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[MpenucaoBue

[IpensaraemMasi BHUMAHHIO UHTATEJs1 KHUTA MPeNCTaBJ/sieT co6oil yueGHOe
noco6ue no anre6pe st yuaumxest 10-x u 11-x kiaccoB pusanko-maTeMaTh-
yecKHX 1KoJ. Ero ocHOBY cOCTaBWJIM 3aMMCH JIEKLHH, UMTABLLMXCS aBTOPOM
B Clelrasu3upoBaHHOM yueOGHO-HayuHoM lLeHTpe MI'Y um. M. B. JlomoHo-
coBa — IlIKoJIe UMeHH akajiemuka A. H. Kosmoroposa, 6osiee u3BecTHOH Moa
HagBanusimu @MIL MI'Y u unrepnar MI'Y. Kuura nokpbiBaer Kypc ajire6pbl
st yuaxest 10-x kinaccoB CYHLL (M aHasiornuHbix eMy yueGHbIX 3aBefe-
HHI) U COJIEPXKUT OCHOBHYIO YacThb 06si3aTesibHOro Kypca asre6pbl st 11-x
KJ1aCCOB.

[To tpamuumm, ycranossaennoit A.H.KosmoropossiM, Kypc agre6pbl
st «dMlllar», xotopwlfl untann B pagHoe Bpemsi cam A.H. Kosamo-
ropoB, B.W.ApHosbn, B.M.Anekcees, H.DBb.Aundyroa, B.B.Basuios,
O. H. Bacusenko, W.B.Tamkos, C.Bb.Tamkos, A.A.Eropos, A.H.3em-
asikoB, B.A.Kosoco, 10.B.Hecrepenko, B.®.Ilaxomos, A.A.Pycakos,
T. H. Tpywanuna, A.B. ¥Ycrunos, O.A.Yasnbix, B. H. Uy6apukos (npuHoiy
CBOW H3BHHEHHSI TeM, KOrO He BCIIOMHWJ WJIM O KOM He 3HaJl), COCTOMUT
M3 JIByX 4YacTel: HEKOTOporo o06si3aTesbHOro Habopa MOHSTHH, KOHCTPYK-
UMl M TeopeM (3Ta yacTb sIBJsieTCSl OOLUEH /s BCeX JIEKLMOHHBIX KypCOB
anreGpbl, UMTABLIMXCS B 3TOH LIKOJIE) U pellleHHs] HEKOTOPOHU HHTepPecHOM
cojleprKaTesIbHON 1pobJieMbl (HanpuMmep, MOCTPOEHHe LUPKYyJeM H JIMHEHKOH
NpaBUWIbHBIX 71-YTOJbHUKOB, TeopeMa Abensd—PydduHu o HepaspelumMocTy
B pajuKasjax oOlIero ypaBHEHUs MATOH CTeNeHH, KBaApaTHUHbIH 3aKOH B3a-
MUMHOCTH W T.1.). BTOpylo yactb Kypca JIeKTOp ornpefessieT B COOTBETCTBHH
CO CBOMMH BKyCaMH.

B 310l KHHre H3naraercsl nepsasi yacTb Kypca, a TakxKe HEKOTOpbIH Ba-
PHAHT JONOJHHTEJbHbIX IV1aB. B Hell MHoro sanau, B OCHOBHOM JIOBOJIbHO
TPY/IHBIX.

OHa MoxKeT CJIyXKUTb yueOHbIM TocoGHeM Mo anrebpe U Ui CTYAEHTOB
BY30B.

ABTOp BhIpaXkaeT riy6okyio GjaroaapHoctb B. A. KoJsocoBy, matepualibl
KOTOPOTO CYLIECTBEHHO HCII0JIb30BAJIMCh NP MOJArOTOBKE KHHIH, a TakkKe
A.B. YctuHOBY 3a TiIaTebHOE PEIaKTHPOBAHME.

ABTOp NIPUHOCUT U3BHHEHUS 32 OCTABLLIHECS B KHUTE HETOUHOCTH H HEOPEXK-
HOCTH M 3a TO, UTO He ycnes noarotoButh ee K 40-jeruro ®MUI MI'Y
1 100-setnio A. H. Kosimoropoga.



[maBa I. Uucaa u KomOUHATOPHUKA

§ 1.1. IMo3uLMOHHBbIE CUCTEMbI CUUCTEHUS

Ewe CpeHEBEKOBbIE MaTeMaTHKH Buimxknero BocTtoka natuuim HpOCTOﬁ
MoJaAXoJ K BbIYHCJIEHUSAM C LLpO6HbIMI/I YUCJIAMH — HUCII0JIb3OBaHHE OeCATHUY-
HbIX MO3HULIHOHHDbIX ﬂpo6ey°1. [To3uLMOHHAS JecsiTHUHAsI CUCTeMa IomnaJga Tyna,
BUJIHUMO, U3 I/IHILMI/I, XOTs MMO3ULIHOHHbIE ILpO6I/I, npaBaa He JEeCATHYHLbIE, a Le-
CTUAECATEPUYHDIE, ObLJIM U3BECTHLI ellle B ﬂpeBHeM I_UyMepe, a JeCATHUYHbIe
[LpO6I/I o CyUIeCTBY ObLJIM U3BECTHbI B ﬂpeBHeM Kurae. OT™meTum elle, 4yto
JABallaTepUUIHylO CUCTEMY 3HaJIU WHeHLbl Maiis. 3ech YMECTHO HarlOMHHUTb
yuTaTe10, 4YTO 3aIUCh

(an ap,a—g .. .a,k)b

B TO3UIIMOHHON b-HUHOW CUCTeMe 03HAuaeT UUCJI0, PABHOE
—1 —k
a,b"+ ... +ab+ag+a_1b7 +...+Fa_b™ ",

rue
ab"+...+a1b+ag

— €ro neJias, a
a,1b71 +...+a,kb’k

— zipoGHast yacTb. B 3anajHbIx cTpaHax BMECTO 3aMsTOH, OTAEAIOUIEH LeyI0
yacTb OT APOOHOMH, HCIOJIb3YETCS TOUKA.

[Touemy 06bIUHO HCIIOJIb3YETCSl leCSITHUHASL cucTeMa? [ylaBHBIM 06pas3om,
B CHJIy TPaAULMK (KOTOpasi, BEPOSITHO, OCHOBBIBAETCS HA TOM, UTO YHCJIO MaJ/lb-
1eB Ha 06eux pykax paBHO 00biuHO 10; HHAEHLBI Matis, BO3MOXKHO, He 3a0blH1
1 npo Horu). Kak nucan [lackanb *, necsiTuuHasi cucTteMa HUUEM He Jyu-
1€ CUCTEM C JPYrHMH OCHOBAHUSIMH. DBoJjiee TOro, ¢ HeKOTOPBIX TOUEK 3pe-
HUsl ynoOHee apyrde cucteMbl. Tak, MHOrO MOKJIOHHMKOB MMeET JBeHajla-
TepuyHasi cucTeMa (Maylllasi OT cueTa JI0KHHAMH W IPOCCaMH — JTI0XKHHAMU
JioxKuH). BoamoxkHo, K nx uucay otHocuscs u . k. Yaanc (cm. ero po-
maH «Korna cnsiumit npocHetcsi»). [IpenmyliecTBo 3TOH CHCTEMbl B TOM,
uto 12 umeer GoJiblile esiutesei, ueMm 10, UTO HECKOJIBKO YIPOLIAET jieJieHHE.

* B.Ilackaab (Blaise Pascal, 1623—1662) — snaMeHuTbIi (paHily3cKHil MaTeMaTHK, (H3HK,
PEeJIUTHO3HBIN (hUI0COdD U MHCATEb.
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C 3Toll TOUKM 3peHHUs ellle Jyullle lIecTHaecATepuuHas cucrema (Ho Tabd-
JMLA YMHOXKEHHSI B 3TOH CUCTeMe BroHsieT B Apoxkb). OcTaTku OT Oblio-
ro pacrnpocTpaHeHHsl 9TOH CUCTeMbl BHJAHbI B KapTorpadHd W acTPOHOMHH,
a aJrOpUTM MepeBOjia M3 3TOH CHCTEMbl B JIECATHUHYIO 3anasH B Ji0OOM
KaJIbKyJIITOpe ISl HayuHbIX pacueToB (peub MIET O MepeBojie U3 TpajycHON
Mepbl B JECATHUHYIO M 0oOpaTHO). Kcrartu, nepBasi 3anuch APOOHOr0 uuc-
Jla B Mo3ulMOHHON cucTeMe B EBpone 6buia cuenana B XIII B. 3HameHu-
ThiM ®u60HaUUM: KopeHb ypaBHenusi x° 4 2x2 4+ 10x =20 ou Hallen B BUJe
1°26' 7" 42"

EcTb MOK/JIOHHUKH ' Y BOCbMEPUYHON U l1eCTHALAaTepUUHON cucTeM. [lep-
By10 u3 Hux xores Bectd B [lIBeunu Kaps XII (KoTopblil, BO3MOXHO, NpHILIE
K 3TOH HJllee CaMOCTOSITE/IbHO), HO PsiJl 06CTOATENbCTB MOMELIANH STOMY TPO-
IPeCCUBHOMY HAaUMHAHMIO (CPEIM HUX, BEPOSITHO, H 3aHATOCTb KOPOJs B BO-
€HHbIX KOMIaHUAX, B yacTHocTH, nof ITostaBoit B Poccun). Tlpeumyuiectso
9THX CHCTEM B TOM, UTO JIETKO OCYILECTBJISIETCS TIEPEBOJL B IBOMUYHYIO CHCTEMY
1 0OpaTHo.

JIBonuHas cuCTeMa B KAKOM-TO CMbicJjie Oblia u3BectHa B J[peBHem Kurae.
B knaccuueckoit kHure «M 1u3un» («KHura nepemen») npuBeieHbl quarpam-
Mbl, TaK HasblBaeMble Py-cH, 1epBasi U3 KOTOPbIX HMEET BUJL , a rocJsiesi-
Hsisl (LIeCTbIeCcsAT YeTBepTas) — BUJ, == (HyJIsIM U €JMHHIIAM COOTBETCTBYIOT
CMJIOLLIHBIE U TIPEPBIBUCTbBIE JIMHUK). KUTaM11bl He MOJEHWIUCh TPUAYMaTh /s
9TUX JUArpamMM crelrajibHble HePOTIU(bl U Ha3BAHHUS.

B0o3M0OKHO, UTO Hjesl IBOMYHOH CUCTEeMbl Oblia U3BECTHA M JAPEBHUM HH-
juiitiam. O6 3ToM, HampuMep, TOBOPUT U3BeCTHasi JiereHjaa o6 u3obperarese
11axMat, KOTOPbIH CKPOMHO MONPOCHJ (MocJjie HACTOSIHUI MarapaiskKH, KOoTo-
poMy oueHb MOHpPaABUJACh Urpa) cebe B HArpay MoJIOXKUTb OJJHO 3€PHO Ha yr-
JIOBYIO KJIETKY 11aXMaTHOH JIOCKHM M yJIBAaUBAThb KOJHUECTBO 3epeH Ha KaxKaoH
CJIeYIOLLEN KJIETKE.

B EBpone nBouuHasi cucrtema, BHIMMO, TOSIBUJACh Y:Ke B HOBOE Bpe-
M. OO0 3TOM CBHJETENLCTBYeT cHCTeMa OObEMHbIX Mep, MpUMeHsiemas
AHMIMHCKMMH BUHOTOPrOBLAMU: BA JLKUJLIA = MOJYLITO(, ABa NoJyLITO(ha =
= MUHTA, JIB€ MUHTbl = KBapTa, ABa KBapThl = MOTJ, JBa MOTJa = raJuloH, JBa
rajjioHa = ek, JBa TMeka = noJy6yiluesb, ABa MoJybyiiens = Oyuienab, ABa
Oyllenss = KUJJepKUH, 1Ba KWJaepKuHa = 6appeJb, 1Ba GappeJist = Xoraxef,
JIBa Xoraxeja = napnm, JBa nammna = TaH.

YuTaresu MCTOPUUECKHX POMAHOB 3HAKOMbI C MUHTaMM U KBapTamu. Ya-
CTHYHO 3Ta CUCTEMa J0XKWUJa W JI0 Hallero BpeMeHH (HeTh U GEH3WH 10 CHX
Nnop MepsiioT rajyioHaMu U Gappensivi). Y1no6CTBO JIBOMYHOH CHCTEMbl MpH
B3BELIWBAHUU JIEMOHCTPUPYIOT TaKKe MOMellleHHble B KOHILEe naparpada 3ajna-
UM, BTOpasi U3 KOTOPbIX 3aUMCTBOBAHA U3 MATEPHAJIOB XKIOPH MEXKyHAPOIAHbBIX
OJIUMITHAL, & TPETbsl H3BECTHA, BEPOSITHO, CO CPEIHEBEKOBBIX BPEMEH.
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[TponaranauctoMm JBOMYHOU cucTeMbl Obli 3HamenuTblil . B. JleiGHui *
(mosyuuBuinit ot Ilerpa | 3Banue TaitHoro coBernnka). OH oTMeuas ocobyio
MPOCTOTY aJTOPUTMOB apU(PMETHUECKHX AEHCTBUI B JBOMUHON apudmeTHKe
B CPaBHEHUH C JPYTMMH CHCTEMaMH W IpHAABaJ € orpeieseHHbIH (uio-
coekuii cMmbics. [OBOPAT, UTO MO €ro NpeyioXKeHuto Oblia BbiOHTa Melasb
¢ Haanucblo «[last Toro, uToObl BBIBECTH W3 HHUTOXKECTBA BCE, NOCTATOUHO
€JIMHULI».

NaBecTHblit coBpeMeHHbIl MaTeMaTuK [1. [laHuur ** o HblHellIHeM MoJioXKe-
HUM 1e cKadas: «YBbl! To, UTo HeKorja BO3BbILLAJIOCH KAK MOHYMEHT MOHO-
TEU3My, OUYyTHJIOCH B UpeBe KOMIbloTepa». [1puunHa Takoit Meramopco3bl —
He TOJIbKO YHHKaJsbHasi MpoCToTa TabJHIbl YMHOXKEHHS B JIBOMUHOH CHCTe-
Me, HO H 0COOEHHOCTH (hM3UUECKHUX MPUHIIMIIOB, HA OCHOBE KOTOPbIX pafoTaer
aJieMeHTHasi 6a3a coBpemeHHbiXx DBM (3a nocsenuue 40 JjieT oHa HeoaHO-
KpaTHO MeHsljlachb, HO JIBOMUHAsi cucTeMa M OyJeBa asrebpa Mo-npekHemy
BHE KOHKYPEHLIUH).

OTMETHM ellle, UTO JBOWUHAS CHCTEMA HAXOJUT MPUMEHEHUS U B JPYrHX
MaTeMaTHUECKHUX 3ajlauax, HanpuMmep TpH aHalu3e U3BECTHOH Urpbl « Hum».
Wrpa cocTouT B c/IeyloleM: Ha CTOJIe JIEXKHUT HECKOJIbKO KYUueK CIIHUeK, H [Ba
UrpoKa Mo ouepeld BbIOUPAIOT OJHY M3 KyueK M 3a0UpaloT M3 Hee CKOJlb-
KO YroJHO CHMUYeK (XOTb BCE); MPOUIPLIBAET TOT, KTO 3a0MpaeT MOCJeIHION.
Anu30/1 ¢ 3TOH UTPO HEOJHOKPATHO MOBTOPSIETCS B U3BECTHOM (hpaHILy3CKOM
tdusbme «Ipotibiv jietom B Mapuenbaje».

YroMmsiHyTasi cTpaterus nojlaercs Jyis peajansaliu AaxKe Ha Crielnanu3n-
poBaHHbIX MaliMHax. OJHA U3 TaKUX MalIKMH Obla BbICTaBJIEHA MOCJE BOHHbI
B DepJsiHe Ha aHIVIMACKON BbICTaBKe W C YCIEXOM KOHKYpPHpOBaJsia ¢ Haxo-
JSAIMCS psioM GecrjlaTHBIM TMHBHBIM 3aJioM. VI3BecTHbIH monyJisipusatop
MareMaTHKK MapTtuH [apHep B 01HOH U3 CBOUX KHUT mulieT, uto Asan Thio-
puHr **% BcrioMMHasl 0 TOM, KakK MOMYJISIPHOCTb 3TOK MalllMHbl MMOBbICUJIACH
elle GoJiblie mocje nobeipl Haj TOTAALIHAM OYHIECMHHUCTPOM KOHOMMKH
JI. Dpxapnom.

HekoTopyto KOHKYpEHLIMIO IBOMUHOM CHCTEME KaK MO [pocToTe apugme-
THUECKHMX aJITOPUTMOB, TaK U M0 KOJMUECTBY MPUMEHEHHH B MaTeMaTHUECKHX
3ajlauax MOXET COCTABHUTb TPOUUHAS CHCTEMa, B UACTHOCTH €€ BapHaHT, Ha-
3bIBa€MbIi yDABHOBEIIEHHOH TPOUUHON CHCTEMOH, B KOTOPOH BMecTO LIMpbl 2
ucrosib3yercs ucpa —1.

* [0 B. Jleit6uui (Gottiried Wilhelm Leibniz, 1646—1716) — Besinkuil HeMelKHii MaTeMaTHK
1 husocod, OIMH U3 OCHOBOTIOJIOKHHKOB MaTeMaTHUECKOT0 aHaJ/13a.
*#* J1.san Hanumr (David van Danzig, 1900—1959) — rosiianackuii MaTeMaThK, H3o0petatesb
CHMIIJIEKC-METO/Ia B JIHHEAHOM NPOrpaMMHUPOBAHHH.
##% A Tolopunr (Alan Mathison Turing, 1912—1954) — anrufickuii MaTeMaTHK, OJHH U3 CO-
3natesieil TEOPUH aaropuT™MoB. [1pu ero yuacTiu Gbl MOCTPOEH MePBbIi aHMIMACKHI KOMIbIOTEP.
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[IpencraBienne o Hell JaeT cjeaywollasi B KOHUE naparpada 3ajgaua 6,
ony6JsiukoBaHHasi B kKuure bauie e Me3upuaka * 8 XVII B.

Tponunasi cuctema npumeHsiercst npu oObsCHEHUH CJelytolero okyca
JKepronna **. 3putesb 3anomuHaeT oJiHy U3 27 KapT U BbIKJIA/bIBAET UX B TPU
CTOMKHU Mo 9 KapT KapTHHKaMK BBepX (MepBasi Kapta WJET B MEPBYIO CTOIKY,
BTOpPasi — BO BTOPYIO, TPEThs — B TPETbIO, UeTBEpTasi — B MepBylo U T. 11.). o-
KYCHHKY coofllaeTcsi, B KAKOH U3 CTOTOK 3ajlyMaHHasl KapTa, OTOM CTOINKH
CKJIaJbIBalOTCs B JIOOOM M3 LIECTH BO3MOXKHBIX MOPSIKOB (He MeperacoBbl-
Basl KapTbl BHYTPH CTOIOK) M pacKJ/alblBaloTCsl CHOBA B TPH CTOIKH, HAaUHHas
C BepXHel KapTbl, TIOTOM CKJaJbIBAIOTCS OMSATb W TPOLeaypa MOBTOPsieTcs
B TpeTuil pa3 (Ka)iblil pa3 cooOllaercsi, B KaKyl0 M3 CTOIOK Jieryia 3aro-
MHeHHas Kapra). DoKyCHUK KaxIIblil pa3 3aMeuaeT, Kyja Jiersia CTornka ¢ 3a-
NOMHEHHOH KapTol — cBepxy (3To oTMeuaercsi B yme cuMBoJioM 0), B cepeiity
(cumBoJt 1), WM B HU3 KOJIO/bI (CHMBOJT 2), H COCTaBJISIET U3 3TUX CUMBOJIOB
TPEX3HAUHOE YUCJIO B TPOHUHOH CHCTEMe CUMCJIEHWsl, CTaBsl MepBblil H3 3a-
MeUEHHbIX CHMBOJIOB B MJaJIINE Pa3psijl, CJAEIYIOLIMH CHMBOJ — BO BTOPOH
1 MOCJIeJHUI CHMBOJI — B CcTapuinii paspsi. K mnosyueHHomy uucsy npubas-
JISIETCSl €IMHMLA U OTCUHUTBHIBAETCS CTOJIBKO KapT, HAYMHAs C BepXHEH KapTbl
KOJIO/Ibl — MOCJIeIHSIST U3 OTCUMTAHHbBIX KapT M €CTb 3allOMHEHHasl 3pUTeJsieM.

Mmeetcs ewte oauH BapuaHT okyca JKeproHnua, Ho ¢ APyrdM Coco6oM
packaanku kapt. Kosona us 27 kapt packsiaapiBaercst B TPH CTONKH B CJie-
JyIOlLeM TMOpPsi/IKe: NepBasi KapTa — B MEPBYIO CTOINKY, BTOpasi — BO BTOPYIO,
TPETbSl — B TPETbIO, UETBEPTasi — ONSATb B TPeTblo, MATasi —BO BTOPYIO, Lie-
cTasi — B nepByto u T. 1. O/1Ha U3 KapT 3allOMHHAETCS 3pUTE/IEM U YKa3blBaeTcs
CTOIKa, B KOTOPOH OHa JIEXKHT, U BCe NOBTOpsieTcs elle jBa pasa. Cnocob yra-
JIbIBAHUS TOT 2Ke caMblil. MOXKHO MOKa3bIBaTh TOT 2Ke (okyc u ¢ 21 KapToi,
HO TOrJia HaJl0 PACKJAbIBATH KAPThl CAMOMY H CTOIKY C 3ajJlyMaHHOH KapTou
BCerJa KJIacTb B CEPEIMHY KOJIOJIbI.

YpaBHOBelleHHAs CUCTeMa MOXKeT ObITb pACCMOTpPEHa U 1151 JIIoOOTo HaTy-
paJibHOrO OCHOBAHMS1, IpaB/a, PH YeTHOM OCHOBAHHH 3aluCh B Hell nepecra-
eT ObITb 0JHO3HAUYHOH. [IperMyllecTBOM ypaBHOBELLEHHbBIX CHCTEM sIBJIsIeTCS
TO, UTO B HUX 3aMUCHIBAIOTCH W OTPULIATE/IbHBIE UKc/ia 6e3 3HaKa MUHYC Tepej
3aMmuchblo, a TaKxKe TO, UTO TabJIMIA YMHOMKEHHUS B 3TUX CUCTEMAX B CPaBHEHHH
¢ 0ObIYHBIMH TIPUMEPHO B UeTbipe pasa kopoue, kak otMerus O. J1. Kown *#%,

* Bawe ne Mesupuak (Gaspard Claude Bachet de Mésiriac, 1587—1638) — dpaniyysckuii
MaTeMaTHK M MO3T, aBTOP OJHON H3 MePBbIX KHUI M0 3aHMMAaTe/IbHOH MaTeMaTHKe.
** OK. JKeproun (Josef Diaz Gergonne, 1771—1859) — cdpaHily3ckuil MaTeMaTHK, uYJieH-
KoppecronieHT [TapixKcKoil akaaeMun Hayk.
*#% 0. J1. Kown (Augustin Louis Cauchy, 1789—1857) — Beskuii ¢paHily3cKnili MaTeMaTHKk,
uiien [lerepGyprekoil akajgemun Hayk. [1o MOJIMTHUECKHM B3IVIsIIaM YJILTPAPOSUIHCT, CTOPOHHHK
Byp6oHoB, kiaeprKas. Bocemb JieT npoBesi B SMUrpaLii.
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MoHO paccMaTpuBaTb CHCTEMbI CUHCJIEHHST H C OTPULATENbHBIM OCHO-
BaHueM b, HO HeoTpulaTesibHbiMK LMdpamu 0, 1, ..., —b — 1. Jlio6oe uenoe
YKCJI0 MOXKHO TIPEJCTaBUTh B 3TOM CUCTeMe Ge3 3HAKa.

OcHoBaresib Teopun MHOKecTB [eopr KanTop * npensioxus paccmarpu-
BaThb CHCTEMbI CUMCJIEHHS CO CMENIaHHBLIMH OCHOBAHHMSIMH. 3alHCh B TaKHX
CHCTEMAaXx BbITJISIUT TaK:

... as, dg, ajy, do, a—j, A—2, a_3, ...,
oo bo, b1, bo; by, b9, b3, ...,

rie b; — ocHoBaHus, a; — uudpsl, 0 < a; < b;, U pacidpoBbIBaeTCs Cely-
101LIUM 06pa3oM:

agbgblbo —|—Cl2b1b0 +a1b0 + ap +a_1/b_1 +Ll_2/(b_2 . b—l) + ...

YacTHbIM CjlydaeM TaKHX CHCTEM sIBJISIETCs1 (haKTOpHaJibHast, KOTOpast Mo-
Jqyuaercst ipu b, =k +2, b_p =k 4+ 1. Mcnosb3ys ee, MOXKHO 000 HATy-
paJibHOE YHCJIO MPEJCTABUTD B BHIE

ap_n!'+...+a;2!'+apl!,
re 0<a, <k+ 1.
CucreMbl €O CMelIaHHbIMH OCHOBAHHSIMM BCEM M3BECTHbI M3 MOBCEIHEB-
Ho¥ »KusHu. Harnpumep, «1 Hepmenst, 2 nus, 3 uaca, 4 MHHYTbI, 56 CeKyH],
789 MWJIIMCEKYH» PABHO

1, 2, 3, 4, 56; 789;
7, 24, 60, 60; 1000
CEKYHL.

Y, naxownell, BepHeMcsl K OObIUHOI MO3ULUOHHON CHCTEME H PACCMOTPHM
BOIMPOC O MPeJCTaBJeHUH OTpHllaTesibHbIX unces B DBM. O6biunblii cnocob
3aIMCcH OTPULATENbHBIX YHCE/ COCTOUT B MOCTAHOBKE 3HAKa MUHYC Tlepe] 3a-
MUCHI0 MOJIYJISt ITOTO Uucsa. DTOT Cnocod HasbiBaeTcs NPsiMbIM KojaoM. s
IBM, kak npaBuJio, ynoGHee IONOJHUTEbHbBIA KOJ, KOT/Ia, HAPUMEp, YHCI0
—(123456789) ¢ 3anucbiBaeTcst Kak

10° — (123456789),9 = (87654321 1),0.

[Tpu 3TOM omepalyy CJI0KeHHsI-BbIUMTaHHST (PAKTHUECKH TIPOBOASTCS 110 MO-
nymo 10° u He Bo3HMKAeT MPOGIEMb «MUHYC HyJs». JIOMOJHUTENBHDIH KO
y106€H €elle U TeM, UTO MPH BLIYUUTAHHUH M3 MEHBILIEr0 UncJa GOJBIIEro C M0-
MOLIbIO OOLIYHOrO AJrOPUTMA BBIYHUTAHHUSI KAK pa3 M IOJyYyaeTcsi pas3HOCTb,
3arnucaHHast B JONoJHUTebHOM Kone. Ho ecTb y Hero u Hemocratku. Kpo-
Me JIOTIOJIHUTEILHOTO KOJIa pacCMaTPUBAIOT TaKxKe 06PATHBIN KOJI, B KOTOPOM,

* [. Kanrop (Georg Cantor, 1845—1918) — snameHuTblii HeMmellKMil MaTeMatuk. Pojuics
B Cankr-IlerepGypre.
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Hanpumep, udcao —(123456789),9 3anuchiBaercs kak 876543210 (kaxknas
uudpa nonodinsiercs: 10 9). B 3ToM Koje cJloKeHHe M BblUMTaHHE MPOU3BO-
astest paktuuecku no moayao 109 — 1.

3anaum v ynpaxkHenus kK § 1.1

1. OueHuTe, CKOJMILKO TOHH 3€pHA MPUIETCS BIMJIATUTb Marapajpke.

2*, 3a Kakoe HauMeHbllee KOJHUECTBO B3BELLIMBAHHI HA YallleuHbIX Becax
MOKHO OTBECHUTb OJIMH KHJIOTPAMM CaXapHOTo MecKa, eCjid UMeeTCs JIMLb OJIHA
OJIHOTPaMMOBasi TUpbKa?

3*. UroObl B3BeCHUTb J1000€ UHCJIO TPAMMOB Ilecka oT | 110 7 rpammoB
3a 0JIHO B3BellIMBaHUE, I0CTATOYHO UMEThb rupu BecoM 1, 2,4, ..., 2™ rpaMmoB,
rae m = |logy 1], U MeHbLIEro YUC/1a THPb HEJOCTATOUHO, €CJIH T1ECOK JIEKUT
Ha OJIHOH yallKe BECOB, a TMPH pa3pellaeTcsl CTABUTb HA BTOPYIO YaLIKY.

4*%_ YKa)KuTe BLIUIPHIBAIOLLYIO CTpATErHio B Urpe « Hum».

5. Jlio6oe uesnoe uucso ot —(3" — 1)/2 no (3" — 1)/2 mMoxkeT GbITb 0HO-
3HAUHO MPEJCTABJEHO B BUJE

a,,_13”’1 + ...+a13+a0,

rae uugpsl @; =0 wau +1.

6*. IlonycTuMm, 4To NPH B3BELIMBAHWH paspellaeTcs KJIacTb IMPH M Ha yall-
Ky BecoB ¢ rpy3om. Torma nssi Toro, utoGbl B3BECHThb JI000H rpy3 oT |
10 (3" — 1)/2 rpaMMOB 3a OJIHO B3BEILIMBAHKE, JOCTATOUHO UMETh THPU BECOM
1,3,9, ..., 3" ! rpaMMOB, U MEHbIIEro KOJHUECTBA THPb HEJ0CTATOUHO.

7*. O6mbsicHuTe hokyc YKepronua.

8*. JlokaxkuTe, uTo BO BTOPOM BapHaHTe dokyca JKeproHHa (¢ 21 kaproii)
nocJie Tpex cliau 3ajlyMaHHast KapTa OKaXKeTCcst TOUHO B CepeliiHe KOJIO/Ibl, T. €.
Ha OJIMHHAJLATOM MeCTe OT JII0OOTO Kpas.

9. 3anuuure uncyo (1234567890)1p B ypaBHOBELIEHHOH JAECATHUHON CH-
CTeMe CUHCJIEHHS.

10. Jloxkaxute, uTo J060€ HEHYJIEBOE LIeJI0e UHCJIO UMEET €IMHCTBEHHOE
3HaKoIepeMeHHOe JIBOMUHOE MPe/CTaBIeHHEe

200 _ 9% 4 (—1)k2%,
rupe op < ... < .
11. IlpencraBbre B «HerajecsiTHuHOH» cUcTeMe (T.€e. B CUCTEME C OTpHU-
uaresbHbIM ocHOBaHWeM —10) uncsa

(1234567890),9, —(1234567890)¢.

12*. 3anuuiute B (hakTOPHAJILHONH CUCTEME CUMCJIEHHS] UUCJIO € — OCHO-
BaHHe HATypaJsbHbIX JIOrapH(MOB.
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13. JlokaxuTe, UTO OCTATOK OT Ji€J€HHsI POM3BOJILHOrO uKc/a Ha 9 pa-
BEH OCTaTKy OT JieJieHusi Ha 9 cymMmbl ero uudp B 3anucu 1o ocHobanuto 10.
Takoil xe MpU3HaK NeJUMOCTH CTIpaBeLIUB U 1JIs yucaa 3.

14. OGo3HauUM CyMMY JIeCATHUHBIX LU(P uncaa a uepes vip(a). Haiinure

vio(vio(vio(4444*444))).

llenoti wacmoio ukcaIa X Ha3bIBAETCS TAKOE LIEJIOE YHCIO 1 = | X |, KOTO-
poe YIOBJIeTBOpSieT HepaBeHcTBaM 1 < x <n+ 1. /Ipobuoli wacmoero uuc-
Ja x HasbiBaercs uucao {x}=x — |x]. Lenoe uucio m=[x]| takoe, uto
m — 1 < x < m, HasbIBaeTCsl sepxHell yeaol wacmoro. Hucno

x| = min(x — [x], [x] = %)

Ha3bIBaeTCsl paccmosanuem 0o bauscaiiuieco yeaoeo Ynucia, a caMmo 3To le-
Jioe uncsio obo3Havaercst ((x)) B cayuae, ecau X # 11+ 1/2, T.e. He siBAsieTCst
noayyeaoin. B nocnenHem ciayuae ¢dyHkuus ((x)) ecTeCTBEHHbIM 06pa3om
He oMnpejeieHa, HO €€ MOXKHO JOOMPENeJHTb, €CJIH YrOAHO, HAMpUMep, pa-
BeHcTBOM ((12 + 1/2)) = nn. Haspanue ajist nocJiefineil (pyHKIMKM He SIBJISIETCSI
OOLIENPUHSATBIM, BIIpOUeM, OOLIENPUHSATOTO Ha3BaHHsI U HeT.

st uenoit yactu B nocJsiesiHee Bpems (6aaronaps kauram 1. Knyra u pac-
MPOCTPAHEHHIO U3ATENLCKOH crcTeMbl TEX) BXOIUT B MOJy HA3BAHHE «I10JI»
1 0603HaueHHe |X |, a BEPXHIOIO LEJYI0 YacTh BCe Yallle HA3bIBAIOT «IIOTOJ-
KoM» 1 06o3HauatoT [x]. B crapoe Bpemsi 1iesiyto yacTb HasbiBaJM HHOT/A
(hpaHIy3CKUM TEPMHUHOM «aHTbE».

15. [okaxute, 4to (yHKUUHU {x}, ||X|| ME€PHOAUUHBI ¢ HAUMEHbILIUM epPU-
OJIOM e[MHMIA U ToCTpoiiTe X rpaduku. [IpoBepbre, uTO

[x]=—|—x], ((x))=1[2x]—|x] (npu x He mosyuesoM),

llx|l=]x = ((x))| (npu x ne nwyuenom)
Il =min (1= fh =5 = |61 = 5

16. Hokaxure, uro |x +1/2| = |2x| — [x], x|+ |y]+1>|x+y
z x|+ ly),  O<[2e) =2[x) <1, [2x) + [29] = [x] + [y] + v + 4],
LLx)/n) = x/n].

17. Nokaxure, uto [x — 1/2]=[2x] — [x], [x]|+[y]—-1<[x+y
<[el+lyl, 0<2fx]—[2¢] <1, [20]+ 2y < [x]+ [yl + [x + 41,
[T]/n] = [x/n].

18. Jlokaxute, uTo MpU X HE MOJYLENOM

= [+ 5] = [F5=]+ %57
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19. Bbipasutb KOJMUECTBO LIE/IbIX UHCEJ], HAXOISALIMXCSA HA MPOMEKYTKe

a) (a, b] (1.e. ynoBieTBOpsIOLMX HepaBeHCTBAM a < X < b);

6) (a, b) (r.e. ynoBJIETBOPSIOLIMX HEPaBEHCTBAM a < X < b),
yepes PYHKLIHUH «0JI» H «TOTOJOK>.

20. (Mak-2auc.) Ilyctb f(x) — HenpepblBHAsi CTPOro Bo3pacTarolias
Ha oTpeske [ dyukuus. Ecan x jexut B /, To [ x| 1 [x] ToXKe JieKaT B 3TOM
OTpe3Ke.

Torna paBeHcTBa

LD =] v [H(xD] = [1(0)]

PaBHOCHJILHBI JIPYT JIPYTY U BBIMOJHSAOTCS TOT/IA U TOJILKO TOT/IA, KOTIA (PyHK-
uusi obJiaaeT CJeyolM CBOUCTBOM: ecsii f(X) — Lesoe YHUCsao0, TO U X —
TOXKE LEJI0e UHUCIIO.

21. Jlokaxure, uto [\/n(n+ 1)(n+2)(n+3)] =n? + 3n.

22*. (B. Te6o.) [okaxure, uTo

Hl/n(n—kl) (rz+7)J:n2+7n+6,

B nasbHeiiiiem Gy1eM HCIOJb30BATh CJeyIOLIHe CTaHIAPTHBIE 0003HaYe-
Husi: N — MHOXKECTBO HATYpaJibHbIX UMCesl, Z — MHOXKECTBO 1Ie/bIX uhces, P —
MHO2KECTBO MPOCThHIX unces, QQ — MHOXKECTBO palMOHAJIbHBIX unces, R — MHO-
JKECTBO JIeHCTBUTENbHBIX unces, C — MHOXKeCTBO KOMIJIEKCHBIX ynces1 (0 Mo-
CJIeJIHUX NouJeT peub B §4.3).

§ 1.2. HarypanabHble uuciaa

Onpenenenue 1. Ecan a —uenoe uucso, b — HaTypajbHOE UYHCIIO,
TO HENOAHbIM YACIHbOIM § U OCMAMKOM I OT JIeJleHHs] YACia @ Ha Yncsio b
Ha3bIBAIOTCS TaKUe 1leJible YHCJIa, UTO

a=bg+r n 0<r<b.

Teopema 1. [aa 2106020 yeaoeo uucia a u HamMyparbHo2o yucia b
HenoAHoe uacmuoe U ocmamokx om OereHuss a Ha b cyuwecmsyiom
u onpedeseHovl 00HO3HAUHO.

HokaszatesbcTso. CyllecTBoBaHKHe HEMOJHOIO YaCTHOTO H OCTaTKa
OYeBHIHO (Ha caMOM jiejie He COBCEM OUEeBHAHO, HO Mbl B TaKHe TOHKOCTH
BJABaThCs 37€Ch He Oynem).

EMHCTBEHHOCTD JI0KA3bIBA€TCsl OT MPOTHBHOIO. JIOMycTHM, 4TO Cyllie-
CTBYIOT [Ba pasfioeHus: a =bq, +ry=bqgo+ro. Torma 0<|rj —ro| < b
1 B TO Xe BpeMsi || —ro| =b - |q; — go| = b. O
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Onpeanenenue 2. Ecau r =0, o nutem b | a v roBopum, uto b — deau-
meab @ (WM UTO a JieJnTes Ha b).

JIlo60e HaTypasibHOE UUCJIO 1 UMEET JIBa TAaK Ha3blBaeMbIX HecoOCmeeH-
Holx deaumeass 1 v n (uncio n=1 umeer oauH aejutesb). OcrajibHble
JICJIUTEJIM YHCJIa 1 HA3bIBAIOTCS COOCMBEeHHbIMU.

Onpenenenne 3. Eciu uncio, 6oJibliee eIUHULBI, HE HMEET COOCTBEH-
HbIX JIeJIUTENEeH, TO OHO HA3bIBAETCS NPOCHIbIM.

Yucso, umeroliee cCOOCTBEHHbIE JIEJIUTENH, HA3bIBAETCSl COCIMABHbIM.

Ennnunna — oco6oe uncsio. OHO He MPUUMCIISIETCS] HU K TEM, HU K JIPYTHM.

[IpuHUMNIOM HaWMEHbLIEro UMCJ/a HA3bIBAETCS CJeylollee YTBepKie-
HUe: A1000€e Henycmoe MHOINCeCMB0 HAMYPAAbHOLX HYUCEA COOepiHcUm
HaumeHbvulee Yucao.

ITOT NPUHLIMI SKBUBAJIEHTEH PA3/IMUHBbIM BapHaHTaM MPHHIMIA MaTeMa-
THUECKOH MHIYKUWU (JaJiee TIPOCTO UHAYKLMM), HAPUMEDP TaKoMy: ecjid A —
MHOXKECTBO HATYPaJIbHBIX UUCEJ, COJepIKalllee eMHULLY (3TO TPENOJoKEeHHE
COOTBETCTBYET TaK Ha3blBaeMoOl 6aze undyKkyuu), U BMECTE C KaX/IbIM UHC-
JIOM 1 cojepxkalliee cjeylollee 3a HUM Uucio 7+ 1 (3T0 NpeanoJsoxkeHue
COOTBETCTBYET TaK HA3bIBAEMOMY waey UHOYKYUlL), TO MHOXKecTBO A coOB-
najaer ¢ MHOXKECTBOM BCeX HaTypaJsibHbiX udces N. [IpuHumn HHaAyKIMY nasiee
Mbl TIPUHHMAEM 32 aKCHOMY.

YKkaxeM psili ero npuMeHeHHi.

Teopema 2. Jlioboe Hamypasvroe uucao, 6oavuiee eQUHULbL, PA3AA-
eaemces 8 npousgedenue NPOCMoLX Hucen.

HdokaszatenbcTtBo. O6o3Hauum uepe3 A MHOXKECTBO BCEX TaKHUX
HATypasibHbIX YHCEJ 7, UTO 4YMCJI0 71+ | pasjaraercsi Ha MPOCTble MHO-
x)utesd. OueBuaHo, uto 1 mpuHALIEKUT MHOXKecTBY A — 6asza unoyxkuyuu
npoBepeHa. JlokaxkeM, UTO MOXKHO cjesaTh wiae unodykyuu. [1ycTb MHO-
x)ecetBo {1, ..., n} comepxurcs B MHOoxkectBe A. [lpoBepum, uto 1+ 1
coznepxurcsi B A. Ecain n + 1 — npocroe unciio, To 370 oueBuaHO. Ecoun 11 + 1
He npocroe, T0 n+ |l =a-b, rne a, b —HarypanbHbie uucaa, 1 <a, b <n.
Tak kak uucsa @, b npuHamieKaT MHOXKeCTBY A, TO a=p;-po-...- Ps,
b=pst1-Ps+2- ... Pm, THE pi, i =1, ..., m,—npoctble uncaa. Torna unc-
gon+l=a-b=p;-py-... - pm TOXKE NpUHALIEKUT MHOXKecTBY A. Illar
UHIYKIMK ciesad. CoryacHo npuHuuny uuaykumu, A =N u, caenoBatesbHo,
TeopeMa Jl0KasaHa. O

Teopema 3 (EBkaun *). [Ipocmoix uucenr 6eckoneuHo MHOEO.

* Epkiun Anexcanupuiickuii (EVxAeldng, ok. 325—265 10 H.3.) — aHTHUHbII MaTeMaTHK,
aBTOp 3HaMeHHTOro Tpakrara «Hauasia», GbiBlIero BceoOUMM YueGHHKOM MaTeMaTHKH Ha Mpo-
TS2KEHHM MHOTHX cToJsieTHil. Teopema 3 cootBerctByet npemoxkennio 20 us IX kuurn «Hauan».
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JoxkasateabcTso. [IpeanonoxuM npoTHBHOE, a HMEHHO, UTO
NPOCThIX YHCEJ — KOHEUHOe KOJIMYECTBO, U Py, P9 ..., Pn — BCE TAKHe UMCJIa.
Torna uucyo py - pg-...- py, + | He NEJUTCS HU HA OJHO U3 THUX UHCEJ, U TIO-
3TOMY COIJIACHO TeopeMe 3 MUMeeT MPOCTOH Je/UTeNb, OTJIMUHBIA OT JIto60ro
u3 uncena p;, i =1, ..., n. [lporuBopeune. O

Teopema 4 (Taycc *). Jlwwboe wnamyparvioe 4ducaio n>1 mMoiHO
edurcmesennoln cnocobom npedcmasumo 6 gude n=pi' - ps*-...- p*t,
ede a; — HAMypaivHoLe YUCAd, A Py, P2, ---, Pn — HEKOMOPAS MOHOMOH~-
HO 803PACMAOWASL NOCALO0BAMEALHOCHLL NPOCIILY HILCEA.

JlokaszaTteusubcTso. CyllecTBOBaHHEe YKa3aHHOTO B (POPMYJHPOBKE
TEOpeMbl Pa3JI0KeHHs]

n=pitopyteppts pr<p2<..<pm

(HasbIBaeMOro jlajiee KQHOHUUYECKUM PA3AOJNCCHUEM HA NPOCMble YUCAQ),
caenyer U3 Teopembl 2. ENMHCTBEHHOCTb JOKaKeM HHAyKLMed ro n. ba-
3a (n=2) oueBunHa. VIHAYKUMOHHBIH TepexoJ OOGOCHOBBIBAETCS METO-
JIoM oT npotuBHoro. [lycth umcna 2, ..., n— | ojJHO3HAUHO pasJjararorcs
Ha [MpOCTble, a UMCAO 71— HeT. MOXKHO CUMTaTh, UTO YHCJIO 7 UMeeT
JBa  PA3/MUHBIX KAHOHHUECKMX pasfiokKeHus n=pi'-....pxm=p;-P
u rz:qlﬁl . ...'qfk =q; - Q, u, HanpuMmep, p| < ;. SlcHo, uTo @ > 1, uHaue
uucsio gy = py' - ...- pgr He ObLIO Obl IPOCTBIM, WK G| ObLIO Gbl PABHO Pj,
a B 9TOM cJiydae 06a pasJsioxKeHusl Obl COBMAJIH, UEro He MOXKET ObITb.

PaccmoTpum Bce ocTasibHble BO3MOXKHbIE caydau. Ecan py = gy, To unc-
70 P paBHO @, MeHblUe 7 1 MMeET JiBa PA3/IMUHBIX Pas/iokeHus pi'~
ce Pomn qlﬁ‘fl e q,fk , UTO BeJIeT K MPOTHBOPEUHIO.

Ecan ke p; < g, To npeacraBum uucao n— p;Q B Buge (g — p1)Q
¥ 3aMETHM, UTO OHO GOJIbLIE HyJIsl, MEHbLLE 77 U JEJUTCS HA 1, TaK Kak npej-
craBuMo B BUae pi(P — Q). Ho 370 umcsio nmeer nBa passiokeHus: rnepBoe
13 HUX MOJIy4aeTCst YMHOYKEHHEM Ha p| pas/oxkeHus uncaa P — @, a BTopoe —
YMHOXKEHHEM Ha () PA3J/IOXKEHUS YUCa p| — §). DTH PA3JIOKEHHS pa3Jiuu-
Hbl, TaK KaK BTOPOE pasJioXKeHHe He COLEPKHUT UMCJI0 pi, Belb pi — g < pi,
aqgg>...>q; > p;. [losyueHHoe npoTHBOpeuHe U 10Ka3biBaeT Teopemy. [J

Onpenenenue 4. Haubonrvuium obujum deaumenem Uebix uucesa a u b
HasbiBaercst HauboJbliee uncao HOJ(a, b), koTopoe nemvt a u b.

JIBa uncsia Ha3bIBAOTCS B3AUMMO NPOCHIbIMIU, €CJTH KX HAUOOJbILHH 06-
LM JIeJIUTeNIb PABEH €JIUHUILIE.

* K.Tayce (Carl Friedrich Gauss, 1777—1855) — Be/inkuil HeMelLlKUil MaTeMaTHK, PO3BaH-
HBIi ellle NPH 2KU3HH «KOPOJIEM MaTeMaTHKOB>.
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Ynpaxuenue 1. Ilposepsre, utro HO(a, b) = HOd(a — bg, b) nna aio-
ObIX LesbiX @, b, q.

Onpepnenenue 5. Haumerowium obuum Kpamroim 1eJbIX uucesa a u b
HasblBaeTcsl HauMeHbliee uuco HOK(a, b), kotopoe nequtcst Ha 06a 9THX
uucJa.

Jass HOJI u HOK npumensiiotest Takxke KpaTkue o6o3HaueHusi a, b
¥ [a, b].

Teopema 5. Hauboavwuii obuuti deaumenv HOI(a, b) soipascaemcesa
yepes a u b nocpedcmsom gopmysor HO(a, b) =an + bm, ede n, m —
yeavle HUCAQ.

JlokasaTedabcTBo. Pasgenum ¢ ocraTkom a Ha b:
a=bqg;+r

u 3amerum, uto HO/l(a, b) = HOJL(b, r|) v uncna a, b, r| npejcTaBiMbl B BU-
ne an + bm, tne n, m — uesble yncaa. J1edcTBUTEIBHO,

a=1-a+0-b, b=0-a+1-b,
rn=a—qb=na+mb, n =1, m=-—q.
AHaJjiornuHo pasnesium b Ha ry:
b=riqy+ry, HOI(b, r1)=HOM(ry, ra)
U TIPEJCTaBUM Iy Kak
b—rige=0b—qo(nja+ mb)=—qonia+ (—qgam; + 1)b = nea + mob,
ng=—qony, Mmy=—qgom;+ 1.
Hanee pazaenum ry Ha ro:
ry=reqs+rs, HOI(ry, ro) =HOM(re, r3)
¥ MPEACTABUM I3 KaK
ry —reqs=nja+ mb — qs(nea + mob) = nsa + msb,
n3y=n, —qsfy, MmM3=mg —{gs3msy

v T. 4. OCTaTKu r; NpPU TOM YMEHbLIAIOTCS, 3HAUMT, TPOLEAYPa OKOHUMTCS
3a KOHEYHOE YHCJIO L1aros:

Fe—1 = kGryt + Tty Thpl [ The TR = ey 1Grte.
3amerum, uto rpy1 = HOHd(a, b), Tak kak HO(rp, rps1) =rpey,

d =HOH(a, b) =rpy1 =npr1a + mpy1b =na + mb. O
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O61iee unceao apudMeTHIeCKUX orepaluil, 3aTpaueHHbIX Ha BblUHCJEHHE
HO/l(a, b), paBHo k+ 2, u elile 4k + 3 onepauun Hy>KHbI J1JIsi HAXOXKJIEHUS
K03(PPULHEHTOB 1, M, Ha3blBaeMbIX HHOTAA KOappuyuenmanu besy *.

MertoJ, ¢ MOMOLLbIO KOTOPOTO TOJILKO UTO Obll HakeH HauOOJbLINKA 06-
UIMH JeJIUTe b, Ha3blBaeTcsl ajJroputMoM EBK/NA, TOUHee, pacuiupeHrHolm
areopummom Eskauda, Tak Kak 0OblUHbIA ajaroputM EBK/Maa He BblUMC-
JsieT KosdduimentoB bedy. DTo enBa Ji He caMblii M3BECTHBIH aJrOPUTM
B MareMaTuke (Jle/lyllika BCexX aJroputMoB, no cjoam Jlonanbaa Khyra).

B kauecTBe NpH/IOXKEHUSI JIOKA3aHHOH TeOPeMbl MOJYYHM CJIEYIOLLYIO
JIeMMmy.

Jlemma 1. (i) Ecau yeavie uucaa a u b 83aummno npocmel u a deaum
npoussederue b Ha yeaoe uucao c, mo a deaum c.

(i) Ecau npoussedewue aj ... a, Oeaumcs Ha APOCHIOE HYUCAO P,
mo xoms Ovl 00UH U3 e20 COMHOMNCUmMenetl a; 0eAumcsa Ha p.

HokasaTeJsabcTBso. Jlokaxem nepsoe yrBepxiaeHue. M3 npenbiay-
11lefl TeopeMbl CJellyeT, uTo

an+bm=1.
YMHOKUB 06€ YacTH 3TOr0 paBEHCTBA Ha ¢, MOJYyYUM PABEHCTBO
acn+ bme =c.

OueBujiHo, uto a | acn, a | be, 3Hauur, a |bem v a|acn + bme =c.

Bropoe yTBep:K/ieHHe BbIBeLEM U3 1epBoro. MozKHO MPENoN0KHUTb, YTO d;
He JeJMTCSl Ha p TpH BCexX [ < m (MHaue Heuero JoKasbiBath). Tak Kak p —
NpOCTOE, TO 3TO O3HAUAET B3AUMHYIO IPOCTOTY p C JIIOObIM UUCJIOM @}, | < M.
[Tpumensisi m — | pa3 nepBoe yTBepK/EHHE JIEMMbI, MOJyUaeM, UTO d,, Je-
JIUTCS Ha p. |

Sameuanue l. Iy iemMMmy JIETKO TaK¥Ke I0KA3aTh C TTOMOILBIO TOJIHKO
UTO JIOKA3aHHOH TeopeMbl [aycca 06 0HO3HAYHOCTH PA3JIoKeHHsI Ha MPOCThIe
MHOKHUTEJIH (Ha3blBaeMOH MHOTIA OCHOBHOM TeopeMoii apudmeTHkH). O1HaKO
HE MPUHATO BBIBOJUTD JIETKHE TEOPEMbI U3 TPYJHBIX, M Mbl, OMPAsCh HA yNO-
MSIHYTYIO JIEMMY, TIOJYYHM JPYroe JIOKa3aTeNbCcTBO TeopeMbl [aycca (GbiTh
MOXKeT, GoJjiee MPOCTOE, UeM MPHUBENEHHOE pAaHbIlE) TAKXKe METOJIOM MaTe-
MaTHUECKOH MHJKIIHH.

[TpeanosioxKum, uTo Mbl J0KA3aJH TEOPEMY JUIsl BCEX YMCEJI, MEHbIIUX 1.
[lyctb n=q{" - q5* - ... - q;"" — KaHOHMUECKOE Pa3/IoKeHHe Ha MPOCThle MHO-
xuTesn. JIoKaykeM, uTo 9TO pasJioKeHHe eIHHCTBEHHO.

* 9. besy (Etienne Bezout, 1730—1783) — dpaniysckuii MatemaTHK, uien [Tapuxckoit aka-
JIeMHH HayK.
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[penrnosioxkuM MpOTHBHOE, @ UMEHHO, YTO CYLIECTBYET MHOE KaHOHHYE-
CKOe pasJioyKeHHWe 1 Ha MPOCTble MHOYKUTEJM: 1 = plﬁ‘ . p§2 Caes pS’B‘*‘. Moxk-
HO MPENroJoXKUTh (Kak ToBOpsT, 6e3 orpaHuueHHs OOLIHOCTH) TaKXkKe, 4TO
p1 = q1. Tak KaK | IeJuT 71, TO COTJIACHO JieMMe | YHCJIO ¢ JeJIUT HEKOTOpoe
UUCJIO p;, @ 3HAUMT, ¢ = p; (B CUJIy IPOCTOTHI 3THX unces). BBy MOHOTOH-
HOW YMOPSIIOUEHHOCTH TOCJIEA0BATEIbHOCTH p; U HEPABEHCTBA P| = | 3TO
BO3MOXKHO JIULIb TP py = g1. OTCl0aa Clieflyer, uTo

gt g qt = n/q =n/pr=p]"" - pg e pl

¥ TI03TOMY COMJIACHO MPENOJIOMKEHHIO HHAYKIHH 3TH Pas/ioxKeHHsl COBMAAatoT.
o 7 Bi Bs

3HauMT, COBNANAIOT W HCXOJHble pasjioxkenus gy -...-q;" w p'-...- ps",
YTO BEJET K MPOTHBOPEUHIO.

ClenaeM ellle HECKOJIbKO 3aMeuaHuil K ajroputmy EBkiuna.

Sameuanue 2. [locsnenoBatesbHOCTb KO3(D(UIMEHTOB my, ..., My
MOXKHO He BBIUMCJITb, CIKOHOMMB TakUM 00pasoMm 2k — 2 onepaupuu, Tak
KaK HYXHbIEI HaM KO3(DUUMEHT #1 = 1Mk, | MOXKHO HAWTH W3 paBEHCTBA
na + mb =HO](a, b) ¢ NOMOIIbLIO BCEro JIHLIb TPEX JOMOJHUTEJNbHBIX Ofe-
pauui.

Sameuanune 3. Tak Kak nymo — nom; =qoq; + 1 — gog, =1,
Nip1 =Ni—1 —qGiv1Ny, Mg =M1 — iy 1M;,
BBLIBOJIUM 10 MHJYKLIMH, UTO

MMy — Mg My = (M — Gip1 M) — (i — Giy11)m; =
=m;_1n; —n_\m; = (—l)iH,
otkyza caenyert, uto Bcerna HOJ(n;, m;) = 1.
[To MHIYKLKK TaKxKe JErKO MPOBEPHTh, UTO MOCJAEI0BATENbHOCTH 1; W M;
00e 3HaKoIepeMeHHble W CTPOr0 BO3pacTaiollile 1Mo aGCOJOTHOH BeJHUMHE.
Sameuanue 4. Ecau BHIMOJHHTL €llle OJMH LIAT aJropuT™Ma I =
= ks 1Gkr2, TO TIOJYUUM

fk+2:O:Na+Mb, NZflk—qurQﬂ, M:mk—qurgm,

u tak kKak HOJII(N, M) =1, HO(a/d, b/d) = 1, 3nauur, uncio Na = —Mb
JleuTest W Ha a, W Ha b, a Ttak kak Na/d =—-Mb/d, To N kpatho b/d
u b/d xparno N, otkyma N =+b/d, w auwamornuno M =+a/d, 3na-
unt, Na = —Mb =+ab/d =+ HOK(a, b). Takum 06pa3om, paciidpeHHbIH
anroput™ EBKJIMIA BBIUKC/ISIET TaKxKe W HauMeHbliee o0liee KpaTHoe, a Ko-
ahuimentsl besy ynoBjaeTBopsiioT HepaBeHCTBAM

In| <b/ HOM(a, b), |m|<a/ HOJl(a, b).
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3anauu v ynpakHenus kK § 1.2

1. Jlaiite noapo6Hoe 060CHOBaHUE PACCYKIEHUH U3 3aMeuaHuil B KOHLE
JIOKa3aTesIbCTBA TeOpeMbI D.

Wnorna koaghdpuyuenmanu besy HasbiBaloT Jobble Lieble 11, 1, JJs
KoTopbIX (a, b) =na + mb.

2%, Jlokaxure cylllecTBOBaHHe KO3 duumenToB bedy 6e3 ucnosb3oBanus
agroput™a EBkanpa.

3. Koadduumentsl bBesy onpesenenbl HeoqHO3HAUHO. YKaXKUTe CHOCOO,
KaK 10 H3BeCTHOH nape kostduurentoB besdy Haliaute Bce ocTasnbHble TaKHe
napbi.

3anaua noucka koshuieHToB bedy — 3To He UTO HHOE, KaK 3aj1aua o pe-
LIEHUH JIMHEHHOTO YPABHEHHUS C JIByMsl HEM3BECTHBIMU B LIEJIbIX UMCJIAX.

4%, Jlokaxkure, uTo Cyl1eCTBYIOT KoaduimenTsl Beay, yioBiersopsitoliye
UM HepaBeHCTBY |n|<b/2-(a,b), nin HepaseHcTBy |m|<a/2-(a,b).

5. BoiBenuTe U3 TeopeMbl 5 cieylole YTBEPKIECHHUS:

[e7] « . .
a) ecoim |ai|=p, " - pn", ;;=20,i=1,...,n, j=1,...,m, 10
(al,...,a,l):plﬁl... ;?l”’, lat, ..., an)=p]" ...pr,

rae ﬂ] = miin{al-j}, Vi = miax{a,-j};

0) [a, b] - (a, by=a-b;

B) ecan ¢ |ab u (¢, a)=1, 10 ¢ | b;

r) ecau (a, b) = 1, To ypaBHeHHe ax + by = | paspelinMo B LeJbIX UHCaX;

) YpaBHEHHUE QX + ...+ QpX, =b pa3pemiiMo B LEeJbIX YHCJax Torzaa
¥ TOJILKO TOTJa, Koraa (ay, ..., a,) JeJuT b; b

e) ecau k — obuwil renvresb a u b, to (a, b) = k(%, E)'

6. JlokakuTe, UTO OCTATOK OT JieJIeHUs! IPOU3BOJILHOTO uncsia Ha 99 paBeH
ocTaTKy ot JesieHusi Ha 99 cymmbl ero uudp B 3anucu no ocHoBanuio 100.
Tako#i »ke NpU3HaK 1eJAUMOCTH CIpaBeVIMB U WISl yncaa 33.

Hanpumep, ocratox ot menenus uucaa 1111111 na 33 paBen ocratky
or pesenusi upcaa 1 + 11+ 11+ 11 =34 na 33, 1.e. 1.

7. Jlokaxkurte, UTO OCTATOK OT JleJieHHsl TPOU3BOJILHOTO UKcJia Ha 37 paBeH
OCTaTKy OT JiesieHusi Ha 37 cymMbl ero uudp B 3anucu no ocHosanuio 1000.

Hanpumep, ocratox ot nenenust umcga 1111111 na 37 paBen ocratky
oT jejienust ubcaa 1 + 1114+ 111 =223 na 37, 1.e. 1.

8. Kakum nnem nenenu 6yner 1 suBapsi 2101 roga?

9. JlokaxkuTe, UTO OCTATOK OT JieJieHHsl POU3BOJILHOTO uhcsa Ha 11 paBeH
OCTaTKy OT JeJieHusl Ha 11 3HaKonepeMeHHOH CyMMbl €ro Lup B ACATHUHOM
3aMK1CH, B KOTOPOH UMCJIO eIMHUL, 6epeTcsi CO 3HAKOM IJIIOC.

2 TauikoB
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Hanpumep, ocratok ot nenenuss uuciaa [111111 na 11 paBen ocraTky
oT geneHust uucna 1 —14+1—14+1—14+1=1mnall, T.e. onsars 1.

10. [TokaxkuTe, UTO OCTATOK OT JieJIeHHs TPOU3BoJIbHOTO uncsa Ha 101 pa-
BeH ocTaTKy oT jiesieHus Ha 101 3HaKonepeMeHHO!H cyMMbl ero LUGp B 3aMicu
no ocHoBanuio 100. Jlokakute aHaJOrMUHbIN NPU3HAK JeJauMocTH Ha 7 1 13.

[1puBeneHHble Bbillle MPU3HAKH JIEJIMMOCTH SIBJSIOTCS HaubGoJiee 4acTo
NpUMeHsIEMbIMU YACTHBIMU CJyuasiMu npusuaxka deaumocmu [lackais.

11. Haiigure octaTku oT JeJieHusl yucda, 3alucbiBaeMoro 43 equHULIAMH,
Ha 3, 7, 11, 13, 37.

12. Haraure octaTku OT fesieHus yucha, 3anuckisaemoro 1 111 111 equ-
Huuamu, Ha 3, 7,9, 11, 13, 37.

13. Haiigure octatok oT gesenusi uncyaa 444444 ya 99,

O603Hauum uepe3 a mod m 0CTATOK OT JieJIeHUsI a Ha 1.

14. Tokaxute, uto @ mod m =a —m|a/m|.

15. (KoppekTHOCTb oOmpeneseHnst MOAYJsPHBIX ornepauuil.) Jlokaxkure,
4TO JIs MOOBIX LeNbIX @, b

((@ mod n) 4+ (b mod n)) mod n = (a + b) mod n,
(a mod n)(b mod n) mod n=ab mod n.

16. (CoueraTesibHbINA 3aKOH IS MOJIYJISIPHBIX ornepauuid.) Jokaxure, uTo
JUIST JTIOOBIX LEJBIX @, b, ¢

((@a + b) mod n+ ¢ mod n) mod n=(a+ b + c¢) mod n,
(ab mod n)(c mod n) mod n = abc mod n.

17. (MopaynsipHoe BblunTanue.) JlokaxkuTe, 4To j/s1 JIOOBIX LebIX a, b

((a mod n) — (b mod n)) mod n = (a — b) mod n,
((a — b) mod n + (b mod n)) mod n =a mod n.

18. (Popmyna laycca anis nacxanuu.) Jlis Bblumcenust jgatbl [lacxu
B NV -M roly HaJo c/iesiaTh CJIeylollie BbIUMCIEHHSI:

a=Nmod19, b=Nmod4, c¢=Nmod7, m=15 n==o,
d =(19a + m) mod 30, e=(2b+4c+6d +n) mod 7.

Haiinem uunciio 22 4+ d + e. Hatoii [Tacxu 6yner (22 + d + e)-e mapra, eciiu
3T0 unco MeHblie 31, unaue [lacxa Gyner (d + e — 9)-ro anpeJsi.

Korna 6yner [Tacxa B cienyiolem yueGHOM To/1y?

19. Ilokaxute, uto p, < 22" e Pn — N-€ M0 BeJIMUKMHE TIPOCTOE YHCJIO.

20%. JlokaxkuTe, UTO MPOCTbIX uuces Bujaa a) 4k —1; 6) 6k — | Gecko-
HEUHO MHOTO.

21*. JlokaxuTe, 4To Jyist Ji06OTO 7 HANAYTCsl 1 TOJAPSIJL MIYLIMX YUCe,
CPe/IM KOTOPbIX a) HET NPOCThIX; 6) POBHO OIHO MPOCTOE.
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22. Yucso Buna 4k + 1 HazoBeM ncesdonpocmolm, eciii OHO He pasJja-
raetcsl B MpoM3BeJeHHEe UHCEs TaKOro Ke BMJIaA, OTJWHUHbIX OT 1. JlokaxuTe,
yTo Jito6oe urcso Buaa 4k + 1 passaraercst B pOU3Be/ieHHE MCEBAONPOCTHIX.

[1poBeputhb, uto uncsio 693 vMeer JBa pa3/HUHbIX PA3JIOXKEHHS HA TCEB-
JIOTIPOCTHIE.

23. Ilyctb a, n — HaTypasibHble uncaa. Jlokaxure, uto ecau a” — 1 npo-
cToe, To @ = 2 u n npoctoe. [IpoBepuTh, uto 27 — 1 He Bcerna OyneT MPOCThIM,
ecsiu p —npoctoe. [1pocTble Buaa 2”7 — 1 Ha3bIBalOTCS 1pOCHbIMU HUCAAMU
Mepcenna *.

24. Jloxaxure, uto ecsu 2" 4+ 1 npoctoe, To 1 — CTeneHb JBOUKH.

25. Uucna [, = 2% + | naseiBatores uuciamu depma **. Iepsbie ueThl-
pe M3 HUX — MpoCThie, HO yxKe 2%2 + 1 — net. JlokakuTe 3T0, MOJIb3YsACH TeM,
uro 641 =5* 424 =5.27 + | nenur uncna 5 - 22 4 24.9228 y 54.9228 _ |

26%. Jlokaxute, uto ([, [») =1 npu n # m. BeiBeaure oTciona, 4To npo-
CTbIX UHCesl OECKOHEUHO MHOTO.

27*. Jloka)kurte, 4TO B MocJiefoBarejabHocT 2" — 3

a) 6eCKOHEUHO MHOIO 4YMCeJl, JeJsIKXCs Ha B,

6) 6GeCKOHEUHO MHOTO uuceli, Aefsiiuxcst Ha 13;

B) HET uuceJ, jejsiiuxes Ha b+ 13;

r) 6€CKOHEUHO MHOTO MOMNapHO B3aMMHO MPOCTBIX YHCEJ.

28. Jlokaxkute, uTo He BCe HATypaJbHble UMCJ/ia MPEACTABUMbI B BUIE CYM-
Mbl @) Tpex KBaapaToB; 0) Tpex KyOOB LeJIbIX UMCel.

YkaszaHnue VHcnonb3oBaTh NPU3HAKK A€JIUMOCTH HA 8 W Ha 9.

29. (dparocen **#*.) JlokaKure, uTo AJsi COCTABHOTO # HAaMMEHbIIHH
NPOCTOH JIEJUTENb HE TTPEBOCXOJUT /1.

§ 1.3. Aaroputm EBkauaa v uenHoie 1po6u

CBo¥# 3HAMEHUTBIN aJIropuT™ **** EBKJIMI MpuyMaJl Jist pellieHust 3a1auu
0 cousmepumocmi IByX OTPE3KOB.

* M. Mepcenn (Marin Mersenne, 1588—1648) — monax u3 opjieHa MHHOPHTOB, KOTOPOMY
nUcaJsu micbma o cBoux oTkpbiTusax Pepma, lekapr u [Tackanb. B ycoBHsAX oTCyTCTBHSA HayUHBIX
JKypHAJIOB Uepe3 Hero OHM y3HaBaJslk O JOCTHKEHHSIX CBOUX KOJLJIET.

** 1. @epma (Pierre de Fermat, 1601—1665) — Besnkuii hpaHiy3ckuit MaTeMaTK. Bbia co-

BETHMKOM MNapJsiameHTa B TyJy3e.

**% Dparochen Kupenckuit (Epatoocfevng, 276—194 10 H.3.) — BblAaOLIMIICS JpeBHerpeye-
CKMIl MaTeMaTukK U reorpad.
###% CaM OH CBOH METOJ aJrOPUTMOM, KOHEUHO, He Ha3blBaj, TEPMHH 3TOT CTaJ TOMyJsipeH
103/IHee U MPOUCXOJUT OT HcKaxKeHHst uMeHH AJsib Xopeamu (AGy AGnanna Myxammern 6en Myca
anb Majukyen, 787—850), kuBliero B Xope3Me BbIJAIOLIErOCs MaTeMaTHKa, Ha3BaHHE OJIHON
13 KHUT Kotoporo (Kutab myxracap anb-ke6p Ba-j-Mykabasa) 1ano uMs aareope.
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Obujeil mepoti 0TPe3KoOB C AJAHHAMHU [| U [o HA3bIBaeTCs TAaKOH OTPe30K
JUIMHBI [, KOTOPbIH MOXKHO YJIOXKHTb 6€3 0CTaTKa Kak B MepBOM oTpe3Ke (oue-
BUJIHO, POBHO /1 /[ pa3), Tak U BO BTOPOM (COOTBETCTBEHHO o/l pas).

B reomerpuueckux TepMHHAX aJrOPUTM MOXKHO ONHUCATb CJEyIOLLMM 00-
pasoM. MeHblMil 0Tpe30K [o yKJaabiBaeTcs B 00JblieM [ MaKCHMaJsbHO
BO3MOXKHOE UHCJIO, CKaXKeM @), Pa3, MocJje Uero OCTAeTCsl OTPE30K JJIMHbI
[y — ayly, KoTopyto o6o3HauuMm [3 (Ha ajreGpauuyeckoM si3bIKe 3TO Ha3blBa-
etcst deaenuem ¢ ocmamrkom). OTpe3ok [3 yKJIaJbIBAETCs, CKaXKeM, do pa3
B oTpe3ke [y U moJiyyaercst B octaTke oTpe3ok /4. [ToTom oTpe3ok [y yk/abi-
BaeTCsl @3 pas B OTpe3Ke /3 U MosydaeTcst B OCTaTKe OTPe3oK /5 U T. L.

Kcrary, cam EBKJIM MHAYKIUIO HE TIPOBOJIMI, a MOBTOPHUJI LLIAT aJrOPUTMA
TPH pasa, U Mbl TOXKe MOCJ/elyeM eMy B 3ToM. PafoTy airoputM 3akaHuWBaeT
Ha TOM llare, CKaxKeM C HOMEPOM &, KO/l MOJyUeHHbIH Ha MpeblLylieM Lare
OTPe30K lpy1 YKJIaubiBaeTcsi Ha oTpeske [, poBHO ap =1/l pas. Torna
B KauecTBe 00LIeld Mepbl [ OTpe3KoB [ U [y GepeTcsi 0TPe3oK lpy .

B coBpeMeHHOI TePMUHOJIOTHY JITTHHY OTpe3Ka /i1 | — 00lllell Mepbl OTpe3-
KOB /| W [y — HaszbIBalOT Haubosbuium obwum deaumenem [ v ly n 0603Ha-
uaiot (I, [9).

Pa6ory anreopumma Esxauda MOXKHO NPECTaBUTb TaKxKe CJELYIOLLIUM
o6pa3oM: B MPsIMOYTOJIbHUK pa3mepamu [ X lo yK/iajblBaeM a; KBaJapaToB
pasmepa lo X o, B OCTaBLIWIACS NPSIMOYrOJIbHUK pa3Mepamu [y X [3 yKJajibi-
BaeM Q9 KBAJpaToB pa3Mepa [z X [3 ¥ Tak jajee, MokKa HEe MOKPOEM MPSAMO-
YroJibHUK pa3mepa [| X lo KBajipaTaMu R pa3HbiX pa3MepoB B 06LIeM KoJiue-
CTBe a| + ...+ ap WTYK.

3ameTuM, UTO €cJ/ii B 1polecce MpUMeHeHus ajaroputma EBkauaa K umc-
qam [} v [y B pe3yJibTaTe MoC/e10BaTEIbHbIX eJIeHHH C 0CTAaTKOM MoJydaeTcst
MOC/IEIOBATENLHOCTD YACTHBIX Ay, ..., A, TO Ap0OL [1/ly paBHA Tak Ha3bBa-
eMOH yenroi (MHOTIa TOBOPAT — HenpepoieHotli) dpobu

1

ap +
1612Jr

+ I
ap_| +£

Ynpaxuenue 2. JlokaxuTe 3T0, MPOBEPSis OCJAEN0BATEBHO, UTO

lit 1 -
:a+ y l:k—l,...,l.
li ! Cl[+1+ )
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[TosTomy $iCHO, UTO MPOU3BOJILHYIO (KaK MPaBUJbHYIO, TaK U HEMPaBHJIb-
HYI0) MOJIOXKUTEJbHYIO IPOOb MOXKHO MPEACTaBUTb B BHAE LEMHOH ApPOoOH
C HaTypaJibHbIMHU 3JIeMEHTaMH a;, 8 UMEHHO

a; + ,
1a2+

+ 1
ap_| +£

rae Bo3aMoxkHo a = 0.

@ 3anuck uucsa B BUIE LeNHOH ApoOH HEOJHO3HAUHA, TaK KaK

1 1
T
a,— 1+ —
1
Uro0bl cesiaTh ee 0JIHO3HAUHOM, Jlajiee UCIMOJb3YeM TOJIBKO 3aMUCh, B KOTO-
poil MocJ/IeIHUI 3J1eMeHT ay, # 1.
Bynem ncnosb3oBaTh TakKe COKPAUEHHYIO 3ANUCH YenHOU Opodu:

C oObsiBaeHHEM 0JIHO3HAYHOCTH 3allMCH YMCJa B BHUJIE LENHOH ZLpOél/l MbI
IIOTOPOMNUJINUCH, TaK KakK MO2>KHO pacCMaTpuBaTb LEIMHbIE [LpOéI/I C HeleJIbl-
MU 3jeMeHTamu. Ho JUIA }1p066f/'] C HaTypaJibHbIMH 3JIEMEHTAMHU 3TO BEPHO:
ﬂeﬁCTBHTeﬂbHO, U3 paBeHCTBa

l—l—a +
127 : Ll2+

+ 1
ak,1+a

CJIEJly€T, UTO @] PaBHO LEeNOH uacTh apobu 1 /ly, Tak Kak Apo6b

as +
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OYEBHJIHO MeHbllle 1, U 03TOMY orpejesieTcsi ojiHo3HauHo. OTcloja cieyer,

uTo U ApoOb
1

a
2+a3+
+ I
ak—l"‘a

onpesiesIsieTcsl 0AHO3HAUHO; aHAJIOTHUHBIM 06Pa30M M0JIyuaeM, UTo JEMEHT do

ONpeJIe/IsieTCsl 0JIHO3HAUHO, U T. /L.

@ Asroputm EBksnzia 3akaHunBaer paGoTy He BCeraa, a JiMilb Korja
OTpesku /| W [y cou3MepuMbl, T.e. Korja oTHouienue [/l — patmo-

HaJIbHOE UMCJIO, M TOJILKO B TOM CJlyuyae COOTBETCTBYlOLAsi LierHasi ApoOb

OyleT KOHEUHOH.

Onpepnenenue 6. Eciu oTpe3kH HECOU3MEPHUMbI, TO UMCJO, PABHOE OT-
HOLUEHHIO UX JUIMH, HA3bIBAETCS UPPAYUOHANbHBIM YIULCAOM.

B 3tom cayuae anropurm EBkiunaa 6yner paGoTaTh GECKOHEUHO, W TOT/A
BO3HUKHET OecKoHeuHas yenuas opobs.

Ynpaxuenue 3. a) [Ipumenure anroput™ EBkiMaa 115t NPOBEPKH COU3-
MEPUMOCTH OCHOBAHHSI U GOKOBOH CTOPOHBI paBHOOEIPEHHOTO TPeYyroJbHUKA
C yrJioM 72° npu OCHOBAHHU W [POBEPHLTE, UTO aJrOpUTM GyJieT paGoTtaTh Gec-
KOHEUYHO W MOPOJIUT GECKOHEUHYI0 LUENHY0 Apobb

1+ :
1+
|
T
6) Haiinure reomerpuueckd, ueMy paBHO OTHOlLEHHe GOKOBOH CTOPOHbI

K OCHOBaHHWIO B 3TOM TpPEYroJibHUKE, U JOKaKUTE €ro HppaurdoHaJibHOCTD,
HE MoJIb3YysiICb aJITOPUTMOM EBKJII/I,I[a.

Jasiee viHorA yn0OHEe 3J1EMEHTHI LIEMHOKH JpOOH HyMepoBaTh, HAuUHAasi
¢ ag. Llennyio npo6n

ap +

ap +
+ 1
L o
MOKHO pPacCMaTpUBATb C MPOU3BOJILHBIMH, 8 HE TOJILKO HATypasbHbIMU 3Jie-
MeHTaMH. EcJ/ii BbIMOJHUTb BCe JEHCTBUS, YKa3aHHble B HEH, TO ee MOXKHO
npeo6pasoBaTh B 0ObIKHOBEHHYIO JApPOOb.
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Onpenenenue 7. BoipaxkeHue yucaumens i 3Hameramens npeodpa-

30BaHHOW Ipo6H uepes ay, ay, ..., A, 0603HAUUM [ag, ..., .| ¥ [ay, ..., a,].
Bripaxenue [ao, ..., a,] npeacrasisier U3 ce0si MHOrOWIEH C NepeMeH-
HBIMH @, ..., y.

Ynpaxnenue 4. HenocpencTseHHo npoBepbTe, UTO
lao, ..., ax] = aolay, ..., a,] + |ag, ..., a,].
MoxKHO cuHTaTh, UTO 3TO PABEHCTBO CHPABELINBO U NPH 11 = 1, ecsin nocJe-
Hell cKoOKe B 3TOM CJ/lyuae Npunucatb 3HaueHue 1.
[Ipumensis anroputm EBKJMIA K UMCAUTEIIO U 3HAMEHATeJ 10 ApoOH
[ag, .., an]
lay, ..., an]’
rJle UMcsa @; — HaTypaJibHble, 3aMeuaeM, UTO OHA HECOKpaTHMa, TaK KakK B pe-

3yJibTaTe ero paboThl MoJydaeTcsl Kak pa3 LienHas Apobb
1

ap +
0 a1+.
+
anfl“'a

([a07 Ty afl]v [a17 ceey aﬂ]) = ([aﬂ—lv arl]v [aﬂ]) = ([aﬂ]v l) = 1

Co BpemeH EBKJMIa MPUIyMaHO HEMAJIO HOBBIX BAPHAHTOB €0 aJropUTMa,
B OCHOBHOM C L&JIbI0 YyCKOpeHHs1 paboThl. OMullIeM HEKOTOPbIE U3 HUX.

Obobujennolli areopumm Eskauda onpenensieT MOCaeN0BATENbHOCTD
BbIYMCJIEHUH BUJA

a=>bqy +eory, b=roqz+esrs, ro=r3qy+esry, ...,
Tk—3="rp—2Gr—1 + Ep—1Tk—1, Th—1="TrGk,
rae
g==x1, O0<ri<ri_y, iz=1, b=r, a=ry.

Uucno £ — 1 HazoBem ero amHo#. Kak u B oObluHOM ajroputMe EBK/MA,
(a, b) =rp.

Anecopummon Eskauda ¢ 86l60pOM MUHUMAALHOEO HO MOOYAKO

ocmamka HasbiBaeTcst 00001leHHbI anropuTM EBk/Wna, B KOTOpOM Bcerna
2r; <ri—1, T.€. HA K&XKJIOM L1are U3 JBYX BO3MOXKHbIX BAPHAHTOB JleJIeHHs]

fico=ri—1qi—1+r;, rtae 0<r;<ri_y,

ricg=ri—i(qi—1 + 1) = (ri-1 — 1)

BbIOMpaeM TOT, MIPH KOTOPOM TMOJydaeTcsi MUHUMAJIbHBIA M0 aOCOMIOTHO! Be-
JIMUMHE OCTATOK (€CJIM OHM PaBHbI N0 MOJYJO, TO 6epeM J1060H U3 HUX).
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YnpaxHenue 5. a) Ecaimu n o quHbl T0 (1, v) = 2(u/2, v/2);
6) ecJid 1 UeTHO, a U HeueTHo, To (u, v) = (i/2, U)
B) €CJIM i U U HEUETHBI, TO 4 — U UETHO,

|u —v| <max (u, v), (4, v)=(lu—ov]|, min (4, v)).

AJITOpUTM, OCHOBAHHBIH HA 3THX YTBEPKJIEHUSIX, HA3bIBAETCS OUMADHOIM
sapuanmom areopumma Esxauda. Kak BbISICHHIOCH, ITOT BapHAHT aJiro-
putMa EBksnpa 6bu1 usBecter B {pestem Kurae (Ho 06bluHOr0O BapHaHTa Tam
He 3HaJIM).

3agauu v ynpaxkHenus kK § 1.3

on 46
1. ﬂpH KaKHX 11eJIbIX 11 Ipo6b 87
2n 4 HECOKpaTUMa IMpH BCex LLE.)]I;IE( n
T4n+3 P P '
2. Ha MuwuiuMeTpoBoil Gymare HapucOBaH MPSIMOYTOJIbHHUK PasMepoM
@ X b TaK, 4TO CTOPOHbBI €ro HIYT 10 JUHUSIM CeTKU. Ha kakoe unciio yacren
JEJISIT Y3JIbl CETKH €ro JAMaroHasb?

HecokpaTtuma? J{okaxure, uto 1po6b

3. OT HapHCOBAHHOIO MPSIMOYrOJIbHHKA OTPE3AI0T HECKOJBbKO KBaapaToB
CO CTOPOHOK b 10 Tex Mop, MOKa He OCTAHETCsl NPSIMOYTOJbHHUK C LUHPHHOM
MeHbllIe b, H C HUM [OCTYNAIOT TOUHO TaK »Ke, MOKa He TOJIyYHTCS TIPSIMO-
YIOJIbHHK, KOTOPbIH LIEJIHKOM paspesaercsi Ha KBaapaThl. [IpuBeaure npumep
MPSIMOYTOJIbHAKA @ X b, KOTOPBIHA paspe3aercsi POBHO Ha 1 KBaipaToB.

4. Tlycrb (m, 360) =1, 1 < m < 360. JlokaxkuTe, 4TO C MOMOLIbIO OJHOTO
LMPKYJIsSi MOXKHO PasieJIuTh yroJ B /71 'PajlyCoB Ha 1 PaBHBIX YacTed.

5. Ilpumenure GUHAPHBIN AJITOPUTM JIJIsT IOKA3aTebCTBA PABEHCTBA

2™ —1,2" —1)=20mm _ |,

6. Jlokaxkute, uto npu Jiob6om uejsom a # 1 umeem (@™ —1,a" —1)=
=qlmn — 1.

7. JloKaxKuTe UppaLMOHAJbHOCTb KBAJPAaTHOIO KOPHSI U3 J1I0OOro HaTy-
paJIbHOTO UKCJIa, He SIBJSIOLIErOCs MOJIHBIM KBAJpaToM (T. €. KBaJpaToOM Ha-
TypaJIbHOTO YHCJIa).

8. Ilpumenure asroputm EBkauaa s 10Ka3aTesnbCTBA  OTKPLITOH,
no npenanuito, Ilucaropom HecoMaMepHUMOCTH AMAroHaju KBajpaTa C €ero
CTOPOHOH.

9. Paszsioxute v/2 B LenHylo 1po0b.
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10. (Ditnep *.) okaxkuTe HHAYKLHMEN 110 71, UTO BblpaxKeHHe (Ha3blBaeMoe
UHOTJIA KOKMUHYAHMOM, WK cKoOKamu Jiirepa)

[ag, ..., a4l

MO2KHO TOJIYUUTh CJIeylolnM o6pa3om: GepeM Mpou3BejleHHe BCeX 3jeMeH-
TOB, 3aTeM BCEBO3MOXKHbIE MPOU3BE/IEHHS, KOTOPble MOXKHO MOJIyUUTh, OMy-
CTHUB KaKylo-HUOY/Ib apy COCENHNX 3JEMEHTOB, 3aTeM U3 ITHX MPOU3BEIEHHUH
noJiyuaeM HOBble, BbIGpAChIBAs IPOU3BOJIbHLIM 06PA30M Maphl COCEAHUX Jie-
MEHTOB, U TaK jlaJjiee, U, HAKOHEll, CyMMHPYeM BCe pa3JjiiuHble U3 TOJyUYUB-
HIMXCS TPOU3Be/IeHNH (ecsiv 1+ | UeTHO, TO Ha MocJie/IHeM Liare MoJyvyaeTcs
«IyCTOE» MPOU3BEJIeHHEe, He cojiepaKalilee BOoOIle COMHOXKUTEJIEH; KaK NpH-
HSITO, €r0 3HAUEHHe MO ONpeJiesIeHHIO MoJIaraeM paBHbBIM 1).

11. Hokaxwure, uto [ay, ..., @] = [an, --., Qo], T.€. IpU U3MEHEHUHU TIO-
psijiIka 3JIEMEHTOB Ha MPOTUBOMOJIOXKHbIH UXCJIUTE/Ib APOOU HE MEHSIETCSI.
12. okaxure, uto [ay, ..., ay] =a,lao, ---, an—1] + [ao, ---, an_2].

Onpeneaenue 8. IlpoGb, o6pa3oBaHHAsA NEPBbIMU £ 3Ta)KaMu, Ha3biBa-
ercsl k-1 nodxodaweti dpobsro 11 ucxoaHol apobu. Ee Besqrunna uzobpa-

. ag, ..., a
»KaeTcst 0ObIKHOBEHHOH APOOBIO H, KOTOPYIO /IS KPATKOCTH JaJiee
I
o6o3HauaeM pp/qp.
Apaiy ey A
Onpenenenue 9. Jlpo6b M Ha3bIBaeTcss k-M OCmamKom
U ob6o3Havaercs 1y aryo, ..., an]
ag, ..., a ag, ..., Ap, T
13. TIpoBepuTh, u4TO Lag nl _ lao o Tkl
lat, ..., an]l  [ay, -, ag, 1zl

14. Jlokaxkute, uTO TIpU R > 2 cripaBeiMBBI PABEHCTBA
Pk =0QkPh—1 + Pk—2, Gk = ArGr—1 + Gr—2.

15%. (KoHeTpyKuMs 1151 HAUMEHbIIMX PelIeHHH B HATypaJsbHbIX UYHCJaX

ypaBHenusi ax — by = 1.) Pasznoxum % B LIENHYI0 1p06b

a 1
E—a()"‘

a
l+a2+
* I

an_1 +—
n—1 an

* JI. D#nep (Leonhard Euler, 1707—1783) —onun M3 caMbiX 3HAMEHMTHIX MaTeMaTHKOB
B uctopuu. Posuics B Bagene (LLBeiiuapust), 60sbLyio yacTb cBoeil ku3Hu rnposes B Cankr-Ile-
Tepbypre, Oyayun uneHom [leTepOyprekoil akageMun HayK.
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1
3ameHssi B c/iyuae HeoOXOUMOCTH a, Ha (a, — 1) + > MOKHO CUHTATb, UTO 1

HeueTHO. JloKaXKuTe, YTO HAUMeHbLIIee pellleHre B HATypasbHbIX YHCJIaX YpaB-
HeHust ax —by =1 ecTb X =q,_1, Y = Pu_1.

O603Hauum L(a, b) murumaroryto diury o6001IeHHOTO anroputMa EB-
KJMaa st Beluncsenusi (a, b), a Lo(a, b) — puny anroputma EBkiuaa ¢ Bbi-
60pOM MHHHMAJILHOTO 110 MOJIYJII0 OCTaTKa.

16*. (Kponekep *.) Ilokaxute, uto Lo(a, b) < L(a, b).

17*. (Lionpe **.) Jlokaxkure, uTo

Lo(a, b)<min{|log, (2V2min (a,b)+V?2)], [log, 2V2(a+b)+V2)| -1},

rie oo =2+ 1.
18*. Anroput™m EBk/naa ¢ BHIGOPOM MHHHMaJbLHOTO MO MOYJIO OCTaT-
Ka Ha KaXKIoM liare He GoJiee UeM BIBOE KOpOUe IO YMCJY ILAroB JeJeHHs]
o6biuHoro asnroputma EBkanpa. Ouenka jpocturaercst Ha nape (Fo,—1, Fo,).
19%*, (I1. KHyt.) Uucsio BbIUMTAHHI, BBIMOJHAEMbIX OHHAPHBIM aJIFOPHUT-
MOM B IpPHMEHEHHH K Iape uuces u, v, He Gosblie |+ |log, max (u, v)]
M PaBEHCTBO BO3MOXHO, JiMlib Korja |log, (u+v)| > |log, max (4, v)].

§ 1.4. Yucna ®PuboHauuu

Onpenenenue 10. [locnenoBatesbHOCTb {F,}, onpeneseHHass paBeH-
CTBaMH
Fo=0, F =1, F,=F,_1+F,_, n=234,...,

HasbIBaAeTCs nocaedosamerbHocmovio Pubonauuuy ***.

Yuncsia PuboHauuu TeCHO CBsI3aHbl C LEMHBIMU JPOOSIMH U aJrOPUTMOM
EBkanna.

Hanpumep, o6o3HaunB rn-3taxkHyio 1enHyio apobb |+ ye-

pe3 , U Npeo6pa3oBbIBast €€ OT f-3TAXKHOTO BHAA K OOIKHOBEHHOMY, M0Jy-
unM 1po6b Fy1/Fyn = ¢n.

CBsi3b C LENMHbIMU JAPOOSIMU BUJIHA TAKXKE B CJIENYIOLIEH JieMMe.

Jlemma 2. Yucao odwousenos 8 mHoO2ouseHe [ay, ..., a,| pas-
HO Fni1 u npu a006lXx HAMYPAILHOIX Ay, ..., Ay CAPABEOAUBO Hepa-
sencmso F, | <|ay, ..., a,], komopoe obpawaemcs 8 pageHcmso, AuuLb
Koeda a;=...=a, = 1.

* JI. Kponekep (Leopold Kronecker, 1823—1891) — usBectHblit HemMelknii MaTeMatiK. ABTOp
adopuama: «locnoab cosnan HaTypasbhble uncaa. OcrajbHoe €0 PYK YeoBeKa».
** Ppaniysckuit matematrk Jionpe 1okasan sty Teopemy B cepeante XIX B.
*#% Oua nosiunach B XIII cronernu B kuure Jleonapno I1uszanckoro, no npoasuiy Puéonauuu
(Leonardo da Pisa, Fibonacci, ok. 1170—1228), B 3anaue, B KOTOpOil 11J1a peub 0 Pa3MHOKEHHH
KPOJIHKOB.
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JokaszatenbcTBo. [lepBoe yTBepxKieHHe JeMMbl ClelyeT U3 BTO-
poro, MNo3TOMY I0CTAaTOYHO 0Ka3aTh HHAYKLHMEH 110 1, uto F4y < [ay, ..., anl,
npuyeM paBeHCTBO F,1| = [aj, ..., @] cpaBelIMBO, JMIIbL KOrjga aj =...
.o=a,=1.

Yno6Ho HauuHaTh HHAYKLHIO ¢ 1 = 0, nosiarast hopMaJibHO, KaK U paHbllle,
lar, ...,an) =1, Fiya,+.. 4q, =1 =11npu n=0, Torna HepaBeHCTBA JIEMMbI
OueBHIHO 00pallaloTCsl B PABEHCTBA.

baza unpykuun (n =0, 1) Tenepb oueBuaHa. [IpoBejemM WHIYKIHMOHHBIN
nepexo. CorsiacHO paBeHCTBY

lai, ..., ap] = aqag, ..., a,] + [as, ---, a]

W NPeArnosIoOKEHUI0 UHAYKUWH, ClIpaBedJInBbl HEPABEHCTBA

Fﬂg[QQ""vaﬂ]a Fl’l*lg[ag)a"'aa’ﬂ]v
CJIEIOBATENBHO,
Fopr=Fo+ Fao1 <lag, ..., anl +as, ..., ap] < [ay, ..., an]
U paBeHcTtBO [, =][ai, ..., a,] cropaBemIMBO JMUIb TpU A =...=
=a,=1. O

O603Hayvas npeaesa nocjae/loBaTe/ibHOCTH @, HYepe3 ¢ U repexoas K IMpe-
JIeJ1y B 06eux uacTsx paBeHCTBa
1

=14 ,
o Pn—1

rnoJiyuaeM ypaBHeHHe X
=14+ -,
7 ®

y KOTOpOI‘O Ha pOJIb ® T'OAUTCA TOJIbLKO HOJIO)KI/ITeJIbeIfI KOpeHb
o= (V5+1)/2

— TaK Ha3blBaEMOe 30.10Mmoe ceverue.
Cpenu orpomHoro umucja (aktoB o uuciaax POubGoHAUUK Mbl TPUBEIEM
TOJIbKO HeOOJIbILIOe KOJHYECTBO.

Jlemma 3. [[asa uucear Qubornauuu cnpasgedauso moicdecmso
Fogm=FuFoy1 +FuiFyy, m>=1, n2>0.

HokaszaTeabcTso. Jloka3aresbCTBO TOXKAECTBA MMPOBEIEM HHIYK-
uueid no m. basa uuaykuuu npu m =1, 2 oyeBMAHO CnpaBeiIuBa, a s
BBITIOJIHEHHUS LAra UHAYKIMH JIOCTATOUHO NMPOBEPHUTL PABEHCTBO

Fﬂ+m+1 :Fn—i-m'i‘Fnerfl :(FanJrl +Fm71Fn)+(Fm71Fn+1 +Fm72Fn):
= (Fm +mel)Fn+l +(mel +Fm72)Fn :Fm+an+1 +Fan O
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Caienytoliasi TeopeMa J0BOJbHO YIMBUTE/NbHA: B HEl 11€710€ UUCJIO Bbipa-
»KaeTcsl uepes MppalroHaibHoE.

Teopema 6 (bune *). Cnpasedausa ¢opmyra
i
" V5

HokaszaTedabcTso. Jloka3aresbCTBO TakxkKe NPOBELEM 10 HHIYK-
uuu. basa unaykuun npu 1 =0, | oueBHJHO CcripaBelIMBa, TaK Kak

1+v56 1-V5

V5 V5

a JJis1 BbIIIOJIHEHUS Llara MHﬂyKLLHM JOCTATOYHO HpOBepl/lTb paBeHCTBa
2 —2 —1
=0+l (=p) T=(=p) +1,
W3 HUX BbIBEAUTE MMOUYJICHHBIM yMHO}KeHI/IeM paBeHCTBa
+1_ —1 —n—1 _ - —n+1
P ="+ ", ()T = ()T ()"

H 3aME€TUTb, UTO TOr'Ja

—1

Frz—i-l:Ffz"'Fn—l:

I o T e ) M e ™) M
== v - -

HanomHunm, uTo 1e/10fi YaCThIO UHC/IA X Ha3bIBAETCS HAHGOJIbILIEE Le0e
unesio n Takoe, uto 1 < x. OGo3HaUaeTcs Lesasi YacTb CHMBOJIOM | X |.

Jlemma 4. Hepasencmso F,<m cnpasediuso moeda u MoOAbLKO
moeda, Koeda

n< [log, (VB(m+1/2))].
Hepaserncmso F, > m cnpasediuso moeda u moavko moeda, Koeda
n= |log, (VB(m —1/2))] + 1.

HokaszaTteabcTso. [id10Ka3aTe/bCTBA JeMMbl IepeNuLLeM Hepa-
BeHCTBO F, < m ¢ nomolibio ¢hopmyJibl buHe B Buje

n —n
o' = (=») <m.
V5
yTo paBHOCI/lJTbHO HepaBeHCTBaM

" (=p)"
NI

* JK. Bune (Jacques Philippe Marie Binet, 1786—1856) — dpaHLly3ckuii MaTeMaTHK H acTpo-
HoM, usieH [lapiKcKkoii akajeMuu Hayk.

1
<m+§,
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TaK KaK ecJjiu "

LAPY
V5 2’
TO n —n —n
— (= 1 (=9
F:w<m+—— <m+1,
" V5 2 5
v 3Hauut, [, < m. HepaBencrso
n
%) 1
<m+3
V5 2

PaBHOCHJIBHO

n<log, (V5(m+1/2)),
a 3HAUWT, U HEPABEHCTBY
n< [log, (VB(m+1/2))],

TaK Kak logv (vV5(m + 1/2)) He MOKeT GbIT LEJbIM YHCJIOM, Be/lb B TPOTHB-
HOM CJlyuae

SOk
—=m+1/2,
Vs /
OTKy/1a
k —k —n
- (= 1 (=)
o= =GP 1 —m+ta, O<a<l,
NG 2 V5
YTO HEBO3MO2KHO, TaK KaK Fk — LeJIOE YUCJIO.
BTopoe yTBep:KiieHHe JIEeMMbl OUEBHHO PABHOCHJILHO TIEPBOMY. O

OTMeTHM, UTO U3 JIEMMbI BBITEKAET, UTO TOCJEI0BATENbHOCTD
o(m) = |log,, (V5(m +1/2))]
obpatHa K nocjenoBaresbHocTH PuboHauun f,; B TOM CMbICJE, UTO
O (F,) =n.

Teopema 7 (Mronpe). Hauboavuiee yucao deneruii 8 arcopumme Es-
Kauda Haxodcdenus (a, b) e npesocxodum

|log, (V5 (min (a, b) +1/2))].
Ouenrka moynas.

JlokaszaTesbcTBO. MoXHO cuuTaTh, uTo a > b. Ilyctb uncso ne-
JIEHUH paBHO k + 1, sHauwt, a/b npeacTaBuUMO k-3TaXkHOH APOGHIO

lag, ---, ai]
lay, ..., ap]’
a Tak Kak [ayg, ..., ag] ¥ [ai, ..., ag] B3aUMHO TIPOCTBHI, TO

[ai, ..., ap] <),



30 [naBa [. YUucna u xom6uHaTopuKa

U U3 JieMMbl 2 ciejtyet, uto Fp < b, a u3 jieMMbl 4 cJiejiyer, uto
k< |log, (VB(b+1/2))]. O

Ha npakruke 6oJsiee yn1o6HO /15 NPUMEHEHHS CJeylollee YTBEPKIEHHE.

CnencrBue u3z teopembl 7 (Jlame *). Hauboavuwiee wucro deaerui
8 aseopumme Esxauda naxoacdenus (a, b) He npesocxodum Sk, ede k —
YUCAO 0eCAMUUHbLX 3HAKO8 8 HAUMeHbwem U3 ducer a, b.

3agauu v ynpaxkHenus Kk § 1.4

1. IlpoBepbre, uto F,, — GarKaiiliee Lesoe K yuc1y gp”/\/g.

2. JlokaxkuTe CJe[ICTBHE U3 TEOPEMBI 7.

3. CKOJIbKUMH croco0aMi MOXKHO 3aMOCTHUTb MPSIMOYTOJIbHUK pa3mepa
2 X n ¢umkamu JoMuHO pasmepa | x 2?

Yxaszanue. Moxuo npumenuts 3agauy 10 us § 1.3 u semmy 3.

4. CKOJIbKO TOJIMHOXKECTB MOXKHO BbIGpATb B MHOXECTBe uuces oT 1
J10 11, He BKJIIOUAIOLLKX JBYX COCEHHMX UHCes?

Ykaszanue MoxHo npuMenuth 3agauy 10 uz § 1.3 u nemmy 3.

5. Jlokaxute, uto Fyy 1 Fy — FpFupr = (1) Fp_pm.

6. Hokaxure, uto (F,, Fr+)=1.

7. Ecau npojo/mkuTh nocjeoBaTebHOCTs PUOOHAUUH B «OTpULATEb-
HYI0» CTOPOHY C COXpaHeHHeM paBeHcTBa Iy + Fyyy = Fyy9, TO OyLyT Bbl-
noaHATLCA paBeHcTBa F_j_ = (— 1)k F), u coxpaustes Bee hopMyJbl Mpesibl-
JyLIMX 3ajau.

Caenytolasi 3agauya ob6obuiaer 3anauy 6.

8%. (Jlioka **.) Iokaxure, uto (F, Fp) = Fm).

9. IlocnenoBaresibHOCTh PUOOHAUUH COMEPKHUT OECKOHEUHO MHOIO IM0-
MapHO B3aWMHO MPOCTbIX UMCEI.

10*%. BmecTo uucen ®PuboHauuu paccMOTPUM OCTATKH OT WX JleJeHus
Ha JlaHHoe uuciio m. JloKaxKuTe, uTo 1ocJe/10BaTe/IbHOCTb OCTATKOB SIBJISICT-
¢Sl YMCTO MePUOJMYECKO ¢ MepHooM, He GoibiunM m> — 1.

11. B cayuae m=/F, Halimure TOYHO TEPHOJ TOCJEI0BATENbHOCTH
U3 Npeablayllel 3a1aun.

12*. Haiinure ocratok ot jaenenust £, Ha Fj.

* . Jlame (Gabriel Lamé, 1795—1870) — cdpanily3ckuil HHxKeHep M MaTeMatHk, ujeH [la-
prkckoil 1 [letepGyprekoit akajgeMuil HayK.

** Dnyapa Jlioka (Eduard Lucas, 1842—1891) — usBecTHblil (hpaHLy3CKHIl CrIELUAUCT MO Te-
ODHH UHCeJI U TeJlaror, aBTop MHOXKECTBA KPACHBBIX 324U H UeTbIPEXTOMHHKA O MaTeMaTHUeCKHX
pasBJleueHHsIX, CHJILHO COKpallleHHbIi nepeBo KoToporo Obll uanan B 1885 . B Cankr-Ilerep-
Gypre M ¢ TeX IMop, K COKa/leHHIo, He MepersiaBascs.
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13*. Jlokaxkute, uto pasjoxenue uuciaa F,_3/F, B uenHyio apo6b ume-

€T BUJ |

4+ ’
’ 1
4+ ay,

_|_
rne k=1+m, a,=0npu n=3m, ap=1/3 mpu n=3m+ 1, a,=1/5 npu
n=3m+2.

14%*. TTogMHO>KeCTBO MHOXKECTBA UHCeJ OT 1 10 # HA30BEM 3FOMCTHUHBIM,

€CJIN OHO COAEPKHUT YHUCJIO, PABHOEC CBO€H MOLIHOCTH. quy paBHO UKCJIO 3r0-
HCTHUYHBIX HO[LMHO)KGCTB?

§ 1.5. KBagparHbie ypaBHEHHUS

[lepBoe HeTpuBHAJbHOE asreOpanueckoe ypaBHeHHe — KBajJpaTHoe, T.e.
ypaBHeHHe Bua X2+ px + ¢ =0, — ObLI0 pelleHo B rIyGOKOH JAPeBHOCTH.
D10 ypaBHeHue JIErKo CBECTH K YPaBHEHHIO BUA X2 = ¢, KOTOPOE JI/Isl HEOTPH-
1aTe/IbHbIX ¢ pellaeTcsi ¢ MOMOIIbI apUPMETHUECKOTO KBAJIPATHOTO KOPHS:

x1=vec, xo=-vc

— JIBa €ro peuieHus. ﬂﬂﬂ 9TOro AOCTATOUYHO BbLIJAEJINTh MTOJTHBIH KBajpar:

> > 2 2
x2+px+q:x2+2§x+<§) —(g) +q:(x+§) +q—<g>.

[Tosryuaem hopmyJiy st KOPHEH HCXOJHOTO YpaBHEHUS:

2 2
a=-g (5 - n=- (B

2
B CJlyuae, ecjiu (%) —q=0.
3ameruM, 4TO KBaJpaT pa3HOCTH KOPHEN JIeTKO BbIpaxKaercs uepes Koag-

(DULIMEHTDI (
(x1 —x0)* = p® —4g =D.

IT0 BblpaxKeHHe HA3bIBAETCH OUCKPUMUHAHMOM YPABHEHUS]; OHO CONEPXKUT
3HAUMUTENbHYI0O HH(oOpMaLuio 0 KopHax. B camom pese, mo onpeneneHuto
D =0 Ttorna u To/MbKO TOrJa, KOrAa KOPHU YpaBHEHHsI COBMAnaioT (B 3TOM
cJlyuae TOBOPSIT, UTO YpaBHEHHe HMeeT Kpammolii KopeHb). Ecau D >0,
TO y ypaBHEHUs €CTb JIeHCTBUTE/NbHbIE KOPHH. B NMpoTHBHOM ciyuae UX HeET.

Jlns KBaapaTHOro ypaBHEHHUS X2+ px +q =0 cnpasemiuBa meopema
Buema: cymMma KOpHe# ypaBHeHHsl paBHa —p, a I[POM3BEJEHHE PaBHO .
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Hasiee oHa Oyner copmy/npoBaHa B oblileM BHje, a ceiuac npejjaraercs
B KauecTBe yrpaKHEeHHUS].

YnpaxHeHue 6. BbiBenute 3Ty Teopemy 13 (popMydibl Jyist KOpPHEH KBaJl-
paTHOro ypaBHeHHs!.

KBajipaTHble ypaBHEHHs H3y4aloT y»Ke B BOCbMOM KJiacce, II03TOMY Mbl Ha-
nucasu o Hux Gersio. OHAKO OrPOMHOE KOJIMYECTBO OLIMOOK, J0MyCKaeMbIX
IIKOJIbHUKAMH ¥ aOUTYyPHEHTAMH, MOSIBJISIETCS HMEHHO B PEIIeHHH KBaAPATHbIX
ypaBHenn#. OCHOBHAs TPHYKHA, KOHEUHO, HEBHUMATEJIbHOCTD. HacTo, Harpu-
Mep, NPH PEeLlEeHHH HX «B yMe» MyTaloTcsl JBe pasHble GOopMYyJibl AJisi KOPHEH
ypaBHEHHsl, KOTOPbIE JAI0TCS B LIKOJbHOM yueOHHKE, H U3 HHUX COCTaBJISIETCS]
OjiHa HeBepHasl.

Peub uuer, KoHeuHo, o opmyJie Jyisi pelieHHs KBaAPATHOTO ypaBHEHHsI
B Bute ax? + bx +c¢=0.

Ynpaxuenue 7. Breaure 31y hopmMyny U3 cTapoil opMyJIbL.

Wuorna 3abbiatot, uTo U Teopema Buera s ypaBHEHHSI B BHJE ax® +
+ bx + ¢ =0 BBIMVISIUT UyThb NO-JIPYromy.

Ynpaxuenue 8. 3anumnre Teopemy Buera nns ypasHenus ax® + bx +
+c=0.

Jlanum HeCKOJIbKO COBETOB, KakK n3beraTb Takux olnOoK. 11epBblil n3 HUX:
He MepeolleHHBalTe CBOM CMNOCOOHOCTH K YCTHOMY CUETy, Jyullle HamuIIM-
Te opMyJsy Ha Oymare, TpoBepbTe, UTO 3TO Ta (GopMmysa, KOTopas HyxKHa,
MOJCTaBbTE B Hee UMCJIeHHble 3HaueHHs! KO3((ULMEHTOB, HEe MeperyTaB HX
apyr ¢ apyrom. Ecin koadduimeHTsl 60bliine, TO YBEJIHUHBAETCS BEPOSAT-
HOCTb apu(MeTHUECKOH OLIWOKH TP BBIUMCJEHUH NUCKpUMHHAHTA. Tak Kak
13 HEro MOTOM HaJl0 U3BJIEKATb KOPEHb, HHOTJA MOJIE3HO Cpasy ero pazjiarathb
Ha MHOXKUTEJIH, €Csii KO3 ULIMEHTbl HMEIOT 00LLME 1eUTEH, UK TPUMEHSTD
(hopMyJly PasHOCTH KBaApaTOB W HalJIeHHble MHOXHMTEJNHM BBIHOCHTb 3a 3HAK
KOPHS$1, H3BJIeKasl U3 HUX NPH 3TOM KOPEHb.

Hanpuwmep, eciu npu petiiennu ypashenust 45x2 +42x +5=0 nosyun-
Jlach hopmyJia Jist KOpHeil

 —424/422-4.45.5

1.2 215 ’

TO TaK Kak
422 —4.45.5=4.9 (7 —=5%)=4.9.2.12=4.9-4.6=(4-3)>-6=12%-6,

0TBETOM OyJeT
C —42+12v6 —7+2V6
M=% s T 15
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B rex cayuasix, Korja ypaBHeHHe HMeeT Lesble KOPHH, HX MpolLlle yrajiaTbh
C Nomollblo TeopeMbl Bueta, uem HaxoauTb no dopmy.ie.

) 1, 7
Ynpaxunenue 9. Yranaiite KOpHH KBaJpaTHOTO YpaBHEHUS 9 T X =
=19 u3 xuuru Asb Xopesmu.

[Tpu npuMeHeHuu 3TOoro npuema K ypasenuio x> + 2001x + 2000 = 0 mo-
TYT BO3HUKHYTb 3aTPYyAHEHHs H3-3a GOJIBLIOTO YHC/Ia BO3MOXKHBIX BAPHAHTOB.
Ho nerko 3ameruts u 6e3 Teopembl Buera, uTo omMH U3 KopHeil paBeH —I.
BTopoii KopeHb HaXOUTCS y2Ke € MOMOLLbIO 3TOH TeopeMbl: xo = —2000. 3a-
METbTe, UTO HMCMO0JIb30BaHHE (DOPMYJibl MPHUBOIUT K JOBOJBHO POMO3LKHM
BBIUMCJIEHHSIM.

Ho 6e3nymHoe 1croib3oBaHHe TeopeMbl Buera MoKeT MPUBECTH K OLING-
Ke, HarpuMep, B cJelyloliell 3ajiaye.

Ynpaxuenue 10. UYucna p u g —kopuu ypasHenusi x>+ px +q = 0.
UeMy MOTyT ObITb PaBHBI 3TH YHCJIA?

HeficTBUTENbHO, IPUMEHSIS TeopeMy Bueta, nosyyaem cucteMy ypaBHeHHH

p+q=-—p;
pPq=q,
oTKyna umeeM p=1,g=-2p=-2;g=p=0.
Ho 310 He Bce peuwienusi! leno B ToM, uto ecan p =¢q # 0, u3 ycio-
BUSl SICHO TOJIbKO, UTO p — KOpPEHb YpaBHEHHUS], & MPO BTOPOH KOPEHb HHUUETO

He ckazaHo. [lostomy npouue Teopemy Buera He NMpUMeHsITb, a MOJACTaBUTb
X = p, g B ypaBHEHHUE M TOJYUUTb CUCTEMY

2p2+q=0;
q*>+ pq+q=0,

otkyna g = p; =0unpnqg#0umeem g =—p — 1,2p%> — p — 1 =0, 3naunr,
P23 = 1, —1/2, go3 = —2, —1/2

UroObl yMTaTE b HE MO/LyMaJl, UYTO OH Y2Ke 3HAET O KBAJPATHBIX YPABHEHHUSIX
BCe€, PHBEJIEM HECKOJIbKO MPHMEPOB JIFOOOMBITHBIX 3a/1a4, CBSI3aHHBIX C HUMH.

Ynpaxuenue 11. IlpoBepbTe cripaBeyIMBOCTL CJeyIOLIEH, TpaBa, CoO-
BepIIEHHO GECroJIe3HON ¢ NPAKTHUECKOH TOUKU 3peHHst, POPMYJIbl /11 KOPHEN
KBaJpPaTHOTO YPaBHEHHUS] x2+ px + g =0, UMeHHO

_ pEevpr—4g+2q

X1,2 > :
2e+pF/p?—4g

B Hell ¢ — 1pou3BOJIbHBI NapaMeTp, y10BAETBOPSIOLLMI JHULLb YCJOBHIO

2+ pF/p?—4q9#0,

3 Tauikon



34 [naBa [. YUucna u xom6uHaTopuKa

T.€. 3T0 (hakTHueCcKH GEeCKOHEUHOEe CEMEHCTBO pasHbIX (HOPMYJ /s pelleHnst
ypaBHenns x% + px 4+ g =0. O6blunas GopMmyaa ABSETCA NPeeIbHBIM CJy-
yaeM yKa3aHHOH (hOpMy.JIbl.

Caenytolasi 3ajaua siBJsIeTCsl YaCTHBIM CJlyyaeM oiHOH u3 TeopeM Hebbl-
éBa.

Ynpaxunenue 12. Cpeau Bcex KBajapaTHbIX TpexueHoB x> + px +q =0
HalluTe TOT, y KOTOPOrO MaKCHMaJlbHOE 110 MOJYJI0 3HaUeHHEe Ha OTpe3Ke
[—1, 1] MuHUMaJIbHO (T. €. TOT, KOTOPBIN HAUMEHee OMKAOHACMC OM HYAsL
Ha 3TOM OTpe3Ke).

B rakux 3ajgauax TpyaHee BCero HaWTH OTBET, HO €CJIM OH HalJleH, TO J10-
Ka3aTh ero NpaBUJILHOCTD YKe Mpolie. [109ToMy OTBET MBI cpasdy MOACKaKeM:
HCKOMBIH 3KCTpeMasibHbli Tpexusien ecth x2 — 1/2, a ero yk/oHenue ot HyJsi,
T. €. MaKCHMyM Ha otpeske [—1, 1], paBuo 1/2.

Ecan e B3aTh 10606 Tpexusen [(x) =x? + px + g, To, 3aMeTHB, UTO

H=1) =2f0)+ [(1) =2
He3aBUCUMO OT p, ¢, BbIBOJUM OTCIOJa HEPABEHCTBO
4m = [ (=D +2[[O)| + [I(D] = [[(=1) = 2](0) + [()[ =2,

i€ M — YNOMSIHYTbIH MaKCHMYyM.
Ho 3Toro HemocraTouHO, HY»KHO J0Ka3aTb CTPOrOe HEPaBEHCTBO MpH

1 .
f(x) #x? — 3 Jlns 3TOrO HaWeM YCJOBHe, KOTJa JI0OKa3aHHOe HepaBEHCTBO
npeBpatlaercsi B paBeHcTBo. Heob6xonumoe ycjoBue ecTb

[(=1)=]1)=-[0)=1/2.

SIcHO, uTO 3TOMY YCJIOBHIO YOBJIETBOPSIET TOJILKO TpexusieH x2 — 1/2, Tak Kak
cUCTeMa ypaBHEHHH

l+qg—p=1/2
l+qg+p=1/2
g=-1/2

uMeeT elMHCTBeHHoe pettenre p =0, g =—1/2.

Ynpaxnenue 13. Ilycts x; — Kopuu ypasHenus x> + px + g = 0. Bbl-
uncamre x[0 + xi0.

[TonbiTKa pelminTh 3Ty 3amady ¢ MOMOILbLIO (GOPMYJI /st KOPHEH KBajpar-
HOTO ypaBHEHHs] MPUBOAUT K TPOMO3JKHM BBIYHUCJEHHSM. YKaxKeM MOJXOJ,
KOTOPbIH M03BOJISIET pellaTh Jdble 3a1auu NoJ00HOr0 BUAA, HE UCIOJb3Ysl
hopmyJt st KOpPHEH KBaJpaTHOrO YpaBHEHMUS.

st 3T0r0 3amMeTHM, UTO MOCJENOBATENBLHOCTD @, = X{ + X§, TaK 2Ke Kak
H NPOM3BOJIbHAsS MOC/eN0BaTeNbHOCT BUIA A, = bx| 4 cx§, ynoBneTBopsier
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CJIelyIOleMy COOTHOLIEHUIO (TaKhe COOTHOLLEHUSI HA3bIBAIOT peKyppeHm-
HblMUL)

Apyo + paps) + ga, =0.
JlelicTBUTENBHO,

Ao + Panir + qan =32+ X524 p(el™ + T 4 g + 1) =

=x{(x} + px1 +q) + x5(x3 + pxo+q) =0.

C mnoMolIbI0 3TOr0 COOTHOIIEHHSI MOXKHO T0OCJIe0BATENbHO BbLIYUCJSATL M0

hopMYyNe Ay = —Plnii — Gy, HYKHO TOJLKO 3HATH MEpBLe JBA 3HAue-
nust ap u a;. Ho ag=xV +x9=2,a aj = x| + x} = —p no teopeme Buera.

Ecau Bam ne upasutcst gopmyna ag= x| + xJ, MOXKHO BMecTo Hee B3AITH
as = x? + x2, pesy.ibTaT OyIeT TOT XKe, HO IPHETCs BBIPA3UTL Ao = X + x5 =
=(x; +x9)° —2x;x —2=p? —2gq.

Tenepn yske JIerko HaiTH @ 1o 1 BOOOILLE J1I060€ 3HAUCHHE d,,, TPHUEM SICHO,
YTO 3TO 3HaueHHe GyJeT BCerja LeJbM UHCIOM, eCIH P, § CaMH LieJble.

Ho ewie 6osblinii uHTEpec npeacrasssier obpatHas 3aaaua. [lyctb nana
10C/Ie/I0BATENBHOCTD Ay, YAOBJIETBOPSIOLIAs AUHCLHOMY PeKyppeHmHOMY
COOMHOULeHILIO 8MOPO20 NOPAIKA

Qpyo + papy1 +qa, =0

1 Haua/bHbIM YCJOBUAM Qg =a, a; =b. Hano HailTu siBHyt0 dhopmyay s
3TOH MocJenoBaTesibHOCTH. YacTHbil cayuail (mocsenoBatesbHoCTh Dubo-
HayyHu) y:Ke paccMaTpUBaJICs HAMH paHee.

B ofuiem ciydae pefictByem cieaytomm o0pazoM. 3aMeTHM, UTO KakK yxKe
ObIJIO TIPOBEPEHO BbIlle, J1I06as N0C/e0BaTeJbHOCTb BUlA a, = cx| + dx,
r1e X; — KOPHU YpaBHEHHUS X+ px+¢q=0,ac u d— KOHCTaHTbI, y10BJIEe-
TBOPSIET COOTHOLIEHHIO @Api9 = —pPdyy] — §A,. ECJAH KOPHU X; pas/iMuHblI,
TO /151 J1OObIX HaYa/bHbIX YCJOBUH Qg = @, @] = b MOXKHO OJIHO3HAUHO HAUTH
KO3(PPULHEHTHI ¢, d, pelInB CUCTEMY YpaBHEHHH

c+d=a,
cx) +dxo =b.

Torna nocnenosarenbHocTs a, = cx{ + dx§ coBnajaeT ¢ 3aJaHHOH, TaK Kak
YJIOBJIETBOPSIET TOMY K€ COOTHOLLUEHHIO H TeM Ke HauasibHbIM YCJIOBHSIM.

Ynpaxuenue 14. IlpoBepbTe, uTo B ciyuae x| = X9 M0CJ€I0BATE/b-
HOCTb @, MOXKHO HCKaTb B BUJe cX{ + dnx{, rie ¢ 1 d — KOHCTAHTHI.

3*
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3anauu v ynpaxkHenus kK § 1.5

1. Pewmre ypaBnenne Moranna Miosnepa *

X 10—x
10 — x x

25.

2. Pewmnre ypasnenre x? + 1999x + 1998 = 0.

3. Pemmre ypasnenne 1999x2 + 1000x — 2999 = 0.

4. Ecanypasrenue a + bx + cx? = 0 UMeeT To/IbKO JefiCTBHTeIbHbIE KOp-
HH, TO 9TO Ke BepHO A5l ypasHenusi a + bx + cx?/2 = 0.

5. TlycTb x|, xo — Kophu ypasHenusi 1 + kx + x% = 0. Haiiaute Bee &, nipu
KOTOPbIX CIPABEYIMBO HEPABEHCTBO (X|/X9) + (x9/x1) > 1.

6. Haiizute Bce a, 1151 KOTOPbIX KOPHU ypaBHenust 4x” — 2x +a =0 3a-
KJtoueHbl Mexxny —1 u 1.

7. Jlns kakux a ypasHenne (3a +2)x%+ (a — 1)x +4a+3=0 unmeer
OJIMH KOpeHb GoJiblile 3, a APYroil — MeHbliie 2?

8. Ecau a, b, ¢ — cTopoHbl TpeyroJibHUKA, TO ypaBHEHHE

2+ (b* +c? —a®)x+c%2=0

He UMeeT JefiCTBUTENbHbIX KOPHEH.

9. CKOJILKO CyllecTByeT ypaBHeHHii Buaa x> — px —q =0, rae p u g —
HaTypaJibHble UMCJIA, MOJIOXKUTENbHBIH KOpPeHb KOTOPbIX MeHbllle 3aJaHHOro
HaTypaJbHOro uucJaa r?

10%. JlokaxkuTe, UTO €CJI1

(g2 — 1)* + pigo + p3q1 — p1pa(g + q1) <0,

TO KOpeHb OJIHOrO M3 ypasHeHuil x2 + p;x 4+ q; =0 JeKUT MexK1y KOPHSIMH
JIPYroro.

11. Ecau Bce Kopnu ypasHenuit X% + p;x + ¢; = 0 no MozyJio Menblue 1,
TO Bce KOpPHH ypaBHeHHs X2+ (pi 4+ po)x/2 4 (g1 +g2)/2 =0 no momy.io
MeHblue 1.

12. Eciu x; —kopuu ypashennsi x? —6x +1=0, To x| + x — uesnoe
YHMCJIO MPH HATypasibHOM #1, He KpaTHoe D.

13. TlycTb x; — Kophu ypaBuenus x2 + px + g = 0. Haiinure kanpatHoe
ypaBHeHHe ¢ KOPHSMU X7 | X3 .

14. Tlyctb x; — Kopuu ypaBHenusi x2 + px + 1 =0, p — neuernoe. Jloka-
XKHTe, uTo x| -+ X§ — Lle]oe UHC/IO MPH JI0OOM HaTypanbHOM 1 U (xf -+ x4,

n+1 n+1y __
T HxyT) =1

* M. Mioaiep (Johannes Miiller, Regiomontanus, 1436—1476), no npossuity Pernomon-
TaH — HeMeLKHil MaTeMaTHK.
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15. TlycTb x; — Kopuu ypasHenusi ax” + bx + ¢ = 0. Hafinute xl_3 + x2_3.
16. Haiinure dhopmyay 1uisi moc/ieoBaTeIbHOCTH

Apy1=3a, —2a,-1, a;=1, ayg=0.
17. Haiinure dopmyJy 1uisi mocJieoBaTeIbHOCTH

an+1=4a, —4a,—1, ar=1, ap=0.

18%. KpaspaTublii Tpexunen ax’ + bx + ¢ ua orpeske [0, 1] npunumaer
3HaueHHus1, He GoJibluKe No MoayJto 1. Kakoe MakcuMa/ibHOE 3HaUEHHE MOXKET
MMEThb MpH 3TOM cymma |a| + |b] + |c|?

19. KpajpaTHblil TpexusieH Mpu Jito0OM LEeJOM X MPUHUMAeT 3HauyeHus,
paBHble YETBEPTOH CTeNeHW HaTypaJsibHOro uucsa. JlokaxuTe, UTO OH paBeH
KOHCTaHTe.

20*. KpagpaTHblil TpexusieH Mpu Ji06OM 11eJIOM X NMPUHUMAET 3HAUeHHs,
paBHble KBajpaTy HaTypaJbHOro uucja. Jloka)kure, UTo OH paBeH KBajaparty
MHOTOUJICHA MEePBOH CTEINEHH.

§ 1.6. Kom6uHaTopuka oTo6pakKeHui

Jlasee ¢ Le/blo KpaTKOCTH OGyJIeM UCIOJb30BaTh CJeylolue o6LenpUuHs-
Thle 0603HaueHus1 * (KOTOPBIMHU MOCTapaeMcsi He 3J10ynoTpebJIsiTh).

KoHeunble MHO:KecTBa GyleM 3a1aBath, NE€PEUNCsisl HX JIeMeHTbI B (U-
TYPHBIX CKoOKax, Harpumep, {1, 3, 5}.

[TpousBosibHOe MHOXKecTBO A Oynem uHorna 3anaBath B Buue {x: A(x)},
rie A(Xx) — HEKOTOpoe yTBepKjeHHe, KOTOPOe SIBJISIETCS HCTUHHLIM TOTJA
1 TOJIbKO TOTJa, KOTJA X MPUHAIJIEKUT MHOXKeCTBY A, Harpumep, KOHEUHOe
MHOKECTBO HaTypaJsibHbIX UHCes {n, n+ 1, ..., M} MOKHO ONPENETHUTD H TaK:
{x: n<x <m}. Ucnonbayem Tak:ke 0603HaYEHHS:

e € £ — e siBasieTcsi 3JIeMEeHTOM MHOXKecTBa £

A CE — wmHOxXKecTBO A siBJIsIeTCsl TOAMHOXKECTBOM MHOKecTBa E;

AUB — o6benunende muoxects A u B;

ANB — nepeceuenne Muoxect8 A u B;

A\ B — pasHoctb MHOXKecTB A U B, T.e. MHOXKECTBO BCEX 3JIEMEHTOB
13 A, He MPHHAIEXKAIIUX MHOXKECTBY B.

B kauecTBe ynpax<HeHHsl MyCTh YUTATE/b POBEPUT, UTO

A\B=A\(ANB), A\(A\B)=ANB, AUB=AU(B\A).

amuch P = ) Oyzer 03Hauath, UTO U3 YTBEPXKJeHUs P clieayeT yTBep-
KiaeHue @ (uuraercs: «ecau P, 1o @»). Cpasy npeuyrnpejuMm uydtaresisi,

* TeopeTHKo-MHOXKeCTBeHHble 0003HAUEHUsT M TEPMHUHOJIOTHSI, HCIOJb3yeMasi jaJjiee, CTaju
obuienpuHATbIMU Tocsie pabot [T Kanropa.
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UTO eCJId YTBep:KaeHHe P JI0XKHO, TO yTBepxKIeHue P = () B MareMaThKe
(Ho He Bcerga B Quaocoduu) cuuTaeTcst MCTUHHLIM HE3aBUCHUMO OT HC-
THHHOCTH WJIH JIOXKHOCTH YyTBepxIeHus1 . (IleficTBUTENBHO, M3 JIOXKHOTO
YTBEPKJEHHsT MOXKHO JIOTHUECKH Ge3yrnpeuHo BBIBECTH KaK HCTHHHbIE, TaK
1 JIOXKHbIE YTBEPXKJIEHHS. )

3amucb P < @ Oyler o3HauaTb, UTO yTBepxkKIeHHe P pasHOCUAbHO
YTBep:KIeHHI0 (). 3aMeTuM, uTo P <> () HMeeT MeCTO TOT/A U TOJIbKO TOT/A,
korna P = @ u @ = P. MHorue TeopemMbl UMEIOT BHI PAaBHOCHJbHOCTH
JIBYX YTBEp:KIeHHi (Hanmpumep, «P CIpaBelHBO TOTJA U TOJbKO TOTJA, KO-
raa crnpaBemiuBo §)»). st ux jnokasaresbcTBa Mbl M OyeM MOJb30BATHCS
STHM MPOCTbIM 3aMeuaHueM (a UMEHHO, MPeArNoJarasi BepHbIM P, BbIBOIUTh
U3 Hero ), a mortom, npearnoJarasi BepHbiM (), BbIBOIUTH M3 Hero P). Ha-
npuMep, AJIsi 0Ka3aTeslbCTBA paBeHCcTBa MHOKecTB A U B Gynem BHauase
JokasbBaTh, 4to A C B (A conepxurcs B B), a motoMm —uto BCA (B
cojiepxurcsi B A).

OcranbHble 0603HaUeHHs1 OYlyT BBOAUTCS M0 XOJy H3JI0XKEHHS.

[Tyctb Ay, ..., A, — KOHeUHble HEeMyCcTble MHOXKECTBA.

Onpenenenue 11. Ynopsdouennoii nabop (ay, ..., a,), KOMIOHEHTbI
KOTOPOTO @; TIpUHAJJIeXKaT MHOXKecTBaM A;, i =1, ..., n, Ha30BeM C.1080M.
MHOKeCTBO Bcex TaKHX CJIOB 0603HaunM Ay X ... X A, W HazoBeM dekap-
mosoim * npoussedenuem Muoxects Ay, ..., A,.

[Tpumepsn. 1. Ecim Ay ={a, b, c,d, e, 1, g, h},
As={1,2,3,4,5,6,7, 8}, 10 A| X Ay — luaxmarTHasi
jocka (puc. 1).

2. Ecim A — andaBuT pycckoro si3blka, TO Cpeiu
npeUKcoB (T.e. Hayaj) BCEBO3MOXKHBIX CJIOB MHO-
)ectBa A X ... X A BCTpeuaroTcst Bce CjioBa PyCCKO-

— DN W s U1 OO N o

ro fspika. 30
Hanee Bmecto A X ... x A ucrnosnbsyeM KpaTkoe
—

n pas
oGosHauenue A", HasbiBaeMoe dekapmoegoil cimene- Puc. 1
Hbl0 MHOXKecTBa A.

[Tpumepsn. 1. Ecau mHoxkectBo A =FE9={0, 1}, To ero nekaprora
crenedb A" = EJ cOCTOMT M3 BCeX CJIOB JUIMHBI 71, cocTapJieHHbIX U3 0 u 1.
ITO MHOXKECTBO HA3bIBAIOT M-MEePHbIM 0B0ULHOIM KYOOM.

2. Ecan muoxkectBo A =E, ={0, 1, ..., k — 1}, To ero aekaprtoBa creneHb
A" = EJ! COCTOMT M3 BCeX CJIOB JUIMHBI 71, cocTaBjenHblx M3 0, 1 ..., R — 1.
DTO MHOXKECTBO HA3bIBAIOT N-MepPHbIM k-ituHbILM KYOOM.

* P Jlekapt (René Descartes, 1596—1650) — Besnkuii dppaniysckuii punocod u matremMaThk.
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3. Ecan mHOxecTBO A =R — MHOXKECTBO BCeX JEHCTBUTE/bHBIX UHCEJ,
TO ero jekaproBa cteneHb A" =R" COCTOMT W3 BCEX M-MEPHbIX BEKTOPOB
C JeHCTBUTEJLHBIMH KOODAMHATAMU M HAa3bIBAETCS N-MepHuIM apugmemu-
YeckuM npocmparcmeoM.

4. Tlpn n=2 B npenblAylleM MpUMepe MOJy4aeTcsl MJIOCKOCTb, a TpH
n =3 — TpexMepHoe apudMETHUECKOe MPOCTPAHCTBO. FIMeHHO 3TOT npumep
M0 CYLLECTBY UMeJ B BUy JlekapT, KOrjia BBOJAMJ B TEOMETPUIO KOOPAMHATHI.

Yuesio /1eMeHTOB KOHEUHOrO MHOXKeCTBa A Ha3bIBalOT €ro MOUHOCHbIO
1 0603HauaioT |A|.

Teopema 8 (npuHuun ymHoxeuus). Cnpagediuso pageHcmaso
A} x ... x Ap| = AL - ... - |As]
(crosecras opmyauposra: YUCA0 IMeMEHMO8 8 0eKAPMOBOM NPOU3Ee-
OJenuu MHOJCeCm8 pasHO NPOU3BEOeHUIO MOUWHOCIEL IMUX MHONMCECMS).
HokaszateabctBo. Uuaykuusi nmo n. baza: n=2. Ecau Ay =
={asi, ..., agy,}, 1O

Ap x Ay = (A; x{ag1}) U...U(A x{ag,}),

A1 x Ao = A1 +... + Al = [A1] - no = |Ay] - |As].
~—_— —
ng pas
Wlar wnnykuuu. [lycts yxe nokasauo, uto |Ay X ... x A,—1|=4] ...
... |An—1|. CoorBerctBue ((aj, ..., @y—1), @y)— (@i, ..., @,) yCTaHABJUBAET

B3aHMHO OJIHO3HAUHOE OTOOParKeHHe MeXy MHOXKeCTBaMH (A X ... X A,_1) X
XAy, n Ay x ... x Ay llpumensisi 6a3y UHIYKLHUH, TOJyYaeM:

[Ap x oo x Ap|=1A1 X oo x Ay X AR = AL - JAn] O
Tpuryunom caomxceruss B KOMGHHATOPUKE HA3BIBAETCST CJIEIYIONIEE MOUTH

OUEBHJHOE, XOTS U JIOBOJIbLHO aOCTPAKTHO (hOPMyJHUPYyeMOe YTBEPIKIEHHE.

Teopema 9 (npuHuUMN chaoxeHUus). Ecau KOHeuHble MHONMCECMBA
A;, 1 <i < n, nonapuo ne nepecekaiomcs (Opyeumu cA08aMU, He UMEIOM
00WUX INeMeHMO8), MO CNPaBedAUB8O PABEHCINBO

[ATU...UA | =1A1] + ...+ |A4]
(crosecnas hopmyauposka: mouyHocme 06veduHeHUs NONAPHO He nepe-

cekarnuwuxcsi mMHoMcecms pasHa cymme Mowuocmeﬁ IMux MHO?:‘CBCmB).

JlokaszaTesbcTBoO. 31ech ToxKe (POPMAJIbHO MOXKHO MPOBECTH MH-
JYKLHMIO TI0 71, HO Kax<eTcs, U Tak BCe SICHO. O
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Jlasi kpatkoct ob6wvedurenue cemeiicmsa mroxcecms A;, 1 <i<n,

0003HaualoT elle U TaK:
n

U
i=1
Curenyoliee ornpejieJieHHe MO CYLIECTBY COBMAJaeT C OMNpeieJIeHHsIMH,
JaHHbIMUH HQupuxie * u JloGaueBckum **.

Onpenenenue 12. Omobpascenuem (v ¢pyuxyueit) [: A — B Hazo-
BEM COOTBETCTBHE, TIPH KOTOPOM KaXKI0My 3JIeMeHTy MHOKecTBa A corocTas-
JISIETCST POBHO OJIMH 3J1€EMEHT MHOXKecTBa 5.

ATO omnpejiesieHHE TECHO CBA3AHO CO CJENYIOUIMM OMpPeieeHHEM.

Onpenenenune 13. TloamuoxkecTBo F MHOXKecTBa A X B HaszoBeMm epa-
purxom omobpascenus [: A— B (o603nauenue: [ =T';), ecan 1is 1o60ro
3JIeMeHTa @, MpUHajJIexKallero A, HallleTcsl eIMHCTBEHHbIN 3JeMeHT b u3 B
TaKoW, UTo yrnopsijloueHHasi napa (a, b) npuHaaIe:KUT MHOXKeCTBY F .

ATOT 3/7eMeHT 0603HaYnM f(@) (UTOOBI MOMAYEPKHYTh €r0 BO3MOMKHYIO 3a-
BHCHMOCTb OT 3JIeMeHTa @) M Ha30BeM 00pa3oM 3jeMeHTa @ MpH 0ToOpaxKe-
Huu .

[Tpumepsn. 1.EcimA={1,2,3,4,5,6,7,8}, B={a,b,c,d, e 1 g h},
TO COOTBETCTBHUE

(1) =a, [(2)=b [(4) =d,
[(5) =e, [(6) =1, 7 =g [(8)=h

SBJIACTCS OTOOPaKEHHEM.
2. s Tex ke A, B oToOpaxkeHUeM SIBJSIETCS COOTBETCTBHE

(1) =a, [(2) =a, 1@)=c, [(4) =c,
[(5) =e, [(6) =e, =g [8) =g

Mx rpacukn n3o6paxaloTcst pacCTaHOBKOH Jiajell Ha IIaXMaTHOMH JIOCKe
Ha puc. 2—3.

A paccraHoBKa Jajeill Ha puc. 4 He sIBJisieTCsl rpaduKOM OTOGpPaXKeHHsl
[:A—B.

3. Otobpaxkenue u3 N B NpoH3BOJIbHOE MHOXKECTBO Ha3blBAaeTCs nOCAE-
008amMeAbHOCMbIO 3JIEMEHTOB 3TOIO0 MHOXKECTBA.

~
—~
w
=
g

* T1. Jlexén HupuxJe (Johann Peter Gustav Lejeune Dirichlet, 1805—1859) — sHameHnuTblit
HeMellKui MaTeMaThk. Pomuiicst Bo ®panimn.

** Jlo6aueckuit Hukomait Misanosuu (1792—1856) — 3HaMeHUTBIH pycCKHil MaTeMaTHK, rep-

BOOTKpbIBaTe/b HeeBKJINA0BOH reomerpun. Pekrop Kasanckoro ynusepcurera B 1827—1846 rr.
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— N W A~ U1 O N o

— DN W A~ U1 O N o

— N W s~ U1 O N o

abcdefgh abocdefgh

Puc. 2. Puc. 3.

[TpousBoJibHASI MOCJEN0BATEIbHOCTh 0003HAUaeTcsi 0ObIYHO Kak {a,},
TJle 4, HAa3bIBAETCS ee N-M YACHOM.

[1prMepoM nocJ/ie0BaTENLHOCTH SIBJISIETCS NOCJ/e10BaTeNbHOCTL Pubo-
HauuH.

Onpenenenue 14. [lns smo6oro mHoxkectBa M, copepxKatierocsi B A,
MHOKecTBO {f(a): a € M} o6pa3oB Bcex asiementoB M o6osnauum f(M) u Ha-
30BeM 0Opas3om MHO¥XKecTBa M.

st mepBoro otoGpakenusi nmpeapiayuiero npumepa f(A)={a,b,c,...,h},
a st Broporo f(A) ={a, c, e, g}.

Onpenenenue 15. OrtoGpaxeHue [: A — B Ha30BeM HaA0dNCeHUEM, eC-
m f(A)=B.

[TepBoe oToGparkeHHe MPEABIAYLIEr0 TPUMeEpa SIBJSIETCST HaJOXKEHHEM,
a BTOPOE — He SIBJISIETCS].

Onpenenenue 16. OrtoOpaxenue f: A — B Ha30BeM 8A0MceHILEM, €CIH
pa3Hble 3JIEMEHTbI BCErja UMEIOT pasdHbie 06pasbl.

[lepBoe oToOpaxkeHHe TMpeblIyllero MpUMepa sBJSETCS BJIOXKEHHEM,
a BTOPOe — HeT.

Onpenenenue 17. Hazosem otobpaxenue [: A — B 83aumno o0Ho-
BHAUHBIM OMOOPAXCeHUeM, eCld 0TOOpaXKeHue [ OJHOBPEMEHHO SIBJISIETCSI
H BJIO2KE€HUEM, U HaJIO2KEHUEM.

[lepBoe oTOGpaxkeHHe TIpeAbIAYLIEro IMpHUMepa B3aUMHO OJHO3HAUHO,
a BTOpPOE — HeT.

[Tpumepun. 1. Ipaduk I'; moxHO H306pasuTh
B BHJI€ CXEMbl, Ha3biBaeMoi dgydoavHuim epagom, 0 1 2
nanpumep, ecin A=1{0, 1, 2, 3}, B={0, 1, 2}, I'; =
={(0, 0), (1, 0), (2, 1), (3, 2)}, To I'; n306paxaercs 0 ) 0 5
rpatoM ¢ YeTbIpbMsl BePLIMHAMH B OHON J10J1e U Tpe-

Msi — B JIpyroi (puc. 5). Puc. 5
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Orob6paxkenue [ siBASIETCST HANOXKEHHEM, HO HE SIBJISIETCS] BJIOXKEHHEM.
O6pasom mMHoxkectBa {0, 1, 2} siBasietcst MHoxkecTBO {0, 1}.
2. [IpuMep B3aMMHO OJIHO3HAYHOTO OTOGpPAXKEHHST

A={1,2,3,4,506,7,8—-B={a, b,c,d, e fg h}

npejicTaBsier Jo6asi pacCTaHOBKa 8 Jjiafied, He yrpoxKalolux Jpyr Apyry.
Caenytoliiee ornpeneseHre NpUMEHUMO U K 6eCKOHEUHbIM MHOXKECTBAM.

Onpenenenue 18. Ecan nis mMHoxkectB A M B CylllecTByeT B3aWMHO
0JIHO3HAuHOe oToOpaxenue f: A — B, To Oy1eM roBoputh, uto A u B umeror
00UHAKOBYIO MOWHOCMb, W 3aMUCbBaTh 3T0 B BUe |A| =|B|.

BoJIbIIMHCTBO 3ajjau MePeuucaUTebHON KOMOMHATOPUKH MOTYT ObITh
chopMyJIHPOBAHbI KaK 3ajlaUul O BbIUHCJIEHUH MOLIHOCTH JaHHOTO KOHEUHOTOo
MHO2KECTBA.

Ha ucriosib3oBaHuM MOHSTHSI pABHOMOIIHOCTH OCHOBAH CJI/IyIOLIHH TIPUEM
pellieHusl TAKUX 3a/1a4: €CJIM HEMOCPEJCTBEHHO MOILIHOCTb MHOYKECTBA BbIUHC-
JIUTb He YJaeTcsl, TO MbITAIOTCS YCTAHOBUTb B3aMMHO OJJHO3HAUHOe OTOOpa-
YKEHHe ITOT0 MHOXKECTBA C JPYTMM MHOXECTBOM, MOLIHOCTb KOTOPOTO YXKe
M3BECTHA WJIM MOXET ObITh HEMOCPEACTBEHHO BbluMcieHa. Jlajsee Mbl Gynem
HEOJIHOKPATHO M0JIb30BATLCS 3TUM MPUEMOM.

O6o3Hauum uepes F(A, B) mHoxcecmso scex omobpascenuii uz A e B.
HMmeer MecTo ciienyioniasi Teopema.

Teopema 10. /[1g aw0bvix KoHeuHvlx mHoiecms A u B cnpasedauso
A
pasencmso |F(A, B)| = |B|| 3
Hokasateabcto. [lyetb A={ay,...,a;q}, B=1{bi, ..., bp}. Cy-
11IeCTBYET B3aUMHO OJIHO3HAuHOe oToOpaxkeHue MHoxKecTBa F(A, B) Ha MHO-
xectBo B x ... x B = BlAl. 13 teopemnbl 8 caesyer, uto
—_—
14| A
IF(A, B)| =B =|B|". 0
O6o3Hauum uepe3 P(A) mHomcecmso scex nOOMHONMCECMB MHONCE-
cmea A (BKJoUast caMo MHOXKECTBO A U & — nycToe NoJMHOKeCTBO). MmMeeT
MEeCTO CJIeflyloliast

Teopema 11. /{12 KoHeurnoeo mHoxwecmaa A cnpasedius8o paseHcmsao
[P(A)] =211,

JdokaszaTeanbcTBo. ConocraBuM KaxkJIoMy MoaMHOxKecTBY M MHO-
ectBa A ero unduxkamop Iy, 1.e. Takoe orobpaxenue [y : A — {0, 1}, uto
Iy(a) =1 Torma u ToJIbKO TOT/A, KOrJa a npuHaaiexut MmHoxectsy M. ITo-
JlyuaeM B3aMMHO OJiHO3HauHoe otoOpaxenue [ : P(A) — F(A, {0, 1}). 13 Te-
opembl 10 caenyer, uto [P(A)| =211 O
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Kpome yHKIME OAHON MepeMeHHOM, Y4acTo pPacCMaTpUBAIOTCS TaKkKe
(DYHKIMK HECKOJbKUX (MHOTJA TOBOPSIT — MHOTHX) MepeMeHHbIX. Hanpu-
Mep, ortobGpaxeHue f: A" — B MOXHO paccMaTpuBaTh Kak QyHKYUIO
f(x1, ..., xp) om n nepemennoix x; €A, 1<i<n. B uactHoctH, eciu
A =B =R, To Takylo (QyHKUHIO HA3BIBAWOT GyHKyuel n delicmaumervHolx
nepemerHolLx.

[Tpumepsn. l.Bcayuae n= 1 rpaduk Takoil PyHKUHUH JIEKUT B MHOXKE-
cte R x R = R? — 1BymMepHOM apH(MeTHUECKOM NPOCTPaHCTBe (MJI0CKOCTH).

2. B cayuae n = 2 rpacduk Takoi GyHKLMH JeKUT B MHOkKecTBe R? X R =
=R3 — TpexMepHOM apHBMeTHUECKOM MPOCTPAHCTBE (T. €. ABJseTCs MOBepPX-
HOCTbIO).

Jl1si KOMOMHATOPUKH TPENCTABJSAIOT HUHTEPEC JPyrHe Kjaacchl (PYHKUMH
MHOTHX TI€PEMEHHbIX.

Onpenenenue 19. B ciyuae A =B = Eo ={0, 1} dynkums f(xy, ..., x,)
OT n nepeMmeHHblX, x; € A, 1 <i < n, HasbiBaercss @yrnkyueti 08Y3HAUHOL
A02uKU, WM pyHKyuel areedpol L02uKl, a TakxKe elle 6yresol yHk-
yuet *.

B cnyuae A=B=E,={0, 1, ..., k — 1} dyukuus f(xy, ..., x,) 1 nepe-
MeHHbIX, X; € A, 1 <i < n, HasbiBaeTcs Gpynkyueli k-3HauHoll 102Uk,

3anauu v ynpaxHenus K § 1.6

CKOJIbKO 3J1eMeHTOB (BepILHH) B 11-MEPHOM JIBOUUHOM KyOe?
CKOJIbKO 3/1eMEHTOB (BEPLIHH) B 1-MEPHOM R-HUHOM KyOe?
Hanumnre Tabmuupl Beex OyJeBbIX (DYHKUMH OT ABYX NepeMeHHBIX.

CKOJIbKO CyllecTBYeT OyJsieBbIX (DYHKLHMH OT /1 MepeMEHHbIX?

gL -

CKOJIbKO CyllecTBYeT (DYHKLHH R-3HAUHOMN JIOTHKH OT 71 MI€PEMEHHbIX?

6. CKOJIbKO pa3/iMuHbIX /1-3HAUHBIX UHCEJ MOXKHO 3aMUCaTh B JA€CSITHUHOM
cucreMe cumcJienus (nepsasi wudpa otsiuuna ot 0)?

7. Iyerb n=p{" ... po». Hailnure 7(n) — uncsio Bcex HaTypasibHbIX Jie-
Jresielt n U o(n) — cymmy 3Tux Jeqaureseit. Jlokaxure, uto ecqau (m, n) =1,
to T(nm)=7(n)-7(m) u o(nm) =o(n) - o(m).

8. Ecim p u 27 — 1 —npocthie, T0 n=2""1(27 — 1) — coBepuienHoe
uhcsio, T. €. Takoe, uto o(n) = 2n.

* JIx. Byab (George Boole, 1815—1864) — anrumiickuil MaTeMaTHK M JIOTHK, MpenojaBal
B Mpaanmuu. Orew nucarensuuibl J. J1. Boitnuu.
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HeusBecTHo, KOHEUHO UM GECKOHEUHO MHOXKECTBO UETHBIX COBEPILIEHHBIX
yuces. Camoe 60JIblLI0Oe U3 UBBECTHBIX COBEPLIEHHBIX YHCesl (M COOTBETCTBEH-
HO camoe 6oJibllioe U3 MpPoCThiX uucen Mepcenna *), nainennoe B 2001 r.,
noJyvaercst npu n = 13466917.

HeuerHble coBeplueHHble Uhca 10 CUX T10P He HaHJeHbI.

9. JlokaxkuTe, 4TO UMCJIO BCEX Map MOJAMHOXKeCTB MHOXKecTBa {1, 2, ..., n}
TaKHX, YTO MEPBOE U3 ITHX MOAMHOXKECTB COJEPKUTCS BO BTOPOM, paBHO 3.

10. Tlyctb p —npocroe uncso. CKOJLKAMH crioco6aMi MOXKHO pacKpa-
CHUTb BEpLUMHbI IPABUJIBHOTO P -YroJibHUKA, €CJIM pa3peluaercsl UCnoJb30BaTh
3aJlaHHble k 1IBETOB (He 0053aTeJbHO BCe) W JIBE PACKPACKH, TepexoJsiiye
JIPYT B JIpyra Mpu NOBOPOTE p-yroJbHUKA, CUMTAIOTCS OJMHAKOBBLIMH?

11. BoiBenute U3 npeabiaylllei 3agauu, uto p nejut R — k.

12. Tlpoussenienne 1986 HaTypasbHbIx uucen umeeT 1985 pasyiMuHbIX
NPOCTbIX Jenutesell. JlokaxkuTe, uTO TPOU3BEleHHE HECKOJNbKHUX M3 3ITHX
yuces1 MO0 OIHO U3 HUX SIBJISIIOTCSA KBaJpaTaMH HATYPaJbHOrO UMucJa.

13*. TlpousBenenue 48 HarypasbHbiX urces umeer 10 pasnuuHbIX Npo-
CThIX AeauTesielt. JloKaxuTe, UTO NPOU3BE/IeHUE UETbIpeX M3 ITHUX UYHCeJl SIB-
JISIETCS1 KBAJPaToOM HATypaJibHOTro uMcJa.

14*. Tlpoussenenune 1985 HaTypasibHbIX unces UMeeT 9 pasjMuHbIX MPO-
CTBIX JleJIuTesel.

a) JlokaxkuTe, 4TO MOXKHO BbIGpaTh 737 HerepeceKalolUXcs nap 4uced,
MPOU3BEMIEHUs] KaXKIbIX M3 KOTOPbIX SIBJISIIOTCA KBajpaTaMH HaTypaJsbHbIX
qHCel.

6) JlokaxkuTe, uTO MOKHO BHIGpaTh |13 Henepecekalouyxcst YeTBEPOK YH-
cesl Tak, UTO MPOU3BENEHHE KaXKIOH ueTBepKU OyJeT UeTBEPTOH CTereHblo
HaTypaJbHOTO UKCJIa.

15*. Ha niockocTH HapuCOBaHbl 7 TOUEK, 3aHyMepOBaHHbIX OT | 10 7,
1 HEKOTOPbIe U3 HUX COeJIMHEHbl 0Tpe3KaMu (peGpaMu) Tak, uto pebpa He re-
pecekatorcsl (M0 BHYTPEHHUM TOUKaM) W U3 JOOOH TOUKH MOXKHO B J1106YIO
JPYryto NPoHTH pedpam, NpuueM eMHCTBEHHBIM CIOCOOOM — MOJIyUHJIOChH e~
peBo. Jlokaxkute, uto pebep B AepeBe 1 — | M UMCJO PA3IUUHBIX JE€PEBbLEB
paBHO n"~2 (Teopema Kasn **).

Y Ka3aHue. BoiGpaTb BUCAUYIO, T. €. ABJISIOLLYIOCS KOHLIOM JIHIIb OJIHO-
ro pe6pa, BepllIHHYy C HAUMEHbIIUM HOMEPOM, HANUCATh HOMEP BTOPOTO KOHLA
9TOro pedpa, BbIOPOCHTb U3 JlepeBa 3T0 peGpo, C OCTABIIMMCS JIE€PEBOM Clie-
JlaTb TO K€ caMoe U T.]l., IOTOM 0Ka3aTb, YTO MOJyUHBILASICS B pe3yJbTare

* O mporpamme MoMcKa HOBbIX MPOCTbIX yHces MepceHHa COBMECTHBIMH YCHIIHSIMH MOJIb30-
BareJieil MHTepHera cM. www.mersenne.org.
** A, Kaam (Arthur Cayley, 1821—1895) — anrsuiickuii matemartuk. PaGorasi ajgokatom B Te-
ueHne 14 siet, ony6sukoBaJ okosio 250 MaTeMaTHUeCKHX pa6oT. OCTaBUB aIBOKATCKYIO PAKTHKY
B 1863 1, cran npodeccopom MareMaTHKH B KeMOPHIKCKOM YHUBEPCHTETE.
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[0CJIe0BATENLHOCTD JJIMHBI 11 — 2 uduces U3 MHOXKecTBa {1, ..., 1} oqHo3HAu-
HO omnpejessieT UCXOJHOe JepeBo.

§ 1.7. TloamHomMHanbHasi Teopema

O603Hauum uepes /(A, B) MHOKeCTBO Bcex BioxeHuil f: A — B. lpyru-
MH CJIOBAMH, TO YHCJIO pa3MellleHHil 3JeMeHTOB MHOxKecTBa A Mo silmKam,
SIBJISTIOLLUMCS] JIeMEHTaMH MHOXKeCTBa B.

SIcHo, uto /(A, B) He mycto Torna u Tosibko Toraa, korna |A| < |B].

Onpeneaenne 20. Yucao V- (V —1)-...-(V —n+1) HasbiBaercs
ybosarowum pakmopuasom uicna V pivHbl 1 1 o603Havaercs [V],.
Yucao V - (V +1)-...-(V +n— 1) HasbiBaercs sogpacmarouun dak-

mopuaaom udcna V pyvHbl n 1 o6o3nauaetes [V]".
Ynpaxuenue 15. loxkaxure, uto [—V], = (—=D)"*[V]", [-V]" = (=D"[V],.
Teopema 12 (o uucae pazmeuenuin). Cnpagedauso pageHcmso
(A, B)| = B[ -(IB] = 1)-...- (IB] = [A[ + 1) = [|B]}a-

Hoxasatesnbctso. Munykuus no |A|. basa (JA| = 1) oueBuana.

[War unpykumu. [yets A ={1, 2, ..., n}, B={l, 2, ..., m}. Jlto60e 0T06-
paxkeHue [, npuHaiexkauiee MHOkecTBY /(A, B), 01HO3HAUHO onpenesieTcs,
ecJid 3ajaTh 3HaueHue f(n) =i u3 B u orobpaxkenue [y, npuHaiexallee
mHoxkecTBY (Ao, B;), tne Ag={1, 2, ..., n— 1} u B; = B\ {i}. Takum oGpa-
30M, MOCTPOEHO B3aHMHO OJIHO3HAUHOE O0TOOpax<eHue U3 MHoxKecTBa /[(A, B)
B MHOXKECTBO

LJ 1(Ao, Bi) x {i}.

i=1
M3 nperosioyxKeHust UHAYKLIUHA U TeopeMbl 9 Ternepb CJIe/yeT, UTo
/A, B)|=m-(m—=1)-...-(m—n+1). O
Onpepenenue 21. Paxmopuason uncna V € N HagbiBaeTcst npousse-
nenpe V=V (V-1)-(V—=2)-...-2-1. llna V =0 nonaraem 0! = I.
Torma [V],=V!/(V—n)! ipu V >n > 0.
Teopema 13 (o uucae nepecraHoBok). Cnpasediuso paseHcmso
1A, D =]A]- (A = 1) -..- 1 = [A]
JlokaszaTesabcTBO. YTBepxK/eHHE SIBJSETCS YACTHBIM CJIyUaeM Teo-
pembl 12. O

st kpatkocTH BMecTo [(A, A) nuuiem S(A).
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Onpenenenue 22. DyemeHTbl MHOXKecTBa S(A) HasbiBatoTCs nepecma-
HOBKaMU MHOKeCTBa A.

Onpenenenne 23. [lepecmanoskoll ¢ nosmoperusmi Ha3bIBaeTCst
moboe cjoBo M3 MHoxkectBa {l, ..., k}", B KOTOpoM Kaxkjuas «OykBa» i
BCTpeuaeTcs n; pas, Tiue ny + ... + np = .

MHOXeCTBO BCeX TaKUX CJIOB 0003Haunm S(ny, ..., ng).

Ecau umeercss n 6ykB (k=n), u kaxuass GykBa BCTpeuaeTcsi OJMH pa3
(ni=1,i=1, ..., n), 10 S(1, ..., 1) — 310 Mpocto mMHoxkectBo S({1, 2, ..., n}),
3JIEMEHTbI KOTOPOTO 3alkcaHbl B BUJE CJoBa (ay, ..., d,), NPUHAJIEKALIETO
mHoxecTBy {1, ..., n}".

Teopema 14 (o mepecTaHOBKaXx ¢ NOBTOPEHUSIMU). B 0603HaueHusx
onpedeaenus 23 cnpasediu80 pageHCma0

S )=
ny, ..., i) = ———.
e Tk ny!...ong!

JHokaszaTeusnbcTBo. ComnocraBuM KaxkaoMy cjoBy @ U3 S(ny, ..., 1)
MHOXKECTBO Bcex mnepectaHoBok us S, =S({l, 2, ..., n}), KoTopble nosyua-
10TCSl, €CJIM BCe BXOXKAEHHMA KaxKHoH OyKBbl [ 3aMEHHUTb MPOU3BOJILHBIM 00-
pasom Ha pasjuuHble yncaa 3 mMHoxkectBa {l;, l; + 1, ..., l; +n; — 1}, tne
li=n; +...+n;_;. Ilosyuennoe MHOKeCTBO 0003HAUUM S, .

2 B
V3 Teopembl 8 u Teopembl 13 BoiTeKkaer, uto |S, | =n! ... np!. ScHo, uto

Sa= U Swe

weS(ny,. . ,np)

— o0belMHeHHe BCeX MHOXKECTB Sy, KOTOPble MOMAPHO He MepeceKaroTcs,
T. €. He UMeloT o6uMX 3/emMeHToB. [TosTomy corsacHo Teopeme 9
n!

n!'=1S,|=1|S(ny, ..., ng)|, orkyma |S(ny, ..., np)|= PRRIE O

Ynpaxnenue 16. a) CKoJIbKO pa3jiMUHbIX CJIOB MOYKHO MOJIYUHTh, TIepe-
craBJsisi 6ykBbl B ciioBe MATEMATHUKA?

6) CKOJIbKO pPa3J/MUHBbIX CJIOB MOXKHO TOJYUMTb, TepecTaBJisis GyKBb
B caose ABPAKAJIABPA?

[lepecTaHoBKa GYKB B CJI0BE Ha3bIBAECTCS aAHA2PAMMOL.

Ynpaxuenue 17. B XVII B. cpean yueHbix cyiiectBoBas o0bluaii 06b-
SIBJIATH O CBOMX OTKPBITHSIX, HY>K/IAIOIIMXCS B MOATBEPKAEHUH, MyOMKalnen
aHarpammbl. lajinsieii, yBueB B CBOIO MOA30pHYI0 TpyOy, uto CaTypH UMeeT
N0 KpasiM Kakue-To MpPUIATKH, onyOJHKOBaJ aHarpammy

SMAISMRMIELMEPOETALEUMIBUVNEUGTTAVIRAS.
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CKOJIbKO pasJiIMuHbIX MepecTaHOBOK MPHUILLIOCh Obl nepenpotoBath Kenepy,
uToObl pa3rajath aHarpammy lasuies? Hanuiure Tounyio dopmysy u ole-
HUTE YHCJIO JIECATHUYHBIX LH(P B H300paKaeMOM €to uucJe.

N3 reopembl 14 cienyer

Teopema 15 (noauHomuanbHas). Cnpasedauso mojcdecmso

n!
(X1 + ...+ xp)"' = —x" X
1! np1 71 k
1t ees Hpt
n+...+np=n
Hokaszateabctso. OcHoBHo# andabut—{xy, ..., Xz}. DykBa x;
BXOJIUT POBHO 11; Pa3 B Kaxi0e CJIOBO, jalolliee ofHouIeH X{' ... xp*. O

!

n
Onpenenenne 24. Yucio 0003HavyaeTcs W Ha-
ﬂl!...ﬂk! Iy -+ Mg

3bIBaeTCs NOAUHOMUANbHOIM KOB(I?d)LlL{LteHITLOM.

n n
Ecau k=2, To BMecTO <n " > MHLIYT (n ), H60 N9 =1 — Ny, U Hasbl-
1, g 1

BAIOT 3TO UUCJO OUHOMUAAbHOIM KOIPPuyuernmom. BmecTo (k) UCIOJb-
3y10T 06bluHO 0Go3Hauenue CF.

YnpaxHeHue 18.

a) ITposepsre, uto C* = [n],/k!.

6) [1poBepbTe, UTO CrpaBeIMBO TOXKAECTBO (IBOMCTBEHHOCTb OMHOMH-
aJIbHBIX KO3((HUIIHEHTOB)

Ck— nn—1)...(n—k+1) _ ot
n k] - n °
B) JlokaxuTe, uto nocaeosarebocts CO, Cl. ... C!" Bospacraer BIIOTH

2 2]+1
110 KosdduuueHTa C,[I”/ lac Ko3(duLreHTa C,[I”/ I+ yObIBaeT.
r) JlokaxkuTe uncro anre6panuecku moowdecmso llackara
ko _ ok k=1
Chp1=Cp+C, .
YacTHbIM CcjlyyaeM TMOJMHOMHAJBHON TEOPEMBI SIBJISIETCS
Teopema 16 (6uHomuanbHas). Cnpasedauso mosxcdecmso

n

(gt =) Crcry"
k=0

HokasarteabcTBo. B nomnHomuanbHoil Teopeme nosioxum k=2. [
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Onpenenenue 25. Tpeyeoavnuxom llackass HasdbiBaercs Tabauua

B KOTOPOH Kakaasi ouepeiHasi CTPOKA Ha OJHO UHCJIO JJIMHHEE MpebliylleH,
HauMHAeTCs M 3aKaHUMBAeTCsl eIMHULEH W Ka)K[10oe M3 OCTaJbHbIX ee uhcel
pPaBHO CyMMe JBYX uMceJs Npelblayllell CTPOKH, MeXKy KOTOPbIMH OHO HaXo-
JIUTCS.

Teopema 17 (o TpeyroabHuke [lackansa). B n-i cmpoke mpeyeoro-
nuka llackara cmoam 6 mounocmu OuromuasvHule KO3phuyuernmo
cY,cl ..., cn

JokasaTeJsabcTBso. JlokazaTesbCTBO NPOBOAUTCS 10 UHAYKUMHU. Ba-
3a uHayKuuu (n=1) oueBupHa. CorsiacHO TNPENOJNOKEHUIO WHIYKUMH 1-51
cTpoka Tpeyrosibuuka [lackans coctout uz uncen CY, CL ... C". Torna mex-
ny uueaamu CF=1 Ck g (n + 1)-it cTpoke Gy/eT cTOAThL COTIACHO TOMKIECTBY

IMackans uncno C* | = CE=1 + CE. O

3anauu v ynpaxHenus K § 1.7

1. Kensiep nHamen Takoe peuieHue aHarpammbl lasusesi (OmycTHUB JBe
OyKBbI):

SALVE UMBISTINEUM GEMINAUM MARTIA PROLES

(mpuBet BaM, Gsin3Hellbl, Mapca nopoxaenbe). OH aymas, uto [anunei ot-
Kpbl1 cnyTHukd Mapca. Ha camom pesie oHH ObIM OTKPBITHI CIYCTSI JBa
Beka. B nefictBurenbHoctu [anunneit 3ammndposas gpasy (Toxke BHIGPOCHB /1B
OyKBbI)

ALTISSIMUM PLANETAM TERGEMINUM OBSERVAVI

(BbIcouarilnyio nJjaHeTy TpokHoio Habuonan). Ho on ommnbesi. Bmecro npu-
jatkoB y CaTypHa 0KasaJlochb KOJIbllO, KOTOPOe OTKPbLI Mo3iHee [iofireHc.
O6 3TOM OH TOXKe OMy6JIMKOBaJ aHArpaMMy

AAAAAAACCCCCDEEEEGHININIILLLLMMMNNNNNNNNNOO
OOPPQRRSTTTTTUUUU.
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CKOJIbKO Pas3J/IHuHbIX MEepecTaHOBOK MPHUILIOCH Obl Mepenpo6oBaTh, UTOObI
pasrajatb anarpammy lioiirenca? Hanuuurte TouHyio (opmy/ay M OlleHUTE
UMCJI0 JECATHUHBIX LU(P B U300paxKaeMoM eto YUCIIe.

2. Jlokaxkute GMHOMHAJILHYIO TEOpPEMY MO HHAYKLMH.
3. BbiBenuTe U3 Hee NMOJMHOMMAJBbHYIO TEOpEMYy.
4. Ecqn MHOXKecTBa A; TonapHo He MepeceKaloTcs U

[AjU.. . UAy| =k +...+ky—n+ 1,

10 |A;| = ki nisi HekoToporo i (npuHumn Jupuxie).
5. Ecau (n, 10) =1, To U3 0THUX €AMHULL MOXKHO COCTaBUTb uncio 11...1,
Jledisiiieecst Ha n.

6*. CyiecTByeT uuc/io, jesiieecsi Ha 2", necsiTHUHAs 3aMUCb KOTOPOTO
COCTOUT TOJIbKO U3 | 1 2.

7*. CyllecTByeT uucJio, Jiesiieecst Ha 5", JiecATHUHAS 3alUCh KOTOPOTo
COCTOMT TOJILKO U3 wdp 1, 2, 3, 4, 5.

8*. Ecam (1, 5) =1, To cylecTByeT umucJo, aeJsileecs Ha 1, JeCATHUHAs
3aMucb KOTOPOro COCTOUT TOJIbKO U3 uudp 1, 2.

9%, Ecau (n, 2) = 1, TO cyllecTByeT uuci0, AesIleecs Ha 1, JeCATUUHAS
3aruch KOTOPOro COCTOMT ToJbKO W3 wudp a) 1, 2, 3, 4, 5; 6) 5, 6, 7, 8, 9;
B) TOJIbKO M3 HEYETHBIX LHDP.

10*. (C. B. Konsirun.) {okaxure, uto Jijisi ito6GOro 71 HABJIETCst UMCJI0, BCe
1ndpbl KOTOPOro B lecaATHUHO 3anuck pasHbl 0, 1, 8, 9, He npeocxoasiee n*
¥ Jessiieecs Ha f1.

11. CkoJIbKMMH c11oco6aMHi MOXKHO pacCTaBUTb 7 JaJel Ha LIaxMaTHOH
JIOCKE 1 X 1 TaK, uToObl OHU He OUJIN ApYr apyra?

12. CxoJibKUMH crocoOaMH MOXKHO Pa3MeCTHTb # OJIMHAKOBBLIX IIapOB
Mo /M ypHaM Tak, uToObl B Ka)JI0H ypHe 0Ka3aJjoch He 6oJiee OJIHOrO 1iapa?

13. Jlokaxkure TOXKIECTBO

n n
Z <n1,...,nk>:k ’

ni+...+n=n

14. BbiBenute U3 MOJMHOMHANLHON TEOPEMBI, UTO MPH MPOCTOM P H JIIO-
60M HaTypasbHOM R uuciio kP — k nenutes Ha p (Manas teopema depma).

15. Ecau p — npoctoe, Godibliiee 5, To uncso 11...1, necsatuunas 3anuch
KOTOPOTO COCTOMT W3 p — | eIMHHMIIbI, IEJUTCs Ha p.

16. B knacce nist kaxporo k=1, ..., n pOBHO @; Y4eHUKOB TOJIyUHJIH
He MeHee k nBoek. CKOJIbKO BCEro JIBOEK B 3TOM KJacce?

4 Tawkon
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17. (Jlexxannp *.) a) [lokaxkute, 4TO MPOCTOE UUCJAO P BXOIUT B Pasiio-
KeHue n! B cTeneHu

n n n k k1
— +L—(J+...—|—L—J, rue <n< .
L?J p? p* P P

6) Jlokaxkute, uTo
n n n n—vp(n)
TN O L )
L?J p? pm p—1
rie v, (n) — cymMma UMdp p-HUHOH MO3HLUMOHHOM 3alMCH yMucaa 1.

B) [lyctb
up=(p**' = D/(p = 1),

h= pmtim + ...+ pris + po,  pm= h/tn],
hmflzh_pmumv pmflzl_hmfl/umflja

hy=hy — paus,  pi1=|hi/ui].

TOFIIa [IPOCTOE p BXOIHUT B pa3J/ioKeHHE n! B crenenu h TOoraa U TOJIbKO TOria,
Korja

m+1

n=pmp™ ...+ pip*+ pop + p',

rie Bce p; U p’ CyTb Liesible HeOTpHLATeNbHbIE H MeHbLLIE p.

18. Moxer s n! oxkaHuuBaTbest poBHO 2004 HyssiMH B J1eCATHYHOH
3ammcu?

19. Tlpu kakux n uucqo (n — 1)!/n — nemnoe?

20. Jlokasxkute, uto umcsao (2n)!/(n!)? natypasibhoe u neantest va 1+ 1.

21. JlokaxkuTe, 4TO #‘k' —uesoe, ecai a+b+...+k<n.

22. Jlokaxute, uto uucyo (2n)!/(n!)? uatypaibHoe u jaenutcs va n+ |
u Ha 220V 1o me mesurest na 2w+

23. JlokaxuTe, uTo umuc/io (2n)!/n! nemutest na 2%, Ho He na 2°F!

24. Jlokaxute, uto uncyo n!/2" — uerenoe. [1pu KakoM HATypaJbHOM 11
uncsio n!/2"~™M Gyjet 1esbIM IPH BCEX HATYPAJbHBIX #1?

25%%, (UeObILIER **.) BbiBeaute U3 npebliylleil 3a1aui, 4To unc/o v/n!
He GoJibllle MPOU3BEIEHHUS 110 BCEM TMPOCTHIM JEIUTEISAM p UUCJIa 1 COMHOXKH -
teneit p!/(P=1 u BLBeauTe OTCIOAA, UTO MPOCTHIX UMCE] GECKOHEUHO MHOTO.

* A.M.Jlexanap (Adrien Marie Legendre, 1752—1833) — u3BecTHblil (paHily3cKuil MaTe-
MaTHK.
** Ueobblwés [laduyrnit JIbposuu (1821—1894) — Bhipatouuiicst pycckuii MaTeMaTHK, co3/ia-
TeJslb 1eTepOypreKoi MaTeMaTHueCKO! LIKOJIbI.
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26%*. (UeObiuéB.) JlokaxxuTe, UTO CyMMa 10 BCEM MPOCTbIM p, He Mpe-
BOCXOJISILIUM 11, cjlaraeMbix 1g p/p Godblie, uem C Ig n, rie C — HekoTopast
KOHCTaHTa.

Vkasauue. Vnl>n/3,

27*%%, (Uebbiién.) JlokaxknuTe, UTO CymMMa 110 BCEM MPOCTHIM p, He Mpe-
BOCXOJSILIUM 11, ciaraembix 1/p Godbite, uem C 1g Ig n, rie C — HekoTopast
KOHCTaHTa.

Yxkaszanue. Eciu P— MHOXKeCTBO BCex MPOCThIX UUCE, S — MHOXKe-

CTBO BCeX KBaJpaToB, F — MHOXxKeCTBO Bcex qyuyceJ, He AeJisAlIuXCs Ha KBald-
paTtbl, TO

n n n
1 1 1
>zl w
k=1 k=1 k=1
keS keF
1 £ 1 I "
exp =[] e ;>H(1+;)>Z P
k=1 k=1 k=1 k=1
keP keP keP keF

§ 1.8. Coueranus u pa3bueHus

O6o3Hauum uepes Py (A) mHoxkectBo {M: M C A, |M| = k} Bcex noamHo-
MKECTB MHOXKECTBA A, HMEIOIIMX MOLIHOCTb R, APYTMMH CJIOBAMH, k-TMOIMHO-
JKECTB.

Onpenenenune 26. Dsementbl MHOKecTBa Py (A) HasbiBaloTCst couema-
Husmu s1eMeHToB u3 A no k.

Teopema 18 (o uucie k-noamHoxkects). Cnpasediuso pasencmso

k
[Pe(A)] = CJy.-
HoxkasatenbcTso. [lyetb A={ay, ..., ajs}. ConocraBum Kaxo-
My couertanuio M uz Pr(A) cnoso aj ... apq €10, 141 rakoe, uto a; =1

TOTJIAa ¥ TOJIbKO TOTJA, KOTJa 3JeMeHT a; npuHaniexut M. Takum oOGpasom,
MOCTPOEHO B3aUMHO OJIHO3HAUHOE OTOOpaXkeHue U3 MHOxkecTBa Pr(A) B MHO-
xectBo S(k, |A| — k). B cuy Teopembl 14 umeem |P(A)| = CIkAI' O

Teopema 19 (06 ynopsinoueHHbiX pa3douenusix). Yuciro peuenuil
YpasHenus Xy + ...+ x, =k 8 HAMYPANbHLLX HUCAAX PABHO CZ:II.

HokaszaTeabcTtBo. ConoctaBuM Kaxkaomy Habopy (Xi, ..., Xp)

CJIOBO
0...010...01...10...0e{0, 1}*1.
N——

X1—1 X2—1 x,,—l

4%
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Takum 06pasoM MOCTPOEHO B3aUMHO OJHO3HAUHOE OTOOPAXKEHHE M3 MHO-
JKECTBa BCeX pellleHHd ypaBHeHUst B MHOxKecTBO S(n — |, k — n). Ocraercs
NPUMEHUTH Teopemy 14. O

Teopema 20 (o pa3bueHUsX Ha HEOTpPULIATebHbIE caraemblie). Yuc-
A0 peuleHull YpasHeHus Xi—+ ...+ X, =Rk 8 yearvlx HeompuyamnesbHolLx
yucaax pasro C"-

n+k—1-
HokaszaTteusnbcTBo. ConocraBum Kaxaomy Habopy (xi, ..., Xp) Le-
JIbIX HEOTPHULATENbHbIX uuces Habop (Y1, ..., Yr) HATypasibHbIX UHCEJ, TJe
yi=x;+1,i=1, ..., k. Tem caMbiM yCTAHOBJIEHO B3aHMHO OJIHO3HAUHOE CO-

OTBETCTBHE MHOXKECTBA BCEX LEJbIX HEOTPHULATEJbHBIX PELUeHUH YpaBHEHHS
X1+ ...+ X, =1 1 MHOXKeCTBa BCeX PellleHnil ypaBHeHUust i + ...+ yp=n—+k
B HaTypaJsibHbIX uucax. OcTaercst npUMeHHTb Teopemy 19. O

Caencreue u3z teopembl 20. Yucaro craeaemolx 8 NOMIHOMUANLHOLL

dopmyre pasHo Cﬁ;é_l .

[Tpumep. Coueranusi ¢ MOBTOPEHUSIMHU TOSIBJSIOTCS TPU pelleHUH CJle-
JyIolled 3aaund UMeeTcsi k7 11apoB 1 Pa3jiMuHbIX 1IBETOB, MO R IITYK KaXK-
noro 1Beta. CKOJbKMMH PA3JMUHBIMKU CMOCOOAMH U3 HUX MOXKHO BbIOpaTh R
1apoB?

Pewenune. Kaxaoll BbiGopke cOMOCTaBUM YMOPSIAOUEHHbIH HabGop
(x1, ..., X,), TAKOH, UTO X| + ...+ X, = R, TJle x; — UNUCJIO 1I1apOB B BhIGOP-
Ke, UMelolMX i-U 1BeT. TeM caMbiM yCTaHOBJIEHO B3aWMHO OJHO3HAUHOE
COOTBETCTBHE MEXJy UYHCJOM BBIOOPOK H UHCJOM pEellIeHHH ypaBHEHHs
Xi+...+x,=Fk B HeoTpUUATEJbHbIX LEJbIX YHCIAX. 3HAUMT, YUCJO Bbi-

n—1 _ rk
60poK, corsiacHo Teopeme 20, paBHO Cn+k71 = Cn+k—l'

Onpenenenne 27. DTO UKMCJIO HA3BIBAETCS UHUCJIOM COYCMAHUL ¢ NO-
8MoOpeHuIMU U3 n 1o k.

Ynpaxuenne 19. Ilposepsre Toxknectso Ck, | = [n]*/k!.

3anauu ¥ ynpaxHenus K § 1.8

1. YuC/I0BYIO MOCJIEI0BATENILHOCTL HA30BEM MOHOTOHHOF, €CJIH KaXKio0e
CJIeJlyIOlee UHC/IO He MeHble npeabiayiiero. JlokaxuTe, uTo YHCI0 MOHO-
TOHHBIX T10C/IEAOBATEILHOCTEH JUIMHBI £, HE COJEPXKAIIUX YHCEJ OTJIHYHBIX
or 1, ..., n, pasno C* , | ={[n]*/kl.

2. CKOJIbKUMH C0COGAMH MOXKHO DAa3MEeCTHTb 1 OJIMHAKOBBIX IAPOB
110 M pa3HbIM ypHaM?

[n/2] L(n—1)/2]
3. Boumcaure > C2* w S C2kHL
k=0 k=0
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4. Hcnoabsys teopemy 18, nokaxure Toxaectso [lackads
k_ ok k—1
C,=C,_+C,_,

1 TOXKJlecTBO Bannepmonna * /
Cp=>_cCritct.
k=0

5. Boiuncute kosdduument npu x'° B muorousnene (14 x + x?)'0.

6. Peure 3anauy 4, HCnosib3yst GHHOMHAJILHYIO TEOPEMY M TOXKJIECTBO
(14+x)"=1+x)" (1 +x)m"

7. Haiiamre cymMmMy KBaspaToB ukces n-il cTpoku TpeyrosbHuka [lackass.

8. JloKaKuTe TOMKIECTBO JUIi N-T0 KOHTHHyaHTa

LE
[x, ..., x] = Cr—kyn=2k,
; ;

n

Ykazanue. MoxHo npuMeHUTb 3anauy 4 us §1.4.

9. B tpeyrosibHuke [lackans Haitnure uucina uboHauuu, npasaa, He B
SIBHOM BMJI€, @ BUJE CYMMbl UMCEJ M0 AHATrOHAJSM.

Jlokaxkute, 4TO

n
k

Z Cnfk = Fﬂ+l'

k=0

YKkaszaHnue. MoxXHO NPUMEHHTb MPEbILy- 6] 4 1
LIy 3a7ayy. Bl 10 10 5 1
10. Hcnousbays ToxaectBo [lackasns, no- 1 6 15 20 15 6 |1

Ka»XuTe, uTo Puc. 6. Jduaronajb
B TpeyroJibhuke [lackasns

1

2 1
3 3 [
4

bt bt et

[©]

Ch=Cl  +Cl o +...+C\_,+ L

[TpoBephTe, UTO 5TO PaBEHCTBO BEPHO NPH 1 = k, ec noaoxkuth Ck =0 npu
k>m.

11. Tokaskute, uto MHorousieH ((x 4 y)? + 3x + y)/2 ocyliecTssier B3a-
MMHO OJIHO3HAuHoe oToGpaxeHue (OHekuuio) mMHoxkectBa N? =N x N pcex
YIOPSIIOUEHHBIX Tap HaTypaJbHbIX uhces Ha MHoxectBo N={0, 1, 2, ...}.

12%*, Mcnosb3ys 3anauy 10, 1oKa)KuTe, 4T0 MHOTOUJIEH

_ "k k—1 2 1
P(xl, [ERR) xk) - Cx|+...+xk+k—l + Cx1+...+xk,]+k72 +...t CX1+X2+1 + Cxl

* A.Banznepmonn (Alexandre Théophile Vandermonde, 1735—1796) — dpatiysckuii mate-
MaTuK, uieH [lapuKckoil akajgeMun Hayk.
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ocylecTBasieT Guexkipio MHoxkectBa N¥ =N x ... x N Bcex HaGopoB HaTy-
paJibHbIX uKces AJuHbl R Ha MHOxKectBo N={0, 1, 2, ...}. JloKaxure, uTO
MHOTOUJIeH MeHbLUIEH CTEeNEeHH He MOXKET OCYLLECTBJISITh TaKOH OMEKLHH.

13*. YcraHoBUTe B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MEXKIY MHOXKe-
CTBOM PaLMOHAJILHBIX YHCEJ H MHOXKECTBOM HATypaJsibHbIX UHCEI.

14*. HazoBeMm yenovro J106yl0 CTPOro pacluMpsioULylocss MocJae10Ba-
TeJbHOCTh MHOXKECTB, HauuHaloulylocsi ¢ Ap=& W 3aKaHUMBAIOLLyIOCs
A, ={1, ..., n}. Jlokaxkurte, uTO

a) YMCJIO BCeX TaKHX lienen nl;

6) uMcJj0 Lerneld, B KOTOPble BXOIUT 3aJlaHHOE R-3JeMEHTHOE MHOXKECTBO,
paBHo kl(n — k)!;

B) UMCJIO k-3J1eMeHTHBIX MoaMHoxkecTs B {1, ..., n} paBHo C¥ (BbiBecTn
us 6)).

15%. (LLInepuep *.) lokaxure, 4TO €CJIM €CTh CEMEHCTBO MOMAPHO He CO-
JleprKalluX ApYyr apyra NoAMHOKecTB B {1, ..., 71}, TO UX UMCJIO HE MPEBOCXO-
JIMT C,EH/QJ.

Ykaszanue. [lycte U — uinepHepoBo ceMeHCTBO U 1JIst JIOGOTO MHO-
)ectBa A u3 cemeiictBa U MHOXKecTBO LI(A) cocTouT U3 uened, npoxoasimx
uepe3 A, Torna s oGbix MHOXKeCTB A, B U3 cemeiictBa U

LA) NL(B) =2

M MOXKHO MPUMEHHTb 3azaauy 14.

16. B xnacce Bce yuatest Ha 4 U O M HUKTO He YUUTCS Jyullle JPYroro.
Kakoe HanGoJibliiee YHC/I0 YUEHHKOB MOXKET ObITh B KJlacce, eCJiM H3YUaloTCs /1
npeJIMeToB?

17*%. Wupykuueit no n gokaxure Gopmysty BKJIIOUEHHsI-UCKIIOUeHHsT **

n

U 4| =D 14 =D JAin 4|+

i=l i i<j
+ D JANA A=+ (CDTHAIN LN A
i<j<k
CKOJIbKO CcJlaraeMbIX B - 10 CueTy cymme?
18. (Diinep.) Mcnonabdys 3anauy 17, nokaxKuTe, UTO YHCJO MPABUIbHbBIX

HECOKpAaTUMBIX JpoGel co 3HameHareseMm 71 paBHo @(n)=n(l—1/py)-...
wo.o (L =1/pg), vie py, ... pp— BCE pa3/HUHbIE TPOCTHIE JCJTUTENH 1.

* Hemeuxuii matematuk . llInepuep nokasan sty treopemy B 20-e roapt XX B.
*% D1y dopmysy mnepBbIM T0JyuMs (paHiysckuil mMatemaTk A. ne Myap (Abraham
de Moivre, 1667—1754), npoKUBILIKE MOUTH BCIO XKU3Hb B AHIIHH.
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19. O6osnaunm N(n, k) uncnio Bcex otoGpaxkenni us {1, ..., n} B {l,
, kY, ABJSIIOIIMXCST HAJIOXKEHHSIMH. JIOKaXKHTE, YTO

a) N(n, n)=n!; 6) N(n, n — 1) =C2(n — 1)!;

B) N(n, k) =k(N(n—1, k= 1)+ N(n — 1, k));

k )

) N(n, k)= 3 (=1)/Cj(k—j)".

j=0

Ykazanue. [Ipumenurs 3amauy 17.

20. Ilnan ropona umMeet BUJL MPSIMOYTOJIbHUKA, pa36UTOrO yJULIAMU Ha 11
OJIMHAKOBbIX KBapTasioB. CKOJLKUMH Cloco6aMi MOXKHO MpoexaTh M3 OJJHOTO
yryia TOpojia B TIPOTHBOTIOJOXKHBIN YToJl, TPeoJIoieB KpaTuakilee pacCcTosiHUe
(cm. puc. 7)?

21. Hcnonbaysa 3zapauy 17, pewute 3ana-

uy 4.

22. B Kaxylo KJETKy IaXMaTHOH J0C-
KU pasMepa £ X N 3andllieM YHCJIO pPasyiud-

HbIX KpaTqaﬁmnx MapupyToB NBHXKEHHSA JiadbH

U3 JIEBOI'O BEPXHETo yrjaa J10CKH A0 3TOH KJETKH.

ﬂoxamme, 4yTO MOJIOBHHA AOCKH, JiexKalllasad Hal

no6OYHOM JuaroHaJblo, OyJeT 3anoJHeHa B TOU-

HoCTH Kak TpeyrosbHuK [lackans. Best ke nocka

uesuKoM 6ynet uzobpakatb TabJiully, Ha3blBae-
MyI0 TIpsSIMOYTroJibHUKOM Tapragbu * (cM. puc. 8).

o
=
g
)

. Onun 13 MapuipyToB

23. CKOJILKUMH COCOOAMH MOXKET TMOMNacTh
Ha BOCbBMYIO TOPM30HTaJb LIAXMATHOH JOCKH
[IaliKa, HaYuHaIoLAas JBHKEHHE:

1 1 1 1
3 4 5 6
6 10 15 21
10 20 35 56
15 35 70 126
21 56 126 252
28 84 210 462
36 120 330 792

a) M3 YIJIOBOH KJIETKH TepBOH FOPU30HTAIH;
6) U3 cpejiHell KJIeTKU TepBOH rOPU30HTAIIH;
B) U3 CpeliHel KJIETKH AMaroHaJu JOCKH.
Pewuinte 3anauy st 10cku n X f1.

—_ e e
O N O Ul W —

24. Bgenem o6osnauenne a’l" = a(a — h) ...
. (@ —(n—1)h). Hokaxure daxropnanpnyto  Puc. 8. Tlpsmoyrosbruk

6I/IHOMI/IaJ1bHy}O TeopeMy Taprasbh
n

(a+b)"" = Z Chaklhgn=Hlh
k=0
25. CKOJIbKO pasHbIX 6yC MOXKHO COCTABMTH M3 71 PA3JMUHBIX OYCHHOK?

* H.Tapranbs (Niccolo Tartaglia, ok. 1499—1557) — 3HaMeHHTbIH HTAJIbSIHCKHII MaTeMaTHK,
ero MM ellle BCTPETHTCs HaM B ry1ase [V.
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IlOHOJlHl/lTeJleble 3ajayu no KOM6l/lHaT0pl/lKe

1. CkosbKUMM crioco0aMd MOXKHO PacKpacHTb B 1 LBETOB BEpPLIHHbI
Kyba?

2*. (Ditnep.) CkosibkuUMH — criocob6aMU  MOXKHO — pa3OUTb  BBIMYKJIbIid
(n+2)-yroJbHUK Ha TPEYroJbHUKK HerepeceKalolluMUCs JHaroHassiMu?

3*. (Karanan*.) CKoJbKHMH crocof6aMu MOXKHO PacCTaBUTb CKOOKH
B 1poU3BeJleHuH (1 + 1) coMHOXKUTENeH?

4*, (Kasan.) IlepeBo Ha3biBaeTcsi GHHAPHBIM, €CJIM U3 OIHOH ero BepLUMHbI
BBLIXOJIMT 2 pe6pa, a U3 BCeX HEBUCSUMX BeplLH — 110 3 pebpa. Haitnure uncio
pasyiMuHbIX OUHAPHBIX A€PEBbEB C 11 + | 3aHyMepOBAHHON BUCSUEH BEPLIHHOM.

5*. CKOJIbKHMH CNoCOHGAMK MOYKHO MPOBECTH LIALIKY W3 OJIHOTO yrJja J10C-
KW pasmepa (2n+ 1) x (2n+ 1) B cocennuii yroa?

Y xaszanue. O6o3naunm koopaunathl yrios (0, 0) u (2n, 0) u gonosHum
JIOCKY KJIETKaMHM C OTpHLATe/NbHbIMH abCLMCCaMH, TOTJA YHCJO BCEX MyTeH
u3 (0, 0) B (2n, 0) pasno C§,, a uncyio myTel, BLIXOASIIMX 3@ Kpail pealb-
HOH JIOCKH, paBHO uucay Bcex myted u3 (0, —2) B (2n, 0), T.e. an_l, TakK
KaK CHMMETDPHSI OTHOCHTEJIbHO MPSMON X = — | MepeBOAMT HauasbHbIH OTPE30K
BbIXOJIsilero 3a Kpa# nocku nytu ot (0, 0) 10 nepBo# kiaeTku ¢ abeuuccon — 1
B HavasbHbIA oTpe3ok nyTtu u3 (0, —2) B (2n, 0).

6*. JlokaxkuTe, yTo 3ajaud 2—D MUMEIOT OJMHAKOBLIN OTBeT: uucJjo Kara-
JlaHa

an - g;l = C_gn
n+1

YKa3aHHMe YCTaHOBUTE B3aUMHO OJHO3HAUHOE COOTBETCTBHE MEXKIY
MHOXKECTBAMHU M3 3aj1au 2—5 ¢ MoMollibio puc. 9—11.

Ha puc. 11 neBoil cko6Ke COOTBETCTBYeT eIMHULA, PABOU — HYJIb, €l1-
HHULLE COOTBETCTBYET JBHXKEHHE LIALIKH BIPABO, a HYJIIO — BJIEBO.

[Tosoxum p (1) = 0, ecai 1 1eAUTCS HA KBaapaT nMpocToro, (1) = (— l)k,
€CJIi 1 — TPOU3BeJIeHUe R PasJsIMuHbIX MPOCThIX unces, U p (1) =1 (370 Tak
HasblBaeMast ¢pynkyus Méduyca **).

7. Ilokaxure, uto cymma p(d) mo BceM HaTypasibHbIM d, JeJNSUIUM 11,
paBHa O npu n > 1 u paBHa | npu n=1.

8*. (Popmysa Mébuyca—Uebbimépa—/leneknnna

[x] [x]
x> 1 nmeen gx) = > Jx/n), 10 f(x) = 3 pln)glx/n).

kK

.) Ecau npu so6om

* 9. 11I. Karanan (Eugéne Charles Catalan, 1814—1894) — Genbruiickuii MaTeMaTHK.
*¥* A ®.Mébuyc (Augustus Ferdinand Mdébius, 1790—1868) — Hemelkunii mMaTeMaTHK
1 acTPOHOM, H300peTaTelb JieHTbl MEonyca.
% 9ra opmysa Obuia B sBHOM BHIe omnyGankoBana P.Jleneknniom, a ele paHblie —
1. JI. YeGbIéBbIM.
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a(b(cd)) &

Puc. 9. Tpuanrynsuus

c
d
b
a(b(cd))
a
Puc. 10. Tpuanryasuus 1 aepeso
c
d
b
a(b(cd))
a

Puc. 11. IepeBo, hopmy.aa, MyTh MIALIKA W ABOWYHAS MOCJEI0BATENLHOCTh
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9*. (pyroii BapuaHT 31oit hopmyJibl.) Ecau npu smobom n

gn)=>" f(d),
TO 4
fn)=>" p(n)gn/d).
d|n

10*. (Makmaron®.) CkoJbKO pa3HbiX Oyc (3aMKHYTBIX OKEpeJIHi) MOXKHO
COCTaBUTb U3 1 OYCUHOK JIByX Pa3HbIX LIBETOB!
a) NpH TPOCTOM 71; B) IpU 1 = pq, e p, § — POCTHIE;
6) pu n= p?, e p —npocToe; T) B 06LIEM Cayyae?
11*. (Kymmep**.) Hokaxure, uTo
a) ord, Ck= (vp(n—k)+vy(k) —v,(n)/(p—1), rne ord, a—muan-
GoJIbLIMI MOKa3aTeJb CTENeHH MPOCTOro uucaa p, Aeqsiledl a, a v,(n) —
cymMMa 1udp p-UUHOU NMO3ULMOHHON 3aMUCH uMuca 11
6) unciio (vp(n — k) +vp(k) —vy(n))/(p — 1) paBHO KosIHUECTBY repeHo-
COB B CJIIYIOLLIMIH pa3psijLl IPU CJOKEHUH YHCesl R U 1 — k B p-HUHOH CHCTeMe
CUMCJIEHHS], TPHUEM U TIPH COCTABHOM p.
12. JlokaxkuTe, uto GMHOMMAJbHBIN Koddduuuent CK neueren Torna
1 TOJILKO TOTJIa, KOTJia B IBOMYHOK 3aMMCH UUCIa R €IMHULbI HE CTOSIT B TeX
paspsjax, Tie B UHCJIe 11 CTOAT HYJIH.
13. Jlokaxkure, uto GHHOMMA/bHBIA Kos(duument C* He kparten npocto-
My UMCJy p TOTAA W TOJbKO TOrJA, KOTAA B p-HUHOH 3alUCH ducja k Bce
paspsiibl He MPEBOCXOJAT COOTBETCTBYIOLIMX Pa3ps/ioB Yucaa 1.
14. Jlokaxxute, uTo B psily GMHOMHAJIbLHBIX KO3((UIIHEHTOB

0 k
co, ..., ck ... cn

BCe uMCJsIa HeueTHbl TOrjla M TOJIbKO Tora, Koraa n = 2% — 1.
15. Jlokaxkute, uTo B psity GMHOMMAJIbLHBIX KO3((UIIMEHTOB

co ....Ck ... c"

BCE UMCJIa He KPaTHbI 3aJlaHHOMY MPOCTOMY p TOTJIA H TOJILKO TOTJa, KOTa 1
paBHO m p* — 1, rie HatypanbHOe m < p.
16. Jlokaxure, uto B psity OHHOMHAJbHBIX KOI(PDULUEHTOB

0 k n
co .., ck ... C

n

* Maiiop I1. A. Makmaros — U3BeCTHbIH aHMVIMHCKUH CelralucT no KomGuHaropuke. [1pe-
M0/1aBajl B BOCHHOH aKaJeMHH.
*#* 9. Kymmep (Ernst Eduard Kummer, 1810—1893) — Buinatouuiicsi HeMelKH# MaTeMaTHK.
Yar.-kopp. [TerepOyprekoit akanemun Hayk. Cosjial TeopHio ajreGpanyecKHX UHCeI H ¢ OMOLLbIO
ee JoKasas TeopeMy Pepma sl Beex nokasaresieit Bmioth 1o 100.
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BCE UyMCJa, KPOME TepPBOro M IMOCJEeHero, KpaTHbl 3aJlaHHOMY TPOCTOMY p
TOrJIa M TOJILKO TOrja, Korja 1= pk.

17. Jlokaxute, uto B psily GHHOMHAJbHBIX KOI(PDULIHEHTOB

0 k n
co ..., ck ... C

n

KOJIMUECTBO HEUETHBIX UMCEJ PABHO CTEMEHH JIBOHKH.
18. [lokaxute, uTo B psity GMHOMHAJIbLHBIX KO3(MUIIMEHTOB

0 k n
co ....Ck ... C

n

KOJIMUECTBO He KpaTHbIX p unces paBHo (a;+ 1) ... (@, + 1), Tie uucna
al, ..., Ay —paspsibl  p-UUHOM 3alUCH  uucaa M, a UYUCJI0 m=
= [log, n].

19. lokaxure, uto B mepBbix p” — 1 crpokax TpeyrosbHuka [lackass
(1. e. cpenu GUHOMHANBHBIX Ko3hduumentos CF k< m < p — 1) konnuecTso
He KpaTHbIX p umces pasto (p(p + 1)/2)".

20. (JTioka.) Tlyctb p — npoctoe, k < n — HarypasbHble. Jlokaxkute, 4To

k k

a)* ord, Ck=ord, Csh n Cyh — Ck xparno p;

6)* CJ —|n/p| kpatno p. Bosiee toro, ecam |n/p| kpatho p™, 1o u C}
TOXeE;

kp+s S

B)** Cn§+m — CkCs, xpatho p npu HeoTpULATENBLHBIX 71, 11, R, S U TP m
U S MeHbIIUX p (6UHOMHAJbHBIN KOI(MUIMEHT paBeH HYJIO, €CJU HUXKHUI
UHJIEKC MeHbllle BepXHero, a KosdduiueHt Cg no ornpejiesieHuto pasex 1);

r)** Ck— Chn .. CF kpatio p npu

Nm
n=nup"+...+mp+ny, k=knyp"+...4+kip+ko,

0<n, ki<p, 0<i<m;

IL)** Ck

p”7
e)*** CFP — Ck kpatro p2, a npu p =5 — kpatro n p®.

| — (=1)® kpatno p;

§ 1.9. llepecTaHOBKH U MOACTAHOBKHU

MH0>kecTBO BCex nmepectaHoBOK MHOXKecTBa F, = {1, 2, ..., n} o603HauuMm
najnee S,.
[TpousBoJsibHYIO NepecTaHOBKY 7 € S,, MOXKHO NPEJICTaBUTL B BUJE TM0JI-

CTaHOBKH
1 2 ... n
<7r(1) m(2) ... w(n))
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1 U306pasuThb C MOMOILbIO JBYIOJBHOTO rpada, Hampumep, MOJICTAHOBKY

123
<231) MOXKHO U306pa3uTh Kak Ha puc. 12.

3 3
2 2
1 L1
Puc. 12. Ipad moacranosku Puc. 13. YMmHOxKeHHe M0ACTaHOBOK

CJioBa «repecTaHOBKa» M «IMOJACTAHOBKa» JJIs1 HAC TI0 CYLIECTBY OyIyT
CHUHOHUMAMH.

Onpepnenenue 28. Ecnu m), m9 € S, — NPOU3BOJIbHbIE TIEPECTAHOBKH,
TO HA30BEM HX npoudsederuem ¥ 0603HAUUM | © g TAKYH) TEPECTaHOBKY
m €S, uto aas Joboro i U3 £,

(i) = mi(ma(i)).

123 123
[Ipumep. TlpousBeseHneM MojACTaHOBOK 931 ) \ 391 ) AABIAETCA NOA-

123
CTaHOBKa (132). B o61iem CJiyyae [Jis1 YMHO2KE€HHS MTOACTaHOBKH

1 2 ... n
71'1(1) 71'1(2) 7'('1(}1)

1 2 ... n
(Wz(l) m(2) ... 7rz(ﬂ)>

HY>KHO JIJIst Kaxkporo i = 1, ..., n BeIOpaTh U3 MaccuBa {mo (1), mo(2), ..., mo(n)}
(HauMHaeM co BTOPOW MojcTaHOBKH!) i-# 3JieMeHT mo[i], paBHbIH, Harpu-
Mep, j, a moToM BbiGpath W3 MaccuBa {m( (1), m(2), ..., w (1)} j-# sneMeHT
m[j] =7 [7e[i]] u nmoMecTuTh ero Ha i-e Mecto B MaccuB {m(l), w(2), ...
.., w(n)}. Becero nonago6usock 2n onepaiuii BLIGOPKH J1eMeHTa U3 MacCHBa
¥ A OTepalui 3akUCH 3JIEMEHTa B MaCCUB.

[1pu yCTHBIX BbIUKCJEHHSIX TOCTATOUHO BCE STO MPojesaTh mpu i =1, ...
.., B — 1, TaK KaK MocJ/ie[[HUil 3JIeMeHT pe3yJ/ibTaTa ONpeesisieTCsi aBTOMAaTH-
YEeCKH.

123 123
Ha puc. 13 n3o6pakeHo yMHOXKEHHE TTOCTAHOBOK <321>, (231).

[TopsiioK, B KOTOPOM TE€PEMHOXKAIOTCS MEePECTAHOBKH, BaXKeH: MPOU3-
BeJleHHE 7| © o MOXKET He COBMNAaJaTh C NPOU3BEIEHUEM Trg O 7).

Ha MOoJICTAaHOBKY
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Ynpaxuenue 20. a) Ecau € € S, — Toxk1ecTBEHHAs NepecTaHOBKa, T. €.
e(i)y =1 nast moboro i u3 E,, To s Ji0O0H NnepecTaHoBKU T U3 S,

MTOE=EOM=T,

6) ccmm — (123 (Y romom— (123 £ (1B _ o
CCMTI=\ 931 )> 2=\ 132 ) TOTI°T2= | 93 321 ) T T2OT

B) ollepalysl YMHOXKEHHUS ollpelesieHa s JoO0H yrnopsiioueHHOH napbl
MepPecTaHoBOK, T. . MTPOU3BEJEHHEe MEPeCTAHOBOK — BCEra MepecTaHoBKa.

Teopema 21 (06 accouMaTMBHOCTH MPOM3BEJEHUS MEPECTAHOBOK).
s a0bo6ix nepecmano8oK my, mo, 3 U3 S, cnpasediuso moidecmso

my o (mg 0 m3) = () © ) 0 .
JlokasaTteabcTso. Has moboro snementa i us £,
(my o (mg o m3)) (i) = i ((mg o w3)(£)) = 7 (m2(m3(i))) =
= (mom)(m3(i)) = ((myome)oms)(@). O

[padpuueckas uamocTpauys HAaMOMUHAET PO ACCOLIMATHBHOCTD CJI0KEHUS
BEKTOPOB.

(g 0 m3) (i) (g 0 3) (i)

) w3 (i)
my o (mg 0 m3)(i) />)Oﬂs(l) 1 o (mg o m3)(i)
i i i

Puc. 14. AccouuaTHBHOCTb YMHOXKEHHSI MOJICTAHOBOK

Ynpaxuenue 21. [lnsi 110600 nepecTaHoBKK 7 U3 S,; CYILIECTBYET TOJLKO
OJIHa TIepecTaHoBKa d M3 S, Takasi, UTo mod =&, MpUYeM mod =J o 7.

Jlnst mo6oli nepecTaHoBKH 7 M3 S, 0003HauMM T TaKylo nepecTaHoBKY,
uro mom ! =¢, rue € €S, — ToKIECTBEHHASI NlePeCTaHOBKA.

[paduueckas unaocTpauus: ecau rpad nepecTaHOBKH T OTPA3UTb CHM-
METPUUYHO OTHOCHUTEJIbHO HEKOTOPOH MPAMOH, OTHENSAIOUIEH €ro A0JM JIpyr
OT JIpyra, ¥ HarpasJ/IeHHsl BCEX €ro CTPEJIOK U3MEHHTb Ha MPOTHBOIMOJIOXKHBIE,
TO Mosyuntes rpad nepecTaHoBKH

Onpepenenue 29. Ity nepectaHoBKY Ha3oBeM obpammHoll K m, a ore-
paumio: S, — S, nepeBoisiliyl0 NPOM3BOJbHYI0 TE S, B 7~ € S, HazoBeM
onepayueti 0dpaujeHus.
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123456789
[Ipumep. TloncraHoBka 919345678 obpaTHa
123456789
234567891 /°

B o6uiem ciayuae asist obpaiiieHnsi MOACTAaHOBKH

1 2 ... n
m(l) m(2) ... m(n)

HY>KHO Jist Kaxaoro i =1, ..., n BbiGpaTh U3 mMac-
cHBa Puc. 15. O6patienue

{r(1), m(2), ..., w(n)} MOJICTaHOBOK

i-¥ 3JeMeHT m[i], paBHbIH, HApUMep, j, U TIOMECTUTb YUCJIO [ Ha j-& MEeCTo
B MaccHB

[Tocsie mpocmotpa Beero Maccuba {w(1), w(2), ..., w(n)} Oyaer UeIHKOM 3a-
TOJIHEH W MACCHB

Bcero nonago6usioch 1 onepauuil BEIOOPKU J€MEHTa U3 MacCHBa U A Ofle-
pauuii 3anucy 3JeMeHTa B MacCHB.
[1pu yCcTHBIX BBIUMCJIEHHSIX JOCTAaTOYHO BCe 3TO Mpojenatb npu i =1, ...
., n— 1, TaK KaK NoCJ/Ie[HUH 3JIeMEHT pe3yJibTaTa OfpeieisieTcsi aBTOMaTH-
UECKH.

Ynpaxnenue 22. [Iposepbre, uto (a0 B) "' =p"oa™! s a, BES,.

Teopema 22. /[1a aoboii nepecmanosku m € S, cnpagediuso moiic-
decmso m=(r—")"!. Ypasnenue x om| =my umeem eduncmeenroe pe-
Uiernue x =myo 7rl_l, a YpasHerue T o X = Tg — OUHCMBEHHOE pellerue

X = wfl o 9.
HokaszatesnbcTBo. ToxkaectBo oueBuaHO. Ecsu nepectaHoBKa X
U3 S TakoBa, UTO X o 7| = 9, TO

xX=xoe=xo(m owfl):(xom)owfl.

Bropoe yTBepxKieHHe 10Ka3bIBAETCS aHAJTOTHYHO. O

Hmeercst elile ojuH cnoco6 rpauueckoro U3o6paxkeHusi MepecTaHoOBOK,
KOTOPBIH MoJyyaeTcsi U3 NepBoro crnocoba, ecji OTOXKIAECTBUTD («CKJIEHTb»)
BCe Napbl COOTBETCTBYIOLLMX APYT APYTy BepPLUHH U3 pa3HblxX noJel. Hanpumep,
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JIBYJIOJIbHBIHA Tpacd), COOTBETCTBYIOLIMI MepecTa-

3
HOBKe 1934
2314 )’
1 2

npeBpartuTcs B rpag, n3o6paxKeHHbIH Ha puc. 16.

DJIeMeHTbl, KOTOpble I10J AeHCTBHEM Ilepe- Puc. 16. Ipad
CTAHOBKH 7 [IepPeXOAT caMu B ce0sl, Ha3bIBAIOTCS [epecTaHoBKH
HernoJBHXHbIMU. Ha rpade UM COOTBETCTBYIOT BEpIIHHbI C METJISIMHU.

Onpenenenue 30. Ilycthb ay, ..., ap — NOCJAEI0BATENLHOCThL PA3JIUUHBIX
unces u3 £,. [lepecranoBky 7 u3 S, Takyw, uro w(a;) =as, ..., m(ar_1) =

=ay, w(ay) = a;, Ha30BeM yuxKiom nopsodka k.

[pac sToil mepecTaHOBKH COMEP:KUT 11 — k TeTenb. OcTanbHble kb cTpe-
Jok (pebep rpaca) BMecTe C COOTBETCTBYIOLIMMH UM BeplliMHAMU 06pasyioT
nodepagh, KOTOPbI HA3bIBAETCS YLUKAOM OAUHBL R.

[letsiio MOXKHO cuMTaTh LMKJIOM UMHBEL 1. [lepectaHoBKy 7, 0 KOTOpOI
11a peub, KpaTko o603Havawor (aj, ag, ..., ai). st Toro yTo6bI 3Ta 3aMKch
1MeJia OJIHO3HAUHbIH CMbICJI, HAJI0 YKA3bIBaTh, U3 KAKOTO MHOXKeCTBa S, B3dTa
nepecTaHoBKa 7 (T. €. YKa3blBaTh UUCJO 11 = max ai).

<igk

3agauu v ynpaxkHenus kK § 1.9

1. Tlpu so6o# pacctaHoBKe CKOGOK B MPOU3BENEHHHU [ o ... 0 [, nojyua-
eTCsl OJIMHAKOBBIH Pe3yJibTaT.

2. Ilpu n>2 B S, umerorcst Takne f u g, uto fog# go f.

3. CrpaBe/iuBbI TOXKIECTBA

(flo...of,l)*lz l_lo...offfl, fog:gofo(f*logflofog).
4. Onpenenum f" Kak fo...of (n pa3) npu HatypasbHOM 71, € ipu n =0

u (f~1)~™" npu orpuuartenstom Hesom 7. IIph J0GbIX LebIX ukcaax m, k
CrpaBeyIMBbI TOXKIECTBA

o [E= 1 (E= T (T =D (s ) =

5. HaiinuTe uncsio Bcex LMKJOB k-ro nopsiika B S,.

6. O6o3Haunm uepe3 N(m) MHOXKECTBO BCeX HEMOJBHKHBLIX TOUEK Tepe-
craHoBku 7. Jlokaxkure, uto ecan f, g€S,, N(HNN(g)=2, N(JUN(g)=
=E,, 10 fog=gof.

7%. Haiimute cymMMy udc/la HEMOJBHMXKHBIX TOUEK Y BCEX MEPECTAHOBOK:

> IN@)L.

TES,
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8. Ipad soboit nepecraHoBKH U3 S, MMeeT PoBHO 1 pebep (CTPEsoK)
1 siBJsieTCsl 00beIMHEHHEM MOMApHO HerepeceKaloUuuXesl LIMKIIOB (B UaCTHO-
CTH, CaM MOXKeT ObITb LMKJOM JUIUHbI 11).

9*. (M. H. Ceprees.) Ilyctb B u A — k-s1eMeHTHbIE OAMHOXKeCTBA £, =
={1,...,n}u [ €S, — rakas nepectaHoBKa, uto jJsi J060ro i U3 B crpaBeji-
JIMBBI cooTHOWIEHUs! | < f(i) € A. JloKaxKuTe, 4TO CYLIECTBYET IepecTaHOBKa
g €S, takas, uto j > g(j) ¢ A mnst moGoro j & B u j < g(j) € A mst mo6o-
rojeB. Ykaszanue. [Ipumennre pasbueHne Ha LUKIbI.

10*. Ha TaHueBa/bHOM Beuepe B LIKOJE Ha KaxJIOM TaHuUe pasOueHue
TAHLYIMX HA Mapbl OTJHUYAJOCh OT BCEX BCTPEUABLIMXCS paHee, OJHAKO
Ka)jias napa y»ke BcTpeuasach Ha OJIHOM M3 MePBbIX JIBYX TaHLEB U Yy CTe-
Hbl HUKTO He cTosil. TaHLbl MPOJ0JIKaMUCh, TI0KAa MOXKHO ObIO COOJI0aTh
BCe YKa3aHHble YCJOBUS, U PEKPATHIIUCh, KOTA BbISICHUJIOCh, UTO COCTABUTh
HOBOe pa3bHeHHe Ha Napbl, OTJIMUHOE OT BCTPEUABLINXCS paHee, yxKe HeJb3sl.
JloKaxKuTe, UTO UMCJIO BCEX COCTOSIBIIMXCS HA Beuepe TaHLEB PABHO CTEMeHH
JBOUKH. ¥ Ka3aHHue. [Ipumenure pazbuenne Ha LUHUKJIbI.

11*. (Jitnep.) Tlucbma B 1 KoHBepTax nepemellany TakK, YTO HH OJHO
MUCbMO He mnornaJio 1o aapecy. CKOJbKAMH CMOCOGAMH 3TO MOXKHO CJe/1aTh?
Ykaganue. [lpumenure hopmysy BK/IOUEHHUS-HCKIIOUEHUS.

12*. (IlpeoGpasoBanue nekaps.) Yucaa n, m, kR TaKoBBl, 4TO R < m < n

u (m,n—k)=1. B rabmiue n X n neppas CTpoKa 3aloJiHEHA YHUCJIAMH
1,2,...,n, U eciu B KaKOH-TO CTPOKE 3TH YMCJA 3aMUCaHbl B MOPSIIKE
a, ..., a,, TO B CJeIyIOllell CTPOKE OHHU CTOST B MOPSIIKE: Qppyf, .-
ooy Qpy Qpgly ooy Ay A1, - . ., Ap. J1OKAXKHTE, UTO B KAXKIOM CTOJIGIIE 3aTTHCAHDI

Bce uucda ot | jio .

§ 1.10. Uukabl ¥ TpaHCNO3ULIUU

Onpeneaenue 31. Tparcnosuyuamu Ha3bIBAIOTCA LUMKJbI AJIMHbBI JIBA.

[oBopsr, uto uMKbl (ay, ..., az) ¥ (by, ..., b;) He nepecexaiomcs, ecau
{al, cee, ak}ﬂ{bl, R b[}ZQ.

CrnpaBeminBa cjeyiolias Teopema.

Teopema 23 (o pasnoxeHuu Ha UMKAb). Jlwbas nepecmarHos-
ka m™ us S, moucem Ovimo npedcmasiena 8 8ude npPoussedeHus
NONAPHO Henepecekaouuxcs YuKkalieckux nepecmanosox (eduruu-
HYIO nepecmano8Ky € € S, MOINCHO PACCMAMPUBAMb KAK UYUKAMULUECKYIO
nepecmarnosky nopadka 1), npuuem amo npedcmasienue eOUHCMBEHHO
¢ MOYHOCMbIO 00 NOPAOKA COMHOXMCUMenel, KOmopoli mosxcem OvLmo
A006bIM.
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HokagzateabctBo. [lyets dy, ..., s — MonapHo Hemepecekarole-
Csl LIMKJIMUECKHe MepecTaHoBKU. [IpoBepuM, UTO ecsiu UX MePeMHOKHUTD B JIIO-
60M Mopsifike, TO rpad MoJTyYHBLIEHCS TePECTAHOBKHY SIBJISIETCS] 00 beIMHEHHEM
LIMKJIOB, COOTBETCTBYIOLLMX MepecTaHoBKaM §;. Ocraercs NPUMEHHUTb yTBep-
XKieHue 3a1aud 8 u3 § 1.9 u 3ameTuTh, uTO passoxKeHue rpaca Jo6oi nepe-
CTaHOBKH Ha LMKJbl €IHHCTBEHHO. O
123456789

247138956> pasyaraetcsi Ha UuKIbl (1, 2, 4),

IIpumep. TloacranoBka (
(3,7,9, 6, 8, 5), 3nauwur,

( 123456789

247138956) =(1,2,4)3,7,9,6,8,5)=(3,7,9,6,8 5)(1, 2, 4).

OnuLieM B 00LLEM CJlyuae aJropuT™M pPas3JsoxKeHUs Ha LIMKJIbl TPOH3BOJLHOM

MMOACTAaHOBKH
1 2 ... n
<7r(l) m(2) ... 7r(n)> ’

[TpocmaTpuBaeM 1o ouepeid aJjemeHThl MaccuBa mw(1)w(2) ... w(n) ¥ Kax-
JIbIl OuUepeqHON 3JIeMeHT i JuOO0 MPOoMycKaeM, ecju OH Obll OTMeueH, Jin6o
3aMuCchlBAE€M €ro B HauaJo ouepesHoro (hOPMHPYIOLLErocs LMKJa, MOCJ/e HEero
cpasy 3amucblBaeM 4ucso j = (i), nocJje Hero B TOT e LMKJ 3alucbiBaeM
unesio j =7 (w(i)) U TaK jnajee, MpUUYeM UYHUCJO [ W BCE 3arucbiBaeMble B MO-
pPOXK/IAEMbIH UM LIMKJ UMc/a j roMeyaeM (HampuMep, cMeHoH 3Haka y m(j))
1 TIPOJIOJKAEM 3Ty TIPOLELYPY, MOKa He OY/IeT BbIUUC/IEHO UUCJIO j, COBMAAI0-
utee ¢ i. [Tocsie 3TOr0 3anUch UMKJIA 3aKaHUMBAEM, NIEPEXOJUM K OUEPEIHOMY
3J1eMEHTY MacCHBa W NPUMEHSIEM K HEMY Ty K€ MPOLE/ypy, T.€. NPoIycKaem
€ro, ecJid OH 0Ka3aJiCsl yxKe MOMEUEHHbIM, MM HauMHAeM C Hero reHepawuuio
HOBOTO 1IMKJa. PaGoTta 3akaHuMBaeTCs, KOria JOUIEM JI0 MOCJEHErO JIeMeH-
Ta MaccuBa. EcsiM OH 0KaszaJjics HemoMeUueHHbIM, TO, OUEBUJIHO, OH MOPOXKIAET
TPUBHAJIbHBIA LMKJ 1JIMHBI 1.

OnHOBpeMeHHO ¢ (POPMHUPOBAHMEM LIMKJIOB MOXKHO COCTABHTb €llle U CITH-
COK MX JUIMH.

YKa3aHHbIH aJrOPUTM HCIMOJIb3YyeT 7 Ofepallil BbIGOPKH 3JIeMEHTa
13 MAacCHBa, CTOJIbKO XK€ OMepaluii CpaBHEHHs OuepeHOro BbIGPAHHOTO
yyeJia ¢ HauajoM (OPMHUPYEMOro LMKJIA U CTOJIbKO XKe orepalyi moMeunBa-
HUSI TPOCMOTPEHHBIX 3J1E€MEHTOB.

Brinuiuem B HeBo3pacTatoLeM Mopsiike IIMHbI BCeX LMKJOB rpada nepe-
CTAHOBKH 7 € S, (B TOM uKcJie U NeTesb) U nojyuum Bektop (Ry, ..., k).

Onpenenenne 32. Bekrop (ky, ..., k), cymma KOOpAHMHAT KOTOPO-
ro paBHAa 1, HA3bIBAETCS YUKAUUECKUM Munom nepectaHoBku w. Eciu
(ki, ..., k) — THIl TIepecTaHOBKU 71, TO YHCJIO 1 — [ Ha3biBaeTcsi ee dekpe-
mernmom u o6o3Hauaetcest d(m).

5 Tauikos
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12345
Ynpaxnenue 23. IlpoBepbTe, UTO NepecTaHoBKa 51495 ) MMeeT THO
(4, 1), nekpemenr 3 u siBsisietcsi LukJom (1, 3, 4, 2).

Onpeneaenue 33. [lapy (i, j) Ha30BeM uHBepcuell 1s IEPECTaHOBKH T,
ecin [ < j um(i)>m(j). Yucao scex unsepcuii y nepecTaHoBKU m 0003HA-
uaem /(m).

CrnpaBeminBa cjielyrolasi Teopema.

Teopema 24 (o pa3noxeHun Ha TpaHcnozuuuu). (i) Jlrobas nepe-
cmanosKka ™ € S, pazaaeaemcs 8 npousgederue mpaHcno3uyLil, npuyem
HauMmeHblULee HUCA0 COMHONCUMenel 8 MaKom npoudsederuu pasHo d(r).

(il) JTriobas nepecmanoska m C S, paszaaeaemcsa 8 npoussederue suda

(1,2)(2,3)(3,4) ... (n— 1, n),

npudem HauMeHouiee 4UCAO COMHOMCUMerell 8 MAKOM npoudsedeHuu
pasHo ().
JJokasaTtedabcTBso. Hiast Hero noHago0sTCs ABE JIEMMbI.

Jlemma 5. /[aa wioboli nepecmaﬂomcu meS, u mpancnosuyul T
cnpasedauso pagencmaso |d(mwo ) m)| = 1.

JloxkasateabcTso. M3 onpeneneHus nekpemenra cjeiyeT, uTo A0-
CTAaTOUHO MPOBEPUTH, UTO MPH YMHOXKEHHU MEPECTAaHOBKH HA TPAHCIO3HLHIO
UMCJI0 LMKJIOB M3MeHsIeTCs Ha eMHuLYy. Bynem naobpaxkarbh nepecTaHoBKY
B BUJIe Tpada, a TpaHcnosuuuio 7 = (i, j) — B Buje pebpa (i, /) Ha aTom rpade.
Torna nocTaTouHO MPOBEPUTD, UTO €CJI peOPO COeJIMHSET JIBa LIMKJA rpada T,
TO B rpade NepecTaHOBKU 7 © T 3TH JIBa LMKJIA CIAUBAIOTCS B OJIMH, & €CJIH 3TO
pebpo coeMHseT BEPUIMHBI OJIHOTO LIMKJA, TO OH pPachajaeTcs Ha JBa LMK/
(ocTasibHble LMKJBI B 000UX CJydasix ocTaioTcsi 6e3 uameHenusi). Jlyis npo-
BEPKH MOCJIEIHEr0 YTBEPKAEHHS LOCTATOYHO MPOBEPUTH TOXKIECTBA

(le ety kl)o(ml7 M ml)o(kl7 ml):(le m27 A ] ml’ kl’ k27 R ) kl)’
(Biy ooy by ooy ki) 0 (R, ki) = (Riy ooy k) 0 (Rt Rosoy ooy k). O

Jlemma 6. /laa awboii nepecmanosku weS, u mpancnoduyuu
T=(i, i + 1) cnpasedauso paserncmso |[(wo1)—I(m)| = 1.

HokaszaTedabcTso. HenocpencrseHHo nposepsierces, uto st 060MX
MePEeCTaHOBOK T W 7 O T UMCJI0 WHBepcHid cpeau asyx nap (k, i) u (k, i+ 1)
(mpu k<i) w (i, k), (i+1, k) (npn k>i+ 1) onunaxoso, a mapa (k, [)
npu {k, [}N{i, j+ 1} =@ nnsi o6oux 3THX MEePeCTaHOBOK OyleT wiu He Gy-
JIeT nHBepcueil onHoBpeMenHo. OcraeTcst 3aMeTHTD, uTo napa (i, i + 1) 6yner
UHBepCcHell POBHO /ISl OJIHOM U3 TIepeCTaHOBOK T U 7 O T. O

Jokaxewm Tenepb Teopemy. [lycTb m =17y ... Ty, Tle 7; — IPOU3BOJIbHbIE
TPaHCNO3ULMH (COOTBETCTBEHHO TpaHCMo3uumu Buaa (i, i + 1)). Onpenenm
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MocJIe10BaTe/IbHOCTL MepeCcTaHOBOK
T =T OTph, To =T10Thp_1, ey Tp =Tkp_1T].

Torma
Tp=T10...0TpOTp ...0OT| =€

coriacHo paseHcTBaM 72 =&, U d(m;) =d(m;_1) + 1 cornacHo siemme 5 (co-
orBerctBenHo /(m;) = [(m;) = 1 coryacHo jiemme 6), a tak kak d(g) =0 (co-
orBercTBeHHO /(6) =0), To d(m)=a —s,a+s =k, k=d(m)+2s,tne s =20
(cootBerctBenHO k= [(m) + 2s, s > 0). Ilsst Toro uto6bl M0Ka3aTb, UTO UMC-
JIO S TIPH HEKOTOPOM BbIGOPE Pa3JI0KEHHS T =T| O ... O T, MOXKET PABHATbLCS
HYJIIO, IOCTAaTOUYHO PA3JIOKHTb 7 Ha LMKJbL, a LMKJbl Ha TPAHCIIO3ULMH CO-
rjaacHo Jemme 5. B ciyuae passoxeHus Ha TpaHcnosuuuu Buja (i, i + 1)
o6paTuTh S B HYJb (M T€M CaMbiM MUHUMU3UPOBAThL JUIMHY Pa3JIOKeHHs R)
MOKHO METOJIOM, MU3BECTHBIM B MPOrPAMMHUPOBAHHH KaK METOJ MOHOTOHHOTO
YMOPsII0UEH s MACCHBOB (Ha3bIBAEMbIi «BCIJIBITHEM My3bIPbKOB»). [1/1st 3TOTO
B I0JIy4eHHOH Ha MpebliylieM Luare nepecTaHoBKe m BblOMpaeM HanboJb-
IIMA M3 3JIEMEHTOB 7, (i), elle He CTOSLUMHA HA CBOEM MecCTe, T.e. TaKoH, 4To
mj(i) > i, 1 MeHsieM ero c 3JeMeHTOM 7, (i + 1) TyTeM yMHOXKEeHHs 7; CIipa-
Ba Ha (i, i +1). Torna y noJsyyeHHOH MepeCcTAHOBKM 7j4| UMCJIO HHBEPCHI
yMeHblliaercs Ha 1. O

3anauu v ynpaxHenus K § 1.10

1. CkoJIbKO BCero TpaHCro3uiii B S,?

2. PasjioxnTe UMK JUIMHBL £ B MPOU3BeJeHHe £ — | TpaHCTIO3ULIMIL.

3. llopadok nepecTaHOBKHM T — 9TO MHUHUMAJIbHOE HATypaJibHOE 1 TaKOe,
uto ™" =¢€.

4. Haiiante nopsiioK nepecTaHoBKHU (ap, ..., Ap).

5. Haiiaure nopsimok nepecranosku (1, 2) o (1, 2, 3) o (1, 2, 3, 4, 5, 6).

6. Haiinute B Sg Bce nepectaHoBKM nopsijika 15.

7. Haiijiure Bce BO3MOXKHbIE MOPSIJIKK MEPECTaHOBOK U3 Sg.

8. Cxousibko B S, mepecTaHOBOK Mopsijika 2?

9. Kakoil HauBbICILMI NOPSI0K Y E€PeCTaHOBOK U3 Syp?

10. Haiimute uucio BceX TepecTaHOBOK B S, C LMKJIHUECKHM THIIOM
(my, ..., mp), my <...<mp.

11%. Haiinure unc/io BCeX MepecTaHOBOK B S, ¢ LMKJHUECKAM THIIOM
<m1, ey I’I’lk>, mp <...< my.

12*. JlokaxkuTe, uto Jito6asi nepectaHoBka U3 S,, UMeloliasi Nopsijlok 2,
passiaraercsi B Mpou3BejieHne He GoJiee eM f1/2 TpaHCTIO3HIIHIA.

5
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13. MHOXeCTBO MepecTaHOBOK HasblBaeTcs Oasucom B S,, ecau Jio-
Gast repecTaHOBKA paaJsiaraercsi B I[POU3BeJeHHe [epPecTaHOBOK M3 3ITOrO
MHOKECTBA, a HHMKaKOe COOCTBEHHOE ero MOJIMHOXKECTBO 3THM CBOHCTBOM

He obJianaet. Jlokaxkute, uto cucteMbl TpaHcnosuumii {(1, 2), (1, 3), ..., (1, n)}
u {(1, 2), (2,3),...,(n—1,n)}, a rtakxke tpaHcrnosuuus (1, 2) W UMK
(1, 2, n) ABJasiorcst 6a3ucamu B Sy,.

14*. COl‘[OCTaBI/IM cucteme Tpancnozuunit U C S, rpad ¢ BepuinHamu
1, 2, ..., n, B KOTOPOM BEPLIHHbI [ U j COEIUHSIOTCS peGPOM TOra U TOJBKO
TOTa, KOTJla TpaHcrosuuus (i, j) npuHaaiexut MHoxkectBy U. JlokaxuTte,
uyto U — 6a3uc B S, TOraa v ToJbKO TOTJIa, KOTJIa COOTBETCTBYIOIIHNH rpad —
JIepeBo.

15%. B ropojie 1 BbICOTHBIX 3/laHHH, HUKAKKe TPH U3 KOTOPbIX HE JieXKaT
Ha ofiHO# npsiMoil. TypuCT, ryJisisi [0 rOpPOJLy, 3aMUChIBAET MOPSIIOK, B KOTOPOM
OHHU BHJIHbI €My U3 pasHbiX paiioHoB. CKOJIbKO pasHbIX MePecTaHOBOK 3[aHUi
GyJleT B ero 3amnucsix?

16. 1151 06GBIX TI€peCcTaHoBOK f, g € S, CMpaBeINBO PAaBEHCTBO

I(Jog) <I())+1(g)

17. HasoBem 3nakom nepecmarosku m € S, uucao sgn(m)
Jokaxkute, uto a) sgn(f o g) =sgn(f) - sgn(g); 6) sgn(w) = (—1)

= ( e,
()

1=

i<j

S (TR
i<j

18*. [lokaxkuTe, UTO 3HAK MMEPECTAHOBKH U3 S, MOXKHO onpenesuts 3a Cn
onepauuii, rie C — KoHcranta. ¥ Kk a3 a Hue. [Ipumenure nyHKT 6) npejibi-
Jyllledl 3a7auu.

19. TlepecranoBKy HaszoBeM uemHoli, eciu ee 3HaK paBeH |. MHoxe-
CTBO UETHBIX MepecTaHoBOK B S, o6o3Haunm A,. OcTajbHble NepecTaHOBKH
Ha30BeM HeuemMbimu. Jlokaxkure, uTo

a) Mpou3BeJEeHHE YETHBIX ME€PECTAHOBOK — UETHO, NPOU3BE/IeHHE HEUETHbIX
1epecTaHOBOK — UETHO, a MPOU3BEIeHHE UETHONH HA HEUETHYIO — HEUeTHO;

6) ueTHasi nepecTaHoBKa pasJjaraercsi B MPOHU3BELEHHE BCEraa 4eTHOro
yuc/ia TPAHCMO3ULUMH, a HedeTHast — BCerjaa HeueTHOro;

B) MOPSJI0K HEUETHO! TePECTAHOBKH UETEH;

T) UETHBIX U HEUETHbIX MEPECTAHOBOK B S, MOPOBHY.

20. YerHoCTb MepeCTaHOBKH, COOTBETCTBYIOLLEH MOJNOKEHHIO MaJleHbKUX
KyOuKOB B kybe Py6uka, He MeHsleTcsl IPU ero BpallleHUsiX.

21*. B urpe B naTHaauath Hesib3s nosuumio (1, 2, ..., 14, 15) nepesectn
B nozuuuio (1, 2, ..., 13, 15, 14).
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22%, MHoxecTBO A, UeTHBIX MOJICTAHOBOK MOPOXKIAETCS LUKJIAMU

a) (1, 2,3), (1, 2,4), (1, 2, 5), ..., (1, 2, n);

6) (1,2,3),(2,3,4),...,(n—2,n—1, n).

23*. Jlio6asi ueTHasi NO3ULMS B UTPe B MATHAALATH MOXKET ObITh MOJydeHa
13 HadasbHo# nosuuuu (1, 2, ..., 14, 15).

24%*. VcnaHcKuil KOpOJib pellns NepeBeCUTb MOPTPEThl CBOMX TMpeie-
CTBEHHUKOB Ha KpyrJioi GauiHe 3amka. OH XoueT 3a OJMH pa3 MeHSTb Me-
CTaMM TOJILKO JIBA COCEJHUX TOPTPETa, HO JIMLIb B CJlydae, ecd 3TH KOPOJH
He MpaBUJIK Ccpasy JApyr 3a Apyrom. PacrosioxKeHusi NOPTPETOB, OTIHUAIOLLH-
ecsi TOBOPOTOM Kpyra, OH CUMTaeT OJIMHAKOBBIMHU. JIoKaXKuTe, uTo MpH J11060M
HaYyaJbHOM TOJIOXKEHHH MOPTPETOB MOXKHO NOGUTLCA JIIOOOTO IPYroro WX pac-
MOJIOXKEHHS.

25*. HekTo, uMerolinii MarHuTooH craporo obpasia (He KacCeTHbIH),
MOJIyuMJ1 Ha3aj OT NpHsATessl CBOM 12 KaTylleK HaMOTaHHbIMH B NPOTHBOIO-
JIOXKHbIe CTOPOHBI. CMOXKET JIW OH, MCMOJIb3ys MycTyo 13-10 KaTyliky, ne-
pemoTaTb CBOM KaTyLUKM B NpaBuibHOM nopsiike? Kakoil Gyner oTser, ecJu
uheJIo Katyllek paBHsieres 117

26*. B tabusiile m X 1 32 OJIMH XOJI pa3peliaeTcs MepecTaBuTh B JI0OGOM
NopsiiKe uucsa Jio00# CTPOKH WIH J1o60ro cTos0la. 3a Kakoe HauMeHbllee
UMCJI0 XOJI0B MOXKHO rapaHTHPOBAHHO MOJIYUUTb [IPOU3BOJIbHYIO 3alaHHYIO Te-
PECTaHOBKY uuces B TabJiuLe?

27. TlocnenoBatenbHOCTL {X;} W3 1 uuCesN Ha30BeM k-OUMOHUHUECKOL,
ecsl X < ... < Xp, Xpy) < ... < X, JloKaxkuTe, 4TOo ee MOXKHO NMepecTaBUThb
B MOHOTOHHOM Mopsiike 3a Cn onepaunii cpaBHEHHS! YHCEJ W UX TPAHCIIO3U-
uuH, riae C — KOHCTaHTa.

28*, (bblctpas coptupoBka causHueM.) okaxute, uto Jio0yilo nocJe-
JIOBATENbHOCTD {X;} U3 A UHUCEJ MOXKHO MEPECTaBUTh B MOHOTOHHOM MOPSIIKE
3a L(n) < Cn lg n onepauuii cpaBHeHHsI UUCeJl U UX TpaHCNo3uluy, rie C —
KOHCTaHTa.

Ykaszanue. Pasbelite maccuB mnomnosaM W OTCOPTHPYHTe B MOHO-
TOHHOM TIOPSI/IKE Kaxkjylo ero vactb. Torma 3a 2L(n/2) onepauuii mo-
Jyuntest 1/2-6GUTOHHYECKAsi TOC/AEN0BATENLHOCT, OTKY/la HMEEM OIEHKY
L(n) <2L(n/2) + Cn. Ecan n < 2%, 10, nrepupyst 310 HepaBeHcTBO K pas,
HaxoauM, uto L(n) < Cnk + Cin < Con log, n.

29%. EcJ/in nocJ/iefoBaTesbHOCTh {Xx;} ecTh nepectaHoBKa yuces 1, ..., i,
TO €€ MOXKHO MOHOTOHHO OTCOPTHpoBaTh 3a Cn onepauui.

Y ka3aHue Pasznoxure nepecTaHOBKY Ha LMKJIbI; IHMKJbI HA TPAHCIO-
3ULMKM MOXKHO Pa3JiOKUThb KaK B 3ajaue 2, UCMOJIb3ys TOJbKO 271 omepauui
3aMucu B MacCHB, MOCJIe Uero COPTUPOBKA JIEJIAETCS 110 MOJyYeHHOMY PasJio-
JKEHUIO 32 71 OrepaLlil TPaHCIO3ULUH.
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§ 2.1. Ipynna noacTaHoBOK

MHoxecTBO S, BCeX MepecTaHOBOK MHOXKecTBa E,, paccMaTpuBaemMoe
BMECTe C ornepalidedl YMHOXKEHHST MePeCTaHOBOK, HA3biBAEM Jlajiee epynnoll
nepecmanoB80K (WU epynnot noocmaHoB80K).

B nanbHeiiniem GyayT urpaTh Ba)KHYI pOJib MOJMHOXKECTBA IPYMMbl S,
3aMKHYTble OTHOCHTEJILHO OTepalilil YMHOXKEHHUsT U 0OpallleHHs OJICTaHOBOK.
Takue MoAMHOXKeCTBA Ha3bIBAIOTCS Nojarpynnamu rpynnsl S,. Haaum GoJsee
TOUHOE OTIpeJieIeHHE.

Onpepenenue 34. I[lonmuoxkectBo G rpynmnsl S, Ha3biBaeTcs nodepyn-
noti, ecJii BMeCTe C JIIOObIMH MMOJCTAHOBKAMU 7T U T OHO COJEPIKHUT MOJICTa-

HOBKM 7! M 7o 7 (oapasymeBaercsi, 4To MHOKecTBO G He MycTo).

Jlerko nokasbiBaeTcs cieyromias

Teopema 25. /laa awboii nodepynner G epynnol S, 86lNOAHAIOMCA
caedyrouiue ymaepicoeHus:

(i) cywgecmsyem sremenm e € G, 048 KOMOPO2O NpuU AOOOM IAeMmeHme
T u3 G

Tog=¢coT,
(il) 0aq ar00bix dneMermO8 Ty, To, T3 U3 G cnpasedA80 paseHCcmao
my o (g 0 m3) = () 0 M) 0 3]

(ili) das ar06020 s1emenma m us G watidemcs sremenm T u3 G ma-
Kotl, 4mo
MTOT=TOTM=E.

JlokaszaTeabcTso. (i) B KauecTBe € MOXKHO B35ITh 3JeMeHT o\,

rJle T — NPOU3BOJIBHBIE 3JeMeHT U3 G.

(i) YTBepkneHue caenyer u3 Teopembl 21.

(iii) B KauecTBe s/1eMeHTa T MOXKHO B3ATh 7!, |

Ynpaxnenue 24. 1. MHOKecTBO nepecTaHoBoK {e, m, w2, ..., 71} —
MOJATPyNIa, ecjii 2 — NopsiIoK MOJCTAHOBKHU 7.

2. MHoxecTBa {¢} U S, — NoArpynnel B rpymnrne S,.

[Tycts ' — epag ¢ mHoxecrsom Bepuin E, ={1, 2, ..., n}. 1o onpe-
nesenuio I' 3aaeTcst MHOXKECTBOM HeyNopsioueHHbIX nap {i, j}, Ha3bIBaeMbIX
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pebpanu rpaca. Ecou peGpamu rpacga siBJsilOTCsT BCe BO3MOXKHBIe napbi {i, j},
TO Tpad Ha3bIBAeTCs 10AHbIM (HECMOTPsS Ha Kasambyp) u o6o3Hauaetcst K.

Onpeneaenue 35. [lepectaHoBka m € S, Ha3bIBAETCS CAMOCOBMEUYCHU-
en epagpa T, eciv 1ist mo6bix i, j U3 £, napa {i, j} sisnsiercsi pe6pom rpadpa I'
TOTJIAa U TOJIbKO TOTJA, Korja napa {m(i), m(j)} saBasercs pebpom rpaca I

Ynpaxnenue 25. a) MuoxectBo G(I'), cocTosilllee U3 Bcex caMOCOBMe-
uteHuit rpaga I, siBasiercst noarpynmoit B S,,.

6) MuoxectBo A,, cocrosiiiiee M3 BCEX MOACTAHOBOK 7, MPHUHAJJIEKA-
mMx Sy, y KOTopbIx /() 4eTHo, sIBJsIETCS MOArpynoi B S.

Tenepb ecTecTBeHHO BBeCTH 00lllee TMOHATHE TPYIIbI, KOTOPOE SIBJSIETCS
OJIHUM M3 CaMbIX BaXKHbIX MOHATHH aJreOpbl.

Onpenenenue 36. [pynnoii (G, *) Ha3bIBAETCS POU3BOJILHOE MHOXKE-
cTBO ¢ onepauueit x: G X G — G, KoTopas yI0BJIETBOPSIET CJEIYIOLIUM YCJI0-
BHSIM, HA3bIBAEMbBIM AKCUOMAMU 2PYNIbl

Al. CyuiectByer sjemeHT e € G Takoil, 4to s Jioboro g€ G g*e =
=ex g=g (Takol 3JeMeHT Ha3blBAIOT HelmpanvHolM WU eou-
HUYUHbIM).

A2, Jlns o6bix g1, g2, g3 € G CnpaBelyIUB 3aKOH ACCOUUAMUBHOCIMU:

(g1 % G2) * @3= g1 * (G2 * g3).

A3. Inst mo6oro g € G cyuiectByer £ € G Takol, uto gxh=hxg=e
(Takoil sJeMeHT HasblBaloTCs 06pammuoLn K g W o6o3Hauator g~ ).

Jlto6as noarpynmna rpynnsl S, IBAsETCS TPYNINOH B CMbICJE 3TOTO Onpe-
JIeJIeHHs], eCJIH B KaUeCcTBe * B3STb O (3TO yTBep:KJaeT Teopema 25). YTBep-
XKJIEHHS] TeOpeMbl 25 JIerKo J10Ka3aTh U JUlsl TPOU3BOJILHOH IPYMIBL.

Teopema 26 (o coicTBax rpynnoBbix onepauui). Jlrobas epynna
umeem eOUHCMBEHHbLL HeMparbHbLl dAeMEHM U Y KAH D020 ee dle-
MeHma umeemcst eOUHCMBEHHbLIL 00PAMHbLL K HEeMY INeMEH.

HokasateabcTBo. [IycTb | U eg — pasiuuHble HEUTpaJbHbIE 3J1e-
MenThl. Torma u3 Al cienyer npoTHBOpeune: e = e * €9 = €.

[lycTb smemMeHTbl A; U ho — pasyuuHble oOpaTHble K 3JjeMeHTy g. Torna
13 akcuom A1—A3 cienyer npoTuBopeune:

h]:hl*QZhl*(g*hQ):(hl*g)*hgze*hQZhQ. O

JokasaHHast TeopeMa 060CHOBBIBAET NpUMeHeHHe 0003HAUEHUH: e — 1J1sl
eJIMHUUHOTO 3/1eMeHTa, g~ — Juis 06paTHOro 3/1eMeHTa.
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Ynpaxnenue 26. Ilposepbre, uto

a) B Jio6o# rpynne G BepHO, UTO €~ = e,

6) aist o6oro g € G cnpabeiMBo pasenctso (g~ 1)~ = g;

B) oTobOpaxeHHe ¢g: G — G, onpenessemMoe paBeHCTBOM @g(X) = g * X,
SIBJISIETCS B3aUMHO OJIHO3HAUHBIM OTOOPAXKEHHEM.

[Tpoussenenue (... ((g1 * g2) * g3) *...* g,) 0003HAUMM uepe3 (g ...
e Gn). M

Ynpaxuenue 27. Mcnosbaysi akcuomy A2, 10KaXKUTe MO HHIYKLHH, UTO

(g1 .- 8n)*(gnt1 - 8m) =81 -+ &m-

Ykasawnue. YuecTb BbiINOJHEHHE PABEHCTBA (g ... gy) * (Qnal -+ m) =
=((g1 .- gn) *(gu1 - Gm-1))* g=(g1 --- Gm-1)* gn= €1 --- &m, THE
npeanoc/eHee PABEHCTBO CJIEAYeT U3 MPEANON0KEHUST HHAYKIHH.

[Tosib3ysich pe3ysbTaToOM YIpaKHEHUs, MOXKHO MOKa3aTb, UTO MPOU3Be-
JIeHHE 3JIEeMEHTOB TPYMIbl HE 3aBUCHUT OT TOr0O, KaK PacCTaBJjeHbl B 3TOM
NPOU3BEIEHUH CKOOKH (JIMLb Obl NTOPSIOK 3J1EMEHTOB B 060X MPOU3BEAEHUAX
6bl1 onuHakoB). Hanpumep, (g1 % go) * (g3 * g4) = g1 * ((g2 * g3) * Z4).

Cnoco6 paccTaHOBKM CKOGOK B TNPOM3BEEHHH jajiee OyleM Ha3blBaTh
topmy.ioil. Jlanum MHAYKTUBHOE OMpesiesieHHe popMyJibl.

1

Onpepnenenue 37. (i) Boipaxkenue Buna (g, g2) = (g1 * g2), e g; —
3J1eMeHT rpynnbl (G, *), ABjaseTcs Gopmyaot, MTOCTPOEHHON U3 g U Zo. DTa
(hopMyJia BbIUHUC/IAET 3/7eMeHT U3 (G, paBHbIH TIPOU3BENECHUIO g * 9.

(i) Ecam o(gy, ..., Gn) 4 Y(Gut1, -+ &m) — DOPMYJIbI, TOCTPOEHHBIE
U3 g1, ..., 8n U gntl, --- » &m COOTBETCTBEHHO, TO
)‘(gh MR gm):(@(glv L] gn)*q/)(gn-i-l’ L] gﬂl))
ABJIsieTCs POPMYJIOH, MOCTPOEHHOH U3 g, ..., Zm, W BBIUUCHSAET 3SJEMEHT
rpynnbl G, paBHbIH MPOU3BENEHUIO 3JEMEHTOB, BbIUHCJASEMBIX (OpMyJaMH
@(glv tee gﬂ) H 1Z)(gfl-i-lv L) gm)

He Tpebyetcst, utoObl Bce g ObLIU pa3/iuuHbl U 11, M — 1 — 1 Oblau 60Jb-
ute 1; ecau, Hanpumep, 1= 1, T0 (g]) — 3T0 NMpocToO g].

Ynpaxuenue 28. Tlposepbte, uto

a) (g1 * ((g2* g3) * g4)) — bopmysa;

0) (g1 * o) * g3 (gs * g5) — He popmyia.

Teopema 27 (06006UIeHHDbIH 3aKOH acCcOUMATUBHOCTH). JI10Ovle dse
Gpopmyrel o(gi, ..., gn) U Y(g1, ..., &n), NOCMPOCHHOIE U3 INEMEHIMNOB
g1, -y Qn, BOLUUCASION OOUH U MOM JCe INCMEHM. I MO INeMeHn Ha-
3618a€MC Npou3sedeHuem INeMeHmos gy, ..., 8, u eeo (coeracuo npe-
dotdyuiemy ymaepicoeHuio) MOHCHO 3AnNUCOIBAMb 8 BUOe ] * o % ...% g,
6e3 ykazaHus ckobok, HO 8 YKA3AHHOM nopaoke.
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JlokasaTesnbcTBo. JlokasareabCTBO MPOBOJAMUTCS MHAYKUHEH MO 1
C NMOMOLLbIO ynipaxKHeHus 27. JIeficTBUTE/NbHO, CONIACHO MPENOJ0MKEHHIO HH-
JYKLMH, 3J1€MEeHTbI, BbIUMCJIEHHbIE (DOPMYJIAMH 0 U 1), paBHbl COOTBETCTBEHHO

(gl""v gk)*(ngrl’"" gﬂ) H (glv"" ge)*(gt”rlv"'v gﬂ)a

a COIJAacHO yrpakKHeHHo o06a 3THX 3JeMEHTa COBMNAJAlOT C 3JE€MEHTOM
(g1, ---, @n). Ular unpykuun o6ocHoBaH. baza unpykuuu (n=1, 2) oue-
BUJHA. O

3anauu v ynpaxxHenus kK § 2.1

1. st MuoxkectBa N ¢ 0ObIUHOF OMepaiiieil yMHOYKEHHs BbIMOJIHEHbI A 1
1 A2, Ho He A3. Takue asre6panueckue CUCTEMbI HA3bIBAIOTCSI TOJYTPYIIITIAMH.
[TpoBepuTh, uTo Z ¢ onepatmeit o6biuHoro yMHoxkeHusi 1 N U {0} ¢ onepatiieit
0OBIYHOTO CJI0XKEHHS — MOJIYTPYIbI.

2. MHoxectBo Q o6pasyer rpymnmy OTHOCHTEJIbHO OOBIUHOTO CJIOXKEHHUS,
a mHoxkecTBO Q \ {0} oTHOCHTENIbLHO yMHOXKeHHs. B 06eux TUX rpymmnax ore-
pauus KOMMyTaTHBHA.

3. Haiigute rpynnel camocoBMelileHn# rpagos:

a) IMKJa JJIUHB 1,

Puc. 17. Lukn

6) uenu AJMHBI 1,

Puc. 18. Lemnb
B) TPEXMEPHOro Kyoa.

4. Haiinute rpynmny camocoBMellleHuil rpacga I', y koto-
poro 10 BepiuunH u 44 pebpa.

5*. Haiinure nepeBo ¢ HaMMEHbUIMM UYMCJIOM BeplLHH,
MMelolllee TPUBHAJIBHYIO TPYIIY CAMOCOBMELIEHHI.

. : Puc. 19. Tpex-
6. Haiijwre rpad ¢ HaHMeHbLINM UHCIOM BEPLIMH, HME-  yenupiii ky6

I0LLIMI TPUBHAJILHYIO TPYIITYy CAMOCOBMELLIEHHH.
7. Jlokaxkure, uTo Jito6as MoJCTaHOBKA MOpPsKa JBa pasJaraercs B Mpo-
M3BEJICHHE MOMAapHO He MepeceKaloluxcst TPaHCIO3HLUH.



74 [nasa II. Ywucaa u rpynmnei

8*. Jlokaxkute, uTo Jt0OOH LMKJ pa3jaraercs B MPOU3BEEHHE JIBYX Me-
PeCTaHOBOK MNopsiaKa JBa.

Yka3zaHue. [ToBOPOT MOKHO Pa3JloKHUTb B [IPOU3BEIICHHE JIBYX OCEBBIX
CUMMETPHH.

9*. Jlokaxure, uto Jio0asi MOACTAHOBKA pasJ/araercst B [POHU3BeIEHHE
JIBYX TI€PeCTaHOBOK MOPsJIKA JBa.

10*. Hatinure Bce noarpynmsl rpynn Sg v Sy.

11. UeTHble nepecTaHOBKH 06pa3yioT MoJArpymnmy B S,, a HeueTHble — HeT.

12. MHo>KeCTBO BCeX cTeneHel J1060H MOACTAHOBKH 06pa3yer MoJrpyr-
ny B S,.

§ 2.2. Tpynnbl U NoArpynMbl

Harnomuum, uro Henyctoe noamHoxectBo 1 rpynnsl (G, o) Ha3biBaeTcs
nodepynnodi, eciyi OHO CaMO SIBJISIETCSI TPYIION OTHOCHTEBLHO OTepalyH o.

Jlnist 3TOro HeO6X0MMMO, UTOObI IS JIOObIX 3J1eMeHTOB g, A u3 H ux npo-
U3BefleHNe g o i npuHamiexasno 6ul /. Jlio6ast HeTpUBHA/bHAS TPYTITa BCera
COJIEPKHUT He MeHee JIBYX MOJrpyI.

Ynpaxuenue 29. Iloarpynnamu rpynnst G siB/sioTcs

a) equHKMYHasi noarpymnmna {e};

6) cama rpynna G.

Onpenenenue 38. Bce ocranbHble NOArpynbl rpynnbl G, €C/id OHHU €CTb,
Ha3bIBAIOTCS COOCMBEHHbIM NOJePYNNamu.

3amucb H < G Oyner Bcerna o3HauaTbh, uto H — noarpynna rpynmbl G.
Jlerko nokasbiBaeTcs cJeyromiast

Teopema 28 (o nmoarpynnax). [loomHosucecmso H obpasyem nod-
epynny 8 epynne G moeda u moavko moeda, Koeda 0al A0ObLX 3ae-
nenmos g, h us H aaemenm goh™" npunadaexcum H.

HokaszaTeabcTso. [Ipamoe yrBep:kaeHue (=) cjelyeT U3 aKCHO-
Mbl A2 1 Teopembl 26.

Jlokaxkem o6paTHoe yTBep:xkeHue («<). [1ycth g, i — snementsl . Torna
3J1EMEHTbI

e=h-h', hil=e-n', g-h=g-(h")!
TOXKE MPHHAJIEKAT MOJAMHOKECTBY /1.
Axcuombl A1—A3 st MmHoXKecTBa (H, o) BBINOJIHSIOTCS TeNepb MOTOMY,
UTO OHH BBINOJIHSIOTCS /st rpymbl (G, o). O
@ Ynpaxuenue 30. Ecau H; <G, i=1, ..., n, To ux nepeceuenue

Bcerga Gyner NoArpynnoi, Ho He BCeraa WX oObeauHeHue HyneT moji-
TpyMIoH.
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Onpenenenue 39. Ipynna G Ha3blBaeTCss KOMMYMAMUBHOLU, €CJIU TIPO-
U3BEJICHHE B HEeH He 3aBUCUT OT MOPsIIKa COMHOXKUTEJIEH.

[lyets g € G. O603Hauum yepe3 g" 3jieMeHT go...o g, yepes g~ " —
—_——

n

snement g 'o...og ™! e (g7 g° nonoxum pasHbM e.
—

n
[TonmHoxkecTBO {g": n € Z} C G o6o3HauuM [g].

Onpenenenue 40. Eciu g" = e, To GyeM roBOpUTh, UTO 11 — nepuod g.
Haumenvuiuti nosroscumenvrolli nepuod snementa g 0603HaunuM £(g) U Ha-
30BeM NOPAOKOM 3JleMeHTa g.

Ecau g" # e npu Bcex 1 # 0, To MOXKHO NOJOXKUTH £(g) = 00.
CnpaBemiuBa cJeyioniast

Teopema 29 (06 1-nopoxaeHHbIX noarpynnax). Haumenouias noo-
epynna, codepacaujas sremenm g, cosnadaem c [g]. Ona Kommyma-
musHa u ee nopsadok paser t(g). JIlroboii nepuod asremenma g deaumcs
Ha eeo nopadok 1(g). Ecau g* = g', mo t(g) deaum k — 1.

HokaszateabcTBo. Ecin 32/eMeHT g NpUHAWIEKUT MOArpYIIe
H < G, 10 U3 Teopembl 28 cJefyeT, uTo NOArpynna [g] comep:KUTcs B MO~
rpynne H. PaccmatpuBas 9 Bo3MoxHbIX cjyuaeB (m>0,n>0 u T 1.),
nposepsieM paBeHcTBa g" o g™ = g"t™ e n, m — uesble uMcaa, a TaKkKe
(g")~'=g™", rie n — uenoe uucio.

3nauur, [g] < H u rpynna [g] kommyraruBHa. [lycte #(g) = oo. To-
rna g"# g™, eci n#m (unaue g" " = g" arc(g™) "' =e n 1(g) < o0),
u|[g]| =o0. [lycts {(g)=n>1(eccnun=1,10 g=eu[g]=e)u g'=e.

Pasnenus m Ha n ¢ octatkom, nonyuaeM m=nq +r,0<r<n,e=g" =
=(g")70 g" = g", otkyna r =0 (MHauye UMeeM MPOTUBOPEUUE C OTpeJlesIeHH-
eM £(g)), T.e. UUCJIO 1 JIeJIUT M.

ITosromy, ecan gk = g!, 1o g*~! = e w uncno n neaur k — [, B uacTHoCTH,
muoxkectsa [g] w {e, g, ..., g"~'} pasubl u Bce snements gk, 0< k<n,
passuutbl, T. €. |[g]| =n = {(g). O

Tenepb JIErKO JI0OKa3bIBaeTCs1 CJeAytouas

Teopema 30 (o moarpynnax KoHeuHbix rpynn). Ecau epynna G Ko-
Heuna u H — maxoe ee nodmnoncecmso, umo ois aoboix h, g € H npo-
ugsedenue h- g€ H, mo H —nodepynna epynno G.

JlokasaTeabcTso. Ecau snement g npunamiexxur H, To u3 Te-
opembl 29 caenyer, uto |[g]|=n, g7' = g" ! €[g] CH, a u3 Teopembl 28
caenyert, uto H < G. O
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Onpenenenue 41. Ipynna, nopoxpaemasi OJHUM U3 CBOUX 3JIEMEHTOB
(T. €. Takasi, UTO BCe ee 3IJIEMEHTbI SIBJISIIOTCS CTENeHsIMU OJIHOTO M TOTO JKe
3JIeMeHTAa), Ha3bIBAETCS YUKAUUECKOL epynnoll.

Ynpaxuenue 31. Ecau (G, x) —rpynna, a g — ee 3JieMeHT, TO [g] —
LUKJIMYecKasi Tpyra.

N3 teopembl 29 caenyet, uto ecau (G, *x) — OecKoHeUHass LUMKJIHUECKasi
rpynmna, a g € G — ee obpasyiouuii sjnemenr, T.e. G =[g], G ={g": n € Z},
TO BCe 3J1eMeHTbl g" pasjuuHbl U Tabaula yMHOKeHUst Tpynnbl (G, %) 3ajaeTcst
CHCTeMO# paBeHcTB g+ g™ = g™ rne n, m — uesble uncaa.

Ecin ke |G| =n, To n3 teopembl 29 ciemyer, uto

G={gk:0<k<n—1},
1 TabJila yMHOXKeHust rpynnbl (G, *) 3aaeTcsi CHCTEMOH paBEHCTB

by ol gttt ecou k+1<n,
gre= ghti="  ecm k+1>n.

N3 ckazaHHOro sicHO, UTO JI0ObIE JBE LIMKJIWUECKHE TPYMIbl PaBHbBIX MOPSI/-
KOB OTJIMYAIOTCS JIPYT OT JIpyra Jikilb HA3BaHUSIMU CBOUX 3JIEMEHTOB; Ta0JIH-
bl YMHOKEHUsI Y 3THUX IPYNI COBMNAJAIOT C TOUHOCTHIO JI0 HA3BAHMs CTPOK
H CTOJIOLIOB.

Ha anre6panueckom »KaproHe rnpejpliylilee BbICKa3biBaHHE MPOU3HOCST
TaK: 3TH IPYMNIbl 4U30MOPPHbL. Jlanum TouHble onpeeeH s

Onpepnenenue 42. Oro6paxkenue ¢: Gy — Gy, e (G, *) u (Gg, o) —
TPYNIbl, Ha3bIBAETCS U3OMOPGUIMOM (TOUHEE, UBOMOPPHLIM OMmOOpadice-
Huen Gy B (o), €CIM OHO YJIOBJIETBOPSIET CJEAYIOLIUM YCIOBHSIM:

(i) oHO B3aMMHO OJIHO3HAUHO;

(i) st JoOBIX 3J1eMeHTOB g, i € G| CrpaBeLIMBO PABEHCTBO ¢(g * h) =
=¢(g)op(h).

YnpaxHenue 32. JlokaxkuTe, 4yToO

a) ecan @: Gy — Gg —usomopduam, 10 ¢~ Go — G| — ToxKe H30MOP-
huswm;

6) TOXKJeCTBeHHOe oToOpaxkeHue e: G — (G Bcerna siBjseTcss H30MOP-
thusmom;

B) ecsit w: G| — Go u ¥: Go — G3 uzomopduamsbl, To Yo : Gy — Gz —
TaKKe H30MOPPHU3M.

Onpenenenue 43. Ipynnwt (G, *) u (Gg, o) usomopgHel, ecau cyliie-

cTByeT oToOpaxeHnue ¢: G| — Go, sBsiouleecst usomopgusmon (0603Haue-
Hue G| =~ Go).
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Ynpaxuenue 33. lokaxure, uto a) ecain G| ~ Go, Gg ~ G3, 10 G| ~ G3;
6) eciu G| =~ Go, T0 Go ~ Gy; B) Bcerna G ~G.

N3 npeaplayliero ynpaKHeHHUs cje/lyeT, 4YTo MHOXKeCTBO BCeX Py pac-
najaeTcss Ha HerepeceKarolHecs KJacchbl, TakHe, YTo JitoOble JBe TPYMIIbl
M3 OJIHOrO KJlacCa OKa3blBAlOTCSl H30MOP(HBLIMHU, a IpyMIbl U3 Pa3HbIX Kjac-
coB — HeT. Bce rpynnbl U3 0JIHOrO KJlacca MOYKHO paccMaTpuBaTh KaK pas-
AUUHbLe KOHKpEnHble peaiudayud OHON U TOH »Ke abCTPaKTHOH Tpymnmbl.

Hanpumep, noarpynna rpynnel S,, nopoxaennas uukjiom (1, 2, ..., n),
1 MHO>kecTBO {0, 1, ..., 7 — 1} c onepatmeit «+», 3a1aBaemMoil TabJHLEH YMHO-
YKEeHHUs1
- a-+b, ecsm a + b < n,
a+b=

a+b—-n, ecma-+b>n,

NPeJICTaBSIOT U3 cebsl LIMKJIWUECKHe IPYIIbl 11-T0 MOPSiIKa; OHH H3OMOPMHBI.
Bropyio M3 TOJIBKO UTO YMNOMSIHYTbIX peaJsiM3alMi LMKJIWUECKOH Tpyrbl
n-ro nopsinka o6o3navaiot (Z,, +) ¥ Ha3bIBAIOT TPYNNOH OCTATKOB M0 MOJIy-
JII0 1 ¢ onepauyel caoxenus (a + b) mod n.
Boobiue, B KommymamusHolx epynnax orepauqio YMHOXEHHSI 4acTo
0603HAUAIOT 3HAKOM «—+>» U U3MEHSIIOT TEPMHUHOJIOTHIO U 0603HAUEHHS, MOJIb-
3ysICh CJIEYIOLIMM CJI0BAPHUKOM:

() — YMHOXEHHUE; (+) — CJIOXKEeHHe;

(g-h) — mnpousseneHue; (g +h) — cymma;

(e) — eIMHHUIA; 0) — HyJIb;

(g7h — oO6paTHbI; (—g) — TNpPOTHUBOIMOJOKHLIN;
(g") — CTerneHb; (ng) — KpaTHoe;

(g-h™") — uacrhoe; (g —h) — pasHocTb.

KOMMyTaTI/IBHbIG rpyMnrIibl 4aCTO Ha3bIBAlOT aberesoimu *.

Ynpaxuenue 34. Jlio6ast 6eckoHeuHasi LIMKJIHUECKasi rpyrnna uaoMmopgHa
rpynne (Z, +) 1eablX 4uces ¢ 0ObIYHOH orepatueil CJI0KEHHSI.

C noHsiTieM H30MOp(H3Ma, B CYLLIHOCTH, BCTPEUAIOTCSl BCE LIKOJbHUKH,
XOTsl U He BCETrJa OCO3HAIOT 3TO: Hampumep, yHKUMS log, X ocyllecTBseT
n3oMopHoe otoOpaxenue rpynmbl (R, -) MoJ0KUTENbHBIX UHCEJ C Ollepa-
LMell YMHOKeHUsl Ha TPYIIy BCeX JiedcTBUTeNbHBIX uncen (R, +) ¢ onepatineit
csloxKeHHs], TaK Kak log, xy =log, x +log, y, ecomn x, y > 0.

Ecan B onpenesnenun nsomopguama 3abbiTh PO YCJIOBHE B3aUMHOM

OJIHO3HAUHOCTH, TO MOJIYUUTCS onpelesieHue eomomopdusna. ITo
BaXKHOE TMOHATHE B TEOPHHU TPYII, HO MBI ITOCTapaeMcs jaJjee UM He M0Jb30-
BaThCSl.

* B uectb H. X. AGenst (Niels Henrik Abel, 1802—1829) — 3HameHHTOro HOpPBEXKCKOrO Ma-
TemMaTHKa.
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3anauu v ynpakHenus kK § 2.2

1. Enunuua (a Takxke MHHYC elMHMLA) — 06pasylolndi 3JeMeHT B rpyrie
(Z, +).

2. Ecmu g € G, G —rpynna, g" = e, To nopsifiok g nesut x. Ecau nops-
JIOK g — MPOCTOE UUCO0, TO JUO0 g™ uMeeT TOT Ke MOPSAOK, UTO U g, JUbo
gh=e.

3. Eciu H —noarpynna G, g € G, to gHg™' —noarpynna G.

4. O6o3Hauum Z((G) MHOXKeCTBO Beex g € (G Takux, uto npu jitobom A € G
BepHO, uTo - g = g - h (yenmp epynnor G). JJokaxkuTe, UTO LEHTP IPYMIIbI
siBJIsieTcsl noArpynnoil. Ipynna G koMMyTaTHBHA TOT/a M TOJIBKO TOTJA, Korua
OHa COBIA/IAET CO CBOUM LIEHTPOM.

5. M3omopdHoe oToGpaxkeHue MepeBOIUT eJIMHHULLY B eJIMHHUILY U 06paTHbIi
3JIEMEHT — B 00paTHBbII.

@ 6. M3omopdHble rpynibl HMEIOT 0JlMHaKOBbIe Mopsiiku. O6paTHoe He-
BEPHO.

7. O6osnaunm Aut G MHOXKECTBO BCEX MepPeCTaHOBOK 3JIEMEHTOB IpyIl-
nol G, gpasiouxcs usomoppuamamu G B cebsl (Takve M30MOP(HU3MbI Ha-
3blBatoTCs agmomoppusmanu). Jlokaxure, uto Aut G — noarpynna rpynibl
nepecTaHOBOK MHOXKecTBa G.

8*. Hatmure Aut Z,,.

@ 9*. Teopema 30 jyist 6eCKOHEUHBIX TPYMI HEBepHA.

1

10. BeckoHeuHasi rpynna umeeT 6€CKOHEUHO MHOIO MOArPYIMIL.

11*%. Ecsin nopsijiku Bcex 3JieMeHTOB He GoJiblile 2, TOo rpymnna adesena.

12%. Ec/iu nopsiioK TPYNIbl YeTeH, TO HEKOTOPLIH 3J€MEHT UMEeEeT Mopsi-
JI0K 2.

13*. (Kasan.) Kaxknasi koHeunas rpynna u3omopdHa MOJArpyrnre rpymnrbl
MOJICTAHOBOK.

14%*. Haiinure Bce (C TOUHOCTBIO 10 H30MOP(HU3MA) MOJYTPYIbl TOPS/-
Ka 1, TIOPOXKJIEHHbIE OJTHUM 3JIEMEHTOM (T. €. LIMKJIHUECKHE).

15%. B si060ii KoHeuHol noayepynne (naxke 6e3 eIHHHUIbI) €CTh TaKOH
s1eMeHT g, uto g2 = g. Koneunas nosiyrpynmna GyaeT rpynmofi TOra H TOIbKO
TOTJA, KOTJIa TAKOH 3JIEMEHT B HEl eIMHCTBEHHbIN (eIMHUIIA).

§ 2.3. Uukaunveckue rpynmbi

B kauecTBe KOHKPETHBIX peasn3alyil IIMKJIMYECKUX IPYIII HCIIOJIb3YeM Jla-
nee (Z, +) u (Zy, +).

Onpenenenue 44. Jlusi mob6oro HatypasbHOro n 0603HAuUMM (1)
YUCJIO TeX /1, KOTOpble B3aUMHO TPOCTBI C A (Hajee 3T0 0603HAUaETCsl
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Tak: (m, n)=1) u ynosserBopsitor HepaBeHcTBaM | < m < n. OrobpaxeHue
¢: N — N nasbiBaercsi ¢pyrnkyueil Jirepa.

I[aﬂee B 3TOM IJlaBe 4acTo 6y[LeT HCII0JIb30BATbLCs1 CJle/lytollast

Teopema 31 (o uukanueckux rpynnax). (i) Jlrobas nodepynna epyn-
not 7 umeem sud 6Z={0m: m € Z}, ede § — yeroe uucao, a aobas noo-
epynna epynnol L, — 6ud 07, ={6m: 0 < m < n/8}, ede § deaum n.

(i) Ilodepynnol yuxkauueckoi epynnol yukiuuuol. Bce nodepynnol
OecKoHeuHol yukauueckol epynnol 7 (kpome mpusuarvHoli nodepyn-
not {0}) usomopgrel eii camoii. [lopsdok a0bol nodepynnel KOHEUHOL
yurkaudeckotl epynnor 7, asisemcsa deiumesem n u 0418 a0b6oeo m,
deasweeo n, umeemcss posHo odna nodepynna nopadka m. Obujee
yicao scex nodepynn 8 epynne Z, pasro d(n) — uucay scex deaumeaeti
YUCAQ N U BCe IMU NOO2PYNnbl NONAPHO HEU30MOPPHbL.

(ili) Aas moboeo asemenma a €7, eeo nopsadok t(a) pasen (aﬂ—n)
u cosnadaem ¢ nopsaodkom nopoicdennol um epynnel [a]. Yucao seex
nNemenmos a € Ly, y komopoix t(a) =m, pasHo @(m).

(iv) Obpasyrowunu epynnol Z a8asat0mces dsemermol a = +1 u moavko
OHU. Iremenm a nopoocdaem 8cio epynny Z, moeda u mMmoaAbKo mozoaq,
Koeda eeo nopsdok t(a) = n, a nocaedrnee cnpasedaso moada u moaibKo
moeda, koeda (a, n)=1. Yucao obpasyrowux 8 epynne Z, pasHo p(n).

(V) s mo6oeo m € 7 muoacecmso mZ, ={a: a=mb, b € Z,} cocmo-

n

um u3
(m, n)

Hoxkaszateabctso. [lyetb H<Z, Ecim H={0}, to H=n-Z,.
Ecan {0} # H, T0 nycTh § — HanMeHblIee uucio Takoe, uto 6 € H \ {0} (oHo
CYLIECTBYeT B CHJy MpuHUMNA uHAyKUMH). Torna H = 07Z,. IleficTBUTesibHO,
ec/in Obl CyLLeCTBOBaJ 3JieMeHT @ € H \ §Z,, To, jleisi @ Ha & C OCTaTKOM, Mbl
Obl MoJIyuuJiu, uto 7 =a — 6q € H, rjie ¢ — yacTHOe, r — OCTaTOK, TaK Kak

INeMEeHNo8.

F=a—-6qg=a+q(-6)=a+qn—90), acH, n—0=-06€cH,

0 <r <4, a ato npotuBopeunt onpenenenuto §. [lostomy H < 07Z,, a Tak Kak
S€H, 67, <[0], 1o cornacho Teopeme 29 umeem 0Z, = H = [4].

Pasenctso 87, ={0m: 0 < m <n/8} caenyer ua toro, uto § |n (ecan §
He JIeJIUT A1, TO, 3aMeHsIsl @ Ha 11 B y»Ke MPOBEJEHHOM PACCYKJEHHH, MOJYUnM
NpPOTHBOpPEUHe).

Mycts H <Z. Ecom H ={0}, to H=0-Z. Ecam {0} # H, 10 paccysxe-
HHEM, aHAJIOTHUHBIM yXKe MPHUBEIEHHOMY, NosayuuM, uto H =0 - Z = (=9) - Z,
rie § € N. YrBepxjenue (i) pokazaHo.

YrBepaenue (ii) caieyer U3 TOro, UTo OTOOPAKEHH X — X - S U X — X - O
SIBJISIOTCS] U3OMOPUIMaAMU MeXy Z ¥ 07 v Mexny Z, u dZ, COOTBETCTBEHHO
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(nocsiennee npu (9, n) =1), a orobpaxkeHue § — 4 - Z, ycTaHaBJUBaeT B3a-
MMHO OJIHO3HAYHOE COOTBETCTBUE MEXKIY NEJIUTENISIMU YUCJIa 1 U TIOATPYIIaMu
rpynnsl Z,.

Hoxaxewm yrBepxkaenus (iii) u (iv). Ilycrs #(a) =m. CornacHo (i) ume-
em [a] =06Zy, 0| n, a Tak Kak a € 6Z,, 10 § | a, otkyna ¢ = (a, n). Ho a €
€ (a, n)Zy, 3nauut, [a] < (a, n)Z,, nos3TOMYy

_ n n n
m=1t(a) S Ss
cJie10BaTeJIbHO, n n

B uactHocTH, BUauM, uTo [@] =Z, Torna M TOJbKO TOraa, Koraa n=|[a]| =
_ n

@ JIDYTHMH CJIOBaMH, Koraa (@, n) =1, oTKyla Takxke cJejy-
€T, uTo '

a: (@l =Z,} =|{a: | <a<n, (a, n)=1}=¢n).
Hausee (cornacto (ii)), (@) = m Torna u ToJbKoO TOrAa, Koraa |[a]| = m, npy-
TUMH CJIOBaMHU, Korja [a] = %Zﬂ ~ Zm. llpumensisi nosyueHnyto opmyaty Jijis
a: [@] =Z,}|, umeem

{a: a=12,, 1@ =m)|=a: ae =7, [a]= ~2Z,} =
= ‘{5 I; € L, [5] :Zm}‘ = @(m)

Tax kak ToT dakr, uto [a] = Z Toria u ToJbKO Torja, Korjna a = £ 1, oueBuieH,
TO yTBep:kenus (iii) u (iv) 1okasaHbl.

Hoxaxkem mnocaennee yreepxkiaenue. Corsacvo (i) mZ, =0Z,, Beab
mZy, <Z,. Otciona ¢ |m (nockosbky m € mZ, =0Z,), a Tak Kak 9 |n,

_ n _ m _
to § < (m, n). Ho npu mo6om a € Z, umeem —— -ma = ——(n-a)=0.
< ). Ho N Gy Gy )
n n
3HauuT, corjacHo Teopeme 29 umeem 5= [0Z,| < ) T.e. §d = (m, n)
u nmostomy & = (m, n), cJaeaoBaTesbHO,
n n
mly| =102, = = = ) O
| ’1‘ ‘ ’1| § (’n7 ﬂ)
M3 10Ka3aHHON TeopeMbl BHIBEIEM €llle OJIHY TEOPeMYy.
Teopema 32 (o auneinom npexacraaenun HOM). [Tycmeo ay, ..., a, —
yeavle 4ducaa, (ay, ..., ay) —ux Hauboarvwuli obwuti deaumenrv. Toeda

Hatdymcea yeavle yucaa x;, 049 KOMopolx

(a, ..., ap)=x1a; + ...+ xpa,.
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JokasaTeabcTBo. Paccmorpum B rpynne Z noArpynmy

lar, ..., an]={a€Z:a=ayx1+...+anx,, X, €Z,i=1, ..., n}.
Cornacho teopeme 31 [ay, ..., a,] =dZ, rne d — natypasnbHoe uncJo (d =0
muwb korna a; =0,i =1, ..., n). Tak kak a; € [ay, ..., a,], 70 a; € d7Z, 3nauur,
dla;,i=1, ..., n

[Tyctb umcsio § Takxke yIOBJETBOPSiET yeaoBusim 0 | a;, i =1, ..., n. Torna
a;i €0Z2,i=1,...,n,otkyna [ay, ..., ay] CZ, 1.e. dZ C 07, 3Hauut, d € §Z
udld, |8 <d, rakum obpaszom, d neiictButensHo pasio HOd(ay, ..., an).
Tak kak d npuHaiexutr MHoxectBy dZ = |ay, ..., a,], To d =a;x; + ...
...+ a,x,, rie x; —ueJsvle yucaa, i =1, ..., n. O
[1puBeneHHoe paccyxjeHue Takxke jokasbiBaetr, uto HO(ay, ..., a,) ne-

JIUTCS Ha J1I000# 0OLIMI [esIuTe/b ITUX UUCes, U YpaBHeHHe
aixX;+... apxp,=a

paspelMo B 1eJbIX uMcJax Torjaa v ToJbko toraa, korna HO(ay, ..., a,)
JIeJIT Q.

B uactHocTH, ecaut (a, b) = 1, To ax + by = | NpH HEKOTOPBIX LIEJbIX X, Y.
Jlpyroe 10Ka3aTesibCTBO 3TOr0 (pakTa ObLIO paHee MOJYyYeHO C MOMOLIbLIO aJi-
roputma EBkinna.

3anauu ¥ ynpaxxHenus K § 2.3

1. BoiBemute u3 TeopeMbl 32 Bce yTBepKIeHUs 3a1aun b u3 § 1.2, a Taxkke
CJleNlylolHe YTBEPKIEHHSI:

(i) [ka, kb] = k]a, b];

(i) (a, b)=(a£b, [a, b]);

(iii) ecn & | a, 616, 1o (a/6, b/5) = (a, b)/5;

(iv) [ar, ., an]l=ar - ...-an/(Ay, ..., Ap), Ai=a-...-a,/a;

(

v) [ay, ..., a,] =]ay, [ag, ---, an]];

i) (@i, ..., an)) = (ay, (az, ..., an));

(vii) ecam a; | b, o |ay, ..., a,]| b;

(viii) ecan a penur be, To a/(a, b) nenur c;

(ix) ecan p —npoctoe, plaj-...-a,, T0 p | a; Npu HEKOTOPOM i.

2. Hcnonb3ysi npeaplaylilee yTBepKaeHHe, 1oKaxuTe Teopemy 4 u3z § 1.2.
3. Iokaxure, uto d(n) < 2/n.

4%, (Taycc.) Hokaxure, uto Y. ¢(d) = n.

d|n
5. Peunre ypaBHenue 15x — 9y =6 B obaactu Z.
6. Pewnre cucremy (x, y) =15, [x, y] = 840.

6 Tauikon
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7. HapucoBaTh juarpammy BKJIIOUEHHH CeMeHCTBa BCEX MOJArPYI rpyri-
bl Zg.

8*. MuoxectBo M C N HasbiBaercst noayepynnoii (6e3 eJuHULIbI), eCn
JUist oObIX X, y € M ux cymma x + y takxke npuHaaiexut M. Jlokaxkure, 4to
Jobast Takasi oJIyrpyrnina KoHeuso nopoxcdennas, T.e. M={a: a =a xo +
+ ...+ apxy, x; € N} 0pu HEKOTOPBIX HATYPAJIbHBIX @;.

9%, Vmeercsi HeCKOJIbKO KapTouek ¢ uucgaamu. [lisi so6oro n < 2004
MMeeTCsl POBHO /1 KAPTOUEK, HA KOTOPBIX HAMMUCAHbI ero jennTenu. JlokaxkuTe,
uto Jio6oe n < 2004 HanucaHo xots 6bl HA OJIHOM KapTOUKe.

Yxaszaunue. [Ipumenure 3anauy 4.

§ 2.4. Teopema Jlarpanxka

[lyers G — rpynna, H — ee noarpynmna.

Onpenenenue 45. MuoxectBo gl ={gh: h € H} nasbiBaetcs (1esoim)
CMENHCHOLM KAQCCOM TIO TIOATPyNMe [, coaepiKalliM 3JeMeHT g (IeHCTBH-
TesbHO, g = ge € gH).

[Ipasoim cuescHoim Kaaccom HasbiBaeTcst MHOXKecTBO H g ={hg: h € H}.

Ecau rpynna G xommyraTtuBHa, To Bcerna gl = Hg.

Hasiee paccmaTpuBaeM TOJIBKO JIeBble CMexKHble Kjacchl. CripaBeminBa
crenyolas

Jlemma 7. Jliobole dsa cmencrolx kaacca no nodepynne H aubo ue ne-
pecekatomcs, Abo cosnadarom.

Hokaszateabcrtso. [lycrs, Hanpumep, aH NbH # @, c € aH NbH.
Torna ¢ =ahy =bhe, tne h; € H 1

aH = a(hiH) = (ahy)H = cH = (bhs)H = b(hoH) = bH.

[Tpu BbiBOjIE 3TOF LEMOUKU PABEHCTB Mbl M0Jb30BAJIUCH ACCOLUATHBHOCTHIO
u paBeHctBoM hH = H, rie h — snement H, KOoTopoe npoBepsieTcs CJelyto-
MM 06pazomM.

Haist io6oro anementa A’ u3 H npoussenenue h'h npuHapiexur H u no-
stoMy hH — noaMHOXKecTBO B H.

JlioGoil snement A” u3 H moxHo npeactaBuTh B Bume A’ =h(h='h"),
OTKYy/a BHIHO, UTO OH MPUHAIVIEKUT TakxkKe Afl, u nostomy H copep:kurcs
B hH. JlokasaHHble BKJIHOUEHHS U 03HayaloT, uyto H = hH. O

Hawm nonago6utcst Takxke

Jlemma 8. B aro6om cmencrom kaacce no H cmoavko gce aremennos,
ckoavko u 8 H.
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JokaszateanbcTso. [efictBurenpHo, otobpaxenue ¢: H — gH,
onpeiesisieMoe PaBEHCTBOM (X) = gx, siBJseTCs B3aUMHO OJHO3HAUHBIM
(ynpaxxHenue 26 u3 §2.1). O

Teopema 33 (Jlarpanx *). [lopadok koweunoll nodepynner gceeda
a8aaemcs deaumenem NOpsa0Ka cOOmMeencmayoweil epynmoL.

HokaszateabctBo. [lyctb G —rpynna, H —ee noarpynna. O6o-
3HauuM uepes [G : H] uncyio Bcex MonapHoO pas3jiMuHbIX CMEXKHbBIX KJaccoB g
geGunyerb g1, ..., gnH — cnucok Bcex TuX Kaaccos, m =[G : H].

M3 nemmbl 7 caenyert, uto g;H N g;H = @, ecnu i # j. MeTooM oT npo-
THBHOTO JI0KaxeM, UTO

i=1

[lyctb Haiinercst sneMeHt g,4+ € G Takoii, uto

m
gnn £ @il
i=1
Torna corsacHo siemme 7 knace g4 H oTaueH ot kiaccoB g;H,i=1,...,m,
TaK Kak

Gmil € GmitH,  gmua g gH, i=1,...,m

[Tosyuaercsi npoTuBopeune ¢ onpenesnendeM cnucka g, i=1, ..., m. Co-
riacHo jemme 8, umeem |giH | =|H|, i=1, ..., m, no3TOMy H3 paBEHCTB

m

m=[G:H], |J a&H=0,

i=1
cooTHowleHust g;H N g;jH =@, i # j, 1 KOMOUHATOPHOIO MPHHLMIIA CJIOXKE-
Hust caenyer pasenctso [G:H|=|G|/|H|, osnauawuiee, uro |G| aenurcs
Ha |H|. O

Onpenenenue 46. Uncso [G : H] = |G|/|H | nasbiBaetcst undekcom noj-

rpynnsl /1 B rpynne G.

Ecau rpynnbel G u H He o6s13aTe/ibHO KOoHeuHbl, To [G : H] — 310 umncjio
CMEXHbIX KJaccoB B rpynne G no noarpynne .

Sameuanusa. Ecm K<H<LG, 0 [G:K]=[G:H] -[H:K], B ToM
cmMbicsie, uto ecyim |G : K] Koneuno, To [G : H], [H : K] Toxe KOHeYHbI U Cripa-
BEJIMBO YMOMSIHYTOE PABEHCTBO, OHO TAKXKE CIPABEUIMBO, €CJIM KOHEUHb
[G:H], [H:K].

* K. JI. Jlarpamx (Joseph Louis Lagrange, 1736—1813) — Besukuii hpanily3ckuii matema-
THK M MeXaHHK.

6*
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CdopmyspoBaHHoe yTBepxKaeHHe o0oOaer Teopemy Jlarpanxka. Ero
JI0Ka3aTeJIbCTBO OCHOBAHO HA TOM, 4TO Jii00asi (He TOJIbKO KOHeuHast) rpyr-
na G mnpencraBisieTcss B BHAe 0ODbeIMHEHHS BCeX Pa3JHUHBIX CMeXHBIX
KJ1acCoB Mo moarpynmne /, mpuueM 5TH KJacchl MOMAapHO He IMepeceKaloTcs,
a MX yucJio (ecau oHo KoHeuHo) paBHo [G : H].

OTMETHM, UTO B MPEAbLIYLIMX PACCYKIEHHAX BMECTO JIEBBIX CMEXHBIX
KJIACCOB MOXKHO C TeM 2Ke yCIIEXOM MCI0JIb30BATh MPaBbIe.

@ JleBble cMexKHbIe KJlaccChl, BOOOLIE roBops, HE COBMAAAlOT C MPaBbIMHU.

Onpepenenne 47. Ecan npu yo6om g € H Boinonnsiercs g =Hg,
To nojrpynna H HasbiBaetcsi Hopmaavroi. Ecan H Hopmasbha B G, TO 3T0
o6o3Hauaercst H < G.

@ Pagenctso gH = Hg e o3nauaet, uto npu Jio6om i € H ob6si3aTeb-

HO gh=hg, oHO JiMllb O3HAYAET COBMaJeHne MHOXKecTB {gh: h € H}
u{hg: heH}.

YnpaxHenue 35. PapeHcrtBo gH = [H cnpaBemiMBo TOTJa U TOJIBKO
Tora, Korja gf ' € H.

ByneM roBopuThb, UTo cpasHeHue a =y b CnpaBeyIMBO TOTJA U TOJbKO
Toraa, korna ab~! € H (wam Toraa u To/1bKO Toraa, Korna aH = bH, uto pas-
HOCWJIbHO). BBejIeHHOE OTHOLIEHHE MEXK]Ly 2JIeMeHTaMu rpynibl G Ha3blBaeTCsi
(1eBoO#l) cpasrumocmoro mo noarpynne H. AHasorduHo BBOAMTCSI npasas
CPABHUMOCITb.

YnpaxHenue 36. JleBas u npaBas CpaBHUMOCTH 10 nojarpynrne // coB-
najaloT TOrJa U TOJbKO Torna, Korna H < G.

Ynpaxuenue 37. Ecau rpynna G kommyraTtuBHa, To H < G Torna
1 ToJIbKO Torna, Korna H < G. O6paTHoe HEBEpPHO.

Onpenenenue 48. Yucso ¢ HaseiBaercst nepuodom rpynmnsl G, ecau s
moboro g € G, g =e. Haumenowiutl noroscumensroiii nepuod rpynisl G
o6osHaunm £(G).

Teopema 34 (manas Teopema ®Pepma pasa rpynn). (i) Yucro t s8-
asiemes nepuodom epynnet G moeda u moavko moeda, koeda t(G)
deaum t.

(ii) Ecau epynna G xomeuwna, mo t(G) pasen HOK nopadxos ecex
anemenmos g € Q.

(i) [Topsdok a0b60e0 aremenma sBasemcs Oeaumenrem nopsoka
epynneol.

(iv) [lopadok epynnoet seasemcs ee nepuodom.
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HokaszateabcTBo. [IyHkr (i) 10KaKeM METOIOM OT MPOTHBHOTO.

[Tyers ¢ —nepuopn rpynnel G, t =1(G)g + r, g —HaTypaJibHOE UMCJIO,
0 < r < {(G). Tak Kak s modoro g € G BbINOJNHAETCS

e=g'=(g"%"g =e"g' = ¢
3HAUMT, I — MOJIOKUTE/bHbIHA Nepuo G, MeHbluui {((G), uero He MOXKeT ObIThb.

Hokaxxem nyHkr (ii). Ecau ¢ — nepuon G, 1o mis moboro g € G uMeeM
g! = e, snauur, ¢ neawntcs na |[g]|, otkyna caenyer, uto HOK{|[g]|: g € G}
nemt {. Tenepb yrBep:kaenue (ii) caenyer us yrBepxiaenus (i).

Hokaxxem nyHkt (iii). Ilyetb g — asement rpynnel G. Tak kak ero nopsi-
JIOK paBeH MOpsKy NOpoXKaeHHOH uMm rpynmnbl [g], a [g] < G, To coryacHo
teopeme 33 nopsinok |G| meaut |[g]|, uto u TpeGoBanoCh.

[TocsienHuil MyHKT cJefyeT U3 ABYX MPeIblLIyLLInX. O

CaenctBue u3 Teopembl 34. /las 1106020 semenma g npou38oAbHOL
epynnot G eco nopsadok pasen muHumarvHomy nepuody t([g]) nopo-
acderHoll um nodepynnel [ gl.

Teopema 35 (0 uMKJIMYECKHUX FPynnax npocroro nopsiaka). [pynna G
He umeem cobcmeerHblx nodepynn moeda u MmoabKo moeda, Koeda oHa
yukauueckas npocmoeo nopaoka. Jlrwbdas epynna npocmoeo nopaoka
UUKAUYHA.

HokaszateabctBo. Tor cakr, uro rpynna npocToro mMopsiaka
He UMeeT COOCTBEHHBIX MOATPYII, cJelyeT U3 Teopembl Jlarpamxka. Ecau xe
rpynna He WMeeT COOGCTBEHHBIX MOATPYIMM, TO, COMJIacHO Teopeme 29, oHa
LMKJIMYeCcKasi, a coryiacHo TeopeMe 31 — npocroro nopsijika. O

Hasiee nosiBsiTCSA M Ipyrve NpUMeHeHHs TeopeMbl 33.

3anauu ¥ ynpaxHenus K § 2.4

1. Haiipure nepuon rpynnst Sy.

2. Ecom |G:H|=2, To H<G u H —onHa u3 HauGoJbLIUX M3 MOA-
rpynn G.

3. Haiinute HauboJblIy0 NOArpynny B S,.

4. TlpoBeputb, uto Bceraa:

a) a=y q;

6)a=y b = b=y a;

B)a=yb,b=yc = a=pyec.

5. Ecm G=2%Z, H=mZ, to Bmecto a=yb Oynem nucath a=0b
(mod m). Ilokaxure, uto:

a)a=b (mod m) Toraa u TOJILKO TOTA, KOTIa 1 | @ — b 1 TOrIa U TOJbKO
TOr/a, Korjaa @ W b paBHOOCTATOUHbI [PH €JI€HHH Ha 1,
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6) a=b (mod m) = a™=0b" (mod m);

B)a=b (mod m),c=d (mod m) = a+c=b+d (mod m),
ac =bd (mod m);

ra=0b (mod m) = ka=*kb (mod m);

n) ka=kb (mod m), (k, m)=1 = a=b (mod m);
=b (mod m), 6=(a, b, m) = a/6§=0b/5 (mod m/j);
=b (mod my),i=1,...,n = a=b (mod [my, ..., m,]).
6. Jloxkarkure, 4rTo:
a) a® =b* (mod |a — b)), a#b;
6) a** = b% (mod |a +b|), a # b;
B) a?kt! = —p2+1 (mod |a + b)), a #b.
7. Jlokaxkute cpaBHeHMS:
a)ag+a10+...+a,10"=ap+a; + ...+ a, (mod9);
6) ag+a;l0+...+a,10"=ay—a; +... Fa, (mod 11).
8. Peuinrte cpaBHenue 27x =6 (mod 51).
9. Haiimute ¢ ToyHOCTBIO 10 H30MOpP(H3Ma BCe TPYyMITbl MOPSIAKA He BbI-
e 6 U BCe HOPMAJIbHbIE MOJTPYIIbl B HUX.

@ Teopema, o6paTHasi k Teopeme JlarpaH:ka, HeBepHa.

10. [lokaxkuTe, uTO rpyrina YeTHbIX lepecTaHOBOK B S4 H30MopdhHa rpyrie
BpallleHHui TeTpasjipa, UMeeT NopsiaoK 12, HO He UMeeT MOArpyMI nopsaka 6
(KoHTpTIpUMEp K obpallleHHI0 TeopeMbl JlarpaH:ka).

11. Ha MHOXKecTBe BCeX MOAMHOXKECTB JIAHHOTO A1-3JIEMEHTHOrO MHO-
JKECTBA OMPENENUM ONEepPaLUIo CUMMEMPULeCKOl pPA3HOCMU MHOMXKECTB!
AAB =(A\ B)U(B\ A). lokaxkite, 4TO 3TO MHOXKECTBO 06pasyer rpymnimy
OTHOCHTEJIbHO BBEJIEHHOU oriepaliu. JloKaxkuTe, uTo ee TMOpsI0K U MOPSI0K
JOOOH ee MOATPYMIbl PaBeH CTEMeHH ABOHKH.

12. B BoeHKOMaTe 3aHUMAIOTCS COCTABJEHHEM CIUCKOB IMPH3bIBHHKOB.
B KoHle roga okasasoch, UTO Jisi KAXK/IbIX JBYX COCTABJIEHHBLIX CIUCKOB A
1 B 6bl1 cocTabjieH elle crnucok C, B KOTOPOM 3alucaHbl Bce NPU3bIBHUKH,
BXOJIsIIIIME TOJILKO B OJIMH M3 criiucKoB A u B, Ho He B 06a cpasy. Jlokaxure,
UTO UMCJIO COCTABJIEHHBIX CMIUCKOB HA €JIMHUILY MeHbllle CTENEHH JBOHKH.

13*. [okaxkure, uto rpynna As 4eTHbIX MOJICTAHOBOK HE UMEET HETPUBU-
aJIbHbIX HOPMaJlbHbIX JleJIuTesell (Takue Ipymibl Ha3blBAIOT NPOCHIbIMU).

14*. B Mockse 18***#* reneoHHblXx HOMEPOB («*» O3HAUaeT Heu3-
BecTHy0 Ludpy). [lokaxkure, uTo HalayTCsl ABa HOMepa, CyMMa KOTOPbIX
(paccmaTpuBaeMbIX Kak uuMc/a B JIECATHUHOM 3aMMCH) OKaHUMBAeTCs Ha ce-
MH3HAUHOE YHCJIO, He SIBJSIONIeeCs: MOCKOBCKHM HOMepOM (Ha TesiehOHHYIO
KHHTY He CChLIaThCs).

15. Ecomu H< G, a=yb, c=5d, to ac =y bd. bBes npennonoxenus
0 HOPMaJIbHOCTH 3TO HEBEPHO.
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16*. Onpeneynum Ha MHOINCECMBE CMENCHLLX KAACCO8 TPyMbl G 10 HOP-
MaJibHOH moarpynmne H onepayuio ymuoocenus paeHctBoMm: gH x fH =
= g - [H. IlpoBepuTb, uTo 3TO ONpejiesieHHe KOPPEKTHO, T. €. ecyid g1 H = gH
fiH =fH, to gH « fH =g H « [{H, u uTo paccmMaTpHBaeMoe MHOXeCTBO
npeBpaiaercst B rpymnmy, o6osnauaemyio nanee G/H w HasbiBaeMmylo (hak-
mopepynnot rpynnbl G no noarpynme H.

Jlokaxure, uto oto6paxkenne ¢ u3 G B G/H, onpenessieMoe paBeHCTBOM
p(g) = gH, siBnsieTcst ecomomopghusmom Tpym, T. €. NEPEBOJUT MPOU3BeJie-
HHE B MPOU3BEJIEHHE.

17%. lokaxure, uto Z/mZ uzomopdHa Z,,,.

18*. Haiimure cakrToprpynmy rpynmbl TepecTaHOBOK f1-3J€MEHTHOTO
MHOXKECTBA MO MOJrPYIINe UeTHBIX MePECTaHOBOK.

§ 2.5. KoJgblia 1 noJist BbIYeTOB

Hanomuum o6osnauenne: a =b (mod m) torma v ToJIbKO Torja, Koraa
m|a—b (untaercs «a CPaBHUMO C b MO MOLYJIO M»).

B ynpaxuenuu 5 u3 § 2.4 ycTaHOBJIEHO, UTO CPABHEHHS] MOXKHO MOUJIEHHO
CKJIaJbIBaTh U YMHOXKaTb. DTO 1aeT BO3MOKHOCTb Ha MHOXKECTBE

Z/mZ={0, 1, ..., m— 1}

BCEX CMEXHbIX KJIACCOB M0 noarpynne mZ (depe3 a 0003HAUAETCS CMEX-
HBIA KJlacc, CONeprKallhil @, T.e. MHOXKECTBO {a + mn: n € Z}) onpenesnTb
cJlelytolliM 06pa3oM OrepaLtH CJ0KEHUST U YMHOXKEHHUSI:

a+b=a+b, a-b=a-b.

T86J1H]_Lbl ITUX onepaunﬁ COCTOST U3 PaBEHCTB

Bl k+1, ecan k+1 < m,
N k+l—m, ecuk+I>m,
k-1, ecsd k-1 < m,

Rol=¢__ >
k-l—m-q, ecmum-g<k-l<m-(qg+1).
Ecsiu 0603HaunThL uepes r, OCTATOK OT JIGJIGHHs] @ Ha M1, TO TH PaBEHCTBa
3allUCbhIBAKOTCA B BUIE:
I_’aer:I_’a—l—l_’b:C_l—l—b, a-b=r, -1y =rgp.

MHOXKeCTBO Z/MZ OTHOCHTEJILHO CJIOKEHHS SIBJSIETCST H30MOP(HON rpyre
(Z,, +) kommyTaTiBHO#U rpynnoid. OTHOCHTENLHO YMHOXKEHHSI OHO SIBJISIETCS
KOMMYTaTHBHOH MOJIYTPyIION, HEHTPaJbHbIM 3JIeMEHTOM KOTOPOH siBJisiercst 1.
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Ynpaxuenue 38. [lokaxkure cchopMyIMPOBAHHBIE YTBEPXKIEHHUS, & TAKIKE
cleytoliee ToXaecTBo (ducmpubymusnocmo): (x + y)z = xz + yz.

Onpepnenenue 49. MuoxectBo (Z,,;, +, - ) C BBeIEHHbIMU OMepaLsIMH
CJIOJKEHUS] H YMHOXKEHHsI HA3bIBAETCSl KOAbYOM BblUeno8 no Moo0yao m.

Onpepenenue 50. Boobuie koabyom HasbiBaeTcs o60e MHOXKECTBO K
C JByMsi IBYMECTHBIMH OMEPALMMH «+>» (CJOXKEHHE) U « - » (YMHOMKEHHE),
€CJId TH OTepallu CBsi3atbl ducmpubymusHoim mooscdecmson, (K, +) sB-
asieTcst kommymamusHot epynnoi, a (K, -)— kommymamusroi noay-
epynnoti.

Hanpumep, (Z,, +, -) siBJIsieTCs KOJbLOM.

HefiTpanbHblil 371€MeHT OTHOCHTENBHO c/0kKeHHs1 o6o3HauaeTes 0, a Hel-
TPaJIbHbIA 3J1EMEHT OTHOCHUTEJIbHO YMHOXKeHUs o003Hauaercs 1.

YnpaxHenue 39. Cosnaaende 0 1 | BO3MOXKHO JIHIIb B KOJIbIIE, COCTO-
SILLEM M3 OJIHOTO 3JieMeHTa. B sto60M Kodiblie BbIMOJIHSOTCS TOXKAECTBA:

0-x=0, 1l-x=x, (=1)-x=—x

Onpenenenune 51. OroGpaxenne ¢: K — K spasiercs eomomopgus-
mom KoJiell, ecaid (1) =1, uis mobuix x, y € K

plxy) =e() @ey), e +y) =eX) o ey),
TJe «+» H «» — OTepaliK B KoJblie K, a «®» 1 «&» — B Kosiblie K . Baanmmo
OJIHO3HAUHBII TOMOMOP(H3M HA3bIBAETCS USOMOPDUIMOM.
Jemma 9. Ecau o — eomomopgpusm K — K, mo

0(0)=0, p(=x)=—p(x).

JokaszateabctBo. [lycts a € K, Torna

p(a)=p(0+a)=¢(0) +pla) = ©(0)=0,
pla—a)=p(@) +o(-a)=0=p0) = @(-a)=—p(a). O

3ameTnm, uto otobpaxkeHue ¢: Z — Z,,, 3ajlaBaeMoe PaBEHCTBOM ¢(X) =
=x (mod m), sBnseTcss rOMOMOP(U3MOM KOJIell,
BBejieM HeCKOJILKO OIpeie/ieH il

Onpenenenue 52. DjemeHT a € K HasbiBaeTcs 00pamumolm, eCan Hall-
nercst b € K Takoi, uto a-b =1. MHoxecTBO Bcex 0oOpaTUMbIX 3J1€MEHTOB
KoJiblia K o6o3Hauum K*.

3amerum, uto ecan ab =1 =ac, 10 b = ¢. JleficTBUTENLHO, YMHOXHB pa-
BeHCTBO ab =ac Ha b, umeem bab=bac=1-b=1-c=b=rc. 1o nos-
BOJISIET BBECTH JJIsT 3JIeMEHTa, 06PATHOTO K @ (OTHOCHTEJBHO YMHOXKEHHS),
o603HaueHHe a~ !, Tak Kak 06paTHBI JEMEHT, eCJIH OH eCTh, Onpeje/eH Ojl-
HO3HAUHO.



§2.5. KosibLia u 110Jis1 BbIYETOB 89

Onpenenenue 53. DiieMeHT a € K HasbiBaeTcsi deaumenem Hyas, ecju
naiinercst b € K \ {0}, nist kKoroporo a-b =0. MHOXKeCTBO BCex JeJuTesel
nyas K o6osnauum K.

HMmeer mecTo

Teopema 36 (o peauteasix HyJas U oOpaTUMbIX saemeHTax). Cnpa-
gedausol caedyiowue ymsepocdenus: (K*, -)—epynna, (K\K*, -)
u (K°, -) — noayepynnot 6es edunuyor, npuuem K° codepacumes 6 K \ K*,
(K\K°, -)—noayepynna, npuuem K* codepacumecs K \ K°. Bce ynomsa-
HYymble epynnol U NOAYePYNnol KOMMYMAMUBHYL.

JlokasaTesabcTso. CornacHo onpeenenusam K* u KO cnipasemin-
Bbl CJIETYIOIIHE YTBEPXKIEHHUS:

leK*, aeK* = a'eK*, K'-K*CK*
(rak kak 17 ' =1, (a1 =aqa, (ab)"' =a~'b7"),
K'NnK* =2
(ecinab=0,acK*,t0b=0b-1=(a"'a)b =a""(ab) =a~'0=0),
K- K=K -K'CK®

(ecmu ab=0,b#0,10 (a-¢c)-b=(c-a)-b=c-(a-b)=c-0=0 npu Jio-
6om ¢ € K),
(K\ K"K \K®) CK\K"

(ecam (a-b)-c=0, ¢c#0, 10 (a-b)-c=a-(b-c)=0 u nosromy J60
beK® nubo bc#0 u, snaunt, a € K®). BbinojHende akcHOM IpyMiibl
1 TIOJIYTPYIIIbl CJIEYeT U3 BbIMOJHEHHS aKCHOM aCCOLMATHBHOCTH, KOMMYTa-
THMBHOCTH M CYLLIECTBOBAHMsI €IMHUILIbI B KoJiblie K. O

W3 nokasanHoi TE€OPEMbI BbITEKAIOT HECKOJIbKO CJIEJICTBHH.

YnpaxHenue 40. JlokaxkuTe, 4yTo

K' K=K’ (K\KK\K®)=K\K’ K- (K\K*)=K\K*.

Caencreue 1 u3 teopembl 36. FEcau mrooxcecmso K \KO KOHEeuHo
(u 6 wacmrnocmu, ecau koivyo K — koneuno), mo (K \ K°, -) — epynna
u K\K'=K~.

JlokasaTteabcTBO. Ecau aeK\KO u ab=ac, 1o b=c (uHaue
a(b—c)=0, b —c#0 u a € K. ITonb3ysach 3THM M MOBTOPSAs paccysKie-
Husl, loKasbiBaolye Teopemy 30, moayuaem, uto aas mocoro a € K \ KO npu
nekotopoM n>0, a® =1, snauut, a~' =a" '€ K\ K’ 1€ K\ K, u co-
raacko Teopemam 30, 36 Bumum, uto (K \ K%, -) —rpynnan K \ K® =K*. O



90 [nasa II. Ywucaa u rpynmnei

YnpaxHenue 41. JlokaxkuTe, uTo
7*={l, =1} #£ 72\ Z° =7\ {0}.
Jagum BakHoe

Onpenenenue 54. Kosbuo K, B kotopom K° = {0}, naswisaercs yesocm-
HbLM, WK Koabyom 6e3 deaumeaeii nyas. Kosblio, B kotopom K* = K \ {0},
Ha3bIBAETCS 110AEM.

YnpaxHenue 42. [lesocTHOE KOJIBLO — 3TO TAaKOe KOJIbIO, B KOTOPOM
NpPOU3BeJIeHUEe HEHYJIEBLIX 3JIEMEHTOB BCErjia OTJIMUHO OT HYyJIsl.

YnpaxHenue 43. [losie — 310 Takoe KoJIbIO, B KOTOPOM JIl0OOH HEHy-
JIEBOH 3JIEMEHT BCErJla UMeET OOPATHbBIH 3JIeMEHT OTHOCHTEJbHO YMHOXKEHMUS,
¥, 3HAUYUT, BCEr/la BO3MOXKHO JleJieHHe Ha HEeHYJIeBOH 3JIEMEHT.

YnpaxHenue 44. [lpoBeputb, UTO Z — LIEJIOCTHOE KOJbLO, HO He MOJe,
a Q, R —mouasa (4 LeJoCTHbIe KOJbLA).

CaenctBue 2 u3 reopembl 36. [lone asaaemca 4eaOCMHbIM KOABUOM.
Koneurnoe yeasocmuoe KOAbUO 58A5€MCs NOACM.

Cunenctue 3 u3 Teopembl 36. Cnpasediusol pasercmasa
Z;Z:{L_Z: (a, m):l}, Z%:ZHZ\Z:H

JdokaszaTeabcTBo. HenocpencTseHHo mpoBepsieTcsi, YTO COMIACHO
Teopeme 31
_ N a-x=1, xa=1,
a€z,, < < _ & s al=Zpy,+) & (a,m)=1. O
X €Ly xeN
Caencrue 4 u3 teopembl 36. Koaoyo goluemos L, A845emcs noiem
moeda u moavko moeda, Koeda p — NPocmoe 4ucio.

Teopema 37 (Jinep). Ecau (a, m) =1, m> 1, mo m deaum a¥"™ — 1,
ede p(m) — ¢ynkyusa Jiaepa.

JlokaszateabctBo. Tak kak (@, m) =1 Torna u ToJbKO TOraa, KO-
ria a € Zk, a m peaut a®"™ — 1 Torma M ToibKO Toraa, Koraa a®™ =1,
TO TEOpPeMY MOXKHO C(hOPMYJIMPOBAThb TaK: MOPSAOK IPYyMNIbl ZF, sBJseTCs ee
nepuojiom. Ho 3to nokasano B Teopeme 34. O

CunenctBue u3 Teopembl 37 (manas reopema ®epma). Lcau p — npo-
cmoe 4ucao, mo npu mobom a uucro a’ —a deaumces Ha p.

JlokazaTeabcTBo. Ecan p AeauT a, To 3T0 OueBHAHO. Ecau p
He JIlesIUT @, To a € Z*, u cornacto teopeme 37 p aeaut a?™ — [ =a?~ ! — 1,
3HAUWT, p AeauT a’ — a. O
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Teopema 38 (0606weHue Teopembl Buibcona). Ecau F — koneunoe
noae, mo npouasedenue 8cex e20 HeHYAeBbLX INeMEHMO8 PABHO MUHYC
edunuye.

JlokaszaTenbcTso. Tak kKak x2 — 1 = (x — 1)(x + 1) u B no/isixX Het
JlesnTeell vy isi, TO ypaBHenHe x> = | B noJie uMeeT poBHO 2 peluennst: X = |
ux=-—l.

Pazobbem Bce 3/1eMeHTbl MoJist /7 (He paBHble HyJ0) Ha Mapbl B3aHMHO
o6paTHbIX 371eMeHTOB. Tak Kak 3TH Mapbl MONAPHO He MepeceKaloTesl, TO Mpo-
13BeJIeHHEe BCeX HEHYJEBbIX 3JIEMEHTOB MoJisl /7 paBHO

L-(=1)-(a;-a;') ... (@s-a7h)y =—1. 0

Cunencrue u3 teopemsl 38 (Buabcon). Yucro p deaum (p — 1)+ 1
moeda u moavko moeda, koeda p — npocmoe.

JdokaszatenbcTBo. EcaiM p —mnpocToe uMCsIO, TO COMVIACHO Te-
opeMe 38, TpPUMeHEHHOH K ToJIO Z,, HMeeM 1-2-....-p—1=—1, orkyna
(p—DI'+1=0,1.e. p peaut (p— 1)+ 1.

Ecan p — cocraBHoe uucsio, Hanpumep, p =m-n, m, 1> 1, T0 p geaut
(p — 1)!, snauut, p ne neaut (p — )+ 1. O

3anauu v ynpaxkHenus K § 2.5

1. Ecau KoJIbLIO LEJNOCTHOE, TO B HEM CIIPABEMLINB 3AKOH COKPAULCHU:
ab=ac, a# 0= b =c. BepHo n o6parHoe.

2. Ecau p —npocroe, To npu Jio6oM a ducao p aeaut a’ +(p — 1)la
u p aeaut (p — D!a? +a (310 060611eHUe Teopem Pepma u Busbcona on-
HOBPEMEHHO).

3. JloKaxkuTe, 4TO MpH 11€JIOM @ YUCJIO
5

a) a° — a jemurcs Ha 30;

6) a'l —a nenutes Ha 66;

B) a'” —a nenwnrcs Ha 510;
)

a™® —q nemuresiva 2-3-5-7-13-19-37-73.

4*. Haiinure kakue-HUOY/b Liefble a, b Takue, uto ab(a + b) He KpaTHO 7,
a(a+b) —a” —b" nenurcs na 7.

5. JlokaxkuTe, 4TO €CJIH @ W 11 B3aUMHO MPOCThI, TO HAHAETCS €IHHCTBEH-
Hoe b Takoe, utro 0 < b <m u ba mod m = 1.

ATo umca0 HHOra 0603HavaoT a~ ! mod m.

6. JlokaxkuTe, UTO €CJM @ ¥ /M B3aUMHO TMPOCTbI, TO JJIsi Jito6oro b Haii-
JIeTCs1 eIMHCTBeHHOoe ¢ Takoe, uTo 0 < ¢ <m u ca mod m = b.

r

b
SDTO YuCJI0 HHOTAA 0003HAUAIOT - mod m.
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7. Ecmu (a, m)=1, 1o

1

g mod m=0b-a*"~! mod m.

8. JlokaxkuTe, uTO onpejiesieHHble BhIllle cUMBOAUYEeCKUe Opobu no MO-
dyaro m o6s1aal0T CBOMCTBAMH OOBIKHOBEHHBIX JIpPOOeH:

ac_ac a c_ad+be
bd bd> b d bd
1 KpoMe Toro, ecsid a mod m=c mod m, b mod m=d mod m, To % mod m=

_ ¢
T d
9. Haiiaute HauGoJee npocTol crnocod BbluHCAeHUs Apobeit

mod m, ecsiu nepBast U3 Apobell onpejeseHa.

a

oF mod m, (a,2)=(m,2)=1,

gik mod m, (a, 3)=(m, 3)=1.
10%. Jlokaxute st mpoctoro p u 0 < b < p paBeHCTBO

) ...(p—b+1)
bl

g mod p =a(—1)""! (p = mod p.
11*. [lokaxkute, uTo 1 1eauT @(a” — 1) npu J1060M HaTypasbHOM d.

12. CpaBHute 1po6u

116690151 " 3
427863887 I

m o
13. TlpaBuiibHasi 0ObIKHOBEHHAST 1POOH " NpeCTaB/sETCS KOHEUHOH 1e-
CATUUYHON JIPOObLIO, €CJIM W TOJIbKO €CJIM A1 He JIEJIUTCS HA MPOCThie UMCJa,
m
oTiMuHble oT 2 W 5. [lpaBusibHasi 0ObIKHOBEHHAsi HeCOKpaTUMasi JApoOb —
n

NpeCTaB/sieTcsl 1eCATHUHON ApoOblo C TIEPUOLOM ! W MpPeANepHOaoOM k, ec-
a1 Toabko ecan 10%(107 — 1) nenntes Ha n, npuueM & U ¢ — HaUMeHbILIHe
HaTypaJibHble UMCJ/a, YA0BJETBOPSIIOLLME ITOMY yCJ0BHIO. [pobb HMeeT uu-
CTO TEPUOJHUECKOE PA3JIOXKEHHE, €CJIU U TOJBKO €CJIH 1 He JIeJIUTCS HU Ha 2,
HU Ha .

14. Cymma nepuosa M Tpearnepuojia JECSITHUHOTO PasJfioxKeHust JiioOoi
NpaBWIbHON NPoOH CO 3HAMEHATeJleM 1 He NPEBOCXOAMT (). PaBeHCTBO
BO3MOKHO JIMLIb JYIsl IpO0el ¢ UUCTO NMEePUOAHUECKHM PA3JIOKEHHEM.

15. JlinHa nepuoja siBjisieTcst JeJuTesieM uucsa o(n), rie 1 — 3HameHa-
TeJlb COOTBETCTBYIOIEH 0ObIKHOBEHHOH apoOu. ljnHa nepuosia paBHa (1)
JUls 6eCKOHEeuHo MHOTHX jpobeid, Hanpumep, 1/7%, 1/17%.
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16. [lnuHa nepuoja JeCiTUUHON 3anucd JpoOU CO 3HAMeHaTeseM f
He npeBocxoauT 1 — . PaBeHcTBO Bo3MOKHO Jiuulb npu npoctom 7. [Ipu-
Mepamu Takux n cayxart 7, 17, 29 u paxe 1913, onHako Heu3BeCTHO,
KOHEUYHO WJIM OeCKOHeuHo X KoJnuecTBo. K. ®. [aycc npearnosoxu, 4tTo oHo
OECKOHEUHO.

17. Kak npeo6pazoBarh AeCATHUHYIO MEPUOIMUECKYIO Ap0Ob B OOBIKHO-
BEHHYI0?

18. Cymma ujin pasHocTb JByX Jpo6ell uMeeT Mpearnepuol, He GOJbIIUi
MaKCHMyMa MX MpeaneproloB, U nepuoi, He 6osblinii HOK ux nepuonos.

19. Jlpo6u 1/10% (10% — 1) =0,0...0(0...01), i = 1, 2, umelot npenepu-
OJIbl k; W MepUOJbl {;, a KX CyMMa U Pa3HOCTb uMeeT npeanepuoj max(ky, ko)
v Tepuon (¢, fo].

20. Ilyctb u=gquv+r,0<r <v, u, v —HaTypajbHble UHCIA, § — LIeJ10€e
urcsio. Torna ocrarok ot nenenust 104 — 1 Ha 10° — | pasen 10" — 1. Orciona
BoiBeauTe, uto (104 — 1, 10¢ — 1) = 100 — 1.

21*. Ecuu nBe 1pobu UMEIOT TpeAnepHobl R; U TIEPHOMBI ¢;, TO HX TPO-
u3BejieHne umeet npeanepuon k < ky + ko 1 nepuos

t <[ty o] (10072 — 1),

DTH HepaBeHCTBA TOUHbIe H JI0CTHTaloTes Ha Apo6six /108 (104 —1),i =1, 2.

M3 yrBepxieHus 3agaud 21 cjejyeT, B UaCTHOCTH, UTO €CJIH TePHOJIbI
Jipo6Geit B3aUMHO MPOCTbI, TO MEPUOJ| UX MTPOU3BEJIEHHST HE TIPEBOCXOJUT yJie-
BsatepeHHoro HOK ux nepuosoB, Ho ecsi nepuosbl umetor 6osbiioi HOJI,
TO TMeEepPHOJL NPOU3BEJEHHUS] MOXKET MX 3HAUUTEJNbHO TPEBOCXOJUThL. Tak, Mpu
BO3BeJIeHHH B KBajpar JApo6H C MepUoIOM ! MOXKeT TOJYYHTbCS TepHoJl
£(10Y — 1) (1 He MOXKET MOJYUHTLCS GOJbLLIHI).

Yxasanus Kk 3apaue 21. Ilycte nanbl nBe apo6Gu C mpea-
nepuojamu k; W nepuoaamu t;. MoxKHO cuMTaTh, UTO OHU HMEIOT 3Ha-
menartenn 10%(10% — 1). Tlepuoa npouspeienust ApoGeii He MPEBOCXOUT
HaHMeHbLIEero HaTypajbHOro ¢ Takoro, uto uucao 107 — 1 menuTces Ha uMes0
(10 — 1) - (10" — 1). W3 3anaun 20 BbiBeaute, uto f =t n, 1 — HATypaJb-
noe uncso. Torma uncio 14 10 + ...+ 10D penures wa a =102 — 1.
[lyctb ry, ro, r3, ... — OCTaTKH OT jAeJieHusi uuces ty, 2¢;, 3fy, ... Ha YUCJIO
aty. Torna moc/enoBaTesbHOCTh OCTATKOB OT jaeseHdsi udcesn 1071, 102
103", ... Ha uncao a ectb 107, 1072, 107, ... JloKaxuTe, 4TO MOCJENOBA-
TEILHOCTD f1, 9, I3, ... — MEPHOJMYECKAst C JUIMHOH mepuota d = ty/(t1, t2),
ee Mepuos ry, ro, I3, ..., g COCTOMT M3 BCEX Pa3JIMUHBbIX UMCEJ M3 TpO-
mMexytka ot 0 mo ¢ — 1, pensiuuxcss Ha b =(fy, o), U 3akaHuMBAeTCsl
nysieM. OTClOla CJIe/lyeT, UTO MOCJEN0BATEJbHOCTL OCTATKOB OT JeJIeHUsi
uucesn 1011, 10%0, 10%" ... Ha uMcI0 @ — nepuoaMUecKas ¢ JUIMHON NepHoja
d =1t9/(t1, t9), ee mepuon 10", 1072, ..., 10’ coCTOUT M3 TepecTaBJIEHHBIX
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B KakoM-To mopsake umcea 1, 107, 10?2, ..., 10@=D? y ocratok ot nene-
HuA Ha a uueaa s =14 101 + ...+ 10=D4 papen npu n=dm ocraTky
OT JleJIeHHs] Ha @ YucJa

1090 — 1 1072 — 1

b 2 (d—1)by _ _
m(l+10°4+10% 4+ ...+ 10 ) M1 = MTp 1

CaenoBatenbho, npu 1= (10° — 1)d uncsio § 1eANTCS HA @, a TIPH MEHbLINX
HaTypa/ibHBIX 1 — HeT. BbiBeauTe oTCio/la, 4TO HauMeHbllee HaTypaJbHoe f,
npu Kotopom uucao 107 — 1 geaurcsi ma uncqo (100 — 1)(102 — 1), ectb
uMCIIo

tin=(10" = l)dt, = (10" — D t1to/(4y, to) = [y, L] (10U — 1),

Paccmorpute apo6u 1/10%(10% — 1), i=1, 2. Tlpeanepuon HX Npou3-
BeJleHusi paseH R + kg, a MNepuol paBeH MUHMMAJbHOMY HATypaJjibHO-
My ¢ takomy, uto 10° — 1 pmenutcs wa 1002 — 1. Takum yucioM sABJs-
etcs

=1y, t2](10U2) — 1),

§ 2.6. llpsamoe npousBeneHue

Hanomuum, uto npsiMbiM (Ml 1€KapTOBBIM) MPOU3BEIEHHEM MHOXKECTB
Ay u Ay nasbiBaercsi mHOXecTBO A X A9 ={{ay, as): a; € A;}, cocrosiiiee
13 BCeX YMOPSJOUEHHBIX Map 3/7eMeHTOB U3 Aj u As.

Onpenenenne 55. [Ipsanoin npoussedenuen onepayui [i: A2 — A;,
i =1, 2, naswiBaercs onepauys o: A2 — A, rne A=A, x Ay, Kotopas 1060ii
nape jeMeHToB {a;, as) € A, (b|, be) € A conocrapiisieT sjieMeHT

(a1 [1b1, as[2]by) € A.

Ara onepauus o6o3Hauaercs 1] x 2]

Onpenenenue 56. [Ipamom npoussedenuen epynn (Gy, [1)) u (Go, [2))
nasbiBaercs (G, o), rie G = Gy x Go, o=[1]x [2].

AHaJsloTHUHO OmpeNiesisieTcst ApamMoe npoussederue noiyepynn u nps-
moe npoussedenue koaey. C 11e7bl0 KPATKOCTH, 3HAKH OTMepalni OMyCcKaioT,
Y, HaTIpuMep, MpsiMoe Npou3BelieHue nosyrpynn K u Ko 0603HauaoT NpocTo
K| x Ko (a onepauuu B Heil 0603HAUAlOT , KAK 00bIUHO, 3HAKAMU «+>» H «O»).
[IpunararesnbHoe npamoe ToKe 4acTo ONYCKAIOT (eC/iM HET OMacHOCTH CIy-
TaTh MPSIMO€ MPOMU3BELEHHE C APYIUM THIIOM NPOU3BEIECHHI).
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Teopema 39. [Ipoussedenue noayepynn ssasemcia noayepynnot,
a npoussedenue epynn— epynnol, npuuem ona Oydem KoMMyma-
MUBHOU, ecal COMHONMcUMeAu KommymamugHol. [Ipoussedenue koaey
ABALEMCSL KOAODUOM.

JlokasaTenbcTBoO. BbilosHeHHe COOTBETCTBYIOLLEH aKCHOMbI /151
NPOU3BEJEHHsI CJIENYET M3 BBLINOJHEHHs ITOH AKCHOMBI J/Is1 COMHOXKHTEJIEH,
€CJIM YYeCTb, UTO B KAueCTBe HEHTPAJIbHOrO 3JIEMEHTA MPOU3BEIECHHS MOXK-
HO B3STb YNOPSJI0YEHHYIO Mapy, COCTABJCHHYIO M3 HEHTPaJIbHbIX 3JIEMEHTOB
COMHOXKHMTEJIEH, a B KauecTBe 3/eMeHTa, 06pPaTHOTO K 3JeMeHTy (ai, as) —
3JIEMEHT (al_l, a;l), rae ai_l 0003HauaeT 3J1eMEHT, 006paTHbIA K ; OTHOCH-
TeJIbHO COOTBETCTBYIOLLEH ONepaLyH. O

Ynpaxuenue 45. Onepauys npousBejieHust rpynmn (MoJyrpyn, KoJerr)
KOMMYTaTHBHA B TOM CMbICJIe, UTO, Hanpumep, Kojblia K| X Ko u Ko X K|
M30MOP(HBL.

Ynpaxnenue 46. Onepauusi npousBeeHus rpynn (MOJyrpyrn, KoJell)
accollaTHBHA B TOM CMbICJIe, UTO, HAllpUMep, FPYMIbl
(Gl X GQ) X Gg U (Gl X GQ) X Gg
M30MOP(HBI.

YKasaHHble yTBep:KJIEHHUs JAl0T BO3MOXKHOCTb pacCMaTpUBaTh MPOHU3Be-
JIeHHe 71 COMHOXKUTeJsiell U 0003HauaTh MX 0e3 BCAKUX CKOOOK, Hampumep,
Gy % ... x G, (HO TaKWe IPOU3BEJEHHSI MOXKHO OTIPEJIEUTh U HEMOCPeICTBEH-
HO 000011asi MPe/bIAYLHE ONpPeAeeHHUS).

Ynpaxuenue 47. Ilposepbre, uto I') =G| X eg u I'o =€) X Gy —noj-
rpynnbl B Gy X Go, tie e; —equnuua rpynnsl G, i =1, 2.

Ynpaxunenue 48. [Iposepnbre, uto I'y NT9 = {{ey, e9)} — enunuuHas noj-
rpynna.

Ynpaxuenue 49. Imeer mecto uzomopduam rpynn I'; 2 Gy, i =1, 2.
Ynpaxuenue 50. Cnpasenyuso paBeHcTBO I') - T'o = G| x Go.
Ynpaxuenue 51. Eciu x; €T, i =1, 2, 10 X1 X9 = Xox].

Teopema 40. /[aa awoboix kosey K; umeem mecmo uzomoppusm
(Ki x K9)" =K[" x K3

HNokasaTedsbcTso. JocTaToUHO NMPOBEPUTD, UTO (a, dg) MpPHHAIL-
qexut (K; x Kg)* Torna u TosbKo Toraa, Koraa a; npuHamiexkutr K, i =1, 2,
¥ MPUMEHHTB Teopemy 39. O

@ Ynpaxnenue 52. JoKaxuTe, uTo NPOU3BEICHHE N0JIell He sBJseTCs
10JIEM.
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Teopema 41. Ecau (m, n)=1, m, n>1, mo umerom mecmo u3omop-
PUBM Lpp = Ly X Ly u usomoppusm 2, ~ 7.5 x 7.

HokaszateabctBo. O6o3HaunM @p: Z — Zp TOMOMOP(U3IM KOJIElLL,
3a/laBaeMblii paBeHCTBAMU @y (a) =7y, T 7'y — OCTATOK OT JeJeHHsl a Ha k.
Tomomopuam ¢, ecTecTBEHHbIM 006pa3oM OIMpesiesisieT roMOMOP(U3M KoJell
Omn' Lmn — Ln TaK, UTO O = @mn(@ma) (MpoBepbTE!).

Paccemotpum otobpaxkenue ©: Zy,, — Ly X Zy, 3a1aBaeMOe paBeHCTBaAMU
V(@) = (pam (@), pma(a)). HenmocpenctseHHo npoBepsieTcsi, UTO OHO SIBJSIETCS
romomMopuaMom Kodiell. JIoKaxKeM ero B3auMHYy10 OJJHO3HAUHOCTb.

Mycts (@) =(b). Torma (é)=0, rne é=a—b. Ecan (&) =0,
10 @m, n(é) =0= g, m(€), T.e. e|n n e|m. Tak kak (m, n)=1, To oT-
clofia CJeiyet, uTo e|nm, T.e. é= (_), 3HAUUT, a = b. Hrak, umeer Mme-
cTo usoMopuaMm Z,, ~ Zy X ZL,. V13 Teopembl 40 cuenyer nusomopduam
Ly =T X LY. O

CaencrBue u3 teopemnl 41 (diaep). [aa awboix 83aumHo npo-
Ccmolx m, n cnpagedauso paseHcmao (MYAbMunAUKamugHocme QyHKyLL
diirepa)

p(mn) = p(m)p(n).

HokaszateabcTBOo. Ecoiu m=1 wm n=1, To popmysa oueBuHa.
Ecan m, n > 1, To oHa caenyer ua toro, uto |Z%,| =|Z%| - | Z3). O

Ynpaxuenne 53. Jlokaxute, uto @(p")=p"— p" ' =p"Hp-1)
npu n > 1.

Teopema 42 (ditnep). Ecau m= p}"' ... p2' — KAHOHUUECKOE PA3AO-
JceHue m Ha Npocmole MHONCUMEAU, MO

em)=¢ (p") ... (pgm) =

=P pgn(l—%) (1—%):171(1—%) (1—%).

HdokasatenbcTso. MHayKuus no n ¢ HCNoJb30BaHUEM CJICICTBHS
13 TeopeMbl 41 U MpeablyLLero ynpaKHeHus. O

Teopema 43 (kuraiickasa Teopema 00 ocratkax). Ecau my, ..., m,
NONApHO B3AUMMHO NMpOCMbL, MO cucmema cpagrenuil x; =r; (mod m;),
i=1, ..., n, pagnocusora odHomy cpasHeruro x =r (mod m), ede m=
=my...m,, a r — Hekomopoe uucro, 0 <r<m—1.

HokasateabcTBo. Muaykuusi no n ¢ ucnosb3oatnem teopembl 41. [

Jlanee no koHua naparpacda peub TOHIET TOJbKO O KOMMYTATHBHbBIX
rpymnmnax.

Ecau H; < G, 1o onpenenum cymmy mruoaxcecma H; paBeHCTBOM

Hy+Hy={hi+he: hi € H;}.
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JloKakeM HEeCKOJIbKO TeopeM, KOTOpble MOHAaA005TCs B CJE/YIOLIMX Mapa-
rpadax, HO MPEACTaBJSIOT TAKXKE U CAMOCTOSATE/IbHBIH HHTEpeC.

Teopema 44. Ecau G =H| + Ho, Hy N Hy ={0}, H; < G, mo
G~ H,| x Ho.

HdokaszaTenabcTso. Kaxaplil snemMent g € G eIMHCTBEHHBIM 06pa-
30M MpejicTaB/sieTcs B Buje g =h; +ho, hy e H;, i =1, 2.

HeiictBuTenbHo, ecan hy+hy=hy+hy, hj€H;, to h}—h€H,
hi — he € Hy, a Tak Kak k| — hy = hiy — ho, 10

Ky —hy=hy — hy € Hy N Hy = {0},

T.e. h = hy, bl = hy.
Conocrapsssi Kaxaomy g€ G napy (hy, he) € Hy x Hy rakyio, urto
g = hy + hy, nosyuaem uzomopusm mexuay G u Hy x Ho (nposepbre!). O

Ecau H < G, m — uesoe uncsio, To onpejeaum mH paBeHCTBOM
mH ={mh: he H} <G.

Teopema 45 (o pa3jaoxkeHuu rpynnel B npousBeaenue). Ecau t(G) =
=mn, (m, n) =1, mo

G=mG x nG, tmG)=n, tnG)=m.

JHokaszateabctBo. Tak kak (G)=mn, To mnG={0}, u ecqu
0<t<mn, o tG #{0}. 3nauur, {(mG)=n, {(nG)=m. 3 Teopembl 32
CJIEMIyeT, uTO HaHAyTCs Lesble U, U, AJsi KOTophix mu + nov = 1. Jlnsa mo6oro
sjieMenTa g W3 G CripaBeyIMBbl PaBeHCTBA

g=(mu+nv)g =(mu)g+ (nv)g =m(ug) + n(vg) € mG + nG,

T.e. G =mG +nG.
Ecmu g e mG NnG, to

g = (mu)g + (n0) g = u(mg) + vng) =u-0+v-0=0,
Tak Kak g € nG NmaG, t(nG) =m, t(mG)=n, otkyna mg =0=ng. Ocra-
eTcsl MPUMEHUTb Teopemy 44. |

Onpepnenenue b7. [pynna G HasbiBaeTcsl p-2pynnoii, ecjiv ee Nepuojl —
MPOCTOE UMCJIO.

Cnencteue u3 teopembl 45. Jliobas KOHeuHas KOMMYmMamusHas
epynna noayuaemcs U3 c80UX p-nodepynn ¢ NOMOUWbIO onepayull nps-
MO20 npoussedenust.

7 Tawkon
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HoxkagzatenbcTBo. [lyete HG)=m=gq, ... s, qi=p{", pi—
npocthle uucsa, rpynmna G; = %G sSIBJIsSIeTCsl  p;-TIOATPYNNo# rpymmel G,

L
HGi)=gq, i=1, ..., n. [IpuMeHss HHIYKUHIO IO 1 U TeopeMy 45, moJyua-
€M, uTo

G=G0G; xGyx...x G, O

3ameuatue. Jlobasi KoHeuHast p-rpyrna pasjaraercsi B psiMmoe npo-
U3BeJIeHHEe LMKJIHUECKHX p-TPYIi, HO Mbl He OyJleM 3TO JI0Ka3blBaTh (M HC-
M0JIb30BAaTh).

Teopema 46 (xapakTepucTuKa UMKJAUYECKUX rpynn). [Ipoussorvrasn
epynna G A6a2emca KOHeUHOU YUKAUYeCKOl, ecall U MOAbKO eCAl 3Mmo
KOMMYymamusHas epynna, nepuod KoOmopoii pasex ee nopaoxy.

HokaszaTeabcTso. [Ipamoe yrBepkaeHue (=) cJjeiyeT U3 Teope-
mbl 31. JlokaxkeM o6paTHoe yTBep:KJieHHe (<=).

[Tycrs rpynna G kommytartueHa 1 £(G) = |G|. CorsnacHo CeICTBHIO U3 Te-
opeMbl 45 cripaBeINBO pas3noxkKeHHe

G=0G x Gy x...x Gy,
rie 1(G;) = pi', pi —npocroe, i =1, ..., n, {(G) = p{" ... p. V3 yciosus
|G| =#(G) u Teopembl 33 ciiefyer, uto
pit o prr =G =G| ... |Gu| Z HGy) .. H(Gy) = pyt L paT

sHauut, |G;| =1(G;) = p;, i=1, ..., n. [lpumensisi ewe pa3 teopemy 34, no-
Jlyuaem, uTo AJisi HeKoTtoporo g; € G;

lgi|=1(G;)=|Gi|=p/, i=1,...n,

3Hauut, G; =[g;], T.e. G; — uuknuueckas rpynna. M3 teopembl 41 ¢ nomo-
1bI0 HHAYKLHMHU [0 7 M0JIydaeM, 4To

G=G xGyx...xQG,
— TOKe 1IMKJIMUecKasi rpyrnra. O

JlokaxkeM ellle CJIE/yIOLLYI0 TEOpEMY.

Teopema 47 (o nmepuone npousBeaeHusi rpynn). /[aa aoboix epynn
Gy, Go cnpasedauso pasencmso (G x Go) = HOK(#(G)), 1(G2)).

JokaszateabctBo. Ecau {(G) x Gg) =n, T0
{0} =n(G, x G9) =nG; x nGy,

otkyna nG; ={0} =nGo, 1.e. {(G;) | n,i =1, ..., n, 3HAUUT, CONVIACHO YIIpaXK-
Henuto 1 u3 §2.3 [#(Gy), {(Go)] nemut n. B Toxke Bpemsi, ecain 0603HAUUTD
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[t(Gy), t(Go)] uepe3 m, To
m(G x Go) = mG| x mGy ={0} x {0} = {0},

TaKk Kak {(G;) neant m, i =1, 2. [lostromy m = n. O

Cunencrue u3 reopembl 47. Hzomopuam Z, X Ly ~= Limy umeem me-
cmo moeda u moavko moeoa, kozda (n, m) = 1.

3anauu ¥ ynpaxHeHus K § 2.6

1. Haiizute HauMmeHblilee HaTypasbHOE UMCJI0, KOTOPOE NPH JIeJ€HHH Ha 1
JIaeT OCTaToOK 1 — 1, a mpu aejieHnu Ha 1+ 1 — ocTaTok #.

2. Yucno npu jaenenuun Ha 2002 paer ocrartok 2001, a npu jese-
nun Ha 2001 —ocratok 1901. Kakoit ocrartok paer oHO mpu JejieHUH
Ha 2002 - 20017

3. Haliaute uerblpex3HauHoe HaTypaJbHOE YHCJIO, KOTOPOE MPH JeJeHHH
Ha 131 naer B octatke 112, a npu nesenun Ha 132 naer B octatke 98.

4. OKpy»KHOCTb pasjie/ieHa 7 TOUKaMH Ha # paBHbIX Ayr. CKOJIbKO pas-
JIMUHBIX 3aMKHYTBIX JIOMAHbIX MOXKHO COCTaBUTb U3 /1 PABHBIX 3BEHLEB C BEP-
LIMHAMH B 3THUX TOYKaX (JoMaHble, N0Jyyatolyecs Apyr U3 Apyra noBOPOTOM,
CUMTAIOTCS OJIMHAKOBBIMH) ?

n
5. Hokaxurte, uto /o6y0 MpaBUJbHYI0 1poOb BHIA o MOXKHO
1 o--- n

NpeJICTABUTL B BUjle ajrebGpauueckoil CyMMbl (T.e. CyMMbl, B KOTOPOH MOTYT
BCTPEUAThCsl caraeMble CO 3HAKOM MUHYC) MPaBUJILHBIX ApoGeil Buaa n;/m;,
€CJIM YUCJIa 111; TI0NapHO B3AUMHO MPOCTHI.

6. Haiiqute cymmy BceX MpaBHJIbHBIX HECOKPATUMbIX JIpoGell co 3Hame-
HaTeJIeM 11.

7. Jlokaxkute, 4TO YHMCJO BCeX MPAaBUJbHBIX HECOKPATHMbIX Jpobel
CO 3HaMeHaTeJieM /1 YETHO.

8. Jloka)kuTe, UTO UMCJO BCeX MPaBUJIbHbIX HECOKPATUMbIX ApoOeil
co 3HameHatesieM a' — 1 KpaTHoO 1.

9. Iyctb m; nonapHo B3auMHO mpocTel, M; =my ... m,/m;, MfML- =
=1 (mod m;). lokaxute, uTo

x=b; (mod ny),

) x=x9 (mod my...my,),
i=1,...,n

rie xo = blM/lMl + ...+ bﬂMZMﬂ.
10. Ilyctb T — uucisio pellieHuil cpaBHeHUst

apx"+...+ajx+ap=0 (mod m),

7%
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m=my...m,, (m;,mj))=1 npu i#j,
a T; — 4ucJsI0 peleHni cpaBHeHHsI
apx"+...+a;x+ap=0 (mod m).

Hokaxurte,yto I' =T, ... T,.

11. Tlycts (my, mo)=d, a [my, mgo] = HOK(m;, mg) = M. Jlokaxkute,
UTO CJeJylollasi cucTeMa pa3pelidma Torja M TOJIbKO TOT/a, Korjna d JejuT
bQ - b] H

x=xp (mod M), rue xg € Z.

x =b; (mod my),

12. Jlokaxkure, uTO ecJjiM CHCTeMa paspelninma, TO

i=1,...,n
x=xg (mod [my, ..., my]), rie xo € Z.

13. Tenepasi-aHwed PaeBckuil Xouer MoCTpOUTb CBOW BOKCKA Jisl Ta-
pajga B paBHble KBajpaTHble Kape. HeuspecTHoe eMy W BaM UMCJIO COJIIAT,
He TpeBocxosillee, ofHako, 20, HaxoauTcs B azapere. JloKaxKuTe, 4To UMCJIO0
coJliatr y reHepaj-aHuieda MoxKeT ObITb TaKMM, UTO HE3aBUCHMO OT KOJIMYe-
CTBa HAXOJSIIMXCS HA MOMEHT Mapaja B CTPOIO OH CMOXKET BBITIOJIHUTL CBOE
HaMepeHHue.

14%*. JlokaxkuTe, uTo HalaeTcsl apudMeTHUecKast Mporpeccus Mpou3BoJib-
HO KOHEUHOU JIJIMHBI U C HEHYJIEBOH Pa3HOCTbIO, COCTOSIIIAS H3 HATYPAJIbHbBIX
uKceJs, BO3BEIEHHbBIX B CTENEHH 2> 2.

15%. Muorousien F(n) ¢ uesbiMi Ko3ppuLMeHTaMu NP JI0O0M LIeJIOM 1
JIEJIUTCS HA OJIHO U3 UUCEeN A1, ..., dp. JJOKaXKUTE, UTO JIJIst HEKOTOPOTO @; TIPH
JOGOM LIeJIOM 1 uucjo F(n) pendres Ha a;.

B caenymolux 3agauax p — npocToe YUCIIo.

16. Ecau p > 2, 10 Cg_l =(—1)* (mod p).

17%. Ecam p > 2, 10 C} =[n/p] (mod p).

18*. JlokaxKuTe, 4TO eCJiM KOHeuHasi rpynna KOMMyTaTHBHA U BCE ee 3Je-
MEHTbI, KpOM€e €IMHHUHOTO, UMEIOT OJIMHAKOBBIN MOPSJIOK, PaBHbIH p, TO OHA
ugomopHa rpynne 7.

19%, JTio6as rpynna nopsaka p> KOMMyTaTHBHA H H30MopdHa an60 Z2,
SO0 Z 3.

20%*. Jlio6ast KOMMyTaTHBHAsl TpyIna nopsiaka 2p — LUMKJIduecKas.

21%*. JlokaxkuTe, UTO KOHEUHasl KOMMYyTaTHBHasl HELMKJMUECKas rpymnna
2
COJLEP2KHT TOArPYIIITY, H30OMOPGHYIO Z7,.
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§ 2.7. KoHeuHble noJsi

Beenem caenymliee ornpenesieHue.

Onpenenenue 58. Xapaxmepucmuxoti 1esocTHoro KoJblia K (0603Ha-
yeHue char K) HasbiBaeTcsi MOPSIOK MOPOXKIEHHOH €ro elMHULIeH MOArPYIIIbl
rpynnsl (K, +). Ecau on GeckoHeuen, To roBopsT, uto char K =0. [pynna
(K, +) obbluHO Ha3biBaeTcsl addumusrot epynnot Koablia K.

CnpaBeninBa
Jlemma 10. Xapakmepucmuka koavya K (ecau oHa noaoicumesbHa)
cognadaem ¢ MUHUMAAbHOIM ducaom m >0, daa komopoeo npu a #0
a+...+a=0.
m
Ykasarnoe uucao m He 3agucum om soioopa a € K.

JokaszateabctBo. [lycts char K =m > 0, Torna no onpejesenuto
Il +...4+ 1 =0. CnenosaresbHo, s jo6oro a # 0 cnpaBeyiMBO PaBeHCTBO
——

m
a+...+a=a(l+...+1)=0, a ms ;moboro n < m crnpaBeIMBO HepaBeH-
—_——

m m
cTBO @ +...+a#0,u60 I +...+1#0. O
—r —
n n
HMmeet mecTo Takxke
Jlemma 11. Omobpascenue xorvya Z, 6 uyerocmuoe koavyo K,
char K = m, sadasaemoe npasuiomn

n—1+...+1,
———

n

asaaemcs uzomopghuzmon, obpas Komopoeo cognadaem ¢ NOPOHCOeH-
Hoim eduHuyel nodkoasyom koavya K.

HokasatesbcTBo. JlOCTATOUHO MPOBEPUTH, UTO MPH 7 € Zy, \ {0}

(r.e. i#0)
I +...+1#£0,
N———

n

OTKyJla CJie[lyeT B3aUMHAsl OJJHO3HAUHOCTb PACCMATPUBAEMOr0 OTOOPaXKEHHUS,
160 NpH 71 7 171 BbINOJHEHO HEPABEHCTBO

oo L£ L+ 1,
—_—

n m
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a Tak>Ke paBEHCTBO

I+...+DU+...+D)=0+...+ Dhe=1+...+1,
n e

n k

rie 0 < k<m, fi-&=ne =k (1pyruMH CJIOBAMH, M JeJUT ne — k). O
Teneps Jierko nokasbiBaeTcs

Teopema 48 (o noakoabuax). Koaoyo xapaxkmepucmuxu m codep-
AHCUM NOOKOALYO, UBOMOPHHOE KOAbYY 8bl4emO8 Ly, (a 8 caywae m =0 —
Koabyy Z), a umerHo no0K0AbU0, NOPodcieHHoe edunuyeli. Xapakmepu-
CMUKQ 4eA0CMHO20 KOAbYa Aubo Hyab, Aubo npocmoe 4iucio.

JHokaszateanbcTBo. [leppoe yTBep:kaenue cienyer u3 Jemmbl 11
B cayuae char K >0 u sierko nokasbiBaercsi B cayuae char K =0.

Bropoe yTBepxKieHHe 10KaXKeM OT MPOTHBHOTO.

Ecin pia ykazaHHoro koJblia K ero xapakrepuctika char K >0
M cocrtaBHasi, T.e. m=n-Il, n<m, [<m, 0 aig a=14...+1#£0,

l+...+1=1+...4+1=0, uro npotusopeunt jsemme 10. k O
—_— —
l m
JloKaKeM CJIefyIoliyl0 HHTEPECHYI0 Teopemy *.

Teopema 49 (o nopsiakax KOHeuHbIX noJei). Korneurnoe yerocmuoe
KOAbYO SBALEMCS NOACM, UMeem NPOCHYI0 XApAKmMepucmuKky u nops-
00K, pasHolil ee cmenenu.

JdokaszaTenabcTBo. Teopema BeITeKaeT U3 CAEACTBUS TeopeMbl 36,
TeopeMbl 48, jiemmbl 10 U caenyiolieii eMMBl. O

Jlemma 12. Koneunas abesesa epynna npocmoeo nepuoda p u3o-
MOpGHA OeKapmosoil cmeneru YUKAUUECKOU epynnol p-20 NopsioKa.

HokaszaTeabcTBo. Beibepem B paccmaTtpuBaemoid rpynne G max-
CHMAaJIbHOE UHCJIO HEHYJIEBBIX 9IEMEHTOB d;, i = 1, ..., f1, TaK, utobbl a; ¢ G; =
=laj]+...+[ai—1]. Torna G =G4, 6o unaue sjemeHt a € G\ G,y
MOKHO Obl10 Obl 106aBUTb K cHCTeME {a;}.

M3 teopembl 35 caenyer, yto rpymmbl [a;] un3omopdHbl rpynne Zp.
13 reopembl 30 caenyert, uto [a;] N G; = {0}, Benb ecau 661 0 £ a € [a;] N Gy,
to [a;] = [a] C G;, yero He MoXKeT 6bITh. Mcnosnbays Teopemy 44 u paccyxaas
M0 WHAYKUHMH, nogydyaeM, uTo G;y; u3omopdHa cymme [a;] + G; = [a;] + ...

...+ [ai], B uactnoctu, G = G,y =727, -
* Otkpoityto dBapuctom lanya (Evariste Galois, 1811—1832). Mbl He nuiiem nocse 3Tof

TEOPEMbI €ro uMs, Tak Kak nHaye Mnpuujaochb Obl €ro nucaThb MOUTH TMOCJIe KaxK10i TEOPEMbI 3TOM
[JlaBbl, TaK KaK UMEHHO OH BB€JI TTOHSITHSI IPYMNIbl U [0JIS1 U 3aJ102KUJI OCHOBbLI TE€OPHUHU TIPYIIIT
U TEOpUH noJieii. KoHeuHble moJist GbLIN TaKxKe OTKPBLITbI UM U YaCTO Ha3bIBAlOTCsI MOJAMH Faﬂya.
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Jlns nokasaTesibCTBa CJEMyIOlEel TeopeMbl MOHAT0OUTCS

Jlemma 13. [Tycmo G — a0b6as koneunaa nodepynna epynnot K*. [1o-
padok G He npesocxodum ee nepuoda.

Hokaszateabcrtso. [lyers{ay, ..., an} =G, n— nepuon rpynmsi G,
m > n. [Ipencrasum mis moboro x € K snemeHtT x” — 1 B Bujie

x—ay)...x—ay))+b(x—ay) ... x—a,_1)+...+b,_1(x —ay) + by,

rjie 3JeMeHThl b; € K He 3aBucAT oT Xx. [las aT0r0, paccyKuas no MHAyKUHH,
noabupaeM 3aBHCSILLME TOJBKO OT dj, ..., 4, 3JEMEHTbl b; Tak, uToObl MpH
PacKpBITHH CKOGOK B CyMMax

(x—ay)...(x—ay)+bi(x—ay)...(x—a,_1)+...+bi(x—ay) ... (x —a,—;)

OTCyTCTBOBa/H bl CJaraeMble Buaa cx* npu k>n —i, k#n.

Tak kak snement a; € G umeer nepuoj, jensawmii n, To aff — 1 =0, ana-
unt, b, =0, u60 cymmMa Bcex cjaraeMbiX OGHYJIieTCs, KpoMe, ObITb MOJKET,
MOCJ/IE/IHETO, & 3HAUMT, U OH paBeH HyJt0. AHAJOMHUHO, MOACTABJSIST BMECTO X
NOCJe0BATENLHO Ao, .. ., Ay, NOJAyYaeM, uto b, | =...=b; =0, T. e. npu Bcex

xeK

X"—l=x—a)) ... (x—a,).
[TojcraByisisi BMECTO X 3JIEMEHT Ay € G, TI0JyUaeM, uTo
(@nt1 —ar) .. (anpr —an) =ay — 1=0,
a 9TO HEBO3MOXKHO B LIEJIOCTHOM KOJIbIIE. O

Tenepb JIETKO JOKa3bIBa€TCsl Cjeaytollast KpacuBas

Teopema 50 (Taycc). Korneunas nodepynna myrvmuniukamusHol
epynnor K* yeaocmnoeo koavuya K saeasemcs yuxkauueckoii. B wacm-
HOCMU, MYAbMUNAUKAMUBHASL ePYNNA KOHEYHO20 NOAL — YUKAUHECKAs.

HokaszaTeabcTBo. M3 reopembl 34 1 emmbl 13 caenyer, uto nopsi-
J0K rpynnbl G paBeH ee MepHoOy, a U3 TeopeMbl 46 caenyert, uro rpynna G —
UUKJIHUeCKasl. O

O6pagyiolle 3/1eMeHTbl STOH IPYMITbl B TEOPHH KOHEUHbIX M0JIeH PUHSATO
Ha3blBaTh NPUMUMUBHOIMU INCMEHITIAMLL.

Teopema 51 (0 uMcje NPUMUTUBHBIX 3JIeMEHTOB) . Yuci0 npumumus-
HOLX 3AeMeHmos 8 noae nopadka q paswo o(q — 1), ede p — ¢pynkyus
Jirepa.

HokaszaTeabcTBo. Bee cienyer us reopem 31 u 50. O

B Teopuu yuces NPUMHTHBHLIE 3JIeMEHThI MOJIsT BbIYETOB Z, 4acTO Ha3bl-
BalOT nep8OOOPAZHOIMU KOPHAMU.
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Ynpaxnenue 54. [lposeputb, uto 3JeMeHT g € Z, fBJETCS MepBO-
00pa3HbIM KOPHEM TOrJa M TOJbKO TOrJa, KOrja AJisl uucja g HauMeHbLUIHH
1oKasatesib CTerneHu k, npu Kotopom g — 1 kpatHo p, pasen p — 1.

YacTHbIM CJaydyaeM TEOPEMbI 51 aBasercs

Teopema 52 (o mepBooGpa3HbIX KOPHAX). /19 2106020 npocmoeo p
cpedu uucea 1, ..., p—1 naiidemcsa posHo ¢(p — 1) nepsoobpasroix
KOpHel.

3 10Ka3aHHBIX TEOPEM JIETKO CJENYIOT TAKKe CJIE/YIOLIHE YTBEPHKIEHHS.

Teopema 53 (manas Teopema Pepma 1/ KOHEUHbIX moJei). B Ko-
HeUHOM noie nopsaodka q sulnoinero moajcdecmso Pepma x9 —x =0.

HokaszateabctBo. [Ipu x =0 Bce oueBnano, a npu x # 0 u3 Teo-
pem 31 u 50 cienyer, uro x4~ = 1. O

YacTHbIM c/lydaeM Mpe/blIyLlero yTBEepKIeHHUs sBJISIeTCs]

Teopema 54 (manas Teopema ®Pepma). /laa awboco npocmoeo p
u 1106020 yeroeo a pasHocmo aP —a deaumcs Ha p.

3agauu v ynpakHeHus kK § 2.7

1. IlokaxKuTe, UTO BCe 10J151 U3 UEThIPEX J1eMEHTOB H30MOPHBI IPYT APYTY.

2%, [lyctb K — Ue/NIOCTHOE KOJIbLO XapaKTepPUCTHKH p. JloKaKuTe, uTO
oTo6paxeHue x — o(x) =x” siBasercs uzomopduamom K — K, a MHOKe-
CTBO €ro HeMOABHXKHBIX 2/1€MEHTOB 00pa3yeT MOoANoJe, H30MOP(HOE MOJI0 Z ).
Ecau K — KoHeuHoe noJie nopsiika ¢ = p”, 70 0" — TOXK1eCTBEHHbI H30MOp-
(H3M, a MHOMKECTBO HErNOJBMKHBLIX 3JleMeHTOB M3omopdusma o npu k| n
SIBJISIETCS] MTOJII0JIEM NOPsIKA p.

3. JlokaxkuTe, uTo Jijisi JIIOObIX LEJbIX X|, ..., X, UMEET MECTO CpaBHEHHE

(X1 + .. 4 x)"" Exlpm +...4+x" (mod p).

BoiBenute otciona teopemy Pepma, a U3 Hee — Teopemy Jitsiepa.
4. JlokaxKuTe, UTO NpH NMPOCTOM p =4m + | pelueHUsIMU CpPaBHEHHUS
x24+1=0 (modp)
oyayt x = +(2m)! mod p.

5*. Jlokaxkure, uTo MpocTbiX unces Buaa 4m + 1 6ecKoHeUHO MHOTO.
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6. Ilpu npoctom p = 4m + 3 pemmre cpasnenne x> =a (mod p).

7%. Ecou p u g —npocteie, p>2, pla?+ 1, to mubo p|a-+ 1, mbo
p=2qm+ 1, rie m — HaTypaJibHOE YHCJIO.

8*. Ilyerb pi, ..., pr — BCE pa3/MuHble MPOCThIE AeNUTENH uncaa p — L.
Jokaxute, 4To uncjao a OyaeT nepBOOOPA3HBIM KOPHEM MO MPOCTOMY MO-
Jy/Mo p TOrAa M TosbKo Torda, Koraa a'?~V/Pi pe paBHO eapHMIE MO MO-
IyJIo p.

9*. Ilyctb py, ..., pPr — BCE pPa3juuHble IPOCTbIE JeIUTeNH uncyaa p — 1.
JlokaxkuTe, UTO 3JE€MEHT @ KOHEYHOTo MoJisi Mopsiika g = p" OyneT MpUMH-
THBHBIM TOTJIa M TOJILKO Toria, Korna a'?—"/Pi ne paBHo eunuLe mods.

10*%. Mcnonb3yss GuUHApHBIH airopuTM BO3BeJleHHsi B cTereHb u3 § 3.6,

nposepbTe, uTo 10 — nepBooGpasHblilt KopeHb Mo MoxyJo 1913.
11%*, B nose nopsaxa 2" mo6oii TpexusieH x>
KOp€Hb.

— a UMeeT OJUH LLBpraTHblﬁ

12. Jloxkaxkute, uTo I1pH IIPOCTOM p CHPABELINBO cpaBHeHue 17 4+ 2" 4 ...
.+ (p—=—D"=—-1(modp), eciiu p— 1 neaur n,u 1"4+2"4+...+(p—1)"=
=0 (mod p), ecu p — 1 He nesur 1.

13*. JlokaxkuTe, uTo PH NPOCTOM p ISl JIOOLIX X1, ..., Xo,_| € Zj CyM-
Ma Bcex CQprl BbIpaxkeHuil Buaa ((x;, + ... 4—xl~p)p*1 — 1) paBHa
p _ =1 _Cp=1)...(p+]) _
C2p71:C2p71:W:1 (mod p).

Ykasanue Bunomuanbubiii kospduuent C* npu p+k>n>p,
k < p nemutcs Ha p.

14*. (A. A. Cycaun.) Ilokaxkute, UTo MpH MPOCTOM p s JIIOOBIX X, ...
ceey Xop—1 € Z,, Haijercs cymma Xip + ... —|—x,~p, paBHasi HyJI1O 110 MOAYJIIO p.

Ykazaunue [lpumenute npempiiyllylo 3ajauy d Majyld Teopemy
depma.

15%. (1O. 1. Monun.) [okaxure, uTo cpeau JioObix 21 — | urces MOXKHO
BBIOpATh /1 YKMCeJs, CyMMa KOTOPBIX JeJHUTCS Ha fl.

Ykaszauue. [IpuMeHHTe NpeablIyly0 3a1auy U UHAYKLHIO C LIATOM,
OCHOBaHHbIM Ha rnepexojie ot A(n) u A(m) k A(nm).

16*. s s1060r0 HATYpasibHOrO UMCJIA A U IPOCTOrO p HAUYTCs LeJible
uMesaa x, y, z Takue, uto a) p | (x2 +y? —n); 6) p | (x3 +y3> +2° —n).
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§ 2.8. lepBooOpa3Hbie KOPHHU

CrnpaBeminBa cjelyrolasi Teopema.

Teopema 55 (Taycc). (i) Ipynna Z%, — yuxkauueckas, ecau p >2, p —
npocmoe.

(i) Tpynna L3 o — MOOICe YUKMLHECKAS.

(iti)y Ipynna 73, — yukauneckans npu n<2 u uzomoppra epynne
Zy X Lgn—2 npu 0> 2, 3HAUUM, HEYUKAULECKAA.

(iv) Bce ocmaavroie epynnot 7, HeyuKkaudecKue.

Hokagzateabctso. Jokaxem (i). B cuny teopem 37 u 31 nocra-
TOYHO JI0KA3aTh CYLIECTBOBAHHME 3JIEMeHTa a € Zj,. mopsiaka ¢(p").
a—bp"
a—>b
JokaszateanbcTBo. Mcnonb3ys H3BECTHOE TOXKIECTBO, MOJyda-
€M, UTo

Jlemma 14. Ecau a=b (mod m), mo =na""'=nb""' (mod m).

n n
a’—b _ _ _ _ _ _
Y =a" " 4a" b+ +ab" 240" '=na" =nb""" (mod m),
u60 a"*p*~1 ="' = p"! (mod m) cornacHo yca0BHIO JIEMMbI H TPABHITY
NepeMHOXKEHUST JEMEHTOB B Zy,. O

—l_, (mod m) u m deaum

Jlemma 15. Ecau a=1 (mod m), mo a —

a’ —1

o moeda u moavko moeaoa, Koeda m Oeium n.
JlokaszaTesabcTBo. [lepBoe yTBepKeHUe CielyeT U3 NPeJibliylilei

JIeMMbl, a BTOpO€e — U3 MepPBOro. |

Jlemma 16. Cywecmsyem yeaoe uucro g maxoe, umo gP~'#1
(mod p?) u nopsadok saemenma g epynnovi Z, paser p — 1.

HokaszaTeabcTso. M3 Teopembl 52 cileyer, uto s HEKOTOPO-
ro uesoro uucaa A nopsinok snementa A € Z, pasen p — 1. [omycTum, uto

AP='=1 (mod p?). Torna nonoxum g = A -+ p 1 BbiBejieM U3 JeMMbl 14, uto
p—1 _ p—1
ST == Da”EZ0 (mod p),

OTKy/1a | 1

p=1 _ 4p—

g —ar T =pE——5 20 (mod p?),
g—a

3HAUUT,

g’ ' —12a?"'=1=0 (mod p?). O
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Jlemma 17. /las wucaa g us aemmor 16 u 1106020 HamyparbHoeo n
g?" £ 1 (mod p"t), g#PV =1 (mod p")
u 041 1106020 noAoHUMeEsbHO20 m < p(p™)

g"#1 (mod p").

HokasareabctBo. Munykuusi no n. basa (n = 1) nokasana B siemme 16.
Iar ungykuuu: 7= (n 4 1). Iyets g™ =1 (mod p™*+'), Torna cornacko

NpeNnoJoKeHHI0 HHAYKIMU U TeopeMe 31 (i) uucio ¢(p™) nemur m, oTKyna
g"—1
gelr™) — 1

m
TOTAa, KOTAA p AT — . [TocJsieiHee BO3MOMXKHO TOTNA M TOJBKO TO-
2
n
raa, korma o(p"t') menur m. Ho rtak xak p" neaur g®P) —1 u p't!
n
He genut g¥P) — 1 coryiacHo MpeanosioKeHnio HHyKuuu, To p"t! nenut

C MMOMOLIbIO JIEMMBbI 15 BbIBOJIMM, UYTO p JOEJIUT Torga M TOJIbKO

g™ — 1 Torza n TosbKo Torma, Koraa o(p"+1) neaur m. 3uaunt, g#?" ) =1
(mod p"™*tN), u npu so6bix 0 <m < (p"t!) cnpasemmpo, uro g™ # 1
(mod p™*!). Ocranoch npoBepuTh, uTO

n+1
gso(p )%41 (mod p”+2).
J71s1 3TOrO A0CTATOUHO YOEAUTCS B CMIPABEITMBOCTH CPaBHEHHS
n+])

g?r)

— n+1

e 1 = P (mod p™),
TOr1a

g#P"h )

g — 1 #0 (mod p7),
CJIeI0BATeNLHO,

n+])
e _ = (g — 1) g?r -1 20 (mod p"*?).

ger") — 1

n
[Tosoxkus a = g#7") 1 yuntbiBas, uto p" Aeaut a — 1, noJyyaem ¢ NoMOLLbIO
JeMMbl 15 cpaBHeHue

o(p"th _ p_
g 1l _a ol iaq e =
g‘P(P)—l a—1 9 bl
a—1 a7 =1\ _
=p+@a@a-HA+2+...+p-1)=
—1
=pt+@- 22D =y (mod p),

=k (mod p), U TeM caMbIM JieMMa Jl0Ka3aHa.
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B cayuae n > 2 tpebyemoe yTBepKIeHHE CJEyeT YKe U3 GoJiee MPOCTOro
P

1
CpaBHeHUS aa —T =P (mod p"), cpasy BbITEKAIOLIErO U3 JIeMMbl 15. O

Jlokakem Tenepb Teopemy. YTBepxKaeHue (i) caemyer u3 jgemMmbl 17.
YTBepxkaenue (i) cienyer U3 nyHkra (i) ¥ Toro ¢akra, uTO CONJIACHO Te-
opeme 41 umeer mMecto uzomopuam
* ~ TTE * . 7k
Lypn =Ly X Lipgn =2 Lipn.
Hoxkaxewm yrBepxenue (iii). st aToro norpebyercs

Jlemma 18. Cnpasedauso cpasrenue
52 = 14242 (mod 2¢13).

JlokaszaTenabcTBo. Unaykuus no k. basa (k=1): 5=1+22
(mod 23). Ilar unaykumm: 527 = (5%)2 = (1 +26+2(2s + 1))2 = | + 2k+3
(mod 2¢+4). O

[Ipn n <2 yreepxpuenue (iii) ouesnano. Ilyctb n>2. U3 nemmb 18
CJIe[lyeT, UTO 3JIeMeHT D € Z3, TOpOoKAAeT LHUKJINUECKYIO MOATPYNIY HHIEK-

ca 2, Tak Kak ons Zon—3 T
52 :l7 52 :1+2ﬂ71¢17

a |Z3| = 2" =2""1. Ho —1¢[5] (Ben 5% # —1 (mod 4)), nostomy co-
TJIACHO CJIEJICTBHIO U3 TeopeMbl 47

Zy = [5]U(=1)- [5] ={1, =1} - [B] = Zy X Zigu— % Tigu-1.

Hoxkaxewm (iv). Pasnaras m kaHonuueckum o6pa3oM Ha NpoCThbie

Qp

— Qg
m=py ... p,
1 MPOBOJA MHJYKLHMIO 0 71 C TIOMOLLbI0 TeopeMbl 41, nosyuaem, uto
* * *
Ly = Loy X ... X Lo

M (i) u (iii) ¢ momolubio Teopembl 47 BBIBOLMM, UTO 1€PHOLL {(Z ;i) UeTeH,
Kpome cayvasi p; =2, oy = 1.

Broruucass nepuon ¢(Zy,) ¢ noMoLiblo Teopembl 47, 3aMeuaem, uTo

L) <\ | - 227"

w H(Z}) =|Z7,|, b korna n=1, p; >2 aubo p; =2, o <2 wiM Koraa
I”L:2, p1:2,a1:1. O

[Tycrh nasee no konua naparpada m= p" wiu m=2-p", p>2, p—
npocroe U « € Z;;, — nepBooOpasHblil KOpeHb (B pyroil TePMHUHOJIOIHH — M0-
poXKJAILMA WK 00pa3yoLIni 3/1eMeHT) Tpynnbl Zy,.
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Onpenenenue 59. Hnodexcom (Mn Quckpemroim r0eapughmon) sJie-
MeHTa X € Z}, 10 OCHOBAHWIO ¢ HA30BEM MHHUMAJIbHOE HEOTpHUATEJbHOE 1
Takoe, uto " =x, u o603HauuM ero ind, x wiaM mpocrto ind x.

Teopema 56 (diinep—Tlaycc). (i) Aas aoboix x, y € Zy,, cnpasediusol
cpasHerUs
ind xy =ind x +ind y (mod ¢(m));
ind x/y =ind x —ind y (mod w(m));

(ii) [yecmo 1 <n<p(m), (n, p(m))=d. Asyuren x" —a € Zy[x] ume-
em 8 Ly posro d kopreil, ecau d |ind a, u ne umeem xopweil, ecau d
He deaum ind a. Bce kopru npuradaexcam 7}, u 8 cayuae a =1 ob6pasy-
1om yukauueckyo nodepynny nopaoka d, a 8 obuiem cayiae — CMeNtcHoLL
Kaacc epynnol Z), no amou epynne.

(ili) Mroawcecmso scex a € Z},, npu komopolx 08yuier x" — a € Zpy[x]
umeem 8 L, KOpHU, 0Opasyem yuKkAUHeCKyro nodepynny nopaoka

*

w(m)/d 8 epynne 7}, a umernno epynny Kopreti 08yuieHa
XM/ _ 1 e7,.[x].

(iv) llopsdok (8 dpyeoii mepmuroroeul — nepuod) 106020 INemer-
ma x € Z;, pasen p(m)/(p(m), ind x). B wacmuocmu, ssemenm x 6ydem
nepsoodpasHolm KOpHem 8 71, moeda u moavko mozada, Koeoa

(ind x, p(m))=1.

(V) Yucao scex sremenmos 6 Z),, umeowux nopadok §, pasHo ¢(6).

B wacmrnocmu, uucio nepsoobpasnoix Koprei 8 Z;, pasro p(p(m)).
JHokaszateusnbcTBo. [lokaxem yrBepxaenue (i). Tak kak

x:amd x, y:amd y7

TO

1 —ind y
b

Yy =« xy=a, x/y=a,

rie s =ind x +ind y, t =ind x —ind y.
C npyroil cTopoHbl,

xy = aind xy’ X/y — aind x/y’
3HAUUT,
asfind Y _ | = atfind x/y,
M03TOMY
s=ind xy, t=ind x/y (mod p(m)).
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Hokaxem (ii). M3 BToporo c/enctBus TeopemMbl 36 BLITEKAET, UTO BCE KOP-
HU AByuJeHa x" —a € Zy[x] npu a € Z, nexart B Z,.
N3 teopem 52 u 31 (i), (V) caenyer, uto
dlindas{x:xe€Z,, x"=a}#09,
U BCe TakWHe 3JeMeHTbl a 00pasylT UMKJIMUECKYH0 TMOArPYNy Mopsij-
ka p(m)/d. Ecim x"=a=y", 10 (x/y)" =1, u obpatho, ecan y" =a,
(x/y)"* =1, 10 x" = a; kpome Toro, ecau x" =1, y" =1, 10 (xy)" = 1.
[Tostomy u3 Teopembl 30 BbiTEKaeT, uTo
{xeZy «"=1}
SIBJIsSIETCS] OArPYIIOH, a
{x:x"=a} £ 0

— CMEXHBIM KJ1aCCOM TpyMnnbl Z), no 3Toit noarpymmne. M3 reopem 33, 31, 52

CJIEJlY€eT, UTO ee MOPSAOK JAeNUT ¢(m) u n, T.e. neaut d = (p(m), n), a Tak Kak

MepuoJ| MOArpyMiibl nopsinka d rpynnbl 2%, paBed d u d | f, TO MHOXKECTBO
{x: x"=1}

COBIMAJIAeT C Hel U SIBJISIETCS TeM CaMbIM LIMKJIMUECKOH MOArpYNIoi nopsiji-
Ka d.
Hoxaxewm (iii). Ecan x* = a, To cornacHo Teopeme 37

qPm/d (xcp(m))n/d =1

b
3HAUMT, KAXKI0€ d, JJIs1 KOTOPOro X" = @, MpUHAJIEKUT MHOXKECTBY
{x: xPm/d 1}
¥ no3tomy yTBepKjeHue (iii) caenyer us (ii) u yxke 10Ka3aHHbIX YTBEPKJIEHHH.
YTBepxkaeHus (iv) u (v) caenyior u3 teopem 55 u 31 (iii), (iv). O
Onpepnenenue 60. HexpaTtHoe p 1es0e UKC/IO HA3bIBAETCS BbLUEMIOM

n-i cmenenu (NpU 1 =2 — KBAOPAMUYHbIM 8bL1UEMOM) TIO MOLYJIIO P, €CJIHI
cpaBHeHue x" =a (mod p) pazpeliumo.

Onpenenenne 61. Cumson Jlexwcarndpa (%) paBeH |, eciin a — kBaj-

. a a
paTHYHBIA BbIUET, H (f) = —1, ec/ii @ — HEBLIUET, a TaKKe (;) =0, ecau
a=0 (mod p).

CunenctBue u3 Teopembl 56 (kputepuii diaepa). Cnpasediuso cpas-
HeHue

(%) EapTil (mod p).

B epynne 7%, ede p > 2, noposHy 8o14emos U Hesbiuemos.
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3agauu ¥ ynpaxHeHus K § 2.8

1. HaiinuTe Heo6X0MMOE U JI0CTATOUHOE YCJOBHE TOTO, UTO apUMeTHUE-
CKasi porpeccusi an + b comepKUT 6GeCKOHEUHO MHOTO KBAIPATOB HATYypaJb-
HBIX YHCeI.

2. JlokaxKure, uTO

<7_1>7 —1, ecau p=4k+3;
p/ 1, eciu p=4k+1.

Hanee p —npocroe, p > 2.

3. Jlokaxkute unaykuuer, uro (1 + p)f’k =1+ p* (mod p*t!).

4%. Jlokaxute, uTO 3JeMeHT |+ p €Z7, NOPOKIAET LHKIHIECKYIO
noArpymny nopsiaka p=!
s=0,1,..., pr~ 1 —1.

5*. JloKaxkute, UTO €CJId HaTypaJbHOE g TAKOBO, UTO g — NepBOOOPa3HbIi
KOpeHb rpynnbl Z*, T0 3/71eMeHtT gp™~! rpynmbl Zy,n OPOKJIAET LMKIHYECKYIO
noarpynmny nopsiaka p — 1.

6*. Jlokaxkute, UTO €CJId MOPSIJKK 3JIEMEHTOB g W A B3aWMHO MNPOCTHI,
TO MOPSIIOK dJ1eMeHTa gh paBeH WX MPOU3BELEHHIO.

7*. Vicnonbays 3anauu 4, 5, 6, naiite elle 0jHO J10Ka3aTeNbCTBO Cyllle-
CTBOBAHHUsI IEPBOOOPAHOTO KOPHST B rpyrire Zj,.

, COCTOfLLYIO H3 BCEX 3JIEMEHTOB BHJ/A l—l-pS,

8. Ilokaxute, uto 2— 11epBo0OpPasHbIil KOPeHb B rpynnax Zg, u Z3,.
9. Jlokaxkute, uTo 3JIeMEHT 3, TaK e, KaK H D, MopoXKaaeT B rpymnne Z3,
LMKTMYECKYIO TIOArpYTy mopsika 22,
2" — 2 2% 12

eJsioe, TO U YUCJ0 W TO2XKe

10. JTokaxKuTe, UTO €CJIM YUCJIO
LeJioe.

11%, JlokaxkuTe, 4To AJs1 JIOOOro HeueTHoro a u [ > 1 unciio a
eJoe.

12%. Haiinure HanGoJbliee R, MPH KOTOPOM

a) uncio (3% —1)/2% — uenoe,

6) uncao (2% + 1) /3% — nesoe.

13. Jlokaxurte, uro 3*T! | (4™ —4") Torma W TOJILKO TOTHa, KOraa
3% | (m — n).

14. Yucna a, b, n — HatypaJibHbie, n — HeueTHoe, a" + b" v a + b nensit-

cs1 Ha n. Jlokaxkute, uto
a®+b"
a+b
TakxKe JIeJIUTCS Ha 7.
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15%,. Yucna a, b, a # b, n — narypajabHble, a” — b" nenurcst Ha n. Jloka-
b

JKUTE, UTO
a® —b"

a—>b

TaK)Ke JeNUTCS Ha A.
16*. Ecsn st HeKoToporo esoro a

a"'£0,1 (mod n),

TO UHMCJIO 1 — COCTaBHOE.

17%. Pewmte cpasHenue x> =1 (mod m) npu Npou3BoILHOM HATYpaJib-
HOM 1.

18. Jlokaxute, uto npu (2a, m) = 1 cpasnenne ax®+bx +c=0 (mod m)
PABHOCHJILHO HEKOTOPOMY cpaBHeHHIo x> = ¢ (mod m).

19%. JlokaxkuTe, 4To MPU NPOCTOM p CpPaBHEHHE

apx"+...+a1x+ay=0 (mod p)
PaBHOCH/ILHO HEKOTOPOMY CPABHEHHIO
by xP '+ 4 bix+bp=0 (mod p).
20*. (Jlarpanx.) IlokaxkuTe, yTO MpPU MPOCTOM p CpaBHEHHE
apx"+...+ax+ap=0 (mod p)

uMeeT He GoJiee max(n, p) pelleHui.
21%*. Ecum psist mo6oro npocroro p, p | # — 1, Haljercsi Takoe Lesioe uuc-
10 a,, uto a7 £1 (mod n), ai~'=1 (mod n), To uuca0 1 — mpoctoe.
22%, Cpasnenne x° =a (mod p®), p >2—npocroe, (a, p) =1, umeer

a . a
JIBa pellleHusi, eciu (; =1, ¥ He UMeeT pellleHHH, eciu (;) =—1.

23*%. CpasHenre x”>=a (mod 2%) uMeerT pelleHHe NpH JIOOOM @, ec-
m a=1, npu a=1 (mod 4), eciu =2, npu a=1 (mod 8), eciin o > 2.
B ocrasibHbIX c/yuasix OHO He uMeeT pelteHuil. Ecau x = x, (mod 2) — oznHo
13 €ro pelleHuil, TO BCe OCTaJbHbIE €ro PelieHust MPpU a > 2 UMEIOT BH

X=—Xq (mod 2%),
X= Xq+2°71 (mod 29),
=—xo +2°1 (mod 2%).

24%, [lycTb v/a — OObIUHBIH KBaAPATHBIH KOPEHb, Z — PELleHHe CPaBHe-

nus 22 =a (mod p), rie p > 2—npocroe, (a, p) =1,

po GV VA" 5 VA VA
2 ’ 2va '




§2.8. TlepBoo6pasHbie KOpHU 113

JokaxkuTe, uTo 1J1sl JIIOOBIX LeJbIX ydces P U () CYLIeCTBYET Takoe llejoe
yucsio @', uro Q' =1 (mod p®), u x =+PQ’ (mod p®) — peluenust cpas-
HeHHUsl

x>’=a (mod p®).

25. Jlokaxkure, uTo cpeiu Jio6bIX 6 uesioBeK HalyTCst MO0 Tpoe NonapHo
3HAKOMBIX, JIMGO Tpoe MONapHO HE3HAKOMBIX.

26*. (Pamceii.) CeMHaaaTh yueHbIX MONAPHO MEPENUCHIBAIOTCS M0 TPEM
TemaM. [1oKaxKuTe, UTo Cpeid HUX HAKIyTCs TPOe, MepernuchiBaOLLIMecs Mo Ofi-
HOW TeMe.

YkazaHnue. [IpumMeHure npeabiayllyo 3agauy.

27*. (M. Wyp.) Yucaa or 1 no 16 packpauieHbl B 3 pa3HbiX UBera (Ipy-
TMMU CJI0BaMH, pa3OUThl Ha 3 HerepeceKaloUMXCsl HeMyCThIX MOJMHOKECTBA).
JlokaxkuTe, UTO cpeid HUX HalayTCsl uuca X, Y, 2 OJHOrO LBeTa Takue, uTo
xX+y==z.

Y Ka3aHue. 3aHymepyeM yuyeHbIX U3 Npeblayllel 3a1aul Yncamu ot 1
Jo 17 n nyctb kaxnas napa (i, j) nepenuchiBaercst 1o TeMe, CBI3aHHOH C 11Be-
TOM uHcaa |i — f|.

28*. B no6om KoHeuHOM ToJsie nopsiika GoJiee D HaHIyTCsl TaKHe HEHy-

JIeBble 3JIEMEHTHI X, Y, 2, UTO x2 —I—yQ =22,

29%*, (A. lukcon.) Ina mo6oro mpocroro p > 13 HalmyTcs Takue
HeKpaTHble p LeJsible uheaa x, y, 2, uto p | x> +y3 — 23,

Yxaszanue. Bosbmure kakoil-HHOyIb MepBoOOpPasHblil KOpeHb g
Y MoKpackTe JI0O0H HeHyJ/1eBOH 3/1eMeHT a noasi Z, B useT i =0, 1, 2, ecan
a= g+

Jloka3zaTeqbCTBO KBaJPaTUYHOrO 3aKOHA B3aMMHOCTH
meToaom 3oJorapépa*

B stom TpynHOM uLuMKJe 3ajau ucrnosbdyercs: BBeleHHoe B § 1.10 monsi-
THE 3HAKA MEPECTAHOBKH 7, KOTOPbIH /sl KPATKOCTH 37leCh OyneM 0003Ha-
uath (7). BHauasie HanomuuM ojHy 3anauy u3 § 1.10. 3Hakom nepectaHOBKH
7 €S, HasbiBaetcs uncao e(m) = (—1)/" | rne I(m) —uucao unBepcuil B .

1%, Jlokaxurte, uto e(f o g) =e(f) - e(g).

2%, JlokaxuTe, uto £(m) = (— 1) rne d(m) — nekpemenr 7.

3*. Jlokaxkurte, UTO LMKJI JJIHHBl R UMeeT 3HaK (—1)"”’1.

* 3onorapés Erop Meanosuu (1847—1878) — Bblnatowuuiicst pycckuil MaTeMaTHK, YUeHHK
A.H. Kopkuna u I1.J1. UeGbiéna.

8 Taukon
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4*, Jlokaxkure, 4TO

G-
Gy P E—
[I (=) —=()))

i<j
5. JlokaxkuTe, uTo

. (1 2 .. n) (= 1y,

n n—1 .. 1

6. IlpoBepbre, uTo O0TOGpaXKeHWe CMeHbI 3HaKA i: Z,; — Zy,, 3a1aBaeMoe
hopmysioit x — —x mod m, MeHsieT Nopsiiok B Zy, \ {0} Ha MPOTHBOMO/IOMKHbII
U COOTBETCTBYIOLIAS NIEPECTAHOBKA MMeeT 3Hak (—1)—D(1=2)/2,

7. IlpoBepbre, uto oToGpakeHue cABUra Z, — L, 3ajaBaemoe Hopmy-
N0l x — x + k mod m, siBAseTcs nepectaHoBKoi M uMeeT 3Hak (—1)F=D,

Yxaszaunue. [Ipumennre 3anaun | u 3.

8% Ilycts /=2,={0,1,2,....n—1}, J=Z,={0,1,2, ..., m—1}.
Ynopsaouum MHOXKeCTBO [ X J B Topsiike (Ha3blBaeMOM AeKkcukoepaguye-
CKUM)

{(0, 0), (0, 1), ..., (0, m— 1), (1, 0),
e (,m=1),...,(n—=1,0), ..., (n—1, m—1)}.

PaccmoTpuM rnepectaHoBKy, KOTOpasi MepPeBOJUT 3TOT MOPS0K B MOPSIOK

{0, 0), (1,0), ..., (n—1, 0), (0, 1), ...
(=1 1), (0, m—=1), ..., (n—1, m—1)}

(TO)Ke JIeKCI/IKOI‘panI/I'-IeCKI/If/'I). ﬂOKa}KI/ITe, 4TO 3HAK 3TOH NepecTaHoOBKHA paBeH
nn—1) m(m—1)
(=) 2
9. nyCTb naJiee 1, n — B3aUMHO MPOCTbI€ HEUETHbIE UHCJia. HpOBepre,

uTO OTOOpakeHHue
Tnm - Ly — Ly,

3ajaBaemMoe paBeHCTBOM Ty, ,(x) = nx mod m (T.e. yMHOXKeHHe Ha A MO MO-
NyJII0 M), SBJSIETCS NePeCTAHOBKOH MHOXKECTBA Zy,.

3HaK NepecTaHOBKHU T, , HA30BEM CUMB0A0M 30a0mapésa 1 0603HAUUM
(| m).

10. [lokaxkute cJje/ylollide CBOHCTBA CHMBOJA 30J0Tapéna:

(i) eciu n=n' mod m, To (n|m)=(n"|m),

(i) (nn' | m) = (n | m)(n' | m).

Yxaszanue. [Ipumennte 3anauy 1.

11. Tokaxure, uto (—1|m)=(—1)"m=1/2,

Yxaszaunue. [Ipumenure 3anauy 6.
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12%. Jlokaxute, uto (2 | m) = (—1)m"=D/8,

YkazaHnue. [IpuMenure onpejesneHne 3Haka nepecTaHOBKH.
13. Hokaxure, uto (n | p) =n'?=1/2 nna neuernoro npocroro p.
Ykaszanue. [Ipumennre 3ajgauy 4 u 3aMeTbTe, UTO BblUMC/IeHHE

I (ni—nj)
ISi<i<p H n=nPP=0/2 = y(r=D/2
l_
1<i1<_[j<p( ]) I<i<j<p

ucnoJb3yollee Manyto teopemy depma, MOXKHO NpPoJeaTh B KOHEUHOM MO-
ne Zp.
14. OnpejiesinM JiBe 1epecTaHOBKU o, T MHOxKecTBa [ X J paBeHCTBaMU

o(i, j)=((mi+j)modn, j), 7(i, j)= (i, (nj+i) mod m),
0<i<n, 0<j<m.

Hokaxute, uto e(o) = (m | n), e(1) = (n | m).

Ykaszanue. [lepectaHoBKa o Kax/a0e MOJAMHOXKeCTBO Buaa | x {j} mne-
peBOJMT B ce0si, M Ha HeM JEHCTBYeT TaK ke, KaK IlepecTaHoBKa o;(i) =
=mi+ jmodn Ha MHOXecTBe [, HO MOCJE/HsIS coriacHo 3aiauam 1, 7
1 OTpejiesieHuto (11 | 11) uMeeT 3HaK

£o)) = (=)™ (m | n) = (m | n),

OTKyJla coryiacHo 3anaue 1
m—1
(o) =[] elo)) =(m|n)" = (m|n).
j=0

15. (3akon B3aumHocTH B opme 3osiotapépa.) [lokaxure, uTo
n(n—1) m(m—1)
(m|n)(n|m)=(=1)""72

Yxaszanue. Ecan o6o3naunts uepes @: [ X J =Zy X Ly — Lipm <KA-
Talckuil» n3omopduam, To (o (i, j)) =mi+ j, o(7(i, j)) =nj + i, nosTomy
JIJIS1 IEPECTAHOBKHU 0 Zpm — ZLpm, COOTBETCTBYIOIIEH OMpeie/ieHHON B 3aaa-
ue 8 U MeHsitollell HyMmepatmio (mi + j) =nj + i, crpaBeiJIuBO PaBEHCTBO
poT =1 opoo, H3 KOTOPOTO CONIACHO 3aiaauaM 1, 8 cijenyeT paBeHCTBO

3
S
L
=
i

e(r) = (@) (= 1) T T — (o) (- 1) T T

16. BbiBeaute W3 3akoHa B3aWMHOCTH paBeHCTBO (1| m)(n|m')=
=(n|mm'). Ykaszauue. [lpumenurs 3anauy 10.
17*. Tlycte m= py ... pp, TAe p; —NpOCTble uhcaa, He 0053aTeJbHO

n
pasJiMuyHbIE. OHpeZLeJII/IM cumson skobu (E) KakK Ipou3Be/ieHHe CUMBOJIOB

8%
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JlexkaHnpa, onpeiesieHHbIX B 9TOM naparpade:
(=)~ ()
m pi) T\ )

n .
Hokaxute, uto (n | m) = (E)’ T. €. CUMBOJIbI S1K0OU 1 30J10TapéBa coBnaaa-

1oT. Tem cambiM GyeT 10Ka3aH U 3aKOH B3auMHOCTH [aycca B dhopme SIko6u.
Yxaszaunue. [lpumenurs 3anaun 16, 13 u kpurepuit Diliepa U3 3TOro

naparpada.

JlonoJHuTeNbHbIE 3ala4M U YIPAXKHEHHS 1O TEOPHUU UUCE
M Teopuu rpynn

1. Ilyctb uenste r;, s;, i =1, ..., p, TAKOBBI, UTO
{ritI<i<pt=i 1<i<p}=2Z,.

Hokaxure, uto {r;s;: 1 <i < p}#Z, npu npoctom p > 2.

2. Jlokaxute, uTo 7 | (2 — 1) NpH HeueTHbIX 7.

3. Jlokaxkute, uto n He neaut 2" — | npu n > 1.

4. Jlokaxkute, uto 1 He aeaut 3" + | npu HeueTHbIX 1 > 1.

5%, Jlokaxkure, uTo AJs JOOOro m MOXKHO YKa3aTb TaKoe f1, UTO CPelu
MOCJEHUX M UUP JAECATHUHON 3anucH uucaa 2" Gyjer

a) 6oJiee TOJOBUHBI JEBSTOK,

6) GoJsiee MOJIOBUHBI HyJIEH.

6*. Jloka)kute, uTO CTeNeHb JBOMKU MOXKET UMEThb MpH JIIoO0M k Ha k-M
MecTe OT KOHLA JIECSITHUHOM 3anucH Jio0ylo 3ajaHuyto uidpy (kpome mJjaj-
111ero paspsijia, KOTOPbIH U SIBJSIETCS KOHLIOM 3aMHCH).

7*. JlokaxkuTe, 4TO CTeleHb JBOHUKM MOXKET HWMeTb TpH JioboM k>3
B paspsjax, HauuHas ¢ (kR + 1)-ro 1o 3k BKJOUHTENbHO, J06YI0 KOMOHHA-
LMIO JIECSATHUHBIX LHP.

8*. Jlokaxkute, uTO NpH JIOOOM 3aJ@HHOM 1 TOCJIE0BATE/IbHOCTh
2" (mod 10™), n=0, 1, 2, ..., nepHoAHUECKas C NEPHOAOM JIHHBI 4 - 57!
U NpeJINepUOJIOM JUIUHbI 1.

9%. HenyneBble a/eMeHThl noas Z,, p > 2, pa3dutbl Ha MHOXecTBa A
1 B Tak, uto npousBeaeHue JOObIX 3eMeHTOB A NpuHaIIExRUT A, nporusse-
JIeHHe JII0ObIX IBYX 2JIeMeHTOB B TakxKe npuHaaiexkut A. Jlokaxure, uto A —
MHOYKECTBO KBaJPATHUHbIX BbIUETOB, a B — KBaJ|paTHUHbIX HEBbLIUETOR.

10%. Jlokaxkute, yTo JJist JIIOOOrO 71 HAHAETCS JAEJSIIEeCs Ha #1 UMCJIO,
JlecsITHUHAs 3aMUCh KOTOPOTO COJIEPXKUT 71 €JIMHULL, 8 OCTaJIbHble — HYJIH.

11*. [lokaxkute, 4To AJs J106Oro 7> 1 CyllecTBYIOT HaTypaJibHble UHC-
sna m, M takue, uto x" 4+ y" M (mod m).
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12%. JlokaxkuTe, UTO CTEMEeHb JABOHKH MOXKET HAUHHATLCS C JIIOOOH KOM-
6uHalmu uudp.

13%. JlokaxkuTe, uToO

n n
(@"—b", n)= (%, rz),

rie a, b, n — HaTypaJsibHble UnCIa.

14*. Jloka)kute, UTO €CJlM NPU HATYpPaIbHbIX @, 11 uucyo (a" — 1)/(a — 1)
€CTb CTeleHb MPOCTOro UUcja, TO 1 — TOXKe IPOCTOe UHUCJIO.

15%. (/1. 3arup.) Ilyctb p — npoctoe unciio Buaa 4k + 1. Jlokaxure, uto
npeoO6pasoBaHue

Qy—x,y,x—y+z2), ecmmy—z<x<2y;
[(x,y,2) =9 (x =2y, x —y +2,y), ecmn 2y <x;
(x+22z,2,y—x—2) B OCTaJbHBIX CJyuasix

SIBJISIETCS MEPECTAHOBKON TOpsiIKa 2 HA MHOXKECTBE BCEX HATypaJsibHbIX pe-
eHuil ypaBHenusi x> + 4yz = p, UMeIoLIell JIMIIL OJHY HEMOABUAKHYIO TOUKY,
umenHo, (1, 1, ).

16%. (J1. 3arup.) Jlokaxkute, uto ypaBHeHue x° + 4yz = p uMeeT Heuer-
HOe YHCJIO HATypaJsibHbIX pelleHHi, U Tak Kak rnpeobpasoBaHue g(x, y, 2) =
= (x, 2, Y) TOXKe SIBJISIETCS [1€PECTAHOBKOM MOPSIKA 2 Ha MHOXKECTBE BCEX €ro
HaTypaJibHbIX PellleHUH, OHO UMeeT XOTS Obl OJIHY HEMOJBHXKHYI TOUKY, T. €.
Touky BUzA (X, y, y), rae x> +4y> = p.

17*. JlokaxkuTe, uto npocroe Bujaa 4k + 1 npeacrtaBuMo B BUjIE CYMMbl
JIBYX KBaJpaTOB POBHO OJIHUM CIIOCOOOM (C TOUHOCTBIO J10 EPECTaHOBKH CJla-
raembix), a MpocTble BUaa 4k + 3 HenpeacTaBUMbl TaKUM 06pa3oM.

18*. Tlyctb n= (2?7 —1)/3, p >3, —npoctoe uncno. Jlokaxure, uTo
ayn|227 —1;6) 4p2P~ '+ 1)|n—1;8) n|2" - 2.

19%. (Uebbiién.) [Ipumensss kBagpaTHUHbI 3aKOH B3aUMHOCTH, JIOKa-
JKUTE, 4TO 2 — 11epBooOpa3Hblii KOPeHb M0 MOJYJIO MPOCTOr0 uucja p BUAA
4g + 1, rie ¢ —npocToe, U M0 MOJYJII0 MTPOCTOTO Uucyaa p Buaa 2q + 1, e
q =4k + 1 —npocroe. Ecsn ke B nocsenHem cjyuae npoctoe g =4k + 3,
TO MepBooGpas3HbIM KOPHEM MO MOJyJq0 p =2qg + 1 Gyner MuHyc nBa.

20%. (Yebbién.) [1pumenss KBaapaTHUHbII 3aKOH B3AUMHOCTH, JIOKaKH1-
Te, UTO 3 eCcTb NepBooOPa3HbIi KOPeHb MO MOJYJIO TpocToro uucia Pepma
22" 4 1. TlpuMeHsisi KBaAPaTHUHBI 32KOH B3aUMHOCTH, JI0KAXKHTe, UTO 3 eCTh
nepBo0o6pPa3HbIl KOPeHb MO MOJyJI0 MpocToro uucaa Bupa 4-2™N + 1, e
N >9%" /(4 -2™) —raKxke npocToe.

21. (Ueobiuén.) [lpumensisi npeaplayline 3aaauu, mpoBepbTe, uTo jBa Oy-
JIeT epBooOpPa3HbIM KopHeM o Moayasm 11, 59, 83, 107, 123; Tpu Gyzer nep-
BOOGpa3HbIM KOpHeM 1o MojyJisim D, 17,89, 137,233,257, 569, 809, 857, 6737,
65537; MuHyc JBa OyneT nepBooOpa3HbIM KOpPHEM Mo MojyJsaM 7, 13, 47.
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22%. MoHoToHHas (yHKLMSA 00/1a1a€T CBOHCTBOM MYAbMUNAUKAMUBHO-
cmu: 1Uist JOOLIX B3aMMHO TPOCTBIX /1 U A JUlsl €e 3HAUeHHH CHpaBelIuBO

paBeHCTBO
[(mn) = (m) [(n).

Hokaxute, uto f(n) =n® s mo6Oro HaTypasbLHOTO YHCJA 1.

23. Ilyerb ay, ..., @y —He 00653aTeJIbHO pasJiMuHble 3JIEMEHTbl PYIbl
nopsaka n. Jlokaxkure, uTo NpOU3BeJleHHe HECKOJIbKUX MOAPS HAYLIHX dJe-
MEHTOB PABHO €JIMHMIIE.

24. MOoXXHO Ji1 TpYIITy MPEJCTaBUTh B BUjle 00 beJIMHEHHUST IBYX COOCTBEH-
HbBIX MOArpymnmn?

25%. Jliobasi KoHeuHasi rpynna 0oJiee ueM M3 JBYX 3JEMEHTOB HMeeT
HETOXK/IECTBEHHBII aBTOMOP(U3M.

Ykaszanue. Ecau rpynna HeKOMMyTaTHBHA, TO OHAa HMeeT HETOXK-
JleCTBeHHbIH  aBTOMOpGHU3M Buaa x — axa~'. Eciu oma KomMmyTaTHBHA
M He KaxKIblil KBajpaT B Hefl paBeH eJMHMLE, TO aBTOMOP(H3M x — x ' —
HETOXK/JeCTBEHHBIH. B ocraBlimxes ciyuasx oHa uzomopcHa rpynrne (Zo)".

26%*. (C.B.Kounsrun.) IlycTb n — HauMeHblliee YHUCJIO 3JIEMEHTOB aj,
i=1, ..., n, B KoHeuHol abeseBoii rpynmne G, Takoe, uto M060H 3aeMeHT G
MOKHO NPEACTaBUTb B BUle £a; £ a;, £ ... Jlokaxure, 4To

log, |G| < n <log, |G].

YkazaHnue. g nojsyueHus BepxHed OLEHKHU BbiOepUTe MaKCUMaJb-
HOe MHOXKECTBO 3JIEMEHTOB a;, [ =1, ..., 1, TaKkoe, 4TO BCE UX CyMMbl OyIyT
MONAapPHO Pa3JIMYHBbI.

27%*, JloKa)KuTe, UTO CYLLECTBYET CKOJIb YTOJHO MHOTO MOAPSII MYUIUX
HaTypaJibHbIX UMCeJl, He TPECTABUMbIX B BUJIE CyMMbl KBaJpaToOB JBYX HATy-
paJIbHBIX YHCedI.

§2.9. Anre6pa u KpunrtoJorusi

UuTaresnb yKe HMeeT MpeacTaBjeHHe, uTo Takoe ajrebpa. A uto Takoe
KpunroJorus? Jlo HelaBHEro BPEMEHH 3TO CJOBO MOXKHO ObIO YCJBILIATDH
TOJIbKO Ha ClelMaJlbHbIX Kypcax B HEKOTOPbIX CelHalbHbIX yueOHbIX 3aBe-
neHusix. Ho ceiluac oHo crajio MesibKaTh Ha CTpaHMLAX HAYUHbIX »KYpHaJsOB
U B TpyldaX KoHQepeHUHWH. Dbl OTKpPBITO onyGJaHKOBaH nepBbiii B Poccuu
yueGHHK 10 KpunTorpaduu, HarmucaHHbli npenojaBatensmu akaaemun GCH.
Hauana nosiBiitbcsl M MonyJisipHasi JUTepatypa Mo 3TOMY BOMPOCY, B TOM
urcsie nepeBojl HanucanHo# ette B 1970-e rouwt kuuru J1. Kana «Banomiukn
konoB» (M.: Llentpnoaurpad, 2000).
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Ham ka)keTcsi yMeCTHbIM JIaTh 3/1eCb KPATKHE, B OCHOBHOM MCTOPUYECKHI,
0030p Ha 3Ty TeMmy.

Kpunrosiorust nequtcsi Ha JiBa HarpaBJ/ieHUsi — KPUNTOrpaduio U KPUITO-
aHanus. Kpunmoepaghusa * 3aumiaer tHQopMaluio ¢ noMollblo wughposa-
KU OTKPBITOTO TEKCTa, Ha »KaproHe KpuUnTorpador Ha3biBaeMoro (paHily3-
CKUM CJIOBOM K.ep.

Onpepnenenue 62. [llugposarue —s10 obpatmoe mnpeobGpasoBaHue
kiaepa B wugppmexcm. OHO onpejessieTcss AByMs B3aUMHO 0OpaTHBIMH
orobpaxkenusiMu E,: T — C u Dy: C — T, rne T — MHOXKECTBO BCeX KJIEPOB,
C — MHOXKeCTBO BCeX LIU(PPTEKCTOB, k — KA104, BbIOUpPaEMblil U3 LPOCIPAH-
cmea kaodel K. Ecan o603Hauuth uepes £ mHoxecTBO {£;: k € K} BCex
omobpancenuil sauugpposanus a uepes D mHoxkectBo {Dy: k € K} Bcex
omobpacerutl pacuiugposarus, To 1s Joobix { € T, k € K BbinoJiHsier-
cs1 paBeHcTBO Dy (ER(f)) =t. Torma cookynHocts (7, C, K, E, D) HazoBeM
wugpom, uan wugp-cucmenod.

[TpocTedilInMU 1 CTapeHllIMMU KJacCaMu H(POB ABJAAIOTCS WMGPDI Ne-
pecTaHOBKH U 1Mdpbl 3aMeHbl. B stux wmdpax C =T = A", rne A — andasur
TEeKCTa, /1 — JUIMHA COOOLLEHHUSI.

Onpenenenue 63. Posb Kawoua B B wugpe nepecmarno8Ku Urpaert
MPOM3BOJIbHAST MEPecTaHoBKa R € S,, W3 TIPyMMbl MePeCcTaHOBOK MHOXKECTBA
{1, ..., n}; Takum oGpasom, MpPoCTpaHCTBO KJtued K =S,, orobpaxkeHue
1k poBaHust orpejiessieTcsi PaBeHCTBOM

Ex(arag ... ay) = apnyaee) --- ar),

a orobparkeHue paclindpoBaHusl ONPeLeseTCs] PABEHCTBOM

Dk(alag a,l) :akfl(l)akq@) ak—l(ﬂ).

Onpenenenue 64. Pousb kioua k B wiugpe 3amerol urpaet npous-
BOJIbHAsI TIepecTaHOBKa R € S4 U3 TPYMIbI epeCcTaHOBOK adaButa A; TakuM
00pa3oM, NpocTpaHcTBo Katoued K =Sy, oTobpaxkeHue LIMppoBaHUs onpe-
JleJIsIeTCsl PaBEeHCTBOM

Ep(aias ... an) =k(ar)k(as) ... k(an),
a omobpadjicerue pacuugposaris onpeessieTcsi PABeHCTBOM
Dp(ajas ... ay) =k NaNk " (as) ... k= (a,).

YKe M3 3ITHUX ONpelieJieHUd BHIHA CBf3b Kpunrorpaduu ¢ anrebpoi.
N3 caenyromyx najee npuMepoB Mbl YBUANM, YTO CTApEHLIMMH MPUMEHEHH -
MH TPYIIbl MEPECTAHOBOK ajreOpa o6s3aHa MMEHHO KPUMTOrpaduH.

* TafiHomuch B MepeBojie ¢ TPeuecKoro.
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[Tpumeps. 1. [lepsblil idp nepectaHoBKH, corsnacHo [layrapxy, uc-
nosb3oBatu B Cnapre. Ha Uu/IMHAP, KOTOPBIA HA3bIBAJICS Cyumand, mnjaoTHo
HamaTblBaJlach y3Kasl nepraMmeHTHasl JieHTa. BJoJib OCH LMJMHApA 3aMHChi-
BaJicsl TeKCT. JIeHTa cMaTbiBaslach W NepefaBajach ajpecary, KOTOpbli YnTall
cooOllleHHe, HaMaTbiBasi JIEHTY Ha TaKywo »kKe cuurtany. KmawouoMm K miudpy
SBJISIETCS IMaMeTp clUuTasbl. [1epBblil »Ke ycrelHbli METOJ BCKPBITHS LH(-
pa mnpurucbiBaeTcst ApUCTOTENI0, KOTOPBIH MPEeIIOXKHUI HAMATHIBATL JIEHTY
Ha KOHYC, CIIBUTasl ee OT BEPLIMHbI K OCHOBAHHIO KOHyca. Tam, rie auamerp
KOHMUECKOTO CeueHHsl COoBMajaJl ¢ IMaMeTpoOM CLMTAJbl, HA JIEHTe NPOCTyNaJu
OCMbBICJIEHHbIE CJIOTH W CJIOBA, [10CJIe Yero M3roToBJsjlach CLUTa/la COOTBET-
CTBYIOLLETO JHAMETPA.

2. Ilepsbii wndp 3amenbl uzoopes tOaui Llesapb. B kauectBe nepecta-
HOBKM OYKB aJjipaBUTa HCIOJb30Baslach NepecTaHOBKA, KOTopas /sl CoBpe-
MEHHOro aJjipaBUTa BLIMVISAUT TakK:

(abcdefghijklmnopqrstuvwxyz)
defghijklmnopgrstuvwxyzabc

— [IPOCTO LMKJIMYECKHH CIBUT Ha Tpu OykBbl. O6paTHas nepecTaHOBKa TO-
»Ke, €CTECTBEHHO, SIBJSIETCS] LIMKJIMUECKUM cBUroM. B ofuiem ciyuae B 3TOM
1ndpe UCrosb3oBaJicst CABUN Bujaa i — (i + k) mod 26 u KJ0UOM SBJSIIOCH
unedio k. Tak Kak KJoueBoe MPOCTPAHCTBO HEBEJIMKO, aJITOPUTM LIH(GPOBAHHS
Lle3apb, BUAUMO, He 0c060 auUINPOBaJL.

3. BoJbliiee kioueBoe MpoCTpaHCTBO Y ag@urHo2o wugppa, Tak Kak
B HEM HMCIOJIb3YIOTCS TlepecTaHOBKU Buja [ — (ai + k) mod 26.

4. K kaaccy 1wudpoB MepecTaHOBKH OTHOCATCS LMMPbl MaApUpymHoil
nepecmarnosku. Vnes y uux taxkasi. CooOllleHe 3amuchiBaeTcsl B TabJIHILy
Mo OJIHOMY MapuUIpyTy, HalpUMep M0 TOPU3OHTAJISAM, 8 CUMTBIBAETCS MO JPy-
romy, HarpuMep 1o BepTHKasasiM. st yBenueHus KJIIOUeBOro NpoCTPaHCTBA
MCI0JIb30BaJIaCh ellle NepecTaHoBKa CToJOLOB TabJIHLbI.

Kpome ykasaHHbIX ABYX KJaccoB LUM(POB, MU3aBHA M3BECTHbI M Jpyrue
MeTobl lwrdpoBanus. Hanpumep, BTOpbIM LIK(PPOBaILHBIM TPUCTIOCOO/EHH -
eM B Cnapre Oblia mabauya Ines. Ha Hell TOpU30OHTA/NLHO pacriosiarajcs
a/j(aBuT, a 10 GOKOBLIM CTOPOHAM JIEJIAJIUCh BBIEMKH J1 HAMATbIBAHUS HU-
4. Hutb HamaTbiBasiach Ha Ta0JHLly, IBUrasich M0 KaXKA0H CTPOKE B OJHOM
HanpasJeHuH, U HanpoTHB OYKB COOOLUEHHS Ha Hel 3aBs3bIBAJUCh Y3eJKH,
KOTOpble W MPEeACTaBJSAIN cOO0H MPPTEKCT (PaKTHUECKH B IBOMUYHOM aJl-
taBure). Jlaisi uTeHUsi cooOllEHUsT HUTb HAMaTbiBajlach Ha Ty »Ke TaOJHLLy,
KOTOpasi ¥ CJayKujaa KJaouom K wugpy. Meropusi He coxpaHusia cooOlLeHHi
0 BCKPBITHH 3TOTO LIKppa.

JpeBHerpeueckuit ucropuk [lonmu6uit onucad cienytouinii cnocod mndpo-
BaHus. AJipaBUT 3anuchIBaJICs B KBaJpaTHyIo TabJHIy 5 X O U KaxKjaas 6yKBa



§2.9. Asre6pa W KpUNTOJIOTHS 121

uidpoBasach napoil cBoux KoopauHat (i, j) (HoMepamu CTPOKH W CTOJIO-
1a), a nepeiaBaTbCsi COOOLIEHHS MOIVIM B TO BPeMsl C MOMOLIbIO (haKesoB —
i (akesioB B JieBOH pyKe U j (pakesioB B npaBol o3Havasu napy (i, j).

Kcrary, stor wudp npeacrasisieT, BEPOSITHO, MepBbIH NpUMep TaK Ha-
3bIBAEMOTO AP asuUmHo20 KOOUPOBAHUS, KOTOPOE 3aKJIOUAETCS] B TOM, UTO
Kaxkaasi 6ykBa ajipaBuTa COOOILEHUS] 3aMEHSIETCSI Ha CJIOBO B 60Jiee KOPOTKOM
wugppoargpasume.

HasnbHelitlee pasButTHe HaeH ajiPaBUTHOTO KOAMPOBAHMS MPHUHAJIEIKUT
3HAMEHHUTOMY aHIIMHCKOMY usiocody, 330TepuKy W nucatesio capy PpeH-
cucy B3KoHy, KOTOpbIH Haua/J HCMOJb30BaTh JBOHUHbBIA aj(aBUT B KauecTBe
wdpoandasurta. B kpunrtorpacduu, npasaa, 3To He HalIo 0cobOro Mpu-
MEHEHHs!, IJIaBHbIM 00pa3oM H3-3a MATHKPATHOrO YIJHHEHUs] LIM(pPTEKCTa
B CPaBHEHHH C KJIEPOM, HO 3aTO 3Ta Mesl Jieryia B OCHOBY TeJerpadHbiX Ko-
J0B (a3byka Mopse), KoTopble cefiuac BbILLIM U3 YNOTpeOJeHUsT U X POJib
B KAKOM-TO CMbICJIE HIPAlOT KOMIbIOTepHble Kojbl, Hanpumep, ASCII-koz,
a Takxe, HalpuMep, B OCHOBY KOJI0B Dpaii/isi, Ha KOTOPbIX MULIYT KHUIH /15
CJIEMbIX, WJIH LITPUX-KOJOB HA TOBAPHbIX HaKJeHKax *.

BosBpauiasicb K UCTOPHH, CaelyeT CKa3aTb, UTO NEePBble UIeH KPUIITOrpa-
¢buu, Takue, KaK 3aMeHa CHMBOJIOB, MosiBuJMCh B J{pesHem Erunte u [llymepe.
Ho ucnosibzoBasach oHa, BEpOsITHO, TOJMLKO /1S WH(POBAHUS PEJIMTHO3HbIX
TEKCTOB, MEIMLIMHCKUX pellenToB U rp. Ee pasButue cliepKUBAIOCHh CAUIIKOM
GOJBIION CJ0KHOCTBIO HIEOTPA(HUECKOTO MHUChMA.

[lepBoe mnpuMeHeHHe B TIOJNUTHUECKHX LEJAsX KpUNTOorpadud U xpun-
MmoaHaAu3@, T.€. HAyKH O UTEHWH KPUNTOrpaMM MPH HEH3BECTHOM LIH{pe
WIM KJoue K HeMy, BepOsITHO, NPHHAVIEKUT JpeBHUM HHAycam. [Ipas-
Jla, He COXPaHWJIOCh WH(OPMAllMH, KaK W Kakde [WH(GPbl OHU yMeJu
BCKPbIBATh.

C rtex nop Kpunrorpadusi NpUMeHsiJIaCch B OCHOBHOM YK€ C TOJMTHUECKH -
MH LeasMd. O TOM, Kak 3To JeJ1aJu IpekH, yxke ropopusock. [Tocse HUX, Kak
¥ B MaTeMaTHke, scTadery NpuHsiau apadbl. Camo cj10BO «WHpp» apabCKoro
npoucxoxaeHust. O TalHOMKUCH yNOMHHAJOCH JlaxKe B cKa3Kax « Thicsuu H o1-
HOil HouM». [TepByl0 B MCTOPHH KHHUTY, MOCBSIIEHHYIO OMUCAHHUI0 HEKOTOPBIX
undpos, Hanucas B 855 . AGy bakp Axmen 6eH Asu an Habaru.

B 1412 r. lexa6 anp Kauwikanau B cBoeill 14-TOMHOH 3SHUMKJIONEIHH
MOMECTHJ pasjiesl noj HazBaHueM «O COKpbITHH B OYKBax TalHbIX cooblle-
HUH», B KOTOPOM KpOMe CeMM pasHbIX LH(POB BlEPBblE MOSIBUJIOCH OMH-
CaHHe BCKPBITHS WHGPOB Memodom 4acmomno2o axaaiuida. CTaTUCTHKY
BCTpeuaeMocTH OyKB M OMUrpaMMm OH COCTaBHJ Ha ocHoBe Tekcta Kopana.

* UepHble U GeJible IPOMEKYTKH B HHX COOTBETCTBYIOT MOCJIEI0BATENILHOCTSIM HYJIEH H eHHHLL
JUIHHBL OT 1 J10 4.
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C 3TOro MOMEHTa HauUMHAET CBOIO HCTOPHUIO KpUINITOaHaU3. KeTaT, 3TM Me-
TOJIOM YCIIELIHO BCKpbIBAOTCs ahuHHbe HUDPHI, OMUCAHHbIE BHILIE.

B Espore, nocsie nepuojia 3acTost B TeMHble BeKa H B PaHHEM CPeIHEBEKO-
Bbe, Kpunrorpadusi, Kak 1 MaTeMaTHka, Hauaja 6ypHo pa3BuBaTbes B Mrasunu.
[TepBbiil 3alIMppPOBaHHBII TEKCT, XpaHsILMICcS B apxuBax BartukaHa, natupy-
erca XIV B., a nepBbiii npocreimnii mngpp — XII B.

B XIV B. cekperapb Pumckoro nanbl [a6pusiab ne JlaBuHna, nomMmumo
uiMdpoasdasura ¢ MycThllIKaMd (HHUEro He 3HAualllUMU CHMBOJIAMH), HC-
M0J1b30BaJl TAKXKe CIIUCOK 4acTO BCTPEUAIOLLMXCS B [EPENUCKE CJI0B U HMEH,
KOTOpble 3aMeHsIUCh Kodogbimu caosamu. Booblle xodom HasblBaeTcs
3aMeHa Ha JIpyrue CHMBOJIbI He OTIE/NbHBIX CHMBOJIOB, KaK B IH(PeE, a UeJbIX
cioB. CIHCOK KOIUPYEMBIX CJOB M WX KOJOBbIX 3KBHUBAJEHTOB Ha3blBaJjcs
HOMEHKAAmMOopoM. Tak xe CTaju Ha3blBaTbCs THOPUIHBIE CUCTEMBI, COUeTa-
tolie B cebe cBoMCTBaA U 1Mdpa, U kopa. Co Bpemen [abpusas ne JlaBunab
MUMEHHO HOMEHKJaTopbl cTaiu Ha 450 JieT OCHOBOH WIMQPOBAIBLHOrO Jesa
B EBpore.

B 1401 r. B MaHTyaHCcKOM repuorcTBe Oblil BIEpBble M300pETeH MepBbli
npeiacTaBuTesb WH(HPOB MHOL03HAUHOL 3AMEHbL, UK OMOGDOHOS.

B 1474 r. nosiBunach kuura o tavHonucd Yuko CHMOHETTH, cekpeTaps
Mugnanckoro repuora. 970 Obll, BEpOsITHO, MEPBbI B MHpe TpakraT, Mo-
CBSILIEHHDBIH KPUMTOAHAIM3y. B HeM Wasarajuch npaBusa BCKPBITHS WHGPOB
NPOCTOH 3aMeHbl U BbICKa3blBaJach ujesl LH(POB NPONOPYUOHANGHOL 3a-
MeHbl, B KOTOPbIX UHCJIO PA3/IMUHBIX 3aMeH IJIsl KaXKa0i OyKBbl OblJIO MPO-
MOPLUHUOHANBLHO YACTOTE €€ BCTPEUaeMOCTH B OTKPBITOM TEKCTE.

Bripatowumest kpuntorpacdom MnposiBui ce0si 3HaMEHHTBIH HTaJbsIHCKUH
tbusocod, Xyn0KHUK U apxuTekTop Jleon AsbGeptu *. B 1466 . B cBoeM Tpy-
Jie 0 1Hdpax oH ONUcaN WiudposabHoLi OUCK, KOTOPBIH COCTOSIT H3 HEMO-
JIBU2KHOTO OOJIBLIOTO U TOJBHAKHOTO MAJIOTO COOCHBIX JIMCKOB, Ha KOTOPBIX
OblUIM HAMMCaHbl CHMBOJIbI ajipaBUTa, MpHUeM Ha OGOJBLLIOM AUCKE UeTbipe
camble PeJIKO HCIoJb3yeMble OYKBbI OblIM 3aMeHeHbl Ha MepBble ueTbipe Lud-
pbl. DTOT AMCK peasM30BbIBaJ LWIKGP NpocToil 3aMeHbl Llesaps, posb Kitoua
urpajia BbiGpaHHasi OyKBa Ha MOJBHXKHOM jaucke. Ho mocsie Toro, kak Gbi-
Jla 3alIMppOBaHA YaCTb TEKCTA, KJIOU M0 ONpeleJIeHHOMY MPaBHJy MEHSJICS,
TakuM 06pa3oM, AJbGepTH (haKTHUECKH MOJIOKUI HAYalo MHO20aAPasum-
HolM WHpPaM, KOTOPble CTaJlK BIOCJEICTBMH OCHOBHBIM KJAacCOM LIM(POB,
MCIOJIb3YEMbIX C Cepbe3HbIMH LesiMH. Kpome Toro, oH coctaBu/ 60JbLLIOKH
HOMEHKJIATOp, B KOTOPOM B KaueCTBe KOJOBbIX CJIOB HCIOJIb30BAJUCh UUC/IA
or 11 no 4444. Ecau c/0BO M3 HOMEHKJATOpa BCTPEUasoCh B TEKCTe, OHO

* JI.b. AnbGeprn (Leon Battista Alberti, 1404—1472). CdopmyinpoBas 3akoHbl nepc-
TEKTHBBI.
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3aMEHSJI0Ch COOTBETCTBYIOIIMM KOJOM, a MOTOM WIH(POBANOCH C TIOMOLIBIO
JINCKA HapaBHe ¢ APYruMH cjoBamu. Takum o6pasom, AnbGepTu H300pes KO-
OvL ¢ nepewugposaruem, NoJyuuBLIHE LLIUPOKOE PACNPOCTPAHEHHE TOJIBKO
B KoHlle XIX B. CBo#i mndp oH HasBas «UMPOM, JTOCTOHHBIM KOPOJIEH>.

Cuieytomiuii lar B pa3BUTHH MHOT0AJI(paBUTHBIX LIH(PoB caenan B XVI B.
3HAMeHUTHIN (usocod U 330Tepuk ab6at Morann Tpurtemuii, Hanucapiluii
kuury «Creranorpadusi». B Hell BnepBble MosiBUjiach KBajpatHasi TaGJiv-
ua s wdposanusi. B nepBoil ee cTpoke Gbl HamucaH OObIUHbINA ajda-
BHUT, BO BTOPOH CTpoKe OH OblJl LMKJIHUECKH CIABHHYT BJIEBO Ha OJHY OYKBY
u T. 1. [lepBas OGykBa 1MdpoBasach nepBbiM ajnhaBUTOM, BTOpasi — BTOPbLIM
andasutoM  T. 1. Takum o6pazom, mindp TpuTeMus cTas nepBbIM MPUMEPOM
nepuoduueckoeo wugpa. OH UMes NPeuMylIecTBO nepei udpom Auib-
6epTH, Tak Kak WH(poandaBUTbl B HEM MEHSJIUCh TOCTOSIHHO, a He uepe3
HEKOTOpbIe TIPOMEXYTKH, KaK y AsbbepTH.

B 1553 r. /IxxoBaHuu bBartucra Besazo nmpeuniokusa MCNoJb30BaTh JJIsi
IMPOBAHUS KOPOTKHM, JIEFKO 3alMlOMMHAEMbIH K44, KOTOPbI OH HasBall
napoaem. I1aposib NepUOJAHUECKH BbIMUCBIBAJICA Hal LIHGPYEMbIM TEKCTOM
1 ero OYKBbI YKa3bIBaJIM HA TOT aJsihaBUT, KOTOPbIH UCMOJb30BAJCS /15 WH-
pOBaHHUs COOTBETCTBYIOLLIEH OYKBbI TEKCTa.

Uepes 10 ner 28-neruuii JlxoBanun penna [lopra ony6aukoBan KHH-
ry «O rtaliHOH nepenucke», B KOTOPOH ycOBeplUeHCTBOBaJ MAeH Tpuremus
1 bBenaszo, a takke npemioxusn wudp npocmoti OuepamMmHol 3ameHol.
B Hem c momouiblo crieuuasbHON TaGJMLbl 3aMEHSJIUCh Ha LUM(POCUMBO-
Jibl Tapbl OYKB OTKPBITOTO TeKCTa. IDTOT lMdp cTaj NepBbIM M3 KJjacca
O104uHbIX WUGPO8, B KOTOPbIX TeKCT pa3buBaercsi Ha OJIOKM, KOTOpble
notom wudpytores. 1Iudpbl ¢ nMoGyKBeHHbIM LIK(PPOBAHHEM HA3bIBAOTCS
NOMOUHbIMU.

3HaMEHHUTBIE MaTeMaTHK, H3o0peTaTesib, Bpau, acTPOJIOT, 330TEPHK
u kpunrorpad xuposamo Kappano, umsi KOToporo euie BCTPeTHUTCS Ja-
Jiee, MPeJI0XKUJ UCI0/b30BaTh B KauecTBe KJoua CaM OTKPBITBIH TEKCT.

Aty uzeto passua dpaniydckuil kpunrorpag 6apon basies ne Bukenep,
KOTOPbIH MpPENIoKU Takxke B Tabjulle TputemMus nepeMelinBaTh ajgaBuT
B MEPBOH CTPOKE, U C TeX Mop ee Ha3biBalOT Tabuiniiel Brxkenepa. B kauectse
CaMOKAIOHA OH TPELJIOXKUJ UCIOJb30BATh CAM OTKPbITbI TEKCT, HO C JI0-
OaBJIeHHON B €ro HauaJo CeKpPeTHOW KJoueBOi OYKBOH, MU3BECTHOH MoJyda-
TeJIo.

HeckosbKo 0TBJIEKasich, 3aMETHM, UTO B CpeJHUE BeKa Kpunrorpadus
CBsI3bIBaJlach He CTOJIbKO C MaTeMaTHKOH, CKOJIbKO ¢ Maruel. B cBoeil KHUTe
J1. Kan 1o cyliecTBy Ha3biBaeT 3T0 00bIBATENbCKUM MPEIPACCYAKOM H 00bsiC-
HSAET ero MPOUCXOXKJIEHHE TEM, UTO aJXUMHKH M aCTPOJIOTH YacTo 3aliudpo-
BbIBAJIH CBOM TEKCThI, a TaKKe YAMBJIEHUEM OT CAMOH BO3MOXKHOCTH BCKPbLITHS
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abcdegfijkhklmnopqgrstuovwxysz
bcdeglijklmnopgrstuovwsxyza
cdeglfijklmnopqgrstuvwxyzab
deglijklmnopqgrstuvwxyzabec
egfijklmnopqgrstuvwxyzabcd
glfijklmnopgrstuvwxyzabcde
fijkhRlimnopgrstuvwxyzabcecdeg
ijhkimnopgrstuvwxyzabcecdeg]f
jklmnopgqgrstuvwxyzabcedeg /i
kRlmnopgqgrstuvwxyzabcecdegfiij
Imnopgrstuvwxyzabcecdeg fiijhk
mnopqrstuvwxyzabcecdegfiijkl
nopqgrstuvwxyzabcecdegfijklm
opqgrstuvwxyzabcecdeg lijklmn
pgrstuvwxyzabcecdegfijklmno
grstuvwxyzabcecdegfijklmnop
rstuvwxyzabedegfijklmnopyg
stuvwxyzabcecdegfijklmnopaqgr
tuvwxyzabcecdegfijklmnopaqgrs
uvwxyzabcecdegfijklmnopgqgrst
vwxyzabcecdeg fijklmnopgqgrstu
wxyzabcecdegfijklmnopgqgrstuv
xyzabcecdeglijklmnopgqgrstuovw
yzabcdeglfijklmnopqgrstuvwsx
zabcdeglijkhklmnopgrstuovwuxy

Puc. 20. Ksanpar Buxkenepa

wndpa. Ho 310T npenpaccynok 102Ku/1 MOUTH 10 HALIEro BPeMeHH, U B Ha-
nucanHoi B 1928 r. kuure amepukania Mauiu XoJia « DHUUKIIONEIMUECKOE
U3JI0’KeHUe MACOHCKOM, repMeTHYecKor, Kab0a/JMCTHUECKON U pPO3eHKpekilie-
poBcKo# (husocoduu», nepeBenieHHol y Hac B 1992 1., ecTh pasies o Kpuri-
Torpaduu, HaMMCaHHbIA OTHIONbL HE C HAyUHbIX MO3ULMH. 3aMETHUM ellle, UTO
TaK Ha3blBaeMasi eCTeCTBeHHas Marusi, aaentamu KoTopoil 6buin M. ®uunHo,
[Tuko ne Mupannonna, Arpunna, [lapauenbc, xxopaano BpyHo u apyrue,
OblJla LIMPOKO pacnpocTpaHeHa B cpenHeBekoBbe. M Tpuremuit, u Kapnano
NUcaJii O Hell B TeX »Ke KHHUIaxX, B KOTOPbIX OHHM OMUCBIBAJH CBOM LIU(PbI *.

Kapnano Tak:ke npeayioxKus HCMOJb30BaTh JUIsl IH(POBAHUST HOBOPOMI -
Hyto pewemky. OHa TipencraB/siia coOOH TBepibl TpadapeTHbIl JIMCT,
B KOTOPOM OblJIM MPOJeaHbl MPSAMOYroJibHble popesu. JIMCT HakaaibiBajcs

* Cm. 06 s1om kuiry ®p. Meiite «Jopaano BpyHo u repMeTHyecKas Tpajiuis».
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Ha Oymary TOro ke pasmepa, a B npopessix nucajocb coobuieHue. [Tocse
CHATHUSA PELIeTKH Ha Oymare JONHCHIBAJICS TEKCT, MAaCKUPYIOLLMH CEeKpeTHOe
cooOleHHe.

[TonoGHBIM MeTOIOM [0JIb30BaJIMCh, HANpUMep, KapauHasa Puiiesbe
u A. C.Ipu6oenoB Bo BpeMsi cBOell IUMJIOMaTHYECKOH padoThl.

DakTHUEeCKH 3TO ObI METOJL HE CTO/LKO 1IM(DPOBAHHUS, CKOJILKO Creearo-
epaguu. Ilon creraHorpadueil noHUMAaOTCS ceHUac METOMIbl CKPLITHS CaMOT0
(hakTa rnepesaul CeKpeTHOro cooOLIEHHS], UeM OHA OTJHUYAETCS OT KPUIITOrpa-
(un, B KOTOPOH caMm (hakT neperaud KpUNTOrpaMMbl HUKAK He MaCKHpyeT-
csl. Kak creranorpaduueckuii MeTo MpUMeHsT CBOH ABOWUHBIN Kox PpeH-
cuc bakoH. Bmecto nBouuHbIX LM(P OH MCMOJB30BaJ OObIUHBIH a/jgaBuT,
HO co wpHudTaMHi IBYX THTOB. TaKHM METOJOM MOXKHO ObLI0 B JIIOOOM TEKCTe
CrpsATaTh WK(POBKY, €Ci KOHEUHO, WIPU(THI ObIK JOCTATOUHO MaJIO Pas/iu-
UMMBI.

WurepecHo, uto B XIX B., rjiaBHbIM 006pa3oM B Kpyrax, HHTepecyroLHX-
csl HacJIe/lieM BO3HHKILIEr0 B CPeHEBEKOBbE TAHHOTO MHUCTHUECKOTO OpjeHa
PO3€HKpeilllepoB, nosiBuiach uiesi, uto Ppercuc BakoH, KoToporo cuuraju
pO3€eHKpeillepoM, sIBJsieTCs HacTosilMM aBTopoM mnbec Lllekcnupa. Haua-
JIM UCKaTb MOATBEPXKIEHHE 3TOro B LIM(pax, KOTOpble MOI OCTaBUTb bBakoH
B CBOMX KHHrax, a Takxke B [€PBOM 3HaMeHHWTOM u3jaHuu nbec lexkcnupa.
Bbto, ecTecTBeHHO, HallleHO MHOTO TaKHX, sIKOObI 3alH(POBaHHBIX, (par-
MeHTOB. Cepbe3Hble UCCJIe0BaATE/H, NPaB/a, 3aMeuali, YTo B JIOOOM JJIUH-
HOM TEKCTe MOXKHO MPH KeJIAHUH W HEKOTOPBIX HATSXKKAaX HAHTH KOPOTKHE
(hparMenTbl, HanoMuHalouwme wWhgpsl. Ho y ctoponHnkoB aBTopcetBa bako-
Ha CTpeMJIeHHEe J1I0Ka3aTb 3TO KPUNTOrpauueckKuM MeTOIOM NPHHSI0 dhopMy
MaHnu. AMepukanckuil munanonep dabuan naxke cospman B Hadase XX B.
Ha CBOH JleHbI'H J1a00PaTOPHIO KPHIITOAHAJHM3a, KOTOpasi 3aHUMaJlach TOJIbKO
MOMOOHBIMH UCCJIEIOBAHUSIMH.

dabuan HaHsisl HA pabOTy AUIJIOMUPOBAHHOTO TeHeTHKa YusbsimMa Dpuj-
MaHa, cblHa 3MurpaHtoB u3 Poccuu. Uepes HekoTopoe BpeMst Ppuaman yxe
Bo3riapJsil y Pabuana W 1abopaToOpUi0 IeHETHKH, UMEBLUYIO MPHUKJALHYIO
CeJIbCKOXO3IHCTBEHHYIO HalpaBJ/IeHHOCTb, W JIabOPaTOPHIO KPHUIITOAHAJIN3A.
JlokasaTb aBTOpcTBO B3KOHA OH He cMmor, 6oJiee TOTO, OH BIOCJEACTBUH Oy -
JIMKOBAJI KHUTY, TJle OMpoBepraj BO3MOXKHOCTb TAKOTO KPUITOrpacHuyecKoro
JloKazaresbeTBa. Ho oH He Ha WyTKY yBJIeKest Kpunrorpaduer 1 cBoel noauu-
HeHHOH Dsmzaber Cmut, ¢ Kotopol o6Benuascs B 1917 . Ouu cranu camoit
3HAMEHHTOH CyNpy»KecKoH mapol B ucTopuM kpunrorpacuu. [locse Beryn-
Jienuss AMepUKM B BOHHY y HEro ¢ Cynpyroil mnosiBujach cepbedHas paboTa
M0 TPaBUTEJbCTBEHHBIM 3aKka3aM. [locJie BoiHbI OH yiien oT Paduana u crai
IJIaBHbIM KpunTorpagom BoicK cBs3u. Ppuaman ony6JaMKoBas BblaaiolliMe-
csl paboThl [0 KpUNTOaHa/u3y, dacTblo y Pabuana, yacTblo Mo3jHee, rie
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U3JI02KUJ CBOM MeToibl. CaM TepMHH «KpHUNTOaHaNU3» Obll BBeleH Ppuj-
MaHoM. [TocsielHUM ero KpynmHbIM IOCTHKEHHEM OblLJI0 BCKPbITHE SIOHCKOTO
«IypnypHoro wudpa» nepei Hadasom Bropoit MUpOBO# BOHHBL. Ycrniexu ame-
PHUKAHCKOTO KpHIITOAHAJ/M3a ChilpaJjid €1Ba JIM He peLlatolylo poJb B nobe-
Jie Hax SInoHued.

[lepexonst K UCTOPUM KPUMTOAHAJIM3A, CTOUT YNOMSHYTb CPElH BblIAlO-
LIMXCA KPUITOAHAJNMTHKOB cekpeTapsi no luudpam Beneuuanckoii pecny6-
Jukd JrkoBaHHu Copo — nepBoro KpUNnToaHaJUTHKA, MOJYUHBLLETO LLIMPOKYIO
usBectHocTh B X VI B., Bbinawolierocst marematuka ®@pancya Buera, ObiBiie-
ro ujeHom TtaiHoro cosera lenpuxa [V, ®ununna Ban Mapuukca, aBTopa
MeJiomuu rumMHa Hunepsanao u npaBoit pyku Busbrenbma OpaHcKoro, Ko-
TOPBIH BO BpeMsl BOCCTAHUS TOJUIAHILEB U (piaMaHALEB MPOTHB UCIIAHCKOTO
BJ1aJIblUECTBA C YCIEXOM BCKPbIBaJ HCMAHCKHE WH(PHI, U EePBOro 3HaMeHH-
TOrO aHIVIMHCKOro KpunroaHaiuTHka Tomaca Pesunmeca, KOTOPbIH IpounTasl
udpoBaHHoe micbMo Mapuu CTioapT, HaXOJUBIIEHCS B TIEHY Y KOPOJIEBbI
E/msaBeTbl (M cliesall BCTaBKy). DTa UCTOPHSl 3aKOHUMJIACh TParHuecKkH st
Mapuu 1 noxasasna elle pas, uto cjaabblil WHGP ellle XyxkKe, UeM OTCYTCTBHE
udpa Boooblle.

Ho XVII B. kpunroanasua 6bu1 GopMasbHO JIe10M JI0OUTENEH, XOTS HHO-
IJla ¥ BBIMOJIHSBLIMX BaxKHble rocynapctBeHHble nopyduenusi. B XVII B. B EB-
porie TMOSIBUJINCH TIEepBblE TOCyIapCcTBEHHbIE AelH(poBajbHble MOjApasese-
HHUsl, Ha3blBaeMble HEOPULMAILHO «UepHbIMH KaOuHeTamu». [lepBblil Takoil
kabuHeT opranusoBas Bo ®panuuu Puiienve. HavanbHukom kabuHera cras
nepBblil MpodeccnonanbHbiil kpunrorpadg Ppanuun Autyan Poccrnbosb, Ko-
TOpPbIH BHeC GOJILIIOH BKJAaJ B J1eJI0 COBEPLIEHCTBOBAHHMSI HOMEHKJATOPOB.

[TosnHee Bo3HUK TaKol KabuHeT u B Anrnvuu. B Hem paoras kpynHeHIwmi
AHTJIMACKKI MaTemMaTHK Toro Bpemenu JLxon Bamamnc *.

Caienytolliii BeK He J1a/l HOBBIX Wjlell B KpUNTOrpaduu, Ho Obll BpeMeHeM
pacuBeTa uepHbix kKabuHeToB. Bo Bpemst uapctBoBanus [lerpa I onu nosisu-
smcb U B Poccnu. Cam [erp nposiaisiz nHTepec K Kpuntorpaduu u obcyzkaal
9TH npobiiembl ¢ JleliGHULeM, KoToporo npuriawan B Poccuto ais opranu-
3auuu Akanemun Hayk. Jleii6Huu B Poccuio He moexas, Ho Akxanemusi Bce
paBHoO Obl1a co3naHa. Yake nocie cmeptu [letpa B Heli cTanu paborath dijep
u Hanuun Bepuynmu. I1pu EnuzaBete ¢ ycnexom pabotas uepHblil KaGUHET,
B KOTOPOM MrpaJsl BaxKHYI0 poOJib NpUsATesb DHJepa, H3BECTHbIH MaTeMaTHK
akajneMuk Xpuctuat [onba6ax, nojyuuBiIMi 3a oka3aHHble Poccuiickoit um-
Mepuy ycJslyrd 3BaHMe TalHOro COBeTHHKA. buaronapst ero nesiTeJIbHOCTH K-
Tajach BCSl AUMJIOMATHUECKAs Mepernucka.

* JIxk. Basmme (John Wallis, 1616—1703) — anrsmfickuii MatemMaTHK M Kpunrorpad, oauH U3
ocHoBateseil JIOHIO0HCKOT0 KOpOJIeBCKOr0 061IeCTBa.
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dnoxa uepHbIX KaOMHETOB B OCHOBHOM 3aKOHUWJIACh B MEPHOJ PEBO-
mounonHoro nogbeMa B XIX B. Ho torma ke, B XIX B., BO3HHUKJIH HOBbIE
uien B kpuntorpacuu. IlosiBuinch nepsble nuckosble wHdpatopbl. OnuH
13 HUX Obll H306peteH Gymyiium npesuaeHtom CHIA Tomacom Jxkeddep-
COHOM, HO He OblI NMpUMeHeH Ha npakThke. Ero onucanue Gblio HaKeHO
B ero 6ymarax B 1922 r. Kak pa3 B stom romy B apmuto CIIIA cranu no-
cTynaTh WH(POBa/bHble MallWHbl, YCTPOEHHble MNPUOJHU3UTENLHO TaK 2Ke.
Jlpyrve BapuaHTbl JUCKOBBIX HiHGpaTopoB Gbliu co3ianbl 1. YoicBopTom
B 1817 1. u usBecTHbIM (PU3UKOM M H306peraresieM YUapsib3oM YUTCTOHOM,
MoKasaBIIMM cBOH 1MdpaTtop B 1876 . Ha BeemupHo#i BeicTaBke B [lapuxe.
YUTCTOH TakKe H3ob6pes WH(P, Ha3biBaeMmblil uHoraa wugpom [lieiidepa,
Mo UMEHH 3aMeCcTUTe/sl npejcenaress najatbl OOUIMH K €ro JApyra, BHELIHe
OU€Hb Ha HEro MoXO0XKero.

Hlugp [reiipepa—Yumcemona sisasiercst 6J0UHBIM GUrPAMMHbBIM HIH-
pOM TIPOCTOH 3aMeHbl. B KBajpaTHy0 WJH MPSIMOYrOJIbHYIO pasOUTYIO Ha
KJIEeTKHM TaOJMIy 3arucaHbl B MepeMellaHHOM BUJe OyKBbl ajdaBura. Teker
pa3buBaercs Ha JBYOYKBEHHble OJIOKH — GUTPAMMbl, TIPOMEKYTKH MEXKY
CJOBAMM 3aMeHSIIOTCSl caMoil pejikoi OGykBo# aJjdasura. [lpousBosibHasi
6urpamma (a, b) 3ameHnsiercst Ha 6Gurpammy (¢, d) KOTOpylo OMpeesitoT cJie-
aytoum o6pazom. Haxonsar 6ykeel a, b B tabauue [lneiidepa. Ecau onu
He CTOSIT HA OJIHOM JIMHUH (CTPOKE WK CTOJIOLE), TO GepeTcst MPSIMOYroJMbHUK
C BeplLUMHAMH B UEeTbIpeX KJeTKax TabJMlbl, B JBYX MPOTHBOMOJOKHBIX Bep-
LIMHAX KOTOPOTo CTOSIT 6YKBbI Gurpammbl (a, b). Torna 6ykBbl, o6pasyioliye
BTOPYIO JIMaroHasib, COCTaBJAIOT Gurpammy (c, d), npuuem JJisi onpejesneH-
HocTH OykBa ¢ Oepercsl ¢ TOH »Ke BepTHKAJbHOH JIMHMM, UTO U OyKBa 4.
Ecaun ke OykBbl @, b CTOSIT HA OJHOW JIMHWH, TO, Harpumep, OYKBbI ¢, d
GepyTcsi ¢ TOU e JIMHUH, HO C LMKJIHUECKUM CABHIOM Ha COCEJHION KJIETKY
MO 3TOH JIMHUK B (PUKCUPOBAHHOM HaMpaBJieHUH (BHU3 WJIHM BIPABO).

B kpunroaHa/suse KpyrnHoro ycriexa 106HIUCh HE3aBUCUMO APYT OT JIpyra
9KCLIEHTPUUHbIH aHTIMHCKUH MaTeMaTHK U u3o6peratens Hapan3 Ba6oumk *
1 OTCTaBHOM Mailop npycckoi nexotsl Ppuapux Kasuccku. Mm ynanocs HailTi
MeTOJ BCKpHITHS Hdpa Brxkenepa. Onnako be66umk He ony6aMkoBas cBo-
UX Pe3yJbTaToOB, BO3MOXHO, MOJL JIaBJE€HHEM aHIJIMFCKOrO YepHOro KabuHeTa
(B 370 Bpems w1a KpbiMcKasi BofiHA), H O HHX CTaJl0 U3BECTHO JIMILIb HElaB-
Ho (ony6aukoBaHo B KHure CaiimoHa Cunrxa (Singh Simon, Code Book,
Doubleday, 1999)). Kasuccku ony6skoBas cBoto KHury B 1863 r., HO oHa
He Bbi3BaJsia TOTJia GOJILIIOTO HHTEPECA W OH TepecTas 3aHHMAaThCsl KPUMTO-
rpacdueil. anbHeliliee ycoBeplleHCTBOBaHHe Metojia Kasuccku—ba66umka
onyGJHKOBaJ B CBOMX JieKUMAX 1o kpunroaHaausy B 1920 r. Y. ®puaman.

* Y. Bs6umk (Charles Babbage, 1792—1871).
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B XIX B. kpuntorpacusi BrepBble cTaja YIIOMHHATbCH M B Xy[dOXKe-
CTBEHHOU JiuTepaType. Bbiiatoliuiicss aMmepuKaHCKUil icaresib U No3T Jarap
[To, MacTep MHCTHUECKOH M TaHHCTBEHHOH HOBEJUIBbI, CO3/aTeJ/b »KaHpa Je-
TEKTHBA W JIUTEPATypbl YKAcOB, Halucas 3HAMEHMTbIH pacckasd «30J10TOH
KyK», B KOTOPOM OIHCaJ TPOLECC BCKPBITHS WIH(pPa MPOCTOH 3aMeHBbI.
BriocsieicTBHH BCKPbITHE LIMPPOB OMUCHIBAJIOCH TaKxkKe B pacckadax o Lllep-
snoke Xosamce A. Konau Jlo#nsi. darap [To 6wl Kpunrorpadom-JoouTesnem,
HEOJHOKPATHO MUcaJ 0 KpUnTorpacuu B »KypHaJax, ¢ yCHeXoM pasrajblBall
LIM(POBKH, MpHUCbllaeMble eMy uuTaTesiMd. OH Hamucasj TakkKe XOpOLYHo
nomnyJasipHylo craThto  «Kpunrorpacusi», nepeBoj KoTopo# ony6G/JHKoBaH
B ero JByXTOMHHKe, usznaHHoM B 1995 r. B Cankr-IlerepGypre. B uacr-
HOCTH, B HeH M3JI0)KE€Hbl HEKOTOpble CBelleHHsl, TPUBE/ICHHbIE HAMH B 3TOM
pasuede.

B XX B. kpuntorpadus passuBasach oueHb GypHo. B nBaauatbie roipl
6o B Tosnananun Koxom, B Tepmanun UlpeGuycom, B CHIA XeGepHowm,
a B llIBeunn Hammom u XarequHbIM 3anaTeHTOBaHbl HECKOJbKO BapHuaH-
TOB KOAecHbLx wugdpamopos. Ho toabko bopucy XaresuHy, poauBlieMycst
B Poccun coiny llesapsi Xaresnuna, ynpapJsiolero HedTsiHOH KoMNaHUeil
Ho6ens1, ynanoch 6saronapsi 3akazaM aMepHKaHCKOH apMHU 10OUTbCS KOM-
Mepueckoro ycrexa. OH cTaJl e IMHCTBEHHbIM Ue/I0BEeKOM, 3apaboTaBLUMM MHUJI-
JIMOHBI HA KPUMTOTpaduH.

Korna komnanusi, ocHoBanHas lllpeGuycom, npekpartu/ia cyllecTBOBaHHE,
NPOU3BOJASALLENCS elo LIM(PPOBAJILHON MALIMHON « DHUIMa» 3aMHTEPECOBAJIUCD
B IepMaHCKOH apMHM W OHA CTaJjla LIMPOKO MCMOJb30BaThCsl, a e€e MPOU3-
BOJCTBO OblJ10 BO300HOBJIeHO. PaGoTaBlleMy Ha 3aBojie 110 €€ MPOHU3BOJICTBY
NOJISKY YAaJ0Ch BOCCTAHOBUThL €€ KOHCTPYKLIHMIO, H 3Ta HH(opMalus jaoliia
JI0 oJibekux kpunrorpacgos. [Tocsie Hauasia BoitHbl Mapuan PexeBckuil, oka-
3aBlIMiica B AHIVIMM, yKasajl aHTJIMHCKUM KpUMTOorpadaM Ha BO3MOXKHOCTb
BCKPBITUSI HIHGPOB «DHUIMbI». B nasbHediineil pabore yyacTBOBaJ MHOIO-
TBICSUHBIA KOJIIEKTHB, B KOTOPOM BbIIAIOLLYIOCS POJIb ChIrpaJl 3HAMEHHTbIH
matematuK AsiaH Teiopunr. Ecsiu 6bl HeMellkde MIM(POBAJBbIIMKH T10Jb30-
BaJIUCb «DHUIMOH» aKKypaTHO, ¢ COOJIIOJIEHHEM BCeX HHCTPYKLMH, TO UM-
TaTh UX WKMPOBKU OblI0 Obl HEBO3MOXKHO. HO pasruibasiicTBO CBOHCTBEHHO
1 HEMLAM...

MHudopmauust o ToM, UTO aHMIMUaHAM YAAJ0Ch HAYUMTbCS UMTATh LIH(-
POBKH « DHUIMbI», OblJIa paccekpeueHa ToJibKo B 1970-e roabl. OaHa us npu-
uiH Oblla B TOM, UTO MoOcCJe BOHHbI B LEBpore oHa ellle HCMOJb30Bajach
B HEKOTOPbIX CTPaHaX, MpUUEM aHTJIHUaHe ee JlaXKe NMPOJaBaJIH.

YcneniHo passuBanack kpunrorpagus u B CLLIA. Bo Bpems [lepoii mu-
POBO BOUHBI UepHbIH KaOUHET MO, PYKOBOACTBOM BbIIAIOLIErOCS KPUIITOAHA-
JUTHKA Slpain paclindpoBas THICSYH IUIIOMATHUECKUX TeJIerpaMM pasHbIX
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ctpaH. Ho sHamenutyio Tenerpammy LluMmepmana, KoTopas MoCJay:Kuja s
CIIA oxHuM 13 popMasibHBIX TOBOIOB 06'bsIBIEHHS BOHHbBI [€pMaHiH, MPOUJIH
aHryIMuaHe (M0 HEKOTOPbIM BEPCHSIM, OHH CyMeJIM KaK-TO 3aMoJyuuTb HeMeLl-
kue udpsl). OHAKO MOCJe BOHHBI, BOTIPEKH OXKUJIAHUSIM S1pajiu, puHaHCH-
pOBaHHe 3TOH AEATEJbHOCTH ObIO MPEKPalleHo W TOTJALIHUN TOCCeKpeTaph
CIIIA, BnepBble y3HABILMH O CYLIECTBOBAHWM UEPHOTO KaOGWHETa, MPOMU3HEC
JereHiapuyto Gpasy: «J>KeHT/JbMeHbl He UMTalOT NUCeM JIPYr Apyras. Spaiu
okazaJjicst 6e3 paboTbl M HamucasJ KHUTY O JeSITeJbHOCTH YepHOro KabuHe-
Ta, a BIOCJEACTBUM POMaH, Mo KOTOpoMy Obl1 CHAT ¢usibM. KHura umena
CKaHJa/IbHbIH ycreXx W Obla rnepeBe/ieHa Ha HECKOJILKO S3bIKOB, B TOM UMC-
Jie U SMOHCKUH. SIMOHLbI BLIBOJOB M3 Hee, OJIHAKO, HE CleajH U MOJHOCTbIO
NpourpaJji aMepukaHuaM cHauasa KpUunrorpaguueckyio, a NoToM 1 0ObIUHYIO
BoiiHy Ha Tuxom okeane. Bo Bpemsi Bropoit MupoBoii BoiiHbl Kpunrorpadueii
3aHUMaJICsl Bbllatolnics aMmepukaHckuil kuobepHetuk Kion Illennon. Mmen-
HO B 3TO BpeMsi OH 3a/I0¥KHJI OCHOBbI TEOPUH MH(OPMALMK U TEOPHH CBSI3H
B CEKPETHBIX CHCTEMAaX.

B XX B. ellle akTHBHEE TEOPETHUECKOTO PA3BUBAJICS «TIPUKJAJAHON KPHUII-
TOAHAJIM3», NIPOLLE TOBOPS, MOKYNKA WM BOPOBCTBO WH(POB U LIKPPOMALLIKH.
O6 ycnexax B 3ToH 06J1aCTH COBETCKHX CIIELC/Y?KO MHOTO HAlMCaHO B KHHUIe
Kana u HenmaBHO Bbilealedl y Hac Kuure b. AuuHa. Bripouem, u amepukaH-
bl He otcTaBau. O6 ycrexax COBETCKOH TeopeTHuecKo# kpunrtorpadpun Kan
OT3bIBAETCS TaKxKe BBICOKO *, HO MO MOHATHBIM MPUUAHAM HMEH COBETCKHX
KpUNTOrpadoB, 3a UCKJIIOUEHHEeM HEKOTOphIX, paGoraBiinx B 20—30-e rojw,
OH He Ha3biBaeT. BeposiTHO, oHUM ocTaHyTcst B obJiacTu Jjieren **.

B 1970-e roapl mpousola Kpuntorpaduueckasi peBoJIOLHMS, BbIBEJ-
uias Kpunrorpaduio u3 o6JacTi CeKpeTHOCTH. BriepBble Gbli1 ony6/nKoBaH
mMdp B KauecTBe CTaHaapra (paHblle 3TO CJOBOCOUETAHHE OblLIO MPOCTO
HeJIenocThio!) — 3T0 amepukaHcKas kpuntocucrema DES (nepBoe HasBaHue
«Jliouudep»). Ona pekomenjaoBaHa Jyisi WHMPOBAHUS JAHHBIX B KOMITbIO-
Tepax W JAPYroil 3JeKTPOHHOH TexHUKe. B cekpere Hano XpaHWUTb JHLIb

* B onHol cBoOell KHHre OH jlasl Takoe orpejle/leHHe BeJHKOM JiepxKaBbl: BesHKas cTpaHa —
5TO CTPaHa, UMelollas AlepHOe OpyXKHe, MeXKKOHTHHEeHTa/bHble PAKeThl U KPUMITOrpadHIo.

** Bripouem, MMeHa PYKOBOJHMTeJell OTIeJOB, B MOAYUHEHHH KOTOPbIX HAXOJIMJHCh KPHITO-
rpacduueckue cJyxKO0bl, 10BOJBHO LIMPOKO H3BeCTHbI, Hanpumep, [ne6 Bokuil. [1. Kan Hanucan
0 HeM JI0CTaToOuHO MOoAPOOHO, HO AaseKko He Bce. HenasHo Bokuit cras, Hanpumep, repoemM KHHIH
O. Uluuikuna «butsa 3a [umasian» ¢ noxzaronoBkom « HKBJ1: marust u mimnonax», ynoMuHaer-
cs B kuure A. Bunorpanosa «Taiinble 6utbl XX cTosietnsi» u jip. Tam pacckasbiBaeTcst 0 TailHbIX
OpraHH3aLUsAX MHCTHKO-MACOHCKOrO THIA, B KOTOPble OH Obl/1 BXOXK, O CTPAHHbIX SKCIIEAHLIHSIX
B Tuber (Tubetom nouemy-To HHTEpecoBaNMCh U B THTJEPOBCKOH [epmMaHum), 0 MOAUMHABIIHNXCS
eMy J1a6opaTopHsixX, 3aHUMAaBLINXCS TesleNaTHel, THITHO30M H GHOSHEPreTHKOH, 1 MHOTOM JPYrOM.
Ho, Bo3moxHO, 310 BCe ToxKe Jierenjbl. JIocTOBEPHO M3BECTHO TOJIBKO, UTO OH GBI paccTpesisii
B 1937 .

9 TaukoB
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56-6utHblil Kitou *. Hauasu ny6JMKOBaTbCA B OTKPLITOH MeyaTd W Jpyrue
1IMGpbl, a TaKXKe BO3MOXKHble atakud Ha HUX. HenaBHo npotes oTkpbiThiil (1)
KOHKYypC Ha 3aMeHy 3TOro CTaHIapTa, U Y:Ke yTBep:KJeH HOBbIH CTaHaapT **.

Torna ke, B 70-e rosibl, 6bIH MpUyMaHbl NepBble HIH(GPOBaJIbHbIE CHCTE-
Mbl C OTKPBITBIM KJIIOUOM, M HauaJl0 Pa3BUBATLCS HEMbICJIUMOE paHee HayuHoe
HanpasJenve. Hauanu u3naBathest crnienyalsibHble XKYpHaJibl U MPOBOIUTHCS
KOH(epeHIHH.

Onuiiem 0iHy U3 CaMbIX MPOCTBIX U CAMBIX MOTMYJISIPHBIX CUCTEM OTKPbITO-
ro mugposanus — cucremy RSA (Pusecra—Illamupa—Aniemana). Bes ma-
TeMaTHKa TOH CHCTEMBI OCHOBaHa Ha TeopeMe DHJjepa, C TOMOLIBIO KOTOPOH
JI0Ka3bIBaeTcsl CJeytolllee yTBepKIeHHE.

Ynpaxuenue 55. Ilyctb n= pg, rie p, g — pasjuuHble MPOCThbIE,
S, te Z:‘O(ﬂ), St = 1. [lokaxure, 4yTo 0TOOparkeHust X — x5 U x — x! aBasor-
csl H30MOp(HU3MaMH TPYMIEl Z, B3aUMHO 0OPATHBIMU APYT APYTY.

OtoGpaxenue x — x° rpynmbsl Z; B ce6sl MOKHO HUCMOJb30BATh sl TaK
Ha3bIBAeMOro OTKpbITOro Lindposanus. LndpoBka nponsBoauTes oueHb Obl-
CTPO C ITIOMOLLBIO KOMIIbIOTEPA, YHCJ/IA S U N MOXKHO COOOLUMTb BCEM Ke-
gatownM. elndpoBka Takxke NpoBoaUTCs OLICTPO, €CJIM M3BECTEH KJou f.
[IpoBoasiniemy ataky Ha 3Ty CUCTeMYy JJIsi HAXOXKAEHHS { U3 cpaBHeHus st = |
(mod ¢(n)) Hamo sHath p(n)=(p —1)(¢g—1)=n+1—p—gq, T.e. pugq.
Bbl BbiOMpaeTe p U ¢ oueHb OOJbLIMMH, COOOLIAETE BCEM 1= pg U MPOU3-
BoJIbHOE S, (S, ¢(n)) =1, U MoxKeTe ObITb YBEPEHHBLIMH, UTO MOKa He GyjeT
M300peTeH aJropuT™M ObICTPOro pas/ioxKeHHsl Ha MPOCTble, Ballla CeKpeTHas
cucTeMa OyeT HaleXKHOM.

Hexoropble 3ameuanusi 06 UCMOAb30BAHUH STOH CHCTEMBI M TIPUMEPBI JIpY-
TUX TOJOOHBIX CHCTEM MPHUBEEHBI B CJEAYIOUIMX Jajiee YIParKHEHUSIX.

3anauu v ynpakHeHus kK § 2.9

1*. (Kpunrorpacduueckas jsiemma.) B ycJIOBUSIX MpeablIyLEero yrnpakHe-
HHsI JIOKAXKHTE, UTO OTOOparKeHHs X — X° W X — X! ABJSIOTCS B3aMMHO 0JIHO-
3HAYHBIMH H B3aUMHO OOpPATHBIMH He TOJILKO Ha MOATPYMIe Z), HO U Ha BCEM
KOJIbLIE BBIUETOB Zy,.

Yka3zanue. Ilpumenure kutaiickyto TeopeMy 06 ocTaTKax.

* PagpaGoTumku 3Toro ajroputma u3 IBM npearanu BHauase 128-GuTHbII Kiio4, HO MO
nasnenneM AHD — ArentcrBa HalmoHasbHOM Ge30MacHOCTH — JJIMHA KJlloua Oblia yMeHbIIeHa.
HurepecHo, nouemy?

** Boamoxno, B AHDB yxe cmupusich ¢ TeM, 4To KpUITorpagusi BEIXOIUT M3-T0J KOHTPO-
JISL CIELC/Y?K6, HO SKCIIOPT KauecTBeHHbIX Kpunrorpaduueckux asroputmos uz CIIA B npyrue
CTpaHBI 3amperiieH.
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2%, Jlokaxure, uto oTobpaxkeHue x — f(x) =x° mod n Bcerna umeer 4
HEMOJBHKHbBIX TOUKH B MHOXKECTBE Z) U JIeBATb HEMOJABHMKHBIX TOUEK B MHO-
KecTBe Zj, (HernoJABHKHAs TOUKa 0TOOPaXKeHUs1 — 9TO TaKoe UUCJIO a, KOTOpoe
nepexouT B cebsl NPU 3TOM 0TOOPAXKEHHH).

Yxaszanue. [Ipumennte kuraiickyio Teopemy o6 ocTaTKax.

3*. Hokaxure, uto ecan s — | Gyner obumuM KpaTHbIM uucen p — |
1 g — 1, To oToGpaxkenue x — f(x) = x° mod n GyneT TOXKAECTBEHHBIM.

3amerum, uTo ISl IPELOTBPALlEHHS] OUEBU/IHBIX aTaK Ha 3Ty CHCTEMYy pe-
KOMEHJlyeTCsl:

a) He BbIOMpATb UHCJA p U ¢ CAULIKOM OJH3KHMH JAPYT K IPYry (peko-
MeHJyeTcs, yTOObl UX JBOMUHbIE 3aMTMCH OTJIMYAJHCh MO JVIMHE HA HECKOJIbKO
paspsiioB), HHaue obJieryaercsi BO3MOXKHOCTb (PAKTOPH3ALMH UHCIa 11;

6) cJeauTh 3a TeM, UTOObl UMCa0 p — | He ObIIO AenUTeNeM uucaa g — |
U HaoO0pOT, U BOOOIE UTOOBLl 3TH UKcJAa He UMead Obl GOJbIIOTO 06IIETO
JleJIUTeNIs1, TaK KaK TOT/la BO3HHKAET BO3MOXKHOCTb HAUTH KJtou { nepeGopom;

B) He JIONYCKAaTh TOr0, UTOObl B PA3JI0KEHUH ¢(71) HA MHOXKUTEJM BCTpe-
yaJIMChb TOJIbKO MaJible POCTble Yncda (Mo TOH »Ke IpHUMHE).

JLJ151 Hale2KHOCTH MOXKHO OblJ10 Obl HCIO/B30BATh TOJLKO TaK Ha3blBaeMble
6e3onacHole TIPOCTble YUC/A, T.€. TaKHe Yucaa p, A KOTOPBIX H UYHCJIO
(p — 1)/2 Toxe nmpocroe. K coxasenuio, mpodJaemMa reHepaldi TakKuX YHCe
TPY/IHA, U JI0 CUX TIOp HEH3BECTHO, KOHEUHO MJIH OECKOHEUHO MX KOJIHUECTBO.

3ameTuM elle, YTo He PEKOMEH/yeTCsl HCI0JIb30BATh CJMILIKOM MaJible UHC-
Ja § W ¢ (Tak Kak Toria onsiTb NOSIBJSIETCS BO3MOXKHOCTb HAX0XKJIEHHs KJtoua
nepe6OpOM, HO B cjlydae Majioro S jst 3TOro, 1pasjia, Hy?KHO CyMeTb [epe-
XBaTHTb OJIMHAKOBOE COOOIIEHHE, MOCJTAHHOE MHOTHM PA3HBIM OJIydYaTesisim),
a TakXKe Takue uucsa s, uto s — 1 6yaer o61MM KpaTHbiM uncesn p — lug — 1,
Hanpumep, s = p(n)/2 + 1, Tak Kak Torna auudpoBaHHbIA TEKCT BCEria Mpo-
CTO CoBMajaer ¢ HesallMdppoBaHHbIM. Kpome Toro, Bo Bcex ciydasix Hauo
CJIEIUTh, UTOOBI CJIydaiHO He MONacTb B «HEMOABHKHYIO TOUKY>.

4*, (O6uwmit cekpeTHbll KJjiou.) HaxoxkneHue wuHIeKca MPOU3BOJILHO-
ro 3JeMeHTa H3 Zj, OTHOCHTEJLHO 3aJldHHOIO MePBOOOPA3HOTO KOPHA a
(Ha3bIBaeMoe KOPOTKO duckpemmoim roeapudmuposaruem) TpebyeT Becb-
Ma TPOMO3IKHMX BbIUHCJIEHHH, U TIPU p, COCTOSAIIEM M3 HECKOJbKHX COTEH
uucp, He mox cuay u cynepdBM. Jluub B cayuae, korma p — | umeer
TOJIbKO MaJlble MPOCTble MHOXKHTEJH, U3BECTEH CPAaBHUTEbHO ObICTPO pado-
TAIOUIMH aJITOPUTM JIUCKPETHOTO JIOTAaPH(PMHUPOBAHHUS.

Ha npenrnoJioxeHud o TpyJHOPELIAEMOCTH 3a/laul IMCKPETHOTO Jlorapud-
MUpPOBaHMs OCHOBaHa cJjejytouiasi cucrema Jupdu—Xenamana * omxpot-
moeo pacnpedesenusn xaoyeti. lonyctum, uto A U B XOTAT, NOJb3YysCh

* Y. Mudpdn u M. Xesanman — coBpeMeHHble aMepPUKAHCKHE MaTeMaTHKH.

9%
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nyGJAUUHBIMU KaHaJlaMU CBsI34 (HarpuMep, 3JIeKTPOHHOI 110uToi), BbipaboTaTh
o61iLyto cekpeTHyto UHbopmalnio (06w kaow). [IpOTUBHUK 3HaeT O 3arte-
X A u B 1 MOXKeT nepexBaThiBaTh BeChb UX 0OMeH MH(OpMAaLHerl.

[IpensioxkuTe MPOTOKOJ BbIpaOOTKH OOLLLEro KJioua, PoJb KOTOPOro UrpaeT
HEKOTOpBIH 3J1eMeHT U3 Z%, ipuueM 1Jisl ero BblpaboTKH TpebyeTcst 0OMeHSATb-
Csl ABYMs1 SJleMeHTaMu U3 Zj,. Kax/blii U3 napTHepoB BBIYHCJISIET CBOM 3Jie-
MEHT, TM0JIb3ysiCh CBOMM KJIIOUOM (CEKPETHBIM 3JIEMEHTOM), a MOTOM, MOJYUHB
BbIUMCJIEHHBIH MAPTHEPOM 3JIEMEHT, C TIOMOLIBIO TOrO 2Ke KJoua BbIUMCJ/SET
OOLLIMI KJ10U (OH, pasymeeTcs, JOJ/KEH MOJYUHTbCS OAMHAKOBBIM Y OGOMX).
AJIropuT™ BbIUHCJ/IEHHST OOLIEr0 KJoua JI0JKeH ObIThb MPOCTbIM, a aJrOPUTM
B3JIOMa 3TOH CHCTeMbl (KOHEUHO, MPH OTCYTCTBMH MH(OPMALMKU O KJouyax
NapTHEPOB) — OUEHb TPYJIOEMKHM.

Ykasauue. Bospmure B nosie Z, Kakoid-HHOYyb MepBooOpa3HLIA KO-
peHb g U BocnoJsb3yiTech ToxaecTBOM (g")" = (g™)".

5%, (Asroputm lenbdhonna aucKpeTHoro JorapudmupoBanusi.) Juckper-
HbIi JIorapu(M B KOHEUHOM M0J1€ MOPSIJIKA ¢ MOXKHO BbIUMCJINTD, C/le1aB He 60-
nee C,/q logy g onepaumii nenenus u He 6onee C,/q log, g onepaumii cpas-
HEHHUS SJIEMEHTOB MOJIS.

6*. (PasneneHue cekpeTHOro KJjoua Ha yacTu.) JlomycTum, uto BaMm no-
PYUHJIM OPraHW30BaTh JOCTYN K CEKPETHOH MH(OPMALIMK HA KOMIbIOTEpE /15
TpeX COTPYAHUKOB HaHKa TaK, UTOObI OHHU, TOJIbKO COOPABLIMCH BTPOEM, CMOT-
Ju nosyuuth ee. Kaxkaomy Bbl coobliaeTe KJou — HeKoTopoe 6oJblioe (Ha-
npUMep, CTO3HAUHOE) UMCJI0, KOTOPOE OH XPAaHUT B CEKpeTe OT OCTaJbHbIX.
[TapoJsieM, KOTOPbIH OTKPBIBAET CEKPETHYIO HH(DOPMALIIO, SBJISIETCS HEH3BECT-
HOe HUKOMY H3 HUX YHCJI0, KOTOPOE, OIHAKO, MOXKHO ObICTPO OMpeie/UTh (pa-
3yMeeTcsl, ¢ OMOLLbIO KOMITbIOTEpA) MO TPeM YNOMSHYTbIM KJlouaM. B ciyuae
K€ OTCYTCTBHS OIHOIO U3 HUX JJIs1 ONPele/IeHUs] apoJisl IPUAETCS (laxke 3Hasi
aJrOPUTM ONpejlesieHnst naposs no Kmouam) nepeépatb 9-10% papnantos
BO3MOKHOI'O 3HaueHHsl HEM3BECTHOIO KJltoua (a TO 10Ka He JOCTYNHO Aaxe
cynepdBM). Kpome Toro, 115l HaJle2KHOCTH Bbl MOKETE MEPUOJIUUECKH MEHSTD
KJIOUM. DTO CMOTYT clesiaTh JaxKe caMd paboTHHKM OGaHKa (I10roBOPUBLINCD
TOJIBKO O pa3mepax KJjtouei, 4yToObl TapaHTUPOBATH UX OTJHUME APYT OT APYra,
W BBIGMpas B KauecTBe KJoueil, Hanpumep, uncaa Buaa 22° + 1), n coxpanuTh
napoJib B TaliHe jaxKe OT Bac.

[IpenyioxkuTe aJropuT™ ornpeieseHus napodisi no KJ/wouam, OCHOBAHHbIH
Ha MPUMEHEHHH KHTAaNCKOH TeopeMbl 00 OCTATKaX.

Yxaszaunue. Caenyouwmii asroputm npuHapiexur [amupy *. Bbi-
6epeM 3 OGOJIbLUIMX [ONAPHO B3aMMHO [POCTbIX YWCJA, HAlpUMep, Yucda

] T T2 o
Depma a; =22 +1,a,=2"" +1,a3=22"" + 1. IlycTb i-ii <KOMNAHLOH>

* A.lllamup — coBpeMeHHbIl H3PAHILCKHI MaTeMaTHK.
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B KauecTBe KJIOua BbIOMPAET MPOM3BOJILHOE UMCJIO R; B mpeaesnax ot |
jno a; — 1. Torna, co6paBilich BMeCTe, OHH MOTYT BbIpaboTaTh NapoJib k,
B3sIB B KauecTBe Hero Takoe YUCJO B mpenesnax ot 1 no a — 1, a =a;aqas,
KOTOpOe MpH JIeJIeHHH Ha a; JaeT B octaTke k;. Kak 6bulo mokazaHo B 3TOM
naparpade, 4McJI0 k MOXKHO BBIUHCJIHTL Mo (opmyne k=k' — [k'/a]a, e

k' =kini+kong+kns, nim;—a;qi=1, mi=aa,, [#RFiF#].

Jls BbIUMC/IEHUS 11; MOXKHO MpPUMEHUTb anroput™ EBkauga. HerpyaHo na-
nucaTb NporpaMmy Ajsi KomibloTepa, Kotopasi OyjeT BbIUMC/ATb NapoJb kR
nocJie TOro, KaK «KOMMaHbOHbI», TasiCh JAPYr OT JPyra, BBEIyT B HEro CBOU
kimoud. [Tosoxkum N =2". Ecoiu JBoe, B TaliHe OT TPeTbero, 3aXOTsT HAWTHU
KJIOU R, TO UM MpUJeTcs nepebpaTh Bce BO3MOXKHbIE BAPUAHTbI BbIGOpa Tpe-
Thero KJoua (MOTOMY UTO pa3HbiM croco6aM BblGopa KJtouell COOTBETCTBYIOT
pasHble 3HaueHus k), T.e. nepebpath He Menee 2V BapuaHTOB.

7*. Tlpensioxkute asroput™m pasjeneHusi ceKpera Co CBOHCTBAMHM, aHa-
JIOTHUHBIMH TMPEJbIAYLIEMY, HO OCHOBAHHBIH Ha JarpaHKeBOH HHTEPMOJISILHH.
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§ 3.1. KoJab1io MHOrOY/IeHOB

BosbmeM npou3BoJibHOE KOJIbLO K W HA30BEM MHOSOHACHOM HAJ STUM
KOJIbLIOM (DOPMaJIbHYI0 CyMMY

—1
f(x)=anx" +a,_1x" 7 +...+ax + ao,

e 3JIEMEHTBl g, Ay, ..., Ay_1, Ay, 1 =0, NpuHaIIeKaT KoJbly K, a x —

He BXOMSIINH B KOJIbIIO CHMBOJI HePeMeHHOL.

Onpenenenue 65. DjeMeHTbl KOJbLA Ay, - .., A, HA3bIBAIOTCS KOADhu-
yuexmamuy MHOrowieHa. Dynem paccMaTpuBaTth TOJBKO MHOTOUJIEHbBI, Y KO-
TOPbIX CTApLIMH KODMULMEHT a,, OMALUEH OM HYAS.

Cmenenbi0 MHO2OUACHA HA3BIBAETCS] B 3TOM CJyyae YUCJO 11, 0003Ha-
yaemoe Jasiee Kak deg f(x).

DJieMeHThl KoJblia K, He paBHble 0, OyleM paccMaTpuBaTh Kak MHO-
eounensl Hyregoli cmenenu. Hynb takxke cuntaem mMuorouwieHoM. CrerneHb
y HyJIEBOTO MHOTOUYJIEHA He onpedeseHa.

Onpenenenne 66. MuorouseHbl
f(X) = apx" + a1 x" '+ ... +aix +ap,
g(X) = bpx™ + apm X"+ 4 byx + b
Ha3bIBAIOTCS PABHLIMU, €CJH M =1 U PaBHbI BCe KOIDMULUMEHTHI MTPH COOT-
BETCTBYIOILMX CTENeHsIX repemMeHHoi, T.e. a; =b;, i =0, 1, ..., n.

Onpejesium apudmeTHuecKue orepaidu Ha MHOYKEeCTBE MHOTOUJIEHOB K[ x]
¢ Ko3(duueHTamu U3 Kosblia K.

Onpenenenune 67. HasoBeMm cymmoil MHOTOUIEHOB
J(X) = anx" + an_1x" "+ ...+ aix + ao,
8(x) = byx™ + a1 X" 4+ bix + by
MHOrou/ieH A(x), Ko3(hHULHeHT KOToporo npu x' pasen ¢; = a; + b; 115 Jio-
6oro i =0, 1, ..., max{n, m}.

Ec/in oMH WM HECKOJIbKO CTapLIMX KO3(D(UUHEHTOB y paccMaTpuBae-
MOH CYMMbI PaBHbI HYJI10 (a2 9TO BO3MOXKHO JIMLLUb NPH 7 = 11), TO OHH NPOCTO
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YAAJSIOTCS U3 Hee, Tak, uTOObl CTAPIIMH M3 OCTaBIIMXCA KO3((HUIMEHTOB
Obl1 OTJIMUEH OT HyJsl. MHOTOUJIEH, HMEIOLIMH TOJbKO OJMH HEHyJeBOH KO-
(bMLIMEHT, HA3bIBAETCS OOHOYACHOM. AHAJOTHUHO OIPENessioTCsl IBYYJIeHbl
U TPEXUJIeHbI.

Onpenenenne 68. [Ipoussedernuem MHOTOUTEHOB

f(x) =a,x" +an_1)€”71 +...+ax +ao,
glx)=bpux" +am,1xm’l + ...+ bix+ by

Ha3bIBaeTCs MHOrouseH /(x), KosdhuLueHT KoToporo npyu x! pasen

dl‘ = Z ajbk.

k=i

GaMeuaHue YKazaHHYI0O CyMMy MOXHO TIOHUMATb U KaK CyMMY

n
di = Z ajb[_j,
i=0

€CJIM YCJIOBUTHCS, UTO BCE BXOASALIME B Hee KOI((HULUMEHTbl C MHIEKCAMH,
He JieKalMMH B nipesiesiax oT O 110 71, paBHbl HY.JIIO.

Teopema 57. MHooxcecmso ecex mHOeouAeHO8 HAO Koabuyom K —
KOAbYO.

,H OKa3aTeJdabCTBO. HyﬂeBbIM 9JIEMEHTOM KOJIblLla MHOI'OUJIECHOB f1B-
JIFIeTCsl HyﬂeBOﬁ MHOTI'O4YJIEH, OTOXKJIECTBJISIEMbIH C HYyJieM KoJiblia K, a eau-
HUUHBIM — €JIMHULA KoJbla K.

Oépamubm INeMEHMOM JIJI1 IPOU3BOJIbHOI'O MHOIroYJieHa

) =aux" +a,_ 1 x" '+ ... +ax+ao
OTHOCHTEJIbHO onepauuu CJIOZKEHHSA ABJAETCHd MHOIOYJIEH
— (%) = (—ap)x" + (—an_ ) X" '+ ...+ (—a))x + (—ag),

NoJIyuaroluics U3 UCXOJHOTO «CMEHOH 3Haka» y Bcex Koadduuuentos. [To-
3TOMY Bbl4UMAHUE MHOTOUJIEHOB OCYLLECTBJISIETCS TaK »Ke, KaK M CJI0KeHHe,
HO C 3aMeHO# ornepaLmu cJoxKeHHsl Ko3(DULMEHTOB Ha onepaluio BbIYHTAHHUS.

BrinosiHeHHe akCHOM KOMMYTaTHBHOH TpyMIbl OTHOCHTEJNBLHO oMepaluu
CJIOJKEHUSI HEMOCPEACTBEHHO BBITEKAET U3 CIPABEVIMBOCTH 3THX aKCHOM ISl
KOJIblla KO3(D(UIIMEHTOB, KOTOPOE, KCTATH, MOXKHO CUMTATh COJepKallUMCs
B COOTBETCTBYIOILIEM KOJIbllE MHOTOUJIEHOB.

Jlerko BH/IETb, UTO KarK/blH MHOTOUJIEH paBeH CyMMe BCEX CBOMX OJHO-
4JICHOB.
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Axcroma 1MCTPUOYTHBHOCTH (IPYTHMHU CJIOBAMH, pacrpee/IuTe/bHbIH 3a-
KOH YMHOXKEHHsI OTHOCHTEJIbHO CJIOXKEHHS) /ISl KOJIbLiAa MHOTOUJIEHOB JIETKO
cJIellyeT U3 TOXKIECTB

Z aj(by+cp)= Z ajbe+ Z a;c,

j+hk=i jtk=i jthk=i
a aKCHOMa acCOLMATHBHOCTH YMHOXKEHMsl Ul KOJbLA MHOTOYJIEHOB JIETKO
CJlelyeT U3 aKCHOMbl IUCTPUOYTHBHOCTH, €CJIM C €€ [OMOLLbIO BbINOJHATD
YMHOKEHHE MHOTOUJIEHOB, pa3buBasi HX Ha CyMMbl OJIHOUJIEHOB M CKJla/blBasl
MOTOM MOJIYUUBIIHECS MPOU3BEJIEHHUS OJIHOUJIEHOB, JUIS KOTOPBIX BBIMOJIHEHHE
aCCOUMATHBHOTO 3aKOHA OTHOCHUTEJIbHO YMHOXKEHHSI OUEBHIHO. O

Teopema 58. Cmenenv cymmol, MHOCOUACHOB8 HAO KOAbUOM He npe-
gocxodum Haubosbuiell u3 cmenenell caaeaemolx.

HokaszaTeabcTBo. s IByX cjaraeMbiX 3TO OUEBHIHO W3 Orpe-
JleJleHUsl onepauud caoxkeHust. Jlis ciyuasi MHOTHX CJlaraeMblX 3TO JIETKO
JI0Ka3bIBaeTCs MO HHIYKLHH. O

HanomHum, uto o6aacmero yeasocmnocmu HasbiBaeTcs Kosblo 6e3 ne-
JINTEJICH HYJIs1.

YnpaxHenue 56. JlokaxkuTe, 4yTo

a) KOJIbLLO LeJIbIX uMcel sIBJsieTCsl 06J1acTblo LeJOCTHOCTH;

6) noboe MoJie TakKe SBJASETCS 00aCTbIO LEJOCTHOCTH.

Teopema 59. B koabye mrocouseHo8 HAO 004ACMbIO YEAOCTHOCMILU
cmenenb NPouU38e0eHUs HeHYACBbLX MHOCOUACHO8 PABHA CYmMMme cmene-
Hell comHoxcumeanetl.

HokaszaTesabcTso. JlokasaTesbCTBO A/ Cayuas AByX COMHOXKHTE-
Jiell caiellyeT U3 onpejiesieHUsl YMHOXKEHUs] MHOTOWIEHOB: HauboJbluasi BO3-
MOXKHAS CTerNeHb X B IPOU3BEICHHH MHOTOUNEHOB f(X) = aux™ + a,_x" "' +
+.odax+ay, a,#0, v gX)=bux"+ap_1x" . 4 bix+ by,
bn #0, paBHa n+m, T.K. agbg# 0 corsacHo cBoHcTBY 06JaCTH LEJOCT-
HocTH. Jliisi cilyuasi HeCKOJIbKMX COMHOXHTEJIEH 3TO JIerKOo J0Ka3blBaeTcs
M0 UHIYKLHH. O

Ecan B Kosiblie K ecTb JeUTEH HyJis, TO TeopeMa 59 HeBepHa.

Ynpaxuenne 57. Hanpumep, eciu K =Zg, 10 3x-2x =0, u B 3T0M
cJlyuae cTereHb NPOU3BelleHHsl MeHble CyMMbl CTeneHell coMHoKuTeel. s
MPOM3BOJILHOTO KOJIbLIA KOS(PMULUHUEHTOB CTeNeHb NPOoU3BelleHHsl He GoJibliie
CYMMBbI CTEleHeH COMHOXKHTEJIeH.

Onpeneaenue 69. Ecau nia muorousnenos f(x) u g(x) # 0 cnpaBennBo
passioxkenue f(x)= g(x)-h(x) + r(x), rae hA(x) u r(x) — HeKOTOpbIE Jpyrue
MHorousieHbl, npuueM deg r(x) < deg g(x), To h(x) HasbIBaeTCs wacmHoLM,
a r(x) —ocmamkom.
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Teopema 60 (o aenenuu c ocratkom). /a1 a10061x MHO2OUACHO8 [(X)
u g(x) # 0 nad npoussorvHoim nosem FF uacmnoe u ocmamox cywecmay-
om u onpedeservl 0OHO3HAUHO KAK MHO20UYAeHbL HAO mem dce noiem I .

Hokaszatennbctso. CylecTtBoBaHie YaCTHOO U OCTATKA OUYEBHIHO
B ciyuae deg f(x) < deg g(x).

B cayuae deg f(x) > deg g(x) npUMeHUM /ISl UX HAXOXKIEHHUST CJAEAYIOLIHHA
AJICOPUTM JIeJIEHHsT C OCTATKOM.

[Tpeanonoxum, uto f(x) =a,x" +a,_1x" ' +...+ajx+ap u g(x)=
=buX™ 4+ @y x™ N+ +bix + by, Torma [(x)— g—”x”*’”g(x) = h(x),
npuuem deg h(x) < n. 3atem noxesum h(x) Ha g(x) u T.mIL. [Tpouenypa 3a-
KOHYHUTCS], TaK KaK Ha KaxKIOM Iuare OyleT MOHMXKATbCS CTeleHb PasHOCTH
JIO TeX T0p, MoKa OHA He cTaHeT MeHblile m = deg g(x). Torna nosyuum, uyro
f(x) = g(x) - p(x) + r(x), npuuem deg r(x) < deg g(x).

Jloka3aresibCTBO €IMHCTBEHHOCTH MPOBEAEM OT MPOTHUBHOTO. [1ycTh

[(x) = g(x) - by (x) + ri(x) = g(x) - ha(x) 4 ra(x),

torna g(x) - (h(x) — ho(x)) =ro(x) — ri(x). Ecam 6b1 Aj(x) — ho(x) #0,
TO CTereHb JieBOH YacTH Obuia Gbl GoJibllie CcTereHd npaBoi. To ecTb
hi(x)=ho(x), a 3HauuT, U ri(x) = ro(x). [IporrBopeune. O

Gameuanue. [ag n0KazaTeqbCTBa €IMHCTBEHHOCTH Tpedyercs, MO
KpaiHei Mepe, uToObl KOJIbLO KO3(MUIHEHTOB OblI0 06J1aCThIO 11€J0CTHOCTH.
st lokasaTesbeTBa CYLLECTBOBAHUS B CJyuae, ecji K He 1oJie, 10CTaTouHO
CUMTaTh, UTO CTApPLIHiA KOdppuLMeHT g(x) paBeH 1.

Hasiee y Hac uspeaka OyIyT BCTPEUATbCSH U MHOCOUACHbL OM HECKOAbKUX
nepemerrorx. OnpeseseHnsi OCHOBHbIX TMOHSATHH B 9TOM CJyuae, KaK MpaBu-
J10, SIBJISIOTCS €CTECTBEHHBIMU 06001IEHHSIMH COOTBETCTBYIOLLIMX OTpeeeHn
JI/Is1 OJIHOH MepeMeHHOH.

HasoBem mrocousenom nad koavyom K om nepemenuovlx xy, ..., X,
KOHEUHYI0 (POPMasibHYI0 CyMMYy

_ iy i
f(x) = E Qi i, Xy - Xy,
i1y ey in =0
rjie Ko3(pPULHEHTDI a;, . ;, TPUHaJIeKaT KoJblly K, a Xy, ..., X, — He BXOAs-
11I1€e B KOJIbIIO CUMBOJIbI T€PEMEHHbIX.
Onpenenenne 70. MuorousieHbl
i i i i
f(x) = § ail.“i”xll xg, o gl = E bilmilz‘xll X
ily---vin>0 i],...,i,,}()
Ha3bIBAIOTCSl PABHbIMU, €CJIM NIONAPHO PaBHbI BCe UX KO ULHEHTDI

ai, i, =bi, i,



138 [nasa III. MuorouseHbl

Onpenenenue 71. MuoroujieH, UMEIOUIME TOJLKO OJIMH HEHYJIEBOH KO-
aduuyent, HasbiBaeTcss odHoYAeHoMm. Cmenenvio 00HOUAeHA HA3bIBAETCS
CyMMa CTeleHel Bcex ero nepeMeHHblx. Cmenenvio MH0204UAeHa Ha3blBaeTC s
MAKCUMAAbHAA U3 CTelleHeld BceX ero ojHouseHoB. OMHOUIEHbl ¢ MaKCH-
MaJIbHOH CTereHblo HA3bIBATCSA crapuiumi o0Hourenamu. Tak ke Ha3bi-
BAIOTCS UX KOI(PPULHUEHTDI.

@ CTapmnx OJIHOUYJIEHOB MOXKET ObITb HECKOJIBKO.

[Mpumepsl. 1. Muorousen x? 4 xjxXo + X3 — HENOMHBIA KBALPAT CyMMbI.

2. Ec/in nepeMeHHbIX HEMHOTO, TO CTaparlTcsi 00XOJUTCsl 6e3 WHJEKCOB!
x2 + xy +y°.

Bynem paccmaTpuBaTth TOJILKO MHOIOUJIEHBI, Y KOTOPbIX CcTapuide Kosdg-
(DULIMEHTB OMAUUHOL O HYASL.

QuiemeHThl Kosiblia K, He paBHble 0, OyleM paccMaTpUBaTh KakK MHO20-
ynrerol Hyaesoi cmenery. CreneHb y HyJeBOro MHOTOUJIEHA He OrpefiesieHa.

MHoKecTBO BCceX OMNpe/iesieHHbIX Bblllle MHOTOUYJIEHOB OT IepeMEeHHbIX
X1, ..., X, o6osHauaT K[xi, ..., x,]. Onpenenum apudpmeruueckue onepa-
IMM HA 3TOM KOJIbLIE.

Onpenenenne 72. HasoBeM cymmoil MHOTOUJIEHOB

f(x) = Z Qi X)X, g = Z biy Xl . xln

MHOTOYJIEH

[(x0) + g(x) = Z (@i, i, + b, ,,,in)xil xﬁl”,

wyin 20

a npoussederem — MHOTOUJIEH, TIOJyUalOUIMACS U3 CYyMMbI

g = S by x L it

1,1 s inyin 20

[pUuBeACHHUEM MoJ06HBIX UJIEHOB.

Mpumepsn. 1. x> — y2—(x—y)(x+y).

2. x3 y3 (x — y)(x +xy + yg)

3. 83 +yd=(x 4+ y)(x? —xy +y?).

4ox" =yt = —y) " 1" 2y 4+ xyt Ty,

5. x 2n+1 _|_y2n+1 (x _|_y)( 2/1 _x2n71y L= xy2nfl _|_y2n).

6. Elle npumepamMu MOryT CJIy:KHTh GHHOMHAJLHAS M TOJMHOMHAJbHAS
TEOpeMbl.
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AHaJIOTHUHO CJlydato OJIHOH MepeMEeHHOH JI0Ka3blBaeTCs CJelyloulas Teo-
pema.

Teopema 61. Muoacecmso mrnoeourenos Klxy, ..., x,| obpazyem ye-
AOCMHOe KOAbUO OMHOCUMENbHO ONePAyuUll CAONEHUA U YMHONEHUA.

Hynesoim snemenmom Koabya MHOLOUACHOB ABAACMCA HYACBOL MHO-
eouneH, omoscdecmensemvitl ¢ Hysem Koaoya K, a eQunuunoim — eduru-
ya koavya K.

ObpamHolm 3aemermom 041 NPOU3BONLHO20 MHO20UYAeHA [(X) omHO-
CUMENbHO ONnepayuu CAONCCHUS ABAAEMCA MHOOYNCH, NOAYUAIOULICA
U3 UCX00H020 cMeHOll 3HaKa Y ecex Koaghduyuernmos. Kancodolii mroco-
YNeH PABEH CYMMe 8Cex C80UX OOHOUNCHOS.

Cmenens cCymmor MHO20UACHOE HAOD KOAbYOM He Npesocxooum Hau-
boabuiell U3 cmenenell caaeaemolx.

Teopema 62. B koavye mMHO20UACHOB8 HAO 0OAACMbIO UEAOCMHOCTU
cmenenb NPOU3Be0eHUs HeHYACBLLX MHOCOUACHO8 DABHA CYmMMme cmene-
Hell comHoxcumenet.

Bepna Takke

Teopema 63. Koaoya K[xy, ..., x,) u (K[x1, ..., Xn—1])[xn] usomopgor.

HokaszaTeabcTBo. i ycTaHOBJEeHUS H30MOP(HU3MA J0CTATOUHO
MPEACTABUTD JIOOOH MHOTOUJIEH

_ E i i
f(x) - ail -4-inx1 e xl’l”
ity ey in 20
KaK MHOTOUJIEH OT OJHOH MepPeMEeHHOH X,
i in—1 i
flx) = E (E i, i Xy .- xﬂ”_l) X,
ill>0
HO ¢ Koa(dumentamMmu 13 Konbua K[xj, ..., x,—1]. Hanpumep,
2 2 2 2
XX + X1Xo + x1x5 = X1 (X2 + x3) + x7(x2),
NpU 3TOM CTeleHb MOJYUEHHOr0 MHOrOUWJIEHA OT X, Ha3blBAETCS CTENeHbIo
MO X, UCXOJHOTO MHOTOUJIEHA OT MEPEMEHHBIX X[, ..., Xj. O
Ynpaxnenue 58. JlokaxkuTe akKypaTHO MOCJEIHHE TPH TEOPEMBI.

JlesieHHe ¢ OCTATKOM HAa MHOTOUJIEHbI HECKOJIbKHX TEPEMEHHbIX TakK
MPOCTO HEe MEPEHOCHTCH.

3anauu ¥ ynpaxHenus K § 3.1

B sToMm wukie 3agau paccMaTpuBaeM TOJILKO MHOIO4Ji€Hbl HA[ MMOJIEM pa-
LHHOHAJIbHbIX YHUCeJI.
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1. Haiizure cymmy kosdduumentos Muorounena (1 — 1998x 4 1999x2)2001

2. Cpasuutb Ko3hduumentsl npu x 994

a) (1 —1994x + 1993x2)2000 y (1 4 1994x 4 1993x2)2000;
6) (1 — 1994x2 + 1993x%)2000 1 (1 4+ 1994x2 + 199332000

3. Haiimure kosdduument npu x°° B MHOrouseHe

B MHOIrouJieHax

(142" 4 (142" + .+ x990 + x) + 100,

o n
4. Haiimute octatok oT genenus x 4+ x> +x% +... +x% na: a) x — 1;
6)* x2— 1.
5. MHoroujien npu jieJleHuH Ha X —a jlaeT ocTaToK b, a NpH jeseHHu

Ha x — ¢ — ocraTok d. Kakoil octaTok OyneT npu jeieHud Ha (x — a)(x — ¢)?

1994 1

6*. Haiinure kosduument npu x'* B uacTHoM oT mesenus x Ha

a2+ L

Ykaszauue CHauana noaeiutb ¢ octatkom Ha x'2 — [, a motom YMHO-
JKHTb Ha MHOTOUJIEH

12—

a3+ 224 x4+ 17

7*. Haiiure Bce MHOrousieHbl P(x), JUisi KOTOPbIX CIPABEIJIMBO TOXKJIE-

CTBO
xP(x — 1) = (x — 26)P(x).

8%, Ilyctb f(x) =14 x + x% 4+ x> 4+ x*. Haiimure octatox ot nenenus
fx®) na f(x).

9*. Muorousien P(x) ¢ a) HaTypasibHbIMH; 6) LesbiMU KOdhdUIMEeHTaMU
npu JI060M 1 TpPUHUMAaeT HaTypasbHOe 3HaueHHe C CYMMOH JeCSTHUHBIX
undp s(n). Jlokaxure, 4To MOCJAEA0BATENLHOCT S(11) COAEPIKUT GECKOHEUHO

MHOTI'O OJJMHAKOBBIX UHCeJI.

10. Muorousien ot aByx nepemennbix x 9y 9% 11 yenbsa npeacrasutn

B BUAE MPOU3BEACHUS ABYX MHOTOUJIEHOB OT MEPEMEHHBLIX X W lf COOTBETCT-
BE€HHO.

11. Pasnenutb MHOrousieH

a) (x4 )2 —x?" —2x — 1 na x(x + 1)(2x + 1);

6) nx"t' —(n4+ 1)x" + 1 na (x — 1),

12. Ecim x — | penur P(x"), To x* — 1 penur P(x").

13*. Tlpu kakoM LesoM a MHorousied x '3+ x +90 nenures Ha x? — x +a?
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§ 3.2. Anroputm EBkaupaa u teopema besy

JL1st mpocTOThI asiee OyleM CUMTATh, UTO KOJIbLIO KO(PPULHEHTOB K ecTb
JM60 Z — KOJbLO LeJbIX uhces, Jubo f — nouse.

[lyctb MHOTOUMEHBI f(x) U g(Xx) MpuHALIeKaT KoJbly K[x].

Onpenenenne 73. Muorouwnen f(x) deaumcs Ha g(x), ecad cyle-
CTBYyeT Takoil MHorowieH a(x) € K[x|, uto f(x)= g(x)-a(x) (o6osnauenue
g(x) | 1(x)).

JlpyruMu cjioBamH, MHOrousieH f(x) deaumcs Ha g(Xx), eCJd OCTaToOK
OT JIeJIEHHUSI paBeH HyJIIO.

CripaBeJIMBbI CJIEyIOLIME OUEBH/IHbIE CBOHCTBA OTHOLIEHUS NEJIHMOCTH:

1) eciu f(x) nenutcs Ha g(x), a g(x) menurcs Ha A(x), To f(x) menurcs
Ha f(x);

2) ecn f(x) n g(x) nenstes Ha A(x), To w(x)f(x) + v(x)g(x) neaurcs
Ha h(x).

Onpenenenue 74. MuorouseH d(x) HasblBaeTCs Hauboabulum 0OWUM
deaumenem (HOJL) MHorousIeHOB f(x) W g(X), €C/M KaXK/blil U3 HUX JeJUTCS
Ha d(x) v o060l UX o6LIMIH NeuTeb et d(x), npuueM Oy1eM CUMTaTh JJIs1
ONpeJIe/IeHHOCTH CTaplIuil Ko3hduimeHT d(x) paBHbIM 1.

Hast HOJL 6ynem ucnosib3oBath o603Hauenue d(x) = (f(x), g(x)).

Mcnosib3ysi TeopeMy O JIeJI€HHM C OCTaTKOM, MOXKHO JUIsi HAaXOXKJEHHs
HOJI nByx MHOrouJieHOB Haj 3ajlaHHbIM N0JieM KO3 (hHIIMEHTOB MPUMEHUTD
ajaroput™M EBK/HIA aHAJOTHUHO TOMY, KaK 3TO JAeNA0oCh /s LeJbIX UMCes:

[(x) = g(x) - go(x) + ri(x), rae 0<deg ri(x) <deg g(x),
(J(x), g(x) = (g(x), ri(x))
g(x) =r1(x) - q1(x) +ra(x), rae 0 <deg ro(x) < deg ri(x),
(J(x), g(x) = (g(x), ri(x)) = (ri(x), ra(x)),
ri(x) = ra(x) - q3(x) 4+ r3(x), rne 0 <deg r3(x) < deg ra(x),
(J(x), g(x)) = (ri(x), ra(x)) = (r2(x), rs(x)),
Fn—2(X) = rp—1(x) - gu—1(x) + rp(x), ede 0 <deg ry(x) <deg rp—(x),
([(x), g(x)) = (rn—2(x), rp—1(x)) = (ra—1(x), ra(x)),
rn—1(x) = ry(x) - ga(x),
(J(x), g(x)) = (ra—1(x), ra(x)) = ra(x).
OcCyl11eCTBUMOCTD M OJIHO3HAYHOCTb 3TOMO Mpolecca MoC/AeI0BATENbHOTO Jie-
JieHUst 000CHOBBIBAETCS TEOPEMOK O JIEIEHUH C OCTATKOM.
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AmnajiornuHo cootBetcTBytouleil Teopeme o HOJL uucen nokasbiBaercs
cuenyiolasi TeopeMa o JuHeiiHom npejacrasiennd HOJL MHOrousieHOB.

Teopema 64. /[1a aw0bbix mHo2oureH08 [(X), g(x) Had npoussosbHoLM
noaem F cywecmsyrom maxue mHoeousersl a(x), b(x) € Flx], umo

d(x) = a(x)[(x) + h(x) g(x).

HokaszaTedabcTso. Munykuuell no i nposepsieM, 4To

ri(x) = wi () [(x) + v; (x) g(x).

[Topo6Ho umcI0BOMY cjtyuato, aaroputM EBksuaa /st MHOTOUJIEHOB MOKHO
pacIMpUThL TaK, YTOObI OH BBIUHCJ/ISI HE TOJBKO MOCJEN0BATENLHOCTD £;(X),
HO W MOCJIIOBATENbHOCTH U;(X), v;(X), @ 3HAUWUT, U JUHEHHOe MpeJcTaBJe-
nue HOJI. O

Onpenenenne 75. Kaxnomy muorouseny f(x) € K[x] moxHo conocra-
BUTb PEANM3yeMyl0 UM nOAUHOMUAAbHYIO pynkyuio [: K — K, onpenensi-
eMYI0 PaBEHCTBOM

f(x) =a,x"+a, 1 x" '+ ... +ax+ao,

TIe Qn, Ap_1, ---, A1, Ao — €r0 KOIPPULHEHTI.

JIerko npoBepuTh, UTO CyMMe MHOTOUJIEHOB COOTBETCTBYET CyMMa peaJii-
3yeMbIX UMM MOJMHOMHAJbHBIX (PYHKIHMH, a TMPOU3BEIEHUIO — IPOU3BEEHHE
ITHX Ke (DYHKLHH.

Onpenenenue 76. Koprem muorousieHa f(x) € K[x] HasbiBaeTcst 060
Takol sjemMeHT o € K, uto f(a) =0.

Teopema 65 (Besy). /lasa awoboeo f(x) € K[x], deg f(x) = 1, u das wo-
6020 KopHa a € K danHoeo muoeourena [(x) cnpasediuso pasencmso
[(x) = (x — o) g(x).

JokaszaTesbcTBoO. BoimosHss fejeHne ¢ 0CTaTKOM, MOJydaeM, 4To
st oboro f(x) € K[x], deg f(x) = 1, u ais moboro o € K cnpaBeinBo pa-

BEHCTBO [(x) = (x — ) g(x) 4 r, re r € K. [loacTaBasis B HEro x = «, UMeeM
r=0. O

Teopema 66 (o uucae kopHei). JIroboli mHoeouren [(x) cmenenu n
nad obaacmoro yesocmuocmu K umeem ne 6oiee n Koprel.

HokasdateabcTBo. baza unaykunn (n = 1) oueBunaHa. BoinosHum
11ar UHAYKLHH.

[IycTb Teopema BepHa AJisi MHOTOWIeHOB cTenend n — 1. Ecin mHorousexn
[(x) cTenenu n He uMeeT KopHell B K, TO yTBep:K/eHHE OUEBUIHO BEPHO.
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Ecau oy —xopenb  f(x), 10 [f(x)=(x —)h(x) corjacHo Teopeme
bBesy. Ilycth g — KopeHb MHOrouseHa f(x) v o) #ag, Torma f(ag)=
= (o —ap)h(ag) =0 n ag —a; #0, HO B 06J1aCTH 11€JIOCTHOCTH HET JleJIu-
Teslel HyJsl, clefloBaTesibHo, (o) =0, a i(x) umeer He GoJiee n — | KopHeil
Mo MPEANOJIOXKEHHI0 MHIYKLIMH, 3HAUUT, MHOTOUJIEeH f(x) nmeer He GoJiee n
KOPHEH. O

CaencrBue u3 teopembl 66. Ecau mHocouren [(x) cmenenu n ¢ Ko-
apdhuyuenmanu us obaacmu yearocmuocmu K umeem 8 weil n kopreil,
mo eeo MOJHO npedcmasume 8 sude npoussedenus remenma u3 K
HQ N AUHeldHolx MHodcumeneti ¢ koagduyuenmamu us K.

SaMeuaHdue.

YTBepaK/ieHHe TeopeMbl HEBEPHO B TOM CJlyuae, ecyid Kosblo K He s1B-
JisieTcsl 06J1aCThIO LIeJIOCTHOCTH.

Ynpaxnenune 59. KpanpaThbiii asyusen x? — | umeer B KoJblie Zg ye-
Thipe KopHs (1, 3, 5, 7).

Teopema 67 (o moauHomMuanbHbIX GYHKUUAX). [Tycme obaacmo ye-
aocmrocmu K 6eckoneuna u 0sa mroeourena fi(x) u fo(x) Haod K npurnu-
MaI0om 00UHAKOBbLE 3HAUEHUS npU 8cex ¢ € K, m. e. pasHol KAK (pyHKYULLL.
Toeda smu mnocourervl cosnadaiom opye ¢ Opyeon.

HokasatedabcTBo. Paccyxknaem ot nporuBHoro. [lycTh creneHb
MHorousieHa F(x) = f1(x) — fo(x) paBHa n. V3 yc/10BHST TEOPEMBI CJIEyET, UTO
MOXKHO BBEIOpaTh 1241 3/1eMeHTOB M3 K, KOTOpbIe sIBJISIIOTCA KOPHAMH 9TOrO
MHOTOUJIeHa. TeM cambIM MoJIyueHO MPOTHBOpeUHe ¢ TeopeMoil 66. O

N3 nokazaHHOlH TeopeMbl BHITEKAET, UTO MO M3BECTHLIM 3HAUEHHSIM MHO-
rousieHa CcTerneHd n B 7+ | pasjMuHBbIX TOYKAX MHOTOUJIEH OIpeessieTcs
OJIHO3HAUHO.

OnHako He cpady sICHO, KaK ero BblpasuTb B siBHOM Buie. Ecsn obaactb
LIeJIOCTHOCTH SIBJISIETCS TM0JIEM, TO /ISl 3TOTO MOXKHO HCII0JIb30BaTh HHTep-
NOJISILMOHHBII MHOTOUJIeH JlarpaHKa, 0 KOTOPOM TOHJET peub B CJeLYIoLLEeM

naparpade.

3anauu M ynpaxHeHus K § 3.2

1. Muorounen x € Zg[x] umeer B Zg ueTbipe KOPHSI H YeTbipe PasHbIX
pas3JioyKeHHsl Ha HENpUBOJUMbIE (T.€. HEepasJoXKHUMble Jajiee) MHOXKUTENH
B Zg[x].

2. Ecmu f(x) u g(x) € Fx], rne F —noJie, u crenelb f(x) He MeHblle CTe-
neuu g(x), To f(x) ogHO3HAUHO IpeacTaBuM B BUe [ = fo + 18 + ... + [4 g%,
TJle CTereHu f; MeHblle CTeleHH g.
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3. Uucno xopHelt MHorousieHa f(x) € F[x]| B moJe /7 He IPEBOCXOAUT €ro
CTeleHH, JlaXKe ecJid KaXKJIblii KOpeHb CUMTATh CTOJILKO Pa3, KAKOBA ero Kpar-
HOCTb.

4. Pasnoxute Ha MHOKUTeJH x° + x3 4+ x + | Hax nosiem Zs.

5. Haiimure (x® 4+ x* + 1, x* + x> + 1) nag nonem Zs.

6. Haiimure (x° 4+ x* + 1, x* + x> + 1) nan nonem Q.

Jlasiee Bce MHOroujieHbl paccMaTpuBatoTest Hajl nojieM Q.

7. Ilpumenss anroputm EBkiuaa, Haiiiute Takue MHorouseHbl M| u Mo,
uro (x* —4x3 + )M (x) + (x® — 3x? + )Ma(x) = 1.

8*. Ilpumensis anroputm EBkiuaa, Haiaute (x" 4+ a”, x™ + a™).

9. Ilpumenss anroputm EBkinaa, 1oka)kute, 4to

(x" =1, x™ — 1) =x"m™ 1,

10. Tlpumensisi anroputm EBkinna, nokaxure, uto npu k| (n, m)
=1 x" -1 xm
xk—1" xk—1 ) xk—1 "

11. (Taycc.) lokaxknTe, 4To BCe pauyoHa/bHble KOPHH MHOTOUJIEHA

fxy=aux"+...+ao
C 1eJILIME KOS HIMEHTaMI UMeIOT BUIL +p/q, T/

plao, qla,, (p—mgq)|[(m).

§ 3.3. UnTepnoasuus

[lyctb nana ta6auua 3HaueHHH MHOTOUJIeHA CTeNeHW 71 Haj noJiem F

X Xo | X1 | «vo | Xp | -ov | Xn—=1 | Xn
T L yo | yr | oo | Yk | oo | Yn—1 | Yn
rae X, ..., Xp — Pas3JjuuHble, a Yi, ..., Yp — HEOOSA3aTeJbHO Pa3JIMUHbIE 3JIe-

MeHTbI noJist F.
Onpenenenne 77. MHorouseHbl

(x =xp)(x —x1) ... (X =X )X = Xpyy) - (X = Xy ) (X — Xn)
(k= x0) (X — X1) v (X — Xp— 1) (Xp — Xpge1) +-- (X — X 1) (X — Xn)’

1F(x) =

rne k=0, ..., n, HasbBawOTCA @QYHOAMEHMANOHOIMUL MHOCOUNCHAMU
Jlaepanica.
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CripaBe/iuBa cJiejyioliast jemma.
Jlemma 19. /laa x = xq, ..., X,

kion 1, ecau x = xp,
o =1,
,  ecau X # Xxp.
JlokasaTeusabcTBo. HenocpenactseHHo MpoBepsieTcst, 4To MPU X 7 Xp,
yhCsUTE b JIPOoGH, ompesensiionled MHOrousieH, oGpalllaeTcsi B HyJsb, a MpH
X = X}, 3TOT UUCJIUTE/Ib HE PABEH HYJII0 U COBIMAJAET CO 3HaMeHaTeJseM. O

Onpenenenne 78. MHoroujeH CTerneHu n
J() = yol (x) + y1ly () + ..+ yal} (x)

Ha3bIBAETCS UHMEPHOAAYUOHHOIM MHO204AeHOM Jlaepardca *, cOOTBeT-
CTBYIOLLMM JA@HHOU TabJinle 3HAYeHUH.

Teopema 68 (uHTepnoasiumoHHas dopmyna). HHmepnoisyuoHHoLil
MHOoeousen Jlaepanaca [(x) npurumaem 3HaveHUs, YKA3aHHole 8 OAH-
HOU mabauye, m. e. pewiaem 3a0a4y UHMEPROALUULU.

ﬂOKaSaTe.ﬂbCTBO. W3 nemmbl CJCNYET, UTO MPHU X = X

k
Yily (X) = Y,
a BCe OCTaJIbHble cjiaraeMble OIpeessiioliell MHOrouJIeH CyMMbl 06pallaioTcst
B HyJsib. [To3TOMY BCsl cymMMa Torja paBHA yp, T.€. f(Xp) = Y. O
Ynpaxuenue 60. [lposepbre, uTo BHIUMC/IEHHE KOS(P(ULHEHTOB HH-

TEPIOJIIUMOHHOTO MHOTOU/leHa no ¢opmyse JlarpaH:ka—Bapunra tpebyer n
caoxenuil, 2n% + 2n Boiuntanuil, 2n° +n — 1 ymMHOXeHui U 1+ 1 gesneuuil.

JIJIsi MHOTOUJIEHOB HaJl KOHEUHbIMH TOJISIMU TIOCJIE/IHSISE TeOpeMa Tpe-
JblAylero naparpada HepepHa.

[lycTb Z, — noJie BbIYETOB 10 MOJJII0 P, TJle p — NPOCTOE YHCJIO, 8 MHO-
rouwneH f(x) € Z,|x].

Torna cnpaBevBa (npejnarasuiasicst B § 2.8 B Buje 3a1aun)

Teopema 69. Ypasnenue [(x)=0, [(x) €Z,[x], pasrocurvro ypas-
HeHnuro cmenenu He svluie p — 1, dpyeumu caosamu, 0ia 1106020 MHO-
eounena [(x) € Z,|x] natidemcsa mnoeousen cmenenu He sviue p — 1,
3Hauenus Komopoeo 0aa 06020 X € Z, co8nadaion co 3HAYeHUAMU
MHOcouAeHa [(X).

HokaszaTteabcTso. CorlacHo TeopemMe 0 JeJIeHHH C OCTATKOM MOK-
HO 3aMmMcarhb, 4To
[(¥) = (x" = x)g(x) +r(x), e degr(x)<p—1.

* DTOT MHOrouseH Obl1 OTKPHIT TakxKe aHriuiickum MarematukoM XVIII B. O.Bapunrom
(Eduard Waring, 1734—1798).

10 TauwkoB
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Ho x” —x =0 nnsa moboro x € Z, corsacHo maJjoil Teopeme Pepma. 3Ha-
yut, ypaBHenue f(x) =0 paBHOCHJIbHO ypaBHeHHIO r(x) =0, H CrpaBeIUBO
TOXKIECTBO [f(x) = r(x). O

HOSTOMy Hanx 1oJieMm Zp 3ajaya MHTEePHnoJsduuu OCMbICJI€HA TOJIbKO JIsi
MHOT'O4JIEHOB CTEIIe€HH, MeHbluel p. Ho nsist Takux MHOrouJieHoB oHa pela-
€TCs TOYHO TakK 2Ke, KaK U 1J1d OeCKOHeuHbIX noJen. B YaCTHOCTH, U3 TEOPEMbI
Harpamxa BbITEKAET CJeylollasli TeopemMa.

Teopema 70. /s awoboeo omobpascenus g: L, — L, natidemcs
MHOcouAen [(x) cmenenu He 8viwe p — 1, peaiusyowui smy GyHk-
yuio, m.e. maxou, 4mo 01 06020 X € L, cnpasediuso pageHcmso
f(x)= g(x), npuuem amom mHocouseH onpedeser OOHOZHAUHO cpedu
MHO2OUACHO8 cmeneHu He goluie p — 1.

HokaszateabcTso. CyllecTBOBaHHE 3TOMO MHOIOUJEHA BbITEKa-
eT U3 TeopeMbl JlarpaHxa, a €IMHCTBEHHOCTb (haKTHueckH Oblla J0KaszaHa
B Mocsie/iHell TeopeMe Mpefplayliiero naparpada. O

[Ipenpinyliyto TeopeMy MOXKHO 000OLUMTD M Ha (PYHKLMH HECKOJIbKHX Me-
pEMEHHbIX.
B uacTHOCTH, CTIpaBeiINBa CJeaylollast TeopeMa.

Teopema 71. /las aoboii pyukyuu g(xy, ..., X,), nepemerHole 1 3Ha-
HeHls KOMOoPOU NPUHAOAeNAm NOMO L, Hatidemces MHO204AeH [(X|, ...
...y Xp) OM N NepemMenHbLx cmeneni He soiute p — 1, no Kascdot nepemer-
HOL peaiusyrowjuii amy QyHKyuro, m.e. maxkoi, 4mo 0aa 4106020 Habo-
pa (X1, ..., Xp) € Zj, cnpasedauso pagencmso [(Xy, ..., Xn) = g(X1, ..., Xn),
npuyem 3Mom MHo20uAeH onpedeser 00HO3HAUHO cpedu MHO2O0UAeHO8
YKa3aHHO020 8uda.

JlokaszaTesabctBo. CHauaja peajudyeM YyKa3aHHbIMH MHOrouJie-
HaMK (YHKLMH, KOTOPbI€ BCIOLY paBHbl HYJIO, KpOMe OJHOH TOuKH. [1ycTb,
Hanpumep, QYHKUMA O, k, (X1, ..., X;) PABHA €IMHULE NP (X[, ..., X,) =
= (ky, ..., ky), @ B oCTa/bHBIX cayuasx paBHa HyJo. [l kaxporoi =1, ..., n
BO3bMEM MHOTOUJIeH ff" (x;) crenenu p — 1 OT mepeMeHHO# X;, KOTOPbIH pa-
BEH eJMHHULIE TPH X; = k; W HYJI0 B OCTaJbHBIX CJydasiX, CyIIEeCTBOBAaHHE
KOTOPOTO JI0Ka3aHOo B Mpeabiaylieid Teopeme. Toraa MHOTOUJIEH, PAaBHBIH HX
MPOU3BEJIEHHIO

k
/c/el,...,/e,,(xh ey Xp) = 1]()51) f,/;n(xn)7

OyJleT paBeH eJMHULIE MPU (X|, ..., X,) = (R, ..., ky) U HYJIO B OCTaJbHBIX
cayyasix, T. €.

fkl,.“,k,l(xla sy xf’l) :5’21,.“,/2,1()(1’ sy xf’l)'
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Ecou xe pyHKUMsS dp, . p, (X1, ..., X,) B TOUKE (R, ..., k,) paBHa He eaU-
HHULE, a HeKOTOPOMY 3HAueHHIO a € Zj,, a B OCTaJbHLIX TOUKAX paBHa HyJIIO,
TO MHOTOUJIEH fp, 4, (X1, ..., X,) TIOC/IE YMHOXEHHSI HA @ OMSITb OyJLET pea-
JIM30BBIBATb 3TY (PYHKLHUIO.

[1ponsBosbHast yHKUMS g(X|, ..., X,) peaju3yeTcs MHOTOUJIEHOM, paB-
HBIM CyMMe BCeX MHOTOUNEHOB g(Ry, ..., Rp) fr,.  p, (X1, ...y Xp).

JleiicTBuTesbHO, st JtobGoro Hadopa (Ry, ..., k,) € ZY, npu (X1, --vy Xn),
paBHoMm Habopy (kp, ..., k,), B 3TOil cymMMe Bce cJiaraemble 0OpallaloT-
csl B HyJb, M ToJibKO cJsaraemoe g(Ry, ..., Ry) e, . p, (X1, ..., Xn) paBHO
g(ky, ..., ky), mosTOMY ¥ Best cymma npu (xy, ..., x,) = (ky, ..., k,) paBHa
g(ky, ..., k). YxazaHHass cymMma $IBJSIeTCS MHOTOUJIEHOM OT [epeMeH-
HbIX X1, ..., X, CTENEHH He Bbille p — | Mo Kaxjod u3 HuUx. TeM cambim
CYLIECTBOBaHUE peaJsiu3ylollero QpyHKUUO g(xy, ..., X,) MHOroujieHa JloKa-
3aHO.

Jlnsi nokaszatesibCTBa €IMHCTBEHHOCTH 3aMETHM, UTO Kax</bli M3 MHO-
FOUJIEHOB OT 7 TEePEMEHHbIX CTeNeHH, MeHblIeH p MO0 KakKI0H M3 HHX,
OJIHO3HAUHO OmpeJessieTcss HAO0POM KO3(PPULHMEHTOB PU CBOUX OJHOUJIEHAX
xfl xR 0K R < p— 1. D1uX KO3hDULMEHTOB, KaK M OIHOUNEHOB, p”
LITYK, KaXIblH M3 HUX HE3aBUCUMO OT JPYTMX [PHHUMAaeT p 3HAUYeHHH,
M03TOMY UHCJIO BCEX TAKHX MHOTOUJEHOB paBHO pP .

UHCa0 ke pasiHuHbIX peanusyeMblX (YHKLHME Toxe paBHO pP | Tak
KaK Ka)Kas M3 HUX OJHO3HAUHO orpejiesisieTcsi HAGOpOM CBOMX p' 3Haue-
HUH NpH

(X1, ooy X)) =(R1, ..., k), O<ki<p—1L

[Tostromy corsacHo npuHuuny Jupuxse kaxjaas M3 (QyHKUMI peasu3yer-

Csl POBHO OJHMM MHOTOUJIEHOM, HHAue MHOIOUJIEHOB He XBaTHJO Obl /4
peasiu3auun Bcex PyHKLMH. O

HMcnodb3yst MHOTOU/IeHbI HaJL 1osieM Zp,, MOXKHO JaThb JPYroe J0Ka3aTeslb-
CTBO TeopeMbl Busibcona: ecau p — npocmoe uucro, mo wucao (p — 1)1+ 1
deaumcs Ha p.

HokaszateabcTBoO. Inss p=2 35Ty TeopeMy MOKHO TPOBEPUTDH
HenocpeacTtseHHo. Ilyetb p > 2. CorsiacHo maJsioit Teopeme Pepma MHOro-
uten xP~' — 1 Hax mosem Z, vMeeT POBHO p — l KOpeHb 1,2 ..., p—1,
MO3TOMY 3TOT MHOTOUJIEH MOXKHO Pa3JIOXKUTb Ha JIMHEHHblE MHOXKHTEJIH

T l=(x=Dx=2) ... (x = (p = 1)).

TToacTaBuM B roJyueHHoe Toxaectso 0 1 noayunm, uto — 1 =(—=1)7~1(p = 1)!,
a Tak Kak (p — 1) — umncgio uetHoe, 10 (p — 1)! + | nenurcst Ha p. O

B HekoTophix ciyuasix Oojiee yIOOHOH SIBJISIETCS UHMEPROALUUOHHAS
¢dopmyra Heromona.
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Teopema 72. /ina npoussorvrnozo mrnoeourerna f(x) € K[x] cmenenu n
U NPOUBBOAbHBLY Cy, ..., Cn € K cnpasedausa opmyra

[(x) = ao + a1 (x — co) + as(x —co)(x —c1) + ...+ an(x —co) ... (x —Ccae1),

ede a; =Fi(c;), i=0, ..., n, a nocaedosamesoHocmy GyHKYLLL
Fl {607 AR Ci—27 Ciy ovny Cﬂ}_>K
onpedensemces opmyramu Fo(c;)= [(c;), i=0, ..., n,
Fi1(x) = Fi_1(c;—1)
Fl(x): l xfc.l 1 l ’ xE{CO,...,C[72, Civ"'vcﬂ}'
i

Hdokasateabctso. CyuecrsoBanre (opMysbl YKasaHHOTO BHJA
MOXKHO JI0KA3aTb M0 WHAYKLHH, [IPH TOM B KauecTBe a, Oepercsi CTapllui
KO3 HULIHEHT MHOTOUIeHA [f(X).

EnvHcTBEHHOCTh KO3((HUIMEHTOB @; TaKKe C MOMOLIbIO HHAYKIMH BBIBO-
JUTCsl U3 hopmyJi

f(co) = ao;
f(c1) =ao+ai(ci — co);
f(ca) = ap + ai(ca — co) + as(co — co)(c2 — ¢1);

f(Cn):a0+a1(cn _CO)+--~+an(cn _CO) (Crz —Cﬂ,1),

KOTOpble MOJyuarTcss U3 QopmyJibl st f(x) MOACTAHOBKAMHM KOHCTAHT C;,
i=0,...,n

W3 onpenenenust pynkumit F;, i =0, ..., 7, TaKxKe 110 HHAYKIUH BbIBOJSITCS
hopmyJibl

Fo(x) = ao + Fi(x)(x — co),
Fo(x) =ao +ai(x —co) + Fo(x)(x — co)(x —c1),

[ToncraBasisi B HUX KOHCTAHTbI Cj, ..., Cy U T10Jb3YSCh JIOKA3aHHOH €HH-
CTBEHHOCTbIO KO3uuneHToB a;, i =0, ..., n, nojaydaem GpopmyJbl
Cli:Fi(C[), i:O, ey 1. O

YnpaxHenue 61. [IpoBepbre, uTo BhluncieHHe KODMUIIMEHTOB UHTEP-
MOJISIMOHHOTO MHOrOuJIeHa o dpopmyJe Hbiotona TpeGyet n? -+ n BbluHTaHHIi,
(n® + n)/2 nenenwi.

Ecau koadpduuments a;, i =0, ..., n, B dopmyse HbloToHa yxe Bbi-
YUCJIEHBl U HAM HY)KHO HalTH 3HauyeHHe HHTepPIIOJISILMOHHOTO MHOrouJeHa
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B 3aJlaHHOH TOUKEe X, TO JJIsl 3TOr0 YA00HO HCIOJIb30BaTh CJEAyolLy0 (op-
myJty (o6o6uiatoltyio cxemy [opHepa, KoTopast TOSIBUTCS Y HAcC JlaJiblile)

f(x)=ap+ai(x —co)+as(x—co)(x—ci)+...+an(x—co) ... (x—ch_1)=
=((an(x —cp—1)+an—1)(x —Cp—2)+...)(x —co) +ao.

Ynpaxnenue 62. IlpoBepbTe, uTO BbIUKCJ/IEHHE 3HAUEHUS] UHTEPTOSILIH-
OHHOTO MHOTOUJIEHA 110 3TOH hopMyJie TpeOyeT /1 YMHOKEHUH U 211 CJI0KEHUH.

3ameTHbIM TIperMyllecTBOM (opmyJbl HbloToHa mpu o6paboTke sKcre-
PUMEHTA/ILHBIX JaHHBIX SBJSETCS TO 00CTOATENLCTBO, UTO €CJM Mbl PELINJIH
J0CABUTD elle OJHY TOUKY B (pOPMYJy IUIsi MHTEPIIOJSILUK U COOTBETCTBEHHO
YBEJIMUKMTD HA | CTerneHb HHTEPIOJISIIIMOHHOIO MHOTOUYJIEHA, TO HE HAJI0 3aHO-
BO M€PeCUUTBIBATL BCe ee KO ULMEHTDI, a Hy?KHO HAUTH TOJILKO MOCJIEAHUIH
(crapiumit) KO3 pHLIHeHT.

Ho dopmyna HbiotoHa He naeT sBHO KO3(PPUIHEHTOB HHTEPOJSLMOHHO-
ro MHorouJsieHa, Kak gopmyna Jlarpamka—Bapunra.

3anauu v ynpaxkHenus K § 3.3

Ilaﬂee paccMaTpuBaeM TOJbKO MHOT'OUJICEHBI Hall IMOJiEM JIEUCTBUTEbHbBIX
yucedsi, eCJii He OroBOpeHO MPOTHUBHOE.
1. l_[OCTpOl/lTb MHOTOUJIEH HAUMEHbIIIeH cTereHu Mo TabJjuile 3HaUEeHHH

x| 11234
yl2(1]14|3

a) Haj nojieMm Q; 6) Hax noJiem Zs.

2. Tlyers P(x) = ﬁ(x —a;), li(x) = Px) . Jlokaxkure, uto Z Ly
=1 X —a = i)

3*. Ilycrb P(x H(x — a;). lokaxkure, uto Z )
i=1 i=1
4*. Qopwmyse .Harpamka MOXKHO TpUJaTh CJIeIIleUlI/II/I 0oJiee 3JIeraHT-
HbIH BUJL

=0, npun>1.

[(x)
(0 =xp) oo (X = xn) Zf()%(x—)%)

TJle cTosiias cjeBa Npo6b — MpaBUJIbHAS.
5. Muorousen P(x) mpu JeseHHH Ha X —a JAaeT OCTAaTOK @ JJis BCeX
a=1,2,3,4. Haiinute octaTok oT fiesieHusi ero Ha (x — 1) (x —2)(x — 3)(x —4).
6. [lokaxkuTe, uTO €CJU p(X) — MHOTOUJIEH CTENEHH A CO CTapLIUM KO3~
¢uurentom 1, To npu HekotopoM uUesoM m € [0, ] ero Moaysnb He MeHblle

nl/2".
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7. Jlokaxkute, u4To ecjau p(x) — MHOTOUJIEH CTeNeHU 27 W TNPU KaXKIOM
uesiom k € [—n, n] crnpaBeminBo HepaBeHcTBO |p(k)| <1, To mpu so6om
X € [—n, n] cnpaBeIMBO HepaBeHCTBO | p(x)| < 227,

8. Tloctpouth MHOTOU/IEH HAWMEHbILEH CTeneHu Mo TabJuile 3HaYeHHI

) x|{0]1]2|...] 9 6) x|1] 2 3 ... 99
a )
yl1l]|2]|4)..]512 y|1|1/2]1/3]...]1/99
9*. MHorousieH p(x) CTeNeHH 1 yJIOBJETBOPSIET PaBEHCTBY p(kR) = Tt
k=0, ..., n. Haiinure p(n+1). i
10*. MHOFOl[JleH p(x) cTeneHu n ylIoBJAETBOPSIET PaBeHCTBY p(k) = o
k=0, ..., n. Haiinure p(n+1). n+1

MHorousieH Ha3bIBaeTCs YEA03HAUHbIM, €CJH OH TIPUHHMAeT BO BCEX
LIEJIBIX TOYKAX TOJILKO L€JIble 3HAUEHHUS.
11%. JlokaxkuTe, uTO LIeJI03HAYHBIH MHOIOUJIEH HMEeT BUJL
x(x—=1)...(x—n+1)
n!

act+aix+...+a, ,
rae a; € Z.

Yxaszaunue. [Ipumennts dopmyny HeloTona.

12. Jlokaxute, uto onepauus AP(x) = P(x + 1) — P(x) nepeBoIuT Liesio-
3HAUHBIA MHOIOWIEH B LIeJIO3HAYHBIN.

13*%. JlokaxkuTe, UTO MHOTOUJIEH CTEMEHH 71, MPUHUMAIOLIHH B 11+ 1 moji-
PSAIL UAYUIMX LEJAbIX TOUKAX TOJBbKO LeJible 3HAUEHHS, SIBJISETCS 11eJ103HAYHBIM.

14*. ﬂoxamme UTO MHOFOUJIEH CTeNeHH 7, MPUHUMAIOLWMA B TOUKax
0,1,4,....,n° TOJIbKO LeJible 3HaUeHUsl, MPUHUMAET LieJible 3HaueHHs B JIloO0H
1esofl Touke Buaa m2, m € 7.

15%. MHorousieH cTerneHud n co cTapiiuM KodgduimeHToM | NpH Lebix
3HAUEHUSX apryMeHTa NNpUHUMAeT Liesible 3HaueHusl, aessimecst Ha m. Jloka-
xure, uto m | nl.

16%*. MuorouJieH cTeneHd 1 B J10OOH 11eJI0H TOUKE paBeH 11-H CTerneHu
1eJ10ro uncda. J1okaxkure, 4To OH paBeH 7-i CTeNeHH JIMHEHHOro MHOrou/ieHa
C L&JbIMU KO3 dHUIIMEHTaMH.

§ 3.4. lpousBoaHbie U KpaTHbie KOPHU
PaccMOTpHM KOJIbLIO MHOTOUJIEHOB HAJ MPOU3BOJBHBIM MoJieM F .
Onpenenenue 79. [Ipouszsodwnoti MHorouseHa

fX)=aox" +aix" '+ .. . +a,_1x+a,

Hasbiaercst MHorousied ['(x) = naox" ' 4+ (n — Dajx" 2 + ...+ a,_;.
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CrpaBeyIUBbI CJIEYIOLIHE YTBEPKIEHHUST O TPOU3BOAHON MHOrOUJIEHA.

Teopema 73.

(i) Ipouszsodnas mHoeourena Hyresoil cmenenu pasra 0.

(ii) Aaa a0b60e0 ¢ € F npouszsodnas mHoeousena x — ¢ pasHa 1.

(iii) /[1poussodnas cymmol 08Yx MHOCOUACHOB PABHA CYMME NPOUIBOO-
HbLX.

(iv) Aas aoboix c € F, [ € F|x] cnpasedauso paserncmso (cf) =cf’,
M. e. NOCMOAHHbLIL MHONUMELb MONHO BOLHOCUMb 30 3HAK NPO-
U3800HOU.

(V) [as aoboix mHocourenos [ifo € Flx] cnpasedausa ¢opmyra

Jlelibnuya
(W) =TT+ s

(vi) daa awboix muocousenos [ € Flx],i=1, ..., n, cnpasediusa
obobwennas ¢opmyra Jleibruya

(oo B =Tl fat Dlafs o fat oot Nifo o famt e

(vil) Jag 206020 mHoeourena [ € Flx]
(1) =k
(viii) Jaa aoboeo ssemenma ¢ € F
(x =) =k(x = )",

JlokaszaTenbcTBoO. [lepBble ueThipe yTBEPKIAEHHS CJEIYIOT HEMO-
CpPe/ICTBEHHO U3 omnpesenenusi. PopmyJa JleilbHuua (v) Jerko nokasblBaetcs
CHauaJ/la B YaCTHOM CJlyuyae, a TIOTOM MepexoauM K OoJjiee 001leMy CJydalo:

(@) [i(x) =ax™,  Jo(x) = bx";

©) Ni(x) =aox" + a1x" "'+ ...+ a1x+an,  fo(x) =bx";

(®) [1(x) =aox" +a;x" '+ ... +a,_1x +ay,,

fo(x) = box™ + b x™ '+ .. 4 by x + by

YTBep:keHHe (Vi) JIerko BbIBOAUTCS W3 (hopmMyJibl JIeliGHNIA MO HHILYKIHH.
YTBepxkaeHue (vii) siBiseTcss yacTHbIM cjydyaeMm mnpensiayutero. [Tocsennee
YTBEp:KJEeHHE OUEBUIHO CJIEyeT U3 MPEeIbLIyLLHX. O

EcTecTBeHHBIM 00pa30M MOXKHO BBECTH TIOHSITHE MPOU3BOJHbIX BBICIIETO
nopsjka.

Onpepeaenune 80. I[IpousBonHast oT nepBO NPOU3BOAHON Ha3blBaeTcs
8mMopoii npou3so0Hol, NTPOU3BOJHAS OT BTOPOH MPOU3BOJHONH Ha3bIBAET-
¢t mpemoeti npou3sooHol U T.]1.; N-1 NPOU3BOJHAA — ITO MPOU3BOIHAS

ot (n — 1)-# npousBoaHoi. [1pousBoaHasi mopsiika /1 MHorousieHa [ 0603Ha-
yaercst 06bluHO [,
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CnpaBemnBo caenymoliee o6o6uieHde hopmyibl JlefiGHHULIA.

Teopema 74. /1 a0bbix mHo2ourenos [; € Flx], i =1, ..., n, u n0b60eo
HaAmMypaivHo2o k cnpasediuso pasgeHcmaso

(Fif)® =" Chp =",
k=0

ede [ o6osnauaem .

JokasaTeJsabcTBo. JlokazaTesbCTBO NPOBOAUTCS 10 UHAYKUMHU. Ba-
3a (n = 1) nokasana B npeapiayiiei Teopeme. Lllar unaykimu o60ocHOBbIBaeTCS
C MOMOLIbIO TIpeJibIIyLIel TeopeMbl U TOXKlecTBa [lackass (cMm. c. 48). O

Paccmorpum noJie F xapakrepucTHkid 0 M KOJIbLLO MHOTOUYJICHOB HaJl HUM.

Onpenenenune 81. DnemeHT xo €[ Has3biBaeTcss KOpHem KpamHo-
cmu n MHorousieHa f(x) € F[x], ecau f(x) nenurcsi 6e3 ocraTka Ha (x — xp)",
HO He JeauTest Ha (X — Xxo)"T!. Kopenb kpaTHoCTH | HasbiBaeTcs npoCHibiM.

Teopema 75. Saemenm xg € F ssanemces koprem mroeousena [(x)
kpamrnocmu n (n>2) moeda u moavko moeda, koeda [(xg)=0 u on
a845emcs KopHem kpamuocmu n— 1 y npousdsodroli mHoeourena f(x).

HokaszaTeabcTBo. [lycTh Xo— KOpeHb KPaTHOCTH 1 MHOrouJjie-
Ha f(x), Torna mo omnpenenenuto f(x)=(x—xg)"-h(x), rae hA(x) He memutcs
Ha x — xo. [IpuMeHsisi MpeAbIAYILyI0 TeOpeMy, OTCIOA HMEEM, YTO

F(x) =n(x —x0)" " - h(x) + (x —x0)" - h' (x) =
= (x = x0)""" - (n - h(x) + (x — x0) - B (x)).

CaieioBatenibho, f/(x) penutes Ha (x — xo)" !, HO He jeanTcs Ha (X — X0)",
TaK Kak f1(x) He JeJUTCS HA X — X.

O6patHo, nyets f(xo) =0 u [/(x) memutes Ha (x — x0)*~'. Jlokaxem,
YTO Xo— KOPEHb KPATHOCTH 1 MHorouseHa f(x). [Ipennosoxum, uto f(x)=
= (x — x0)* - A(x), rne A(x) ne nenutcs Ha x — xo. Torna

J'(x) = k(x = x0)* =" - A(x) + (x = x0)* - ' (x) =
= (= x0) " (k- h(x) + (x = x0) - 1 (x)),

MHorousieH kA (x) + (x — xg) - A’ (x) He mesuTCsi HA X — Xo M, CJIEI0BATENb-
HO, X SIBJIsieTCsl KOpHeM KpartHoctH k — 1 mnpousBoaHoil ['(x), oTkyna
k=n. d

JItoGoit MHorousieH [ MOKeT ObiTh €IMHCTBEHHBIM 00DPa30M paA3A0CeH
no cmeneuam (x — c):

Jx)=bo(x — )"+ by(x —c)" "+ ...+ by_i(x —c)+ by,
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ITO JIETKO JI0KA3bIBAETCS UHAYKUMEH N0 CTeNeHH MHOrouJieHa. [leficTBUTe b~
HO, pasienum [(x) Ha x — ¢ ¢ octatkom. [Tosyunm

[(x) = (x =) [1(x) + bn,

rie b, —ocratok, fi(x) — MHOrouwieH creneHu 7 — 1. B cuiy HHAYKTHBHOTO
PeINoNONKEHUSsT

Fi(x)=bo(x — )" ' +by(x — )" 24 ...+ by,

otkyna f(x) =bo(x —¢)" + ...+ b,.

OnuieM ajroput™ Jyist BbluncseHusi koshduuuentoB b;. CBoGOJHBIN
ujieH b, pasoxKeHHsl eCThb OCTATOK OT jejieHusi [ Ha X — ¢, b,_| eCTb 0CTAaTOK
TIpU J1eJIEHUH HETIOJHOTO YaCTHOTO f| Ha X — ¢, ¥ BbIUMCJIEHHE MOCJeIyIOLIHX
KO3 PUIHEHTOB TpeGyeT BbIUUC/IEHHS HEMOJHOTO YACTHOTO fo MPH NeJeHHH [
Ha x — c. lanee, b, _o HaXOJUTCsI KAK OCTATOK IPH JIeJIEHHU fo HA X — C U T. L.
Kpacusbie hopmy.ibl 71 KO3PPULUHEHTOB b; yKa3bIBaeT cJellyiollas Teopema.

Teopema 76 (Teitnop™). Jlroboii mHocouren [ cmenexu n MONHO
npedcmasumeo 8 sude

F'(e)

[ ()
fO)+ 5 (=) + :

I (C)(x—c)2+...+T(x—c)”.

2!
HokaszateabcTBo. [lycTs

fx)=do+di(x —c)+do(x —c)* + ...+ d,(x — )"

[Tponuddepentmpyem k£ pa3 06e yactu 3Toro paBeHcTsa. Mcnosbays npasuia
JuddepeHpoBaHmsi, MOJaydaeM, 4To

FO@) =Rl dp+(k+ ) dpp1(x—c)+...4n(n—1)...(n—k+1)d,(x —c)" "

[Tonaras x = c, umeem f®(c) = k! d,. O

3anauu U ynpaxHenus K § 3.4

1. Onpenenuts A u B Tak, utoonl (x — 1) | Ax"+! + Bx" + 1.

2. JlokakuTe, 4TO MHOTOUJIEHBI

(i) £ — nx"t' 4 nx" — 1,

(i) x> — 2n 4+ Dx™ 4+ 2n+ Dx" — 1
MMEIOT OJIMH TPOHHOH KOPEHbD.

3. Haiinute yc/oBue, npu KoTopom MHorousen x° 4 ax® + b umeer 1soii-
HOI HEeHyJIeBOH KOPEHb.

* B. Teiiiop (Brook Taylor, 1685—1731) — anrniickuii MmatemMaThk, ujeH JIOHI0HCKOTO KO-
pOJIEBCKOTO 001IECTBa.
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4. Jlokaxkute, uto TpexuyieH x" + ax"~™ + b He MOXKET UMETb HeHyJIEBbIX
KOpPHeH KPaTHOCTH BblllI€ BTOPOH.

5. Jlokaxkure, uTo k-ujieHHbIH MHOrouseH a;x™ + ...+ apx™ He MOXKeT
MUMeTb HeHyJIeBbIX KOPHEH KpaTHOCTH Bhille (kR — 1)-H.

6. Iokaxure, uto Muorousen | +x + x2/2 + x3/3! + ... 4+ x"/n! ne ume-
€T KPATHLIX KOPHEH.

7*. JlokaxuTe, uto MHorousien | + x + x2/2 4+ x3/3! + ... + x" /n! umeer
He 6GoJiee OJIHOTO NEHCTBUTENBLHOTO KOPHSI.

8%*. Jlokaxure, uto MHorousen 1-4x+x2/24x3/314...+x"/n! ne ume-
€T palMOHaJIbHBIX KOpHel. ¥ Ka 3 aH W e. [Ipumenuts popmyny Jlexxanapa
0 JIeJIMMOCTH (haKTOPHAJIOB.

9. Pasnoxute muorounen x® — 6x* — 4x3 4+ 9x% 4 12x + 4 na mHOKHTE-
JIM, He UMeIoLlHe KPATHBIX KOPHER!.

10. Ecsau mMHOrousieH ¢ UebMH KO3(p(PULHMEHTaMH TPHHUMAET B UeTbipex
pasHbIX LeJIbIX TOUKAX 3HAUEHHE @, TO OH He MOXKET MPUHMMATb HH B OJHOM
1IeJION TOUKe 3HaueHue @ + p, Tae p — NPOCTOE YKCJIO.

11%*, (Diinep.) Muorounen n®> +n+41 npu n=0, 1, ..., 39 npuuumaer
TOJILKO MPOCThie 3HaueHusl, HO npu 1 = 40 — Het. JloKaxkuTe Teopemy: He Cy-
1LIeCTBYET HEMOCTOSTHHOTO MHOTOUJIeHA, TPUHUMAIOLILETO TOJIBLKO MPOCThIE 3HA-
UeHUsl NPYU BCEX HATypaJsibHbIX 3HAUEHUSIX apryMeHTa.

12%. CyuiecTByeT MHOTOUJIEH f(X) r-# CTENEHH ¢ LeJbIMH KO3(hhHULIeH-
tamu Tako#, uro f(0), ..., f(n) — pasanuHble NpocTbie UUCIIA.

§ 3.5. Cxema lopHepa*

JlesieHre npou3BOJILHOTO MHOTOUJIEHA HA JIBYUJIEH MOXKET ObITh BbITIOJHEHO
CYLIECTBEHHO TIPOLLE, YeM JeJIeHHEe Ha TMPOU3BOJIbHBIH MHOTOUJIEH.
JIeHCTBUTEIbHO, €CJIH HYXKHO Pa3IeuTh MHOTOUJIEH
fx)=aox" +ax" '+ ... +a,_1x +a, € Flx]

Ha JBYyWIeH X —c¢, rae ¢ € F, T.e. HallTH Takue g(x) W r, uto g(x) € Fx],
reF,un [(x) = (x —c)q(x) + r, ecrectBenHo uckath g(x) B dpopme box" ! +
+bx"2 4+ ...+ b,_;. Toraa noayuum paBeHcTBO

) =aox" +aix" '+ . 4 a,_ix+a,=

=(x =) (box" '+ b x4 by +,

* B.Topuep (William George Horner, 1786—1837) — aHryniickuii MaTeMaTHK.
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PaBHOCHJIbHOE LEIMOYKE PAaBEHCTB

ap = b,

a) = b] — Cb(),

Q9 = bg — Cbl,

An—1 —bnfl Cbnf‘ ’

OTKyJla MOCJIE0BATENLHO ONPEeesoTCsl KOI((MULMEHTbl ¢(X) M OCTATOK 7t

by = ay,
by =ay + cby,
by =as + cby,

bn—l =ap—1 + Cbn—Q’
r=a,+cb,_.

3ameTuM, 4TO OCTATOK /' paBeH 3HaUeHHIO f(c) MHOTOuJIeHa [(X) MpH X = c.
JledicTBUTENIbHO, Mepexojisi B paBeHCTBe f(x) = (x — ¢)g(x) + r K 3HaUeHHsIM
npu x = ¢, nosayuum f(c) = (¢ — ¢)q(c) + r, otkyna r = f(c).

YKa3aHHbIH croco6 BblUMCIeHHs KOI(P(PUIMEHTOB UACTHOTO ¢(X) W ocTaT-
Ka r HOCHUT Ha3BaHHe cxeMbl [opHepa (x0Tst oHa Oblia, [0 CYIIECTBY, U3BECTHA,
Hanpumep, U HotoTony, u Pyddunu, u naxe B Kurae B XIII B.).

Hanee caoocrnocmoro aseopumma 6yneM Ha3bIBATb UHCJIO BbITOJHSIEMbIX
B HeM apH(MeTHUECKHX Orepaliuii.

B npuBeneHHOM Bbillle aaroputMe [opHepa HCMoJ/b30BANUCH TOJLKO Ore-
palyi CJIOXKEHUSI-BbIUUTAHHUS M YMHOXEHHsS W (paKTHUeCcKH Oblla J0Ka3aHa
caenyoiast

Teopema 77. Yacmnoe u ocmamok om OeseHus MHO2OUACHA [(X)

CMeneHnu n Ha X — ¢ HAXO0O0SMCs CO CAONHCHOCIIbIO 1 IAIOC HUCAO HEeHYAe-
8blX KOgguyuenmos y mHocourena f(x) munyc edunuya.

Ynpaxnenue 63. Haiiure HenosHoe 4acTHOE H OCTATOK MPH JeICHUU
MHOTou/IeHa x5 Ha x — 2.

BhinuiueM nocJsie0BaTebHO KO(M(HIMEHTHl MHOTOUJIEHA X
BepTHKA/ILHON YePThl, UHCIO 2:

100000 /| 2.

[Ton sToil cTpoKoi 3anuiieM KO3(PPULUHEHTbI HEMOJHOTO YaCTHOTO U OCTATOK,
M0JIb3YSICh TOJBKO UTO BbIBEIEHHBIMH (DOPMYJIaMH:

1 000 0 0 | 2

1 2 4 8 16 32
(ocTaTok — noguepkHyToe uncao). Mrak,

X% = (x — 2)(x* +2x3 4+ 4x + 8x + 16) + 32.

5 4, nocje
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3ameuanue. B cBAsH ¢ 3THM NpuMepoM oTMeTHM, uTo aesenue x !0

Ha x — 1000 Ha KoMIblOTepe TaKKM CNOCOOOM BBIMOJHUTH 3aTPYJIHUTENBHO,
notomy uTo octatok Oyser pasen 10°0 u BhisoBer nepenoanenue. He Bee, uto
JIETKO B TEOPHUH, SIBJISIETCST TAKUM M Ha MPaKTHKe.

OnucaHHOMY B MpejblaylileM naparpade ajroputMy pas/ozKeHHsh MHOTO-
ujieHa 10 CTENeHsIM JIByUJieHa X — ¢ MOXKHO MPUAATh CJELYIOUINH BUJL.

Teopema 78. Maadwue k+ 1 koagppuyuenmos mnoecourena f(x + c),

pasHuoLe
f(©), f'(c), ..., [®(c)/R),

MONUCHO 8bLuucAUmb O caoxcHocmovio (k4 1)(2n — k), ede n=deg f(x).
B wacmwuocmu, 8ce Kk03aghuyuenmol BulHUCALIOMCS CO CAOHCHOCHbIO
n(n+1).

Hokaszateabcto. O6o3nauuM G(n, &+ 1) CI0KHOCTb 3TOTO Bbi-
uncsieHus. C noMollblo cxeMbl [opHepa co CJ0XKHOCTBIO 271 BBIUUCIUM §(X)

u f(c), rae
[(x) = (x = )g(x) + [(c).

f(x +¢)=xq(x +c¢)+ p(c),

Torna

U JIJIsl BLIUUCJIEHHST OCTa/IbHBIX £ KOS (HUIIMEHTOB J0CTATOUHO HAUTH k MJajl-
X kosduuuenToB y MHorousieHa g(x + c¢) crenenu n — 1. [Tostomy

Gn, k+1)<Gn—-1, k) +2n, G, 1)< 2n,
3HAUMT,
Gn,k+ 1) <2n+2n—1)+...42(n—k)y=(k+ 1)(2n — k).

[Tpu k = n nonyuaem G(n,n+1)=n(n+ 1), npuuem ucnosbayercsi n(n+1)/2
CJIOXKEHHH U CTOJILKO K& YMHOXKEHHH Ha KOHCTaHTY C.
Tor dakr, uro Kosdduuuent npu x* B mHorounene f(x +c¢) pasen
[®(c)/R!, cnenyer us dopmyinl Teiiopa. O
Sameuanue. Ecauc=1, T0 peasbHO yMHOKeHUH BOOOLIE HE MTPOU3-
BoaHuTCs. B ofleM c/yuae mouTH Bce YMHOXKEHHS] MOXKHO CIKOHOMHTb, €CJIH

npeaBapuTe/ibHO BbIYHUCJ/IUTD CQ, ey Cﬂ, KU OT MHOTOYJIEHa

fx)=ao+ ... +a,x"
NEePEeNTH K MHOTOUJIEHY

F(x) = [(x¢c)=ag+ ...+ a,c"x",

BBIUUCJIMB €ro KO3((ULHEHTBI g, A1C, ..., A,C", 1ajiee TONyYUTh pasJ/ioKeHe
F(x) no crenensim x — |

Flx)=bo+bi(x — 1)+ ...+ bu(x — 1)
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¢ momotipbio 72(n + 1)/2 cioxenuit, OTKy1a Mpu y = xc¢
b bn
J@)=bo+b1(y/c = 1) +...4+baly/c = )" =bo+ -y =) +...4+ -y —)",

3HauuT, Hy:KHble Ham Kosdduimentol [%)(c)/k! naxoaates no dopmysnam

by/c* ¢ nomoutbio n nenenuii.

5

Ynpaxuenue 64. Passoxum MHorowieH x° no crenesm x — 2. [pu-

MeHsisi cxemy [opHepa, nosyuum:

1 0 0 0 0 0 | 2
1 2 4 8 16 32
1 4 12 32 80

I 6 24 80

1 8 40

I 10

1

rae ocraTku HOII‘{epKHyTbI. TaKl/lM O6p330M,
0= —2)° +10(x —2)* +40(x — 2)> +80(x — 2)? +80(x — 2) + 32.

J1st pubJIMKEHHOTO BbIUKMCJIEHHs KOPHEH MHOroujieHa ObIBAeT HYyXKHO
HaiTH ogHoBpeMeHHO f(c) u f/(c). BBINOJHUTD 5TO MOXKHO TIPH MOMOILK CXEMbI
[opHepa, BbIUMC/UB JBa KO3 (UIMEHTa pa3oxKeHUsl [ 1O CTereHsiM X — C.

Ynpaxnenue 65. Jlns Muorounena x3 — x — 1 soiuncanm f(1,2) u [/(1,2).

[Ipumenum cxemy [opHepa:

10 -1 -1 | 12
1 1,2 044 —0472
1 24 332

Urak, [(1,2)=-0,472 u ['(1,2) =3,32.

B kauecTBe ele oHOro npuMeHeHHUst cxembl [opHepa onuLieM areopuman
nepesoda u3 080U1HOU cucmemol 8 0ecamuurHyo 1 o6paTHo.

CHauaJia TiepeBe/ieM UHCJI0 U3 JBOMUHOM CHCTEMbl B BOCbMepHuHyo. Jljisi
3TOro pa3buBaeM clipaBa HaJleBO €ro LUUQPbl HAa TPOUKHU (MOCJEHsIsT TPOHKa
Ha CaMoM Jiesle MOXKeT ObITb NMapod WJM OJHOH LU(POH) U TepeBOJUM HX
B BOCbMEpPHUHY!0 cucTeMy cxeMoli [opHepa (BbinoJiHsiemMoit ycTHo). Hanpumep,

(1111110000), = (1.111.110.000)s = (1760)s.

BbinosHUM nepeBoji U3 BOCbMEPHUHOH CHCTEMbl B jecsiTHuHylo. [lyctb
unesio u = (U, ... uy)s. Ha k-M miare BbiMoJiHsIeM HaJ| MOJIydUeHHOH Ha mMpe-
JbILYIIEM LlIare 3aMUCbi0 B IECTHUHON apuMeTHKe JelCTBHs

Uy o Up—p—1—2 Uy - Uy =Tptl --- Op—p_1
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U 1oJiydyaem 3alucb

Untl +oo Unpefp—1-Up—fp—9 ... U],

rie TOYKa HCMOJb3YeTCsl BMECTO JECSATHUHOW 3aMsiTOH, a cTapllue pa3psisibl
MOTYT 0Ka3aTbCsl HYJIEBLIMH U B peasibHbIX BbIUHCJIEHUSX yuacTBOBAThL He Oy-
ayt. Ha (n — 1)-m wiare noJyyaem jecsiTiuHyto 3anuch uyucga u. Hanpumep,
(1760)s = (1008)0:
(1.76 0)g
2
1560
30
126.0
252

(1008)10

Aneopumm nepesoda us decamuuHol cucmemsl 8 0BOUUHYIO TIOUTH Ta-
Koii »xe. CHauaJjia nepeBoJIMM B BOCbMEPUUHYIO 3aruch. J1Jist 9TOro, noJjib3y-
siCb BOCbMEPHUUHOK apu(hMeTUKON, Ha £-M Llare BbIOJIHSEM HaJl MOJy4eHHOH
Ha MpeJbIIylIeM LIare 3aMuchio JeHCTBUS:

Uy o Up_p1+2 U, ... Un—k =Unpgl -+ On—p—1

H 1oJiydyaeM 3allucCb

Uptl «o- Up—f—1-Up—f—2 ... U]

(moHauaJgy (1 + 1)-e paspsijibl OKaxKyTCsl HyJIEBbIMU U B PeajibHbIX BblUHCJIE-
HUSIX ydacTBoBaTh He 6ynyt). Ha (n — l)-M 1iare nosiyuaem BOCbMepHUHYIO
3anuch uncaa u. Hanpumep, (1945);0 = (3631)g:

(1.94 5)0
2

2345
T 46

3025
T 604

(363 1)s

+

31ech unca JieBee TOUKH 3arlicaHbl B BOCbMepUUHOil cucreme. Jlasee nepe-
BOJIUM BOCbMEPUUHOE f1-3HAYHOE UMCJIO B JBOUUHOE (BBIUMCJISIS JUIsT KAXKI0H
BOCbMEpPHUHON LU(Pbl IBYMsl AeJEHHSIMH Ha JBA C OCTATKOM ee IBOMUHYIO
3arnCh).
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3agauu v ynpakHeHus K § 3.5

1. YKkaxurte yCKOpeHHbII BapuaHT cxeMbl [opHepa, y10GHbIN /151 BBIUKC-
JIEHUSI YETHbIX U HEUETHbIX MHOTOWIEHOB, U JIAUTE OLIEHKY €r0 CJIOXKHOCTH.

2. Tlepemenute U3 JIeCATHUHON B ABOMUHYI uucyo 12345678987654321.

3. IlepeBenute n3 nBouuHoi B pecstuynyto yncao 10101010101010101.

4. Jlawite noapo6Hoe 060CHOBaHHE M3JI0’KEHHBIX B 3TOM Naparpade aJ-
FOPUTMOB TepeBOjia U3 JABOWUHOH B J€CATHUHYIO CUCTEMY H 0OpaTHO.

5. Ha onHOil M3 1IyMepcKUX KJIMHOMHUCHBIX TaGJMueK HaMUCcaHO YHCJIO0
608 + 10 - 607, [TepeBenuTe ero U3 IECTUAECATEPUUHON CUCTEMBI B IECATHUHYIO.

6*. (ITapannensHas cxema [opuepa.) Ecsn kommnbioTep vmeer k2 napads-
JieJIbHO paGoTalolIMX NPOLECCOPOB, OMepalit 0OMeHa MeXIy KOTOPbIMH 3a-
HUMAIOT MPEHeOPEKUMO MaJioe BpeMsl, TO BblUHCJIEHHEe 3HAUEHHS] MHOrOUJIeHA
CTeTeHH 1 B 3aJlaHHOl Touke TpebyeT He GoJjee

2n/k +max [(j) +logy, k+ O(1)

eJIMHULL BpeMeHH, e [(/m) — BpeMsi BbluuceHust x™
Ykaszanue. Tlosoxum n=mk+s, 0<s <k, U npeacraBum p(x)
B BHJlE

h—

|
j k
YSETIIIED DD SUTHTRE SIFth yroe
j=0

j=0 i=0 j=s+1 i=0

Ha j-m npoueccope Bouncasiem x/ p;(x¥). Iast storo na (k — 1)-m npo-
Lieccope BhIUMCseTCs co ca0KHOCTbIO [(k) + O(1) crenenu x*~! u x* u no-
CJIeNIHsIsl TlepefiaeTcst Ha OCTaslbHble MPOIeCCOPbl, KOTOpPble TeM BpeMeHeM
BbluncJIstioT crenenn x/. [Tocse sT0ro Bee npoueccopsl Boruncasior x/ p;(x*)
co c0KHOCThIO 21 /k + O(1) Kax bl (Mcnodib3yst 06biuHyto cxemy [opHepa).

OcTaercst C/10XKUTb MOJYUeHHble pe3yJibTaThl 3a Bpemst logy, & + O(1), ne-
M0JIb3ysl apauiesbHO k/2 Npoleccopos.

7%. J11s1 OJIHOBPEMEHHOIO BbIYHCJIEHHS] 3HAUEHHH MHOTOUJIEHA B HECKOJIb-
KHX TOuKax cxemy [opHepa MHOr[a MOXKHO HEMHOIO YCKOPHUTb.

Jlokakute, uTo Jyisi OIHOBPEMEHHOTO BbIUMCJ/IeHUS 3HAUeHUH p(c) U p(—c)
JIOCTaTOUHO 21 + | onepauuu, rae 1 — cTeneHb MHOTOUJIeHa p(X).

Ykazauue. Pasgemum p(x) na x2 — ¢2. IToayuum paBeHcTso

p(x) = qx)(x* = %) + rix + ro,

[pencrasiisist p(X) B BHjI€ CyMMbl MHOTOUJIEHOB, COJEPKAIIUX TOJbKO YETHbIE
M TOJILKO HEUeTHble CTerneHH MepeMeHHO, MoJyuuM, uto p(x) = po(x?) +
+xpi(x?), rae cymma creneHeli MHOTOUJeHOB po(x) W py(x) pasHa n — 1.
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Tessi ux Ha x — ¢2

Po(x) = qo(x) (x — ) + ko, p1(x) = q1(x)(x = %) + ki

, HMeeM

Orciona
g(x)(x* — %) + rix +ro = p(x) = po(x?) + xpi(x?) =
= qgo(x})(x? = ¢?) + ko + x(q1 (x)) (x* — ) + ky) =
= (¢ — ¢%)(qo(x?) + xq1 (x*)) + kyx + ko,
3HAUMT,

rni=ki, ro=ko, q(x)=qo(x*) + xq1(x*).

CJI02KHOCTD JlesieHns Ha X2 — ¢?
p(c)=q(c)(c® —c*)+rc+r=rc+r,

p(—c) = g(=c)(c® = ¢*) + ri(—c) + ro = —ric + ro

HY>KHO JIOTIOJIHUTENBHO 3 Orepalyy.

He NpeBOCXoanT 21 — 2. JI1s1 BblunC/eH s

§ 3.6. AnauTHBHbIE LENOYKH

Hasosem addumusroii yenouxou nio6yio HaunHaouLylocs ¢ 1 nocaeno-
BaTeJIbHOCTh HATypaJibHbIX ukces ag = 1, ay, ..., y, B KOTOPOI KaXJ10€ YHCJIO0
SIBJISIETCS] CYMMOL KaKux-mo 08yx npedoldyujux quces (Wi yosoeruem
Kakoro-to npejbiyuiero uncnaa). O6osHauum [(n) HaumeHvulyro 0AUHYy aj-
JMTHBHOMN LIEMOYKH, 3aKaHUMBatoLlelics uucyaom 1. [1j1s onpenesieHHOCTH MO
JUIMHOW 1lenouku ag =1, ay, ..., a, MOHUMAeM UUCJIO /M.

[Tpumepsn. 1. [Mocnenosarenshocts 1, 2, 3, 4, 5, 6,7, 8,9, 10, 11,
12, 13, 14 — apauTUBHAS LEMOUKA.

2. INocaegoBarenbHocTs 1, 2, 3, 5, 7, 14 — MuHuMasibHas Lenouka s 14,
T.e. [(14) =5.

3. AJZIMTUBHBIE LIEMOYKH MOXXHO H300pa)KaTb B BHJE OPHEHTHPOBAHHO-
ro rpacda, B KOTOPOM B BepLIHHY a@; WIyT pe6pa OT BEpPLIHH a;, Ak, €CJH
a; =a;+ap (B cayyae, ecsiu Takoe NPeACTaBJieHHe HeOJHO3HAYHO, BhIOHpa-
eM Jilo6oe U3 HUX U PUCYeM TOJILKO jiBa pebpa). Eciin U3 Kakol-To BepllUHb
BBIXOJIUT TOJILKO OJJHO peGpo, TO /sl KPATKOCTH MOXKHO «CKJIEMTb» 3Ty Bep-
LIMHY C TOH BEPLIMHOMN, B KOTOPYIO BelleT 310 pebpo. [pad nisi npeabiyiiero
npumepa cM. puc. 21.
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MoxHo CUATaTb, UTO BCE UYKUCJa B LUCIMOUKE pa3HbLe, TaK KaK 3TOro JIerko
JOCTHUbL, MPOCTO yAaJisisi U3 HEE MOBTOPSIIOULIMECs YKMCJa U pacliosiaras yncJya
B LIeNoYKe B MOpsJKe BO3paCTaHHUs.

YnpaxHeHue 66. [lokaxkuTe, uT0 HaUMeHblIee YHCJO ONepaluil YMHO-
YKeHus1, TpeOyIoLMXCsl JJIsi BO3BEJIEHUST UMCJia X B CTeleHb 1, paBHO [(1n).

Takum 06pasom, Bblukciende x'* Tpedyer ne 13 yMHOMKeHHE, a TOJLKO 5.

O6osnaunm A(n) = |log, n| ymeHowennyio Ha eduHuyy OAUHY LBO-
WUHOH 3amucu uucaa n, a v(n) —cymmy yugp (IpyruMd CJIOBAMM, UHUCJIO
€JIMHULL) B HeH.

[Tpumepso. 1. Ilpu n=14, oueBnnno, A(14) = 3.
2. Tak xak 14 = (1110)9, T0 v(14) = 3.
3anuceiBast YUC/I0 /1 B IBOMUHON CHCTEME M HCNOJb3ys cxemy lophepa,

MOXKHO HamucaTh aJJIMTUBHYIO LEMOUKY A/ uucaa 1 Aauubl A(n) + v(n) — 1
cJienyoiuM o6pa3om

n=2"by+...+bg=1(.. Qb +byu_1)2+...+b1)2+ by,

ag=by=1, ar=2a=2, ay=a,+by_1, az=2ay, ..

Yy
Aom—1 = 209,—2, Qom = Am—1 + bo,

rJle UUCJI0 YABOEHUH PaBHO m = A(1), a uucJio NpUGaBJIEHUI eIMHULIBI PABHO
v(n) — L.

Mpumepn. 1. Tak kak 14=(1110); =22 422 +2=((1-24+1)-2+
+ 1) - 2, To nosyuaercs uenouka 1, 2, 3, 6, 7, 14.

2. DToll 1lenouKe COOTBETCTBYET TAKOH aJrOPUTM BO3BEJIEHHS B CTElEHb!

x, x2, x3=x>x, x6:(x3)2, x'=x%x, x”:(x

7)2'

3. Ilnd 3anoMHHaHUS MOCJE0BATeJbHOCTH OMNepallil B cjlyyae ee MHO-
FOKPATHOTO MCMOJIHEHUS MOXKHO 3aMEHWTb B JIBOMUHOH 3arKCH MoKa3aTels
crenend 14 = (1110)9 kaxkaylo enuHully, HauMHasl cJeBa (CO CTapUIMX pas-
psilloB), KpoMe camoi nepBo#, Ha cjor KV, a kaxaplil Hyjab —Ha OykBy K,
torna noayuum cioso KYKVYK, B koropom 6yksbl K o3Hauator Bo3BeneHHe
B KBaJpat, a OYKBbl ¥ — YMHOXKEHHE Ha OCHOBAHHE CTETEHH.

Tem cambiM 10Ka3aHa
Teopema 79 (6uHapHbiit MeTon). Cnpasedauso HepageHcmso
l(n) < A(n) +v(n) —1.

Wurepecto, uto GuHAPHBIA MeTOJ Obl1 (DAKTUUECKH H3BECTEH JPEBHUM
MHJycaM, a 3ajadya o HaxoxJeHuu (yHKuuu [(n) nosiBUJIach B OJHOM (paH-
1ly3CKOM KypHaJie B 1894 1.

11 Tawkos
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B nokasaresibcTBe caelytolilell TeopeMbl (PaKTHUECKH TAKXKe UCMOJb3YeTCs
cxema [opHepa.

Teopema 80 (A.Bpayap*). /Ipu k <log, log, n cnpasediuso nepa-
8eHCMB0
[(n) < (14 1/k)[logy n] + 271 —k+2.

HokasatedabcTBo. [IpencraBum 1 B 1BOUUHON 3aMUCH:

m
n= E OQQl,
i=0

rae a; =0 umu 1, m = [log, n]. Paso6bem HaGop (ap, ..., tuy) He Goslee ueM

1 1 )
[m/—: W 6aokoB Ag, ..., As, s < [%—‘, KaXKIbli U3 KOTOPbLIX, KPO-

Me MOCJIeJJHEr0, HauMHaeTcsl ¢ 1, COCTOMT M3 MOAPSI MAYUHMX Uudp U Mno-
CJIeHsAsl eIMHMIA B HEM OTCTOMT OT TMepBoil He GoJiee ueM Ha k— 1 mno-
3ULMIO, a TMOCJeJHUI OJIOK COCTOUT POBHO W3 R 1P (HECKOJLKO MOIAPSiL
WYX HYJIeHd, BO3MOXKHO, CTOSILLMX B HauaJjle, He BXOJASAT HU B OJIMH U3 pac-
cMaTpuBaeMbix 6J10K0B). Uucsa, IBOMUHBIMU 3aMUCSIMH KOTOPBIX SIBJSIIOT-
¢ 3TH GJIOKH, He npeBocxofar 2% — 1 W, Kpome, BO3MOXKHO, MOCJIHEro,
HeueTHbl. [lycTh 3TH uucaa cyte ao, ..., as. Torma n MoXHO TPEACTaBUTh
B BHJE

n=20@m" . (2s-2@25-1(25ay +as 1)+ as_9) +...+aj)+ag),

rie [; —jmHa 6moka Aj, [g=kuls + 11+ ...+ lp=m+1— k. Bce unc-
1a ao, ..., Gg_| COJepKATCA B aJJMTHUBHOI Lerouke 1,2, 3,5, 7, ..., 28 — 1
qnnbl 2571 4 1. TloaToMy uis BLIUHCJIEHUS! 7 JIOCTATOUHO J00aBUTH K Heil
M0CJIeIOBATE/IbHOCTD

as, 2as, 4as, ..., 2"a5, 2%as4a5,
Q(QISCZS +a571)7 4(215(1‘9 +as71)1 ey 2l571(2[sa5 +a571)’
21 (28as +ac ) +ase, ., 2572251 Q%as 44 1) +a),

(.. 22 @515 ay + as_y) + as_9) + ...+ a1) +ao, ...,
2@ (... 2228125 ay + a,_ 1)+ as_9) + ...+ a1) + ap),

JUITHHA KOTOPOH paBHa

e+l +...+lh+s+1l=m+2+s—k.

* A.Bpaysp nokasan sty teopemy B 30-x rogax XX B.
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[Tostomy
()< @'+ ) +(m+2+s—k)y<m+2+ [_mzl—‘ Lokl _p
MoxxHo cuurats, uto n.# 2™ torna m+ 1 = [log, n] u
I(n) < [logy n](1+ 1/k) +2* " —k + 2. 0

Caeacreue u3 treopembl 80.
nlLrglo l(n)/ logy, n=1.
JdokaszaTenbcTBo. [IpuMeHsieM 10Ka3aHHYIO TeopeMy MpH
k= XMA(n)) — 2X(A(A(n))). O

Ec/in Hy»KHO OBICTPO BBIUMCJHUTbL CPa3y HECKOJbKO CTeleHeH, TO MOKHO
NOCTPOUTb depeso cmenerell TakuM obpazom. Koprem nepesa sipasietcs 1,
e/IMHCTBEHHAs BepLIMHA MEPBOro YPOBHS, U3 Hee BLIXOJUT PeOPO B BEPLLIKHY 2
BTOPOT'O YPOBHS, H KOTJIa E€PEBO Y2Ke MOCTPOEHO 110 £-TO YPOBHS, TO, BbIOpAB
J1060€ UKCJIO0 11 U3 STOTO YPOBHS U BbIMUCAB Bce uucaa a; = 1, ao, ..., a, =n,
JiezKallye Ha MyTH U3 KOPHS 10 BEPLUHHBI 71, COEJIMHSIEM 3Ty BEpLUMHY C BEp-
UIMHAMH 1 + a7, ..., 1 + A}, KOTOPble NoMelliaeM Ha (k 4+ 1)-m ypoBHe. B npo-
1ecce MoCTPOEHUsI MOBTOPHO OJIMHAKOBbIE BEPILUHMHbBI B €PEBO, €CTECTBEHHO,
He 3aHocATCA. DTa Mpolle/lypa HA3bIBAETCS METOJIOM JlepeBa CTereHel.

3anauu ¥ ynpaxxHeHus K § 3.6

1. Jlokaxure, 4To v(1) MOXKHO PEKYPPEHTHO ONPENEJUTh CJeIyIOIUM 06~
pasom
v(l)=1, v(@2n)=v(n), v@2n+1l)=v(n)+1,
a PyHKUHMIO A(71) MOXKHO PEKYPPEHTHO OMPENENUTh CJAEIYIOIHM 00pa3om
A1)=0, X2n)=A2n+1)=A(n)+ 1.

2. JlokaxkuTe, UTO €CJIM aJUIMTHBHAS LENOUKa JIJISt UMcJ/a 11 HMEeeT JJIUHY 11,
To < 2™,

3. Hoxaxure HepaBeHcTBO /(1) >logy, n W npuBeauTe NpUMEpHl, Korja
OHO 0o0pallaercsl B paBeHCTBRO.

4. JlokaxKuTe, UTO €C/IM B aJJMTUBHON LleNouKe Il uuca n umeercs k
VIBOEHUH W m HEYIBOEHUH, TO 1 < 2’*_'Fm+3, rae F; — nocnenoBaTebHOCTD
dubonauuu.

5. Jlokaxure HepaBeHcTBO [(n) < 2 log, n.

6*. Jlokaxure HepaBeHnctBo [(nm)<Il(n)+[(m)—1 (MeTron MHOXKH-
Tesen).
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7*. JlokaxuTe cjelcTBHe U3 TeopeMbl bpayspa ¢ oleHKOH

1 C logy logy logy n)
logy logy n (logy logy n)?

log, n(l +

rie C > 0 — HeKoTOpast KOHCTAHTA.

8*. TTokaxute, npuBelsl IPUMEPDI, UTO HHOTAA METOJ MHOXKUTEJIEH Jyu-
e, yeM OMHaApPHBIA METOJ, a HHoraa HaoOopoT. [TokaxKuTe, UTO TakHe NpuMe-
pbl BcTpeuarTcst 6ECKOHEUHO 4acTo.

9%, TTokaxuTe, NMpUBEIs NPUMEPDI, UTO METOJ JiepeBa cTerneHell ObIBaeT
Jlydllie MeTO[a MHOXKUTeJled U OMHAPHOTO METOJ1a.

10*. [as GbicTporo BbluMcaeHust 60/bunX unces PuboHauun MOKHO HC-
NoJIb30BaTh cJieylolnil npueM. Eciin y>ke Bbluncsiena napa uucesn (Fp, Fp_1),
to napy (Fx, Fp11) HAXOAUM OJIHUM CJIOXKEHHEM, a napy

(Fok, Fop—1) = (F} +2FyFr_y, F} +FE_))

HaxolIuM ellle 6 ornepaursiMi U MpuMeHsieM OUHAPHBIA METO/L.
Jlokaxkute, uTO CJI0XKHOCTb BbluHC/IeHHs [, He npeBocxoaut C log, n.
11*, TTokaxute, uto MHOrOueH p,(x) =14 x + ... +x"~! MoKHO BbI-
UUCJIUTD C TIOMOLLbIO [(71) YMHOYKEHUH, OJIHOTO BbIUMTAHUS U OJIHOTO JIeJIEHHSI.
12*. [lokaxknuTe, UTO MHOTOUJIEH pP,(X) MOXKHO BBIUMCJIHUTL C TOMOIIbIO
2[(n) — 2 ymHOXKeHUH U [(1n) cJ0KeHU.
Ykasanue. Ecmx™=x¥x/ —ouepenoii mar MUHHMA/ILHON LENOUKH
JUIS BBIUMCIICHHST X", TO J1e1aeM War P, = ppx! + p;.

13. TIposepsTe ToskaeCcTBO por(x) = (x2 + D(x2 "+ 1) ... (x + 1).

14*. Tlokaxure, uto [(2" — 1) <n+ 2 log, n.

[unomesa I[lloavya o ToMm, uto [(2" —1)<n+[l(n)—1, no cux nop
He J0KasaHa.

15. MoxHO 0606IIUTDb MOHSTHE AJJIMTUBHbIX LIEMOYEK, 100aBUB OIepallio
BbluuTanus. Jlokaxkure, uto ajsi Takux enovek /(2" — 1) < n + 1. Boinosus-
eTCsl JIM 3/1eCh PABEHCTBO?

JlokaszaHo, 0JIHAKO, UTO MPH HCIOJb30BAHHH BLIUUTAHHSI BCE PABHO JJIsi
MOUTH BCEX 1 HHXKHSIST OLeHKa JUist [(1n) uMeeT BHI

1—571
l(n) = log, rz(l + logy logy n)'

TJle €, CTPEMHUTCS K HYJIIO.

16*. Tlokakure, KaK ¢ MOMOILbI0O OUHAPHOTO METOJ1a MOXKHO Ha MpocCTeii-
ILIEM KaJbKYJSITOpe C orepaiuen \/—, HO Ge3 orepallld BO3BEJIEHUS] B CTe-
TeHb, MPUGKEHHO BHIYUCIATh QYHKLUHMIO XY, Tle y — IBOUUHO-PALHOHAJIb-
HO€ YHCJIO.
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B caenyronmx 3agauax 6e3 aJIMTUBHBIX 11€TTOUEK BIOJHE MOXKHO 0O0HUTHCD.
o 7

17. Haiizure nocaenuioo uudpy uncaa 77 .

18*. Hailinure nojacraHoBKy

123456789\ "
451236897

A B caenyoliieit 3ajaue 6e3 GMHAPHOTO METO/Ia BO3SHUKHYT TPYJHOCTH.
0
19%, Haiiawre 109" mod 1999.

§ 3.7. lpubauxkeHHoe BblUUCTEHHE KOPHEM
MHOTOUJIEHOB

31ech Mbl KPaTKO OMMLIEM HEKOTOPble METO/bl MPUOJHAKEHHOTO BbIUMC-
JIeHUst KopHell ypaBHeHHil. VX moJie3Ho 3HATh U yMeThb MPUMEHSTh, HO 3HATh
JI0Ka3aTeIbCTBA COBCEM He 00s3aTeJIbHO, TeM OoJjiee UTO OHH CKOpee OTHO-
CATCA K aHasu3y, a He aqrebpe.

[IpocTeiilinii U HauboJiee CcTapblii METOA BbIUUCJEHUS HA3bIBAETCS HHO-
raa «uudpa 3a uudpoii». B npuMeHeHUH K BBIUMCJEHHIO KBAJPATHLIX KOPHEN
OH 6bl1 OTKPLIT ellle B [peneit Mnaun. st npubimzKeHHOro NoucKa KopHei
NPOU3BOJILHBIX ajireGpanueckux ypaBHeHHE ero nepBbiM npuMenus Buer. Oni-
HO M3 BapHallMil 3TOr0 METO/A SBJSETCS TaK HA3bIBAEMbIH «METOJl BUJIKH>,
Ha3BaHHbIH TaK apTHJlepucTaMu. Kest ero TakoBa: ecsiv pu HEKOTOPOM Yr-
Jie HaKJIOHa opyaus 3aPUKCUPOBAH HEJOJIET, a P OOJbLIEM yriie — fepeJeT,
TO CJIEYIOLMH YroJl HaK/JOHa BBIOMPAIOT KaK cpejiHee apH(MeTHUeCKoe ABYX
9THX YIJIOB.

B npumMeHeHun K moucKy KopHell ypaBHenusi f(x) =0 Ha orpeske [a, b]
9TO BBINISIUT cJieaytolm o6pasom. [Tosnoxum xg = a, yo = b, 1 ecyiu Ha n-M
11are BbIUUCJIEHHS] Mbl HALLLIK NPUOJIHKEHUST X,,, Y, Takue, uto f(x,) f(y,) <O,
TO BBIUKCAsIEM 2, = (X, + ¥4)/2, f(2,), u B cayuae f(z,)f(x,) <O nosaraem
Xn41=Xn, Ynt1=2n, a B Cyuae [(2,) [(y,) <0 nonaraem x,1==2u, Yny1=Yn-

OueBUHO, UTO TAKUM MyTeM MOXHO HAUTH BCE MPOCTble KOPHU JIIOOOTO
MHOTrouJIeHa ¢ JI000k 3a]aHHON TOUHOCTBIO. DTOT METOJ, XOPOLI €llle TeM, UTO
NPUroJIeH JUIsl MOUCKA KOPHel y Jito6oil HerpepbIBHOH (DYHKIIMH, J1aXKe B YCJI0-
BUSX, KOTJIa HAM PO Hee HUYero He M3BECTHO, HO MO HalleMy TpeGOBaHHIO
BBIUMCJISIIOT JtoOble ee 3HaueHusl. B Takux yc/oBHsIX 3TOT METOJ MOXKET CUH-
TaThCs ONTHMAJIbHBIM.

Ec/in HauasibHble 3HAYEHHS X(, Yo LieJble, TO YKA3aHHbIH METOJ HAXOIUT
pasJyioyKeHHe KOpHS B JBOMUHYIO J1poOb. Ec/ Mbl XOTHM HalTH IeCATHUHOE
npubJIKeHHe, HAJIO KaXblil 0TPe3oK [X,, Y,]| pasdbuBath Ha 10 paBHbIX ua-
CTell M UCKaTh X,11, Ynt1 TAKHMH, UTO Yuy — Xpi1 = (Yn — X,)/10. WHorna
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JUISl IOMCKA ouepeiHOro NpubJ/HKeHus BMecTo ypaBHenus f(x) =0 Ha oTpes-
Ke [x,, Y] pacematpusaior ypasuenue g(y)=0, g(y)= f(x,+ (4, —xn)y/10)
Ha orpeske [0, 10], u Tak MOXKHO JieJIaTh Ha Ka)KJ0M Llare BbluucJseHus. [1pn
9TOM Mbl U30aBJisieMcst OT Apobefi, HO CTalKuBaeMcsl ¢ ObICTPbIM POCTOM KO-
3¢ (ULMEHTOB Y TIOC/EI0BATENbHOCTH YPaBHEHHH.

Jlns yckopeHnusi pa6oTbl HET HEOOXOJIUMOCTH BBIUHUCJIATH MPU 3TOM BCe
11 snauennii g(0), ..., g(10), Tak KaK MOXKHO, IPUMEHUB METOJL BUJIKH, CJle-
JIaTh 3TO 3a 3 WK 4 BbluMCJeHUs 3HaueHUd g(y).

B sTOM MeToNe NJisi BbluMceHHs1 f(x,) npumeHsieTcsi cxema [opHepa. Ee
UCIOJIb30BaHUE BJIOXHYJIO HOBYIO XKHM3Hb B 3TOT METOJI, TOUEMY €r0 CTaJIH J1axe
MHOTJIA Ha3blBaTh Memodom [opHepa *.

CambIM 3¢ heKTHBHBIM METOIOM NPUOJIHKEHHOTO BbIUMCJ/IEHHST KOPHEH 5B~
asietcst memod Heromorna. K 10cTOMHCTBAM 3TOr0 METOJa OTHOCHTCS TO, UTO
OH [PUMEHHM HE TOJIbKO K MHOTOUJIEHaM, HO U K J10ObIM AuddepeHpyeMbiM
(hYHKLMSAM, ¥ TO, UTO OH JIOMYCKAeT HIHPOKHe 0OOOIIEHHs, HANPUMEp, C €ro
MOMOLIbIO MOXKHO PEllIaTh CUCTEMbI YypaBHEHUI, B TOM UMCJIe U B KOMIJIEKCHbBIX
uncsiax. Maes, Ha KOTOpOil OH OCHOBAH, HMEET TaKyKe BaKHble MPUJI0KEHHUS,
HO Mbl He Oy/leM 3/leCb X pacCMaTPUBAThb, @ OTPAHUUYHUMCS TOJIBKO pelieHHeM
ajre6panuyecKkux ypaBHEHHUH.

Jpyrum ero J0CTOMHCTBOM $IBJISIETCS1 OUeHb ObICTPasi CXOAUMOCTb.

TpeTbe ero AOCTOMHCTBO — TO, UTO OH SIBJSIETCS UMEPAUUOHHbIM METO-
JIOM, 8 3TH METOJbl YCTOHUMBBI OTHOCHTEJbHO OLIMOOK BBIUHCJIEHHH: €CcJu
ouepe/iHasi UTepaLMs BbIIOJHEHA ¢ OLIMOKOM, TO IOBOJIbHO YacTO 3TO He MpHU-
BOJIMT K OLIHOKe B OTBeTe.

HbloToHOBa MTepauusl aesaercs CJelyloluM 00pa3oM: ecyt X, — MoJy-
ueHHOe MPUOJMXKEHHE K KOpHIO ypaBHeHus f(x) =0, To HOBoe MpHOJHKeHHE
HaxoMuTes Mo dopmyJie **

T Gy

rne ['(x,) — npousBoaHasi GpyHKiKH [ B TOUKE X,. [eoMeTpHUueCKHil CMbICJ
9TOH (POPMyJibl TAKOB: HYXKHO uepe3 TOUKYy (X, f(x,)) rpaduka ¢GyHKUMH
y = [(x) npoBecTH KacaTesibHylo, TOorja oHa repecekaer ocb Ox B TOu-
K€ X1

YnpaxHenue 67. JlokaxkuTe npejbliylilee yTBEPKIEHHE.

* Jlo TopHepa o6'beM BbIUHC/IEHHI TIPH HCIIOJb30BAHHH 3TOrO MeTola Obll HACTOJBLKO Be-
JIMK, 4TO OfMH H3 MaTeMaTHkoB XVII B. Ha3Ba/s npuO/IMKEHHOE BbIUHC/IEHHE KOPHEl ypaBHEHHI
paboToi, HelOCTOHHON XPUCTHAHUHA.

## Cama sta hopmyJia npuHaaieKuT Padeony u B Auriuu nssectna kak gopmysa Holorona—
Padgcona.
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C nomotpio MeToa HbioToHa oueHb ObICTPO BBIUHCJSIOTCS KBajJpaTHble
KOPHH U KOpHU 6oJiee BLICOKOH CTereHH.

IMpumeps. 1. s keagpatHoro KopHs /N HbIOTOHOBA HTepalus *
VIMeeT BUJ

X _! (x + N)
n+1 — 9 n ¥n .
o m
2. st KOPHS 171-U CTEIeHU V' N HbloTOHOBA uTepaumsi UMEET BUJL

1 N
Xpgl = E((m— )x, + x’”l).

n

YnpaxHenue 68. [lokaxure, uTo 3TO JEHCTBUTEJBHO HbIOTOHOBBI HTE-
pauuu B MpUMeHEHUH K ypaBHeHuto x™ — N =0, N > 0.

Mo2xHO 10Ka3aTh, UTO OHU OYIyT MOUTH BCErAa CXOAUTCS K KOPHIO He3a-
BUCHMO OT Bbl6Opa HauyaJbHOrO 3HAYeHHs1 xg. s KBagpaTHOro KOPHSI 3TO
MOXKHO C/le/1aTh COBCEM 3JIEMEHTAPHO.

Ynpaxuenue 69. 1. Jlokaxkute jjisi HbIOTOHOBBIX MPUOJIKEHUI K VN

TOXKJECTBO o
Xn— VN (xQ\/N)
xn+ VN X0+ VN
— VN .
2. Jloka)kute, 4TO €CJH M <1, To lim x,=+N, a ecau
\/N xﬂ+\/N n—o00o
Xn — .
———|>1,10 lim x,=—vVN.
)Cn-f—W/N n—oo n

OpnHako /sl yCKOpeHHsl BbIUHCJIEHUH Jyullle B3sITh X( KakK MOXKHO OJIHxKe
K KopHio. Hanpumep, ecin 1/2 << N <1, To npocreiiiiiee Hausyuliiee npu-
omikenne ectb 0,5903N + 0,4173. ITocsie 3TOro yxKe JiBe UTEpalMd JAKOT
9 ecSITHUHBIX 3HAKOB MOCJE 3aMsATOM.

Ynpaxuenue 70. Ilposepbre 370.

Ecian 0,1 <N < 10, To B KauecTBe NPUOITHKEHHS C TOUHOCTbIO 1/12 MOXK-
HO B351Tb (1 +4N)/(4 + N).

B ofuiem ciyuae HensBeCTHbl yI0GHblE HEOOXOJHUMblEe W JIOCTATOUHbIE
YCJIOBUST CXOAMMOCTH MeTojia HbloToHA MpH JaHHOH HauaJbHOH TOUKe Xo.
[TpuBenem 6e3 JoKazaTebCTBA HEKOTOPbIE JOCTATOYHBIE YCJIOBHS €0 CXO-
JIUMOCTH.

Teopema 81 (Pypbe*™*). [Tycmo ¢yuxyus [(x) onpedesena na om-
peske |a, b], Ha eeco konuax umeem pasuuvie 3naxku (m.e. [(a)f(b) <0),

* Kaskeresl, u3BecTHasl ellle JpeBHErpeueckoM MaTeMaTHKy [epony AJiekcaHIpHIACKOMY.
*#* K. dypoe (Jean Baptiste Joseph Fourier, 1768—1830) — snamenutblit paniysckuii ma-
TeMaTHK. YuacTHUK Erunerckoii skcnenuuun Hanoseona.
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umeem Ha Hem eOUHCMBEHHbLL KOpeHb i 08e Npou3sooHble, npuvem
gezde ['(x)f"(x) #0, u f(a)["(a) > 0. Toeda npu xy = a HLIOMOHOBbL UMe-
PaAyUL X, CXOOSMCS K KOPHIO, NPUUYeM eCAl BbINOAHUMG ewje Wmepayull
no gopmysre

Ynv1 =Yn— [Wa)/ [ (xn),  yo="0

(noxooicell HA HOLIOMOHOBbL UMepaAyUL, HO BMECMO Y, 8 O0OHOM Mmecme
UCNOAb3YEeMCA X,), MO Y, modice bydem cxo0umces K KOPHIO, HO ¢ Opyeoll
cmoponst. Ecau ["(x) nenpepoisna na ompeske |a, b], mo

["(e)
1'(c)

. [Ynt1 — Xng1
lim —_—
n—oo  (Yn — xn)? 2

’

ede ¢ — UCKOMbLI KOpeHb.

Sameuanue CjoBamMu J0Ka3aHHyl0 (GopmMyJy (OpPMYyJHPYIOT Tak:
paccTosiHue MeXNy X, U Yy, yObIBaeT 10 KBaJpaTHUHOMY 3aKOHY. DTO OUeHb
6BICTPO, TOpaso GbicTpee, UeM B MeTojle BUIKH. Ho mocsenoBaTensHoCTb ¥,
JIAeT TOpas3no Xyjilee MpuOJKeHHe K KOPHIO, UeM X,, a UMEHHO, J0Ka3a-

HO, 4TO
Yn — ¢
Xn —C

lim

n—o0

= +o00.

[TosTomy B KauecTBe npuOIHKEHUST OEPYT X,, A Y, UCIOJb3YIOT TOJNBKO IS
KOHTPOJISl JOCTUIHYTOH TOUHOCTH (MHOT/IA MOXKHO OOOHTHCH M 0e3 BbluHCJe-

HUS Yp).
J171s1 yCKOpeHHsT CXOIMMOCTH TOCJ/Ie0BaTeNbHOCTH ¥, Jlannenen * mpen-
JIOXKHJT UCTIOJIb30BATh UTEPALIH

_ _ Yn — Xn
Yn+1 =Yn f(yrz) F(yn) — J(xn)”

Bbluncssitb UX HEMHOTO CJIO2KHEee, HO 3aTO ClipaBe/iiBa

Teopema 82 (Haupenen). Ecau soinoanerst ycaosus Pypoe, mo

lim

n—oo

Yn _
’ _C‘ g(yo),

ede g — HeKOmMopas MOHOMOHHAA PYHKYUS, npU1EeM

lim g(yo) =0
[yo—xo|—0
B kxauectBe otBeTa 06bIUHO GepyT cpejiHee apU(METHUECKOe X, U Y, NPH
nocsenHer urepauuu. [pu peuiennu ajnre6panuecknx ypaBHeHHH /151 BbIUKUC-
JieHUst 3HaueHuil f(x) ucnosb3yror cxemy [opHepa.

* K. Nanpenen (Germinal Pierre Dandelin, 1794—1847) — Gesibruiickuii MaTeMaTHK U HH-
JKeHep.
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Sameuanue. [lpu Bcex ero nocrouHcrsax meron HoioToHa 10Bo/bHO
Karpu3eH, OH MOXKET U He CXOAMTCs, U M0JIb30BATHCSI UM HY2KHO YMEJIO.

B ciyuae, ecsin ypaBHeHue J1aHO B BUJe f(X) =x (a K 3TOMY BHIy MOXKHO
TpUBECTH JI060e ypaBHEHHE), MOXKHO JUIsl €0 pellleHds] MCT0Jb30BaTh MPO-
CTeHIINH umepayuornoLii npoyecc: x,11 = f(x,). OUeBHIHO, UTO €y y —
KOpEeHb yPaBHEHHsI, TO TPU Xo = 4 MOCJENOBATENLHOCTb CTAaOHJbHA: X, = Y.

Ecmu f(a) >a, a<b, f(b)<b, byukuus f(x) HempepbiBHA, MOHOTOHHO
BO3pacTaer, U ypaBHeHHe [(X) =X HMeeT POBHO OJMH KOpPEeHb Ha OTpe3Ke
[a, b], To nmocsenoBaTeNbHOCTD X,y = [f(X,) TIpH JEOGOM HaYaJILHOM 3HAUEHHH
CXOJIUTCS K 3TOMY KOPHIO.

JleficTBUTENIBHO, €C/IH, HAMpUMep, Xo TakKoBO, 4To [f(xg) > Xo, TO mocJje-
JIOBATEJbHOCTb X,4+| = f(X,) MOHOTOHHO BO3pacTaeT, orpaHuueHa (mouemy?)
U TO3TOMY MMeeT TIpejiesi, KOTOPbIl B CHJy HENPePbIBHOCTH COBMAJAET
C KOpHEM.

MOXKHO J10Ka3aTh, UTO €CJIM B OKPECTHOCTH KOPHS MPOU3BOJIHAS (PYHKIHUH
MO MOJYJII0 MeHbllle €MHHILIbI, TO B 3TOH OKPECTHOCTH YKa3aHHasi MOCJeN0-
BATEJIbHOCTb CXOMUTCSI K KOPHIO.

OpHako, ecJiu, HarpUMep, B OKPECTHOCTH KOPHsI BBITIOJIHSIETCS] HEpaBeH-
ctBo |[/(x)] > 1, To 3Ta MOC/NEN0BATENLHOCTD YAAJISETCS OT KOPHSI.

[Tpumeps. L. Ecau x,q =sin x,, xo=1, T0o x, — 0.
2. Ecmu x,41 =tg x4, X9 =1, TO X, HE CTPEMUTCS K HYJIIO.

Ecsin ypaBHeHHe He uMeeT BUaa f(X) = X, TO €0 MOXKHO MPUBECTH K ITOMY
BUIy no-pa3HoMy. MHorna nocsie 3TOro Meroj WTepauuil 1aeT OTBET, MHO-
13 HeT.

MMpumeps. |. Ecau ypasnenue x2=x + 1, noJ0KHTebHBIH KOpeHb

kotoporo (1 +1/5)/2 sBsieTcs TaK HA3bIBAEM 30/10THIM CEUeHHeM, TeperH-
cath B Bujle X° — | = x, TO UTepalMOHHAasl [10CAe10BATEILHOCTb X,y | = X2 — |
Oyner JubO pacXopuTCs, JUOO 3alMKJIMBATLCS, TaK Kak 4eTHasi (yHKLUs
f(x) = x? — 1, yOuiBasi, nepeoaut otpesok [—1, 0] B cebs1, MeHssi MecTamu
€ro KOHIIbl, MO3TOMY 4YeTHbIH MHorouwsneH [,(x)= f(f,_i(x)) npu uetHoM n
6yzet, Bogpacrasi, 0To6pakaTb STOT OTPE30K B ce6sl, a IPH HEUETHOM 71 OYJIET,
yObIBasi, 0TOOpaxKaTb 3TOT OTPe30K B cebs, U B MEPBOM CJjyuae ypaBHEHHe
[(x) = x umeet Ha Hem kopun 0, (1 — 1/5)/2, —1, a Bo BTopoM cJiyuae — ouH
KOpeHb BHYTPH OTpe3Ka, KOTOPbIM MOKeT Gbith To/bko (1 —+/5)/2. Ha or-
peske [0, 1] KopHeii HeT, a BHe 0Tpe3Ka ecTh ToJIbKO KopeHb (1 +v/5)/2.

2. Ecau ypaBHeHHe x2 =x + | nepenncath B Buge x =1 + 1/x, T0 uTe-
palMOHHAST OCJEN0BATEJBHOCTD X1 = | + 1 /X, npu xo > 0 Gyner cxoaurest
K KopHio (1 4++/5)/2. Ecan BodbMeM X = |, TO N0J1yueHHas [0CAe10BATENb-
HOCTb COBIAJIET C YK€ 3HAKOMbIM HaM Pa3J/i0zKeHHEM 30J10TOrO CeUeHHUs! B LM~
HYy10 A1pOOb.
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3. Ecan ypasuenne x? = x + | mepenucatsb B Buge x =+/1 + x, To ure-

paLMOHHASA MOCJE0BATEIBHOCTD Xyt | = /1 + X, P Xo > 0 OyzneT cxonutes
K kKopHio (1 +1/5)/2. Ec/iu Bo3bMeM xo = |, To noJiyunM KpacHBylo, HO Gec-
MOJIE3HYIO C BbIUMCJIUTEIbHOH TOUKH 3peHust (hopMyJy

1+T*/5_\/1+\/1+\/1+m.

Hrepatmontbie nocJenoBareibHocTH Buja f,(x) = f(f,—1(x)), B ocobeH-
HOCTH He CXOAsIlIMecs W 3alMKJUBAIOLIMECS, BbI3BIBAIOT B HACTOsIILIEE BPeMS
6oJbLIoi HHTepec. X nceseioBaHie HETPUBHAJIBHO J1axKe B CJlyuyae KBajpar-
HOro TpexuJeHa.

Paccmorpum nipoctoii pumep. Ilyets f(x) =2x? — 1, torna f,(x) — uer-
HbIH MHOrouJieH cTeneHu 2", coBmajawolUi ¢ MHocoureHom Heboviuésa *
Ton (x). DTOT MHOTOUJIEH NepeBOMUT OTpe3oK [—1, 1] B cebs, npoberas ero 2"
pas, TouHee, €ro MOXKHO pas3OUTb Ha 2" OTPE3KOB MOHOTOHHOCTH, KaKIbli
13 KOTOPbIX 0TOOpakaercst Ha oTpe3oK [—1, 1], MHOrousieH umeer 2" KopHeil
Ha 3TOM OTpe3Ke M Ha eUHHLY OoJiblie YepeayoLHXCsl IKCTPEMYMOB.

YnpaxHenue 71. Jlokaxkute 3TO.

Brpouewm, To ke camoe BepHO U AJisi MHOrousieHa YeObiiéBa Jito6o# cTe-
TEeHH.

M3 npuBeneHHbIX (AKTOB CJELyeT, uTo ypaBHeHHe [,(x)=x umeer 2"
KOpHeH.

JIto6oil KopeHb y ypaBHeHHS [,(x) = x, He ABJSIOLIMICS KOPHEM MOI00-
HbIX YPaBHEHUH MeHblllell CTeNeHH, MOPOXKAAET UTEPALMOHHYIO MOCJe0Ba-
TEJILHOCTb MepHoja 1.

Ynpaxuenue 72. 1. JlokaxkuTe npeaplaylilee yTBEPKAEHHE.
2. Vcnosib3ys popmydty T, (x) = cos(n arccos x) U NpUMeHsist TPUrOHOMET-
pHlo, HailiuTe Bce KOPHU ypaBHeHusi T, (x) = x.

Henosb3oBanue Hen UTepallMM MO3BOJSIET WHOTJA peliaTh HE TOJIbKO
HeTpUBHAJIbHbIE YPaBHEHHs], HO U CUCTEMbI, HallpuMep, cUcTeMa

f(x1) = xo;
[(x9) = x3;
f(x3) = x|

CBOJUTCS K ypaBHeHHo [3(x) = f(f(f(x))) = x.

* OO6liee onpesiesieHHe THX MHOTOUJIEHOB OyneT naHo B §4.17.
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Metoj uTepalrii MOXKHO TIPUMEHHTb K PELIEHUI0 CHCTEM W JIPYTHUM CIO-
cobom. Hanpumep, ecsiu umeem cucremy

x1 = [1(x1, x2);
xo = fa(x1, X2),

rie otobpaxenue F(xy, xo) = (1, f2) oToGparkaeT nMpsiMOyroJibHUK B ceosl,
F:lay, b1] x [ag, bo] — [ay, b1] x [ag, be],
MpUUEeM BCEr/A BbIMOJIHSETCS HEPABEHCTBO

[[1(x1, x2) = [i(y1, yo)| + [fo(x1, x2) — fa(y1, y2)| < |x1 — y1| + |x2 — yo,

TO MeTOJI UTepaluil, HauuHas ¢ JO0H TOUKM NPAMOYroJbHUKA, OyleT cXo-
JIUTCS K PElIeHUI0 CHUCTEMbI, KOTOpoe 0053aTelbHO GyaeT eIMHCTBEHHbIM.

YnpaxHenue 73. Jlokaxkute npejibljiyliiee yTBEPKIEHHE.

Sameuanue MOoXKHO JI0OKa3aTh, YTO pellleHHe Yy MOJ0OHONH CHCTEMBbI
OyleT cyulecTBoBaTb W 6€3 BbIINOJHEHUS] YKAa3aHHOrO HEPaBEHCTBA, HO BOT
MEeTOJl UTepaLMil B 3TOM CJydae NPUMEHHTb He y/aeTcsl.

[Ipumensist MeTO]L UTEepalLMi, peluTe CJelyloulyio 3aaauy.

Ynpaxnenue 74. Ha kapty MoCKBbI MOJI0KUJN CBEPXY TAKYIO 2Ke KapTy,
HO BISITEPO MeHbllero maclutaba. Jlokaxure, yTo MOxKHO o6e KapTbl Mpo-
TKHYTb WIJIOH Tak, 4ToObl OTBepcTHe M300pakaso Ha OOOMX KapTax OIHY
U Ty XK€ TOUKY.

3anauu v ynpaxHenus K § 3.7

AHrIMACKUI MaTeMaTHK U JIOTHK e Mopran nucas, 4To mocje Toro Kak
Bajuic npojieMoHcTpUpoBas npuMeHeHHe MeTona HbloTOHA K ypaBHEHHIO
x3 —2x —5 =10, OHO CTAJIO CJIyKUTb IPUMEPOM KarKIOMy H300peTaTesiio Ho-
BOTO MeTOJ[a UMCJIEHHOTO PelleHnsi YpaBHeHHI.

1. Haiinure Tpu 3HaKa mocJie 3amnsiToil Y KOPHs 3TOrO ypaBHEHHsT METOI0M
BHJIKH.

JlpyriM 3HaMeHHTBIM ypaBHEHHEM, BEPOSITHO, MEPBBIM KyOUUECKHM ypaB-
HeHHeM, UHCJIEHHO pellleHHbIM B EBpore, siBisiercsl y:Ke yNoMHHaBlIeecs
B 970l KHure ypasHenne ®ubonauun x3 + 2x? + 10x = 20.

2. Haiinute peinenne ®ubonauun x = 1° 26" 7" 42" meromom lopuepa.
EcrecTBeHHO, pEKOMEH/IyeTCs1 HCTIOJb30BATh KAJbKYJISITOP, PUUEM JJIs TAKUX
3ajau I0CTaTOUHO MPOCTEMIIEro.

3. Haiiute neBsith 3HAKOB rocJie 3amnsiTod y KOpHs ypaBHeHWi Basuinca
u Gubonayuu meronom Jlanmesnena.
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4*. (Basnuce.) Merogom HbloToHa JOKa)KuTe, UTO KOpeHb ypaBHEHUS
> 4ab+a)x—b>-2a>=0
TMpH I0CTaTOYHO MasioM b paBeH

i _g+b_2+131b3
B 64a ' 57242

5% Ecau 0,1 <N <10, T0
VN — (1 +4N)/(4 4+ N)| < 1/12.

6*. loxkaxure, uto v N MOKHO BBIUHCJHUTH C MOMOUIbIO UTepallil 6e3
nenenust, ecan unucgao M =1/(2N) Bblumucanth 3apanee. A UMEHHO, MOXKHO
UCI0JIb30BATh UTEpaluu

xn+1—xn( -M-x )

CKOpOCTb CXOAMMOCTH MTepaluii HbI0TOHa XOpoLlo J1eMOHCTPHpYET cJie-
JyIoLIas 3ajaua.
7. Ecmu x1 =1, x,01 =x,/2+ 1/x,, TO

0<x;0—V2< 10737,

A cuenylouasi 3ajaua 1MokasblBaeT, KaK BaXKHO BbIOMpaTh Xopolllee Ha-
YaJIbHOE NPUOJIHKEHHE.

8. Ecan xg=10,9, ¥, = x,/2 + 1/x,, 10 0 < x36 — V2 < 1077,

9. IlposepbTe, uto, npuMenss mMetoa HbloToHa K ypaBHenuio x2 = x + 1,
MOKHO BBIUMCJISITD JIeCATHUHbIE 3HAKH 30J10TOrO ceyeHusi ObicTpee, UeM ¢ Mo-
MOLLbIO LENHBIX ApoOer.

10*. TIposepbTe, uTo npumensis MeTon HbioTona K ypasHenuio x? = x + 1,
HauMHas C Xo = Po/qo, Po=2, Go = |, NoJyyaem UTepalmoOHHYIO0 NOCJIEI0BA~

TEJIbHOCTb 9 9 9
Punyl _ Xp+1  pp+ay

dn+1 S 20— 1 2Pnqn 7‘]%,
2 2 2
Pnt1 = Py +Gqns Guit =2PnGn — Gy

ﬂoxamme Mo MHAYKLHH, UTO

pn="Foq1, Gun=Fon, pg_pn‘]n_qszl'

[Toxaxkute, 4TO CJIOKHOCTL OAHOBPEMEHHOTO BLIUMC/]EHHS For M Fony
He npeBocxoaut Cn.

MuTepecHo, 4To MOMyTHO MOJyYHIach GeCKOHeUHas MoC/e10BaTe bHOCTD
Le/bIX pelenuil ypapHenns x> — xy — y> = 1. [Togo6Hble ypaBHeHHs pella-
fOTCS CBEJIEHHEM K TaK HasblBaeMoMy ypasHenuo [lesis.
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11%*, IlycTh oo — KOpeHb ypaBHEHHUS ¢ LIebIMU KO3 (HLIMEHTAMH
apx"+ ... +ap=0

(Takde uMcsia Ha3bIBAOTCS adeeOpauueckumu uuciamu). Yucao r Hazo-
BeM e-TNPUOJIMIKEHHEM K v, ecal |r — o] < e. Jlokaxkute, uto MeTo0oM Hbio-
TOHA MOXKHO BBIUMCJIUTb PallMOHAJbHOE E-TIPUOJIMKEHHE K (r CO CJI0KHOCTbBIO
C log, log, 1/¢. TTox CJI0XKHOCTbIO TOHUMAETCST YUCJIO aPUPMETHUECKHX OTle-
pauuii, HeoOX0oAMMOe /sl €r0 BbIUHCJIEHHS.

12. Pewte MeTOfOM HTepaUMil ypaBHEHME COS X =X C TOUHOCTbIO
710 D 3HAKOB I10CJIe 3allSITOM.

13. Pewmrte ypapnenns: (i) 2(2x% — 1)2 — 1 =x; (ii) (x> —2)> —2=x;
(i) (x> = 1) =1 =x.

14. Pewmte npu so6oM 7 ypasHenue [,(x) =x, rae (i) [(x) =x> —2;
(i) f(x) =x% —1; (iii) f(x)=2x%— 1.

15. Peure cucrembl

€OS X1 = Xy; _ 2o y=2*—1, y=x2—1;
1) < cos xo=ux3; 2) i: 2_2’ ) z=2y2-1;, 4 z=y>—1;
COS X3 =X|, y ’ x=222 -1, x=22-1.

§ 3.8. Pa3noxeHue Ha MHOXHUTEJIHU

Haunem ¢ onpenesnenus.

Onpenenenue 82. MHorouneH f(x) € K[x] Ha3blBaeTcsi HenpusoOuUMbLM
Had Koavyom K, ecqn ero crerneHb HeHyJeBasi U €ro HeJb3sl MPENCTABHTh
B BHJI€ NIPOU3BEJIEHUS] MHOTOUJIEHOB HaJ KOJIbLOM K cTereHel, MeHbIIUX 1.

Teopema 83. [Tycmo F — noae, moeda pasirodcerue Ha Henpusoou-
mole mHoscumeru 8 Flx] sceeda cyuiecmsyem u 00HO3HAHUHO C MOU-
HOCMbIO 00 NepecmarHoB80K COMHONMCUMeNel U YMHONCHUSL UX HA KOH-
cmanmeol.

ﬂ OKas3aTeJdbCTBO. CymeCTBOBaHl/Ie pasJiozKeHus JIerko J10Ka3biBa-
€TCs 10 MHAYKLIHMH Mo106HO J0Ka3aTeJ/IbCTBY CYUIECTBOBAHUS B TEOpEME 2. 0O

ﬂﬂﬂ JIOKazaTeJIbCTBa € IMHCTBEHHOCTH HOTpeéyeTCﬂ

Jlemma 20. Ecau muoeouren p(x) Henpugsodum nao nosem F u deaum
npoussedenue mHozouseros fg(x), f(x), g(x) € Flx], mo p(x) deaum aubo
MHOeoUAeH [(X), Ab0 MHOOUACH G(X).

JdokaszateabcTBo. [lyctb MHOrowieH p He aeguT g, 3HAYMT,
(p, @) =1, nosTOMy /11 HEKOTOPBIX MHOTOUJIEHOB 4, U COIJIACHO TeopeMe
o JimHeiiHoM mnipenctaBienun HOJ[ cripaBeninBo paBeHcTBO up +vg =1,
HO TOTJIa MHOTOUJIeH [ = fup + vfg nenuTcst Ha MHOTOUIEH p. O
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M3 3T0i1 IeMMbI HHAYKIHEH 0 11 JIETKO BbIBOJUTCS

Caencreue us aemmbl 20. Ecau mHoeouren p(x) Henpusooum u deaum
npoussederie
q1(X)q2(x) ... gn(x),

mo ox deaum xoms O6vL. 00UH U3 coMmHoxucumenei q;(x).

ZloKka3ameabcmeo eIMHCTBEHHOCTH B TeopeMe 83 MPOBOAUTCS HHIYKLHEH
N0 MUHHMaJIbHON JyIMHe pa3JsioxkeHusi. basa uHaykuuu oueBuaHa. BoimoaHum
L1ar HHAYKLHH.

[TycTb MHOrousieHbl, passararollyecss B NPOU3BeeHHe He 0oJiee ueM 1
HENMpUBOJAUMbBIX MHOTOUJIEHOB, WMEIOT OJHO3HAYHOE pa3JjoxKeHHe, a MHOTO-
ujieH p(x) UMeeT JIBa pasJyoXKeHus

p() = pr(¥)p2(X) ... Puy1(¥) = q1(x)qa(X) ... Gu(x).
[TpuMeHsisi cyieficTBUE U3 JIeMMbl K MHOTOUJIEHAM G (X)Go(x) ... gu(x) u pi(x),
noJiyuaem, 4To jJ1si HeKOTOPOro i MHOTOUJIEH pj(X) AEJHT g;(X), a TaK KaK OHH
HENPUBOJUMBI, TO pPi(X) = cq;(X), Tle ¢ — KOHCTaHTa U3 TO0JIst KO3 PULHeH-
toB. Toraa, cokpaiasi Ha pj(x), nojyyaem JBa pPasHbIX PasJ/ioKeHHs OJHOIO
MHOTOUJIeHa, MPUUYEM MepBOe U3 HUX UMeeT AJuHY n. [lojiyueHHOE MPOTHBO-
peure 3aBepLIAET BbINOJHEHHE 1Ara HHAYKLHH. O

B cnenyioieri Teopeme nonago6uTes

_Jlemma 21 (Taycc). HOIL roappuyuenmos npoussedenus Pi(x),
Po(x) pasen edunuye, ecau HOJL xoagpduyuenmos comroncumeaneti
paser eduruye.

JokaszaTesnbcTBo. [lokazaTelbCTBO MPOBEIEM METOJIOM OT MpO-
tuBHOTO. [lyCcTh
Pi(x)-Po(x)=ao+ajx +... +a,x",
Pi(x)=co+cix+...4cux™,  Po(x)=by+bix+...+bpx"

U MYCTb MPOCTOE UUCJIO p JIEJHUT KO3 DHUIIMEHTH TpousBesiennst Py(x) - Po(x).
Honyctum, uto ¢; — nepsblil U3 TeX KO9((hHULUHUEHTOB, UTO He AJATCS Ha p.

Anajniornuno BeibepeM bg ansi Po(x). Torna
sy =bocs1i +bicsyi—1 +...+bsyico=s ¢, (mod p),

1 TI03TOMY p A&NUT bgcy, 3HAUUT, p JNeJUT Ji6o by, 60 ¢; — NPOTUBOPEUHE.

Teopema 84 (Taycc). ¥ npoussoarvroeo mHoeousena p(x) ¢ yeavimu
Koaghpuyuenmanu umeemes pasroicerue Ha MHONCUMEAL ¢ payUOHALb-
HolMU KO3ghduyuenmany moeda u moavko moeda, koeda p(x) pasia-
eaemces Ha MHONCUMel ¢ yeavlmu Koapuyuenmamu.
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HokaszaTeabcTBo. M3 paznokuMocTd B Z[x] BbiTeKaeT pas/ioxKu-
MocTb B Q[x], Tak Kak KoJiblO Z cojep:kutcsi B noJie Q.

Hokaxxem Teopemy B 06paTHyt0 cTOpoHy. OUeBHIHO, 10CTATOUHO PACCMOT-
peTb ciayual, Korjga MHorouseH P(x) ecTb pou3BeJeHHe IBYX COMHOXHTE/EN
(o6mm# cayuait mpoBepsiercsi o uHayKuuu). Ilycts P(x) = Pi(x) - Po(x) —
pasJsioxkenue B Q[x]. [IpeacraBum MHOTOUJIEHBI B BUJIE

Pi(x) = ‘;—l‘f)l (1), Pa(x) = 2 Py(x),

rie P (%), Po(x) € Z[x] n HOJI k03(h(pHLIHEHTOB y KAXJIOr0 W3 MHOTOUJIEHOB
Pi(x), Po(x) paBen 1. Torna
P(x) = =P (x)Ps(x),
biby
e % € Z, noToMy uto Ko3(duimeHTbl MHorouseHa P(x) uenbie, a HOJI
102
KO3 pULIMEHTOB MHOTOUIEHOB Pj(x), Po(x) paBeH | corniacHO mpejbiiyllei
JieMMe. O

CaenctBue u3 reopembl 84. Muoeourer ¢ yeavinu Kodghduyuenmanu
Henpusooum 8 Koavye Z[x] moeda u moavko moeda, K0ed0a OH HENPUEo-
dun 6 koavye Q[x]. Pasaroscenue Ha Henpusooumole MHONUMEAL 8 KONb-
ye Z[x] 00HO3HAUHO ¢ MOUYHOCMbIO 00 NepPecmaHOB8KU MHONCUMerel
U UX YMHONCCHUS HA KOHCMAHMbL.

Jls1s1 GBICTPOrO TECTUPOBAHUST HEMPUBOJAUMOCTH B HEKOTOPBIX CJydasix Mo-
JIe3Hbl caleflyloline docmamounole NPUIHAKU HEenPU8oOUMOCTU.

Teopema 85 (peayKTUBHbII NPU3HAK HEMPUBOAUMOCTH) . MHOcOU CH
fx)=a,+a1x+ ...+ a,x" € Z|x]
HenpusoouUM, ecau d, He KpamHo p U MHOCOYACH
fx)=ao+arx+...+a,x",
ede a; =a; mod p, nenpueodum Hao norem Zp.

Hokasatenbctpo. [lyeth  f(x) = g(x) - A(x) — pasnoxenue Ha

MHOXKUTeNH B KoJiblie Z[x]. Torna f(x) = g(x) - h(x) — pas/nokeHne B KOJib-
ue Zp. O

Teopema 86 (npusHak dizeHwreitHa*). [1ycmo mroeouren

fx) =ao+aix +...+a,x" € Z[x]

* @. Ouzenwreitn  (Ferdinand Gotthold Max Eisenstein, 1823—1852) — Bbinatowuiicst
HeMeLIKHH MaTeMaTHK.
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MaKos, 4mo a, He KpamHao npocmomy 4ucay p, u p 0eaun ocrmaibHole
koaghpuyenmol ag, ay, ..., a,_1, HO p> He deaum ag. Toeda [(x) Henpu-
800UM.

HokaszateabcTBo. [lycts
[(x) = g(x) - h(x), g(x):bo+b1x+...+bkxk,
h(x)=co+c1x+...+cmx™,

3HAYUT, p He JeJUT bpc, = ay,, a boco = ag NJUTCS Ha p, HO He JAEJHUTCS
Ha p?, TO3TOMY OJHO M3 HMX He JeJMTCS Ha p, Hampumep by, a TOraa co
JIEJTUTCST Ha p.

3amerum, uto p aeaut c;. B camom jnene, p neaut a; = boc) + coby,
csiefoBaTeNbHO, p | bocy, a 3Hauurt, corsiacHo Jemme 1 § 1.2 p | ¢;. Anasnornu-
HO p nesuT ag = bocg + bycy + baco, clieoBaTelbHO, P | Co 1 T. JI. H, HAKOHEL,
plam=>bocm+bicm—1+...4 bnco, cnenoBaTesnbHo, p | ¢y, YTO HEBO3MOMK-
HO, TaK KaK TOTJla p JeJUT bypCp = ay. O

YnpaxHenue 75. 1. MHorousensl x™ — p, rie p —npocroe, U x —
— P1 ... Pk, D€ p; — PasJHuHble NPOCTbIE, HEMPHUBOAUMbI COIVIACHO KPUTEPHIO
DiizeHLTeliHa (M, Ce10BaTENbHO, YHCI0 4V D HPPALUMOHAJBLHO).

2. MHorouJieH JesieHusi Kpyra

Fo)=x""" 4 x? 2 4 4 x+1=0

P
. xP =
HenpupoauM. HefictBuresbHo, f,(x) =

1
I HEMNpUBOAUM TOrJa U TOJIbKO

Torza, koraa f,(x 4+ 1) Henpusonum. Ho

(x+ 1P -1

P =x""'+Ch PP L+ Cox 4 C),

[p(x+1)=
BCe ero Koa(HUIMEeHTDI C}’i, k> 1, kpaTHbl p, a CBOOOJHbBIA uJjieH C}, =p
He KpaTeH p2, 3HAUNT, COMIACHO KPHTEPHIO JH3EHIUTElHA, MHOrOuJIeH
[p(x + 1) HenpusoaMM.

YKasaHHble MPU3HAKH HEMPUBOIUMOCTH XOTsI M IMPOCTHI, HO HE BCeraa
npuMenumbl. OTHLIeM aJrOpUTM, HasbiBaeMblil areopummom Kpouekepa,
KOTOPbI MO3BOJISIET J/Isl JIFOGOr0 MHOTOUJIEHA HAJl 10JIEM PALHOHAJBHBIX YH-
cesl He TOJIbKO BBISICHWTB, SIBJISIETCSI JIK OH HENPHUBOAMMbBIM, HO W yKa3aTb
pasJioXKeHHe ero Ha MHOXKHTEJH, ecyu OH npuBopuM. OpHako, Kak Gyner
BHJIHO, 3TOT AJITOPUTM MPUBOJUT K OUEHb TPOMO3JIKHM BbIUHCJIEHHSIM, XOTSI
B OTJIEJIbHBIX CJIydasiX €ro MOXKHO MPUMEHSITb C YCIEXOM.

Ecusu nan Muorowten f(x) € Z[x], deg f = n, To TecTHpOBaHKE €ro Hempu-
BOJIMMOCTH W PA3JIOXKEHHE HA MHOXKUTEJIM CBOJATCS K MOUCKY JeuTeNst g(x)
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3ajaHHol cTenenu k. B ciyuae k£ = | 5T0T ajroput yke Obljl H3JI0XKEH B 3a-
naue 11 u3 §3.2. MoxHo cunrtath, uto k < n/2, Tak Kak B ciyuae k> n/2
BMECTO g MOXKHO uckath A= f/g, deg h=n—k<n/2.

[Tycrb Tako# nenurens cyulectByer. CorsiacHo TeopeMe 84 MOXKHO MoJia-
ratb, uto f, g, h=f/g € Z[x]. BosbMeM MpOM3BOJILHBIH HAGOP PA3THUHBIX

ueabix uuces {ag, ..., ax} ¥ BoiuucanM f(a;) €Z, i =0, ..., k. Torna
glai), h(a;) €Z,  [(a;) = glaih(ai), i=0,..., k&,
nosromy g(a;) | f(a;), i=0, ..., k. dnsi xaxnoro uucaa f(a;), i=0, ..., k

COCTaBUM CIHUCOK D; BCEX €ro yeaovix AeJuTeseH.

st kaxknoro i BbibepeM d; € D; 1, pellnB 3aauy HHTEPHOJISLUH, HAXO-
UM MHorousleH g; € Q[x]. Ecin g; € Z[x], To npoepsiem, aeautcs Ju f(x)
Ha g;(x). Ecau net, To BeiGupaeM Apyro# Habop 3HauyeHHH

(do, dl, RN dk)EDox ... X Dy,

W U151 HEro TIOBTOPSIEM Ty 2Ke MPOLEypy, NoKa He HalaeM Jleaurtesb. B ciayuae
Hey/laul MOXKHO CJ1e1aTh BbIBOJL 00 OTCYTCTBUH JIC/IUTEIS CTENEHH R U epelTH
K [OUCKY JiesiuTeisi cTernedd 2 + 1 u 1. 1. Ecau nenurtesb He OyleT HaWJieH,
3HAUMT, MHOTOUJIEH HEMPHBOIUM.

OueBUaHO, UTO Nepedop BapHaHTOB

(do, di, ..., dk)EDo X ... x Dy

MO2KHO OTpaHUYHTH ToJbKO HaGopamu ¢ HOJI, paBHbIM enuHulle, nipuueM d
MO2KHO BbIOMPATb TOJBKO MOJOMKHTENbHBIM.

YroObl YMEHBIIHTL TOT MepeGop, MOXKHO BbIOHPATh MHOXKECTBO {ay, ...
..., Qg} TaK, uTOOHI uucaa f(a;) €Z,i =0, ..., k, umesu Gbl IO BO3MOKHOCTH
MeHblllee YHCJIO PA3JIMUHBIX JleJIUTe1ed, HarpuMep, Oblad Gbl TIPOCTHIMH YHC-
JIaMM WM ellle Jiyulle Moc-MUHyc efuHuiamu. C Lesblo yrnpouleHust 1ajib-
Hellllell HHTEPOJIALNU YI06HO BEIOUpaTh uncaa {ao, ..., Ap} 10 BO3MOXKHOCTH
MaJibIMH, B JiydullleM cjaydae 6pathb {ao, ..., ap} =10, £1, £2, ...}. MoxHo
N0JIb30BATbCsl MHTEPIOJSLMOHHBIMUA opmysamud Kak Hbiotona, tak u Jla-
rpaHxa.

Ynpaxuenue 76. Pasznoxure Ha MHOXKMTEH MHOTOUJIEH
2% + 8x* — 7x3 — 35x2 4+ 12x — 1.
Ykasanue Haxomum, uro f(0)=—1, f(2)=19, f(—=3)=—1. Torna
do=1;, di==l,£19; do==1.
Niem g(x) B BUIE co + c1X + cox(x — 2). Torna
co=1, 142 =d;, 1—=3c;+1bcg=dy==I,

12 Tawkos
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otkyna de =1, ¢; =bco, dy =—19, ¢; =—10, co = —2 (cayuait dy =1 naer
c; =0=c9), 3naunt, g(x)=1—10x — 2x(x —2) = —2x% — 6x + | — esun-
CTBEHHOE HeTpMBHaJIbHOE pellieHne. BbiMosiHsst jle/ieHue, HaXOUM, UTO

%% +8xt —7x® —35x% +12x — 1 = (242 +6x — 1)(x® + x2 —6x + 1).

CpaBHUTe/IbHO HeaBHO OblJ HaWJeH * J0CTAaTOUHO ObICTPLIH aJrOPUTM
pasJioXKeHUs] Ha MHOXKHUTEJM HaJl KOJIbLOM LEJbIX UMCeJl, CJA0KHOCTb KOTO-
poro OrpaHUUYHUBAETCS MHOTOUJIEHOM OT CYyMMAapHOT0 KoJiMuecTBa LH(p €ro
KO3(P(UUHEHTOB, HO OH CJIMIIKOM CJIOXKEH Ui MOHUMaHHMS, UTOObl U3J1arathb
€ro 3/1eCbh.

BoJiee npoctble 15t noHUMaHus U GoJsiee ObICTPbIE aJTOPUTMbI pasJ/ioxKe-
HUs (MM, Kak ellle ToBOpAT, pakmopusayuu) eule B 60-e roapl XX B. 6blu
HaiileHbl ** J1J11 MHOTOUJIEHOB HaJl KOHEUHBIMH MOJISAMH. DTH aJIrOPUTMbI HMe-
I0T BaXKHbl€ MMPUJIOXKEHHUS, B YACTHOCTH B TEOPUH KOJUPOBAHMUS.

3agauu ¥ ynpaxHeHnus K § 3.8

1. JlokaxkuTe ¢ MOMOLIbIO KpUTEpUS Di3eHIITeHA HEMPUBOIUMOCTD HaJl
1oJieM pallMOHaJbHBIX UMCeJ] MHOIOUJIEHOB

a) x* —8x3 +12x2 —6x+2; B) x* —x3 4+ 20+ 1;
6) x5 — 12x% 4+ 36x — 12; r) x° — 3x* 4+ 6x3 — 3x% + 9x — 6.

2. CocraBbTe Ta6JII/I]_Ly HENpHUBOJAUMbIX MHOTOUYJIEHOB HaJl I10JIeM ZQ J10 Jie-
CSITOHM CTereHW BKJIOUMTEbHO.

3. CocraBbTe Ta6.mmy HENpUBOAUMbIX MHOTOYJIEHOB Hall TTOJIEM Z3 J0O Id-
TOH CTENEHH BKJIIOUHTEJLHO.

4. JlokaxKuTe ¢ MOMOLIbIO PEYKLIMH 10 MOJIYJIIO 2 HEMPUBOAUMOCTh Hajl Q
mHorounena x° + 2x® 4 3x? — 6x — 5.

5. JlokaxkuTe ¢ TOMOLIBIO PEYKLMH MO MOAYJISAM 2 U 3 HEMPUBOAMMOCTb
Hajg Q MHorousiena x° — 6x3 4+ 2x2 — 4x + 5.

6. Muorounen x* +ax®+bx>+cx+d c uenbiMu KosdhuuMeHTaMU
HenpHBOMM Hajl Q, ec/iu OH He MMeeT Lie/IbIX KOPHeil U He JIeJINTCs HH Ha OJIMH
M3 MHOrousieHoB Buaa x° + x(cm —am?)/(d — m?) +m, rne m|d (mnoro-
u/leHbl ¢ APOOHBIMH KO3(MUIMEHTaMH MOKHO He TPUHHMATh BO BHHMAHHE).
VcK/ioueHHe MOTYT COCTAB/IATL MHOTOUJIEHb, Y KOoTophiX d = k2, ¢ = ak.

* JI. Jlosacom u X. Jlencrpoii.
** 9. bepaekammnom.
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7. Muorounen x® + ax* 4+ bx? + cx +dx + e ¢ uenbiMu Kos(uuMenTa-
MH HerpuBoAMM Hal Q, ec/M OH He MMeeT Le/bIX KOpHeil M He JejnTcs
HH Ha OJIMH M3 MHOTOUJICHOB C LeIbIMH Ko UIMeHTaMu Bua

am® — cm? — dn + be

m3 —n?+ae—dm

x4 x +m,
rne mle, n=e/m.

8. Tlpumensist peblIyllHe 3a1auH, PAa3JOKUTE HA MHOKHUTEH Hajl Q Hjiu
JIOKaXKUTe HEeNpPUBOAMMOCTb MHOTOUJIEHOB

a) x* —3x% +2x? +2x —6; B) x°+x? —4x3 +9x% — 6x +6.
6) xt — 3x3 + 2x% + 2x — 6;

9. Ilpu kakoMm 3HaueHHH a MHorousen x '3 +x +90 neaurcs na x% —x +a?

Ykazanue. [Ipumenurs Teopemy laycca u anroputm KpoHekepa.

10*. JlokaxkuTe HEMPUBOAMMOCTb Haja (Q MHOrousieHOB MpPH pasyIMUHbIX
a; €Z:

a) (x—ay) ... (x—a,)—1;

6) (x —a;)? ... (x —a,)?>+1;

B) (x —aj) ... (x —a,) + 1, 3a uckmouenviem ciyuaeB n =4, ag =a; + 1,
as=as+ 1, a4=a3+1un=2 as=a; +2.

Ykazanue. [Ipumenurs anroputm KpoHnekepa.

11. Ecou f(x) € Z|x] v ypaBHeHue f(x) = | uMeeT He MeHee UeThbIpex lie-
JIbIX KOpHEH, TO ypaBHeHHe f(x) = —1 He MMeeT Le/bIX KOpHEH.

Yxaszanue. [Ipumennts anroputm Kponekepa.

12*, Ecu f(x) € Z[x] u ypasHenue [%(x) = | umeer Gosiee uem n/2 ue-
JIbIX KOpHEH, To npu 1 > 12 MHorousied f(x) HenpuBoaum Haux Q.

Ykaszanue. [Ipumenuts anroputm Kponekepa.

13*. Ecam f(x) € Z[x], To Halizercsi Takoil MHOrowieH g(x) € Z[x], uto
MHorousieH f(g(x)) NpUBOJKM Hal KOJbLOM Z.

14*. Haiinute Bce n, TpU KOTOPbIX MHOrouseH x"+4 pasnaraercs

Ha MHOXKUTEJIM C LEJbIMU KO3 PULIUEHTAMHU.
mn

x"M—1
15%. JlokaxkuTe, UTO B KoJiblie Z[X] MHOTrOUJIEH AT JleJMTCS Ha MHO-
n

rovseH

7 ©C/IM /M M 1 B3AHMHO MPOCTHI.
. g™ _ pmn a — pn
16%. JlokaxkuTe, UTO YUCJIO o JIeJINTCST HA YHUCJIO

W 1 B3aUMHO IPOCTHI.

, €CJIH M

12
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§ 3.9. B3aumMHble MHOrouJIeHbI

Jasee paccMaTpuBaeM MHOrOWIEHbI HAJl IPOU3BOJILHLIM MOJIEM.

Onpenenenue 83. [Ia mHorouwsneHa f(x), g(x) paBHO# cTerneHH 1 Ha30-
BEM B3AUMMbIMU, €CJIU UX KOIPDULIMEHTbI CBSI3aHbl PABEHCTBAMU A = b, _p,
k=0, ..., n. B sToM cayuae Gynem nucath [ = g* wiu g = [*.

IIpumeps. 1. Muorounennt 1 +x + 2x2, 2+ x + x> B3aumuble.

2. Muorounensl 1 + x 4 2x? + 3x3, 3 + 2x + x% 4+ x3 Toxe B3aumMubl Apyr
JpYTY.

3. OueBupHo, [** = .

Ynpaxnenue 77. 1. [Iposepbre, uto [ = g* <= [(x) = g(1/x)x€ &

2. Ecmn deg f=deg g, 0 (f+ @) =[*+ g*.

3. Eciin deg [ # deg g, To npepiayliiee YTBepKIeHHE HEBEPHO.

Onpenenenue 84. MHorousieH [ Ha3bIBaeTCsl BO3BPAMHbLM, €CU [=[*.

[Tpumeps. 1. Muorounen 1 +x + x? + ... + x" BO3BPATHBLIi.

2. Muorousien 1 + x + 2x? + x3 + x* Toxe.

3. Koncranra — Bo3BpaTHbIil MHOTOUJIEH.

CrnipaBeminBa cJeytolias oueBuaHas

Teopema 87.

(i) Cnpasedauso moacdecmso (fg)* = [*g*.

(i) /Ipoussedernue 8038pAMHOLIX MHOSOUAEHOB — BO3BPAMHOLIL MHO-

2OUNCH.
(iil) BaaumHore mHocoUAeHbBL OOHOBPEMEHHO AULOO Henpusodumsl, ALOO
npusoouMol.

JdokasdaTeabcTBo. YTBepxkieHue (i) celyeT U3 TOXKeCTBa
XU TT(1/x)x "% 8 g(1/x) = x ™€ THI Ef(1/x) g(1/2) = % [ g (1),

YrBepxkaenue (ii) caemyer u3 (i). YrBep:knenue (iii) Toxke caenyer u3 (i). O
Jlemma 22. Cywecmsyem eduncmeenmolii mrnoecouren P,(x) makoii,
umo Pu(x + 1/x) =x"+x~".
JokaszateusabcTBo. baza unaykuun (n=1, 2) oueBuaHa, Tak Kak
Py(x) = x% — 2. 11lar uHAyKUMH 060CHOBBLIBAETCS TOXKIECTBOM

anrl _’_xfnfl _ (xn +X7n)()6 —|—x’l) _xnfl _‘_xfnJrl’
€CJIM OIpede/IMTh MOCJAeA0BaATE/IbHOCTb P,l(x) PEKYPPEHTHLIM COOTHOILLIEHHEM

Pn+1 :)CPH()C) _Pnfl(x)- 0
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Teopema 88 (MyaBp). (i) Ecau [ — s8o3spamuelii MHO2OUACH cimene-
HU 2n, mo

X7 J(x) = Fu(x + )
ede F, — mHoeouren cmenenu n. ()
(i) Ecau [ — sosspammolii mrocouren cmenenu 2n+ 1, mo G

BOSBpClﬂ’leLLZ MHO2OUNCH cmeneru 21.

JokaszaTesnbcTBo. [lokazarenbcTBo (i) OCHOBAHO Ha TOXKJECTBE

n

) = apF ) =D Pyl + %),
k=0

k=0

U B KauecTBe [, Gepem

n
>~ apPr(x)
k=0
JlokazaTesbeTBo (ii) OCHOBAHO Ha TOXKJECTBE
f(x) . x +x2rz+l— B a4
X+1 Z R Z kflk
¥ 3aMeuaHHH, UYTo, XOTsl MHOTOUJIEHBI ¢, W He BO3BpaTHbIE, HO
2n+1—k
X" +x —k— _
="y R A L R

1 UX KO3 (ULHMEHTBI YIOBJIETBOPSIOT PABEHCTBAM ), = A9y —j, 3HAUUT, U MHO-
rousieH g(x) Toxe yl0BJETBOPSIET STHM PABEHCTBAM H SIBJISIETCS BO3BPATHBIM,
TaK KakK ero cTeneHb paBHa 21. O

CaencrBue u3 teopembl 88. Bosspamuoe ypasHenue n-ii cmenenu
ceodumes K ypagHenuio cmenenu [n/2].

Onpenenenue 85. MHorouseH p(x) Ha3blBaeTCsl YeMHbLM, €CJIH OH YJI0-
BJIETBOPSIET TOKIECTBY p(x) = p(—X), U HeuemHoiM, €CJIH OH YJIOBJETBOPSIET
TOXECTBY p(x) = —p(—x)

YnpaxHenue 78. 1. Jlio60ii MHOTOUJIEH OJIHO3HAYHO MPEJCTABUM B BUJIE
CYMMbl UETHOIO U HEUETHOTO MHOTOUJICHOB.

2. YeTHblil MHOTOUJIEH CTeMeHH 7 NIpeicTaBuM B Busie f(x?), rie [ — MHOro-
uJleH CTEMeHH /1/2 U CONEPIKUT TOLKO YETHbIE CTEMEHH, a HEUETHBIH — B BUJIE
xf(x?), Tae [ — MHOrOuJIeH cTerneHn (1 — 1)/2 n comepKuT TOMLKO HEUETHBIE
CTeMNeHH.

3. UeTHoe WM HeueTHOe ypaBHEHHE rn-H CTeNeHH CBOJUTCS K YpaBHEHHIO
crenenu [n/2].
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3anauu ¥ ynpaxHenus K § 3.9

1. Peuvire ypaBHeHUs

(i) x> +3x> = 5x +3x +1=0;

(i) x* 4+ 2x% —4x> +2x + 1 =0.

2. MHorouieHbl YeObllIéBa ONpPENENSIOTCH PaBEHCTBOM 15,(cos x) =
= cos nx. [lokaxure, uto P,(x) =2T,(x/2).

[TocsieoBaTesibHOCTD P;(X) MOXKHO (POPMAJILHO TMPOJOJIKUTL U JIJIsi OTPH-
LaTe/bHbIX UHEKCOB, TIPH 3TOM, oueBUIHO P_;(x) = P;(x).

3. MHorouJieHbl P, C UeTHbIMM HOMEpPAMH CAMH UETHble, a8 MHOTOUJIEHbI
C HEUETHBIMH HOMepaMu — camu HeueTHble. [109TOMY HX yno6HO NpeacTaBIsiTh

B BUIE
s /2]

Pi(x) =" a;j(=1)x2.

j=0

4. Jlns nocnenoBartesibHOCTH P, (x) CripaBem/iMBO TOXKIECTBO
Pum(x) = Pu(Pp(x)) = Pr(Pn(x)).

Ykazauue. [Tonoxure x =2+ 2! torna

Pu(Pu(z+2" ) =P, (2" +27™) =2"" + 27" =P, (z+271).

5. s nocsenoBatesqbHOCTH Py (X) ClpaBeiiBO TOXKIECTBO
Ppim(x) + Pu—m(x) = Pu(x) P (x).

Ykaszauue. JledcTBUTENBLHO,

T g T T T = (2 2T (2 2T,

6*. [laist mocsiefoBaTebHOCTH Py (X) CripaBeyUBbI CJeIyIOlIHe PABEHCTBA

Li/2] L . -
(i) Pi(x) = zo aij(—-D)Ixi= e =Cl +cl7
]:
7] B
(i) x'= > Cl-]Pi,Qj, rie aas yno6ersa nosoxkum Py = 1.
j=0

Y ka3aHue. baza MHIyKUMH NpoBepsieTcsl HermocpeacTBeHHo. st 06-
OCHOBAHHS L1ara MHIYKIHH BBUJY TOXKIECTBA

P,‘+1()C) = )CP,‘()C) — Pi,l(x)

JOCTaTOYHO MPOBEPHUTh, YTO BCErAA Qjyi,j =@ + Qi1 j—1, @ 9TO BbITEKaeT
u3 Toxkaecrtsa IlackaJst:

o ] ji—1 j—1 -2 _ i j=-r_
Qij+ai—1,j-1 —C,;j "‘Ci_j_l "‘Cl;j +Ci—j—1 _C1+£—j +Ci—j =djyl1,j-
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Jlasi nokazatesberBa (ii) JI0CTATOUHO YMHOXHTb 00€ €ro uyacTd Ha X
M OMsITb MPUMEHHTb ToxkecTBo [lackads:

_ _ L2l L2}
xit = xxi = Z CL»JXP,‘,Q/' = Z C,-](Pi—QjJrl +Pi,2/‘,1) =
=0 =0

Li/2) Li/2)

=P+, (Cl] + Cijfl) Pisgj—1=)Y CLiPisojs1.
j=1 =0

§ 3.10. CummeTpHUUYECKHE MHOTOYJEHbI

[Tyets K — kosblio. Hanomuum, uro uepes K[xi, ..., x,] o6o3Hauaercs
KOJIbII0 MHOTOUJIEHOB OT MEPEMEHHBIX X, ..., X, C KO3(MMHUIHMEHTAMH U3 KOJIb-
ua K.

HYCTb JJaH MHOTO4YJIeH

f(xi, ooy xn) = Z Qi X)Xl e Klxy, .., x]
i1 .in

U NepecTaHoBKa a € Sy, rie S, — rpyrmna nepectaHoBok cumoJios {1, 2, ... n}.

Onpepnenenue 86. Onpenennm JelicTBUE MePeCTaHOBKH v HA MHOTO-
ujieH [ paBeHCTBOM

_ iy i
JalX1, ..o, Xp) = E Qi i X1y -+ xa’,l(n).
i ...in

Onpenenenue 87. MuorouneH f(xy, ..., x,) € K[xy, ..., X,] Ha3bIBaeTcs
CUMMEMPUUECKUM, eCTH IJIsT TIOGOH MepecTaHOBKU o € S, CTpaBeIMBO pa-
BEHCTBO

fa(X1, ooy Xn) = [(x1, -0y Xn).

Onpenenenne 88. Iaemenmaproie cummempuueckue MHO2OUACHbL —

3TO0 MHOTOYJIEHBI

o(Xy, ooy Xp) =X+ F Xy,
09(X1, «vy Xp) =X1Xo + X1 X3+ ... F XX, + XoXg + ..+ Xy Xy,
Or(X1y ooy Xp) =X1X0 oo XpF oo+ Xy p ] --- Xpy
n(X1y vy Xp) = X1 .o Xp

Ynpaxuenue 79. CuMMerpHuecKHi MHOTOUJIEH MOXKHO 3arUChbiBaTh B

BUJIE : l,
fxp, oo, xp) = Z Q. g, (X x4,

i1<i2<' . 'gin
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rie MOCJEIHHM 3HAKOM «...» OTMeueHbl BCE OJHOUJEHbI, MOJyYaiolidecs
M3 X|' ... X}y mepecTaHOBKAMH (HHKHHUX MHIEKCOB) MepEMEeHHbIX.

Teopema 89 (Buer*). Mrocouren
[R)=2"+a ;12" '+ ... +a,

umeem n (He 0043aMEAbHO PASAUUHOLY) KOPHEW X1, ..., Xy M020a U Mob-
KO moeda, Ko20a 8blNOAHACMCA CUCMeMA PABEHCME

ay=—o1(x1, ..., Xu);
as =o9(xy, ..., Xn);
ap, = (—1)"o,(x1, s Xn)

JlokaszaTesabCTBO 3aKji0YaeTcs B PacKPLITHH CKOGOK B TpOHU3Be-
neHun f(2) = (2 — x1)(2 — x2) ... (2 — x,). [losiyuaem paBeHCTBO

a2 b da == ()2 T L (=D XK L X

Ecsin Ba MHOrousieHa paBHbl, TO paBHbl UX KO3 huLMeHTbl. [TosTomy

X1+ ...+x, =0y,
................... ]

Teopema 90 (o cumMmerpuueckux MHoroujeHax). /Ipednoaosxcun,

umo [f(xy, ..., xXy) — cummempuueckuil mHoeouren. Toeda cyujecmayem
U NPUMOM MOALKO 00UH MHO204ACH (Y], ..., Y,) MAKOL, 4mMo
fCer, oo, xp) =ploy(xy, oovy Xn), oo, OnlXy, ooy Xp)).

JloxasaTeJsabcTBo. JlIokakeM CylleCTBOBaHHE TaKOro MHOTOUJIe-
Ha. JlocTaToOuHO chenath 3TO 1S CHMMETPHUECKHX MHOTOUJIEHOB BHJA
xy! .. x4 Beioy B nasbHeiiiieM GyjieM BHIUCHIBATD TOJILKO OIHO CJia-
raemoe, MpejroJiarasi, 4To B CyMMYy BKJIOUEHbl H BCe Jpyrue cJaraemble,
noJiy4yatolidecs: U3 Hero rnepecTaHoBKaMK TepeMeHHbIX.

MoxkHOo cuuTath, uTO i} >i9 >...>i,. Dynem roBoputh, uTO OAHOUJIEH
X!l ... xin crapiie onnousiena x|' ... x;' (MMeeT GOJIbIIMIT Bec), eC/H BbINOJ-
HsIeTCsl HepaaBeHCTBO

l1++ln>]1++]n

* @.Buer (Frangois Viete, 1540—1603) — Bblnatouwiicss (hpaHIy3CcKHil MaTeMaTHK, MpH-
NBOPHBIH KpunToaHanutuk [enpuxa 1V, mo ocHoBHOI mpodeccuu — IOPUCT.
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WJIH BBITIOJTHSIETCS PABEHCTBO
i+ bip=j1 4t
M OJIHO M3 CJIeIYIOLIMX YCJAOBHII:
i1>jn;
=7, l2>]o
W T. . 3anuchiBaeM OTHOLIEHHe CTAPLIMHCTBA B BUJE
. ‘ ) ‘
xit x>t xl

ByzieM BbIpaskaTh cMMMeTpHUECKHEe MHOTOUJIeHbI X' ... Xn 4 ... uepes sJie-
MEHTapHble CHMMETPHYECKHe MHOTOUJIeHbl M CHMMeTpHUeCKHe MHOTOUJIeHbI
Buja x{' ... xj + ..., oae xi' x> k'L xi. Bamernm, uTo npu packpbITHH
CKOBGOK B IPOU3BEICHUH

B cymMMe OyleT MpUCYTCTBOBATb OJHOYJIEH BHAA xi' ... X" (u BCe oaHOUsIE-
Hbl, MOJIyUalollecst U3 HEero rnepecTaHoBKaMu rnepeMmeHHbix). [1pu atom cpean
OJTHOUJIEHOB B 3TOH CymMMe OH OyaeT cTapiuuM. Torma y CUMMETPHUECKOTO
MHOTOUJIeHA _ _ o , S
X' xgp 4 =0 T Peg T L oil”_’i*l”a,‘i”

BCE OJJHOUJIEHbI UMEIOT MeHbIIUi Bec. JIs1 KaXKA0ro U3 HUX MPUMEHUM Ty Ke
npouenypy. [Ipono/mkasi 3ToT mpouecc, Mbl BbIpa3uM Halll MHOTOUJIEH uepe3
3JIeMeHTapHble CHMMETPUUECKHE MHOTOUJIEHbI 32 KOHEYHOE YHCJIO 11aroB.

JloKa3aTesbCTBO €IMHCTBEHHOCTH 3TOTO BbIpaXK€HHUsi TIPOBEJEM OT IpO-
tuBHOTO. [lyCcTh

gal(al(xl,...,x,,),...,a,,(xl,...,xn)) 148 gag(al(xl,...,x,,),...,a,,(xl,...,xn))

— JIBa pa3JIMUHbIX BbIpaXKeHus st f(xq, ..., X,). Toraa HeHyJ/ieBO# MHOrOUJIEH

@(ylv EERE) !/n):@l(!/ly B yﬂ)_@Q(ylv EERX) yﬂ)

NpH MOJCTaHOBKE y; = 0;(X| ... X,) oOpaiaercs B HyJsb. [Ipu 3T0ii nojcra-
HOBKE OfIHOWIEH ay|'y}® ... yi' B MHOrOWIEHe Q(Y ... Y,) C HEHYJEBBIM KO-
stduyenToM a rnepeijieT B CyMMy OJIHOUJIEHOB, B KOTOPOU cTapiiuuMm Gyjer

OJIHOUJIEH . . . .
jite . Fin In—17+1in

Jr
ax B SR 7

YnpaxHeHnue. Jlokaxute 3T0.
M3 Bcex 0HOUIEHOB ayi' ... yj' MHOTOUJIEHA V(Y ... Y,) BBIGEPEM TaKOIi,

4YTO OJHOUJIEH

ax{1++/n . jnfl“l’jll

6yueT CaMbIM CTaplIUM H3 BCEX BO3MO2KHbIX.
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Ynpaxnenue. Jlokaxkure, 4To TaKOH BbIOOP BO3MOXKEH.

TOFﬂa Mpu TNOACTAaHOBKE 3JIeMEHTAPHbLIX CUMMETPHUYECKUX MHOT'OUJICHOB

B MHOrowieH @(Yi, ..., Yn) ITOT ONHOUYJIEH OyIeT CTAPLUIUM B MOJYYEHHOM
MHorouJsieHe. [ToaTomy emy He ¢ uem GyjieT cCoKpaTuThes U (o, ..., ,) #0.
[IpoTuBopeune. O

CHUMMeTpHYecKre MHOTOUJIEHb! U I0Ka3aHHasI TeOpeMa HMEIOT MHOTO TIpH-
Joxxenuil. Hanpumep, ee ucnosb3oBanne obJjeryaer pellieHue CUMMeTpHue-
CKHX CUCTEM ypaBHeHHI:I.

Onpepnenenne 89. Cucrema Ha3bIBAETCS CUMMEMPUUECKOLU, €CIU ee
JIETKO ﬂp€O6p830BaTb K BULY, COCTOsALIEMY U3 CUMMETPUUYECKHX MHOTOYJIEHOB.

C momollbIo YyITOMHUHABLIENCS TEOPEMbl CUMMETPHUECKYIO CHCTEMY MOXKHO
CBECTH MyTeM 3aMeHbl NepeMeHHbIX K HECHMMETPHUECKOH, HO, KaK MpaBHJIo,
6oJiee IPOCTON CHUCTeMe, a Il HAXO0XKAEHHST UCXOAHBIX MePEeMEHHbIX PelluTh
cucreMy Buera, kotopasi B cjlyyae JABYX IepeMeHHbIX BbINVISIHT TakK:

X+y=u,
XY =10,

a B cJiyyae, HarpHMmep, Tpex MepeMeHHbIX BbIVISIHT Tak:

X+yt+tz=u
Xy +xz+yz=v,
XYz = w.

Ee pelueHue ¢ nomolibio TeopeMbl Bueta cBOAUTCS K pelieHHIo COOTBETCTBY-
1oLLero ajre6panyeckoro ypaBHeHMsI.

B kauecTBe elile 0JIHOrO MPUIOKEHUS CHMMETPUUECKHX MHOTOUJIEHOB pac-
CMOTPHM METOJ1 MPUOJIHKEHHOTO HAXO0XK/IeHUsI KOPHEH YpaBHEHHI, H3BECTHbIM
MHOTJIA T0Jl HEe BIIOJIHE BPa3yMHTE/bHbIM, HO KOPOTKMM Ha3BaHHEM METO-
Jla KBaJpaTHOro KOpHs. DTOT METO/ He3aBMCUMO Obll OTKPbIT JlaHneneHom,
Jlo6aueBckum *, Ipeddpe n dnke. OH NPUIIOKUM TOJLKO K ajarebGpanueckum
ypaBHEHHUsIM W TpeOyeT GoJibliuero o6'beMa BbIUMC/IEHHH, ueM MeTol HbloToHa,
HO 3aTO BBLIUMCJISIET CPa3y BCE KOPHH YpaBHEHHsI, B TOM UMCJIe U KOMIIJIEKCHbIE,
U Jla’Ke MOXKeT OMNpelesiMTh MX KPATHOCTb, MPHUeM He TpeOyeT MpeaBapu-
TeJIbHOTO pasiesieHusl KOPHeH W HAaXOXKJeHUsl UX MPUOJHKEHUH C HEBbICOKOH
TOUHOCTbIO, KaK MeToj HbloToHa.

OcHoBHas M5l 3aKJIOUAETCsl B TOM, UTO Mbl MOXKEM, UCIIOJIb3Ysl TeOpeMy
Buera u TeopeMy 0 CUMMETPHUECKMX MHOTOUWJIEHAX, MOCTPOUTH JJIst J0GOro

* JloGaueBCKHUIl M3/IOXKUJ €r0 B CBOeM yueOHHKe «AsireOpa, WM BbIUHCJIEHHE KOHEUHBIX»,
usnanHoMm B Kasanu B 1834 1.
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ypaBHeHHUS!
ax" '+ +a,=0

HOBOE ypaBHeHI/Ie
b 4+ 4+ b, =0,

y KOTOPOTO BCE KOPHH SIBJISIIOTCS 3aJJaHHOM 1711-H CTeNeHbl0 KOPHEH UCXOIHOIO
ypaBHeHHst. 1151 NPOCTOThI NPEATIONOKHUM, UTO MOJLYJIH BCEX €ro KOpHeH pas-

JIMYHDBI:
lxi| > |xo| > ... > |xal.

BripoueM, ecsiu Mbl peaABaPUTEJbHO MPOBELEM OTAENEHHE KPATHbIX KOPHEH,
Kak OyJeT noKas3aHo B § 3.12, BeposiTHOCTb MOSIBJIEHHS paBHbIX MOJyJlel Oy1eT
OueHb MaJla.

Ecm m jpocraTouno Benuko, To |x{'| OymeT 3HauntenbHO GoJblie |x4!
MO3TOMY MOXKHO CUHTATh, UTO

[b1] = lon(xy", ... x|

)

npUOIHAKEHHO paBHO |x{"|, OTKy1a uMeeM MPUOIHKeHHYIO (hopMy.Ty
1
| ~— | .
n fxi| % - n (b

AHaJIOTHUHO HAXOAMM MOJIYJIH OCTaJIbHBIX KOPHEl, HalpuMep, /sl HaX0x/e-
HUSI |Xo| 3aMeuaeM, UTo ecJii /M J0CTaTOUHO BeJHKO, To |x{'xJ'| OyneT 3Haum-
TeJIbHO OOJIbLIE BCEX OCTaJbHBIX |x£"x;”\, M09TOMY MOXKHO CUMTATh, UTO

|b2] = [oa(xf", ..., X

m,.m
NpUOIMKEHHO paBHO |x{"X{'|, oTKyla nMeeM NpHOJIHAKEHHYI0 hopmyy
1 =L
n |xxo| = —In [bal,
a TaK Kak |x|| y»Ke HaijieH, TO NPHOJIHKEHHO

In 2] = - (I [ba] ~1n [b])

U T. L

O/HaKO HAXOAUTb YKA3aHHOE YPABHEHHE JIsi OUeHb OOJIBbILIUX /1 UPE3Bbl-
yaiiHo TPYLOEMKO, H KaXKeTcsi, uTo 3To obeclieHnBaet uaeto. Ho MoxHo nesath
310 ToNLKO st m = 2% k pas noBTOpsist MIPoLelypy NOCTPOEHHsI ypaBHEHHs],
KOPHH KOTOPOTO paBHBI KBaJpaTaM KOpHel HCXOAHOTO (TpUMeHsieM GHHapHBIH
meroa!). Eule HekoTopoe ympolileHHe BbIYHCJEHHH JOCTHraercsi BBeIeHHEM
NOHATUSA KOpHell IHKe.

Onpenenenue 90. Kopuamu IHke HA30BEM KOPHH ypaBHEHMUsl, B3sITble
¢ 06paTHBIM 3HAKOM.
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OueBUIHO, UTO KBAJPaThl KOPHEH DHKE COBMAAAIOT C KBaApaTaMH 0Oblu-
HbIX KOpHeil, a TeopemMa Buera s KopHeil DHKe npuoOperaer ocoOGEHHO
NPOCTOH BHJ, TaK KaK B HEell MOXKHO He CJIeIMTb 33 3HAKaMH KO3((ULIUEHTOB.

Ha kaxnom 1uare urepauuu 6yjeM 1o HCXOAHOMY ypaBHEHHIO

o'+ +a,=0
CTPOUTb HOBOE ypaBHEHHE
X"+ b x" N +b,=0,

y KOTOPOro KOPHH IDHKe SIBJSIIOTCS KBajpaTaMH KOpHeH DHKe HCXOJHOro
ypaBHenusi. [{jis 3TOro B MCXOJHOM ypaBHEHHH TMepeHeceM HeueTHble CTerne-
HH B TIPaBYIO YacCTb, BO3BEJEM TOJyUeHHOE ypaBHeHHe MOUJEeHHO B KBajpaT
(masiee B BbIKJAAKaX /ISl OMPENESEHHOCTH MOJ0XKHM, UTO /1 — UETHO)

(X" 4+ aox" 2+ agx"t + ...)2 = (ax" " azx" "+ ...)2
1 BBEJIEM HOBYIO MepeMeHHylo, noJiaras y = —x2, 0TKy/la HMeeM
y" + (aF —2a9)y" ' + (a3 — 2a1a3 + 2a4)y" 2 +...=0.

Y MoJlydeHHOTO ypaBHEHHSI KOPHH DHKe KaK pa3 M paBHbl KBajparam KOpHeH
OHKe MCXOJIHOTO YPaBHEHHUS.

Ynpaxnenue 80. IIpoBepbre, uto ocTasbHble KOIDMHUIIMEHTHI HOBOTO
ypaBHEHHs! BBIUUCJISIIOTCS 110 (hopMyJiam

bs = a% —2a0a4 + 2a a5 — 2as,

by = a:f — 2asas + 2asa¢ — 2a,1a7 + 2ag,

2
b, =ay,

¥ MOKa)KHUTe, UTO CJOXKHOCTb BbIUHCJIEHHS KOI((DUIIMEHTOB OLIEHUBAETCS Kak
3112/2 + Cn onepauyil CJ0XKEeHUSI-BbIUUTAHUS U YMHOXKeHHs1 uucels, rae C —
HEKOTOpasi KOHCTAHTA.

[IpaBusio BbluncIeHUsI KOI(DMUIIMEHTOB MOXKET ObITh BbIPAXKEHO CJOBECHO
cJIelyrouIdM 00pa3oM: i-il Ko9(h(HULMEHT HOBOTO yPABHEHHUS TOJydaeTCsl TIpU-
6aBJieHHeM K KBaJparty i -ro Kos(ppuirHeHTa HCXOJHOT0 YpaBHEeHH s YIBOEHHO -
ro MpPOU3BeJEHHUsT KaXKIOH Mapbl KOI(PQPUIHEHTOB, PABHOOTCTOSILIUX OT HEro
¢ 06eHX CTOPOH M B3SATHIX C UepelyIOIMMUCS 3HAKaAMH.

Ec/in Hy)XKHO HallTH KOPHH YpaBHEHHs, HAlPUMEP, C UeTbIpbMS 3HAKAMH
nocJie 3arsiToil, HO JIOMYCKAETCsl, YTO TOUHOCTb BBIYHUCJEHHS] MOXKET ObITh
1 MeHbllle, TO MOXXHO BCE€ BBIUMCJIEHHsI [IeJaTh C YETbIPbMsl 3HAKAMH M JIisi
KPaTKOCTH 3aIUChIBATH MOJydalolyecst OueHb 6oJiblike KO3D HULUEHTh! B BH-
ne, Haripumep, 2002”7 Bmecto 2002 - 10”.
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I[puBenem npumep * BoluMc/ieHUs KOpHeil ypasHeHus [(x) = x> 4 9x? +
+ 23x + 14 =0. Jlnsi KpaTKOCTH ypaBHEHHe, MOJydeHHOe M3 [ OJHHM Ilia-
roM uTepalui, o6o3HauaeM [, cieyloliee ypapHende o6osnadaem [ u T. 1.
BblunciieHus npekpaiiaem, Korjna KBaapartbl KO3(h(ULHEHTOB YpaBHeHHs] ka
COBMajaioT (MpH MPUMEHsIEMON TOYHOCTH BBIYHCJEHHH) C KO3(QULHEHTAMH
ypastennst 2.

Pacriosioxum cHauasa Ko3(hhHIMEHTb yPABHEHHS B CJIE/YIOLLEM NOPSIKE:

3 2 1 0

X
1 | 90002 | 2300~2 | 14002

X X X

Ha ka)jioM 11are BblUHCJIEHUS] BO3BOJUM B KBaJpaT 3TH KO3(DMUIHEHTbI
1 npubaBJ/IsieM yIBOEHHbIE MPOHU3BEJEHHUsT COMVIACHO MPUBEIEHHOMY MpaBHIY,
pacroJiarasi BeluMcJieHust B TabJuLy *.

8 2 6 6

1 810072 529071 196071 f 1 32428 391816 147615

4600 | 9590 1| 1051% | 1535' |2179
—0078

FA{1| 3500% | 27707 |1960~" o g o =

o551 | 1379 1| 9467 | 2356% |4748

—0031
9436' | 23567 |4748%
89040 | 55517 |225470

0671° | 6301' |3842 =
45022 | 3970° |1476° | |/
—1260 |—0052 64

—_—

/c4

—_—
—_—

—_—

Ha stom wiare Bblunc/ene 3akaHuusaercst. Haxonum tenepb Moy/id KopHel
COINVIaCHO yKa3aHHbIM BbILLIE MTPaBHJIaM:

x| =4,861, |xs]=3254, |xs|=0,8851.

3HaKH KOPHEH MOXKHO OIMpe/lesuTh, MOJCTaB/sAs 00a BapHaHTa B ypaBHeHHe
(Mcrosib3yst ipu 3TOM cxemy [opHepa).

3ameTuM, 4TO B MPUBEJEHHBIX PACCYKIEHHUSAX MOXKHO CUNTATH KOPHH TaK-
K€ U KOMIUIEKCHBIMH UHCJIAMH, MPH 3TOM NPHUOJHKEHHO BBIYHUCJ/SIOTCS HX
Mojy/ii. MeToz KBaipaTHOTO KOPHSI MOXKHO MPHUCIOCOOUTD U JI/Is1 HAX0XKIEHHUS
APryMEHTOB KOMIIJIEKCHbIX KOpPHEH, MPU 3TOM KOPHU OYAyT HaKJEeHbl MOJHO-
CTbIO.

* 3auMCTBOBaHHBIA M3 npekpacHoil KHurH J. Yuttkepa u I. Po6uncona «Maremarnueckast
obpabotka pesyJbratoB Habmonenui» (OHTH, 1935).

* Pamblile JJi51 3TOr0 HCNOJIb30BAJIH TaOJIHLbI BO3BECHHS B KBAAPAT H TaGJIHLb! JIOrapuMOB
WJIH JIorapu(MHUecKHe JIHHERKH, a cefiuac X 3aMeHsIeT KaJbKyJsTop.
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3anauu v ynpaxHenus K § 3.10

1. Beipasute uepes sjieMeHTapHble CUMMETPUUECKHE (DYHKIHH

a) x® +y3 +2° — 3xyz; B) Y. I/xiu > 1/x%,

0) (x 9l =2y —2)% 1) X K7},

2. TlycTb x; —KopHUM ypaBHeHusi ax>+ bx +c=0. Buipasure uepes
a, b, ¢ Beqmunnbl X3 + x5 1 x4 xy 0

3. Ilyetb  x; —kopuu ypaBuenusi x* —7x3 +1=0. CocTaBbTe 151
i=1, ..., 4 ypasnenue ¢ kopusmu (i) x2, (i) x#, (iii) %, (iv) x/°.

4. Pemnte MeTo0M KBaJpaTHOTO KOPHA ypaBHeHHe x° — 3x + 2 =0.

5%, Perunre METOIOM KBaIPATHOTO KOPHST ypABHEHHE C KPATHBIMH KOPHSi-
M x3 +7x? + 16x + 12 =0.

6%. IlycTh x; — KOPHH ypaBHeHHs 30J10Toro ceuenns x> — x — 1 =0. Co-
cTaBbTe ypaBHeHue ¢ Kophsamu x7 i =1, 2.

7%. TlycTh Xx; — KOpHU ypaBHenus x290°
2005
S 52003,
=1

8. Peuure cucreMy ypaBHEHHIt

—7x% 4+ 1=0. Haiinute cymmy

3y 4+ x3y? +2x2y% + x2y? + xy? = 30;
Py+xy+x+y+xy>=11.

9. Pewre cucremy ypaBHeHUH

x+y 5,
l+xy 4
Ayt 257
1+xiyt ™ 327

10*. O6o3HaunM uepe3 sk:xf—i—...—l—x,/j CTereHHble CyMMbl M uepe3
Opr=Y_X|...Xp 3JIEMEHTapHble CHMMETpPHUECKHe MHorouseHbl. Jlokaxure
topmyJibl HbtotoHa:

Sk —Sp_101+ ...+ (=1)'sp_,0,=0 npu k > n,
Sp—Sp—101 + ... + (=D tsjop_y + (=1)* ko, =0 npn k< n.
11*. TlycTb pj — cCUMMeTpHUECKHH MHOTOUJIEH OT /1 TIEpEMEHHBIX CTere-

HU R, U MHOTOUJIEHbI Py, ..., P, ajreOpanueckud He3aBUCUMbI, T. €. He Cyllle-
CTBYeT HEeHyJIeBOro MHorousiena Q(xip, ..., X,) TaKoro, 4to

Q(pla Tty pl’l):O

Jlokaxkure, uTo 060N CUMMETPUUECKUI MHOTOUJIEH OT /1 TIepeMeHHbIX Bbipa-
’KaeTcsl uepe3 MHOTOUWIEHBI P, ..., Dp.
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12. JlokaxuTe, UTO MHOXKECTBO CHMMETPUUECKUX MHOTOUJIEHOB 06pasyer
NOJIKOJIBLIO B KoJiblle K[x|, ..., X,].

13. MHorousieH HasblBaeTcsi Kococummempuueckum (W aHmMucuMm-
MempuuecKum), eCM OH MeHsieT 3HAK MpH JII0OOH TPAHCMO3ULMK Tepe-
MeHHbIX. [IpoBepbTe, UTO KOCOCHMMETPHUECKHH MHOrOUJIEH MeHsleT 3Hak
NpY HEUETHBIX W He MEHsieT 3HAK MPH UETHbIX MepecTaHOBKAaX MepeMeHHbIX.

14. lokaxuTe, 4TO CyMMa M Pa3HOCTb KOCOCHMMETPHUECKHX MHOrouse-
HOB — KOCOCHMMETPHUECKHH MHOIOUJIEH, a NPOU3Be/leHHe — CUMMEeTPHUECKH
MHOTOUJIEH.

15. JlokaxuTe, uTo Jt0OOH MHOTOUJIEH OT ABYX MEpPEMEHHBIX MPEACTaBIs -
€TCsl B BUJIE CYMMbl CHMMETPHYECKOT0 H KOCOCHMMETPHUECKOTO MHOTOUJIEHOB,
NpUUEM €IMHCTBEHHBIM 00PAa30M.

16. JlokaxkuTe, 4TO MHOIOUJIeH

D(xy, ..., xp) = H (xi —x;)

I1<i<j<n
— KOCOCHMMETPHYECKHH.

17. Iokaxure, 4To 060N KOCOCHMMETPUUYECKUH MHOTOUJIEH [IPEACTABUM
B BUJe mpousseaenust D(xy, ..., X,) HA CUMMETPHUECKHII MHOTOUJIEH.

18%. Jlokaxkute, uTo 0TOOparkeHHe
f(xla ceey xn)_> Z fa(xla ceey xn)
OéESn
NepeBOJIUT Jt0OO0H MHOIOWIeH B CUMMETPUUECKHUH, a oToOpaXKeHue
fecr, o xa) = > (@) falx, oy Xn)
a€S,

(rze e(a) — 3HaK MepecTaHOBKH «r) — B KOCOCHMMETPHUECKHH.

19%. JlokakuTe, 4TO €CJIM MHOTOUJIEH HE MeHSIeTCs MIPH UETHBIX MepecTa-
HOBKaX, TO €ro MOXKHO TMPEJACTaBUTb KaK CYyMMY CHMMETPHUECKOTO H KOCO-
CUMMETPHUECKOTO MHOTOUJIEHOB.

§ 3.11. BbicTpoe ymHOXeHHe

[lepBbIM npuaymas GLICTPBIE aAropuT™M yMHOXKeHHs B 1962 1. A. A. Kapa-
y6a *.

* Tornma on 6bl1 acniupanToM Mexmara. B 1963—64 rr. npenonasan B @MILL Ne 18 npu MIY.
Bosee 30 sier siBasiercst npodeccopom mexmara MIY. Beitatowmiicst crneunasueT no anaauTi-
4eCKOH TEOpHUH UHCell.
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Npeto ero metosia MOXKHO MOSICHUTB Ha cJeytoliem npuMepe. ITyctb nepe-
MHO2KAlOTCSl BocbMU3HauHble uncaa U =uy ... ugu V =0y ... vg. [Ipencra-
BHM HX KaK JBy3HauHble uhcaa B 10*-3uaunoii cucreme cuncienus: U = Uy Us,
V =V, V. Torna ux npousBelieHre MOXKHO TNPEJICTABUThL B CJIEYIOLIEM BHJIE!

UV =U Vi 108 + (U, — Ug) (Vo — Vi) + U Vi 4 Ug Vo) 10* + Uy Vs.

Ara dhopMyJa CBOAUT YMHOXKEHHE 8-3HAUHBIX UMCE] K TPEM olepauysm
YMHOXKEHHSI M LIECTH OMNepalusiM CJ0KEHUs-BbIUHTAHUS 4-3HAUHBIX UHCEJ
(c yuetroMm mepeHocOB B cienytolye paspsiabl). O6bluHbIE criocob Tpebyer
yeTblpeX YMHOXKEHMH M TpexX CJIOXKEeHHWH-BblUMTAHHH, HO TakK KaK TpH pasa
CJ0XKHUTb 4-3HauHble UMCJa MOXKHO ObICTpee, UeM OJIMH Pa3 MepeMHOXKHTh,
To Meroj KapailyObl y:ke 8-3HauHble uucsa mepeMHOxaeT ObicTpee. B 06-
leM cJiydae oH TpeGyeT Il MepeMHOXKEHHS 1-3HAaUHbIX UMCes MO MOPSIKY
He GoJible

nlog 3 o ;1585
omnepawuii Haa LHpamH, 115 MIKOJLHOTO JKe MeToaa TpebyeTes Mo MopsiKy 1’
orepauui.

PaccmoTpum Bompoc o C/I0:KHOCTH YMHOXKeHUs1 6oJiee noapobHo. Haunem
C YMHOKEHUS] MHOTOUJIEHOB.

Jlemma 23. Yunoowernue 08yx mHo204ACHOB8 cmeneHell, MeHbUUx 2,
MOJCHO CBECIMIL K YMHONCCHUIO MPex Nap MHO20UYACHOB Cinenerell, Merb-
WLUX 1, I CAOMCCHUIO Yemblpex Nap MHOCOUACHO8 CImeneHell, MeHbUuux 1,
U BOLUUMARLIO 0BYX NAP MHOCOUACHOB CIENerell, MeHbUuLUX 21, ¢ NOMO-
woio moycdecmaa

(fix" + Jo)(g1x" + go) =
= i@ x® + (i + fo) (g1 + g0) — [1 &1 — Jogo)x" + [0 Qo

O6o3Hauum uepe3 M(n) HavMeHblee KOJMUYECTBO OMEPALMH CJOXKEHHS,
BbIUMTAHUS U YMHOXKEHUS (BBIMOJHAEMbIX HaJl KOS(PPULHEHTAMU MHOTOUJIEHOB
¥ TIPOMEXKYTOUYHBIMH UHCJIOBBIMH Pe3yJIbTaTaMHK), TPEOYIOLINXCS /15 TEPEMHO-
JKEHHsI JIByX MHOTOUJIEHOB CTereHel, MEeHbLINX 1.

Jlemma 24. Cnpasedausol Hepaserncmsa
M(n) <2M([n/2]) + M(|n/2]) +4|n/2] +2n — 4.
JdokaszaTeabcTBo. [I[pumeHUM paBeHCTBO
(i) fo) (@) + go) =
= g™ 4 ((F + o) (g1 + g0) — frgr — fogo)x " + fogo,
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r7ie CTereHH MHOTOUJIEHOB f| W @) MeHblile [71/2], a cTeneHr MHOTOUJIEHOB [y
U go MeHblle |1/2], U 3aMeTHM, UTO JUIsl BbIUKCJIEHHSI NIPOU3BENeHUl [| g,
fogo tTpebyercs ne Gosee M([n/2]) + M(|n/2]) onepaumii, 151 BbIYHCIECHHST
cymm i + fo, @1+ go, [181+ fogo nyxuo He Gosee 2|n/2] +2|n/2| — 1
onepaiui (Tak KaK YucJio orepauyii paBHO HAUMEHbIIIEMY W3 KOJIMYECTB HEHY -
JIEBBIX KO3(PMHUILMEHTOB Yy CKJAJbIBAEMbIX MHOTOUJIEHOB), JIsl BbIUHC/ICHHS
npoussenenus (fi + fo)(g1 + go) ucnoabsyercst ve Gosee M([n/2]) onepa-
LM, 1J1s1 BblukcsieHust pasioctH (f1 + fo) (g1 + go) — [1 81 — [ogo nocratouna
n — | onepauwsi, Tak Kak

(/i + Jo)(g1+ go) — 181 — fogo= 180 + fo g1,
3HAUMT, CTereHb TOr0 MHOTOuJeHa paBHa [1/2] + [n/2] —2=n—2, cio-
JKeHHe MHOTousIeHoB o go U [1 @1x21/2) Bhinonusiercst «GecniaTho», Tak Kak
OHH He HMEIOT MOJ00HBIX UJCHOB, MPHUEM B HX CyMMe OTCYTCTBYET UjleH BH-
na x221=1 nosTOoMy IS CII0KEHHST MHOTOUJICHOB
2n/2 2
fogo+ higix® ™2 (Figo+ fogi)x™?

JOCTATOuHO 7 — 2 omepauuu. B utore tpeGyercsi nonogxutensuo 4[n/2] +
+ 2n — 4 onepauuu. O

Teopema 91. Ecau 2% deaum n, mo cnpasedauso nepasencmeso
M(n) < 38(M(n/2%) + 8n /2% —2) — 8n + 2,
a npu 110boM 1N — HepaseHcmaso
M(n) < (35/3)n'% ®.
NlokasaTeabcTso. Ilyers 28m =n. Torna HepaBeHCTBO
M(n) < 3%(M(m) +8m —2) —8n+2

JlIoKasbiBaetcst unjaykuuer no k. basa (k=1) nokasana B semme 2. Illar un-
JIyKILIMK 0OOCHOBbLIBAETCSI TEM YK€ HEPABEHCTBOM.
Bri6epem k Tak, uto6el 28 < n < 2%*t!. Torna ecm 3 -2~ < n, 10

lg, 3
M(n)<M(2’*+‘)<3k—‘(M(4)+30)<3k—1.55<55.(%)g2 35 €3

Ecaun xe n<3-281 1o
M(n) < M(3- 2871 < 3F=1(M(3) + 22) < 3¥1.35 < (35/3)n'%: 3. O

[TepefineM K yMHOXKEHHIO UHCEJI.

[Tyctb Tenepb M(n) o603HauUaeT HauMeHbllIee KOJUUECTBO OMepaluil cio-
YKEHUs, BbIUUTAHUS U YMHOXKEHHS, BbIMOJHSAEMbIX HAJl YUHCTAMU, MEHbLIUMHU 4,
TpeGYIOLMXCS /151 IEPEMHOXKEHHUS IBYX /1-3HAUHBIX UMCEJI, 3alIMCAHHbIX B MO-
3ULIMOHHON CHCTEME CUMCJIEHHS 110 OCHOBAHUIO d.

13 Tauwkos
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Jlemma 25. Cnpasedausor Hepagencmsa
M@2n) <3M(n)+ 191, M@2n+1)<2M(n+ 1)+ M(n)+ 177+ 10.

HokasaTedsabcTBo. [Ipumenum ToxKaecTBa

(ho™2 4 o) (16T + go) =
=h @b’ (Frgi+ fogo— (Fi — fo)(g1 — go)b "™ + fogo,

rae uucaa fi u gy — [n/2]-paspsinHbie, a unmcaa fy ¥ gy COOTBETCTBEH-
HO [n/2]-paspsiaHble, W 3aMETHM, UTO JUISi BbIUMCJIEHHS NIPOU3BENEHHUE [| g)
u fogo Tpebyercs M([n/2]) + M(|n/2]) onepauwmii, 1Jist BHIYMCJIEHUS] PA3HO-
creit u cymmbl fo — fi, go — g1, [181 + JogQo Tpebyercs He GoJee

n(l+ [n/2) = [n/2]) +2(1n/2) + [n/2] = 1) + 2([n/2] + [n/2]) = 1 =
=4n—-3+n(l + [n/2] — [n/2])

omepalmil, Tak Kak uucaa fi g u fogo umerot He Gogiee uem 2(n/2] u 2[n/2]
paspsiloB COOTBETCTBEHHO, a B CJlyuyae UETHOTO A HYXHO elle 2[n/2] =n
onepaumil JJisi TPeJBAPUTEJILHOTO CPABHEHMsT uMcesl (UTOObI He BbIUMTATH
13 MeHbliero GoJibliee). 3aMETHM jlajiee, UTO JJist BBIUWCJIEHHST IPOU3BE/IEHHS
(f1 — fo)(g1 — Qo) Tpebyetcst He 6osee M([n/2]) + 1 onepaumii (oaHa ore-
patys s BHIUMCJICHHUST 3HAKA Y TIPOU3BEJICHHST), /I/Is1 BBIYMCJIEHHST PA3HOCTH

f1g1+ Jogo— (J1 — Jo)(g1 — go) =180+ Jog

Tpebyercsi He Gosee 2[n/2] + 1 +2[n/2] — 1 =4[n/2] onepauwuii, cioxeHue
amcent fogo u f1 @622 ocyiectBasieTcs «GecnatHO» (3aMHCH THX YMCe)
MPOCTO OGLEMHAITCA B OJIHY 3aTIHCh), a Ul CJ0KeHus uucen fy g b21"?1 4
+ fogo u (fi g0+ fog1)b™?! tpedyerca ne Gonee 2n — [n/2] +n+1—1=
=2n+ |n/2| onepaimii (Tak Kak unciao figo+ fogr umeer He Gogee n+ |
paspsiia, a miajiiue |1/2| paspsiios uucaa fogo He y4aCTBYIOT B OMEPALIHUSIX).
B urore tpebyeTcsl AOMOJHUTENLHO

4n—3+n(l+ [n/2] — [n/2]) + 1 +4[n/2] + 2n+ |n/2] =
=7n+3[n/2]+n(l +|n/2| —[n/2]) -2

orepaumi. O

3anauu v ynpaxHenus K § 3.11

B caenyonum 1ukiae 3ajad peub WAET O TOM, KaK M0 BO3MOXKHOCTH Obl-
CTpee MPOU3BOJUTH apuMeTHUeCKKe orepaldi ¢ Ipo6GsMHU, CBOJISI UX K Olle-
palMsiM Hajl LeJbIMU UMcaaMU (MW MHOTOUJIEHAMM).
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1. Homyctum, uto apo6u a/b u c¢/d uecokparumsl. Ilyets (a, d) = gy,
(b, ¢) = go. Hokaxure, uTo

((a/g1)(c/g2), (d/g1)(b/g2)) = 1.

2. Jonyctum, uto apo6u a/b v ¢/d Hecokpatnmbl 1 ukcaa a, b, ¢, d MeHb-
ute 10", ITpensioxkure cnocoG yMHOXKEHHUS U JleIeHUsT STHX Apobek, B KOTOPOM
BCe MPOMEeXYTOuHble pe3dysibTaThl 6yayT MeHblie 107, ecid B OKOHUATEIbHOM
OTBETe UMCJIUTE/b U 3HaMeHaTesb MeHblue 107,

3. ycts (a,b)=(c,d)=1, (b,d)=g, t=ad/g+bc/g, (I, g1)=go.

Jlokaxkure, 4To
d/g, b/g)=(t,d/g))=(,b/g) =1,
g =1, @)=, (d/g)(b/g)g) =t bd/g),
(g2, d/g1) =1, b nenntcsi na go u
(t/ g2, (d/g1)(b/g2)) = 1.

4. ITonyctum, uto apoGu a/b w ¢/d wecokpaTuMbl W uucaa a, b, ¢, d
menblie 10%. Tlpeasoxkute crnoco6 c/oXKeHHS W BbIUMTAHUSI 3THX ApoOeH,
B KOTOPOM BCe NPOMEXYTOUHble pesyJbraThl OyayT MeHblie 10", kpome oj-
HOTO, KOTOpbIi OyzeT Menblie 102, ec/ii B OKOHUATE/LHOM OTBETE UHCJIUTED
W 3HaMeHaTeJib MeHblie 107,

OTMeTHM, UTO YTBEp:KJIEHUST ITUX 3ajay MOXKHO MepPeHeCTH U Ha MHOTO-
4JIEHB.

5. IlpoBepbre, uTO OOGBIUHBIH CMOCOG YMHOXKEHHS MHOTOUWIEHOB JA€eT

OLLeHKY e )
M(n) < Mg(n) =n®+ (n — 1)

6. [lnsi yMHOXKEHHS] MHOTOUJIEHOB HAJWTE HaUMEHbLIee 11, P KOTOPOM
M(n) < Mg (n).

7. JloKaxKuTe, UTO CJIOXKEHHME JBYX f1-3HAYHbIX UMCEJ MOXKHO BBINOJI-
HUTb 3a 2n — | onepauuio, BblUHTAHHE MeHbLIero U3 GoJibliero —3a 31 — |
omnepaLHio, BEIUMTAHHE C ONpeJieJieHHeM 3HaKa pasHocTH — 3a 4n — | onepa-
1110, a CJIOXKEHHe (A1 + M11)-3HAUHOTO YHCJIa C f1-3HAYHBIM MOKHO BBIMTOJIHUTh
3a 2n+ m — 1 onepauuio.

8. Jlokaxure, uTo 0ObIYHbIH CI10CO0 YMHOXKEHHsI YHCeJ JaeT OLEHKY

M(n) < 5n’.

Oo603Hauum uepe3 K(r1) CHOXKHOCTb BO3BEJIEHUS] N-Pa3PSAHOTO UHCJIA
B KBaJpaT M Takoe ke oOo3HaueHHe OyIeM HCIOJb30BATh MJIsI CJOKHOCTH
BO3BeJleHHs] B KBaJpaT MHOrOUJIeHa cTeneHu 1 — 1.
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9. Hcrnosib3ysi TOXKIECTBO
(a+b)> — (a—b)?
4 b
JIOKaXKUTe JIsT CJydast orepailil ¢ YHCJaMU HEPaBEHCTBO
M(n) < 2K(n) 4+ 13n + O(1),

a ]I cJiydast onepauui ¢ MHOrousJeHaMH — HepaBeHCTBO

M(n) < 2K(n) +6n + 4.

ab =

§ 3.12. Pa3noxeHue Ha GecKBajapaTHble MHOXUTEJIHU

,HJIH MHOTIO4/IEHOB Hal MPOU3BOJIbHBIM IOJIEM J1a/IMM CJIe/lytolllee

Onpenenenne 91. PasjoxkeHne MHOrouJieHa

P=qq5 ... qf

TaKoe, YTO COMHOXKUTEJH §; He UMEIOT KPaTHbIX KOpHeH M TMomapHO B3aUM-
HO MPOCThI, Ha3blBaeTcst Oecksadpamnoii hakmopusayueli nepsoeo muna
MHoOrouJjieHa P.

O603HauuM
Qi =qiqit1 --- Gp,
Toraa
P:Ql'ka Q1|Ql+1a Lzla'vk_la
¥ MHOTOUJIeHbl ); He UMEIOT KpaTHbIX KopHell. Takyto GpakTopH3aalnio Ha3oBeM
HeckBaspaTHOH (haKkTOpH3allMell BTOPOro THIIA.

Ynpaxuenue 81. [lposepbre, uto 06a Tna 6GeckBaapaTHol paKkTopu3a-
MM OJIHO3HAYHO BOCCTAHABJNBAIOTCS OJUH 10 JAPYroMy C TOMOIbIO (hOopMyJT

_ _ _ 9 ki1

i =Qi/Qiv1, Qi=Pi/Piy1, Pi=qqi, ... q, .
[yets P=qq3 ... g, — OeckBanpatnas (akTopusaLys Nepsoro THIA.
CJieflylolas JieMMa CripaBe/lyinBa J1si MHOTOUIEHOB HaJl JIOObIM MoJleM HyJie-

. dpr
BOH XapakTepucTHKH. [IpousBoaHyto MHOrouwleHa P o6o3Hauaem o

Jlemma 26. /[1s nocaedosamenrvHocmu MHO20UACHOB P;, HauuHatO-
i } dp;
wetics ¢ Py =P u onpedeasemoii pasencmeanu Piy) = | P;, x> cnpa-
804180 MOHIeCmB80o

Pi=qigl, ... ¢ =QiQip1 ... Qr (i=1, ..., k),
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ede Qi =qiqiy1 --- Gr, 0OMKyda

R Y
< P T Q0
u makum obpasom oba suda ¢axmopusayuu cywecmayom u onpede-
AeHbl 00HOZHAUHO.

(i=1,.., k),

JdokaszaTeabcTBo. CoracHO MpeanoioKeHHIo HHAYKIHH U (op-
myJie JleliGHuLA

dpP; _ dg; i1 d¢7+1 k—i+]
o Li)ClQL+l. qk’ +4i2qip1—— ... g T+

_;d
A qigh, .. gk 1(k—z+1)qk i (;k

dg; dqp
:PiJrl(EQiJrl e Qe GiGign Qe (R =i 1) )
CyMMa, crodllas B CKO6K3X, B3auMHO HpOCTa C gi, NIOTOMY 4TO BCe€ CJlarae-
Mble, KpOMe ﬂepBOrO, KpaTHbl gi,a nepBoe cJjlaraeMoe B3auMHO HpOCTO C HUM.

JleficTBHUTE/ILHO BCE €ro COMHOXKHUTENH B3aUMHO MPOCThI C ¢;, TaK KaK §; B3a-
MMHO MPOCTBI IPYT C JIPYrOM M He MUMEIOT KPaTHbIX KOpHEH, M03ToMy

(qA @) —1

Ly dx .

AmnaJsiornuHbiM 06pa30M MPoBepsieM, UTO CyMMa, CTOsillasi B CKOOKaX, B3AUMHO
npocra ¢ g4, ---, gr, @ 3HAYUT, U C IIPOU3BEJICHUEM Q,‘ =4q4iqit+1 --- k. ITo-
3TOMY 4P

i i
(Ea Pz) z+1( /Plv Ql) z+1a
4yeM M J0KadaH lar MHAyKIHH. O

B crangaptHom ajroputMe GeckBaipaTHOH (DaKTOPHU3ALMH PEKYpPPEHTHO
BBLIUMCJISIETCS  MTOCJIEI0BATEbHOCTh MHOTOUJIEHOB MO  opmysnam Py =

dP;
= (P, ) rje, Kak TOJbKO 4TO J0Ka3aHo,

Pi=qigt .. qF T = QiQis1 ... Qp,
TocJie Yero HaXoJIATCs JeleHHeM MHOTOYJIeHbI
Qi = i TS %
Piy Qit1
Mznoxum agnropurm OcTporpaackoro * GeckBaJpaTHOH (aKTopH3alLUU

B 0603HaueHUsix camoro OCTPOrpajickoro ¥ OUEHHM €ro CJOXKHOCTb (T.e.
UMCJIO BBIMOJIHSIEMBIX UM OTI€paLM).

* Ocrporpaackuit Muxansn Bacunbesuu (1801—1862) — Beiiatouiicst pycckuil MmateMaTnk
1 MexaHuK. OJIMH U3 ocHOBaTesell NeTepOyPreKoii MaTeMaTHYeCKOH LIKOJIbI.
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[Tycth P = P — (hakTopU3yeMblil MHOTOUJIEH, MOJIOXKUM

dP,
dP P d
PQZ(P17 —xl)v Ql:P_;’ Rl:%—za (Q17 Rl Ql)v
Q Ri- G dQ
Q=" Ry=—dx C]QZ(Q& Ry — 2)
qi a1
W TaK jajee, Moka He MoJyduM Ry | = % Torna P=qiq3 ... gF —nc-

KOMO€ pasJ/ioXKeHHe, MOTOMY UTO §; HE HMEIOT KPATHbIX KOpPHEH U B3auM-
HO TPOCThI. OTMeTI/IM UTO TIOTYTHO HaijleHo pasjoxkenue P = Q| Qg ... Qp,
rie Qi =q; ... qr (i=1, ..., k) Toxxe GecKkBajpaTHble MHOXKHTEJH, HO YyxKe
He B3aHMHO HpOCTbIe, a MocJieIoBaTesIbHO NeJIsILie IPYT Apyra.

O6ocHoBbIBaercsi aaroputMm OCTpPOrpajackoro ¢ MOMOIIbI0 ero 3ameua-
TeJIbHBIX TOXKJIECTB.

Teopema 92 (Octporpanckuit). /[i1s onpedesenrolx goluie nocaedo-
samenvHocmerl MHOEOUACHOB CNPABEOAUBLL MONIECMBA

dPipi Qi 0
L .
Ry = —dx  _ dx .:( R — 1).
T P gi g = Ri= 77,
JokaszaTesabcTBo. [IpumMensiss MHAYKUMIO, MOJydaeM, UTo
dp; dPiyy dPiy) dPiiy
R dQi _ dx _ d(Pi/Piy) _ Pi— = _ Qi—, _ Qit19:i—
Lo Py dx Py Piti Piyy 7
OTKylla UMeeM
dQ; sz+1 dPiy
R4+1:R’7 dx Q‘H __dx
l qi Pz+1 Pito
Tak kak
ap;
Pi:‘h’QiQJrl . C//’ee LHv Ri:pc.l—x, Qi=gqi ... g,
i+1

M3 TEOPEMBI O MOHUIKEHHH KPATHOCTH KOPHS TPH JU(depeHIlnpOBAHHH BbITE-
Kaert, uto (R;, @;) =1, oTKyzna cjenyer yke 6€30 BCSIKOH HHIYKLHMH, YTO

dQ;

(sz R; — ) (Qis Riv19i) = (Qit14i, Rix19:) = (Qix19i, Riy19:) =

=qi(Qit1, Rix1) =gi
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3amerum eliie, uto U3 Hopmy.J

dpP;
dx P
R- = =, s =
C Py " Py
BbiTekaeT, uto deg R; =deg P; —deg Py — 1 =deg Q; — 1. O

[TpeumyiiectBo anropurma OCTpOrpaackoro nepei CTaHAAPTHBIM aJiro-
PUTMOM OYEBHMIHO BBHIY TOrO, YTO Ha KaXKJIOM Llare UTepaldd OH Tpeby-
et Haxoxaenuss HOJl MHOrouseHOB MeHblIeH CTelNeHH, YeM B CTaHAAPTHOM
aJIrOPUTMe, U BMECTO JBYX JeJEeHHH HCIOJb3yeT TOJbKO OIHO, MpUYEM JJIsi
MHOTOUJIEHOB OMAThb K€ MeHbllel cTerneHd. KpoMe Toro, oH J0MycKaeT Xo-
POLIYIO OLIEHKY CJIOXKHOCTU MPH UCTOJIb30BAHHU B HEM GbICTPLIX aJrOPUTMOB
YMHOKeHHUs1, JlejieHust U Bbiuncyiennss HOJL.

Ouenka cJjoxHocTd asnroputMa OCTpPOrpajicKkoro noJyyaercsi I10BOJbHO
MPOCTO, €CJIM BOCIOJIL30BATHLCS CJEMYIOLIUM 3aMeyaHHeM.

[Tycts M(n) — mo6ast oleHKa CJA0XKHOCTH YMHOYKEHHS IByX MHOTOUJIEHOB
CTeMNeHH 11, yIO0BJETBOPSAIOLIAS YCJAOBHIO cynepaiauTuBHocT: M(x) + M(y) <
< M(x + y), u G(n) — takas xke oueHka cjoxkHocTd Bbluncaenus HOJI npyx
MHorousienos. Hanpumep, B kauectBe M(n) moxHO B3aTh Cn'°%3, a B ka-
uectBe G(n) MoxkHo B3sitb CM(n) Ig n npu Gosbuio# koHcranre C (370 Mbl
He 6yJeM JI0Ka3blBaTh).

[Tosoxum deg Q; = n;, deg g; = m;, deg Po = p =ng + ... np, Torna m; =
=n; — N1, deg R; =n; — 1. CjioxkHOCTb jleieHusi 6e3 ocTaTKa MHOrouJieHa
CTENeHH 1M HAa MHOTOUJIEH CTeneHu 71 oleHuM Kak 3(M(m —n)+m —n) +
-+ M(m), 3HauuT, CJIOXKHOCTb JeJeHHsl ABYX PA3HbIX MHOTOUJIEHOB CTereHH
He BbIIE /1 HAa OJMH H TOT K€ MHOTOUJIEH CTeleHH f1 OlleHHBAeTCsl Kak
3(M(m — n) 4+ m—n)+ 2M(m), Torna Hy:KHasi OLleHKA UMeeT BHUJL

k
n+ G(n) +3M(n — p)+3n—3p +2M(n) + Z(G(m) +2M(n;) + 2n;) +
i=1

k
+ ) BM(m) +3n) <n+ G(n) + 3(M(n — p)+n— p) +2M(n) +
i=2
+ G(n) 4+ 2M(n) + 2n + 3(M(p) + p) < 2G(n) +7M(n) + 6n.

[TosyueHHast olleHKa MOKAa3bIBAET, UTO CJI0KHOCThL anroputMa Octporpaj-
cKoro GecKBajpaTHOH (haKTOpPHU3allMH MHOTOUJIEHA CTENEeHH 1 ACUMAMOMuU-
yecku Auub 8 08a pas3a NMPeBOCXOAUT CJIOKHOCTb aJrOPUTMa HaXOXKIEHHUS
HOJI 1Byx MHOTOUJIEHOB CTENEHHU f1.

HHutepecHo oTMeTHTh, uTo OCTpOrpajacKuil MpeyioxKuJ elie 0JJuH BapHaHT
.dQ )

anroputMa (hakTOPHU3aLMKH, OCHOBAHHBIA HA TOXJIECTBE §; = (Q, R — Iy
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rae
dP,
_o P _ P _p, _ dx 7(@ )
Q_QI_PQ_PQ’ R—R1—P2, Py = dx,Pl»

JlokazaTesibCTBO BbITEKaeT U3 LENOUKU PABEHCTB (B KOTOPOI IUIsi KpaTKo-
ctu ddepeHpoBaHrne 0603HAYAETCS LITPUXOM)

k

P (qig3 ... g , )
R: = — i 0 . ) ’
Py go - qf_, Z qr - qi—1(qi) qit1 --- Gr

i=l

k
QU= a1 qi10G) qis1 - G

i=1

k
R—jQ => (i—iqr - qi1(q)qis1 - G,

i=1

000CHOBbBIBaeMO# MpaBujioM auddepeHlMpoBanus JleiibHULIA, U 3aMeuaHus
0 TOM, UTO B MOCJIEHEH CyMMe BCe cjiaraeMble, KpoMe S-ro, NeasTcs Ha ¢,
a OHO B3aMMHO MPOCTO C MHOTOUJEHOM (s (TaK KaK BCE €ro COMHOXKHTe-
JIM C HUM B3aHMHO [IPOCTbI), cJjenoBaresbho, (R — jQ’, gs)=1 npu s # j,
H, OUEBHJHO, MHOro4/IeH R — j() JeJUTCS Ha MHOTOUJIEH ¢, .

Ykasannbsle opmysiel OcTporpaackoro 6osiee 3€raHTHBI, YeM MPeIblIy-
1111€, HO CJIOXKHOCTb TOCJIEJIHETO AJITOPUTMA OUEBUIHO GOJIbLIE, UEM MPEbLLY-
11Ier0, TAK KaK B HEM CTeTeHH MHOTOUJIEHOB MOCJ/IeA0BATENLHOCTH, Y KOTOPBIX
npuxoautes Bbluucassts HOJL, He yMeHbLIAIOTCS, U OH HE JOMYyCKaeT oye-
BUJHOH Xopoluell BepxHel ouleHKH. OJHAKO €CJI HY»KHO BBbIUMCJIUTb He BCe
MHOKUTEJH ¢;, a TOJbKO JI060H OJMH M3 HUX, TO 3TOT AJATOPUTM, BEPOSITHO,
ABJIAETCS ObICTPEHLLMM.

3anauu v ynpaxkHenus Kk § 3.12

1. OGocHy#iTe cTaHAApTHBIA aJropuT™M OecKBaJpaTHOH haKTopU3aLUH
CO BCEMH MOJPOOHOCTSMH.

2. O6ocuyiiTe BTOpOH anroputm 6eckBajapaTHOH ¢akropusauun Octpo-
rpajcKoro co BCEMH MOAPOGHOCTSAMH.

3. Bbinosinure GeckBaipaTHyto (pakTOpU3alMio MHOTOUJIEHA CTaHAAPTHBIM
MeTooM U MeToaoM OcTporpaickoro

1104359 —5x8 — 21x7 4+ 10 +45x% + 17x* — 39x% — 2242 + 12x + 8

W HaWauTe ero KOPHH.
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4%%  JloKaXKUTE, UTO CJOXKHOCTL JeJeHHs 0e3 OCTaTKa MHOrouJieHa Cre-
[IeHU M HA MHOrOUJIEH CTEIeHH /1 OLIeHUBAeTCsl Kak

3M(m —n)+m—n)+ M(m).

5%, ﬂoxamme, UTO CJIOKHOCTBL JA€JIEHHS ABYX Pa3HbIX MHOTI'OUJIEHOB CTE-
I[I€HHW He BbIlIe 177 Ha OJHWH W TOT 2K€ MHOI'OYJIEH CTEIIEHH 11 OLlEeHMBAETCHd KaK

3(M(m —n)+m—n) 4+ 2M(m).

6. JlokakuTe, 4TO CJI0XKHOCTb JleJIeHHSI C OCTAaTKOM MHOTOuJIeHa cTere-
HU 17 Ha MHOTOUJIEH CTEMEHH 1 CO CTapLIUM Kod(duumeHToM 1 oleHnBaeTcs
Kak (m—n+1)(2n+ 1), a 6e3 ocratka — Kak (m — n)(2n + 1).

7. Jlokaxkute, 4To 0ObIYHBIH aaroput™M EBK/MIA 11 MHOrOUJIEHOB CTere-
HU He BbILIE 11 UMEEeT OLIEHKY CJIOXKHOCTH

G(n) < an + §n.
2 2

YkazaHnue Hano yyectb HeoOOXOAMMOCTb Ha KaXKJ0M LlIare ajroputMa
BBIMIOJIHATL TPUBEJIEHHE MOJYYEHHOTO OCTaTKa K BHIY, B KOTOPOM CTapLLUMid
KO3 ULMeHT GYIET paBeH eUHHILIE.

8. Jlokaxkute, uTo 0ObIUHBIN anropuT™ EBK/KAA 1Jisi MHOTOUJIEHOB CTere-

7
HU He BBILIE /1 UMEET OLIEHKY CJI0XKHOCTH §(fl2 — m?) 4 O(n), re m — cTeneHb

Bolykcsiennoro HOJIL.
9%, JloKa)kuTe, UTO MpebLAYLLYI0 OLIEHKY HeJb35l CYLIECTBEHHO YIYULLIUTD,
paccmotrpes Bbluucsenne HO(T,, T,,—), rne T,, — mHorouwienbl Yebbiiéna.
10*. JlokaxknTe, uTO OOBIUHBIN aJrOpUTM EBKJIMIA JIJIsT MHOTOUJIEHOB CTe-

1 5 5
MeHU 1 U M UMeeT OLeHKY cioxHoctd G(n) < 2nm + §m2 + 5

Ykaszanue CHauana pacCMOTPUTE CJlydail, KOTJA HA KAXKIOM lllare
aJropuT™Ma CTeneHb yMeHbllaeTcs Ha eauHully. [lotom nokaxure, uto B 06-
LLleM cJlyyae OLeHKa He Bblllie, YeM B 3TOM YAaCTHOM CJyuae.

11. Joxaxure, 4To CJ0XKHOCTb J€JIEHHs] C OCTATKOM /1-pa3psiIHOTO UUCJ/Ia
Ha m-pa3psaHoe UMeeT OleHKY caoxHoct C(n — m)m, rae C >0 — KoH-
CTaHTa.

12%*. JlokaxkuTe, uTo OOBIYHBIA alroput™ EBK/IMIA 1J1s1 11-pa3psiAHbIX YH-
ceJl UMeeT olleHKy caoxkHocTH G(n) < Cn?.

YkazaHnue. [IpumMeHure npeabiayllyo 3aaauy.

13. JlokaxuTe, UTO CJIOXKHOCTb BbIUMCJIEHHS 110CJAE10BATENbHOCTH MHO-
rounieHoB Q;, g; no dopmynam Q; =P;/Piy1, g;i = Qi/Qi+1 NpH U3BECTHON
MOCJ/IeI0BATENBHOCTH P; ¢ TOMOUIBIO IIKOJBHOTO aArOPUTMa OLIEHUBAETCS KaK
2(n® +n?), tne n=deg P =deg P, n| = deg Q.

Yxaszaunue. [Ipumenure 3anauy 6.
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14. lokaxKuTe, UTO CJIOXKHOCTb BBIYHCJIEHHSI MOCJE10BATENbHOCTH MHO-
rou/ieHoB P; cTaHIapTHBIM aJrOPUTMOM 110 (hopMyJiam
dp;
P = (P )
i+1 b iy
olenunpaercs Kak 4n% 4 O(n).
Yxaszaunue. [Ipumenure 3anauy 8.
15. JlokaxKuTe, UTO CJIO?KHOCTb CTAHJAPTHOTO aJiIropUTMa GecKBajpaTHOM
(haKTOpH3aLMK MHOTOUJIEHa CTeNeHH 7 oleHuBaeTcst Kak 8n° + O(n).
YkasaHnue. [lpumeHuTe npebIyllyto 3aaauy.



ImaBa IV. Anre6panueckue ypaBHeHuUs!

§4.1. PeweHnne KyOuueCKMX ypaBHeHUM

3HauuTeNbHO CJIOXKHEE, UeM KBAJPATHOE, PELIUTh KyOHUeCKOe ypaBHEHHe
2 4+ax?+bx+c=0.

OHo 6bL10 pelieHo TosbKo B X VI B. utanbsaHuamu aens @eppo * u Taprasbs.

Bkpartie ucTopusi 3TOro 3ameuaTesbHOr0 OTKPBITHS TakoBa. [lepBbiM Ha-
LIeJl pellieHHe B HECKOJIbKUX BaXKHbIX YACTHBIX CJyyasix npogeccop marema-
THKH U3 Bosionbu nenb Peppo. Tlepen cmepTbio Mox 60MbLIKM CEKPETOM OH
nepenaJj TaiiHy cBoeMy GJM3KOMY APYTY WJIH POACTBEHHUKY Duope, KOTOpPbIH,
Oy/1yud NOCPEACTBEHHBIM MATEMATHKOM, T1OCJIE STOTO JIETKO BBIUIPbIBAJ MOy~
JISIpHbIE B TO BpeMsi Hay4Hble IUCMYTbI, Npeajiarasi ornnoHeHTam yisi pelleHus
3ajauu, CBOASALLMECS K KyOHUECKUM YPaBHEHHUSIM.

Hukxkosio Taprasbsi B 1eTcTBe BO BpeMsl BOHHbI Obl/l CUJILHO HaMyraH H, Ka-
JKETCS1, paHeH B JIML0, U MO3TOMY OH BOLIEJ B HCTOPHUIO HE M0J] CBOUM UMEHEM,
a noJ npo3suileM Taprasbs, B MepeBojie 0O3HAUAIOLINM «3auKa». A36yKy OH
BbIyUMJI MO/l PYKOBOJACTBOM YUHTEJIs TOJbKO 10 GYKBbl «K» (Ha nasbHefiniee
y MaTepd He XBaTWJIO JIeHer), U Bce OCTajbHOE eMy MNPUUIOCh MOCTHraTh
camoyukoii. [ToB3pociieB, oH noppabaTbiBas HayuyHbIM KOHCyJbTaHTOM B Be-
HeLMaHCKOM apceHasie (M Obll OJIHUM M3 MepPBbIX MaTeMaTHKOB-TPHKJIAAHH-
KOB **). 3a Hezlei0 10 AMCIyTa 0 HEro JAOLIa MOJIBA, UTO OMIMOHEHT BJaeeT
CEKPETOM pelleHHs] KyOUUeCKUX YPaBHEHHUH. .

Ha nucnyre Taprasbs pewins Bce MpPeiJIoyKeHHble eMy 3ajaud, a oule-
JIOMJIEHHBIH IPOTHBHUK HE CyMeJ PELUTb B OTBET HU OJHOM, axKe OCHOBaH-
HOM Ha M3BECTHBIX €My CJydasiX pas3peliMMOCTH, TOJydeHHbIX B HACJIEACTBO
ot nenb Deppo.

Tor BapuaHT pellleHHs] KyOUUECKOTO YpaBHEHHS, KOTOPbIH Mbl ceHuac
U3JI0KUM, TpuHajiexuT [ynne ***, Tlpexie Bcero, BblIEJNUB MOJIHbIA KyO,

* I nenb Peppo (Scipion del Ferro, 1465—1526) — utanbsnckuii Matematik. Haten cno-
006 pelleHHsi KyOHUECKHX ypaBHeHHi THna x° 4 mx = n.
*% Jlerenna ryiacut, uTo OH NePBLIM 0ObSCHU/ APTH/JIEPHCTAM, UTO JUIsl MAKCHMAJBLHOR Jla/ib-
HOOOMHOCTH OPY/Hsl HAJO TIOJHATH €ro CTBOJ MOJ yrioM 45°.
##4 W, Tynne (Johann Hudde, 1633—1704) — roanannckuit Marematik. OTKpbLI NPaBUJIO HA-
XOKJIeHHsl KPATHBIX KOPHEi.
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u36aBuMcs 0T KosduLmenTa npu x2:

B +ax’+bx+c=

B nepenucanHom Takum 00pa3oM ypaBHEHMH B KauecTBe HEM3BECTHOIO

ynooHo paccmatpuBath X + a/3. Tlocse HaxokKueHHsi KOpHeH ypaBHEHHsI

x3 + Ax + B, BbluTeM M3 HUX @/3 W MOJYYUM KOPHH HCXOJHOIO ypaBHEHHS!.
CaMmblil POCTONi TyTh K PellieHHto ypaBHeHHs TpeTheil cTenenu x> + Ax + B

COCTOMT B cJleflylolieM. Bbynem uckaTb pellenue B Buje CyMMbl 08yx caaea-

emorx (M) x =u+ v, Ha KOTOpBIE TOTOM HAJI0XKMM HEKOTOPbIE YCJIOBHS.
[ToncraBum x = u + v B ypaBHeHHe:

O=w+v)>’+AWu~+v)+B=u’+0v>+3uvw+v)+Au+v)+B=
= +u®+ B) + (u+0)(3uv + A).
[TycThb 1 mepBoe, ¥ BTOPOE cJiaraeMble 10 OTAeJbHOCTH PaBHbI HYJIO:
{u3 +03+B=0;
(u+0)(Buv +A)=0.

3amerum, uto ecau B #0, To x =0 He siBJisieTcsi KOpHeM ypaBHeHusi (TIpu
B =0 ypaBHeHHe CTAHOBUTCS TPUBHAJbHBIM). 3HAYUT, X = U + v # 0, 1, ynpo-
11as BTOpOe ypaBHEHUE, MPUXOJIUM K CHCTEME

w4+ v3=—B; )
*
3uv = —A.
dta cucrtema Jierko periaercsl. BbipasuM U3 BTOPOro ypaBHEHHMS MepeMeH-
HYyI0 U uepes u opmynoi v = —A/(3u), ¥ MOJACTABUM ee B TePBOE YPaBHEHHE:
u3 A
27u3
[ToslyuaeM KBajpaTHO® OTHOCHTELHO HEeH3BECTHOTO 4> ypaBHeHHe
13
u?)? + Bu® — = =0.

27
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DopmyJibl 1151 KBAAPATHOTO ypaBHEHUS 1AIOT pellieHure

£/ 55+

s B A% B?
T2 27 " 4

OTKyJa

AS
03:— = —

B A% B?
27<—§:|: ﬁ-‘rT)

3 2
B i
OTMeTHM, UTO MpH 97 + T < 0 xBajzpaTHOe ypaBHeHHE HE HMeeT pelleHUH.
A% B2
n o + Ve > 0 ucxoaHoe KyOHUeCcKoe ypaBHEHHE UMeeT pelleHHe

3/ B A3 B 3 B A3 B?
Xp=u+uv = —§+ E—FT—*— 5 = §+_’

rae paavkad é/_ 03HauaeT eJIMHCTBEHHBIH HeOTpHLLaTe.HbeIﬁ BellleCTBEHHbIH
KOpEHb TpeTbeﬁ CTEIIeHUW M3 BEUIECTBEHHOI'o 4HuCJa. BblBe[LeHHaH (bopMyﬂa

HasbiBaeTcsl (MCTOPUUECKH HE COBCEM ClpaBeyiBO) (opmysioi Kapnaxo *.
3

HecnoxxHo nokaszaTb, uto 1pu 7t >0 1pyrux BeLIeCTBEHHbIX pe-

| b
w

:F

2o o

32
27 T4

[Tp

wenuil Her. JIs loKasaTesbecTBa paccMOTPUM rpaduk (GyHKUMH y = x° +
+ Ax = x(x?> + A). BewectBennsle KopHu ypaBHenusi x> + Ax + B =0 cytb
abCclUMcChl TOYEK TepeceueHtsi TOro rpaduka ¢ ro- N
pusoHTanbHON mpsimoit y =—B. Tlpu A >0 ¢yHk- /
uust y =x3+ Ax BO3pacTaeT (Tak Kak MPOU3BOJHAs Y = -B
y'(x) =3x2 + A >0).

SHauut, npu A >0 W npu JwboMm B npsmas .

y =—B nepecexkaer rpaduk y=x>+Ax B oaHoil
TOUKE, T.€. €CThb TOJIbKO OJIMH BeleCTBEHHbIH KOpEHb Puc. 99
(puc. 22).
[pu A <0 rpadux bynkuun y = x>+ Ax nmeer BuI, H306parKeHHbIN
Ha puc. 23.

McxoaHoe ypaBHeHMe HMeET POBHO TP pelleHUs npu B, Haxoasuemcs
MEeXJy JIOKaJbHbIM MHUHHMYMOM Ymin M JIOKAJbHbIM MAaKCUMYMOM Ymax 3TOH
¢dyHkuud. Haiinem stu ypaBHenusi. Tak Kak

Y'(0)=3x"+A=0,

* B uecrb [Ix. Kapnano (Girolamo Cardano, 1501—1576), utanbsinckoro Bpaua, acTpoJio-
ra, OKKyJIbTHCTa, MaTeMaTHka W u3obperareJisi, BriepBble ee onyGJuKoBasiiero. [lo npexanuio
MOKOHUMJI ¢ cOGO#, YTOObI HCTIOJHUJICST UM CAMHM COCTaBJIEHHbBIH TOPOCKOIT.
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y

Ymax

Zmin

ZITIHX

ymin

Puc. 23

[ A
TO 3KCTpeMaJibHbl€ TOUKH X = + —g, a 3KCTpeMaJibHble 3HaUCHUA

A 2./ A A 2 A
Ymin =Y _§:§A 73> ylnax:y<_ _g):—gA -3

3Ha'—lI/IT, B TOYHOCTH TIpH

2 A 2 A
gAV_g <B<—§A\/—§, A<O

mi60 npu A >0 ypaBHeHHe TpPeTbel CTEreHH HMEeET €IMHCTBEHHbIH Belle-
CTBGHHbe/] KOpeHb. SHMGTHM, YTO 5THU yCJ]OBI/IH SKBHBaJI€EHTHbI eﬂMHCTBeHHOMy
A3 B2
CJIOBUI0 — + — > 0.
y 27 T4

3anauu v ynpaxkHenus kK § 4.1

1. Ecam Bce Kophu ypaBenus x® + px 4 ¢ = 0 nefictButenbhbl, 10 p < 0.

2. HUcnoabsys dopmyny Kapnano—®Peppo—Tapranbu, pelinte ypaBHe-
Hus: a) x5 +3x2 —3x — 14=0; 6) x> — 12x + 16 =0.

3. Haiinute cymmy Ky6oB Beex KopHeil ypasHenus ax® +bx? +cx +d =0.

4. Tlyctb a, b, ¢ —Kopuu ypaBHenus x° + px + g = 0. Hanuwure ypas-
HeHHe, KOPHSIMH KOTOPOTo GYIyT Yncsa

b+c¢ a+c¢ b+a
a2’ b2’ 2

5. JloKa)kuTe, UTO C MOMOLIbIO MOJCTAHOBKH X =Y + @ MOXHO CBECTH

JMo0oe ypaBHeHHe 71-H CTeleHU K ypaBHEHHIO C HYJEBbIM KO3((HULHEHTOM

npu x"~ 1,
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6. Ilyctb ypaBHeHue a,x" + ...+ ag=0 umeer KopHu x;, i =1, ..., n.
Peuuute ypaBHeHust
a) Apx" — ap X"+ a,_ox,_o — ... Fap=0;

6) apx"+...+a,=0;

B) anX" + a,_1bx"" '+ .. +agh" =0.

7. C 1oMoLIbI0 3aMeHbl MEPEMEHHbBIX X = i + U peLIuTe, NOJ00HO KyOH-
yeckoMmy, ypaBHenne Myaspa x° — 5ax? 4+ 5a’x — 2b = 0.

8. Tpu kakux a, b, ¢ kKopuu ypasHenusi x> + ax? + bx + ¢ = 0 o6pasyior

a) apU(pMeTHUECKYIO;

6) reoOMETPHUECKYIO MPOTPECCHIO?

§4.2. HenpuBoaumblii cayuai

Kak caiemyer 13 ucc/ieoBanus, NPOBEIEHHOTO B MPeblIyLlleM MyHKTe, MPH

A3 B

57 + T <0

ypasuenue x> + Ax + B = 0 uMeeT poBHO TPH JefCTBUTENbHBIX petuenns. O
HAaKO MOKHO 0Ka3aTh, UTO HAUTH TH PELIEHHS C IOMOLIbIO UEThIPEX MPaBHJI
apUMETHKH U U3BJICUEHHST apUPMETHUECKUX KOPHEH TPOU3BOJIbHBIX CTEMeHel
HeBO3MOKHO. [ToaTomMy nepBooTKpbiBaTesu GopMyJ1 Uisl pelleHHsl ypaBHEeHHs
TPeTbell CTerneHH cTapaTesbHO OOXOAMJN 3TOT TaK Ha3blBAeMbIH HENPHBOIH-
MBIH CJlyuail ypaBHEHHMs TpPeTbell CTeNeHH.

B konue XVI B. Buer caenasn oTKpbiTHE, MO3BOJUBIIEE €My PELIUTb 3TO
ypaBHEHHE B HENPUBOAMMOM CJjlyyae B TPUTOHOMETpUUecKHX (pyHKUMsAX. OH
o0paTu/ BHUMaHHE Ha TO, 4TO (hOpMyJia KOCHHYCa TPOHHOIO apryMmeHTa uMeeT
BHJL HEKOTOPOTO YPaBHEHHUs TPETbEH CTEeNeHH:

cos3p =4 cos® ¢ — 3 cos .

Ynpaxuenue 82. Jlokaxure 31y hopmyJy.

Mo3KHO NMOMBITATLCA CBECTH YpaBHEeHHe TpeTbeil cTenenu x> + Ax + B =0
K Buty 4x® — 3x = C 3aMeHOil nepeMeHHOl. DTO JOCTHraeTCsl yiKe MpocTeii-
lIeil 3aMeHol BUaA X = kf:

WP+ Ax+B=0 < PEt>*+Akt+B=0.

[TortpeGyem, uto6bl Kos(huLHeHT npH {2 oTHoCHAC K KO(hHLMEeHTY npH [
Kak 4 K —3, T. €.

OTKyJa
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(3ameTuM, uTo A MeHblle HyJsl). YpaBHEHHE TepenuileM B BUJE

1/—ﬁt3+A1/—ﬁt+B 0,

WJIH, UTO PABHOCHJILHO,

e 3V3B
C2AV=A
3ameTuM, u4to
A3 B?
ICl<]l <« ﬁ+—<0

[TosioxuB ¢ = cos ¢, uMeeM

cos3p =4 cos’ o —3 cosp=C,
3HAYHT,

= =+ arccos C+27rTn, nez.

OTclofa HaxoAUM TPH 3HaueHus s {

t :COS(% arccos C), ty :cos(é arccos C + §7T>,

1 2
t3= cos(g arccos C — §7T)’

M, COOTBETCTBEHHO, TPH BELIECTBEHHbIX KOpHsl ypaBHeHusi x° 4+ Ax + B =0
npH

A3 BQ
57 +—<0
paBHbI
X = _ cos (1 arccos 3v38 )
] A 3V3B
= r V =A n( r )
X9 = 3 C ( arccos ) si arccos YW
A 3V3B
X3 = -3¢ ( arccos QA\/_) +v-A sm( arccos QAM)'

3agaum v ynpaxkHenus kK § 4.2

1. Pewmre ypasuenne x> — 19x + 30 = 0 «yraaniBaniemM» KopHeii 1 yGe-

JIUTECH B TOM, UTO 3TO HEMPHUBOAMMBIN cayuail. Halimure Tpuronomerpuueckoe
peleHrne MeTonoM Buera.

2. SBasiercst M yUcII0 %/\/5—1- 2— {’/\/5 — 2 pauuoHaJbHbIM?
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3. Peuinte HenpuBOAMMBIH Cayuak, HCOMbL3Ys (GOPMYJTy CHHYcCa TPOHHOTO
yria.

4. Peure ypasuenne x°—3(a’?+ 1)x —2a(a®+1)=0, wucnonbays
(hopMyJTy TaHreHca TPOHHOTO yria.

5. Pewnre no dopmyse Kapnano ypaBHenust

a) x> —3abx +a®+ b3 =0;

6) x> — 3abcdx + c*da® + cd?b3 = 0.

6%. MuorousieH f(x) TakoB, 4To [Isi JIEOGOTO JOCTATOUYHO GoJiblioro 11 € N
ypaBHeHHe f(x) = n nMeeT paLMOHa/IbHbIe KOPHH. JlOKaXKUTe, UTO €ro CcTerneHb
paBHa 1.

7. Hatizure paunoHasbHble KOPHH MHOTOUJIEHOB

a) x° +xt—6x3 - 14x% — 11x = 3;

6) x® —6x° + 11x* —x3 — 18x? +20x — &;

B) 24x° 4+ 10x* — x3 — 19x% — 5x + 6.

8. MHorousieH f(x) ¢ UeJbIMH KOSPPULHEHTAMU HE HMEET LIeJIbIX KOPHEH,
eci f(0) u f(1) — HeueTHble uncJa.

9. MHorouieH f(x) ¢ UeabIMH KO3(PPULIHEHTAMH He UMeeT PalliOHAJbHbIX
KopHeil, ecqint f(x;) ==£1, f(xo) = £1 npu xy, x9 €Z, |x; — xo| > 2. Ecaiut xe
|x; — x9| <2, TO paLMOHAJBHBIM KOPHEM MOXKET ObITh TOJILKO (X| + Xo)/2.

10*. JlokaxuTe, uto cos 27/7 siBAsieTcst KopHeM ypaBHenust 8x3 + 4x? —
—4x — 1 =0. Jokaxure, 4To 3TO UMCJIO MUPPALMOHAJBHOE.

11. ¥Y6enurech, uto 1/ NpeablIylIero ypaBHeHus MeToaoM KapraHo no-
JIy4aeTCst HEMTPUBOUMbIH CJIyyai, a €r0 TPUTOHOMETPHUUECKOE PellieHHe TPYIHO
WIEHTUPULHPYETCST C YKA3aHHBIM BbILIE.

§ 4.3. KomnaekcHble yncaa

dopwmyJibl a1 pettiennsi ypasHennsi x3 + Ax + B = 0 U3 npebiayiyx na-
parpaoB UMeIOT COBEPLIEHHO Pa3/IMUHbIN BUJ B OJHOM CJIyuae HCMOJb3YI0T-
csl ajqre6panueckle, B 1pyroM TPUrOHOMETPHUECKHe BblpaxKeHHsl. Tem He Me-
Hee, pellieHHe 3TOro ypaBHEHHs, MpeUloKeHHOe B MpejblaylieM naparpade,
MOKHO JIOBECTH JI0 KOHLIA M B HENPHUBOAUMOM cJjiyyae. JlJist 5Toro Heo6xo0aMMo
NPUAATb CMbICJI IOHSATHIO PeLLIeHHs] KBaAPATHOIO ypaBHEHHUS C OTPULLATE/IbHBIM
JUCKPUMHHAHTOM. Mbl CIIOTKHYJIHCh MMEHHO Ha KBAJPATHOM OTHOCHTE/ILHO U3
ypaBHEHHH:

OzHako pellieHHe TAaKUX YPAaBHEHHH SKBMBAJIEHTHO H3BJIEUEHHIO KBAJPATHOTO
KOPHSI U3 OTpULATebHOrO uncjaa. B camom nese, BCsiKoe KBaJapaTHOE ypaB-
HeHHe 3KBHBAJEHTHO ypaBHeHHIO BUAA X2 =c (10CTATOUHO BbIAGJIHTb T10J-
bl kBajpar). Ecau ¢ <0, To NMOJOKHM pelieHus MU ypaBHeHHs X = ¢ Jipa

14 Tauwkos
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UHCTO MHHMBIX YHCaa X1 =/|c|i, xo =—+/]|c|i, T.e. v/c==/|c|i. 3nech
UUCJIO | — MHUMAst eIUHULA — 00JIa1aeT CBOHCTBOM i2 =i -i = —1, T. e. sIBJIsI-
eTcs OJIHMM M3 pellieH il KBaJpaTHOro ypaBHeHUus x> = —1 (Ipyrum pelieHHem

JIOJKHO OBITh uuca0 —i). UToObl paccMaTpuBaTh pelleHHs! TPOU3BOJIbHBIX
KBaJIpaTHbIX YPABHEHHH C OTPULIATE/NbHBIM JTUCKPUMHHAHTOM, HY>KHO BBECTH
B pacCMOTpeHHe CyMMbl Bujia 2 =a + bi, rie a u b — neficTBUTe/bHbIE YHC-
Jia. JleficTBUTENIbHO, Mbl MTEPELIH OT MPOU3BOJILHOIO KBAPATHOTO YpaBHEHHSI
K ypaBHeHHIO X2 = ¢ TpU MOMOLIM 3aMeHbl repeMeHHol x' =x +d, rie d —
JIeFICTBUTENILHOE UHCJIO.

OkasbiBaeTcs, UTo JJist BbIpaXKeHWi BUAa 2 = @ + bi, Ha3bIBaeMbIX KOM-
NAGKCHOIMU YUCAAMU, MOXKHO MOCTPOUTH CBOIO apU(METHKY.

Onpepenenue 92. Onpenennm cAoxceHue U YMHONMCEHUE KOMNACKCHOLX
Yucea UMces 2y, 29 CAENYIUMH HOpMyJIaMu:

21+ 29 =(a; + bii) + (ag + bei) = (a) + ag) + (b1 + bo)i,
2129 = (ay + byi)(ag + bai) = ajas — byby + (a1by + azby)i,

rue ap, as, by, bs — geficTBUTEJIbHDIE UHCJIA.

3aMeTuM, uTO MpPU CJOMKEHUU Mbl TOUJIEHHO CKJIaJbIBAEM «J1E€HUCTBUTE/Ib-
Hble» YacTH @ + A9 U «MHUMbIe» YacT by + bg. IIpu ymMHOXKeHHU Mbl pac-
KpbIBaeM CKOOKHM M, Kak OObIYHO, TepPEMHOXKAEM UJIeHbl, M0JIb3YsICh TOJbKO
CBOHCTBOM MHUMOH €JMHHLbI [ - i = —1.

[MTpumepsn. 1. (14+i)+(2—-3i))=3—-2i.

2.1+ +(-1—-i)=0.

3.1+l -i)=1 —i2=2.

Onpenenenne 93. Y KOMIJIEKCHOrO YKcsa 2 = a + bi 4HC/I0 @ Ha3biBa-

ercs delicmsumenvHol yacmoro U obo3Havaercs: Re 2z, a uncso b HasbiBa-
eTcsl MHUMOIL Yacmoto U ob6o3Hauvaercst Im 2.

[Tpumepsn. 1. Re(l1+i)=1.
9. Im(l —i)=—1.

Ynpaxuenue 83. Ilposepbre ToxkaecTBo Re(iz) =—Im z.

OueBU/IHO, UTO JIs JIDOOr0 KOMIIEKCHOrO ukcaa 2 = a + bi ecTh NpoTH-
BOMOJIOXKHOEe —2 = —a — bi: 2+ (—2) =04 0i =0.
Menee oueBuaHo, uto st 2 #0 ecTb o6paTHOE UHUCJAO (OTHOCUTENLHO

YMHOXKEHHST)
—1 a b

= 5~ 5l
az+b2  aZ+b?

Z

Ynpaxnenue 84. Ilposepbre, uto z-2~ ' =1+0i = 1.
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o3 4
[Tpumepbr. 11. ('3;4—41) =5 "5
2. (1+i)~ "= [

=5 — 5l
2 2

Onpenenenne 94. O6Go3HaUUM uepes |2| HEOTPULIATEILHOE IEHCTBUTEN b~

HOE UMCJIO

i

VRe 22+ 1Im 22=+/a2 + b2,

HA3bIBAEMOE MOOYAeM KOMIUIEKCHOro uncia z. Ueped Z 00603HAUMM KOM-
nyiekcHoe uucao Re z —i Im z=a — ib, nasbiBaeMoe CONPANCCHHbIM K Z
KOMIIJIEKCHBIM UHCJIOM.

[Tpumepsnl 1. [344i|=v3>+4>=5.

2.3+4i=3—4i.

YnpaxHenue 85. Ilposepbre, uto

- B} _ 1
= — = :2 —_ —
z o 1Z|=1z|, z+2=2a, [|27| E

, |2|2=2-é.

[IpoBepbTe, UTO ypaBHeHHE 290 = 2| C KOMIUIEKCHOH HEM3BECTHOH W MpH
29 #(0 VMeeT eIMHCTBEHHOE pelleHne W = 2| -22_1. Haiinure sto pelnenue
HENnocpeICTBEHHO.

Onpepenenne 95. Yucio 2, -22_1 HA3BLIBACTCS YACIIHbIM UUCEN 2, 29
U oGoanauaetcst L.
29
1 3 4,
Hpnmepbl. 1. m—g-‘-%l
(3+4i) (i i.)__l 24 .
2. G-1) = (3+4i) 95 + 55l ) = 55 + o5t
1 _
3. Eciu |2] =1, 10 =2
4. MHorna nenenne KOMIJIEKCHBIX UHCET MOXKHO BBITIOJIHUTD ObICTpEE, YeM
M0JIb3YsICh HEMOCPEACTBEHHBIM OMPEJIe/IeHHEM:
8—27i 2243% o L. .
S - o4 2 0 -9=-5-60

I[aJlee MHONMCECMBO BCEX KOMNACKCHbLX duces o6o3Hadaetcs C.

Ynpaxuenue 86. Ilposepbre, uto s mobbix 2, w € C

ztw=z+w, zZw=zZ @ z/w=Z/O,
rjle B MOCJIEIHEM TOXKJIECTBE, ecTecTBeHHO, @ # (.

Ha asreGpaunueckom xKaproue npejbiyliee yTBepKieHHe chopMyTMpoBa-
Ju Obl TaK: onepayus conpsacerus asasemes agmomopguzmom noas C.
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ATo yTBepKIeHHe 00001IAETCS B CJEyIOLIEH TeopeMe.

Teopema 93. [Tycmo [(2) — npou3soAbHOLL MHOCOUACH ¢ KOMAACKCHbL-
MU KO3 puyuenmamu, a MHo2oureH [*(2) noayuaemcs us Heeo 3amMeHol
scex Koaghpuyuenmos na conpsacernsie. Toeda [*(Z) = [(2) u, 8 uacm-
Hocmu, ecai sce Koagguyuernmor [(2) delicmeumenvreie, mo f(Z) = [(2).

HokaszateabctBo. [lyets f(2) =a,z" + ...+ ag, TOTIA, IPUMEHSS
MHJIYKLMIO U TOXKJIECTBA yrpaxKHeHus1 86, uMeem

2"+ . 4+ a0=0,2"+...+a0=0,2"+...+a0=a,(2)"+...+ao=/"(z). O

Caencteue us Teopembl 93. [Tycmo [(2) — npoussorviulii MHOOUACH
C KOMNAEKCHbIMU KOdhuyuenmanu, a mHoeousen [*(2) noiyuaemcs
u3 He2o 3amenoll scex Koaghduyuenmos na conpaicernoe. Toeda

[F@=0 < [Z)=0
U, 8 YacmMHocmu, ecau 8ce Koagguyuenmol f(2) delicmsumenvroie, mo
(=0 < [(Z)=0.

Onpenenenne 96. Craaapuoim npoussederuem uucen z=a-+ib
1 @ =c + id HazoBeM uncio (w, z) = Re(wZ)=ac + bd.

Ynpaxuenue 87. [1poBepbTe cienyioline cBOHCTBA CKaJISIPHOTO MPOU3-
BeJIEHUS:

a) CHMMeTpHUHOCTh: (W, 2) = (2, w);

6) oaHopoaHOCTb: a{w, 2) = (aw, 2) Ajs Jaboro a € R;

B) aUIMTUBHOCTDL (0| + w9, 2) = (W), 2) + (We, 2);

) HeOTPULATEJNbHOCTb KBajpata (TOJIOXKUTEeNbHAS  OTIPeleseHHOCTD)
(z,2) =|z)* > 0.

Onpeneaenne 97. Uncia 2z 1 @ HA30BEM OPMOCOHAALHLIMU, €CJIH
(w, 2y =0.

Ynpaxuenue 88. [IpoBepbre, uTo
a) udcJia 2 W {2 BCerja OpTOroHaJbHbl,
0) uMcsa 2 U @ OPTOrOHaNIbHBl & 2z =iaw, rae a € R.

YnpaxHenue 89. BruiBenure u3 ynpakHenus: 86, uTo MOJyJIM KOM-
MJIEKCHBIX YHCEJ YIOBJETBOPSIOT CJEAYIOLIUM TOXKJeCTBaM: |2w| = |z]| - |w]|,
z|_ I2
sl=rer
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Ynpaxuenue 90. a) 3anuiiure nepoe U3 ABYX MpPEblLYIIUX TOXKIECTB,
3aMeHsIsl MOJIyJIH MX BbIpa)KEHHSIMH Yepe3 JAeHCTBUTE/bHbIE U MHHMBIE YaCTH.
[TostyuenHoe ToxK1eCTBO HasbIBaeTCs mogkdecmsom Puborauyu v GbIIO OT-
KPBITO 33J10JIT0 JIO T10SIBJI€HHST KOMIIEKCHbIX UHCelL.

6) okaxkute ero HernocpeacTBEHHO.

B) HaTypasibHoe unciio Ha30BeM wiymepckum, €Cili OHO SIBJISIETCS CYMMOR
JIBYX KBaJ|paToB HaTypaJ/ibHbIX unceJ. JloKaxuTe, 4To NpoH3BeeHHE LIyMep-
CKHX UHCEJ] — LIyMEPCKOE UHCJIO.

r) Tlposepsre TOXKIECTBO (W, 2)? + (iw, 2)% = |z|*|w®>. VYkasza-
Hue. Tak kak Re(iz)=—1m 2z, 1o (iw, 2) = Re(iwz) = — Im(wZ), 3Hauur,

(w, 2)* + (iw, 2)? =Re(w2)? + Im(w2)® = |wz* = |z]*|w|*.
1) [TpoBepbTe, uTo Mpenblayllee TOKAECTBO — 3TO MPOCTO JApyrasi 3armuch
toxkaectsa PuboHauuu.

N3 ToxknectBa PuboHauuu HeMeJIeHHO CJle/lyeT YacTHbIH CJyuail Hepa-
BencTBa Kown—Dbynsikoekoro—IlBapua |(w, 2)| < |z| - |w].

Ynpaxuenue 91. TlpoBepbTe, uTO B paBeHCTBO OHO oOpallaercs Toraa
1 TOJIbKO TOTJA, Korja 2 = aw, rie a € R.

M3 HepaBenctBa |(w, 2)| < |2|-|w| HeMemwieHHO ciielyeT HepaBeHCTBO
TpeyroJibHuKa |2| + |w| > |z + w|. [lelicTBUTeNbHO, COMIACHO YNpaKHe-
Huto 87 u HepaBeHcTBy Kown—byHnsakosckoro

2+ wP=(w+z ©w+2)=(w ©)+(z 2) + 2w, 2) <
<lwl + |2 + 2l2|w| = (2] + [w])*.
ﬂﬂﬂ KOMIIJIEKCHBIX 4YHCeJI €CTb yﬂO6HaH I‘eOMQTpI/lquKaH I/IHTepnpeTa—

1ust * — ux u306paxkaloT TOUKAMH TJIOCKOCTH ¢ KoopauHaTamu (a, b).
DKBUBaJIEHTHBIM 06PA30M, UX MOYKHO H300-

Im z 2(a, b)
paxkaTb BeKTOpaMH, BBIXOASLIMMH M3 Hayasa
KOODPJIMHAT U C KOHIIOM B TouKe (a, b) (puc. 24).
MHOXeCTBO BCEX JIEHCTBUTEbHBIX UUCEN TPH
5TOM H306paskaeTcsi OJ1HO U3 OCell KOOP/MHAT, Re z
HasblBaeMoll dellcmBumenrbHotll 0cbio, a MHO- Duc. 24
HcC.

JKECTBO BCEX UUCTO MHHUMBIX UMCEJI, T.€. Uhcel
C HyJIeBOH JIeCTBUTENBHON UaCTblo, H300paXKaeTcsl Ipyroi oCblo KOOPJAMHAT,
HazblBaeMOU MHUMOL 0Cbl0. MojysieM KOMIJIEKCHOTO UHCJIa SBJsIeTCs JUIMHA
1300pakalollero ero BeKTopa.

* [lpemoxkennasi B Hauasle XIX B. HesaBucumo ¢ppanuysom K. ApraHoMm U JaTuaHHHOM
K. Beccenem, Ho Bowe/as Bo Bceoblee ynorpebaeHue 6aaroaaps laycey.
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4 2(2, 1) OueBMHO, HANpUMEp, UTO HAa KOMILIEKCHOM
MJIOCKOCTH UMCJIA 2 U Z PACIIOJIOKEHBI CUMMETPHY -

HO OTHOCHTEJIbHO JIEHCTBUTEJILHOH ocH (puc. 25).
Onepanusi c/10:KeHUsT KOMITIEKCHBIX UMCEJ HH-

> TeplpeTHpyeTcs KaK CJ102KeHHe BeKTOPOB (pUc. 26).

Onpeneaenne 98. VYron ¢, o6paszoBaHHbIH
BEKTOPOM 2 W TMOJIOXKHTEJbHBIM HampaBjieHHeM
nericTBuTeNbHOH ocH Ox, Ha3bIBAeTCs apeymeH-

z(2, —1
( ) MOoM KOMILJIEKCHOTO UncJj1a 2 1 0003Hauaercs arg 2.
Puc. 25. Onepauus ApryMeHT onpesiesifieTcsi TOJNLKO JIJIsi HEHy-
COTpPsIKEHHS] JIEBBIX udcesl M 00blYHO OepeTcss B Mpeaenax
0<arg z < 2m.
4 2(3,2) =2+ 22 > (a, b)
2l /|
2o(1, 1) 212, 1)
\4
a
Puc. 26. CioxeHHe KOMIIEKCHbBIX Puc. 27. Tpuronomerpuueckast
uucels topma

[Mpumepst 1. arg(l +i)=n/4. 2. arg(l —i)=7n/4. 3. arg(—1 — i) =
— 5 /4. 4. arg(—1 + i) = 31 /4.

M3 tpeyrosibHUKa, H300paxKeHHOro Ha pUC. 27, JIETKO BbIPAa3HTh TPUTOHO-
MeTpruecKkre QYHKIHH OT apryMeHTa (p:

COS = e, SiNp= tggo:g.
2 1 b2 a® + b2 ¢
Orciona a=a2+ b2 cos p=|z| cos ¢,
b=1a2+b2 sin p=|z| sin o,
3HAUMT,

z=a+bi =|z|(cos ¢+ i sin ).

[TosnyuuBiuasicsi (Tak Ha3biBaeMasi TPUrOHOMeTpUUecKast) popMa 3anucH uuc-
Ja z ynoGHa TpH YMHOMKEHHH.



§4.3. KowmnsekcHble unca 215

Ynpaxuenue 92. Hcnosb3ys TPUrOHOMETPHUECKHE TEOPEMBI CJI02KEHHU,
NpoBepbTe, UTO €CJIH

2= ‘21|(COS 1+ -sin Lp]), 29 = |22‘(COS o 41 -sin (pQ),

TO
21 - 23 = |21 - 22/(cos(p1 + w2) + i sin(pr + 2)),
P4 2 ..
L= u(COS(% — o) + i sin(p; — p2)).
29 |29
B nocJsieJHEM paBeHCTBe ﬂpeLLHOJTaI‘aeTCH, KOHEUYHO, UTO Z9 7é 0

Ynpaxuenue 93. VI3 npenpbinyuiux paBeHCTB BbIBEAUTE, UTO
arg (2129) = (arg 2| + arg 29) mod 27, arg i—l = (arg 2| — arg 29) mod 27.
2

HpHMeHﬂﬂ I/IH[lyKLLl/I}O, JIOKa>kKurte, 4To
arg(z129 ... 2,) = (arg 2| + arg 29 + ... + arg z,) mod 2.

Ynpaxuenue 94. Jlokaxure, UTO MPU YMHOXKe-
HUM uKCesl 2; Bceraa Ha auarpamme Beccensi—Aprana 2(2, 6) = 2129
(puc. 28) TpeyrosibHUKM ¢ BepiurHamu B Toukax (0, 0), !
(1, 0), 2y u (0, 0), 29, z MOOGHBDI.

Ynpaxuenue 95. IlocrtpoilTe wupkysnem u Ju- P
HEHKOH CyMMy, Pa3HOCTb, NPOM3BEIAEHUE M UYACTHOE
JIBYX JIAHHBIX KOMIIJIEKCHBIX UMce (eMHULA MacLITa-
6a, JleficTBUTEe/IbHASI U MHUMasi ocH 3ajiaHbl). [Torpo-
OyHTe cle/aTh 3TO CAMbIM 9KOHOMHBIM 00Pa3oM.

CkaJsisipHoe NPOU3BEIEHHE UMCe] 2 U W Terepb,
OKa3bIBAETCsl, COBMALAET CO CKaJISIPHbIM MPOH3Be-
JIeHMeM BEKTOPOB 2 M W@, KOTOpPOEe TeoMeTPHUECKH
oripesie/isieTcsl KaK Mpou3Be/ieHHe JIJIMH BEKTOPOB Ha
KOCHHYC YIJ1a MeXIy HUMH. 212, 1)

)

122(2, 2)

Ynpaxnenue 96. [IpoBepbTe, UTO NEHCTBUTEb-
HO JIJI51 HEHYJIEBBIX BEKTOPOB % v

|z||w| cos arg(w/z) = Re (wZ) = (w, 2). 1

Puc. 28. Ymuoxenue
KOMITJIEKCHBIX YHCEJI

Tenepb Mbl MOKEM HCII0JIb30BAaTb KOMIJIEKCHbIE
yhcsa sl 10Ka3aTesbCTBa eOMETPHUECKHX Teo-
pem. Hanpumep, Teopemy o BbICOTax TpPeyroJibHH-
Ka MOXHO JI0Ka3aTb cJiefytolmm obpasoM. [lyctb nan tpeyronbHuk ABC
(cm. puc. 29). BbiGepem cucteMy KOOPAMHAT Tak, uTtoObl OocHoBaHue AB



216 [napa IV. AsnreGpanueckue ypaBHeHHsI

JIeXKAJIO HA JCHCTBUTEJILHONW OCH, a MHH- ic
Masi ocb npoxojuiia no Beicote CO, rae O
coBnajaer ¢ HadasoMm KoopauHat. Torma
BeplIMHbI TpeyrosbHuka A, B uzobpaxa-
I0TCSl  1EACTBUTENBHBIMH UHCIaMH a, b,
a BepuiMHa C — UMCTO MHUMBIM UHCJIOM iC.
Torna oprouentpy H (Touke mepeceue-
HUsi BbicoT) TpeyroJbhuka ABC otBeua-

€T YMCTO MHHUMOE UHCJIO b. JeficTBH-
TeJIbHO, BeKTop AH COOTBETCTBYET uncyy
a+ (iab)/c, a Bekrop BC —uucay b — ic,
a CONIacHO yrpaxkHeHHI0 88 3TH BeK-
TOpa OPTOTrOHAJ/IbHbI (MEpPTIEHUKYJISIPHBI),
TaKk Kak a + (iab)/c = (b —ic)ia/c, ana-
gornuio BH oproronasen AC, Tak Kak gq 9] b
b+ (iab)/c = (a —ic)ib/c, a opToronanb-  pye. 99, Teopema 06 opTouenTpe
Hocth OH u AB sicHa U3 ycJoBUS.

HepasenctBa |2)| — |22| < |21 £ 22| < |21| + |22| MOXHO HHTeprpeTHPO-
BaTb Ha KOMIIEKCHOH MJIOCKOCTH KakK HepaBeHCTBa TpeyrosbHuKa. [lepoe
U3 HUX yxKe OblI0 J1I0Ka3aHo. Bropoe HepaBeHCTBO cJelyeT U3 MepBOro Mpu
CMeHe 3HaKa y 2o.

—iab/c

Ynpaxuenue 97. a) Haiinute ycsioBue obpaliieHust HepaBeHCTBA Tpe-
YroJIbHHKA B PaBEHCTBO C MOMOLLBI0 KOMIJIEKCHBIX UHCEJI.
6) Jlokakute HepaBeHCTBO |2) + 29| < |zi|+|22| ¢ ucnosb3oBaHHEM

JIefiCTBUTe/IbHBIX UHCeJl, CBeJl ero K HepaseHcTBY V7 + y7 + V3 +y3 >

>/ (01 +22)% + (91 + y2)°.
B) Jlokaxute HepaBeHCTBO |2] ...+ 2,| < |21+ ... + 24|

C noMolLbIo TPUTOHOMETPHUECKOH (POPMBI JI0Ka3bIBAeTCs CJeytolas Te-
opema.

Teopema 94 (dhopmyna MyaBpa). Ecau z =r (cos a+i sin a), mo npu
M060OM HAMYPANGHOM 1

2" =r"(cos na+1i sin na).

JokasaTeJsabcTBso. JlokazaTesbCTBO NPOBOAUTCS 10 UHAYKUMHU. Ba-
3a unaykuud (n = 1) oueBuana. lllar unaykimu o60CHOBBIBAETCS C MOMOILILBIO
ynpaxHenusi 92. Jlerko Buneth, uto opmysa MyaBpa BepHa U JJisi OTpHULIA-
TeJIbHbIX LEJIbIX 1. O
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B(-2.2)  |2220)
‘ 21, 1) 24(16,0)
24(—4, 0)
25(—4, —4)
705 278, —8)

Puc. 30. BosBenenue B cTerneHb KOMIIJIEKCHBIX YHCEJ

Ha puc. 30 BuaHO, 4TO TOUKM @" yKJIabIBAIOTCA HA CIUPAJIbHYIO JIMHHUIO,
COCTOSILLYIO M3 TOUYEK W, YAOBJETBOPSAIOUINX YCJIOBHIO

‘w| — Carg UU.
Ynpaxuenue 98. Haiinure 3Ty KOHCTAHTY ¢, COOTBETCTBYIOLLYIO H306-
Pa*KeHHbIM UHCJIAM.

CBOKCTBO 3TOH CNUpaJM He U3MEHSThCS MPU PeoOpa3oBaHUsIX 10100Us
Tak norpsicyio Slko6a bBephysuu *, uTo coryiacHo 3aBellaHHIO ee H300pa3UJIn
Ha ero MorusibHOH muMte B basenbckom cobope ¢ Haanucbio «Eadem mutata
resurgo» **. Kpome BepHynu, ee ugdyuann panee lekapt u Topuuesnnu. Jlio-
OOTIBITHO, UTO JIOTApPU(PMHUUECKas CIUpaJb UCTOJNb3YeTCs B TEXHUKE W Jlax<e
BCTpeuaeTcsi B 2KUBOH NPUPOJE (ee MOXKHO YBHIETb HA PAKOBHHE MOJJIIOC-
ka Haliotis splendis, a TakKe BHUMAaTeJIbHO PasrJisiibiBasi PacroJOKeHHe
ceMeyek B IOJICOJIHYXe).

3anaum v ynpaxkHenus kK § 4.3

1. Bouncsure (29 + 230)/(1 + 5i).
2. Jlokaxkure, 4To:

a) tToukd | +4i, 2+ 7i, 34 10i nexar Ha oJIHON TPSIMOK;
6) Touku 2+ i, 4+ 4i, 6+ 9i, 8 + 16i sexkar Ha oaHOH napabodie.

* 1. Bepuyasn (Jacob Bernoulli, 1654—1705) — 3HaMeHUTbIA 1IBEHLIAPCKUI MaTeMaTHK.
Bbpar ne menee snamenuroro Morauna Bepuy.in.
** ll3meHeHHasl, BocKpecalo NpexHen (zam.).
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3. JloKa)kuTe HepaBEeHCTBO TPEYroJibHUKA C MMOMOIbI0 TPUTOHOMETpUYE-
CKOH (OpMBI.

Ykazanue. Ilycts 2 =r|(cosy;+ising;), 2o=ro(cos po+i sin ps),
TOTAA 2| + 29 = 7| COS @] + Iy COS o + i(ry sin ) + ro sin ), oTKyNA

|21 +22\2 = (r] cos @ + ry cOS @2)2 + (ry sin ¢y + 19 sin @2)2 =
=i +2rir5 cos(p) — o) +r3 < (r1 +1r2)* = (|21] + |22])°.

4. Kakue uactu KommieKCHOH Ma0CKOCTH C BBIAEASIOTCH YCJOBHSIMHU:
Re 2>0, Re 220, Re 2=0, a<Im 2<b, |z—2)|=R, |z—20| <R,
R<|z|<R',Re 1/z=1/R?

5. Haiinmute mHOXECTBO TOueK Ha KommjekcHoi miockoctd C, ymosie-
TBOPSIIOLIEE YCJIOBUSIM:

a) |z —a| + |z — b| =k (3umnc);

0) [z —a|+]z—-b|<k;

) |2 —a| — |z — b| =k (runep6oaa);
) |2 —al/|z — b] = k (okpy)HocTb Anosionusi);

n |z —al/|l —az| <

e) |z —al/|l —az|>1.

6. Otob6paxkeHue KommnJekcHo# miockoctd C B cebs1, 3agaBaemoe dop-
MYJIOH @ = iz, ecTb MIOBOPOT BOKPYT Hauasja KoopauHaT Ha yroq 90°.

7. OtoGpaxkenue kommyekcHoil miockocet C B cebs, 3anaBaemoe op-
MyJIoll @ = az, |a| =1, ecTb MOBOPOT BOKPYr Hauaja KOOPIUHAT.

8. OrobpaxkeHue KommnekcHo# maockoctd C B cebsi, 3agaBaemoe op-
mynoi w =az +b, a, b €C, ectb nogobue neporo poja (He MeHsilollee
opueHTalMH), Npu |a| = 1 — nBHKeHue (T.e. nmpeobpasoBaHue, He MeHsIOLIee
pacCTOSIHUSI MeXK/ly TOUKaMH), NpH @ = | — napaJuiesibHbIHA nepeHoc.

9*. OroOpakeHHe KOMIJIEKCHOH TUIOCKOCTH B ce0Osi, 3ajaBaeMoe (op-
Mysioli @ = 1/2, ectb uHBepcHsi ¢ 1EHTPOM B O OTHOCHTEJILHO OKDPY?KHOCTH
|z] = 1.

10. Hafiaure MakCUMyM ¥ MUHHMYM |2| IPH YCJIOBHH

0w

‘24—1’:&
z

11. Oro6paxenune C B C, 3agaBaemoe popmysioit

az+b
w = ,
cz+d
MepPEeBOJUT MPSIMYIO U OKPY2KHOCTb B MPSIMYIO WJIM OKPY?KHOCTb M COXpaHsieT
YIJIbl MEXKJLy HUMH.
12. Ecsiv TOUKH 2 JIeKAT HA OJHON MpPsiMOil, TO (2] — 29)/(29 — 23) ER,
1 06paTHo.

a,b,c,deC, ad-—bc#0,
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13. Ecau TOUKH 2, JiexKaT HA OJHOH OKPYXKHOCTH, TO

((z1 — 23)/(z2 — 23)) /(21 — 24) /(22 — 24)) €,

1 06paTHo.
14*. Hatinure Han6oJbliiee HAaTYypasibHOE /1 TAKOE, UTO CYLIECTBYIOT YnCJIa
21, ..., 2y € C, 115 KOTOPBIX rr;n |z; — 2;| > max |z;|. Hafinute 911 uncna.
i#j i

15. Ec/u cTOpOHbI TpeyroJibHUKA yI0BJETBOPSIOT PABEHCTBY
a’+b%>+c*=ab +bc +ac,

TO TPeyroJIbHUK MPaBHJIbHBIH.
16. Ecsu BeplIMHAMH TpeyroJibHUKA Ha KOMIJIEKCHOH TJIOCKOCTH $1BJISI-
I0TCA UMCaIa U, U, W, YAOBJETBOPSIOLINE PABEHCTBY

u2+02+w2:uv+vw+uw,

TO TPEYroJIbHUK MPaBUJbHbIH.

17. Ecau BeplIMHAMHU TPeYyroJbHUKA Ha KOMIJIEKCHOH MJIOCKOCTH SIBJIsI-
I0TCSl uMcaa U, U, W, TO €ro LEHTP TSKECTH (TOuKa repeceueHHst MeanaH)
u3o6paxaercst uucaoM (4 + v + w)/3.

18. loxaxute HepaBeHcTBO [ITosiemes: st yto- D
6oro uetblpexyrosabiuka ABCD

IAD||BC| <|BD||AC| +|CD||AB|.

B
Ykaszanue. [IpumMeHuTe ToKIECTBO /151 KOMIJIEKC-
HbBIX UHCes
(a—d)c—b)+b-—da—c)+(c—d)(b—a)=0 ¢
¥ BbIBEJMTE H3 HEro ¢ MOMOIIbIO HepaBeHcTBa Tpe- A
YroJibHHKa, 4To Puc. 31. Teopema
la—d|lb—c|<|b—d|la—c|+]|c—dl|a-Db|. Hronemes

19. Jlokaxute, uto JJisi yeTbipexyronbiuka ABCD paBeHCTBO
|AD||BC|=|BD||AC|+ |CD||AB|

CTpaBeIUBO TOTJAa M TOJNbKO TOTJA, KOTJa BOKPYT HEr0 MOXKHO OIHCATh
OKPYKHOCTb.

Yxaszanue. [lpumennte ykazauue K 3ajnaue 18 u 3amauy 13.

20. JlokaxkuTe TOXKIECTBA M MPEJIONKUTE Il HUX FEOMETPUUECKYIO HH-
TepIipeTaLuio:

a) lz+w)?+ |z —w]?=2(z]* + |@?),

6) |z|+|w|=|(z +w)/2 — Vzw| + |(z + w) /2 + Vzw].

Ykaszanue. Ja=b, ecin b’ =a.
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21. okaxute, uto otobpaxkenue w = (1 +iz)/(1 — iz) nepeBoaut noJy-
miockocth Im 2 > 0 B kpyr |w| < 1.
22, Ilycrs |z| = |u| = |w|. dokaxuTe, uTo
22U+ uw + zw _ Zl
z+tu+w |70

Jlokaxxute, uto npu ycjaoBuu |2| = |u| = |w| caenyoiine yTBepKaeH st SKBU-
BaJICHTHbI:

a) TOUKH 2, U, w 00pa3yloT MpaBHJbHbBII TPEyroibHUK, T.€. |2 — w|=
=z —u|l=|u—w|,

6) cnpaBeYIMBO paBeHCTBO 2 + U + w =0,

B) UMCJA Z, U, W SABJSIOTCS KOPHSIMM ypaBHeHust Bua x> =v, v € C.

23. Tlycts |21| = |22| = |23] = |24]. lokaxKuTe, uTO CleayIOLIHE YTBEPXKIE-
HHUSl SKBHUBAJIEHTHBI:

a) TOUKH 2; 00PAsyIoT MPSIMOYTOJbHHUK,

6) cnpaBe/UIMBO PaBEHCTBO 2| + 29 + 23 + 24 =0,

B) UHCJIA 2; SIBJSIIOTCS KOPHSIMM YpaBHEHHs BUA

(2* —a*)(&® = b*) =0, |a|=|b|#0.

z—1

_ 24|
~ al
25%, Pewnre B 1eHCTBUTENbHBLIX U KOMIJIEKCHBIX YHCJIAX CUCTEMbL

24. Tlyctb |2| = 1. lokaxure, uto

PR kY PR R e - Y
%2+y2_’ y3 i O
x+y x+y
Sty g, 2 =3
iy 2 Xy + 7142

26. MoXHO B KauecTBe OCHOBAHHSI MO3ULUMOHHOH CHCTEMbl CUMCJIEHHS
BbIOHpATh Ja)Ke KOMIUIEKCHbIe YWCJa, HANpUMep, MpH BbIOOpe OCHOBAHMUS
b =2i nojyuaercsi «MHUMOUeTBepHUUHasi» cucTeMa. B KauectBe 1udp B Heil
ucnonbaytores 0, 1, 2, 3, u 3anuce (ag, ..., @o, a—1, ..., A_p)y; O3HAUAET

n
> as- (20,
S=—k
[1poBepbte, uToO

(@on ... o, A_y ... A_9p)2i =
=(ag, ... a9, a9 ... A_9p) 4+ 2i(Qop—1 ... A1, A ... A_9%11)_4.

B sT1oit cucreme st060e KOMILJIEKCHOE UHCJIO C JBOHWYHO-palOHaJbHBIMA
KOMITOHEHTAMH MOXKHO 3anucath 6e3 3Haka U 6e3 pasaesieHust Ha JNedCTBU-
TE€JbHYIO U MHHUMYIO 4aCTb.
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27. Moauduuupyiite aJroput™M yMHOMKEHHSI CTONOUKOM, UTOObI OH MO3-
BOJISJI YMHOKaTh UMCJa U B MHUMOUETBEPHUUHOH CHCTEME.
3amerbTe, UTO 3TOT AJATOPUTM YMHOXKAET KOMILJIEKCHbIe uncsa 6e3 pasje-
JIEHUS IGHCTBUTENBbHBIX H MHUMBIX YacTel.
n
28*. Jlano, uto Y 2z; =0. [lokaxKuTe, 4To CyLIECTBYIOT i, j TAKHE, UTO
i=1
27

larg z; —arg z;| > 5

29%. Ecsn touky a € C MOXKHO OTIEJNHTb HEKOTOPOH MPSIMOH OT TOYeK
n
21, .., 2,€C, 10 > 1/ (2 —a) #0.
i=1
30*. (Taycc—Jlioka.) JlokaxkuTe, 4TO KOPHH [POU3BOJHON MHOroujieHa
JIe;KAT BHYTPH HAWMEHBLLIETO BbIMYKJIOTO MHOIOYIOJIbHHKA, COJEPrKaLLero Bee
KOPHH 3TOr0 MHOTOUJIeHa.
31. Ilpumenute dopmysy MyaBpa /s BbIBOJA TPUTOHOMETPHUECKHX
(hopMyJ1 IBOMHOTO W TPOHHOTO YrJia.
32. Tlpumenute dpopmysny MyaBpa Jijis BbIpaxKeHHs Sin 71X U COS 11X B BUJIE
MHOTrOYJIEHOB OT Sin X, COS X.

n
33*. Buiumncsure Y. g* cos (kx + ).
k=0

n
34*, Boiuncsure Y. cos® kx.
k=0
35%, Bplumcsure . CHF r=0, 1, 2.
k

36%*. Jlokakure, 4TO

Z(—l)”czk =22 cos nm/4, z:(—l)"’C;f/‘”rl =22 sin nr /4.
k k

n
37*. Jlokaxure HepaBeHCTBO Y, cos(xp —x;) > 0.
ki=1

§4.4. BblunciaeHus Ha KaJabKyJasTope

Jlaxke Ha MHOTMX XOPOLIMX KaJsbKyJaTOpax OTCYTCTBYeT IpsiMasi BO3-
MOKHOCTb BbIUHCJIEHUH C KOMIIJIEKCHBIMHM UMcaaMHu. TeM He MeHee MOKaxKeM
Ha TIpuMepe oTeuecTBeHHOTO KaJbKyastopa MK-71 HeckosbKo ymnoGHBIX
€rnoco6oB paGoThl ¢ KOMIJIEKCHBIMH YHCJIAMH.

HauHeM co cJ/10’KeHHs -BbIUMTAHHUS HECKOJILKUX UKces. DTa onepauys cBo-
JIUTCSl K CJIOXKEHUIO-BbIUMTAHUIO JBYX uuces (a + ib) & (¢ + id). IeiictBu-
TeJIbHble W MHHUMbl€ YaCTH 3THX YHCeJ MPUIETCS BBOAUTb B KaJbKYJSTOP
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N0 OTAEJbHOCTH. J1J1si TOro uTOObI MOJIyUeHHbIH Pe3yJIbTaT MOXKHO ObLIO He re-
penucbiBaTh Ha OyMary v 3aHOBO BBOIUTb B KaJsIbKYJSITOP, HYXKHO COXPAHHUTb
JeHCTBUTENILHYIO Y4aCTh pesdyJsbTaTa @ + ¢ Ha MHAMKATOpe, a MHHUMYIO YacTb
3alOMHHUTb B MaMSITH.

Slueiiky mamsiTu U ee cojepKuMoe o6o3Havyaem nagee I, 3anuch uuchaa
C MHJMKATOpa B NaMATh 0603HaYaeM, KaK U Ha KHOTKe KaJibKysasaropa, x — 11,
BbI30OB UHCJIA U3 MaMSITH Ha UHAUKATOp o6o3HauaeM II — x, o6MeH conepKu-
MbIM MEXJ1y aMsThI0 U KaJIbKYJ/ISITOPOM BBITIOJIHAETCS KHOMKOH <=, HO TOJIbKO
nocJie npeaBapuTesbHOIO HaXKaTHsl Ha CllelalbHylo KHONKY [, BBOAL uucaa a
Ha MHIMKaTOp 0603HauaeM MpocTo a.

Caoxenue-Bbluntane (a + ib) £ (¢ + id) MOXHO C BbITIOJIHEHHEM YKa-
3aHHOTO YCJIOBHUS BBIMOJHUTD CJEYIOLIEH M0CJAeN0BATENbHOCTBIO Onepalui
(B 3amMCH OHHM 3a/AIOTCS HA3BAHUSIMM COOTBETCTBYIOLIMX KHOTOK U pasiessi-
toTcst yist ylo6CTBa 3ansThiMH):

a,+, ¢, x—1II, b, £ d, F, —.

Ecau nocsie BBIMOJIHEHHST STOH onepaly Mbl XOTHM K pesyJbTaTy rnpuba-
BUTD ellle UUCJIo e + fi, To, TaK Kak 1ocJje o6MeHa <> Ha HHAMKATOpE OMSITh
BO3HHKJIA J€HCTBUTE/bHAS YaCTh pe3yJ/ibTaTa, J0CTaTOUHO BBIMOJHUTD CJIely-
IOLLYIO TTOCJ/IEA0BATENbHOCTD ONepaLui

+?67F’ HV—’—V f’F’H

¥ Jlasiee ee TIOBTOPSITh, 10K BBIMOJHSIEM CJIOXKEHUS-BbIUUTAHHSI.

3amerum, uTOo B 3TOM criocoGe HaM TPUXOJUTCS KaxK[0e M3 3ajJaHHbIX
uKcesl BBOAUThL TOJLKO OJIMH Pa3, a MPOMEXYTOUHbIE Pe3yJIbTaThl 3alIOMUHAET
caM KaJsibKyJIsiTop.

OpnHako yMHOXKUTL JiBa uncsa (a + ib)(c + id) 6e3 3anucu U NOBTOPHOTO
BBOJIa TIPOMEXKYTOUHBIX Pe3yJIbTaTOB TaK MPOCTo He yaaeTcs. MoKHO, KoHeu-
HO, ClleNlaTh 3TO TaK:

a, - ¢ —b, -, d b, - c +, a,-d,

MoJIb3YsICh T€M, UTO MPH BbIUHCJIEHHH BbIPAXKEHHI THIA CKAJIIPHBIX MPOU3BE-
JleHU# ac — bd MpoMeXKyTouHble pe3yJibTaThl 3aMIOMHHATH HE HYXKHO, HO €CJIi
Mbl 3alIOMHUM JIEHCTBUTEJIbHYIO UaCTh pedyJbrata ac — bd, 1o uucna d, b, c,
@ TIPUETCs] BBOJUTL BTOPOH pas.

Eue xyxe nesio o6¢Tout ¢ nenenueM. Tak Kak

Z_a—f—ib_ac—i—bd bc—adl.
Cc+id 2 4d? 0 24d?7

HernocpeJICTBEHHOE UCMO0JIb30BaHUe 3TOH GopmyJbl Tpebyer 11 apudmernue-
CKHX Ollepaluil.
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EcJ/id BLIUMCATD 110 CXeMe
r=dfc, s=c+dr, Rez=(a—br)/s, Imz=(b-ar)/s,

To pocratrouHo 9 onepaumi. Ho u 3nech uucna a, b, r npunercss BBOIUTh
o JiBa pasa.

MoxHO 10Ka3aTh, UTO MEHbBIIUM UHCJOM OTepalldii 060UTHCH HeJlb3sl.

Ho ecsan comMHOXUTE/IM 3a/laHbl B TPUTOHOMETPUUECKOH PopMe, TO aHa-
JIOTUYHO CJI02KEHHUIO-BbIUHTAHUIO MOYKHO BBIUUCJUTb JIOOYI0 KOMILJIEKCHYIO
Jpobb BUJA 2 =2]0...02,, [le 3HAaK «o» 0003HauaeT YMHOXKEHHE WJIHU
JlenieHre 6e3 JIMLIHUX onepaluil BBOAA UUCeI.

Kak ke Ha KanbkyJsiTope npeoGpa3oBaTb KOMILJIEKCHOE UMCJIO B TPUTO-
HOMeTpUuecKylo (hopMy? IDTO MOXKHO CliesiaTh ¢ MOMOLIbI0 KHONKM R — P,
KOTOpast npeJHasHaueHa JJisl epeBojia J1eKapTOBbIX KOOPAUHAT B MOJsIPHbIE.
[Tocsie nocsieoBaTeIbHOCTH OMepaLUil

Re z, F, P—R, Im z, =

Ha MHIMKATOpE MOSIBJsieTCst |2|, ecid MOTOM HaxaThb KHonku F, < (wim
x —1II), To |2| okaxKeTcsi B MaMsITH, HO €CJH MOCJE ITOr0 Ha)aTb KHOIKY
— 6e3 npeIBapHUTeJSLHOTO HaXAaTHsl KHOMKU F, TO Ha HHAMKATOpe MOsIBUTCS
TOJISIPHBIE YTOJl, 8 YACJIO B TIaMsTH He U3MeHHUTCst. MOXKHO UM He 3aroMHHATh
TNpe/BAPUTEINbHO |2|, @ cpasy HaxKaTh KHOIMKY <>, TOT/ld Ha MHAMKATOPE TOXKe
MOSIBUTCST MOJISIPHBIHA YroJ1, HO |2| Ge3BO3BPATHO MPOMAJIET.

[TonsipHblil yros coBnajaer ¢ aprymentom, ecju Im z <0, u paBeH
arg z — 2, ecsim Im 2z <0, HO Tak Kak MO MOJYJIO 27 OHH COBMNAJAIOT,
TO TIOJISIPHBIE YTOJ MOXKHO HCIOJIb30BATh TPH YMHOXKEHHH-JeJIeHHH YHhces
BMECTO apryMeHTa C TeM Ke YCTIEXOM.

Jlnsi oGpatHoro nepexoja Ot MOJIIPHBIX KOOPJMHAT K JIEKAPTOBBIM HY?KHO
BBIMOJIHUTD [OCJIEI0BATEILHOCTD ONepalui

‘2|7 F’ R_)Pi 80, =,

nocJie yero Ha HHAMKaTope nosiBUTCS Re 2, a eciM HaxaTb KHONKY <,
TO Ha MHAMKaTope nosisurcst Im z. Jlaist Toro uto6bl He nponajo uucio Re z,
ero MpeiBapuTebHO MOXKHO 3aHECTH B namsTb. Ecsu opHo u3 uucen |z|,
( HaxXOJHUTCSl B MaMSITH, €ro OTTyJa Hal0 MpeJBapuTe]bHO M3BJeub, HAXKAB
kHornKy IT — x. 3ameTum, uTO ec/ii BMECTO MOJISIPHOTO Yrja BBeCTH Jo6oe
paBHOE eMy 0 MOJYJIIO 27 UMCJI0, TO Pe3yJbTaT He MeHseTCsl.

EcJn uncisia B 1po6u BUja 21 o ... 0 2, 3a/laHbl He B NOJISIPHBIX, a B JleKap-
TOBBIX KOOPJAMHATAX, TO HEYAOOHO UX MPEeBAPUTEbHO MEPEBOAUTD B MOJSP-
Hble KOOPAMHATLI [lepe], BbluucseHueM 1poOH. MoKHO BbIUMCIIUTD 110 OTAEIb-
HOCTH MOJlyJ1b U apryMeHT MPOU3Be/IeHHs], a MOTOM NpeoO6pa3oBaTh pesdyJibTart
K CTaHJapTHOMY BHY.
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BHauasie MOXKHO BBIUHCJIUTD (110 MOAYJII0 27T) arg 2 ¢ NOMOLIbIO NOCJEe10-
BaTeJIbHOCTH ONepauui

Re 217 Fv R_)pv Im Zla =, < (_1 )H+v Re 227 F7 R—>p7 Im 227 =, <, (_7)
I+, ..., Re 2, F, R—=P,Im 2|, =, 0, Re 290, F, R—P, Im 29, =, o, ...,

NpH 3TOM BHauaje Hajo OOHYJHTb namstb. [locse kaxmo# onepaumu F,
R — P HaxKumaeM KHOMKY <, uToGbl BbI3BaTb HA MHIMKATOP BbIUHCJIEHHDbIH
arg z;, NOTOM, €CJIH HaJlo, MEHsSIEM y HEro 3HaK KHOMKOH «—» W NpubaBJsiemM
K UMCJly B NaMATH KHONKO# I14-.

[TotoMm BbluncIIsieM |2| MOCJIE10BATENLHOCTBIO ONepaluii

Re z;, F, R—P,Im 2z, =, 0, Re 29, F, R—P, Im 29, =, o, ...

Jliist Bo3BelleHUsl B 11-10 CTelleHb Yucsla 2 ecTb 6oJiee ObICTPbIH aJrOpUTM.
JLs1s1 3TOrO BBIMOJIHSIEM CJEYIOLLYI0 MOCJAeI0BATe/IbHOCTb OMepaluii:

Re z, F,R—P,Im z,=,F, <, <, n, = F < F, y*, n = F P—R,
II—x, <, x—1I, <,

npu 3TOM Ha HHAUKaTope nosiButcsl Re 2", a B namsitu okaxkercs Im 2".
PaccMoTpuM Tenepb BONpOC O pelieHUH KyOMUeCKHX ypaBHEHHH ¢ jefi-
CTBHTEJIbHBIMU KO3(D(PHUIIMEHTAMH HA KaJlbKYJSTOPE.
Hauath ecTecTBeHHO ¢ npeo6pasoBanus ypasHeHns x° + ax? + bx + ¢ =0
K Buay x> 4 px +q =0. Jlenaerca s7o 3amenoii x’ = x + a/3, Torna

p=b—a’/3, q=2a/27—ab/3+c.
yﬂ06l‘[blﬁ aJITOPUTM /11 BbIUMCJIEHUA p, ¢ HA KaJIbKYJATOPE TaKOB:
ava_)]:[v'v/v_37+7b1F7<_>7.7/791H+7\/:_7'7]:[_))(1—'—16-

Uucso g okasblBaeTcsi Ha UHAMKATOPE, a P OCTAETCS B MaMSTH.

Hcnosb3oBats dopmyay Kapnano—TapTasbu 1yist BblUMCJIeHHH HeY106HO,
Tak Kak TPUIETCS HEONHOKPATHO 3alMChIBATh MPOMEKYTOUHbIE PE3YJbTaThl.
[Tostomy npeoGpasyem ypasHenue x° + px +¢q =0 k Buay 4x> +3x +r=0
samenoil x = 2./|p|/3x’, Torna r =v/27q/(2|p|*/?).

PaccMOTpUM TPH BO3MOXKHBIX CJIyuas.

1. Tyerb 4x3 —3x+r=0, |r|<1. DTo paccMOTpeHHbIll HaMH paHee
HETPUBOIMMBII CJIyual, H TOrA KOPHH HAXoIsTcst 1o (hopMysiaM (paHee Mbl
MCIIO/Ib30BAJIH KOCHHYCHI, HO C TE€M K€ YCIIeXOM TOISTCS U CHHYCDI)

Xy =sin ¢, x93 =sin(p +27/3),
rie r =sin 3.
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Ha kasbkyJisitope 3T KOPHH BBIYKCJISIIOTCST CJIEIYIOLIUM 00pA30M:
r, F,sin, /, 3, x = 10, sin(=xy), «, -, 2, /, 3, +,
H_>xv Sln(: XQ), T _27 /7 3a +a HHX, Sln(: XS)

2. Tyetb 4x3 —3x +r=0, |r| > 1.
Onpenenenue 99. Hazosem cunepboauueckum KOCUHYcOM PYHKIHIO
e¥ +e~%

5
a eunepboaLeckum CUHYcoM — QPyHKIHIO

ch p=

ef —e™¥

2

Kasbkyasitop Bbiuncasier gyHkiwmio sh o, ecsin Haxkath KHOMNKY hyp, a no-
TOM KHOIKY sin. [1ist Kpatkoctu OyeM 0603HauaTh 3Ty KOMOHHALMIO KHOMOK
Kak sinh, aHajornuno Gynem nucatb cosh ajisi rUnepOOIHUECKOTO KOCHHYCA.

sh o=

YnpaxHenue 99.

a) OyHkuys sh ¢ HeueTHast U CTPOrO MOHOTOHHO BO3paCTalOIIAS.

6) ®yukuus ch ¢ uerHas.

[TosTomy dyHkums sh ¢ nmeer o6paTHyto (HYHKIHIO, KOTOPYIO KaJIbKYJIsi-
TOD BBIUKCJISIET, €CJIM HaXKaTh KHOMKKU F, moTom hyp, a motom KHOTKY sin.

MoxHO cuutaTh, uTo (yHKUMA ch ¢ ToxKe uMeeT oOpaTHYylo, H B Kaue-
CTBE ee 3HaueHUsl BLIOUPAETCS NOAOJNUMEAbHOE 3HAUEHHE @, VIS KOTOPOTO
ch p=x. B orsnure or o6GpatHoro runepOGOJUUECKOTO CHHYyca, 00paTHbIH
KOCHHYC OIpeJle/ieH TOJIbKO MpH X > 1. BbluncsisieTcss OH Ha KaJjbKyJsiTope
AHaJIOTHYHO 06GPAaTHOMY CHHYCY.

Torna, ecau r = (sign r) ch 3¢, rae sign r=1 npu r >0 u sign r =—1
npu r < 0, To KOPHU YpaBHEHHs HaxolATCs No GhopMyJam

Xy =—(signr) che, x93= %(sign r)(ch ¢ £ iV/3 sh ®).
Hanpumep, B ciydae r > 0 KOPHU BBIUHCJSIOTCS CJEIYIOLIMM 00pa3oM:

r, F, cosh, /, 3, x =TI, cosh, —, (=x;), Il — x,
cosh, /, 2, 3, \/_, /, 2, , Il — x, sinh, —.

3. Tyers 4x3 + 3x + r = 0. Torza, ecan r = — sh 3¢, To KOpHH ypaBHeHHs
HaXoAATCst o popmyJiam

1 .
xy=sh o, x93= —§(sh (p:l:l\/g ch ).
Ha ka/ibKyJsisiTope OHM BBIUHCJISIIOTCS Cletyiolum o6pasom: r, —, F, sinh, /,

3, x —II, sinh(= x;), I — x, sinh, /, =2, 3, \/, /,2,+, II—x, cosh, —.

15 Tauwkos



226 [napa IV. AsnreGpanueckue ypaBHeHHsI

3agaum v ynpaxHenus Kk § 4.4

1. T1poBeputh U 060CHOBATH yKa3aHHble B 3TOM naparpade ajiropuTMbl.

2. BbiBenute dopmysibl 15 p, g uepes a, b, ¢ B npeobGpa3oBaHUH ypaB-
nennst x3 + ax? +bx +¢c =0« suny x> + px +¢g =0.

3. Iokasxute dopmyny r =+/27q/(2|p|*?).

4. TlokaxkuTe, KaK HCMOJIb30BaTh B pellleHHH HEMPUBOAMMOrO cJydyasi Ko-
CHHYC BMECTO CHHyca.

5. Jlokaxute, uto ch w— sh? p=1.

6. Bbipasute obpaTHble runepbosnueckue QyHKLUUH Yepe3 Jorapugmbl.

7. BbiBenuTe TeopeMbl CHOKEHUS 1Jis1 THIepOOJHUECKUX CHHYCa M KOCH-
Hyca.

8. BbiBenute (opmyJibl TPOHHOro yraa s runepOoJUUeCcKUX CHHyca
1 KOCHHYca.

9%, BoiBenure hopMysibl 1Jisi pellileHdsi KyOUUeCKUX ypaBHEHHIH B oCcTajlb-
HbIX JIBYX CJyuasix.

10*. Kak nepeMHOXKHUTb IBa KOMIJIEKCHBIX UMCJIa, HCI0JIb3Y$ TOJBKO TPH
JIEHCTBUTE/IbHBIX YMHOKEHHUS?

§4.5. KopHu U3 KOMNJIEKCHBIX YuceJ

C nomoliblo opmysibl MyaBpa MOKHO H3BJIEKATb KOPHH U3 KOMILIEKC-
HbIX yuces. [1ycTb 2 — 3alaHHOe KOMIIJIEKCHOE UMCJ/10, OTaHUHOE OT O, U @ —
HEKOTOpbIi KOopeHb cTereHu 1 u3 z, T.e. w" = z. [losnoxus

z=r(cos a+1isin a), w=s(cos f+i sin F),
no dopmyse MyaBpa nosiyunm
s"(cos nB+i sin nf) =r(cos a+i sin ).

Tem caMbIM uKCIIO 2 IBYMS COCOOAMH MPEACTABAEHO B TPUTOHOMETPHUECKOM
tdopme, oTKya o
o+ 2T
s=r, 5:7, keZ.

TaKI/IM 06p330M, BCHKI/Iﬁ KOpeHb CTEIIE€HH 1 U3 4YucJia £ UMEET BU:
a+2kmr . . a+2krm
Wy = {’/?(cos — +i sin T) keZ.

EcTecTBeHHO, UTO J/Isl OMUCAHUS BCEX KOPHEH /-# CTeneHH W3 KOMIJIEKCHOTo
ypcga w jgocraroydo B3satb k=0, 1, ..., n— 1.



§4.5. KopHH H3 KOMIIJIEKCHBIX UMCEJ] 227

W3 popmysibi Myaspa ciienyer 1 06paTHoe yTBEPKIEHHE, UTO BCSIKOE UHUC-
JIO TAKOTO BUJIA SIBJISIETCST KOPHEM CTEleHH /1 U3 YhCJia 2, U, CJIeI0BATEbHO,
3Ta (hopMyJsia ONHUCHLIBAET BCE MHOXKECTBO
KOpHell 13 z. 2(—1, 1) zi1(1, 1)
Ynpaxuenue 100. Jlokaxkute, uTo AJs1
J0GOr0  PalMOHAJBHOTO YHCJa p/q OJHO ;}(_'4 ('))
u3 snauenmi (r(cos o+ i sin ))”/? pasmo ’

rPla (cos Ba—H sin Ea)
q q

z3(—1, —1) z4(1, —=1)

Puc. 32. WsBneuenne kopue#
(o606ennast popmyna Myaspa). UETBEPTOl CTENEHH M3 UMCIIA W
Paccmotpum ypasnenue 2" = 1. Ilo BbI-
1ie JIOKa3aHHOMY KaKJIblii U3 11 KOPHEH TOTr0 ypaBHEHUs] UMEET BHMJL

2k . . 2km
€ =CO0S — +i sin —, (1)
n n

rne k=0,1,...,n—1.

Ha komriiekcHOH MJIOCKOCTH KOpHM n-# cTeneHu U3 | pacnosaratorcst
B BepLIMHAX NPABUJIbHOTO 11-YyroJibHUKa ¢ LeHTpoM B Touke (0, 0) 1 BeplHOH,
COOTBETCTBYIOLLEH £, B Touke (1, 0).

Teopema 95. Muoacecmso koprell n-ii cmenexu U3 eOUHULbL — YUK~
AUHECKAS 2pYnna nopsaoka n OMHOCUMEAbHO YMHONCHUA.

HokasaTeJsabcTBo. JlokazaTb, UTO MHOXKECTBO KOPHEH 11-# cTerneHn
13 1 oGpasyer rpyimy, MOXKHO HENOCPEACTBEHHO! NMPOBEPKOH € UCMOJb30BA-
Huem dopmyJibt (1). Ilpyro# crnoco6 nokazaTenbcTBa MCMOJb3YeT TOT (DAKT,
UTO KOPHH M1-H CTEeNeHH U3 eIMHULbI YAOBJETBOPSIOT yCaoBHI0 2" = 1, a 3Ha-
UWUT, UX MPOU3BEJEHHE, OOPATHBIN JEMEHT U €IMHULIA TOXKE YIOBJIETBOPSIOT
TOMY YCJIOBHIO.

Ll Toro 4To6bl 10Ka3aTh UIMKJIMUHOCTb IPYMIbI, 10CTATOUHO YKa3aTh 00-
pasytoiiuii 37emenT. OueBUAHO, UTO 10 KpailHeld Mepe OJTHUM U3 06pa3yIolinX

2r . . 27w Y
OyneT €] = C0S o + i sin o JleficTBUuTENbHO, A1s1 miodoro k=0, 1,...,n— 1

Ep = e’f. |
Hatinem Bce o6pasyiolye 3TOH rpymnmbl.

Teopema 96. Yucao e, asasemcsa obpasyoweli yukauveckou epyn-
nel KOpHei n-ti cmenenu u3 eOuHuyobl moeda u MoabKo moeda, Koeoa
YUCAQ N U M 83AUMHO NPOCHIbL.

HokaszaTedabcTso. JloKkazaresbCTBO MOXKET ObITb OCHOBAHO Ha JIM-
HeiiHoM nipencraBienuu HOJL uucen n u m: (n, m) =an + bm, rne a, b € Z.
Ho MoxHO npocTo cocqaTbest Ha Teopemy 31. O
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Teopema 97. Bce kopHu ypasHenus
w'=2z 2z#0, 2)

Mo2ym 6oLmob NOAYUEHbL N0 POPMYLe W; =€, - Wy, 20€ £ — KOPEHb Ypas-
nenusa " =1, k=0,1, ..., n—1, w, —odun u3 kopreli ypasgrenus (2).

JHokasarteabcTso. Tak Kak

a+2mm . a+2ﬂ17r)
n

wm:|w\(cos T—HS] , m=0,1,...,n—1,

TO

(oe—i—n2m7r Qkﬂ') e Sin(a—&—ﬂ?mn‘ i %))

wm~sk:\w|(cos +—- p

:|w|-(cos o+ 2w (m+ k) 4 isin a—|—27r(m—|—k))
I —_— ),

n

npuueM m + k npoGeraer NOAHYIO cUCMEMYy Bbl4enos No Moayio 1 (T.e.
JIIOOYI0 CHCTEMY M3 1 UHCeJI, TIONAapPHO HE CPABHUMbIX MO MOJYJIO 1), €CJH
TO 2Ke BEpHO J1s1 k. O

z3(0, 1)

z5(—1, 0) z1(1,0)

3-‘!;

( 1
N3
27(0, —1)

Puc. 33. Kopuu BocbMoil cTenenn U3 eIuHULbI

OO0DBsACHAM Tenepb, UTO MOHUMAIOT MOJL MOJSIPHOH W NoKadaTesbHOH (op-
MaMM 3aMHCH KOMIJIEKCHBIX uhces. Fcrnonb3ys Tpuronomerpuueckyto dpopmy
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3aMuCcH KOMIUIEKCHBIX UHCEJ, Mbl MOXKEM BBECTH Ui uucaa 2 =r (cos ¢ +
+ i sin ) nossipuyto dopmy 3anucu (r, ). [loasipuas dopma 3anucu coor-
BETCTBYET MOJISIPHOH CHCTEMEe KOOPJMHAT, KOrja 3a/laHo Hadasio KoopauHar O,
ayu OB, a Touka A, 3ajaBaemasi KOMIJIEKCHBIM UMCJIOM (r, ), MOJyYaeTcs,
€CJIM OT 3TOrO Jiyya OTJ0XKHTh yron ZBOA = ¢, npuuem aiuHa otpeska OA
paBHa r, rae r > 0. Hucsio 0 B 3T0il cHcTeMe KOOPMHAT COOTBETCTBYET Hauasly
KoopauHat Touke O.

B nokasaresnbHoil hopMme 3anucud KOMILJIEKCHOrO uucja z, T.e. B ¢op-
Me e* 1% = e*(cos ¢ + i sin ), re x =In(|z|) =1In r, popmysa ymMHOKeHHUs!
npHoOpeTeT 0COOEHHO KPACHBBIN BUL

eitipr | pativs _ pxitxe  p(pitwe)i — pxitxeti(pites)

3anauu v ynpaxkHenus kK § 4.5

1. Jlokaxkute, 4TO

2 2 2 2 _
Vatib =+ | Y0 4 sign by Y24

rae sign b — 3unak uncaa b € R.

2. TlocTpoiiTe KBapaTHble KOPHHU M3 IJAHHOTO UMCJIA C TIOMOLBIO LIUPKYJIS
U JIMHEHKH HauboJjiee SKOHOMHBIM CIOCOOOM.

3. TlocTpoiiTe KOpHUM YeTBEPTOH CTeMeHH W3 JAHHOTO YMcJa C MOMOIIbIO
LUMPKYJIs U JIMHEHKH HauboJiee SKOHOMHBIM CITOCOOOM.

4. VM3o6pasnTe n3BJeUeHHE KOPHS LIECTOH CTENeHH U3 €IMHUILIbI C TOMO-
1IbIO CIIHUEK.

5. Mso6pasure Bossenenne Bo 2, 3, 4, 5-io cTernennb uncaa 3/2 4 iv/3/2
C MOMOLIBIO CTHYEK.

6. Ha nsockoctu naubl na kBaapara A;B;C;D;, i =1, 2. Bekropbl OA,
OB, OC, OD paghbl Bektopam A|Ag, B1Bs, CCe, D;Dy COOTBETCTBEHHO.
Joxkaxure, uto ABCD — kBajpar.

7. Haiinure cymmy Bcex KOpHEH n-H CTENEHH W3 eIMHMLIBI.

8. Haiinute nponsBesieHrne Bcex KOpHe n-i cTerneHn U3 eJUHHLIbI.

9. Haiinute cymMmy k-Xx crereHeil Bcex KOpHeH 11-il CTerleHH U3 eJIMHHLIbI.

10. TokaxkuTe paBeHCTBO
a—1 a—1

(a’ b) — Z Z éeQm‘bmn/a.

m=0 n=0
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11. Peuinte B nefiCTBUTE/BHBIX UHCJIAX CUCTEMY

sin x +sin y +sin z=0;
cos x +cos y +cos z=0.

12. Peuinte B NeCTBUTENLHBIX UUCJIAX CUCTEMY

sin x +sin y +sin z = 1;
cos x +cos y +cos z=0.

13. Tyetsb |2|, |u|, |w] < 1. dokaxure, uto |(z —u)(z —w)(u—w)|> <27.

14%*. [IpaBu/bHBINA 1-YyroJLHUK BIMCAH B €IMHUUHYIO OKPY»KHOCTb. Jlo-
Ka)KUTe, uTo

a) CyMMa KBaJpaToB BCeX ero CTOPOH M JMaroHalsiell paBHa 71;

6) cymMMa BCex ero CTOPOH W juaroHased paBHa n ctg w/2n;

B) MPOM3BEEHHE BCEX €r0 CTOPOH U AHaroHajeil paHo n'/2.

15*%. O603HauMM BepIIMHBI TPABUJILHOTO 71-yroJIbHUKA, BIHUCAHHOTO
B €JIMHUUHYIO OKPYXXHOCTb, uepe3 Ay, ..., A, ¥ TIPOJO/LKUM HyMepaluio
no Kpyry nasnee, Tak uto A, | = Ay, Ayyro = Ag u T. 1. JloKaxure /g Heuer-
Horo 1, uto |OA| + OAy + OAg + ... + OA,2| = /n, tie O — eHTp n-yroJb-
HHUKa.

16*. BepiunHbl npaBUJbHOTO 7-YroJbHUKA packpalleHbl B HECKOJIbKO
LIBETOB TaK, UTO BCE OJHOLIBETHblE BEPLIMHbI 00Pa3ylT TaKxKe MpPaBHJIb-
Hble MHOrOYroJIbHUKH. JlOKaXKWTe, UTO cpelud HUX Haimytcs XoTsi Obl 1Ba
OJIMHAKOBBbIX.

17%. O603Hauum [,(x) MHOTOUJIEH CO CTapliuM Kos(dHureHTom 1, Kop-
HAMH KOTOPOTO SIBJISIOTCSI epBO0OOpa3Hble KOPHH 71-H cTernend U3 1 B noje C
¥ TOJIbKO OHH. DTOT MHOTOUJIEH HA3bIBAETCS N-M KPY2OBbIM MHOCOUYACHOM.
Hokaxute, uto [,(x) € Z[x], deg [.(x) =p(n) u

= 1=]] fa.
d|n
18. TlpoBepbTe, uToO

hy=x—1, fhEx)=x+1, f3x)=x"+x+1,

B =x+1, o=+ 440 +1, fig=x?—x+1,
o) =x+ x5+ x + 3+ x2+x+1,  fs(x)=x"+1,
fo)=x+x3+1, fio)=x*—xP+x>—x+1.

19. Pasnoxute na muoxurenn: (i) 14 x8 (i) 14+x% (i) 1+ x5
(iv) 14 x5
20%, Pasjyioxkurte Ha MHOxKUTEAH 1 + x".
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21%. (MyJbTUIIMKATUBHBIA BapuaHT (opmyJbl obpaileHus Mébuyca.)
Jlokaxkute, 4To ec/u Npu JaboM 1

gn)=1] i@,
TO an
i) =T gn/ay .
d|n

22%, JloKaxKuTe, 4To

[ax) = [T (e = 1y

d|n

23*. JlokaxkuTe, UTO CyMMa MepBOOOPA3HbIX KOpPHEH n-ii crerneHd U3 |
B nosie C pasna p(n), a npoussesenue ux papHo (—1)?™ | u, snaumr,

fa(x) = x" — p(n)x" "' 4+ . 4+ 1.
24*.  Jloka)kuTe, 4TO MPH MPOCTOM p
Fp(0)=xP e 2p4 1,

¥ 3TOT MHOTOYJIEH HEMPUBOJIUM HaJl TIOJIEM PaLMOHAJBHBIX YHCEJ.
25%.  Jlokaxkute, uTo Mpu npoctom p u k> 1

k— — h—
[oel) = fp(x? "y = 2P0 =20

¥ 3TOT MHOTOYJIEH HEMPUBOAUM HaJl TIOJIEM PaLMOHAJBbHBIX YHCEJ.

26%*. Jlokaxute, uTo fo,(x) = f,(—x), ecan n HeueTHo.

27*%. lokaxure, uto [p,(x) = [,(x?)/[.(x), ecu p npoctoe u n He Kpar-
HO p.

28%. JlokaxuTe, uTo [, (x) = [,(x™), ecain Kax/blii IPOCTOH JeUTENb 1
JIEJIUT TaKKe /1.

29**,  JlokaxxuTe, 4To Jito6GOil KPYroBOH MHOTOUJIEH HEMTPUBOJIMM HaJ| MO-
JIeM palHOoHaJbHBIX UHCe/.

30%. (BbICTPbI aJrOPUTM BBIUUCJIEHHSI KPYroBOro MHorousieHa f,(x).)
Haxomum Bce npocTble IeJUTENH Py, ..., Pm Y UACJIA 11 U BHIUKCJISIEM T10CJIe-
JI0OBaTe&JIbHO MHOTOUJIEHBI IO (hOopMyJiaM

Q) =x—1,  g)=g_1")/g-1(x), i=1 ..., m,
fn(x) — gm(xn/(plu-pm)).
O6ocHyfiTe 9TOT aJrOPUTM.

31. TTocrpoiite U3 0Tpe3KoB AHHLL 1, 2, ..., 6 BbINYKJIbIH PABHOYTOJLHbII
ILIECTUYTOJIbHHK.
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32%, JlokaxuTe, UTO W3 OTPE3KOB JUIUHbLI 1, 2, ..., 1 HeJb3si COCTaBUTh
BBIMYKJIbIA PABHOYTOJIbHBIE 11-YrOJIbHUK MPH 71, PABHOM CTENEeHH MPOCTOro,
1 MOXKHO €ro MOCTPOUTb BO BCEX OCTAJIbHBIX CJyyasix.

Y kaszanue. 3a1aua paBHOCHJbHA CJIEIOLIEN: CYLLIECTBYET JIH MHOTO-
unen f(x) =ag+ajx +...+a,_1x""', y Kotoporo KoshduLMeHTb ABAIOT-
Csl MEPeCTaHOBKON MocseloBaTe/bHOCTH 1, ..., 1, Takoil, uto f(e,) =0, rue
£, = 2™/ Tlpumennure 3agaun 24, 25 u 29.

Ecau (m, n) =1, o

(I4+2x+ ... 4+nx" (1 +x" +x2 4 4 x4

+(nx + ...+ a(m—Dx™ (1 4 x™ 4+ x24Ty =

—1

=ap+ax+ ...+ a1 x™,

rJie yncJa nocaeoBaTe/IbHOCTH A AAlOT MPHU IAEJE€HUH Ha 1 U M pa3Hble Ma-

pbl OCTAaTKOB, TaK KakK OCTAaTKHU IO MOAYJIO /1 MOBTOPAIOTCsA C INEPpUOAOM 11,

a OCTaTKW MO MOJYJII0 111 TIOBTOPSIIOTCSl C TIEPHOJIOM 11, ¥ 06a Nepuoja co-

CTOSIT M3 pasHbIX UUCEJI, TI0TOMY, COIJIACHO KUTAMCKOH TeopeMe, BCe uucJia

rnocJie10BaTeJibHOCTH ap éyﬂyT pa3HbIMH 11O MOAYJIIO 11171, 4 3HAUYHUT, 06p33y}0T
epecTaHoBKY MOCJAE10BaTE/IbHOCTH 1, L., M.

§ 4.6. Ky6uueckue ypaBHeHUs1 Haj noJiemM
KOMIJIEKCHBIX UKCe

TPI/IFOHOMQTPI/I'-IECKaH cbopMa 3alrucu KOMIIJIEKCHOI'O 4YHucCJia I103BOJIFET
YCTAaHOBHUTL CBfI3b MEXKAY PCUICHHUsSIMH YpaBHEHHS Tpe’l‘beﬁ CTEMNEHU U3 TIpe-
JbLLYHINX naparpa(bos. ﬂ.ﬂﬂ 9TOT'0 BEPHEMCs K HalleMy YpaBHEHHIO

A3
3\2 3. A
(u’)* + Bu 2770.
I1
yCTh o g
Torna

B . B .
w=—=+|Ali, *=-2FV|Ai
2 2
— COHpH)KeHHbIe [prl‘ [prl‘y KOMIIJIEKCHbIE€ YHCJla.
Ham Hy>KHO M3BJIeub U3 HUX KOpPEHb TPETbel CTerneHH.

Onpenenenue 100. Hasosem kopHem n-ii cmenexu U3 KOMIJIEKCHOTO
uncsia Z 1 0003HaUMM {/Z MHOXKECTBO BCeX KOMIUIEKCHBIX YHCEJ, IIPH BO3BE-
JIEHHH B 1-10 CTeMNeHb AAMOLIHX 2.
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M3 teopembl 97 ciieayeT, UTO STUX YUCEJT 7 IITYK U UTO OHU UMEIOT CJie-
JNYOUMHA BHJL:

\ﬂ/|2|(COS L2kﬁ+i sin gﬁ_ﬂ—gkﬂ) npp k=0,1,...,n—1.

n

B cuny Toro, uto £ =3 = (3) 73, MOXKHO CUMTATB, UTO YMC/IA 4 U U COMpSIKe-
Hbl. 3HAUUT, UX CyMMa BellleCTBEeHHa. DTO 03HAUaeT, UTO Mbl MOJYUHJIH TPH
BellleCTBEHHBIX pelenus ypasHenusi x> 4+ Ax + B =0 B Buze

u+a—7_§+¢z+3-§_¢z.

Ynpaxuenue 101. BoiBenure U3 3108 (hopmysibl TPUTOHOMETPUUECKOE
pellieHHe KyOHUECKOTO YpaBHEHHSI.

[TostyueHHOEe BbIpaKeHHEe MOXKET HUMeTb, BOoOlLe ToBopsi, 36 3HAUeHMH:
KaK/Ibli M3 JIBYX PaJiMKaJoB %/ NPUHUMAET MO 3 3HAUEHUS U KaXKIbIH U3 IBYX
panvKaoB \/— NPUHUMAET 110 2 3HaUeHHst. A HaAM HyXHbI TOJILKO TPU U3 HUX.

C KBa/ipaTHBIMH pajiIMKaJaMH CIIPABUThCS JIETKO, TaK KaK U3BJIEKAETCS KO-
peHb W3 OJIHOTO W TOTO »Ke BbipaxkeHus: A. [t 3TOro ycJOBUMCS, UTO €CJId
B HEKOTOPOH (pOpMyJie HECKOJILKO pa3 BCTpeUaeTcs pajukasj U3 OJIHOTO U TO-
ro Ke BbIPaKEHHsl, TO 3TOMY pajJHKaJy MpHAAeTCsl OJIHO U TO K€ 3HAaUYeHHe.
Hatue BeIpakeHne u + v He MEHsIeTCsl PH OIHOBPEMEHHOI CMeHe 3Haka y v/ A
B ZByX MecTax. [loatomy ocraercs jimiib 9 3HaueHHH J71s1 KOPHEH, 3aBUCSIINX
OT BbIOOpA 3HAUEHUH JIBYX PaJMKaJoB 3-H CTEreHH.

Jlnist yeTpaHeHust 3TOH TPYAHOCTH 3aMETHM, UTO BTOpPOE ypaBHEHHE CHCTe-
Mbl U3 MpeIblaylIero naparpada UMeeT BUL UY = —73, T.€ NponsBesenue uv
BCerja JedcTBUTeIbHO. Bribepem npousBosibHOE 3HaueHue u . Torna us dop-
MyJIbl [/l TIPOM3BEECHUS KOMIJIEKCHBIX YHCE B TPUTOHOMETPHUECKOH hopMe

CJIEAYET, UTO BCe JAPYrue 3HaU€HUs U1 CYTb U1p U Lt1p2, rine

or . . 2m I V3,
p=Cos ?—H sin 5 ——§+ 71
(HanomHuM, uto p3 = 1). Kaxk1oMy 3HaueHuio u = iy, typ, t;p> CONOCTABHM

V=g Torna v NpMHAMAeT 3HAUeHHsA U, V| p°, U} p.
B pesyJsibTare pokasana
Teopema 98. Bce sewjecmsentole KOpHU YypasgHeHus

W4+ Ax+B=0
npu sewecmsennoix A u B naxodames cpedu mpex ducen

Xi=u+o;; xe=wptoip;  x3=up+01p% (3)



234 [napa IV. AsnreGpanueckue ypaBHeHHsI

ede Uy —npou380abHOe U3 BHAYEeHUL KOpPHA

| B
; -5 +VA,
_3Ll1.

[Tpuuen ecau A >0, mo posHO 00HO U3 HUX BeUeCMBEHHO, eCAl
A <0, mo 8ce mpu uucia gewjecmsaerHol.

a v =

Crnenaem Ternepb cJjeaylouidi mwar B 060611eHUd: 6yJeM cUuTaTbh KO3-
(PULMEHTbl UCXOJHOIO YPaBHEHMs KOMILJIEKCHbIMM uucsamu. [lpu pelueHuu
HHAUYEro MO CYTH He MEHSIeTCS: Mbl MPUXOJAWM K CHCTeMe, pelliasi KOTOpYIo,
nosiyuaeM GopmyJy Ui KOpHel KyOHUeCKOro ypaBHeHHs B pajukaJjax. Tpu

KOpHsI OrpejiesisieM, KaK U BbIlle: BbIOMPaeM MPOU3BOJILHO U], TOTOM GepeM
U1 = —5 — H BHIMHCbIBaEM dopmy.ibl (3).
up
Torna nosyuaem KomrJieKcHbIH BapuaHT opmysibl Kaprano:

Teopema 99. Bce kopru ypasnenus
x4+ Ax+B=0
npu npoussosbHuLx Komniekcrolx A u B 3adaromces ¢opmyramu
Xi=ui+0v, Xe=wip+oip, X3=uip’+0ip%

ede Uy —npou380abHOe U3 3HAUEHUL KOpPHA

3/ B
A —§+\/Z,

a 01:—%.

Jlerko BuIeTb M3 opmyJ WIS pelleHHss KyOHUECKOro ypaBHEHHS, UTO
A =0 Torza u TOJbKO TOTJA, KOTJA Yy HCXOAHOTO ypaBHEHHSI €CTb KpaTHble
KOPHH.

B nasnbHeiiliem, ecyii He OrOBOPEHO MPOTHBHOE, Mbl OYJIEM CUHTATb KO-
(bULMEHTBl aire6panueCcKUX YpaBHEHUH KOMIJIEKCHBIMU UMCJIAMH.

3anauu v ynpaxHeHnus K § 4.6

1. Ilokaxkute, uTo TpU pellleHUH YpaBHEHUH C palliOHaJbHBIMH KO3 du-
uuentamu no dopmysae Kapnano Bce KopHu B popmyJie W3BJEKAIOTCS TOrA
1 TOJILKO TOIJIA, KOTJIa pellieHdsl ypaBHeHUsl UMeloT BUIL 2a, —a T biv/3 npu
pauMoHaJbHbIX @ U b.
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2. JlokakuTe, 4TO
u(a + bi) + W’

2aVa® b2’

rie u — KopeHb ypasHenus u® — 3(a® + b%)u — 2b(a® + b%) =0

a+bi=

3. Peuunre no dopmysie Kapnano ypaBuenusi:

a) x> —6x +9=0; 1) x4+ 6x +2=0;
6) x3 + 12x + 63 =0; e) x2 4+ 3x? — 6x +4=0;
B))C +9x%2 +18x +28=0; k) x> +3x —2i =0;
r) x3+6x2+30x+25=0; 3)x*—3ax+a®>+1=0.

4. Ecam Bce KopHu ypasHenns 2° 4 az? 4+ bz +c¢ =0 no momy/io pap-
Hbl 1, TO MOJly/IH @ U b paBHbI.

§4.7. YpaBHeHUSsI YeTBepPTOi cTeneHuU

O61iee ypaBHEHHE UETBEPTOH CTENEHH UMEET BUJL
x4+ ax® +bx® +cx+d=0.
Kak u panbllle, YyHUUTOKHUM KO3(DMHLMEHT @, BBIAESS TOJMHYIO YeTBEPTYIO
crenenb. JlJist 3TOTO clie/iaeM 3aMeHy rnepemeHHoH X' = x + a/4.

Ynpaxuenue 102. TlpoBepbTe, uTo M0OC/€E 3TON 3aMeHbl ypaBHeHHe NPH-
met Bua x* 4+ Ax? + Bx + C =0.

[TonpobyeM pasJyioKUThb ero B NPOoU3BeieHHE ABYX KBAJAPATHbIX YpaBHEHHH:
X Ax? 4+ Bx 4+ C = (X 4+ uyx +01) (0 + ugx + vg).
PackpbiBast CKOOKU U MpupaBHUBasi KOI(MUILHMEHTDI, M0JydaeM CUCTEMY
uy+us=0;
Ul 04wy =A;

U1V + Uov| = B;
UIUQ:C.

3amensis U9 HA —U| = —U, IPUXOIUM K CUCTEME C TpeMsl HEU3BECTHLIMHU!

U1+ 0o =A+ u?;
u(vg —vy) = B;
UIUQZC,
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KOTOpasi paBHOCHUJIbHA CUCTEME

vl + o =A+u?

U = B'
2 — U1 = e
vivg =C,
a MnocJieJHaAsa — CUCTEME

02:A+u2+§;
201=A+u2—€;
4u,v9 =4C.
Orciojga umeem
_ _ 2y, B 2y BY _ 90 B2
4C—4UIUQ—((A+LL)+;)((A+u)—;)—(z4+u) -

HJIH
u® +24u* + (A2 —4C)u® — B2 =0.

Pelp 370 KyGHuecKoe OTHOCHTELHO 4 ypaBHEHHe, HA3bIBAEMOE Pe30.nb-
genmotl Peppapu *, Halinem pelueHust cuctembl. [locsie 3Toro, peuius aBa
KBaJpaTHbIX YpaBHEHHUS], OJYUHUM pelleHUsl ypaBHeHUs1 4-il cTeneHH.

3anauu v ynpaxHenus kK § 4.7

1. Bbipa3ute uepe3 KOpHU ypaBHeHUs UETBEPTOH CTETNEeHH KOPHU ero pe-
30/1bBeHTbl Peppapi.

2, Pemme ypaBHEHUS

a) x* =23 +2x%2 +4x —8=0; ) x* =33 +x%24+4x-6=0;
6)x +2x 2x +6x—15=0; e)x*—2x>+4x? —2x +3=0;
) x x24+2x —2=0; K)* dxt 4+ 12462 4+ 16x —3=0;
r) x 4x +3x +2x—1=0; 3)*4x*+4x+3=0.

o

§ 4.8. Pewenune KyOuueckoro ypaBHeHus
meToaom JlarpaHxka

[1puBenieHHble BbIllle pellieHUsT ypaBHeHUH 2, 3 1 4-i1 cTereHn OCTaBJSIOT
UyBCTBO HeyjoBJieTBOpeHHOCTH. Co3llaeTcsi BreuaTyieHHe, UTO OHU HaJieHbl
NpH MOMOIIM MCKYCCTBEHHbIX, He 0600I1IaeMbIX HA BbICLIHE CTEMEHH, NpHe-
MOB. B Kakoi-To Mepe 3T0 NeHCTBUTEbHO TaK. OJHAKO MOXKHO MPEIIONKHUTD

* JI. ®eppapu (Lodovico Ferrari, 1522—1565) — utasbsiuckuii MmatemMaTuk, yueHuk KappuaHo,
TepBBIM PELIMBLIHI ypaBHEHHE UETBEPTOH CTENeHH.
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CUCTEMATHUHBIA METOJ PELICHUs] YPABHEHUH TPETbEH M UeTBEPTOH CTereHeH.
OH oCHOBaH Ha U3yueHUH CBOMCTB MHOTOUJIEHOB OT KOPHEH MCXOIHOTO ypaB-
HEHHs B 3aBHCHMOCTH OT MEPECTAaHOBOK KOpPHeH.

[lycTb Xy, ..., X, —BCE KOPHH YpaBHEHHS

" ax" M+ +a,=0.

Ynpaxuenue 103. Bcromuute, kak jnokasbiBatorcsi dopmyJibl Buera
(31€Ch MBI y2Ke MOYKEM CUHTATb, UTO KOPHU ypaBHEHHS] — MPOU3BOJIbHBIE KOM-
TNJIeKCHbIE UHCJIa)

ar=—Xx1+...+ Xy,
a9 =X1Xo + ... Xp_1Xn,

Ynpaxuenue 104. BcriomuuTte, Kak peliaercsi cucrema

u+v=a,
uv =b.
JlarpaHx MpeaioxKu/ CaAeyIoIHE METO HAX0XK/IEHHsT KOPHEH X|, Xo, X3

ypasrenus x° + ax + b = 0.
[Tpexxjie Bcero 3ameTHm, UTo CyMMa X| + X9 + X3 paBHa HyJI10 (TaK Kak OHa

oTaMuaeTcs OT Kos(QHIMeHTa NPy X2 HCXOIHOrO ypaBHEHHs JHIIL 3HAKOM).
1 V-3 .
[lyetb p= —g + ~5— — KOEHb TpeTheit CTeneHn 3 eIMHHLbL.

Ynpaxunenue 105. IIposepbre, uto 1 + p+ p? =0.
Hanuiiewm elie e CyMMbI:
(p, X)=x1+pxa+p°xs  u (p, x)=x1 + p’xo + pxs.

SaMeTl/lM, UTO, UMKJIHUYECKHU IMepecTaB/isisgd nepeMeHHble B HUX, MMOJYyYHM IPO-
MNopurOHaJibHbI€ UM BbIpaKeHHUsI:

Xo 4 pxs + pixi = p2(p, X),  Xo+pxi 4+ pPas=p(p, x) ML

Kpome Toro, MeHsis mMectamu napy MepeMeHHbIX OJHOH H3 CyMM B (p, X)
u (p?, X), NOJYUHM BbIpakeHHe, NPONopLHOHANLHOE JIPYTofi CyMMe:

Xo 4 pxi + pPxs=p(p?, X),  Xo+pPxi+px3=p*(p, x) MT L

ITpu yKasaHHBIX 3aMeHAX NepeMeHHbIX KoI(M(ULIHEHTb NPONOPLHOHANLHOCTH
BCerjia CyTh KOPHU TPETbell CTENeHH M3 eIMHHLIbI, TaK UTO TPH BO3BEIECHHH
B Ky0 OHHM paBHbI eauHulie. [Tostomy Bhipakenue (p, x)° + (p?, x)® He Mens-
eTcsl MpH TepecTaHoBKaX MepeMeHHbIX.
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OTmMeTuM, uTO KO3(h(PULMEHTHI NPONOPLMOHAJIBLHOCTH Y BbIpaxKeHHi (p, x)
W (p?, X) NP OJHOI 1 TOi Ke MepecTaHoBKe MepeMeHHbIX B3aHMHO 06paTHbI.
[Tostomy BhipaskeHue (p, x) - (p°, X) Takxe He MeHsieTcsl [IPH 3aMeHax fepe-
MEHHBIX.

Bripasum ux uepes koscuurentsl @ U b. [Ipexkae Bcero 3aMeTim, uTo

(P, 07+ (0%, 0° = ((p, ) + (0%, D (((p, ) + (%, 0))* = 3(p, X)(p”, X)),

(0, %)+ (0, %) = (X1 + pxa + p7x3) + (X1 + p’x2 + px3) =
=2x1 + (p+ p?)(x2 + x3) = 2x1 — (X2 + x3) =
=3x; — (x; + x2 4+ x3) =3x; — 0=3x,
(tak Kak p+p>=—1) u

(p, X)(p%, X) = (X1 + pxo + p°X3) (X1 + p X2 + pX3) = X] + X5 + X5 +
+ (p+ p7) (X122 + Xoxs + X3X1) = X1 + X + X3 — (X1 X9 + Xox3 + X3%1) =
= (X1 + X9 + x3)% — 3(x1 X2 + Xox3 + x3x,) =0 — 3a = —3a

(Tak Kak x| + xo + x3 =0).
[TosTomy

(p, X)> 4+ (p%, %) =3x1(9x7 + 9a) = 27(x3 + ax)).

OnHaKo X| — KOpeHb HCXOJHOI0 ypABHEHHsi, 3HAUMT, x13 +ax; +b=0,
oTKyaa x; +ax; = —b.
[TosTomy B pesysbTaTe roJiyuaem, uto

(p’ )C)3 + (pQ’ X)S = _27[7’
(p’ X) : (pQ’ )C) =—3a.

[TosiyueHHasi cucTeMa JIETKO peliaeTcsi OTHOCHTEJIbHO HEH3BECTHHIX (p, X)
u (p?, x). JleficTBUTE/IbHO,

-3
0=
103TOMY '
(p, x)° +27b(p, x)> — 27a® =0,
3HAYUT, 5
(b, 0° =27(=3 + VA); "
b
(02, %) = 27(—§ - \/Z),
rmue

d e
97 4’
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HnJIn
(p, x)* = 274;
(0%, x)® = 27B,
rae

A=-5+VA B=-5-VA

Bripasum xy, X, X3 U3 (p, x) 1 (p?, X), MOCJEAOBATENLHO HCK/IIOUAS HEH3-
BECTHbIE U3 CHCTEMBI:

X1+ xo+x3=0;
X1+ px + p?x = 3V/4A;
X1 + p2x + px = 3V/B.

CkJajbiBasi Bee TPH ypaBHeHHsi ¢ yueToM pasenctsa | + p + p® =0 u coxpa-

1last TPOHKY, HaXOIUM 5 ,
X = \/Z'F \/E

AHaﬂOI‘H'—lHO, YMHO2Kasi BTOpO€ ypaBHEHHE Ha pz, TPETbE Ha p U CKJaAbIBas
UX C MEePBbIM, MOCJE COKpalleHHsI HA TPpHU HaXOJAUM

xszQ\S/Z—l—p\PVE.

A ymHOKast BTOpoe ypaBHEeHHe Ha p, TPeThe Ha p° U CKJajAbIBast X ¢ 1ep-

BbIM, HMeeM 5 s
x3=pVA+ p*VB.

B pesysibraTe Mbl nostyundid opmylisl Kaprano (3) U3 reopembt 98 ¢ tou-
HOCTBIO JI0 MOpSIKA CAEI0OBAHUS X, Xo, X3.
3 3Tix QopMmMy. BbITEKAET BhIparKeHHe

((p, 0° = (0%, %) = ((p, 0> + (0, ¥)°)° = 4(p, 0)°*(p*, 0)° =
= (—=27b)? + 4(27a%) = 27(4a> + 27b%) = 27 - 108A.
Ynpaxsnenue 106. BoiBenute 13 npeblayllero paBeHCTBa, UTo
108A = (xo — x1)* (x5 — x2) (x5 — x1)°,

HCIOJb3Ysl paBeHCTBa

w — 0P = (u—v)(u—po)(u—p*v), (1-p)(l-pH=3.

Onpepaeaenune 101. Boipaxenue
D = (xg — x1)* (x3 — X9)° (x3 — x1)°

Ha3bIBArOT aLtCI{puMLLHCleOM Ky6u"i€CKO€O ypasHeHus.
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Boobiue, duckpumunanmom ypasrerus n-t cmenenu

X" a,_ " aix+ag=0

HA3LIBAIOT CUMMETPHUECKHIT MHOFOUJIeH OT KOPHeil X|, X3, ..., X, 9TOrO ypaB-
nenust D = [ (x; — x;)°.
i>j

3anauu v ynpaxHenus K § 4.8

1. BbipasuTb auckpumuHaHT D uepe3 Ko3pduLeHThl Jjisi 0611ero ypas-
HEHUs TPETbEH U UETBEPTOH CTEleHH.

2. Peunre ofliee ypaBHeHHEe TpeTbel CTENEeHH B Cjyuyae HyJIeBOro JHUC-
KPUMMHAHTA.

3*. Pelnre ypaBHeHHe

(x3 = 3gx + p* = 3pg)* —4(px +q)* =0.
YKasanue PaccMorpuTe ypaBHEHHE OTHOCHTENBHO 2
22— Bpx+q)z+x>—3gx+p>—3pg=0

C HYJIEBbIM JMCKPUMHHAHTOM W BBIHECHTE B HEM 3a CKOOKH MHOXHTEJb
zZ+x+p.

4. Pewure ypaBHeHHUS:

a) (x? +3)/(x +3)> =26/343; 6) x® +1=0; B) (x> +x)* = 1.

5. Uncna a, b, ¢ — Tpu U3 ueThipex KopHeii MHorounena x* —ax® —bx 4.
Hatinure 311 uncaa.

6. Haiimute Bce p u ¢, 1pU KOTOPHIX UYETbIpE KOPHS MHOTOUJIEHa
x* + px? 4+ g neficTBUTENLHBI U 06PA3YIOT apUPMETHUECKYIO IPOTPECCHIO.

§4.9. Pewenue metoaom JlarpaH:xa ypaBHeHUM
4YeTBEPTOH CTENMeHU

[TonbiTaemest 06061IMTL METOJ, MpebIAYIEro naparpada Ha cayuai 4-i
crenend. PaccmoTpum BhipaxkeHue
/ _ 2 3
(X1, X9, X3, X4) = X1 + axg + &’ x3 + @’ xy,
rie « =i —KopeHb 4-ii cremenu u3 l, a xy, ..., X4 — KOPHU YypaBHEHHUS
xt*+ax?4+bx+c=0, 10 ecTb
t=x1 — x3+ (x9 — x4)i.

CKOJILKO 3HaueHHWil NMPUHUMAET BbipaxkeHue ! MPU Pas/UUHbIX MepecTa-
HOBKax KopHe#? OueBujHO, 24 3HAUEHHS] — CTOJIbKO 2Ke, CKOJIbKO BCEX BO3-
MOKHbBIX MepeCcTaHOBOK.
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OnHAKO 3aMeTHM, UTO HEKOTOPble NepecTaHOBKH NAIOT BbIPAYKEHHUs], TIPO-
MOPLUUOHA/LHBIE £, TIPHYeM KO3(MHIMEHTEI MPONOPLHOHAILHOCTH ABJSIOTCS
KOPHSIMH UeTBepTOil CcTerenH U3 1.

DT0 NMPOMCXOAUT MPH LMKJIHYECKOl nepectaHoBke IT= x| — x9 — X3 —
— X4 — X| W, CJIeJOBATE/IbHO, ellle NPH JBYX MepecTaHoBKax, sB/SIOLIMXCS]
ee CTereHsMH, a UMeHHO TIpu nepectanoBkax 112, II% (nepecranoska IT* yxke
SBJISIETCs TOMKIECTBEHHOH). MOXKHO 9TO MPOBEPUTH M HEMOCPEACTBEHHO, Ha-
npyUMep, 3aMeTHB, UTO MNepecTaHoBKa II2 MeHsieT MecTaMM NepeMeHHble X|
W X3, a TAKXKe TlepeMeHHble Xo M X4, M BbIpAa)KeHHe [ TPH 9TOM MeHsieT 3HaK
Ha MIPOTHBOMOMOKHDIH.

3aMeTuM, uTO MpH 3THX MepecTaHOBKax Bhpaxkenue [+ BooOle He MeHsi-
eTcs.

Ynpaxuenue 107. [Iposepbre, uto Jto6asi Apyras nepectaHoBKa He 06-
J1aJJaeT 9TUM CBOHCTBOM.

Ynpaxuenue 108. IlpoBepbre, uto npu Bcex 24 nepectaHoBKax Bblpa-
xenue 14 npunumaer poHo 24/4 = 6 snauenuii:

1 =101 —xo) + (x3 — xg)ilh; 13 =[(x1 — x3) + (x2 — x4)i]%;
13 =[(x1 —xg) + (xo — x3)il*; £ =[(x1 — x2) + (x4 — x3)i]%;
12 =[x —x3) + (eg — x)ilh;  td=[(r1 — x4) + (13 — x0)i]".

ITU 3HAUEHHUS ABJSIOTCSH KOPHAMH YPABHEHHUS LIECTOH CTeneHH, Kosddu-
LMEHTbl KOTOPOTO MOJHHOMHAJIbLHO BbIpaXKaloTcsl uepe3 Ko3(PUUMEHTb He-
X0JHOro ypaBHeHus. [TosyunBLieecs: ypaBHEHHE LIECTOH CTEIEHH MOXKHO pas-
JIOXKUTb Ha ABa KyOuueckux. OaHaKo 3TOT cnocob TpedyeT CJMLIKOM MHOIo
BbIUHCJIEHUH.

[TonbiTaemest HatiTh GoJiee y10GHbIE BhIpaXKeHus:, uem £ (X1, Xo, X3, X4). JJist
9TOT0 PACCMOTPUM NoApoGHee METOJ Pas/ioxKeHHs Ha JBa MHOXKHUTeJsl, TIpU-
MeHeHHbIT DeppapH.

Ero uaess cocTout B TOM, UTOOBI MPEACTaBUTb JIEBYIO 4acTb YpaBHEHHS
x*+ax® +bx>+cx+d=0 B Buge pasHoctH 1ByX Kpaipatos. Torma ee
MOXKHO OYyJIeT pas/ioKUTb Ha JiBA MHOXKHTEJISI BTOPOH CTENeHH, W pelleHHe
ypaBHEHUs NPUBEETCS K PELIeHUI0 IBYX KBaJpaTHbIX ypaBHeHUH. [las aT0TO
JIEBYIO YaCTb MPEICTaBUM B BUJE

2
2, ¢ g\ _
(x +2x—|—2)
2

(et ger ) [ rrmn)e (- (5 0]

e y — BCIOMOraTesbHasi HeM3BeCTHasl, KOTOpPyto rnojabepeM Tak, 4ToObl Bbl-
pakeHHe B KBaJIpaTHbIX CKOOKAX 0Ka3aJloCh KBaJpaToOM JIMHEHHOrO JIBYUJIeHa.

2
— S Ly b fox - d =

16 Tauwkos
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Jlns 3TOro HEO6XOAUMO U JOCTATOUHO BBIMTOJHEHHS YCJIOBHUS

(%) ~4(F o) (5 -a)=0

IT0 ycJ/I0BHE ecTh KyOHUeCcKoe ypaBHEHHE OTHOCHTENLHO Y. OHO Ha3blBaeTcs
pesoavsenmoii Peppapu.
[TocJie packpbITHsi CKOOOK ypaBHeHHe rpeoOpasyercs K BUILY

35— by? + (ac —4d)y — (c® + a’d — 4bd) =

[lycth y; —onuH W3 KopHe# 3Toro ypaBHeHusi. Torma npu y =y; ycJjoBHe
Oy/JIeT BbINOJHEHO, TAK UTO HMEET MeCTO

(Zbgi—b)e s (=)t (U = ) = (x4 17

npu HeKoTopbiX & u [. MlcxoaHoe ypaBHEHHE MPUMET BUJL

2
2 4 Y1 2 _

WM
(x +2x+—+kx+l) (x +2x+——kx—l) 0.
[TpupaBHsSIB K HY/I0 KaXKIblli U3 COMHOXKHUTEJIEH, HAXOIUM UeTbIpe KOPHS HC-
XOJHOTO ypaBHEHHS.
[TycTb X1 U X9 — KOPHH [EPBOTO COMHOMXKHTEJISI, X3 ¥ X4 — KOPHH BTOPOTO.

Torna x;x9 = ‘%1 + 1, x3x4 = %

— [. CoXKMB 3TH paBEHCTBA, MOJYUYHUM, UTO
Y1 = X1x9 + x3x4. Takum 06pa3om, Mbl MOJyUHM BbIpaxkKeHHe KOPHS Y| BCIO-
MOraTeJIbHOTO KYyOHUECKOTO ypaBHEeHHs uepe3 KOPHM MCXOJHOrO ypaBHEHHs
UeTBEPTOH CTEIleHH.

JIpyruMH KOpHsSIMH KyOHUECKOro ypaBHeHHs OyIyT
Yo = XoX3 + X1X4, Y3 =XoX4+ X1X3.

Takum 06pa3oM, Mbl HAIILJIK TAKOE BBIPAXKEHHE Y| = X| X9 + X3X4 OT KOPHEH X,
X9, X3, X4, UTO TNPH HX BCEBO3MOXKHBIX [EPECTAHOBKAX MOJy4Yaercs TOJb-
KO JIBa HOBbIX BblpaxkeHHsi. [103TOMy 3TH BbIpa)KeHHsl SIBJISIOTCS KOPHSIMH
ypaBHEHHUS TPeTbel cTeneHH, KO3(h(HULMEHTbl KOTOPOro MOJMHOMHAJLHO Bbl-
paxkalTcs uepe3 Ko3((UIHMEHTb HCXOAHOTO YPABHEHHS UETBEPTOH CTEMeHH.

JlaHHBIN pe3yJsibTaT MOXKHO OBIJIO MOJNYUHTh M JIBUTAsICh OT 3THX BbIpake-
HHMH K yPABHEHMIO TPEThbeH CTEINEeHH.

JleficTBUTENBHO, Y1 + Yo + Y3 =y, X;X; = b corsacHo Teopeme Buera st
ypasrennst x* + ax?® + bx% +cx +d =0.
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AHaJsioruuHo
2 2 2 2
Y1y + Yoys + Ysy = XiXoXx3 + X1 X5 X4 + X1 X5X4 + XoX3Xi + ... =
= (X1 + Xo + x3 4+ x4) (X XoX3 + X[ X3X4 + XoX3X4 + X XoXy) — 4X | XoX3Xy =

=ac—4d
U Takxke

Y1Yoys = (X} XoXsXy + X1 X5 X3X4 + X1 X254 + X1 XoX3x]) +
+ (a3 xd + xixdxd + xPxdxad + x5 xd) =
= X1 Xox3x4(x? + x5 + x% + x2)% 4 (x1X9X3 + X1 XoX4 + X XoX3 4 Xox3Xx4)? —
— 2(X1 X9 4+ X1 X3 + X1 X4 + XoX3 + XoX4 + X3X4) X XoX3X4 =
=d(a® — 2b) + (¢* — 2bd) = c* + a’d — 4bd.
3HauuT, Y1, Y2, Y3 — KOPHU ypaBHEHUS
y> —by? + (ca —4d)y — (¢* + a*d — 4bd) = 0.

[Tocsie pellieHUst TOTO ypaBHEHUS] OCTAETCS CIIPABUTHCS C CHCTEMON

X1Xo + X3X4 = Y1,

X1X3 + XoX4 = Yo;

X1X4 + XoX3 = Y3.
Ynpaxuenue 109. Peuure 31y cucremy.

PaccMOTpUM ellle OJMH MeTOJ pellleHHsi ypaBHeHus 4-ii crtenenn x?* +
+ax?+bx+c=0.

BosbMeM Jpyroe BblpaxeHHe OT KOPHel Xi, X, X3, X4, KOTOpOe TOxKe
MPUHUMAET TIPH T1ePECTABICHHH KOPHE BCEro 3 3HAUEHHS:

01 = (x1 +x2)(x3 +x4), Oo=(x1 +x3)(x2+x4), O3=(x1+x4)(x2+ x3).

Haiinem ky6Guueckoe ypaBHeHue ¢ KopHsMH 6, 6o, 03. Ipyrumu cioBa-
MH, BbIpa3uM ero kKosgpduureHtol A = —60; — 0y — 03, B = 0109 + 0205 + 0501,
C = —0,0905 uepes ko3 huLMeHTb @, b, C:

01 + 09 + 03 = 2(x | x9 + X3x4 + XoX3 + X1 X3 + X1 X4 + XoX4) = 2a,
0,05 + 065 + 0360, =a® —4c, 60,0905 = —b>.
Hcnoubayst Teopemy Buera, nmeem
(x — 0))(x — 09)(x — 03) = x> — 2ax® + (a — 4c)x + b°.

Hating u3 storo ypaBHenus 6y, 6y, 03, MOXXHO ONMpPENENUTb U KOPHU X, Xo,
X3, x4. JIns 3TOTO UCTOJb3yeM PABEHCTBO X| + Xo + X3 + X4 = 0, us KOTOPO-
ro cjenyer, uto (x; + xo) = —(x3 + x4), (x| + x3) = —(x2 + x4), (x; +x4) =
= —()CQ + )Cg).
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3uauur,

X1 +xe=+—01;  Xz+xs=—+/—0;
x1+x3=+=0  xo+xs=—+/—0o;
X1+ x4 =+/—03; Xo + x3=1/—03.

OTcio1a MOXKHO BbIPa3uTh Xy, Xo, X3, X4.
Ynpaxuenue 110. Crenaiire 3T0.

JI1000MBITHO, UTO TUCKPUMHUHAHT HAMJEHHOrO Bbllle KyOUUECKOro ypaBHe-
HUSI paBeH IMCKPUMHUHAHTY ypaBHeHHsl 4-#i cTerneHu ais x. B camom nede,

0y — 0y = —(x; — xq)(x2 — x3);
0) — 03 = —(x] — x3)(x2 — x4);
o — 03 = —(x1 — x2)(x3 — X4).

¥YnpaxHenue 111. Bbiunciure 3TOT TUCKPUMHUHAHT.

3anauu v ynpaxkHenus kK § 4.9

1. Pewrte 6MKBaspaTHOE ypaBHeHHEe MeTOJIOM Jlarpanuka.
2. Pemme ypaBHeHuﬂ
a) x* —2(a® + bz)x + (a® = b%)? =0;
6) x* —a(a+b)x +a®b =0;
) (22 + 1) 4(2x —1);
r) ()c2 —16)(x — 3)> +9x% =0;
n) x*—12x +323=0;
e) (6x +5)2(3x +2)(x + 1) = 35;
K) xt+ 23+ x4+ 1 =4x%
3) (1+x)*'=2(1+x%
M) 45(x? +x + 1) =49(x + 1)?(x + 1)%;
K) (x2 —10x + 15)(x? — 8x + 15) = 3(x%> — 6x + 15)x.
3. CocraButb ypaBHeHue 4-i cTenenn ¢ KopHsamu «, 1/a, —a, —1/a.
4. Ilycts a n b — 1Ba U3 yeTbIpex KopHeii MHorounena x* + x3 — 1. Jlo-
Kaxkute, 4To ab — Kopenb MHorousena x® + x* 4+ x% — x? — 1.

=]

§4.10. PeweHue metoaom Jiinepa ypaBHeHU
YeTBEPTOM CTENMeHu

CylI1eCTBYIOT U JIpyrie cnocoObl pellieHHs ypaBHEHHS UeTBEPTOH CTENeHH.
OnuH 13 HanboJiee U3SILHBIX MPUHAUIEKUT Ditaepy. DTOT Cocod COCTOUT
B CJIE/yIOILEM.
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[TosHOe ypaBHEHHE UETBEPTOH CTEMEeHU
v+ Ay  + By +Cy+D=0 (5)
MOJICTAHOBKOH Y = X — % NPUBOIUTCS K GoJiee MPOCTOMY BUJLY:

x* +ax? 4 bx +c=0. (6)
[Tonaraem:
2x=u+v+uw. (7)

B paBenctBo (7) BBesieHO TpU HeW3BeCTHbLIX. UTOOLI OMpeNenTh UX, HYXKHO
OyleT JaTb TPH ypaBHEHHUSI.
BosBojsi 06e uactu paBeHcTBa (7) JBa pasa B KBajpart, MoJydaeMm:

4x® = u® + v* + w? + 2(uv + uw + vw),
16x* = (1 + 0 + @?)? + 4(uv + uw + vw)(u® + v* + w?) +
+ 4(u?0? + v?w? + v*w?) + Suvw(u + v +w). (8)

2 4

[ToncraBnsisi B ypaBHeHHe (6) BMeCTO X, X° M X" MX BbIpakKeHUsl U3 pa-

BeHCTB (7) u (8), mocJie yrnpolleHHs MoJyurM:
(u? + 0% + 0°)? + 4(uv + uw + vw) (4 + 0% + w? 4 2a) +
+4a(u® + v + w?) + 8(uvw + b)(u + v + w) +

+4(u?0? + v?0® + 0®w?) + 16c =0. (9)
st Toro utoGbl BHIMOJHANOCH PABEHCTBO 2X = U + U + W, TJe X — KOPEeHb
ypaBHeHust (6), He0OOXOJJUMO U JIOCTATOUHO BbioJiHeHHe ypaBHeHus (9). OHo
COJIEPKUT TPHU HeU3BeCTHbIX. YUTOObI ONpene/UTh UX, HYXKHbI €llle /1Ba ypaB-
HEHHUS!, KOTOpble MOXKHO BbIOpaTh 1pou3BoJibHO. CB0GONOH BblOOpa CieyeT

BOCIOJIb30BATbCA /11 HAMOOJIBLIETO YIPOLLEHHSA YPABHEHHUS.
PyKkoBoaCTBySICh 3THM, TMOJI0XKUM

Wi+ wd=-2a wvw=-b. (10)

[1pu sTom BbiGope BesiMuMH U, v U @ ypaBHeHue (9) obpaliiaercsi B ypaBHeHHe
u?o? + u*w? + v’w? =a — 4c. (11)

M3 (10) u (11) 3ak/aouaeM, uto &, v U @ YAOBJETBOPSIOT CUCTEME YPaBHEHHI

u? + 0?4+ w? =-2a;
u?v? + u?w? + v*w? = a® — 4c; (12)

u?olw? = b2,
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2 02 u w? ABAAIOTCS KOPHAMH ypaBHEHHs:

0% 4 2a0% + (a® — 4c) — b? =0. (13)

Ortciona caenyert, utTo uucaa u

Ono conazaer ¢ pesosbBenToil Peppapu, NosyueHHOH paHee.

I[lycTh 0y, 09, 03 —KOPHH pe3oJbBeHThl. [lonokum u? =0y, v’ =0y,

2

w* = o3. M3Bsekas KopHH, UMeeM
u==+\/o, v==£\/o9, w==%./03. (14)
[1pu stom, B cuity paBeHctBa (10), BbinoJiHAeTCs paBeHCTBO
(/01) - (£y/T2) - (£/73) = 0. (15)

Y 1ByX paaukasoB B paBeHCTBax (14) MOKHO B3siThb Jito60€e U3 UX 3HAYEHMH.
[Tocsie 3TOrO 3HAaUEHHE TPETLErO pajvKaja CJeayeT B3siTb ONpeineseHHoe —
OHO HaXOAUTCSl U3 paBeHcTBa (15).

[ToncraBss nosyueHHble BbIpaXKeHUs A8 U, U, @ B ypaBHeHue (7), npu-
XOJUM K CJlellytollell Teopeme.

Teopema 100 (diinep). Kopru npusedenroco ypasHenus uyemsep-
moii cmenenu (
srrax’+bx+c=0

8bLPAIICAIOMCSL uepe3 KOpHU pe3oabsermol Peppapu
03+ 2a0® + (a® —4c)o — b2 =0
no gopmyran:
201 = /3T + VT3 + V5, 20 = /3T — V71 — V%,
2x3 =—\/01 + /02 — \/03; 2x4 = —\Jo| — /o2 + \/03.

[Ipu amom 3HaueHus padukaros /oy, \/os U /T3 00A)HCHLL ObLML BbL-
b6parbl Mmak, 4mobvl BbLNOAHIAOCL PABEHCIMBO:

Va7 = b,

3agauu v ynpaxkHenus kK §4.10

1. Peunre GuKBagpaTHOE ypaBHEHHE METOIOM JDiijepa.
2. Pelunre ypaBHeHuUs:
a) x4+2x+g:0;
417 L
6) x g ¥ + 10x 6=
B) x* —12x% —24x — 14=0.
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3. Pasjioxkurte HAa MHOXKUTENH HAJL [10JIEM JEHCTBUTEJbHBIX YUCEJ]

a) (x? +x +4)? +8x(x? + x +4)> + 15x;
6) (x+ 1D)(x+3)(x+5)(x+7)+15

B) 4(x +5)(x +6)(x + 10)(x + 12) — 3x?;
r) x*+4,

1) 4 4x?+4x 41,

§4.11. OcHoBHasg Teopema aaredpbl

BaxkHbIM 111aroM B PA3BUTHH TEOPHH ajreGpanuecKUX ypaBHEHHE CTajio
UCI0J/Ib30BAHHE KOMIJIEKCHBIX UMCEJT B KaueCTBe KOI(P(PUIIUEHTOB ypaBHEHHUI.
B 1799 r. Taycc nas nepBoe cTporoe j0Ka3aTebCTBO CYLIECTBOBAHHS KOM-
TUIEKCHBIX pelleHHi /151 J1I060oro anre6paniyeckoro ypaBHeHusl (3TOT (hakT Gbli
M3BeCTEH U paHee U OblT f0Ka3aH [lanambepoM *, mpaBzia, ¢ HEKOTOPHIM MPo-
6es10M).

Teopema 101 (Hanambep—laycc). Bceakuii mHocouren cmenexu
n>1 umeem KOMRACKCHbLIL KOPEHb.

HokaszaTeabcTBo. Jlus MOHUMAHUS HIEH OJHOIO M3 CaMblX Ha-
[JISHBIX  JIOKA3aTeJNbCTB ITOH TEOPEMbl MOXKHO [MPEJIOKHTh CJIELyIOLHe
HeopMasibHble pacCyxXieHusi. IJTO J0Ka3aTeJbCTBO, HOCsIEe Ha3BaHHe
«Jlama ¢ cobaukoii», pacckasbiBasoch A. H. Kosmoroposbim B 1930-¢ rojpl
Ha JIEKUMH 151 LIKOJIbHHKOB B MI'Y.

PacemoTpum muorousien f(2) =2" +a12" ' + ...+ a, ¢ KOMIIeKCHbIMU
Ko3(uLpenTamMu U a, # 0. 3ameTuM, UTO BCe €ro KOPHHU (€CJM OHH Cylle-
CTBYIOT) JIeXKar B Kpyre paauyca R = n - max |a;|. lefictBurensHo, npu |z| > R

L

12" > |a12" ' + .. 4 anl,

1 nostomy f(z) #0. B Toxe BpeMst NpH MaJibiX 10 MOJYJIO 2 3HaueHue f(2)
OJIN3KO K Q.

[IpencraBum [(2) B BUme CyMMbl ABYX uacteil 2" n g(z)=a;2" ' +...
...+ a,, KoTopble HA30BEM COOTBETCTBEHHO «JaMOH» W «cobaukon». Pac-
CMOTPUM 006pasbl OKPYKHOCTEH pasJjIMUHbIX PaJMyCOB C LEHTpaMHu B Touke O
npu otoGpaxkeHnu f(z) (puc. 34).

Jaist papyca R Npu JABUXKEHHH 110 OKPY?KHOCTH

{R(cos ¢ +i sin p): 0 < p < 27}

* K. JL. HanamGep (Jean Le Rond d’Alembert, 1717—1783) — Bbitatoumiicst dhpanily3ckuii
MaTeMaTHK M MeXaHHK, OJMH M3 OPTaHM3aTOPOB H3/[aHHs 3HAMEHUTO! « DHLUKJIOMNEIHH .
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2(n)

N G

Puc. 34

Jnama OyJ1eT ABUraTbesi B o6pase co CKOPOCTbIO, B 72 pa3 0oJblUel, 0 OKPYK-
HoctH paauyca R". Cobauka g(z) = f(z) — 2" Gyner MaJjia 1o MOJYJIIO U He 3a-
nenet 3a Touky (0, 0), kak 610 ToKa3aHo Bbilie. [1pu Masbix pagrycax o6pas
OyneT «6eraTh» HEMoOAAJEKY OT TOUKH a, # 0.

HauHem HenpepbIBHO yMeHbLIATh paauyc oKpykHOCTH oT R j1o 0. B HauaJse
touka (0, 0) Oblna BHYTPH, a B KOHLE CTaja HAXOAMTbCS BHE MHOXKECTBA,
OrpaHUUEHHOro 06pa30M OKPYKHOCTH. B cujly HerpepbIBHOCTH GyJeT MOMEHT
MPOXOXKJIEHHS Uepe3 3Ty TOUKy. DTO O3HAUAET, uTo B 3TOT MOMeHT f(2) =0,
T.€. y MHOTOUJIEHa f(Z) eCTb KOMIJIEKCHbIH KOPEHb. O

Caienytoliie TeopeMbl SIBJSIIOTCS CJIEACTBUSIMH OCHOBHOH TeopeMbl aJi-
reOpbl.

Teopema 102 (o pa3;ioKeHUU HA JUHEHHbIE MHOXHUTENN). Beaxui
muoeourern f(x) € Clx], deg f(x) =n>1, Haod noirem KomnieKcHoLX Huces
packaadelsaemcs 8 npouzsedenie 1 MHeLHbLX MHONMCUmenel.

HokaszateabctBo. Uunykuusa no n. Ilpu n=1 mMHorousen sB-
JsieTcst JuHedHbIM. [IpeanosnoxKum, uTo yTBepxKIeHHE YxKe J0Ka3aHo sl
MHOTOUJIEHOB CTeleHH £, U MycTh f(x) — MHorouseH crerenu n+ 1. Torna
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f(x) umeer HekoTopblil KopeHb «) € C, U no Teopeme besy f(x) npencras-
asietcst B Buae [(x) = (x — ay)fi(x). Ho mHorounen f[i(x) vumeer crenenb #,
¥ 0 MPEJTIOJI0KEHHIO HHIYKLMH pacKiajiblBaeTcsi B POU3BeIeHHe 11 JINHEH -
HbIX MHO>KUTeJsiel. Ho Torna f(x) siBisietcsi npousBesienreM 7 + 1 JiMHelHOTO
MHOKHTEJIS. O

Teopema 103 (o uuciae KopHeit). Besakuil mHoeouren cmenenu n > 1
C KOMNAGKCHOIMU KOIduyuenmany umeem n KopHeil, ecal CLumano
Kaodblil KOpeHs CMoAbKO pas3, KAKO8a €20 KPammHocb.

HdokaszaTesnbcTBo. Kak Mbl TOJIbKO UTO J0Ka3aJd, MHOTOUJIEH CTe-
neHd n > 1 pack/iaupiBaeTcsi B TPOM3BeleHHE £ JIHHEHHBIX MHOXKHTeJeH:
f(x)=ap(x —ay)(x — o) ... (x — ). SlcHo, uto «f, ..., a4y —3TO KOPHU
MHorouJsieHa [(x).

OO0benuHsisi paBHble COMHOXKUTEIH B CTeNeHH, f(X) MOXKHO MpeNCTaBHUTh
B BHUJE

— ky ko ks
J(x) = ao(x — o)™ (x —ag)™ ... (X — )™,

IJle KOPHH (v, ..., (s YK€ BCE PA3JIMUHbI, a oKasaTesiu ky, ..., kg — 3T0 Kpar-
HOCTH 3THX KOpHEI.

[TocKoJibKy CTeNneHH MHOTOUJIEHOB B JIEBOH M MPABOM YacTsiX ITOrO paBeH-
CTBa OJMHAKOBBI, TO 1 =Fk| + ko + ... + k;. O

YnpaxHenue 112. MuorousieH f(x) jesutcsi Ha MHOrouJieH g(x) Torna
¥ TOJIbKO TOTJIA, KOTJA BCAKHUE KOpeHb f(x) siBJsieTCs KOpHeM g(x) W Kpar-
HOCTb €ro B g(x) He 6oJibllle KPATHOCTH B [(x).

Ykaszanue Fcnosb3yiiTe passiokeHue MHOrousieHoB f(x) u g(x)
Ha JIHHEHHble MHOXKHTEJH.

Teopema 104 (Buert). [Iycmo
f)=aox" +a;x" ' +. . +a,_1x+a, ap#0,

— MHO20YACH € KOMNACKCHOIMU KO3 duyuenmamu. Toeda daa awbo-
eo k=1, ..., n cymma 8ce803MOINCHbLX NPOUIBEOCHILIL KOPHel MHO20UAe-
Ha [(x), cocmoswux us k comnoncumeneil, pasna (—1)*a,/ag. B uacm-
HOCMLUL, CYMMA Bcex KOpHel mHoeourena f(x) pasna —ay/ay, cymma no-
napHoLx npoussedenull pagna as/ay, npoussedenue 8cex KOpHell PaBHO
(—1)"an/ay.

Hokaszateabctso. [Ipencrasum f(x) B Buje:

fx)=ao(x —ay)(x —ag) ... (x —ap).
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Torna nocJse packpbiThst CKOGOK B MPABOK YaCTH MMeeM:

apx"+ax" '+ .. +a,=
=aox" —aoglag + ... +a)x" T+ .+ (=D"apxi0m ... ap.
Ecsii Ba MHOrouJjieHa paBHbI, TO paBHbI X KO3(hdHIKeHTbI. [ToaToMy
—apla) +...+ay) =ay, ..., (—1)”a0a1 s O = Ay O

Teopema 105 (0 pa3/ioKeHUH JE€HCTBUTEIbHbBIX MHOTOUYJEHOB). Bcs-
Kuii mHoeousen cmenenu n > 1 ¢ deiicmeumenvroimu K03 puyuenmanu
packiadolsaemcs 8 npoussederue MHelHvLx 08YUAeHO8 U KBAOPAMHbLY
MPexyAeHo8 ¢ OMPUUAMEAbHOIMU OUCKPUMUHAKMAMU, uMelouwuml oetl-
cmaumenvrole KoIgguyuermol.

HokaszaTteusnbcTBo. Uuaykuus no rn. Ilis MHOrousieHoB creneHd |
U 2 yTBepKjeHHe BepHO. [1pearnosioxkum, 4To OHO CrpaBeyIMBO IS JIHOObIX
MHOTOUJIEHOB CTereHH, He GoJibliel 71, U nycTb f(x) vmeer crernenb 1+ 1.

MtHorouJsien f(x) umMeeT KoMIJIeKCHbIH KopeHb . [lo Teopeme Besy

[(x0) = (x — a) g(x), (16)

M €CJIM UUCJIO (v JIEHCTBUTENLHOE, TO g(X) — MHOTOWIEH C JeHCTBUTEJNbHbIMU
Koaduumentamu. Toria 1no NpenoJioXKeHUo MHAYKUMH g(x) packJajplBa-
eTcsi B mpousBesieHne Tpebyemoro Bujaa. Ho torna B cuay (16) Takoe passo-
»KeHHe CYLIeCTBYeT U JUisi MHOrouseHa f(x).

[lycTb Tenepb v — uncso He JefiCTBUTENBHOE, T. €. & # «. [lo caencrsuio
13 TeopeMbl 93 uMCIO & TaKKe fBJSETCS KOopHeM MHorousieHa f(x). Torna
u3 (16) npu x =& nosydaem, uto f(a) = (& — ) g(@&), H, CJaeI0BATEbHO,
g(a) = 0. CHoBa npumeHnsist Teopemy beay, umeem g(x) = (x — a)h(x), a rorna
u3 (16) cuenyer, uro

f(x) = (x — @) (x — @)h(x) = (x* — (o + @)x + ad)h(x). (17)

Tak Kak a + & U a@ — uncaa AeHCTBUTeNIbHBIE, TO TpexuaeH x2 — (a + a)x +
+ o UMeeT JIeHCTBUTE/bHbIE KO3(D(MHUIIMEHTh! (H, OUEBHIHO, OTPULIATE/bHbIN
JIUCKPUMHUHAHT), 3HAYUT, U MHOrOUJieH f1(X) uMeeT nelCcTBUTE/bHbIE KOI(DPU-
LIMEHTbl KaK YaCTHOE JBYX MHOTOUJIEHOB C JEHCTBUTEJNbHBIMH KO3(PPULHEH-
TaMH.

Ho muorousien f(x) uMeer crerneHb MeHbllle /1, TaK YTO K HEMy TpUMe-
HUMO TpeJroJioxKeHue HHAYKLKU. [Tocse aToro TpebyeMoe yTBep:KIeHHe s
MHorousieHa f(x) BbiTekaeT u3 paBeHcTBa (17). O

[IpuBenem mnpuMepbl NPHMEHEHUs! JOKA3aHHbIX TeopeM MpH pelleHHH
3azau.
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Ynpaxuenue 113.

1. Jlokaskute, 4To NpH JIOGLIX HATYPaJbHLIX p U ¢ uncao (p + 1)%+1 4+
+ p?t? nenurea na p?+ p + 1.

Pemenue Paccvorpum MHorouneH f(x)= (x + 1)%7+! 4+ x9*+2 y no-
KayKeM, UTO OH JIeJINTCS Ha KBaApaTHbI TpexuaeH X2 + x + 1. DToT Tpexusen
MMeeT JIBa Pas/MuHbIX KOPHS « U (3 U MOITOMY B CHJy JOKA3aHHOTO Bhillie
CJIEICTBHUST IOCTATOUHO M0KA3aTh, UTO YHCJIa o U (3 SBJSIIOTCS KOPHSMH [(X).

3aMeTHM, UTO UMCJIO « MO OIpEeJeJeHHI0 TaKoBO, UTO a?=—a—1,

3
o c (e

W, C JIPYroii CTOpoHbl, o + o+ 1 =
«

—1
—» TaK uTo a® = 1. ITostomy

f(e)=(a+ 1) 4ot = (—a?)1 T 402 = —(o®) 2 H! 4o T2 =

=2 4 o2 =121 - 09) =0.

Anajiornuno nokasbiBaetcs, uto f(6) =0, Tak uto f(x) nelcTBUTENLHO Je-
mtest Ha x2 4+ x 4+ 1. Cnoco6 neseHust yrJioM MOKAsbiBaeT MpPH ITOM, UTO
yacTHoe g(X) uMeeT uesible Ko3((ULMEHTbI, 3HAUUT, BbITOJHSAETCS PABEHCTBO

f(p)=(p>+ p+1)g(p), B KoTOpoM g(p) — Lies0e uucIo.

2. Ipu kakux n € Z uucao n** +n + 1 npocroe?

Pewenue. Ilpun=0un=—1 370 uncjio paBHo | u NMpocTbIM He SAB-
Jisiercst, ipu n =1 oHo paBHO 3.

JlokaxkeM, UTO MpH BCexX OCTaJIbHBIX 71 UHCJI0 OyIeT COCTaBHbIM.

Pacemorpum MHorousien f(x) = x* +x 4+ 1 u nokaxem, uto OH JeJuT-
csl Ha KBajpaTHbIil Tpexused x2 + x + 1. TlycTb a 1 3 — KOpPHU KBaapaTHOIO
tTpexuseHa. Torna

)= +a+1=a’>+a+1=0,

anasiornuto f(5) =0. B cuiy 1okazaHHOI Bblllie TE€OPEMbI
Mrx+ 1= +x+1)-P),

rie P(x) — MHOTOUJIEH C LIEJBIMH KO3 PULHEHTAMH.
Tak xak npu n€Z, n#0, n#1, n#—1 ouesumno n**4+n+1>
>n?+n+1,710 n>+n+ | — HeTPUBUAJLHLIN JIJUTED.

3. Pas/ioxuTh Ha MHOXKHTEIH MHOTOUsIeHbl x° 4+ x + 1 u x10 + x5 + 1.
PeureHnue 3amerum, 4To ec/iM « SIBJISIETCS KOPHEM KBaJPaTHOTO TPeX-
umena x2+x+ 1, 10 o® =1, 1 Torza

Ptrat+l=a+a+1=0, o'+’ +1=a+a°+1=0.

CaenoBarebho, muorousennl x°+x+1 u x4+ x5+ 1 nensres va x2 +x + 1.
YacTHble OT JeJeHHsT HAHIUTE CaMOCTOSITENIbLHO.
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3anaum v ynpaxHenus K §4.11

1. Pewmre ypasHenus: a) x84+ 27 =0; 6) x>" —2x" +2=0.

2. TToctpoiite MHorousien U3 R[x] HauMeHbllIel CTElEHH C TPEXKPATHBIM
KopHeM 2 + 3i.

3. CocraBbre ypaBHeHHe 6-i crenenu ¢ Kopusmu o, 1/a, 1 —a, 1 — 1/«
/(1 —a), 1/(1 —1/a).

4. Pas/oxKnuTe Ha MHOXKUTEJIH HaJl MOJSIMH JIEHCTBUTE/bHBIX H KOMIIJIEKC-
HBIX uMcesl MHOrousieHbl: a) x™ — 1; 6) x4+ 1; B) x2" + x" + 1.

5. Peuinre ypaBHeHus:

a) (W —x+ 1P —ax?—x)? npua=(a?—a+1)?>/(®—a)

6) (x+1)"—(x—1)"=0;

B) (x+i)"—(x—1i)"=0.

6. Jlokaxure, uto ecau |a| =1, To Bce KOpHH ypaBHeHust (ix + 1)" =
=a(l —ix)" nelicTBUTE/bHDI.

7. Ilokaxure, uto MHOrousieH x> + x3m+1 4 3842 nenyres na 1+ x + x2.

8. Ilpn kakux 3HaueHusix m MHorouseH (x 4+ 1)" +x™+ 1 npenutes
Ha 1 +x +x2?

9. Ecan F(x) = [1(x?) + xfo(x®) menntca na 14 x 4+ x2, 10 [; nenurcs
Ha x — |.

10*. Ecsau mHorowreH f(x) € R[x] u He npuHumaer npu x € R orpuua-
TeJIbHBIX 3HAUeHHH, TO OH MPEICTaBUM B BUIE CYyMMbl KBAJpaTOB IBYX MHO-
rousieHoB U3 R[x].

11%. Tlyctb My (X, Yi) — TOUKM HA MIOCKOCTH, 4 >0 npu e <mu y, <0
npu k£ > m. Ha ocu abcuucce pacnosioxkenbl Touku A;, 1 <1 <n+ 1, tak, uto

1151 Jiro6oro [ ;

m
Z ZMkAIOO: Z leA[OO,
k=1 k=m+1

rie ZMpA;00 —yron Mexiy BeKTopoM A;Mp ¥ NOJIOXKUTEIbHBIM HampasJie-
HUeM ocH abeucc. JlokaxuTe, UTO MHOXKECTBO BeexX Touek My, CUMMETPUUHO
OTHOCHTEJIbHO OCH abclucC.

12. Ecau ay, ..., @, — BeplIMHbl NPABUJILHOIO 71-YroJIbHUKA C LEHTPOM
B a, TO sl Jto6oro MHorousieHa f(x) € Clx] creneHu, MeHblLeil 1,

Hai) + ...+ [(aq) = nf(a).

13. JlpoGHo-paimoHanbHasi (yHKUMST HA3bIBAETCS: APABUALHOLU, €CJH
CTeNeHb UMCJIUTEJs] MeHbllle CTeNeHd 3HaAMeHAaTeIsl; APUMAPHOL HaJl JaHHBIM
ToJIeM, €CJIM 3HAMeHaTeNb SIBJSIETCS CTENEeHbI0 HEMPUBOAMMOrO HaJl AaHHBIM
10JIeM MHOTOUJIEHa; npocmetiuieti, ecii OHa PUMapHa U CTeNeHb UUC/UTes]
MeHblLIe CTEMEHH TOro MHorouseHa. Jlokaxkure, 4uTo cymMma M Npou3BesieHHe
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MpaBUJIbHBIX P00l — paBuiibHbe, 1 J100asi 1po0b €CTb CyMMa MHOTMOUJIEHA
¥ MPaBWIbHON IPOGH, PUUYEM 3TO MpeacTaBieHHe — OJHO3HAUHO.

14*. [lpaBusibHas 1po6b passaraercs B cyMMy NpUMapHbIX 1pobei ¢ B3a-
VIMHO TIPOCTHIMHM 3HAMeHATeJsIMH, TIPUUEM 3TO TpeJCTaBJeHHe OJHO3HAUHO.

15%. Tlpumapnas 1poOb pasJjaraercs B CyMMy MPOCTEHIINX ApoOel, Npu-
ueM 3TO MpeACTaBJeHHe OJHO3HAUHO.

16*. Pasnoxure nan noasmu C u R 1po6b 1/(x?" 4 1) na npocrefiuue.

§ 4.12. Kak pewatb ypaBHeHHUs] Ha 3K3aMeHax

B sToM naparpade Ha OCHOBe M3JI0)KEHHOTO MaTepHaJa JaJuM CBOJKY
OCHOBHBIX TIPHEMOB pellleHHs ajrebpanueckuX W CBOJSIIMXCS K HUM ypaB-
HEeHHUH.

YpaBHeHHUSs1 NepBON CTereHH, HaJeeMcsl, UMTaTe]b yMeeT peliatbh. Kpan-
paTHble ypaBHeHHs1 ob6cy:xknanuch B §1.5. TpynHOCTH BO3HHKAIOT TOJBKO
C YPaBHEHUSIMH BBICOKHX CTEIeHeH.

JlaquM HecKoJIbKO COBETOB, OTCbLIAst 38 MOAPOGHOCTSMH K COOTBETCTBY-
I0LIMM Taparpadam KHUTH.

Bhnavasie Hano npoBepuTb, HE MMeEET JIM ypaBHEHHE CIelMalbHbIH BUI,
JUISl KOTOPOTO €CThb CBOH MeTox pelueHusi. Hanpumep, He siBisieTcst JiK OHO
GMKBaJPaTHLIM, WM ypaBHeHHeM Buaa af(x)? + bf(x) +c =0, coasummcs
K KBaJ|paTHOMY Kako#-HHUOY/b 3aMeHO nepeMeHHbIX y = f(x). [Tocsie 3TOTO
NpUJETCS pellaTh OJHO UJIK JIBA ypaBHEHHUS BIIBOe MeHblilel cTeneHu. [1ono6-
Hble MPUEMbI PellieHHs] HA3bIBAIOTCS TOHMKEHUEM CTENeHH ypaBHEHHS.

JIerko noHuKaeTcst cTerneHb YETHbIX WM HEUETHbIX ypaBHeHUH. Eciu MHO-
rousieH p(x) He siBJIS€TCSl HH T€M, HU JPYTMM, HO YIOBJIETBOPSIET PABEHCTBY
p(x) = p(a — x) npu HEKOTOPOI KOHCTaHTe a, TO Y ypaBHeHUs1 p(x) =0 MoXK-
HO TIOHU3UTH CTENeHb C MOMOIIbIO 3aMeHbl § = x(a — X).

Ynpaxuenue 114. Jloka)kuTe 3TO U pellnTe ypaBHEHHE
xt—2x% —2x% 4 3x4+2=0.

B § 3.9 nokasaHno, kak MoHWKaTb CTeNeHb Y BO3BPATHbLIX YPaBHEHHH ¢ MO-
MOILIbIO 3aMeHbl i = X + 1 /x.

Ynpaxnenue 115. Peunte ypaBHeHue

20— 10x* —12¢* — 10x? + 1 =0.

Ecau ypaBHenue umeer Bua f(f(x)) =x uan noaoGHbINA, TO MOXKHO €ro
pelIUTh MpUEMaMH, YKa3aHHbIMH B § 3.7, MOCBSILIEHHOM HMTEepalUsAM W TpU-
OJINKEHHBIM METOAM.

Ecau »Ke HU OZIMH U3 YKa3aHHBIX PHEMOB He paboTaeT, TO MblTaeMcs Mo-
HU3UTb CTElEeHb ypaBHEHHUS], Pa3JI0KUB €ro Ha MHOXKUTEJH. Eciii oueBUAHbIM
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06pa3oM OHO He passaraercsi, TO MPUCTYNAEM K CHCTEMATHUECKOMY MOMCKY
passoxenusi. Hauato Jiyuiie Bcero ¢ HauboJsiee MPOCTbIX U 3HAKOMBIX BaM
npueMoB. Hampumep, ¢ mpocToro moucka pauMoOHaANbHBIX KOPHEH MeToI0M
[aycca, onucanubiM B 3ajnaue 11 u3 §3.2. OH nNpuUMeHHM TOJLKO K ypaB-
HEHUSIM C PalMOHAJLHBIMU KO3(PPULMEHTAMH, NPHUUEM TPeABAPUTEJbHO HX
KO3((HUUMEHTbl HANO CHENAThb LEJbIMA MyTeM YMHOXKEHHsI Ha MOIXOJsIIee
1[eJ10€ YHCJIO.

Ynpaxuenue 116. . Peuure ypaBHenue bxackapbi *
x* —2x% — 400x — 9999 = 0.

2. Peuute ypasnenue BomGesnn ** x3 = 15x + 4.

Ecau paumoHasibHbIX KOpHeH HalTH He Y1aJoCh, TO HAl0 HCKATh Pasfio-
YKeHHe Ha MHOXKUTeH GoJiee BbICOKUX cTerneHell. B § 3.8 6biio 10kazaHo, uto
ecJsii Ko3(uHeHTbl MHOTOUJIEHA 11eJIble, TO €r0 pasJioXKeHHe MOXKHO HCKATh
Cpel TAaKHUX K& MHOTOUJIEHOB, MPUUEM OHO OrpejeseHo (haKTHUECKH OJIHO-
3HauHo. OJIHAKO MHOTOUWJIEH MOXKET 0KAa3aThCsl U HEMPUBOIUMbIM. UTOObI 3psi
He TPaTHTb BPEMsi Ha MOUCK €ro pasJioxKeHHsl, MOXKET ObITb MOJIE3HO TpH-
MEHUTb OJIMH M3 NPU3HaKOB HernpuBoaumoctd u3 §3.8. Ho 310 coBer s
MEeCCHMHUCTOB.

Jlnsi ypaBHeHUH 4eTBEPTOH CTereHW MOUCK PasJioXKeHHs MOXKHO TMpoBe-
CTH MemoO0OoM HeonpedeseHHblx Koduyuermos. ITOT METOJ, NPeNJIO-
JKeHHbIH JlekapToM, 3akJtouaeTcsi B TOM, UTO B MCKOMOM Pa3JIOXKeHHH HeH3-
BeCTHble KO3((HUIMEHTH 0003HAYAIOTCS UETbIPbMsSi OYKBAMU, BbIUHCJSIIOTCS
OyKBeHHble BbIpa)KeHHs KO3(h(UIIMEHTOB NPOU3BEJEHUS] U TIPUPABHUBAIOTCS
K HM3BECTHbIM KOo3((dHUIMeHTaM ypaBHEeHHs], TI0CJIe Uero MoJiyueHHasi cucteMa
peliaercs noaGOPOM 1eJbIX 3HAueHWH K03 UIMEHTOB. YKa3aHHbIH MpHeM
He SIBJISIeTCS, KOHEUHO, aJIFOPUTMOM, HO MHOTJIA YCKOPSIET MOMCK pa3jioxe-
Hust. OiHAKO ero rnpuMeHeHue JIJisi ypaBHEHUH CTeNeHH Bblllle UeTBEPTOM, Kak
NPaBUJIO, 3aTPYIHUTENLHO.

Ynpaxnenue 117. Pewure ypaBHenue Jlyku [Tauosn *#*

xt 243 + 3x% + 2x — 81600 =0.

[apaHTHPOBaHHO HAWTH Pa3JI0YKEHHE MOXKHO, NPUMeHsisi aaroputM Kpone-
Kepa (cM. §3.8), XoTs1 3TO OUeHb TpyAOeMKas Mpoueaypa.

* Bxackapa Auapbst (1114—1178) — WHIMIACKHII MATEMATHK U aCTPOHOM.
** P Bombesn (Raffaele Bombélli, 1530—1572) — urasbsiHckuil MateMaTnk u uHKeHep. [Tep-
BbIM OTKPBIJI KOMIJIEKCHbBIE YHCJIA.
##% J1. [Mavosu (Luca Pacioli, 1445—1517) — uranbsinckuit matematuk. Hanucan tpakrar o 30-
snotoM ceuennu. Jpyr Jleonapno na Bunum.
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Ynpaxnenue 118. Peute Metonom KpoHekepa ypaBHeHue

X +x+1=0.

Ha npaxThke ypaBHeHHsI C KpPATHbIMH KOPHSIMH BCTPEUAIOTCSl PEJIKO,
a B 3ajJlauHMKax W Ha 3K3aMeHaxX — JI0BOJIbHO YacTo. Ecju ecTh mnojo3pe-
HHe O HAJIMUMK KPaTHbIX KOPHEH, HHOTJA Jiyullle Cpa3y X OTACJNUTb OJHHUM
13 MeTojI0B GecKBaapaTHOH (akTopusauuu (cm. §3.12).

Ynpaxuenue 119. Pewuute ypaBHenue

WO+ x5 —3x% —4x? —3x—1=0.

Mertosibl 3TH TPYIOEMKH, TaK Kak MPH MpUMeHeHnH ajroputma EBkiuna
ObICTPO pacTyT Ko3duiyeHTbl (60pbba C ITUM sIBJIEHHEM, KOTOPOE BCTpe-
yaercsi M B JIIPYrUX CUTYaAUUsIX, — OJHA U3 TPpoGJieM KOMIIbIOTEPHOH aJreOpbi).
Ho 3ato oHM NpUMeHHMBbI He TOJLKO K MHOrOUWJIeHaM C LeJbIMH KO3(hhHLHU-
EHTaMH.

Yupaxuenue 120. Pemmnre ypashenne x° + 6x = (3x2 + 2)v/2.

BrnipoueM, 3T0 ypaBHEHHE MOXKHO pellHTb, NPOCTO YrajaB KOPEHb.
YrajbiBaHHe KOpHEl — BIOJIHE 3aKOHHbIH NpUeM. /151 HeKOTOpbIX HeaJre-
OGpanuecKux (TpaHCIEHAEHTHBIX) YPaBHEHHH 3TO €AMHCTBEHHOE, UTO OCTAETCH.

4
YnpaxHenue 121. Yrajaiite KopeHb ypaBHeHusi x* = 4.

[Tocsie Toro Kak KopeHb yrajaH, MO>KHO MOMNbITATLCS 10Ka3aTb, UTO JIPYTHX
KopHe# HeT. OObIYHO ISl 3TOTO UCMOJb3YIOT TEXHUKY HEPABEHCTB, B UACTHO-
CTH COOOpaKeHHsi MOHOTOHHOCTH.

4
Ynpaxnenue 122. Jlokaxute, uTo ypaBHeHHe X* = 4 UMeeT elMHCTBEH-
HbId KOPEeHb.

st anreGpanuecknx ypaBHEHHH Pa3BUThbl pa3JiMuHble METO/bI JJIsl Orlpe-
JleJleHHsl Yicsla KOPHeH B JIaHHbIX MHTepBaJiaX, VIS WX OUEHKH W /8 Tak
Ha3bIBAEMOro pasjiesieHust KOpHeH, CJyKallero nepBbIM 3TaroM nepes ux rnpu-
OJ112KEeHHbIM BbluMcieHHeM. Mbl He cobupaeMcsl HasaraTb 31€Cb 3TH METO/b,
a OrpaHUUMMCSl HEKOTOPBLIM MPEACTABJIEHHEM O HHX, KOTOPOE MOXKHO MOJIy-
unth B §4.1 u B 3anauax us §4.18. 3ameTum, uTo MeTOIbI MPUOIUAKEHHOTO
BbIUMCJIEHHST KOPHEH MOXKHO MCIMOJb30BATh U JIJIS WX yrajplBaHHs, 0COOEHHO
€CJIM TI0]1 PYKOH eCTb KaJbKyJsTOp.

A Koria ke Hauo NPUMEHSTb (GOPMYJbI IJIsT pellleHHsi YpaBHEHHH Tpe-
Thbe# W uyerTBepToil cTeneHu? TosbKO TOT/A, KOTZA YNOMSIHYThblE BbIllE 3Je-
MeHTapHble NpHeMbl He Jaju peaysbrata. Hanpumep, ecan Bbl J10KaszalH,
yTO KyOMUeCKOe ypaBHEHHE C pallMOHAJbHBIMH KO3(p(hULMEHTAMH HE UMeeT
paLMOHAJbHBIX KOPHEH, TO OCTaeTcsl TOJbKO NpUMeHUTb (opmynay Kapna-
HO, @ B HENPUBOIMMOM cJlyyae cjleslaTb TPUIOHOMETPHUECKYIO MOJCTAHOBKY
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¥ MOJyUUTb TPUTOHOMETPHUUECKOE pellleHHe. 3aMEeTHM, UTO €CJIM ypaBHeHHe
He HMeeT KaHOHMUYeCKOro Buaa x° -+ px + g =0, To uHorna 6oJjiee KpacuBble
TPUIOHOMETPHUECKHE PELLEHHUs MOJYUaloTCsl, eCJI TIPUMEHNTb KaKoH-HUOY b
MCKYCCTBEHHBIH MpHeM, Kak, HanpuMep, B 3anade 10 u3 §4.2.

B §4.19 6yner nokasano, uto ecau KyOuueckoe ypaBHEHHE C pallo-
HaJIbHBIMH KO3((PULMEHTAMH HEe HMEET pallMOHaJIbHBIX KOPHEH, TO €ro KOPHH
HeJIb351 BbIPa3UTh TOJIBKO Uepe3 KBaJpaTHble PaHKAaJbl, T. €. PELIUTb «LIKOJb-
HbIM» METOJIOM.

Ecuin ypaBHeHMe 4eTBEPTOH CTeNeHH ¢ palMOHalbHbIMH KO3 hHLHEHTaMH
He YJaJoCh PelIUTh JIEMEHTapHO, TO MOXKHO, HAlpUMep, MPUMEHUTh METO]
®eppapu, HalTH KYyOUUECKYIO PE30JIbBEHTY, NOTOM KaKOH-HUOY/Ib OJIMH €€ KO-
pEeHb U Pa3J/ioKUTb ypaBHEHHE HA KBAaJPaTHble MHOXKHUTENH. Ec pe3osibBeHTa
MMeeT pallHOHaJIbHBII KOPEHb, TO €ro NPoLLe BCEro HCKaTh yrajbiBaHueM (HJu
METOJIOM MOMCKa palMOHaJ/bHbIX KopHel). Torma noJiyueHHoe passioxKeHHe
OyJeT UMeTh 1leJible KO3((HULIMEHTh], U BCe KOPHH BbIPAXKAIOTCS uepe3 KBajl-
paTtHble pajukasbl. Haiinisi peliieHre, MOKHO €ro NpeJicTaBUTh KaK MoJiydeHHOe
«IKOJIbHBIM» METOJIOM, HAalpUMep, yraJblBAHHEM Pa3/I0KEHUs Ha MHOXKHUTEJIH.

Ecsan ke kyOuuecKasi pe3oJibBeHTa He HMeEeT palliOHaJIbHbIX KOpHEH,
TO MOXKHO JI0Ka3aTb, UTO KOPHM MCXOJIHOIO ypaBHEHHSI UETBEPTOH CTeNeHH
HeJIb3s1 BbIPA3UTh TOJILKO uepe3 KBajpaTHble paaukasbl (cM. §4.19), a 3Hauur,
U PELNUTh IIKOJbHBIM» METOJIOM.

Ec/in Mbl XOTHM B 3TOM CJlyuae Hamucartb siBHble (QOPMyJibl B pajuKaJax,
Jlydiue McnoJib3oBath He Metoa Peppapu, a merox Jlarpamxka uin dijepa.

PaccMoTpuM KpaTko NpueMmbl pelleHHsl HeajareOpanuecKuxX ypaBHEHHH.
[Ipocrefiline U3 HUX — 3TO paLMOHAJIbHbIE YPABHEHHUS, T. €. ypaBHEHHUS], B 00e-
UX 4acTAX KOTOPBIX CTOSIT palMoHaJjbHble NpoOu. PauuoHasnbHasi apobb —
3TO 4aCTHOE JIByX MHOrouwjieHoB. Mbl He u3Jjarajud CTPOTOro MOCTPOEHHS
pauMoHasibHbIX ApoOed, noJsarasi, 4TO CBEJEHUH M3 CPEIHUX KJIACCOB LIKO-
Jbl 06 3TOM JocTatouHo. PauuoHasbHble ypaBHEHHsl, KaK H3BECTHO, JIETKO
CBOJATCSl K ajreOpauyeckuM, €cJii BbIOJIHUTL BCE ONepalyu Hal APoOsiMH
B HeHyJIeBOH yacTH ypaBHeHus. HyxKHa TOJIbKO HeKOTOpasi BHUMATE/NbHOCTD,
TaK Kak, MPUPABHUBAS K HYJIIO UMCJUTEb IPOOH B HEHYJIEBOH UACTH ypaBHe-
HHUS1, MbI MT0JIydaeM ajreGpanueckoe ypaBHeHHe, He PABHOCHJIbHOE HCXOJHOMY,
MOTOMY UTO OHO MOXKET UMETb KOPHH, He BXOAsLIMe B 00JIaCTb OMpeeseH s
MCXOJHOTO ypaBHeHHsl. Takne KOPHHM Ha3bIBAIOTCS MOCTOPOHHUMH M WX HAJO0
oTOpachbIBaTh.

3ameruM, OJJHAKO, UTO He BCerjga Haj0 TOPONHTLCS MPUBOIUTH PaLUO-
HaJlbHOE ypaBHeHHe K ajreGpanueckomy Buiy. Ec/u pelleHHe MOJNyueHHOTO
ypaBHEHUs! BbI3bIBAET TPYAHOCTH U TPeOYET HCKYCCTBEHHBIX TPUEMOB, TO HMe-
€T CMbICJI BEPHYTbCS K HCXOHOMY YPAaBHEHHIO, TAK KaK /151 HEro HHOT1a Jierue
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YBUJIETh HCKOMBIH UCKYCCTBEHHbI npueM. Hanpumep, ypaBHeHHe
1/x?+2/x +2x +x*=5

MO2KHO CBE€CTH K aﬂre6pa1/1quKOMy BO3BpaTHOMY, HO CTOMT JIM 3TO JeJ/1aTb,
Korjga aJigd Hero 3ameHa nepemeHHoﬁ Yy=x-+ 1/)6 BHJHA elle Jyylie.

Ynpaxuenue 123. Peluure 370 ypaBHeHHe.
A B csenyiollieM npuMepe JIETKO YrajiblBaloTCsl KOPHH.
Ynpaxuenue 124. Peluute ypaBHeHue

x—a x—=b b a
R ET R
He Bcerna Hano packpbiBaTh CKOOKH JaKe B areOpanueckoM ypaBHEHHH.
B caenyioriem ypaBHennu 3ameny y = x/12 y1o6HO fesiath, UX He paCKpPbIBAsi.

YnpaxHenue 125. Peinure ypaBHeHue

(I12x — 1)(6x — 1)(4x — 1)(3x — 1) = 5.

Bosiee CJI0KHBIME JUIsi DELIEHUST SIBJASIIOTCS UPPAUYUOHALLHbLE YPABHE-
nust. Tlo cyliecTBy 310 TOXe ajreGpaHuecKue ypaBHEHHUs, HO COJIeprKallue
pajuKasibl. X MOXHO paccmarpuBaTh W HAJl T10JEM KOMIUIEKCHBIX UHCEJ,
HO TOrJ@ OHM CTAHOBSITCSI MHOTFO3HAUHBIMM W HYXKHbI CIElHAJbHBIE JIOT0-
BOPEHHOCTH O TOM, YTO MOHUMAeTCsl MoA HX peineHdsiMd. OOCBIUHO TaKHe
YPABHEHHUSI pACCMATPHBAIOT TOJIBKO B MMOJIE JEHCTBHTEIbHBIX YHCEN, TO3TOMY
pellieHHe WX MPUXOJUTCSl HAYMHATH C ONpejeseHusi 06JaCTH JOMYCTHMbIX
3HaueHui ypaBHeHusl. Jljisi 3TOro peliaercsi CHCTEMAa HEPABEHCTB, KOTOpast
BbIPAXKAET HEOTPHLIATEJILHOCTL BCEX BbIPAXKEHUH TMOJ PAJUKAJAMKH UETHOTO
nopsifika. ¥Y»Ke 3Ta cuctema MoxKeT ObITh CaMa HPPALMOHAJIBHOM U ee pellieHne
vHoria ObiBaeT 3aTpyiHUTe bHbIM. [103TOMY uacto ee BooOlle He peLiaror,
a CTapatoTCsi BBIMOJIHSITH [PU PEIIEHHH YPABHEHHSI TOJIbKO 3KBHBAJIEHTHbIE
npeoGpaszoBaHusi, j06aBjsis B cJyuae HEOOXOAUMOCTH COOTBETCTBYHOIME
HepaBeHCTBA K MpeoGpasoBaHHOMY ypaBHeHHIO. [1peoGpasoBanusi, Kak npa-
BUJIO, NPEJICTABJSIOT W3 ceOsi BO3BeJleHHe 00€UX UacTell ypaBHEHHs B OJHY
U Ty XKe CTeleHb C LeJblo H30aBJIEHHsT OT HEKOTOPBIX PaiMKasoB. B cjox-
HBIX YpaBHEHHUsIX MPHUXOMMTCS J€J1aTh HECKOJIbKO TaKUX MpeoGpasoBaHHil
JI0 MOJIHOPO YHHUTOXKEHHUS PAJUKAJIOB.

[TosiHasi Teopust pellieH st HPPALMOHAJbHBIX YPABHEHHH IOCTATOUHO CJI0XK-
Ha U HMEeT MaJlo pPeasibHbIX NPUMEHEHHH, T03TOMY OObIUHO HUTJIE HE H3J1araer-
csi. B nocoGusix ajisi aGUTYpHEHTOB paccMaTpUBatoT HauboJiee HCHoJb3yeMble
npueMbl UX peiiieHdsi. Mbl TOXKe OrpaHHUUMCST HECKOJbKUMH 3aMeUaHUsIMH.

Kak npaBuJjio, nepeji BLITOJHEHHEM TAKOTO MPeoOpasoBaHusi B OJHOH ua-
CTH YpaBHEHHsI OCTABJISIIOT OJIMH PajMKaJ, a OCTajlbHble COGUPAIOT B JIPYrok
YaCTH (TOT MPHEM HA3bIBAETCS yeJIHHEHHEM PajiiKasia). 3aMeTHM, UTO HHOT/IA

17 Taukon
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nocJie TaKoro npeo6pa3oBaHus UMCJIO PaIMKaNIOB HE yMEHbLIAETCsl, a BO3pac-
taeT. Hanpumep, ecsin Bo BTOPO# 4acTH CTOMT CyMMa YeTbIpeX KBajpaTHbIX
pajuKaJoB, TO MocJe BO3BEIEHUs B KBaJpaT UX CTaHET LiecTb. B Takux no-
BOJIHO PEIKHX CJIydasix HHOTJA Jydlle pacrnpelesuTb pajuKaJjbl Mexy da-
CTSIMH ypaBHeHHUs 6oJ1ee PABHOMEPHO, HAIIPUMeEP, B paCCMAaTPUBAEMOM CJlydae
JIBA pajiKaJsa ¢ OJHOW CTOPOHBI, & TPU C APYroH.

Ho u 310 He Bcerna nomoraer. Hanpumep, paccMOTpUM ypaBHEHHE BHA

Vai+ay + Va3 =vai + Vas + Vae.

31ech KaK HU pacripeesisii paadkadbl, Mocjie Bo3BeeH s B KBAApaT UX CTaHeT
ewle GoJiblie. UToObl MOJMyUHTb NpeAcTaBjeHre 00 00LLeM MEeTOJe CBeLEHHs
MppalMoHa/bHbIX YpaBHEHHH K ajre6panuecknuM, MoKayKeM, Kak H30aBUTbCS
OT pajIMKaJioB B ypaBHEHHH BHJA

Var + /a3 + as = b,

HE MepeHoCs paJuKaJibl B IpaBylO CTOPOHY. ,HJIH 9TOIo 3aMeTHM, 4YTO €CJIU
pacKpbITb CKOOKH B IMPOU3BEICHUN BCEX BOCbMHU Bpra)KeHl/lﬁ BHJ1a

X —o1/a) —o9/as —o3v/as, oy==x1, o9==+1, o3==I,

TO MOJIYUMTCS] MHOTOUJIEH OT X BOCbMOH cTeneHH, Ko3(pPUUHEHTbl KOTOPOTo
OyyT MHOIOUJIEHAMH OT MEPEMEHHbIX @; M He OyIyT COLepKaTb pajMKaJoB.
B sTOoM MOXHO y6enuTcs HEMmocpeACTBEHHO, pa3buBasi COMHOXKHUTENH Ha Ta-
pol Buaa (A +./az) n (A —,/az) v nepemHoXKas MX 10 NPABUJIY PAa3HOCTH
kBaapatos. Takum oO6pasom u3baBjsieMCsl OT /@3, MOCJE YEro MOJy4yuTCsl
4 npousBejienust (KBajpaTHble TpexusieHbl OT X ), KOTOpble pa3buBaeM Ha Maphbl
aHaJIorTMYHbIM 00pa3oM, U T. 1. [loxctaBum BMecTo X B MOJyUeHHbIH MHOTO-

YJIEH BbIpa>K€HHe
b=+/as+ +/as+ +/as

1 packpoeM cKoOKH. [TosiyunTesi cymma BOCbMH CJlaraeMbIX BHJIA
(0% a9 Q9 — 5 —
bajasasVay'agtag”, o;=0,1, i=1,23,

rie ba, ayq; ABASIOTCS MHOrOUIEHAMH OT NMEPeMeHHbIX a;, [ =1, ..., 6. D10
YTBEP2KIEHHE CTAHOBUTCS OUEBHIHBIM, €CJIH 3AMETUTb, UTO MHOXKECTBO [ BCex
CyMM YK43aHHOTO BMJid 3aMKHYTO OTHOCHTEJBHO CJIOJKEHHsS H YMHOXKEHHS.
Hare ypaBHeHHe nepenucbiBaeTcsl Tenepb Kak PaBeHCTBO HYJIIO T10JIy4eHHOI
cymmbl. [lepenuiem ero B Buae

“bogo= " 3 baymaVaiiaTag =],

(ar,09,03)#(0,0,0)
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rie booo # 0. Beuneanm crenenu f2, ..., f8 u 3ameTum, uto Bce OHM MpH-
HajiexkaT MHOXKecTBY F. [IpuHumasi npousBeaeHus

Va“ g% g o .
a,'ag’ag?, o;=0,1, i=1,23,

33 HOBbl€ HEH3BECTHBIE Yo, an.asy & =0, 1, i =1, 2, 3, MoxHO, noc/ienoBa-
TeJIbHO UCKJI0uasi epeMeHHble W3 MOJIYUeHHOH JIMHEHHOW cuCTeMbl *, Bblpa-
3uTb | =yo 00 B BULE

af+...+csf,

e ¢; — ApoOHO-paLMOHaJ/bHbIE BbIpAXKEHHs OT NepeMeHHbIX a;, i =1, ..., 6.
3amensisi f Ha MHOTOUJIEH —bo o OT TeX Ke MepeMeHHbIX, CBOIUM T10JydeH-
HOe pallMoHa/IbHOE YpaBHEHHE K are0panueckoMy YpaBHEHHIO OTHOCUTENbHO
nepemMeHHbIX @;, i =1, ..., 6. [loacraBsissi B Hero BMeCTo a; 3ajaHHble Bbl-
PaXKeHHsI U3 MCXOJHOTO YPABHEHHUS], MOJyuaeM ypaBHEHHe, KOTOPOe siBJIseTCs
€ro CJIeJCTBHEM, HO HE COJEPXKHUT YKa3aHHbIX LIECTH PaHKaJOB.

Pasymeetcs, nosyueHHoe ypaBHeHHe (MJIM TO YpaBHEHHE, K KOTOPOMY €ro
NPHUJIETCS Jlajiee CBOUTh) OYNET Co/lepKaTh Maccy MOCTOPOHHUX KOPHEH, KO-
TOpble MPHUJIETCS OTOPACHIBATD MOCJE MPOBEPKH.

CBeJieHHe MppPaLMOHA/LHOTO YpaBHEHHS K anreGpanueckoi cCucTeMe ypaB-
HEeHHH M HEPAaBEHCTB JayKe B HECJIOXKHBbIX HA BUJL YPABHEHHSIX MOXKET ObITb
JIOCTaTOUHO FPOMO3JKHUM. B 3THX ciydasix ecTecTBEHHO Monpo6oBaTh MOUC-
KaTb KaKOH-HUOY/b UCKYCCTBEHHBIH [IPUEM /151 PELLIEHHUS], BPOJE TeX, KOTOpble
NPUMEHSIIUCh K asre6panyeckuM ypaBHeHUsIM. Hanpumep, yragate KopeHb
1 BOCIOJIb30BATHCS MOHOTOHHOCTBIO WJIM KAKUM-HUOY/b MOAXOMSLIUM Hepa-
BEHCTBOM JIM0OO clle/laTh 3aMeHy TepeMeHHbIX, MHOT/A JaKe JIBe.

YnpaxHenue 126. Peiuure ypaBHeHue \3/6x + 28 — ?/6)( —28=2.

Ynpaxunenue 127. Pewmre ypasnenne \/x — 1/x ++/1 — 1/x =x.

YpaBHeHHSI ¢ MOMYJ/ISIMH TOXK€ BXOJST B KJACC HUPpalMOHAJbHBIX YpaB-
HeHUH, TakK KaK KaxKAblil MOJyJb MOXKHO 3aMEHHTb Ha pajiukaJs no dopmyse
|x| = Vx2. Vicniosib3ysi 5TOT NpHeM, MOXKHO H3GABHTLCS OT MOJYJIEH ¢ [OMO-
111blo BO3Be/leHUH B KBajapaT. MHorna sto nomoraer, Ho vatle npotuie n3bas-
JISITbCST OT MOJLYyJIEH TIPOCTHIM epe6opoM cilydaes.

HekoTopbie npremMbl MO3BOJISIIOT YMEHbUINTh KOJHUECTBO paccMaTpHBae-
MbIX BapUaHTOB. Hanpumep, rnpu pelieHul ypaBHeHHH BUJa

[x —aj|+...+|x—a,|=0b

(hopMasibHO HAJ0 PaCCMOTPETb MPH PACKPBITUM MOAyJel 2" BapHaHTOB,
a Ha camMoM JeJie JI0OCTaTOUYHO 3aMeTHTb, YTO Ha KaKIOM H3 OTPE3KOB

* Kak 3To aenaTb, OMKMCaHO B CJIejylolleM naparpade.
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[ai, ai11] paccmarpuBaeMas (yHKUMSA JHHeHHA, ¥ uTOObI, HANpUMep, Ha-
pucoBath ee rpacHK, I0CTATOYHO BBHIYUCJUTH €e 3HAUEHHs] B TOYKAX @;, UTO
Tpebyer nopsiaka 12 onepauuil CI0KeHHs U BbIUHTAHHSI.

Culenyroliii Kjacc ypaBHEHWI HasblBaeTcsl KIACCOM MpaHcyeHoerm-
HolX YpaBHEHHH M BKJIOUAET BCE OCTasibHble ypaBHeHHs. B HeMm BblaesitoT
MOJIKJIACCHI JIOTapU(PMUUECKUX, TOKA3ATEIbHbIX 1 TPUOHOMETPHUECKUX YPaB-
HEHHH, HO YacTO BCTPEUYAlOTCsl TAKXKe M CMellaHHble YpaBHEHHsl, B KOTOPbIX
YUaCTBYIOT BCe 3JieMeHTapHble (DYHKIHH, B TOM UHCJIE U paauKasbl, U 06paT-
Hble TPUTOHOMETPHUUECKHEe, a MHOTIA JlayKe W 3HAKH 1lesoll yactu. [loHsTHo,
uTO OOLLEH TEOPHH TAKUX YDABHEHU HE CYIIECTBYET, OJTHAKO MPUOJHIKEHHO HX
KOPHH MOXKHO BbIUHCJISTh, HAIPUMEDP METOJIOM BUJIKH MJIH MeTOI0M HbloToHa.

JIst uX pelleHnsi MPUMEHSIIOTCSI CaMble Pa3HOOOPAa3Hble UCKYCCTBEHHbBIE
npUeMbl (TPIOKH), HAMIPUMep, yrajblBaHHe KOpHeH U mp.

YnpaxHenue 128. Peuuure ypaBHenue 16* =log | x.
16

YnpaxHenue 129. Peiuuure ypaBHenue 3 4 4* = 5*.

Ho Ha 3K3aMeHax OObIUHO MpeAJIaraloTCsi ypaBHEHHS, KOTOPbIE JIErKO
(M1 He ouveHb) CBOAATCS K ajre0paHuecKHM YpPaBHEHMSIM, Kak IPaBHJIO,
KBaJpaTHbLIM.

Kak 3To fiesiaTh /1151 HEKOTOPbIX KJIaCCOB TPUTOHOMETPHUECKHX YPABHEHHUH,
Oynet sicHo nocJie npoutenus §4.17. OnHako Aasi pellleH|si TPUTOHOMETPHU -
YecKMX YpaBHEHHMH eCcTb Macca CBOMX COOCTBEHHbIX MPHEMOB, B OCHOBHOM
CBSI3aHHBIX C Pa3JIOKEHHEM Ha MHOXKHUTEJH, KOTOPbIE T03BOJISIOT IOCTHUD Lie-
st 6bIcTpee, ueM MeTolbl M3 §4.17. 3ech Mbl He GyjieM MX M3JaraTb.

3anauu ¥ ynpaxxHenus K §4.12

Peluunte ypaBHeHust

1. (Xappuor.) x® —3x —52=0.

2. (Creun.) Px3 —6x —40=0.

3. OKupap.) (i) x® — 13x — 12=0; (i) x> —4x +3=0.

4. (Mexapr.) (i) x®—8x2—x+8=0; (i) x®—9x>+26x—24=0;
(ifi) x* — 4x% — 19x% 4+ 106x — 120 = 0.

5. (Kapnano.) x* +2x3 4+ 2x + 1 = 13x2.

6. (Mondeppbe.) x5+ 3x° 4+ 2x* —2x2 —3x — 1 =0.
b2 B2

X
(Qn)!+.‘.+§+2—!+x+lf0 He UMeeT

7. JlokaxkuTte, UTO ypaBHeHHE
JIEUCTBUTENbHBIX KOPHEH.
8. Peunre ypaBHenue

(—1)”;((;(—1).'..(x—n-i-l)_i_m_’_x(x—i—l) X
n! 2! I!
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§4.13. Cucrembl ypaBHeHUH

CucTeMbl ypaBHeHHI, BCTpeuaBLInecs: paHee, OblJIH B OCHOBHOM CHMMeT-
pUYecKUMH. AJITOPUTM HX perieHust O6blT H3soxKeH B § 3.10 0 cHMMeTpHYecKHX
MHOIOYJIeHaXx.

3aMeTHM, OJIHAKO, UTO He CJIelyeT TOPOMUTCS CBOJAUTb CHCTEMY K Teope-
Me Buera, kak pekomeH10oBaHO B 3ToM naparpade. MHorna npote yrajgatb
pelleHHe, a 0TOM J0Ka3aTb, UTO APYTHX peLIeHHi HeT.

Ynpaxuenue 130. Peuuure cucremy

x+y+z+w=10;
2+ y? + 22 + w? =30;
13+ y? 4+ 2% + w3 =100;
xyzw = 24.

[Tocsie Toro Kak Bbl yrajaju OJHO pelleHHe, MOKHO TOJYUYHTb H OCTaJlb-
Hble pelleHus, BbITOJHUB Bce 24 nepecTaHOBKH €ro KOMMoHeHT. OTCyTcTBHe
JIPYTHX pelleHHil BbiTeKaeT, HarpuMep, U3 TeopeMbl bedy o Tom, uto cucrema
ajareOpanyecKUx ypaBHEHHH HMeeT UMCJIO pelleHUid, He 6oJblliee NMPOU3Beie-
HHSA CTeMeHel ee ypaBHEHUH, eCsld, KOHEUHO, OHA He SIBJISeTCs HeolpeleJseH -
HOH W UMelollell nosToMy OecKoHeuHo MHoro petieHui. Ho nokaszatenbcTBo
9TOH TEOPEMBbI CJIOXKHO, U Mbl He OyjieM ero npuBoanTh. [TosTomy syuliie npesu-
CTaBHM, UTO Mbl CBEJIM BCEe-TAKHW CHCTEMY K cUCTeMe Buera, u 3amerum, uTo
cuctema Buera n-ro nopsiaka uMeer He GoJiee rn! pelleHHH, MpUUeM HUMeeT
poBHO 1! pellieHHH, eC/iM COOTBETCTBYyIOLIEEe ypaBHEHHE He HMeeT KpaTHbIX
KopHeil. Bripouem, cuctemMa MoKeT He UMETb pelleHHi, eC/H He BCe KOPHU
ypaBHeHHsl IPUHAVIEXKAT PACCMAaTPUBAEMOMY TOJIIO.

[Ipy pelieHUM HECHMMETPHYHBIX CHUCTEM 4acTo MPHMEHSIIOT pazHooOpas-
Hble HCKYCCTBEHHbIE [TPHEMbI, HalIPUMep, UTepalyH, Kak B §3.7.

YnpaxHenue 131. Pewuure cucremy us §3.7

y=x>—1
z=y*—1;
x=22—1.

Mcnosib3ytoT ueH, 3aMMCTBOBAHHbIE H3 KOMIJIEKCHBIX uucels, Kak B §4.3.
Ynpaxnenue 132. Pewure cuctemy us §4.3
x—3y
x2+y?

3x+y
—|——:3‘
VT ety

)

le/lMeHﬂlOT HEPaBE€HCTBA, KaK B cneay}omeﬂ CHUCTEME.
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Ynpaxnenue 133. Pewute cucremy
2002 4 2002 _ .
2 4+yi=1.
XoTsi OHA U CHMMETPUUHAsI, TPUMEHSITD JJIsl €€ PellieHus: OOLIMH METOL pe-
ILIEHUsT TAKKX CHCTEM Hepa3yMHo. HepaBeHCTBA MOMOraioT periaTb U CHCTEMDI,

B KOTOPBIX YHCJIO YPaBHEHHI MeHbLIE YyhcJia HeH3BEeCTHbIX, HallpuMep, CJey-
IOLLYI0, KOTOPYIO, TPaB/Ja, MOXKHO PELUTb W KaK CUMMETPHUECKYI0 CHCTEeMY.

Ynpaxnenue 134. Pewute cucremy

xyz =28;
P+t +2=12.

MHorya nomoraet pasJioxeHHe Ha MHOMKHTEJH.
YnpaxHenue 135. Peuuure cucremy

2x% 4 3xy — 2y? — 6x + 3y =0;
3x? +7xy +2y*> —Tx +y —6=0.

Ho HauGoJiee pacnipocTpaHeHHble NPUEMbl — 3TO BCEBO3MOXKHbIE 3aMeHbl
nepemMeHHbIX. Hanpumep, 3ToT nprem xopoio paboTaer /st CHMMETPUUYECKHX
CHCTEM.

[IpocTeiiinii ero BapuaHT — 3TO BbIpaKeHHE U3 OJIHOTO YPABHEHHUS OJHOMN
HEeHW3BeCTHO uepe3 Jpyrue M MoJCTaHOBKA 3TOr0 Bblpa)kKeHHsl B OCTaBLIHECs
yYPaBHEHHsl, MOCJIe Uero MoJiyyaeTcsi CHCTeMa C MEeHbLIMM YHCJIOM HEM3BECT-
HBIX WJM Jaxe OIHO ypaBHeHue. [ljisi ero mpuMeHeHHs HAJ0 HaWTH OJHO
13 YpaBHEHHI CHUCTEMbI, pa3pelinMoe OTHOCUTENbHO OJHOH M3 HEM3BECTHbIX.
TeopeTnueckn 3TO BO3MOXKHO, €CJIM 3Ta HEU3BECTHAsl BXOJAMUT B ypaBHEHHE
B CTENEHH He BbIlIe UeTBepPTOH, OJHAKO eCJiM MOoJIyueHHOe BblpakeHHue OyJeT
COJlepKaTh pajiMkaJbl, BPSIA JIMH OHO BaM rnomoxkeT. Ho nonpo6osath Bceraa
MMeeT CMbICJ, TaK Kak pajauKaJjbl MOIYT W He rosiBUTbesl. Hanpumep, eciu
OJIHO M3 ypaBHEHWH OJHOPOJHOE C JIByMSl HEM3BECTHbIMH H C HYJEBOH Mpa-
BOW 4acCTbiO, TO OTHOLEHHE HEH3BECTHbIX MOXKHO HaWTH, pellasi ypaBHeHHE
C MOCTOSIHHBIMU KO3(hHlIeHTaMH.

Ynpaxuenue 136. Peuure cucremy
xt + kxPy — 6x2y? — kxy® 4+ yt =0;
x24+y?=1.
Hasnuuue B cucreMe napameTpa He JOJKHO BaC CMYLLIATh — OT HETO OTBET
3aBUCETb He OyJeT, X0Ts B OOLIEM CJlyuae 3aBUCHT, U €llle KaK.

CaMmblit TPOCTOM, HO B TOXKE BpeMst U CaMblil Ba>KHbIH KJ1acC CUCTEM ypaB-
HEHHIl — 3TO CHUCTeMbl MEPBOH CTENeHH, WM AuHeliHble cucTeMbl. BoJblias



§4.13. Cucrembl ypaBHeHUH 263

yacTb CUCTEM YpaBHEHHH, KOTOpPble MPUXOAUTCS pellaTh BO BHEMaTeMaTHue-
CKHX TPHUJIOJKEHHSIX, KaK pa3 W COCTaBJSAIOT JHHEHHble cucTeMbl. KX Teopus
paspaboTaHa Jiyullle BCEro M JIEKUT B OCHOBE BaXKHOT0 pasjiesa anre6pbl — Tak
Ha3blBaeMoOH AuHeliHol areebpol. VI3yueHne 371eMeHTOB JIMHEHHOH asre6pbl
MepUOMUECKH BKJOUanoch B Kypehl aireOpel 8 @MIIL MI'Y, Ho B nocsentee
BpeMsl 3TO Je/1a/]10Ch OUeHb PEKO, B OCHOBHOM I10 MPHUMHE HeXKeJaHus Jy-
6JIMpOBaTh YHUBEPCHUTETCKUH Kypc. Mbl 3/1ecb MO3TOMY OrpaHHUUMCST TOJIBKO
HauyaJbHbIMH CBEJICHUSIMH O JIMHEHHbIX cHCTeMaXx.

[Ipuem, KOTOPBIM OHH pellatoTes, — BCE TO XKe HCKJIOUEHHEe HEU3BECTHBIX,
1 JleJlaeTcsl OHO 11 HUX 0COOEHHO NpocTo. B nepBoM ypaBHeHMH Bblpaka-
eTcsl TepBasl yKe HeW3BecTHasl uepe3 ocTaJjbHble (KaK roBOPSIT B JHHEHHON
anredpe, B BUJE AUHEUHOU KOMOUHAYUU OCTAJIbHBIX HEH3BECTHbIX), €€ Bbl-
pakeHHe MOJCTaBJIIeTCsl B OCTaJibHble YpaBHEHHsI W MoJydaercsl JiMHeHHas
cUCTeMa C MEHbLUMM YHCJIOM YPaBHEHHH U HeM3BeCTHbIX. K Hell npuMeHsieTcs
TOT 2Ke [PHeM, [I0Ka He MOJYUUTCS OJHO ypaBHEHHE.

34ech MOTYT BO3HUKHYTb TpH cJjyuast. B nepsom ciyuae, HauboJiee 4acTo
BCTPEUAIOILIEMCS] B CUCTEMaX, B3ThIX U3 3aJaYHUKOB, MOJy4Yaercsl JMHeHHOoe
ypaBHeHHE C OJIHOH HEM3BECTHOMH, KOTOpPOe JIETKO peliaercs *.

Bo BTopom ciyuae noJsiyuaercst ypaBHeHHe ¢ HECKOJIbKHMH HEH3BECTHBIMH.
B sToMm cjyuyae roBopsT, UTo cucTeMa HeonpedeieHHas, Tak Kak oHa UMeeT
6eCcKOHeUHO MHOro pelueHHi. UToObl UX Bce HAUTH, HALO NPHHATL BCE HEU3-
BECTHbIE U3 MOCJIEIHET0 YPaBHEHHsI, KPOME OJIHOTO, 32 TapaMeTPbl H BbIPA3UTh
yepes HUX (B BUJE JHHEHHOH KOMOWHALMM) BCE OCTABLUMECS HEU3BECTHBbIE.
EcJii unc/io napamMeTpoB paBHO R, TO FOBOPST, UTO CHUCTEMA UMEET k-MepHoe
APOCMPaArHCcme0 peuLerull.

B tpeTbem ciyuae noJsyuaercst He ypaBHeHHe, a [IPOCTO HEBEPHOE paBeH-
CTBO, KOTOPO€ O3HAauaeT, UTO CHCTEMa He MMeeT pelleHusi (CHCTeMa Hecos-
MecmHa).

Peluath JinHelHble CHCTEMbl HAYUUJIMCh IaBHO, HO 3TOT METO/L [0 TPaULHH
CBsI3bIBAIOT ¢ HMeHeM [aycca.

Ynpaxuenue 137. Peuure cucremy $SImpiuxa **
X +y=2(z+u);

x+z=3(y +u);
x+u=4(y+=z).

* Bripouew, Jierko TOJBKO JUIsl TOTO, KTO 3HAET, UTO Takoe ApoGH. [IpeBHHE erHMTsHe, KOTO-
pble, BHAMMO, MEPBbIMH HAYUHJHCb pellaTh Takhe ypaBHEHHsl, TOCTPOMJIH JUIsl STOTO JIOBOJILHO
9K30THUECKYIO, C COBPEMEHHOMH TOUKH 3PEHUS], TEOPHIO PALMOHAJBHBIX 1pOGeH.

## SIMBJIMX — JpeBHerpeyecKuil MaTeMaTHK, GUJI0CO(h 1 MHCTHK, HaNKCABLIMIA KHUTY 06 DJieB-
CHHCKHX MHCTEDHUSIX.
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Ha npaxruke meton [aycca MoKeT IPUBECTH K TPOMO3AKHM BbIUHCJ/IEHUSIM.
O6beM BbIUHCJEHHI MOXKET CHJIbHO 3aBHCETb OT BblOOpPA MOpPsiKa HCKJIO-
UeHHsl Heu3BeCTHbIX. KpoMe Toro, oH He jaeT siBHbIX (OpPMYJ JIsi PeLleHUs
1 He Bceria yl100eH NpU TeOPeTHUECKUX UCCJIeI0BAHHSX.

B nuneiinoit anre6pe BbipaGoTaHbl clieliManbHble y100Hble c10co6bl pabo-
Tbl C JIMHeHHbIMU cucTeMaMu. [TpousBosibHas cuctema npeacTasisieTcs B BUe

ayixy+...+ayax, =by;

A X1+ oo+ Xy = by,

rJle HEU3BECTHbIE U KO3 PULMEHTb 0003HAUAIOTCS C TOMOILbIO HHeKcoB. Ta-
6JiMlla pa3mepa f1 X 11, cocTaBJjeHHast U3 KO3((PUIMEHTOB CUCTEMBI,

HaszblBaeTCsl mampuyeti CUCTEMDI.

Meton Taycca MoxKHO nepedopMy/sUpOBaTh B TEPMHUHAX 3J1E€MEHTAPHbIX
npeo6pas3oBaHuil. IremenmapHolm nPeobpa308arnuem CUCTEMbl Ha3blBaeT-
Csl 3aMeHa OJIHOTO M3 ee YpaBHEHMH Ha CYyMMYy 3TOrO YpaBHEHHs C JPYTHM
YPaBHEHHEM CHCTEMbl, YMHOKEHHBIM Ha MPOHM3BOJIbHOE YHCJIO.

Ynpaxnenue 138. Jlokaxure, uTo 1ocjie 3jieMeHTapHOro npeobpa3oBa-
HU$I CUCTEMbI OHA OCTAETCSl PABHOCHJbHOW MCXOJIHOH.

DJieMeHTapHOMY MPeoOPA30BAHHIO CHCTEMbI COOTBETCTBYET 3/1€MEHTAPHOE
npeo6pazoBaHue ee MaTpHUllbl, KOTOPOE 3aKJ/ioyaercsl B TOM, UTO K OJHOH ee
CTpPOKe npubaBJsiercs Apyrasi, yMHOXKEHHAsl Ha POM3BOJIbHOE JaHHOE UMCJIO.

B uactHocTH, NMoaxoasiliasi NOCJEN0BATENbHOCTb JEMEHTAPHBIX 11peod-
pa3oBaHWH MPUBOJAUT K TAKOMY 4acCTO HCTOJb3yeMOMY Mpeo6pa3oBaHuio, Kak
CJIO’KEHHE BCeX YPABHEHUH CUCTEMbl M 3aMeHa Ha MoJlydeHHOe YpaBHEHHE OJ1-
HOTO M3 ypaBHEHUH CHCTEMBI.

Yno6HO ellle OTHECTH K UMCJY 3JieMEeHTapHbIX MpeoOpa3oBaHUi nepecTa-
HOBKH CTPOK M NepecTaHOBKH CTOJIOLLOB MAaTPHLbl (MM COOTBETCTBYIOT Iepe-
CTAaHOBKHM YPaBHEHHH U TlepEeMEHHbIX B CHCTEME).

YnpaxHenue 139. Peuure cucremy

X+y+z+u=1;
y+z+v+u=>;
x+u+ov+z=2
x+ut+v+y=4
v+x+z+y=_8.
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DJieMeHTapHble MPeoOpPa30BaHUs MOXKHO NMPUMEHSITH HE TOJLKO K JIHHEH -
HbIM cucTeMaM. MOXKHO Jisl TIPOM3BOJIbHBIX CUCTEM B OIPEe]eHUH JleMeH-
TapHbIX IPe00pPa30BaHUil pa3peLiuTb YMHOXKEHHE He Ha KOHCTaHTY, a Ha Mpo-
M3BOJIbHOE BblpaKeHHe.

Ynpaxuenue 140. Peure cucremy

x —y=x*y%
g2+ xty +yte=0.

B TepmuHax ssieMeHTapHbIX peoOpaszoBanuil MeTon [aycca MoxKHO npef-
CTaBUThb CJeylolIUM 06pa3oM. BoinosiHsieTes: Moc/1e10BaTebHOCTD SJ1eMeH-
TapHbIX Mpeobpa3oBaHuii, KOTOpasi MPUBOAUT CHCTEMY K TPEYroJbHOH WJIH
TparneLueBUHON.

Cucrema ¢ KBaJpaTHOH MATpHULIEH HA3BIBAETCS MpeyeoabHOl, eClii B ee
MaTpULE 71 X 1M BCE 3JEMEHTbI a; j, [ > j, PACNOJIOKEHHbIE HHXKE JHarOHaJH,
paBHbI HYJIO, HO a1 ... amm#0.

Cucrema HasblBaeTcst mpaneyuesioHol, eCid B ee MaTpule | ... dp i 7
#0, B ctpokax (k + 1)-ii 1 HHKe (€CJIM OHU €CTb) CTOSIT TOJBKO HYJIH U HHXKE
JIMarOHAJIM — TOXKe HYJH.

Ynpaxuenue 141. Ecau cucrema TpeyrosbHas, TO OHAa HMEET €IHH-
CTBEHHOE pellleH’e, KOTOpOe MOXKHO HAUTH 3a rn(n — 1) onepatuil.

YnpaxHenue 142. Ecisu cucrema tparneuueBuHasi, To oHa JuO0 He UMe-
eT peLleHHH, ecyi HyJeBOH CTPOKe MaTpHLbl CHCTEMbl COOTBETCTBYET HEHy-
JIeBOH KO3((UIMEHT B TPaBO YaCTH COOTBETCTBYIOLIEr0 ypaBHeHHs, JHO0
B MPOTHUBHOM CJlyuae UMeeT (1 — k)-MepHOe MPOCTPAHCTBO pelLleHUH.

Ynpaxnenue 143. CioxHocTb ajroputma [aycca oleHUBaeTcs CBEpXy
3
Kak Cn®.

B npumenenuu anroputma l[aycca K 60JbLIMM CUCTEMaM Ha KOMIIbIOTe-
pax BO3HMKAeT MHOIO NpobJieM, CBSI3aHHbIX KaK ¢ BOSHHKHOBEHHEM CJIMLLKOM
60JIbIINX KOIPPULMEHTOB (nepenoaxerue), Tak U C JleJleHHeM Ha CJIHI-
KOM MaJible udcna (mawurHbl Hyav). B pedysnbrate uccienoBaHHH 3ITHX
BOIMPOCOB MOSIBUIMCH MHOTO Pa3HbIX KOMITbIOTEPHBIX aJrOPUTMOB /IS pelie-
HUS JIMHEHHBIX CUCTEM, M3JI0XKEHHIO KOTOPBIX TMOCBSALLEHbI Liesble KHUIH. Mbl
He Oy/leM 3/1eCb KacaTbCsl 3TUX MHTEPECHBIX BOMPOCOB.

PelieHue TeopeTHuecKUx BONPOCOB, CBA3AHHBIX C JIMHEHHBIMH CHCTeMa-
MH, Obl1o 3asepuleHo B XIX B. B pesysbrarte nosiBUJIMCh TeOpUsl MaTpHLL
1 TEOPHUs OIpPeJlesIUTeNel, KOTOPble, KaK BbIICHUIOCH CO BPEMEHEM, MUIpatoT
BaXKHYI0 PoJib B MaTeMaTHKe U 6e3 MpsMOi CBA3M C JIMHEHHBIMH CHCTEMAMH.
Mbl He MOXKeM 311ech M3/1araTb 3TH TEOPHH, YKaXKeM JIHLIb KPATKO FeOMeTpH-
YECKYI0 HHTEpIpeTaLHio JMHEHHbIX CHCTEM.
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Kaknoe u3 ypaBHeHHH cHCTeMbl BTOPOTO MOpsiaKa

ap Xy +ajgxe = by;
ag 1 X1 + agoxe = by
MOZKHO HpeﬂCTaBl/lTb Kak npﬂMy}O JIMHUIO Ha TIJIOCKOCTH C ypaBHeHI/IeM
a1 Xy +a[’2)€2:b[', i=1, 2.

MHoxecTBO Beex pemeHm"I CUCTEMbI COBIALACT C MNepeCceyeHUeM STUX MPAMbIX
aunui. Eciin auHun napaJJesjbHbl U HE COBIaAAal0T, TO CUCTEMa HECOBMECTHaA.
Ec/u oHM coBNajalnT — a 3T0 03HAUAET, UTO UX KOI( UIHEHTHI PONOPLHO-
HaJIbHbI:

ap; _ a2 by

agy ase by’
— TO CHCTeMa HeorpejeseHa U UMeeT OJHOMEPHOe MPOCTPAHCTBO pPeLleHHH.
Ecau npsiMble He mapaJiiesibHbl, TO CUCTEMa MMeeT eIMHCTBEHHOE peLleHue,
KOTOpO€ COOTBETCTBYET TOUKE MepeceueHusl ITHX MPsMBbIX.

B cayuae yiMHeHOH cHCTEMbl ¢ TpeMsl HEM3BECTHBIMH YPABHEHHSIM COOT-
BETCTBYIOT IJIOCKOCTH B TPEXMEPHOM IPOCTPAHCTBE. EC/M Cpein HUX eCTb
napaJjijieJibHble U HeCOBMaaIolIMe, TO CUCTEMa HecoBMecTHa. Ecin ecTh coB-
najarolie, To COOTBETCTBYIOLIME YPABHEHHUS] MOXKHO M3 CHCTEMbl YAaJHTh,
He MeHsisi MHO)KecTBa ee pelueHuid. [lapa HermapaJiesibHbIX MJOCKOCTeH Me-
pecekaercsl 1o npsMol JiMHUK. Ecsin 3Ta npsiMasi napaJJjesnbHa OCTajbHbIM
MJIOCKOCTSIM, TO CHCTeMa HECOBMECTHA, a €CJIM OHa COBIIAJlaeT ¢ MepeceyeHHt-
€M OCTaJIbHBIX MJIOCKOCTEH, TO MPOCTPAHCTBO PELIEHUH CHCTEMBI OJTHOMEPHO.
Ecsau Bce nyiockocTH COBMAjaloT APYyr ¢ JPYrom, TO MPOCTPAHCTBO pelieHHH
CHCTeMbl JIByMepHO. B ocraBuiemcsi cjyyae nepeceueHHe TpeX MIOCKOCTeH
siBJsieTcsl oJHOU Toukoi. Ecsin GoJibliie YpaBHEHUI HET, TO CUCTeMa HMeeT
OJIHO pelleHHe, TaK »Ke KaK W B CJyyae, KOrja ocTajibHble MJIOCKOCTH TOXKe
NPOXOJAT yepe3 3Ty TOUKy. B mpoTHBHOM cilyyae cucTeMa HECOBMECTHA.

[TonbiTKa maTh TEOMETPUUECKYIO HWHTEPINPETAlHUI0 JIMHEHHBIX CHCTEM
n-ro TOpsiKa MpHUBeSa K CO3/IaHHUI0 TeOMETPHUH /N-MEpPHOro MPOCTPaHCTBA,
KOTOpPOH Mbl He Oy/ieM 3/1eCb 3aHUMaThCSl.

Jlaist cucteMbl BTOPOTO MopsiiKa

a1 X| +ajoxe =by;
Qg X| + agoxe =bo
HETPYJIHO BBIBECTH M sIBHbIE (DOPMYJIbI JUIsl PELeHHH, MMEHHO

X = brags — boay o Yo = brag —boay
ajjags —asjars’ ajjags —asars’
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ecs @) ag9 — ag1a12 # 0. [logo6uble hopMyJibl yxKe AJIsT CHCTEM TPETbEro
nopsiika TPOMO3JIKH, a jaJiee CTAHOBSTCSI MPOCTO HeoGo3puMbIMU. [TosTOMY
JleiitbHWIL BBEJ TIOHSATHE OMPENEUTest KBAPATHOH MATPHILIbI 1 X 1.

Onpenenenue 102. Onpedeaumenem (Wi demepmuHarmom) MaTpu-
bl A pasmepa n X n ¢ 3/1eMeHTaMu a; ; HasblBaeTcs cymma scex n! npousse-
Oetuil BUNA A x(1) --- Apx(n), KAXKI0€ H3 KOTOPLIX COOTBETCTBYET ONHON U3 11!
pa3J/IMUHbIX [IEPECTAHOBOK T U Gepercsi cO 3HAKOM (), PABHbIM 3HAKY TOH
nepectaHoBkU. COKpallleHHO onpeaesuTe]b MaTpullbl o6o3Hauaercs det(A),
a uHorza u npocto |Al.

Dopmyaor Kpamepa pnjst pellieHusi CHCTEMbl ypaBHeHHH ¢ matpuueil A

1 CTOJIGLOM CBOOOJIHBIX UJIEHOB b, KOTOpble Mbl He Oy/leM JI0Ka3blBaTb, UMe-
10T BUJL

P det(A;)

T det(A)”
rie A; —wmarpuua, Kotopasi noJydaercsi, ecjqu B MaTpuie A 3aMeHUTb
i-# cTosbel, COCTOSALUMH M3 4HCeN ajj, ..., Ay, HA CTOJOEL, COCTOSILIHA

u3 uuced by, ..., b,.

Ho uTo6bl untaTe/ib NoJyUuns BCe »Ke HEKOTOpOoe NpeJiCTaBJeHHe O TeOpHH
onpejesuUTesel, npelaraeM eMy HeCKOJIbKO yIpaKHEeHHH.

Ynpaxuenue 144. Tlposepbre, uTO ONpele/uTe]b MEHSET 3HaK MPH I1e-
pecTaHoBKe JIOOBIX JABYX CTPOK HJIM JIIOOBIX ABYX CTOJIOLOB M HEe MEHSIeTCsl
MPU OCTAJIbHBIX 3JIeMEHTapHbIX NPe0OPA30BAHUSIX €r0 MaTpPHLIb, BbIIOJHEH-
HbIX KaK CO CTPOKaMH, TaK M CO CTOJIOLAMH.

YnpaxHenue 145. Hanuiure siBHble hopMyJibl ONpeeNUTENER BTOPOTO
W TpeTbero nopsiikoB. Jlokaxkute (opMysibl 1JIsi pelleHus] JIMHEHHbBIX CHCTEM
BTOPOTO U TPEThEro MOPSIAKOB.

Ynpaxuenue 146. Onpenenntenb TPeyrojibHOH MaTPHILbl paBeH NPOU3-
BeJIEHUIO JIMaroHalibHbIX 3JieMeHToB. OnpeesuTeb TpaneluueBUaHOH MaTpu-
bl PaBeH HYJIIO.

Ynpaxuenue 147. HenocpenctBeHHoe BbUHC/IEHHE OTIPEENUTENS 11-TO
nopsaka Tpebyer 7 - n! — | yMHOXKEHHH U CJIOXKEHUI-BbIUHTAHUH.

[Tostomy siBHY10 hOpMYJTy UCMOJB3YIOT /15 BBIUMCJEHUH TOMBKO IpU 11 < 3
¥ HHorja npu n=4. A BbIUMC/ISIOT onpeaeauTean Metojaom [aycca, npeo6-
pas3oBbIBast MATPHLY K TPEYroJibHOH (MJIM TpareLreBUIHON).

Ynpaxnenue 148. JlokaxxkuTe, UTO ONPEACJUTEINb 11-TO MOPSIAKA MOKHO
BBIUMCIUTL 3a Cn® apudmeTHuecknx onepaumii B nosie, HaJd KOTOPHIM pac-
CMaTpUBAeTCsl MaTpULa.

Gopmysbl Kpamepa HMEIOT MO3TOMY TOJBKO TEOpETHUECKOE 3HAueHHe,
¥ OpU 1 > 3 ISl PellieHUsl CUCTeM UcroJib3yercs MeTon [aycca 6e3 npenBa-
PUTEJIBHOTO BBIUHCJIEHHUS ONpeaeUTeNEH.
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Onpenenuresb MOXKHO FeOMETPHUECKH UHTEPIPETHPOBATH KAK OPHEHTHPO-
BaHHbIA 06beM NapaJjiiesienuresa, HaTSHyTOro Ha ee CTOJIOUb! (MM CTPOKH).
Mbl MosSICHUM 3TO yTBepxKJeHHe TOJbKO B JAByMepHOM cjydae. [lpu n=2
ap  ape
Az, Qg2
TSIHYTOTO Ha BeKTopa (a;,1a2), (a2,1as2), KoTOpasi 6epeTcsi CO 3HAKOM ILIIOC,
€CJIM T1epBblil BEKTOP MEPEXOAMT BO BTOPOH MPH MOBOPOTE MPOTHB YaCOBOH
CTPEJIKH.

st nokaszaresnbCTBa COBIMAJIEHUs] OPUEHTHPOBAHHOM MJIOLIAAN U Onpe/e-
JIUTEJISE MOXKHO TIPOBEPHUTD, UTO OPUEHTHPOBAHHAS TUIOLIA/b 00JIA/IAET TEMH 2Ke
CBOWCTBAMH, UTO U ONpeleUTelb, YKa3aHHbIMU B NPEIbIAyLLHX YIpayKHEH -
sx. OcTaercst TOJbKO 3aMeTHTb, UTO ONpPeNeNUTeNb eOUHULHOL MAMpPULbL
(MaTpullbl ¢ eIMHUIIAMM Ha TJIABHOW JMAaroHaJu a; W HyJISIMH BHE e€e) paBeH
eJIMHHULIE, TaK K€ KaK U COOTBETCTBYIOLIAS OPUEHTHPOBAHHAS MJIOLIA/b.

XoTs1 B OCHOBHOM JiMHeHHas1 anrebpa Oblia coznana B XIX B., ee pas-
BUTHE NpoJoJKaeTcsl U ceiluac. Hanpumep, Hemelikuii matematuk LlTpaccen
B 1967 roay npemioxKu/ airopuT™ Ajist peLieHus JHHEHHbIX CUCTEM 1-T0 MO-
pAZIKA M COOTBETCTBYIOLLMX OMNpejesuTeseil co caokHocTbio Cn'°% 7. dtor
pe3yJibTaT Bbi3BaJl CEHCAlIMIO, HO, K coxaJsieHHto, ajaroputm llItpaccena Hauu-
HaeT NMPEeBOCXOUTh aJropuT™ laycca ToJIbKO Ui MATPULL NOPSIKA HECKOJIb-
KUX coTeH. B nasbHetiniem ouenka LLtpaccena yCHIUsIMU €ro caMoro H Apyrux
MaTeMaTHKOB HEOJHOKPATHO yJyullasach U J0BeleHa cefiuac 10 oleHkd Cn',
e 7 < 2,35, opgHako runotesa LLtpacceHa o ToM, UTO MOXKHO MOJTYYHUTh OLLEH-
Ky, B KOTOPOH T — 2, ellle He JIOKa3aHa, a TOJIydeHHble HOBbIE aJrOPUTMbI
npeBocxoadtT ajaroputm LTpacceHa ToabKO 1Jii MATPULL KOJIOCCAJIbHBIX Pa3-
MEpOB H He UMEIOT MPAKTHUECKOTr0 3HAUEHHUS.

Hexotopble HesMHedHble CHCTEMBI JIETKO CBOAATCS K JMHelHbIM. [IpuBe-
JIeM MpocCTeille MPUMEPBI, B KOTOPbIX CBEJEHHE OCYLLECTBJSETC S Jorapud-
MupoBaHueM. Pagymeercsi, MOXKHO Jiorapu)MUPOBaHHUS He JleslaTh, a MOBTO-
PUTb Ha MYJBTHUIJIMKATMBHOM $I3blKe TO, UTO JI€JaeTcsi ¢ COOTBETCTBYIOLIEH
JIMHEHHOH CHCTEMOH Ha aJJIMTUBHOM.

Ornpeae/IuTe/ib MaTpHILbI paBeH MJolla/n MapaJijiejiorpamma, Ha-

Xy =75;
Ynpaxunenue 149. Pewute cucremy ¢ yz =6;
xz=T.
X =1;
xox3 =1,
Ynpaxnenue 150. Peumte cucremy < ...........
Xn—1Xp =15
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B cneﬂy}omeﬁ CUCTEeME HaJ0 BHauaJie BbIMTOJHHUTL pas3J/iozKeHHe Ha MHO-
2KHUTEJIU, [TOTOM IMOAXOASALLYIO0 ﬂMHeﬁHy}O 3aMeHy, MocJie yero cucrtema rnpumer
BHI, aHaJIOTHUHBIH npeabliyunMm.

Ynpaxnenue 151. Pewute cucremy

P=a+(y - 2%
=b+(z—x)?%
2Z=c+(y—x>
[Tepexoast K cuctemam OGIIEr0 BHIA, M3JOXKHM KPaTKO TEOPETHUECKHH

METOJ UCKJIIOUEHHA HEU3BECTHDLIX IJIsA aﬂreépauqecmx CHUCTEM C IBYMsl HEHU3-
BE€CTHbLIMHU. HyCTb JlaHa CHUCTeMa

f(x, y) =0;
gx, y)=0

Bynem pacematpuBath f(x, y) ¥ g(x, y) Kak MHorousensl F(x), G(x), Ko-
3 PUIHEHTBl KOTOPBIX SIBJSIOTCS MHOTOUJIEHAMH OT Y, epeMEHHYI0 § MOXKHO
paccMaTpuBaTh Kak napamerp. Torna 3agaua pelieHusi CUCTEMbl PABHOCHJIb-
Ha 3ajlaue HaX0XK/JIeHHs1 3HAUeHUI TapameTpa, MPH KOTOPbIX MHOTOUJIEHbI F(X),
G(x) umetor oblIHe KOPHH.

Kpurepuem Hajinuusi 06X KOPHEH Y IBYX MHOTOUWIEHOB SIBJISIETCST 06pa-
lleHHE B HyJIb HX pe3yibmarma.

Onpenenenue 103. Pesyromanmom res(f, g) nByX (KOMIJIEKCHDIX)
MHOI'O4JIEHOB

f(xX)=a,x"+...+ag, gKX)=bux"+...+ by

Ha3blBaeTCs uucao al g(xy) ... g(x,), rae xi, ..., X, — KOPHH MHOTOusleHa f
C yU€TOM KPATHOCTH.

Ynpaxuenue 152. Jlokaxkute popmyJbl

res ([, @)= '”b"HH —yp)=(=1)""res (g N=(=1)"b}, [(1) - [(>m),

i=1j=I
rae Yy, ..., Ym — KOPHH MHOTOUJIEHA g C YUETOM KPAaTHOCTH.

V3 noJyueHHbIX (hOPMyYJI cpasy CJelyeT Hy)KHOe HaM CBOHCTBO pe3yJib-
tanta: res(f, g) =0<= [ u g umeioT o6 KopeHb. Ho moJb3bl OT Hero
HHUKAKOM, €CJIM He YMETh BBbIUMCJIATL PE3YyJbTaHT, He 3HAs KOpHEH MHOTrouJe-
HOB. OKa3bIBaeTCs 3TO C/IeNaTh MOXKHO, U MHOTHMMH Pa3HbIMHU CIOCOGAMH.

Camblii IPOCTON M3 HUX NI MOHHMAHHUS OCHOBAH Ha TOM OOCTOSITEJb-
CTBE, UTO COIJIACHO TOJIyYeHHOH (POpMyJie Pe3ysIbTAHT He MEHSIETCs] IIPH JIF0OO0H
TriepecTaHOBKe KOpHeH KaKIOro U3 3THX MHOTOUJIEHOB, 3HAUHT, OH SIBJISIETCS]
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CHMMETPHUECKHM MHOTOUWIEHOM OT MEePeMEHHbIX X; ¢ KOd(duLeHTamu, 3a-
BUCSILLMMU OT Y, 3HAUUT, COIVIACHO TeopeMe O CUMMETPHUECKHX MHOIOUJIeHax
1 TeopeMe Bueta, oH siBJIsIeTCSI MHOTOUJIEHOM OT KO3((HUIIHEHTOB @; U OT KOP-
Hell y;, IpHYeM TOXKe CUMMETPHUECKHM OTHOCHTEJIbHO 3THX KOPHEH, 103ToMy
OH aHAJIOTHYHO MOXKeT ObITh BhIPA’KEH He uepe3 KOPHM y;, a uepe3 Kovhdu-
uMeHThl b; (BMecTe ¢ KoaddhuLHeHTaMu a;).

Ynpaxuenue 153. Haiinure pesysaprant

res (x* + p1x +q1, ¥° + pax +qo).

YKa3aHHbIH aJrOpUTM BbIUMCJIEHUS] pe3ysibTaHTa IpaKTHUECKH HHUKOrIa
He TipuMeHsieTcsl. [IpUMeHSIIOTCS aJrOpUTMbl, GJIM3KHe K pa3HbIM BapHaly-
M aJropuTMa EBK/HIA, MCMOJb3YIOTCS pas3jvuHble sBHble (HOpPMYJbl /s
pe3yJibTaHTa, HCMOJIb3YIOLIHE ONPEeJIUTEIH, HO Mbl HE MOXKEM 3lIeCh HX
13J1arath.

Bripaxas res (F, G) yepes kosdduumenTsl a;, b; mHorousenos F(x), G(x),
noJlyuaeM MHOTouJleH OT y. Ero cTerneHb MOXKHO OLEHUTb CBEPXY Kak MpPOU3-
BeJleHUe CcTerneHell MHorousieHoB f(x, y), g(x, y). Haxons ero kopHu u noju-
CTaBJIsIA UX B 00a ypaBHEHHSI CUCTEMbI, TT0JlydaeM J[BA MHOTOUJIeHa ¢ OOLIUMH
KOPHSIMM, KOTOPble MOXKHO HalTH, Bbluuc/sis BHavyase ux HOJL anropurmom
EBkanpa. OTciona MOXKHO BbIBeCTH TeopeMy bedy misi cayuasi AByX Heus-
BECTHBIX.

Ynpaxuenue 154. Jlokaxure teopemy besy njisi cucreM U3 JBYX ypaB-
HEeHHWH C JByMsl HEM3BECTHbIMH, a HMEHHO, UTO TaKasl cucTema JIMOo Heorpe-
JlesieHa U uMeeT GECKOHEUHO MHOTO pelIeHHH, OO0 HMeeT He OoJiee yeTbipex
peLIeHHH.

Ho pelath cucTeMbl U3 ABYX ypaBHEHHH C IBYMsi HEH3BECTHBIMH Jyullle
crenyolM preMoM. [lpumensist moaxofsiiee sneMeHTapHoe NpeobpasoBa-
HHe, ycTpaHsieM x° M3 OJHOTO M3 yPaBHEHHIl, M MOcJje 3TOro, BhlparKas X
uepes y W MOJACTABJIsIst BO BTOPOE ypaBHEHHE, M0JyyaeM ypaBHEHHE OTHOCH-
TeJILHO X He BbIlIe YeTBEPTOH CTEeleHH.

2 2 _1.
Ynpaxnenue 155. Peuure cucremy N . 2y° + 20y =1L
22 4 y? —xy —x +2y =3.

3anauu v ynpaxHenus kK §4.13

Pelunrte cucrembi:
x+y+z=aq

Lo ¢x?+y2+22=a%
Byt =ad

X+y+=aq
(X% + y?) (x> + y?) = 2a°.
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2x? o
xy = 10; fraZ =
’ 2
3. (Kapxu, XI B..) { xz =y 4. 2 _ .
I+y2 7
x4 y? =22
2z —
1422 7

X1 +2x0+...4+2x,=1;
Xy +3x0+4x3+...+4x,=2;

5.
X1+ 3x0+ ...+ 2k — V)xp 4+ 2kxpy 1 + ...+ 2kx, =k
X1 +3x0+5x3+...+2n—3)x,—1+2n—x,=n.
xp —3x2 +2x3 > 0;
X9 — 3x3+ 2x4 > 0; yz/(y +2)=a;

6. < . 7. { xz/(x +2)=0;
Xgg9 — 3x100 + 2x1 2 0; yx/(y +x) =c.
X100 — 3x1 + 2x2 2 0.
?x"'x”)/cx}x:il;' X+y+z=2a

8. 1X3 ... Xp/ X2 =0Q9, 9. x2+y2—22:a2;
................... Sxyz — x°— gb — 25 = b3,
X1 oo Xp—1 /X0 = ay

§4.14. louemy ypaBHeHHsI MOTYT ObIThb HEOTPAHUYEHHO
TPYAHBIMHU

Kak yxxe uutaTenb 3Haer, ajsrebpandeckue W HppalMoOHajbHble ypaBHe-
HHS1, HEPABEHCTBA U CHCTEMbI MPEJACTABJSIOT HE NPUHUUNHAJbHbIE, @ TONBKO
TeXHHUYEeCKHe TPYIHOCTH, TaK KaK OHH MOTyT ObITb CBeJleHbl K aJjrebpanye-
CKHM YpaBHEHMsIM, KOTOpbI€ €CJIH M He BCerja MOXKHO pellHTb B pajuKaJax,
TO MO KpalHel Mepe MOXKHO PelIHTb UHCJEHHO CKOJIb YTOJHO TOYHO.

YpaBHeHUs1 mpaHcyeH0ernmHble J0BOJbHO PELKO YAAETCs CBECTH K aJl-
re6panueckuM, U Torjaa npuberatoT K UMCJEeHHOMY pelleHHIo, Harpumep, Me-
TOAOM MTepauuil uiu merogom HbioToHa.

[Tokaxkem, uTo, BoOOLIE roBOpPsl, pelleHHe TPaHCLEHAEHTHbIX ypaBHEeHHH
MOKET BbI3bIBATb MpPUHUMIHKAJbBHbIE 3aTPyAHeHHs. BHauase i npocToTbl
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paspelluM HCOJIb30BaTh B YPABHEHHUSIX LEJYI0 Y4acTh |X| M MOJyYaroLLylo-
csl U3 Hee 1poGHYI0 yacThb {x} =x — | x|. Paccmorpum cucremy

XY —z2t=1;
x=4+x}+x¢+x2+x3
Yy=yi +y5+y3+ui
2=2+4z21+25+22 + 22
t=t}+ 15+t + 15
{x1}=0;

{x4}=0;

{y1}=0;

{y4}=0;

{z1}=0;

{z4}=0;

{t,}=0;

{t;}=0

Ecau sta cucrtema MMeeT pelleHHsl, TO MepeMeHHble X;, Y;, 2, 1; BJs-
I0TCS 1leIbIMU UMCJIAMHU, a TaK Kak COrJIacHO TeopeMe JlarpaH:ka o ueThlpex
KBajJpaTax Jilo0oe HaTypajibHOE UMCJIO MPEICTABMMO B BHJE CYMMbl UEThi-
pex KBaJpaToB LEJbiX UHUCEJ, TO MepeMeHHble X, Yy, 2, [ TP 3TOM MOTYT
NPUHUMATL JitoOble HATypaJibHble 3HaueHusi, rnpuuem x >4, z > 2. ITosromy
3aJlaua CBOJIUTCS K PELIEHUI0 B HAMypaibHulx Yucaax ypaBHenust Kartanana
x¥ —z! = 1. Ho y 31010 ypaBHenus, Kak npeanoJoxui Karanan u noka ere
HUKTO He J0Ka3aJ, eCTb TOJbKO OJHO pelieHue (x =3,y =2, 2=2, { =3),
KOTOpOe He YIOBJIETBOpPsieT HepaBeHCTBY x > 4. [losToMy Heu3BecTHO, HMe-
eT JIM JlaHHasl cucTeMa pelieHust *,

Koneuno, M0kHO Hanucathb MoJ06HYI0 cucremy Jyist jito6oro duoghamnmo-
8a ypasHeHus, T.e. ypaBHenus Buja P(xy, ..., x,) =0, rie P — npousBoJib-
HbIH MHOTOUJIEH C LEJbIMH KO3((HIIMEHTAMH, KOTOpPOEe TOXKe HAj0 pelliaTh
B 1e/bIX uucsaax. [1pu aTom, KeTaTh, MOXKHO He MCMOJb30BaTh Teopemy Jla-
rpaHXa 1 HanucaTb 0oJiee MPOCTYI0 CUCTEMY

P(xy, ..., x,) =0;
{x1}=0;
(=0

* CpaBHHUTe/IbHO HellaBHO TaiiiemMan 10Kasal, uTo ypaBHeHHe KarasaHa umeer KoHeuHoe unc-
J10 pelIeHHH.
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MtHorue nodaHTOBbl ypaBHEHHsSI JI0 CUX NOpP He pelieHbl. BoJiee ToroO,
B 1970 rony acniupant JIT'Y, Boinyckuuk @MII Ne 18 npu MI'Y IOpuit Ma-
THsIceBUY * J10Ka3aJl, 4To npobsema pacro3HaBaHUsl TOTO, UMEET JIH pelleHHUs]
NPOM3BOJIbHOE JHOGAHTOBO ypaBHEHHE, AA1OPUMMULECKI Hepaspeuwuma.
[TosTomy ¥ HeT ajroput™a Jijisi pellieHUsl MPOU3BOJIbHBIX TPAHCLEHIEHTHbBIX
CHCTEM.

3ameTuM, uTo JIIOGYI0 CHCTEMY MOXKHO 3aMEHHUTb Ha OJIHO YpaBHEHHe, TaK

KaK cucrema
filxr, <oy Xa) =0;

paBHOCI/IJTbHa ypaBHeHmo
Fixr, oo, x0)? H oo Fnlxr, oo, xa)? =0,

KcraTn, npon3BoJibHYI0 CHCTEMY HepaBEHCTB

Fi(xi, ..., xn) = 0;

MO2KHO 3aME€HHUTb Ha OJHO YypaBHEHHE

(Fr(xty oo X)) — D2+ o+ (X oo, x0) — y2)2 =0,

cojieprkalliee J0MOJHUTEbHbIE HEU3BECTHbIE, HO PABHOCHJIBHOE HCXOHOH CH-
creme.

Ecau BamM He HpaBUTCS, UTO y TAKUX YPaBHEHWI MHOIO HEU3BECTHbIX,
TO MOKHO BCe HEU3BECTHbIE X;, i = 1, ..., 1, IPUHUMAIOLLIME HATYPaJIbHble 3HA-
UeHMsl, 3aMEHUTb Ha OJIHO HaTypaJibHOe HEH3BECTHOE X TaKoe, UTO X; = Cp i (X),
Te ¢, i(x) —Takue (YHKUMH, uTo sl Jio6oro HaGopa HATypaJsbHBIX 3Ha-
ueHul x;, i =1, ..., n, HaWJIeTCs €IMHCTBEHHOE HATypaJibHOE X TaKoe, uTo
Xi = Cni(X).

Takue GyHKLME MOXKHO BbIPAa3UTD uepes PYHKIMIO | /X |, KOTOPYIO MOXKHO,
KOHEYHO, CUNTAThb JIeMEHTAapHOH, eCJ/IM PEelUThb CJelylole YIpaKHEeHHs.

YnpaxHenue 156. JlokaxkuTe, uTo ypaBHeHHE
cx, )=x+yx+y+1)/2+x=n,

riue I’l—HaTypaJIbHOE 4yHCJ0, UMeeT €JIUMHCTBEHHOe peu_leHHe B HaTypaJIbeIX
yucJgax
x=cy1(n)=1Un), y=coo(n)=r(n),

* 10. B. Marusicesnu (poa. 1947), un.-kopp. PAH, npodeccop marmexa CII6IY.

18 TauikoB
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rue

l(n):n—% {HNSHW {L\/&l—;lJ—IJ ’

i = | DL v,

3HAUWT, 3TH (YHKLUMH YIOBJETBOPSOT ToxKaectBaM 1 =c(l(n), r(n)), x=
=lc(x, y), y =r(c(x, y)).

Ykasanue. Tak Kak
2n=(x+y’+3x+y, 8n+1=(2x+2y+3)?—-8y—38,
BbITTOJIHAOTCA HepaBeHCTBa
2%+ 2y + 1< [VBn+ 1] < 2x +2y +3,

VBT 41
x+y+1<{%J <x+y+2

Onpenesum Mo MHAYKUMH (DYHKIMH

c"(xy, ey Xn) :c”_l(c(xl, X9), X3y «ny Xn),
Cat(x)y=1(l ... l(x) ...),
Cno(X)y=r(l(l ... l(x) ...)),

Ynpaxnenue 157. JlokaxuTe TOXeCTBa

" (Cn1(X), ooy Can(X) =X, cai(c (X1, .l X0)) = Xi

Baiaromapst 3THM TOXKIECTBAM MOXKHO HArMcaTh CHCTEMY C OJHHM HeH3-
BECTHBIM
P(cni(x), ..., cnn(x)) =0;
{x}=0,

a MoTOM TIepe/ieNiaTh €€ B OJIHO YPaBHEHHE.

Ecuiu ke BaM He HPABUTCSI UCIO/L30BAHUE B HTHX CHUCTEMAX LIEJIOH YacTH
(oHa XOTb M OueHb MpocTast (PYHKIMsl, HO BCE »Ke pa3pbiBHAsl), TO €€ BIIOJIHE
MOKHO 3aMeHHTb CHHYCOM, HO CHCTeMbl OYIyT HEMHOTO CJIOXKHEe.



§4.15. Aure6pa u reomerpusi 275

Ynpaxuenue 158. Jlokaxure, 4yTo cucTeMa

P(xy, ..., x,) =0;
sin (w) = 0;
w>3;

w<4;

sin (wxy) =0;

sin (wx,) =0
paBHOCH/IbHA THO(AHTOBY ypaBHEHHIO

P(x1, ..., x,) =0.
YkaszaHue w=m, nosromy sin (wx;) =0 o3Hauaer, uto x; — Uejoe
YHCJIO.
YKasaHHYyIO CHCTeMY JIETKO 3aMeHHTb Ha OJIHO ypaBHeHHe

Pxi, oo X))’ +(w=3-p?) P+ 4 -w-2%"+
+sin (w)? 4 sin (wx)? + ... 4 sin (wx,)? =0.

MoxKHO, HO 3TO CJIO)KHee, 3aMEHUTb OJIHO YpaBHEHHE Ha PaBHOCHJIbHOE
ypaBHEHHEe U JaXKe HEPABEHCTBO C ONHOK HEM3BECTHOH, coleprkallee Kpome
apU(pMeTHUECKHUX OMepalUil TOMbKO CHHYC.

3anauu v ynpaxHenus kK § 4.14

1. Ecun 106aBuTh K uncly UCOJb3yeMbIX QyHKLHE |X|, TO J0G0e Hepa-
BEHCTBO MOXKHO 3aMEHHTb Ha 3IKBHBaJIeHTHOe ToxjecTBo. [losTomy 3anaua
pacrno3HaBaHusl, sIBJSIETCS JIM JaHHOE PABEHCTBO TOXKIECTBOM, aJrOPUTMHYE-
CKHM HepaspeLiuma.

§4.15. Anre6pa u reomeTpus

M3 3Toit He0603pUMON TeMbl Mbl KOCHEMCSI TOJIbKO BOIMPOCA O FeOMeT-
pUUECKOH WHTEeprpeTaludd CHCTEM BTOPOro nopsika. [eomerpuueckyio HH-
TeprpeTalyio CUCTEM TEPBOTO Mopsiika Mbl YyKe paccMmarpuBaiu B §4.13.
Kaxnoe 13 ypaBHeHMH Takoi cUcTeMbl 3ajlaeT Ha KOOPAMHATHOH MJIOCKO-
CTH KPHUBYIO BTOPOTO MOpsijika. PellnTh CUCTEMY O3HAUaeT HAUTH TepeceueHne
9THX KPHBBIX.

Teopema 106. Hesgoiposcdennas kpusas 8mopoeo nopsaodka feasem-
¢ abo arauncom, aubo eunepboaoli, abo napaboroii. Boiposcdenras
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Kpusas sasasiemcs aubo obveduneruem 08yx npamolx, ALOO npocmo nps-
MOLL, b0 MOUKOL U MOdHcem OblMb NYCMIbILM MHONCECITIBOM.

Teopema 107 (bBesy). /lge kpusoie 8mopoeo nopadxka aubo codep-
acam oduwyro npamyio, abo umnerom He b6oaee uemoipex obuUx mouex.

Mubl He 6ynem naBaTh (pOPMaIbLHOTO 10KA3aTeAbCTBA 3THX TEOPEM, HO Ja-
JUM BCe e HEeKOTOpble MOSICHEHHUSI.

Onpepnenenue 104. Saauncom HazbiBaeTcsi MHOXKECTBO (MJIH, KaK MUca-
JIM B CcTapbiX yueGHHKaX, TeOMETPUUECKOe MECTO) TOUueK, CyMMa pacCTOSHUE
OT KOTOPbIX JIO IBYX JAHHBIX TOUeK (¢hoKycos 3JJ1nca) nocTosHHO.

Onpenenenue 105. [unep6oaoii Ha3bIBAETCS MHOXKECTBO TOUEK, pas-
HOCTb PACCTOSIHUE OT KOTOPbIX JIO JBYX JaHHBIX Touek (¢hokycos runepOoJibi)
MMOCTOAHHA.

Onpenenenue 106. [lapaboaoli Ha3bIBaeTCs MHOXKECTBO TOUEK, pas-
HOCTb PACCTOSIHUI OT KOTOPBIX JI0 TAHHOH TOUKH (¢hokyca napaboJibl) U 1aH-
HOUl npsiMoll (Qupexmpucol, He IpoxXosilLel yepe3 (OKyC) MOCTOSHHA.

DTH KpUBbIE, U3BECTHBIE C IIYOOKOH IPEBHOCTH, ObIIM MOAPOGHO OTIHCAHBI
AnoJjuionuem * B ero Tpyje «Konuueckue ceuenusi». Onu 06J1afialoT Maccoi
UHTEPECHBbIX TEOMETPHUUECKUX CBOHCTB, KOTOPbIE Mbl HE MOXKEM 3/1eChb HM3Ja-
rath, B YaCTHOCTH, OHH JEUCTBUTEJbHO SIBJSIOTCS CEUEHUSIMU KOHYyCA.

UuraTesio npensaraercs Bejes 3a JlekapTom BbIBECTH WX ypaBHEHHUS.

Ynpaxuenue 159. Ecuu npoBectu och Ox uepe3 oOKyChl 3JUIMIICA, a OCb
Oy uepe3 ero UeHTP (CepeinHy (poKarbHO20 OMmpe3Ka), TO ypaBHeHHe 3J1-

JIICa NPUMET BHJL
2 2
x_ + y_ =1
a? = b2 ‘
Ynpaxuenue 160. Ecau nposectu och Ox uepe3 hOKychl rUnepOOJIbl,
a ocb Oy uepe3 ero LEeHTp (cepeiuHy ¢okaarbHoeo ompeska), To ee ypaB-
HeHHe NPUMeT BHJL
2 2
¥
a? b2
Ynpaxuenue 161. Ecuau nposectu ocb Ox uepe3 aiupeKTpucy napaso.ibl,
a ocb Oy uepes ee OKyC, TO ee ypaBHEHHe NPUMET BUJ § = aX>.

Ecsin ke BbIOpaTb OCH KOOPAMHAT MPOM3BOJBHO, TO YIS 3THX KPHMBBIX
noJyvarcst 6oJiee CJ0XKHbIE YpaBHeHHs, HO OHH OYIyT ypaBHEHHUSIMH BTOPOTO
nopsizika. BepHo u o6parHoe.

JLiist nenosib30BaHUsSI TeOMETPUYECKON HHTEPIIPETALMH B PELLIEHUH CHCTEM
HY>KHO YMeTb ObICTPO MOHUMATb, KAKOTO THMA KPUBYIO 3aJa€eT KaxK0€e ypaB-
HeHHe.

* Anosutonuii [leprekuit (Ano)\)\éwog 6 Tlepyarog, III-II B. 10 H.3.) — OfMH U3 BeJMKHX
MaTeMaTHKOB JIPEBHOCTH.
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Jl1st 3TOro 10CTaTOYHO 3HATH TOJLKO KBAJPATHUHYIO UACTh YpABHEHHs
KpUBO#H — k8adpamuunyto opmy ax® + 2bxy + cy?. Ecau oua nynesas,
TO KpHBasl BbIPOXKIAETCsI B MPSIMYI0. B MpoTHBHOM cJ/lyuae MOKHO TocCJie CMe-
Hbl 3HaKa cuuTath, uyto a >0 wiau sta dopma umeer BuI 2bxy. [locaennuit
CJlyuail MOXKHO CBECTH K TI€PBOMY 3aMeHOil MepeMeHHbIX B/

X' =(x+y)/V
y'=(x—y/V2

(koTOpasi reoMeTpPHUYECKH O3HAuaeT MOBOPOT CHCTeMbl KOOpJAMHAT Ha 45°),
TaK Kak B HOBbIX TepeMeHHbIX KBajpaTuuHas hopma npumet Bua b(x? — y2).
HaJsiee BbliessieM MOJIHbIA KBaapat

ax® + 2bxy + cy? = a(x + by/a)* + y*(c — b%/a)
W TI0CJIe 3aMeHbl MepeMeHHbIX

x'=x+by/a;
Y=y

(KoTOpasi reoMeTpUUYECKH 03HaYaeT MepekoC CUCTEMbl KOOPJIMHAT) KBaApaTHu-
Hasi hopMa ypaBHeHHsl MpHHUMAeT BuA ax’ + by?, a JuHeiinas yacTb ypas-
HeHusi ocTaetrcs JuHeHHol. [{asnee nenaeMm 3ameHy rnepemMeHHbIX

x'=x4+co:
y'=y+a

(reOMeTpPHUECKH 03HAUAIOLLYIO MapaJlIe/bHblil MePeHOC CHCTeMbl KOOPIUHAT)
W MoJIydaeM ypaBHeHHe KpHBOH B BuAe ax® 4+ by’ =c, uan B Buje ax’ =y,
win B Buae ax?=c. B npeanocjeanem ciydae Kpupasi siBisieTcsi napato-
JOH, a B MOC/JEIHEM BBIPOXKIAETCS JIMOO B Mapy NapasieibHbIX MPsSMbIX
x =+/c/a, m60 B oany npsmyto x =0, MO0 B MycTOe MHOMKECTBO IPH
c/a<0.

B nepsom cayuae a®+ b2 >0, u ecan ¢ =0, To KpuBas BBIPOKIAETCH
B 06beMHEeHHe JBYX MpsMbIX \/ax ++/—by =0 npu b <0 WM B TOUKy
(0, 0), ecin b >0. Ecam ke ¢#0, to npu b <0 nonyvaercss runep6o-
Ja, Tak Kak runepbo/a OTJHYaercst OT 3//Mrca M napaGoJibl HaJHuveM
acuMnMOmM — NPSIMbIX, K KOTOPbIM OHAa HEOrpaHHueHO MPHOJHKAETCS, MX
He Tepecekas (B JAHHOM cJyyae 3TO npsimble \/ax ++/—by =0), a npu
b >0 moayuaercst NGO IMIC, TAK KAK /IMIC OTIMYACTCS OT THrep6o-
Jbl M NapaGoJibl CBOEl OrpaHMuYeHHOCTbIO, JIMOO MyCTOe MHOXKECTBO, ec/H
¢ <0.
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Mol He GyzieM 371eCb UCKATb NPAMOYSOAbHYIO CUCTEMY KOOPJMHAT, B KO-
TOPOH ypaBHEHHE KPUBOH NPUHHMAET YKA3aHHbIA B YIPAXKHEHUSIX KAHOHU-
yeckutl BUJ, TaK KaK JJIsl IOHUMAHHSl B3AUMHOTO PACOJI0KEHHS KPUBBIX 3TO
He HY»KHO, HO paccMOTpuUM GoJiee NPOCTbIe W MoJIe3Hble Ha MPAaKTHKe BOMPO-
Cbl O TOM, KaKk ObICTPO PHCOBATb KPHUBbIE BTOPOTO MOPSAKA AJIS HEKOTOPBIX
CrielMaJbHbIX BUIIOB UX YPaBHEHHUH.

J1asi Toro uTo6bl GLICTPO HAPHCOBAThL ICKU3 NapaboJibl y = ax’ + bx + ¢,
He HY)KHO BblAe/sITh MOJHBIH KBaJApaT, pUcoBaTh napabosy y = x> v CIBH-
raTb ee, KaK yuaT B pa3JjiIMuHbIX MNOCOOUSIX. DTO BCe NPABUIILHO, HO MEJIEHHO.
Tax kak Mbl y)Ke 3HaeM, 4To MoJiydaercst napaboJga, H0CTaTOYHO HAHTH ee
TPU yl0OHble TOUKH, Harpumep, (0, ¢) — TOUKY MepeceueHusi ¢ OCblo OpIu-
nar, (1, a+b+c¢), (=1, a—b +¢) 1 MmJaBHO NPOBECTH uepe3 HUX KPHUBYIO,
CUMMETPHUHYIO OTHOCHTEJLHO NpsiMoil x = —b/2a. Ecsu y Hee ecTh KOpHH,
TO Jiyulle WX ObICTPO HaHTH 1oA6OPOM 10 TeopeMe Buera u yuecTb npu npo-
BesleHUH KpuBoi. Torna ocb napa6oJibl POBOAMTCS Uepe3 CepeliHy OTpe3Ka,
coenuHsiollero KopHu. Hanpassenne BeTBeil mapabosibl (BBepX WJM BHU3)
onpeiesifieTes TONbKO M0 3HAKY d.

Ynpaxnenue 162. Kax no Buay rpacduka y = ax® + bx +c ¢ JaHHBIMH
OCSIMH KOOPJIMHAT OTIPEIeNHUTb 3HAKH BCEX KOI((PULINEHTOB?

UyTb Goslee CJI0XKHBIE TPHEM UCIOJb3YeTCsl Il ObICTPOrO PUCOBAHUS M-
nepOoJibl, 3a]aHHOH ypaBHeHHEM BUJA

ax+b
Yy="—"7
cx+d
JIjist 5100 Ccpasdy pUCYIOTCS aCUMOTOTHL X = —d /¢ (OHA BO3HUKAET H3-3a 00-

palleHusi B HyJIb 3HAMeHAaTeJis IPo6H) U iy = a/c (OHA BO3HUKAET TIPH CTPEM-
JIEHUH X K O€CKOHEUHOCTH, TaK KaK MpH OOJbIIUX X YKa3aHHAsl ApoOb NpUbOIU-
3UTEJIbHO paBHA ax/bx =a/b) v TOUKH ee MepeceyeHust ¢ OCSMH KOOPIHHAT
(0, b/d), (—b/a, 0). TTo HUM TIaBHO MPOBOAATCST 06€ BETBH THMEPOOJIBI.

Ynpaxnenue 163. Kak no Buay rpaduka y = —?j:j__g

KOOpAMUHAT ONPEAC/IMTh 3HAKH BCEX KOB(t)CbI/ILLI/IeHTOB?

C JaHHbBIMH OCAMH

Ecan ypaBuenue umeet Bua ax’ + ay? +bx +cy +d =0, a >0, 10 oHo
3a1aeT OKPY’KHOCTb, TOUKY HJIH MyCTOe MHOMKecTBO. UTOGbI ero HapHCOBaTh,
HY’KHO Npeo6pasoBaTh ero K Buiy (x — o) + (y — c1)? = R?, rne co = b/2a,
c1 =c/2a, R?=—(4da + b%+ c?)/4a®>. OxpyKHOCTb HMeeT LeHTp (co, C1)
v paauyc R.

MHorna ypaBHeHMe OKDYKHOCTH 3aMacKHpPOBAaHO pajukanamu. OT HHX
cJiefyeT u30aBUThCS.

YnpaxHenue 164. [IpoBectu uepes Touky (4, D) KacaresbHble K KDUBOH

y=v2x — x2.
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Oco6eHHO MoJie3Ha reoMeTpuuecKas MHTepHpeTalus CUCTEM ypaBHEHHIH
(He 06s13aTeIbHO BTOPOTO MOPsKA) MPH PELIEHUH CUCTEM M YpaBHEHHH ¢ ma-
pamerpamu. Ecsu 1aHO OJHO ypaBHeHHe C MapameTpoM, TO MOJIE3HO Ha-
pUcOoBaTh €ro Kak KPHBYIO Ha IJIOCKOCTH — B 3TOM 3aKJ/OuaeTcs ujes Tak
HasbiBaemoro «merona Oxa».

Ynpaxnenue 165. Pewute ypapnenue ¢ napamerpom x> + 2ax + 5a” —
—4a—-8=0.

2=,
Ynpaxunenue 166. [lpu kakux a cucrema ’ UMeeT pe-
LeHHe? ax+y=1

MoxkHo Hsoépamaﬂ; Ha TIJIOCKOCTH U CUCTEMbl HEPABEHCTB.

Ynpaxuenue 167. Haiinure Bce a, npu KOTOPBIX pazpelinma cuctema

2 4+4x+34+a<0;
2x+a+6>0.

[Tosnesno agsist 3TOrO Pas3Jio2KuThb UX JIeBble HaCTH Ha MHOXKHTEJIH.

¥Ynpaxuenue 168. Hapucosarh Ha njockocTH pellieHHe CUCTEMbI Hepa-
BEHCTB
( +y* = D(x —y) <O
(x4 4y? —4)(xy — 1) > 0.

3anauu v ynpaxHenus K §4.15

1. Jlokaxute, uTo Bce napadosibl y = ax? + bx + ¢ 10106HbI APYT APYTY
(B 3/1eMeHTapHO-TEOMETPHYECKOM CMBICJIE).

ax+b
2. JlokaxkuTe, 4To BCe runepboJibl y = o d NoA00Hbl APYT APYTY.

3. DJumrncel MOTyT GbITh He MoJ06HBIMU ApYT Apyry. [unep6oJbl, Booblile

roBops, TOXKe.

4. Tapa6ona y = ax? + bx + ¢ 0HO3HAUHO ONpesie/IeTCs JIOOLIMU Tpe-

ax+b
Msi CBOMMH TouKamu. [unepbosa y =
cx+d

5. IlpousBosibHast KpuBasi BTOpPOro MOPsiAKa OJHO3HAYHO OINpeesisiercs
JIIOOBIMHU TISITbIO CBOUMH TOUKAMH.
6. Ilpu kakux a cucrema

TO2KeE.

l—a
2 _ Q> .
X2y =Ty >

3x2 + 10xy — 5y* < -2

MMeeT pellieHne?
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7. (BerynurenbHblit sk3amen Ha Mexmat MI'Y.) Peuiure cucremy
2 —y?=0;
(x—a)P+y*=1.

8. ﬂOKa}KI/ITe 4yTo HpOHSBOJIbeIﬁ BbIHYKJIbIIjI N-YroJIbHUK MO2KHO 3aJ1aTb
CHCTEMON HEPaBEHCTB BHJa

arx +biy+c; 20;
asx +boy +c2>0

’

anx +byy +c, =2 0.
9. Haiinure Mmakcumym 2x + 3y 1pH yCJ0BUH

3x+4y+5=0;
—2x4+7y—3=0;
—3x+9y —16<0.
10*. (A. A. BosiotoB.) TlosioxkuTebHbIE YHCAA X, Y, 2 YAOBJETBOPSIOT
cHUCTeMe ypaBHEHHH
x? +xy + y?/3 = 25;
22+ y?/3=09;
x?+xz +22=16.
Hatwinure xy + 2yz + 3zx.

§4.16. KomnaekcHass TpuroHomMeTpus

31ech Mbl MpernoJiaraeM 3HaKOMCTBO UHTaTessi ¢ HaTypaJibHbIMH JIOTa-
pucdmamu.

Onpepnenenue 107. Hazoem xomnaexcroil akcnonernmoti hyHKUHMIO
(kommiiekcHoro nepemenHoro) e*: C — C, onpezesisieMylo paBeHCTBOM

e =e*e =e*(cos y +1i sin y),

mez=x+iy, x=Re z,y=Im z.

dra PyHKIMS PaKTHUECKH YKe MCI0Jb30BajJach HAMH B MOKa3aTesbHOH
(hopme 3anucu KoMriekcHoro urcsa. Tam xe 6blJI0 IPOBEPEHO OCHOBHOE TOXK -
JIECTBO JIJIS1 KOMIJIEKCHOH IKCTOHEHTbI, KOTOpoe (hOpMasibHO He OTJIMUAEeTCS
OT TAKOI'0O K€ TOXKIECTBA JJis1 OObIUHON JAEHCTBUTEJbHON KCIIOHEHTDI:

et — pXitxe ollYity2) — X1 X2 piY1 pll2 — p21 o220
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Eule onHO# NpuunHOM, rouemMy 3Ta (YHKUMS 3aCJyXKUBAET 3BAHHUS KOM-

MJIEKCHOH 9KCITOHEHTbI, CJIY2KUT TO, UTO NPH JIEUCTBUTEJNLHOM 2 OHA COBIAJIAeT
C JIEHCTBUTELHOM KCIOHEHTOI: e? = efel = e*.

1% TpeTbsl ITIpUYHMHA B TOM, UYTO, KakK W B JIEACTBUTEILHOM cJiyyae,

eZ

. -1
lim =1, HO Mbl He GyaeM 3/1eCb TO 0KA3bIBATh.

z—0
He 6ynem TakKe N0Ka3blBaTb, UTO YKa3aHHble TOXKIECTBO U IMpejes Of-
HO3HAUHO OTPeJeISIIOT Y0BJAETBOPSIOLLYI0O UM (PYHKIIHIO KaK B KOMIJIEKCHOM,
TaK U B IeHCTBUTEJLHOM CJyyasix.
3amerum, uto u3 HopMyJbl e* =cos x + i sSin X CJAEIYIOT COOTHOLIEHHUS
Sin e el}f —lX oS £ — X “1’(371)(
2 B 2
3aMeHsisi B HUX X Ha KOMILJIEKCHYIO [T€PeMEHHYI0 2, MOXKHO PacrpoCTPaHUTh
9TU QYHKIMHM HA KOMIJIEKCHYIO TJIOCKOCTb paBEHCTBAMU
Sin . iz —liz cos > — iz + 8—12
2i ’ 2
Uuratesto npeayaraercst y6enuTbCst B TOM, UTO TEOPEMbI CJI0XKEHHS CTIpaBel-
JIUBbl U B KOMIIJIEKCHOM CJlydyae, MpUUeM BLIBOAATCHA OHHU U3 TEOPEMbI CJI0XKEe-
HUS JJ11 KOMIIJIEKCHOH 3KCIIOHEHTbI JlaKe MpoLle, YeM TPUTOHOMETpPHUYECKHE
TeopeMbl CJIOKEeHHUS! B IeFICTBUTENbLHOM CJyvae.

YnpaxHenue 169. Jlokaxkure TOXKIeCTBa

a) sin(z) 4+ 29) = sin 2| cos 29 + cos 2| sin 2o,
cos(z] + z9) =cos 2| cos 29 — sin 2 sin 2o;

6) cos? z +sin’ z = 1.

MO02KHO J10Ka3aTh TaK»Ke B KOMIIJIEKCHOM cJiyyae u 3aMeyaTebHbIH npeaesn

. sin z
lim =1,

z—0 P4

a TakXKe TOT (PAKT, UTO TPH MPEAbIIYILMX PABEHCTBA M ITOT Mpee] OJHO-

3HAUHO OMPENEJSIOT TPUTOHOMETPHUECKHE (PYHKIIMU KaK B KOMIIJIEKCHOM, Tak

M B JIEHCTBUTENILHOM BapHaHTax, HO Mbl 371eCb He OyJeM 3TO Jies1aTh.
[unep6osinueckre QyHKIMH TOXKE MOTYT ObITh pacrpoCTpaHeHbl HA KOM-

JIeKCHYt0 o6J1acTb. /15 3TOro ucnosibayeM Gpopmydibl

e —e ? ef4e”?

chz=

shz= g 3

JIJ1s1 HUX TeopeMbl CJIOXKEHUS U CBSA3H MeXKy (PYHKLUMAMU TaK:Ke NepeHocsaTCs
B KOMIIJIEKCHYIO 00J1aCTh, MpHueM 6e3 U3MEeHEHHH B JI0Ka3aTelbCTBaX.
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Ynpaxuenue 170. [Jokaxkute ToXaeCTBa
a) sh(z; + 29) =sh z; ch 29 +ch z; sh 2o,
ch(z; + 29) =ch z; ch 29+ sh z| sh 2zy;

0) ch? z—sh® z=1.

OpHoll U3 BaxKHEHINMH Wl B MaTeMaTHKe siBJjisieTcsi obpalileHne (yHK-
uui v onepauni. B pesynbrate obpallieHusi CJ0KEHHS MOJYYMJIOCh BbIYH-
TaHWe W BCJE 32 HUM — OTPHULIATE/bHbIE uhcaa. B pesysbrate oOpauleHust
YMHOXKEHHSI MOJYUHJIOCh JleJieHHe W BCJIe], 32 HUM — palldOHaJIbHble UYHCJIa.
O6palileHneM cTerneHHOH (PyHKUMH C HATYpaJlbHbIM [TOKa3aTe/eM MOJMyUHJHCh
KBaJlpaTHble U MPOUHE KOPHHU H T. IL.

[TorpoGyeM 06paTUTh KOMIJIEKCHYIO SKCTOHEHTY e?. OOpaTHasi PyHKUUs
K JIEHCTBUTEJbHON SKCMOHEHTE HAM M3BECTHA — 3TO HATypaJibHbIH Jiorapudm
In x. Ilng obpallleHust KOMIJIEKCHOH SKCMOHEHTbl HALO0 pellaTh ypaBHeHHe
e =z # (0 oTHOCUTENIbHO HeU3BeCTHOH @ = x + iy. Tak Kak

z=e"TW =¢%(cos y +sin iy), |z|=e*, argz=y mod 2r,

0 x =1n |2|, y =y =arg 2 + 2xk, k € Z. [onyunnach GeckoHeuHasi cepusi
peLueHui
wp=wo+27ki, k€Z, wy=Inlz|+i argz,

YTO He YIMBHUTEJbHO, TaK KaK KOMIUIEKCHAsl SKCIIOHEHTa UMeeT Mepuoi 2mwi,
JefICTBUTE/ILHO, CTIPABEIHBO TOKIECTBO e T2 = ¢

OyHKUMIO, TPUHUMAIOLLYIO 3HAUEHHE W), eCTECTBEHHO 0603HAuuThH In 2.
SlcHo, uTO NpU NEACTBUTENHLHOM MOJIOKUTENHHOM 2 OHA COBIAIAET C OObIYHBIM
JEHICTBUTENILHBIM JIOTapHU(MOM.

Ho kak 6bITb ¢ ocTasnbHbIMU 3HaYeHusiMu? [lo mpuunHam, KoTopble 31ech
HET BO3MOXKHOCTH 0O'bSICHATh, YI0OHO BBECTH B pacCMOTpeHHe (hyHKIHIO Ln 2,
MPUHUMAIOLILYI0 OeCKOHEUHOe MHOXKECTBO 3HAUEHHH W, — OeCKOHeUHO3HA -
Hyto dyHkuuio. CTporasi Teopusi TakuX (PYHKUMH CJ0XKHA, H Mbl HE MOXKEM
U3JaraThb ee 3/1€eCh.

Ho ecsn uuTartesio HempusTHO HMEThb €10 C MHOTO3HAYHOH (DyHKLMeEH,
€e MOKHO NPeBPaTUTh B OJHO3HAUHYIO, HO MPUHHUMAIOLLYIO B KauecTBe 3Ha-
YeHHH He KOMIJIEKCHBIE UHCJA, & KAACCHL IKBUBANCHMHOCMU TAKUX UHCE
1o MoJyJit0 27i.

Onpepnenenue 108. Uucna z, @ Ha30BeM 3KBUBANCHMHbIMU NO MO-
dymo 2mi (o6o3HadeHue z = w mod 27i), ecan 2 — w = 2wki, k € Z. Krac-
COM IKBUBANCHMHOCHU YUCAQ Z HA30BEM MHOXKECTBO BCEX HKBHBAJEHTHBIX
eMy uuces (o603HaueHue 2 mod 27i). MHOXKECTBO BCeX TaKUX KAQACCO8 K-
susasernmuocmi 0603HauuM G. MHOXKECTBO KAQCCO8 IKBUBANCHIMHOCHILL
delicmsumenvrolx uces no moodyaro 2w o6o3Hauum T.
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Ha BBelleHHBIX MHOXKECTBAX MOXKHO OMPEIE/NUTh ONEPALMH CJI0XKEHHUS,
¥ OHH MPEBPATATCS B IPYIIbL.

Onpeneaenune 109. [lyctb nanbl A =a mod 27i u B = b mod 2wi — na
KJacca sKBUBajieHTHOCTH. HasoBem cymmori A + B TOT Knacc 3KBUBaJsIeHT-
HOCTH, KOTOPBIN COAEPKHUT YHCIO a + b, T.e. (a + b) mod 2mi.

Jlnsi 060CHOBAHUSI KOPPEKTHOCTH 3TOTO OMNpeJieieHHst TIOHAI00UTCS

Ynpaxuenue 171. Ecan a mod 27i = ¢ mod 27 u b mod 27i = d mod
27i, 10 (a + b) mod 27i = (¢ + d) mod 27i.

B cnenyiouiem ynpaxkHeHuu npoepsiercsi, uTo MHOxkecTBO R X T ¢ BBe-
JIEHHOH orepauuen cJjioxKeHHs 00pa3yeT KOMMYMAamusHyo epynny.

YnpaxHenue 172. [IpoBepbTe, uTO BBejIeHHAsH orepallysl CJI0XKeHUsT 06-
JIaJlaeT CBOMCTBAMHU aCCOLMATHBHOCTH H KOMMYTaTHBHOCTH, HYJIEBBIM KJIaCCOM
OTHOCHTEJIBHO 3TOTO CJoXKeHHs siBasietcst knace 0 mod 27i, a Takke crpa-
BEJIJIMBO PABEHCTBO

(—a mod 27i) + (a mod 27i) =0 mod 27i.

AHasoruHbiM 06pa3oM ornpesessieTcsi KOMMYyTaTHBHASI TPYIITa U Ha MHO-
xxectBe T.

Panblile Mbl y2Ke NPOBEPSI/I, UTO U M0JIe IEHCTBUTE/NbHBIX unces R oTHO-
CHUTEJILHO OMepallii CJI0KeHHs 00pa3yeT KOMMYTAaTHBHYIO TpyIIy.

Teopema 108. /pynna G usomopgra npamomy npoussederiio epynmn
RuT, me. epynne R xT.

HokasdaTeabcTBo. ConoctaBUM TPOU3BOJbHOMY Kiaccy 2z mod
27i w3 rpynnel G ynopsiiouennyto napy (Re z, Im z mod 27), nepasi kom-
MOHEHTa KOTOPOH eCTb JeHCTBUTe/bHOE uucsao Re 2z, a BTopas — Kjacc
9KBHUBAJIEHTHOCTH 110 MOJYJIIO 27, colepxKallil JeHcTBUTeIbHOE yhcso Im 2.

Torna
(Re 2z, Im 2z mod 27) e R x T.

YKasaHHOe COOTBETCTBHE SIBJISIETCS B3AWMHO OJJHO3HAUHBLIM COOTBETCTBH-
eM Mexkay rpynnamd G u R x T.
Tak Kak JJis1 JJIOObIX KOMITJIEKCHBIX YHUCEJl 2, 29

Re(zj +29) =Re 21+ Re 29, Im(z;+29)=Im 2y +Im 2o,
Im(z; + 29) mod 27 = (Im 2; 4+ Im 29) mod 27 =
= (Im 2, mod 27) 4+ (Im 29 mod 27),
TO CyMMe KJaccoB (2] + 29) mod 27 GyleT COMOCTaBJSATLCS YNOPSIOUEH-

Has napa (Re z; + Re 29, (Im z; mod 27) 4+ (Im 29 mod 27)), kKoTopas, 1o
OINPEJIEJIEHHUIO CJIOKEHUS B NPAMOM Npou3BeaeHuu rpynn R u T, paBua cymme

(Re 21, Im z; mod 27) + (Re 29, Im 29 mod 27),

UTO U JIOKa3biBaeT 06'bsiBJAEHHbIH H30MOP(HU3M. O
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Terepb Mbl MOxKeM paccmaTpuBath (yHKIMIO Ln 2 kKak oroGpakeHue
13 IPYMIbl HEHYJIEBbIX KOMIJIEKCHBIX YHCEJ OTHOCHTEJNbHO YMHOKEHHUS (MYya6-
munaukamueroii epynnst) B rpynny R x T. 3HaueHue Ln 2 onpenennm kak
Ln z=1In z mod 27i = (In |z|, arg 2 mod 27). Tlpu 3toM crnpaBemIuBO JO-
rapudmudeckoe ToxaecTBO Ln(2)29) = Ln 2; 4+ Ln 29. JleficTBUTENBHO, ecu
In z; = w;, To ¥ = z;, 3nHaunT, %1 T2 = W12 = 7,29 £ 0, oTKyna

Ln(z,29) =In(z129) mod 27i = (w) + we) mod 27i =
= (w; mod 27i) 4+ (w9 mod 27i) =
= (In z; mod 27i) + (In 29 mod 27i) =Ln z; + Ln 2o.

Ynpaxnenue 173. [lpoBepbTe, UTO eIMHHUHAA OKPYKHOCTb Ha KOM-
TUIEKCHOM TMJIOCKOCTH |2| = 1 OTHOCHTENLHO ONepalin yMHOXeHHs1 o6pasyer
rpyrmnmy.

Dyukuus e orobpaxaer NeHCTBUTEIbHYIO OCh (rpymny R 0THOCHTEILHO
CJIO’KEHHUS1) B 3Ty TPYIy, MPUUEM CIPABENIUBO TOXKAECTBO

pllxitx2) ix)

= eMiet*2,

D10 oTobpakeHHe He B3AUMHO OJHO3HAUHO, T0TOMY OHO He SIBJISIETCST M30-
MOpP(HU3MOM 3THUX TPYMN (KM OHU JeHCTBUTENLHO HerndoMopdHbl). Ho oTo6pa-
xenre x mod 27 — e™ u3 rpynnbl T B €IMHMUHYIO OKPYXKHOCTb KOPPEKTHO
OMNpeJie/IeH0, B3aMMHO OJIHO3HAUHO M SIBJISIETCS H30MOP(MU3MOM YKa3aHHbIX
TPy, TaK Kak

(x mod 27) + (y mod 27) = (x + y) mod 27 — 'Y = gi¥ et

Tem cambIM q0Ka3aHa

Teopema 109. Mysomuniukamussas epynna KOMHAGKCHOLX 4UCe,
no moodyao pagrolx edunuye, uzomoppra epynne T Odelicmsumenvrolx
yucea 1o MoOYAo 2w OMHOCUMENbHO CAONCEHUSL.

Ha camom nese, KoHeuHo, B 3TOH (DOPMYJHPOBKE MOXKHO 3aMEHHTb 27
Ha JI060e MOJIOKUTEJbHOE UUCJIO.

JlokazaHHast TeopeMa KayKeTcsi OUEBHIHOM, HO B Heil (paKTHUECKH 3aMac-
KHpOBaHa BCsl TPUTOHOMETPHSI, @ CTPOTOro NOCTPOEHHST TEOPHUH TPUTOHOMETPH -
yecKMX (DYHKLUMI Mbl He aBajid. Eciiu xKe nonbITaTbesi 10Ka3aTh 3Ty TEOPEMY,
He M0Jb3YsICh TPUTOHOMETPHUECKUMH (PYHKLMSMH, TO 3TO CTaHET TPYIAHOH 3a-
Jlauel, Mo CYLIECTBY SKBHBAJIEHTHOH CTPOrOMY IMOCTPOEHHIO TPUTOHOMETPHH.

OO6paTHble TPUTOHOMETpHUECKHEe (DYHKIIMH MOXKHO OTIPENeUTh aHaJI0THY -
HbIM JiorapucmMy 00pa3oM, U OHH TOXKE OKa3bIBAIOTCSA GECKOHEUHO3HAUHbBIMH.
Ho Tak Kak TpuroHomeTpuueckue (yHKUHH BbIPAXKAIOTCS Uepe3 IKCIOHEHTY,
TO U 00paTHble K HUM (PYHKLMHM MOXKHO BbIPA3UTb Uepe3 KOMIIJIEKCHbIN Jiora-

pucm.
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YnpaxHenue 174. Jloxaxkute TOXKJeCTBa
a) arcsin z = —i Ln (iz+ V1 — 2%); 6)arccosz=—i Ln(z+vzZ-1),
i 1 —iz
— Lﬂ —_— .
2 1 +iz
®yHKUMH, 06paTHble K TUrep6oJMyecKuM, MOXKHO BbIPa3UTh Uepe3 Jjiora-
PU(MBI, HE UCTOJIb3YS] MHUMYIO €HHHUILLY.

B) arctg 2z =

YnpaxHenue 175. JloKaxkKuTe TOXKIeCTBa
a) Arsh z=Ln(z++V1+22%); 6)Archz=Ln(z+Vv22-1);
8) Arth 2:% Ln 1E2

-z

C nomolpto jorapucma MOKHO ONpeleuTb U KOMIJIEKCHYIO CTElEHHYIO
dyukuuo. Jlast mobbix komnsiekcHblX A £ 0, B MoJioKUM 1Mo onpeesieH|o
AB =eB A 313 hyukums Takke Oyner, pasymeercs, GeCKOHEUHO3HAUHOI.

Ho eciin A — neiicTBUTe/IbHOE T10JI0KUTENbHOE, TO A MOKHO CUHTATh OJl-

Ho3HauHo# dyHkimed e? " 4. O6pathas k A? dyHKuMSA Log, z= II;I]—AZ Oynert,
€CTeCTBEHHO, GECKOHEUHO3HAUHOH.

[Tpumepsl 1. CnpaBeainso paBeHcTBo e™ = —1. Dta dopmyna Jiine-
pa CHMBOJIM3UPYET €IMHCTBO BCel MaTeMaTHKU. UHCJIO e MpecTaBIseT B Hell
aHasua, i — anre6py, —1 — apudmernky, a ™ — reomerpuio. C onpeneseHHON
TOUKH 3PEHHS1 OHA MpEeJACTaBJseT cOO0H CKopee ONpesieieHHe, UeM TEOpeMy.

2. Cnpasemnso paseHctBo (—1)' =e™ 1420 k7. JlefictutennHto,
e™ 1200 — 1 spauur, Ln(—1) = 7(1 4 2k)i, oTkyna
(_l)i _ ei Ln(—=1) _ e—Tr(l—i—Qk) _ eTr(H—Qk)

UMeeT OECKOHEUHYIO Cepulo JAeHCTBUTENbHbIX 3HaueHUH. [y1aBHOe U3 HUX e™.
TpaHcLeHAEHTHOCTD (T. €. HeaJreGpanyHOCTb) ITOMO UMCJa BIEPBblE 10Ka3all
B 1929 . aciupant MI'Y A. O.lenbdonn, pelvB TeM caMbIM CeIbMYyIO MPO-
6semy [nabbepra.

3agauu v ynpaxkHenus kK §4.16

1. Bbluucaure \‘/—_1

2. Onpenenute B KOMIJIEKCHOH 00/1aCTH TaHTEHC, MPOBEPbLTE, UTO Ha JIeH-
CTBUTEJIBHOH OCH OH COBMAAAET ¢ OOLIYHBIM TAHI€HCOM, U JIOKAXKUTE JUIsl HEro
TeopeMy CJIOXKEHHSI.

3. JlokaxkuTe Jijisi KOMIJIEKCHBIX TPUIOHOMETPHUECKUX (DYHKIME hOpMYJIbl
NPUBEJEHHUS U CBOHCTBA Y€THOCTH-HEUETHOCTH.

4. Haiinute nepuoabl KOMIJIEKCHBIX TPUTOHOMETPHUECKHX —(YHKUHMH
1 yOenuTech, UYTO OHU TaKHe XKe, KaK U y JeHCTBUTE/bHbIX.
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5. KomnjiekcHasi KCTIOHEHTa, B OTJIMUHE OT JEHCTBUTENLHOH, — Mepuo-
juueckasi pyukuusi. Ee nepuoj paBen 2mi. [unep6osinueckue yHKIHU TOXKe
NepUOJMUECKHe C MepHooM 27ri.

6. Hokaxkute opmyJibl, CBA3bIBAIOLLKE APYT C APYrOM Pa3Hble TPUTOHO-
MeTpHuecKue QyHKLHH.

7. Tlokaxure, uto Job6asi (B pa3yMHOM TMOHUMaHUH) dopmyJia 1eHCTBH-
TEJILHOH TPUTOHOMETPHH CHPABENINBA U B KOMIIJIEKCHOH TPUTOHOMETPHH.

8. JlokaxkuTe, uTo

sin (x + yi) =sin x chy +i cos x shy,
cos (x +yi) =cos x chy —i sinx shy.

9. [okaxkute GopMmysibl CBSI3H MEXKAY OOLIUHBIMH M THUIEPOOJHUECKUMH
yHKUMAMU

shiz=isinz, chiz=cosz siniz=ishz cosiz=chz.

10. BoiBepure ¢ noMolibio 3TUX GHOPMYJT CBSI3H U3 TPUTOHOMETPUUECKHX
TEOPeM CJIOXKEHHUSI THIEPOOJIMUECKHE TEOPEMbI CJ0XKEHUST U HA0BOPOT.
11. Jlokaxkute, 4yTo

sh (x +yi)=sh x cosy +i ch x siny,
ch (x + yi)=chx cosy +i sh x siny.
12*. OnpenenuM QyHKLHIO (HA3bIBAEMYIO eydepMaHUaHOM)

z_ T

gd z=2 arctg e

5
w T
Jokaxure, uto ecsi w =gd 2, To z=Ln (tg (— + Z))’ u

2
shz=tgw, chz=secw, thz=sinuw,

cth z=cosec w, c¢schz=ctgw, schz=cosw

(runep6osinueckue PyHKLMH NepPexXoisT B TPHTOHOMETPHUECKHE H Ha000poT!).

§4.17. TpuroHomeTpHUeCKHE MHOTOUJEHbI

Onpenenenne 110. HaszoBem mpuconomempuueckum mroeoureHom
CTerneHu n (Wad Nnopsiaika 1) BbipaykeHue BUja

ag+ (ay sin z+ by cos 2) + ...+ (a, sin nz + b, cos nz).

Ecau ero xkoadduimentsl a;, b; KOMILJIEKCHbIE, TO TPUIOHOMETPHUECKUIT
MHOTOUWJIEH Ha3blBAeM KOMMACKCHbLM, a €CJIM OHU JIeHCTBHUTEJbHbIE, TO €ro
Ha3blBaeM delcmeumenvroim, TP 3TOM €CTECTBEHHO MpeNroJaratb, uTo
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1 repemMeHHas Z JelcTBUTebHASA, U 0003HauaTh ee x. [Ipennonaraem Takxe,
uto a, #0 uau b, #0.

Js1st Toro uTo6bl AaTh elile 1Ba YKBUBAJEHTHBIX ONPEIEIEeHHsI TPUTOHOMET-
PUUECKHX MHOTOUJIEHOB, MOHA0OUTCS HHTEpECHAst U cama Mo cebe jemma.

Jlemma 27. Cnpasedausor moocdecmasa:
e —emn? ! 2k+1 ko 2k+1 2%k—1
N _ . n_9k—1 _.
(i) sinnz=—-g—— E Crm (—1)*sin z cos z;
k=0

inz e—mz Ln/2]

(ii) cosnz= 3 E C2(—1)* sin®* z cos" 2 2;
k=0

i —i i —i k=n+m
(iii) Sin”zcosmz—(elz_e lz)ﬂ(elz+e lz)m_ creih —
N 2i 2 - E : ke =

k=—n—m

k=n+m
= § asinkz+by cos kz,
k=0

ede koahgpuyuenmor ay, by 6yoym delicmaumenvHoimu u a,21+m +b,%+m >0.

HokaszaTeabctso. s nokazarenbcta (i) ucnosnb3yem hopmyJy
Myaspa
iz _p=in2  (cos z 4i sin 2)" — (cos z — i sin 2)"

2i o 2
U Jlasiee Ba pasa Gopmysy GHHOMA, YUHTBIBAS, UTO B HUX UETHbIE CJaraeMble
COKpALLAIOTCSl, @ HeueTHble cjaraeMble yABaHBAIOTCS, U 3aMeHsisl B HuX i2F+!
na i(—1)%.

®opmyaa (ii) noKa3biBaeTCsi aHAJOTHUHO, TOJLKO B HEH MPU PACKPLITHH
OMHOMOB COKpalLlAOTCS HeUeTHbIE cJlaraeMble.

Jnsi nokaszatenberBa gopmysbl (iii) 10CTaTOUHO PaCKpbITh CKOOKH B CO-

MHOXKHTEJIX . » . »
(elZ_e lZ)n(elZ+e lZ)m
2i 2

no ¢opmysnam OUHOMA, a MOTOM 3aMEHHTb KaxKloe CJlaraeMoe Cpe
ap sin kz + by cos kz. SIcHo, uTO ¢y # 0.

3amerum, UTO MPH 3aMeHe B 0OOMX COMHOXKHTENAX [ Ha —i 06a OHH He
MEHSIIOTCS, a 3HAUUT, HE MEHSIeTCs M UX TIPOU3BeJIeHHe, HO TIpe/ICTaBIeHHe ero
B BH/JlE

sin nz =

ikz Ha

k=n+m
§ Cketkz
k=—n—m

€JIMHCTBEHHO COIJIACHO M3BECTHOMY CBOWCTBY IMOJIMHOMHAJLHBIX (DYHKIIHH.
CuiesicBaresibHo, cymMMa cpe®? 4+ c_ e~ ye mensieTcst Npy 3aMeHe [ Ha —i.
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[Ipu 3T0it 3ameHe ¢; npeBpallaeTcs B KOMIUIEKCHO-COIPSKEHHOE C;, M03TO-
MY Cp U C_p CONPSIKEHbI APYT APYTY, T. €.

cp=Ap+iBp, c_p=A,—iBp,
3HAUMT,

Ckeikz + Cikefikz -9 Re Ckeikz —
=2 Re(Ap +iBr)(cos kz + i sin kz) =2(Ay cos kz — By, sin k2)

M OCTAETCSl CJIOXKHUTh T0JyUeHHble PaBEHCTBA. O
N3 3Toi sleMMBI JIeTKO cJenyeT

Teopema 110 (o TpUroHoMeTpUYECKUX MHOTOUYJIEHAX).
(iy Jlroboii mpuecoromempuueckuli. MHOCOUACH CMENeHI 1 MONCHO
npedcmasume eOUuHCMBeHHbLM 00pa3om 8 sude

C_pe ™Mt +ogt e+ .+ et =e Py, (e"),

ede Py, — mHOcOUNCH cmeneHu He 8biule 21, a 8 0elicmBUMerbHOM CAY-
yae — MHO2OUYACH 8 MOUHOCHIL crmeneHi 2n, K03 guyuenmos. KOmopo-
20 YO00B8ACMBOPSION PABCHCMBAM Cp =C_p, U 0OpamHo, aoboe svlpa-
acerue e~ Py, (e?), ede Py, — mHO2OUNCH cmenenu 2n, npedcmasumo
e0UHCMBEeHHbIM 00PA30M 8 BUOe MPULOHOMEMPULECKO2O MHO20UACHA
cmenenu n, a ecal Koaghguyuenmolr MHO2OUYACHA YOOBACMBOPAIOM PA-
BEHCMBAM Cp =T_p, MO MPULOHOMEMPUHECKILIL MHO2OYACH UMeem Oeli-
cmaumenvrole KoIgguyuermol.

s 106020 OelicmsumerbHoe0 mpueoHOMempuuecko0eo MHocoae-
HQ cmeneHnu n coomsemcmsayroujuii mHo2ouren Po,(2) ydosiemsopsem

moocdecmasy )
PQn(Z) =z "P2ﬂ(1/§)

U ec0 KOpHIL, OMALYHble OM HYAsL U eOUHLYbl, PACNA0aiomcs HA napol
suda (z;, 1/Z).

(i) Jlroboti mpueonomempuueckuti MHO2OUACH CIMENeHu N MONCHO
npedcmasumes (HO He eQuHcmBeHHbM 00pa3om) 8 B8ude MHOL0UYACHA
om sin x, cos X cmeneuu n

Z Cij sin x cos/ X,

i+j<n
u obpammuo, 1060l MHOeOUAeH OM sin X, COS X cmenenu n npedcma-
B8UM eQUHCMBEHHbLIM 00PA30M 8 BLLOE MPUSLOHOMEMPULECKO20 MHO2OYAe-
Ha cmenexu n, npudem 0eticmsumenrbHolll MpueoHoOMempuuecKutl MHo-
eounen npedcmasum 8 sude O0elicmBuUmMesbHO020 MHO20UAeHA Om Sin X,
CoS X.
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HokazarenbcTBo. JlJsi npeacTaBjieHnsi TPUrOHOMETPHUUECKOTO MHO-
roujiena cTerneHu 7 B BUje Apo6H e "% Py, (e?) uau B Buge Q,(sin z, cos z),
rie @, (x, y) — MHOTOUJIEH CTEIeHH £, JOCTATOUHO BOCIOJ/b30BAThHCS (hOpMy-
saamu (i), (ii) npeablayllel JeMMbl, YMHOXUTb UX Ha KO3(DUUMEHTH ay, by
U CJIOXKHUTh, 100aBHUB ellle KOHCTAHTY .

[lepBoe yTBepxIeHHE O TEHCTBUTEILHBIX TPUTOHOMETPHUECKHX MHOTOUJIE~
Hax BbITEKAEeT U3 paBeHCTBA

Ckeikz +§€_ik2 =92 Re Ckeikz _
=2 Re(Ap +iBg)(cos kz +i sin kz) =2(Ay cos kz — By, sin kz).

JloKa)keM OMHO3HAUHOCTb TMpPEACTABJIEHUS] B BHJE TPUTOHOMETPHUECKOTO
MHOTOUJIEHA U B BUJe Apobu. M3 cooTHoleHus
ani +bn ani — by _;
n n emz n n e nz

_|_

a, sin nz + b, cos nz = 3 3

CJIeJIy€eT, UTO €CJH d,, b, OHOBPEMEHHO He PaBHbI HYJIIO, TO B MHOTOUJIEHE Py,
CBOOOJIHBIN UJIeH W CTaplIMil KO3(P(HUIHEHT OJHOBPEMEHHO HE PaBHbI HYJIIO,
MO3TOMY HEHYJIEBOK TPUIOHOMETPHUUECKHI MHOTOUJIEH MTPEJICTABJISIETCS B BUJIE
e~z Py, (e?), rae Po, — HeHyJIeBOI MHOTOUJIEH CTereHH He Bhile 211, Tak Kak
HeHyJIeBOM MHOTOUJIEH HAJl MOJISIMU HYJIEBOH XapaKTepUCTUKU HMeeT KOHeu-
HOe UMCJIO KOpHeH, HeHyJIeBOH TPUTOHOMETPHUECKMH MHOTOUJIEH peajsin3yeT
HeHyJIEBYIO (DYHKILIHIO, TI03TOMY MPECTaBJeHHE B BUJI€ TPUTOHOMETPHUECKOTO
MHOrouJjieHa 00J1aJlaeT CBOHUCTBOM €JMHCTBEHHOCTH.

Ecau xe a,, b, nefictBUuTebHbL, TO yi + b, # 0, 1 109TOMY CTereHb MHO-
rouena Py, paBHA B TOUHOCTH 211.

[TocsienHee yTBepxK/ieHHe O JIEHCTBUTEbHBIX TPUTOHOMETPUUECKHX MHO-
rousieHax BbITEKAET U3 COOTHOLIEHWH Cp = C_j W CBOWCTBA OTepallyH Corpsi-
YKEHHSI.

Jlaisi o6patHoro npeoOpa3oBaHUsi MOXKHO BOCIOJIL30BAThCs hopmyJia-
mu (iii) npeablayLei JeMMbl

k=n+m k=n+m
sinz cos™ z = Z cpett? = Z (ay sin kz + by, cos kz),
k=—n—m k=0

YMHOKHTb MX Ha MOJAXOJsilHe KOI(DPUIMEHThI U CJI0XKUTD, 106ABUB elile KOH-
CTaHTYy Q.

EnuncrBeHHOCTH A1 mpeAcTaBieHuss B BHUIe (), (sin 2, cos z2), ecre-
CTBEHHO, ObITh HEe MOXKET B CHJIY TOXKJECTBa sin? z4cos? z=1. Ho pasHble
NpeJICTaBAeHUs] JIOJKHbI HMETh OJIMHAKOBYIO CTeleHb, TaK KakK B MPOTUBHOM
c/lyyae pasHble TPUTOHOMETPHUECKHe MHOTOUJIeHbl PeasiM3yloT OJIMHAKOBbIE
(DYHKLHH. O

19 TauwikoB
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Ynpaxnenue 176. Jlokaxute, uTo NpoU3Be/leHHE TPUTOHOMETPHUECKHUX
MHOTOUJIEHOB MOPSIIKOB 1 U 171 €CTb TPUTOHOMETPHUECKHUE MHOTOUJIEH NOPsIAKa
n—+m.

HanomHum, uto yHKLMS HA3bIBAETCA UETHOM, €C/IH OHA He MEHsIeTCsl pU
CMeHe 3HaKa y NMepeMeHHOH, W HeueTHOH, eC/IM OHa MPH 3TOM MEHseT 3HaK.

¥YnpaxHenue 177. TpuroHomeTrpHuecK1il MHOTOUJIEH YeTEH TOT/IA U TOJIb-
KO TOT/Ia, KOTJIa OH COCTOHMT U3 OJHUX KOCHHYCOB, U HeUeTeH, €CJI OH COCTOUT
TOJIbKO U3 CHHYCOB.

Jlemma 28. Cnpasedausor moocdecmsa:
(i) sin nx =sin x - U, (cos x) =
L(n—1)/2]
=sinx Y. CHFH(—1)*(1 —cos® x)* cos" 2! x;
k=0
Ln/2]
(ii) cos nx =T,(cos x) Z C2k( 1)*(1 — cos? x)* cos" ¢ x,

npuuem Oelicmaumenvrole Mrtoeormeubt T, ulU,_; cmeneneii n un-—1
onpedeastomcs 00HO3HAUHO.

HokaszaTteusnbcTtso. CyuecrsoBanue MHorousenoB T, u U,_1, yno-
BJIETBOPSIOIIMX YKA3aHHBIM TOXKJECTBAM, cJjeiyeT U3 dopmya (i), (i) mpembi-
Jyuieil JeMMbl. EJHHCTBEHHOCTb BbiTeKaeT U3 M. (i) mpeapliylieli TeopeMbl.

O

Muorousiennbl T, u U,_| HasbiBaloTcsi MHOcOUureHamu Heboiuésa nep-
8020 U 8BMOPO2O poOa COOTBETCTBEHHO.

Teopema 111 (0 4YeTHbIX U HEYETHbIX TPUTOHOMETPUYECKUX MHO-
rounenax). (i) Jloboil uwemnoili mpucoHomempuueckuii. MHOSOUNCH
Cmenenu n MONCHO npedcmasums eOUHCMBeHHuLM 00pas3oMm 8 sude
MHO20UYACHA OM COS Z Cmenexu n, u obpamuo, 0060l MHOCOUAEH
Om CO0S 2 cmenedu n npedcmasum eOuUHCMBeHHbM 00pa3om 8 8ude
YemmMuoeo MpueoHOMempuU1ecKko20 MHOCOUACHA CIMeneHu n, npuiem oeii-
CMBUMEAbHOMY MPULOHOMEMPULECKOMY MHO20UACHY COOMBEMCMBYen
delicmBumenbHbLll MHOCOUYACH O COS Z.

(ii) JTriobotl HeuemHoLl MpucoOHOMEMpPUULECKUL MHO2OUACH CIMeneHU 1
MOJNCHO npedcmasums eOUHCMBEeHHbIM 00pA30M 8 8Ude MHOCOUACHA
om cos z cmenenu n— 1, ymroscernHo2o Ha sin z, u obpammuo, 0601
MHO204YACH OM COS Z cmenenu n — |, ymHodcen oLl Ha sin 2, npedcmasum
eOduHcmBeH LM 00pa3om 8 Bude HewemHo20 MPULOHOMEeMmpULecKo2o
MHO2OUACHA CMeneHl N, npuyem 0elicmsumesbHoOMy mpueoHomMemp-
YeCKOMY MHO20UAeHYy coomeemcmayem O0elicmBUmenbHolli. MHO20UNEH
om cos 2.
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HokagzaTeabctso. CyluecTBoBaHHe MHOrouwieHoB B 1. (i), (ii) BbI-
tekaeT u3 1. (i), (i) npeaplayiei semmbl. Jljis joka3aTebCTBa CyllleCTBOBA-
HHUs1 0OpaTHOTO TPeoOpPa30BaHHUs JOCTATOUHO 3aMETHTD, UTO

cos"x — A sin(n+ l)x/sinx u cos"x — B cos nx

npu noaxoasumx A, B ABJSIOTCS MHOTOUJIEHAMH OT COS X CTeNeHH, MeHblel
n — 1, 1 IPUMEHHUTb HHYKLHIO.

E/MHCTBEHHOCTb BBITEKAET U3 TOrO, UTO JBa MHOTOUJIeHa C J1eHCTBUTE/b-
HbIMH KO3(hULHEHTaAMH COBIAJAIOT, €CJM OHH NIPUHUMAIOT paBHble 3HAUEHHS
Ha 0€CKOHEUHOM MHOXKECTBE TOYeK. O

Tak Kak TpUroHOMeTpHUUEeCKHe MHOTOUJIEHB! PeaiM3yloT (PYHKLHH C MepH-
OJIOM 27, eCTeCTBEHHO CUMTAThb Y HUX KOPHH C TOUHOCTbIO 10 SKBHUBAJIEHT-
HOCTH MO MOJYJI0 27, T.€. JIBa KOPHSl 2| W 29 CUMTAeM 3SKBHBaJIEHTHBIMH,
ecs 2] = 29 (mod27). KpaTHOCTbIO KOPHS TPUTOHOMETPHUECKOTO MHOTOUJIe-
Ha HAa30BeM KPATHOCTb 3TOTO Ke KOPHsI Y COOTBETCTBYIOLLEr0 3TOMY TPHUIO-
HOMETPHUECKOMY MHOTOUJIeHY a/jreGpanueckoro MHOroujieHa BBoe GoJbliei
CTeleHH.

Teopema 112 (0 uvcyie KOpHEN TPUTOHOMETPUYECKUX MHOTOUJIEHOB) .

(i) Komnaekcrolli mpucoHomempuueckuii MHOCOUACH CENneHU 1 ume-
em He 6oaee 2n KOMNACKCHOIX KOPHell C Y14emom KpamHocmu.

(ii) Heiicmsumenvrolii mpueoHOMempPUecKkuii MHO20UACH CMeneru n
umeem e 6oaee 2n dellcmsBumenvHolX KOPHell ¢ yuemom KpanHOoCmiL.

JdokaszaTenabcTBo. [I1g f0KazaTeqbcTBa AOCTATOUHO BOCMOJB30-
BaTbCsl MIPEJCTABIEHUEM TPUTOHOMETPHUUECKOTO MHOTOUJIEHA CTENEHH 11 B BUJIE
e~i"Z Py (e?) u 3ametuth, uto e~ £ 0. O

[Ipenbiayiias Teopema 1oJie3Ha Mpu pelieHnd TPUrOHOMETPHUECKHX YpaB-
HeHUH, OOJIBIIMHCTBO U3 KOTOPHIX CBOJMUTCS K MOUCKY KOPHEH NeHCTBUTEb-
HbIX TPUTOHOMETPUUYECKUX MHOTOUJIEHOB. [10Ka3aTe/bCTBO 9TOH TeopeMbl 1aeT
M METOJL IOHCKA KOPHeil: CBejleHHe K aire6pauueckoMy ypaBHenuio Po,(e'?),
oT6OpY €ro KOpHeH, UMEILHUX MOJyJb, PAaBHbIH €IMHULE, U HAXOXKIEHHIO HX
apryMeHTOB.

MHorna ynoGHee He HCMOJb30BAaTh SIBHO KOMIIEKCHbIE UMCJa, a BOC-
M0JIb30BaTbCs MPEACTABJIEHUEM TPUTOHOMETPUUECKOTO MHOrouJieHa B BHJE
@n(cos x, sin x) ¥ BbIPA3uTh, HarpuMmep, Sin X uepe3 COS X, YTO MOTpe-
OyeT, 0JHaKO, U30aBJjeHHsl OT MOSIBUBLUErOCS pajuKaJja MyTeM BO3BEJIEHHS
B KBAJIpaT U TMPUBEJIET K YIBOEHHIO CTENEHH YpaBHEHHUS.

MoxHo u36exKaThb yKa3aHHOH MpPOLEAYPbl, €CJaM MPUMEHUTb TaK Ha3bl-
BAaeMYI0 YHHUBEPCAJbHYIO MOJICTAHOBKY, BbIpaXKalollylo Sin X M COS X uepe3
tg(x/2). [1pu 3TOM CTerneHb MoJIyunBIIErocsl ypaBHEHUs] OTHOCHTEJbHO tg(x/2)
TaKxKe yJ1BauBaeTcs.
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Ynpaxuenue 178. IlposepbTe hopmyJibl

2 tg(x/2) . 1 —tg?(x/2)
1 +tg2(x/2)’ 1+tg2(x/2)

B HekoTopbIx cjyuasix, HanpuMep, Koria MHorouseH @, (cos x, sin x) oj-
HOPOJIHEII, T.€. COCTOMT TOJILKO M3 OJHOUJIeHOB BHia sin® x cos* x, co-
OTBETCTBYIOlIlEE YPABHEHHE MOYKHO CBECTH K ypaBHEHHMIO OTHOCHTEJbHO tg X,
He MOBbILIAS MPU ITOM €ro CTElEeHH.

Ecau TpuroHomMeTpuuecKuil MHOTOUJIEH UETHBIH WJIM HEUETHbIH, TO COOT-
BETCTBYIOLLIEE YPABHEHHE MOXKHO CBECTH K ypaBHEHHIO OTHOCHUTEJIbHO COS X,
He TOBbILIAsA IPH 3TOM €0 CTeNeHH.

a) sin x = 6) cos x =

3anauu v ynpaxHenus K § 4.17

3anaud B 3ToM naparpade, Kak MpaBuJo, TPYAHbl, HO OHM CTAHOBSATCS
BIOJIHE JIOCTYNHBIMH, €CJIM pellaTh MX B YACTHLIX cjydasx n=2, 3, 4, ...

[TepBblil LKKJ 3a7au MocBsilleH MHorowleHaMm Heobbiéna. [TonoOHbIX 3a-
Jlay U3BECTHO KOJIOCCAJbHOE KOJIMYECTBO, M Mbl 3/1€Cb IPUBOJIUM TOJNLKO HEKO-
TOpblE H3 HUX.

1. Jlokaxkute pekyppeHTHble COOTHOLIEHHSI M MPOBEpbTe HavyasbHblE yC-
JIOBHSI

Ta(x) = 2xT,—1(x) — Ty—2(x), To(x)
Urz(x) = QXUnfl (X) - Un72 (X), UO(X)

I, Ti(x)=x,
I, Uj(x)=2x.

2. DTH MoC/eN0BATENBLHOCTH MOYKHO MPOJIO/LKUTD U /LISl OTPHLIATEIbHBIX
uHpekcoB. Jlokaxure cootHowenus T, =T_,, U, =—-U_, _o.

3. Jlokaxkute npu 1 # —1 TOXK1eCcTBO

|

Un(x):n—H

T,;H (x).

4. JlokaxKUTe TOXKIECTBA:
a) Tp(—=x) =(=1)"Ty(x);  6) Un(=x) = (=1)"Up(x).

5. Jloka)kute paBeHCTBa:
Ln/2] (
a) To()= > CHxn=2(x —
k=0
Ln/21 Q%41 ,n—2k(,.2 k
0) Unl)= 3 CHe = - 1)
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L”/QJ( )
B) T”(X)— 9 Z

=0 "~
[n/2]

D) Un)= Y (= DFCE_(20)" %,

k=0
6. Jlokaxure npu |x| < 1 ToxaecTna:

C/e k(Q )n 2/3

a) T,(x)=cos (n arccos x);
6) Un(x) =sin ((n+ 1) arccos x)/ sin (arccos x).

7. ﬂoxamme npu |x| > | Toxnecrsa:

1) = 5 (e VT (= VT,

w(x) = h (n Arch x);
1

a
6

) T,
)
B)
r) U,(x) =sh ((n + 1) Arch x)/ sh (Arch x).

T,
Unla) = A (e VT T = VT T,

8. Hafinute KopHM M 3KcTpeMyMbl MHorouwieHoB YeOblléBa mMepBoOro

h BTOPOro poja.

9. Hoxamme peKyppeHTHbIE COOTHOLIEHHS:

a) T,T,= (Tm a+ Tmsn);
6) UnT, = E(Um—n + Ungn);
B) Tn(0)Ty(x) £ (1 = x2)Up— 1 Up— 1 (x) = Toppn (x);

I‘) Un—1(x )T ( )iTmUnfl(x):Um:I:nfl(x);
1) Tu(Tn) = Tinn(x);

e) Um—l(Tn):Umn—l/Un—l;
)K) T,= %(Un - Urz—Q);

3) Tu(x)=Uy(x) = xU,—1;

n) Tn(x) =xUp—1(x) = Up—s.

10*%*, Jloka)KuTe, UTO CJIOKHOCTbL COBMECTHOIO BbLIUHCJIEHHUS]
Huit T, (x), U, (x) He 6osblie C logy n, rie C — KOHCTaHTA.

11%. Jlns 11060ro TpPUroHOMETPHUECKOTO MHOTOUJIEHA

th(x)=ap+ Z(ak cos kx + by, sin kx)
k=1
Npu 1 > m > 1/3 CnpaBeyiiBoO TOXKIECTBO

tn(x)_tn<x+%) +tn<x+2%) —...—tﬂ(x+7“(2m*1)

m

3Haue-

=a, cos mx + b, sin mx.
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12*. HaszoBem nopmoi v 0603HauuM ||¢,|| Makcumy™m MOLysisi TPUIOHO-
METPHUECKOro MHorousieHa f,. Jlokaxure ajsi jtoGoro m, n>m>n/3, He-

paBEHCTBO
ltall = /a2, + 02,

13. loka)kuTe, UTO CpeIH BCEX TPHUTOHOMETPHUUECKMX MHOTOUJIEHOB
CTENeHH 1 C JaHHBIMK CTaplUUMKU KO3 (PUUHEHTaMH a,, b, HaUMEeHbLIYIO
HopMy ||Z,|| MMeeT TpUroHOMeTpHUECKHE MHOTOUJIEH @, oS nX + b, sin nx
U TOJILKO OH.

14*. HazoBem Hopmoli u 0603HaUUM ||p,|| MaKCHMyM MOJyJisi MHOTO-
ujieHa p, Ha orpe3ke [—I, |]. JlokaxkuTe, 4TO Ccpely BCEX MHOTOUJIEHOB pj,
CTeNeHH 1 ¢ AaHHBIM CTapIINM KO3((HULHEHTOM @, HAHMEHbIIYIO0 HOPMY HMe-
eT MHorousien Uebbiésa a,2' =" T, (x).

15*. a) Ilna moo6oro n €N cyliectByer MHorouseH P,(x) € Z[x] ra-
KoM, uto 2 cos nt = P,(2 cos ).

6) Boieaure u3 a), uto npu mobom g € Q uan cos gw €{0, F1/2, Fl},
WJIH UHCJIO COS 7T HPPALMOHAJIBHO.

n
16%. Boiuucaure Y. g* cos(kx + a).
k=0

n
17%. Boiuucaure Y cos? kx.
k=0

18%. Pewute ypaBHeHHe

cos o+ C} cos(p + a)x 4 ...+ C" cos(p + an)x" =0.

19. JlokaxuTe TOXKAECTBA U HAUAUTE KOPHH TPUTOHOMETPHUUECKHX MHOTO-
4JIeHOB

C 2n+1
1 Sin b X
5 T COS X +...+Cos X =——"3— (fdpo Hupuxae);
2 sin —
2
.n n+1
Sin §XCOSTX
CoS X +...4cos nx = T ;
sin =
2
cosx+c053x+...+cos(2n—l)x:M;
2 sin x
.on . n+1
sin §)CSII’1 p) X
sin x +sin 2x + ...+ sin nx = = ;
sin =

2
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2
sin x+sin3x+...+sin(2n— )x = sin ﬂx,
sin x
sinn+1x ’
1
n—;— —|—ncosx—|—(n—1)0052x+...—|—cosnx:§ QX
sin =
2

(20dpo Detiepa).
20%. JlokaxKuTe, UTO TPUTOHOMETPHUUECKHH MHOTOUJIEH

n

Z(ak cos kx + by, sin kx)
k=1

BCerga uMeeT KOpHHU.

21%*. a) CocTaBbTe ypaBHEHHE C KOPHAMH cth <2nkj_ ] >, I<k<n.

6) Jlokaxkute, 4To

: 9 km . . é 9 km . )
thg (2n+1)—n(2n 1)/3 u ;cos (2n+1>—2n(n+1)/3,

k=0

1
B) BbiBennte 13 6) 1 HepaBeHeTBa ctg v < — < cosec «, UTO
«

2n(2n — 1)

1 2n(2n + 2)
ST 1+ st

7’_ 7”_
6 @2n+1)2 6°
oTKyla cJeyeT gopmysa Jitepa
=1 . m
Zﬁ—n&“;o(” totm) =%
n=

22*. (M. Pucc *.) Jloxkaxure, uTo jjsi JI060r0 HEOTPULATENBHOTO TPUTO-
HOMETPHUECKOTO MHOTOUJIEHA

th(x)=ao+ Z(ak cos kx + by, sin kx)
k=1

CIIpaBeJINBO TOXKIECTBO

_ ‘hn(ezx 2

rie h, — MHoOrousieH n-ii crenenu. Eciin kK Tomy e f,, ueTHbI, TO /1, MOXXHO
noso6paTh Tak, 4YToObl OH UMeJ TOJILKO JE€HCTBUTE/IbHbIE KOIPPULIUEHTHI.

* M. Pucc (Marsel Riesz, 1886—1969) — Benrepckuii maremaTtuk. Pa6oras B LlIBeruu.
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23*. JlokaxxuTe, uTo A/ J0GOrO HEOTPULATENbHOTO TPUTOHOMETpHUE-
CKOT0 MHOTOYJIeHa

n
th(x)=aop+ Z(ak cos kx + by, sin kx)

k=1
CrpaBeJIiBO HEPABEHCTBO

Ln(x) < (n+ Dao,

KoTopoe oOpalllaeTcsi B paBeHCTBO Jiulib st siapa Peiiepa.
24*. Tlyctb t,(x) — TPUrOHOMETPUYECKHUI MHOTOUJIEH 11~ CTEIeHH,

m=min t,(x), M=max t,(x).
x€R x€R

JloKaxkuTe, uTO

o2
M—-m 1 M—-m
< — = < —
m+ P \QW/tﬂ(x)dx ag <M P
0
25%. Jlokaxkure, 4To
2n
_ . x—0k _Qk—l .
a) COSﬂX—Akl:[lSIFI 5 , TIe O,= oy T
cosnxsinm
(m) oy COSAX iy x—@m: ymt 9
6) Q" (1) =5 (~ 1y etg T =(~ 1) 2
2n sin 5

€CTb TpI/II‘OHOMeTpI/ILIeCKI/Iﬁ MHOTOUJIEH A1-H CTeleHn TaKOﬁ, 4yTo

QU (6;) = {0’ ke m

I, k=m.

26%*. JlokaxkuTe, UTO /151 JIIOOOTO TPUTOHOMETPHUUECKOTO MHOTOUJIEHA

th(x)=ao+ Z(ak cos kx + by, sin kx)

k=1
CrpaBeyIMBbl paBeHCTBa
% P
l.(x) =a, cos nx + CO;:X ;(—l)k ctg x; kt,(0p),
%

1
t/ 0)=— —1 k41 tn 9,):
20 4n kz:;( ) sin® 0,/2 (6e);
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topmysia M. Pucca 1yis IpOU3BOJIHOH TPUTOHOMETPUUECKOTO MHOTOUJIEHA

2n

1 1
1(0)=— — 1, (x — ),
n( ) in ;( ) Siﬂ2 ek/Q ()C k)a

HepaseHcTBo C. H. Bepnuureiina *

t/ < ¢ .
max [t (0] <n max |20 ()]

§ 4.18. Pacuupenus nogei

PaciuupeHnue rnoJist nyTem NpUCOeIMHEHHs] KOPHS HEPUBOAMMOrO Hajl HUM
MHOTOUJIEHA — 3TO BaKHeHlIasi ¥ MpocTeHilasi KOHCTPYKLMSI TEOPUH TOJIeH,
NpUUYeM eMHCTBEHHAs!, KOTOPYIO Mbl OyJ1eM H3ydaThb.

Paccmotpum nodie F 1 KOJIbLIO MHOTOUJIEHOB Haj HUM f[x]. [lycth MHOTO-
unen f(x) = aox" +a;x"" '+ ... 4+ a,_ X + a, HENPUBOIUM HAJ STHUM TOJIEM.
OkasbIBaercsl, MOXKHO JIONOJHHUTL 10Jle 7 HOBBIM 3JIEMEHTOM < TaKUM, UTO
JUISl HErO BBIMOJIHSIETCS] TOXKAECTBO

() =aoa" +aja" ' + ... +a,_1a+a,=0. (+)

Onepauuu Ha MHOXKeCTBe (DOPMaJIbHbIX BbIPaXKEHHH («MHOIOUJIEHOBY)
BHJA
() =boad™ + b1+ b+ by,

rie b; € F, 0 < m < n, onpelesnm cieiyloliuM o6pasom.

Onpepnenenue 111. Caoocenue ornpenessieTcsi Tak ke, Kak U CJoxKe-
HHEe MHOTOUJIEHOB (IIPH 3TOM BBIMOJHSAIOTCS BCe aKCHOMbI abesieBOi IpyMIibl
N0 CJOXKEHHIO), YMHOJNCeHUe ONPEJeNisieTCsl KaK YMHOYKEHHE MHOTOUJIEHOB,
HO C MOCJIEYIOUMM HCMOJb30BAHUEM TOXKAECTBA (%), T.e€. nocse 0ObIYHOTO
YMHOKEHHsI MHOTOUJIEHOB W JIeJIEHHs Mpou3BeaeHust Ha [(a) ¢ octaTkoM Oy-
JIEM CUHTaThb npoussedertiem 3TOT OCTATOK.

OueBujiHO, CTerneHb MPOM3BENEHUS] HE TMPEBOCXOMMT 1 — | U onepauus
YMHOKEHHsI TI0X0Ka Ha yMHOXKEHHe B M0Jie BbIUETOB MO MPOCTOMY MOJLYJIIO.
Heiimpaaoroin snemennmom st yMHOXKeHuUs1 siasieTcst 1.

JlokaxkeM cylLeCTBOBaHHE OOPAMHO20 3IAeMEHMA TO YMHOXKEHHIO.
[lo ycsioBHIO MHOTOUJIEH f(x) HEMPHUBOAMM, MTOSTOMY JIFOOOH He paBHBIH HYJIIO

* Bepuureiin Cepreit Haranosuu (1880—1968) — coBerckuil MaTeMaTHK, aKaleMHK, HHO-
cTpaHHbIfl wieH [lapiKcKoil akajeMuu HayK.
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MHOTOWIEH ((X) CTereHH, MeHbLIEl 11, B3BAUMHO TPOCT C HUM, a 3HAUHT, MOXK-
HO Mog06paTh Takue MHOTOUJIEHbI X(X) H p(x), uto f(x)x(x) + pu(x)p(x) = 1.
[ToncraBnsst x = a, noayunm p(a)e(a) = 1.

Ynpaxuenue 179. TlokasaTb, uto il BBEleHHbIX OMNepaLUil BbIMOJIHS-
I0TCS1 BCe aKCHOMbI M0JIs1.

Onpenenenue 112. [locTpoeHHoe MoJie HA3bIBAETCS pacuiiupeHiuem no-
Jst [ ¢ ToMollbio KOpHst MHOTOUJIeHa f(x) u o6o3Hauaercs F(a).

Ynpaxuenue 180. [lyctb /' — nosie BbIUETOB M0 MOAYJIO 2, MHOTOUJIEH
x? + x + | nenpusoaum Hax 5TuM nosieM. O603HAUNUM Uepe3 o KOPeHb ITOro
MHorousieHa, tTorna o +a + 1 =0. [TposepbTe, uto F(a) COCTOMT U3 3Je-
mentoB 0, 1, o, @+ 1 W onepauuu ClOXKEHUS] U YMHOXKEHHSI B 3TOM [oJie
13 4 3J1eMEHTOB ONpelessIoTCs Mo caeayloluM Tabauuam Kaou:

+ 0 1 « a+1 0 1 « a+1
0 0 1 « a—+1 0 0 0 0 0
1 1 0 a+1 « 1 0 1 « a+1
o o a+1 0 1 o 0 « a+1 l
a+1l|a+1 « 1 0 a+1]0 a4+l 1 o

Ynpaxnenue 181. [lpoBepbre, HCMOJBL3Ys 3TH TAGJHLbI, UTO BHIMOJIHSI-
I0TCSl BCe aKCHOMbI MOJIsl.

Ynpaxunenne 182. Paccmorpum noJje pefcTBUTE/bHbIX uMces R
U HENPUBOAMMbBIA HAJ, HHUM MHOTOYJIEH x2 4+ 1. O603HaunM OyKBOH i KO-
peHb 3Toro MHorousena: i> + 1 =0. [ToJyunTe yKazaHHBIM Bbillle COCOGOM
pacluMpeHre noJst JeHCTBUTENbHBIX YHCeJ C TIOMOLLbIO KOPHSl paccMaTpUBa-
emoro MHorouJsieHa R[i] u npoBepbTe, UTO TO pacLIMPEHHEe €CTb HE UTO HHOE,
KaK I10J1e KOMIIJIEKCHBIX YHCeJl.

Onpenenenue 113. MuoxectBo K KOMILIEKCHBIX uuces (He 0o0Osi3a-
TEJIbHO BCEX) Ha3blBAETCSl UUCAOBBIM NOACM, €CJIU JJIsi HErO BBIMOJHSIOTCS
YCJIOBUS:

a) a, feEK=at+peK,

6) o, BEK=a-B€K u (npu ycaosuu 8+#0) a/B €K,

B) noJje K COJIEPKHUT HE MeHee NBYX 3JIEMEHTOB.

Teopema 113. Besakoe uucrosoe nose K codepacum ace payuonaro-
Hole ducaq.

HokasdaTeabcTso. Bo-nepsbix, nosne K comepkut O u 1. B camom
Jesie, nycThb a, 3 — JaBa pasyuutblx sjementa K, torna 0=a—a u | =a/a,
rjie o cuutaeM He pasHbiM 0.
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Bo-Bropeix, mose K comepKUT Bce Ieqble uuchaa. JleldcTBUTENBHO,

ecsii n€Z u n>0, o n=1+...4+41€K. Eciu xe ne€Z u n<0,
n pas

10 —n>0=-ne€K. Ho torna n=0—(—n) € K. Ocrajocb 3aMeTHTb,

UTO BCSIKOE PAlMOHAJLHOE UHCJIO €CTh YaCTHOE JBYX LeJbIX 11y /g € K. 0O

Onpenenenue 114. Ecuu nose K| cojpep:kuT mnoJie Ky, TO TOBOPSIT,
uto K siBasiercsi pacuiuperuem K.

[Ipumepom paciuupenus noJst K c/ay:KuT 1oJe, noJjyuarolieecs npucoein-
HeHMeM K noJiio K HeKOTOPbIX uhces aj, ao, ..., a, € C. OHo o6o3HauaeTcs
K(ay, ag, ..., a,). [1o onpenenenuio nose K(ay, g, ..., ;) €CTb HaUMEHb-
wiee W3 MNoJiel, collepakalllee Bce uucsa us nodist K v uncaa (o, ag, ..., o).

Teopema 114. [lose K(ay, ag, ..., a,) ecmo MHOMCECMB0 4ucer 8u0a

Play, ag, ..., an)
Q(alv g, ..., Oén)’

ede P(ay, ag, ..., ap), Q(ag, ag, ..., ay) — MHOCOUACHbL O 1 NEPEMEHHbLX
¢ koappuyuenmanu us noira K u Q(ay, ao, ..., ay) #0.

HokaszateabcTBo. [lo onpenenenuto noasi K(ay, ao, ..., a,) OHO
COJIEP2KUT BCe uncsa Buna P(ay, ag, ..., a,) U Q(ay, ao, ..., ay), a 3HAUHT,

N 4yaCTHbIE
Play, ag, ..., an)

Qay, ag, ..., an)’
Ocra/ioch 3aMeTUTDb, UTO MHOXKECTBO TAKUX YACTHLIX SIBJISIETCSI UUCJIOBLIM [10-

JIeM, TakK KaK CymMMa, pa3HOCTb, MPOU3BEJeHHE U HaCTHOE YHUCEJ TaKOTO BHUIa
TOXKe fBJIFIeTCd YUCJIOM BHIA

F(ay, ag, ..., an)
G(ay, ag, ..., an)
JUIsl HEKOTOPBIX MHOTrOUJIeHOB F(ay, au, ..., ay) u G(ay, ag, ..., a,) #0. O

[ITpumepsn. 1. Eciu K =C, 10 K(y, o, ..., ay) =C.

2. Eciut K=Q, a=+?2, 10 Q(\/§) — KsadpamuuHroe paculuperue
noas Q.

3.Ecm K =Q, a; (=1, ..., n) — pa3jnuHble KOPHU 11-i CTENEHH U3 eI~
HHULIbI, TO paclIMpeHHe MoJisi paluoHaNbHbIX uhcea Q(ay, ao, ..., ay) Hasbi-
BaeTCst noAem 0eAerus Kpyea Ha fn uacTedl.

Ynpaxuenue 183. [Iposepbre, uto

K(ay, ag, ..., ay) =K(ay)(ag, ..., ay) = K(ay, ag)(as, ..., a,) =
:K(Oél, g, ..., al’l—l)(aﬂ)'
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Onpeneaenue 115. [Ipocmown pacuwuperuen nois K HasbBalOT noJe
Buaa K(a), rie a € C.

JJ1st IPOCTBIX paCIIMPEHHi CYLIECTBEHHO, SIBJISIETCS JIH (v KOPHEM HEKO-
TOPOro MHorousieHa [f(x) ¢ KoshdHUHeHTaMH U3 MoJisi K WM HeT.

Onpenenenue 116. Yucso a € C HasniBaercs arcebpauneckum naa K,
ecJii cyllecTByeT MHorowleH f(x) € K[x] Takoil, uto f(a) =0. AsreGpanue-
ckoe Haj QQ uucsio HasbiBaeTCst (MPOCTO) areedpau1eckum YHCJOM.

Hanomuum, uto mMHorousien [ nHenpusodum Haj nojem K, ecu oH pas-
Jlaraetcsl B NPOM3Be/leHHe MHOrOWIeHOB Haja K TOJIbKO TpHUBHAJbHBIM 006-
pa3oM, a MHOTOUJIEH C LeJbIMH KOo3(dHULMeHTaMH [ Ha3blBaeTCsl Henpuso-
oumoim Had 7Z, ecau u3 toro, uto f=g-h u g, h € Z|x], cnenyer, uto
(deg g)(deg h) =0.

Teopema 115. [Iycmo K — uucaosoe nose, [(x) — Henpusodumolii
Had K muoeounen. Toeda, ecau [,(a) =0, a € C, mo npocmoe pacuiupe-
Hue K(a) noaa K cosnadaem ¢ mHoscecmson

{ag +a o+ ... +a,_1a"  ag, ..., ay_y €K}
HokaszateabcTBo. [lycth = % € K(or) — Npou3BOJIbHBIH 3J1€e-

MeHT 3Toro noJs. [IpencraBum ero B ykazaHHOM BHJIE.

3ameruM cHauaJia, 4To MHOrousieH f(x) B3auMHO npoct ¢ @(x). B camom
JieJle, TIO YCJIOBHIO, Y MHOTOUJIEHA f(x) HET HETPUBHAJBHBIX JeJIUTENEH, a ecaH
f(x) — nenurens Q(x), To @(a) =0, uero He MOXKET ObITb.

Bocrosib3dyemest  Ternepb H3BECTHBIM HAM JIMHEHHLIM [1peACTaBJIEHHEM
HO/I, t.e. toxmectBom Q(x)u(x)+ f(x)v(x)=1, rme MmHorouseHbl u(x),
v(x) € K[x]. TToxcTaBuB B HEro x = a, MOJIy4uM, 4TO

I=u(a)-0+v(a)- Qo) =0v() - Q).

3Hauurt, ;:U(Q) 1 LC) = P(a)v(ar). [TosTomy uncna u3 mnogs K(cw)

Q) Q)

TMPeJICTABJISIOTCS KAK 3HAUeHHs1 MHOTOWIEHOB ¢ Ko3(hduLeHTaMu U3 nodisi K.

OcTajioch 10Kas3aTh, 4TO JJIs 9TOTO MOXKHO OpaThb MHOTOUJIEHBI CTere-
Hell MeHbILMX, YeM 1. [lefictBuTenbHO, nycth O = F(a) € K(a). [Tonennm F(x)
Ha f(x) ¢ 0CTaTKOM W MOJIyuMM PaBEHCTBO

F(x) = [(x)g(x) + r(x), rtne deg r(x)<deg f(x)=n.

[ToncraBuB B Hero x = a, HaineM, uto B =F(a) =0-g(a) + r(a) =r(a). O
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Jlemma 29 (06 aHHyaupylouiem MHorougeHe). [Tycmo f(x) — nenpu-
s8odumoLii mroeourer, f(a) =q(a) =0, moeda q(x) deaumcs Ha f(x).

Hokaszarteabctpo. [lyers [ He aenut ¢, Torna HO(f(x), g(x)) =1,
3HAUMT, COMVIACHO JieMMe O JiHHelHOM mpeacTaBiedun HOJL misi HeKoTOpbIX
MHOTOWIEHOB 4, U BbIMOJIHsieTcst paBeHcTBo | = fu + qu. Ho torma, noacras-
Jisisl B 3TO PABEHCTBO X = v, MoJiyuaem npotusopeune: 1 = 0. O

Teopema 116 (06 aHHyJaupylouleM MHOroujeHe). /19 8ciK0eo ai-
eebpauueckoeo yucaa o (Had nosem K) cywecmsyem edurcmeerHolii
nenpusodumsili mroeouren [(x) € K[x] ¢ edunuunoin cmapuiumn koagh-
¢uyuernmon maxoti, umo f(a) =0.

HokasareabcTBo. CyuecrsoBanue. OueBHIHO, CyLIECTBYET g(X) €
€ K[x] rakoii, utro g(a) =0. CoryacHo TeopeMe 83 3TOT MHOIOUJIEH OLHO-
3HAUHO PA3/iaraeTcsi Ha HEMPUBOIUMbIE MHOXKHUTEMH. Hnesno o Oymer KopHeM
OJIHOTO M3 TAKUX MHOXKHTEJEH.

EnunerBenHocTs. [lyets [ (o) = fo(a) =0, MHOrousieHbl fi, fo HenmpuBo-
UMbl Hajl K ¥ UMeIOT eMHUYHble cTaplide Ko3duuuentsl. Toraa mo mpe-
abiyuieit aemme fi | fo u fo| [1, 3Hauur, fi = fo. O

3anauu v ynpaxkHenus kK §4.18

1. dokaxure, uto Q(v2) = {a + b\/2: a, b € Q} — noute, B KOTOPOM MHO-
rousien x? — 2 UMeeT KOpeHb.

2. JlokaxkuTe, 4TO (@(3/5) ={a+b V24 c V4 a, b, c € Q} —noute, B KO-
TOPOM MHOTOUJIeH X — 2 UMeeT KOpeHb.
3. YcTpaHuTe HPPALMOHAJBHOCTD B 3HAMeHaTesAX Apobeil
1 a+1
1+ 3% 4+a+l’

rie o —a—1=0.
4*. Ycrpanute uppaudoHaJbHOCTh B 3HaMeHareJse 1pobu

1
3 33"
1+ V2+ V3
5¥*. YcrpaHurte UppalMoHaAJIbHOCTL B 3HaMeHaTesie 1po6u

2
Vi-3¥51ev5- Vs

6. CocraButh ypaBHeHHE C LeJbIMH KO3(dUIHEHTaMH C KOpHEM \ =
=a’+a+l,mea®—a—1=0.
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7. CocTaBuTb ypaBHeHHE C LIEJbIMH KOI(P(PULMEHTAMH C KOPHEM
a) V2 +3; B) V2 + V/3;
) V2+V3+VE 1) V24 Y3+ V5.
8. JlokaxkuTe MppaLHOHAILHOCTD YHCE
a) V2 +3; B) V2 + V/3;
6) V2+V3+V5 1) V2+ V3+ V5.

9. ITocTpouTh paciunpente noJs Zz ¢ NoMOLIbI0 MHOrousiena x> + 1.

10. Jlokakute cyliecTBoBaHHe noJieii nopsiaka p> u po.

11%, TlycTb B HEKOTOPOM MoJie F XapaKTepPUCTHKH p MHOrouseH x” — x
pacKJ/aibIBAETCS Ha JIMHEHHble MHOXKUTEMH. JIOKaXKUTE, UTO BCE KOPHH 3TOTO
MHOrouJieHa pasJ/HuHbl H o6pa3y}0T noJie Mopsijika p"

12%. JlokaxkuTe, 4TO xP" — x peaut xP" — x TOrua M TOJNBKO TOrja, Ko-
ra m JeJuT 1.

13*. Tlyctb FF — KoHeuHoe noJie nopsiika p”. Jlokaxkure, uTo Bce sJ1eMeH-
Tbl o1 F, yl0B/eTBOPAIOLIME ypaBHeHHIo xP — x =0, rie m — JeauTen 1,
00pasyloT nojrnoJe nopsaka p™, npuuem MoANoJe TaKoro Mopsiika eiuH-
CTBEHHO.

14*. JlokaxkuTe, uto Jio60e TMOJMOJE TOJs MOpsiika p” HUMeeT mnopsi-
JOK p™, rie m — JeuTedb 1.

15%. Tlycrtb [(x) — HenpUBOAMMbIN MHOTOUWIEH CTeNeHH m Haj rosem Z,
Jokaxute, uto f(x) neant x?" — x.

16%*. O6o3HaunM uepes [, (x) Npou3BelieHHe BCeX HEMPUBOAUMBIX MHO-
rOwIeHOB CTeMNeHH /M Haj nosem Z,. lokaxure, uto

XM —x= H Ja(x).
dln

17*. Haiinute [, (x) npu npocrom .

18*. Haiiaure [, (x) npu p=2u n=4, 6, 8.

19%. Haiinure [y, (x) npu sro6om m.

20**. Jloka)KnTe CyllleCTBOBaHUE roJiel ropsiaxka p'.

21%. Yucno a € C Ha3biBaeTcs aneebpauieckum, eCiu sBseTCs KOPHEM
MHOTOUJIEHA C LEJNbIMH KO3((ULMEHTAMH, U yeabim areedpauieckum, eciu
CTapluil KO3(PUIMEHT 3TOr0 MHOrOUJIeHa paBeH enuHule. Jlokaxkure, uto aJ-
ajrebpanueckue uucsa o6pasyloT rnoJie, a LeJjble rebpanyeckue — KOJbLOo B HEM.

22*. ConpsasjcenHbimu K anre6panueckoMy UHMCJy Ha3blBAlOTCS KOPHH
MHOrouJleHa C 11eJ1bIMH KO3((ULIMEHTaMH MHHUMAJIbHOH CTeNeHH, aHHYJIHpY-
folLero 1o umcso. I1pou3ssenenye 3Toro yncsaa Ha BCe COMPsKeHHbIE K HEMY
HasblBaercsl ero Hopmotl. JlokaxkuTe, 4To HOpMa ajre6panueckoro yucaa —
paLKoHaJbHOE, @ HOPMa LeJIoro anreGpanueckoro 4nucja — LeJsioe Ynuca.

23*. JlokaxuTe, uTo J1l060K MHOrouJieH ¢ ajre6panueckuMu Koshduim-
€HTaMH MMeET TOJIbKO ajirebpanueckie KOpHH.
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ILOHOJIHHTeJleble 3ajJda44 O MHOrouJieHax

1*. Jlio6oit mHorouwnen u3 C[x] npu Jo6om n € N MOXKHO MpPeNCTaBUTh
B BHJIe CYMMbI 711-X cTerneHeil MHorouseHoB u3 C[x].

2*. (O6o6uiennast Teopema Posisi.) Econ muorousnen f(x) € R[x] umeer
Ha oTpe3ke [a, b] n JeHCTBUTEJbHBIX KOPHEH C YUeTOM KpPaTHOCTH, TO TPH
Mo60oM k < n TIPOU3BOAHAST R-TO MOPSIAKA OT f(x) HA 3TOM OTpe3Ke HUMeeT
He MeHee 1 — k KOpHeH ¢ yJeTOM KpaTHOCTH.

3. (Ponsb *.) Ecam Bce kopuu MuorousieHa f(x) € R[x] mefcTBHTEbHBI,
TO TpHU JIIOOOM & < 71 IPOU3BOAHAST k-T0 MOPsiAKa OT f(X) UMeeT TO/bKO Neki-
CTBHUTEJIbHbIE KOPHHU.

4*. Ecau Bce KopHM MHorouseHa f(x) € R[x] nelCTBHUTENbHBI, TO TpH
A €R Bce kopuu f(x) + A[/(x) Takke IeHCTBUTENLHBI.

Ykasanue. Paccmorperb e f(x) u npumenntsh Teopemy Pouis.

5*. Ecan Bce xopuu f(x), g(x) € R[x] nefictButesbhbl, g(x)=a,x" +
+ ... 4 agp, T0 y MHOrousena F(x) = a, [(x)™ + ... 4 ao [(x) Bce KOpHU TaKKe
JIeFICTBUTENbHBI.

Ykasaunue. 3ameruts, uto g(x)=a, [[(x — «;), paccmorperb ro-

L
CJIeNIOBATEILHOCTL Fo(X) = ay, f(x), Fr(x) = Fp1(x) + X\ef(x), Fu(x) =F(x)
¥ TIPUMEHHTD TIPEJbIIYIILYIO0 3a1auy.

6*. Ecau Bce kophu muorousenoB [(x), g(x) € R[x] nmeiicTBuTe/bHDIE,
HEKpaTHbIe U Pa3JEJSIIOTCs], T. €. MEXKJy COCEJIHHMH KOPHSIMH OJHOTO BCEeraa
JIEXKHUT KOPeHb APYroro, To npu Jiobbix a u b € R y MHorowiena a g(x) + b f(x)
BCE KOPHHU A€HCTBUTEJIbHBI.

7. Ecau mHorounen f(x) € R[x] umeer KpaTHbBI KOpeHb, TO MPH A0CTa-
TOUHO MaJsioM ¢ Jiu6o f(x) + ¢, 6o f(x) — f UMeeT HeleHCTBUTE/bHbIE KOPHH.

8*. EcJsin mHorousieHbl f(x), g(x) € R[x] B3aUMHO NPOCTHI, U NPH JIIOOBIX
u b € Ry mHorousnena a g(x) + b f(x) Bce KOpHU I€HCTBUTENbHBI, TO BCE KOPHH
MHOrowieHoB f(x), g(x) € R[x] neiicTBuTe/bHDbIE, HEKPATHbIE U PA3IEJSIIOTCS.

9*. Ecan Bce KopHH MHoOrouwsneHoB f(x), g(x) € R[x] meficTBUTE/bHbIE,
HeKpaTHble M Pa3JeJsOTCs, TO KOPHH HMX MPOU3BOJHBIX NEHCTBUTEJNbLHBI,
HEKPATHbI M Pa3JIeJsIOTCs.

10*. Ecsu Bce Kopuu mHorousenos f(x) —a, f(x) —b e R[x], a, b €R,
NefiCTBUTeNbHBIE, @ < ¢ < b, TO BCe KOPHH MHOrowieHa f(x) —c meACTBH-
TeJIbHbIE.

* M. Posub (Michel Rolle, 1652—1719) — dpaniysckuii MatreMaTHK, ObIBLIHI NPOTHBHHKOM
arddepeHInanbHOro i HHTErpaibHOr0 HCUHC/ICHHS.
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*. OnpeiesiuTb YUCJO JIEHCTBUTEIbHBIX KOPHEH MHOTOUJIEHOB

B R N AR ol S s SR
" xnfl xQ
=4 S T
n n—1 2

12. Jlokakurte, 4TO MHOrOUJIEH

2n2

AonX>" + Qoy_o +.4ax® faix+ag

uMeeT He GoJiee IBYX JEHCTBUTEJbHBIX KOpHEH, ecan ap > 0 npu & > 1.

13*. (Maksopen *.) Ecian koadduimenTtsl y f(x) HeOTpHLIATEbHBI, TO BCE
JefiCTBUTeNbHbIE KOPHU He GoJiblie 0.

14*. (MakJjiopeHn.) EcJ/in HecKoJsibKO cTapiinx Kosh@UIUeHTOB HeOTpULA-
TeJIbHBI, a MocJeqHue m + 1 oTpULATeNbHbl, TO BCe JeHCTBUTEbHbIE KOPHH
MHOTOUJIEHA

gx)=ax"+ ...+ ap
He MPEeBOCXOMST

a) p+ max =R |ar/a,pm—*| npu moéom p >0,
ap<<
6) 2 max "—t/ay|/a,,
ap<
B) "%/ |am/an] + m_k\/ |akl/am.

15*. (Ouenkn MakJjopena.) KopHu npousBoJsibHOr0 MHOTOUJIeHA
g(x)=aux"+ ...+ ap € Clx]

M0 MOJLyJII0 He MPEBOCXOSIT

a) 1+ r}?ax ‘ak/aVZ'; B) 2 I}jax ﬂik\/ |ak/an|;
<n <n
) - max /a4 s 1) s ] + "*kx‘/_m/a_n_n.
16*. (Hototon.) Ecin [(x) € R[x], f(a) > 0 f( )=0, ..., [™(a) =0,

deg f(x) =n, To BCe NeHCTBUTENbHbIE KOPHH MHOTOUJIEHA f( ) He TIPeBOCXO0-
JST a.

17*. Muorounen x" — pix™ ' — ... — p, npu p; =0, p1+...+ p, >0,
UMeeT €IMHCTBEHHbIN M0JIOKUTE/bHbIH KOPEHb.

18. JlioGoii kopenb MHorousmena 2" +a;2"~!' 4 ...+ a, € C[z] ue npe-
BOCXOJIUT 110 MOJIYJIO €IHHCTBEHHOTO MOJIOXKHTENLHOMO KOPHSI MHOTOUJIeHa

—ay|x" = = a).

* MakJsopen (Colin Maclaurin, 1698—1746) — miotnanackuii MaTeMaTHK.
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19. Ilyerb po> p1>...> p, > 0. Hokaxute, uto BHyTpH Kpyra |z| < 1
HeT HyJiell MHorousieHa po + pi12 + ...+ pu2".

20. Iyets  po>pi1>...>p,>0, a=min(pi/po, pe/Pis---s Pn/Pu-1)-
Jlokaxkute, uto MHOrouIeH po2” 4+ p12"~' + ...+ p, He UMeeT HyJsiell B Kpy-
re |z] < a.

21*. Ilyets po=p1=...2pn =0, [(2)=poz"+ pi2" '+ ...+ pa,
f(A) =0, |A| = 1. lokaxute, uTo A eCTb HEKOTOPbIH KOpeHb 13 1.

22*. EcJjiu MHOTOUJIEH

f(x, y) = anx" + an1 X"y + o+ axy" "+ agy” €R[x, y]

. 0] 0
passiaraetcsi Ha JIMHEHHbIE MHOXHTEJIH, TO 3TO XK€ BEPHO JJIsi 8_)]: u 8_f
Ykasanue PaccMoTperb MHOrOUJIEHbI Y
g)=ax"+...4+a9 u hx)=apx"+...+a,

¥ MPUMEHUTb Teopemy Posiist.

23. Ecau tpexusien

=ax’+b 2eR
[(x, y) = ax” + bxy + cy” € R[x, y]

pas/iaraeTcsi Ha JMHeHble MHOMKHTENH, To b? > ac, u o6paTHo.

24*. Tlyets @y, ..., @ >0, 0, =) @i, ... @;, — 3JEMeHTapHbIH

CHMMETPHUECKHI MHOrOWJEeH OT NepeMeHHbiX a;, pj=o0y/Ck. Torna p? >
2 Di—1Pkt1 TP 2< R <n— 1.

n
Y kasauue. Pacemorpers mHorousier f(x, y) = [] (x — apy), ero npo-
8!1—2 k=1
m W NIPUMEHUTDL MPEAbIAYLLYIO 3aaauy.

25*. (HepamenctBa HbloTona—Makiopena.) Jlokaxkute, uto B 0603Ha-
UeHUSIX Npelblayllel 3a1aun

U3BOJIHYIO

pr=pt= =i

2k ko ok
Ykasanue [lepeMHOKHTL HEPABEHCTBA P~ 2= Py Py -
26*. (Ouenka llaccenxaysa.) Kopuu nponsBosibHOro MHOTOUJIEHA

gx)=x"+a,_1x"" +...+ayeClx]

110 MOJIYJIIO HE MPEBOCXOST
1 [lak] —k

a) max ———— "F/ 2 6) 2 max T/ |agl.

) k<n 21/ —1 ck ) k<n el

20 TauikoB
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llOl'lOJ]Hl/lTeJleble 3aJa41 0 KOMIIJIEKCHbIX YU CJdaX

1*. a) Jlokaxute, uTo MHOXeCTBO (G BCEX KOMIIIEKCHBIX UMCE] C LIeJbl-
MH JE€HCTBUTENbHBIMH M MHHMBbIMH YaCTSIMH SIBJISIETCS LEJIOCTHBIM KOJIbLIOM
(Koabyom eayccosulx yeavlx yucen).

6) Ilycts w — rayccoBo uucio. JlokaxkuTe, uTo

wEL — |w|=+w,
w ofpaTtumo B Kosiblle G < |w|=1 & w e {1, +i}.

B) [lyctb w — rayccoso uncio, [w| = ,/p, p — npocroe unco. Torna w —
(npocmoti) snement B G (npocmoe eaycco8o 4ucao).

2. MHO0XeCTBO BCeX rayCCOBBIX UHCes, KpaTHbiX B G TAHHOMY UMCJY W,
1306pakaeTcsl Ha KOMIJIEKCHON MJIOCKOCTH KBAJPATHON pelleTKOMH.

3. Jlns obbix @ v 2 € G, z #0, nainyrest 4 U v € G Takue, uTo

w=zu+v, Jv|<]z|

(Oeaenue ¢ ocmamkonm).

4*. Ecsin npocToil 3JieMeHT @ JeJUT MpousBejieHde 2 U u B G, TO OH
JIesIUT Jinbo 2, Jnubo u.

5. [lokaxkute, uTo JUIst KOJIbLA LEJIbIX TAyCCOBBIX UMCEJ CIIPABELINBA Te-
opema 00 OJJHO3HAUHOM PA3JI0XKEHUH Ha MPOCTble MHOXKHTEJH.

6*. C TouHOCTbIO 10 YMHOXeHUs Ha £1, =i Bce npocTbie 3JjeMeHThl B G
McuepnbIBaloTCs caelylolMmu: 1, obbluHble npocTble BUaa 4k + 3 1 uucia
BHJA X + yi, TJle X — UeTHo, § — HeueTHo U x2 + y? — o6bluHOe npocToe.

7*. TlonoGHo ompese/ieHnIo Kosibla BblueToB Z/pZ =7, onpenenure
Koabllo G, W JIOKaXKUTe, uTo OHO GyJeT MojieM Mopsiaka p> mpH mpocTom
p =4k + 3 v He Gyzet nosieM nipu nipoctoM p =4k + 1. Ykazaunue. [lpu
p =4k + | Bomonusiercs ((2k!)? + 1) mod p =0.

8*. Ilokaxxute, uto npoctoe Buaa 4k + 1 npeacraBUMo B BHJlE CyMMbl
KBaJpaToB JBYX LLeJIbIX UMCEJI.

9*. Jlokaxkute, uTo Jt0O0O€ HATypaJbHOE 1 MPEJICTABUMO B BUJE CYMMbI
KBaJpaToB JBYX LleJIbIX UMCeJ TOrZa W TOJbKO TOrJa, Korjga MmpocTble BUIA
4k + 3 BXOJAT B €ro pas/ioyKeHHe B UETHBIX CTENeHsX.

10*. Pelurte B 1eJbIX UHCIaX YpaBHeHHE

4y?=z", n>1.

Yrkaszanue. x4+ y?=(x+yi)(x — yi.
11*. Peunre B Uesnbix uucjaax ypaBHeHHe

x2+4=2°
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12*. Jloka)kuTe, 4TO Mpu MPOCTOM p, p > 2,
(I=)P=1-i"” (mod p),
W, UCMoJb3ys paBeHcTBO (1 — i)? = —2i, 10Ka)uTe, uto

otp-n/2 = 1=17
=1

(mod p).

13*. Jlokaxkurte, U4To MpHU NPOCTOM p, p > 2, CUMBOJ JlexaHipa (%)

2
p =1 -2
paBeH (—1) 8 . Bbiuucsure cumBoa Jlexkanapa (7)

14*. Jlokaxkute, uTo NpocThiX BUja 81 — | 6ECKOHEUHO MHOTO U MPOCTBIX
BUaa 81 + 3 Takke 6€CKOHEYHO MHOTO.

§4.19. locTpoeHus UMPKyJIAeM U JUHEUKOM

[Tox noctpoeHueM Mbl OyieM MOHUMATh BbIMOJHEHHE MOCJAe10BATEIbHOCTH
CJIIYIOLLIUX OMNepaLui:

1) npoBejeHue npsiMoil uepes JiBe 3ajiaHHble TOUKH;

2) mnocTpoeHHe OKPYKHOCTH 3aJaHHOTO Pajuyca U ¢ 3aJaHHBIM LEHTPOM.

[Ipu 3TOM cuMTaeTcs, UTO C CaAMOro Hayaja HaM 3aJaH €UHUYHBIA OT-
pe3ok. OTKJIajbiBasi ero MocJe/0BaTeIbHO, Mbl MOJYUUM OTPE30K, PaBHbIi
3aJlaHHOMY HATypaJIbHOMY UMCJy. 3aMEeTHM, UTO Mbl MOXKEM TOCTPOHTH OT-
pes3oK, AJMHA KOTOPOro paBHA OTHOLUEHHIO JJIMH JBYX 3aJaHHBIX OTPE3KOB.
[TosTOMY MOXKHO CUMTATh, UTO C CAMOrO HayaJja HaM JIaHbl BCE OTPE3KH, M1~
Hbl KOTOPBIX SIBJSIOTCS MOJOXKHUTENbHBIMH PALlHOHAJIBHBIMH UHCJIAMH.

3ajlaua Ha MOCTPOEHHE €CThb 3ajaua, B KOTOPOH Tpebyercsi MOCTPOMTh,
OTIPABJSAACL OT 3aJAHHbIX OTPE3KOB, HEKOTOPbI HOBBbIX OTpe3ok. MHorue
3aJlauM Ha MOCTPOEHHE reoMeTpHUeCcKMX 00pa3oB CBOJASTCS K TaKUM 3a/auyaM.
Harnpumep, paccMoTpuM TpH KJacCHUeCKHe 3aJauk JIPeBHOCTH.

1. ITocTpouts Ky6, nMelouMii 06beM B JBa pa3a 6oJblile, UeM 3aJaHHbINI
Ky6. Bynem cuurath cropoHy 3amanHoro ky6a eauHHUHBIM OTpe3koM. Torna
3ajlaya CBOJUTCS K MOCTPOEHHUIO OTPe3Ka, UMEIOLLLEro JJIHHY \3/§

2. TTo 3ajaHHOMY YTJIy v IOCTPOUTD YroJ BeJHUHHBI v/3. OUeBHIHO, 3Ty
3ajiauy MOXKHO CBECTH K MOCTPOEHHIO OTpe3Ka cos «/3, MpH yCJIOBHH, UTO,
KpOMe eIMHUUHOro OTpe3Ka, 3aJlaH OTPe30K IJIMHbI COS .

3. Tloctpouth NpaBUJIbHBIN CEMHYTOJIbHUK, BIUCAHHBIH B OKPY’KHOCTb
C pajauycoM eiuMHUYHOH JJIMHbl. OueBHIHO, JOCTATOUHO TOCTPOUTH YroJi

T 2r
BEJIMUHUHBI 7 HUJIn OTpeSOK JJIUMHBI COS 7

20*
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Jlast Toro, 4ToObl MOMBITATHCS PELUUTH 3TH MPOOJEMbl MM A0Ka3aTh UX
Hepa3pelIUMOCThb, CBeJeM 3aJauy MOCTPOEHHS! OTPE3KOB K asre6pauuecKum
3ajauam.

[Tpexxjie Bcero 3ameTHm, UTO €CJId Mbl TOCTPOUJIU OTPE3OK JIUHBI @, TO MO-
JKEM TMOCTPOHTD JI0O0H OTPE30K, IJIMHA KOTOPOTO MPeACcTaBaseT coO6oH Joboe
noJioxkuTeNbHOE uncy0 u3 nosast Q(a). B camom aene, mo 3ajaHHBIM OTpe3-
KaM X M Y MOXKHO MOCTPOUTb X &y, X -y, x/y. Bynem Toraa roBoputhb, 4To
Mbl MOXKEM TOCTPOUTh 1osie Q(a).

M3BecTHO M3 Kypca reoMeTpHM, YTO MOCPEICTBOM LMPKYJs M JIMHEHKH
10 OTPE3KY a MOXKHO TOCTPOHTL OTPE30K +/d TPH YCJIOBHH, €CJIH 3a1aH e/H-
HUUHBIH OTpe30K. [l/1s1 3TOro CTPoMM OKpPY:KHOCTb AHameTpoMm a + | u Boc-
CTAHOBUM MePreHUKYIsP K ANaMeTpy Ha paccTosiHud | OT ero KoHua.

Takum o6pasom, Mbl MOXKEeM CTPOHTb M KBajpaTHUHble pPACLIMPEHHUS

Q(Va).

Onpenenenue 117. HazoBem nocsieoBaTesibHOCTL paciliipeHuit
KoCKi CKy...CK,

nugaeoposoim pacuwiupenuem, ecan Ko=Q un K;=K;_; (\/ES), rae
as € Ks_y, va,¢Ks_1, ag>0. Tlone K, B 3TOM ciyuae CTaHeM TaKxke
Ha3bIBaTh MU(AropoBbIM paciuupeHdeM. Yucna, npuHaaiexaiiye nuharopo-
By paclIupeHuto, Oy/ileM Ha3blBaTh NUPALOPOBLIMI HUCAAMU.

Teopema 117 (o nudaropoBsix uucaax). Yucio a moxcHo nocmpoume
moeda u MmoabKo moeada, K02da OHO A8A1emcs nuga2opossim.

JlokaszaTesnbcTBoO. JI0oCTaTOUHOCTb Mbl YK€ J0Ka3a/ju: Mbl ymMeeM
NPOU3BOJUTL UETbIpe apudMeTHUeCKHe Ornepalld W W3BJeKaTb KBajpaTHbIi
KOpeHb MPH MOMOLLK LMPKYJISl U JIMHEHKH.

JokaxxeM HeoOX0AUMOCTb. [l TOro BOCMOJ/b3yeMcsi KOOPAHHATHBIM Me-
TonoM. [TpoBenem mpsimyio U el neprneHauKyJSPHYIO NPSIMYIO (T. €. OCTPOUM
cucteMy KoopauHat). Ha 3THX mpsiMbIX Mbl MOXKEM OTJIOXKHTh JI00YIO palu-
OHAJIbHYIO TOUKY, TaK UTO C CAMOTO Hauaja Mbl MOXKEM CUHTAThb 3aJaHHBIMH
TOUKHM MJIOCKOCTH, MMelolle paldoHaJsbHble KoopAuHaThl. [Ipn Hawmx no-
CTPOEHHUSIX Mbl MOXKEM paccMaTpHUBaTh abCLUCCh U OPAMHATBl BHOBb MOCTPO-
€HHbIX TOUYeK — BeJlb 9TO TOXKE «IOCTPOEHHbIE OTPE3KH».

HoBble ToukH moJiyyatoTcst TOJBKO CJEAYIOUMM 06pa3oM:

(i) xak mepeceueHue JBYX MOCTPOEHHBIX MPSAMBbIX;

(i) xak nepeceueHue MOCTPOEHHOH MPSIMON H MOCTPOEHHON OKPYXKHOCTH;
(iii) kak rnepeceueHue JIByX MOCTPOEHHbLIX OKPYXKHOCTEH;
(iv) mpou3BosibHO BbIOpaHHbIE TOUKH.
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[To3TOMY KOOpPAMHATBI TUX TOUEK MOJIYYAOTCS KAK PELIEHHsT CIELYIOHX CU-
CTeM ypaBHEHUIl C yxKe MOCTPOEHHBIMU KO3 UIIMEHTAMH:

aix+biy+c =0

—0 (D
asx + boy 4+ co =0;

ajx+byy+c =0;

I1
x% 4 y? + agx + bay + co = 0; b

2ty tax+by+e =0

111
224+ y? +asx + boy + o =0. (I

Mbl curtaeM oueBHAHBIM YTBEPKAEHHE O TOM, UTO Y YPaBHEHHH MOCTPOEHHBIX
NPSIMbIX ¥ OKPYXKHOCTEH KO3((MHUIIMEHTBI TOXKE MOYKHO CUHTATH MOCTPOEHHBIMH
(npoBepbTe 3TO camu).

JlokaxkeM Hallly TeopeMy MHIYKLUHMEH MO YHUCJy dJeMEHTapHbIX orepalui,
Ha KOTopble packjajbiBaeTcs Jioboe noctpoenre. C caMoro Hayasa 3afaHbl
pauMroHaJbHble YHCJa, T.e. ydcsaa U3 nojs Q = Ky. DjemeHTapHOe MOCTPO-
eHHe — 3T0 j00aBJjleHHe KOOPAMHAT TOUKHM, MoJydatolleficss onepauusimMu (i),
(i), (iii), x moctpoenubM uncsaam. OaHAKO, KaK BUAHO W3 ypaBHEHWH MJIsi
9THX KOOPJMHAT, OHH (3TH KOOPJMHATBI) MOJMYUAOTCS U3 KOSPPULHUEHTOB (T. €.
U3 yKe MOCTPOEHHBIX YHCeJ1) TPH MOMOLLIM YeTbipeX ornepauuii apudMeTHKH
1 u3BJsieueHusi KopHs. Peinenue cucrembl (II) cBopuTcs K HAX0XKIEHHIO KOP-
Hell KBaJpaTHOro ypaBHeHHUs (M3 1ePBOT0 YpaBHEHHsl CHCTEMbI BbIpa3HM OJHY
KOOPJAMHATY uepe3 JApyryto v MoACTaBUM BO BTOpoe ypaBHeHHe). Pelienue cu-
crembl (III) 5KBUBaJIEHTHO pellIeHUIO CHCTEMBI

4y’ +ax+biy+c =0;
(a1 —ag)x + (by — ba)y + (c1 — ¢2) =0.

O

Teopema 118. Ecau kybuueckuii MHO2OUACH C PAUUOHAALHUIMU KO-
Guyuenmanu He umeem payUOHALbHLLY KOpHell, MO HeAb3s NOCMPOLUITb
Hil 00H020 U3 ecO0 KOPHELL.

HokasateJabcTBo. Paccyxknaem ot nportusHoro. Ilyctb xj, xo,
X3 — KOPHM MHorousieHa f(x) u cyllecTByeT nudaropoBo paciuuperue Q=
=Ky CK, C...CK, takoe, uto x| € K,, X1, xo, x3 & K,_. Torna uucjo x;
umeer Bui x| =a+bvVd, e a, b, d € K1, Vd € K,_1, b #0.

3amerum, uto ¥ =a — bv/d € K, — roxe Kopeub f(x). B camom nere,
orepatusi CONpsiKeHUs1 B KBaapaTHuHOM paciuupennu K, | C K, umeer BHJI

a+bvd=a—bvd. Bemosusiores caeyiole cBoiicTBa 9TOi OMepaLyu:

Z1l+20=214+20 M Z[Z29=229.
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[TpuMeHsisi MHOFOKPATHO 3TH TOXJECTBA, MOXKHO MPOBEPUTH, uTo f(2) = f(2)
s 2 € K. 3Hauur, i KopHs x| € K,

J(x1) = [(x1)=0=0,

MO3TOMY X| — TOXKe KopeHb MHorouseHa f(x). [lycts ¥ =x9. Torna x3=
=—b; —x] — X9, 1he [(X)=x3+bjx>+box+b3, b;cQ. 3nauut, x3=
=—b; —2a € K,—;. lIpotuBopeune. O

YnpaxHeHus

1. JlaiiTe reomeTpuuecKre MOCTPOEHHUS JIJIsT UHCEJ

V2, \24V2, \2+/2+ V2

2. TlpoBepbTe NMPaBUILHOCTb CJEYIOLIErO MOCTPOEHUST KOPHEH KBaapaT-
HOro ypaBHenusi ax” + bx + ¢ =0: Bo3bMeM eJMHHUHbI 0Tpe3oK AB, npo-
BenieM BC = —b/a nepnenukyasipio Kk AB u CD = c¢/a nepreHaukyaspHo
K BC B HanpaBsienun BA, Ha nuameTpe AD MoCTpoUM OKPY»KHOCTh, nepece-
katowyto BC B toukax X, Y. Torna BX u BY — KopHU ypaBHeHHsI.

3*. JlokaxKuTe, UTO KOPHH KyOMUECKOTro YpaBHEHHUS C PALLMOHAJIbHBIMH KO-
s(uIMeHTaMi SBJISIOTCS TH()AaropoBBIMM UMCTAMH TOTJA U TOJBKO TOTAA,
KOTJIa OHO HMeeT pallioHaJIbHBIE KOPEHb.

4*. JlokaxuTe, 4TO KOPHH YpaBHEHHsI YETBEPTON CTEMeHH C pallioHalb-
HbIMH KO3(h(DULIHEHTAMH SIBJISAIOTCH MU(ArOPOBBIMH UHCJIAMH TOTAA U TOJBKO
TOIJ1a, KOIJla ero KyouuecKast pe3oJibBeHTa HMeEeT pallMoHa/bHbIA KopeHb. Ky-
O6UUYeCKOl pe30JibBEeHTOH ypaBHEHUS

strax’ +bx+c=0
SIBJISIETCST ypaBHeHKe

2% +2az% + (a® — 4c)z — b? =0.

5*. JlokaxxuTe Hepa3peluMOCTb LMPKYJleM H JIMHEHKOH cileyoluX 3a1au
Ha MOCTPOeHHE:

a) MOCTPOUThL TPEYroJNbHUK MO TPeM JAaHHbIM GHCCEKTpHCaM,;

6) MOCTPOUTH TPEYTroJIbHUK 110 JABYM OUCCEKTPUCAM H BbICOTE;

B) TMOCTPOUTb TPEYTOJbHUK M0 JIBYM OHUCCEKTPUCAM M MeuaHe, BbIXOMS-
LLIMM M3 TPeX Pa3HbIX BEPLIHH;

I') NOCTPOUTb KBAJpaT, y KOTOPOro JBe COCeHHEe BEPLUMHHBI JIEKAT HA Ofi-
HOU JIaHHOH OKPYKHOCTH, a JIBe ApPYrue — Ha APYroi NaHHOH OKPYAKHOCTH.
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BBenem moHsiTHE CJI0XKHOCTU MOCTPOEHHUS LUPKYyJaeM U JuHehkou. Jlomy-
CTHUM, UTO Ha MJIOCKOCTH JIAHO HEKOTOPOE MHOYKECTBO TOUEK, MPSIMbIX U OKPY XK~
HOCTel, KoTopoe o603HauumM M.

Onpepnenenue 118. HasoBem nocmpoenuem yupkyrem u aurelixoll
npu 3agaHHoM Mg Jo6yio nocjenoBaTeNbHOCTb MHOXKecTB Mo, My, ..., My,
HauMHatouylocss ¢ My ¥ Takylo, U4To Kaxkjioe cJjelytollee MHOXKecTBO M,
noJiyyaercst U3 Npeplayllero Muoxectsa M; no6aBjeHneM Ju60 HEKOTOPOi
NpsIMOM, MPOXOJIsililell Yepe3 Kakue-TO JIBe TOUKM U3 MHOxKecTBa M;, Jn60
OKPY>KHOCTH C LIEHTPOM B KaKOH-TO M3 TOoueK MHOxKecTBa M; M paauycom,
paBHbIM JIJIMHE HEKOTOPOro OTpPe3Ka C KOHLAMH B Toukax M3 M;, a Takxe
BCeX TOouek nepeceuerusi 106aBJIEHHON JIMHUK CO BCEMH JIMHUSIMH U3 MHOXKe-
crBa M;. HucJio L HAa30BeM €2091CHOCbI0 3TOTO NocTpoenust. CA0XHCHOCTbIO
nocmpoerus MHOXKecTBa M TOueK, OTPe3KOB, OKPY:KHOCTEH W MPSMbIX MPH
3ajlaHHOM My Ha30BEM MUHUMAAbHYIO CJOXKHOCTb TAKOTO moctpoenust Mo,
My, ..., My, nns KoToporo MHOXKeCTBO M; CONep:KUT BCE MPSIMbIe U OKPYXK-
HocTH U3 M, Bce Touku M3 M M KOHIbI BCeX OTpe3koB H3 M.

Awnasioruuno orpenessieTcs CJA0XKHOCTb MOCTPOCHUST OIHUM LIHPKYJIEM.

Calenytoliiie HeCKOJIbKO 3aj1au MPUHAMJIEKAT UTAbSIHCKOMY MAaTEMaTHKY
Mackeponu *.

3anaun MackepoHu

1. JlaHa eMHUYHAsT OKPY’KHOCTb C IMaMETPOM M OTPe30K JUIUHBI X, x < 1.
[TocTpoiite Ha 9TOM JMaMeTpe OTPE3OK JJIMHbI X2 OJIHHM LIUPKYJIEM CO CJ0K-
HOCTbIO 2.

2. Peunte npesbLylyto 3a1auy CO CJ0XKHOCTBIO 3, €CJIM HaMeTp 3aJlaH
TOJIbKO OJIHUM CBOWUM KOHLIOM, a He HAauepueH LIeJUKOM.

3. JlaHa elMHUYHAST OKPY2KHOCTb U OTPE30K JJIMHbI X > | ¢ Hauajom B ee
uentpe. [TocTpoiiTe 0TPE3OK MIHHBI X~ OJHUM LIMPKYJIEM CO CIOKHOCTbIO 2.
[TocTpoiite 0TPE3OK JJIMHBI X' OJHUM LMPKYJIEM CO CJOXKHOCTBIO 3, €CJin
OTPE30K JUIMHBI X 3aJiaH TOJbKO CBOMMH KOHILIAMH, a He HauepueH LEJUKOM.

4. JlaHbl OTpe3Kd ¢ JUIMHAMHU a, b, ¢, e b, ¢ < 2a. IlocTpoiite onHUM
LMPKYJIEM CO CJIOKHOCTbIO 3 OTPE30K JJIMHBI X TaKOH, uTo a:b =c: x.

5. JlaHbl eiMHUYHAST OKPYXKHOCTb, OTPE30K JIMHBI ¢ < 2 C HauaJoM B ee
LLeHTpe U elle 0Tpe3oK JHHb b < 1. [TocTpolTe OHUM LIMPKYJIEM CO CJIOXK-
HOCTbIO 2 OTpe30K JIuHHbI be.

6. TlocTpoiiTe OIHUM LUPKYJIEM CO CJIOKHOCTBIO 3 OJIHOBPEMEHHO OTPE3KH
JUIMHBL 2 1 3, JiexKalllie Ha OJIHOH TPSIMOH C JIAHHBIM €IMHHUHBIM OTPE3KOM.

* JI. Mackeponu (Lorenzo Mascheroni, 1750—1800). CBoto kuury «leomerpusi LUPKyJisi» OH
nocesitua Hanoseony.
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7. Tlonmenure nomnoJsiaMm OTPE30K OJIHUM LIUPKYJIEM:

a) CO CJI0XKHOCTBIO 4, ec/id laHa MpsiMasi, HA KOTOPOH JIEXKUT OTPE3OK,

6) CO CJIOKHOCTbIO O, €CJIM JIaH TOJIbKO CaM OTPE30K,

B) CO CJIOXKHOCTbIO O, €CJIM JaHbl TOJBKO €ro KOHLI.

8. IlonennTe Ha TPU paBHble YACTH OTPE30OK OJHUM LIUPKYJIEM:

a) CO CJIOXKHOCTBIO O, eC/M JlaHa MpsiMasi, Ha KOTOPOH JIEKHUT OTPe30K,

6) CO CJIOKHOCTBIO 8, ecJii JIaH TOJIbKO caM OTPe30K,

B) CO CJIOXKHOCTbIO 11, ecsii JaHbl TOJLKO €ro KOHIBI.

9. Paspesnute UMPKYJEM U JUHEHKOH OTPE30K MOIMOJaM CO CJA0KHOCTBIO 3
1 Ha yeTblpe PaBHbIE YACTH CO CJIOKHOCTBIO O.

10. Paspenure uupkyJieM W JIHHEHKOH OTPE30K Ha LUeCTb PaBHbLIX uacTel
CO CJIOXKHOCTBIO 8.

11. IlpoBenute uepe3 TOUKy BHe MpPSAMOH NapaJsulesibHYl0 el MNpsiMyto
CO CJI02KHOCTBIO 3.

12. Ha cTopoHax yrJia 0TJ103KeHbl OT €ro BEepLIMHbI OTPE3KH JJIHHbL a, b 1 1
(1Ba M3 HUX — Ha OJIHOK CTOpPOHE, a OJIMH — Ha Jipyro#). [TocTpoiiTe co coxk-
HOCTbIO 3 OTPE30K JAJIMHbI ab Ha OIHOH U3 CTOPOH yrvia.

Caenytoil LMK 3ajau MPUHAJTIEKHUT AaTCKOMy MateMatuky Mopy *.

3agaun Mopa

1. TlocTpoiite CO CIOKHOCTBIO D OHUM LIMPKYJIEM OJHOBPEMEHHO OTPE3KH
kbl Va2 — b2, 2v/a% — b2, 2b, 3b, \/3b, ecan otpesku a u b, a > b, 3a-
JIaHbl.

2. TlocTpoiiTe CO CAOKHOCTBIO D OJHUM LIUPKYJIEM OJHOBPEMEHHO OTPE3KH
bl V2a, V3a, V8a, 2a, 3a, eca OTPE30K JJIMHBI @ 3aJIaH.

3. Tloctpoiite co cnoxHocTblo 11 OIHUM LIMPKyJiEM OJHOBPEMEHHO OT-
pesku aunbl Va2 + b2, 2v/a? + b2, Va2 — b2, 2v/a? — b2, \/2a, \/3a, V/8a,
2a, 3a, 2b, 3b, \/3b, ecan oTpe3ku a u b, a > b, 3anaubi.

4. TlocTpoiiTe CO CJIOKHOCTBIO 15 OJHUM LIMPKYJIEM OJHOBPEMEHHO OT-
peskn JuMHbl a + b, a —b, ab/Va®+ b2, Va? + b2, 2va? + b2, Va2 — b2,
2v/a? — b2,v/2a, V/3a, v/8a, 2a, 3a, 2b, 3b, \/3b, ecan otpesku a u b, a > b,
3ajlaHbl.

5. Ecsin oTpe3ku JJIMHBI @ W b 3ajaHbl Ha OJHOM MPSIMOK, TO OTPe30K
JUIMHBI @ + b MOX<HO TIOCTPOUTH OJIHHM LIUPKYJIEM CO CJIOXKHOCTbIO 2.

6. Jlaubl oTpe3ku ajuHbl | 1 a <1 ¢ 06GLIMM KOHIIOM, BJIOXKEHHbIE OJIUH
B 1pyroi. [TocTpoiiTe Co CI0XKHOCTbIO 7 ONHUM LIMPKYJ/IEM OTPE30K AJIHHbI \/a.

* I.Mop (George Mohr, 1640—1697). B nanucannoit um kuure «/larckuii EBkann» oH
Ha CTOJIeTHe paHblie MacKepoHH JI0Ka3aj BO3MOKHOCTb MPOBEJEHHsI BCEX FeOMETPHUECKHX M0~
CTPOEHHI OJHUM JIHLIb LUPKYJIEM.
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B cayuyae a>1 nono6Hoe nocTpoeHHe MOYKHO OCYUIECTBHTb CO CJIOXKHO-
CTbiO 9.

7**. Jlokaxkute Teopemy Mopa—MackepoHH 0 MOCTPOEHUSIX OJJHUM LIMP-
KyJieM: Jilo0oe 0CTPOeHHE, BBINOJHUMOE LUPKYJIEM U JIMHEHKOH, MOXKeT ObITb
BBITIOJIHEHO H OJIHUM LIUPKYJIEM.

§ 4.20. Teopema Adeas—Pyddpunu

Teopema 119. Obujee ypasHenue cmenenu sviuie namoi Hepaspe-
wWuMo 8 paduKkaiax, m.e. He cyujecmsyem opmyaol, suLpaicaroujeti eco
KOpHU Hepes3 Koagguuuermol, 8 Komopoil bvl Kpome vemolpex apugme-
muuecKkux onepayuil Lcnoab308a.10Ch Obl MOALKO U3BACHECHIUE KOMNACKC-
HbLX KOpHell NpouU3BOAbHbLX CeneHell.

JokaszateanbcTBo. [Ipexkae Bcero 3amerum, uTo Teopemy J0CTa-
TOUHO J0Ka3aTb sl OOLLEro ypaBHeHHsl MNATOH crerneHd. B camom nede,
ecsit Obl UMedsach obuiasi opMyJsa JJs pelleHdsl ypaBHEHUs! n-H CTereHH,
TO OHa Obl JaBaJja pelleHne B pajuKanax W s ypaBHEHHSI:

—1 -2 — —4 —
X @y X" @y ax" T s @ x T  a5x 0 =0,
[Ipennonoxxum, uto oblee ypaBHEHHE MATOH CTENeHU
2O+ agxt +asx® +aoxt +ax +ap=0

uMeeT pellieHde B pajukajiax. Jljisi Toro yToObl AaTh yAOGHYHO JUIsi HAILIHX
uesiell nepeopMyJIMPOBKY, BBEIEM TOHSITHE PAOUKAALHOCO PACUULUPeHIUS
K (¥/a) nonst K (a € K).

O6osHaunm uepes K ({/a) mHoxkecTBO Beex Bhipaxennit Buma [({/a),
rie [ — pauyoHasibHasi PYHKUMSA ¢ KOI(DUUHEHTaMU U3 MoJist K, a s/1eMeHT
{/a ynonetsopsier cootrowennio ({/a)" = a.

Ecin nosie K — moJie Bcex palMoHabHbIX (DYHKLHE, TO ¢ 3jieMeHToM {/a
noast K({/a) toxke MOXKHO CBsi3aTb HekoTOpylo (yHkumio. OQHako cTporoe
060CHOBaHHE 3TOrO MPUBOAKUT K MOHSTHIO PUMAHOBOI MOBEPXHOCTH, KOTOPOE
He sIBJISIeTCsT JIeMeHTapHbiM. Mbl GyieM BHIGHPATh OJHO 3HAaUeHHe KOpHsT /a
¥ He BJIAaBaTbCsl B TexHHYeckue netain. OTMeTHM, 4To (opMysia, I0CTaBJIsi-
[OLLAsT PeLlIeHUs] YPABHEHUs], JIEXKUT B MoJie (DYHKIHE, KOTOPOe MOJydaercst
paJiKaJIbHBIMKU PACILIMPEHUSIME U3 MOJISi PALMOHAbHBIX (DYHKIIHEL.

PaccMoTpuM HEKOTOpbIE MPUMEPBL.

Jlnst o61iero ypaBHeHusi BTopoil ctenenn x? + ajx + ag = 0 dopmyJia ast

peLeHui JiexKUuT B noJie K (\/ a% —4ay ), KOTOpOe COBIMAJAeT C MoJieM BCex

paluroOHaJIbHbIX (byHKUJ/lFl OT [IEPEMEHHBIX X| U X9, IJIs1 KOTOPBIX X| + X9 = —aj,
X1X9 = Q.
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B o6uiem cayuae, hopMyaia ist pelieH|st ypaBHEHHS 1-1 CTENeHH 10CTaB-
Jisiia Gbl MOCJE0BATEIbHOCTD PaHKaIbHbIX pACIIMPEHHE, KOTOpasi Obl HAUK-
Hanacsh ¢ nosst Ky = C(ag, ay, ..., a4) Bcex palMoHasbHbIX PYHKIIHI, a 3aKaH-
uMBaJach 6bl M0JieM Bcex paluoHanbHbix GyHkunil K, = C(x|, xo, X3, X4, X5)
WM HEKOTOPBIM €ro paclliipeHHeM.

KoCKiCKyC...CK,.

[1pu sTOM mogsie Ky Bblaessiioch Obl B K, KaK MHOXKECTBO BCEX CHMMET-
pHUECKHX palMOHa/bHbIX (DYHKLMH, T.K. 10 TeopeMe Buera a; = —a; (x|, X9,
X3, X4, X5), 0<i <4, a Bcsikasi CUMMeTpUuecKasi pallMoHasibHast QyHKIMS
BbIpAKaeTCsl uepe3 3JeMeHTapHble CHMMeTpUuecKHe (DYHKUMH KaK paluo-
HaJbHasi Apo6b OT HHX.

MHTepeceH BOMPOC: MOXKEM JIH Mbl MPUHTH K HEKOTOPOMY pPaclIHPEHHIO
noss C(xy, x9, X3, X4, X5) IPH NOCAENOBATENBHOM PAJIMKAILHOM PaCLIMPEHUH
nosisg Ko 1o opmysiam, BbIpaXKalolMM X; 4epe3 dg, ..., a4? OTBET Ha 3TOT
BOMPOC OTPULIATEbHBIN. Mbl NaauM 31ech TOJNbKO 3CKHM3 J0KA3aTebCTBA.
PaccmoTpum BHauasie mpuMep pacllMpeHHsi, COOTBETCTBYIOLIEro (hopMyJam
Kapnano. Ilycte naHo obliee ypaBHeHHe TPeTbell cTeneHn

13+ asx® +a1x +ag=0.

3aMena MepeMeHHbIX X — X + ag/3 NPUBOAUT ero K Buay Xx° + ax + b =0.
Torza pe3osbBenThl JlarpamKka p; =X +eXo+£2X3 U pg = X| + €2 X9 + €X3,

I V3,
rae € = —3 + 7[, YAOBJIETBOPSIIOT YCJIOBUSIM:

2 2 2
Pl P2 =X+ X5+ X3 — X[ X2 — XoX3 — X3X| =

=(x] +xo+ X3)2 — 3(x1x9 + xox3 + x3x1) = —3a,

P+ p3 = (p1 + p2)[(p1 + p2)* — 3p1p2] = 3x1[9x] + 9a] =
=27(x3 + ax,) = —27b,
P =3 =(p1 = p2) (i +p1p2+p3) =
=V3(xg —x3)(xF +2x3 +ex2 +x7 +exi +e2x3 + 2ex X+ 2 X X3+
+2x9x5 4 26%x | X9+ 26X X3 +2xQX3+x%+x§+x§—x1xQ—xQx3—x3x1):
:i\/g(XQ—XS)(SXIQ—3X1XQ—3)C1X3+3X2)C3):
= iV27(x1 = x3) (x2 — x3)(x1 — x2).

[TosTomy

(0} — p3)? = —27(x1 — x2)2(x2 — x3)° (x3 — x1)? = 27 (4a® + 27b7).
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3HaAuuT, MOXKHO BbIOpPATb CJEAYIOULYI0 1I€MOUKY PajJUKa/bHbIX pacllu-
peHuit:

KoCKo(\/m) Cc Ky :\3/—%-1-

3ameTnm, uTo nocJeaHee noJie conajaer ¢ nojem C(xy, xo, X3).

AHAJIOrHUHO MOXKHO MOCTYMUTb U C YPaBHEHHEM UETBEPTOH CTEMEeHH.

[TycTb ymanoch mpojenath aHaJOTHUYHbIE BBIK/JIAAKH U JJIsT OOIIEro ypaB-
HEHHSsI MSTOH CTENEHH, ¥ UMEETCs LIeNouKa pajlKaibHbIX paCIlMpPEHHIL:

Clao, ai, ag, as, as) =Ko C Ky C ... C Ky =C(xy, x9, X3, X4, X5).
Jlemma 30. Cnpasedauso pasencmso Ky = Ko(v/D), ede

D = (x; — x9)*(x1 — x3)% ... (x4 — x5)*

— OUCKPUMUHAHM YPABHEHUS NAMOLL CIeneHiL.
HokaszateabcrtBo. [lyers K ZKO({/E) umaekKy, r=2mu

Va= [(xi, x9, X3, x4, x5) € C(x1, X9, X3, X4, X5).

Torna nuist Besiko# MepecTaHOBKU «v € S5 HMeeT MeCTO PaBeHCTBO af =&, f,
rie €4 € V/a, a af — QyHKuMs [ ¢ nepecTaBJeHHBIME B COOTBETCTBUHH C M€~
PECTAHOBKOH (v NEePEMEHHBIMH.
HeiictButrensho, (af) =a(f)=aa=a=}", tak kak a € C(oy, oy, ...
., 04) (MBI BOCIOJIb30BAJMCL CBOHCTBOM [€PECTAHOBKH T€peMeHHbIX
a(hy - ho) = ahy - ahg). Kpome Toro, misi o060l (QyHKUHHM A BBIMOJHSET-
cst coitctBo af(h) = a(6h), N3 KOTOPOTO BLITEKAET TOXKAECTBO Eq8 = Eq - €3
st o, 3 € S5 W TOXKIECTB

af(h) =caph, a(Bh)=alegh) =cg(ah)=cp-eah.

Kak n3BeCTHO, BCSKYIO TE€PECTAHOBKY MOXKHO TMPEACTABUTb B BHJE KOM-
TO3ULMH TPAHCIIO3ULMA. 3aMeThM, uto ;) = %1, Tak Kak (if) - (ij) — Toxe-
CTBEHHasl MepeCcTaHOBKA.

Jlerko BuieTb, uto st JiOObIX ABYX mnepectaHoBok (i'j') u (ij) Bbi-
nosisiercst Toxuectso (i'j) = (ii’)(jj)(ij)(jj)(ii’). Otciona wmeeM, 4TO
(j) =€) [1oaTOMY, ecsiu pacliMpeHHe HeTPHBHAJIbHOE, TO £(;) = —1 114
BCex TpaHcno3uuui (i) € Ss. 3HAUMT, €, COBMANAET CO 3HAKOM () mepe-
CTAaHOBKH o Jyis BceX « € Ss.

Paccemorpum muorouned D = [ (x; — X;). BblnosHsieTest TOXK1€CTBO

i<j
VD =e(a)VD

st o € Sg.
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3ameTM, uTo

of _ e _ T

o] _ -
a\/ﬁ_a\/ﬁ e()VD VD’

[TosTomy
€ C(oy, o0y, 09, 03, O
= \/— (00, 01, 02, 03, 04),
anaunt, Ko(f) = Ko(fvD) = Ko (VD). O
JaJsee noHagoOUTCs elie
Jlemma 31. [Tose
K :KO(\/E) C C(xy, x9, ..., )C5)
cosnadaem ¢ MHONECMBOM 8CeX PAUUOHANbHbLY YHKYUL, He U3MeHs-

HOWUXCA NPU 4eniHblx nepecmanosKkax nepemerHolx.

Hokaszateabctso. [IpoBepuM, uto pauuoHasbHas (yHKUUS [
HE H3MEHSIETCsI MPU YETHLIX [E€PEeCTAHOBKAX MEPEMEHHBbIX TOTAA H TOJbKO
TOr/a, KOTA OHA MPEJACTABJISIETCS B BUJE CyMMbl CHMMETPUUECKOH (DYHKIMH
fi u antHcuMMerpuuecko# (yHKUMH fo (T.e. Tako#, uto af =c(a)f mas
a € S5). B onHy cTOpoHYy 3TO 0U€BHMIHO.

Jlokaxkem ob6paTHoe yTBep:KaeHHe. B camom nere,

=5+ DN+ 37— (2D, fi=g(F+(2D.  h=g(7— (2.

[TpoBepyM CHMMETPHYHOCTD [y, T.e. paBeHcTBO af) = [. Ecam av — uer-
was, 0 afj = %(af +a(12)f) = %(f +(12)(12)a(12)f), Ho nepectaHoBKa
(12)a(12) — uernasi, snauur, (12)a(12)f = f, otkyna af :é(f—l—(lQ)f): fi.

AHaJIorHuHo NpoBepsieM paBeHCTBO «fo = fo:

afy=g(af —a(1D) = 5] - 5(12(12)a(12)) = 5(F ~ 12)) = o

Ecuu rnepecraHoBkKa v — HEUeTHasi, TO

afi= l(af+a(12)f)— 5((12)(12)a] +a(12)]) = 1((12)/°+ n=h.

T. K. niepectanoBKH (12)a u a(12) — uetHbie. Kpome Toro,

afy= (af—a 12)f)— 5((12)(12)af = a(12)]) = = o

[Tostomy, ecin [ — pauroHasibHast PyHKLHMS, He MEHSIIOIIASICST TIPH YETHBIX
nepecraHoBkax, To [ = fi + fo, rie [ — cummeTpuueckasi, a fo — aHTHCHM-
MeTpHuecKasi QyHKLIHS.
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Ecau [y — aHTHCHMMeTpUuecKast (QyHKUUs, TO [fo = %\/5 = [ov/D,

rie Jo — cummerpuueckas dynkuus. [lostomy [ = fi + fo/D, re Ji n fo —
cUMMeTpHueckue QYHKLHUH, U | € Ko(\/ﬁ) =K.

O6partto, ecu [ € Ko(VD) =Ky, 10 [ = [i + [oV/D, t1e [y u [ — cum-
MeTpHuecKre (YHKIMH, 3HAYHT, [ He MeHsIeTCsl MPU YeTHbIX Mepecra-
HOBKaXx. O

Hy»kHbl OynyT eliie 1Be JieMMbl O epecTaHOBKaX.

Jlemma 32. Jliobas uwemmnas nepecmano8Ka pasia2aemcs 8 npousge-
denue mpoliHobLX YUKAOS.

HdokaszaTeabcTso. Pa3noKuM UeTHYIO 11€pPeCTaHOBKY B NPOH3Be-
JIEHUsT YETHOTO YMCJa TPAHCMO3WLMH, pa3obbeM 3TO MPOU3BEAEHHE HA Maphbl,
a rnapbl 3aMeHUM Ha TPOUHbIE LMKJbl COMJIACHO TOXKAECTBY

@, D, ')y = @ji")Gi'j'). .
Jlemma 33. Ecau nepecmarnoska (iy, ..., is) pasioxcuma, mo cnpaseo-
AUBO MOKHCOecmao

(i1, i2, i3) = (4, i3, i1) (i1, i5)(i2, i4)(i3, ia)(i1, i5)(i1, i3, i4).

HokaszateabcTBo. s goKazarTesbcTBa AOCTAaTOUHO MPOBEPHTH,
YTO TIOJ| IEHCTBHEM MPOU3BE/ICHUS TIEPECTAHOBOK 3JEMEHTbI TepeBUraloTCs
cJeayloLnM 06pasom:

| —i3—iqg—iy, ipg—iy— i3,
i3 — iy —ig— iy, I4—10] —i5— 0] — 4. O

3aKoHUHM JI0Ka3aTebCTBO TeopeMbl. [lycts Ko = K| ({/5), a€eK,
r=2,u
Va= [(xi, x9, X3, x4, x5) € C(x1, X9, X3, X4, X5).

Torna aisi BCSKOH nepecTaHOBKH « € S5 UMeeT MeCTO PaBeHCTBO af =&, f,

TIe €4 € V/a.
3amerum, uto ecau {ijyn{i'j'’} =2, 10 €jijy==E1, TaK Kak

e g2
[(i/)(i"j")]” — ToxknmecTBeHHAS] IEPECTAHOBKA.
[Tpumensisi jeMmy 33 ¥ yuUTbIBasi, UTO

Elin,inin) " Eininis) = Elininit) " E(iainin—' T 1o
nuMeemM

Eiv.inyis) = E(in,is,i1) E(iris,ia) € (i1,i5) (ig,ia) € (i3,ia) (i1,i5) >

OTKYIA € (j,iyiy) = 1.

Onnako (i1i2i3)3—TO)K[LeCTBeHHaH nepecTaHoBKa, 3HAUMT, sf’ +1.

iisi)
[TostoMy €, iyi5) = 1.

i1,i2,i3
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M3 nemmbl 32 Tenepb caemyer, UTo £, = | /15 BCAKOH UeTHOH nepecra-
HOBKH av.

N3 nemmbl 31 Torna caenyer, uto Ko :Kl({/ﬁ) =Ki(f), [ €Ki, otkyna
Ko = K. IloBTOpsisi 3TH paccyXjieHusi, MoJayuyaem, uTo

Ki=Ky=Ks=...=Ky.

Opnako, coryiacHo Jiemme 31, noJie K| eCTb MHOXKECTBO pPallMOHAJLHBIX
dyHKUME OT (X, X9, X3, X4, X5), HE MEHSIIOLIUXCS TIPU UETHDLIX lepecTaHOBKaX
nepeMeHHbIX, CJIeJl0BaTeNbHO, OHO He COBIMAJIAeT C M0JIeEM BCEX PallMOHAIbHBIX
dyukuuit C(xy, X9, X3, X4, X5). 3HAUUT, UICKOMAasl 1IeMOUKa paclliipeHHil HeBO3-
MO>KHA. O

3agauu v ynpaxkHenus k § 4.20

1. Pewnre ypasnenue x° — 5ax3 + 5a%x +a® + 1 =0.
2. C noMolibio 3aMeHbI MePEMEHHbIX X = i + U pellinTe MoJg00H0 KyOH-
4ecKOMy ypaBHeHHIO ypaBHeHHe x° — 5ax? + 5a’x — 2b = 0.



[lpunoxxenune. O6pa3ubl KOHTPOJbHbIX paboT
pPa3HbIX JIET, 9K3aMeHALlMOHHBIX BOMPOCOB
v 3ajau

KoHTpoabHas pabora 1

1. PazsouTe Ha MHOYKHTENH (C AefiCTBUTeNLHEIMH Ko3(hduumentamu) (i) x*+9; (ii) x*425.
2. Jloxasure, uto uncna (i) v'2 4+ v/3; (i) v/3 + v/5 — HppaLmoHaIbHbL.

3. Peuunre ypaBHeHus:

(i) x* —4x% —2x2 4+ 12x + 8 =0; (i) x* — 10x3 + 4x2 + 8 =0.

4. JlokaxKuTe HepaBeHCTBA:

135 2n—1 1 13 2n — 1 1
(@) 1

o ovn

; (i)

5
216 20 " Van 6

KouTpoabHasa pa6ora 2

n n
1. Haitmure cymmni: (i) > k(3k+ 1); (i) > (k* + 2k — 1).
k=1 k=1

2. C nowmoublo anropurMa Esksuna naiinnre HOJI uncen a u b v npeacrasbTe ero B Buje
au+ bv, rae u u v — uenvie: (i) a =24, b = 30; (i) a =36, b = 20.

3. Haiinire uncsio n cymmy Bcex HaTypasibHbIX jesutesiedl y uncedn (i) 2772; (i) 5940.

4. Bobluncsvte 3Hauenne GyHkuud ditsepa ot umnced (i) 65; (i) 72.

5. B pasnoxenusx (i) (x 4+ 1/x)'2; (ii) (x/3 — 3/x)'? naiinure kospduunent npu (i) x8;
(i) x*.

6. Haiimure cymmbr: (i) CO+C2 4+ ... 4+ C* + .. (i) 1 —CLl4+C2—-C3+...

KoHTpoabHas pa6ora 3

l. Hal;l,UJ/ITe HOPHHOK MOJACTAHOBKHU 7T U OHpeﬂeJIl/ITe €ee 3HakK:
O (19345). o (123456

() m=(12212): i == (132498)-

2. B npousBoJibHOI rpynne G onpejie/ieHa HOBasi olepalist

(.gl=7"'¢ g

Toxaxure Tomaectea: (i) [/, ¢~ =[g. fl. (i) Jelg. 1= fg.

3. Pewmite ypaBHenus:

(i) x* —5x2 —2x +3=0; (i) x* —5x2 +2x +3=0.

4. Jlokaxkute /st JiIOObIX HEOTPHULATEIBHBIX @ U b HepaBeHCTBa:

(i) a® + b3 > ab(a + b); (i) (a® 4+ b3)(a + b) > (a® + b2)2.

5. Jlokaxkure, uto ypaBHeHHe x5 —3x + 1 =0 uMeeT TPU KOpHs, W HAlIUTe CYMMy HX
(i) kBampatos; (ii) KyOOB, a TakxKe ypaBHeHHe, OJHHM M3 KOpHeil KoToporo siBjsercst (i) cym-
Ma; (ii) nponsBesieHue JBYX KOpPHEH MCXOIHOTO ypaBHEHHSI.
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6. Bbiukcure
n

n
() >~ kCE: (i) Y _(n—R)CE.
k=1 k=1

7. Hafigure rpynmy caMoCOBMeELLEHMII MHOrowleHa NP IepecTaHOBKaX IepeMeHHbIX
(xz + yt)? + (xy — 21)2 ¥ PasNOKHTE €ro HA MHOKHTEJH.

8. TlepBenctBo uHTepHaTa N0 (QyTOOMY MPOBOAUIOCH HACTOILKO HEPETYJISIPHO, UTO B KOHLIE
ceMecTpa BhISICHHJIOCh, UTO BCe KOMaH/Ibl ChIrpa/ii pasHoe unc/o Matuefi. JlokaxkuTe, uto Kakue-
TO KOMaH/Ibl YCIIeJIH ChIrpaTh Mex1y co6oii 6oJiee 0JHOTO pasa.

Bonpocskl k 3k3ameny B 10-x kaaccax (1999 ron)

1. MHaykums v npumepsl ee mpumMeHeHnsi. PopmyJibl CyMMUPOBaHUs apu(MeTHUeCKOH H reo-
MEeTPHUYECKOH TPOrpecCcui.

2. Uucna dubonauun. Popmyna bune.

3. PekyppeHTHbIe 10C/I€I0BATENLHOCTH BTOPOTO TOPSIIKA.

4. Tlpoctble uncsaa. BeckoneuHocTh MHOXECTBA MPOCTBIX unces. Hanbosbimi obumi ge-
JINTEJIb M HauMeHbliiee ofliee KPaTHOE.

5. Auaroputm Esknupa. JIuHefiHoe npesictaBiieHne HanGodbliero obLero aenutess. JleMMbl
0 JIeTMMOCTH.

6. OcHoBHasi TeopeMa apHOMETHKH.

7. IlepecTaHoBKH M pa3MelleHHs.

8. IlepecTaHoBKH C MOBTOPEHHSIMH.

9. BunomuasnbHas Teopema. Tpeyrosmbhuk [lackans. Toxnectso [Tackads.

10. BunomHa/nbHAs W MOJHHOMHANbHAS TEOPEMBI.

11. Coueranusi ¢ NOBTOPEHHSIMH.

12. Onpenenenne KomIieKcHbIX uuces. Omnepauuy Hajl HUMH. [eomeTpuueckas MHTeprpe-
Talysl KOMIVIEKCHBIX UHCElI.

13. MuorousieHbl U onepaliiy HaJ HUMH. [lesieHne ¢ octatkoMm.

14. Cxema lopuepa. Teopema Besy. Teopema o umnciie KopHell y ypaBHEHHUH TPOU3BOJILHOH
CTereHH.

15. TlpousBomble U KpaTHble KOPHH.

16. Teopema Buera /151 ypaBHeHHI IPOU3BOJILHOI CTENEHH.

17. Anropurm EBkinaa uist MHorousieHoB. JIvHelHoe npeacTaB/ieHte Hanboiblero ob1ero
nenurens. JleMMbl 0 e/ IMMOCTH MHOTOUJIeHOB. [ToHsTHE HEMPHUBOAMMOrO MHOTOUJIEHA.

18. O/HO3HAUHOCTL PA3J/IOXKEHHS] HA MHOXKHMTEJIH MHOTOWIEHOB HaJl MoJieM PalHOHA/bHBIX
umced.

19. Onepauust conpsiKeHUst B CBOHCTBA KOMIJIEKCHBIX KOPHEl MHOTOUJIEHOB C JIeHCTBUTE/b-
HBIMH KO3((HLIEHTAMH.

20. PazsioxkeHne Ha MHOKHTEJIH MHOTOUJIEHOB HaJl MOJISIMH J1I€HCTBUTE/bHBIX M KOMIIIEKCHBIX
umced.

21. YMHOXeHHe U JleleHHe KOMIIIEKCHBIX UMces B TpUroHomerpuueckoil gopme. Teopembl
CJIOXKEHHs ISl CHHYCa W KOCHHYyCa.

22. ®opmyssl Myaspa u Diiiepa. PopmyJibl /s CHHYCOB, KOCHHYCOB M TAHT€HCOB KpaT-
HBIX JIyT.

23. V3BneueHue KopHel n-# CTeleHW W3 KOMIUIEKCHBIX uKces. [eomeTpuueckast uHTeprpe-
TaLusl.

24. AsreGpanuecKuil MeTOJ| U3BJICUEHHsT KBaAPATHbIX KOPHEH W3 KOMIJIEKCHBIX unces. Pe-
lLIeHHe KBaJpaTHbIX YpaBHEHHUI B 110J1e KOMIUIEKCHBIX UHCEI.

25. Ipynna kopeil n-it crenenn u3 eaunuipl. [lepooGpasuble kophu. Pyukuus iiiepa
1 ee MyJILTHIIMKAaTHBHOE cBoiicTBO. Popmyna Jitnepa.
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O6pa3ubl 3K3aMeHalMOHHBIX 3aJ]au

1. Boluncaute asyms crnioco6amu (1 + i)"” U HamuIIUTE COOTBETCTBYIOLINE TOXKIECTBA C OU-
HOMHaJIbHBIMH KO3((hULIHEHTAMH.
2. Hatfizure uncsio Bcex mepBooOpasHbIX KopHeH rpynme KopHell 1999-# crenenu u3 enu-

HHULBI.
Z2—a

3. Hapucyiite Ha KOMIJIEKCHOH MJIOCKOCTH MHOYKECTBO TOUEK 2 TAKHX, UTO ‘ —Z ’ <l
—az
4. Haiimure kosdduunent npu x'0 y muorounena (1 4 x + x2)10.
5. Haiimute cymmy kosdduumenton muorounena (I — x 4 x2)10,
6. Haiimure cymmy Bcex HaTypaJibHBIX JequTesei uncaa 19997,
7. Pewmre ypasnenne (x2 4 x + 4)% 4 8x(x2 + x + 4)2 + 15x =0.
8. Pemnte ypasHenue 4(x 4+ 5)(x + 6)(x + 10)(x + 12) — 3x2 =0.
9. Jlokaxkure, uTo
in 2
cos x +cos 3x + ... +cos(2n — 1)x = M
2 sin x

10. Paszjioxkute Ha MHOXKHTEJNH MHOTOYJIEH HaJl 1oJiem LLeﬁICTBHTeJ]beIX qyuceJI. 2)64 — X3 -

—9x% 4+ 13x — 5.

11. PasionTe HA MHOXKHTENH MHOTOWIEH HAl MOJeM AeHCTBUTEJBHBIX uHCes: x° +
+9x2 4+ 11x —21.

12. Jlokaxkure, uTo

02
sin x 4+ sin 3x 4+ ... +sin(2n — )x = S X

sin nx

" " z
13. HapMcyme Ha KOMIIJIEKCHOH TMJOCKOCTH MHO2KECTBO TOUEK 2 TaKHuX, UTO ‘
z

:Z‘<2.

14. PasnoxuTe Ha MHOYKHTEH MHOTOUJIeH HaJl TIoJeM JeHCTBHTeTLHEIX uncest: x4 4+ 2x3 —
— 16x2 — 2x + 15.

15. Peumre ypasnenne (x> 4 x)* = 1 B nosie KOMIJIeKCHBIX uKced.

16. Haiimure max |z| mpu |2 + 1/2| = a.

17. Peumre ypasnenne x% 4+ 1 =0.

18. Ecsim oKpy»KHOCTb MOCTPOeHa Ha oTpeske [i, —b/a + ic/a] Kak Ha IHameTpe, TO OHa
nepeceKaeT JEACTBHTE/IbHYIO OCh B KOPHAX ypasHennsi ax® 4+ bx +c¢ =0 u He mepecekaer ee,
€c/IM 3TO ypaBHEHHe He UMeeT AeHCTBUTENbHBIX KOPHEH.

19. Ma3Biekure anreGpanuecky KopeHb MSATON CTENEHH M3 €IMHMLBI U MOCTPOHTE NpaBHiIb-
HBIH MATHYTOJMbHUK LUPKYJIEM H JIMHERKOH.

20. Xop cocrout u3 10 yuactHukoB. CKOJLKMMH CIOCOGAMH MOXKHO BBLIOHpATh B TeueHHe
Tpex JiHell 1Mo 6 yJacTHMKOB XOpa Tak, YTOObI KaXK/blil JeHb OblM pa3Hble COCTABbI?

21. lkonbHUK uMeeT 6 npyseil u B Teuenne 20 nHell npuraaiiaer K cebe Tpex U3 HUX Tak,
YTO KOMIaHHsl HU pasy He noBropsieTcst. CKOJBKUMH CrocobaMHi OH MOXKET 3TO Cle1aTh?

22. B rtypnoxon otnpasuinch 92 yuennka. Byrep6ponbl ¢ konbacod B35 47 yueHHKOB,
¢ cblpoM — 38, ¢ BeTunHON — 42, U ¢ cbIpoM, U ¢ Kosbacoil — 28, 1 ¢ Koabacoil, H ¢ BeTUHHON —
26, 1 ¢ CbIpOM, U ¢ BeTuHHOI — 17. Bee Tpu Bria GyTepGpoj1oB B3slM 26 yUeHHKOB, a HECKOJILKO
YUEHHKOB B351JIH ¢ c060# MUPOKKH. CKOIBKO GBLIO MOCJENHUX?

23. CKoJIbKHMH criocoGaMK MOXKHO pasienntb 10 KHUr Ha 5 Gaujgepodieil o 2 B Kaxk10i?

24. CKoJIbKUMH croco6aMi MOKHO BbIOpaTh HEUETHOE YUCJIO MPEMETOB U3 NaHHbIX 20?

25. Haiire cpesmnii uen paznoxenus (1 — x2/2)14.

26. Haitaure Kosdhduiment npu x8 B pasnoxennn (2 + x — x2)°.

21 TauikoB
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[Tpusoxkenne

27

28.

yCJIOBH
40
MeTpHY
41

YCJIOBH

. Jlokaxute, 4TO
C,?+C§+CS+...:% (2”+2cos %ﬂ) .

JloKaxkuTe, uTo
1 _ ’ ™
C,?—&-Ci—&-CS—i—...:é(Q” P4 92 cos T)

. Haiigure uncsa, conpsikeHHbie cBoemMy KyoOy.
. Boiuncsure \4/ 2 —iv12.
of 1—i
1+iV3
. Boipasute tg 6¢ uepes tg ¢.

. Bbluncsiure

sin
. Bripasute uepes cos .
sin

. Ilpencrasbre cos® x B BHe JIHHEIHOH KOMGHHALIMH KOCHHYCOB KPaTHbIX JyT.

. Hokaxmure, uto ecqn 2 + 1 /2 =2 cos x, 10 2" + 27" =2 cos nx.

. Pemmre ypasuenne (x3 — 3gx 4+ p® — 3pg)? — 4(px + ¢q)° =0.

. Pemmre ypasuenne x° — 3abx + a3 + b3 =0.

. CocTaBbTe ypaBHeHHe, KOPHH KOTOPOTO PaBHLI KybaM KopHeli ypaBHeHHst x5 + px +q =0.
. Peuure ypasuenue ax® 4 bx? 4+ cx +d =0, ec/iu ero Ko3hhUIHMEHT! YIOBAETBOPSIOT
10 ad =bc.

. Peumre ypasuenne ax3 + bx? 4 cx 4+ d = 0, ecan ero Ko3hBUIMEHTH COCTABISIOT Fe0-
€CKYIO MPOTPeCcCHIo ¢ JaHHbIM 3HAMeHaTeJleM §.

. Pemmre ypasuenne x° 4+ ax? 4+ bx 4+ ¢ =0, ecan ero KoshhHUHEHTH! YIOBJIETBOPSIOT
0 ab=c.
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p-rpynna 97

Ab6ensi—Pyddunu teopema 313

akcuoma rpynbl 71

AJITOPUTM TIepeBOjia U3 JBOMUHOH CHCTEMbI
B JleCSITHUHYI0 U oOpatHo 157

apryMeHT KOMILIeKcHoro uncna 214

acCoOLMaTHBHOCTL 71

Besy kosdhduimentsr 15
— Teopema 142, 276
Bune reopema 28
Bpayspa A. reopema 162

Buera teopema 184, 249
BJIOKeHKe 41

BblueT n-# crenenu 110

— kBajapatnunbiii 110
BblUMTaHHE MHOTrOUJIeHOB 135

laycca nemma 174

— Teopema 13, 103, 106
runep6osa 276
romomopcusm 77, 88

rpac 70

— noJHbIi 71

rpacduk orobpaxenust 40
rpynna 71

— ab6esieBa 77

— ajytuBHas KoJbla 101
— KoMMyTaTuBHas 75, 77, 88, 283
— MyJITHIUIMKaTHBHAs 284
— LMKJIHUeckast 76

rpynibl K3oMopdHble 76
ryiepmannan 286

Jaunnenena reopema 168

JefcTBUTeNbHAs yacTh 210

JleKapToBa crernelb 38

JIeKpeMeHT T1epecTaHoBKH 65

JIEJIMMOCTh MHOTOUJIEHOB 141

Jienresib 12

— MHOTOYJIEHOB HAHOOJbIIUH OOLIMI
(HOLO) 141

— nau6ospumii o6uwmi (HOM) 13

— HyJas 89

21%

niepeBo crerneneil 163
JleTepMHHAHT 267

aupekrpuca 276

JUCKPUMHHAHT 31

— Kybuyeckoro ypaBHenust 239
— ypaBHenusi n-ii crenenu 240
Judpdun—Xennmana cucrema 131
JIPoOH CHMBOJIMUECKHE 10 MOjyJio m 92
1poOb HernpepbiBHast 20

— uenHas 20

ioripe Teopema 29

EBkiuza anropurm 20

— — 060011eHHbIH 23

— — pacluupeHHblit 15

— aJiIropuT™, 0600IIEHHbIH BapuaHT 24
— Teopema 12

3akoH cokpatiens 91
3HAK NepecTaHoBKH 68
30J10TO€ Cceuenne 27

HUzomoptuam 76, 88
HHBepcHs 66

HHJIEKC MOArpynbl 83
vHaeKe sjaementa 109

Knacc cMexHblii JieBbiil 82

— — npasblit 82

— 5KBHBAJIEHTHOCTH uncia 282

kaou 119

KoJib1lo 88

— 6e3 penuresneit Hyast 90

— BBIUETOB 110 MOJIYJII0 M 88

— rayccoBbIX Liesbix unces 306

— nesoctHoe 90

KopeHb 163

— M3 KOMIUIEKCHOTO YMuc/a f-H cTeneHn
232

— KpatHblil 31

— MHorousieHa 142

— — KpaTHOCTH n 152

— — npocroii 152

— nepBooGpasubiii 103

— Juke 187
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KOCHHYC THIiep6oJinueckuii 225
K03 hHULeHT GUHOMHABLHBIHA 47
— TNOJIMHOMHAJIbHBII 47

KpaTHOe HanuMeHbllee obiee 14
Kpunroanaaus 121
kpunrorpadus 119

Kponekepa anroputm 176

KyO n-MepHbIi k-1unblii 38

— — JIBOMUHBII 38

Jlarpamxa Teopema 83
JlorapudMm JHcKpeTHblit 109
JlorapudmupoBanue auckperHoe 131

Merton Bujiku 165

— BBIUHCJIEHHs «1Hppa 3a wippoit» 165
— Topuepa 166

— HTepalHoHHbIi 166
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— KococuMMeTpuuecKkuit 191
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— Uebbiépa 170
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MOLLIHOCTb MHOXKecTBa 39

Myagspa Teopema 181
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MYJIbTHIIHKATHBHOCTD 118

— ¢yukuuu Jiiepa 96

HaGop ynopsinouenubiii 38
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Hopma 294

— ausreGpaunueckoro uncsaa 302

O6unacth HesoctHocT 136
o6pa3 MHOKecTBa 41
00bejIMHEHHe ceMelicTBa MHOXKecTB 40

ojanousen 135, 138

— crapumii 138

onepatust obpatienns 61
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ocrarok ot jesenus 11

— OT jieJieHdst MHorousieHoB 136
Octporpazackoro Teopema 198
otoGpaxkenue 40

— B3aMMHO OJIHO3HAuHOe 41
— 3awudposanus 119
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0Tpe3oK okaJsbHblil 276
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— TPeyroJibHuK 48

nepectaHoBka mapuupytHasi 120

— obparnas 61

— C MOBTOpeHUsIMH 46

nepuoj 75

— rpynnbl 84

— — HAMMEHbLINH MOJNOXKUTEbHbIN 84

— 3JIeMEHTa HaUMEeHbLLIHH
MOJIOZKUTEJIBHBIH 75

noarpag 63

noxarpynna 70, 74

— HopMaJibHast 84

— cobcTBeHHas 74

noJe 90

— Jlesienust Kpyra 299

— uncsoBoe 298

1oJIyrpyrnna KoMmyTtatusHas 88

MOPSIIOK MepecTaHOBKH 67

— 3JleMeHTa 75

10CJ/1e/I0BaTeIbHOCTD, 06paTHas
K rocJieioBatesibHoctn PuboHauun
29

NOCTpPOeHHe LUPKYJeM U JiHelKo# 311

MPU3HAKH HEMPUBOJIUMOCTH J0CTATOUHbIE
175

TNPUHLAI CJloXKeHHsT 39

npou3BejieHne MHorouseHos 135, 138

— MHOXKECTB JIeKapToBo 38

— mepectanoBok 60

— npsimoe rpynn 94

— — onepauuii 94

— CKaJIsipHOe KOMILIeKCHBIX uncesa 212

Npou3BojiHast MHorousexa 150

MPOCTPAHCTBO /1-MepHOe apudMeTHuecKoe
39

— ktovedt 119
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rnpouecc urepaluoHHbli 169

Pasjioxenue MHOrou/IeHa M0 CTeNeHsIM
152

pa3HOCTb MHOXKECTB CHMMeTpHuecKast 86

pacupenue nudaroposo 308

— noJist 299

— — kBajpaTuuHoe 299

— — npoctoe 300

— pajukanbHoe 313

pe6po rpaca 63, 71

pesosbBenta Peppapu 236, 242

pe3yJbTant 269

CamocoBmelienne rpaga 71
cumBos 3odotapésa 114

— Slkobu 115

cumBod Jlexxanapa 110

CHHYC runepOoJnueckuii 225
cucrema RSA 130

— BbIUETOB T0JIHast 228

— cummerpuueckas 186

— TparneuueBuaHas 265

— TpeyroJibHasi 265

cyoBo 38

CJI0KeHHe KOMIIEKCHBIX unces 210
CJIOKHOCTDb ajroputma 155
couetaHne 3J1eMeHTOB 51
coueTaHust ¢ MOBTOPEHUSIMH 52
cpaBHeHne 84

CpaBHUMOCTb JieBasi 84

— npaBas 84

creneHb MHorousiena 134, 138
— onHouseHa 138

cymma MHorousieHoB 134, 138
— MHOxkecTB 96

CYMMO# KJ1aCCOB SKBHBaJIeHTHOCTH 283
cuurana 120

Ta6auua dues 120

Teitnopa reopema 153

Teopema Buera 31

— Taycca 174

THIT T1€PECTAHOBKH LIMKJIMUeCKHil 65
TOXK/IECTBO AUCTPHOYTHBHOE 88
TpaHcno3uuus 64
TpaHcUeHIeHTHble 27 1

YMHOXKeHHe KOMIJIEKCHBIX urces 210

Paxroprpynna 87
dakropuais 45
— Boapacratoumii 45

— yObiBalolui 45

tbakropuzauus 178

— GeckBanpatHas 196

depma Teopema manas 90, 104
— — — JUIs1 KOHeuHbIX 1oJeil 104
— Teopema J/ist rpynn majast 84
dubonauun uncaa 26

tokyc runep6oJibl 276

— napab6oJbl 276

— sJumnca 276

topma KBajpatuuHas 277
topmyaia 72

— uHTeprnoJisiinontast Holotona 147
topmyasl Kpamepa 267

bynkums 40

— k-3nauHoii jornku 43

— aJjireGpbl JIOrHKH 43

— GyJeBa 43

— JIBy3HauHOM JIOTHKH 43

— OT 1 1eHCTBUTEbHBIX MepeMeHHbIX 43
— OT 1 nepeMeHHbIX 43
noJitHoOMHUaJbHasi 142

— Diinepa 79

dypbe Teopema 167

XapakrepucTHKa 1ies1ocTHOro KoJibua 101

Llesiast yacTb uncsa 28
Lernoyka agautusHast 160
uenb 54

LWHMKJ JUTHHBL R 63

— nopsizika k 63

YactHoe KoMmmieKCHbIX unces 211
— HeroJiHoe 11
— OT JleJieHUst MHOTouJsIeHOB 136
UeGhbIlIEBA MHOTOUJIEHBI TIEPBOTO
u BToporo poaa 290
yHcsIa B3aUMHO MpocThle 13
— 9YKBHMBAJIEHTHbIE 110 MOJLyJI0 282
uncsio anrebpanueckoe 173, 300, 302
— — Han noJjiem 300
— — uesoe 302
— HppauUnoHa/bHoe 28
— KomIiekcHoe 210
— — conpsbkentHoe 211
nucaroposo 308
— npocroe 12
— — rayccoo 306
comnpsikeHHoe anreGpanueckomy 302
cocraBHoe 12
— nesoe 28
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Wucp 119 Diirefina npusnak 175
— adpdunnbiii 120 9J1EMEHT eIMHUYHBIA 7 1
— 3amenbl 119 — He#TpasbHbli 71
— nepectaHoBku 119 — o6paTumblil 88
udp [neitpepa— Yurcrona 127 — obpatHblit 71
wndp-cucrema 119 — — MHorouJsena 135
wdposanue 119 — npumutHBHLIH 103
wndprexer 119 — npocroit 306

snnunc 276

ditnepa kpurepuit 110
— teopema 90, 96 Sinpo Hupuxae 294
inepa—Tlaycca teopema 109 — Oeitepa 295
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