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ITamsmu moux podume.netl

1. Tak jiu IpOCTO CIOXKEeHue?

BceM usBecTHO, 4TO caMas ITpocTasd 4acThb IIKOJIbHON MaTeMaTHUKU —
aTo apudMeTHKa. A B Hell camasd IpocTas oneparua — ciaoxeHue. Ho
CJIOBO CJIOXCHOCMb POACTBEHHO, OYE€BUAHO, CJIOBY caoxceHue. CTpaHHO,
He mpaBza Ju? YTo MOXKET OBITh CJIOKHOTO B CIIOKEHUH?

Ms1 nocrapaemMca Jajnee IokasaTh, UYTO CJIOXKEHUe, Jake B caMOM
MIPOCTOM MO3UIMOHHOM CcHCTeMe — ABOWYHOMN — He TaK YK U IIPOCTO, KaK
9TO KaXkeTcs Ha IepBhIi B3mIA. CoBceM HEIIPOCTOM OKasblBaeTCs Jaxe,
Kasajoch Obl, MpOCTeiiiias 3a/jaua — CIOKEHUE OAHOPA3PAAHBIX (W,
KaK rOBOPAT B IPOrpaMMHUPOBAHMH, OJHOGUTHEIX) YHCes .

ChopMmymupyeMm 3Ty 3azady B o0OIIeM BUZE.

3agaua. HyxHo cioxuTh n uucen x; = 0 i 1 U pe3ysnbrar IoIy-
YUTH B IBOMYHOU 3aIIHCH, T. €. HAWTU TaKue JBONYHbIE IUGPEHI ¥;, YTOOBI
BBITIOJTHSJIOCH PABEHCTBO

Xt ot X,= oo Yo)2 = Y2+ 2y + Y, 2M>n=2mL

HayneM pa36bupaTbCs C IPOCTEMIINX YACTHBIX C/IydaeB. TeM, KTO He-
3HAaKOM C IBOMYHOM CUCTEMOM, PEKOMEH/IyeM 3arIsIHyTh B KHIDKKY [1-3].
BrpodeM, BCe, YTO HY}KHO, Jasee GyieT 0ObICHEHO.

PaccmoTpuM BHavase ciydait n = 2. Tak Kak

0+40=0=(00),, 0+1=1=(01),, 1+1=2=/(10),,

PE3YJIbTATHI CJIOXKEHUS MOXKHO 334aTh Tabnuueii 1.

Ta6auna 1. CioxeHue JBYyX OZHOOGUTHBIX YHCET
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Cny4ait n=3 4yTh Gosee cioxeH. Y TabruIa CI0KEHHUSI UMeET BABOE
6osbmmii pasmep (cm. Tabauiry 2).

1 Bur — 3T0 aHMMiicKOe, JABHO YXKe CTaBIllee MeXAYHAPOAHBIM, COKpalleHHe CJIOB
binary digit — dsouunas yugpa.
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Ta6muia 2. CoKeHue TpeX OZHOOUTHBIX YUCET

=
s
=
N
=
w
=
s

R ERERERFOOOO
R OORFROO
—HORORORO
R R RFOR,ROOO
RHOORRORRFO

flcHO, uTO ecnu, HanpuMmep, n = 15, TO B Ka4eCTBE M MOXHO B3ATb 3
U COOTBETCTByIoIad Tabnuna 6yzeT uMeTs 2'° = 32768 cTpok. A B cTpo-
ke 6yzer n + m + 1 = 19 6uToB, 3HAaYUT, B KOMITbIOTEPE 3Ta TabIUIIA
OyzeT 3aHMMAaTh He MeHee 76 KWIo6aiT maMaTu (a MOXKET, U OOJIbIIIe, —
BCe 3aBHCUT OT TOTO, KaK ee B TIaMATH XpaHUTb). KoMIbioTep ¢ Heil crpa-
BUTCSA, HO BPYYHYIO C TaKO# Tabiuileil paboTaTh HEBO3MOXKHO. A eCiu
n = 30, He TOMOXXeT ¥ KOMIbIoTep. OYEeBUAHO, A3BIK TAOIUI] A1 HalIeH
3azaun (1 MOAOOHEBIX eif) HeymoOeH. YIOOHBIM S3BIKOM SIBJIIETCS SI3bIK
dbopmyn anre6phl JOTHKU. XOTUTE MOMYIUTD MIPeZACTaBlIeHHEe O TOM, YTO
3TO TaKOe, — YUTANUTe CJIeYIOIINI pa3zer.

2. /IBonyHasi cUICTeMa B MaTeMaTHKe
U 3JIEKTPOHUKE

[maBHOE OCTOMHCTBO JBOMYHOU CHUCTEMBI — IIPOCTOTA aJTOPUTMOB
apudMeTHyecKux onepaiiuii. Tabnuila yMHOXKEHUA B HEH COBCEM He Tpe-
6yeT HUYEro 3allOMUHATh: BeZb JIIOOOE YKCIO, YMHOXXEHHOE Ha HYJb,
PaBHO HYJIIO, 8 yMHOXXEHHOE Ha eIMHUIY — PaBHO caMoOMy cebe.

Tabnuila CIOXKEHUS B JBOUYHON CHCTEME UYThb CJIOXKHEE TabIHIThI
YMHOKeHHUS (B OTINYME OT JeCATUIHOM CUCTEMBI), ToToMy 4To 1+1=10
¥ BO3HUKAET IIepPeHOC B CIIEAYIONUit pa3psa. B o6ieM Bujie omepaiiuio
CIOKEHUs OJHOOMTOBBIX YMCEN MOXKHO 3alKcaTh B CJIEAYIOUIEM BU/E:
x+y =2w +v, rae w, v — OGUTH pe3yabTaTa.

BHUMAaTENbHO MTOCMOTPEB Ha TabIUIy 3, MOXKHO 3aMETHUTb, YTO OUT
IepeHoca W —3TO MPOCTO IPOU3BeJeHHE XY, IIOTOMY 4YTO OH paBeH
e/IMHUIle, JIUIIb KOTZa X U Yy paBHBI eauHulie. [IpousBegeHne (KOHB-
FOHKITUA) 0OBIYHO 0603HAYAETCS CUMBOJIOM &. A BOT OUT U paBeH x + Y,
3a UCKJIIOYEHMeEeM clydas x =y = 1, korza oH paBseH He 2, a 0. Onepanuio,
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Ta6imna 3. CroxeHue B [BOUYHON cUCTEME

OO w
—ORO|<
—O OO &
ORFRO| <

C IOMOIIBIO KOTOPOH 0 6UTaM X, Y BEIYUCIAIOT OUT U, Ha3bIBAIOT II0-Pa3-
HOMYy. MBI 6yZIeM HCITONIBb30BaTh JJI Hee Ha3BaHUE CJI0JceHUe No MOOY-
Jt0 2 ¥ cuMBoJ @. TakuM 06pa3oM, CIoKkeHHe OUTOB BHINOMHAETCA dak-
TUYECKU He OJHOM, a IByMA ollepalluAMU — KOHBIOHKLINEH U clIoKeHueM
110 MOZYJIIO 2.

Eciu oTBAEYBCA OT TEXHUYECKUX JeTanell, TO UMEHHO C TIOMOIIbI0
STHUX OIlepalliii U BHINOJHAIOTCA BCe ollepallui B KOMIIbIOTepe.

Kpome 3THX omeparuii, 4acTo UCIIOIb3yeTCs ONepanus OU3BHOHKYUSA,
obo3Havaemas ganee x Vy. OHa OTIINYAETCs OT OIepaluy X @ Y TOJIBKO
TeM, uTo 1V1=1,a 1® 1 =0. Takke nosiesHa onepauusa ompuyaHus
-x =1—x=1@ x. YKka3aHHbIe Ollepalliy CBA3aHBI MeXAy cO60H MHO-
’K€CTBOM TOXXJECTB.

3azaua 1. /lokakuTe TOXKAeCTBa:

xVy="2(x&7y),
x&y="(-xV-y),
x®y=(x&7y)V(y&-x),
xVy=xoy® (x&y).

OrpunaHue 0603HaYaeTCs TAKXKE YEPTOM CBEPXY, HAIIPUMED, BMECTO
—(x & y & z) mumyT x & y & 3. MOXKHO BBIPa3UTh YKa3aHHbBIE OIEPALIUH,
Ha3bIBaeMble JIOTUYECKUMU, Yepe3 OObIuHbIE aprudMeTHIeCKHUe omnepa-
i, KOHBIOHKIIYSA, HAIPUMeEp, IIPOCTO COBIAZAeT C OOBIYHBIM YMHOXKe-

HUEM, ITO3TOMY €€ MPH 3aIKCH YacTO 0603HAYAIOT TOYKOU WIM BOOOIIE
MIPOIIYCKAOT.

3azaua 2. JIokakuTe TOXKJeCTBa:
xX®y=x+y—2xy,
xVy=x+y—xy,
xVy=max(x,y)=1—min(1—x,1—y),
x &y =min(x,y) =1—max(1—x,1—y).
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,Z[BOI/I‘IHaH CUCTEMA U JIOTHYECKHE onepannuu

[ToueMy 3Tu omepalyy Ha3bIBAIOT JIOTHYECKUMU? [loTOMy 9TO eciiu
COTIOCTaBUTh KaXKIOMY BBICKA3bIBaHUIO A €ro «MCTUHHOCTHOE» 3HaueHue
|A] =0, ecin A noxHo, u |A| =1, ecii A UCTUHHO, TO UCTUHHOCTHOE
3HaYe€HHE COCTABHOI'O BBICKA3bIBAaHUA «A 1 B»
MOXXHO BBIPa3UTh> Yepe3 UCTUHHOCTHELIE 3Ha-
YeHUs BbICKa3bIBAaHUU A, B 110 dpopMysie

|A nB|=|A| &|B]
1, aHaJIOTUYHO,
|A wiu B| = |A| V |B.

B mocnexnelrt dopmysne MBI mpezmosnara-
JIA, 9TO BhICKa3biBaHMe «A WU B» GyzaeT uc-
THHHBIM ¥ TOTZA, Korga oba BBICKa3bIBAHUA
A u B uctuHHBL. VIHOTA COI03 «MJIM» IIOHU-
MaroT B HECKOJIBKO JPYyI'OM, PasZeIUuTeIbHOM,
CMBICJIE: COCTaBHOE BBICKa3bIBaHUE «A WIN B» cUuMTaeTCs] MCTUHHBIM
TOJIBKO B CJIy4ae, €CJId POBHO OJHO M3 BBICKA3bIBAHUU A, B UCTWHHO,
Ho He 06a cpasy. B aToM ciydae /151 BHIYMCIEHUS HCTHHHOCTHOTO 3Have-
HUSA «A WX B» MOXXHO UCIIONb30BATh GOPMYITY

Jxopmx bynb

|A wniu B| = |A| @ |B|.

3. IloAcyeT yKca eAUHUI] B ABOUYHOM CTPOKE

I/ITaK, HaM HYXHO CJIOXKUTb n YUCEIT X; = 0, 1u pe3yabTaT IMOJYyINUTDb
B IBOMYHOM BH/JE, T. €.

X4t x,= oo Vo) 2™ >n=2m

Kak BeIpasuTs y; 4epes Xy, ..., X, ? O4eBUAHO, UTO Y; BEIpAXKAETCA Yepe3
X1, - - - » X, OAHO3HAYHO, T. €. ABJIAETCSA HEKOTOpoy dyHKImel f;(xq, ..., X,)
OT MEPEMEHHBIX X;. DT [lepeMEHHbIE IPUHUMAIOT 3HAYE€HWA Hy/b U €/IU-
HUIIA, ¥ caMa QYHKIVS TOXe IPUHUMAET TOJIBKO TaKue 3HauyeHus. Takue

2 Brepssie aTo czenan hxopmx Byns (1815-1864) — aHmIMiickuil, a TouHee HUpJIaHA-
CKUI, MaTeMaTHK, OJUH U3 OCHOBATeJIel MaTeMaTU4YecKOH JIOTWKHU. Brul mpodeccopom
yHUBeEpcUTETa B ropoge KOpk U OTI[OM LIeCTH ZOdYepei, ofHa M3 KOTOPBIX CTaja MaTe-
MaTHUKOM, [pyrasi — IepPBOH JKEHI[UHOW-TIPOdeccOpOM XUMHM B AHIVINH, a elle OfHa —
nucaTeNbHULIEH, U3BECTHOM IO UMeHeM JTesb JIvinaH BorHuY.
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Ta6mmna 4. ByneBrl GyHKIMH, CBI3aHHbIE
CO CJIOXKEHHEM /IByX OFHOOUTHBIX 4MCesl

X1 x| A S ‘
0 0|0 O
0 1 0 1
1 0|0 1
1 1 1 0

GYHKIIMY Ha3bIBAIOT QYHKIUAME aareOphl IOTUKHU WU OyJIeBBIMU QYHK-
nusamu (B yectsb Jx. Byna)3.
PaccmoTpuM BHauajse mpocTeliuii caydait n = 2. Tak kak

0+0=0=(00),, 0+1=1=(01),, 1+1=2=(10),,

byHKIMY fi, f; OT MEPEMEHHBIX X;, X, MOXXHO 33JaTh TabIUIIEH, IO Cy-
IIIEeCTBY COBITafaromieii ¢ Tabnuiei 4.

Ho 60j1ee KOMIIAaKTHO BMECTO TaGJIUIIBI ONpeAenuTh GYHKIUU GOp-
mynamu fi (33, Xy) = X7 & Xy, folxy,x5) = X7 ® xy. Ciydait n = 3 4yTh
6osee cioXkeH. B HEM ZIOMIKHO BBHITIONHATHCSA TOXAECTBO

Xy + Xy +X3=2Y1+ Yo, 1= f1(x1, X0, X3), Yo = folxq, Xa, X3)

JUTsI HEKOTOPBIX OyeBbIX GYHKUMH f), f1. OTU GYHKINKM MOXXHO 33JaTh
Tabureit 5. [ TOro YTo6bI YCKOPUTD €€ 3all0HEHNE, MOXKHO 3aMETHUTh,
49TO QYHKIUU f; CHMMETPUYECKUE, T. €. OHU He MEHAIOT 3HAYeHU IpU
Jt060li IepecTaHOBKe MepeMEHHBIX (Belb CyMMa X; + X, + X3 HE MEHSET-
sl TIPY IEPECTAHOBKE TIEPEMEHHBIX. )

Ta6auna 5. ByneBbl pyHKIINU
JULSL CJIOXKEHUS TPEX OFHOOUTHBIX YHCes
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3 B onpezieieHHOM CMEBICTe GY/IeBE! GYHKIIHNU ABIAIOTCA CAMBIME TIPOCTBHIME QYHKIIHA-
MHU U3 BCeX, BCTpedaloluxcsa B MareMarrke. OHH CyILeCTBEHHO IIPOIIe, YeM, HallpuMep,
TpUrOHOMeTpHyecKue GyHKINU.
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[nsagst Ha Tabauily, MOXKHO 3aMeTUTh, YTo QYHKIUA f, obnazaeT Ta-
KUM CBOMCTBOM: OHA paBHa eAWHMUIIE, eCIU B Habope (X, Xy, X3) HEYET-
HOE YHCIIO eAuHuUIL (0Z/HA WX TPH), B IPOTUBHOM CJIy9ae OHA PaBHA Hy-
10, JIpyTUMU CIOBaMH, OHA TIOMYYAeTCs U3 OOBIYHON CYMMBI X + Xy + X3
C TIOMOII[bIO 3aMEHBI pe3y/bTaTa CyMMHPOBAHUs Ha OCTATOK OT €ro Jeje-
HUs Ha ABa. Takylo MaHUITY/SIIMAI0 HA3bIBAIOT TIPUBEJEHUEM 110 MOYITIO
[iBa U ee pe3ynbTaT 0603HAYAIOT KaK X; + X, + x5 mod 2.

3azaua 3. Ilposepbre, 4TO
x1+x2+X3 mod2:(.7(1@)(2)@)(3:)(1@()(2@3(3)

U B 9TUX TOXKJECTBaX MepeMeHHbIe MOXXHO MTPOU3BOJBHBIM 00Pa30M Iie-
pecTaBiATh. JJOKaXKUTe, YTO aHAJIOTUYHbBIE TOXK/ECTBA CIIPABEAJIUBEI I
no60ro yrcia n GyleBbIX MEPEMEHHBIX X; (T. €. IepeMeHHbIX, TPUHUMA-
IOIIMX TOJBKO 3HaYeHus O win 1).

[ToaToMy GyHKIMH X; + Xy + ...+ X, mod 2 0603HAYAIOT I Kpart-
KOCTU X; @ ... ® X,, (He yTOUYHSS MOPSJOK PACCTAHOBKH CKOOOK, TaK Kak
OH HeCyllecTBeHeH). 3HA4UT, fy(x;, Xa, X3) = X1 © Xy & X5.

VI3 TabuIBel TaKKe BUAHO, YTO QYHKIMA f; 0bMafaeT ClIeAyIomnM
CBOMCTBOM: OHa paBHa eJWHUIIE, eCu B Habope (xp, Xy, X3) YUCIO €AU-
HUI| HE MeHbIIIe JByX, NHAUe OHA paBHA HYJIIO.

3agaua 4. [IpoBepkTe, UTO TEM Ke CBOMCTBOM 0biazaer 6y/ieBa GyHK-
s, onpezenseMas GOPMYJION X; X, V X1 X3 V XpX3, B TEM CAMBIM
f1(51, X9, X3) = X% V X1 X3 V XpX3.
B culy CUMMETPUYHOCTH STHX GOPMYJ ZOCTATOYHO IPOBEPUTD 3TO pa-
BeHCTBO Ha Habopax (000), (100), (110), (111).

3agaua 5. IIpoBepsTe, 4TO GYHKUHUIO f; MOXXHO BBIpasuTh (WIH, KaK
€llle TOBOPST, PEaU30BaTh) U GOPMYIION f; = XXy @ X1X3 ® XoX3.

Tenepb MOXKHO JOTaZiaThCsA, KAKUM OyZEeT OTBET U B OOIIEM CIIydae.
Tak kak GOPMYJBI IOBOJBHO TPOMO3/IKY, MbI UX MIPUBENEM TOJBKO /IS
cimydad n = 15. OkasblBaercs,

yole®...®xl5,

= E xix]' = X1Xo ®X1X3®...€Bx1x15 @.X2X15 ® ...®X14X15,
1<i<j<15
Yo = E xl’x]'xkxl = X1x2X3X4 ® X1X9X3X5g b...0 X12X13X14X15,

1<i<j<k<I<15
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Y3 = Z X oe. X

1 ig:xl...xséBxl...X7X9€B...€BX8...X15.

1<0; <...<ig<15

[IpuBezeHHble GOPMYIIBI IPEACTABISAIOT U3 ce6s1 MHOTOWIEHB! 10 MO-
ZIYJTIO /IBA CTeTleHel OZIMH, /1Ba, YeThIpe, BoceMb. OHU ABIAIOTCA CyMMaMU
II0 MOZYJIIO /{Ba OAHOYWIEHOB BHJA X; ...X; , HE COAEP)KALINX CTENeHeH
IlepeMeHHBIX Bblllle TepBoii. OJHOWIEHH! C BHICOKMMU CTEIleHAMU Iiepe-
MEHHBIX /Ui peanu3anuu OyneBbIX GYHKIMH He HY)XXHBI, TaK KaK i
6GyJIeBBIX TIepeMEHHBIX CIIPAaBeIMBO TOXAECTBO X2 = X U, KaK C/Ie/ICTBHE,
CIIpaBeIUBBI TOXXECTBA X' = X TIpU JiI060M m > 1. MHOTOWIEHBI TaKOTO
BHIa HAa3BIBAIOTCA TaKke MHoOrowieHaMu XKerankuna*. 13 npuBeieHHBIX
$bopMys BUAHO, YTO UCTIOIB30BAHHBIE B HUX MHOTOWIEHH! JKerajkuHa siB-
JISTIOTCS] CUMMETPUYECKUMU (U TI0 CYIIECTBY COBIAZAIOT C MHOTOWIEHAMH,
MOABJISTIONMMHUCSA B 0011eli Teopeme Buera).

[TepByto ¢dopmyny mokaszaTh IpocTo. [leicTBUTENbHO, Y, = 1 Torzga
¥ TOJIBKO TOTZa, Korga B Habope (x; ... X;5) YHUCIO eAuHUI] HeveTHO. Ho
TOIZIa ¥ cyMMa

X1 +...+X5=8y3+4y, +2y; + ¥y

HeyeTHa, a 3TO BO3MOXXHO TOJIBKO IIpU Y, = 1. OcTanibHble GOpMYIIEL J0-
KasaTh CJIOXKHee. DTO MOXXHO cZieslaTh pa3HbIMU crioco6aMu. MBI yKaxxeM
OZIVIH U3 HUX, KOTOPBIN NPUBeZET HAC K MHTEPECHBIM 33iadyaM U3 KOMOU-
HaTOPUKHU.

4. Tpeyroasnuk Ilackana
u canderka CeprIUHCKOTO

n
TpeyTOJIbHI/IK [Tackasns cocToUT U3 YUcen (k), Ha3bIBa€MbIX OMHO-

MUaJIbHBIMU KO3bduIneHTamMu. B ero n-i1 ctpoke croaTr KoadduiueH-
n n n

THI ( 0), (1), e (n)’ KOTOpBIE TIOJy4aroTCs TIOCTe PACKPHITHUSA CKOOOK

Y IPUBEAEHUS TOA0OHBIX WieHoB B dpopmyre (1 + x)", a UMEHHO

"= o)+ (1) (2)x"
(1+x) (0 + (g )X
OTKpBITI/Ie STOr'0 TPEYroJIibHMUKA IIPUIINCbIBACTCA 3BHAMEHUTOMY (1>paHuy3-

CKOMYy MaTeMaTHKy, GU3UKYy U perurno3Homy ¢unocody Biesy ITacka-
Jio (XOTS B TOM WIM MHOM BU/e MOJOOHBIE TabMUIbl OBUTH M3BECTHBI

4B gectn mpodeccopa Mexmara MI'Y . . Xerankuna (1869-1947), mokasaBimero
B 1927 1., uTo M06YI0 OyseBy QyHKIUIO MOXXHO €AMHCTBEHHBIM CIIOCOOOM pean30BaTh
TaKUMHU MHOTOWIEHaMHU.
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U [0 Hero, HampuMmep, KUTakIaM, Ja U B 3a-
nagHoi EBporne g0 [MTackais mogobHyto Tabiu-
11y, TOJIbKO IPSIMOYTOJIbHYIO, TIPUBOAWI B CBO-
el kuure utanbsHer; Hukkoso TapTaibs — TOT
caMbIii, KOTOPHIM OAIWH W3 IIEPBHIX B MUpPE Ha-
y4YWICA pellaTh KyOudeckue ypaBHeHus). Pas-
HBIX 33/1a4 PO GMHOMUAIbHbIE Ko3dduIeH-
ThI CYLIECTBYET BEJTMKOE MHO)XECTBO, U Jajiee
MbI KOCHEMCSI TOJIBKO T€X, KOTOpble HaM HETIO-
CPEACTBEHHO MOHAA06aTCA. ECIM BBl XOTUTE
elle YTO-HUOYAb MPOYUTATh PO GUHOMUAIB-
Btes [TacKas Hble KOG QUIMEHTEI, TO MOXKeTe B3fTh, HAIIPH-
Mep, KHuru [4, 8].

OueBUJHO, UTO (8) =1, (Z) = 1. PackphiBast CKOOKHU U IPUPABHU-

Bada KOB(l)(l)I/IHI/IeHTH B 06€eUX YacTsax TOXAEeCTBa

(ngl)““(nJ{l)“---ﬂ“(ZI})x“z(1+x)"“=(1+x)"(1+x):

= ((g) + (’1’)x+...+ (Dx”) (1+x),
ImosyqyaeM TOXZAECTBO ITackana
i) =G+ ()
KOTOpPO€ M JIEXKUT B OCHOBE TPEYTr'OJIbHUKA [Tackansa. C ero IIOMOIIIBIO

MOYXHO BBIYUCJIATh OMHOMUANbHBIE KO3)PUITUEHTHI, UCITONb3YS TOIHKO
omepanuio croxenus (cM. Tabauiry 6).

Ta6nuna 6. Ileprie 11 cTpok TpeyronbHUKa [lackainsa

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

1 6 15 20 15 6 1

1 7 21 35 35 21 7 1

1 8 28 5 70 56 28 8 1

1 9 36 8 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1
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3azaua 6. IlocienoBaTeNbHO UCIIONB3Ys TOXAeCTBO [lackasts, mpo-
BepbTe, YTO BCEr/ja BHIITOJHAECTCA PaBEHCTBO

n!

n !
(k):k!(n—k)!’
rmen!l=n-(n—1)...2-1.

n )_n(n—l)...(n—k+1)
n—kJ k! ’
3ameTuM, 4To U3 n cko6ok (1+x) - -+ (1+x) BHI6paTh k pas CUMBOJ X

3azaya 7. IIpoBepbTe, 4TO (Z) = (

n
u n —k pa3 eJUHUILy MOXXHO B TOYHOCTHU X criocobaMu, Tak KakK
n n n
1+x)" = ( )+( )x+...+( )x”.
( ) 0 1 n
[ToaTomy BEIOPATH M3 JIIOOBIX 11 PA3TUYHBIX CUMBOJIOB X1, . . . , X;, B TO4HOCTU
n
k pasmMYHBIX CUMBOJOB X; , .. ., X;, TOXE MOXXHO POBHO X criocobamu.

3azaua 8. CKOJIBKO ciaraeMbiX B MHorowieHax JKerankvsa, Belpa-
KAIOLIKX Yo, Y1, Y2, ¥3? 1s
Omeem: y MHOTOWIEHA Y; B TOYHOCTHU ( o ) cjlaraeMbIX.
O603Ha4YMM Yepes
[[x]| = xg+ ...+ x35

YUCIO eAuHUI] B Habope (X, ..., X;s5).
3agaya 9. JlokaxkuTe, YTO 3Ha4eHUe Yy; = fi(xq, ..., X;5) paBHO
[l
( o ) mod 2
(3mech u manmee yZ06HO CYUTATD, YTO (Z) =0 mpu k > n).

Yraszanue. Yucio efUHUL B CyMMe JAJIA Y; PaBHO (”;” )

[Jlanee Hac GyZyT MHTEPeCOBATh He caMK GMHOMHaIbHBIE KO3 UIH-
€HTBHI, a UX 3HAYEHU 10 MOAYIIO Ba. YO0OHBIHN C10co6 UX BBIYUCIUTD
COCTOUT B TOM, YTO BMECTO BHIUUCIEHUS GMHOMHUATIBHEIX KO3ddULIeH-
TOB U JleJIeHUs UX Ha /Ba C OCTaTKOM MOKHO IOCTPOUTH TPEYTOJbHUK
[Mackass Mo MOZYJIIO /IBa TaK, KaK MMOKAa3aHO B Tabiule 7.

Inaza Ha Tabmuily® 7, 1eTKO 3aMeTUThb, YTO IepBLIi ee cToaber co-
CTOUT TOJIBKO U3 €IMHUII, BO BTOPOM CTOJIOIE HY/IN U €JUHUIIB Yepeny-
I0TCsI, B TPEThEM CTOJIOIE HYJIU U €AMHULIBI CTOST MTapaMU, W 3TU MMapbl

5 Ona KBaZpaTHad, a He TPEYroJAbHAA, HO ee MOJOBUHA, JeXAllad BEIIE JUArOHANH,
3alojiHeHa HyJ/IAMH, YTO COOTBETCTBYET MPUHATOMY BbIllle COIMIAIIeHHIO ({)=0 Ipu n < k, Tak
4YTO HaKTUIECKU ITO TOT )K€ TPEYTONbHUK [TacKas, TOIbKO BBIYMCIEHHBIHN 110 MOZYIIIO JBa.
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Ta6auna 7. Tpeyronbuuk [lackasis o MOAYIIO ABa

RF R ERERRRERRRERRARRERE
H _ OO ROO(RFR,ROO|IREF,OO
RPOOO|IROOO|(RPROOO|RrROOO
=IO O0OO0O (R EFEEHEEREIOOOO
R, OO0O|l0O00O|RHROO|OODOO
=l >NellecNoNeNolTHoNoNol loNoNoNeo)
el el el ool loNoNoNe)
HOROIRORO|OOOO|OOOO
I OOIREHFOOIOOOO|OO0OO O
HOOOIRPROOO|OO0OO0O|OO0 OO
RFHRPRPROO0OO0O0| 0000|0000
HOROOOOO| OO0 O
HHOOOOOO| OO |00 O
HOOOOOOO|OOO OO0 OO

HORO|IRFORO|FOHRO(RORO
HOROIOOOO|FOHOOOOO

yepenyioTcs (T. e. yeTBepka 0011 moBTOpsieTCs TIEPUOAUIECKH), B TIATOM
cTOsIOIe HYIU W €UHUIIBI TPYIIIUPYIOTCS IO YeThipe (T. e. TIOBTOPsIETCsA
mepuoArdecky BocbMepka 6uros 00001111), B AeBsiTOM CTONOIE HYIH
¥ eIVHUIbI TPYNIUPYIOTCI MO BOceMb (T. €. TIOBTOPSIETCS TTePUO-
JAYeCKH mecTHaauaTh 6uroB 0000000011111111) u Tak ganee.
Ve 3TOro HabMIOAEHHUS JOCTATOYHO, YTOOB 0O00CHOBATH TO,
n—1 YTO YKa3aHHbIE BbIIlIE MHOTOWIEHBI BHIUUCISIOT B TOYHOCTH
JBoUWYHbIE ITUGPHEI WHTEpeCyolei Hac cyMMbI 15 6u-
ToB®. /Il CTPOTOTrO Z0KA3aTeNbCTBA TI0Je3HO 06pa-
0 TUTb TaK’Ke BHUMaHUE Ha TOT GaKT, YTO TPEYTOJIb-
HuK [Tackas o Mozyo ABa pasmepa 2™ (060-
3HauuM ero T,) COCTOUT U3 TPeX PaBHBIX
TpeyroabHuKoB T, ; (TpeyronpHukos Ilac-
KaJisl TI0 MOZYJTIO /IBa BABOE MEHBIIIETO pa3-
Mepa) U OJHOTO TPEeyrojbHUKA, 3allOJTHEH-
HOT'O HYJIIMHM, KaK ITOKa3aHo Ha pwuc. 1.
JlIs1 JKeJTatoiux CTPOro 060CHOBATh CleJIaHHbIe HAGMIOAEeH s TIpe-
JlaraeM pelIuTh CJIeAyIolre 3aJaqyu.

n—1

Puc.1. ®pakTanbHad CTPyK-
Typa TpeyrosbHukKa Ilackana
110 MOZYJIIO /IBa

3azaya 10. /JokakuTe, YTO BCE YKCJIA B CTPOKe ¢ HOMepoMm 2™ — 1
TpeyronbHuKa [lackais HedeTHBI (PaBHBI €UHMUIIE [T0 MOZYJIIO JBa).

6 JlpeBHME MH/YCBI BMECTO JOKa3aTeNbCTB IMCaIu MPOCTO — «CMOTpH!».
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3azaua 11. JJokaskuTe, 4TO Bce ynciaa B 2"-M CTPOKe TPEYTOIbHUKA
[Tackasnsa, kpoMe IIepBOro Y NOC/IEAHEro, YETHHI.

V13 060CHOBaHHOM BhIIIIE PEKYPCUBHOM KOHCTPYKIIMU MOXXHO BEIBe-
CTH cilefiytolllee yTBepXKAeHUe.

3agauya 12. Ilycts n = (n,, ...n,), — ABOWYHAA 3amuch Yucia n. Jlo-

Ka)XUTe, 4TO
n
(2’<) mod2=n,, k=0,...,m.
370 yTBEP)KAEHKE U IO3BOJISIET JIETKO ZI0KA3aTh, YTO YKa3aHHbIE MHO-
rowrieHsl JKeraikvHa peanusyoT GyHKuun f;. JefcTBUTENBHO, JOCTATOY-
HO 3aMeTHTb, uTo ||x|| = 8y; + 4y, + 2y; + ¥,, a 3HaUeHUE

[l 8y; +4y, +2y1 +
fl‘(xl,...,xls):(zi )mOdZZ( 3 zzi 1 O)modZZyi’

i=0,...,3.

AHaIOTMYHO TTPOBOJUTCS J0Ka3aTeNbCTBO U B OBIIEM CTydae.
Crnegyroras 3agada 060061IaeT IPeABIAYIIYIO.

3agaua 13. Ilycts n=(n,,...ny), — ABOMYHAS 3aIIHCH qI/Ir(l:ﬂa n,ak=
=(k, ... ko), — ABOUYHAS 3aTIUCh YKCIA k. [JOKQXKUTE, YTO ) HEUeTHO
TOTZIa ¥ TOJIBKO TOT/a, Korga k; < n; mpu Bcex i =0, ..., m.

VI3 mpeApIAyIeii 3a/ja4M JIETKO CIEAYET

3agauya 14. JlokaXXKHTe, YTO KOJMYECTBO HEUYETHBIX YKCel B JIIOOOM
CTpOKe TpeyroabHUKa [lackass paBHO CTeleH! JBOUKH.

Crnezyromas 3aiaya, KaK v MpeAbIAyIIas, HaM i 000ocHOBaHUsA Gop-
MYJI [T CJIOJKEHUSA yKe He Hy)KHa, HO OHa JIFOOOIBITHA U caMa 1o cebe.

3agaya 15. JlokaxuTe, YTO YUCJIO €AUHULL B TpeyroabHuKe [Tackana
IO MOZYJTIO IBA C OCHOBAHMEM JJIHHHBI 2" paBHO 3".

Ykaszanue. TpeyronpHUK T, COCTOUT U3 TPEX TPEYrOJbHUKOB T, ;
U TPeyTOJbHUKA, 3alI0JTHEHHOI'O HY/IAMMU.

MOKHO ellle 3aMeTUTb, A/ Ha Tabaully 7, UTO B ZIEBATOM CTOJIOIE
BEPXHSAS [TOJIOBUHA COCTOUT CIUIOIIb U3 HyJIeH, a HYDKHSAS — CIUIOIIb U3
eAvHUL. JTO 3HA4YMUT, 4yTo OyneBa ¢yHkuusa f3(x;,...,x;5) = 1 Torma
U TOJBKO TOTZA, Korza ||x|| = x; + ... + x5 = 8, 3Hauurt, B dbopmyne
U Hee MOXXHO 3aMEHHUTh Be3/ie ONepalvio @ CIOKEHHUS [0 MOAYIIIO
[iBa Ha OIepaluio V JU3BbIOHKINKA U BMECTO MHOrowieHa JKeramkuHa
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IIpeZICTaBUThH f; B BUJE

fg(xl,...,xls): \/ Xil...xigz
1<i;<...<ig<15

:Xl&...&XS\/Xl&...&X7&X9V...\/x8&...&)€15.

[puBeseHHas Bhile GoOpMyJIa ABISAETCA TaK HA3IBAEMOU MOHOTOHHOMN
JU3BIOHKTUBHOM HOpMasbHOU popmoii, a cama yHkuus f3(xq, ..., X15)
SIBJIIETCSI MOHOTOHHOMH GyneBoit dynkiueit. [1o onpegenenuio GpyHKINA
MOHOTOHHA, €CJIU [P YBEJUYeHUH 000 ee IepeMeHHOM 3HaYeHue
JYHKIIMY HE YMEHbIIAETCH.

3azaya 16. [IpoBeprbTe, UTO OCTadbHble GYHKIUHA fy, f1, fo OT mepe-
MEHHBIX X7, ..., X5 HE MOHOTOHHBIL.

PasymeeTcsi, IPUBE/IEHHbIE BHIIIE YTBEPKAEHUS BEPHBI U B 00IIEM
crydae (cM. 3agauy 23 Ha c. 20).

TpeyronpHuk Ilackasna 10 MOZYIIIO Ba TECHO CBA3aH C TaK Ha3blBa-
€MBIM TPeyTroNbHUKOM CeprmrHCKOro’ . TpeyrombHuK CepIMHCKOTrO OIpe-
JeJisieTcs ceyromumM o6pa3om. IIpaBUIbHBIN Tpe-
YTOJNIBHUK Pa3pe3aeTcs CpeJHUMU JIUHUAMU Ha 4e-
TBIDE PABHBIX TPEYTOJIbHUKA U CPEJHUM M3 HUX
yaansercs. C KaX/JbIM U3 OCTaBIIMXCS TPEX Tpe-
YTOJIPHUKOB TIOCTYIIAeM aHAJOTUYIHO K 3TOT IIPO-
L[ecc TIPOJOIKAeM [0 GecKOHeYHOCTH. Te TOUYKH,
KOTOpbIe He OYAYT yAaneHbl U3 TPEYTOIbHUKA, 00-
pasyioT TPeyroJbHUK CepIMHCKOTO (Ha3hIBaEMBII
emte uHorga canderkoir CepnuHckoro). [Toctpoe-
HUe TpeyroibHUKa CepIUHCKOTO OCYIIECTBISIeTCS
PEKYPCUBHBIM 00pa3oM UM IPOMUIIOCTPHPOBAHO
Ha puc. 2.

OxoHuarenbHO caiderka CEPIUHCKOTO BRIVIAUT MPUOIU3UTETHHO
Kak Ha puc. 3. Eutn Ha Beimosienue (n + 1)-ro mara pekypcuu, T. €. Ha
BBIpE3aHHe TPEYTOIbHBIX ABIPOK B KAK/JOM W3 IIONYYUBIINXCS HA MIPEZb-
ayiieMm mrare 3" TPeyroJbHUKOB, TpaTUTh (1/2™)-10 JOJI0 CEKYHABI, TO
3a IBE CEKYH/IbI BCe OyZIeT 3aKOHYEHO!

BamyraB CepriHCKUM

7 Bawas ®pannuck CeprimHckuii (1882-1969) — BHIZAOUIUICS MOJBCKUN MaTEMATUK
Y [TOMY/IAPU3aTOP HAyKH. YYWICA B BapIiaBCcKOM YHUBEPCUTETE, I/le TOT/A [IPEoaBaHue
BEJIOCh Ha PYCCKOM $I3bIKe. JIMIUIOMHYIO paboTy 110 TEOPUH YKCEST 3aLUTII IO PYKOBOZ-
crBoM I'. ®. BopoHoro.
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La £x 45

Puc. 2. Tloctpoenue TpeyrojibHuka CeplMHCKOrO.
IlepBeple YyeThIpe 1Iara peKypcuu

.3& Ve “}3 A: i
N Y & g
ﬁaé‘zéﬁé’mﬁmm&ﬁf“ é‘ﬁmﬁ&mmm

Puc. 3. TpeyronpHuk CepnuHCKOTO

CeprinHCKU npuzyMan ee eine B 1915 r. BMecTe ¢ APYyruMU M0A06-
HBIMHM MHO)X€CTBaMU, HalpuMep, kBazparoMm (min koBpoM) CepruHCKO-
ro, Kybom CeprnuHcKoro, TeTpasgpoM CepIHuHCKOTO — CM. 006 3TOM XO-
POIIIy0 HAyYHO-OMy/IAPHYI0 KHUTY [5]. Ho Haubosbliyo U3BECTHOCTD
B IIMPOKUX KPyraxX 3TO MHOXXECTBO TOJYyYWIO Ha pyberke XX-XXI Be-
KOB B CBfI3U C BOIIEANINM B MOZy IMoHATHEM ¢pakTana. OKa3anock, YTo
candeTka U Apyrue MHOXKECTBA, IOCTPOeHHble CEPIIMHCKUM, SBJIAIOTCS
MpUMEpPaMU TaK Ha3bIBAEMBIX GppaKTaIbHBIX MHOXKeCTB. OHU 06J1a1a10T
PasIMYHBIMU JIIOOOMBITHRIM CBOMCTBaMuU. Hampumep, mwiomazs candert-
ku (TouHee, Mepa Jle6era® aToro MHOXecTBa) paBHA HymO. ITOT GaKT
BBITEKAET U3 CJIEAYIOIIEro YTBEP:KACHUA.

8 Anpu JleGer (1875-1941) — 3HAMeHHUTHIH GPAHIY3CKHI MAaTEMATHK, CO3ATelb Teo-
puu Mepsl u unrerpana Jlebera.
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3azmauva 17. JlokaxxuTe, uTo canperka CepIruHCKOTo HaKphiBaeTcs 3™
pPaBHBIMM TPEYTOJIbHUKAMU, IUIOIIA/b KOKAOTO U3 KOTOPHIX paBHa 1/4"
IUTOIIAZIN TPEYTOJbHUKA, U3 KOTOPOT'O BBIPE3AJH 3TY CANPETKY.

Canderra CepIMHCKOTO UMeeT APobHyI0 pasMepHOCTh 1o Xaycaopdy”
(ona paBHa log, 3, ecii KoMy uHTepecHo). EcTb y aT0¥ canderku u apy-
rUe WHTepecHble ocobeHHOCTH. He OGyzeM yrmyOasaTbCsAa B 3TU BOIPOCHI
(3savHTEpeCOBaHHOTO YUTATENS OTOLUUIEM K MHOTOYMCIEHHBIM KHUATAM
mpo ¢pakTasbl, HalpuUMep K KHHWTaM OCHOBATessd U ITOMyIsApU3aTopa
aTOro HampasieHus Benya MawuzenpbpoTa), a OISITH BEPHEMCS K dje-
MEeHTapHOM KOMOWHATOPUKE.

5. IlepeHOCHI IIpU CJIO0XKEHUU ABOUYHBIX YHCE
U TeopeMma Kymmepa

B aTOM paszese Mbl U3ydyuM 6oJiee TIIyOOKO BOIIPOC, HA KaKHeE CTe-
MIEHU BOMKU MOTYT JENUThCs OMHOMUANbHBIE KO3)DUIUEHTHI, U Jake
PacCMOTPUM aHAJOTUYHBIN BOMPOC O AETUMOCTH UX Ha CTENEHU 3a/laH-
HOTO IIPOCTOTO YHUCJIA P, XOTS HEIOCPEACTBEHHO C 33/jauell O CIOKEHUHU
OZHOOUTHBIX YHCE 3TO HUKAK HE CBSI3aHO.

ByzeMm paccMaTpuBaTh MO3UI[MOHHBIE YUCIOBBIE CUCTEMBI C ITPOU3-
BOJILHBIM OCHOBaHMeM b = 2. O6o3HauuM yepe3 v, (n) cymmy Bcex b-ud-
HBIX TU}P B b-MYHOH 3amucy yrciaa n. Ham moHazo6uTces

Jlemma 1. Ecau b-uunas 3anuch 4ucaa n OKAHYUBAEMCsS POBHO M
HYZLAMU, MO
vwin—1)+1—v,(n)=(b—1m,

u npu npubagneHuu K uucay n— 1 eduHuyst uucao m 6ydem pasHo Kosuue-
cmay npousgedeHHbIX 80 8peMs IMOIlL onepayuu nepeHocos 8 caedyrouul
paspsio (8oamoncHo, m = 0).

JlokasaTeJabCcTBO. 3aMeTHM, YTO b-UYHas 3aIuch yncaa n — 1 oKaH-
yuBaeTcs poBHO m 1ubpamu b — 1. [Tocsie mpubaBieHNs eAMHUITHI TIPOUC-
XOAUT M-KPAaTHBIN ITEPEHOC B CTapIlivie Pa3psbl U MOIyIaeTcs YUCTIO N,
y KoToporo Bce Iudprl, kpoMe m + 1 mocjaeiHUX, COBNAZAIOT C TaKU-
Mu ke rudpamu yuciaa n — 1, mpudem (m + 1)-1 oT xoHua nudpa Ha 1
6osIblIle TaKoM ke nudphl yucaa n— 1, a mowteaHue m ubp — Hynu. [

° ®enuke Xaycaopd (1868-1942) — Briaomuiicas HEMEIKUI MaTeMaTHK. Ero keura
«TeopHrsi MHOYKECTB» HEZIaBHO ObLIa MepeunsaHa.
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PaccmoTpuMm ellle OfHY JIEMMY.

Jlemma 2 (Kymmep). Koaiuuecmeo nepenocos
8 caedyowutl paspsao npu caoxceHuu uucen k u n—k
8 b-uunoil cucmeme cuucnieHus pasHo

_ %=k + %K) — % ()
b—1 ’

Joka3zaTenbCTBO. YTBEpPX/AEHUE BHITEKAET U3
JieMMBlI 1. JleicTBUTENBHO, €C/IU TIEPEHOCOB He IIPo-
ucxoawio, To s = 0. Kaxzplli mepeHoc ymeHbIIa-
eT OZIMH pa3psi/i B YMCie N Ha b U yBeIUYUBAET
caeAyOmUi pa3psaz Ha 1, B pe3yibraTe pacCMaTpUBaeMas BeTMYHWHA
Bo3pacraeT Ha b — 1, a 3HAa4YMT, s Bo3pacraer Ha 1. O

OpHcT Kymmep

Ota 1emMa 6bu1a HyxHa Kymmepy'© a71a okasaTenbeTpa cefyromeit
TEOPEMBI.

n
Teopema 1 (Kymmep). ITycms ord, (k) — nokasameJsib cmeneHu, 8 Ko-
mopoil npocmoe YUCO p 8X00UM 8 pasoiceHue BUHOMUANBbHO20 Ko3dPu-

uueHma
n!

(%) =
Toz0a

3

n v,(n—k) + v, (k) — v,(n)

ord =
P\k p—1

2de 8 npasoil uacmu cmoum KoJu4decmao nepeHocos 8 caedyrowuil paspso

npu caoxceHuu uucen k u n —k 8 p-uunoil cucmeme cuucnieHus.

Jlna okasaTenbCTBa STOM TeopeMbl To/le3Ha ceAyromas GopMyna
Jexxauapal.

Teopema 2 (Jlexxaugp). Ilokazamensb cmeneHu, 8 KOMOPOLU NPocmoe
yucno p exodum 8 pasnodxceHue gakmopuana n!, paset

n—v,(n)

| =
ord, n! o1

10 3puer Dayapa Kymmep (1810-1893) — 3HAMEHMTHIH HEMEIKHIl MaTeMAaTHK, Z0Ka3aB-
it reopemy PepMa BO MHOTHMX YaCTHBIX CIy4Yasx U 3aJI0)KUBLIMI OCHOBHI TEOpUU aireb-
panyvecKux Yucer.

" Agpren Mapu Jlexamap (1752-1833) — Bbigaromuiica GpaHIy3cKMil MaTeMaTHK.
ExuHCTBEHHOE folleliee 4o Hac n3obpakeHue Jlexxanapa — kapukarypa. To, 4To B Te-
4YeHue J0JITroro BpeMeHU cuuTaau noprpetom A. M. JlexxaHzpa, ABIAETCA Ha CaMOM Jese
[TOPTPETOM €ero ofiHOdpaMUIbLa.
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,Z[OKaBaTeJII)CTBO. rHel‘/JICTBI/ITeJIbHO, €CJIN COTVIaCHO IIPEAIIONIOXEHNIO
UHIYKITAN
Yy 1—»,(n—1)

ord,(n—1)! = H_T u ord,(n) =m,

TO p-WYHAas 3alKMCh YUCIA N OKAHYMBAETCS POBHO M HYJIAMMU, 3HAYMT,
CoIIacHO JieMMe 1
v,(n—=1)+1—v,(n) = (p—1)m,
OTKYyZla IMEEM
n—1-v,(n—1) _ n—v,(n)
p—1 p—1
Basza uHAyKIMU n < p OYeBH/IHA, TaK Kak Toraa n = v,(n). O

ord,n! =ord,(n—1)!+m=m+

3azauya 18. Jlokaxure TeopeMy Kymmepa.

Ykazanue. YTBepxkaeHue cieayeT us bopmysasl Jlesxkanapa, Gopmysiel
JUtst OMHOMUATBHOTO KO3GUITMEHTa U IEMMEI 2.

C nomMmompo TeopeMbl KymMepa JIeTKO pellnThb 3ajadu paszena 4,
mpudeM B 6osiee o6IeM BUe.

3azada 19. IlycTb n 3anuceiBaeTca B p-UYHOM cUCTeMe CUMC/IeHUA
IIpU [IPOCTOM p B BHZe

n=m,...ng),, 0<m<p, i=0,....m=2,(n),

rae A, (n) — 4ucio, Ha eMHUITY MeHbIIee JTHHBI P-MYHON 3aKCH ch-
jan. ,Z[oxaxcme YTO TOIZA YMCIO0 OMHOMMAIBHBIX K03$OUINEHTOB k
< k < n, He kpaTHBIX p, paBHO (ng+1) ... (n,, +1).

n
Yxazanue. CornacHo TeopeMe Kymmepa 4uciio (k) He KpaTHO p
TOTZIa ¥ TOJIbKO TOTZQ, KOTZa IIPH CJIOXKEHUHU k U n—k B p-UYHOH cucTeMe
He IIPOHCXOZUT IIEPEHOCOB B CIeAYIOMINI pa3pss, T. e. KOraa

k=(ky...ko)p, O<k;<my<p, i=0,....,m=2,(n).

3aza4ga 20. JlokaxuTe, 4TO n-g CTPOKa TpeyrojabHUka I[lackansa co-
CTOUT TOJIbKO M3 HEKPATHBIX [IPOCTOMY p YHCeJ TOTZAA U TOJbKO TOrZa,
korga n=p™—1.

Elte of/HO pellleHre 3TOM 3a/jauyl MOXKHO HalTH B [6].

3azmaya 21 (MockoBckas onumMnuaza, 2012). Hatiaure yncio He KpaT-
HBIX TpeM uucen B 2012-#1 cTpoke TpeyroibHuKa Ilackans.

Yrasanue. JJocTaTouHo 3anucaTh yucio 2012 B TpoudHoU cucTeMe.
U1 yCKOpeHUA BEIYUCIEHUH yZI0OHO pas3/IoKUTh ero CHavdala B JieBsTe-
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PUYHOH cucTeMe, a MIOToM KaxAyto 1udpy oT 0 zo 8 3amucaTh B TPOUYHOMN
cucreme. [Ipoiie Bcero HauaTh ¢ MJIAAUINX pa3pazfoB. CaMbIil MIaAIINI
paBeH ocTaTKy oT AeneHus 2012 Ha 9. OH, o4eBUZHO, paBeH 5. OTHUMaeM
5 u gemum pasHocTb Ha 9. [Tonydyaem 2007 : 9 = 223. C 3TUM YUCJIOM TO-
cTymaeM aHajoruyHo. Ero miagummii paspszg 6yzet 7. [Tocie BRHIYUTaHUA
u fenienus Ha 9 onydaem 24. B urore umeem 2012=5+9(7+9(6+9-2)),
3HAYUT, TPOUYHBIE TUPPHI ecTb 2, 1,1, 2,0, 2, 2, TO3TOMY YUCIO HE KpaT-
HBIX TpeM OMHOMUATBHBIX K03 dUIMeHTOB paBHo 322333 = 324.

3azaua 22 (MockoBckas onumnuaza, 2012). Jlokakure, 9TO B CTPO-
Ke TpeyronbHuKa ITackansa ¢ Homepom 20122°1! komryecTBO He KpaTHEIX
2011 4yucen genutca Haneno Ha 2012.

Yrkazanue. CHavasa HazZo NpoOBEpUTH, yTO 2011 — npocToe yucio.
g 3TOro A0CTaTOYHO YCTAaHOBUTL, YTO OHO He JENUTCA Ha

2,3,5,7,11,13,17, 19, 23, 29, 31, 37, 41, 43.

[ToToM Hao pa3noxkuTh uucio (p+1)P B p-uuHoi cucteme npu p =2011.
[TonHOeE pasnoxkeHre HalTH CJI0’KHO, HO HaM JOCTaTOYHO HAUTU HEeCKOJIb-
ko ero nmudp. Eciu n; — atu 1iudpel, TO KonuvecTBo N He KPaTHBIX P

O6UHOMUATBHBIX K03)OUIIMEHTOB (Z), rae n = (p + 1)?, 6yzeT Aenuthbes

Ha mpousBeaenue uucen (n; + 1). Tak kak 2012 = 4 - 503, A0CTATOYHO
MIPOBEPUTh, UTO CPeAy UMD n; eCTh XOTs OB IBE eAUHUIIBI U YHUCJIO BUAA
503k — 1, k =1, 2, 3. Tak kak cormacHO Gpopmyse 6GuHOMA

a+py =35 (?) =
k=0

1 —1D(p—2
+p4(p )6(p ) 4P 1p

1
=1+p2+p3p +pP +pP

U BCe cnaraeMHe Kpome NIEPBLIX TPEX, KpaTHbL p*, aTo umcro pu Aere-
Huu Ha p* paBHo 1+ p? +p3 sp_1 , TIOSTOMY MJIAZIIIINE Pa3PSAAbI €T0 p-Ud-
Ho¥ 3amucu paBub 1,0, 1, (p — 1)/2 = 1005, u 3TOTr0 y)Xe AOCTaTOYHO,
yTOGBI CZIeIaTh BBIBOA O Aeaumocty yrcaa N Ha (1+1)(1+1)(1005+1) =
=4-1006=2-2012. Tak Kak cymMMa BceX cjaraeMbIx, KpoMe IOCIeIHUX
JBYX, MeHbIlle pP, cTapuinii paspsg paBeH 2, mosToMy N AeTUTCs Jaxe
Ha 6-2012. /Ipyroe pelieHue, B KOTOPOM HEKOTOPBIE JAETANH OIYyIIEeHBI,
nMmeetcs B [7]. B 3axaoueHue coOOIMM, YTO MHOTO 3aa4 O AeIUMOCTH
OUHOMUANBHBIX KO3GOUIIMEHTOB, B TOM YHC/Ie WM TeopeMbl Kymmepa
u JlexxaHapa, MOXKHO HaliTu B [8].
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3agaua 23. IIpu kakux n GyHKIMA

fleq, .o, xy) = Z Xip oo X, m=[%-|,

1<i; <...<ip<n

OyZieT MOHOTOHHOM? 3HakK [ x| o3HaYaeT HaWMEHbIIEE LEJI0e YHUCIIO, HE
MeHbIIIee, YeM X.
Omeem: mpun=2K—1,k=1,2,3,...

Yrazanue. Ecnmu 2871 <1< 2% —1, To npu cnokenuu B ABOMYHOM
cucreMme yucen m = 251 u | —m < 25! nmepeHocos He mpoucXoAMT.
3HauuT, comiacHo Teopeme Kymmepa (miu us-3a Buga TpeyroabHuka Cep-
IMMHCKOI'0) BCe 4mcIa ) HEUETHEL, T. e. 1pu [|x|]| = m

fleq, oo, x,) = Z xil...ximz(”;”) mod 2 =1,

1<i; <. .<ip<n

a pu ||x|| < m, oueBugHO, f (x4, ..., X,) =0, TaK KaK Ka)XJ0e caraeMoe
B YKA3aHHOW BBIIIIE CyMMe Gy/ZIeT paBHO HYJIIO, IOTOMY YTO €AUHUI] Cpear
YuCen X; B 3TOM cjydae MeHbiie m. OTCiofa ciegyeT MOHOTOHHOCTH

byukunu f(xq, ..., X,).

6. Muorowiens! KerajakuHa

JokaxxeM clleZyIoIIyi0 TEOPEMY.

Teopema 3 (OKerasnkut). Jlto6yio Gynegy yHKUUIO MONCHO eOUHCMBEH-
HbIM 06pazom npedcmasgums 8 gude MHozowneHd JKe2dnkuHa.

Jloka3aTenbcTBO. JloKazaTh BO3MOXKHOCTh IIPEJCTaBIEHUs ITPOU3-
BOJIbHO¥ OysieBoM PYHKIIMU B BHZle MHOTOWIeHA JKerasKiuHa MOXXHO pas-
HbIMU criocobamu. OfWH U3 HUX, HE CAMBIM IIPOCTOM /i TOHUMAaHUSA,
HO 3aTO CaMbIi GBICTPHII U3 U3BECTHHIX, OyET U3I0XKEH Cpasy IoCJIe STOM
TeopeMbl. Ho Bce 3TH CITOCOOHI JAIOT OAWH U TOT XK€ Pe3yJIbTaT, TaK Kak
JUTst JIF000#H Oys1eBOM QYHKITMH CYIIECTBYET TOJBKO OAVH PEaTH3YIONINH ee
MHorowreH JKerankuHa. JlefiCTBUTENBHO, PA3IMYHBIX OYIEBBIX QYHKIIN
OT NepeMeHHBIX X, ..., X, UMeeTca poBHO 2%, Tak Kak Kaxzoe u3 2"
snavenudt f(aq,...,a,), me a; =0,1,i=1,...,n, U3 TaGIUIBI MOXHO
BHIGPATD AByMsI CIIOCOGAMHU, a Pa3IMYHBIX MHOTOWIEHOB JKeraikuHa oT
TeX e epeMeHHbIX TOXe MMeeTcs POBHO 22, Tak KaK KaKAblil U3 HUX
ONHO3HAYHO 33/laeTcsi HabopoM cBouXx 2" JBOUYHBIX KO3DOHUIIHEHTOB
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Cay..a,» @ =0,1,i=1,...,n. Ecim 6Bl KaKue-TO IBa MHOTOWIEHA Peasu-
30BaJii OZHY GYHKIIHUIO, TO MHOTOWIEHOB Ui pealn3anuy Bcex QYHKITUH
He XBaTWIO OBI. O

Haiizem siBHbIE GOPMYIIBL, C TIOMOIIBIO KOTOPBIX MOXKHO M3 TaOJIUIIBI
3HavYeHW# OyseBo QYHKIIMU MOMYIUTh CTPOKY KO3GPHUIIMEHTOB ee MHO-
rouneHa JKeramkuHa. PaccMOTpuM BHauasie ciydail OZ[HOUM IlepeMeHHOMU.

Jliobas ¢yHkiusa f(x) mpeacTaBisgeTcs B BUAe MHOrowieHa JKeras-
KHMHA KaK ¢y ® ¢, X, TAe KO3PPUIUEHTH ¢y, ¢; — HYIU WIN eIUHULIBL.

3azaua 24. IIpoBeprTe, 4TO

co=f(0)=1&f(0)®0&f(1),
ca=f0)ef(1)=1&f(0)®1&f(1).

Eciu 3anucaTh K03pPUIMEHTH IBYX YKa3aHHBIX BHIIIE JTHHEHHBIX
byHKLIM B BUZIe KBaJpaTHOM TabIUIIB, TO OHa OyZeT UMeTh BUJ

1 0
C1=(1 1).

Marpuna C; obpazoBaHa ko3dpdunrieHTaMu IpeobpasoBaHus CTOIOIA
3HauYeHUH QYHKIUU OJHOU TepeMeHHON B CTPOKY KoadduumeHTOB ee
MHoro4wIeHa JKerajakusa.

Jlio6as ¢yukuus f(x;, x,) IpeAcTaBiseTcs B Buzie MHOTOWIeHa JKe-

raJIKMHa Kak
Coo ® C10X7 D Coy Xy + C11X7 X7,

rze KO3QOUIMEHTHI C;; — HY/IM WK eAUHUIIBL.
3agaua 25. IIposepsbre, 4TO
C00 = f(O’ O): C10 = f(ox O) ®f(17 0)’ CO] = f(O: 0) @ f(O’ 1);
Cll =f(070) ®f(1:0) EBf(O, 1) ®f(1> 1)'

Yno6HO mepeHymMepoBaTh G u f(,J) KaK cg, ¢y, ¢y, ¢3 U fo, f1, fo, f3,
€CJIM COTMTOCTaBUTDb KaxkZAoMy Habopy (i, j) ero IBOUYHBIN HOMED

(i,j),=14+2j=0,1,2,3.

Ecnu 3amycaTh KO3QPUITMEHTH! YEThIPEX YKA3aHHBIX BHIIIE JTUHEHHBIX
byHKIMI B BUJEe KBagpaTHOM TaGIUIIBI, TO OHA OyleT UMeTh BHI

C2=

=
—OoO RO
_HEROO
—ROoOOO
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Marpurna C, obpazoBaHa koadpdunreHTaMu npeobpasoBaHus CToIO1IA
3HauYeHUH QYHKINU JBYX IepeMeHHBIX B CTPOKY K03 PUIINEHTOB ee MHO-
rowreHa JKerajakuHa.

PazbepeMcs Tenepb, KaK BHIIIOJTHAETCS TaKOe IPeoOpa3oBaHUe st
MIPOM3BOJIbHOM PYHKIINY Tpex mepeMeHHbIX. CTosbel] 3HaYeHU 11 yA006-
CTBa IepeHyMepyeM B COOTBETCTBUU C JBOMYHOUN Hymepauuein:

fO = f(09 0: 0)9 fl = f(O, 0’ 1)1 f2 = f(ox 1; 0): f3 = f(09 ]-s 1),
f4:f(1’070)9 f5:f(1, 09 1)3 f6:f(17 1; 0)7 f7:f(1’ 17 1)'

AHaJIOTUYHO 3aHyMepyeM CTPOKY KoapduimeHToB MHOrowieHa JKerai-

KHAHA: _ _ _ _
Co =Coo0o> €1 =Coo1> €2 =Co10> €3 = Co11>

€4 =C100> C5=7C101> C6 = C110, €7 = C111-
Cam mHorowieH P(x;, X5, X3) TIO3TOMY MOXKHO 3aIlUCaTh B BUJE
Co® C1Xq B CyXy ® C3X1Xg B CyX3 B C5X1X3 B CeXoaX3 B C7 X1 X9 X3.
Pa3JioxKuM €ro 1o mepeMeHHOH X3:
P(xy, Xz, x3) = P(x1, X2, 0) + X3P (x1, X3, 1) = Py (1, x3) + X3Py (1, x3).

OueBUIHO, YTO
Py(x1, x5) = ¢o @ €1X1 ® CoXp @ C3X1 X3,
Pl (Xl, xz) = C4 [57] C5Xq D CeXo 57] C7X1X2.

Tak xak
Py(x1, x9) = P(xy, X3, 0) = f(x3, X5, 0),

Py(x1, x;3) ® Py (x1, x3) = P(xq, X3, 1) = f(xq, X5, 1),
HOTy4aemM
Py (x1,x5) = fx1,%5,0) & f(x7, X, 1) = fo(5x7, x3) & f1(x1, x3),

rae f(x;, Xy, 1) AnA KpaTkocTu 0603Ha4YeHO f; = fi(x1, Xy). O60o3HAUNM
yepe3 T peobpa3oBaHue, epeBosiiee GyHKIHIO f B pean3yoNuii ee
MHorowieH JXerankuna P, a yepes3 t — COOTBETCTBYIOIee Ipeobpa3oBa-
HUe 3HaYeHUH QYHKIMU B ero koadduiiuenTsl. Torma, 04eBUIHO,

Py=T(fo), L =T(fo ® f1),
(co> €15 €25 €3) = t(fos f15 f25 f3)
(€45 €5,€6:C7) = t(fo ® fus 1 ® S5, f2D fo, 3 f).

[IpeobpasoBaHue t COCTOUT U3 8 GYHKIHI t; OT IepeMeHHEbIX f;, i=0,...,7,
U KaKZasg U3 HUX TPeJACTaBIAeTCS MHoOrowieHoM JKerajqkuHa mepBOi
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CTETEeHU C HyJIEBBIM CBOOOZHBIM WieHOM. Takrie MHOTOWIEHE! Zjajiee Ha-
3BIBAIOTCA JIMHEWHBIMU (M camo mpeobpa3oBaHue t TOXKe Ha3hIBAeTCs
[T03TOMY JIMHEHHBIM). JIF060# M3 HUX MO)XHO 3alicaTh B BUZE

ti:Cio&fo®...®Ci7&f7,

r7e Ko3pOUIUEHTBI ;; — Hy/IH WIK eIUHUIBL. JJokaxeM 3T0. O4eBUIHO,
YTO CyMMa 10 MOJYJIIO IBA JIFOOBIX JIMHEHHBIX GYHKIUN OyeT TUHEHHON
byHKIMEN, U A7 10601 TuHeHHON dyHKIMY f (X4, ..., X,;) CIPaBEATHBO
TOXK/IECTBO

f(xleayi)""xn@yn):f(xli""xn)®f(yl9-"5yn)'

VI3 3TOTO TOXKAECTBA U JIMHEMHOCTU QYHKIUH t, t1, ty, t5 (CM. 3agauy 25)
C y4eTOM paBeHCTBa

(c4:¢5:¢6,¢7) =t(fo @ f4, [1 @ f5, 2. © fo, f3® f7)

MIONIy4aeM, UTO U ty, ts, tg, t; — JIMHElHble QYHKIIUM OT ITepeMEeHHBIX f;,
i=0,...,7, npuyeM K03bOUIMEHTHI Y HUX TIPU MMapax MepeMeHHBIX t;,
tis, 1=0,1,2,3, ojuHAKOBBIE U COBIAJAIOT C KOIGOUIMEHTAMHY IIPU
nepeMeHHbIX f;, 1 =0,1,2,3, y byHKIU t,, t;, ty, t; COOTBETCTBEHHO.
OTcrozia MOXXHO cZielaTh BAa BBIBOJA.

Bo-mepBbIX, Tabauma koapUIUEHTOB c;j, i, j =0, ..., 7, TMHEHHBIX
bynkuii t;, i =0, ..., 7, — 9T0 KBaZpaT pa3Mmepa 8 x 8, KOTOpHIii pa3brBa-
eTcs CpeJHUMU JIUHUAMU Ha 4 KBajpaTa pasMepa 4 X 4, oflH U3 KOTOPHIX
HYJIEBOM (COCTOUT M3 OJHUX HYyJ€el), a TPU OCTAJIbHBIX — OMHAKOBBIE
U coBIajaroT ¢ Marpuueii Cy:

_(Cy, 0 _
C3‘(C§ cz)‘

HOMRO | RORO
OO | mRH=OO
OO0 | mROOO

RRHR OO0 O
HORO |  OOOO
RPROO | OO0 O
HOOO | 00O O

e e e sy

AHaJIOTMYHBIM 06Pa30M MOXKHO MOMyIuTh Tabnuny C, pa3mepa 16 x 16
u Boobie Tabmuiy C, pasmepa 2" x 2" k03pULNEHTOB JTUHEHHOTO
mpeo6pasoBauus t(fy, ..., for_1):

_(C 0
C"_(CL cn_l)'

HermocpezacTBeHHO BUAHO, 4TO Tabimuusl C;, Cy, C3, C, COBIAZAIOT C YIKE
3HAKOMBIMU HaM «Tabuiamu [TacKasis Mo MOZAYJIIO ABa», KOTOPhIE UHO-
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rJa HasbIBAIOT Takke MaTpuiamu CepluHCKOoro. [1o HHAYKIUNT MOXHO
JOKa3aTh, YTO TaK OyAeT U i 1060i Tabuier C,,.

Bo-BTOPBIX, MOYKHO 3aMETUTh, YTO eCIi 0003HaYNTh Yepe3 L(n) ducio
oIepaIril CI0KEHHUA TI0 MOAYJIIO ABa, UCIIONb3YEMBIX B YKa3aHHOM BBIIIIE
aJICOPUTME /IS BHIYMCIEHHUSA 110 3HAYEHNAM Oy/IeBOM GYHKIIUHU N IIepeMeH-
HBIX KoadduiireHTOB ee MHorowieHa YKerankuna, To L(3) = 2L(2) + 4,
TaK Kak /11 BEIYUCIEHUA

(co» €15 €2, €3) = t(fo, f1, f2, f3)

Hy’kHO L(2) onepanuii, IoTOM 4 onepanuy Ajs BEIYUCIEHUS

fo®fs [Dfss [29fe, f30f;

u emte L(2) omepanuu i BEIYUCIEHMS

(C45 CS’CG’C7) = t(fO ®f47 fl erS’ f2 eré’ f3 ®f7)-

AHa/OrM4HO Tony4yaeTca paseHcTBo L(n) = 2L(n— 1) + 2" 1. OueBuzHo,
L) =1.

3azaua 26. JloKaxuTe 1Mo MHAYKIUM, uTo L(n) = 2" n.

TakuM 06pa3oMm, AJis BEIYUCTEHU K03bOUIIeHTOB MHOTOWIeHa JKe-
rajKuHa A ZaHHOHW OyJeBOM N-MeCcTHON (GYHKIIMU AOCTATOYHO 21
OUTOBBIX OIEPALINI CJIOXKEHUS IO MOZYIIO ABA. TaK KaK U1 3TOTO BBIYHC-
JIEHUS HAZI0 UCIIOIb30BaTh Bee 2" 3HaYeHU! JaHHOU QYHKIINH, CHO, YTO
YKa3aHHBIN aITrOpUTM eC/IU He ONTHMAJIbHEIN, TO He OueHb JaieK OT OIl-
TUMaJIBHOTO. fIBJIIETCS JIM OH ONTHUMATBHBEIM, 0 CHUX IOp HEU3BECTHO.

3agaua 27. JlokaxuTe, uTo mpeobpa3oBaHue, 06paTHOe K Impeobpa-

30BaHuUIO ¢; =t;(fy, ..., fon_1), TO €CTb IIpeoOpa3oBaHue, BEIYUCIAIOIIEE
mo k03 UIMEHTAM Cy, ..., Coyn_; MHOrOWIeHa JKerajkuHa OT n mepe-
MEeHHBIX 3HA4YeHUA fy, ..., fon_; peasn3yeMoil UM GYHKLIHH, COBIIAaeT

C NCXOAHBIM Hp606paBOBaHI/IeM.

Yl HaKOHell, yKaXkeM OJHO MpUMeHeHHe PacCMOTPEHHOTO alropuT™Ma’?,
Ero MOXHO KCIIOJIb30BATh JJI1 TOTO, YTOOBI OBICTPO YMHO)KAaTh MHOTOUIE-
Hbl JKerankuHa. JleficTBUTeNbHO, IYCTh aHBI [Ba MHOTOWIeHa P, P, oT
n nmepeMeHHBIX. Hy>KHO HaliTH ux npousBefeHue P P, 1 Ipeo6pa3oBaTh
ero Toxke B MHorowieH JKerajkuHa. /ig 3TOro MOXXHO II€PEMHOXUTH
KaXJy!0 I1apy OAHOWIEHOB U3 P; U P,, B IIOJlyd€eHHOM OJHOWIEHE yCTpa-

1206 sTom aBTOp y3HAT OT mMpodeccopa KadeApsl AUCKPETHOM MaTeMaTHKK MEXMAaTa
MI'Y A.B.YamkuHa.
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HUTb KBaZpaThl, TaK KakK Xz = X, a IIOTOM IIpUBECTHU HO,Z[O6HBI€ YJIEHBI,

VHUYTOXKUB OJMHAKOBBIE TIapbl MHOTOWIEHOB. TakuM 06pa3oM, MoIyIumM
MHOTOWIEH, B KOTOPOM He OyZeT BBICOKUX CTelleHel ITepeMeHHEIX U Bce
ONHOWIEHHI OYAyT pa3iudHbI, T. e. MHorowieH JKeramkuna. Ho uwmcio
onepanuii B HoZIo6HOM anropuTMme 6yzieT He MeHblle 22", OKa3bIBaeTCH,
€CTb IpyToM MPOCTOM aJropuTM, BBHIMOJTHIIONUY YKa3aHHOE YMHOXXeHUe
3a 3-2"1n+2" onepanuii ® 1 &. B HeM HY>KHO CHaJaIa co CIOKHOCTHIO
2"n mo koaduIreHTaM MHOTOWIEHOB P;, P, BEIYUCIUTD TaGIUILy 3HAUe-
HUM peasn3yeMbIX UMU OyIeBBIX GYHKIUN, IOTOM, BBITOJHUB 2" orepa-
Ui &, BEIYUCIUTE Tabiuily 3HaYeHuN GyHKIUYU P; & P, ¥ ¢ IOMOIIBIO
2""1n omepanuii ® BOCCTAHOBUTD 1O HUM K03GHUIIMEHTH MHOTOYIEHA
JKerankuHa, ABIAOLIEroCa pousBesieHueM P, u P,.

3aKIIouNTeNbHbIe pa3Ziesbl coAepKaT HeKOTOphIe JIOTIONHEeHUA K OC-
HOBHOH TeMe KHIKKU.

7. Koe-4TO 0 3amucH 4uces B IBOUMYHOM cHCTeMe

s mro6oro n obo3HaunM depe3 A(n) yMeHbIIEHHYIO Ha €UHUITY
JUTMHY ABOWYHOM 3amucy yuciaa n, a v(n) — ee cymmy uudp (apyrumu
CJIOBAMU, YUCIO €IUHUI] B HEW).

OueBuzHo, 4T0o A(n) + v(n) — 1 < 2A(n). Te, KTO 3HAIOT JIOraprMBI,
coobpassar, uro A(n) = |log, n], rae 3Hak |x] o3HauaeT LIy 4acThb
yucaa x. Ho MOXHO BHYUCIUTE 06e BBeJeHHble QYHKIUH, AaXKe He YIIO-
MWHAas O ABOWYHOM 3amucu. JJI 5TOro HaJo BOCIIOIb30BAThCS CIEAYIO-
[IMMUY [TPaBUIAMU:

v(1)=1, v(@2n)=v({n), v2n+1)=v{n)+1,
A1) =0, A(2n)=A2n+1)=A(n)+1.

OnHako AJI J0Ka3aTeNbCTBa CIPABEAIMBOCTY 3THUX MPABII ITOJIE3HO, KO-
HEYHO, BOCITOIb30BAThCs JBOMYHOM CHCTEMOH, TIOCTIE YETO OHU CTAHOBST-
¢Sl IOYTH OYEBUAHBIMU. 3aMETUM, UTO IOCIeAHEe MPABUIO MO3BOJIAET
PEKYPPEHTHO BBIYUCIATh A(n) U TeM caMbIM AaeT omnpezeneHue A(n),
HE3aBHUCHMOE OT MOHATHUSA JBOMYHOTO jorapudma (1, 3HAUUT, JaeT Mpea-
CTaBJIeHUE O JBOMYHOM Jiorapudme /st TeX, KTO He 3HAeT JIOrapuQpMOB).

3agaua 28. Jokaxute HepaBeHcTBO v(n+ 1) < v(n) + 1.

Ykazanue. OHO, OYEBUZIHO, MTPEBPAIIAETCS B PABEHCTBO, €CJIN N YeT-
HO, TaK Kak TOI/la €ero ABOMYHAA 3alMCh 3aKaHYMBaeTCa HyneM. Eciu ke
3Ta ABOWYHAA 3aIllMCh 3aKaHYMBAETCA k eJMHUIIAMH, TTepe/i KOTOPBIMU
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CTOUT HYJb, TO BOWYHAs 3alMCh YMcaa n + 1 3akaHYWBaeTca k Hy/Id-
MU, TIepe] KOTOPHIMU CTOUT efuHUIA (a cTapiive OUTH OcTaloTcs 6e3
M3MeHeHWsI, eCIM OHU €CTh). JIst TOro, YTOObl B 3TOM YOEeaUThCs, 0CTa-
TOYHO BBIITOJIHUTD IIpUbaBieHre 1 K n B JBOUYHOM cucTeMe. B 06omx
paccMoTpeHHbIX crydasx v(n+ 1) < v(n) + 1.

3agaua 29. Jlokaxwre HepaBeHCTBO A(n+1)+v(n+1)<A(n)+v(n)+1.

Yiasanue. JlefictButensHo, ecmu 25 <n+1< 2K o A(n+1) =
=k—1=A(n), u us nepaBecra v(n+ 1) < v(n) + 1 cireayer HyxHas
onenka. Ecm xe n+1=2%, ro A(n+1)=k=A(n)+1, v(n+1) =1, v»(n) =k,
oTkyza cieayet, uto A(n+ 1)+ v(n+1)=k+1<2k=A(n) + v(n) + 1.

3azaua 30. [lokaxkute paBeHCTBO A(2n) + v(2n) = A(n) + v(n) + 1.

Ykazanue. OHo cienyeT u3 paBeHcts v(2n) = v(n), A(2n) =A(n) + 1.

8. Uto Takoe Oy/seBbI CXEMbI

JUJIs1 BBITIOJTHEHUS JIOTUYECKUX OTIepalliii B DJIEK- a b
TPOHMKe OBLIO CO3JaHO MHOXeCTBO ycTpoicTs. Co-
BpeMEHHEBIE YCTPONCTBA, HAa3bIBA€MbIe JIOTHMYeCKUMU
sYeiKaMy WIN 3JIEMEHTaMU, UMEIOT MUKPOCKOIIU-
YecKre pasMephl U IIPeJCTABIAIT U3 cebsa ocobble
YYaCTKU KpeMHHeBOro Kpucrauia. Pusnka U XuMus

MIPOTEKAIOMINX B HUX MPOI[ECCOB BECHMA CIOKHA U HE c
OyzieT oOCyJaThcA B STOW KHIDKKe. Takke CIOX-  puc 4. Snement
Ha U TEXHOJIOTUS UX MPOU3BoJcTBa. Ho yoruka pa- KOH'BIOHKI[HI
6OTHI 3TUX 3JIEMEHTOB IOBOJBHO TMPOCTA: KaXKABIH

13 HUX peain3yeT ONpeeTeHHYIO JIOTHIECKyo (Wiy, a b

KaK TOBOPAT, OyJ/IeBy) omeparuio. JIeMeHT, peatusy-

foIni (W1 BEIYUCIISIONINI) KOHBIOHKIUIO, Ha3bIBa-

eTCsI KOHBIOHKIMOPOM, Ha CXeMax UHOT/a 0603HavYaeT-

cs1 cumBosioM AND (puc. 4). DieMeHT AU3bIOHKIIAN

(Oussronkmop) Ha cxemax uHOrzAa obosHauaercs OR

(puc. 5). DneMeHT, peasUsyIOIU CyMMy MO MOAY- c

J10 /1Ba, Ha cxemax o6ozHayaercsa XOR (COKpalmleHue  p.. 5 5ievent
oT anmmtickoro EXCLUSIVE OR — «uckiouamliee TU3BIOHKITAN
Win»; puc. 6). s BRITIOMHEHUS CJIOXKEHUA OJHOOUT-

HBIX YHCEN AeNaloT OOBIYHO JaXKe CIEIUATbHBIN JOTUYECKUH 3IeMEHT
¢ AByMs BXOZAMH X, Y U IByMS BBIXOZIAMHU W, U, KaK OBl COCTABIEHHBIH U3
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JJeMeHTa YMHOXeHUsS (KOHBIOHKITMU) U dJe-
MeHTa CJIOKEHWsI TT0 MOZYJIIO ZIBa. DTOT SIEMEHT
4acTo Ha3BIBAIOT noycymmamopom (puc. 7).
Msr He OyzeM AaBaTh CTPOTOTO OIpeZesie-
HUS TIOHATHUA Jorudeckod (wiu 6yneBoii) cxe-
MBI, @ BCETO JIUIIIh PACCMOTPHM B Ka4eCTBE MPH-
Mepa /[Ba BapraHTa CXeMHOM peaju3alyu Io-
JlycyMMaropa — UCHOoJb3yomui aneMeHT XOR  puo 6 5ronvans CyMMET
¥ 06xozsIMiics 6e3 Hero. B mepBoM BapuaHTe o moaysmio Ba («HCKITIO-

@[

cxeMa COCTOUT U3 ABYX 3J€MEeHTOB, a BO BTO- qarolee Win»)
pOM — U3 4eThIpeX. UNCIo 3/1eMeHTOB B CXeMe

Jasnee OyZieM Ha3bIBATh €€ CI0NHCHOCMbH. CIIOXK- a b
HOCTb JAHHOM CXeMbI S 06BIYHO 0603HAYAETCS l l
L(S). ClOKHOCTBIO CXeMBI B 3HAUUTELHOM CTe-

TeHU OTpeAesaoTCs ee GU3NUECKHEe Pa3MepHI, u<~— HA

T. e. IUIOL[A/b, 3aHUMaeMasi CXeMON Ha KpeM-

HUEBOM KpucTtamie. Kak mpaBuio, 4eM GoJIbIie l

v
CJIOXKHOCTD, TeM OOJIblIIe ILIOIAb.

JIpyToii BasKHOM XapaKTepHCTHKO} cxeMpr ~ PHC.7. llomycymmarop
SABJISIETCS ee TIyOuHa. [y6uHOll CXeMbl Ha3bl-
BaeTCs MaKCHMaJIbHOE YKCJIO ee 3JIeMEHTOB, 00pa3yrouux Lelb, COeAr-
HAIOIIYIO KaKOH-INO0 BXOZ CXeMBI C OZJHUM U3 ee BBIX0ZOB. Hampumep,
y CXeMBbI Ha puc. 8 mTybrHa paBHA eNMHUIIE, a Y CXEMBI Ha puc. 13 — TpeMm.
Imy6uHa cxeMbl S 06bI9HO 0603HavyaeTcss D(S).
[nmy6uHa cXeMbl B 3HAUUTEIbHOM CTENIEHU OTpEAEAeET ee 3aJePiKKY.
3adepxckoil cxeMbl HA3bIBAETCS BpeMsd, IPOIIeIee OT MOMEHTA IOSB-
¢ b JIEHUS CUTHAJa Ha BXOZax cxeMbl (Kak ImpaBu-
JIO, 3HAYEHUSA BXOAOB CXEMbI CTaOWIU3UPYIOT-
cs B pasHble MOMEHT BpeMeHU, U TOTZAa OT-
CYEeT HAYUHAETCS C TIOCTIEeHEro U3 HUX) 10 MO-
J MeHTa IOsBJIeHNs CUTHAJIa Ha ee BbixoZe. Kak
MIpaBWIO, YeM OoJibllle IIyOWHA, TeM OOJblile
3aZIepXKKa.
ITpumep cxeMsl U3 aneMeHTOB AND u XOR,
peanusytoiieii 6yseB onepatop HA (oT aHIHii-
u ckoro Half Adder), mpusezen Ha puc. 8. Cxemy
Puc. 8. Peaymsauus ony- 13 1eMeHTOB AND, OR, NOT (KOHBIOHKIINH,
cymMMaropa ¢ momomplo AW3BIOHKIUI M OTPUIIAHMI) /1A HOMycyMMa-
anemenTa XOR TOpa MOXXHO IIOCTPOHUTH, HCIIOJNb3Ysl CIIeAYIO-
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myio dopmyay: x ® y = (nx & y) V (x & ~y). [Ipeanaraercs 4UTATENIO
HapHCOBaTh CXEMY CAMOCTOSTENBHO. B Hell GyZeT 1IecTh 3JIeMEHTOB.

3azmaua 31. IIpoBepbTe CIpaBeAIUBOCTh TOXAECTBA (IIPOBEPUTH €r0
ropasZio Impoiile, YeM [0 Hero Joraaarbes!)

x®oy="(x&y)&(xVy).

3azauya 32. Vcronb3ys 3TO TOXK/AECTBO, IOCTPOUTE CXEMY JJIS TIOJTY-
CyMMaTopa U3 4eTbIpeX 3JIEMeHTOB.

9. CxeMHas peanusalnuga cymMMaTropa
OZHOOUTHBIX YMCe

CJI0’)XHOCTb ZI0Ka3aHHOU B MpeABIAYIINX paszenax GOopMyJIbl

fg(xl,...,X15)= Z xil...xi8=

1<i; <...<ig<15
=X1...X8€9X1...X7X9@...@X8...X15,

BBIUMCJIAIONIEHN CTapIInii pa3pss cyMMBl 15 6UTOB, paBHA
15 _
8- () —1=51479.
3agaua 33. IIpoBepsTe 3TO.

Ykazanue. B muorowiene YKeranmkuua f3(xi,...,X;5) COAEPIKUTCS
POBHO (185) = (175 ) cnaraeMsix. [ToaToMy o61Iiee YHCI0 CHMBOJIOB IIepe-
MEeHHBIX B 3TOH ¢popMysie paBHO 8 - 7 ) Yucno anemeHTtoB AND 1 XOR
(cumBosIOB omeparuii &, ®) B MoA0OHBIX GOpMyIaxX BCerZa Ha eUHUILY

MeEHbIIIEe, Y€M YN C/I0 CMMBOJIOB IIEPEMEHHBIX.

XOTs1 MHOTOWIEHH! fy, fi, fo /IS OCTAJIBHBIX Pa3psAoB CyMMBI 15 61-
TOB CYILIECTBEHHO IIPOIIle, BEIYMCIEHHAsA CJIOXKHOCTh OYeHb BEJIMKA U CPaB-
HUMa C pa3MepaMy TabJIUIEI I BCEX YeThIpeX OyseBbIX GYHKUMI, pe-
aJM3yeMbIX 3TUMU MHOTOWIeHaMu. B oblneM ciydae cyMMBI n OUTOB
CJIOXKHOCTh MHOTOWIeHa JKerajkuHa /I cTapliero paspsja sToil cyMMBI
OyzeT 1o MOpsAAKY paBHa 2™ 4/n. DTo oueHb MHOTO. KakeTcs, YTO MCIOIb-
30BaHMe ¢GopMys aarebpsl JOIMKU BCe-TaKW He JJAeT CyIeCTBEHHOI'O
BBHIMTPHINIA B CPAaBHEHUU C MPOCTHIM NprMeHeHueM Tabmuil. Ho MoX-
HO, OKa3BIBAETCS, HOCTPOUTDH GOPMYILY, BEIYUC/IAIONIYIO 3TOT MHOTOWIEH
U cozieprkayto He 6ojee Cn>% cMMBOJIOB IlepeMeHHbIX, r/ie C — HEKOTO-
pad (ZoBOJBHO 6GoJbINas) KOHCTAHTA. DTY PEKOPAHYI0 GOpMYITy HeJaBHO
TIpUAyMas MOJOAOM MOCKOBCKUM MaTeMaTUK Vrops CepreeB, HayIHBIHN
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COTPYAHUK Kadeaphl JUCKPETHOM MaTeMaTUKH MexmaTa MI'Y. [IpuBecTu
ee IIOCTPOeHNeE 3/leChb MBI He MOXEM, TaK KaK OHO BeCbMa CJIOXKHO.

Ho ecnu ana peasnzanuy yIoOMAHYTBIX MHOTOYJIEHOB HUCIIOIb30BaTh
He GopMysis, a O6yeBbl cxeMbl (B KOTOPHIX, B OT/IUYKE OT HOPMYII, BBIXO-
ZBl 3JIEMEHTOB MOXXHO UCII0JIb30BaTh MHOT'OKPATHO /I IIPUCOeSUHEHUA
YX K BXOJaM JIPYTHX JIEMEHTOB), TO CJIOKHOCTh pean3aliii BCel CXEMBI,
BBIUUCISIONIEH CyMMy N GUTOB, OKa3bIBAETCSA €llle MeHbIe. TaKue CXeMbl
6GBUTH IaBHO U3BECTHHI, ¥ IOCTPOUTH UX (B OTIMYHE OT GOPMYII) HECTOK-
Ho. [lanee OyzeT MoKas3aHo, KaK 3TO cAenaTh. i KpaTKOCTH 060o3HaYaeM
aTH cxeMbl cuMBosioM FA,, (oT anmuiickoro Full Adder).

Jia npumepa mocTpouM cxemy FAq. IIpezcTaBuM ee B BIZIe HECKOJIb-
KUX pUCYHKOB. Ha HUX M306paskeHbl MOAY/IU (TIOACXEMBI) STOU CXEMBI
U Ha TIOCTIeHEM — caMa cxeMa. [IpoBepuTh, YTo 3Ta cxeMa paboTaeT
NIPaBUJIBLHO, YATATEJIO IIpeJjlaraeTcs CaMOCTOATENIbHO. BaM B 9TOM ITOMO-
TYT MOATMCH K puc. 9-12 (/11 pa3HBIX CX€M KCIONb3yIOTCA 0003HAUYEHNUA
C pasHBIMU BEPXHUMU HUHAEKCAMU).

X, X, X3 X4
S
P p
P1 P2

Puc.9. Mozayib FA}V BXOZBI ¥ BBIXOZBI CXEMBI CBA3aHBI COOTHOILIEHUEM
X1+ X, +x3+x,=2(p; +py) +

X1 X, X5 X4 X5 Xg Xy Xg

P1 P2 P3 P4

Puc.10. Mozgynb FA;. Bxozbl 1 BBIXOABI CXeMBI CBSI3aHBI COOTHOIIIEHHUEM
Xi+...+xg=2(p1+...+py) +s
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Puc.11. Moaynb FA; BxozbI ¥ BRIXOZBI CXeMBI CBA3aHBI COOTHOIIEHUEM
X1 4+...+x=2(p1+...+py) +s

X X, X5 X, X5 Xo X, X3 X
X1 Xy X3 X4 X5 Xg Xy Xg Xg
FA; s 4

P1 P2 Ps P4

Y

Puc.12. Moaynabe FAy. BXoapl ¥ BBIXOZBI CXEMBI CBAA3aHBI COOTHOIIEHUEM
X;+...+ Xy =23V, + 2%V, + 2Y, + ;, TO ecTb cxeMa ABJAETCA CIETIMKOM
yucIa efuHUL B Habope (X, ..., X,)
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3agaua 34. Cxemel gyist FA, u FA; HapucyliTe caMOCTOATENbHO (OZHY
13 HUX MOXKHO YBHU/ZIETh Ha puc. 13).

AHaJIOTUYHO MOKHO ITOCTPOUTH cxeMbl U A7 FA;s (cymmaropa 15 6u-
TOB) ¥ BOOOIIe i cymMMaTopa n 6UTOB.

3azaua 35. JIoKka)XuTe, YTO CJIOKHOCTb CXEMBI /IS CyMMaropa n 6u-
TOB MeHee 5n.

HenaBHO Mosobie meTepbyprckue mateMaTuku A. C. Kynmukos u
E. A. lemenkoB (CankTt-Iletep6yprckoe otaenenre MUPAH) mocTpowin
cxemy I cymMMaTopa n 6UTOB, CIOXXHOCTh KOTOPOM aCUMITTOTHYECKU
paBHa 4,5n, a 1. C. Ceprees NOCTPOUII ellje JIy4LIyIO CXeMy, KOTopas IIpx
MIOYTH TAKOU Ke CIOXKHOCTU MMeeT PEKOPAHO MaIyio IIyOHHY, aCHMIITO-
TH4Yecku paBHyIo 3,34 log, n. Vcronb3ya 3Ty cxeMy, OH Takke MOCTPOMII
CXeMy AJI1 YMHO)XXeHUS n-OUTHBIX YUCeJI, CJIOKHOCTb KOTOPOH acUMIITO-
TUYecKH paBHa 5,5n%, a my6una 4,34 log, n. DTa Iy6uHa ABAETCA B Ha-
CTOAIIUN MOMEHT PEKOPAHOM, HO CXeMBI JJI1 YMHOXXeHHU C CYyI[eCTBEHHO
Gosiblell IyOUHOM MOTYT UMETh MEHBIIYIO CIOXKHOCTh (CM. 06 3TOM,
Hanpumep, [1]).

10. CymmaTop — cxeMa JJIl CJI0KEHUA IBYX

ABOHNYIHbBIX YHNCEJI

JlBa n-paspAAHBIX ABOMYHBIX YucHa X = (X, ... X))o U Y = (¥ --- Y1)2
CKJIQZIBIBAIOTCS IIKOJIBHEIM METOZIOM B CTOJIOMK CIIEAYIOIIUM 0OpasoM:

An+19n --- 91
+ Xp oo Xq
Yn-oo

Yucna qq, - . . , 441 — PE3Y/IbTaTHl IepeHoCoB. [1epBbIii HaCTOAMINI Nepe-
HOC ¢, BO3HUKAET TOJBKO TOT/IA, KOTAa X, = y; = 1. Kawasiit ciepyromnuit
MEPEHOC (;,; BO3HUKAET TOJBKO TOT/[A, KOTZA CyMMUPYEMbIE Pa3PAZbI
X;, ¥; ¥ IEPEHOC ¢; U3 TIPEABIAYIIETO pa3psazAa B CyMMe JAIOT YKCIO HE Me-
Hee /IBYX, T. €. CPeIU ITUX TPEX YMCesl He MEHbIIIEe JABYX eANHUI]. TOIbKO
B 3TOM CJIy4ae ¢;,; = 1, B MPOTUBHOM ciy4ae q;,, = 0. ByneBa dyHKIms
OT Tpex IePEMEHHBIX X, Y, %, KOTOpas obpaimaercs B 1, TOJBKO Korza
x+y +2 > 2, aendercsa GyHKIMEH TOJOCOBAHUSI KOMUTETA U3 TPEX YEO-
Bek. Ee Ha3BIBAIOT TaKXKe MaXOpUTApHOU QYHKIMelH, Wwiu MeauaHoil. Ee
MOXKHO BBIPA3UTh Yepe3 3HAKOMBbIe HaM Gy/ieBbl QYHKIMU ABYX IIepEMEH-
HBIX popmyinoit m(x, y,z) =xy VxzV yz uim xy ® xz ® yz. Obe dopmyst
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MIPaBUJIbHO BBIYUCISIOT (WIH, KaK €Ile TOBOPAT, PeaIHU3yIoT) MeAruaHy
m(x, y, ), B 4eM JieTKO y6eAUTCs HelmoCcpeACTBEHHO MpoBepKoii. Ecin
x =y =z=1, To 06e dpopmysnsl gaioT B pesynbrate 1 =m(1,1,1) (gei-
CTBUTENBHO, 1V1V1=1=16&1®1). Eciu xe, Hanpumep, x=y =1, =0,
TO B 060MX GOpMy/IaX POBHO OZHO C/IaraeMOe M3 TPeX PABHO eAVHHUIIE,
3HAYUT, U B 3TOM ciy4ae obe popmysisl Beruucasior 1 =m(1, 1,0). [IBa
OCTaBINMXCS CJIydas pacCMaTPUBAIOTCA TOYHO TaK JKe, IPUYEM B CHITY
CUMMETPUYHOCTH 06enx Gopmya U GYHKIIMH M HUYEro HOBOI'O IIPU HX
paccCMOTpeHUU He BO3HUKHET. [10b3ysAcCh MOJIyYeHHBIMU GOpPMYIaMHu,
JIETKO 3aMETUTb, YTO CIOKEHME TPEX OAHOOUTHBIX YHCEN X, Y, Z MOKHO
BBITIOJIHUTD, MOJIb3YACh GOPMYIaMU:

x+y+z=2u+v, v=x0y®z u=m(x,y,z)=xy®yz®x3.

V3 cKa3aHHOT'O ACHO, YTO CJIOKEHUE JBYX N-pas- X ¥ a
PAHBIX YKCET BBHITIOMHAETCA TIO CIEAYIONNUM
dopmynam (B KoTOpeIX i =1,2,...,1n):

q, =0,
2;=x,9Y);0q;
Qi1 = X; ® (X; @ ¥;)q;,

Zn+1 = dn+1-

O6o03HauuM vepe3 B;, rae i > 1, uzobpakeH-
HYIO Ha puC. 13 cXeMy CJIOXKHOCTH MATh U TIyOU-
HBI TPH.

HyxHas Ham cxema A, — cymmarop asyx  Puc.13. Moayns Berauc-
N-paspsAAHBIX ABOWYHBIX YHCET — IToydaeTcs — JIEHHWA OU€PEAHOro pas-
HyTeM HocjIe0BaTeIbHOrO COeJMHEHNUs 6I0KOB pAda u nepexoca
B;,i=1,...,n, KaK MoKa3aHo Ha puc.14.

Qi1 Z;

Xy Y2 Q2 X1 4@
B B
Zn41 Zn qs3 2y q: 2

Puc.14. Cxema n-paspAzHOro JBOUYHOIO CyMMaTOpa
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B 3701 cxeMe 610K B, BBITIONHSAET peobpa3oBaHue 2;=x;+y; (mod 2),
gy = X1, CJIOXKHOCTH /IBa M TIyOUHBI ofWH. TakuM 06pa3oM, CJI0KHOCTb
moctpoenHoro cymmatopa L(A,,) =5n—3, a mybuna D(A,) = 3n—2.

[TocTpoeHHas cxema SBJSETCS ONTUMAIBHOHN (T. €. UMeeT MUHUMAJTb-
HYIO CJIOXKHOCTB), KakK IOKa3al OKOJIO copoka JeT Hasaz H. I1. Pegpkun
(B Hacrostiee BpeMms npodeccop kadeprl AUCKPETHON MaTEMaTHKU MeX-
mara MI'Y). Ho miy6rHa sToi cxeMbl MUHUMAJIBHOM He ABJISIETCS. 3aa4a
MIOCTPOEHUS CyMMaTopa MUHUMAaIBHOMN IyOUHBI OKa3alach KpatiHe Tpya-
HOM. CxeMy acUMITTOTHYECKY MUHMMAJIbHOMN ITyOUHBI IIOCTPOI B KOHIIE
1960-x rozioB B. M. XpanueHKo, BeZyIuii Hay4HbIH COTPYAHUK CeKTopa Teo-
peTnyeckoii kubepHerrku UIIM PAH. HegaBHo fo1eHT Kadeaps! AUCKpeT-
HoM MaTteMaTtuku Mexmara MI'Y M. U. 'puHYyK IOCTPOWI UyTh JIYUIIyIO
cxemy, IyOUHY KOTOPOH MOXKHO OILIEHUTDb CBEPXY IIPOCTOH HOPMYIOH

log, n +log, log, n + 6.

Hawrydiiast HYKHSS OlleHKa TTyOHHBI TaKOM cXeMbl (€C/Id OHa IIOCTpoe-
Ha TOJIbKO U3 3JIEMEHTOB &, V, 1), HeZIaBHO MoJydeHHasn B. M. XpalryeHko,

UMeeT BUZ
log, n + 0,15 log, (log, log, n).

11. TloacyeT yncaa eAUHUI]
B Oy/IeBOii CTPOKE KOMIIBIOTEPOM

BCTpevaroTes CUTYalyH, KOTa KOMITBIOTEPY TIPUXOAUTCS BBITIONHATE
olepanuy He ¢ YUCIaMHU, a ¢ OUTaMH, COCTABIAIOIINMU 3T Yucia (WIu
MAIIVHHBE CT0Ba). JIIf 3TOr0 MCIIOMb3yIOTCS KOMAH/IbL S3bIKa acceMbiie-
pa. Ho u sizbik C (11 C++) MMeeT Cpe/iCTBa /il HEMOCPEACTBEHHOM PabOThI
¢ 6utamu. J|yist GBICTPOTO BBHITIOJHEHUSI PA3TAYHBIX MaHUIYIALIUHN ¢ O6U-
TaM¥ B TIPOrPaMMHUCTCKOM GONBKIOpPE U B IUTEPATYPE U3BECTHO MHOMKe-
CTBO Pa3MUYHBIX 3G GEKTUBHBIX IPOrpaMM. 3aMeyaTelbHasA KOJUIEKITHS
TaKUX TPIOKOB coZiepkutcs B [9] (aHMIMACKUI OpUTHHAI HA3BIBAETCS
«Hacker’s Delight»).

PaccMOTpHUM 3a/[a4uy TO/ICUETa YKC/IA €JUHUYHBIX OWTOB B MAIIIVH-
HOM CJIOBE (T. €. KOJUIeCTBa €IMHUYHBIX PA3PSA0B B JaHHOM 32-6UTHOM
gucne x). Io cyljecTBy, 3TO Ta e 3aZava, C KOTOPOM MBI MU Jei0
B TIPEJBIYIINX Pas/ieiaX, HO PeliaTh ee 371eCh MbI 6y/ZIeM He ¢ TOMOIIBIO
OyseBbIX GOPMYJI M CXEM, a C TOMOIIIBI0 KOMITBIOTEPHBIX KOMaH/ U TIPO-
rpaMM. M3BeCTHO MHOTO 3JIETaHTHBIX U 3)(GEKTUBHBIX PEIIEeHUN 3TOI
3agaun. [IprBeZieM OZIHO U3 JIYYINHX.
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3aMeTHM, YTO paccMaTpuBaeMas 3aJaua oueHb OiM3Ka K 3aZade mo-
CTPOEHMUS JIOTUYECKOM CXeMBI, BHITIOHSAIONIEN CyMMUPOBaHUE N OAHOOUT-
HBIX YlCeJl B JBOMYHOM cUCTeMe CUKCcIeHus. [I3BeCcTHO, 4TO TaKylo CXeMy
MOXXHO TIOCTPOUTH CJIEeAYIOMNUM 06pa3oM. Pa3o6beM 3TH Yucia Ha Mapel
U CJIOKUM KaXKAyIo mapy. [loayaum n/2 AByXOUTHBIX 4Kces. DTU YUCIa
OmATH pa3obbeM Ha Maphl U CJIOXKUM Kaxaylo mapy. [lomyuum n/4 Tpex-
OUTHBIX yucesl. Pa306beM 3TH YMc/Ia Ha Mapel U CJIOKUM KaXKAYIO Hapy.
[Monyyum n/8 deThpeXbUTHBIX yncel. Janee moaydaeMm n/16 msaTHOUT-
HBIX YHCeN U T. . B pesynbrare nomyuutcs ogHo (log, n + 1)-6utHoe uuc-
Jio (TipeAmosiaraem, 4To n eCTh CTENEHb JBOMKM), KOTOPOE U PaBHO CyMMe
BCEX N 4uces, a JpyruMH CJI0BaMHU — KOJIWYECTBY eINHUL] CpeJyl HUX.

YkasaHHyI0 cxeMy IIpY 1 = 32 MOXXHO IIPOMOZEINPOBATh CIeAyoei
KOMITbIOTEPHOI porpammoii. CHavaa BeraucisieMm x & (010101...0101),
U nony4daeM 4ucio (0xg,0xyg ...0x1),. AHATOTUYHO IIONYYAEM UHCIO
(Ox350x35 . .. 0x5), B pe3y/bTaTe Olepanuu

x < (x>1)&(010101...0101),,

rae (x > 1) o3HavaeT cABUAT GMTOB YMC/Ia X Ha OJWH paspsiJ BIIPaBo.
[ToTOM CKJIaZIBIBAEM IIOJIyYEeHHbBIE YHCIA. Bce BMECTE 3TO BBITONHAETCS
C/IelyIomuM 06pasom:

X < x & (010101 ...0101), + (x > 1) & (010101 ... 0101),.
B pesysbTaTe TMOTYYUTCsa YUCIO (Y35 ... Y1)y, A/IA KOTOPOTO
(Y2iai—1)2 = Xgi + X551, 1=1,...,16.

3HAYUT, BHIIIOJHUB 4 KOMaH/Ibl, MbI TAPAJUIENbHO CJIOKIIN 16 map yucer.
Jlanee BBHITIOTHAEM KOMaH/IbI:

x — (x & (00110011 ...0011),) + ((x > 2) & (00110011 ...0011),).

Pe3y/IbTaT COCTOUT M3 YeTBEPOK GHTOB, KOTOPEIE ABIAIOTCA BOMIHBIMU
3aIICAMU BOCHMH CYyMM
Xgi +Xgi1 +Xgi 0+ Xg53, 1=1,...,8.

BaMeTI/IM, qTo HepBbeI 6I/IT B Ka)KﬂOﬁ YETBEPKE HyHeBOﬁ, TaK KaK CymMMa
quprex O,ZIHO6I/ITHI)IX quceimn TpeX6I/ITHa. ,Z[aJIee BBITIOJIHAEM aHAJIOT'MU4-
HBIM o6pa30M KOMaH/bI:
x — (x & (00001111 ...00001111),) +
+((x> 4) & (00001111 ...00001111),).
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PCBYJIbTaT COCTOUT U3 BOCbMEPOK 6I/ITOB, KOTOPBbIE ABJAIOTCA IBOMIYHBIMU
3allCAMU YE€ThIpEX CYMM

X8i+x8i—1+---+X8i—7: i:1,...,4.

3ameTHM, 4TO JieBasi IOJIOBUHA OUTOB B KOKJOH BOCbMEpPKe HY/IEBasA, TaK
KaK CyMMa BOCbMH OZHOOUTHBIX YKcCeN YeThIpexOUTHA. Janee BBITIONHSA-
eM aHaJIOTUYHBIM 06pa3oM KOMaH/BI:

x < (x & (00000000111111110000000011111111),) +
+ ((x > 8) & (00000000111111110000000011111111),).

B pesysbraTe MOJIYYUTCSA YUCIO, COCTOAIIEE U3 ABYX GJIOKOB MO 16 6WT,
KOTOpBIE ABJIAIOTCS ABOUYHBIMU 3AIUCAMHE ABYX CYMM

Xi6i + X961 -+ X16m15, [=1,2.

3aMeTHuM, 4YTO JieBasi MOJIOBUHA OUTOB B Ka)XX/JOM OJIOKe Hy/IeBas, Tak Kak
cymMa 16 ofHOOUTHBIX Yuces MATHOUTHA. Jlanee BHIOMHAEM aHATIOTHY-
HBIM 006pa30M KOMAaH/IbI:

x — (x & (00000000000000001111111111111111),) +
+ ((x > 16) & (00000000000000001111111111111111),)

Y NoJlydyaeM OKOHYaTe/JbHO HYXXHYI0 HaM CyMMY, B KOTOPOH JieBas I10JI0-
BHHA OUTOB HyJIEBAsi, a HEHYJIEBBIMU MOTYT OBITh TOJBKO IIpaBhle 6 O6U-
TOB. 3aMeTHM, YTO KKJYIO CTPOKY, KpOMe IIepBOM U BTOPOM, MOXKHO
VIIPOCTUTD, YCTPAHSIA IePBYI0 KOHBIOHKIIMIO U IIepErpyIIINpOBEIBas CKOO-
ku. Harpumep, TpeThio CKOOKY MOXKHO IIEPENUCaTh B BUJE

x — (x+ (x> 4)) & (00001111 ...00001111),.

[Ipu aTOM pe3yabTaT paboOTHl KaXKJOW CTPOKU He U3MEHMTCSA, TaK Kak
Ka)XZIbIF U3 YeThIPeXOUTHBIX 6I0KOB, HA KOTOPbIe pa30UBAETCSA YHCIIO X,
MOJTyYeHHOE B pe3yJbTaTe pabOThl MEPBBIX JBYX CTPOK, UMEET HYJb B Ca-
MOM JIEBOM OUTE, TO3TOMY NPU CJIOXKEHUU ITUX YETHIPEXOUTHBIX GIOKOB
He TIPOUCXOJUT NepeHoca B Apyrue 610ku. [IlepByro CTPOKY MOXKHO YIIPO-
CTHUTD, 3aMEHUB Ha CIEAYIOIIYIO:

x«—x—((x>1)&(0101...01),).

Pe3y/bTaTr Mpy 3TOM He U3MEHUTCS, TIOTOMY YTO MPU BRIYMTAHUU B KaXK-
JIo¥i Tape coceHUX GUTOB OyZET IPOMU3BOAUTHCS OTlepaIys

22 (2xg41 + Xg1) — X914 2% = 2% (X941 + X3y).
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Janee, 3Ty IporpaMMy MOXXHO HECKOJIbKO YIIPOCTUTh, 3aMEHUB IIOCIIE] -
HIOIO CTPOKY Ha CJIEAYIOIIYIO:
x «—x+ (x> 16).

[Tony4yeHHBIN pe3yabTaT OyZeT COBMAJaTh C IMPABMIBHBIM TOJIHKO B 16
IIpaBBIX OMTaX, HO HyKHas HaM MHGOPMAIUs COAEePKUTCA UMEHHO B HUX,
TOYHee, Jja)ke B 6 caMbIX NIPaBBIX. [I03TOMY AJ MPaBWIBHOM PabOTEI
MPOrPaMMBI IOCTATOYHO J06aBUTh CTPOKY

return x & (00...0111111),.

AHAJIOTMYHBIM 00pPa30M MOXXHO 3aMEHUTh U MPEAIIOCAEAHION CTPOKY
B MICXOZIHOM IIpOrpaMme Ha
x —x+(x>38).

Pesysbrat ToTZa OyZET COBIAZATH C MPABWIBHBIM B CaMOi MPaBOH BOCh-
MepKe GUTOB, B CjeAyioleil BocbMepKe OH, BO3MOXHO, OyzeT Hempa-
BWIBHBIM (HEHYJIEBBIM), & B CJIEAYIOLIEH — OMAThH IPaBUIBHBIM, IPHYEM
CyMMa 3THX TPaBWIbHBIX PE3Y/IbTATOB (YKCes, [BOMYHBIE 3ATTUCH KOTO-
PBIX 3aZal0T YKa3aHHbIE BOCBMEPKH) OyZeT OKOHYATENbHBIM Pe3yJIbTa-
TOM IIporpaMMbl. [109TOMy ec/u BBHIIOTHATD yXKe U3MeHEeHHBbIe CTPOKU

x«—x+ (x>16), returnx&(00...0111111),,

OKOHYATeJIbHBIN pe3y/bTaT Bce paBHO OyzZeT BepHEIM. VI3BeCTHO Takke
MHOTO pyTHUX 3$GEKTUBHBIX IIPOrpaMM JJIs pellleHUs TOH ke 3aadu.
HexoTophle 13 HUX OCHOBAHHI Ha clefylomux GopMmysax, KOTOphIe IIpea-
JararoTcs B BuZe 3azad.

3azmaya 36. O603HaYNM CyMMY OGUTOB n-6UTHOTO YrciIa x depes ||x||.
JOoKaxuTe, 4TO
Il = =[5 ]=[§] =~ 13]
3 73 It =l

3agaua 37. O603HaunM (x < i)™ IMKIMYECKUi GUTOBBIM CABUT Ha i

HOBI/II.II/IfI . Jlokaxkure, 94TO
n—1

Ixll == (x <™ mod 2",
i=0
Ykazanue. Kaxzplit 6UT IIpy caBUrax mpoberaeT Bce BO3MOXKHBIE MIO3H-
[[MH ¥ CyMMa 3THX 9uces o Mozaysmio 2 pasua x(11...1), mod 2" = —x.

B kauecTBe IpUMeHEHUsA OBICTPOrO AJITOPUTMAa BBIYUCTEHUS ||x||
MOJKHO OBICTPO BBHIYUCIUTH 3HAKOIIEPEMEHHYIO CyMMY GHTOB

S(X) :Xl—X2+X3—...+X31—X32.
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OueBuUAHO,
s(x) =|x & (0101...01)|| —||x & (1010...10)|, —16<s(x)<16.

OCTaToK OT /IeJIEHNSI HEOTPUIATEIBHOTO YHMCIa X Ha 3 MOKHO HANTH, He
BBITIOJIHSAS A€IEeHMsI, BEIMUCIUB s (x) 1 3aMmeTus, yTo X mod 3=s(x) mod 3.
Jlanee GBICTpee BCErO BOCITONb30BAThCS TPEABHIUYMCIEHHON Tabauiett
OCTAaTKOB 110 MOZYJ/II0 TPU JJIs yrces oT —16 g0 16. B ciyyae 3HaKOBBIX
quces B onpefeseHnn s(Xx) Hy)KHO 3aMeHUTh —Xs3, Ha +X3,. Toraa B dop-
MyJIy ZJist Bhraucaenus s(x) Hazo gobaButh ciaraemoe ((x > 31) < 1),
€CJIM KOMIIBIOTED BBHIMOJHAET CABUI 3HAKOBBIX YKCEJ BIIPABO C 3aIIOJ-
HEHUEM CJIeBa HY/ISIMM, a €CIM TAaKOM KOMaHZbl HET, HO €CTh KOMaH/a
[IPaBOro 3HAKOBOI'O CABUIA, IIPH KOTOPOM CJIEBA BCE OUTHI 3aITOMHIIOTCS
3HAKOBBIM OMTOM, TOIZla HaZl0 BHIYECTh STO C/IaraeMoe.

Jlia BBIYKMC/IEHUS OCTATKA OT AeIEeHUA X Ha 3 MOYXKHO TaKyKe IIOJI0XKUTh

s(x) =7+ 2x + x5 +2x, + ...+ X537 + 23,
(ZU1sT TIOJIOXKUTENBHBIX Yucen). DTa GOpMysia BEIYUCIAETCA IyTh ObICTPEE:
s(x) = ||x|| + ||x & (10...10),]|.

Ho pasmeps! UCITONB3yeMOI Ziaiee TabIUIbl HEMHOTO BO3PACTYT.

[TogoGHbIH ke TpUeM MOXKHO HCIIONb30BaTh U IPU BBIYUCIEHUHU
ocTaTKa OT JleJIEHUs Ha 7, HO B HEM YiKe TIPUAETCS TPU pasa MPUMEHATh
byuKkIwio ||x||. Bo3aMokHO, B 3TOM ciydae 60jiee GHICTPOM OKAXKETCS IIPO-
rpamMma, BEIYUCISIONTAsT

s(x) =21 +2xy +4x3 + x4+ 2x5 +4xg + . ..
mo popmyse
s(x) = (x>30)&(0...0111), +...
oo+ (x>3)&(0...0111), + x & (0...0111),.
OcTaToK OT ZiefleHus Ha 15 MOXKHO BBIYMCIATD C IIOMOIIBI0 GYHKIMH
s(x) =x7 + 23y +4x5 4+ 8x4 + x5+ 2xg + 4x;, + 8xg + ...,
3aZlaBaeMoii popmysoit
s(x) = (x>28)&(0...01111), +...
e+ (x> 4)&(0...01111), + x & (0...01111),,

erte 6picTpee. [IpaBzaa, pasMep HCIIOIb3yEMOM B KOHIle TabIUITBI BO3pac-
TeT 70 120 uncen. EcM 3aMeHUTh COCTaBIIAOIINE ee Yhcaa OT Hy/d A0 15
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Ha UX OCTAaTKH TI0 MOJY/IIO TPU WU TIATh, TTOJIYYUM OBICTPHIE TIPOTPAMMBbI
BhyuciaeHusa x mod 3 u x mod 5. Bo3aMo)kHO, TepBas U3 HUX 6yzeT OBICT-
pee, 4eM yKa3aHHas BHIIIIE.
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