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INPEANCJIOBHUE

[aurenbHasd 3BOAOUAA IPHMEHEHHA KOMIBIOTEPOB M1 YUCACHHBIX
pacyeTOB NpHBeJa K Pa3BHTHIO METOJOB KOMIBIOTEPHOTO MOJETU-
pPOBaHUA ¥ BHIYUCIHTENLHOI O JKCIEpUMEHTA. AKTHUBHOE UCIOJIL30-
‘BaHHEe KOMIbIOTEPOB A NpOBeJeHUs CHMBOJbHBLIX U IpapHiecKux
BHYHCIeHH, OCBOGOXK Jalollee HCCAeIOBATeNd OT [IPOBEJCHUA DPY-
THHHHIX, HO TPYJOEMKHX U YpeBaTHIX OlIN6KaMH npeo6pa3oBaHuy,
CYUIECTBEHHO COKPATHJO BpeMA pealM3alii HAYUHLIX H TeXHH4Ye-
CKUX NPOEKTOB. B3phIBHOe pa3BHTHE KOMIBIOTEDPHHX TeJeKOMMY-
HUKANLUW NO3BOAAET OTAENIbHEIM HCCIeAOBATENAM NONYYaTh JOCTYI
K TaKUM WHGMOPMALUOHHEM ¥ BRIMUCIUTENILHHIM peCypcaM, KOTo-
PHIMH paHee pAcloNaraii TOAbKO KPYMHbIe Hay4YHble OPraHH3ALHN.

B KkOHTEKCT pPacCMOTpeHHHX M3MEHEHHH OpraHWYHO BIHCHI-
BaeTCAd NporpaMMHuiii npopykT ,CrcTeMa KOMUbLIOTEpPHO# afre-
6pu «(MatemaTukar“ amepukaHckod ¢upMel Wolfram Research,
Inc. (nepmas Bepcus — 1988 r., TpeTha — 1996 r.). Cioba
, KOMIIbIOTepHas aire6pa“ ABIAIOTCA CKOpee JaHbIO TPaJULMH, TAK
Kak ¢ nomoiubio , MaTeMaTHki® MOXHO OCYyWIeCTBIATh WIHPOKHH
CIHEKTP CHMMBOJBHEIX Npeo6pa3’oBaHuil, BKAKOYAWILKHE, HApALy C
IPYTHMH, ONepaluy MaTeMaTHYeCKOr'o aHaniu3a: AuddepeHUHPO-
BaHHMe, HHTErPHPOBaHy¥e H MHTErpajbHEIe 1peoGpa3oBaHus, pasio-
KeHue B pAAHl, pelleHue AuddepeHNHaIbHRIX YpaBHEHHA M T.M.

OjaHa 43 CHABHLIX CTOPOH PacCMaTpHBAaeMOro NPOrPaMMHOI0 NPo-



4 IIPEAUCJ/IOBHE

JyKTa — pa3dBHTafl ABYX- H TpexMmepHas rpaduka, UCIOAb3YeMas
JJIA BH3YaJIH3aLHK MaTeMaTHYeCKUX O0GLEKTOB.

ITo cBoeii cymocTu , MaTemaTuka“ npeacraBaseT co6oi S3RIK
NPOrpaMMHUpPOBaHUA BHICOKOTO YPOBHA, MO3BOMAIOIIUK peanru’o-
BaTb TPAaJUUUOHHBLIH TPOUEIYPHEIH U QYHKUHOHAJALHBIA CTHAM
NPOrpaMMHPOBaHKA, a TAKXKe CTHAb NpaBul npeobpasosanni. [lo-
CKOJIBKY pacCMaTpHBaeMbId NPOrpaMMHBIA NPOAYKT obecneiuBaeT
TaKXe [pUMeHeHHe Pa3HOOOPa3HKIX YHCIEHHKX METOJLCB, TO B CO-
BOKYIIHOCTH CHMBOAbHEIE, FpaduYecKie U YUCIeHHhIe BRIYHCICHNAS,
BBEITIOJHAEMble B OJHOM CeaHCe Hcloib3oBaHusa ,MartemarTuku®,
NpeBpallaloT ee B YAOOGHBIH ¥ MOIIHKIA HHCTPDYMEHT MaTeMaTH4Ye-
CKHX HccaegoBanuil. dDakTuyeckoe pasjefeHue B NOCIeJHUX Bep-
CHAX BHIYUCIHTENIBHOTO A4pa ¥ HHTepdeiica, B3aNMOLeHCTBYIOLIUX
Mex 1y cobolt Ha ocHoBe npoTokoaa MathLink, noasonseT ucnons-
30BaTh Y/JAJeHHbIE A1pa B JOKANbHKEX H MMOGAIbHBIX BEI1HCANTENb-
HBIX CeTAX. bBoablioe BHUMaHHe yfgenseTcs B MoC]ejHee BpeMsA
pa3paboTKe NPOrPaMMHBIX CPeJCTB conpsxkeHus ,MaremaTuxkn“
¢ UurepHer.

B nactosmee Bpems ,MarTemaruka“ sBaseTcs OXHOH M3 KOM-
MOHEHT KOMILIOTEPHHIX TEeXHOJOTH# NDOBeJeHHMS HAYYHBIX HCCIe-
IOBaHHU 4 06y4eHHs CTyAeHToB B priciuel wkone CIHIA, 3anaguon
Espons 1 Anonun. Ucnoassosahne ;MaremaTnku® aas 6EICTPLIX
¥ 6e30LIM60YHEIX BHYHCACHUH ¥ AJ8 BU3YAJIH3alUU N03BONAET UC-
clefoBaTelaM COCPeJOTOYUTDH CBOE BHUMaHHe Ha KOHUENTYaJbHEIX
BOMpOCaX Hay4YHHIX NpoekToB. , MaremaTuka“ Takxe obecnedu-
BaeT NpenojaBaHWe, OCHOBaHHOEe Ha OCDOMHOM Da3HOOODA3MH pe-
albHRIX IPUMEPOB MaTeMAaTHYeCKOr 0, eCTECTBEHHOHAYYHOI'0, Tex-
HMYECKOrO M ryMaHuTapHoro xapakrepa. CI0XHIOCL MEXIYHa-
pogHOe coobIIeCTBO MOJ1630BaTeNed ITOI'O NPOrPAMMHOIO NPOAYK-

Ta. CnucOK Hay4YHHIX MOHOrpadHi, NOCBAILEHHHX IPHAOXKEHHAM



,MaTeMaTuKu“, COfepXuT B HacTosllee BpeMa Golree ABYyX co-
TeH HaMMEHOBaHUiH, H3JAIOTCA [Ba XKypHala, IPOBOAATCA eXeroJ-
Hble Hay4YHhle KoHpepeHnun. PupMa-pa3paboTIHK NOLAePKUBAET
31eKTPOHHKH apxuB (www.wolfram.com/mathSource/), cogepxa-
IIHA B cBOGOJHOM JOCTyNme OrpPOMHOE KOJIHYECTBO HAlNMHCAHHBIX
TIONb30BaTENAMH H COTPYAHUKAMH GHPMB HAYYHKIX, MeTOAUYEC-
KUX ¥ y4e6HKIX POrpaMMHLIX NPOAYKTOB.

Mu HageeMmcd, 4TO npejgnaraeMads BHUMAaHMIO YHTATeNs KHH-
ra IOMOXeT eMy GBICTPO HAy4YUTbCH 3aHHMAThCA MaTeMaTHKOM
c nomompbio cucreMul  MaremaTuka“. OcHOBHOe BHHMaHMe MBI
yaenseM NpHeMaM BHINONHEeHHS 6a30BBHIX MaTeMaTHYECKHX IIpe-
o6paloBaHHi u nporpaMMupoBanuio. Hcnoasays meragopy, Mox-
HO CKa3aTh, 4YTO 3TO KHHra MO BOXJIEHHIO, a He YCTPOMCTBY
,aBToMobuaa“. OnuTHbE noaploBaTend , MaTeMaTuku"“, a Tak-
e CIHelHaJUCTH Mo NPOrpaMMHPOBAHUIO K HHGPOPMATHKE, KOTO-
PHIX B 60JblleH CTeNeHH HHTepecyeT UMEHHO YCTPOHCTBO, HAH YT
OAA cebsa moseanoi Moxorpadpuio B.3. Aaagwema, FO.A. Xynura,
M.JI. Ulumwakosa [1]. Hawa kHura npefHa3Ha4aeTcs Jisf HOBHY-
KOB B CHMBOJbHHIX BHIYHCJIEHMAX H HH B KO€H Mepe He MOXeT
3aMeHUTh (YHAAMEHTANIbHOTO PYKOBOACTBA [JAA MNOAb3OBaTelel
C. Boabgpama (2]. [Ipy HanuCaHHM KHUTH aBTOP CTPEMHUICH 0606-
IIXTh ONBIT CBOeH MHOroJeTHed paBoTHl ¢ NPOAYKTOM, YTEHUN
OCHOBaFHHIX Ha ,MaTeMaTuke“ KypcoB Jekuuil B MockOBCKOM MH-
CTUTYTe dJeKTpoHukn H MaTemMaTuku (MUOM) u MockosckoM
rocyapCTBEHHOM YHMBEpPCHTETEe JKOHOMHKH, CTATUCTHKM M HH-
¢opmatukn (MOCH), a Takxke ydacTHs B 6eTa-TeCTHPOBAHUH
ee HoBoi Bepcuu. MHanoxenme Gaszupyercs Ha ,MaremaTuke"
Bepcuu 2.2. Texnuveckue npueMn paboOTH € 3THM IpOrpam-
MHHIM NPOAYKTOM JHIIL B MAJOdl CTENEeHH 3aBHUCAT OT KOMIIbIO-
TepHOH MAATHOPMEl, OLHAKO MepBaf rJaBa KHHIH, B KOTOpOH



6 NPEJHUCJIOBUE

ONHUCHIBaeTCA HHTepdeic NPOAYKTA, OPHEHTHPOBAHA B OCHOBHOM
Ha ,Marematuky“ nox Windows. Ilomumo cTaTeir u3 XypHa-
#1a  Mathematica“ Journal u MaTepua/ioB d1eKTPOHHOIO apXuBa
dupMmbl ykaxem Ha kHur® J[x. I'pos (3], P. Moagepa [4], [5)],
H. Beegenckoro [6], P. I'mnopaa, C. Kamusa u II. Bernuna (7],
OTKyJa Mhl NOYepHHYIM WAeH psAjga NPHMEPOB M YIParKHEHHH.
IlpocuM Bamu OT3LIBHL M NpefloXKeHUs HalpaBIATh MO ajlpecy
emv@amath.msk.ru.

Bhipaxalo CBOIO MCKPEHHIOI [PH3HATENbHOCTh MIpOdeccopy
Mutepy [x. OaBepy 3a BHeYaTJAILYIO JIEMOHCTPAUMI >ddex-
THBHOCTH , MaTeMaTHKH® ANd CHMBOJBHBIX BHIYHCAEHHH MO CHM-
MeTpHAM JUdepeHIHAIbHEX YypaBHeHMH, crygentam MHWU3OM
Ouxnery I'puuinny, Autony /Mxamawo, Muxausy Pypcony, crapiie-
my npenogabareno B.H. 2KuxapeBy, y4acTBOBaBIIUM B HAUCAHHH
CHeUUATU3MPOBAHHOIO MaKeTa CHMBOJILHRIX CHMMETPHHHLIX BHI-
yucaennt SYMMAN ([8]). Astop npusnatener A. Bouaposy,
C. Boabgppamy u JI. CHATHIKOMY 32 FOCTENPUMMCTBO U HHTEpec,
NPOABJAEHHBI UMH K Hay4YHBIM pe3y/JbTaTaM aBTOpa BO BPeMA €ro
cTaxuposki Ha dpupme Wolfram Research, Inc. B pamxax nporpam-

MBI HCCIeTOBaTeNIbCKUX I'PAHTOB.



YyACTb |

S,MATEMATHKA “
KAK CUMBOJILHBIN,
IT'PAPUYECKUN
N YNCJEHHLIA
KAJIBKYJIATOP

[lepBuit Wwar B oBrajenuu ,MaTeMaTHKOH“ — HalaXKHBaHHe
ANaiora c He#f, XOTA HacTosllee MAcCTEPCTBO NeMOHCTPHDYIOT Te
Mob30BaTeNH, LM% KOTOPHX ,MaTeMaTnka“ ABIfeTCS B nepBYio
odepelb S3LIKOM NPOrPaMMEPOBaHHA BRICOKOTO ypoBHA. [uano-
roBuli cnoco6 ucnoab3oBaHHs ,MaTemMaTHKH® npegnonaraeT ee
TPaKTOBKY KaK GOAbLIOrO KalbKyliTopa. MeHHO Tak OHa MOHH-
MaeTcd B nepBoM 4acT¥ KHuUrH. [18 GONbIIOK KaTeropku NOIbL3O-
BaTe/el, 3aHHTePeCOBAHHKIX B IPOBeJleHHH NPHKIAHLIX PacieTOoB,
3Toro 6yfeT, NO-BUIHMOMY, BIOJHE JOCTATOYHO.



I'maBma 1
A3BYKA ” MATEMATHUKN“

IIpesnonaraeTcs, YTO U3yyeHHe KHHUTH YHTATENEM NPOUCXOJUT Y
NepCoHaNbHOTO KOMNbIOTepa, Ha KOTOPOM HHCTaJaMpoBaHa ,Ma-
TeMaT#ka“. Oco6GeHHO NOJ€3HHI NapalielbHbe ¢ YTEHHeM BbI-
YUCJeHUs WMEHHO [JIA NepBOH IJIaBhl, B KOTOPOWl OMUCHBAIOTCHA
OCHOBHbIE NpHeMH PaBOTH € NPOrPAaMMHHIM NPOAYKTOM M IaeT-
cA 0630p ero BO3MOXXHOCTEH.

1.1. IlepBrn ceanc

,MartemaTuka®, nmogo6rHo 060N XPYrod NPHKIAJHOM NPOrpaM-
Me, noMelleHHo#t B o6oaoydky Windows, HaunnaeT pa6oTaTh mo-
cle TOro, Kak BB JBaXKAHl IlIeJKHeTe JeBOH KHONKOH MEIIIKH
OpH NOJOXKEHHM ee yKa3aTesd, HANPaBIeHHOM Ha MUKTOrpDaMMY
,MaremaTukn“. OTKphIBaeTCcS NpAMOYyroibHoe paboiee OKHO, B
KOTOpPOM HMMeeTCs MOPH3OHTaNbHaA HYepHad JHHUA B BepXHedl 4dac-
TH 2kpaHa. Kypcop B OkHe MOABHTCA KaK TOJILKO C KJIaBHATYPH
6yneT BBefeH 060N 3HAK, B TOM 4Hcle npoGei. B neBoM Bepx-
HeM yrJy 3KpaHa 6yIyT HaXOJUTHCA BBEJEHHEIH 3HAK ¥ CIpaBa OT
Hero kypcop. Kpome Toro, B mpaBoM BepxHeM YLy 3KpaHa IHO-
ABHUTCA CHHAA KBajpaTHad ckKobKa, o¥epyMBaiollad BepTHUKaJdbHbEIEe
rpaBdibl SYEHKH, COLeprKallledl BBEJeHHI ¢ KJIABHATYPhl CHMBOJ.
HanedataeMm npocTeiiliiee apugMeTHIeCKOe BHpaxKeHue: 2+ 3.
Haxarue xnasumr Shift+Enter, unru Insert, uau xnapumn 5 B
HUGMPOBOH 4HaCTH KJIaBHATYphl PU NOJOKEHHH KypCcOpa BHYTpPH
fAYedKH 3aCTaBUT ,MaTeMaTHKy" BRIYMCIHTL BBeJeHHOE BHIDake-
Hue. [locne BRIMHCICHHSA HA DKpaHE MOXHO YBHAETDb clefyiollee:

In[1]:=2+3
Out{l]=5



1.1. ITepsrit ceanc 9

Kpome Toro, nox BEYHCIEHHHIM BhIpaKeHHEM HMeeTCH POPH3O0H-
TaJlbHaf YepTa, HHXKe KOTOPOH cleBa MOABUTCH NePBLIR 3HaK HOBO-
IO BEIpaXXeH# R, KaK TOJbKO BH €0 HayHeTe Bne4aTunBaTh. Hcxoa-
HOe BhIpa)keHue NPUCBOEHO B KayecTBe 3HaYeHHs o6bekTy In[1],
a pe3yabTaT - o6bekty Out[1l]. DTH O6BEKTH NOABAAIOTCA NO-
cle BBHIYMCAEHUS, MODTOMY He clefyeT oxuiath In[2]:i= kax
IpHUIIAlIEHHA MPOrpaMMbl K BBOAY CAEAVIOIErO BHIpa)KeHHH. B
fanbHeWuieM BBOJ ¢ KaaBuaTyphl In[1] okBuBarenTeH BnevaTh-
Batuwo 2+ 3, a BBog Out[ 1] paBHocureH BBogy 5. 3Haku (= n =
UMEIOT CYLIECTBEHHO PAa3dM4HBIA CMBICA M HA3bIBAIOTCH OMAONEN-
Hblm U Hemedaennslm npucBoenneM. C NOMOLUBIO := NPUCBAKBALTCH
B KayecTBe 3Ha4YeHUS HEBHUUCIEHHOE, 3 C NOMOIIbI0 = BRIYUCAEH-
HOE€ BRIpaXKeHHA.

PesyabTaT BRIYMCIEHHA NOMelLUeH B HOBYIO f4eHKy Ha JKpaHe,
orpaHMYHBaload CKobkKa KOTOPOH OTIHYAETCH OT CKOOKH BXOJ-
HOM fYeMKH. OTO O3Ha4yaeT, YTO BXOJLHbIE W BHIXOJHLIE AYEHKH
UMET pasHue cBolicTBa. B mobyio BXOJHYIO A4YelKy MOXHO He-
pPEMeCTHTb KypCcop, OTPeJaKTHpPOBaTh ee, 3aMeHUB YacTh HIH BCe
BXOJHOe BHIPaXKEHHe, ¥ 3aTeM 3aHOBO BHIYMCIMTH. B BhixogHme
AYeHKH Helb3A epeMeCTHTh Kypcop 6e3 BHIIIOJHEHUR HEKOTOPHIX
npejBapUTENbHEIX ONlepaliiii, O KOTOPHX MH CKaxkeM nosxe. Kpo-
Me TOr'o, H BXOJHYIO, ¥ BLHIXOJHYIO A4eliK# OKalMJfeT ellie OZHA
ckobka. Ee MoXHO HCNONB3OBATD A4 TOIO, YTOGHL ,, CHIPATATH BhI-
XOJHYIO A4eilKy. DTO MOXeT NoTpe6oBaTbCA, HApUMep, B CAy4ae,
KOT'/Zia BLIYMCIEHHOE BhIPaXKeHHe T'POMO3JKO, NOITOMY BHIXOJHAA
AYelKa 3aHUMaeT CIHLIKOM MHOT'O MeCcTa Ha JKpaHe.

[lns TOro 4To6H BpeMEeHHO 3aKPhITh BRIXOIHYIO A49eifKy, NOJABO-
OAT yKa3aTelb MBIUKHK K BHeIUHell cko6Ke cnpaBa. YKa3aTelb NPH
9TOM NPHHEMAeT BHUJ HalpaBleHHOH BJEBO CTPENKH, OrpaHMYeHHOH
y ee OCTPHA BePTHKANLHEIM OTpe3koM. JIRaXK[bl WeNKaloT JeBok
KHONKOK MBIIIKH, NOCHe 4ero Ha DKpaHe OCTaeTCA BUJHA TONBKO
BxoaHaf fdeika. OkxaiMmafiomad ckobka oKpallHBaeTca B Hep-
HLIM IBeT, ¥ FOPU3OHTANbHasA JHHHUA UcYe3aeT. Ded Hee momuITKa
BBECTH C KJIaBHATYphl KaKoi-1#60 3HaK ycnexa He HMeeT, NOITO-
MY cleflyeT BOCCTAHOBHTL 3TY JHMHHUIO, IIEIKHYB JeBOH KHOMKOMH



10 [JIABA 1. ABBYKA MATEMATHKH"

MBIWKHY NPH NOJOXKEHHH ee yKalaTels HUXKE H3IMEHEHHOH A4YeHKH.
OTKpHBaOT X158 0603peHUA CNPATAHHYIO BRIXOZHYIO f4eilKy TeM
XXe MeTOoJ0M. ’

IIpogonxum Hallle 3HAKOMCTBO ¢ NpaBUIaMi BBOJa apH(pPMeETH-
yeckux BhipakeHuH. IIpoussegenue 4ucen 2 ¥ 3 MOXHO BBeCTH
460 B Buge 2* 3, 1n60 B BUAe pa3feleHHHX npobenom nudp 2
3, T.e. Kak 2 3:

In[2]:=23
Out[2] =6

C noMowbio HaKJIOHHOW YepTH / BBOAATCHA APOGH:

In[3]:=105/335
Out3]= &

a C TTIOMOILbIO 3HaKa ~ — CTelleHH:

In(4] :=5"10
Out[4] = 9765625

[Ipu BBOje 60Nee CIOXKHKIX BHPaXKeHUH clefyeT KMeTb B BUAIY,
yTo  Matemarnka® npugep>KuBaeTCA TPAJHUHOHHEIX COrallleH i
O CTapIIMHCTBe apHdMeTHIecKHX onepauui. TakuM o6pa3oM, BHI-
paxenue 2+ 3 x4 BHYHCAATCA Kak 14, a He kakK (24 3) x4, Te.
20. TeM He MeHee He C/lelyeT DKOHOMHTb Ha KPYIJRIX CKOGKax
( m ), ucnoab3yemux Aas rpynnupoBanui. B  MaremaTuke* ux
NPUXOAKTCA MCNOAB3OBATH roOpasjfo 4auie, YeM OGLIYHO, B CHJIY
,OQHOITAXHOrO" xapakTepa BXOZHOro ¢opmarta. TpaiMUHOHHO
MoxHO HanucaTh: 23/45, a B MaTemaTuke* 6e3 Kpyranx cko6ox
He o6ouTHCh: 2~(3/4) 5. Ecau uanewarats 2-3/4 5,70 3T0 Gyger
BocnpuHATo Kak (23/4) 5. Bupaxenue a/b/c 6yeT aBTOMaTHYeE-
ckH crpynnuposaHo Kak (a/b)/c; a~b~c kak a~(b~c); no3TOMy He
CTeCHANTECh CTABHTb KPYrible CKO6KH, YTOGH TOYHO BHIDA3HTh,
YTO Bbl XOTHTE BHYHCIHTD.
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KpoMe kpyrinix cko60k BO BXOAHBIE BhIDa)XKEHHA MOT'YT BXO-
AATH KBajpaTHhe [, | U durypuue {, } ckobku. KsajapaTHme
CKOGKH HCIOMAB3YIOTCA AJf BRIAENCHUS apryMeHTOB DyHKUMH HIAH
KOMaHJ:

In[5]:= Log[35.1]
Out[5] = 3.5582

Mu BRIYMHCAUAM HATYpPadbHBIR TOTApPU(PM BEIIeCTBEHHOI O MHC-
aa 35.1. OrTMeTHM, 4TO BelleCTBeHHLIE YUC/Ia 3aNHCLIBAIOTCA C
TOYKOH B KadyecTBe pasjenldTens lUelod  gpobHoi dactu. Kpome
TOT'O, YMECTHO 3aMeTUTb, YTO CTPOYHHE M TPONUCHHE OYKBH
pasauyaloTci M nodromy MMs Log norapudmmieckoR yHKUHH
Henb3d BBecTH Kak LOG uin kax log.

yMaTeMaTHka" COLEPXUT OKONO THICAYM BCTPOEHHBIX (PYHK-
unii (xkomang). IlodToMy ee Kcmoab3OBaHUE KakK CHMBOALHOTO,
rpagUYeCcKOro X YHCIEHHOIO KANbKYJAATOPa CBOIUTCA B OCHOBHOM
K NPUMEHEHHMIO PA3NUYHHX (PYHKUHHE K UCXOJHHIM BHIDAXKEHUAM,
3aTeM K QYHKUHMAM OT HCXOJQHHIX BHIDaXKeHHH, 3aTeM K PYHKUKAM
OT PYHKIHH OT HCXOJHHIX BRIPAXEHUN M T.X.

In[6] := Factor[x"5 — 2°5]

Out[6] = (-2 +z)(16 + 8z + 422+ 223 + z*)
In{7] := Last{Out[6])

Out[7) = 16 + 8z + 42% + 223 + z*

Pyukuus Factor packnaiblBaeT NOJHHOME Ha MHOXKHTEIH, &
Last B fannoM ciyvae uMeeT 3HaveHWeM NOCIeIHUA MHOXATENL
npou3sBejenus. KcraTh, supaxenne In[7] MmoxHno 6110 611 BBECTH
B Buje Last[%6], yTo 6onee yg06HO.

Jng BBOA3 AMMHBBIX BHIPAXEHUH MOXeT OKal’aThCid MAJO OJHOH
CTPOUKM fA4eiiku. B 3ToM ciyvae HaxaTHeM Kiapuluk Enter mMox-
HO MepedTH Ha HOBYIO CTPO4KY TOH Xe sveiiku. [Ipu sTom B KoHlue
cTpokK GyjgeT aBTOMATHYeCKH NOCTaBJeH npo6en, KOTOPHIH B He-
KOTOPKIX CIy4YafX MoXeT GHTbL BOCIPHHAT KaK 3HAK YMHOXEHHS.
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YT06H H36exaTh 3TOr0, CTABAT 3HAK \ B KOHIe CTPOKH Hepef, me-
peHocoM. Eciu 3Toro He caenraTs, TO HyXHO COGNIOCTH caeayioliee
NPABUIO: OCTaBIIMECHs B MepBOHl CTpoke GYKBHI, UAMDPH H IpPYyrHe
3HAKH He JOJXKHH NOPOX[JaTh CAMOCTOATENbHOE, UEeAQCTHOe BhI-
paxenue , MaTtemaTHk®“. B NpOTHBHOM clly4ae 3TO BHIpakKeHue
6yfeT BbIYHCIEHO OTZeNbHO. MHade cKaXkeM, YTO B A4eHKY MOXHO
BIEYAaTaTh C KJIABHATYPH HECKOJNbKO BRIPAXKEHMH, HAYMHAIOUIUXCH
KaXKfoe C HOBOH CTPOKM, KOTODPHE NO OTAENbEOCTH ¥ NOCAeAOBa~
TenabHo 6YAYT BRYMCHEHHL.

Ecay ke BBoAMTCS OfHO BHIpaXKeHHe, 3aHHMalolliee HECKOJNBKO
CTPOK fuedkH, TO aubo Bce BLIpaXkeHHe ClefyeT 3IaKAOYATb B
Kpyribie cCKoOkH, JHOO KaXKAyl CTPOYKy cjaelyeT 3aKaH4YMBaTh
Tak, 4TO0O0H OLLIO ACHO, YTO BhIpa)KeHHe BBOJAOM He 3aKOHYEHO.
Hanpumep, MOXHO OKaHYMBaTh CTPOHYKY 3HakaMu +, —, / WaM
OTKphHIBaIOUIEH KBaAPaTHO! CKOGKOM U T.1I.

Purypunie ckobku B , MaTeMaTnke" HCIOAB3YIOTCA 118 BBOJA
¥ BhIBoja cnuckoB: {a,b,c}, {z,2,Abs[z],y~2} u T.5. Daemen-
TaMH CHOUCKA MOTYT ORIThL JI0GEE BHIpaXK€HHA, B TOM 4YHCIE H
cnucku. Crucok {{al,a2,a3},{b1,62,03},{cl,c2,c3} } MoxHO no-
HUMaTh KaK MaTpHUy 3 X 3, 3allHCAHHYIO HOCTPOYHO!

In[8]:= m = { {al,a2,a3}, {bl,b2,b3}, {c1,c2,c3} )
Out[8] = {{al,a2,a3}, {b1,62,b3},{cl,c2,c3} }
In[9] := m//MatrixForm

al a2 a3
Out(9]//MatrizForm= b1 b2 b3
cl c2 c3

Ecan B npegngymnx npuMepax CHMBOJI QYHKIHHE NpegiecTBO-
BaJ apryMeHTy, T.e. HCNONbL30Bajach npedukcHas hopMa 3alucH,
TO B NOCIefHeM NpuMepe (PYHKHHA OofHOro aprymenta Matrix-
Form nocrassiena noce cBoero apryMenTa, Ui, HHade, 3alHcaHa
B nocTdukcHoi ¢popme. KpoMe Toro, peayibraT BOCBMOT'O BbIYH-
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CJIeHHSl IPUCBOEH B KaYecTBe 3Ha4eHHs He Toabko o6bexTy Out[8],
HO # CHMBOJIY ™M, YTO I'opa3jfo yAoOHee CO MHOI'HX TOYEK 3peHHA M
ABAfETCA 06lueynoTpeGUTEIbHBIM NPHEMOM BHIUHCACHHH.

IIpu BBOJe BRIPa)KEHHH MOTYT NPOUIOHTH OLIUOKH, HIH BOIHUK-
HeT HeO6XOAUMOCThL U3MEHUTh MM CKOMUPOBATH YaCTh BHIPAXKEHHSA
B KakKoW-1u60 BXofgHOU fveitke. B aToMm cayyae ciegyer npuber-
HYTb K peJaKTHPOBaHHIO. [J1d BXOIHHIX AiieeK 3TO MOXHO CAeNaTh
CTaHZapTHEIMH [IPHEMaMH, NIPHHATHIMY B TEKCTOBBIX PeJaKTopax,
paboTarmux nog Windows, 1.e. ¢ nomowmsio Clipboard # komang
Edit Cut, Edit Copy, Edit Paste.

YaanuTh, CKONMPOBATH, BCTABHTb MOXHO HE TOIBLKO J106YI0
9aCTh COJEPXUMOrO BXOAHOW A4YelKM, HO M BCIO AYEHKY B UEIOM.
[ns aToro ee cregyer evidesums, NoLBesd YKa3aTelb MBILIKH COpa-
Ba K CKO6Ke A4edKH ¥ LIEJKHYB JeBoi knaBuimel Mummku. Ckobka
naMeHnT nBeT Ha 4epHHid. C nmomowsio Clipboard aveitky uau
ee 4acTh MOXHO BCTABHTH B JA060# ApYrod JOKYMEHT NPHKAAJ-
Hoit Windows nporpamMmul. PegakTupoBaTbh MOXHO U BHIXOJHKE
AYeHKH C pe3yAbTaTaMM BRIMHCIEHHH. KECTeCTBEHHO, 4TO MOX-
HO YAAJUTH UNM CKONHPOBaTh BCIO BBIXOAHYIO fA4edky. Ecam xe
TpebyeTcs H3MEHUTDL YacTh BHIXOJHOM A4eldKH, TO ee CAeAyeT npes-
BapUTENbHO ChelaTh HedhopMaTHPOBaHHOH. J[lns 3TOro BRIXOLHAf
fAveiika puijgensercd, U B MeHio Cell Bnbupaetrca komanjga For-
matted. Ilocie ee BHNOIHEHHA COJEpPXKHMOE BHXOZHOH AYEHKH
6yneT 3alMCAHO BO BXOJHOM (popMaTe, YTO [O3BOAHT H3IMEHHTb,
BHIpE3aTh WM CKONHpOBaTh YacTh fyediku. [locne pegakTuposa-
HUA BhHIpa)KeHMe B pacCMaTPHBaeMOH fdelKe MOXHO BHIYHCIMTS,
Iisg qero ee genaloT akTupHodl ¢ noMoiusio Cell Inactive. Takum
06pa3oM, MocCjke ONMCAHHEIX JeACTBHE GHIBIIAA BHIXOLHAA AdedKa
CTAaHOBHTCH BXOJLHOM.

Pa6oTa ¢ ,MaTeMaTnkoit“ odpopMmiageTcs B BRjJe COXpaHAEMO-
ro B OTAeNbHOM ¢aiiie MHTEPAKTUBHOTO JJIEKTPOHHOTO JOKYyMeH-
Ta, Ha3hiBaEMOIO JalUCHOH KHHXKKOH. 3amMCHEIE KHHXKH MOTYT
COepXaTb B CBOMX f4eHKaX OGBLIYHBIN TEKCT, BRIYHCAAEMBIE BHI-
paXKeHHs, pe3yAbTaTH BuIYKHCAeHUH U rpagpuky. Eciau Bu xoTuTe
NaTh Ha3BaHHe 32aNHCHOH KHHXKe, TO HaleyaTaHTe ITO HadBaHHe
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B OTAeJbHOH f4ellke B HavaJje JOKyMeHTa. [IpH ycIOBHH, YTO Ball
KOMIIbIOTEp PYCHOHUHUPOBaH, MOXKHO NEPEKAIOYHTH KIaBHATYPY Ha
pycckue 6yKBhI, XOTS, BO3MOXHO, B TOT MOMEHT BLIBOAMMEIE Ha
9KpaH CHMBOJHI He 6yAYT BHIIIAJeTh KaK pycckne GyKBhI. Bhijgenn-
Te fAYeHKy, o6paTHTech K MeHio Style, HaxogsimeMycs B BepxHel
jacTH paboyero okHa, M BuGepuTe KoManzy Cell Style. B me-
HIO DOABHTCA NepevYHCleHHe BCeX THNOB fieeK, KOTOPHE MOryT
CONEPXAThCA B JAMUCHHIX KHHXKaxX. Ilo ymoadammio, mobas HO-
Bag f4elika uMeeT THn Input, T.e. ABAAETCA He)OPMATHPOBAHHON
u akTuBHOW. Bmbepure Tun Title uan Gonee ckpoMuu# Subti-
tle. Bul yBuauTe, 4TO TekcT B A4Yeidke uaMeHun pasmep. CHoBa
o6paTuTech K MeHI0O Style u BruGepure nynkT Mmerio Font. B no-
ABUBLIEMCA OKHe Auajora GyaeT cojep:kaTbCcid HHGOpMauus 060
BCeX HMEIOUINXCA THNaX WpPHPTOB, 06 HX pa3mepax H usete. Ecan
o6onouka Windows cHabkeHa KUPHANHICCKHMH ILIPHPTAMH, TO
HMH XXe ocHallaeTcd H ,MareMmarTuka“. BribepuTe wpudpT, pas-
Mep u nBeT, HaxxmaTe OK, n 3anucHad KHAXKa o3ariasaesa. [Ipu
YCAOBHH, 4TO NMPOHM3OLLIO NepeKkNlo4eHHe KAaBHATYpPhl M BRIGpaH
KHDUAIHIECKHH WPHDT, Ha3BaHHE KHMKKH NMOABHTCA Ha PYCCKOM
s3nike. [lone3aHo nepeMexaTh BRIYUCIEHHS KOMMeHTapuamu. Kom-
MEeHTapHH Jy4llle BCEIo NOMewWwaTh B A4eikH, BMeomue tun Text.
IIpu Heo6XOAHMOCTH B KOHIe ceaHca paboTh ¢ , MaTemaTnkoi
3anucHa® KHUXKA COXpaHAETCA. OTO jJefaeTcs CTaHAapPTHO C
nomowpio File Save As. Uma ¢aina He 0643aHO COBHAAATH C
3arJaBHeM 3alHCHOH KHHXKKH. Bo BpeMfi ceaHca MOXHO OTKPHITH
HeCKOMbKO JaNUCHHX KHHXKeK, npubernys x File New.

1.2. OCHOBEI CHHTaKCHCA ”Ma'reMaTuKn“

[Ba ¢dyHJaMeHTaIbHEIX NOHATHA JNeXaT B OCHOBe paboTum ,Ma-
TEeMaTHKH®: ebipacxcenue U Gvinuctenue. BrlpakeRHs — OCHOBHOM
THN KaHHHEX B, Matemaruke“. OnpejesnM 3TO NOHATHE PEKYPCHB-
HO, HaYHHad C ATOMapPHKIX BHPaXXeHHH: CHMBOJIOB, YHCEN H CTPOK.



1.2. OcnoBnr cunraxcuca  Maremarmy 15

CHMBOAH eCTh OCHOBHHE HMEHOBaHHKeE 06bexTH. Mg cumpona —
3TO Ai06as NOCNe[OBATENLHOCTD JATHHCKAX CTPOYHKIX HAH MPONHC-
HHX GYKB, UHp ¥ 3Haka $, He HaguHaOWancs ¢ qudppu. CTpounne
B NponKcHEe GyKBH pasnndalorcis. Hanpuwmep, z, aB, u$v25 u 1.4.
€CTb CHMBOJHL. '

Yucaa B ,MaTeMaTHKe® pacCMATPHBAIOTCA YeTHIPEX THOOB:
nejnle, palHOHANbHbEE, BellleCTBEHHHE N KOMIUIeKCHHe. Bce Trnu
9HCeA MOTYT COAepXaTh Jio6oe KoaudecTBo uugp. Irobu dncao
PacCMaTPHBANOCh Kak BelleCTBEHHOE, OHO JOKHO COAepXaTh TOY-
Ky B ero 3afHCH, Jaxe B CliydYae, eCIH HMeeT HYJAEBYIO MAHTHCCY.
[Ipn Buryncrennsx ,MaremaTHKa“ COXpaHAeT, €CIH 3TO BO3IMOXEO,
THN 9ucen. HanprMep, kBagpaTHBIH KOpeHb K3 4, IpejcTaBleHHNE
BupaxenueM Sqrt[4], BuymCAATCE Kak 2, a KBaAPATHHH KOPeHb
#3 2, T.e. Sqrt[2], mocre BuiACIeHHA GyjeT Takxke 3amHCaH B BH-
&e Sqrt[2]. Jlag Toro 4To6H NOAYYHTb NPUOAMXKERHOE 3HAYEHHE
3TOro KOPHA, ClefyeT BHIACIHTh KBaAPaTHHIH kopens Sqrt[2.] u3
BEUIECTBEHHOI'O YHCJIA 2, NpeACTABIEHHOIO KaK 2. HiaH kak 2.0 B
ero 3amucH.

CTpok# — 3TO 3aKkilO4eHHHE B KaBhIYKH NOCIeJOBATENbHO-
cTH 6ykB, UAGp ¥ cuenHanbHuIX cHmsonos: ,This is a string®.
Ecau BHYTPH CTPOKE HCNOAB3IYIOTCA KaBHIYKH, TO HX ClefyeT npej-
CTaBHTHL B BHJe nociegoBaTenbBOCTE \”. CTpPOKH Takke MOTYT
COAepXaTh NOCAEJOBATENLHOCTH: \n — lIepexoja Ha HOBYIO CTPOY-
Ky, \t — Tabyasuun K \nynyns, rAe n1ngn3 — BOCBMEPHIHKIA KOJA
ASCIL

IIpousBoabHEle BRIpaxXenus ,MaTeMaTHKH “ CTPOATCH, HAUHHAN
C aToMapEHX, # umeoT BEX: h[ej,ez,...,eq], rge h HasnBaer-
C 3arOJNOBKOM BHIDAXKEHHSH, a €3, €2, ... €, — JIEeMEHTaMH, HIH
HeNnocpeJCTBEHHLIME NOABHpPaXKeHAAMH, HAH JaCTAMH PacCMATPH-
BaeMoro BulpaxkeHns. Y 3arosoBox, B dAeMeBTH TakXe ABRIKIOTCS
BHpaXKeHHSMH.

Ecan 3aronoBok — CHMBOJ, TO BO3MOXHH CAeAyIOlUIHe OCHOB-
Hhle MHTepHpeTaluH ero CMHCAa. J3arofOBOK MOXHO NOHHMATH
KaKk HMi MaTeMaTHyeckoR ¢ynknmm: Sin (cmmyc), Exp (axcno-
HeHnHaibHAA (YHKOHA), kak komangy: Factor (pasnoxurs Ha
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MHoXuTenH), Delete (yzanuts), kak Tun jamrunx: Integer (ue-
noe), List (cnucok). Ml npuBeas B KadecTBe NPUMEPOB BCTPOEH-
HHle (CACTeMHHe) 3aroioBKH. -Bce TakHe 3arofoBKH HaYHHAIOTCH
C 3arJ1aBHON JaTHHCKOH 6YKBH H ABJAAIOTCA NOJHHIMH HMEHaMH Ha
aHCIHACKOM COOTBeTCTBylowero o6bekTa. HecMoTpa Ha To 4TO
3aroJOBKH COBCEM He O6Gf3aTelbHO HHTEPNPEeTHPYIOTCA KaK HMe-
Ha QYHKUHH, MH fatee GygeM Ha3nBaTh UX GYHKUAAMH, CAeXYS
TpafHIHEH, YCTAHOBHBIIEHCH B AuTepaType no ,MaremaTuke“.

CkasanHOe BHIIE OTHOCKHTENbHO BHIpaxKenuit ,MareMmarnku“
CnpaBefIHBO OTHOCHTEJIbHO BHYTDeHHEH, HAH NOAHOK GOPMH BH-
pakeHH#, T.e. TOH GOPMH, KOTOpPad BOCHDHHUMAETCHA BHIYHCIH-
TelbHHM AIpoM cucTeMHl. CHHTAaKCHC BHIDa)XeHHH, BIeYaThIBa-
eMLIX C KNaBHaTypHl BO BXOJHHE AYeHKH, MOXeT OTAMYATHCA OT
CHHTAKCHCA NMOAHOH (POPMEIL.

PaccMOTpHM clefyoliHe BRIpaXKEHHA:

BxogHou ¢opmat BuyTpennas (noaxas) BrixogHOM opMaT
BHIpaXeHHA ¢popMa BRIPAXKEHHA BLIpaXeHNA

x+a Plus|a, x] a+x

Xa Times[ a,x] ax

x*a Times|a,x] ax

x"a Power| x,a) x®

Xx-a Plus[ Times[-1,a],x] -a+x

x/a Times[ Power[a,-1},x) z

Mel BH UM, 4TO CYLIECTBYIOT TpH popMaTa BHpaXkeHHil. Bxog-
HO# (POPMAT XapaKTepH3yeTCs TeM, YTO BHIpaXKeHHe ImedaTaeTcA
B OQHY CTDPOKY, W oflleynoTpeGRTelbHBIe MaTeMaTHYeCKHe OIe-
panuH MOTyT GHITb 3alMCaHbl B CIeNHAIbHOH, HHOUKCHON dopMe.
Boree Toro, B uHpHKCHON dopMe MOryT GHITH 3aNUCAHH BO BXOJ-
HOM ¢opMaTe Jo6hle pyHKHE ,MaTeMaTHKH® OT AByX aprymes-
ToB: {a,b} ~ Delete ~ 1. MHu y>xe ynoOMHHAIH, 9TO GYHKIUHA Of-
HOro apr'yMeHTa MOr'YT GHTb 3alHCaHBl H B NOCTGOHKCHOH ¢opMe,
T.e. NOCIe CBOEro apryMeHTa. BHXogHO# (OPMAT MaKCHMAJbLHO
NpAGAMKEH K TPAAHLHAOHHOMY NpPEACTABIEHHI0O MaTeMaTHIECKHX
BHpaXXeHHH ¥ MOXeT HOTPe6oBaTh HECKOJAbKO CTPOK I BHIBO-
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Ja Buipaxenus. HaxkoHel, BTopas KOJOHKa JaeT mpejiCTaBieHHe
MaTeMaTH4ecKHX ¢opMy] B BHjJe BupaxceHu#t ,Maremaruxku®. B
PAacCMOTPEHHKIX NPUMEPaX BRIYHCICHHUSA CBEJIUCH K COPTHPOBKE, T.e.
K yNOPAJOYMBAHHIO CHMBOJOB HCXOJHOT'O BHIPAXKEHHA B COOTBET-
CTBUH C BCTPOeHHHIM B , MaTeMaTHKy“ nops koM.

Dyukuus AtomQ, npuMeHeHHas K apryMeHTy erpr, T.e. BHI-
paxenne AtomQ|ezpr] npu Brr4ncieHnH umeeT pesyastat True,
€ClM BHIpakKeHue erpr, 6ydyuu 6bINUCAEHHbLM, ABIACTCA aTOMAap-
HelM, H False — B nmporuBHOM ciyyae. 3alojOBOK BLIYACAEH-
HOTO BHIDaXKEHHd eIpr MOXHO Haiitu, Buyncass Head[ezpr].
Hanpumep, Head[2] ects Integer, Head[b$x] ects Symbol,
Head[,,I read a book*] ects String. Haxonen, anement ex MoXx-
HO MOJAYYHTH C NOMOIIbI0 GyHKUHH Part nyTeM BhIYACIEHAA BRIPa-
xenun Part[ezpr k], uau, 4To TO Xe camoe, Bupaxenns expr|[k]].
Ecsn BrIpaXkeHHe aTOMapHoe, TO H3 HEro Helb3s U3BJeYb HHKAKOH
Y3CTH.

O ToM, KaK BHIYMCAHIOTCH BhIpaXKeHus, MH 6GygeM mogpo6-
HO rOBOPHTH B 1. 8. 3jech AMIUb YNOMAHEM, YTO BHIYUCIEHNS
OCHOBHIBAIOTCA Ha NpaBH/iax Npeo6pa3oBaHUA BHIpaXKeHHH, NPaBHA
KaK BCTPOEHHHX, UAH CHCTEMHHX, TaK H ONpeJelfeMBIX MOJb-
3oBaTeleM. DBhlpa)keHde CYMTAETCH BHIYUCAEHHHIM, €CIH OHO He
M3MeHAeTCA [pH NPHMEeHEHHH K HeMy JI0GOro M3 noJobHBIX Npa-
BHJ npeobpa3oBaHuil.

[IpocreuTh 3a XOZOM BHIYHCIECHHHA MOMHO C [OMOIILIO PYHK-
uuu Trace uau TracePrint.

In[10]:= Trace[2(3"2+1)]
Out[10) = {{{3%,9},9+1,1+9,10},2 10,20}

IIpuMep nokasmniBaeT, YTo ,MaTemarnka® cresyeT O6GHYHEIM
IIpaBHJAM BHIYHCJEHHA, KOTOPbIe IDHMENHFIOTCA JIf TOro, YTO6H
BEIYHCAMTH apudMeTHdeckoe BhipaxkeHMe. CHavala BRIYHCIfeTCA
cTeneHb, NOTOM Kpyrias ckobka, moTroM npouspejenHe. Dynk-
uau Trace u TracePrint uMeioT BTOphie apryMeHTH, KOTOPEIe
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NO3BOAAIOT CAEJATHL He 3a BCEMH, a 3a KJAIOYeBHIMH, ¢ Ballledl TOY-
KH 3peHnus, d>TanaMH Buiuucrends. O6 3THX aprymeHTax MOXHO
y3HaTh, HaneYaTaB Ha dkpaHe 7 Trace. fcHo, 4To 2Ta dopMma no-
aydenus undopmaunr o ¢pyakuuu Trace HocAT ofmMi XapakTep
M NPHMEHAEeTCH KO BCeM BCTPOeHHHM ¢yHKnusM ,MaTeMaTnku“.
Jns noayyenns 6oJee NONHOH HHGOPMallHH BMECTO OJHOI'O 3HaKa
? cregyeT nanedataTh 77.

1.3. O630p ,MaTemaTuxku*

YTo6H YHTaTess MOT NOMYYHTb caMoe obliee, MYCTb H IOBEpPX-
HOCTHOe, IpeJCTaBieHHe O BOAMOXHOCTAX NPOrPaMMHOIO IPOLYK-
Ta, Tp¥BeJeM HECKONbKO XapaKTepHhx npuMepo. [lomyTHo mMu
MO3HAKOMHMCS C HEeKOTODHIMH H3 HaHGojee YacTO HCNOAb3yeMBIX
¢yuxkuuit ,MatemaTukn“. HaynmHas ¢ 3TOro MOMeHTa B 3amHCAX
AMAJOra C KOMIBIOTEPOM MH He 6yjeM NedaTaTh 06bekTnl In[)
# Out{], xax wanuwnne. BxogHue sveidiku, T.e. A4edKH, cogep-
JKHMOe KOTOPHIX BBOJMTCH IIOJAb3oBaTeleM, GyAYT MO-NpexHeMy
Ne4YaTaTbCA MONY>XUPHRIM IUPHPTOM, a BHIXOJHHIE — OGHIYHHIM.
DTO NO3BONMT Jerko Pacno3HaBaTh, YTO HpeJjHA3HAYEeHO AAA BHI-
YHCJEHHA K 4TO BHIYHCAEHO fjapoM ,MaTemaTnku®.

AJITEBPA, llycts Tpebyercsa Hall'TH KODHHM YpaBHEHHA TpeTbel
crenend 2 +az+b =0 ¢ CUMBOABLHEIMH Koo(hPpHOHeHTaMH a ¥ b.
Kak u3secTHO, MMeloTcA oGiiHe GOPMYaHl 11 KOPHEH MOJMHOMH-
albHBIX YpaBHEHHH CTeNeHH He BHILIE YeTBepTod. Bocnoanayemcs
dyukuueir Solve f1s TOro, YTo6H HaATH KOPHY PAcCMATPUBAEMO-
ro ypaBseHus. [if 3a0MCH B ypaBHEHHAX OTHOIIEHUS PaBEeHCTBA B
,MaTeMaTHKe" HCIOAB3YeTCA 3HAK ==, ABIAIOIIHACE HHOHUKCHOH
dopmoit dyrkuux Equal. Tlepsrim aprymentom dyrkuuu Solve
6yAeT ABAATHLCA pacCMATPHBaEMOe YpaBHeEHe, HANHCAHHOE C IOMO-
b0 ==, 3 BTOPHM apryMeHTOM — HEH3BECTHad, OTHOCHTENbHO
KoTopoil pewaerca ypasHeHne. Ilocaesnee Heo6xoAUMO, TakK KaK B
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YpaBHeHHAX, KDOME CHMBOJOB HEHM3BECTHRIX, MOTYT COLEPXKaThCH
M JpyrHe CHMBOJH. B paccMaTpuBaeMoe ypaBHEHHE HapAJy C T
BXOAAT CUMBOJH @ ¥ b, KOTOpHE TakKXe MOIMH Okl TPAKTOBATHLCH
KaK HeH3BEeCTHHIE,

Solve[x"3 +a x4+ b==0,x]
213 ¢

Ha=e (~27b+ Sgqre{108a2 + 72967)1/3 ©
(~27b+ Sqrt[108a® + 729b])1/3
* 3 2173 h
{z (1+1S5grt[3))a

™ 9273(Z97b + Sqrt[108a3 + 712069) 173

(1 — I Sqrt[3])(—27b+ Sqrt[108a® + 72952])1/3
N 6 21/3 b

(1-1Sqgrt[3])a _
22/3(—27b+ Sqrt[108a? + 72952))1/3

(1 + I Sqrt[3))(—27b+ Sqrt[108a + 729b%])1/3
6 21/3 }}

OTBeT npefncraBafeT coGOH CIUCOK U3 Tpex dIeMEeHTOB, COOT-
BETCTBYIOIIMX TPEeM KOPHAM ypaBHeHHA. KaxxAbIil U3 ITHX dIeMeH-
TOB TaKXXe ABAAETCA CIIHCKOM, COepXKaluM OauH 3iueMeHT. Kopuu
yPaBHeHHs NpeJCTaBleHk B BHJe NPaBUI NOJCTAHOBOK T — eIpr,
YTO yHpoLlaeT, KaK Mbl YBHIHM HIE)Ke, JaJbHEeHIlHe MaHKNYAAUMH
C KOPHAMH, B YaCTHOCTH, BRIYHCIEHHE PAa3NTHYHBIX BEIPAXKEHHH, CO-
JepXaluX . SHAK —, ABAAIOIMACA RHPHKCHONR HOPMOH PYHKUHM
Rule, npn Heo6XOJUMOCTH BBOJMTCH C KJAaBHATYPHL C MOMOIIbIO
noce0BaTENbHO HABHPAEMBEIX 3HAKOB - (geduc) # > (cTporo 601b-
ute). B oTBeTe cofepxUTCA NOMAMO 3HAKOMOH HaM ¢pyHKkunu Sqrt,
u3BJeKajouledl KBaJpaTHLEIE KOpeHb H3 CBOEro apryMmMeHTa, MHHMaA
equHuna I, xoTopas, Kak B BCAKHH CHCTEMHLIA CHMBOJ, HaleyaTa-
Ha C 3arMaBHOM GYKBH.

MoXHo MONHITATHLCA HAHTH B ABHOM BHJe KOPHH HEKOTOPHIX
MOJHHOMHANBHBIX YpaBHEHUH CTeNeHH Bbillle YeTBePTOH.

{z—
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Solve[x"5+x ~ 1 ==0,x]

1Sgrt 1+ 1Sqrt[3
{{z— .____q_._U} (z _____q___[_]},

1 21/3 (25 + 3 Sqrt[69])1/3
lz= -3+ 3(25 + 3 Sqrt[69])1/3 3 21/3 ’
{x—+-—-1——- 1+ 1Sqrt[3) B

3 321/3(25+ 3Sqrt{69])1/3

(1 - ISqrt[3])(25 + 3 Sqrt[69])1/3
- 6 21/3 })
{x—-)--l- 1~ 1Sgrt3]

3 321/3(25+ 3 Sqrt[69])1/3

(1+ 1 Sqrt[3))(25 + 3 Sqrt[69)!/
- 6 21/3 } }

TlockoanKy ypaBHeHue He COJEPXKAT CHMBOALHEIX 1apaMeTpPOB,
TO €CTeCTBEHHO NMOMHTEpPecOBAThCA NPHOIHXKEHHRIMH 3HAYEeHHAMH
kopHed. C 3To#l Helbl0 B CaMOM YPaBHEHHH MOXHO ORLIO GhHI
3anucaTh €JHHHIY B (pOpMaTe BelleCTBEHHOTO YHCIA, ¥ TOrJa
651 6Ll MONYYeH NPHGIMXKEHHEIH oTBeT. MOXHO TakXKe BOCHOAB-
30BaThcA O6IIMM pelenToM NOJYHEeHUA NPHOAMXKEHHHX 3Ha4YeHHH
YHCJIOBHIX BHPa)XKeHHH, IPHMEHHB K pe3yabTaTy ¢pyHkuuio N, npe-
obpa3ayolyio Bce yncaa B BemecTBeHHble. Pynkuua N saBaserca
HCKJIOYeHHeM H3 obuiero mpaBHJa 3alHCH CHCTEMHHIX (PYHKUHH B
BUJe HOJHHIX aHTTHACKHX CIOB U ABJAETCH, HO-BHIMMOMY, NEPBOI
6ykBoil croBa Numeric. [Ipumenum cdyukuuio N K noaydeHHomy
pe3yJbTaTy B HOCTHKCHOH dopme. B  MatemaTnke“ ToabKO 4TO
noJay4YeHHHH pe3ynbTaT NPHCBaMBaeTCHd CHCTeMHoMy cuMBony %,
noatomy ¢ynkuuio N MOXKHO BHYHCIHTH OT aprymesTa %.

%//N _

{{z —0.5-0.8660251}, {z — 0.5+ 0.8660251},
{z — 0.754878}, {z — —0.877439 + 0.7448621},
{z —+ —0.877439 — 0.7448621} }
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[lonpo6yem Teneps HallTH KOPHH ypaBHeHus I°+2z —1=0.

rts = Solve[x"5 + 2x ~ 1 == 0, X]
{ToRules[Roots[2z + z° == 1,z]]}

[logo6uuit OTBET O3HAYAET, 4TO POPMYN AAf KOpPHE! paccMa-
TPHBaeMOr'0 ypaBHeHHA He cyuiecTByeT. TeM He MeHee MOXHO
Y3HATHh YUCIAEHHOE 3HAYEHUE BCeX NATYH KODHel, BHYMUCAMB BHIpa-
xeune N[rts].

N{rts]

{{z — —0.945068 — 0.854518 I}, {z ~ —0.945068 + 0.854518 I},
{z — 0.486389}, {z ~ 0.701874 — 0.879697 I},

{z — 0.701874 + 0.879697 I} }

Moxxno y6eanThcs B NPaBHALHOCTH BHIYHCIEHUS XOTA 6K Of-

HOT'O BelleCTBEHHOTO KOPHSA, HApHCOBAB rpadiK MHOrodjeHa z° +
+2z — 1 ¢ noMowsio rpadpuyeckoi pyrxunu Plot (puc. 1.1):

L

-1 -05 /.s 1

Plot[x"5 4+ 2x -1, {x,—1,1}]

- Graphics -

Puc. 1.1
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HeicTBUTENBHO, rpadUK PACCMATPUBAEMOTO MHOTOY/MEHA fepece-
kaeT ocb Oz B6au3n or Touku z = 0.5. Coobuwenne - Graphics-
O3HavaeT, 4To ,MaTeMaTHka“ cOPMUPOBala ONKCAHKE NPEICTAB-
JeHHOro rpaguka Ha s3nlke PostScript. Bor ¢parment sToro
ONHCAHUA:

%!

%% Creator: Mathematica

% % AspectRatio: .6103

MathPicture Start

% % Graphics

/ Courier findfont 10 scalefont setfont
%Scaling calculations

0.5 0.47619 0.407118 0.0981006 [
[(-1)] .02381 .40712 0 2 Msboza

PaccmaTpuBaeMBIl TEKCT MOXHO YBHJAETb M NPH HEO6XOMH-
MOCTH OTPEIaKTHPOBaTh, pacGOpPMATHDOBABR A4eldKY, B KOTOPOH
cofepxurca rpaduk. [as 3TOro sueliKy BHIAENAIOT ¥ BHINOJHAIOT
Cell Formatted. 9ToT 1 eMy nogo6ubsIe TEKCTH MOXHO Npeobpa-
30BaTh B padiauubsie rpadudeckue popmatw: EPS, PICT, PCX u
Apyrue, COXpaHATHL B (ailie, HCNOALIOBATH ANA BCTABKH B TEKCT
CTaTbH, YTOGH MOCAATH KOLTEraM IO JJNeKTPOHHOH MOYTE U T.I.

BosBpainasce K pelleHHio ypaBHeHH#, 3aMeTuM, 1To , MaTema-
THKa"“ yMeeT YUCICHHO peliaTh He TOABKO NOAMHOMMAALHLIE, HO H
TpaHCleHAeHTHbIE YPABHEHUA.

TlpaBga, eciu 3apaHee H3BECTHO, YTO KaKoe-TO YpaBHEHHE HMe-
eT 6eckoHeYHO MHOT'O KOpHeH, cleiyeT yKa3aTb XOT# 6l rpy6oe
npubauxenue K uckomomy kopuio. Ilocaegnee MOXHO HalTH, Ha-
pucoBaB rpaduK COOTBeTCTBYIoIIel Gpyukuuu. [Ipeanonoxum, 4ro
HaM HYXHO HadTH NepBHIM Nocie Hyas xopedb pyHkuum Becceas
nepBoro nopsjka J; apryMenTa /7, T.e. Kopeub pynxuun J, (/z)
(puc. 1.2).
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Plot[BesselJ[1,Sqrt[x]], {x,1,20}]

06
04
02
: 5 10 15° 20
-02} \
- Graphics -

Puc. 1.2

M=l BUAEM, YTO B PacCMATPUBAEMOM MHTepBale KOpeHb ypaB-
HeHHA CYLUeCTBYeT U JAeXXHT BOAH3H TOYKK T = 15. YTOYHHM ero
3HayeHue.

FindRoot[BesselJ[1,Sqrt[x]}, {x,15}]
{z — 14.682}

MATEMATHYECKUIA AHAJIM3. Hapsay c arre6pandecKHMH
npeo6paszoBanuaMi ,MareMaTuka“ N03BoNSeT BHINOAHATH ONepa-
H¥¥ MaTeMaTAYeCKOro aHaim3a. [cTecTBeHHO, 4TO 6a30BLHIMHK
ABAAIOTCA ouepauuu uHTerpupoBanus Integrate u auddepennu-
poBanud D (BHOBbL HCKIIOYeHHe, BIIPOYeM, NOCIeNHee 3 PaBRIA):

int = Integrate[x"5/Sqrt[x"3 - 1], x]

4 22° 3
(5 + T) Sgrt[—1+z”)

[IposepuM npaBHABHOCTHL NMONYYEHHOr'o OTBEeTAa AH(MGDEpPEeHUH-
poBaHHEM:
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difint = D{int, x|

2z3

3z (%"’ T) 222 Sqrt[—1+ 23]
2Sgrt[—1+ 29 3

[Mony4eHHHA pe3ynbTAT He COBNAJAET C HCXOAHLIM BHIpaXKEHHEM.
- Mlonpo6yem ero ynpocTHTb:

difint//Simplify

5

Sgrt[—1+ z3]

OfHolt M3 BaXKHEHIINX MATEeMaTHYeCKHX 3aJa4 ABIAETCH HAXO-
JXKJeHHe peileHH! 0GRKHOBEHHKX Au¢depeHIUATbHRX YPaBHEHUH.
Hdns aTol uenu npegnalHadesa ¢yHkuus DSolve, nepsrimM ap-
FYMEHTOM KOTODOH fBAfeTCA Aud¢epeHUHATbHOE ypaBHEHAE HJIH
cucTeMa Judrbepenuualbibix ypasHeuid. Ecau y[z] ectb Heus-
BecTHad PYHKIHUA, TO NPOHIBOAHAA OT Hee MOXeT OHITH 3amucaHa
BO BXOJHOM (opMaTe Kak y'[z]. BTopuM aprymenTOM QyHKUHH
DSolve aBnserca HewaBecTHad QYHKUUA, 3 TPETHUM — He3aBHCH-
Mas fepeMenHas.

DSolve[x"2 y"[x] + x y'[x] + x"2 y[x] == 0,y[x],x]
{{y(z) = BesselY [0,z]C[1] 4 BesselJ[0,z]C[2]}}

ITony4eHo oblee pellenne UCCAeLyeMOro SR epeHIRATBHOIO
ypaBHeHUs, ABAAIOLleeCcH JHHEeRHOH KOMOMHalHed ¢ Ko3(pdulneH-
tamn C[1] u C[2] dyukuuit Becceas HyaeBoro nopsjfka nepsoro u
BTOPOr'O poja.

. Pyukuuio DSolve MOXHO npuMeHATH ¥ 44 pelUEHHA CHCTeM
OGBIKHOBEHHHX JU(pPepeHIHAIbHEIX YPaBHEHHH.
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DSolve[{y'[x] == a~2z[x] — Sin[x],z'[x] == y[x] + b}
{y[x],z[x]},x],
b a’b aC’[l]
1+a2 1+4a® E°=

Cos[z]
1+a?’

{{ylz] - - +aE%C2) + —
Sin[z]

z[z] - cll ]+E“C[ 2]+ e

Ea:z:

}H}

He Bce oGmkHOBeHHHE fuUpdepeHNUANbHBE YpaBHeHHUA U CH-
CTeMbl YpaBHEHHH JOTMYCKAlOT ABHLIE TOYHEIE PEIEHHA, MOITOMY
NpUXOAUTCA NpuberaTh K 4YHCIeHHHM MeTogaMm. O6paTuMca K
cucTeMe OGHIKHOBEHHHIX Jud@depeHNHaNbHRIX YPaBHEHHH, ONUCHI-
BaIOLIUX ILIOCKOe JBHIKEeHHe ABYX rpaBUTUpylowiux Tea. Iycrts
Macca BToporo teaa B 1,3 pa3a Goabllle MaccH liepBoro. B sTom
clyyae ABUXKEHHE OMMCHIBALTCA CAENYIOLIEH CHCTeMOU OGHKHOBEH-
HHX I depeHIHatbHEIX YpaBHEeHUH:

masses = {x1”[t] == —1.3(x1[t] — x2[t]) /
((1[t] — x2[t])"2 + (y1[t] - ¥2[t])~2)~(3/2),
y1"[t] == ~1.3(y1[t] - y2[t]) /

((1[t] — x2[t])~2 + (y1{t] — y2[t])"2)"(3/2),
x2"[t] == —(x2[t] — x1[t]) /

((x1[t] — x2[t])"2 + (y1[t] - y2[t])~2)~(3/2),
y2"[t] == —(y2[t] - y1[t])/

((x1[t] — x2[t])~2 + (y1[t] - y2[t])"2)~(3/2) };

3HaK HyHKTyauu# ; (TO4YKa C 3amMATON), MOCTABAEHHHH B KOHIE
BXO/IHOT'O BhIpa)KeHUs, 6IOKMPYET BHIBOJ Ha DKPaH pe3yJbTaTa Bhl-
YHCIEeHHA, XOTA pacCMaTpPHBaeMas CUCTeMa NDUCBOeHa B KayecTBe
3HaYeHHA CUMBONY masses. CHaAG UM CHCTEMY masses CleYIOIUMHE
HaYaJbHEIMH JaHHRIMU:

init =
{1}1(1[0] ==1,x1'{0] == 0,y1[0] == 0,y1'[0] == 0.3,
x2[0] == —10/13,x2'[0] == 0,y2[0] == 0,y2'[0] == —3/13};
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H HaiffeM 4HCJIEHHOe pellleHHe MOCTaBJeHHOH 3ajauu Kowm Ha
nHETepBate 0 <t < 4.

Jng ducreRHOro peuieHud-3afad Kolud Aaf cKCTeM OGLIKHO-
BeHHHX JHuddepeHIHANbHEX ypaBHeHHH NpefHasHaYeHa PYHKUMAA
NDSolve. Ee nepBuii apryMeHT — HcClefyeMas CHCTEMa, LO-
HONHeHHaf HaYaJbHHMH YCIOBHAMH; BTOPOH apryMeHT — CIHCOK
HMeH HeW3BeCTHRIX GYHKIHH; TPETHH apryMeHT — CHHCOK, cCogep-
JAlKHA HE3aBUCUMYIO NEPEMEHHYIO, HaYAIbHYIO ¥ KOHEUHYIO TOUKH
MHTepBaJa YHCICHHOTO HHTErPHPOBAHUA CHCTEMHL.

n = NDSolve[Join[masses, init], {x1,y1,x2,y2}, {t,0,4}]
{{z1 — Interpolating Function[{0.,4.},< >],

y1 — Interpolating Function[{0.,4.},<>],

z2 — Interpolating Function[{0.,4.},< >],

y2 — Interpolating Function({0.,4.},<>],}}

PeayibTaTOM BHYHCIeHHS SBAAIOTCA YeThipe MHTEPNONANKOHHBIE
GbYHKLUH, HCNOAB3YA KOTOPbie MOXHO HApHCOBATL OPOGMTHI Tel
(puc. 1.3):

ParametricPlot[{Evaluate[{x1[t],y1[t]},/.n],
Evaluate[{x2[t],y2[t]}/.n]},{t,0,4},
AspectRatio — Automatic];

0.3
05 0.5 1
~0.3 \_/
Puc. 1.3

Ha4anbHHe fganHHE NoAO6paHEl TaK, 4YTO IPaBHTHPYIOLHE
Te/la ONHCHBAIOT 3aMKHYTHE dNIHNTHYecKHe opbuTH. Ilockoabky
BHYKCICHHS 32HMMRIOT MaJO BpPEMeHH, YHTaTelb MOXeT HavaThb
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H3y4YeHHe 3AKOHOMEPHOCTEH [BHXKeHHS Tel, H3MeHAf YHUCIOBRIE
napaMeTphl B inil HIH masses.

,MaTeMaTHKy “ MOXHO HCIOJb3OBAaTh KaK CNIPABOYHHK ClELH-
albHBIX MaTeMaTHieckux pyHkuui: Beccens, Jlexanapa, Jiaepa,
Diuipu, OpmuTa u T.4. CBefleHns 06 aCHMITOTHYECKHX PAIJOKEHH-
Ax oyHkuuy Becceas nepsoro poja BTOpPOro nopsajika B OKPeCcTHO-
cTaX ToveK 0 H 00 MOXHO NONYYUTh, HCNONL3YA dyHKIHUIO Series,
clefywomuM ob6pa3oM:

{Series[BesselJ[2,x],{x,0,2}], Series[BesselJ[2,x],
{x,Infinity,2}]}

{5 +0LlI,

5Pt 105

1
Sqrt(2)Sqrt{ 5] (cos[T ~2)(1 - g5

+O[)
+ (2 +OLP)Sinl 2" ~2]))

B nonydennor ¢opmyte cumpoa Pi ects yncio 7. C nomoubio
dyHkuuM Series MOXHO pacKAajhBaTh B aCHMITOTHYECKHE DAJLI
N POU3BOJbLHEE PYHKUHHU:

Series[(f[x 4 h] — 2f[x] + f[x — h]) /h~2, {h,0,3}]
(4)[z]A2
f”[.’l?] + f [ ] +O[h]4
12

AIIIPOKCHUMAIIMS. PaccMoTpHM 3akady O HawJIydilieM cpef-
HeKBaJpaTH4YHOM npubiuxenuu. IIpegmoroxum, 4To B daitle
file.val, pacnonoxenHoM B Ballledl paGo4el IUPEKTOPHH, XPAHATCH
JKcInepuMeHTanbHble faHHule. CofepxkuMoe daiiia MOXHO YBH-
[IeTh, BRIMOJHHB KOMaHAY:

'file.val
1 —-0.75
0.2 0.81077
0.4 1.31766
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¥ T.A. (MBIl He MPHBOJAMM BCeX CTPOK (aiaa B UeJAX SKOHOMHH Me-
cTa). B daiine cogep)xaTca Naph BeleCTBEHHHIX YHCeN, 3a0MCaH-
Hble IOCTPOYHO H NpeACTaBifIOL[He 3HAYeHNA abCUUCC ¥ OPJHHAT
9KCMEepHUMEHTANbHLIX JaHHHX. Pal1 MOXHO BBECTH B 3allMCHYIO
KHIXKY ¢ noMouibio koMangul ReadList, npucsous cumBoay data
3HaYeHue COOTBETCTBYIONEro CHUCKa:

data = ReadList[”file.val” ,{Number,Number}]
{{0,-0.75},{0.2,0.81077},{0.4,1.31766},{0.61,1.63181},
{0.8,2.2533},{1.,1.75},{1.2,1.23509},{1.4,1.45863},
{1.6,1.293237},{1.8,0.914413},{2.,1.245},{2.2,1.82007},
{2.4,1.72712},{2.6,2.21069}, {2.8,3.719648},{3.,3.75} }

[peacraBum gaHHule data B BUjJe JHCKPeTHOro rpaguka (puc. 1.4):

pl = ListPlot[data, PlotStyle — {PointSize[0.01],
RGBColor(1,0,0]}];

Puc. 1.4

Ilonpo6yeM annpoKCUMUPOBATH IUCKpPeTHHEe JaHHHe data Ha oT-
pe3ke o1 0 10 3 ¢ MOMOUIBIO NONHHOMA Y€TBEDTOH CTENeHHU:

poly4 = Fit[data, {1,x,x"2,x"3,x"4},X]
—0.728077 + 8.77373z — 9.6255z2 + 3.78372z3 - 0.459172z*
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Hapucyem rpaduk storo nosmnoma Ha oTpeske 0 <z < 3
(puc. 1.5):

p2 = Plot[poly4, {x,0,3}, PlotStyle — {{Thickness[0.007],
RGBColor{1,0,1]} }};

Puc. 1.5

C nomompo pyHkuud Show coBMecTuM ABa nocregHux rpadpu-
ka (puc. 1.6). Ecan TouHocTh npuGIMIKEHUSA HEYJOBJETBOPHTENb-
Ha, MOXKHO B3ATb MHOro4/1eH 6o/iee BRICOKOH CTEIleHH.

Show(p1,p2};

Puc. 1.6
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BHU3YAJM3AIIMA. C nomowbio , MaTeMaTHKR“ MOXHO moay-
YaThb He TOJBKO AByMepHHe, HO H TpexMmepHhie rpaduku (puc. 1.7):

Plot3D[Airy AiPrime[(x + y~2)/2]Sin[9 x y],
{x,0,Pi/2},{y,0,Pi/2}];

Puec. 1.7

Kpome Toro, ¢yHKUUH OT ABYX apryMeHTOB MOXHO H3y4aTb C
nomowipio ¢pyukuuii ContourPlot u DensityPlot, pucyomunx
KOHTYpDHBIe H IVIOTHOCTHHIe rpaduky (pHc. 1.8):

ContourPlot[Airy AiPrime[(x + y~2)/2]Sin[9 x y],
{x,0,Pi/2},{y,0,Pi/2},PlotPoints — 25};

Puc. 1.8
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B paccMOTpeHHHIX NpHMepax NepBHIM apryMeHTOM rpaduyie-
CKHX QYHKIHHA ABJSeTCA NpOH3BeJeHe MPOU3BOAHOR OT PYHKUHH
Jiipu nepporo poja AiryAiPrime ¥ ¢ynkunu Sin oT noausoMu-
aJbHRIX aprYMEHTOB, COJepXKalluX HepeMeHHule T ¥ y. PyHKIHH
Plot, Plot3D, ContourPlot u DensityPlot se ucyepnuBaioT
BCEro CINHCKa rpaduuecKHX OGYHKIHH, KOTOPHIX 6olee JECATKA.
Bce Takue GyHKIUA COAEPKAT CPEACTBA AAA NpeoOpa3oBaHui CTH-
Jfl PHCYHKOB C LeNbl0 NPHAAHKA UM 6OJblliedl BhIPa3UTEIbHOCTH U
HHPOPMATHBHOCTU. BHillle ME yXe BOCHOJNb30BAAMCH OLHHM M3
atux cpescrts: PlotStyle B ¢pynkuun ListPlot, sagasas oTHocH-
TelbHbIE pa3Mephl TOYeK ¥ UX LBeT. '

HNPOTPAMMMPOBAHHME. ,ZMaTemaTHka“ no3BoiasieT NHCAThb
NpOrpaMMBE KakK B TpaJHHHOHHOM NPONEIYPHOM CTHJE A3BIKOB
doprpan, [Mackans ¥ T.0., Tak ¥ B YHKUHOHAILHOM CTHIAE M
cTHle onpeieneHul (npaBua npeo6pasoBanui). IIpocToit npumep
PYHKUHOHANLHOTO CTHJIA NPeAOCTaBIAeT NPOrpaMMa BEIYUCACHUNA
CpeJHero 3HaYeHWA H JHCHepPCHH CAy4YalHON MOCIefOBATENLHOCTH
qyucel. B A MaremaTnke“ nocrefoBaTelbHOCTD YHCEJ 3aNHCHIBAET-
ca B BHae cnucka. Hanpumep, | = {2,4,9} ecTsb. nocregoBaTens-
HoCcTh 4Hxcea 2, 4, 9. OnpegeauM QYHKIHIO mean COOTHOUICHHEM

.

mean(x _List] := Apply[Plus,x]/Length(x]

CMEBICA BXOJAIMX B 3TO olipefeleHde (YHKUHH CIeIYIOLIHH.
Length uMeer 3HayeHnueM ZJIMHY cnucka, Plus faet cymmy cBonx
aprymenToB, a Apply 3aMerseT 3aronoBku ¢pyHknni. B gasHoMm
ciydae 3aronoBok List 3amensercs Ha Plus. 3aronosok List,
HOCTaBJAeHHKIH IMOCAe apryMeHTa ., O3HavaeT, 4YTO (QYHKIHA
mean omnpejfereHa TOJAbKO Ha MHOXeCTBe CIHMCKOB. Brrducanm
cpelHee 3Ha4YeHHe JIeMEHTOB clHcKa l:

- mean(l]
5
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Tenepsb onpefenuM GyHKUUIO Var, BRIYHCASIOUIYIO AHCIEPCHIO:
var[x _List] := mean[(x — mean(x])~2]

H BBIYHCIAMM JHUCIEPCHIO CAYYaidHOH MOCAEJOBATENbHOCTH IEeCATH
HaTypaJbHEIX YHCel, 3akiloyeHERX Mexay 1 1 1000.

data = Table[Random(Integer, {1,1000}],{i,10}]
{335,272,528,907,87,300,497,817,183,388}

var[data] //N
62268.2

[IpuMepoM nporpaMMEpPOBaHUf B CTHJe NpaBHiI npeobpa3oBa-
HUH ABJAeTCH NporpaMma, B KOTOpOW olpefeifieTcs clefylouias
¢yHkuus minimum, o6pabaThBatomwas cnuckd. [Jag cnuckos,
COCTOALUMX M3 HeAbIX 4YHceld, (PYHKIHUA HMeeT pe3yJIbTaTOM MU-
HUMaJbHOEe YHCIO B CNHCKe. Eciu CIHCOK COCTOMT M3 CHMBOJOB,
TO BRIYHCAAETCA NepBLIM CHMBOJ B JEKCHKOTpapHieCKOM NopAAKe,
BCcTpoeHHOM B  MatemaTuky“. [Ipyrue cnucku HEKaK He npeoGpa-
3YIOTCH.

minimumll: {x __Integer}]:= Min[]]
‘minimum(l: {x __Symbol}]:= First[Sort[l]]
minimum(l _List] :=1

[Ipu BeidMcaenud BeipaxkeHus minimum({l], rge ! ecrs npous-
BOJBHHIH CIMCOK, NpexJe BCero NpoBepseTcs, ABAAIOTCA JH Bce
37€eMeHTHl CNHCKa LEeARIMH 4YHCAAMU HJIH Bce cUMBoJaMH. FEcim
peaiu3yeTcAd OJHA M3 DTHX BO3MOXKHOCTEH, TO pacCMaTpHBaeMoe
BhIpaXkKeHue Npeo6Gpa3yeTcad B COOTBETCTBHH C IEPBHIM HJIH BTOPHIM
npaBuioM npeo6pasosaHud. Eciu aneMeRTH CIHECKa He yJOBJe-
TBOPAIOT KPHTEPHAM, TO COHCOK He M3MeHseTcd. Hakonenu, ecam
apryMeHT QYHKUMH minimum He fABJfeTCH CIHCKOM, TO MCXOJL-
HOe BHIPDQXXEHHE OCTAETCA HEBRIMUCIEHHBIM.
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YnpaxxueHus

1.

Beivucaume swpaxenun N[Pi, 3}, N[Pi, 6], N[Pi, 100]. Yro omm osnaya-
w0t ? Buinucaume =mcro e, npejcTanienHoe B MaTtematuke"” cumponom E,
€ NATLIOKECATHIO BEPHHMHY LMpPaMH. Yanatime, CKONLKO BpEMEHH 3aiiMeT
Ha BallieM KOMIbIOTepe HaXoXJAeHUe NPUOMMKEHHOrO 3HAYEHMA YHCAA T C
THCAYLI0 BEPHHIX )P, BRYHCINB BHPaXeHHE

N[Pi, 1000} // Timing

2. Kak ysHaTb, yTo Sompuie: ™ wm 7°¢ 7?7

10.

. C pmomoupio ¢ynkumu Factor passooscume HA MHOXHTEN IOJHHOME

a® — 22, a® —2? 4 2ay + y* u a® + 2v/2az + 2z°. Buuncmre Expand|(a +
+v2 x)z]. O 4eM roBopuT cpaBHeHHe JBYX MOCJEAHMX Pe3yAbTaToB ?

. C noMoummio scTpoennon Qyuximu D sbivuciume cMellauHyiO IIPOU3BOJ-

Hyio or ¢yukipm yexp(z’y’) no r m y. Ckombko Bpemenw 3aiiMeT BhI-
YHCAeHHEe YaCTHOM NPOUIBOAHOM AECATOro MOPAAKa OT ITOM PYHKIMH IO
NIEPEMEHHOHA I Ha BauleM KoMmbiorepe?

C nomoumio pyskimu Integrate svivucaume onpegeneHHHN HHTErpan oT
Jynxkimu zsinz ot 0 go m. [locTapadiTech y3HaTh, Kak 3TO CAeNaTh,
nonyyus uHpopMammio ¢ ¢pyukmm Integrate ¢ nomoumsio 7 Integrate.

. Hatdume pemrenua cuctem ypasnemmi 2 +y° =1, z—y=1/2nz’+y* =

=1,z —-y=0.5. Ycmanosume reoMeTpU4ECKHUN CMEICH PEILEHHI, BHYMCIMB
BRIpaKeHuUe

Plot[{Sqrt{1 — x~2],—Sqrt{1 — x~2],x - 1/2}, {x,-1,1},

PlotStyle — {{RGBColor(0,0,1]}, {RGBColor(0,1,0]},
{RGBColor[1,0,0]}}, AspectRatio &+ Automatic]

. Hatdume “mcnensoe 3HavyeHe HauGoxbLIEr0 KOPHA ypaBHeHus sinz = 0.1z.

llpenpapuremuo mocTpodTe rpaduxu dyuxipm sinz u 0.1z ¢ nomolmkio
dyuxkipu Plot.

Buivucsume supaxennsa True & & False u True ||False. Hndukcusimu
dopMaMu Kakux Jorwdeckux yHkumi aasorca && u || ?

. Buiuucaume naTe nepBHX wWieHOB pa3dnoxenna ¢yskumn In(l —z)in(l + )

B pajx Teiopa B okpectHocT ToukM r = 0. HaTypamuniu norapudm
npeacTasien B  MatemaTnke pynximen Log.

Ycemanosume, Kakaa QyHKIMA HATypanrbHOr'o apryMeHTa ofpejeieHa Co-
OTHOLUEHHEM

f[n .Integer):= Apply[Times, Range[n]].



I'naBa 2
CUMBOJIBHBIE BBIMUCJIEHUA

,MaTeMaTiKa“ NMO3BOJSET aBTOMATH3IHPOBATb NPAaKTHYECKH BCe
THIBI CHMBOJBHHIX BHYUCAEHHH, BCTPEYAIOU[HeCH B TEOPETHIeCKOR
M NpHKJIajfHOR MaTemaTHKe. Hike MK npuBegeM 0630p OCHOBHRIX
GYHKUMH, NDUMEHAEMBIX MpH NPOBeJeHHH CHMBOJBHHX Ipeobpa-
30BaHKH.

2.1. Ilpeo6pa3soBaHKsA MHOIOYJICHOB

HauneM ¢ npocredituux npuMepoB. [lpucBorM cuMBoary al 3HaYeHHe
caefyouero ajire6panyeckoro BhpaXeHud:

al = (x+y)3+(x+y)(y—1)
(-1+9)(z+y) + (c+y)°
Mur BuguM, 9TO caMa no ce6e ,MaremaTHka" He CTpeMHTCH pac-

KPHTb NIpOH3BeleHusa. JTO LelaeT ¢pyHknua Expand, packpuba-
I0lIas NPOH3BeJeHHd H NMOJOXKHTeNbHhEE CTeNeHH CYMM.

a2 = Expand[al]}

—-z 413 —y+zy+ 322y +y? + 3zy? + 3
Y ¢yukunu Expand moxeT 6uTh BTOpoit apryMenT. IIpH BuIvu-
crenun Buipaxenus Expand{expr, pattern] ve packpuBatoTca Te

J/eMeHTH eXpr, KOTOPHE He COJep>XaT 4JIeHOB, OTBeYalolHX Ia~
6a0HY pattern.

Expand[al,y — 1]
—z—ytylz+y)+ @ o)
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Expand|al,x + y]

3+ z(-1 +y) +3z%y+ (-14+y)y+3zy° +¢°

[IporuBononoxuoi ¢pyukuun Expand no geidcTBuio sBisercs
dyskuus Factor, koTopas packiagHBaeT NOIHHOMHE HAa MHOXHUTe-
¥ HaJ moJieM palHOHANLHKIX YUCel.

Factor(a2]
(z+y)(~1+2?+y+2zy+y?)

O6e paccmaTprBaeMhule QYHKIHHM WMEIOT JIOMOJHHTENbHHIE, HE
0643aTeNbHO YKa3nlBaeMble apr'yMeHThl, MaH onuuu. Ecim oguH
M3 DTHX apryMmesToB 3ajatb B Bujge Trig—True, To Tpuroso-
MeTpudeckde GyHKUMH 6yAyT TPakTOBAaTbCA KaK pallHOHaJbHEIE
GYHKUHH IKCIIOHEHT.

Expand[2Sin[x]"3, Trig — True]
3Sin[z] Sin[3z]

22
Factor[Sin[3x], Trig — True]
(1+2Cos[2z))Sin[z]

AnanorvyaniMi Factor spasiorcs crefyrowpe pyHkunu. Bri-
yucienHoe Bupaxkenue FactorList[poly] npexcraBaser coGoi
CIIUCOK MHOMHKTeilell oN1HHOMa poly BMecTe C IoKa3aTeJlAMH CTele-
Hell, C KOTODhIMH OHM BXOJAT B pa3jioXKeHHe poly Ha MHOXHTENH.
[lepBulli 3JeMEHT CNHCKa €CTh OGLIMH YHCAEHHHIH MHOXUTENIb, a
eC/lH TaKOBOI'O OTAMYHOrO OT eJHHHUH HET, TO CIHCOK HAaYWHAeTCA
c {1,1}. Hanpumep, FactorList[2(1 — x™4) (1 — x)] npx BhIYHKCIe-
HHM OPUBOJAT K CrefywlolueMy pesyawtaty: {{2,1},{-1+z,2},
{14z,1},{1+2%1}}.

Dynkuua FactorTerms no3BoafeT BRIHECTH OOUIMA YHCIOBOM
MHOXHTeJIb B CjlaraeMuX CBOerc apryMeHTa poly; BhIYHCIeHHE
FactorTerms[poly,r] no3Bonser BHIHECTH OGUIMA MHOXHTENb, He
aaBucsmui ot z; FactorTerms|poly, {x1,X2,...} ] nocregopaTens-
HO BHIJeNsieT MHOXHTend, He 3aBHUCALIME OT KaXAoro z;. B~
yucaensoe Buipaxkenue FactorTermsList{poly,{x1,x2,...}] gaeT
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CIHCOK MHOXHTeJeidl poly. IlepBhiil 21eMeHT B cnHcke ecTh obuui
YHCAOBOK MHOXHTENb, BTOPO — MHOXHTelb, He 3aPUCAIINA HH
oT ogHoro u3 ;. [locregyowre a1eMeHTH eCThb MHOXHTENH, He
3aBHCALIHE OT KaK MOXXHO GOJBIIEro YHCIa Z;.

Bripaxenue Coefficient[poly,form] nocre Buuucrenns ume-
eT CBOMM 3HayeHHeM KOdX(h(HUUHEHT Npd BeIpaxkeHuH form s no-
auHoMe poly. BoasemeM MHorowieH a2 B JecATYIO cTeneHb. [lo-
CKOABKY pe3yibTaT 6yJeT JOBOJBHO MPOMO3IKHM, BOCIOAb3yeMCA
TOYKOH C 3aUATOH, NOCTABAEHHOH B KOHEL COOTBETCTBYIOIIErO Bhl-
pajKeHHs C TeM, YTo6H 3a610KNPOBaTh BLIBOJ Ha DKPaH pe3yibTa-
Ta BRIYUCIACHUA: ‘

a3 = Expand[a2~10];

HecMoTpa Ha TO 4TO BHBOJ 3a6I0KHPOBaH, CHMBOAY a3 3Hade-
HHe BCe XKe IIPHCBOEHO:

Coefficient{a3,x"5y"25]
142506

Brruncaennoe Bhipaxenne CoefficientList{poly,form] gaer
CIHCOK KO3(P}UNUEHTOB NpH CTeNeHAX form B noauHoMe poly,
HayHHasA C HYJeBOH CTeNeHu:

CoefficientList{Expand[a2~2], x|

{v? - 24° - v* + 205 + 0%, 2y — 4y — 6y° +8y* + 64°,
1-2y—11y? + 1243 + 15y*, —8y + 8y + 2043,

-2+ 2y + 1542, 6y,1}

Dynkuus Collect B Bupaxenuu Collect{poly, x] rpynnupyer
YJIeHBl C OJHOU U TOM Xe CTelleHbIo CHMBOJA I:

Collect[Expand[(1 + x +y + 2z)"2],x]
142242y + ¥+ 22+ 2yz+ 22 + 2 (2 + 2y + 22)

O1a xe ¢yunkuus B Brpaxenun Collect[poly,{x1,x32,...}]
IpyNNHpyeT 4AeHHl C OfHHMH H TE€MHU Xe CTEeNEeHAMH Ty, Ta, ...:
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Collect[Expand[(1 +x +y + 2)*2], {x,2}]
142242y +y2+ (2+2y) 2+ 22 + (2 + 2y + 22)

Ecau Bo3nukaeT He06X0ZUMOCTH y3HATh obllee YHCJIO clarae-
MBIX B MHOrOYJeHe poly, TO 3TO MOXHO CHelaThb, BHIYMCAMB BhI-
paxerne Length[poly]. Ecau ects comuenue B ToM, YTo Kakoe-
TO BHIpaXK€HWE eTPr eCTb MHOTOYIEH MO HEKOTOPOH NepeMeHHOH,
TO 3TO MOXKHO NpOBepHTh ¢ nomowsio PolynomialQ[expr,var),
noayyas True, ecan ezpr noadHoM no nepeMeHHoi var, M False
nHave. [INs HeCKONbKHX NEepeMeHHBIX 2Ta NpOBEpPKa OCYIIEeCTBANA-
erca B Buje PolynomialQ[expr,{var;,varsy,...}]. Bupaxenne
PolynomialQ[expr] nposepser, aB1sercs Ju eZpr N0OJXNHOMOM OT-
HOCHTENbHO KaKHX-NTH6O NepeMeHHHIX HaJj MoJeM pPallHOHAILHBIX
qucen. PesyabraTr MoxeT 6LTh False, HanpuMep, B ciyvae, Korja
eTpr colepXHT Yucia tuna Real.

dyukuus Variables, npuMenedHas x poly, ZaeT CIMCOK Bcex
HE3aBHCHMBIX NEepPEMeHHHX B NOJaMHOME poly.

BaxueduiuMu onepanusMu npu paboTe ¢ MOJHHOMaMH SBIS-
IOTCA HaXOXJeHHe Haubobllero o61Iero fe1uTeld 1 HauMeHbLIEero
o6uiero kpaTHoro. [as noiuHoMos poly, ¥ poly, nepBoe noayyaert-
cs ¢ noMowbio Polynomial GCD(poly;, polys]. Ipy Buyucienun
3TOro BhIpaXKeHUA BCe CHMBOJbHEIE TApaMeTPH B IONMHOMAX TPakK-
TYIOTCA KaK NepeMeHHBIe, H JeleHHe Ha HUX He JOMyCKaeTcH.

Brruucrenue Brpaxenus PolynomialLCM[poly;,poly2] aa-
eT HauMMeHbllee ofllee KpaTHoe, B TO BpeMi KakK BHIYMCIEHHE
PolynomialQuotient{poly;,polys] xaer 4acThoe or genenus
poly; Ha poly;, a Beryucienue PolynomialRemainder{poly;,
polyz] — ocTaTox oT gereHus.

C nomowsio Resultant{poly;,polyz,var] MoxHao HaiiTu pe-
3yJbTAHT NOJMHOMOB 110 OTHOILEHHIO K ePeMeHHO| var, T.e. Npo-
H3BeJeHMe BCeX DA3HOCTed p; — ¢; KOPHell 3THX MOJMHOMOB (B
cay4ae, KOrja Kod¢p¢UIUeHTH NPH CTAPIIUX CTeleHAX NOARHOMOB
PAaBHHL eIHHHIE).
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2.2. [loacTanoBku

OgnuM u3 Haubojee pacnpoOCTPaHEHHHIX BHJOB airebGpandeckux
npeo6pa3oBaHuil ABAAIOTCA NOJLCTAHOBKH, B Pe3yibTaTe BHINOJ-
HEeHHA KOTOPHIX KaKafA-Au60 YacTh anire6paHyecKoro BhIpaXKeHH:
3aMeHsfeTCHd Ha HoBoe BHIpaxkeHue. B, MaremaTtnke“ cymectByior
aBa crnocoba genaTh nogcraHoBku. OIMH cmocob peanusyercd c
noMombio dpyHkuuu Set.

Briuucrenne Beipaxenus Set{lhs,rhs], uin lhs = rhs Brinos-
HAeTcH crefyiomiuM obpasoM. CHadasa BRIMHCASETCH BHIpaXKeHHe
rhs, a 3aTeM BRIYHCIEHHOE BhIpa)XeHHe NPHCBAMBAETCA KaK 3Ha-
YeHKHe HeBLIMUCAeHHOMY Bhipaxenuio lhs. Bciogy B fanbueiiiiem
lhs, B xakue 6ul ApyrHe BhIpa)XeHHA OHO HM BXOJHJO, 6yJeT 3aMe-
HATHCA Ha BHIYHCJICHHOE BhIpakeHme rhs. Bupaxeuns lhs u rhs
MOTYT OHITh CIHECKAMH#, ¥ no3ToMy Set MoxeT OGLITh 331aHO B BU 1€
{lhsy,lhsz,...} = {rhs;,rhsz,...}. B >ToM cay4ae BHYHCIEHHEIE
rhs; 6yayT npucBoennl lhs;. B kaiecTBe npuMepa NPUCBOUM CHUM-
BOJy T 3Ha4YeHHE a M [OCTe BHIYUCIHM BhIpaXKeHue al:

X—=a .
Expand[al]
4a?

OTMeruTh rN0GANBHYIO NOACTAHOBKY B CIy4ae, KOrja BhIpaxkenue
lhs ecTh cuMBoa, MOXxHO ¢ nomoulbio ¢yHkuuu Clear: a umenHo
Clear[smbl;,smbly,...] oTMenseT Bce moACTaHOBKH, CBA3aHHKE
¢ cumBonamu smbl;. s ofHOro CHMBOJA MOXHO HCIOAbL30BATh
BXogHyI0 dopMy smbl = . supaxenns Unset{smbl]:

X=.
al
(-1+y)(z+y) + (z+y)°

Pyukuns Set 3ajaer , raobanbHyio" N0ACTaHOBKY, OKa3bIBaIOLLYIO
BIHAHHE Ha BCe NMOCNeyollde BHIYUCICHUSA C ee NepBHIM apryMeH-
ToM. Ecau ke NOACTaHOBKY OJHOI'O BhHIpaXKeHUS BMECTO JPYyroro
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HYXXHO CAelaTh B OJHOM KOHKPETHOM BHIDaXKeHHM HJM XKe B He-
CKOABKHX, TO IO Mepe BO3HUKHOBEHHA B ITOM HeOGXOAHMMOCTH
IpHMeHAeTCH APYroH MeXaHH3M, HCIOAb3yowHi dyHknnio Rule.

Bupaxenre Rulef[lhs,rhs], uau lhs — rhs, 3agaer npasuo,
B COOTBETCTBHH C KOTOPHIM MOXeT GHITh CAelaHa MNOACTaHOBKa
BRIMHCJIeHHOYO BhIpaxKeHus rhs BmecTo lhs. Brpaxenue rhs
BHIYHMCAAeTCS B MOMeHT 3ajanus Rule. Ecau rhs yenecoobpasno
BHIYHCAATL B MOMEHT IDHMEeHeHHMs NpaBura, To ynorpebiasercs
¢ynkuus RuleDelayed, uiu lhs :> rhs.

Ilocre Toro kak NOACTAaHOBKA olpefeleHa B BUJe NpaBHIA
rl = x - a, oHa MoXeT GLITh NpMMeHEHa K KOHKPETHOMY BHIpa-
XeHuo ¢ nodmowsio ¢yHkuui ReplaceAll (mocrdukcuas dop-

Ma /.):

ReplaceAll[Expand[(x + y + a)~2],rl], nan
Expand{(x+y+a)"2] /. rl
4a® + 4ay + y?

Moxcranosky uenecoo6pa3Ho OTAeNbHO 3akaBaTh H NPHCBaUBATh
B KayecTBe 3HAYEHHA KAKOMY-AHGO CHMBOJY TOMbKG TOrfga, KOCLa
eCTh OCHOBaHMA NOJAraTh, YTO OHa 6yJAeT NPAMEHATHLCA HECKOJIbKO
pa3 B xoje BulyucieHuil. Eclu e NoACTaHOBKA NpHMEHAETCA OXHH
pa3, TO ee MOXHO 3aJaTh B BHJe BTOPOro apryMeHTa yHKIHH
ReplaceAll nenocpeicTBeHHO B MOMEHT COBeplUeHHA NOJICTAHOB-
KH:

(x+y+a)*2/. x—a
(2a + b)?

dyukuus ReplaceAll nosponser ocylmecTBHTH HECKOJBKO MOA-
CTaHOBOK ojHoBpemeHHO. Torga 3T MOACTaHOBKH JOMKHEI GHITH
o¢opMJIeHH B BHJE CNACKA K 3aJaHbl BTOPHIM apryMeHTOM JTOH

POYHKIHU:

(x+y+a)*2 /. {x—>ay—b}
(2a +b)?
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WHorga Bo3nukaeT HeoOXOAUMOCTH JeNaTh NOACTAHOBKH IOBTOD-
#o. [IpesmonoxuM, 4To B Bripaxenun Expand[(x+y +a)"2]
HYXHO M36aBHThLCH OT T M y,; 3aMeHHB T Ha @, ¥ Ha a4z, T.e. B
KOHeYHOM cyeTe y Ha a’. Torja MoXHO cjelaTh JIHGO MOACTa-
#HoBKYy {y — az,z — a}, 1u60 NpHMEHHTH JBa pasa NOJACTAHOB-
Ky {z = a,y —» az}. llocaenHee menaioT c noMowmbio GYHKIHU
ReplaceRepeated, unu B nocrdukcuoin dopme //.{z = a,y =

az}:

Expand[(x+y+a)*2//.{x = a,y — ax}]
4a? + 403 + o*

Ilocle MOACTAHOBKH MOLYT BO3HHKHYTh BHIpakeHns Bufga (z*)",
KOTOpHle MOXKHO NDHBECTH K BHAY T*" ¢ nomompio (GyHKIHE
PowerExpand. 3Jta ¢yskuus npeobpasyer (zk)~n B z*nk~n
u (z~k)~n B z~(kn), kakoro 6u BHAa HH 6hu0 n. I[Ipeo6pa-
30BaHHA, cAelaHHHe c nomolipio PowerExpand, koppekTHH B
obieM cryyae, TOAbKO €ClIH T eCTh [eloe, a £ U k MOJOXKHKTENb-

HEIEe.

2.3. [Ipeo6pazoBanusa pauMOHAIbHEIX BHIpaXkKeHUU

[ po6b, yuCAUTeNb H 3HaMEHATeNb KOTOPOH — HOJHHOMHE, Ha3hIBa-
e€TCH PAUUOHAALHBLM GBIPANCEHUEM. YIKe 3HAKOMhe HaM (PYHKIUH
Expand u Factor MoryT npuMeHATbLCA K pallHOHAJALHEIM BhIpa-
xkeuuaM. Pynxuus Expand packphiBaeT npou3BefeHUs U LeJble
MOJOXUTeNbHbEIE CTENIeHd B YUCAUTEJE U NpelCTaBAseT PallHOHAIb-
HOe BHIpa)XeHHe B BHJe CYMMHI JApo6eil, 3HaMeHaTelH KOTOPHX
COBNafaloT CO 3HaMeHaTeleM HCXOJHOrO BRIDaXKeHHA, a YNCIHTEeNH
ecTh OTAelbHbIe ClaraeMhle B PAaCKPHITOM YHCIMTEle:

ratnl = (x+y)(x"2 - y~2)/(x*3 - y"3)

(z+y) (=~ y’)
z3— 43
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eratnl = Expand(ratnl]

23 22y | zy? y?

3—y3 z3-y3 g3 y3

23— 3

Pyukuus Apart packiajblBaeT palliOHANbHOE BhIDAXXeHHe Ha
ApO6H C NPOCTHLIMH 3HAMEHATEAAMH:

aratnl = Apart[ratnl]
TR
2’ +oy+y?

Dyukuua Factor, npuMeHeHHas K CYMMe pallHOHAJILHKIX BHIpa-
JKEeHUH, TPUBOJUT HX K 06LEeMy 3HaMeHaTeJl0 U pacKiaiLIBaeT Ha

MHOXUTEJIHN YUCAUTeNb ¥ 3HaMeHaTelb [IONYYeHHOro pallHOHAJbHO-
ro BLHIpaXXeHHd:

fratnl = Factor[aratnl]
(z+y)?
2 +zy+y?

Pynkuus Together npuBoAUT CyMMY palHOHAJNBHEIX BhIpaXe-

HEM K oflleMy 3HAMEHATeNI0 M COKpauiaeT obline MHOXHTENU B
YHCJAKTENe ¥ 3HAMeHaTele:

tratnl = Together[aratnl]
24+ 2zy+y?
2 +zy+y?

OGIHHG MHOXKHUTeJH B YMCIHTeJe H 3HaMeHaTelle DAallHOHAJbHOI'O
BhIpa>kKeHud He COKPalaloTCHA aBTOMAaTHYECKH. Yrobu ux COKpa-

THTH, npuberaloT K ¢pyakuun Cancel:
Cancel[ratnl)

(z+y)?
2 tzy+y?
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Yro6nl paccMoTpeHHas Bhille pyHkuuA Expand gelicTBoBasa
TOABKO Ha YHCAUTENb HJIH TOJbKO Ha 3HAMEHATEe/b PAlHOHAILHOI'O
BHIpa)KeHHA, IPUMEHAIOT MOAHDUKanuK 3Tok dyuknuu: Expand-
Numerator 1 ExpandDenominator. [loay4uTs 4uciauTens
7 3HaMeHAaTelb DalHOHANBLHOIO BHIPAKEHHS MOXHO C NOMOHIBIO
dyukunuit Numerator 1 Denominator. O6e nocregnue ¢pyHkunu
MOXHO HCIONb30BATH [Af H3BJAeYEHUA HYUCIUTENS H 3HaMeHaTels
PalKOHANBHOTO YHUCIA.

[ng ynpouleHuf pa3iM4HHX BhIpa)XKeHHH, B TOM 4HC/Ie H palH-
OHAJbHHIX, NOJe3HO NPUMeHATb dyHkuuo Simplify, koTopas Bu-
MONHAET NOCNeLOBATENbHOCTb alrebpanveckux Npeobpa3oBaHHM
Haj BHIpaXK€HWeM M NPHBOAUT ero K NpOCTeHlled C TOYKH 3pe-
nug  MaremaTukn“ dpopme. PaccmaTpupaemyio pynkunio yaobuo
OPHMEHATH B NOCTPUKCHONR BXOJHOH (popMe, T.e. MIPUIHKCHIBAL ee C
NOMOIbI0 // B KOHIIe BXOAHOTO BRIPaXKeHHA:

Together[aratnl] // Simplify

(z+y)?
2+ zy+y?

2.4. [IpeaukaTn u 6yJeBul onepauuu

IloMmuMo ToOro, 4TOo 3TH OO6BEKTH BaXHH caMM Mo cebe, OHH
noTpebyloTcad npH obGCYXJeHHH Bompoca O cnocobax 3ajfaHus H
pelleHHs aare6pandeckuX H TPaHCUEeHAEHTHHX ypaBHEeHHHM.

B , MaTtemaTuke" HMeeTcs ceMeHCTBO GYHKIHWH, NMPHHAMAIO-
uiux OyneBH 3uadesus True ¥ False. 3aronoBxu 3Tux GyEKuUH
OKAHYHBAIOTCA Ha JATHHCKYIO 6YyKBY (Q, XOTA He Bce yHKLHH, 3a-
FOJOBKM KOTOPHIX OKaHYHBAIOTCA Ha 6ykBy Q, 6yneBo3Ha4HLI. M
yxe BcTpedauuch ¢ dyukuuamu AtomQ u PolynomialQ. Oauu-
MH U3 Haubosee ynoTpeGHTeNbHHX Oy/1eBO3HAYHKIX GYHKUUA ABA-
ioTca dyukuun IntegerQ, 0ddQ, EvenQ, PrimeQ, xoropue
NPOBEPAIOT CBOHCTBA CBOMX 2pr'yMEHTOB GhITh UEAWIMH, HEYeTHHI-
MH, YeTHHLIMH HAH OPOCTHIMM 4uciamH, a NumberQ nposepser
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CBOMCTBO BHIDQXKeHHA GHITH YHCIOM J060r0 THNa. PaccMOTpeRHLIe
DYHKUHH HA3BIBAIOTCA 0OHOMECTIHBIMY NPeJUKATAMY, KX BEIYHCTIE-
HHe BCerja MPHBOJUT K OJHOMY U3 JABYX 6yJ€BhIX 3HaYeHHH:

{0ddQ[2], 0ddQ[5], 0ddQ[x"2 +y~2}}
{False, True, False}

NUMeeTcs Takxke Knacc ¢GYHKUUH OJHOrO apryMeHTa, 3Hade-
HHSL KOTOPHIX JJf HEKOTOPHIX apryMeHToB MoryT 6uTb True wiam
False, a a1 Apyrux apryMeHTOB NOCIe BHIYMHCJAEHHS HX 3HAYEHHUE
He spnsercda GyneBuM. Hanpumep, dyukuus Positive nposepser
CBOMCTBO YMCNA GHTH MONOXKUTENBHEIM. ECIH YHCIO MON0KHTENb-
HO, OYHKUMA NpUHKMaeT 3HaveHue True. Ecau He nonoxuTennHo
— 3navenye False. Eciu ke mocie BHYHCIEHHA apryMeHTa QyHK-
uuu Positive, BRIYHCICHHBH 2pryMEHT He ABJAETCA YUCIOM, pe-
3yJAbTAT BHIYHCIEHUS GyJeT MMeTh 3aroiosok Positive. WHmMu
croBaMi, GyJeBo3HAYHBIEe PYHKUHK, OKaHYHBatoumecs Ha Q, onpe-
[JAeJeHnl g BCeX 3Ha4YeHU! apryMeHTa, a He OKaHYHBalouecs Ha Q
COOTBETCTBYIOT TaK Ha3hIBAEMBIM YACTUYHHIM (PyHKUHAM, 06aCTh
onpejeleHHA KOTOPHIX He OXBATHIBae€T BCErO KJAcCa BRIPAXKEHHH
,MaTemaTuku "

JByMecTHBEe NpeIHKaTHl CPaBHABAIOT [Ba BHpakeHHs. Ha-
npuMep, npeiuxkar Less cpaBHHBaeT BHIpa)K€HHA N0 HHCACHHOM
BeJqHYHHE!

6<3
False

[Hoxo6H0O ogHOMECTHHM 6yJeBO3HAYHHIM (GYHKIHAM, IBYMEeCTHBIE
NpeiuKaThl MOrYT NPHHATL 3IHAYEHUA, OTAHYHKE OT True wuim
False:

x<y
<y

BcTpoeHHHIME gBYMeCTHHIMEH IpejnkaTaMu apisiorcs: Equal
(==), Unequal (=), Less (<), Greater (>), GreaterEqual
(>=), LessEqual (<=). Ilpegukar Equal npunumaeT 3navenue
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True, ToAbKO ecAK BHyTpeHHUe (POPMH BHYHMCACHHHIX apTYMEHTOB
COBIAJAIOT:

Sqrt[2] +1/Sqrt[2) == 3/Sqrt[2)
3

1
.+ Sqrt[2] == m

Sqrt[2]
Mbr BUAEM: HECMOTPA HA TO, YTO YMCIEHHO BHIpAXKEHUSA CreBa H
cnpaBa paBHul, npeiukaT Equal e npunumaer suavenus True.
[IpuBeseM BHIpakeHHe B IpaBO#l YAaCTH PacCMATPUBAEMOI'O paBeH-
CTBa K 061eMy 3HaMeHaTel10!

Together(Sqrt[2] + 1/Sqrt[2]] == 3/Sqrt[2]
True

Npeaukar SameQ (===), B oTau4ue ot Equal, scerga npusuma-
eT au60 3navenue True, 1ub6o False. A uMmenHo: eciu BHyTpeHHHe
¢OpME BHIMHCJICHHHIX 3HAYEeHHH apryMeHTOB COBNaJaloT, NpefH-
KaT npuHuMaeT 3HayeHue True, ecsn HeT — 3HayeHue False.

Bynesa onepauns xonbioHkuum And, wiu jgormdeckoe MU,
ecTh QYHKUMUA OT HECKOAbKHUX (HeonpeJeNeHHOrO YH¥CAa) apryMeH-
TOB, NOCAEOBATENbHO BEIYHCIAIOIUAS CBOY apIYMeHTH U TpHHUMa-
joman 3navenue False Kak TONBKO O4epefHOH apryMeHT BhIYHCINA-
ercqa Ha False. B ocTanbHEX ciyvafx 3HadeHHe >ToH (YHKLAH He
ABNseTcH OyaeBHIM. Bxognas cdopMa Bupaxenus Andlej,es,...]
umeet Buj e; & & ez & & ... Bynena onepanus guanionkuuu Or,
noruyeckoe  Van“, BxogHas gopma ey || ez || ..., nocaegoBaTens-
HO BHIYUCIAET CBOM 2pPryMeHTHI U NpHHMMaeT 3HaveHHe True xak
TOJILKO O4Y€pPeJHOH apryMeHT NpH BHIYACAEHHH NPHHUMAET 3Hadye-
e True. B nporusBHOM ciy4ae NpHHEHMaeT HeGyJeBO 3HA4eHHe.
Pyukuus orpuuanug Not, norudeckoe ,He“, onpegensercs cre-
AywoumM obpazom: Not[e] nmpunuMaer 3Hadenme True, TOAbKO
ec/lM Noce BHYHCIEHUA BLIpa)KeHHe e NpHHHUMaeT 3HadeHue False,
Not[e] npunnmaer 3HaveHHe False, Tonbko ecim BEIYHCIEHHOE €
NpHHUMaeT 3HayeHde True; ¥ He ompegeneHa Kak Gy/eBO3HaYHaf
omnepanua B UHHX CIy4YadX.
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2.5. Aareb6pauyeckue
A TpaHClleHAeHTHBIe YPAaBHEeHHUA

YpaBHeHEHs H MeTOAL NOJY4YeHHA HMX pelleHHH — OJHH U3 Bax-
HeHLINX pa3feloB MaTeMaTHKH. HuXe MBI paccCMOTDHUM OCHOBHEIE
hYHKUMH, DpHMeHAeMbe JJd HAaXOXKJAeHHS CHMBOJALHBLIX peleHHiH
anreGpanyecKux ¥ TpaHCUeHJeHTHHIX ypaBHeHn#. Havnem co cay-
4af OJHOC'O YPaBHEHHA OTHOCHTEABHQ OJHOH HeH3BECTHOM:

sols = Solve[x"3 - 2x + 1 == 0,x] |

Sqrt 1+ Sqrtf5
{z-1), (2o 22300, SIS0ty
Ypasrenue e = 2 — 2r 4+ 1 == (), 3anKCAHHOE C MOMOUIbIO TPEIH-

kata Equal, aBaseTcs nepBnlM aprymeHToM ¢yHKuuu# Solve —
OCHOBHOH (PYHKUHMHM, NpUMeHAEMOH 1A pelueHUs ypaBHeHu#u. Bro-
poH apryMeHT — NepeMeHHaf, OTHOCHTEILHO KOTOpPOH peulaeTcs
ypaBHeHue. Pe3yibTaroM BHIYHCIEHHS BBIPAXKEHUA C 3arOJOBKOM
Solve sBifeTcAd CHHCOK, INeMeHTaMU KOTOPOro ABAAIOTCA OJHO-
dMeMeHTHHE CUUCKH. JTH 3JeMEHTH eCTh NOACTAHOBKY BHJAA T —
ezpr;. Belpaxenne expr; — 3TO TO, 4TO OGLIMHO NOHUMAETCH NO,I
KODHEM ypaBHeHMA. EciAM B ypaBHeHHM e CHelaThb NOACTAHOBKH,
nony4eHHble B pe3yipTaTe BRIYHCIEHHH, TO pedyibTaTaMu GyAyT
True, ecin KOpHM HalfeHHl TIPaBUIbHO:

x*3-2x+1 /. sols
{True, True, True}

Yr1o6ul NONYYUTh CIIHCOK KODHEH, JOCTATOYHO CAeJNaTh NOACTA-
HOBKY:

x /. sols ,
{1 -1~ Sqrt[5) —1+Sqrt[5]}
' 2 ’ 2
Y paccMOTpeHHOro ypaBHEHHWA AOCTAaTOYHO NpPOCThie KOPHH,
no’TOMYy 06paTHMCA K HOBOMY IIpHMepY:
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OJMHAKOBHIH mopsgox 10716,

newsols = Solve[x"3 — 3x + 1 == 0,x]

1 L
{ o 323 - (—27+27I:S'qrt[3])3 1,
(=27 + 271 Sqre[3))F 3 0% :
-3(1+ ISqrt[3))

{z -

23 (=27 + 271 Sqre[3)F
(1 I Sqrt[3])(=27 + 271 Sqrt[3])?

- 625} }»
~3(1-1Sqrtf3)

93 (=27 + 271 Sqrt[3))?

(14 1 Sqrt[3))(—27 + 271 Sqrt[3))3

- 623 }}

{z >

B noay4ennux gopmynax I — BCTpoeHHas KOHCTAHTA, MHHMas

eqununa 1. Ha nepBufl Barsus g, Bce TPH KOPHA — KOMNJNEKCHHE YH-
clla ¢ He paBHRIMH HYJI0 MHEMBIME YacTaMH. Ha camoMm gene xkopHH
pemlecTBeHnbie. JTOOK B DTOM yOeJHTHCHA, BOCHOAL3yeMCH BYHK-
uneit N, natomei npubIn>KeHHOe YHCIEHHOe 3HaYeHHe BhIpaKeHHH,
u pynkuuei Plot, pucylomeil rpaduku. Bruiyucium Bhpaxenue:

N[newsols]

{{z — 1.53209 — 3.33067 1061},
{z = —1.87939 — 3.88578 107161},
{z — 0.347296 + 9.99201 107 '¢1}}

PesynbpTaT moKasHIBaeT, YTO MHMMBbIE 4YacTH KOpHed HMEIOT

BellleCTBeHHBIX YHUCeT.

N[newsols, 25] _
{{z — 1.532088886237956070404785 + 0.10~3?I},

[Tonpo6yem yBeiHYHTH TOYHOCTE
BhIYMCIeHU#. [J18 3TOro BOCMOAb3yeMCH TeM, YTO BTOPOW HeoO6s-
3aTeNbHbIM apryMeHT vy yHkuuu N 3ajaeT YHcI0 3HaYIUX HHbP
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{z ~» —1.879385241571816768108219 + 0.10™32]},
{z — 0.347296355333860697703433 — 0.10~%%1}}

Tenepsr nopagox MEMMEX 4YacTeir kopreit 10732, 3to rosopHT o

TOM, 4TO KODHH — BellleCTBeHHHe. Harasamoe mpeicTaBieHHe
0 PACNONOXEHHH KODHER MOXHO NONYYHTb, HADHCOBAB rpadK
dyuxuun z3 — 3z + 1 ¢ nomowpio pynknun Plot (puc. 2.1):

Plot{x"3 - 3x +1,{x,-2,2}]

Puc. 2.1

I'paduk RaraffHO NOKA3KIBAET, YT KyGHYeckad napaboaa r° —

— 3z + 1 nepecekaer ochk abcuucc B Tpex Toykax. Ilpucyrcrsme
B newsols MHAMO} eJHEUUH eCTh PE3YALTAT CHEAYIOEro BHOGO-
pa BeTBH MHOTro3HayHOH pyrkunu z(1/F) kommnrekcHoro aprymenTa
z. ADryMeHT ¢ J1060ro KOMILIGKCHOT'O $HCAZ CYHTAETCH H3Me-
HAOWHUMCE OT —7 go m, nodromy z(/F) pmeer apryment @/k.
Hanpuwmep, (~1)(2/3) 1 e. xybudteckuit KopeHs H3 MUHYC e MHHALE,
pasen 1/2+4 I/3/2.

Huoe no cpapnennio ¢ Solve npeiacrabirenne f1s KOpHEH ypas-
HEHHH JaeT pyHkuus Roots.

rts = Roots[e, x]
~1 - Sqrt{5] =1+ 5qrt[5]

r=1le= I = 200
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Bropoe npeacraBieHne MOXHO Jerko npeo6pa3oBaTh B NepBoe C
nomoubio pyukuun ToRules:

ToRules[rts]
{{x =1}, {z = Z1-ogrid) gqrt[S]}, {z— Z1t Sgrtd) +§qrt[5]}}

Ecau ¢pynkuus Solve He MoXeT HaiTH KOPHH YDaBHEHHSA B ABHOM
BHJE, TO Pe3yAbTAT BHIYHCIEHHA KODHEH BLINAIHT CAeJYIOLINM
ofpa3oM:

Solve[x"5 — 3x + 1 == 0,x]
{ToRules[Roots[—3z + z° == ~1,z]]}

CucreMnl ypaBHeHM#l 3ajaloTcs B BHJe cnucka syslist = {x*2+

+y*2==2a"2, y — X == 1} aubo ypaBHeHHS COEJUHAIOTCA C
NOMOWILI0 KOHDBIOHKHMM sysand = {x*2+y"2==2"2 && y -
—~x==1}. PesyabraT B 0604x cry4yaix OfHH K TOT Xe:

Solve[syslist,{x,y}] wuau Solve[sysand,{x,y}]

—1- - 2 - - —a?
{{z 1 Sqrtz[ 1+2a]’ v 2 Sqrt[44 8(1 a)]}’
—~1+Sqrt[—1 + 2a* 2+ Sqrt[4 — 8(1 — a?
{z q 2[ ]’ y grt y ( )]}}

HHorga BoagnkaeT He06XOZMMOCTD HCKAOYHThL YaCTh IepeMeHHhX
A3 CHCTEMEl YPABHEHWH M HaWTH YpaBHEHHS JJA OCTABLIMXCH
nepeMennuix. [ aroro noassywoTci ¢pyrknreid Eliminate:

elmsys = Eliminate[syslist,y)]
a? ==1+2z +2z°

. .
[Tony4yenHoe ypaBHeHHe MOXHO PEIINTh OTHOCHTENLHO NepeMeH-
HOM I:
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Solvelelmsys, x]
{{:c R -2 - Sq.rt[44— 8(1 - a?)] 1

—2+ Sqrt[4 - 8(1 — a?)]
{z— 4 1}
ToT Xe pe3yJbTaT MOXHO NOAYYUTh, yka3aB B (pyHkuud Solve

TPeTHH apryMeHT — HCKAIYaeMylo NepeMeHHYI (MAH CIHHCOK
HCKJI0YaeMBIX NepeMEeHHHIX):

Solve[syslist, x,y]

{{x . -2~ Sqrt[44— 8(1 - az)]},
—2 + Sqrt{4 - 8(1 — a?)]
(2 q [4 ( )}}

C nomourpto dpyukuua Solve MoryT GbIThH HallfeHH peHICHH# He-
KOTOpOr'o, BIpO4YEM, BecbMa OrPaHMYEHHOI'O KJIacca TPaHCIeH-
JEHTHLIX YpaBHeHHH MM CHCTeM ypaBHeHH#E. Ilpm BhIYHCIeHHH
KOpHell TaK#uX ypaBHenuil , MaTeMaTuka“ nevaraer Ha 3kpaHe npe-
OyTnpex<feHue O TOM, 4TO B Ipollecce pellleHHsA OHa o6pallaeTcs K
o6paTHHM hYHKIUAM (¥ el IPUXOANTCA BHIGHPATH HHTEPBAIH MO-
HOTOHHOCTH BCTPeYalollHXCA B YPaBHEHUH (QYHKUHI), NOITOMY He
BCe pellleHHs MOTYT GuITh Hal eHhl:

Solve[Sin[x]"2 — Sin[x] + a == 0,x]
Solve:: ifun: Warning: Inverse functions are being used
by Solve, so some solutions may not be found.

{{z — ArcSin (1 — Sqr;[l — 4a]> h
{z = ArcSin (1 + Sqr;[l — 4a]>}}

Pyukuua Solve HaxoUT pellleHHs ypaBHeHHH, TPAKTYA HX , B 06-
1ieM NoNoXKeHHH ¥, T.e. a4 HecmeuududecKuX 3Ha4eHAH BXOASILIHEX
B YPaBHEHHA CHMBOJbHLIX lapaMeTpPOB:
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Solve[a x*2+b x + ¢ == 0,x]

—~b— Sqrt[b? — 4ac - rt[b? — 4ac
{{z—) b qutib 4 ]}’ {z— b+Sq2t£b 4 ]}}

O4eBugHO, 4TO NpH @ = () 3TH BHPaXKeHHA IIA KOpHEH He UMEIOT
cmucna. Pynkuns Reduce nosaponser ydects nogo6usie ocobhie
3HaveHHA napamerpoB. Buuncnas seipaxenue Reduce[egns,vars],
- ,MaremaTuka® ynpomaer ypaBHeHHs eqns M MOPOXJaeT ypaBHe-
H¥f, DKBUBAJICHTHLIE €gNS U COJepiKaliiie BCE BO3MOXKHEIE PEIIeH uA:

Reduce[a x"2+b x+ ¢ ==0,X]
~b — Sqrt[b? — 4ac]

a#0&& z= 52 H
- 2_
040 &k o= b+Sqr2t(Eb 4ac) 1

c=o&&b=o&&a=onb¢o&&z=—§&&azo

B npukiragHoil MaTeMaTHKe OYeHb BaXXHYIO POJb HIPAIOT CH-
cTeMH JHHeHHHX aare6pandeckKux ypaBHeHuid. Paaymeercs, ux
pelIeHHs MOXHO HaxOJHTb ¢ nmomoilbio ¢yHkuun Solve. Ognaxo
4acTO AHHEHHble CHCTEMHB BO3HHKAIOT B Npolecce pellleHHA KaKuX-
TO NPHKJAAAHHIX 33424, B KOTOPKIX 'eHEpHPYIOTCA HE CaMH CHCTe-
MBI, & MATPHIH KX Ko3¢hdHIHenTOoB. B nof06HHX cayyasx yao6Hee
Bocnoab3oBaThch Gynkuuer LinearSolve. Ilpexpaputesbno or-
MeTHM, YTo MaTpuusl B ,MaTemaTuke“ 3ajgaioTcs ¢ nOMoOmIbIO
CIIHCKOB [OCTPOYHO:

m = {{al,a2},{b1,b2}}
{{al,a2},{b1,b2}}

CTanfapTHOe HPEACTABACHKE MATPHLL MOXET GHITHL NMOAYYEHO C
nomomibio pyuxkuun MatrixForm.

m // MatrixForm

al a2
b1 b2
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®ynkuna LinearSolve umeer gpa aprymenTta. Ilepsmit — wMa-
TPHIa KO3(DIHIKEHTOB CUCTEMEI, a BTOPOH — CIHUCOK €e NMpaBhiX
YacTei.

LinearSolve[m,c]
{ (b2 cl)+a2c2 —(blcl)+al 02}
a2bl-al b2 ' —(a2bl)+al b2

3aecs ¢ = {cl,c2} — BexTop npaBHXx dacTed cucTeMu. DyHxuUA
LinearSolve Hau6onee s¢pdexTuBHa B clAydae CHCTeM 60.AbLICH
pPa3MepHOCTH C pa3peXXeHHHIMH MaTpHUAMH KOIPPUIHEHTOB.

2.6. MaTeMaTU4YeCKHN aHATHA3

Onuy u3 PyHJaMEHTANBHLIX ONEpalH#f MaTeMaTHYeCKOI'o aHalM-
3a — guddepeHUApOBaHie — OCYIIECTBAAIOT xBe QyHKnuu: D u
Dt. Bupaxense D{expr,x] nmMeer peayibraToM (4acTHY0) Npo-
M3BOAHYIO BLIpaXKeHHA eXpr no nepemenHon z. [Ipu BHIYHCAEHHH
CMelIaBHLIX ¥ KPAaTHBIX NPOU3BOLHKIX BTOPOH H T.4. apPryMeHTH
dyukurd D MoryT 6uTb 3afaHBl B BHAe CIHCKOB BuJa {var; k},
rae k; — mopsaJoK MpPOH3BOLHOMN IO NepeMeHHOH var;:

dif = D[x"3 Sin[x"2] E~*(-x),{x,2}]
14z3Cos[z?] 4z*Cos[z?] + 6z Sin[z?] B

E= E* E*=
622 Sin[z?] + 23 Sinfz?] 425 Sin[z?]
E= E= E=

Briynciena BTopas npousBojHad oT pyuxiunu z3sinz2e” %, 3a8an-

HOM B BHJe ABHON aHanuTH4Yeckod dopMyam. PaccMmoTpuMm npo-
H3BONbHYIO QYHKIKIO f[T,y] # BHIYHCIHM €e TPEThIO CMEIaHHYIO
npouasoguyio 02 f/0z0y*:

DIf(x,y],x, {y,2}]
f(1,2)[x’ y]

OrBeT 3amHcaH ¢ noMollblo MyabTHHHZekca (1,2), KOMIOHEHTH
KOTOPOro NOKa3LIBAIOT, YTO BHIYNC/AEHA NEpBasf NPOM3BOJHAA IO
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NepBOMY apryMeHTY H BTOpas NpPOHM3BOJHAA N0 BTOPOMY apry-
MeHTY. Mogyas MyAbTHHHAEKCA, PABHEIH CYMMe €ro KOMIOHEHT,
yKa3hIBaeT NOPAJOK NPOH3BOAHOH. BHyTpeHuas ¢popMa BRIYHCIEH-
Horo BuipaxkeHus dif2 ects

dif2 // FullForm
Derivative[l,2)[ f][z, y]

3xecb HaM BCTPETHJOCH BhIpaXeHHe, 3aroJOBOK KOTODOI'O He
ABAAeTCA CUMBOJIOM. ,MaremaTnka“ Bcerja cBOZHT NPOU3BOLHEIE,
KOTOpDHE OHa HE CMOIJIa ABHO BHIYHCIAHTh, K BHIPAXEHHAM C
saronoBkom Derivative[ny,ny,.. ](f].

Jlioboe BHpaxkeHHe, He cCojepXallee CAMBOJOB, TO KOTOPHIM
HPOU3BOAUTCA XuddepeHunpoBanue, pyukuus D paccMaTpuBaer
KaX KOHCTaHTY O NepeMeHHLM guddepeHnpoBaui:

D[aSin[x],x]
aCoslz)
B orauune ot ¢ynkuuu D odyskuus Dt, noanas npousBogHad,

pacCMATPHBaET BCe CHMBOJH, BXoAfiide B JuddepeHUHpyeMmoe
BLIpaXKeHHEe KaK QYHKUHH OT NepeMeHHKX JuddepeHlE pOBaHUA:

Dt{aSin(x],x]
"~ aCos[z] + Dt[a,z] Sin(z]

Ecnu BTOopoit aprymedt y ¢yskuud Dt He yka3mBaeTcs, TO
Dt[expr] nonumaeTca kak fA¢depeHnHan BHPAXKEHU eTpr:

Dt[aLog[y]]
-II—D—;M + Dt[a] Log[y}

Onepauueit, 06paTHoil gH(pdepeHIHPOBAHUIO, ABIAETCA HAXOX Je-
Hue nepsooGpaspoi. CooTBercTBylowas ¢ynkuus ,Matemaru-
ku“ — Integrate:

Integrate[dif, x]
224 Cos[z?] + 322 Sin[z?]  z°Sin[z’)]
E= E-= E=
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3aMeTHM, YTO KOHCTaHT2 WHTECPHPOBAHHA OTCYTCTBYeT. OTO
O3HauaeT, 4TO B oblueM ciyyae Integrate BwuncifeT JOKANBHYIO
nepBoo6pa3nylo, T.e. QYHKUHIO, KOTOPaA MOXET HMETb CKa4YKH B
JIMCKDETHOM MHOX€ECTBe To4eK (CM. ynp. 4 K 3TOl riaase).

[J1s BRIYMCIEH¥S ONpeJeNeHHOr0 HHTerpaia B Ka4yecTse BTOPO-
ro aprymenTa ¢ynkuuu Integrate yxasmsaercs cnucok {z,a,b},
MEPBHIM J1EMEHTOM KOTOPOI'O ABAAETCA NepeMeHHas HHTerpUpo-
BaHHA, BTODHIM 3/EMEHTOM — HHXXHHH, TPeTbHM 31eMEeHTOM —
BepXHHH# Npeje] HHTEr PUPOBAHUA:

Integrate[dif, {x,0,Sqrt[Pi]]

—2Pi?
ESart{Pi]

3aecy Pi ecTb BcTpoeHHad KoHCTaHTa — qucao . Pyuxnus Inte-
grate no3poisfeT BHYKCAATH NOBTOPHEE HHTerpaisl. B nmocaegnux
npefefsl MHTEMpUPOBAHHA 1O IepeMEHHKIM JaIOTCH B TOM IIOpA IKe,
KaKOW NPUHAT B MATeMaTH4YeCKOM aHaJlu3e:

Integrate[x +y,{x,0,2a}, {y,0,x}]

443

B npuMepe BEIYHCAEH KpaTHHE MHTerpal OT GYHKUHH Z +y MO
TpeyroabHo# obracte Q= {(z,y)|0< < 2a,0<y< z}.

Paanoxenne Gyskuuit B pagul Teidsopa ocymecTBaseT pyHKIHA
Series. I[lpn Buryucrennn Bunipaxenus Series(f,{x,xg,n}] Haxo-
AMTCA CyMMa NepBRIX 7L + 1 4IeHOB pa3joXeHHs GyHKuHu f B pajg
Tenopa B OKpecTHOCTH TOYKH Zg:

{Series|[f[x], {x,0,3}], Series[E~(—x"2)Log(1 + x], {x,0,3}]}

"olz (3)[0]3
(i) + ploje+ L0 L0 oy
-2 -2 ol
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[ns GyHKUIHE OT HECKOJAbKHX NEepPeMeHHKIX pyHKIHA Series mo-
3B0JAeT HAXOIHTh NTOCKeJOBaTeNbHbIE pa3ioXKeHHd B pAnl Teitiopa
N0 pa3siudHHIM He3aBHCHMBIM IepeMeHHhIM:

Series(f[x,y], {x,a,1},{y,b,1}]
fla, 6]+ FV[a,b)(=b+y) + O[~b + y]* + (f*Va,b] +
+ f4 e, b)(=b+y) + O[~b+y]*) (~a+2) + O[-a + 2]’

B kayecTBe TOYKH, B OKPECTHOCTH KOTOPO# NPOU3BOAUTCH Pa3jio-
eHue B pag Tefnopa, Broaue MoXxeT GHThH BhIGpaHa GeCKOHEYHO
yAaneHHas Toyka Infinity, kpome Toro, ¢pynkuus Series y4uThH-
BaeT Haiudue ocoGeHHOCTel y GyHKUHN:

{Series[E~(1/x),{x,Infinity,2}],
Series[Cos[x]Log[x], {x,0,2}]}

2
{1 + % + 5:];—2 + O[_:;]s, Log{z] - E-O—Q%]E— + O[z]3}
C pasnoxenusamu B pag Tedropa MOXHO MpOAENHBAThH OGHIYHEIE
anre6panveckue OfCPAlHU: [EePEeMHOXATH, BO3BOJHTH B CTeMNeHb,
BHIYHCIAATH (YHKUHH OT Pal3JOXKeHHH, AuddepeHIHpOBaTh, HHTe-
IpUpPOBaTH, 6PaTh KOMNO3KLUHKIO PAJOB U T.I., OCTABaACh B TOM XKe
KJ1acCe BRIpaXKeHUU:

{s1 = Series[E~Sin[x], {x,0,2}],
s2 = Series[ArcSin(x],{x,0,3}]}

z? 3 z3 4
{1+z+3+0[x] , x+—6~+0[z] }
{s1 s2, D[s1,x], Integrate[s2,x], s1 /. x = s2}

2,28 . z2 2t 5
{:c-}-z + = +0[z)%, 1 + 4+ Ofz}*, —+ — + O[z)’,
3 2 24
2
z 3

142+ +0[}
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C nomoisio pynkuun InverseSeries MoxHO obpalnaTh pagH:

{s3 = InverseSeries[s2,x], s2 /. x — s3}

3
T - % +O[z]*, z + Ofz]*

Pyuknua Series HMeeT pe3y.TbTATOM BhpakeHHe MaremaTuku®,
HMelollee 3arojoBok SeriesData, nod3ToMy pyHkuny, HCoonb3yeMule
418 npeobpa3oBaHud aare6panvecKuX BHIPAXKEHUH, HE IeHCTBYIOT
Ha DTOT pe3yabTaT. BriucaeHnoe Buipaxkehue SeriesData[z,zy,
{ag,a1,...},nmin,nmaz,den] npelcraBiseT OTPe3OK CTeNEHHOrO
pfijfia IO NEepeMEeHHOH T B OKPECTHOCTH TOYKH Zo. BelnuuHul a;
ecTh KOdhhUUHeHTH pAja. Pa3HocTh & — o BXOAHT B pAf B
crenensx nmin/den, (nmin+1)/den, ..., nmaz/den:

serl = SeriesData[x,0,{1,2,3},1,4,3]

25 +225 432 +O[x]§

[as nmony4eHUs CNUCKOB KO2hUUUEHTOB PAja 4aCTO HCIONb-
3yioT ¢pyrkuuio Table. Hanpumep, cnucox {1,2,3} aBasercs 3na-
venueMm Buipaxkenus Table(i, {i,3}]. Ecru HyXHO noay4dTs pag ¢

HeonpeJeeHHKIMH CAMBONLHEIMYE KOD(DMHLUHEHTAMH, MOXXHO BRI 4H-
cauth Bupaxehue Table(a(i], {i,3}] nau supaxenue Array(a,3):

{Table(i,{i,3}], Table{a[i],{i,3}], Array(a,3]}
{{1,2,3}, {a[1},a[2},a[3]}, {a[1],a[2},a[3]}}

BocnoasayeMmcs ¢dynknueid Array, HToO6H HOAYYHTb pafn serl,
B KOTOPOM koddduuueHTH 1,2,3 3amenenn Ha a[l], a[2], a[3]:

ser2 = SeriesData[x,0, Array|[a, 3),1,4,3]
e[l]z? +a[2)z? + a[3)z + O[z]3

®ynkuns Normal koHBepTHpPYeT psijh B MHOFO4YJNEHH, OfHO-
BpeMeHHO oT6pachiBag cumpox Ofz]".
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2.7. Cnepnarn3npoBaHHbIe IIPOrPaMMEI

OnuceiBas pasnudHue GyHkuuu ,MaTeMaTHku®, MH ynoTpe6is-
a4 onpefelenne ,BcTpoeHHnle“. OHo O3HayaeT, YTO ITH YHK-
OHH CTAHOBATCA HENOCPEJCTBEHHO JOCTYNHHIMH IOCJE 3arpy3KH
,MatemaTuku“. BcTpoeHHBIX GYHKUHH OGHIYHO OKa3hIBaeTCA
BIIOJHE JOCTATOYHO AJA BHINOJHEHHS ILMPOKOrO KpPyra BhIYHC/Ie-
uuii. OgHako npu pa6oTe B KaKOH-TO CeUHAIU3NPOBAHHOH 06Jaa-
CTH MOI'YT NOHaJOGHTCA MHBiEe QYHKUHH, ONpeJeseHHbIE B OTAENb-
HO XpaHAUIKXCA CHel#ald3MPOBaHHEIX POrpaMMaX U CyLIEeCTBEHHO
paclKpAIoulHe BO3MOXXHOCTH Toab3oBaTels. Takue nporpammsl
cocpef0oTO4YeHu B 13 makerax, HId NOAAMPEKTOPHAX, TUPEKTOPHH
PACKAGES. BoT ux Ha3BaHHusA:

Algebra Miscellaneous

Calculus NumberTheory
DiscreteMath NumericalMath
Examples ProgrammingExamples
Geometry Statistics

Graphics Utilities

LinearAlgebra

Bce 5TH nakeTH TakXe cojepXkaT nojaupexropur. Hanpumep,
naker Graphics cogepxut noagaupekropun FilledPlot, Implicit-
Plot, Polyhedra u t.1. [lakeT Calculus cogepxuT nogaupexropun
DSolve, FourierTransform, a Takxe LaplaceTransform, Variatio-
nalMethods, VectorAnalysis u T.5. Ecnu TpebyeTcs BHIYMCAUTH
npeobpasopanue Pypbe KaKHX-AH60 GYHKIHHA, TO ClefyeT NOATPY-
3uTh nogaupekroputo FourierTransform, maxogdmyiocs B makere
Calculus. [as 5Todl ueax MOXHO BOCHONB30BATHCA (PYHKUHUAMH
Needs nin Get. '

Needs[” Calculus‘FourierTransform*”}
HIH

Get[” Calculus‘Fourier Transform‘”]
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[TocnegHee BhpaXkeHye TakXe MOXKHO BBeCTH B BHJe
<< Calculus‘FourierTransform®

Ilocne MOArPY3KY NakeTa CTAHOBATCA AOCTYNHHMH QYHKLHH, KO-
TOphie B HeM ollpefelleHh H HMeHa KOTODHIX MOXHO NOJYYHTh,
ucnoapaya ¢pyukuuio Names. [Ipumep:

Names[” Calculus‘FourierTransform" "]

Teneps MBI HMeeM BO3MOXHOCTb BHYMCIATH npeobpasoBanne Py-
pbe GYHKIHH:

FourierTransform[E~ — x*2Sin[a x}, x, p)

1Sgrt[Pi]  L1Sgrt[Pi]
a2 atp)2
Eﬁ_fl_ EL_\:_PL_

[Ipu pelienun cucreM anreGpandecKHX ypaBHEHHH C ABYMS He-
H3BECTHLIMH 6hIBaeT noJesna ¢pynknus ImplicitPlot, onpegenen-
Has B nporpaMme ImplicitPlot gupekTopuu Graphics. B oTauune
ot ¢yskuur Plot ona nossoaser noayyaTb rpaduku HesBHHIX
¢yskuni y = f;(z), rae fi(z) HaxoZATCA U3 OTAENbHEIX ypaBHEHUH
cuctemul (puc. 2.2).

ImplicitPlot[{x*3 + y*2 == 1,y"2 — x == 0}, {x,-1,2}]

N

Puc. 2.2°
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Ecan B npouecce BulvicaeRHil TpeGyloTca GYHKIHH, Ol peJeleH-
Hble B Pa3fHYHHX NOAAUPEKTOPHAX OJHOH H TOW JKe TUPEKTOPHH,
TO yA406HO BOCIIOIb30BAThCA ClieAyIolel ¢opMoil NOArPY3KH PYHK-
unit. Cuesyer ob6paTuTbca K mporpamme Master, uMemoleics B
KaXXJO# JHPEKTOPHH, BHINONHUB KOMAHIY

<< Directory‘Master®,

rae Directory ecTb uMA Hy>XHOW AupekTOpHH. Ecau npoHcXoguTt
obpalieH#e K KaKoU-TO GYHKUMH [AUPEKTOPHH, TO NpOrpamMma
Master aBTOMaTHYeCKH 3arpy>KaeT Ty HOJLAHPEKTOPHIO, B KOTOPOH
Hcrnonb3yeMad GYHKIOUA PaKTHYeCKH onpejeneHa.

2.8. O6uikHOBeHHEIe AudPepeHIINAIbHbIe YPAaBHEHUA

OcHoBHas (YHKUHMA, HCOOAb3yeMaf [Af HaXOXJAEHHA PpelleHHH
OOLIKHOBEHHHX Au(depeHuuatbHHX ypaBHeHHA B CHMBOJbLHOM
¢opme, ecte DSolve:

soll = DSolve[y”[x] + xy'[x] == 0,y[x],x]

{{yl= ]—>C[1]+Sqrt[ R Br fl—2=1})

Sq t[2]

[lepBuiit apryment ¢pynkuun DSolve — obunikHoBeHHOe gudde-
peHIHalbHOe ypaBHeHHe, B KOTOPOM NPOH3BOAHHE OT HCKOMOH
dyHkuuA y[z] sanucaHn B cnenuaabHOR BXOAHOH PopMe BDYHKUHH
Derivative. OTBeT COJepXUT [ABe NPOU3IBOALHEIE NOCTOAHHLIE
C[1] u C[2]. Ecan nonulTaThCs NPOBEPUTH NPaBHABHOCTh NOAYYeH-
HOrO pemieHHs C MOMOILbIO NOACTAHOBKY B HCXOJHOE YpaBHEHHE, TO
MBIl BCTPETHMCH CO Clefyiollell TPpyAHOCThIO:

odel = y"[x] + xy[x] == 0; odel /. soll
{zy'[z] +y"[c] == 0}
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TakuM 06pa3oM, IPOU3BOJHEE OT NOACTAHOBKH soll He BRHIYMCIS-
1oTca aBToMaTH4Yecku. [IpoBepky nmpaBHABHOCTH ciefyeT npou3so-
JUTH B BHJE

odel /. D[soll,x,x] /. D[soll,x]
{{True}}

Bctpoennas ¢pyukuus DSolve npegHasnadena AAA pellieHUst OTHO-
CHTEJIbHO NPOCTHIX AHP¢epeHuHanbHBIX ypaBHeHuid. Hampumep,
eC¥ TONMEITATLCA C ee MOMOIIbIO pelluTh ypaBHeHne z2y”[z]—

~y'[z]? = 0, To nonyvaeTcs crexyoUMi Pe3yABTAT:

DSolve[x~2y”[x] — y'[x]"2 == 0,y[x],x]
DSolve:: dnim: Built-in procedures cannot solve this differential
equation

DSolve[—y'[z)? + z2y"[z] == 0,y[z], z]

lopasgo Gosee MowHad ¢GYHKUHA C TeM ke HazBaHuem DSolve
onpefenexa B nogaupekropud DSolve aupektopun Calculus. Io-
cje ee NOJArPY3KH paccMaTpuBaeMoe AH(pdepeHlHAIbHOE ypaBHe-
HH¥e Jel'Ko pa3pellaeTc:

DSo]ve[x"Zy”[x]-— y[x]*2== O,Y[ ] ]
{tota (g + ot 2}

[duddeperunaibHoe ypaBHeRHe MOXeT O6bITh CHa6XXeHO JRONOJHU-
TelbHBIMH yCJIOBUAME B dopMe 3aa4n Komu:

DSolve[{y"[x] + xy'[x] == 0,y[0] == 0,y'[0] == 1},y[x],x]
Sqrt[Pi] T
{tole) > 5= Brfl5 e }

C noMotupio pyukuui DSolve, kak BcTpoeHHOM, Tak H NOATPY-
’aeMo#, MOXHO pelllaTb TaK)Xe U CHCTeMH AuddepeHIHatbHBIX
ypaBHEHHUH:
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DSolve[{x'[t] == y[t], ¥'[t] == —a"2x]t],
x[0) ==1,y[0) == 0}, {x[t],y[t]},t]
{{x E ~Iat Elot . -1 Iat

+ —2—, y[t] - 70,E

Elat}}

B npumepe MH BOCHONB3OBAlHCh BCTPOEHHOW ¢yHKuued. Ecau
Heo6X0JMMO HApHCOBaTh I'PadUKH MONYYEHHBIX DelleHHH HIH da-
30BbLIH NOPTPET JAHAMHYECKOH CHUCTEMHl, TO BTOPOH apryMeHT y
dyuxkuun DSolve cregyeT 3agaTh B crefyioeM Byjge:

sol2 = DSolve[{x'[t] == y[t],y'[t] == —a~2x[t],
X[O] ==1,y[0] == 0}, {x,y},{t}]

—Iat EIat
],

+
Elat]} }

{{z — Functionlt, 5
y — Functionlt, -2—IaE‘I°‘ + ;

ITocneguuir oTBeT MpeiCTaBJEH C MOMOIILI0 TaK HAa3HIBAEMHIX %U-
cmuiz Pynxyuti, ¢ KOTOPHIMA MOXHO 6yJeT NO3HAKOMHUTHCA NO3J-
nee. Celivac Mhl IPOCTO BOCHOAL3YEMCS ITHM De3yAbLTATOM I
TOTO, YTO6L HapHCOBATh rpadukd dyukuui z(t] u y(t] (puc. 2.3).

Plot[Evaluate[{x[t],y[t]} /. sol2 /. a = 1/2],{t,—-2Pi,2Pi}]

-1

Puc. 2.3
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Da30BHI NOPTPET MOXHO HapHCOBATh C NOMOLIbIO (PYHKIHH
ParametricPlot (puc. 2.4):

ParametricPlot{Evaluate[{x[t],y[t]} /. sol2 /. a— 1/2],
{t,—2P1i,2Pi}, AspectRatio —+ Automatic]

Puc. 2.4

Haxe ycunennas Bepcus ¢ynkumn DSolve He MoxeT Hai-
TH CHMBOJBLHHIX peHIEHHH BCeX OGHIKHOBEHHHIX AHddepeHIHANb-
HbIX ypaBHeHuii. BcTpoennoil ¢yHkuueir ,MaremaTuku, pea-
JU3YIOLIeH OJWH K3 YHCIGHHRIX MeTOJOB pelleHHs OOLIKHOBEH-
HHX JuddepeHnralbHEX ypaBHeHHH, fBiadeTcd ¢yHkuus ND-
Solve. IIpoananusupyem, ucnoassys NDSolve, HeruneidHble Ko-
ne6aHuA CHCTeMbl, MapaMeTphl KOTOPOH H3MEHAIOTCA CO BpeMe-
seM. IlycTh cucreMa omnuchiBaeTcs ypaBHeHHAMH: Z(t) = y(t),
y(t) = —z(t) ~ 0.7cos(0.3t)sinz(t). IlocTaBuM HaYalbHBIE YCIOBHA
z(0) =1, y(0) = 0 u BEIYHCIMM BRIpaXKeHHe:

nlosc = NDSolve[{x/[t] == y[t],

y'[t] == —x[t] — 0.7Cos[0.3t]Sin[x[t]],

x[O] == laY[O] == 0},{x,y}, {t,0,3Pi}]

{{z — Interpolating Function{{0,9.42478},<>],
y — Interpolating Function[{0,9.42478},<>]} }

PeayabTaToM BHYHCICHHS SBASIOTCA JBe WHTEPNONANMOHHHE
dbyukunu gas z(t) w y(t) Ha uurepsare (0,9.42478). C ux
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NOMOIUbLIO MOXXHO BBIYHCIHUTHL 3HAYEHHUA pellieHnd B n1060#l ToYKe
9TOr'o HHTEpBaJa.

{x[1],y[1]} /. nlosc
{{0.299012,-1.21722} }

HJIH HAPUCOBATH (a3oBHIE NopTpeT KosebGaHui (puc. 2.5):

ParametricPlot[Evaluate[{x[t],y[t]} /. nlosc], {t,0,3Pi},
AspectRatio — Automatic]

(1
k_

Puc. 2.5

Eme ouH cnoco6 noayyeHus NpUGAMIKEHHBIX PEleHHH, HO yxe
B CHMBOJNbHOH ¢opMe — 3TO MeTof pajgoB. Haiigzem npuban-
JKeHHOe Or'paHHYeHHOE pelleHHe ¢ depeHuraNtbHOro ypaBHEHUA
zy'(z) — y(z)* — z = 0 B okpecTHOCTH Ocobol To4ku £ =0 B BH-
Je OTpe3Ka CTelmeHHOro pafa ¢ rodnocTbio Ofz]”. 3agava cso-
AHTCA K ONpejeleHHIO ceMH Koapduuuento B dopmyre y(z) =
a0+ a1z + ... + agz® + O[z]". Tlockoabky peluenue HueTCH B BH-
Je OTpe3Ka paja, onpeleldM O06beKT: :

y[x_] := SeriesData[x,0, Arrayla,7,0]]

O6paTiM BHUMaHHe Ha IBa OGCTOATENLCTBA. Bo-nepBHIX, MH HC-
NOJAB30OBANH TAaK Ha3hiBaeMoe OT/MOXKEHHOE ONpejelieHue, MOITOMY



2.8. O6rixroBeHNNE U DEPEHIHAILHRIE YPABHEHHA 63

BRIXOZHOH CTPOYKH HeT. Bo-BTOpHIX, B olpefeleHHH HCIOAb30Ba-
Ha OfHa O4eHb BaXKHad KOHCTpykuHs A MarTemaTukun“, Ha3nBaeMas
HMEeHOBaHHHM Wa6I0HOM — T_. DTa KOHCTPYKUHA GyZeT noxpob-
HO paccCMOTpeHa B JaibHeiimeM. [TocMoTpuM, Kak BHCASAUT y[z]:

y(x]
a[0] + a[l]z + a[2)z? + a[3)z3 + a[4]z* + a[5]z® + (1(6]:1:6 +O[z]”

Teneppb BrrymcINM Au(depeHUHATbHOE YPaBHEHHKE C NOLYYEeHHHIM
BHIpaXKeHHeM Aaf ylz]:

ode2=x y'[x] -y[x]'2-x==0

—a[0]? + (-1 + a[1] - 2a[0)a[1])z + (—e[1]? + 2a[2] -

— 2a[0]a[2])z? + (—2a[1]a[2] + 3a[3] — 2a[0]a[3])2z>+ (—a[2]? -
— 2a[1]a[3] + 4a[4] — 2a[0]a[4])z* + (—2a[2]a[3] ~ 2a[1]a[4] +
+ 5a[5] — 2a[0]a[5])z® + (—a[3]* — 2a[2)a[4] — 2a[1]a[5]+ -

+ 6a[6] — 2a[0]a[6])z® + O[z]" == 0

YpaBHenus Aasa KodpULUEHTOB afi] M0y 4aloTCA IPHPaBHEBaHHEM
HyA10 KO3(Q(PUIHEHTOB NPH Pa3NHYHKIX CTENEHAX NepPeMEeHHOH Z.
ITOo MOXHO clefaTh, NpHMeHKB K ode2 pynkuuio LogicalExpand:

eqcoefy = LogicalExpand[ode2]
~a[0)? ==0 && —1+a[l] - 2a[0)a(l)==0 &&
—a[1]* +2a(2] - 2a[0] 2]==0 &&
—2a[1}a[2] + 3a[3] — 2a[0]a[3] ==0 & &
—a[2)? - 2a[1]e[3] + 4a[4] - 2a[0)a[4] == 0 & &
—2a[2)a[3] - 2a[1]a[4] + 5a[5] — 2a[0]a[5] == 0 & &
—a[3)? - 2a[2)a[4] - 2a[1]a[5] + 6a[6] — 2a[0]a[6] ==
Jlerko BRJETH, YTO PacCMaTpHBaeMble YPaBHEHHA HMEIOT eIMH-

CTBEHHOE pellieHHe, KOTOpOe MOXHO HaHTH C NOMOIILIO 3HAKOMOH
HaM ¢pyuknuu Solve:
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coefy = Solve[eqcoefy, Table[ali], {1,0,6}]]
{tate1 - 43230 al8] — 155+ a4l g5, a8 3,
a[2] - 5, af0] = 0, a[1] — 1}} |

Tenepb MOXHO HaliTH caMO NPHOIMXKEHHOE pelleHye:

y[x] /. coefy
g2 23 11z* 1925 4738 7
e+ T+5+% + T+ om0 O}

2.9. Hucna 1 onepanuu Haj 4YMCIaMHU

HanomnuM, 4to B ,MaremaTuke” 4eThIpe THNa 4YHCel: leibie,
palHOHaJbHbEIE, BelleCTBeHHHIe M KOMILIeKCHHe. Bce oHm MoryT
coJlepXaTh A1060€e KOJIHYeCTBO Uudp. ApudMeTHYECKHE ONepalny
HaJ NepBLHIMH ABYMs THNaMH YHCeN BHINOJHAOTCA aBCONIOTHO TOY-
Ho (Bce UM(PHI pe3yAbTaTa BepHHE), YTO ABAAETCA XapaKTePHOH
0Cc06eHHOCTBIO KOMIIbIOTEPHHIX aarebp:

sum = 357784905111127390538463709587618 +
+115634553279325911771666205734605
473419458390453302310129915322223

B sTOoM npuMmepe HalifeHa cyMMa JABYX TPHIUATHTPEX3HAYHBIX
HenwIx 4ucen. Pe3yapbTaT BO3BeleHUA B NATHAECATYIO CTemeHb
YHCIa NATH, HallJeHHBIA ,MaTemaTukoil“, paBeH:

550 = 88817841970012523233890533447265625.

JaguMm npuMep BHIYHCIeHHA Gojee CJIOXKHOIO apHPMETHYECKOro
BbIDaXKeHHA:

ar = 8353 644 — 315°14 + 564/1025(314 — 278)
(97067002487950314641206275781839678893)
1025
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B ¢opmaTax uesbIx MAM DaUMOHANLHEIX YHCEN TPYXHO MNONYYHTH
npeJcTaBleHHe O BelW4uHe pe3yabraTa. KpoMe Toro, onn Heyno6-
HEl B YHCAGHHHIX pacyeTax elle B MOTOMy, YTo ZMaTeMaTnka,
CTPeMACH COXPAHHTh THI YHCEN, OCTABAAET PaKTUIECKH HeBRIYHC-
JeHHBIMHM Takue BhipaxeHus, Kak Sqrt[10], Sin[Pi/5] u T.1.

{Sqrt[20], Sin[Pi/5]}

. P
{2Sqrt[5], Szn[?]}
Ecin B nociejHeM npuMepe 3aMmeHHTb neioe 4ducio 20 Ha
BelllecTBeHHoe 4ucao 20. (XapakTepHOR OCOGEHHOCTBIO popmaTa
BellleCTBEHHKIX YKCeN ABIAETCH NPUCYTCTBAE JECATHYHOH TOYKHU B
3allMCH YHUCIA), TO NOAYHYATCS CAAYIOUMH pe3ynbTaT:

Sqrt[20.]
1 4.47214

Pyukuus N AB1deTcs KOHBePTOPOM B (opMaT BellleCTBEHHKIX
qHcen WIH B GOPMAT KOMIJIEKCHBIX YHCeN C BellleCTBEHHRIMH KOM-
NOHEHTaMH, B KOTOPHIX Pe3yJbTAT 3alUCHIBaeTCA B 60Jiee NPUBKI Y-
HOM BHU e, IPUHATOM B HAyYHHIX M HHXXeHepHHIX pacieTax:

{N[sum], Nfar]}
{4.7341910%2, —9.4699510%¢}

[Ipy BHIYHCIEHHAX C BellleCTBEHHHIMK YHCJAMH OYeHb IoJe3-
Hel ¢pyukunn Precision ¥ Accuracy, KOTOpHe BeCbMa YCJOBHO
MOXKHO TepeBeCTH KakK pa3padnwocms M mounocms. PaspagnocTb
ecTb YHCAO JeCATHYHHIX HUGP, HCnoab3yeMux , MaremaTukoi“
B NpeJCcTaBleHHM BeIIECTBEHHLIX YHCeJS NPH BHYUCIEHHAX, B TO
BpeMs KaK TOYHOCTb €CThb YHCAO AECATHYHHX UHPP, HCNOABIY-
e€MHIX [JA NpelcTaBleHHs ZPOGHOH YacCTH BelIeCTBEHHKIX YHCe.
C BHIYHCAUTENbHOH TOYKH 3PEHHSA BellleCTBEHHLIE YHC/Na TPaKTY-
loTcs ,MateMaTukoid“ 160 Kak HMeOLlMe MAIIMHHYIO pa3paf-
HOCTH (1O yMOJI4aHuI0), 1H60 KaK HMeIolIHe HeonpeJeJeHHYIo pa3-
pagHocTh. J[afs Toro 4To6hH y3HATH MAIIKMHHYIO Pa3pAZHOCTH
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AN BaIEro KOMIbIOTepa, JOCTATOYHO BHIYHCAHTH BhIpaXKeHHe
$MachinePrecision. Ha PC-koMnbioTepe aBTopa 3TO YHCJIO paBHO
16. i

{Precision{1./7], Accuracy[1./7]}
{16, 17}

3HayeHUA PAaCCMATPHBAEMHX YHKUHHE AAf HelhiX H PalHOHANb-
HRIX Yncen paBHO Infinity. Ecau noas3osarens BBeX BellleCTBeHHOe
YHCAO, MCNOJb30BaB Goablie 16 mudp, TO OHO TPAKTYeTCA Kak
HMelolllee Pa3pAKHOCTD, GOJBIIYIO, Y€M Pa3pAJHOCThL BBeJIEHHOrO
YHCAa, C JONOJHHTEAbHHIMH HeW3BeCTHhIMM uudpamu. I[lpu BH-
YHCJAEHUAX C TAKMMH YHCJIaMM NPOM3BOAMTCA aHAIM3, Ha KaKHe
pa3ps/ bl Pe3yNbTATa BHYHCACHHH MOT'YT BO3JefiCTBOBATH JONOA-
HUTeNbHHE NU¢PH BBeJeHHOro YHCaa. Takue paspaanl He BKAOYa-
I0TCA B pe3yabTaT.

Y ¢yuknuu N mmeeTcs BTOpOH, Heo6A3aTelbHO YKa3niBae-
MBI apryMeHT, KOTOpHI# ONnpejenfieT paldpAfHOCTb YHCeld, HC-
NOoAb3yeMylo NpH BHIYHCACHNH pe3yabTara. KEcIu BTOpPOH apry-
MEHT He 3aJaH, TO, 10 YMONYaHHIO, B BRIYHCJIEHHAX HCIOAb3yeTCs
$MachinePrecision undp, a Ha 3KpaHe KOMNbIOTEpa pPe3yJbTaT
npejcTaBex ¢ wecTbio qudpamu. K pynkuun N obpamalorcs gia
HaXOX eHHA YUCIEHHHX 3HAaYeHHH BCTPOeHHHIX KOHCTAaHT E,Pi,

Ap.:
pin = N[Pi,40]
3.1415926535897932384626433832795028841972
sqad = N[Sqrt[20], 25]
4.472135954999579392818347
{Precision[pin], Accuracy|[pin],

Precision[sqad], Accuracy([sqad]}
{40, 40, 25, 24}

BcTpoennnie anropuT™Mu ,MareMaTuku“ crpeMaTCHs, 9TO6H NpH
BHIYHCIEHHH GYHKUHM N OT BCTPOEGHHHIX KOHCTAaHT BCe HHQPHI
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peayabTaTa Oblin BepHbie. OfHako B o6lUeM ciyyae He clefyeT
OXHJaTh, YTO BCe N HH(PD pe3yabTaTa BHYUCICHHS BhIPaXKeHHH
N[expr,n] Bepunle. CnpaBesi¥Bo JHIIb TO, YTO BEIYHCIEHHA
BeJIHCh C 33 JaHHOW MONb30BaTeleM Pa3pAIHOCTHIO, PABHOH 7.

Aprymentamu o¢yskuuit N,Precision u Accuracy wmoryrt
6LITH U KOMIIIEKCHEIe YHCAA!

compl = N[Sqrt[20 + 51]]
4.50641 4 0.5547651

{Precision[compl], Accuracy[compl]}
{16, 15}

Ecax B nponecce HHTEPaAaKTHBHHIX BHIYUCIEHHH BO3HHKAIOT
BelleCTBEHHBIE YHCIA, BeIMYHHON MeHblume, deM 10-10 To ¢
noMoulbio GyHkuud Chop X MOXHO OT6POCHTD:

{exp = E*(IN([Pi]), Choplexp]}
{-1.+1.2251510"16, —1.}

3aJaHne BTOPOro YHCIOBOrO apryMenTa € y pyskuun Chop nosso-
AfeT oT6pacHBaTh BEWECTBEHHHE YHCAA, 110 MOJYII0 MEHbILHE €.

YkakeM HEeCKOTbKO pyHKUHH B H3BECTHOM CMBICAE OGPATHBIX
0 OTHOIWEHHIO K GYHKHMH N, T.e. CONOCTaBIAIOWIAX GIU3KHE
K BelleCTBeHHHM 4YHUCJaM UeJHe WAH PaldOHAlIbHHE YHCIa. ITO
npexjge Bcero (pyHKLWH, BHYMCIAIOLIME Lelylo 4YacTbh YHCIA a,
Gauxaililee K @ Henoe, u GrMxailuee nenoe, NPeBOCXoAdllee @, —
Floor[a],Round|a], Ceiling[a):

{Floor{5.7], Round[5.7], Ceiling[5.7]}
{5, 6, 6}

dyuknus Rationalize koHBepTHpyeT BelleCTBEHHBIE YHC/IA B pa-
unoHanbHule. TOYHOCTH Npeo6pa3oBaHUA MOXKET OHITh 3ajaHa B
KavecTBe BTOPOTO apryMeHTa 3TOH QYHKIIHU:
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Rationalize[N[Pi},0.001]
355
113

VHTepecHO BHIYHCAHTD CIHCOK HECKOJAbKHX, BCe Gojee TOYHHIX
npubanxkeHdit yucaa Pi paudoHalbHEIMA YUCIAMMU:

Table[Rationalize[N[Pi], (0.1)"i], {1, 7}]
22 22 355 355 355 355 104348}

YrupakHeHus

1.

Peaauaytime ¢ nomoupio  MaremaTuku“ crefgyiolmi cnocof penieHHs
ypassenus deTnepToik crenemm x4 2z — 62% + 22+ 1 =0. Cuawana o6e
4acTH ypaBHeHHA AeJATCA Ha T°, a 3ATeM BBOJAHTCA HOBOE HEHM3BECTHOE Y,
CBA3aHHOE C T COOTHouleHueM y =z + 1/z. OTHOCHTENHLHO y Nony4aeTcs
KBajpaTHoe ypasHenwe. Haxopsrcsa ero pewenus, a 3ateM z. [Iposepome
NpaBWIBLHOCTh NMOJYYeHHHX TAaKMM cnoco60M KOpHEH HCXOAHOrO YpaBHEHUA

C NIOMOLBIC MX IIOACTAHOBKM B 2TO ypaBHEHME.

. fABnserca ma muorowneH z' 4 4zr® — 22 — 12z + 9 TouHEM KBaZpaTOM,

T.e. MOXNHO au nodobpamb TPH YMCIa p, ¢ ¥ r Tak, YTOOH MUMeNO MeCTO
ToxaecTso z' +42° — 22° — 12249 = (pz? + gz +r)??

. Y6edumeco, 9To MHOrOowreH I° + y° + z° Helb3d NPeACTABATL B BHJE

npoussegenus (az +by +cz)(Az + By + Cz) Hu Ipu KakuX BeleCTBEHHBIX
AIM KOMIUIEKCHRIX YMcaaX a, b, ¢, A, B, C.

IIpoeepvme, 4T0 DYHKIUMA, ABIAIOLIAACA PE3YILTATOM BEYMUCIEHMA BHI-
paxemmn Integrate[l/(2 + Cos[x]),x], #e ecTb nepsooGpasuaa yHKiMM
1/(2 4 cosz). HanomuuM, uro meppoobpasnoi ¢pyskumu f(x) HaselBaeTca
Takad HenpephBHas u AuddepeHuupyeMan ¢ynkiua F(z), uro F'(z) =

= ().

Hespuan ¢ynxuma y(r) onpegenserca ypasuenuem 1y’ — (z +1)°y+3=10
u ycaoBueM y(0) = 3. Hatdume 3Ha4eHNA MepBOd M BTOPOH NMPOH3BOZHOR
dyuxumu y(z) npu £ =0.

Dynxrma z(z,y) onpegendeTcs Kak HeABHaf (PYHKUMA ypaBHEHVEM 2° —
—zz+y?2?> =1 =0 u ycnosuem 2(0,0) = 1. Hatldume 3HaYeHHA NEPBHIX
NPOM3BOAHEIX >ToM GyHKIMK B Touke (0,0).
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7.

Haddume mcnenso gmmy orpeaka kpusoi 4y® = (z — 1), sakmoyennoro
BHYTpH napaboan y* = r. Vcnomayiite dyuxipno ImplicitPlot aupexro-
puu Graphics u BcTpoennyo dyuxumio NIntegrate.

Peutenne 3agauu Kouwm ans caepywouen cucremu Jloperua Tpex o6mkHO-
BeHHHIX AuddepeHIBATLHNX YPABHEHNH

z'(t) = —3(z(t) — y(t)),
y'(£) = —=(t)z(t) +30x(¢) — y(t),
2'(t) = z(t)y(t) — z(¢)

Ang IpoMeXyTKa BpeMeHH ¢ nopagka 30 3aHuMaeT C/DMIIKOM MHOT'O BpeMe-
HH, eCI PEUIaTh 3Ty 3aja4dy ¢ IoMOLIbIo BcTpoennor ¢pyHxkumu NDSolve.
B nakere Programming Examples RungeKutta ects ¢ysxmma RungeKut-
ta, XOTOpadA 3HAYMTENLHO GHCTpee CIPABAAETCA C YHCICHHHBM KHTEDHPO-
BaHMEM CHCTEM OGHIKHOBEHHHIX AucdepeHuMaNLHEX ypaBHeHu#. [lepBriM
apryMeHTOM 5TOM (PYHKIMM ABJAAETCH CIHMCOK [IPABHX YACTed ABTOHOMHBHIX
cucrem O1Y, npudeM apryMmeHT ¢ y HEM3BeCTHHX QYHKIMM ABHO HE yKa-
3nBaeTCcA. BTODHM apryMeHTOM ABIAETCA CIMCOK HEM3BECTHHX (pyHKIIIL,
TPEeTbUM aPIryMeHTOM — CIIMCOK HaYaIbHHX 3HA4YEeHWH, B YeTBEPTOM apry-
MEHTE YKa3hlBaeTCA MHTEPBAT HIMEHEHNA HE3ABMCHMOM NEPEMEHHOM U LIAT
YUCAEHHOTO WHTerpuposanusa. [IpuMenuTemuo k cucteMe Jloperna o6pa-
wenne x pyuxipm RungeKutta Moxer suraggeTs cresyonmm ob6pasom:

rk = RungeKutta[{-3(x - y),~xz+30x — y,xy — z},
{x,y,2},{0,1,0},{30,0.05}};

B peaymnTaTe BEIMMCHEHMA NONYYaeTCA CIMCOK rk 3HAYeHMIl HeM3BecT-
HHEX QYHKIDDI B TOYKaX Pa3bMeHMA MHTEDBANa M3MeHeHUs He3ABMCHMOMN
TIEPEMEHHOM. JTOT CIMCOK MOXHO MCINOJB30BaTh AAA HArMAJZHOTO Tpej-
CTaBleHUA TPaeKTOPHH.

Show[Graphics3D({Line[rk]}], Axes — True,
AxesLabel - {"x”,"y”,"2"}]

PuUCYHOK AeMOHCTpMpyeT HaM4dHe TaK Ha3WBaeMOro , CTPAHHOrO aTTpPaK-
Topa" y TpaekTopul cucTeMmnl Jlopenna.

Hccaedyiime, xaKk M3IMEHAETCA PECYHOK B 3aBUCHMOCTH OT M3MeHEHMIt KO-
a¢pdurmenros 3 u 30 B cucTeme, a TakKe OT HHTEpBala M Liara MHTEDHPO-
parna. CKoNLKO BpeMeHM 3aHMMaeT YMCJICHHOEe MHTerpupoBaHue Ha BallleM
KOMIbIoTepe 7



I'maBa 3
BCTPOEHHASA I'PAD®UKA

TpyAHO nepeoleHHTH 3HaYeHHe HArIALHHIX 06Pa30B B HAyYHOM H
HHXKeHepHOM TBopiecTBe. I'pacHK# M DHCYHKH CAyXKaT OpeKpac-
HBIM CPeJCTBOM JJiA Jydllero TOHUMaHiA 0COGeHHOCTeH NOBeAeHN A
MaTeMaTHyeCckuXx 06bEeKTOB, KOTOPHE YaCTO OCTAIOTCA CKPHITHI-
MH OT HCClefoBaTedd B (OpPMYyAbHOM HAM TeM 6oJiee UHCIEHHOM
npejctasienuu. ,MareMaTnka" 103BONAET CTPOUTD ABYX- H TpeX-
MepHEle Ipad¥ki QYHKIHH U MACCHBOB YMCICHHRIX JaHHHIX, KOH-
TYpPHBIe H NUIOTHOCTHHIE I'padUKH PYHKUHAH OT ABYX apryMeHTOB,
FUCTOrPaMME, KPyroBele gHarpaMMul # T.n. B 3Tol riase mpu-
BOJUTCA ONUCaHHE MDYHKIUHH, CAYXKalUX JJIf rpaduieckoro Inpei-
CTaBleHHA MaTeMaTH4YeCcKHX 00beKTOB M JaHHHIX, a Takxe Oojee
MOUIHLIE CPeJCTBA BHIYAAN3aNNH, KAKOBEIMHU ABASIOTCH rpaduye-
CcKHe NIPUMHTHBHIL.

3.1. I'papmyeckue pyHKIUM ¥ UX ONLKU

BcTpoentbie pyHKUEM, cAyXali{He IJA CO3JaHUA [pacdHKOB, OKaH-
quBaloTcA Ha Plot B aByxMmepHoM caydae uaum Ha Plot3D — 8
TpexMepHoM. CreZoBaTenbHO, X TOYHHIE HMEHA MOTYT GHITH NO-
JAyYeHHl ¢ noMoupio koMaua ?*Plot uan 7*Plot3D.

ContourPlot ListPlot
DensityPlot ParametricPlot
ListContourPlot Plot
ListDensityPlot ParametricPlot3D
ListPlot3D Plot3D

Bce 3TH yHKUHH, KpOMe apryMeHTOB, 3HaYeHHA KOTOPHX 061-
3aTeJbHO YKa3HBAOTCA MOJL3OBaTeleM NpH OOpallleHHH K PyHK-
UMK, UMEIT 60JblIOe KOJMHYEeCTBO apryMeHTOB Heo6A3aTeNbHHIX,



\3.1 ITpacduyeckne pyHKIMH U HX ONMIH 71

HAH onyuld. 3HaYeHHA ONUMH YCTAHOBJEHH MO YMOJYaHHIO, HO
NpH KEeJaHMH MOryT OLITh M3MEHeHH NoAb3oBaTeleM. IlepBhiM
0683aTeJbHRIM apr'yMeHTOM ABASETCA BRIpaKeHHE WAM CIHUCOK BHI-
paxkeEH#t ,MaremMaTnku“, KoTopule 6yXyT HHTEpPIPETHPOBATHCA
KakK (YHKUHH, 32Jal0llie JHHHA HJIM NOBepXHOCTH. Bropoit ap-
CYMeHT, Ha3HBaeMHIH umepamop, onpejelseT, KaKHe CHMBOJKI
NOHHMAIOTCA KaK apryMeHTHl (YHKLHH H B KaKMX Ipefesax OHHU
M3MeHAIOTCE. B TpexmepHOM clydae yKa3HBAalOTCA [Ba WTepa-
Topa. Onuuu onpeieasioT CTHAb ¥ JOMOIHHTENbHHIE 3MeMEHThHI
rpaguyecKHX PHCYHKOB H NO3BOJAIOT JOGUTHLCA MaKCHMANILHON HH-
¢OpPMATHBHOCTH H BHIPA3UTEIHHOCTH.

Creayoune 20 onuuid ABAAIOTCS OGMIMMH [JI1 BCEX CEMH Ipa-
¢puveckux OYHKIMHE, PHCYIOUINX JByMepHble OOBeKTH:

AspectRatio ColourOQutput Frame PlotRange
Axes DefaultColour FrameLabel PlotRegion
AxesLabel DefaultFont FrameStyle Prolog
AxesStyle DisplayFunction FrameTicks RotateLabel
Background Epilog PlotLabel Ticks

Onuue 3ajaloTci B BUJe NpPaBHI NOACTAaHOBOK, HAaIpHMep
AspectRatio — Automatic. Ilo onpegenennio, AspectRatio ecTs
OTHOlIEeHHe BLICOTH K LUKpHHe ABYXMepHoro pucyska. [loabso-
BaTe/lb MOXeT YCT2HOBHTbL €r'0 PaBHHIM JIo60My 4Hcry k, Boe-
4aTaB B Ka4eCTBe TPeTherc apryMeHTa (GYHKUMH BhIpa)KeHHe
AspectRatio — k. Ilo ymonvaHnuio, T.e. ecinm ONNHA NOJb30OBATE-
JeM crelHalbHO He YKalaHa, 9TO Yucio paBHo 1/GoldenRatio, rae
GoldenRatio, ,3on0Toe ceuenne”, npubamxenno pasro 1.61803.
YcranosnaeHHas Ha Automatic onnus AspectRatio 6yger onpefe-
JATbCA aJropuT™MaMu ,MaremaTnku®.

Onuuns Axes onpegenser, KakHe H3 KOOPAHHATHHIX ocell 6YAyT
HapHCcOBaHH. BO3MOXHE TpH ycTaHoBKH: False, npu xoTopoit HH
OJfHa H3 ocelf He 6yJeT npeacTaBAeHa, True — 06e OCH HapHCOBAHK
u {Boolean, Boolean}, rze Boolean npuruMaeT 3Havenus True niu
False.

Onuus AxesLabel noasoaseT xaTh HasBaHusa ocaM. Hanpumep,

{"2”,”y"} uan {"Time”,” Signal”} u 1.1.
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IIpu kenannu Ha3BaHWe BCEMY DHCYHKY MOXHO aThb C IOMO-
wbio onuuu PlotLabel B Buge PlotLabel — "na3Banune”.

Onuns AxesStyle popMmupyeT cnoco6 npegcraBieHHs oced Ko-
OpAMHAT NyTeM 3aJaHHA rpadHyYeCKHX JHPEKTHB, CPeIH KOTOPHIX
ynomsnem Thickness[d], onpegensiomyio oTHOCHTEABHYIO TOALIMAY
oceit, GrayLevel[d], onpefensiomyo HaCHIIEHHOCTb JMHHH 4Yep-
ueM nsetoM, RGBColor[d,,d;,ds] — uset aunun, Hue[d;,d;,ds)
— UBeT JHHHH B APYTHX WLBETOBHX KOODAHHATAX H YCTAHOBKY
Dashing{{d1,d2,...}], onpegeasioniyio pa3mepnl NociefOBaTeAbHIX
CerMeHTOB NPepPHIBUCTONR JHHHHU (pa3MepHl NOBTOPAIOTCA UHK/IHYe-
cku). Yucna d, dy, d; u d3 3akmodenn Mexay 0 u 1. Ilpumep
3ajanusg onuun AxesStyle:

AxesStyle — {{Thickness[0.007], RGBColor[1,0,0]},
{Thickness[0.008], Hue[0.65]} }

B paccmatpuBaemoM caydae och Ox 6ygeT HadepueHa KPaCHbLIM
IBeTOM M TOMHUHOH, cocraBagwiued 0.007-0 4acTe o6uied LIH-
PHHEI DHCYHKa, B TO BpeMsA Kak och Qy 6yseT HadepyeHa CHHHUM
IUBETOM M C OTHOCHTeAbHOH ToamuHo# 0.008.

Onnus Background onpegenser uBeT ¢ouna pucyuka. Ilo ymon-
YaHHIO yCTaHaBiAHBaeTcAd Ha Automatic, 4To NMpUBOAUT K 6eloMy
¢oHy Ha GOJBLIIMHCTBe JucCIieeB M npuHTepoB. [Ipu ycranobke
noab30BaTeNeM LBeT ¢OHa 3aJa€TCA B OJHON M3 Tpex cucTeM. [las
zucnieeB — B RGB[d,,d;,d3] (kpacubiil, 3esennit, CHHHA) HAH B
Huelh,s,b], a1s useTHnx npraTepoB — B CMY[d;,d2,d3,d4] (cu-
HUM, MypNYpPHBIA, )KeNTHA, YePHHIH) cHcTeMax. 3f1ech dp, dp, d3
uad dq, ds, d3, dg ecTb OTHOCHTENbHEE HHTEHCHBHOCTH 6a30BHIX
uBeroB B RGB nan CMY cucremax, h € [0,1] — obs3aTenbHui
napaMeTp, ONpeleNfIOlHH NONOXKeHHe LBeTa B IBeropoid Hue-
naxutpe, s € [0,1] — nmacsiennocts, b € [0,1] — spkocTh yseTa.
[Mocrequue napaMeTpHl He ABAAIOTCA 06A3aTEILHEIME H IO YMOdYa-
HMIO nojaralorci paBHEIMM 1. BoaMoxHO Takxe 3ajaHue ¢oHa B
Buge Background — GrayLevel[d], T.e. cepniit useT ¢oHa oTHOCH-
TenbHol uHTeHcHBHOCTH d € [0,1] (d =0 — Yepnuit dpon, d=1 —
Genslit ¢OH).
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IIpu nocrpoesnu pHcyrkoB , MaTemaTnka“ BOCIPOH3BOAHT
UBeTa COOTBETCTBEHHO AMPEKTHBaM, KOTOphle JaHH MNOJAb30BaTe-
J€M HJH YCTaHaBAMBAIOTCSA O yMOJYaHHIO.

Onuusa ColorOutput nossonser npeo6pa3oBaTh 3TH JHPEK-
THBHL C TeM, YTOOGH HPHCNOCOGHTHL BHLIXOAHHIE JAaHHBIE K KOH-
KpeTHOMy rpaduieckoMy ycrpoiictBy. Hanpumep, ycranoBka
ColorOutput — GrayLevel npeoGpa3yeT Bce nBeTa K OTTEHKaM ce-
poro.

Onuua DefaultColor onpegeader uBeTa 21eMEHTOB PHCYHKa:
ToYeK, AUHHMH, Hagnuceid u T.n. [lo yMoadaHuio ycTaHOBJIeHa Ha
Automatic, 4To o6ecneynBaeT UBET NeMEHTOB PUCYHKA, JOMONHH-
TeAbHHIH K UBeTY doHa. belbie KOOpAMHATHEIE OCH M JMHUY Ipadu-
KOB Ha dYepHoM ¢oHe monydaloTcs Npu ycTaHoBkax Background —
GrayLevel[0] u DefaulColor — GrayLevel[1].

Onuus DefaultFont nossoaser ycTaHOBHTL THIN M pa3Mep
WpHPTa L18 TeKCTa, BKAIOYEHHOr O B PHCYHOK, H I1f MacCIITabHKIX
OTMETOK Ha OCAX, €CIH YCTAHOBAEHHKE N0 YMOAYAHUIO LUPUDT UIH
€ro pa3Mep M0/1b30BaTeNA N04YeMy-I1u60 He YCTPauBaIOT.

PeayabraTaMi BuIMHCJAEHHH, NPOBEJEHHHX ABYMEPHHIMH Ipa-
dbuYecKUMH QYHKUUAMH, CIYXXaT NOMellaeMhle B BHIXOZHYIO g4ei-
Ky BhpakeHns ,MaremaTukn“ c 3aronsoskamu Graphics, Density-
Graphics nan ContourGraphics. CaM pucyHok ecTh Kak 6hl 10604-
HEH 5¢¢eKT BHINCIeHHA. BHRBaloT CATyaluH, KOr'Ja NOABIEHHE
PHCYHKa HexkelaTelbHO. B 3TOM ciydae crefyeT BOCMOAb3OBATHLCA
onuueit DisplayFunction — Identity. Onuuu Epilog u Prolog 6yayT
OIIMCaHH B II. 7.

C nomometo onuuu Frame — True pucyHok 3ak/i104aeTcd B nps-
MOYT'OJAbHYIO PaMKY, YeThlpe CTOPOHHI KOTOPOH MOYXHO CHaGAHTH
HaANHCAMH, cjelaB ycTaHoBKy FrameLabel — {”labell”,”label2”,
”label3”,”label4”}. Hagnucu label pacnonaralorcs no yacosoi
cTpenke, npuieM labell noMmemaercs BHH3y pucyHka., Hagnucu
label2 u label4 mo ymon4aHuO pacnonaraloTcs BepTHKANLHO U 4H-
TaloTCA CHU3Y BBepx, HO onunsg RotateLabel — False pacnonaraer
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X TopH3oHTaIbHO. YcTaHoBKa FrameLabel — "label” nmomewaer
eIMHCTBEHHYIO HAJMHCh OKOJO JIeBOH CTOPOHH PaMKH.

Onuus FrameStyle asanoruuna omuun AxesStyle. Ilpw waan-
YUH PaMKH KOOPAMHATHHE OTMETKH CTABATCA He Ha OCAX KOOp-
MHHAT, a Ha HHXKHEH M JeBOH CTOPOHAaX paMKH. OJTH OTMETKH
CTaBATCA B COOTBETCTBHH C airopurMamu ,MaTemaTHKH® B cry-
yae FrameTicks - Automatic. Ecan nonbaoBaTenb xo4eT paccTa-
BUTb MX CaM, TO €My HYXHO cfgeraTh ycranosky FrameTicks —
{{z1,22,...}, {y1,¥2,-..}}, vAe i, ¥; — KOOPAHHATH OTMETOK.
OTH XKe CHMBOJEH HJIH 4HCIa 6YIyT NOCTaBleHH PAAOM C TOYKa-
MH C KOOpJHHATaMH Z;, ;. OJHY M3 ABYX BHYTPEHHHX (PHIYypPHRIX
CKOGOK ¢ KOOpAMHATaMH OTMETOK MOXHO 3aMeHHTh Ha Automatic.
B cay4ae xorjga »kelaTelbHEl Jpyrue HAAMKCH BOJIH3H KOOPAHHAT-
HHIX OTMETOK HJAHM KelaTelbHO OTCYTCTBHE BCAKHX Hafunucew, TO
creayer nupubersyTsh k ycranoBke FrameTicks — {{{z1,zlabell},
{z2,zlabel2},...}, {{v1,ylabell}, {yo,ylabel2},...}}}. Hpu xlabel
uau ylabel, paBunix ” ”, Hagnucu B6JM3E COOTBETCTBYIOLKX KOOP-
OUHATHHIX MeTOK GYAYT OTCyTCTBOBATh.

IIpuctynas x onucanuio onuui PlotRange u PlotRegion, or-
METHM, YTO BHINOAHEHHe I'padU9eCKHX BHIYHCACHUH MPOXOIHT TPH
craguu. Ha nepsoi  ,MaTteMaTuka“ dopMHpyeT IHOCIEZOBATENb-
HOCTH rpa¢uyecKHX NPUMKTHBOB — TOYeK, JHHUE, MHOCOYTObHHA-
KOB ¥ T.II., U3 KOTOPHIX COCTOHT pHCYHOK. Ha BTOpO# — BHIpaba-
THBaeTCA ONMCaHHe NOCTPOEHHOH NOC]eJOBaTENbHOCTH IPHMHTH-
BOB Ha sabike PostScript. DTo onucanue fenaeT PUCYHOK HE3ABHCH-
MBLIM OT KOMIbIOTEPHHIX M1aT¢GOPM HIH rpaduyecKUX YCTPOHCTB.
OHo JomycKaeT BO3MOXHOCTb Ipeo6pa3oBaHuil PUCYHKa H €ro He-
NOCpe CTBEHHOe BONUIOLIEHHE HAa JNa3epPHHIX NPUHTEpPaxX M XPYTHX
ycrpoiicTBax. MeHHO 3To onucaHWe fABAfeTCA POPMAAbHLIM pe-
3yAbTaTOM I'PapUYECKHX BHIYHCAEHHH H NOMEUIAeTCA B BHIXOAHYIO
A4EHKY.

Hakonen, #a TpeTheil CTagWH STO ONHCaHHE TpPaHCAUPYeT-
CA NPUMEHHTENbHO K rpadM4ecKOMY YCTPOHCTBY, Ha KOTOPOM
pafoTaeT NOAb30BATENb. DBLIYHCAEHHBIH TpadHYeCKHH DPHCYHOK
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[OMeljaeTcs B OTBeJEHHOE €My Ha YCTPOUCTBe NpPOCTPAHCTRO,
3anoJHAf co6oH Bce 3TO MPOCTPAHCTBO NpPH YCJAOBHHM, 4TO Ol
unsa PlotRegion no ymonsahuio ycrasosrena Ha {{0,1},{0,1}},
rae neppoe {0,1} ecTb o61acTb H3MeHeHMS HOPDMHPOBAHHOH KO-
OpPAMHATHL I, BTOpoe — O6JaCTh N3MEHEHUS HOPMHPOBaHHON
KOOpAMHaTH Y. TakuM 06pa3oM, OTBefeHHOe NPOCTPAHCTBO
B HOPMHMDPOBaHHKIX KOODAMHATAX NpeACTaBIfeT CcOOOH eIUHUY-
HEI# KBajpaT. Eciu ke mpousBejeHa ycTaHoBka PlotRegion—
{{szmin,szmaz},{symin,symaz}}, rae sr,sy — HOpMHPOBaH-
HHl€ T M y KOOPAMHATHI, TO PHCYHOK OyJeT 3aloJHATbL COOTBET-
CTBYIOUIYIO HaCTh IIPOCTPAHCTBA, T.6. BOKPYTI DHCYHKA BO3HMKHYT
noJs.

B nponecce BHIYHCIEHHH, OTHOCALIMXCA K NEpBOH CTalHH,
,MareMaTnka“ onpejenser, B 4aCTHOCTH, KaKad 061acTh H3MeHe-
HHUA KOOPAHHATH y JOKHA GLITH OTOGpaXkeHa Ha PUCYHKE C TeM,
4TOOH PUCYHOK BKIloYal Haubojsee MHTepecHhe YepTH 'paduye-
ckoro obwekTta. I[Ipnm >ToM , HexapakTepHble“ 3HayeHHs W OYeHb
60JblIMe 3HaAYE€HUR KOOPAHHATHI  HCKAIOYAIOTCA TPH YCTaHOBKe IO
ymoadanuio onuud PlotRange ~+ Automatic. Jpyrue Bo3aMoXxHEe
ycTaHoBkM aToil onuuu ecTh All (oTo6paxaloTca Bce 3HaYEHHs),
{ymin,ymaz} (#a ocu Oy npeAcTaBieHb 3HaYeHnA PYHKUHUH, 3a-
KJlOYeHHHIe B o6JacTH OT ymin fo ymaz) u {zrange,yrange}
(0TO6paxaloTCA TOALKO Te YacTH rpacduka, I-KOOpJHHaTa KOTO-
PHIX 3aKJioYeHa B 06J1acTH Irange, a y-KOOpAHHaTa — B 06aacTH
yrange).

lNocaexusas onuus Ticks, ynpaBasfioulas KOOpZUHATHRIMH OT-
MeTKaMH Ha KOOPAMHATHBIX OCAX, aHAJOTHYHA paHee ONMCAHHOH
onnuu FrameTicks.

Brinre npuBegeHul oniuH, oblne J1f BCeX AByMepHBIX IpadH-
vyeckux ¢yakuui. Kaxjgafd u3 (YHKUHH, DAaCCMOTpPEHHHIX HHXe,
HMeeT CBOH JOMOAHUTelbHHe onnuu. [locaennne, a Takyke HeKO-
TOPHle ONIHHM TpPeXMepHHX rpadHiecKuX GYHKOHH OyayT JaHH
B ONMCAHHAX COOTBETCTBYIOWIKX MYHKUMH. B 3akaioueHne 3To-
ro NyHKTa gaA¥M NpPHMep NMPHMEHEHHA ONUHH s rpadHIecKOH
¢yuxkuur Plot (puc. 3.1):
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pll = Plot[Sin[x"2], {x, —Pi, Pi},
PlotStyle — Thickness[0.005],
AxesStyle — {Thickness[0.004]},
AxesLabel —» {"x”,”y”},
GridLines — Automatic,
PlotLabel — ”"Plot of Sin[x"2]”,
DefaultFont — {” Arial”,14}];

y
Plot of Sin[x*2)

[Ned A\
| iy
-j-% -1 1 \2[3
\}' 05 \J

Puc. 3.1
B >ToMm npuMepe 3ajaHhl B ABHOM BHJe [aJeKO He BCe ONIHUH
¢yuxuuu Plot. Kaxne mMmenno onuu¥ ¢pakTHiecKH HCNONL3O-
BaHbl M KakHe 3HAYEHHA YCTAHOBAEHM [JJAA DTHUX ONUHUH, MOXHO
y3HaTh ¢ moMolbio pyukunu Options, BR4YuCIMB BEpaxkenne Op-
tions{pl1].

3.2. IsymepHas rpaduka

Ha4HeM onucaHye ¢ BaxKHeHIIeH H YacTo ynorpebaseMoil pyHKIHH
Plot, Tem 6oxee 4To OHa yxKe BcTpedanach HaM panee. C noMmouisio
9TOH QYHKUHH MOXHO YePTHUTH TPaUKH CPa3y HECKONBKUX (YHK-
uKH, 3a4aB B Ka4eCTBe NepBoro aprymedTta gyukuuu Plot cnucok
¢yukuui. a8 TOoro YToOH Pa’3fWYHThH IpadUKH, HCHOABLIYETCH
onuus PlotStyle — {{dir1},{dirs},...}, rae dir; ecTs coBokynnoCcTh
rpaduyecKuX AUPeKTHB, OTHOCALUMXCH K 1-My rpaduky (puc. 3.2):
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pl2 = Plot[{-40x"2 + 800x + 30,100x + 3000}, {x,6,12},
PlotStyle — {{Thickness[0.008]},
{Thickness[0.006], Hue[0.]} }]

4000

.

3600

A e, b

8 10 12
Puc. 3.2

Ha unBeTHOM MOHHTOpe rpaduk napaboan 6yfeT HapHCOBAH
¢ NOMOIILIO TOJCTOH 4YepHOH JHMHHH, a TpagHK HOpIAMOH — C
noMollblo 6olee TOHKOH KpacHOH. MK BHZUM, YTO KOOpAMHATHHIE
OCH nepeceKaloTCs Ha 3ToM pHcyHke He B Touke (0,0). Onunus
AxesOrigin — {zorigin,yorigin} onpegenser nepecedeHue oced B
TOYKe C KOOpAuHaTaMu (zorigin,yorigin).

[Ipu mocTpoenuu rpadukoB PyHKUMH BO3IMOXKHHI JBE CTpaTe-
run. IlepBas cocTOMT B TOM, YTOGH CHa4Yala NOAYYHTH BO3ZMOXKHO
NpocToe NpHUGIHKEHHOe NpeACTaBICHHe IAd QYHKUUH B 33 JaHHOM
HHTepBaJe H BRIYHCIATH 3aTeM NPHOAHKEHHEe 3HaAYeHHA B KAKOM-
To Habope To4yeK. BTopad cTpaTerus, KOTOpoH OGHYHO ClelyeT
,MaremaTuka“, — onpeieIuTh 3apaHee XapaKTepHhle TOYKH I'pa-
¢uKka ¥ 3aTeM BHYHMCAATH QYHKIHIO B 3THX TOYKax. TeM He
MeHee CYLIeCTBYIOT CHTyaluH, KOTja Lejecoo6pa3HO 3acTaBHTh
,MaremaTHKy“ cleJoBaTh NepBO# CTPaTeruy.

OauH 43 TaKUX C1y4aeB Pealu3yeTcs NPH NOCTPOCHHH HECKOMb-
KUX I'paduKOB OJHOBpPEMEeHHO H TOr'Za, KOTJa COOTBETCTBYIOLIMe
¢pYHKIMH 33JaHKl He NONb30BATENEM, A NOAYHAIOTCA NPH BHIYHCIE-
unn pyHkunn tuna Table. Bropo# cay4ai — nocTpoenne rpadpu-
KOB QYHKIHMH, Mony4eHHHX ¢ nomoinsio NDSolve. B nogo6unix
cryyasx npuberaoT x ¢yuknuu Evaluate. B paccmaTpuBaeMom
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HHXKe NpUMepe CTPOATCA rpadHKH NEPBHX YeTHIpeX MOJHHOMOB
Ye6niwesna nepsoro poga: ChebyshevT|0,z) — noannoMa nyresoro
NOpAJKa, PABHOrO TOXecTBEHHO eanHuue, ChebyshevT[l,z] =z,
a Takxe noauHomos ChebyshevT(2,z], ChebyshevT(3,z] (puc. 3.3):

pl3 = Plot[Evaluate[Table[ChebyshevT(n,x], {n,0,3}]],
{xai—' 1,1 } )
PlotStyle — Table[{Thickness[0.003+2i 10"—3]},{i,0,3}]];

0.5}

> 05 05 1

Puc. 3.3

PaccMOTpuM Tenepb OCTajbHLIE M3 CeMH CleUHPHYECKHX [is
¢yuxunu Plot onuuit: AxesOrigin, Compiled, GridLines, MaxBend,
PlotDivision, PlotPoints, PlotStyle.

Onuus GridLines, ycTaHoBieHHas Ha Automatic, BH3LIBaeT
NoABJAeHHE Ha PHCYHKE CeTKH BePTHKAIbHHX M IOPH3OHTAJbHBIX
OPAMBIX, HCXOAAMIHX H3 TOYEK KOOPJAHHATHHIX OCeH C KOOPAMHAT-
HBIMM OTMETKaMH. JTa ceTKa BHIHA Ha rpaduke pll, npuBeseHHOM
BHIlIE.

Onuus PlotStyle coBnagaer c onuuamu AxesStyle u FrameStyle,
HO onpegenseT rpadpuiecKHd CTHIAb NpeACTaBJIeHHA BhIYepyHBae-
MBIX TMHHH.

AJanTUBHHA aJrOPHTM, KOTOpoMy clesyer ,MaremaTuxa
NP MOCTPOEHHH I'PaHKOB, NPelyCMAaTPHBaeT HOJNyHeHHe AOCTa-
TOYHO TAaJKHX KpHBHIX.. OJHAM W3 KPHTEpHeB IJIALKOCTH ABIfA-
€TCA BeIMYHHa yria MeXIy NMOCJIeAOBATeAbHHMH OTpe3KaMH Mps-

«
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MHIX, ANIPOKCHMHPYIOIHX KPHBYIO MeXJAY COCeJHHMH TO4YKaMH,
B KOTOPHIX BRIYMCASIOTCA 3Ha4eHHA (QYHKUHH, 3aJaOLIEX KpH-
Byl0. BeawunHa 3Toro yraa ycrasasaubaercd onumeid MaxBend,
1O YMOJYagHIO OH paBeH 10°.

KoanvecTBo TOYeK, B KOTOPHIX TPOH3IBOAATCA BRIYHCACHHA, pe-
ryarpyetca onnueil PlotPoints, koTopas, ecin He oroBopeHo HHoe,
paBHa 25. Ec/u yron Mexy nociejoBaTenbHEIMA CEIMEHTaMu Npe-
BOCXOJHT 3Ha4deHnde onuun MaxBend, To nponasogurca gpobienue
HHTEepBala MEXJY COCeIHHMMHM TOYKaMH, HO TaKMX LIAroB gpobie-
HHA He MoXeT OLITh 6o/blue, yeM 3Hadvende onuun PlotDivision.
Jlns ymeHblIeHHA BpeMeHH BHIMHCICHHS PYHKUHA B BHIGpPaHHBIX
[0 aJaNTHBHOMY AJrOPHTMY TOYKaX MPOM3BOAHTCA HX KOMIAIH-
pOBaHHMe, 3aKI0Yalolleecs B CO3ZAHHM HEKOTOPOTO HCEBAOKOJA.
O/ HaKo NOCAefHKN MOXeT IPUBECTH K yMEeHbUIEHHIO TOYHOCTH BhI-
yucaerui. Ecan RyxxHo u36exxaTh oZ06HO# NOTEpH TOYHOCTH, TO
caenyer npuberuyth k onuun Compiled — False.

dyukuus ParametricPlot nossonser pucoBaTs KpuBHe U ce-
MeHCTBa KPHBHIX, 3aJaHHKIX napaMeTpuyeckH. Ee omucanue c co-
OTBETCTBYIOIIMME U3MEHEHUAMH COBNaJaeT C ONACAHUEM DYHKUHH
Plot, B yacTHOCTH OHa HMeeT Te e ONUKKY. MK orpaHuIuMca mo-
9TOMY IPOCTHIM IPHMEpPOM NpHMeHeHHd 3Toil pyHkuum (puc. 3.4):

pl4 = ParametricPlot[{Cos(t], Sin[3t]}, {t,0,2Pi},
PlotLabel — ”Lissajou figure”]

Lissajou figure

0.5¢

-1 -05 05 1
-05¢

Puc. 3.4
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dyuxuus ListPlot npeznassavena Aana rpaguyeckoro mpes-
CTaB/eHNd JUCKPETHHIX YMCIEHHHX JaHHHX H HMeeT CBOUM Hep-
BRIM apryMeHTOM Jn6o cnucox Bufga datal={y;,¥2,...yn}, AM60
coucok Buga data2={{zy,y1},{z2,¥2},---{Zn,¥n}}, au60 cnmcok
HAHHBIX CO3JaeTcA KakKoH-1u60 ¢yHkuumei, manpumep Table. B
nepBoM ciaydae 6yseT rpaduveck# NpefCcTaBleHa COBOKYNHOCTH
TOYeK C KoopAWHaTaMH (7,y;), BO BTOPOM — C KOODZHHATaMH
(z:,y;). lycTs MaccuB ganunx data3 umeer BHAI:

data3 = {1.,1.18785,0.81045,0.09574,-0.41614, —0.51789,
—0.49499, —0.60536, —0.65364, —0.28532, 0.42549,
0.95922,0.96017} |

Huxe crenyer ero rpaguveckoe npeicrabienne (puc. 3.5):

ListPlot[data3, PlotStyle — {Pointsize[0.04]}]

.
1} o . o
L J
05+ o
4 8 12
.
.
—0.5[- s
.
Puc. 3.5

CreanyeT o6paTuTh BHHMaHHe, YTO rpaduieckas JHPEKTHBA,
ynpapafwomas pasmepoM Todek, He Thickness, xkak 3T0 6nito B
cayyae aunuid, a PointSize. ®ynxuua ListPlot umeer gononnn-
tesbunle onunu AxesOrigin, GridLines, PlotJoined, PlotStyle. C
nomouibio PlotJoined — True Touku Ha rpaduke 6yIyT CoOeIHHEHH
OTpe3KaMHi NPAMEIX JHHHE (pHC. 3.6):
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ListPlot[data3, PlotStyle — {Pointsize[0.04]},
PlotJoined — True]

05¢

P

Puc. 3.6

Pyukuuu ContourPlot 1 DensityPlot nmossonsioT rpaguie-
CKH U3y4YaTh NOBeleHHe (PYHKLUHE OT JBYX HE3aBHCHMLIX nepeMeH-
ubIX. [lepBad #3 HEX CTPOHT JKMHMH YPOBHA, ABAAIOLINECH JHHAAMHY
Ha MJIOCKOCTH HE3aBHCHMHX NEePeMEeHHKIX, rie QYHKUHA NpHHHEMA-
eT NMOCTOAHHBIE 3Ha4YeHHs. I[lepBEIM apryMeHTOM paccMmaTpHBae-
MHIX (YHKUHH fBIfieTcd BhpaxkeHHe  MaremaTnku“, 3ajaiouee
GYHKUHIO OT ABYX NepeMeHHHX. Kakue U3 CHMBOJIOB B BHIpaXK€HUH
cleflyeT MOHUMATh KaK He3aBHCHMAE TlepeMeHHble, olpeXensieTcs C
nOMOWIBIO ABYX MTepaTopoB BuAa {var;,varmin;,varmaz;}, cie-
AYIOUINX 32 HePBEIM apryMeHTOM.

JononauutenbuuiMu onuuamu ¢pynkuun ContourPlot asasior-
ca onuxn AxesOrigin, ColorFunction, Compiled, ContourLines,
Contours, ContourShading, ContourSmoothing, ContourStyle,
PlotPoints. PHCyHOK ¢ IMHHAMH ypOBHA N[O YMOAYAHHIO 3allTPH-
XOBBIBa€TCA HAH packpaiuuBaeTcs. B caydae onuuun ColorFun-
ction — Automatic obaacT, rjie cocpeJOTOYEHN JHHUH YDOBHSA C
MEHBbIIMMH 3Ha4eHHAMHM (QYHKUHH, HMeloT 6ojee TeMHble OTTEH-
KM Ceporo IBeTa, 4eM 06,1acTH ¢ 6G0JbIINMY 3HAYeHUAME GYHKIHH
(puc. 3.7).
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ContourPlot[Cos[x"2]Sin[y], {x,-2.2,2.2},{y,-3,3}]

v g
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Puc. 3.7

Ha prcyHke AcHO BHAHH MMHHMYMBI M MAKCHMYMhI (YHKUHH B
paccMaTpPHBaeMO# 06AaCTH.

IIpu ycranoske onnuu ColorFunction — Hue npoucxoaur user-
HOe pacKpallMBaHMe, YTO JefaeT PHUCYHOK 6ojee BRIPa3WTeAbHHM,
HO MMeeT TOT HeJOCTATOK, YTO B CHIY MEePHOAMYHOCTH LBETOBOH
Hue-naauTpul MEHEMYMB ¥ MaKCHMyMH GYHKIEH PacKpalleHh B
OJHH ¥ TOT e KPacHHIH LBeT.

Bnpoyem, npr ycranoske ContourShading — False packpamun-
BaHHe OTCYyTCTBYeT, a eCi¥ ycTaHOBETb onuuio ContourLines —
False, To oTCyTCTBYIOT JNHHHH ypoBHA. Ilo yMoayaHHMIo YHCIO
JIMHAA YPOBHA Ha PHCYHKe PaBHO feCATH, NONb30BAaTelb MOXeET
yCTaHOBHTb Heo6xoguMoe yucio ¢ nomousio onuun Contours.

[Ipu ycranoske ContourSmoothing —+ True npoucxoguT criaa-
’KHBaHHe THHHH YPOBHS C TeM, YTOOH DHCYHOK HMel ZOCTaTOYHO
3CTeTHYHLIA BHJ. :

®dynkuus DensityPlot oTo6GpaxaeT 3HaueHHA HCCIeLyeMOH
GYHKIHE B fAYeHKaxX pPeryJApHOM CeTKK C MNOMOIUBIO OKPAIlH-
BaHHA STHX sfideek AH60 B cephH nBeT, Au6Go B useTa Hue-
nanuTpu. JononuuTenvuule onuuy Gyukuuu DensityPlot ects
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{ColorFunction, Compiled, Mesh, MeshStyle, PlotPoints}. Cer-
Ky fiYeeK MOXHO HCKJIIOYHTh H3 DHCYHKa, yCTaHOBHB Mesh —
False. Pyukuuu ListContourPlot u ListDensityPlot anano-
THYHB TOJBKO YTO PaCCMOTDEHHHIM JABYM MOCAEHHM GYHKUHAM
¥ CTPOAT COOTBETCTBYIOILHE I'Papuieckne O6bEKTH A48 JUCKpeT-
HBIX JaHHBIX.

3.3. TpexmepHas rpadpuka

®yukuud Plot3D, ParametricPlot3D u ListPlot3D coagaloT
TpexMepHHe rpadudeckue 06bekTH (puc. 3.8):

Plot3D[Cos[x~2]Sin[y],{x,-2.2,2.2},{y,-3,3}]

Puc. 3.8

XapakTepHOH 4epTOHl TPeXMepHOro CTHIA ABIAETCH 3aKJ]Ioue-
HHMe rpaduka GyHKIHH B KOPoGOYKY, OT KOTOPOH MOXHO H3Ga-
BUTBCA ¢ moMowisio onurk Boxed — False. OnnmeM kpaTko o6uine
ONUHM TPEXMEPHEIX I'paduiecKHX QYHKIHH, 3a HCKIIOYeHHEM TeX,
KOTOpHIE HCIOAb30BaNACh B gBYXMepHO# rpaduke. BoT monnmi
CIHKCOK 3THX OGIIAX OMUHM.
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AmbientLight Boxed Epilog Prolog
AspectRatio BoxRatios FaceGrids Shading

Axes BoxStyle ’ Lighting SphericalRegion
AxesEdge ColorOutput LightSources Ticks
AxesLabel DefaultColor PlotLabel =~ ViewCenter
AxesStyle DefaultFont PlotRange ViewPoint
Background DisplayFunction PlotRegion ViewVertical

Onuun AspectRatio, Axes, AxesLabel, AxesStyle, Background,
ColorOutput, DefaultColor, DisplayFunction, Epilog, PlotLabel,
PlotRange, PlotRegion u Ticks coBmagaior ¢ cooTBeTCTBYIOLIHMH
ONUHMAMH JBYXMEPHHX I'pacduyecKux HyHKUHH.

Onuusa Shading ycTaHaBaMBaeT MM OTMEHSE€T 3aKpallWBa-
HHEe TNOBEPXHOCTH B CephHH HJIH HHBEE HBeTa B 3aBHCHMOCTH OT
PacnoJOXKEeHHA COOTBETCTBYIOLIEr0 y4aCTKa NOBEPXHOCTH. Ecim
Shading — False, To nmpezacTaBierde o NOBEPXHOCTH MOXHO TO-
IY4YUTH N0 UMeloLlelcs Ha Hell KPHBONMHEAHOHW ceTke, o6pa3o-
BaHHOM JHHHAMH llepecedeHuHs IIOCKOCTeNl z = const, y = const ¢
noBepxHocTbio. b caysae Shading — True oxpacka nosepxrocTn
olipeJeNseTca AONONHUTEIbHEIMH ONUHAMH, COEPKAILUMH CUMBOJ
Light.

Onnus Lighting onpegenser, 6yieT iy HCHoAb3OBaHa HCKYC-
CTBeHHas MOACBeTKa JByXMepHOH noBepxHocTH. Eciau ycTaHoBIeHO
Lighting — True, To xapakTep nHOXCBETKH ONpefeiAeTCd OHNIHA-
mu AmbientLight (donosmit nser) ® LightSources (McTounmku
CBeTa).

C nomomsio onnuu AmbientLight — GrayLevel[d] ocymecTsas-
eTCA pPaBHOMepHOe OKpallWBaHKe MOBEPXHOCTH B CepHIil UBET MU
npu AmbientLight — Hue[d] B ogun u3 useros Hue-narutpu. B
TO Xe BpeMs MOXeT OCYIIeCTBAATHCA NOJCBETKA MNOBEPXHOCTH
KPaCHRIM CBETOM M3 HCTOYHHKA, PACHOJOXKEHHOI'O B TOYKE C KO-
opauHaTaMi {Z,,Yr,2 }, 3€JEHBHIM CBETOM W3 TOYKH {Zg,Yg, 2}
¥ CHHHM cBeToM M3 ToYkH {Zs,ys,25}. Ilo ymondanuio cgera-
He ycTaHoBk# AmbientLight — GrayLevel[0] u LightSources —
- {{{1.,0.,1.}, RGBColor[1,0,0]}, {{1.,1.,1.}, RGBColor[0,1,0]},
{{0.,1.,1.}, RGBColor[0,0,1}}}].
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IIpu ycranoske Lighting — False noBepxHocTh noakpalunBaeT-
CH CephIM HBETOM 60Jee TEMHLIM Ha Y4aCTKaX C MEHbUIMMH 3Haye-
HUAMH 2Z-KOOPAKHATHI.

Onuus ViewPoint onpegeisier TO4Ky, 3 KOTOPOR paccMaTpH-
BaeTcA pucyeMas noBepxHocTb. [losoxenne 3Tol Touku onpegens-
eTCH OTHOCHTEeIbHLIMA KOOPAHHATAMHU, B KOTOPHIX IEHTP KOPO60Y-
KH ¢ pucynkom uMeeT koopaunaTh {0,0,0}, a 1uHed LI pasMep ee
HauGoblIed CTOPORL He NPEBOCXOAHT efuHALK. OTHOCHTEIbHEIE
pa3Mephl IpPYTHX CTOpOH onpegensiorca onuued BoxRatios. Ilo
yMon4aHuio cliefasa ycraHoska ViewPoint — {1.3,-2.4,2}. [py-
rue 4acTo ucnoabsyemsle onuuu: {0,—2,0} — B3raag Ha dacag Ko-
po6oukH, {0, 2,2} — cBepxy c dacaHoi cTopons, {0,-2, -2} —
CHH3y C (acajHO#l CTOPCHH, {—2,—2,0} — Barasj c neBOro yria,
{2,-2,0} — B3rasg c npasoro yraa, {0,0,2} — cTporo csepxy.

Onuur ViewCenter u ViewVertical onpegensior nonoxeHue
KOPOGOYKH B NOJie, OTBEJEHHOM 15 PUCYHKA.

Ipumep npumenenns ¢pyukuuu Plot3D 6uur npuBesen paHbLIe.
Onuues, cnenududeckont 1as 3Toit dynkuuu, spagerca Mesh. Ilpn
ycranoBke Mesh — False y6upaeTca kpuBonunednad ceTKa JHHHA
Ha MOBEPXHOCTH.

Onuusa ColorFunction ynpaBiseT MHTEHCHBHOCTHIO H LIBETOM
NOAKPACKH IOBEPXHOCTH, 3ABHCHILAMHM OT 3Ha4Y€HHUS KOOPZIAMHATHI
z. [lo yMon4aHuo oHa ycTaHOBIeHa Ha Automatic.

Onuusg ClipFill onpesenser, 6yyT JM HapUCOBaHK NJIOCKOCTH
z = zmar WM z = zmin B cay4dae, KOTJa 3Ha4YeHHe GYHKNHUH B
KaKo#-To 061aCTH npeBocxXoAuT 3uaveHnne onuun PlotRange.

Onuus HiddenSurface B c1ydae ee ycTaHOBKHE 1O YMOJYaHHIO Ha
True o6ecnednBaeT NOACBETKY 4 MOJKpalldBaHHe BCell NMOBEPXHO-
CTH KaK CIUIOLIHOTO Tela, B TOM 4YHCJe H HEBUAHMBIX C BHIGPaHHOH
TOYKM 3peHUs Y4acTKOB NoBepXHOCTH. B cayyae HiddenSurface —
False nogkpalunBaue BoBCce OTCYTCTBYET.

C nomomsio ¢yixuun ParamericPlot3D MoxHO pucoBaTh
napaMeTpHIeCKH 3aJaHHHE [BYXMEpHhIe NOBEPXHOCTH HJIH OXHO-
MepHhIe KpPHBHIE B TPEeXMepHOM INpocTpaHcTBe. Huxe ciaexyior
PHCYHKH TOpa ¥ oJHOMepHOH kpuBoi (puc. 3.9 n 3.10):
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ParametricPlot3D[{(2 — Cos[u])Cos][t],
(2 — Cos(u])Sin(t],Sin(u]},{t,0,2Pi},{u,0,2Pi},
Boxed — False, Axes — False];

Puc. 3.9

ParametricPlot3D[{Cos|2t], Sin[2t], Sin[t]}, {t,0,2Pi});

0.5
-0.5

0.5

05
Puc. 3.10

Oynkuusa ListPlot3D cayxuT g1s rpaduieckoro npeacrasie-
HHA IUCKPETHHIX YHCAEHHHIX JaHHHX BUAa data = {{z11,212,...},
{2z21,222,---},...}. .[lavnnle data HHTepPNPETHPYIOTCH KaK z-KOOp-
MMAATH TPEXMEPHBIX TOYeK, DPUYeM 3HayeHHe KOODAHHATHI Z;;
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NPHIACHIBAETCA TOYKE C KOOpAMHATAMH T =1, y = j. epea a1y
COBOKYNHOCTb TPEXMEPHHX TOYEK NPOBOAUTCA ABYXMepHad MO~
BepXHOCTb, AHAJIOI'HYHO TOMY KaK JByMepHbieé TOYKH B (YHK-
une ListPlot coegunsanuch 1OMaHOH B cryYae YCTAHOBKH ONOHH
PlotJoined — True. :

3.4. AzMeHeHHe CTHIA U KOMOMHMpOBaHue
NOCTPOEHHLIX PUCYHKOB

IIycTy BHImOAHeH KakKOW-TO PHCYHOK HJK cepus pHCYHKoB. Mo-
XKeT CIyYHTbCH, 4YTO TpebyeTcA H3MEHHTHL I'padUyecKHil CTHIb
pHCYHKa, O6beJHHHTb HECKOJBLKO I'Pa(HKOB B OTHOM PHCYHKe HJIH
IpeACTABHTh COBMECTHO HECKOJIbKO PHCYHKOB. [[1s 3TOTO He HYX-
HO BRIYHCIATH PUCYHKH 3aHOBO, a ClefyeT NpHGerHyTh K OYHKUUH
Show. Bupaxenue Show[plot] aaHoBo pucyeT yxe BRYHCIEHHBIH
pucysok plot. IIpa 3ToM MOXHO H3MEHHTh YCTAHOBKH ONIHH B TOM
rpaduyeckod ¢GyHKIHH, C IOMOMBLIO KOTOPOH OLLI NONYyYeH DUCY-
HOK, YTO Jerko cjenaTh ¢ nomousio Show[plot,option — value].
Bripaxenue Show[plot;,plota,...] npyu BuvuCIeHuE 06beguHACT
HecKoabko rpaguxos B ogHoM. CoraacoBanue obacTel 3aJaHud H
obaacrell 3Ha4eHHA QPYHKUAH NPOUCXOLHT aBTOMATHYECKH.

IloMecTHTh HECKONBKO PHCYHKOB PAJOM B OJHOH JAMHKH, Bep-
THKAIbHOH MAH MODH3OHTAAbHOM, a TaK)Ke OObeJHHATb WX B NMpH-
MOYT'OJBHYIO TabAHIy MOXHO cieayiouum ob6pasom (puc. 3.11, 3.12
1 3.13):

Show|[GraphicsArray[{pl2, pI3}]];

4000

3600

Puc. 3.11
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Show[GraphicsArray[{{pl3}, {pl4}}]};

. Lissajou figure
0.5¢ 05 \/\
A 1 - o5 05 1
~0.5} ~0.5 LL/

1
8 10 12
Lissajou figure 1
-1 -o05 05 |1 2 8 12
0.5 -0.5
Puc. 3.13

3.5. MyapTUILINKAINA

,MaTeMaTHka“ NMO3BOJfET NPOBOXHTL BH3yaaH3alMIO JHHAMHYe-
CKHX nponeccoB. Ecau co3faTh cepuio rpaduiecKuX PUCYHKOB, TO
OHM MOTYT GHITh OXHBJEHH OJOGHO TOMY, KAK CePHS HelojBHXK-
HEIX KapTHHOK-KaJpOB coefuHAeTcd B MyaAbTduasM. Texnomoruio
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CO3JaHHA MYJbTQHIbMA NPOJEMOHCTPUPYEM Ha IPOCTOM ABYMEp-
HOM npuMepe: Gerylueil CHHyCOH JaiLHOH BOJHe.

Cravana cenaeM cepHio #3 11 pHCYHKOB, KaXX/[KIH U3 KOTODHIX
npefcTaBaseT coboil rpaduk pyHkuuu Sin[x —t] Ha oTpeske ocu
z ot 0 g0 4m gas pukcuposanuux t = 0,27 /10,47 /10,...,27. OTu
PHCYHKH OyAyT NOMEIeHH KaXXAHH B CBOIO fYedKy ,3alnuCHOH
KHHXKKHU“, pAcloioXeHHbIe OgHa O] APYrou:

Table[Plot[Sin[x — t], {x,0,2P1i}], {t,0,2Pi,2Pi/10}];

BrigenuMm Bce 3Ty 11 sdeek M 3aTeM C NOMOUILID KOMAaHJbI
Graph Animate Selected Graphics Ta u3 s4eek, koTopas noa-
HOCTBIO peJCTaBleHa Ha dKpaHe JUcHed, 6yeT OXuBJIeHa. BHuay
DKpaHa MpH ITOM NOABJAAITCA HIECTh KHONOK, O3BOIAIOIINE H3Me-
HUTb HalnpaBieHHe NBHXKEHHA aHMMAalUHH, YCKOPUThH, 3aMeIIATh ee
HJH CHeNaTh ayay.

Ilpu noAroToBKe PUCYHKOB K aHHMAIHH ClefyeT NPOABHThH H3-
BECTHYIO NpPefyCMOTPHTEIbHOCTh, OCOGEHHO MOJE3HYIO NDH OXH-
BJIEHUH TpexMepHHIX pucyHkoB. Tak, HanpaMep, 061aCTh 3HAYCHHUA
dYHKUMH 418 BceX rpaduKoB JOJKHA OHITh OZHAa # Ta Xe, a He
BRIGMPATHLCA aBTOMATHYeCKH. I[l03TOMY HYXHO YCTaHOBHTH CO-
oTBeTCTBYlolMM o6pa3oM onuuio PlotRange. [as TpexMmepHRIX
PHCYHKOB cleyeT Tak)Xe YCTaHOBHTHL onuuio SphericalRegion —
True, o6ecne4uBaOlly0 HENOABHXHOCTL KOPOGOYKM C rpadudie-
CKHM 06beKTOM OT PHCYHKA K PDHCYHKY.

3.6. I'paduyeckue pyHKIUH
' CHenHUaTU3NPOBaHHLIX NMaKeTOB

Maker Graphics — of#H ¥3 caMKEIX HHTEPECHHIX CleNHATK3HPOBaH-
HEIX TaKeTOB, COAePXALMH OKOIO NATHAECATH I'paduvecKnX PyHK-
unit. PaccmoTpuM HekoTophie u3 Hux. Pynkunn ContourPlot3D
u ListContourPlot3D sBasioTca’ aHajlOraMu COOTBETCTBYIOLIHX
BCTPOEHHKIX AByMepHhIX pyHkuui ContourPlot u ListContour-
Plot. Mul yxe noapsosanuck ¢pyukyueir ImplicitPlot npu peme-
HHH aare6GpandecKdX H TPAHCUEHAEHTHHX ypaBHeHHH. DyHKnHA
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- FilledPlot oyenn moneana gns pelreHus ypaBHEHHH U HEPaBEHCTB
(puc. 3.14):

FilledPlot[{Sin[x],0.1x}, {x,0,4Pi},Fills - {{1,2},
GrayLevel[0.9]}];

0.5¢

-0.5

Puc. 3.14

Ha skpaHe gucies 3akpallleHa CephIM OBETOM O6JAacTh, 3aKAI0YeH-
Had Mex [y rpaduxaMu ¢yukuui Sin[x] u 0.1x. B obuwem cayqae
rpaUKOB MOXET GLITh HECKOAbKO, 3aKpAalllBATHCE CBOMM OCO-
6LIM OBETOM MOryT O61acTH, 3aKJIIOHYEHHHE MeXJAy JIOCKIMH ma-
paMH rpadHKOB, a TaKXKe MEXAY KaKHM-TO IpadukoM ¥ ocblo Ox.
®ynknus FilledPlot umeer guckpetuwit ananor ListFilledPlot
(puc. 3.15):

ListFilledPlot[{2,3,2,2,5,3}];

1 3 -8
Puc. 3.15
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YacTo KpUBBEIE HA NIOCKOCTH 33 4aIOTCA B MONAPHKEIX KOODAHHATAX.
Ecau Bocnoavsosatbca ¢yunkuuedr PolarPlot, To ux He HyXHO
NepecYUTHIBATL B JeKapTOBH KOOpAMHATH A4 pyHkuun Plot.
I'acrorpaMMH 18 AHCKPETHRIX AAHHBIX NMOJAYYAIOTCA C MOMO-
IIbIO HECKONbKUX GYHKUUH, ABAAOMWIKAXCA MOTHPHKANUAMHE (YyHK-
uxy BarChart. Ilycre jgaHel gBa MaccHBa fJaHHRX datal =
={2,3,2,2,5,3} u data2 = {3,2,1,5,6,3}, Torga X rucrorpamMma
(puc. 3.16) MoxeT 6HIThH noayYeHa BHIYHCIEHHEM BHPaXXeHHA

BarChart[datal,data2]

6r )
jr—"
4t
1 2 3 4 5 6
Puc. 3.16

Pyukuus PieChart pucyer xpyrosnle rucTorpaMMhl JaHHBIX
(puc. 3.17):

PieChart[datal]

Puc. 3.17
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3.7. I'padpnyeckue NpUMHATHBLI

[Byx- B TpexMepHhle PHCYHKH, KOTOpHE BHIIOJHSIOTCA rpacduye-
CKUMHU (YHKIMAMHU, COCTOAT U3 rpacduyecKuX NPUMUTHBOB, Ta-
KHX, KaK TOYKH, JHHHM, MHOTOYIOALHHKH, KPYTH, QHCKH, Na-
pannefenunefbl, TeKCT. ToYKa ABYMEpPHOrO PHCYHKa KaK Ipa-
¢UYeCKHH NPUMHTHB eCTh Bhipaxenue Buia Point[{x,y}], rae
T K Y CyTh ZeKapTOBH KOOPAMHATH TOYKH Ha IIOCKOCTH. Jlu-
HHUSA €CTb Ha CaMOM Jefe JOMaHas JHHHUA, COCTOAIAA U3 OTPE3KOB
IPAMHX, COeJHHAIOUINX NOCIeZOBaTelbHhE YyrAOBHE TOYKH ITOH
auiun: Line[{{x1,y1}, {x2,¥2},...}]. PaccmoTpum aBa rpaguie-
CKHX IPUMHTHBA!

p = Point[{1,1}]

! = Line[{{0,0},{1/2,2},{3/2,2},{2,0}}]

[IpeBpaTuHTh UX B PACYHOK Ha dKpaHe QHUCIJIES MOXKHO CJAeLYIOUIHM
cnocob6oM. CHavasla K HUM HYXHO NPHMeHUTh ¢pyHKuuw Graph-
ics, TpaHCHOPMHPYS HX B OAUH U3 LIECTH rpadHiecKHX O06HEKTOB
( Graphics, DensityGraphics, ContourGraphics, Graphics3D, Sur-
faceGraphics u GraphicsArray), a k pe3y1bTaTy IPUMEHUTH QYHK-
auio Show (puc. 3.18):

Show|[Graphics[{p,1}]];

Puc. 3.18
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KpoMe rpaduyieckux npUMHTHBOB HMeEOTCH rpaduyeckue Iu-
PeKTUBH, ONpeleNsollie Pa3Mephl, UBET H CTHAb IpeJCTaBJIeHUA
IPMMHUTUBOB Ha 3KkpaHe. Ecau oHM He YKal3aHH ABHO, KaK B TOJb-
KO YTO DacCMOTPEHHOM IMpHMepe, TO OHH YCTaHaBIHBAIOTCE IO
ymondanuio. Tupextunn PointSize[r] 1 AbsolutePointSize(r] onpe-
[JeIfI0T OTHOCHTENbHRIH H aGCOMIOTHRIA pa3Mephl TOUYKHA KakK Kpyra
pagdyca r. B mepsoM ciy4ae r ecTh OTHOWIEHHE pajfHyca K IiH-
pHHE MOJHOTO PUCYHKA, BO BTOPOM ciaydae — r eCTb PajuyC B
eAMHUIEe ANHHE, NpHGJIU3NTENLHO PAaBHOM OXHOW CeMbJeCAT BTO-
poi mioiiMa. J[npekTWBa CTaBHTCA Nepesy NPHMUTHBOM, M oba
TH o6beKkTa 3aKilo4aloTcs B ¢GurypHble ckobku. Kpome Toro,
OUPEKTHBa MOXeT JeHCTBOBAThL Ha HECKONBKO ONHOPOJHBIX IpH-
MHTHBOB, CTOALIXX 3a Hell. BcA rpynnma rakxke 3aklioiaerci B
¢urypunie ckobku. I'paduyeckux JUPeKTHB MOXeT ObITh HECKOAb-
KO, M OHH JOJXKHBI IpeilulecCTBOBAThH. IPUMUTHBAM. BriyucieHue
BHIpaXKeHHA ’

Show|[Graphics[{Pointsize[0.03], Hue[0],
Table[Point[{0.1},0.05j}},{j,5}] }I;

NPUBOAUT K TMOABIEHHIO Ha DKpaHe NATH TOYeK KPAcCHOro uBeTa
oTHOocHTeabHOro pa3Mepn 0.03. JupekTuBaMu, ynpapisOLUMH
npeicTaBleHHeM JHHMH, KpoMe IBeTa, aBasioTcs Thickness(r] u
AbsoluteThickness[r]. OHE onpefeAfiOT OTHOCHTeNbHYIO H abco-
JIOTHYIO WUMPUHY JHHHH. '

JupexktuBa Dashing[{r1,r2,...}] nmeeT pesyibTaTOoM npejgcTa-
BJ€HUE JMHHA B BHJe COBOKYNHOCTH OTPE3KOB AJAMHHI rl, 12 U T.A4.,
KOTOpHIe MOBTOPAIOTCA UHKAHYecKH. [lycTb | ecTh crexyrommi
NPUMHTHB:

! = Line[{{0,0},{1,1},{0.95,0.98},{1,1},{0.98,0.95}}]

TOrJa MOXHO IHONYYHTH CAefylowuil pucysok (puc. 3.19):
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Show[Graphics{{Dashing[{0.05,0.03}],
Thickness[0.01],1}]};

Puc. 3.19

I'padnveckuii npumute Polygon[{x1,yl}, {x2,y2}, ...}]
IpeACTAaBIAET 3aNONHEHHBIA MHOT'OYTOILHAK, OPPAHHYEHHBIH 3aMK-
HyTOH JOMaHON NWHHKH, npoxosAiel Yepe3 ToukH (z1,yl), (22,y2)
u T.4. (puc. 3.20):

Show[Graphics[{Hue[0], Polygon[{{0,0},{1,1},{2,0}}]}]};

Puc. 3.20

Ha yBeTHOM MOHHTOpE mNOJy4YaeTCH IANOJHEHHHIH KpacHON
Kpackod DaBHOCTOPOHHHH TpeyroabHuk. JacTHHIH caywalt MHO-
rOyroAbHEKA — NPAMOYTOABHHK — MOXHO MOJAYYHTb C NOMOLIBIO
npuMuTHBa Rectangle [{{xmin, ymin}, {xmax, ymax}], B koro-
poM (zmin,ymin) — KOOpAHHATH HUXKHero, a (rmaz,ymar) —
KOODIMHATH BepXHero yrioB NpAMoyroabHuKa. [yry okpyxHocTu
pacyior, npuberas k rpagudeckomy npumuTuBy Circle[{x,y},
r,{601,02}] # ykassiBas koopAMHATH (Z,y) LEHTPa OKPYXHOCTH,



3.7. ['paguieckue MpUMHTHBL 95

pajgHyc T M rpaHHIHHe 3Havenus (f,0;) noaspHoro yraa. 3akpa-
LIeHHK# KPYr noiydaercs ¢ nomownio npamutusa Disk[{x,y},r].

BaxHuM rpadHYecKuM NPUMHTHBOM ABIAAETCH ToT, KOTOpKIi
sajaeT Tekct: Text{expr,{x,y}].

B 3ToM BHIpaXeHHH ezpr ecTb M1060e BhipaXkeHHe, H Ne4YaTHAA
¢opMa BHYHCIEHHOrO BhIpaXKeHHS GyJeT UeHTPHUPOBaHA OTHOCH-
TeALHO TOYKH C KOOPAHHATaMH z,y. ECIH cHavYana HapHCOBaTb
rpagrk napa6oau y = (2 +z)? na orpeske [—3,—1] 1 0603HaYHTD
yepe3 p rpaduyecknit o6bexT p = Plot[(2 +x)*2,{x,-3,~1}], To
3TOT PHCYHOK MOXHO CHab6uTh TekcToM (pHc. 3.21):

Show[p,Graphics[{Text["Graph of y="Expand[(2+x)"2)],

Graphof y =4 + 4x + x2

08

N

- -1.5
Puc. 3.21

BeecTH TekcT uAM apyrue rpaduyeckue NPHMHTHBH B DHCYHKH,
CO3aHHEE BCTPOCHHLIME rpaduieckAMH GYHKIHIMHE, MOXHO C IO
Mompio oniui Prolog u Epilog. Mo ymMonyanuo ons ycTaHOBAEHH
Ha nyctoi cnucok { }. ITonrb3oBaTesb MOXET BHECTH B ITOT CIIHCOK
no6ule NoAgxoAdllde ciydalo NPUMHTHBH. PasHMNa Mexny pac-
CMaTPHBaeMKIMH ONOUAMHE COCTOHT B TOM, YTO NPHMHATHBLI ONUHKY
Prolog pucywTca o, a npumuTBH onuud Epilog — nocre ocuos-
Horo pucyHka (puc. 3.22):
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Plot[{ AiryAiPrime[x], AiryAi[x]}, {x,-5,5},

Prolog — {Text[FontForm[’ AiryAiPrime”,
{"Times”,14}],{1.4,-0.3}],

Text[FontForm[” Airy Ai”, {"Eurostyle”,14}],{1,0.4}]}
PlotLabel — FontForm[”TwoGraphs”,{” Courier”,14}],
PlotStyle — {{Dashing[0.02]},{GrayLevel(0.8]}}]

Two Graphs

AiryAi

AiryAiPrime

Puc. 3.22

B rpadudeckom npuMuTHBe Text Gnia HCIoaL3OBaHa (YHKIHS
FontForm, apryMeHTaMH KOTODOH SBJAAIOTCA CTPOKa C TEKCTOM,
Ha3BaHHe ¥ pa3Mep UIpH(Ta.

Ecan BMecTo 3aroaoBka Graphics Bocnosib3oBaThcs 3aroflOBKOM
Graphics3D, To MoXXHO TOAYy4YaThL TpeXMepHLe pUCYHKH. [IpH >ToM
npumMuTHBH Point, Line, Text n Polygon ¢ cooTBeTcTBYyIOIIEME H3-
MeHeHHAMH HepeHOCATCA Ha TPeXMepHHH cayyail. EfnHCTBeHHRIM
HOBHIM TpPeXMepHHIM NPHUMHTHBOM fBIAETCA

Cuboid{{xmin, ymin,zmin}, {xmax, ymax,zmax}],
C MOMOILbIO KOTOPOr'O PHCYeTCH Napalielenune] ¢ 1poTHBONOIOXK-

HBIMH yrJAaMH B TOYKaX C KOOpAMHATAMH ZMin, Yymin, zmin |
zmaz, ymaz, zmaz (puc. 3.23):
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Show[Graphics3D[{GrayLevel[0.8], Cuboid[{0,0,0},

{1,1,1}]}],
Boxed — False, Lighting — False];

Puc. 3.23

Kakx ¥ B JByxMmepHOM cily4ae, DPHUCYHKH, OTBevYaiollde Da3HBIM
NPHMATHBAM, MOXHO HakJIaJKBaTh APYr Ha Apyra (puc. 3.24):

Show[Graphics3D[{GrayLevel[0.9],Cuboid[{0,0,0},

REEN))
Graphics3D[{Hue[0], Thickness[0.01],
Line[{{-1,0,0},{2,1,1}}]}},

Graphics3D[{Hue[0.6], PointSize[0.04],
Point[{-1,0,0}]}],],

Graphics3D[{Hue{0.6], PointSize[0.04], Point[{2,1,1}]}],
Boxed — False, Lighting — False];

Puc. 3.24
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YnpaxXHeHUA

2.

7:

. KacaTemnan xak npefemuoe noioxenue cekyumx. llocmpodme cosmecT-

Hule rpaduxu ¢y f(z) = sin z, kacaTexsHOM K rpaduKy 3Toil PyHK-
mH B Touke 0.5 # MATH cexyUmX, mpoxoAsiumx yepea Touky (0.5, f(0.5)) u
Touxu (0.5~ j 0.04, £(0.5 — 5 0.04)), 7 =5,4,3,2,1, va uHTepBare or 0.01
po 1. Oxpacvme rpadpux dyrxumu f(z) B cunnmi, KacaTeIbHYIO B KPACHHH
M CeKylMe B 3efeHHM nBera. [Jod6epume TOMUMHY KPHUBRX TaK, YTOOH
pucyHok 6uin HamGodee BuipasuteneH. Cdeaatime MyIbThWIEM M3 cepum
PHCYHKOB, Ha KaXJOM M3 KOTOPHX HAapUCOBaHH rpadmnxy ¢GpyHKIMH, Kaca- -
TeJbHOM M OJHOM M3 CeKYLUMX.

ITocmpotime coBmecTHHe rpaduxn ¢yskmm f(z) = 5z — 122° 4 827 42
M ee Mpou3BoAHOM Ha wuHTepBale (—1,2). Oxpacvme rpadpux yHKIHI
B CHMHMHM, a ee NPOM3BOAHOM B KPacHHM IBeTa. C(pasxume MHTEpPBAIH
yOLIBAHIA M BO3PACTAHMA (PYHKUMHM CO 3HAKOM €€ IPOM3BOAHOM.

Kakon bymximen us gupexropuu Graphics caegyeT Bocmomb2oBaThCH,
4To6m HapucosaTh aemmmckaty 4(z2 +y?)? = 41(z? ~ y*)? Kaxue omupm
CllefyeT YyCTAHOBHTb C TeM, YTOGH JEeMHHCKATa UMena QUORETOBHIN BET M
OTHOCUTeNbHYIO Tomuuuy 0.017

. B pucyuxe Two Graphics omusembme rpaduxn ¢yt AiryAiPrime(x)

u AiryAi(x) BMecTo HaAIMUCel MAIEHLKHMH KBAJPATOM M TPEYrOJLHMKOM.

. ®opmyan z = ch(u)cos(t), y = sh(u)sin(t) sagaioT nepexox x LmANTHYe-

CKOM CHCTeMe KOOpAMHAT. JIMHMHM NOCTOAHHOIO U CYTh JJUIMIICH, JHHMH
TOCTOAHHOTO ¢ CyTh runepboant. [Jocmpoiime pHCYHOK, COAEPXKALMH NATH
JOMHMA TOCTOAHHLIX U M MATH JMHUWA NOCTOAHHHX t. Hcenoavaylime zan
atoro ¢pyukumu ParametricPlot, Table, Show.

. Ilodepysume naker Graphics‘Shapes’, cgenas gocTymHHMEH ciaejgyiolme

reomerpmdeckue o6vextr: Cylinder (munmap), Cone (komyc), Torus
(Top), Sphere (cdepa), MoebiusStrip (mcr Me6uyca), Helix (crmpans)
u DoubleHelix (goiman covpam). To HyXHO cAelaTh, YTO6K HApPHCO-
BaTh 3TH o6bexkTH?

ITodzpysume naker Graphics'Polyhedra' u yanatime Ha3sBaHWA MHOrOrpaH-
HMKOB, KOTOPHE MOXHO HAapHCOBATH C MOMOLIBI0 GYHKUMIL 3TOrc MAKETa.
3aaas sonpoc 7Cube, yasxatime, 9To HyXHO CfenaTh, YTOGH HapHUCOBAThL
ux ¢ nomowpio dpynximu Show. Hapucytime 3Tin 06beKTH.
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8. Hapucyime xapTankn (puc. 3.25):

olo

<

w &

Puc. 3.25




I'naBa 4
PABOTA CO CIIUCKAMHA

Matepunan, paccMaTpuBaeMuIil B 9TOH I'laBe, 3AHUMAET LEHTpalib-
HOe MECTO B KHHIe, IOTOMY 4YTO ero H3yieHHe NO3BOJIAET IPOJBH-
HYTbCA BIepeJ K OBJaJeHHIO NPOrpaMMHPOBaHHEM Ha A3BIKE BBICO-
KOI'O YPOBHSA, KaKuM ABasgeTcH ,MareMaTuka“, H1n BepHYTbCH Ha-
3a/ K HCMONL30BaHMUIO ee B KayeCTBe KaJbKyIATOpa, HO C MOMOIIbIO
HOBBIX MOUIHLIX CPeACcTB PaboTH ¢ Bhpaxehuamu , MaTemaTuku“.
OcHoBHBIM 06bEKTOM 3TOH I'IABH ABIAIOTCA CIHCKH — OLHH H3
Hanbonee ¢yHAaMeHTaJbHEIX CHOCO60B CTPYKTYpPHPOBaHHA JaH-
HHIX.

4.1. Ilopox aeHue CIIUCKOB

Cnucok ecTh BhIpaxkeHHe ,MaTeMaTHk#“, HMelOlllee 3aroJOBOK
List. Ero azemenTaMu MOryT GHTH JM0Ghle BrIpaxkeHus ,Mare-
maTuk#®. C KJIaBHATYPH CIHCKH MOXHO BBOJHTH C IIOMOIIBIO
QUTYPHHX cKoboK:

{a,Sin[u+ v}, List[1, 2, 3]}
{a,Sin[u+1]],{1,2,3}}.

DlileMeHTaMHU CIIHCKa MOryT OuTh cudckd. Hauboaee yacTo Berpe-
4aIOIaACA KOHCTPYKIHA M3 CIMCKA CIIHCKOB — MaTpPHIIHL.

m = {{m11,m12,m13},{m21, m22, m23},
{m31,m32,m33}} // MatrixForm
mll mil2 mi3

m21 m22 m23
m3l m32 m33
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‘®ynknus MatrixForm npefcraBuia CIMCOK m B IPHBLIYHOM
maTpuyHoil ¢opme. Boamoxen nycroit cmucok List[], man {}.
Cregyouine naTs GyHKIHA MOPOXAIIOT CIHCKH.

Buipaxxenue Range[n] umeeT peayabraTom cnucok {1,2,...,n},
BepaxkeHHe Range[m,n], rge uucia m, n He o6s3aTenrbHO IUe-
aue, — cnucok {m,m+1,...,m+ki}, npudem m+ki<n<m+
+ (k+ 1)1

Range[2.2,4.9]
{2.2,3.2,4.2)

Ecan y ¢yuxunr Range 3agaHbl TpH apryMeHTa, TO NOCIAEIHHH
onpefenseT War NOPOXAEHWA 4HCeN, T.e. Pa3HOCTb MEXJYy Hocjxe-
JOBATEIbHLIMHU 3JIeMEHTaMH CIHCKA:

Range[2.2,4.9,0.5]
{2.2,2.7,3.2,3.7,4.2,4.7}

®ynxuus Table nossoaser renepuposaTh 60o.1ee CIOKHO YCTPO-
eHHble cnuckd. Brpaxenue Table[expr,{n}] nopoxjaer cnucok
M3 n 3Ha4YeHUH OJHOTO M TOTO XKe BHPaKeHUA €TPr.

Table[learn, {3}]
{learn,learn,learn}

3xecy HeobGXoZHMO cjelaTh clejywouiee yTodnerue. J[leno B
TOM, YTO OJHO U TO e HCXO{HOE BhIpaXKeHHe eZPr NPH BRIYUCICHUH
MOXET AaBaTb PaljH4HEE Pe3yAbTAThl. ITOGH MOHATHL 3TO, pac-
cmotpuM ¢yHkuuio Random, YacTo ucnoabayemyio B MaTeMaTH-
YeckoM MojeinpoBaHiu. Bupaxenne Random(] npu Buyuciennu
HMeeT pe3yJbTaTOM OJHOPOJHO pacHpefeNeHHYIO INCeBIOCHY4Yail-
HyI0 BellleCTBEHHYI0 BeIMYMHY, 3aKJII0YeHHYI0 B HHTepBale oT 0
go 1. IlooTomy BuHcierue Bripaxenus Table[Random[]] mo-
. XeT JaTh, HANpUMep, ClelyOWni peayIbTaT:
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Table[Random[], {7}]
{ 0.242873, 0.844294, 0.887767, 0.938646, 0.692790, 0.580143,
0.363467}

B 5ToM cayyae pe3yabTAT BHIYHCACHHA HE COCTOUT M3 KONHUH OLHO-
I'0 H TOTO Xe Bulpa)KeHHA, KakK 3TO 6LLIO B peAR AYIUEM IpHMepe,
Bripaxenne Random[type,range] gaer nceBjocayvaiiibe 4u-
cra Tunos Integer, Real uan Complex, 3ak.1o4eHHble B HETepBaJe
range.

Table[Random[Integer, {0,9}],{17}]
{0,0,8,9,9,5,7,3,5,2,6,1,9,3,9,7,4)

B cayyae Tuna Real TpeTni aprymenr ¢pyrknuds Random moxet
32J4aBaTh YUCAO UMD, HCHOAB3YEMHX I NpejCTABIEHHR Bellle-
CTBEHHOr'O YHUCJA.

Bepuemca x ¢pyuxunu Table. Bupaxenune Table[expr,{i,n}]
IpY BHIYHCIEHHM NMPHBOAHT K CIOHCKY U3 1 3HAYEHMH BHIPaKeHHSA
€Zpr, OTBeYaloUMX apaMeTpy ¢, A3MeHslomeMycs oT 1 fo n.

Table[N[Log]i]], {i, 10}]
{0,0.693147,1.09861, 1.38629, 1.60944, 1.79176,1.94591,
2.07944,2.19722,2.30259}

Bropon aprymenTt ¢dyuxkuus Table nasmBaeTca umepamop.
Ecan nreparop mmeer Bug {i,m,n}, To expr BRYHCIAETCA HAYH-
Haf € 1 = m, eCaH e uTepaTop pasek {i,m,n,di}, To di ecTh war
no mepemeHHOM i. B caydae, Korja yxalaHO HECKOALKO WTEPaTO-
pos: Table[expr, {i,imin,imax}, {j,jmin,jmax},...], nopoxaa-
IOTCA BJIOXEHHbIE CIUCKHU:

{{2,3,4},{3,4,5}}
Bepxane rpalnibi BTOPOrO ¥ NOCAeAYIOWHX HTEPATOPOB MO-

I'YyT 3aBHCETb OT NepeMeHHBIX NpeAleCTBYIOIHX HTepaTopoB. B
YaCTHOCTH, 2TO NO3BOAAET IMOAYYaTh TPeyroibHEe TaGIHIKL.
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Table[x"(i +j),{},1,3},{j,1,i}] // TableForm
2

z
3 g4
4 75 26

I

dynxuusa Array(a,n] nopoxaeT CIIMCOK JAUHHL Tt C DIeMEHTa-
mu afi) gna 1= 1,2,...,n. Ureparop, 3asannui B sute {ny,ny,...},
NPHBOZUT K BIOXKEHHOMY CIUCKY C dIeMeHTaMHM afiy,iy,.. .):

Array(a, {3,2}]
{{al1,1},0[1,2]},{a[2,1],a[2,2]},{a[3,1],0(3,2]} }

®Pyukuus Array|a,iterators,origin] faet cnncok, B KOTOPOM HH-
JeKChl HTEPATOPOB M3MEHAIOTCA CO 3HAYEHHA Origin, MO yMoada-
HUIO PAaBHOMY efuHule. Eciu Xe apryMeHTHl pyHKHUHM Array
3afaHH B Buje Array[a,iterators,origin,h], To nonryyaercs Bu-
paxenne ,MaTemaTuku“, B KOTOPOM 3aroJoBok List Bciogy 3ame-
HeH Ha 3aroJoBOK h.

Array(b,4,2,Plus]
b[2] + b[3] + b(4] + b[5]

Bupaxenue DiagonalMatrix[list] mopoxgaeT cnucox, oTse-
YalolWi ABYMEPHOH [JMAroHAIbHOH MATpHUE C dJIeMEeHTaMH M3
cnucka list Ha TJIaBHOH AWaroHANH, B TO BpeMsfi Kak QYyHKIHA
IdentityMatrix[n] gaer egunu4nyo n X n MaTpHULy.

4.2. IIpeo6pa3oBaHus CIUCKOB

K udcay mpocreiiminx npeo6pa3oBaHHi, KOTOpPHle MOXHO IpoJe-
JaTh HajJ CHNHCKaMHK, OTHOCATCA fo6GaBieHHe K CIHCKY ¥ y/jajeHHe
31eMeHTOB M3 cmucka. C nomompio ¢ynknnn Append sieMeRT
elern MOXHO MOCTaBHTh Ha MOC/IefHEe MeCTO CIucKa list, a ¢ mo-
Mowsio pynkuux Prepend — Ha neppoe MecTo B cnucke. |,
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Append[{a,b,c},elem]
{a,b,c,elem}

Prepend[{a,b,c},elem] -
{elem,a,b,c}

Kak bl 27eMeHT cnMcKa OZHO3HAYHO ONpejelfieTCA CBOMM Ho-
MepOM, MOJOXHTENbHKIM, €CIH OTCYeT BelJeTcd CIeBa, MJAH OT-
pHIaTeNbHEIM, eclH OoTcYeT Befercsd cnpaBa. Pyuxknuus Insert
[O3BOJAAET BCTaBUTDL elem B CIMCOK, IIOMECTHB ero Ha k-e MecTo.
OcTanbHEIe DeMEHTH COXPAHAIOTCA B CIHCKE.

{Insert[{a,b,c,d},elem,2], Insert[{a,b,c,d} elem,-2]}
{{a,elem,b,c,d},{a,b,c,elem,d}}

Kax MBI yxe oTMevyald, dJeMeHTaMH CIOHCKa MOT'YT OHITH
n1o6ule BuipaxkeHus ,MaremaTnku“, B ToM 4Hcie cnucku. HoBbiit
2JleMeHT elen MOXHO BCTaBUTb B JMIOGOH BHYTPEHHHH CIHCOK B
cnucke list WaM BHYTpPhH JMIO6Or0 dJeMEHTa CIHHCKA, €CIH ITOT
DJIeMEeHT He ABISEeTCH aTOMAapPHLIM BhIDa)KEHHEM.

Insert({{a,b,c},{1,3}},2,{2,2}]
{{avb’c}’ {11213}}

Ykasanne nosuuun B Bujge {2,2} o3HayaeT, 4TO HOBHIH DJIEMEHT
HY>XHO BCTaBHTb BO BTODOH J/IE€MEHT CIHCKa Ha BTOpOE MeCTO.
OMH ¥ TOT Xe JIeMEeHT MOXKHO BCTABATH Ha HECKOABKO NMOBUUKH,
ecln BOCIONb30BaThcA PyHKuueHd Insert B caegyiolieM Buje:

Insert({{a,b,c},{1,3}},2,{{1,2},{2,1}]
{{a,2,b,c},{2,1,3}}
Pynkuusa ReplacePart geiictByer aHanorn4Ho ¢pyHkouu In-

sert ¢ TOH pa3HHIUeEH#, YTO HOBBHIH 3JeMEHT 3aMelljaeT JJeMeHT
cnucka list, crogmun Ha k-M MecTe.

ReplacePart[{1,3},2,2]
{1,2}
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Y RaaHTh 21eMEHT CIIHCKa Ge3 ero 3aMellleHHA HOBHIM DIeMEHTOM
MOXHO ¢ noMompbio ¢pynkuun Delete. A umenno Delete[list, k]
NPUBOXAT K yJAaleHHIO M3 CHHCKa JJeMeHTa, CTOAIlero Ha k-m
mecte. Kak u y ¢yuxkuuii Insert n ReplacePart, szaganne
mo3uuun ¢ nomoiupio cnucka {kl,k2,...} npusoguT X ysanenuio
dJ1eMeHTa, HaXOAAIIerocs BHyTpH k1-ro aneMeHTa, B HeM — BHYTPH
k2-ro >neMeHTa U T.J.

Delete[{31 {la 2>3}1bac}a {2’ 3}]
{a,{1,2},b,c}

[dasg Toro 4TOGH yAAIUTH HECKOJLKO 3JEMEHTOB, [JOCTATOYHO
3a4aTh X NO3NLHH, 3aKAl0YeHHHe B obline PUI'YypHEIe CKOOKH.

Delete[{a, {1,2,3},b,c}, {{2},{3}}]
{a,c}

Brruncaenue Bupaxenus Drop(list,k] npusogut x cnucky c
yAaneHHBIMH k nepBeIMH dieMeHTaM¥ (npu noioxuTeabHoM k)
HIM [OCIeIHMMH djieMeHTaMu (npu oTpunaTeabHoM k). Ecam k
3aKJI0YATH B PUrypHHe cKo6kH, To Drop nogo6ro Delete yganut
TOABKO k-¥ DJEMEeHT CIHCKa, ecly Ke BMeCTO k ykasaThb CIHCOK
{m,n}, To 6yAYT yAaleHH 3MEMEHTH C M-TO O N-H.

Drop[{x"2,y"*2,2°2,u"2},-2]

{z% % u?}

MpuMenenne ¢ynaxnun Rest K COHCKY NPHBOAMT K HOBOMY
CIUCKY, B KOTOPOM OTCYTCTBYeT NePBHH 3J1eMEHT NpPeXHero:

Rest[{1,2,3}]
{2,3}

Han6osnee obuieli ¢yHkuued, npuUMeHAeMOH [1f H3BIE€YEHHA
DJEMEHTOB M3 CIHUCKOB, fBAfeTcs GyHKknus Part. Bripaxenue
Part(list,k] gaet saeMenT, cTosluMi Ha k-M Mecte cnucka. Eciau
HY>XKHO H3BJeYb 3eMeHT #3 BHYTPeHHHX CIIMCKOB HIH U3 HeaToOMap-
HBIX 3JI€MEHTOB CIUCKa, TO BMECTO YHUCIa k yKa3hIBaeTCH Nociefo-
BaTenbHOCTH k1, k2, ...
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Part[{a,Sin[x +y]},2,1,2]
y .

Poas ¢ynkunn Drop B nape {Delete, Drop} no otHowenno k
dynknun Part urpaer ¢pyuxkuus Take.

{Part[{a, bs c}s 2]’ Take[{av b) c}, 2]}
{6,{a,}}

Pynkuus First ussnexaer nepsuii, a pyuxuus Last — nocreguun
37eMeHT H3 CIHCKA.

[JeiicTBHe OMHCAHHKIX TOABKO YTO PYHKUUH OCHOBAHO Ha MO3H-
UMM aneMeHTOB cnucka. Pyukunus Select onupaercs Ha cBoicTBO
3JIeMeHTOB YAOBJIETBOPATH 3aJaHHOMY KPHTEPHIO. JTOT KpHTEpHH
npeAcTaBAfeT cCOGOH NPeANKaT, ABAAIOLUIMACA BTOPHIM aPIyMEHTOM
paccMaTpHBaeMoit QYHKIUH.

Select{{a,-3,Cos[x},37,{u,v},15}, NumberQ]
{-3,37,15}
Ecau TperbuM aprymenToM y ¢pyukuuu Select 3agano HaTypaas-

HOe YHCIO 7., TO B NOJY4YaeMHIH CIHCOK BOAIYT TOJBKO NMepBHE N
3/E€MEHTOB, yAOBACTBOPAIOLINE KPATEPHIO.

Select[{a,-3,Cos[x]},37,{u,v},15},NumberQ, 2]
{-3,37}

O6paTuTh NOPAAOK 31EMEHTOB B CHHCKE MOXHO C NOMOIILIO
¢yukuun Reverse, B To BpeMs kak ¢yHkuud Sort pacnosaraer
3JeMeHThl B COOTBETCTBHH C NPHHATHIM B  ,MaTemaTuke® nopsaz-
koM. BkpaTne 3ToT mopsAoK MOXHO 0XapaKTepH30BaTb, CKal3as,
YTO YHC/Ia B HEM PAcnoJaraloTcs NepBHIMH M N0 BeTHIHHE, a GYKBHI
andpaBuTa — B aN(paBHTHOM NOPAAKE.

Reverse[{c,3,a}]
{a,3,c}
Sort{{c,3,a}]
{3,a,c}
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Pynkunu RotateLeft 1 RotateRight npoussoaaT uukandeckoe
nepeMellleHHe DJIEeMEHTOB CIHCKA BJIEBO HIM BNDPaBO Ha yKa3aHHOE
B KayecTBe BTOPOT'O apryMeHTa 3THX QYHKIHH YHCIO 3IEMEHTOB.

RotateLeft{{a,b,c,d},2]
{¢,d,a,b}

Y3HaTb, CKOIbKO pa3 HEKOTODHIH 3/MeMeHT elem BCTpeyaeTcs B
CIINCKe, MOXHO ¢ nomombio pyrknun Count.

Count{{a,b,a},a]
2

O6patumca Temeppb K (YHKIHAM, KOTOPbIE PACCMATPUBAIOT
CIIHCOK CKOpee KaK MHOXEeCTBO, a He KaK YIOPAJOYeHHY O CTPYKTY-
py. Boo6iue rosopi, B CicKe MOTYT COZEPXKATHCA COBNaJarOlINe
oneMeHTH. [Ipumenenue x Hemy pyHkuuun Union NpuBOJHT K yaa-
JEHHI0 NTOBTOpPEHHH 21eMEHTOB U K COPTHPOBKE OCTABLIUXCH.

Solve[x"5 — 7x*4 + 19x"3 — 25x°2 + 16x — 4,x]
{{z=1},{z o 1},{z > 1},{z = 2},{z = 2}}

Union[Solve[x"~5 — Tx"4 + 19x"3 — 25x"2 4+ 16x — 4,x]]
{{r > 1}, {z > 2},}

Ecnu B xayecTBe aprymMenToB ¢pyHkuEd Union yka3aTh HECKOIbKO
CHUCKOB, TO pe3yabTaToM OyfeT HX TeOpeTHKO-MHOMXKeCTBeHHOe
obbefnHEeHUE:

Union({a,b,c,a},{b,3}]
{3,a,b,c}

CkaszaHHOE OTHOCHTENBHO HIOBTOPAIOUINXCA DIEMEHTOB H COPTH-
pOBKe ClipaBeJHBO H 11O OTHOLUEHHIO K ¢pyHKuHaM Intersection u
Complement, nopoxgaouuM nepecedeHHe H JONOJHEHHE CIHC-
koB. Bupaxenune Complement(list,listl,list2,...] nopoxzgaer
CIIHCOK 31eMEeHTOB CIHCKa list, He coZep>alluXcd HH B OZHOM M3
criuckoB listl, list2 u T.7.
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Complement[{a,b,d,e,c},{a,e},{e,b}]
{c,d}

B xoHue faHHOro pa3jgesa PacCMOTPEM (PYHKIIHH, OCYLIeCTBIA-
IOlllHe CTPYKTYpHEie H3MeHeHHA B cruuckax. Pyuknusa Partition
B Buipaxkenny Partition{list, n] pas6usaer cnucok Ha Henepexpkl-
BaIOLUMECH YACTH AJAMHLI N, HAYMHAA C NEepPBOTO dJIEeMEeHTa CIHCKa.
Ecay 4ucio 31eMeHTOB B CHCKe He JelMTCH HALieJO Ha 71, TO NO-
caegnne k (k < n) 21eMeHTOB yAanfioTCA U3 CHHCKA.

Partition({1,2,3,4,5},2]

{{1,2},{3,4}}
Ota xe ¢yHKuui B Bupaxennr Partition[list,n,d]) npusogur x
pa36HeHHIo Ha YACTH GJAMHBI . C OTCTYNOM d, T.€. NEPBLIH DAEMEHT

BTOPOro nojcnucka uMen womep d + 1 B ucxoZHOM cnucke. Takum
06pa3oM, NOACIHCKH NepeKPHIBAIOTCA NpH d < n

Partition[{1,2,3,4,5,6,7,8,9},3,2)
{{1,2,3},{8,4,5},{5,6,7},{7,8,9}}
Partition[{1,2,3,4,5,6,7,8,9},3,4]
{{1’273}7{51617}}

Ecan ¢yuxuus Partition npusofuT X NOABAEHHIO JONOJIHH-
TeJbHOTO YPOBHA B cnucke, To ¢pyHkuus Flatten ymenvuiaer mx
4ucao. A mmenno Flatten s Bupaxenun Flatten(list] npusogut
K OJHOYpPOBHEBOMY CIHCKY:

Flatten({1,{2,{3,4,{5,6}}},{7,8}}]

{112’3’4?576Y778}
a B Beipaxerny Flatten[list, n) y6upaeT 3aronosku List Toasko g0
YPOBHA N BKAIOYHTENbHO.

Flatten[{1,{2,{3,4,{5,6}}},{7,8}},2]

{1,2,3,4,{5,6},7,8}
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Moaudukanuei ¢pyukuuu Flatten asnaserca pyukuus FlattenAt,
koTopas npuMenseTr Flatten k wacTam cnucka.

FlattenAt[{1,{2,{3,4,{5,6}}},{7,8}},3

{1,{2,{3,4,{5,6}}},7,8}

Ouenb uHTepecHol dynkuuer sBagercs Transpose. Eciu ona
NpHEMeHAeTCH K CIUCKY, NpeJCTaBAsoneMy co60H NpAMOYTOAbHY IO

MaTpHIY, TO pe3yapbTaToM 6yAeT TPAHCIOHMPOBAHHAA MATPULA.
[Iycts m = {{a,b,c},{1,2,3}}, Toraa

m // MatrixForm
Transpose[m] // MatrixForm

a b ¢
1 2 3
a 1
b 2
c 3

Bonee cofepxaTedbHyl0 CTPYKTYPHYIO NEPEeCTPOHKY BJOXKEH-
HEIX CIIKCKOB MOXHO OCYUIeCTBHTh B Clydae, KOI'ja COHCOK Cofep-
XKHT 6onee OJHOrO YPOBHA M NPEACTAB/IAET He OGHYHYIO JByXMep-
HYIO MaTpHIY, a MaTpuuy Gojee BHICOKOH pasmepHocTn. PaccMo-
TPHM B KayecTBe IpHMepa TPeXMepHYI0 MaTpHIY ‘

m = {{{a,b},{c,d},{e,f}},
{{1,2},{3,4},{5,6}},
{{aa,bb},{cc,dd},{ee,ff}},
{{11,12},{13,14},{15,16}} }

Cnucok m CofepXHT 4YeThIpe MeMeHTa, KaXXAHH K3 KOTOPhIX
ABAAETCA CIHCKOM H COCTOMT H3 TpeX CIHCKOB O [Ba dJAeMeHTa B
KaXJOM, KOTOpDHIE ABAAIOTCA CHMBOJAMH HJH uucaaMu. Iloaunun
3THX CHMBOJOB H YHCE] MOXHO OXapPaKTEPH3OBATh C MOMOILBIO TPeX
qHcen — KOOPAMHAT: MepBoe YKa3hiBaeT, B KAaKOH M3 CTPOK Haxo-
AUTCA paccMaTpuBaeMbIl CUMBON HJH YMCJIO, BTOPOe — B KaKOM
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M3 CNHCKOB CTPOKH OHO COZXEPXKHTCHA, TPEThe — €ro MOoJOXKeHHe
B CaMOM BHYTpeHHeM cnucke. TakuMm 06pa3oM, KaXKARIH CHM-
BOJA WJM HHCIO MOXHO PacCMaTPHBATh KaK MAaTPUYHLEIH dIeMEHT
m;;x TpancnorMpoBanHe MaTPHLUH 7 O3HaYaeT NepecTAHOBKY MH-
JAekcoB. Bcero BO3MOXHH INecTh TpaHcno3uuui. TpaHcnosmuus
{3,1,2} o3nayaer, YTO B HOBO¥# MATpHIe NEPBLIH HHIEKC €CTh BTO-
poil MHIEKC MCXOJHOH MATPHULI, BTOPOH HHAEKC €CTh IPEXHHH
TPeTHH, a TPeTHH HHIeKC — NpeXHuu nepsuii. [IpuBegem B ka-
4ecTBe IpUMepa ABe TPAHCIO3HIHH MATPHULI, HAM CIHCKA, M.

Transpose[m, {2,1,3}]

{{{a,8},{1,2},{aa,bb},{11,12}},
{{C, d}’ {374}’ {CC, dd}’ {131 14}}’
{{e, f},{5,6}.{ee, f1},{15,16}} }

Transpose[m,{3,1,2}]

{{{a, 1,aa,11},{b,2,bb,12}},
{{c,3,cc,13},{d,4,dd, 14} },

{{e,5,ee,15},{f,6,ff, 16}}}

Ilocneauei byskinuel, KOTOPYIO Mbl YIOMAHEM B 9TOM pa3jele,
aBagercd GpyHkuua Join, ocywecTBasomad cuenlenne (KOHKaTe-
HAIHIO) CIHUCKOB.

Join[{a,b,c, },{1,2},{x,¥}]
{a,b,c,1,2,z,y}

4.3. Pa6oTa c BeKTOpaM# M MaTpULaMu

BexTopu B ,MaremaTHKke" TPakTYIOTCA Kak JHHeHHEIe, T.e. Of-
HOYpOBHeBHIe, CIACKH: v = {v1,v2,v3}; MaTPHIKI KaK JBYXypOBHe-
Bue: m = {{ml1,m12,m13},{m21,m22,m23}}, X0TA KOMHOHEHTH
BEKTOPOB ¥ MaTpPAL MOTYT GHTbH NPOU3BONLHAIMYE BRIPAaYKEHUAMH.
BBu Ay BaXXHOH PONH STHX O6BHEKTOB B TEOPDETHYECKAX M NPHUKIA]-
HAEIX Bonpocax B ,MaTeMaTuke" onpejeseHn HeCKOAbKO (pyHKIHIH,
npelHa3HaYeHHHX AAf pabOTHI C BEKTOpaMH H MaTPHUAMH.
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Pdynxuua Det BuIYHCAfSET JeTepMHHAHT KBaJpaTHOM MaT-
PHIKL. '

ml = {{1,x1,x1~2}, {1,x2,x2"2},{1,x3,x3"2}};

Det{m1]} // Simplify

(—z1+22)(~z1+23)(-z2+z3)

Buipaxenue Minors{matrix, k] uMeeT pe3yabTaToM cHHCOK
MHHODOB k-T0O NOpAfKa MaTPHUKL Matriz.

Minors[m1,2]

{{-21+12,~212+ 222, - (z1%22) + z122?},
{~z1+423,-21%+ 73%,—(21%z3) + z123%},
{72+ 23, -22% + 3%, - (22223) + 2223?} }

Dynkuua Inverse puinciager o6paTHYI0 MaTPHLY AJAA HEBH-
POXKJEHHHIX KBaJPaTHHIX MaTpHI.

inversml = Inverse[m1] // Simplify

{{ :v2 z3 zl z3 zl 2 }
(z1-22)(z1-23)’ (-z1+22)(z2~-23)’ (z1-2z3)(x2-z3)
{ :v2+:c3 zl4z3

(—zl+22)(z1 - 23)’ (~z1 +22)(—z2+z3)’

rl+z2 } { 1
(22 — 23)(~z1 +z3))" \(-2z1+22)(-21+23)’

1 1 }}
(—z1422)(z2 - 23)’ (21 — 23)(z2 — z3)

CkanfipHoe NpOH3BejeHNEe BEeKTOPOB, NPOHM3BejeHHe BEeKTOpa
M MATPHIH, a TaKXe [NpOM3BejeHUe MATPHI BHYACIAIOTCA C
nomoinsio ¢pynkuuu Dot. Bxoguoit dopmar zas >TOR GyHKIHH
ecth exprl.expr2. dynkuus Dot onpegerena gas AByX, Tpex H
60/blLEro YUCIa apryMeRToB. B caMoit o61elt popMe peay1bTaToOM
IpUMeHeHHA 2To# QYHKUMM K MmaTpuuam (renaopaMm) M, ., H
Njiis..jm ABAAETCHE MATPHUA ) ) M i, kNkjy,..im-

IpuaBesem HeckoAbKO NpUMepoB ynoTpebaenus pynxknur Dot.
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vl = {1,0,0}; v2={a,b, c},
vl.v2
a

vl.m1l
{1,z1,z1%}
ml.vl
{1,1,1}
ml.inversml

{{1,0,0},{0,1,0},{0,0,1}}

C nomouwsio pyukury MatrixPower MoXHO BRIYHCAATE Uelkle
CTeneH! MaTpHUL.

MatrixPower[m1,2]

{{1+ 21421221 4+ 2122 4 1%23,21% + 2122% 4 21%23%},

{1422+ 214 222 + z2%23,212 4+ 223 + 2%23%},

{14234+ 23,214+ 2223+ 23%,21% + 22223 + 23*}}

Co6cTBeHHbE YHCAA M COGCTBEHHBE BEKTOPH MATDPHI MOXHO
HalTH, ucnoab3ys ¢pyukuuu Eigenvalues u Eigenvectors, ux co-

BOKYNTHOCTb — Hcnoab3ya Eigensystem, a ¢pynknus Character-
isticPolynomial gaer xapakTepucTyieckui NOJHHOM MaTPHUBL:

m2= {{a,1,0},{-1,a,1},{0,-1,a}};
Eigenvalues[m2]
{a,-1Sqrt[2}+a,ISqrt[2] +a}
Eigenvectors[m2]

{{1,0,1},{-1,15¢rt[2],1},{-1,-T Sqrt[2],1}}
Eigensystem[m2]

{{a, ~ISqrt[2] + a,I Sqrt[2] + a},
{{1,0,1},{~1,7Sqrt[2],1},{-1,~1 Sqrt[2], 1}}}

CharacteristicPolynomial{m2, x]
2a +a® — 2z - 3a%z + 3az? - 23
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4.4. Buipaxxenus , MaremaTuku*

Kak MHI y>Xe oTMevYalH B pa3jgere 1.2, o0CHOBY paboTH KOMObLIOTEp-
HOM anre6pnl ,MaTeMaTHKa" cOCTaB/seT BHYHCICHHE BHIPAXKEHUH.
O6mnii BHJ nOCAeJHEX eCTh

h[el,ez,...,en],

rge h — 3aronoBoK, a ey, €3, ..., €, — JJIeMEeHThI, HIH Hemocpej-
CTBEHHHIE NMOABHIpaXXeHHA, HAM YaCTH BHpaxeHdd. W 3aronosok,
H dJ1eMeHTH B CBOIO o4epefb ABIAAOTCA BhpaxKeHHAMH. McxoaHnim
MaTepHANOM JJf NOCTPOEHMA BhHIPAXKEHHH CAYXKAT aTOMapHLIE BhI-
paXKeHHA: CHMBOJH (NOCIe]OBATENLHOCTh JATHHCKUX 6YKB, UHGD K
3raka $, He HauMHaOmWANC ¢ KKPH), Yucaa (Hesne, PauHOHAIb-
Hble, BellleCTBEHHKIE, KOMIIEKCHhIe) H cTpokn. CHHCKH KakK BHI-
paxkeHus  MaTeMaTHKH" He ABAAIOTCH KAKHMH-IH60 0COGEHHBIME
06'beKTaMH KOMNLIOTEPHOH aireGpHl, HO HX ONUCaHUe BHLIENEHO B
OTAENbHYIO [MaBY MO ABYM NpH4YMHAM. Bo-nepBhiX, CIUCKH CpaBHH-
TeJbHO NPOCTON AAA BOCHPHATHA M MOHMMAaHHK OGBEKT, yAOGHHINH
AJA U3YyYeHHA HEKOTOPHIX O6GIHAX NPHEMOB PAGOTH C BHIPaXKeHUS-
ma. Bo-BTophix, o6paboTka CIHCKOB ecTh (PyHJaMEHT NpOTpaM-
MHPDOBaHHA, Tak Kak B ,MaremaTuke“ oHM ciayxaT gis Opej-
CTaBJEeHUA Pa3HOO6Pa3HHX OGHEKTOB, TPAJUIHOHHO OTHOCHMBIX
B ADYLHX A3nIKaX NPOrpPaMMHDOBAHHS K BEKTODaM, MaTPHLaM H
OPYTHM TUNAM TaHHHIX. B 3ToM pa3jgene Mul fa MM ONHCaHHE HEKO-
TOPHX GYHKINA, NPHMEHAEMHX A4 Npeo6pa3oBaHusA BhIPaXKeHHH.

IToanot opmoti BHIpaKeHHA HaIBIBAETCHA 3aNMCh DTOrO BLIpaA-
XK€HHA, B KOTOPOH U 3aro/JOBOK, H 2JeMeHTH NpeACTaBleHk B CBOIO
odepelb B BHJe BupaxeHuil ,MaremaTnxu“. HomycTum, 4To c
KJAaBHAaTYPhl BBEJeHO BhIpAXKEeHHe

{a, b, D(f[x,y],{x,2},y] Integrate((z + 1)/(z +2),2]}
Ero noanas ¢gopma ecTsb

List[a, b, D{f[x,y], {x,2},y], Integrate{Times[Plus(z, 1],
Power({Plus(z,2], -1]],z]]
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IMonnyo ¢opMy 6biuucaenH020 BHPaXKEHHS MOXHO NOAYYHTH C
nomowsio pyExnun FullForm,

{ay b,D[f[x1Y]’ {X,2},Y]»
Integrate[(z+1)/(z + 2),z]} // FullForm
{a,b, Derivative[2,1][f)[z,y],
Plus{z,Times[-1, Log[Plus[2, z]}]]}

Mur BuuM, YTO mpexkJe YeM BHYHCIHTB NOAHYIO dopmy, , MaTte-
MaTHKa“ BHYHCIHAA WHTerpada. [ad noaydeHus noinoi ¢Gpopmu
HEeBLIYMCIEHHOrO BHIPAaXXEHHA €IPr HYXHO NDAMEHHTH K HeMy
dynkuun Hold wuau, 4to gaer Tor xe 3dpdext, HoldForm,
KOTOpHIe GIOKUPYIOT BHIYHCICHHE eTpr.

FullForm[HoldForm[{a, b, D[f[x,y],{x,2},¥],
Integrate{(z + 1)/(z + 2),2]}])

HoldForm[List(a,b, D(f(z,y], List[z,2],y],
Integrate[Times[Plus|z, 1], Power[Plus[z,2],-1]},2]]]

Ecau BeiiHCIeHHOE BhIpaXKeHHE €Zpr aTOMapHO, TO MPEeJUKAT
AtomQ, npuMeHeHHH# K HeMy, HMeeT pedyasTaToM T'rue, B Hpo-
THBHOM clly4ae — False . 3aroioBok BHpaXKeHUs MOXHO NOJIY4HTH
nocre Bu4HcleHud Bupaxenus Head[expr]. Yncro n sxemen-
TOB ABAfeTCA 3HadeHHeM BhipakeHusd Lengthlexpr]. Daement e
M3BJeKaeTCAd 43 BHIpa)XKeHHA ¢ nomoubio pyekuun Part B Bujie
Partexpr,k] urn B Buge expr{(k]. C nomompio 3TOH ByHK-
IHH MOXHO TakXe MOAYYHTb 3arofoBOK Bhipaxkenud. [asa Toro
AOCTaTOYHO BHIYHCAHTH BhipaxeHnue Partexpr,0], nan expr([0]).
IlocKoMbKY KaXXJABRIH 31€MEHT €; BhIpaXKeHus ofuiero BHAa ABIA-
€TCA CaMOCTOATENbHRM BHPaXKeHHeM, TO MOXHO H3BIEKATh YaCTH
M3 Hero ® W3 ero 31eMeHTOB M T.4. /Jlad 3TOro BMECTO OJHOTO
4YHCAa — HOMepa k dJeMeHTa e, HyXHo B ¢pyHkouu Part ykasaTs -
I0CJIe0BATeNbHOCTh HOMEPOB COOTBETCTBYIOIAX JJIEMEHTOB.
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exprl = {a,b, D[f[x,y],{x,2},¥],

Integrate[(z +1)/(z + 2),2]}
{expr1[(2]],expr1|[3,0]],expr1([3,0,1]},expr1{[3,0,0,1]}}
{b, f®1), f,2}

PaccMaTprBaeMas nocaeoBaTelbHOCTh HOMEPOB 3J1eMERTOB Ha-
anBaeTcH cneyudurayuet saemenma. Crenndukayuus dJeMeHTa
ABAfeTCA 3HavyeHHeM ¢yHnkuuu Position.

Position[exprl,z]
{{4,1},{4,2,2,1,2}}

BBegeM noHATHe ypoBHeidl B BHIpa)KeHHH M TNIYOHHH BhIpaXe-
HUA. OJeMeHTH €1, €3, ..., €, HaXOAATCA Ha [epBOM YpPOBHe
BhIpaxKeHus. X dieMeHTH HaXOJATCA Ha BTOPOM YpOBHe H T.J.
KoauyecTso 4uncen B cnenudHkaliy dJIeMeHTa NO3BOJAET Y3HATD,
Ha KakOM YpOBHe OH HaxoguTc. [wybuna BHIDaXKeHHA YHCIEHHO
paBHa MaKCHMalbHOMY HOMepy YPOBHf B BLIpaXKeHHH IIIOC elu-
HHLa ¥ sABafeTcA 3HaveHneM ¢yHkuuu Depth. Dynknus Level
HMeeT 3HayeHHeM CIHCOK BCeX YacTed BRIPa)XeHHA, HaXOIALIMXCA
Ha yKa3hlBaeMOM B KadeCTBe ee BTOPOr'O apryMeHTa ypOBHe.

Level[expri, {2}]
{ID, Y2, —Log[2 + Z]}

Ecan BTOpO# apryMesT 3ajan 6ea cko6oK, TO 3HayeHueM Gyget
CIHMCOK BCEX YacTedl BhIpa)keHHs, HAXOAAMIMXCA Ha YPOBHAX OT
NIepBoro JO yKa3aHHOIO.

Level[expr1,2]
{a,b,z,y, f®Vz,y],z,—Log[2 + z),z — Log[2 + 2]}
Ecin B KadecTBe BTOpPOTO aprymeHTa jaHa Oapa 4ucea {m,n},

3ak/JioueHHas B QUTypHHE CKOOKH, TO OyAeT moiydeH CIHCOK BCeX
JacTeil Ha YPOBHAX OT M JO N BKJIIOIHUTENbHO.
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Levellexpr1,{3,4}]
{-1,2+4 z,Log[2 + z}}

Depth[exprl]
6

B cny4ae korjga BTopoi apryMeHT ¢oyukuuu Level — orpunareis-
HOe YHCJIO, 3aKI09eHHOe B UIypHBle CKOOKH, Hanpumep {—k}, To
3HaYeHHeM QYHKUKM OyAeT CIHCOK BCeX YacTell BHYHCAEHHOTO BHI-
paXkeHus, Ybd r1ybuHa paBHa k.

Levellexprl, {-2}]
{f@N[z,y},2+ 2}

Ecau ke oTpuiaTelbHOe YHCAO He 3aKAI0YaTh B PUTYPHEE CKOGKH,
TO CHHCOK 6yAeT COAEpPXATh BCE MOABRIPAXKEHUS BHYMCACHHOIO
BHIpaXKeHMA, Ybf IAyOMHA [0 MeHbIIe Mepe paBHa k, T.e. k #
6oablie,

Level[expril, —2]
{f®N)(z,5),2+ 2, Log[2 + 2}, — Log[2 + 2}, 2~ Log[2 + 2]}

Ykazauue ypoBHell BHpPaXXeHHS TOALKO YTO PACCMOTPEHHLIMH CIO-
cobaMn HasnBaeTcd cneyuuxayued YposHa.

WnMeroTcs deThipe OCHOBHHIX cioco6a HHTepHIPeTallHH BhIpaXe-
HUA.

1. 3aroaoBok h BRIpaXKeHus MOXKHO NOHHMATh KaK Ha3BaHHe KaKou-
TO MaTeMmaTnyeckod ¢(yHKuUMH, Hanpumep Sin, a DIeMEHTH
BhIpa)Ke€HHuA — KaK apryMeHTH JTOR (yHKUNH.

2. 3aronoBOK MOXHO NOHHMaThb Kak xoMaHnxy (Factor), a snemen-
THL — KaK ee ajJpecaThl.

3. 3aronoBok ecTh onepatop uwau onepauus (Integrate, Times),
NpHMEHAEMHI K ONepanjaM.

4. 3aronoBoK MOXeT YKa3wBaTh Ha THN JanuuX (List, Real).
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B koHne pasjena yMecTHO cAelaTh CAeAyiollee BaXKHOe 3aMe-
4aHMe: Bce GYHKLHH, PaCCMOTPEHHbIe B NpeAbIAYLIeM pa3sjeie B
CBA3H CO CIHMCKAMH, MOXKHO NPUMEHATh K POU3BOJAbHLIM BHIpaXKe-
HUAM.

expr2 = h{x, h{x + y]];
Flatten[expr2]
hiz,z +y]

expr3 = ReplacePart[expr2,z,Position[expr2,y]]
s, hls + 2]

Union[expr2,expr3]
e, bz + ), bz + 7]

B paccMoTpeHHHX npuMepax h — NPOU3BOJbHKA 3ar0J0BOK.

4.5. Buruncienue QyHKIMH
OT CIIMCKOB M KX 3JIEMEHTOB

B sToM pasjgene HaMm Gymer yZo6HO NPHHATHL NEPBYIO M3 YNOMA-
HYTHIX BhIllle HHTepNpeTalui Bupaxenui ,MaremaTnku“, korga
3aroJIOBOK BLIpa)XeHHA NMOHHMAaeTCH KaK HalBaHue QyHKUuH. 3Ha-
deHUe PYHKIHH Ha COBOKYNHOCTH apryMeHTOB MHEI 6y 1eM Ha3hBaTh
npHMeHeHHeM GYHKUHUH (TOYHee, 3aroJoBKa PYHKINHK) K apryMeH-
TaM. TakuM o6pa3oM, peayabTaTOM NpuMeHeHud GyHKuUME [ K
crucky list aBasgercs Bupaxenue f{list], BxoAHne GOPME KOTOPO-
ro moryT 6uTh fQlist unu list // f. Ecau Ml nonsiTaemcs BHYH-
CIMTb 3HAYEHHA MHOTHX BCTPOeHHHX pyrkuui  ,MaTemaTnku“ Ha
CHHCKaX, TO CTOAKHEMCH C HEeOXHJaHHLIM pe3yibTaToM.

Sqrt[{1,2,3}], wuau Sqrt@{1,2,3}, nam {1,2,3} // Sqrt
{1,Sqrt[2], Sqre(3]}
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BMecTto MaTeMaTHYeCKH HeonpejeleHHOro Belpaxenus Sqrt[{1,
2,3}] MH MOAYYHJH COHCOK KBaJAPATHRIX KODHEH M3 DIEMEHTOB
cnucka. Eme npumep:

x~{1,2,3}, uau Power(x,{1,2,3}]

{z,2%,2%

OTH NpHMepH JeMOHCTPUPYIOT CBOMCTBO BCTPOEHHHIX (YHKUHH,
KOTOpOE MOXHO Ha3BaTh Jucmpubymu6HOCMbI0 OTHOCHTEIbHO
cnuckoB. Eciu e K CIMCKY NPUMEHHTH NPOU3BOABHYIO QYHKIUHIO
f, To oHa, He 06najgad CBOACTBOM AHCTPHUOYTHBHOCTH, JACT OXKH-
JaeMBId pe3yJabTaT:

f@{1,2,3)
fi{1,2,3}].

PDynkuus Map 3acTaBiseT Apyrue ¢pyHKUHH BecTH ceba Tak,
KaK ecJH Ohl OHM ORLIN IUCTPUOYTHBHH.

matrix = {{m11,m12,m13}, {m21m22, m23},
{m31, m32,m33}}

Map{f, matrix], wim f/Qmatrix
{fl{m11,m12,m13},], f[{m21,m22,m23},],
fl[{m31,m32,m33}}]}

Ecnau B KkavecTBe TpeThero apryMenTta y ¢yikuun Map ykaszana
crenuUKaluud YPOBHA, TO 3aroloBoK f 6yJeT NPUMEHATHCA K
37€eMeHTaM COOTBETCTBYIOIINX ypPOBHeH.

Map|(f, matrix, {2}]
{{/[m11], f[m12], f[m13]},{ f[m21], f(m22], f(m23]},
{f[m31], f[m32], f[m33]}}
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Mogudukanneid pacCMaTpHBaeMOHl (PYHKIUHH CAYXHT GpyHKIHSA
MapAt. Ona npuMenseT 3arofoBoK f K dIeMEHTaM CIHCKa B
COOTBETCTBMH C HX cneuudHKaUHeH.

MapAt[f, matrix, {{1,1},{2,2},{3,3}}]
{{f[m11],m21,m23},{m21, f[m22],m23},{m31,m32, f[m33]}}

O6aagaeT a4 BCTpOoeHHas QYBKUMA CBOMCTBOM AHCTPHOYTHB-
HOCTH OTHOCHTEJLHO CIIHCKOB, MOXKHO Y3HaTh, BEIYHCIHB BRIpaXKe-
nue Attributes[function]. Ecau B cnucke aTpubyroB ¢yHKuuu
function npucyrcrsyer Listable, To ona guctpubyrnsra. Ecau
HeT, TO B HeOOXOZUMHIX CAydafx clejyeT npuberuiyth k Map.

{Attributes[Sqrt], Attributes[Reverse]}
{{Listable, Protected}, { Protected}}

Ua geyx dyukuumit Sqrt u Reverse neppasa o6i1ajaeT CBOHCTBOM
AUCTPUGYTHBHOCTH, B 4eM MK yXe y6eIMAKCHL paHbllle, BTOpas HeT.
Cwmeica aTpubyTa Protected 6yaeT o6bacHer HuXe.

1={{a,b},{c,d}};
- {Reverse[l], Map[Reverse,l}}

{{{e.,d}.{a,8}}, {{b,a},{d,c}}}

Eme 60nee Heoxxn JaHHHE pe3yabTaT NOAYHaETCH, €CIH JUCTPH-
GYyTHBHYIO (PYHKIHUIO MPUMERATH K HECKOJIbKHM CIHCKAM.

{a,b}"{2,3}, uau Power[{a,b},{2,3}]
{a?,5%}

[pyroi npuMep — o6LIYHOE IPOH3BEJAEHHE TPEX CHHCKOB:

{a,b} {2,3} {x,y}
{2az,3by}
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[IpuMepH NOKa3KIBAIOT, YTO NIPH NPHMEHEHHH JUCTPHGY THBHOH
DYHKIUH OT HECKONbKHX apryMEHTOB K CIHCKaM OJNHAKOBO# [IJIH-
HEl IPOKHCXOJHT cielylollee: CHadyaJa IPOH3BOAUTCA TPAHCIO3ULAA
CIHCKOB, T.e. O6BEJHHAIOTCA B CIIHCKH JJIeMEHTH C OJHHAKOBHIMH
HOMEepaMH H3 Pa3HBIX CHMCKOB, NOTOM (YHKIMS NPHMEHSETCHE K
BHOBb OGPa30BaHHHIM CIHCKaM TaK , YTO JIeMEHTHl 3THX CHUCKOB
CTaHOBATCA aprymeHTaMu ¢yHkuuu. IIpoHaiiocTpupyeM ckalaH-
Hoe Gonee feTANbHO Ha MPHMepe.

= {{a,b},{2,3},{x,¥}};
tll = Transpose[ll]
{{a,2,2},{6,3,y}}

Maplf, tll]

{f{a,2,2}], F[{b,3,4}]

Ecau 6u @,2,z u b,3,y 6uau 6H apryMeHTaMH YHKUHH f, TO
noay4niaca 6u cuucok { fla,2,z], f[b,3,y]}, koropuii gaa f = Times
coBrnagan 6H CO CHHCKOM PaCcCMOTPeHHOro HaMH npumepa. Takum
06pa3oM, JONONHMTENLHO NMPORCXOAUT 3aMeHa 3aroioBka List wa
saronoBok f. Takyio 3aMeHy NPOM3IBOAMT BCTpOeHHad (PYHKIHA

Apply. :

Apply[f,{a,2,x}], win fQ@QQ{a,2,x}
f[a) 2, z]

Bce 3TH onepanum B COBOKYNHOCTH INDOH3BOZHUT (YHKUHUSA
MapThread.

MapThread[f, {{a,b},{2,3},{x,y}}]
{f[a’ 2’ z]’ f[b?3, y]}

B ,,MaremaTnke“ nMeeTcs Jpyrad, B 4€M-TO MOXOXaf, HO B TO
JKe BpeMA CyliecTBeHHo oTaH4alomaict oT MapThread ¢yukuus,
a umeHHo Thread. IIpexnoaoxum, YTO MMeeTcs BhIYHCIEHHOE



4.5. Burynciaenne pyHKUMH OT CIIACKOB H HX 3J€MEHTOB 121

,MatemaTukon“ Bupaxenue Buga f[listy,listy,...]. Dyuxuns
Thread caenaer c 3aronroBkoM f TO Xe caMoe, 4YTO U PYHKIHA
MapThread co , cBo6ogruM“ 3aronoBkom f.

. Thread[f[{a,b},{1,2}]]
{fla,1], f[6,2]}]

Ecau xe Buipaxenne f[listy,listy,...] npu BuYKCIeHHH H3IMeHAET-
ci1, To MapThread u Thread gaioT pa3Hble pe3yJabTaThI.

MapThread[SameQ, {{a,b},{a,c}}]
{True, False}

Thread{SameQ[{a,b},{a,c}]]
Thread:: normal:
Normal ezpression ezpected at position 1 in Thread[False]

Thread[False]

Mur Bugum, yTo npu npuMenenun MapThread dynkuus SameQ
BHIYACAANACh Ha napax (a,a) u (a,c), a npu npumenennn Thread
cHavala 6HLIO BHIYHCIeHO Bupaxenune SameQ[{a,b},{a,c}] ¢ pe-
ayabTaToM False. Kpome Toro, eciu MapThread B kaiecTse BTO-
pOro apryMeHTa MOXeT HMeTh TOJbKO cnucok cnuckoB, Thread
,1pOJeBaeT“ 3arolOBOK BhIPa)KEHHA CKBO3b DJEMEHTH IOJBLIpa-
KeHUH ¢ MHLIMHU 3aroJoBKaMH, yeMm List.

Thread(f[x == y,a == b], Equal]
flz,a] == f[y,b]
MapThread[f, {x == y,a == b}]
MapThread:: mptd:
Object z==y at position (2,1) has only 0 of required 1
dimensions

MapThread[f,{z == y,a == b}]
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Mmu paccmarpuBann geicTBre ¢pyukuuu Thread B cayvaax, ko-
rXa COHCKH HJIM BHIDa)KEHHS — ee apryMeHTH GbIH OZHHAKOBOH
OAHHBL. BoO3MOXHO, YTO OJHH HJAH HECKOJIbKO APryMEHTOB fBJA-
10Tca cuMBoiaMH. Torja 5TOT CHMBON KONHPYETCA CTOABKO pas3,
KaKOBa JAJAMHA apryMeHTOB-CIIHCKOB.

Thread[f{x, {a, b}, {1,2}]]
{f[zaav 1],f[$,b,2]}

Berpoennas ¢pynkuua Inner o606111aeT Kak paHee pacCMOTpPeH-
Hyo ¢yskunio Dot, Tak u dynxknuio MapThread. Bupakenue
Inner[f,listy, listz, ..., g] okBuBazenTHo Bmpaxennio Apply[g,
MapThread(f, {list;,listy,...]]. B ciy4ae g = Plus u f = Times
¢yukuus Inner cosnagaer ¢ Dot. Kpome Toro, aprymenrnt listy,
list; ® T.5. MOTrYT HMeTh OJZMHAKOBHIE 3aTCOA0OBKHE, He 06A3aTeNABLHO
coBnajaiowue ¢ List.

Inner[Times,a b,x y, Power]

(az)®¥

®dyunxuns Outer B Bupaxenunu Outer|f,listy,listy,...] npu-
MeHseT f KO BCeM d/eMeHTaM NPAMOro (JexapToBa) NIpOU3BeJeHus
cnuckoB listy, listy ¥ T.A.

Outer|f,{a,b},{u,v,w}]
{{fla,u], fla,v), fla, w]},{flb,u], f[b,v], f[b,w]}}

Boaee To4YHOe onucaHue AEHCTBHA 3TOH GYHKIMHM COCTOHT B Cle-
ayoweM. [as MaTpHu (TeH30pPOB) M;,,..ip ¥ Njj,..j, PE3YABTAT
NpUMeHeHHA 3arofoBkKa f K M ¥ N ecThb TeH3Op mopigka p+ ¢
¢ komnonentamu f[M;;, i.,Nj,. ). llexkapToBo npousserenue
CIOHCKOB NONy4aeTcs, ecIH B KadecTBe f BHIGpaTh 3aronoBok List
K NPHMEHHTh K noayyeHHoMy peayabTaTy Flatten.
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Flatten[Outer[List, {x,y},{1,2}],1]
{{z,1},{z,2},{y,1}, {y,.2}}

[locaennee 3amevanne oTHocHTensHo pyHkuuu Quter cocTOUT B
TOM, YTO 3arONOBKHM BhIpakeHH#l [ist; He 06A3aTENbHO HOIKHKI
66IThb List, xoTd ¥ 0643aHH GHITH OXHHAKOBLIMH.

Outer[Power,x + y,u+ v]
xu + zv +yu + yv

B o6meM cayyae 3arooBka ¢ y BTOPOr'o, TPEThEro M T.A. apry-
MEHTOB 3TOT 3aroJOBOK 6yeT HMeTh BCe BRIYHCIEHHOE BhIpaXKeHHe
M ero dJIeMeHTHI.

Outer(f, g[x,y],8[1,2]]
g9lglflz,1], flz,2]), 9(f1y, 1], fly, 2]]]

YupaxHeHus
1. Mo crmeky ! = {a,b,c,d,e, f,g} nocmpotime noBmit crmcok I3, coaepxanpi
Kax e TpeTwit anemenT I, Ha | ydasume xkaXAwM TPeTHH 3jeMeHT.
2. Ua crucka I = {a,1,b,0,¢,0,0,d} ucxarouume BCe HyJeBLE 2MEMEHTHL.
3. Haiidume cymMmy oTpuuaTemmHux ducen B crmcke | = {a,2,~1,b,¢,—3}.

4. Haudume cpeasnee apudMeTHdecKOoe KBAAPATOB 3JEMEHTOB CIIHCKa | =
{-3,4,-7,0,11}.

5. B cmmcke ! = {3, ~2, 5,7} natidume aneMeRT ¢ MUHUMANLHEM a6CONOTHHM
3HaYeHHeM.

6. Hatidume no3uuuio nepsoro OTPHIATENBHOrO 3JEMEHTA B YHCIOBOM
crucke .

7. IIpeo6pasytime mcnopoit crmcok | B True, ecim B HeM €CTh NPOCTHE YHCIA,
wm B False B npoTusHoM caydae.

8. Mann MaTpuua m u croaben {. Kax scrapurs ! k-M cTonbuom B MaTpuixy?

9. Kak c nomowpio ¢dysxipm Table nonywwrs crmcox {{0},{0,1},{0,1,4},
{0,1,4,9},{0,1,4,9,16}}?
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10.

11.

12.

13.

14.

15.

(Cny4asinoe Gayxjamme no AByxMepHoit pewertke). [Toayuume crmcok m
M3 JBAJUATH Nap, MOPOXAAEMBIX MO CHEAYIOWEMY 3aKOHY. OJJEMEHTAMH
NepBOM NapH ABIAIOTCA Cy4alHo BHGpaHHHE dMcia 3 MHoXecTBa {—1,1}.
DJleMEHTH BTOPOHM NAPH IMOAYYAalOTCA NpubaBieHHeM K NepBOM aHANOTHY-
HOM caydasmor nape ¥ T.4. I[locae Tore kak cmmcok m 6yXeT HOaydeH,
6bI%UCAYME BHPAXKEHUE

Show(Graphics[{{Line[m}}}]
HOycts f(z,y) =z +¢°, g9(z,y) = 2° — y* — y. [odcuumatime axobuan 3THUX
¢dyuki B Touke (0,0).

Hana oyuknus f(r,y,z) = zy+ 2. Iodcuumadme rpaguent sroit QyHk-
MM, T.€. NOAYSUME CIIMCOK €€ MepBHX YaCTHRIX MPOMIBOAHKIX, C TIOMOIIBIO
$yHxi -Outer u D.

JaBo BeKTOpHOE NOJ€e V B TPEXMEPHOM NPOCTPAHCTBE:

v= {f(z!yvz)rg(zlyuz)vh(zlyyz)}‘

Hoaywume pHpaxeHse [IA AUBEPreHUAM 3TOrO BEKTOPHOro MOJA C IIOMO-
umto dyuxipni Inner u D.

[Janu crcox nepementnix | = {z,y,z} ¥ crcok ux aHavenwm m = {1,2,3}.
Hoaywume crucox mogcradoBok r = {z — 1,y — 2,z — 3}.

Jaun matpuua m = {{1,2},{3,4}}, cuncox nemssecthuix ! = {z,y} u crm-
COK MpaBHIX YacTed JHHEMHON cHCTeMH ypasHewwn r = {0,1}. [Hoayuume
JMHEHHYIO CUCTeMy aireSpaudeckuX ypaBHEHMH C JaHHOM MaTpHULeR Koag-
PUIMEHTOB M CIIMCKOM MPABHX YaCTeM.



yAcTb i

[MIPOI'PAMMMUPOBAHUE
HA A3BLIKE
KOMIIBIOTEPHOU

| AJITEBPLBI
_MATEMATUKA“

,MaTemMaTuka“ 3afyMaHa H BHIOJHEHA C HeNbi0 MAKCHMAJIBHO
YIPOCTHTH MJR NOJAb30BaTeNfl KOMIBIOTEPHYIO Pealn3aldio MaTe-
MaTHYeCKHX aJI'OPHTMOB i MeTOZ0B. , MaTemMaTHka", B CyIIHOCTH,
ABAAETCA A3LIKOM [IPOrPaMMHPOBAHUA BHICOKOT'O YPOBHA, IO3TOMY
HallMCaHWe nporpaMM ecTh HaubGoJee ajeKBaTHaA U dhdeKTHBHAA
tpopMa BaauMoeHcTBHA ¢ Helt. PaccMaTpuBaeMas Bepcusi CHCTEMA
NO3BOJAET NMPOrPaMMHPOBATL B TPeX CTHAAX: 1) (yHKUHOHAIb-
HOM, 2) CTHJe, OCHOBAHHOM Ha CO3JaHHH NPaBHJI Npeo6pa3oBaHuil,
3) mpouesypHOM, XOTA AONYCKaeT M CMEIUAHHBIA XapaKTep Npo-
rpaMMupoBaHui. B 3ToM pa3jiene GyAyT mocieioBaTelbHO pac-
CMOTPEHK! NepevyHCIeHHble CTHAN NPOr'paMMHPOBaHHA.



I'maBa 5
DOYHKIIMOHAJIBHOE
ITPOI'PAMMWUPOBAHUE

5.1. dyHKUMU, ONpejedeMule N0Jb30BaTeleM

B ,MaremaTnke® 0KOJO THICAYH BCTPOEHHBIX ¢yHKuud. OfHako
nocie onpefeleHHOrO YHCAA CeaHCOB PabOTH C Hell NOJb3OBaTelb
HayWHaeT 3aMeyaTh, YTO NpHU NPOBEJEHHH PAcieTOB B HHTEPECYIO-
el ero o6aacTH onpefefeHHRe KOMOHHALUM BCTPOEHHHIX (YHK-
IRH MOBTOPAWTCH, # HEINJIOXO 6LLIO 66 MOITOMY NOCJe[OBATEAbHOE
npuMeHeHHe HeCKOJbKHX BCTPOEHHHIX (GYHKUHUH 3aMeHHTb NpHMe-
HeHHEeM OJHOH. JTO MpOCTOoe 3aMevYaHHe ¥ JIeXKHT, B CYLIHOCTH, B
ocHoBe MYHKIHOHAJIBLHOIO NPOrpaMMHPOBaHEA, B KOTOpOM GYHK-
KM NPHMEHATCA K apryMeHTaM, 3aTeM Jpyrue GyHKIUHH NDH-
MEHAIOTCA K (PYHKIMAM OT apryMeHTOB, 3aT€M HOBHE (QYHKLUHH
NPHMEHAIOTCA K QYHKUUAM OT PYHKIHUH OT aprymenToB u T.4. Ilo-
MHMO BCTDOEHHHX PYHKHHA NOJAB30BATENI0 MOTYT NOHaJO6HThCA
CoBCeM OpOCThie PYHKIUM, THIA BO3BEJEHHA apryMeHTa B Ky6, OoT-
CYTCTBYIOLIKE CPeH BCTPOEHHKIX QYHKIMH.

Camoe npocToe, 4TO IPHXOLUT B TOJOBY NpU NONKITKE OlNpeje-
auTh pyHknuio f(z) = z3, — 3To npuCBONTH BHpaxenuio cube[x]
3HayeHHe X" 3:

cube[x] = x*3

.'1:3

IIpueM, KOrja BMeCTO HEBHIPA3HTEIbLHOrO 3aI'0JM0BKa [ 414 QYHK-
LA MCIONB3YEeTCA 3aroJOBOK, HecyliHil HHGOpPMalUHIo O ee Ha3Ha-
YeHHH, SBAKETCA JOBOJbHO OGLIYHHIM, IOITOMY MH # BHIGpaJH 3a-
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roJoBoK cube gns paccmaTpuBaeModl ¢yHkuuK. Ecau nmonumrarbes
BRIYHCIHTH 3HAYeHHA QYHKIUH cube Ans apryMeHTra 2 uid apry-
MEHTa Yy, TO OXHJaeMHX pe3y bTaToB 8 uan y° He noayunTcs.

{cube[2], cubely], cube[x]}
{cube(2], cubely], z3}

BhlYucieHHe NPOM3OIIO TOJALKO IAAf aprymMeHTa T, W Bce JeJo
B TOM, YTO NOAb30OBaTelb CKIOHEH PacCMaTpMBaTh I Kak mepe-
MeHHYI0, npoberapiiyio no o61acTd onpejeneHus GYHKUUH, B TO
BpeMsd Kak Aad ,MareMaTuku® £ — 3TO GUKCHPOBAHHLIH CHMBOJ.
Buipaxenus cube[z] u cubely] oTamunn gpyr oT gpyra, mosTo-
MY €CIH BMeCTO NepBOro BhHpaXkeHHf BCIOAY B JadbHelmeM GyaeT
NOACTaBASTLCA T3, TO BTOPOE BRIPaXKEHH® 6y AeT OCTABATHCA HEH3-
MEeHHKIM, B 4eM MK, co6CTBeHHO, u y6e HINCE.

CymecTByer cnoco6 o6bAcHdTh ,MaTemaTnke“, 4T0 B KBa-
APaTHHIX CKOOKax mocne 3arojoska cube cTOHT nepeMeHHas.
[as 2TOro HyXHO BMeCTe C CHMBOJIOM I YNOTPEeGHTb BRIpakeHHe
Blank| ], koTopoe Bo BxogHOM ¢popMaTe coBnajaeT C NOL4epKMBa-
HHEM _:

cube(x ] :=x"3

B 5ToMm onpegenenuu #CHoOAb30BaHO OTNOXKEHHOE NpHCBoeHHe Set-
Delayed, noaTomy BrixogHo# cTpoku HeT. [loyeMy HCnoab30BaHO
OTIAOXKEeHHOe NpPHCBOeHHe, MHE NMOApPOGHO OGBACHHM IO3XKe, a INO-
Ka cjfelaeM IpOCTOe 3aMe4yaHHe: ONKT MOKa3kIBaeT, YTO C OT-
JOKEHHBIM [PHCBOEHHEM BO3HHKaeT MeHbllle He{Opa3yMeHHi#l NMpH
npuMeHeHun PYHKUHA B JaibHeiieM. Temepb Hallle ompefeneHue
IPeBOCXOLHO paboTaeT:

{cube[2], cubely], cube[x]}
{8,4° 2%}

Ectsb ewje gBa cnocoba ykasaTh ,MaTemarnke“, 4To HeKoTOpOE
BHIDa)XKeHHEe CAeyeT PacCMaTpPHBATh KaK GYHKIHIO OoNpejeJeHHhIX
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nepeMeHHHX. C HHMH MEl YyXe BCTpeqalHuchb B NpeJulfyLIuX
rnaBax. BcnoMHEM, YTO THNHYHEIE ONEPaTOPhl MaTeMaTHYeCKOro
aHauH3a: AuddepeHKUpOBaHie H HHTEIPHPOBaHHE — MOXHO GhLIO
NPHMEHATb K NPOH3BOJILHHWM BhIpakeHUsM ezpr. [Ilo kakum
NepeMeHHHM eIpr pacCMaTpHBaeTCd KaK (PYHKIHA, YKa3hIBaJOCh
3aaHHEM BTOPOT'Q, TPETHEro M T.J. apTyMEHTOB:

D[a x*2+b y,a].

r?

AHanoru4no o6cTodn0 feno u ¢ rpagpuyeckuMu ¢ynkuuamu Plot,
ParametricPlot u t.n. Bropoit cmoco6: ¢ noMowmybio GyHKIHH
ReplaceAll M Morau BHYHCAATH 3HaYeHHe BRIPAXKEHUA IAJAA OT-
[LeAbHKIX CHMBOJNBHKIX, YUCIAEHHEIX H APDYTHX 3Ha4eHHH BXOJAILIEro
B BLIpa)X€HHEe CUMBOJA, TE€M CAMHIM NpOJelhiBasg THIHYHLIE LA
$yHKUHE npouesyphl NOJACTAHOBKH KOHKDETHHIX 3HAaYeHUM apry-
MeHTa HJIH CYyNepHo3uIHuH (PYHKIHA.

ax2+by /. x—2
4a+by

Teneph MEI MoXeM cAelaTh H3 BHIpaxeHui ezpr = az’ + by Tpa-
OUUKOHHYIO (GYHKIHIO ABYX apryMeHTOB T M Y, paccMaTpHBaf
CHMBOJH a B b KaK mapaMeTpHhI:

poly[x_,y]:=a x"2+by
{D[poly(x,y],y], poly[2,y]}
{b, 4a+ by}

B kavecTBe eile 0JHOrO NpUMepa ONpejelUM O4YeHb NMPOCTYIO
GYHKUMIO A8 paGoOTH HaJ CIMCKAMH C YHCIEHHBIMH DJEeMeHTaMH,
a HMeHHO (YHKUMIO, BHYHCAAIOINYIO CpefHee apHpMeTHYeCKOe
CIHCKa:

average[x.] := Apply[Plus,x]/Length[x]

average[{13,7,16}]
12
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Buwe 6wt onpegenennl TpH HoBhle ¢yHkuuE. C sToro
MOMEHTa C X 3aroJoBKaMH MOXHO o6pallaThCA B TOYHOCTH TakK
e, KaK U C 3aro0BKaMH BCTPOEHHHX QYHKIHA.

Map|cube, {a,b,3}]

{a3,8%,27}

MapThread|poly, {{x,y,z},{u,v,w}}]
{bu+ az?,bv + ay?,bw + a2?}

5.2. YucTele ¥ aHOHMMHBIE PYHKIIMM

B npegmiayiueM pasfene onpejeisieMble MOJb30BaTeNreM GYHKIHH
CHAGXAJMKUCh 3arOJOBKaMH, U B 3TOM CMKICIE HX MOXHO Ha3BaTh
HMEHOBaHHHIMH GyHKuusMH. Ilocresnue uMeeT cMeica omnpefe-
JAThH, €CA¥ OTH GYHKUHH O6YAyT HCIOAb3OBaHH B JaldbHedIleM B
nmporpaMMe HJAH B Te4YeHHe CeaHCa HHTEpPaKTHBHOH pafoTal. B
cnydae, KOT Aa HOBas GYHKIHA BO3IHHKAET [0 XO4y Jeda M HeT OCHO-
BaHHi OXHJAATh, YTO OHAa BHOBb NMOTpebyeTcs, Noae3Ho paboTaTh
C TaK Ha3bIBaeMLIMH “UCMbiMy QYHKLUHAMH, KOTOPHIE HCHOJb3Y-
IOTCA TOABKO B MOMEHT WX co3faHusf. I onpefeteHHs YUCTHIX
GYHKUMEA C1yXHT BcTpoennas ¢pyHkuus Function. BoT kak Mox-
HO JApYruM crnocoboM omnpeleiuTh ¢yHKuuio cube: dTo 6yzer
Function[{x},x*3]. B 3ToM omnpegeneHnu z — JOKalbHasf Ie-
peMeHHas, KOTOPYIO BIIOJHE MOXXHO 3aMeHHTb Ha Y, 2 WIH J060K
JPYro#l CHMBOJ, IO3TOMY 3Ha4YeHHA r106aIbHOIO CHMBOJIA T He BJIH-
AI0T Ha oNpejeafeMyio YHCTYI0O dyHKuuio. [IpHMeHeHHMe 4HCTOH
(YHKIHHK K apCyMEHTY NPOHCXOAHT CTaHJAPTHHIM 06Pa3oM:

{Function[{x},x~3][2], Function{{x},x"3][y],
Function[{x},x"3][x]}

{8,4% 2%}

Map[Function[{x},x"3]],{a,b}]

{a* 6%}
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YHcTy0 QYHKUHIO JEerKo NPeBPaTHTb B HMEHOBAHHYIO: JAf
3TOro XOCTATOYHO CJeNaTh NPUCBOEHHE CHMBONY, KOTOPHIH B Jalb-
HeliieM 6yeT CIyXHTb ee HMeHeM.

newcube = Function[{x},x"3]
Function[{z},z3

newcubely]

y3

[logBoas utoru, orMeTnM, 4yTo Function nossonsger no no06o-
MY BHIPaXKeHHIO eZpr opeleNdTh YucTyo pyukunio Function[{x,
¥,...},expr] uan uMenoBannyio oyukuuio f = Function[{x,y,...},
expr| nepeMeHHuX T, Y, ..., a TaKXKe K3 UMEHOBAHHOU GYHKIUH
caenaTs unctyio F[{x,y,...},f[x,y,...]]. B caaxy Toro 4ro cum-
BOAH B cKo6kax B Function jJokafibHhl, BhpaXeHHe eZpr JOMKHO
6LITh BIeYaTaHO B MOMEHT HalHCaHusA YucTod pyHkuun. K PpyHk-
UMAM, ONpeAeiSeMhM C NOMOLIbIO OTJAOXKEHHHX NPHCBOEHHH, DTO
3aMeYaH¥e He OTHOCHTCA.

Cyumectsyer Goisee KOMNakKTHaf K yAoGHas ¢opMa mpejcTa-
BAEHHSA YHCTOH QPYHKUHH, KOTOPYIO HHOTJ3 HA3KIBAIOT GHOHUMMNOL
dynxnued. B aHOHMMHHEIX (PYHKIHAX BMECTO CBS3aHHHIX Iepe-
MEHHBIX KCIOAB3YIOTCA CllenHalibHEle Bhlpaxenus ,Maremaruku“
¢ sarososkoM Slot, umerowne Bug #, #1 u 1.4, Ilpw aTom gas
GYHKUHH OAHOH NepeMeHHOW HMCHONb3YyeTCH #, a B GYHKUMAX He-
CKONBKHX NepeMEeHHKIX NepBhIi apryMeHT o6o3HadaeTcd #1, BTo-
poit #2 u T.5. KpoMe TOro, B KOHIle RHOHUMHEOH (PYHKIHY CTABATCA
3nak &. Pyukuus newcube, nepenucaHvas B popMe aHOHHMHOU
GYHKUMK, BRIALET KakK #°3&. AHOHMMHKHE QYHKIUH NO3IBOAAIOT
JaBaTh OYeHb dJeraHTHHIE onpefgeseHus ¢Gyukuui. PaccMorpuMm
B kKadecTBe npuMepa yHKNHIO jacob, KOTopas IO 3ajaHHLEIM N
¢yukuuaM fi, fa2, ..., fn OT 1 HEPEMEHHBIX Z;, T3, ..., Zp BHIUH-
caseT ux skobuan: ||0f;/0z;||.

Jjacob{f_,x] := Outer[D[#1, #2]&,f,x]
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B aToM onpegenenuy nox f NOHEMAETCA CIUCOK PYHKIUHH, a IO
T — CHHCOK He3aBHCHMHIX NEePEeMEHHKX, ABAAIOUINXCH apr'yMeHTa-
Mu GyHxkunud u3 cnucka f. B aHomnMuoir cdysxumn D[#1,#2]&
IpU ee BHIYHCJAEHMH Ha MeCTO NepBOro apryMeHTta #1 nmojcraBias-
eTcs QYHKIHUA, Ha MECTO BTOPOTO apryMeHTa #2 — He3aBHCHMaN
nepeMeHHads B COOTBETCTBHH C onpelenenueM dynkuun Outer.

Jacob[{f[x,y],g[x,y]},{x,y}] // MatrixForm
f0Oz,y] fOY[z,y]
g1 z,y] gONfz,y]

AHoHUMHEIE PYHKIHH O4eHb YAOOHB 1A PAGOTH ¢ GYHKUHAMH
Sort u Select. Pyukuns Sort uMeeT BTOpPOH, Heo6A3aTeNbHEIH
apryMeHT, 3aJaloUIMi KpHUTepHHl copTHpoBKH. Ecam stoT apry-
MeHT He yKa3aH, TO HCIOJAb3yeTcHd BCTPOEHHHH nopigok. Bropoi
apryMeHT 0653aH GLITh JBYXMECTHRIM NPEJUKATOM, H COPTHPOBKa
MPOU3IBOAUTCA TaK, YTOOH OH MpUHAMAJ 3HadeHue True Ha m0GONH
nape nocaeJOBaTENbHBIX 3IEMEHTOB cnucka. PaccMoTpuM B Kade-
CTBe IpHMepa CIIHCOK

1= {5,3,7,1,8,9,2,4};

H YINOPAJOYHM ero Tak, YTo6hl KBaJpaT NpeAlIeCTBYIOLIErO 3je-
MeHTa OGH cTporo Sonaslie mociaefyiomero. CooTBeTCTBYIOIIME
NpeJUKAT 3aJaeTCA aHOHMMHOH pyHKuHed #1°2 > #2&, nosTomy
HCKOMAafA COPTHPOBKA BHIIOIHAETCH C IOMOLIBIO BHPAaXKEHHA

Sort(l,#1°2 > #2&]
{5,3,7,8,9,4,2,1}

Tenepb nocTaBHM 3ajady: BHOpaTb M3 CHHCKa 1 Te d1eMeHTHI,
KBaJpaTHHIE KOPHH KOTOPKIX MeHblle 2.5.

Select[l, N[Sqrt[#]] < 2.5&]
{5.3,1,4,2}
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5.3. Cynepnosannusa QyHKIHN

Baxxneniedl KoMnoHeHTOH PyHKIHOHAJILHOI'O NPOrpaMMHipPOBa-
HHA fBJIAETCA NMOCIefOBaTelbHOE NPHMEHEHHe, WIM CYNepno3nUus
¢ynkuud. UMeloTca gBe none3nnle BCTpoeHHule GyHKuuu Nest u
Fold, xoToptie aBTOMATH3UPYIOT HallKCaAHUE CYNePNO3ULUUHA CAHOH
# Tol Xe ¢ynknuu. IlpeanonoxuM, 4To HyXKHO MOCAEZOBATENLHO
n pa3 NpUMeHHTb ¢yHKnuio function k HeKOTOPOMY aprymMesry,
3aTeM K pe3yabTaTy NpuMeHeHUS (GYHKUHH K apryMeHTY H T.Z.
Takas cHTyalUus BO3HHKAET, HAIpHMeD, B UTEPAHOHHLIX METOLAX.
Bripaxenue Nest{function,x,n] np# ero BhYHCIEHAH BHINOJHHUT
3Ty HOCJAeJOBATENbHOCTD JEHCTBUH.

Nest[cube, a, 3]

a27

Nest[D[#,x)&, (x"2 + ax + b)E"~x, 25]
E*(600 + 25a + b + 50z + az + z2)

B nepeoM npumepe Buuciero Boipaxenue cube[cube[cube[al]], Bo
BTOPOM HaiijeHa 25-1 npouasojHas dynkunn (z2 4 az + b)e”.

B Meroge kacaTelbHHX HbloTOHA 414 HaXOXXeHHA HYIA QYHK-
uud f(z), HaxogAWeroca B61H3K OT TOYKH @, n-e NPpUGIHXKeHne 1
HCKOMOT'O HYJI HaXOXHTCA 1O dhopMyae

Zo = a,
f(Zn-1)

Tn=Tn_1— F—

f,(zn—l) .

OTH HTepalHyl Jerko Pealu3yIOTCA ¢ NOMOIUIBIO BYHKIHM
newtoniter{f_,x0_,n_] := Nest[(# — f{#]/f'[#]) &, N[x0],n],

rge o — HavalbHad To4Ka, a ¢pyHKnus N npuMeHeHa K zo Ais
TOro, YTO6L NPOBOAMTHL YHCJIEHHKIE, a HE CHMBOJbHLIE BLIYHCJE-
HHA. DBRIYHCANM HecKOAbKO NPHOMMXEHHH K KOPHIO MOJHHOMA
13 — 222 4 5, pacnonoxennomy B6au3n —1.
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newtoniter[Function[{x},x*3 — 2x*2 + 5], -1, 2]
—1.243

newtoniter[Function[{x},x*3 — 2x"2 + 5}, -1, 3]
—-1.2419

YTO6H OLEHUTH CXOAUMOCTb H HE HOBTOPATb BPYYHYIO BHIYHCIE-
HHH, OTAHYAIOIIUXCA TOJbKO KOAHYECTBOM HTepalHi, NOCTYIHM
clenyIoluM obpa3oMm:

newtoniter[Function[{x},x*3 — 2x"2 + 5], -1,
#)& /@Range[5]
{-1.28571,—-1.243,-1.2419,—1.2419,-1.2419}

3aech no pyHkuHE newtoniter onpejgesena aHOHUMHAR PYHKIHS
apryMeHTa, KOTODHH yKasnBaeT 4ucao urepauuid. OHa npume-
HAeTCA KO BCceM dieMeHTam cnucka Range[5)= {1,2,3,4,5}. Anb-
TepHATHBHBIA coco6 OCHOBaH Ha mpuMeHenunu ¢ynkuuu Table B
BH e

Table[newtoniter[Function[{x},x"3 — 2x*2 + 5], —1,i],

{i,5}].

B ¢yHKUnOHANBbHOM NPOrpaMMUPOBAHHH OTHAIOT NpeANOYTEHHE
nepBoMy crnocoGy. Mul BHAUM, YTO NOCJAe TpeTbeil UTepaluu Ipo-
HCXOMHMT CTaOHIM3allUf NATH 3HAKOB MOCJe 3aNATOH, NOITOMY C
3TOHd TOYHOCTBHIO NpUGIHXKEeHHOe 3IHa4YeHHe KOPHA pacCMaTpHBae-
MOro NoIuHOMa paBHO —1.24190.

dyukuua FixedPoint ocyumecTpiser uTepauunm IO Tex NOp,
MOKa C MAUIMHHOH TOYHOCTHIO PE3YAbLTAT He MepecTaHeT H3IMEHATh-
cd. [lepenunuieM ¢ ee noMouibio GyHKOAIO newtoniter:

newton(f_,x0_] := FixedPoint{(# — f[#]/f[#])&,N[x0}]
newton[Function[{x},x"3 — 2x~2 + 5], -1]
-1.2419
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Ewe ogua pasuosuguocth NestList dyukuun Nest umeer pe-
3yNbTATOM CIHHCOK, NepBHIM JJ1eMEHTOM KOTOPOro ABAAETCA apry-
MEHT, BTOPHIM — pe3yJLTAT NPUMEHEHUS HTepHpyeMoit PYHKIMH
K apryMeHTY H T.A.

newtonlist(f_,x0_,n] := NestList{(# — f[#]/f'[#)) &,
N[x0], n]

newtonlist[Function[{x},x"3 — 2x~2 + 5},~1, 5]
{~1.,-1.28571,—1.243,—1.2419, —1.2419, —1.2419}

[Tapa ¢yukuui Fold u FoldList aBasercs anajsorom Nest
u NestList npuMeHuTesbHO K PYHKUHAM OT ABYX apryMeH-
ToB. Bupaxenwe FoldList{f,x,{a,b,...}] nopoxaaer cnucox
{x,f[x,a),f[f[x,a],b),...}, a pysxuus Fold or Tex xe aprymesTos
MMeeT 3HayeHHeM NOCIeXHHH DIEMEeHT TOro cnucka. PaccMorpum
ZBa npumepa. B nepsom onpegenum ¢yukuuio fact[n], Berancasio-
myio n':

fact[n_] := Fold[Times, 1, Range[n]]
fact[5]
120

B kadectBe BTOPOro npaMepa pacCMOTPHUM 3ajady: NOAYYHTH
CIIMCOK NPOH3BOAHKWIX GyHKuuu z/(e¥ 4+ cosz) no nepeMeHHoi z,
3aTEeM 1O T M Yy, 3aTeM NO T, Y H 2. BOT 0fHO U3 BO3MOXHKIX
pelleHHi: .

Rest[FoldList[D[#1,#2]&,x/(EY + Cos(z]), {x,y,2}]]

{E!/+1C'os[z]’ B (Ey +Eg'los[z]) T (Z—E%Ii%%?)}

Eca® x apryMeHTy & RYXHO NDHMEHHTb NOCIEJOBATENbLHO
OYHKUKH C 3arofloBKaM¥ fi, fo H T.1., TO B HEKOTOPHIX CIY4aAX 3TO
yA06HO JelaTh ¢ NOMOIIbIO BCTpoenHol ¢pynkunn Composition.

Composition[Cos, Sqrt,N][Pi]
—0.2000294
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B npuamepe kx apryMerTy Pi cHadana npumenseTcs ¢pyuxkuus N, 3a-
TeM Sqrt, a noTom Cos. [locmoTpeTs, Kkak U3MEHSETCH Pe3yabTAT
nocjie npUMeHeHHS OvYepefHONH GYHKUHM U3 KOMIO3HMIHMH, MOXHO,
ob6paTusiKck K ComposeList.

ComposelList[{N,Sqrt,Cos}, Pi]
{Pi,3.14159,1.77245, ~0.200294}

3ameTbTe, 4T0 y ¢yHkuun ComposeList nopagok ¢yuxuui
H3MeHeH no cpaBHeHHlo ¢ Composition.

IIpu pa6oTe c anre6poi pyHKIUMMA, KOTZa QYHKIHHE eCTeCTBEHHO
paccMaTpUBaThb KaK ONepaTophl, BaXKHYIO POJb HIPaeT TOXje-
crBeHHHH oneparop Identity.

Identity([x]
z

Ecn¥ f ecTh 3aroloBoK HekOTOpoH GYHKUMH, TO ¢ noMmouipio In-
verseFunction MoXHO ¢popMalibHO ONpefendTh 06paTHyI0 QYHK-
nuio.

ff = InverseFunction|f]

f(-l)

PDopManbHOCTb ONpefeNeHis 3aK1I09aeTCA B TOM, YTO, XOTH KOM-
nosunun f u f(-1) 4BAAIOTCHE TOXAECTBEHHLIME (DYHKIHAMH:

{Composition|[ff,f][x], Composition[f,{f][y]}
{z,y}

¢ saronoBkoM f(~!) He CBA3EIBAIOTCA ABTOMATHYECKH HHUKAKHe
npaBuia PaKTHYECKOrO BHYACIEHHA 06paTHOH DYHKUHH.

flx] :=x"2
fE(y]
fED )
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TakuM 06pa3oM, paccMaTpHBaeMad airebpa QyHKIHH cKopee ABAS-
eTca anre6poi 3arofoBKOB GYHKIAR. 3arOM0BKH GQYHKIHHA MOXHO
CKJaJhLIBaTh, NEPEMHOXKAThH H YMHOXATh Ha BellleCTBEeHHLIE YHCIa,
T.e. MOXKHO BBOAUThL 06beKTH Buga f+g¢g, fgu 2f u 1.1

{(f+8)x], (f g)x], (2 f)[x]}
{(f+9)z), (f9)lz], (2£)[]}

OfHako NOCHeZHHH Pe3yAbTaT MIOXO COIMVMAcyeTcs ¢ obuienpHHS-
THIM ONpejeleHHeM CYMMBI U IIpOH3BeJeHHA (YHKIHH, KOTOpHe
onpefeNdlOTCA TOTO4YEYHO, T.€., HallpAMep, CYMMOR IBYX GYHKUUK
Ha3WBaeTCA (QYHKUUA, 3HAYeHHA KOTODOH NpH MIOOHIX IHAYEHH-
AX apryMeHTOB DaBHbl CyMMe 3Ha4yeHHH craraeMux. DyHkuus
Through o6ecneunBaeT Takoe coriacoBanue.

{Through[(f +g)[x]], Through((f g)[x]], Through((2 f){x]]}
{flz] +glz], flzlglz], 2[<]f[=]}

B nociegneM BRIpaXKeHHY YHCAO 2 PACCMATPUBACTCA KaK 3ar'0JOBOK
GYHKUMH, a He KaK MHOXHUTeNb. BEIXO4 M3 3TOr0 NONOXKEHHS
3aKAI09aeTCH B TOM, 4TOGHI BMECTO YHCel HCNOAbL3OBATH YHCTHIE
yuxkuun 2&, 3& u T.X., KOTOpHE TPAKTYWOTCA KakK (yHKIHUH,
NpHHHMAIOUIHE OCTOAHHEIE 3HAYEHUS.

Through{(2&f)[x]]
2fl=]

5.4. IllogMHOXecTBA KOHEYHOI'0 MHOXeECTBa

[IporpaMMupoBaHie CTPOro B GYHKIHOHANLHOM CTHJE NPHBOAUT
K BLIDa)XKEHHAM, MOJYYajollUMCA HaHUIBIBAHHEM NPHMEReHHH 3a-
ronoBkoB GYHKIHE K HCXOAHBIM apryMedTaM. Takue BRIpaXKeHHA
MHOr'Za Ha3HBaloT ,0fHOCTpoiHHkaMH“. B xayecTrBe npumepa
OJHOCTPOYHHAKA NPHBeJeM NPOrpaMMy, KOTOpasd Mo 3aJaHHOMY KO-
HeYHOMY MHOXeCTBY CHMBOJOB JaeT CHHCOK BCeX NOAMHOXECTB
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JaHHOrO MHOXKecTBa. M3 Bcex MOAXOM0B K pewieHHIO 3ajad¥ BhI-
6epeM aare6panyeckuit. [lycTs 3agaHo MHOXECTBO

1={a,b,c,d};

TOrJa BCe ero NoAMHOXEeCTBa MOXKHO OTOXAECTBUTH CO ClaraeMhl-
MH CYMMHI, NOJNy4Yalolllelcs NP¥ PACKPHITHH CKOGOK NPOH3BEJeHHSA
(I+a)(1+06)(1+c)(1+4d).

Expand[(1+a)(1+b)(1+c)(1+d)]
l1+a+b+ab+c+ac+bc+abc+d+ad+bd+abd+cd+acd+
bed + abed

EcTecTBeHHO, eAUHHIY clleyeT CONOCTABHTh C MYCTHIM HOAMHOXe-
crBoM. IlpuBegeM mocrefoBaTenbHEIE 3TANK NPOTPAMMHPOBAHHA
3TOr'0 METOJa U €ro OKOHYaTelbHYIO (OpMY.

I1=1+1

{14a,1+b,1+¢,1+d}

12 = Times@QQ@l1

1+a)(1+b)(1+c)(1+4d)

13 = Expand][l12};

14 = ListQQI3
{1,a,b,ab,ac,bc,abc,d,ad,bd,abd,cd,acd,bed, abc}
15 = {#}&/Ql4

{{1},{a},{},{ab}, {ac},{bc}, {abc}, {2}, {ad}, {bd},
{abd},{cd},{acd},{bcd},{abc}}

16 =15 /. {Times — Sequence, {1} — {}}
{{}:{a},{b},{a,b},{a,c},{b,c},{a,b,c},{d},{a,d},
{b,d},{a,b,d},{c,d},{a,c, d},{b,c,d},{a,b, C}}

Bupaxenue 16 gaet orser. IlocraBrennnit BMecTo Times 3arono-
BOK Sequence npeBpalliaeT NPOM3BejeHHe B NOCIeJOBATEIbHOCTh
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apryMeHTOB, pa3jeleHHhIX 3anaThMH. BoT 3amncek npe,ucq'azulen-
HOH NpOrpaMMHl B BHJe OAHOCTPOYHHKA:

{#}& /QList @@ Composition[Expand, Times] @@
(1 +{a,b,c,d}) /. {Times — Sequence, {1} — {}}

YnpaxHeuus

1.

Yucno HA3HBAETCH COBEPLUCHHHM, €CJIH OHO PABHO CYMMe CBOMX AeNrTese,
B YMCIO0 KOTOPHX BKNIOYAeTCA efuUHMIia, HO He camo mcao. Hampumep,
wucno 6 cosepuienHoe. Onpedesume dynxumio perfectQ, korTopas npwu-
HMMaeT 3HaveHHe True, ecaw wMcHo CoBeplueHmae, ¥ False B npoTusHOM
cayqae. Bocnoabsyurecs Bcrpoennnmu dyuxuuamu Divisors u Apply.
C nomousio dpyuxiuu perfectQ nposepeme, 4ro 28 copepuieHHoe YuCHO.
Haiddume cregyiowee 3a 28 coBepiuerHoe 4ucio.

C MaTeMaTW4ecKOl TOYKM 3pEHHA WIpaibHad KapTa, CKaXeM, dama MK,
€CTh 31EMEHT IPAMOr0 NPOU3BEAEHHA JBYX MHOXECTB, JJeMeHTH NepBoro
MHOXeCTBa eCTh MaCTH: IMkM (spears), Tpedu (clubs), depsu (hearts) u
6y6um (diamonds). Bropoe ecTr MHOXeCTBO JOCTOMHCTB KapT: Ty3 (Ass),
xoponb (King), gama (Dame), saner (Jacket), 10 u ganee go 7 (mm g0
2). C nomougsio pynxmum Quter nosyuume crmcok CardDeck, snemerTnt
KOTOPOI'O CTh CIHCKM M3 ABYX JEMEHTOB, B KOTOPHIX MEPBHM 3JIeMEHTOM
SABAAIOTCA CUMBOJH S, ¢, h wam d, a Bropum — cumBonn A, K, D, J, 10 u
T.8. Ao 7. Y6edumecs, yro gma CardDeck pasHa 32.

CoBeplieHHHIM NepeMelINBAHMEM HAa3HBACTCA IePEMELIMBAHHE KOIOXH
CardDeck, nony4aeMoe peneHHeM KOAOAM Ha gBe paBHBlE YaCTH M HOCHAEAy-
IOUMM PACIIOJOXKEHMEM KapT JacTeH OAHA 33 APYroM B YepeAyIoleMca No-
paaxe. [Toayuume Takoe nepeMelsBanue ¢ noMoibio Gyakmm: Partition
u Transpose. Hanuwume ¢pyuxuuio perfectshuffle, nepsum aprymen-
TOM KOTODOH ABJAETCA KOAOAA (€ MPOMIBOILHBIM DACHONOKEHHEM KapT), a
BTOPBHIM apI'yMEHTOM — HATypanbHOE YHCJO 11 B KOTOPAA OCYLIeCTBAANS GH
COBepLIEHHOE flepeMeluMBaHue N Pa3 NOAPAA. Y6edumecs, 4To mocie nATH
coBepureHHLIX nepeMeumrsBatmt crmcka CardDeck soccramasmisaerca Hc-
XofHOe pacnoXoxerue xaprT. Hanuwume ¢pyuxmuio perfectshuffleright,
OTIMYAIOULYIOCA OT NPEeAB AYUIEH TEeM, ITO NPeXJe YeM NPUMEHATHh PYHK-
wno Transpose, cleiyeT MepecTaBUTL MeCTaMM MEPBYIO ¥ BTOPYIO JaCTH
KonoAn. Y6edumecy, 4TO B JAHHOM CAyYae MCXOAHOE PacIONoXeHMe KapT
BOCCTAHABJIKBAETCA TONHKO IOCAE KECATH nepeMelMBaHui.

Hanuwume oynximio deleterand, xoropad yjanana 6w ma gausoro
MBOXECTBA N 3IEMEHTOB CayJaiHM ofpasoM. Bocnomayirrecs gns artoro
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BcTpoeHHHMH (yHkiuaMuy Delete, Random, Nest. Bocnoaayirecs
deleterand aaa Toro, yTo6n HarmcaTs dyuxumio deal, ocyulecTBAIOULY IO
pa3jady deTHpem urpokam kapT u3 CardDeck.

. Berpoennans ¢ywkuus IntegerDigits[n,b], rae n — wmcno, b — 6asa

CHCTeMH MCIMCIEHWA, NOPOXAAET CIMCOK IMpp B NPEJCTAaBIeHNH IUCAa N
B cucTeMe c 6a3oit b. Tak, mpu n = 12, b = 2 nmeem IntegerDigits[12,2]=
{1,1,0,0}. C nomoumic pymxiu Fold wnanuwume dymxinmno tobase
OT ABYX ApryMeHTOB, KOTODAd 3alMCHBajia 6K 4YMCIO 73, 3aJaHHOE B
LECATHIHOM CHCTEMe, B CHCTEMe MCHMCIeHun ¢ 6a3ou b mpu ycnoemm, uTo
b<n.

6. [Toayuume CIIHCOK NOBTOPAIOUMXCA B CINCKe | 3J€MEHTOB.

10.

. Ho./tyuume CIIMCOK 1'[03}[!.0[;(, KOTOpHE 3aHHMMAIOT ITPDOCTHIE YMCjia B CITMCKE

{ = Range[10].

[lo crucky 1 = {a,b,a,b,c,d,d,a} noasyuume HOBHI CIMCOK, dIeMEHTAMH
KoTOporo 6ximm 61 Mapu BuAa { aneMenT !, wmcio ero Bxoxgermt B 1 }.

. Jlan crmcox

1= {{1,1,1,1},{1,2,3,4},{1,0,2,0},{1,3,0,7}}

BEKTOPOB, 06pa3ylolux 6a3uc B 9e THPEXMEPHOM JMHERHOM NPOCTPAHCTBE.
Hanuwume oAHOCTPOYHMK XA NOJAY4eHMA MaTpHusl [pama gs 3TUx Bek-
TOPOB, MATPHYHHE 3/1eMEHTH KOTOPOM CYTh NONMAapHHE CKAIAPHHE ITPOM3-
BeAeHMA BEKTOpoB fa3uca.

Wcnomsays crmcok ! u maTtpuiy ['paMa gs npeani gyumen 3aga4s, nepetidume
oT 6asnca { x HoBOMY 6a3uCy, JeTBepPTHIl BexTop v[4] KoTOpOro opTorona-
nen TpeM nepsuM v[1], v[2) 1 v[3] 1 HOpMEpOBaH Ha egumummuy. [aa aTOro
3amenume v[4] Ha mmHeinyo xoMGunammo v = v[4] + zv[1] + yv[2] + zv{3]
C IOAXOAALMMH I, Y, 2.



I'maBa 6

NPOI'PAMMMUWPOBAHMUE,
OCHOBAHHOE

HA IIPABWJIAX IIPEOBPA30OBAHUN

[lousTne npeobpa3oBaHus ABASETCH, NO-BHIUMOMY, OBHHM M3 Ca-
MEIX O6LIHX B MaTeMaTuke. Tabauuy YMHOXKEHHA MOXHO paccMa-
TPHBaTh KaK COBOKYMHOCTb NpaBHi Npeo6pa3oBaHMil, B COOTBET-
CTBMH C KOTOPLIMH He 6yJeT OLIMOKOH 3aMEHHTh BhIpaXkeHHe 2 X 2
BCIOJY, I'[le OHO BCTpevYaeTCH, Ha 4, BHpaxkenne 2 X3 — va 6 u 1.4,
Anre6panyeckde BRIYHCIEHHS TNPOBOAATCA Ha OCHOBE TOXJIECTB,
KOTOpHIE TaKXe MOXHO PacCMaTpHBaTh KaK NpaBHJa Npeobpa3o-
sannit. Hanpumep, Toxaectso (z + y)? = 2?2 + 22y + y? nossoaser
BCIORy B aarebpanyeckuXx popMynax 3aMeHHTh ero JeBYIO YacThb Ha
npaBylo.

B MaTeMaTHYeCKOM aHaNU3e BEIYHCICHHSA 9aCTO CBOAATCH K Ma-
HUNYJMPOBAHHIO BRIPAXKEHHAMH, COAEPXKAIUNMH HHTErPaihl, CyM-
MEI, NPOM3BOJHHIE H T.N., COIJacHO CIPAaBOYHHM pYKOBOACTBAaM,
COAEPXKAIUM 3HAYEHHS 3THX MHTErpaioB, CYMM ¥ T.X., KOTOphie
NOACTABIAIOTCA Ha MECTO HCXOJAHHIX BHIDAXEHHH C TeM, 4TOGH
YNPOCTHTDb WK NOAYYHTh YHCIEHHEIE 3HAYEeHNA PACCMATPHBAEMBIX
BeipaxkeHu#. Tak, BMecTo unTerpasa [ o e~ dz moxHO noACTa~
BHTb YHCIO +/T.

Jpyroil acnekT npaBus npeo6pa3oBaHHi 3aKAI0YaETCA B TOM,
YTO KX MOXHO PacCMaTPHBATb KaK akKCHOMBI, KOTOPHIM YJOBle-
TBOPAIOT ONpefeleHHble MaTeMaTH4YecKue 06bekTH. Omnepanus
CIOXeHHA acCONHATHBHA, M DTO CBOHCTBO MOXHO 3allHCATb B BH-
ne npasuaa (a+b)+c=a+ (b+c), onepanus gudpdepennupo-
panus aumeitna: (af(z) + bg(z)) = af'(z) + bg'(z), npm a u b
NOCTOSHHKIX, U yAoBIeTBOpAeT npasuay Jle#buuna: (f(z)g(z)) =
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f'(z)g(z) + f(z)g'(z). ,MaremaTnka“ MMeeT Pa3BUTYIO CHCTEMY
CPeJACTB, NO3BOJSIOIIHX CO3JaBaTh BECbMa K3OLIPEHHHE NpaBHJIa
npeo6pasosanuii. Ha HHX OcHOBaHa CaMOCTOATENbHAA Napajgur-
Ma NPOrpaMMHPOBaHHA, C KOTOPOH MOXHO NO3HAKOMHTLCA B 3TOH
riaBe.

6.1. IMo6aibLHLIe ¥ JOKaJbHEIE TpaBUJIa
npeo6pa3oBaHuM

Bripaxenne z = a, TpakTyeMmoe B TPaJHIHOHHHIX A3LIKaX POrpaM-
MHPOBAHHSA KaK IPHCBOEHHE 3HAYEHHA @ CHMBONY I, MOXHO pac-
CMaTpHBaTh KaK NMpoCcTeilllee NpaBuIo Npeo6pa3oBaHis, COrIACHO
KOTOpOMY BCIOJLY, T.e. BO BCex BhIpakeHusax ,Maremaruxu", B Ko-
TOpble BXOAUT CUMBOI T, €ro clefyeT 3aMeHHTh Ha a. B 9ToM cMEI-
clle paccMaTpuBaeMoe npaBuao riaobansio. Ero rokaiabHuI# aHajgor
€CTb MOJCTAHOBKA T — G, KOTOPAA OCYIIECTBAAETCA B OTAEAbHKIX
¢dopMmyaax mocte npuMeHeHus K HUM ¢ynkuuu ReplaceAll, nme-
olWel BUL /. BO BXOZHOM ¢opMaTe.

3Hak = ARIAETCA HHPUKCHON POpMON PYHKHHH ABYX apryMeH-
Tos Set. Bripaxenue Set[exprj,expra) BHYMCIAETCA Cie yIOLIAM
o6pa3oM. APpPryMeHT ezpr; BOBCe He BHIYHCIAAETCH, BHIpaXKeHHe
erpry BLIYHCAAETCA, M 3TO BHIYHCAEHHOE 3HaYeHHe NPHCBAMBaeTCH
BhIpaxkeHuio expr;. IloZOGHKIA MOPAJOK BHIYHCIEHHA MMEET CBOM
ocHoBaHuA. Hanpumep, oH nossonseT u3bexaThb CreAyiouUiero npo-
tuBopeuns. IlycTh cHa4aNa CHMBOLY T IPHCBOEHO 3Ha4eHue 1, T.e.
BRIYACJACHO BRIpakeHhe X = 1, a 3aTeM BO3HHMKIa HeoGXOAMMOCTHb
NPUCBOMTH CHMBONY £ HOBOe 3Ha4eHHe 2, BHyucauB Set[x,2]. Ecan
6bI NepBHIA APryMeHT QYHKLUKH Set BHIYHCIANCH, TO BOHHKIA 6hl
CMTyalus, KOrjJa 4YMCAy 1 mpucBamBajoch 6nl 3nadenue 2. Iloa-
YepKHEM, YTO BHYHCIEHHOE BHIpaXKeHHe eTPry B IPUHIHKIE MOXET
6GHITH IPHCBOEHO B Ka4yeCcTBe 3HaYeHUA JI000MY BhIpaXKeHHIO eTpry,
a He TOAbKO CHMBOAY.

a[x*2] = E~x
Ez‘
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Hocune sroro Bcioay BMecTo a[z?] 6yaet nogcraBasteca EZ. [Tonpo-
6yeM, oqHaKO, ONpeeHTE Clefyiolllee NPaBHIO NPe0Gpa3OBaHHUA:

x*2=b
Set:: write: Tag Power in z? is Protected
b

Mu noay4uau coobuleHne, 4To 3aronoBok Power B Bhpaxenun r?

obaragaer arpubyTom Protected. dTo o3Hauaer, 4TO ¢ BHIpaxke-
nuamu z2, z°, Sqrt]r) u no6uMu Brpaxesuamu Power[ezpry, k]
¢ 3aronoBkoM Power Henb3s 6Ge3 cnennalbHOH NpoOUeAyphl, ONH-
CHIBaeMOW HHXKe, CBA3aTh KaKoe-1M60 NpaBHIO npeoGpa3oBaHHA
¢ nomouwipio QyHkuun Set. I[IpuMep noAckasmiBaeT Takxke, YTO
»,MaTemaTnka" accouunpyeT npeobpaloBanii ¢ 3ar0JOBKOM BhIpa-
XeHnnd ezpr; B Set[expr;,expra]. IT0 06CTOATENBCTBO 103BONAET
onpeienaTh HOBHE QYHKIMH, BHYUCAAA BhIpaXKeHHA BHLA

B KOTOPHIX CHMBOJX I CONpDOBOXJaeTcs NOJ4ePKUBaAHHEM _, SBIA-
IOIMMCE BXOJHOH ¢opmoi Bupaxenns Blank[]. Tlocae sToro
flezpr] maa ao6oro expr GymeT 3aMeHATHCA Ha eTpre, U ITO Npa-
BHJIO mpeoOpa3oBaHufA OyJeT NPOYHO CBA3AHO C 3arosoBkoM f,
COCTaBAAA OJHO M3 TAK HA3KIBAEMBIX HUXNCHUZ 3Ha¥EHul ITOro 3a-
TOJIOBKA.

DownValues(f]
{Literal[f[z]] :> 23}

C m106kIM 3aroJOBKOM MOXHO acCCOUMHPOBaTh CKOJAbLKO YTOJHO
HUXKHEX 3Ha4eHUH, HJIH, YTO TO e caMoe, NpaBHI npeobpa3o-
Banuii. Hanpumep, u3 onpefeneHHoi Bhime ¢ynxuun f(z) = z3
MOXHO CKOHCTPYHPOBATh pPa3phHiBHYI0 (YHKIHIO, NepeonpelenHB
ee 3HaveHue B Touke (:
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DownValues|[f]
{Literal[f[0]] :> 1, Literal[f[z]] :> z3}

OtMeTnM, yTo  Maremarnka“ 6yfeT NPHMEHATH NPaBHI3 Npe-
ob6pa3oBaHH#, CBA3aHHKE C CHMBOIOM f, B TOM HOpAJKe, B KOTO-
pom ony aHs B DownValues. Bcezda 6oaee swacmmusle npasuaa
npedwecmeyiom boaee obwyum. Taxum o6pa3oM, NpH BEIYHCACHHH
BripaxxeHua f[0] 6yaeT nonyden pesyaprar 1, a se 0.

ITomumo dyHxuuu Set ana onpegeneHus npaBuA Npeo6pa3oba-
HUH Bcnoabayercs ¢ynkuus SetDelayed, unn ornoxenuoe npu-
CBOEHKE, BXOJHOH (HOPMOHl KOTOpOH SABIAETCA €XPrj := expra.
Buryucrenne Bupaxenus SetDelayed[expr;,expra] saknogaer-
CH B TOM, YTO HH €Ipr;, HH eIpr; He BRIYUCAAIOTCH, HO COOTBET-
CTBYIOIIlee NPaBHJO 3aHOCHTCA B CIHCOK HM)KHHX 3Ha4eHHA 3aro-
N0BKa BHIPaXkeHHd ezpr). Ecay B fasbHelieM BO3HHKHET HeoGXo-
JHMOCTb BHIYMCAHTHL BHIPa)KeHHe ezpry, TO OHO OyAeT 3aMeHATHb-
Cf Ha BHYHCJIEHHOE HMEHHO B TOT MOMEHT 3HavueHHe BRIPaXKeHUN
ezpry. Pa3Huuy Mexay HeMeAJeHHHIM M OTAOXEHHEIM NPHCBOCHH-
€M MOXHO NOHATH, O6PaTHBLIACH K CAeAYIOLIHM NpHMepaM:

x = Random|]
0.0489537
y := Random[ ]

{Sin[x], Sin[x], Sin[y}, Sin[y]}
{0.0489341,0.0489341,0.758444,0.311081}

B npumepe Sin[x] BuyncasACA A48 PUKCHPOBAHHOrO 3HaYeHHH I,
paBroro 0.0489537, a Sin[y] — ans y, ABAAIOWHAXCA 3HAYEHHAMHE
¢ysxkuun Random B MoMeHT Briincrenus ¢pynkuun Sin.

Map[ArcSin[#]&, %)
{0.0489537,0.0489537,0.860922,0.31633}
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Ecan 3TOoT npuMep nokasajcs YMTATENI0 IK3OTHYECKHM, TO Cle-
OYIOIIKH ONHCHIBaET JOBOABLHO OGHYHYIO CHTYAlHIO B CHMBOIBHRIX
anre6panyeckux Buyucienuax. Onpegeanm jgBe ¢pyHkuuu h(z) n
hh(z) cregyrowumM o6pasom:

h{x_] = Factor{1 + x*2]
1422

hh(x ] := Factor{l + x"2]
{h(Iy}, bh[Iy]}
{1-4%0-9)(1+y)}

®dyuxnus h(z) Toxgecrsenno pasra 1+ z?, noatomy h(iy) =1+

+ (iy)2=1-y?, B To BpeMa Kak NpH BHYHCIeHAN 3HaveHus hh(iy)

BRINOJHAETCA pPa3jOoXKeHHe Ha MHOXHTEIH MHOI'OY/J€Ha 1- yz.

{DownValues[h], DownValues[hh]}
{{Literal[h{z]) :> 1+ z%},{Literal[hh[z]] :> Factor(l +z2]}}

Ecnu 3aronoBok GyHKINH, C KOTOPOH XelaTelbHO aCCOUAKPOBATE
HOBHIe NpaBHJa NpeobpalzoBaHui, uMeeT aTpHOyT Protected, To
3TOT aTpu6yT MOXHO y6paTh C NOMOIIBIO BCTPOEHHOH (PYHKIHH
Unprotect, nocie yero e 6ygeT NPeniTCTBUH Aaf ONpeJeieHUA
HOBHIX aCCOUHMPOBAHHKIX NPaBH.I.

Unprotect[Power]
{Power}

x*2=b

b

Protect[Power]
{Power}

f(x~2]

B3
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ToT ¢akT, YTO MHOrHe BCTpOEHHKIe PYHKUHHM CHaGXEeHH aTpHby-
ToM Protected nMmeet cBou Beckne npHIMHLL. [eno B TOM, YTO BHI-
YHCIeHHe BhIpaXKeHHH BKIoYaeT npocMoTp ,MaTemarnkoit“ 6ob-
WIOr'o YHCJa NPaBHJA Npeo6pa3oBaHyil, aCCOLMHPOBAHHKIX C HX 3a-
roaoBkamu. [lockoabky Takie BcTpoeHHHe PyHKUHHE, Kak Power,
Plus, Times ¥ T.4., BecbMa 4acTO BCTPEYalOTCA B BHIYHCIEHH-
AX, TO Ka)XJoe HOBOE€ MpPaBHJO, aCCOUHHPOBAHHOE C HEMH, MOXET
CyWIECTBEHHO 3aMeAnuTh paboTy  MaTtemarukn“. [lo aToH xe npu-
YUHe JKeaaTelbHO CHOBa 3aNPOTEKTHPOBAThH Takue GpYHKIHH, eCIH
HONB30BATENb BCE Xe CoYTeT HeOOXOTUMKIM OXHAXAhI PACIpPOTEK-
THUPOBATL HX.

WMeeTca Apyroil MexaHH3M ONpejeNeHHA NpPaBHA TNpeobpaso-
BaHMW JJA BHIPaXK€HHH C MPOTEKTHPOBAHHHIMM 3aroJOBKaMH, a
MMEHHO Mexannam eeprruzr 3nauenuil (UpValues). yunkunu Up-
Set u UpSetDelayed, sxogsnie GOpPME KOTOPAIX €CTh * = H ~ 1=,
[03BOJAIOT ACCOUMHPOBATH NpaBHIa NPeo6Pa3OBaHUHE C 3/eMeH-
TaMH, HaXOQAUIMMHCH HA NEPBOM YDOBHE BHIPAXKEHHH, HMeOLINX
nAo6ble, B TOM YHC]A€ H NPOTEKTHPOBaHHEIE, 3arOJOBKH.

?y
Global‘y

y/yp=c

p
Global‘p

p/:yp=c

Wrak, HoBOe npaBuio npeoGpa3oBaHMf, COrJacHO KOTOPOMY BHI-
paxkeHHe y” 3aMeHAETCA Ha C, aCCONHMPOBRHO C CHMBOJAMH ¥ H
p, COCTaBAAA KX BepXHue 3HadeHus. C yderom npaBua npeobpa-
30BaHHA, CBA3AHHKIX C BEPXHHMM 3HAYEHHAMH, HMeeM CleYIOIIHK
pe3ynbTaT BHIMHCIEHHA:
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fly~p]
c3

Ilonpo6yem BocnosnbsoBaThca ¢pynkuneii UpSet, yTob6n onpege-

AWThL npaBuio z° = d:

x"3"=d
Set:: write: Tag Integer in z3 is Protected
d

Oka3nlBaeTcCs, IPABUIO MOXHO aCCOUUMPOBATH C CHMBONAMH U He-
JAb3f ACCOUMHPOBATHL C 4YMcIaMHM M cTpokamMu. OJHako MOXHO
yKka3aTb ,MareMaTHke“, YTOGH OHa accONMHPOBala HOBOE Mpa-
BHJIO TOJBKO C CHMBOJIOM Z:

x/:x"3=d
d

f{x~3]

a3

BepxHue 3Ha4YeHHA NO3BONKIOT CTPOXTH NPOCTeHIIHE 6a3Bl JAHHKIX,
npejcTaBleHde 0 KOTOPHX MOXHO HOJYYHTH H3 CJAEAYIOLIEro MpH-
Mepa.

Ivanov / : age[lvanov] = 30;Ivanov /: sex{Ivanov] = male;
Ivanov /: occupation{Ivanov] = engineer;

Ivanchuk /: age[lvanchuk] = 33;
Ivanchuk /: sex{Ivanchuk] = female;
Ivanchuk /: occupation(Ivanchuk] = accountant;

Brine BBefeHb! cBeJeHHA o ABYX paboTHukax: Vpanose u HBan-
yyke. Teneps MOXHO NOJYYHTH CBeAeBHA O BO3pacTe, noje H
CIy>KeGHOM NOJOXKEHHH KaXKAOrO M3 HUX, clelaB XoTA Obl TakoH
3ampoc:
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?Ivanov

Global‘Ivanov

age[Ivanov]~ = 30

sez[Ivanov]* = musc ‘
occupation[Ivanov)~ = engineer

Kak y»xe oTMevanoch, 10KalbHLIM aHAIOTOM IMO6GaILHOTO NPaBHIa
N0 CTAHOBKH, ONpeJeNseMOro ¢ NoMolibio hyHknun Set, ABnseTcs
Rulelexprj,expry), unu B undukcHoin dopMe expri — expra.
dns ¢oyakunu SetDelayed ananoruyHoe eil JoxanpHOe IPaBHJIO
3ajgaercs ¢ nomompblo ¢pyskuuu RuleDelayed[expr),expra], nau
BO BXOAHOM ¢opmaTe exprj :> exprz. O6a BHJa JOKaJIbHEIX
IpaBHJ NPUMEHAIOTCA ¢ noMoubio dyHkuuy ReplaceAll

rll =x"2 5 ~y~2

2 5 —y?
{h(x]/.rl1,hh[x]/.rl1}
{1-y%1~y%}

B o6oux ciy4asx NpasHIO, HAM NOACTaHOBKa, rll mpHMeHseTcd K
yXe BlYHCIeHHEM BripaxeHuaM h[x] u hh[x], nosToMy peayabra-
Thl BRIYHCAEHHH COBNAJAIOT.

O6a THOAa NOKAJAbHHEIX NPABHA MOTYT OHITh HCIOAL3OBAHHEI C
no6uMu mabaonamu. lycTs B npouecce BhIYHCIEHRH BCTPETHIOCH
BhHIpa)KeHHe

exl=x"((n+1)/n-1/n)
z(ﬂ.ﬂ_i ‘

KOTOpoe nocie NpHBeJeHHs BHpaxeHUA B NoOKasaTene K obuieMy
3HaMeHaTeno paBHo z. ,MaremaTuka“ cama mo cebe 3TOrO
npeo6pa3oBaHyusA He BHINOIHAET, IOITOMY NONLITAEMCH 3aCTaBHTH
ee BRINOIHHTH Npeo6pa3oBaHue C NOMOIIBIO JOKANbHEIX NPABHI:

{r12 = x"k._.— x"Together[k], rl3 = x*k_ :> x"Together(k]}

{Ik'——) xk’zk_ > zTagether[k]}
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{ex1/.rl2,ex1/.ri3}
{Z(n-f-l)/-n.—l/n’ I}

B >ToM caydae, kak ¥ caeJOBaIO OXKHAATH, 3DMDEKTHBHEIM OKa3a-
Jock npasuio rl3.

6.2. Hlabaoum

MMenoBarHbIe 1A6IOHBl BEAA . HCNONB30BAJIHCH HAMHU NIPH OHNpe-
AeneHnH HOBHIX dyHkuuid. Haunem cucreMaTHyeckoe 3HAKOMCTBO C
OTHM NOHATHeM. B npuHOHUIE WabJOHK HCIOAB3YIOTCA 1A BHLAENE-
HUA KJACcCOB BhIpaxkeHnii Maremaruxn®. CaMulit o6mmit wabion
HMeeT BHJ ., COOTBETCTBYIOIMHA KAIACC COCTOMT U3 BCEX BhIpake-
it  Marematukn“. KorkpeTnule Bupaxenns hley,...,e,) fB1g-
IOTCA CaMbIMH Y3KHMH 1a6I0HAMH, BRI AENAA K1aCChl, COCTOALINE H3
oxHOro Bupaxenus. OcTanrbHue MWA6I0OHE O CTeneHH OGIIHOCTH
3aHMMaIOT NPOMEXYTOYHOe nojoxenue. PaccMoTpuM, HampHMep,
BhIpaXKeHHe T°, nau B noanoi ¢opme Power[z,3]. fcno, 4TO OHO
ABAAETCA €JMHCTBEHHRIM JJEeMEHTOM KJacca, BHIAEAAEMOro ITUM
J)Ke BhIpaKeHHeM, H BXOJHMT B KJIaCC BhIDaXKeHHH, olpelelfeMhIX
wabaoHoM _. KpoMe Toro, oHo BXOAHT B KJacC BhIpaXeHHH BHIa
T*_, KOTOPHI} MOXHO ONHCaTh Kak ,Z B Jo6oi crenenn“. Krac-
Chl BHIpaXKeHHM# _~3,  HeYTO B TpeTbeidl CTemeHH“, W _~_, , HEYTO
B mo6oit cTenenn“ TakXe cojepXaT z°. ByjaeM roBopHTb, 4TO
HEKOTOpOe BHIpaXkeHHe omeevaem wabaOHY, eCIH OHO BXOJHT B
onpejenseMu dTuM mabIOHOM Kiacc.

Mlabron . MOXHO CHabZUTH HMeHeM, KOTOpPoe JOMXKHO GBITh
cuMBonoM. UMeHoBanuK ma6non - uMeeT BUX symbol_. Ums wa-
6/10Ha He BIMAET Ha KJace BHIpa)kKeHH#, MM BrgeasieMbix. Kpome
TOT'0, MOXHO YKa3aTh 3aroJoBoK wWablroHa B ¢opme _head. 3a-
IOJIOBOK CYIIECTBEHHO CyX<aeT KJaacC Bhlpaxkenu#d. Tak, mabioH
-Integer BHenfieT KJACC aTOMApHHX BhIPAXEHHH, ABIAIOLIHXCHA
IeNBIMH YnciaMH. PaccMaTpuBaeMoe HaMM BhHpakeHHe T° OTBeda-
eT wabnoHy y.~3 u He oTBevaeT wabrony z~_Real.
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Hmeercs BcTpoennas ¢pyuxuus MatchQ, nposepsiomias co-
OTBETCTBHE BhIpaKeHHil wabionaM. Buipaxenue MatchQ[expr,
pattern] npunumaeT 3Ha4enue True, eciu BHpaKeHUe eIpr OTBe-
YaeT IabJoHyY pattern, u npuHEMaeT 3HadeHue False — B mpoTus-
HOM caydae.

{MatchQ[x*3,_Symbol~_Integer],
MatchQ[x"3,x"(_Integer + _Integer)]}
{True, False}

[ocnesuusi npumep gocratoyHo noyyuntened. C TOYKH 3peHHS
O6LIYHOM MaTeMaTHKH Ji060e Leioe YHCIO BCerfa MOXHO NpejCcTa-
BHThL B BHJE CYMMBHl ABYX APYTHX LeIHX 4HCeX, H CyMMa ULelbixX
YHCel eCTh CHOBA Henoe Yyucao. [103ToMy MOXHO GBLIO Gl 0XKU AATh,
yro z3 oTBeyaer mabaony z~(.Integer + _Integer). Ha camoM zene
3TO He Tak, NOTOMY 4To ,MaTemaTHKa" CpaBHHBAaeT BHYTPeHHHE
NoMHHE (GOPMBI BhIpa)KEHHS H 1Ia6JIOHA, a He YCTaHAaBIWBaeT HX
MaTEeMAaTHYECKYIO IKBHBAIEHTHOCTb.

Kpome 1ma610HOB, OCHOBY KOTOPHIX COCTaBIAeT NOAYepKHBa-
une _ (Blank[]), uMeloTcs wabnoHu BHJa _. — JBOHHOe HOJ-
vepkuBanue (BlankSequence[]) ¥ TpoliHoe nogyepkuBanne ___
(BlankNullSequence[]). [pojinoe nojiepkupanie BHIeNseT
KJaCC BRIPa)KEHHH, COCTOAIUIMX W3 OJHOrO HIM H3 HECKONAbKHX BHI-
paxenud ,MaTeMaTHKH®, pa3fieleHHHX 3aniThMH. Hanpumep,
BuipaxenHe hle;,es,e3] orsedaer wabrony hiz . ). Tpoitnoe mox-
YepKUBaHHe BhIAENAeT KIacC, COCTOSIINH U3 HYJsS HIH H3 HECKO/b-
KAX BHIDAQXKEHHH, pa3jefeHHhIX 3aNATHIMH.

MatchQ[{a,b,c},{a,-._,b, __}]
True

AHAJIOTPHYHO IaBIOHY _ 3TH NOCAeJHHE WabJIOHK MOXHO CHABXATh
umenamu. Illa6iaonsl -_head m .._head mpeanonaralor, 4YTO Bece
BhIpa)KeHHUs MOCNeJOBATENbHOCTH HMEIOT OJWHAKOBLIA 3ar'0JOBOK.
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MatchQ[{a,b,2},{ -..Symbol}]
False

BosBpaiadch K 1wabioHaM, OCHOBaHHHIM Ha OJHOM 3HakKe _,
OTMeTHM, YTO MOXHO OrpaHHYHBaTh KJIacC BLHIpRXEHHH, Ompe-
JeasieMEIX Ia6I0HOM, He TOAbKO (PHKCHPYA 3arosoBok 1abJoHa,
HO ¥ Tpebys BHINOJHEHHA ONPEJEeNeHHOI'0 YCJIOBHA, BRIPaXXKeHHO-
ro npeaukaroM. Hanpumep, B KiacC BHIpaKeH#i, BhiJeAsieMhIX
wabrodoM _?EvenQ, nmonagaioT ToabKo 4YeTHEIE Heable yucaa. Ha-
PSAYy CO BCTDOGHHHIMH NpeJukKaTaMH MOTYT OhiTh HCIIONbL3OBaHK
npeIuKaTH, onpefeifseMble NOJAb3oBaTeleM C NOMOMILIO aHOHHM-
HBIX PYHKUHH.

MatchQ[Sin[x] + Cos[y] + z, -?(MemberQ[#, Sin[x]]&)]
True

PaccMoTpuM Teneps waba0HBl, KOTOPHE COAEPXKAT ajlbTepHaA-
TuBy. Ha caMom jese Takue abloHH NPEJCTaBIAIOT co6OH COBO-
KyNHOCTb HECKOAbKHX LIabAOHOB, COeJHHEHHKIX 3HAKOM |, Urpaio-
UMM poab Jorudeckon cpasku WUJIU.

MatchQfa,alb]
True

MatchQfy*2+1,a..x."2+b_x_+c_.]
False

MatchQ[y"2+1,a_.x "2+ b_x_+c_Ja..x"2+c_]
True

B aByX BIlenpuBefeHHLIX TPAMEpPaX HAM BCTPETHAUCH Wabro-
Hbl BHJa a..X_"2, B KOTOPKIX BCJAe[ 33 CHMBOJIOM - CTOfiJa TOYKa.
OTO npuMep WABJOHOB CO 3HAYEHHAMH N0 yMmoauanuo. B pac-
CMaTpHBaeMOM IIabJOHEe COMHOXHTENb a. MOXET OTCYTCTBOBATb,
a Ha ero MecTe MO yMoJadaHHIO 6yleT MOCTaBleH MHOXHATelb 1.
Bot nouemy Bupaxenue y~2+ 1 oTBeqaJo mabloHy a_.x_~2+c_..
Ila6ron c. Takxke CONPOBOXJAAJICA TOYKOH, W €ro 3IHA4YEeHHe WO
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yMonsarHio pasro 0. MTak, B aboke X_+ y_. 3Ha4eHHe 10 YMOA-
YaHHIO WabioHa, CONPOBOXK JaeMoro ToIkoi, pasHo 0, B wabioHax
X_y-. H X_"y_. 3HayeH®e no yMmonyanuio pasHo 1. Iloab3oBarenn
MOXXKET MO CBOEMY XXeAaHHIO NMPHCBOXTH IMIa6JIOHAM 3IHAYEHHA IO
ymoayanuio. Jlas >Toro oH MOXeT BOCHNOJIb3OBATHCA KOHCTDPYK-
HHed: X._ :V, O3Hajalolled, 4TO €CIH COOTBETCTBYIOWHH WWAGIOH
HJI# 4aCTh WabAoOHAa OTCYTCTBYIOT, TO OHM 3aMEHAIOTCH Ha BHIpa-
XXKeHHe v.

fix_,y-:5]:=x+y
{f[a,b], f[a]}
{a+b, 5+a}

Bcrpedalores ciaydaM, Korja Heo6XoAHMO ZaTh HMA He TOJABKO
mabroHy BHJa ., HO ¥ Gojee obilemy wabioHy, colepXalueMmy
HeCKOAbKO nofgyepkuBaHuil _. Mmsa raxoro wabiona nmoMelnaercs
nepes BceMm wAbJOHOM H OTAeJfeTCA OT Hero ABOETOYHEM, T.e.
UCNOJAb3yeTCA KOHCTPYKIHA T : pattern.

f[x~2] + fly~(1/2)]/.f[a: -~_Integer] :> g[a]
fISqrt[y]] + gl=?]

B sakaiodyenne oTMeTHM, YTO IHAGIOHH JOCTABAAIOT €ille OGHH
MHCTPYMEHT paboTH CO COMCKAaMH, a MMEHHO HMeeTCs BO3MOX-
HOCTb BLHIAENATH 3JAEMEHTH CIUCKOB He TOJbLKO N0 MX NO3NIHUAM
KIA 00 CBOHCTBaM, KOTODPHMH OHH 061ajaT (Ppysnkunan Part uin
Select), Ho u no coorsercTBHI0 WX wabronam. Pynknus Cases
BLIGHpaeT, a pyHkuus DeleteCases yganseT U3 CuCKa dIEMEHTHI,
oTBevYajolllne wabiony pattern.

{Cases[{x y,x+y,x"y},a_b],
DeleteCases[{x y,x+y,x"y},a_b_]}

{{zy}, {z +y,2}}
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6.3. Illa6ysonn B rIo6anbHBIX MpaBUJIax
npeo6pa3oBaHUH

Ucnonp3oBaiue mwabIOHOB B MpaBHiaX Npeo6pa3oBaHHMl KaK LIO-
6aibHEIX, TaK M JOKaJbHBIX, BOOPYXaeT NpOrpaMMHCTa T'HOKUM
CPeACTBOM, NMO3BOJAIOLUIAM CO3JaBaTh KOPOTKHE N0 JJIMHE, HO BeCh-
Ma cojZepKaTelbHble IPOrpaMMEL. JTOT naparpad 6yJeT COCTOATh
B OCHOBHOM M3 NPHMEpOB NpHMeHEeHUs HIAGIOHOB.

JonycTuM, YTO HyXKHO onpeleluTh pyHkuuio h(z) BellecTBeH-
HOU nepeMenHol z, paBuyio 0 npu z <0 u paBayoo z npu z > 0. B
onpejeleHHH 3TOH QYHKUUH Y4aCTBYIOT JBa NpefHKaTa, NOITOMY
B onpejenenny Buja h[x_] := expr npuxoZuTcs HCIOAB3OBATH ABa
BhIpa)KEHHA €Tpr B 3aBHCHMOCTH OT BWINIOJHEHHS TOT'O HIH HHOrO
yCAOBHSA. DTO OrpaHHYeHne AeHCTBHUA onpejeleHHS TOCTHIAETCA C
noMolbo GyHKIUE /;, aBAgomelcs HRGHKCHOH BXOAHOH (opMOH
¢yukuuy Condition:

h{x]:=0/;x<0
hix]:=x/;x>=0

Jas Toro 4To6H Y6eJHTHCA B YCHELIHOM pellleHHH 3a4a4|, TOCTPOo-
UM rpadpuk ¢yakuuu h(z) (puc. 6.1):

PlDt[h[x]? {X, _17 1}]7
08}

04}

3 05 05 1

Puc. 6.1
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K coxanenuio, onpegenennyio B Takoil ¢popme ¢yHkuuio h(z)
HeJb3f HH NpoiuddepeHnpoBaTh, HY NPOMHTETPHPOBATh B KO-
HEYHKIX Npejexax:

D[h[x],x]

Ws]

Integrate[h[x], {x,1,2}]
Integratelh[z],{z,1,2}]

O3TOMY JafMM OTJelbHhHE ONpefeleHHs LIS ITHX ONEPanHd C
¢dyukuued h(z). Pynkuus D ABIdeTCE NPOTeKTHPOBAHHOM, cle-
JOBATENbHO, AJA ONpefeleHHA NPOHIBOZHOH JOCTYHEH MeXaHH3M
BepxHuX 3Havenuid. [lockonbky npoussoguas ot h(z) paBHa QyHK-
nuu 0(z), npuHuMalower 3Haderne 0 npu z <0 u 1 npu z > 0, To
onpejesuM CHaqala 3Ty QYHKIHIO:

theta[x_]:=0/;x < 0; theta[x_]:=1/;x>=0
a 3aTeM H NpOM3BOAHYIO OT h(z):

h /: D[h[x],x] := theta[x]
[IporaBeseM BHIYHCIEHHA IPOUIBOILHOM:

{D[h[x],x], D(h[x},x}/.x— -2, D[h[x],x]/.x— 10}
{theta[z], 0, 1}

Ananoruysoe onpefiefienre MOXeT GKTh JaHO K JId MHTErpaia OT
¢dyakuun h(z).

B kadyecTBe BTOpOro npuMepa onpefenuM ¢yHxuuio log, Bu-
YHCASIOUIYIO JOrapH(pMEl BelIeCTBEHHLEIX YHCe]l N0 OCHOBAHUIO 2
B NpeANONOXKeHHH, 4To BcTpoeHHas ¢ynkuaa Log[2,x] mac mo
KaKHM-TO NPHYHHAM He ycTpauBaeT. [lelicTBHTENbHO, BCTPOEHHANA
¢dyskuus Log mo ymonyaHHIo onpejeneHa Jad BCeX, B TOM HHCIE U
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KOMILIEKCHRIX 3Ha4YeHHi apryMeHTa, I03TOMY OHa He yJOBAeTBOPA-
eT HEKOTOPHM TOXJeCTBaM, CHPaBeJIUBHM TOALKO B BelleCTBEH-
HoM caydae. Hanpumep, Log[E?]| #2z u 1.4 [Jas Toro 4Tobu
BHIMOJHHTb NOCTABAEHHYIO 3ajady, MOXHO JaTb CIeJYIOIYIO NO-
ClleJOBaTeNbHOCTh NPaBui NpeobpasoBaHui:

log[2] = 1; log[1] = 0; logly-"x.] := x log[y];
log[x- y.] := log[x] + log[y]

(HKCHPYIOLINX OCHOBHEIC CBOHCTBa JOTapHGMEYECKOH DYHKIHH.
BrIMHCIMM BHIpaXkeHHe

log[2~a b/Sqrt[c]]

"a+log[b] - l—o%[—gl

Pe3y.lﬂ>T3.T COOTBETCTBYEeT HAIUHM OXHIaHHAM. Y1o6m HMETH
BO3MOXHOCTb HAXOIHThL 4YHCJICHHLIE 3HAYERHUA ¢)yHKIIHM lOg A
BelleCTBEHHBIX 3HaYeHHN apryMeHTa, ro6aBuM NpaBHJIO

log[x-Real] := FixedPoint[((# — (2°# - x)/
(2~#Log(2.)))&,1.]

OCHOBaHHOe Ha MeToje HTepanui Huiorona.

{log[3.], Log(2,3.]}
{1.58496,1.58496}

Brosse yzoBIeTBOpHTelAbHad TOYHOCTb [MAf 4HCel NOpAAKa 1.
OnpegenrdM NpaBHAO BLIYHCIEHHS NPOH3BOHOH Jasi PyHKuuu log
CNoco60M, OTAHYHEIM OT TOJBLKO 9TO HCHOAL30BaHHOrO. [las 3TOrO
BOCIONB3yeMCA TeM OBCTOATENbCTBOM, YTO GyHkuus D B caydae,
KOrja He MMeeTCS NPaBHA JAf BRIYMCIEHHA POM3BOLHOH OT JaH-
HoMl ¢yHKuUH f(Z), AMeeT pe3yabTaTOM BHa)KeHHe, MOJNHaA dop-
ma kotoporo ects Derivative[1][f][x]. ®yskuns Derivative[l] ne
NPOTEKTHPOBaHA, € aPIryMeHTOM ABIAIOTCA 3aTOJOBKH QYHKIHH,
NO3TOMY onpejenruM NMpousBogHyo oT log caegyommum o6pa3oM:
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Derivative[1][log] := (1/(#Log[2])&
D(log[xf(x]},x]

LS
zLog[2] = f[z]Log(2]

HeonpeaenenHuit unTerpan ot pynkuuu log Moxer 6HTH Onpee-
JeH C MOMOIUBIO BEPXHHUX 3HAHYECHHM:

log / : Integrate[log[x_],x] := x log[x] — x/Log(2]

Xopouo u3BecTHo, 4T0 pyHkuus fact[n] = n! or yenoro neor-
pULATEeNbHOr'O apryMeHTa 7 yJAOBJAETBOPAET CAeAyoLIeMy TOoXje-
cTBy: fact[n] = nfact[n — 1], xoTopoe gaeT BOIMOXHOCTb IOCJe-
JOBATENbHO ONpeleNiTh 3HaYeHHS ITOH (PYHKIHH, OTHPABIAACH
ot 3navenus fact[l]=1. PaccMaTpuBaeMoe TOXJeCTBO ABIAETCH
MPOCTEHIINM PeKyPCHBHRIM onpejeienneM GyHKkuuu. Bosee crox-
HBIM ABJISETCA peKypCHBHOe onpejelenne ¢byHxuun fib[n], ybumu
3HaYeHUAMH sBasloTca 4ncaa Dubonaquu: fib[n] = fib[n — 1) +
fib[n — 2], xononunennoe 3navenuamn fib{l] =1, fib[2] = 1. Paccma-
TpHBaeMble TOXJeCTBA MOTYT GbITh HENOCPEACTBEHHO MONOXKEHEI B
OCHOBY OTpeJe]leHHs COOTBeTCTBYIOIIUX PYHKIMI:

fact[n _Integer?Positive] := n fact{n — 1]
fact[1]=1

{fact[5], fact[-3], fact[3.1]}

{120, fact[-3], fact[3.1]}

Dyukuusa fact[r] BHYRCIZETCA B COOTBETCTBHH C JaHHKLIMH Npa-
BHJAAMH JAA LEeJbX MOJOXHTEABHHIX I, a AAf APYTCHX 3Ha4YeHUH
apryMeHTa He olpejeleHa.

fib[n _Integer?Positive] :=fib[n — 1] 4+ fib[n — 2]
fib[1] = fib[2] =1;

fib[6)

8
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PexoMengyem 4uTaTenl0 NOCMOTPeTh, NpHGErHyB K DYHKUHH
Trace, KaK BRIYHCAAJCA MOCAEAHUH pe3ybTaT.

OxkasniBaeTca, ,MaTemaTHka“ NoCIeJOBaTEIbHO NpPHMEHANA
OCHOBHOE MDAaBHI0, MOHHXKAA 3Ha4YeHHe apryMeHTa [0 TeX Mop,
MOKa He MpHIIMa K OTAEAbHO ONpeiefeHHHIM HadYalbHHIM 3Ha-
vyenusM fib[1] u fib[2], a 3aTeM npoBoJHIa BHIYHCIEHHS A1d
BO3pACTAIOIUX 3HadYeHHH apryMmenTa. [Ipw TakoM nopsajake Bhi-
YuCIeHHH HaxoxjeHue fib[5] wam fib[7] BHNONHAeTCA CcOBepleH-
HO AHANOrHYHO, TaK KaK 3HayeHMs ¢yHkuuu fib[n] He 3amo-
MHHAIOTCA. MOXHO HCIpaBHThL 5TO MOJNOXKEHHe Belued, MNpHU-
6erHyB K TaK Ha3hBaeMOMY , TMHAaMHYECKOMY IDOrpaMMHpOBa-
HHIOY. DTO JOCTHraeTCs CAeIYIOIMM M3MeHeHHeM [IaHHKIX paHee
NpaBHI.

factdyn[n _Integer?Positive] :=
factdyn[n] = nfactdyn[n — 1]
factdyn[l] =1;

Tenepp Bce BuYHcafeMble 3HaveHHs ¢yHkumH factdyn 6Gyayr
3aIOMHUHATHCA.

factdyn[5]
120

CpaBuum BpeMs Buyucienus 100! o6euMu QyHKUMAMM.

{fact[100]; // Timing,factdyn[100]; // Timing}
{{0.22Second, Nuli},{0.61Second, Null}}

Bpems, 3aTpadenHoe BTOpPOH (YHKIHEH, CylleCTBeHHO Goable. A
Tenephb gas 49ucia 110! cpaBHMM BHOBbL BpeMf €ro BhIYHCJECHHS
ob6euMHU DYHKIHAMH.

{fact[110]; // Timing,factdyn[110}; // Timing}
{{0.27Second, Null},{0.11Second, Null}}
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PesyabraT gocraTovHo y6eauTeneH. OKOHOMUA BDEMEHH B Cly4dae
npuMeneHns ¢yHkuuu factdyn gocTuriyra 3a cieT TOro, 4ro
anavenne factdyn[100] coxpaHeHO B mporpaMmme.

C nonaTneM onuui, T.e. HeOGAIATENHHO ABHO YKAa3RIBaEMBIX
apryMeHTOB (yHKUHH, MBI MO3HAKOMHJIHCh B I'l. 3 NpH H3yde-
HMH BCTPOEHHHIX rpaduyeckux GyHkuui. Tam onnHoHaIbHLIE ap-
FyMEHTHl YKa3hIBaJH IHPEKTHBH, PeryJaHpYIOillHe NpejCTaBleHUe
rpaguieckoro obbekTa. B  ,MaremaTuke” umeloTcs nBa cnocoba
onpefenaTh PyHKUHUH Cc onuuaAMHU. [lepBulit OCHOBaH Ha UCIOAB3OBaA~
HUY HUMEHOBaHHHIX 1Ia6JOHOB X : V CO 3HAaYeHHAMH 110 YMOJYaHHKIO
PaBHEIMH V; BTOpPOH — Ha HCHOJb30BaHMH yHkuuH Options u
JOKAJbHBIX NpaBHI NpeoGpa3oBaHKi.

PaccMoTpuM oTH cnoco6unl Ha npuMepe. JlomycTHM, 4TO mpH
paboTe co cnMCKaM# HaM 4YacTo TpebyeTcd pa3bHBaTh 2J1eMEHTH
CNHUCKOB Ha Napel C OTCTYNOM 1, M MH NOJb3yeMCs [Af DTOro
¢yukuneir Partition, ykasniBad B KauecTBe ee BTOPOI'O apryMeHTa
YHCIO 2, 2 B KadecTBe TpeTbero — 4ucio 1. YTo6u COKOHOMHTDB
BpeMms, onpefenuM ¢GYHKIHUIO Pairs, NO3BOAAIONIYIO He YKa3BIBATh
aBHo Yucaa 2 u 1. CrenaeM 3To yNOMAHYTHRIME JBYyMiA cnocobamu:

pairs[x_List,n. : 2,m_: 1] := Partition[x,n, m]
pairs[{a, b,c,d}]
{{a,b},{b,c},{c,d}}

dyHKkuMek pairs, yYUTHIBaA ee onpeJeleHne, MOXKHO NIOAb30BaThCH
TaK e, kak ¥ ¢ysknuedr Partition, ykaswiBas ABHO OJMH HIAH
ABa ee Heobg3aTeNbHHX apryMenTa. CrefyeT MOMHUTH, YTO €CIH
6yJeT yKa3aH OJHH apryMeHT, TO OH 6yeT BOCHIDHHAT KaK BTOPOH
apryMeHT ¢yuxkuuu pairs. [Iyctb, Hanpumep, TpebyeTcs pa3buTh
CIHCOK Ha TPOHKH ¢ oTcTynoM 1. BocnonbayeMcs dyrKkuued pairs
caegyIOEM o6pa3oM:

pairs[{a,b,c,d},3]
{{a,b,c},{b,c,d}}
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Ecnu xe Tpe6yeTcs pa36HTh CIHCOK Ha MapHl C OTCTYIOM JBa, TO
clefyeT BHIYHCIHTH BHPaXKeHHE:

pairs{{a,b,c,d},2,2]
{{a,b},{c,d}}

Bropoi cnocob peanusyetcs ciaenyiounm obpa3om:

Clear[pairs]
Options([pairs] = {optl — 2,0pt2 — 1}
{optl — 2,0pt2 — 1}

pairs[x _List,opts___] := Partition[x,optl /.

{opts} /. Options[pairs],opt2 /. {opts} /. Options[pairs]]
pairs[{a,b,c,d}]

{{a,b},{b,c},{c,d}}

[Ipu BTOpOM cnocobe onpejeleHHs QYHKIUY pairs, YTOGH PelIuTh
3ajlady 0 pa36HeHHH pacCMATPHBAEMOrO CIIHCKa Ha TPOHKH, Clefy-
eT BHIYHCAHTDH BHIpaXXeHHe:

pairs[{a,b,c,d, },optl — 3]
{{a’ b’ C}7 {b7 c’ d}}

6.4. IlIa6y0oHEL B JOKATBHEIX MpaBHIAX
npeo6pa3oBaHUU

[IpueMu nporpaMMHpOBaHKA, pacCMaTpHBaeMhle B 3TOM Iaparpa-
e, ABIAIOTCA, HA HAll B3FJIAL, OTHAMH H3 CaMKEIX HHTEpPeCHLIX, He-
OXXHJIaHHHIX H 3¢dEeKTHBHLIX U3 HCNOAb3yeMHX B  ,Maremarnke®.
MoxHo HafedAThCA, YTO C TeYeHHEM BpeMeHH NPOrpaMMhl B CTH-
Je JOKalhbHEIX Npeo6pa3oBaHMil 3ailMyT Bejyllee MeCTO B IpPH-
noxenuax. JlokanbHHle npaBuia cojepXaT NOACTAHOBKH BHJIA
exprl — expr2 u exprl :> expr2, rje exprl MoXeT cofepXaTh
mwa6nouel. IIOACTaHOBKH OCYWIECTBAAIOTCA C MOMOUIBIO (PYHKIHH
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., T.e. ReplaceAll, n //., .e. ReplaceRepeated. Ha npume-
HeHMe WAa6KOHOB, KaK H B r106albHbIX NTPaBUIax Npeo6pa3oBaHui,
MOXHO HaKJAa/JhBaTh OTPAHHYEHHA C MTOMOUIBIO yKa3aHHUA 3ar0/0B-
KOB 11a6I0OHOB HAHK C NOMOLIbIO NPeJHKATOB.

[pucyrcrBie 11a610HOB, COfepKaliiX NOSYEPKHBAHHE _, NPH-
BOJUT K HEKOTOPHIM OCOGEHHOCTAM BHIYHCIeHHS ¢yHkuui Re-
placeAll 1 RepalceRepeated, koTophie He06X0AUMO O6CY IUTD.
OHH OTHOCATCA K TeM ClydaAM, KOT'4a pacCMaTpUBaeMhule QyHKIHH
IPEMEHSAIOT NpaBHJa MOACTAHOBOK, COJAEPXKalUHe COMCKH IOACTa-
HOBOK.

{i,j} /. {i=1,j—>2}
{1,2}

PeayabTaT 3TOro BHYHCACHAA JOCTaTO4YHO odeBujen. Crenyoinee
BHIYHCIEHHEe MeHee 0O4eBUIHO.

{ij} /. {i—=1,j-2,{i,j} -0}
0

[ony4YeHHBIH OTBET 3aCTaBAAET NPELNOSOKHTD, 4TO wabaoH {7,5}
B IleJoM HMeeT GoJblee COOTBETCTBHE C Tpeo6pa3yeMuIM BhIpaXke-
HHMEM, YeM ero oTjJelbHule YacTH. OJHAKO 3TO MPaBHIO paboTaeT
OTHIOAL He BO BCeX CJy4YasdX.

{ii} /. {({x-x-} = 1,{--} 20}
1

ATOT pe3yabTaT KakK GyATO MOATBEPXJaeT NpaBHJIO, NOTOMY YTO
wabnon {z_,z_} onpefenser Gojee YIKHA KIACC BHIPAXKEHHH, YeM
wabaon {__}. TeM He MeHee eclH MH H3MEHHM NOPAJOK IIAGJOHOB
B NOACTAaHOBKE, TO MOJAYYNUM APYroi OTBeT.

(i} /- {{--} = 0,{x_,x} > 1}
0
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CaegoBaTenbHO, ecid TpebyeTcs 3anporpaMMHPOBaTh PYHKIHIO,
Ha3niBaemylo d-cumBoaoM Kpouekepa: 6(i,j) =1 npu i =37 u
8(¢,7) =0 B npoTHBHOM Cly4ae, TO cllelyeT HalHCATh ONpejeleH e:

deltafi_,jJ = {i,} /. {{x-,x} =+ 1,{--} >0}
{delta[2,2], delta[1,2]}

{1, 0}

Onpegenentnlie 0COGEHHOCTH HMeET TakXe M BRIYHCIEHHE QYHKLUHH
ReplaceRepeated c mwa6ronamu. Boobiue rosops, ee BHIYHCIE-
HH¥e CBOJAHMTCA K NOBTOPDHOMY BHIYHCIeHHIO ¢pyHKOHH ReplaceAll
[IO TeX NOop, NOKa HH OJHO U3 NOJABbIpaKeHHH Npeobpa3yeMoro BHI-
paXkeHHA He yAaeTCH Npeo6pa3oBaTh B COOTBETCTBHA C XOTH OHI
OXHHM Ia6GroHOM cnucka. [Ipu >ToM mopffok npUMeHeHHA 1Wabao-
HOB cleayoumi. IlepBrii mabion coHcKa HCHOAb3yeTCH, NOKa B
npeo6pa3yeMoM BHIPaKeHHH HaXOAUTCA XOTH 6Ll OJHO NOLBH parKe-
HHe, eMy COOTBeTCTBYIoIlllee. 3aTeM NIPUMeHAeTCs BTOpPOH Ma6IoH
cnucka U T.4. Hu B koeM cayvae He clefyeT AyMaTh, YTO KaXAKIH
pa3 npuMenseTca Gojee YeM OJHH wWabloH cnucka. PaccMoTpuM
HJLTIOCTDUPYIOUIHI NpHMep:

{1,2,a}//{{-,x_—_,a} = {x,a},{--,2, .-} = 2,{a} > a}

Mu BHAHM, YTO NepBHIH IIAGIOH CNHCKa NpUMeHAETCS JBa pala,
CBOJf BHIpa)KeHHe K OJHOdJIeMeHTHOMY cuucky {a}, a 3aTeMm npe-
MeHfeTcs TpeTHH wWwabioH. Bropoli mwa6ron He paboTaeT mocie
nepBoro npuMenenns ReplaceAll, xoTq B 3TOoT MOMeHT HCXOaHOE
BhIpa)KeHHe npeo6pa3oBano k Buay {2,a}. [locie npuMernenns Tpe-
Thero Ha6JloHa MOJyYeHHOEe BhHIpa)XXeHHe @ yXKe He COOTBEeTCTBYeT
HH OJHOMY M3 IIa6JOHOB, IOITOMY BRIYUCAEHHSA NpPeKpallaloTCH.
KonTpoas 3a BuiucienneM ReplaceRepeated moxer ocyiue-
CTBIATBHCA C NOMOIULIO YCJIOBHM, BRIpa)XKEHHHX NpelukaTamMu. B
KaveCcTBe NPHMEPOB PacCMOTPHM HMHTAUMIO C NOMOLIBIO JOKAJdb-
HBEIX OPaBHJ Npeo6pa30OBaHKNl HEKOTOPHIX QYHKIHH, HCIIONAb3yEeMhIX
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JAJf TeHepalldH ¥ npeo6GpaloBarus cmnuckoB. HayHeM ¢ yHk-
uzd Range[n], nopoxjatomeil CIHCOK HATYpaNbHHX Yucen oT 1
jgo n. MHWnpes cocroMT B TOM, 4TOGH, MpHMeHSA NOJCTAaHOBKY
{z--} :> {z,Length[{z}] + 1}, c nomowsio dynknun ReplaceRe-
peated u cTapTys co cnucka {1}, npeoGpaaonaTb NocaeAHNH B
cnucok {1,2,...,n}.

{1}//-{x--} :> {x,Length{{x}] + 1}/; Length{{x}] < 3
{1,2,3}

KoHcTpyknus mnpekpacHo paGoTaeT H NO3BOJAET ONpeleldTh
bYHKIUHIO '

range[n.]:= {1}//.{x-_} :> {x,Length{{x}] +1}/;
Length[{x}]<n

range[10]

{1,2,3,4,5,6,7,8,9,10}

ARajnoru4yHas Haes JeXXHUT B OCHOBEe HMHTALUH Q)yHKIIHK Dl‘Op.

drop{l _List,n _Integer]:=1//.{x_,y_--_} > {y}/;
Length[{y}] > Length{l] -n—1
{drop[{a,b,¢c,d,e},3],drop[{a,b,c,d,e},5]}
{{d,e},{}}

Cregyomas 3afaya npeijsaralilach Ha CODPeBHOBaHMH 0O dJe-
raiTHOMY nporpamMupoBanuio Ha Ilepsoit koHdepeHUuH MOAB3O-
BaTene#t ,MaremaTukun“ B 1991 r. Jan cOHCOK M3 NOBTOPAIOLUMXCHA
YHCes, HapHMep

1={1,1,1,2,2,3,3,3,3,1,1};

TpebyeTcs COCTaBHTh CIHMCOK NMap, NEpPBRIM 3JEMEHTOM KOTOPHIX
6Lid OBl DAEMEHTH CHUCKA !, 2 BTOPHIMH — YHCIa HX CME@XHAIX
nosropennii. Taxum o6pa3om, cnucok ! JoJkeH 6HITH npeobpa3lo-
BaH B CIIHCOK
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{{1,31,{2,2},{3,4},{1,2}}

Bor ogHo u3 ay4msx pemeHni 3ajgauw. CHavana cnucok [
npeo6palyeTcia B CIHCOK

11 = {#,1}&/@l
{{1) 1}’{1,1}1{11 1}’{271}1{2;1}1{3, 1}v{3)1}7
{3,1},{3,1},{1,1},{1,1}

a 3aTeM NpHMeHfeTCHd NOCAefOBATENbHOCTL JOKAJLHHX npeobpa-
30BaHHH:

1//4x--- {a- k3, {a_,m},y_--} > {x,{a,k+m},y}
{{1,3},{2,2},{3,4},{1,2}}

Euie oguuM npumepoM, no3soagiomrM nogaTs paboty Replac-
eRepeated, GyaeT copTHpPOBKa N0 yOLIBaAHAIO YHCAEHHOTO CIIHCKA.
IIycTs Tpe6yeTcs pacnoJoXHTh JJMeMEHTH CHHCKA

1={2,5,3,1,4);

TaK, 4YTO6H nmocieyIoluni 31eMeHT GhlI CTPOro MeHbllle Ipejile-
cTByloero. BoT peueHue 3TOR 3ajavH C MOMOMIBLIO JOKANbHAIX
npaBuUA:

1// {x--,a_,b_,y___}:> {x,b,a,y}/;a<b
{5,4,3,2,1}

- YnpaxHeHus

1. Iycrs } = {{0,a,b,c}, {0,1,2},{0,x},{0}} ects crmacok, npeacTaBrAIOLIHI
o601 BEPXHIO TPEYroMLHYIO YaCTh KOCOCHMMMETPHYECKOU MATPHMIN m
YeTBepTOro NMopajka. Peasusytime caejyioumit cnoco6 BOCCTAHOBJCHEA
MaTprsl m no crucky 1. CHavana ¢ noMowpbio JOKATBHEX HpaBKX
mpeobpasoBanyii moXxyumTe W3 | cmucox 11, aomosHus cnepeam HyasMu

. aneMenth 1 Tax, yro6ul 11 cTana MaTpymeh 4eTBepToro mopazxa. 3aTe
noxywre m kak 11 — Transposefl1].
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2.

Bponckuanom cemeiictea dyuxumit {f1, f2,..., fa} oT oamoro apry-
MeHTa HasmBaeTca Aerepmumant Matpuuu {{fi,....fah {fl.-...fi}....,
{ fl("),..., f,(,")}}. Onpedeaume dynxumio wronsk oT ABYX apryMeHToB,
MEePBHY U3 KOTOPHX €CTh CIMCOK (PYHKIMMA, BTOPOH — apryMeHT yHKIH,
BHYHMCIAONLYIO BPOHCKHAH.

Onpedeaume ymxamio ord, xoTopad, 6yJy4¥ NPUMEHEHHOM K 4acCTHOM
POM3BOAHON PYHKIMHM C POM3BOTLHBIM 3ar'ONOBKOM, T.€. K BHPaXEHHIO
BHja

Derivative[ny,ny,.. J[flix,y,.. ].

HMeja 6H 3HaYeHMeM MOPAJOK npouspojHol. [aTh nmo Kpaiseil Mepe gBa
pelueHus: OAuH B GYHKUMOHANLHOM CTHWNE, ADYFOH B CTHIE JOKAMBHBIX
npasui npeobpa3opaHui.

Hcroxp3ys JoKkamsHHeE NpaBwia npecbpazopanmil, datime onpedeaenue
dyHKIMH newton, KOTOpad OCYUIECTBAAET ITPOLIECC UTEpAId JIA Ha-
XOXAEHNA KOpHeH GYHKIMM ¢ 3ajJaHHOM To4HocTbio. (DyHKuua goaxHa
¥MeTh TPM ApPryMEHTA: 3aroJOBOK QYHKIMM, HavalbHOE NPHOIMXKEeHHEe H
TOYHOCTb.

Onpedeaumne dyuxkmmo crossproduct, KoTopas 1o 3ajjaHHEIM BEKTOPaM
TPEXMEPHOI'0 IIPOCTPAHCTBA BHYHMCIANA 6H NX BEKTOpHOE TIPOM3BEJEHHE.

Hanuwume onpegenenue xna ¢pymxuum dirderiv, xoropasa mo 3ajaHuo-
My BEKTOPY TPEXMEPHOro MPOCTPAaHCTBAa M (YHKIMM, ONpejeleHHOH Ha
2TOM OPOCTPAHCTBE, BHYACIAET OPOM3IBOAHYIC DYHKIMU 10 HANPABIECHHIO
BexTopa. Cuumatdme cHCTeMy KoopaHMHaT (PHKCHPOBAHHONM, NO3TOMY AJNA
3agaHuA GYHKIMHM AOCTATOYHO €e 3aroJOBKa.

C noMoupio JoOKaNLHEX mpasuia onpedesume dynximic decode, npeobpa-
ayoityio crmek suga {{a,2},{b,5},...} B cucxu {a,a,b,b,b,b,b...}.

Onpedeaume dymxamio subsets, nmopoxjawiyo Bce NOAMHOXECTBA 3a-
JAHHOTO HENyCTOro MHOXecTBa. Peasuaylime ciefyloLyl0 KOHCTPYKIMIO:
IpH QUKCHPOBAHHOM IPOHIBOALHOM JJEMEHTE HENYCTOI'0 MHOXECTBA BCE
ero MOAMHOXECTBa PaclafjaloTCH Ha JBa KJacca. B mepBHN KiIacc ronaja-
JOT BCe MOAMHOXECTBA, CojepXallie PUKCHPOBAHHHEI MEMEHT, BO BTOPOR
KJIAaCC — BCe OCTAIBHHE.

Onpedeaume He3aBucuMo oT dyHKumM subsets pynkmmio ksubsets, nopo-
XKFalomyo Bce k-aJeMeHTHHE MOAMHOXECTBA 3aJaHHOI'O HENyCTOro MHO-
xectpa. Onpejenenme ZOMKHO GHTH OCHOBAHO Ha TOM Xe KOHCTPYKIIHMH,
9TO0 M B cay4dae ¢pyHKIHM subsets.



I'nmaBa 7
ITIPOOEAYPHOE
IITIPOTPAMMHUPOBAHUE

HecmoTps Ha To 4TO HauGosee ecTecTBeHHBIMH Jaf ,MaTe-
MAaTHKA“ CTHAAMH NPOrPAMMHPOBaHHA ABJASIOTCA QYHKIHOHAIb-
HBEIl CTHAb M CTHJb ONpeJeleHHH, UIH NPaBHA Npeobpa3oBaHHi,
»,MaTemaTuKa" COIEPXUT CPEACTBA ¥ KOHCTPYKIHH, TO3BOASOLIAE
IpOrpaMMHpOBaTh B TPaZHIUHKOHHOM MPOLELYPHOM CTHIE A3ILIKOR
Doprpan, [lackans, Baiicuk # uM nogobusix. Kpome Toro, sekoTo-
pble GYHKUHK NPOUEeZYPHOro NpOrpaMMHpOBaHHA, Takue, kak If,
Which, yacTo ucnonb3yoTcs ¥ BHe npolejypHOro cTHAA. B npus-
Lune Bce NPOrpaMMH NMPOUELYPHOrO CTHAS MMEIOT CBOH aHAJAOCH
B YIOMAHYTHIX paHee CTH/IAX, TpHYeM ropasfgo 6osee a¢peKTHBHO
OTJIaXKHBaeMhie, BHINONHAeMEle U nonuMaemuie. CpexcTBa npote-
AypPHOT'O IpOrpaMMHEPOBaHKA, TAaKHM 06pa3oM, MOTYT pacCMaTpH-
BaThCA Kak YCTYNKa TeM NOJb30BAaTeNIM, KOTOPHe NPHBHIKIH K
NpoueJyPHHM A3KIKaM, C UeAblo OGAerYUTh UM OCBOEHHE A3KIKA
nporpaMMupoBanus ,MaremaTnka“.

7.1. CocTaBHule BupaxeHus. Oneparop Do

OJHUM H3 OCHOBHHIX ONEPaTOPOB NpOleAYPHOro NPOrpaMMHEpOBa-
HUA fBJAETCA omepaTop npHucBoenud. B K MaremaTuke" TakoBeIM
ABJIAETCA ONHCAHHHA paHee omepaTop Set, KOTOpHIA BO BXOJ-
HOH MH(HUKCHOH (popMe BLHIMMAAHT KaK =, HalpHMep X = a, WJIH
x=x+1. B oTiHYMe OT MHOTHX JPYTHX NPOUEIYPHHIX f3HI-
koB B ,MaTemaTuke“ He HyXHO 3a60THTbCE 06 ONHCAHHH THIA
nepeMeHHEIX, H OJHOMY H TOMY >X€ CHMBOIY MOXHO IPHCBOHTH
UeloYHC]IeHHEle, BellleCTBEeHHEIE, KOMILIEKCHEIe, CHMBOJIbHEIE H T.J.
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3HadeHHs. Onepanuu NPHCBOEHHS MOXKHO MOBTOPATH HECKONBKO
pa3 noJpsAj, pacnojarad HX B OJHOU A4ellKe ¥ pa3jlensd mociaeso-
BaTelbHEIe BhIPDaXKeHUA 3HAKOM ; (TOYKa C 3aNiTON):

Xx=5§; x=x+1; x=x+2
8

PasjgenreHHHe TOYKOH C 3amATod M HAyIIMe OJHO 3a JDYTHM BHI-
paxenus ,MaremaTnkn“ sBas0TCH caMH no cebe BHIpaXceHHeM C
sarososkoM CompoundExpression, koTophiii Mu 6yfeM nepeBo-
AUTH KaK COCMA6HOE 6bIPANCERUE.

FullForm[Hold[x=5; x=x+1; x=x+2]]
Hold[CompoundEzpression[Set[z,5), Set[z, Plus[z,1]]
Set{z, Plus[z,2]]]]

Kak B npaBoi, Tak i B JieBOH 4aCcTAX ONepaTOpa NPHCBOEHHA MOTYT
CTOATH MPOH3BONbHLE BhipaxkeHHd ,MatemaTuxu“, nosToMmy Ham
He HaJ0 OCTaHAaBJIUBATbCA Ha apH(PMETHYECKHX, JOTHYECKHX H
OPYTHX onepalufix, NOCKOAbKY OHH HaMH PaHee HCIIONb30BAJHCh.

OnepaTtopoM, B u3BeCTHOM cMbicie HMmuTHpYyiomuM Com-
poundExpression, asiserca onepatop Do. I[lpuBesem ero Bos-
MOXKHO Gojee monHoe onucanue. Buipaxenue Dol[expr,{imax}]
NpH ero BLHINONHEHHH 1/MaT pa3 BHYHKCIfAeT BrpaxeHne expr. OHo
NOJHOCTBIO 9KBHBAJIEHTHO BRIPA)XKEHHIO €XPIr;eXPr;. ..;eXpr;, B KO-
TOPOM TOYKa C 3alATON MOCTaBleHa H NMOCJe NOCheJHErO BhIpaXxe-
Hus ezpr. TakuMm o6pa3oM, B pe3yabTaTe BHIYHCIEHUA PacCMaTpH-
BaeMEIX BhIDa)KeHHH B BHIXOAHYIO A4eHKy HUYero He IIOMeHaeTCH,
XOTA ezpr BHIYHCIEHO.

t =3; Do[t =t +1/t,{3}]
t
12781

3270

Ecan xenareiabHo Cpaly BLHIBECTH Ha 3KPaH 3Ha4€HHE t, TO HYXKHO
BBECTH Cjaefylollee COCTaBHOE BhIpaXXeHHe;
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t=3; Doft =t+1/t,{3}];t
12781

3270

B paccmaTpuBaeMoM ciydae npuMeHedde oneparopa Do
MOJHOCTBIO 3KBHBaJNEHTHO npuMeHeHulo ¢ynkuuu Nest B Buge
Nest[(# +1/#)&,3,3].

Bruipaxenue Dofexpr, {i,imax}] npu ero BunoniHenu#u BHYHC-
AfeT iTar pa3 BHIpaXKeHHe erpr, KOTOPOe MOXeT COJepXaThb
cuMmBoa t. [Ipu 3ToM ¢ uaMeHdeTcs oT 1 o imex c WaroM eJUHKANA.

t =3;Doft =t +1i,{i,3}];t
9

Cuucku {3} uau {i,3} 8 oneparope Do HasmBatoTCE umepamopa-
#su. Ureparop Moxer GHThH 3aaH H B BHZe {i,imin,imax,step},
rAe imin — HadalbHOe 3HaYeHHe I, imar — KoHedHoe 3HaYeHne,
step — u1ar uaMeneHus i. Eciau napaMeTp siep OTCYTCTBYeT, TO OH
MO YMONYAaHHIO CYATAETCHA paBHEIM efuuuue. I[lapameTp i MoxeT
6LITEL JNIO6LIM BEIpa)XKeHHEM, 3ar0JOBOK KOTOPOrO He MMeeT aTpH-
6yTta Protected, a napaMeTpl imin, imaz u step He 06A3aTeNbLHO
Yhcaa, HO BhlpaxkenHe (imax — imin)/step ZoMmkHO GHThH YHCIOM.
Kpowme Toro, war step MoXeT GHThH OTPAUATEAbHLIM NPH YCIOBHY,
4TO IMaTr MeHblle Imin. :

t = 3;Dolt =t + f[x], {f[x],y,3.5y,y}];t
3+ 6y '

B oneparope Do MoxeT 6HITH HeCKOILKO HTEPaTOPOB:

Do[Print(i a+j b],{i,3},{j,i}]
a+b

2a+b

2a+2b

3a+b

3a+2b

3a+3b
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[Tocsegunit paccMOTpeHHLH NPEMEp AeMOHCTPHDYeT IpHMeHeHHe
onepatopa Do gns noay4eHus Tak Ha3kBaeMHX NOGOYHKIX 3PPek-
ToB. B camom gene ¢ynkuus Print He H3MeHHIa 3HaYeHHe HH
OXHOr'0 BhHIPaXKEHHA.
DOyHKUHAMHE, TeCHO cBA3aHHNIME ¢ Do, gsagioTca Sum, Prod-
uct u Table. BMecTo cocTaBHOrO BHIpaXeHHuS
i=0;Doli=i+j"k,{j,5});i
JAaioliero Nocie BRIYHCACHHS CAeXYIOUINA pe3yanLTar:
1+2F 4+ 3% 4k 4 5%
MOXHO BBECTH BhIpakKeHHe ¢ 3aroJoskoM Sum:

Sumlj~k, {j,5}]
14284 3% 4 4F 4 5*
AHaJor#iHsle BRYHCIEHHA BRINOIRAET Gyrknus Product.

Product[j~k, {j,5}]
ok 3k gk5k

7.2. YcioBHREIE onnepaTopH

YcaoBHLIe onepaTOpH M03BOAAIOT BETBATH BRIYHCICHHA B 3aBHCH-
MOCTH OT BHINOMHEHHS OJHOI'O HIH HECKONLKHX YCIOBHH, BEIPaXKeH-
HEIX NpeAuKaTaMH. BrIpaxeHne

If[test,exprl,expr2]

uMeeT 3HaYeHHeM BHYHCJICHHOE BHIpaXkeHue ezprl, eciu test BRIMHC-
asetca Ha True, # BHIYHCICHHOE BLIpa)keHHe expr?, eclu 3HaYeHHe
test papo False. Ecam xe test He Bhumcasercs Hu Ha True,
mu Ha False, To Hcxofnoe BHIpaXkeHHe ¢ 3aronoBkoM If ocraercs
HEBLIYHCAEHHHIM.

{If[3 < 7,x,y], If{3 > 7,x,y], If[z < 7,x,y]}
{z,9,1f[z< 7,2,y]}
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BoamoxH#o ucnoabsoBanue ¢ynkuuu If ¢ AByMs 4ad YeTHIpbMs
aprymenTamu. Brupaxenue If[test,expr] uMeer 3nadesueM ezpr,
ecid BHIYHCHeHHHH lest paBeH True; 3nayeEneM Null, ecau test
paBeH False, u ocraeTcs HeBRIYHCIEHHHIM B NPOTHBHOM Clydae.
Ecnu npomsomio suvucienne Ha Null, To B BHIXOAHYIO fA4elKy
HHYero He MOMEIAETCSA, H OHa MONPOCTY OTCYTCTBYeT.

PaccMoTpuM B KadecTBe npuMepa clegyomyio 3agayy. IlycTs
AAS 3aJaHHOT'O CNHCKa, DJAEMEHTaMHK KOTOPOr'o ABAAIOTCA HHCAA,
TpebyeTcd YBeAMYHTb MX 3Ha4eHHe HA eJHHHLY, €CIH DJeMeHT
MeHbllle 5, i OCTaBHTb HeH3IMEHHHIMH B IIDOTHBHOM cly4ae. OTYy
3aJa4yy MOXHO BHINOJHHTH, HAlNpHMep, C MOMOUIBIO ClefyHoLIeH
IPOrpaMMHI:

list1 = Table[i, {i,10}];
Do[Iflist1[[i] < 5,list1{[i]] + +], {i,10}];list1
{2,3,4,5,5,6,7,8,9,10}

B npumepe listl][:]] + + osnavaer list1[[:]] = list1[[]] + 1.

Bripaxenne If[test,exprl,expr2,expr3] npu ycioBuH, 4TO
TEeCT He NpPHHAM2eT HU OJHOTO M3 JBYX 6yJeBHX 3HAYEHWH, HMe-
eT pe3yJ1bTaTOM BHIYHCIeHHOe ezprd. Hcnoapayem 3TOT BapuaHT
dynkoun If g1a pemenns ycaoxHeHHOH npeauiaymwed 3agaqu. Ilo-
CTaBHM YCJIOBHE, YTO €CJAH CPeJH d1eMeHTOB CIHCKa BCTDEYalorcd
HEYHCJOBHIE 31eMEHThl, TO BMECTO HHX [JOJKHO 6HITh NOCTaBAEHO
gucyao 0.

12 = Append|list1, {z}]; Do[If[12([i]] <.5,12[[i]] + +,

12{[i]}, 12([i]} = 0], {i, 11 }};12

{3,4,5,5,5,6,7,8,9,10,0}
JonyckaeTcs BioxeHHOe BXOXJeHHe ¢pynkuui If, kak aTo geMon-
CTPHpYETCH B CleXylolieM IpHMepe:

f(x.]:=If[x < 0,0,If[x < 1,x,1]]

Hamu onpejenena ¢pyskuua f[z], paBrad Hyxio npu = < 0, exuHHIe
npu z > 1 n paBHas = Ha oTpe3ke oT 0 o 1. EcrecTBenno, Takoe
BJOXKEHHOE BXOX/JeHHe MOXHO NMOBTOPATh KaK YroJHO Oouabiioe
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4HCHO pa3, Ho B ,, MaTeMaThke" npegycMOoTpeHa Apyras pysxuus,
SKBKBaJEHTHaA BJIOXKEHHOMY BXOXJeHuio If,
YcnoBHas PYHKUKA

Which[testl,exprl,test2,expr2,...]

#MeeT 4YeTHOe 4HCIO 2n apryMeHTOB, CPpefi KOTODhIX N TeCcTOB
testt u n Bulpakenui erpri. Ilpw >ToM BHIYHCIfeTCA mepsBoe U3
ezpri, 118 KOTOPOro CTOAMNE nepel HuM testi paBed True. Ecin
nepsule k TecToB paBHH False, a k + 1-ii uMeeT HeGyleBo 3Ha4YeHHE,
To BCA pynknus ¢ 3aronoskoM Which ocTaercs neBmuncaenuoi.

{Which{3 > 7,x,5 > 7,y,9 > 7,2},

Which[3 > 7,x,a > 7,y,9 > 7,2z]}

{z,Which[3 > 7,z,a>7,y,9>7,2]}

B caydae, xorga Bce TecTH BHYHMCAAOTCA Ha False, snavenue
BBeI€HHOrO BRIpaxKeHus ¢ 3arososkoM Which pasno Null. Hnorga
6niBaeT yao6HO BMecTo peayabTaTa Null moMemaTh B BRIXOAHYIO
fiveKy KaKoe-TO coollieHde, TO3BOAKIONIEE CYAHTh, YTO HMeeT Me-
CTO pacCMaTpHBaeMad CHTyalus ¢ TecTaMH. [[as 3Toro nociegHuM .
TecToM fgeraercs True, a CrefyIOIUMM 32 HEM BHIpaXKeHHeM jefa-
eTcd cooblilenne.

Which[3 > 5,x,4 > 5,y, True,” Fail”]

Fail
B kavectBe npuMepa npuMmenenns ¢yskuuy Which, onpegenum
(GYHKLOHIO, KOTOpad N0 KOODAMHATaAM TO4YkM M Ha IIOCKOCTH
onpejeasna 6ul, B KAKOM H3 Y€ThHIpeX KBAaJDaHTOB HaXOZUTCA ITa
Toyka. Jas npocroTH 6yzeM cYuTaTh, YTO M He JeXHT Ha
KOOPAMHATHHIX OCHAX. :

quadrant{{x_y_}] := Which{x >0 && y > 0,1,
x<0&&y>02,x<0&&y<0,3,x>0&&y<0,4]
{quadrant{{-3,5}],quadrant{{2,-7}],quadrant[{-3,-1}],
quadrant({1,5}]}

{2,4,3,1}
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Nocneguss u3 paccmaTpuBaeMblx GYHKUHE, Gyukuus Switch,
CTPOro roBOpfi, He MOXeT GHTH Ha3BaHa YCJAOBHOM, TaK KaK OHa
NPUBOAAT K BeTBIGHHIO BHYHCJCHHA He B PE3yAbTaTe NPOBEPKH
BHINOJHEHHA KAKOI'O-TO YCAOBHA-NPEAHKATa, 3 IPOBEpAeT COOTBET-
CTBHe BhIpaxkeHus wabsoHaM. IIpu BuYHMCIEHHH BHpaXKeHus

Switch[expr, patternl,exprl, pattern2,expr2,...)

NpOBEPAETCA COOTBETCTBHE BHIYMCJIEHHOI'O BHIDAa)XKEHHA eIpr [la-
6aoHaM patterni. Ecau patternk nepBhi mabloOH, KOTOPOMY OHO
COOTBETCTBYeT, TO pe3yAbTaTOM BhIYHCICHHS PacCMaTPHBAEMOH
¢yukuuu GyleT BHYHCIeHHOe BHpakeHHe ezprk. IIpm Hecoor-
BETCTBHM HH OJHOMY IIabJORY, BRIYHCIeHHE C 3aroioBkoM Switch
noMellaeTcs B BRIXOAHYIO f4eidKy HeBhl4YHCIeHHEIM. OQAHAKO ecay
noclefHui WaGAoH paBeH ., TO Pe3yAbTATOM GyieT BHYHCIEHHOE
noclegHee BEIpAXKEHUE eTPrn.

PaccMoTpuM B KayecTBe NpuMepa NpPOrpaMMy norm, KoTopas
HOPMAJM3YET CINCKA IO JIHHE, Npespaiiar 060 HemycTOH CHH-
COK B CIIHCOK JIMHH 5, B COOTBETCTBUH CO CJAEAYIOIIAM NPABHIOM.
Ecan gauna cnHcka MeHbllle NATH, TO B €ro KOHell J0GaBAAIOTCA
HyJH, ecid Goabile NATH, TO JHIIHAE dJEMEHTH B KOHLE CHUCKa
yaaasiorca. [Iycroit cnucok ocTaeTcs HeH3IMeHHHIM. Ecau Ha BXo-
Jie MporpaMMbl OKa3LIBaeTCA BEIDaXKeHHe, He ABISIOMeec CITHCKOM,
© TO BRJaeTcs cooblienne input is not a list.

SetAttributes[norm,Hold All]
norm[l ] :=
Switch]], .List, Which[Length[l] == 0||
Length(l] == 5,1, Lengthl[l] < 5,
Dofl = Append(], 0], {5 — Length[l]}};
1,Length[l] > 5,Dofl = Delete(l, -1}, {Length[l] - 5});
1), .,”input is not a list”]

Mu cHabaunu ¢pyHKuEio norm aTpubyToM HoldAll aas Toro, 4To-
6LI ee apryMeHT He BEIYHCAAJACA paHblle, YeM 6yjAeT HCIOJIb3OBAHO
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JaHHOe onpegenense. B npoTuBHOM caydae B onepatope Do npo-
ucxoAuno Gel MpHCBaHBaHHE CHHMCKY | JPyroro Cmucka, CKaxeM,
cnucka Delete[l,-1]. Cosgaaum Teneps Tpu cmucka [1,12,13, a
CHMBONY /4 NIPUCBOMM 3HaYeHHe BRIPAXKEHHS T + Y.

{1 ={}, 12={a,b,c}, 13 ={a,b,c,d,e,f,g}, U=x+y}
{{}’ {a'7b7c}’ {a’bic’d’e’f7g}, z+y}

{norm(l1], norm{l2], norm(13], norm(l4]}
{{}, {a,b,c,0,0,}, {a,b,c,d,e}, input is not a list}

TakuMm o6pa3zomM, mocraBleHHAA HaMH 33Jada pelleHa.

7.3. YcnaoBHbEIe UKL
Huxka ¢ sarososkom While umeer Bujg
While[test, expr]

Ero BhiyicAeHHe HadMHAETCH C NPOBepkM ycioBua test. Ecau
OHO HMeeT 3HadeHHeM True, TO BHIYMCASEeTCH eTpr, KOTOPOe NMpH
BHIYHCJACHNM KaKHM-T1u60 06pasoM uaMmeHnseT test. J[laxee onaTh
IpoBepAeTCs TecT, H Tak NPOMCXOJHUT O TeX NOp, Moka test He
NOAYYHT 3IHayeHHud, oTAmyHoro orT True. Ilo oxkoHYaHMH LHKIA
$OopMaNbHEIM pe3yabTaToM BhIYHCIeHuH ABagseTcs Null. Takum
o6pasoM, umka While Hukorga He oOCTaeTCA HEBBIYHCIEHHLIM.
[IpounniocTprpyeM cka3aHHOE NPOCTEHIUAMH MPHMepaMi:

x = 1;While[x < 7,t = x%;x + +];t

36

x = 10; While[x > 5, Print{x” > 5”];x — —]
10>5

9>5

8>5

7>5

6>5
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Bonee cogepxxaTenbHHii NpuMep JOCTaBAfeT CAeAYIOMIad NpPo-
rpaMMa, peatuayiolaf MeTo [ GuceKuHi HaXOXAeHUS HyXed PYyHK-
nuii. MeTox cocTonT B crexyiomeM. JonycTHM, 4YTO MBI HalLIHR
ABe TOYKH a M b B oKpecTHOCTH Hyaf ¢yHKuum f(z), Takune, 9TO
B 9THX TOYKaX (PYHKIHA NPHHHMAET 3HAYEHHA NPOTHBOMOJOKHHIX
anakoB. Torga orpesok [a,b] gernTca mononaM, u eciu 3Hak PyHk-
uuH f B cepefuUHe OTpe3Ka COBINAJaeT C ee 3HAKOM B TO4YKe @, TO
cepeJHHa OTpe3Ka NPHHUMaeTCA 3a HOBYIO TO4Ky a. Ecan xe 3nak
B cepeJHHe OTpe3Ka COBIajaeT CO 3HAKOM QYHKUHH B TO4Ke b, To
cepefuHa OTpe3Ka NpUHHMaeTcs 3a HoBylo Touky b. Ilpomecc ge-
JeHHA MPOJOKAETCH, IOKa MOAYJIH 3HaYeHn! GYHKIUHE Ha KOHIAX
OTpe3Ka He CJeNaloTcd AOCTATOYHO MAJHI.

bisect[f_,a_,b_ eps_] := (If[N[f[a]f[b]] > O,

z="a, b are not good”,t =a; s=b;
While[Max[N[f[t]], N[f[s]]] > eps,u = N[f[t]];

v = N[f[s]];w = N[f[(t + s)/2]}; If[uw >=0,t = (t +s)/2];
Ifflvw > 0,s = (t +s)/2]; z= N[t]]]; z) ’

B nporpammy BkiIlOYeHa NpoBepka YCIOBHA NPOTHBONOJOXKHOCTH
3HaKOB PYHKIHMHM Ha KOHIAX OTPe3Ka.

bisect [AiryAiPrime, 1,2,0.001]}
a,b are not good

bisect{AiryAiPrime, -2,2,0.001]
—1.01953

OnepaTop ycIOBHOrO LHKAA ¢ 3aronxoBkoM For ycTpoen craexy-
joiuM o6pa3oM. Bupaxenue

For{start,test,step,expr]

HHHIHUPYET HEKOTOphle HavalbHHE JaHHLle start, 3aTeM BHIYHC-
JAfeT MHOTOKPATHO BhHIpaXKeHWsa Step ¥ erpr, NOKa ycaoBHe lest
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BulyHcAdeTcs Ha True. Kak u aaa umkaa c 3arososkoM While,
¢opMalNbHH# pe3yisTaT BuyucieHus uuxkaa For ects Null. Bor
NpoCTOH NpUMep NPHUMEHEHHA DTOrO UHKJA.

For[i = 2,i < 5,i+ +,Print[Expand[(1 + x)"i]]]
142z 427

143z +3z% 423

144z + 62?2+ 423 + z*

7.4. ®yuknua Module

VrTepakTHBHHH XapaKTep NpoBeleHns ceaHcoB paboTu c¢ ,Ma-
TEeMATHKOK“ MPUBOLHT K HEOOXOAUMOCTH HHCATh IPOrpaMMbl BO
BpeMs Tekylleidl paGoTH, B MOMEHT, KOrja, BO3MOXHO, yXe He
OXHOMY [eCATKY CHMBOJIOB NPHCBOEHH! olpejeleHHWe 3HAYeHHA.
B To Xe BpeMs NpH HANKCAHKK NPOrpaMM INPUXOXUTCHA MCNOJNb-
30BaTh BCIOMOraTelbHble NepeMeHHbie, OTHOCHTEIbHO KOTOPHIX
HOAB30BaTENb MOAYANINBO NpeANoNaraeT, 4YTO MM He NPHCBOEHH
Kakue-1u60 3HaveHus. Ecau 370 npegmnosoxenue omwn6oYHO, TO
IporpaMMa MOXeT HavyaTb BeCTH ce6d HenpejckalyeMuIM o0Opa-
aoM. Jaxe nocre Gesomub6o4HOH paGOTH NpPOrpaMMbl B Ka-
gecTBe no6ouHoro 3¢dgexTa ee BHIIIONHEHHA TaKHM BCIOMOra-
TeNbHKIM NepPeMEeHHHM OKAa3KhBalOTCA NPHCBOEHHHMH HEKOTODhIe
3Ha4YeHHd. OTO fABJACHHE HOCHT Ha3BaHHE XonPauxma Ccumeo-
aoe. IlpaBga, nepeMennule mTepatopoB B onepatope Do, cka-
xem, nepemennas ¢ B t =0;Doft =t+i°2,{i,4}] soxannsonana,
NOTOMY MOC]e BHINOIHEHHS PACCMOTPEHHOI'O COCTABHOI'O BHIpa-
KEHHA CHMBOJ I HMeeT TO e 3Ha4yeHHe, YTO ¥ JO €ro BRINOI-
HeH¥A, HO HCHOJb3OBAHHEIA B KaYeCTBe BCIOMOTaTeAbHOH mNepe-
MeHOH cuMBoa t noxy4ua 3navenue 30. B omneparope For ne-
peMeHHas HHKJa He JOKAJIM3OBaHA, MOITOMY MNoOCke BHINOJHEHHS
oporpaMMel

t=0;For[i=1,i<5,i++,t =t +1"2]
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CHMBOJX ¢ HMeeT 3HatdeHue 5. B JMaremaruke* umeercs pyHknns,
KOTOpaf NO3BOJAET MOJAB30BATEN0 JOKAJIH3OBATH BCHOMOrAaTeNb-
HEle BHIPDaXEHHA TaK, YTO, HECMOTPH Ha COBNajeHHe BCIOMOTa-
TeAbHRIX NepeMeHHhHIX C CHMBOJaMH, 3HaYeHWA KOTOPHIX OhLIH
paHee oNpefeleHbl, 3TO He NPHBOAMT K HapyLWIEHUAM B paboTe
IPOrpaMMu. AHalOrHYHO, NOCAE BRINOJHEHHS NPOrpaMMBl Takue
CHMBOJK HMEIOT Te >Ke 3HaYeHHdA, YTO OHM HMelH paHblue. Ta-
KMM [POrPaMMHEIM CPEACTBOM JOKAJH3ALHMH ABAAETCA DYHKUMS
Module.

dyukuun Module mmeer gBa aprymenta. [lepBui ecTsh
CNHKCOK JOKAJbHHIX NEePEMEHHBIX, BTOPOM — MCHOJHAEMaA NpPO-
rpamMma:

Module[{x,y,...},expr]

JIoOKaNbHHIM NepeMeHHHIM CIHCKAa, BCeM HIH WX 4YacTH, MOXHO
NPHCBOHTb HayalbHhIe 3Ha4eHHA, T.e. 3aJaBaTh BhIPA)KEHHUA C
aaroJoskoM Module B Buje

Module[{x = x0,y,...},expr]

3uayenneM ¢pyukuun Module aBiseTcs BRYHCIEHHOE €TpT.

MexaHu3MOM AOKaNH3aUUH ABAAETCA CO3JaHHE BPEMEHHBIX
BCIOMOraTelbHEIX NEepeMeHHHX BHAa z3n, rge n ecTh 3HaYeHHe
cucteMuoill nepemednol $ModuleNumber. 3HaueHHe 3TOH nepe-
MEHHOW yBeJARYHBAETCA Ha eJHHUIY BCAKHH Pad, KOrja NIPOHCXOXHT
BHIYHCIeHNe N1060# GyHKUAH c 3aronoBkomM Module.

Table[Module[{t},t], {i,3}]
{181, t$2, t33}

Cumpoan sujga z8n cuabxalorca arpubytom Temporary, KOTOPH#
npegnucuBaeT ,MaTeMaTHKe® yJalAiTh CHMBOJNRI, KOTOpbie He
6LITH DKCIOPTHPOBaHH B BHIXOJHBIE AYEHKH, NOCHE OKOHYAHHA
BHIYHCAeHHA pynkuun Module.
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Module{{t}, Print[t]]
t$4

Ptx
t$1,t$2,t$3

U3 ckasalHOro Bhlllle ClefyeT, YTO NPH ONpejeleHHH, HalpH-

Mep, dyukuun bisect Ham cregoBaso 66 BOCNONB30BATHCH (YHK-
nuein Module.

bisect[f_,a_,b_ eps_] := Module[{z,u,v,w,t =a,s = b},
If[N{f[a]f[b]] > 0,2z="a,b are not good”,
While[Max[N([f[t]), N[f[s]]] > eps,u = N[f[t]}; v = N[f[s]};
w = N[f[(t +s)/2]}; If[uw >=0,t = (t+8)/2};

Iffvw > 0,8 = (t +8)/2]; z= N[t}; z]

YnpaxHeHus

1.

@

4.

C nomoussio pynxmm Do wanuwume nporpammy fact] n _ ) surmcrerun
n! ans HaTypameHumx n. I[IpegycMoTpuTe, 4TOOGM TDPH apryMeHTe, He
SABJAIOLEMCH HATYPAILHEM YWCAOM, GHIO HaleYaTaHO COOTBETCTBYIOUIEe
coobuienue. B nporpaMme ucnomayirre dymxanpno Module.

Yncna Pubonarm fn ONPEENTIOTCA C NOMOULIO PEKYPPEHTHOI'O COOTHO-
wennst fn = frn_1+ fan—2. Henuwume nporpaMmy fib{ n _] ux s mcnermsn ¢
nomoumio dysxmm Do. IIpegycmoTprTe Te xe mpoBepku apryMenTa, 9TO
¥ B mpeXHAymeM ynpaxnennu. CpaHuTe Bpemsa Brrmacaenus fib[100] no
HaMCAaHHOH MPOTr'paMMe C BPEMEHEM IIporpaMm B CTHIe Ipasut npeobpa-
30BAHMHA ¥ B CTHIE JHHAMWYECKOro NPOrPaMMUPOBAHMA.

Bcrpoennas dynxuma Prime[n] umeeT snauenuem n-e no somepy npocroe
yucno. Vcnompaya pysxkmmo While, nanuwume nporpammy, onpegeasio-
LYIO YHUCAO MPOCTHRX 9MCe], MEHLIUMX WA PABHHX N.

Hanuwume nporpamMmy cntfl _List), xoropaa no 3agaruomy croacky | to-
POXaeT HOBLIH CIHCOK, JIEMEHTAMK KOTOPOr'0 ABAMIOTCS NapH. [lepBuMu
JMeMEeHTaMHM Tap CIYXAT BCe PAAIMHLIC dJIeMEHTH cimcka |, BTopHMu —
gncxo ux vxoxaenmi B . Wcnompayire ¢pyuxmm For, Do u Module.
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B cregyromux 3afgaiax He TpebGyercd, 4ToOH 06A3aTenbHO
MCIOJB30BAJCA NPOUEAYPHLA CTHIbL NpPOrpaMMHpoBaHus. Enun-
cTBeHHOe TpeGoBanHe: Hanuyue pyukuud Module.

5. Onpedeaume dymxamio changeto, nepBaM apryMeHTOM KOTOPOH ABIKETCA
HaTypaIbHOE MHCIO 1, BTOPHM aPI'YMEHTOM — CIIMCOK HaTypPaXbHLIX YHCeN.
B pesymsTaTe BHuMCAeHMA >TOM GYHKIMM AOKeH GHTH CO3JAaH CHMCOK
cnoco6oB pa3mMeHa CYMMH B n pyfiell Ha KYmOPH JOCTOMHCTBOM, PaBHLIM
YHMCXAM M3 BTOPOro CIHCKA.

6. (JlaTunckune kajpaTH). JIaTUHCKMM KBaZpaTOM HA3HBAETCA KBAApaTHAdA
n X n MaTpHUa, 3JdeMeHTaMM KOTOPOW HBIAIOTCA HATYpANbHBE 4MCIa OT
1 A0 n ¥ yAOBAETBOPAIOMIAA YCIOBHIO: HM B OHOM CTPOKE ¥ HM B OJHOM
cToabe He JOomxHO OHTH HopTopaloumXcs yKcel. Onpedesume PYHKIMIO
latinsquare{n _Integer?Positive], xoTopan nopoxgana 6u cayyarHum
06pa3oM JATHHCKMI 1 X 11 KBajpar.

7. JIpa maTHHCKNX KBajgpaTa P # (Q Ha3HBAIOTCA OPTOrOHATLHKMHE, €CJIH Cpe-
au n® map (Pij,Qij) MATPHYHEIX 3€MEHTOB HeT opMHakopuX. Hanuwume
nporpammy orthQ mpopepkn JaTHHCKHX KBaJpPATOB Ha OPTOrOHATEHOCTD.
Hadidume, ucuomsays dbymapmuo latinsquare, opToronamHmne xBajpaTH
YeTBEPTOro ¥ NATOro NOPAAKOB (B IIECTOM MOPAAKE TAKOBHIX HET).



I'nasa 8
BBIYYVCJEHUE BBIPAXKEHUM

Mu yxe ynOMHHAJIH, YTO Ba)KHEHUINMH MOHATHAMHE, OTHOCALIHA-
MHCA K KOMIbIOTepHOH alrebpe, ,Maremaruka“, ABIZIOTCH 6bi-
pooicenue W 8binuesenue, BHpaeRus NoApPO6GHO paccMaTpHBa-
JUCh B rJaBe 4, HACTYNANO BPeMS MOIHAKOMHUTHCS ¢ NPHHIKNAMY
BLIYHCAeHUA BhpakeHHA. CaMHM cymecTBeHHHM 06CTOATENb-
CTBOM, KOTOpOE 3JeCh ClefyeT NPHHATH BO BHHMaHHe, ABAAECTCA
TO, YTO paccMaTpuBaeMas KOMNbIOTepHas aireGpa eCTh CHCTe-
Ma, BHIYHCANTENLHBEIH IpoLecc B KOTOPOH OCHOBaH Ha NMpaBHAAX
npeo6pa3oBaHUil. OTO O3HAYAET, YTO NPH BEIYHCICHHU BBRIpaXKe-
HU¥ NOCHeJOBATENLHO NPUMEHAIOTCA TpaBMia NpeoGpa3oBaHuil [0
Tex Nop, MOKa BHIpa)KeHWe He lepecTaHeT H3MeHAThCcA. OTcCloga
clelyeT, 4TO eci¥ BHYHCJIEHHOE BHIDa)KEHHEe, NOMelleHHoe B BhI-
XOAHYIO f4ellKy, BHOBb BBECTH BO BXOJHYIO, TO pe3yabTaT GyJieT
COBHAJATh C BBeAEHHHM BHIpakeHHeM. Bounee Toro, c BBejeHHHM
BhIYHCIEHHBIM BhIpa)keHHeM He OyJeT NpPOUCXOTUTH BoOOLe HAKa-
KOTO BHIYHCAEHHS, B 4eM MOXHO yOeJUTHCH C NOMOUILIO QyHKUKH
Trace:

Sin[x+1] // Trace
{{z+1,14+z},Sin[1+z]}

Sin[1 +x] // Trace
{}

Taxoil pe3yabTaT OGBACHAETCH TeM, YTO KaxJoe BhlpaxKeHue
,MaTeMaTHKH ", 33 HCKAIOYEHNEM HCeN K CTPOK, CHabXaeTCH ABY-
MfA MeTKaMHM, OfHa M3 KOTODHIX HeceT HH(}ODMAIHUIC O BpeMeHH
BLIMMCJCHHS BHPaXKeHHH. ECIH 3Ta MeTKa He NycCTa, TO BRIpaXe-

H¥e NONpPOCTY He BH4YHCAfeTcA. Bropas MeTka HeceT HHOOPMALHIO
12—-—3214
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O HalU4YHH  CCHAOK® Ha Bhpaxenue. Hanpumep, BhIpakeHHe Mo-
XeT OLITh NMPHCBOEHO B KayecTBe 3HaYeHHS KaKOMY-TO ADYroMy
BRIpaXXEHHIO, H 3TO APyroe BhIpaXKeHHe ABAfeTCA cchiakodt. [no-
GaabHoe Brpaxenue Qut[n] Takxe sBasercs ccuakoi. Brpaxenue
yAaJafeTCd U3 NaMATH, eCIH Ha HEro OTCyTCTBYIOT cChLIKH. Mrak,
BHIYHCIEHHOE OfHaXAH BHpakeHHe 6oiblle He BHYHCIAETCH, T.e.
He H3MeHdeTcs. B 3TOM cMHCIe He BRYHCAAIOTCA TakK)Ke YHCAa X
crpoku. TakuM 06pa3oM, IPONECC BHYHCACHHN CYIIECTBEHHO OIH-
paeTcs Ha BHYUCJAEHHE CHMBOJOB.

8.1. 3HayeHusA, aCCOLMHPOBAHHLE C CHMBOJAMH

HanomunM, 4ToO ¢ KaXXJhIM CHMBOJIOM MOTYT GHITh CBA3aHHI Clely-
IOLIMe YeThIpe THIA NpaBua npeobGpasosanuit. Ecain cumBoay npu-
CBOEHO HEKOTOpOe BhIpaKeHHe ¢ nomousio pyukuuu Set, To aTo
BRIpa)KeHHe SBAKETCH OJHUM U3 cobemeennbiz anauenuti (OwnVal-
ues) CHMBOJA.

X = f[)'a z]

fly,7]
OwnValues|x)
{Literal[z]:> f(y,z]}

Cumuicn ¢ynknuu Literal 6yzer o6bacHeH mo3xke, a ceddac MH
o6paTHMCA K APYTHM NpaBHAaM. EciM cHMBOJI ABASETCK 3aroJOB-
KOM BHIPa)KeHHH, TO C HEM ACCONUMPYIOTCA NpaBHia npeobpaso-
BaHHI, KOTOPHE Ha3KIBAIOTCA €ro KuxcHuMy 3navenusmu (Down-
Values).

glx-,y]:==x+y
DownValues|g]
{Literal{g]z_,y.]}:> =+ y}

[IpaBnia npeo6pa3oBannil, KOTOPHE QUPEAENAIOT 6EPTHUE 3HANE-
nus (UpValues) cumBona, aCCONHHPYIOTCH C CHMBOJIOM, €CIH OH
HaXOAHTCA Ha MepBOM yPOBHE HEKOTOPOT'O BhIPaXKeHHA.
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x/: {x,y.,z.} ={x y,x z}
UpValues|x]
{Literal[{z,y,2.}] :> {zy,z z}}
{x,a,b}

{az,bz}

Ecan cuMBoa sBIgeTCA 3aCOJOBKOM 3aroJOBKa HEeKOTOpOro BhIpa-

XeHHA, TO C HAM MOT'YT GHTh aCCONMKPOBAHH ero daabHue 3nave-
#us (SubValues).

hix Jly --]:==x[y]
h[v][a,b]

v[a,b]

SubValues|h]
{Literallh{z Jly--]:> z[y]}

8.2. ATpubyTh

KpoMe npaBhi npeob6pa3oBaHHH, aCCOUHHPOBAHHKIX C CHMBOJOM
symb, nocaegHuin MoxeT GHITH CHaG)XeH HeKOTOPHMH aTpubyTa-
MH, HaJeJAIoIUUMHE QYHKIHIO C 3aTOJOBKOM symb onpeieleHHLIMA
cpoiicrBamu. C arpubyramu Protected m Listable, xoTopriMu o6ia-
Jaa¥ HeKOTOphle BCTPOeHHHe (YHKNHH, HYHTATeNlh yXe 3HAKOM.
Huxe Mu 6osee mogpo6HO OCTAHOBMMCA HA 3THX H APYI'HX aTpH-
6yTax u cnocobe NpHUCBOeHHA aTpuGyTOB CHMBoay. Panee B ri. 5
HaMy GBlIa oupefeneHa ¢pyHkHua cube cooTHoeHnEM

cube[x ] :=x"3

Ecay MH BuumcauM ¢ysknuio cube oT cnucka, To mnoay4yum
cAeIYIOIMH HHTEPeCHRH pe3yabTar:

cube[{a,b,c}]
{a%6%,¢%
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Pynkuus cube Beger cebf Tak, Kak ecid 6nl OHa o6iafajia
aTpubyToMm Listable. OxHako ficHO, YTO 3TOT aTpUGYT Ha CaMOM
Jeje NPHHALIEKHKT pyHknnu Power, ydacTByolieil B onpeeJeHnn
¢yrkuuu cube. YTo6sl H36€XKaTh 3TOr0 3deKTa, ONpefeInM ABe
dyHKnun concat u concatlist ¢ nomoibio BcTpoeHHOH QYHKIHH
Join, He obaanatomwen aTpubyrom Listable.

concat[x_,y.] := Join[{x}, {y}]
concat[{a,b},{2,3}]
{{a,6},{2,3}}

Ecay o6paTHTh BEEMaHHe Ha QUTYPHHE CKOOKH apryMeHTOB QYyHK-
uur Join, To 3TO JOBOAbHO OYeBHAHLIK pe3yabTaT. PyHKuUHIO
concatlist MH 3afajHM C DOMOIUBIO TOI'O )K€ ONpeleJeHHsi, YTO
# QPyHKUHIO concat, HO npuUcBouM el aTpubyT Listable. OTMeTHM,
YTO NPUACBOEHYEe aTPH6YTOB QYHKIUH ZOJXKHO NPeJIIeCTBOBATH €€
onpejeneduio. OHO NMPOM3BOAHTCA C MOMOLUBIO PYHKUMH SetAt-
tributes. A uMenno Belpaxkenue SetAttributes{symb,attr] npu
ero BHIYNCIeHHH JoGaBadeT aTpubyThl alir K CHHCKY aTpH6yTOB
cuMBosa symb.

SetAttributestconcatlist ,Listable]
concatlist[x_,y_] := Join[{x}, {y}]
concatlist[{a,b},{2,3}]

{{a,2},{b,3}}

Mu BHAHM, YTO pPe3yAbTAaTH BRIYHCIEHUH 06euX QYHKIHH OTANYa-
forca. [leno o6cToHT TakdM 06pa3oM, YTO, NpeXJe IeM IIPOU3BECTH
npeo6pa3oBaHHe BBeJeHHOI'O NOCAEJHErO BHIPAXKEHHA C MOMOIUBIO
acCOUMMPOBAHHOI'O ¢ CHMBOJOM concatlist onpegenenus, npous-
BOAMTCA IPYNNHPOBKAa B Naphl 21eMeHTOB CIHCKOB, CTOALIHX Ha
OAHHAKOBBIX MO3UIUAX, KaK 3TO OGHYHO MPOHCXOAUT C apryMeH-
TaMd QyHKIHH, o6ragatomux aTpubyToM Listable:

Power|[{a,b},{2,3}]
{a®b%}
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[leicrBue aTpubyra Listable TakoBo Xe, Kak H AeHCTBHe PYHKIHHA
Thread.

Thread[concat[{a,b},{2,3}]]
{{a,2},{b,3}}

Ynanedue arpubyTa NpoH3BOZUTCA C nomolubio ¢pyeknun Clear-
Attributes.

ClearAttributes|[concatlist, Listable]
concatlist{{a, b}, {2,3}]
{{a,6},{2,3}}

Teneps pe3ynbTaThl BHIYHCIeHHH PYHKHHA concat ¥ concatlist
COBNa JAIOT.

dynukunn Map, MapAt u Thread nossoasioT fo6uBaTbCA
TOrO Xe pe3yJbTaTa, YTO M NpHCBoeHue aTpubyTa Listable.

{f[{a,b,c}],Map(f,{a,b,c}]}
{fl{a,b,c},{flal, 18], flc}}

{f[{a, {b,c}}], MapAt[f,{a,{b,c},{{1},{2,1},{2,2}}}]}
{F[{a,{b,c}}),{fla], { f16], f[c]}}}

Bcero nMmeerca yeThpHaguaTh aTpubyTOB GYHKUHHA, HO MH OCTa-
HOBHMMCH TOJABKO Ha HEKOTOPHIX.

ATpubyt Orderless o3nadaer, 4TO HajeleHHad HM GYHKHHA
Ge3pasindiHa K MNOPAJKY €e apryMeHTOB NOJOGHO BCTPOEHHKIM
¢yukguaM Plus 1 Times.

SetAttributes|f, Orderless]
fly,1,x]
flLz,9)

AHalOru4HOro pe3yabTaTa MOXKHO JC6HTHCA C MOMOIBIO DYHKUHH
Sort. '
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ClearAttributes(f,Orderless]
Sort[f[y,1,x]]
fl1,2,9]

ATpubyt Flat cooTBEeTCTBYeT CBOHCTBY aCCOUHATHBHOCTH
$YyHKUHUA.

Set Attributes(g, Flat]
gla,g[b,<]]
gla,b,c]

ITuM aTpubyToM HajeleHH BcTpoeHHHe ¢pyHKuur Plus u Times
B COOTBETCTBHH C TeM, YTO ONEPAUHH CIOXKEHHA U YMHOXKEHHA
accouuaTHBHu: (a+b)+c=a+ (b+c) n (ab)c= a(bc).

(a b) ¢ // FullForm
Times[a,b,c]

onpo6yeM ynanuts aTpubyT Flat u3 cnucka aTpubyToB GyHKLUUH
Times. ‘

ClearAttributes[Times, Flat]
(a b) ¢ // FullForm
Times[Times|a,b),c]

Atpubyr Flat geilcTByeT Tak, Kak ecid 6H K pe3yAbTaTy BHI-
YHCJAeHHAA He obrajgalollled >THM aTpHUGYyTOM (QYHKUMHM G6blia Okl
npuMmeHena ¢yuxkunsa Flatten.

h[h(a, b], h[c]]
hlh[a,b], hc]]

h[h{a,b],h[c]] // Flatten
hla,b,c] ’



8.2. ATpuGyTH 183

ATpubyt Oneldentity, B oTiu4He OT paHee pax:cmo'rf)euﬂux
aTpu6yTOB, BO3A€ACTBYeT TOAbKO Ha NPOLECC CONOCTABACHHA BH-
paxenudl mabronam. OH 03HaYaeT, YTO C TOYKH 3PEHHA COOT-
BeTCTBHA WwabionaM Bupaxenus f[x], f[f{x]] u v.8. ana dynkuui
f, obaadarowuzr ampubymon Flat, skBuBanenTHH X. PaccMoTpuM
HECKOJbKO NpPHMEpOB, Pa3bACHAIOIMX CYTh feda. IlycTh cHayasta
dyuknus f e obrajgaeT HEKAKHMH aTpHOyTaMH. BLIMHCANM BHI-
paxeHHe:

f[f[x]]/ flz] :> 22
fl=]?

B paccMaTpuBaemoM ciyvae ,MaTemaTnka® oTOX feCTBHIA 3ar0-
noBoK wabnoHa ¢ 3aronoskoM Buipaxenus f{f[x]], a wabnron z_ c
noxBurpaxkenneM f{x]. lpucsoum dyrkunu f atpubyr Flat

Set Attributes(f, Flat]

H BHOBb BHIYHCJIHM pacCMaTpHBaeMoOe€ BhHIpaXKE€HHE.

ff[x]]/ £lz] :> 22
fl=}

PeayabTaT He H3MeHHJICH, TaK KaK NPH COMOCTAaBIEHHH C INAaGIO-
HaMH yYHTLIBaeTCH He TOJbKO BHYMCIeHHoe Brpaxene f[f[x])], no
U ero mcxogsas ¢opma. [JonycruM, 9To ¢pyskuus f obrajgaer u
aTpubyrom Flat, u arpubyrom Oneldentity.

SetAttributes(f, {Flat,Oneldentity}]
f[f[x]] /. f[z] > 22
22

Mul BHAHM, YTO pe3yAbTAT TaKOB, Kak ecin 6u ¢yHknuas f
6hl1a aHAJOrHYHa, cKaxeM, pyHkuuu Plus B ToM cMuicae, 4TO ee
NpAMeHeHHe K eJMHCTBEeHHOMY apryMeHTy HHYero He H3IMeHAET:
Plus(5] nocne Bu4ncienus gaer 5.
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ATpn6yT Constant npucBauBaeTCs CHMBOJIaM, KOTOPHIE KOJXK-
HBl BeCTH Cce6d KaK KOHCTaHTH MO OTHOLIEHHIO K OlepaTopaM
AuddepeHEAPOBAHHUS. '

Attributes[f] =.

D[f[x],x]

f'lz]

SetAttributes(f, Constant]
D[f[x], x]

0

Ilogo6Ho TOMy kak aTpubyT Protected npenaTcTByeT mnpu-
CBoeHHI0 HHXHHX 3HaveHud (DownValues) cumBonam, aTpubyt
Locked He nosponseT U3MEHATH aTPHGYTH CHMBOJOB.

SetAttributes|f, Locked]
Attributesf]
{Constant, Locked}

" ClearAttributes|f, {Constant, Locked}]
Attributes:: locked: symbol f is locked

[Ipugercs HavaTh HOBYIO ceccHio ,MaTeMaTHKH ", eCIH BO3HHKHET
Heo6XOAHMOCTh U3MEHHTh aTpubyTH cumpoiaa f. Bymem cuyurarts,
4TO MH 3TO CAeNaJH, NOCKOJAbLKY MH 6yjleM HCHONb3OBATh HUXKE
cuMmBoa f. Ecau dyHkuun kakoro-au6o nakeTa cHaGXeHHl aTpuGy-
Tamu Protected u Locked, To nonb3oBaTenb He CMOXKET H3MEHHTh
$YyHKIHHA, onpeleleHHEIX B 3TOM lIaKeTe, eCii OH MOATPYXKeH.

ATpu6yT ReadProtected He no3BoideT NPOYHUTATHL ONpefene-
HHH, aCCOIMUPOBAHAKIX C CHMBOJIOM, ¢ moMomubio ¢pyHkuuu Infor-
mation.

f=. f[x]:=x"3
f

Global‘f
flzd:=2z~3



8.3. CTangapTHEIE NPOLECC BRIHCICHHI 185

Set Attributes(f, Read Protected]
113 ,

Global‘f

Atributes[f] = { ReadProtected}

Ecniu cumBon cHabxen arpubyramn ReadProtected u Locked,

TO

B 'rexymeﬁ CeCCHH HeJb3f Y3HAaTh aCCOUHHUPOBAHHHIX C HHM

onpejgereHuH.

8.3. CTaHJapTHEIM NPOLECC BLIYUCJICHUN

[Ipn BeIYMCIEeRMH BhIpakeHHH ,MaTeMmaTuka“ pykoBoACTByeTcHA
CleYIOUMMHA NMPUHOHIAMHE, HEKOTOPHIE H3 KOTOPHX GHLIA paccMo-
TPeHH B HavdaJe dTOH IJaBH.

1.

BrryncrenHble paHee BhIpa)KeHHS, a TakXe CTPOKH, YHCIa H
CHMBOIHI, He HMeloli#e CO6CTBEHHLIX 3HaYeHnd (OwnValues),
He H3IMEeHSIOTCH. :

[lopsf0K B XOX BHIYHCJAEHHH KOHTPOJHDYIOTCHA 3aroJOBKaMH
BRIpaXX€HAH A MOLBEIPaXKEeHHH.

Cmandapmuviii nopsdox evinucaenuil o3HavaeT, 4TO CHadala
BHYHCAAETCA 3ar0JOBOK BHIDA)KEHHS, OTOM HeNocpeJCTBeH-
HEIE NOABHIPaKEHUA NOCAeZOBATENLHO CleBa HalpaBo.

Ha cammux PaHHHX CTafuAX BHYHCJAEHHH CHMBOJL 3aMEHAIOTCA
Ha NPHCBOEHHLIE UM co6CTBEeHHLIEe 3HAYEHHS.

. Ecau B npouecce BhIYUCAEHUA HH OJHA YaCTb BhIPDasKEHHA He

H3MEeHHJacCh, BRIYHCICHNA NPpEKpallaloTCH.

ITocne TOro Kak BHIYHCIEH 3arOfOBOK BHIpaX<eHHA (K1 3aro-
JOBKH MOJBHPaXKeHH#), BHIOJHAIOTCA NOCIeJOBATENbHO Npe-
o6pa3oBandd, AHAyIHpoBaHHKEE aTpubyTamu Flat, Listable u
Orderless.
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7. BrInonHAIOTCS 3aJaHHLE NONb3OBaTeNeM NPeo6pa3OBanui, CO-

crapasomue Bepxuue 3xayenus (UpValues) cumponos-aaro-
JoBkoB. [IpuyeM B mepByi0 ovepeib BHINOAHAIOTCS MeHee 06-
uiue, a 3aTeM 6osee obiine onpegeeHKA.

. BunoargioTcs npeo6pa3oBaHuf, ABAAIOIIHECS BCTPOEHHLIMH

BEpXHHMH 3Ha4YeHHAMH 3aroJOBKOB, B TOM Xe NOpALKe, YTO
B n.7.

. [IpuMensioTca npaBuia npeo6pa3oBaniil, onpeleseHHbE NONb-

10.

11

30BaTeseM H COCTaBAfOIHE HINKHYe 3Hadenns (DownValues)
3ar0/0BKOB-CHMBOJIOB.

Ecau 3aronoBok — He CHMBOJI, TO HCNOAL3YIOTCA NpaBHIa Npe-
06pa30BaHXi, CBE3aHHEE C 3aJaHHRIMH NONb30BaTeleM Jaib-
HuME 3HadeHRAMH (SubValues) cuMBoOI0B, KOTOpHIE ABAAIOTCA
3arOJ0BKaMH 3aroJOBKOB.

Ucnonssyorcs BcTpoeHHble npaBuia NpeoGpa3’oBaHHi, ABJA-
jouMecs HIDKHUMH 3HAYeHUAMH BHIYMCAEHHRIX CHMBOJOB-3aro-
NOBKOB. 3aMedaHHR 06 O6IIHOCTH IPABHJ Te XK€, 1TO H paHblle.

IlpounnocTpupyeM ckalaHHOe NPOCTEHIINMH NPHUMepaMHu:

b=2; x*3+b x+b~2 // Trace
{{{b,2},22},{{b,2},2%,4},23 + 22 + 4,4 + 2z + 23}

3aronoBok Plus BHYHCASEMOr'0 BHIPaXKeHHA H CHMBOJ T He HMe-
ioT OwnValues, no>TtoMy, Tak e kak H BrlpaKeHHe X3, OHH
He npeobpasyiorca. I[loaToMy MB He BUAMM CJeZOB IpOLECCa MX
BulYHCAeHHA. PakTHYecKHe BHIYHCACHUA HAYHHAIOTCA C DIEMeHTa
bz, sareM Buvucasercs b~2. IMocie 3TOro BHINOJHAETCH COPTH-
pOBKa BHpaXeHHH, TaK kak ¢yHkuus Plus o6aagaer aTpu6yToM
Orderless. :

f = Times; f[2,x+ 3] // Trace
{{f,Times}, {z+3,3+z}, {23+ 2)}}
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34ech MBI BHAMM, YTO 3aroJOBOK BHIpaXKeHHA BHIYHCASETCH Nep-
BLIM, 4YHCIO 2 He npeo6Gpa3yeTcsi, BhIpakeHHe X+ 3, HMelollee
3arosoBok Plus, noxBepraeTcs copTHpoBKe, a 3aTeM 3/1eMEHTH
BRIYHC/I4€MOr0 BHPaKeHHS COeJHHAIOTCA B NIPOU3BeJeHHe.

f=. flx_,y]:=x"y; f[3+2,b+a]// Trace
{{3+2,2+3,5}, {b+a,a+b}, f[5,a+b],, 5(+)}

IDTOT NpUMep UIIIOCTPUPYET, YTO NMpaBHIa Npeo6Gpa3oBaHUsA NPH-
MEHAIOTCA Mocke BHIYHCIeHUA apryMeHToB. OCTaBHM B CHIe ompe-
JexeHue, acCOUHHpoBaHHoe ¢ f, H AOGaABHM HOBOe, ABJAflOLleecH
BEDXHHUM 3HayeHHEM JId CHMBOJIA §:

g/ : flglx],y]:=gx+y]

flg[x+2],3+y]// Trace

{{{z+2,2+z},9[2+72]}, flgl2+ 2], 3+ 9 92+ 2+ (3+y)],
{242+ 3+y),2+2+34+y,2+3+z+y,5+z+y,9[5+z+y]}}

ClearAll[f,g]

34ech XOpollo BUAHO, YTO BEePXHHE 3IHAYEHHA UCHOAB3YIOTCA PaHb-
e, YeM HYDKHHe.

8.4. BripaxeHnsa, BBIYHC/AAeMble HeCTaH apTHO

Bo MHOrEX CHTyalUHfiX, C HEKOTODHRIMH H3 KOTOPHIX MHE NO3Ha-
KOMHMMCS HHXe, 6hIBaeT HeO6XOJHMO H3MEHHTh CTaHJaPTHHIH IO~
PAJOK BHIYHCIAEHHA Bhipaxkenuid. IIpuMeHeHHe caMoOro KpauHero
CpeACTBa: BooOlle He BRIYHCIATH BBeAEHHOI'O BhIpaXkeHHs — obec-
neunBaeT ¢pyukuua Hold.

fl1+1,x+2)
fl2,2+ 7]

Hold[f[1 + 1,x + 2]]
Hold[f[1+1,z +2]]
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Pysknus HoldForm ananoruyna no geiicrsrio ¢pynkuun Hold,
HO B OTJAHYHe OT NocjaeJHeld OHa He BOCHPOH3BOZHTCA B BLIXOJHOM
AqeiKe. ’

HoldForm|[f[1 +1,x + 2]]
fll+1,z+2]

Pyukuus ReleaseHold ycrpanser saronosku Hold u HoldForm,
MO3TOMY IOCJIeE ee NPEMEHeHHA BHIpa)KeHHe — apryMeHT NHOCAe HUX
bYHKIUH BHYKCASETCA. -

ReleaseHold[%]
f12,2+4]

O6wwuM MexaHU3MOM, TO3BOJAIOIIUM H3MEHHTh CTaHAAPTHHA NPO-
LecC BHIYHCIEHHH, SBAfeTCH HalHYue CHeUHaNbHHIX aTpu6yTOB
HoldAll, HoldFirst u HoldRest. Otr aTpubyTH G6JOKHDYIOT
BBIYMCJEHHE COOTBETCTBEHHO BCeX HeNOCPeJCTBEHHHIX MNOJBHIpa-
JKeHM#l, 1epBOro HENOCPeJCTBEHHOTO NOJABLIPDaXKeHHA HJIH BCeX He-
NoCpeCTBEHHHX NOABHIDAXKeHHH, KPOMe MepBOro Y BHIDaKeHHH,
3aroJoBOK KOTOPOI'O HMeeT paccMaTpuBaeMule aTpHOYTH. PDPyHK-
nuu Hold 1 HoldForm umeior atpubyt HoldAll.

Attributes{f] = HoldFirst
fl1+1,x+2]
fl1+1,24 2]

ATpnbyt HoldFirst uMeloT MHOTHe BCTPOEHHKIE PYHKIMH, HANPH-
Mep Set. '

Attributes|Set]
{HoldFirst, Protected}
f:=a; g:=b

f=g // Trace
{{g,b},f= bib}
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3
Global‘f
f=b

Ilpu BhIyHciaeHHHN BhlpaxkeHus f = g OHLIO HCNOAB30BAHO NMPaBHJIO
npeo6pa3oBaHu, ACCOUNKUPOBAHHOE C CHMBOJOM ¢, HO He ¢ f. UTo
6nL10 GBI, ecau 6H QyHKUUA Set He uMena atpubyra HoldFirst?

Brino 611 omn6kKoi JyMaTh, YTO NEPBHIK apryMeHT Y GyHKIUH,
umerottedt aTpubyT HoldFirst, Boo6lie HEKOTa He BHIYHCAAETCH.
OH He BHIYHCAAETCH Ha NepBHIX 3TalaX CTaHAapTHOIO Hpolecca
BHIYMCJIEHHH, a HMMEHHO Ha dTanax, IIpeALIeCTBYIOIHX NPHMEHEHHIO
npaBux npeo6pa3oBaHui, aCCOUMHPOBAHHRIX C 3aroioBkamu. Ecin
)K€ NIpH NpUMeHEeHHM NpaBHJ Npeo6pa3oBaHUil paccMaTpHBAaeMbIH
NepBHI apryMeHT CTal apryMeHTOM (pYHKIHH C 3aroJOBKOM, He
uMeiomiuM aTpu6yToB Hold*, uau He momaa moj JedCTBHe TaKHX
aTpu6yTOB, TO OH BHYMCAHTCA. TakuM o6Gpa3oMm, paccMaTpHBae-
Mble aTpHOYTHl MO3BOJAIOT NepelaBaTh HeBRIUHCJIEHHHIE apryMeH-
THI B BHIPaXKeHHA C JPYTHMH 3arOJOBKAMH.

Set Attributes(f, HoldFirst)

f[x.,y -Integer] := (x = Delete(x, y])
x={a,b,c}; f[x,2]

{a,c}

{a,c}

[pyras 3ajga4a, peiaeMas ¢ nomoiubio arpubyros Holdx — cae-
1aTh 6onee rUOKUM NpHMeHeHUe 1IALJOHOB.

Set Attributes[g, HoldFirst]
gla+2,b] /. glx-+y-,z2] > (x+2)y
2(a+b)
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Kpome ¢ynknuit Set, umeowein arpubyr HoldFirst, u SetDe-
layed c aTpubyrom HoldAll 60oablinHCTBO PYyHKIUA npoLeLypPHO-
I'0 NPOrpaMMHPOBAHHAA H IpadHieCKHX QYHKIUE UMEIOT aTPUbYThl

Holdx*.

Attributes /@ {If, Do, For, While, Plot, Show}
{{HoldAll,Protected}, {HoldAll, Protected},
{HoldAll, Protected}, {HoldAll,Protected},
{HoldAll, Protected}, { Protected}}

OTO NMO3BOAAET TAKHM (PYHKIHMAM BHYUCIATH BCe HIH HEKOTOpPHIE
CBOH apryMeHTH HecTraHfapTHO. Tak, ¢yHkuus Do Buryucager
CBOM NepBHIH apryMeHT HeCKOJbKO pa3, ¢pynkuus If B 3aBucuMo-
CTH OT 3Ha4yeHHA NEPBOro apryMeHTa BH4YUCAfeT JAuGO BTOPOH,
au6o TpeTni apryMenT, dpynkuus Plot BuuncaseT cBOH nepBHI
apryMeHT HECKONbKO pa3 B HEKOTOPOH NOCAeJOBATEIbHOCTH TOYeK
H T.I.

[Ipeogonersy Bo3gekcTBue aTpnbyToB Holdx Ha BHYHCIEHHE
KaKOTr'o-TO NOJABLIpaXKeHHA €, MOXHO, €eClIM 3aJaTh ero B BH-
ze Evaluate[ey]. Hanpumep, ¢yuknus Plot na panHem sra-
Nle CBOEro BHIYHCIeHHA ONO3HAaeT, ABAAETCA JU €€ NepBhHE ap-
ryMeHT cmnuckoM. Ecau spasercs, To Plot geraer Heob6xomzu-
MBEIE TPUI'OTOBAEHHA [ BHYepYHBaHHA TpadUKOB CpPa3y Hec-
KOAbKHX (PYHKUMH ogHoBpeMeHHo. IlodToMy ecaum mnepBuii ap-
CYMEHT sABAfeTCs 3HadeHuweMm ¢yHkuun Table, To npumenenue
Evaluate neo6xoguMo, TaKk KaK B NPOTHBHOM ciayiae rpadu-
KM He 6yxyT BuvepuyeHn. Pynknus Evaluate B nHekoTophIx
caydasxX yckopfieT BHIYHCAeHHS. Tak, BHIMHCJEHHE BhIpaXKeHUA
ParametricPlot[{x[t],y[t]} /. n,{t,0,Pi}], rae n ecTb coBokyn-
HOCTbh MHTEPNOJIANHOHHKIX (PYHKLHH, XOTA H BO3MOXHO, HO 6yJeT
3HaYUTENbHO YCKOPEHO M BRINOJHEHO ¢ 6oJblielf TOYHOCTHIO, €CIH
nepBH# apryMenT 6yeT BBejeH B Bi e Evaluate[{x[t],y[t]} /. n].

B aakaiouense 3Toro naparpacda OTMETHM, 4TO PYHKUUSMH,
ces3anauiMi ¢ Hold, asasiorcs HeldPart 1 ReplaceHeldPart.
OHU NO3BOAAIOT BHINOAHATEH cleiyouiue feictBud. Hanomuum,
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4TO mocke H3BiedeHHs ¢yHkuued Part cooTpeTcTByOlLEro 3a-
AaHHOH cnenudUKaluH NOABHIPAXKEHHH, NOCAefHEe BHYHCAAETCH,
Jaxke ecl¥ B HCXOJHOM BHIpaKeHHH OHO HAXOAHIOCh MOJ XeHCTBH-
eM aTpubyToB Hold* 1 He BHYHCAAIOCE.

{g[1+1,y], Part[g[1+1,y],1]}
{g[1+1,y], 2}

BriuncaeRus M3BIeYEHHOH HaCTH MOXHO H36eXKaTh, €CIH BMe-
cto ¢pyukuun Part npumenuts ¢pynkuuio HeldPart.

HeldPart[g[1 +1,y],1]
Hold[1+1]

Mu B guM, iTo HeldPart genaeT u3pnedennoe nogBulpaXkKenue
apryMmenToM ¢pynxnuu Hold.

Ilpu 3aMene nogBHIpaXKeHNH, HAXOAAIHXCA B 0GIaCTH AeiCTBHA
ofHoro u3 aTpubyToB Hold*, nHOrZa BO3HHKaeT HeO6GXOZHMOCTH
3aMeHHTb YacTh TAKHX NOABLIPaKeHHH Ha HOBHIE 6€3 BHIYHCIEHHA
NoclefHAX. JTO OCyllecTBAfeTCA NpY nomoliuu ¢pynkuuii Replace-
HeldPart u Hold.

{ReplaceHeldPart[g[x + y,v],Hold[a + 1],{1,1}],
ReplacePart(g[x +y,v],Hold[a +1],{1,1}]}
{gla+1+y,v], g(Holdla+1]+y,v]}

PaccmaTpuBaeMas ¢yHKUUS, @O CpaBHeHHIO C (YHKLHeH
ReplacePart, fonoasuTesbio ocBo60XJaeT NOACTABAAEMOE Bhi-
paxkenue oT 3arososka Hold.

8.5. BuluuciaeHue npasua npeobpaszoBaHum

[Ipeo6pa3oBaHus B COOTBETCTBHH C INaGIOHAMH H HCIOAL3OBaHHE
IIa6I0HOB B JOKaAbHKIX H MMOGaIbHEX NpaBHAaX Npeo6pa3oBaHui
" ABJIAIOTCA OJHOH M3 CaMLIX CHALHBIX CTOPOH ,MaTemaTukn“ Kak
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CHCTeMbl CHMBOJLHHIX NpeoGpaloBaHHid. EcTecTBeHHO nosToMmy,
9TO NPH BRIYHCAEHAHN BHIPaXKeHHH, BKIIOYAIOMHKX Ia6NOHK, BCTPe-
4aeTCA pAjg HeCTAHAAPTHRX MOMeHTOB. Q61U NPHHIIMI BEIYHCIE-
HUA BRIpaXKeHHH C WAaGIOHAMH ClIefyeT M3 TOro IPOCTOro ¢akTa,
4TO NPHMeHeHNe HIabJOHOB HAYHHAETCA Ha TaKHX 9TalaX BHIYHCIe-
HHH, KOTJa BHPa)XXeHHA, K KOTOPDHM NPHMEHAITCA npeo6pa3oBa-
HHUA [0 WabloHaM, yXe YacTH4HO BelvucieHH. CieloBaTenbHO, H
npaBuia Mpeo6pa3oBaHKH NPH 3TOM XOTHA Ohl YaCTHYHO, HO BEIYHC-
AAI0TCA.

IIpocregnm 3a XoZOM NPOCTEHIUAX BLIYHCIEHHH ¢ abIOHAMH.
Ha4neMm ¢ 1OKanbHHIX NPaBAA NPeo6pa3OBaHUI:

x=2; y=3; hx*2+y] /. h[2x+y]—>1/x
1

2

Ipeo6pasoBanne Bripaxkenus h[7} B 1/2 npouzomno noromy, ¥ro
neBas YacTh NOACTAHOBKH, T.e. BupaxeHMe h[2x+y], Tak xe
Kak M npaBasg 1/z, Gblla BRIYHCIEHa Npexje, YeM BhIACHEHHe
cooTBeTCTBHA Wwabiony. Ecan B npaBuse nokankHON NOACTaHOBKH
ucnoas3oBaTh RuleDelayed, To nonry4urca TOT Xe pe3yabTaT:

h[x*2+y] /. h[2x+y] :> 1/x
1

2

Moacranoska h[x_] :> 1/x Takke BHNOAHUTCH, HO JAaCT pe3yiab-
Tat 1/7.

h{x*2+y] /. h[x_]. :> 1/x // Trace

({22,241, (03),4 43,3+ 4,7),Al1),
11 1 1 1
AR RO RS

WTak, pe3sloMHpYyf, MOXKHO CKa3aTh: B JOKAJbHHX NpaBHIaX Ope-
ob6pasopauuil BuAa lhs — rhs u lhs :> rhs NpOHCXOAAT BRIYHUCICHUE
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JeBOH YacCTH O YCTAHOBJEHHA COOTBETCTBHA IUAGIOHY NMPH ycio-
BHH, 4TO lhs He cOlepXHUT WIABIOH ..

Wnade o6cTOHT ae0 B r106anbHBIX NpaBHAaX NpeoGpa3oBaHui.
Mul 35aeM, 4To pyHKkuua Set umeer aTpubyt HoldFirst. UMerHo
IOJPTOMY AN CHMBOJOB B JeBOH 4YaCTH ONpeleNeNHA T = expr He
HcnoabayoTci X OwnValues, 1 5TH 3HaYeHHA TeM CaMHIM nepe-
onpenensiorca. OfHako, HeCMOTpPA Ha HalH4YMe 3TOro aTpubyTa, B
BHIpQXKeHHAX BUAa flargs]= ezpr apryMeHTH args BHYHUCIAIOTCA.

x=2;y=3; hx2+y]=2
z

7h
Global‘h
h[7] =z

HcknodeHusME H3 3TOTO NpaBHIa ABASIOTCA QYHKIUH ¢ aTpubyTa-
mu Hold+*. Kpome Toro, ecin xeiaTelbRo n36eXaTh BHIYUCICHHA
args, To K HeMy MOXHO NpUMeHHTb pyHKIHKIo Literal, urpalomyio
Ty Xe poib, 9To 1 Hold. Pasuuny B npumenenusx Literal 1 Hold
MOXHO NMOHATH U3 CAefylolLlero npuMepa.

Clear[x,y,g,h); h[Literal[x*2 +y]] = z;
g[Hold[x"2 + y]} = w;

h[x~2 +y]

{g[x"2+y], g[Hold[x"2+y]]}

{9lz? +y], w}

PaccMoTpuM euwe ofuH npuMep ucnoib3osanus dpyuxknui Hold
u Literal. [Ilycrb cumBoay z npucBoesHo 3HaveHne 2. Kak
npeo6pa3oBaTh BhipaxKenue X*3 B z°3?7 OTo MOXHO cIeraTh
ciefyoluM o6pa3oM.

x = 2; Hold{x~3] /. Literal[x] =+ z // ReleaseHold

23
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YnpaxHeHus

1. Omeembme TOILKO Ha OCHOBE aHA/M3a NPHHIMIIOB BLIMMCIEHHA BhIDa-

4

xeHwt, 6yAeT am moxyden crmcox {1,2,3}, ecam BRMMCIMTL BHpaXeHHe
Apply(List,1+2+3]? Byger mu noxyyen cmucox {a,b,c}, ecrm B aTom
BHpaxenun 3amMeHuTh 1+ 2+ 3 Ha a+ b+ ¢? Kak ua Bupaxenus 14243
noay4uTs crucok {1,2,3}, mpumensan ¢pymanm Hold, ReleaseHold, Ap-
ply?

JloriycTamM, 4TO MH XOTHM OmpeAeNuTs QYHKIUMIO f, TAKYIO, YTO OHa Jiobyio
CyMMY claraeMulx npeoGpasyeT B CIIMCOK CJaraeMuX. DyZeT /i Halla ueib
JOCTHTHYTa, €CTH MH JafUM OonpejeleHHe

f{x_Plus] := Apply[List, Hold[x},2] // ReleaseHold?

Kax uasmenumsb 510 onpefenense, 4To6H BCe 6HIO B opAgke?

. Bupaxemue Information{symb)], wm ?symb, gaeT cupasky o camsoxe

symb. Kax usxerumb aTpubyTh dynximu Information, 4robu noxywars
CTIpaBKY 0 KaxJoM cumsore f, g U T.4. ud crvcka {f,g,...} ogHoBpeMenno?

Accompmpyirre ¢ cumsonoMm h onpezenenue
h{z _Symbol,y _Symbol) := {z,y}

u cuabaure h atpubyrom Flat. Tpedcxaxcume, He Bumacnan 3apasee, Ka-
xoB 6yjeT pesyabTaT BRYMCRenusa Bupaxemna h(a,b,c,d]? Kaxos 6yger
Pe3YAbLTAT, ECIM AONOIHUTEALHO CHAGAHTL h aTpubyToM Oneldentity? ITo-
cxompume, ncuom3ayas ¢yuxumio Trace, kak  MaremaTuka" Brrmciger
3TO BHpaXeHue B NeEPBOM M BTOPOM CAyqadX.

. Bermcrenve smpaxenus x = N[x] gaer pesymsrar z. B To xe Bpems,

onpejesHB GYHKIHIO
f{x]:= (x = N[x]; Sqrt{x])

¥ Bamcnnd, ckaxeM f[3], Mt noxygaem coobuierue 06 olMbKe U PE3yILTAT
Sgrt[3]. Tlouemy? Kax uasmenumsb onpeaenemue, 4roSn yHxima f oT
aprymenTa Tuna Integer umena peaysnraToM BellecTBeHHOe MC/I07
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Martepuan npeflecTBYOIHX T1aB MO3BOJAET YHTATENO BECTH
3aMKHyTOe , HATypaJbHOe XO34#CTBO" B npeJenax ofHOH OTAeIbHO
B3ATOH 3aNUCHOH KHHXKH, T.e. IPOBOJAHTH BHIYHCIEHHS H TpadH-
YecKHe MOCTPOEHHA, NI0Jb3YACh BCTPOEHHRIMH QYHKUHAMH, QYHK-
UHAMHE H3 NOATPYKAeMBIX CTaHJapPTHHIX MaKeTOB M CAMOCTOATENb-
HO onpefeleHHHIMH (yHKUMAMH. EcIn nociefHux CTaHOBHTCA
MHOT'O HJH OHH NPeACTABAAIOT COGOH MHOrOCTPOYHLIE COBOKYN-
HOCTH onpejieJeHAH, TO BO3HUKaeT HeOGXOJUMOCTb UX COXPaHATDb
¥ BRI3LIBATh TOYHO Tak ke, KaK BLIBRIBAIOTCH (YHKIHH NAKETOB,
ABJAIOIIUXCA HeoThemaeMod dacThio ,MatemaTuku“. OcHoBHOe
Tpe6oBaHHe, KOTOPOMY JOJXHEI YJOBJIETBOPATh TaKHe MaKeThl —
OTCYTCTBHE KOHGMIHKTa HMNOPTHPYeMHX (YHKUHH, KOHCTAHT H
NepeMeHHKIX C BBeJeHHHIMH paHee B TeKylled CeCCHH. DTo Tpebo-
BaHMe CTAHOBHTCH ellle 6ojee CyIIECTBEHHHIM, €CIH HMeTb B BHJAY
KalbHed1IHA o6MeH MporpaMMaMM C KOJNJIeraMu HIH HX KOMMep-
Yeckoe pacnpocTpaHenue. CoBepllieHHO HEBO3MOXHO NpeBHAET,
KakHe ompefeleHHs OyAyllMil NONb3OBaTelb BallleH NMPOrpPaMMEI
ycnesn CBf3aThb, CKaXKeM, C CHMBOJOM f, ABIAIOIMMCA B Ballled
nporpaMme 3aroJOBKOM OCHOBHOH HJIH BCIOMOraTelbHOH (yHK-
uud. OTCcyTCTBHe NMOZOGHBIX KOHQIHMKTOB NpH IOArPY3Ke CTaH-
JAapTHHIX TMaKeTOB N03BOAAET MPENNOIOKATE, 9TO Pa3pabOTYHKH
,MaTeMaTHKH“ HAlUIH MIH HCNONL3OBAIH IDPEKTUBHHIH MeTON
pellieHHs pacCMaTpPHBaeMOH 3ajatu.

9.1. KoHTekceTh!

Ecin nosb3oBaTenb ofHaX 6 BBeJ C K1aBHATYPH KaKOK-IH60 CHM-
Boa, To ,MartemaTnka“ 6yeT paccMaTpUBaTh €0 KakK OnpejeneH-
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HHH ,rA06aibHO, T.e. KakK OTHOCAUIMHCA BCIOZY B JaibHehuieM
K OJHOMY H TOMY e 00beKTy. OTO NO3BOJAAET CBA3BLIBATBL C
CHMBOJIOM pa3iddYHhEIEe ONpejeNeHns, SBAAIOLINECH OCHOBHLIM MeXa-
HU3MOM CHMBOJIBHEIX npeo6pasoBannii. QOJHAKO TaKoe NOJOXEHHE
el He COBceM YA0OHO, TaK KaK CKOJAbKO-HHOYIb AAUTe/NbHaHd pa-
60Ta Tpe6oBaia GhI H3OLIPEHHOH H306PETATENLHOCTH B NPK.LYMEI-
BaHHHM PadJAHYHHX cHMBOJOB. CylecTByeT TakXke onpejeleHHas
MaTeMaTH4Yeckas M IPOrPaMMHCTCKas TpaJHlud, cleJyd KOTOPOH
nepeMeHHLle HTepaTOpoB oGo3HavaloT ¢, j U T.n. Kpome Toro,
YacTO BO3HMKaeT HeoOXOAHMMOCTh BBOJHTL BCIOMOraTefbHLE Ile-
peMeHHbIe 115 0603Ha4YeHHA MPOMEXYTOYHHIX pe3yJbTaToB. Bce
3TO OO6BACHAET CYLIeCTBOBAHHE MEXaHH3MOB JOKAJTH3ALlHA CHMBO-
JOB B ONpejeleHHHX rpainnax. [IpocTeliunii Takoi MexaHH3IM —
MeXaHH3M JOKaJIU3anHH 3xavenutl uTepaTopoB B ¢yHkuuax Do,
Sum wu gp.

i=58; Sum(x~i,{i,1,3}]
r+z24 23

1
5

HecMmoTps Ha TO 4TO NpH BHYMCIEHMH CYMMH NepeMEHHOHW i HTe-
paTopa B MOciegHHH pa3 OLLIO NPHCBOEHO 3Ha4eHHe 3, CHMBOJ
i coXpaHfeT paHee NPHCBOEHHOE 3HayeHHe 5. MexaHH3M J0OKa-
JHM3a0H¥ 3HAYeHHH MepeMEeHHHX B HTEpPaTOpPaX He MpenATCTBYET
KOHGIHKTY CHMBOJOB. PaccMOTpHM mpocTedIUHH NpHMep TaKOro
koHAukTa. Onpegen¥M PYHKUHIO, BRIYHCIAIOMIYIO CHMBOJBHYIO
CYMMY NEpBHIX TpeX HaTYPalbHHIX CTeNeHeH CBOEro apryMeHTa.

f[x.] := Sum[x~i, {i, 3}]
{fly], fli]}
{y+y’+¢° 32}
BTopoil pe3yabTaT AOBOALHO HEOXHJAHHKIH, HO €CIM NPHHATH BO

BHUMaHHe, 9TO B DTOM ciy4Yae ¢yHKNHA Sum BHYHCISAET CyMMY
BHpaXkeHH# BHAA 1%, OH CTAHOBATCA NOHATHHIM.
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HabexaTh nogo6HOro  3axBaTHIBAHHA“ HTEPATOPOM II0OGANb-
HOro CHMBoJa no3soaser ¢pynkunda Module. B gannom npumepe
onpejenexue

Clear(f]; f[x.] := Module[{i},Sum([x"i,{i,3}]]
N03BOAAET H36eXATh 3aXBATHIBAHUA:

{fly), fli]}
{y+y2+y3, i+i2+3}

Oanaxko Module He npenaTcTByeT KOHQAHKTY CHMBOJIOB-3aI0J0B-
KOB, onpejeifeMuX ¢ ero noMoubio oyuknud. [Ipegnoioxum, 4To
MHI 3a6LLTH TOABKO YTO faHHOe onpefenenne ¢yukuun f u pewnan
JaTh HOBOeE: :

fly] := Module[{i},Sum(y"i, {i,4}]]
flu
u[+]u2 + ud

M=l cMorad yBHAeTH, YTO paboTaeT crapoe onpedeneHne. Ho kak
6HITh, eCIH HOBOE €CTh ONpeJefieHHe MPOMEXYTOYHON (YHKIHH,
CrpATaHHOE Cpefu APYTHX O6BEKTOB B KaKOH-TO Mporpamme?
MexasnaM xonmexcmoe ecTh Gojee COBEpIICHHBIH MeXaHH3M,
I03BOJIAIOIMY CYIIECTBEHHO OPaHHYUTH KOHQAMKT cEMBonoB. C
YHCTO TeXHHYECKOH TOYKH 3PeHHA KOHTEKCT — DTO MPHCTABKa
K HMeHH cHMBoia Buja Something‘, rge Something sBasercs
uMeHeM KoHTekcTa. J1060l cumeoa 6ce20a uMeem Kenycmymo Kox-
mexcmnyo npucmaexy. llpaBia, Kak npaBuiIO, OHa OCTAETCH , 32
KajJpoM¥, He yJacTBYs B NpeJCTABIeHHH CHMBOJA Ha IKpaHe JHUC-
maes. CrejoBaTelbHO, MOTYT CYLIECTBOBaTh Da3Hbie CHMBOIHI,
OJHHAKOBO NpeJACTaBifseMble Ha JKpaHe. B 2TOM CMbICIe KOHTEKCT
HCpPaeT poib JUpPeKTOpHM (Manku): Befb pa3Hhle Gaabl C OA-
HHM U TeM >Ke HMeHeM BIOJHE MOTLYT COCyl|eCTBOBaTh, HaXO4ACh B
Pa3HLEIX JHPEKTOPHAX. Y3HATh KOHTEKCTHYIO IPHCTaBKy CHMBOJa
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MOXHO ¢ nomombio @yHknud Context. Hanpumep, Bce BcTpo-
€HHEe (YHKIHH W KOHCTAHTH HMMEIT KOHTEKCTHYIO NPHCTaBKY
System'. :

Context /@ {Sin, Pi,$MachinePrecision}
{System*, System‘, System‘}

Tekyulee 3Ha4eHNMe KOHTEKCTHOW HPHCTABKH, KOTOPad INPHCOETH-
HReTCcd K MMeHH CHMBOJa, MOXHO y3HaTh C NOMOIWIBI raobaJb-
Hol nepeMenHoi $Contezt UM ¢ MOMOUILIO PACCMOTPEHHOH paHee
¢yukuun Context|], He yka3niBad ee apryMeHTa.

{$Context, Context[]}
{Global‘, Global‘}

[Io yMor4aHHKIO, B Hayaje CeCCHM H JO TeX MOp, MOKa He MNpoO-
H3BOAUJHCH ONpeleieHHble, OMHCHIBaeMHE HHXKe€ MAHHNYJIALHH C
KOHTEKCTOM, TeKYIIKM KOHTeKcToM aABisercs Global‘. UMsa cumpo-
na 6e3 KOHTEKCTHOW MPUCTABKH Ha3LIBaeTCH €ro KPamKuM UMEHEM.
[Ipu BHeYaTHIBAHUH C KIABHATYPH NOAL30BaTENlb MOXKET IPHCOEH-
HATb J106YI0 NPHCTABKY K CHMBOJY.

{a‘x, a‘z, Global‘x}
{a‘z, a‘z, z}

B paccMmaTpuBaeMoM clydae KOHTEKCTHas NpHCTaBKa oTobpaxa-
eTCA Ha JKpaHe A/ CHMBOJOB a‘T M a‘z H He oToGpakaeTcsd AJA
cumBona Global‘z. YTob6u pa3obpaThcA B NpHYMHAX 3TOro, o6pa-
THM BHHMaHHe Ha JBa 06CTOATenbCTBa. [lepBoe — TekyuIuH KOH-
TekcT ectb Global. Bropoe — B HacTOAIIMA MOMEHT KOHTEKCTa
a‘ HeT Ha TaK HalhIBaeMOH xoxumexcmuotd dopodcxe, colepia-
H¥E KOTOPOH MOXHO YBHAETH C IOMOIIbIO Mo6anbHOH nepeMeRHOR
$Contezt Path.

$ContextPath
{Global‘, System'}
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IloMeCTHM KOHTEKCT a‘ Ha KOHTEKCTHYIO JOPOXKY.

$ContextPath = Prepend{$ContextPath,”a‘”]
{a‘, Global‘, System'}

{a‘x, a‘z, Global‘x}
{a‘z, z, =}

Pa3nuna B npegcTaBieHUH CUMBOJOB @'z ¥ a‘T OOBACHAETCA TeM,
4TO PUrypHpPOBaBIIKH paHee B HALIMX BLIYUCAEHHAX CHMBONI T IIO-
AY4YHI KOHTEKCTHYIO npucTaBky Global', u, crefoBaTensHo, cyue-
" CTBYIOT ABa CHMBOJA C KpaTKHM HMeHeM z. IlockoabKy Tekymuu
koHTeKcT ecth Global‘, To Gea npucTaBkH oTOGpaXKaeTCcs CUMBOI
Global‘z. [Jo Tex mop noKa CHMBOJ @'z €CTh €AIHHCTBEHHLIH CAMBOM
C KPaTKHM MMeHeM z, K HeMy MOXHO 06pallaThCs 10 ero KpPaTKOMY
MMeHH Jaxe B ,4yXOoM“ Inf Hero TekylleM koHTekcTe Global‘.

z =5,
{z, Context|z]}
{5, a'}

WameHHTHs Texymul KOHTEKCT Ha KOHTEKCT a' MOXHO JBYMS
cnoco6amu: 1H60 NMPUCBOMTL riaoGaabHoil nepemennod $Context
3Hadenne "a‘”, au6o npuberuyTsh K GyHkuuun Begin:

Begin["a‘”];

Ilocre BHINONHEHHMA 3TOH KOMaHAH 6e3 KOHTEKCTHOH NPHUCTABKH
6yxeT npeAcTaBieH CHMBOI a‘T.

{a‘x, a‘z, Global‘x}
{z, 5, Global‘z}

MoxHo chopMyaupoBaTh clefyioliee obllee NpaBHAO, BHIIONHA-
oljeecs, KOrja BBOJHTCA KaKOH-AB60 CHMBOJ 6e3 KOHTEKCTHOM
npucTaBKkd. EcCIM B TekyuleM KOHTEKCTe eCTh NMOJHKIH CHMBOJ C
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KpaTKHM HMeHeM, COBINAJalOLIHM ¢ BBOAMMEIM CHMBOJIOM, TO BBO-
AUMBIH CHMBOJ MHTepPAPEeTHPYeTCH KaK KPATKHH CHMBOJ TeKYIIero
KOHTeKCTa. Ecau B TekyuieM KOHTEKCTe COOTBeTCTBYIOLUEro MnoJ-
HOT'O CHMBOJIa HeT, TO NpPOBepAeTCs, €CThb JH MNOJHKIA CHMBOJ B
KaKOM-JTHO0 KOHTEKCTe Ha KOHTeKCTHOH aopoxke. [lpu Hanmvuu
TaKHX CHMBOJOB BBOAHMOMY CHMBOJY NPUNHCHIBAETCA CaMhIH Je-
BLIA KOHTEKCT M3 BCEX COJAEPXKAILKX NOJHLIH CHMBOJA KOHTEKCTOB.
Ecne Ha KOHTEKCTHOH JOPOXKe MOAXOJAUKX NOJHHIX CHMBOJIOB
HeT, TO K BBEJE€HHOMY CHMBOJY NpHOaBIAETCH KOHTEKCTHAsf NpH-
CTaBKa, COBNaaloUlas C HMEHeM TeKyIero KOHTEKCTa.

v = 6; Context[v]
a‘

[Ipesnosoxnm Tenepb, YTO ONpefeNeH HOBHIH KOHTEKCT M MPHCBO-
€HO HEKOTOpoOe 3HaUeHue paHee He BCTpeqaBLIEMYCH CHMBONY.

$Context = "b‘”;
w=13;

B Tekyiem KoHTekcTe b' MOXHO MOAYYHTHh NOJAHYIO HH(pOPMa-
UHIO O CHMBOJIe C KDATKHM HMEHeM w.

BepreMcs, ofHako, K npexxHeMy KOHTEKCTY H NONBITaeMCA NOXY-
4UTh HHGOPMAIHIO O CUMBOJE b'w NO ero KpaTKoMy HMEHH.

$Context ="a‘";
w
Information:: notfound: Symbol w not found

IIpuMep NOKa3WBaeT, YTO €CAH TEKYUIHH KOHTEKCT He COBNAJaeT
C KOHTEKCTHOH MPHCTaBKOH CHMBOJA, TO HHPOPMALHIO O CHMBOJE
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IO ero KpaTKOMY HMeHH MOXHO NOJAYYHTHh TOJXBKO B TOM CiAy4ae,
KOr'Za ero KOHTEKCT IIoMellleH Ha KOHTEKCTHYIO JOPOXKY.

CyuecTBOBaHKe HECKOALKAX MOMHKIX CHMBOJOB C OJAHHEM K TeM
e KpaTKHM NOpOXJaeT fBleHHe Tak Ha3bIBAEMOro ,3aTeHeHHA "
OJHOTO NOJHOrO CHMBOJA JDYTHM: CHMBOA C KOHTEKCTHOH NpH-
CTaBKOH, PacHOJOXEHHOH Ha KOHTEKCTHOH JAOpOXKKe JeBee MNpH-
CTaBKH CHMBOJA C TeM e KPaTKMM HMeHeM, 3aTeHfeT Nociej-
Hui.  MaremaTnka“ Bcerja npefynpexJnaeT o BOIMOXHOCTH 3a-
TeHeHHU.

Global‘z

Global‘z:: shdw:

Warning: Symbol z appears in multiple contezts {Global‘,a‘};
definitions in contezt Global‘ may shadow or be shadowed by
other definitions |

9.2. KoHTEeKCTH ¥ NporpamMmsl

MexaHHU3M KOHTEKCTOB UCNOAL3YeTCA AAA TOr'Oo, YTOOH XPaHAIIH-
ecid B OTAeNbHOM (aiile HaNMCaHHHE MOJb30BaTelNeM OMpeaele-
HHMA OCHOBHLIX H BCHOMOr'aTeJbHHIX (PyHKUHH, T.e. pa3paboTaHHbIE
noab30BaTe]eM NPOrpaMMH, BBOAHTH B 3anucHHe KHIXKH. Daiia
C TakOH nporpaMMoi B Bepcuy 2.X JoJKeH HMeTh pacliHpeHHe m.
OcHoBHEle GyHKUUH, pafd KOTOPHX H O6blIa HallACaHAa MpPOTpaM-
Ma, Ha3HBalOTCA axcnopmupyesmvimu. IIporpamMma HaumHaeTcs C
KOMaH bl

BeginPackage[’NewContext*‘”]

rae NewContert' — KOHTeKCTHaf NPUCTaBKa, KOTOpo# GyAyT
CHabXeHH dKcnopTupyeMue ¢yHknud. Kak nmpaBuio, Ha3BaHHe
BBOJAMMOI'O KOHTEKCTa JOJKHO GHTb CBA3aHO ¢ 06JacThiO NPHJIO-
XKeHHA DKCNOPTHPYEeMHX (QPYHKIHH H GHITHL [0 BO3MOXHOCTH YHH-
KalbHHIM, T.€. He COBNajaTh HU C OQHHM U3 MIBECTHHIX. XOPOIUHM
NpUMEpPOM MOTYT CAYXHT CTaHJapTHEE makeTH ,MaTemaTnku ‘.
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B nux Bce rpaduyeckue GYHKUHE HMEIOT KOHTEKCT, HAYMHAOLIN M-
ca ¢ Graphics', PyHKUHK A8 BEINONHEHHA ONEpalMil MaTeMaTHYe-
CKOrO aHalu3a HMeOT KOHTEKCTHYIO NPHCTABKY, HaYHHAIOUIYIOCH
¢ Calculus‘, u t.5. Kpome Toro, BoamMoxHo ynorpe6ienne nos-
konTekcToB: Calculus‘Pade‘. Komanga BeginPackage uamenser
KOHTEKCTHYIO JODOXKY H YCTaHABAHBAeT TEKYLIMH KOHTEKCT paB-
HuiM NewConterxt‘. [locae ee BHNOAHEHHA KOHTEKCTHAA JOPOXKA,
KakKoBa Ghl OHa HH GHlIa paHee, MPHHHMAET BHJ:

{NewContext‘, System'}

Tenepw n060% BBOAMMHKEN CHMBOJ, HE ABIAIOIIMKCA BCTPOEHHKIM,
nony4aeT KOHTeKcTHyIo npucraBky NewContezt'. Iociae xkoMan-
1u BeginPackage crefyioT 3arofoBkH 3KCIOPTHPYeMEIX GYyHK-
LMH, CONPOBOX JaeMule HH(POPManHuel O Ha3HAYEHHH KaX JOH PpYyHK-
uun. O¢dopMaserca Takad HHPOPMALHA B ClefyiolieM BHJIE:

MyFirstFunction:: usage =
"MyPFirstFunction does something...”

3xecs MyFirstFunction — 3aronoBok nepBoil 3KCnOpTHPyeMou
YHKUMH, 2 CTPOKA COJEPXKHT HHGPOPMAIKIO, KOTOPYIO MOXHO NO-
clle MOACPY3KH HPOTpaMMHl MOAYYHTH CTaHAAPTHHM CHOCOGOM,
naneyataB ?MyFirstFunction (ectecTBenso, croBa does some-
thing ciesyeT 3aMeHHTH Ha GoJee cofepXaTelbHHE).

[Tocae 3aronoBKOB 3KCHOPTHPYeMHIX (PYHKUHH crefyeT Ko-
MaHJa

Begin[” ‘Private‘”]

Cregyer o6paTHTh BHUMaHHe Ha TO, YTO cloBO Private okaim-
JIeHO C ABYX CTOPOH 3HaKaMH OTKDHITHA HHTAaTH. OTa KOMaHZa,
He MeNAR Kowmexcmuou dopodcxu, YCTaHaBINBaeT HOBHIH TeKy-
mHA kouTekcT paBuuiM NewContezt' Private‘. [locae Bumoanenns
KOMaHJH BCe paHee He BCTpedYaBIIHeCH CHMBOJK MOJY4YaT KOH-
TexcTHylo npucTtaBky NewContezt'Private', o3navaouiyio, 4To



9.2. KoHTeKCTH M nporpaMMu 203

OHM HaXOJATCA B NogkonTekcre koHTekcta NewContext'. Ciao-
Bo Private BnoiHe MOXHO 3aMeHHTH Ha Ji06oe Apyroe, HO TakoBa
tpajuuns. Ilocre xomangu Begin(” ‘Private'”] pacnonaratorcs
onpefenenus (GpyHKIHH, T.e. CaMa NporpaMMa. 3aTeM ClelyeT KO-
MaHJa

End(]

BOCCTaHaBJAMBalowas MMeBwuicas g0 Begin[” ‘Private‘”] kou-
TexCT, T.e. KoHTekcT NewContext‘, u galee KOMaHJIa

EndPackage]]

nocJe KOTOPOH BOCCTaHAaBANBAETCH HMEBLIMHCA A0 MOATPY3IKH NMPO-
rpaMMBl TeKyIiHH KoHTekcT (Hanpumep, Global‘), a KoHTekcT
NewContezt' noMeujaeTcs B Ha4alo HpeXKHed KOHTEKCTHOH [O-
POXKKH.

[loneano cjaenaTs clefyioljie KOMMEHTapHH O paGoTe 3TOro
mexahusMa. Ilockoapky mocae komanin BeginPackage na xon-
TEKCTHOH JOPOXXKe NOMHMO KOHTEKCT2a HPOrPaMMbl OCTAeTCA KOH-
TekcT System‘, TO B ciy4ae, KOrJa 3ar0JOBOK KaKOK-1H60 3KCIOD-
THPYeMOR (YHKIHHA COBNAJAET C 3ar0JOBKOM BCTPOEHHOM, 3KCHOP-
THpyeMas QYHKUMA MOAy4YaeT KOHTEKCTHYIO NPHCTaBKYy System‘.
CnegoBaTefbHO, BBOAUTbL (PYHKUMH C 3aroJOBKaMH BCTPOEHHHIX
(PYHKUUA MMeeT CMBLICK TOAbKO B TOM ciaydae, KOrJa HOBblE (DyHK-
UMM YCMJIHBAIOT BCTPOEHHHE, T.e. 6ojee 3P PEeKTHBEO BHIYHCAAIOT
KaKOH-TO KJAaCC BHIpa)XeHHH HAH HMeloT Gojee WIHPOKYI0 06AaCTh
NPHMEHHUMOCTH.

fiBneHne 3aTeHeHUA 4aCTO BO3HHKAET B CAYyYafAX, KOT'4a NOAb30-
BaTeNb Hame4aTald 3ar0N0BOK SKCIOPTUPYeMOR GYHKIHH, CKaXKeM,
f go moarpysku nporpamMmu. Torga cHMBOI f NOAYYHT KOH-
TeKCTHYXO NDHCTAaBKy TexylLlero KoHTekcTa, Hamnpumep Global‘,
u cuMBoa Global‘f 3zarennt cumon NewContext'f B.TOM CMHI-
cje, 9YTO BHeYyaTHBaHHe KpaTKoro mMeHd f GyJeT moapa3ymMeBaTh
Global‘f. Ho ¢ nociefHMM CHMBOJIOM He CBS3aHhEl ONpeleleHHA
skcnopTupyemou ¢yukuur NewContert'f, nodToMy BHpakeHHe
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flargl,arg2,...] He 6y feT BHYHCAATHLCA 0XH JaeMbIM o6padoM. Ilo-
NpaBHTh NOJ0XKEHHEe MOXHO ¢ noMoulbio dpyrkunun Remove. [Tocre
BHIYHCIeHUs Bupaxenus Remove(f] camBor Global'f 6yseT noa-
HOCTbBIO yJhaJeH, ocTaHeTcH auub NewContext'f.

9.3. Iloarpyska nporpamMmm

IlporpaMMul BHI3EIBaloTCA NpH noMoiud komasanl Get[’name‘”]
nin Needs[”’name'”], rge name‘ ecThb KOHTEKCT HNpPOTrpaMMHL.
Nnas popma koManin Get["name‘”] ects << name'. Pasunna
MeXJ1y KOMaHJaMH COCTOHT B ToM, iTo Get He mpoBepseT, uMe-
eTCH JH KOHTEeKCT HPOrpaMMhI Ha KOHTEKCTHOH Jopoxke, a Needs
npoBepseT, W NPH HAIAYHH KOHTEKCTa MOBTOPHOM MOJTPY3KH He
npoucxogut. [loaTomy xoManay Needs nerecoo6pasHo HCHONb-
30BaTh B TeX CAYYadX, KOrja B TeyeHHE CECCHH HEOIHOKPATHO
NOArpYXKaiKuch Kak#e-To nakeTnl. Komanga Needs uuTaer 3Ha-
denue rrobansHoil nepementoit $ Packages, koTopas npeacraBaseT
co60ll CIIMCOK KOHTEKCTOB BhI3BaHHHIX MpOrpaMM. 3HadeHHe ITOH
rao6anbHOR NepeMeHHOH H3MeHseTcs KoMaHgoii BeginPackage.
PaccMOTpeHHbIe KOMaHHl CHaYana HILYT Gaiiibl ¢ paclIHpeHHeM
m, B KOTOPHIX XPaHATCA IporpaMMH. IMmeloTcda onmpefeleHHbIe
NpaBHJa COOTBETCTBHA MMeH ¢aHIOB ¢ MpOorpaMMaMH H KOHTEK-
CTOB NpOr'paMM, 3aBHCALINE OT KOMNbIOTEpHOH mi1aTdopMul. [Jas
PC-koMnbpioTepoB Ha3BaHHe ¢aiina 6e3 paclUHpPeHHA JOMXKHO CO-
IepXkaThb He 601ee BOCbMH 6YKB, a KOHTEKCT NPOrpaMMHBI He JOJNXKeH
yAOBJETBOPAThL 3TOMYy TpebGoBanuio. I[looTomMy Ha3Banue dailra
COBNajaeT C MEpPBEIMH BoceMblo OYKBaMM KOHTEKCTa C TeM HC-
KJAIOYeHHeM, 4YTO B KOHTEKCT MOTYT BXOAHThH 3ariaBHHe GYKBHI,
KOTOpHle mepedAyT B CTPOUHHIEe B UMeHH daina. Ecam xonTekcT
IpOrpaMMEl COCTOHT H3 KOHTEKCTa M NMOXKOHTEKCTa, TO NepBHe
BoceMb GYKB KOHTEKCTa COCTABAT Ha3BaHHe JupekTopuu. Tak,
nporpaMMa ¢ KoHTekcToM Algebra‘CountRoots' xpanrTca B daii-
e countroo.m B gupekTopHH Algebra, moaToMy 3Ta mporpamma
6yneT YuTaThcA U3 daina Algebra\countroo.m.
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PaccMoTpum B kadecTse npHMepa, 4TO NPOHCXOAHT C KOH-
TeKCTaMH ¥ KOHTEKCTHOH JOPOXKOH NpH NOATPY3Ke nporpam-
MHI ¢ koHTekcToM Algebra‘CountRoots — nepBoil IporpaMMhI B
nepBon nogxaupektopun Algebra aupektropuu Packages. [ony-
CTHM, YTO KOHTEKCTHaf JOPOXXKa B HaCTOAIIMA MOMEHT HMeeT BHJ
{Global‘, System'}.

<< Algebra‘CountRoots*
Ilocne BHINONHEHHS KOMAHIB!
BeginPackage[” Algebra‘CountRoots”]

TeKYUIAM KOHTeKCTOM CTaHOBHTCH cTpoka Algebra‘CountRoots’,
a KOHTeKCTHas Jopoxka npunumaer Buj {Algebra‘CountRoots",
System‘}. Tlocre paccMaTpHBaeModl KOMaHAH B NporpaMme
HAeT Ha3BaHHe BMecTe C WMHbpOpPManMed O eNHHCTBEHHOH DKC-
noprupyemont ¢ynkunn: CountRoots:: usage ="...", caegoBa-
Teasno, cuMBoi CountRoots nOAYYHT KOHTEKCTHYIO NDHCTaBKY
Algebra‘Count Roots‘, Tak KaX HeT BCTDOEHHOM (DYHKHHH C TeM
Xe 3aronoBkoM. ‘TakdM 06pa3oM HOSHOE HMA 3arofoBkKa GyZeT
Algebra‘CountRoots ‘CountRoots.

Janee BHIMOAHAETCA KOMaHLA

Begin[” Algebra‘CountRoots‘Private‘”]

i

(ee aprymenToM Moraa 6 G6HITH cTpoka "‘Private'”), ycra-
HAaBanBalomias Tekywuit xourexct Algebra‘CountRoots‘Private’,
HO OCTaBJAKOIAd KOHTekcTHYi0 fopoxky {Algebra‘CountRoots",
System'} Hewamennodt. Ilocae dToit xomanan cuaegyer Count-
Roots:: npoly =" ...”, apasomadcs coobuennem o6 oumnbke B
clydae, €CAH MOIBL3OBaTeAb BMECTO HONHHOMa BBel B KayecTBe
-apryMmenTa ¢ynkuun CountRoots apyroi o6bekt. Ilockoas-
Ky camBon CountRoots yxe HOXYYHA KOHTEKCTHYIO NPHCTaBKY
Algebra‘CountRoots* 1 nockonbKy kouTekcT Algebra‘CountRoots
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HAXOQMTCA Ha KOHTEKCTHOH gopoxke, cuMBoa CountRoots ocra-
eTcs C MPUCBOEHHOM paHee KOHTeKCTHOH npucraBkoi. CkazanHoe
OCTaeTCH BEePHEIM OTHOCHTENbHO 3TOr'0 CHMBOJA, YYaCTBYIOILErO B
onpegeneHHH

CountRoots{x___] := With[{result = CountRoots0[x]},
result /; result =! = $Failed]

B To xe BpeMs cumBoam result u CountRoots0 mnoayuaior
KOHTeKCTHylo npucTtaBky Algebra‘CountRoots'Private’, a cum-
Boabl With u $Failed ocTaloTci ¢ KOHTEKCTHO# NPHCTABKOK
System'. Anaisoru4yso cumsoanwl OmitZeroes u Select, na-
XOAAlIHECH B CAeZYIOLIEM ONpeleNeHHH, NOAYyHaloT NPHCTaBKH
Algebra‘CountRoots‘ Private' u System‘ coorsercrsenno. [lo-
ClefHKe B porpaMMe YeThIpe 3ar0N0BKa GYHKUHE countroots no-
AY4aloT KOHTeKCTHYWo npuctasky Algebra‘CountRoots‘Private'.
HNanee cregyer koManga End(], nocre Bunonnenus xoTopoi KoH-
TEKCTHad JOPOXKa He H3IMEHAETCH, a TEKYLIHM KOHTEKCTOM CTaHO-
sutca Algebra‘Count Roots‘. 3a paccMaTpHBaeMOH KOMaHJ0# po-
HCXOAHT npoTrekTHpoBanve ¢ynknun CountRoots, u, HakoHeu,
komanga EndPackage[] genaer Tekyuium kontekcroMm Global‘, a
KOHTeKCTHYI0 Aopoxky pasHoud {Algebra‘CountRoots', Global,
System‘}. Henuumne 1o6aBHTH, YTO IPH YTEHUH NPOrPAMMBI
onipejeleHs BEIIONHAKOTCA, NOITOMY NOC/E NOATPY3KH NpPOrpaM-
Mbl COOTBETCTBYIOIIHe raobajbHule NpaBuia GyAyT HCHONHATHCA
aapom ,MaremaTukn“.

Komanga BeginPackage umMeer onynoHaibHble apryMeHTHI.
N X HYXXHO yKa3HBaTh, €CJIH B IPOrPpaMMe HCNOAB3YIOTCH HE TONbKO
BCTpOeHHLIe (PYHKHMH, HO TakXe ¥ (PYHKLHM CTaHJapTHHIX Na-
KeTOB WJH JDPYrMX NPOrpaMM moab3oBaTels. KOHTEKCTH 3Tux
nporpaMM ¥ YKa3hBalOTCA B KayecTBe BTOPOro H T.&. apryMeH-
ToB ¢pyukuuu BeginPackage, xoTopas ycTaHaBAMBaEeT HX BMeCTe
CO CBOMM KOHTEKCTOM Ha KOHTeKCTHOH Jopoxke. [Iporpammu,
Heo6XoqUMBIe A1f PaBOTH MOACPYXKaeMOH NPOrpaMMhl, Ha3bIBa-
I0TCH UMNOPMUPYEMbiMY. ITH NPOrPAMMH BHI3BIBAIOTCA HedB-
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HHM Hcnoab3oBaHueM ¢yHkuux Needs, 4To mcxaovaer nosrop-
HOe NMoArpyXeHue nporpamMM. SIBHOe yka3aHHe HMOOPTHDYeMbIX
nporpaMM NOMHEMO ,,npouano,qc'faeuﬂoﬁ“ HeO6XO HMOCTH SBIACTCS
NPH3HAKOM XOpOIUero CTHAA NPOrpaMMHDOBaHHA, TaK KaK JelaeT
BCe B3aMMO3aBHCHMOCTH NPOrpaMM ABHLIMH H JIeI'KO IPOCIeXnBae-
mMuMH. TeM He MeHee YKa3aHHHH coCO6 BHI3OBA BCIOMOraTeNbHRIX
MMIOPTHPYEMEIX NaKeTOB He Bcerja yxoben. On uMeeT TO nocaen-
CTBHE, YTO KOHTEKCTH! BCIOMOTaTelbHHX NporpaMM 6yayT HaXo-
AUTHCA Ha KOHTEKCTHOH [OpOXKe, ClefOBaTelbHO, Bce YHKUKH
HMIOOPTHPYEMHIX I1aKeTOB, a He TOJALKO Heo6XoAUMEle Aas paboTh
nporpaMMhl 6yyT JOCTYNHL NOJAL30BATEN0. ITH QYHKIHH MOT'YT
3aTeHATb (DYHKUHH, ONpejeleHHHE MOAb3IOBATENeM JO NOATPY3-
KM nporpaMMmul. HabexaTh 3TOro MOXHO, €CIH MMIOPTHpPYEMHE
NaKeThl BH3LIBATh ABHLIM yKa3aHHEM HX KOHTEKCTOB B KOMaHJe
Needs, nocrabienHo#t cpa3y nocre koMauZn BeginPackage. B
3TOM CJy4ae KOHTEKCTH HMIOPTHPYEMEIX MPOorpaMM He OCTAHYTCH
Ha KOHTEKCTHOH AOpOXKe M0CIe NOATPYIKHE NPOrPaMMKL, a HCIOAb-
3yeMmule GPYHKIOHUH dTHX IpOrpaMM CTaHYT JOCTYNHH! TOAbKO O HX
HOMNHKIM CHMBOJAM.

YnpaxHeHus

1. IycTs B Havane ceccum 6Lino gaHo onpegererme f[x.]:=2"x. 3areM BH-
monHexa xomarza Begin[”a'"] u zano onpejpenenne gix_]:=3~x. Kaxos
6ypeT peayasmam Buancienns supaxenna {f[2], g[2]}? Kaxos Syaet pe-
3YAbMAM BEIYUCACHMA TOrO K€ BHPaXEHUA, €CIH BEPHYTHCA K KOHTEKCTY
Global'? Byzer mu monyden peaymsTar {4,9}, ecim mocre sToro BRMH-
ClleHHMA TIOMEeCTUThL KOHTEKCT a' Ha KOHTeKCTHY1o Xopoxky? Ymo HyxHO
cdesamb, yTo6H onpejereHne Aax g paboTano?

2. B Hagane ceccHm CMMBOJNY z OPHCBOEHO 3HAYEHMe 5, a 3aTeM BHIIOJHEHA
xomarga Begin["a'”}; 2=7. Kaxoeu GyAyT peayabmamul BRYMCICHMN
BHPaXeHUH z 1 a‘z”

3. NpeanonoxumM, YTO HEKOEMY IONH30BATENIO NOTPEe6OBANOCh ONPEAEAMTDH
dymamio strange‘Sin, npmmuManouyo 3HaveHme 2 JAA BCeX 3HaYeHHH
apryMeHTa, ¥ OH CAeNal 3TO, HAIMCAB TaKeT:
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(* Crpanumii crmyc *)
BeginPackage["strange' "]

Sin:: usage = "Sin(x] is unusual function”
Unprotect {Sin}

Begin [* ‘Private* "]

Sin [x] := 2

End[]

Protect[Sin]

EndPackage]]

Kakne peayasTaTsl facT Bumcienne sBupaxenmi Sin[x] n strange‘Sin[x]
mocne MOJArpy3KH KOHTekcTa strange'? O6vacxume, MOMEMY IIOJYYHIHMCD
MMEHHO 3TH OTBETH.

B ynpaxnemuax x raasam 6 U 7 6H/m onpejieeHN KOMOGWHATOPDHEE QYHK-
mm subsets, ksubsets, cnt, changeto. Hanuwume nakeT ¢ KoHTexcTOM
combin', B KOTOpOM ompefensioTcsa paccMaTpusaeMue ¢ynxkipm. Tem
caMuM 3TH GYHKIDM SynyT BCerga AOCTYNHH BaM IOCHe MOACPY3KH KOH-
TekcTa combin'.



I'masa 10
BBO/JA Y BbIBO/J TAHHBIX

B 5Toit rrare 6yAyT pacCMOTpEHBI BOMPOCH, XapaKTEpH3YIOIIHe
yMaTeMaTHKy“ Kak KOMILIOTEPHYIO Cpelly, B KOTOPOH BO3MOXHO
He TOJbKO NPOBOAUTH H30JMPOBaHHKIe CHMBOJAbHEE, IpapuiecKHe
M YHCJHeHHHE PAacYeThl, HO H OCYIIECTBAATh CTPYKTYPHPOBaHHHIH
o6MeH XaHHKIMH C JPYTHMM COCTAaBAfIOUMIMMH NPOrpPaMMHOro, Ma-
TEeMaTH4eCKOr0 B HHGOPMALHOHHOrO o6GecnevyeHus UCCAeTOBAHHUMN.
K coxanennio, 3a paMKkaMi JaHHOW KHUTH OCTaHYTCA BCE CeTeBhIe
npobieMhl, BKIOYaI0lKe B3aUMOJeACTBIE K O6MeH JaHHKIMHA Yepe3
Wureprer. O6¢yxaeHue ITHX BONPOCOB BKAIOYALT H3yYeHUE A3hI-
ka MathLink, Ha x0TOpOM HPOHCXOZUT B3aHMOJZEHCTBHE MEXZIY
HHTepgeHcoM H BRIYHCAATEAbHRIM AJpoM  MaTtemaTrku“ B Bepcu-
ax nox Windows, cregyomwnx 3a 2.2.1. MathLink, B wacTHOCTH,
obecneunBaeT , pasfelbHoe” GYHKIHOHHDOBAHME AAPa H HHTEp-
¢deiica, 4TO ¥ ABAAETCA NPEAMOCHLLIKON CETEBOr'0 B3aHMOJAEHCTBHUA
NOAb30BaTeNs ¥ BHYHUCIHTEAbHOro cepBepa. OHako B HacToOfAllee
BpeMsa COOTBETCTBYIOLIKI MaTepHat peJCTaBAfETCA aBTOPY HeJo-
CTATOYHO CHCTEMATH3HPOBAHHBLIM M OCBELEHHHM B CllelHalbHOM
JAHTepaType, YTo6k ero NpUBOAHTH B PYKOBOACTBE AJA HaiHHAIO-
LINX NoAL30oBaTeNeH.

10.1. BBoj ¥ 3anuch AaHHBIX B Gananl

ONeKTPOHHKIe 3alUCHbE KHUXKKH NPeACTaBAAIOT co60#l JoCTaTOY-
HO YJOOGHHIM HHCTPYMEHT COXpPaHEHHA pe3ayJbTaTOB BHYHCICHHH
Mex gy ceccuamu ,Maremaruku“. Ilox pesyibraTamm 3fgech no-
HUMAIOTCA TaKXe JaHHLE NOJb30BaTeNeM ONpeJeNeHls ¥ NpaBHiIa
npeo6pa3oBannii. MX MOXHO NEpeHOCHTh H3 ONHOH JalHCHOH
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KHH)KKH B JDYryio ¢ nomollubio konupopahus u cpeiactBa Clip-
board. Kpome Toro, opopMuB Hagrexamnm o6pa3oM NporpaMmmy
C ompejeleHHAMH, HX MOXHO 6e3 HexelaTelbHLIX NOCHAEACTBUH
NOATPYXKaTh O Mepe BO3HHKHOBEHHA HeOGXOAMMOCTH C IOMOLILIO
koMaB] Get u Needs, kak 370 06cyXAa10Ch B IpeAH AylleH IaaBe.
Ecan BHXOZHBIE A4€fKH COLEPXKAT Pe3yNbTATH AAHTENLHKIX BHYH-
CleHHH, TO, cgenas ux ¢ nomoubio Cell Formatted u Cell Active
HCNOJHAEMEIMH, MOXXHO H36aBHTBCA OT HEO6X0ZHMOCTH NOBTOPATD
pacyYeTH, CAeNaHHbIEe B NpeARAYIHE CECCHH.

Ecan neo6xognMo BBeCTH JZaHHHIE H3 (allOB, CO3JaHHHX BHe
,MaTemaTHKH ", TO NONE3IHO NpELBAPHTENBHO COCTABHTH XOTA GHI
ofluee BneYaT/eHHe O TOM, KaK NpelCTaBIEHH JaHHhWE B JTHX
dainax. ITO MOXHO cAellaTh ¢ NOMOILIO KOMAH Akl

filename

rae filename — uma ¢aina. Ilocre BhNONHEHHS ITOH KOMaH[Ib
Ha 9KpaHe GyleT mpejcTaBieHo cojepxkaHue daina. JomycTum,
4TO UHPPOBHE JaHHKHe 3anucaHul B daine filel.val B cregyomem
BHJE:

filel.val
5137
283

27 -110

Ecau nonulTaThcs NOArPYSHTH ITOT (pailil C NOMOLILIO KOMAaHJhI
Get, TO MH NONYYHM CAEAYIOLIHA Pe3yabTarT:

<< filel.val
17

HJeno B ToM, 4T0 KoMaHla Get, npefHa’HaveHHad JJf BBOJA BHI-
pPaXKeHHH, TPakKTyeT KaXXAyl0 CTPOYKY paccMaTpuBaeMoro daiia
KaK UelocTHoe Bupaxenne ,MaremaTnkn“, 3anncannoe BO BXoJA-
HOM ¢opMaTe, KOTOpOe IIoCTe ero NpoYTeRus BuincAseTcH. [Ipu
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3TOM Ha dKpaH BhIBOJHUTCH pe3yAbTaT BHIYHCICHHSA NMOCAEJHETO BhHI-
paXkeHHd, BocnpuHaToro kak Plus[27, Times[-1,10]].

Jna 9Tenns JaHHWIX H3 GalJIOB CledyeT NOAb3OBATHCA QYHK-
nueit ReadList, nepBniM aprymMeHTOM KOTOpPOH ABASETCA CTPOKa
c uMeHeM ¢paiia, a OCTalbHEE apryMeHTH ONUHOHadbHHE. Ecan
BOCNIOAB30BAThCA 3TOH pyHKUHeH 6e3 ABHOTO yKa’aHHA ONUHH, TO
npujieM K pe3yabTaTy

ReadList["filel.val”]
{455, 48, 17}

Takum 06pa3oM, ¥ B 3TOM clydae Ka)kJasf CTPO4Ka ¢ailia BOCHpH-
HATa Kak BuIpaxkenne ,MareMaTuxn“, HO pe3yIbTaTH BLIYHCIEHHSA
KaXXI0ro BuipaX<eHHA MoMemieHnl B cnucok. OnmuoHalbHLE apry-
meHTH ¢yHkuud ReadList npegHasHaYeHHl [If ONHCAHHA THIOB
CYMTHIBAEMHIX JaHHEIX.

ReadList["filel.val”, Number]
(5,13,7,2,8,3,27,~1,10}

Ecnu gaHHbe ¢aiija pacCMATPHBAIOTCA KaK CTPOKHA 3 X 3-MaTpPHIH,
TO HYXHO BOCHO.Jb30BaTbca onuneil RecordLists — True, koropas
10 YMOJYaHHIO yCTaHoBAeHa Ha False.

ReadList["filel.val”,Number, RecordLists — True]
{{5,13,7}, {2,8,3}, {27,-1,10}}

MoxHo HZOGHTRLCA TOrO Xe pe3yibTaTa C NOMOLIbI0O KOMaHIN

ReadList[’filel.val”,{Number, Number, Number}]
{{5,13,7}, {2,8,3}, {27,-1,10}}

[ocreguni cnoco6 Mo3BOASET NepecTPYKTYpHpoBaTh JaHHHeE. Ha-
npuMep, AAf TOro YTOGH CrpynnupoBaTh JaHHHE B NapH, JOCTa-
TOYHO BHINOAHHTH KOMaHJY:
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ReadList{"filel.val”, {Number, Number}]
{{5,13}, {7’2}a {813}) {27’._1}’ {10,EndOfF‘ll€}}

OxHako paccMaTpHBaeMhIH CNIOCO6 HeNPHMEHHM, CIH JAHHA CTPO-
4eK B (paie HEOZHHAKOBA.

'file2.val
1.7 3.14
67 2.3F ~ 01 6.2225

ReadList["file2.val”,Number, RecordLists — True)
{{1.7,3.14}, {67,0.23,6.2225}}

IIpu aToM cnocobe YTeHHA COXpaHEHa CTPYKTYpa JaHHBIX B ¢ai-
ae. Kpome Toro, BuAHO, 4TO YHCIOBhIe JaHHHe B (daije MOryT
6HITH NpejCTaBleHH B Tak Ha3nBaeMoWd , HaydHOH“ dopMme, T.e. C
yKa3aHHeM MaHTHCCH M [OpAJTKa YHCeN. :

KpoMe 4ucen B paitne ¢ JaHHEIMH MOTYT HaXOZHTLCA H APYrHe
06'bEeKTH, HAlPHMEP CHMBOJHI.

!'file3.val

pointl 000
point2 001
point3 110

JlanHuie 3TOro ¢aiita MOTYT 6GHITh CYHTAHKL C TOMOIILIO YKa3aHHA
creaywowax onurit 8 komange ReadList.

data = ReadList["file3.val”,
{Word, Number, Number, Ntimber}]
{{point1,0,0,0}, {point2,0,0,1}, {point3,1,1,0}}

Cnenucdukanus TENa JaHHKX Word npejnoraraeT, 4To NpH
CYHTHIBAHMM CHMBOJALHEIE JaHHEE OTO6Pa)KalOTCH B CTPOKH.

Head[data[[1,1]]]
String
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Taxum 06pa3oM, d1eMeHTaMH MaTPHUL, NOJYy4YeHHOH NIpH YTEHHH
daitna filed.val, ABAflOTCH KaK CTPOKH, TaK H yucla. Ecam Tpe-
6yeTcs cTpokH "pointl” W T.n. TPakKTOBaTh KaK CHMBOJBI, TO
3TO MOXHO clenaTh npu nomom ¢pyrxurn ToExpression, koTo-
paf KakK pa3 H npeobpa3yeT CBOH apryMeHT-CTPOKY B BhIpakeHHe
,MaTemaTHkn".

datal = MapAt[ToExpression[#]&,data,
Table[{i, 1}, {i, 3}])

Head[data1[[1,1]]]

Symbol

K coxanenuwo, y pynkuun ReadList He cymecTsyeT onuni, KOTO-
phle MO3BONHAHN 6Hl HANPAMYIO CYHTHIBATL YHCIOBHE JaRHLIE, ECIH
B HCXOAHOM (ailie OHY OTJHeNeHH APYr OT Apyra He npoberamu, a
sanaThiMHE. OJHako MOArPy3Ka TaKMM O06pa3oM CTPYKTYpPHPOBaH-
HEIX AaHHBIX BO3MOXHa, IpHYeM HECKOJALKHMH CIOCOGaMH.

'file4.val
1,2,3
4,5,6

B naHHOM ciy4ae MOXHO MOCTYNHMThH clrexylouuMm obpasom:

data2 = ReadList["file4.val”, {Number, Character}]
{{1)’}7 {2’7}1 {3,}’ {4),}7 {5’1}’ {67EndOfFile}}

[laHHBIe CIHTANUCHL apaMH, Ha NEPBOM MeCTe Y KOTOPHX Hy>KHHIe
YHCla, CONPOBOXJaeMhle JaNATHIMH, 2HakoM “\n” mnepexoga Ha
HOBYIO CTPOKY H CHMBOJOM OKOHYaHU# ¢ailna. WM3piaedeHue ducen
C COXpaHeHHEM MaTPHYHOH CTPYKTYPH TeNepb He NpPeACTaBIAfET

TPy XAa.

data3 = Partition[First/@data2, 3]
{{1,2,3}, {4,5,6}}
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CaMblit O6LIMA, XOTA M BeCbMa TPYAOEMKHH cNoco6 M3BIeYEeHHA
HYXXHHIX ZaHHEIX H3 ¢aiia, — ITO BOCHOAB30BATHCA (BYHKIHEH
Read, xoTopas noarpyxaet u3 daiia N0CIeJ0BATEILHO BRIpaXKe-
HHe 3a BhIpaxkeHHeM. ECIH npH 3TOM 4TO-TO HYXHO NpPOMYCTHTh,
TO ciaexyeT npuberuyTh K pyHkuun Skip.

'file5.val
first 1 second 100
last 300

Yro6u H3BAeYb K3 (adsa TOALKO HHCAR, OTKPHIBaeM O6DBEeKT
,MaTeMaTHKH“, KOTOpHIH Ha3HIBaeTCA , BXOZHOH MOTOK “.

stream = OpenRead|[”file5.val”]
InputStream|[file5.val,31]

ﬂa.nee BRHINIOJIHAEM NOCJAEeN0OBATEABHOCTh KOMaHg:

Skip[stream, Word]

nl = Read[stream, Number];
Skip[stream, Word]

n2 = Read[stream, Number];
Skip[stream, Word]

n3 = Read[stream, Number};
Close[stream]

H3BieyeHHEE TaKUM 06p3.30M YHCJa MOXKHO 3aT€eM NOMECTHTHL B
CIIHCOK:

1={n1,n2,n3}
{1, 100, 300}

3anuch JaHHHX B ¢daianl B ,MaremaTnke® He cToab rubka, Kak
yreHHe 3 ¢annon. [ag 3anmucH BhIpaxkeHHH B (aHiabl ClIyXKaT
komanau Put, PutAppend u Save. Komanza Put[expr,”file”],



10.1. BBog H 3anuch JaHHHX B arin 215

HIH BO BXOZHOM cdopMaTe expr >> file, 3anucuBaeT BupaxeHue
expr B daia file.

a=x"24y"3;
a >> file6.val
'file6.val
z°2+4+y~3

Ecan ¢panx file6.val cogepxan kakyio-1u60 Zpyryio HEpOpMaLHio,
TO OHa NPH 3ANHCH BHIPaXKeHHA & 3aTHpaeTcd. ITOGH 3TOro He
IPOM30LLIO0, cllelyeT BOCIONb30BaThcA ¢yHkuned Put Append.

b = Sin[x +y];
b >>> file6.val
I'file6.val
z~24+y~3

Sin[z +y]

Komanga Save mo3BoaseT COXpaHUTH B ¢aiine npaBHIa npeobpa-
30BaHHH, aCCOUMUPOBAHHMLIE C CHMBOJOM HJH F'PYNNOH CHMBOJOB.

flil=1; fix):=x/;x>0; f[x]:=-x/;x<0
Save["file7.val”,f]

!'file7.val

fMy=1

flz]:=z/;2>0

flz)i=-2/;2<0

OPynkuus WriteString ucnonbayeTca 414 3alHCH CTPOK B dai-
aul. Mcrnoapaobande 3TOH GYHKUMH NpeAnonaraeT NpeiBapuTeNb-
HOe OTKPhITHE , BEIXOJHOI'O NOTOKa".

stream = OpenWrite[file8.val”]
OutputStream/[file8.val,)
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3aMeTHM, YTO NMpejBapHUTenbHOE CyllecTBOBanue daina file8.val
He npejnonaraercd, oH co3faerca pynkuner OpenWrite. Pac-
CMOTpPHM NpHMED, I'je TpeGyeTca COXpPAaHHTh MATPHIY

m = {{1,2}, {a,b}};
IIpesBapuTenbHO KOHBEPTHPYEM €€ B CTPOKY CJIEAYIOUIEro BUIa:

mstring = ToString[TableForm[m,
TableSpacing — {0,1}]]

12

ab

U JaNHCHBaeM msiring:

WriteString[stream, mstring]
Close([stream];

!'file8.val

12

ab

10.2. O6MeH AaHHLEIMHU C JPYTMMH NporpaMMaMu

B ,MaremaTnke“ npefycMOTpeHH CpelCTBa, NO3BOJAIONIHE OT-
¢ opMaTHPOBaTh BHIDAXKeHHA TaK, YTOGH OHHM CTalu Henocpeg-
CTBEHHO JOCTYNMHLIMH IaA Takux nporpamM, kak TeX, C u Fortran.
CooTtsercrayiomumn dynknnamu asagiorci TeXForm, CForm
# FortranForm. Hx ciregyeT mpuMeHHTH K TOMY BHIpaXXeHHIO,
KOTOpOe BH XOTHTE 3alMCaTh B Gala A1f 06pabOTKM HYXHBIMH
nporpaMMaMH.

1= {c,d}"2/3

¢z d?
(<%
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Itex = TeXForm{l]
\M{ {{c~2} \over 3}, {{d"2} \over 3} \}

Bripaxkenne ltex MoxHo 3anucaTh ua¥ JO6aBHTH B COOTBETCTBY-
Iowui dain

Itex >>> file9.tex

A nocie obpaboTku TpaHcisTopoM TeX’a MOAy4YHTH B TeKCTe
¢opMyy B TOM BHJAe, KaK OHa NpejCTaBleHa Ha dKpaHe (B
RaHHOM ciydae). [TocMOTpuM Tenepb, KaK BHIMVIA KT BRIYHCICHHOE
BupaxeHnue |1 8 C- u Fortran-gopmarax.

lc = CForm[l]
List(Power(c,2)/3, Power(d,2)/3)

Hortran = FortranForm(l]
List(c*%2/3, d*%2/3)

Bripaxenus lc u lfortran MoXXHO MOMECTHTH B COOTBETCTBYIOIIKE
C- uau Fortran-gainnr.

Euwe ogna MHTepecHas BO3MOXXHOCTb B3auMojeidcTBus ,Mare-
MaTHKH“ M pacCMaTPHBAaeMHIX NPOrpaMM NpPeJOCTABAAETCE PYHK-
uueir Splice. MoxHo B daitnbi, cofepxaliie IPOrpaMMhEI Ha A3hI-
kax C nag Fortran, a Takxke B TeX-¢daisul BCTaBAATH BRIpaskeHUS
,MaTeMaTHKH", OrpaHHYHBAd HX CI€Ba U CIPaBa C NOMOIIBIO 3Ha-
KOB < %, * >, H HCHOJb3OBaTh ,MareMaTuky® 14 Toro, YTo6h
BHIYHCIUTH BCTaBleHHOE BhIpa)KeHHe W MOMECTHTb pPe3yabTaT Ha
MeCTO HCXOZHOro BupaXeHuf. [las 3TOro Hy>XXHO IPOrpaMMmy, Co-
AeprKalllylo BeIpaxkeHus , MaremaTuku“, nomecTuTh B daika ¢ pac-
wupenreM mc, mf uid mtex B 06pa6oTaTh 3TOT Gaid C NOMOIIBIO
¢yuknun Splice, T.e. BuuncauThL Bupaxenue Splice[”file.mx”].
O6pabGoTranHas nporpaMma 6yfeT noMemieHa B (aild c HMeHeM
file.z, rae z crouT BMecTO ¢, f mau tex. Bor cooTeercTBylO-
muit npumep Fortran-nporpaMMuel cO BCTaBJE€HHHM  BhIpaKeHHEM
»MaTeMaTHKH“.
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'fort.mf

ezample

real z,y

z=1.

y =< *Integrate[z®/(z* +1),z]* >
write(*,*)y

stop end

Splice[”fort.mf”];

l'"fort.f

ezample

real z,y

z=1.

y=z%%3/3—ArcTan((-Sqrt(2)+2%z)/Sqrt(2))/(2xSqrt(2)) -
ArcTan((Sqrt(2)+2xx)/Sqrt(2))/(2*Sqrt(2)) -
Log(1—-Sqgrt(2)xz+z%+2)/(4%Sqrt(2))+
Log(1+Sqrt(2)xz+z+*2)/(4%xSqrt(2))

write(*,*)y

stop

end

10.3. ®opMmaTHpOBaHUEe BRIXOJHLIX fAdeeK

B nepmo#l riaBe MH paccMaTpMBal# TPH (opMaTa BhIpaKeHHH
,MaTeMaTdkK“: BXOJHOH, B KOTOPOM BhHIpaXKeHHe 3aNHCHLIBaET-
cfi B OJHY CTPOYKY C HCIOJb3OBaHHEM, eClu YyA06HO, mpedukc-
HOM, HHOHUKCHOH M nocTUKCcHOH dopM ¢dynknui ,MaremarTnkn“,
BHYTPEeHHHHA M BHIXOJAHOH, 3HaYHTeAbHO Golee, YeM BXOZHOM NpH-
6aMKalOMACA K OGHIYHOH (hOpMe MaTeMaTHYeCKMX BEIPaKeHHH.
3aece MH 06CYAMM pad3IH4YHble NPHEMBEI, O3BOAIOIIKE YCTaHABAN-
BaTh ClelHaIbHbIe BHIXOJHEIE POPMATH Pe3y bTATOB BLIYHCIEHHH,
T.e. POPMATH BHIXOAHHX fideek. OTMeTHM, YTO BLIMHCIfIOLIEe
aapo ,MaremaTukn“ MMeeT JeNo TOABKO CO BHYTpPeHHeH, HJH
noaHoH, GopMOR BHIpaXKeHHMH, TaKkol, kKak OHa MOXeT GHThb Nnpej-
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crasiaera ¢pyuknued FullForm. CaregoBaTenbno, popmaTupoBanue
BRIXOJHKEIX JaHHBIX HHKaK He BAMAET Ha XOX H Pe3yJbTATH BHYH-
CIeHHH: OHO NMPUMEHAETCA K YXKe FOTOBOMY pe3yAbTaTy.

CylecTByI0T wiecTs CTaHJAPTHHX ¢opmaToB: InputForm,
OutputForm, CForm, FortranForm, TeXForm n TextForm — s
NpeJCTaBlIeHUA pe3yJIbTAaTOB Ha dKpaHe AUCIAes. Takum o6pasoM,
BHXOZHHX ()OPMATOB [ATh, B NEepPBOM ri1aBe MK OGLEIHHHIH B
OJHO [IOHATHE NATH PAINHYHHIX (POPMATOB, TPH H3 KOTOPHIX yXKe
6LIIE pacCMOTpeHH B NpefHAyHIeM naparpadge. J3aMeTHM, 4TO
pe3yabTaThi BRIYHCAEHHH MOTYT OHITH MPEJCTaBIEHHE B BHIXOJHOM
fAdeflKke ¥ BO BXOJHOM ¢opMmare. [Jad OTAeNbHOK fAYEHKH DTO XO-
- cruraercs ¢ nomousio Cell Formatted, ograko MOXHO yCTAHOBUTH
3TOT ¢dopMaT 4 Aad Bced 3anucHod kHmXKM. Crpoka “stdout®
€CTh HMS CIelHaJbHOr0 BEIXOJHOr'O “noToKa", 3ape3epBHPOBaHHO-
ro A1 gucnres. ITOT MOTOK HMeeT ONIlMM, 3HAYeHHA KOTOPHIX
MOXHO y3HATh OBBIYHKIM 06Pa3oM. '

Options[’stdout”)

{FormatType - OutputForm, PageWidth — 61,
PageHetight — 22, TotalWidth — Infinity,
TotalHeight — In finity,

StringConversion — $StringConversion}

[lepeonpenenus onumio FormatType ua InputForm, moayduum B
BHIXOJHHX A9eHKaX pe3ylbTaTH, NpelCTaBJAeHHhIe BO BXOJZHOM
¢opmare.

SetOptions[’stdout”, FormatType — InputForm];
Expand[(x + 2y)"2]
z°2+4xxxy+4xy-2

K rrno6anbHoMy H3MEHEHHIO BHIXOLHOT'O pOpMaTa NPHXOJUTCE NPH-
6eraTh JOBOAbHO pefko. I'opa3fio 4Hallle BO3HHKAET NOTPEe6HOCTD B
H3MEHEHHH CTaHJAapTHOro ¢opMaTa AAf OTAENbHHX BhIpa)XKeHHH
HIH KJaccoB BhpaxKenud. Hanpumep, yacTh nas Bce nepeMeHHbIe
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KakoH-TO QYHKIOEH YAOOGHO HHCATh B BHJe BEPXHHX HIM HHXKHHX
HHJIeKcoB (TeH30pHl); mepeMeHHLle, O KOTOPKIM 6epyTcs 4YacT-
HEle IPOU3BOJHLIE, TaKXKe YAO6HO NKCATh B BHJe HHIEKCOB M T.J.
[logo6s0 OwnValues, DownValues u UpValues, ¢ cumBoramu
MOXHO accouunpoBaTh FormatValues. DTa acconuaunus ocyuue-
crBasercd ¢yskuuei Format.

IIpeanonoxuM, 4To f ecTh 3arojJ0BoK GYHKIHH C HeonpeeneH-
HBIM YHCJIOM 2pryMeHTOB, H, YTOOL! He 3arpPOMOXJaTh dKPaH, Mh
XoTead GH He MevYaTaTh apryMeHTOB QYHKIHME f, eCIH MX YHCJIO
IpeBOCXOAHT ABa. Torja MH MOXeM clefyloliuM o6pa3oM OT-
¢pOpMaTHPOBaTh NPeJCTaBJeHHe BLIPa)KeHHA C 3aroJoBKoM [ Ha
-JKpaHe:

Format|f{x__]} :==f/; Length[{x}] > 2
fix,y,z,w]

f

% // FullForm

f[z7 y? Z’ w]

fx,y]
flz,y]

Format Values{f]
Literal(f[z -_]):> f/; Length[{z}] > 2

Kax noxashiBaeT pe3yabTaT, MOAYYeHHHH NPH BLHIYHCICHHH BHI-
paxeuus % // FullForm, ¢opMaTHpoBalue BIHSeT TOIBKO Ha
rpacduyeckoe npejcTaBIeHHEe BHpaXkKeHHA Ha dKpaHe, HO He BJAHAET
Ha 3HayeHHe BHIYHCAEHHOrO BhIpaXkeHHsA. Eciu Bo3HEHKaeT Heo6Xo-
AHUMOCTb OTMEHHTh BBeJeHHHH ¢opMaT, To clelyeT NpHGErHyThb K
komanjge FormatValues(f] = .

IIpa ¢opMaTHPOBAHHH OTJHEALHHIX BHIpPaXKeHHH HJIH KJIacCOB
BHIpaXKeHHH oYeHb yAo6HH ¢ynkuus StringForm u Sequence-
Form. Byayux 3nauerunem ¢pyukuus Format, Bupaxkenue
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StringForm[”stringl‘ ‘string2‘‘...,exprl,expr2,.. J

rge stringl, string2 W T.5. NOCIEZOBAaTENILHOCTH CHMBOJOB,
KOTOphie MOTYT BKJII09aTh NpoGetkl, 3HaKH \7 Nepexoia Ba HOBYIO
CTPOYKY B JApyrue 3Hakd (OPMATHPOBaHHA, a MexJIy 3HaKaMH
¢ BCTABJAAIOTCA BHIYHCIEHHLIE 3HAYEHHA BHIpaXXeHHH ezrprl, erpr2
H T.I.

Format(f(x __]] := StringForm[”‘ ‘[ ‘arguments]”, f,
Length[{x}]]/; Length{{x}] >3

fix,y,z,u,v,wj

fl6 arguments]

Ecan supaxenne SequenceForm[exprl,expr2,..] sBagercs
3HaYeHHeM ¢yHkuun Format, To B BHXOJHOH fidelike COOT-
BETCTByIOIllee BHpa)keHHe, ABIAIOUIeecs apryMeHTOM (YHKIHH
Format, 6yzer npeacTaBieHO KaK KOHKATeHAalMs BHIYHCAEHHBIX
BhIDakeHHH exprl, expr2 u T.x.

SequenceForm[a,b+1,c]
al+bc

Ilp¥ npoBejeHMH MaTeMaTHYECKHX pacYeTOB NpHMeHeHHe QYHK-
unu SequenceForm 3>¢ddexTHBHO B codeTaHHHM ¢ (YHKUHAMH,
o6ecneYHBaIOLIMMH NPeJCTaBleRne JacTH apryMeHTOB KaK BepX-
HHX HIH HHXKHUX HHIEKCOB.

{Subscripted[f[x1,x2,x3], Subscripted[f[x1,x2,x3],2],
Subscripted|[f[x1,x2,x3],{1,2},{3}]]}
{fer,22,23) fo1,02(23), fr1,227°)

Kak BHAHO M3 NPHMEPOB, BhipaxKeHue
Subscripted[f[x1,x2,..],{n1,n2}, {m1,m2}]}

IpH BHYACAEHHH 3alHCHIBaeT apryMeHTH ¢yHkuun f c HoMepaMmu
oT nl A0 n2 Kak HHXHHe, a ¢ HOMepaM¥ OoT ml o m2 — kak
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BepxHHe HHAeKch. Pynknuu Subscript u Superscript oTculnaior
CBOH apryMeHTHl COOTBETCTBEHHO B HHXKHHE H BepXHHE MHJEKCHI.

{Subscript[a, b}, Supex;script[a, b]}
{abv ab}

IIpu dopMaTHpOBaHNM TEH3OpPOB nockefHHe PYHKIUU OCOGEHHO
YAOOHEI, TOCKONBLKY OHM YOHPAIOT 3aNn4Thie MeX1y NoCJefoBaTe b
HEIMH apryMeHTaMH.

Format[f[x1,x2,x3]] := SequenceForm]f,
Subscript[x1,x2], Superscript(x3]]
fx1,x2,x3]

fxlz2x3

B kadecTBe 6oJee CI0XKHOTO NpHMepa paccMOTpPHM ¢OpMaTHPO-
BaHHe YACTHHIX NMPOHM3BOAHLIX PYHKUHH TaKoe, YTO €CIAH NPOH3-
BOJHAA OT QYHKOUH BHIMHUCASETCH TOABKO B CHMBOJABHOM BHJE, TO
nepeMeHHbIe, 10 KOTOPHM BHIYHCIAAIOTCH NPOM3IBOAHKE, 3aNCRIBa-
IOTCH KaK HHXXHEe HHAeKCH. Hanpumep, Bhpakenue

zz = D[f[t,x,y],{t,2},x,y,x]
f@20[E,2,y)

JO/KHO OLITH NpeICTaBleHO HA dDKpaHe Kak

ftt:tzy[t)z!y]

YTOYHHM, 9TO TaK JOMKEH ORITh NpeJCTABAEHL JI0GLIe TPOU3BO-
HHE OT JIOGKX PYHKIHR OT IPOR3IBOJILHEIX apryMeHTOB.

Jlns peluenns 3ajayn HanuieMm ¢pynxunio preformat, koTopas,
6yay4Yd NPHMEHeHHOW K BhIDa)KeHHAM BHJA ZZ, CO3JaeT HyXHOe
npejcraBienne. Bocnoasayemcs TeM, To NoaHas ¢popMa zz HMeeT
BEJ

zz // FullForm
Derivative{2,2,1){ f)It, z, v}



10.3. dopMaTHpOBaHKE BHIXOJHWIX RYCEK 223

H OyleM H3BICKATb M3 3TOH NOJHOH (POPMH 6AOKH HCKOMOI'O
npeactaBienus. CHayala n3BiedeM apryMeHTH GYHKIHH:

za = List @Qzz
{t,z,y}

3ateM u3BiexkaeMm Hugekc (2,2,1):

zb = List @@ Head @ Head Q 2z
{2121 1}

C nomolubio BhIpaXKeHHH za K zb CKkOHCTpyHpyeM BCmoMoraTtelb-
HEIA CITECOK

zc = Transpose(za, zb]

{{t.2}, {=,2}, {y,1}}

HeOOXOIUMBEIH, YTO6H MOAYYHTh NOCREJOBATENLHOCTH apryMeH-
TOB, II0 KOTOPHIM BHIYHCAAETCH NPOU3BOJHANA, B BUje {tTTy.

zd = (cc = First[#]; cc& /QRange[Last[#])& /Qzc //
Flatten
{t.,t,z,z,y}

K xaxjgoMmy sreMeHTy cnucka zd MH BHOCIEICTBHHM NPHMEHHM
¢yukuuio Subscript, 4To6ul OHK CPOPMHPOBANK HHKHHA HHIEKC.
3aronoBoK ¢YHKUHH, NpPOU3BOJHAS KOTOPOH BLIYHCIAETCH, €CThb
3Ha4eHHe BRIPAXKEHHA

ze = First@HeadQzz
f

C nomousio SequenceForm nonyyaeM 3aroioBok oT$pOpMaTApPO-
BaHHOM NMPOU3BOAHOM:

zf = SequenceForm(ze, Sequence @@ Subscript /Qzd]

f ttzzy
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KOTODHIA NpHMEHsAeM K za:

zf QQza
fttxzy[ty T, y]

OdopMaseM nMpoMexKyTO4HbIE BEIYHCACHUA B BHAE QYHKIUHH:

preformat(z_/; Nest[Head,z,3] ===

"Derivative] := Module[{aa,ab,cc},
aa = Transpose[{List @@z, List @@ Head @ Head @z }};
ab = Subscript /@ (cc = First[#];
ccd /QRange[Last[]#])& /@zc // Flatten;ac =
SequenceForm[First @ Head @z,Sequence@Qab];
ac@QList QQz]

Hakownel, ¢opMaTHpyeM BCeBO3IMOXHHE POH3BOJHLIE:

Format|z: (Derivative[._][]{--])] := preformat[z]

IIpoBepuM, Kak paboTaeT ¢popMaTHPOBaHHE:

D{h[x,y],{x,3},y]
hzxa:y[z1 y]

YnpaxHeHus

1. [Iyctr B peaynbTaTe 3aHABIIEr0O MHOI'O BPEMEHM pACYeTa B BHIXOZHYIO
AYeiKy TNOMEIleH CIMCOK YWCICHHHX AanHHX. Kak Bocnoms3oBaThcH
uMH, He nosropsasa pacdera’ Caodesupylime 3Ty CHTyaiMio crepyio-
umM ob6pasom. OTkpoiTe 3AlMCHYI0 KHMKKY M BHMHMCINTE BHPpaXeHHe
Sin[Range[100]] // N. CoxpahuTe 3amMCHYI0 KHWXKY, HaYHUTE HOBYIO
ceccmio ,MaremaTukn” u BHOBB OTKpoifTe 3Ty 3amMcHYIo KHMXKY. IIpu-
CBOMTE CHMBOAY | 3HaYeHHe BHPAaXXeHHA B BHXOAHOHK A4elike, IpexBapn-
TelbHO H3MEHMB ee CBOMCTBA, M INPOBepbTE CHPABEJTMBOCTb PABEHCTBA
12 == 1 — Cos[Range[100]}*2 // N.
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2.

TpancnopTHaa KOMMaHMA MOJYYHIA CAECAYIOWIHM JOKYMEHT O KATErOpHAX
rPY30B ¥ paHOHAaX HX JOCTABKH:

Kareropus rpyaa 5 5 3 2 2 3
Panon gocrasku U1 R2 R1 R2 Ltv U2
Kareropus rpysa 5 4 3 1 2 5
Panon gocrasxu U2 R3 R3 U1 Uz R3

IIycTs sToT AOKyMeHT HaxoauTcA B (pamte transport.val. Beedume ganmuie
" A

u3 Hero B  MaremaTuky" u HapucydTe IUCTOIPaMMH ‘HCJa TPYy30B

KaX O KATErOPHM M YHMCJIA I'PY30B B KaXAHH PalOH JOCTABKH.

Onpedeaume BrxogHon dopMat Lin[z] nomsorapugmudecxon ¢ysxinm
PolyLog[n,z]. B srxogxou sieitke oHa A0JXHa 6HThH ITpeACTaBIEH2 B
3TOM BHfAE B TeX CIy4afAX, KOrja He BLINOJHACTCA €€ BHYACIEHME B ABHOM
BH e,

. Hycrs Tensop Puwrm R;;*' onpepenen ¢ymxmmen Riccili,j k1l Omdop-

samupytime 3Ty GYHKIMIO TaK, KAK OHa TPaJUIMOHHO IIMILETCA B KHUT'AX,
B YACTHOCTH B 3TOM.

Onpedeaume normieckyio oyuximio Implication(x,y], xoropas ana 6yre-
BHX T, Y NPDHHMMAaeT 3HadeHue True, 3a McxiodendeM cay4dad z = True,
y = False. Coadatime BHxoaHOKM dOpMAT, TAKOH, YTOOH B clydasx, KOrga
apryMeHTH He BHYMCIATCA Ha True wm False, B BmxoJHOH fA4eiike co-
AepKanoch 6u BRHIpaXkeHHE T — Y C BHMCIEHHEMH T B y. Buiscnume, Kax
6yaeT HpexCTaBjeH Pe3yibTaT BRIYHMCICHNA BRIDaXeHHA

Implication[LogicalExpand{aj|!a], True}
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TnaBa 2

1. O6o3HaumM dYepea a MHOrOWIeH B JEBOH YaCTH YPABHEHMA M JelaeM
[0CIeJOBATEALHOCTE [IPe06pa3soBaHUM:

b=a/z? /[ Apart,
c=b/.(1/z > y—=z) // Expand,
d=c/.(1/z* - y* —2* - 2),
s = Solve[d == 0,y],
szl = Solve[z +1/z ==y /. s[[1,1]], 7],
'sz2 = Solve[z + 1/z ==y/.3[[2,1]},z]
2. lpnmennTre Factor.
3. Haitaure CoefficientList muorounena z? + y? + z% — (az + by + c2)(Az +

By + Cz) // Expand ¥ peumre c nomoumpio Solve cooTBeTcTBYMOLIYIO
CHCTeMY yDaBHEHUH.

4. Ilyctb int = Integrate[1/(2+ Cos{z]),z]. Hapucyiire rpadux int Ha
oTpe3ke oT —27 o 27 ¢ noMoumo GyHkimu Plot.

5. Ilycts e = zy~3 — (z + 1)~2y + 3 == 0, rorga ez = Dte,z] apagerca
JIMHENHHIM ypaBHeHHeM oTHocHTenbHo Dtly, ], a erz = Dtex, z] muueinnm
ypaBHenueM oTHocuremsHo Dtly,{z,2}]. Paspewas er oTHocuTeanHO
Dtly, z) u nogcrasaaa z =0, y = 3, naxoauM, uro y'(z) = 21. Ua Broporo
ypaBHeHus monydaem y' (z) = 1044.

6. Ilycty € = 2~5 — 2 4+ y~2 272 — 1 == 0, Torza ez = Dt[e,z,Constants —
{y}] sBaseTca mMHelHNM ypaBHenMeM oTHocuTenbHO Dtfz,z,Constants —
{y}], orxysa maxoguM, uto z:(0,0) = Solvelez, Dt[z, z, Constants —
{y[1.1,2)}/. {z = 0,y = 0,z & 1} = 1/5. AHanorm4Ho HaxoguM, 4TO
2,(0,0) = 0.

7. Pucyem 3ajaHnble KpMBHE, BHYUCIAA BHpaXeHHe

ImplicitPlot{{4y~2 == (x — 1)~5,y~2 == x},{x,0,3}].
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Haxoaum, 4To abcimcca TOYEK HepecedeHMs KPHBRIX NPUGIMKEHHO paB-
Ha 2.5. VYTounseMm ee 3HayeHMe o c moMoubio ysximm FindRoot:
zo = 2.59701. O6o3navan Sgrt[l+ D[1/2(zx —1)~(5/2),z]~2}], prrmcmiem
NIntegratell,{z,1,2.59701}] # nony4aeM AMMHY IMOJOBMHLL AyTH, PaBHYIO
2.43193.

T'nasa 3

3.
5.

ImplicitPlot

O HO U3 BO3MOXHKNX PeLIeHux:

hyp = Table[ParametricPlot{{Cosh{u]Cos(t], Sinh[u]Sin[t}}, {u, - 1,1},
PlotRange — {{-1.2,1.2},{~1,1}}, AspectRatio —

Automatic], {t,0.1,Pi+0.1,0.2Pi}};

ellip = Table[ParametricPlot[{ Cosh[u]Cos|[t], Sinh[u]Sin[t}}, {t,0,2Pi},
AspectRatio — Automatic, PlotRange —
{{-1.2,1.2},{-1,1}}],{u,0.1,0.5,0.1}};

Show hyp, ellip];

6. Ilpumep: Show{Graphics3D[MoebiusStrip([]}}, Boxed — False];
7. Tpumep: Show([Polyhedron[Greatlcosahedron], Boxed — False]

. Show{[Graphics[Line{{{2,0},{0,0}, {0,2},{2,2},{2,0},{0,2},{1,3},

{2,2},{0,0}}]], AspectRatio —+ Automatic]

Tnapa 4

1.

W 0 3 S vk W

13 = Last[Transpose[Partition{], 3]},
Deletefl, Table[{3i}, {1, Length[1]/3}]]

. Delete[l, Position(l,0]]

. Plus@@Selectl, Negative]

. Plus@@ (1~2)/Length[l]

. Min[Abs{l]]

. Position[l, First{Select[l, Negative]j]

. Or@@PrimeQ /@l

. Transpose{lnsert]Transpose[m],], k]]
. Tablefj~2,{1,0,4},{j,0,i}]
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10. Cuayasa nopoxjaeMm CIHCOK

t = Table[{2 Random[Integer] — 1,2 Random|[Integer] ~ 1}, {i, 20}],
3aTeM U3 t monxydaeM
m = FoldList[Plus,0,t] // Rest
11. Det[Outer[D, {x+y~3,x~2-y~2—-y},{x,y}]/. {x 20,y 50} = -1
12. Outer{D,{x y +z},{x,y,z}] // First = {y,x,1}
13. Inner{D,{ﬂx,Y,Z]»E[X,Y,Z],h[xy%z]}v{X:Y'Z}]
14. Inner[Rule,]l,m,List] wm Thread[Rule[l, m]]
15. Thread[Equal[m.1,1]]

T'naBa 5

1. perfectQ[x.] := Apply[Plus, Divisors[x]j === 2 x

2. CardDeck = Flatten[Outer{List, {s,c,h,d}, Join[{A,K,D, J},
Range(7,10]]], 1]

3. perfectshuffie[x-,n_] := Nest[Flatten[Transpose[Partition{#, 16]], 1}&, x,n]

4. deleterand[x_,n.] := Nest[Delete[#, Random[Integer, {1, Length[#]}]]&, x,n]

deal{z_] := Function[{x}, Apply{Complement[#1, #2]&,x]] /@

Partition[NestList{deleterand{#1, 8]&,2,4], 2,1}

tobase[n_,b_] := Fold[(10#1 + #2)&,0, IntegerDigits{n, b]]

Union[Select(l, Count(l, #] > 1&]]

Flatten[Position{l, #]& /@ Select[l, PrimeQ)], 2}

{#,Count[l,#]}& /@1 // Union

Outer[Dot, Array[w, 4], Array[w,4]]/. Thread[Array{w,4] = 1] =

{{4,10,3,11},{10,30,7,35},{3,7,5,1},{11,35,1,59}}

L B~ B

" 10. v = Last[l] — LinearSolve[Transpose[Delete[Transpose{Delete[gs, 4]], 4]],
Take[Last[gs], 3]] . Delete[l, 4]
I'naBa 6

1. N=1//{zou-e, {x.},v___} > {2,u,{0,x},v}/; Length{{x}] < 4
2. wronsk(l _List,t_Symbol] := Det[NestList[D[#, t]&,1, Length[l] — 1]]
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. Ognocrpounuk: ord[x_}:= Plus@@Head @ Head[x].

JlokamHule npasuna: ord[x_} := x /. Derivative[z _ _][][--] :> Plus[z]

. newton{f_,x0_,eps.] := ({z1,22} = {N[x0] — f{N[x0]])/f'[N[x0]],

N[x0]};{z1,22}/ /. {a-,b.} :> {a ~f[a]/f'[a),a} /; Abs[b — a] > eps

)
. crossproduct[u_List,v_List] /; Length[u] == 3 & & Length[v] ==3 :=

First{Reverse /@Minors{{u, v},2]]

. dirderiv{u.List,f.] /; Length{u] == 3 :=u .

Through[(Function[{r},D[#1,r]&] /@ {x,y,z}{f[x,y,z]]]

. decodel[l.List /; Depthf{l] == 3] := Flatten{l//.

{x-_.,{a_,k-Integer},y ...} :> {x, Table[a, {k}],y}]

. subsets[l.List] /; Lengthll} > 1 :=

Join[subsets[Rest[l]], Join[{First[l]}, #1) & /@subsets[Rest[l]]]
subsets{{x_}] := {{},{x}}

. ksubsets{l_List, (k_Integer)?Positive] /; Lengthl] >k && k> 1:=

Union[ksubsets[Rest[l], k), (Append[#, First[1])&) /@ksubsets[Rest(l], k — 1]]
ksubsets{l_,k.] /; Length[l] ==k := {1}
ksubsets[l_, 1] := {#} & /@l

I'naBa 7
1. fact[n.] := Module[{s}, If{Head{n] === Integer & & Positive[n],
s = 1;Do[s = s #1i, {i,n}];s, Print{”the argument is not a positive integer”]]]
2. fib[n.]) := Module[{r,s}, If[Head[n] === Integer & & Positive[n],

r = 1;s = 0;Do[{r,s} = {r + s,r},{n — 1}};r,
Print{”the argument is not a positive integer”}]]]

3. numberofprimes{n_] := Module[{s = 1}, While[Prime[s] <=n,s =s +1};s — 1]

. cnt{l List] := Module[{l1 = Unionfl]}, Do[For[i = 1;s[j} =0,i <=

Lengthfl),i + -+, IU{{l] === 11{Gf}sfj] = s{j] + 1]}, {i, Length{11]}];
Transpose[{11, Array[s, Length[1]]}]

. changeto[n.Integer, x List] := Module[{r,0},r =

(Range[0, #]&) /@ (Quotient|n, #]&) /@x;
o = Flatten[Outer{List, Apply[Sequence, r]], Length[x] — 1};
Select[o,x . # ===n&]]
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6. latinsquare[(n_Integer) ? Positive] := Module[{difQ, p, e},
difQ{x_List,y List] := Apply{And, Inner{UnsameQ, x,y, List]};p =
Permutations{Range[n]};e = p[[Rzindom[Integer, {1,Length{p]}}1};
differ[z_List, u_} := Select[z, dif Q[#, u)&]); f{{zList, v_List}] :=
{differ{z, First{v]], Prepend[v, differ[z, First{v]]

([Random[Integer, {1, Length{differ[z, First{v]]]}]]}]};
Nest[f, {p, {e}},n - 1][[2])]]

7. orthQ[x List,y List] := Module[{m,n},
m = MapThread{Inner[List, #1, #2, List]&, {x,y }};
n = Flatten[m, 1]; Length[n] == Length{Union[n]]]

I'nasa 8

1. Apply(List, Hold[l -+ 24 3],2] // ReleaseHold

2. SetAttributes{f, HoldFirst]; f{x.Plus] :=
Apply[List, Hold{x],2] // ReleaseHold

3. SetAttributes{Information, Listable]

5. Buruncnenve f[3] MokHo cMoeIMpoOBaTh BHpaXeHHEM

Release Hold[Hold[(x = N[z); Sgrt[z])]/.x — 3],

Mo3TOMy BHYHMCHeHHe Bupaxenua 3 = N[3] mpusBoauT k coobiienuio 06
onmbke. OnpefeneHre MOXHO M3MeHMTDh, HANIDHMMED, TakK:

flz] = (z1 = Nlz]; Sqrt[z1}]).

Tnasa 9

1. B nepsom cayuae {4,9}, so Bropom — {4,4(2]}. Pesymprar {4,9} ne 6yger
Moxyted, Tak Kak CHMBOXy g 6yjleT mpucBoeHa mpucTaska Global'. s
Toro 4To6sl onpejencHue A4 g paGoTano, HYXHO BHYHCIMTL BHIPaXeHue
{f(2], ag(2]}-

2. PesymraTrnl Bhvmcnrenwid: 7 ¥ z.  HecMmorpAs Ha TO 9TO TeKylmMM
KOHTEKCTOM IIPU BHYMCICHWW BHpaXeHud z = 7 6ua a', aHayeHue 7 Guno
npucBoero cumBoay Global'z, Tax xak koHtexcT Global' Haxogmnaca ua
KOHTeKCTHou jgopoxke. CHMBOZ a'Z NOABWICA TOILKO NPH BHIOMHEHUH
[OCAeAHErO BhIMMCACHHS.
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3.

Pesymprarn: 2 m Sin{z]. IIpu mogrpyske maketa koHTekcT System'
HaXOAMJICA Ha KOHTEKCTHOH JOPOXKe, II03TOMY SKCNOPTHpYeMad (yHiapig
Sin He noay9wia HOBOU KOHTEKCTHOM NPHMCTABKH, OCTABUMMCH CC CTAPOH
npucTaskon System‘. B cuny Toro 4ro onpejesenus nosnioBaTeas uMeOT
[IPUOPATET NepeS CUCTEMHHMH ONpefeJeHUAMH, pPe3yILTAT BHMHCICHHA
dyuxkimm Sin noaywwncsa . pasHnM AByM. C dynximeinn strange‘Sin
He CBA33HO HMKAaKMX ONpejeNeHHMH, NO3TOMY BHpaxeHue strange'Sin(x]
ocTanock GaKTHIeCKH He BHYMCIEHHHM. KOHTeKCTHad NPUCTABKA He
oTobpa3miacs Ha Juciilee A1a strange‘Sin, Tak kak B , uyxoM“ 11 obeux
dyuxumm kontekcte Global xoHTekcT strange' MMeeT NpeuMylecTEO,
HaXOJACE Ha KOHTEKCTHOH JAODOXKe NEBee KOHTeKCTa System'.

T'naBa 10

2.

rl = ReadList[” transport.val”, Word]

r2 = ToExpression /@ Transpose[Drop[Transpose[Partition(r1,8]],2]] //
Flatten

r3 = {Count(r2, #)],#, } & /@Union[r2]

datal = Cases[r3, {_Integer, _Integer})

data2 = Cases[r3, {-, Symbol}]

< < Graphics'Graphics'

BarChart[datal); BarChart[data2];

. Unprotect[PolyLog]

Format[PolyLog{n._,z.]} := Subscripted[Li[n, z], 1]
Protect[PolyLog]

Format[Riccili-,j-, k-,1.]] := SequenceForm[R, Subscripti, )], Superscript[k,1]]

. Implication(x.,y.]/; MemberQ[{True, False},x] & &

MemberQ[{True, False},y] :=!x || y
Format[Literal{lmplication{x_,y_]]) := StringForm[” “ —

wn

VX, Y]
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Anreb6pauyeckue npeobpa3oBaHus

Apart[expr] npeicTasiseT pampoHATbHOE BRHIPaXEHHE B BUJE CyMMH ApoGei
¢ MUHUMAaTbHHMH 3HaMeHaTelaMy; Apart(ezpr,var] paccMaTpuBaeT Bce
ImepeMeHHHE, KPOME var Kax KOHCTAaHTH, U 3allICHBAaeT erpr Kak IIo-
JMHOM TI0 VGr COBMECTHO C CYMMOH OTHOIIEHHU IIOJMHOMOB, B KOTOPHX
CTeNeHb [0 Var KaXJoro NOJIMHOMA B YUCIMTENe MeHblie, YeM CTeleHb
3HaMeHaTend. Apart[expr, Trig — True] paccMaTpuBaeT TpUTOHOMETDH-
Yeckue PYHKIMH KAK PallMOHATLHHE (PYHKIIMH OT CTENEHeH €.

Cancel[expr] cokpaiaeT o61Me MHOXUTEIX B TACTUTeNE K 3HAMeHaTele Pal-
OHaJBHOro BHpaxemua erpr. [Ipu namrom ompm Trig — True paccma-
TPUBAET TPHIOHOMETPU4ECKHE (PYHKIMM KaK PAlMOHATbHEE (YHKIMH
OT CTelleHeH e.

Coeflicient[poly,form] gaer xosdpduiment mpu form B nomusome poly,
mputieM form MoxeT 6uTh u mpomapesenmeM. Coefficient[poly,form,n]
naet koapduument mpu form"”, a Coefficient[poly,form,0] BuGupaer
YWIeHH, KOTOpHE He ITPONMOPIHOHANLHE form.

CoefficientList[poly,var] gaet crmcok k03¢ pUIMEHTOB NpPH CTENEHAX vaAr B
poly, Haunuaa c Hynepon cremenm. CoefficientList{poly, {vari,varz,...}]
AaeT MaTpUly Ko>dHIMEeHTOB var;. Pa3MepHOCTH MaTPHMIH Ko03¢g-
uImenTOB OmpegenaloTCA 3HavemmMAMH Exponent[poly,vari]. “lnenm,
He cojiepXallfte NONOXKUTEJILHHX CTeleHeH KaKou-JM60 IepeMeHHOH,
BKJTIOYAIOTCA B IIEPBHIM 3JeMEHT CIMCKa AJA >Toi Hepemenson. Coef-
ficientList Bcerza uMeeT cBOMM 3Ha4YeHMEM IPAMOYIONbHYIO MAaTPHILY.
Kom6unanmn cTerneHen, He cogepxaumecs B poly ZaloT HyJM MATDPMIIH.

Collect[poly,x] rpymmpyeT “wWieHH € OZHOH M TOH Xe CTEIEHbIO ITepeMeHHOM
z. Collect{poly,{z1,z2,...}] rpylIMpyeT “ieHH C OAHMMHM M TEMH XKe
CTeIeHAMHY MEPEMEHHRIX T1, T2, ... ,llepeMeHHHe" T; caM¥ MOT'YT G6HTh
npouasegeruamu. Collect[poly, Trig — True] paccMaTpuBaeT TpHIroHO-
MeTpuieckye GYHKIMHM KaK palMOHATbHble BHPAXEHUA OT CTeEIeHeH e,
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ComplexExpand[expr] packaagnBaer ezrpr B NpejIOJ0XeHHM, YTO BCE Ire-
peMennne Bemectsennsie. ComplexExpandlezpr,{z,22,...}] pacxaa-
ALBaeT erpr B NPeANOIOXEHHMH, YTO BCe NEpeMeHHHE, OTBEeYalolHe
zi, kommaekcHue. Ommsa TargetFunction cocrouT u3 dbyukmm cmmc-
xa {Re, Im, Abs, Arg, Conjugate, Sign}. Ilpu mamram >Toit omm
ComplexExpand npusoguT k pesyabTaTaM ¢ MAKCHMATbHO BO3MOXHBIM
MCMOJB30BaHueM (DyHKIWN, YKA3aHHBIX B OIIMH.

Decompose{poly, x] — crmcok 6oxee npocTrx nomamiomos Py, P;, ... , xoMio-
smmelt koTopeix Py(Pa(...(z)...)) sBaseTca poly. Crmcok momsHOMOB
P; He ABIAETCA eAMHCTBEHHO BO3MOXKHKIM. [leKOMIOO3NIMA €CTh olepa-
1M, He 3aBUCHMad OT PA3OXEHNA Ha MHOXHUTEIH.

Denominator[expr] — anamenareas ezpr. Denominator msprekaeT wieHH
¢ ABHO OTPHUATENLHHMH CTelleHAMM. Numerator — Bce OCTambHHE.
Crenens cunmTaeTCA , ABHO OTPMIATENLHOM ", eCl OHa MMeeT MHOXHUTe-
JleM oTpulaTemHoe ymciao. CraHgapTHoe NpeACTaBleHHE PAlMOHAML-
HHX BHpaXXeHMH KaK IIPOM3BEJeHUN CTeleHel O3Ha4YaeT TO, YTO Helbas
MPOCTO HCIOMb30BaTh Part ana Toro, 4To6H M3BIeKaTh 3HAMEHATENH.
Denominator MOXHO HCNIOMB30BATH [JIA NONY4eHMs 3HAMEHATENeN Paln-
OHANMBHHIX THCE.

Expand[poly] packpnBaeT npou3BeljeHHA U TNOJOKNTEIbHLEE CTENEHM, B
To BpeMs xax Expand[poly,pattern) uaberaeT packiajnpaTh dIeMeH-
TH poly, KOTOpHEe He CojepXaT WieHH, COOTBeTCTBYoOUMe wuabio-
Hy pattern. Expand pa6oTaeT TOMLKO € UENHMM TOJOXHUTENSHHMM
CTeNMeHAMH M [IPUMEHAETCH TONLKO K BEPXHEMY YPOBHIO BHPaXKeHMH.
Expand[ezpr, Trig =& True] TpakTyeT TpUTOHOMETpHYECKHE YyHKIMHI
KaK pauuoHaTsHbe GYHKIMH CTEMEHEH € # COOTBETCTBEHHO C 3THM HX
pPacKpHIBaeT.

Expand All[expr] packphiBaeT NpOH3BeAeHHA M HeIB€ CTENEHH B JMOGHIX Ha-
CTAX BHpaXeHua erpr, B To Xke BpeMa ExpandAllezpr, pattern] usbe-
raeT pacKJaguBaTh Te€ 4aCTH BHPAXEHUA eTpr, KOTOPHE He COXEPXAT
WIEHOB, COOTBETCTBYIOLMX wabaony pattern. ExpandAll{ezpr] npume-
naeT ¢paxTuyeckn Expand u ExpandDenominator k kaxjol 4acTu expr.
ExpandAll{expr, Trig — True] TpakTyeT TpuroHoMeTpudeckue dbyHKImMM
KaK PalMOHATHHLIE BRIPAXKeHHA OT CTENEHEH € i COOTBETCTBEHHO MX Pac-
KNajHBaeT.

ExpandDenominator{expr] packpwpaeT npoMsBejeHHMs M CTelNeHH B 3Ha-
MeHaTelAX BHPAXEHUA eIpr. OITa (PYHKIMA NPUMEHAETCA TOALKO K
OTDHIATEILHHM LEIHM CTENEeHAM M TOABKO K BEPXHEMY YDPOBHIO BhI-
paXXeHuH.

ExpandNumerator{expr] packpuBaeT IMPOH3BEJeHMA ¥ CTENEHM B YNCIHTe-
NAX BHPaXeHHUd expr. ITa QYHKIMA NMPUMEHAETCA TOMBKO K LEARM
MONIOKHATENLHHM CTEMEHAM ¥ TOXBKO K BEPXHEMY YPOBHIO BHPa)KEHMH.
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Exponent[expr,form] gaeT MakcuMaIbLEYIO CTelNeHb,C KOTOPOR form BXOAMT
B ezpr. Exponent[ezpr, form, h] npumenser h x MHOXeCTBY mokasaTs-
Jet, ¢ KotopuMa form BxozuT B expr. Ilo ymomdammio, h ects Max.
Bripaxenne form moxeT 6HTbh npoussefenreM. OTHOCHTENbHO expr
MIPeANONAraeTcA, YTO 3TO OTAENLHHM “LIeH WIM CyMMa 4ieHoB. Expo-
nent MpUMeHAETCA TONLKO K BEPXHEMY YPOBHIO €Ipr.

Factor{poly] packragnsBaeT MOMMHOM Ha MHOXHUTENM Haj KONBIIOM HEIHX H-
cen. Factor[poly,Modulus -+ p] packraguBaeT NONMHOME MO MOAYJIIO
npoctoro yucaa p. Factorfexpr, Trig — True] paccmaTpuBaeT TprroHo-
MeTpHYecKHe QYHKIMM KaK PAIMOHATbHEE (PYHKIMH OT CTeleHel YHciIa
€ ¥ pacKiaIhBaeT HX.

FactorList[poly] zaer crmcox MuoxuTeneit nommoma poly BMmecTe ¢ moka-
3aTelfIMA CTeNeHeH, ¢ KOTOPHIMM OHH BXOAAT B paajioxeHHe poly Ha
mHOXUTemu. [lepBhIi 3/ieMeHT CIUCKa eCTh O6LUMI YMCNEHHRIA MHOXH-
Telb, A eCIM TAKOr0 OTIMYHOrO OT eJMHALK HeT, TO CIMCOK HAYMHAETCH
c {1,1}.

FactorSquareFree[poly] samicupaeT nomHoM kKak NMpow3BeAeHMe CTeneHel
CBOBGOZHLIX OT KBAZPATOB COMHOXUTENEH.

FactorSquareFreeList[poly] gaer cmmcok Bcex cBOGOAHEIX OT KBaApaTOB
COMHOXHTe el NoMMHOMa poly BMecTe ¢ MX M0KA3ATENAMH.

FactorTerms[poly] — o6unnit mcnoboit Muoxurems B poly, a FactorTerms[poly,
z] BRHOCHT O6UMII MHOXWTENb, He 3aBucaupmi oT z. FactorTerms[poly,
{z1,z2,...}] mocreqOBATENLHO BHHOCKT MHOXHWTEM B poly, KOTOpHE He
3aBMCAT OT KaXJor'o ;.

FactorTermsList{poly,{x1,x3,...}] — crmcok muoxurenei B poly. Ileppuit
3MeMEHT B CITUCKE €CTh OGUMIA YMCIOBOM MHOXHTENIb, BTOPOM — MHO-
KUTeb, He 3aBUCALMMHA HH OT OAHOro M3 z,. llocregyloume sneMeHTH
€CTh MHOXHTENH, He 3ABMCAIIHE OT KAaK MOXHO GOMbLIEro YMCAa T.

Length[poly] — wmcno craraemux 8 poly.

Numerator[expr] — wmcmarens ezxpr. Numerator BuifenseT 4ieHH, He
MMelolUMe ABHO OTPMIATENLHHX NOKa3aTeled. Denominator Bugena-
eT ocTambHue. CreneHb CYMTaeTCAd ,ABHO OTPHLATENLHOM", eClH OHa
HMMeeT OTPUIATENLHOE MMCI0 MHOXHTeaeM. Numerator MOXHO HCIIOML-
30BaTh A4 U3BJEYEHMA MCIMTENA PALMOHAILHOTO YHCIA.

PolynomialGCDIpoly,, poly,] — HanGoxsunni o6unni fearrefs NOJMHOMOB
polyy u poly,. Polynomial GCD{poly;,poly:, Modulus — n] nHaxoauT
HanGoMbUOl OGLIMI JeIHTeNb [0 MOAY/IIO LEeAoro n.

PolynomialLCM[poly:,polys] -— naumernuee ofuiee KpaTHOe [OIMHOMOB
poly: u polys. PolynomialLCM [poly;, poly», Modulus — n] maxoaur HOK
110 MOZYJII0 LeN0ro n.
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PolynomialMod[poly,m] — poly, pexymupopanHoe no mogymo m. B
Cly4ae 3a4aHUA BMECTO M crmcka {my,mz,...} PEAYIMPYET N0 MOAYIIO
BCEX m;.

PolynomialQ[expr, var] umeeT 3navernme True, ecx erpr ecTh noausoM no
nepeMentoit var, u False — B nporusnoMm cayuae. PolynomialQ[ezpr,
{var;,var;,...}] nposepsaer, aBaseTCA MM expr NOMMHOMOM 0O var;. Bu-
paxeHus var; He 06s3aTeMHo cuMBoiK. PolynomialQ[ezpr] nmposepser,
ABJAETCA M €TPr NOIMHOMOM OTHOCHTENbHO KaKMX-TM60 IlepeMeHHBbIX.
Pesymsrar False MoxeT 6hiTh, HANIpUMED, B CIy4ae, KOrAa eLpr cojep-
XKMT yucaa Tana Real.

PolynomialQuotient[p,q,x] AaeT pesymTaT jesenms p Ha g, paccMaTpHBa-
eMBEIX KaK HOJHHOMH [0 MEePEMEHHOH I, ¢ 0T6paCHBaHHEM OCTaTKa.

PolynoialRemainder[p,q,x] — ocTraTox oT jenenus p Ha q, paccMaTpuBae-
MBEIX KaK [MOJMHOMH IO IIepeMeHHON T.

PowerExpand[expr] packpuBaeT Bce crenenu npomussefenuit. PowerExpand
npeobpasyet (ab)~c B a~c b~c u (a~b)~c B a~(b c), xaxoro 6u BHja
HH 6uL10 c. IIpeo6pasoBanms, caenannnie ¢ nomoupio PowerExpand,
KOPDPEeKTHH B ofLieM clyyae, TOALKO €CIM C ecThb Ueloe, a a u b —
MONOXHTEALHEE BEWECTBEHHEE TUCA.

Resultant[poly;, polys,var] Bu4ucaseT pe3yabTanT noawsHomos poly; u
poly: mo oTHOWIEHMIO K NepeMenHoi var. Resultant[poly;,poly:,var,
Modulus — p] BRUMCAAET Pe3yILTAT O MOAYJO IPOCTOrO P.

Simplify{expr] sunomseT nocregoBaTeHOCTL amreSpandeckux npeotpaso-
BaHMIt HAJ €Zpr M NPUBOAWT ero K npocreiiuedt dopme. [Ipy Hamrom
ompm Trig — False Tpuronomerpudeckue ToX ieCTBa He MCIIOAL3YIOTCA.

Together[expr] npusoguT BHpaxeHMe ezpr K O6lIEMY 3HaMEHATENIO W CO-
KpamiaeT o6ipe MHOXKHTEIM B MACAMTENe ¥ 3HaMeHaTexe. [Ipn Hamrom
ommu Trig — True TpuroHomeTpHieckue QyHKIMI TPAKTYIOTCA KaK pa-
IMOHaIbHbEe GYHKIMH OT CTeNeHeH €.

Variables[poly] — crmcox Bcex He3aBHCHMBIX NEPEMEHHHX B IOJHMHOMe poly.

I'paduka

ContourPlot{f, {x,xmin, xmax}, {y, ymin, ymax}] pucyer xourypHmii rpa-
duk [ Kak PYHKIMH [EPeMeHHHIX T H Y.

DensityPlot[f, {x, xmin, xmax}, {y,ymin, ymax}] pucyer mrorHocTHH
rpagpux [ xak ¢HyHKIMH NepeMEHHHX T H Y.

ListContourPlot[l] pucyer koHTypHH} rpadux 1o MaccuBy BHCOT [, KOTO-
PHUT JONXKEH NMPEACTABAATH CO60M MPAMOYroibHylo MAaTpumy. Kaxjas
BLICOTA COOTBETCTBYET TONUKE C HEJNOMMCAEHHHMY KOODAKHATAaMM (m, i),
rAe M U n UIMEHATCE HauMHadA C 1.
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ListDensityPlot[l] pucyer mioTHoCTHRI rpaduk no MaccuBy BHCOT I, KOTo-
PHI JO/KEH IMPEACTABIATH cO60M mpaMoyrompHyo MaTpuiyy. Kaxjas
BHCOTA COOTBETCTBYET TOUKE € HEJOMHCACHHHMHU KOODANHATaMH (m, 1),
rfe m 1 n UIMEHAIOTCA HavuHadA ¢ 1.

ListPlot[l] — rpadux AuckpeTHmx gammnx. Ecms | ects crmcox wmcen, To
KaXJjoe W3 HUX MHTEepNPEeTHPYEeTCA KaK 3Ha4eHMEe OPAMHATH B TO4Ke
¢ abcimccolt, paBHOM HOMEpY 4YMCaa B crmcke. BosMoxHo aajarue | B
BHJE CIMCKa [1ap “HMCe], M TOrja MepBOe 4MCIO MAPH TPAKTYeTCA Kak
3HaYeHHe abCIMCCH, a BTOPOe — OPAWHATH TOYKM.

ListPlot3D[l] pucyer AByXMepHYIO MOBEPXHOCTh, MNPeACTABIAIOLLYIO MACCHB
Bucot |. Kaxgoe wmucio B | murepnpeTupyercs Kak BHCOTa B TOYKE
LENOYNCAEHHOM penleTKH (m,n), Ffe m M n A3IMEeHAIOTCA, HadMHasA ¢ 1.

ParametricPlot[{f,g}, {t,tmin,tmax}] pucyer kpusyro Ha miockocty, 3a-
JaHHYIO NapaMeTpH4ecKy ¢ foMolpio f 1 g. Boamoxno ogHoBpeMentoe
NpeACTaBAeHNE HECKOILKUX KPUBHIX, €CIH HEPBHH apryMeHT eCThb CIH-
cok nap ¢yukumi. I[lapameTp ¢ usmeHseTca B mpejenax oT tmin jo
tmaz.

ParametricPlot3D[{f,g,h}, {t,tmin, tmax}] — npocTpancTBennan xpusas,
3ajaHHaA napaMerpudecku ¢yuximamu f, g u h. BosmoxHo oguospe-
MEHHOE NpeACTaBIEHUE HECKONLKMX KPMBHIX B CIy4ae, KOTAA IepBH
apryMeHT eCTh CIMCOK Tpoek ¢dyHximh. I[lapameTp ¢ M3MeHAeTCHA OT
tmin go tmaz. ParametricPlot3D{{f,g,h},{z,zmin, zmaz}, {y,ymin,
ymaz}] pUCyeT ABYMEPHYIO NOBEPXHOCTb, NapaMeTPU30BaHHYIO Iepe-
MEHHHIMA T U Y, M3MEHAIOIMMHACA OT ITMin A0 IMAr ¥ OT ymin A0
YmaT COOTBETCTBEHHO.

Plot[f, {x,xmin,xmax}] pucyer rpapux f kak yHKIMH IIEpEMEHHON &,
H3MEHAIENCA OT Zmin 10 ITMax.

Plot3D[f, {x,xmin,xmax},{y,ymin,xmax}] pucyer rpadux f xakx ¢yHx-
MM NepeMEeHHEIX T M Yy, H3MEHAOUMXCA B Npefenax oT Imin O TMAT
M OT ymin X0 YmMaT COOTBETCTBEHHO.

MaTeMaTH4YeCKUM aHAIN3

D[f,x] — 4acTraa npompogHas f mo nmepemennon r. D[f, {x1,n1}, {x2,n2},...]
BHYMCIAET CMELIAHHYIO YacTHYIO NPOH3BOAHYIo oT f No mepeMeHHol zl
nopaaka nl, o nepemenxon z2 nopajgka n2 1 T.4.

Derivative[1][f][x], wm f’, mpousBogHas nepsoro nopagka oT GpyHKImu f of- -
HOM nepemenHou r. McnoanayeTcsa npu 3ajaHuu o6HKHOBEHHHX gudde-
peHIMaTbHHX ypaBHeHwit. Derivative[nl,n2,..][f]){z1,22,..)] — nomnas
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¢opma BumMcrenHoro supaxemus D[fz1,z2,.. ], {z1,n1},{z2,n2}.. )
B cry4dae, korga ,MaTemaTuka” He MOXeT SBHO BHIMMCIHTH 3Ty IPOM3-
BOJHYIO.

DSolve[ode, y{x], x] — pemaeT o6nxHoBeHHOE AUddEPEHIMATLHOE YpaBHEHHE
ode ¢ HewsBecTHoM dymximedl y[r] OT HeaasMcHMON mHepeMmeHHOM I.
Ecau nepBui apryMenT — CrMcok 06HKHOBEHHHX UdepeHImatsHREX
YPaBHEHHH, a BTOPOM — CIIMCOK HEM3BECTHHX (QYHKIMHA, TO pelraeTca
cucreMa. CrMcok ode MoxeT cogepXarth JaHHne Koum.

Dt[f,x] — mnoanas npoussognas or f no z, Dt[f] — audbdepenmuan f.
B cay4ae sagamma Dt[f,z1,22,..] nocaesnee ects nomias cmewannas
NMpOW3BOAHAA OT f.

Integrate[f,x] — wueonpegeresHmit umrerpar or f nmo r. Ecam BTOpon
apryMeHT 3ajaH B Buje {z,a,b}, To paccMaTpuBaeMoe BHpaXkeHHE €CTh
onpejeNeHHHN MHTerpal oT f no z B npeAenax ot 6 jo b. Integrate[f,
{z,zmin,zmaz},{y,ymin,ymaz},...] — noBTOpHWI uHTErpan.

InverseSeries(s] — oTpesok paga Tatropa Ana dpyHximM, 06paTHOM K DYyHK-
v f, oTpeakoM paga Tainopa KoTOpOk ABAAETCA §.

Product(f, {i,imin,imax}] — npoussegerme f no t ot imin go tmaz. o
yMmourdaHmio imin = 1.

Residue[expr,{x,x0}] — Brvyer expr, paccMaTpuBaeMOro KaK QyHKIMA
MepeMeHHON = B To4ke z0.

Series[f,{x,x0,n}] — orpesok paga Taitiopa f no nepeMeHHoll = B OKpeCT-
Hoctu z0, coepxaunmi crenemn Ao (r — z0)" pkmiownremsso. Vmeer
3aroaosok SeriesData.

SeriesDatafx,x0, {a0,al,...},nmin,nmax,den] — Bupaxenue ,Maremarn-

xu“ AN mpexCTAaBIEHMA CYMMH cTeneHed Buja (z — 1,-0)('"""‘*')/ 4" 1o
i ot 0 g0 (nmaz — nmin)/den ¢ koadduunenTamu as.
Sumlf,i,imin,imax] — cymma f mo § or imin go imaz. Ilo ymomianuio

imin=1.

IIpeaukaThl U JoruyecKue onepauum

And[p,q,..}, nmm p && q && ..., — normyeckas Ppynxuma H“ (xoHbioHK-
).

AtomQexpr] npunumaer 3uaveHme True, eciM BHMHCIEHHOE erpr €CTb
aToMapHoe BHpaxeHMe, False — B ocTambHHX caydasx.

DigitQ[string] npmmmaer 3navenme True, ecom Bce 3HaKkM B CTpOKe String
uuepnl, False — B ocTamHuX caydasx.

EvenQ[expr] npumxumaeT snadenue True, eC/M BHYHCIEHHOE €Zpr €CTh YETHOE
nenoe wucno, False — B ocTanbHEIX cay4asx.
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Equal(lhs,rhs], wm lhs == rhs, npusumaer 3navenue True, ecim lhs u rhs
HAACHTHYHH.,

FreeQ[expr,form)] npunnmaeT snavenne True, ecat HU 0fHO U3 HOABHpaXe-
HM}A eTpr He COAEPXMTCA B Klacce Bupaxenmi ,MaremaTuxu"“, onpe-
AeasemoM wwabaoHom form, n False — B ocTamumx ciaydasx.

Greater(x,y], nm x > y, npunnMaeT 3HaveHne True, eCliM T YMCAEHHO CTPOIO
6ommbiue y.

GreaterEqual(x,y], wm x >= y, npusmMaeT 3Ha4eHne True, ecm z YuCIeHHO
6oablne WM paBHO Y.

Implies[p,q] — noruyeckas UMIUTMKaLMA, TPHHUMalOLad aHavenue False, ecom
p BH4ucaAerca Ha True, a q ua False.

IntegerQ{expr] npuuumaer anaverme True, eciu erpr Npu BRIYUCIEHWH JaeT
nenoe ymucio, False — B ocramsHHX ciydasx.

Less[x,y), mm x <y, npurmMaeT 3HadeHue True, eCIM 7 “YMCIEHHO CTpPOI'O
MeHbLIE Y.

LessEqual{x,y}), mwm x <=y, npunumaeT 3nadvenue True, eciu r MeHblle WM
paBHO y.

ListQ[expr] mpunumaeT 3HadyeHve True, ecaM erpr mocie BRIMACIEHHMA eCTh
crmcok, False — B ocTanbHRIX Cayvasx.

LogicalExpand[expr] packpusaeT CKOGKHM B BRpaXeHHAX, COAEPKALMX JO-
rAYeCKNe ONepaliid KOHBIOHKIMH & & ¥ ausbioHkmm ||, ucnoassys
AucTpnbyTHBHOCTL & & oTHOCHTEmsHO ||.

MatchQ[expr,form] onpeaenseT, MpHHaAIEXUT I BHPaXEHUE €LPr KIACCy
BHpaxenun  MaremaTnkn“, 3ajgaBaemomy mabaosoM form. Ecm
MpUHAJNEXHT, TO nMeeT 3Hadenuwe True, ecims ver — False.

MemberQ[list, form} npumumaer 3naderme True, ecim xakoif-mm60 31eMEHT
list coorBeTcTBYeT form.

Negative[x] npurmmaer 3Hayenue True, ecu T eCTh OTPHULATENBHOE YHCIO.

NonNegative[x] npusumaeT 3nauerme True, ecim r ecTs HeoTpHuATembHOE
qHCNO.

Not — noruyeckoe oTpHuanue.

NumberQ[expr] npurumaeT 3Ha4dense True, eciu BRYHCIEHHOE €Ipr eCTb
4yncno, False B ocTabHEX cayvasx.

0OddQ[expr] npunumaeT 3na4enve True, ecay BHYHCIEHHOE €Zpr eCTh HEYeT-
Hoe Hesoe 4ucho, False 8 ocTarbHEX cay4yasx.

Or[p,q,...],mm p || q || ... — normieckoe nencxnoamremsnoe NN (auan-
IOHKITHA).

OrderedQfh[x1,x2,...]] npunnmaer suavenue True, ecm anemenTH 1, 22 M
T.A. KAHOHMYECKM YHOpAjodYeHH, u False — B mpoTusHOM cay4ae.
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PolynomialQ[expr, vars] npusumaeTt anadermne True, ecu BRMNCIEHHOe expr
€CTb MHOI'O'WIEH 110 NnepeMeHHHM var, U False — B npoTueHOM ciryvae.

Positive[x] npurmaeT 3navenme True, ecmt T €CTh MONOKHTEMLHOE HHUCIO.
PrimeQ{x] npmmmaer 3navenue True, ecm z ecTs mpocToe wmcro.

SameQ(lhs, rhs], wm lhs === rhs, npummaeT 3naverme True, ecu lhs u rhs
MAECHTHYHH, M 3HaveHue False — B npoTuBHOM ciaydae.

StringQ[expr] npmrwmaer anaverve True, eciM BHYMCICHHOE €Ipr ecThb
cTpoka, n False B npoTeeHOM Cay4ae.

TrueQ[expr] npmmmaer 3nadenme True, ecaH BHMHCAEHHOE €IPr HMEET
aHayenue True, u False — B npoTusHoM ciy4ae.

Unequal[lhs,rhs), wm lhs =! = rhs, npusmmaeT 3navenue False, ecm lhs u
rhs He MAEHTUYHEL.

UnsameQ npunvMaeT 3HadveHHe True, ecm BRHYMCIEHHOE erpr KMeeT 3Hade-
Hue True, u False — B nporuBHOM Cay4ae.

VectorQ[expr] npumumaer 3ssademme True, eciM BHYUCACHHOE €Ipr eCThb
OJHOYPOBHEBHH crmcok, ¥ False — B ripoTusHOM caydvae.

Xor(p,q,...] — Joruteckoe uckmwouutersroe WJIHNY.

Crucku

IIopoxgeHne cnuckop

Array{f,n] — crucok ammu n c anementamu f[i]. Array[f,{ni,ns,...}] —
BIOXEHHKI CIMCOK C anemenTamu f[i1,13,...]. Array[f,dims,origin] —
CIMCOK, 3HadYeHMA HHAEKCOB B KOTODOM HadMHalOTCA ¢ origin (mo
yMomdarmio origin = 1). Array[f,dims,origin, h] ncnomayer sarosopox
h BMecTO 3aroyoska List Ha KaxJA0M YPOBHE CIMCKa.

DiagonalMatrix[list] — guaronamBas MaTpHIa C 31eMeHTaMH M3 CITHCKa list
HA IJIABHOM IMAroHANM.

IdentityMatrix[n] — egmruraHas nxn MaTpua.

Range[n] — crmcok {1,2,...,n}, Range[m,n] — crmcok {m,m+1,...,m +ki},
B xKoTopoM m+ ki <n < m+(k+1)i. Yucna m, n, 1 ve oba3aTensHO
nexsle.

Table[expr,n] — crmcox ua n xomui Bupaxenna expr, a Table[expr, {i,n}] —
CIMCOK 3HAYEHMI BHpaXKEHHR €Ipr, 3ABACAIUErO OT §, Aaf 1 oT 1 jo
n. Crmcox Table[ezpr, {i,m,n}] naxzmaerca ¢ 1 = m. IIpu surmcienvn
Table[ezpr, {i,m,n,di}] ucnorsayerca war di. Burmcrenve BHpaxenus
Table[ezpr, {i,imin,imaz},{j, jmin, jmaz},...] nopokgaeT BIOKeHHE
CIMCOK.
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Buayanmsanusa couckos

ColumnForm(list] nevaraer cronben, B KoTopoM NepBHlit an1eMenT croacKa list
CTOMT HABepXy, HUXE HAET BTOPOM 3MeMEHT M T.A. JajaHue BTOPOro
aprymMeHTa, npuHuMawoulero 3HavdeHns: Center — B renTpe, Left —
caesa (mo ymomiammio), Right — crnpasa ompegensier pacrosoxenue
3JEMEHTOB O rOPU3CHTANM. JajaHue TPeTberc aprymenTta: Above —
HIKHHI DIeMeHT CIMCKa Ha ypoBHe 6a3opoit juHum, Below — Bepxummi
3JeMeHT CIMCKa Ha ypoBHe 6a3oBol JummuM (1o ymomyanuio), Center —
cTosbel HeHTPUPOBaH 110 6a30BOM JMHMHM — ONpEjeideT PaciiosoXeHne
3J€MEHTOB N0 BepTHKamm. [[epBHM apryMeHT (GyHKIMH He 06sS3aTeIbHO
uMeeT 3aronoBok List.

ListPlot[{y1,y2,...}] npeacrabaser rpadpu4ecku TOYKH C KOOPAHHATAMH
{i,yi}, a ListPlot[{{z:,y1},{z2,¥2},...}] Touku {z; y} crmcka ¢ z-
KOOpAHHATOH T, H Y-KOOPAMHATOH ;.

ListDensityPlot[array] — mioTHocTHRI rpadux 16 MaccuBy BHICOT array.

MatrixForm{list] nesaraer osemeHTH crmcka list caegyroumm o6pa3som.
Kax gHi aneMeHT CIIACKa 3aKIIOYEH B KBAAPATHYIO A4EHKY OJHHAKOBOI'O
¢ apyrumu pasmepa. OIHOYPOBHEBHIH CIIACOK Ie€YaTaeTcd B BHJe
cTronfua, a JBYXYPOBHEBHM — B CTaHAApTHOM MaTpHYHOM ¢opMe.
Cmuckn ¢ 6omee ray6OKMMK YPOBHAMHM NEYATAIOTCA IO YMOIYAHMIO C
MOCHEJOBATENEHEIMH YPOBHAMHY 4YepeAyIOUMMHCA MEXAY CToAbuaMH M
CTPOKaMH.

TableForm{list] neyaraeT snemenTn crmucka list B BiAe MaccBa IPAMOYTOIb-
HEX f9eeK. BHICOTA KaXJIOH CTPOKM M UMPHMHA KaXJoro croabia
OIpEJEAAIOTCA MAKCHMAJIbHBMH Pa3MepaMy aleMeHToB. B oTmrume ot
MatrixForm, s4eiikit, B KoTOopHEe 3aKNI04YEHH 3J€MEHTH, OJHOIO M TOro
xKe pa3Mepa. JIMHEMHHE CITHCOK MeYaTaeTca B BHAe CToA6LA, ABYXypPOB-
HEBLIM — B BUJAE AByMepHOH TabIMuH.

IHonysenue obmeit urdOpMAUEH O CNHCKE

Dimensions[expr] gaeT cimicok pasmepHocTeit expr. Dimensions[ezpr, n] gaeT
CIDACOK pa3MepHOCTeH JO YPOBHA n. Bce 9acTu BHpaXeHMAs erpr Ha
KaXOM YPOBHE ZOKHEI MMETh OMHAKOBYIO ANMHY. KaXAWN ypoBeHb
€Ipr ZONXeH COAEPXKATH OFUHAKOBHIE 3ar'OJOBKH.

Length{expr] gaer wucno snemenTon B expr. [aa aTOMapHHX O6BEKTOB 3TO
YHCIIO PAaBHO HYJIIO.

Position{expr, pattern] gaeT crmcox moamnni, HAa KOTOPHX CTOAT 06BHEKTH
B erpr, COOTBETCTBYIOLUMe WabnoRy pattern. Position[ezpr,pattern,
levelspec] gaeT cnucok o6HeXTOB Ha YPOBHRX, ONpejeleHHHX criermdun-
Karuedt ypoeHs levelspec. [lo ymomrgammo cnemmeuxaums levelspec pas-
Ha Infinity c ommen Heads — True. Position[ezpr, pattern,levelspec,n]
AAeT MOMMIMM TIEPBEIX 1 4acTel erpr, OTBEYAKIIUX WabJoHY. ’
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Onepanuu Haj cuMcKaMn

Appendlist,elem] ao6asnser >rement elem nocrepHeil M0 HOMepY YacThio
list.

Complement[list,e;,ez,...] gaeT crmcox asneMenTos B list, He cofepxanmxcs
HH B OJHOM M3 €;.

Delete{list,n] yganser snement Ha mosummm n B list. Deleteflist, {1,7,...}]
yhanser 4acth list wa mosmmwm {1,j,...}. Delete[list, {{11,51,...},
{i2,72,...}...}] ynanser qactu list Ha HeckoMbKUX HOMMMAX. Y AaneHue
3aroJ0BKa 3JIEMEHTA KBHBAIEHTHO NpuMeHenmio pyHxuym FlattenAt.

Drop(list,n] gaer list ¢ ygatemHnME n neppoiMu (DPM OTPULATERLHOM
n nocregHuMu) onementamu. Drop(list,{n}] yzamder n-it anemenr.
Drop{list,{m,n}] yaanseT c m-ro no n-i aneMeHT.

First{list] wma list[[1]] uaBnexaeT nepsuiit anemenT 3 list.

Flatten(list] mpusoaur list k oaHomy yposuio. [Ipu 3agamvu BTOpOroO
aprymeHTa n jJedcTByeT jo ypoBHa n. Flattenllist,n,h] aeficTByer Ha
MOBRIPaXeHUA C 3aroJioBKoM h. '

FlattenAt(list,n] geitctvyer ¢dynxumenn Flatten Ha NMOZCIMCOK, ABAAIOIMIGL-
ca n-m snemenToM cracka list. FlattenAt{ezpr, {i,],...}] npumenser
Flatten x wacTu BHpaxeHus expr Ha nosmwu {1,J,...}. FlattenAt{ezpr,
{{i1,0,.. .}, {82,72,.. .},...})) — TO *e, ¥TO M BHIlle, HA HECKOJBKHMX
MO3MIMAX.

Insert[list,elem,n] — agemenT elem BcTaBAReTCA Ha NO3MIMIO N B CITICKE
list. Ecm BMecto n 3agan cmucox {i,j,...}, To elem scramaserca
Ha nosmmo {t,7,...}. IIpy sajanuM TpeTbHM apryMeHTOM CIMCKa
{{i1,5,...},{12,752,...},...} onemenT elem BcTapageTCA HA HECKOMBLKO HO-
anmmi. Bupaxenwe [ist MoXeT UMeTb B MHOM, HexXeau List, saronoBok.

Intersection][listy, lists,...] gaeT ynopAAGYeHHNI CIICOK 31eMEHTOB, 06X
A Beex list;. Bupaxenus list; AOMKHK UMETH O JUHAKOBHIN 3ar0JOBOK,
Ho He ob6s3aTemsHO List.

Join[listq, lists,...] gaeT koukaTenammro crmckos list;. Join MOXHO IpUMEHATH
K BHIPaXX€HMAM, MMEIOUMM OJMHAKOBHI{ 3arcJI0BOK, OTIMYHHMN oT List.

Last[list], wm list[[—1]], — nocieammit snement B list.

Part[list,i], wm list{[i]), aaer i-0 wacTs Bmpaxemmus list, mpuuem list[{0]]
ecTb 3arononok list. Part[list,1,j,...] uasnekaeT i-10 yacTs list, u3 Hee
j-10 dacTh u T.§. Part{list,{51,42,...}] saer crmcok 4acrehr i, iz ¥
T.n. Bupaxemns list. Moxsno gerars npucsoenus suaa t{[i]] = value,
4yTO6H M3IMEHATH 1-10 YacTh BHpaxemms t. B caydae, eciu list ecTs
civcox, list[{11,42,...}]] AaeT crmcok Yacren. Ecma xe list umeer mmon
3aroJI0BOK, TO OH NPAMEHAETCA K CIDACKY dacTel.
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Partition(list,n] pas6usaer list Ha menepexpwmBaloOUMecs YACTH AMMHH n.
3ajamme TPETHMM APTYMEHTOM uMcha d nopoxjaeT pa3buenme ANHHE
n ¢ orcrynom d. Partition[list,{ni,n2,...},{d1,dz2,...}] pas6usaer
MOCNe[OBaTeNAbHHE YPOBHM B BHIpaXeHNM [ist Ha 4acTH JMMHH n; C
otcrynom d;. [Ipu pa3buesun Ha 9aCTH AAMHE n Te 27eMEHTH, CTOAINME
B KOHIIe BHpaXeHus [1st, KOTOpLIe He BOLLTM B IOCAEHION YaCTh AJMHE
n, onyckalorca. Ecmi d > n, To onyckaloTcs NpoMexyTodHne MeXay
NOCNeIOBaTeMbHRMH YacTAMH deMeHTH. O6bexT list He ofa3aTeabHo
uMeeT 3aronosok List.

Prepend|list,elem] gaer list ¢ go6asnermem elem B xadecTse nepsoro
aneMeHTa.

ReplacePart{list,new,n} npupognT x BHpakesmio, B KOTOPOM n-i 4aCThb »
list 3ameneEa Ha new. ReplacePart[list,new,{1,j,..}] samenser gacts
Ha moaummum {t,7,...}. ReplacePart{list,new, {{s;,5,...},{i2,72,...}}]
3aMeHAeT YACTH Ha HECKONbKHMX TIO3MIAAX.

Rest[list] gaer list c yaaneHHLM NePBRM 31EMEHTOM.

Reverse(list] o6pauaet nmopajox uacreit list.

RotateLeft(list, n] puxmrdeckn nepecrasndeT YacTH Bupaxerna {ist Ha n no-
s Breso. RotateLeft[list] mpegnonaraeT, wro n = 1. RotateLeft{list,
{ni1,n2,...}] ouxmrdeckn mepecTaBiseT 3NEMEHTH HAa YPOBHAX { Ha n;
NI03MI(AI BJEBO.

RotateRight ananormuna Rotateleft ¢ mmxawdeckumm nepecTaHoBkKaMu
BIIPaBo.

Sort[hst] COpTHpYeT daeMeHTH list B COOTBETCTBMH C XAHOHMYECKHM NODAJ-
koM. PyHKIMIO NOPAAKa P MOXHO 33aJaTh BTOPHM aprymernTom B Sort.
KaHomrdeckmit HOPAROK XA CTPOK ONPEeNaeTCa NOPALKOM CHMBONOB B
$StringOrder. CuMBOAN yNOPAACYMBAIOTCH B COOTBETCTBUM C MX HMe-
Hamu. llenule, pammonansiie U BelleCTBEHHKE YUCIa YIOPAXOIHMBAIOTCA
7o peqvauHe. BHpaXeHMA yNopajo4MBAlOTCA 1o raybume. Boaee xo-
pOTKHe BHpaxeHMA MIyT paubwe. Sort[list,p] npumenseT dyHkImio p
K IapaM 3JEMEHTOB M IEPECTABIAET AEMEHTH B ape B COOTBETCTBUX
¢ p. ITo ymMomqammio p ects OrderedQ{#1,#2}}&. Sort MoxeT nprme-
HATLCA K AIOGHIM BHIPAXEHMAM.

Take(list, n] gaet nepsute n anemenron list. Take[list,{m, n}] gaer anemerntt
¢ m-ro no n-i. Bupaxenue list He 06A3aTENHLHO CIIHCOK.

Transpose[list] nepecrasaser nepBne ABA ypoBHA B BHpaxemm list, a
BuvHCAenue Brpaxenns Transposellist,{ni,n2z,...}] nepememaer i-it
YPOBEHB Ha n;-ii YpOBeHL HOBOI'O BHPaXeHus.

Union(list,, lists, ...} faeT ynopagoyersnii crcok 3/1eMeRTOB, COAEPXALMXCH
xoTa 66 B ogHoM H3 list;.



243

Marprom

CharacteristicPolynomial{m,x] ser-mcinet xapakrepucTirieckuit nomsom
KBaAPATHOM MATPUUK m, ABJISIOUMHCA MOMMHOMOM MO TUEPEMEHHOH I
cTenenu Length{m].

Det{m)] BrrmcaseT geTepMUHAHT KBagPaTHOW MaTPHLK m.

Dot{a,b,c], wm a.b.c, BHYHCIAeT NPOMIBEJCHHA BEKTOPOB, MATPHMI H TEH3O-
poB. Bupaxenue a.b mMeeT cMuca, eci @ u b ecTs CIMCKM mOAXO-
AAIMX pa3MmepHOocTed. I[Ipu 3TOM IMPOMCXOAHUT CBEPTHBaHHWE IOCIEN-
HeT'o MHJIEKCA G ¢ NepBM HHAexcoM b. Peaymntarom mnpumenermms
dymxamu Dot k remaopam T;, iy.....in B Uj, s, jm ABIAETCA TEH30D
Y« Tirvino1.kUk ja, . jm- B cayuae, ecrn aprymentamu dymanm Dot
ABAAIOTCA He cimcky, To Dot He sarvmcaserca. Dot umeer atpubyT Flat.

Eigenvalues[m) — crmcok co6cTBEHHBX 3HaYEHMI! KBAIPaTHOM MaTpPHLUH m.
Eigenvectors[m)] -— cIncok co6cTBEHHHNX BEKTOPOB KBaPATHOH MAaTPHUM 7.

Eigensystem[m] — cmucok {values,vectors} cobcTennbix 3navesmit u cob-
CTBEHHRIX BEKTOPOB KBaAPATHOW MATPHUN M. JTa QYHKIMA HaXOAHT
YHBCHeHHEE 3HAYEHUAA >THX OOBEKTOB, eCI M COJEPXUT BelieCTBEHHLIE
YMCAA. DAEMEHTH M MOTYT 6uTb KoMILleKCHRMH. Bce cobersermne
BEKTOPH JAMHEHHC HE3aBUCHMEL [ECAM YMCIo CO6CTBEHHHIX BEKTOpPOB
PaBHO YHCIy HEHyJeBRIX COGCTBEHHHIX 3HAYEHWH, TO BEKTODH M 3Ha-
YeHMA JAaHH B COOTBETCTBYIOIUMX TO3MIMAX B MX CImckax. Ecm xe
COBCTBEHHHIX JHaYEeHMM GOJblIE, Y6M HE3aBACHMHX BEKTODOB, TO Ka-
X Jloe JmiHee co6CcTBEHHOe 3HaYeHNE CIAPUBACTCA C HYJIeBHM BEKTOPOM.

MatrixPower[m, n] gaeT n-io cTelens KBagpaTHOM MaTPHIL 7 ANLA TIOJNOXKHA-
TeNLHHX M OTPHIATENLHHX 7.

Minors[m, k] saeT MaTpuny, cocTosuyio ¥3 AeTepMMHAHTOB k Xk rioxmaTpul
MaTpysl m. JeTepMHHAHTH pacnonaraloTCA B JEKCHKOrPahU4YecKOoM
nopajKe.

Transpose[m] — TpaHcnoHMpoBaHHas ¢ ™ MaTpHIA.

Hponepxa CBOMCTB M HOHCK DJIEMEHTOB COHHCKA

Countflist, pattern] — wmcno snemenTOB B BHpaxXemmn list, oTBedaloumx
pattern. Count[ezpr,pattern,levelspec] aaeT obuiee Wicao noxBRpaxe-
M B eTPr, OTBEYAIOUMX pattern, Ha ypPOBHSAX, 3ajaBaeMux levelspec.

FreeQ[expr,form] nmeet 3navenue True, ecru HuMKaKoe MOABHIPaXeHME BHI-
paxeHus erpr He COOTBETCTBYeT form, ® Mmeer 3Havenue False —
B NMPOTMBHOM ciayyae. DBopaxemue form MoxeT GHTH WIAGIOHOM.
FreeQexpr, form,levelspec] npobepaeT Tombko Te YPOBHM, KOTODHIE
offpegesneRn cnemmguxanueis yposus levelspec.
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MemberQ]list, form) umeer snaverme True, ecm kakoit-m6o dneMEHT cImcka
list orpedaer form, u False — B mpoTuBHOM ciydae. MemberQlist,
form, levelspec] nposepseT YacTH crmcka, 3aganHue levelspec. Bupa-
xenne form MoxeT 6HTDH 1Aa6A0HOM.

Ipumenenne 3aronoBkob GYRKIAN K CIIMCKAM

Apply[f,expr], wm f@Q@erpr, 3aMeHAeT 3aroJoBOK €Tpr Ha f; IpM 3ajJaHMM
TpeTbUM apryMeHToM levelspec 3aronopku 6yyT 3aMEHATHLCA B 4aCTAX
ezpr, onpegensemux levelspec.

Inner[f,list1,lists,g] ects o6o6menne dynmxapm Dot, npudem f urpaeT poas
yMHOXeHuA, a g croxenua. [lo ymomryanuio g npurmmaeT 3navenue Plus.
Kax u Dot, Inner ceeprmBaer nocieanmis mHAekc nepsBoro TeH3opa C
MEPBHIM MHAEKCOM BTOPOro TeHaopa. I[Ipumenenwe Inner x TeHaopam
PaHTOB r U S COOTRETCTBEHHO MPHBOAKT K TEHIOPY paHra r-4s-—2.
Inner(f,list;,list2,g,n] cBepTHBaeT n-H MHEEKC NEPBOro TEH3Opa C
NMEePBHM HMHIEKCOM BTOpOro. JarocioBku listy m listz JoaxHH GHTH
OAMHAKOBHIMH, HO He o6s3aTenbHo List,

Map(f,expr], wm f/@ezpr, npumenser f Kk KaXZOMYy 2IEMEHTY Ha IepBOM
ypoBHe ezpr, a Map(f,expr,levelspec] npumenser f k wacTam ezpr,
onpegenseMux levelspec.

MapAll[f,expr], nm f//@ezpr, npumenser f kK KaXZOMY IOXBHPaXeHHIO
expr, 4To skBuBaneHTHo Map|f,ezrpr, {0, Infinity}].

MapAt[f,expr, n] nmpuMenseT f K sNeMeHTY B no3mMK n B expr. MapAtlf,
ezpr, {i,],...}] npamenser f k uactu ezpr wa mosmmm {i, 3, ...};
MapAt[f,ezxpr, {{i1,51,...},{i2,J2,...},.. .}] npuMenser f k wacTam expr
Ha HECKOMbKHMX TO3ULMAX.

MapIndexed(f,expr] npumenseT f kK aneMeHTaM ezpr, IOPOX A ClELMPUKa-
LIMIO Ka)X IOT0 3JeMeHTa Kak BToporo apryMenTta f; Maplndexed|f,ezpr,
levelspec) upuMenseT f Ko BCceM YACTSM €Ipr Ha YPOBHSAX, 3ajaBaeMbIX
levelspec.

MapThread|[f,{{a1,23,...},{b1,ba,...},...}] ameer B xavecTBe pesym:Ta-
Ta Bupaxerue {f[a1,b1,..)}, flaz,b2,.. ), ... }; MapThread{f, {ezpr:,
exprz, ...}, n) npumenseT f K 4acTAM erpr; Ha YPOBHe n.

Outer[f,list;,listz,...] — obo6uerHoe TenaopHOe NpoN3BefeHNE aAPTYMEHTOB
list,;, mOHMMAaeMBIX KaK TeH30pH cooTBeTcTByowero paura. Outer[Times,
listy,listz,..] — o6u4HOe TeH3aopHoe mpom3pefeHMe. PeayanraTom
npumenenna Outer k Tensopam T, i,....i, M Uj, j,,...,5, ABIAETCA TEHIOP
Virsizsosiediserds © anemenrtamu f[Ti, .. i U, ;.]. 3arosopkn list
JAOMKHH COBNajaTh, HO He 06A3aHK 6HITHL List.
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Thread[f{args]] swuucaser flargs] m ¢ 3aronoBkoM BuyMCAeHHOro BHpa-
xemns pabotaeT kak MapThread. Thread[f[args],h] npogesaer f
CKBO3b BCE OGBEKTH B args, uMeloume 3aroxosok h. Thread|f[args],
h,n] nposeBaer f ckBo3b Bce O6BEKTH C 3arcioBKoM h B mepBHX
n args; Thread[f[args),h, ~n] npogesaeT ckBo3: nocregume n args;
Thread(f[args),h,{m,n}] npoaesaeT B aprymenTax c Homepamu oT m
no n. Oysxuum, uMmeoume atpubyT Listable, asTomMaTH4eckn npojena-
JOTCH CKBO3b CIMCKM. Bce aneMeHTH B BHIJe/eHHHX Grgs ¢ 3aroJoBKOM
h ROMXHH MMETL OAMHAKOBYIO AJWMHY. APryMeHTH, He MMEIOUIME 3aro-
N0BKa h, KOMMPYIOTCA CTOMLKO Pa3, KAKOBA JJMHA 3JEMEHTOB C 3aroJIoB-
KoM h.

Crtpoku

StringDrop[”string”, n] ygandeTr nepbhe n 3HaKOB CTPOKH.

StringInsert[”string”,”new”,n] BcTaBageT 3HaK new Ha n-e MECTO B CTPOKE.

StringJoin{"stringl”,”string2”,...] umeeT 3uaueHMeM cTpOKy, ABLOLIYIOCA
KOHKATEHAIMe! CTPOK stringl, string2 u T.4.

StringLength[’string”] — wmcio 3HakoB B cTpOKe.

StringMatchQ["string”,”pattern”] umeer amavenme True, ecm cTpoka
string COOTBETCTBYET CTpPOKe pattern, rae pattern MoxeT CojepXaTh
cnempansbHHe cumpoaw * (0 wm Goree snakon), @ (0 wm Gonee
crpounsix 6yxB), \* (caMm 3Hak *).

StringPosition["string”,”somth”} umeeT 3na4ennem crmcok nap uucen, nep-
BO€ M3 KOTOPHX — MMO3MIMA Ha4dala CTpoKu somth B cTpoke string,
BTOpOe — MO3MIMA KoHua somth.

StringQ[expr] npumuMaeT 3xavenme True, ec/M BHYMCIEHHOE €IPr €cTh
cTpoka, u False — B ocTansHHX caydanx.

StringReplace["string”,”s1” — "s2"] samenseT 4acTb sl cTPOKM string Ha
s2. .

StringReverse[”string”] o6pamaeT cTpoKy.

StringTake["string”,n] umeeT 3Ha4eHHEM CTPOKY, COCTOMILYIO H3 NEPBHX N
3HAKOB CTPOKH string.

YpaBHeHUA

IlpeacTannenne ypaBHEHMH H MX PeIIeHMM

Andfe;,es,..], wm e; && ez && ..., ects normueckas obyskuma ,H*.
®yuxipta And uMCTOMB3yeTCA AAA MPEACTABJIEHWA CHCTEMH YPaBHEHMH
B Bujge lhsy ==rhs, && lhs; ==rhs; && ...
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Equal(lhs,rhs], wm lhs ==rhs, pgaer peaymrtar True, ecm lhs u rhs
COBMAJAT Kak Bmpaxeuua AZMartemarnxku, u False, ecm lhs u rhs
ABHO He MAEHTUMHH, YTO YCTAHABAMBAETCH, HANPUMED, NPU CPaBHEHMH
uMcen MMM cTpok. B ocramsHmx ciywasx Equal He snvumciaseTcs.
Dyuxums Equal ucrionbayerca ansa npejcraBieHns YPABHEHMIH M CHCTeM
YPaBHEHMI B CMMBONLHOU cdopme. DBoamoxna samucs Equalle], wTo
BHMHCAAeTCA Kak True.

Orle;,e;,...], w1 e {| €2 || ..., ecTs normyeckan pymxma UJIN“. Hcnom-
3yeTca IIPH 3aIMHCH PeLueHHH,

Anre6pangeckue H TPaHCHEHACHTHHIEC YPaBHEHUA

AlgebraicRules{eqns, {x1,x2,...}] nopoxaaeT crmcok amrebpaudeckux mpa-
BWI, IO KOTOPHM IepeMeHHHeE, CTOAl{ME paHee B CIMCKe,3aMEHAIOTCA
Ha nepeMeHHKe, CTOSILIUE 1103)Ke, B COOTBETCTBAM C YPABHEHMAMH egns.
AlgebraicRules nopoxgaer o6vext AlgebraicRulesData, xoropmit co-
JAepXHUT NMpeacTaBieHMe B Buje 6a3uca ['pebuepa And ypasHeHUM egns.

Eliminate[eqns, vars] uckiiogaeT nepemeHHne vars B CHCTEMe YPaBHEHMM
eqns. IlepeMennne MOryT GHTb JIOOHMH BHpaXeHUAMNA. YpaBHeHMA
ROMXHH 6HTH mpefcTaBlesnt B Gopme lhs == rhs ¥ o6begUHEHH B
cHCTeMY JH60 C MOMOWIBIO crMcKa, mubo ¢ moMowmio & & . Dyuximsa
Eliminate npegnasHaveHa riaasHRIM 06pa3oM A1a paboTH ¢ TMHEHMHBIMH
M NONMHOMMANLHHMHY YPABHEHMAMM.

GroebnerBasis{{poly:,polya,...},{x1,xa,...}] suumcrser crmcox nmommo-
MOB, KOTOPHe 06pa3yioT OAMH W3 BO3MOXHKNX 6asucos ['pe6Hepa ugeana,
nopox Aennoro poly;. Basuc I'De6Hepa MOXeT 3aBUCETH OT IIOPAXKA, B
KOTOpPOM JaHHl T;.

NSolve[lhs == rhs, var] gaeT crmcok NPUEIMAKEHHHX YMCIEHHHX 3HAYEHIH
KOpHeH MOMMHOMHAILHOrO ypaBreHHs. NSolve[egn,var,n] zaer pe-
IyAbTAT C N 3HaKaMyu mocle 3ansmron. NSolve[egn,var] sksuBaneHTHO
N{Solve[egn, var]], 3a nckaOYeHUEM TOMHOCTH BHMCIEHM.

Reduce[eqns, vars] ynpouwtaeT ypaBHeHHA €9ns C TeM, YTOGH PEUMTL AX OT-
HOCHTENbHO vars. YpabHenmsa, rnopoxjiaemue Reduce, skBuBaszeHTHH
egns ¥ COAEPXAT BCe HX BO3MOXHHe pewerna. Reduce[egns, vars, elims)
yIpOLIAeT yPABHEHMA, CTAPafACh UCKIIOYHTDH NepeMeHHHe elims. Ypas-
HEHMSA JOMXHH 6LITh 3ajaHul B ¢popMe [hs == rhs, a CHCTeMH 3a4aHH C
nomowpio crmeka w & &. Pynxama Reduce npegHasHadena B ocCHOB-
HOM A/l PELIEHNUA MOIMHOMHANLHBIX YPABHEHWH.



247

Roots[lhs == rhs] npusoguT K AM3BIOHKUMM ypaBHEHMIf, KOTOPAA MpEACTA-
BIAET KOPHHM IIOMMHOMHAILHOrO ypasHeHma. Roots ucnomsayet dpynxipm
Factor u Decompose j14 HaxokaeHua KopHeir.

Solve[eqns, vars] pentaeT ypasHeHHe WIM CHCTEMY yPaBHeHMII OTHOCHTEILHO
nepeMeHHHX vars. Solve[egns,vars,elims] pewaeT ypaBreHua oTHOCH-
TEJBHO vars, HCKIIOYas NepeMeHHHe elims. YpaBHeHns Z0IXHH GHTH
npeacTaBieHH B dopme lhs == rhs, a cucTeMa ypaBHeHMiI C TIOMOWBLIO
crvcka wmn Gynepnix onepammin A &. Solvelegns] pewaer ypasrenms
OTHOCHTEJNBHO BCEX BXOAALIMX MepeMeHHHX. [IpHM HamMumM HeCKOMBKHX
PelleHWT OTBET NpPEACTABAAETCA B BUAe CiMcKa. KpaThue pemterms
NIpeACTaBIAIOTCA CTOMBLKO Pa3, KAKOBA MX KPaTHOCTh. Solve npenasna-
4aeTCA IVIABHHM 06pa3oM JAf pelleHMA AMHEMHHX M NOIHMHOMMAaIbHBIX
ypasnemmit. Ommsa InversFunctions ornpefenseT, J0TXHN MM MCHOABL3O-
BaTbhCA o6paTHHe PYHKUMM A NPeACTaBNeHUA peluermi Gonee obumx
ypasnenmii. [lo ymomdanmio omms InverseFunction ycranosnena na Au-
tomatic. B aToMm cay4ae Solve noanayerca o6paTHrMy GYHKIMAMH, HO
nevaTaeT COOTBETCTBYIOLIee Tpexynpexjenve. Solve mueT obume pe-
LEeHMA, MIHOPMPYA YacTHHE CIy4aH, BOIHMKAIOIME DU CreHaTbHHX
3HaYEHHAX NapaMeTPOB, BXOAMUMX B ypaBHeHud. [loamoe nccregonanue
TakKux ciay4aeB npoBoguT ¢ymxima Reduce. Solve se Bceraa noay4a-
€T BCe peuleHMA. JTa QPYHKUHA NPUBOIMT ABHHE pElIEHHA, KOTOPHE
€l yAanochb HaWTH, M AacT CHMBOJMYECKOE MPEACTABJEHHE OCTABLIMX-
CA HeHaWJeHHHIMHM pelleHuwn B TepmuHax dbynxuum Roots. Solve gaer
orser {}, ecm ypamHenma He uMmeoT peutenvn. Solve[egns,Mode —
Modular] pewsaer ypaBHenusa, TpakTy# PaBEHCTBA MO MOAYIIO LENOro
YMCIA,KOTOPOE MOXHO 3aJaTh, NpUcoeAMHAR ypasHenme Modulus == p.
Ecmm taxoro ypasHenna mer, Solve MHTaeTCA HAWTH peuleHMA Jid BO3-
MOXHKIX UeXHX “HCcel.

SolveAlways(eqns, vars] aaer 3Ha“eHMA NapaMeTpOB, TakMX, YTO ypaBHe-
HUA COpaBejMBH NpH MOOHX 3HAYeHUAX [IEPEeMEHHHX vars. Solve-
Always npegHadHa4eHa B OCHOBHOM AAA JMHEMHHX M IIOIMHOMHAJL-
HEX ypaBHeHui. OHa NoJy4aeT COOTHOLIEHMA MEXJY NapaMeTpaMy,
SBHO BXOAMIMMM B YPaBHEHHA, HO He BXOAMIUMMH B CIIHMCOK UGTS.
SolveAlways[egns, vars] sxsusanerTro Solve[!Eliminate[legns,vars]].

ToRules{eqns] mpuMenseTca K sormyeckoll KOMGHHAIMY ypaBHeHMI B ¢opMme,
nopoxgaemon ¢pyuxumamu Roots u Reduce n npeo6pasyeT ux B crmmcox
npasui B opMe; resepupyemoit Solve. ToRules urnopupyer nepanen-

. crBa (! =) n, cregoBaTeNLHO, AAET TOBKO , 06lIMe“ peleHuA.
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ncaa, GyHKIMM C YNCJIEHHLIMM apryMeHTaMHu
¥ YUCJIeHHEIe MeTOAM

Abs|z] — abcomoTHOE 3HaYEHME TMCAA Z.

ArcCos[z] — 3naderme dyHKmmM Arccos KOMIUIEKCHOTO aprymenta z. Jas
BELIECTBEHHOI'0 apryMeHTa MaMeHAeTcsa or O go .

ArcCosh[z] — 3navenye o6paTHOM QYHKIMH K rMnep6OmMI4€CKOMY KOCHHYCY
OT KOMILIEKCHOT'O YHCI8 Z.

ArcCot[z] — snavenue GbyHKuMH Arcctg 0T KOMILIEKCHOTO 9HClIa 2.

ArcSin(z] — 3navenne ¢pymxapm Arcsin xomitexcHore apryMerra z. [uaa
BELIECTBEHHOI'O aPT'YMEHTa HaMeHAeTcA oT —m /2 fo w/2.

ArcSinh{z] — 3ssavenme obpaTHol x ruIep6omrieckoMy CHHYcCy GYHKIMH
KOMIUIEKCHOT'O apryMeHTa z.

ArcTan(z] — apkTaHreHC KOMILIEKCHOrO <YMCIa z. JHAYeHMS 3aKIMIOYEHH
Mexay —n/2u n/2.

ArcTanh[z] — 3nadeHme 06paTHOH K rUNep6OIMYECKOMY TAHTeHCY YHKIAH
OT KOMILIEKCHOT'O aPI'YMEHT2 z.

Arg(z] — aprymenT KommiekchHoro uuciaa z. Uamenserca or —7 go w.

Betafa, b} — Onreposa 6era-pymxims.

- Binomial{n, m] — 6mioMuamsuuil Koa¢DHIHEHT.

Ceiling[x] — Haumenbutee 1enoe, NPpeBoCXoAfiLee BelieCTBeHHOe Yucao z. Jas
KoMIuieKcHoro yucaa a + Ib ¢ a u b Ttvma Real umeer peaymmraTom
xommniexcHoe umcao Ceilingfa) + I Ceiling{b).

Chop{expr] 3aMeHdeT BelecTBeHHhle “Mcia, Menbime 107!%, B BEIpaxemm
erpr na 0. Choplezpr,eps] samenser Ha 0 BewlECTBEHHHE YHUCTA MO
a6COMIOTHON BEqMUIMHE MeHLIlme eps.

Conjugate(z] — xoMILIeKCHOe YHCII0, CONPAKEHHOE C 2.
Cos(z] — xocuHyc KOMIUIEKCHOT'O HCHa 2.

Cosh[z] — IUTep6OTMECKIt KOCHHYC KOMILIEKCHOT'O 9HCTa Z.
Cot[z] — xoTaHreHC KOMILIEKCHOI'O apryMeHTa Z.

Degree — wmcno paguad B ojHoM rpajyce. llpumenserca B apryMenTtax
TPHI'OHOMETPHWYeCKMX DYHKINA.

Divide[x,y] — To xe camoe, uTo zy*.

Divisors[n] — crmcok geamTenei uenoro 4Mcia n.

E — ocHoBaHWe HaTypambHEIX JOrapHGMOB.

Erf{z] — ¢ynxima oumbok erf.

EulerGamma — 3ittepoBa KOHCTaHTA ['aMMa.
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EvenQ[n] — oaHoMecTHH# mpeguxaT, NpHHWMMalouml: 3HaveHme True, ecam
n — 4eTHOe UeJioe YHCIO, H 3Havenne False — B mpoTHBHOM cryyae.

Exp[z], wm E*, — sxcrioneHumanntan dyHKIMA.

Factorial[n], wm n!, — d¢akropuan pemoro wmcaa n. [Jas Hemeamx n
onpegenseTcA Kak Juneposa bymama [[n + 1.

FactorInteger[n] — cmicox nmpocTeX geanTeneit HeNOro WHCIa n BMECTE C HX
CTeneHAMH.

FindMinimum(f, {x,x0}] umer roxamuuii MurmMyM dynxuuu f(z) B okpecT-
HOCTH TO4KM z0.

FindRoot(lhs == rhs, {x,x0}] muer wmcrennoe pewenne ypasnenus lhs ==
rhs B oKpecTHOCTH To4ku z0.

Fit{data,funs, vars) nmeeT 2HayeRHeM HaWIywlliee CpefHEKBAaAPATHYHOE TIPH-
6mvkeHHe AUCKPETHHX JaHHBIX data ¢ ToMoLmbIo CyMMHE QyHKInm funs.

Floor[x] — nau6oxbuiee 1enoe, He IPEBOCXOAMILEE BELIECTBEHHOE YMCIO I.

Fourier[data] — zuckpeTnoe npeobpasosarme Dypsne.

Gammafz] -— DirepoBa ramMmma-yHKIHUA.

GCD{n1,na,...] — HauGomumii o61UMI AETUTENL MUCET Ny, N2 H T.4.

I — MummMan eamrnma.

Im(z] — mMHMMan 9acTh KOMILIEKCHOTO HCAA Z.

Infinity — cumsoxn, npegcTaBasoLMK NONOKHUTEILHYIO 6€CKOHETHOCTb.

IntegerDigits[n] — cmmcox 1mdp B AECATHMHOM NpPeACTABISHHH II€JOTO
yHCaa 1. 3ajaHHe BTOPOro apryMeHTa b UpMBOZMT K CIIMCKY uMdp B
NpeACTABIEHHH YMCIa N B CHCTeMe MCHMCIeHMd ¢ Gasoi b.

IntegerQ — OZHOMECTHHH NpeJUKAT, HMeIOUMMA 3Hayenue True, ecsm apry-
MEHT — peJoe 4ucno, ¥ False — B ocTaIbHNX caydasx.

InterpolatingPolynomial{{f1,fz,...}, var] sauncaser nommom no nepemes-
Holt var, coBragaioupst ¢ fi B Touke 3. [nterpolatingPolynomial[{{z,,
fi}) {z2, f2},...}, var] BEaucAseT IOMMHOM IO NEpEMeHHON var, COBMa-
Jaoumy ¢ fi B TOUKe ;.

InverseFourier[data] — mpeo6pasoBanme, ofpaTHoe K AUCKDETHOMY IIpe-
o6pasoBammio Pypre.

LCM[n, m]} — HauMeHblIee oblutee KPATHOE LEIHX YHCEX N H M.

Log(z] — norapudM no HaTyparbHOMY OCHOBAHMIO KOMILIEKCHOT'O MHCJA 2.

Max[x1,x2,...] — MakcuMambroe U3 wMcen £1, 2 U T.A.

Min[x1,x2,...}] — musuManmsHOe U3 wmcen 1, 22 u T.2.

Mod{m,n] — ocraTok OT AereHns HeJoro YHCIa M Ha Leloe n.

Nlexpr] — mnpeacTanneHue erpr B BHje BEIECTBEHHOIO “MCia. J3afaHue
BTOpPOr0 apryMeHTa n. ompejeideT BHYMCIACHHEe €Ipr ¢ n 3HaYAlMMH
muppaMu.
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NDSolve{ode,y, {x,xmin,xmax}] gaer pewemne 3agam Koum ana ogso-
ro guddbepeHIMATLHOIO YPaBHEHHA WM CHCTeMH AuddepeHIMansHux
ypasHeHm#. AprymenT ode BIUIIOMAET Kak caMH guddepeHimansHue
ypaBHeHHA, 3ajJaHHHe C moMoumo ¢yHkmm Equal, wm ==, Ttak u
HaYaJbHHE YCJIOBHA, OCTaBJEHHLE Ha KOHIAX MHTEPBAIA WHTErpHPO-
BaHWUA TMin WM maz. BTOpOR apryMeHT y eCTh CHMCOK 3aI'0JOBKOB
HeW3BECTHRX QYHKINGI, £ — He3aBHCHUMAas [lepeMeHHad.

Negative[x] npurumaeT 3Haverme True, ecx z eCTh OTPUNATENbHOE 4HCIO,
False, ec/m z ecTh HeoTpHIATeIbHOE 4MCHO, U HE ONPEAENEHO B OCTATD-
HHX CIy4asx.

Nintegratelf, {x,xmin,xmax}] gaer umcreHHoe HpuGMMXeHMEe Aad oIpefe-
NEHHOrO MHTEerpana oT f MO HEPEMEHHOR I HA OTPE3KE OT Imin Jo
max.

NonNegative[x) npunumaer anademme True, ecm z ecTh HeoTpHIaTembHOE
smcio, False, ecim  ects oTpuuaTenbHoe 4MCNO, H HE ONPEXENEHO B
OCTANbHBIX CAYYAAX.

NRoots{lhs == rhs,var] — cmicox YMcHeHHRX 3HAYeHWI JJA KOPDHeH II0/H-
HOMMAThbHOTo ypasHemua lhs == rhs oTHOCHTeNbHO HEH3BECTHOM var.

NSolve[eqns, vars] uicienno peilaeT ypaBHeHME WM CHCTeMY YpaBHeHMi
OTHOCHTEILHO HEM3BECTHHIX vars. JajaHue TpeThero aprymenra elims
onpefeseT CIMCOK MCKMIOYAEMLX IPH PeifeHNH HeM3BECTHHX.

NumberQ — npesuxaT, NpuHEMaloumM 3Havernne True, eciam ero aprymenT —
yucae moboro Tna, u False — B gpyrux caygasx.

0ddQ — npegukaT, DpMHEMalOUMIT 3HayeHMe True, eCM ero apryMeHT —
HedeTHOE Lejoe 'Mcho, u False — B Apyrux cay4asx.

Pi — 4ucno .

Plus{x,y,...] — cymma z, y 1 T.A.

Positive[x] npmmmaeT smausenue True, ecm r HeoTpuuaTemHoe Hcio, False,
€CIHM I OTPHUIATEILHOE YMCIO, He ONpPEeJEneHo B OCTAMLHEIX CIyHasX.

Prime[n} — n-e no cyeTy npoctoe umcio.

PrimePi[x] — xomrecTBO NPOCTHX 4MCe], MEHBLUMX WM PaBHEIX MHCIY I.

PrimeQ — npeguxaT, npummmalonnni 3HaveHue True, ecil ero apryMeHT —
npocToe 4Kcao, False — B ocTampHHX caydanx.

Quotient{m,n] — vacTHOE OT AeJeHAA LENOrO YHCAA T Ha LEIOE N,

Random npu nocrefoBaTelbHOM BHIMHCICHMM AaeT PaBHOMEPHO pacIipeje-
JleHHHI€ TICEBJOCAYYAlHEE BELWECTBEHHEE YMcha Ha oTpe3Ke ot 0 Jo 1.
Random[type, interval] npu nocaefopaTeibHOM BHMHMCIEHWH JaeT pab-
HOMeDHO pacOpeje/ieHHHE HCEBJoCHy4aliNne 4Mcla THHA type (Beule-
CTBeHHEE, [leNe W KOMILIEKCHHE), 3aKkyioueHHNe B o6aacTu interval.
B cayyae XOMONEKCHHIX “HCen O6MACTb 3aJaETCA NApOH KOMILTEKCHEIX
wmcen. :
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Rationalize[x] — pansonansHoe npubmixenme BelleCTBERHOro WMcaa . Bro-
PO apryMeHT MOXET 3aaBaTh TOYHOCTbh HPHGIMIKEHUR.

Refz] — pelecTBennad 1acTh KOMILEKCHOTO YHCIA 2.

Round[x] okpyraser BemecTBeHHOe YHCAO T A0 GAMAKAMINErO LEAOrO.
Sin[z} — cumyc xomruiexcHoro wicaa 2.

Sinh{z] — rymep6omryeckini CHHYC KOMILIEKCHOr'O YMCHAA 2.

Tan[z] — TaHreHc KOMILIEKCHOTO HHCIa 2.

Tanh(z] — rumep6omrieckuii TaHeHC KOMILIEKCHOI'O YMCHA Z.
Times[x,y,...] — npouapegenue z, y 4 T.4.
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