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Kn.upaqpa Kpyra M TpaHCUEHJEHTHOCTb 4HeAa % JUp H Be
Y. Hanarensckoe obnennenne «Buima wKonar,
1975, 64 c

B Ruure naercs uasecrmas saava «O Kpagparype Kpy-
rav, waspamme xm-upoa crano cunommow HEPAIPELTHMOCTH .
qucna,
AHATOHATLHEA Meron Kaumps. Gunownanbhan  popuyna
Heiotona, uncno e, GopMyna Diiaepa, NOTAPADM KOMIICKC-
HOPD YHCA4, OCHOBRAR TEOPEMA O CHMMETPHAHLIX MHOTO-
afleHaX, MOKassHA TPAHCUEHAERTHOCTb WHCAA T.
PaccanTana Ha yual(uXcst GHIHKO-MATEMAT HUeCKHX LIKO.
Moer GHTb MOMEINA YYAUAMCH CPEANAX CHELHAABHBLX
yue6uLX aaBeieHAR H OCILeOOPA3OBATEALHLX LIKOML,

Ha, 5,

FC‘

Penakmuonuan xonmeruss 1 -KOp.
AHYCCP A, B. Cxopoxog (memaexma penaktop),
o TN A. Kanysaus, npod. W. Kosanuos, nom.

M. Koba, pou. H. SI. JI enxo. now. 10, M. Puxos,
nou. M. M. Slapenko (3avecturens OTB. peji.), KaHA. meg,
nayk Ji. B. Kobanuosa.

Pegaxuis ABTepaTypHl Mo MaTEMATHKE H (u3HKS
3an, penarunedi A. C. Maxyxa.

0202207
B TR —76 160—~76

(©)¥anarenscxoe obvensienne «Buma wmxonar, 1976,
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Taasa I
CYNECTBOBAHME TPAI!CHEHJIEETHLIX YHCEJ

§ 1. MOHATHE OB AJITEBPAITYECKIX
T TPAHCOEHJIEHTHBIX YMCJAX

Onpenenenue 1. Jucao o nHasvsaemes arzebpauneckum,
ecau cyuyecmsyem ypasnenue 8uda

ax +ax""' + ... A aaa X+ ap =0 [0)]

¢ pay 0zs o 628~
Emca KOpHEM. .

Hanpumep, Kaxuoe pauuoHaIbHOR tmcno% ®, 9—

neJsbe qucna),anrelﬁpauqecxoe, TaK KakK OHO sBjAgercs
KODHeM ypaBHeHHS

gx—p=0.

a+7s, @

TAe a ¥ b— panuOHAJbHbE, TaKke aareGpanueckoe. IleficT-
BHTe/BHO, YHCIO (2) eCTb KOPeHb ypaBHEHHs

x—aPl—b=0,

Yucno

Han YPaBHEHHA
*®—3ax? + 3a’x — (@® + 6) = 0.
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KomntekcHmie dncia BUfa
a+bi, a+Vbi,
Iie a W b— pauroHaNbHBe, €CTh ajareGpaHueckue 4Hcaa,
TAaK KaK OHW SBJSOTCA. COOTBETCTBEHHO, KODHAMH YpaB-
Henuit:
P—2x+ @ +6)=0 n x*—2ax+ (@ +b6)=0.

Yro6k yGenuThCsi B 3TOM, NOCTATOYHO 3aMHCATh YPABHEHH:
Tak:

(x—aP+b'=0 u (x—aP+b=0.
Hakonen, ec/i n — 1e/0e NOJOXKHTEIBHOE YHCMO, TO
o,
cos— +xsm; ®)

SIB/ISIeTCA aNreGpaHyecknM UHCJAOM, TaK Kak, 1O (opMyJsie
Myaspa (cm. erp. 50),

.
(cos%«}—[sin%—) —cosm 4 isinm =—1,

H, CJIeNOBaTe/bHO, YHCAO BHNA (3) ABNAETCS KOPHEM ypaB-
HeHHs
x"+1=0

B nanbmefiwem xomycKaeM, 9To Bce KOS(QMUHERTH ypaB-
Heuns (1) —uesble 4HCIa, B MPOTHBHOM C/ydae AOCTATOYHO
YMHOXHTb ypaBHenue (1) Ha ofmufi 3HameHaTeJb ero Kosg-
dHuueHToB, YTOOH MOJNYYHTh ypaBHEHWE C HEJLIMH KO-
qJHﬂ“eHTaMH, SKBHBAJIEHTHO® NAHHOMY.

Ecan B ypaBuenun (1) kosdunuent a, eguHuua, a
oCTafbHblE KOI(PHIMEHTH — e/ble UHCAA, TO KOpeHb a
TAaKOTO YPaBHEHHS Wa3hiBaeTCH WeJbM afdreGpaude
kuM. Hanpuvep, ecin a w b—uenple gucaa, to a+ bi
u a + 1/ bi —uense adrefpaundeckne. Yucao cos% +isin 7’:—,

RIS KaXK0TO UeJ0T0 f, €CTh HeAbIM aareGpaHyecKnM.
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Onpenenenne 2. Kaudoe nearzebpauueckoe uucao Ha-
seieaemes mpancyendenmusin. VIHaue roBops, YMCJAO a TPaHC-
[EHAEHTHOE, €CH HE CyNecTBYeT HH ONHOMO YPaBHEHHA
suga (1) ¢ panMoHanBHBLIMH (UeABIMH) KO3(dHIHeHTaMH,
1s_KOTOPOro Gbl o GbIIO KOPHEM.

TlpoBepuTh, ABIAETCH JH JAHHOE YHCJO KODHEM Orpe-
nenenHoro (sajaHHoro) ypasHenms Buia (1), Jerko, Ho
TIPOBEPHTH TO, YTO OHO HE MOMKET ObiTh KOPHEM HH OJHOTO
ypasuenus Bujga (1), GbiBaer TPyAHO, a WHOTAA H HeBO3-
MoxHo. Jlanee MBI BCe e JOKaXeM 3JEMEHTapHBIMH Cpell-
CTBAMH, 4TO TPAHCLUEHJEHTHBLIE YHCJA CYUIECTBYHOT.

§ 2. DKBHBAJIEHTHBIE MHOKECTBA

TloHsTHE MHOKECTBA SIBJISIETCS OJHHM H3 TAK HA3BIBAEMBIX
NepBHUHBIX [OHSTHA, TO €CTh OHO He ONpeJleNsiercs mocpel-
CTBOM ApyrHX Gojee MPOCTHIX MOHATHH. TepMHHOM «MHO-
JKECTBO» Mbl MOMB3yeMCsi KaXIblfi pas, KOTIA paccMaTpHBaeM
O6BEKTHl ¢ HEKOTOPBIM OOIMM NpH3HaKoM. MoXHO, HampH-
Mep, FOBOPHTb O MHOMECTBE CTY/beB B IIKOME, O MHOMe-
cTBE KOPOB Ha KOMXO3HOH hepMe, O MHOMECTBE HATYPaNbHbX
uncell, MHOXKeCTBE BCEX NeHCTBHTENBHBIX UHCEN H M.

Onpenenenne 3. [sa MHONECMEA HASLIBAIOMCA IK6UL-
BQACHMABIMU (paeuououmomu) ecau Mexedy - sAeMenmani
smux B3QUM
coomsemcmaue, o ecmb ecatt /caw@aMy anemenmy  00H020

MOKCHO 8
HbL SACMEHITL BIMOPO20 MHONECMBA U HAOGOPOM.

Tak, HanpuMep, SKBUBANCHTHBIMH SIBISIOTCH TaKHe MHO
JKECTBA: MHOXECTBO YYEHHKOB B KJacce H MHOXEeCTBO YH-
Cest, KOTODBIMH 3aHYMEDOBAHH HX (aMHIHH B  K/IACCHOM
JKypHaJ/ie; MHOXeCTBO TMOJOXKHTENIBHLIX [eJbIX YHCeN ¥ MHO-
JKECTBO OTPHLATE/IBHBIX MENBbIX UHCEN; MHOMKECTBO OKPYXK-
HOCTefl C 1eHTPOM B JNaHHOW TOYKE H MHOMKECTBO MOJO-
JKHTENBHBIX UHCEJ; MHOXKECTBO TOueKk orpeska AB, annHa
KOTOPOTO paBHA EMHHIE, H MHOXECTBO Touek otpeska CD,
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IHHA KOTOPOTO PABHA HANEDE 3aJaHHOMY NOJOKHTENLHOMY
uneay k.

PaccMOTpPHM TNOCTIENHHE [BA TPHMEpA.

YKa3aHHOE MHOKECTBO OKPYXHOCTell JeHCTBHTeNBHO 9K-
BHBAJIERTHO MHOXECTBY [OJOKHTEJNbHBIX UHCeN, TaK Kak
Ka10if OKPYKHOCTH COOTBETCTBYET OMpeleleHHOe Moo~
JKHTEJIbHOE UHCJIO — JUTHHA pajuyca 3TOH OKDPYXKHOCTH H,

Hao60pOT, KaXKIOMY MOJMOKHTEJIBHOMY
qucay (MpH 3aJaHHOM IHTPe) COOT-

i
413 BETCTBYeT OKPYMKHOCTB, PajHyC KOTO-
LYARN]
IR polfi_paBeH 3ToMy umcay
/// I \\\ Bsaumuo OIHO3HAYHOE COOTBETCTBUE
/7 1 A \Y Mexay TOYKamH ABYX OTPE3KOB MOXKHO
/ / : \ YCTAHOBUTL IpaduuecKy, KaK 5T0 1o-
elii A N\p Kka3sawo Ha pHC. 1, WIH AHAJHTHUECKH
Pac. 1 Tpu moMouty hopmy

y—a
y=a+@b—ax x=4=¢

KOTOpble fABJAIOT cobofi B3aUMHO OJHO3HA4YHOE€ CCOTBETCTBHE
MeXAy uHucIaMH

x0<x<) nyla<y<bo).

Tloc/ieHui NPHMEp MOKA3LIBAET, UTO MHOMECTBO MOMET
GLITh 3KBHBAJNEHTHBIM CBOel JacTH. Tak, MHOXeCTBO Haty-
PanbHBIX UkCeN SKBHBAJEHTHO MHOMECTBY WeTHEIX HaTy-
pabHBIX UHCEN: KaXJOMY HATypaJbHOMY YHCIy i COOTBET-
crByer ueroe uncao 2n. OrtmermM  cielyiomlee: ecTH
MHOKECTBa KOHEUHbIe (HMEIOT ONpe/leleHHOe YHCIIO SEMEHTOB),
TO TaKHe MHOXECTBA SKBHBAJEHTHH TOTJA H TONBKO TOTZA,
€C/i OHH COZIEPKAT OJHHAKOBOE YHCIO S/IEMEHTOB (IOKa-
xuTel).

YCTaHonJleHue 5xsusaneﬂ'mocm msyx MHOJECTB ABJSETCS
Xopomo Takan Hy-
Mepauus O3HAaYaeT He YTO HHOe, Kax ycranomeﬂue SKBHBA-
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JIGHTHOCTH B3AaHMHO OJHO3HAYHOTO  COOTBETCTBHS MEXAy
3/eMEeHTaMH pacCMaTpPHBAeMOro MHOXKEeCTBa H HaGOPOM qH-
cen (Homepos) 1, 2,

§ 3. NCYACITUMBIE 0 HEHCUYHCJIAMBIE MHOKECTBA

Hapsizy ¢ KOHEYHBIMH MHOXKECTBAMH, C KOTOPHIMH exe-
JIHEBHO BCTDEUAeTCs ye/loBeK, HanG0Jee IPOCTHIMA SBASIOTCS
TaK Ha3piBaeMble HCUMCJHMBIE MHOXeCTBa.

Onpenenenne 4. Muoowecmso M wasesaemes  ucuuc-
AUMbLM, €CAU  OHO
qucen.

HcYHCIMMOCTE  O3HAYaeT BO3MOXKHOCTb cqumams, Hyme-
posams 3NeMENTH MHOXKecTB. IIpHBeleM NpPHMePhl HCUHC/IH-
MBIX MHOKECTB: MHOMECTBO HATYDAJbHBIX YHCEJ, MHOMKECTBO

1
uncen 2, 4, 6, ..., 2n, ...; MHOXKECTBO 4HCeI 1,3, Foe-
1
1 ++e» MHOXECTBO HHCeN 11, 21, ..., n!... Tosxe pac-
cMotpuM Godee npHMepHI MBIX MHOXKECTB,

Temepb e NOKaKeM CYUIeCTBOBAaHHE HEHCUHCJHMBIX MHO-
KECTB,

Teopema 1. Mrooecmso Oeilcmsumensnotx wucen  x,
Komopoie ydosaemeopsiom yeaoguo a < x < b, assemes He-
ucHuCIUMBLM,

Pacemorpum b cayvan, Korga a =0, b= 1, Tak kak
Bbllle MBI MOKa3anH, 4To MHOXecTBa X(@ < x<b), y(0 <
<y < 1) sKBHBaNeHTHHL

Inst jokasarenscTBa KCNOJB3YeM TOT (aKT, 9TO Kakmoe NeHCTBH-
TenbHoe 4HCNO C MOXHO SamHcaTs B BHje Geckomewnofi xpoG

€=Cy CC, ... C,

Taxoe 3 gncen ecaH Re CuH-
Talb sznuch B BHAE nepuonuqecxnﬂ ApoGH ¢ jeBATKOH B nepHome (Tak,
nuwenm 21,00 . .., a 20,99 . ..). HcronbsyeM Tak®e 4 TO, 9TO

ZBe GeCKOHEHES. necmu-mme npoﬁn pasHele, eciH B HHX XoTd Gbl
JBA NECATHYHHX SHaKa o;;uﬂaxoxero paspsapa pasHpe. Hanpmmep,
2,34156 . .. + 2,34146
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HNokasareabcTBO. Byneu JOKA3LBATH METONOM <OT
nporuBHOro». JIOMyCTHM, YTO MHOXECTBO BCEX YHCRN MEKALY
HyJjeM H 3ro , 4TO 3ajaH-
HO® MHOXKECTBO MOXHO 3amucaTh B BHIe TaGmHUE!, KOTopas
CONEPIKUT KaMK/IbIA 3/IEMEHT MHOXKECTBA:

a; =0, 030985 .. Gn .0t
0= 0, Bifa +v- B oo )
an =0, 22305 ... T ...

PaCCMOTpHM Tenepb YHCI0
d=0, %fs ... @n.ou, (&)

Iie uuppa a; MOXer GHTH Kakoll yromHo, Kpome oy oudpa
@2 — xaxoli yrogmo, Kpome B, ® T. A [lowarwo, uro 0<
<d<l n K Tovy e d Re DaBHFETCS HU ONHOMY H3 WHCEN
(1). 3naunt, BOMpPeKHM NpEANONOKEHHI0, Tabauua rSl) ne
COIEPAHHUT KaxK[0e YHCJI0 MEXLY HyJeM d e:mHHuei’l. poTH-
BOpeuHe, K KOTOPOMY MEl NPHILIH, YKashiBaeT Ha Crpasell-
JIHBOCTD TEOPEMbI.

Wmenno sra TeopeMa [aeT BO3MOXKHOCThH )‘CTZHOBHTI: cy-
1eCTBOBAHAE TPAHCUEHNEHTHBIX HHCEN.

§ 4. TEOPEMBI OF MCYHC/IAMBIX MHOMKECTBAX

OnHUM 13 OCHOBHBIX JIeHCTBHA Ha MHOXKECTBAMHU ecTh Aefi-
cTBHE CIOXKeHRA (00beguHeHus).

Onpenenenue 5. Cymmod, ury obvedurenuen, MHo-
acecns A, B, ... Hasvigaemcs muoxecngo M, xancdeul sre-
Merm KOMOpo2o NPURABRENUM XOms Gol 00HOMY UB MHOMCECME
A, B, ..., npuuesm kawOoiil snemenm kandozo u3 Mrodicecs

M. H

. B . Hanpuwep
MHOXKECTBO YUEHHKOB HEKOTOpOH CpejHell wKO/b ecTh 06be-
ZuHEHHE MHOXKECTBA YYeHHKOB 1-X, 2-X, ... 10-x knaccos
STOR JKe IIKO/bY, MHOKECTBO AeACTBHTE/IBHEIX YHCes ABASeTCH
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OBbenyneHneM MHOMECTB [eJbiX WHCEJ, KOTOPhIE JensiTcs
TOALKO Ha ceb M Ha 1 (IPOCTBIX HHCEJ), MHOXKECTBA YHcel,
KOTOpBle AeASITCA Ha 2, MHOXKECTBA YHCEJl, KOTOPBIE IENATCH
Ha 3, uT I

Cnoxenne (oGbelMHeHHE) MHOMECTB OGO3HAYAeTCA CHM-
BosoM U:

AuB AYBUC D Au § A

Teopema 2. Cymma UCHUCAUMOZ0 MHONCECISA KOHEUHOLX
MHONMCECME eCMb UCHUCAUMOE MHOXMCECMB0,

HokasaTtenbcTBo. B cavom gene, myete My, My, ...,
M . SIBASIOTCS] KOHEYHBIMH MHOXK€CTBAMH, KOTOPbIe HMEIOT,
CootBeTCTBENHO Ny, N, ..., Nk ... 30neMeHTOB. OGO3HAUAM
SJIEMEHTH MHOXeCTBa M, 4epes &, da, ..., Qn,; S7AEMEHTH
MHOXeCTBa M,, OTAHUHBIC OT 3EMEHTOB MHOXKeCTBA My, —
uepe3 an, + 1, ..., G + 12 (1, =10, ecau Kaxipil snemeHT
H3 M, ectb 3/eMEHTOM MHOXKecTBa My, fy = N, ecan y
MHOxecTBa M;, M, HeT o6mux a.neMeHmB), S71eMEHTBl MHO-
xecTBa My 0603HauHM Yepes dn, + 1y + 1, s Gny +fg 13
H T. 1. Teneps OYeBHIHO, YTO MHOXKECTBO (a,, a,, ol ..)
HCUHC/THMOE H SIBASETCS CYyMMOMt MHOXecTB M, My, ..., Mn.

B KkauecTBe BaXKHOTO NPHMEPA MPHMEHCHHS TEOPEMBI KO-
KaXeM clieflylollee yTBEPKIEHHE:

Teopema 3. MHOKeCMS0 payUOHAAbHBIX, NOAOHCUMEND-
HOLX U OMPUYAMENLHbIX, HUCEA UCHUCAUMO.

HokasateanctBo. Hasosem ebcomod uuena i(a,

b — uenbie) uncno |a|+|b| U oTMETHM, YTO MHOMKECTBO pa-
LHOHANBHAIX YHCEN C JaHHOH BhICOTOA n HcuncamMo. Tax,

3 2
Hanpumep, TOJAbKO WYHCIA + -, ig, ;t% HMEIOT  BhI-

coty 4.
OGo3naumm uepes M; MHOXKECTBO PALHOHAABHHX YHCEJ

¢ Buicotol 1 (quc.no T)' yepes M, — MHOXKECTBO 4ucen ¢
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BBHICOTON 2 (qucna + %), uepes M, — MHOXKeCTBO uncen ¢

ol 1 2
BhIcOTOl 3 (wncaa 3, iT) u T. A MHoxectBo Beex

pauuouanbnux UHCEN €CTh CYMMa MHOecTs M, RN
. CorniacHO mpefibifyIel Teopee, 510 HCHHCTHNOE AHO.
xecteo. CriesioBatesnbio, MHOMe-

_: __é %_,% -~=« CTBO PaNHOHAJ/IbHBIX YHCEJA MOXKHO
B TPOHyMepoBaTh. [leficTBHTeNbHO,
s /Z 2 MHOJKECTBO IIOJIOKHTELHBIX Pa-
5 H 5 % 7777 LHMOHAJLHBIX UHCeN MOXKHO Tpo-
\ Yz HYMePOBATH M0 CXeMe, yKasaHHOK
7; 3 3 3 ____ Ha puC. 2, mponyckas npu 06Xo-
2 3 4 ne Taﬁnnuu BIOJIb  yKa3aHHOTO

CTPE/IKAMH  HANPABJEHHS  yxe
NPOHYMEPOBaHHEIE YKCJa,

Puc. 2 Ecau nonoxutenshsle panyo-
HaJbHbIE YHCAA OGO3HAUHTL HO-
mepamu 2, 4, 6, ..., uncno O—mnomepom 1, a orpuua-

Te/lbHble PAllHOHAJMbHBE YHc/a — HOMepaMH 3, 5, 7, To Tem
CaMbiM NPOHYMEPOBAHHBIM OK&XETCS H BCE MHOXKECTBO pa-
LHOHA/BHBIX UHCEI.

Teopema 2 Jierko 06obuaer

Teopesma 4. Cym umucAuMOaa (6 wacmnocmu, Ko-
Heuro20) LCAUMBLE ecms  ucuucau-
MOLM MHOXCECTMEOM.

TlpeanaraeM XoKasaTh STY TEOPEMY CaMOCTOSTENBHO, HC-
NO/b30BaB Vi OGO3HAUEHMs 3/EMEHTOB MHOXecTBa M,
CHMBOJIBI Q1n, Q2n, - .. s, -.. H Ha3BAB BBHICOTON SieMeHTa
Qsn uHCIO S+ 7. MOMHO TakKKe HCIONBb3OBATH CXeMy, IIO-
JIOGHYIO CXemMe Ha pHe. 2.

Teopema 5. MHroxecmso uppayuOHARbRbIX ducer Y,
makux, 4mo a <y < b, ABNREMCA HEUCHUCAUMOIM,

JIeACTBHTENbHO, €CIH Obl MHOMKECTBO HPPalHOHAMbLHBIX
uncen y(a <y<b) OBUIO HCUHCJAHMEIM, TO CyMMa €ro ¢
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MHOXECTBOM DalHOHAJbHEIX uHcen X(a < x<b), ucuncan-
MOCTH KOTOPOrO Jl0Ka3aHa (reopema 3), Gblia Gbl HCUHCIHMOH
(Teopema 4), a 3T0 HEBO3MOXHO (Teopema 1)

§ 5. CYHIECTBOBAIME TPAHCIEH/IEHTHbIX YHCET

B sToM maparpacde Mbl AOKaMKeM CYUIECTBOBaHHE TpaHC-
CH/IEHTHBIX YHCES -H HEeHCUHC/IHMOCTh HX MHONKECTBa.

Teopema 6. Mroxecmso aireebpauteckux Hucea uc-
HUCAUMO.,

JleficTBuTE/IbHO, MHOXECTBO aJreGpPaHYeCKHX YHCEJ MOX-
HO pacCMarpuBaTh KaKk OObelMHEHHe MHOXKecTBa M, anreG-
panueCKHX WUHCEJ — KODHeil BCEX BOSMOMHEIX YPaBHEHHH
1epBOil CTeNEHW C HeMbIMH KosdduuHenramu, MHOXKecTBa M,y
anTebpauuecKUX Upcesi — KODHEeH BCEX BOSMOXHBIX ypaBHe-
HUIl BTOPOH CTemeHH C UEMBIMH KO3(QQHUMEHTAMH X T. X.

Ha ocroBauuH TeopeMsl 4 JOCTATOYHO ;10K233Tb HCHHC-
JIEMOCTh KaMKAOTO M3 MHOXecTB M,, M,, .

PaccmotpuM MHOXKecTBO My KopHe# ypaaﬁeﬂuu

agx* +axtt 4 Lt apx tar=0 (1)

¢ uesbiMu KosduuuenTamy. Hasosem BeicoTofi 3TOr0 ypas-
HEHHA YHCIO

laol +lasl + - +lael @

[ToCKONIbKY YHCAE o, @y, ..., Gk LUETBIE, TO CYLECTBYET
TOJIBKO KOHEYHOE MHOMECTBO TAKHX UHCed C CyMmMmol (2),
KoTOpas paBHa Henomy uuciay N. Ypapuenne (1) umeer me
Gosee uem k pasubiXx KopHeil. CuiefloBaTeNbHO, MHOXECTBO
anre6paHyeckux 4uce]l — KODHeH BCeX BO3MOXKKHBIX YpaBHe-
HUI k-fi CTemeHH C BBICOTOH N — siBASeTCA KOHEYHBIM, a
MHOXKECTBO BCEX a/re0paHyecKHX UHCENM — KOpHel ypaBHeHHH
k-ii ctenend, Kak OOLEAWHEHME MHOXKECTBA KOpHeH Taxux
ypasHexnil ¢ Bhicotamu 1, 2, ..., N, ..., — fABAfeTCA HC-
uncanMbiM. Teopema Joxasana,
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Teopexa 7. Mrooecmso mpancz;euaenmuwx wucen He-
ucuucaumoe. Boaee mozo,

JleficTBHTEJILHO, MHOMKECTBO neﬁcmmenbx—rbxx uhcen (OHO
HEUCUHCJIHMO) €CcTh OObelHHERHe AreGPaHuecKHX umces (ue-
UHC/MMOTO MHOXECTBA) M MHOMECTBA TPAHCLEHACHTHEIX
yuces. Ecan 6bl 370 nocyiefiHee MHOXECTBO ObUIO HCUHCIHMbIM,
TO H MHOMECTBO JEHCTBHTEJbHBIX Uuce] Oblio Obl HCUMCJIH-
MBIM, UTO ). Teopema
(]83ro H0KA3ATEILCTE0 NPHHALENKHT Teopry Kantopy

73 1)

§ 6. 0 NOCTPOEHMU IIPY [OMOINY HUPKYJIA ¥ JHHEAKH

TlokaxeM, 4TO MOCTPOeHHE OTPe3Ka MIHHOK [ mpH no-
MOUWM UMPKYJA H JIHHEAKH BOIMOXHO TOTAA H TOJBbKO TOTAE,
Korja | AiBJsiercsi aaredpanvuecKMM YHCJIOM, H IIOTOMY HeBO3-
MOXHO, €ciu [ TpaHcueHAeHTHOe uncao. [Ipexne uem pokasbi-
BaTh COOTBETCTBYIOULYIO TEOPEMY, Cle/iaeM
HECKOJILKO 3aMeuaHuil,

3ameuanue [ B pekaprosoll cxcreme
KOOPHHAT TPaQHKOM YpBHeHHA

Ax+ By +C=0 )

< or %,y ABATE-

¢S mpAMas, ¥ KaobopoT, ypaBHenue moGoi nps-

Puc. 3 MOH DB JICKADTOBO CHCTEME KOODIHHAT MOKHO

npeicTaBHTE B BHfe (1), TO €CTh KOOPMHaIL

Kaxofi TOYKH NAHHOf NPAMOH YAOBJETBOPAIOT TOMY e yPaBHEHMIO ().

3amenanne II. M3 Teopemu [Tuparopa cilenyer, 910 KOOPAH“a1bl

X, y Kamzofl TOUKH OKPYXKHOCTH C UEHTPOM B TOuKe a, b (puc. 3)
H PajHyca 7 CBs3aHM SaBHCHMOCTHIO

a4 G0 =rh @

1T. Kanrtop (1845—1915), HeMeukmAi MATeMaTux, ocopate’s
7eopHH MHOXCCTBA, popuAca B [leTepGypre, TaM Xe OIYdA HAualb-
Hoe 0GpasoBaHke.
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TO eCTh 3aBHCHMOCTEIO BHAA

P4y Ke+Ly+M=0, &)
Mockonssy ypesmense (3) womso sanucars Tax:
K2 L\? K*4[2—4M
<x+7) +(y+'2-) === @
e pupmieHHe B Acsofl 9acTH (4) ABASETCA KBAIPATOM PACCTOMHHE
T3 (1, ) OT TouKH (—?. —7), 7o rpaguKkoM ypeswenns (3)

€CTb T€OMETPHYECKOR MECTO TOSEK, PABHOOTCTOAUX OT KaHHOA TOUKH,
10 €CTh OKPYKHOCTB!.

Cllel0BATeIbHO, OKOHYATE/BHO, B NPAMOYIOAbHOM CHCTEME KOOPRH-
Har ypapHelHe Kax1ofi OKDYKHOCTH HMeeT BHL (3) W, HaoGopoT, Tpa:
UKOM ypasHeHHA (3) FBASETCH OKPYAKHOCTH.

3ameganue III. Pewenne cucteyst
uaeT TOYKH, bl KOTOPO#
YPABHEHHAM, TO eCThb HaXOX(nEHMC TOUKH, KOTOpas JeXuT Ha NPAMOH
B OKD YXHOCTH — TOUKH Mepecederus STHX AHHMA.

HaoGopot, 21 TOro uTOOM  AHAIMTHUECKU HAATH TOUKY HepECeve-
HEA NPAMOM H OKPYIKHOCTH, HYKHO PeUIHTH CHCTeMYy ypaBeHui (1) m
(3) ornx Jumui.

srernil (1) # (3) osha-
oborm

Onpenenenue 5. [edcmeumenstoe 4ucio a HA3bi6a~
emcst wucaom muna A,, ecau OHO easemcs Kopuem keadpam-

HO20 (uau nepeodl ¢ payuo-
HARbHBIMU xuaq?(puqueﬂmwu, HUCAOM mtma Ay, ecau ono
KOpHEM (uau
nepeoti ¢ el cheh MU munag
A,, ., ducaom muna Ag, ecau OHO S6ASEMCE  KODHEM

(uau

c

aMm

2 s
K+—4~— > 0. Ecan /=0,

' Mu specs omyckaem, wro [ =
TO OKPYXKHOCTB BHPOXIaeTCsi B TOWKy; ecau [ <0, 10 x, y He moryr
HMCTh  fefiCTBHTE/bHLIX — 3HAYeHWH, A/18 OOGWHOCTH TOBOPHICH, HTO
OKPYIRHOCTh MHUMGR.
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Hanpuvep, uncra 1 +12, 1 —V?2 ects unena Tuna
Aj — OHU ABAAIOTCS KOPHAMH ypaBHeHHs

¥—2—1=0,

a uncaa —2 +V3 VT, —2—V3_YT e uncna

THNA A, — OHH SABJAITCA KOPHAMH YpaBHEHHs
P+ax+1+VT)=0. (6)

Teopena 8. Kawdoe wucao « muna A, 20 k onpe-
“ucao, Um.
}10 KasateabcTBo. Kak H3BECTHO, KOPHHM KBajpar-
HOTO ypaBHEHHs

ax* 4 bx+4c=0 (6)
sanuchBaloTes  (popmyso:
—b+ VB

x . 7y
CgopmynnpoBannas Teopema He TpeGyeT 10Ka3aTebCTBa
B ciyyae uucen Thna A
Yycna tHoa A; ABJATCA KOPHAMH ypaaﬂemm

ax® + bix ¢ =0, ®)
KOS(XpHIIUEHTE KOTOPOTO, B CBOIO O4epeib, €CTb KOPHAMH
ypaBHeHusi Bufa (6). CnefoBaTe/ibHO, ypaBHeHHe (8) MOXKHO
3amucaTh TaK:

~Bi V3 —day, —Be £ VL —dayy,
i 7@1 ol e T : o

—By £ VB —day,
+—2%'~~'

=0, ©)

oae o, By ((= 1, 2, 3)— pauuoHaJbHBIE GHCAA.
Ecnu B ypaBHeHHH (9) YHHYTOXHTb HPPalKMOHANLHOCTD,
TO MOJAyYHM ypaBHEHHE (JOCTATOYHO BLICOKOH CTENeHH) C

14
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PalHOHANBHBIME  KOS(DGUIHEHTAME. DTHM MBI JOKaXeM, UTO
uyhcaa Ttuna A, anrebpaudeckuwe. Kpome TOro, MOHATHO,
4TO 9TH YMCJa, KaK KOPHHM ypaBHenus (), onpeseasiorcs
yepe3 pallHOHAJBHBIE YHCAA TIPH MOMOLLH OMPEAeJIeHHOTo
yHcaa apU(pMEeTHYeCKMX NEHCTBHE M W3BJEYEHHA KBajapar-
HBIX KOpHeH.

Tenepb AOMYCTHM, UYTO KO3(MpHlkeHTE ypasuenus (8)
npunagnexar K tany A, Paccyxjaas aHaJOTHYHO, TPHAEM
K BBIBOAY, YTO UHCAa THNa Ay anreGpaHyecKHe H T.J.

TloAbToXKKBASI, CKAaXKeM, 4TO €CIH & NPHHAIEKHT K
Tuny Ak, TO « ABASETCS KOPHEM KBaJpaTHOTO ypaBHEHHS,
KO(GHIHEHTR KOTOPOTO 06pasyioTCsi M3  PalHOHANbHHIX
9uceJ IPH MOMOUIH OMPEIEJeHHOro 9HCJA NpHMEHeHHH
apuMETHUECKHX JEACTBHA H H3B/CUCHHA KBaJPaTHBIX KOP-
Heft. M3BeCTHBIMH H3 WIKOMIBHOTO Kypca cnocoGamu (Bosse-
JieHus B KBaApaT M NpHBEJCHHE NOJOGHBIX) MOXKHO YHHUTO-
JKHTh MPpAlLHOHANbHOCTb, B TakoM ciayuae Gynem HMeTh
anreGpanyeckoe ypaBHeHHe (IycTh BBICOKOM CTENeHH) ¢ pa-
LHOHA/MBHBIMH KO3(dHIMEHTAMH, WIS KOTOPOTO o siBJAfETCS
kopueM. C/le0BaTe/bHO, o — anre6panyeckoe.

Hanpumep, eciu B ypaBHeHHH (5) YHHYTOXHTb HUppa-
ITHOHAJBHOCTb, TOAYYHM ypaBHeHHe:

X 4 4x% 4 18x® + 8x — 0.

Takum 05pasoM, uucia — 2 ~{—V3 —V2, —2 —]/3 —V2—
anreGpanyecKkue.

Teopesa 9. Ompesok Orumsl o MOKHO nocmpoums npu
nomowu YUpKYAA 1 AUHENKU moeda u moavko mozda, ecau o
ecmb wucao muna Ar, 20e k— KoneuHoe wucao.

Caencraue. Ecauo— mo
O0mpesok Qaunvt & NPU NOMOUU GUPKYAS U AUHEUKU Hes03-
MODCHO.

JlokasateancTBo. Jocmamounocms, JleHCTBHTENBHO,
eCM @ sBaseTcss KOPHEM KBAApaTHOTO YDaBHeHHS, TO
TOCTPOMTb [PH MOMOWIH ULHDKYJA ¥ JIHHEHKH OTPEe3oK
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ATHHOM ¢ HaBEPHOE MOKNO, €CIH TAKOE [JOCTPOEHHE BO3MOMKHO
LNl OTPE3KOB, JJHHAMH KOTOPBIX MBJSIOTCH MOAYJH KO3(-
tuuuentos ypashennsi. OTCiOja LefdeM BHIBOX O BOSMOK-
HOCTH TIOCTPOEHHsSI OTpe3ka JJIHHOH o, €CIH o SBJASETCS
YHCJIOM THNa Al Ho TOFJla MOXHO CKasaTb TO 2Ke camoe
B Clyyae, €CAH « ecTs 4HCaO THha Ay, u T. L.

Heobxodumocms. BO3MOKHOCTb NOCTPOHTL OTPESOK NP
NOMOULH lalKyﬂﬂ M NUHEAKH O3HayaeT BO3MOXKHOCTb HAATH
€ro KOHILI B pe3yJbTaTe NPOBEACHHA KOHEUHOTO KOJHYECTBA
OPAMBIX M KOHEUHOTO KOJHYECTBA OKPYXKHOCTEH M HAXOMs
ACHMSl TOYEK MepeceyeHHsi TNPOBEeJEHHbIX JiuHui. Fnaue
TOBOpS1, TPOHECC MOCTPORHHs OTPE3Ka MPH NMOMOIIH UHPKYJs
M JMBEHKH €CcTh KOHEeYHOIll Hembio MOCTpOeHHH, Kaxjoe
3BEHO KOTODOji — 3TO TpOBeJeHHEe MNpsIMOH dYepes ABe AaH-
Hble TOYKH H IPOBEIEHHE OKPYXKHOCTH C 33TaHHBIMH LEHTPOM
H pajguycoM. ITpu 3TOM yKasaHHbIE TOUKH JOJIKHBI ObTh Hail-
AeHbl nyrem Hpeﬂb{}ly!ﬂﬂx HOCTPOQHHI:.L Hrax NEPBbIM ITANOM
NOCTPOEHHs €CTb NPOBEJeHHEe NPSMbIX UepPe3 TOUKH C PalHo-
HAaNBHLIMH KOOD/HHATAMH, NPOBEJEHHE OKPYMKHOCTeH, pagu-
yCBl KOTOPBIX K UEHTPbI BhIpaXKeHbl DalHOHAJIBHBLIMK UHC/IA-
MH, 3 TaKXKe HAXOXK/ICHHE TOYEK INePeCcedeHus NPOBEICHHEX
JIMHHA. YpaBHEHHsi TOCTPOEHHBIX IPAMBIX U OKPYIKHOCTER
GyAyT MMeTh TOMBKO pAUMOHANbHBIE KOSMOHUHEHTE, H mO-
STOMY KOOPAMHATH HX TOUeK mepecedeHus GyAyT YHC/AAMH
Tuna A;. Crexyouuii sTan nocTpoeHHs NMPHBEET K 4HCJIaM
Ttdna A, (a BosvoxkHo, A;) M T. A. B Komeusom wutore,
NPHUXOZHM K UHCTY &, KOTOpOE, TaKuM 06pasoM, GyReT mpH-
Hajnexars K Tuny A Teopema nokasana.

§ 7. M3 ucropum MaTeMaTHKH

3 NPOTAKEHHH MHOTUX CTOACTHI CUle B JPeBHHe BPEMEHa HHTepe-
CoBAMHCH 3anatefi O KBAXPATYDE KPYTa: MpU MOMOWY HUpKYAR U Aurell-
Ku nocmpoums xsadpam, pasHoseauKud OGHHOMY KpYey.

TlockoAbKY MJoWafb KPyra C ENHHHUHRIM PAjHyCOM paBHSTCH
YHCAY T, TO $3%aua CBOJMTCA K NOCTPORHHIO OTPeska paimmolt w. [eficr-
BHTRJIbHO, H3 KYPCa u3BecTHo, 4TO
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OTpesKa D/MHOK @ B TOCTPeeRHe OTPe3Ka MVIMHOA a® OXMHAKOBO BO3-

HEL

Bnamennti Jleonapy Diaep (1707—1783) npuen k. sunony,
9To 3ajaua KBaIpaTypH KPyra HCBOSMOKHA, H Cle/tal TaKoe npeanoio-
HeRie: uncI0 = e ower O, Kopriew f_ omioro areGpaeckoro

nMeH-
Ho Dinep nonycxa-n CyllecTBOBaHHAE Tpaucueuneﬂ'ruux ancen H Tpanc-
ueHpeHTHOCTb uucia =, Kerarn, ofosnauenne OTHOWEHHS JINHHB OKPYXK-
HOCTH K JAMHE €0 AWAMETPa Wepe3 = M TePMHH «TPaHCUEHIeHTHOE
QHCA0Y NPHHAAICKAT Py-

Tlpeanonokenne JfNepa O CymECTBOBAHHH TPAHCUEHIEHTHHIX HCEN
OblI0 BNEpBhHE CTPOro KOKA3aHO B 1844 r. (paniy3CKHM MaTeMaTHKOM
K. Inyounnew (1809—1882), a TpaHCHEHJeHTHOCTH SHCT 7, Cle-
xDBZTe.'IbHo W HEBOSMOKHOCTH KBAZDATYPH KpYTa, ioKasaHa ML B

Tony.
Ty foxasan T uHCea, ycraHo-
BHB TaKO# o He TpH3AaK
HOCTH:
ecau 4ucao a 3 mpu
nocaedosamenbrocmu ue/uxx qucea
Py Py v+ P (P~ o0, ccmu k- )
Gp Gy v+ Gpp + oo (9 > ©0 €CTH £ > 00)
My My oo my, oo (M = oo, ecaH k- o0)
TaKne, 41O

IZe ¢ K2Koe-TO ONHEAKOBOE JAS BCEX & WHCIO, TO & — TPAHCUEHIRHTHO.
pusHak JIMYBUJIS J2eT BO3MOKHOCTH YCTaHOBHTB, HaNpHMep,
TPAHCIIEHACHTHOCTD YHCAA

1 1
f= z+221 +tom Tt

C u3 npranaxa JI KaeT
TPAHCUEHJEHTHNX WHCEN, ONHAKO STOT npusuax e yeranasiupaer
i

Bhillle KaHTOPOBO T
wncen y | 410 4rce HeHCUHC
amyo, 1o Ky 910 JHIL 70 He-

—
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YKagHBaeTCs HH OfHH NPHSHAK TPAHCHEHJEHTHOCTH H He MPWBOAMTCA
HH ORHH i np: uHCAE.

npHsHar JInyBHILI: orp . 08
e paxe Npu T ™ uncen ©

1\n
He= lim l+; . TpaHCueHAeHTHOCT® 4cAa e Obuia JOKasaHa

fred
Auws B 1873 T. GPAHIYACKHM MaTEMATHKOM 3P M1 T 0 (1822—1901), a
TPAHCUEHJECHTHOCTh YHCAa = — B 1882 T. HeMeUKHM MaTeMAaTHKOM
Jdunnemanom (1852—1939). MeTomss jokasatenecrsa Opmiuta H

@ , Bx npu
TP2HCUGHJCHTHOCTH  UHCeSs, OTJHYHBIX OT € ¥ T, MaJ0 BEPOSTHO.
B TeopHE 1 ancen Toay-
awan  coperckme  warewarnkn A. O. Teandona (1906—1968),
P.O. Kysbmun (1891—1950), A. B. lluxaosckuf, L. . Mop-
ayxad-Boatosckoh (1876—1952).

§ 8. Pesyaprarst A. 0. T'emndorpa u P. O. Kyssmuna

Ha 11 KOHrpecce (Maprx, 1900 r.
OiMH 3 Bujalmuxcs MaremarhkoB [ TmabnGepr (1862—1943),
BBCTYNHA C JOKJA&zoM, B
KOTOPOM CHOPMY/InPOBaT 23 NMPOGMEMbI, «HCC/IEIOBAHHE KOTOPHIX MOMET
et fimee passiTite Haykis. B To Bpems
He Gbiiy elle PaspaGOTaHbl METOAB PELICHHS STHX NpobicM, JHib CTOSA
BoNpoc 06 yCOBEPUIHCTROBAHUH CTAPHX MTONOB MATeMATHKH H pas
paGoTkn HOBhX. Ouenb YeTKoe (OPMYMMPOBEHHE npoGrem, a TaKKe
n asroputer ['unb6epra NMpHBeIH K TOMY, 4TO BHHMaHHE MHOTHX MaTe-
MATHKOB Gbl10 MPUBJGYERO K HUM.
Cenmoii npoGaiemofi MunsGepra Guina crenyioman:
yomo @ — 4i060¢ 4uCAO, - KOMOPOE e pasko edunuye, a §— aioboe
anzebpaueckoe  uppayuonarsnoe  ucao. Kaxum (aszeGpauueckum  wa
mpancyendenmnoun) Oydem wucao a®? B wacmmocmu, mpancyendenmas

oV 2 e

au uucan 2V 2,
B 1920—1930 rr. A. O. Temsdoin fokasan yrsepmuenue: ecau

@ — anrzebpauteckoe 4ucto, Komopoe we paeo O uat I, a 8 — weserye-
CmseniOe UppaYUOHAALHOS «ucl0, KOmOpoe yOOsAemSOpACM eie oONOMY
doBasouromy ycaosuio (m. e. Gydem Keadpamusnoid  uppayuonassrocmbio),
mo o — mpancyendenmuo. 310 GuA SHAUMTEABNME wWar B pemenun
npo6es THABGEPTA, 1O eule He MOAHOE peilelue cc. Tak, ewe He Ohia

B 1930 r.

7
Hafigen oTBer Ha BONpoC o mpHpoge umcen 2V °,
P. O. KyssMun noxasai, 410 & B onmn
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WHCAOM JHINHee, M TEM CAMBM Obi1a  YCTaHOB/eHa TPAHCIHACHTHOCTE

ancaa 2
B 1934 . A O. Teapdoup aan momioe pememne cexbMok mpo-
Greuss - TiasGepra
eAyeT OTMETHTS, 910 PAA RPYIHX npobieM TmALGepra COBETCKHe
MeTewaTiyy Take BN POIIA/IA TIONHOCTBIO, WAH BHECAH SHAUHTEIE-
Hufl BKJag B uX Hcciegosanue, Tak, B 1972 r. coserckHil yueHmili
. B, [oropenos (pog. 1919 r., maypear Tocymapcrsentofi npe-
i CCCP, naypear Heuuncxuﬁ npemuu, naypear upemun kM. JloGa
uesckoro, akazemuk AH YCCP, qn -Kop 'AH CCCP) mosHOCTBIO PeLuna
ueTBEpTYIO npoGaemy l‘mu,ﬁe

Yupaskaenns

1 b BIAHMHO MeXay TOuKaMH

OKDYKHOCTH H TOUKAMH npmon

2. [10C71€0BATENBHOCTBIO @y, Gy + o v, Gy, 1. HASHBACTCH MHOKECTBO 3716~

MEHTOB, Ka)XKOMy H3 KOTOPHIX OTBEyaeT HOMep (Ue/loe MONOKHTENLHO®

4HCJI0) MU YCJOBHH, 4TO SJIEMEHT @y CHHTAETCS CAEAYIOUHM 32 a1; G —

saay i T A
Uem

or u?
MorKEHO I CKasaTh, STO MHOMECTSO
=2 —1,0,1,2 ... )
ABAReTCH Bi0? BsanMHO
MeRRY 1) n Hary-
PAIbHEIX UHCET,
a Hokazars y u3 Kancdozo MONCHO
umb UCHUCAUMOR  HAOXCECSO.
Py Kaauiit ement Q(ry Ty +ew Ty) MHOMecTD2 A Ompejedierch
S27aHHEN UNNX SHAUCHAN WHCRN 1y, ry ..u ,, JloKasaTs, 4T

A — HCYHCTHNOE  MHOKCCTEO.
6. B, Teopus oncers ynotpesTAGTCH Take oosnas
AT (@ rh Srewens wkowatrnn Ay, A o B (wkoneerso A ecrs uscrs
EA— A ApE
10 ecth A E, A CocTonT M3 BoeX saementon E, KoTopse He MpRHA-
aexar A), AB (nepecercnrie wuORecTn A, B — MHONECTBO BCeX 0O-
ax snewerToB MHORCCTS A, B), @ (NYCTOE MHOKECTRO).

Tdemunos C. C. [pobaexst [nasGepra, M., «3naines, 1969
(Cepun  eMaremarnka, wrGepaetaxas, Ne 12); IlpoGiemu [aastepra,
Tog pea. T. C. Anexcaraposa. M., dHaykan, 1969,

Slanca nirchaca \arn/DNE Imana tn DNE Canvartar Cammand 1ing


http://www.verypdf.com/tif2pdf/tif2pdf.htm

Please purchase VeryPDF Image to PDF Converter Command Line

Jloxasars papenctBa:
1)ecn ACB:ANB=A ANBONC=ANC AyByC=

Z)ec,'mAcg, BcC:ANBIC=4, AUBYC=C
YA UBNECUD)=ANBYUANDUYBNCYBND).
4) AGBUOUMYBNC=(ANB) U (ANC) U (BNG);

5) ANB=AUB, AUB=ANB, ANB=AUB, AUB=AB;
6 (AUBNMALE) D @AUB) NAYE) =

6. I'Iponepmb 4To uHCnO

l/_quV +5 "'l/

ABAAETCA KOPHEM YpaBHeHus

Vi o

X4 px4q=0. @
TMpumeyanne. Popmyira (1) HashiBaercs dopmysofl Kapgana
(wranbsnckni maveMatnk, 1501— rr.). Ecan yueers, uto KyOmue-

CKHil KOPeHb W3 YHCJA HMEET TPH pd&ﬂﬂe SHaYeHHS, TO, COMVIacHO op-

uyJe (1), MoaysMM 9 sHayenwii, H3 KOTOPHX TONbKO TPH SBASIOTCA

N (2). Crenath BuBop 06 anreSpanusocTn wucaa (1).
. TIyeTs a, B ecTs, COOTBETCTBEHNO, KOPHAMH ypapHenuil

KB px+ =04 x>+ pyr+ gy =0.
Ilokasath, 410 « B SBISETCA KOPHEM ypapHelnsa

X 2(py + py) #*+ (oF + 3pypy + 05 + 29, + 20) 2+

2 2

+ (Py + £3) (20, + 203+ Pypa) X+ (9,05 + 4,07 — 49,9,) =0.

Haijitu ypaBheuus ueTBepTOll CTENeHH, B KOTOPHX KOPHAMH Gyny
a—B, df.
xasanna |. CymHocrs yOpamueHHs: ecli « u § ects ai-
reGpanueckue 4HCa, TO NPR 7I0GABOYHOM ONYIICHHH, 4TO OHH ABJ A~
(0TCS KOPHAMH KBAIPATHMX ypaBHCHHA C DAIHOHTLHMIMH KoSdHIL A
eHTaMH, BLITEKaeT, 4TO uucAa « + B, af TaKxke aireGpanyecKie (nosx e

4t0 370

2. [lycTh BTOPHIMH KOPHAMH 33JaHHBIX YPABHEHHi €CTb, COOTBeT-

craeno, a, B. CocrasuTs ypaskese ¢ xopuavn (¢ +5), (24-), (@+

+8, @+B.

20
Slanca niirchaca \arn/BNE Imana tn DNE Canvartar Cammand 1ing


http://www.verypdf.com/tif2pdf/tif2pdf.htm

Please purchase VeryPDF Image to PDF Converter Command Line

8. JloxasaTh yTBEPXKMCHHE! ecAl & OMAU4HOE OM HYAR aAzebpauseckoe
ucao — mo o« mooke areebpaudeckoe wucao, CAELOBATENLHO, U YACMAOE
Oayx “uces — 4UCAO.

9. [IpaBUAbEO JH YTBEPXKJEHHE! CYMMa ABYX TPAHCUEHISHTHWX
YHCeJ €CThb TPAHCUEHACHTHHM YHCIOM?

Taasa II
TIOKABATEJIBHAAL OYHKIUA

§ 1. BHHOMHAJBHAS ®OPMYJIA HbIOTOHA

Xopowo H3BecTHBIE (GOpMYJIE
(@ + b)*= a’+ 2ab + 8%, (a 4 b)*= a®+ 3ah*-+ 3ab 4 b* (1)
€CTh OTAENBHHIMH CJIy4asMH (OPMyJibl OOLIEr0 BHAA
(a + by = am + Cram=1o + Cham=26* 4 .., +
+ Cham—kpk 4 .. +bm, @
IZie m — Ue/loe NOJOXKHTENbHOE THCIIO.
BhiBesieM NpPaBHJIO BEMMCJEHHS TaK HA3HBAEMbIX O H HO-
MHaJAbHBX KO3QPHUHEHTOB
2 —] R
Ch Coty vvv Cliy vy Ci ©)
Koe-uto 06 sTHX KO3PpHMUHEHTaX MOXKHO CKasaTb Ccpasy:
TOCKOJIBKY B JIEBOH YaCTH paBeHCTBa (2) @ W b paBHOmNpaB-
Hbl (FOBOPST, UTO BEIPAXEHHE CHMMETPHYHO OTHOCHTENBIO

a, b), T0 oHH AOMKHB! OBITb DABHONPAaBHEIMH H B HpaBofi
uacru pasescrsa. CrejoBatenbHo,

Ch=Cp', Ch=Cn* ..., Ch=Ci™,

TO €cTb B Psily OHHOMHAIBHBIX Kod(puumentoB (3) Ko
(HUMEHTE!, PABHOOTCTOANIWE OT KOHLOB P5iNa, PaBHBI MEXIY
coGoii. ITockonbKy

(@a+o)"=@+b@+b) ... @a+b),
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TO MOXHO CAeIaTb BHIBOX, YTO KO3(XpHUMEHTH (3) menbie
u noJsioxkutensHble. JloKakeM Temepb CnpaBeAtuBOCTL (op-
MYyJbl

£ __m _mm—1) .. (m—k41)
Cn = frm—nr = T23...% . @)
e pl=1-2.3 ... p.
Tlpn m =2 umeem:
1_ 2
Co=1y7 =2

Tpunpmas Bo BHUMaHHe nepsylo us dopmya (1), y6emna-
emcsi, uTo npH m = 2 opmyJia (4) HMEET MECTO, a IOCKOJIbKY
(a+b)y"+' = (a+b)"(a+b), To uenecoobpasHo npume-
HUTb METOJ TNOMHOH HHIYKIHMH. YKaXeM ClepBa, uTO H3
Gopmybt (4) BHITEKAET Takoe PaBeHCTBO:

Cr+ G =Gl ©)
JleficTBUTENLHO,

_ ml

1 ml ,
CntCif' = STm—sl T G+ D (m—s—D0I

_ m ) F ) _ (4 1)t e
SEIN ) =GOl G [en T ) —GF o) - Cmble

Jlouyckas, uto ¢opmyta (2) COpaBeAiHBa NPH SHaYEHHAX
(4) ee Kos(UIHEHTOB, JOKAKeEM, YTO

(@ + byt = a4 Chyiamb 4 Chpiam=0% .., +
4 Chpiamti=kgt L. o ot

npu ToM e mpaBH/ie (4) BeumcaenHs KosdpuuuenTos. Meit-
CTBHTRJIBHO,

(@+5)m+ = (a+ b (a+0) = (@ + Cram~b +
+ C,z,.a"‘—”b“ 4.+ C:'—lam—kﬂbb—l -+
+ Cnan=hf 4L 0" (@t b).
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l'IepeMHo)Kan COOTBETCTBEHHO MHOTOW/EHH H MNPHBOAA MO~
AOGHBIE UJIEHBl, HMeeM:
(@ + by = gmtl + (Ch+ D amo 4+ ... +(Ch -+
-+ Ch) alm+n—kbh 4, 4 bmH,
Cornacio opmyae (5) moaydum:
Ci 4 Ch=Chy, Chtl=m+1=Chy.
CienosarenbHo,
(@ + by = am+! 4 Crpiamb 4 Chypam=15* + ... 4
A+ Chyami—kpe 4 pmt,
uTO H TPEGOBHHOCB JLOKasaTb.
§ 2. HEKOTOPBIE CBEJEHUA U3 TEOPHH IPE/EJIOB

H HECKOJIbKO Omp
Onpenenenne 1. Yucao A nasweaemes npedeaom du-
ca060i  nocaedosamenbrocmu
@, Gy Qe )
ecau 0an 106020, KQK Yeo0HO manoeo wucaa & >0 cywecm-
syem wucio N makoe, umo Hepagencmeo
lan—Al<e
umeem mecmo 02 Kaoedozo Homepa n, Hauunas ¢ N (n > N).
CHMBOZIMYECKH 3TO 3aNMKCHIBACTCH TaK:
A =lima,.

Onpepenenne 2. Yucro A wnasweaemes npedeaom
dynkyuu [(x) (npu x=a), ecau Ora 06020, Kax Y20dHO
MQA020 HUCAQ & CYWECMBYEM NOAONCUMEAbHOE HUCA0 v MAKoe,

Mo Hepasencmeo
[y —Al<e 1)

02
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dediemeumentho 0as Kasedoeo awauenus X, Komopoe ydosae-
meopsem  ycaosuro
Ix—al <.
CHMBOJIHYECKH 5TO 3aMHCHIBAETCHA TaK:
A=1limf(x), 4=1limf ().
x=a x~a

3amevanue 3anncn
A =limf(), 4=limf()
e s

osnavator, 410 1) . mpn
X>M, x<—M,

e M — NOMOXWTCABHOE UHCIO, OMpeNe/ieHROE 3aZ2HHHM WHCAOM .

B WKOJBHOM Kypce MaTeMaTHKH JOKashiBAIOTCH CJELyio-

lHe TEopeMbI:
npedenst X u yucao caa-

2aensix ukcuposaro, mo cyuecmeyern npedea cymaoi, Komo-
pas cysme np To :
lim(an+ba+ ... + ko) =lima, 4+ 1limb, + ... + lim &,
ey e nem -
lmffy ()2 (0) + ... +[a(®))=limf (x)+1inz(x)+
ta xea xa

+ vn ok limfa (%)

2. Ecau cymecTsyloT mpefessl COMHOMHTeNeHl H 9HCIO
HX (DUKCHDOBAHO, TO CYIIECTBYET NPEAE] NPOH3BENEHHs,
KOTODBI PaBHAETCA NPOH3BEACHHIO NPEAEN0B COMHOXHTENEH:

m(@nbn « .. ko) =lima, - limb, - ... - limk,,
e B nes e
lm () - Fa ) o < f () = iy (1) - limy ()
o i fl).
x~a
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B uacTHOCTH, €C/H o — NOCTOSIHHAS BEJHUHHA, TO
lim aq, = @ lim @, limaf(x) =« lim f (x).
o new  xea [
3. Ecau CyWECTBYIOT mHpeeNsl YHCIHTedsl M SHAMeHa-
Tes, TpPHYEM MpeJe 3HAMEHATeNsl ONIMUaeTcs Of HyJs,

To CyluecTBYeT mpeneld APOOH, KOTOpHIi pabeH mpeaenry
uuCAHTeNs, JENEHHOTO HA mpefesl 3HameHaTead. To ecTb:

lim a,
lim g =g, Llim by #0,
o
i e @
im0 = imeon s 0000

4. [Ipedea seauwuntt, komopas naxodumes mexcdy Osyma
Geaununam, umeowuny obuuii npeden A, cywecmeyem u
pasen A. To ecmb ecau 0a8 6cex SHaueHud n, HAWUNAS C
HeKomopoeo,

n <€ < ba
H
lima, = A, limb, =
R s
T0 lime, = A.
new

AHanoruuHo, €CIM A5 KAXJIOro 3HAUEHHs X, JOCTATOYHO
6JusKoro K a,
fx) <o) <F(»
limf(x)=1limF(x) =4,
xa x~a

TO limg (x) = A.
xa
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5. Eciu X, orpanuuennas Bemuunna (X, < M) u lim y,=
[
=0, 10

limx,y, = 0.

Eres
Jlns nanbhefillero H3JOXEHHS HaM NOTpeGyeTcst yTBEPHK-

ZeHue: 827 Kaxwd020 SHAUEHUS X, HESABUCUMOZ0 Om N, umeem

MECmo  pasencmeo:

@

JokasaTenbcrso. Ilycte r—uence uncno H r+
+1>2|x|. Tax Kak
Edd IE2 it IR E g

m T FnDe+2...n A T+he-n
Lxl (2] \a=r
== \r 1)

JEJLN 14
nl

] |x|<'+‘ TO

1
<

.
x
Benuunna ITI‘

Tosromy

CaepoBarenbHo, U

JlokameM ellle HECKOJNBKO TEODEM M3 TEODHH MPENeNIoB,
KOTOpble GYAyT MCIOAb30BAHBE B JladbHeifnieM.

Teopema 1. Kawdaa oepanudennas ceepxy (crusy)

) o umeem

npedea.

o
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OrpannYeHHOCTh I10CIeN0BATeIbHOCTH
ay, Gy o Gy e &)
oOgHauaeT CyllecTBoBaHMe umcaa M Taxoro, uto
a <M, n=1, 2,
AHaNOTHYHO ONPELeNISIeTCs OrPAHHIEHHOCTh CHH3Y.
TMocnenoBartensHocTh (3) HasuBaercst HeyGuBaome i,
ecau G <G <G<... <<, .
H HeBoO3pacTalowef, ecan
> >0> ... 20> ...
NokasarennbcTro. [pu nokasatemscrse srofi Teope-
MBI HCTIOJIB3YeTCsT TROPHSE HPPAUMOHANBHHIX yHces. [TocKoabKy
PacmpoCTpaneHs! 1Ba MOCTPOEHHS TEOPHH HPPALHOHATBHBIX
YHCes, MBI JaeM H JBa JIOKA3aTeTbCTBA TEOPEMbI, AOMyCKast,

cBepx:

AJIsi ONpENeNeHHOCTH, IOC TeIBHOCTD Hey
OTpaHHYeHHOR CBepXy.
1 (na 0ed & meoputt upp X

uucea — meopuu ceverut). Hasosem mpaBbuiM Kiaccom B
MHOKECTBO DAIHOHA/LHBIX UHCEd, W3 KOTOPHX KaxIoe
yucao Godbile JMIOGOTO 3JeMEHTA MOCAEOBATEIBHOCTH (3),
a 1eBHM KIacCOM A — MHOXKECTBO OCT2/bHBIX DaIHOHATb-
HbIX YHCeJ, TO €CThb MHOXEeCTBO palHOHAJbHBIX YHCeT,
Kakjioe M3 KOTOPHX He Godibllle XOTsi Gbl OZHOTO 37eMeHTa
nocsaegosatenbHoctd  (3). TlockombKy rnocnenoBaTebHOCTE
(3) orpannuena cepxXy, To o6a Kiacca cymectsyior (A + @,
B+ g). TlonsTHO, YTO KAXKJ0€ YHCIO Kaacca A MeHblue Jio-
Goro uncia u3 Kjacca B H, KpoMe TOTO, Kaoe paimo-
Ha/bHOE YHCJO PHUHAJVIEKHT OJHOMY H3 KJaaccoB A man B.

CienoBate/blio. HMeeM CEUEHHEe B COBOKYNHOCTH Pammo-
HanbHBIX YHCET, TO €CTb CYMIECTBYET eJHHCTBEHHOe Belle-
CTBEHHOE YHCJIO @, KOTOPOE HE MeHblle KaXKAOTO YHCIA H3

u He Gosiplue Kaxaoro uucaa us B. JlokameM, uTo

= lima,.

newo

o7
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IlefictsutennHo, mycts 3agano JioGoe € > 0. Toraa B moc-
JIeI0BaTebHOCTH (3) HafijleTcst TakoH S/eMeHT a;, 4TO

a—ap<e @)

TaK KaK €C/H Gbl TAKOTO MEMEHTa He GbUIO, TO Mbi HMEH Obl
a—ap>e Gp<a—e<la

LN Kakjoro sHaueHus k. Ho B TakoM ciyuae He uuciIo

o oTAensno Ou Kaacc A or Kiracca B, 4TO mpOTHBODEWHT

onpefenennio uucaa «. CrefoBaTelbHO, HepaBeHCTBO (4)

cnpasen1nBo. [10CKOMIBKY MOC/e40BATeNBHOCTb (3) HeyOhl-
paioluas, To npH n >k

an > ap
| u3 (4) BbITeKaer, 4To
a—a, <e.
CuenoBaresnibHo,
lima, = a.
oo
11 (ra 0 uucer Kaw

Geckoneunolx  decamuunoix  OpoGeil). Bynem cuurath, uro
TOC/IEIOBATENBHOCT, (3) OrpaHuueHa CBepPXY NelbM YHCIOM
M (B npoTHBHOM cllydae Mbl 3aMmeHHsH Ob M HauGomnee
6nu3KEM GOJIBHIUM HENBIM YHCTOM).

Tyers m—camoe GOMBLIOE UENOE YHCJIO, MEHbLIE ap.
CrnefoBatenbHo,

m<a, <M, n=1,23...
PEICCMOTPHM uHcna
mmt+l, ..., M—1, M.
Ilycrs ¢ -+ 1 mepBoe W3 3THX WYHCEJ, KOTOpPOE HE MeHble

Kamnoro a, (B KpaiiHeM ciyuae, ¢+ 1=M). Boixoaur,
HailJIeTcs JMEMEHT a, TaKOH, 4To

ap>c.
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Ho B TakoM ciyyae TPH 7>k GyneM uMeTb @, > C.
OxonuarenbHO:

c<a, <c+1npu n>k
Tenepb paccMOTPHM HHCHA:

g e+0l=c L;c+02=c 2 ...5¢ 9 c+1.
Paccyxas aHaJOTHYHO, TPHAEM K BHIBOLY, 9TO CYIIECTBY-
tor unena ¢, oy =c¢+0, a5 ¢, oy +1=¢, a; +0,1 ugnucao
k, Takue, 4T0

e, 0, <A <c 05+ 1npun>k.

PaccmatpuBas uucia
¢, o5 ¢,0y +0,0l.=¢, a5 ¢ 0, 2; ...¢ 04 9 ¢ o+ 1,
TIONYUHM TAKHE WYHCAA €, ity H G030, 1 1, uTO

€ 010y < An <€, oy -1 MpH N>y

T L
TloHATHO, YTO TaKHM CIOCOGOM OMNPEeAeTHM GEeCKOHEUHYIO
JeCATHYHYIO 1POGb

A=0C, 00y .ot U oeey

IS KOTOPO#
¢ 0y vov G <A <C, 0gdy oon Up 1,
¢, Gy ... Uy KA <O Uy ous A+ 1 TPH 1> Ep
CrezopatebHo,
o | 1
lan—al < ayag o ov amtl—c ayay ... n = Jom TPH A >
> km.

Orciona mpH Z0CTAaTOYHO GOJbIIOM m GyZem HMETb:
lan—a|<e.
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OxkoHuaTesbHO:
a=lima,.
TMpumep. TlocreopatensHocTs
VE VETVE Vet Vaivs ...
HeyGuBajonias. [ockoneky
Visve<Vite=2VerVoive<Vetvare
TO 3ajaHHas

Bepxy,
oo nicer npened o Hafgew svor mpesen.  OBoasauin nf sAeueHs
nocieRoBaTeNLHOCTH Uepes a,. Toria

a1 =V2+a,
G —2,—2=0.
Ecan n —+ 0, T0
@—a—2—0,
orkyna @ =2 (a =1 or6pacsisaen).
ChenosarenbHo,
a=2.

Teopema 2. Ecau a>0 u nocaedosamensrocms payuo-
Hanouolx uucen hy, hy, ..., ha, ... umeem npedes nyso, mo
ecmo

limh, =
nee
mo
lima*s = 1. ®
e

PaccMoTpHM CHadYa/la YacTHBIH Ciyuait:

b =
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Myets @ > 1. B Takom cayuae
!

™ =1+ apn UpH &m> 0. )

Corsiacio dopmyne Hbiorona,
a=(1+apyr=1+man+...,
rze ocTaibHbie caaraevbie Gonpwe Hyas. Crenosatensro,
a> 14 map, on< 2!, limay =0.
maw

U3 pasenctsa (6) mmeeM:

)
lima™ = 1.

Mo

Eciu a < 1, 10 %> 1 r mostomy
1

s (I\R
lim (-) =1
mae \ 9
U3 teopeMsl 0 mpenene ApoGH BHITEKaeT:
- 1 1
lima™ = lim [l:—l]=T =1.
e M L
am
Mpu a=1 ymBepxnuenne oueBnpHo. OKOHUATeNbHO, ANS
BCAKOro a > 0 uMeeM:
1
lima™ = 1.
maw

Joxaxem tenepb pasenctso (5). Ilycts
P,
ha| =8
ol =2
H m-—uenoe YHCIO TaKoe, 9TO

m<ﬁ <m+4 1.
Pn
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CuenoBateibo,

p +1 <l <o
H €M 7 —> 0, TO H m — . Takuv ofpasom, npu h, >0
HMeeM:

i
amtl <aha <a™ npu a> 1,
1
a"'*+‘ >at>a" mpua<l.
Orciona, Ha OcHOBaHHWHM paBeHCTBa (7) M TEOPEMH! O mpe-
JieNle BeJIMUHHBI, 3AK/IOUCHHOH MEXIY ABYMS BeRHUHHAMH,
HMeeM:

1

lim at» .
e
9T0 ¥ TPeGOBANOCH NOKA3ATH.

Cayvaii h, < 0 mpeasaraem paccMoTpeTh CAMOMY YHTATENIO.

§ 3. CTENIEHb C MPPAIIHOHAJIBHBIM IOKABATEJIEM

m
Cuntasi ye H3BECTHLIMH OINpEMENeHHs BeMTHUHHH a?,
Tfie M, n— UeJble YHCHIA, TO €CTb, CUHTAas yie H3BECTHHIM
MOHATHE CTENEHH C DaUHOHANLHLIM IIOKAa3aTeleM, BBeAeM
TIOHSTHE CTENEeNH C HPPANHOHANLHEIM TOKa3aTejieM.
TlockONIbKY HPPALHOHAIBHOE YHC/IO MOXKHO, C KaK YTORHO
MaJofi MOTPEINHOCTbIO, 3aMEHHTh NMPHGMHIKEHHO DalHOHAlb-
HBIM YHCNIOM (HADPHMED, @, %y ... Gn ...=TQ, 0 ... Oy
C IOTPEIIHOCTHIO, MeHbIIeH IT;“)' TO COBEPUIEHHO e€CTecT-
BEHHO NPHHATH TaKOe ONpejelleHHe:
Onpenenenne 3. [Tycms o — UPPayUoRaIbROe 4ucio &

Ty Tay oony Py one (1)
aobas d p bHbLY uticen, dns P
limr, = a. @)
i
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Tozda
a*= lima’n, 3)
B
Takoe ompejieieHHe MOXHO NPHHATD, JHLb J0KA3aB CyLIECT-
BOBaHKE MpEJeNa H HE3ABHCHMOCTh €ro oT Bhi6opa mocse-
ZosartenbHocTH (1), Hajo TOMBbKO, YTOGHI HMEJNO MECTO pa-
BEHCTBO (2).

bHOCTD (1) Hey! , TO Tocae-
JIOBaTeNbHOCTD
)
npu a> 1 (u rn >0, 4T0O He sABASETCA OTpaHHYEHHEM) He
y6bisaeT, a npu a < 1 — ne BospacTaer. B mepsom us yka-
SaHHBIX C/yuaeB

an, @’y ..., an,

anga,
rae r— Jo6oe panuoHajJbHOE 4YHCJO, Gosplue «, a BO
BTODOM

an>a .,
Wrax, ecan nocaenoBatensHocts (1) HeyOwBaomas, To
TOC/I€I0BATENbHOCTh (4) YIOBJIETBOPSET YCJAOBHIO TEOPeMsI |
H NO3TOMY HNMEeT mpejes:

liman=A. (5)

Jokaxey Tenepp, 4TO AA JoGOH  MOCMENOBATE/NBHOCTH
PanHoOHaANbHBEIX YHCEN
S1s Sgy wv ey Smy evey
TaKoH, 9TO
lims, = a, (6)

CyInecTByeT mpejed:
lim asr = A,
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Jeiicrsutenbro, u3 (2) 1 (6) umeem:
lim (ra —s») = limr, — lims, =
e e e

Ho Torpa, na ocHoBarHM TeopeMu 2 (§ 2) u papenctsa (5):
llm (a'n — a*n) = llm a'n(l —asn—"n) =
=liman llm (1 — ') =0,

Arm  aew
Orciona, onsaTe npuderas K pasBeHcTsy (5), HMeeM:
limg = lima™s = A.

e -
WraK, Mpl 0GOCHOBA/H KOPPEKTHOCTb ONPEJeNeHHs:
a* = lima’n.

3avesanue I ancen s, mony anms
118 TOTO, STOGH MOXKHO OhJI0 paceMatpupats a’n. [lostomy,ecan ompe-
nedesue  a® yxe o60OCHOBAHO, TO MOXKHO YTBEPKAATh, 4TG eCAH
lims, =,

lirn a’a =a?,
He fomyckas, 4ro s, ofif3atedsHo pauuaﬂansﬂm ECER

3ameaanue 2 Oas p:
s ocrosHoe caoffersor a® «af = a“"‘ﬂmaxamme CaMOCTOATENBHO! )+

§ 4. HEITEPOBD 4HIGJIO
Tark HasbiBaerTcs npefea noc/aeA0oBaTeNbHOCTH
e . i
trn (e a4 @

JI. Ditnep BBEN A 3STOr0 mpeaesa O0GO3HAYEHHE ey,
TTosTOMy, MO OfpefeeHHIo,

e=tim(1+3), ®
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€M N TIPHHUMAET MeNble  IOJOKHTCAbHHIE SHAUCHHS.
OrmernM, 4T0 B BHICIIEH MaTeMaTHKe STO UHCJIO BCTpeaeTcs
TaK e 4YacrTo, Kax M 4ucio w. OmpeneieHue (2) HuMeeT
CMBIC/T TOJIBKO TOCAE TOTO, KaK OyfeT HOKA3aHO CYLIECTBO-
Bamwe mnpegena. [ia storo, mpumenss Teopewy 1 (§ 2),
JOCTAaTOMHO J0Ka3aTh, HYTO moc/aefoBaTenpHocTs (1) BO3pa-
Crajomasi M OrpasMueHa cBepxy. ITocKOMBKY n — menoe
NOJMOXKHTENbHOE, TO, COTIACHO —GHHOMHAIbHOH (opMyJie
Heiotona, umeem:

(1+l)”=1+n.l+"(+;”.n_‘l+wx
R R
(l“'—)"' RS v R e 73 rt—-l)n( )

x(l—i)...( ) ®

—Bcero (n -+ 1) craraemoe.
Tak xe

(1+r7:ﬂ)"+'=1+1+%(1_
+T.‘,ﬁ<l n+l)(1_nil)"'(l_:—:i)+
1

1 n
+|.2 B n(n—l)(!_n+l)"'(l_n+l) @
~— BCEro # -2 caaraemuix.

Cpasuusas (3) u (4), BHAUM, 9To mepsbte n + 1 caarae-
Mble BbIpaxeHHs (4) COOTBETCTBEHHO GOJbINE CJIaraeMHIX
BHIpaXeHHs! (3) H, KPoMeé TOTO, €CTh ewe OZHO, 6O.bue
HyJs1, cnaraemoe. Cregosarenbro,

(“erl) (l+ )

"Bkt 539Mhaco \/arDNE Imana ta DNE Convartar Cammands ing



http://www.verypdf.com/tif2pdf/tif2pdf.htm

Please purchase VeryPDF Image to PDF Converter Command Line

TO ecTh nocsenoBaTenbHocTs (1) Bospacraomas. W3 pasen-
ctBa (3) moNydHM TaKoe HepaBeHCTBO:

(43 <1+ttt

Clbldg gtz —l+———"
I
2

CregoaTenbHO,
n 1
(1+4) <t+—1-s
-7

To ecth moc. TensHocTh (1) orp: csepxy. Takwam
00pasoM, CylIeCTBOBAHUE YHCJA ¢ JOKAa3aHo.

3ameuaune. V3 pasencrsa (3) u moc/ieaHero Hepa-
BEHCTBA HMeeM:

2<(t+4)<a.
Orciona
2<e<3.
Tlosske mokaskeM, YTo
e=2,718281828 ...

Brmncass npenensl, 4acto npuGeraior K Tako# Teopeme:
Teopema 3. Ecau nocaedosamenbrocms

Upy Ugy ooy Umy oo
makas, 4mo

|tm| — e mpn m — co,

mo
iim (1 +;‘;)“"‘ =e ®)

SBfaca nirchaca \fan/DNE Imana th DNE Canvartar Cammand |ing
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Jlns noKasaTeeCTBA paccMOTpHM CHauana cayuaf, Korna
Uy > 0. Tlyers n — Gnikaiiee k4, uncao, He Goablne
Un. Torna

n<tum<n+1, n>c npu m— oo,

(1453) <0 +agm < (144)™

. (C]
Ho

Pt = ) ()] e

(1) = fim (147 (7] =

Mpunnvas BO BHUMAHME MOCAENHHE NBA PaBEHCTBA, Mbi M3
pasenctsa (6) nomyusm paserctBo (5).
Eemu up <0, T0, MPHHSB Up = —Up, MOAYUAM vy — 0,
u Tora
! —tm
. (l + (1= -

Om—1
)
TlockonbKy, KaK 10KA3aHO, MpPH o, > 0

(g e

TO W3 pasexctsa (7) MOAYWHM pamenctso (5). 3Ty Teopemy
MOKHO cHOPMYIHPOBATE HHaue,

Tyere x — 0, mpoberas moSylo noc/ienoBaTeabLHOCTb 13-
uenuit. Torza

1
lirg (d+x" =e (8)

SIbhadelhiirrhaca \an/DNE Imana tn DNE Canvartar Cammand |



http://www.verypdf.com/tif2pdf/tif2pdf.htm

Please purchase VeryPDF Image to PDF Converter Command Line

JleficTBUTENBHO, €CMH X NPOGEraer IMOCneN0BATeNBHOCTS
3HAUeHHT Xy, Xo, ...y Xny vy Xn =0,

TO, TIPHHSIB Xp = , U3 paeeHcrBa (5) Oyjaem HMeThb

paBeHcTBO (8).
MoxXHO TakXke NOKa3aTh, YTO €M @ He 3aBHCHT OT X, TO
1
3

19a
lim (1 4+ ax)™ = lim [(1 + ax)“_*l = ©)
oy 0

§ 5. IORABATEJIBHASI O®YHKIAA.
HATYPAJILHBIE JIOTAPH®MBI

Omnpeneaenne. Pyukyus a* HA36I6AEMES NOKA3AMENt~
Hoti, 20e a>0, a=+1, a x— noboe sewecmeennoe yucao.
B qacTHOCTH, €' Ba3HIBAETCA SKCNOHEHUIHANBHON Gy HK-
unefl (MHOrZa 3TO 3aMCHIBAIT TAK: eXp X).

TloxasarenpHas GyHKIHUA ONpenejaeHa 118 Kamaoro Be-
UIECTRENHOTO X — Bejlb Mbl OMPEJeNHAN CTENeHb ¢ WPPaLHo-
HaJlbHBIM TOKa3aTeseM.

BaxubiM KjiaccoM (GyHRuM SBASIOTCS Tak HASHIBaeMble
HenpepHBHbE QYHKUHHU,

Onpepenenne. Pyncyun f(x) nHasseieaemes Henpepois-
HOU npu X =X, (8 mouxe x =X,), ecau cywecmsyem 1im f (x)

txy

u
limjeo =), -

mo ecms ecau Oas xandozo e >0 waiidemes >0 makoe,
4mo
110 —Flw) | <e
0aa Kaxdoz0 X, Komopoe yeaosuio
lx—a| <7

aR”
Slanca nirchaca \arn/DNE Imana tn DNE Canvartar Cammand 1ing
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Teopema 4. I pynk: P npu
KaxOom SHAUERUU apeymenma.
HeficTBUTENIBHO,
@ — a*o = g (aF—% — 1), (1)

Bosbmem Kak yrOHO Masioe DAiHOHA/IBHOE YHCJIO /1, TAK
4TOGh! Jyifi HANEpej 3ajaHuoro ¢ >0 MMe/no Obl MECTO Hepa-
BEHCTBO

3
lah—1]< =
Ha ocnosanun Teopemer 2 (§ 2) 310 Bo3MOKHO. JIIs Kaxjo-
TO 3HAUEHHs X, KOTOPOE YJOBJIETBOPSIET YC/IOBHIO
|x—xi<h,
u3 pasencrsa (1) umeem:
la* —a%| <av(ah —1) <e.

CuegoBarenbro, HENPEPHIBROCT, d* AOKAsaHa.

Jlorapugmel, Bbr e TP ¢
HaTypadbHbMH K 0003HAYAIOTCS CHMBOJIOM ln N. Coranac-
HO ONPeeeHHUIO NOHATHSA JIOrapliva, HMee:

Qo8N — g N

Orciona
loga N - Ina = 1nN; logaN = InN - log,e.
Hraxk,
) log, N
loga N —m, InN = o5,

— (opMyJIbl, KOTOPbE YCTAaHABIHBAIOT CBASb MEXAY JIOra-
pH(MAMU, BHIYHCJIEHHBIMH [PH OCHOBAHHH @ U HATYpPajbHbIMU
JIOTapH(pMaMi.
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§ 6. PASJIO/REHAE OYHKINN e*
B CTEIIEHHOM PAJ.
WPPAIIMOHAJIBHOCTD YHCIIA €

ApudmeTHueckoe NOHATHE CyMMbl 060fuIaeTCA HA CAydaft
6ECKOHEUHOrO UHCTa CHaraeMbix.
Onpepnenenne 6. Ecau uucrosas nocredosameabocmo

Q, 0+ ay a1t + 05 o G+t an
useem npedea a, mo nuwym
a=a+a+...+a+...
H TOBODAT, YTO 4uCA0 @ npedcmasreno 8 6ude psda
a; + a + +an ..., (1)

i, uto psd (1) cxodumcs u eo cymmoi s8ASemca 4ucio a.
Onpenenenne 7. Ecau npu Hekomopos Srauenuu x
n0caed08aMmenbHOCb MHOZ04AEHO8

Ay, G+ WX, G+ ax +ax, .., 4y ax a4
A aaxt, ...
umeem npedea f(x), mo 2060pam, umo npu IMOM SHAYERUU
X cmenennoi psd
G+ ax a4+ aax .
cxodumes u cymmoi smozo psda ecmo f(x).
370 3anUCHIBAIOT TaK:
J(X) = Gy -+ ayx + @x® 4oL A anx .. @)
W TOBOPAT, uT0 f(X) pasioxkena B cTenmennoii psx. Ha oc-
HOBAHHH DaBEHCTBA (2), MOXKHO 3aMHCBIBATH IPHOIHIKEHHBIE
paBencTsa
J(x) =~ a, + ax +

TIOTPELIHOCTh KOTOPbIX NPHGMHKACTCA K HYJMO NPH f — oo,

—+ anx",

an
Slaaca nirrhaca \arn/DNE Imana tn PNE Canvartar Cammand 1ing
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Teopema 5. Haa xandozo snawerus x

- n
=l xb bt ®)
JlokasateabcTBO. PaccMOTpHM — JMILb  CiTydaif,
xorza x > 0.
Ha ocnosanun pasenctsa (9), § 4, umeem
lim (1 + %)” =en @)

Tpumenss gopmyay Heiorona, nonyuaem:
n 2
(l + %) = (r—1) nin

x§+...+:—:=1+v1+v,+...+v,+...+vn, ®

Tae

,_______.—A_._

TockoabKy

J R

r l__/+l) 1_r+s—l)
... =

P n n X5,
Vrbs =0 [ RN ) '
T0 npu x>0 Oyjer uMeTb MeCTO HEepaBeHCTBO
Y
Us < Oy (m) . (6)

[ycts n>r > x. Torna us wuepasenctsa (6) mosyunm:
2
Urpt F Uz b +v,‘<u,[/—;~l+(,+%) +aee

Slaaca nirchaca \far/DNE Imana th DNE Canvartar Cammand $ing
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et e
+u.]=,+f—hxv,- U]
Ha pasenctsa (5) 1 HepapencTsa (7) mieen:
(1+2) —o s <o o+
+o<(1+4). ®

3agukcupoBa r, GyfeM HEOrDaHHYEHHO YBeIHUHBATL N
(n -+ ). Torxa

N X"
wmer=7r
H u3 cooTHowernu# (4) u (8) BhiTeKaer, uro

st x’ o
<ldstg+eot<en

Ly 7oy e

IMocienHye HepaBEHCTBA HMEIOT MeCTO Ajf Kaxjoro r. [lycts
r— o,

Toraa

L PR X2 N
fim(a D) =

x? x x
=ldxtgtgtetiton
4To # TpeGoBaJOCh JOKA3aTh.
Hcnonbsyss paBeHCTBO (3), BHIUMCAHM  IPHOIHIKEHHO
uucio e. Tak, mpu x =1 umeem:

e=24 g tg oot o tin

sHaca nurchaca VanDNE Imana tn DRE Fanvertar Cammand | in
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Tae
1 1
=g targr te=

1 1 1
-t ermers o<

1 1 1
<@¥m {1+'T+—2+(n+2j’+"'}=
1

| _ n+2
SEEN T GENGFD ©
a2

B uactuocrd,
11 11 1
% <-for 1o = Fesn < a0 oo %0001
Hrak, ¢ TOYHOCTBIO 10 0,00001 nmeem:
1,1 1
ex2+4g g+t ~2,71828.
Teopema 6. YHucro e— uppayuonasehoe. JHonycram
npotusonoioxkkoe. Ilyers
A
q
Toraa npu x = 1 u3 papeHctsa (3) umeem:
[ i
—rgrgt )=

Kl

e= =, Ije p U g—leible YHCila.

=

q
S WIS B
GrD! T T

Ortciona, mpH YMHOXKEHHK HA ¢!, moayunm:
\

i 1 1
pa—DI— (2@ +F+G+ . +H)=ae (0
Ha ocnopanun (9),
3 __9+2 _ a+2?
Fe < GERGFr G S
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Wrak, B mpaBo#t uacti pasencta (10) HMeeM NpPaBUJIBHYIO
1po0b, 4TO HEBOSMOMKHO, IOCKOABKY J1€Bas 4aCThb TOTO XkKe
paBeHCTBa ectb Lesoe 4ucno. TakuM o6pasoM, Mel MPHULIK
K NPOTHBOPEUHIO, H HAlle JONYIIEHHE HENPAaBHIBLHO, TO €CTh
€ — HpPaLHOHa/IbHO..

Tenepp JAOKaMeM, 4TO

lim xme=+ = [im % = 0 (1)
i T
IV KaXJAOTO KOHeuHoro m. Mmeem:

x™ x™

s I RS
- x"
<=

wTm

Yucno m, a caenosareabho (m —+ 1)!, koueunoe. ITostomy

CrenoBarensio, i

lim xme—* = 0.

Ko
Pasencrso (11) ykaswiBaer, 4T0 NpH X - oo dymKuHS €*
BoO3pacTaer GriCTpee, '-lew xm, Kaxmvx 66l HH ObLTIO, OCTa-
BasiCh , m. Hanp p OuicTpee, uem
1000,

§ 7. CKOPOCTb 3MEHEHHS OYHKLHM e*
PaccmoTpuym Tenepb To CBOHCTBO (YHKLHH ¥, KOTOpoe
BbIAGJISIET e N3 BCEX IOKA3aTeNbHbIX (YHKLIMH.
Onpenenenue 8. [1pousgodnod ¢ynkyuu |[(x) Hagoi-

eaemes npeden
I3 (x)zlhiﬂ ie+h 1, o

ecau smom npedea cywjecmeyem,

Sldica nirchaca \lan/DNE Imana th DNE Canvartar Cammand |ing
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Ecnu Touka ABHKeTcs mpamosuueiiHo 0 [(x) oGosnauaer
TIyTh, KOTOPHI# NMPOXOAWT 32 Bpemst X T0 fx+h)—F&)
0003HauaeT myTh, NPOHNEHHBI TOUKOH 33 BpeMa (X -~ A)—x,
a OTHOIIeHHe

[+ —1x)
h

0603HaYaeT CPEHIO0 CKOPOCTL 3a Bpevsi A (C MOMEHTa x).
ECTecTBeHHO NOSTOMY HasBaTh ' (X) CKOPOCTBIO B MOMEHT X.
Bouaee o6o0lenHo, TPOU3BOAHYIO [ (X) CUHTaeM CKOPOCTBIO
H3MeHeHHs QYHKUMH [(X) OTHOCHTeABHO €e apryMeHTa.

TNpumep. Ilycrs

fo= ;‘x*v @
Torga
(x—h)“ —x’ B
1) = lim, —_’.h—7 =Jim g @+ h) = o

Ecli MaTepHaTIBUan TOUKA NajaeT CBOGOAHO, TO_PopMyaoit (2) onpe-
Jenseres nyTh, Npoieunsdi TOUKOR sa Bpews x. To, §T0 f ()
03Hayaer, YTO GX SABISETCA CKOPOCTBIO CBOGOAHO Nagaioumledr Marepa
a7bHOI TOYKH B MOMRHT X.

Teopenma 7. Cxopocm er
€%, TO ecTb

() =e*.
HNokasarteabcTBo. Cnepsa fokakeM, uTo

@)
JeficTBHTEBHO,
h? h3
f=1th 4545+
@ —=1)—r _
3 =

13 h?
atar

Slaaca nirchaca \/aryDNE Imana ta DNE Canvartar Cammand fithg
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Tlosromy

Orciona, ecau || -» 0, nonyuaem pasencrso 3).

Teneps nmeem:
e

7

nd LAl 1h2] 1r2]
k ~1'<7+T+T+“' A"

| il

@) = lim
1h|-0

Teopema noKasaHa.

3ameuanne 1, [ockonbky a* =e*19, 1o

xlna  (xinap (xlna)*
=l Ty Tl e

Orcioga (@) =d* . Ina.
. Caeposatensio, ecin a>1, 10
y=@@>D (@) > 0 — gyuuun sospactact, a ecan
@< 1 10 gyHKuMs yOuBaer.
. ameuanue 2. Cooficrsa moxas
y=a*(a<1) 3aTesbHON (QYHKUUH!  CylleCTBOBaHMe,
X Boapa:
crama: mpH @ > 1, yOBaHMS mpW
a < 1) gaor BosoKioCTs  moCTpOUTH
rpaguk STOA yRKuaM (puc. 4).
Orciofa OWCBARNO CyWIECTBOBANHE
LOTaPHPMA KAKAOTO MONOKHTEABHOTO
4HCIA [0 MIOGOMY MOMOKHTENLHOMY OCHOBAIHIO.

Puc. 4

§ 8. XAPAKTEPHCTHYECKOE CBOCTBO
HOKABATEJIBHON ®YHRIEH

Kak yxe oTMeuanoch, mOKasaTeNbHas (yiuKUHA HMeeT
CBOCTBO
av = qrty,

a6
Slanca nirchaca \arn/BNE Imana tn DNE Canvartar Cammand 1ing
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Teopema, KOTOPYIO MBI Cefiyac JOKaKeM, NOKA3LIBAeT, 4TO
3TO CBOMCTBO SIBJSIETCS XaPAKTEPHCTHYECKHM LTS MOKA3aTeNb-
Hoit yHKumy.
Teopema 8. Ecau ¢ynxyus f(x) nenpepoisia u 01 ecex
Oelicmaumensubix sHaueHull X, Yy umeem secmo moxdecmeo
Fx) «Flo) =fx+y). (O]
MO (YHKYUR, ecAu OHQ He ecrmb MONOCCMBEHHbLN HYAeM,
noKasamensHas,
NoxasaTtenbctso. [Mycts
() =a.
Tlpunsis B pasenctbe (1) y = x, nomyum:
F@x = [f (P
Myets Temeps y = 2x. Mmeen:
Fx)  1(20) = [ 3x), FGBx) = [f(x0™

MeTozom RHIYKIHH e/iaeM BEIBOA: NPH LE/IOM MOMOKHTEb-
HOM 1

Flnx) = If ()1 @
JeficTBHTENBHO, eCH
f k) = [F (1%
To, Ha ocHoBanuu paBeHctBa (1),
FRF Ty = kx +x) =] (kx) - f (x) = [F (1) 1+,
Mpuuss B pasencrse (2) x = 1, moayuum:

fmy =1 () =an, @)

m
3 eclld NPHHATE X = —~, TO

r =[r(2]]-
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CreposarebHo,
m L Lom
HZ) =t i = @y =a7 )
Myers x=y=0. Torna us pasencrsa (1) moayaum:
FOF =/ (0). ©®

Tonywesnne, uto f(0) = 0, HyXHO OTGPOCHTH, HHaye
fE) f(—x)=f©) =0.
410 HeposMokuo. Torfa, cornacko pasencrsy (5):
F(O)=1=a"
TMonsaysick pasencrBom (1), Haxozum:

H2)i(~2)=ro=1.

CnepnosarenbHo,
i(—%)=fm—)=?=f%‘. ®

Pagencta (4) u (6) nokaskiBaior, uTo pasercrso
flre) =a™ (@]
HMEET MECTO /M7 KaXAOTO DAUHOHANBHOTO ry. Eciy a —
VPPALUNONATILHOE QHCAO, TO CYINECTBYET MOCAEN0BATENBHOCTS
PALHOHATBHEIX gHCeN 7k TaKasl, wto limry = o. [Tockonbky
B

¢byskuus f(x¥) HenpepsBHa, TO, CONIACHO onpezeneHuo
CTeNEHH C HPPaUHORA/LHKIM MOKa3aTe/leM, W3 paBeHcTBa (7)
RLITEKAET:

fimf(ry) = limare,
[ (o8

f(a) =a=

Teopema JoKasaHa.
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Mpmuesatne. Vpmmenne (1) mpananrencn K rax nasumseusn
GyRKUAOHAALHEM
eme JI. Ditaep.

§ 9. PASTIOYKEHHE ®YHKIMA sin ¥, cosx
B CTEIEHHON PSIT

JlokaxeM CHAuala HECKONbKO BAXKHBIX yTBEDHICHHH.
Jdemma 1. Oyukyuu cosx, Sinx-— HenpepbisHoe npu
Kaocdom sraueHu x:

lim cos x = cos &, limsinx = sina. [6)]
rea

ra
B yacrrocrh,
limecosx = 1, limsinx =0,
X0 X0
HNokaszaTenbcTBo. [eAcTBUTENbHO,

|c05x—cosa{=2‘sm”;’"| ]sin"_ ‘<2 . llx_:zl‘.

CirenoBaresbHO, ecin
[x—a|<e,
T0
Jcosx —cosa|<e.
Torzxa

limcos x = cosa.
rma
AHa/IOTHUHO [OKA3BIBAETCS HEMPEPHIBHOCTb Sifl X.
Jdenna 2.
sinx
—=1

lim ==
X0

HokasaTteabcTso Bosbmem x<§. Torga
(puc. 5), cpaBHuBas miolanu Tpeyroibhuka OAB, cektopa
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OAmP wu Tpeyronbhuka ONP, RoTOpHe PaBHb COOTBETCT-
. 1
BEHHO %COSX - sinx,

5% wigx, nomyumm:
cosx -sinx < x < tgx.
Tlostomy
inx sinx sinx
cos x sinx > x > tgx ?
1 sinx
I
x> eosx.
4 Corniacuo Jiemme 1, mmeem:
lim 05,
A

a0
Ha ocHoBaHHH I0Ka3aHHOf JIEMMBI, MOXHO
BLIBECTH (FOPMYJbI:
Toe. 5 (sinx)’ = cosx, (cosx) = —sinx.
Jemma 3 (bopmyna Myaspa).
(cosx + isinx)* =cosnx - isinnx.
Hoxasarenvcrso. Ilpn n=1 yrBepxicHne Oue-
BuAHo. [IpuMenuM MeroX MaTeMaTHUYeCKoH HHAYKIHH:
(cos x + isinx)**+! = (cos x + i sinx)" (cosx + isinx) =
== (Cosnx 4 isinn x) (cos x -+ isinx) = (cosn x - COS X —
—sinnx . sinx) 4+ i(sinn xcosx 4+ cosn xsinx) =
=cos(nx +x) 4 isin(nx +x) =
=cos(n+ 1) x4+ isin(n+ ) x.
Jdemma 4. Tlpu n = 2k umeoT MeCTo paBeHCTBa:
€Os 1z = cos"z _—”—(”2;” cos"~?%sin%z + ..+
4+ (—I)*sinnz;
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. — —2 .
sinnz = ncos"'zsinz —”—‘% cos™3zsin®z -

+... +(—1)tTncoszsin™1z.

,‘:[Jlﬂ N0Ka3aTesqbCTBA JOCTAaTOYHO CPAaBHUTh DPe3yJbTaThl
BEIYHC/ICHHR BhIDaXeRHs (cosz + isinz)” mo dopmyne Myaspa
u no dopmyne Hpioroua.

Teopema 9. [laa kamdozo snavenus x

5 241
sinx=x——4+§l-—-. +(—1)"(7;W+--- @)
ccsx=1———+——‘..+(—-l) (2’1)' e

x
Nokasartennctso. [lpunas z= - COTVIaCHO Jemme

4, nmeem:

I il X gin X __ne=Dn =2 o,
Sin X = ncos’ ] sin r 3 cos’

x
o X
s — 1)1 cos Esim—1 X
X sin® = A (—1) n.cos osinr=! 2.
3anuiwes NOC/TeIHEe PABEHCTBO TaK:
ne—=1)(n—2
31

ing = a-t X gin X n—~3 X sins X
sinx = ncos"~! = sin - cos’ - sin®= 4

—1)...(n—2 .
o (o ty 2O =) coguat g £y

+3San )
e

Sa, r = (—1)* cgsn—w—a Lx

(=Y. . (n—2r—2
@+ 3
in2r+s X ()t X sim—t X
X sin’ Tt (=1 necos— sin*=~!2-,
Ouenum Sy, ;. OrMernm, uro
X soX x|
|cos7‘-|<l, |sm ﬂ<——n—.
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Torza

S0, <M= D G =D
AU iz;.rﬁ;. 2r—4)

o ~< (L“:'::;+
< (Izti':)sl

Lx 2R
s

x2S
e+
1x pr®

L=t
ot ta=yr <

—I—n

xS

pxp!
(27-1—5“ "'+(n—l)l +

{1+ i+ g+
L '
s@ Xt
CET
|x|<2r +4.
Ha paBenctBa (4) monyuHm Temeps

[sinx- {n cos*=! - sin S— =l e—2) l;,(" =32

ecan

"
cos” = X
x sm—+ (=D 2 (”_ ” =2 pgnrmt Xy
2 w
X sin+ X |< JEE s ’m’ (l - —L)
@ Faic @+ a2/
QOcraBass q)HKcupoBaHHHM 7, mepeiiieM K Ipeneny IpH 7 - oo
Ter kak 1> cosn—e = (1— sin? ") = > (l ":]”“"
)
g x\n N Ak
b (1= = i (1= 4 S - )=
_x 2
=e¢ %.e2=1,T0
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limcos"“"% =1ulimn(n—1)...(n—5s) sin”-‘;’li: PN

naw

Torna Is[nx;_.{x_% ?JXTS_"'+(_1)'(;'2:;)[}|<

|xl2r+3 ) {l X2 )
e \' T ey

Tlycrs Teneps 7 — co. ITockonbKy npenesiom npasoit YacTi
HepaBeHCTBa eCTh HyJb (§ 2, pasenctso (2)), TO

. o, |
smx:xﬁ-t-g-—...-#(—l) =T ..
3HayuT, paBencTBo (2) AOKA32HO. Ananornuno noxasbiBaetes

u pasenctso (3).

seaanue. Ma pasencrs (2) n (3) nonyaaew ouems yloGHue
BAs BEYHCACHHH PHGAUKEHHbE GOPMYJIBL
21
Rl
e

o . Legrtd
(n rPEMHOCTS < ey

X3 x5
sinrmx—2o 4L

P
0% QR N S, 2.
cos % ot @ i
(norpem 0eTh < ’”?r“)
H o]
e+t
Hanpuwmep,
= x 1/m\e
sin 30°=sing ~ — 37| ‘6) 20,49 (a Towno sin30" =05).

Cnegyer 0B6paTHTh BHUMaHHE HA aHAJOTWO MPHBENEHHBIX
paccyxpenmit U paccyxpenuit B maparpade 6. Takue pac-
CyXJEHHS MOXKHO HCNONb30BATb AIf 0GOCHOBAHWA Mpefiels-
HLX NepeXofioB H B HEKOTOPHIX APYIHX 3ajadax.
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B nudxpepennuanbHOM (MHTErpanbHOM) HCUHC/AEHHH pa3-
paboTaHbl olIHe METONb! pasfloxeHHa PyHKuuit B CTeNeHHbe
panel. Tam pasnoXeHuss B pal GyHKuui ef, cosx, sinx
HAXONIATCH MPH MOMOIIH BHIYHCJIEHHI 60Jee MPOCTHIX, HEXENMH
HAIIH, HO 3Ta POCTOTA Ga3HPYETCS Ha PSiAe COMHBIX TEOPeM.

§ 10. TIOKABATEILHAA OYHKIAA
C KOMILIEKCHBIM APTYMEHTOM. QOPMYJBI 3HIEPA.
JIOTAPYOMBI KOMILIEKCHBIX YACETX

Onpeniefienne  TMOHATHA Opefena MOCHENOBATRILHOCTH
KOMILVIEKCHBIX UYHCeJT
ay + by, ay+-byly ooy QnFbai.o,
a TIOSTOMy M ONpeJlesieHHe MOHATHS pALa
(@) -+ byf) + (@, + b H oo+ @ bai) +... (D)
HHYEM He OT/MYAIOTCsi OT ONpeeNeHHd B Clyuae BemlecT-
BEHHBLIX YHCeJ.
TMouru oueBnano yrsepxaeHue ':
cynma psda (1) paswa a 4 bi mozda u moasko moeda, xozda
a=ata,+... 4a, ... (]
u b=b+by+...tbat.ss 3
Pacemorpum psx
2 o
L)+
(bopManbHO 06pa3oBaHHBIA M3 psa e* 3aMeHOd X Ha Xxi)
Jlasi HeTo psfoM (2) ecTb
X2k

L5 b (= D b = cosx,

! Jlns ROKA3aTe/bCTBA JIOCTATOUHO HCMOMB30BATH COOTHOMEHHA!

o+ 81 =VIF P <lal+18 1a+B1>lal, Ja+81>18L

N
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a pagom (3) ectb

X8 L a2

—gr te (= Y) [E2E]

CaenoBatensHo,

+...=sinx.

cosx+isinx:1+(xn+%’_+”,+

"
R )

Teneps MOXHO 06OBIIUTEL MOHATHE CTENEHH, & CEJOBATEbHO,
W MOHATHE MoKasaTeNbHOH (GYHKUWH, HAa Chyuall HeeeulecT-

BEHHOTO MnoKasaTeJss.
Onpenenenue 9. CumBon es++ osuauaer:

vl — gy (l 4 iy + 80 (xr) IS0 i (Xi) +. )
B vacraocty,
Rt R Ui R )

Takoe ompenenennie onpaiaHo TeM, uTO:

1) npaeas yacts pasencTsa (6) Mmeer LENHKOM Ompefie-
JNEHHBIA CMBICT (cM. (4)):

el = cos x + isinx; (4]

9) ecnn x =0, To e+, cornacuo pasenctsy (5), pas-
HseTCs v

3) dyskuus f(z) =e2, rAE 2 — KOMIJIEKCHOE, YROBJET-
BOpSieT YC/IOBHUIO

f@ ) =f@+u), @®)
TO ech xapamepncmuecxoe cBolicTBO MoKasaTeNbHOR hyHK-
n AT KC '0 TIoKasaTensd.

Hycn;
2=y +xi, u=w+uoi

SMaaca nirchaca \arn/DNE Imana tn DNE Canvartar Cammand Kfne
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Torna, cornacno gopmyaam (4), (7) u (5), Synem HmeTs:
¥ = ¥ (cos X + isinx), e* =e¥(cosv + isinv).
CnenosatenbHo,
€% . gt = g¥+[(cos x cos v —sin xsinv) 4 i(cos xsinv 4~
4 sinxsinv)] = ev+¢[cos (x + v) + isin(x 4+ v)] =
— w0 = getu

®opmyna (7), Tak HasmBaeMmas dopmyna Dfaepa, ecTh
onHOW M3 BawHefwHX (opmyn matematikd. IlpuBogum we-
KOTOpHIE CJCACTBHA M3 3TOH (GopMyJIbl:
pH X =T
et= 1. ©

(3mom 6ydem npu o
MPAHCUEHOEHMAOCTU HUCAE ).
2. Eciu B gopmyae (7) x 3aMEHHTb Ha —X, TO MONYYHM:

e~ = cos* — isinx. (7)

Cnoxum u Boiurem pasexcrsa (7) u (7°).
Tlonyunm:

elpeH el —
5 sinx =T~

(10)

€oS X =

Sti GopMysibl TaKKe HaswiBaloTcs (opMyJaamH Jiiepa, OHH
HMEIOT LIHPOKOE MPHMEHEHHE.

Crientyer OTMETUTB, 4TO W3 3THX GOPMYN MONKHO MOJIYUHTD
H3BECTHY0 - hOpMyJTY:

sin®x 4 cos®x = 1.
3. lcosx + isinx| =V sin*x +cos®x = 1.
CresosarenbHo,
Jet| =1, et =g

SlBBca nirchaca \fan/DNE Imana th DNE Canvartar Cammand |ing
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4. Kax u3BeCTHO, KakJloe KOMIVIEKCHOE WYHCI0 a -+ bi
MO HO 3aMucaTh B TPHTOHOMETpHYeCKO# opme:

a - bi=r(cos¢ +ising), an
T e
=la+bi|=VETR, tgg==.
CrenoBarensHo,
a -+ bi = refs. (12)
3dro Tak Ha3biBaeMas mMoKasaTeJbHas GOpPMA KoM
JiekcHoro uuena. Ho P (11y—(12) o

YHCJIA €CTh TONLKO ONHHM H3 BO3MOMNKHBIX.
IeficTBuTenbHO, TaK Kak
cos (x 4 2k m)=cos x, sin(x + 2k =) =sinx,
rze k—uenoe uwueno,
T0 dopmyant (11) u (12) MoxHO 3ameHHTb Goslee o6muMH:
a+ bi =r[cos (p 4 2r) + isin(p +2km)], (119
e k=0, £1, £2, ...
Q-+ bi=relet®e, e k=0, +1, +2, .... (12
5. llokasarenbnas (opMysa KOMIJIEKCHOTO WYHCJa XaeT
BOSMOMHOCTb BBECTH [MOHATHE O JIOrapu$Max KOMILIEKCHBIX
uuchr.' peaeaenue 10. Hamyparonoin a0eapugmon xomn-

2eKcHo20 ducaa a - bi  Haseieaemes kadwcdoe wucao o -+ Bi
maioe, 4mo

estbl =g - bi,
Tuwenm In N, ecan N BellecTBeHHO@ MOJOKHTEABHOE YHCIO
u norapi@m omnperensercs B ofkiuHoM cwmbicae. Ecin N —
KOMILIEKCHOE (BEIlECTBEHHOE /i HEBEIeCTBeHHOE) JHCJIO,
To nuwem LnN. Hs (12') nmeem:
a -+ bi = e'neltet2kn — lnrie+2km,

Slasca nirchaca \/ar/DNE Imana th PNE Canvartar Commandflfing
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noa';gwry
Ln(@+bi)=1Inr+i(p +-2kz), rae k=041, ... . (13)

CrefopatesbHO, UHCIA MMEIOT GecuHCIeHHOE MHOKECTBO JIO-
rapumos, Inr 4+ io (k = 0) HasbiBaeTcs rI1aBHEM.

Ecan a>0, a =a + bi — sewecTaennoe,
NONOKHTENBHOE), TO ¢ = 0 (@ = a (cos 0 +-isin0)) H rnaBHbIM
Jorapudmom siBAsiercst Inr. Takum o6pasoM, B IIKOJIbHOM
Kypee DaccMaTpHBaeTCsl TOMbKO OJMH M3 JIOTapHGMOB Mo-
JIOMHTESBHOTO YHC/1A — [VIABHbIE.

Eciu a<0, a b=0 (N =a - bi— pemecTBenHoe,
oTpHnaTensHoe), 0 ¢ = = (@ = |a|(cos = + i sin)), U rIaBHbIM
sorapudMomM  ecTe  In7 4 i — HEBEWleCTBEHHOE  YHCMO.
TaknM 06pasoM, WIKOJbHOE YTBEpXKIEHHE: «OTPHUATe/bHoe
upca0 He HMeeT JorapHMa» Cielyer yTOUHWTb: «BCE JIOra-
PHUGMEI  OTPULATENEHOTO YHCJA HeBENleCTBEHHBlE UHCJA
(neficTBuTeNBHOTO JOTapudma Het!)».

OrmMeTHM Tenepb, YTo NOCTATOUHO HAKTH I1aBHKI orapHbm
gpcaa. TOTAa BCe JoTapudMbl TOTO e YHCJA HaljeM no
Gopmyae (13).

Ynpammenma

1. CornacHo KaKOMy npaBuily COCTaBAeHa TaGMuua (TPeyroNbHRK
TMackann)?

I:Loxmm 0B - pAIE TaGAvN amkcans SHAOKHaTb e Ko%)-
1
puumertws 1, Ch €% ...y €2 L

SBaca nirchaca \/an/DNE Imana th DNE Canvartar Cammand | ing
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2. llokaute papetcTBO:
T4CL 4 C . Ch -+ 1=2m

8. Moxaxute ToRzecTsal
cos®x 4 3 cos® x sin? x 4 3cos? xsin® x +sin® x =1
cos® x — 3cost x sin?x 4 3 cos? x sint x —sin® x = cosd2x
# o6odwHTe KX.
4. Myets a, b, ¢, ..., s oGo3nasaior n pasmnx oOvextos. Kannoe
PasmerieRHe 5THX OGHEKTOB B ONDENEJIeHHOM NOPANKE HASLIBAETCH HX
NepemewenveM. [lokasats, 4TO 4ncio P, BeeX BOIMOXHBIX (PasHbiX)

Nepememennfi ecTs
P,=nl

5. CoenunenneM k 06LeKTOB H3 n pasHuX OOBCKTOB @, b, .
HasyBaeTcA HabOP & 06BEKTOB MPH YCNOBHH, UTO KaXbiX ABA ua&opa
KOTOpEle OT/IMYAIOTCH JHms NOPAIKOM (Hampumep, abd u adb), cunra-
foTc opHHaKopeiMi. [loKa3aTh, 9TO 9HCHO BeeX BOSMOKHBIX (pasHbixl)
Coepumennii & snementos u3 n ects Cp.

6. Hcnonsays pesyasrar ynpaxsennus (5), nokasats gopmyay Hoio-
TOHa, He 06PAamanch K MeTOLY MATeMaTHYeCKON HHAYKUHMH.

7. Jlokasath TOXmeCTBO!

sin nx in x ' sin? x 1 sin?x

1—

La2m L am
sin? sin? = sin? 7

n

Tie A — nOCTOSIHHAS OTHOCHTENBHO X BeJIHUWHA, & 1t = 2m 4 l

Ykasanne. Henonsaonars dopmysy Myaspa

(cos @ + £'sin a)"* = cos na +{ sin na,

Gopuyay Hsiorona u npasuio
©CJ/lM U3BeCTHH KOPHH MHOrouleHa. [Ips momoumm JeMMbl z, § 9 noxa-
3ate, 4t0 A =n.

8. ¢" = —1. Orciona €™ = 1, 2xt B uem omwGka?
9. Karoo ws goyx ancen 119750 u 12019 Gonpue?

X

e” . a
10. Kax ussecrio, lim = 1. lokazars, uto lim
220 x0

et
=mna im T & 0D
)

20
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11. Jonyckan ut0 T (x) Henpepsisuas GyHKUHS, DewHTS yDaBHEHHe
Bfinepa:
T+ =&+ -

12. Ilokasats, 4TO
(nxy =L.
X

13. Ecan wrectn 1-ro ausaps s cGepaccy 100 py6. (Hz cpoumft
Bicnag), To wa | fHBaps Clenyioutero fora Ha ciete Syner 103 pyG.,
3

aepes rog 100 - (1 o] py6. Mogeanmats, ¢ gocratostoh toarocrsio,
CKONBKO [IEHET CTaHeT Ha cuere 4epes 33 roxa nocfe BKMaxa.

14. 3a xaxgayio 7 UacTh roxa onpezefienniil xontexrhs n3 N ue-

1

JODEK yBeNWYHBACTCA HA 7 CBOBTO MEPBUMHOTO  KonudecTra. CKOABKO
sestoBek Gyner B Koune roxa® Moxer JH 5TOT KOMIEKTHB YBETHUHTHCA
3a Top B_JeThpe pasa?

15. Ec/n BHMMaTeAbHO paccMoTpeTh Tabmumu 1, 2, 3, To cTamer
TIOHATHO, KaK MOMMIO NOSBHTHCH WHCIO € H HATYPAdbHbE J10TapHpMEL

Tabauga 1
m 1 ‘ 2 ‘ 3 A N Y
(1 40,001)™ = 1,001 [ 1,002' 1,003 | 1,004 . . 1.009{
Tabauya 2
m 1 2 RN I 19 1
(1 4-0,0000))™ | 100001 | 100002 | . . 1100019

SlaXZa nirchaca \lan/DNE Imana tn DNE Canvartar Cammand |ing
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Tabruya 3
l m 0,00001 | 0,00002 | ’ 000019

W+
4 0,00001) 1039007 1,00001 | 1,000 02 ' .. l 1,000 19

16. Tlps nomouwt opmya iiepa 117 cosx H sinx J0Kasats op-
by
cos (¢ + B) = cos a cos fi — sin a'sin f
sin (a - B) = sin a cos § 4 cos asin §.
17, Tt CUHYCOM 1 KOCUHYCOM, M3l
sarom ynriu

L gu
shu= chu:-,i.‘.gL

2
208 u noNem GumS U HEGeH4ECMBeHHbLH.
Brisecty dopmynid

cosx=chir; ising=shix
ch?x —sh?x =1;
sh(ut0) =shucho+chusho
ch -+ 0) = chucho+shusho,

Txasa Il
TPAHCHEHJIEHTHOCTB YHCIIA =

§ 1. TEOPEMBI O MHOIOY/JEHAX
Teopema 1. Towdecmso
V" + @ A L Gan1X o Gn =000 4 b
+ o bk + b )

Slanca niirchaca \arn/DNE Imana tn DNE Canvartar Cammandit ing
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603MONCHO mo20a U MoAbKO moz0a, ecau Kospuyuernmot
20uneH08 NpU x :

ay=by, @y =0y ees, Qi =bu_1, @y = b 2)

JlokasateabcTBo, Jlocrarousocts oueBugua. [loka-
KeM HeoGXOAUMOCTb.
Ipunas B 'ro;mec'rse (1) x =0, nonyunm

an = by,
U Toraa
L e 2 o TR —1 R B S
+ bne2X + b1,

Onsate npuuss X =0 (TouHee, mepexoas K mpeseiy npm
x =0), Gyaem HMeThb:
By = bay,
apx*2 4 ot FQraX Qe = bX A L
+ bn—sk + bu—z

HT. A
Teopema 2 (Besy). Ecau wucao a ssasemcs Koprem
MHO20uAEHA

[y =apx +ax' + ... +a,1x +a, @)
mo ecmeo

0=ap" + a0 + ... +a.m12 +4a, @)

mo smom mHozouren Oeaumcs Ge3 ocmamKa HA x

JleiicTBuTe/IbHO, BBIUTS W3 paBeHcTBa (3) TO)K}]BCTBO ),
NONYdHM

[ =ay(x" — o) +a, (' —a™=) + ... o (x—a).
Kaxnas us pasHocreil X" —a”, xn~) —a™!, ..., x—q

aenutcs Ge3 ocTaTka Ha x — CJlenoBa‘l‘eJleU. ] / (x) fe-
autcs €es ocTarka Ha X —

Slo&fa niirchaca \ar/DNE Imana tn DNE Canvartar Cammand 1ing
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Teopena 3. Kaxloili MHO041eH UMeeM He MeHbiLe 4em
uau i, KOpeHb. 310
Tk HasHBaeMasi OCHOBHAS TeopeMa airedps (Mil ee
npuBogum 6e3 J0Ka3aTeNbersa).
Teopema 4. Kandowi mroeowaen n-i cmenenu

Fx)=apx" +ax" ' + ... +as1¥+an ()
uMeem MoYHO N KOpHel Xy, Xy .., Xn (OHU moeym Gbime
Ml U u, cpedu Hux moeym Goime

PABHbIE), NpU SMOM UMEENm MECMO PABEHCMEO
[lx) = ag (x—2) (¥ — %) « - (£ —a). ®

B camom gente, corsiacko Teopeme 3, MHOTOUJIEH (5) HMeeT
KOpeHb X, H, Ha OCHOBaHMH Teopemsl Besy:

fi(xn) = (& —x1) ¢ (%),
rae ¢ (x) ects MHorowieH (n—1)-i creneny
o () = a4 bx" 2 L A baoe
Ianbie cHoBa, corviacHo TeopeMe 3, GyleM HMeTb:
¢ () = (t— 1) 1 (1),
rae
.+ Cn-2e

@1 (%) = aox"? 4 ¢x"—% 4+

CrenoBarensHo,
F@) = (6 —x1) (¢ — x2) 21 ().

Torna
1 (%) = (x — %) g (%)
HT.OA
Byaem cumrats pasenctso (6) poxasamubiM. To, uto
X1, X3, ..., X €CTb KOPHH MHOTOWIEHA [ (X), OYCBHAHO, TaK
Kak [ (x) =0,

Slaaca nirchaca \fan/DNE Imana th DNE Canvartar Cammand Ring
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Teopema 5 (bopmynw Buera). Ecau x5, Xy ...,
Xn ecme Kopuu muo2odsena (B), mo cnpagedausst GopmMyai

a
=g rb o ==
=1 dy
it = Ky + XaXg + oo A+ Knoikn = 2, Y]
it an
2 XiXiXp = X1XoX3 + o100 - Xn—2Xn—i¥n = —70
%
XyXy o Xy = (—l)‘a—n.
ﬂel‘:lCTBHTe.'leO. Ha OCHOBaHHH TE€OpeMbl 4 uMeeM TOX/eCTBO:
QX" A X A A L QX A=
=ay(X—x) (X —X3) ... (X —Xn).

BHINONHUB B PaBO/ YacTH yMHOXeHWE H NIPHBEAs NOA0G-
HLlE YIEHBl, NOJYUYHM:

QX A L Fapix Fa =
=au" + a, (— > x;] =1 +a, (E xm) =+
= iei
Fay (=) X% .o X
Orcrona, Ha ocHOBaHHH TeopeMul 1, GyzeM umeth dopmy-
sl (7).
§ 2. 9JIEMEHTAPHBIE CHMMETPHYHBIE ®YHRI[HIX

Bo MHOMHX BOMpOCaX a/ireGpbl SHAYHTENBHYIO POJb Bhi-
MOMHSIOT TaK HashiBaeMble CHMMETpHYHblE (YHKLUHH KODHei
ajre6p. yp H . IPH TOMOUIM TaKHX
by HKILKi noxasmaercn TeopeMa O HEBOSMOIKHOCTH pellielts
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B pajuKaiax OOUIEr0 BHIa YPaBHEHHsi, BbIlle 9ETBEPTOH
creneny. HeKkoropsie sieMeHTapHbIe (GAKTH TEOPHH CHMMET-
PHUHBIX (DYHKILHI Ml HCTIONB3YeM AVISl AOKa3aTebCTBA TPHC-
LEHAEHTHOCTH YHCAa T

Onpezxeneuue l Dynryus f (X, s, ..., %) 0 nepe-
MEHHBIX i, ecau oHa He
npu_ ool nepecmaﬂoe/ce ee apeymenmos

Hanpumep, GyHKIHU

2 2 2
XiXz + X1X3 -+ Xoxs,  X| + X2+ X3,

'l/;-—: + Vj::, €os (X3 — Xy)

cuMMeTpHUHH, 3 QYHKUHH

2 )
X1+ X2, x1x3 -+ Xz, sin (x2 —x1)

HeCHMMeTPHYHHL.
Onpeaenenne 2. 3. M
(byricyUANY N NEDEMEHHDIX HASLIBAIOMCH BbPAMERUS

=ttt e =2 5
Xy Xk + e +xn-xx..:12x‘x/, e if (1)
]

P

Py = XaXg b o oo b XaXXs b oL = D XaXoko RFETES,
I
Pn=XXy oo . Xn

B anrefpe paccMaTPHBAIOT H TOT C/ay4al, KOria ¢yHK-
[Us M3MEHAETCS [PH [ePECTAaHOBKAX apIyMeHTOB, HO IpH
YHCJIOBBIX X apryMeHTOB HX Iepe-
cranosKka He U3MEHSIET YUCHOBOTO SHAYEHHA ¢yuxkuug. Ha-
npHMep, QYHKUHA X} + %2x5 + xf He ABASIETCH CHMMETpH-
HOM B NMOHMMAHHH ONpEIENEHHA 1, HO TPH X, =X, = %y =
=x,=a SHaveHMe (YHKUMH HE W3MEHWTCH, €C/H NpOu3-
BOJILHO NEPECTABHTH €€ apryMEeHThl,
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Hanvwe Gyzem mpuiepxuBaThes onpexenenus | @ pac-
CMaTpuUBaTh TOJLKO T€ 3HAYEHHAI CHMMETPHYHBIX (YHKLHI,
KOTOPbIE OHH MMEIOT IIPH Xj, X3, ..., X, KOPHAX ypaBHEHHSA

ag' a4 .+ aax +a,=0. 2)

Kopoue GyjaeM roBopHTh — CHMMETPHYHbIE YHKIHH KOp-
Heil ypaBHeHHA.

Teopema 6. Ecau rosppuyuenmor ypasnenus (2) yeavie
WUCAQ U Xy, Xay + .., Xn €20 KODHU, MO 3AeMENMADHbIE CUM-
pynkyuu QoXy, QoXas «+ ., GgXn €CMb

p
yeavle uucaa.
[leitcTputenbHo, coriacko gopmysiam Buera, umeem:

Agly - AoXy + o v+ oXa =g (K1 Xt uh +Xn) = —ay,

(@ot) (@oXa) e o oH(@o¥na1) (GpXn) = QEHXLX2 + . . Xne1Xn )= Golla,

(@0%2) (¥oXs) + -+ (@p¥n) = ABX1%2 o+ Xa = (—1)"al " an.

§ 3. OCHOBHBIE CHMMETPHYHBIE OYVHKIAM,
©OPMYJIbl HHIOTCHA

DneMenTapHble CHMMETPHUHbE (YHKLUMH HAa OCHOBAHHH
¢dopmyan Buera ouenb NPOCTO ONPEAENAIOTCH yepes Kosddu-
LHEHTB! COOTBETCTBYIOMIEr0 MHOTOY/EHA.

Taxoe CBOHCTBO HMEIOT H HEKOTODhie ADYTHE CHMMETpHU-
Hble (QYHKIHH KOPHell MHOTOWIeHa.

Onpeaenenne 3. OCHOBHOIMI CUMMEMPUUHBIMY DYHK=

yuaMl, Ul cymmanu, pynKyuL:
S =Xt Xt ... Xy
2 2 2
S =X1+ X2 ... -+ Xn,

3 3 3
S3=Xi+x2+ ... 4 xn,

Sa=x1+ x4+ ... (O]
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Teopema 7. Ecau %y, X «vvy Xn A6ASIOMCR KOPHAMU
MHO204AEHA

Fx)=x"+bx"" 4 .vv + bu—1X + bn, @
Mo cnpasedaugsl COOMHNOULLHUS:
s by =0,
S+ 8iby + 26, =0,
g+ 831 + 8163 + 3bs @)

Spt + Saoby -+ Sp—3ba A o oo A+ Sibn2 + (n —1) bp1 =0,
Sn - Sn—tby + Sa—2by + oo+ §ba—1 +nbs =0,
H3 KOTOPHIX TOC/EAOBATeNbHO nonydaem dopmyan Hoiotona:

5 =—by,
52 = 0 — 2b,,
83 =—b + 3016, — 3bs, “)

Yto6bl HOKa34aTh CIPaBeiAHBOCTD qmpmyn (3), BBezeM
00603HaYeHAR:

03 (¥) =X + by,
oy (x) = x* + byx + by
g (¥) = & + byx® + by¥ + by,
0pe (X) = x’*—‘ F b + bn—?X + bt

Toraa
»
2w () = +nby
&
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n
2 0a (8) = 524 bisy 4 by ®)

»

Zon1(8) = it bisams + bisiat 1o bty + 0o,

BoiuuesnM AByMs cnocoGaMu CyMMy:

FlX)+F(X)+”. +F(x)

X—xi ' X—xy x—x;

e x) =
[locKOABKY X3, Xy + .., Xn ABAAOTCA KOPHSMH MHOrOUJEHA
F(x), T0

Flo)=(r—x) (6 — 1) ..\ (6—2x2) ®
H TIOSTOMY
pR)=(r—x) (x—x5) ... (x—xa) + (x—X) (x—x3) ...

=g F (X)) (—xg) . (X Xa).
Orciona, nocjie yMHOXEHHS H NDHBENCHHS MOJOGHBIX uJe-
HOB, Ha OCHOBaHHM (opmyn Buera, mosyuam:
(9 = el (1 — 1) b= A (1 —2) by - ..+
+ bn—1. @

C Apyroii CTOPOHBI, COTIACHO NMPAaBHJY JAENEHHS (I\bl'-lHCIlﬁeM

xpf})(‘), HMeeM:
2o by 4 b L b b)) A=
A7t o)
(b1 +x) 2" 0L +ou(5) 0
+0ni(ry)
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o (5) "' = (5 + b))
(Frxp +00) P e A

Tlostomy

¢ (1) =nx""' + (EJ‘ o (x:)) X2

+ (%l o (x:)) #= b Ben @

Tlpumenss TeopeMy 1, u3 pasencrs (7) u (8) onpexensem:

oy () = —1) by,

=1

X oy () = (2 —2) by

=1

5
(21 wat (%) = bnt.

Ori paBeHcTBa BMECTE C paBEHCTBAMH (5) MPUBOAAT K nep-
BuM (n— 1) pasencrBam (3). UTo KacaeTcsi MOC/e/HEro us
papencts (3), TO OHO MOJydaercs TaK:

Flo) = x4+ buxi™ 4 oo bamixi+ ba =0,
i=1,2...,n ©)

TaK Kak x; ecTh KopeHb muoroutesa F(x). Cnoxus Bce
TomnectBa (9), MOMYLHM

Sa+ bysnmt A+ oo FbaciSi + 02 =0,

4To ¥ TpeGoBaNOCh LOKA3aTb.

.
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3ameuasnne. M3 Toxnects (9) MOKHO BLIBECTH TOXnecTsal
A () Al ot L b, B Ll =0,
i V2 .n
Choxenne oTRX TOXAeCTS (MPH k=1, 2....) NpHBORHT K paBeHcTBaM
Sppt + bySa o+ ba_ysy b,y =0,
Spyat ”l‘n+1 Foees by ysy bn52 =0,

W pasencioa BMecTe C QopMyRaMB (£ KEOT BOIMOKHOCT onpe-
nelm‘rb CTEneHHblE CYMMB Sy, |, Sy + .+ 4€PE3 KOSQOHUMEHTH MHO-
rounena F (x), Ananormno Mo»mc BLIYHC/IHTL CTENEHHEIE CYMMbi:

—1
s_p=ar a4 gt

+ e

eca cpead KopHet Muorounena F (x) wer myedr (b, #0),

Hs o10ii TeOpeMbl BBITEKAIOT HENMOCPEICTBEHHO ABA CaAeN-
CTBHA.

Cnexcreue 1. Ecau rospguyuenmo. mnozouaena (2)
€CIb Yeable WUCAQ, MO CIMENEHHble CYMMbL KOPHEL 5m020 MHO-
204/EHO, MO €CMb BEAUUNDL Sy, Sy, . mooge yeavie aucaa,

Cneacrsue 2. Ecau xosqﬁqﬁuuueymu MHO2047CHA

QX" a4 L F auix +an
ecmo yeavle wucad, @ Xy, Xo, L Xn R6ASUOMCR  KOPHAMU
SMO20 MHO0UAEHA, MO CYMMA O0OUNAKOGLLX Ccmenewell wucea
agXy, AoXo, - - -, AgXn MAKICE YEAOE HUCAO.

B cavmom jene, ecnn X;, Xy, ..., Xp SBJSIOTCS KOPHAMU
MHOTOWIEHa, TO OHH SIBAAIOTCA TaKXe KOPHAMH MHOTOYIeHa

+ X”“+-.4+ x+—
1 103TOMY, COl‘J‘laCHO topmysam (4), mxeem
Xt Xt aee X

"nx

70
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A+B+ ... +xn——§ 2%

4o’

a a, 3a,
Bdx4 o Frm=— 3+ F.2

@

CnepoBarebHo,
apxy + GoXe + oo 0 00" = —qy,
(@otr)’ + (@ox2)’ + + oo+ (@otn)’ = af — 2a0as,
(aox1) + @o2)’ + + .. + (@ota)’ = —af + 300105 — 30,03,

HawuGonee BamHBIM A HAac BBIBOAOM H3 opmys HbioTona
SIBASIETCS! yTBEPIACHNUE:

Teopenma 8. Ecau cummempuinas pynkyua @ (y,, y,,
s Yn) €CMb MHOSOMACH U Xy, Xay <+ ., Xn RARIOMCA KOP-
uamu mnozousena (2), mo

D (xyy Koy v vy Xn) =0 (bs, by +.., ba),

20e ¢ — MHozounen. Ecau kospuyuenmor muozousena @ (y;,
Yy v oy Yn) — Yeasle 4ucaa, mo KOMPGuyuenmo. MHO2041eHA
¢ (byy bay « ., bn) maroce yeavle uucia.

JlAs J0Ka3aTenbCTBa TEOPEMbl OTMETHM, YTO €CIH MHOSO-
unen @ (yy, ..., Yn) CONCPIKHT caaraemoe Ayi, T0, BCIEA-
CTBHE CHMMETPHUHOCTH, OH OGA34TE/IbHO COLEPIKHT ClardeMbie
Ay, Ayy .., Ayn 0 HHKGKHX APYTHX CJaraeMblX nepBoi
CTENeHH OH co;xep)xa'rb He moxer. Tak ke, ecaun @ (yy, ...,
Yn) COLEPIKHT caaraemble Buaa By, C!/k, TO OH COUEPIKHT
u craraempe By, - - -y BYn—iyn, Cyn, . Cjn H HUKaKHX
APYTHX c/laraeMbiX BTOpoit cremenn e coxepxur. To e
CaMO€ MOXHO CKasaTh H O CJjlaraembiX Kamoﬁ CTeNeHH.

71
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Crnenosarensho, ecan @ (y,, ...
MHOTOU/ICH, TO OH HMeeT BHA:

Yn) — CHMMETPHUHBIH

LGt a ) = Ao+ 4 3 g + 4 X+
+ A DA+ A D pnt ..
k=1 kelgm
Tostomy

@ (xyy Kpy ooy o) = Ao+ 4 2)&+ A3 e+
k=1 kil

1 G 2
TAZ A 3 e, o,
= ki Tm

CornacHo gopmynam (4), Haxozum:
Dxe=
2%% =000 Xt b X — ) oy (g b

1= —by,

R o s R sETTIE B A ¢ RN Ep R + Ka = Xo) =
=smtot ot =W+ 4. ) =g
— sy = b — (6} — 2b,) = 2b,,

a
Dk =5, =0 —2b,,
k=1
a , , "
Yo = nld b+t = $ (i) =
Rl k=1 k=1
" n
=8 N~ =55 =— b, (5 —2,) —
k=] k=1

— (= b1 + 3016, — 36;) = 3by — by,
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BHINOMHAS TAKHE BBIYRC/IEHHS M Janbise, Mp yGennMest
B CNIpaBeAJMBOCTH [OKasbipaemoli Teopembl. Vi3 jokasanHoil
TeopeMbl H CHEACTBHS 2 TeopeMbl 7 BBITCKAeT CJefyiolee
YTBEpKACHUE,

Teopesa 9. Ecau @ (4, Yo, - ., Yn) — CumMempPUHLI
MHO0UACH C YEAbIMI KOIPHUUUEHMAMI U Xy, Xy o+ oy Xn—
KOPHIL MHO2044€HA

X" + @ o 4 GnoiX + G,
TO
@ (apxy, @Xas -+ .y do¥n)
1nesoe 4YHcjao.

§ 4. IOKABATEJILCTBO TPAHCHEHTEHTHOCTH =
Hoxaxem BHaYalle TPH JMMbL
Jdemma 1. s KaKIOTO UEJIOTO MONONKHTENBHOTO T
H K&XOTO 3HAYEHHS X HMEET MECTO PaBEeHCTBO
= o l _
rlet=rl4rlx+5 2+ ... +mx' x4
+ xrtg e, 1)
Tae
9 =9.(x), lg,| <L
Hcnosbayem U3BECTHOE yiKe PaBEHCTBO

. X P ]
=14ttt TR et

43 KOTOPOTrO MOJTY4YHM:
1

= 4] .
rlet=rlrlx 500+ =¥ '+
+x Fxt(x, ),

rae

1 x .
S =t eEners TrEvEgeFa T
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Tlockonbky

e i<+ + P < f

1x®

treg e =e,

)xl

TO MOMHO NpPHHATb, YTO
3(x, 1) =gr(x)eM, lg | <L
Jlemma foxasana.
Jdemma 2. Iycts
f)=Cp+Cx +Cox* + ... 4 Cuxr,
FO=F®+F @+ @+ 41 (x),

rae
(%)= Cy +2Cox +3Ce* + ... 4 nCox—!,
/() =2C,+3.2Cx + ... +n(n—1)Cax—2,
'(n—l) (x) = (n — I)! Cp1+ 1l Cpx,
) (x) = nl Ca.
Torga
Per = e Q(x) + F (x), @
Tae
P=Co+ NG +21C, + ... +1!C, =2n Crl, @)
r=0
a
QW = 3Chx+, ¢, =0, (%), lgI< 1. @
=)
74
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Las ABCTBA  JIEMMBI Ha OCHOBAHHH
(IJ, Takde paBeHCTBa:

e =14 xge™, (r=0)

ef =1 4 x 4 xige, (r=1
2le* = 21 + 2x + x? 4 x3gqe¥, r=2)

nler =n! +n1x+;—:x’ 4+ oee A nxn 4oxn o 2 ge
(r=n).

YMHOKHB 5TH PaBeHCTBa, cooTBeTCTBeHHO, Ha Cp, Cpyvvoy Cu
H CJOXHB Pe3yJbTaTsl, [OJyYHM DaBeHCTBO (2).

Jexnma 3. Cyuna u deyx a.
wucen ecmo aﬂeeﬁpauuectcue “wcna (x momy oxe qeame unze6
U COMHO-
orcume/m)

[Tycts a ==, ecTb aareSpaHyeckoe YuC/0 — KOpeHb He-
KOTOPOTO ypaBHeHHR - c‘reneﬂﬂ ¢ palMOHANLHBIMH KO3(-
(HILHEHTaMH H TYCTh &y, » — OCTa/lbHBIE KOPHH TOTO
ke ypaBHeHHR. AHanorHuHO, nycrb 8=, ecTb KopeHsb
HEKOTOPOTO YPABHEHHS /mi-fi CTeNeHH C pPalHOHAMLHEIMU
KospHuKenTaMH, a By, ... fm —OCTANLHBE KOPHHK 3ITOTO
ypaBHenus.

[lpoussefenne Bcex pasHocTelt BuAa x—oy By, i =1,
2, veuy n, J=1, 2, ..., m, ouyeBHAHO, €CTb MHOTOUICH
(cremenn mn), ONMH M3 Kopueit Kotoporo «8. Cueno-
BaTenbHO, JOCTATONHO IOKA3ATh, UTO KOS(PUIUEHTAMH STOTO
MHOTOWIEHA SBASIOTCA pauHoHalbHBE dunciaa. 70 JAeficT-
BHTeABHO TaK, H6O KOSMGOUIHEHTH ITH HABAMIOTCH CHMMET-
PHUHBIMH (QYHKUHAMH OT aDPCYMEHTOB Gy, gy +--y Gar Pry
B2y 1., Bm U MOITOMY, UNPHMEHHB ABAXKAb TeOpeMy 9, MpH-
JeM K HyXHOMY BbBORy. Takum ofpasom, npousBeieHHe
ABYX ainreGpauyecKHX UHCeJA eCTh a/ireSpanyeckoe HHC/O.
AHa/IOrHYHO IOKA3bIBAETCA YTBEPKACHHE O CyMMe aarebpan-
HeCKUX 4Hced,
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Teopema 10. Quero =~ mpancyendenmroe.
Honycrum o6patuoe. [lyetb = — anreGpanueckoe YHCIO.
Cor/iacHo JsieMMe 3, 4WMGIO wi Takxe ajre6panveckoe, To

€CTb OHO SIBJACTCA KOPHEM YPaBHEHHs BuAal

Pox™ + pyxm! 4 + Pm—1X 4 pm =0 ®)
¢ meaniMu Kodpduuuentamu. ITycrs By, 8,
STOrO ypaBHeHHsl, OJMH H3 KOTODHIX €CTh T

Iockoabky e = —1 (cM. pasp. 11, § lO), T
(e 4 1) (e 4+ 1) ... (€ +1)=0. (6)

PackpbiB cKOGKH B JIeBOHi YacTH STOrO PABEHCTBA, HMeEEM:

L Siet Y etntte oL feetht L. 4 Ba=0. (7)
k=1 ke

» Bm — KOpHH

OGosnauum uepes oy, ..., @, Te H3 NOKasaTeslell [,
Be+Per «oer B+Ba+ ... Bm, KOTODHIE OTJIHYHBI OT HYJHS,
@ YePe3 @ut1, ...y Gy OCTAIbHBIC® MOKasaTean (OHH pas-
HATCS Hymo). TIpHCOeIUHHB COOTBETCTBYIOUIME CaiaraeMble
(enuHHIb) B JeBod uHacTH (7) K NEPBOMy ClaraeMoMy, 3a-
nuweM (7) Tak:

K+estent ... +en=0, ®
e K — 1enoe MOOKHTENbHOE YHCIO.
Yucaa pofy, Pobas -« +r Pofm €CTb Nelible anreGpanyecKue.

Ilostomy (nemma 3) nesbiMu anreGpaHYeCKHMM SBJSIOTCS
H UHCAA Potty, Pottas - e

€lyeT OTMEeTHTb, YTO €CJH F (Zy, 23 ..., Zs) CHMMET-
PHYHBIE MHOTOWIEH C LMK KOS(PPHLHERTaMH, TO F (Dg%y, .-\,
Po%s) — UEI0e  YHCJIO.

1 Mg Beex Takux yp P HauMens
el CTeMen — HEMPUBOANOE - YpaBHeHHe.
3 O Taxoll MOKASATEN, OUEBMIHO, MeeTcd, TAK KAK eCAH ypas-
nenue (5) HMeeT KOpeHb mi, TO OHO WMEET TaKike KOPeHb — m/

78
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IleficTBHTENbRO, €CTH

I=n
n k=n
F(poy, oo P} =a+b Fap +c 3 a0,
k=1 k, I=1
TO
(=N

N k=N
Fpoty oo Potn) =a=+b Say +¢ S+ ..., (9)
k=1 kil

TAK KaK Kakias CyMMa B MpPaBofi 4acTH BTOPOTO H3 ITHX
PABENCTB OTAHYACTCA OT COOTBETCTBYIOUWIEH CYMMH B Mpasoit
YacTH NEPBOTO PABEHCTBA WJIW C/ATAGMBIMH, KOTODBIE DaB~
HSAIOTCH Ayl +-.y %N, HIH CJIATACMBIMU, B KOTOPHI® &ny 1, «ony ON
BXOJST KaK MHOMHMTENH, 8 YHCAA Gay1, ..., %y DPABHAIOTCH
HyJo.

Buipaxenne B npasoii dactd (9) ecTh CHMMETPUUHLIA
MHOTOU/IEH OTHOCHTEIBHO Doy, Pyday - - -5 Poln, CJIEAO0Ba=
TEABLHO H OTHOCHTEABHO Pofy, PoBm. Cornacuo Teopeme 9
Temepb MOXKHO CHeNaThb BHIBOA, 9TO F(pyay, ..., Potn) —
nefioe HHCIO.

TlpuHsAB rnoCjenoBaTenbHo B paseHctse (2) x=0, ay,
Ugy vuey Ony TOTYHHM:

P=F(),
Per = eIQ (@) + F (w),
Per = el=lQ (‘12) + F (),

Pe*n = 51‘"|Q (an) + F(aq).

YMHOXKHB NEpBOe paBeHCTBO Ha K M CNIOXUB BCe 5TH
paBeHcTBa, Ha OCHOBAHMH paBeHCTBa (8), HMeem:

0= (KF () +F(@)+ ... +F (@)} +
+1e1Q (@) + .. +€*IQ (an)) (10)
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Ecan Teneph foKaxeM, 4To 111 HEKOTOPOro MHorowiena f(x)

(cornacHo Kotopomy moctpoeHa F(x)) pasencrso (10) He-

BO3MOXHO, €ClH By, ..., Bm —airebpanyecKHe 4ucaa, TO

TeM caMbiM GyleT JOKa3aHa TPAHCUEHAEHTHOCTb YHCJAA .

HyxHblit Ham MHorouses f(x) nochoma TaKHM Croco6om:
nH-f—l =1y — e

g = B e e ) gy

TAe #—TpoCcToe UNC/0, KOTOPOE MOKa YTO He OmpejesieHo.
Muorouser (11) sanmmenm Tak:

Py VN
Nx)z_—T—T“—'
Bip, (x—a) + Bpht! (x—a) T 4 L.
Fo = Do =) 'T‘fﬂm( il , (12)
Cply (x—g) + Cppypfit! (r—ag ¥ ... -
Fi = 20 (x — o) T;l—l)! 3 ,

Hepnoe U3 DaBeHCTB (]2) nonyuns, eciu B (11) packpoem
ckoGkH. Ilpn atom
1—1
A = (= 1Py (pom)! (Pen)* -+« (Pota)',

TO €CTh Ay AIBIACTCS CHMMETPHUHLIM OTHOCHTEIIBHO Po%yy -+oy
Po% H TO3TOMY OHO —Ilesioe uucio. Tak ke MOKHO YyGe-
JHTBCS B TOM, UTO LEJbIMH ABAAIOTCS U KO3QduiHeHTsl Ay, .

Bropoe u3 pasencts (12) moayunu, eciu nepemumem (11)
TakK:

nt+r| ¥ —a. — —a —
fo = (6 .)+(t1’;(x ) =)+

@

4
a TOTOM OCBOGONMMCS OT KBAAPATHBIX CKOGOK. AHAJOrHYHO
noaydHM H ocTanbHble paBeHctBa (12). Tlpu 3stom caepyer
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06paTuTh BHUMaHHME Ha TO, 4TO By, Bryy, +voi Ciy Cegty o ve
€CTb MHOTOU/EHbI C HEMbIMH KOI((DUIIHEHTAMH OTHOCHTEIHLHO
Po%1s Po%, .... Ha ocuoBanuu onpenesenust Gyrkuuu F (x)
MOXHO TNPOBEPHTb, UTO

FO)= Ay + A+ ¢+ DA+ ..y
F(a) =By + (¢t + 1) tBryapb™ + ..,
F(ag) = tCipl 4 (¢ + 1) (Crpaps™ + ..
OTC‘OLla BBITEKAeT, YTO Cymma
Flag) +F(a) + oo +Fl2n)

JeqanTcs Ha f. 3Ta cymMa, KpOMe TOTO, SIBJISETCS CHMMeT-
PHYHBIM MHOTOUNEHOM OTHOCHTENBHO Pody, Polhas - -+ Poln
C HeJbIMH KOS(HIHEHTaMH (TaK Kak CHMMETPHYHBIM eCTb
f(x)) u mostoMy oHa ecth uesNoe HHCJO.

ByneM cuntath ¢ GoJbWHM KamOro H3 ueamx umcen K,
Pos (Po%1)s (Poa) .« .. (py2a). Torna uucio

KF(0) = KAy + KtAc + ... (13)

SBASIeTC UeABIM, KOTOpoe He fenuTcsi Ha f, M6O TaKuM
ecTb KA;—y, a ocTanbubie ciaraempe B mpaBoit uactd (13)
ZeasTcs Ha f.

CregosaTesbHo, B mpasoii sacrs pasencrsa (10) Bhipa-
Kenne B (PMTYDHBIX CKOGKax He JeinTcA Ha { M fBAAETCH
HEJIEIM YHC/IOM, TIDHYEM 3TO OTJIMYHOE OT HyJs LeNoe YHC/O.

PaccMoTpuM CyMMY

L =eIQ () 4 €1Q (@) 4 +.o 4 €*IQ (3n)-
Tak kax (cm. (4))

Q) = NCaat, g <1,
=0
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rae C, —xkoabduunentsl MHorounewa f(x), To, ®a ocHo-
Banun paseHcrsa (11), Gynem umMeTh:

A g™+ Agd 4

QU= Sode T
CnenoparenbHo,
Ay 1x= A s+
1o < s I o (13)
Tax kak (eM. (2), pasa. I, § 2)
L xS . m
y],.",‘:ﬂT=‘xlsl.lﬂl):ﬂ'l =0

H YHMCJIO CNaraeMbiX B NpaBOH YacTH paBeHctsa (13) Koweu-
HOE, TO .

lim)Q(x)| =0.

tooo

CurenosatenbHo, Aasi 0 < e < 1 M Z0CTaTOYHO GOMBILOrO £

0Ny HM
e
FQE) <<,
a Toraa
c
yL|<n-”—=s(<1).

Taxum o6pasoM, B pasercrse (10) mpaBas yacTe siBJsi-
eTcl CYMMOIi LEJOTO YHC/Ia, OTIHYHOTO OT HYJfl, H YHCJA,
MEHBILETO [0 MOAYJIO, YeM eIHHHLA.

Takas CyMMa He MOXeT paBHATHCHA ﬂyJﬂO, ¥ PaBEHCTBO

(10) npu Hautem BhiGope f(X) H { HEBOSMOXHO. TpaHcueH-
JIeHTHOCTh YHCJA = JAOKA3aHA.

Yupaknenns

1. Joxasark, ut0 ecnn f (X X, .. ,X,)— CHMMETPHUHHE Myuoro-
4fleH NMepBOfi CTeneHH, CBOGOAHEIH 9JeH KOTOPOrO paseH HYMO, W

P e xpta contata)y =/ (xp £ oem )+
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Pty Ty v om %
2. CocTaBHTb KBajpaTHOE ypasHewde ¢ KopHam x7 - x3 4 x3,
534 43 4 #3, T xi, %3, % €cTb KopiuH ypapuenus
X4 pxt A gr =0,

3. Jlokasats, 4To ycnoene a® (a® — 2b) = 2 (a? — 2ab - 2)? sn7s-
€TCAt HeOOXOMMMEIM H JOCTATOUHBIM LR TOTO, 9700l KBagpar ORHOTO
W3 KopHelf ypaBHEHHS

Bhartbre=0
611 cyMMOli KBAIPATOB OCTATBHEIX ZBYX €ro KopHel.

2
Vikasanne 2=} 4 x5 4l
4. Moka3arb, 470 €CJK CHRYCH TPEX YIWIOB TPEYTOJbHHKA ABIASIOT-
C5i KODHAMH yPABHEHHS
x4 axt 4 bx+4c=0,
0
a (dab — a* — 8e) = 4c2.
Ykasauue. PaccMOTPeTs tpeyrosbHHK, MNOROGHH naHHOMY,

BnucaHuBA B KPyr pamuyca 7

5. [lyeth X;, X, + .., X, €CTb KOPHH MHOrouJena
Fl) =aw"+ax"" 4 L. +a,_x+a,
yaBTanToM MHOrounena f (x)

g0 =bp™ o™ 4 L b, x40,
HaoLlBaeTCsl BHIPAKEHHE
R 2
IoxasaTs, 4T

QL) 8 (1) -+ - & (X).

R(f, & =(—=D"™R (g f.
Yxasanue. Homonssopate pasnomene g () Ha MHOKHTEMs.
6. SBnserca au yenoske R (f, g =0 pocrarounsM ans T0ro, 9ToGH
wporowiers £ (x). g (X) WMEAH XOTA Ol OguH OGWMiE Kopemb? HTOGL
HX TPaQUKA nepeceKalACh:

81
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7. lokasate, wuro R ({f, @) fBAfeTCS CHMMETPHUHBIM MHOTOUJTEHCM
OTHOCHTENILHO  KOpHefi KaXKJOTO M3 MHOTOW/IHOB f, g M CAenaTh BHBOA O
cBa3u R (f, g) ¢ KoappunHERTaMH MHOTOYJEHOB.

8. Ilokasats, wt0 ecan

Fx) = ape + ayx + ay @ (1) = byx® + byx + by

R (f, &) = (ayby — aybo)> — (asbo — auby) (ayby — dshy)-
9. HallTa peaybTanT MHONOWTEHOB
| () =ax*+ bx +¢ [ (x) =2x+b.
Otper. b2—4ac.

10. Haimn R (f ) ecan F() =151 pr+g () =3 +p.
Otser.

PR
»4[)'—-274":—4.27‘(%-)—;—7).

11. Jlaunel GOKOBHIX CTOPOH TPEYrONbHHKA SABJAIOTCA KOPHSIMB
ypaienns
B—ax® b by —c=0.

panuyc n naomamh Tp
Orser.

s 71-1/ {@ab — ).
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