs uncia

m—it m—2 m—3
a,—a, a, +Ba" "+ Ca" " 4+....+Ha+S8

NPOCTHIA OTHOCHTEIbHO p; cIBI. IpocToe 9mcI0 OTHOCHTEIBHO P
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U mpou3Bejenie NXb
m—1 m-—2 Y m-—3 .
(a,—a) (0, "+ B, a, + C a +....+Ha—+08)

OTKyJa Bb HPOTHBHOCTH IONYIIEHHAT0 HaM# crbayers, 9T0 =0,
He yioBieTBopsaeTs cpasHenito (9). Crba. cpbiasnoe namm jonyme-
Hie HEBO3MOKHO, 4T0 K cIb10BaI0 10Ka3aTh.

Ha ocHoBanim aToii TeopeMbl MOKHO JOKa3aTh crbiymouryio 60-
xke o6mysio:

21. TEoPEMA.
Ecau 65 cpaeneniu

A2" B T - O™ P - .. .+ Hrx 4+ S=0 (m00. p)

He 6cn Koeduienmos OAAMC HA P; MO 0O 6oAEe M PrULEHiT
UMBIG HE MOHCEMD.

Hoxasamesvcmso. Mp1 Baybin § 17, 910 BB cpaBHeHin

A2" 4+ B2 T 4+ 0" P 4-. . . .- Hr+ S=0 (0. p)

MOT'YTD OBITH ONyIIenb! BCh YlIeHBI, KOTOPHIXD KoeddHmieHTh! Ab-
Jarea Ha p. TakuMb onylneHieMb 4JIeHOBH CPABHEHie

Ar" 4+ B2 '+ O TP . . . .+ Hr + 8=0 (mod. p)
IPABEJETCA Kb TOAKKECTBY
=0 (m0d. p),

ecan ek Koeoonnientsl 4, B, C,. ... H, § cyTs Kpatuble p.
Bt npormBHOoMB cayuak cpaBreHie

A2™ +— Ba" '+ 02" TP 4. .. .+ Hz+ S=0 (m00. p)

npuBejerca Kb APyroMy, KOTOparo KoedoHNieHTs! He 6yiyTsp Xb-
auThed Ha p. Jbiasg BB 3TOMDB cpaBHeHim mo § 17 KoedoHnieHTD
BBICIIEI cTeneHn PaBHBIMG efuBnnb, Mbl mo mpepslpyineil Teopemb
BaKI0YAMb, 4T0 OHO He mMbers Goxbe phmeniii, abus HaxopmTea
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eJMHAI'D Bh MOKazaText ero cremenn; u cabi. He mmbers Goxbe m
phmeniit; m60, 04eBUAHO, CPaBHEHie, 110IyIaeMOe H3D

Ax™ 4+ By '+ O™ T ... .+ Hr -+ S=0 (m00. p)
ONyIIeHieMb KakmXb 6bl TO HE GBIIO0 WICHOBH, HE MOKETH GBITH
crenenn Goxbe m; oTkyla m cablyerTh OpeilO:KeHHAsS HAMH TeO-
pema.

§ 19. Ha ocrosauim 310 TeopeMbl MOryTH GBITH JOKA3QHBI
MHOTiA JH0GONBITHBIA CBOHCTBA YHCEND.

Taxp MOEHO L0Ka3aTh CIBAYOIIYI0 TeopeMy:

22. TEOPEMA.

Roeghpuuienmor 6cnas cmenenels % 65 PA3LOAHCEHIU GLIDANCEHIA
—1)(x—2)@—3)....x—p+1)—2aP 7 +1
OmAAMCA HA P, ECAU P UUCAO NPOCIROE.
Horasamearcmeo. Boipamenie
z—1)@x—2)(x—3).... @x—p—+1)

o6painaerca Bb Hyas npn =1, 2, 3,. ..., p—1. Crbx. Bck artn
BEJNYAHBI £ YJOBIETBOPAOTH CPABHEHiI0
—1)(z—2)(z—3)....@®—p+1)=0 (n00. p).

o Teopewk me depuata 9TH YHCIA Y[0BIETBOPSIOTH CPABHEHI KO
2?7 —1=0 (mo00. p).

Bbraarad 3T0 cpaBHeHie H3D IpeJbIAylNaro, Mol HaXOAAMb Ta-
KOe cpaBHEeHie

(x—1) (—2) @—3) . . . . (1—p—+1)—2P " '4-1=0 (n00. p),
KOTOPOMY TakEe GYIyTH YAOBIETBOPATH 9mcial, 2, 3,...., p—1;
160 OHO MOXyYeHO W3’ CpaBHeHill, KoTopriMbyncaa l, 2, 3,...., p—1

YAOBICTBOPAIOTH. KcIn #e CPaBHEHio
@—1)(@—2)(@—38)....x—p+1)—aP'4+1=0 (n00. p);

YAOBIETBOPAOTH 9ncIa 1, 2, 3,. ..., »p —1; 10 ono mmbers p —1
phmenii
r=1, =2, v=3,...., e=p—1 (n0d. p).

4
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A s10 mo mpexpirymeit Teopent He muaue mMo:kerh mMETH ME-
cro, Kakb npu JbamMocTn nma p BehXb Koeo®HIieHTOBD BB Cpas-
HeHin
(z—1) (@—2) (@—3).... (2 —p+1)— 2P 74+-1=0 (M09. p);
H60 3TO CpaBHEHie, Kakb He TpyAHO 3aMEBTHTH, cTemen:m p— 2;
OTKYAa B cabayeTd mpejlokeHHAd HAMH TeOpeMa.

IMocmorpnm®s Tenepb Kb KAKAMB CPaBHEHiAMD IPHBOAHTDH HACH
ara Teopema. Juag sroro mpl 3ambuaens, 4To BhIpaKeHie

—1)(2—2)@—3)....x—p+1)—2aP 7 41
10 BRINOJHEHI YMHOKEHiif B npmBejeHim J1€HOBD 6YIETD
—(14+2-+3+...+p—1)2’ 7*+(1.24+1.3+2.34-....)2" —°—
(1.2.34+2.3.4+...) 2P " . a- (—1)PTL.2.3.... (p—1)+1;
crbjpoB. no pokasamnoil Hamm Teopemk wmcaa
1+-24+....+p—1,
1.24+1.34-2.3+ ... .,
1.2.3+23.44+....,

.................

(— 1P 711238, (p— 1)+ 1
OyZAyTH KPaTHBIA p, 9TO NO HAIUEMY BUAKONOJOKCHII0 NPEICTABATCA
TAKAME CPABHEHIiAMA
14243+ .... +p—1=0, (n0d. p)
1.24+1.3+23+ ....=0,
1.2.3+2.3.4+ ....=0,

...................

(—1DP11.23....(p—1)+1=0.
Bors cpasrenia, koropela 6yiyTh anbre MbeTo 11 BCAKaro
npocroro uncia p. Taks 1aa p =5 6y1ers
14+2-+3-+4=0 (n0d. ),
1.24+1.3+1.4+2.3+2.4+34=0,
1.2.3+2.3.4+1.2.4+1.3.4=0,
1.2.3.4+1=0.
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Oco6enno sambuaTeasno 31kcy cpaBHenie
(—1)P711.2.3. ... (p—1)+1=0 (m00. p),
KOTOpO€ NpPHBOJATEL Hach Kb cabayromeid Teopemb, m3pbernoit
oAb Ha3BanieMb TeopeMbl Brabcona.

23. TEoOPEMA.

Ecau p wucao npocmoe; mo 1.2.3. ... (p—1)-+1=0 (n0d. p).
Jorasameavcmeso. . Yucao p Momerd ObITh WIH 2 mam Goxke
2; BB nocrbpaens caydab ono, Kakd mpocroe, GyleTh Bcerja He
getnoe. Ho cpaBuenie
(—1P711.2.3. ... (p—1)-+1=0 (m00. p),

cOpaBelIdBOC IJA BCAKAro npocroro 9uciaa p, npm p HE YETHOMD

I2€eTD
1.2.3....(p—1)+1=0 (mod. p).

Jro e cpapHenie mubers mbero m npn p = 2; m6o A1A 3TOM
BEJUYHHB! P OHO NPHBOJATCA Kb cabayromenmy:

1-+1=0 (mo00. 2),

4TO0 cnpaBeaanBo. Taks yobmkiaemcsa Bb NpejloeHHON HaAMH Teo-
pemk.

He Tpyauo 10Ka3aTh, 9T0 BOOGME €CN 7 YHCEAD Gy Gy, (gy..rcl,,,
KOTODHIA MeHbIIe p 1 He Menbe O, y10BIeTBOPAIOTH CpPaBHEHiO

As" + BT 4+ O TP L - Lo~ M= 0 (n00. p);
T0
— A, +a,+a;—+....+a,)=DB (0. p),
A4 (a,a,+a,0,+a,0,+....)=0C,
(=" Ay ... .0, +aa.... 0 +....)=1L,
(—1)"4da,aya,....a, =M.

Bb camons pbakb, umcra a,, a,, a,,...., @ 06paaAlTd B

IyJb BbIpakenie

m

A4@x—a) (@—a) (@—a).... (2—a,).
4%
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Cxbj. ot/ 9mCIa yIOBIETBOPAKTD CPABHEHIIO
4@—a)@—ay)....@—a,)=0 (n00. p).

Ho 1%t ®e yncia 1o moxo:KeHil0 y10BIETBOPAIOTDH CPABHEHIO
A"+ B2 T - 02" P . Lo+ Lo+ M= 0 (m00. p),
a IOTOMY YJO0BIETBODAITDH OHA H CPaBHEHIIO

4@—a)@—a,) (@—a)....x—a,)

!z— 0 (m00. p
—Aa"— B T — O™ T —. . . .— Le— M) ( )

DOJyYaeMoMy BH Pa3HOCTH NPEABIAYIINXD cpaBHeHiil. Ho ecam sTomy
CPABHEHII0 YJOBJIETEOPAOTD M YACEND Gy, Gy, Oy, « . . G, , B3A-
THIX'h HaMA #3D paja 0, 1, 2, 3,.. .., p—1; To ono mmbers m
phineniii; crenens e ero Membiue #; H60 Bb BBIPaKeHin
A@x—a) @ —a)(@—a)....@@—a,)
— A2 — By T — O T — . — L —M

qiens ¢b 4 cokpauaercs. Beabicreie storo mo 21-it Teopemb
Mbl 33KIH9AEMB, 9TO Bb CPABHEHIH

Ad@@—a) (@—a)(@—ay)....@&—a,) 1__

_ "— ( =0 (M()d. p)

— A2 —Ba" T — O TP —. .. . — Lz — M j
KoedounienTsl BehX® cremeseil x pbaarca ma p. Ho Bp sromMb
cpaprenin koewemuients 2 Y, 4™ % ... @, 2° cyTh

— A4 @, +ay+a,+.... a,)—Db,

A (a ay+a a3+ a,a,—+. .. .)—C,

m—1
(—1) Ad@ay. ... .0, —+005.... 6,4+ ...)—L

(—1)"4daa,a,. ... a,—DI.

Cab. mo npEHATOMY HAMA 3HAKONOJOMKEHII0 GYIETD

— 4 (a,+a,+~a,—+....=a,)—B=0 (nd. p),
A(a,a,+a,a,+a,a,-+. ...)— =0,
— 1" A(aay. .. .0, A+aya,. .. .0, +..)—L=0,

(—1)"4da,aya,. ... a, —M=0;
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OTKyJa W BBIXOJATDH CPABHEHIA

— A4 (o, +a,+a;+....+a, )=DB (nod. p),
A, a0, a4+a,a,+. ... )=C,
(—D)" T A ay. ... 0, +0,04. ... 0. ... =1L,
(—1)™ da,a,0a,. . .. a, =M,

KOTOpBIA Mbl HMEIE BB BHAY AOKAa3aTh.
Taxd W3'b cpaBHeHisA

22—+ 202+~ —4=0 (nod. 11),
KOTOPOMY YAOBIETBODAIOTSH Ymcaa 1, 3, 5, MBI HaiijeMd
— (1 +3+5)=2 (mod. 11),
1.34+1.54+3.5=1,
—1.3.5=—4.

§ 20. Mer roxasaxm, uro cpaBuenie

2™ 4 Br" T - O™ T2

...+ Ly M=0 (m00. p)
He Mo:keTh mMETh Ooxke m phwmeniii. Temeps nocmorpmys, npm
KaKuXD YCIOBiAXD® 3T0 cpaBHeHie mmbers He Mmenbe m phumeniii.
Ilpn sToMDB MBI GyAeMD Bcerja npejuoaarars m mne Gorbe p—1.
IToramens e mpejBapuTeIbHO, YTO CpaBleHie

2" 4= Be"™ ' - 02" o= Lo+ M= 0 (n00. p)

MO eTh ObITH BCerja npuBejeHo Kb 9TOMY BHAY.

24. TEOPEMA.
Ecau p uucao npocmoe, mo cpasrenie

2"+ Bx™ - O™

“+....+Lx-+-M=0 (mo0. p)
MOKNCEMT Bbimb 3AMIHENO CPABKEHIeMs cmeneny P — 1

A 2?7 B o TP O e P Lo+ Lo+ M, =0 (n0d. p),
10 noaunons A, 2 '+ B o TP O aP P .+ Lw - M
ecmy 0CIMAMoKs oms 0m.aenis

2" B ' - O -, .- L+ M
Ha 2P — .
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Hoxasameavcmeo. JEImME n0IMHOMD
2"+ BT+ Ca™ P, . - Lo+ DB

na 2P —x; gacTHOC W OCTATOKD OyAyTH ®YHKNIE Ihabla ¢b mhasivMm
KOCOOUIieHTaMA; DPATOMD CTeleHb OCTaTKa GyleTh MeHblue cre-
nenn ybanreas xf — x; caby. ne 6oake p — 1. Ilycts ke wactoe
sroro Abaenia 6yiers Dx m

AP 7'+ Ba? 7P+ O’ . Lo+ M,
0CTaTOK'h; npHpaBHNBaA pbimmoe npomssejeHito pbanrena Ha gacr-
HO€, CIOJKEHHOMY CB OCTATKOM'b, Haijems

" 4 B - O T P - Lo+ M=
(10).
Oz (2P—x)+A, 2 '+ B, o T+ C g ...+ Lz M,

Ha ocnoBamim sroro ypasHeHia He TpyAHO yGbimThea, 9TO
cpaBHeHie
2" 4= Br" T - O P L = Lo+ M =0 (m00. p)

TOMJECTBEHHO CPABHEHII0
AP+ Bl 4O 4. .. - L o+ M, =0 (mod. p).
Bb camoms nbab, Beipasenie 2P — 2 npnm Bebxb 3maveniaxm
2 GyleTd cpaBHEMO ¢b O DO MOAyJH p; n00 OHO, odeBmAHO, Ab-
IATCA HA p UPH & KPATHOMD p, & npE x Hepbiameyca ma p Gy-
gers z¥ T —1=0 (mod. p) m cabn. 2’ —2x=0 (n00. p) no
teopent Pepmara. II3p 9TOr0 BHJHO, 9TO, IPH BCEX'D 3HAYECHIAXD
%, 6yJeTd CPABHAMO Cb HyleMb npousseenie @ (zf — z).
Toatomy, ne manbaas cpaBHCHIA
2" 4 Br" - O P Lo+ Lo+ M= 0 (n00. p),

MBI MOKEM'b BBI9eCTh 3D nepBoil vactu ero @x (z¥ — z), seaby-
CcTBie 4ero OHO mpPeJICTABHTCA TaKb

#""4+Ba" T O™ ... 4 Lo+ M— D (2P — x) = 0 (m00. p),
a 310 10 (10) npmBojuTCA Kb cabayomemy
A" B a7 C o - g+~ M, =0 (n00. p),

qTo ¢ Tpe(’)OB&.’IOCb JOKRAa3aTh.
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Ha sToMT ocHOBaHIm MBI 3aKJ09aeMb, UTO CTeNeHb CPaBHEHiA
Ch MOLYJEeMD 2 MOEKeTH GbITh moummeuna A0 1, ¢b MOLyIeMD 3 10
2, ¢b MOayIeMb 5 10 4, 0 T. 1.

Taxs, mmba cpasuenie 4°—+ 2*— 1 =0 (nm0d. 3), MBI cTeneHb
€ro MoKeMDb NOHH3ATH A0 2-Xb. [JJad 3TOoro HImMEMDB OCTATOKD OTH
rbaenia 2° +22—1 na 2 — x. Takd Kakb 5TOTH OCTATOKH €CTh
2?4+ 2 — 1; TO pa3cMaTpmBaeMoe HaMP cpaBHeHie 3aMBHATCA Ta-

KAM'D
22+ —1=0 (m00. 3).

§ 21, Iloxasapmn kakmmb 00pasoMb CTeleHb CDaBHeHiA Cb
MOAYJIEMD P MOKeTdh ObITh IOHMMKena 10 p—1, IPACTYOHMB Tenephb

Kb onpeXbicHito ycaoBiil, H0AB KOTOPHIME CPABHEHie

2" 4 B T - O™ T

—+.... Lo+ M= 0 (nod. p)
mvkers m phmeniii, rib m ne 6oxke p— 1. Mn1 3xbces npeano-
JaraeM’b KO ®RIieHTH BbICLIell CTCHeNn % PaBHBIMD eImHHIE; 16O
Bubam, 910 3TO MOEETH GbITh cibaano BO BCAKOME CpaBHeHiH.
Borp Teopembl, mo KOTOPBIMB MBI BCerja y3uaeMb, umbers am
JalHoe cpaBHeHie croapko pbmenif, ckoipko BB morasarterk ero

CTeleHd HaXOoJuTcA eJHHAb, U.Ix 11§55 L)

25. TEorPEMA.
Ecau cpasnenie

2™ -~ B - O™

~+ . ...+ L+ M=0 (m00. p)
uMBEMs M PRuenit, Mo 63 ocmamrn oms Owaenia af — x wna
2" 4= BT - O™ T . .. .- Le+ M ecn xoeffpunienmos
0waamea e p.

Hoxasamenvcmso. Ilycrs 6yrers Fx vyactoe orp Abhaenia

m= ...+ Lx+Mu Dx

2P — 2 nHa 2" 4+ Ba" ' - Ox
0cTaTOKB 0TBH aToro xbaemis. IlpmpasumBasa jnbammoe mnpomssege-
piro rbamTelst ma vacrHoe, CA0KENHOMY CH OCTATKOMD, HafiieMb

2P — = Fz (2" 4+ Bx™ ' =4 O™

“+....+ Lz -+ M)+ Dz
OTKY/Ia BBIXOAUTD

2P —g—Fx ("B -+ O™ 4. .. .+ Lo+ M)=7z (11).



Bossmems reneps cpabnenie
2P —p—Frx (2" + Br™ '+~ 08" 4.+ Lo+ M) = 0 (n00. p)

H M0KaEeMb, 9T0 BD CBIAHHBIX'D HAMI NPEJU0J0KEHIAXD 9TO CpaB-
uenie mvbers e menbe m pbmeniit. to cabayers m3p TOro, 9TO
opu Bebxb BeamumHaxb «, Bolpakenie xP —x, Kakb BALbIM BB
§ 20, cpaBumMO ¢b 0 1O MOLY.II0 p; BBIpaKeHie ke

Frx (" 4+ Bx" '+ 0" . .. .+ Lz + M)

CTaHOBUTCA CPABHAMBIMG ¢BH O 10 MOxyito p mnph Behxb umcIaxw®,
YIOBIETBOPAKIUXD CPaBHEHIO

2"+ Bx" T - O P .o+ L+ M =0 (m00. p);

aTo Ke cpasHenie umbers m phmenif, 10 noJoxeHiw.
Urakd cpaBHeHie

m—2

2 —x— Fr (@™ +Bs" '+ " . ...+ Lx+M)=0

mubers mo kpaineii mbph m phmenii. Ho omo no (11) mpmso-
JUTCA KB

Dx = 0 (mod. p),
KOTOpPAro cTenenb Menbine m; 160 Dr 03HAYAETH Y HACH OCTATOKD
orp baenia 2 — z ua

m-—2

2"+ B - O P, .. L+ DM,

Y6b1ace TaknMDb 06pasoMd €b OJHOM CTOPOHBI, UTO CpaBHEHie
Dx =0 (n00. p)

nvbers no kpaiineit mbpt m phmeunid, a ¢b gpyroit, aro oHo cre-
HeHd HUKE 7, MbI, 10 Teopemb 21-oii 3akiwdaeMb, 4T0 Bb DX
Bch Koed®muienTsl ¢yTh YMCIA KPATHBIA ), Bb YeMb H 3aKI0UALTCSH
npejIoeHHad HaAMA TeopeMa.

Joxrasens Tenepr o0patayio aToil Teopemt.

26. TEoPEMA.

Ecaw ocmamoxs oms owaenia a?—x na ™+ Bz ' COx™ 3

. ... Lo M umnems ccr roefihursienmos Kpamuvie p; 1mo
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cpasuenie
"+ Ba" - O™ P . ...+ Lo+ M=0 (mod. p)
UMPEMNE M PIUEHTI.

Joxasamenvcmeo. [Iycrs 6yiyrs Fr m @x 4acTHOE W OCTATOKD
ors pbaenia ¥ — z na

2"+ Bx" T - O™ P ..+ Lx o M,

octatokb Dz, 1o moiromenito, 6yrers mMbETh BCh KOed®HIIEHTHI
KpaTdble p; NOITOMY JJAA BCAKOH BeIMIHHB! & GyleTh

DPxr=0 (mo0. p) (12),
vacTHOe e Fx Oyjaers nbiad ®yHKOig TAKOrO BHAA
—m ——
2P - Bl T T e L

[IpnpapnmBas pbammoe npomssejenito pbiumreas na gacrioe,
CIOKEHIIOMY € OCTaTKOMB, HAilleMb

P—x=Fr(@" -+ Bs" '+ Cr" . ...+ Lz -+ M)+ Dz,
OTKy 12
2! — g — Ox = Fr (2" + Bx" '+ O™ 4. ... +Lo+ M).

Ho rak® kakb, mo (12) 1 1o CKa3alHOMYy HAMA BhIIIE OTHOCH-
TeabHo ¥ — x, Bbipamenie #¥ — x— Dz cpaBHAMO Cb HyJeMD IO
MOAyI0 p Aaa BCEX® uyucens 0, 1, 2,..., p—1; To Bk 31H 9mcaa
6yIyTDH YAOBIETBODPATH CPABHEILIO

Fr@" <+ Bx" '+ O™ 4. ...+ L+ M)=0 (no0. p);

n60 NepBasg 4acTh ero, IO BHIBEJEHHOMY HaMH ceffuach ypaBHeHilo,
TOME ecTBeHHa pasuoctd 4 — x — Dx.
Wraks Bek umcaa 0, 1, 2,...., p—1 yLOBIETBOPAIOTH CPaB-
Heniio
Fx(@" + Bz" 7'+ O™ 4. ...a-Lx—+ M)=0 (m0d. p).
Ho sromy cpaBueniro HHKaKOe YHCIO He MOKETh YAOBIETBO-
pATh, HEe YXOBIETBOPAA HH OJHOMY H3H CpaBHEHIt

Fr=0, 2™+ Bs" '+ 0" *+. ...+ Lr+ M=0 (mod. p).

B camoms pbal, ecam aTH cpaBHenid He yI0BIETBOPAITCA NPH
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z=0a, o Fa 1 a"+Be" '+ 0™ 4., . . ~La+M
cyTh uncia He yhiamisca Ha p, a HOTOMY @ NPOCTBlA Cb p; HOO
p gicao camo mpocroe. Ho ecom Fa n

m— m—2

"+ BT - O P =L+ M
CYTh 4HCIA NPOCTblA CH P; TO W IPOH3BEjeHie HXD
Fo(o" -+ Ba™ '+ Ca™ * 4. ...~ Lo+ M)
YpECcJa0 mpocroe ¢b p W crbl. cpaBieHie
Fr(@™ + Bs" '+ 02" 4. .. .+ Lo+ M)=0 (n0d. p)
IpH Z == o. #e yJ0BIeTBOPACTCA.
Urakp kampoe n3p p gacers 0, 1, 2,...., p—1 6yleTs yA0B-

JersopaThk 10 kpaiineii mEph ogHoMy m3® cpaBHeniit

Fr=0, "+ Bz" '+ 00" 4. ... +Lo—+ M=0 (nod. p),

a IIOTOMY, €CIH 11a30BeMb 4epe3b 7 H 7', CKOIBKO YHCEIb Bb PALY

0, 1, 2,...., p—1 ynorersopaers cpasnenito Fx =0 (x00. p) n
2"+ B - O™ 2 L= L+ M= 0 (n00. p);

T0 cymmMa n—+n Gyaers ue mewbe p. IIpn Toms, wncia n, ®', 03Ha-

9as, cKOALKO Ymceab Bb pagy 0, 1, 2,...., » —1 yIOBIETBOPANTS
CPABHEHIAMB
Fr=0, 2"+Bs" '+ O™ "+ ....+Le+ M=0 (m00. p),

6yAyTH paBubl yncay phmenift aTnxs cpasueniit; cxba., no Teopemb
20-it, ancao ' me Goxke m, a n me Goxbe p— m; moo, BuLLAM,
Iz ectb oynknia takoro smga &~ " B af 7" L L
Uraks ancaa n, #', ouperbasomia ancro phumeniit cpasHenii
Fr=0, 2" +Bz" '+ Ox" 4. ...+ Lo+ M=0 (n00. p),
GYLYTH YIOBIETBOPATH YCIOBIAMB
n—+n'>p n<p—m, n<m.

Ilepbia jBa yCJIOBiA, N0 HCKIOYEHIm 7, JAKTDH n’zz m, a
970, Bb COBOKYNHOCTH Cb YycIoBiewb %' <m, OOHADYKMBAETDH
pasencTBo #'=m. OTEyaa 1 cIbLyeTh Ipejioennas Teopena.

Ha ocnoanin nocrbaanxs AByXb TeopeMb Mbl Y3HAEMD BCErAa,
nvbeTs AR JaHHOE cpaBHeHie CTOABKO phumienif, CKOIPKO BDb IOKa-



satenl ero crenennm cojep:kurca ejumunns. [lag atoro mbl, cabaass
npeiBapuTeIbHO KOePPUIieHTh BhlCHEell CTeNeHH Z BB JAHHOMD
cpaBHeHinm paBHbIMB eamnmub 110 crmoco6y, nokasanHOMy BB § 17,
H 11a3biBasA Yepesb P MOAYIb ero, 1bamme x¥ — z Ha nepBy JacTb
cpasHeria. Ecan octaTokd, noxydaemslit npa aToMd Abaenin, ambers
Bch Koedommientel KpaTHble p, To N0 mnocxbamei Teopemt mMb1 3a-
KII09AMB, 9TO JaHHOEe cpaBHenle mubeTs cTOIbKO phinenidl, CKOABKO
Bb N0Ka3aTerh ero creneHm copep:kaTces eIAunnb. BB mpoTHBHOMB
e cxydal, no Teopemt npepmocrbaueii Mbl 3aKI0YAMB, 9TO CpPaB-
Henie He mMBeTd €TOABKO phmeniii.

Haup. 9ro6s1 y3uars, nmbers a1m cpaBnetie

22— 2 — 20=0 (M00. )

tpr pbhmenia, win wvbre, me1 pbimmes 23—z Ba 2% — 2 — 22,
Taxp Kakb ocTaToKd 3T0ro JbhieHis ects 5%+ 5z, rib o6a Koed-
ounienTa jbaaTca Ha 5, TO MBI 3aKI09aeMB, YTO Pa3cMaTpHBaEMOe
HaMu cpaBuenie nmbers Tpnm phiuenis.

Hanpornes, 1bas 2°— x na 2+ 2>— 2 @ Haxond BB ocTaTkb
2*— 3z —+ 2, rih xoevonnientsr He Jbagrca ua 5, 3aKIH0IAEMD,
YTO CpaBHeHie

22— 2 — 2=0 (n0d. 5)

nvbers menbe Tpexs phmeniit.

IVTABA 1V.

O cpaBHEHIiAX'sE BTOPOI CTEONeHH.
§ 22. O6wiii Buyb cpasueniii BTopoil crencHn ectb
ar® 4+ br 4+ c=0 (n0d. p).

10 CpaBHEHie NPHBOAATCA Kb CPABHEHIAMD NEPBOi CTeNeHA Bb
JBYXD cIyyasxb. Bo mepBpixb, Korga p = 2. Bb sTomb caysab
no 24-it reopemk, creness cpapHeHis

ax? —+bx +c=0 (mod. p)
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MOMeTH ObITh NoHMKCEHa 10 1. Bo BTOPBIX'B, cpaBHeHie
ax® + bx +c=0 (m0d. p)

npHUBOJUTCA Kb NMEPBOfl cTeneHm, Koria a AbLiarca ma p; u60 BB
aToMb caysal 6yzems nmbrh

a=0 (m00. p),
9T0 1O YMHOKeHIH Ha 2? jaerd

ar®=0 (nod. p),
BBIYATAA JKe 9TO cpaBHeHie m3b az® + bxr -+ c==0 (Mod. p), nait-
1eMb bz -+ c== 0 (n0d. p).

Hragks BB caysal p=—2 mim a KpatHaro p, cpaBHelie
ax?+-bx—+c==0 (Mm0d. p) IpHEBOJATCA Kb CPABHEHito IepBoil cTeneny,
xoropoe pbmmTe Mpl ymbems. Odpalaemcs Temepp Kb CIydaio p
He =2 u o He pbiamaroca ma p, W A4 yUpouleHid HAMAXD
M3bICKAHIN OrpaHAYEMCA CHAYAIa CAyYaeMs P IPOCTOro.

Me1 Teneph UOKaiKeMDb, Kb 9eMy IPHBOAHTCA Bb 9TOMDB caydak

pbuienie cpaBHenisa
ar®+ bxr + c=0 (m00. p).

Tak® Kakb P IpeinoJaraeMd YACIOMD NPOCTHIMDB, OTIAYHBIMD
oTh 2, n @ He ghiammyea ua p, T0 4a 6yierd YACIO IPOCTOE Ch
P; & IOTOMY, KAKb HE TPy/HO yObiaThCa, cpaBHeHie ar®+bxr—+c==0
(m00. p) GyreTd TomecTBeni0 TakoMy 4a (ax®—+bx-+c¢)==0 (n0d. p).
Bw camomb pbrb, nepsoe cpaBueuie npegnoiaraeTb BTOpoe; HO6O,
HE HAPYIIas CPaBHEHIfA, Mbl MOKEMB UIEHb! €ro yMHOMKHATH HA BCf-
KOe 9mci0; 06paTHO, BTOpOe NpeAnolaraeTdb ImepBoe; H00 OHO MOXY-
yaercA W3b BTOPAro COKpameHieMdb 00maro MHOEATEII 4a, — co-
KpallleHieMb M03BOJATEIBHbIND, IIOTOMY 9T0 4@ YACIO IPOCTOE CBb .
Ho cpasuenie 4a (az®+ bx —+¢)=0 (m00. p) MOEKeTD ObITh TAKD

HALIICAHO
(2ax + 0) — b® + 4ac =0 (n00. p).

OTKyaa BBIBOJIAMD
#?==b"— 4dac (mod. p),
npejnoaras
2= 2ax -+ ).
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W31 aroro mel BEAEMB, 9T0 phmenie cpaBHenisa
ar® -+ bx -+ c=0 (n0d. p)
npuBojaTcA Kb phenito cpaBuenia
22 =b"— 4ac (m0d. p)
r onpexbaenito « 10 ypaBHeHi0

2 +b =2.

Ho uto racaercs 1o ompexbuaenia x no ypasrenio 2ax—+b=z¢,
rorja phmenieMs cpaBeenia & =08 — 4ac (nod. p) maigeno #, To
0HO cBoaUTCA Ha pbmenie cpaBHeHis mnepBoil cTenenn. Bb camoM®
abak, pbwenie cpasuenia 22==l*— 4ac (n0d. p), no 3ambyennomy
Haum BooOme o pbuenin cpaueniit fx==0 (n00. p), rab fr nbiasa
SYHKIIA & ¢b IBIBIME Koe®odHIICHTAMA, NPEACTABATCA OLHEMD HJIH
HECKOIbKAMA CPaBHEHIAMA BHAA

z2=a (n0d. p).
Beabpersie gero, paa onmpepbaenia memsashcrmaro x, cBazaH-
HATO Cb 2 YpaBHeHieMb 2ar —+ b =2¢, 6yleMdb unbTh
2az + b=a (n00. p).

Jro cpaBHEHie, KaKkb IepBoit cTemend, Mbl phmars ymbems; 3a-
mBTaMD TakiKe, 9TO OHO, BB CAEIAHHBIXD HAMH NPEANOIOAKenigxs,
oyzerd Beerja mmbre oxmo pbmenie; m6o 3pkes 2¢ m p Gyayrs
9CcIa OTHOCHTEIbHO APYL'B APyTra NPOCTHIA.

Hraxs Bea Tpyauocth phmenia cpaBHeHid

ar® +br +c=0 (mod. p)
3aKI09aeTca Bb phmenin cpaBHenia
22 =10 — 4dac (mod. p);
STEMD CpaBHeHieMb Mbl Teneps u 3aiimemca. Msl ero Gyzers nm-

CaTh TaKb
22=q (nod. p),

noJaras Ada coxpamenia U — 4ac=q.
PazcmarpuBas cpaBHenie
22=q (m00. p),
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Mb1 3aMByaems, 9r0 oHO npm ¢==0 (M00. p) GyAETH YAOBIETBO-
pATheaA npeanoxoxenieMs 2= 0 (mod. p). He Tpyruo Taxme yoh-
AUTHCA, 9TO BB 3TOMB ciydak #2==0 (m00. p) ecTh eIHHCTBEHHOE
phmenie cpaBrenia £*==gq (m0d. p). Bb camoms bk, ecam ¢
CPABHHEMO Cb HYJIeMD 10 MOAYIIO p, TO cpaBHeHie &?==gq (n00. p)
BbIpakaeTs Ahammocts 2* va p. Ho p, 6yAydm 9mcIoMB TPOCTBING,
He MOKeTh JBIMThCA HA KBAAPATh KAKOTO NGO umcxa; cabi. mo
6-oit Teopenb, pbamvmocth #* Ha p npejnoraraers LEINMOCTH 2 1A P,
a 3TO BBIpaKAeTCsA cpaBHeHieMb
£=0 (m00. p).

Wraxs, ecim q cpaBHAMO C'h HyIeMb IO MOLYJII p, TO CPABHE-
mie 2 =gq (n00. p) amEerd ogHO ToabKO0 phmenie z==0 (mod. p).

Ilepexoaums Teneph Kb CIy9ai0 @ HECPABHAMATO CH HYJeMb
0 MOAYII p; BB 3TOMDB ciaydat ormocmTesnHo phmeniii cpasue-
Hia #?==¢q (m0d. p) 6yzerd ambTs Mbcro crbayoman Teopea:

27. TEoPEMA.

Licaw q ne cpaswumo cz wyasems no modyao p; mo cpasuenie
ZP==q (M00. P) UAU HE UMBEMS DIVULENIA UM UMIDEME 064 PIULENIA,

Joxasameacmeo. Mol Buykin, aro BooGme cpasuenic fzr==0
(mo0. p) mubers croapko phmenidf, ckoipko 9mcerds BB paxy O, 1,
2,...., p—1 emy yroBiersopsaeTs. Ha ocHOBaHIm 9TOr0 He TPYAHO
IOKa3aTh, YTO cpaBHeHie 2°==gq (mod. p), npr q He==0 (m0d. p),
He Mo:eTh UMbBTh 0HO Toapko pbmenie. Bb camoms ybak, nycts
0yleTs @ TO 9mcro, kKoropoe BB pasy O, 1, 2,...., p—1 y10B-
JeTBOPAETDH CpaBHEHI 2°==¢q (M00. p). Hucao a He MOKEETD OBITH
HyJeMb: H60, rbiada Bb cpaBrenia z’==q (m00. p) 4HCIO 2 PABHBIND
HyII0, HaX0 aMb O == ¢ (M00. p), 9T0 NpoTHBHO HoJo:xkeniro. Taks
@ OyJeTs OJHAMD H3Db uucetdb 1, 2,...., p —1.

Ho ne tpyano yobiaTeca, 4to ecam @ yAOBJIETBOPAETH CPAaB-
HeHito #°==q (M00. p), T0 p—a GYJIETD TaKKe YLO0BIETBOPATH €MY:
n6o (p—a)?, Kakb pasHoe P* — 2ap -+ a®, CPaBHAMO CH a?, IO MO-
ayxao p. Crbrosatersno, p—a 6yzrers onperbaars Bropoe phenie
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cpaBHeHiA &’==q (M0d. p), eCIH YACIO P — @& 3AKIHOYAETCA BB PALY
0,1,2,...., p—1

# oranudo oTb a. Ho mneproe crbryers m3s Toro, 9ro ¢ me Goabe

p u He menke 1: BTOpoe ke neo6xoanmMo joamno mmkre mbero, mo-

TOMY 9TO, B NPOTHBHOMB ciydab, 6bl10 661 p—a=a, n crbi.

2g==p, 4TO HEBO3MOKHO, H0O P YHCIO IPOCTOE OTIMYHOE OTE 2, 2

II0TOMY 9eTHBIMB ObITb HE MOMKETb.

Nraxs, ecan BB pALy HafijeTca oAHO 9HCIO, yIOBIETBOPAIINEE
cpaBHeHilo 2’==q (M00. p), To Hafizerca m Apyroe, eMy yJIOBIETBO-
pawomee. Caby. aTo‘cpaBHeHie He MOKeTDh UMETH OJHO TOJBKO ph-
menie. Ho aro cpasmenie, OyLydm BTOpOil CTeleHH, He MOKETbH
nvbTh Takxke 6oxbe aByx®b phimeniit; crbroBareipHo, OHO JOMKHO
avbre wam ABa phmenis mam HE 0JHOTO, 9TO H CIBIOBAIO 10KA3aTh.

§ 23. Msr saiimemca Tenepb m3cabroBamieMs NPU3HAKOBH, IO
KOTOPBIMB MOKHO y3HaTh, mmbeTh am cpaBHenie &®==gq (mo0d. p),
rib npepnoaaraens ¢ e =0 (mo0d. p), Asa phmenia mim BETD.

Ha ocHoBamin Teopend, 10Ka3aHHBIXD HAME BB § 21, He TPY/HO
y3uarh, umbers In JanHoe cpasHenie s’==gq (mod. p) iBa phuenis,
min #E1e. Jad aToro, Mp1 Z0JKHBI HAHTH OCTATOKD, HOXydaeMblil
npn jbaenin 2? — 2z na #*— q. YroGsl HAliTA 3TOTH 0CTATOKD, MBI
pbamvoe 2P — 2z upejcTaBIACND TAKD

L]

: .
n sanbuaens, 4TO (z~) —¢q = Axbamrea ma 22— q. Caba. npm

XBaenin aToro Beipakenia Ha &2 — ¢, OCTATOKD OyJleTh

p_—_l
Z[ff —1]'

Otcroaa, o reopent 26-1f, MbI 3aKI09aeMB, 9T0 CpaBHeHie & ==¢
p—1
. 2
(a00. p) mubers gsa phmcenia, ceamg ~ —1 abamrea wa p, wim,
YTO OAHO W TO:KE, M0 HAIIEMY 3HaKomoJoxenito, ecan mubers mbero

cpaBHeHie
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p=1
q® =1 (med. p),

p—1
Ecan 1me 210 cpaBrenic e yposiersopserca m cibi. ¢ - —1
He yhamtea Ha p, To, m0 Teopemb 25-0i, 3aKI0YAMB, YTO CpPaBHe-
nie s*==gq (n00. p) we mmbers AByX® phimenif, a moromy oxo He
moxkers mMETe W ogmoro pbmenia; m6o, nmo Teopemb 27-if, aro
cpaBuenie man umkers jBa pbmenia mam ve mvbers HE ojHOTrO.
Wraks, cpaBuenie z’==q (mo0. p) nmbers ABa phmenid, min ne

nmbers HE 0JHOrO, CMOTPA O TOMY, 6YAETH AN

u
¢ " =1 (n0d. p),
nam 310 cpasHenie He Oylers mmbre mbera. Bb nepsomb cayuak,
MBI 6yLeTh TOBOPATH, YTO CpaBHEHie &° ==¢q (M0J. p) BO3MOKHO; BO
BTOPOM'B, 9TO OHO HEBO3MOKHO
ITpunomanms 31bEce, 9TO Bce 9TO BBIBEJEHO HAMHA BB IPEANOIO-
#eHid, 9TO p YMCJI0 NPOCTOe, OTIAIHOE OTH 2, & ¢ Kakoe HHOYAb
YHCIO0 1I0JOKATENbHOE, HIN OTPUIAaTelbHoe, He Abiameeca HA p.
Taxp, uro6bl y3Hath, mMbern anm cpaBHeHie 2°==3 (mod. 5)

. 5—1
phmenia wim nbTe, MBI BO3BOAAMD 3 BB CTENEHb —5—, Wm 2. Ha-

X044, 9T0 3% He cpaBHAMO €¢Bh 1 MO MOAYNI0 5, MBI 3aKA0YAEMD,
uTO cpaBHenie =3 (mod. 5) me mubers pbmenia, rpyrmmu ciro-
BAaMH, 9T0 CPABHEHie HEBO3MOKHO.

Hanpotnes, Mol yobxaaemesa, 9ro cpaBHeHie 2% =2 (m00. 7)
7—1
mvbers phmenia, naxoga aro 2 2 =8 m 8 cpaBmmMo c¢b 1 1O

MoLyao 7.

§ 24. Ecan p n ¢ e Beamkn, T0 He TPYAHO y3HATH, YAOBIE-
=1 '
. 2
TBOpAeTCA Ju cpaBuenie ¢ - ==1 (mo0d. p), nxm mkre. Ho 310 cra-
HOBATCA BechbMa TPYAHBIMND, KOTAa p H ¢ Goapmia ymeaa. Mp1 mo-
=1
. 2
Ka;KeMb Telepb, KaKHM'B 06pa30Mb, He BBIYHCIAA 3Hademia q =,
»—1

. 2
MomHO pBmmTh, yaoBIeTBOpAeTCA A cpaBHeHie g - ==1 (mo0d. p)
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nax #bre m upesb To y3uarh, mmbers Jum phmenia cpaBmeHie
#2==g (mo0. p), mam wbrs. Cp 3T0k0 ImEIit0 MBI JOKAEEMD Temeps,

4T0 ecim ¢ He pbamTca Ha p W p YACIO IPOCTOE, OTIMIHOE OTH 2,
p—1
2
KaKb Mbl H IpPEANOJaratu, TO YACIO ¢ = YXOBIETBOPAETDH BCETJA
OJIHOMY W3B JABYX'H CpaBHeHIit

p-1 p—1
2 2
g =1, ¢ =—1 (nod. p).
Bt camoms pbrb, ecam HE 0fHO W3H STHX'H CpaBHEHiH He yIOBIe-
p—1 p—1

2 2
TBOpAeTcA, TO HA 4dAcI0 ¢ = — 1, HE umcro ¢  —+ 1 He ab-

Jurcd Ba p; # cxbl. 06a oHE npocTeld ¢b P; W60 p caMo 1o ce6h
p-1 p=1

i 2
npocroe uymcro. Ho ecam o6a wmera ¢~ — 1, ¢~ —+1 cyrh

2-1 =1
npocThiA C¢b P, TO W NPOH3BEJeHie HXb (q 2 —1) <q 2 +1>,

nm gP 7' —1 gmcio mpocroe €b p; 4 9TO He CHPABEAINBO; HOO
no teopem’t Pepmara, pasuocrs ¢P T '— 1 pbamrea ma p.
Nraxs, 01HO W3H ABYXH CPABHEHii

-1 p—1

g’=1, ¢ =—1 (nod. p)
He06X0IUMO JOIKHO YAoBieTBopaThedA. Cb Jpyroii CTOpOHBI He
TpyAHO y6b1uThCsA, 9TO 002 3TH CpaBHEHiA BB OJHO BpeM:A HE MO-
ryrb umbre mbera; m60, JONyCTABIIN AX'h, MBI HAXOAUMD 1= — 1
(m00. p), oTEyxa 2 =0 (M00. p), 9TO He BO3MOKHO; GO P, HpE]-
noJaraeMoe OTIMYHBIMG OTH 2, 1BInTH 2 HE MOKETD.

Waw ckazansaro Hamu crblyers, 4TO BO3MOMKHOCTD YJOBIETBO-

PHTH cpaBHeHilo 2?==q (m00. p) onperbiderca 3HAKOMB, Cb KOTO-

DBIMB CpaBHeHie
1_':1-
g =1 (m0d. p)
yzoBaeTBopsaercsa. Ecam oHO yaoBieTBopAeTcd €b —, TO CpPABHEHie
#*==q (mod. p) mwbers pbmenia, m BB 3ToMb caysal gmcio ¢
Ha3bIBAIOTD KEAOPAMUUHLIME 6bUEMOMS IACIA P; BH NPOTHBHOMB
5
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p—1

. 2
crxysak, ecm cpasHenie ¢ = ==t 1 (mod. p) yroeieTBopAeTcd Cb
3HAKOMB—, CpaBHeHie 2’==q (m00. p) He mmbers phmenia m gmcao
¢ Ha3bIBAIOTD HEKEAOPAMULHLIMS 6biuemons ducia p. Kpomk roro ras

CORpaHIeHiH naceMa BMEero TOro, 9T00BI NHACATH p 1 q yioBae-
p—l

TBOPAIOTD CpaBHeHilo ¢ © ==1 (mod. p), [aT0, Kar® BuybIm, ecTob
IPH3HAKD BO3MOMKHOCTH CpaBHeHiA &°==q (m00. p)] coriacmimch

NACATh
(L)_ .
» - %
p—1
2
BB NPOTHBHOME ke ciydab, ecimq = =-—1 (m0d. p), numyrs

(5=

IIo aTOMy B3HAKONOJOMKEHIIO ( » ) 0yxeTs 03Ha9aTh 1 Cb TEMD

M35 JBYXh BHAKOBD —, CH KOTOPHIMB OHA YIOBIETBOPAETH CpPaB-
=
HeRio ¢ "=z=1 (moo. p), m cabi., 3Hadenie 3TOro CEMBOIA
p—1

suoadE 6ylers onpeybieno cpaBHeHieMB @ B E(—Z—) (m00. p) m

yCIOBieMb, 4TO YACIEHHAS BeIHIAHA (%) ecth 1.
=1
. 2
Tax® MbI HAILIA, 9TO cpaBReRie ¢ ==1 (M0d. p) yAOBIETBO-
paerca npn ¢g=2, p="7. Crb1., no ramemy 3HaKONOIOMEHil0 6y-

JeTh
2

(+)=1.

5—1

)

Hanoporupp mp1 Bmibim, uro 8 ° 1o MoaylIro 5 CpPaBHEMO Cb

—1; cxba.

Takumb 06pa3soMb H3B (—3—): 1 MBI 3aKI09aEMD O BO3MOK-
HocTH pBmnTh cpaBHeHie 2°==2 (mod. 7), m umcI0 2 Ha3bIBaEMb
KBaPATHYHAIMD BbI9eTOMD 7. HanpoTnss u3® paBeHcTBa (%)= -1
3aKII09AMD, YTO cpaBHeHie %°==3 (mod. 5) me mmbern phmenia
u crbjoBaTeasHo 3 6yZeTd HEKBAJPATHYHBIE BHIYETH 5.



§ 25. MokasaBmn 3HaveHie CAMBOIA (—Z—), MBI OPHCTYOEMB

Terepb Kb PACKPBITiIO ero cBOHCTBE. J1a aT0Oro Mel jokameMs cak-
LYIOIIiA TeopeMbl;
28. TEoPEMA.
p—l
1
Beawuuna cumona( » )ecmbl @ CUME04G ( - ) ecmo (—1)

Hoxasamesvcmeo. Mp1 prpbim, gto CHMBOJI'L( )y,zxomeTBo-
p=1

PAETH CPABHEHII0 ¢ E(—f’-—) (M00. p).

Jbaaa spbes nocabioBarersio ¢ =1 1 g=— 1, HAXOUME
p-1
1 2 (—1
IE(T), (—1) E(;—) (m00. p),
AIH

p—1

1—(3)=0, (— 1)T (5)=0 (uoo. 10).

Tak® KaxDp IACICHHAS BeJAYMHA 3HAYECHIM CHMBOJIOB’I) (—

ecThb 1; TO pasHOCTH 1~—-( ) (—1) (—), npn HepaBencTBB
1

(%—) ¢h 1, (%) ¢y (—1) : , TNpHBEAyTCA MIA Kb 2 HIA Kb

—2; HO HO 2 HA— 2 He cpaBHEMO ¢b O 1O MOAyX0 p; HOO

p OTIMIHO OTH JABYXb. Cibi., Heap3d JONYCTATH HEPABEHCTBA
p=1
L 1, (= 7 k1y
> ch 1, > ¢b (—1) ; oTeysa m crbayerb npepiomen-
Had HaMH TeopeMa.

. o 1
Ha ocuosanin aToi TeopeMbl MbI 3aKJII09aE€MDb, 9T0 (—5—) = 1,
—1 -1
(F)=1 (7)=—1

29. TEoPEMA.

Ecau € ecmv npoussedenie wUCAs Gy oye o o+ G,y MO

(F)=(3) (%))

5*
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,lomsame/zbcmeo CHMBOJIBI ( Q ), (%}—) (—qﬁ-) .. (%), KaKb
BH}L’ﬁJI]Z(, y,ll;OBJIeTBOpHIOT’I) CpaBHeHlHM'b
-1 -1 p—l -1

T2 2 2
0T =(Bn =(5)a = (E) ()0
Ilepemuo:xan Bch aTm cpaBHeHiA, KpoMmE mepsaro, Mexay co-

6010, HAXOZAMD
=1 p-l p—1

1w () (2 (2) e
M.JI]?I, 9T0 OAHO H TOIKE,
p—1

[0 - - - q,.]_2-=~——<—j;—) (42). .. () (uod. p).

Ho no noxomenio nponssefedie g, q,. . . . ¢, pasno ¢; Berba-
CTBie Yero mpejpIAyinee cpaBHeHie NPEJCTABATCHA TAKb

lll

=1

Q° E(%‘—) (%—). .. .(%) (m00. p).

Ho ms1 Buybam, uro @ (g)(mod. ).
9ro cpasHenie, BMBeTh ¢b mpeiBILyIIEMD AA€TD

(£)=(2) () {2 b
() —(2) () - {35)=0 o),

Ho Tax® kak® uncleHHAA BEIMYAHA CHMBOJIOBD

(_@_> (11_) (q_) (q_n>

p)P \p ) \p /27" \p

ectb 1; TO PABHOCTH BBIpAMKEHiil (i) n (q—'> (ﬁ> e (—‘-’l),
P r/\p »

Bb cIydah HepaBeHCTBA WXB, NPHBEJETCA WIM Kb —+2 HIHKD — 2.

Ho mm BB TOMB HE BB ApyroMsb ciyual mpeapiiyiiee cpaBHemie He

Momers UMETh MbcTa; m60 p 9uca0 OTIAYHOE OTD 2. VTakb, HEIb3A

JONYCTHTh HEPABEHCTBA BEAMIAID (-9—), <i‘—) (22—) .. ,(_qﬂ_);
D »/\p )

Han

OTKyZa B cIbIyeTd IpelloKeHHasds HAMA TeopeMa.
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Ha ocnoBarmim sT0it Teopemsl, onpexbienie cmmBoaa (%) npH
() cocTaBHOMB, CBOAUTCA Ha onpejbienie cHMBOJOBD

(4 () ()
p)? \p /) "\
rab g, 4y - - -4 4, OPOCTBIA YHCIA, COCTABIALMLIA ¢). Taks, meras

% 15 30 .
onpexbmnth (=), (757), HaliAeMd, 9To

(©)=(2) (&), (2)=(2) (&) (&
7)—\7)\7)» \101) — \101) \101/ \101/"
Ha ocHoBaminm 3T0if ke TeOpeMbl, Mbl 3aKIHYaeMB O TAKOMB
pasencTBh
()=
\p /)7 \p /"

YT006! BBIBECTH 3TO H3b JOKA3aHHOH HAMH TEODPEMBI, CTOHTH
IPHEATH 9HCAA Gy, Goy- - -+, ¢, 38 PaBHbA ¢. Bb sToMb cayyak

ypaBHeHie o \
G)=05) (%)%

(j?_) — (_?_)”-

» » )’

9ACcIO JKe (), DABHOE IPOU3BEAEHII0 G, g,. . . . ¢,, OPEBELETCA Kb,
Tax® Haiigems, 4TO

G)=G)=G) F)=F=G)
Bb wacrHoMs cayyah n = 2, MbpI H3b ypaBHeHid
(F) =6
()= {3
Ho 6yzrers am (%) paBHO —+ 1, mmm — 1, Bceria KBajiparb

ero 6yxers 1; cabr.
(‘ﬁ) =1.
P

ITO CBOHCTBO CEMBOJA (—?0*) MOAKETDd CIYHRHTh Kb 3HAYHATEJIb=

HAMDB JACTH

BBIBOJIHMB

HbIMD yOpolleHiAMD npH onpepbienin uxs peamunusb. Ilo jorazan-
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Hoit Hamm Teopemt Mb1 mMbems
(3)=) ()
p /) \p/\p)’
. 2 .
Kyla BHeca 3HadeHie (%) U3b NpeJBIAYIIAr0 YpaBHeHiA, Haxo-
(F)=0G)
» /7 \p)’

Ha ocsoBanin sToro PaBCHCTBA MBI 3aKJII0Ya€Mb, 9TO IPH OOpe-

JAME

IbieHin BeamumHB! CHMBOJA (g) Mbl MOKEMD HUCKINOYATh U35 ()
BCAKiff MHOKHTENb, COCTABIAMIA TOYHBI KBAAPATS.

. 5
CBOJAHTCA HA onpelrlmeme (——); onpe-

Taxs onperbienie (éé 7

7
. . 2
Abienie (%) Ha ompexkienie <3)
IIpemwne abus noitaems jarbe, sambruM®b, 9TO HA OCHOBAHIH 10-

Ka3aHHBIXP HAMH TE€OpPEeMBb OTHOCHTEIBHO CHMBOJA (f—)-), 3HaYeHie

(—TQ) 1o (_2q;_) onpexbiserca ypaBHeHieMDb
p—1

=9\ —(—1 T(l)
(p ) 1 »/*

Bwp camoms ybak, Ha ocroBanim mocrbamedt Teopemsl, pascMa-
TpHBadA (— ¢), KaKb npomssejenie (— 1) # ¢, HAXOIAMD

)= ()

1
KyJa BHecAd 3HadeHie (p > no 28-ii Te opeM'h nnbems

(5)=0" (),

qTO | ch'I;AOBaJlo JOKa3aTh. TaKk®h HAXOAUMD
1 -1

2)=-0"(3)=() F="()=-(2)

30. TEoPEMA,

Ecaw q w g, cpasrwumse no modyao p, mo (—;—) = (%‘) .

Hoxasameavcmeo. Ilo noxomxenizo 4HCIa g M g, CPABHAMBI IO
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moayio p. Ho m3p cpaBHeHisa

g==gq, (mo00. p),
. . —1
100 BO3BejeHin 06EEXD yacTedl ero BEL CTEeNeHb pT, avkeMs
p=1 p=l

2, 2
g ‘=gq, ° (M00. p).
CEMBOIBI Ke (—1%), (%) YAOBIETBODAKTH CPABHEHIAMD

p~1 p-1
T __(4 3 __ (¢
q = (})—) y ql = (j) (MOd. p).
Beabacrsie gero npeapiaymee cpaBHeHie JaeTh

(2)=(8) . ),

AIa
g\ — q—‘)EO M00
(p) (p (n0d. p).
Ho Takp Kakb YHCIeHHAA BeJIMYHHA (%) n (21-}) ects 1; To

nepBad 9acTh 3TOr0 CPaBHEHidA, BB caydal HepaBeHCTBA 3HAYEHil

(%) u (gpl), OyAeTs =+ 2, WIH — 2, 4TO HEBO3MO:KHO, H60 P OT-

amgno otTb 2. Cabr. oGa aTm cmMBoJa JoXKHBI EMETH OHY Bexm-
9mHy, 9TO U cIBLOBAIO JOKA3aTh.

23 23—7 23—2.7
Taks HaxoamMs, 910 (%) =(——)=(——).

Ha ocroBanin 3Toil TEOpeMbI Mbl 3aKI0YaeMBb, YTO CHMBOJID (Zoq")

aBEHD r ecin 7 ecTh OCTAaTOKDH OTHh ll;ﬁJleHiﬂ Ha P; u6O
p ) ) )

Kaxb 3ambroim BB § 8, 0CTATOK® CpPaBHEMB Cb LBIAMBIMB, KOrAa
38 MOAYyab npEHATH Jbinreab. Takums 06pa3oMd, sambuas Bb CHM-

BoxB (—”—) yHCI0 ¢ OCTATKOMB OTH Abienia ¢ Ha p, MbI BMECTO
4 r
(p) 6yzems mMETH (P ), rik r < p.

§ 26. Borb Teopembl, KOTOpBIA HOCIYKATH HAMB AJIA TOTO,

gT06b!1 onpexbienie kakoro am6o cmMBoOIa (%) IpEBECTH Kb Omlpe-

AbIeniio cHMBOJOBD BHAA (—Z—), rik g dmcao moao:EMTEIBHOE, IPO-

CT0€ M MeHblIe p. Yro ke Kacaercd 10 OHpeﬂ,’ﬁJIeHiﬂ CHMBOJ& (%),
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KOrjJa ¢ 4UCJIO OOJOKHTEIbHOE, IPOCTOE€ W MeHbIIe P, TO OHO 6y-
JeTh OCHOBBIBATHCA HA CJI'I:‘.}J.yIOﬂIHX'L TEeopeMaxb:

31. TEoPEMA.

Ecau mot coraacumen u3o6pawcamb HauboMEE YUTbA0E uUucro,
aaratonanueeca 63 O0anHOMS £0AUNCCMETL, 3HAKOME E, nocmaes-

AEHHLIMG MEPETs HUMS, MO ZHAUEHTE (%) ONPEOTLAUMCA YPAGHEHIEMS

p E2—q+Ei—q-+....+E(p;1)—q.
(_) =(—1) 2 P P
p
Joxazamearcmeo. Herpynao y65aurecs, 910 npn p HEIeTHOMB
U @ NOJORHTEILHOMD, MOKHO HAHTH MOJOKHTEJLHOE JHCIO 2, KO-
TOpoe, GyAydYd MeHbIIe —121, YAOBIETBOPHTH yCIOBit0
E2a

z=(—1) ? a (moo. p) (13).
Bb camons pbuak, ecam E% YACIO YEeTHOe, TO 3TO CPaBHEHie
HPHHAMAETDH TaKoi BULD
Z=a (m00. p).
Ho B% aroms caysat 1 E %‘1 6yzers gmcio mbiaoe; a moromy
a—3pE 217“ 6yzers qmcao mbioe, yioBIeTBOpSIOIMIEe CPaBHEHIO
2==a (m00. p).

9TO Ke YMCI0, KOTOPOE MOMKETD ObITh NPEACTABICHO TAKb

P (20 g2
2(10 Ep)’

6y1leT’I> KOIAYECTBOMD IIOJOKHTEIbHLIMD H MEHBIINM'B p.

9
. 20 2a 2

3Ha4eHio E;, Pa3HOCTh —5——-—Ef Iorkua ObiTh He Mewbe O m

MeHpHIE 1.

u6o 1o

2
O6pamaemcsa Tenepp Kb TOMy caydao, korjga F f 9ACIO He

2a .
gerHoe. Ecin E 5 JHCIO HedeTHoe, TO cpapmenie (13) npuanmaers

TaKko# BHLD
=—a (m00. p).
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1+ FE 2a
2
ABILyIIeMy CPaBHEHII0 YLOBIETBOPAMD, IOIArasd

Ho B® atoms caysab ecTb ymcao mbioe; a moromy npe-

a 3TO YHCIO0, KOTOpPOe MHAYE NPEJCTABATCA TAKD

£ (1322

0YeBHJHO, MOJORETEIbHOE W HE GOJbIue g ;
2

BbIE, PASHOCTD - ——E? He BBIXOAUTH 3B nperbioss O m 1.

n6o, Kakb 3aMmbuainm

Yo6bkansmucy TakEMD 06pa30Mb BB BO3MOKHOCTH BCEria YAOB-
IeTBOPATH YCIOBiAMB
5722
s=(—1) Ya@mo p), s <0n <L,

HA30BEMD 9€Pe3h 2, Zp. ... &p_; UYACIA, YAOBICTBODAIMIA HMB

2

BB NPEANOJOKEHIAXD 6 =¢q, a=2¢,. ..., @ =£;—1 g. 9T 4ACIa
OyAYTD yAOBIECTBOPAThH Cpa,BHEHiHM’b
foE ot g2=le
—1
=(-1) Tga4=(-1) "2z, =1 P (oo p) (19),
KOTODBIA IO NePEMHO:KEHIn Jalolb
BBy By =
2
(—1) 2" 12,59 7 (wd. p) (15).

Ho me Tpyzno y6baursea, 9T0 NpOA3BEACHIE 2, Z;.... Z 1 DABHO
2

npom3gefienito 1.2. ... B;—- Jaa aToro mMe1 3ambyaem®b, 4T0 YACIA
81y Zgyeueey &p—1, OYAYUH MeHbINE —’2’— H He Menblie O, MOryTh UMETH
2
. p—1
TOIBKO 3HAgenia 0, 1, 2,...., =5—-
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ITotom®s MbI BaM’k‘IaeM'b, 9T0 HH OJHO W3Db HUXD HE MOKETDH

ObITH HyleMb; W00 BB IPOTHBHOMD chyqafI; npejbliylnee cpaBHeHie
—1
npeﬂ,uo.nara.no 661 phammocts 1.2.. Ha p; Mem1y TEMD Kakb

1,2

2
1
yoreey 20— MHCIA TPOCTRIA €B p. VITAKD, WHCIA 2y, Zgyueney 2,
2
MOTYTH PaBHATHCA TOJIBKO YHCIAMB

p—1
1, 2,...., —Q——‘

Taxxe He TPYAHO LIOKA3aTb, 9TO Bb DALY 21, Zgye .+ oy Zp—y
2

HETH ABYXB unceld paBHBIXB. Bb camoms abrb, ecam msl jomy-
CTHEMB, 9TO 31ECh 2, H %, DaBHbI, rab m m p. Kakia HEGYXbL 1B
p—1
12
EQ%’” e
Zp=(—1) ° mg, 5=(—1) g (no0. p),

MBI OBl HAIILIA

uncIa, copepmamiaca Bb pary 1, 2,.. .. ; To mvba oo (14),

2 2
(—1) Pmg=(—1) P pg@mod. p).

Ho sTo cpaBmeHie 1m0 COKpalleHim Ha ¢, 9YACIO IPOCTOE Cb
P, LaeThb
L 2qm 2qm
EZ- E==
(—1) Pm=(—1) ¥ p (wo. p),

970, OYEBHJHO, HEBO3MOMRHO; W60 OHO mpejmoiaraers AbammocTh

passocTh

2m 2

E E
(1) Fm—(—1) "y

Ha p; a 3Ta PasHOCTH NPUBOIUTCA Kb OJHOMY H3b 9eThIPEeXb:
m — I, _"'(m+ Pv), m—, _(m_!"‘)v

—1
M Takb KaKb JYHCIA 7, |~ B3ATHl HAME W3Db pAja 1, 2,...., pT

W He PaBHBI MEKY 060K, TO CyMMa UXD MeHbIe , & PasHOCTh
He paBHA Hy:o; caby. HE To, HE Apyroe ne rbimTea Ha p.
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Taxs yobmjaemea MbI, 9TO Bb COCTaBD pPAAA

21y By Zp
2

MOTYTH BXOJHUTH TOJIBKO qHuCcJIa
p
1,2,....,

i

I Kamjloe ToIbKO 10 ofHoMy pa3y. Ho rTak® kKax® atm paisl 3a-
KII09QI0Th OJAMHAKOE 4YACIO YIEeHOBb, TO BB COCTABBH IEpPBaro
BoitxyTs BCB unmcia Broparo. CrbaoB. pansl

By Bgyenney &y

1y

I“"i
-

1,2,....,2

“

COCTABIeHBI H3D OJHAXD H TEXD e uyHcesb H OPHTOMDB B3ATHIXD
0 OAHOMY DPa3y; a IOTOMy NpOH3BejeHie YIeHOBL HepBaro paia
PaBHO IIPOM3BEJeHil0 YIEHOBD BTOPAro.

Yobrace Bb 3TOMB, Mbl MOEEMD 3aMEauTh BB (15) 2, 2,.... 4,1

2

gacaoms 1.2. ... p—;—l , nocak wero (15), 6yAyu:m COKpalieHO Ha
1, 2,...., p—g——l, YHCAa NPOCTHIA Cb P, JaeTh
el p¥,ph,. L pltle
l=¢ (=1 ¥ ? P (moo. p).

YuHoKaA xe 065 yacTd 9TOrO CpaBHEHiA Ha

B2, g4, 5=l
—1 2 P ?

n 3ambyad, yro — 1, 6yAy9n BO3BeJeHa BB CTeleHb
—1
2 [E%—Q+E4—q+. .. .+E(p—)q:],
» p P

JaeTdh 1, HaXOIUMBb
2—q+E4—q+....+E(p_1)q p—1

(—1 2 P P =g * (mod. p).
Ho no cBoiicTBy cmMBOIa (%) , Mb1 aMEens
p—1

g 2 = <%) (M00. p).



Jro xe cpasHenie BMEcTh ¢b mpejBIAyIIAME JaeTH

E2q Eq+....+Eug-
(_)_(__1) P P P =0 (mod. p);

OTKy/Aa Mbl 3aK1i09aeMB O paBeHcTBh

E2q+E —+. E(-———p—_l)

(L)=(=p 72 72 7

760 Bb NPOTHBHOMB cIydak mepeas 4acre 3TOro cpaBHEHiA NpH-
BeJach 6bl Kb 2 WIA — 2, 4TO Cb HYJeMb He CPABHAMO IO MOLY-
10 p, oramyEoMy oTDb 2. Tak®s y6bmjaemca Mbpl BB cnpaBelamBo-

CTH NPEeJA0KeHHOH HaMH TeopeMbl.
Ha ocHoBaHin 9T0ii TeOpeMbI, MBI MOMKEMD OnpexbINTH 3HAYE-

. —1 .
Hie (%)’ He BO3BOJA ¢ BB CTElEHb 2—’—2——. Taxs, aaa onpexbienia
5
BeJINYAHbI (ﬁ>’ HaXOLUMDb
2.5 45 65 .8 10.5
5 B+ B + B R B R eB
(f)==D :

3amtuan, gro
2.5 10 8.5 40

5 20 10.5
EX=ED=1, BN =E"=y,

EX=E¥ =9 041+2+43+4=10,
MBI I3b IPEABIAYINAr0 YpaBHEHiA BHIBOIHMB

(%):(-— )0=1,
BriBejennoe mamm ypasmenie 1aa onpepbaewnis (—Iq;) cupaBej-

aapo npm BeakoMb uymerk ¢. Ho He Tpysmo BeiBecrm u3b Hero
ypasHenie 6oxke npocroe, KoTopoe GyAeTh CIyRATH AIA ompens-

. a .
JeHid (F)’ npu @ HegeTHOM'b. [l14 3TOr0 BB ypaBHEHim

12 g?—=14
P

)=

+E4—q+....+
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noxaraeMs ¢ = i (@ +p), rab a, 1oj06H0 p, YACIO HEIETHOE; 3TO
JaeTh HaAMb

p—1 p—1

—— e+ p
ok N ?—‘LQP-+ o+ K 2 2

e I

. 2
Ymuommes 066 9acTm aToro ypaBHEHIA Ha (5), HaXOAUMD

—1 —1
pl,, 21,

(2)(%((“_1’)) (2( I)E‘L;i+E2‘lp—-’—'_—2£++E—g——p—
I\ )T 5) o

Ho no Tteopemb 29-ii, npomssezenie (%) (M) paBHO

(;.2(;+p)>, R0 (0%’), a 910 1o Teopemt 30 pasHO (%) Beakz-

cTBie Yero m3b MPelbIAyINAro ypaBHeHis BBIBOIAMB
p—1 p—1

@+
Ea+3p+E2a+2p+ +E 2 2

G)=F)= * " ’
Ho

» »
EQ——“+QP=E(2—“+2)=2+ =,
Iz P Iz

, E“—‘f'—li'=E<1+1>:l+Ei;—,

LI I T S O I I I A A A Y

p;1“+p;1 p;1“ —1 —1 pgl"’
E =FK + 2 =4 F e

P P 2 2
CurbroBareanrso
p—=1,
1+2+....+13———}+Eﬁ+Eg—(-l+....+E 2
a\_ (2 1 2 P p p
5)=()- -
. —1
A rakp Kakbp cymMma nporpeccim 1+ 2 —+....—+ 1—'1—2—
2 .
paBHa v 5 1, TO U3b 3TOI'0 YPaBHEHiA BHIXOJATH

p—1

2
P l-l-Eg——i—E-Q-ﬂ—l—....—l—EL

(H=G)= > 7 2 (1),

a




Jkbiaa BB aToMd ypaBHenin ¢ = 1 u 3ambuas, 4o

p—1
1 1 2 2
<F>=l’ EF=0’ E;=0,...., ET=0,
HAXOLHMD

2 8
970 AaA onpexbienia BeImIMHBI (%), JAeTh

_p—1
2\ _ 8
(;) =(—1) .
Brecsa orcioga BeImymHy (%) BB (16), HAXOANMD

(=)= I)E§+E%"‘+....+Ei‘£§—l’—“ 7).
“) = (-

Bors ypasHenie, kKoTOpoe MOMKETH CIYHHTH AIA ompexibienis

(-z—), npu @ HEYETHOMD. Ono 1010600 TOMY, KOTOpO€ J0Ka3aJld Bb

npeapiryimeii Teopemt, ¢b TO0 TOABKO pasHALE0, 9T0 31Ech mOLB
3HaKoMB F HaXOAATCA KOIMYECTBA BJBOE MEHBIIiA.

Mbe1 Hamam Takm®e ypaBHEHie
p»P—1

B)=cn
q

10 ypapHenie 6yjeTH CIyRATL HaMb HPH onpexbienin (;),

KorZa q paBHO 2, mim KpatHoe 2. Ha ocHoBamim atoro ypasHewis
2
HE TPYAHO IOKAa3aTh, 9TO (—p—) ectb 1, ecmm p=8n*+1, 1 —1,

ecim p = 8n 3. Bp camoms xbrk, BHOCA BB mHero 8n+1 n
8n == 3 ma mbero p, maxoamMb

_(8n=1p—1 —8n?x=2n
2 8 .
(8nt1)=(.— 1) =(— 1) = 1’
_BnEsp—1 —8n? 5 6n — 1
2 8
(grzs)=(—D) =(—1) =—1;

oTcroaa crbryers Takag teopeMa:
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32. TEoPEMA.

Feauw p pasno 8n==1, mo (-;—):: 1; ecaw e p = 8n = 3,

mo (—;—):——1.

2
Taxs HaX0AAMB, 9TO < )— 1, ( )-— —1.
Ha ocnoanin ypasuenia (17), MbI MOKeMD JOKa3aTh elle Teo-

pemy, oTHocALIycA 10 onpexbieHid BeaAYMHBI (—;’;) Ona 3axixo-
gaeTcd Bb crbpyromeMs:

33. TEOPEMA.
Ecau @ uucao neuemuoe w Mensuie P, mo (%) PAsHO

a—lp—l _gpp g% _  _gil—1p
2 2 a a a

(—1) .
Hoxasamesvcmeo. Mol mamam (17) naa onpepbiaenis (%),
KOI'Jla ¢ HedeTHOe, TaKoe ypaBHeHie

1 -—
4 +Eg‘f-|—....+E?—(lo———l—2-g

() =cn"F =

IocmoTpnm® Tenephb, Kakia 3Hadenia umbiors Eg—, E

18

=a
p

E%(p—l)a' £ a
, BX———, b nperuoiaraens o membme p. Jpo6s -

6yxerd menbme 1; crbr. E i = 0. Iro HAEMeHbMilt #3D YIECHOBD

_ . 1(p—
EL, g%, . . . pie-de l)a. HanGomomiii me E 22—14
» 2 P P
npejcTaBuTcA Takh E (%—%0), wm (aT“l +£%“>, a 3To

a—1 a—1 -
09€BAJIHO PABHO —;—, M60 —5— €CTh nkioe dmcro, a p——gpa Apo6b

MeHbIlle eJWHAOb] B NOJOARATEIbHAA, IOTOMY 4T0 @ < P.
Uraks BB pary

a 2a tp—1a
E—;, E;,...., Ex——— 7

a——
2
CyMMy NXb, Mbl HaiijeMb, CKOIbKO 315Ch 4YIeHOBDH DaBHBIXD

1
4leHpl HWAYTH, Bo3pacTad otb O Jo . Yro6p1 onpexbanth
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a

0, 1, 2,....,—5—.
3pbch wIeHOBD He mpeBocXoiAmux’s k, ik k& ecTh 04HO W3B 4UHCETD

Jas aroro MpI onpeibIuMDb cHadala, CKOIBKO

0,1, 2,.... “'2'3. Cp sroro nhiiro nox0:RIME, YTO BD DALY

E+, EZ,...., E”(p_l (18)

o o 1
nocxbyuiit wiens, He mpeBocxoxAmiit k, ectb K ;iz; 3T0 0YEBHAHO

'K P go e ey

6yzers mmbTe mBero BB ToMB caydal, Korza 1‘3 <k-—+1, a
(l+1

- > k-1 *). Ho u3b 2THX'> HEDPABEHCTBD BleO,ZI,VlT'b

pk+1) l>0 pk+1) ——l<l,

a a

pk+1)
a 9T0 NOKA3BIBAETH, 9T0 ———— Cb IBILIMB UACIOMD [ PasHATCA
KOJMYECTBOMD HOIOMUTEIBHBIMB, HO MeHpmmMB 1. Cuba. ! ectb

pk—+1)
HamboJbImee II'ISJIOG 9mca0, 3aKa9Ianmeeca Bb KoJandecTsh —a-——,

. k-+-1
a 3TO 10 HaleMy B3HAKONOJOKEHiI0 IpeiCTAaBHTCA TaKb: El—’—(—g—'—).
Wtak® 9ncio 91eBoBD BB paLy (18), He NpeBOCXOAAMEAXD k, PaBHO
k1
E p(T"') . Takump e 06PA30MD HAXOJUMB, 9T0 31ECh THCIO Wie-
pk
HOBB, HE IPEBOCXOAAMEXD k— 1, ectb F~-, a OTCIOAa 3aKIO-
k-+1 k
92€Mb, YTO YACIO 1IEHOBD PABHBIXD K eCTh EQ(—G—)——E%. Ha

OCHOBaHIA 3TOT0 MbI 3aKI0YaeMb, 9TO BB paALy (18) umcio vieHoBD

0.
paBHEBIXB O €cTh......... E’Q—E—Q

a ?
PaBHBIXB 1............ E’ —EL,
a
3p 2p
PaBHBIXB 2. ........... HKET-—E%,
— g i —_
PABHBIX'D 5‘-2—1——1 ecTs . . Ei(a e E’(aa?’)p.

*) PaBencrBo 3xkce He Mmoxers umbre wmBera, moromy wro xpobu

i —_—
a 2 . ilp—la , ik p mpocroe camo mo ce6t m me phuuTe @, HE

P 7
la (I+1a

MOryTh PaBEATHCA mBIoMy dncay; Apobu :Ke R B3ATHl U3 DTOI'0 PAKA.
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Yrome KacaeTca J0 UHCIA YICHOBD OCTAIbHBIXDG BB papy (18),

a— o .
PaBHBIXDP ——; TO MbIHX'b HAUJEM'D, CIOEKBD NPEIBIAYIIIA YACIA H

2
BBIYTA HXB CYMMY H3DB & (p—1), uncia Behxb urenosd paja (18).
Tarkmns 06pa3om> HaXOJUMB, 9T0 315Ch 4IEHOBD PaBHBIX'D “2;1 co-
fepmares - — A2 (a“l)
Ha ocnoBamim ?THX> AAHHBIX'H HAXOAWMB, 4TO cymMMa BCEX®
49IeHoBD PAga (18) cocraBagersb

0. (BL—B2)+

a
1. (E%—O—E-%)—r-
2. (E%P—EEE)-.-

a

© e o e o o 0 0 00 0 0 e 0 0

(a—-l_1> (E %(a;l)p Ea(a—-3)1o)

2
a—1/p—1 lla—1)p
2 ( 2 E a ’

a 9TO NPHBOJATCA Kb CIBLyIONIEMY

a—1 p—1 P % __qpile—1)p

5 — LB B —. ... —EY—=
Hraxs cymma

B B 4 pie=lea
P FARATERE 7

paBHa

a—1p—1 P 2p __ppila—1)p

—2‘— 2 E Ea » o e @ E_——a—‘

Beatacrsie storo ypapHeHie

Ei+E2—“+....-|—E§—(£_—l)£E

P
F)==n " 7 !
Jaers
a—1p—1 P 2p la—1)p
a 2 2 —EE_’E_J_ —E? a
(7)=1 ’

970 ¥ CIEL0BAJO LOKA3aTh.
9713 TeopeMa TaKiEKe MOXETH ObITh YHOTpeGieHa Jig ompenrk-

JeHid 3HAYeHiA (%), ecim @ YHcIo HedeTHoe M MeHbme p. OHa
6
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BECbMa yA06HA BB NPIIOKEHIH, €CIM ¢ YHCIO HeGOJbIIOE.

7
Tak® JJ4 BeIAYBHBI (——) OHA JA€eTh

101
7—1 101—1 o1 2101 3.101

—t———E-—EZ ——E
7 2 2 7 7 7 .
(ﬁﬁ)= (—"1) ’
3.50—14—28—14
OTKyZa BBIXOJHTD (%—l) =(—1) 8 3 = —1.

Ho ata Teopema oco6enno 3amkgareipna TEMB, 9T0 U3 HEA 09EHD
IPOCTO BBIBOAUTCA TeopeMa, m3BhcTHAA NOLD Ha3BaHIEMD 3GKOHG
B3QUMHOCINU 08YLT NPOCIMOILS YUCED.

JdTa TeopeMa 3aKIYaeTcA BB CrbiyomeMs:

34. TEoPEMA.
Eeau v u s cymsv wucaa npocmvLa HEUCIHLA U HEPABHHLA MENCOY
v—1 s—1
v s 2 2
c06010; mo (?) = (T) (—1)
Hoxasamesvcmeoo. Ilycrs 6yleTsh v HAMMeHbIIEEe U3D JBYX'D M-

cerpb v, §; 10 JoKasaHHOil Hamu TeopeMB mpum v < s 3Hauenie (—2—)
ompexbanTcsa ypasHeHieMb

—_— — 1 ——
SR T B R L

2 2
(¥)=v R
Jbras me BB ypasHenin (17) a =s, p =y, HalijeMb

.11749—+E'2—s+....+E———Hv“1)9

(%)=(_1) v v v .

9TH JBa YpaBHEHA 0 NEepPeMHOKeHiN MX'h YIEHOBD JalTDh
yv—1 s—1

v s 2 2
() (5)=n -
Ywuuomxan ke 065 gacTm 3TOr0 ypaBHeHid Ha (f—) n 3ambuas,

s \2
9710 (T) ecTh 1, HAXOAUMD
v—1 s—1

B=()en ™ *

qT0 7 crbaoBaIo JI0Ka3aTh.



Taxs mpl 6yzeMs nMbTh
7—1 5—1 3.2

B)=(@) =7 T =(Hen =(3),
-1 101 58
B=@en T T =@y ——().
§ 27. Ha ocuoBanin 10Ka32HHBIXD HAMH TEODEMD OTHOCHTEILHO

CAMBOJA (%) Jerko HaliTH ero Bemumuy, KaKb 6b1 ¢ H p HA ObLIA

Belmkn. Borp kakb crbiyers moctynate npm onpenkieHinm (%).

Ecm g 6oapme p, mbl no Teopemk 30 3ambudems BB <%) L1 (3 ]

0CTaTKOMB OTH AbBIeHid ¢ HA p, MIX HAUMEHBIIAMD OTPAUATEALHBIMD
BBIYETOMB ¢ 10 MOAYJIIO {, €CII OHB IOPa3jo MeHbIIe 3TOI0 0CTATKA.,

Tarkump o6pazons onperbienie (%) ceejerca ma onperbienie

(i—lﬁ), rrb R 6yrers menbine p. Urto kacaercs 1o 3naka—npn R,

T0 10 Teopemb 29 MbI (——pl—z) MOKEMh BBIPAsuTh depesd (%)' ITo-

. (R .
TOMB 11 onpexbienisa (;) paziaraeMd R Ha npomsBejeHie npo-

CTBIXH 9ACENH, ICKINYAA NDPH STOMD MHOMKHATeIeld, COCTABIAOMIAXD
ToYHbIe KBAaZpaThl. Pasrommeum R Ha NpPOU3BELCHIE NMPOCTHIX'D UM-

cexb, MblI 110 Teopemb 29 pasiaraems (%) Ha npomsBejlenie HE-
CKOJPKEX'B MHOMEHTelell BHia (%), rpb # wrcro mpoctoe. Iocak
TOr0 HINEMb 3HaUeHie KAKJAro H3b ITAXH CHMBOJOBH, NOCTyDad
TaKAMDB 00Pa3oNb: ecid = 2, TO (%«) onpexbagens no teopemt

32; ecam ke 7 HCYETHOe, TO IO 3aKOHY B3AMMHOCTH 9YHCEID BBI-

P
pamaeMp (;) qepe3db (%) H Cb 3THMDB CHMBOJOME [OCTyHaeMb

. r
TaKKe KaKb Cb (-1%: , CBOJA onpejbienie ero Ha CHEMBOJBL Bnna( ),

)

ik ¥ < r.
[poxomxan ara AbiicTeig, Mbl GyleMb 0IyYaTh CHMBOJBI BCE
Ch MEHBIIAMH W MEHHIIAMH YHCIAME; 109TOMY HEOGXOAEMO JOMAEMD

1 2
OKOHYATEJIbHO WIA A0 (T) A 110 (r—), KOTOPBIX'D BEJMUAHY JEerKO
n n
HaiijeMb, a 9pe3b HAXD onpexbimTcAa M WCKOMBIil <%).
6*
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O6psacaaMs 310 npumbpamn. Ilyers 6yaers JaHO HAHTH 3HA-
1013

W)'

Jbas 1013 ma 601 maxoamms BB octaTkb 412; orrysa cab-

LyeTs, 9To0
1018\ __ (412
601 ) — \601)"
ITo mckmouenim um3p 412 KBajgpata 2, Mbl HAXOIAMB YHCIO

412 103
npocroe 103 m (601) IPABOAATCA Kb (601) 10 3AKOHY K€ B3amM-

HOCTH YHCEJIDh BBIBOJNMDB

genie (

601—1 103—1
108) _ (89%)(—1) 2 2o (s
g01) = \103 = \103)"

Iloroms pbamms 601 wa 103 n 3ambuas, 9to ocraTok®m 6y-
zeTh 86, Meskay TEMD Kakbh HamMeHbIIH OTPHIATEAbHBIH BBIYETH
601 mo moxyaro 103 ects — 17, HaxoAUMD BeIrojake ero BBecT.

JT0 JaerTh HAMD
(1) =55
103—1
B (70)=(3) (m5) o8 (@)=~ ~ =—1.

Catbp.
) R A
103 ) 103/ °
Takp Kakb 17 4ECIO IPOCTOE, TO BHIBOAUMB
17—1 103—1

17 103 T2 103
(103) (17)(—1) (17)
1 .
Sambuana Be (1%3> gyipcao 103 ocratkoms o1h ibaenia 103 Ha
17, nvkens
103 (_ —1.
17 17
Coeanusa Bek oTn ypaBHenis, HAXOIUMT
1013\ 412\ (601\ [ —17 .___(H _._(@ — (L
601 J—\601/—\103)—\108 ) \103)— 7))
1013
HTaks nckoMad BeJndynHA ( ) ecth — 1.

601
20470
1847

Juaa apyraro npamkpa 6epeMb (



20470
IToBTopsAs Hal® CHMBOJIOMD ( 517 ) Tk e pbiicTBig, HaXOAEmMB

20470 153 32,17 17
1847 1847 1847 ) 1847

17——1 1847—1
17\ __(18 2 2 [1847\ __ (11
(1847)—( 7)(“ 1) —( 17 )“(ﬁ)’
17—1 11—-1

(F) =@y ® " =(E)=(),
() =) () () =—2,

3—1 11—1

W= T ===

31 coepnuenia sTuXs ypaBHeHii moiydaeMb

(21%%)) =—1.
Taxxe onpepbiaa Bermumny cHMBOJA (g(l)gg) HaXOIUMB
(so0s) = (aocs) = (z05) (35 (s )
E . 2008—1
(=0T T =) =—()=,
5—1 2003—1
() =)= F =(52)=(5),
51 9-1
B=)=n " T (=)=
7—1 2003—1

(ow)=(F)0? T == (F)=—(7)=—1;

OTKYJa BBIXOJHATH
2108 =1
2003) — °°

§ 28. Mbr moxasalm, Kakb 10 JAHHBIMB YHCIAMB P W g HafTH
BeAMYAHY CEMBOJA (%), vbup onpepbiserca mmbers am cpaBHe-
Hie s2=¢q (mod. p) pbmenia nim mbrs. Tenepr mepexoiuMs Kb

phmeniio o6paraaro Boupoca: no jaHHoil BeamIuuk ( ) HAUTH 3HA-

Yenia x, naade, phmars ypasuenia (;) =1, (F} =—1.
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Hagsems cb mepsaro (%): 1. Mer Burbam, 9ro ypasHeHie
-1

(%) =1 CHMBOJIHYECKH BBIPAIKAETD, UT0 cpaBHenie # * ==1 (Mod. p)

yaosreTBopsercda. He TpyaHo ysmarb, uto 3To cpaBHenie mmbers

1—"—;—1 phmeniii; gas aToro no ckazanmoMy Bb § 21 yhamms 2P—2 Ha

r—1 -1 p—1
K} K E3
z ° —1 u 3ambuas, aro 2P—z, kakbpasHoe x.(z ~ +1) (z ~ —1),
p=1
2 ©
pbantca sa # © — 1 Ge3b ocraTka, no Teopemb 26-0it 3aKito-
p—1

. —1 .
YaeMb, 9T0 cpaBmenie # - ==1 (mod. p) mmbern ”—2- pbmeniii. Ho
st phmenia (§ 12) 101mRABI OPEACTABATHCA TAKD

T=0), T=lgyeenennnees L=y (MO0. D),

2
rak a,, a,,..., a,_, cyTh yncia 8B pany 0,1, 2,... p—1, yroBierso-
2

p=1
. . 2
paomia cpaseenito x ~ ==1 (mod. p). Ilpm Toms AcHO, 9TO HA OAHO
A3b 9TUXD YUCEeTb He GyieTh PaBHO HYJNI0, HOO HYJIb HE YJ0BJETBO-
p-1
. 2
pAeTd cpapgenito x ~ =1 (mod. p). Araks BB pagy 1, 2,....,p—1
p—1

—1 . 3
HAXOJATCA %— 9Acelh, YLOBIETBOPAWIIAXD CpaBHeHilo # =1

(m00. p), mim ypaBHeHi0 (%)..—_- 1, ApyrmMm cIoBaMu, BB pAAY

-1

1, 2,......., p—1 Haxoxurca ’—’2— KBAJPATHYHBIX'D BBIYCTOBD 110 MO-

ay;io p. 3a TbMs Bek ocTapHblA YHCHa BB pAAY 1, 2,......., p—1, HXB
, . p—1 i T\ — .

OyAeTd Takke ——, YAOBIETBOPATH YPABHEHiIO (F) =—1: 310

GyAyTH HEKBaJAPATHIHbIE BHIYETHI N0 MOAYILO P.

W3p crazamnaro mamm cabayers, uro Bch umcaa, yRoBaeTBo-
p—1

. . )
pawomia cpaBHeHilo ¥ ~ ==1 (mod. p), mim, YTO OZHO M TO IKe,
yPaBHEHio (%) =1, onpexbaarTcea cpaBHeRIAMN

T=0y, &= lgyeenenene T=0ay_y (M00. P),
2
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ik a,, a,,........ @,_; 9MCIA NOJOKATEIbHDIA, MEHBIIA p H yAOB-

2
=1

. . 2
JeTBOpAIIiA cpaBHeRilo # = ==1 (Mod. p). ITH YMCIa MBI MOTIH
21
o . 2
651 HafiTh, phmaa cpasrenie  ~ =1 (mod. p). Ho aro gpessbI-
9aifHo 3aTPYAHATENBHO, €CIM 9HCIO P BEINKO; NOTOMY MBI Ipei-
JORAMB CNOCO6h MXDb HAXOAATH He3aBHmCEMO oTH phmenia cpas-
-1
. 2
HeHida & ~ ==1 (m0d. p). Jaa astoro msl 3ambyaemMb, 4TO CpaBHe-
21
. 2 .
Hie ¢ ~ =1 (M0d. p) ecTh yCIOBie BO3MOKHOCTH YAOBIECTBODHTH
cpasreHito 2*==a (M00. p). IIpatoms Mb! Bzbma, 9ro 3TO Cpas-
Hie BB crydal BO3MOKHOCTR Y10BIETBODPAETCA JBYMA HHCIAMH
(§ 22), sakmovatomamnaca Bb pasy 1, 2,..... p —1; Takd 9T0 ecid
OJHO W3 STHXDH 4YHCETH eCTh @, To Jpyroe p —«. Ho oxmo m3B

—1
3THX'h YHCEND HEOGXOLEMO MEHBMIE !23- n cxby. He Gorbe ”T; 160

CyMMa UXb €CTb p, & OHH He DaBHBI MeEAy co6oio. IToaromy aia

p—1
9NcIa @, NPE KOTOPOMB cpaBHemie a4 ° ==1 (mo0. P) YAOBIETBO-
pAerca, Bcerja Haiizerca BB paxy 1, 2,....., 1%—1 9ACIO Z, YIOBIE-

TBOpAIOIIEe CPaBHEHi0 2°==a (M00. p), APYTHMA CIOBAMHA, AJA Ta-
Koro gmcaa @ 6yaers ambETe MBEcTOo 01HO M3 cpaBHeHii

1?’=aq, 2’=a,....... (ZL;-’-'>2EQ (M00. ).
Cxba. 9HCI0 @10 MOAYMO P GyAeTh CPABHAMO Ch OLHEMD H3h THCEXD
—1\2
12, 22,n----o (%) )

W TaKh KaKb OHO MeHbINE p; TO OHO HAMjercA MemIy OCTATKAMH
oTh tbieHia aTHXD YHCEND HA P.

Wrakp Kamjpoe H3Db YACEND @), dy,...... Op—1, MEHBIIUXD P H
F)
21
. 2 o
YAOBIETBODAMAXD CPaBHeHito @ = ==1 (mod. p), Mbl HaiileMDb BB
frenim 12, 922 p—1\2
PAAY OCTATKOBD, NOIyYaeMbIXb npn Abrenin 1%, 2%....(%5-) Ha

. Hocab cero 3Hagenia #, yA0BIETBOPALLiA ypaBHEHit0 ( )—1
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MbI onpexkaaMs cpaBHEHIAMA

=0y, T==0yy.roer. L=y (00. P);
2

. . x
OTKYAa JAS BBIPasKeHifd &, YAOBIETBOPAINArO ypaBHEHII0 (;) =1,
no § 11 naitrems *)
T ==NP—0;, T=NP 4 Ogyeevve.. T="1P 4 0Cy_;.

2
Jaa npumbpa pbmmmp ypasuenie (1—”1):_ 1. ITo cka3aHHOMY

11—1- ! .o
—5— =5 phmeniif, KoTopbIA

HAMH 3TO ypaBHemie Oyaerp AMETH
onpexkaarca cpasHeHiAMA

r=a, r=a, r=a, r=a, r=a; (Mod. 11),
rak a,, a,, a, a,, a, cyTs ocratk; orb Abienia 1%, 22, 3%, 47, 5°
Ha 11. Ho Ttax® kak® atm ocratkm cyth 1, 4, 9, 5, 3; T0 ypas-

HeHilo
(1) =1
6yLyTH YIOBIETBOPATH 4mcia, onperbideMbla cpaBHeHiaMH
z=1, r=3, =4, v=5, =9 (M00. 11),
WIH, 9TO OJHO H TOMe, yPaBHEHIAMH
r=11ln+1,2=11n+3,2=11n+4,2=11n+5,2=11n+9.

. . X o .
3uag phienia ypaBuenia (-2—]—) =1, merpyano mHaiitn phmenia
ypaBHeHid (%):—-— 1. Jlaa sroro mbl 3ambyaeMb BO NEPBHIXE,

9TO [0 3HAYEHII0 CHMBOJA (%) ygcao x npejnoJaraercsa He rbiaa-

ImgMea Ha » W BO BTOPHIX'B, YTO YACIA, HE YA0BICTBOPAOIIiA ypaBHe-
- x . x
HII0 (—5)= 1, yA0BIETBOPAIOTD yPABIEHIIO (F ) =—1. Orcroza crb-
IyeTs, 9ro Mbl Hafilend Bck umcaa, AIA KOTOPBIXD (—:—) =—1,
ecai BBIKAHEMDb H3DB umcelb, He Lbigmuxcsa Ha p, YmcJa yJaoBle-
. . x
TBOPAIOIIiA ypaBHEHIIO (?)z 1. Ho Bch umcra moryTs G6bITh

npejcTaBIenbl SOPMYIaMA
np, wp-4+1, np—+ 2,....... . Bp+=p—1.
OtknayBD 31bCh mEpBYIO ©OPMYydy, KOTOpas JaeTd YHCIA KPATHbIA

*) 9To noaysaems mol, saubaaa Bp wopmysaxs § 11 uncao N IucIoND — f.
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P, MBI HAXOAUMB Aia phmenia ypasrenii (%): l1m (—;) =—1
TaKig ©OPMYJbI

np—+1, np4+2,......00p+p—1.
Ot6pocs me 3xbep yncia, y10BIeTBOPAIOIILA yPaB HeHiIO(%) =1,

KOTOpBIA onpexbiaoTes @opMyamMu

NP~ Ay NP~ 0Ogye v oo . NP+ Qy_y,
T2

o . . x
MBI HaiijeMb BcE 9icaa, y10BIETBOPAMiA ypaBHEHito (})—) =—1.
W3b aroro crbryers, 4TO 9YHCIA, YAOBIETBOPAIOLIIA yDaBHEHi:O
(%) = —1, UpeiCTABATCH LOPMYJIAMH

np by, 0P —+by,...... wp b,
2

rib by, b,,...... b,_; cyTs umcra paga 1, 2,.... p—1, oTimussla
2
OTB @y, Gy,..., Gp_y , OCTATKOBD, II04yYaeMbIXD 0pH Abaenin 1%, 2%...
2
p=1\2
(T) Ha P.
o . . x
Jaa nprvkpa mafizents phmenia ypasHeHid <ﬁ) =—1. Ilo

CKa3aHHOMY HAME YHCIA, YAOBAETBOPAIOMIiA 3TOMY ypaBHEHik0, Ipei-
CTABATCA LOPMYJIAMH
11n—+b, 11n-+0b, 1ln—+0b, 1ln-b, 11n—+ b,

rak/b, b,, b, b,, b, maiizems, BbIKEHYB® 3B paga 1, 2, 3, 4,
5, 6, 7, 8, 9, 10 4mcia paBHbIA OCTATKAMBb, HOJAy49aeMbIME ODH
pbaenim 12, 2% 32 4% 5% pa 11. Ho atm ocrarkm cyts 1, 4,
9, 5, 3. BeikmEyBb HXD W3B pasa 1, 2, 3, 4, 5,6, 7, 8, 9, 10,
HaxoxuMd 2, 6,7, 8, 10 pia Beamumes by, b,, b, b,, b,. OTkysa
3aKII0YAEMb, UTO YHCIA, YAOBIETBODPAIOIIiA YPaBHEHi0 (%) =—1,
oupexbaaroTess @opMyIaMu

11n—+2, 11n—+6, 11n+ 7, 11n—+8, 11n—+10.
Tars pbmaerca Bonpoch 06% onperbienin 3naveniit x no Aad-
Hoit Beamanub (%), MIH, 9TO OJHO W TOke, 00b ompeibienim Ksa-
ApaTHYHBIXs W HEKBAPATHIHBIXH BbIYETORD JAHHATO UHACJA.
§ 29. Bb npeapiiymuxs naparpadaxs Mbl 3aHAMAIACH A3CIB10-

BaHieMb, KOTJa cpasHenie z’=¢q (mo0. p) mmbers phumenia u koria
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wbrs. Teneps ocraercd.moxasath, Kakb mafigyrca phmenis cpas-
Henig 2’==gq (mod. p), Korja OHO Bo3MomHO. I'oBOpa 0 cpaBHE-
nisxs saga a” = A (Mod. p), Mbl NOKAKeMD 06uIiE ® BecsMa mpo-
croit cnoco6s phmathb cpaBrenie 22 =gq (mod. p). 3xkch Ke orpa-
HEYAMCA OJHUMD YaCTHBIMB CIyYaeMb, BB KOTOpOMB 3T0 phiuenie
MoskHO Jerko Hafitn. Caydail, KOTOpHIMB MBI Teneph OrPaHAIHMCA,
€CTh TOTH, KOrJa p BHAA 4n—+3.

Bo3smoxkuocTs phmenia cpashenia =g (m0d. p), Kakb BH-
-1

abam, mpemolaraeTs, aro ¢ © ==1 (mod. p). Jkras spbes p=
4n4-3—1

4n—+3, BaxomEMb ¢ © ==1 (M0d. p), mam ¢ =1 (mod. p),
9T0 N0 YMHOMKeHim Ha ¢ GyxeTs ¢ “==gq (m0d. p). Cimdaa aTo
cpaBHeHie Cb 2’==¢q (M0d. p), 3amBuaens, yTo nocabiHemy yzosie-
TBOPAETh 2==¢""'. 3Has OJHO YACIO, YJOBIETBOPAIOUIEE CPAB-
HeHilo #°==gq (M0d. p), MBI HafiieMDb NOJOGHBIXD YmCEeNb Ge3KOHEd-
HOE MHOKECTBO W3 CpaBHemia z==¢""' (M0d. p). Ho mbI Bupbam,
9TO OJHO W3b ITAXH YHCEND GyAeTH HOJOKHTEAbHOE W MeHbIIe p;
370 ocTaToKB 0Th Abaenia ¢"*" ma p. HaseiBaa ero uepess o, MbI
oaHo m3b phumeniit cpaBreHia 2?==gq (M00. p) NpPEICTABEMD TaKb:
z==a (m0d. p). Yro racaerca o Apyroro phmenia aToro cpaBHeHis,
TO 10 CKazaHHOMY BB § 23 oHO 6yleTs 2 ==p—a (M0d. p). Takp
HaiigyTca o6a phimenia cpaBHeHia 2==q (Mod. p) npm p=4n—+3.

Jaa npmvbpa nafizems pbumenia cpasuenia 2?==3 (mod. 11).
Oxo mmbers phumenis, n6o

11—1 3—1

2 2
(131) (131>("’1) =—(1?1>=_(%)= 1;

a Takb Kakb 11=4.2—+3; To phumenia ero cyrtp s=a,s=11—a
(M0d. 11), rak a ectp ocraTokb orb phiemia 3°*" ma 11. Ho
3TOTDH OCTATOKD ecTh 5; cxbl. o = 5 u phuenia cpasuenia 22 =3
(m00. 11) ¢yt 2==15, 2==6 (m0d. 11).

§ 30. Mo cox® nops Mbl 3aHAMAIACH CDABHEHIAME BTODOIi cTe-
IleHn, IpejnoJaras MOLylb HXB YHCIOMB NPOCTHIMB. UTO sKe Ka-
caeTcsa IO CpaBHEHi €b MOAylIeMb COCTABHBIMB, TO Mbl OIDaHH-

2n-+1
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gAMcA TOIBKO JOKA3aTelbCTBOMDB, UTO CpaBHeHie 2?==gq (M0d. p)
nvbers phmenie, ecim p yncio HeyeTHOe, NPOCTOE Cb ¢ W BB CO-
CTaBDb €ro BXOAATH MPOCTHIA ymcia o, B3, ¥,...., J14 KOTOPBIX'D

(9)=1. (=1 (B)=1......

Haugemt ¢b 9acTHATO caydyad p = o' H NOKAKEMb, KaKb Hail-
aytea phmenin cpasHenia 2°==q (mod. &™), koraa 3uaems phuenia
cpaBHeHia 2°==g (M00. &), KOTOParo BO3MORHOCTh, KaKkb BuAbim,
YCIOBINBAETCA PABEHCTBOMD (—) =1.

IIpeanoao:EaMB, 9TO @ €cTh YACIO YXOBIETBOpAIOIIEe CPaBHE-
Hilo 2==¢q (M00. @), ® P, Q cyrp 9ncia, onpexbisempla ypasHe-
HiaMn

P = (@+Vq )" +(a Vg )™
= 5 ,
0= VD"V )"
2V'q ’
gncia P, @ 6yiyrs ubaeia; BB 3TOMB Jerko y6biuThea pasio-

memiens (a+V'q)", (a—Vq)™ no 6muony Hetorona. Joxamens
Teneps Bo 1) uro P u @ ya0BIeTBOPAITD cpaBHeHil0 Pi— @ q=0
(m00. &™) m BO 2) 4TO € YACIO WPOCTOE Cb Q.
Bt nepsomp MBI derko yobmaaenmca, 3ambTaBp H3B Ipepiry-
muEx'p ypasreHiif, 9To
P+ QVy=l(a+Vy)", P—QVy=(a—Vq)"
IlepemHosxas Ke aTH ypaBHEHiA MeKLy c060i0, HAXOLAMD
—@Fg=(@—9".

Ho no moxoenito a y10BIeTBOPAETD CPaBHEHiI0 2°==q (M00. ),
cabpoB. a®=gq (m0d. &), 9T0 Tpeinoiaraery ALamMocTh 0 — ¢
na a. Ecin e a*—q unbers gbanrerems a; To P*— @? g, pasHoe
(@® — @)™, nomkno yhimrbes ma o, a moromy

— Q*q==0 (mo00. a™).

Joxa3aBmu nepBoe, NepeXoiuMb KO BTOPOMY, Kb JOKa3aTedb-

CTBY, 9TO € 9HCIO mpocToe ¢h o JlAa dToro MpI 3ambuaeMb, 9TO

110-yPaBHEHII0
(a+vVqg )"—(a—Vq )m
2vq

Q=
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AbamMocts ¢ Ha o mpejnoJaraeTh cpaBHEHie
.'/— m__ _.'/— m
(a+vq) (_a 2) =0 (m0d. o).
2Vq
Ho sro cpasrenie, Kakb He TpyiHO YObBAWTBCA pasiomenHieMB

creneneii (a +Vyq )m, (a— Vg )m, COZEPRATH ¢ B NEIBIXD Cre-
NeHAXs ¥ Cb UEIBIMA KOEPPHIIEHTAMH; O 3TOMY OHO OCTAHEeTCA
cupaBesuBbINd (§ 10), ecim Bh HeMDb ¢ 3anbnuMD umCIoMD @,
cpaBaEMBIMD ¢b ¢ 1o Moxyxo «. Crbjy. mpexsiaymee cpasuenie

IpeinoIaraeThb
(a+Va2)"— (a—vVaz )™

2V a2

=0 (n0d. a),
4 9TO NPHBOAWTCA Kb
2" g™ =0 (M09, ),
CpaBHeHil0 HEBO3MOKHOMY; K00 o 9HCIO NPOCTOE HEYETHOE M @& NPO-
CTOE Ch a.
Y6basacy TakAND 06pa3oMb, 9T0 P 1 () yIOBIETBODAWTH CpaB-
Henlo
P?— Q?g=0 (m00. a™)
m () 9ACIO mpOCTOe Cb a, He TPYAHO JOKa3aTh, YTO CpasHEHie
Qr= P (m00. &™) nmkers phmenie n sto phmenie yrosiersopaers
cpasmenito 2 ==¢ (nod. «™). Ilepsoe crbiyers ms®p Toro, 9TO @,
OyJAyYH YHCIOMD DPOCTHIMG Cb o, GyAeTH NPOCTBIMD TAKKe ¢ o
BB 3TOMB e ciydak cpasuenie Qr==P (mod. ™) mmbers Bcersa
oxuo phmenie. Hams ocraerca Teneps M0Kas3aTh, 4TO YACIA Z, ONpe-
rbasempla cpapueniems Qr=P (n00.a™), y10BIeTBOPAIOTE CpaBHe-
Hio 22=¢q (m00. «™). Jlaa sToro Mel, Bo3Beas 06F gacTm cpasHenisa
Qr =P (n00. &™) BD KBAPaTh, BHIBOLAMD
Q?2* = P? (mod. a™).
Ho no jporazannomy mamm oTHOCHTEeIbHO 9ncerb P u € mmbems
P — @?q=0 (mod. a™).
Ito Ke cpaBHenie BMECTE ¢b npejpIAymEMD 1aeTh
Q*2°= Q*q (mo0. &™),
a TaKb Kakb @ 9mcao mpocroe ¢b o u cxbi. ¢b «™; To BH aTOMD
cpasHenim 06b gacTH MOryTH GbITh COKpaleHbl Ha ()% Bcabicrsie
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9ero OHO HPHBOJATCA Kb
2*==q (M0d. p),

gT0 ¥ cIb0oBaJ0 J0KA3ATh.
Wraxe mbl noxyumns phmenie cpaBremia 2°==gq (mod. o™)
A3h CPaBHEHiA .
Q2= P (mod. a™),
rib P n @ pafigyrca u3b ypaBHeHii

_ (a+V g )" 4+(a—vg )" __ (a+vV )" (a=Vg)"
P= 2 » Q= 2vq

0 @, YACIYy yAOBJIETBOPAWIIEMY CPaBHEHiIO
a*=gq (m0d. a).
Jas upmmbpa Bo3pMeMb cpaBHeHie 2*=—2 (mod. 3%. Ilo

CKA3AHHOMY HaMM YHCIO0, YAOBJIETBOPAMOIIEE €My, Halijercd W3b

CpaBHeHiA
Qz=P (mo0. 3%),

ik
(@a+V=2)+ (a—v—=2) (6 +v=2)—(a—v=2)}
P= y Q= e
2 2V —2
I @& eCTh YHCIO, YAOBIETBOPAIOIIeE cpaBHenito a’==-—2 (Mmod. 3).

Ilocabanee cpaBHenie OTHOCHTCS Kb 4mcxy Thxb, Koropsia ph-
mawTes no cnocody noxasanuomy Bb § 29; phmaa ero mo stomy
€noco6y, Mbl HAXOAMMB, 4TO eMy yaosieTBopsgers 1. lbiaga =1
BB ypaBHeHiAXD, onpejbisomnxs P n ), nnbens

p (VT o (vZa)

2 —5,
R ) oy (e S
0= 2V =2 =1
Orcioza zaa ompexbrenia z, 4mcia yAOBIETBOPAIOIATO CPAB-
HeHiw 22= — 2 (m0d. 3%), BBIXOJHTD
= —15 (mod. 3%).

[okasaBmu Kakunb 06pasoMs phmaercs cpasrenie s2=gq (n0d. a™),
rrb o karoe HEGYZABH IPOCTOE HEYETHOE YMCIO, NEPEXOAAMDB Kb Ph-
wenifo cpaBHenia #2==gq (m0d. o™ f"y"....).

Ecan (%):1, (%):1, (%>= 1,.ceesy; TO TO CKA3AHHOMY
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HAMH HRHLYTCA YACIA U, ¥, W,...., YIOBIETBOPAWILIA CPABHEHIAMD

w==gq (M00. a™), *=gq (n00. B"), wi=gq (M00. Y)..crc.......
Irr gmexa onpeybIATCA TAKAMA CpPABHeHiAMHE

u=A4 (moo. &™), v=DB (m0d. B"), w=C (M09. Y ),eererver....

Ho meTpyxno y6baureca, 4ro Mexay umciaMu, onpesbideMbIMA
KaKAbIMB H3b 3THX'D CDaBHeHiil, Haiizerca dmcao

m—1 (g—1 n—1p_1 ) F—1(y—
AE™D (o )—v—B(amy"...)B ® )—i—C(ocm(%”...)Y L
Bs camom: xbab, 310 wmcio mo MoAyMmo o™ CDaBHEMO Cb

—1(a—1 . m—1 (q—1
APB Y ...... e ), b (B ) (a )/, o Teo-
pemt 17 cpaBumxo ¢b 1 mo tomy :me Moxymo a, @ cabp.
m—1 —1

4" y'.......)a = )cpasumio cp 4. Takxe jokamkercd, 4TO
9TO0 YACJIO cpaBHEMO ¢b B nomoxymo 3", ¢b C 1o Mogyato Y, HT. ...
A moromy 3T0 4HCA0 GYZAETH YAOBIETBOPATH KAMJOMY H3b CDABHEHii

w'==q (mod. a™), v*=gq (m00. B"), wP=gq (n00. Y"),.......

u cxba., Ha3pIBad ero yepesd &, OyleMb OMETH
#?=q (mod. &™), a?=gq (mod. "), 2*=gq (n0d. y"),......

: m n r
Ho rak® Kakb BB 3THXDB cpaBHeHiax® Moxyam a™, (" y',.....
9ACIa OTHOCHTEAbHO APYT'h APYra HpoCThl; W60 o, B, ¥,......
CyTh Da3JmufblA NPOCThIA YHCIA; TO 10 § 9 BTH cpaBHEHIA npej-

HOJArA0TH
P=q (m00. & B"y"......).

Taxp onpexbanrea x, yroBlersopsatomLiil cpaBHeHilo
22 ==¢q (Mod. p),

rik ¢ 9mcao npocroe ¢b p, a p YACIO HEYETHOE, COCTOAIMIEE H3B
IPOH3BEJieHiA NPOCTHIX'D YHCEAD &, B, Y,........., AIT KOTOPBHIXB

(£)=1 (=1 ()= 1

ITHMD Mbl OKaHIMBAEMD TEOpil0 cpaBleHiit BTOPOil cTemend.



T'JIABA V.
O CpaBHEHiAX'HL NBY4YJI€eHHEIX'b.

§ 31. Iloas mmenens cpaBueniii ABy9IeHHBIX'D PasyMBiOTH Cpas-

HeHiA TAKOT'0 BHAQ
2" — A=0 (m00. p),

rib n, A, p Kakia an6yap yncia. Mbl HagHeMB ¢Bb mpocrhiimaro
crysas: A=1, p gnmcio mpocroe. Ml Gyiemb Npeimoiarars p
OTIMYHBING 0TH 2; u60 mo § 20 npm p=2 cpasuenie 2"—4==0
(mod. p.) npEBoaETCA KB 1-i cTenenn.

Otuocareasno cpasueniit Buja 2" — 1=0 (m00. p.) MBI 10-
KameNd cabiyromyio TeopeMy.

35, TEOPEMA,
Ecau 00no w modce wUCA0 YO0BLEMEOPACE CPAGHEHIAME
2" —1=0, £"—1=0 (n00. p), Mo oro ydosaemeopaems maxice

cpasneniio x°—1=0 (M09. p), 19 © 00wk HAUG0.LEMIE OnIUMED
quceas m u n.

Joxasameavcmso. Ilycrp 6yieTs @ TO 9ACIO0, KOTOPOE YAOBIE-
TBOpAETD 1 cpasuenio £"'—1=0 (m0d. p) u cpasHeriio £"—1=0
(mod. p); mb1 6yaens ambTh

a"=1, a"=1 (M00. p),
u @ 6yleTdb YHCIO UPOCTOE Cb P, 160 HHAYE Gb1I0 661 a™==0 (M00. p).

ITo noxoxkeniro w, 6yiyun o6mMAMD HARGOJBIIEMD ABIATEIEMD
9nCexb M W %, BbYACTHBIXD —Z—’, % JacTh 9HCIA TPOCTHIA MEELY

coborw. H p =, 2 OCTBIXD MEK 006010 HaigeTca 2z
obow. Ho mpm -, — 1p D 1y C bt S

. m n
yRoBieTBOpAIIEE cpaBieniio — z—1=0 (Mod. -5—), 9T0 Opex-
m
noxaraers ABammocts — 2 —1 Ha % - O3Ha9aa 9acTHOE OTH ITOr0
Abrenia 9pe3s y, naiizens
n
v fTl=T

OTKY /& BBbIXOIATH
Me—nyY = o (19)
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Ho n3p cpasreniit
a"=1, a"=1 (nod. p),
BO3BOJA LIEPBOE BDb CTENeHb 2, BTOPOE BB CTENEHb ¥/, BHIBOANMD
@™ =a™ (mod. p),
YTo 10 coKpamenin ua a"¥ (umedo upocroe ¢b p; W60, BALLIH,
npocToe Chb p) 1aeTh
a™ ™ =1 (mod. p),
rik sanbuaa mz—ny gepess w no (19), ambens
a®==1 (mod. p),
9T0 #H cJAb10BaN0 LOKA3ATE.
Ha ocnosanin aToit TeopeMbl He TPYAHO IOKa3aTh CABIyIONIyIO:

36. TEOPEMA.

Cpasnenie ™ — 1 =0 (M00. p) ummems w pruwenii, ecan ©
ecmo 00t HaUbOALWLIT Omaumens uucess m u p — 1, w 9mu pr-
wenia nandymea uss cpasnenia ¥ — 1 =0 (mod. p).

Hoxasameacmeso. Cpaguenito 2™ — 1=0 (m00. p) Moryrs
YIOBIETBOPATH TOJBKO UHCJHa, He Abiamisca ma p; m6o Axa 2 Kpar-
Haro p Oygers 2™ =0 (m0d. p). Ho mo Teopemt Pepmara 118
He jhagmarocs va p 6yeTs

2?7 —1=0 (m00. p).

Wraxs Beh 9mcaa, ynoBIeTBOpAIIIA cpaBHeHilo " — 1=10
(700. p), 6YAYTH TaKEe yIOBIETBOPATH cpaBHeHio af '—1=0
(m00. p); orkyra crbiyeTs mo jorazaHHoit Hamu Teopemb, 9ro aTm
grcia 6yLyTs YAOBIETBOPATL CPABHEHiI0

2°—1=0 (mod. p),
rik o o6miit HarGoabmiit ghauTeas unceas p — 1 @ m.

Taxwe He Tpyauo yobamThea BB o6paTHOMB, 4To Bch umcaa,
YAOBIETBOPAIMIiA 3TOMY CpaBHEHit0, OYAYTDH YAOBIETBODATH H
cpaseeniio " — 1 =0 (x0d. p).

Bt camons jbab, u3b cpaBrenia 2° — 1 =0 (a00. p) BBIXO-
mre 2°==1 (M00. p), a 9T0 1[0 BO3BEeLeHIH BB CTENEHb
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_7)_1
©
(M09, p), mm 2™ — 1 =0 (m0d. p).

Wraxs cpauenians 2"—1=0, 2°—1=0 (n00. p) 6yayTs
YI0BIETBOPATh OAHE U TH e umcia. Hamp ocraerca tenmeps moxa-
3aTh, YTO 3TH cpaBHeHia mMEIOTH © phmewniii; ato xerko cybrars

HaIb cpaBHenieMb 2°— 1 =0 (m00. p). Taxs Kakb © ecrb yhan-

m
(amero -~ ects nbioe; #60 © ecth ybamreib m), JaeTb =1

—1
Teap p— 1; Tol-o;— ecTb umcao mhioe; HaspIBadg ero depesb 1,

HaiineMs p — 1 = on. Beabacrsie gero #P— 2 upejcraBurea Takb
z (&"*—1), min z [(z°)"—1"], a aro pbunrea na 2°—1; w60 pas-
HOCTBb creneneit rhamrca Ha pasHocth KopHeit. Ho ecanm 2P—zx pb-
amres Ha £°— 1 Gesd ocraTka; TO 1o 26-0if Teopemt cpasHenie
2°—1=0 (mod. p) nubers o phuenii. A Takb Kakb 3TO cpaBHe-
Hie yjoBIeTBOpseTcA OfHEME gmciaMu ¢b £ —1==0 (m0d. p), TO
u 370 cpaBHenie muberd w phumenifi; orkyaa m cabayers npeato-
JHEHHASA HAMH TeopeMa.

Taxs cpaBrenie #—1==0 (mo0. 17), rxk o6miil HamGoapmmiit
rbmrexs gnceas 10 m 17—1 ectb 2, 6yaers mMBETH TOJIBKO ABa
pEmenia, koTopsia Hafifyrea W3b cpaBHeHia 2*==1 (mo0d. 17). 3a-
mbuag, 4To sTOMy CpaBHeHito yAoBIleTBopaersb 1 m 17—1=186,
BerbicTeie yero phmenia ero cyrsp

z=1, £=16 (m0d. 17).
MbI 3aKII09a€eMB, 9T0 phmenia cpaBuenia 2—1=0 (mo00. 17) cyTb
x=1, =16 (m00. 17).
Ha ocnosamin stoii Teopempr phmenie cpapuenia 2"—1=0
(m00. p) ceojures Ha phmenie cpasrenia #°—1=0 (mod. p), raxk

o pbaate p— 1; 3TEMB-TO CpaBHEHIEMD MbI Tenepb W 3aiimMeMcsd.
OTHOCHTEIFHO €r0 MBI AOKaKeMDb CIBIyIomyio Teopemy:

37. TEoPEMA.

Cpasneniio 3°— 1 =0 (m00. p), 10m © dnaums p— 1, ydoe-
p—1
AEMBOPACIT UUCA0 0. =N ° , €CAU N NPOCIOE CB P.
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p—l1
Hoxazamearcmso. By camoms pbak, mozarag a=mn © , Haxo-
AAMB
@’ —1=n""—1,
Ho 1o Teopemt Pepmara npr #n mpocToMt ¢b p 6yaeTs
nP ' —1=0 (n0d. p),
crbioBaTeIbHO TaKKe
a®— 1=0 (mod. p),

910 U cIBLOBAIO JOKA3aTh.
11—1  11—1  11—1
Takp 2 , 3 ° , 4 > yesereninnase OyAYTH YAOBIETBOPATH
cpasHeHio 2°— 1=0 (mo0d. 11).
Taxkrms 06pa3oMb Mbl MO:KeMD HafiTn HBECKOIbKO phmeniii cpaB-
Henia 2°—1=0 (m00. p). Uro e Kacaercs 10 onperbienia BcExb

ero pbmeniii, To 0THOCHTEJbHO HX'B JOKa’KeTCA cIBAYIOMAA TEOPEMA:

38. TEoPEMA.
Eeau wucao 6 yoosaemeopaems cpasuenii £°—1=0 (mod. p)
u He yoosaemeopaems cpasneniams r*—1=0, P — 1=0,..........
25— 1=0 (M0d. p), Wn «, B,.... ¢ cyms Owaumern © (6Ka104uaa
cioda u 1); mo ecn o prwenit cpashenia 2°—1=0 (m0d. p)
ONPEOAAMCA MAKS
=0, x=0"..........., x=0" (M09. p).
Hoxasameavcmeo. He Tpyrno yobantsca, yro ecam 6 yroBie-
TBOPAETH CPaBHeHil0 £°— 1= 0 (M00. p), TO eMy yAOBICTBOPAETH
u 0", Kaxoe GbI HE 6bLI0 TmcIo %, Bb camoms ybab, ecam 6 ynos-
JeTBopAeTd cpaBHenito £°—1=0 (m0d. p), To 6*—1=0 (M00. p),
mm 6 =1 (mod. p). Ho Bo3Bepa o6t wacTm sTOro cpaBHEeHid BB
cTenens n, HaXOgEMb O " =1 (mod. p), mm 6"°— 1= 0 (n0d. p);
4 9TO I0KA3BIBAETD, 4T0 " YI0BITBOPAETD CpaBHEHilo £°— 1=0
(m00. p). Ha ocHoBanim aToro, Mpl 3aKIHYaEMb, 9TO
o, 0%,........ 60°

6yLyTH YAOBIETBOPATH CPABHEHIIO
2°—1=0 (mod. p),
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n crba. 6yayrp yaosierBopATh eMy Bchk umcaa, omperbisempia
CpaBHEHiAMH
r=0, x=0",......... x=06" (M00. p) (20).
JoxameMp ke Temepp, 4YTO BB 3TOMB DALY cpaBHeHid HBTH
ABYXH CpaBHeHill TOmIeCTBEHHBIXH Mex1y coboro, Jlia atoro jo-
IyCTEMD UPOTHBHOE, AONYyCTAMB, 9TO 31kch Kakia HOYA JBa CpaB-
HeHig
r=06", x=06" (nod. p)
TO/CCTBEHHD] MEKJLYy CO60I0; UHCIa 7 H 7, KAKD NOKa3aTeln d Bb
cpaBHeHiax® (20), 6yayrs 6oxbe O m ue Goxke o m mycrs m 6y-
XeTs G6oxke .
Jomycruemu, 9To cpaBHeHiA
—_— ym —_— N
YAOBIETBOPAITCA OJHAMD H TEMD :Ke YHCIOMD %, MBI HAXOAUMB
O™ = 6" (moo. p),
9T0 [0 COKpamenin Ha 6" 1aers
6" " — 1=0 (m0d. p).

9ro cpasuenie Bmberh ¢b cpasEeHieMd == 1 (M00. p), KOTO-
pomMy ¢ yIOBIETBOPAETD IO IOJIOKEHiI0, HpejnoaraeTs

6*"—1=0 (m0d. p),

rif o o6miii mamGoapmiil rhanress m—mn 1 © (CMOTp. TEopeMy
35). Ho @ He MomerH GbITh paBHBIMD ©; 60 o ecTh LEIATEIH
m—mn, T m 1 n 6oxbe O m He Goxbe w, a motomy m—n << w.
Ho ecam mero o Membime ©, T0, 151 ©, OHO JOIKHO GITH OLHAMD

m3b pbamrereit ero: a, f,........ ¢; BerbicTBie Yero mpeapizymee
CpaBHEHie JOJKHO GBITH OJHAMD M3 CPaBHEHIi
0*—1=0, B —1=0,...... —1=0 (nod. p).

ITm e cpaBHeHid, IO NOXOKeHito, He MoryThb mmbBThH MEcTa.
Wraxs, Mexy cpaBHeHiAME
J— — 42 — 4Y
rT= (9, rT=6 yoarecses r=¢0¢ (MO@ p)

He MOKETH ObITb ABYXDH TOMIECTBEHHBIXH MEMmJLY co6oro, cIbi. BB
7*
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HAXDH 3aKmodatorca Bk o phmeniit cpaBHenis
2°—1=0 (m0d. p),
gr0 1 crBI0BaI0 JOKA3aTh.
Tax®s, 9To651 Hajita Bch phmenia cpaprenia 48— 1=0 (m0d. 13),
MBI JOJ:HBI HAJTA 9ACI0, KOTOPOe GbI yAOBIETBOPAIO eMy, HE YAO0-
BJETBOPAA CPaBHEHIAMD

z—1=0, 2 —1=0, 2*—1==0 (mo0. 13).

3amkyad, 9TO TaKkoe CBOHCTBO NPHHAJLIEIRATH 9ACIy 4, MBI 3a-
KII09aeM’b, 9To phmenia cpaBuenisa
28— 1=0 (mo9d. 13)
CyTh
r=4, r=42 2=4°% =44, r=4% r=4% (n0d. 13),
nIn
r=4, v=3, =12, =9, =10, =1 (m0d. 13).

§ 32. Hepexoamws Teneps kb cpasreniams ™ — A==0 (u00. p),
rik A xaxoe HEOYXp 4umcao, Hexbidimeeca Ha p, & p YACIO IPOCTOE,
KOTOpPO€e Mbl OIATH IIPeANoJaraeMb OTIAYHBIMNG OTH 2.

OrHocHTEIbHO CpaBHEHiH 3TOr0 BEAA MBI JOKamkeMb carbayio-
IIyio Teopemy.

39. TEoPEMA.

Cpasnenie & — A==0 (M00. P) 603MOKHCHO MOIVKO 65 MOMS
p—!
cayuan, k00a A © =1 (M0d. p), 100 © 06wk HAUGOLBULITE Or4U-
meav wuceass p—1 u m. Kowda gce smo cpasmenie 603MONHCHO,
0HO UMIBEME O PRUENTT, KOMOPLIA HAUOYMCA U3E CPAEHEHIA
2°— AT=0 (Mm00. p), Wn ™ ecmv wucto, yYoo6AEMEOPAIOULEE
yeaosino — m=1 (Mod. 3%)

Hoxasameavcmeo. Mp1 npeanoraraems A reybaammmcs Ha p;
[09TOMY 4YHCIO Z, YAOBIETBOpAIOMmee cpapHeniin «"—A=0
(m00. p), mm z™=A (m0d. p), HE MOEKETH GbITH KDATHBIMDB P;
160 BB 3ToMDb caydat 6110 6b1 2"==0 (m0d. p) m cpasHenie
2" == A4 (mod. p) nazo 661 A=0 (m0d. p). Ho ecim « me ybamrea
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Ha p; To 1o Teopemt Pepmara GyreTs
2P '=1 (mod. p).

. m
Bossoas 00% vacr: aTOro cpaBHeHiA BB CTeNEHb —-, & 9IEHB
cpaBHeHis
2" = A (m0d. p)
p—1 m  p—1 _ su
BB CTENeHb ~—— (WACIa —; —— OyAyTH Whabld; H60 @ ecTh 06mik

rbraTeap m m p — 1), HAXOAUMD
@-1)m m(p—1) p—1

z 1, z °© =4° (m09. p);
oTKy1a crbayers

I

p—1
A ° =1 (mod. p).
WTak® 1A BO3MOKHOCTH CpPaBHEHiA
g" — A=0 (m0d. p)
He06X01AMO, 4T06hI A YI0BIETBOPAIO CPABHEHIiIO
p—1
A =1 (mod. p) (21)
[Tpeanono:xuMe Teneps, 4TO 3TO yCIOBie BHINOJHAETCA H JOKA-
KeMb, 9YT0 BB TaKoMB ciydat Bch wmcaa, yloBIeTBOpAlOmis CpaB-

HeHiro
z" = A4 (mod. p),

YAOBIETBOPAIOTH TAKKE CPaBHEHIIO
z° =A™ (mo0. p),
rik © gmero, onpexbisemoe cpaBHeHieMB
tﬁ:—n;—z 1 (Mod. 1%—})
Yucno w, 6yLy9n 061N HAHGOJBMAMD IBIATEIEMD YHCED N

m p—1 ,
n p———l, BB 9aCTHBIX'B = o [ﬂ.aem YACIa NPOCThIA MEELY CO-

6 H m el TBIXD M 6 finered
oto. Ho npr —, *— mpoctp emay co6o0 Hafierea gmciIo T,

. mo__ p—1
YA0BIETBOPAOMEe CPABHEHIIO —w—‘m= 1 (Mod. o ) H JJd TaKoro
p—1
[5)

m
ancIa © PasHocTh - © — 1 Oyiers pbinTeca Ha . HazrpiBaa ¢
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4aCcTHOE OTH 9TOoro pbienid, 6ysemdp umETH
)
IR

mrn—¢(p—1l)=w

(22)
Ha ocHoBaHiZm 3TOr0 ypaBHEHiA Mbl NOKamKeMb, YTO CPaBHeHie
2" = A (m00. p)
npeAnoIaraeTdb
= A" (mo0d. p).
Bwb camoms ybak, Bozsoia 06h wactr cpaBHeHiA
2" = A (mo0. p)

BB CT€nEeHb m, HAXOJAUMD

2" =A™ (m00. p);
no Teopemt me Pepmata nvbems

2P =1 (m0d. p),
ik BosBea 06% 4acTH BB cTemeHn ¢, MOJydaeMs
P V=1, mm 1=2"""" (m00. p).

Ho n3® cpasaeniit

2§ = A", 1=2"P"Y (m00. p),
TepeMHOAsA HXh NOLICHHO, BHIBOLAMD

" = A" x" PV (mod. p),
910 10 cokpamenin Ha «° PV Gygers
& PN = 4™ (00, p).

3ambuan me 3x5ch mm — ¢ (p— 1) ancioMd © 1o (22), Haii-
1eMB

2°= A" (m0d. p),
4T0 M CIXEI0BAIO LOKA3aTh.

W3p 3T0ro0 BHIHO, 9TO CpaBHEHie
2" = A (m09. p)
e MoEeTh nMBTh pheniil oTanaHBIXD 0TH phmenii £°==A"(M00. p).

Y6baupincs B 9TOMB, MBI JOKAKEMb OCTAIbHYIO YaCTh Npe]-
JosKeHHO# HaMu TeopeMbl. [JJA 9TOr0 MBI JOKaKeMb, YTO CpaBHEHie
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x°== A" (moo. p) mvbers o phuwenii 1 9ro BCk onm yaoBieTBOpA-
10TH cpapuedio 2" = A (mod. p).

Yro6e1 ypbpaThcsa BB 1EepBOMB, MBI 0 § 21 BINEMDB OCTATOKD,
moaysaembiil npu rhiaenin 2P— z na 2°— A™. DToTH 0CTATOKD MBI
JErKo HaXoJuM®b, 3ambuad, 4T0 2 — 2 MoxkerTsh GBITH TAKD HpEI-

CTaBIEHO
p—1 p—1 m(p—1)
[(@)° —d)“ ]Je+4 ©° —1)g,
p—1 10—1
b [(2°) © —(4T) © ] #, ogesmano, ybamrea na z° — AT
Otkyaa crbayers, YTO HCKOMBIH OCTATOKD €CTh
™ (p—1)
[4 ¢ —1]a.
T (p—1)

©

Ho spkes xoeoonnients A4 — 1 pbaarca ma p; m6o mo

(21) nmbens
p—1

A° =1 (moo. p),
4T0 0 BO3BEAEHIH BB CTeNeHb T AAaeTh

==

A4 ¢ =1 (mod. p);

cxby. no reopemb 26 cpaemenie == A" (nod. p) mmwbers o pk-
ImeHiit.

Hamp ocraercsa Temeps goxa3ath, uro Bchk phmenia cpasmenia
2°=A" (M00. p) yXOBIETBOPAIOTH cpaBHenio &""—A==0 (x0d. p).
Jlas sroro mb1 3ambrums, 9ro cpaBHenie £ =A4" (#00. p) 1m0 BO3-
BeJeHin ero Jacreif Bb cTeneHn —Zf— LA€eTD

mm
2"=A° (mod. p).
Breranras e A4 m3p o6baxt gacreil aToro cpaBHeHis, HaEeMb
m

" A=A°—4 (M00. p),

i
TNM—w

g"— A=A © —1) (m00. p).
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Broca ciopa Beamumny mm #3b (22), norydaeMs
s(p—1)

" —A=AAd © —1) (mod. p) (23)
Ho mo (21) A yroBierBopseTdh cpaBHEHil0
p—1

A ° =1 (mod. p),
KOTOpOE 110 BO3BEJEHIH €ro JacTeil Bb CTeneHb ¢ 6yJeTh
sp—1)
A ©° =1 (mod. p),
81
slp=1)
A © —1=0 (mod. p).
Beabrcrsie me atoro cpasuenie (23) npmeognTes Kb TaKOMY
" — A=0 (m0d. p),
9T0 M O0CTaBAJIOCH HAMD J0KA3ATh.
Jaa npumbpa Bo3bMEMB CpaBHeHie
28— 3=0 (m00. 11).
O6miit nanGoxpmiit ybamress 8 m 11—1 ecrb 2. Crbr. aas
BO3MOKHOCTH 9TOT0 CPaBHEHiA HEOGXOJEMO GBHITh
11—1
3 2 =1 (m0. 11).
11—1

2

JTo yclroBie BeINOJHAETCA; W60 3 = 3%=243, 410 cpaBHEMO
¢b 1 no mogymo 11. Phmenia me aroro cpaBHeHiA HafilyTcd H3B
cpasuenia 22— 3" =0 (m00. 11), rab = onperbigerca yciopiemsb
G 11—1
fn=1 (Mod. -——5—),
iR
4n=1 (mo00. ).
Ptman sto cpasuenie mo cnoco6y, noxasanHomy Bb § 15, Ha-
XOLUMD
n=4"""=64 (m0d. 5).
Otkyra BEAEMB, 9TO 3a T MOKHO B34Th 4, Beabjcrteie aroro

cpaBHeHie
22— 3"=0 (m0d. 11)
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JaeThb
2 —81=0 (nod. 11).

Ho sromy cpasrenito ynoeierBopsaers z—9 n =11—9=2,
Cuxb. pbmenia cpasrenia
28— 3=0 (mo0. 11)
CYTb
r=2, =19 (mod. 11).
Wb poKa3aHHOH HAMA TeOpeMbl OTHOCHTEIBHO CpaBHEHill BHIa
2" — A=0 (m0d. p) BEIBOJUMD cabyrOmyo:;

40, TEoPEMA.

Opasnenie " -+ 1=0 (n00. p) ne ummems PrweHia, eciw
p — 1 no oceoboocdeniv, 0ms 0OUUTS MHONCUEAEH CE M NPUEO-
oumea £s wucay neuemnomy. Bs npomueroms cayuan 9mo cpasre-
Hie UMDEMs © pruterith, ecauw p— 1 u m UMPIOMs 0CWUME HOU-
GOAUUME OMAUMEIEMS © U INU PHULEHTL HAUOYMCA UG CPAGHEHIA

2° 4+ 1=0 (mod. p).
Hoxazameavcmeoo. Ilo Teopemt 39 114 BO3MORHOCTH CpaBHEHiA
2" +1=0 (M0d. p)

He0GX0AAMO, 9TOGEI YAOBIETBOPAIOCH CpaBHEHie

p—t
(—1) © =1 (noo. p);
p—1
a 370 He MOReTd AMbTh MbBcTa, ecim —— umcio HedeTHOE; CIABA.

(4]
gactHoe OTDh ABiemia p— 1 Ba ®, o6miil HamGoapwidt jbamrexn

amcexs m 1 p—1, 104KHO ObITH YECIOND YeTHbING. Eean-me 1%1
YHACIO 9ETHOE; TO YCIOBie
p—1
(—1n°
BBINOJHSAETCA, & BB 9TOMB cIydab mo joxa3amHoil HaMm Teopemb
cpaBHeHie

=1 (m00. p)

2™ -~ 1=0 (m00. p)
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nvbBeTd w pbumeniit 1 5Tn phuenia naiilyrca #3b CpaBHeHiA
2 —(— 1)"=0 (m00. p),
rib T ecth 4HCIO, YIOBIETBOPAIIIEE CPABHEHiIO

Tr=1 (Mod. p%l> .

Ho Taks kaxk®s BB nocabaHemb cpaBHEHIE MOJyJb 9HCIO YeT-
HOe, & BTopasd 9YacTh He JybimTcA Ha 2; TO M IepBad AOIAKHA OBITH
9ECIOMD IPocThIMDB ¢b 2. OTKyAa cabjiyers, 9To T 4mCIO HEYETHOE,
a [OTOMY CpaBHEHie

2% —(— 1" =0 (mod. p),
KOTOphIMB onpexkiatorca phuenia cpaBrenia
2" 4+ 1=0 (m00. p),
npmBejercd Kb TAKOMY
2° -+ 1=0 (mod. p).

Taxs y6bmxaaeMca Mbpl BD COPABELINBOCTH IIPEAJOMEHAOH HaMu
TeopeMbI.

Ha ocroBanim 3Toif Teopembl MBI 3aKI0YaeMb, YTO CpPaBHEHie

2t +1=0 (m00. 13)

ne umkers pbmenia; n6o o6miit HanGorpmiil rhmrers 4 m 13 —1
ecth 4, a dactHoe orb xbaenia 13—1 na 4 ecTs 3, UmCIO Heder-
Hoe. Hanpornpb cpaBHenie

24 1=0 (m00. 13)

nvbers Tpm phmenia; n6o o6mii HanGoapmilt ybauTeas 9 m13—1
ectb 3, a 3, xbia 13—1, jaers BB YaCTHOMD 4HCIO YeTHoe 4, T
phienia sToro cpaBHeHis HalilyTca H3D CPaBHEHiA

22—+ 1=0 (m00. 13).

§ 33. Mo coxb nops Mel ropopman o cpasuenin 2" — A== 0
{(m00. p), mpernojaras p 4ncioMd npocteiMb. O6pamaemMca Tenephb
Kb TEMB caydyaams, korja sgbes p umeao cocrasuoe. Mp1 mpepmno-
JOREMB ) UACIOMB NPOCTHIMB OTHOCHTEIBHO 70 W A W JOKaKeMb,
4T0 BB ITOMD ciIydal, ecim MOMKHO YJOBIETBODHTH CpPaBHEHilo
2"— A =0, npunEMasn 3a MOAYJIb €ro Kaxoe I60 H3b HPOCTHIX'h



— 107 —

9nceldb, BXOJAMAXD Bb COCTABL P, TO €My MOMKHO YJAOBIETBODHTH
7 npH MoxyIE p.

Meb1 HaYHEeMD € YACTHATO CIydas, OPEANOJOKABD, 4T0 p=0o",
rab o Kakoe HEGYAb npocToe Ibroe, Hexbuadamee m m A, m NOKa-
HeMb, KAaKEMB 06pa3oMt B3b phiuenia cpaBHenid

2" — A=0 (m0d. &)
MOTyTDH GbITh BbIBeeHbl phmenia cpaBHeHiit
g™ — A=0 (mod. a?), 2" — A=0 (m00. &), u 1. 1.
Ilycrs Gyaers @ 4mcio, yIOBIETBOPAIIEE CPABHEHIIO
2" — A=0 (m00. o);

umcao a He 6yaerd rbimThea Ha a, #60 A 1o noxomenio He Ib-
anrea Ha o. Jaa ompeybienia umcaa, yj0BIETBOPAIOINATO CpaBHE-
fio "—A=0 (M0d. &?), NOJOKUMD & =@~ 02z U GyJleMDb HCKATh
£ 10xb ycaoBieMs (@ -+ az2)" — A== 0 (M00. a%), KOTOpOEe NpHBO-
JuTed Kb crbayromemy

m—1 —
o+ m——(l 5 La™ = 62 Bt -a™ £"=0 (3100. &?).

a"—A-+ma™ "

Ho 31bep a ects o61niff MHOKATEIb 9IEHOBD CPABHEHIA W Mo-
Ayada; m6o a, GYIy4H 4YHCIOMD YIOBIETBOPAIOMINME CPABHEHiIO
2" — A=0 (mod. &), Bb pasuoctn a"— A Jaerb YHCIO Kpar-
HOe a; BO BCEXD ke IpOYNX'D WICHAXH CPaBHEHiA W Bb MOAyIb gm-
CIO & BXOJATH MHOEATeleMb., Cokpamas ero, HAXOANMD

aMm—A4

———+ma" " 2+ ’l(im—;—-l—) a" a4 0" T =0 (n0d. ).
Ho Tarp Kakb
ﬁ(lﬂ_;—i)am_‘ o~ e =" T M =0 (M00. )
TO IpejbIlyiee CpaBHeHie NPABEAETC Kb TAKOMY
aMm—4

———+ma"" '2==0 (nod. a).

10 cpaBHeHie, O6yIyum UepBOHl CTENEHH OTHOCHTEAHHO HEH3-
Bkcraaro 2z, serko pbmaerca. IIparomts He TpyAHO y65ImThCA, 9TO
oHO BCerja mMbers phmenie: Bb HeMb KoeddHOieHTH Nph 2, 6y-
Jly9m COCTaBJCHD U3 NPOW3BEJEHid 4Aceb 7 H & OPOCTHIXD Ch a,
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6yAeTH YACIO NPOCTOE Ch MOAYJIEeMDB «; BB 3TOMB ke crydal cpas-
Henie nepoit crenenn Bcerja uMbers phmenie.
Wrars phmenienms cpaBHenis

a™m—4
[ 3

HaiijeTca YHCAO 2, IO KOTOPOMY YHCIO, YAOBJIETBODAIOMIEe CpaB-
HeHi

—+ma" " 2=0 (M0d. )

2" — A=0 (m0d. a?),
BBIPA3UTCA TaKb: & = @ —+ oz. [lokameMs Temepb, KaKEMB o6pa-
30MB 110 YHCIY b, YAOBIETBOPAIOIIEMY CPABHEHiIO
2" — A=0 (m0d. o?),
HafijeTca 9mcIo %, AIA KOTOparo
2" — A=0 (M0d. a).
Mas atoro, moxaras Bb 3TOMB CpaBHeHIm & = b -+ oa®wu, BbIBO-
AAMB
(0 —+o?u)" — A=0 (mod. o).
Paznaras me (b-+ o?u)™ no 6mmomy Herorona, cokpaman seh
qIEHbI CPABHEHiA W MOJYyJb HA @® W OIYCKad 9IeHbl KPATHBIE a,

Kakp Abiaim Bbime, Hafiiemd Aada onpexbienia w cpaBHeHie

pm—4A
o2

+mb" " u==0 (mod. a).

Orcioga onpepbanrea w. 3Had me w, Mbl ompelbamMb 9mCIO,

YAOBIETBOPAIONIEE CPABHEHIIO
2" — A=0 (n0d. a®),
H3Db ypaBHeHia & =0 -+ o?u.

ITocrynasa rtakamd 06pasomb, MbI 6yleMDd HaxoiuTh phmenia
cpasreniii 2™ — 4 == 0 npn MOLyIAXD at, o, U T. 1.

Jlas npuwkpa vaiizems phmenie cpasaenia #*—2=0 (x00. 3%).
Crmavana pbmaews cpaBmenie 25— 2=0 (m0d. 3), KoTOpoe IO
Teopemk _39-ﬁ IpABOAATCA Kb cabayroinemy

x— 2" =0 (mo0d. 3),
rik © onpexbaserca yciosiemb
Sm==1 (m0d. 2).
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3awmkyas, 4To 3TOMY yCIOBil0 yA0OBIETBOPAETD T =1, MbI JIA
phmenia cpaprenig 2° — 2 =0 (m0d. 3) HAXOUMD

z — 2=0 (mo0. 3).
OTKyza 3aKI09a€Mb, 9T0 2 €CTh YHCIO eMY YAOBIETBOpAIIee,
7 ada phmenia cpapHeHiA
2°— 2=0 (mod. 3%
noxaraeMs: £=2-+32, r1k # onpegbigerca ycrosiems

F2 5.2 =0 (m0d. 3),

A1l
10 + 802=0 (m00. 3),

KOTOpoe 10 cokpamenin Ha 10 npusojaTca c¢b crbiyomemy
8= —1 (mo00. 3).
Mesxny 4mcIaMu, yAOBIETBOPAIOMIAMA 3TOMY CPaBHEHil0, HaX0-

auMb 1; NpHEEMad ee 3a £, Mbl HAXOJUMB. 49TO 2 —+ 32 paBHO B W
5T0 6yJeTd ACIO, YAOBIETBOPAIONIEE CPaBHEHi0

25— 2=0 (mo0. 32
OGpamaenmca Teneps Kb cpaBHeniio 2™ — A== 0 (mod. p), rrk
P Kakoe HEGYAb YHCIO NPOCTOE Cb 7 B A, W JOKAIKEMD, 4TO eClH

P COCTONTD W3B NPOM3BEJEHIA UPOCTBIXD dHCETD &, B, Y,.. ...
JAJf KOTOPBIX'B CPaBHEHiA

#"—A=0 (m00. a), #"—A=0 (m00. B), &"—A=0 (M0d. Y)...
avbioTs phmenis; To MoskHo HafiTn phmenie cpaBHenia
2" — A=0 (m00. p).
Ilycrs Gyrers p =o' f*y"...... Ilo npiemy, noKazaHHOMY HAMH,
Mbl HafileMb 9hCIa, yJOBIETBOPAINIA CPABHEHIAME
a™—A=0 (m0d. a*), a™— A==0 (M0d. B*), " — A=0 (400. y")...
Ilycrs atm umera 6yayres M, N, P,....... ; mo Teopemb 13-it
Bch umcra, ompexbidemsla cpaBHERieMb
@ == M (m00. o),
GyLyTD YAOBIETBOPATH CPABHEHIIO
2" — A=0 (mo0. a);

)
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gmcaa, onpexbigemMpla cpaBHeHiEMDb
x=N (mod. "),
6yLyTD yAOBIETBOPATH CPABHEHIIO
2" — A=0 (moo. %),

u 1. §. Ho 8B § 30 smrbam, rakmMs 06pa3oMB MOIKHO HAHTH 4H-
CI0, YIOBIETBODAINEe BCEMD CpaBHEHIAMD

x=M (M00. "), x=DN (m00. *), x=P (M00. "),.......
n crba. BebyMb cpaBHEHIAMD
g™ —A==0 (m0d. a*), s™—A=0 (no0d. §*), 2™ —A==0 (m0d. y")...

A TaK® Kakb a, 3, Y...... pa3IMYHBIA NOPOCTBIA YACIA; TO MO-
IyIW HTEXD cpaBHemiit ', B, AT CYyTh YHCIA OTHOCHTEJHHO
ADPYr'b ApyTa IpPOCThIA; & BB aTOMB ciydat srm cpasHenia mo § 9

IPEANOIaTralTh
™ — A=0 (m0d. o’ " v"....).

Tak® MBI HafifeMs 9ACIO, YJOBIETBOPAIONIEE CPABHEHIIO
g™ — A=0 (n00. a*B*y"......),
onpeABINBIIN YHCIO, KOTOPOE YAOBIETBOPAETH CPABHEHIAMD
g=M (m0d. &*), z=N (m0d. y*), z==P (n00. {’),......,
rik M, N, P,..... qncIa, onpelbigeMbla yCIOBiAME
M™— A==0 (n00. a*);
N™— A=0 (mo0d. p*;
P"— 4 =0 (mod. Y");

..................

TJIABA VI
O cpaBHeHiaX® BHHa ¢ =4 (M0l. p).

§ 34. Jo cuxn nops MBI 3anmMannCch B3CTELOBAHIEMD TAKAX'D
CpPaBHEHi#l, KOTOPBIA 3aKI0YAITH Bb ce6h aireGpamyeckyro mbiayro
oyHKNil0 Hem3pberHaro n pascmorpban sambuareapubiimisa n3b 9TAXB
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CpaBHEHiil: cpaBHEHid IepBBIXh JBYX'H CTeleHell I CpaBHEHiA JABY-
w1enHpid. Tenepp nmepexoiuMd Kb CpPaBHEHIAM'B, KOTOPBIA COAEp-
xaTp HemspbcTHOE nokasarelemd. VI3b aTuX® cpaBHeHiff camoe 3a-
whyareabnoe ectb a” == A (m0d. p), rak p wmcao npocroe, mexbis-
mee ¢ 1 A. ITHMD cpaBHeHieMb Mbl Tenepb u 3afimemcda. OTHOCH-
TeJBHO ero Jerko JoKazaTh cibiyomyio Teopemy:

41. TEoPEMA.

Ecau wucao o ydosaemsopaems cpasnenito a” == A (mod. p);
MO eMy Y0084eMEOPACE U BCAKOE YUCAO, CPAGHUMOE CF o N0 MO-
oyamo p—1.

Hdoxasamerscmeo. Ecim 2 cpaBHEMO ¢ @ 10 MOAYI0 p—1; TO
2—a pbarca ma p — 1. Haseieag ¢ gactHOE 0TH ybienia 2 — a
Ha p, HaljeMBb

t—a=(p—1)g
OTKyAa crbayers
@F % = PV,

Ho no reopens Pepmara a?~' m cxbr. oP~¢ cparmmo cn

1 1o Moxy:0 p; moaTOMy
&~ %=1 (mod. p).

Nwvba we mo moJomenito

a*= A (moo. p),
MbI IIE€DEMHOKEHIeMD 3TOr0 CPaBHeHiA Ch NPEJBIAYIIAMD HAXOLAMB
a* = A (moo. p),

4To B cIEI0BAJO JOKA3aTh.
M3p porazanHoil Hamum TeopeMt BHAHO, 4TO €CIH CpPaBHEHiio
= A (M00. p) yLOBIETBOPAETH OAHO YMCIO, TO €My yAOBIETBO-
pAeTd (e3KOHeYHOEe MHOMKECTBO JAPYI'EX'b, CPABHAMBIX'D CBb IIEPBBIMB
no Moayao p—1. Ho Beh sTH 9mcia, cpaBBEMBIA MEHAY COOOKO
mo MofyJio p— 1, Mbl nmpEHEMaeMD 33 0jHO phiienie cpaBHeHiA
a”= A (m0d. p). Bb aTomMb 3naueHin cpasHeHie
a®= A (mod. p)
0yzners mMbTh cToabKO phieniff, CKOJIBKO IOJORHTEIBHBIXD IHCEID
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MeHbIAXb p —1 1 crbi. He CPAaBHAMBIXD MEMKAY COGOI0 IO MOJLY.IIO
p—1 emy yzoBierBopsers *). Jrm phinenia mpejcraBarca Takb

T=ua, T=0,......, =0, (M00. p—1),

ik o), ag........ o, CyTh IOJORATEIbHBIA YACIA, MeHbINiA p —1
YAOBJIETBOPAOMIiA CPaBHEHIIO
a®= A (mod. p).

Tokasapumn kakD cunTatorca phuenia cpapenia a”== 4 (mod. p),
Mbl OPHCTYNEMD Kb onpelbieniio umcia mXb H HAYHEMD b JACTHATO
crydad 4 =1.
OrHocuTeasnO cpaBHeHia a” =1 (mod. p) Terko 10ka3aTh cab-
JYIOIisg TeOpeMbl:
42. TEOPEMA.

Ecau cpasnenito a” =1 (m0d. p) ydosaemsopaems & == a; Mo
eMy Yo06aemEOPAEMs 6CAKOE UUCIO KPAMHOE o.

Joxasameavcmeo. Bo camoms abak, ecam cpasuenito a” =1
(m00. p) yroBieTBopAeTs Z=o; To a*==1 (mod. p). D10 Ke
cpaBHeHie 10 BO3BEeJEHIM BB KaKyl HHOYAb cTeneHb % GYAeTH
a"* =1 (m0d. p); oTEyAa cIbLyeTs, 9T0 Mo YIOBIETBOPAETH CPaB-
renito a” =1 (no0d. p).

43. TEoPEMA.

Ecau cpaswenitn a” =1 (m00. p) ydosiemeopaems uucio o;
Mo eMy YO064EMBOPAEMS U 00U HAUCONLULIE OILIUMEND YUCELS O
uwp—1.

Joxasameascmeo. ITy TEOpeMy JerKO BBHIBECTH H3B TEOPEMbI
86-if, JoKasamHON HaMm JIA JByYlenHaro cpasseHia z" —1=0
(M00. p), mo xoTOPOH YMCIO @, YAOBIETBOPAIINEE 3TOMY CDPAaBHEHiI0,
JOIIKHO TAKEe YJOBIETBOPATH cpaBHeHito z°—1=0 (mod. p),
rib o o6wmiii namGoapmiit ybanreap m 1 p — 1, u crby. cpasHenie

™==1 (m00. p) upernoiaraers cpashenie a”==1 (m0d. p), BB
9eM'b H 3aKII0YaeTCA NPeAJoKeHHad HaMAd TeopeMa.

*) Jlo 3TOr0 MBI LOXOAUMB, IOBTOPHAA 0 phmeniaxs cpaBreHia a¥=A4 (x0d. p)
rthiKe cyskpenia, xoropeia xbramu BB § 12 mpm ompexbaemin wucaa phmesniit
cpaBHexia fx =0 (x00. p).
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44. TEoPEMA,

Houmenvusee uucao, 30 uckaoueniems 0, yoosiemsopawowee
cpasrenito a” =1 (mod. p), ecmv Omwaumess p— 1; npowia oke
YUCAA eMY YOOBACMBOPAIOWA CYMb KPAMHOLA IMOL0 O AUMNER,

Aorasamearcmeo. Ilycrs GyieTd o HamMeHbIIee YHCIO, YIOB-
JerBopsiomee cpaBHeHilo ¢” =1 (m0od. p); mo upesbIymed Teo-
pemb cpasuenito a”==1 (M0d. p) 6yieTh YIOBIETBOPATH OOMIiil
HanGoapmiii Abanreas gncear e # p — 1. Ho ators gbamrens um-
cerb p—1 u a, yroBlersopsas cpasueniio a”==1 (m0d. p), 10a-
#eHb ObITh PaBeHD o; B30 BB NPOTHBHOME caydal owb GBIID Gbl
MeHbIIE o, MesKAy TEMB Kaxb IO NOJOKEHI0 o €CTh HamMeHbIee
9ICI0, yAOBIeTBOpAMINee cpasHenito a”=1 (mod. p). Uraks o
ROJEHO 6bITh jbanTeremMs ymcia p— 1.

Teneps poxamems, uTo Bch uncia, y10BIeTBOPAIOINiA CPABHEHI O
a®=1 (mod. p), cyTh KpaTHsIA a. JlIs 3TOr0 Mbl 3aMbEYaEMb, YTO
o npejpiymeit Tcopemt cpasnenie a”==1 (m0d. p) npepnosaraers
a®==1 (m00. p), rat ® o6wiii HamGoxswiii Abanress 9ncers x |
p—1. Iro ke cpasuenie Buberh ¢ba*==1 (M0d. p) npernoraraers
(cm. Teop. 35) a®’ =1 (m0d. p), rab o o6miil HAEGOIBIIH 1h1R-
Tedb o 1 w. Ho o’ L0WEHO GBITH paBHO o mHAYe «', Gyayd: 06-
muAMD HAUGOIbIIAMD AbiuTereMds « w ©, 66110 6bI MeHbIIE &, H
TaKD KaKb w yLOBIETBOPAeTH cpaBHeniio a”==1 (m0d. p), TO MbI
6bl HALIE Bb & 9YACIO MEHBIIE o/, KOTOPOE YAOBIETBOPAETH CPAB-
menito a” =1 (m0d. p), 910 npoTHBHO ToJo:KeHiw. Wraks & pa-
BHO a. Ho mMb1 Bugban, 9T0 @ ecTh o6miit Han6oabmii gbinreas z n
p—1; crba. «, paBHOe ®, TEIATD 0 K&, 9T0 H cIBI0BAN0 L0KA3ATE.

Taxs 3ambuas, 4ro HamMenpmee yucI0 (mocab 0), yA0BIETBO-
panomee cpaBaenio 2”==1 (mo0d. 31), ecTb 5, MbI 3aKIH0IAEMB, UTO
TOJIBKO 9ACJA KPaTHbIA 5 GYAYTH YAOBIETBODPATH 3TOMY CpPaBHEHIIO.

ITo norasanmoit HamME Teopemt MBI 3aKII0YaeMb, 9TO HAHNMEHb-
mee 9HCAO, yAOBIETBOPAWINee cpasHenio a”==1 (Mod. p), ecrb
oamab m3b rhamrenei p—1 [U3B 3TOr0 YmCIa HE HCKIHOYAETCA CAMO
p—1, rotopoe no reopent PepmaTa yI0BIETBOPAETH CPaBHEHiIO

a? "'==1 (mod. p)], m ecam 3T0 YNCIO €cTh a, TO Bch WmcIa, yI0B-
8
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JeTBOPAIOIIiA 3TOMy CpaBHeHilo, HaumHasA oTh O, npejpcTaBaATCA Ta-

KAMD PAJIOMD
0, a, 2a,..cuuus;
OTKYJa BHAHO, YTO

0, &, 2yunrcnnry @ (EF — 1)

CyTh eIWHCTBEHHBIA UACAa, yAOBIETBODANOIiA cpaBmeHino a”==1
(m00. p) m Menpmia p— 1; cabjx. phmenia cpasueniaa”==1 (m0d. p)
CyTh
—1
2=0, r=«a, r=2a,..... r=a (107 — l) (mod. p —1),

—1
M YHCIO WX €CTh pT .

Taxkb 3ambuad, 9ro HamMeHbIIee YHCIO, YJOBIETBOPAOINEE
cpasrenito 2°=1 (mo0d. 31), ecTb 5, MBI 3aKII0YAEND, 9TO 3TO CPAB-

. 31—1 .
menie mubers —— =6 phmeniit, KOTOPHIA CYTH

5=0, =05, 2=2.5, 2=38.5, v=4.5, s=05.5 (mod. 30).
Mer mamum, gro 9mcxo pbmeniii cpasnemia a”==1 (m0d. p)
onpexbiserca oTHomeHieMb p — 1 Kb a, TIE o HamMeHbIee YHUCIO,
yZoBIeTBoOpAlomee 3ToMy cpasHenio. Otcioga crbayers, 4ro 31O
cparuenie nvberd 01HO ToIpKO phmlenie, ecIm HamMeHblee YUCIO,
yLOBIETBOpAIOIEe 3TOMY CpaBHeHio, ecTb p— 1.

§ 35. Ilepexoamvs Tenepb Bb cpaHeniamb a” == A (m0d. p)
rik A xakoe Hu6ynp umcio, Hepbiameecs Ha p, W HOKaxKeMb cak-
AYIOIIYI0 TeopeMy.

45. TEoPEMA.

Ecau cpasuenito o” = A (mod. p) ydosiemsopaems N, & Hau-

Menvuiee wucao, yoosaemsoparusee cpasnenito a"==1 (mod. p), ecms

. . p—1 .
& MO NEPEOE CPASHENIE UMMEINE — PIULENTT, KOMOPLIA CYmb

r=N, r=A+0o, T=MA+2a,... xE7\+<P—:3-—~ ) o (m0d. p—1).

Hoxasameavcmeo. Ecam A 1 o y10BIETBOPATD CPaBHEHIAMD

a®=A, a"=1 (nod. p);
T0
at=d, a*=1 (mod. p).

Bosseaa 06F gactr nocabieAro cpaBHeRid Bb KAKyI0 HIGYAb CTe-
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IeHb 7 W IEPEMHOEIBD €ro MOLICHHO Cb a'==A (M00. p), HAXOLAMD
@ = 4 (nod. p).

OTKyza fACHO, YTO A — Mo YAOBIETBOPAETH cpPaBHenin o’ = A
(m00. p), rakoe 6b! HE GbLIO Ihioe YmCIO 7.

He Tpyano Tarxe y6hamreea, 9To kpomk umcers Bua A-+ an,
HETH ApYrEXb, CIOCOGHBIXD YJOBIETBODATH cpaBHemio a” == A
(mo0. p).

Bb camons nhab, ecin a’= A4 (n0d. p), To a”=da" (nod. p);
760, 10 MOJOMKEHil, A y10BJIETBOPSAETD CPABHEHIIO a*=A (m00. p).
Ho coxpamas cpaBrenie a“==a* (m00. p) Ha !, Baxoamms 0® r=1,
(mod. p), uto mo 44-it TeopemB, npepnoraraers ALIEMOCTE T — A
Ha «. [Toxaras xe dacrnoe ors ybienia £—A Ha o PaBHBIMD 7, Ha-
XOQUMD L — A =on A cIbl. £ =\ —+ an.

Hraxs uncia, yi0BIETBOpA0MiA cpasHenio a”== A (m0d. p),
onpenbadorea 0pMyxow = A —+ an, 'k n Kakoe HIOYAb 9ACIO.
Ho ata ®opmysa npn 3HaYeHIAXD % CPABHEMBIXB IO MOLYIIO 1—’:—1
JaeTh YACIa CPABHEMBISI MEsKAY CO00I0 IO MOAYJI0 p—1; 1 06paTHo
OpHE JIBYX'h 3HAYEHIAXD 72, HE CPABHAMBIX'D IO MOAYILO 2—3'—1 , 3HaUe-
uig A—+on GyAyTh Takike He CDaBHEHMBI. BB aTOMB Mbl yohxiaencs,

3aMBTHBD, 4TO CpaBHEHiE
A-an=\-+oan’ (m0d. p—1)
0 YHOYTOMKEHIA A 7 COKpalleHin ¢ BBH 06BEX'B JacTAXD cpaBHeHid
1 MoXyrb mpuBoguTca Kb crbayromemy
n=n (Jnod. p%l)

Ho no mopy:o p%l Bck 4mcaa cpaBHEMBI- Ch OJHEMD H3B CIb-

IYOIIAXD
0, 1, Zycecee 20— 1,

KOTOpBIA HE CPaBHAMBI MekAy cootw; crba. Bch umcna, omperbase-
MBI POPMYIOK & = A -+ an, GYLYTH CPaBHEMBI IO MOAYIK P CBb

OJHAMD U3b YHCEID
—1
ANAt+o, A+20......, A +a (L— );
[«

CaMHI K€ OHH APYI'h CHb APYLOMB GYIyTH He CPABHAMBL. A IOTOMY
8*
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Bck umcaa Bmia A~ no, WM, 9TO OAHO W TOXKE, YAOBIETBOPAMILA
cpasueniio a” = A (mod. p), onpeybiarca cpapreHiamm

2=\, r=A+0, T=A+2a,.... wsk-—n—a(gfl—— 1) (m00. p—1),
 9TH cpaBHeHiA BcE pa3imaubl Memly €o60i0; OTKyaa u crbiyers
IpeAJoKeHHAA HAMA TeopeMa.

Taksb sambyas, gro cpasuenio 2” =13 (mo0d. 17) yxoBierBo-
pAeTs =6, HamMeHbIUee Ke YACI0, YIOBIETBOPAIONIEE CPABHEHi0
2%=1 (m00. 17), ecTb 8, MBI 3aKI0YaEND, 9TO cpaBHenie 2°=13

17—1

7 .
(m00. 17) mmbers —g» I 2 phimenis, KOTOPBIA CYTh

x=6, r=06 -+ 8 (mo0. 16).

§ 36. Ha ocuosanin zoxasannoii BaMm Teopemsl 9ncio phme-
Hit cpasnenis a”==A (m0d. p), BB caysat ero BO3MOKHOCTH, ONpE-
pbasercs wncioms phmeniit cpasuenis a”==1 (x0d. p). Teneps MbI
Pa3cMOTPAMB 0COGEHHO TOTH cayyaif, Korja cpasmenie a” =1
(mo0. p) mmbers ogno pbmenie m crby. BamMenswee wmcao, yJ10B-
aerBopsiomee cpasaenio a”==1 (m0d. p), ectb p — 1. Bb sroMb
ciysal umcro @ moiywaers HasBaHie mepBooOPA3HArO KOPHA YHCIA
p 1 cpasuenie a®== A4 (m0d. p) 0co6enH0 3aMbYATEILHO IO CBOAMD
TPRIOKEeHIAMD. ITAMD CpaBHEHieMb MbI Temeph U 3aiimeMca. OTHO-
CHTEJIBHO €0 MbI JOKamkeMb crbiyoulyio Teopemy:

46. TEOPEMA.

Ecau a ecmv nepsoobpasneii xopews wucaa p, w A ne dnsumea
na p; mo cpasuenic a° == A (M0d. p) umwems 00no prauenie.

Hoxasamesvcmeo. Bb camoms Abrk, mo cBoiictBy nepooGpas-
HATO KODHA @ BamMeHbllee YACIO, YXAOBAETBODPAIOIIEE CpPaBHEHIIO
a®==1 (m00. p), ects p — 1. Ho BB 310MB ciyyat mo mpeapiaymeit
teopemt cpasmenie a” =4 (m0d. p) mim mwbers ogHo phmenie
nin He mvbers HE ojHoro. Jlora:keMDb ke, 4To mocrbiHee He Mo-
werdp aMbTe mbera npr A mepbaamemca va p. Jaa avoro pomy-
CTEBB, 9T0 cpaBHeHie a”==A (m0d. p) ne uvbers phmenis, Mb1 3a-
wbyaeMs, 4T0 4, He OyAyd9nm KpaTHBIMG p, OpHE rbleHinm Ha p JaeTs
BB ocTaTKE 0/HO W3B 9ncerh
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m crbl. ¢b OJHUMD H3B ITHXD UMCENb GyJeTh CPABHAMO 0O MO-
ayxo p. Ilyers aTo umcao 6yrers r. Umba A==r (mod. p), Mb1 u3®
cpasuenin a”== A (m0d. p) BoiBeenMs a” =1 (m0d. p), KoTOpoOE He
6yzers umbre phmenia; m6o mo noxomenito He mmBerd ero cpas-
nenie a”==4 (0. p). Ho Takd Kakb @ YHCIO OPOCTOE CH P; TO a°,
al, @,....... a7 * ue pbaarca wa p, m cabi. KaEj0€ WL HAXD IO
MOJLYII0 p CPABHEMO Ch OJHAMD H3D JHCEID

1, 2, 3,ccc... p— 1.
Otkypa crbryers, uro Bck p—1 umcers 0, 1, 2,....... p—2 yjo-

~ BIETBOPAIOTH KakoMy JAHGO U3% p— 1 cpapHenii
=1, a"=2,a"=3,...... a"=p—1 (n00. p).

Ho Tak® Karkb 0AHO H3B HAXB €CTh a” ==r (Mod. P), KOTOpOe
ue ambers phmenia; to Bck p—1 umcers 0, 1, 2,......p —2
AOJGKHBI yAOBIETBOPATH OCTAIBHBIMDL p— 2 cpaBHEHiAMB, H cabj.
no kpaiineii mEkpb ofHOMY u3D HEXD YI0BIECTBOPAITDH JABa YHCIA
m3b paja 0, 1, 2,....... p— 2, 9YTO He BO3MO:MKHO; HOO ITO MpeAmo-
Jaraers Bb 3TOMDB cpasuerinm jBa pbuienia. Hrars nein3s Jomy-
CTHTE, 9T00bI cpasuenie a” == A (mod. p) npn A merbaamemes ma
p ue mmbiao phmenis, a ato m crbjoBato 10Kka3aTh.

Ha ocroanin aToit TeopeMbI Mbl 3aKIH0Ya€EMb, YTO €CIH & €CTh
nepBooGpasHblii KOpeHs YHCIa p; TO AJA BeAKaro dmcla A, nexbis-
marocs Ha p, cpasuenie a” == A (m00. p) 6yaers umkrs ogHO phime-
mie, m crka. 6yAeTd yJOBIETBOPATHCA OJHAMD IHCIOMD MEHBIIIMB
p»—1 u Be MenpIHAMD HyJd. Takoe 4ACIO HA3BIBAIOTD YKA3AMEAEMS
gncaa A; nepeoo6pa3nblil ke KOpeHb @ N0AyJaeTh Bb ITOMB crydak
Ha3BaHie. ochosania yxasameaet. UTakp uncio x GyleTn yKasaTe-
JeMb 9ncia A, no ocHoBaHIO @, ecan x, GYyIydIr MeHbme p — 1 @
He menbmie 0, yAOBIETBOPAETD cpasHenio a” =4 (nod. p), u Bb
3TOMB cIydal Mb1 6y/eMB NuCaTh Takb

x = Ind. A.

ITo crasanuomy Hamm Mbl Hafigems Ind. A, pbmasa cpasrenie
a®=A (Mod. p) u BbIGHPAs MEMKLY YHCAAMA YAOBIETBOPAKLIAMMA
eMy To, KOTOpoe MeHbme p—1 7 He Menbine Hyrd. Taxs npm og-
HOXD I TEXB e MoLylh p 1 ocHOBaHiW ¢ Mbl HAWJEMD OJHY BeJH-
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ugHy AJA YKasareld Kakoro an6o umcia A, mepbaamarocs ma p.
Oéparno 3san, uto Ind. A = z, Mb1 Jag onpejbienia uncra A Gy-
zems umETh cpasnenie a“==A (m00. p). Ho stamb ne onpexbiserca
Buoanh 4mcro A; sToMy CpaBHeHi0 YA0BIETBOPAKTDH BCE ymcia,
CpaBHAMBIA ¢b A 1o moayato p, ¥ cabi. Beh omm mmbioTh oamHD T
TOTD ke yKasareldb, UITakb 3uad yka3arelb A, Mbl Gyjemb 3HATH
TOJBLKO 4ACIO, CH KOTOPHIMB A CPaBHEMO IO MOAYIK p. ITO YHCIO
oupenbaserca cpasueniens A=a" (nod. p), npn x = Ind. 4.
IMoacumms ato npambpoms. Ilyers 6yaers p="7. Tak® KakDb cpas-
Henito 3“==1 (n0d. 7) ne yaosaersopawrs wncia 1, 2, 3, 4, b;
TO 3 ecTh NepBooGpa3ubli Kopenb 9ymcia 7. IIpmmems ®e ero 3a
OCHOBaHie W HaiileMb ykasareaei 1, 2, 3, 4, 5, 6, KoTopble 6YAYTD
TaKkEKe yKasaTelAMH BChXb Ymcedb, CDABHUMBIXE ¢b 1, 2, 3,4, 5, 6
00 MOAYIIO 7.

Yro6p1 nafiTu ykaszareaa 1, Mbpl JOXAHB! pBIATH cpaBHEHie

3Y=1 (mod. 7).
Ho emy, oueBmano, yroBierBopsaeTs 0; cabj.
Ind.1=0.

He tpynuo y6buTeea, 9To m Beerja ykasareab 1 ects 0; mGo
cpasienio a” =1 (mod. p) Bcerna yAoBIeTBOPAETD = = 0.

Yro661 HafiTh yrasarexei 2, 3, 4, 5, 6, Mbl JOIKEBI PBIIATE
CpaBHeHiA

T=29,68%=3,3"=4, 3"=5, 39=6 (mo0d. 7),
O MeXLy YACIAME HMB YAOBICTBOPAIOMEME HaiTA TE, KO10pBIA
MeHblle 7—1 # He Menbuie O; & 9TO NPEBOANTCA Kb TOMY, 4TOObBI
HailTH, KOTOpPOE M3Db YNCEND
31, 32, 33’ 34, 35
cpaBumMo ¢b 2, 3, 4, 5, 6 no mMogy:o 7. Ho Taks Kak® 31n yncaa
PaBHbBL
3,9, 27, 81, 243,
W OCTATKH OTDH AhleHiA UXb HAa 7 CYTE
3, 2, 6, 4, 5;
TO Mbl BAKII09aEMD, YTO
3'=3, 3*=2, 3°=0, 3*=4, 3°=05 (m0d. 7).
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Cukp.

Ind.3 =1, Ind.2=2, Ind. 6 =3, Ind.4 =4, Ind.5 =25.
Orcroaa faa onpepbaenia ykasarexeit wmcers 1, 2, 3, 4, 5, 6

110 MOAYI0 7 W OCHOBaHiI0 3, BBIXOJHTH TaKasd Ta6JIANA

Ind 1 =0,
Ind.2 =2,
Ind.3 =1,
Ind. 4 = 4,
Ind. 5 =5,
Ind.6 = 3.

ITo sroit Ta6amnt Mbl HAXOAMMP YyKa3aTelh BcAKaro gmcaa 4,
npocTaro ¢b 7, 3ambyas, 4ro Takoe ymcao GyAEeTH CPABHEMO IO MO-
IyIro 7 ¢b OAHAMD H3B 4ACeIb 1, 2, 3, 4, 5, 6 1 crby. c¢b aTUMD
gpcioMb aMbers oxnoro ykaszareda. Taws paa ompexbienia ykasa-
tedeil 20 7—18, Mbl HaXOAUMB, 9TO O MOAYIK 7 3TH YACIA CPaB-
HEMbl ¢b 6 1 3. Otkyna cibiyers

Ind. 20 = Ind. 6 = 3,
Ind. — 18 = Ind. 3 =1.

Jasg onpepbienia gmcerb m0 JaHHOMY YKa3aTelld MBI IpeAbl-

AyIlyi0 Ta0IALY PacHoOJORAMD TaKb:

0= Ind.1,
= Ind. 3,
2 == Ind. 2,
= Ind. 6,
4 = Ind. 4,
5= Ind.5.

Ilo oroii Ta6auub Mb1HafzeMb, Kakoe H3b urceab 1,2, 3, 4,5,6
mvbers famEpli ykaszareds. Takb Hajijemb, 9TO yKasaTelp 3 npuHA-
aaexnTd uncay 6. OTkyna sariodaeMb, 9To Beh umera, mmbromia
yKazaTeleMb 3 1O MOAYJ0 7 W OCHOBaHi0 3, CDABHAMBI Cb 6 IO
MOAyIo 7.

U3 crasaHHATO HAMH BHAHO, 9TO COCTABIEHIE TAGIAND YKa3a-
Telell He NIPeJCTaBIAeTh HAKAKAXD 3aTpPYAHEHId, Korja HaileHbI
nepoo6pasnsle KOpHE. Ho Kaxkp HAiTH AX'D — Mbl NOKAKEMDb BIO-
crbacrsin. Tenepp e MbI 3afiMeMca N3I03KeHieMb CBOHCTBD yKa3a-
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TeJelf, Ha, OCHOBAHIM KOTOPHIX'h TAOJUOBI HXDH MOLYTH GBITh YIOTpE-
6a1geMbl Cb 9Pe3BbIYAiiHOI0 BBIrOJ0I0 NpH phIeHim MHOIHXB BOIpO-
coBb Teopinm uncers. Bp komnb sroit kumrm mombmens! TaGamub
ykazareaeii jaa moxyreit menpmux®s 200. Onb 3amMcTBOBaHBI HAME
m3b Jekniii AareGpmueckaro um Tpanmespentnaro Amnaimza I'-Ha
Axajgemmra Ocrporpajgckaro. Ta6amupl noxbs 6ykBoi I cIyRaTb
A1a onpejbaenia ykasareleit 10 JaHHOMY 4ECIy; TaGIANBI e NOLD
6ykBoro N 1m0 IaHHOMY yKasaTelo CIyRarTh A1 onperbienia um-
cerb. Bb TEX® 1 Apyrnxp Tabmuaxs Aanxoe (6yeTh A 3TO yKa-
3aTelb WIH YICI0) Pa36EBAETCA HA AECATKH M €IMHANDI; eJHHAIBI
HaXoxATCA BB BepxHeill cTpoxk, gecaTkm BB Kpaiinedr xbBoil; HcKo-
Moe e HaxojuTca Ha OJHOH BEepPTHKAJIbHOH Ch eJWHHIAMA H H3
OJHO}f FOPH30HTAJBHON CBb AECATKAMA,

Takb, ur0o6b1 HaliTH yKa3aTead 167 no moxyaio 193, mbl BB
tabmob moxp 6GykBoro I jxaa mopyaa 193 mmemsb BB BepxHeit
crpoxb 7, a BB Kpaiineit cxbBa 16; gmcio ke Ha OfHOH IOPH30H-
TaJbHOH ¢b 16 W HA OXHOH BEpTEKAJBHOH cb 7 ectb 101; sT0 &
ecTb MCKOMBIH yrazateap 167. OOparHo, Xexada onpepbinrs npm
TOMDB Ke MOAYTE m ocHoBamim kakia wmcia mMEIOTH yKazarTeleMb
101, mp1 BB Tabamnb nogs 6ykeoto N Bb BepXHeil cTpokb mmems
1, BB kpaifueii 10; coorsbTcTBylomEee AMBb 4Mca0 B Tabmmmb 167.
Ortryza 3akiodaeMb, 9T0 yncia, mmbromia ykasarerems 101, cpas-
HAMBI ¢b 167 1o moxyao 193.

§ 37, 3aiimemca Teneps m3cabiopaniens cBOKCTBE yKasaTelel,
Ha, KOTOPBIX'h OCHOBbIBAETCA yNoTpel.eHie HXb TabIAILb.

47. TEoPEMA.

Ilpu modyan p yrasamesv NPoOU3BEIEHIA HICKOILKULS UUCELD
CPAGHUME C8 CYMMOIW UL Yrazameaeld no modymo p — 1.

Hoxasamesscmeo. Ilycrs 6yryrs A, B, C,.... JaHHBIA 9ACIa
i, 4, ¢",.... IXD yKa3aTeaN 110 MOLYI0 P 1 OCHOBAHIIO a; 1O CBOIi-
CTBY yKaszaTeleil 6yLeTdb

dd=A, a"'=B, o' =C,.... (m0d. p).
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Ilepemnomxwan aTH cpaBHeHia MemKAy €060k, HAIEMD

d T = 4B (000. p),
Ho ecmn I ecrs yxasareas ABOC.....; To

1
a = ABC..... (mod. p).
W31 aToro me cpaBHeHi W npeablIyINaro BHIXOAATD

PR, A /AR 1 !
a =a (M00. p),
4TO N0 COKpAILEHIn Ha al JaeTh
[ L A |
=1 (m00. p).

Wraxs 9ncao ¢ —+ ¢ i’ —4-....—71 yI0BIETBOPAETD CPABHEHII0
a®==1 (med. p), a 310 1m0 Teopemb 44-if mpegnOIATAETH, YTO 3TO
9ACI0 eCTh KPaTHOE HAMMEHBIIAT0 YACJIA, YAOBIETBOPAIIIArO CPAB-
Henino a”==1 (M00. p), KOTOpOE MO CBOHCTBY MEPBOOGPABHBIX'B KOP-

Heil ectb p — 1. Cabx. passocts ¢ —+ 4 -+ i" =~....— I rbarea na
p—1, a 370 BeIpaKaeTcs CpaBHEHiEMD
I=iai i ... (m00. p—1),

970 U cXBI0BaI0 JOKA3ATE.
Taxp no mMoxyrwo 199 m ocnosanito 127 HaxoamMb
Ind.2 =194, Ind.5 =6, Ind.19 =11,
cxboBaTeabHo

Ind.2.5.19=194 + 6 + 11 (mo0. 198),

AR
Ind. 190 =211 (mo00. 198).

3ambuas, aro uncio menpmee 198 m cpaBsmmoe ¢b 211 mo
Moayaio 198 ectp 13, mp1 3akmodaens, 9ro Ind.190=13. Taxs
MBI MOKeMb Bcel'Aa HafiTh ykasaTeld COCTABHATO YHCIA, 3HAA YKa-
3aTelell DpOCTHIX'D YHCEX'h, BXOAAMHEXD B COCTABD €ro.

Ha ocnopanin fokazanHO# HaMH TeOpeMbl MbI 3aKI0YaE€MDB, YTO
yKazaTelb CTeleHW CPABHAMD 10 MOAYJI0 p—1 ¢b NpOH3BEJeHieMD
NOKa3aTelsd CTENeHA Ha yKazaTelsd KopHA.  Bv camoms xbrb, mer
HAILIH, YTO ‘

Ind. ABC.....= Ind. A + Ind. B+ Ind. C..... (m0od. p—1).

IIpexrnoxaraa 3pbcs A=—=B=C=......... H Ha3bIBAsA N YACIO YH-
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cexb 4, B, C,......, Mbl HaXOJUMD
Ind. A" =n. Ind. A (m0d. p —1).

Taks npm moxyab 199 saxoxuns Ind. 2°==3 Ind. 2 (m00, 198).
Ho Ind.2 ects 194. Cubn. Ind. 2°=3.194 =582 (m00. 198).

48. TEoPEMA.

Ecau z ydosaemsopaems cpasneniin Ax" = B (mod. p), 1on A
u B uucaa neowsawiaca Ha p u p uuCL0 NPOCMOE, MO YKAZAMELD
x ydosaemeopaems cpaenenito n. Ind, x = Ind. B— Ind. A (mo0.
»—1).

Joxasameascmoo. Tard Kakb [Ba UACIA, CPABHAMBIA [0 MO-
ayIo p, amBioTs 0fHOrO yKaszaTeld IPH TOMD Ke MOAyxh, To m3B
CpaBHEHidA

Az"= B (m00. p)
BBIXOAATD
Ind. Az" = Ind. B.
Ho 1o npexpiaymeit Teopemt Ind. Az" po mopyao p—1 cpapHIMD
¢b Ind. A + Ind.x", a Ind.2z" cpasoums cb % Ind.z; cabjosa-
TeJbHO
Ind. A -+n Ind. x= Ind. B (n0d. p — 1);
OTKYZ2 BBIXOJHUTD
n. Ind.x=Ind. B— Ind. A (m00. p — 1),
9T0 1 cxbpoBalo Loxasath.

Ha ocroBauin 3T0if TeopeMb! Jerko pbmarorca Bch cpabHenia
suga Ax"=B (m0d. p) upu p npocroms, A u Buexbiamaxca ma p.
Crona oTHOCATCA CpaBHEHiA NeEPBOil cTeneHu, CPaBHEHIA BTOPOI cTe-
nenn BuIa x’==q (Mod. p) m Bch cpaBHeHiA 1ByYJEHHBIA.

Haunens c¢b npmiaosenia sToil TeopeMbl Kb CPaBHEHiAMB Iep-
Boil crenenn. Ecam jannoe cpasuenie ectb Ar==D (m00. p); TO Ha
OCHOBAHIN TIpeABIAyIIell TeopeMbl HallleMb

Ind.v=Ind. B— Ind. A (m00. p— 1).

3ambuas, uro Ind.x He MomeTD GbITh MeAbe O mGoxbe p—2,
MBI W3'B 9TOT0 CPaBHEHiA HafiJeMDb ero BeudmHy, onpejbidd Ham-
MeHbIIee IOJOKHATEIbHOE 4mcl0, cpaBummoe ¢b Ind. B— Ind. 4
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no moxyao p — 1. Haitna yra3arera x, mMpl no rta6anub Haiizems
9HCIO0, Cb KOTOPHIMB £ CPABHAMO 10 MOAYIK P; 3TO H GyJETh HCKO-
Moe phmenie,
Taxs paa phmenia cpapHenia
10z==19 (m00. 11)
Haxo1uMb
Ind. x=Ind. 9 — Ind. 10 (m00. 10).
Ho n3b Ta6umns ykazareldeil BHAAMD, 9TO
Ind.9 =6, Ind.10 = 5;
OTKYAa BBIXOAAT *
Ind.2=6—>5==1 (m00. 10),
n cabpoBarerbno Ind.x = 1. Ho Ind.x =1 coorskrcTByeTn
=2, crbp. =2 (mo0. 11).
s phmenia cpaBrenia 2? =g (Mod. p), MBI U3b HpeAbIAYy il
TEOpPEMBbI BBIBOIUMB
2 Ind. x = Ind.q (m0d. p—1).

IIpegnonaras 3pbes p 9UCIOMs HEYETHBIMB, Mbl 3aMEUaeMb,
9T0 KOeooHNieHTh ucKoMaro Ind.xz m moayipr mMEBIOTH 06mMuMDb
Har6oJpmaMb fhanrerems 2. M3w atoro no teopemb 18-it Mb1 3a-
KJI09aeMb, 9TO 9T0 cpaBHeHie m crbi. 2? = q (m0d. p) He WMEIOTH
phmenia, ecam Ind.q He pbimrca Ha 2. BB npormBHOMB ciydak
no rteopemt 19-it cpasmenie 2 Ind.z = Ind.q (M0d. p — 1) 6y-
xers avbre ABa pbmenia m cabr. maiigerca asa dmcia BB pazy O,
1, 2,..... p—2, eMy y10BITBOPAWIiA. ITH YncIa GYAYTH 3HAUEHisd
Ind. x w no HEMB Mbl Hafigemd JBa phmenia cpaBHemia a?=gq
(mo00. p).

Jaa npavbpa Bo3bMEMD CpaBHeHie

=10 (noo. 101).

Ptwenie ero npuBejerca Kb CPaBHEHIIO
2 Ind.z== Ind. 10 (m00. 100).

Ho no ta6amnamt naxoamms Ind. 10 = 25, 4ro Ha 2 He rk-
amred, crbi. ato cpapHenie we mmberws phumenis.. IbiicTBETEIBHO,
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10

onpexbiaa 3maueHie (féi)’ HaX0JUMD

(1) = (1) (1) = — (r) = — (%)= — (5)=— 1.

9TO 0GHADYKMBAETDH HEBO3MOKHOCTH CPaBHeHia #?==10 (mo00. 101).

Jaa apyraro npambpa Bo3pMEMB CpaBHeHie

22==30 (mod. 107).
Ptmenie aroro cpapHenia npaBoAETCA Kb TAKOMY
2 Ind.x == Ind. 30 (m0d. 106).

Ho Ind.30 ects 80, umcao uernoe. Crba. 1o cpaBmeHie
avbers phmenie.

Pktman cpasrenie

2 Ind. z =80 (m00. 106),

MBI HAXOAMMB, 9TO HAMMEHbINiA 9ACIA, My YIOBIETBOPAIOILA, CYTh

40 m 93, Cxby.
Ind.x =40, Ind.x=93.

Ho atn yxasarein coorsbrersytors unmciam® 64 m 43. Cabg.
phmenia cpaBaenia 2 =30 (x0d. 107) cyTp
r=64, £=43 (mod. 107).
O6pamaemca Teneps Kb phmenio JByYIeHHBIXD CpaBHEHiH
"= B (n00. p).

Phmenie sToro cpapreria no npegpiaymeii Teopem’ upnsoinTca

Kb crbpyomemy
n. Ind. x = Ind. B (m00. p — 1).

ITo teopemt 18-o0it 510 cpaBHenie GyAeTh HEBO3MOMKHO, €CIH
o6uriit BanGoapmiit ybanress gnceas n u p—1 e pbanrs Ind. B,
crba. BB aTOMB cayual cpaBHenie

z" = B (M00. p)
e avbers phmenia. Ecam ke o6miii mamboapmiit 1hanTeds » u
p—1 ecTh w, 1 © ybaatrs Ind. B; To cpaBHeHie
n. Ind. x = Ind. B (m00. p— 1)
mo Teopemt 19-it mmberds ® phmenii. OTKyZa BBIXOJATH ® pas-
IM9AbIXs 3HAYeHil Ind. x, n ciby. o phmeniii cpasuenia z" =B
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(m00. p); BCe aTO MOATBEDPKAAETD HaMB 39-I0 TeopeMy, IO KOTO-
poii cpasuenie z"==D (M00. p) wiu ne uvbers phmenia man nmbers
AXD CTOJBKO, CKOJIBKO EJWHWI'F BB 0GMeMB HamGoapmems Kbim-
texb gncers » @ p— 1.

Juasa mpumEpa Bo3pMeMB cpaBHenie 2% == 17 (mod. 127). Haa
phimenig 3Toro cpaBHEHiA BBIBOAAMB

12 Ind. v = Ind. 17 (m00. 126).

Haxona jaa sexmumnsl Ind. 17 ymexo 118, xoropoe He ah-
JuTea Ha 6, o6maro Ham6osbmaro Abamreas 12 m 126, MbI 3aKii0-
4aeMb, 9TO CpaBHeHie

12 Ind. x == Ind. 17 (m00. 126),

n crbj. cpaBHeHie
22=17 (mo0d. 127),
ne mmbers phmenia.

Muas gpyraro npumbpa Bo3pMeMb cpaBHeHie
22 ==38 (mod. 127).
V3p aToro cpaBHeHisd BBIXOIHTD

12 Ind. x = Ind. 38 (mo0d. 126),
AN
12 Ind. x =60 (mo0d. 126).
3rbep 60 pbamrea wa 6, o6miiit mamGoipmmiil gbinrerr wmcern
12 m 126. Caby. ato cpasHenie mmbers 6 phueniii; sTa pbmenia
Mbl Haiiiems 0o 19-i Teopemt, cokpamas Bb OPeAbIAyIIEMD CPaB-
HeHim MoayJb m 06F actm Ha 6. IT0 JaeTh HAMD
2 Ind. =10 (m00. 21).
PBmas a10 cpaBHeHie, Mbl HAXOANMB, YTO HAWMEHbBIEE UHCIO,
eMy yAoBieTBopsamouiee, ecTb 5. OTryaa i phienia cpaBHenid
12 Ind. z==60 (m00. 126)
BBIXOJATD
Ind.x =5, Ind.x=26, Ind.x=47,
Ind.r=68, Ind.x=89, Ind.z==110.
W3® 3THXD #Ke cpaBHeHill cabryors Takia 6 sHauenii Ind.x
5, 26, 47, 68, 89, 110.

|
]> (mo0. 126).
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Ho sramp yrazarenamd cooTBETCTBYOTD Ymcaa
65, 30, 92, 62, 97, 35.

Cuabp. phmenia cpasaenia 2 =17 (mo0d. 127) cyTh
=65, =30, x=92, r=62, =97, x=35 (mo0d. 127).
§ 38. Iepexogums Teneps kb ouperbienio nepBoo6Pa3HBIXD
KopHeil M JOKaKeMb, UTO BCAKOE YHCIO ¢ IPOCTOE Cb p W HEYAOB-
JeTBopAIee CPaBHEHIAMD

p—1 p—1 p—1

0 =108 =107 =1,. (0. p),
rik a, B, ¥y,.... CYTh IPOCTHIA UACIA, BXOAAMIA B COCTABb p—1,
ecTb I1epBO0GPa3Hblil KOPEHb UHCId P.

Ms1 Bagbam, 910 @ 6yAeTh NepBOO6PA3HBIMB KOPHEMD UACIa P,
ecan cpasrenie a”==1 (m00. p) HE y10BIETBOPACTCA YACIOMD MEHb-
muMs p— 1. [lokamens e, 9ro 910 Oylers mmbrh mbero BB cpb-
JAHHBIX'D HAMHA NPEANOJOMeHiAXh. JlId 9TOro MBI JONYCTHMD NpPO-
THABHOE W OOHAPYREMB HECOOOPASHOCTH €ro.

Ecau cpasuenie a”==1 (m00. p) yrosaersopsercsa npuax<p—1;
10 10 Teopemt 43-ii yroBierBopserca cpaBHenie a” =1 (m00. p),
rab o o6miit Hamboapmifl 1banrers yncers p— 1w z, u cabr. o

menbme p — 1. IoaTomy 1po6b p—;ll— npmEBejeTcsa Kb nbioMy gmcay,

npeBocxopdmemy 1. Ho BB cocrass 3toro gmcia MOryTs BXOAMTH
TOIBKO 9HCIA &, {3, Y,....., BXOAAmiA BB cocTaBb p— 1; crbjyos.
OZHO W3D 4HCENb &, P, Y,....... 1BITH gacrHoe p%l- Ilycrs me
a0 Oyzerd (B m vacTHOe OTH jrhaenia p%l Ha (3 mycrs G6YIET® .
Nmka

MBI BBIBOJHMB

W= *—+

Ha ocnoBanin ke 5T0r0 ypaBHEHifl, Mbl H3D CpaBHEHiA

a®=1 (mod. p),
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BO3BOAA 005 4acTH ero Bb CTeNeHb ¢, HAXOAUME
p—1
a ® =1 (moo. p),

YTO IPOTHBHO IOJOKEHi0.

Uraxs cpasrenie a”==1 (m00. p) He MOKETD y]OBIETBOPATHCA
npr £ < p—1, a NOTOMY @ ecTh epPBOOGPA3HBIH KOPeHb YHCIA P,
4T0 I cIbjoBalo 10Ka3aTh.

Ha ocroBauin 3Toro me TpyAHO J0KasaTh cIbiyiomyro Teopemy:

49, TEoPEMA.

Eeau 0aa a ne 603mooncnoe cpasreria
*=a, f=a, s¥=aq,.......... (n00. p),

W e, B, Y. CYMb NPOCMBIA UUCAK, GTOOAUSIL 65 COCINAGS
p—1; mo a ecmv nepeoobpasnv kopers. By npomuernoms cuyuar
a He ecmb NepeoodpasHbiil Kopers.
Hoxasamenvcmeso. Ilo Teopemt 39-it orcyrcrsie phmeniii BB
CPaBHEHIAXD
*=a, *=q, a'=aq,.......... (M00. p),

rak a, B, v,..... cyTh phanrean p — 1, npepmoiaraerb, 9TO CpaB-

Henisa
p—1 p-1 p—1
o

a 1, awzl, a’ =1,...... (m0d. p)

Il

He mMbroTh phmenia, a Bb aToMD ciydah, Kakb J0Kasamm, 9HCIO
@ eCcTh NepPBOOGPA3HBIl KOPEHb YHCIA P.
Hanpornes Toro, ecim kakoe HEGYAb 3T CpaBHEHii
*=a, P=a, ¥ =aq,......... (M00. p)

yIoBirerBopsercs; To avbers MbeTo 04HO 3B cpaBHeHiit

p—1 p—1 p—1

0 %=1 a® =1, a7 =l,.. (0. p),
n crbj. gmcro @ He ecTh mepBOOGPA3HBIH KOPEHD.

§ 39. Ha ocnosanin sToil Teopempl Jerko Haiitn Bk 9mcia Bb
pary 1, 2, 3,........ p— 1, KoTOpplA HEe CyTh NEpPBOOOPA3HBIE
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xopan. Ilo norasanHoii HaMm Teopemb, ecim a He ecTh mepBooGpas-
Hblil KOpeHb P, TO Karoe HEOYAb H3b CPABHEHLi

=g, P=aq, t'=aq,....... (00. p)
mwbers phmenie, a 9T0 MBI y3HaeMDb [OTOMY, 9TO OHO H3b CPaB-
HeHiit

I I I S I I I S I IO |

ynosrersopaercsa. Caby. uncao a, ne Gyiydn uepBooGPasHBIME KOp-
HeM'b, 6y1eTh CPABHAMO IO MOAYJIO p Ch OAHUMD H3Db YHCEID

1%, 2%, 8% s e (P — 1),

18, 98 3f e (p— 1P,

1Y 27 3Y i (p— 1),
a IOTOMY MLy OCTATKaMA OTH AbieHid 5THXD ducerb Ha p Hafi-
AyTea Bck 4meaa, KoTOphblA MEHbIIE p W He NepBo06Gpa3Hble KOPHHE p.
BuikuHYBD sKe 9TH YHCIA H3D PALA

1, 2, 3, 4,......, p—1,

MBI HaitlleMs Bch nmepBooOpasnple Koph:m MeHbmie p. Yro e Ka-
caeTca 0 yHceIb, KOTOPBIA NPEBOCXOAATH p M EMBIOTDH cBOfCTBO
1epBOOOPA3HbIX'S KOPHEHd, OHH, KaKb HE TpyAHO yObiuThed, 6yAyTH
CPABHAMBI C'h IIEPBBIMH IO MOAYII P; Mbl HA HAXH He 6y1eMb 0CTa-
HABINBATHCA, NOTOMY UTO OHI HAYEro OCOGEHHAT0 He IpPeICTaBIA-
I0TH U, ToBOPA 0 yacAt nepBoo6pasHbIXs KOpHEH p, Mbl 6y1eMD pa-
3ymETh TOIBKO T, KOTOpBIE MEHBLIE P.

[IpniomuMs crazanHoe HaMu Kb onpeibienito nepBooGpasHbIXh
KopHeil yrcra 13. Takp Kakb BB cocraBb 13—1 BX0aaTh 2 1 3;
T0 BB pARy 1, 2, 3,4,5,6,7,8,9, 10, 11, 12 seh uncia, or-
JIAYHBIA OTH OCTATKOBS Abaenis

12, 2% 3%, 47, 5% 62, 7% 8% 92, 10% 11% 127
13, 23 3%, 43 5% 6%, 7% 8% 9%, 10% 11% 123
Ha 13, GyAyT®H nepBooGpasHble KOPHM.
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Ho ataa
1%, 2%, 8%, 4%, 5%, 6°, 7% 8%, 9%, 10°, 11% 12°
Ha 13, MBI HAXOZUMDB TAaKOHi PALH OCTATKOBB
1, 4,9, 3, 12, 10, 10, 12, 3, 9, 4, 1,
IBas xe
18, 28, 38, 4% 5% 6% 7%, 8% 9% 10% 11° 123
HaXOAUMDB OCTATKA
1, 8,1,12,8,8,5, 5,1, 12, 5, 12,
Hcxaogas u3b paja
1,2,3,4,5,6,7,8,9,10, 11, 12
YHCAQ PABHBIA HTHME OCTATKAMB, HAXOANMbB, YTO NEPBOOGDA3HEIE
KOpHA 9ncia 13 cyTh
2,6,7,11.

§ 40. Iloxasamuplii Bam;m cmoco6b onpexbienia nepBooGpas-
HBIX'B KOpHell, 3ambuareapnblii ThEMB, 49TO jaeTh BCE 3TH KopHH,
CTAHOBHTCA IIOYTH He BBHINOJHAMBIMD, KOI'JA HILYTH NePBOOGpa3HbIE
KOPHH 9YHCIa JOBOJbHO Goabmaro. Bb aToMs ciydab jerde GhiBaeTh
HafiTH OJWHD W3B NePBOO6PA3HBIXD KOpHeHl (Jero 1iA Hach, KaKb
yBHAEMB, COBEPIIEHHO LOCTATOYHO), NPOGYA PA3IM4HBIA YACIA BO3-
BOJHTH BB CTENEHA W WCKATh, KOTOPAA W3b HAXD CPABHEMA CH 1 1O
MOJYJII0 p, YACKY KOTOPAaro mWIeMb NepBooGpasHeiii KopeHs. Kcianm
BO3BOJA @ BB cremen: 1, 2, 3,......... MbI joiizemsd o P!, me
Hafid MeXJy HEMH YACIZ CPABHEMAro ¢b 1 IO MOAyIi0 p, MbI 3a-
KII0YaeMb, 9TO @& €CTh NIePBOOODA3HBIH KopeHb uymcia p. Ecim ke
Mb1 Hadigems, uTo a"==1 (M0d. p), ril n Menbme p—1; 10 Mb1 yo'k-
AEMcA, 9TO @ He nepBooGpasHblil Kopenb. Bb aToMb caydab mb1 6y-
JeMb HCKATh YACIO, KOTOpPAro HaWMEHbIIad CTeleHb, CPABHAMAA Cb
eIUHANEI0 110 MOLYMI0 P, IPEBOCXOAWIA GbI # MW TAKOE 9HCIO MbI
BCerja HaiijeMb, nocrynas crbiyromumms 06pa3oMs.,

Mbe1 Bo3bMEMB YHCIO H3D DALA

1,2,3,...iiiiiiiinn o p—1,
OTAMYHOE OTH OCTATKOBD JLBIeHid
oty ok @b, a"
Ha p M CTAaHEMb WCKATh HH3MIYIO CTENeHb €ro, CPABHAMYIO Cb eJH-
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nmnero mo moxymo p. Ilyers BeiGpamHoe mamm dmcIo GyaeTd b 1
HEO3MAA CTeneHs ero, CPaBHAMAA C'b eAnHNIE!0, 6y1eTs %e. He Tpyuano
y6bauTsea, urto m He 6yleTdb HH PaBHbIMD %, HE LhIaTexeMs n; #60
BB TOMB H JPYroMb caydal umcio b yzoBieTBopA.1o G CpaBHEHilO
b"==1 (m00. p), 910 He Bo3MOEHO N0 Teopenb 38-i npum b Hecpas-
HEMOME €b @', a%...... a" ' 10 MOAYNO p W % HamMEHBIIEMD
ancak, yroBIeTBOpAOmEMDb cpasieniio a" =1 (m0d. p). Ioaromy
nia m Gylers Goapme # W crbi. camo b GyjeTd 4mCIOMNB, KOTO-
paro Hmsmas creneHb, CPABHEMAA Cb €AHHAIE0, IPEBOCXOXHTD 1,
nIm m, GyAydu MeHbIIe n, BB cocTaBl cBoeMD OyAeTH 3aKIHOYATH
muHoEATeAa Hepbaamaro ». Bb nocrbamems crygal msl Jerko Haii-
AeMB 10 @, b, m W % 9ACIO0, KOTOPAro HA3WIAA CTeNeHb, CPABHAMAA
Ch eJUHHIEI0, NPEBOCXOJUTH #. Jlia 3TOro Mpl HaiileMb 06Imaro
HamGoapmaro JbanTesa dmcers m U n, W 9TOr0 jbamressa pasio-
AIMb 13, 1BA MAOKATEIS T 1 ¢ TAKb, YT0GBl — W = GhLII YHCIA
OTHOCATEJBHO APYI'H APYyTa NpPOCThIA *); MOTOMD HafiieMDb 3HaueHie
a®bs MIE YACIa CPABHEMATO Ch HAMD IO MOAylro p. Takoro umcia
HE3IIAA CTelleHb, CPABHAMAA Cb elunmnelo, 6yieTs Bceraa Goxke n.
Yr10661 y6EIMTECA B 3TOMB, MBI JOKAKEMND, UTO €CIA
c=a"0%, ¢"=1 (moo. p);

10 N pbaurea na ’%? 1 caba. Hm3masn crenens ¢, CPaBEAMAA CD eH-
HEIEIO TI0 MOAYJIIO p, IPEBOCXONATD N; W00 g, 6yAydnm obmmmb Lb-

amTexeMmd m 1 n, Tk me ve 1banaTy n, 6yAeTH MeHbIIE #0.
mn
e !

=1, c=a" b (nod. p),
MbI 3aMbuaeMs, 9TO W3BH ITHXH CpaBHEHil 0 HCKIIOYEHIN ¢ BHIXO-
JATD

Yro6n1 joKa3arsk pbaamocts N HA rib

a™ b ¥ =1 (mod. p).

*) Yro6m cxbaaTe Takoe pasio:keHie w, o6mwaro HamGoasmaro xhrurers yum-
Cerb M U M, MBI PA3I0KUMD €r0 HAa IPOM3BELEHie IPOCTHIX'D YHCEeXDH ¥ BO3LMEMD
BB COCTaBDB T Th MPOCTEIA WiICIa, KOTOPHXB HOKA3ATEIM BD w HE HIKE TOKA3a-
Texell BB 7; Bb COCTABD JKe ¢ BO3BMEMD TS IPOCTHIA YnCI2, KOTOPHIXS HOKA3ATENN
BB @ He HIKe wEMD Bb m. UTo-3Ke Kacaerca A0 HPOCTHIXD YHCEIB, KOTOPHIXD
HOKa3aTelb Bh M U 7 u cabj, Bb ® OLUED M TOTH-ie, MBI MXD 0e3b pasiuyia
MOKEM® B3ATh BB COCTABD T MIU .
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BosBoga-ske sT0 cpaBuenie BhL CTemeHnm ﬁn,
suIN mnN

arNp T =1, a ¢ bNm=1 mod. p).
Ho wmbl Bagbam, 9To m n n yJI0BICTBOPAKTD CPABHERIAMB
a®=1, " =1 (mod. p);
BcabacTBie 9ero npepIiymia cpaBHeHiA NPUBOAATCA Kb
b =1, a * =1 (nod. p).

m
~» HAXOLUMB

. Nn
Jrm-me cpaBHenia mo Teopemk 44 IPeNOIAranTh, UTO —

T
mnlN .
rbamrea ma m, — rbaarca Ha 1; W60 ®» W M CYTH HAEMeHBINiA
YHCIA, YAOBIETBOPAIMLiA CPABHEHIAMD
=1, V=1 (moo. p).
N maN neN
d

Ha m, — Ha m npepnoJaraerd 9ucia —

Ho abammocrs ,
wm

n m
N ynm
N Cpm —%, —° phmmm A notomy gmeo 2 N jomHo
pr m 1 Tm IBJIbIMA, y P A

< T

n n
rbaaTecd pa ) & WCI0 — N pomxno pbimreea Ha

12—’ . Ho ara

n

rbammocts npm -’g W — HPOCTBIXD MEMLY CO00I0, HPEANOIAraeTH

abammocts N Ha unmcaa % n 3:—, m crbl. HAa mpomsBejeHie X

ma
Ty 9T0 W mrkIH BB BHAY 10Ka3aTh.

Taxump 06pa3oMd N0 4mC1y, KOTOPATO HE3INAH CTelleHb, CpaB-
HAMaA Cb eJWHALEI0 110 MOAYIK p, €cTh N, 'AE n MeHpIme p— 1, MBI
Bcerja HafijeMd YACIO, KOTOPAro HA3LIAA CTelleHb, CPABHAMAA CBb
elnHALne0, OyAeTh IPEBOCXOJATh #; W crbj]. MOBTOPAA 9TH NpieMbl
JOCTATOYHOE YACIO Pa3b, MbI HEOOXO[EMO JIOHAEMD 10 4ACIA, KOTO-
paro Hmsmad crTeleHb, CPABHAMAA CH EJUOAIEIO 0 MOAYI0 p, Oy-
JeTh He MeHbIIe p — 1; Takoe 4uciao I 6yAeTh HepBOOOPA3HBIA KO-
peHb 4ncaa p.

Jaa npuvwbpa onperbamms mo 3ToMy cmoco0y NepBOOGpasHLI
Kopenpb uncia 17. McnpiTeiBaeMd He €CTh JH 2 NEpBOOGPA3HBIE KO-
peunb ero. Juas aroro pbamus

2, 2% 23 924 2% 28 27 925 ... N
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Ha 17; BB ocraTkb oTB aTHXD AbieHidt HaxOAMMD
2, 4, 8, 16, 15, 13, 9, 1,......

Hoiiaa a0 octarka 1, KoTopeli moxydaens mpn Akienim 28 ma
17, mb1 okanyEBaeMD rbienie 7 3aKi4aeMd, 4T0 2 He ecTh Iep-
BooGpa3nblit koperb. Ilocrb Toro Gepemd Apyroe umclo, MeHblee
17 mHe 3aKkIrouaroImeecs Me;xkly ocraTkamm 2, 4, 8, 16, 15, 13, 9,
# npoGyeMb He ecTh-IH OHO IepBooGpasnbli kopens. Hamménbmee
A3Db STHXDH YACEIb €CTh 3; ero Mbl H GepeMb Aid menbltanid, Jbaa

3’ 32, 337 34’ 35, 36, 37, 38’ 39’ 31‘)7 311, 312, 313’ 314, 315
Ha 17 u He Haxojd BB ocTarkb 1, MBI 3aKi0YaeMb, 9T0 3 ecTb
nepBoo6pasnblii KOpens 17.

Jaa apyraro npavbpa Bo3pMeM® 9ncI0 73 W HaliieMb ero mep-
BooGpa3nblif Kopens. Haunemsb mensiTamia ¢b 2, Kakp 9YHcla IIPO-
crbitmaro. Jbaa gncra

2, 2% 23 924 25 26 27 28 29 . ...
Ha 73, MBI HailleMB BB ocTaTKb
2, 4, 8, 16, 32, 64, 55, 37, 1,..........
OTkyaa BHIEMD, 9TO 2 YAOBIETBOPAETH CPABHEHiO
29=1 (mod. 73),
7 crbj. 2 He ecTh mepBooGpasublit Kopemb, Jarbe, 3ambyasa, uro
MeAELY 0CTATKAMH
2, 4, 8, 16, 32, 64, 55, 37
wbTh 4npcsa 3, Ml Gepemd ero Lua menbitamid. Jbia gncaa
3, 3%, 8%, 3% 385 3%, 37, 38, 39, 310 31, 31 ...
Ha 73, HAXOJUMD BB OCTaTKb
3,9, 27, 8, 24, 72, 70, 64, 46, 65, 49, 1........
CuatnoBarensno
3%=1 (mo00. 73).

OTkyja 3akmodaeMb, 9To 3 TakKe He €CTh NEPBOOGPA3HBIN
Kopens 4ncia 73. Ho m3® 2 m 3, yA0BIeTBOPAIOIIEXD CPABHEHIAMD
2°=1, 3%=1 (mo0d. 73),

MBI 0 CKA32aHHOMY HAMH JEIKO COCTABEMD YHCIO, KOTOPAro HU3IIAA
CTeneHb, CpaBHUMAA ¢b 1 1o Mogyso 73, 6yAers Goapme 12.
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Juaa atoro mMp1 3ambuaems, 9To 06mIifl HamGoxbmii gbauTeas 9
n 12 ecTh 3 1 9TO YHCIO, GYAYYH NPOCTHIMB, Bb COCTABH 12 BXO-
JMTH Bb IIEPBOil CTENEHA, & BB COCTaBb 9 BO BTODOH; M0ITOMY i
pa3iomenia 3 Ha AB& MHOKHTEId T M ¢ TAKD, YTOGHI %, % ObLIN
YHCIA OPOCTBIA OTHOCHTEIbHO APYI'h ADYra, MbI BO3bMEMD w =1,
¢=23. Bexbactaie wero 2.3% mam 54 6ynerd YHCI0, KOTOPAro HA3-
mad crTelenb, CPABHEMAA Ch EJUHHNCI0 IO MOAYJII0 73, npeB3oii-
aetd 12. Onpexbaaa ocratkm oTh rhaenia

54, 542, 543 54 545 545, 547 548, 549
5410’ 5411’ 5412’ 5418’ 5414’ 5415’ 5416’ 5417’ 5418’
5419 5430 542 542, 54, 542 545 54 5477
5423’ 5429, 5430, 5431’ 5432’ 5433’ 5484, 5435’ 5438
Ha 73, HAXOAUMD
54, 69, 3, 16, 61, 9, 48, 37, 27,
71, 38, 8, 67, 41, 24, 55, 50, 72,
19, 4, 70, 57, 12, 64, 25, 36, 46,
2, 35, 65, 6, 32, 49, 18, 23, 1.
OTkyaa 3aKioyaeMb, 9T0 36 ecTh HamMeHbOee YHCIO, YXOBIETBO-
pAlomee CPaBHEHito
54" =1 (m00. 73).

[Iponomkasn WckaTh nepBOOGPA3HBIH KOPeHb 73, MbI JIOJKHBI
B3ATh YHCJIO, HE 3aKI0Ualolleecsa MeALy HAaiileHHHIMH HAMH OCTAaT-
KamMu orb rbienia crememeir 54 ma 73. Hammenbmee m3Db 9THXB
9mcesh eCTh D; ero To Mbl H 6yieMb HCObITHIBaTh. Bo3Boaa 5 Bo
Bch crenenn o 72-if, Mbl He HAXOAMMD YHCIA, CPABHAMAro cb 1
no moxyixo 73. CubjoB. namMéHelnee 4YWCIO, YAOBIETBOPAIOIIEE
CpaBHeHil0

57 =1 (mod. 73),
ecTh 72; 0TKYyJa 3aKJI09aeMBb, 9T0 b ecTh NepBO06Pa3HbIl KOpenb 7 3.

Taxams 06pa3oMb Mbl HafileMb OJMHD H3b IEPBOOOPA3HBIXD
KopHeil BeAkaro mpocraro yucia. Ho xorpa m3beTeH® ofuH® mep-
B00Gpa3Hblil KOpeHb YMCIa p; TO Mbl JerKO HafifeMd Bk gpyrie. Bo
caMoMp Abak, myers 6yleTh a HaiiieHHpIH HAMH NEPBOOGDA3HBIA
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KOpelb 9ACIa P, W &, B, Y.. ... DA3IAYHBIA OPOCTBIA 9HCIA, BXO-
aamia Bb cocTarb p —1. Ecan 4 ectb nepBooGpasusiii Kopens, T0
no Teopemb 49-it cpaBHenia

=A, f=A4, ' =A4,.... (noo. p)
He po.skapl nMbTh phienia. Ho #3B 3THX® cpaBHeRili BHIXOAATD
aInd e=Ind. A,B Ind.x=Ind. A,y Ind.z=1Ind. 4,....(m00.p—1),

a Takb Kakb &, B, v,.... CYyTb OPOCTBIA YHCIA, BXOIAINIA Bb CO-
cTaBb p—1; TO ycioBie HEBO3MOKHOCTH NXh BAKIHOIAETCA BD He-
abamvocrn Ind. A wa «, B, ¥,...... BIH, 9TO OAHO W TO JKE, HEBO3-
MOKHOCTh UXB yclIoBamBaeTca TEMb, uro Ind. A 9ucio mpocroe Cb
p—1. Ho eciu 3a ocHOBanie ykasaTelell Mbl IPEANOIORAMD HNPH-
HATHIMD H3BLCTHBIA HaMB NepBOOGPA3HBIH KOpPeHb @) TO

A=q""4 (m00. p).

Orrya crbiyers, uTo YHCIO0, KOTOpPOE €CTh NEePBOOGPA3HBIN KOPEHb
p, 6y1eTb CPaBHAMO 10 MOAYJIIO P Cb @, BO3BEJEHHBIMD BB CTeleHb
npocTyo ¢b p— 1.

Taxs Bch nepBooGpasHbie KOpHA 4ncIa 17 Ho HafiieHHOMY HAMH
3 ompexbasarca cpaBHeHiAMA

x=3, 2=3% r=23% x=237, x=3°,
x=3", v =3 x=3" (nod. 17);
OTKYAa cxbayeTs, 9T0 nepBooGpasHble KOpHA 17 CyTh
3, 10, 5, 11, 14, 7, 12, 6.

§ 41. Ha ocuosanin ckasansaro naMm Mbl 3aMBEJaeMB, 4TO Bb
pazy 1, 2....... p—1 HaxXoauTCA CTOJBKO HEPBOOGPA3HBIX'D KOPHei
P, CKOJBKO 4icelb MeHbIIAXb p — 1 | HDPOCTBIXD Cb p — 1.

He Tpyauo Takmxe BbIBEeCTH 3TO HeNOCPEICTBEHHO H3b CBONCTBD
ICPBOOGPA3HBIX'D KODHell, UOKAa3aHHBIXL HaMH Bb § 38.

Yr0-651 HARTH BB PALY

1,2,3,......, p—1
BcE nepBooGpa3Hble KOPHU YACIA P, HAMDB CTOATDH TOJBKO BBIKHHYTH
oTciola Bch umcaa, KOTOpblA He MOTYTH GbITh HEPBOOGPAHBIME
xopuamu 4ucia p. Ho mo § 38 aro npmBogmTcss Kb TOMY, 9YTOGHI
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3a5cn BolkmHYTH Beh ymCaa, KOTODPBIA YAOBIETBOPAIOTH CpAaBUEHIAMD
p—1 =1 p—1
z*=1,2f =127 =1,....... (nd. p),
rib o, B, v,....... IPOCTHIA YACIA, BXOAALLiA BB COCTABD p—1.
Ha ocrOBaHIE 3TOr0 1€ TPYAHO COCYATATH CKOJBKO MEPBOOGPA3-
HBIX'D KODHeidl Mesmay ymcaamz 1, 2, 3,...., p— 1. Haunems cp
npocrkiimaro ciygas. IIpejnosomums, 90 p — 1 gbanrea ToabKO
Ha mpocroe 4ncao o, u caby. p—1=a"™. Bb sroms caysat sch T
A3D 9HCEND
1,2,3,........,p—1,
p—1
KOTOPBIA HE YIOBIETBOPATS cpaBHenito © * ==1 (mod. p), 6yAyTD
nepsoo6pasunle kopun. Ho no Teopemt 36 mempy umcaamm 1, 2,

—1
3,...., p—1 HaxozmTCA pT yncers, YAOBIETBOPAWIIAXD CpPaB-

p—1

Herito ¢ * =1 (mod. p); caba. 315cs Beh ocranbnbia p-—-l—z’%l

—1
cyTb nepBooGpasuble Kopur p. Uncro me p—1—=2— npmsogmres

1
Kb (p —1) (1——{), a 310 no 12 Teopemb 03HAY2ETH CKOJBKO

IPOCTHIXD UHCeTb ¢b p — 1 U MeHbwuxb p—1, ecanm p — 1=0a™.
Odpamaecs Tenepb Kb TOMY caydawm, Korja p — 1 =a" ",
rxb e, § pasimunbla mpocThld uECIA. B aToMb ciysak M1 maii-
Zemdb Bck mepBoodpasHsle KoprA p mexay 1,2,3,...., p—1,BbI-
KHBYBIA OTCIOLA YHCIA, YAOBIETBOPAMIINiA CPABHEHIAMD
p=1 p—1
z* =1, ¢ ? =1 (nod. p).

. —1
Ho no 36 teopemt nepBomy cpaBHCHIIO YAOBIETBOPAETD I’T

—1
uncelb MCHBIIHXD P; BTOPOMY iKe YAOBIETBOPAECTH Ii-ﬁ—- TAKAX'D YA-

ceab. IIpHTOMD MeXKLy 9THME YHCIAMH, YAOBIETBODAIINAME CpPaB-
HCHIAMD

p—1 r—1

¢ =1, z P =1 (nod. p),

1
6yaeTs %— 0JHAXDH H TBXb jKe 9UCeNb, YAOBIETBOPAWIIAXD CpPaB-
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HeHilo
p—1
z =1 (mod. p).
Crba. pasImgHbIXD YHCEND, YIOBICTBOPAIIINXD CPABHEBIAMB
12:_1 P—
x %=1, z %=1 (md. p),

J— . —1 .
6y1eTh pTl—l—p—ﬁ—l —-—1—’&?- 3a mCKI0YeHieMb UXH BCE UmcIa BB

paxy 1, 2, 3,.., p—1 6yIyTh nepBOOGpPa3HbIe KOPHA B IACIO HXD

6yzeTs p—-—-l—p%l——p;1+p—ﬂ~l mm (p—1) (1——)(1—3)

Ho no 12 reopemb m3pkerno, aro (p—1) (1-———) (1———) 03Ha-

9aeTh CKOJRKO NPOCTBHIX'B YACeIb Ch p— 1 W MEeHpHEXD p — 1,
ecin p— 1 =a™ "

IToxoGHBIME 06pa3oMb, nodaragd p—1 =a , p—1=
a™ B " S, p—1=0a" B {7 8¢, m 1. 1., JOKAKeMD, UTO MEKLY
gncaavm 1, 2, 3,....., p—1 CTOJbKO iKe IePBOOOPA3HBIXD KOP-
Hell, CKOJIBKO YACENDH NPOCTBIXD Cb p— 1 H MEHBIMHUXD p — 1.

Kamjplit 13> 1epBooOpa3HbIX's KOPHEH p MOMEETH ObITh NpH-
HATH 32 OCHOBaHie npm onpexbieninm ykaszareleit momoxymo p. Bei-
rognke Apyruxb DpEHEMAThH TH, KOTOpBIE JerKo BO3BOAHTH BB CTe-
nenn # cabp. ompexbaate no wEMB ykazarexeil. Bupouems, 3HaA
yKa3aTele# o OJHOMY OCHOBAHiKO, He TPYAHO HAfiTH HXB IO JIpY-
romy. Ilycts 6yneTd @ TO OcHOBaHie, IO KOTOPOMY COCTABJIEHA Ta-
6amna, a b ocmoBanie, 110 KOTOPOMY XOTHMDB BBIYACIATH yKa3aTeld
kakoro HHGOYyap uncia 4. HaspBaa ykasarers 4. no ocHoBasiro b
gepe3d 2, Ada onpexbienia z 6yieMs mMETh

A=10b" (mod. p).

M35 sTOro cpaBHeHia MBI 3aKIH0YaeMDB O PaBeHCTBE ykasartexeit
A u b” 1o kakomy mmGyib OCHOBAHiIO @. VI306pakas ITHXD yKasza-
Telell 10 NPEHATOMY HAME 3HAKONOJOKEHil depess Ind. xu Ind. b,
MbI AMEeMD

MBYI r

Ind. A = Ind. b".

Ho wo cofictBy yrasarteseii Ind.b” == Ind.b (m0d. p — 1).
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CxbroBareasno
2 Ind. b= Ind. A (m0d. p — 1).

Ptmeniems sTOro cpaBHEHiA MbI HalileMb Z.

Jdro cpasuenie Gyzerd mwbrs ogmo phmenie; m6o, kKakp BH-
rbim, yrasarelb nepBoo6pa3Haro KOpHA 6yJeTH BCETAa YHCIO NPO-
croe ¢b p—1. PEmuBmn 3710 cpaBHenie, MbI Jerko HafiieMb H0JO-
RUTEAbHOE YHCIO MeHbIlee p — 1 W eMy yAOBIEeTBOp:WOIIEe; 3TO H
GyleT MCKOMOe 9HCIO %, yKaszaTelb uynclia A mpum ocHoBaHim b.

Jasa upavkpa omperbanvt ykaszaread umcia 25 10 OCHOBaHi0
2 m mogyxmo 29, 3Hasg ykasaredeil npm 3ToMb MOLYIB mo ocHopa-
gifo 10, KaKp HAXOANMB BB HamMUXb Ta6ammaxb. Haspisaa mcko-
MBIl yKa3aTelb 9epes® %, MbI 1A onpelbieHia ero BHIBOIEMD

x Ind. 2 = Ind. 25 (m0d. 28).
Ho Ind.2=11, Ind.25=28. Crba. x onperbinrca cpasue-
HieMb
11 =28 (mo9. 28).
Plmasn sto cpasuenie, HaxoAIMD
=16 (mod. 28);
OTKYAQ I BeIHYMHBI yKa3aTerd 25 HO OCHOBAHiIO 2 moxydaeMs 16.

I'TABA VIL

O CpaBHEHIiAX's> BTOPOI CTEeNEeHH CH IBYMSHA He-
HU3BECTHBIMHA.

§ 42. Jo cuxb n0oph MBI 3aHEMAINCH CDABHEHIAME, BB KOTO-
PBIXB oaHa Hem3BEcTHaA; Teneps MbI GyleMb Pa3cMATPHBATH CPaB-
HeHiad c¢b aByma Hem3pbcrupimm. 3ambuarerpubiimia m3b HAXD W
mvBromia wam6orbe mpmaoxkeHia cyTh cpaBHeHis BTOpOH cTenmeHH
BUJA

22—+ Ay* + B=0 (m00. p);
AMH TO MbI ¥ 3aiiMeMcs Teneps.

OTHOCHTEIBHO cpaBHEHili 3TOrO BHAA JOKaKeMb cIibiyromyo

TEopeMy:
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50. TEoPEMA.

Leau p uucio mpocmoe w we Owaums A, mo cpasuenin
2% 4+ Ay* -+ B=0 (n00. p) Mosicro 6cerdn yoossemeopums,

Joxasamenrvcmeso. ITa Teopema 0YeBHAHA 114 P ==2; W60 TOILA
cpaBHeHio 2+ Ay*+B=0 (m00. p) yroBiersopaers y=>0, x=2~.
Takme odeBnjHa OHA, eCaM AJA KAKOro HEGYJb 3HAYEHiA ¥ CyMMa
Ay?+D o6pamraerca Bb YACIO KpaTHOE p; MGO TAKAA BEAMIHHA Y
BuEerh ¢b # = 0 yaoBierBopaers cpasueHito 22—+ Ay + B=0
(m00. p).

JoKaxeMD e Tenepb BO3MOMKHOCTD YA0BJICTBOPATH 3TOMY CPaB-
HeHio npu p > 2 u Ay® -+ B Hecnoco6HOMD cibrarbes IBIIMBIMTE
Ha P.

Bt stoms cayuat mempy Bckmm 3naveniamm — Ay — B o1b
y=0 10 y=p—1 Haiijerca 4mucio, KoTOpoe GyAeTH CPABHHMO Cb
2 10 MOAY.JI0 p; W60 HEBO3MOKHOCTh CPABHEHiA

= — Ay?— B (m00. p)
npm p npocromd G0abmeMs 2 n— Ay?— B Herbaamemcs Ha p,
kakp Buibam BB IV raask, npejnoraraers cpaBuenie
p—1
(—Ay*—B) * -1=0 (n0d. p),
9T0 10 PACKDPBITI CKOGOKD NPHHAMAETH TAKOH BHAB
p—1 =3 p—1
a4 ° yp_‘ip%ifl P By ... =B ° 4-1=0 (m00. p).
Ho aromy cpaBrenioo ne MOryTs YA0BIeTBOPATh Bch p gmcers
0,1,2,..... p— 1;
p—1
760 oHo cremnenn p—1 m A 2 roevonnientd yP ', cocros u3b
IpOU3BeJenia umcelb NPOCTHIXD Ch P, He pbaarca HA p.
HMraxs no kpaiteeit mEpk ogHo m31 umcers

0,1, 2,......, p—1
He GyZeTd YIOBIETBOPATH 9TOMY CPaBHEHil0, I Takoe 4HCIO 00pa-
TATS — Ay® — B Bb KBajpaTHuuslii BbMeTh p. Ilpm Taxoms ke
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3nadenin — Ay® — B Halijerca 2, y10BIeTBOPAIIif cpaBHenio
22=— Ay* — B (mod. p),

OTEyAa B cIbayers npejioxensas HAMA TeopeMa.

N31 poxasaHHOl HAMA TeopeMbl, KaKb YaCTHBI clydail, BHIXO-
AMTH, 9T0 cpasHenie #% —+ y® + 1 =0 (mod. p) mmbers phmenie.

§ 43. Ocranosmmca na macakjosanin cpasuenia

2+ Ay*+ B=0 (m00. p)
npa B = 0. IIpegueroms vamnxsb macrbpopaniii GyseTs HoKa3aTh,
KaKia cpoificrBa mMBeTs 9mcio p, 414 KOTOPAaro cpaBHeHie
22—+ Ay =0 (m00. p)

VAOBIETBOPAETCA KAKAMH HEOYAb YHCIAMA %, Y, NPOCTHIMA MEMKLY
€06010. BoaM0:KHOCTD 3TOr0 CpaBHEHiA HAMD IOKAEKETh, YTO HHCIO
P MOEeTd G6bITh AbamreleMb UACIa, BLIPAKAIOIIATOCA POPMYJIOH
2® =+ Ay?, ik @, y npocrbia Mexay co6oro. B npoTnBHOMD cay-
yal MBI 3aKIIOYAME, YTO YACIA, BBIPAMKAIOMIACA 3TOI0 POPMYJIOL0,
Hepbammpl Ha p. Bb nepeoms caydak Mpl 6yjleMDb HA3bIBATh P Omn-
aumesems Keadpamuunos fhopmve x*—+ Ay®; BO BIOPOMD HeOm.ume-
aems xeaopamuunot gopmor, Mbl HOKaEeMB CPeACTBA 0O AAHHOR
oopmb 2’ Ay? naxonuts Bck ybautern ed m mepbanrean. J1n um-
cIa Mbl OyJeMD IPeJCTaBIATH WIH LOPMYIaMH BHAA Mm& —+ o, AL 2
npomr3BoJbHOE Whioe 4mcao mIm $OpMyJaMud BHAA au?—~+ 2buv —+ cv?,
rrb w, v npom3BoibHblA HBIBIA 9MCHA, DPOCTBIA MEKALY COGOIO.
Ilepsoe cocraBagers uacabjosaHia, n3BECTHBIA 04D HMEHEMD TeOpin
AUHETHVILS Omaumenets K6a0pamuinbixs opms; BTOPOE COCTABIACTD
MEOPi0 KEAOPAMUUHBIZS Onaumesets Keaopamuunolxs Gopms.

Mp1 HauyHeMD C€b Teopim JmHeHHBIXD AbBanTereir u JoKasKeMb
crbyromyo TeopeMy, KOTOpas CIyKHTH OCHOBAHieMH es:

51. TEoPEMA.

Ecau cpasnenito 2 -+ AyP=0 (m0d. p) ydossemeopaoms
KAKLA wubyos wUCIA T, Y, NPOCHbIA MEHCOY CO00I; MO CcpasHewie
u? + A=0 (m00. p) ummems prwenie.

Aoxasamesvcmeo. Bv camoms ybab, ecin y u «, He mmba o6-
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IAro MHOMKHTENA, YAOBIETBOPAITDH CPABHEHIIO
2+ Ay =0 (mod. p);
TO y IpocToe ¢b p; W60 BB NPOTHBHOMD ciaydak mpocroe umeio,
1baamee y m p, ybamao 661  u caba. z mwbio 651 o6maro pbam-
Tead ¢b y. Ho ecam y npocToe ¢b p; TO MOKHO HAfiTH Takoe JHCIO
W, KOTOpoe 6YAeTH yJOBIETBOPATH CPABHEHiIO
yu=x (mod. p).
910 me cpaBHeHie N0 BO3BeJEHIH Bb KBaipaTh o6bHXD gacreil
Oyrern
YUl =22 (nod. p),
9T0 BB COBOKYIHOCTH Cb
22+ Ay* =0 (m0d. p)
Jaerb
: Y u? + Ay =0 (mo0. p).
Ho aro cpaBrenie Mo:ker®h OBITH COKpameHo Ha y?; m6o, BH-
Aban, umcao y npocroe ¢b p. Takmmb 06pa30MB HAXOAUMD
w4+ A=0 (mo0. p),
9T0 U crbroBal0 J0KA3aTh.
WTakp BO3MOKHOCTH YAOBIETBOPHTH CPABHEHIIO
22+ Ay* =0 (mo0. p)
YECJaME % W Y NPOCTBIME MEKLYy COGOI0 IpeinolaraeThb BO3MOK-
fl0CTH YJOBIETBOPUTH CPABHEHII0
u? -+~ A=0 (mod. p).
O6paTHO, KOrja 9TO CpaBEEHie yJO0BIETBOPAETC; TO MBI BCETAA
Haiizems phimenie cpaBHeHid
22+ Ay =0 (m00. p),
ibnaa y=1, z=u.
Ha ocroBanim 1o0xa3aHHOH HaM;m TeopeMbl He TPYAHO Y3HATB,
6yAeTDb-al JaHHOE dmcao ybamrenems JaHHOH ®opMbl maA HETS.

5
upIMD B IV raaph, Mbl 3aK1t09aeMb, 4T0 cpaBHeHie u®— 3 =0

(m00. 5) me mubers pbmenia, OTKyZa mo AOKasaHHOMY HaMm cIk-

3 .
Taks maxoga — 1 jiA BeANYMHBI (——) 0 OmpieMaMb, W3I0KeH-
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AyeTb, 9T0 OPH £ H Y NPOCTHIXD MEMKLY CO00I0 Helb3d YAOBIETBO-
PATH CpaBHEHII0
22 — 3y*=0 (m0d. 5),

IIA, 9TO OAHO M TOKe, 06paTHTh 4° — 3y° BB 4mCIO KpaTHOE 5.

Tarme 3ambyas, dro ('%1> IpH p OPOCTOMD BHAA 47—+ 3 pas-
HO—1, MBI 3aKII092€Mb, YTO BB BTOMB ciydah cpaBHenie u®—+1=0
(m00. p) He mmberp pbmenid; a NDOTOMy Heap3sA YAOBIECTBOPHTDH
CPaBHEH1I0

22+ 12 =0 (m00. p)

9HCJAMA IPOCTHIMA MEXKLY COG0I0.

Orkyza crbayers, 4To HAKaAKOe NpocTOe YACIO BHAA 4n —+ 3
He GyjleTd AbinTeleMD YHCEeNb, pa3Jaralomuxcs Ha ABa KBaipaTa
IOPOCTHIE MEKLY COOOL.

Tak®b yncra

B==2241, 10=23241, 13 =324 22,
17=4+1, 25 =424 3% 26=052+1,.......

He xbaarca na wmeaa 7, 11, 19, 23 Buaa 4n —+ 3.

Hanmporneps 3awmbgas, 4ro (%) ecTb -+ 1, ecim p mpocroe
9ECAO0 BUAA 4n—+1, MBI 3aK109aeMB O BO3MOKHOCTH CPaBHEHiA

u? -+ 1=0 (nod. p)

A1 TaKAX'D 3HadeHilt p. OTKyAa cabiyerd BO3MOKHOCTH CpaBHeHid
22—+ =0 (m00. p)
n crbr. AbamMocTs CyMMBI ABYXBH KBRIPATOBD HA P.

Ha ocroBanin poka3anHoil HAMA TEOPeMbl HE TPYAHO IOKA3aTh
BHADL NYOCTAr0 4mcia p, KOTOPOE MOMETH OblTh ABImTEIeMB JaH-
HOIl ®0pMbI 2% —+ Ay®. MbI He GyjeMb OCTAHABIMBATHCA HA caydab
p=2; n6o 2 Bcerna rbare 2’ Ay’ wim npr z =1, y =1 nin
=0, y=1. Ilo atomy MbI Tenepp GyJAeMD NPEINOJIAraTh P U~
CIOM'B IIPOCTBIMB, OTAAYHBIMG OTH 2, W BB ATOMB UPEANOJOEKeHin *)
JOKaEeMDd cabayromia Teopempl:

*) BB cabayomuxs TeopeMax’d p 03HAYAETD AH060e HeueTHoe wucio. A. M.
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52. TEOPEMA.

Ecau A npocmoe uucao 6uda 4n-+3 w p Heuemmoiii Onaume.ln

Popnwe @ = Ay®, mo (%) = 1.

Joxasameascmso. Ecin p ecrs pbaurens opMbr 2° + Ay?% 1o

cpaBnenie
22—+ Ay? =0 (m09. p)

mvbers phmenie; a 3to mo Teopemb 51-if mpejnoraraers BO3MOMK-
HOCTH Y/]OBJIETBOPATH CPaBHEHIIO
u? -+~ A=0 (no0. p).
Pasnaras 315cb p Ha IpOn3BeJEHie NPOCTHIXD TACEND &, B, Y,.ovy
Mbl 10 § 30 BO3MOMKHOCTB 3TOr'0 CPABHEHIA BBIPA3AM'b TAKb

(-—TA>=1’ (_—(;_4)21, (—_;4)21,

W3p atux® ypaBHeHiil He TPYAHO BBHIBECTH 3HAYEHI CAMBOJOBD

() (2) ()

Tak® 1ua onperbienia mepsaro, Mpl BRIBOAUMB 110 JOKA3AHHBIND
Bb IV raaph ceoficTBaMs cmMBOIA (—Z—), 910

ao—1 A4—1 a—1 a—1 A—1

R o

o—1 A+1
—A 3 3
=(Z) =1
Ho taxdp Kaxb no npeapllylyAMD ypaBHEHIAMD (114) paBao 1,

a yncio A no monoKeHioo BEJA 47— 3; TO MIB ITOrO YpaBUeHid
noJyd9aeMb
o
&)=1

ITo106HBIMD 06Pa30MB BBHIBOIAMD

(AE)Z 1, (:1}’_): L.

[lepeMno:kas ke 3TH ypaBHeHiA MeELy co60i0, HAXOUMD

) () ()-ooer =)=
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otkyia sambgas, aro afy....... =p, BEIBOIEMb

(5=,

970 U CrEL0BaJ0 LOKA3aTh.

53. TEoPEMA.
Eeauw A npocmoe wucao euda 4n—+1 w p onaums x>+ Ay, mo
p—1

(ﬁ—):(_ 1) T; m. e. (zp—)_—_l, ecaw p=4m-1 u(%>=_1’

ecaw p = 4m —+ 3.
Hoxasameascmeo. Ecin p ects rhamreas 2? + Ay?; 1o

22—+ Ay =0 (mod. p),
n crba. cpaBHeHie
u?—+ A==0 (m00. p)

nwkers phmenie. A sto, Kax® Brrbam, npeinolaraeTsb
—A —A —A4
(T):]., (T)——_l, <T): 1, .....
0 S CYTh IPOCTBIA YHACIA, BXOAAIIIA BB COCTABD p.
Ha ocHoBanin cBO#CTBEL CHMBOJA (£>, MBI OTCIOZA BBIBEIEMD

3HATeHiA (-}), <4£> , (}), ........

Tax® aa onpexbieHia nepsaro BsIBOAAMD

a1, A1 it el A
B)=(2)nT T =
( __1)_2— T2

Buecs cioja BearunRy < ), KOTOpasA IO TPeAbLIYHICMYy ecTh 1,
NaxojuNb

oc—-l A+1
NC
(F)=D "
a—1 A+1
Ho 4 Bmra 4n -1, BCJIEJLCTme gero (—1) 2 ? papHo
a—1 4n+-2 a—1

) — = (2n41)

(—D % " mm (— > a 810 pasuo (— 1) * ;
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—1
— 2n
n6o (—1) * ects 1. Ilo aTomy Bermumua (I) onpexbanres
TAKAMB yPaBHEHIEMD

a1
o 2
(F)=D
ITopo6HBIME 06Pa30MDb BHIBOAAMDB
B—1 —1

(%):(_1)—2—, (-)_(—1) e

Ilepemuoxasn e Bck 3TH ypapHenisa, mubems

Bl L

() () (©)eromioy T T

nm
a—1 B 1 v—1
(aBY ..... )—(—I)T B T
A - ’
rik sambames afy. ... IIepem, P, HAXOJUMB
p—1  y—1
a1, B i —2— “+...
(3=
Ho ne tpyxno y6bautsesa, 9ro 1%1 i

a—1 f—1 y—1
5 -+ N -+ 5 + ..
PasHATCA MEELY €000 YHCIOMD YETHBIMD. B’B caMomb BB, mbl

afy...—1

Bapbm, uro p=oafy......., a moromy L= paBHo 5

9T0 WHa4Ye NpPeJCTaBHTCA TAKD

— 1+ (14257 (1425 (1+2 L oo
_ :

PackpsiBaa e 315ch cKOOKE 1 OTKHbIBas wieHbl, nMbiomie MHO-

RHUTEIEMD 2, HAXOUIMB
a—1 f—1 y—1
T -+ '—2'— -+ —2—+ vesacens
—1
Hraks 310 9nCIO CB pT Pa3sHATCA TOJBKO YACIOMD YETHHIMD; &

I03TOMY

—1 -1 y—1 —
P o SRS ol SR 21

(—p* T =(—1
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BcabjicTBie dero HafileHHOE HAMHE BBIpaeHie (%) OPABOAUTCA Kb

TaKoOMY
p—1

P 2
(Z) = (=1 ,
9To0 H CJI'E}IOB&JIO JOKa3aTh.

54. TEoPEMA.

Ecau A npocmoe wucao euda 4n -+ 1 u p neuemuoith 0raumens

Bopmer 2 — Ay?; mo <%) =1.

Hoxasameasscmeso. Ecam p pbinrs 2° — Ay?; To
22— Ay? =0 (mod. p).
910 cpaBHeHie mpejnoJaraeTb Takoe

u?— A=0 (mo0. p),
& OTCI0O/la BBIXOAHTD

(Z)=1 (5)=1 () =1,

rik o, B, v,...... IPOCTBIA YHCIA, BXOAAMia BB cocTasb p. Oupe-
Xb1aa Do nepBoMy m3b 3THXD ypaBHeHill 3HaueHie (%), HaxXOAHMD
a—1 A—1 a—1 A—1

) =F)=n" "= " 7,

YTO IPHBOAATCA Kb PABEHCTBY

(&)=1

—1
noromy 9ro 4 = 4n -+ 1, n crka. %— PaBHO YETHOMY 4HCIYy 27.
IToxo6HBIMD 06pa30MB HAXOAAMD

(£)=1, (3)=1,

Ilepemuosxas e Bchk aTH ypaBHEHiA MeXLy €000, HalAeMb
By
(#5=) =1.

Ho 3yfcp npomssefenie aBy....... paBao p; caba.

(5)-1

Bb YeMb H 3aKII0YaETCA NpeJJoeHHasd Teopema.

10
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55. TEOPEMA.
Eeau A npocmoe wucao 6uda 4n—+3 u p neuemmorli Omawmens

p——l
popmor 22— Ay®; mo( ) (—1) , M. e. (%):1, ecau P
suoa 4m —+1, u (%):—— 1, ecau p suda 4m —+ 3.

Jorasamencmeo. Jbammocts 4° — Ay® Ha p npeAnoraraeTs
cpaBHeHie
2* — Ay?=0 (mod. p),
& 3TO IpeinoJaraeTt CpaBHeHie
u?— A4=0 (mo0. p),
u caba. ypasnenia

(%).—_-l, (4)=1, (é)—.:l,........

ik o, B, v,eeeeen IPOCTHIA YACIA, BXOJAMIA Bb COCTaBD p.

Onpenbiaaa 1o 3TEMB ypaBHeHIAMD (%), HaXOJAMD
a—1 4—1 a—1 A—1

E)=#)en" T==n" 7,

7 crbz.

[0TOMY 4TO (——]) ILJIH A=4n—+ 3 npueoguTCA Kb
e—1 a—1 a—1
3 N g2
(—1) , rab (—1) paBHO 1.
[Moxo6uBIMD 06Pa30MD HAXOAUMD
g—1 y—1

B)=n", (D=1 " .

IlepemHO:Kaa e 9TH ypaBHEHia MexLy coGoro, mubens
-1 p—1 y—1
-+

(2)(3) (D)o me = T E T

n crbr.

a—l —1 —1
8 Lt S

E=(E)=cnT T
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Ho noraseiBas 53-it TeopeMy, HauLm

a—1 g—1 y—1 p—1
(—1n* 7 ’ =(—1) *;
[03TOMY IpeJbILyIIee ypaBHeHie AaeTh
p-1
2
(£)=¢=n ",

4T0 7 crb10Bat0 A0Ka3aTh.

§ 44. Ha ocroBanin 10Ka3aHHBIS HAME TEODEMD HE TPYAHO
onpexbinte Bk amnefinpie yhaurean eopub Bua 27 == Ay, npr A
npocToMb HedeTHOMB. Mb1 Bryban, uro HedeTHbIEe AbanmTeln TAKAXD
©0pMB onpepbIAlTCA WIN ypaBHEHIEMB

(5)=

(3)=—1

CMOTp#A 10 TOMY GyjieTd Jn BB wopub 22 = Ay? 3HakD —+ mam —,

6yners a1 A Buia 4n—+ 3 mm 4n -+ 1 m Bb HEKOTOPBIXB cIy-

9aaxb (cM. 53 m 55 Teopembl) 6yleTh X HCKoMoe P BHAA 4m —+ 1
nam 4m —+ 3.

Ho no cnoco6y, nokazanHoMy Hamm BB § 28-MB, MBI JIerko

HafijeMds Bch uymcIa, YAOBIETBODAMIIA YpaBHEHIIO (%) =1 n

HJIH ypaBHeHieMb

(%) = —1. Pbmenisa nepsaro, kaxs Buybam Tams, onpegbiaiorca

ypaBHeHiAMA
p=a,+nd, p=a,+nd,...,p=a,_;+nd,
2
Tk % NPOE3BOIBHOE 9GHCIO, Oy, dg,........ G4 1 OCTATKA OTH JBie-

2
onpeybaaiorea ypaBHeniamMa
=0b,+nd, p=>by,~+nd,.. . p=by ,-+nd,
2
rik by, b,...... by | 16 3B umcers 1, 2,........., 4— 1, KOTOPHIA
2
HEPABHDI Gy Ggyevry By 1+
2
Tenepp mocMoTpEMb, KakEMb 006Da30Mb Kaiklad H3D STHXD
10*

2
mig 12,22, . ... , (‘1?—1)2 na A. Phmenia e Broparo (21?—)_—_——1
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QOPMYI'h MOKETD CIYEHTH Aad onpeibienia gmcerp Buaa 4m —+ 1
i 4m -+ 3.
Jxa Toro 94To6bI 4ncIO P, onperbideMoe ypaBHeHieMB
p=a-+nd,
66110 BHAA 4m —+ 1, YACIO % JOJMKHO OBITH TAKOI'0 BHAA, 4YTOOBI
cyMMa @ -+ nA npmBejach 6bl Kb 4m— 1, IpyTAMA CIOBAMH, YHCIO
7 JOJHO YAOBJETBOPATH CPABHEHIIO
a-+nd=1 (nod. 4),
I
nd=1—a (no00. 4).
Jto cpaBHenie Bceraa 0yjners uMETh ogHO phIneHie, OTOMY 4TO
A nedetnoe gmcxo; phmas ero no cnoco6y, NOKa3aHHOMY BB § 15,
HaX0JAMDB
2—1

=(1--a)4 (mo9. 4),
AT
n=A4 (1 —a) (mod. 4).
.JToMy cpaBHeHilo 6yAeTh YAOBIETBOPATH OAHO H3®H ghcerdb O,
1, 2, 3. Ha3eiBas 7 TO 4HCIO, KOTOPOE eMy YIOBIETBOPAETD, Haii-
1eMb
r=4 (1 — a) (mod. 4).
Berbacrsie dero npeppizymee cpaBHeHie NpHBOAUTCA Kb Ta-
KOMY
=7 (mo0. 4),
OTKYJa AJIA BBIPAReEHIA % BBIXOJUTD
n=4z+7.
BHocsa ke 3Ty Beamunny # BB ypaBHeHie
p»=nd + a,
MBI HaXOAAMD
p=4A42+ Ar +a
JJ BblpaeHia 4ymcerdb Bmia 4m -+ 1, onpeibigeMpixs ypaBHe-
HieMb
p=nd +a.
[Toxo6upIMD 06pa3oMb AJA 9AcelDh BUJA 4m — 3 Mbl HafizeMb
p=44z + Ay +a,
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rib ' nanmvenbinee gmcio, cpasHEMoe ¢b A (3 — @) mo Moayaio 4.
Tax® m3p ypasnenisa

p=nd—+a,
onpexbagomaro ofHo n3b phimeniii ypaBHeHisa

(5)=1

BBIBOJATCA YpaBHEHIA, KOTOPblA AAKTh OAHH 9YmcIa BHAa 4m - 1
nm 4m -+ 3.
He TpyxHo Takxke m3b ypaBHeHis
p=nd-+a
BBIBECTH Apyroe, koTopoe 6yierh AaBaTh BMEerh m umcia Bmpa
4m -+ 1 u umcaa Buza 4m —+ 3, crbi. Bch HederHsla umcra. [as
3TOr0 Mbl JONEKHBI GyAeMb HAMTH BHLD YACIA %, AJA KOTOparo
cymmMa nA—+a 6yieTs BAAA 2m —+ 1; WIH, 9TO OJHO W TOKE, HafTH
phmenie cpaBHeHis
nd—+a=1 (mod. 2).
Ho sT0 cpaBHeHie IpHBOAATCSA Kb TAKOMY
nd=1—a (mod. 2).
Eecam ¢ gmcio weuerHoe, emy yaoBaeTBopHTH # = 0, cabi. BB
aToMd cayuab ero phmenie 6yjiers

n=0 (mo0. 2);
OTKYAQ Aa8 ompepbieHia n BBIXOAATH Takoe ypaBHEHie
n=2z.

Ecim xe a getHoe; TO emy yaoBaeTBopuTh n—1 (160 A dmcio
HedeTHoe), 1 cxbr. phmenie ero 6yzers
n=—2z-+ 1.
BHoca sTn 3magenia % Bb ypaBHeHie
p=nd+a,
MBI HaXOAEM'B JIA onpejbienid HeIeTHBIXD YMCEND
p=2A42-+a mm p=2 A+ 4+ a,
CMOTPA NMOTOMY GYZETDH JH ¢ YACIO HeyeTHOEe WIW YEeTHOE.
IMoctynas Takamb 06pa3oMb Ch KakIbIMD B3 yDaBHEHi, ompe-
Jbasromuxs phmenis ypapHewiit

(5= (5=
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MBI HafiIeM'b 114 BBIPaKeHisa HedeTHBIX'D YACETE, YAOBICTBOPAIOMAXD
yeaoBito (—fii) =1 mm (—ﬁ—) = — 1, sopuyan1 Buja 242+ a; 114
BBIpQKEHif e OJHUXD 4dcedb BAAA 4m —+1 man 4m —+ 3, MbI 6y-
aemb aMETh @opMyabl BEja 4 A2—+a. ITHME-TO OPMYIAMHE HA, OCHO-
BaHIN 10Ka3alHBIXh HAMH TeopeMb H onpexkiaiorca HederHsle Jb-
JATENR KBaJPATHIHON OpMbI 22 —+ Ay’.

IToxkamems 910 HA npuMbpax®. IloaomnMs, 4T0 TpedyeTesa HaliTH
BILH BCEX® HeyeTHRIXD Abanresell kBajpaTmunoil ®opMslx’~+197°.
3ambuasg, 9ro 19 ects gmcIo npocroe u BAjJA 4% —+ 3, MBI 10 TEO-
pemb 52 zaxmodaem’d, YTO 114 HedeTHBIXD Abamtedeft aToif ®opMbI

JOJEHO OBITh
-‘?i— s
19 :

Jaa onmpexbaenia uncerd, yAO0BICTBOPAKMUXD 3ITOMY YpaBHE-
uiro, Mp1 1BIIMD
12, 22’ 32, 42, 52, 62, 72’ 82, 92
Ha 19; HaXojA BB 0CTATKE
1, 4,9, 16, 6, 17, 11, 7, 5,
MBI 3aKI09aeMDB, 9TO P, YAOBIETBOPAIOINEe YPABHEHIiIO (%) =1,
JOJEHO NMPEJCTABATHCA KaKOK J160 H3b LOPMYID
192 -+1, 197+ 4, 192+ 9, 192+ 16, 190+ 6, 190+ 17,
192+ 11, 197+ 7, 19n -+ 5.

Ho u9T06b1 3TH ©0pMyIs] JaBaJd OJHA HeUeTHHIA 9ACIA, MBI IO
CKa3aHHOMY HaM# @0pMyl1y 197 —+ 1, Bb KOTOpPOHd NepBblil YIeHE
HedeTHRIH, 3aMbHAeMs @opuyroo 2. 192+ 1, eopmyay 19n =+ 4,
KOTOpPOii NepBBlil WIeHd 4eTHbIH, 3aMBHAeMD ©OPMYI0H0

2,192+ 19+ 4,11 1.

TakuMb 06pasomd UaX0JAMD 114 HeUEeTHBIX'D A hanTened 2219y
cabayromia ¢opMyIn1
2.192+1,2.192+ 19+ 4, 2.192+ 9, 2.192+ 19 + 16,

2.192+19+6,2.192+ 17, 2.192+ 11, 2.192+ 7,

2.192+ 5,

KOTOPBIA NPHBOJATCA Kb TAKOMY BHLY
38¢+1, 38245, 382+ 7, 382+ 9, 382+ 11, 382+ 17

382+ 23, 382+ 25, 382+ 35.
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Taxw onpenbaaiorca Beh dmeaa, KoTopsla MOTYTH ABINTH CyMMy
22-+-19y® UpH & ¥ y NPOCTHIXD MEKLY CO000. ITHMD MOKHO IOJb-
30BaTheA npH onpexbiaenin pbanrerefl JaHHBIXD YACETH, KOUJA ITH
9mcIa BHIPAIKEHBI wopmy.or BUaa 2 -+ 19y® Hanp. nycrs 6yzers
1aHo grcxo 2021; Takdb Kaxb oHO paBHO 112-4+-19.10% o nrbam-
TEIR ero, ecli OHM eCTh, JOJEHBI NPEACTABATHCA KAKIMH JI60 A3
DOPMYID
382+ 1, 382+ 5, 382+ 7, 382+ 9, 382+ 11, 382+ 17,

382+ 23, 382+ 25, 38s-+ 35.

Ho ecam 2021 mwbers pbamreseit, To noxpaiineii mbph oamas
I35 3THXD ABaATeleil MeHbIIe 1/2021, u cabj. mesnme 45, JToro
To tbanrensa Mpl u GyAeMb OTBICKABATD.

IlepBasa eopmysa 382—+1 He jaerd ero. Ona npm 2=—0 12eTh
1, npn 2 =1 paers 39, 49r0 He Momerdp JbimTe 2021, m6o 31O
yncao He pbamrea Ha 3, a 39 BB cocraBb cBoeMB cojepEATH 3;
npu 2=2 u 6oxbe 2 ®opmyia 382 + 1 jaeTh 9mcIa MPEBOCXO]A-
mia 45.

O6pamaemca ko BTopoit ®opmyrb 382-+ 5. Ilpn 2=—0 omna
JaeTd b, umcio, odeBmjHO, He 1baamee 2021; npm 2=—1 oua jgaerhb
43 m npo6ya pbamrs sruMb dncioms 2021, HaXOAMMB, 4TO 43 ecTh
rbamress 2021,

Jaa apyraro npmmbpa onpepbienia pbimrexrefi ®opmb BHAA
2% = Ay? Bo3pMeMB ©OpMy 22 — Ty® m oThiIEMD ea jbinTerei.

Taxp Kakp umcao 7 Bupa 4n—+ 3, o no reopemb 55-i rhanrenn
©0pMbI 22 — 7y? Buga 4m —+— 1 JOJKHBI YIOBIETBOPATH ypABHEHIIO

(5)=1
rbamTean e Buja 4m—+3 J0MKHBI YIOBIETBOPATH YPaBHEHi0
PN _
(5)=—1.
OnpexbinMp e Tenepp umcia Bmaa 4m —+1, yA0BIETBOPAIO-
mig ypaBHeHiio
()=
7 - )

7 YHCIa BAJA 4m —+ 3, YAOBIETBOPAMIiA yPaBHEHiIO

H=—1
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Yro6p! HaliTH 4yACcIa, YAOBIETBODAIOIILA yPaBHEHit0

(5)=>

Ml pBamvs 12, 2% 32 ma 7; maxond BB ocratkb 1, 4, 2, MbI 3a-
KJII0YaeM'b, 9TO 3TH YHACIA BBIPAKAITCA POPMYJIAMHA
m+1, Tn-+4, Tn—+2.
ITocmoTpuM® Ke Tenmepb, KaAKb BBIBEAYTCA H3b HAX'H SOPMYIbI,
ompexbasiomia ofun 9ncaa Buaa 4m —+ 1.
IIo crasaHHOMy HAMHI W3D ©OPMYIbl 7% — 1 BBIBOAUMD
4.7+ Tr+1,
rxb r To m3B wmcean» 0, 1, 2, 3, roropoe ¢b 7 (1 —1), mm O
CpaBEAMO 1o Mopyxro 4. J1o umcao ecrb 0. Crba. vopmyra 7n-+1
XA onpexbaeHis ofHEXD unceadb BHia 4m -1 jpaers 4.7z 1,
nm 282 —+ 1,
ITocrynaa takxe ¢b ®OpMyIaMu
m—+4, Tn—+ 2,
MBIl U35 HOXD BBIBOXEMD 4.72-4+Tr—+4,4.72—+7r+2,rnbr, v,
cyts TB m3b umceas 0, 1, 2, 3, koropbia ¢b 7 (1—4), 7(1—2)
cpaBamMb! 10 Moayxio 4. Ho rtakia umciza cyrs 3, 1. Cxba. pia
ompepkienia opEEX® umcerdb BuAa 4m —+ 1 @opMyasl Tn —+ 4,

Tn -+ 2 1a10TH
4.72+3.74+4, 4.7+ T+ 2,

HIH
28z + 25, 282+ 9.

Uraxs Bek uncaa Buga 4m—+1, yI0BIETBOPAWNIiA ypaBHEHiIO
2y —
(7)=1
n crbr. cnoco6ubla 6b1Th pbaurexramm eopmbl 2 — Ty, ompexbas-

I0TCA POPMYIaMH
282+ 1, 282+ 9, 282+ 25,

Ilepexoxmms Teneps Kb Jhamreraws Bmaa 4m -+ 3. OHE onpe-
pbasores ypaBHeHieMD

Yro6e! nafitn phmenia atoro ypaBrernia Ms1 BB paxy 1, 2, 3,
4, 5, 6 BeIKHABIBAEMD TE, KOTOPBIA PABHBI OCTATKAMB OTDH AbIeHid
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1%, 22/ 32 pa 7. TakuMb oGpasoMs HaxoJuMb yucia 3, 5, 6, n 3a-
KII09aeMb, 9TO YHCIa, YAOBJIETBOPAIONIIA ypaBHEHiIO (—7—)= —1,
onpexbianTca eopmyrama 7Tn—+3, 7Tn-+5, 7n—+ 6. IIpeoGpaso-
BBIBAA 3TH POPMYJbl B TaKid, KOTOPHIA JAOTh OJHH 9HCIA BHAA
4m -+ 3, HallleMb
4.72+Tr—+3, 4. 72+ Tr,+5, 4. 72+ Tr,—+ 6,

rak r, r,, v, 75 #3B wncers O, 1, 2, 3, KOTOPBIA CPABHAMBI CH
7(3—3), 7(3—5H), 7(3—6) no moxymo 4. 3ambuas, gro r=0,
r, =2, r,==3, Mbl 3aKI09a€Mb, YTO 3TH LOPMY.Ibl CYTh

4.72+7.0+3, 4.72+7.2+5, 4. T2+ 7.3 4+ 6,
HIH 282+ 3, 282+ 19, 28z 27.

Mraxs Beh pbaarernm vopmbr 2 — 7y® Buga 4m -+ 1 onpexb-
JATCA SOPMYIAMH

282+ 1, 282+ 9, 28z -+ 25,
Abanrenn ke BEAA 4m —+ 3 cyTb
282+ 3, 282+ 19, 282+ 27.

Mb1 nokasain Kakb onpexbiasrorea pbimrean eopmer 2? = Ay?
npn A OpocTOMB, OTIMYHOMD OTDH 2; HOKamEEeMb Telepb Kakb Hail-
aytea pbamrean stoit wopmbl, ecin 4 paBuo 2. Jia aroro Mel J0-
KaEeMb crbayiomyio TeopeMy:

56. TEOPEMA.

Ben newemuvie omaumean 22— 2y° cymo suda 8m -+ 1 wau
8m-+3; ecw neuemmvie Omaumesn x*—2y? cyms euda Sm—+1 uau
8m —1.

Hoxasamearcmso. Ecan p pbaars 2 + 2% To
22—+ 22 =0 (m00. p).
Ho 310 cpaBuenie npeinoJaraeTs BO3MOMKHOCTH TAKOr0
u? -+ 2=0 (m00. p),
n crbi. npegmolaraeTb ypaBHEHLA
@)=t (F)=1 (F)=1.-
1 ! B ) Y )
rak «, B, y,. ... DpocTHIA 4HCIA, BXOAALIA BB cocTaBb p. [Tocmor-
PHMB &€ KAKOro BUAA LOIKHBI GBITH UhCIa o, (3, ¥,....., 9TO6BI y10-
BJIETBOPAIACH 3TH YPABHEHif.
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[To croiicTBY CHMBOJOBD (—%) MBI HAXOAAMDB
a—1
(F)=(F)=n "

2
Ho <T)’ Kax® BHLbBam, onperbiagerca taxb
a?—1

2 T
(@)= 75
a1 + a—1 —ou2-+4a—3
—9 8 F] 8
(3)=(=D =(—1)
Jfraa Bb aTomb ypaBHeHim nocrbpoBarersno o = 8m -+ 1,
o=28m-+3, a=8m—+5, oo=38m—+ 7, HaX0LEMD

(52) =1 (gr2s) =1 () =—1, (o) =—1.

Crbx. 119 BO3MOMKHOCTH ypaBHEHiil

(F)=1 (F)=1 (F)=Lw

HEOOXOAMMO, 9TOOBI UHCId o, (3, Y,........ ObLIE BHAAa 8m —+ 1 mim
8m —+ 3. A motomy p, pasHOe afBy...., ZOMKHO GbITH IPOH3BEJjE-
HieMB TAKOI'0 BHJa
(8m-+1) (8m'—+1) (8m"~+1)...(8m,—+ 3) (8my—+ 3)....(8m;—+ 3).

Pazxaras ke 31bep ckoOkm m co0mpas BB OAEHD BcE 4ieHsI,
mvkomie MEOEATEIEMD 8, HAXOAUMB, 9TO

p =8P 3°.

Ecin o uncao sernoe; To 3°=1 (mod. 8); m6o 3°==1 (mod. 8).

Ecan ke ¢ uncao megertHoe; o cpaHenie 32==1 (mod. 8), mo Bo3-

c—1
2
8°=3 (mod. 8). Uraxsp 3° no mMoxymo 8 cpaBHEMO HIA ¢b 1 man

¢b 3. Otryna cabayers, gro 3° mim Boja 8N-+1 mm 8N-+3, a
moToMy 4mca0 p, onpejbidemoe ypaBHeHieMb
p=8P—+ 3°
6yzeTs uam paBHo 8 (P—+N)—+1 mam 8 (P + N)—+ 3, B 4eMb I
3aKII09a€TCA IepBasd 9acTh NPeLJOKEeHHO HAMH TeopeMbl.
Ilepexojum® Temeps Kb J0Ka3aTelbCTBY BTODOH 4acTH ed.

crbloBaTeanno

sejeHin o6buxt gacreil BB CTENeHb A YMHOMKEHIH Ha 3 JacTh
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Ecan p ybanreas @opmel 22 — 2% TO
22— 2y2=0 (m00. p).
IJT0 Ke cpaBHEHie NPEANOIAraeTh BO3MOKHOCTh CPABHEHIA

u?—2=0 (mod. p),
n c1bl. ypasHeHiA

(2=t (=1 ()=t

rab «, B, y,..... IPOCTBIA YACIA, BXOAANIA BB cocTab p. Ho mo
teopemt 32 w3b aTHxb ypasHeHii crbiyers, uro a, B, Y,........
cyTh gmcia Buja S8m—+1 mim 8m—1, a noTOMy npom3BeleHie XD
aBy......, paBHOE P, OPEICTABHTCA TAKD

(8m 1) (8m" 4+ 1)......(8m, — 1) (8my— 1)......

Ho BB pasiomenim aToro npomssejenia, KpoMb uieHoB® KpaT-
HbIXD 8, Oyzers mmm —+ 1 mrm — 1. Cabx. p JoxmHO GBITH BHAA
8m —+1 mim 8m—1, 9o 1 crbroBalo A0Ka3aTh.

Ilorasapmp, Kak® onpexbisioTca amneitnble pbamream @opMsI
2? &= Ay® mpu A npocTOMD HEYeTHOMB W A4 = 2, HaMB ocTaercs
ToiRe cabiaTh Aad aTAXD »opMb npu A cocrapHomb. Ho BB aTomsp
cxyyat mmumeitnsie pbamreanm x? == Ay® ynob6mbe Bcero BbIBOAATCH
A3D KBaAPATHIHBIXD JbanTeredl, Kb HAMD MBI Teleph & 06pamaemcs.

§ 45. Beipamenie Buja au® -+ 2buv + cv?, rak a, b, ¢ oupe-
abaennbisa umcaa, w, v HeonpelbICHHBIA, MBI HA3BIBAEMD KBAJpa-
THYHOl0 ®opmoro. JIBh kBajpaTmuHBIA LOpMBl au? + 2buv —+ cv?,
@ u? -+ 20 uv -+ ¢ v%, KOTOPBIA CNOCOOHBI BHIPAKATL ORHE U Thike
9nCaa, MbI GYJeMDb HA3bIBATH TORJECTBEHHBIMA W GyJeMb 3aMBHATH
oxny apyroto. Taks @opMb1 au® 4+ 2buv + cv?, au’— 2buw -+ co?,
pasinJaomiacad TOJBKO 3HAKOMD KOeLPHNIEHTa %V CyTh TOMIe-
CTBEHHbIA; NGO 3HAYEHiA IePBOH IpH 4 =, v =13 PaBHBI 3HaYe-
HigMB BrOpOf NpH ¥ = —a, v =f.

W3p 3roro BEAHO, YTO 3HAKD KoeddHHmieHTa b BB oopmb
au® + 2buv—+ cv® MoEeTH ObITh Beerja nepembHens n crbl. sT0TH
KOedPUIIEHTs MOMKETH ObITh 00palleHh BB KOJIMIECTBO MOJ0KH-
TeJbHOE: TAKAMDB MBI €ro H GyJeMDb BCerja npeinolarars.

Uueao pasHoe b*— ac Mb1 GyeMD La3bIBATD ONPEOHAUMENEMS
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©OPMbI au’—+ 2buv —+ cv. Tax® onpeabanrerp ©0pMb1
3u?—+ 10uv —+ 7¢? 6ygers 52— 3.7, mam 4; onpeybiareas @opmbI
3u?—+ 10uv — 7¢? 6yzers 5%+ 3.7, man 46.

JpE @opumbr, mvbiomia paBebIXb onpejbimTeredl, Mbpl 6yleMb
HA3bIBATh 1N0000HGIMU. Tars oopmbl 3u’-+ 10uv —+ 707,
3u? -+ 2uv — v? 1no006HbI; 160 Kakb onpepbimTenr neproit
52— 3.7, Takb u onpexbanrexs Bropoii 12-+ 1.3 pasnbI 4.

CorzacwBmuch BB 3TUX'D HA3BaHIAXB, MBI JOKasKeMD cabuyio-
Y0 TEOpeMy, BeCbMa BAKHYIO 0 CBOMMB NPHIOKEHIAMB.

57. TEoPEMA.

Ecau 65 gpopmn au® + 2buv —+ cv? xoeppuuienms 2b npesoco-
Oums @ wa ¢, mo ama opma Moscems Ouims NPeOoPAIEANA 6%
opywio & u® = 20 uv + ¢ v%, nodobruyi aut—— 2buv —+ cv?, 1Wn 20’
ne Gydems npecocxooums wu &, i ¢ . *)

Joxazamesvcmso. Jlas J0Ka3aTEIBCTBA ITOH TEOPEMBI MBI 110~
KamKeM'b, KakuMb o6pazoMmb npm 2b>a mim 2b>>c¢ <opma
au® -+ 2buv -+ cv® MokeTp OBITH OpeoGpa3oBaHA BB JIPYLYLO
a, u? —+ 2by uv -+ ¢, v*, moI06HY!O NepBoit, rAk UncIeHHad BeanynHa, b,
menbme b. Ho Takb Kakb yMmeHblueHie 9ncCIEHHOH BeIMIHHBI KOed-
onnieAra b He MoxeTdh wATH Aarbe HYJIA; TO MBI HEOGXOXEMO JOii-
eMDb 10 Takoil ©opMbl o u® —— 20’ uv 0%, rik jaasrbiimeeé ymenn-
menie Koeoonnienta b He Moxers mwhte mbera meab. 20" ve >a
mue >c.

Yro6sl mpeoGpasoBaTh LOpMYy au® —+- 2buv —+ cv® BB APYryio
ay u? =+ 2by uv + ¢y v*, b 661 by 6bl10 Menbmie b, mycTsh GyAeTH @
HAUMeHblIee U3D JIBYXD YACEIb ¢ M ¢ (BB cIydal paBeHCTBA HX'B
Mbl MOKEMB B3ATh TO HIA Apyroe 6esb pasimuid) m mhbioe gmcio,

b
KOTOPOe PasHATCA Ch - HE 6oabe xaxb §, mycrb Gyierh m: ode-
Biuuio, m 6yners whioe umclro, nmoaydaemoe npm xrbienin b Ha a,
eCIA OCTATOKh He IPEeBOCXOJATD 4 a; BB mpoTmBHOMD ciydat m

*) 3xben Mbr pasywbems YnCIEHHYIO BeIMYUHY @, b, ¢, a’, U, ¢/, me o6paman
BHUMaHifl Ha 3HAKI STUXB KOIUYECTBD.
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6yxers wbioe ynero, noxysaemoe npu Abrenin b HA @ ® CIOEEHHOE
cb 1. IToraraems u—+ mv = U, 1 Ha OCHOBAHiH 3TOr0 ypaBHEHis
HCKJII0Y9aeMD % H3B OpMbI au’—+2buv—cv®, Taramsb 06pasoMs Ha-
XOJEMB
a(U — mv)? + 2b (U — mv) v + cv?,
a1
alU?+ 2 (b— am) Uv—+ (c — 2bm + am?) 2.

He Tpysno y6banthea, 9ro sTa 20pMa 101060 au®—+ 2buv—+-co?,
M 9TO BB Hell kKoeeonnienTs Uv menbme 20, Bb camoms pbak,
onpegbanrens 910t ©OPMBI €CTH

(b — am)*— a (c— 2bm—+ am?),

4TO OPUBOAUTCA IO PACKPBITIH CKOGOKD Kb b®—ac, a 910 ecTh
onpexbanareas ®opmbl au’® - 2buv -+ co?,

Cp Jipyroit cTOpOHBI, TAKD KAKB M BBHIGPAHO HAMA NOAH YCJO-

. b
BleMb, 4TOOb! PA3HOCTh —- — ObLIA YACIOMD HE NPEBOCXOAAIAMD

i 10 2(b—am)=2a (%—m) 6yJerTs YHCIO, HEempeBocxojid-
mee @ W moroMy Mémpimee 2b; mGO MBI pascMATPHBAEMD POPMY
au® + 2buv —+ cv®, rab 2b UPEBOCXOJUTH OAHO W3H IACETD & H C,
NPATOMD (¢ WIW PABHO C HIA MEHBIIE C.

Caba. BB noxyvennoit namm vopmb

alU?+ 2 (b—am) Uv + (c — 2bm + am?) v*
KOe®PHI[IeHTh CPeJHAr0 YieHa MeHblle cOOTBETCTByIOMmAro eMy Bb
oopmt au® -+ 2buv + co.

Ecan B noxydsennoii mamm oopwb 3TOTH KOed@UIieHTDH IIpe-
BOCXOAHTD OAMHD M3D KOCPPUIICHTOBD KPAfHUXD WIEHOBD; MbI €€
cHoBa OyleMb TakKe MpPeo6pa3oBaTh, Kakb NpPe06Pa30BBIBAIH
au?~+2buv + cv® m GyieMb HOBTOPATH 3TO IpeobpasosaHie 10 TEXD
10pB, HOKA MOIYyYAMD ©0opMy, b Takoe npeo6pasoBanie HEBO3MOKHO
7 crbj. cpelHill Koeo®HIieHTs He NPEBOCXOUTH HH OHOr0 H3'b Kpaii-
srxb. Hanp. nycrs Gyzers jana oopma 3u? -+ 10uv —+ 6¢% Jas

. 5
npeoGpasoBanis ed mmems Ibioe YHCI0, KoTopoe bl Cb - PasHu-

J0ch He Gorbe Kakb Ha J; W TaKb Kakb 3TO 9HCIO €CTh 2, TO Xb-
JaeMb » —+ 20 =U. Broca oTcioga BeIMIAHY % Bb JAHHYI GODMY,
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HAXOXHMB
3(U— 20+ 10 (U— 2v) v+ 607,

4TO IO PACKPBITIH CKOGOKD NPHBOAUTCA Kb TaKoi wopmb
302 — 2U0v— 20,

Br atoit @opmb cpepmiii Koee®HIieHTH He NPEBOCXOANTH HH
OJHOr0 H3b KpailHHX'h; BH IPOTHBHOMDB cIydal Mbl 61 craim ee
CHOBa NpPeo6pa3oBLIBATH.

3w jrorasaHHOil HAME TEOpPeMb! MBI BBIBOAEMDE CABayomis:

58. TEoPEMA.
Ecau onpeomaumens fopmor au® + 2buv —+ cv® ecmv  nor0ocu-
meavnoe wucro D, mo ona Moscems Obimbd NPUsCIeHa K% 6udy
a, uP— 2b, uv — ¢, v*, n a, ¢, + b* =D, wucia a,, c;, No10sCU-

D
meavrvl, KOmopuia ne menvwe 2b, u b ne npesocrodums =

Hoxasamesvcmso. Bb camoms abab mo mpexsiayumeii Teopemth

oopma au® -+ 2buv —+ cv® npeo6PasoBbIBAETCA BB DOPMY
a, u? -+ 2b, uv —+ ¢y V3,
rib 2b, He IIPEBOCXOANTH YHCIEHHOH BeJMYHHBl HH @, HH C,; IpH-
TOMDB Bb 3T0H ®opwb, Kakb mopoGHON au? -+ 2buv —+ cv?, onpexb-
anteap G6yactd mmbre Ty ke BeamumHy D, m crbr. Gyrers
b,*—a, c,=D. Ho npu D > 0 3T0 ypasHenie npejnoiaraers pas-
noctb b® — @, ¢, KOJIAYECTBOMD MOJOKATEABHBIMD, YTO HE MOMKETD
GBITh, €CI ¢, A ¢, AMEIOTD OjuHaKie 3HAKH; MGO TOTAA IPOU3BEJe-
Hie @, ¢, 6yAeTs KOIMIECTBOMD I0JOKATEILHBIMD, NPEBOCXOAAMAMD
b,%, moToMy 4TO YMCJIEHHbIA BeINYmHB! @, W C, He MeHbIIe 2b. Takb
Bb @opMb a, u® -+ 2b, uv -+~ ¢, v® Kpailmie 4IeHB! ¢b IPOTHBHBIMH
3uakamu. Iloxomnms sxe, 9o 9I1eHd a, 4 €cTb TOTH M3 KPAfHAXD,
KOTOphI @MBeTh 3HAKD —+, & WIEeHD C,v° eCTh TOThH, KOTOPBIi
¢t —. HazeiBaa wepesb ¢, 9nmCIeHAYI0 BeIMYRHY C,, Mbl GYIEMB
unbTh ¢, = —c,; BeabjicTBie Yero wopma
a;, u? = 2b, uv —+ ¢, v
u ypasHetie b2 — a,¢, = I m3wbaaTca B Takia
a, u? -+ 2b,uv — ¢, v*, V% +a,c,= D.
Ho no cBoiicTBy Koe@onnieHTOBD 3T0H ©0pMbl OyAETH
a, g6 < 2b,, ¢, He < 2b;;
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BeabICcTBie 9ero m3b ypaBHeRiA
b24+a,c,=D
BBIXOAHTD
D me < b+ 2b,. 2b,, He < 5b2,

b, HEe > ]/—?— .
Bors ycaosie, koTopomy BMberh ¢b ycaosiamm
b2+a,c,=D, a, ne<2b, ¢, ne < 20b,
6yIyTH YAOBIETBOPATH KOEDPHIIEHTH] SOPMBI
a, u® = 2b, uv — ¢, v*,
BbIBEICHHON HAME M3B AAHHOM
au® -+ 2buy —+ v,

Taxn y6bEaaeMca BB CIPAaBELIABOCTH NPELIOMEHHOH Hamm

TEOPEeMbl,

a TOTOMY

59. TEoPEMA.
Eeau onpedwaumens dopmv au—+ 2buv —+ cv® ecmo wucao om-
puyamesroe— Dy mo ona mosicems Ovimb npusedena xs 6udy
a,u?—+-2buv—-c,v*, 10m a,c,— b *=D, roruuecmsa a, uc, ¢z 00una-

D
KuMU 3naramu u ne mewsure 20,5 npumoms b, ne npesocrodums ‘/—— .

3

Jorasamearcmeo. Mb1 Bupbam, uro eopMa au® -+ 2buv —+ co?
MOKeTH ObITh IPHBENeHa Kb BHAY @, u® —+ 2b, uv + ¢, v®, ik 20,
He IPeBOCXOAUTD HH @, HI ¢;; OPATOMB BB 3Toit ®opMb, Kakp no-
106m0i au® -+ 2buv —+ cv?, omperbinters Gyaers umbTh TY-3KE Be-
amgury — D, n cxby. b —a, ¢, = — D.

Ho sro ypasmenie, rak 1) umCIO HOJIOMKHTEIBHOE, MPELIOIA-
raeTh OJUHAKIC 3HAKH Bb KOJIMYECTBAX® @, C,. IIpmroms 3ambuas,
4TO0 @, W ¢, He MeHpIle 2b;, MBI A3b 3TOI0 yPaBHEHiA BBHIBOIAMD

2b,.2b,—b*ne > D,
A0
__ 3bme>D,
m crbg. b, e > ‘/—g—

JorazaBmu 3Ty TeopeMmy, 3aMETHME, 4TO BB pascMaTPHBAEMOMD
namm ciydal eopma a,u’ -+ 2b, uv —+ ¢, v* MOKeTH IPEJCTABIATH
HOJOKHTEIBHBIA YACIA TOIBKO BB CIy9ah @, HOJOKHUTEIbHATrO.
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Bb camoms pxbab, Beipamenie a,u® -+ 2b,uv —+ ¢ v* MOKeTDH
OBITE TAKD LPEACTABIEHO
b c
al -+ 2y + L v,
! ! a
a 9T0 paBHAeTCA

by e, ma—b2 o
al[(u+av)+ Vs

n Bcabacreie ypasuenia b? — a, ¢, = — D npusoxuTca Kb
a, [(u —I-Z—i’l))g—l—- 0% 1)2] )

4T0 BB ciydat a, oTpEOaTeJbHAro He MO:EeTh WMETh 3HAYeHid mo-
JomuTersHaro; 6o D >0, n KBajpaThl (u -+ %v )2, (_;:)s He MoO-
ryrs ambTh 3HAYEHIS OTpHIATEIBHArO.

§ 46. orasaBmn cBoiicTBa KBAPATHIHBIXD ©OPMDb, HEOOXO-
AUMblA Hamb BHoOcIBACTBiW, o6pamaeMca onath Kb Abaarerans
©0pMD BRla 2° == Ay® m jokameMd cabrylomyio Teopemy:

60. TEoPEMA.

Beaxii onmaumens opmor 2* — dy® moxcems Goims npedcmae-
AEHB K6AOPAMUUHOI0 (HOPMOT0, UMIOUYEI ONPEOBAUMEIEMS d.
Hoxasameavcmeo. Ilycts 6yrers p pbimreasr wopmbr a2 — dy?
n P gactHoe oT® Abienia 2® — dy? ma p; npmpaBHmBad Abammoe
npoussefenilo jbanrera Ha 9actHoe, mMbeMb
@ — dy? = pP.
3akep y m P J01EHBI OBITh YACIA OTHOCHTEIBHO ADYI'B ApyTa
HPOCThIA; HOO NO 3TOMY ypaBHeHil0 mpocToe umcldo, ybidamee y u P,
abamre 22 1 caby. x, 9To HEeBO3MOKHO; 160 BB vopMb 22— dy® mbI
BCerja npejuoiaraeMs « u y Hemmbromummu o6maro ybanrens,
Ho npm y npocroms ¢b P cpasuenie
yt=2x (mod. P)
mnbers phmenie, m crbj. maiizerca umexo ¢, nIA KoToparo pas-
HocTh yt— x paspbantea na P. [loxaras e gacraoe orb pbieria

Yyt —x na P paBHbIMD %, nMBeMb
yro—= __ .
T =%
OTKYZa BBIXOIUTH
x =yt —uP.
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BHoca sTo BBIpamenie £ Bb ypaBHeHie

u o' —dy? =y,
HaliieMb
(9t — uP)® — dy*=pP,
WA
P*y* — 2 Pytu —+ (* — d) y* = pP.

IT0 ypaBHenie 1m0 coxpamenin va P aers
2
P = Pu? — 2ytu + t—Pj i

r1k ¢ —d paspbanresa ma P; m6o aT0 ypaBHenie npeinolaraers ak-
anmocth (I —d)y® va P, a y uymcio mpoctoe ¢b P. 3w atoro
yDaBHeHiA MbI BHAEMDB, YTO ) BBIPAIKAETCA KBAJPATHIHOI HOPMOI0
t2; d y

KOTOpOit KoewdHmienTs! cyth P, — 2¢, tz%d 7 caba. oupexbauTes

t2—d
es paBeHd 12— P. 5 I d, 910 T caboBaI0 JOKA3aTh.

p = Pu® — 2ytu -+

U31 arofi TeopeMbl BB COBOKYNHOCTA Ch IOKA3aHHBIMA HAMH
CBOMCTBAMA KBaADATHYHBIXH <$OPMB JErK0 BhIBecTH cabiyromis
TeOPeMbI:

61. TEoPEMA.

Jmaumens 22— Dy® npu D > O moocems Goims NPeOCmMasacHs
Popmoro au® + 2buy — cv?, 1 ac—+ b =D, wucaa a u ¢ noao-
acumensrola, e menvute 2b, u b ne npesocxrodums ]/—’g— .

Hoxasameascmeo. Tlo npexpiaymeit Teopemb Beaxift gbamrean
©0pMbl 22 — Dy? Mo:ReTD GBITh HPEACTABIEHD HOPMOKO

auw?® -+ 2bu -+ cv?,
BB KOTOpOit onpexbanrens b*— ac Gyaers pasent D. Ho Takas
oopMa 1o TeopembB 58-i MomeTdb 6bITH IPABEJEHA Kb BHLY

au® -+ 2buv — cv?,
rib a, b, ¢ yroBieTBopsAOTE ypasHenio ac + b =D, uncia a, ¢
TOJ0RUTEIbHBIA, KOTOphiA He Mempme 2b; umcio b He mpeBocxo-
JATD ]/% ; OTKyJa 1 crbiyeTd NpejlomeHnasd HaMA TeopeMa.

11
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62. TEoPEMA.

Hnwaumens 2*~+ Dy* npu D > 0 mooicems 6oimsd npedcmasaens
gopmoro au~+ 2buv —+ cv®, 10 ac— b> = D, wucia a, ¢ no40dCU-

D
measHol, ne menvuse 2b, u b ne npecocrodums ‘/7

Hoxasameavcmeo. Tlo Teopemb 60-it ybaurers 2? + Dy* npej-
CTaBATCA SOPMOI0
au® -+ 2buv -+ cv?,
KoTopoii onpexbaareas 6ygers — . Ho Takas ®opma mo Teopemb
59-il npEBOAUTCA KD BHLY
au? -+ 2buv -+ cv?,

ik ac— b = D, uncienHad BeIndnHd @, ¢ He MeHbme 2b, 1 b e

NPeBOCXOAATD V_l;_ IIparoM® a 7 ¢ 6y1yTs BMETH 01HHD 3HAK,
KOTOPHIi 31Ech He MOKeTHh ObITh—; 60 BEABIN BB KOHIE npejpiay-
maro naparpa®a, 9To Bb 3TOMB caysab eopmyra au’—- 2buv -+ cv?
He MOMKeTHh IMETh 3HAUeHill NOJOKHTEILHBIX'D.

Taxks y6kEiaeMca BB CIPaBeLINBOCTH NPELI0KEHHOH HAMHA TEO-
peMbI.

Ha ocHoBanim 10Ka3aHHBIX> HAMH TEOPEMD MOIKHO MOKA3ATh
KaKEMH KBAQJPATHYHBIMA $OpPMAMH BeIpamkatorcd Behk pbamrerm pamn-
HOit ®opMBI BHja 2? == Dy

Iokaxems 310 HA mMpAMBpax®.

IIycrs Gyrers pana vopma 22 -+-y®. Ilo Teopemb 62-if pbam-
TeJH ed GYIyTh OPejJCTaBIATbCA LOPMAMH

au? —+ 2buv + cv?,

rik ac — b* =1, @ w ¢ NOJOKATEIbHBIA YHCIA, e MeHblie 2b, 1 D

HE IPeBOCXOAATD ‘/—;,— Ho m3p nocxbpnaro cabayers, uro b=0;
ypasreHie ke ac—b*=1 npn b = 0 gaers ac = 1; oTKyAa AJ51
3HaYeHi#t @ ¥ ¢, KOTOPhIA AOJEHBI ObITH > 0, BBIXOJUTH
a=1, c=1.
W31 atoro mbl 3akiwovaeMsb, uto Bch pbamreanm oopmbl 22—+ g
NPeICTaBIANTCA LOPMOI0 U? —+ 0%,
Ha ocmoBanin 3roit ke Teopemp! pbamream z? -+ 24® Oyayrs
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IPeJCTaBIAThCA POPMAMA
au? - 2buy —+ cv?,

BD KOTOPBHIXD ac—0b?=—=2, @ W ¢ 4HCIa NOJOKATEIbHBIA, HE MEHBIIE
2
2b u b me > V? .
. 2
Ho n3p ycaoeis b we > VT cabayers, uro b= 0; mocrk

TOT0 W3B ypaBHeHid ac—b%*= 2 BeIBOIEMD ac = 2. Ho Tak® Kakb
@ ¥ ¢ JONLKHBI GbITh 9ACIA NOJOKATENBHBIA, TOTO YPaBHeHie mpex-
110Jaraers OLHO H3B JIBYXh: A a—2,c=1,mma=1, c= 2.
ITepsomy npenmnoxoxeniio cooTBbErerByeTs ®opma 2u?—+v%, BTOpOMY
u® - 20°%

Ho str @opmsl TomaecTBeRABI Mexay co6oro; cabr. Bek xbim-
Tern 4% —+ 2y? NpejcTaBATCA OHOK HOPMOI0 2u? —+ o7,

ITozo6npMb 06pasoms nafitems, 9ro ybimrerm 22 — »® mpear-
craBigoTea vopMoto u®— v% pbamrenn x*— 2y® npejcraBiasgoTCA
@opyoto u?— 20 mam 2u—o?, yhamrenn 2°— 3y® npeicraBagoTCA
vopMamn 3u?—o? w?—30° Jag npuwbpa 6oabe ca0EHBIXD GOPMB
BO3BMEMB 2% — 214/,

[Io Teopemt 61-ifi pbamreanm aroit ®opmpl GYIyTH mpeicras-
JATHCA KBJPATHIHBIMA $HOPMAMM

au? -+ 2buv — cv?,
BT KOTODPBIXD
b ne > V% , ac—+b?=21.

IIepsoe mam® onpexbagers Bck BO3MOMKRHBIA Beamumubl b; W3D

HEr0 MBI 3aKJII0IAEMB, YTO b MOKETh UMETH TOIBKO 3HAUEHIA
0, 1, 2.

IIpeguoxaras b nocrbrosaTelsHo paBHBIMG BCEMDB 3TAMD 9H-
caaMb, Mbl H3B ypaBHenia ac—-b?= 21, obpamad BEAMaHiC Ha TO,
ato @ u ¢ 6oxrbe O n Be menbe 20, naiiiemd Bch 3HaUenid, KOTOPbIA
moryrs umbTh @, b, ¢ BB wopnb au?—+ 2buv— cv?, onperbiaomeit
pbamrexeit 2 — 2142 Takp pbraa b = 0, mafizens ac = 21, uro
MOMETH ObITh YAOBIETBOPEHO TOJLKO NpPEANOJOKeHIAMA

a=1 a=3 | a=7 | a=21
c=21|¢c=T7|c=3|c=1,

11*
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koropsla Bk yaosIeTBopsoTh yeaosiro: ¢ m ¢ > 0 1 He << 2b, ik
b=0.
Jbraa b =1, naiigems ac + 1 = 21; otkysa ac == 20, 1 370
HPABOJUTD HACH Kb IPEJIOJ0KEHIAMD
a= 1l|la= 2 |a=4|a=5H a=20
c=20|¢c=10 | c=5H | c=4 c= 1.
Ho neproe u nocrbiuee He yI0BIETBOPAIOTS YCIOBiw0: ¢ 1 ¢ 11e < 2b;
6o b=1,
Nraxs gaa b =1 6yzerd 0HO H3D YETHIPEX'D
a= 2 |a=4 | a=5H | a=10
c=10|c¢c=5H5|c=4]|c= 2.
Haxronens jisg b—2 Haxogump ac—+4 —21; oTKyja ac=17,
7 cab1. o1HO WD JBYXH
a= 1| a=17
c=17 | ¢c= 1.
Ho o6a atn caygaa HeBo3MoxHBI, H60 20, 6yrydn 3p5chp paBHO
4, Bb IEPBOMB NPEJIOJOKEHIn NPEBOCXOAUTD ¢, BO BTOPOMb C.
Uraxs Beh pbanremn 2° — 174® 10JEHBI NPEICTABIATBCA DOP-
MaMA

a=10
c= 2

u?— 2102, 3u— Tv?, Tu?— 3¢% 21u®— %,
2u? —+ 2uv — 1007, 4u? 4+ 2uv — 5v%, Hu® -+ 2uv — 402,
100 -+ 2uw — 202
Ho oopmpr 242 -+ 2uv — 1002, 10u® —+ 2uw — 2¢* jalTh OHO
upcaa deTHbld; cabi. Bck nedernele pbamrean 2 — 21y® GyayTh
IPEACTABIATECA POPMAMH
u?— 210 3u®— To?, Tu?— 307, 21u®—?
4u? -+ 2uv — 5v%, 5u? 4+ 2uv — 402
Jasa gpyraro npambpa BosbMeMB @opmy %° -+ 26y%. Ilo Teo-
pemk 62-it phanremn esa mpeacraBaTca ®OpMaMn
au? + 2buw —+ co?,
r1b
b He>]/%9, ac—b* =26, a nc ne < 2b.
IlepBoe HepaBeHCTBO mpeinoJaraeTb O OAHAME H3b TPEXDb UM-

cel'b
0, 1, 2.



— 165 —

JNbaas b= 0, mer jast oupeybienia ¢ B ¢ HAXOAEMD YCIOBLA
ac=26, a n ¢ e < 0.
1! ycIoBiA UPEBOAATH HACH Kb NPEANOJOREHIAMD
a= 1|a= 2| a=13 | a=26
c=26 | c=13 = 2| c¢c= 1.
Jbaaa b= 1, Mpl HAX0AUMB
ac=27, a n ¢ He < 2.

YpaBueniio ac = 27 yJ0BIETBOPATD
a= 1|a=3 | a=9
c=27¢c=9 | c=3

Ho u3b 9Tuxp BEIMYNHD ¢ H ¢ YCIOBiO

a e < 2, ¢ e < 2
YIOBIETBOPATD TOABKO
=3
c=9
Haxonens pig b = 2 maxogmMs
ac=30, a 1 ¢ He < 4.
Ypasurerito ac = 30 MbI yJ0BJIETBOPAEMD IPEIIOIOKEHIAMM
6= 1|a= 2 |a= 3 |a=0|a=6|a=10|a=15H
¢c=30|c¢c=15|¢=10 |c=6 |c=5|c= 3 |c= 2
Ho n3® nux® yeaosio
aHe < 4,cHe < 4
YIOBIETBOPAITS TOIBKO
a=2>5 =206
c=6 | ¢=>5.
Orciona pan pbanreneii 2°-+26y? BbIX0aATH cxbayromia oopMbl
u? 2607, 2u® 1307 13u® -+ 20% 26u + 07
3u? —+ 2uv + 90*, 9u® —+ 2uv + 307, Bu? 4 4uv - 607
6u® + duv -+ 502

a=27
¢c= 1.

a=29
¢c=3.

a==30
c= 1.

amtbuasn, aro 3ybes u? -+ 2607 TomaecTBeHHO b 26u® -1- v?
2u2+132% ¢b 13uP+207, 3uP+ 2uv + 90 ¢b U+ 2uv 4+ 307,
Sut—+ 4uv + 60® b 6u®~+ 4uv -+ 50?, 3aK1ouaeMs, 9ro Bck rb-
aarean x2—+26y> Gy1yTh NPEACTABIATHCA POPMAMA
u? —+ 2607 2u® + 1302, 3u® -+ 2uv + 9v% Bu? + duw -+ 607

Bo1p kakmMDb 006pa30Mb Ha OCHOBAHIE JOKA3AHHBIX'> HAMA TEQ-
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PeMB MOTYTH GbITh BblBeJeHbI BCE KBaapaTHUHbIa ®opMbl Ahaarenei
2? 2= Dy?. Orciofa BBIXOJUTH MHOIO JIOGONBITHBIXD NPELIOKEnii
orHocuTelpHo phmenia ypasmeniii Bmaa ax? + 2bry + cy® = H,
COCTaBIAIIEXD npeamers A3crbaoBania Teopim HeonpexrbieHHBIXD
ypaBHeHill BelCIIEX'D cTenenefl. 3x5ch e MBI BoCHOAb3yeMCA KBaj-
parmuebiME PopmaM: Abmmreneir 22 == Dy? jpaa onpepbienia ero
JpHefiHpIXD pbamTexefi. Mbl nokasalm, Kakb HafiayTca abimrean
2 2= Dy?, xorga D umcro mpocroe; Teuepb MBI HOKaEeMb, KaKkb
HafigyTca ybamTean 3Toit ®OpMbl NpH BCAKOMD 3Hadenin D, 6ylerdb
an D gmexo npocroe mim coctaBHoe. IIpm aToMb MBI GyleMB npen-
nojarats D mepbadmpmMes Ha KBagpaTh Kakoro HHOYAp dncla; HGO
a1a D= D, k* eopma x* = D, k*y? npusegerca kb 2? 2= D, (ky),
m crby. kb 2?2+ D, y,?, nosaraa y,= ky. Utaxs pascmarphsas yb-
amrenedi opmbl 22 = Dy, MBI MOKeMb BBIKHHYTh H3bH cocraBa I
BcE TouHble KBaApaThl; LOCTyNad TAKAMD 06DPa3oMb, MbI 0yleMb
amb1e wopuer Baaa 22 &= Dy?, rab D ne ybamtcs Ha KBajparh Ka-
Koro HEGYAp umcia; onperbremiemd pbanTeseil 9THXD 20pMD MBI
Tenepp u 3aiimemes.

§ 47, HOpempe abnb nokasmens, KAKAMD 06Pa3oMb H3b KBaj-
PaTHYHBIXD ®0pMDB ALauTeleli MOryTH GbITH BBIBEJeHbl JHHEHHBIC
JBanTean, Mpl AOKaMmeMb OTHOCHTEIBHO ©OPMBbI au® -+ 2buv —+ cv?
cabaywomia TeopeMbl:

63. TEoOPEMA.

Feauw onpednaumens gopmor au? -+ 2buv —+ cv? ccmv d, wucao
HEOMAAUYEECA N KEAOPAMB, MO MONHCHO HAWUMU YUCAO &, 048 KONLO-
paro @ + 2be —+ ca? Oydems wucao npocmoe ¢ d.

Hoxasameascmso. Bb camoms pbab, nyctb 6yaers w o6uiil
Ham6OJpmift AbauTenp ¢ u d; 9ncio w He GyAeTD 3aKI09aTh Bb ce6h
MHORATEJeMDb HEKAKOro KBaapata; 60 d He ABIATCA Ha KBAApATh.
Ho no 3navenito d mp1 mmbems b*— ac = d; oTKyAa carbayeTs, 4To
©, o6wiit xbxaress ¢ u d, ybanrs b2, u caby. no meopemn 6-i xb-
aaTDb b. JlokameMb ke Tenepb, BO 1-Xb) 4TO MOKHO BCErja HAlTH

. cu+b
9UCI0 o, AJA KOTOPAro BbIpa:KeH1e a—w— npuUBOAUTCA KB YACIY IPO-
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CTOMY CB —:l;, 1 BO 2-Xb) 9T0 TAK0E YACIO o 06paliacTd a—+20a-+ca?
B'b YACIO NPOCTOE Cb d.

By uepsoms me tpysuno y6brureca, sambruesn, uto upm xbam-
mocta b Ha w, o6miit HanGOabmiit gbamreas ¢ u d, no Teopemb 19
MOKHO HA@TA 9ACHO, YAOBJIETBOPAOINEE CPABHEHiI0

co—+b=0 (Mo0. d),

4T0 Hpejnoraraers Lbammocts ca + b — o Ha d. Iloiaras ke ga-

cruoe orb Abaenisn co +b— o Ba d paBEpIMb N, Gyremd nmbrb
ca+b—w
—g =N
0TKYJa BBIXOAHTD
b d
2 =14-NZ,
(0] (0]
ca-+Db
(0]

d
4TO0 OﬁH&pyH{ﬂBaeT’b BDb 9HCJ0 IPOCTOE Cb —
®

Yro6p1 yobaarecsa Bo BropoMsb, Mbl 3ambuaeMb, yTo BBIpdIMKe-
nie a—+2bo—+co’ MOKETH GhITh HPEJCTABIEHO TAKD

(ca+b>2 b2 —ac
6) ——

c

©

(O] (O]

rib sambnas 0° — ac yepess d, awbems
o (ca -+ b>2 d

(0] (0]

<
(4]
d
Uncxo ke d pasiaraerTcs Ha JBa MHOKHATCIA - H ©, KOTODbIe
ue Moryts umbre o6maro ybimrexs; n6o d ue Moxerhb AbaaThCA Ha
o d . 3 ca—4-b 0
KBaAPaTh; UPATOMB — N0 CBOMCTBY wAcIa o npocroe ¢b — — - O1-
d
cioja cabiyers, 9T0 HA w, HE — HE MOryTh EMBTb 06IIAro MHOKH-

¢ b\2 d .
") —=; u60 NPOCTBIA YMCIA, BXOLAMA BB CO-

TCAd Cb W (

c b\2 a
CTaBb o, 1hia o <—a%:—>, e MoryTs AbauTh —; Hauporneb ABum-

d b\e b\ d
TEIH — He MOTYI'h ABIATH © (C“ -+ ) . Urags w (-cif——) — Zncaby.
w W () (V]

(ca -+ b>2 d

w — —— e

® ®
£

= a + 2bo. + co?
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YACJO0 NIPOCTOE Chb ® | g, a NOTOMYy W Cb IPOM3BEAEHIeMb HX'b d,
q9r0 7 cIbA0BAJO JOKA3ATH.

Jaa mpavbpa HafizemM® 4mcio e, Aad KOTOparo 6s1 3-+2.21c-+
217¢” 66110 unCIO mpocToe ¢b 212 — 3.217 = — 210. 3ambuas,

uT0 06miit HamGOabmiil yhamreap 217 m 210 ecTh 7, MBI A14 onpe-

) ) Ta -+ 21
rhienia « HAXOAMMDB ycIOBie, UTO —21—9‘—7—4'——, mm 3le -+ 3 uwhcao

210 .
npocroe ¢b —- mam 30. droMy yCao0Bil0, Kakb BEABIA, MOKHO BCe-
T3 yJOBIETBODHTh, phmas cpaBHeHie

2170+ 21 =7 (mod. 210).

Ho BB aroms caysab, kakb @ B 60JblIell YaCTH JPYIAXD, Mbl
MOKEMD JEerKo HafiTm o, npoGys pa3inmiubld gncha. Takb HAXOAUMD,
910 o= — 2 o6pamaerd 31a—+3 BB uncio npocroe ¢b 30. Crbr.
u BhIpaskerie 3 —+ 2.21a—+ 2170® ups o = — 2 6yieTH IACIO
npoctoe ¢b 210.

Ha ocroBanin Jforasannoii HAME TeOpeMbl JJIA BCAKOH <OPMBI
au’~+ 2buv -+ cv® Hafigerea uncao a, o6pamaromee @ —+ 2ba —+ co?
BB 9mcio mpocroe cb onpexbimreremd ed. Onperbampmm Taroe
9UCI0, MBI MOMEMD NpPeo6paszoBaTh LOPMYy au’ —+ 2buv —+ cv® BB
Apyryio, rib nepsslii 41edd OyieTs AMETh KOE®PUIieHTOMD YACIO
upocroe ¢b onpepbiurereMs ed d. ITOro Mbl JOCTHTHEMD BCErja,
rbaaa BB aroit @opub v—oau="U, r1k o ecTbuncro, o6pamatomee
a—+2ba—+ca’ BB grcno npocroe ¢bd. Bw camoms pbrk, m3w sroro
ypaBHeHiA HaiileMdb v = au —+ U, I BHOCA 3Ty BEIWIAHY Bb SOPMY
au®~+3buv—cv®, Mbl ee NpeodpasyeMb Bb TAKYIO

aw® —+ 2b (au + U) u ¢ (au -+ U,
9TO 10 PACKPHITIH CKOGOKD J1aeTh
(@ -+ 2ba + co®) w? + 2 (b—+ ac) uU —+ cU?,

rik Koew®HIieHTD HepBaro 4aeHa ectb ¢ -+ 2bo—- ca’, 4ncIo mpo-
CToe Cb d 10 MOJ0EeHilo.

Taxs aro6s! cxbiare BB vopub 3u® + 2. 21uv + 217¢° nep-
BBl KOE®OHUOIEHTH YACIOMB INPOCTBIMD Cb onperbimreleMst e,
HIIEMB 9HCIO o, KoTopoe ObI o6parmio 3 —+ 2,21 -+ 217a?
BB 4EcI0 mnpocroe c¢b 210, Iromy ycIoBil, Kakb BEAEIH,
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yroBierBopaeTs o = — 2. IloaToMy naa npeoGpasoBamis ®opmbl
3u® —+- 2.21uv + 217v* pbiraems v+ 2u = U, n Ha mbcro v BB
oopmy 3u? —+ 2.21uv —+ 217v BHOCEMB U — 2. ITO Aa€TH HAMB
3uf+-2.21 (U— 2u) u—+ 217 (U — 2u)?,
AJIA
787u* — 826 Uu + 217U,

TakaMb 006pa3soMb JAHHAA BOPMA
34+ 2.21uw 4+ 21707

11peo6Gpa3oBbIBaeTCA BH ©OPMY
787u® — 826uU —+ 217 U2,

Ilocabpuas eopma cromube nepsoii; Ho oHa EMBETT Ty BBIFOLY,
YTO B HEll KOed®dHI[ieHTHs %® YHCIO HPOCTOE Cb onperbimreneMs.
OTO MOCIYKATH 3HAYATEIBHBIMG 00JerdeHieMs 1pm onpegbienin u-
HeitnpIxp rbamrerseit, m Tenepb Be3yh Mbl GyjeMb IPeANOJaraTh KBa-
APATHIHBIA ©OPMBI MPE0GPA30BAHHBIMA TaKb, YTO BB HAX'D HEPBBI
KOed®HUIieHTh YACI0 mpocroe ¢bonpexbimarerens, Bb aToMd mpej-
IOJOKEHIN Mbl JOKameMb cIbIyomia TeopeMbl OTHOCHTEIbHO KBa-

APATAYHBIXD ©OPMB:
64. TEOPEMA.

Ecau 63 hopmn au® - 2buv—cv® wucao a npocmoe cs onpeorn-
aumenems b*— ac = d, mo MmoocHo Havimu wucao I, yoossemeopaio-
wee CPasHenin

au® + 2buv + cv* = al® + 2bl 4+ ¢ (moo. d).

Honasameascmso. Bb camomd abrB, mpm @ npocroms ¢b d

cpaBHeHie
a (au® + 2buv -+ cv®) = a (al® + 20l + ¢) (Mo0. d)

MOKeTDh GBITh COKpalleHo Ha @; BcabjicTBie Yero 0HO NPHBOARTCA Kb
au® —+ 2buv + cv* = al® -+ 2bl -+ ¢ (mo0. d),
KOTOpoe XOTAMD A0Ka3aTh. Ho cpaBHeHie
a (au? -+ 2buv -+ cv*) = a (al® -+ 2bl <+ ¢) (mod. d)
MOKETH GbITh TAK'h TPELCTABICHO:
(au + bv)* — (b* — ac) v* = (al + b)* — (b* — ac) (mod. d),
9TO 10 paBeHCTBY b— ac® ¢b MOAYyAeMDb d NPHBOANTCA Kb CIbryro-

memy
(au —+ bv)* = (al + b)* (m00. d),
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a 3TO YJOBIETBODPSETCH, €CIH
al + b == au -+ bv (mod. d).

Ho nocabyuemy cpasneniio Mbl Bcera MOKEMb VIOBIETBOPHTD, W60

OHO I1ePBOfl CTCIEHN M @ Ipocroe ¢b d; OTKYyJa M BBIXOAUTD Ipej-

JOMKEHHaA HAMA TeopeMa.

Ha ocnoBamim 3T0#f TeopeMpl Mbl 3aKINYaeMb, YTO ecidm NpPH
Bchxb Beamumsax® [ 3Hadenia al® -+ 2bl +c¢ mo mopymo d cpas-
HAMBI Cb YACIAME

U PR
TO Cb HEMH CPaBHHEMBl Tarie # BeH sHAgeHis au® -+ 2buw -+ cv?,
n caba. Beh gmena, ompeabiseMpla 3Tor0 ®opMOH GYIYTH OAHOTO
A3b cabiyomuxs BAIOBD

md ~- 1y, md —7yy....ce. Md -7,

rib m nponssoabHoe gmex0. UT0MKE KACACTCA 10 TACEAD 7y, Tgy....
¢h KOTODBIMH CPaBHAMbI 110 MoayXwo d Bch s3magenia al? -+ 2al + ¢
TO MBI HX'b HalileMb, onpeibias gmcia, cpaBHAMBIA Cb 3TAMD BbI-
pamenieMd npu (=0, 1, 2,...... d — 1; #60 ¢b STHMH 3HAYECHIAMH
alP-+2bl-+c¢ o mopymo d Gyayrs cpaBHEMBI BCh Apyris.

Taxp 1ua BbIpamenia gucerdb, onpenbineMbIXs ©OPMOIO

aw® + 2buv -+ cv?,
naiijeMb IAHEHHbIA $OPMBI
md =1, M —=7,,..... Md =7,

Ho raxnasa n3p 5TAXD ©OPMB IPHBOJUTCA Kb IETHIPEMB, CMOTPs
10 BHAY uncia . Takd mpeinoiarad BbepBoil @opME m paBHbIMD
4z, 42+ 1, 42 + 2, 42 4+ 3, Mbl U3D HeA BbIBEJEMD YEThIPC

4dz —+r,, 4dz+d —+r, 4de =+ 2d 1), 4dz+ 3d 71,

M OI'PAHMIMBAACH OJHAMA HEYETHBIMA 3HATEHIAME au’ -+ 2buv —+-co®,
IOCMOTPHMB, KOTOPBIA H3D 3THXD $OPMDB AOIKHBI ObITh BHIKHHYTHI.
Haunens ¢b d mevernaro. Ilpm d HeweTHOMD MeELy dmcIaMm
ry, d-+7, 2d—+r, 3d-r, Oylers ABa YeTHBIXD H JABA HeYeT-
HbIXD (cM. Teop. 10). OrpasmymBasch OJHAMD HEUETHHIMH 3HAUC-
HiAME au® —+ 2buv —+ cv®, MBI I3D 9ETHIPEXD LOPMb
4dz =1, 4ds+d -1, 4de—+2d +r;, 4dz 4+ 3d 1,

BbIKMHEMD ABE, Bb KOTODBIX'® WIeHB! HE COJepiRallie 2 GyAyTh YeT-
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Hple. 3aTEMD LI BblpameHisa HEYeTHBIX'b 3HaYeniit au’—-2buv-+cov?
ocranyrcsa ABL ©0pMbl, H3b KOTOPBIXB OHA 6YJAeTH AABATH YHCIA
Bpja 4m —+ 1, gpyras smia 4m —+ 3 (cm. § 44).

31 3TAX> ©0pMB MLI OCTABAMD MIA OAHY TOIbKO mam 00B,
CMOTDA TIOTOMY JA€TD JIH HOpMa au’—2buv-+-cv? ofun 9ncia BHIA
4m <+ 1 mm opum yncaa Buja 4m —+ 3 mmm 5 m apyria smberk.
Ho ato y3maem® MbI, 3aMbuasd, 9TO OTHOCHATCIBHO % H ¥ MOMKHO

cxbiate geThIpe mpeanoJomKeHis
=2k |lu=2k+1|u=2k+1|u=2k
=28 | v =25 v=28+1 v=25+1.

Bueca e srn snagenia w m v Bp @opmy au® -+ 20buv +4- cv?,

1aXO0UMDB Pe3yIbTaThl TAKOrO BHAA

4N, 4N, +-a, 4N,+a—+ 2b—+c, 4N;+ ¢,
rak maseiBaens uepeas 4N, 4N, 4N,, 4N, COBOKYIHOCTb LICHOBD,
avbowrxs MnokaTeIeMs 4.

W3p sToro BmiHO, YTO cCam HE OXHO H3b YACEND @, C,
a-+2b+c ne ectp BHia 4m -+ 1 mmm 4m -+ 3, TO @opMa
auw® -+ 2buv -+ cv® e JaeTd YACeab ITOr0 BHJA.

Odpautaenca Tenepb Kb CIy4alo d 9eTHArO.

IIpn d vernoms Bek uncia ), d—+7,, 2d -+ 7, 3d -7, LI
OyAyTD YeTHblA mam Bck 6yryTp Heuerneld. Bb nepBoMb crydak
MbI 3aKIIYAMB, 970 LopMa au® -+ 2buv—cv® He jaerh UACEIH HE-
9eTHBIX'B; BO BTODOMD :Ke IO BHAY YHACEIb 7, d -1, 2d-+r7,
3d-+7, MBI y3HaeMb KaKOr'0 I3 YeThipex BEAOBD: Sm—+1, 8m—+3,
8m—+-5, 8m—+T 4ACcIa BBIPAKAIOTCA KA L0 H3D JHHEHHBIX'D LOPMD
4dz 41, 4dz+d v, 4dz + 2d +r,, 4dz + 3d -7, u MBI
YBHAUMB, KOTOPBIA W3BH HHAXD JOWKHBI GBITh BBIKAHYTBI, OLpE-
LbInBB, KaKNXD 3D 9eThIpeXd BAIOBD Sm—~+1, 8m -+ 3, 8m—-5,
8m 7 mDoaydaioTesA UMCIa W3H LOPMBI au’ -+ 2buv —+ co?. Jlas
aroro Mbpl 3ambuaeMb, 9TO OTHOCHTEIbHO W ¥ MOMHO cibiarh
TOJBKO J€BATH HPEANOJOKeHil:

=2k 4+1|u=2k+1|u=2k+1|u=—4~Fk u =4k

v=25-+1|v=14s v=4s+ 2 | v = 2s+1| v = 4s
w =4k Uu=—=4k+-2 |u=4k +2 | u=—=4k+ 2
v=4s+2 |v=25+1|v =45+ 2 | v =148




— 172 —

H3b KOTOPBIXD YeThipe

=4k | uw =4k w=4k—+2 | u=4k+2
v=4s|v=48s+2|v=45s+2 |v =48

He Jo.REbI mMBTh MBera; M60 BB HOXD 3HaYeHie au’—~ 2buv -+ cv’
6yaeTd BCerza 4mcao derHoe. Uro ke KacaeTcd A0 OCTAIbHBIXB
npefnoxokenii, To gbiaa 8p vopub au® + 2buv -+ cv?
w=2k-+1|uw=2k+1|u=2k+1|u=4k+2 | u=4%k
v =281 |v=4s v=4s-+2 | v=25+1 | v=25+1,
MbI HAXOJAMB Pe3yIbTAThI TAKOT'O BAAA
8N+a5=2b—+c¢, 8N,+a, 8N,+ a + 4b—+ 4c,
8N; + 4a + 4b—+c¢, 8N, +c,

rik 8N, 8N, 8N,, 8N,, 8N, o3HauaeTh COBOKYNHOCTH BCEXD
YIEHOBD, IMBIOIMAXD MHOKATENEND 8; CIOJa JKe OTHOCATCA YIEHBI
4 (k* + k), 4 (s®+s), KoTOphle Ha 8, 0YeBHAHO, ABaaTes.

Otcroga cxbpyers, uto 9dcia, onperbigeMpia ©opMoio

au® —+ 2buv —+ cv?,

MoryTs HMETH Kakoil am6o u3b BALOBB 8m—+1, 8m-+3, 8m-+5,
8m -+ 7 TOJIbKO TOrAAa, KOIJa 3TOr'0 BHJA eCTh YACIO MEKLy «, C,
a==2b-+c, 4a—+ 4b—+ ¢, a + 4b + 4¢, 1 sraMs onpepbiadercs,
KOTODbIA M3 YETHIPEXs HOPMD

4dz +r,, 4dz +d 1), 4dz + 2d +r,, 4dz—+ 3d 1,

MOTYTDH BBIDAJKATh HEUETHDLIA 3HAYeHia au’ -+ 2buv —+ cv*® I KoTo-
pbIA JOXKHBI GBITH OTKHHYTHI.

IToxaxems ato Ha npumbpk.

Mur sagpban, uro Beh Hegernnie pbamrenn x®—+26y* npejcras-
IAI0TCA $OPMaMA
u? = 2607, 2u® 1307, 3u® 4+ 2uv —+ 9v%, Hu® + duv + 607
910661 onperbanTs JAnHeHHBIA POPMBI UHCENb, NPEACTABIAEMBIX'B
nepeoio, Mbl 3aMbiaems, 9ro BH Hell KoewonmienTs #® me mMbers
obmaro jpbinrera cb onperbanTeleMb ©OPMBI; LOITOMY Kb Heil
MOKeTD ObITh IpmioeHa meopema 64. Ha ocHoBamim arofi Teo-
peMbl Mbl 3aKI0YaeMb, 9T0 Beh 3HadeHia u®—+ 26v° no mopymo 26
6yAyTH cpaBHEMB! CH TEMA sKe UACIaMH, Cb KOTODBIMH CPABHIMBI
3uavgenia I+ 26 npu /=0, 1, 2,........ 25. Ho Hanvenpmis
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YAcIa, CPABHAMBIA Cb
0%+ 26, 12+ 26, 2°4-26........ 252 26
o MOAyI:0 26, MbI HaX0AMMB BB ocraTkb, moiysaemoms npm Ak-
JeHinm sTHXB 4mcerd Ha 26. Onpexbias aTm ocraTkE, HAXOLOMD,
4ro Bch oHm paBHBI
0,1, 4,9, 16, 25, 10, 23, 12, 3, 22, 17, 14, 13.
OTKyna 3aKIio4aeM’b, YTO Cb ITHAMH UACIAMH 1O MOAyII0 26
cpaBHEMBI 1 Beh 3Hadenia u” —+— 2602, a mOTOMY HTH 3HAYEHia 10J-
AKHBI TIPEJCTABIATHCA $OPMAMH
26m—+-0, 26m—+1, 26m-+4, 26m—+9, 26m—+16,
26m—+25, 26m—+10, 26m—+23, 26m-+12, 26m—+3,
26m—+-22, 26m—+17, 26m—+14, 26m-+13,
Ho m31b HEXD TOILKO ©OPMbI
26m—+1, 26m—+9, 26m-+25, 26m-+23
26m—+3, 26m—+17
JAI0TD YHCIA HEYeTHBIA W NPOCTHIA Cb 26; XD MbI TOIBKO H OCTA-
BuMb. Nbaasa 3ybes m=42, 42—+ 1, 4¢+2, 42-+3, MbI BEIBOAEMD
1042+1, 1042-+27, 1042+53, 1045479,
1042+9, 104z+-35, 1042+61, 1042+87,
1042—+-25, 1042451, 1042+77, 1042+-103,
1042—+23, 1042+49, 104275, 1042+101,
1042+3, 1042—+29, 1042+55, 1042+81,
1042+17, 1042+-43, 1042+69, 1042—+95.
Ho uT0681 y3HaTH, KOTOPHIA H3B ITHX'H HOPMD JOJKHO OCTABATH
H KOTODPBIA BBIKHHYTH, MBI JOJKHBI OnpelbInTh, KaKie U3h 9€ThIPeXb
BHJOBD 8m—+1, 8m—+3, 8m—~+5, 8m—+T7 mwboors wmcia, moxy-
9aeMbld H3b POpMbI u’—+260%, Mbl Brrbin, 910 BOOGIIE 1151 SOPMBI
au’—+2buv—+cv® ato onpepbiaserca BEjaMA YACETH
a, ¢, a5=2b—+c, 4a-+4b—+-c, a+4b-+4c,
Otcrona 1aa ©OpMbI % ~+-26¢7 BBIXOAATD
1, 26, 1+26, 4+26, 1+4.26.
Ho 3ybes vbrs uncers Buga 8m—+5 m 8m—+7. Caby. b Haii-
JeHHBIX'h HAMH ©ODMax’h Mbl JONEKHBI OTKHHYTH TE, KOTOpBIA
JA0TD YACIA HTOTO BHJA.
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Taxs sambuas, gro 53, 61,77,29,101, 69 cyrs Brja 8m-+5,
a uncia 79, 87, 103, 55, 23, 95 suga 8m—7, MBI OTKABIBAEMD

POPMBI
1042-+53, 1042-+-61, 104277, 1042-+29,

1044-+101, 1042-+-69, 1042479, 1042487,
1042103, 104255, 1042-+23, 1042+95,

H y Hacth ocrawrca cabpyromia:
1042-+1, 1042427, 1042+9, 1042435,
1042+25, 1042-+51, 1042+49, 104275, 104243,
1042+81, 1042+17, 1042+ 43.

Packpoemd Teneph JHHEHHBIA ©OPMbI YHCENB, onperbiAeMBIXD
KBaApaTHIHO ©opMoio 2u” —+ 13¢0°. Ho wb ar0il wopwb Heabss
UpAMO UPHIOKHTH Teopemy 64; m60 BB Heil KOEDDHUIEHTH #® ecTh
2, gmcao Henpocroe ¢b onpexbinTeleMb—26.

ITosToMy MBI JOJKHBI IPE/IBAPATEIbHO 3Ty POPMY HpeoGpaso-
BaTh N0 crocoGy moxasaHHoMy Hamm Bbime. Jlaa artoro, 3ambuag,
yTo oO0miff BamGoapmid gbimrers 2 m 26 ects 2, Mbl WINEME a,
KoTopoe 0bI 06paTHIO 2i;;0, Win o, BB YACIO IpocToe ¢b 13.
Jromy ycaoBiw yoBieTBopAeTh 1, a moroMy AJd npeoGpa3oBaHis
®opMbl 2u’—+132* BHocuMs B Hee U-+u Ha Mbero v, gepess uTo

0Ha o6pamaercsa Bb crbaywomyo
15u*+26uU-+13U°%,

IToxyunss TaKEMB 06pPa30MB OPMY, B'b KOTOPOH NEPBBIA Koed-
UIieHTD YUCIO mpocToe ¢b onperbanrereMb — 26, MbI HAa OCHO-
Balin Teopembl 64 3aKI09aeMb, 49TO ed 3Hadenis mo Mopyao 26
OyLyTh CPaBHAMBI Cb OCTATKAMH, HOXydaeMbIMA npm Ahiein
15.0°4+26.0-+13, 15.1°+26.1+13,...., 15.25°+-26.25+13
na 26.

Ho atm ocTraTkm MBI HAXOAAM'D PABHBIMA YACIAMD

13, 2, 21, 18, 19, 24, 7, 20, 11, 6, 5, 8, 15, 0;
caby. mo Moayao 26 cpasumMbl ¢b mmvm Beh 3Hawenia 15u®--

26ulU~-13U°%, a n0TOMY OIM MOTYTBH GBITh IPEACTABICHBI SOPMAMH
26m—+13, 26m—+2, 26m—+21, 26m—+18,

26m—+19, 26m-+24, 26m—+7, 26m-+20, 26m—+11,
26m—+6, 26m-+5, 26m—+8, 26m—+15, 26m—-0.
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Ho #3% 3TBX'D $0PM'D TOJIBKO
26m—+21, 26m—+19, 26m—+7, 26m-+11, 26m—+5, 26m—+15
JAIOTH YMCHA HEYETHbIA W NPOCThlA ¢b onpelbaarereMs—26; UXD
MBI TOJBKO W ocraBiseMb. JLraa 3abee m=4z, 421, 42+2,
4z-+3, Mbl H3D ITHX'D POPMD BHIBOAUMD
1042+21, 1042447, 1042473, 1042-+99,
1042419, 1042445, 1042+71, 1042497,
1042+7, 1042+33, 104¢+59, 1042485,
1042+11, 1042437, 1042+63, 1042+ 89,
1042+5, 1042431, 1042-+57, 1042-+-83,
1042+15, 1042+41, 1042-+67, 1042+-93.
Ho uncaa, BpIpamaeMpld L0OPMOIO
15u*+26uU-+130%,

He MOTYTH 6bITh BOAa 8m—+1 m 8m—+ 3; n60 HA 0jHO W3DB YHCETDH
15, 13, 15526+13, 4.15+-2.26+13, 15+2.26+4.13
He ecTh 3Toro Bnia. IloaToMy m3b naifileHHBIXD JHNEHHLIX'D GOPMD
MBI JIOJKHBI BBIKAIYTH BCH, KOTOPHIA JalTDH 9ACIa 0ad BUja Sm—+-1

um 8m—+3.
Sarbmbp 114 BBIpasKeHia 4mceIrb HEUETHBIXB H NPOCTBIXH Cb
onpexrbinTerems, noIyuaeMsixs usb Lopmbl 15u*+-26ulU~+13U7,

0CTaI0TCA
1042+21, 1042447, 1042+45, 1042+-71,

1042—+7, 1042485, 1042+37, 1042463,
1042—+5, 1042+31, 1042415, 1042+93.

Yro6n1 naiitn Beh anueiinpie phantean x*—+26y® naMsb ocraercs
nafiTa JMHeHHbIA LOPMBI AJA BBIpasKeHid wmcerb, onpelbifeMbIXD
DOpMaMA

3u® - 2uv - 9%, Hu’ - duv -+ 60°,

Ho np: 5TOMDB MBI HAXOAAMB JAA POPMbI 3u’—+ 2u» + 9v° Th
ke amHefinblA ©opMbl, KakiA Hamam 144 ¥’ -+ 260°, a 1aa LopMbl
5uP——4uv -+ 607 T me, vakia maman gasa 2u®-+130%

W Taxs Bch Hewernvle jhamrean ©opmMbl 27—+ 26y%, npoctoie
¢b 26, onperbaaores cabrywomumn eopMaMn
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1042+1, 1042+3, 1042+5, 104247,
104249, 1042+15, 1042-+17, 1042+21,
1042425, 1042+27, 1042+31, 1042+ 35,
1042437, 1042+43, 1042+45, 1042+47,
1042+-49, 1042+51, 1042+63, 1042+71,
1042+75, 1042+81, 104285, 1042+93.

Taxkp ¢p MOMOmMi0 KBaAPATAYHBIXD HOPMB MOLYTH GBITH OIpe-
rbaennr ampeinsie pbantean 2= Dy?®, 6yiers am D gmciao npocroe
nan cocrasroe. Ho uro6b1 mpm onpexbienin nxb He Abrare amm-
HAX'D BHIKIQJOKD, Mhl NOKaKeMDb Telleph CPeJCTBO Y3HABaTh, UTO
it kBagparmuneid @opmbl Abamreredr 2® == Dy* mpmBojATCA Kb
OJHAMD JNHEHHBIMD POPMaMBb, KAKD BT NpeAbIAyLIeMD npaMbpsl

w260 1 3ul+-2uv+90%, 20130 1 Su+-4u’ v-+60°,

Jaa aToro Mpl JoKameMDb crbayomiyio Teopemy:

65. TEOPEMA.

Ecav av’—+ 2buv—+cv®, a, U+ 2b, UV —+ ¢, V? cyms xsadpa-
muuneias Gopmor Omaumenets x*—dy®, u a, a, wucia npocmuia cs d;
npumons a,==al’—+2bl—+c (y00. d), 10m I Kaxoe wudyos wucio; mo
MOJICHO HATIMU %, YOOBAEMGOPAIOUYT CPABHENII

a, & —+ 2b, &+ ¢, = ae’ —+ 2ba -+ ¢ (m0d. d).

Jorasamesscmso. Bb camons jbak npr @ m @, npocTRIXD CH
d cpaBpeHie

@ a, (a,2* + 2b, « + ¢,) = a’a, (ac® + 2ba —+ ¢) (mo0. d)
MOKETB OBITh COKpAIleHo Ha a’¢, W TAKUMDb 06DPA30MDb OHO IpH-
BOJATCH Kb

a, @° =+ 2b, 2 -+ ¢, = aa’ + 2ba + ¢ (n0d. d),
KOTOparo Bo3MOkHOCTH mMbems BB BEAY nokasaTh. Ho cpasmemie

aa, (a,x + 2b,w—+ ¢,)=a’a, (ae’+ 2ba —+ ¢) (Mo0. d)
MOKETH OBITh TAKD NPeJCTABIECHO:

(aa, z—+ab,) —a* (b*—a, ¢, )==aa, (ae—+b)’—aa, (b*—ac) (mod. d),
r1k b*—a, ¢, b — ac paBubI d; #60 MO MOJOKEHiO

a, U+ 2b, UV =, V2, aw® + 2buv + ¢
CyTh KBaIpaTHuHbIA @opMbl Abamrexeii 2° — dy® (cm. Teop. 60).
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Beatnersie gero npeapigymee cpaBHeHie NPABOARTCA Kb TAKOMY
(aa, x + ab,)’ = aa, (ac -+ b)* (n00. d).
ATO0 iKe CpaBHEHie yN0BIETBOpAETCH, ecId
aa, & + ab, = (ae. + b) (al + b) (mo0. d).

Qro6p! yobaareea Bb 9TOMB 3aMBTEMB, YTO AIA 9TOH BeaH-

YAHBl aa, & —+ ab, OHO NPHUBOAWTCA Kb

(ae—+b)? (al + Y= aa, (ac. + b)* (mo0. d).
Ho (al-+b)* cpasammo ¢b aa, 00 MOLYI0 d; B60 O MOIOKEHIIO

a, = al? + 2bl —+ ¢ (n00. d);
OTKYJa BBIXOJAUTH
aa, = a (al® + 2bl =+ c) (mod. d),
A1 aa, = (al -+ b)> — (V* — ac) (mod. d),
n crba. aa, = (al + )2, noromy uro b>— ac ectp d.
Wraxs, 910661 y10BICTBOPATL CPABHEHIIO

a, 2?4+ 2b, & + ¢, = ao® + 2bo 4+ ¢ (m0d. d)

HeoOXOJUMO TOJBKO IAATH &, 1J4 KOTOParo
aa,  —+ ab, = (aa —+ b) (al + 1) (n09. d),

9TO He NpeACTaBIAeTd HA Kakoit TpyiHocTH; 60 315ch « BB nepaoit
cTelleHd W KOe®PUIieHTD ero aa, YcIo IPoCToe b MOAYIeMD d.

Taks yobmaaemca Bb COpaBefIHBOCTA NPELI0KEHHOH HAME Te0-
PeMBI.

Ha ocroBauim es n Teopempl 63-ff Mbl 3aKI0YaeMb, YTO €CIHd
o, OyleTh CDAaBHEMO IO MOAYJI0 d Cb KaKUMB JIH00 3HAYCHIEMD
al? + 2al -+ ¢, 1o uncia, onpexbagempisa dopMamn

au? —+ 2buv 4+ cv®, a, U2+ 2b, UV —+¢, V2,
6y1yTDH CpaBHHMBI Ch OJHAME W TEME ke ynciaMm; a IOTOMY KaKb
LA Toff, TAKD W AIA Apyroil JMHeHHb1A LOPMBI BAAA MA—+7 OYAYTH
ok m Thxe.

Yro e Kacaercd 10 ©OpMb BHAA 4md -+, TO Mbl HXB JErKO
BBIBEJEMD H3b LOPMB BAAA 1Md—+7, W HA OCHOBAHIA I0KA3AHHATO HAMA
€110c06a BBIBOJUTE 3TH LOPMBI BAHO, 9T0 OHE 114 au?—-2buv—-cv?
1 a, U+ 2b, UV —-c, V? GyiyTh Pa3iuunbla HIH OJMHAKIA, CMO-
TPA 10 BHAY JACETb @, ¢, a—+ 2b—+c¢, a,, ¢;, @, —+ 2b, <+ ¢, 1pH

d HeYeTHOM® W MO BUAY 9HCEIb @, ¢, == 2b-+c¢, 4a + 4b—+c,
12
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a—+4b-+4c, a,, ¢, 0,520+ ¢;, 4a,+ 4b,~+ ¢, a,—+ 4b, + 4c,
npa d 9eTHOMb. ITAMD MbI OKAHIABAEMb Teopito 1hanrereir x*==dy?.
Bo kount kumrm nombmenst Ta6amupl anHefHbIX'D ABIATEICH SOPMBI
a? == dy? paa Bchxb 3HaveHilf d, Herbiamumxea Ha KBagparh, OTDH
d=1 o d=101. Irm rabxans! anbOTH BechbMa BAKHBIA IPHIO-
MKeHid, KaKb Mbl YBUAUMD BB cabaywomeil raask.

IVIABA VIIL

IIpunosxkeHie Teopiu CPaBHEHIN KB Pa3IOKEHiro
YHCEI'’sh Ha IPOCTHhIE MHOMKHUTEIIN.

§ 48. Bb saxmovenie Teopin cpaBueuiii, MbI NOKGEEMD Ka-
KEMD 00]a30Mb, HAa OCHOBAHIN €d, MOMKETb ObITh yNPOLIEHO PasJo-
JKeHie 9mcerb Ha NPOCThle MHOKATENN.

3eberHo, 9to a1 pastoikenia uncia A Ha NpOCTbIE MHOMMA-
TEJM Mbl JONRHBI OTHICKATH HAWMeHbIIEE IPOCTOE YHCIO, KOTOPOE
xbmare A; ecam 3T0 9mcxo ecTh o, TO rbamTe A Ha o W HCKaTh
HAMMEHbIIee MPOCTOe YACI0, KOTOpoe 1 LINTD %; ecau 9T0 9YHCIO

ecth 3, To mCKaTh HamMéHbIaro pbanrers fﬁ; I IPOJOJHEATH 3TO 10
TEX'B moph, MOKa J0iAeMD A0 4acTHAro, koropoe ne rbanresa Ha BCh
NPOCTHlA UMCIA, HE IPEBOCXOAAIIIA ero KBajpaTHaro KOpHA. JTo
YacTHOE GYIeTd 4McI0 IpocToe, W npousselenie ero ma e. B........
6yaerd mckoMoe pasiomenie uncia 4. TakaMs 06pa3oMd pasioxe-
Hie 9AceIb Ha IPOCTble MHOKATENH HPHBOAATCA Kb M3cabloBamians,
9T0 janfoe dmcio mubers-am pbanrereil wan uwbrs, n ecan mmbers,
TO Kakoil namvuénpmifi W3 nuxb. Ho atn macabioBania npepcrapas-
I0Th GOJBLILA TPYAHOCTH AJA YACEIh 3HAUYATEIbHBIXB. TaKkb Ha HA-
qaJaxb ApmeMeTHKE HamMéBbmaro gbamrens ncia N Mbl JOJKHBI
WCKATH MeKAy BehMm npocThing ancaann, Menbmuymr VN, mpo6ys
Ha ouxb thamre N. Ho Taknx® yncerdb 6yfers MHOro, ecinm NN Be-
InKO, W HAM'B He phiKo npmierca mcopITaTh 3HAYATEIBHY IO YACTh HX'D,
npexsge 9bMb monazems na abiarers N. Eme 6oxbe tpyinocra
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BcTphyaems npn N npocroMb; Bb 3TOMB crydal Mbl fomKHBI Gy-
nens menwitath pbammoets N Ha Bek npoctsia uncaa 10 VN, Taksb
Ha Hasalaxb Apnmemernkm m3crbroBamie cocraBa Kakoro HHGYIB
ypcaa, npesocxopamaro 1000000, uorpe6yers me pbako Goxbe
160 pbaeniii; ©60 yncerb mpocThIxd MeHpmuxs V1000000, mm
1000, saxoaums 168. Ha ocuopaninm Teopinm cpaBHeniii aTH u3bl-
CKaHid 3HAYATEJHHO O00JerdatoTca; Mbl MOMKEMDB [0 BHIY AAHHAIO
unpcaa onpeakaaTs BALh BCEXD BO3MOKHBIXD LBanTesei ero, m HamMb
OCTaHeTCH TOJIbKO MCIBITATH YHCIA 3TOTO BHWJA.

§ 49. Meor sagsens ¢b yacTHaro ciydad, ocoGenno sambua-
TeIbHAr0, I NOKAKEMDb, KAKD MOIYTH 6bITh onpenbienst @opmbl 4b-
amTeaeil anceas Buia ¢"'==1, A17 KOTOPBHIX'H, HA OCHOBAHIE TEOPEMB
V-it raaBel, HE TPYAHO AOKa3aTh crbiyromee:

66. TEOPEMA.

Ecau p npocimoe newemmoe wucao u omaums a™—1; mo p moocems
Oo1mp 6otpadcero JHopmow oz-+1, 10n o dniumers m (sxr0uas co00a

m ®
w 1), & wucao npocmoe Cs — ; NPUMOMS P 004%CHO Oaumd a°—1.

Jorxasamemcmeo. Ecim o ecTp o6miii Hanm6Oabwifi xkanrers

p—1 m

p—1 1 m; 10 wexa *—, — OBIBIA W DPOCTHIA MEMAY cOGok.

IToxaras mepsoe M3b OHX> PABHBING &, 6yieMs nMETH
Pl
OTEYAd P = wZ —+ 1.

Hawns ocraerca Tenmeps A0Kasath, 4T0 p O6yierd pbaars a®—1.
s atoro mel 3anbaaens, uto ghammocts a™—1 Ha p BRIpamaeTea
cpaBueHieMD

a™ —1=0 (n00. p),
roropoe 1o Teopenb 36-if mpn p— 1 1 m AMEOWAXD 00MIAMD
HARGOABMAMD AbinTereMd © NpepnoJaraerTdb

a® —1=0 (nod. p),
n crbg. gbanvocrs a® — 1 ua p, 910 1 cab10BaIO 10KA3ATh.

35 a10it TEOpeMBbI JerK0 BBIBECTH cabryrouryto:
12%
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67. TEoPEMA.

FEeanw 2n -+ 1 wucao mpocmoe, mo npocmoie Heuemuvie Onau-
mean > '—1 doaicur Goims euda 2 (2n 1)z 1 wau Owaumeo
a—1; npumons onwu 0040icHb Gbimy Omaumesamu Gopmo 1°— ay®.

Hoxasameavcmeo. Eciu p HeveTHOE 4YACIO; TO OHO MOKETDH
6bITh Tak® npeacrasieno 2N -+ 1. Ho sra eopma npm pbammoctn
N wa 2n-+1 npusoamtea Kb Takoil 2 (2n—+1)z—+1. Bb ToMb e
caygab, xoraa N He pbamtesa ma npocroe umcro 2n —+ 1, uncao 2N
6yrers upocroe ¢b 21 —+1. Ho ecan p pbanrs ¢**'—1 1 BhIpa-
maercq yepesb 2N —+1, rak 2N npocroe ¢b 2n —+1; To no mpe-
apiaymeit Teopemt oo gpomrno pbamte a— 1. Utaks p pomxHo
6oiTh BEAa 2 (2n + 1) 2+ 1 mam gbants @ — 1.

JoxameMs ke Tenepb, 4T0 P JOLKHO 6BITH Abanrerems ¢OpMbI
a*— ay®. B aToMD HEe TPyAHO yobauThea: p pbamrs "' —1, u
cxbn. abamrd a (@**'—1), a aTo npusosuTea Kb (a"')2— a, BbI-
paxeniio BAja o2 — ay’.

3ankuaa, yro npr a =2 nHmEKakoe ancio me jbaary a—1; 1B-
aarean e x?— ay? no 56-i Teopemb A0MLKHBL GBITH OJHOTO H3B
UBYXb BHAOBDB: 8m —+ 1 mam 8m — 1, Mpl Ila OCHOBaHIN JOKa3aH-
HAr0 HAMH 3aK109aeMb, 49T0 Beh npocrsie abaurean 2°"*'—1 npm
2n—+1 IpoCTOMD AOMEHBI OBITH BRIA 2 (2n-+1) 2-+1, U BD TokKe
BpeMA JONKHBI GBITH OAHOI0 W3B /ABYXDH BHLOBB: 8m -+ 1 mam
8m —1. OnpepbamBmn TakEMB 06pa3oMb BHAD Abamrencit gmcaa
2°"*' 1, He TpyAHO HAWTA WXD BO BCAKOMD YaCTHOMDB caydalk,
nan y65AATECA BB OTCYTCTBIN HX'B.

Jaa npumbpa Bo3pMens uncao 22°—1, pasuoe 8388607, Taks
Kakb 23 umcao npocroe, To xbamreim 22—1 JomKibl 6bITH BAJQ
462+ 1 w Bb TOKE BpeMd OJHOIO H3b ABYXD BHLOBL: 8m —1 miam
8m —1. Yro6bl coeamnuTh 3TH JBA CBOHCTBA, MLI BamMbyaeNd, 9TO
# MOKETH OBITh OJUOr0 M3b YeThIPeX’h BHIOBH

4z, 4o+ 1, 42+ 2, 42+ 3.

Jas aTHXb 3HadYeniil # ®opMa 462 —+ 1 NPABOANTCA Kb TAKHMD

9eTHIPeMD
1842+ 1, 1842 + 47, 1842+ 93, 1842 + 139,
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U3 KOTOPHIXD mocabauia At He aaroTh umcenrs Buia Sm —+4- 1 .
8m — 1. Curba. paa pbanreneit ancaa 8388607 BO3MOKIBI TOJLKO

185 @0pMBI
1842 +1, 1842+ 47.

Ha ocmoBanin ®mX® ue TpyAuo nokasaTh Bch npocTsla umcia,
MeKAY KOTOPBIME A0J:KN0 mekath pbaarerei 8388607. [lia sroro
orpanmgmBadch yhIuTeaaMA, He npesocxoiammmMu V' 8388607, Mo
onpepbaseMs 3Hagenis

1842 + 1, 184x + 47
npn =20, 1, 2,....... 15. Memay nmymm Haxoammb crbryromiis
npoeTbia ymera 599, 967, 1151, 1289, 1657, 2393.

Ho pbaa na muxp 8388607, mbI 3ambuaems, 9To HE OJHO U3
upxd He AbanTs 8388607; oTKyaa sakirogaeMdb, uro 8388607
9ACIO DPOCTOe.

Tarnms e o6pazomd Efizeps Hamexs, 4ro
28— 1=12147483647

ecThb YACIO TPOCTOE, W ITO €CTh caMoe GOJbIOE NPOCTOE YHCIO,
Jocert mapBerHoe.

[ogo6HpIMB 06pa30Mb HA OCHOBAHIN JOKA32HHBIX'B HAMH TEO-
peMp Jerko m3crbloBaTh COCTaBB BCARAro 4mcla, ompepbisemaro
@opmyaolo o™ — 1.

Ilepexoums Teneps Kb 9HCIAMB BHAA @'~ 1, I OTHOCHTEJLHO
uxb phrarenei JoxkameMmb crbiyromyio Teopemy:

68. TroPEMA.
Ecau p npocmoe neuemmnoe wucao % Omaums a"—+1, mo p mo-
gcems OvuInb MAKS NPEOcmagaeno: 202—+1, 10m © dnaumess m (1e
uckatouaa 1), xomopoii 63 wACIMHOMS % daems Huca0 Hewemnoe, 2

1
YUCA0 NPOCMOE €3 —Z— , NPUMOME P 00.40CHO Omaumd a* —+ 1.

Joxasameascmeo. JIbammocts a™ -+ 1 Ha p BbIpaKaeTcs CpaB-

HenieMb
a® 4+ 1=0 (mod. p),

kotopoe no 40-if Teopemb npejnoraraers
a” -+ 1=0 (mod. p),
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rab o o6mii namboapmifi xbanreas m m p — 1, KOTOPBIA BB 9acT-

—1
HOMD lim— JOXEEHD JaTh ancao yetHoe. Ilosaras sro dacrtHoe pas-

HBIN'D 22, HailleMb

p.;l:zg;
(4]

1 crbroBaTeapno
p=2ws—+ 1.

Ho werpyano yobanreea, 4ro 3xbce 2 4mero mpocroe cb ;—”,

m
H YacTHOe —— 9YHCIO HedeTHoe. Bb camoms pbik, gmcro w, Oyiyyn

—1
00IMEMs HANGOIBINEND ABIaTeseMb p—1 ¥ M, BB YACTHBIXD pT ,

n
% JOJEHO JIATh 4ACIA OPOCThIA Mekiy coboo. Ho mepsoe ects 22,
m
H OHO He HHAYe MOMKETH GBITh NPOCTBIMDB Cb —— , Kakb npm Hexk-

JAMOCTH % Ha 2, W oTCyTCTBim 00muXD phamTeseidl BB %)'3 7 2.
Hawm® ocraerca jokasaTh, 4To p J0LEKeHDd ABaaTe a® —+ 1; HO
aT0 crbayeTs 3B cpaBHEHIA
a® -+ 1=0 (mod. p),
KOTOPO€ MBI BBIBEIN BblIIe.
U3 aT0il Teopembl, Kakb 9aCTHBIH crydail, BRIXOAATD TaKif:

69. TEOPEMA,

IIpocmuie newemmnvie Owaumean wucaa ™'~ 1 npu 2n -1

npocmoms 0049icHbL Goims 6uda 2 (2n—+1) 2—+1 uau onaums a—+1.

Hoxasameascmeo. Ecim p HedeTHoe YHCIO, TO OHO MOKETD
661Tb Takb npeacraBieno 2N —+ 1. Ho ara oopma upm pbammoctn
N na 2n —+1 npusojurea Kb 2 (2n—+ 1) 2—+1. Bb ToMB Ke cay-
ga’k, korna N He pbiamrea ma mpoctoe umcao 2n —+1, umcao N mpo-
croe ¢b 27 —+1, 1 yhammocrs @™ '4-1 na p = 2N -1, 10 npe-
Apiaymieit Teopemb, nmpegnoraraers yhammocts @ -1 Ha 3TO YHCIO,
910 1 cI5I0BAI0 A0KA3ATh.

70. TEoPEMA.

7
2
Ben newemuvie onanmean wucaa 2° 41 doasenvt Gvemes 6uda
2.2" + 1.
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Hoxasameavcmeo. Ilo Teopent 68-ii Beh mewernnie ybanTeanm

n
2
2” -1 MOryTh OBITH TAK'D IPEJCTaBJEHBI
2.02+1,

rik o ects pbanreas 2", Koropslif BB YACTHOMB 2; 1aeTh YHCIO

sederHoe. Ho sTomy ycioBito yioBIerBopAers Toabko 0=2", crbp.

Bch meuernnie pbamreun o™ 1 JO.KHBl NPEJCTABIATHCA TaKb
2.2%+1,

uyro m crbyoBaro porasats. Ha ocHoBaHim Tpexdb mocrbaumxs Teo-

pens xerxo HafiTn yBamrereit uncia, mmbiomaro sags ¢™ —+ 1, man

yobanteea, ato ono He mmbers ybauTesei.

Jaa npavbpa Bo3memd unmcaa 65537 n 4294967297, ussb Ko-
TOPBIX's IEpBOE PaBHO 2% - 1; BTOpoe paBHo 2% 1.

Ilo nocabnueit ©3H J0KA3aNHBIXD HAMA TeOpeMb Jbanreat 65537
AomkHBI ObITh BHAa 322-+1. Ibias sabes =1, 2,3, 4, 5, 6, 7,
MBI HAXOAEMB, 4TO Bch UHCHa 3TOrO BEJA W Membmia 165537 cyTh

33, 65, 97, 129, 161, 193, 225.

Ho n3® mEXD TOIpK0 97 1 193 ymcia OpOCThIA, I TAKD KaKb
aTH vacia He 1bxaTs 65537, To MbI3akI04IaeMB, 94To 65537 ectp
4ACIO IIPOCTOE.

[To Toit e Teopemt paa abamrereii umcaa 4294967297 mmk-
end eopyny 642+ 1. Jbizaa spber 2=1, 2,..... 1023, Mb1 Haii-
feMb ek umesa aToro BEAa W Mempliia V'4294967297. Memay
9TAMH 9ACIAMH MBI HAXOANMDB TaKisl MPOCThIA

193, 257, 449, 577, 641,......

Jbxa wa saxb 4294967297, Mp1 3ambuaenMsb, 9TO 3TO YACIO
rbamTea nma 641.

drorp npumbps ocoGenno sambuarerens ThMb, 4T0 OHB OmpO-
sepraeth MAkuie Pepmara, 6yiro 6b1 BCh umCIa BHAA 27" 1
CYTh IIPOCThIA.

§ 50. Mbr Bmpbam, Kaxumb 06pa3oMDb Teopid ABYIIEHHBIXD
cpaBHeHiii o6ierdaers m3cabjoBania cocTaBa YHCEdb, NOIXOAAMNHAXD
noxb @opmy a"==1. Tenepsb noKkameMb, KAKAMD 06pasoMb L1d BCA-
Karo 4mcia A MOEeTH ObITh HAfJeHO MHOMKECTBO LOPMDB BHJIA
227+ qy® cb HEe3HAUNTEILHBIMH BEAXIMHAME @, KOTOPHIA OYLYTH Bbl-



— 184 —

pamaTh BIX januoe uncio A4, mim xpaTHOe ero. Bo BeAKOMB cay-
yak, 6yAyTD am 9TH ©0pMbI BeIpaikaTh A, mim Kpatnoe A, pbam-
tedn A 6yLyTh ALIATEIAMA 3THXD LOPMb, W crbBl. BUAD HXD onpe-
abauTea no enoco6aMb NOKa3aHHLIMG BB Ipeibiiymed riask, mim
HajieTcs E3B HAAXD Tabanmb ybiarerefi 22—aqy?, ecau @ ue npe-
BocxoauTs 101.

Kaxroe 651 1m 66110 9nCI0 A, BIX KpaTHoe ero kA, MOMKHO Bce-
I'la BBIPA3UThH €ro ¢0pMoko BHAa z°~+ay’. Takb npuaEMan 3a & Ka-
Koe HHOYIb 4ACIO, 33 y HamOoIbIIee 4YACI0, KBAaJpaTh KoToparo jib-

A — 22
JATH Pa3HOCTh A — %, W moiaras 4acTHOE J7— DaBHBING 4, 6y-

1eMs ambTh
A—x®
yz - %
OTKyZa MOJydaeMD 411 A Takoe BbIpamenie
A=2+ ay’.

ITopo6up1Ms 06pa3oMB MOTYTH GBITh BeIpaikensi 24, 34,.... Beb
IOJXYYEHHBI TAaKAMB 00pa3oMb ¢OPMBI GYyAyTDH CIYKHTH L1d onpenh-
aenia pbanteneii 4. Ho m3b nuxp nandoxbe Boirogusl 15, BB KO-
TOPBIXD> @ EMEETH He3UAYATEeJblYI0 BCIRYANY; W60, KAKD MOMKIO
66110 3aMETATE BB Teopin pbanTened KBagpaTHUHBIXB $OPMB, YEMD
Mespme a, TEMb npome eopmbl ghaarcaei 2? == ay®. Ilostomy mss
BcEXb BO3MOMKHBIX'D BbIpakeniif 4, mim KpatHaro A4, ®opMaMu BOA
22 = ay® MBI JOJAHBI BBIODATH TH, BB KOTOPBIXB (@ Ie3HAYATENb-
Hoe ymcao. Jam wBKOTOPHIXD umcexrdb 3TH $OPMbI JErKO MOLYTH
0bITh Haiitenbl mHenocpejcrsenno. Taxh me Tpyano sambrurs, 9r0
10001=1002+-1, 3.3337=100%+-11, n 1. n. Ho BooGme Ta-
Kif ©OpMBI MOTYTH ObITh HafiACHBI Ha OCHOBaHim cabaywomeir Teo-
peMbI:

71. TEOPEM A,

Ecau dy, d,, d,,...... ecmv pads wucess, 65 KOMOPOMs KaHCObLik
uaens d, Mo 06yMs NPEILOYUUMS ONPEOILAREMCA YPAGHEHIEMS
-7 VA —d,d,_,+VA4 ——
— = — — — . ¥
VA4—d, d=dE . : VA—d,d,__ ;%
)

nepeve oce dsa cymv 1, A— (E VA);

mo ecaxaa uss Hopms

*) 3rakoms F Mul o3mauaeM® 315ch TOMKe, 4TO BB § 26.
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22— Dy?, 1n D pasuo
(—1) dy, . dg. d...
cnocobua evipascams A waw xpamuoe A.

Joxasameavcmeo. llpemie 95MDb DPECTYIAMD KB 3TOMY JH0Ka-

3aTelbCTBY, 3aMETAND, 4TO PAAbI
s cll,
VA—dd, VA—d,d, VA—d,d

COCTOATH 3B 4Ynceldb IEIbIXE.

o poxomenito dg=1, d,= A — (E VZ)Q' otciofa cabryers,
aro d,, d, VA—-—d @, cyrp dncaa nhieia. Ho ecam aTm Koamye-
CTBa, CyTb uncaa obaplg; To m BCh oCTalbNBIA, 3aKIOYAOMIIACA BB
pasaxs®

a+-B+yY ...,

VA—dd, VA—d,d, VA—dgd,,.....
He MOTyTHh BMETH 3HAUEHIR JPOGHBIXD HAM HPPALIOHAIBHBIXD; HOO

10 ypaBHeHil0
VA—d_ d =d, EXA= b VA gy

dy, n“n—1"

H3b KOTOPAro BLIXOJHTDH TaKKe

A, =d_,+2VAd—dd,_ EA=% e +V4

—d, [Evmg:wz]ﬁ’

Koamgecrsad, , |, VA4—ad d, 4, He moryTs uMETh 3Hadenii 1po6-
HBIX'b HIH HPPANiOHAIbEBIXE, ecan d, . d,, VA—dn d, ., CcyTh
gmcaa whabid.

Ha ocrosanin atoro, 3nas, uro d,, d,, V A—d, d, sucia uk-

JIb1A, MBI 3aKI0d9aeND ut0 d)y V A—d, d, mubiors 3Hagenia mh-
ab1s; 36ad, 9to d,, d,, VA —d, d, nnbiors 3uavenia whabia, 3a-

KI109aeMb, 910 dy, V A — d, d, uncaa whied, u T. 1.

IIprcTynnMs Temepp Kb A0KA3ATEIbCTBY npezulomeﬂﬂoﬁ HaMH
TEOpPeMbl, I H306DA3AMD GYKBAMHA Loy Ly, Lyyerve L,y L, SHATCHIA
VA—d d,, VA—d,d,, VA——dsd2 yoonvy VA—d _ d,_,,
VA—add,_,

KoTopsld, Kakb BEybam, Bck cyTs umcia nbapia. Mmba takams 06-




Pas3oMb
VA—d d,=x,,
VA—d,d, =1,
VA—d,d,=uz,,

.............

VA =

n n 1 n—1’
MBI UH3D ITHXD ypaBHeHm BbIBOAAMD
— A4 =—d,d,,
2 —
2l — A =—d,d,
2 —
Ty — Ad=— d3 dza

...............

n—
2 — f = —
xn—l 'A'_' dn n—1?

KOTOPBIA HHAYE HANMMYTCA TAKD
(w,+v4) (@,—V
(2, +~V4) (o, —V
(@,+V4) (@, —VA)=—d,a,,

...........................

...........................

(@, ,+V4d)(e,_,—VA)=—d,d
(@, +~V4) (o, —VA)=—a,ad

n - n—1°
Ilepemno:xkas Bch aTH ypaBHeHia Mexay CoG00, HAXOAUMD

(€,+~v4) (0,+V4) w,+VA).e,_ +Vad) (e, +VA)x
(5,—V4) (@,—VA) (2, —V4). ( _—VA) g, —Vid)=
(—1)"d,d 2. . .. d.

n—1 n"
Ho nepemnosman MemAy coGOI0 BHIPaKeHia
g, =VA, 5, VA4, 2,2 VA,.., z,_,*VA o, +VA,

MBbl HAXOAMMD IPOH3Befenie Takoro puja X = YnVA, rab X, n ¥,
gucaa nhapid,
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Beabnersie aToro npexbilymee ypaBHenie NIPABOJATCA Kb Ta-

KOMY . .
(X, +Y V4) (X,—Y,VA)=(—1)"d,d2d?...d° d

n—1"n°
[oxaras ke snbes d, d,. . ..d, =7  usawbyaa, ato d;=1,
MBI HAXOAIMB

(X,+7,V4) (X, —Y,VA)=(—1)"Z2a,.
Takoe ypasnenie Mbl HaiijeMb 114 BcAKaro 3uadenia n. JBias
sibeb n=ua, n=20, n=1,..... , MBI Gyzems uMbTh
(X,+7,V4d) (X,—¥,V4)=(—1)2,4,
(Xy+ Y, VA ) (X;— Y, VA ) = (— 1) 2% d,
(X,+ 7, Vd) (X,— ¥, VA)=(—1)24d,
I 9TH ypaBHEHIA 0 MepPEeMHOKEHIH AQIyTD
(X,+7,vV4) (X@—l—YpVZ‘) (XY+YYVZ) cee X
(X,—7,V4) (X +7Va) (X —~Y,V4)....=
(—1)eHErr+ VAN AN A
Ho nepemHOmad MeE]Ly cO60I0 BBIpaKeHiA
X, *Y, VA4, X;=Y, V4, X *+ 7, VA4,...,
MBI HAXOAMMB Ipom3Bejenie Takoro Bmia X =¥ V4, rab X, ¥
gncia mhapla. Bexbaersie dwero mpeabliyniee ypaBHeHie HpHEBO-
IATCA Kb TAKOMY
(X+-YVA) (X—Y VA )=(—1) 22207 2. d,dyd, .,
a 3TO [0 PACKPBITIH CKOGOKD AAETD
X — Y= (—1)" Y 2222 70 A, dy

By
win X2 — (— 1) g dod ... (2, 2y 2. )= AT,
OTry1a BRIEMD, 9TO POPMa
x? — ay?
mpE ¢ = (— 1)a+(3+v+.-- “dy dy ... 6yAeTD BbIPAKATH YUCIO

KpatHoe A, ecIm & npEMeMb PaBHBIMD X, W ¥ PABHBIMD ZaZBZ.{....,
970 # CIBL0BAI0 LOKA3aTh.
Ha ocroanin aToit Teopemp1, onpeabanBmn gncia
dy, Ay, dyyee...
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2

MBI HafijeNb MHOKECTBO ©OPMDL BHia 2 == ay
€0co0HbI BHIPA3ATh KpaTHbIA A.

B3 atuxs ®opmaxs @ onperbaserca mpomssegenHieMb KAKHXb-
an00 U3b 9uCedd

, KOTOpBIN OYAYTH

dyy dyy dyyenenennnns,
H MeRLy DPa3imyabIMA COYeTAHIAMA 3THXH YHCEIb Mbl BblGEpeMb
TaKid, KOTOPBIX'B Ob1 IPOM3BCIEHIE OPHBEIOCH Kb TOUHOMY KBAAPATY
Ch He3HAYNTEILbHBIMD MHOMKHTeXeMb. [Ipuuamas Takia npomssefenis
aag onpexrbiaenig a b wopmb 2? = ay?, # BLIK@IBIBAA W3DB COCTABA
@ TOYHBIE KBaJpaTul 10 § 46, MbI IOIyYNMEH ©OPMbI Ch He3HAYH-
TeIbHBIMA KO3POALIEHTAMA, H 9TH TO ®OPMbI, HA OCHOBAHIN CKa3aH-
HAaro uamm, nocryars Aaa onperbienia abanrereir 4 *). Ecan 6b1
MBI He HAILIM TAKAMDB OOPAa30MB JOCTATOYHArO YMCIA PA3IMYHBIXD
©OPMB; TO MBI ObI CTAJH [0 Opeiplaylneil Teopens HCKATH ©OPMBI,
BbIpasKaoIlia Kpatneld 24, 34, 44,....... H MKy HAMHA BbIGPAJH
661 yro6unla Aaa onpexbienia pbaureneir A.

Jaa npavmbpa Bo3pMems gmcao 8520191, He ocramaBimsasch
H3, ©OPMax’b, KOTOPbIA MOIAH GbI GbITH OTKPBITHl HENOCPEACTBEHHO
Aag Boipamenia 8520191 mam kparmaro 8520191, Mbel GyzeMb
ACKATh MXh HA OCHOBauim npexpyiylmeii teopembl. Jag 3Toro Msl
onperbanys gncaa

. dyy dyy dy, dy,......
0 ypaBHEHiAND

d,=1, d,=8520191— (E V8520191 )
18520191 — dyp dpy_ ¥'8520191
V8520191 —d, , d,=d,E R
—V8520191 — d d,

2
)

.
W31 atnxb ypasHeHlii HAXOJHVB

d,=1, d,=1313, |d; =1169, | d,,=593, |d,,=1210.

d,=5467,|d,;=2630, | d, =4523, |d,,=2854,| ........

d,=370, |d,=3185, |d =242, |d,=2965,|.........

dy=4319, |d,=203, |d,=1855,|d, =371, |.........

*) B® atuxp ©0pMax® He GyAeTd sakmovarsca uucaa dy, dy, dy...., BXOLAMIA
BB COCTABD @; HO OHM MOTYTD A5auTh A, 1I MBI MX'B JOLKHBI IIPEIBAPUTEILHO UC-
IBITATS.
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Paznaras 3pbcs uncaa Ha npocrble MHOMKHTEAR, 9TO He mnpeji-
CTaBIgeTd GOJbLIOH TPYAHOCTH *), moaydaemsb
d,=1,  d,=13.101, dy =7.167, | d,=593,
d,=7.11.71, | d,=2.5.263, | d, =4523, | d,=2.1427,
d,—2.5.37, d,=5.7%,13, d,,=2.11% d,,=5.593,
d,==7.617, d,=17.29, d,,=5.7.53, | d,=7.53,

Pazcvarpnsas cocraBb unceds dy, d,, dyy..ooenneeey d;g, MBI 32-

mbuaens, gTo gncia

d67 le) dlﬁ’ ledIG’ dﬁdlodl(}’ dZdIG’ d4d6d10d16’
10 MCKJIIOYeHIN W3D COCTABA HX'h TOYHBIXH KBAADPATOBH, NPHBOJATCS
Kb He3HAYATEIbHBIND YACIAMD.

Iloatomy Ha ocHoBamim AokazanHefi HaMm TeopeMbl JJsA omnpe-
rbaenia ybaurtereit pascmarpmBaemaro nanm ugcaa 8520191, npm-
uaMaeMd ®OpMbl Bl 2°— ay?, ril a nvbers Takia suagenisa

a=(—1)°d,=5.7%.13,

a=(—1"0d,,=2.11%

a=(—1)%d,,=2.5.11%

a=(—1)1"+1%q, d,, = 2%5.11%

a=(—1)+10+1q d d, =>5.7%.13.2211",

a=(—1*"d,d = 2%5%37.11%

a=(—1)+0+10+18q g d d, = 132101.5%2722211%

Wckaouas BB STEX'D BeIMUWHAXD @ BCh MHOMKHTENR, COCTABIA-
I0Ijie TOYHBIE KBAJAPATHI, HAXOAUMD JAfA @ cIBAyIOMmisa BEIHYAHDI

5.13, 2, 2.5, 5, 13, 37, 101.

Orkyaa Buaams, 9ro Abamrean 8520191, pommnsl aMETH BHID

abamreneit Kam Lol n13b LOPMB
2*—5.13y% a*—2y% a*—2.5y° a?—Db5y?, x*—13y3
22— 37y?, 2*>—1012.

Ha sToms ocHoBanim Mb1 B 6yaens nckarth phanteneit 8520191,

Jaa storo nmo TadamuaMb JARHeidHLIXD pbanTerxcidi, Mpr 3awb-
gaemn, uro rhamrern 22— 5.13%% cyTb

*) IIpu 3TOMB MOMKHO CB BBLITOI0K0 MONB30BAaThCA Tabaunanu Bera, BB KOTO-
PHIX'D HAXOAUMD jia Bchx s yncers MeHbmnxs 102000 pasiaosmeHie Ha HPOCTHIE
MHOMKHTE.IL.
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260.—+-1, 7,9, 29, 33, 37, 47, 49, 51, 57,61,63,67,69,73,
79, 81, 83, 93, 97, 101, 121, 123, 129, 131, 137,139,
159, 163, 167, 177, 179, 181, 187, 191,193,197, 199,
203, 209, 211, 213, 223, 227, 231, 251, 253, 259.

Ho m3p Hux® gbanresamm 22 — 5y* MoryTs GBITH TOIBKO Th,
xoropele npu pbienin Ha 20 jaoTh ocTaTKE pasHple 1, 9,11, 19;
60 1aa pbanrexeit 22 — 5y? HaxoAUMD

202 +1, 9, 11, 19,

BriknjbiBas n3b npegplymuxs ©opMd Bk, KOTOphIA He jJa-
1Tk BB octatkb 1, 9, 11, 19, mp1 HaxoauMb, 4TO JbauTexAMA
22—5.13y? n 2—5y? Buberh MoryTh OBITH YACIA BHAR

260+ 1, 9, 29, 49, 51, 61, 69, 79, 81,

101, 121, 129, 131, 139, 159, 179, 181, 191,
199, 209, 211, 231, 251, 259.

Ho w3®p aTuxp umcerb MOryTH ObITh JIBIATEIAME ©OPMBI
2*—24 Toabko TE, KoTophIaA BUAA 82-+1 mam 82—+7, m caby. npm
rbaenin na 8 gatorns BB ocrarkb 1 mam 7. YUro6bl BHIBECTH H3D
HaiijennpIXs HaMI @opMb tbanrereii 22— 5.13y? 7 2>— 5y? Taxis,
KOTOPbIA Obl JaBaJu OJHA 4mcia BAga 82—+ 1 m 82—+ 7, MbI npe-
o6pa3yeMb HXB TaKb, YT0GbI KOedPHIieHTH IPH nepeMBbHHOMD 2
0b11s KpaTHbIMD 8. Jl1a arvoro mbl 3ambuaems, 4T0 2 OyleTd MIA
BHJA 2u, WIN BAAA 2w —+ 1. BHoca sTm BeamuuHbl BB HalileHHBIA
HaMu @oopMbl Abamrexrefi 22— 15y° m 2® — 5y?, Mbl HXDB Opel-
CTaBUMD TaKD

520u—+1, 9, 29, 49, 51, 61, 69, 79, 81, 101,
121, 129, 131, 139, 159, 179, 181,
191, 199, 209, 211, 231, 251, 259,
261, 269, 289, 309, 311, 321, 329,
339, 341, 361, 381, 389, 391, 399,
419, 439, 441, 451, 459, 469, 471,
491, 511, 519.

BeiknasiBag 3pbes 1B @opmpl, Kotopeia npa ybienin ma 8 ja-
10T OCTATKA, OTIMYHBlE OTH 1 U 7, HAXOAAME, 4TO o6mie ybamren
oopMb 22— 5.133%, 2°—5y?, 2® —2y® JoKHBI 6BITH BHIA
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520u-+1, 9, 49, 79, 81, 121, 129, 159, 191, 199,
209, 231, 289, 311, 321, 329, 361, 391,
399, 439, 441, 471, 511, 519.
Y macwh ocraerca eme aa onpepbrenia pbamreneir uymeaa
8520191 ueThipe €OPMBI
2?— 2.59%, 2 — 1397 2 — 3Ty, 2®— 10142
W3b muxs nepeoist Ak umboors gbimreramn Beh umcxa, pbaa-
mia 2 — 5.13y% 2*—5y’, 2°—2y°, BB dYemwb He TpPYAHO
yobkrareca, sambraes, uro xhammocts x?— 5.13y.°% .2 — 5y,7,
z' — 2y,° Ba p npeanoraraeITb
r?=5.13y?, x,°="5y,}, x’=2y, (n00. p);
otkysa crbayers 2, a%,="5%13y"y,’, 2%, ;" ==2.5y,%," (nod. p),
n crbyos. xbammocts wopus *—13y° 1 2> — 2.5y na p.
Yo ke Kacaercda 10 ®OpPMb
o' — 37y%, 2 — 10197
10 onpexbasns mxb ybamredeil W BHIRALHIBAA U3 GOPMD
520u 41, 9, 49, 79, 81, 121, 129, 159, 191, 199,
209, 231, 289, 311, 321, 329, 361, 391,
399, 439, 441, 471, 511, 519.

7B, KOTODBIA HE COrJacnbl Cb XD BALOMB, Mbl OIDAHAYAIE Ob1 elie
6oxbe ameaa, Me:Ay KOTOPBIMA JOJAILI HCKATh Jhaarereit 8520191.
Jas aToro Mpl HafifenHblA ©OPMBI JOKHBI IPe06pPa30BaTh TAKB,
9T06bI KoedouienTs npu nepembunons « G6bLIb KpaTHBIMB 4.37
m 4.101. Ilocxt gero pbieniems atnx’s @opmsp na 4.37 m 4.101
MBI y3HAEMDb, KOTOPBHIA H3'h NAXD NOIXOAATH NOLB HOPMbI jAbiaare-
aeit #°—37y? 2°—101y° Ho npm sTOMB MBI NOIYyIAMD IPE3BHI-
YaifHO MHOrO JHMHefiHBIXH <OpMB JIA onpexbirenia jpbimreneit
8520131. Iloaromy, He mOJAb3YACH MOKA LOpMaMu x* — 3747,
2 — 101y aaa ouperbienia pbamrereit 8520191, mbI ocramo-
BHMCs Ha HafileHHBIXs HAMU JHUeHubIXD JBIATEIAXD OGIMAXD DOP-
MaMb 2°—5.134%; a°— 5y, 2*—2y° m mo mumMs onpeibamms Bek
npocThla umcda Merpmia V8520191,
ITA 9mcaa CyTh
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791521719 | 919|1231|1511 1889|2129 |2521|2791.
191|569 751 | 991|1249 1559|1951 |2161|2551
199/599(809 1031|1361 | 1609|1999 |2239 | 2591
311/601|881|1039|1439|1759 208123112609
439/6411911 1049|1481 |1871|2089 2441|2729

Mesxay 9THMU-TO YHCJAME MBI JOJKHBI HCKATh HAEMEHBIIArO
yhamrexrs 8520191. Ho no 3HaYnTeIbHOMY KOIMYECTBY HXD ITO
65110 GBI JOBOJBLHO NPOJOIKHUTCIBIO. JIII 9TOr0 MBI Ipe]BaPATEILHO
ACKIIOYAMD H3DH HAXD TL, KOTOpbIA HE MOryTh ObITh ABauTexamm
KBaIPaTHIHBIXD ©OPMD 2°— 37y?, 2°— 10172 Jlas aroro Mel 3a-
mbuaens u3b Tadammb, 910 ybanrern a® — 37y npm pbienim wa

148 pomxHBI 12BaTh OCTATKH
1, 3, 7, 9, 11, 21, 25, 27, 33,
41, 47, 49, 53, 63, 65, 67, 71,
73, 75, 77, 81, 83, 85, 95, 99,
101, 107, 115, 121, 123, 127,
137, 139, 141, 145, 147.
Ho mempy HaiijleHUPIME HAMH IPOCTBIMH 4ACIAMH 3TOMY YCJIO-
Bii0 yJOBIETBOPAIOTH TOIBKO TOJBKO 4HCIA
521 751 | 1439 | 2081
599 881 | 1481 | 2441
601 | 1039 | 1871 | 2591
641 | 1231 | 1951 | 2729
719 | 1249 | 1999 | 2791.
TaguMp e 06pa30Mb HAXOJUMD, YTO U3D ITHXD YHCETD ABIm-

texama °— 101%* MOryTh GbITh TOABKO
521, 601, 1231, 1249, 1439 1999, 2441, 2791.
IIpo6ys nbants Ha sTH gncia 8520191, 3amkuaems, uro oHm
ero He AbIATH; OTKYLa 3aKIovaeMb, yr0 8520191 gncxo mpocroe.
Taxkums o6pas3oMdb, Ha ocuoBaunim Teopim pbamrereir xBajpa-
THYHBIX'B $OPM'B, MBI MOKEMD H3CIBI0BATH COCTABD BCAKAr0 YACIA,

onpexbagBmA pALH YACETD
dyy Qyy Ayyeennnee

no ypasnemiawe: d,=1, d=A—(EBEVA4 )",
VA—d,  d,=d, BA=Rb=YE iy

n+1"n n n—1"°

———00 @R 00—



[MPUBABIEHIA.

1.

O KBagpaTUIHEIX'HF BEIIETaX'b.

By IV-it raapt me1 Bmpbam, xakw omperbigerca Bermumna
CHMBOIA, (%) , I 9epe3b 3T0 y3HaeM'b, mmbeTs In cpaBHeHie 22 ==a
(m00. p) pbmenie mim gbre. Ho 310TH cnoco6s onpexbienia Bexn-
YAHBI (—%) MOKEeTD GbITh 3HAYATEIBHO YNPOIIEHD; MOMKHO onpexb-
JATH 3HAYeHie <%), He pasiarad HH @, HO APYTEXD YACETH HA NPO-

crele MHOKATe M. Takoe ynpoienie 0co6eHHO BaKHO IpE @ 60Jb-
[IOMB; BB 3TOMB ciAydab pasioxeHnie a Ha NPOCTbIE MHOMEHTEIN
6h1BaeTh 0YeHb TPYAHO, I TpeGyeTs ropasfo 6oxbe Bpemennm, whmb

camoe onpexkienie (—Z—) 0 cnoco6y, KOTODBlii MBI Temepb MOKa-
FKEM'D.
Cataya Jemxaugpy, MbI A306pakaeMdb CHMBOIOMD (%), npE P

OpOCTOMD, HeYeTHOMD, Helbidmens ¢, elnHuny ¢bTEMD U3D IBYX'D
3HAKOBB, Ch KOTOPBIMB OHA Y0BIETBOPAETH CPABHEHiiO

p—l
0 ' ==+1 (M00. p).

Coraacumes ke Tenepp c¢b Ako6m m306paskaTh NpPOU3BEJEHie Ta-

a a a
KAXD CHMBOJIOBD (——), (—), (——), CHMBOJIOMD (
n y 2 D3
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JomycTHBIIN Takoe 3HAKOMOIOKeHie, Mbl Bh BelmyuHb cuMBoaa (%)

npu N EeYeTHOMB, IPOCTOMB C¢b ¢, GyleMb HMBTh npomssejenie

CHMBOJOBD (%), (%), (%),, rak a, B, Y,...... cyTh mpo-
cThle MHOEHTENH, cocTaBiaiomie N. Bp ciysat N mpocroro ators
cHMBOXB GyAeTd TomIecTBeHD cuMBoxy JleRavapa, m HEMB Ompe-
IbanTcA BO3MOKHOCTH HIN HEBO3MOMKHOCTD CPaBHEHiA 2’==a (m0d. N).

JoKameMD ®e Tenepb, YTO CAMBOID <llv) 6yJleTs YAOBIETBO-

pATe BcEMB TEMD ypaBHEHIAMD, KOTOPBIA CLYRHIN HAMD JJIA Ompe-

. a
XBIeHiA BEIAIHHBI CHMBOIA (F) IPA p IPOCTOMb.

I

He Tpyaso yobamreesa, dTo (——N—) paBHO (1%’) (%) ce

Bp camoms abak, ecan
N=aBy....,

rib «, B, ¥,....... IPOCTBIA YACIA; TO
()= (2) (2.
o o @ !
(a'alé"'.)’:(%‘,) (%’) o
>4 Ve ! 44
(=5=)= () (5)---s

[lepemno:xas 3TH ypaBHeHisa, HAXOIAMD

(1) (5 (452 .om 2 (5) (2L (5 )

9TO 10 NPAHATOMY HAMA 3HAKOMOJOKEHII0 NPEJCTABUTCA TAKb
aa’.... a’ a”’
(aﬁy.. .. )— ( afy... ) <aﬁy.. )
3ambuasa xe, aro 3xkcs a B y........ paBno N, Hafizemd

(£5) =) ()

yTo 7 Xorhim pokasate. Ha ocHoBaHiE 9TOro Mbl 3aKIHYaEMBb, UTO

)=

(=) =(5)

u crba.
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. N
Ha aT0oMDb OCHOBAHIM MBI MOKEMEL BB CHMBOIE (;) BBIKH/BI-
BaTh U3B COCTABA (1 TOYHbIE KBAAPATHI.
Takme He TPYAHO JOKA3aTh, 9T0 HPH ¢ CPABHEMOMB Cb @ 10

Moxymo N 3Haqeme( )paBHo( ) Bb camoms abab, ecim ¢ n

' cpasummbl 1o Moaysl0 N # N=afy......, T0 @ U @’ cpaBHEMEI
0 MOIYXAM®B o, B, ¥,....., I cxb1.

B=) =) ()=

Ilepemuo®an aTH ypaBHEHiA MemLy co0010, Haljems

(&) (3 E)-=E) () G ) mm (52) = ()

Ho afBy.....= N, crbiosaTeisno

(#)=(%)-

Ha ocxopaHim 3T0r0 Mbl MOKEMB BB CAMBOXE 7?7' qmciao a 3amb-
HATH OCTATKOMD OTH Abienia ¢ ma N, mim a6COIOTHO MAJBIMD BbI-
YeTOM'B ¢ 10 MOAYIE0 IN.

3uavenia (%) npa a=1 1 a=—1 onpexbiarca Takxe Kaxb

3HAYeHiA (%) IPA P NPOCTOMD YpaBHEHiAMA
N—1

(7)=1 (F)=1 " .

B camoms pbrb, ecm N=af¥......, Tab &, B, v,...... OpOCTBIA

; (%)___(%) (_;_) (%)= 1,

1 y—1
ot B ol S

=) ) Gt T

N—1__ aBye.—1
Ho —-="= B 72 , 9TO MOMETH GbITh IPEJCTABICHO TAKD

(2952 + 1) (25—2‘—14- 1) (2%—1-.- 1).....—-1
2

18*
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a 9T0 34 UCKIOYeHieMs YIeHOBD, HMBIOMUXD MHOKUTEIEMD 2, NpH-

BOAUTCA Kb
a—1 B—1 y—1

—2—+ 3 B} ceeee

Bexbjacrsie 3Toro mpejplayiee BhlpaikeHie (%) PABOJATCA

KB TAKOMY
N—1
—1 )
(F)=D .
/ /
Ha ocuoBanim aToro m ypaBHeHis (%):(Nq—) (1\3) 3HaYeHie
(—T“) BBIDA3UTCA TAKD
N-1

(7)=(x)=n""
Ilepexosumd Temepbh Kb ypaBHeHil0, CBA3BIBAIOMIEMY 3HAaUeHiA
(%), (%’) Jro ypaBHeHie MOJO6HO TOMy, KOTOpOE Mbl HAILIR
LIS CHMBOJIA (%) IpA @, p OPOCTHIX'B, W HA3BAJH 3aKOHD B3AHM-

HOCTH [BYyXH HNpOCTBIXB 4uHcerb. IIycrs Gyiers N=afy.....,
rn’ ’ ’ ’

a=a B y..., 1k a, B, v,..... nogo6uo o, B, ¥,...... mpo-

crbra gncia. I1o 3aKOHY B3AMMHOCTH OPOCTHIXD YHCEID HAXOLEMB

a—1 o/—1 B—1 a'—1

(H=E)=n " L (H=E)e=n T T,

, 1 @1
(H)=F)=n" * ..

Ilepemuo:Kad Ke 9TH ypaBHEHIA MEXAY €060, N0IydaeMb

() () ()
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Ho mpomseezenie aBy........ paBuo N; suagenie xe
-1 . =1 y—1
1, 8 —

2 Tz Ty e

N—1 .
KaKDb 3&M'f>TP[JIﬂ, PasHATCA Cb —— YHCJIOMDB YCTHBIMB, BCJIﬁ}lCTBle

2
ITOTrO0 npejabiryniee ypaBHeHie OpUBOJHRTCA Kb TAKOMY
a'—1 N—1

B=Een T T

IToxo6apIME 06pa3oMp HAXOLEMD
p'—1 N—1

H=E)—v" T
yY—1 N—1

@)=

e e o s 6 a6 e e s 0 4 0 s 0 00 0 e

[Tepemuosras Bch aTm ypaBHenia mMemay co6oi0, mOIydaeMb

"\ B\ Y N\/N\/N N;l/a,;—l—l—ﬁ,;l-i-—f;l.u
&)@ -=)F) )

YTO NOAOGHO IPEJbIAYIIEMY NDHBOANTCH Kb

N—1 a—1

=)

méo o« f'y.....=a.

’

Hamp ocraerca Tenepp mnOKa3aTh ypaBHeHie, onpexpbisiomee

a

3Ha4YcHIe ( N

) npm @ =2. ITO0 ypaBHeHie, Ha OCHOBAHIA BbIBe-

JEeHHBIX'>P HAMH, MOKETD OBIThH OHpell,’I;JIeHO 09€Hb IPOCTO HE3a-

. 2
BHCHMO OTD yPaBHEHiA, BHIPAKAIOMIAr0 BeInIHHY ( ) npu p mpo-

?
CTOMD.
Jasa aToro MbI 3ambyaems, 9TO ypaBHeEHie

N—1 a—1

F=E)n "
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npr a=2n—1, N=2n-+1 jpaers

() = (5) (= s

2n—1\ _ (2n+1
2n+1/ " \2n—1)°
Ho no roxasansoMy BaMm
on—1\ _ (2n—1—2n—1\ __ [ —2\__ [ 2 (—1)"
Im+1/ " 2n+-1 T \2n+1) 7 \2nr+-1 )%
2n+1)__ m+1—2n+1\ [ 2
on—1/ 2n—1 — 2n—1)‘
Beabaersie aToro npeapiaymee ypapaenie gaers

() )= =20

N—1 .
Jbaaa spbee n=2, 3,..... =5— W NePEMHOKAA YDABHEHIT DK

OTRYyZ2 crbayers

9TOMD U0AYy9aeMbld, HAXOAUM'D

24+-3+... +'ZE

2 2 2
(¥)=(3)= '
Ho (%) paBHo — 1; BcabjcrBie aToro mpeapliylnee ypaBHeHie
Jaerdb

14243 +... .+£_-—}
2 2
(F)=D :
9TO HPEBOAMTCA Kb TAKOMY yPaBHEHi0
N2—1
9 8
(¥) =D "

Ha ocHoBanim BbIBeJEHHBIX'h HAMA ypaBHEHil, MbI MOMKEMB Cb
a
N

. se a
Hidg 3HaveHii (?) np® p npocroMb. Jad atoro Mel 6yIeMb HOCTY-

BBII'0J0I0 BBECTH CHMBOJH ( >, ¢b N cocraBHbIMD, 11 ompejbie-

nate npu onpexkienin (%) TaKEMB 06Pa30Mb:

a
Ecim @ Goipme p; TO cuMBOIB (F) 3aMbHAEMD CHMBOJOMB

(3:_)’ rab r ocrarox®s orp Abienia a Ha p (BMbero ocraTKa OTBH

Abrenia @ Ha p MBI MOKEeMB B3ATH 3a ¥ aGCOJIOTHO MAJbi BbI-
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9eTh @ M0 MOJYII0 p); €CIH 7 YACIO 9eTHOE; TO pa3iaraeMb ero

Ha Ipom3BejeHie CTeleHH 2 W 49mcla HEYeTHAro; 4pe3b 3TO 3HA-

. . 2 r
9eHie (%) OpejcTaBuTCA NpPOU3BEJleHIeMDb CHMBOJOBDH (z;) n (-1—0-).

2 .
CumBoIBI (;), Oyiyd9d BB 49eTHOMD umcxb, JajAyTh Npom3BejeHie

paBHOoe 1; BH IPOTHBHOMD cIydal MBI ero HafileMb 10 ypaBHEHiIO
N2—1

== ;
(%) =(—1) . O6pamaeMca Kb CHMBOIY (;7), b r <pu
7" gncao mevernoe. [lo BBIBEIEHHOMY HAME ypaBHERiI0

N1 a1
W=y
r—1 p—1

B=en T T

P . a
IloTom® mocTynaems cb (7), Kakb NOCTYyHAIA Chb (?), 0 yMeHb-

Haji1eMb

nmasA TakaMb 06pa3oMb mocrbroBaTelbHO YHCIA, BXOAAMiA BB ITOTD
CHMBOJD, AOHAEMD 10 CHMBOJIOBD, KOTODBIXD 3HA4eHiA HAiAyTCA Ha
OCHOBAHIA ypaBHeHiit

N—1 N2—1

(¥)=1(F)=(=» ", (F)=(=1 .

Ilpm sToMB MBI 6yleMD BBIKHABIBATH BB CHMBOJXE (%) MHO-

sKuTeleit @ 1 N, CoCTaBIAKWINEXD TOYHBIE KBAJPAThl, KOUJAA TaKie
MHOKHATEJH Jerko 00HADYKHBATCA.
Jaa npawbpa Bo3bMeMDB CHMBOX'B

884257967
2147483647/ °

3nkch BepxHee YHCJIO0 MEHbIIE HIAKHATO M NPHTOMD HEYEeTHOE,

N03TOMY HA OCHOBAHIN YpaBHEHis
N—1 a—1

F=Een " T
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BBIBOJHMD

( 884257967 )

. 2147483647)
2147483647 :

884257967

IToroms, abas 2147483647 nHa 884257967 m Haxojd BB
ocrarkb 378967713, 3axaoyaeMsb, 9T0

2147483647\ ___ (878967713
884257967 )~ \ 884257967/ °

Ho onaTth Ha 0CHOBAHIM TOro iKe ypaBHEHIA
N—1 a—1

F=en " 7

(378967713) _ (884257967)

HAXOJUMD

884257967 — \ 378967713
A Tak® Kakb ocTaToK® oTH Abienia 884257967 ma 378967713
ecTb 126322541, 1o

884257967
378967713

126322541
378967713/ °

IIpozomras TakKEMB 06pa30Mb, BBIBOJAMB

(378967713 90

= (126322541) = (126322541);

126322541
378967713

90 __( 3\ 10 \_ [ 10 .
126322541) — \ 126322541/ \126322541) — \126322541)°
10 \__ 2 ) 5 \,

(]26322541 — \ 126322541/ \ 126322541 )"

;

—

Ho Beamumna ( 0 ypaBHEHik0 (’JZV)_;(_ 1) ’

ecrb—1; caba.

126322541)

10 . 5 o (leeseesary (1) 4
126322541) — 126322541) — 5 - 5) :
884257967
Hraxp Beamumna (—————21 47483647) ectb 1.

Ecm 651 Mp1 craim ompepbaaTh 3@adeHie 3TOro cAMBOJA 1O
cnocoGy Jemxanapa, n3nomennomy Hamu Bb IV raapb, Mbl 101KHBI
651 GbLIA, NPHCTyHasd Kb 3TOMY onpejbienito, pasioRATH 4YHCIO
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884257967 Ha OpocThle MHOMKATEIH, YTO NPELCTABIAETH (OJbIiA
TPYAHOCTH.

IIpunaToe HaMH 3HAKONOJOKEHie 114 O3HAYEHIA NPOH3BEJEHiA
1), (1—%), (i), .... ® Berbicrsie Toro AaHHOe
HAME 3HA4eHie CHMBOIY (%) npn N coCTaBHOMB, MOKETDH ObITh

CHMBOJIOBD (
1

TaKiKe Cb NOJL30I0 YIOTPEGIeHo BB Teopim ybiamrereit xpajparmd-

Hoit ®opmbl 4° = ay®. Taksp ecam sopma 2 —iay?®, Tabi—= 1

mvbBers pbimrenems ymcao N, m N ecth npomsBejeHie IpoOCTHIX'D
. - .

9mcers aBy.....; TO (35):1, (F)_—_l, (ﬂ)= 1,...... OTKYI&

o Y
cxbryers, aro (3&‘-‘-) (%’) (1‘1) =1, u crbj. 0 HAIIEMY 3HAKOIO-

(5=
() ()=

. 2 \2
YuMHOmAA 5TO ypaBHeHie Ha (%) u 3ambuas aro (%7) =1, Ha-

X0AUMD <§_) _ (%).

IIpexnosaras ke @ YACIOMB HEYETHBIMB, [0 JOKA3aHHOMY HAMH
mmkemsn

J0EEHi0

OTky1a BBIXOJHTH

PUNNEAVES ki
@F)=EFe " 7.

Jro ypasuenie BMEcrE ¢b mpejpIIyIEMD JaeTh

a—l N—1

D=t

. N
Orcrona aaa ¢ =1, a = 4n -+ 1 BBIBOAEMD (7;
N—1

=1; pa ¢=1,

S~——

a = 4n -+ 3 BBIBOJEMD (%):(— 1) 2 ;oA 4= —1,
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N—1
N 2 .
a=—4n-+1 BBIBOJEMD (7)-:(-—1) ; L t=—1, a=4n—+3
BBIBOIUMD (%) =1.
Borsb ypasuenida, kKoToppIMB JOMEKHBI yI0BIETBOPATH AEInTEIH
@0opMbl 22 == ay?; BB HEX'D, KaKb YACTHBIA cIyyadl, 3aKIHOYaroTCA

ypaBHeHid, xotopbia Bb VII-it raaph mpr Hamum gaa onpepbaenia
Xbanrexeit 2° == ay® npn @ HPOCTOMD HEYETHOMD.



I

OO0 onpenbilieHin NepBOOOPaA3HEIX"E KOPHEI.

Bw VI-it raapb mp1 noxkasainm isa cnoco6a onperbiaars mepso-
o6pa3Hble KOPHA NPOCTHIXD ducerb. 06a 3T cnoco6a 1A YHCETD
60JPMAXD NPABOAATCA Kb OUPOMHBIMB BBIKIaJKaMb. Tenepbp Mbl
JoKameMDb HBCKOIBKO TEOpeMb, HA OCHOBAHIM KOTODHIXH MOMKHO 1
MHOTHXD 9ucelb N0 BHAY HXb Y3HATh WXh IEPBOOGDA3HBIH KOPEHb.

TEoPEMA.

Ilepsoobpasmvii kopens wucaa 2°"—+1 ecmo 3.

Joxasameavcmeo. Ecim p = 2"~ 1; 10 BB cocTap p — 1
BXOJUTH TOJIBKO HPOCTOE 9YHCAO 2; a moToMy (cM. 49 Teopemy)
yhcao @ GyieTs nepBoo6pasHblii KopeEb 2°"——1, ecam cpaBHemie
2*==a (mod. 2°"—+-1) ne mubers phmenia. Jokamens e Teneps,
uTo 3T0 cpaBHeHie He mMberd phmenia npm @ = 3. Juaa sroro

3
MbI 3aMbuaeMsb, 9TO (22_n_ﬁ) 110 3aKOHY B3aMMHOCTH 4ACEIB, PABHO

22041 —1 :
-3 a 3TO0 paBHO 3 3 #60 BO3BOAA YJIEHBI CpPpaBHEH1A

4=1 (m0d. 3) Bb creneHb 7 HaXoamMb 4" =1 (mod. 3); oTKy1a
AcHo, 9T0 —1 10 Moxya0 3 cpasmiMO b 4" -+ 1, mim 2°" + 1.

Ho (—Tl)=-— 1. Cuaka. (L) = —1; a moToMy cpaBHeHie

221 -1
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2?=3 (mod. 2*"+1) ne umbers phuenia, m 3 ecTs nepsooGpas-
HBIH KopeHs wmcaa 2°" —+ 1.

Ha ocroBauin 3Toii TeOpeMb! Mbl 3aKIHYAEMB, YTO 3 €CTh Iep-
B0OGpa3HbIl Kopess b5, 17, 257, 65537.

TEOPEMA.

Ilepsootpaswoti Kopenv wucaa 2 (4n—+1)—+1 npu 4n—-1
npocmoms ecmv 2, o uucia 2(4n-+3)-+1 npu 4n -+ 3 npo-
cmoms ecms 2 (4n -+ 3) — 1.

Joxasamenvcmso. Ecinm p =2 (4n+1)-+1 n 4n—+1 gncio
npocroe, Goipmee 1; To BB COCTaBb P — 1 BXOAATDH ABA IPOCTHIA
gncaa: 2, 4n-+ 1; moatomy (cM. 49 Teop.) yncio a 6yiers nep-
BooGpa3Hblil KOpeHs gncia 2 (4n -+ 1)+ 1, ecan cpaBHeHia

wr=a, 2" =a (M0d. 2(4n+ 1)+ 1)
ne avbiors phmenia. Jokamemd ke Tenepp, YTO 3TH CPaBHEHIA He
mvbiors pbuenia npu a = 2. HeBo3MoEHOCTs EPBAro 0Y€BHAHA;
0HO OPHBOAUTCA Kb
22==2 (m0d. 8n —+ 3)

a no 32-it reopemk (87——13) ectp —1.

Yro-:xe KacaeTcA A0 BTOPAaro, oHo GyZeTs
2" =2 (m00. 8n - 3);
OTKyJa, B03BoJA 06k yacTnm cpaBHEHiA BB KBaApaTh, HAXOJHMB
22" =4 (m00. 8n 4+ 3).
9ToMy CpaBHEHiI0 He yAOBIETBODAKTD YHCIA KPATHbIA 87—+ 3,
a npn # Hepbaamemca na 8n -+ 3 no Teopemb Pepmara Gyrern
" =1 (m0d. 8n -+ 3).

BeabicTie wero mpegpliymee cpaBHEHie NPHBOIUTCA Kb Ta-

KOMY
1=4 (m00. 8n —+ 3),
I
=0 (m00. 8n —+ 3).

Jro cpaBueHie Morao 6b1 mMETh MBceTo Toapko mpE % =0,
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Ho cay9ait =0, 1 crbr. 4n—+ 1 =1 MbI ucri0daensd. UTaKD
o6a cpaBHeHis

P?=a, " '=a m00. 2 (4n—+ 1)+ 1)
npu a =2, n > 0 ne nvtiors phmenia, n cabi. neprooGpasusbiit
Kopesb 2(4n—+ 1)+ 1 BDb cpbiaHHBIXD HAMH NpPelNOJOKEHIAXD
ecTh 2.

Ilepexoyums Teneps Kb p = 2 (4n —+ 3) + 1. Bb aroms cay-
gyak p—1 Oyaerd 3aKI0YaTH NPOCTHIA YmcIa 2 W 4n—+ 3, 0 @ Gy-
JeTh NepBo06pasHblil KopeHb 2 (47 -+ 3) + 1, ecinm cpaBHeHiA

’=a, 5" *=a (M0d. 2 (4n+3)+1)
He mMbiors pbmenis. Jokaxkemd Ke, 9TO 3T0 clyyaercd JIdA
@ =2 (4n + 3) — 1. IlepBoe cpaBueHie nprBOAUTCA Kb
22=8n—+5 (n0d. 8n —+7),
n oHo He mybers phmeniil; n6o

(3,,...5) _ (Sn+5—8n—-7) — ( —2 ) —_—1.

8n+-17 8n—+7 8n+7
Bropoe 6yrers
2" P =8n-+5 (mod. 8n +7),
HIH 2" = —2 (M0d. 8n 7).
BosBoas 065 vacrm atoro cpasnenia BB KBaiparh # 3ambuas,
yto no Teopemk Pepmara 2*" " C=1 (m0d. 8n -+ 7), HaxoEMD
1=4 (m0d. 8n—+T7),
4r0 HEeBO3MOKHO. UlTak® 06a cpaBHeHid
B=a, """ =a (n0d. 2 (4n -+ 3)1)
opu a=2(4n—+3)—1 me umkiors pbmenia, n crba. 2 (4n-+3)—1
ecTh NepBo00pasHblii Kopenb yncia 2 (4n —+ 3) —+ 1.

Ha ocnosanin 3T0lf TEOpemMbl MbI 3aKI09a€MB, 4TO 2 €CTh NEp-
BooGpa3HbIi Kopess 11, 59, B3, 107, 123, a 7 mnmbers nepso-
00pa3HBIME KOpHEMD H; 23 mmbers nepBoo6pasHbIMB KOpHEMD 21;
47 mwkers nepBoo6pa3HBIMB KOpHEMD 45 U T. 1.

TEoPEMA.

Ilepsoodpasnorii wopews 4N -+ 1, npu N npocmoms u 6oan-
uems 2, ecmo 2.
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Horasameascinso. Ecim p—=4N-+1, n N npocroe, 60abmee 2;
TO p—1 3aKI0YaeTd 1Ba IPOCTHIXD YACIa: 2 M N; H0oaToMy @ Oy-
1eTh NepBo06pasHbIMD KopHeMD 4N —+1, ecanm cpaBHeHis

P=a, t"=a (m0d. 4N +1)

me ummbiore pbmenia. JorameMb Ke, YTO 3TO CcAyJaeTcd HpHA
a=2. IIpn a = 2 nepBoe cpaBHeHie GYIETDH

2= 2 (m0d. 4N ~+ 1).

Ho N meuernoe umcio; crba. suga 2n —+1, a noromy 4N —+1
= 8n —+ 5, BB 3TOMB Ke ciydab no 32-it Teopemb

(o) =—1,

2= 2 (m0d. 4N—+1)

7 crbl. cpaBHeHie

He mmbers pbmenia. YUrome kacaeTca A0 BTOparo, OHO NpPHABO-

IATCA Kb
2"=2 (mod. 4N+1).

Bosseja 065 gacrn aToro cpaBHEHiA BB YETBEPTYIO CTENEHb H
sambraes, yto no teopemt Pepmara 2*Y=1 (mod. 4N+ 1), Ha-

XO0AAMD

1=16 (m00. 4N + 1),
A

3.5=0 (#00. 4N+ 1).

Ho 3to cpaBHenie HEBO3MOMKHO; W60 OHO NPEINOIATAETD 3 WIA
5 pbaammmesa na npocroe ncao 4N+ 1, ik N > 2. Ciabr. o6a

CpaBHeHis
P=a, 2"=a (m0d. 4N+ 1)

npr ¢ = 2 He nMbioTh phmenia, a noToMy 2 ecTh mepBO0GPa3HBIH
KopeHs gmcaa 4N -+ 1.

Tarp umcsa 13, 29, 53, 149, 173, 269, 293, 317,..... 0y-
1yTh METh epBOOGPA3HBIMD KODHEMD 2.
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TEoPEMA.
92"
Qucao 4.2™ N+ 1, npu N npocmoms npesocwoosuyems s ,
m > 0, Gydems ummmo nepeooipasHbiMNG KOPHEMS 3.
Joxasameavcmeo. Ecan p=4.2"N-+1 n N mpocroe; To
p—1 3aKI092eTH TOIBKO ABa NpOCTHIXD gucia: 2 m N. Bb atomsb

cayual @ 6yxeTs nepBo0Gpa3HEIME KOPHEMD YACIA P, €CXH CPABHEHIA
P=a, 2"=a (n0od. 4.2" N+ 1)

me avbioTs phmenia. Ilocmorpuns Ke MoryTs au oHn umbrh ph-

menie npr @ = 3, Korga N, 10 I0JOKeHil, YACIO Npocroe, 6oxke

2—221% n cxba. Goxke 3 m ma 3 He yhamrea. Bp stoms caysak N 6y-

gers uin Bua 3n —+ 1 nam 3n— 1, Crba. Gyzers
N==1 (m00. 3).

Ho us® cpaemenia 2 = —1 (m0d. 3), B0O3B0OAA €r0 BB CTENEHb

M~ 2, BBIBOJLAMD
2" =1 (m00. 3).

Ortkyza crbryers, 9ro
2" N===1 (m00. 3)

a noromy 4.2™ N+ 1 6yers CpaBHAMO 00 MOAYI 3 HIH b O,
nim c¢b 2. IlepBoe me mMoxers mubre mbera; m6o oHO npepmona-
raerds rbammocts npocroro wncia 4.2™ N -+ 1 Ha 3; B0 BTOPOMB

4.2m N1 2
®e cryJab (_§1_> PaBHO (3) = —1. Ho uno 3axoHy B3amm-
HOCTH JBYX'h IPOCTHIXDH YHcedb mMEeMb
4.2M N4-1 3 3
( 3 )—'(4.2m N+1)' Caty,. (4.2m N+l)_ —1,

YT0 0GHAPYKABAETH HEBO3MOKHOCTh CPABHEHIS
*==3 (mod. 4.2" N —+1).
Hamws ocraerca poxasaTsh, 9To cpaBHeHie

V=3 (m0d. 4.2™ N+ 1)
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BB cIBIAHHBIXD HAME Ipefnoloxeniaxs He mvbers pbmenia. daa
3TOT0 MBI BO3BOJUMB 06F gYacTH ero Bb crenenb 4.2™ m sambuas, uro
m
no Teopemt Pepmara 2+2 V=1 (m0d. 4.2™ N+ 1), noxydaems
m
1=3%* (mod. 4.2" N+ 1),
0TEyla crbayeTs

2 2m 2 2m m
(3% 1) (3%2 — 1)==0 (m00. 4.2" N+ 1),
m
9TO, IPEJI0Iaraers xbammocts ogmoro m3n umeerp 3% 41,
3%2 —1 ma 4.2" N+ 1, a 3T0 HEB03MOKHO; H60 N 10 mOJIOEKE-
. 2

Hito 6oxke 497,., u cabr. 4.2™ N -+ 1 upesocxogars 92" —+ 1, mim
g2 1,

Ntax® BB cabIaHABIXD HAME IPEANOJOKEHIAXDs 00a CPaBHEHiA

P=a, 2"=a (m0d. 4.2™ N-+1)

npn @ = 3 ue mvbiors phmenia; crba, yncao 4.2™ N —+ 1 unbers
1epBO0GPA3HBIME KOPHEMD 3.

Taks uncra 89, 137 233, 569, 809, 857 suga SN+ 1 u
6737 Baga 16N + 1 nvbioTh 1epBooGpa3HBIMG KOPHEMD 3.



IIL.

O0® ompemkbieHiM YHCIa NPOCTHIXD YHCEI'H, He
IPEeBOCXONAINUXE JAHHOM BEJIHUIHHEI,

Me1 Bagbam (§ 2), kakb MOTyTD 6bITh onpeabiens: Beh npocThia
gncaa oTh 1 f0 AanHaro ymcaa. TaxaMb 06pasoMb MO:KHO ompeyk-
JHTh, CKOJBKO NPOCTHIXD YHCeIh MeHpIIAXD jAanHaro upexbia. Ho
Takoe ompeibieHie gmcia mpOCTHIXB YHCEXh, MEHBUIAX'H JAAHHATO
npexbia, npexcraBigeTs 60IbMiA TPYAHOCTH, KOTAa 3a mpexbis
npuHAMaeMDb Goapmoe ymexo. Mol 3afimemes teneps onpexbiaeniens
3TOr0 9mcla IO IpAOIMEEHi0, W NOKAKEMb HA OCHOBAHIN 3TOrO
pbmenie BEKOTOPBIXB BOIPOCOBE.

Bo Bropoms Tomt Teopin uncers Jemanps npegiaraeTs $0p-
MyIy AIs npuGammEeHHaro onpeprbleHia umeia HPOCTHIXD YACETD,
MeHpIIEX'H JanHaro gmcaa. Ceowo @opmyay Jemxauips nosbpaers
Ta6JHIEI0 OPOCThIXD ducess oTs 10000 go 1000000, m moroms
npuiaraeTds ee Kb pbmeniroo HBKOTOphIXB® Bompocod Teopim um-
cexrs. He cmoTpa Ha BEIEMOe coriacie @opmyusl Jemanipa ¢b Ta-
6IMIEI NPOCTHIXD UMCEeNb, MbI He MOMEMD HE H3BABHTh coMHEBHIA
Ha CYeTH CTPOTOCTH ed, W BcIBJCTBie TOro He MOMKEeMb LPA3HATH
BEpHBIME BBIBOJBI, Ha Hel ocHOBaHHbIe. Kb TakoMy 3aK.Ii0deHi0
IPABOAUTD HACH OAHA TeopeMa OTHOCHTEIHHO CBOHCTBD ®YHKIIH,
onpexbiAromeii 9McI0 NPOCTHIXD YACETD, MEHBIIAXD JAHHATO YACIA,
TeopeMa, A3h KOTOPOil MOTyTH ObITh BbIBEJE€HbI MHOIiA JIO0ONBIT-

HbIA NpeJIoKeHid,
14
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Msr 3aiimeMca Tenepb W3I0KEHIEMB 3TOHl TEOPEMBbI, a IOTOMB
NOKasKeMb HEKOTODPBIA 3B ed NpHIOKeHii.

Teopema, koTopas GyzeTd npeiMeToMd HamuxXb m3crbroBamii,
3aKI09aeTcA BB cabryomems:

I. TEoPEMA.

Ecau ¢ () 0sHauaems wuca0 NPOCMbITS UUCCNS MEHBUULTES Xy T
Kawoe aubo wuUCr0 unaoe, p Koauuecmeo >> 05 Mo 63 CYMMM

.’B’—é@ 1 1 log—nw—
z=2 [(P(x_'— )—e@) — Tog z_| =l +P
Mol Gyoems uMmms maKylo GyHrYin, KOMOPAA €3 NPUTIUHCEHIEMS
¢ %3 0, NPUGIUNCAEMCA K KOHEUHOMY NPEOTAY.

Hoxasamesvcmeo. Mpl JoKamKeMb CHAYada, YTO TAKOE CBOli-
CTBO NPHHAJIEKNTD ®YHKIIAMB, IOXYYaeMBIND 4epe3h AUPIepeH-
nnpoBaHie HECKOIBKO pa3h BhIpaKeHiit

1 1 1
2 te—t, 1og9—210g(1-—m),

= log(l-— u‘}"ﬁ’) +3= ul_l,_‘,
no o, npexnotaras 3xkcep u Beaxt BmocabicTeim cymmmpoBamie mo
M PacupocTpaHeHHBIMD Ha BCE umcia oTh m==2 A0 M=—00, CyM-
MHPOBAHie Ke N0 P PACHPOCTPAHEHHHIMB Ha OJHH TPOCTHIA YHCIA
OTh (== 2 J0 p==o00.
Haunems cb nepsaro. He Tpyamo y6banteca, gro

Q  ,—x 1 o
I T dr =23 I e " 2P du,
0

eP—1
0
(o) (o)
I e x “'"dx:lf e Tafdx
0 e 0
a TMOTOMy
@/ 1 1\ —
1 I (—w— —_ —) e wwp dx
2 . 0 elr—1 x .
+p = —
m ¢ f;”e ® 2P d

W3® atoro ypaBHeHig BAJHO, YTO NPOH3BOAHAA 7 NOPALKA OTD
1

1 .
e — 5 10 ¢ 6y1eTh BBIpamKaThCA Apo0bl0, Yy KOTODOH 3HA-
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MeHatelemb Oyiers [ (e “afdx|™, a uncimresens nkiaa

OYHKIiA EHTErPaloBb
S 1 1 —x o 1 1\ —z p
IO (em—-__l — ;) e 7 af da, Io (e———m_l —-—x—)e 2 logwde,

J'oo (e%_l——-}c—) ¢ af log?wdz,. . . . .. e cees
0

S 1 1 —x n S
....... , I (~— — ;) e " 2P log"xdu, f ¢ %2 dz,
0 0

{ee] (o o] (ee]
f ¢ “af log zdx, I ¢ “2flog *xdu,...., f ¢ T af log" zdu.
0 0 0

Ho Taraa apo6s, 6yzerp am =0 mmm > 0, npuGamkaercs

Kb KoneuHoMy nmpexbay cv nmpmbamxeHieM®s ¢ Kb 0; m6o uperbas

{ee]
HHTErpaJa I ¢~ " «P dx upn p=0 ecTb 1; HHTErpAIBI e
0

J. :° (Zavl——l — ?};’) ¢ "ot da, [:o (671_—1 — %) ¢ " aP log zdu,

Jm (ewi_l — 7}) e " 2f log*zdz,.... f:o(;wi_T— %) ¢ “zflog"x dx,

0

Ioo e " aflog wdw, jm ¢ " 2P log wdz,...... jm ¢ " a® log" xdw
0 0 0

npa p==0, 0YeBHJHO, COXPAHANTD KOHEIHYI0 BEIMIHHY.

Wraxps cbp mpubammeniemd ¢ kKb O BCh HpOHBBO}leIﬂ 0Th

1
> mie

npexbIaMA BEIMYMHBI KOHEIHBIA.
OGpaiaeMca Tenepb Kb SYHKOIR

logp— = log (l—!—kl—_l,_—;).
N3ekerno, uyro
[(1— 5055) (1—500es) (1— g fomee |

—1 1 1 1 .
=15+ g Heeeesd

1
+ TAKEe Kakb M caMa 2ml+9 —, OyayTs umbTh

OTKYJa BBIXOAATH
—log ( 21_,,,) log( 31_,_9) —log ( 51—1;,) .

1 1 1
=log(1+ g+ srrp g H e ) ,
14%
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4T0 IO HameMy 3HAKOIOJOMKEHII0 HANMIIETCA TAKD

‘*‘2108(1 1...9)-—10g(1+2m1_,_9)-
crbpoBaTeapHO
loge — = log (1— ;) = log (1-+ 3y o3
a NOTOMY

logo—2= log(l—- ﬁ):log [1+ 9—5—(2”—@1%_—-9——;—)9].
W3® aToro ypaHeHiA BHJHO, YTO NPOM3BOJHbIA
logp—2X log(l—- ;}T‘,)
0 ¢ BBIPA3ATCA KOHEYHBIMH YHCIOMD [pobeif, y KOTOPBIXH 3HaMe-
HaTeXAMI 6YAyTH MEIbIA, NOI0KATEIBHbIA CTENEHH

1+9+<2—1———i)9,

mi+P ?

a gncamrexm GYyAYTH WhaIbld @®YHKNIH KoJ@dYecTBa , BbIpasKeHid
1 1 .
= miFp — 5 1 IPOH3BOAHBIX'D €ro 10 0. Ho Takia apo6m c¢b npu-
6amxenieMs o Kb O IPHOIMKAOTCA Kb KOHEYHOMY mpexbay; mGo
. 1 1
BpIpaKenie 1 -+ - (2 e = ?) 9, COCTAaBJIANINEE 3HAMEHATE-

Jeif aTEXD Jpo6eil, b upnbinKenieMd o Kb O npubammaercs Kb 1
1
(moTomy, dTO Eml_,_p - KaKD J0Ka3a1l, TIPH JTOMB OCTAETCH

KOHEYHOI0 BeINYAHOK); PYHKIIA Ke Eml_,_p — ¥ DPOH3BOAHBIA
ed, BXOAANIA BB COCTaBD dncIuTelell 3THX® JpoGedl, mo AokazaH-
HOMY HaMH, ¢b NpHGImEeHieMb ¢ Kb O NPHOGIMEAIOTCA Kb KOHEY-
HBIMD Tperbiamb.

Hawmp ocraerca Temeps 10Ka3aTh 5TO :Ke OTHOCHTEJBHO HPO-
M3BOJHBIX'D

1
210g(1—~—1¢p>+2w+9

Jas aroro mMpl 3aMbyaems, 9TO NepBad MPOM3BOAHAA ITOH PYHKIIN
ecTb
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Ho Bnay e sroii oymknim He TpyAHO 3aMETHTH, 4TO €A BplcmiA
IPOW3BOAHBIA BHIPA3ATCA KOHEYHBIMD YHCIOMD YICHOBD BHAA

b 1 logP 1
p2 2’ T 1 1 \r?
- piFp - E_Fl—_?

rak p, g, 7, s, 5e<<0. Ho Kam1blit W3b TAKUX'D LICHOBD JAaA p==0
n 9> 0 mvbers Komeunylo Beamymay; u60 A1A p==0 1 p>0 ®yHK-

nid, cocToAman MoLb 3HAKOMD =, OTHOCHTEIbHO % 6y1eTs 6esko-
HEYHO-MaJI0e MOPAJKA He HHUAKE BTOPAro.

Y6baupmucy TakEMB 06pa30Mb, UTO IPOU3BOAHBIA OTH BbHIpa-
IKeHii

1 1 1
ml—_,_p'—'—P", IOgQ—ZIOg(l—W),

1 1
> lOg (1—P_l+p) + 2= pl+e?

>

ch npubammenieMs ¢ Kb 0 npmbammanTca Kb KOHEYHBIMB npexb-
JaM'b, Mbl 3aKI0YaeMb TO:KEe H O BBIDAIKEHIN

an [Z log( ; f,_p) -+ ZM1+9:| a [log 0— Zdlog ( 1— Ml_l,_‘,):]
P ™

]

mi+p
dp—1

-+

KOTOpOE IO BBINOJHEHIR AMPPeDPEHNAPOBAHIA U COKpALIEHiA NPHBO-
AETCA Kb crbryromemy

log™ u. log"—!m
i(z pl P —X mi e )7

Bb YeMD U 3aKII0YaeTCA IPelJOoReHHAsd HAMH TeopeMa; W60, KaKb
He TPYAHO 3aMETHTH, MO HAINEMY 3HAKOIOJOMEHiK BBIDaKeHie

log" u log"—1lm
z i P — X nl+p

TOKJECTBEHHO BHIPAKEHII0

m__oo

1 log"
= [cp x —+ 1)———cp(w)——logw] xl_._fy
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Bt camoms pbab, nocrbinee BhipakeHie ecth pasHOCTH JABYX'b

=00 log® $C=031 n—1i
> I:cp(w+1)——-ag(x) ogt =, 22 Lumty
__ rT=

F3b KOTOPBIXD IlepBOE IPHBOAATCA Kb xlete 1+p & (cymwh 3Haveniit

% , COOTBETCTBYIOIUXS IPOCTHIMD YHCIAMD); OO ¢ (1) 7 ¢ (),

0382924 9ACIO IPOCTHIX'D UACENH, MEHBIIAXh £+ 1 # @, BL pas-
HOCTH @ (¢ -+ 1)— ¢ (%) AalorTh 1, Korja « ymcro umpocroe m O,

eclm & YACIO COCTABHOE; BTOpoe :Ke nepeMbBHOO z Ha m o6pa-

log"—1m
maercsa BB 2—————‘,— .

Taxp y6bmaaeMmcd BB COPaBeiINBOCTH NPELIOEKEHHOH HAMH
TeopeMsl.

H31 JoKa3aHHON HAMHA T€OpPEMbl MOMKHO BBIBECTH MHOIiA J1060-
OBITHBIA CBOMCTBA ®YHKUIN, onpexbadmomell Ymcao NPOCTHIXD 4Ui-

cel'sb, MeBpMAXD JanHaro npexbra. Jag storo Mel 3ambBuaems, uTo
Zr+1 dz

1
DasHOCTb 1o — Iw gz’

MaJo€ OTHOCHTEJIbHO = nopsAfra mepsaro, a noToMy Bblpa;’RGHie
1 j‘“”"l ‘dz \ log" =
log @ s logz) al+P

1
IpH & 60JbIIOND GYIeTh OTHOCHTEIBHO —- HOPAAKA 2 —+p,  caby.

npn & GOJbIIOMB, €cTh GE3KOHEYHO

npu p me <0, cymma

x:éoo( 1 __J'““H dz \ log" z
—9 log x z logz/ 17+

6ysers mvbre 3Hadenie komeyHoe. CKIajpiBas jRe 3Ty CyMMy Cb
BBIPAKEHiEMD

= 1 7 logh
E (el D= 0@) — 53] Giess
r=

0 KOTOPOMD Ceildach JoKa3al:m TeopeMy 1-1o, Ha OCHOBaHIH ed 3a-
KII0Y2eMB, 9T0 3HaUeHie

T=00 T n
R rcp(w+1)~<9(x) [ | e

log x| «+P
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¢b IpuGImKenieMd p Kb 0 npmOamKaeTcd Kb KOHeuHOMY mnpexbay.
A otcioza He TPYAHO BBIBECTH CIEIYIOIIYI0 TeOpeMy:

II. TEoPEMA.

Oms =2 do w=o00 Pynnuia ¢ (&), 0HAUAIOWAA WUCLO NPO=

CMbIXE  YUCENs MEHVUULE X, ydoememeopﬂemz 0eskoneunoe wucao

T

a.
pass u Hepaeeucmey ® (%) >I logw —fgnz U Wepasencmey

x
9 (@) < [: Tga + Tag"_x y KKz Obe o, 0CMABAACH KOIUYECTNEOMS

NOLOHCUTNENBHOLME, WU GbIA0 MAAO, O 1 HU ObLAO BEAUKO.

Joxazameascmeo. Mp1 orpanmamMcsa 31Ech J0Ka3aTeIbCTBOMD
BTOPOT0 HEPABEHCTBA, NIEPBOE JOKAmKeTcsA HOZOGHBIMB 06Gpas’oMs.
Jl1A JI0Ka3aTeIbCTBA, ITO HepaBeHcTBy

(56) < .[ log @ 10;;09; (1)
YAOBIETBOPAETH Ge3KOHEYHOE MHOKECTBO YHCENB, AOLYCTHMB IPO-
THBHOE, @ IOCMOTDEMD Kb UMy NpHBEJeTh HACH 3TO JOIYyIIeHie.
JonycTass, 4T0 HepaBeHCTBY (1) YZAOBIETBOPAETH KOHEYHOE YHCIO
9HCeN’, NOJOKAMD, 9TO ¢ eCTh IEI0e YHCI0, IPEBOCXOAAMEe H KOIA-
yecTBo ¢" W HamGoJbIIEe 9ACIO, YAOBIETBOPAOIIEe HEpaBeHeTsy (1).
Bt sroms npexnoaoskenin Mﬂ z > a 6y1erp

z oax 1
CP(%‘)_ logx+log”w’ 0g x> n,

o caba.

¢ (@) — > e s <1 (2)

log z=log" x loo x
Ho BB aToms cayqafls, KaKDb ceffyach yBUANMD, B NPOTHBHOCTD
JIOKQ3aHHOMY HAMH 3HadeHie BhIpasKeHid

T=00 TH+1 g log™
2 [eerD—e@—[ 55
r=

6yleTs NPGIMAEATECA Kb —— OO €b NpHOAWKeHieMb p Kb 0.
Br camons xpbak, 3T0 BhIpaskeHie Mpl MOMKEMB PascMaTPHBATH
KaKk® npelbas

T+ dg 7] log"x

=S
2 (e —e@—[ " ]
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npu s = oo, IIpexnoraras e s > @, 3T0 BhIpaKEHie Mbl MOKEMD

Pa3CcMaTPuBATL KaKb CyMMY
X=s

C+ = [pe+D—o@—[  s]ies  ©

r=a-+1
Ha3bIBaA 9epPe3b C CyMMy

T=a Tt dp log" x

2 {:‘P(x—'-l)—?(w)—fx fog 7| @0’

KOoTOpad, 04eBHIHO, COXPAHACTDH KOHEYHOEC 3HAYEHIE opa o = On

e >0.
Jaxke, no wopmyrb

1 a " a+1

s
Tou, (v, —v)=uUV — UV, — T v (uy—u, ),
a+1 a-+1
noiaras
T dx log" =
V=9 @) — . loga’ Up™= gi+o

BhIpaxenie (3) mpeo6pasyeMs BB TaKoe

a+1 de 7 log" a +1 dx T loghs
C— {:CP (a+1)_ _L log z_| at+¢ +l:q) (3+1)— , logaz |s1 TP
a: z log" x log™ (z—1)
I:‘P (x) - » log a:] [a:l"‘P - (x—l)“"’)] ’
x—-a—u—l

a 9T0, Ha3blBasA Yepe3db ¢ KoamdecTBO > 0 m <1, MOKEMD Hanmd-
CcaTh TaK'b
a+1 dg 7 logha $+1 dxg 7| log" s
[? (a+1) .[ log = PR |:<P (8+1)_I Tog z_| sI+P -+
r=s

+ X [q’ @)—fz lodgwx] |:1+9_log(:-e) zg—"é;:eg

r=a-+1

IToxaras :xe ABa IepBHIE YIeHa 3TOr0 BbIpameHia pasHbME F, 1
sambyas mo (2), 4To Tperiit 4rers > 0, MbI yOBKaaemea, 9To Bce
3TO Bmpameﬂie 6oxke

a: n log" (z—0)
F+ 2 [cp (.77)—— , log aj [1—'—9 log (x—0 )J (x—0)z+P

r=a+1

W3b Thxb e HepaBeHCTBD (2) BHAHO, 4TO 34Lch moAb 3Ha-
KOMB CYMMBI, BB Ipelblax’b CYMMHDPOBaHiA, YHKIiA COXpaHAETD
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3HAKD —+. HpHTOM'B BDb npeirkiaxb cyMMmpoBadia 6yierTs BO 1-XBb)

n .
1——!—9 m 6oxke 1 — E, ﬂf(()xpe)>0 Z HE <a’+1

. Z dx
0 <1; Bo 2) cp(x)—[ fog @ 6031’ﬁem, 160 <p(x)—J' logw
He MembIIe j ﬁ 0 TIEPBOMY 3B HepaBeHc'rm: (2), a no Bropomy
nponaBozmaﬂl g,, ; KOTOpasa ecTh log” (1 fog x) 6oxte O, Bcabs-

a (z—6)
log"‘ > log™ (x—0) )

CTBie 9ero

A moroMy mpeapiayimee BbIpaskenie 6oxbe

r=3s
a (x—0) n_\ log" (x—0)
F—+ x_§+l Tog™ (@—0) ( Tog a) @—0F+e
Ho aT10 10 coxpamenin npaeoinrca kb cabiyomemy
r=s 1
F+a (1-—-— —-—-—) o p )
log a =gl (z—0)+0
9T0, 09eBHAHO, Goabe
n s 1
Fauo (l—l—og a) I oy
r=a-+1

A aro p1a s = oo 6yleTD
n = 1
Fo (1'—- m) z e
r=—a-+1

I Ch HOMOIlIiIO Oﬂpe}l,’ﬁJIeHHbIX'b HHTEr'PaJOBs HANMIIETCA TaKb

® g—ax
[ xp clx
0 e

j e T g0 da:

F_'"“(l—lo%z)

Ho sto BBIpaKemie, oquMﬂo, Ch yMeHbIIeHieMb p NnpHGIH-
e—ax

(o)
JRALTCA Kb ~+ 00 H6o_f dx = —+ 0o, I e "dx=1,aa

eT—1
1o noJoxenito m 1 — foga BerbacTBie (2) cyTh KOJIMYeCTBa M0I0-

FKATEIbHBIA.
Yo6bamsmucy TakuMb 06pa3oMb, 49T0 BB cibiaHHOMB HaMm
OPeANOJOEEHIH He TOIBKO CyMMa

r=0c0
L1 dg 7 log" x
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HO H KOJMYECTBO MeHblIee ero Ch NpHGIEeHieMDb p Kb O npn6im-
JEAeTCA Kb —— 0O, MBI 3aKII0YaEMb 0 HECHPABEJINBOCTH ero, 4ro
7 crbroBago JOKa3aTh,
Ha ocmoBamim npeapiryieii TeopeMbl Jerko JoKaszaTh cabiry-
OILY0:
III. TEoPEMA.

Buipasicenie —logx npu x=00 He MoHCEMZ UMPML NPe-

&
o (x)
0MOM5 KOAUYECMBO OMAUYHOC OB —1.

Hoxasameasscmeo. Ilycts 6yaers L upexbas snauenia %

IpH & = 0o . B 9TOMB NIpEINoJoKeHin MbI Bcera Hafiiems YuciIo

—logz

N croap 6oapmoe, 9T0 npE & > N 3HaueHie — log # me oy-

.
¢ (@)
JeTh BbIXOIATh U3D NpeibioBs L—e u L-+¢, KaKb 6b1 € HA GBLIO
maxo. Cabj. 1nA TakuXb BeIM4EHD %, NpA € > 0, 6yAeTh

—loge > L—c¢ —logr < L+ (4)

x
" (@)

Ho no mpexsigymeit Teopemt, HepaBeHCTBa

&
P(x)

z ax
cp()>f loga: log” ’ CP()<[ logm+log”w
YAOBIETBOPAIOTCA IPH GE3KOHEYHOM> MHOMECTBE BelWdunED X
cxby. nprm BEKOTOPRIXD umCIaxb & > NN, LI9 KOTOpPBIXH HMEBIOTH
mbero mepaBencrBa (4). Ho aTm HepaBeHcTBa BB COEIUHEHIH CB

HOCIEAHAME JAI0TH

&

©
.._._m_‘ —log z> L——&, W——log Q'J<L+€,
o logz  log"ax o logx =~ log"hx
OTKYJIa BBIXOJATH
oar
x_(logx— 1)(J2 fogz~  log™ a;>
—+

L+1< T dx ar ’
L logz~ log" @
z ar
Il >w—(10gx——1)( logw—l___log"a:)

T dw | om e
o loga log" x
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W31 3THX> HEPABEHCTBD BHAHO, 9TO YACIeHHAA Beamamna L-+1
He OPEeBOCXOJATH YHCIEHHOH BEJIMYMHBI OJHOI0 3B BBIpaKeHii

T dx ox
a:——(logx-— 1) (.[ logwilog” m)
2 e
T dy
o log @z 7 log" «

Ho xoxmuecTBo & Mo:ReTB ObITh crbiano, kakb 3ambrmim, 1o
IPOM3BOJIY MaJ0 NpeAnoJoskeHieMb NN 9pe3BbIYailHO GOIBIIEMD, TOMKE
cIyJaercda IPH YBEeIMYWBAHIN Z CHb BhIpamenieMb

ox
w-(logx—l)( loga:+]og"a:)
T dr _, ax ’
o logz 7 log™ x

60 BB nperbat aTux® BhIpameHill A1 2 = oo no m3BLECTHBEIMD
lipieMaMdb AMdPEPEHNiaIbHAT0 HCIHCIEHIA MBI OTKPBIBaeMD Q.
Yokrdace TakaMb 06pa3oMBb, 9TO BbxpameHie

—_ —_ R T
z (log z 1)( log x ~ log" x) o
dz —+ ax -7
, logx log" =

onpejbaaromee Bolcwifl npexbas uncrennolf Beamumner L —+ 1, Mo-
ReTD 6BITh CLBIaHO 1O IPOE3BOIY MaJbIMb, MBI L0 €HOCOGY Ipe-
1BioBD 3akmovaeMd, 9to L + 1 =0, a noromy L =—1, uT0 1
c1b10BaI0 JOKA3aTh.

Jora3aHHOE HAMH OTHOCHTEIbHO Ipegbia snaveniit ( 7@ —1log x
Ipa £=—0° NpoTHBOPEIATE ®opMYyTE, NpelIomeHHOR .]Ie}RaH,ZIPOM'b
114 npméamreHnaro ompejbienia 4mcla mpoOCTHIXB YHCEND MEHb-
muxb ganHaro. Ilo ero MubHilo npm % GoiploMDb 3HAUeHie @ ()

MOEETH GbITh onpepbieno ¢b JOCTATOYHOK TOYHOCTII ypaBHEHIEMD
P @) =157= . 108366

Ho orcroga paa upepbaa
—1,08366, smbero— 1.

Ha ocuosanim Teopems! II MoskHO nokasaTe Bblcmiil npexbis
TOYHOCTH, CBb KOTOPOK ®YHKIIA @ (%), ompeybidrmas 9ECIO OPo-

&
@ log z npm x = oo HaxXOAMMD
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CTBIX YACEIh MEHBIINXH %, MOMKETH ObITh IPEICTABIEHA KAKOM
am6o jaHHo0 ®yHENiew fr. IIpm atoms passocts fr— @ (2) MBI
6yZeMb CpaBHEBATH C'h BBIPAKEHIAMA

z x z
logz ’ log?z ' log3x

9 e e

A J1JA COKpalleHia GyAeMb Ha3piBaTh A KOJIMYECTBOMB MOPALKA

, ecaum orHomenie 4 Kb IpH & = oo OyIers oo i

x x
log™ x log™ 2
m>n 1 0 318 m < n. YCIOBHBIIACH BB 3TOMB, MbI JOKAIKEMB
crbayromyto Teopemy:

IV. TEoPEMA.
log” (f __j"” l;iga:w)’

NPU T == OO0 UMIEMS NPEIHIOMS KOIMUUECIEO KOHEUHOE U Ge3K0-
HeuHoCms; mo [% He Mosicems npedcmasums @ (T) eRpro 00 K04~

Feau svtpasicenie

uECMEs NOPAOKS, ~—7— fogi s CHMOUUMERDHO.

ﬂoxasame/wcmoo. IIycrs 6yrer» L mpepbis, kb KoTOpOMY

3Hadenie
log™ x T
2 (f@ — I, nes)

npu6JmKaeTcs ¢b npubimKenieMd & kb co. Koamuecrso L, He Gy-
ayur 0 1o NOJO:REHi0, MOMKETh GbITh WAM KOAMYECTBOMD IOJOMKH-
TeIbHbIMb, MIA OTPUNATEIBHBIMB. MBI €ro IpeinoJo:RAMbB, KOJH-
YeCTBOMD HOJOKHTEIbHBIND; HO CY/KJeHid Hamm Ge3b 3aTpyiHeHisa
nprioKaTesa I Kb caydaio L < 0.

Ecan 3nagenie
log™ x &
z (f (@) — , log a:)

cb nproOImKeHieMb & Kb oo mmbers npepbioms L, 66apmee O, TO
Mbl HaifiieMb 9mcio N C€ToJb Goaemioe, 4T0 JIA 2« > N 3HadeHie

log™ @ g
ng o (f (@) — L lo;x) octameTca mnocroAanHo Goxbe mEkoroparo
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0JOEATEIbHAT0 KoamyecTsa /. Crbi. mpepnoxaras # > N, Mbl Gy-
1eMs nmbre

REE (F @) — [ 1m) > (5)

l
Ho mo II reopem$, Kak® 6bl o = - Hi ObLIO MaJo, Al 0e3-

KOHEYHAro MHORECTBa 4YHCeIb 6yl[eT'b HM’ﬁTB mEceTo Takoe Hepa-
BEHCTBO
dx oL

KOTOpoe AaeTh

f(ﬂ?)'—— 10ga:<f(x)—?(w) -+ log”

. log™
9YTO N0 YMHOJKCHIN Ha gw z

PR @) —[ e | <2 ) — o @]+ 5 »
a orcroaa BcabacTeie HEpaBeHCTBA (5) BHIXOAATD
@) — o @] > 5

Ho sro nepaBencrso, cymectBys BmEcTE ¢b HepaBeHcTBaMH
l
(5) = (6) aas Ge3KOHEYHAr0 MHOKECTBA ACENb, 10 nprImHE — > 0
0GHAPYKABAETD, 9TO IpeAbIs

LT £ (5) — o ()]

IpH £ = oco He ecTkh Hylb. Kcim e 3TOTH nperbidb oTImYeHD OTH
0; To pasHocTh fr— @& no cabiannomy Hamm onpexbieniio ecTb

. 4
1 10 MOJOKEHIH o =7 6y1leT"b

x
KOJIYECTBO NOPAAKA f-m— TIE HASIIATLO; H crbr. f(x) pasnnTesa ¢b

¢ (¥) WIN KOIMYECTBOMD HNOPAXKA , WIH TOPAJKA HA3IIATO,

_z
log™
970 I cIBJoBAI0 IOKA3aTh.

Ha ocroBanin aToil TeopeMbl Mpl y3HaeMb, 4T0 ®opmyra Je-

x o
Ragjpa m, LA KOTOpOu

log? = ( @ T dx
z Tog #—1,08366 o log

upn # = oo uMbers nperbioms Beamymny 0,08366, He MOEeTD
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BBIDAKATH @ (Z), ‘mc.uo IPOCTHIX'D YACENh, MEHBIINXD %, BEpHO 10
KOAMIECTBD NOPAAKA [~z BRIOTATEIBHO.
Takxe HE TPYAHO noxaaa'rb Ha OCHOBAHIN 9TOH TeopeMbl BeIH-
. X
9HHBI H0CTOAHHBIXD A 1 B, IIpn KOTOPBIX'D ®YHKIIA ATogzoF Morna
x
0bI BHIDAKATH @ () BEPHO 10 KOIMYECTBD: NOPALKA fogz p BlIOuH-
teapHO. [Io npeppinymeit Teopemt Takia Beamamusl A 1 B 10mKHBI
YAOBJIETBOPATH YPaBHEHii0

. log2? a x ___J‘z “dx ] -
hm'[_ x (Aloga:+B 2 logx) =0 0.

BEb PALD HAXOJIUMD

. &x
Ho Ppa3JaomenleMb m

- =1, & B & B
Alogz+B~ A logax A2'10g2x+A3 log3 =

@ g
Harerpupys ste I ﬁ 10 YacTaMs, mrkeMs

T dx x j"”
2 log x log x log2 z +2 fog3 x +C.

Beabacrsie wero mpejsinymee ypaBHenie m3wbagerca BB cab-
Rywimee

1, B = B <
lim. logzz |4 logz A? log2ax ~ A% logd3ax —0
_® & " d g '
log x log? o log3a r=m

9YTO IPHBOAWTCA Kb TAKOMYy YpaBHEHiIO

1 B B2 1
) (A gz —(p+ 1)+ Tga "
lim, = 0.
log? x dx log? x
] —C
z J, logda x o =0

3ambuad ke, 9ro 3xbch Beh 4ienbl, HaumHAA CB TPETHALO, NPH-
6mmxaiored Kb O ¢b yBeamdeHieMb x, Mbl yObimjiaeMcsa, 9To 3TO
ypaBHeHie Momem 6bITh YZOBIETBOPEHO TOJBKO NPEANOJOEEHIEMB

—1=0, 24+ 1=0. Otkyra A=1, B=—1.

A ? 42

e x . x
Wrak®s u3b oyHRIUil BAIA Alogo+ B CAHA PYHEOUL o=y
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x
MOraa 6bl BBIDAsuTh ¢ (Z) BEPHO 10 KOImIecTBh HOPAJKA rrer

BKIIOYHTEIBHO.

Yro ke KacaeTca A0 BpIGOpA PYHKNiH, HAWOJMKE BBIPARAIO-
meif ¢ (), 9ECI0 NPOCTHIX'D YACEIh MEHBIIAXD JAHHAIO YACIA, TO
OTHOCHTEIBHO €A MOMHO JAOKa3aTh TAKYIO TEOpeMy.

V. TEorPEMA.

Eeaw gynwuia ¢ (), ONpeonaiowyas 4ucio MpoCcmuvixs wucess
MEHVUUTS T, MOKHCENs ObING BOIDANHCEHA 61PHO 00 KOIUUCCTNES N0~

X
paoxa Togh s CHAMOUUMEILHO AMEOPAUNECKY 63 T, logz, €°; mo ma-
K0e 6bIpadicenie e ecmy

. 1.z +1.2.a:+ +1.2‘3...(n—1)w
logz =~ log® x log3 et log" '

Horasamervcmeo. Ilycrs Gyrers f(x) Ta ®yHKIig, KoTopas,
BaKI0vad aireGpandeckn 4, logx, ¢”, BhIpakaers ¢ (%) BEpHO J0

x .
KOJAYECTBD MOPAJKA m BHRIIOIATEIbHO; BhIPaMKeH1e

log" x f (z) — z _ le 12.2 _l238...e—1)x
© log @ log2 & log3 x et log" =

ChH yBelNYeHieMB Z LONKHO NPHOIMKATBCA Kb KaxoMy Ju6o Ipe-
1b1y KoHeWHOMy mIN OGE3KOHEYHO BEIHKOMY; MO0 BB NPOTHBHOMB
crysat mepBasd NpOW3BOJHAA 3TOrO BBIPAKEHiA € yBeImdyeHieMb
2 0 oo MbBHAIa OBl CBOH 3HAKDL GE3KOHEYHOE YHCIO PAs3b; a ITO,
KaKb Jerko 3aMBTuTh, HEe MOMRETD CIYYATHCA Cb PYHKIIC aire-

X
6pamaeckon 0Th z, logx, e *).

*) Yro aarebpaudeckas ®yHKLiA 0TB &, log x, ¢T mepecraers MBHATH cBoi
3HAKD NpU £, HpPeBOCXOfAmeM® HBkoropeli mpexbas, BB 3TOMB He TPYAHO
y6baurnca. Jua oysxnin mhroit aTo ACHO; 3HAKD TaKOHl OYHEOIM IpU JOBOIBHO
Goapmons & Oyiers 3asuchTh OTH opHOro uiema Buga ka™ . log ™ g em’’ @
xotopwil He MBHAETD 8HAKka npu x > 1. Jlua BeaAKoi ske xpyroii aareGpamueckoii
oyrKLin x, log , %, Kotopaa nycTh 6yLeT® ¥, DTO JOKAKETCH TaKuMB 06pa-
somb. PyHKUiA ¥ Boobuie 6yieTs KODHEMB ypaBHeHIiA ugy™ —+-u, yM—l4-...
ced Uy Y+ Uy =0, 1 ecau v 6yieTd OYHKINiA, IOIyYaeMas 4ePe3s UCKIIO-
yeHie y u3B HPEABIAYUIAT0 yPaBHEHiA u IepBOil NPOM3BOXHOH ero mo x, TO
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Uraxs paa ¢ (z) HE06X0MmMO Gy 1eTD

logx log2z  log3a
1.2.8....(n—1)z
log" r=w

=L (7)

lim.

log™
x

Ho c® apyroii croposn! me TpyaHo y6biaThes, uro

. log“w( x l.z 1.2z
lzm.l: = logx'+log2x+log3x+”

12.. (n—1x dz
s Tog™ — 2logw):|w=oo=0’

a 9T0 ypaBHeHie, CIOEKEHHOE CB Hpel[bl,llleI,ﬂM’b, IaeTh

lim. [Iog w<f( ) — , lég w)] s=m L.

Ho tak® Kax®d mo no.uomeﬂim fr Boipamaerd ¢ () BbpHO RO
KOIMY€eCTBa NOPALKA —m— g — BRIIUATEIBHO; & 110 UpeAbymed Teo-
pemb 3T0 HE MOMKETD EM'I;TB mEcro, ecan npexbrs 3pagenia

log" = T dx
x [f(m)_ 2 @]’

npn 2 = oo He ecth 0. Caba. L = 0, n ypasaexie (7) 1aeThb

. log® x x l.x 1.2.2
lzm.{ z [f(x)_log z  logzz  log3a "

””__1.2.310gnn——1):c:|} =0,

& 3TO IOKA3bIBAETH, YTO PYHKIA

x l.z 1.2z o+ _1_1.2.3....(n—~1)a:
logz = log2x log3z = °°°° log" z

x
HE Pa3HATCA CB f2 KOXMIECTBAME HOPALKA Togh 1L HUBIIANE, T cabn.
4T0 OHA 110110630 fx MoEeTD BRIpamaTh @ (%) BEPHO 10 KoamiecTBD
TOPANKD {omry BRIOUATEIBHO, UTO 1 TPeGOBAJOCH JLOKA3aTh.

@YHKIIN Ug, Uy, ¥, KaKD 0 Babid, nepecTaEyTd MEHATE ¢BOfl 3HAKS U 06paINATECH
BB 0 Opu & npeBocxoxAmens HEroropsii npexbas; a opu aToMB u Y 6yAETH CO-
XpaHATH CBOHl 8HAKDB; 160 OpH BEINYHHAX'D &, HEOOPAINAIONL UX'D ¥ B BYIb, HE MO-
xKers uMBTHL ypaBHEHie PaBHEIX'> KOpHell; a npu HepaseHcTBE KopHell 3HAKD 0f1-
HOr0 W3'h HAX'B MOeTH mepcMBHHTBCA TOIBKO ¢Bh IepeMBHOI 3HAKA Uy MIN Uy,.
910 cBoficTBA MOMKETH GEITEH TAKMKE JOKA3aHO M AAd MHOTAXB LPYIUXB PYHKIifl i
Ha BCE ot ®yHKNiM GyReTd PACHpPOCTpaHAThCA TeopeMa V U 3aKIOYEHia nsb Hes
BBITEKAOLifA.
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Ha ocroanin Joka3aHHOH HaMH TEOPEMBbI MBI 3aKJ04aeMb, 9TO
ecin @ (), ®yHKOiA, onpeybIAl0man 9ucI0 IPOCThIXs YACETD MEHb-

IIEX'H &, MOKETDh ObITh BBIDAKEHA aire6pamdeckd BH &, log z, €°

X x
logxz? log2x’ log3a’
YATEJHHO; TO TaKO€ BBIPAJKEHie e ecTh

B’ﬁpHO J0 KOJMYeCTBD NOPAAKOBDH

« « .. BHIIO-

z x - l.x x - l.x _'__1.2.:1:
logz ’ log z = log2x’ loga = logZa = log3z’

A TaK® KaKkb 9TH SYHKNIH CyTh HAYTO WHOE, KAKD 3HAUYEHie MHTeE-

dxz @ x .
rpaja j fog BEpHO 10 KoamIecTBE, OpPALKS log =0 ngw " fogia
TO BO BCEXh 3THXD NpPEANOJOKEHIAXD HHTErparb J' 1 — OyJ1eTs

BBIPAKATh @ (2) BEPHO 10 KOJMYECTBH TAKOro NOPAAKA, A0 KAKOrO
oHA CHOCOOHA BBIPA3UTHCA aireGpamiecku Bb #, log #, €. Uto

T dx
HHTErPatb f Togz UPE @ 00JBIIOND BHIPAKAETD JOBOJBHO OJA3KO
2
YACIO DPOCTBIXB YHCEXb, MEHBIINXB %, BB STOMB MBI JErKo
yobxmaemca nomomiro Ta6IAI’h NPOCTBIXH YAcexrb. Ho st Ta-
6ammpl, jocert cocTaBieHHbIs, CINNIKOMD MaJbl, 9T06bh1 BHLETH H3D

d
HEX'B IPEBOCXOACTBO $OPMY.IbI jd lm% npexdb vopmyiow Jexanipa
2

x o
Togz —To8366 TH nojo6ueivn eii. Bp npepbiaxs atux® Tabimmb

. (% dzx x
O YHRIIHA “ 100‘50’ m MaJO Pa3uATCA; HO Pa3HOCTh HXD
(1,08366)2
x dx 0,08366

m—- . m, avba  minimum npn r=e¢e¢
= 1247689, nocrt Hero mocroAHHO BO3pacTaers A0 ©© W OpH

2>10000000 nmoxyyaers y:ke L0BOIBHO Goabmylo Beamumay. IIpm

STAX'H-TO Bemqunaxm Z MOKHO OyleTh OOHApPYKATH NPEAMYIeCTBO

x
$OPMYIBI I 1 2 HePeNd 1o 556 * Ho naa sroro norpetua

Ta6IAna npocmxx'b gpcel’b ropaszjo oomupabe TEXp, KOTOpHIA MBI
10 cax'b nopb mEMBeMs.
Hpuuasmn jaa npubammennaro ompexbienis o (¥) mATErpars
" de 6 B B T
, Tog g’ MPr Aommusr Oyzens msnbunre Beh eopmyast Jemanipa,
15
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BbIBeCHHBIA HN'b BB NPEANOIOMKEHIN ¢ () = 50 0 @0p-

—r
log  —1,0836
Myabl Hamn GyAyTh He clomnbe ero. Beabacrteie ke Joxasam-
HBIX'h HAMH TeopeMb OHE I0MKHBI ObITh GAmEe Kb ncranb.

Jaa npankpa Mb1 Hafizems 315ch npubImKeHnb1A LOPMYIBI 114
onpexbienia 3navenii

i—|—i—|--l—|—l—|— +i
2 3 5 7 X!

(1-%)(1-%)(1—%). ..... (1—2%)

npr X GOJBIIOMB.
Jaa onpexbaenisa mepsaro el 3aMEuaens, Yro mo HAIIEMy 3HA-

KOIOJ0KEeHi0 6y1eTh

=X
1 1 1 e P+1)—o)
— P— — —_— . ——
2—'_.3_'_.5_'._....'—'— . ) 9

—

160 ¢ (%), 03Ha4aA YHCIO NPOCTHIXD YHCEIDH MEHBIAXH &, BB Pa3-
HOCTH ¢ (Z -+ 1)— o(2) naers 0, KOria & 4mcio cocTaBHOE n 1,
KOT'Za OHO IIPOCTOE.

IIpesnoraras X unmcioMb GOJBIIEMD, HA30BEMb A Kakoe HH-
6yap uncio menbe X, HO ellle JOBOJIBHO 3HAUATEIbHOE, JaGbl BB

npexbiaxs = A 1 £ = X, MBI MOIIA CBb JOCTATOIHOI TOYHOCTIIO
dx

log «
npejpIylnee ypaBHEHIe HANMIIETCA TaKb

L
3aMBHNTE ¢ (Z) HOTErpaJoMB j - Bp aroms npepmoxo:kenim
2

r=A—1
1 11 1) —
bt aei= y Herl—dd)
2 3 5 X 5= x

m.;X Qx4+ 1) — o(z)
z

r=2>x
" T g
Sawbuss me 3pbeb Bo BTOpofi cymyE o(z) muTerpatoms f Bg_w’
2
HalIeMD

)\ T—1 d.’I)
r=A—1 .’l:.——Xf —
1,.1,1 1__ 75 ele+1)—o@) c logz
gy et = b — ) p
r=2 r=A
T—1-1 dx

1
Ho mbpuo 10 KoamuecTBa NOPAAKA — HHATErpatb f e
x z logz
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1
MOKETH GbITh 3aMBHEHD BblpaH{eHleMTb og o’ I Cb TAKOK M€ TOU-

=X
HOCTIO CyNMa X ——— MOHKeTb ObITh 3aMBHEHA HHTErpaJoMb
=X °
J‘X de
\ xlogx
Ho raxow nepembHo0 npeapIiyliee ypaBHeHie IPHBOAHTCA Kb
crbayomeny
r=\—1
1 1 1 e+ 1)—o(z) X dx
T g = w§2 —— + ) wloga’

9T0 110 BHINOJIHEHIA MHATErPHPOBAHIA IAETH

r=i—1

% -+ —;— -+ % -+ 51(—_—_ > Ml"-i)a;_“’—(‘”)—loglog7\+10<,glogX,
r=2

BN
1 1 1 1
—2—+?-i—3+....+§=0+loglog2{ (8),

T=2 o+ 1) — o)
noxaras C paBHBING KOIAIECTBY 22 3——w—— log log A,
r=

He 3aBhcAmeMy orh X.
Borw ypasnenie, xoropoe no onpexkienin nocroasnaro C, Mmo-
#eTh HaMb CIYKATH AJA IPAGIMKEHHArO BBIYACIEHIA CYMMBI

S =
3 5 ¢ s 0 0 6 o X’

10| s

xorja X BeJmKo.
Hame BbIpa:menie aToil cyMmbl npouie Bbipamkenia eg y Je-
HKAHAPA, KOTOPOE TAKOT'0 BHAQ

%_._.3{_-*_%+....+ % =log (log X — 0,08366) + C.

Teneps nepexoamid Kb onpeibaenio nponssejenis

(1—3) (1—5) (1—3)----(1—x)=P.

IMoaaras oro npomasejenie paBHBING P, H B3ABB JOTapPA6MbI
orb 00buXD vacTeil ypaBHenis

(1=3) (1=4) (1=4). (1= })= 2
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HaX0JAMB
logP:10g(1—%)+log(l——%)+10g(1—-—%>+. ce
cees +log(1——%),
9T0 WHAYE HANMLIETCS TAKb
logP=—-(—;—+%+% . %)+~é—+log(1—%)+

% -+ log( 1— —13—) +—§—+log(1 — 15>+....+%+10g( 1— —213)

1
A 3rkes BEpHO 10 KOamuecTBH NOpAIKA X MOEEMB samburTn
KOHEUHbIH PALE

_;.+1og(1_—;—)+—;’—+log(1——%)+%+log(l———;~)+....

ce .+Ii{—|—log(1—)ir>

PAKOMD Ge3KOHEYHBIMD

1 1 1 1 1 1
5+ 10g(1-——2~) -+ 5+ log(l—— g) -+ =+ log(l——g>+.‘.. ;
760, 0 YACIOBOH Beanmymnl, PasHOCTD HTHXD PAJOBD MEHBIIE

1

mq—log(l——u?{%)—l—fl——”—l—log(l—X—_l—'_§>—l-—. ceey

@
1 1 .
a 9TO MeHbIIe HHTerpala I [:; ~+ log(l-—— ?)] dx, KoTOpHIil pa-
bl

BeHb —1— (X —1) log(l—— —%), I KoToparo Beinumaa npa X
GOJBIIOMD €CTh G(E3KOHEYHO MaJ0e OTHOCHTEABHO % IIepBaro mo-
pALKa.

WTak® 10 KoamyecTBa NOPAIKA % BB NPelbIAyIIEeMb BhIpaike-
Him log P MbI MOKeMDB 3aMBHATH KOHEUHYIO CyMMY

+log<1—%)+ %—l—log(l——;—)—l——;’—ﬂ—log(l—- %) ...

L
2

. —l——;—z—l—-log(l—— 21—(>

0€3K0HEIHBIMD PAJOMB

—%—l—log(l——%)—a—% +log<1—%>+%+108 (1—'-;‘>+ "
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W Ha3bIBad s COKpAIleHis Bexmunuy nocxbiuaro vepess C', Mbl
npeapliyinee Belpaixenie log P npejcTaBuMb Takb

log P=-—-<%+%+%——l—. ..+%)+0'.

Bueca xe croga 3nagenie

1 1 1 1
E——l—?’—l—g—l—. . .+§
H3% (8), HailzeMD
log P=— O —loglog X + C,

OTKYJa BBIXOAHTH
p eO’ —C

= logX’

. o'—C
nojaras iRe A COKpameHia e = C, n 3ambuaa P ero Bemn-
1 1 1 1
YEHOIO (1—— 7) (1—3-) <1———g). .. .(1——-f), nvkens

=8 (=) (= 8 (=)=

Bukcro aroit wopmyan: Jexanipp Hamers Takyio

(1=2) (1=3) (1=3) - (1= %) = mx=trmm






TABJIHIA ITPOCTHIXD UHCEID,

OE nPEBOCXOAAmMuX:L 6000,

2 127 283 467 661 877 1087

3 131 293 479 673 881 1091

5 137 307 487 677 883 1093

7 139 311 491 683 887 1097
11 149 313 499 691 907 1103
13 151 317 503 701 911 1109
17 157 331 509 709 919 1117
19 163 337 521 719 929 1123
23 167 347 523 727 937 1129
29 173 349 541 733 941 1151
31 179 353 547 739 947 1153
37 181 359 557 743 953 1163
41 191 367 563 751 967 1171
43 193 373 569 757 971 1181
47 197 379 571 761 977 1187
53 199 383 577 769 983 1193
59 211 389 587 773 991 1201
61 223 397 593 787 997 1213
67 227 401 599 797 1009 1217
71 229 409 601 809 1013 1223
73 233 419 607 811 1019 1229
79 239 421 613 821 1021 1231
83 241 431 617 823 1031 1237
89 251 433 619 827 | 1033 1249
97 257 439 631 829 1039 1259
101 263 | .443 641 839 1049 1277
103 269 449 643 853 1051 1279
107 271 457 647 857 1061 1283
109 277 461 653 859 1063 1289
113 281 463 659 863 1069 1291
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1297 | 1523 | 1741 | 1993 | 2221 | 2437 | 2689
1301 | 1531 | 1747 | 1997 | 2237 | 2441 | 2693
1303 | 1543 | 1753 | 1999 | 2239 | 2447 | 2699
1307 | 1549 | 1759 | 2003 | 2243 | 2459 | 2707
1319 | 1553 | 1777 | 2011 | 2251 | 2467 | 2711
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1367 | 1579 | 1801 | 2039 | 2281 | 2521 | 2731
1373 | 1583 | 1811 | 2053 | 2287 | 2531 | 2741
1381 | 1597 | 1823 | 2063 | 2293 | 2539 | 2749
1399 | 1601 | 1831 | 2069 | 2297 | 2543 | 2753
1409 | 1607 | 1847 | 2081 | 2309 | 2549 | 2767
1423 | 1609 | 1861 | 2083 | 2311 | 2551 | 2777
1427 | 1613 | 1867 | 2087 | 2333 | 2557 | 2789
1429 | 1619 | 1871 | 2089 | 2339 | 2579 | 2791
1433 | 1621 | 1873 | 2099 | 2341 | 2591 | 2797
1439 | 1627 | 1877 | 2111 | 2347 | 2593 | 2801
1447 | 1637 | 1879 | 2113 | 2351 | 2609 | 2803
1451 | 1657 | 1889 | 2129 | 2357 | 2617 | 2819
1453 | 1663 | 1901 | 2131 | 2371 | 2621 | 2833
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1493 | 1721 | 1973 | 2203 | 2411 | 2677 | 2887
1499 | 1723 | 1979 | 2207 | 2417 | 2683 | 2897
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2909 | 3187 | 3433 | 3659 | 3911 | 4153 | 4421
2917 | 3191 | 3449 | 3671 | 8917 | 4157 | 4423
2927 | 3203 | 3457 | 3673 | 3919 | 4159 | 4441
2939 | 3209 | 3461 | 3677 | 3928 | 4177 | 4447
92953 | 3217 | 3463 | 3691 | 3929 | 4201 | 4451
2957 | 3221 | 3467 | 3697 | 3931 | 4211 | 4457
2963 | 3229 | 3469 | 3701 | 3943 | 4217 | 4463
2969 | 3251 | 3491 | 3709 | 3947 | 4219 | 4481
2971 | 3253 | 3499 | 3719 | 3967 | 4229 | 4483
2999 | 3257 | 3511 | 3727 | 3989 | 4231 | 4493
3001 | 3259 | 3517 | 37383 | 4001 | 4241 | 4507
3011 | 3271 | 8527 | 3739 | 4003 | 4243 | 4513
3019 | 3299 | 3529 | 3761 | 4007 | 4253 | 4517
3023 | 3301 | 3533 | 3767 | 4013 | 4259 | 4519
3037 | 3307 | 3539 | 3769 | 4019 | 4261 | 4523
3041 | 3313 | 3541 | 3779 | 4021 | 4271 | 4547
3049 | 3319 | 3547 | 3793 | 4027 | 4273 | 4549
3061 | 3323 | 3557 | 3797 | 4049 | 4283 | 4561
3067 | 3329 | 3559 | 3803 | 4051 | 4289 | 4567
3079 | 3331 | 3571 | 3821 | 4057 | 4297 | 4583
3083 | 3343 | 3581 | 3823 | 4073 | 4827 | 4591
3089 | 3347 | 3583 | 3833 | 4079 | 4337 | 4597
3109 | 3359 | 3593 | 3847 | 4091 | 4339 | 4603
3119 | 3361 | 3607 | 3851 | 4093 | 4349 | 4621
3121 | 3371 | 3613 | 3853 | 4099 | 4357 | 4637
3137 | 3373 | 3617 | 3863 | 4111 | 4363 | 4639
3163 | 3389 | 3623 | 3877 | 4127 | 4373 | 4643
3167 | 3391 | 3631 | 3881 | 4129 | 4391 | 4649
3169 | 3407 | 3637 | 3889 | 4133 | 4397 | 4651
3181 | 3413 | 3643 | 3907 | 4139 | 4409 | 4657
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4663 4943 5189 5449 5701 5953
4673 4951 5197 5471 5711 5981
4679 4957 5209 5477 5717 5987
4691 4967 5227 5479 5737
4703 4969 5231 5483 5741
4721 4973 5233 5501 5743
4723 4987 5237 5503 5749
4729 4993 5261 5507 5779
4733 4999 5273 5519 5783
4751 5003 5279 5521 5791
4759 5009 5281 5527 5801
4783 5011 5297 5531 5807
4787 5021 5303 5557 5813
4789 5023 5309 5563 5821
4793 5039 5323 5569 5827
4799 5051 5333 5573 5839
4801 5059 5347 5581 5843
4813 5077 5351 5591 5849
4817 5081 5381 5623 5851
4831 5087 5387 5639 5857
4861 5099 5393 5641 5861
4871 5101 5399 5647 5867
4877 5107 5407 5651 5869
4889 5113 5413 5653 5879
4903 5119 5417 5657 5881
4909 5147 5419 5659 5897
4919 5153 5431 5669 5903
4931 5167 5437 5683 5923
4933 5171 5441 5689 5927
4937 5179 5443 5693 5939
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KBAJIPATAIHOR ©OPMBI x2+ay2 IJdd BCLX'BH BEINYNHD & OTD

1 10 101.

x? —+ 9?2 4z+ 1.

a2 —+ 22 8z-+ 1, 3.

a2+ 3y? 122 +1, 7. I

2 -+ by? 20z+1,3,7,9.

x2 -+ 6y? 24z +1, 5,7, 11.

22+ Ty? 282+ 1, 9, 11, 15, 23, 25.

2 -+ 10y? 40z+-1,17,9, 11, 18, 19, 28, 87.

22—+ 11y2 44z + 1, 3, 5, 9, 15, 23, 25, 27, 31, 87.

2+ 13y2 522+ 1,7, 9, 11, 15, 17, 19, 25, 29, 31, 47, 49.

22+ 1492 b6z -1, 3, 5, 9, 18, 15, 19, 23, 25, 27, 39, 45.

a2 -+ 15y2 60z + 1, 17, 19, 23, 31, 47, 49, 53.

@2+ 17y2 6821, 8, 7,9, 11, 13, 21, 23, 25, 27, 31, 38, 39, 49, 53, 63.

2+ 1992 76z-+1,5,7,9, 11, 17, 28, 25, 35, 39, 48, 45, 47, 49, 55, 61,

i 63, 73. 1

x2 4+ 212 84z 1, 5, 11, 17, 19, 28, 25, 31, 87, 41, 55, 71.

22 - 222 8821, 9, 18, 15, 19, 21, 23, 25, 29, 31, 85, 43, 47, 49, 51,
61, 71, 81, 83, 85.

@2 —+ 2312 92z 4+ 1, 3, 9, 18, 25, 27, 29, 31, 35, 39, 41, 47, 49, 55, 59, 71,
73, 75, 71, 81, 85, 87.

2% 4-26y2 | 104z--1,3, 5, 7,9, 15, 17, 21, 25, 27, 31, 35, 87, 43, 45, 47,
49, 51, 68, 71, 75, 81, 85, 93.

a2+ 20y | 116z--1,3,5,9, 11, 18, 15, 19, 25, 27, 81, 33, 89, 43, 45, 47,
49, 53, 55, 57, 65, 75, 79, 81, 93, 95, 99, 109.

17*
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2 -+ 80y?

120z 4+ 1, 11, 18, 17, 23, 29, 31, 87, 43, 47, 49, 59, 67, 79, 101,
113.

22 + 31y?

124z 1,5, 7, 9, 19, 25, 33, 35, 89, 41, 45, 47, 49, 51, 59, 63,
67, 69, 71, 81, 87, 95, 97, 101, 103, 107, 109, 111, 113,
121.

2 + 33y?

1822+ 1, 7, 17, 19, 23, 25, 29, 37, 41, 43, 47, 49, 59, 65, 71,
79, 97, 101, 119, 127.

2 + 34y?

1362 -+ 1, 5,7, 9, 19, 23, 25, 29, 31, 33, 35, 37, 39, 43, 45, 49,
59, 61, 63, 67, 71, 79, 81, 83, 89, 95, 109, 115, 121, 123,
125, 133.

2 + 35y?

140z + 1, 3, 9, 11, 18, 17, 27, 29, 83, 39, 47, 51, 71, 73, 79, 81,
83, 87, 97, 99, 103, 109, 117, 121.

22+ 3Ty?

1482+ 1, 9, 15, 19, 21, 23, 25, 31, 33, 35, 39, 41, 43, 49, 51,
53, 55, 59, 65, 73, 77, 79, 81, 85, 87, 91, 101, 103, 119,
121, 131, 185, 137, 141, 143, 145.

2+ 38y?

1522+ 1, 8, 7,9, 18, 17, 21, 23, 25, 27, 29, 37, 89, 47, 49, 51,
53, 55, 59, 63, 67, 69, 73, 75, 81, 87, 91, 107, 109, 111,
117, 119, 121, 137, 141, 147,

2 -+ 39y?

1562 -+ 1, 5, 11, 25, 41, 48, 47, 49, 55, 59, 61, 71, 79, 83, 89,
103, 119, 121, 125, 127, 133, 137, 139, 149.

a2 + 41y?

164z+1, 8,5, 7,9, 11, 15, 19, 21, 25, 27, 33, 85, 37, 45, 47,
49, 55, 57, 61, 63, 67, 71, 73, 75, 77, 79, 81, 95, 99,
105, 111, 118, 121, 125, 133, 135, 141, 147, 151.

2 + 4292

168z +- 1, 13, 17, 23, 25, 29, 81, 41, 43, 53, 55, 59, 61, 67, 71,
83, 89, 95, 103, 121, 131, 149, 157, 163.

a2 -+ 43y?

1722+ 1, 9, 11, 13, 15, 17, 21, 23, 25, 81, 85, 41, 47, 49, 53,
57, 59, 67, 79, 81, 83, 87, 95, 97, 99, 101, 103, 107, 109,
111, 117, 121, 127, 133, 185, 139, 143, 145, 153, 165,
167, 169.

2 4 46y°

18421, 5,9, 11, 19, 21, 25, 31, 87, 39, 41, 48, 45, 47, 49, 51,
53, 55, 61, 67, 71, 73, 81, 83, 87, 91, 95, 99, 105, 107,
109, 119, 121, 125, 127, 149, 151, 155, 157, 167, 169,
171, 177, 181.

x? -1- 47y2

18821, 3, 7,9, 17, 21, 25, 27, 87, 49, 51, 53, 55, 59, 61, 63,
65, 71, 75, 79, 81, 83, 89, 95, 97, 101, 103, 111, 115,
119, 121, 181, 143, 145, 147, 149, 153, 155, 157, 159,
165, 169, 173, 175, 177, 183.
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22+ 51y?

204z + 1, 5, 11, 13, 19, 23, 25, 29, 41, 43, 49, 55, 65, 67, 71,
95, 103, 107, 113, 115, 121, 125, 127, 131, 143, 145,
151, 157, 167, 169, 173, 17.

2 - 53y?

21224~ 1, 3, 9, 13, 17, 19, 28, 25, 27, 29, 81, 85, 37, 39, 49,
51, 55, 57, 67, 69, 71, 75, 77, 79, 81, 83, 87, 89, 93, 97,
103, 105, 111, 118, 117, 121, 127, 139, 147, 149,
151, 153, 165, 167, 169, 171, 179, 191, 197, 201, 205,
207.

% -+ bby?

2207 + 1, 7, 9, 13, 17, 81, 43, 49, 57, 59, 63, 69, 71, 73, 81, 83,
87, 89, 91, 107, 111, 117, 119, 123, 127, 141, 153, 159,
167, 169, 173, 179, 181, 183, 191, 198, 197, 199, 201,
217.

2% - 5Ty

228z + 1, 11, 23, 25, 29, 81, 35, 41, 47, 49, 53, 61, 65, 67, 73,
79, 83, 85, 89, 91, 103, 113, 119, 121, 127, 181, 151,
157, 169, 178, 185, 191, 211, 215, 221, 223.

% -+ b8y?

232z + 1, 9, 15, 21, 25, 31, 33, 35, 87, 89, 47, 49, 51, b5, 57,
59, 61, 65, 67, 69, 77, 79, 81, 83, 85, 91, 95, 101, 107,
115, 119, 121, 128, 127, 129, 133, 185, 139, 143, 157,
159, 161, 169, 179, 187, 189, 191, 205, 209, 213, 215,
219, 221, 225, 227, 229,

x* + 59y>

936z-+1, 8,5, 7,9, 15, 17, 19, 21, 25, 27, 29, 35, 41, 45, 49,
51, 53, 57, 63, 71, 75, 79, 81, 85, 87, 95, 105, 107, 119,
121, 128, 125, 127, 183, 135, 187, 139, 143, 145, 147,
153, 159, 163, 167, 169, 171, 175, 181, 189, 193, 197,
199, 208, 205, 213, 223, 225.

22 - 61y?

24dz-1,5,7, 9, 11, 13, 23, 25, 31, 35, 41, 43, 45, 49, 51, 55,
57, 59, 63, 65, 67, 71, 73, 77, 79, 81, 87, 91, 97, 99,
109, 111, 113,115, 117, 121, 125, 137, 139, 141, 143,
149, 151, 155, 159, 161, 169, 175, 191, 197, 205, 207,
211, 215, 217, 223, 225, 227, 229, 241.

@2+ 62y

2482+ 1, 8, 7, 9, 11, 13, 21, 25, 27,29, 33, 37, 89, 41, 43, 47,
49, 53, 61, 63, 71, 75, 77, 81, 83, 85, 87, 91, 95, 97, 99,
103, 111, 113, 115, 117, 121, 123, 129, 139, 141, 143,
147, 159, 169, 175, 179, 181, 183, 189, 191, 193, 197,
203, 213, 225, 229, 231, 288, 243.

22 -1- 65y

2602 -1, 8, 9, 11, 19, 23, 27, 29, 31, 33, 37, 48, 49, 57, 59, 61,
69, 71, 73, 81, 87, 93, 97, 99, 101, 103, 107, 111, 119,
121, 127, 129, 187, 147, 151, 171, 177, 181, 183, 193,
197, 207, 209, 218, 219, 239, 243, 253,




— 268 —

x? 4+ 66y*

264z + 1, 5, 7, 18, 17, 28, 25, 85, 41, 47, 49, 53, 61, 65, 67, 71,
79, 83, 85, 91, 97, 107, 109, 115, 119, 125, 127, 131,
151, 161, 163, 169, 175, 191, 205, 221, 227, 233, 235,
245.

2%+ 67y*

268z - 1, 9, 15, 17, 19, 21, 28, 25, 29, 83, 85, 87, 39, 47, 49,
55, 59, 65, 71, 78, 77, 81, 83, 89, 91, 93, 103, 107, 121,
123, 127, 129, 131, 135, 143, 149, 151, 153, 155, 157,
159, 163, 167, 169, 171, 173, 181, 183, 189, 193, 199,
205, 207, 211, 215, 217, 223, 225, 227, 237, 241, 255,
257, 261, 263, 265.

x? + 69y?

276z -1, 5, 7, 13, 17, 19, 25, 85, 43, 47, 49, 53, 59, 65, 67, 71,
73, 79, 85, 89, 91, 95, 103, 113, 119, 121, 125, 131, 133,
187, 149, 167, 169, 175, 179, 193, 199, 215, 221, 235,
239, 245, 247, 265.

x? 4- 70y*

2807 + 1, 9, 17, 19, 33, 87, 39, 43, 47, 53, 59, 61, 67, 69, 71,
78, 79, 81, 87, 98, 97; 101, 103, 107, 121, 123, 131, 139,
143, 151, 153, 163, 167, 169, 171, 181, 191, 197, 223,
229, 239, 249, 251, 253, 257, 267, 269, 277.

% - T1y?

984z +1, 3, 5,9, 15, 19, 25, 27, 20, 87, 43, 45, 49, 57, 73, 75,
77,79, 81, 83, 87, 89, 91, 95, 101, 103, 107, 109, 111,
119, 121, 125, 129, 131, 185, 143, 145, 147, 151, 157,
161, 167, 169, 171, 179, 185, 187, 191, 199, 215, 217,
219, 221, 228, 225, 229, 231, 233, 237, 243, 245, 249,
251, 253, 261, 263, 267, 271, 273, 277.

x? - 73y

292z + 1,7, 9, 11, 15, 25, 31, 87, 39, 41, 43, 47, 49, 51, 57,
59, 61, 63,65, 69, 77, 81, 83, 85, 87, 89, 95, 97, 99,
103, 105, 107, 109, 115, 121, 131, 185, 137, 139, 145,
149, 151, 159, 168, 165, 167, 169, 173, 175, 179, 181,
191, 199, 201, 213, 217, 221, 225, 237, 239, 247, 257,
959, 263, 265, 269, 271, 273, 275, 279, 287, 289.

22 + 7dy?

2962+ 1, 8, 5, 9, 11, 18, 15, 23, 25, 27, 29, 81, 83, 89, 41, 45,
49, 55, 61, 65, 67, 69, 73, 75, 79, 81, 83, 87,93, 99, 103,
107, 109, 115, 117, 119, 121, 128, 125, 133, 135, 137,
139, 143, 145, 147, 155, 165, 167, 169, 183, 191, 195,
199, 201, 205, 207, 211, 219, 225, 233, 237, 239, 243,
245, 249, 953, 261, 275, 277, 279, 289.




— 269 —

&2 - T7y>

308z -+

1,8, 9, 18, 17, 25, 27, 81, 87, 39, 41, 43, 47, 51, 53, 59,
61, 78, 75, 79, 81, 93, 95, 101, 103, 107, 111, 113, 115,
117, 128, 127, 129, 137, 141, 145, 151, 153, 159, 169,
173, 177, 183, 199, 211, 219, 221, 223, 225, 237, 239,
241, 248, 251, 263, 279, 285, 289, 293, 303.

@2 - 78y

312z -1-

1, 19, 25, 29, 85, 87, 41, 47, 49, 53, 55, 67, 71, 77, 79,
85, 89, 101, 103, 107, 109, 115, 119, 121, 127, 131, 187,
155, 161, 163, 167, 173, 179, 187, 199, 215, 217, 229,
239, 251, 253, 269, 281, 289, 295, 301, 305, 307.

a? -1 79y?

3162 -+

1, 5,9, 11, 18, 19, 21, 23, 25, 31, 45, 49, 51, 55, G5, 67,
78, 81, 83, 87, 89, 95, 97, 99, 101, 105, 111, 115, 117,
119, 121, 123, 125, 129, 131, 141, 143, 151, 155, 159,
163, 167, 169, 171,177, 179, 181, 183, 189, 208, 207,
200, 213, 223, 225, 231, 239, 241, 245, 247, 253, 255,
957, 259, 263, 269, 273, 275, 277, 279, 281, 283, 287,
289, 299, 301, 309, 313

x? -1- 82y?

3282 -

1,7, 9, 13, 15, 25, 29, 33, 43, 47, 49, 51, 53, 55, 57, 59,
63, 69, 71, 73, 79, 81, 83, 85, 91, 93, 95, 101, 105, 107,
109, 111, 118, 115, 117, 121, 131, 135, 139, 149, 151,
155, 157, 163, 167, 169, 175, 181, 183, 185, 187, 191,
195, 199, 201, 203, 200, 225, 229, 281, 239, 241, 251,
953, 261, 263, 267, 283, 289, 291, 293, 297, 301, 305,
307, 309, 311, 317, 323, 325.

382z -

1,3,7,9, 11,17, 21, 23, 25, 27, 29, 81, 83, 87, 41, 49,
51, Y, 61, 63, 65, 69, 75, 77, S1, 87, 93, 95, 99, 109,
111, 118, 119, 121, 123, 127, 131, 147, 151, 153, 161,
167, 169, 178, 175, 177, 183, 187, 189, 191, 193, 195,
197, 199, 208, 207, 215, 217, 225, 227, 229, 231, 235,
241, 243, 247, 253, 259, 261, 265, 275, 277, 279, 285,
287, 289, 293, 297, 318, 317, 819, 327.

% —1- 85y?

340z +

1,9, 11, 21, 81, 87, 39, 43, 47, 49, 57, 67, 69, 71, 73,
79, 81, 83, 87, 89, 91,97, 99, 101, 103, 113, 121, 123,
127, 131, 188, 139, 149, 159, 161, 169, 173, 177, 183,
189, 193, 197, 199, 203, 211, 223, 229, 231, 233, 247,
263, 277, 279, 281, 287, 299, 307, 311, 313, 817, 821,
327, 383, 337.




— 270 —

2 -+ 86y2

8442 -+

1,3,5,9,15, 17, 19, 23, 25, 27, 29, 31, 87, 41, 45, 47,
49, 51, 57, 61, 69, 75, 77, 79, 81, 85, 87, 91, 93, 95, 97,
103, 111, 115,121, 123,125, 127, 131, 135, 141, 143,
145, 147, 149, 153, 155, 157, 163, 167, 169, 171, 179,
183, 185, 198, 205, 207, 211, 225, 227, 281, 235, 237,
239, 243, 245, 255, 261, 271, 273, 277, 279, 281, 285,
289, 291, 805, 809, 311, 323, 331, 333, 337.

a? - 87y?

348z +

1,7, 11, 13, 17, 25, 41, 47, 49, 67, 77, 89, 91, 95, 101,
103, 109, 113, 115, 119, 121, 131, 137, 139, 143, 151,
155, 169, 175, 181, 185, 187, 191, 199, 215, 221, 223,
241, 251, 263, 265, 269, 275, 277, 283, 287, 289, 293,
295, 805, 311, 318, 317, 325, 329, 343.

22 -+ 89y>

3562 -+

1,8,5,7, 9,15, 17, 19, 21, 23, 25, 27, 31, 35, 43, 45,
49, 51, 53, 57, 59, 63, 69, 73, 75, 81, 83, 85, 93, 95, 97,
103, 105, 109, 115, 119, 121, 125, 127, 129, 133, 135,
143, 147, 151, 153, 155, 157, 159, 161, 163, 169, 171,
173, 175, 177, 189, 191, 207, 211, 215, 217, 219, 225,
233, 239, 243, 245, 249, 255, 257, 265, 269, 277, 279,
285, 289, 291, 295, 301, 309, 315, 317, 319, 323, 327,
343, 345.

a4 91y?

364z —1-

1, 5, 9, 19, 28, 25, 20, 81, 83, 41, 43, 45, 47, 51, 53, 59,
73, 79, 81, 83, 89, 95, 97, 107, 111, 113, 115, 121, 125,
127, 145, 155, 165, 167, 171,179, 183, 187, 191, 201,
205, 207, 211, 213, 215, 223, 225, 227, 220, 233, 235,
941, 255, 261, 263, 265, 271, 277, 279, 289, 293, 295,
297, 308, 307, 309, 327, 837, 347, 349, 353, 361.

a2 - 93y

372z —1-

1, 17, 25, 29, 35, 43, 47, 49, 53, 55, 59, 65, 71, 77,
79, 89, 91, 95, 97, 107, 109, 115, 121, 127, 131, 133,
137, 189, 143, 151, 157, 161, 169, 185, 191, 193,
197, 199, 205, 200, 228, 227, 247, 253, 259, 269, 271,
287, 289, 299, 305, 311, 331, 335, 349, 853, 359, 361,
365, 367.

x? + 94y>

376z —1-

1,5,7,9, 11, 13, 17, 19, 25, 29, 85, 43, 45, 49, 55, 63,
65, 67, 69, 71,77, 79, 81, 85, 89, 91, 93, 95, 97, 99,
103, 107, 109, 111, 117, 119, 121, 123, 125, 133, 139,
143, 145, 153, 159, 163, 169, 171, 175, 177, 179, 181,
183, 187, 191, 203, 209, 211, 215, 219, 221, 225, 227,
229, 239, 241, 245, 247, 249, 261, 263, 271, 275, 289)
293, 801, 303, 315, 317, 319, 323, 325, 335, 337, 339,
343, 345, 349, 853, 355, 361, 373.




— 271 —

a2 -+ 95y?

380z +1, 3, 9, 11, 13, 27, 83, 87, 39, 49, 53, 61, 67, 81, 97, 99,
101, 108, 107, 111, 113, 117, 119, 121, 127, 181, 139,
143, 147, 149, 159, 161, 167, 169, 173, 183, 191, 193,
199, 201, 203, 217, 223, 227, 229, 239, 243, 251, 257,
271, 287, 289, 291, 293, 297, 801, 303, 307, 309, 311,
317, 321, 329, 333, 337, 339, 349, 851, 357, 359, 363,
373.

x? 4- 97y2

388z 4~ 1, 7, 9, 15, 19, 23, 25, 83, 39, 49, 51, 53, 55, 59, 61,
63, 65, 67, 71, 73, 81, 83, 85, 87, 89, 93, 101, 105, 107,
109, 111, 113, 121, 123,127, 129, 131, 133, 135, 139,
141, 148, 145, 155, 161, 169, 171, 175, 179, 185, 187,
193, 197, 199, 205, 207, 211, 215, 221, 223, 225, 229,
231, 235, 237, 239, 241, 251, 263, 269, 271, 273, 285,
989, 293, 297, 309, 311, 513, 319, 331, 341, 343, 345,
347, 851, 853, 357, 859, 361, 367, 371, 875, 377, 383,
385.

22 -+ 101y2

404z-1, 8,5, 7,9, 11, 13, 15, 17, 21, 25, 27, 83, 35, 87, 39,
45, 49, 51, 55, 59, 63, 65, 67, 75, 77, 81, 83, 85, 91, 97,
99, 103, 105, 111, 117, 119, 121, 125, 127, 185, 137,
139, 143, 147, 151, 153, 157, 163, 165, 167, 169, 175,
177, 181, 185, 187, 189, 191, 193, 195, 197, 199, 201
921, 225, 281, 233, 243, 245, 249, 255, 259, 263, 271/
278, 275, 281, 289, 291, 295, 297, 309, 311, 315, 317,
395, 331, 333, 335, 343, 347, 351, 357, 361, 363, 373,
375, 381, 385.
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KBA]I,PATI’I‘IHOﬁ $OPMbI xﬂ—ayg JJdd BCBEXH BEIHYHNHD @& OTH

1 p0 101.

a2 — 2y? 8z+1,17.

a2 — 3y? 122 + 1, 11.

2 — By? 202+ 1, 9, 11, 19.

1

2 — 6y? 24z +1, 5, 19, 23.

@2 — Ty? 28z +-1, 3, 9, 19, 25, 27.

22 — 1092 40z +1, 3, 9, 13, 27, 31, 37, 39. |

2 — 1192 442+ 1, 5,7, 9, 19, 25, 85, 37, 39, 43.

a?—18y2 | B2z-1,3, 9, 17, 23, 25, 27, 29, 35, 43, 49, 51,

a2 —14y2 56z -+ 1, 5,9, 11, 13, 25, 31, 43, 45, 47, 51, 55.

x®—15y2 | 60z+1, 17, 11, 17, 43, 49, 53, 59.

@2 — 17y2 68z -1, 9, 13, 15, 19, 21, 25, 33, 85, 43, 47, 49, 53, 55, 59, 67.

22— 19y | 76241, 3, 5,9, 15, 17, 25, 27, 31, 45, 49, 51, 59, 61, 67, 71,}
78, 75.

a?—2ly? | 84z 1,5, 17, 25, 87, 41, 43, 47, 59, 67, 79, 83.

22 —22y% | 88z+1,8,7,9, 13, 21, 25, 27, 29, 39, 49, 59, 61, 63, 67, 75,
79, 81, 85, 87.

a2 —23y2 |  9224-1,7,9, 11, 13, 15, 19, 25, 29, 41, 43, 49, 51, 68, 67, 73,
77, 79, 81, 83, 85, 91.

a2 —26y2 | 104z 1,5, 9, 11, 17, 19, 21, 23, 25, 37, 45, 49, 55, 59, 67, 79,
81, 88, 85, 87, 93, 95, 99, 103.

@—29y2 | 116z-+-1, 5,7, 9, 13, 23, 25, 33, 35, 45, 49, 51, 53, 57, 59, 63,
65, 67, 71, 81, 83, 91, 93, 103, 107, 109, 111, 115.

22 —380y2 | 1202+ 1, 7,18, 17, 19, 29, 87, 49, 71, 83, 91, 101, 108, 107,
113, 119,

18



— 274 —

a2 — 31y?

124z 1, 3, 5,9, 11, 15, 23, 25, 27, 83, 41, 48, 45, 49, 55, 69,
75, 79, 81, 83, 91, 97, 99, 101, 109, 113, 115, 119, 121,
128.

x2 — 33y

1322 + 1, 17, 25, 29, 31, 85, 87, 41, 49, 65, 67, 83, 91, 95,
97, 101, 103, 107, 115, 131.

x? — 34y?

18621, 8, 5, 9, 11, 15, 25, 27, 29, 33, 87, 45, 47, 49, 55, 61,
75,81, 87, 89, 91, 99, 103, 107, 109, 111, 121, 125, 127,
131, 133, 135.

a? — 35y?

140z + 1, 9, 13, 17, 19, 23, 29, 381, 33, 43, 59, 67, 73, 81, 97,
107, 109, 111, 117, 121, 123, 127, 131, 189.

x? — 8Ty?

1482+ 1, 8, 7,9, 11, 21, 25, 27, 83, 41, 47, 49, 53, 63, 65, 67,
71, 78, 75, 77, 81, 83, 85, 95, 99, 101, 107, 115, 121,
123, 127, 137, 139, 141, 145, 147

22 — 38y?

152z + 1,9, 11, 13, 15, 17, 21, 25, 29, 81, 85, 87, 43, 49, 53,
69, 71,78, 79, 81, 83, 99, 103, 109, 115, 117, 121, 123,
127, 131, 135, 187, 139, 141, 143, 151.

x? — 39y?

156z -+ 1, 5, 7, 19, 28, 25, 31, 35, 41, 49, 61, 67, 89, 95, 107,
115, 121, 125, 181, 183, 137, 149, 151, 155.

x? — 41y?

164z +1, 5, 9, 21, 23, 25, 31, 33, 87, 39, 43, 45, 49, 51, 57, 59,
61, 73, 77, 81, 83, 87, 91, 103, 105, 107, 113, 115, 119,
121, 125, 127, 131, 188, 139, 141, 143, 155, 159, 168.

22 — 4242

168z +-1, 11, 18, 17, 19, 25, 29, 41, 47, 53, 61, 79, 89, 107,
115, 121, 127, 139, 143, 149, 151, 155, 157, 167.

a2 — 4392

1722+ 1, 8, 7, 9, 18, 17, 19, 21, 25, 27, 39, 41, 49, 51, 53, 55,
57, 63, 71, 75, 81, 91, 97, 101, 109, 115, 117, 119, 121,
123, 131, 133, 145, 147, 151, 153, 155, 159, 163, 165,
169, 171.

22 — 46y2

18421, 3,5, 7,9, 15, 21, 25, 27, 85, 87, 41, 45, 49, 53, 59,
61, 63, 73, 75,79, 81, 103, 105, 109, 111, 121, 123, 125,
131, 185, 139, 143, 147, 149, 157, 159, 163, 169, 175,
177, 179, 181, 188.

a? — 47y?

1882+ 1, 9, 11, 15, 17, 19, 21, 23, 25, 31, 85, 37, 89, 43, 49,
53, 61, 65, 67, 81, 87, 89, 91, 97, 99, 101, 107, 121, 123,
127, 135, 139, 145, 149, 151, 153, 157, 163, 165, 167,
169, 171, 173, 177, 179, 187.

% — Bly?

204z + 1, 5, 7, 13, 25, 29, 81, 35, 41, 47, 49, 59, 65, 79, 83, 91,
113, 121, 125, 189, 145, 155, 157, 163, 169, 178, 175,
179, 191, 197, 199, 203.




— 275 —

72 — 53y?

212z4-1, 7,9, 11, 18, 15, 17, 25, 29, 37, 43, 47, 49, 57, 59, 63,
69, 77, 81, 89, 91, 93, 95, 97, 99, 105, 107, 113, 115,
117, 119, 121, 128, 181, 185, 143, 149, 153, 155, 163,
165, 169, 175, 183, 187, 195, 197, 199, 201, 208, 205,
211,

a? — Bby?

220z + 1, 8, 9, 13, 17, 19, 23, 27, 39, 47, 49, 51, 57, 67, 69, 73,
79 81 89 103 117 131 139 141 147 151 153 163
169 171 173 181 193 197, 201, 200, 207 211, 217
219

a? — b7y?

2282+ 1, 7, 25, 29, 41, 43, 49, 53, 55, 59, 61, 65, 71,73, 85, 89,
107 118 115, 121 139 143 155 157 160, 167 169
173 175 179 185 187, 199, 203 221 227

a® — 58y?

232z + 1,3, 7,9, 11, 19, 21, 23, 25, 27, 33, 37, 43, 49, 57, 61,
63, 65, 69, 71, 75, 77, 81, 85, 99, 101, 103, 111, 121,
129, 131, 138, 147, 151, 155, 157, 161, 163, 167, 160,
171, 175, 188, 189, 195, 199, 205, 207, 209, 211, 213,
221, 223, 225, 229, 231.

x? — 59y?

2362+ 1, 5, 9, 11, 17, 21, 23, 25, 29, 81, 39, 41, 43, 45, 47, 49,
53, 55, 57, 67, 81, 83, 85, 91, 99, 108, 105, 111, 115,
121, 125, 131, 133, 137, 145, 151, 153, 155, 169, 179,
181, 183, 187, 189, 191, 198, 195, 197, 205, 207, 211,
218, 215, 219, 225, 227, 231, 235,

x? — 6ly*

244z 4-1, 8, 5, 9, 18, 15, 19, 25, 27, 89, 41, 45, 47, 49, 57, 65,
73, 75, 77, 81, 83, 95, 97, 103, 107, 109, 118, 117, 119,
121, 128, 125, 127, 131, 135, 187, 141, 147, 149, 161,
163, 167, 169, 171, 179, 187, 195, 197, 199, 203, 205,
217, 219, 225, 229, 231, 235, 239, 241, 243.

x> — 62y

248z -1, 9, 13, 15, 19, 21, 23, 25, 29, 83, 85, 37, 41, 49, 51,
53, 55, 59, 61, 67, 77, 79, 81, 85, 97, 107, 113, 117, 119,
121, 127, 129, 131, 135, 141, 151, 163, 167, 169, 171,
181, 187, 189, 198, 195, 197, 199, 207, 211, 218, 215,
219, 228, 225, 927, 229, 233, 235, 239, 247.

x? — 65y?

9260z 1, 7, 9, 29, 33, 37, 47, 49, 51, 57, 61, 63, 67, 69, 73, 79,
81, 83, 93, 97, 101, 121, 123, 129, 181, 187, 139, 159,
163, 167, 177, 179, 181, 187, 191, 193, 197, 199, 208,
209, 211, 213, 223, 227, 231, 251, 253, 259.

x* — 66y?

264z-1, 5, 13, 17, 19, 25, 31, 41, 43, 49, 53, 59, 61, 65, 85,
95, 97, 103, 109, 125, 189, 155, 161, 167, 169, 179, 199,
203, 205, 211, 215, 221, 223, 233, 239, 245, 247, 251,
959, 263.




— 276 —

22 — 67y>

2682 +1, 3, 7, 9, 11, 17, 21, 25, 27, 29, 81, 33, 37, 43, 49, 51,
63, 65, 73, 75, 77, 79, 81, 87, 89, 93, 95, 99, 111, 115,
119, 121, 129, 139, 147, 149, 153, 157, 169, 173, 175,
179, 181, 187, 189, 191, 193, 195, 203, 205, 217, 219,
225, 281, 235, 237, 239, 241, 243, 247, 251, 257, 250,
261, 265, 267.

x? — 69y?

276z + 1, 5, 11, 13, 17, 25, 31, 49, 53, 55, 65, 73, 83, 85, 89,
107, 113, 121, 125, 127, 133, 187, 139, 143, 149, 151,
155, 163, 169, 187, 191, 193, 203, 211, 221, 223, 227,
245, 251, 259, 263, 265, 271, 275.

x? — 70y?

280z + 1, 8, 9, 11, 17, 23, 27, 81, 33, 37, 51, 53, 61, 69, 73, 81,
83, 93, 97, 99, 101, 111, 121, 127, 153, 159, 169, 179,
181, 188, 187,197, 199, 207, 211, 219, 227, 229, 243,
247, 249, 258, 257, 263, 269, 271, 277, 279.

x2 — Tly?

984z + 1,5, 7,9, 11, 23, 25, 29, 31, 85, 37, 39, 45, 47, 49, b1,
55, 57, 59, 63, 67,73, 77, 81, 89, 99, 101, 109, 115,
121, 128, 125, 127, 129, 189, 145, 155, 157, 159, 161,
163, 169, 175, 183, 185, 195, 203, 207, 211, 217, 221,
995, 227, 229, 233, 235, 237, 239, 245, 247, 249, 253,
255, 259, 261, 278, 275, 277, 279, 283.

x> — 73y

202z +1, 3,9, 19, 23, 25, 27, 35, 87, 41, 49, 55, 57, 61, G5, 67,
69, 71, 75, 77,79, 81, 85, 89, 91, 97, 105, 109, 111,
119, 121, 128, 127, 137, 148, 145, 147, 149, 155, 165,
169, 171, 173, 181, 183, 187, 195, 201, 203, 207, 211,
213, 215, 217, 221, 923, 225, 227, 231, 935, 237, 243,
251, 255, 257, 265, 267, 269, 273, 983, 389, 201,

x? — Tdy?

2062+ 1,5, 7,9, 18, 19, 25,29, 33, 35, 41, 43, 45, 47, 49, 51,
59 61 63 65 6.) 71 73 81 91 93 95 109, 117 121,
125 127 131 133 ]37 145 1.)1 159 168, 160, 169,
171, 175 1/9 187 201, 203 205 215 223 225, 227,
231 233 235, 237, 245 247, 249, 251 253, 255 261,
263 267 271, 277, 288, 287 289, 291 295.

2 —77y?

308z + 1,9, 13, 15, 17, 19, 23, 25, 87, 41, 53, 61, 67, 71, 73, 81,
83, 87, 93, 101, 118, 117, 129, 131, 135, 137, 139, 141,
145, 153, 155, 163, 167, 169, 171, 173, 177, 179, 191,
195, 207, 215, 221, 225, 227, 285, 237, 241, 247, 255,
267, 271, 983, 285, 289, 291, 293, 295, 299, 307.




— 277 —

2 — 78y?

312z -1, 7, 11, 23, 25, 29, 31, 87, 41, 43, 49, 53, 59, 77, 83,
85, 89, 95, 101, 109, 121, 137, 139, 151, 161, 173, 175,
191, 203, 211, 217, 223, 227, 229, 235, 253, 259, 263,
269, 271, 275, 281, 283, 287, 289, 301, 305, 311.

a2 — 79y?

3162 +1, 3, 5,7, 9,13, 15, 21, 25, 27, 85, 39, 43, 45, 47, 49,
59, 63, 65, 71, 78, 75, 81, 89, 91, 97, 101, 103, 105, 107,
117, 121, 125, 127, 129,135, 139, 141, 147, 169, 175,
177, 181, 187, 189, 191, 195, 199, 209, 211, 213, 215,
219, 225, 297, 285, 241, 243, 245, 251, 253, 257, 267,
269, 271, 278, 277, 281, 289, 291, 295, 301, 303, 307,
309, 311, 818, 315.

x% — 82y?

89821, 8, 9, 11, 13, 19, 23, 25, 27, 29, 81, 33, 35, 39, 49, 53,
57, 67, 69, 73, 75, 81, 85, 87, 93, 99, 101, 103, 105, 109,
113, 117, 119, 121, 127, 143, 147, 149,157, 159, 169,
171, 179, 181, 185, 201, 207, 209, 211, 215, 219, 223,
295, 227, 229, 235, 241, 243, 247, 253, 255, 259, 261,
271, 275, 279, 289, 293, 295, 297, 299, 301, 303, 305,
309, 815, 317, 819, 325, 327.

x? — 83y?

3822+ 1,9, 15, 17, 19, 21, 25, 29, 83, 35, 87, 39, 41, 43, 47,
49, 55, 61, 65, 67, 69, 71, 77, 79, 81, 91, 93, 103, 107,
109, 118, 115, 121, 185, 139, 143, 153, 155, 159, 161,
163, 169, 171, 173, 177, 179, 189, 193, 197, 211, 217,
219, 223, 225, 229, 239, 241, 251, 253, 255, 261, 268,
265, 267, 271, 277, 283, 285, 289, 291, 293, 295, 297,
299, 303, 307, 311, 313, 315, 817, 523, 331.

a? — 85y

840z + 1, 8, 7, 9, 19, 21, 23, 27, 87, 49, 57, 59, 63, 69, 73, 81,
89 97 101 107 111 113 121 133 143 147 149 151
161 163 167 169 171 173 177 179 189 191 193
197 207, 219, 227 229 233, 239, 243 251, 259 267
271 277 281, 283 291, 308, 318 317, 319 321, 331
338, 337 339,

2 — 86y?

84421, 5,7, 9, 11, 17, 25, 29, 35, 87, 89, 41, 45, 49, 55, 57,
59, 61, 63, 67, 69, 71, 77, 81, 83, 85, 93, 97, 99, 107,
119, 121, 125, 139, 141, 145, 149, 151, 153, 157, 159,
169, 175, 185, 187, 191, 193, 195, 199, 203, 205, 219,
993, 995, 287, 245, 247, 951, 259, 261, 263, 267, 273,
275, 277, 281, 283, 285, 287, 289, 295, 299, 303, 305,
307, 809, 315, 819, 827, 333, 335, 337, 339, 548.




— 278 —

2 — 87y

348z + 1, 18, 17, 19, 28, 25, 81, 35, 41, 43, 49, 55, 59, 71, 77,
79, 83, 89, 101, 107, 109, 113, 121, 127, 187, 163, 167,
169, 179, 181, 185, 211, 221, 227, 235, 239, 241, 247
959, 265, 269, 271, 277, 289, 293, 299, 305, 307, 318,
317, 323, 825, 529, 831, 335, 347.

22 — 89y?

3565 41,5, 9, 11, 17, 21, 25, 39, 45, 47,49, 53, 55, 57, 67, 69,
71, 78, 79, 81, 85, 87, 91, 93, 97, 99, 105, 107, 109, 111,
121, 123,125, 129, 131, 133, 139, 153, 157, 161, 167,
169, 173, 177, 179, 183, 187, 189, 195, 199, 203, 217,
993, 225, 227, 231, 238, 285, 245, 247, 249, 251, 257,
959, 263, 265, 269, 271, 275, 277, 283, 285, 287, 289,
299, 301, 803, 307, 309, 311, 817, 331, 335, 839, 345,
347, 851, 855.

x? — 91y?

3642-1, 8,5, 9, 11, 15, 25, 27, 29, 33, 41, 45, 53, 55, 67, 71,
73 75 81 87 89 97 99 103 11"3 121 123 125 131
135 139 145 151 lo9 163 165 199, 201, 205, 213
219 225 229 233, 239 241 243 251 261, 65 267
275 277 283 289 291 293, 297 309, 311, 319, 823,
331 385 337, 339 349, 353 350,359 361 363.

x? — 93y?

872z -1-1, 7, 11, 17, 19, 23, 25, 29, 49, 53, 65, 67, 77, 83,
89, 97, 103, 109, 119, 121, 133, 187, 157, 161, 163, 167,
169, 175, 179, 185, 187, 193, 197, 203, 205, 209, 211,
215, 285, 239, 251, 253, 263, 269, 275, 283, 289, 295,
305, 807, 319, 323, 848, 347, 849, 353, 355, 561, 365,
371.

2 — 94y?

3762 -1, 8,5, 9, 18, 15, 17, 23, 25, 27, 29, 31, 39, 45, 49, 51
5‘) 65 69 75 77, 81 83 85 87 89 93 97 109
115 117 121 125 127 131 133 130, 140, 147 151,
153 155 167 169 177 181 195 199, 207, 209 221,
228, 220, 229, 231, 241, 243, 245, 249, 251, 255 259
261 267, 279 283, 287 289 291, 293 295 299 301,
307 311, 317 325 327, 331, 3837, 345, 847, 349, 351
350, 359, 361, 563, 367, 371 3‘73 575.

x? — 95y2

380z + 1, 7, 9, 18, 28, 31, 33, 87, 43, 47, 49, 51, 53, 59, 61, 63,
71 79 81, 83, 87 91, 97 101 lL;, 117 121 123 149
151 161 163 169 173 179 187 198, 201, 207 211,
217 "19 229, 231, 257 259 263, 267 279 283, 289
293 297, 299 oOl 309 317 019 321 327, 329 351,
333 337, 343, 347, 349 307 367 371 373 379




— 279 —

22— 97y> | 38821, 8, 9, 11, 25, 27, 31, 83, 85, 43, 47, 49, 53, 61, 65, 73,
75, 79, 81, 85, 89, 91, 93, 95, 99, 101, 103, 105, 109,
113, 115, 119, 121, 129, 183, 141, 145, 147, 151, 159,
161, 163, 167, 169, 183, 185, 191, 193, 195, 197, 203,
205, 219, 221, 225, 227, 229, 237, 241, 243, 247, 255,
959, 267, 269, 273, 275, 279, 283, 285, 287, 289, 293,
295, 297, 299, 803, 307, 309, 313, 315, 323, 327, 335,
339, 341, 345, 353, 355, 357, 361, 863, 377, 379, 385, 387.

a2 — 101y2| 404z-+-1,5,9, 13, 17, 19, 21, 23, 25, 31, 83, 37, 43, 45, 47, 49,
65, 71,77, 79, 81, 85, 87, 95, 97, 105, 107, 115, 117,
121, 128, 125, 131, 137, 153, 155, 157, 159, 165, 169,
171, 177, 179, 181, 183, 185, 189, 193, 197, 201, 203,
207, 211, 215, 219, 221, 223, 225, 227, 233, 235, 239,
945, 247, 249, 251, 267, 273, 279, 281, 283, 287, 289,
297, 299, 307, 309, 317, 319, 823, 325, 327, 333, 339,
355, 857, 359, 361, 867, 871, 373 379, 381, 383, 385,
887, 891, 395, 399, 403







