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NPEAUCIIOBUE

Hacrosmmit c6OpHUK COCTABJIEH HA OCHOBAaHMH MHOIOJIETHErO OIBITA IIpe-
NOJaBaHUA Kypca OOBIKHOBEHHBIX AuddepeHIHalbHbIX ypaBHeHu! B MocKoB-
CKOM (DU3MKO-TEXHHYECKOM MHCTHUTYTE (rOCyJapCTBEHHOM YHHUBEPCHUTETE).

B cbopuuke comepkuTcst 60JIbIIOE YUCIIO OPUTHHANILHBIX 33434, COCTABJIEH-
HBIX NpenojgaBaTeasiMu kadeaps Beiciuelt MateMatuku MOTH. 3nauntenvHas
4acCThb 3aJa4 cOopHHKa moaroronsyieHa aBTopamu. H. X. AraxaHOB yKOMILJIEKTO-
BaJ 3aJa4aMu §6 u §13 cbopuuka, B. B. BnacoB coBmectro ¢ B. K. Pomanko
nogobpanu 3amauu §8 u §11 cGopuuka, JI. 1. KoBanenko cocraBuia 3agaqu
§7 u coemectno ¢ B.K.Pomanko momobpaina 3agauu §§2—4 u §9 cGopHuKa.
ITon6op 3ana4 ocraibHbIX HaparpadoB cOOpHUKa U 00mas peJaKuus COOpHUKA
ocymecteiensl B. K. Pomanko.

B mauane kaxxaoro maparpacda COOpPHHKA IOMEIIEHbI NIPUMEPHI PelIeHuUH
TUNOBBLIX 33da4. Hauano pemenus 3ajaum orMedaercss 3HauykoM A\, a KoHell
pemieHnst — 3HaukoM A. B Konue kaxkgoro naparpacga NpuBEJEHBI OTBETHI K
3azadaM maparpada.

B cbopruke mpejmaraercss 60sbIIoe KOJMYECTBO 3334 10 OCHOBHBIM Te-
MaM IporpaMMbl Kypca OObIKHOBEHHBIX AuddepeHIralbHbIX YPaBHEHMA. DTO
NI03BOJISIET HCIOIb30BATh COOPHHUK NIPENoJABATENSIMH [JIs1 Ay JUTOPHOM paboTHI,
[ IOMAIIHUX 33JaHui, JJIs COCTAaBJIEHUsI KOHTPOJILHBIX PaboT, a CTyAeHTaMH
JJIs1 CAMOCTOSITEJILHON paboThI.

ABTopn! CO0pHHKA BBIPAXKAIOT I1y6OKYI0 6JIarOZapHOCTb KOJIJIEKTHUBY Ka-
denps! Boicielt MaTreMaTuky MOTH, ubsi MHOrONETHSISI TBOPYECKAs JAESTENb-
HOCTb CI0CO6CTBOBAJIA IOSIBJIEHHIO 3TOr0 cGOpHUKa. ABTOPBI COOPHUKA 0CObGEH-
Ho Giarogapunl mpodeccopy I'. H. fIkoBneBy u npodeccopy M. U. llaGyuuny
33 MOMOILb IIPH HAIHCAHUU COOPHHUKA.



Mnaea 1

ANOOEPEHLUMAJIbHBIE YPABHEHUA
MEPBOIo NOPAAKA

§ 1. CocraBiieHne ypaBHeHn 3aJaHHOrO cemMeicTBa
naocknx KpuBbIX. IIpubanmxkeHHoe n3o06pakeHue
MHTErpaJIbHbIX KPHUBBIX yPaBHEHMHIl

ITycTh ceMENCTBO MIIOCKUX HeNpepbiBHO AudepeHuMpyeMBbIX KpPUBbIX 3a1a-
Ho ypasHeHneM ®(z,y,C) = 0, rae y -~ HesiBHasi (DYyHKUMSA T NOPH KaXKI0M
3Hauennu napamerpa C. Eciu cucrema ypaBHenui

I
9z | oy v =

&(z,y,C) =0

H03BOJIsSIeT UCKIIOYUTDh napaMerp C, To nonyvaercs auddepeHunaibHoe ypas-
HEHUe 33J3aHHOI'0 CeMeiCTBa KPUBBIX.

B cnyuae, korza ceMeficTBO KpUBBIX 33JaH0 ypaBHenueMm ®(z,y,Cy,Cy) =
= 0, 3aBucawuM ot aByXx napamerposB C) u C,, uckjwo4denne napamerpos Ch,
C5 v nonyuenne qucddepeHaIbHONO YPABHEHHUST CEMEMCTBA KPUBBIX J0CTH-
raercs C MOMOIIBIO HAXOXKJEHHsI BTOPO# npousBoaHo# oT P mno .

ITPUMEP 1. CocraButh muddepeHHaIbHOE ypaBHEHUE CeMeHCTBa KPUBbIX
tgy = Ce™*
A TlpoauddepenuupyeM Mo z 3aJaHHOE COOTHOIIEHHE, CYMTAs Y HEABHOM
dbyukuueit :

yl

2
5 = —2xCe™™".
cos?y

42
[Moacrasnsis croia HaliieHHOe M3 3aJlaHHOrO0 cooTHoleHus1 C = e*” tgy, nony-
YaeM MCKOMOE YpaBHEHUe
y' + zsin2y = 0. A
Yro6b1 IpHOINKEHHO IOCTPOUTDH UHTErpaJIbHble KPUBBIE qubdepeHuaib-
Horo ypasHenus y' = f(z,y), HEOOXOAMMO PACCMOTPETb HECKOIBKO M3O0KJIHH



§ 1. CocraByieHre ypaBHEHHH 33JaHHOIO CEMEHCTBA IJIOCKMX KPHBBIX 7

YpaBHEHUS U HalTH JIMHUH, Ha KOTOPBIX MOr'YT HaXOAUTbCA TOYKH IKCTPEMyMa
U TOYKH nepern6a HUHTErpaJIbHbIX KPDHUBBIX.

ITPUMEP 2. IlocTpouTh Npub/IN’KEHHO MHTErpaJibHble KPUBbIE YPABHEHUS
/
y =y —3z.

A TlpaBas 4acTb ypaBHEHHsI yIOBJIETBOPSIET YCJIOBHSM TEOPEMbI CyLIECTBO-
BaHMS ¥ €JMHCTBEHHOCTH pelueHHsi 3a4adu Komu na Bcedt miockoctd (z,y).
ITosToMy MHTerpasbHble KPUBBIE HE MOTYT HH IIEPECEKAThCs, HU KacaTbes. U3o-
KJIMHBI YPaBHEHUsI UMEIOT Bug Yy — 3z = k, rae k = const. IIpu k = 0 u3oknuna
y = 32 JenuT miockocTs Ha ape yactu. Cnesa or npsmo# y = 3z 3y’ > 0 n,
3HAYUT, UHTETpAJIbHbIE KPUBblE TaM BO3PACTAlOT, & CIpaBa OT NpsAMOl y = 3z
y' < 0 u, 3HAUUT, MHTErpaJIbHBIE KpHUBble TaM yObiBaioT. CiiefoBaTeNIbHO, HA
NpsAMO# Y = 3T HAXOAATCHA TOYKH MaKCHMyMa MHTErPaJIbHbIX KPHUBBIX.
BospMmeM eme aBe u3okauHbl. M30kauHa y = 3z + 1 nepecekaeT HHTErpaJib-
HLIE KDUBBIE B TOYKAX, B KOTOPbIX KacaTelbHble K HUM obpasyior ¢ ocsio Oz
yrast 7. N3zoknuna y = 3z — 1 mepecekaeT HHTErpajbHble KPUBbIE B TOYKAX, B
3r
KOTODBIX KacaTeJbHble K HUM 06pa3yiorT ¢ ocbio O yribl T

YA

7 7 & T
)
_)

W3 ypaBuenus natigem y” = y' —3 = y — 3z — 3. Ilpamasa y = 3z + 3
JeJINT TJIOCKOCTh Ha aBe udactu. Ciesa or mpamoit y = 3z +3 ¢’ > 0 u,

=Y
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T'nasa 1. Juddepeniuansubie ypaBHEHHs! IEPBOrO MOPSIKA,

3HAYMT, MHTErpajibHble KPUBbIE BBIMYKJIblE BHU3, a CIPaBa OT ITON MPAMOM
y" < 0 u, 3HauWT, UHTErpasIbHbIE KPUBBIE BhINyKJble BBepX. [Ipsivas y = 3z +3
SIBJISIETCST UHTErPAJIbHOM KPHUBOW, B Ye€M MOXHO YOeQUThCS MOACTAHOBKOA B

ypaBHenue. [1osToMy MHTerpajibHble KPUBbIE HE IIEPECEKAIOT 3Ty NPSMYIO H,

CJIeJOBAaTEJIbHO, OHM HE MMEIT TO4YeK nepem6a.

IIpoBeneHHOEe HCCeIOBAaHUE IIO3BOJISIET NPUOIUIKEHHO IOCTPOUTH HHTE-

rpajibHble KPUBbBIE 33JaHHOTO ypaBHEHHUs (CM. pHC.).

Cocrasuts nuddepennuanbabie ypaBHeHHs ceMeficTBa KpuBbix (1—18):

1.
3.

9.
11.
13.
15.

17.

y=Cz? -1z
y=(z-C)%
(z-C)2+y?=1.

222 + Cy? = 1.
242z - (y—-C)2=2.
Cz = sinCy.

z? = (C +y)e.

y = Acos(z + p).

Ci
= — + Coz.
Yy = + (o

2.
4.
6.

8.

10.
12.
14.
16.

18.

y =z% + Cz.
(y—C)% = 2z.
?+(y-C)? =1
w-Cy =1
y=tg(z +C).
Cy=tgCz.

y? +2Czy + 2% + 2z = 0.
y = (C1 + Cax)e”.

y2 = Cl.’L‘2 + Csz.

IMocTpouTs npubAMIKEHHO MHTErpajibHble KpuBble ypaBHenuit (19—38):

19.

21.

23.

25.

27.

29.

/_y—l
y T -1
1—
,—_..
Y _y-l
y/=1_’y
T
Y =(z-1y.
y,=2x+y.
T —2y

Yy =2z+2y+1.

20.

22.

24.

26.

28.

30.

yI= Yy
z+1
1,_x+1
V=14
I Y
y 1—-z
v =z(y+1).
r_Yy—2z
y+x

A
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31. ¢ =y—2%-2z-2. 32. y=y—2z2+2z.
33. y'=—-:1:2-—i—. 34. y'=%+z2.
35. y =y—2> 36. y =2ry-—2.
37. ' =x2+¢y%-1. 38. y =2-9y?-1.

39. Ilycrs 3amano ypasHenue y' = f(z,y) ¢ HenpepbiBHOM yHKumed f(z,y)
Ha Bcelt miockoctd (z,y). ITokasaTb, YTO eciu 3TO ypaBHEHHE HMeeT
nepuoguyeckoe pemeHue nepuona I', To Heobxomumo f(z,y) ABnsieTcs
nepuoandeckolt pyukuuelt z nepuoaa T.

40. Ilycts y = ¢(z) — pemenue ypasuenus y' = f(z,y) ¢ HenpepbIBHOM
dyukumest f(z,y) Ha Bee#t mnockoctu (z,y). ITokasars, yTo:
a) npu f(—z,y) = —f(z,y) dynkuusa y = p(—z) Takxe pemennue ypas-

HEHUs,

6) npu f(z,—y) = —f(z,y) byskuusa y = —p(z) TakxKe pelueHue ypas-
HEHUsl,

B) mpu f(—z,—y) = f(z,y) byskuusa y = —¢p(—z) Takke peleHue
yPaBHEHHUS.

41. Ilycrs f(z,y) — HempepniBHO muddepennupyemasi dyHKIus Ha Bcelt
miockoct (z,y) u nycrs f(z,y) — nepuoguyeckass pyHKus 1m0 T me-
9f(z,y)
dy
HokazaTe, uro ypasHenue y' = f(z,y) He mMoxer umerb Gosiee OQHOrO
HEepUOJUYECKOrO PElICHHUS.

puoma T' u > 0.

OTBerhl K 3anayaMm § 1

1. oy — 2y ==z. 2.zy —y =22

3. Y2 =4y. 4. 2ry? = 1.

5. y2 (y'2 + 1) =1 6. (1 —:1:2) y? =z2.
7. (222 - 1)y’ = 2zy. 8. 4z3y? = 1.

9. (z2+22-2)y? = (z +1)2 10. ¢y =1+ 92



10 Inasa 1. Iuddepennpansasie ypaBHEHHsT IEPBOroO MOPSIKA

1 2 _1 T _
11. —,=cosy—y—,—. 12. y’cosZLI =1
y |zy/'| ly|
13. (22 +¢¥)y' = 2z. 14.z (y* — 22 - 2z) ¢ = y (y% - 2?).
15. y" +y =0. 16.y" -2y +y=0.
17. 22" + 2y’ —y =0. 18. 2?2 (yy" + y'%) = y(2zy' — y).

§ 2. YpaBHeHNs C pa3aeNsilONIMMUCH NT€PeMEeHHbIMH.
OpTroronanbubie TpaekTopun. OJHOPOAHbIE YPAaBHEHUS

Jlns pelieHusi ypaBHEHUS C PA3IeIAONIMMHCS TTepEMEHHbIMU
P(z,y)dz + Q(z,y)dy =0

HeoOX0QUMO ypaBHEHHE CHadaJla YMHOXKXHUTH WJIHM Pa3JeMTh Ha TaKoe BbIpa-
JKeHMe, 4TOOBl B pe3yJbTaTe IMOJMyYHJIOCh ypaBHEHHE, OJHA YaCThb KOTOPOTO
COJEPXKUT TOJLKO dT U HEKOTOPyIo (PYHKIMIO T, & APYyras 4aCTh CONEPXKHUT
TONLKO dy U HekoTopylo dyHKuuio y. [Ipu nesennn ypaBHeHHS HAJIO CIEIUTD,
4T06bI HE TOTEPATH pPelIeHNH ypPaBHEHUS.

TIPUMEP 1. Pemuts ypaBHeHue
(z+2)(1+ y?) dz + (z + 1)y*dy = 0.

A Paspnenus ypaBHenue Ha (z+ 1) (1 + y?), nony4aem ypaBHeHHe C pa3feJieH-
HBIMH IIepEMEHHBIMU

z+2 2
dg + —2 5dy = 0.
z+1 1+y
Ilpu penenuu Ha (z + 1) MoxxHO morepsiTh pemenne T = —1. IloxgcranoBka
z = —1 B 3aaHHOe ypaBHEHME NIOKA3bIBAET, YTO T = —1 HefiCTBUTENILHO SIBJISA-

€TCsl pellieHEeM yDaBHEHHUA.

Hanee nmeeM
z+2 yidy
d = 7 =
/:1:+1 $+/1+y2 ¢

rae C — npousBosibHasi mocTosiHHAsA. Haltns uHTerpasnl, momyyaem

z+y+In|z+ 1] —arctgy = C. A



§ 2. YpaBHeHHs C pa3feSIOIIMMACH T€PEMEHHBIMU 11

Jliis1 ostyyeHusl OPTOrOHAJIBHBIX TPAEKTOPHM 33JaHHOTO CeMefCTBa IJIOC-
KMX KDHUBBIX HYXXHO CHaJajla COCTaBUTb JucepeHIalbHOe ypaBHEHUE Ce-
meiicrBa kpuBbix F(z,y,7y') = 0. 3aTem 3aMeHUTh B 3TOM ypaBHeHMH y' Ha

1
(—? . 9to maer mud¢epeHIHaAIbHOe YPaBHEHHE HCKOMBIX OPTOrOHAJIbHBIX

TpaeKTOopHuii.

ITPUMEP 2. HaiiTu opToroHajbHble TPAEKTOPHU CeMeHCTBa KPUBBIX
y =tg(InCxz).

A Crnavana cocraBuM AuddepeHnpuaibHOe ypaBHeHre 3aJaHHOr0 CeMeicTBa
kpuBbIX. JJuddepeHuupyd mo £ ypaBHeHHe 33JaHHOTO CEMEUCTBA U MCKJII0Yas
napamerp C, mojiy4aeM ypaBHEHHe

' 1
" z-cos? (InCx)

1442

...._1 2 —
= - [1+tg? (InCxz)] = -

Y
3 / 1
aMeHsisl B 3TOM ypaBHeHHH y' Ha ~7) HaxomuM quddepeHnnaILHOE ypaB-

HEeHMe OPTOTOHAIBHBIX TPAEKTOPUR
-z=(1+9%)y"

d
3amenus 3’ Ha (—ig ¥ PeILIUB MOJIy4YeHHOE YPaBHEHHE C pa3fejieHHbIMH IepeMeH-
z

HBIMH, HAXOJUM yPaBHEHHe OPTOrOHANbHBIX TpaekTopuit 3x2+2y3+6y = C. A

Opxuopogusie ypasuenus: P(z,y)dz + Q(z,y)dy = 0 pemaroTcs ¢ TOMOIBLIO
3aMeHbl Y = T - 2, IPUBOASNIEN MX K YPABHEHHsIM C pa3feSsIomUMUCS Iepe-
MEHHBbIMH.

ITPUMEP 3. Pemnts ypaBHenue 2zydzr = ($2 + yz) dy.
A 3ameHa y = Tz NPUBOAMT 33JaHHOE ypaBHEHHe K YPAaBHEHUIO C Pa3fessio-
HIMMUCsl TIEpEMEHHbIMH

:1:(1+z2)dz+z(22—-1)d:1:=0.

3amerum, uro 2z = 0,+1 — pemeHus sroro ypaBHeHus. Torma u3 3aMeHbI
cnenyer, uro y = 0 u y = +z — pemenus: ucxogroro ypassenus. Ilpu z # 0, 1
YPaBHEHHUE C Pa3NesISIONIMUCH NIepeMeHHbIMH MOXKHO 3aINCaTh B BHUIE

dz 2z 1
—x-+(m—;)dz—0.
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Pemus 3T0 ypaBHEHHe M HMCHOJIB30BaB 3aMeHYy 2z = ?_/., MOJIy4aeM pelleHust
T
3alaHHOTO YpaBHEHHUS:

?—y*=Cy, y=0. A

VYpasuenue Bugaa (a1 + b1y + ¢;)dz + (a2z + boy + c2)dy = 0 B TOM Ciyuae,
Korjga mnpsimMble a1z+bijy+c; =0wu a2:1:+b2y+cz = ( mepecekaroTcs, IPUBOAUTCS
K OJHODOJHOMY YPaBHEHMIO C ITIOMOILIBIO [IEPEHOCA Hadasia KOODAUHAT B TOYKY
nepecevyeHus MpsIMbIX.

Pemnts ypaBrenus (1—23):

1. ¢y =y —y. 2. (z2+2)y -2z + 1)y =0.
3. zy' cosy +siny = sin?y. 4.y’ cosz + y(l + y)sinz = 0.
5. 2zydz = (1 - :1:2) dy. 6. 23ydy = (z — 1)dz.
7. yy'cosz = (1 — y)sinz. 8.z(1-y)y =y(1+y?).
9. (z2-1)ydz =2z (z2+1)dy 10. z(y + 1)dy = (1 — y?) dz.
1
11. zy' + y? (;-—31:) =0. 12. (l—xz)zyy’+x=0.
13. (z+ 1)y +y(y+1) =0. 14. (1 +y?) ydz = z (1 + 2y?) dy.
15. z2 (z2 +4) ¢ = cos?y. 16. v’ tg?z — ctgy = 0.
17. (1 +cosz)yy = (1 + y?) sinz. 18. ye®dy + ze¥’dz = 0.

19. z(1+y)y' + (Vz +1Inz) (1 +9%) =0.
20. (z— l)yy' + (z22+1) (y+1)2=0. 21.z%dz+ (1 +2°) /T—2ydy = 0.

a2
22. yVI—z2+z(l+e¥) =0. 23. y'sc‘:S: e VIt el =0

C noMouUbI0 JUHEHHONW 3aMeHbl MEPEMEHHBIX NMPUBECTH YPABHEHHS K ypaBHE-
HUIO C Pa3/e/siOlMMHUC MePEMEHHbIMY ¥ PeluTh uXx (24—27):

24. 2z +y+2)dz — (4z+2y+9)dy =0
25. (4—z—2y)dz —2(1 +z + 2y)dy = 0.
26. (2y — = + 1)dz + (4y — 2z + 6)dy = 0.
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27. (y—3z+2)dzc+ (3z —y—1)dy = 0.

HaiiTu pelenue ypaBHeHHH, yI0BIETBOPAOILEE 33 JaHHOMY HA4aJIbHOMY YCJIO-
Buio (28—39):

28. 2y (1+y?)dz+z(3y2 +y+3)dy=0,y(1) =1.

29.
30.
31.
32.

33.

34.

35.

36.

37.
38.
39.

z(2y — 1)y + 49> =0, y(-1) = -1.
z(l+y)y' =92 y(1) = 1.

3z(z + 1)y’ = (z + 2)y, y(1) = —-1.
(y +2)y' =sin2z, y(0) = 1.

(e* +1)%y + (e*-1)y =0, y(0) =

> =

(@ +2)y - (@ +z+1)y=0,y(1) =

N

(3 +2)y' - (322 - 1)y =0, y(-1) = —4.
¥ + 3y = 3y, y(0) =

5.
¥ =(y +y*) thz, y(0) = 1.
zy' +y(l +y)sinz =0, y(0) = 1.
2y’ = (y° - 2y) €, y(0) = 1.

Haiitu OpPTOroHaJIbHbl€ TPAEKTOPHUH IJId 3aJaHHBIX CeMeMCTB IJIOCKUX KPHBBIX

(40—50):

40. y = C(z + 1)e=. 41. 2 = Ce='+V’,

42. (Ce“"2 - 1) y=2. 43. y = Csinz — 2.

4. y(1+ Ce*) = 1. 45. y=Ccosz + 2.

46. e =C(1—e7Y). 47. 1+ ¢V =C (1 +2?).
48. y? = Ce~(=ty), 49. zy = Cev.

50. 2z +y— 1= Ce¥ =,

51.

Haittu opToroHasbHble TPaeKTOPUH CEeMENCTBA 3JUIMIICOB, UMEIOIUX 006-
11y1o 60JbIIYIO OCh.
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52.

53.

54.

55.

56.

Haittu opToroHajbHbBIE TPAeKTOpUHU ceMeiiCTBa runepbos, umeromux o6-
LYI0 MHUMYIO OCb.

CeMelfCTBO KpHMBLIX 3aJaHO B MONAPHBIX KOODAMHATAX YDPABHEHHEM
r(p) = Cf(p), rae f(p) — HenpepriBHO muddepennupyemas QyHKIUS.
CocraBuTh auddepeHnraibLHOe ypaBHEHHE OPTOrOHAIBHBIX TPAEKTOPH.
HaitTu OpTOroHaIbHBIE TPAEKTOPUM CeMeHCTBa KpUBLIX 1 = Ce¥.

CeMelticTBO KPMBBIX B IIOJISIPHBIX KOODJMHATaX 33Ja€TCsl yPaBHEHHEM
r'(p) = rf(p), rae f(p) — HenpepeiBHasa ¢ynkuus. CocraButh audde-
PEeHIMAJILHOE ypaBHEeHHe CeMEeHCTBa OPTOrOHANbHbIX TpaekTopuit. Hatitu
OPTOrOHAJIbHBIE TPAEKTOPHH ceMmelcTBa KpUBBIX 7 = C COS .

Jloka3aThb, YTO pelleHHe 3aja4d Komu CyliecTByeT M eJMHCTBEHHO NMpPHU
JM06BbIX HAYaJIbHBIX JAaHHBIX I ypaBHenus y' = a(z)-b(y), rae a(z), b(y)
33JJaHHbIE M HelpepbIBHBIE COOTBETCTBEHHO Ha MHTepBasax (a,f), (7, d)
dynkuu, npugem b(y) # 0.

Iycts dyukuuu f(z), g(y) HenpepbIBHBI Ha BCE YHUCIOBOM OCH, IPHUYEM

£@)I < e 0 <9W) < B+,

rae A, B, € — NONOXHUTEJbHBIE TIOCTOSTHHBIE.
Jloka3aThb, 94TO HpH JIOOBIX g, Yo CYLIECTBYeT €JMHCTBEHHOE, ONpeJesieH-
Hoe npu —o0 < T < +00 pellleHHe ypaBHEHU

YAOBJIETBOPSAIOIIEe YCIOBHIO Y(Zo) = Yo ¥ UMEIOIIEe KOHEYHBIE Em y(z),
T——00
i, o)

Pemuts ypaBuenus (57—78):

2, ,2
" ¥ Tty
57. my—y(1+lnm). 58. zy .
59. zdy = (y +z2 + y2) dz. 60. zydz = (22 — y?) dy.

61.

zdy = (y N y?) dz. 62. (z + 2y)dz + ydy = 0.
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63. (zy+4?)y =y% 64. 2z +y)y =z +2y.
65. (23 +9%) ¢y = 2%y. 66. (z +2y)y' +y =0.
67. (y—2z)y =z +vy. 68. 22y’ = 2y% — zy.
69. 12y =92 + 2zy. 70. 2zyy’ + 2% — 2 = 0.

71. (3zdy — ydz) (z? + y?) + z?ydy — zy?dz = 0.

72. (z+y+1)dz + (z —y + 3)dy = 0.

73. 2z —y—2)dz + (z+y—4)dy =0.

74. (z+2y —5)dz + (y —z —4)dy = 0.

75. (r—- 1)y +3z+2y+3=0. 76. (z+y—-2)y' +z—y=0.
7. 2z +y-3)y' +y+1=0. 78. (z+2y)y' + 2z + 5y —1=0.

HaitTu pelueHus ypaBHeHu, yJOBJIETBOPSIOILKE 33 JaHHOMY Ha4aJIbHOMY YCJIO-
Buio (79—83):

2z +y y—2z
7 . ! = = U. . / = —_— = 0.
9.y x_zy,y(l) 0 80. y P y(1)=0
81. (y2—3z%)y +zy=0,y(1) = V6.
82. ayy' = (z - 2)%, y(1) = 2. 83. (z —y)%y = dzy, y(-1) = 2.

PewnTs ypaBHeHUs1, IpUBes UX C IOMOIILIO 3aMeHbI BUJA Y = 2™ K OJHOPOJ-
HbIM ypaBHeHusM (84—87):

84. (4z? + y*) dy — 2zydz = 0. 85. (3z%y2 +1) ¢/ + 3zy3 = 0.
2 3
—ap2_Y - il
86. y’—4:1:—;5. 87.y'—:1:+y.

88. HaitTu unTErpasibHbBIE KPUBbIE YPABHEHUS

zy =2 (y+ Vi -at),

npoxojsige depe3 a) To4ky (2,5), 6) Touky (1,1).

89. HaitTi opToroHajibHblE TPAEKTOPHUHM CEMEMCTBA OKPY>KHOCTeH, MPOXOAs-
KX Yepe3 Hayajl0 KOODAMHAT, LIEHTPhbl KOTOPBIX JIEXKAT Ha ocu abciucc.
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90. CocraButh guddepeHIaIbHOE YPaBHEHNE TPAEKTOPHM, MEPECEKAIOIUX
T

91.

IIOJ, YTJIOM (p = 1 napabouibl ¢ 0011l BepmIKMHOI 1 061e# oChIo.

a) CocraButh auddepeHIHalIbHOe YPaBHEHHE OPTOrOHAJBHBIX TPAEKTO-
puif ceMefiCTBa KPHUBBIX

2
(22 + y*)” = a’zy.
6) Haittu opTorosasbHble TPAEKTOPUH CEMENCTBA KPHBBIX
2
(:1:2 + y2) = azmy.

YKA3AHUE. IlepeiiTu K MOAAPHBIM KOODAMHATAM.

92. CocraButh auddepeHInATLHOE YpPaBHEHHE CEMEHCTBA OKDYKHOCTEH,

MMEIOIMX LEHTP Ha NPAMOM Yy = & M NPOXOASINMX 4Yepe3 Havalo Ko-
OpJMHAT.

OrBeTHl K 3aza4aM § 2

[u—y

11.

13.

15.

16.

17.
19.

y(1+Ce®)=1,y=0. 2.y=C(z? +1).
. . Ccosz
. zsiny = C(1 —siny). 4. y= 1= Cesa V= -1
.(:1:2—1)y=C. 6.y2=—1§—--2-+C,x=0_
z2 z
(y —1)e¥ = Ccosz. 8.z(y2+1) =Cy,y=0.
.2 =C(z2-1), z=0. 10. z(y—1)=C,y = —1.
1 1 _ 2 1
§+;—C—3x,y—-0. 12. y +1_z2—C.
(z+1)y=Cy+1),y=-1 14. 22 =Cy% (1 +y?),y=0.
1 1 T T
tgy——E—garctg§+C,y— §-+k1r,k€Z.
ln|cosy|—ctg:1:—x=C,y=g+k1r,k€Z.
(1+9?) (1 +cosz)? =C. 18. 7%’ + 2(z + 1)e~* = C.

4z +In’z + 2arctgy +In (1 + %) = C.



§ 2. YpaBHeHHUs C pa3JessIOMUMUC T€PEMEHHBIMHU

17

20.

21.

23.

25.
27.

29.

31.

33.
35.

37.

39.
41.

43.

45.
47.
49.
51.

53.
57.

59. y+ 22 +y2 =Cz? z=0.

2

2
arctgz — /(1 —2z)3 =C.
WIFF- ——=C

sinz

(z+2y)2 -3z +4y=C.
2 — 6z + 1 = Cev—22,

In (z%y?) + i +1=0.

222 + (z+ 1)y3 = 0.

e.’l:
V= (1+ex)?
_ (1+.1r:2)2
y= . .
yV2—ch®z =chz.

z
2

¢
y(1+e°fe ) =2.
z?2 4+ Cy? = C.

1.2
Cez¥V t%W = cos 1.

_1.2
e¥~3¥" .sing = C.

2 +In(z?) +4(y—e¥)=C.

(v - l)ey'*'%’2 =C.

22 +9y? = 2a’InCx.

fler'+f-r=0,r=Ce".

y = zeC*.

1
+z+In(z—-1)% +1 1+ —
z+In(z —1)°+Inly + 1| T4y
22.

24.
26.
28.
30.

32.

34.
36.

38.

40.
42.

44.

46.
48.
50.
52.

54.
58.

60.

1
3 arcsinz?+y—1In(1+e¥) = C.

y+2r+4+4=Ce W,
2y —z+2=Ce"t%,
Inz? +3Iny + arctgy =

1
mZ4=-=1.
vy v

y? + 4y + cos 2z = 6.

ze®

1

y= 1432

£ sint
[ =t

y(2e0 -1)=1

2_
z2 = CeV 2%,

2,1,3
ze¥ T3V = C.

_1o 154
T=3y 3y+C.

ey —y+z=C.
(y+2)%*Y = C.

2z +y)2 -6z +2y=C.
22 +1y2 +20InCy = 0.
f-r'+r=0,r=Csingp.
Cz = (y — z)%=.

z2
y=Ce 2.

k]
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6l. y++z22+y2=C,z=0 62. T +y = Ce 743.
63. £ =Cy+ylnfy|, y=0. 64. (y—z)*=C(y+1),y=—=z.

23
65. y=Ce3_v-3. 66. y2+:1:y=C_
67. z2 +2zy —y?2 = C. 68.z —y =Cz?y,y=0.
69. z2 +zy =Cy,y=0. 70. z2 + y%2 = Cz.

Y ¥y _ — _ 2 — a2 =
71. In . +a.rctg; =C,z=0,y=0.72. z°+2zy —y* + 2z + 6y = C.
-2

73. 4 + 222 — 4y — 8z + 12 = CeV B TV,
74. 22+’ 42y —z—5y+7= Ce?VPHeB T,
75. z+y+2=C(z — 1)63_31-, z=1
76. 22 + 12 — 2z — 2y + 2 = Ce ¥ 5T

—9)3 — _ 2 0,2 _ o Tt2y
77. (y+1)(z—-2)3 = C(3z+y-5). 78. °4+2y“+3zy+2y Cx ol
79. 22 +y% = et 80. (:1:2 + y2) erctgd _ 1
81. y3=3\/§-\/y2—2x2. 82. 3y—:1:=5(y—:1:)-e2:22,

2z2

83. 2(y + z)3(y — 3z) = 5y. 84. y? = Cev*.
85. 3232V’ = C. 86. z° (y — z3) = C (y + 423).
87. (y— x2)2 (2y + z2) = C.

4 4 1
88. a)y= 2 +1,6)y=a2 y= .

4 2
89. y=C (22 +y?). 90. (z — 2y)y' =z + 2.
91. a)z (3y2 —z¥)dz =y (3z% — y?) dy, 6) y2—z2=C (22 + y2)2.

2

92. ¢ = ‘”_"'__?’_u

z? — 2zy — y?
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§ 3. JIuneiiHble ypaBHEHNsI IEPBOro MOPSIAKA.
YpaBHenns BepHynnn n ypaBHenns Pukkarn

Jnst HaxoXKAeHUs1 O6IIero pelleHdsi JIMHEHHOro HEOAHOPOAHOrO ypaBHEHHS
¥y + a(z)y = f(z) Heobxomumo cHavasa HallTu o6luee peleHre COOTBETCTBYIO-
IIEro JIMHEHHOrO OAHOPOJHOrO yPaBHEHHs!, a 3aTeM NPUMEHHUTh METOJ BapHa-
LUK [OCTOSHHOM.

ITpuMEP 1. HaitTu obiiee peuieHue ypaBHEHUsI

oy =y — 222
A Haitnem obmiee pelreHue JMHERHOTO OJHOPOJHOrO ypaBHeHHs Ty = y. st
3TOTO, TIONOXUB Y’ = c_i% ¥ pa3fie/IUB IepeMeHHbIe, OJyYaeM ypaBHEHHE
dy dz
y T

Ilpu nenenuu nepeMeHHbIX morepsino pemrenue y = 0. Orcroma HaxoguM obmiee
pelueHre OZHOpPOAHOro ypaBHeHusi y = Cz, roe C — mpoOM3BOJIbHAS MOCTOSH-
Hasl.

Juis nonydeHus obliero peiieHusi 3aJaHHOTO YPaBHEHHsI NPHMEHHM Me-
TOJ, BapHAlMK MIOCTOSIHHOM, T. €. UIlleM pelleHue 3alaHHOTO YpaBHEHHUs B BUIE
y = C(z) - =, roe C(z) — HeusBecTHasi OKA HeNpepbIBHO AuddepeHnupye-
masa ¢ynxkums. Jns onpenenenus ¢ynkuuu C(z) noacraBum y = C(z) -z B
ucxomHoe ypaBHeHue. Umeem

z[C'(z) - z + C(z)] = C(z) - = — 222,

Clz) = —2z + 4,

rge A — npou3BoibHasA nocrosiHas. CiegoBaTesbHO, 0bliee pelleHue 3aJaH-
HOrO ypaBHEHHUs HUMEET BHJ

y = Az — 2z A

Vpasuenue Beprym y + a(z)y = b(z)y™ 3ameno#t z = y!~™ npusogurcs
K JIMTHETHOMY ypaBHEHHUIO.
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TIPUMEP 2. Pemuts ypasuenue zy' + 4y = 3zy?.
A OueBugno, uto y = 0 — pemenue. IIpu y # 0, pasfenus ypaBHeHUe Ha y>
1

U HOJIOXKHUB z = —, MOjly4aeM JuHelHoe ypaBHeHue £z’ — 4z + 3z = 0. Pemus
Y

3TO ypaBHEHHe METONOM Bapualuy MOCTOsHHOH, HaxomuM z = Cz* + z, rae
1

C — npousBonbHas nocrosuHas. CiemoBarensro, y =0 u — = Czt + 2 — Bce
)

MHOYKECTBO DPEILEHU! 33JaHHOTO yPAaBHEHHUS. A

Eciu usBecTHO Kakoe-HuOyAb peineHue Yo(z) ypaBHenusi Puxkaru
y' + a(z)y? + b(z)y + c(z) = 0, To 3amenot y = z + yo(T) oHO cBOTHUTCA K
ypaBHeHHI0 Bepryn.

ITPUMEP 3. Pemuts ypaBuenue z2y' + 2z%y? — 5zy + 4 = 0.

A TIposepkoit MOXKHO yOeauThCs, 9TO Yo(ZT) = — SABJSETCS PelleHHeM 3aJaH-
z

Horo ypaBHeHus. Ilocie 3aMeHbl y = 2z + — monyyaeMm ypaBHeHue BepHymiu
z

z 1 U
2’ = £ — 222 3amena u = - npu 2z # 0 gaer juHeHHOE ypaBHeHHe u' + — = 2.
z T

T
MeTO,I[ Bapualyu IIOCTOSAHHOR JJist 3TOr0 YPaBHEHUsA [OaeT pelieHue

u = — + z, rae C — npousBojbHas mocTosHHasi. OTCI0Na NoyvyaeM pelleHue
z

3aJaHHOI'0 yPaBHEHUS
T 1

“Cra T

Y A

Haittu o6umee pemenne ypasHenuit (1—31):

1. ¥ +y = 2e% 2. oy =y —2z2.
3. y%dz + (zy — 1)dy = 0. 4. 2ydz + (3 - z) dy = 0.
5. z(4-2%)y =2z +1. 6. 2y = 2% +y.
7. y'=%—-w. 8. (z + y)dz = zdy.
9. 223y = 222y - 3. 10. ydz — (z + y?) dy = 0.
11. ydz = (3z — y?) dy. 12. y' = y + 2ze®.
13. (z + y%cosy) dy = ydz. 14. 29/ =22 4y — %
15. ' = £ — 252, 16. zidy = (2 — 2%y) dz.
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17. ydz = (2y — z)dy. 18. dz = (2z + e¥) dy.

19. 23y’ + 22%y = 2Inz. 20. (sinz — 1)y’ + ycosz = sinz.
21. y' +2zy = 2 (1 + 22?). 22. zy' — 2y = 2z4.

23. zly' + 223y =1 24. 2%y + 21y = 1.

25. 2y’ — 3y = 422 26. 23y + 2y =22 - 1.

27. 4y + 1222y = 322 28.z2y' + (1 +22)y+2=0.

29. x(y—m)dx-*- (1+m2)dy=0.

30. y' +ytgz = e cos . 31. (1+y?)dz + (zy —y*)dy =0.

VYpasuenus (32—35) MCKYCCTBEHHBIM MPHUEMOM PELIAIOTCH KOPOYe, YeM METO-
JIOM BapHaIlU¥ MOCTOSTHHOM.

32. 2y —y =22 33. (y+ 23 cosz) dz — zdy = 0.

34. 2%y +zy+1=0. 35. (1 +y?) dz + (2zy — 1)dy = 0.
HaiiTu peienus ypaBHeHH, yJ0BJIETBOPSIOLME 33 JAHHOMY Ha4aJIbHOMY YCJIO-
Buio (36—45):

36. zy' + 2y = 3z, y(-1) = 1. 37. 22y’ = 5zy + 6, y(1) = 1.

38. 2y =Ty + 2%, y(1) = —%. 39. zy’ = 5y + 322, y(-1) = -1.
40. (1+ 2%y =22y —2z,y(0) =2. 41.y —ytgz =sinz, y(0) =0.
42. (22 +2)y' — (22 +z+1)y+23=0,y(1) =1

43. zy' = 3y + 22°, y(~1) = 1. 44. oy’ — 2y =2z%, y(1) = L.

45. 2%y’ +y =4, y(~1) = 5.

46. HaiiTu opToroHaisHble TPAEKTOPHH CeMeicTBa KpuBbix Y+ = Ce % +1.

Pemnts ypaBuenus (47—72):

47. dzy' + (4z + 1)y? — 4y = 0. 48. 2zy' + 2y = z%y%.
49. y' = zy? + % 50. 2zy’' = 3y — 4zy3.



22

Inasa 1. Juddepenipanbable ypaBHeHHsI TEPBOTO TOPSAKA

51.
53.
55.

57.
59.
61.
63.
65.
67.
69.
71.
72.
73.

74.

75.

zy —y+2xy?Inz = 0. 52. 2zy’ + 22y = y.

222y + zy = 243, 54. zy' + 4y = 3zy>.

y - -i/—: =2 56. zy' = 2y — 4z2y2.

v —y+2zy® =0. 58. Ty’ + 3zy? = 2.

oy —y+4y® =0. 60. 3y +ytgz + 4y’sinz = 0.
zy' + 3y = 4z%y%. 62. oy’ + 2zy? = 3y.

y(y + 1)dz + (z + 1)dy = 0. 64. y' cosz + ysinz + 3y% cosz = 0.
5zyty’ =y° + 4. 66. y (4zy? — 3) dz + 2zdy = 0.

8y’ + 3z2y (y2 —4) =0. 68. ydz + (2z%y — 3z) dy = 0.
322dz — (z* +y+1)dy=0. 70.y%dz + (z3Iny — 2y?) dy = 0.
ydz + (473 — z) dy = 0.

(y2-1)dz—y[z+ (y* - 1) Vz]dy =0.

Haiitu pemenne ypapmenus 4zyy — 3y? + z2 = 0, ynoesersopsiomiee
HavaJbHOMY yctoBuio y(1) = 1.

HaiiTu mHTerpanbHyio KpUBYIO ypaBHeHuWs ydr — 4 (x + yzﬁ) dy = 0,
npoxoasyio depe3 Touxy (0,1).

HaiiTu mHTerpajabHyl0 KpUBYIO ypaBHeHHUs dT — Ty (1 + my2) dy = 0, ne-
peceKarolyo 6ucceKTpucs 060X KOOPAMHATHBIX YIVIOB IIpu Z = 1.

VYpaBuenus: 3aga4 (76—81) HCKyCCTBEHHBIM ITPHEMOM PeIIAIOTCS KOpOde, ueM
METO/IOM CBEJEeHHUs K JIMHEHTHOMY ypPaBHEHHMIO.

76.
78.
80.

81.

zy —y+zy> =0. 77. 23y — 22y — 42 = 0.
ydr — x (:1:y2 + 1) dy = 0. 79. 4zy’ + 4zy? = 4y — y2.
Haittu peuenne ypasuenns sin® z(y'sinz — ycosz) = y? cosz, ynopie-

T
TBOpSIIOLIee YCJIOBUIO Y 3)= 1.

Haiitu pemenne ypapuenus cos®z(y' cosz + ysinz) + y%sinz = 0, ymo-
BaerBopsomee yciosuwo y(0) = 1.
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C nmoMompio noabopa Kakoro-iu6o pemeHus HaiiTu obiiee pelieHre ypaBHeHUN

(82—95):

82. 2z2%y' + z%y? + 4 = 2xy. 83. z2y + z2y? + 2zy = 2.

84. 4y'=y2+;4§. 85. 2y =y> +2(z + 1)y + 2% + 2.
86. 2y’ = z2y? + 3zy + 3. 87. z%y' = y? + 2xy — 222

88. y' = y? — 2zy + 2. 89. y' =y? —2zy + 2% - 3.

90. y' + e %y? +y = 3e°. 91.y — ey + 3y =e°.

92. y' = y? — 2ysinz + cos x + sin® z.

93. y' +y2 —2ycosz + sinz + cos?z = 0.

94. 2%y — 5zy + z%y* +8 = 0.

95. (322 +2y) (1 +y)dz + (2z—23) dy = 0.

96. JlokasaTb, uro ypasHenue y' = ky + f(z), rme k = const # 0, f(z) —

97.

98.

99.

100.

HelpepbIBHAA U NepHoanYecKas (byHKUHs, HMeeT TOJBKO OZHO NEePHOIU-
yeckoe pemenue. Haiitu ero.

Joka3ars, uro y ypasuenus zy' + ay = f(z), z > 0, rae a = const # 0,
f(z) — HenpepbiBHas orpaHuyeHHasi (PYHKIHMsI, CyILECTBYET TOJLKO OLHO
pelieHye, orpanudeHHoe npu z > 0.

JokazaTe, uro y ypaBHenus zy' + ay = f(z), 0 < £ < a, rme a =
=const >0, a > 0, f(z) — HenpepniBHas dynkuus npu 0 < z < a u

lim0 f(z) = B, cymwecTByeT TONILKO OJHO pELEHWe, OTPAHMYEHHOEe MpPH
T+

0 < £ < a u umeromiee npegen npu £ — +0. Haittu stor npenes.

JokazaTs, uro y ypasnenus y' = a(z)y + b(z), 0 < £ < +o0, rze a(z),
b(z) — uenpepsiBuble nipu 0 < = < +00 dyHkuun, b(zr) — orpannyena,
a(z) > ag = const > 0, CyIecTByeT TOJBLKO OJHO pelLIeHHe, OrPaHHYEHHOe
npu 0 < z < 4o00.

Ilycrs a(z), b(z) — uenpepsiBubie npu 0 < =z < +00 pyHKIUH, HMEIO-
mue KoHeuyHele lim a(z) = A > 0, lim b(z) = B. Jokasars, 4TO
T—+00 T— 400

CyLIECTBYeT eIMHCTBEHHOe pelnenue yo(z) ypasnenus y' = a(z)y + b(z),
0 < z < 400, UMelOIIee KOHEYHBIN Mpeest IpH T — +00.
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Haiitu lim T).
YKABAHME. PaccMoTpers orpaHM4eHHOe peuieHHe M J0Ka3aTh, YTO OHO

HMeeT KOHEYHBIN mpenes Ipu £ — +00. M0XKHO BOCIONL30BATLCA TIPABU-
noM Jlonurans.

101. Ilycts a(z), b(z) — nHenpepsbiBable npu 0 € T < +00 DYHKIMH, TpUYEM
cymectByeT KoHeunbi#t lim a(z) = A > 0wu lim zb(z) = 1. IIycts
T—+00 T—+00

yo(z) — pewenue ypaBrenus y' = a(z)y + b(z), 0 < £ < +00, umerowwee
KOHEYHBI# mpefes npu £ — +oo. Haiitu BI-P yo(z).
T (o ]

OTseTsl K 3ama4yaMm § 3

1. y=Ce™T + €% 2.y =Cz — 222,
1
3. zy=C+In|y|,y=0. 4.z=C\/§+§.
5. =g_-t_ln_|z|’ 6.y =Cz+ z2.
4 —x2?
7. y=Cz — 22 8.y=Cz+zln|z|, z=0.
1 2
9.y=C:1:+2—x—2. 10. z=Cy+y*, y=0.
11. z=Cy® +y%, y=0. 12. y = (C + z2) €.
1
13. z = y(C +siny), y =0. 14. y=Cm+x2+%.
c 1
— 3 - = —
15. y=Cz — z°. 16.y-—m za,x-—O.
17. zy—y> =C. 18. z = Ce® — ¢v.
C In’z C —cosz
19.y-—;-2-+—$2. 20'y—sin:1:—1
2 c 4
21. y=Ce" + 2z. 22.y=;§+a:.
C = c 1
23.y—';2'+§. 24.y—$—2+;.
C 1
= O3 — 472 =2 =
25. y = Cxz° — 4z°. 26. y 2:-+—1+9:2
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1 C _2 1
27. y=Ce™* 4+ =, 28.y=—e" T ——.
y = Ce +4 8.y - ¢ T -
C + z?
29, y= ————. 30. y =(C +e€%)cosz.
Yo v=Cxed
31. (3z—y?+2)/1+y2=C. 32.y = Cz + 2.
33. y=Cz +z%sinz + zcosz, z =0. 34. zy + In|z| = C.
2
35.z(1+9%) =y+C. 36.y=m+;§.
1 1
37. y=1225 - =, 38.y = ——z*.
Y T T Y 3-'15
39. y = —22. 40. y = 22 + 2.
1—cos2z
41. y= ——. 42. y=1zx.
y COsS T y=2
43. y = 223 + 25, 44. y = z*.

45. y=e 5 +4 46. (z+y+1)e v =C.
1 2 1 1
47. —=g+ z+1 48. = = Cz — =z
y oz 4 Y 2

1 C 1 1

49. - =~ — —42. ¢
v 3m 50 ” z3+$

51.l=g+m1nw—lx. 52.%=g+m.
Yy x 2 Yy T
1 1 1

53. 5 =Cz+— 54. - =Cz' +z
Y T Yy

s5. L0 _¢ 56. 1 = C 4 o2
y T 2 y 2
1 1

57.—2=Ce‘2"'+2:v—1. 58.—=—q§+z
Y Yy T
1

59.——5=g§+4 60.l= ¢ —2cosz
Y z Yy COSZ
1 1

61. — = Cz’ + 42?. 62. — = %+f.
Y Yy 2

63. (z+1-Cly=C. 64. (3sinz + C)y =cosz, y =0.
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65.
67.

69.
71.

72.

73.
75.

77.
79.

81.

83.

85.

87.

89.

91.

93.

95.

96.

98.

y* +4=Cxz.

y? (e"’s + C) =4C.

3 +y+2=Ce.

22 (4y? +C) =y% z=0.

66
68

70

Y2 (z*+C) =23, y=0.
cx(yt+1) =20y y=0.

.y2=z2(ln2y+C),m=O.

— a2 2_ 17 =0 uy=
3Ve=y’—1+Cly?-1|%, 2 =0,y = %1

Yy = 2z2 — 22

(2-9?) =1
22
z?e? =C,y=0.

8

y(222 +2+C) =4z, y=0.

2

y = cos® .
1,1
vy=73 Cetr — 4z -1’
N 2C 12
4 1-Cz?
—z+ 3zt
y= C—z3
4

=xr—2
y==x +1+Ce4“°

e—.'l:
J— -T
y=e +C—z
=cosz + 1
V= C—-z

C(l+y)=(2y+2?) =

T

74

76.

78.
80.

82.

84.

86.

88.

90.

92.

94.

T

.z =4y In?y.
y (C’:z:2 + 1) =2Cz.

z(Cy3+1) =3Cy,y=0.

y = sin’ z.

_2, 2

VT2 Cz +zln|z|

_2, 1

y z z(C—Injz|)

__l_*_ 2z

vETE T o=t

=z+1+ 20e>

v= 1—-Ce?’
4

y=e’+—ce3m_e_z.

=sinz + !

v= C—-z

1_2+ 2z

v eI T2y o

y = / e (t)dt, k>0, y = / e* @ f(t)dt, k < 0.

+o00

B B
5 100. 1

—00

101. 0.
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§ 4. YpaBHeHus B nmosHbIX guddepeHumnaax.
NHuTerpupymomuii MHOXKUTENb. 3aMEeHa IIEPEMEHHBIX

Huddepenunansuoe ypasuenune P(z,y)dz + Q(z,y)dy = 0, 3aganHoe B 06-
nactd D, Ha3biBaeTcs ypaBHeHHEM B MONIHBIX JuddepeHiyanax, ecid Haii-
JIeTCs TaKasi HenpepbiBHO aucddepenuupyemas B D dbynkuusa u(z,y), 9ro
du(z,y) = P(z,y)dz + Q(z,y)dy. Jna Taxoro ypaBHEHUs PEILEHHs 3aJal0TCS
dbopmysoit u(z,y) = C, rae C — npousBosibHasa nocrosHHas. OyHkws u(z,y)

o o
HAXOJUTCH U3 CHCTEMBbl YPaBHEHUM == P(z,y), (—92 = Q(z,y).

0z
Q OP
Ecnmu D — oxnocBa3Has obiacts M —, i HenpepbiBHLl B D, TO 110-
z
CTATOYHBIM YCJIOBMEM TOrO, YTO ypPaBHEHHE apfisterca ypaBHEHHEM B IOJIHBIX
oP
muddepennpanax, CIy>XUT PaBeHCTBO i
z Y

ITPUMEP 1. Pemutt ypaBHeHue
(322 +y—1)dz + (z +3y> — 1) dy = 0.

A 3ajanHoe ypaBHeHMe SBJISETC ypaBHEHWEM B MOMHBIX quddepeHnnanax,

0Q OP

MOCKOJIBKY OHO 33JaHO Ha BCel IUIOCKOCTH (I,y) H o -55 = 1. @ynkuuio
u(Z,y) HAXOOUM U3 CHCTEMbI YPaBHEHUH

a'u, 2

— =3z -1,

oz +y

Oou

—=z+3y2 -1

9y

W3 nepBoro ypasHenus nonydaeM u(z,y) = 3 +z(y—1)+¢(y), rae o(y) —
IIPOM3BOJIbHASA HelpepbiBHO qud depenuupyemas dyukius y. [Toncrasnssa Bul-
paxkenne misa u(zr,y) BO BTOpOe ypaBHEHHE CHCTEMbI, NOJiy4aeM ypaBHEHHe
¢'(y) = 3y? — 1. Orciona maxomuM @(y), a, 3Haunt, u dynkuuio u(z,y). B
JIAHHOM TIpPHMepe MOXHO B34Th u(Z,y) = z° +1y3 + zy — z —y. CrenosaresnbHo,
pelileHds] 33JaHHOrO yYPaBHEHUs 33al0TCa (POPMYJIOit

B tzy+yPP—z—y=0C. A

Ecnn ypaBHeHue He siBisieTcs ypaBHeHMEM B NOJIHBIX guddepeHmmanax,
TO MOXKHO IBITAThCA HAWTH €ro UHTerpupylomui MHoXKuTesnb. Obmero mero-
3 OTBICKAHWS HMHTETPHUPYIOIIEr0 MHOXKHTEJsI He CylecTByeT. B HekoTOphIX
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CIy4yasix yAaeTcsl PellldTh ypaBHEHUe, NPUMEHsIA MEeTOJ BblJIEJIeHHUd IOJTHBIX
nuddepeHIHaIOB HEKOTOPHIX BbIPAaXKEeHHH ¥ 3aMeHy NepeMeHHBIX.

IIPUMEP 2. Pemnts ypasuenne (y — 4zy®) dz = (222%y% + z) dy.
A 3amerum cHavana, uTo y = 0 — pemrenue ypasHenus. IlycTs y # 0. Ypas-
HEHHMe 3allUIIeM B CIeLYIOMeM BUe

ydz — zdy = 2y* (z%dy + 2zydz) .

Eciu pa3genurs ypaBHeHUe Ha y2, TO ypaBHEHHe IIPUMeT BHJ
d (f) = 2d (z%y).
Y

IMonyuwnnm ypaBHeH#e B MoNHBIX AuddepeHIanax, U3 KOTOPOr0 HAXOAUM,
aro z = 2z%y? + Cy, rne C — TpOM3BOJIbHASA NOCTOSIHHASA. OTMETHM, YTO

1
MHTErPUPYIOLUM MHOXKHUTEJIEM 3aJaHHOTO YPABHEHUs! CIYXKUT DYHKLUA —.
Y

TakuM 06pa30M, BCe MHOXKECTBO PellleHHil 33JaHHOr0 yPaBHEHMsI ONUCHIBA-
ercst popmynamu ¢ = 2z2y? + Cy, y = 0. A

Pemuts ypauenus (1—18):
1. (1-322—y)dz = (z—3y?)dy.
(y? — 223) dz + 2aydy = 0.
(2 —9)? —a]do + [y (x — y)?] dy = 0.
(y —sinz)dz + (z + e¥) dy = 0.
(y —z)dz + (z + 2¢*¥) dy = 0.
(z + y)dy = (2¢** — y) da.
+ sinz)dz + (z + cosy)dy = 0.
2z + y®) dz + 3zy*dy = 0.

®© ® NS ok W DN

[u—y
e

(y

(

(y* — 2z) dz + (2zy — siny)dy = 0.
(y — 322+ 1) dz + (z + Iny)dy = 0.
(v?

[
=

y? +Inz) dz + (2zy — Iny)dy = 0.

e
[\

. (€ +y)dz + (z + 2ycosy?) dy = 0.
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13.

14.

15.

16. e

17.

1

Qo

3
(1 + 322 lny) dz + <3y2 + :-By—) dy = 0.

02
(2:1: - sm2y> dz + (2y +
T
y 1 z 1 _
(x2+y)dm <y2 +w+2y> dy = 0.

(1—;)daz+(1+e£)dy=0.

-g—}d:::—t— 1+ In(zy)ldy=0,2>0,y >0.

2

(1B e (-5
v vy

sin 2y
dy = 0.
) e

)dy 0.

Haiina wHTerpupyomuii MHOKUTESb WK CIOeJIaB MOAXOAAILYI0 3aMeHy Iepe-
MEHHBIX, peluTh ypasHeHusi (19—60):

19.
20.
21. (
22.
23.
24.
25.
26.
27.
28.

29.
30.
31.
32.

2zydz + (y2
2zydz = (a;2 - 2y°)

a:2) dy = 0.

dy.

(3vz —y—2z)dz = (3y/z —

(y - 3a:2y3) dz — (z + m3y2) dy = 0.

(2zy® + y) dz — (22%y + 2z) dy = 0.

ydz = (a: - 2y3) dy.
z3dy + 2 (y -

yldr = (2y — %) dy.

zdy =y (1 — ye®) dz.

Y 2
= = 4 2z°.
Yy w+:v

z2dy = (a:y + y3) dz.
y2dr = z(2y — z)dy.

z’dy = (a:y - 2z%y

2) dz.

zdy = y(2 + 3zy)dz.

z?) ydz = 0.
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33

34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50. z
51.
52.
53.

54.

55.
56.

1 1
(= —y)dr==dy.
(3-9) =g

(223y + 2%y*) dz + (z* + 2%3) dy = 0.
(3z%y + Ty?) dz — (223 + 5zy) dy = 0.
(2y — 2%y?) dz = (2®y — =) dy.
(4z%y + 3y?) dz — (2z* + 2y) dy = 0.
(3zdy — ydz) (2% + y?) + 2ydy — zy?dz = 0.
(3z% + 2y) (1 + y)dz + (2z — 23) dy = 0.
(a:y3 + 2y) dz + (a: - xzyz) dy =0.
3zdy + ydz + 2y (zdy + ydz) = 0.
zy’dr + (a:2y - :1:) dy =0.
z (22 + y?) dy + y(ydz — zdy) = 0.
(zy3 +y) dz + (22 + 2%y?) dy = 0.
254 (zdz + ydy) + (2% + y2)2 (zdy — 3ydz) = 0.
y(2ydz — zdy) + z%(ydz + 2zdy) =
(y? — 32?) dy + zydz = 0.
zdy — ydz = 32\/1_17_2_+_y2 - dx.
zdy — 2ydz + zy?(2zdy + ydz) = 0.
2y3dz + (z3y? + z) dy = 0.
5zdy + ydz + zy>(zdy — ydz) = 0.
zdy + ydz + zy?(zdy — 5ydz) =0,z > 0, y > 0.
2zdy + ydz + zy3(zdy + 2ydz) = 0.

1
(v* +y) dz + <:L‘y+2a:+§)dy=0.

[(32z% +2) y + 3z] dz + (22 — 2®) dy = 0.

Ty —y =213 7.
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57. 2zy3dz + z%y%dy = (1 — y?) dy.

58. (2zy? —y)dz + (y*Iny+z —y)dy =0.

59. z?yy’ + 23 = (22 + y2)2.

60. 4z%y%dz + 23(2y — 1)dy = 0.

61. HaiiTu unTerpasbHyIo KpUBYIO ypaBHeHus (1 — :z:zy) dz+2z%(y—z)dy = 0,

Nepecekaruyo npamyr = 5 rnoa npsAMbIM YTJIOM.

OrBeThl K 3amayam § 4

c 2

1. 3 -2 —zy+z=0C. 2.y2=;+7,m=0.
3. 2(y—2)2=3(y2 -2 +C. 4. zy+cosz+e¥ =C.
5. 22 4+ C = 2zy + 2e%. 6. y% +2zy = 2e** + C.
7. zy—cosz +siny = C. 8.y3=%—m,m=0.
9. zy? — 2% + cosy =C. 10. z(y+1) —z® +y(lny - 1) =C.
11. 24?2+ z(lnz - 1) +y(1—Iny) =C.  12. €* + zy +siny?> = C.
.2
13. 22 lny+z+y3 =C. 14.:1:2+y2+§£-1;—y=0.
15. E—g—yz=C. 16. y + zez = C.
Yy z
22 1
17. yln(zy) = C. 18.2+ 5 --=0C.
Y Y
19. 224+ 4?2 =Cy,y = 0. 20. 22 =Cy—y3, y=0.
21. 22 — o2 =2(a:—y)%+C. 22. 2z -3y = Cy,y=0.
23. z+ 2%y =Cy?, y=0. 24.2=Cy—y%,y=0.

25. 22 - 2yln|z| =Cy,z=0,y=0. 26.y%e*=y+C.

27. z=ye* +Cy,z =0,y =0. 28. y = Cz + 3.
2
29.5—2+2.’1:=C,y=0. 30.y?> — 2y =Cz,z =0.
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31. z—z%2y=Cy,y=0. 32. 3y +22=Cy,y = 0.
2
33. %———2: . 34. 27y4 (7x+4y3)=C.
9 3 7 1
35. :_6+y_m5=c’y=0- 36. zyes’v =C,z2=0,y=0.
3
37. $2=Cy.eig’5,x=0,y=0. 38. In y; +arctg%=C,x=0,y=0.
z3 + 2zy 1 Y
9, ——~=(C,y=-1. 40. — + = = = =0.
3 T+y , Y x2y+a: C,z=0,y=0
1
41. sy =Ce=®, =0,y = 0. 42. zy—Injy|=C,z=0,y = 0.
1
43. ze¥ = C\/1?2 +y%, y=0. 44. gy = Ce=? , 2 =0, y = 0.
1 y 2
45,;§+_y2=$—3+0,:1:=0. 46. zy =Ce'z27,:1:=0.
2 3
49. yexy2=C.'z:2,a:=0. 50. y2e*'V’ = C, z = 0.
1
51. y=Cze=®, =0,y =0. 52. (:I:y)11=C(11xy2—1)6.
53. 25910 = C (1 + 5z1%)°. 54. Cy(zy+1) =y +1.

55. (dzy +3)C = (2-2%)% 2=0. 56.ef =22+ C.
57. y=C (22 + 1)y +C. 58.x2+y(1ny-1)—1ny—13=c.
Yy

59. (z2+12) (Cz+2) ==z 60. zy2ev = C, y = 0.

2
61. y=w+\/m2+8+;.

§ 5. UccanenoBanne 3anayn Komm

Baxxnyio posb B ucciaenoBanuu 3anaud Koimv urpaer yciosue Jlunmuna.
ToBopsiT, yro ¢yukuus f(z,y) yaosnersopsieT ycioBuio Jlummuua mo y

PaBHOMEPHO M0 T B HEKOTOpO# obsiacTé G MJIOCKOCTH R?x y)» €C/H Halizer-

csa takoe yucio L > 0, Ha3biBaeMoe IOCTOSAAHHOHN JIummmuna, 4To Ui J1H06bIX
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(z,v1) € G u (z,y2) € G BBINONHSETCA HEPABEHCTBO

|f(z,91) — f(z,92)] < Lly1 — v2l.

Chnenyroumit npuMep naeT yao0Hble sl NIPAKTHKM JOCTATOYHBIE YCJIOBHS HA

f(z,y), obecneunBaromye BHINOIHEHHE YCa0BHs JIMNIIULA 1O Yy PaBHOMEPHO

2

10 T Ha KOoMNakTe (OrpaHMYeHHON 3aMKHYTOH 06J1aCTH) IJIOCKOCTH R(x v
3.

of (z
ITPUMEP 1. Joxa3ats, uyro e pyHkuuu f(z,y) u _f_fa_,_y_)_ HenpepLIBHBI B
Y
obsactu G 1uI0CKOCTH R?m y)» TO f(z,y) ynosnerBopsier yciosuio Jlunmmuna mno
Y PaBHOMEPHO N0 T Ha KaxxaoM komnakTe K C G.
A Paccyxaaem ot nporuBHoro. IlycTh yTBepikienue HesepHo. Torna Hait-
ayrca komnakT Ko C G u nocnenoBarensHoctd {Ln}32,, L, > 0, Vn € N,

{(zn,yn)}nz1 C Ko, {(zn,yp)}o%, C Ko Takme, uro

Tak xak K( — KOMIaKT, TO M3 IIOCJIE[JOBATEJILHOCTEN TOYEK (Zn,yy) H
(zn,yl) MOXKHO BBIGPATH CXOAALIMECH IIOANOCIEAOBATEILHOCTH (mnk,y;lk) -
— (z0,Yp) € Ko, (Tny,¥n,) = (z0,yy) € Ko npu k — oo. Paccmorpum dyHk-
IO
f(z,y) — f(z,9")

F(z,y',y") = "

, ¥ #Y

B JOCTaTOYHO MaJIOfi OKPeCTHOCTH TO4YKH (Zo,Yq,Yq)  Ecim yy # yg, TO u3
HenpepbiBHOCTH f(Z,y) cieqyer orpanudenHocts dynkuuu F(z,y',y") B sTolt
7]
&Y e
oy

AYET BLINIOJIHEHHE YCJIOBUA JII/IHHJI/II.[& II0 Yy PaBHOMEPHO IO I B OKPECTHOCTH

okpecTHocTH. Ecim ke yj = yj = Yo, TO U3 HENPEPHIBHOCTH

TOYKH (Zo,Yo), YTO O3Ha4YaeT orpanmyeHHocTs F(z,y’,y"”) u B aToMm ciyuae.
Ho orpanuuensocts F(z,y’,y"”) npoTuBOpedyuT HalieMy NPEANONOMXKEHHIO O
komnakTe Ko npu gocratouno Gonbmmx my. JTO NOKA3bIBAET yTBEPXKAECHUE
npumepa 1. A

[IPUMEP 2. Beimonueno ju ywroBue JIMnmuna 1o y paBHOMEPHO MO T IS
byukuuu f(z,y) B monykpyre z2 + y?2 < R%, y > 0, R > 0, ecymn:

a) f(z,y) = «?sinz +13, 6) f(z,y) =z +y|, B) f(z,9) =2+ G ?
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A B cnydae a) misa 100bix AByX Touek (z,y;) U (Z,y2) U3 HOMyKpyra uMeem:
f (2, 51) — F(,y2)| = lyi — %3] = Iy1 — wol - |vF + w1y + y3] <
3
< 5(1/% +y3)ly1 — v2| < 3R%|y1 — vl

3uauuT B ciiydae a) yciaosue Jlumumua BeinosHeHo. B ciyvae 6) yciosue
Jlunmuua ToXke BBINOJIHEHO, TaK KaK

1F (z, 1) — f(@,92)] = |lva] — lwal]| < ly1 — val-

IMokaxxeM, 4TO B ciiydae B) ywioBue Jlunuia He BeinoHsieTcs. Paccy K aa-
eM oT mpoTuBHOro. IIyCTh 3TO yC/IOBHE BBINOJIHEHO B MOJIyKPyre C HEKOTOPOH
nocrostaoi Jlunmmua L > 0. Torna gns Tovek (0,1) u (0,y), roe 0 < y < ¢,
€ > 0 u J0CTATOYHO MAJIO, UMEEM

Orciona L(,/y + 1) > 1, 4TO HEBO3MOXKHO NpPH JJOCTATOYHO MaJbIX y > 0.
ITporuBopeune. Ycriosue Jlunumuia He UMeeT MeCTa. A

ITPUMEP 3. YKa3aThb Kakoii-ub0 OTpe30K, Ha KOTOPOM CYIIECTBYeT pelleHHe
3agaun Komm, eciu:

a)y =y?+22,y(0) =0, |z| <1, |yl <1,6) ¢ = z+sin(z? +y), y(0) =0,
|z| <1, B) ¥ = |z| + siny? + cos y?, y(0) = 0.
A HzBectHo, yto pemenue 3agaun Kown v = f(z,y), y(zo) = vo, e f(z,y)

of (z,y)

U ———" HenpephbiBHbI B npsiMoyrousuuke II = {(z,y) : |z — zo| < o, |y—

oy

—yo| < B}, Bceraa cyumecrByer Ha [zo — d,Zo + 0], e § = min (a, —][\})’ M =
= max |f(z,y)| npu (z,y) € IL

B ciyvae a) umeeM a = f = 1, M = 2 u, 3Ha4YUT, pelleHHe CYIIECTBYeT
npu |z| < 3

B ciyvae 6) umeeM o = 1, f = 00, M = 2 u, 3Ha4uT, pellleHne CymecTByeT
npu |z| < L.

B ciyuae B) mis Beex |z| < a mpu moboM a > 0 umeeM o = a, f = oo,

M = 2. CienoBaresibHO, pelileHHe CyliecTByeT mJis |z| < a npu mobom a > 0,
T. €. 115l BceX T € (—00, +00). A



§ 5. UccienoBanne 3amaun Komn 35

IIPUMEP 4. MeronoM nocjiefoBaTe/IbHbIX MPUOJIHMXKEHUN HAaWTH pelleHue 3a-
nsaan Komm: y' +y =z + 1, y(0) = 0.
A B mamem ciydae mocjiesoBaTe/bHbe NPUOIMKEHUsT 3a4a10TCsl hopMysIaMu

Yo(z) =0, yi(z /[§+1—yk1§)]d£,k—123

MeTtonom MaTEMa’II/I‘IECKOH MHAYKLIAM MOXHO NpOBEPUTH, 4TO Yi(T) =
=z + (—1)kZ k,, k=1,2,3,... Orcrioga cienyer, uro npu |z| < a ans moboro
a > 0 yi(z) upu k — 0o paBHOMEPHO CTPEMHTCH K Z. JHAYMT, Y = T ABJIAETCH
pewmenueM 3anauu Komm. A

I[TPUMEP 5. JIoKa3aTh, YTO MOCIEAOBATELHOCTL (DYHKIHM Yy (T), Onpenesie-
Masi COOTHOLIEHUSIMU
T

11—z 1
Yo(z) =0, yn(2) = 2—— ~ §/y;‘;_1(t)dt, n=12.3,...,

1

CXOAMTCSI paBHOMepHO Ha [1,2] u He cxomuTcst paBHOMepHO Ha [1,8].
A 3ajaHHas NOCIEAOBATENbHOCTh (DYHKUHMI CIy>KHT MOC/IeJ0BATEIbHBIMU
npubInKEHUsIMA pelienus 3ajaun Komu Buza

2 y2
I——_——_— _—
y=-=-3,» v(1)=0.

PaccmorpuMm cravasa sty 3amady B obinactn G = {(z,y) : z € [1,2], |y| <

y2

< b, b> 0}. B aroit o6nacru G max |——;
z 9

=M < 2+b Hma.x‘——’

=max|—%u‘ =Ng2
M3 TeopeMBl CyLIeCTBOBaHHsI peleHust 3agaun Ko ciemyer, 4To mocie-

JOBaTeIbHbIE NPHUOHKEHUs] CXONATCA paBHOMepHO Ha [1,1 + 4], roe umcio

d > 0 OZHOBPEMEHHO YAOBJIETBOPSIET ABYM OLeHKaMm: § < i é—b—g-)
+ =
1

9
d < N % Bribupas uucio b Tax, 4Tobb 06€ OLEHKH COBHAJIH, NOJydYaeM

b=3v2,6< —2T/—§ fAcHo, yTo 6 = 1 yAOBIETBOpPSIET 3TOMY HEPABEHCTBY.
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3 3
Pemas na [1, 8] ypaBuenue PukkaTu, nonyuaem y = — + ——. U3 Ha-
T z+4+Czxs3
vanbHoro yciosus C = —2. [Ipu £ — 8 nonyuaem y — 00, 4TO IPOTHBOPEYHT
PaBHOMEPHOM CXOIUMOCTH. A

IIpu uccnenoBaHMM 3aBUCHMMOCTH PeLIEHMS 3aAadu Komm oT mapameTpoB
¥ HAYaJIbHBIX JaHHBIX MCIOJIL3YIOTCS YPAaBHEHUSI B BapHUALHUIX.
9y(z,1,0)
Ao
y' =2y + 2%y — 2%, y(1) = wo.
A OueBugHO, 4TO pellleHHEM 3aJIaHHOTO YPABHEHHS NPU HAYAJBLHOM YCJIOBHM
y(1) = 0 siBasiercss y = ¢(z,1,0) = 0.

ITPUMEP 6. Haittu or pewenuss y = ¢(z,1,y0) 3amayun Komwu

HsBecTHo, 9TO McKOMast PyHKIMS © = —8—2 JIOJKHA OBITH pelieHneM ypaB-
Yo

HeHMs B BapHAlMAX 110 Yo
ou

Fr 2 + 223y — 322y?]u,

rae y = ¢(z,1,0) = 0, npy HAYAILHOM YCIOBUH U |zo=1= 1.

Jpyrumu cioBaMH, 4Jis HaXOXKJeHUs (PYHKLUUU u = a—(p HeobXxoquMo pe-
Yo
wuTh 3agayy Komm Buaa

Ju
e 2u, wu(l)=1.

VckombIM pemnenneM sipiserca u = e2(F~1)., A
dp(z,1,0)
8:1:0

y' =y —1+2zy*(y® - 1), y(z0) = 1.
A OdeBHHO, YTO pelEHHEM 3aJaHHOTO yPABHEHHS NPU HAYAJILHOM YCJIOBHM
y(0) = 1 saBasercs y = ¢(z,0,1) = 1.

ITpuMEP 7. Haitru or pemenusi y = (x,o,1) 3amaun Komu

dp
H3BectHO, 4TO NCKOMast (DyHKIUS v = B POTKHA OBITH pELIEHHEM yPaB-
T
HEHHSA B Ba.pnaunﬂx o Io 0
ov
— =1 + 8zy® — 4zylv
E [ Y ylv,

rae xosddunuenT npu v Geperca NpH 3HaYeHMH Yy = 1 W NpM HavaJIbHOM
yenoBun v |z=0= —[y — 1 + 2zy*(y% — 1)]|+=0 = 0.
y=1
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CuieoBaTesIbHO, AJIsi HAXOXKAEeHUsT (DYHKIUM ¥ HY>KHO peuTh 3aj1a4y Ko-

M BHAA
Jv
o (1+4z)v, v(0) =0.
Orcrona uckomoe peutenue v = 0. A
1. Boinosnueso su yciosue Jlunmuna nis dyakuuu f(y), ecn:

a) fly)=v% lyl <o, a>0,
6) f(y) =lyl, lyl <o, a>0,
B) f(y) = VIul, lyl <@, > 07

. Jloka3zarb, YTO U3 BBINOJIHEHHS ycioBUs Jlunumna ais dyskuun f(y) Ha

[, B) cnepyer HenpepriBHOCTL f(Yy) Ha [, ).

. Brinmonueno nu ycioBue Jlunmui@a mo y paBHOMEPHO MO T A1 PYHKIUH

f(z,y) B kpyre 22 + y2 < R%, R > 0, eciin
a) f(z,y) = 2* + 47,

6) f(z,y) =z |yl,

B) f(z,y) = z/|y|?

. Hokazare, yto ewin (yHkuus f(z,y) HenmpepwiBHa mo = B obmactu G

u yposJserBopsier B G yciosnioo Jlunmuna mo y paBHOMEPHO MO I, TO
f(z,y) — HenpepeoiBHa B G.

. INokazark, uro He auddepenuupyemble no y npu y = 0 ysxuum

fi(z,y) = |ly|(1+sinz) u fo(z,y) = |y|(1+cos z) yaoBIeTBOPSAIOT YCI0BUIO

Jlunuuna no y paBHOMEPHO O T Ha BCEH MJIOCKOCTH R?x v
bl

. IToxazats, uro dbyskuus f(z,y) = a(z)y + b(z) yaoBaerBopsier yCIOBHIO

Jlunmuna no y paBHOMepHO 1o B nosoce |z| < a, o > 0, eciau TOJIBKO
a(z) u b(z) — HenpepsiBHble byHKUMH 0pH |z| < @.

. ITokazaTs, uro dyukmus f(z,y) = [1+a?(x)]y?, rae a(zr) — nenpepriBHaAs

dyskuus npu |z| € a, a > 0, He yaosieTBopsieT yciaoBuio Jlunmmua mo
Y pPaBHOMEpPHO IO B moJjoce |z| < a.

. Hokazars, yro dyukuus f(z,y) = P(z) + Q(siny,cosy), rae P(z) u

Q(u,v) — MHOrOYJIeHBI, YAOBJETBOPSIET YCJIOBHIO JIMMIKMIA 110 Y PaBHO-

MEpHO I10 T Ha BCEH IVIOCKOCTH R%I v)"
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Inara 1. Juddepennyanbable ypaBHEHHsI EPBOrO NOPSAIKA,

10.

11.

12.

13.

14.

15.

. Hoxkazate, uto dynkuus f(z,y) = T -y He yAOBIETBOPsSieT YCI0BUIO JIuI-

KA 110 § PABHOMEPHO IO T HA BCe [JIOCKOCTH R?I W)

MeTonoM IOCIeN0BATENbHBIX IPHOJIMXKEeHUH HalTh pelreHue 3aga4uu Ko-
I}, eCJIH:

a)y'+y=z+1, y(0) = 16)y+y—2e y(0) =1,

B)y —y=1-z, y(0)=1,1) ¢y —y=e*, y(0) =1

MeToz0M moc/Ie0BaTEbHBIX NPUO/IMXKEHHH HalTH npubinxeHus yo(z),
y1(z), y2(z) K pewennro 3agaun Komwu, ecmu:

a)y =y* —z, y(0) =1,6) y' =4 +2? y(0) =0,

B)y =2y%+z, y(0)=1,1) ¢ =22 — 292, y(0) =0.

OueHHTh TOrPEeuIHOCTD, MOJyvYaeMylo NpH 3aMeHe pewleHus y(r) 3amadu
Kowwu ero nowienoBarenbHbIM npubimkeHneM ys(z), eciau:

a)y =y?+2z,y(0)=0,]z|] <1, |yl <1,
6)y' =y?+2% y(0) =0, |z <1, |yl < 1.

Joka3aTb, 94TO MOCJIEI0BATENLHOCT (DYyHKUMH Y, (), onpenessieMast co-
OTHOIIEHUSIMU
yo(z) =0,

T

1 3 -
Yn(z) =€ + 56‘2’” -5 % / 2yn-1(t)e™ —yn_1(t)]dt, n=1,2,3,...
0
cxoputcsi paBHoMepHo Ha [0, 0.2] u He cxomuTcst paBHOMepHO Ha [0, 1].

Joka3aTb, 4TO MOCJIEAOBATENBHOCTh (BYHKIUN Yy, (), onpenensieMas: co-
OTHOILIEHUSIMU

y0($) = O,

z

Yn(z) = %(1 — %)+ / %[(m - Dynt(8) — 2 (B)]dt, n=1,2,3,...

1
cxoxuTcsl paBHOMepHO Ha (1, 1.1] u He cxomuTcst paBHOMepHO Ha (1, 2].

Joka3aTh, 94TO MOC/IEAOBATENLHOCTh (DYHKUMH yn (), onpexensiemas co-
OTHOUIEHUSIMU

Yo(z) =0,
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16.

17.

18.

19.

20.

T
yn(z) = cosz — 2 — /sint[yn_l(t) —cost]?dt, n=1,2,3,...
0

T
cxoputcst pasHoMepHO Ha [0,0.1] ¥ He CXOAUTCS PaBHOMEPHO HA [0, §]

Jokazarh, 4TO MoC/Ien0BaTeIbHOCTL (MYHKUUA Yy (Z), onpeaesnsieMast co-
OTHOUIEHUSIMH

y()(.’L') = Oa
z
yn(z) =2 + 2/ cos (z — t)yn—1(t)dt, n=1,2,3,...
0

CXOIUTCS PABHOMEDPHO Ha JIIOOOM OTpe3Ke ¥ HallTH ee Ipenell.

Jokazarh, YTO NOCIeN0BaTEbHOCTh (DYHKUMR Y, (x), onpexensieMasi co-
OTHOIIEHUSIMHU

yo(z) =0,

T
yn(z) = Hcosz —4 + 2/ (1 - e )yp_1(t)dt, n=1,2,3,...
0
CXOIQUTCsl PABHOMEPHO Ha JIIOOGOM OTpe3Ke M HalTH ee Ipejel.
Joka3aTh, 4TO MOCIER0BATENLHOCTh DYHKUMH yp(Z), Onpenesnsemast co-
OTHOIIECHUAMH

yo(z) =0,

T
yn(z) =4+ 5/sin ( = t)yn-1(t)dt, n=1,2,3,...

0
CXOZMTCHA PAaBHOMEPHO Ha JIOOOM OTpe3Ke U HalTH ee Tpejel.
JokazaTh, 4TO IOC/IEAOBATENLHOCTh (DYHKLMH yn(Z), OnpexensieMast co-
OTHOLIEHUSIMH

yo(z) =0,

T
yn(z) = 5(cosz + sinz) + / 1+ 2(z — t)]yn-1(t)dt, n=1,2,3,...

0
CXOIUTCS PABHOMEPHO Ha JIIOOOM OTpe3Ke M HaliTH ee Ipejell.

Hcnonp3ys kakoe-1mb0 JOCTATOYHOE YCIIOBME €IWHCTBEHHOCTH DeIleHHs
sazaun Komwu, yka3zaTh obyacTu, dyepe3 KaXKAyH TOYKY KOTOPBIX IIPOXO-
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I'naBa 1. Juddepennpanbable ypaBHEHHS [IEPBOrO MOPSIKA

JUT €OJUHCTBEHHasd HHTErpaJibHad KpUBadA YPaBHEHUA:

a)y =y’ +z4,6)y =2+ Yy—z,8) vV =  + V2 +y,

r) (z+y)y =zlny, n) 2y’ =€® +ctgy, e) y' =y + y —z2,
%)y = (y+1)(y—1)3.

21. HaitTu 3HaYeHNs BEIECTBEHHBIX IAPAMETPOB ¢, 3 U JIUHUH Ha IJIOCKOCTH,

22,

23.

B KaXXJIO TOYKEe KOTODHIX HAapYyUIIAeTCs eNMHCTBEHHOCThL pEeUIeHUs ypaB-
HEHUS:

1
a) v =y*(1-9),6) ¥ =y’ 8) Y/ Iny = y(1 - ).

IIpu Kakux HAYaAIBHBIX JAHHBIX To, Yo, Y1 3agada Kouwn ¢y’ = f(z,y,y'),
y(zo) = yo, ¥'(z0) = Y1 UMeeT eAUHCTBEHHOE peLlIEHNe, eCIIH:

) f(e,8) = 3+ VI=1),6) Flz,.0) = = In oy - ),
B) f(z,y,y) = %x/“ y—z,r) f(z,y,y) = -:;(cosy’ +z2Iny),
n) flz,y,y) = %(w - Vv —v), e f(z,y,9') =z’ +sin(y — 2?3,

2
ITokasaTts, uto ypasuenue y' = 3(y')3 npu mawanbmbIX yonosusax y(0) =
= y'(0) = 0 umeer aBa pemrenus. [ToueMy 3TO He IPOTUBOpPEUHUT TEOpeEMe
CyLUECTBOBAaHUS M €IUHCTBEHHOCTH pellleHus 3ajayuu Komm?

24. TlokazaTb, uyro ypaBHeHue y" = 24/|y’| npu HavanbHBIX yCaoBUsAX Y(0) =

25.

26.

27.

= y'(0) = 0 umeer gBa peurenus. [loueMy 9TO He IPOTHBOPEYHUT TeopeMe
CyIIIECTBOBAHHUS U €JUHCTBEHHOCTH peureHus 3anadn Kowmn?

MoryT Jin ABe MHTErpajibHble KpUBBIE YDPABHEHUSI MEPECEKATHCSI B HEKO-
TOpo# To4uKe (Zg, Yo):

a) nna ypasuenns y' = z2 + y>? 6) ansa ypasrenus y" = 22 + y3?

MoryT Jiu aBe UHTErpaJibHbIE KPUBbIE YDABHEHHUsI KACaThCsl APYT ApyTra B
HEKOTOPO# Touke (Zg,Yo):

a) quis ypasuenus y' = x2 + y3? 6) nna ypasuenns y" = z? + ¢37?
B) Ans ypasrenus y'" = z2 + y3?

CKOJIBKO CyIIecTByeT pelleHH# ypaBHEHHS y(") =z2+y?mpun=1,2,3,
YJOBJIETBOPSAIOIIMX OJHOBPEMeHHO AByM yciosusiMm y(0) = 1, ¢'(0) = 07
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28.

29.

30.

31.

32.

33.

34.

35.

IWW“M"GNwwwmww=fmwmmﬂawnggw_

HeIpephIBHBI Ha, BCelf IIIOCKOCTH R?, .| MOTYT HMeTh CpeJH CBOMX pellle-
pep (z.y) y p p
HUlt JBe DYHKIMH:

1
a)y1=2,y2 =2+ 22?6) yy =1 —coszx, yp = —2-:1:2?

Haiitu npoussoanyio no napamerpy A npu A = 0 or pemenus y = ¢(z, A)
3amaqau Kommu:

a) ¥ =y + Az? +1?), y(0) =0,6) ¢ = —y+ Az +9?), y(0) =0,
B) Y =2y+ Ay®—2?),y(0)=0,1)y =—3y+/\y —-z),y(0) =

0,
Ny =y—y’+AMz+y%),y0)=0,¢) ¢ =9y —y+ Ay* —m),y(0)=
x) y' = 2zy + Ay? +22), y(0) =0, 3) y' = —2zy + (> — 2z), y(0) =
Haiitu %‘250@—) npu yo = 0 or pemenus y = ¢(z,Zo,Yp) 3aTa4u
0

Komu ¢’ = f(z,y), y(zo) = yo, ecymna:
a) y' =2y + z2y% — 33, y(0) = yo, 6) ¥ = y + 2zy® + 4>, ¥(0) = yo,
B) y' = —2y + 22%y% + 93, y(0) = yo, 1) ¥’ = —y — ¥ — 223, y(0) = wo.

9¢(z,0,0)

IlokazaTs, uToO = 0 g5 pewenus y = ¢(z, zo, 0) 3anaun Komu

o

Y = f(z,9), y(zo) = 0, ecom:

a)y =y+2z(y® +v%),y(0) =0,6) v = —y + 2z(y* — v*), y(0) =0,

B) y =2y —2(y? +9*), y(0) = 0, ) y' = 2y — 2%y(y* + 2y), y(0) = 0.

Haitru ¢ Tounoctsio 10 O(z, A?) pemenwve 3anaun Komu:
a) ¥ = 2zy + A2z + y2), (0) =0, 6) ¢y = —2zy + A(y? — 2z), y(0) =0,
B)y =12 +y+ A1+2z),y(0) =0, r)y-—y —y+ Az, y(0) =0,
By =-y>+y+xz,y(0) =0,e) ¥ =-y*—y+ Az, y(0) = 0.
Iycrs y = ¢(z, \) pemenue 3anayu Komu 3y’ = y+siny, y(0) = \. Haitu
dp(z,0)  0%p(z,0)
ox | ax
IycTs ya= p(z, \) paezmenne samaun Komm y' = A(1—z)+y—1v2, y(0) = 0.
z,0 z,0
Haitru <P((9/\ ) U (g(,\2 )
Iycts y = ¢(z, 0, B) pemenne 3amaun Komm y" = ay — 9?2, y(0) = 1,
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36.

37.

38.

39.

40.

41.

0p(z,1,0)  Oyp(z,1,0)
0 =
y'(0) = B. Haittu 50 u 25

Iycts y = (z, a, B) pewenne 3agaun Komn y” = y + 3siny, y(0) = a,
dp(z,0,0)  9dp(z,0,0)
'(0) = 8. Haix St LI
y'(0) = 8. Haitru 5 u a8
IMycts y(z) npu z > 0 ynosierBopsier ypaBHenuioo y' = 1+z + 100siny n
HauanbHOMy ycnoBuio y(0) = 0. Jokazars, uro y(z) > 0 mus Becex z > 0.

Oyukuus y(z) npu z > 0 ynosneTsopseT ypapaenmio y' = 2+ z2 +sin’y
u HagasnbHOMY yciosuio y(0) = 0. Vimeer siu vy y(z) npu z > 07

®ynkuus y(z) npu z > 0 ymoBieTBopsieT ypaBHEHUIO Y = T + COSy.
Nmeer s y(z) acumnrory npu £ — +o0?

®ynkiusa y(z) npu > 0 ymoBjeTBOpsieT ypaBHeHMIO ¥y =  +

1+ 9%
CywecrByer jiu KoHeuHbI lim y(z)?
T—+00
JloKa3aThb, 9TO KaXKJI0€ PellleHne ypaBHeHns y' = ONpeJeJIeHO

1+ 22 + y?
npu —oo < r < +00 M UMEeT KOHEUYHble Npeaesbl Ipu T — —O00 U NpHU

T — +00.

OTBeThI K 3ama4aM § 5

1.
3.
10.

11.

12.

a) Ja. 6) a. B) Her.
a) Ja. 6) Ja. B) Her.

a)y=z+e . 6)y=e*B)y=z+e%. 1) y=e>

) ol@) = 1 (@) = 1 +2 - 5 (o) = 1 +a b G = B - B
6) yo(z) =0, y1(x) = %;—, yo(z) = 3—; + % )

B) yO(“’)El’yl(x)=1+2$+%2,y2(w)=1+%i+§§—3+x4+%.
r) yo(z) =0, y1(z) = x—s, yo(z) = %i - %2—7 .

3
) u(o) - (o)l <  (
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6) ly(z) - 3(2)| < 5
16. y=2(z — 1)e* + z + 2.
17. y=2cosz +sinz — e*.
18. y=g(e2“+e-2’”)—1.
19. y = 4e%* + cos + 2sinz.
20. a) Bes miockocrs (z,y). 6) y #z.8) £ # 0,y > —=z.
Nr#—-y,y>0.0)z#0,y#km k€Z. e)y>z? x)y#1.
21. a) a<l,y=0upf<l,y=1.6)a<l,y=0uf<l,y=1.
B)a<l,y=0upf<2,y=1.
22. a) 29 # 0, yo # 1, y1 — moboe. 6) zoyo > 1, yo # 0, y1 # 0.
B) Yo # Zo, Y1 # 0. 1) zp — ymoboe, yo # 0, y1 > 0.
1) zo — mo6oe, yo # 0, y1 # Yo. €) TF # y1, Yo — moGoe.
25. a) Her. 6) Ja.
26. a) la. 6) Her. B) Ha.

27. Tlpu n = 1 HeT pemenwuit, Mpyu n = 2 OAHO pelleHue, IPU N = 3 6ECKOHEYHO
MHOI'O peuIeHu.

28. a)n>3,6) n > 5.

29. a) Wg’/’\ 0 9t 4?95 -2 ¢) ‘9‘P((9":\’ 0 =iyt
B)%%—Q=—%e2x+%<x2+z+%>‘
Op(z,0) 1 3, =z 1
D=~ T3¢ T3ty
,u)ég(a—a;‘—’gzez—x—l.e)a——g;—o—) —e -z +1.
) ___a‘ogf\’o) e 1 )590(;\’0) = _ .

30. a) €2®,6) €%, B) e 2%, 1) e7%.
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32.a)y= /\(ex2 — 1)+ 0(z,22), 6) y = Me~®" = 1) + O(z, A\?),
B) y = A(2e% —z—2) + A\2[4e*® +2¢%(3 — 2z — 2%) — 22 — 62— 10] 4+ O(z, \?),
r)y=Me ®+z-1)+22[(z2 -2z —4)e ® —e 2% + 12 —4z+ 5]+ O(z, A\?),
n)y = Me®—z—1)+2[(z% + 21 —4)e® — e "2 + 22 + 4z + 5] + O(z, A\?),
e)y=Ae T+z—1)+2%[(4+2z—2%)e " +e 22— 22 +4z - 5]+ 0(z, \?).

p(,0) _ . oy 8Pp(z,0)

33. T = 2(6 1), N2 =0.
0p(z,0) 0%p(z,0) _ z 9

34.T—x, CIVER 4e” + 2z° + 4z + 4.
dp(z,1,0) _ dp(z,1,0) _

35. £ =1-—cosz, a8 =sinz.
9p(z,0,0) 9p(z,0,0) 1

36. Ep = chdz, 38 =1 sh4zx.

38. Her.

39. Her.

40. Her.

§ 6. YpaBHeHuUs NEPBOro NOpsigKa,
He pa3pelleHHble OTHOCUTEJIbHO NPOU3BOLHOM.
Ocobble pemenust

OCHOBHBIM METOAOM pEeIIeHHHA TaKUX ypPaBHEHHU sIB/ISI€TCS METOJ BBEIEeHHS
napamerpa. Kanaunarel B ocoOble pelleHusi HaXOASATCs C IOMOIIBI0 TUCKDH-
MMHAHTHBIX KPHBBIX, & 3aTeM JJisI HUX [IPOBEPsIeTCs ONpejeieHrue 0CoObIX pe-
IeHu .

ITPUMEP. HaiiTu BCce pellleHusi, HCCJIeAOBATh OCOOBIE pellleHHst H HAPHCOBATh
KaveCTBEHHYIO KapTHHY MOBEeJEHHs] HHTErPAJIbHbIX KPHBBIX yDaBHEHHUsI

22[(y)? — ] + 2zyy’ + y* = 0.

A Bsenem napamerp p = y'. Torna 3ajaHHOe ypaBHEHUE SKBUBAJIEHTHO CHCTe-
Me ypaBHEHHH

¥ =p,
z2[p? — p] + 2zyp + y? = 0.
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PazpeminB BTOpOE ypaBHEHHE CHCTEMBI OTHOCHTEJBHO ¥, MOJIydaeM, UTO
y = —zp *+ z,/p, rae p > 0. Halina orciona dy u moACTaBUB €ro B PABEHCTBO
dy = pdz, monyyaeM ypaBHEHHE

2vpF i)(2pd:1: + zdp) = 0.

1
ITepBas ckobka MOXKeT 0OpaIaThCst B HYJIb JIMIIb NIPH /P = 3 IloacraBus

2
ydTeHO, 4TO B popMyJie IJIs Y HY>KHO O6paTh TOMBKO 3HAK <ILTIOCH.

1 1
VP = = B dopMyny Ans y, moiydaeM pelleHHe Yy = Z:z: ITpu stom 6b1T0

ITpupaBHuBast HyJI0 BBIpaXK€HHE BTOPO CKOOKH, TOJiy4aeM ypaBHEHHe
C pa3lessIOUMMUCS NepeMeHHbIMH. Bce ero pemenusi 3aJaioTcst popMyJon

C
pz?2 = C, rae C > 0. Iloacrapnsas p = — B Gopmyay s y, B KOTOPOH
z

C .
GepeTcst TOJIBKO 3HAK <«IUIIOC», MOJIy4daeM pemrenue y = —— + VC - signz, rae
z
z # 0, C > 0. Kpome Toro, npu p = 0 umeeM pemenne y = 0.
JMCKpUMUHAHTHBIE KPUBBIE HAXOASITCS M3 CHCTEMBbl YpaBHEHHH

y:—xpiwl\/ﬁ,
0=—-z4+ —,
2\/p

rZie BTOpPOe ypaBHeHue moydaercs: AuddepeHInpoBaHieM o p NepBOro ypas-

Henus. Vckiioyas u3 3To#t CHCTEMBI TapaMeTp P, HAXOJUM, 4TO Y = i 3aJaer
JUCKPHMHHAHTHYIO KPUBYIO. DTO eIUHCTBEHHBIN KAHIUJAT B 0COOBIE pelIeHus

1
Hamero ypaBHeuus. Ilockonbky y = 4T — PelleHue ypasHeHus, T 0CTaeTCst

IIJIs1 HETO IIPOBEPHUTH BBINOJIHEHHE ONpesesieHusi ocoboro pemenns. s aroro
COCTaBJISIEM CHCTEMY YpaBHEHHi oTHocuTesbHO C':

%x=—g+\/_6—"signx, z #0,

1 C
4 g2

Jlerko BHAeTh, YTO HalfieHHOe U3 BTOpOro ypaBHeHus C = i—zz yAoBJIe-
'rBopslleT 4 nepBoMy ypaBHenuio npu = # 0. CienoBarensHo, o6a Jryda npsamoit

Y= Zm, nosny4aemsle npu T # 0, SBISIOTCS OCOOBIME peIIeHHsIMH 33AaHHOTO
YPDaBHEHHsI.
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Ay

=Y

KauecTBenHasi KapTHHA MOBEJEHN S UHTErPATbHBIX KPUBBIX YPaBHEHUS ITO-
Ka3aHa Ha puCyHKe. /I3 pHCyHKa, B YaCTHOCTH, BUIHO, KaK W3 HalJIeHHBIX
pellleHuil ypaBHEHUSI MOXXHO IIOJIyYaTh COCTaBHbIE DeIllleHUsl yPAaBHEHUS. A

HaiiTu BCe pellleHusi, HCCIEIOBATh OCODLIE pelIeHWsl M HAPUCOBATHL Kade-
CTBEHHYIO KapTHHY IOBEIeHUsI HHTEIPAIBHBIX KPUBbIX ypaBHeHwuit (1—66):

1. ¢ —dzyy’ +8y? = 0. 2. y'2 + 223y — 422y = 0.
3. 8zy" =y(12y"2 - 9). 4. 22y — 4z(y +2)y' +y(y +2) = 0.
5. 23y + 2%yy’' + 1= 0. 6. 4% — 3zyy' + 9y3 = 0.
7. 3 — 322y + 4dzy = 0. 8. y2y2 + 2zyy’' — 2+ 1=0.
9. y'=lny,_1. 10. zy"? — 2yy’' + 2y = 0.
11. 2392 — 422yy’ + 4zy? + 4y = 0. 12. 8y2%y"3 — 3y + 6(x — 2)y’ = 0.
13. 5zy"2 4+ 1 =yy'(1 + yy'). 14. 23y%y"? — 2223y + zy* + 2yy' = 0.
15. %y'z —y +y=2z-3. 16. y?2 — 8zy' + 822 + 4y = 0.
17. y? + zy%y' + 3 = 0. 18. 2y%y”? — 2792 + 4yy’' + 1 = 0.
19. y2 — 2yy’ + 4e%** = 0. 20. zy? + 1y +y = 0.
21. 4y 4 325y = 9zty. 22. (1 —z%)y"? + 2zyy’ + 22 = 0.

21
23. y=y'+~2—(z—lny'). 24. y'(yy' — 1) =z — 2. .
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25.

27.

29.

31.
33.

35.
37.
39.
41.

43.

45.
47.
49.
51.
53.
55.
57.

59.

61.

63.
65.

4(zy’ — 2y) = 4z? — 2. 26. 2yy'? + 22(y"? + 1) + 2z’ = 0.
2 4
1) _ 1 2.0 [ T \°®
3(1 Y 4y>—(m+2y> : 28. 2zy = z°y + 3y oy
' g - ychz 1

= . 30.y=y — — .
y=ye v Y shz sh?z
yy'? — 2zy' +y = 0. 32. 12yy’ = 9zy% + 4 Yx.
y+y?costz =y sinzcosz, |z| < 7-2£ 34. (y—zy')2 =9y + 1.
493y —4zy' +y = 0. 36. 2zy%y"2 — 3y +1=0.
zy" —yy'? + 4 =0. 38. 8zy"® + 12yy'? — 9y° = 0.
z5y"3 + ztyy? -1 =0. 40. y® —zy' +y = 0.
Y2 +4e7 3%y + 6732y = 0. 42. 3y — 4e?%y + 4ye® = 0.

1+¢\?
4yy’ = zy'? + 3. 44. ¢ = :
vy =ey? +z V=%
6yy'? = 2zy'3 + 3z 46. (zv' +y)? = %y
(y+12)2 = —y®(3y +5)°. 48. (z —y)2 =y (5y — 7).
y —Iny =y —z. 50. 1 +yy' +4'Iny = zvy'.
4y — 3z%y' + 4zy = 0. 52. 4yy'? — 2zy" — 12 = 0.
dzyy'? — 8z%y" = 1. 54. 2zyy? = 43 + (22 + 1)y3.
2yy' + 2y — 3z = zy'%. 56. 4x2y + y"? = 2z(z? 4+ 1)y
xLy,+lny'=1. 58. zy' = y(1 +Iny’).
3 1

zy? =y — Ze'2y. 60. 425y — 27y’ + —8-y’2 = 0.
4
§y'3 —3z%y + 623y = 0. 62. (zy' + y)? + 2022y’ = 0.
28 4+ 5zy’ + 92 =5y + 425 + 224y, 64. zyty + 3+ = 0.

Ty’ + 3yy'? + 27y = 0. 66. =t + 3zy’ + y2 = 3y + 223 + 222y
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OTBeTs! K 3aga4aM § 6

1.

2.

11.

12.

13.

14.

15.

16.

17.

18.

19.

y = C(x — C)?%, 27Ty = 423 — ocoboe pemenue.

4

1
y=Cz2+C% y= 2% ocoboe perieHue.

2 3

3
3
2
Ly = = z - =+ '
y=0,y C’<3x+4c) , Y 2:1: ocobble pereHust

. y=-242(Cz +1)2, y = —2 — ocoboe pemenwue.

1
y = — + =, zy? = 4 — ocobble permenus.

z C’

6
Ly=C3%z-0C)3, y= (E) — ocoboe pernenue.

2
2

Ly= 3Cz5 — 16C3, y = :!:%— — ocobble pelIeHusl.

y?=C?+2Cz + 1, y = £V1 — 22 — ocobble pemenus.

.y=(z+C)[In(z+ C) —1], y=—1 — ocoboe pemurenwue.
10.

4y® = C(3z — C)?, y = £ — ocoboe pemenne npu T # 0.
1
y=0C— §C2x2, 222y = 1 — ocoboe pernenue.

1 4
y=0,z=2+ 25C 502y4, 4(z — 2)3 + 9y* = 0 — ocoboe pemenwue.

1
z=—y’—Cy- 502, 4z = y? — ocoboe perenue.

1
2y% + C%z% = 2C, ry = +— — ocobble pelreHus.
Y Y 2 p
y=—(z—C)?+2C -3, y =2z — 2 — ocoboe pemrenne.
1
y=1z2+Cz - 102, y = 2z? — ocoboe pemrenue.

y=0, Cy(z — C) =1, 22y = 4 — ocoboe pemenue.

L 1
z= _§y2 - Cy+ 502, T + y? = 0 — ocoboe permenxe.

1
y = Ce¥ + =, y = +£2¢® — ocobble perenus.

C
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20. y = g — C?, 4z%y = 1 — ocoboe perenue.

1
21. y=Cz344C?% y= —Emﬁ — ocoboe pereHye.

1 1
22. y= 3 (0232 -C - 5), y = £v1 — 2 — ocobble pemieHHs.

1
23. y=e"t0 - §C, y==(z +1+1In2) — ocoboe pemurerne.

DN -

1
24. (z—C?)?+42=C?% c=19% - i ocoboe perieHue.
1
25. y =z +Cz + ng, y = —z2 — ocoboe pemrenue.
1 2
26. 22 + (y + 502) = C?, 2y =1 — 22 — ocoboe pemrenue.
1
27. y=1-22+Cz - 502, y=1-— i—x2 — ocoboe pelieHye.

3
28. y=2C%2 + ik +y2? — ocobsie pemtenus npu y # 0.

29. y = Ce®%, C #0, exy = —1 — 0coboe peleHHe.

30. y=Cchz - C? y = %ch2 T — ocoboe pelleHye.

1
3. y=0,z=Cy’ + —

Yok T = ty — ocobble pemenust npu y # 0.

1

32. y= ic

— 3 + C,y= +123 — ocobbie pemenus npa = # 0.
2 1 9
33. y=Ctgz—C* y= 1 tg* £ — ocoboe penieHye.
o 1
4. y=(C°-1)z+C,y=—-z— P oco6oe penieHwne.

1
35. y=0,z=Cy’+ Yok +y? — ocobrie pemenus npu y # 0.

36. z = Cy? — 202 8z = y* — ocoboe pemenue.

37. y=Czr+ =,y = 325 — ocobrie pemenus npu  # 0.

C2’
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38.

39.

40.

41.

42.

43. y

44.

45.

46.

47.

48.
49.
50.

(V[

2
y== <—C—3___C§;> , TY = :t§ — ocobble pelieHusl.

C
y=—— + 53, 4z2y3 = 27 — ocoboe permenue.
y = Cz — C3, 27Ty? = 42® — ocoboe pemenue.

2
y = 4Ce 2" — 6C%, y = 56_31 — 0coboe pelIeHue.

3 .
y=Ce® — ZC’2, 3y = e?® — ocoboe pemenue.

1 1 1
= ZCm + o V= i§z2 — ocoboe peuleHue.
1
y=0C— oV z £+ 2 — ocobbie peleHusI.
1
y=Cz®+ 802’ 2y = /322 — ocoboe perenue.
C2

y = 7= C y = —4x — ocoboe pelieHue.

3
y=C-3 (a: _; C> , Y = —x £+ 2 — ocobble peuieHus.

+CY7" =55z + C)7, y = £+ 2 — ocobele pemeHus.
(y p
y=e*tC —C, y =1z + 1 — ocoboe pemenwue.

y=In(z+C)+C,y=2z—1— ocoboe pemrenue.
3, 1 z?

51. y = ZCm:* -C3 y= :i:T — ocobble peleHus.
52. y=Cz? + 161C’2’ 4y = 325 — ocoboe pelleHue.
53. £ = C(y — C)?%, 27z = 4y3 — ocoboe pemenue.
1
54. y = C(z? + 1) + W’ 2y = 3(z2 + 1)% — ocoboe perieHne.
55. y=Cz? —z + C’ y =1z uy= —3z — ocobble pemenus npu y 7 0.

56.

y=C(z?+1)-C% y= %(nr:2 + 1)? — ocoboe perenue.
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51

57.

58.

59.

60.

61.

62.

63.

64.
65.

66.

y=C+ C’ln%, y = £ — ocoboe pelleHue.

1 Cz—1
y= g , Yy = ¢ — ocobble pewmennst npu z 7# 0.
z = 2CeY + 202, 3z = %Y — ocoboe pemenue.

1
y=20z*-2C?% y = 5:::8 — ocoboe pelieHue.

y= gcxz — 203, 2y = +2° — ocobble pernenmus.

5C?
y=" + 10C, y = —5x — ocoboe peruieHue.

1 1 1 5
y= 52:5 +Cz + 502, Y= 5$5 - sz — ocoboe peleHme.
y =0, yC(z + C)3 = —27, 2y = 256 — ocoboe pemrenue.
(z+ C)y = —-C, 272%y = —4 — ocoboe pemenue.

3 .

1 1 1 .
y = 52:3 + Cz + §C2, y = —=2% 4+ —z3 — ocoboe pemenue.

4 3
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ANODEPEHLIUAJIbHLIE YPABHEHUA
BbICLLUEIO NOPAAKA

§ 7. OcHOBHBIE TUNBI ypaBHEHU,
JAOIIYCKAIOIIHE IMOHMXKEHUE NMOPAAKA YPABHEHUS

B § 7 paccMaTpuBaIOTCS ypaBHEHMS BUAA
F(z,y,y,...,y™) =0,

rae y(z) — uckoMmast GYHKIWS, T — HE3aBHCHMasl [IEpEMeHHast, n > 2.

1. IIPOCTHIE CJIVYAU TNOHUXKEHHUSA TOPSIJIKA YPABHEHMUS. HOpﬂﬂOK
yPaBHEHHUs JIEFKO MOHMXKAETCsl, eCJIM ero MOXKHO Ipeobpa3oBaTh B PaBEHCTBO
[OJIHBIX MPOU3BOAHBIX [0 T OT HEKOTOPBIX BHIPAXKEHUIHA.

IIPUMEP 1. Pemnte ypaBHeHnue

y2y// — yy'2 _ 2yl.

A 3amerum, yro y = C — pewenne ypasaenus. [lycts ganee y # C. Iepenecs
yy'? B NeByI0 YaCTh ypaBHeHHs, pasneauM obe ero dactu Ha 4. ITomydaem

w'—y? _ 2% (y_’)'z(i)'
y? 3’ \y y?

1
g—=—2+C, yy' =1+ Cy?.
) Y
B ciygae C' = 0 umeem

Orciona

~

v'=1, () =2 y*=2+C

B ciyuae C # 0 nonydaem

1+ Cy? 2C
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IMocnenuroo dopmysy MoXXHO npeobpa3oBaTh K BUIY
_2
2=Cl+026 ¢, C1#0.

Otser. y = C,y? =2z2+C,y? = C; +Cze-é_11, rae C, C1, Co — n1pou3BOJIbHBIE
nocrosHnsie, npu 3toMm C) # 0. A

B cnyuae, xorga ypaBHeHHe He COIEPXKHUT Y, IOPSAAOK YPABHEHHUS TTOHMKa-
eTCsl, el CAeIaTh 3aMeHY, B3sIB 32 HOBYIO HEU3BECTHYIO (DYHKIHMIO IIPOU3BOJ-
HYIO OT Y HaUMEHBILEro NOPSiAKa, BXOASANLYIO B ypaBHEHHE.

ITPUMEP 2. Pemnts ypaBHeHune
4 '”+2.’173 " o__ =1.

A Cpenaem 3ameny y" = z. Torza y"” = 2’ u ypasuenue nmpeobpasyercs K BUAY

1 1\’ 1 1 C
27 + 2zz = —. Otciopa (222) = (=), 2?2 =—=+C,2=-5+ .
z? z z 3z

Boszspamasics K y, uMeeM

y_C_1 0

1
PR § y=—;+ + Cy, y=Clln|:I:|—§;+C‘2:I:+C3.

1
212
1

OtBer. y = Ciln|z| + Coz + C5 — o rae C,, Cy, C3 — OpoOM3BOJIbHBIE

[IOCTOSTHHBIE. A
Korga ypaBHeHHe He COAEPXKUT T, MOPAJOK YPABHEHUS MOHMXKAETCS, eCIIH

3a HOBYIO HE3aBHCHUMYIO NEPEMEHHYIO B3SiTh Y M BBECTH HOBYIO HEM3BECTHYIO

dyukuuio z(y) = y'. IIpu stom 3" = z(y) - 2/ (y).

I[TPUMEP 3. Pemnts ypasHeHue

y'(y—1)+y'(y— 1) =y

A 3amerum, uro y = C — pemenue ypasuenus. [lycts ganee y # C. [lonoxus
y — 1 = u, nony4uM ypaBHeHue

uu” + u2'u' — u12.

Bo3bMeM u 3a HOBYIO HE3ABHCHMYIO NEpPEMEHHYI0 W moynoxuM u'(z) = z(u).

Torpa u"(z) = z - 2’ (u) u ypaBHeHue npumer Buf uz - 2’ + u?z = 22.

BameruM, uTo 2z # 0, Tak Kak ciaydait z = 0 gaer y = C.
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CokpaTuB ypaBHEHHE HA 2, MOJIydaeM

!/
uz —z !
uz' —z = —u?, s = —1, (——)=—1, z = —u? + Cu.
u

Orcioma v/ (z) = —u? + Cu.

1 1 U
Beiysae C =0u=——=—,aBayusae C #0 =1 =z + Cy.
y z + Cy ) 7 C . C—-u x 0
IMonarast © = y — 1 1 yOpoCTHB MOJy4YEHHOE BbIPA’KEHHE, TOJyIaeM OTBET:
1 Cl Cgec‘)‘x
=C, =1+ — =1+ ,
v v= z+C Y 1+ Crec®
roe C, C;, C3 — npousBo/bHbIE OCTOSIHHBIE, A

HpI/I peuieHny 3a4a4 C Ha49aJIbHBIMHA YCJIOBUAMHU uenecooGpa3H0 HCIIOJIB30-
BaTb 3aJaHHbIE YCJIOBUA B CaMOM IIpOLieCCe DELICHUA.

IIPUMEP 4. Pemnts 3amauy Komu

2y + z)y" + 9% + 2y + =0, y(v2)=1-v2, ¢(V2)=vV2-1.

1
(y + )2
A Tlonoxus u = y + x, npeobpa3yeM ypaBHEHHE K BUIY

1
2uu’ +u? -1+ — =0.
u
Tak Kak 3T0 ypaBHEHHE He COLEPXKHUT Z, To nonoxum u'(z) = z(u). [Ipu sTom
= z - 2/(u) u ypapHenue npumer Buz 2uzz' + 22 — 1+ — = 0.
u?
2

Sto ypasrerue Bepruynau. [lomoxue w = 2°, mosnyyaem vw’' +w =1 —
Y. )

u?’
) 1 1 1 C
(ww) =1- s w=u+-+C,w=u?=1+—+—.
u u 'LL’ 'LL,
YuuThiBasi HavajbHblE JaHHble W paBeHCTBO u' = y' + 1, Haxouum, YTO
V1 +u?

1
u'(V2) = V2, w(v2) = 1. Torma C = 0, v? = 1+ -, v = —
u u
V1+u2=2z4+C. U3 ycious u(v/2) = 1 cremyer, uro C = 0. Torma
1+ (y + z)2 = z. YunTsiBasi Ha4aIbHBIE JAHHBIE [UIs Y, NOJNY9aeM OTCIO/A

orBeT. Yy = V12 —1—1. A

IIPUMEP 5. Pemnts 3agauy Kouu

yy" = (v° +y?)thy, y(0)=1, 4'(0)=-1
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A 3amernm, uto y = C — pellleHus ypaBHEHHs, HO CPeIM HUX HET pelleHui
zajaun Komm, Tak kax y' = 0. Ilycts mamee y # C.

IMomaraem y' = 2(y). Torma y"” = 22’ u nmocne cokpamenus Ha z # 0
ypaBHEHUE NPUMET BH/[

yz' =z (z3 + 1) thy.

3amernMm, 4To z = —1 — peuleHue 3TOro ypasHeHud. 13 3aMeHbI TOrJa UMeeM
y=-1,y=—-z+C.

Hcmonp3ysi HavasbHblE yC/IOBHsl, MOIy49aeM peuieswe 3ajadu  Koum
y = 1 — z. Ipyrux pemennii 3agadya Kowmwn He umeer, mockonbky mpu y # 0
U1 paccMaTpuBaeMoil 3amadn Koumn BbimosiHsieTcss TeopeMa e JUHCTBEHHOCTH
peleHus. A

Pemmrs ypasuenus (1—17):

L ozy" +zy?+y =0,z #0. 2.y +y"® = (" + )"y
R

3. y”=y;lny;+%-. 4. 49"y =1.

5. yy" -y =y'y? 6. 3yy'y" =y° +2.

7. 5yy3y" =y + 4. 8. yy"' =Ty +yly'.

9. yy" = 2y"? — 492y, 10. (y3 + y) y' — (3y2 — 1) y? =0.
11. yy" —y'y" = 0. 12. yy" = 2y’ + 2y
13. (1+9%)y" +2yy% =y 4. 1+yY)y" =y (y*-1).
15. dzy” — " = 4(y' + 1). 16. 2(1 —y)y" =y + 1.

17. 2yy'y” _ y//2 — yzg'
Haiitn pemenne ypaBHeHusi, yAOBJETBODSAIONIEE 3aJaHHBIM HAYaJIbHBIM YCJIO-
BusiM (18—38):
"3 2 2 m (T
18. y"sin’z — (y'sin®z +y )conzo,y<§) =0,y (_2.) =1.
19. y"cos®z + (y' cos? z + y'?) sinz = 0, y(0) = 0, y'(0) = 1.

20. (z+1)y™ =41 n > 2 y(=2-K)(0) = (n-2—k)!, k=0,1,...,n—2,
y*=(0) = 0.



56 Inasa 2. Juddepeniuanbable ypaBHEHUs! BBICLIETO MOPSIAKA

21. zy™ = =D n > 2 y(*~27K)(Q) = n -2 -Kk), k =0,1,...,n - 2,
y*=1(0) = 0.
22. 3" =5y/y, y(0) = 1, 4'(0) = —2.
23. ¥ =y?+(1-y)y, y(1) =9y'(1) = 1.
1

24. y" +y? =y'e¥, y(0) =0, ¥'(0) = 5

25. yy" — 92 4+2=0,y(0) =1, y'(0) =0.

26. yy" = y*y" + 4y, y(0) = 1, 4'(0) = -3.

27. 3y'y" =¢eY, y(-3) =0,¢'(-3) = 1.

28. 2yy" =y2 (3 - 4yy'?), y(4) =1,y (4) = -1
29. vy —y? =¢*, y(1) =2,¢'(1) = -4

30. yy" =5y2+3y%y, y(1) =1,y (1) = —1.
31 yy" = (4" —y?) e, y(0) =1, 4(0) = —.
32. 2y%y" =20 —yy?, y() =y'(1) = L.

33. 22" + 2 =4, y(0) = 1, 4/ (0) = —2.

34. 3y'y" —y2 —y+2=0,y(0) =0, y'(0) = 1.

35. 2(¥2+ )y — (V+y+1)y2+43=0,y02) =1,y(2) = -1

1
36. 2(e¥ +1)%y" + (e —1)y2+1=0,y(1) =0, y'(1) = 3

37. y" + (24 49?) ¥ - 2yy? =0, y(0) = 1, 4'(0) = %
38. 3y + ¢y Iny —y?y? =0, y(0) = /(0) =e.

2. C1IYYAM OJHOPOJHOTO Y ONHOPOJHOTO B OBOBILEHHOM CMBICJIE
YPABHEHUM. Ecin ypaBHEHHE SIBJISIETCSI OZHOPOIHBIM OTHOCUTENILHO Y U BCEX
HNPOU3BOAHBIX OT Y, T. €. yDaBHEHHE HE MEHsIeTCS NPH OJHOBPEMEHHO 3aMeHe
Y Ha Ay, y®) ma Ay®) X £0,k=1,2,...,n, 10 ndpsmox yPaBHEHUS] MOXKHO
HNOHM3UTL Ha €AUHHUILY, €CJIM BBECTH HOBYIO HEHM3BECTHYIO bYHKuuio z(Z) 1mo
npasuny y' = yz. Ilpu Takoit 3amene 3" = y(2' + 22).
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I[IPUMEP 6. Pemntt ypaBHenune

2y — Soyy’ — 22y =642, z #£0.
A 3amerum cHauana, uto y = 0 — pelenue ypasHeHus. [lycTh panee y #
# 0. Y6equBmuCh B OZHOPOAHOCTH 10 ¥, ¥, ¥” 3ajaHHOrO ypaBHEHMsI, BBOAUM
HOBYI0O (PYHKIHIO z C NMOMOIIbI0 pasencrBa y = yz. [lowie cokpaieHusi Ha
y # 0 monyuyaem ypasHeHue z22' — 5z = 6.
O61mum {)emeHHeM 9TOTO JIMHEAHOrO ypaBHEHHUs IEPBOTO MOPSIIKA ABJISETCS

z = Cz% — —. Orciona u U3 3aMeHbl HAXOIMM, YTO
T

!
Y =ce® -2
y z

Pemrast 370 ypaBHeHue, nosy4yaeM OTBET:

Cl C. 6
— 2T
Y= e )
T
raoe Cl n 02 — IPOU3BOJIbHBIE INIOCTOAHHBIE. A

I[TPUMEP 7. Pemuth ypaBHeHue
zyy" +zy? =3y, = #0.

A TauHoe ypaBHEHUS SIBJISIETCS OQHOPOIHBIM 110 ¥, 3, ¥ ¥ €ro MOXKHO PEeIuTh,
[OHU3HUB NOPSAA0K yPaBHEHHS C MOMOIIbLIO PEKOMEHIyeMON 3aMEHBI.

OpHako ypaBHEHHE MOXKHO PEUIUTb U 1O-Apyromy. 3ameruM, 4yro y = C —
peulenne ypasHeHus. [lycts ganee y # C. Ecin uMers BBUAY, 9TO

(zyy) = zyy" + 2y +yy/,
TO 3aJaHHOEe ypaBHeHI/Ie MO2KHO 3alMuCaTh B BHIE
(zyy') = dyy' wmn (zyy) = (297)".

Orcrona
zyy' = 2y% + C wmn (zy?) = 4% + 2C.

Honaras y? = u, nony4aem ypaBHeHMe C Pa3Ae/AIOMMMUCS NEPEMEHHbIME

zu' = 4u + 2C.
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Uurerpupys ero, nonydaem oreer. y? = Cix? + Cy, rae C; u Cy — npou3Bob-
HbI€ IIOCTOSIHHBIE. A
ITycTh Tenepb ypaBHEHHE sIBJISIETCSI OAHOPOJHBIM B 0DOOIIEHHOM CMBICIE,
T. €. CyHIeCTBYET TaKOe YUCJIO S, YTO yPaBHEHNE HE MEHsSIeTCsl DU OJHOBPEMEH-
Holt 3amene z Ha Az, y Ha A%y, y&) ma A hy(K) rne A£0,k=1,2,...,n.
IIpu z > 0 BBOAUM HOBYIO HE3ABHCHUMYIO IIEDEMEHHYIO { ¥ HOBYIO HEM3BECT-
Hy10 dyHKIHIO Z(t) C MOMOLIBIO 3aMEHbI

Torga ypaBHEHHE NIPUBOAUTCS K BUAY, B KOTODBIi He BXoAuT t. CireoBaTesIbHO,
HOPSIJOK YPaBHEHHUS! MOHIKAETCS M0 NPABHILY, U3JI0XKEHHOMY B II. 1.

IIpu = < 0 nonaraem z = —et.

IIPUMEP 8. Pemuth 3agauy Kouu
(" +2yy') + 20y° -2y =0, y(1) =3, ¢'(1)=-3.

A TloncraBuB B ypaBHeHHe AT BMecTOo T, A°y Bmecto y, A°~ !y’ BmecTo 3
1 A*~2y" Bmecro y", morpebyem, 4TOb6bl mapamMeTp A BXOAMWJI B OAMHAKOBOI
CTeNeHH BO BCe cjaraeMble. EC/IM 3TO BO3MOXKHO, TO IOC/IE COKPAILICHHs Ha
MHOKHTEJIb C TaKO# CTENEeHblO A\ MMOMyYUM ONATh TO ¥Ke ypasHenue. s onpe-
JleJIeHUsl YNCIa S UMEeeM DABEHCTBA

24+s5s—-2=24s4+s-1=1+2s=3s,

t -t

KOTOpble BbINONHsIOTCA pu § = —1. Ilonarast ¢ = e, y = z(t)e™", Haxomum,

4T0 .
y'(z) = [2(t)e] - €7t = (' = 2)e”,

_os! _
y'(z) = [(2' —2)e™] et = (2" — 32" + 22)e 3.
IMocie NOACTAHOBKY B yPaBHEHHWE BbIpaXKeHuit 11 z, y, ¥, y” u coxpaiue-
HUA Ha e~ !, mosydaeM ypaBHEHHE

2"~ 32 + 222 =0,

B KOTOpPO€E He BXOAUT .
SaMeruM, uto z = C' — peleHue >Toro ypasHenusi. VI3 3ameHs! cienyer, 4To

y = — — perenue ucxogHoro ypasHenusi. [Ipu C' = 3 Takoe pelienue yjaoBie-
T

TBOpSIET 33 JaHHBIM HAYAJIbHBIM YCJIOBHSIM. B CHIy TeopeMbl € IMHCTBEHHOCTH
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pemrenust 3azayn Koun, KoTopasi B HalIeM ciydae BbiIonHsieTcda mpu z # 0,

IPYruX pelieHuit 3amanHas 3agada Ko He nMeer.

OtBer. y = —.
x

Peumnts ypasuenus (39—53):
39. zyy” — (z 4+ 1)yy' = zy?, z #£0.
40. yy" — y"? + y?sinz = 0.
vy
T
42. zyy" +yy' = 2y + 4%, z #0.

41. yy" + -y?=0.

43. y2y" — 3yy'y" + 2y + > sinz = 0.
44. ?yy" = (zy +y)%, z #0.

45. zyy" —yy = 2zy?, = #0.

46. yy" +yy'tgz + 2y = 0.

47. yy" + yy' tgz = 2y

/

Yy

L
z+1 v
49. zyy" + 2zy? = 2yy',  # 0.

48. yyll _ 12'

50. zyy" +zy? +yy =0,z #0.

y 4
51. y2y" — yy' <y/ + __) + g8 =0
T T

yy'2 y13_ 3,3

T
53. (z+ )yy" +yy' = 2y, = # —1.

52. yy'y" —

Haiitn pelnenne ypaBHeHHs IPH 33JaHHBIX HAYAIbHBIX yoioBusx (54—67):

54. yy' = (1—z)y?, y(1) =1, y'(1) = 2.

55. (yy" —y?)sinz +y? = (sinz — cosz)yy', y

56. zyy" — zy? +y'(y +y)sinz =0, y(1) = 1, ¢/(1
57. dzyy” —dyy' +y? =0, y(-1) = 1, ¢'(-1) = ~4.

~—

A
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58.
59.
60.
61.
62.
63.

64.

65.

66.

67.

zyy" —dzy? +4yy' =0, y(1) =1,4/(1) = 2.
2zy?y" — 2zyy” + 22y = y'?, y(1) = ¢y'(1) = -1.
(1 —sinz)yy” +yy' cosz = y'?, y(0) = 2, ¥'(0) = L.
V" —y) =y%(y - 22), y(1) =y'(1) =e.

zyy" +z(2lnz — 1)y? =gy, y(1) = 1, ¥'(1) = -2.
zyy" + (1 +2?) yy' + 2y? = zy%, y(1) = 1, ¢/(1) = -1.

3 3
vy — Satyty 4 52t -y = 0,9(1) = 1, y'(1) = 2.

z2y" + 2z%yy’ + 2zy% — 2y = 0, a) y(1) = 2, ¥'(1) = 0, 6) y(1) = -1,
y'(1) =1

1

aty’ — ayy? + 229’y =%, y(2) =2, ¥/ (2) = 1.

3. PA3BHHIE 3AJIAUYU. Bce 3aga4un 9TOro MyHKTa MOXKHO pemIaTh METOAAMH,

U3JIOXKEHHbIMU B 1. 1 u m. 2.

68.

C NOMOIIBIO HOACTAHOBKY y = 2z DElIUTh ypaBHEHHe

22%yy" + 4y® = 2%% + 2zy(y + Vy), T#O.

Pewuts ypasuenus (69—87):

69.
71.
73.

75.

77.
79.

81.

yy" — 2y = 0. 70. (v2+y)y" — 2y +1)y? =0.
3yy" — 5y = 0. 72. dyy'?y" = " + 3.
z2y" =2/ (y — z), T # 0. 74. 2y =y + 22%yy’, z #£0.
y/ 2 yl
y' + 4y =y 76. y" = (——) +2=.
T T
2y(zy” +¢) =z(z +2)y%, z #0.  78. 2%yy" = (zy' — 2y)%, = #0.
w'= (v +v) v 80. yy" + 2y = 3yy'.
/
(y+1)y"+ Y _ = Y. 82. 2z2yy" +4y? = 222+ 2zyy’, x # 0.

y+1
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83. z2yy" + 2%y — 5zyy’' + 42 =0,z £0.

84. zy" —z*(zy' —y) — (zy —y)* =0, 2 #£0.

/

2
85. I III yrr2 _ (%) . 86. I /u — 3y/12.

87. $2 1o .’I:Zy"2 + y’2 =0,z #0.

HaiiTu peirenve ypaBHeHHs NpH 33JaHHBIX HAaYaJIbHBIX ycioBuax (88—95):

88. zyy” +y? = zy? + (z - Dyy', y(1) =¢'(1) = 2.
1
2

90. y(y" +¢') =y (zy? — 1), y(0) = ¢/(0) = 1.
OL. (y+2)y" +y” = cos2z, y(0) = —2, ¢/(0) = 1.
92. 2 (yy" — y?) = (¥ — 2y'y) e, y(0) = 1, ¥'(0) = 2.

93. z (yy" —y?) =yy'In % y(1) =y'(1) =1.

94. zy" —y" = z2cosz, y (%) =0, (%) =1,9" (%) = %

95. 3y"y" — 2" =16, y(1) = 2, ¢'(1) = 0, y"(1) = —2.

89. (1+y)y" +zy?=0,y(1) =0,y (1) =

Haiitn unTerpasbHble KpUBBIE, a) Kacawoupecs npaMoit y = 1, 6) nepecekaro-
upe npsaMyio y = 1 nox yriom ¢ = % Ik = Tﬂ, Juist ypaBHenuit (96—97):
96. 2 (yy" —y?) +3yy't =0.

97. y(1 —Iny)y" + (1 +Iny)y? = 0.

98. s ypasmenns (1+y?)y” = 3y'y" naiiTu uHTerpajibHBIE KDHUBBIE,
[ePECEKAIOMMe OCh OPAMHAT NOJ NMPSMBIM YIVIOM M MMEIOIIME B TOYKE
nepecedeHns KDUBU3HY, PaBHYIO a) HYJIIO, 6) equHuIE.

Haiitu pemienve ypaBHeHHs IIPH 33JaHHbIX ycioBusax (99—102):

99. ¥ +2(1 —y)y' =0, (z) 208 (z,1).
100. yy" — 2y" = 2y*y', y(2) = /¥ (2) #0.
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101. 2yy" — ¥ + 2yy™ =0, y(1) - y%(1) = L.

102. yy" + yy'tgz = (1 —sinz)y?, y(0) - ¥'(0) < 0.

OrBers! K 3a1auaM § 7
1. ¥ =C1In(Cez), y=C.
2. ¥z +C1)=Co (y+C1)(Cr—2) =4, y=C.
3. 2y=22+C,yC? = eC12(Crz — 1) + Cy.
4. 4(/T+C1)? —12C1 (/T + C1)% = Co % 3a.
5. y (14 C2e9%) =1, y(C —1z) = 1.

6. y01=( Cla:+02) +2,y=C—zv2.

7. yCl=( Clm+02> +4,y=C—zv4.

1
8. vy [1-!-026 W F)] C.
9. '+ C1=yBz+Cy), y =
10. (1 + y2) (Ciz + Cy) =1.
11. y+ Vy2+ C1 = Czecaz, y = Cysin (Coz + C3), y = Ciz + Co.
12. y (1 - Cge;‘z’%) =C (1 + C’geé_zl), arctg (C1y) + Ciz =Cor. y+x=C.

13. (y—C1)?+ (CE+1)In(y+C1)* =22+ Cy, y=C.

14. y+\/1+y2+CIE=C’geCL1,y=\/Clﬁ—lsin(g——i-C’g),y::l:x-i-C.
1

15. y=C122 —~C¥z —z + Cy, 3y =23 -3z + C.

16. 2z = C,(2t +sin2t) + Cy, y = 1 — C; cos? t.

17. 2y = Coe'* + C1, y(z + C) +2 = 0. 18. 4y = 2z — 7w — sin2z.

19. 4y = 2z +sin2z. 20. y =" 242" 3 ... 4 1.
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2l. y=Cz"+ 2" 242" 3 +... 4+ 1. 22. y(z + 2)* = 16.

23. y=e*L. 24. (2 —z)e¥ =2

25. y = cos (z/2). 26. y = Y1 —9z.

27. e +27=0. 28. y ( g )

29. y(2z —-1)=2. 30.zy =1

31. 2y =2—1z. 32. 4y = (z +1)?

33. y=1-2zx. 34.y=1—<1—-§—x>§

35. 4y = (z — 4)%. 36.y+e¥=zx

37. y=+vz + 1. 38.Iny =2z + 1.

39. In(Coy) = Ci(z —1)e*, y=0.  40.In(Cyy) = Ciz +sinz, y = 0.
41. y = Cy|z|>. 42. y = C€e%|z|“2.

43. In(C3y) = Cy2? 4+ C1z —cosz, y = 0. 44. In (Coy¥Yz) = C12%,y =0
45. y(C1 + Cyz?) =1,y = 0. 46. y = Y/C; + Cysinz.

47. y(C1 + Cysinz) =1,y = 0. 48.y[C1 + Ca(z +1)?] =1,y =0.
49. y = J/Ci23 + Cs. 50. y2 = CyIn|z| + C,.

51. In (ngz) =+V22+C,y=C. 52.1n (C’gy3) =+ (z + C’l)% =0.
53. y|Ciz + Cy + IICLI =C,y=Ce % y=0C. 54. zlny = 2(z — 1).
55. y=tg;. 56. lny=1-—=z.

57. y = (2z + 1)2. 58. yv/2 — 23 = .

59. In(—y) = 2(v/z - 1). 60. lny=1n(1+cosx)+tg%.

61. Iny = v2z — 1. 62.y=1-2Inr.

63. zy = 1. 64. Iny = 2(1 — ).

65. a) y (1 +223) =622, 6) zy + 1 = 0. 66. y (1 +523) = 622
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67.
69.

71.

73.

74.

75.
76.

7.

78.
79.

y==z. 68. 16y = z? (In? |z| + C; In|z| + 02)2, y=0.
y(Ciz+Cy) =1,y =0. 70. (1 — C2e®1%) y = Cye©r=.
y|x+Cg|% =C,y=C. 72. Chy = (%Clx—i-Cg)%-}-&

Ciz - arctg(Cry) = Cer — 1, y (C’QezgL - 1) = () (Cze%l +1),
Y=1 +$C.7:'

2C arctg (Chy) = 2° + Cp, y (1 -02601"’2) = C (1 +C2eC"2),
y(C —z?) =2.

Cry+4=0C8% y=4dz +C,y=0.
2y + 22 = 2C 1z — 2C%In|z + C1| + C,, y = C.

1

C p
y=C2 :620 Ly=Cet,y=C.
y= Cox %- %

y? (1- — 02e€17) = C1C241%, 42 (C —2) =1,y =C.

80. y = V/C1e%* + C.

81. Ci(y+1)2=Coe* -1, (y+1)2=z+C.
82. y = C12%(Cy + In|z|)?, y = C22.

83. y2 = C1z* + Cyz?.

84. y = Ciz £ z/C; — Inz?, y = Cx.

85.

86.
87.
88.
89.
90. y =

y= 02601 (-’E - —C,l—) +Cs,y= Clzr2 + Cs.
1

(y +C1)? = Coz + C3, y = C1z + Cs.

y = Coe®'*(Ci1z — 1) + C3, y = C17% + Cs.
y = 2z.

(z+1)In(y+1) =z -1

In(z+1)2+1
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91.
92.
93.
94.

95.

96.

97.

98.
99.
100.

101.

102.

—zsinz — 2cosz.

y =2z —z%+1.

3N\
a)y=1,6)y=(§m+0) .

1
=1,6)lny=1+ ——.
a)y=1,6) Iny o

a)y=C,6)y=Cxv1-z2

Cl a,rctg[C’l(y - 1)] =T+ 027 (1 —y)(.’l) +C) =1, y= 1.

yv3z+C+1=0.

2
Y= (%z+0)3.

sinz — C}
sinz + C;

1
C

y=Cy

§ 8.-Metoznp! pelieHnst JUHERHBIX YpaBHEeHH

C NOCTOAHHBIMM Ko3d dunneHramu. Y papHeHus Diijaepa

[ns pemenuss JUMHEAHOro OJHOPOAHOrO ypaBHEHHsS! C MOCTOSHHbIMM (Belle-
CTBEHHBIMH) KO3 dUUMEHTaMH HEOOXOJMMO COCTABHUTb XaPaKTEPHCTHIECKOEe

ypaBHEHUEe, HalTH ero KODHM H IO HAUM HaAIIUCAThb o6mee BeIIECTBEHHOE pe-

IeHue 3aJaHHOr0 ypaBHEHUS.

IMTPUMEP 1. Pemuth ciieayromue JUHEHHbIE OMHOPOIHBIE YPABHEHHUS:
a) yIV _ 6ylll + 8y" + 6y' -9y =0,
6) y'V +6y" +13y" + 12y + 4y =0,
B) y!V — 3" 4+ 5y" —y' — 10y = 0.

A a) CocrapiisieM XapaKTEpPUCTUIECKOE YPABHEHHUE

M 62 +8X2+60-9=0.
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JIerko BUIETh, YTO €ro KOPHSIMU ABJISIOTCH A = —1, A9 = 1. UTo0bI HaliTH
OCTaJIbHBIE KOPHH, JOCTATOYHO PA3JETUTD JIEBYI0 YaCTh XapPaKTEPUCTHIECKOTO
ypasnernns Ha (A2 — 1). Torna ypaBHeHHE MOXHO Pa3JjioKUTb Ha MHOMKUTEJH
CJIeAYIOIIEero BUIA

A2 -1)N-6r+9) =N -1)(A=3)2=0.

Takum 06pa3oM MoyrydaeM emle OJuH KOpeHb A3 = 3 KparHocTu Asa. Ciie-
JIOBATENbHO, ObIIee pellleHre 3aJaHHOr0 YPaBHEHUS HMeeT BUJ

y = Cre™% 4 Cae® + (C3 + Cyz)e’?,

rae C1, Cq, C3, C4 — NPOU3BONBLHBIE OCTOSHHBIE.
6) Herpynno npoeeputb, 910 A} = —1 1 Ay = —2 4BJISHOTCA KOPHHAMU
XapaKTEePUCTHYECKOr0 YPaBHEHUS

M 4603 + 1302+ 120 +4 =0.
B TaKOM cnyqae 3TO ypa.BHeHHe MO>KHO Hpe,ZICTa.BI/ITb B BUJE
A+ 12\ +2)2%=0.

Orcroga BUOHO, 94TO 00a KOpHs A} = —1, A9 = —2 KpaTHOCTH ABa. 3HAYUT,
ofbuiee pellleHue 3aJaHHOTO yPABHEHUS UMeeT BUJL

y=(C1+ C'z:L‘)e*I +(Cs + 04:1:)6_21,

rae Cq, Co, C3, C4 — NpOU3BOJIIbHBIE [TOCTOSIHHBIE.
B) XapakKTepucTuieckoe ypaBHEHHE

M3 4+5X2-2-10=0

HMeeT KOpHU A1 = —1, Ay = 2. Pasjenus sieByI0 4acTb 3TOr0 ypaBHEHUS Ha
(A + 1)(X = 2), nonyyaem ciefyrollee NpeACTABIEHAE XaPAaKTEPUCTHYECKOTO
yDaBHEHHs

A+1)A=2)(A\2-2X+5) =0.

DTo faeT emle ABa KOMILIEKCHO CONPsIXKEHHbIE KOPHH A3 = 1 — 2¢, Ay = 1 + 21.
CrenosaTesbHO, o0mee pelleHne 33/IaHHOI0 YPaBHEHHUS UMeeT BHUJ

y = Cre % 4 C2e?® + ¢*(C3 cos 2z + Cy sin 2z),
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rae Cy, Cy, C3, C4 — npousBosibHbIE (BELIECTBEHHBIE) IOCTOSTHHBIE. A

Jlnst pelueHust JIMHEHHBIX HEOJHOPOAHBIX YPaBHEHUl C MOCTOSTHHBIMH KO-
3 PUIMEHTAMH UCIIONB3YIOTCs Jallle BCEr0 METOJ[ HEeONpeHesIeHHbIX K03hdu-
[UEHTOB ¥ [PUHLUI CyIIEPIO3UIINH.

[IPUMEP 2. PemuThb JuHeifHOE 1E0JHOPOJAHOE yPABHEHUE
y" —y" — 4y’ + 4y = —8(cos 2z + 2sin2z) — 3e*.
A Cuauasia COCTaBJISIEM XapPaKTEPUCTUIECKOE yDABHEHWE
A X —dx+4=0.

Ero kopusamu sBisitorca Ay = —2, Ao = 1, A3 = 2. [TosTomy ob1iee pemieHue
COOTBETCTBYIOLIETO JINHEHHOIO OJIHOPOJHOIO YPAaBHEHUsI UMEeT BUJ

yo(z) = Cre™ 2% + Che® + C3e™*,

rae C1, Cy, C3 — NpOU3BOJILHBIE NOCTOSAHHBIE.
Yr06b1 n0JTyunTH 0611I€e pellleHne 33 JaHHOIO YPAaBHEHHUsI, HeOOXOAUMO Hail-
TH Kakoe-iubo ero pemenue y,(z) u npubaBuTh K y>XKe HaiJeHHOMY oOIIeMy
peleHuIo yo(x) JIMHETHOTO OAHOPOAHOrO ypaBHeHUs. COMIACHO NPUHLHITY CYy-
neprio3unuu pettenue y,(z) = yo(x) + y3(z), rae yo(z) — Kakoe-1ubo peulenue
yPaBHEHHA
y" —y" — 4y’ + 4y = —8(cos 2z + 2sin2z),

a y3(z) — Kakoe-yubo pelleHre ypaBHEHUs
Y —y" =4y + 4y = —3e”.
Pemenne yo(x) umem B Buze
ya2(z) = acos 2z + bsin 2z,
a pelleHue y3(z) uleM B BUJe
y3(z) = cze®,

rae ko3dbdunuenTs! a, b, ¢ HaX0AMM MOACTaHOBKOM yo(z) u y3(z) B cooTBeT-
crytouue ypasHenusi. [loncranoBka yo(z) u y3(z) B ypaBHeHus naer a = —1,
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b =0, ¢ = 1. Takum 06pasom, y;(z) = — cos 2z + z€® — peleHne UCXOIHOTO
ypasHenusi. Obiee peuienue 3ajaHHoro ypasHenus y(z) = yo(z) + vi(z). A

JpyraM MeToIOM pelueHus JIMHEHHbIX HEOJHOPOAHBIX YPaBHEHHUH C MOCTO-
AHHBIMHE KO3 (DUIMEHTAMHU SIBJISIETCS METOJ BAPHAILMM IIOCTOSTHHBIX.

TIPUMEP 3. MeroaoM BapHallUy NOCTOSHHBIX PEUINTH YPaBHEHHE

" 1

+y =
Y 7Y= stz

A TIockombKy XapakTepucTHueckoe ypaBHeHHe A2 + 1 = () uMeer KOpPHU A; =
= —1i, A9 = 1, TO 0o0LUee peleHne JIHHERHOr0 OMHOPOAHOr0 ypaBHeHus ¥y +y = 0
UMEET BUJ

y = Cicosz + Cysinz,

rae Cp u Cy — npou3BOIbHBIE TIOCTOSTHHBIE.
O6uiee peleHue 334aHHOIO YPABHEHUS HMINEM B BHUIE

y = Ci(z) cosz + Cy(z) sinz,

rne Ci(z) u Ca(z) — HeusBecTHbIe TOKAa HENpPEpHIBHO quddepeHuupyembie
dbyskmuu. CormacHo MeToAy BapHaluM MOCTOSHHBIX /IS UX HAXOXKIEHHUs CO-
CTABUM CHUCTEMY YPaBHEHHH

Ci(z)cosz + Cy(z)sinz = 0,

—Cji(z)sinz + Cy(z) cosz =

coslz’
1 sinz
a Ci(z) = Cy(z) = — . '
Orcroga HaxoxuM, uro Cj(z) p 2(z) o Wwurerpupysi,
oIy 4aeM
dx " cos zdzr dsinz 1 sinz + 1
Ci(z) = = = / =-In|——| + A4,
1(z) /cosz / cos? 1—sin?z 2 smm—l‘
sin zdzx dcosz 1
02(1:) = _/ 2 = / 7 . = + B,
cos?zx cos? cosT

rae A u B — npousBosbHble nocrosinHble. [loncraBisis HalileHHbIE 3HAYEHUS
Ci(z) u C2(z) B BoIPaKeHHe 1uist Yy, Hadigem oblee pelieHne 33 JaHHOTO ypaB-
HEHUs1 .

sinz + 1

) 1
y=Acosz + Bsinz + - In|—
sinz — 1

5 cosz — tgx. A
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Ewe ogun MeTox pelieHus TMHERHBIX YPABHEHUH C IIOCTOSIHHBIME K03 du-
IIMEHTAMHU OCHOBAH Ha MCIOJIb30BaHWM Npeobpa3osanus Jlammaca. 9Tox MeTos
HA3bIBAIOT ONEPAIMOHHBIM.

[TPUMEP 4. OnepanuoHHBIM METOJOM PELIMTh 334ady Kommu
y' — 4y +3y=2(e" +€*), t 20, y(0) = -1, (0) = 1.

A Bypem cuurath, uro mpu t < 0 y(t) = 0 u mpaBas 4YaCTb ypaBHe-
HUSI TOXKECTBEHHBIH HyJsb. Torga Tak NpoAOXKEeHHble Ha BCIO YUCIOBYIO OCh
t € (—00, +00) pemieHre u paBasi YaCTh YPABHEHUS SIBJIAIOTCS OPHTHHAJIAMU.
Ecm y(t) = Y (p), To B cuity ceoiicTs npeo6Gpa3oBanust Jlamnaca U HadaJbHbIX
yerosuit o' (t) = pY (p) + 1, y"(t) = p?Y (p) + p — 1. Ilpomomxennas HyseMm
npu t < 0 mpaBas 4acTh ypaBHEHHs] MMeeT CBOMM Npeobpasosanuem Jlamnaca

3
3oBaHmIo JIamnaca, T. e. yMHOXas ero Ha e P! u MHTerpupys IO t OT HyJs 10

GEeCKOHEYHOCTH, MoIydaeM anreGpanyeckoe ypaBHEHHe JUIsi HaXOXJeHus Y (p)

1 1
dynxuuio 2 (p_ + —) ITepexoast B MCXOAHOM YpaBHEHHM K npeobpa-

PY(p)+p—1—4pY(p) + 1) +3Y(p) =2 (_1_1 + p_1_3_>

Eciu cuuTaTh KOMIUIEKCHBIM napamerp p TakuM, 4to Rep > 3, To u3
asnrebpanyeckoro ypaBHEHUsI HAXOIUM

1 2 2
Y0 = e o1 s P

PazsioxkuM npaByro 4acTb Ha IIPOCThIE Apobu

Yp) = A B _C D
P 1 -1 T p=3 " (-3

[IpupaBHuBas BelpaskeHus s Y (p), HaXoquUM

A=-2 B=-1,C=1, D=1
Hepexo,uﬂ K OpUrdHaJIaM, IIOJTy4daeM HCKOMOE peuienue

y(t) = (t+1)e* — (¢ + 2)e". A
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2,1

Vpasrenue Jiepa apz?y” + a1zy’ + asy = f(z), z > 0, 3amenoit z = €'

CBOAWTCS K JIMHEAHOMY YDaBHEHHIO C IIOCTOSIHHBIMU KO3 uipieHTamMu.

ITpPuMEP 5. Pemuts npu z > 0 ypasHenue Ditnepa

22" — zy’ — 3y = 4a®.

t /

A Ecnu monoxuts 2 = et To y = e7ly}, y —2t(

=€ vy, — y3). IoacraBnas

BbIpa2kK€HudA ojid T, yl, y” B 3aJaHHOE ypaBHEHHUE, II0JIyvaeM
yll _ 2yl _ 3y — 4edt‘

XapaxTepucrudeckoe ypasHenne A2 — 2\ — 3 = 0 umeer KOpHEH A\; = —1,
A2 = 3. CienoBaresnpHO, 0blIlee pelleHNe MOJyYeHHOrO YpaBHEeHNs! C TOCTOsIH-
HBIMH KO3 (DUIUEHTAMN UMEET BUJ

y(t) = Cre™t + Cae3! + ate™,

rne C7 u C9 — NPOU3BOJILHBIE MOCTOSHHBIE, & KO(PDUIMEHT @ HAXOAUTCA
TI0JICTaHOBKO# (ynkuuu ate3’ B ypaBHenue. II0ACTAHOBKA B ypaBHEHHE JaeT
a = 1. Cuenas obpartHyio 3aMeHy t = Inz, mosydaeMm obilee penieHye 3aIaH-
HOTO ypaBHeHUs Jijepa

y(z) = %1— + Coz® + 2% Inz. A

Pewiuts siuHeiiHble OOQHOPOAHBIE YpaBHeHus (1-—38):

1. y" -4y + 3y =0. 2.y" -6y +8y=0.

3.y +3y' +2y=0. 4. y" -y =2y =0.

5. y" + 5y + 6y = 0. 6.y" — 4y’ +8y = 0.

7. 4" — 6y + 18y = 0. 8. 4" — 2y + 10y = 0.

9. ¥ +2y +5y=0. 10. y" + 2y +2y = 0.
11. ¢ — 4y + 4y = 0. 12. " — 6y’ + 9y = 0.
13. ¥’ — 8y’ + 16y = 0. 14. y" +4y" — o/ — 4y = 0.

15. y"" +3y" —y' — 3y =0. 16. y"" — 7y" + 14y’ — 8y = 0.
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17.
19.
21.
23.
25.
27.
29.
31.
33.
35.
37.

y" +4y" + 5y + 2y = 0. 18. y" + 3y" — 4y = 0.

y" —3y" + 7y — 5y =0. 20. y"" +y" + 4y’ + 4y = 0.

y" +3y" + 4y +2y =0. 22. " -y +y —y=0.

yV — 4" + 2y = 0. 24. yIV — 7" + 14y" — 8y = 0.

y'V —5y" 4+ 7y" — 3y = 0. 26. y'V — 6y" +9y" + 4y’ — 12y = 0.
YV 5y +9y" + 7y +2y =0. 28. yTV + 2" + 2" + 2/ +y =0.

yV =2y 42" — 2 +y=0. 30.y"V -2y +y=0.

yTV 4+ 6y + 12y" + 8y’ = 0. 32. yV + 2" — 2y" + 2y — 3y = 0.
y'V —5y" +5y" + 5y’ — 6y = 0. 34. y'V + 5y" + 4y = 0.

y'V +8y" + 16y = 0. 36. y'V +3y" +2y = 0.

vV +18y" + 81y = 0. 38. y" +3y" + 3y +y=0.

Pemmnre sinHeltnble HeonHOpoAHbIe ypaBHeHus (39—151):

39.
41.

43.

45.
47.
49.
51.
53.
55.
57.
58.
60.

y" =3y + 2y = (1 + x)e??. 40. y" + 2y +y = z2e7%.

y' -y — 2y = —9ze 7. 42. y" +y' — 6y = —18z% 7%,

y" —y = e®cos. 44. " —y' + %y = e"sinz.

y" — 4y’ + 4y = 22 + 2e%7. 46. y" +y' — 2y = 2zxe~?* + 5sinz.
y" + 4y = 4ze™ % — sin2z. 48. y" + 2y — 3y = 2cosz — 8ze ™37,
y" + 9y = 6xe™3% — 3 cos 3z. 50. y" + 6y + 9y = 36ze3%.

y" — 4y’ + 4y = 32z %", 52. y" +y = (5 —2z)e™* — 10sin 2z.
y" —y' = (4z + 3)e®* —2cosz. 54.y" — 4y’ = —8e** cos 2z — 8z + 2.
y" — 4y’ + 13y = —9cos2z — 8sin2zx.  56. 3" + 4y’ + 4y = 2%,

y" — 2y + 5y = 4cos T + 2sinz.

y" — 8y + 20y = —2e3*(2cosz + sinz). 59. y’ +y' — 6y = —5e 7.

y" =2y +y = 2e°. 61. 3" — Ty’ + 12y = —e3%.
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62. y"'—2y' +3y = 4cosz—2sinz+4e3®.  63.y"+2y -3y = (2—8z)e .
64. y' —y — 12y = e 2*(Tcosz — 5sinz) — Te 32,

65. y' + 4y = 2cos 2z — 8zsin2z.  66. y” + 4y = 2cos? 7.

67. y" + 16y = 2sin’z. 68. ' — 5y’ + 6y = 10sinz + e%*.

69. v +2y' +y=uze™". 70. y" — 7y’ + 6y = sinz + ze®.

71. y" +y = 2sinz - sin 2z. 72. y" — 2y — 3y = e %",

73. y" -2y -3y =z + 1. 74. y" —y" +y' —y =2cosz.

75. y" — 2" + 2y =5cosz +2z.  76.y" + 4y =ch’z.

77. y" — 4y’ = cos® z. 78. " + 16y’ = sh? 2z.

79. y" — 16y’ = sin? 2z. 80. y" — 3y — 2y = e 2.

81. y" +y' =1+sinz. 82. y" +y' = 4 4 10e%*.

83. y" —2y" +5y = 5r+4e*. 84.y"+y' = —2e*(cosz+3sinz)—2cosz.
85. y" — 3y" — 4y’ = —3cosz — 5sinz + 5e".

86. y" —y" — 6y =cosz + Tsinz — 6. 87. y" + 4" — 2y = 3e*.

88. y"' +4y' = 8cos2z. 89. y" +2y" +y =4cosz + 1.

90.

y" — 4y’ = 2e7%(3cosz +sinz). 91. y" + 6y" + 5y’ = —4e”".

92. y" - 3y" +y — 3y =6sinz — 2cosz.
93. y" —4y" +y' — 4y = 2cosz — 8sinz.
94. y" + 4y" + 5y + 2y = e™ 2. 95. y" + 4y + 4y’ = —de™%".
96. " —3y" + 4y = 6e*°. 97.y" —y" —y' +y = e *(3sinz —4cos z).
98. " — 8y" + 19y’ — 12y = 2e3% — 8cosz — 36sin .
99. vy +y" =e " * +2cosz. 100. y"' — 2y" =sinz.
101. y" — 2" = &%=, 102. y" + 4" — 2y’ = €3°.
103. y" +y" -2y =2 —z. 104. y" + 2y" = cos z.
105. v — 2y" + 2y =4z 4+ cosz.  106. y" — 16y’ = 48z% + 2cos? 2z.
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107.

109.
111.
112.
113.
114.
115.
117.
119.
121.
123.
124.
125.
126.
127.
129.

131.
132.

134.
135.
136.
137.

138.

140.

y" = 24" + 2y = 20sin® g— 108. y" + 4y' = €?* — 8sin2z.

y" + 4" + 4y + 4y = 40sin? 2. 110. " + 2y = 2e”%=.

y" — 4y + 5y’ = 1522 — 4z + 8sinz.

y" —2y" + 2y’ = 622 + 2 + 20 cos 2z.

y" — 6y" + 10y’ = 13 cos z + 10z.

y" + 2y" + 5y = 2z — 17sin 2z.

y" —2y" +y =2z +2cosz. 116. y" — 2y" = 16sin2z — 12z.
YY" -y +y —y=4ze® +4. 118. y" +y" +y +y=4dze ® +4.
y" —y" + 4y — 4y = 40cos?z. 120. yTV -2y +y =1+ 22

y!V —y = e®cos . 122. y'V +2y" +y = 2? + 9sin2z.
vV +8y" + 16y = 1622 + 9sinz.

y'V 4+ 18y" + 81y = 64 cosz — 81z2.

y'V + 50y" + 625y = 576 cos  + 62522.

yTV — 4y + 5y = 6(1 + 5z) + %=,

yIV + 2" +y=2+cos2z. 128. y!V —16y" = 64sin®2z.

y'V + 3y" — 4y = 10sin 2z + 6e2®. 130. y'V + " = sin® %

y'V — ¢ — 2y = 12sin 3z cos 2z — 6(e2* + sin5zx).

4yTV — o = 122 sh? -325 +3(8 —ze®). 133.y'V —dy” = 16ch’z — 8.

IV _ 2y 4 2y = 10cos? z + 5(ze® — 1).

Y

IV _ o9, __ .11 __ T

Y 2y 3y" = 8shz + 10ze®.

y'V +2y" +y = 18sin? z + 3sin 2z + 2°.
Y

WV _ oy 4y = 80h2§+x2—2e“$.

yTV + " — 2" = 3e® + 32e%°. 139. y'V + 4" = 8cos? ;

yV — 3y" — 4y = 24 cos 2z + 20e**. 141, y'V 4+ 3y" — 4y = 5shz.



74 InaBa 2. JuddepeHinanbtbie ypaBHEHUs BBICIIErO TOPSIKA,

142. y!V' —y = —8(cosz + 3sinz)e?® — 4e7%.

143. y'V — " = 4z cosz + 12sinz — 2€7.

144. y'V — 4y + 3y" = 4cosz + 8sinz + 6.

145. y'V + 7" + 169" + 10y’ = —5e~=.

146. y'V — 3y" + 4y = —cosz + Tsinz + 4.

147. y'V 4+ 3y" + 3y" + 4 = 2(sinz — cosz) + 2z + 6.
148. y'V — 2" +y = 8e® — 4cos z.

149. y!V —y" — " —y — 2y = —6e7 7.

150. yIV —y" — 3y" +4' + 2y = —5(cos z + sinz)e 7.
151. y'V — 2" — 2y" = 4chz.

MeromoM Bapualiy [MOCTOSIHHBIX PeluTh ypaBHeHus (152—171):

1
152. ¢ +y = . 153. " — 3y + 2y = .
vty sin® z Y vty 14 €%
T €T —.r
154. " — 3y + 2y = ——. 155. ¢ —y= — ¢
4.y Y +2 1+eZ y y et 4+e T
9 T
156. ¢ — 2 = 5(3 — 4z)V/7. 157. 4" — 2y + 10y = ———.
cos 3z
158. y" — 4y’ + 8y = 4(7 — 21z + 18z%)¥z. 159.y" +y = —ctg’z.
-2z
160. y" — dy = (15 — 1622)/=. 161. ¢ + 4y’ + 4y = ;+ -
3r—-1 2e2®
162. y' + 3y = ——. 163. 3" —4y' +4y = .
y' + 3y =3 Yoy Hly = o
-z
164. " +y = 7(4 + 37) ¥z 165. y" + 2y’ + 2y = :inz.
" _ 2 .2 " / _ 2e” 7
166. vy + 2y =2 —4z"sinz”. 167. y +2y + 5y = .
cos 2x
1
168. v +2y' +y = (z +2) (lnx + ;) . 169. y" — 2y = —2 — 422 cos z°.
1 1
170. y”——y':—x_z . 171. 3" — 2y’ = = — 2In (ex).
X xZ
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OnepanuonsubiM MeronoM pewnTs npu t > 0 3agady Koum (172—183):

172. y" =3y +2y = e, y(0) =0, ¥'(0) = 1.

173. y" —y' — 2y = 3tet, y(0) = 4/ (0) = 0.

174. 4" — 5y’ + 4y = (10t + 1)e™t, y(0) = ¢'(0) = 0.
175. y" + 5y + 6y = e~ 2, y(0) = =1, ¢'(0) = 0.
176. y" — 2y +y = 2¢t, y(0) = '(0) = 1.

177, " + 2y +y = (t+2)e7t, y(0) = 1, ¢/(0) = —1.
178. y' — 2y — 3y = 4e% — 4e7t, y(0) = 2, '(0) = 0.
179. y" +y =4cost, y(0) =1, y'(0) = —1.
180. y" + y = 5te?, y(0) = 0, 4/ (0) = 1.

181. y" + 9y = 6cos 3t + 9sin 3t, y(0) = 1, ¥/(0) = 0.
1.

182. y" + 4y = 4(cos 2t + sin 2t), y(0) = 0, 3'(0)

183. y" +y = 2(cost — sint), y(0) = 1, y'(0) = 2.

Pemnts npu = > 0 ypasHenus Ditnepa (184—207):

184. z2y" + 2zy' — 12y = 0. 185. 22%y" — zy’ — 2y = 0.
186. 42%y" — 3y = 0. 187. 2%y" — 22y’ — 4y = 0.
188. z%y" + 52y’ + 8y = 0. 189. 2z%y" — 32y’ + 3y = 0.
190. z%y" — 6y = 0. 191. 22%y" + 52y’ — 2y = 0.
1
192. 2%y" +3zy' — 3y = —-—5—. 193. 42%y" — 42y’ — 5y = —4\/x.
2\/z
194. z2%y" — 2y = —223. 195. z2y" — 3zy’ + 4y = 423,
1
196. z%y" + 2y +y = 1022, 197. 22" + 3z +y = e

3
198. z2y" 4+ 2y’ + y = —2sin(Inz). 199. z%y" — 4z’ + 6y = 222 — e

200. z%y" + 22y — 2y = Inz. 201. 2%y — 6y = —162%Inz.

202. z?y" + zy' — 4y = —9zInz. 203. z2y" — 20y = 10z°.
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204. z%y" + 32y — 3y = —52 205. z2y" — 2y’ — 8y = 1123 Inz.

6 4
206. 2z%y" + 1y —y = - 207. 2%y" — 2y = -

Pemnte xaxum-mmbo cnocobom 3anady Kommu (208—236):
208. y" +y = —2sinz, y(0) =0, ¥'(0) = 1.
209. y" —y' — 2y = —18ze™%, y(1) = 571, y/(1) = 3e~!.
210. 9y" +y = 6sin § y(31) =0, y'(37) = L.
211. y" +y =cos(z — 1), y(0) = 4'(0) = 0.
212. 49" +y =4cos -;Z, y(n) =0, y'(7) = g
513. y" +y =2sin(z + 1), y(0) = ¢/(0) = 0.
214. y" =2y +y=2¢%,y(1) =0, /(1) = —e.
215. y" — 3y’ + 2y = 2z€%, y(1) = e, ¥/'(1) = be.
216. y" — 4y’ = —8e* cos 2z — 8z + 2, y(0) = 5, /(0) = —6.
217. y" +3y' + 2y = —2cos 2z — 6sin2z — e~ %%, y(0) = 3, 4/ (0) = —7.
218. y" — 2y’ — 3y = 4cosz — 2sinz + 432, y(0) = 5, ¥/(0) = 7.
219. y" +y =sin(z — 1), y(0) = 4/(0) = 0.

1
220. ' +y = —,y(0) =0,4'(0) = 1.

1
221 ¢ + 2 +y=—e7", y(1) =¢/(1) = 0.

1
222. y' -2 +y=—¢", y(1) =y'(1) = 0.
223. y" - 2" +y =1+ 22, y(0) = y'(0) = y"(0) = v""(0) = 0.
3
224. z%y" + 22y’ — 2y = ——5y(1) =0,y'(1) =1.

1
225. z%y" + 22y’ — 6y = 2, y(1) = 0, /(1) = 6

226. z’y" + 2y —y=Inz, y(1) =2, y/(1) = 1.
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227.
228.
229.
230.
231.

4z%y" — 3y =522, y(1) = 1, ¢/(1) = 2.

22y +zy —y =2z, y(1) =0,¢y'(1) = 1.

y" +y =2z,y(0) =0, y'(0) =1, y"(0) = 2.
y" —y =6-32% y(1) =¢/(1) =0, y"(1) = 3.

YV +2y" +y =0, y(0) =y"(0) =0, y'(0) =2, y"(0) = —4.

232. y" +6y" + 11y’ + 6y = 22 + z + 1, y(0) = ¥/(0) = y"(0) = 0.

233. y" —6y" + 11y’ — 6y =1, y(0) = ¢/'(0) = 3" (0) = 0.

234. "V — 2" + 2" ~ 2y +y = T +4cosz, y(0) = 5, ¥'(0) = 1, ¥"(0) = 0,
y"(0) = —3.

235.

236.

237.

238.

239.

y® +2y©) — 2" —y =0, y(0) = (0) = ¥y (0) = y®(0) = 0, ¥/(0) = 2,
y"(0) =2, y®(0) = -1, y(0) = 11.

y® —y =0, y(0) = 1, y'(0) = y"(0) = y"(0) = y¥(0) = y®)(0) =
=y©®(0) = y™(0) = 0.

Haiitu pemenue ypasuenus y" — 3y’ — 2y = ze™™, orpaHuyueHHOe IpH
z — 400 u ynosnersopsiomee ycnosuam y(0) =1, /(0) = 0.
CocraBuTh JMHEHHOE OJHOPOJHOE YpaBHEHHE HAMMEHBILIEro MOPsAIKa

Ly = 0 ¢ mOCTOSHHBIMU BELIECTBEHHBIMU K03 PHULMEHTAMH, UMEIOIIee

pemenus y;(z) u y2(z), u pemmTts HeoaHopoaHoe ypaBHenue Ly = f(z),
ecu:

a) y1(z) =sinz, yo(z) = 7%, f(z) =z +2¢77,
6) y1(z) = z, y2(z) = €%, f(z) = 2sinz - 2,
B) 41(z) = cos z, y2(z) = €%, f(z) = 2 -z,
1(

r)y

Hoka3ars, yTo m060e pelieHue ypaBHEHHS

z) =1z, y2(z) = €%, f(z) =2 —2cosz.

yV_yIV_gym+yn+20y/+12=0

O/IHO3HAYHO TIPEACTaBUMO B BHJe CyMMbl pemeHuft ypaBuenuit vy — y’ —

-5y —3y=0uy’ —4y=0.
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240. Bepno s, uTo Kaxxaoe permenue ypaBHenus y” — y' — 2y = 0 ygosaerso-
psieT ypaBHEHHUIO

v

yV _ 3y _ ym + 7y// _ 4y =07

OTBers! K 3aga4aMm § 8

1. y = C1e® + Cye®®. 2.y = C1e¥® 4+ Core'”.
3. y=Cre % + Che™ 7. 4.y = Cre™® + Cpe**.
5. y = Cre 3 + Cre™ 2. 6. y = €2*(C cos 2z + Cysin 2z).
7. y = e>*(C)cos 3z + Cosin3dz). 8.y = e*(C cos 3z + Cysin 3x).
9. y=e %(Cicos2z + Cysin2z). 10. y = e *(Cjcosz + Cysinz).
11. y = e2*(Ciz + Cy). 12. y = 32 (Crz + Cy).
13. y = % (Ciz + Co). 14. y = C1e7 4% 4+ Che™® + C3€”.

15. y = C1e™ 3% + Cre™® + C3€”. 16. y = C1e® + Cre®® + Cse’®.
17. y=Cie ¥ 4 e7%(Coz + C3). 18.y = e 2(Cyz + Cy) + Cse®.
19. y = C1€* + €*(Cy cos 2z + C3sin 2z).

20. y = Cre* + Cycos 2z + Cssin 2z.

21. y=Cie " + e *(Cycosz + C3sinz).

22. y = Ccosz + Cysinz + Csze”.

23. y=Cie * + Cy + €*(C3cosz + Cysinz).

24. y = C + Cyhe® + C3e?® + Cye'®.

25. y = C1 + e*(Coz + C3) + Cye®®.

26. y = C1e™% 4 ¥ (Cyz + C3) + Cye™®.

27. y=Cre % 4+ e7%(Coz? 4+ C3z + Cy).

28. y=e *(Ciz + Cy) + C3cosz + Cysinz.

29. y = Cicosz + Cysinz + e*(Csz + Cy).
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30.
31.
32.
33.
34.
35.
36.
37.
38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

= e ¥(Ciz + Cy) + €*(C3z + Cy).
y = C1 + e 2%(Coz? + C3z + Cy).
y = Cicosz + Cysinz + C3e3% + Cye®.
y = Cre % + Che® + C3e?® + Cye®®.
y = Crcosz + Cysinz + C3cos 2z + Cysin 2z.
y = (Cr1z + C3) cos 2z + (C3z + C4) sin 2z.
y = Cicosz + Cysinz + C3 cos zv/2 + Cy sinz/2.
y = (Ciz + Cy) cos 3z + (C3z + Cy) sin 3z.
y = e %(C12% + Caz + C3).
y = C1e% + Che®™® + %:I:?e?I.

4
y = (C1 + Chz)e ™ + %w.
y = Cre™% + Coe®® + (x + %m2> e ",

7
y = C1e*® + Cre 3% + (3:32 —z+ 6) e %,

1
y=Cre " + Coe” — gez(cosm + 2sinz).

x

2) - %ex(sinx—i— 2cos ).

y= ez (Cl sin:—;- + C5 cos

1.
y = e?*(Cy + Cox + %) + -8-(2272 + 4z + 3).

1 1
y = Cre™ % 4 Che® — —(32% + 2x)e™ % — 5(3 sinz + cos z).

9

1 1
y = Cycos 2z + Cosin 2z + Z(Qm +1)e™ % + 7L cos 2z.

1
y = Cre7% 4+ Che® + :2-(23;2 +z)e3% — -;—(2 cos z — sinz).

1 1
y = Cycos 3z + Cysindz + 5(32: + 1)6_3’” — 3¢ sin 3z.
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50.

51.
52.
53.
54.
55.
56.
57.
58.
59.
60.
61.
62.
63.
64.
65.

66.

67.

68.

69.

70.

71.

y=(C1+ Cgm)e”ax + (m - -;—) e3?.

y = (C + Coz)e*® + (2z + 1)e 2=,

y = C1 + Coe™% + (z? — 32)e™® + cos 2z + 2sin 2z.
y = Cy + Coe® + (22 — 1)e* + cosz + sinz.
y = C1 + Cye® + %* cos 2z + z2.

y = €2*(C} cos 3z + Cy sin3z) — cos 2z.

y = e 2(Cy + Caz) + 2%~ %2.

y = €*(Cj cos 2z + Cysin2z) + cos z.

y = e**(C) cos 2z + Cy sin2z) — €3 cos z.

y = C1e % 4 Cre® + ze7%%.

y = e*(C) + Coz) + z2%€*.

y = C1€% + Cre?® + ze32.

y = Cre”* + C2e®® — cos z + ze32.

y = C1e73% + Che® + 22732,

y = Cre 3 + Che’® — e 2 cosz + T~ 37,

y = C; cos 2z + Cysin2z + 22 cos 2z.

y = C} cos 2z + Cysin2z + ;11-(1 + zsin 2z).

y = Cj cosdz + Cysindz + Ilé(l ~ 2z sin4z).
y = C1e%® + C2€3® — ze*® +sinz + cos z.

y=e"*(C) + Coz) + %x:’e"’.

_— T 6 __ __ai _l_ T _1__ :
y = C1e* + Cae z(10+25)e +74(7cos:z:+5sm:1:).

y=Cicosz + Cysinz + %z(cosx+ 2sinz) + %cos&'n.



§ 8. JIuneitnble ypaBHEHHS C MOCTOSHHBIMM K03 PUIHEHTAMH 81

72.

73.

74.

75.

76.

7.

78.

79.

80.

81.
82.

83.
84.
85.
86.
87.
88.
89.
90.
91.
92.

y = Cre™% + Cy + C3e* — —l—e‘h.

10
1 1
y=Cie ™ +Cy + 03631 — -6-.'1:2 - §:L‘

1
y = C1e®*+Cycost + C3sinz — Ea:(sm:c+cos:c).
1
y=C1+e*(Cacosz + Cssinz) + 2cosz +sinz + z (§x+ 1) .

y=C1+Cgsin2m+C3cos2a:+%—1-31—23}12:5.

y=C1; 4+ Cysh2z + Csch2z — % - é%sin%.

1
y = C1 + Cysindz + C3 cosdr — z + ——sh4z.

32 256
T 1
= — — ——sin4z.
y Cl+028h2$+C3Ch2.'E+32 256s1n T
2
y=(C1+Cor)e™* + Cse®® — %—e"z.

1
y=C1+Cycosz+ C3sinz +z — Exsinm.
y = C) + Cycosz + Czsinz + 4z + €**.

y = C] + e*(Cy cos 2z + C3sin2z) + e + %3;2 + %a:
y=C1+ Cycost + C3sinz + 2e* cosz + x cos .

y = Ci1e™% + Cy + C3e%® — cosz + ze™%.

y = Cre™% + Cy + C3€% + cosz + 1.

y = Cre~ % 4 Cy + Cse® + ze®.

y = C1 + Cy cos 2z + C3sin 2z — z cos 2z.
y=C1+e%(Cy+ Csz) —2cosz + .

y = C1e” 2% + Cy + C3e* + e % cos z.

y=Cie % + Cy + C3e75% + ze™".

y = Cicosz + Cysinz + C3e3% + zcosz.
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93.
94.
95.
96.
97.
98.
99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.

110.

111.
112.

113.

y = C)cosz + Cysinz + C3e*® — z cos z.
y=Cire” % + e %(Cy + Caz) + ze™ 22,

y = e 2(C) + Coz) + C3 + 227 %%,

y = e?(Cy + Coz) + C3e™* + z2€2=.
y=Cre ™+ e*(Cy + C3z) — e T cos .

y = C1e% + Cpe3® 4 C3e** + 2cos  — zed®,
y=C1+ Cox+ Cse " —cosx —sinz + ze™*.

. 1
y=C) + Cox + Cse®® + g(cosm + 2sinz).

1
y = Cy + Coz + C3e*® + Zmezz.

1
y = Cre" 2 4+ Cy + C3e® + -?56335.

|
y=Cre % + Cy + Cse® + Z(w2 - 3z).

1
y= Cre ™ + Cy+ Csz — g(2cosm + sinz).
1
y=C) + e *(Cycosz + Cysinz) + 22 + 2z + g(2cosx + sinz).

1 1
y = Cp + Coe™ ¥ 4 C3e® — 2° — T: <7z + 3 sin41-> )

y=C) +e*(Cycosz + Cssinz) + 5z — 4cosz — 2sinz.

1 5.
y = C) + Cq cos 2z + C3sin2x + x sin 2z + —1662“'.

y = C} cos 2z + Cysin2z + C3e™® + (2 cos 2z — sin2z) + 5.
1

y=Cre ™ +Cy+ Csz + iace’“.

y = C) +e**(Cycosz + Cysinz) + 2 + 222 + 22 + sinz — cos z.

y = Cy + €®(Cacosz + Cysinz) + 23 + 322 + 4z + 2 cos 2z — sin 2z.

. 1 3 2 .
y = C1 + e**(Cycosz + Cssinz) + 5:1:2 + £7 + é—cosz + sinz.
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114.

115.

116.

117.
118.
119.
120.

121.

122.
123.

124.

125.

126.

127.

128.

129.

130.

131.

132.

133.

y = Cy + e F(Cq cos 2z + Cssin 2z) + %332 - 545:3 + 2sin2z + %cos 2z.
y = C1 + (Cy + C37)e® + 22 + 4z + cos 7.

y=C) + Cox + C3e®™ + 23 + %mz + sin 2z + cos 2.

y = C1e® 4+ Cycosz + Cysinz + (22 — 2z)e® — 4.

y=Cie %+ Cycosz + Cysinz + (22 + 2z)e™" + 4.

y = C1e® + Cy cos 2z + Cs3 sin 2z — 2(2 cos 27 + sin2z) — 5.

y = €*(Cy + Caz) + e *(C3 + Cyz) + 2% + 5.

y = Cire * + Ce” + Cysinz + Cycosz — éez COS Z.

y = (C1 + Coz) cosz + (C3 + Cyz) sinz + sin 2z + 2?2 — 4.

y = (C1 + Caz) cos 2z + (C3 + Cyzx)sin2z + 2 — 1 + sinz.

Ly 4
y = (C1 + Cax) cos 3z + (C5 + Cyx) sin 3z + cosz — ? + 9

4

y = (C1 + Cax) cos 5z + (Cs + Cyx) sin 5z + cos z + 2 — %"

. 1
y = C) + Coz + €*(C3cosz + Cysinz) + 2%(3 + ) + Zeh‘

1
y = (Cy + Caz)cosz + (C3 + Caz)sinz + z + g ¢os 2z.
—4zr 4z 2 1
y=Ci+ Cox + Cse + Ce™* — 1 —Ecos4w.
- T : 1 2z 1
y = Cire”* + Coe” + C5 cos 2z + Cysin 2z + Ze + §$C0821L'.
1
y=C1+ Cox + C3cosz + Cysinz + ZiL‘(l‘ +sinz).
. 3

y=Crcost + Cysinx + C’ge"z‘/§ + 0461\/5 +zcosz — ge—h.

T z 14 D
y=C1+ Cox + Cse? +Cye™ 2 + (m - ?> e + z%(z — 12).

1
y=C1+ Cor+ C362I + 046—21 + §I' sh2z.
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134.

135.

136.

137.

138.
139.
140.

141.

142.
143.
144.
145.
146.
147.
148.
149.
150.

151.

152.

153.

154.
155.

y = C1€" + Cae®® + (¥ + e*)[z —In(1+€%)] + € + =

1
y=Ci + Coz + €*(C3cosz + Cysinz) + g(cos 2z + 2sin2z).
5

y = Ci + Coz + C3e™% + C4e®® + (4 - 52) et +ze 7.

1
y = (C1 + Caz) cos z + (C3 + Cyz) sinz — cos 2z + gsin2a:+a:3 — 12z +9.

1

y = (C1 + Caz)e ™ + (Cs + Cyz)e” + Za:ze”" + 12248,
y = C1 + Caz + C3e® + Cye™ % + ze® + 2.
y=C1 + Cyz + C3cosz + Cysinz + 222 — 2zsin .
y = Cicosz + Cysinz + C3e%® + Cye~2® + cos 2z + ze®®.

y = C) + Coz + C3e” + Cye " + %xe"’ + 1—523"‘.

y = C1e"% 4 Cre® + C3cosz + Cysinz + €2% cos z + ze~~.
y = Cy + Cozx + C3e* + C4e™* + 2z cos  — ze”.

y = C} + Coz + C3e® + C4e3% — 2cos z + z2.

y=C1 + Ce %+ e 3%(C3cosz + Cysinz) + ze™%.

y = C1 + Ce % + €?*(C3 + Cyz) — cos z + .

y = C) + e %(Cy + Csz + C4z?) + cos z + 2.

y = e %(C} + Caz) + €*(C3 + Cyz) + z%€® — cos .

y = Cre~% 4+ C2e®® + C3cosz + Cysinz + ze™ 2.

y = e~ %(Cy + Caz) + C3e® + Cye** + e % cos z.

y = C + Coz + Czel' V37 4 Gy +V3 _ -;-ex +2e7 7.

l1+sinz
1l—sinz

1
y=Clcosm+Cgsinx+l+§ln’

1
2

y = C1€® + C2e* + (&% — e¥*)[z — In (1 + €%)] — 7.
y = Cre™" + Cae” + 2arctge® -chz — 1.
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156. y=C; + 02621: + 4:1:2\/5.
157. y = e*(C} cos 3z + Cy sin 3z) + €*(In | cos 3z| cos 3z + 3z sin 3z).
158. y = €?%(C) cos 2z + Cysin2z) + 922 ¥z.
159. y = Cjcosz + Cysinz + 2 — lln 1+coss cos T
2 |l1—cosz

160. y = Cie™%® 4 Cye®® 4 422/x.
161. y = e 2%(Cy + Caz) + e 2*[(z + 1) In|z + 1| — z).
162. y = Cle‘s”’ + Ca + In|z|.
163. y = e?*(C; + Caz) + e**[2z arctg z — In (1 + z2)].
164. y = Cie™* 4+ Cy + 922 /.
165. y = e *(Cicosz + Cysinz) + e *(In|sinz|sinz — z cos ).
166. y = C; cos (zV'2) + Cy sin (z/2) + sinz2.

1
167. y = e *(Cicos2z + Cysin2z) + e * (m sin2z + 3 In | cos 2z| cos 250) .
168. y =e *(C1 + Caz) + zlnz. 169. y = C’le‘z‘/5 + Czez‘/i + cos z2.
170. y = Cy + Ca€* + In|z|. 171. y = C; + C2¢* + zlnz.

1
172. y = %e't - get + %ezt. 173. y = —Ze“t + e — %(1 + 2t)e’.
174. y = —e +ge + g+t e . 175.y=3e"" 4 (t —4)e .
1

176. y = (t2 +1)et. 177. y = (1 + 2+ gtz) et
178. y= (2 +t)e”t +tedt. 179. y = cost + (2t — 1) sint.

180.

181.

182.

y= %(cost + 2sint) + (t - %) et

y= (1 - gt> cos 3t + (t + %) sin 3t.

y = (1 +t)sin2t — t cos 2t. 183. y = (1 +t)(cost + sint).
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184. y = C1z3 + Coz ™. 185. y = Cyz2 + %
C
186. y = —\/—}_- + Coz /. 187.y = Ciz + —2-.

188. y = ;[Cl cos (2Inz) + Cysin (21nz)].

3 C
189. y = C]$ﬁ+ CZ\/E 190. y = 011'3 + ._7,'_;
02 C1 2
193.'y=C11,2\/—+ + = \/“ 194. y_cl+@_l$3
\/— r 2

195. y = z2(C1 + CyInz) + 3.
196. y = C; cos (Inz) + Cysin (Inz) + 222

1 1
197. y = ;(01 + Colnz) + 52 In? .

198. y = |C) — gsin3 (In x)] cos (Inz) + [Cz - %cos (21n :r)} sin(Inz).

1 Cy 1 1
_ 2 3 2 . 2 )
199. y=Ciz° + Coz® + 2z°Inx — v 200. y = Ciz + ol Ehu ~1
C 3 2 Co
201. y = F%—Cgm +22(4lnz +3). 202.y=Cz* + 5 +z(3lnz +2).
: C 1
203. y = %1+C2m5+m6. 204. y = C12° + —2 + =.
x r =z
Ci 11 Cs 3
205. y=w—2+Cg:£ —Eg:r 3(5Inz + 4). 206.y—011+ﬁ_;_
4
207. y = g + Coz? + —5. 208. y =z cosz.
x x
209. y = (3z% + 2z)e %, 210. y = (37 — ) cos é

1 1
211. y = §sinlsinz + §$sin(az —-1). 212.y=(z—2m)cos g
213. y = cos lsinz — z cos (z + 1). 214. y = €*(z? — 3z + 2).
215. y = 8e227! — (2% + 27 + 4)”. 216. y = 6 — 2% + %% cos 2z + x2.
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217. y=(z +6)e™2® —4e % +cos2z. 218.y = (z+3)e* +3e % —cosz.

1 1 .
219. y = §coslsinz—§as cos(z—1). 220.y=(z+1)sinz+coszln|cosz|.

221. y=(1—-z+zlnz)e ™. 222. y=(1—z+zlnzx)e”
3 5 3 5
— 22 Zr—=2)ef == —]le7%
223. y=1= +5+<4$ 2)6 (4z+2)e X
224. y = ilngv 225.y = lavz(m -1)
Y= . Y=g .
226. y =2z — Inzx. 227. y = z°.
228. y=zlnz. 229. y = z? + sinz.
230. y =123 +2— 3" L. 231. y = zcosT +sinz.
35 4 1 1 4
232. - - T _ e T30,
Y= 52 9x+6z +26 e 276
233. y = (- 9z% — 427 + 108¢” — 54e** + 14€°* — 68) .

234. y=zcosz + g—

3
235. y=e"—e T + %wcosm + g(z2 —3)sinz.

1 1
236. y = ch$+ COS .
2
237. y=(1 1-—)e™™
y (+w)< 18)

238. a) y" +y"+y' +y=0,y=Cicosz + Cysinz + C3e™* +z — 1 +ze~ %,
6) y" —y" =0,y=Cy+ Coz + C3e* +sinz + cost —z2,
B)y" —y"+9y —y=0,y=Ccosz + Cosinz + Cze® + z + 1 + ze”,
r) y" +y" =0,y =Cy + Coz+ C3e™" +sinz + cosz + z°.

240. [a.
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§ 9. MeTonp! pemienusi INHEHHBIX YPaBHEHMII BTOPOro nopsaaka
C nmepeMeHHbIMU K03ddunmeHTaMu

Jl1s mostydeHus oOLIEro peuieHus JIMHEHHOr0 HEOJAHOPOAHOrO yPaBHEHHUsT BTO-
poro mopsijka ¢ mepeMeHHbIMH Ko3ddunueHTaMu Haubosee 4acToO IPUMEHS-
etca crenyoumit Meron. CHadasa myTeM moabopa HaxoAsAT KaKoe-HUOyIb pe-
[IeHHe COOTBETCTBYIOLIEro JIMHEHHOTrO0 OJHOPOJHOTO yPABHEHUSI U C MOMOIILI0
dopmyast JInysunns-OcTporpaJckoro Ioay4aroT oblilee pelleHue JIMHEHHOTO
OJHOPOJHOTO ypaBHEHHs. 3aTeM METOAOM BapHAaIMK IIOCTOSTHHBIX HAaXOAT 00-
liee pellleHHe 33JaHHOTO JIMHEHOr0 HEOJHOPOAHOIO ypPaBHEHUS.

TTPUMEP 1. HaitTu ob1ee peliieHre ypaBHEHUS
oy’ — (1 + )y +2(1 — z)y = 9z2e**, 2> 0.
A PaccMOTpUM OZHOPOJLHOE ypaBHEHHe
oy’ —(1+z)y +2(1-2)y=0

u nonpoGyeM HaliTu ero pemrenue suga e®*. IloxctaBuB e** B 3T0 ypaBHe-

2z

Hue, HaxouuMm a = 2. CrenoBarenbHo, e — pemrenue. 3anunieM GOPMYJTy

JInysunnsa-OcTporpaickoro sl OZHOPOJHOTO YPAaBHEHU:

2z
e 1tz
Yl = ce S 5% = Cze®.
2e2= o
Orcrona e2®y’ — 2e**y = Cze®. Tlpu nenenun obenx YacTell 3TOr0 ypaBHEHHS
Ha e!® momyuaeM ypasHeHHe
!
(%) = Cze 3%,
e T

OTcm,zxa HaXOOuM o6mee peunieHrue OJHOPOAHOr0 ypaBHEHUSA
y = C1e% 4+ Ca(1 + 3z)e™7,

rae C; u Cy — NpoM3BOJIbHBIE TIOCTOSIHHBIE.

Yrobpl HaliTH 00iee peleHHe 33aJaHHOTO YDAaBHEHHs, IPHUMEHHM METOZ,
BapuanuM MnocTossHHbIX. WieM pelieHne HeOZHOPOJHOrO ypaBHEHHS B TaKOM
’Ke BHIe, KaK obliee pelieHre OQHOPOLHOro ypaBHeHusi, HO cuutaeM C; u C
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HE [POU3BOJIBHBIMU TIOCTOSIHHBIMHM, a HEKOTOPHIMH HENPEPBIBHO JuddepeHnu-

pyeMbIMH DyHKIUsAMH. [JIs MX HAXOXKJEHWsI COCTABJISIEM JIMHEHHYIO CHCTEMY
U ! .

ypasrenuit aius C|(z) n Cy(z) crenyouero Buja:

Ci(z)e*® + Ch(z)(1 + 3z)e™® =0,
2C} (z)e?® + Cy(z)(2 — 3x)e™% = 9ze*®
U3 sToit cucremsl HaxomuM, uto Cj(z) = 1+ 3z, Ch(z) = —e3%. Cnenoparens-

3 1
Ho, Ci(z) = A+ + as , Ca(z) = B — 583", rae A u B — npou3BoJIbHbBIE
NOCTOSTHHBIE.
Taxum 06pa3oM, obiiee perieHre 3aJaHHOTO YPaBHEHUST UMEET BUJ

y=e*® (A +z+ %:1:2) + (14 3z)e™® (B - %e“) =

= Ae*® 4+ B(1 + 3z)e™® + (‘;x? - %) e, A

JpyruM pacrnpocTpaHeHHBIM METOJOM PpelleHNsl JIMHEMHBIX ypaBHEHHil C
riepeMeHHbIMH K03bUIeHTaMH ABJISIETCA METO 3aMeHbl IIepeMEeHHBIX.

ITPUMEP 2. Haiitu obiiee pelienve ypaBHEHUsI

8=

2
zt "+2$y -y = €

x>0,
ez - 1
1
C MOMOIIBIO 3aMeHbl T = -3
A Tlocsie 3aMeHbl ypaBHEHHME IPUHAMAET BUJ
et
et —-1°

Pemas sto YPaBHEHHE METOAOM BapHallMX IIOCTOAHHBIX, HAXOOUM, ITO

y(t) = et A—-l-e_t+-1—ln ¢ +et B+l1n(1—-et)
2 2 1-¢t 2 ’

1
rae A u B — npousBosibHBIE TIOcTOsiHHbBIE. [lonaras t = ——, nowie npuBeJeHUs
T

Y — Y =

NONOOHBIX 4YJIEHOB OTCIOAA Mojy4aeM obliee peireHue 334aHHOI0 ypaBHEHHU
1 r 1 1 1 _1
y=Ae—5+Be$——-—-——e’i+sh - ln(l——e z). A
2 2z T

Haitu obuiee pemenve ypasuenuii (1—66):
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10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

23.

cxy' -1+ z)y +y=

. (222 +3z) y" — 6(z + 1)y + 6y = z(2z + 3)%, = > 0.
cz(z+4)y -2z +4)y +2y=z+4,z>0.

(2z—2%)y" + (22 - 2) ¥ + (2 - 22) = (22 — xQ)Q.

Inz+1 , 1, 1 2
NTH L 2y 4 gy =(Inz + 1),
a3’ gV tmy=(nz+l)

cz(l+22)y" +2(1 + 7)Y’ — 2y = (1 4+ 22)?%sinz, z > 0.

1 1
. (1-1 "y 2y — —y=(1-Inz)%
(1-Inz)y + -y = =y (1-Inz)

2

T
—, > 0.
1+2x

Cx2y" =201+ )y + 2(1 + z)y = 223e%7.

(2z + 1)y" + (42 — 2)y' — 8y = 4(2z + 1)3.

2zy" + (dz+ 1)y + 2z + 1)y =€~ %, > 0.

zy" — (6z + 2)y' + (97 + 6)y = 12z3¢3%.

(x—1)y" —zy +y = (z — 1)%e".

zy" — (2z 4+ 1)y’ + 2y = 1622€%7.

2y" — z(z + 2)y' + (z + 2)y = 23e”.

(22 = 3z) y" + (6 — 2%) y' + (3z — 6)y = (2 — 3)*.

zy" — (22 + 1)y + (x + 1)y = 222,

(x = 1)y" — (z 4+ 1)y + 2y = (z — 1)3e®.

22z + 1)y" +2(1-22%)y —4(z + 1)y = (22 +1)%, 2 > 0.
z(z +3)y" + (12— 22) ¢y — 3(z + 4)y = (z + 3)%, 2 > 0.
2z(z — 2)y" + (22 = 8)y' + (z — )y = (z — 2)%, 2 > 2.
z(z—2)y" + (22— 6)y' +2(z — 3)y = (z — 2)%, 2 > 2.
2y — z (z? + 3) y' + (2? + 3) y = 102° sinz?.

1
(z-1y"+(1—-22)y +azy= 5(1: - 1)2
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24.
25.

26.

27.

28.
29.

30.

31.

32.

33.
34.

35.
36.

37.

38.
39.
40.
41.
42.

43.

44.
45.

z?(z — 1)y" + 22y’ — 2y = 23

zy" + (2 - 22)y' + (z - 2)y =¥, 2 > 0.

(1-2%)y" +2¢ —-————2————y—(1~ac) (1+z)e™™®

z+1

2
z(z +1)y" + 2y ——;Lc—————y—(ac-i-l)2 e, x> 0.

1

z(3z +2)y" +3 (2 —32%) vy — 18(z + 1)y = 3z +2)*. 2 > 0.

20(z +2)y" + (8 -2y - (z+4)y=(z+2)% 2>0.

‘ 2
z(3z — 2)y" +3 (322 —2) ¢y +18(z — )y = 3z — 2)*, x> =.

1 1
lnz no__ - I+ =1 2 i
(Inz)y ~Y Sy =h'e
" / ZB
2 —(x+2 =——,z>0.
zy' = (z+2)y +y o

a:y" _ (41. _ 2)y’ + 4(_/1; — 1)y = (;‘21 cos .

s
22y + (-2 +ztgx)y + (2 —ztga)y = z3efcosz, 0 <z < =

(1—2)y" + (2 - 4z)y' — dzy = e **sinz.
(z+1)y" + (z - 1)y — 2y = e %(z + 1)3.

—T

2z — 1 )y”+2y’~—2-y:(2——w)2xe
T

3

2’

(z-1%"— (22 - D)y + (z+ 1)y = (z — 1)3(3z — 2)¢”
(z4+1)%y" —2(22 + 32+ 2) ¥ +2(z + 2)y = —2z(z + 1)3*.

o(z+ D%y + 2 + 1)y — 2y = (z +1)3e®

zy” +2(z + 1)y + (¢ + 2)y = 2chz, 2 > 0.

(z — 1)y —22(z — 1)y + 22y = (z — 1)%.
1

20y + 4z + 1)y + 2z + 1)y = e Inz.
T

3zy” + (62 + 1)y + (3z + 1)y = z%e™2.

z?(Inz — 1)y —xy +y = z(lnz — 1)2.

, x> 0.
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46.

47.

48.

49.

50.
51.
52.
53.
54.
55.

56.

57.

58.

59.
60.
61.
62.
63. z
64. z
65. =
66. =
67.

:L,yll _ (41. + 2)yl + (4:1: + 4)y — $2e2z z>0.

3
y'=3y'ctgz + | — —2)y=2sin’z,0<z <.
Sin?

inz
21
(mlnx)y"+(lnx+1)y’—ﬁ= ;w,:r>1.
2 " ! $2

2y + z(z - 2)y' + (2 — z)y = zle”".
zy" — 2(z + 1)y’ + (z + 2)y = 3ze®.

z(z — 1)y" + (4z - 2)y' + 2y = e ~.

z(z + 1)y" + (4= + 2)y' + 2y = 6(z + 1).
(z —1)y" = 2zy + (z + 1)y = 3€®.

zy" —2(4z — 1)y’ + 8(2z — 1)y = 2%,
(2z +3)y" — 2y — ;62—3/ =3(2z + 3)%.

T

2z +1)y" -2y — 2z +3)y =3(2z + 1)% - e2.
2zy" — (z+4)y' + (1 + %) y =z

zy" + (2z — 1)y + (z — 1)y = 822%¢%, 2 > 0.
z(z—1)%" -2z -1y +2y=z(z —1)%e %, z> L

(z —2)y" — (4 = T)y' + (4 — 6)y = 4z(z — 2)%e®*, z > 2.

x4+ 1)y +z(z2-22-2)y —2(2z? -z -1)y=2%(x+1)3, 2 >0.
z?y" — z(z + 3)y' + (2z + 3)y = z*.

2z -3)y" —z?(z—2)y +2 (22 -3z +3)y = (z — 3)%

2z-1)y" +z(2-4dz+2?)y —2(z - 1)2y = 23(z — 1)2.

3z —4)y -2z —2)% +2z (22 -5z +8)y = (z — 4)%, z > 0.

Haittu ob1uee peiuenve ypaBHEHU s, €CJIM U3BECTHBI JBA, €r0 pelieHus y; ()
u y2(T):
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sinz T
"y tg s+ 2y = 2tg T + L T
a)y' —y'tgr +2y g:z:+cos3x,0<:1r:<2
y1 =tgz, yo =tgzr + 2sinz.
6) "' + 4zy’ + (422 + 2) y = (422 + 47 + 3) €%,
y=e, yp=e"+e ",
B)zy' — (2z+ 1)y + (x+ 1)y = (z — 1)e*®, 2 > 0,
y1 =€, yp = ¥ — €.
r)zy’ + 2 —zy=2—-122%, >0,
ez
YI=12,Y =T+ —.
T
n) z(2z+1)y" +2(z+1)y' =2y =322 +3z+1,z >0,

1 1
n=sE+1)’ =7 -1)

68. CocraButh U pewrnTsh JuHeRHOE AU depeHIHATLHOE YPABHEHHE BTOPOrO
IOpsAJiKa, eCIM M3BEeCTHBI ero mpaBas 4dacTh f(z) u pyHAaMeHTaIbHAS
cucrema peureHuit y;(z) 4 y2(z) COOTBETCTBYIOLIErO JMHEHHOIO OJHOPO-

HOTO ypaBHEHHS:

a) flx)=1-22, yy=z,yp =22 + 1.

6) f(z)=1,y1=1z,yo =2° - 1.

8) f(z) = cos 2z, y; = sin?z, yp = cos z.

69. Peuuts ypaBHeHue

(1—:r2)y”—:1:y'+y=—31£\/1—:7:2, 0<z <1,

T
C NOMOIIIBIO 3aMeHbl T = cost, 0 < t < —.

70. Peuruts ypaBHenue

B =

2e
zly" +22% —y = —
ez —1

1
C TIOMOIIBIO 3aMEHBl T = s

71. Peurnts ypaBHeHue

2zy" + 9y = 2(y + thz)
+2
C MOMOIIBIO 3aMEHbI L = T t> 0.
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72. Peumntb ypaBHeHHe

y"+y'tgw=4(y+cos2x)cos2x, 0<3:<g

C TIOMOILBIO 3aMEHbI ¢ = sinx.

IIpusenenuem x Buny 2’ + a(z)z = f(z) peunrs ypasaenus (73—76):

. 1 :
73. 2%y + 3y + (:c‘ - Z) y=2z5er.
" 2 /

74. y +;y +y=2
75. (1+x2)2y” +2z (1422 y +y=1+22%

6 12
76. y”——y'+(—2+l>y=0.

T T

77. Ilycts dyukuus p(x) onpenesnena u HeripepsiBHA npu 2 0 # mycts yp (),
y2(z) — pewenns ypasuenus y" + p(z)y = 0, npuiem liIJP yi(z) = 0,
T—>+00
pou3BOAHbIe Yj(2) orpannyenst mpu 2 > 0, ¢ = 1,2. JToxazats, uTo y;(z)
u yo(x) suHeHO 3aBucuMbl ipu x > 0.

78. Ilycts yi(z), y2(z) — aBa JIMHEHHO HE3ABHCHMBIE DCLIECHHS ypPaBHEHHS
Y™ +p1(2)y" Y+ 4 p,(z)y = 0. YkazaTe NOACTAHOBKY, TPHBOIALILYIO
K JIMHEHHOMY YPaBHEHUIO NOPAJKa N — 2.

79. Iycts pemcrue y(z) ypasuenus z°y” + zy’ + (22 —n?)y = 0, n > 0,
z > 0, nomoxurensuo npu Mansix £ > 0 u y(+0) = 0, Jokasars, 9To
TOYKA TIEPBOTO ITOJIOXKUTEIBHONO MAKCHMYMa 3TOT'0 PEUICHHUS HAXOJUTCS
OT HyJisl Ha PACCTOSIHIM, KOTOPOE He MeHbIIIe YeM 7.

80. IIycts a(z) — nempepriBuasg dyukuus npu = > 0. JokasaTh, 4To ecan
ypasurenue y" +a(z)y = 0 umeer peurenne y(x) Takoe, uro lim y'(z) =
= 400, TO OHO MMEET TaKyKe HEeTPUBHAJILHOE pPelIeHHe, (:Ti)?l\;;omeecn K
HYJIXO IIDH T — +00.

81. IMTycts dynxuuu a(z) u b(xz) HenmpepwiBHBI HA Beeil ocu, npuyeM a(z) —
HeveTHast, a b(r) — derHas.. JIoka3arb, 4ro pelieHne ypaBHeHHus Y+
+a(z)y’ + b(z)y = 0, ynosnersopsitoiee yciosuio y' (0) = 0, ecrs yerHas
bysxIH.
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82.

83.

84.

85.

86.

87.

88.

[Mycrs dyHkuus ¢(z) HenpepbiBHA HA BCell OCH U MEPUOAUYHA C IIEPHOJIOM
1. JokazaTh, 9TO ecyin HETPUBHAJIbHOE pellleHue ypasHenus y” + g(z)y =
= 0, ymosaersopsier yciosuaM y(0) = y(1) = 0, To y(z + 1) = Cy(z),
C = const.

Haiitu npa JMHEHHO He3aBUCHMblE pEUIEHHsI B BHJE CTENEHHOrO Dsijia
ypasuenus ' + 4zy = 0.

a) Haittu pemenne ypasrenust zy" — ' — 4z3y = 0 B BuJe CTemeHHOro
pazga npu yerosusx y(0) = 1, ¢”(0) = 0. Onpenenurs paauyc CXOAMMOCTH
paaa.
!
6) Pemnts ypasnenue y" — y_ 42y = 0.
z

YKABAHUE. Haiitu cymMy psia B m. a).

a) Haiitu pemenue ypasuenus zy” — 2y + 92°y = 0 B Buje CTENEHHOTO
pazna npu yciosuax y(0) = 0, ¢ (0) = 6. OnpeaenuTs paiuyc CXOJUMOCTH
pAana.

6) Pemurs ypasnenue y”’ — %y' + 92ty = 0.

YKA3AHUE. Haittn cymmy psina B 1. a).

[TpounTerpuposaTh npu £ > 0 C IOMOIIBIO PA/IA [10 CTENEHIM T yPABHEHHE
dzy" + 2y +y = 0.
YKABAHHUE. [Ij19 OTBICKAHUS PEllIeHNs YPaBHEHUs, IMHEHHO He3aBUCHMO-
rO B pelIeHueM, NPeACTaBUMbIM CTEIIeHHBIM PSAJIOM, CAEJIATh B yPaBHEHUN
3aMeHy y = /T - 2.

Haiitu npu 0 < z < 1 obuwee pemenne ypasuenus 2z(1 — z)y” + (1-
—z)y' + 3y = 0 B BUIE pANA 10 CTENeHAM T.
YKABAHUE. Bocnons3oparbesa ykazanueM K 3amade 86.

a) Haiitu npu 0 < = < v/2 pemrenue ypasHeHus
(2z+2)y" -y — 62y =0

B BU[IE CTENEHHOro pajaa no . OupesenuTs pajauyc CXOAUMOCTH PAIA.
6) HaitTu ofiuee pelienue 3a1anHOr0 yPABHEHHS! B BUJE PsiJia [0 CTENeHsAM
T.
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OTBeTsl K 3azayaM § 9

l.y=Ci(z+1) +Coz® + 2% Inz — gzz.

= 72 1= -
2. y=z (01 2x+81nz+4 + (z +2)(Cy — In(z + 4)).

3. y=C1e°+ Coz® + 23 + 2z + 2.

4. y=Ciz+ Coz’Inz + 2% In’z — 22 + 2?In’ 1.

C 1
5. y= ;1 + Ca(z+1) — ;—_(sinm +2cosz) — 2sinz.

6. y=Ciz+Cylnz + 2% — —;—:1:2 Inz.
7.y=Ci(1+z)+Coe® = (1+2)In(l +z) — 1.
1
8. y=Ciz + Coze™ + (:c2 - -2-ac) e,
9. y=C1e™? + Cy (42% +1) +82° — 2z + 2.
10. y = (Cy + Cyv/z + z)e™%.
11. y = (01 + Coz® + 33:4) e,
1
12. y = Ciz + Coe®™ + <§z2 - z) e*.
13. y = C1e% + Cy(2z + 1) — 2.
14. y = 2 (C} + Cye®) + z2%€%.

1
15. y = C1e® + Coz3 + §m - 1.
) 1
16. y = (C1 + Cyz?) e + Z(2w —1)e3.

17. y=C1e® + C, (:z2 +1)+ (%af‘ —z? - a:) e’.

Cy 1
18. y = C1e®® + -;2 - -2—(:v +1).

Cy 1
19. y=Clez+;3——-Zx—-1.
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

: Cy 1
y=Cle"5+—2+—m—2.
z 2

C 1
y=Cle"’+x—§+§a:~1.

1:2
Y=z (01 + CQeT) +z (cos 72— 2sinz2).

. 1
y = Ce® +Cs (xl - 29:) e* + 2%

1
y=$(01+ C2 + 82).

r—1 z-1

y=e* (Cl+92-+le”).
r

. sz —z 2z
y-Cl(a:+1)+x+1+e (l—x— >

— 02 _1__ 2z
y—(m+1)(Cl+ . +4$e )

C
y=Cle3"+?L_—§— (z +1).

L
3
= Cy 1
y=Cle2+?2-—§:r~2.
c, 1
-3 2
y = Che Z+TE_2-+§(Q:~1).
1

y=Clx+Cg(lnx+1)+§x2(1—lnx).
y=Ci(z +2)+Coe? + (z+2) [In(z+2)% -z —2].
y= (Cl+22—+23in1:+lcosx> e

x z

1
y = z(Cy + Cysinz) + Eaz(cosa: + sinz)e”.

C 1
y = (01 + 2+ 1 sinz) e %,

r—1 z-

y=Ce *+ () (z2 + 1) - (-:1511:d +z% + :1:) e L.
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

1- 2
y=Ciz+Cy x+(——m)e"$.

T T

y= (:L‘ - 1) (01 + Cgez) + (:L‘ - 1) (-3:1:2 — 5:1:) et.

—

y=(z+1) (C1 + Coe®) — = (z° +1) €.

[ 3V

_ Cy z+1 .
y_(x+1)(01+ z>+ —e".

—z Cs 1 1\ .
y=e (C’l+—x—)+z(2m+;>e.

y = (z — 1) (C1 + C2¢™®) — —z(z — 1)%.

=

y = (C1 + Cav/z)e ™™ — %lnx(lnx +4)e” "

1
y=[(Cy + sz§ +—z%)e "
21
1
y=Ciz+Colnz+zlnz <§lnz— 1).

y= (01 + ngs) e + —;—:::3552”" (lnw — %)

y=Clsinx+Cgsin2x+2sin2x(l—xcosz).
C2 2 2
= — + =In“z.
Y C’llnx+lnm+3 n‘z
y=Ciz+ CoV1+ 22 — zarctgz — 2.

y=1z (Cy + Coe™®) — %zz(x +2)e” .

y=¢e® (01 + Cozd — g:ﬁ)
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54. y=¢€" (6’1 + Co(z — 1) = g-x)

55. y =¢*® (01 + Qg) + —1—623.
T 2z

56. y = Cyx? +ng:1 +22° 4 3z%In|z|.
=z z 4 z
57. y=Cre T + Coze® + (-3; - 8:1:) ez.

58. y=1z (C’l + Cze%) -z (%mz + 2x>.

59. y = e % (C1 + Caz?) + (22 — 1)€”.

60. y=(z—-1) (Cl+9—2->+$~le"z.
T T

2
62. y = Ciz2 + Coze ™ + z° + 22 In .
63. y = C) (z° + z) + Cyze® — 23,

61. y = C1e%® + Cy(z — 2)%e*® + (lx4 _ %xs) 25

e 1 1
64. y=01.’62+02':r—+-2-"—.
65. y=C (:v2 — 2m) + Coze™® + z(z — 1)2
z 1 1
66. y = C1z? € L
y=Ciz +02$2 + 37 22

67. a) y = Cysinz + Cs (2—sinx-ln -
1 —sinz

6) y=(Ch+ C’za:)e"22 + e”.
B)y=(C1+ sz2) e + %=,

r)y= % (C1€® + Coe™®) + z.
A)y=Cl(:z+1)+—Cx—2+%(m+l)2.

68. a) (z2—1)y" — 22y +2y =1 —2?,

y=:z:<C1+a:+ln

1+sinz

z-—1 9 1 2 _
m+1|)+(x +1) (02 yinla?-1])
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6) (z2+1)y" — 22y +2y =1,
1

y=Ciz+C; (CE2—1) +§.

B) 3" sin 2z — 2y’ cos 2z = — cos 2z,

1
y=0C sin?z + Cycos®z + iw'

14++v1—22
69. —C\/l—x2+Cx——ml
e : 1-Vi-at

70. y = Cre” 1+02€I—1—£C z+2sh( )ln‘l—e z.

T1. y = C1e2% + Coe~2V% 4 2y/7e>V% — 25h (2VZ) In (1 + ezﬁ).

. . 1
72. y = C1€250% 4 Che 25T 4 gin2 g — 3

r—1
e
NZ3

T

1
—(Ci cosz + Cy sinz)

NG

1
74. y = ;(Cl sinz + Cycos z) + 2.

73. y=

75. y =

Ciz + Cy z

—_— -1+ In(z+
V1 + 2 1+ z? (
76. y = 23(Cicosz + Cy sinz).

Lo apad \/
78. z = (M) _
Ny — Y2
o0
( 1n4n 3n
83. y, =1 ,
m=1+> 53575 Bn-1)n

n=1

_ ( 1)n4n In+1
Y2 = erz3 167 3n0Bn+1D)

1+x2).

gl

21
84. a)y = Z
2 n)!
6) y=C chz? + Cyshz?.
85. a) y = i—‘——(—l)n AR -
CHUYE L nr ) ) =00

6) y = Cy sinz3 + Cy cos 2.

-z R = oo,
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(_l)nzn
+2.3-3-5-4-7...n(2n-1)’

(=1)"z"
v2 = ("“LZ?, on . 2. 5.3-7...n(n+1)>'

oo
86. y = Ciy1 + Coy2, 11 =1+Z o

(2n—5 )”
87. y=Ciy1 + Cayp, y1 =1 -3z +2° +E 2n-1n* "
y2 = (1 —z)Vz.
3 3 (2n — 51
88. a) y; = 24 2ot +2) (- "R =
2) 11 1+39”+5””+57§( 013 (an—3)° ' E=

6) y = Ciy1 + Coy2, y1 CM. B 1L ),

O R )

§ 10. Teopema IIITtypma. I'panuuHbie 3ama4un

IIpu pemennn 3amau Ha Teopemy lllTypMa HeoO6XomuMO 3aJaHHOE ypaBHEHUE
IPHUBECTY CHAYAJIA K JBYWIEHHOMY YPaBHEHMIO. 3aT€M CPAaBHUTbH KOJIMYECTBO
HyJlell HeTPUBHAJIbHBIX DPEIIEeHHH MOJyYEeHHOrO YPABHEHUS C KOJIMYECTBOM HY-
Jiell HeTPUBUAJIBHBIX PElIEeHUN COOTBETCTBYOUIMM 00pa30M MOAOOPAHHOTO JIH-
HEMHOro ypaBHEHHUs C MOCTOSHHBIMHM KO3(PHUIMEHTAMH WM yPaBHEHHS Iif-
Jiepa.

IIpUMEP 1. [dokazaTh, 4uro Jit060€ HETPUBHAJILHOE pelleHHe YpaBHEHHUS

y" + 2zy’ + 5y = 0 Ha mATepBase (—00, +00) umeer He 6osee 6 Hyseil.
-—:c
A 3BameHo#t y = e 2 - z 3aJaHHOE ypaBHEHHME NPHUBOAUTCA K BUIY

2"+ (4 —122)z = 0. Ilpu |z| > 2 BCsAKOE HETPUBHATILHOE PEIIEHHE MIOIYYEHHOTO
ypaBHeHHs uMeeT He 6omee ommoro mHyns. Ilpu |z| < 2 umeem 4 — 22 < 4.
IMockonpKy J1060€ HeTpPUBUAJIBHOE pelleHue ypaBHenus 2" + 4z = 0 Ha OT-
pe3ke [—2,2] umeer ne Gonee Tpex Hysel, To mo Teopeme lllTypma soboe
HETPMBHAJIBHOE pemlenue ypasHenus z” + (4 — z2)z = 0 umeer Ha [—2,2]
Toxke He Oosiee Tpex HyJse#t. Tak Kak 4uMCIo HyJei JiFO6Or0 HETPHUBHAJIBLHOTIO
pellleHHs] 33JIaHHOTO yPaBHEHHsI B CHJIY 3aMEHBbl COBMAJAET C YHUCJIOM HyJiel
HETPMBHAJIBHBIX pellenuit ypaprerus 2z + (4 —z2)z = 0, To 3aja4a pemena. A

Pemenne rpanngnoit 3a,1a4un, COGCTBEHHbIE 3HAYEHHS U COOCTBEHHBIE (DYHK-
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I[MM MPAHMYHON 33]a4X HAXOMSATCS MOACTAHOBKOM 0OOIIEro peuleHus: ypaBHEHUsI
B 3aJlaHHblE IPAHUYHbIE YCJIOBHUS.

ITpuMEP 2. HajiTu peiieHrne rpaHUYHON 33Ja4u
y" +y = 3cos2z, y(0) = -1, 3/(x) =0.

A O6umM peiieHreM 3aJaHHOTO ypaBHeHus siBisercsa y = Cy cos + Cy sinz—
— cos 2z. [ToacTaBiiss 3TO pelleHye B PaHUYHbIE YCIOBHUS, TIOJIyYaeM CUCTEMY
1 HaxoxaeHna noctoaHHeix Cp u Cs:

Ci—1=-1,
—Cy =0.

Orcrona C; = Co = 0 u, 3HAYWUT, pelIeHHEM T'PAHUYHON 33Jla4d SBJISETCH
Yy = — cos 2z. A

I[TPUMEP 3. Haitti cobcTBeHHBIE 3HAYEHUA U COOCTBeHHbIE (DYHKIHUH MPaHUY-
Hoit 3azaun ¥y’ = Ay, z € [0,1], y(0) = y(1) = 0.

A Herpyaso Bugersb, uto npu A > 0 rpaHuvHas 3a7a4a UMeeET JIMIIL TPUBH-
aJIbHOE pelleHue, T. €. HuKakoe A > 0 He MOXeT ObITb COOCTBEHHBIM 3HAYEHUEM
rpanngHo#t 3aga4u. [Iycts A < 0. Torma obmuM pelieHneM ypaBHEHHS SIBJISIET-
csi y = Cy cos zv/—\ + Casinzy/—) u mOACTAHOBKA €ro B IPaHMYHbIE YCIOBHS
JlaeT YpaBHEHHs AJisi HaXOXJeHusi noctosHubix C u Co:

Ci = CsysinvV-\=0.
TaK KaK cOOCTBEHHBIMU beHKuHﬂMH ABJIAIOTCA HETPUBUAJIBHBIE DEIIEHUA I'pa-

HuuHOM 3agayu, To Co # 0. 3Hauwt, sinv/—A = 0. Orcroga HaxoguM, 4YTO
2, 2

COGCTBEHHBIMM 3HAYEHMSIMH 33/1a9M SIBJIAIOTCA YMCTIa A, = —n w2, a cOOTBeT-
CTBYIOIIMMH UM COGCTBEHHBIMEH (DYHKIUMAMH SBJISAIOTCH Yn(z) = Cpsinnwz,
raen =1,2,3,..., a C, — npou3BosibHasi [IOCTOSIHHAS, OTJIMYHAS OT HyJIsd. A

Jnst Haxoxaenns: pyskiuuu I'puHa rpaHUYHOR 33/1a4u CIelyeT BOCIOJIL30-
BaTbCsl €e ONpeJeIeHUEM.

1. Joka3zaTh, 9YTO Ka)k[0e HETPUBHAJbHOE pelleHWe ypaBHeHus y'+
+ﬁ7y =0 umeer Ha uHTepBaje (0,+00) GECKOHEYHOE MHOXECTBO
z

HyJIeH.
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2. JJoka3aTh, 4YTO KaXKJO€ HETPMBHAJILHOE pelleHne ypaBHeHus Y"+
+-————y = 0 nMeeT Ha NpOMeXyTKe [0, +00) ML KOHEYHOE YHCIIO
4(z? + 1)
HYyJIEH.
3. lokazaTh, 9TO KaXXJ0€ HETPUBHAJLHOE pellleHHe ypaBHeHus Y+

+1—_T-w—2—y = 0 uMeeT Ha npoMmexyTKe [0, +00) GECKOHEYHOE YUCIO HYJI€l.

4. JlokaszaTb, 4TO Jit060€ HeTPUBHAJIBLHOE pelenne ypasHenus ¥’ —zry'+y = 0
Ha uHTEpBaJIE (—00, +00) uMeeT He Gojiee NATH HyJIEH.

5. Jloka3aTs, 4To J1I060€ HETPHBHAJILHOE pellenye ypapaenns ' —(z—3)%y +
+(z + 1)y = 0 na unrepsane (—o0, +00) uMeer He Gosiee MIECTU HYJIEH.

6. JlokazaTh, uTO JI0GOE HETPUBHAJILHOE pelleHue ypaBHenus y" + z2y'+
+(z + 4)y = 0 Ha unTepBaJe (—00, +00) HMeeT He Gojiee LIECTH HYJEH.

7. Hoka3ats, uro pemenune Jy(z) ypasuenus Beccens y” +y' + zy = 0 npu
0.1 < £ < 10 umeer He MeHee TpeX HyJIei.

8. Jloka3aTh, YTO HETPUBUAJILHOE peElIeHHe Yo(T) ypasHemus zy'+
1

+ (— —z ) 4" — ay = 0 npu 11060M 3HAYEHNH BEIECTBEHHOrO TTAPaMeTpa

2
o uMeeT Ha uHTepBaJe (1,+400) JMIIB KOHEYHOE YNCIIO HYJIEH.

9. JlokasaTs, uTo pemenue Ji (z) ypaBrenus Beccens 22y +zy' + (22— 1)y =
= 0 uMmeer oauH u3 HyJse# Ha uHTepBaje (3,7).

2
10. [oxa3aTb, 9TO Kax<J0e HETPMBHAJLHOE pelleHue ypasHenus ¥ + —y'+
X

+ey = 0 Ha mpomexyTKe (1, +00) uMeeT 6ECKOHEYHO MHOrO HyJselt T <
<z9<...<zZp<...ummpuatoM lim |z, —z,_1|=0.
n—-+400
11. Jloka3aTb, YTO KaXk[0e HETPHBHUAJBHOE pelleHWe ypaBHeHus z2y'+

1
+25%y + 522 - 2) y = 0 na unrepsase (0, +00) umeer He 6osee OAHOrO
HyJIAL.

HaitTu pemenue rpasnyHoit 3agaun (12—24):
12. o' — ¢ =2€2*,9/(0) = 2, y(1) = €.

13. yll -y = 2Sinx7 y(O) =Y (g) - 0
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14. y" +y' =2,9(0) =0, y(1) = 2.
1
15. 2%+ 20/ ~ 12 = 0,y(1) = 1, y(s) = O (5 ) mn 2 = o0

1 1
16. y" —y =™, y(0) = 3, y(1) = 362-

17. ¥ —4y =4, y(0) = -1, y(1) =0.
18. v +y =0, y(0) =¢'(0), y (g) + 4 (g) =0.
19. ¢ +y =0, y(0) = 4(0), y (5) _y (g) +2.

20. z%y" + 2zy’ = :1lc y(1) =1, y(e) = 0.

21. z2y" + 2zy’ — 6y = 23, y(z) = O(z?) mpu z — 0, y(1) = 1.
22. 22y + xy' —y =2z, y(1) =0, y(2) = 2In2.

23. y" + w2y =1, y(0) =y(1) = 0.

24. 3" + 72y = 3n%sin 27z, y(0) = y(1) = 0.

Haiitu cobcrBenHbIE 3HaUYeHMsT M COOCTBeHHble (DYHKI[MH TPAHAYHON 3aJa4d
(25—34):

25. y" = Ay, y(0) =¢'(1) = 0.

26. y' = M\y, ¥'(0) =y(1) =0.

27. y" = Xy, ¥'(0) =4'(1) =0.

28. y" = Ay, y(0) =y(1), ¥'(0) =¢'(1).

29. y" = \y, y(0) =0, y(z) = O(1) npu = — +o0.

30. y" = Ay, y(z) = O(1) upu £ — —o00 u npu T — +00.

31. z%y" —xy' +y = Ay, y(1) =y(2) =0.

32. 2%y —zy' +y =My, y(z) = 0 npu z — 0, y(1) = 0.

33. 22y —zy +y = Ay, y(1) =0, y(z) = O(1) npu = — +o00.
34. 22y" + 32y’ +y = Ay, y(1) =0, y(z) = 0 npu £ — +oo.
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35.

36.

37.

38.

39.

JokazaTh, YTO BCAKOE BEILIECTBEHHOE YHUCGJIO A\ SBJISETCS COOCTBEHHBIM
3HaYeHHeM rpaHuvHo 3a1a4m ¥ = Ay, y(0) = y(1), ¥'(0) = —y'(1).

IIpy Kak¥Wx 3HAYEHHSX BEIIECTBEHHOIO MapaMeTpa A FPaHUYHAsA 337]a4a
y" 4+ A%y =0, y(0) = 0, ¥'(1) = Ay(1) uMeer HeTpPHBUAJIBHEIE PelIeHUs?
Haittu st penienus.

PaccmarpuBaercss rpaHnvHas 3aa4a Ha COOCTBEHHbIE 3HAYEHUSI

—y" +q(z)y = Ay, y(z) #0,
y(0) cosa + 3/ (0) sina = y(1) cos B+ 4'(1) sin 8 = 0,

rae q(z) — 3ajaHHas HenpepbiBHas dyHkuus Ha [0,1], @ u f — 3a7an-
Hble yncIa. JJokasaTe, 9T0: a) COGCTBEHHbIE 3HAYEHNs] TPAHUYHON 334341
BelLleCTBeHHbI, 6) cobcrBennble dbynkuum y(z, A1) u y(z, A2) COOTBETCTBY-

IOLME PA3INIHBLIM COOCTBEHHBIM 3HAYEHUAM A1 U A9 OPTOrOHAJIbHBI, T. €.
1

[ vtz y(@rads =0, 31 #
0

PaccmannBaeTcsl r‘paanHaﬂ 3aJa4va BHUIOa
-y +q(z)y = My + f(2),

y(0) cos a + 3/ (0) sinaw = y(1) cos B + 4/ (1) sin B = 0,

rae q(z), f(z) — 3amannble HenpepoiBHBe GyHKuMK Ha [0,1], @ u B —
3aZlaHHble Yncia. JlokasaTk, 4TO a) ewIn mapaMeTp A He COBIAJAeT HHU C
OJHUM COOCTBEHHBIM 3HaYEHHEM I'DAHUYHON 33Ja4M, TO FPAHUYHAS 3313~
Ja MMeeT eMHCTBEHHOE pellenne, 6) ecim ke A — HEKOTOpoe COBCTBEHHOE
3Ha4EHHe CPAHUYHON 33/1a49U U eMy COOTBETCTBYeT COOCTBeHHas QYHKIHS
y(z, ), TO rpaHMYHAs 3aJa4a Pa3pelliMa TOJLKO B TOM CJIydae, KOra

1
/fuwmAMx=o
0

IMToka3ars, uT0 BCe cobcTBeHHBIe DYHKIUM TPaHUYHOM 3agaun —y' = Ay,
y'(0) = ¢/(7) = 0 obsaa0T CeaymUMH CBORCTBAMU: a) N-s1 COBCTBEH-
Has ¢yHKima Ha [0, 7] umeer poBHO n HyJseH, 6) Hyam n-i u (n + 1)-i
COOCTBEHHBIX (DYHKIMI IEPEMEerKaroTCs.
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Haittu dbysxnuo I'puna G(z,() rpanmusol 3amaan (40—50):
40. y" +y = f(z), y(0) = y'(1) =0.

41. y" + 4y = f(z), ¥'(0) = y(1) = 0.

42. y" — 4y = f(z), ¥'(0) =0, 2y(1) = /(1)

43. y" —y' = f(z), y(0) = 0, y(1) = y'(1).

44. y" —y = f(z), y(0) = y(1) =0.

45. z%y" + 3zy’ — 3y = f(z), y(1) =0, y(2) = 2¢/(2).

46. (2% +1)y" + 22y’ = f(z), y(0) = ¢'(1) = 0.

47. zy" +y' = f(z), y(1) = y(2) = 0.

48. z%y" + 2y —y = f(z), y(1) = ¥'(2) = 0.

49. z%y" — zy’ — 3y = f(x), y(0) =0, y(z) = O (i) npu T — +00.

50. z%y" + 2zy' — 12y = f(2), y(0) =0, y(z) = O(1) npn = — +o0.

51. Ilycts p(r) — HempepbiBHas GyHKuus Ha [a,b] u p* = maxp(z) > 0 npn
z € [a, b]. JokasaTs, uro rpanuuHas 3aga4a y"’ +p(z)y = f(z), y(a) =

y(b) = B uMeer eauHCTBEHHOe pellenue npu Bcex A u B u qus mo60171
nenpepeiBHO# f () Ha [a, b], ecm BhImONHEHO ycsoBHe (b — a) < \/7;;

52. Ilycts a(z) — HenpepwiBHO qudpdepeHIpyeMast MOIOKHUTENbHAS (DYHK-
IMs Ha Bceit ocu U MycTh Y1 (), Y2(T) — JMHEHHO HE3aBUCHUMBIE PELICHHUS
ypasHenust ¥y + a(z)y = 0. Joka3aTs, uto HyJH Y] (Z) 1 y5(z) nepemexa-
H0TCSL.

YKA3AHUE. IlokazaTh, 49TO ¥Y; U Yo Y/JOBJIETBOPSIIOT COOTHOLIEHUIO
! n __
Yoy) — y1yz = 0.

53. Ilycrts Ha mHOXectBe D = {0 < \ z <1, —00 <y < +o0} dbyskuun

of(z,y) ()
f(z,y), By

HenpepbiBHEl 1 ———— > 0. Jloka3aTh, YTO rpaHUIHAS

samaqa ¥y’ = f(z,y),y(0) =y(1) = 0 MOXKET UMETH TOJBKO OJHO PEIIEHHUE.
YKABAHHUE. PaccMoTpeTs KaKoMy ypaBHEHMIO YAOBJIETBODSIET PA3HOCTH
IBYX DelIeHUi.
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OTBern! K 3agauam § 10

h
12. €2, 13. :hfj —sinz. 14. 2z.

1 1 sh2z
15. —. . se’®. 7. -
5 g 16 3¢ e

18. C(cosz + sinz), C — npou3BoJibHAs NOCTOSTHHAS.

19. cosz +sinzx. 20.

l1-Inz 1

. 21. =
z 6
22. zlnz. 23. Her pemennit.

24. Csinmz — sin 27z, C' — npon3BoJIbHAs MOCTOSTHHAS.

1\2 1
25. An=—<n+ -2-> 7r2,yn(x)=Cnsin(n+§>7rx, Cn#0,n=0,1,2,...

2
26. \, = — (n+ %) 7r2,yn(x) = C, cos (n+ %)mc, Cpn#0,n=0,1,2,...

27. Ay = —n27?, yu(z) = Chcosnrz, Cp #0,n=0,1,2,...
28. A\, = —4n2n? yn(x) = Cinpcos2nmz + Cop sin2nnz, |Cip| + |Con| > 0,
n=20,1,2,.

29. mo6oe A <0, y(z,A) = Csinzv/ =X, C #0.
30. smoboe A < 0, y(z,A) = Crcoszv/—A + Casinzv/ =X, |Cy| + |Ca| > 0.

nm \ 2 . [(nrlnz

31. A\, = — (m) , Yn(z) = C’na:sm( 3 ), Chn#0,n=1,23,...

32. moboe A € (—o0,1). s A € (—00,0) y(z,A) = Czsin(v—-Alnz),C # 0,
s A =0y(z,\) =Czlnz, C #0,u ya X € (0,1) y(z,A) = Cm(z‘/x—
—z=VA), C #0.

33. Her cobcTBeHHBIX 3HAa4YEHUM.
34. soboe A € (—o00,1). dua A € (—o00,0) y(z,\) —sm (V=Alnz), gas
A=0y(z,A) = Cl—x—-, s A € (0,1) y(z,A) = g(m‘/X - m_‘/—), C #0.

36. \, = % +2nm, yp(z) = Cpsin Az, Cp #0, n =0,+1,+2,. ..
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40. G(z,¢) = — 1 {SiMCOS(l—C), 0<z<(,

cosl | cos(l—z)sin¢, (<z<1l.

41. G(z,¢) =

{ cos2zsin(2¢ —2), 0<z <,

s2 | sin(2z—2)cos2(, (<z <1

e?* ch 2, g<x<1

z < ¢,

e<—1 (<<l

30
e¢

42. G(z,¢) = { ¢h2z, 0<2<C,

43. G {

—C)v OSJ;SCv

1 shzsh (1
44. Glo.0) = { —z), (<z<l.

“shl sh{sh(1

(
(
45. G(z,() = —C2<<— ) ::g C<ne

—arctgz, 0<z <,
—arctg(, (<z<l

H

46. G(z,¢) = {

47. G(z,() = —

48. G(z,0) = ———

w

z
YR Ogl‘gv
49. G(z,¢) —i §4 ¢
- (£z< 4+
z
3
| 5 o<z,
50. G(z,)=——7- 63
£_ (<< +00

z¥’



Mnaga 3

J'lI/IHEﬁHbIEUCVICT EMbl AUOOEPEHLIUAJIbHbBIX
YPABHEHUMA

§ 11. Meronn! peineHusi TUHERHBIX CUCTEM ypaBHEHM
C NOCTOAAHHBIMHU KO3ddbunueHTaMN

s pelneHust MMHEHHBIX CHCTEM BTOPOrO MOPSIAKA YPABHEHHUH C IOCTOSHHBI-

MH KO3pdUIHEHTaMH, KaK MPABUJIO, YAOOHBIM SIBIISIETCS METOJ MCKJIIOYEHUS
HEU3BECTHBIX.

I[TPUMEP 1. Haiitn obuiee pelieHne JUHEAHON CHCTEMBl ypaBHEHHM

T =1z — 2y — 2tet,
y =5z —y— (2t + 6)et.

A Tlpopuddepenuupyem neppoe ypaBHEHHE CUCTEMBI:
i=1x—2y—2(t+1)e.

B mony4enHoe BbIpa)keHHe MOACTABMM BBIPDAXXEHWE Y U3 BTOPOrO ypPaBHEHHUS
CHCTEMBL:

=2 —2(t+1)e" — 10z + 2y + 2(2t + 6)e’ = = — 10z + 2y + (2t + 10)e’.

IToncraBuB cioma BhlparkeHuWe 2y U3 MEPBOrO YPABHEHHs CHCTEMBI, TOJTYYaeM
ypaBHeHue 1jis z(t):
i+ 9z = 10€".

Ero peumennem siBiserca z(t) = Cjcos3t + Cysin3t + et, rne C; u Cy —
npou3BosbHbIe nocTosiHHble. IloacTaBuB z(t) B mepBoe ypaBHEHHE CHCTEMBI,
1 1 .
HaxoauMm y(t) = 5(01 —3C3) cos 3t + 5(301 + Cy) sin 3t — te'.
Takum obpa3oM, obiiee pelenue 3aJaHHOM CUCTEMBl YPABHEHU UMEET BUJ

z(t) = Cy cos 3t + Cy sin3t + €',
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1
y(t) = %(Cl — 3C3) cos 3t + -2—(301 + C,) sin 3t — te'. A

Jna pelieHHs1 JIMHEWHBIX CHCTEM TPETHEro IMOPSAKA C IOCTOSHHBIMU KO-
adduiyienTaMu yI0OHBIM SIBJISIETCSI METOJ, UCIONB3YIOUMA HaXOXKIEHHe COO-
CTBEHHBIX 3HaYeHMH, COOCTBEHHBIX U NPUCOEINHEHHBIX BEKTOPOB MATPHIIL! CH-
CTEMBI.

ITPUMEP 2. Haittn obiiee pelleHue JUHENRHON CUCTEMBl ypaBHEHHI

T=zx— 2z,
y=-=2x+3y — z,
z = 4z + 5z.
A JIns MaTpHILBl CHCTEMBI
1 0 -1
A= -2 3 -1
4 0 5

u3 ypaBHenus det (A — AE) = 0, rne F — eJuHu4HAs MATPHIA TPETHEro IO-
pALKa, HAXOOUM COOCTBEHHOe 3HaueHHe A = 3 KpaTHOCTH TpH. U3 nunehnOH
anrebpanyeckoit cucremsl ypasHenuit (A — AE)h = 0, rae Bektop h # 0 umeer
TPH KOMIIOHEHTBI, HAXOANM [IBa JINHEHHO He3aBHCHMble COOCTBEHHBIE BEKTOPBI

W3 cucrems! ypaBHenuit (A — AE)h3 = hy HaX0QUM NPUCOEJVHEHHBIH BEKTOD
h3 x BekTOpY ha:

CnenoBaTrenbHO, HCKOMOE oblIee perieHne UMeeT BU/I

1 1 1 0
yl = Cied| 0 | +Coe® ]| 1 | +Ce®ft] 1 |+] 0
-2 -2 -2 -1

8

N
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rae Cy, Co, C3 — npou3BOJIbHBIE [TOCTOSIHHBIE. A
JIuHeliHbIe CHCTEMB! ypaBHEHH# MOXKHO pemiaTh C MOMOIIbIO MaTPHYHOMN
9KCIIOHEHTHI.

ITPUMEP 3. C nmoMomipi0 MATPHYHON 9KCIIOHEHTH! PEIIUTh CHCTEMY YPaBHEHHI

t=z+y,
y=—z+3y.
1

A ns matpunp! cucrembl A = ( { 3

) HaXO0ouM cobCcTBEHHOE 3HAYEeHHe

1
A = 2 kpaTtHocTH ABa. EMy cooTBercTByIOT cOGCTBEHHBIN BeKTOp h) = ] 31

0
IIPHCOEeIMHEHHBI! BeKTOp hg = ( ]

) . B 6a3uce u3 BekTopoB h;, hy MaTpuna A

21
NPUHAMAaeT HOPMAJIbHYIO JKOpIaHoBY ¢opmy J = 0 2/ N3 ompenenenus

MaTPHYHOMN IKCIIOHEHTHI HaXOJHUM, YTO

1 ¢
tJ _ 2t
e =e (0 1).

Ecin gepe3 H o603Ha4uTh MaTpHIly, Y KOTOpPO# mepBsiit crosber hy 1 BTOpOit

crosbery hy, TO
A getlg-loex(l—t )
-t 1+t

Ob1ee pemieHne 3aJaHHON CHUCTEMBI UMEET BHU

o)== (25) @)

rae C1 n Cy — npou3BOJIbHBIE TIOCTOSHHBIE. A
JIuHeliHble HEOMHODPOAHBIE CHCTEMBbI YPABHEHHA MOXKHO pEIIaTb METOJOM
BapHAINU IOCTOSTHHBIX.

ITPUMEP 4. MeTogoM BapualM INOCTOSIHHBIX PELIMTh CHCTEMY ypPaBHEHHH

T =z 2y,

Y=T-YY oine
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L =1 — 2ya
A\ JIuneitHyI0 OZHOPOAHYIO CHCTEMY 4 . peliaeM MeTOIOM HCKJIIO-
y=z-y,

yenusi. e peleHue uMeer BUJ

z = C} cost + Csysint,

1
y= 5[(01 — C) cost + (Cy + Cq) sint],

rae C; u Cy — npou3BOJIbHBIE TOCTOSTHHBIE.
Pemenne 3amanHo# JTMHEHHON HEOOHOPOLHOM CHCTEMbl YPaBHEHMII HIIEM B
BUJE
z = C1(t) cost + Cy(t)sint,

1 .
y = 3[(C1(t) = Ca(t)) cost + (C1(t) + Ca(t)) sint],

rae C1(t) u C2(t) — HekoTOpble HenpepslBHO AuddepeHnupyemble GyHKINH,
KOTOpble HAXOASATCsI IOACTAHOBKOM T U ¥ B 33JaHHYIO cucTeMy ypasHeHnwuit. [Toa-
CTaHOBKA I M ¥ B 33/IaHHYI0O CUCTEMY YPaBHEHHI JaeT CJIeAYIOULYIO JIMHEHHYIO
anrebpandveckyio cucremy mist Ci(t) u Co(t):

C1(t) cost + Cy(t)sint = 0,

. ) . 1

Ci(t)sint — Ca(t) cost = —

sint’
OTcrofa HaxoauM C"l(t) =1, C'g(t) = —ctgt u, 3naunt, Ci(t) = t + C},
Cs(t) = —In|sint|+ Cy, rae C) u Cy — npoussosibHble nocTosHHbIe. [TogcTas-

Jas Hajigennsle 3Hadenus: C1(t) u Co(t), nonmyuum obuiee pemeHue 3aJaHHOMN
CUCTEMBb]l ypaBHEHHH

z = Cicost + Cysint +tcost —sintIn|sint|,

[(C1—C3) cost+ (C1+Cy)sint + (t+1n|sint|) cost+ (¢t —In|sint|) sint].
A

Jluneitnble cUCTeMbl yPaBHEHHI MOXKHO TaKXK€ pelIaTh ONEPALMOHHBIM METO-

y:

Do =

JI0M, T. €. METOJIOM, UCIOJIb3yIoluM npeobpa3oBanne Jlannaca.
TIPUMEP 5. OmepanuoHHBIM MeTOIOM peurnTh 3amady Kowmu npu ¢t > 0:

& =3z —y+ 4e>,
U =4z —y—8e*, z(0) =1, y(0) =0.
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A Tlonoxkum mpu t < 0 pemenne z(t), y(t) cucreMbl u cBOGOJHBIE UIIEHBI
CHCTEMBI TOXKJECTBEHHO PaBHBIMHU HYJII0. Torma Tax NMpOJO/’KEeHHBble Ha BCIO
YUCIIOBYIO OCb t € (—00, +00) pelieHne u CBOOOJHbBIE YIeHbl CHCTEMBI SIBJISIOT-
csa opuruHanamu. Ilycts z(t) = X(p), y(t) = Y(p). Torma z(t) = pX(p) — 1,
y(t) = pY (p).

ITepexonsi B 3aJaHHON CUCTeMe ypaBHeHUN K npeobpasoBanusM Jlamnaca,
T. . yMHOXas KaxKJ0e ypaBHEHHE CHCTeMbl Ha e P! u unTerpupysi ero mo t
OT HyJ1s1 K0 OECKOHEYHOCTH, IOIyYaeM JIMHEHHYI0 anredpandecKylo CHUCTEMY
ypaBHeHu# 1151 Haxoxaenust X (p) u Y (p)

4
-3
p8

—4X(p) + (p+1)Y (p) = R

(p—-3)X()+Y(p) =1+

Ecnu cuntath KOMILUIEKCHBIM napamMeTp p TakuM, yto Rep > 3, To u3 nomyyen-
HOM CHCTEMBbl YpaBHEHMH HaXOZUM

(P+1)(p—3)+4(p+3) __ 47-p)
(p-3)p-12 (p-3)p-1)*

Pasnaras soipaxenus st X (p) u Y (p) Ha npocTteie gpobu, nMeeM

X(p) = Y (p)

_6_5_6Y()_4_4_12
p—3 p-1 (-2 T3 p-1 (p-1%

ITepexoast k opuUruHaIaM, MOJyvaeM UCKOMOE pelleHne

X(p)

z(t) = 6e3 — (5 + 6t)e’, y(t) = 43 — 4(1 + 3t)e’. A

Pemuth juHeiiHble OMHOPOJHBIE CHCTEMBI BTOPOro mopsiaka (1—14):

1 T = -5z — by, 9 z = 10z — 6y,
) Y =8z + 9y. ’ g =18z — 11y.

3 T = —6z + 8y, 4 T = —2z — 3y,
) y = —4z + 6y. ) y =6z + Ty.

T = —dz — 4y, z = bz — 6y,
5. ) 6. .



I'nasa 3. Jluneituble cucteMsl AuddepeHInATBHBIX yPaBHEeHU N

T = —12z — 8y, 8 T = —5z — 10y,

y = 20z + 12y. ) Y = 5z + 5y.

T = -2z — 4y, 10 z = 5z + 4y,

Y =2z + 2. ) U= -9z — Ty.

T =6z +y, 12 T = -5z + 4y,

y = —16z — 2y. ) y=-T—1.

T =-2x+vy, = =5z + 4y,

13. 14.

{3}=—42:+2y. {y———gm+7y.

PemuTh MuHEMHBIE ONHOPOJHBIE CACTEMbl yPaBHEHHMH TpeThero nopsiaka (15—
116):

T = -5z — 2y — 22, T =—z+ 2y — 4z,
15. y = 10z + 4y + 22, 16. y = —8z — 3y + 2z,
z=2z+y+3z. z= -2z — 4y + 62.
T = -2z + 6y — 4z, T=-2z+2y— 2z,
17. y =9z — 5y + 62, 18. y = —b6z + 2y — 22,
= 15z — 18y + 15z. z=—bx —2y— =z
(:i=5:1:+y—z, T=z—yY—2,
19. y=z+ 3y + 2, 20. y=-—-2z+2y+ 2z,
z=Tz+3y+ 2. z =4z + 2y + 3z.
)
21. U =1+ 6y + 22, 22. y=-—-z+4y— z,

z=—br — Ty — 3z. z =4z — 2y + 62.

T =z + 4y + 4z,
y=z+3y—2,

z =20z — 20y + 10z. z= -3z +4y + 8z.

T = 8z — 2y + 2z,
y = 8z — 3y + 4z, 26.
z= -2z -2y + 3z.

T=z+y—2z,
’!)=l‘—y+2,
z=z—3y+ 3=z.

25.

& = 5z + 2y + 22, {:i:=—a:+2y—3z,

T=z+2y— 2z,
23. y =9z — 6y + 3z, 24.
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27.

29.

31.

33.

35.

37.

39.

41.

43.

45.

(

1

& = —2z + 8y + 62,

y = —4z + 10y + 62,

z =4z - 8y — 4z.

T=z+2y+ 3z,
y =2z +4y+ 62,
z =3z + 6y + 9z.

T=c4 2y + 2z,
y=2z+y+2z2,
2=2z+2y+=z.

T =2z+y— 2z,
y=—.’17+2,
2=2zx+2y— 2z

£=3z—-3y+ 2z,
y =3z — 2y + 2z,
z=—z+2y.

2.7=.'.D—y,
y=z+2
2=+ 2.

T =gz —6y+ 32,
y = —8y + 6z,
z2=3z— 12y + 7.

= —dy + 3z,
) = —x — 6y + 52,
z=z—9y+ 62.

=3z —y+ 2z,
y = 2z — 5y + 2z,
z2=-2r—4y — 2.
T =1z+2y+ 2z,
y=—-y—2z,
z=y+ 2.

30.

32

34

36

38

40

42

44

46

.
.
.
.
.
.
.
.

1

(

|
|
|
|
|
|
|
|

( =2z —y+ 3z,

- |

y=—-2z4+y+ 52,
z=—z—y+62.

T =2z + 2y — 22,
y = 2z + Sy — 4z,
2= -2z — 4y + 5z.

T =5z — 3y + 2z,

Yy = 6z — 4y + 4z,

T =2z — 4y,
y=z+2y+2,
z2=3y+2z.

T=z+2y— 2z,
y=—-2z+y-— 2z,
z2=z+2y+ 2.

T=-T—Yy—2,
y=3z—Ty+ z,
z =05t — 5y — 3=z.

T=-2z—-3y+ =z,
y=z— 8y + 3z,
z=3z —Ty.

T=-5—y+ 3z,
y= -5z — 3y + 5z,
z=-z-3y+ =z

T=z+y,
y=-$+2,
z=-z—y+ 2z

=Tz —4y + 2,
y=T -3y + 2,
z =4z — 2y + 2z.
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47.

49.

51.

53.

55.

57.

59.

61.

63.

65.

z =3z — 8y + 2,
y=z—2y+=z,
2 =3z — 12y — 5z.

T =—z—4y,
y=$_y+2,
z2=3y—=z.
T=—-y—2,
y=z+vy,
z=4z +y+ 2z
T = -3z + z,
y=_3y+227
2 =3z — 2y —3=z.
T =z+ 2z,
y=2z—y+ 2z,
z=z—-y+z
r=-3z—2z,

y = —4z — 2y — 3z,
z =4z + 2y + 3z.

T =+ 5y — 2z,
j=z+2% -2
z =3z + 9y —4z.

=Tz — 10y — 4z,
y =4z — Ty — 4z,
z2=—6z+4+ Ty +z.

T =2z — 3y,
Y=z -2z,
z=-y+2z

= -3z+y— 2z,
y =4z + vy,
=4z + 2.

48.

50.

52.

54.

56.

58.

60.

62.

64.

66.

P e U et N s N e N e N T e N

T =3z + 2z,
Y=+ 2+ 2,
z2=—-x—y.

T =3z — 2y + 2z,
Y =2z + 2z,
z = =2z + 2y — 2z.

=y -z,
y=-y+z,
Z2=1I— 2.

T = —dz — 4y + 9z,
y =10z 4+ 9y — 10z,
z=z+y+ 3z

T=4z — Ty — 2,
y =2z — 3y — 2,
z= -2z +2y+ 3z.

T=-z—y+2z,
y= -5z —y+ 2z
z=—Tz — 3y + 62.

T=z-—y-—4z,
y=—-2z+4+2y+ 12z,
z=z—1Yy— oz

T =Tz + 8y — 2z,
y= -5z — Ty + z,
z =6z 4+ 8y — z.

T =-2z+vy,
y=3z— 2z,

z =4y — 2z.

T =2z +vy,

y =4z + 2y + 4z,
z2=-2z—y— =z
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67.

69.

71.

73.

75.

77.

79.

81.

83.

85.

—Ne N N N— —— —— — N —— —

T = —6z 4 3y — 5z,
y=-z-y-2
z =3z — 2y + 2z.

z = -3y + 3z,
y=—z — 4y + 62,
z = =2y + 2z.
T = -2y — 2z,
y =3z + by + 3z,
z=—z—2y—z.

T =2z + 12y — 3z,
y=—x—5y+2,
z=—x— 12y +4=z.
T =6z — Ty + 4z,
Y=+ 2,

z= =2z + 3y.

T=-2z—y+ 2,
y = 2z — 5y + 2z,
z =3z — 2y — 2z.

=4z —y+ 2,
Yy = —2z + 3y — 2,
z= -5z +4y — 2.

z =3z —y+ 3z,
y = —bx +y — 52,
z = -3z + 2y — 4z.

T=-2r—y— 2,
Y= —4z + 2y — 2,
z =16z + 4y + 62.

T =3z + 2y — 4z,
y=z+4y -z,
z =3z + 6y — 4z.

68.

70.

72.

74.

76.

78.

80.

82.

84.

86.

e e N e N e N N N —N— —— —

T=-2x4+y—2,
y = —bx — 4y + 3z,
2= -2z + 2y — 3z.

=Tz + 8y — 2z,
Y= =58z — Ty + 2,
z =06z +8y— =z

T =4z — 3y — 2,
y=-z+2y+ 2z,
z=4z — 4y — 2.

T = 2z — 5y — 8z,
z= -3z +4y + 62.

T = -2z + z,
y = —z — 2y + 3z,
z=—-y+2z.

T=2z+y— 2,
y =Tz +4y — z,
2 =13z + Ty — 3z.

T=x4+Y—2,
y=—x+4y — 2z,
2= -2z + 5y — 2z.

T=—-z+2y+ =z,
y=z—y+2,
z = -2z — 3y — 4z.

T=-2z+y— 2z,
y =4z + 2y — 2z,
z =6z + Ty — 62.

T =1+ 5y — 2z,
y=—z+ 5y — 2z,
z= -2z + 15y — 62.
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87.

89.

91.

93.

95.

97.

99.

"~

T = 2z + 6y — 152,
y=z+y— 52,
¢=zx+2y— 62.

$=“4y,
y=$—'4y,
2=z -2y — 2z

T =12z — 6y — 22,
y = 18z — 9y — 3=z,
z =18z — 9y — 3=.

z =3z + 2y — 3z,
y =4z + 10y — 12z,
z=3z+6y— "7z

T =y,
z=-2rx4+y+ 2z

z=6z+y+ 2z,
y=_5x+y_za
i=—3z—y+22

T =4z + 2y — z,
y=-2z+y+z
z=2z+ 3y + 2.

T=z—2y+ 22,
Y= -3z + 2y — 3z,
2= —6z + 8y — 82.

T =2z+3y -z,
y=—6z — 6y + 2,
2= —4z -2y — 2z.

T=-T—-5Yy+2,
z =4z + 5y + 2z.

88.

90.

92.

94.

96.

98.

100.

102.

104.

106.

e e e e e e, e e e e e e e e, o N e N

T = 9z — 6y — 22,
y =18z — 12y — 3z,
z =18z — 9y — 6=.

T = 4z + 6y — 152,
y =z + 3y — 52,
z=z+ 2y —4z.

T = b6z + 6y — 152,
Y=<+ 5y — 5z,
z=z42y -2z

T=z+y—2,
Y= —3z — 3y + 3z,
z= -2z — 2y + 2z.

=Tz +4y — z,
y=—Tz — 4y + 2z,
z=-9z — 9y + 6=2.

T=-2z+y -z,
y=2z—2y—z,
z =3z + 2y — 5z.

T =4z —y — 2z,
y=2z+y-— 3z,
z=2r—y+z.

T=—-z—2y+ 2z,
y = —4z — 2y — 3z,
z= -3z + 3y — 62.

T=-3z—-y—2z,
y=5z+3y+ 2,
z =16z + 4y + 5z.

= -3z — 3y — 2z,
y = 6z + 6y + 2z,
z =Tz + 4y + 5z.
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107.

109.

111.

113.

115.

C noMomp0 MaTPUYHOM IKCIIOHEHTHI PELIUTD JIMHENHbIE OAHOPOAHBIE CUCTEMBI

T = -8z + 6y — 4z,
y = —8z + 14y — 4z,
z =4z + 13y + 2=.

T = —dz + 2y — 2z,
g=$_3y+za
z =Tz — by + 3z.

= -8z +y— 52,
y =18z — y + 10z,
2 = 11z — Ty + 10z.

z=-3c+ 2y — 2z,
y = 8z + 4y + 4z,
z = bz — b6y + 2z.

T = 2z + 4y — 4z,
y =4z — 6y + 122,
z = —8z — 8y + 62.

ypaBHenu#t (117—136):

117.

119.

121.

123.

125.

127.

{

—N— A — N

T =2z +vy,
y=z+2y.

T =-3z+vy,
y=z—3y.

T =2z — vy,

Y = —4z + 2y.
T =3z —vy,
y=z+y.
T=z+y,
y=-z-y.

t=z+y,
y = —bz — 3y.

108.

110.

112.

114.

116.

118.

120.

122.

124.

126.

128.

— N N

T =05z —y+ 22,
y=-z+3y—2,
z=—4z+ 2y — =.

T =2z +4y — 2,
y= -2z — Ty + 4z,
z = -5z — 10y + 4=.

T =2z + 5y + z,
vy = 8z + 3y + 4z,

z2=—-14z - 18y — 7z.

T=2z+y+z,
y =3z — 6y + 3z,
z = 4z — 16y + 5z2.

T =6z — 3y + 7z,
y=-3z—-2y+z2,
z2=-Tz—y—4z.

T =z + 2y,
y=2z+y.
i:=—$+ya
Yy =2z —2y.
T =3z +y,
Yy = —x + 5y.
z =2z —vy,
y=z+4y.
T =z -2y,
y=c-—y.
T = 2z — 3y,
y =3z + 2y.
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129.

131.

133.

135.

:1:=—:1:+y,
Y = =5z + 3y.
T =—-z -2y,
y=1z— 3y.
T=z+Y,

y =2z + 2y,
z = 3z.

T =z,
y=z+y,
z=z.

130. {x=$+%

y = —2z + 3y.
132. Y=y,
z=0.
r=z+vy,
134. y=z—y,
z=-xT—2
T =z,
136. y=z—y+ =z,
z=0

PemuTs smHeiiHble HEOXHOPOAHBIE CUCTEMBl ypaBHeHuit (137—168):

1m.{x

= —2z — y + 37sint,

y = —4zx — dy.
T = —2z — y + 36t,
139.
{ ) = —4z — dy.
141, i = 6z — 3y + 30e,
y = 15z — 6y + 45¢.
2t
143, m—-5:1,+4y+762,
y=-9z—-Ty+t+1.
145. { _
+e +e".
147{ z = —6z — 10y + 4sin 2¢,
= 4z + 6y.
149. t=-3z—-3y+t+1,
y = 6z + 6y + 2t.

138, { i = 3z — 5y — 2et,
y=1z—y—e

i =11z — 8y + 4e™,

140.
= 20z — 13y.

142.

{
L
{
{
{

— — Ay — 2t
146. T = —4z — 4y + 2e*,

y = b6z + 6y + 2¢

- _ —t
148, m.— Tz 42y +e™ "

y = —15z + 4y.

- _ _ ot
150. 1 T= 3z +y—e

y=-4z+y
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T = 3z + 2y — 2¢',
Y = —3z — 2y — 2¢t.

151. { 152. {

153. 51.c= y + cos 2t — 2.sm2t, 154.
Yy = —z + 2y + 2sin 2¢ + 3 cos 2¢.
T=z+vy,

155. 156.

{g=3y-2m—2(t+1)e‘. {
T=2x+y+5,

157. y=z+2y+z 158.
z= -2y +2z.

T = -3z — 4y + 4z + sint + cos ',

159. y =3z +4y — 5z —sint — cost, 160.
z=g+y—2z
T =2 —1y+ z-+cost,

161. Yy = bz — 4y + 3z + sint, 162.
z=4z — 4y + 3z + 2sint — 2cos .

T =2z + 1y — 3z + 2%,

163. { ¢ =3z — 2y — 3z — 2%, 164.
z=z+y—2z
T=-9z+3y+ 7z +2,

165. y=z+y—z+4, 166.
z=—1lz + 3y + 9z.

T = -z —y+t2
167. y=-y—z+2t, 168.

z=—z+t.

z =4z — vy,
Y =z + 2y + 2€3¢.

i =z — 2y — 2tet,
7= bz —y — (2t + 6)e’.

T = dx — y + 5sint,
y =4z +y+ 3sint — cost.

z =4z + 3y — 3z,
y= -3z — 2y + 3z,
2 =3z +3y—2z+2".

T = —5z +y — 2z + cht,
y=—x—1y+2sht+cht,
z =6z — 2y + 2z —2cht.

z=x+2z—2cht+ 3sht,
Y= —2x + 2y + 2z + 4sht,
2 =3z —2y+ z—sht.

z — 2y — z — 2¢t,
y=-z+y+z+2€,
2=x—2z—¢€l.

T =

T =2r—y+2z—2et,
g=z+2y—2z—e

=z —y+22—3t.

T =2z —3y+t,
U=z — 2z — 3t
z2=-y+2z+4+3t-2.

MeTOJIOM BapHallU INOCTOAHHBIX DEUINTH JIMHEHHbIe HEOQHOPOAHbIE CHCTEMBI

ypaBHeHu#t (169—186):

T=-2z+4y+ ——

1+et’

169. 170.

y=—2z+4y —

14et’

: et

:L’=—.’1:—y+T—+—E,
et

y=2zc+2y+

1+et’
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171, {
o
=
-
o]

{

|

181.

183.

185. {

T =3z + 2y — T=-2x+y+tint,

§ = —4z + 2y + 2t Int.

14+et’
1

1+et

184.

. 1
T =4z — 8y + tg 4, 172. :1:—33:—6y+c 33
y=4z - 4y. ¥ =3z — 3y.
e T=-3z+
p— — - y,
E=3e-4y+ g sin 2¢’ 174. D= _4 +1
y=2z-y. R
T=3z+vy, y 176 i =2z +y-Int,
=——4:1:—y+2\/_ "l y=—4z -2y +Int.
3t 2t
x——m—4y+1+ 37 178. x——3m—2y+1+ T
Y = 2z + 5y. y = 10z + 6y.
T = —6z + 8y, T =—TT + 2y,
. . 2 180. -2t
y=——4:c+by-a—l-§z. =—~15.'c+4y+1+ 57
et i = 10z — 6y,
m_°$_6y+cos33t 132,{ o 18e 11 3¢t
y=3z-y v=SE T AT s

y=—-3rz—2y—

= —8z — 4y, 186 T =4z — 2y,
j = 20z + 8y — 4ctg 4t. "] §=8z—4y+ Vi

PemuTs onepal@oHHBIM MeTonoM 3ana4dy Kommwm npu t > 0 (187—197):

187. {
189. {

T=2z—y, zT=z+vy,
y = 3z — 2y, 188. y= -2z —vy,

z(0) = y(0) = 1. z(0) =1, y(0) = -1.

Y= —2z + 4y + €%, =3z +4y+et,
z(0) =1, y(0) = 2. z(0) = y(0) = —

T =z+y+ e, & =-—z—2y+27t
190



§ 11. JIuHeltHble CHCTEMBI yPaBHEHHH C MOCTOAHHBIME Ko3dduuuentamu 123

T=3z—4y+e?t,
191. y=1x—2y+et

z(0) = -1, y(0) = L.

a:-—:z:—2y+t

193. y=z—y+2,

z(0) = y(0) = 0.

T=z+y+3t+6,
y=—10z —y + 6t 4 3,
z(0) = y(0) = 0.
T=3z+y+e,

197. Y = —4z — 2y + tet,

z(0) = y(0) = 0.

T=4zr —-y+e,
192. Y=z + 2y + 3¢,
z(0) =y(0) = 1.

T = 4z + 5y + 4,
194 U = —4z — 4y + 4,

z(0) =0, y(0) = 3.

r=-r—y+e
196. | 9 =2z + 2y + 2€*,

z(0) =y(0) = 1.

Pemnts kakuM-n60 meronom 3anauy Komu (198—224):

=3z +y+e,
198. Y = —4z — 2y + tel,
z(0) = y(0) = 0.

i =Tz — 2y + 8te?,
200 y =8z -y,

z(0) =0, y(0) =

DN =

=11z — 2y + 12te?,
202 y =18z —y,

2(0) =~ 3, 4(0) = 0.

T = -2z —y + 6,
204. y = —4z — by,

z(0) =2, y(0) = 3.

T =2+ 2y,
199. y = —18z — 4y + 18te®,
1
2(0) = 5, y(0) =2

T = 5z + 3y,
201. y=-3z—-y+ 9t65t,
1
2(0) = 3, ¥(0) =0,

& = =5z — 2y + 24¢t,
203 y = —3z — 4y,

z(0) =0, y(0) = 2.

T =—-5z -y,
205. | y =z — 3y — 36e%,
z(0) =1, y(0) = —6.
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208.

210.

212.

214.

216.

218.

220.

1
|
|
|
|
j
|
|

T =4z — vy,

) =z + 2y + 2, 207.

2(0) = 1, y(0) = 2.

m=3x+2y+(1—4t)

Y= =2z — 2y + 2te”t, 209.
z(0) = y(0) = -1

T =2y — 2z,

y=z-y-2 211.
=—-Tz—y—2,

z(0) = 3, y(0) =0, 2(0) = 1.
T=y— 2z,

v=-y+z 213.
=z -2z,

z(0) = y(0) =0, 2(0) = 1.
t=z-y,

y=z+z 215.
z=x+ z,

z(0) = 0, y(0) = 2(0) = 1.

=z -3y + 2z,

y=z-2, 217.
z—y—-z,

2(0) = 1, y(0) =0, z(0) = —1.

T = -2y + 2z,

y=z-y+z 219.
2=y -z,

z(0) = 2(0) =0, y(0) = 1.
T=2r—y+2+8,

y=y+z 221.

z=—-z+yY+ 2,
z(0) = y(0) = 2(0) = 0.

{

{
|
|
|
|
|
|

z = -2z —y+ 37sint,

z = 3z — 5y — 2€t,
y=$_y—et’

z(0) =2, y(0) = 1.

T=z—-Yy+2,
y=y—m+z7
z=3z—-z -y,

z(0) =3, y(0) =0, 2(0) =

T=1z— 2,
y=y+z
Z=-T—-y-—2,

z(0) =y(0) =1, 2(0) = -

T=x—-2y+z
y=-y+z,
z=z -y — 2z,

z(0) = y(0) =0, 2(0) =1.

T=2y+ 2z,
Yy=z+z,
z2=-—y—2z,

z(0) =0, y(0) =1, z(0) = —

T=1—-2y.
:l'j=—:B—y—2z,
z=y+z,

1.

117(0) = 0, 'y(O) = _la Z(O) =

T=2r—-y+z+1-—et
y=2r—y—2z+1,
r=—-z4+y+2z—1+e
z(0) = y(0) = z(0) = 0.

1.
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222.

224.

225.

226.

227.

228.

229.

T =2z —y+ 2z, T=z-2y—z+1,
Y=+ 2z, 993. y=—-zT+y+2,
z=-2z4+y—z+1, z=x—2+1,

z(0) = y(0) = 2(0) = 0. z(0) = z(0) = 1, y(0) =0.

T =2z +y+e*,

Y =2y +4z — 4e7 ¢,

=z -2,

z(0) =0, y(0) = -1, 2(0) = 1.

Haittu Bce peleHHs cuCTEMBI, CTPEMSIIMECS K HYJIIO OpH t — —00:

T =3c+y-—3z,
y=-—T7Tc — 2y + 9z,
z= -2z —y-+4z.

Haiit Bce pemrenusi cucTeMbl, OrpaHUYEHHBIE IpU t — +00:

T, = —x1 + 229 + T3 — T4,
T9 = —4x, + 429 + 223 — T4,
T3 = —4x) + 229 + 43 — T4,
Ty = —I7 + 229 + T3 — T4.
[loxa3aTk, 4TO pellleHHe CHCTEMBI YPAaBHEHHH %, = —a’Zy, T2 = T, NpHU

KaXkKZOM M3 rpanuyHbix yciaosmii: 1) z,(0) = 0, z1(T) = b, 2) z,(0) =
=0, zo(T) = b, 3) 22(0) = 0, z1(T) = b, 4) 22(0) = 0, z2(T) = b ®
3aBHCHMOCTH OT BhIGOpa mapamerpoB a, b u T' > (0 nubo cymecTByer u
€IMHCTBEHHO, JI0O CYLIECTBYeT U HeeJUHCTBEHHO, 10O He CyIIEeCTBYeT.

Haittu pemenvie cucremst
i — 8z + 6y =0,
j—V6i+2y=0,
yzoBJerBopsiomee HavanbHoMy yestosuio z(0) = 1, y(0) = ¢(0) = z(0) =
= 0.
Haittu pemenue cucremst
T—y+2—4z — 2y — 22 =sin2t,

20—-y+2+3y—42=0,
T+z2-2x—y—4z=0,
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yaoBjerBopsifoiee HadasnbHoMy ycaosumio z(0) = z(0) = y(0) = ¢(0) =
= z(0) = 2(0) = 0.

230. Ilycts A = @ B . Joxazars, uto et = ¢ o8 Bt sinfit .
B «a —sinft cos St

231. Ilycrs KBaApaTHas MaTPUIA BTOPOro Mopsigka A uMeeT cOOCTBEHHbIE 3HA-
yeHHs A1, A2 B A1 # Ag. Jokasars, uro Torma
Aot )\11
e —_—
et =Mt B+ —————(A M E),
A2 — A1
rae E — equnn4Hast MaTpHIa BTOPOro MOPSAKA.

232. Ilycts kBaapaTHas nopsifka n marpula A HMeer coOCTBEHHOE 3HAYEHUE
Ao KpaTtHocTH n. JJokasaTh, 4TO TOrga

2

etd = ehot [E + lﬁl'(A - XFE) + ;' (A- /\()E)
tn-—l n—1
+ m(z‘l - XE)

rmae E — €OUHHYHAas MaTpulia NnopanukKa n.

233. Ilycts A — cobcTBeHHOe 3HavYeHWe KBaJpaTHOM marpuubl A U nycrs h —
COOTBETCTBYIOIUN eMy coOcrBenHbli BekTOp A. ZJoKasaTh, 4TO TOrAa

e)« A

— coOCTBEHHOE 3HAYEHHE MATPHUILI e, & b — COOTBETCTBYIOLIUI eMy

cobcTBeHHBIN BekTOp €4.

234. Ilycts A1, A2,..., A, — coOCTBeHHbIE 3HAYEHHUS KBAAPATHON Marpuubl A
(c yuerom ux kpatHoctu). JokasaTs, 4TO onpegesaTess |e‘A| MaTPHI{bI
A ynosnersopsier pasencTBy |et4] = eMFratFAn)t,

235. [JokasaTb, YTO MaTpUYHbIE Psiabl Iis sin A u cos A

2%+1 (=1)F o
sinA = Z 2k+1 A , CosA= Z )A

CXOOATCA )il JIIoOON KBaAPATHOM MATpHUIBl A.
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OTBers! K 3amayam § 11

1. (:) = (et <—43) + Cyet <_11>
z> = Cyet (3) + Cpe (;) .
) + Coe?t (i) )
) = Cret ('21> + Cet ('11> .
7) - ot (o) (ot )
)

)

g

>

®
/\@/\

N——

Il

Q

®

14
/N

- N

o

i

= C, et (COS 3t + sin 3t> + Gt (cos 3t — sin 3t>
= (1 : 2 .

sin 3t cos 3t

N

— cos 4t — s.in 4t> + G (-— cos 4t + s.in 4t> .

2 cos 4t + sin 4t cos4t — 2sin 4t

©

cos 5t + sin 5t cos 5t — sin 5t
_Cl< — cos bt >+CZ( sin 5t )
cos 2t + sin 2t cos 2t — sin 2t
( —cos 2t >+C’2( sin 2t )

)
|
)-oe (-ect()- (1)
)
)
|

10.

[=]

®
/\/"\@/—\

11.

ot
i
Q

12.

leﬂ(ﬁ)w&[( )+(3)]
()+C)]
o) al)-()

13.

[ &)
/‘\@/—\
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z e [2 ¢ 2 1
. = Cae® |t

(z ~1 0 -1
15. |y | =Ciet| 4 | +Coe® | 1 | +C3et| 2
1

\z -1 -

(a:\ 0 -1 -1
16. |y | =Cre2 |2 +Coet | 3 | +C3e3| 2

\7) 1 2

/:1;\ -2

-2
17. Yyl = C163t 3 + CQEt + 036'“ ( 1

\2/ 7

3
6
T 0 -1 -1
18. [y | =Cie™® 1| +Ca| 1 | +C3et| 0O
0
1
1

\z/ 2 4 3
[z -1 ~1
19. jy | = (o) e3t 3 + 0264t + 03621: 2
\2/ 1) =
) 1 0 -1
20. [y|=Cre® | -3 +Caet| 1 | +C3e| 2
z) 2 ) -1 0

21. |y | =Ciet | -1 +Cae®t| 1 | +C3e3 | -1

22. |y | = 01€3t 1 + Cge4t 1 + Cge% 0
2 2 -1 1
T 1 0 -1

23. |y| =Cie® 3| +Co|1 ]| +C3e¥ | -1
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T -2 0 -1

24. |y | =Cie®t | 1 | +Ce®t | 1 | +C3e® | 0

\2 -2 -1 1
= 0 -1
25. |y | = Cleat 2 +Ct |1 ]|+ Cge4t 0
z 7 1 2

T -1

26. |y | =Chet (1 +Co 1] +C3e2| 0
1
1

27. Yy = Cl

2
1
0
(1 1 -1
28. |y =Ce? |3 +Cre® | 1 + Cselt

1 -2 -3
29. |yl =Ce®|2|+C] 1 |+C5] 0 |.
3

30. = C1et

-1 -1 1

3L. |y | =Cle7t | 1 [ +Chet| 0 | +C3e |1

z 0 1 1

T 1 1 1
32. |y | =Ciet [ 2| +Coe® | 1] +Cse® |2

2 1 0 2

x\ 1 2cost —sint 2sint + cost
33. |yl =Ciet | -1 +C, —cost + Cs —sint

z 0 2cost 2sint
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T 1 4cost —4sint
34. |y | =Cie® | 0 | +Cae? | sint + Cset | cost
z -1 —3cost 3sint
T cost —sint cost + sint
35. |y | =Cre7t | 1 | +Caé cost + Csel sint
z -1 sint —cost
T -2 4 cos 3t — 3sin 3t
36. |y| =Ciet| 1 | +Caet | —2cos3t —6sin3t | +
2 2 5cos 3t
4sin 3t + 3 cos 3t
+ Cset | —2sin 3t + 6cos 3t
5sin 3t
T 1 —sint cost
37. |y | =C1| 1] +Caet | cost | +Cset | sint
z 1 cost sint
T 1 cos 2t
38. |y | =Cre 3| 1| +Coe™ | cos2t+sin2t |+
z 1 2 cos 2t + sin 2t
sin 2t
+ Cse % | sin2t — cos 2t
2sin 2t — cos 2t
T 1 cos 3t
39. |y | =Cire7® | 1| +Caet | cos3t+sin3t | +
z 1 2cos 3t + sin 3t
sin 3t
+ Cse! | sin3t — cos3t
2sin 3t — cos 3t
T 1 cos 2t
40. |y | = Cie | 1| +Coe™3 | cos2t+sin2t | +

z 1 2 cos 2t + sin 2t
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sin 2t
+C3e 3t | sin2t — cos 2t
2sin 2t — cos 2t

T 1 cos 2t
41. |y | =Cie™® | 1| + Coet | cos2t+sin2t | +
z 1 2 cos 2t + sin 2t
sin 2t
+C3e' | sin2t — cos2t
2sin 2t — cos 2t
T 1 cos 2t + 3sin 2t
42. |y | =Cre 3t | 1| + Coe™2 5sin 2t +
2 1 3cos 2t + 4sin 2t
3 cos 2t — sin 2t
+C3e~ 2 5cos 2t
4 cos 2t — 3sin2t
1 —3cost + sint
43. |y | =Ciet | 0 | + Cre™® | 4cost+ 2sint | +
z -1 10cost

—cost — 3sint
+C3e 2 | —2cost + 4sint

10sint

(’c\ (1 sint —cost
44. |y | =Ciet | 0| + Coet | cost | + Cset | sint

\z} \1 cost sint

(:c\ /1\ 2cost 2sint
45. |y | =Ciet |0 ]| + C, —2cost | +Cs —2sint

\z} 0 cost — sint cost + sint

(z\ 1 cost —sint cost +sint
46. |y | = Cre® | 2| + Che? | 2cost —sint | + Cze?t | cost + 2sint

\z} 3 2cost 2sint
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T 4cost — 3sint
47. |y | =Cie™® | 1 | +Cae™ | 2cost—sint | +
z -2 —3cost
dcost+4sint
+Cse”t | cost+ 2sint
—3sint
T 1 cost —sint cost + sint
48. |y | =Ciet | 0 | + Core® cost + C3e?t sint
\z -1 —cost —sint
T 1 4cost —4sint
49. |y | =Ciet| 0 | +Coe7t| sint | +Cse™t| cost
\z -1 —3cost 3sint
(x -1 —2sint 2cost
50. |y | =Ciet| 0 | +Cae' | 2cost —sint | + Cse! | cost + 2sint
\z} \ 2 cost + sint sint — cost
z) 0 —2sin 2t
51. |y | =Cie' | =1 | + Caét cos 2t +
z) 1 3 cos 2t + 2sin 2t
2 cos 2t
+Cset sin 2t
5sin 2t — 2 cos 2¢
x\ 1 —cost —sint
52. |y | =Ci|1]|+ Coe™t cost + Cset sint
\z 1 —sint cost
{a:\ 2 cost sint
53. |y | =Cie 3| 3| + Coe™3 | 2cost | + Cse™3 | 2sint
\z 0 —sint cost
(=) -1 1 1 0
54. |y | =Cret| 1 | +Coe® |0 +Cae® [t|0] + |2
1

\z) 0 1 1
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T -1 1 1 0
55. |y | =Ciemt| 1 | +Coet | 1| +Cyet |t] 1]+ (1’
1 0 =
? 2
) 3 3 ~1) 1
56. |y | =Ciet 1| +Coet [t]1 ]|+ |=1]]|+C3e? |0
z) 2 1 2
z) 2 1 [ [ 1 0
57. |yl =Ci| 5 | +Ce7t| 2 | +Cae7tft] 2 | +]| -1
z -6 -2 -2 1
0 1 1
58. |y | =Cr 2| +Coe® | -1 | +C3e® |t| -1+ ]| -2

59. |y | = Cre?

x
60. |y | =C

61. yl| = Cle3t

z} -1 -1 -1 0 )

[z 1 2 2 -2\ ]
62. |y| =Cre™®| 1| +Coet | -1 +Cset [t]|-1]+] 1

z 1 2 2 -3

63. |y | =Cie? | 0| +Coet | 1] + Cset |t

\» 1

3
11+1-1
1
T 1 0
64. |y | =Cre 20| + Chet 1 + Cse™t 1

p—

+

z 3
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x\ 0 -1 ~1 0
65. |y | = Clet 21+ Cze_t 2 + Cge-t t] 2 +
2 } 1 2 2 1
x 4 1 1 0]
66. |y | =Cie¥| 4 | +Co| 2| +Cs|t|-2|+] 1
\z/ _3 0 0 -1/ |
z 1 2 2 1
67. |y | = Cle_t 01 + 026_2t 1 + C3€_2t t] 1 +12
z) 1 -1 -1 0
[z 0 1 1 0
68. |y| =Cret|1|+Coe® |0 +Cse ¥ [t|O]|+|1]].
\ 2 1 \2 2 0
[ 2 3 3 0]
69. |[y|=Ci|1|+Coet |3 +Cse b |t|3]|+]-1]].
\z/ 1 2 2 0]
) 1 2 2 0 )
70. |y | =Cre 3| -1 | +Coet | =1 | +Cset |t -1|+]| O
\z ) 1 2 2 -1
z\ 1 2 2 0\
1. |y | =Cre® | =2 | +Coet | =3 | +C3et [t -3 |+ ]| O
z) 1 2 2 -1/ |

72.

T 1
y\| = C1e3t o+ Czet 11+ Cget t
z 0

74. |y =Ciet| -1 +Cret |t -1 —

2\ 2 -3 -3 0
73. |y =Cre t |1 +Coet | 1 | +Cset |t +10
2
3
2
0
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PR 3 5
+Cset R el Bl 2|+ 12
1 0 1
T 1 1 /2 ]
75. |y | =Cie®t | 0 | +Ce® |t 0 |+ |1]]+
z -1 -1 |
't2 1 2 -3
+Cse? | — +t]1|+ | -2
2
~1 0
T 1 1 1
76. |y | =Cret 2| +Ce |t |2 -f1]]|+
z 1 1 0
2 (1 1 1
+Cset 3 —t|1]+1]0
-\ 0 0
x 1 1\ (o
T7. ly|=Cie3t | 2| +Coe®t [t |2+ |0+
2 1 1 1
[, (1 0 1
t
+C3e~3t 5 2| +tl0|+]1
I 1
T -1 -1 1
78. |y | =Ciet | 3 | +Cet |t 3 | +]|-1]|+
2 2 2 1
P -1\ 1 -1
+Cjse! 5 3|+t -1+ 2
2 1 0
T -1 -1 -1
79. |y =Cie?t | 1 | +Ce® |t 1 |+] 1 +
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80.

81.

82.

83.

84.

o [—1 -1 -1
2 | U7
+Cse 5 1 |+t 1 1+1]0

8
w

Y =Clet 1| +Coet |t|1]+]2 +
z 1 1
o 1 3 6
+Cset | =1 +t|2]+]| 2
1 1 -1

5 (-2 -1 -1
+C5 5 3 + 2 + 1
3 1
T 1 1 1
Y =C\e 2t 0 +CQ€_2t t] O + 1 +
z -1 -1 -2
, (1 1 -1
t
+Cae™% 5 o|+t] 1 |+1]0
~1 —2 2
z ~1 -1 0) |
Y =0162t 0 +Cg€2t t] 0 + 11 +
z 4 4 0
[, (-1 0 ~1
t
+C3e? 5 o {+t|1]+] 1
4 0 3
T -1 -1 1
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2 (1 1\ -1
+Cae™ 2 3 2 |+tlol+1} 1
2 \1} 0
T -2 —2 0\ | -1
85. |y | =Cie? | 1 | +Ce® |t 1 | +]1]|]|+Cset] 0
\z 0 1) ] -1
T 0 0 -1
86. |yl =C1|2]|+C|t])12]+ 1 +
z 5 5 2
2 (0 -1 -1
+Cs 3 21+t 1 |+ 2
5 2 5
m\ -2 3 3 1
87. |y | =Cie t 1 + Cze_t 1]+ C3e_t t{1]1+10
z 0 1 1 0
T 0 2 [ (2 0
88. |y | =Cre™3 | 1 | +Coe |3 +Cse 3 |t|3|+] 0
z -3 3 i 3 -1
z 2 2 2 1
89. |y | =Cre™2 | 1| +Coe™@ | 1| +Cse 2 |t|1]|+]0
z 0 1 1 0
T 5 3 3 1
90. |y | =Ciet [0 ]| +Coet |1 | +C3el [t|1]|+]0
z 1 1 1 0
z 1 4 4
91. |y|=C|o|+C|6|+Cs|t]6]|+
z 6 6 6
T 5 3 3 1
92. |y | =Cre¥ o +Ce3 1| +Cae3 |t|1]+]0
z 1 1 1 0
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93.

94.

95.

96.

97.

98.

99.

8

N <

8

ISEIR

< 8

3 1 1 1
=C1e2 |0 +Cre? |4 +Cse® |t|a]+ |0
1 3 3 0
1 1 1 1
=C1|0|+Cy | -3|+C3(t|-3|+1|0
1 -2 -2 0
0 1 1 0
=C162t 0 +0262t 2 +0362t t121+11
1 1 1 0
1 1 -1
=013t | 1| +Cred |t -1+ ] 2 +
0 0 3
+C3edt “1l+tl 2 |+]1
0 3 1
1 1 1
=Cle3t -2 +0263t t]-2|+1-1 +
-1 -1 -1
o [ 1 1 -1
+Cyedt 2l +tl-1]1+1] 2
-1 -1 2
0 0 1
=016_3t 1 +026—3t t11]+1}0 +
1 1
+C5e 3t 3 1|+t|lo]+] 1
1 1 -1
1 1 0\ ]
=C162t 0 +Cze2t tjo]l+1]1 +
2 2 2 |
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100.

101.

102.

103.

104.

105.

z

Y
z

8

N

< B

= 01€2t

Cle—2t

= 6713_3t

— Cle—2t

2 1 0 -1
+C5e?t 0l ol+e¢fl1|+1]1
2 2 0
1 1 0]
21 +Ce®t |tl2]+] 1 +
0 0 -1/ |
-
+C3e?t 5 2l +t] 1|+ 0
0 -1 1]
-2 [ [-2\ [-2 -1)
3 |+ 026_2t t} 3 |+ 3 +Cze t| 1 |.
6 |\ 6 5 2 )
—2\ [ (-2 0\ 1
1 | +Cee 3|t 1 |+ 1|+
3 |\ 3 0/
o [—2 0 -1
+Cse 3t = 1 | +t]1|+] 0
3 1
~1 ~1) )
2 | +Ce 2t 2 |+ 3 +
2 2 2
2 (1 ) -1
+Cse™2t 5 2 |+t 3 |+]1
2 2
-1 -1 -1 0
1 | +Ce® | 1 | +Cse2t e 1 | +(11].
4 4 0
-1 1 1 -1
0|+ Cze3t -1+ C363t t]| -1+ 1
1 -1 -1 2
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106.

107.

108.

109.

110.

111.

112.

113.

T

)
z

8
g

<

N

T
4
z

8

N

~1 -2 [ (-2 -1
=Cet| 1 |+ Coedt | 2 | + Csedt ¢ 2 |+ 2
3 | 3 1
-1 [ (-2
=C1| 0 | +Cret 2 +Cset(t] 2 |+ |1
2 9 | 9
-1 0 -1
= 0162t 1 + Cz€2t 1 +11 + 036& 0
2 0 1
0 —2 —1\
= Cre” 2t 1 + Cge t{1|+1] 3 +Czetl 1 |.
1 6 3
cos 3t ( sin 3t \
=Cy | cos3t+sin3t | +Co | cos3t—sin3t | +Cze™t| 1
2 cos 3t + sin 3t cos 3t — 2sin 3t 1
0 — cos 5t -1
=C 2sin 5t + Oy 2 cos 5t +Cset | 1
cos bt + 2sin bt 2 cos bt — sin bt
—cos 4t sin 4t
= (et sin 4t + Coet cos 4t +
3 cos 4t — sin4t — cos 4t — 3sin 4t
-1
+C3]1 0
2
— cos 2t sin 2t
= C1e? | —cos2t +sin2t | + Coe® | cos2t +sin2t | +
3cos 2t —3sin2t
-1
+Cse”t| 0
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114.

115.

116.

117.

118.

119.

120.

121.

122.

123.

(w —cos 3t sin 3t -1
y| =Ch sin 3t +Cy cos 3t +Czet| 0
z 2cos 3t + 2sin 3t 2cos 3t — 2sin 3t 1

(x\ — cos 4t sin 4t
y | = Cre?* | 2cos 4t +sindt | + Coe?* | cos4t — 2sin4t | +
z 2cos 4t —2sin4t

-1
+C36_2t 2
1
T — cos 4t sin 4t
y | = Ciet sin 4t + Coet cos 4t +
z cos 4t + sin 4t cos 4t — sin 4t
-1
+C362t 1
T _ 1 et + e3t eSt _ et Cl
y]  2\eft—et tyet) \Cy
g\ _1fet+et St—et\ (O
y] 2\t —et Styet)\Co
o\ 1 [et e et _e72) [
y T o \e 2t 4ty -2 Cy
o\ 1f2+e3 1-¢e7%) (C
y]  3\2-2e3 14e3)\Cy)°
z) _1 24+ 2% 1 —ett C,
y) 4\4—4e® 2424 ) \Cy )"
T\ _ odt 1-1t t Ch
Y -t t+1 Cy ]
Y t 1—t Cs '
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124.

125.

126.

127.

128.

129.

130.

131.

132.

133.

134.

135.

b))
o) (-

[

<

<

< 8

N N
< 8 NI

< 8

8

)
)=
)=
)=
)=
)=

<

N <

)-
)il

1—-t -t C
t 1+t)\Cy)’
1 + t t Cl
1—-1 Cy |’
cost +sint —2sint Ch
sint cost —sint | \Cy ]~
cost + 2sint —sint Ci
5sint cost —2sint | \Cy |
cos3t —sindt 4
sin3t cos 3t Cy)’
cost — 2sint sint Ci
—5sint cost +2sint ) \Cy |~
cost — sint sint Cq
—2sint  cost+sint) \Cy /"’
cost +sint  —2sint C1
sint cost —sint ) \Cy |~

II

1 0 ¢ C,
0 et 0 CQ
0 0 1 Cs

e3t+2 et—1 0 C,
-2 2341 0 Cs
0 363t Cg

1 1-et 1—et Ch
=|l-et 1 +tet 1—(t+1)e b | | Cy
o1 (14+tet—-1 (t+2)et-1) \Cs

0 —tet C1
=] 1—-¢ 1 e€-1 Cs
0 (1-t)et) \Cs
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136.

137.

138.

139.

140.

141.

142.

143.

144.

145.

146.

1 1 16sint — 15cost
=C —6t C. -t .
1€ (4) +G2e (—1) + (——IOSint + 14 cos t)
Cret 2cost —sint L Cyet cost—f?sint + et ‘
cost sint 0
1 1 30t — 29
—6t —t

Cie (4>+Cze (—1>+(28—24t)'

_¢ [ sindt — cos4t _¢ [ sin4t + cos4t e’
1€ (sin At — 2 cos 4t + Cae cos 4t + 2sin 4t + et ]’

sin 3t cos 3t

C

! (2 sin 3t — cos St) +C (2 cos 3t + sin 3t> +

21e! — 15t
+ ¢ .
45e* — 30t + 5
1 - 1

(o) e (8) e () ()] i (5)

T -2 -2 -1

= Cret “tt

Te2t + 4¢2 — 16t + 28
—7e? — 52 422t —39 )

+et t
2 1-2t)°
T\ e [1 (1 1 t(e —e”
(y) = Cie (1) + Coe (—1) o\ 4 et + (- 1)e—t
3 _ % | o2 1
(m) =C’162t( 2) +C'2< 1) L[4+ v g
Y 3 1 6te?t — 212 — 3¢

8

<

8

<

< 8
I
Q

8

Y

)
)
)
)
)

N
< 8
N——
Il
Q
@
X
/N
Lo
—
N——
+
%
)
/N
-
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T dcos 2t 5 sin 2¢
147. =C C:
(y) ! (sin 2t — 3 cos Qt) e (3 sin 2¢ — cos 2t) *

4t cos 2t
+ : .
3‘(1 + 2t) sin 2t — é(l + 6t) cos 2t
Jd
148. (z) = C'16_2’: (2> + Cae™! (1) +et (1 B 5,t> .
y 5 3 —15¢
T -1 -1 012 4 31— 2
149. = Cyedt LG N -3\
v 2 1 _92 4
= +et t* —
2t2 )7
) o (2 -1\, (10t -
(y —C1<3)+Cze<1>+e( Lot )
x 1 1 t2+2t+2
o () o ()l ()- 0] (27

150.

151.

o

153.

ow

-
N———
+

154.

x)=016t(>+026t[t( () +0082t<1>.
y 1 -1
T 2 cos 3t 2sin 3t 1
= C t :
= (cos 3t + 3sin 3t> +C2 (sin 3t — 3 cos 3t> te (—t)
155. ) C,e? COSt. + Coe?t ( smt. —et t+2 .
Y cost — sint cost +sint 1

(o) (5)) - ()

156. T = C163t (;) + Cge3t

T -1 cost sint -3
157. |y | =Cie?t| 0 | +Coe® | —sint | +C3e® | cost |+ | 1
z 1 —2cost —2sint 1
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158.

159.

160.

161.

162.

163.

164.

165.

< 8

1 0 3
=Cie? | =1 | +Coet |O| +C5et | 1|+t | -3
1 1 2
-1 0
=Ciet | 1 | +Cret|1]|+
0 1
2 —cost
+Cse bt 1|+ | =1]|]| + ]| cost
0 0
cost
=Cie | 1 | +Coe7t| —sint | +
-1 —2cost
sint 1
+Cse~t| cost 1 | sht.
—2sint -2
0 1 1 0 1
=Cre 1| +Coet | 1| +Cset |t 1|+ ]1]]| +sint]| 0
1 0 0 2 -2
1 cost sint
=Cie®t | 1] +Chet | 2cost | + Cset | 2sint | + cht 4
1 —sint cost
1 2
= Cle_2t —1] + Cqet 0 +Czet | 1] +e%
1 1 1
0 1 3 3
= Clemt 1 +Cy 0] + 0362t 2|+t —-3:
-2 1 1 2
1 1 1 0
=Cie2|0]|+Cet | 1| +Cse® | =1 |+ ] -3
1 1 2 1
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1
z 0 1 1 2
166. |y | =Ciet | 1| +Coe® | 1| +C3e® |0 +et| 1
z 1 1 2
1
T 1 1 0
167. |y | =Cie 0| +Coet |t|O|+|-1]]|+
z 0 0 0
, (1 0 0)] —-3t+3
+Cse — |10} +t]-1]14+10 + t
0 1/ ] t—1
z 2 3 3 0
168. |y | =Cie? |0 +Coet | 1| +Caet |t]|1 ]|+ ]| -1]|]+
z 1 1 1 0
9t2 — 20t — 79
+ | 6t2 — 19t — 46
3t2 — 16t — 30
(3e? —4)In(1 +e7t) -3 t+§
T M 2 2t 1 ¢ 2
169. =0 1 + Cse 1 + 3
Y (3¢t - 2)In (1 +e™t) — 3¢t + 5
T 2¢'In(14+¢7*) +3In(l +et)
170. = C}et C .
70 (y) Cie ( ) o2 ( ) (—46‘ In(l4+e7t) —3In(l+¢€)
171 (m) o) (cos 4t.+ sin4t> + O, (cos 4t — sin4t> +
Y sin4t cos 4t

172.

173.

T = (Cl + Cz) cos 3t + (Cl - Cg) sin 3t +

—cos 3t)], y = C; sin3t + Cy cos 3t —

T

1+ sin4t
in4t — 4)In | ——| —
(sin cos 4t) nll —-sm4t‘

|l+sm4t
|1 —sin4t

8 —cos4t-In

1
6oos? 3t [2sin 3t + cos 6¢(sin 3t—
cos 6t

6cos 3t

Ciet(cos2t + sin2t) + Cael(cos2t — sin2t) + te'(sin2t—
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174.

175.

176.

177.

178.

179.

180.

181.

182.

183.

184.

1
—cos2t) + Eet(cos 2t +sin2t)In|sin2t|, y = e!(Cysin2t + Cycos2t)+

1
+§et sin 2t In | sin 2t| — te’ cos 2t.

z = (C1 + Cot)e™t + te7t(Inft| — 1), y = C1(2t + 1)e7t + 2C2e~ !+
+e ! (2tIn|t| + In|t| — 2t).
z = —=Ci(t + 1)et — Cae! + %t\/l_fet, y = C1(2t + 1)et + 2Cyet+

+ (\/f— g—tﬁ) et.

. 1
z=-Ci(t+1)-Cy+t+ %tz - (t+ 52&2) Int, y = C1(2t + 1) + 2C,—

—t— -Z—tQ + (t + t%) Int.

1 .
T =2C1e' —Coedt +efIn (1 + th)-i--z—e?’t In(14+e %),y =—Cret +Coet—

1 . 1 .
—aet In(1+4e*) - §e3t In(1+e%).

T = —2C1€% — Cye' + 5etln(1 +e') + 4e?In(l +e7t), y = 5C e+
+2C2€! — 10et In (1 + et) — 10e? In (1 4+ 7).

T =2C1e" % 4+ Coe? + 2e7 2 In (1 + e*) + 2e? In (1 + e~ %), y = Cre~ 2+

+C2e? + e 2 In (1 + e*) + 2e2t In (1 + e ).

T = 2C1e? + Chet — 2% — e 2In(1+e %) — 2etarctgel,
5

y = 5C1e"% + 3Coe™t — 6e 2t — 58_” In (14 e %) —6e tarctgel.

z = (Cy + C2)e* cos 3t + (C; — Ca)e? sin 3t + e* tg 3t(sin 3t + cos 3t)+
2t

et cos 6t

+m(sin 3t — cos 3t), y = Cre? sin 3t + Cye? cos 3t — oy

z = 2C1et+Coe 2 +4c arctg €3 —2e 2t In (1 + €%), y = 3C et +2Ce ™24+
+6et arctg e3 — 4e7 2 In (1 4 €5t).

T = —2C; — Coet + 4In(1+e') + 5elln(l+e7t), y = 3C; + Coel—

—61In(1 +et) —5etln (1l +e7?).

z=C1+ Cot + }lt2(2lnt —1),y=2C; + Co(2t + 1) + %t2(2lnt —-1).
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1 1+ cos4dt
185. z = —Cjcos4t — Cysin4t — sin8t — = In _cosst -sindt, y = (2C1+
2 1 — cos4t
1 1 4t
+C3) cos 4t + (2C, — C)) sin4t + cos 8t + 2sin 8¢ — = In S cosd (cos 4t+
2 1 — cos4t

+2sin4t).

186. 7 = C; + Cyt — 18—5t3, y =2C; + Cy <t— %) _ 16,8, ;t%.
187. z =y = ¢€'.

188. z =cost, y = —cost — sint.

189. z = &3 4 te?t, y = 23 + te?t,

190. z = 2e? — et — 27t y = et + et — 3e2t.

3
192. z= (2 —t)e3t —et, y = (3 — t)ed — 2¢t.

1
191. y = - (5e7t — 8e?) + te™t, y = §(Se't —2e) 4 tet.

193. z =3cost —sint+t— 3,y =2cost+sint +t — 2.
194. £ =4 + 5t —4cos2t + Tsin2t, y = 6cos 2t — 4sin 2t — 3 — 4t.

4 1
195. z = §sin3t—+— 5(1 —cosdt) +t,y= gsin3t + —39(cos3t —1) — 4t.

¢ 1 3 3

3
196. z=1+¢e' — e y=—1— 2t + 4e2t,
5 1 7 1 5 1
197. z = §62t + ﬁe_t - Zet - Etet, Y= —§62t - ge_‘ + 2et + tet.
1 1 5 1 5
198. z = T2+ Tet + ey = —ce b4 (t+2)et - 562‘,

2
199. z= (3t + 1)e”t + <t - 5) e? y = —18te~t + 2¢2t,

200. z = le_t +|t— 1 ety = (4t +2)e bt + 2t — § e3t.
2 2 2
7
201. z = (3t — 2)ed — <4t + g) e, y = e’ — (1 + 4t)e™.

202. z = %e’t — (2t +1)e®, y = (6t +2) (e7" —et).

203. = —e " —de % 4 5et, y = —e 7t + 62 — 3¢t
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31 29 29 62 29 14
204. 7= —e 8t 4 2t — Dy = —e - et g4
T 306 +5e + 5t 5,y 156 56 +3

205. z=e¥ —te ¥ y = (t+ 1)e 4 — 7e?t.

206. z = (1—t—t?)e3 y=(2+1t—t?)e.

207. £ =15e~t —15cost + 16sint, y = —15e~t + 14 cost — 10sin .
208. z=(t+1)e7t — 2%, y = e — 27t

209. 7 = e'(cost — 3sint + 1), y = e*(cost — sint).

210. z =e? 4272 ¢y = %(eu —e ) 2= %(—ezt + 3e™ ).
211. z = 2! + €, y = 2(et — ), z = 2et — €%,

212. z = —e !sint, y = e tsint, z = et cost.

213. z=(1+t)et, y= (1 —t)et, 2 = —e.

214. z = —elsint, y = e’ cost, z = et cost.

215. z=te t y=te ! z=¢""t.

216. z = e~ !(cost +sint), y = e"!sint, z = et cost.

217. z=tet,y=et, 2= —(t+1)e L.

218. z = —2e tsint, y = e"tcost, z = e 'sint.

219. z = 2tel, y = —et, 2 = (1 — t)e’.

220. z = 8tet, y = 4(2tet —e? + 1), z = 4(2e* —e?* —1).
221. z2=2=0,y=1—e"".

222. £ =y =2(1 —cost), z=cost +sint — 1.

223. z=z=1t+1,y=0.

224. £ =0,y = —e, z=¢"".

225. 7 = —Che®t — Cste?t, y = 3C1et + 4Coe? + C3(4t — 1)e?, z = Ciet+
+C262t + C3te2t.

226. 11 =29 =23 =C, 24 = 2C.



150 I'nasa 3. Jluneitabie cucrembl TuddepeHIUaNbHBIX YPaBHEHWH

1
228. z = 5(3ch2t —cos2t), y = V6(ch 2t — cos 2t).

_3 5 8 ,_l‘t -t 3t -3t
229. x—20311t+1565h3t 6551n2t,y—40(3e e’) (5t —e ") —

1 1 1 5 1 . )
5e i 50¢ +260(7sm2t 9 cos 2t).

—Ezg(cos 2t +sin2t), z =
§ 12. JIuneiinbie cucTeMbl YpPaBHEHU

C mepeMeHHbIMH K03dduimeHTaMu

Mo 3agannol dyHxaMeHTaabHOM MaTpule P (z) uHeHHON OQHOPOAHON CHCTe-
Mbl y' (z) = A(z)y(z) ¢ HenpepbIBHOI Ha TpoMexKyTKe I 1 KBaAPATHOMN MOPSIIKA
n Marpuueil A(z) Bcerga MOXKHO OJHO3HAYHO OnpenennTs Marpuly A(z), T e.
NOCTPOUTH JIMHEHHYIO OAHOPOJHYIO CHCTEMY.

ITpuMEP 1. Ilo 3amannoOil dyHIAMEHTANBHON MaTPUILE
cosT sinz .
d(z) = < ) COCTaBUTbH JIMHEHHYIO OJHOPOJHYIO CHCTEMY.
—sinz cosz
A Heussectnaa marpuna A(z) naxomurcsa us yciosusi, uro ®(z) — pemenue
marpudHoro ypasaenus Y'(z) = A(z)Y (z). Orciona A(z) = ®'(z) - &7 (z) =
01

= ( 10| Hckomas cucreMa uMeeT BUI

Yl =y2, Y5 = V1. A

®opmyna JIuysuis-OcTporpaJickoro no3BoJiser no 3aJaHHOMY PEIIeHUIO
JIMHEHHON OJZHOPOIHOM CHCTEeMBbl HalTH 00Ilee pelIeHre 3Tl CUCTEMBI.

x
I[IPUMEP 2. W3BecTHO, 4TO BEKTOP-(YHKIUS <1> — pelleHre CHCTEMBI

yll = Y2,

(1 +2%)yp = ~2y1 + 209.
A TlycTb peleHHEM CHUCTEMbl SIBJISETCS BEKTOP-(DYHKUUS C KOMIIOHEHTAMU
y1 = (), y2 = ¥(z), npuyem ¢(0) = 1, ¥(0) = 0. ITo dopmyne JIunysuiis-
OcTporpaickoro mmeem:

HaiiTu obiuiee perreHue cucremsl.

[

! Oeo =14 22

01
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Otcrona ¢(z) — z(z) = 1+ 2. TloncTapas Beipaxenue 17s ¢(z) BO BTOpoe
ypaBHEHHEe CHCTeMBI, IotyuaeM 3anady Koww as ¥(z)

¥'(z) = =2, $(0) = 0.

Cnegosarensho, P(z) = =2z, ¢(z) = 1 — 2.
Torza obiee peleHre 3aJaHHOR CUCTEMbl HMEET BUJ

)
() =)= () .
Y2 1 -2z

" 3 .

Y1 = —T Y1 +y281nZx,
r 4

Yy = T Y1 + e*yo

HUYEHHBbIX Ha (—oo, +oo) JINHEHHO He3aBHCUMble PElIeHusI?

TIPUMEP 3. MoxKeT Jiu cucreMa { HMeThb JBa Orpa-

A OtBer Ha NOCTABJIEHHBI! BONPOC OTPUUATENbHBIM, [OCKOIBKY JOMYCTHB
IPOTHBHOE, MOJIy4YaeM, YTO ONpeAeuTelb BPOHCKOro 3TUX pelIeHui sIBISeTCs
OrpaHUYeHHON Ha (—00, +00) dyHkuuel u ominyeH ot Hysasi. C gpyroit cropo-
HBI 1epBOOOPa3Has CJIeAa MATPUIbI CUCTEMBbI

T $4
/(—:1:3 +e%)dr = vy +et -1
0
SIBJISIETCS] HEOTPAHWYEHHOM Ha (—00, +00) dyHKumeit. 370 NpoTHBOPedUT POp-
myJie Jlnysmis-Ocrporpaickoro. A

1. Ilycte 3amana nuHeinas cucrema y'(z) = ¢(z)Ay(z), rae ¢(z) — Henpe-
pbIBHAs Ha npoMmexyTke I dbyHKIus 1 A — YUCIOBasi KBaJpPATHAs MaT-

T
puiia nopaaka n. JJokazars, uro 3ameHa t = f »(¢)d¢ naer nuHelHyIO
zo
cucremy y'(t) = Ay(t).

2. Ilycte  ®(z) — dyHnamedTanbHass MaTPUUA JIMHEHHON CHCTEMBI
Z'(z) = B(z)z(z), rne B(z) — kBagparTHas NOpsSAKa N U HeNpPepbIBHAS
Ha npomexyTke I marpuna. Ilokasars, uto 3amena y(z) = P(z)z(z)
B JuHeitHo#t cucreme y'(z) = A(z)y(z) c xBagparHOi mnopsaxa n

U HenpepbiBHOM Ha I Mmarpuueit A(x) maer JMHEHHYIO CHCTeMY BUJa
#'(z) = @71 (z)[A(z) — B(2)]@(z)2(z).
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B 3agadax (3—9) uccienoBaTh JUHEHHYI 3aBHCHMOCTb BEKTODP-DYHKUMHA HA

(—o00, +00):

3. shz chz . 4. €T 2z . o cos & e sinz
chz )’ \shz z] \2z sinz |’ cosz |
1 sin? ¢ cos? z e’ shz chz

6. |01}, sin2z |, | —sin2z 7.1e* 1, | chz |, | shzx
0 2cos 2z —2cos 2z e shx chz
1 x z? 3 2| x| X

8 |1],|=z|, |z? 9. |z zjz] |, |1
1 T z? |z| 0

B zapayax (10—18) mo 3aanHHO# YyHIAMEHTAILHON

matpuny A(z) nuueitHoil ogHopoHo cucremer y' (z) =

marpuue O(x) nHaiitu

A(z)y(z).

1 —x . 1 z?

10. () ={ ) 11. &(z) = (_zg 1).
e* 0

12. ®(x) = ze® €I>. ( )
- o

14. O(z) = e Cf)S(L‘ sinzx ' 15. Oz chz shz
efsinz cosz shz chz
r z2

16. &(z) = ) 22)’ x> 0. ( ) > 0.
e T4z 1

18. &(z) = ( et e’>'

B szamauax (19—23) no 3aganHOMy pelieHno §(z) JUHEHAHON OZHOPOAHONM Cu-
creMbl HaliTu QyHAaMeHTaIbHY0 Marpully ®(z) 9Toit cucrems:

14z

4 (ZISyl - 2:1;?/2)1

T (2xy; + 223ys).
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21.

22.

23.

24.

25.

Yy = ! (ryy + y2)
_ T 1 l 2\ Jl J2 )
y(z) = <1> T

yl2 = 1+’LQ (~y1 +Iy2)

§(x) = er vy = —(2z + 1)y1 + 2y,
y e(1+2) ) | vy = (=222 — 2z + 1)y + (22 + 1)ye.

’g(.’l) — e”" yll = (1 - 23?)’!!1 - 2y27
' e (1—2) )" | vh= (222 -2z — D)y + (22 — 1)y

. ! 2 .
_ —sinzx Yy} =y cos”z + (sinzcosz — 1)ys,
g(z) = ( > { ]

cos yh = (sinz cos z + 1)y; + yo sin? .

IIycrs kBazparnas mopsiika n Marpuua A(r) HenpepbiBHA Ha IIpOMe-
xKyrtke I u npn BCeX T € I [IEPeCTaHOBOYHA CO CBOEil MepBOOOPa3HOM,

T e. Az fA Q)d¢ = fA ¢)d¢ - A(z), tme 9 € I. lokasarb, 4TO

TOr1a d)yH}laMeHTaJIbHOI/I ManI/II_LGI/I & (z) AMHEIHHON OHOPOJHOI CHCTEMBI
y'(z) = A(z)y(z) asasiercs maTpuia

Ea

[ AQd¢
O(z) =e?0 .

IlycTe KBagpaTHast HOPsiZiKa N U HENPEPbIBHAST HA POMeXKyTKe I MaTpuia
A(z) = HJ(z)H ™', rme J(z) — »kopiaHoBa u HenpepbiBHa Ha I MaTpuua,
a H — uucioBasi HeBBIPOXKAEHHAsI Mopsijka n Marpuua. Jlokasark, 4To
MaTpuua A(Z) nepecraHoBOYHA CO CBOEl nepBooOPa3HOi Ha MPOMEKYTKe
I w uto na I dbynmamenTtanbHo#t Marpuuein cucrembl y'(z) = A(z)y(z)
SIBJISIETCS MaTPULA

J I
®(z) = He®o H™! zp€l

Ucnonb3yst pe3yabrar npeabiayinel 3ajaun, B 3agadax (26—37) nafitu dyH-
JlaMeHTaJIbHble MaTpulbl $(z) JIMHEHHbIX OJHOPOAHBIX CHCTEM.

26.

Y1 = (2z = D)y1 + yo, 97 Yy = —(1+2z)y1 + v,
Yy = —y1 + (22 + 1)ya. yh = —yy + (1 — 2x)ya.
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28.

30.

32.

34.

36.

38.

39.

40.

y1 = (2z + Dy1 + v2, a9 ) Y1 = (cosz—2)y1 +4ys,
Yy = —y1 + (22 — 1)ys. vy = (—=3y1 + By2) cos .
y1 = —(2 +sinz)y; + 4y, 31 y; = (2 + cosz)y; + y2,
Yo = —Y1 — Y2 8inz. yh = —y; + (cosz — 1)ys.
Y1 = (1 —sinz)y1 + o, 33 Y} = y1sinz — ya cos z,
vy = —y1 — (1 + sinz)ys. Yy = —y1CoSx + Yo sinz.
Y} = Y1COST — Yypsinz, 35 Y] = y18inz + yp cos x,
yh = —y1 sinz + ys cos z. " | vh=1v1cosT + yssinz.
= _9 I 2,
= —4xY2, 37 y] =3z Y2,
?/2 = —2zy;. Yy = 3Ty
Moxxer s cucreMa y; = -l—ji-% + (1 + z)%ys, yb = y1 In|z| — 4yp umers

JIBa OIPAHUYEHHBIX Ha (—00, () JIMHEHO He3aBUCHMBblE PEIeHUs1?

Moxer su cucrema yj = — TY2, Yy = Y1t8T + 3y2 uMeTh IBa

1—z2
orpanuyeHHbIX Ha (—1,1) JMHERHO He3aBUCHMBIE PellleHus?

Mycte @®(x) — dynzaMeHTanbHasd MaTpula JUHEHHOW CUCTEMBI
y'(z) = A(z)y(z), rne A(z) — kBaspaTHasi OPSIKA N MATPHUIIA C HENpe-
PHIBHBIMH Ha (—00, +-00) a/eMeHTaMu a;;(z), npudeM a;;(z +w) = a;;(z),
w

[ aij(z)dr = a5, i,j = 1,n, w > 0. Jokasars, 4T0
0

Jim — ln | det ®(z Z Qi

OrBeTnl K 3amayaM § 12

3. JIunelHO HE3ABUCUMBI. 4. JIuneiiHO 3aBUCUMBI.
5. JInHelHO HE3aBUCUMBI. 6. JIuHeliHO 3aBUCUMBI.
7. JIuHeitHO 3aBHCHUMBIL. 8. JInHeliHO He3aBUCUMBI.

1 -1
9. JIuneiiHO HE3aBHCHUMbI. 10. —— (m ) .

14+22\1 =z
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11.

13.

15.

17.

19.

21.

23.

27.

29.

31.

33.

34. ¢

35.

36.

38.

1 223 2z
1424\ =22 223/

1 0
1—-z 2/

cosr eTsinz

o’ -z =z
-z z+1/°
esinx 1"23 4$
— 1+2z /)

gsinz z+1 T .
-z 1-z

e(l—cos z) ( ch (sinz)

—sinz €% cos x)

—sh (sinz)

sinzg [ ch (1 —cosz)
—sh (1 - cos )

ch (sinz)
sh (sinz)

—sh z?
chz? |’

e(l—-cos T)

ch 2
—shz?

He moxer.

sh (sinz)
ch (sinx)

12.

14.

18.

32.

—sh (sin m))

37.

39.

(2)

cos? sinzcosz — 1
sinzcosz + 1 sin® z
0 1
2 2
z? 22
et —1

—sh (1 — cos x))

ch (1 — cosz)

chz® shz?
shz® chz3 )

He moxer.
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ABTOHOMHbDbIE CUCTEMbI -
ANOOEPEHLUMNAJIbHBIX YPABHEHUN

§ 13. IloBenenne pa30BBIX TPAEKTOPUIl
B OKPECTHOCTHU IrpyObIX IIOJIO>KEHUl paBHOBECHS

1151 aBTOHOMHO CHUCTEMBI BTOPOTO MOPSJIKA

T = fl(Iay)a
f!'J = fQ(-’I:vy)v

¢ menpepbiBHO quddepenuupyembivu fi(z,y), fo(z,y) B HekoTopol obaactu
G C R?z’y) NOJIOXKEHUE PaBHOBECUs (a1, Q) HA3bIBAETCS IPYOBIM MOJOXKEHHUEM
PaBHOBECHSI, €CJIM MAaTPUUQA JIIHEAPU30BaHHON B TOUKe (aj, @) CUCTEMBI HMeeT
Takue COOCTBEHHBbIE 3HAYEHUSI A1, A2, JJsI KOTOPBIX A1 # Ao u Rel; # 0,
Re Xy # 0.

B okpecTHOCTH rpy6Oro mosjoxKeHust paBHOBECHST aBTOHOMHOMN CUCTEMBI 110-
BeJeHre (Pa30BbIX TPAECKTOPUN KAYeCTBEHHO OJMHAKOBO C moBeaeHueM ¢aso-
BBIX TPAEKTOPHUH JTUHEAPU30BAHHON B 3TOM TOYKE CUCTEMBI.

ITPUMEP 1. HaiiTu nosioxkeHust paBHOBeCHs, ONPEAEIUTh UX XapakTep W Ha-
pucoBaTh $a30Bble TPACKTOPHUH JIMHEAPU30BAHHBIX CHCTEM B OKPECTHOCTHU IIO-
JIOXKEHU!1 paBHOBECHSl [J11 aBTOHOMHOM CUCTEMBI

&=z -1
g = 2% +y?—2.

A\ TlpupaBHUBas NpaBble YACTU CHCTEMbI HYJII0, HAXOAUM MOJOKEHHs PABHO-
secus (1,1) u (1,—1).

Paccmorpum cravana Touky (1,1). st manbHedimero ymobHO ee mpeob-
pasoBaTh B Haualo koopauHar. C 3TOi Le/blo cAelaeM 3aMeHy MepeMeHHBIX
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Tz —1=uwu, y—1=v B3agannoit cucreme. CucreMa NPUMET BUJ

i =u—2v— v

O = 2u + 2v + u? + 02,

A5t KoTopoit Touka (0,0) — nonoxxenue pasHoBecusi. JIuHeapuzoBaHHas B TOY-
ke (0,0) cucrema nmeer Buj

U =u— 20,
v = 2u + 2v.

HaXOJII/IM cobCcTBeHHbIE 3HAYEHUS MaTpHIbI 3TON CUCTEMBI

1 -2
2 2
U3 ypaBHEHUdA
1—-)\ =2
=X -3)\+6=0.
9 92— +

Tax Kax cobGCTBeHHbte 3HAUCHUS A} 9 = l(3:ti\/ﬁ), TO I0JI0’KEHUE PABHOBECHS
ABJseTCs HeycTounBbM dokycom. Ce1oBaTeIbHO, KPOME MOJIOYKEHHUST PABHO-
Becus (0,0), ocTasbHBIMKM TPAEKTOPUSIMU SIBJISIIOTCA criupasid. st onpeelie-
HHsl HANpAaBJIEHUs ABMXKEHUs MO COMPAJISIM NP ¢ — +00 JOCTATOYHO HANTH
BeKTOP pa30BO CKOPOCTH @ JIMHEAPU30BAHHON CHCTEMBI B KaKOW-HUOYAb TOU-
ke. Hanpumep, B Touke (1,0) BeKTOp CKOpOCTM @ uMeerT KoopauHaThl (1,2),
CnenoBarenbHO, npu t — +00 ABUXKEHHE MO CIOMPAJISIM HANPaBJIEHO MPOTHUB
yacoBo#t crpesiku. [loBenenue $ha30BbIX TPAEKTOPHII B 3TOM CJIydae CXeMaTH-
YEeCKM II0KA3aHO Ha CJIEJYIOLEM PUCYHKE.
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v

A .
%

(€

Hust apyroro nosioxenust pasHosecus (1, —1) 3ameHa nepeMeHHbIX T — 1 =

=u, y + 1 = v naer cucreMy BUIa

U= u+2v — v?,
v = 2u — 2v +u? + v

Jluneapuzauust stoit cucremsl B Touke (0,0) umeer Bux

U= u + 2v,
U = 2u — 2v.

CobcTBeHHbIe 3HAYCHHS MaTpPHUIIbI 3TON CUCTEMBDI

1 2
2 -2
HaXOIUM M3 yPaBHEHHS
1-A 2
=X24+X1-6=0.
2 —-2—=A + 0
ITonyuaem A\; = —3, Aoy = 2. Tak KaKk A\; ¥ A9 pa3HBIX 3HAKOB, TO IOJIOXKEHUE

pasrosecusi (0,0) saBiserca cemyom. st Toro, 4robbl HAPUCOBATL KAPTUHY
noseJeHunst pa30BbIX TPAEKTOPH, OCTAJIOCh HANTH JIMHEHHO HE3aBUCUMBIE CO0-
CTBEHHBIE BEKTOPBI hy U hy ansa Ay u Ag. Insa A} = —3 coGCTBEeHHBIN BEKTOP
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2
h, = 5] a 1yt Ay = 2 coBCTBEHHBIN BeKTOp ho = 1) MsBecTHO, 4TO

B CJIy4ae CeJijla TPAEKTOPHUSIMU SIBJIAIOTCS runepbosibl, JJisT KOTOPBIX NpSMbIe,
onpezesseMble BeKTopaMu hy U hg, ciryxkar acumnroraMu. JIydu 3TUX npsAMbIxX
TOXE TPAEKTOPHHU.

IToBesenve $a30BBIX TPACKTOPUN B 3TOM ClIyyae CXeMATHYECKU MOKA3AHO
Ha CJIeAYIOLIEeM DYCYHKe, TJie CTPEJIKU YKA3bIBAIOT HAIPABJICHUE JIBUXKEHUS I10
TpaeKTOpUaM npu t — 400.

A

v

T

=)
<

=

A

[IPUMEP 2. [lng ypasHeHus i+ z° —e~ % = 0 HaliTH MONOKeHUA paBHOBeCHs ],
OIpeJeIUTh UX XapaKTep U HAPHUCOBATH (ha30Bble TPAEKTOPUH JINHEAPU30BaH-
HOTO YPAaBHEHHs] B OKPECTHOCTHU IIOJIOJKEHHI PABHOBECHSI.

A Beens o6o3HaueHue & = y, npeobpasyeM ypaBHEHHE K CHCTEME

T =y, )
Y= e

ITo onpenesnennio mosoXKeHUsiMM paBHOBECUsI U (PA3OBBIMU TPAEKTOPUAMU
33JJaHHOTO YDAaBHEHHS SIBJISIIOTCS COOTBETCTBEHHO MOJIOXKEHHS DAaBHOBECUSI U
dazoBbie TpaekTOpum 3TOH cucrembl. IIpupaBHUBaAs HYJIIO NpaBble YACTH CH-
CTeMBbl, HaxoIuM nosoxeHue pasHosecust (1,0). Ilepenocs Havano KOOPAUHAT B
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nosoxkenue pasHosecus (1,0) ¢ nomompo 3aMenbl £ = u + 1, y = v, nosyvaem

aBTOHOMHYIO CHCTEMY

U=,
4v

b= —(u+1)3 +e 7,

Pasznaras npasyto yactb cucreMsl o dopmyste Teitnopa B okpectaoctu (0, 0)
¥ OFPAHMYMBASCH JIMLIb JUHEHHBIMU YeHaMU PA3JIOXKeHUs, IOJIyYaeM JIMHea-

PU3BOBAHHYIO CUCTEMY BHIA

v = —3u — 4v.

0
-3 —4
= —1, Ay = —3. CoOoTBETCTBYIOIIME UM JIMHEIIHO HE3aBUCUMBIMU COOCTBEHHDBI-

Matpuna 3Toit cucrembl nMeeT coOCTBeHHble 3HAYEHHSI A =

MH BEKTOPaAMHU ABJIAIOTCA

ITosnoxkenue pasHoBecusi (0,0) sMHEAPU30BAHHOM CHCTEMBI — YCTOWYUBBIM
y3en. Iloenenue $ha3oBbIX TPAEKTOPUIl CXEMATHYECKU MOKA3aHO HA CJIENYIO-
LIeM PUCYHKE, [Jie CTPEJIKH YKa3blBalOT HAlpPaB/IeHHE JBHUXKEHHS [0 TPAEKTO-

pusam npu t — +oo.
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A

u

HaliTu nosorkeHnsi paBHOBeCHsl, ONPEJEJUTh UX XapaKTep ¥ HapUCoBaTb (a-
30Bbl€ TPACKTOPHHM JIMHEAPU30BAHHBIX CUCTEM B OKPECTHOCTHU ITOJIOXKEHHUN paB-
HOBECHsl JJIsi aBTOHOMHBIX cucrem (1—52):

. &= et W 4 g, o ) E=In(l-y),
) yzarccos(w-x3)——72£. Nl y=¥Yz-dy+z -2

x—ln (14++/1+4y —y3) —1n2,

y——arctg(:z+3y)7r+2 Y.

z=In(5— 2z — 2y),
y=e"¥ -1

4.

=3 —x2%—y. g =sinz —y? + 1.

— 2 _ = —
5 {x—sh ¢ — ), 6. {w 2z +y? — 1,
7 T = 8. i =322 —zy +2,
y=a3 +y—1 y=1z%—1—2.
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11.

13.
15.
17.
19.
21.
23.

25.
27.
29.

31.

P e A~ A N N A N e e

t=x24+z+ 2% -2,
y=z+y%

i=e" Ve
§=-z-2y—y>

P=1- 2z —1y?
jg=e -1
:.E="L'2—‘ya

9 =In(3z2-1) — In2.

& =2’y +y°,
7 =In(z3 +y) - 3.

:I':=y(.’1:—2y—6),
y =In(z — 2y).

& = arcsin (2% — 2z — v),

. z?
y—ln(l——x+-3—).

& = arctg (22 — = + v),
¥ =1In(1+ 2%+ 3z —y).

T=s
g = el@tyt2zy) _ 1,

y=2y+4—3sinz.

y=2z+12tgy — 4.

& = 2 + arcsin (y? + 8 + sinz)

10.

12.

14.

16.

18.

20.

22.

24.

26.

28.

i =7 + arctg (2 — 8 —tgy) — v,

=y —y-2
y=—ay— 3y? - 2.

=2z —y—z2

y=+1+4dy—+/1+2z+ 22

T =-3+2z+y,
y = arctg (zy).

T =4-z(3y+2)— 92

) = 1In l1+=z
y=m1 e
z = 3zy,

g =e 1 _ g,
z =5z — 8y + 3,

g=InZ.

i=e sh(z+y) _ 1,

y=2zy+z -1y

zT=e"—y—1,
y=z+In(l+y).

z=1In(1+z + 4y),

2
Y = arcsin (:1:+y - —)

—Pe, P AN e e N T

4
= e—-z+4y’
. 52
y = arctg 4z—y—T .

L 3 _1_6eY) —
+x,30.{z In(z° — 1 —6eY) —y,

g =4z — 4e¥ — 4.

. 31— 672 —
32.{? VvVy? —1-6z° -z,
(]

V2y =3 —v2z?2 - 1.
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33 z =sh(2z +y — z?), 34 i = arctg (z — y — 4),
"] 9y=In(1 + 3z — z?). "l y=2c-2y—4V22 - 1.

z=In(2-z+y),

i=1-2z—1y?
y S y _ 64(z2—1), 36.

35. 9
y=-1-06z+y°.

& =4z + 2y — 4, T =z? — 47,

37. 38.

Jiz+y+y-—2,

T =
y=—In(1+ z).

{
L:
{ 1
&= el g g, 42.{37_2\/4—@7;_1
{ .
{
{
¥

T =8+ 4y — 2zy,

39. 40.

Y = z2 — 492,

41. .
y = arctg (z° — 1). ¥ =In(z® - Ty) + 2v.

43. 44.

z = arctg (z —y — 1),

45.
g=+3z2+3y—2-1.
a:—a:-—y y

47.
g = arctg (1 —3?).

48.
t=1-y1+2y,

) =sin(y/z —y—1).
51 { :i::arcsin2(3y@—1), . { & =2(/T—y—1),

y=1-4z + 3y. y=sh(z+y-1).

49. 50.

P e T s T et T et U amatmn N s
. R 8
[
o
& 9
e+ HR
o
S
| B
8

=2-2{/1+z+y,
=e1

—z+2y+y —~1.

HaiiTu nonoxkeHusi paBHOBECHs, ONPEJENUTh UX XapaKTep U HapHcOBaTh (a-
30Bble TPAEKTOPUHU JIMHEAPH30BAHHOTO YPaBHEHHS B OKPECTHOCTH IIOJIOXKEHHI
paBHOBecust JJisi ypaBHeHu#t (53—82):

53. i +2=In(1 -3z +2% - ). 54. i +z+1=V1+z+22—1.
55. i +a3=e" %, 56. % + 3% = In (& + 29).

57. 2+ 2t +z—222+1=0. 58. 7 —4z + 222 —z — 3 =0.



164 I'naBa 4. ABTOHOMHBIE cHCTeMBI quddepeHIMaIbHBIX ypaBHEHWH

59. z — (1+ )24+ 25=0. 60. & — ¥ — 23 = 0.

61. 27 + 5sing + I +4z—1=0.

62. Z — arcsin(z — 2z) + 7Tln(1 — z) = 0.

63. Zcosi —4tgiy/1—sinz + 3z = 0.

64. i —e3* % 4+ 2In(1-z)+1=0.

65. £ +tg(2z +6z) —3In(l —z) =0.

66. &+ z5[1 4+ In(1 + 22)] = (1 + 2%)°.

67. %+ 2e® — z3cosi = 3. 68. 7 + (2 + i)%arctg + 23 = 1.
69. 7 = 5arctg (z — 1) + 4efsini.  70. i = (3¢ — 2z)e’.

T1. i + (4@ + 3z)e®” = 0. 72. % — (£ +42)3 + 25 +1=0.
73. &—i—zlarctg (42)—2] = 1. 74. 3&43(z—3) sin (22) =523 +5 = 0.

75. £ +4z —In (i—2z+§> = 0. 76. £+ In(1 — 2z) + 2arctgz = 0.

l .
77. i+ /57 ¥ 5% + cos @ = 0. 78.5;=3a,rcsini—2ln3+z
79. i+ 3% — 4z + 222 = 0. 80. & — 5% — 6z + 3z2 = 0.
81. i + 5& + 6z + 222 = 0. 82. % — 3% + 4z — 422 = 0.

OrseTs! K 3ama4yam § 13

IIPUMEYAHME. B orBerax JaHBl KOOpAMHATHI MOJIOXKEHHH PABHOBECHUS U UX
Tun. B ciyyasx y3sia ¥ cefjia yKa3aHbl COOCTBEHHBIE 3HAYEHWS A1 U Ao W
COOTBETCTBYIOIIHE UM JIMHEHHO He3aBUCHMbIe COOCTBEHHBIE BeKTOpbI hj u ho
IJIs MATPHIBI JIMHEAPU30BaHHbIX cucTeM. B ciiyuae dokyca 3nak (O o3HaYaer
JBHXKEHHE IIPOTHUB YaCOBOU CTPENKH IO TPAEKTOPUAM IpH t — 400, a 3HaK O
03HAYaEeT JABMKEHHE IO YaCOBOM CTPEsIKe MO TPAeKTOPUSAM IpH t — +00.
JlaHHBIX OTBETOB JOCTATOYHO JAJist H300pakeHns: (pa3oBBIX TPAEKTOPHIA JiH-
HEapW30BaHHBIX YPABHEHHUH U CUCTEM B OKPECTHOCTH MOJIOXKEHUY PABHOBECHS.

1. (-1,1) —ceqmo, \y = =1, Ao =4, hy = (—21), hy = (f)
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2. (1,0) — ycroituusbiit dokyc, O.

1
3. (—6,2) — meycroituuBblit y3ea, Ay = 1, Ag =4, h) = ( 21> , ho = ( )

4. (0,2) — ycronuusbiit dhokyc, O;

(2’0) —cemo, Ay = =2, Ay =2, hy = <é>7 hy = ( 12) .

5. (0,0) —cemno, \y = —vV3 -1, A =v3-1,h = (_1/5) hy = (\}3)

(1,2) — ycroitausaiit y3en, A} = —2+v/2, Ao = —=2—/2, hy = ( 1 ),

1++2
1
h2=<1_\/§>.

6. (0,—1) — neycroiiunsslit dbokyc, O;

1
7. (0,1) — neycroituuBsiit y3ea, A\; =1, Ao =3, h; = <(1)), ho = (2>;

1
(1,0) — cemmo, \; = 5(1 - \/l—fi), Aoy =

2
S

8. (—1,—5) — ycronuussiit dpokyc, O;

2 1
(2,7) — Heycrofiuusblil y3en, Ay =2, A =3, hy = ( >, hy = ( )

DO =

(1+V13), hy = (1 _:\l/ﬁ),

9. (—1,-1) — ycroituusslit dokyc, O;

(=1,1) = cemno, \ = =2, o =3, hy = (41), hy = (D

10. (5,—1) — meycroityusbiit hokyc, O;
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(=7,2) — ycroftumBbilt y3esn, A\y = -2, Ay = =3, by = (_3>Y

() |

11. (0,0) — ycroftuuBmiit y3em, A\; = —1, Ay = -3, h; =

(1,-1) —cemno, \; = —e, Ay =e, h; = ( ) hy = (

12. (0,0) — ueycro#iumBbit y3ea, Ay =1, A =3, by = (1), hy = ( 1);

(1,1) — cemyo, A\; = — % A2 =% = (C/g>,h2= (_f)

13. (0,—1) — ycro#tuussiit dokyc, O; (0,1) — ceqmo, A\; = —4, A2 = 2,

1 1
1 1
14. (0’3) — cenJio, A]. = "'1, A2 = 3, hl = ( 3), h,2 = (1)7

3 3 2 1
(5’0) — HEYCTON4MBBIH y3eJ1, A\; = 2’ =2, h = (_1), hg = (0>

15. (1,1) — HeycroituuBbI#t dokyc, O;

(-1,1) — cemo, A\; = -3, Ag =1, h; = (i), ho = ( 11).

2
16. (0, 5) — ycroituuBeit okyc, O;

2 2 2
—_—— — A = - = = y h, = .
(0, 3) CeIo, A; 6, A2 =6, h; (_1) 2 (1>

17' (1)0) - Ce,D;JIO, A1 = _3, A? = 1, h'l = (.—13), h,2 = (i) .

ho

[

-~
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18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

(1,0) — ycroituuselit y3en, \; = —1, Ay = =3, h; = ( 31>, hy = ( 11>.

(1,0) — ycro#tumsniit dokyc, O.

(1,1) — HeycToiuuBbIl y3ea, \; =1, Ap =3, h; = (f), hy = (i)

1
(0,0)—ce,u;no,A1=~\/§—1,/\2=\/§—1,h1=(\/5 ),h2=

-1
B (x/i + 1) !
(3,3) — HeycrofumBbI y3em, A} = 2— V3, A\ = 2+/3, hy = (2 —1\/?;>’
(2 + \/§>
h2 = .
1
(0,0) — ycroituussii dokyc, O;

(1,-1) — cemuo, A\ = —v2, A\ = V2, hy = (\/51 )

-1

-1
v2+1)
(—=1,-2) — ycrohumBelA y3ed, \] = —2 4+ V2, A\ = =2 — V2, h; =
(ﬁ— 1) <\/§+ 1)
= 1 , hag = )

(0,0) — cemmo, A\; = —v3—-1, A =v3—-1,h; = ( 1/.5), (\}_)

(0,0) — HeycroiuusbIt dpokyc, O.

(0,0) —cemyo, \y = =1, Ao =1, h; = ( ) (i)

(37 ,.Z) — HeycroiuuBbIit dokyc, O;

(0,0) — cemno, Ay = =1, A =3, hy = ( 21), hy = (3>

(0,0) — neycroituusbiit pokyc, O;
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(-1,-1) — ceamo, M1 = —V2, Ay = V2, hy = ( 1 )’

14+ V2
1
h2=<1_\/§).

28. (3, %) — ycroituuBeiil dokyc, O;

(0,0) — cemyio, A1 = =5, Ay - 3, hy = ( 11), ho = (i)

29. (—2m,—2) — HeycroituusbIil dokyc, O.

30. (2,0) — cego, A1 = =2, A2 =10, hy = (1), hy = <7>

31. (2, ) — HeycroiuuBbiit dokyc, O.
1 3
32. (1,2) — ycroituusslit y3ea, A\; = —1, A = =5, h; = , ho = .
1 1
33. (0,0)——C€,H,JXO, )\1=—1,/\2=3, h1= ( ),h2=<>

(3,3) — ycroituussiit y3ena, A\; = —1, Ao = =3, h; = (1), hy = (1)

34. (—3,-7) — ycroituusslit dokyc, O;

(3,—-1) —cemyno, Ay = =2, g =1, h; = (;), hy = ((1))

35. (1,0) — ycroituusslit dokyc, O;

(=1,-2) —cennio, A\; = =4, Ao =2, hy = ( 13), hy = (;)

36. (0,—1) — ycroituuBsiit dokyc, O;

(0,1) — cemno, \ = —4, \ =4, hy = (D ho = ( 13).

37. (0,2) — meycroituussiit dbokyc, O;
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1 1
(2,—2) — cemyo, A\; = =2, Ao =4, hy = ( 3), hy = (0)

4 1
38. (—2,1) — ycroiyuBblit y3em, A\ = =2, Ao = —4, hy = < 1), hy = ( );

1
(2’ 1) — CenJio, Al = _2> /\2 = 4, h‘l = <4>a h’? = (

39. (—2,—1) — neycroiuusnit dokyc, O;

1
(4,2) — ycronuuesiit y3ena, Ay = —8, Ag = —12, hy = (i), ho = ( )
4 1 4
40. (0,1) — meycTohuuBblil y3em, A\ =1, Ao = =, hy = < ), hy = ( )

3’
3 1
41. (—1,1) — cegno, Ay = =3, Ao =2, hy = (2), hy = ( 1).

1
42. (1,0) — ycroituuBbi# y3em, A} = —%, Ag = —g, hy = 3), hy = ( )

43. (1,—1) — ycroituusbiit dpokyc, O.

44. (—1,1) —cemno, \y = =1, Ao =3, hy = ( 13>’ hy = (1)

(2,4) — ycroiuuBbiit y3ea, Ay = —1, A\ = =3, h; = (

[
N——
>
N
Il
N
P
N——

11
45. (-2-, 5) — ycroituusbiit dokyc, O;

(0,0) — cemyo, A} = —g Ay =

l\DIl-—'
=

I
N\
—
N———

>

[\

Il
/N
[l A
N—

46. (1,0) — neycroityusslii pokyc, O;

1
(=2, -3) —cemno, Ay = =1, A =3, by = (1;), hy = (-2>.

47. (1,1) — neycronuussiit dpokyc, O;
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(=1,1) —cemno, = =3, o =1, Iy = (i) hy = ( 13).

48. (1,—1) — HeycroituuBelit y3ei, A\; =1, Ao =2, h; = ((1))’ hy = (?)’

(1’1) — ceno, A1 = —27 AZ = 17 hl = <§)> h'2 = ((1)>

49. (%, —%) — ycroiuuseii dokyc, O;

1 3 2 9
(0’0) — cenjio, Al = _57 AZ = 5) hl = (__1)7 h2 = (-5>

50. (1,0) — ycro#umssiii dbokyc, O.

51. (1,1) —cemmo, Ay = =1, Ao =5, h; = (i),}m: ( 1 )

52. (1,0) — Heycroiuusbit dokyc, O.
53. (0,0) — ycroituusbiit dokyc, O;

(3,0) — cemmo, Ay = =3, g =1, h) = (—13)> hy = <i>

54. (—1,0) — ycrohuuBbI# y3en, A} = ——-;—, A = =1, hy = (31), hy =

()

1
(0,0) — cemmo, Ay = §(—2 - V), he =

3
SN

55. (1,0) — ycro#ftuuBslit y3ea, \; = —1, Ap = =3, h; = ( 11>, hy = ( 1 )

56. (1,0) —cemio, Ay = -3, Ao=1, h) = ( 13), hg = (1>
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1
57. <_§,O) — ycro#umBslit dokyc, O;

(1,0) — cemno, \y = =3, Ay =1, by = (_13), hy = (i)

58. (g,O) — HeycTol4uBbIlt dokyc, O;

59. (1,0) — Heycroiuusslit Pokyc, O.

60. (—1,0) — meycroituusniit dokyc, O.

1 2
61. (0,0) — ycroumsslit y3ea, A\; = ~5 Ay = —2, ( 1) ( 2).

e)

63. (0,0) — HeycroiuusbIit y3ea, A} =1, Ay =3, hy = (1), hy = (;)

64. (0,0) —cegyio, \y = =5, \p =1, hy = ( ) (i)

65. (0,0) — ycrodiuusnlii y3en, A\; = —1, Ag = =5, hy ( 11> = ( 5)

hy =
62. (0, 0) — cenJio, /\1 = —-4, Az = 2, h1 = ( ) h2 =

66. (1,0) — neycroduusblit pokyc, O.

68. (1,0) — ycroituussrit y3em, \} = —1, \g = =3, h; = ( 11), hy = ( 1 )
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70. (0,0) — HeycroituuBbIil y3ea, A\; =1, g =2, h; = (i>, hy = (;)

71. (0,0) — ycroiuuBslit y3ed, A\; = —1, Ap = =3, h; = ( 11)’ hoy = ( 1 )

-3
1 1 1
72. (Z,O) — CcenJio, )\1 = —-3, )\2 = 4, h1 = (_3), h2 = (4) .

1
73. (5’0> — HeyCTOH4MBLIA y3en, Ay =1, Ap =2, by = <1> "o C)

74. (1,0) —cenmo, Ay = —1, Ao =5, by = (—11> " <fl>>

3’

_ (_12).

76. (0,0) — HeycroiuuBbIi ¢okyc, O.

1
75. (— O) — yCTOWYMBBIHA y3es, A1 = —1, Ay = =2, hy = (11>, hy =

1
77. <—5,0) — ycroiyusslit pokyc, O.

78. (1,0) — HeycToi4uBSbIA y3em, Ay =1, Ag =2, h; = <1>, hy = (1>

79. (2,0) — ycro#tuusnit dbokyc, O;

(0,0) — cemyio, A} = —4, Ay =1, h; = (_14>, ho = (i)
1 1
80. (0,0) — cenyio, Ay = —1, Ag =6, by = ( 1), hy = ( >;

(2,0) — neycroiuusslit y3ea, A\; =2, A =3, h; = (1), hy = <1>

1
81. (-3,0) —cemyno, Ay = =6, Ao =1, h; = ( 6)’ hy =
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1 1
(0,0) — ycroituussiit y3en, A\ = —2, \g = =3, hy = 5] hy = 3
82. (0,0) — meycroituusblil dpokyc, O;
(1,0) — cemyo, A\ = =1, Ao =4, hy = 11 , ho = 411

§ 14. IloBenenue $a30BBIX TPAECKTOPUMA
B OKPECTHOCTM HErpyObIX IIOJIO>KE€HHI paBHOBECHUS
u Ha Bceiil ¢a3oBoil mockocTu

JJ1st aBTOHOMHO# CHCTEMBI BTOPOrO MOPAIKA

z = fl(xay),
y= f2(-'13,y),

¢ HenpepblBHO auddepennupyembiMu f1(z,y), f2(z,y) B HeKoTopo# obsiacTu
GC R(Zz’y) TIOJIOXKEeHNEe PAaBHOBECHUs! (G, d2) HA3bIBAETCH HErPYOBIM IOJIOXKEHU-
eM PaBHOBECHUsI CHCTEMbl, €CJIH MATPHUIA JIMHEADU30BAHHON B TOYKe (a1, ag) CU-
CTeMBl IMeeT TaKue COOCTBEHHBIE 3HAUEHUS A1, A9, JJIsT KOTOPBIX JIUOO A1 = Ag,
6o Re A\; = 0, 160 Re Ay = 0. B okpecrHOCTH HErpy6Oro MOJIOXKEHUST PaB-
HoBecus a30Bble TPAEKTOPUH HEJUHEHHOI aBTOHOMHO} CHCTEMBI U ee JIHHea-
pu3anuu MoryT cebst BeCTH NPUHIMIIHAILHO HO-PA3HOMY.

ITPUMEP 1. MccnenoBaTh npy BCeX 3HAYEHUSIX BEIECTBEHHOrO MapaMeTpa a
noBeZieHue Pa30BbIX TPAEKTOPUI B OKPECTHOCTH IoJioxKeHusi pasHosecusi (0, 0)
JJIs1 CHCTEMBbI

i = —y + az(z? + y?),

v =z + ay(z? + 32).

A Touka (0,0) siBNsieTCs HEHTPOM IS JIMHEAPU3OBAHHON CHCTEMBI B TOYKE
(0,0) npu a =0

T = -,

y- = m’
HOCKOJIbKY MaTPULA JIMHEApU3alUKu UMeeT COOCTBEHHbIE 3HAUEHUs A\ = *i.

Yrobb! uccmeoBaTh nosejeHue ha30BbIX TPAEKTOPHUHM 33JaHHONU CHCTEMBI
npu a # 0, nepeiizem K mosisipHbIM KoopauHaTaM z(t) = 7(t) cos p(t), y(t) =
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= r(t) sinp(t). [Tonydaem cucremy Buma

7 €S — rpsing = —rsing + ar3 cos @,
7$in @ 4 ¢ cos ¢ = T cos ¢ + ar3 sin ¢,

F = ard,
TO=T.

ITpu r = 0 umeem nosoxxenue paHoBecusi. [Ipur >0 =t+Cu ¢ = +00
mput— +oo,ar<0npua<Our>0mpua>0.

Orciona cnenyert, 4To npu 7 > 0 TPAEKTOPUSIMU CHCTEMBI CJIy»KaT CIIHpaJIH,
JIBHXKEHWE 110 KOTOPbIM HMJAET MPOTHB 4acOBOM CTpesiku, npudyeMm mpu a < 0
cniupanu 3akpyuusaiorcss Bokpyr (0,0) mpu t — +o00, a npu a > 0 crnupanu
packpyuusatorcst BOKpyr (0,0) npu t — +o00. A

Ilpu ucciemoBanum moBeldeHHs] (PA30BBIX TPaAEKTOpHH Ha Bcel (Hba30BOM
ILJIOCKOCTH HEOOXOQ¥MMO HAXOAUTH HE TOJBKO IIOJIOXKEHUS] PABHOBECHSI CHCTEMBI,
HO ¥ IpeJeJIbHble LUKJIBI.

OTKYyJda HaXO4uM

IIPUMEP 2. UccnemoBaTh mpu Bcex 3HAUEHHUSX BEIIECTBEHHOrO IapaMeTpa a
noBeieHHe (HA30BBIX TPAEKTOPHUI Ha Bcell (pa30BOI MIIOCKOCTU AJIsl CHCTEMBI

i =—y+az(z?+y?-1),
y=z+ay(z®+y2-1).

A Tlpu a = 0 uMeeM JMHEHHYIO CHCTEMY, JJIsi KOTOPON HAYa/0 KOOPAMHAT
asaserca uenTpoM. Ilycts a # 0. ITocte nepexofa K MOJISIPHBIM KOOPAHMHATAM
z(t) = r(t) cos p(t), y(t) = r(t) sin p(t) nomyyaem cucreMy ypasHeHwui

{ 7 =ar(r? —1),

rY =T.

r = 0 maer nosoxxenue pasHoBecusi (0,0), a r = 1 saBasiercsa pewenuem. Ipu
r > 0, r # 1, TpaekTopusamu sBisitorcs cnupand. Ecn a < 0, To 7 > 0 npu
0 < 7 < 1 4, 3HAYUT CNHpPAJIM PACKPYUUBAIOTCA BOKPYT 7 = 0 MPOTUB 4aCOBOIX
CTPEeJKH npu t — +00 U CTPEMATCS U3HYTPH K oKpykHOocTH 7 = 1. [Ipua < Om
r > 1 umeem 7 < 0. CriupaJjii IPOTHB YaCOBON CTPEJIKH U3BHE HaKPY4HBAIOTCS
Ha OKPY>KHOCTb 7 = 1 nipu ¢ = +00. Takum 06pa3om, npu a < 0 OKpPyKHOCTH
r = 1 gBAdeTCs yCTOWYUBBIM IIPENEbHBIM IIUKJIOM.
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Ecmu a > 0, To mpu 0 < 7 < 1 cnmpanu 3akpy4yuBatoTcsi BOKpyr r = 0
npu t = 400, a pu 7 > 1 cnupaNu PaCKPy4YHUBAIOTCS BOKPYT' OKPY>KHOCTH
npu t — 400 MPOTUB YaCOBOM CTPEJIKH, TaK KakK ¢ — +00 mpu t — +oo. B
3TOM CJIy4dae OKPYKHOCTb 7 = 1 SIBJISIeTCSI HEyCTOUYUBBIM IPEJeIbHBIM IHKJIOM
CHCTEMBI. A

WccnenoBarh mpH Bcex 3HAUEHHsIX BELIECTBEHHOrO MapaMeTpa a IoBefe-
Hue (pa3oBBIX TpaeKTOpui B OKpecTHOCTU mosioxkeHusi pasHoecus (0,0) mas
cucrem (1—11):

1 {:i‘=—-2y+a:1:\/m2+y2, 2 { & =y+az(z? +y?),

U = 2z + ay+/12? + 2. y = -z +ay(z® + 7).

3. z =4y + az+\/1? + 2, " & = =3y + az(z? + v?)?,
Yy = —4z + ay/z% + y2. Y = 3z + ay(z? + y?)2.
5. i =2y + az(z? + y?)?, 6. & = —ay + z(z? + y?),
Y = =2z + ay(z? + y?)2. ¥ = az + y(z% + y?).
7. z= _y_a'my2a 8. = ‘a-’By ’
y—:z+a:1:y =—x+azy
=—:1:+2—a,, = —a+x+2,
9. y 2y ) 0. y( y)z
117 +y —a). =—z(—a+x +y)

1. | E= @ +yP+ad),
| ¥ = z(z? + y? + a?).

HMccremoBaTh mpu Bcex 3HAYEHHSIX BELIECTBEHHOTO IIapaMeTpa & IOBEJEeHHE
¢da3oBbIX TpaekTopuit Ha Beelt da3oBoi miockocTu s cucrem (12—21):

12 T =y+az(z? +y? - 2),
"\ y=—-z+ay(z®+y%-2).

13 T =-2y+az(/22+y%?-1)(2 - /22
") y=22+ay(\/22+ 42 —1)2—\/x2+y
14 & =2y +az(l — /22 +42)(2 \/x2—2,
) y=-2z+ay(l — /22 +942)(2 — /22 + y?).
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z=—ay+ /22 +y? - sin ———— \/_
Y =az +y\/z? + 92 sin ——— Ny

T=[-y+ az(z? 4+ y% — 1)](:n +92 1),

Y= [z +ay(z? +y? — 1)](z? + y2 - 1).

& = 2y + az+/z2 + y2 - sin®
= —22 + ay\/z2 + y2 - sin?

Jv=[y+aa:(x2+y2—-2)](x + 9% - 2),
¥ =[-z+ay(z® +y* - 2)](z* +y* - 2).

15.
16.

17.

Ve
VA
18.

10 &= —ay+ z(z? + 3% - 2),
) v =az +y(z? + 9% - 2).

z=—ay+ z(/z2 +y% - 1),
¥y =az +y(v/z2 + 92— 1).
i =—y+az(y/22 +y2 - 1)
=2z +ay(/z2 +y% - 1)%

Ha Bceit $a30Boii 10CKOCTH HAPHUCOBATH CXeMATHYECKU (Ha30Bble TPACKTOPUH
cucreM (22—45):

20.

—N— N /N —A— N —AN—

21.

R 3 .= 3
22. {5 23. { 7%

y=y. Y=~y
24. ¢ 7T H 25. { TTF

y=y° y=-y

r = r = —2
26. {{c 9, 97, {ﬂf zwy(zﬂr +v°),

Yy =z°+y-. Yy=z°+y°.

. — —2 L
28, | £=20 v 29. { T

Y =y(r —y°) Y=y

i:=y, x=y2,
30. : 5 31.

y=-—2z Y =2zy.
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32.

34.

36.

38.

40.

42.

44.

&=y’ 33. | T=e+l

Y= —zy. Y= —zTy.

z =sinz, T=u,

. 35. .o

9 = yCos T. 7 =1y — 1y

. 2 .= 2

Y=y —Zmy, y=z° +y°.
=, 39. { PTW

y =z +y°. y = 32°.

z =./z, 4l i =1y? + 2zy — 22,
¥ =7 C ) g=a 42y — ot
i = 3z% — ¢4, 43 T = 2zy,

y = zy. S| v=z+ 22

z = zxeY, 45. & = z(y — z?),

y = yev 9 =y(y - z°)

OTseTh K 3agauam § 14

1. IIpu a = 0 Havaso koopauHaT — ueHTp. Ilpu a < 0 cnupasnu npoTus

3.

4.

4acoBOM CTpesiku 3akpyuusatorcs Bokpyr (0,0), a mpu a > 0 onm pac-
kpyuuatrcs or (0,0) npu t — +o00.

(0,0) — uenTp npu a = 0. IIpu a < 0 cnupasu o 4aCOBOU CTPEJIKE 3aKPY-
yuBatoTcsa BokpyT (0,0) npu ¢t — 400, a npu @ > 0 OHU PACKPYIUBAIOTCS
or (0,0) npu t — +o0.

(0,0) — uentp npu a = 0. IIpu a < 0 cnupasyu Mo YaCoBOM CTPEJIKE 3aKPY-
yuBatoTcst BOkpyT (0,0) npu t — 400, a npu a > 0 OHU PaCKPyUUBAIOTCS
or (0,0) mpu t — +o0.

(0,0) — uentp npu a = 0. [Tpu a < 0 cnupa/Id MPOTHB YACOBOH CTPESIKH
3akpyuuBatorcss BOKpyr (0,0) npu t — +o00, a npu a > 0 OHE PACKPYy4H-
Batorcst ot (0,0) mpu t — +o0.
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5. (0,0) — uenTp npu a = 0. IIpu a < 0 cipasm 10 YacoBO# CTPeJIKe 3aKpy-
ymusatorcs Bokpyr (0,0) npu ¢t — +00, a npu @ > 0 OHM paCKpyUHBAIOTCS
or (0,0) npu t = +o0.

6. IIpu a = 0 TpaexTOpPUSIMHU SIBJISIOTCS PAAUAVIbHBIE JIY4YH, [0 KOTOPHIM
nerxxeHnue HampasseHo ot (0,0) mpu t — +o00. IIpu a < 0 cnupanu no
4acoBo#l cTpesike packpyuuBatorcs BOkpyr (0,0) mpu t — +o00, a mpu
a > 0 onu packpyuusatorcst BoKpyr (0,0) npu t — +00 npoTHB 4acoBOR
CTPEJIKH.

7. (0,0) — uentp npu a = 0. IIpu a # 0 (0,0) — mosoxxeHue paBHOBeCHsI U
ary = —1 — JIMHUS OJIOXKEHUH PABHOBECHs, SIBJISIOMIASICS TPAeKTOPHEH.
OcrasbHbIe TPAEKTOPUH — OKPYXKHOCTH B oKpectHoctH (0,0).

8. (0,0) — uentp npu a = 0. IIpu a # 0 (0,0) — nonoKeHUe paBHOBECUs U
azy = 1 — JIMHHUA TIOJOXKEHWH PABHOBECHUS, SIBJISIOLIASACA TPAEKTOPHEIL.
OcranpHble TPAEKTOPHH — OKpPY»HOCTH B okpectHocTH (0,0).

9. (0,0) — mosnoxxenue paBHOBecHs NpH JOObIX a u T2 + y?2 = a — nuHUA
MOJIO>KEHUN paBHOBeCHs, SIBJISIIOLIasicsl TpaekTopuel, npu a > 0. Ipyrue
TPAEKTOPHUY NPEACTABJSIOT co0O0M OKPYXKHOCTH IIPH BCEX a.

10. (0,0) — mono)xeHue paBHOBECHS NPH BCEX a. TPaeKTOPHU MPeNCTABIIS-
10T coboii OKpy>kHocTH mpu Bcex a. Ilpu a > 0 z2 + y?2 = a aBnserca
TPaeKTOpHeH, BCe TOUKHM KOTOPOH SIBJISIIOTCS IMOJIOXKEHUSIMYE PaBHOBECHS.

11. IIpu aw6eix a (0,0) sBisieTcs MONOXKEHHEM DAaBHOBECHS, a TPAECKTOPHUH
NPeaCTaBJsIOT cob0M OKPY>KHOCTH C HAIpaBJIeHHeM 00X0fa IPOTUB YaCo-
BOW CTpPEJIKU.

12. (0,0) — wmenrp npu @ = 0. IIpu @ # 0 TpaeKTOpHUSMU SIBJISIOTCS CIU-
paJii C HampaBJieHHEM [BUIKEHHs 110 9aCOBOH CTpejKe mpu t — +00.
OkpyxHocTb z2 + Y2 = 2 — ycToiuMBbI NIpeAebHbIN UMK npH a < 0 u
HEYCTONYMBBIN NpeJeNbHBIN MUK mpu a > 0.

13. (0,0) — wenrp npu a = 0. IIpu a # 0 TpaekTOpUH — CNUPAIH C HAaIPaB-
JIEHHeM JBHXKEHHs IPOTHUB YaCOBOM CTpeNIKU npu t — +00. OKpyKHOCTH
z? + y2 = 1 — npenenbHBII LUKJ, KOTOPHI fBJIAETCA HEYCTOWYHBBIM
npu a > 0 u nonyycrouuseiM 1pu a < 0. OkpyxHocTs 22 + ¢y = 2 —
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14.

15. OkpyxHoctu z2 + y? =

16.

17.

18.

19.

[IpeJesbHBIN I[UKJI, KOTOPLIN fABJIsAETCA ycTOH4YuBbIM Ipu a > 0 u mouay-
ycroityuBbIM npu a < 0.

(0,0) — uentp npu a = 0. [Ipu a # 0 TpaekTopuu — CHUpPAIM C Ha-
IIPaBJIeHUEM JABHKEHHsI 110 4acOoBOi cTpesike npu ¢ — +00.. OKpyKHOCTD
z? + y2 = 1 — npenenbHBIN LUKJ, KOTOpPBIH ycTOH4YUBBIY Ipu a > 0 u
HeycToduuBellt mpu ¢ < 0. OxpykHOCTBH z? + y2 = 2 — mpenebHbIN
IIMKJI, KOTOPBIX HeycToiuuBbIfl Ipu a > 0 u nonyycroituussiit npu a < 0.
0 € N, ciyxar npu a # 0 npenesbHbIMU
OUKJIAMHU, IPHYEM OHHU YCTONYUBLI DU HEYeTHOM 11 € N U HEYCTON4UBbI
npu dernoM n € N. Havamno xoopaunar (0,0) — nosioxkeHue paBHOBeCHs.
OcranbHble TpaekTOpHYU Npu a # 0 coMpasu, 0 KOTOPHIM ABHXKEHHE HAET
IIPOTHB 4aCOBOM cTpesiku Impyu a > 0 u 1o 4acoBoit crpeske npu a < 0.

(0,0) — nentp npu a = 0. Ilpu a # 0 oxpyxHocTh z2 + y? = 1 ABna-
€TCsl TIOJIyyCTOWYUBBIM NPENEbHBIM HUKJIOM. TpaekTopum — crnupaJd,
10 KOTOPBIM JABHXKEHHE HJET II0 YacOBOM CTPEJIKe, €CJIH OHH HAaXOASTCS
BHYTpH Kpyra 22 4+y2 < 1, ¥ 10 KOTOPHLIM JBHIKEHYe UAeT IPOTHB JacOBOM
CTpeJIKM, ecli OHM HaxonaTcs BHe kpyra z2 + y? < 1. Touka (0,0) —
TIOJIO’KEHHE PABHOBECHSI.

(0,0) — nenrp npu a = 0. Ipu a # 0 oxpyxHocTH T2 + Y2 = %, neEN,
CIIy2KAT MPeNesIbHBIMU [UKJIAMU, KOTOPhIE SBJISIIOTCS l'IOJIyyCTC',)lﬁ‘-II/IBbIMI/I,
a (0,0) — monoxkenune pasHoBecusi. TPaeKTOPHUSMU SBJISIIOTCS CIIUPAIH C
HAIPABJIEHUEM [BY)KEHHsI [IPOTUB YaCOBOW CTPEJIKHU NpH t — +00.

(0,0) — uentp npu a = 0. IIpu a # 0 Touxka (0,0) — monoXKEHHE paBHOBE-
CHSl ¥ OKPYXHOCTb I2 + y? = 2 ABJIAETCA MOJYYCTONYMBLIM MPeJETbHBIM
nukaoM. TpaekTopuu — cnupajy, 10 KOTOPBIM JABHMXKEHHE HJeT I0 Ja-
COBO# CTpeJIKe, €CJIH OHM HaXOUOATCA BHYTPH Kpyra 2 +y?2 < 2, umo
KOTOPBIM JBH)KEHHE HUIET NPOTHB YaCOBON CTPEJIKH, eCJI OHU HAXOASATCH
BHe Kpyra z2 + y2 < 2.

(0,0) — monoxenue pasHOBecusi npu Bcex a. IIpu a # 0 OKpY>KHOCTb
12442 = 2 — HeyCTONYUBEIN NpeAeNbHbIH UK. TpaekTOpH: — CIHpaJH,
II0 KOTOPHIM ABHXKEHHE HIET NPOTHB YacOBON cTpesku npu a > 0 u mo
4acoBoit cTpesike mpu a < 0.
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20. (0,0) — mosoxkeHue paBHOBecusi mpu Bcex a. Ilpu a # 0 oxkpyxHOCTH
z?+y? = 1 — HeyCTOHYMBLIA MpeJebHbIH UK. TpaekTopuu — crupasiy,
[0 KOTOPBIM JBUKEHHE UIET NMPOTHB YACOBON CTpENKH npu ¢ > 0 u 1o
4acoBoit cTpesike npu a < 0.

21. (0,0) — uentp npu a = 0. IIpu a # 0 Touka (0,0) — monoxKeHUue paBHO-
BECUA U OKPY2KHOCTH z? + y2 = 1 — nosyycTo#YHNBbIi NpeaesbHBIA UK.
TpaekTopuy — Cnupa/iu C ABHXKEHHUEM 110 HUM IIPOTHUB YaCOBOH CTPEJIKH
npu t — +00.

§ 15. YcroitunBocTs no JIAnmyHOBY NMOJIOXKEHMIT paBHOBeCHs

ITycTs B obsactu {2 eBKIMIOBA MPOCTPAHCTBA R} 33/laHa aBTOHOMHAs CHCTEMA
YPaBHEHUH

i(t) = f(z),
rae f(z) — HenpepsiBHO auddepeHuupyeMas B §) BeKTOP-DYHKIHS C N KOM-
noHeHTaMu, u nyctb O € () sBJIsIeTCS MOJOXKEHUeM PAaBHOBECHsI ABTOHOMHOM

cucrembl. PaznoxuMm f(z) B okpecrHoct z = 0 mo dopmysne Teitnopa ¢ ocra-
TOYHBIM wieHoM B ¢popme ITeano

f(z) = Az + o(|z]),

rae MaTpuLa

0f:(0)
Oz;

JlunefiHass aBTOHOMHAsl CHCTEMA

A=| Vi =T, ollzl) =0, |z] = \/z2 + -+ a2 = 0.

Tz = Az

Ha3bIBAETCs JIuHeapu3auuei cucreMsl z(t) = f(z) B Touke z = 0 wiu cucremMoit
nepsoro npubsuxenus s £(t) = f(z).

W3 reopem JIsimyHoBa ciiefiyeT, 4TO B CJIy4dae, KOTa Bce COGCTBEHHbIE 3HAUE-
HUA A MMEIOT OTPUIATEbHbIE BEIIECTBEHHbIE YacTH, £ = 0 sIBJISIeTCS ACUMIITO-
THYECKM YCTONYHBBIM IIOJIOKEHUEM paBHOBecusi Jyisi cucreMsl £ = f(z). Ecm
’Ke X0Ts ObI 0OqHO cOOCTBEeHHOE 3HaUYeHNe A MMeeT MOJIOXKUTEJIbHYI0 BeIeCTBEH-
HYIO 9aCTb, TO £ = ( sIBJIseTCSI HEYCTONYUBBHIM IIOJIOXKEHHEM DAaBHOBECHS AJIsI
cucreMmsl £ = f(z).
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Jna snuHefiHON aBTOHOMHOM cHCTeMbl ¥ = Az 3TH Pe3ysbTaThl MOXKHO
YTOYHUTb.

ITPUMEP 1. UccrnenoBaTh yCTONYHBOCTD TOJIOKEHUN PABHOBECHS C MTOMOIIBIO
CHCTeMBbl IIepBOr'0 NPHUOJIMIKEHUST aBTOHOMHOM CHCTEMBI

& =1-2z—1y?
y=e 4 1.

A Haiinem cHavasia MOJIOXKEHWA PaBHOBECUsI CHCTeMbI. JIjist 3TOro HeobXoquMo
PEeLIUTbL CUCTEMY YPaBHEHUMN

1-2z—94%2=0,
e _1=0.

ITonyuaem nBa nosoxxenusi pasuosecust: (0,1) u (0, —1).

HUccnenyem ycroituuBocth mosozkenusi pasaosecusi (0,1). C aToit uenbio B
ABTOHOMHO} CHUCTEMe ClejlaeM 3aMeHy y — 1 = y; ¥ IpaBble YacTH IOIydeH-
HO# cucTembl paszsioxkum 1mo dopmyse Teinopa B okpecrnoctu Touku (0,0),
ABJIAIOIIENCS MTOJIOXKEHUEM paBHOBECHSI HOBOI cucreMbl. VimeeM

t=1-2z—(1+y)?= -2z -2y — v,
71 = —4z + o(z).

Matpuua
-2 =2
-4 0
uMeeT cobcTBeHHbIE 3HauUeHUs A} = 2, A9 = —4. CiyienoBaTeIbHO, MOJIOXKEHUE

pasuosecus (0, 1) siBjisieTcst HEYCTOWYMBBIM.

Jluist ucciie1oBanysi yCTORYMBOCTY BTOPOTO 10JI0XKeHus1 pasHosecust (0, —1)
B 33JaHHOI1 cucTeMe caesiaem 3ameny y+ 1 = y;. Torga Touka (0, —1) mepeiiger
B TouKy (0,0) u moxHo B okpectHoctu (0,0) pasnoxurs no dhopmyse Teiopa
IIpaBble YaCTU HOBOM cucreMsl. [lomydaem

g=1-2z— (y1 — 1) = =22 + 2y; — ¢2,
71 = —4z + o(z).
Marpuua

-2 2
-4 0
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uMeeT cOBCTBeHHbIE 3Ha4eHust \; = —1+1v/7, Ay = —1—4+/7. CrnenoBarensHo,
nosoxxenue paBHosecusi (0, —1) siBisieTCs] aCUMIOTOTHYECKYN YCTOXYMUBBIM. A

B Tex wiyuasix, KOrja BelleCTBEHHble JaCTH BCeX COOCTBEHHBIX 3HAYEHUIA
MaTpUlpl A HEMOJOXKUTEJbHBI, NPpUYeM XOTs Obl 0OHO COOCTBEHHOE 3HaueHHe
A UMeeT BelleCTBeHHYIO YaCTb PABHYIO HYJIIO, HCCIENOBAHHE YCTOWYHBOCTH T10-
JIOKEHHII paBHOBECHUS HEJIMHEHHOM aBTOHOMHOM CHUCTEMBI C MOMOLIbLIO CUCTEMBI
1IepBOro NpuOJIMXKEHNs, KaK IIPABHJIO HEBO3MOXKHO, TaK KAK HAYUHAIOT BJIUATH
HeJIMHENHbIe WiIeHbl. B Takux ciIydasix HCIosb3yIoT MeTol dpyHKuwmit JIsnyHosa
(sropoit Merog JIsimyHOBa).

IIPUMEP 2. UccnenoBaTb yCTONYHUBOCTD MOJIOXKEHUI PAaBHOBECHS aBTOHOMHOM
CHCTEMBI

i =—z+y?

y=-zy—y°

A EauncTBeHHBIM MOJIOXKEHHEM paBHOBecusi siBisiercs: Touka (0,0). B sTom
Cliydae MaTpHULa
-1 0
00

He [O3BOJISIET BOCIIOIB30BaThCA TeopeMoit JIsnmyHoBa 06 yCTONYMBOCTH IO mep-
Bomy npubsmkenuto. I[Ipumenum Bropoit metox JlamynoBa. Ecim B3saTH B Ka-
vecrBe dpynkuuu JIsnyrnosa byrkmmo V(z,y) = 22 + y?, To ee npowssonnas
B CHJIy aBTOHOMHOH CHUCTEMBI
V() = 2z 492 + S (~ay ~ %) = 2a(-2 +4) + 2u(-ay — 1) =
T Oy
= -2(2” +3*) <0,

npuyem V(zr,y) = 0 qumws npu z = y = 0. ITo Teopeme JIamyHoBa orcioaa
cneayer, uro To4ka (0,0) ABJISIETCS ACHMITOTHYECKH YCTOXYMBBIM II0JI0XKEHHEM
PABHOBECHSI CHUCTEMBI. A

HccnenoBaTh yCTONYHBOCTD IOJIOXKEHUH DABHOBECHSI C IOMOLIBIO CHCTEMBI
nepsoro npubsiuxenus: (1—15):

z=-3+2z+y, 9 i =1z2—y,

1. y = arctg (zy). y=In(322 — 1) — In2.
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. 2 .
z=4-2z(3y+2) - 9y°, & = 23y + 12,
3. . 1+z 4. . 3
y=In . y=In(z’+y) - 3y.
1-2z

fi‘——Sh(E—'y),

5 = e2zytaty _ 1

6.i+%=1In(l-3z+2z%—1).

2 i =5z — 8y + 3,
; 8.

T—y 7
- 2. y=In-.

T =
7 .
y=x2+

R T

9 9 = arccos (z — z3) — —. y = arctg —.
2 Yy

. !.ILS 2
r=e2 +y°—3,

z =In(z +vy), A
y = 4arctg —.
Y5

11
y=z3+y3 -1

12.

. 2_
I =e% 2y _ 621:,

13 14. 7 4+c+1=V1+z+22 -1

) = —x — 2y — 9.
i =2z —y—1z?

y=+1+4y— /14 2z+2y2.

16. Ilpu xakux 3HAYEHHUSIX BEUIECTBEHHOrO IapaMeTpa ¢ CHCTeMa

15

{a’v=e2”+2y+x, =€V +y?-3,

T =-z+ ay,
y=z-y.

MMeeT aCHUMIITOTHYECKU yCTORYMBOe mosnoxeHue paeHosecust (0,0)7

17. Ilpu xakux 3HAYEHHUSIX BEUIECTBEHHBIX [apaMeTpoB a u b cucrema

T = az + by,
y = bz + ay.

uMeer ycroiyusoe no JIsmyHoBy mnosoxxenue pasHosecusi (0,0)?

HccnenoBars ycroiunBocts nosoxkenusi papHosecusi (0,0,0) mast auHEHHBIX
cucrem (18—27):
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18.

20.

22.

24.

—NN— —— —— ——

26.

C nomompio dyukuuu Jlanynosa suga V(z,y) = ax?+by? uccienosars ycrToii-

T =2z — 3y,

y =1z — 2z, 19.
z=—-y+ 2z

T = 3z + 2z,

Y=+ 2y+z, 21.
z=—-T—y.

T=y-z,

Yy =-—y+2, 23.
Z=T— 2z

T =Tz — 10y — 4z,

y =4z — Ty — 4z, 25.

z=—6x+ Ty + 2.

T = =3z 4+ 2y + 2z,

y=-3T—y+2z, 27.

z=—z+2y.

T =-2z+vy,
y =3z — 2,

z =4y — 2z.
T =—-z—4y,
y=z—-y+z,
z =3y — z.

=3z —8y+ =z,
y=z—-2y+z
z =3z — 12y — bz.

=Tz —4y + z,
y="Tr -3y + 2,
z =4z — 2y + 2z.

T=-z+ 2z,
Z]=“y*z,
z=y— 2.

yusocTb Touku (0,0) 115t aBTOHOMHBIX cucTeM (28—36):

28, {

"
"
"

{

36.

37. PaccMoTpuMm ypaBHeHUA I =
HEKOTODBbIX MEXaHHYECKHUX CUCTeM. 31eck = = (z1,...,Z,) u V(z) — no-

=2y —z3,
=1 -y 29.{
W a2
rETETYS 31.
y=zy— Y.
: 2
= —-ry,

33.
y = —4zy? — 213 {
& =2y + 23, 35
y=—z+y )
& = —42%y — 223,
y=—z%y

i =y — 223,

y = —2x — g3
& = —zy?,
y=—y—2z%y.
j:::p—y2,
y=ay+y’
T = —y 4+ 223,
¥ =2z + 9>

—grad V(z), omuchiBarouye ABUXKEHHUE
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TeHUUAJIbHAS SHEPIusl MEXaHUYECKONU CHUCTEMBbl, UMEIoIIas MUHUMYM IIpU
z = 0. Baas V(z) B kauecrBe dysxuuu JIsnyHoBa, noka3aTs, yro = 0
SIBJISIETCSL YCTOMYMBBLIM [OJIO’KEHHEM DABHOBECHA CHCTEMBI.

38. Tlokazars, uTo ecnu Gynkuus Jlanynosa V(z), ¢ = (z1,...,Tn) WId

ABTOHOMHOH cucTeMbl © = f() OompezesnsieT aCHMITOTHYECKH YCTOMYH-
Boe mosioxkenue pasHoBecua z = 0, To V(z) miusa cucrembl £ = —f(z)
ornpejessieT HeyCTONuKMBOe ToJIoKenne paBHoBecus x = 0.

39. Ilycte A — MaTpuua KBaApaTHYHON (POPMBI B N-MEPHOM BeLIECTBEH-

HOM eBkJimmoBoM mpocrpaHcree. C mnomowpio dyHkuun JlanyHosa
n

V(z) = Y 2? nokasatb, uto o = 0 ans cucrembl & = Az sBisercs

=1
ACUMIITOTUYECKHU yCTOfI‘IHBbIM IIOJIOKEHUEM paBHOBECHdA, €C/IN KBaapa-

TU4HAs pOopMa OTPULIATENHLHO onpeeseHHasd, u ¢ = 0 siBjIeTCsa HeyCTOM-
YUBBLIM TOJIOXKEHUEM PABHOBECHSs, €CJIM KBaJpaTwdHas (opMa IHOIOXKH-
TEJIbHO OIpeJie/IeHHAS.

OtTBeTsl K 3amayam § 15

3
(0,3) u (-2—,0 — HeyCTOHYMBBIE TIOJIOXKEHNST PABHOBECHSI.

(1,1) u (—1,1) — HeycTOKUMBBIE [IOJI0KEHUSI PABHOBECHUS.

2
(0, — | — aCHMITOTHYECKH yCTOfﬁ[‘{HBO(—,‘ IIOJIO’KEHHE DaBHOBECHd,

3

(0, ~§> — HEeyCTONYMBOE I0JIOXKEHNE PaBHOBECHUS.

(1,0) — meycToiiurBOE MOJIOXKEHUE PABHOBECHUS.
(0,0) u (—1,—1) — HeycTOWYMBBIE [OJIOYKEHUSI PABHOBECHUS.

(0,0) — acUMITOTHYECKH YCTONIMBOE [10JIOKEHHE PABHOBECHH,
(3,0) — HeycTOWYUBOE MOJIOKEHUE PABHOBECHS.

(1,1) u (1, —1) — HeycroityuBble HOJOXKEHUSI PABHOBECHS.
(1,1) — meycToit4MBOE MOJIOXKEHUE PABHOBECHS.

(=1,1) — nHeycToitunBOE IOI0KEHNE PABHOBECHUS.
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10. (0, —v/2) — aCUMITOTHYECKH YCTOMYMBOE MOJOXEHHe PABHOBECHSI,
(0,/2) — HeycToMUMBOE MOIOXKEHHE PABHOBECHS.

11. (0,1) u (1,0) — HeycTONYIMBbIE [TOTIOXKEHHUS] PABHOBECHSI.

12. (0,v/2) u (0, —V/2) — HeyCTOH4HMBLIE TIOJIOKEHHsI PABHOBECHSL.

13. (0,0) — acuMOTOTHYECKH YCTOHYHBOE IOJIO’KEHHE PABHOBECHS,
(1, —1) — HeycTOYMBOE NOJIOXKEHNE PABHOBECHS.

14. (0,0) — HeycTONYMBOE IOJIOXKEHHE PABHOBECHS,
(1,0) — acMUMOTOTHYECKH YCTONYHMBOE IOJIOXKEHUE PaBHOBECHSI.

15. (0,0) u (1,1) — HeycTO!YHMBbIE NOJIOXKEHUSI PABHOBECHSI.

16. a < 1. 17.a + b < 0.

18. Heycroituugoe. 19. AcuMOTOTHYECKH yCTOHYHBOE.
20. Heycroityusoe. 21. AcUMOTOTHYECKH yCTOMYHUBOE.
22. Ycroituupoe. 23. ACUMOTOTHYECKH YCTOHYHBOE.
24. Heycroituusoe. 25. Heycroituusoe.

26. AcMMNTOTHYECKH yCTOMYMBOE. 27. AcUMNITOTHYECKH yCTONYHBOE.
28. AcumnroTuyecku ycToOHUYHBOE. 29. AcUMITOTHYECKM YCTOWYHBOE.
30. ¥Ycroituusoe. 31. Ycroitausoe.

32. ¥Ycroituusoe. 33. Heycroiuusoe.

34. Heycroituusoe. 35. Heycroituusoe.

36. Ycroituusoe.

§ 16. IlepBrie uaTErpaJIbl

Ilycts 3amana aBToHOMHas cucreMa © = f(z), rae f(z) — HempepbiBHO aud-
¢depennupyemasi BeKTOP-pYHKIHs C . KOMIOHEHTaMH fi(z),..., fn(z) B HEKo-
Topoit obsactu G eBKIKMAOBa NpocTpaHcTBa R ¢ 1eKapTOBBIMH NPSIMOYTO/Ib-
HBIMH KOODJMHATAMH I1,Z2,...,Ln.
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Jist Toro, urobsl HenpepsiBHO Auddepenuupyemas dyukuus u(z), z € G,
Obli1a IEPBBIM UHTErPAJIOM CUCTEMBI £ = f(Z), HEO6XOAUMO H ,noc"raTquo 9TO-

Obl ee mpou3BogHasi B cuity cucreMbl u(z) = (grad u(z), f(z)) = Z fi

=0 B obsractu G.

ITepBrle uHTErpanbl u;(z),...,ur(z), 1 < k < n, aBTOHOMHOH CHUCTeMbI
Ha3bIBAIOTCs He3aBUCUMBbIME B obsiactu Go C G, eciin paHr MaTpuus! SIkobu
Ou;(z) —_

3.’13 7

paBeH k nJist Bcex Touek z € Gy.

3nas k (1 € k < n) He3aBUCHMBIX NIEpBLIX HMHTErpayioB B G, MOXHO B
obsactu G NOHU3UTH NOPSZOK ABTOHOMHOM CHCTeMBI 10 (n—Kk), YTO N03BOJISET
Ju60 HAWTU pellleHHe HeJIMHEWHOW aBTOHOMHOM CHCTEMBI IpH 1 2> 2, Jubo BO
BCSIKOM CJIy4ae 0bJIerYuTh HaxOXKAEHHE pelleHUsi CUCTEMBI.

3HaHMe nepBoro mHTErpaja u(z) aBTOHOMHON CHCTEMBI IIpH N = 2 I03BO-
JIsleT HapUCOBAaTh IJI00ayibHBIA (ha30BbIi MOPTPET CHCTEMBb! Ha (Ha30BOH IIOC-
KOCTH, IIOCKOJIbKY KaXKJasl JIMHUsI ypOBHs1 (pyHKuuu u(z) sBisiercss obbenu-
HEHHEM HelepeceKarImuxcs (a30BbIX TpaekTopuit cucremsl. Kpome Toro, ¢
IOMOILBIO u(Z) MOXKHO ONPEESUTh LEHTD JJIsl HeJIMHEMHBIX aBTOHOMHBIX CH-
CTEM.

1

IIPUMEP 1. IIpoBeputsb, uto dbynkmus u(z,y,z) = —(z2 + 9>+ 2%) npu z # 0
z

SIBJISIETCsI TIEPBBIM HHTErPAJIOM CHUCTEMbI

T =2zx2,
Y = 2yz,

=22 —z2 -2

A JoctaTo4HO yCTaHOBUTB, 9TO U(Z,y,2) = 0 mpu z # 0. Umeem

2 2 2
. —y? - 2 22
2
= ;[z(a:?—y2—~22)+2y22+z(22—:1:2—~y2)] =0. A

1 .
IIPUMEP 2. Ilokasatb uro ¢yHkuuu u;(z,y,z) = ;(:c2 + y? + 2%,
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ug(z,y,2) = Y amnsorcs nesasucuMbIvU NepBLIMM MHTErpajiamu npu > 0,
z > 0 g1 aBTOHOMHO# CHCTeMBbI IpuMepa 1.
A CHauaJia IpOBEPYUM, YTO Up — IIEPBLIA HHTErpaJI cucTeMbl pumepa 1. me-
eM
. Y 1
uy =22z (—=5) +2yz— =0.
z x

Wrak, u1, ug — nepBble HHTErpasibl cucTeMbl npuMepa 1. OHU ABJISAIOTCS He3a-
pucuMbIMU 1ipy = > 0, z > 0, Tak Kak Marpuna fAxobu

w2 —y?—22 2y 22
2 T T

Y 1
- =0

2 x

umeeT paur 2 upu £ > 0, z > 0. B camom nene, npu > 0, z > 0 onpexnenuTesnb
U3 3JIEMEHTOB BTOPOrO U TPEThero cToibuoB MaTpuipl fAxkobu

2y 2z

T T 2z

T x| _ _**

1 = wQ#O. A
- 0

z

IIPUMEP 3. Haiias nepBblit HHTErpaJi, pemnTb cucrtemy npu z > 0, z > 0

2

= —x°,
U = zy — 222
y=uzy z°,
z=1zxz.

A TlepeMHOXasi KPECT-HAKPECT MEepPBOE M TPEThe YPABHEHHS, MOJIydyaeM 2i =
= —zz. OrbpacbiBas dt, HaxoauM oTCIoAa, 4to £z = C4. 3HauuT, u = Tz —
nepBblii uaTerpan. VI3 tperbero ypaBuenus Haxomum 2z = Cit + C,. Torga

T = m IloncraBisas HaiieHHbIE T, z BO BTOpPOE YpaBHEHHE CHCTEMBI,
nonyqaleM yp%,BHeHI/Ie O Y-
Cry
j= ——2 _ _2(Cit + Cy)2.
Yy Cit+ Cy (C1 2)

9To JUHelHOe ypaBHEHMe IIePBOro MOpsi/Ka, OOIIUM pelreHueM KOTOPOrO siB-
JISIeTCs

y = (Cit + C2)(Cs — C1t* — 2Cat). A
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ITPUMEP 4. Hailins nBa He3aBUCHMBIE II€PBble MHTEIPAJIbI CUCTEMBI, PEIIUTh
npu £ > 2 > 0, y > 0 cucremy

T = 2%+ 22,
y=y(m—z),
z=2x2.

A YMHOXasi KpeCT-HaKpeCT TepBoe U TpeThe ypaBHeHus u oTbpacbiBas df,
MOJIYYNM YPaBHEHUE

2z2dz = (22 + 2%)dz,

2 72
KOTOPO€e MOXKHO 3amnucaTh B Buge d [ — | = dz. Orcriona — — z = C4. 35auur,
z z
2
U] = -—— — Z — INEepBLI{l UHTErpaJl CUCTEMbI. BblYTeM M3 1MepBOro ypaBHEHHS
z
TpeTbe ypaBHEHUE U PACCMOTPUM IOJyUeHHOE ypaBHEHUWe CO BTOPLIM ypaBHe-

HueM cucteMmbl. MMeem
2

b

z—z2=(x—2)
y=ylz—2).
ITepeMHOXKasi KpecT-HAKPECT ITH JBa YPaBHEHWs, COKpamas Ha T — 2z # 0 u

orbpaceiBas dt, nonydaeMm yd(z — z) = (z — 2)dy. Orcroga z — z = Cay W,
x—z

3HAUUT, Uy = — MepBbIil MHTerpaJjl cucreMbl. MOXXHO IMPOBEPUTb, YTO

npu £ > z > 0, y > 0 nepBble UHTErPAJIbI U], Uy ABJISIOTCS HE3ABUCUMBIMHU.
MoncraBnsis © — z = Cyy BO BTOPOE ypaBHEHUE HUCXOMHON CHUCTEMBI, T10-

i 1 z—2z=Ch
ayuaem § = Coy?. Orciona y(t) = ————. U3 cucremsr ’
y y = Cay ma y(t) = &G {xQ—z2=Clz
Cy’ Cy’
HaxomuM z = —=———— g = Coy + —=—— TloncraBnss B 3T HOPMYJIbI
G =20y Wt G oGy ot dbopmy
BbIDaXKeHue it y(t), mosygaem, 4To
C3

z(t) =

Co(C1C5 — C1Cot — Cy)
(C3 — Cat)(C1C3 — C1Cot — 2C)

z(t) =

Haiins nepsblit mHTErpas, pemuts cucremsl (1—17) B yKa3aHHbIX 06J1aCTSAX:
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) z

1 {w—(x+y)2’ 2 {55:1'22%

. . R 5
y=—>——, (>0, y>0). y=zy", (z>0, y>0).
V=
. z? G = —

3.{ TT 4.4 Ty
y=uz, (x>0, y>0). y=_—- , (z>y>0)
oz

s {570 6. #=2m
y=.w_, (z>0, y>0) y=-cz+zy, (>0, z+y>1)

.z

7 {s’c=y—wy, TR
y=-y+azy, (y>0, $+y>1) ’y=m, (x>0, y>0).
. .1
r=-Y, r=—,

9. ¢ . 42 10. Yy
y=" (x>0, y>0, zy <2) y_y;, (z>0, y>0).
& = zy — z2,

11. Y =y?
2=22+2yz, (>0, y>0, 2>0).
i = y?, i =—12,

12. Y =yz, 13. { §=zy— 222,
z2=—22, (y>0, z>0). z =1z, (z >0).
T=1+z, i =(1-z)4,

14. { 7 =y2%e%, 15.{ 3= (z —1)3,
z2=(1+2)2 (y>0, z>-1). z=2%7Y, (z>1, z>0).
T =z(2y + 2), =1z —y?

16. y=ze* +vy, 17. { y =1y,
=—(2y+2), (z>0). t=z+y?+2z (y>0).

Ha#ins nBa He3aBUCHMBIE [IEPBbIe HHTETPAJIbl CUCTEMbI, PEIINTH CUCTeMBbl (18—
26) B yka3aHHBIX obnacTsax:
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i =z%y—uz, & =2z2—y?

18. ¢ y = —zy?, 19.{ 9=z,
z2=2, (>0, y>0, 2>0). z=-y, (y>2z>0).
T = z(z +y),

20. y'=—y($+y),

z=-z(z—-vy), (x>0, y>0, z>0).

T =z(y—2),
y=-y(y+2),
z2=2z2y+2), (>0, y>0, z>0).

21.

2

e s, e N g s,

T = z2°,
22' y=2y('y'—22),
s =—23, (>0, y>0, 2>0).
ra’:=wy, T =zz,
23. L 9=y, 24. { y=1z+yz,
| 2=zeV +2, (y>0). 2 =22, (2 >0).
( =z — 3z%22, i = z2,
25. ¥ = 3z2y%z, 26. { y=22%—zy— 2,
z=2z (>0, y>0, 2>0). 32 =1zz -2z (z>0).

27. C noMompio NepBoro uHTerpasa yOoeaAuTbCss B TOM, YTO TIOJIOXKEHHE PAB-
HoBecusi (0,0) sIBJISIETCSI LEHTPOM JJIsi CUCTEM

oy 2 —
a) T = Yy zy-, 6){1' -’By'*‘y,

y =z + %y, y=—zy? - z°.

OTtBeTn! K 3anauam § 16

Cy
1+Cl 1+

2. z=C(Cy - cht)—l, y=(Cy— 2Clt)-1.
3. £ = C1CreC1t, y = Crelrt.

t t
4..’1:=01(CI_1+02>, y=C]_1+C2.

1. z =

V2t+Co(1+Ch)2, y= \/2t+02(1+01)2
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]- —Chqt 1 Cit ].
5' = ! ~ = C ! + - -
’ C'12(5'2‘B * C\ v 2€ C1
6. z= G1-1 y=C — Cr—1
. (C1 —1)CoelC1— 1t 17 PTG = 1)CeelC- 1 1
7.2=C) - i1 Cy—1

(C1 — 1)Coel=C)t 4 1’ v= (C1 —1)Crel=C)t 4 1°

9 2
8. 2= [ +Cy y=C Cy.
TRt T VT T T

9. £=/C1 +Ceel, y= Cie_tv Ci + Cael.

2

C1
10. = O — 2C t, -
==VG =20k v = Ta—ry
11. z = 1 1 1
. —1+Cl(02_.t)’ y_C2_ta _—t"Cz-}-Cg(t—CQ){Z.
. c
. t C :Ct C’ =t
12. z = 301(01 +C)° +C3, y=Cit+Cy, 2 e
C1
. = = = t C Yo 2_ — t ’
201G, —Ctf __Gilt+ D) =Gy

14. z = —ln(02 - C1t), Yy =

2C1C4(Co—Cit)2—1" "~ Cp—Cit

15. z =14 C1(Cy — 3C$t )_% Yy = -—%ln(C’g —3C3t),
1

1 g.

16. z = Cie~ (21 “C”t"'a“'e”t), y = Coet — Cy, 2 = 2C) — Coet + Cze?

z =

17. z = C1Cae' — C2e?, y = Caetl, z = (Cat + Cs)e!

Cy ot Cr-gre —C1— G2t
18. z = a.¢ 1To¢ y=e TG 2= Cael.
3

19. z = 5[01 — Cy —sin2(t + Cs)], y = VCsin(t + C3),
Chcos (t+ Cs).
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20. :L‘—-\/ ctg\/Cl( 3-t y-—\/ tg\/Cl 3—t
Cy .
=2\/_sm2\/01(C’3~—t.

21. z 2\/61_sm2\/01 —t), y=+CitgVvCi(Cs—1),
z=/Cictg VCi(Cs - t).
1 1
22. £ =C1/C3 -2t y= =
z=Cv0s Y (C5 —2t)[Cy —In(C5 — 2t)]’ g Cs—2t

23. z = CleC'let, y = Cyet, z = C3et — C}.

1 G
24. z = Cit == - '
p=Cit+Csy=(Cit+C)(Cit+Co+ Go), 2= 5oy
C3et C'l + C??em
25. = = Cae'.
G Ciedt’ YT I Co(Ch + Cgeat) cae
26. 7= = y=Co(C1 —t) - C1 + - :

Ci—t -2 " " Ci—t (G-



lnaea b

ANOOEPEHLUAJIbHDIE YPABHEHUA
B YACTHbLIX NPOU3BOAHbIX
MEPBOIO NOPAAKA

§ 17. JIuneitHble OTHOPOJHBbIE YPAaBHEHUS

[ycts Q — Hemycras obyacTb mpocTpancTBa R3. Jluneltnoe 0HOpPOAHOE ypaB-
HEHME B YACTHBIX POM3BOAHBLIX [IEPBOro Mopsiaka B obsiactu () uMeeT BUA
ou ou ou
ai1(z,y,2)— +ax(z,y,2)— + a3(z,y,2)=— =0. 1
1( 3y )ax 2( y? )6y 3( ,J, )az ( )
B ypaBuenun (1) kosdduumentsr ai(z,y,z), az(z,y,z) u as(zr,y,z) —
3aJlaHHble HemnpephlBHO AuddepennupyeMble GyHKuuu B obsactu 2, a

u = u(z,y,z) — uckomasi HerpepbiBHO auddepenuupyemast B {2 dyHKuus.
ABTOHOMHASsI CHUCTEMa ypaBHEHMIA

T(t) = a’l(xayvz)a
y(t) = az(a:,y,z), (2)
2(t) = a3(z,y, 2)

HA3bIBAETCsSl XapPaKTEPUCTUYECKOH cucreMoit jyist ypasHenus (1). Utobwl pe-
muTh ypaBHeHue (1), HeobxoaMMO CHavyaja HAWTH [BA HE3ABUCHMBIX IEPBbIX
MHTErpajla XapakTepUCTUYecKoi cucrems! (2) ui(z,y,z), uz(z,y, z). Obmum
peuwenueM ypaBHeHust (1) Ha3biBaeTcs

U(l’,y,Z) = F[ul(z,y,z),u2(m, yaz)]v

rae Fluy,us] — npoussonbHasi HenpepbiBHO auddeperiupyemast GhyHKIHMs.

Eciu S obosnauaer 3ajaHHyIo ypasHenueM g(z,y, z) = 0 miaakyoo mosepx-
HOCTBb B obsactu 2 u ¢(z,y, z) — 3amaHHas Ha S IaaKas OYyHKIMSA, TO 3a4a9a
HAXOXKJIEHUsI pelieHust ypaBHeHus (1), y0BIETBOPSIONIEr0 HAYAIbHOMY yCIIO-
BUIO

uls = ¢(z,y, 2), (3)
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HasbIBaercs 3anadeit Komu uist ypaBrenus (1).
Yrobb pemnth 33na4y Komm (1), (3), Heo6X0AuMO U3 CHCTEMBI Y PABHEHUH

9(z,y,2) =0,
ul(:r,y,z) = Cla
uz(z,y,2) = Cs

BBIPA3UTD I, Y, Z YEPE3 U], Up ¥ NOACTABUThH HANJEHHbIE BRIPAXKEHUS U151 T, Y,
z B HaYaJIbHYI0 byHKIMIO (T, Yy, z). B Halinennoe TakuM o6pa3oM BbIpaXKeHue
suga ®(u1,us) noacrasusieM ui(z,y, 2) u uz(z,y, z). Torga dbyHkuus
u= Q[ul(x7 Y, z)v U2(.'II, Y, Z)]
ABJISIETCs UCKOMBIM penreHueM 3axaun Koum (1), (3).
IIpuMEP 1. Ilpu z > 0, z > 0 HaiiTu obiee pelieHre ypaBHEHUA
ou ou Ju
3ryz?— + 3y — — (22 +y2®)— =0
v g TG ( yz") 52
U PelIMThb JJIsl 9TOT0 ypaBHeHMs 3aaa4y Komu ¢ HadasIbHBIM YCIOBUEM U =
1
=zt 4 23 npu y = —.
T
/\ HaiineM He3aBHCHMBIE IIE€PBbl€ MHTErPAJbl XapaKTEPUCTUYECKON CHCTEMBI
IS 331aHHOTO YPaBHEHUS
&(t) = 3zyz?,
y(t) = 3y%2%,
#(t) = —(2z2 + y23).
[TepeMHOXUB KPECT-HAKPECT MEPBBIX [Ba YPABHEHUsI STOH CUCTEMBI, UMEEM
3y%2%i(t) = 3zy22y(t).
CokpaTuB Ha 3yz? u orbpocus dt, monyuaem

ydz = zdy.

Y
Orciona y = Ciz 4, 3HAUMT, U] = — — MEPBBIA UHTErpaJl.
T
[MoxcraBuB HajimeHHoe 3HaveHue y = (1T B NEPBOE U TPeThe yPaBHEHU:
XapaKTEPUCTUYECKON CHCTEMBbI, UMEEM

= 3011:222,
z = —(222% + C1223).
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[TepeMHOXasi KPeCT-HAKPECT 3TH yPAaBHEHUs, COKpalast Ha £ U oTOpachiBas
dt, monmydaem

—(2z + C12%)dz = 3C1z2%dz.

Monarast C,2° = t, orciona st t HAXOMUM JIMHEMHOE ypaBHEHHE NePBOro
OPsIIKA

dt t

— =_2_2

dz T

Co 3
o01uM perieHneM KoTroporo ciyxurt t = — — z. [loacraBnss Cpz° BmecTo t
x

u 2 Bmecro C, HAXOOUM elle OUH MepPBbIil MHTErpas up = z2 + yz°.
T

O6muM pelieHneM 33JJaHHOTO YPABHEHHUS sIBJISIETCST
u=F (g,m2 +yz3) ,
x

rae F(u1,us) — npousBosibHAs HenpephiBHO AuddepeHnupyeMast HyHKUHS.
Yrobs! pemuth 3agady Komm, paccMarpuBaeM CHCTEMY ypaBHEHMIM

13 3To# cucTeMbl ypaBHEeHMIT HaX0IUM, 4TO

R 2
:1:4 + :1:z3 = —.
U

CJIQL[OB&TEJII:HO, penieHueM 3a1a4u Koiuu siBiisiercst

3
x z
u=—(z?+y2®) = — + 225 A
Y Y
TIPUMEP 2. [Ipu z < 0, z > 0 HaiiTu obiuee peleHre ypaBHEHUs

6 ou
o (2wy+y)a—y—(z+2x z+yz)——
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U PEHINTH IJIs 3TOr0 ypaBHEeHUs 337a4y KoM ¢ HadallbHBIM YCJIOBHEM U =
opu 2z + yz = 0.
A CocraBiisieM XapaKTEPUCTHUYECKYIO CHCTEMY

8 i<

(t) = zy,
y(t) = 22%y + 4%,
#(t) = —(z + 2232 + y2).

ITepeMHOXas1 KpecT-HAKPECT NEPBbIE BA YPaBHEHHs] CHCTEMBI, COKpalas Ha Y
u orbpacbiBas dt, mosiydaeM JJisl Y JIMHEHHOE ypaBHEHHE NIEPBOrO MOPsSAKA

rdy = (223 + y)dz,

obumM pemeHneM KOToporo ssiserca y = Ciz + x3. 3Ha4uT, NepBbIM HHTE-

rpajioM gBJIA€TCA U] = -’!{ - x2.
T

1
YMHOKas1 IEPBOE yPABHEHWE XaPAKTEPUCTUYECKON CUCTEMBI Ha —, BTOPOE
Y

z
yPaBHEHME Ha, — U CKJIaJbIBasl II0Jy4EHHBbIE BbIPAXKEHHUs C TPETbUM yPaBHEHU-
€M, HaXOoJuM, ‘yro

z z, .

—+-y+2z=0.

vy oy
Or6paceiBas dt, orciona dz + zdy +ydz = 0 wiu dz +d(yz) = 0. CnenoBaress-
HO, £+yz = Cy, 3HAYUT, Ug = Z+Y2z — NEPBBIl HHTErpPaJsl XapaKTEPUCTHIECKOM
CHUCTEMBI.

O6muM pelreHueM 33JaHHOTO YPABHEHUS SIBJISIETCS

2
uzF(i—mQ,m-{—yz),
z

rae F(up,ug) — npousBosibHas HenpepblBHO Aud pepenHunpyemas dyHKUUS.
s pewennst 3anaun Kowmm cocraBisieM cucreMy ypaBHeHUi

2z +yz =0,

Y 2

U =—-——-x,
T

U = T + Yz

U3 3ol cucTeMbl HaXOAMM, YTO

¥
==y +u%.
z
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CnenoBaTenbHo, pellenueM 3aaadu Ko siBnsercs
u=%——x2+(m+yz)2=%-ﬁ—?myz-&-yzz?. A

Haiitu 0bmee pemeHne ypaBHEHUsI U PeUIUThb 33ady Ko ¢ yka3aHHBIM Ha-
qasbHBIM yotoBueM (1—100):

1. a:g—:— ;yg—z+(z+x4y2)g—z—0,u— 222;$2x2 npu zy = —1.

2. xZ—Z+(y+£)g—Z+2zg—:=0,u=yz;—l npu zz = 1.

3. Z—g—:——-2 zg—Z+(z2+2my—1)—g—Z=0,u=xy—%npnmy+22=1.
4 (m2+z)g—z+2(xy—mz3)g%+2mz%=0,u=%—22—2npnm2——z2=2.
5. g +yg—+z2(x—3y)%=0,u=§npu3yz=1.

6. (y+2z2)g—z-—2 2zgy-—i— 23:—0,u=£3——$3npny+zz+yz=0.
7. wy3%+x2222u + 43z _g_u =0, u=y* npu z2° = 1.

8. xgz+(a: +'y)gu+ g——O,u=1—xnpnm+y—z=0.

9. m(m+z)—§%+y(w—z)%—z(z+z)gz =0, u=z+ynpuz=1,2>0
10. 2y(a:—-y )3——(z—y )——-—4yzgﬁ—0 u=xy® upn z = 1.

ou

_=0,u=x2+y2npnz=l.
0z

0
11. x(x+y>a—2—y(m+y>£ —2(z —y)

12. w(y—-z)%—y(y+z)g—z+z(y+z)%§=0,u=y2——mnpnz=1.

0 0 0 2
13. 2z29% + 2yz—u + (222 +y)—u =0,u= ?y— pu y = 2.

oz Oy 0z
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14. (z+2x—2y)g—z+(z—2x+2y)g—z—22%3=O,u=zz4npua:+y=0.
9 2
15. wzéyx— —yzg—g + (m3y+m2)g—z =0,u= (g) npu y = .
16. (z—x+3y)%+(z+m—3y)3—§—2z%=0,u=47ynpuw=3y.
Ou ou Ou
17. z— + 2y— 2 — = =z3 =z
$8w+ yay+(my+z)az O,u=z’mpuz==x
ou Ou ou
18. zy— — 2% +yz 0 =0, u = =12+ 2
xyax way+yzaz Qu=zupuz=z°+y
ou ou Ou y\2 9
19. 2x$+(y+z)<a—y+—a—;)—0,u—<;> opu T = z°.
ou Oou ou z\2
20. (22 + y2) 2e H oz —0,u= (2 = 2.
0. (z +y)am+2myay+mzaz 0, u (z> npu y = 2
21. (2wz—x)gyw—+(2yz—y)%+(3z2—3z—y2)g—: =0,u=1zTzOpuy = z.
22. (2x222+w)@—(4xyz2—y)7a—q—(4x23—z)a—u=0,u=yz2npnm=z.
ox oy z
0
23. (z3y? +m)£ + (y — 3x2y3)g—z + (.'172y2z-i—z)g-12f =0, u=2’zupuny =z
0 C 1
24. (z%y + 2x)—u + (2zy? + y)d—u — (zyz + 2z)a—u =0, u=yz+y+ -
0z Jy 0z ]
npu z = y.
ou ou ou y?
25. 2’ — + (2zy — y*) — —y2)— =0,u= = = 2.
w8w+(wy y)ay—i—(?mz yz)az 0, u S npuz =2y
ou ou ou 2
26-2_ e 2-——— _— = frd —_— — — .
x6x+(2y 3mz)ay 3zaz O,u=y — Tpu 2z 2
0 0
27. x£+(w2+y+z2)5§-+z%§=O,u=—Z—npux2+z2=z.
0
28. (3w—y2)5:—+yg—z+(z+m—y2)g—:=O,u=z-—y2npuz=3y2.

0
29. (a:+y+z)—;—2ya—:+(x—y+z)-a—:=0,u=§npnz:z.
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ou ou Ou
-2 - y—n) D =0, u= - ,
30. (z z)ax+(z y)ay+(y x)az O,u=zupuy=0,2>0
Oou 3 Oou 2, Ou
31. 4mz51—:+2(z —zy)a—y+(y——z)&-—O,u—mznpny—O,z>O.
ou ou ou
2. 2% — ) — 22— =0, u= .
3 wax+y(z w)ay 2 O,u=ynpuz=z
Oou 2 3, OU ou 23
3. sy —2 ) 0y, 0 u=2 — g
3 a:yax+(y z)ay Yz~ 0, u S Py =2
Ju Ju Ou
LTt 4 (2ze YY)t = =0, u=2mpnz =y
34 z8w+(ze +y)6y+8z O,u=z'npuz=y
35. a:z2—8—1£+2(y——z2)y§y— —23@ =0,u==z%*mpuy =2z, 2 <0.
oz Oy 0z
ou ou Ju (z —z)?
36. 22—+ (22 -€¥)—+2P—=0,u= =Inz.
xax-}-(z e)ay+z 5 0, u 5 npny Inz
Ju ou ou
(w+z)az+(y+z)ay+(x+y)az 0,u=(1+2z)(1-22)°npuz+y =1
ou ou Ju 9
38. wy—é;+(x—2z)5§+yz$-—0,u—a:npny = 2z.
z2
39. mzzgg- +y2z%§+(x+y)g—: =0,u=¢ 2z npuz =2y.
Ju ou Ju
40. (1+2)— + 9% —+ (1 +2)’—=0,u=¢* = -3z
(+z)am+ye 8y+( + z) 5 0, u=e"" npuy=2(1+2)e
2
41. z(m+y2cosy)g—;ﬁ+yzg—z+ycosy%§ =0,u= §—;— npu z = 2y siny +yz2
(0<1 <E)
) %)
42. zcosz%+z(1—ysinx)g—z+(l—z)sinx—gg =0, u=¢€e*(z—1) npuy =
. ™
-1+smx<0<m<§).
ou Ju Ju 1
43. 1 —z)'— + (1 —z)* — + eV — = = — =
( z) 8w+( z) ay—i—ze o 0, u T npu z
1
=———(w—1)%e%,(x>1)
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4. (zy+vy )(—9—-+y ?—-+(yz+eV)gz =0, u—1+%npnm—ylnz y>0.

oz dy
ou ou ou
45. _ — _— - 22— = = — si =
5 mztgzax + (y w)ay o 0, u cosz — sinz mpu yz
s
(0<Z<§).
46. (my—$2)g——+y2%ﬁ+(ez+yz)—63—1:-=0,u= Ty npuy =zlnz, y > 0.
47 m—q+(z )6 +z ctxau—O u = Sinz + coST IpU 2z = T
M 8:17 y 8 z g az - ) - p - y’
i
(0<(II<Z).
48. (m+2zey)@-+(x—y)?ﬁ+z(m—y)%=0,u=e$ npu z = 2y, z > 0.
oy 0z
49. (z +y° +2z)—+ 3_u+y —aﬁ=0,u=xy—y3 npu z = y°.
ay 0z
50. x(2y+z)g—z—+(mez+y)%§—(2y+z)% =0,u=zmpuy+z=0,z>0.

51. (x+y)%+(2zex—y)g—z+(x+y)zgg =0,u=2"npu2z+y=0,

0z
z> 0.
ou ou ou
a. a_ Y -_— = = 2 = —_ -y,
52. Y5 +yay+(:1:e +z)6z 0,u=2z"npuz=(y—x)e

Tz Ou

53. ¢ l+a:z—+——
%( ) v 99
10u 10u 1 oOu
54, —— 4+ —— — =0,u= =0.
y3x+x3y+w+yz6z yu=gcnpnz=0

(1+.'172)%=0,u=:1;y2 npu zz =1,z > 0.

ou  o0u Ou
55. 2 ,2,29% _ — .2 -0
5 TY5- +y6 + (z +yz)az O,u=y npuz=0
56. a:(l—xy)—+xy2@+z(my2+my—l)a—u =0,u=zz(z—1) npu y = z2
oz Oy 0z ' '
z>0,y<0.
ou ou Ou
— ¥y — it — 2eY = = = .
57. z(y ze)a +ya + 2(1 ze)az 0,u=znpuy=z (z>0)

58. [1—In (z%y) —m—-——y—f-xy z——z =0u=z y+1 In (z%y) npu z = T,/¥.
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ou ,0u ou e’
59. xez%—.?y 5&+(2y——m)3z -O’U:_F npu y = —I.

0 0 0 1
60. 2:1762"6—: —2e2z-5§ + z(1 —y)glzi =0,u= (; +y) e Y npu z=0.

0 o
61. xcoszg—g —tgy - cosza—Z + z(tgy — y)B_Z =0, u = zsinz (z° + sinz)

npnyzm(0<y<%,0<z<%).

62. ng—z—+(a:+yz)-g—g—zz-g—Z—-O,uzmy—:canmz:l.

63. (m2+y2)g—z+2xyg—z g:—O u=¢e’ nmpuzx =2y z>y>0.

64. (m+y—z)g—z+(l+z)gu+g—g—0,u:y(l+m+y)npnzzO.

65. x2%+(2xy—y2)%§+zzg—;=0,u=yz—y—znpnx=yz.

66. (y—z)g—g+(m—z)—g—§+(y—x)g—:=O,u:2(z——y)npna:-—z:‘Zy.

67. 2y cos? :cg——+(1+y s1n2z)g: +s1r;2zgz =0,u=1x—1+ctgz npu
y?cos’z =1, (0<:1:<— 0<z<4)

68. (x3+y)g +x2ygz L}rmg—zzo,uzz+\/H—z2npmx3=
=3y3Inz.

69. (2y2+z)%+2 yg——+2wz%ﬁ—0 u-—:v;—npuyzzz.

70. m2g—g+(x2y2+z )gy+m %—-0 u=z2npuy=0,zz>0.

71. xyg::—; —(mz3+22)%yu- -—yz% =0,u= (%)2 IpU z = T.

72. :c3g—:--—ar:gyg—yl—‘--§-2(:c2—z)zgg=0,u=y2¢5JD npu z = Z.

73. 2§u+—4g—1ﬁ+(:cz+z3)%—O,u—1+ynp1/1$—1
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0 0 0 z
74. z2(z—y)a—z+y2(2z——y)a—z+yz25% =0,u=c¢€> npuy = -;-,z > 0.
ou 0 0
75. z(y — =z )-8-—+y26—Z+y 16::0,u=y(1+e“¥)npnz=1,y>0.
76. (x2+z2)%+y(a:— )g +2$zg—;ﬁ-—0 u=2z+2zNpuU Y = 2.
z Ou 2 Ou ou _ 9
77. 292 (1+a:yz)a—y—25—z-—0,u—znpnmy—l.

78. 2z(z —y )a

+2yza—+(y —i—z)a =0,u=z+22npuny’=1-uz.
oz 0z

Jy

Ju 0 1
79. 2:rya (1—y2—2:1:z)g—z zaz-o,u=§—y2npny2+xz=1.

24\ u ou ou
80. — ) = — = =1.
(a:+y)am+2ya +za =0,u=zynpu z=1

81. 22%—U%E+(2 +z)gz—0 u-1+iynpny+z~'1

82. (y—z3)g—g+(a)+z)%—z%—0 u=1y?—z?npunz=1.

83. 2:ryg—+(2m—y) +yzg—u—0 u = z22% npm y? = 2.

84. ($—2m2y)g—z+y%+2w222g—z=0,u=y2z npu z —y = 0.

85. (y—a:)-g-—+(:c+y)%;+2yzzgz—0,u=ac2znpnx+y=0.

86. (a:—3:r:222)(9 3222u+z—g%—0,u:£npnm—z

87. 2x2yzg—z+(yz—y2)g§3+(yz+y2)% =0,u=(z—y)? npu z+§=0.
88.a:g—;+(my—2w2y2)—g—z—(mz-{-i)-a—gzo,u:%—-;npnz:—l

89. z
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90. x2%+(2x3—my—z)g—:+(wz—2z)g:—O,u=z+2a:3npuy=z2.
ou ou Ju
1. 4__~ 4 3 _2 —_— 2— 3 _— = = 2 = 1.
9 :nax—l-(xz-i—xy :zz)ay+( a:z)az O,u=(y+1)°npuzz=1
92 m(2z—x)a—u+2z2(z—x)—u+mz@=0 u=—y—np1/1 zz=2,22>0
) Oz Oy 0z ’ 2 — 22 ’ ’
93. 3myzg—- +yg + 2(2 +3yz)g: =0, u=zy> npu z = yz, z < 0.
ou
94. 22—2 +2acz25—y- +z23(2y2% — 2 — zQ)gg =0, u =222 npuy = 0.
Ou ou ou z’
S dzy) == + doyzre— =0, u = — =
95 xax+y(3+ xy)ay—f— ZY2 5 0, u y npu z =zy,z >0,y >0,
z>0.
96.yzg—+yz(1—wy)%§+g—u 0, u=yz? npn z = 0.
97. (z—vy )g—u+yg (m+y2+z)%=0,u=2—zy—2np1/1:c=y2,y>0.
Ju Ou ou z —eY
2 2 _ 2
. =+t -2 — =0,u= =z —y2
98. 2z+y +z)3x+6y+(z y+y)az , U 5 Pz =Ty
99. ng—z+y(2z—y)%§+z2g—1;=0,u=1——;-npnz=2$.

100. [(m+y—z)2+y—z—2]g—z+(z+1)—g—§+(y—1au— = !

)%z Tyl
npu z =1,y > 1.

Pemute ypaBHeHue, npeobpa3oBaB ero K yKa3aHHBIM HOBBIM HE3aBHCHMBIM
nepemenHbM (101—102):

0z Oz
101. 3;-+-8-——0,u—z+y,v—a:—y.
102. g::=%%+?£=0,u=w,v=x+y,t=$+z.

OTBeThl K 3aga4aMm § 17

1
1.u=F (zy2, -2 - -2-:c3y2), u= -;—y2(2z — zy?).
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2. u=pF(2 Y_2) ,_oyz=2®
2’z 2z 22

1 1 1
3.u=F<2x———, :cy2+yz2———y>,u=(2my—1)<$y+z2——).
Y 2 2
2 _ .2 2 2 2
z¢é—x° y =z y oz 4z
4. u=F Z 4+ — =4 =
“ ( z ’z+2>’u 23 (22 — z2)2
5 u=F(E, 1+a:z—3yz>, =x(1+xz—3yz).
Y z yz
43_ 3 43':-3
6.u=F<y+z2,—z-3—$+yz),u=—z3—$+y+z2+yz.
—F(Z ,4_.22 —t _ 22, T
7 u—F(x,y .'Bz),u Yy —z°z +z.
sou=F (5 Log) =2ty
z z z

T+ =z

2,—x 22(1 _
9-“‘—“F($Z, (—ye——),u=mz+z(mz+l) v ez(?f 1).

22 + 12)2

10. u=F [z +y?% 2(y° - )], u= l[(m + %) - 22(y® — 2)?].

4
11. u= Flzy, (z +y)z], u = 2%(z + y)? — 2zy.
- 22 Tyt
12. u = Flyz, z(y + 2)], u = y°z e
20,2 _ .2 _
13.u=F(g, 22—x2—y],u=w(z 2:8 y)+2.
T )

1
14. u=F[a:+y+z, (z—y)z2],u=-2-(a;—y)z2(:1:+y+z)2.

2?2 — 2%(1 + zy)
zy '

15. u=Flzy, 22 —2*(1+zy)],u=1+zy +

16. u=F[a¢+y+z,

z—3y+z 22
2 3 -3
17.U=F(%,§E—xy),u=3$ +z°y sz
z? z Y
2, .2
18. u=F(m2+y2, E),u=(—$-j-y—)$.
z

z

22 ] uz(m+y+z)(x——3y+z)_
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2 _ 2
19.u=F(y—z,y+z),u=l+y z
z z

2 2,2
Y =y
20'u=F(:c2——y2’ ),u=l+ PR
1 z—22 2
21. u=F g,—+z ad , U= 4
T’y y3 Y2+ 2z — 22
_ 222
22. u=F E,£—2x22 ,u=y(z T+ 2277
y z 222
T 3 Z 1 5
23. u=F g—my, ,u=z|—— -4z
2 2
24-U=F($2,%+£>,U=$z+%+x—.
Yy Yy Y Y
2 _ 2 _
25.u=F<x i 3),u=“C iy
Y z 2z
2y — z2? 1
26. u=F (23,2, =" = —z22%(2y — z2°).
u (mz, 5 ),u 8:cz(y z2°)
—p2_ 2 22
27, u=F (£ LEESD) S YEEmE2E
T z z
—y2 27— 2 _ 2,2
28.u=F<z 3y, fToEY ),U=(2Z x+;; )y.
Y 2y -y
_ _ ylz+2)
29.u—F[:17+y—z, y(:c-t—z)],u—m
30. u=F(z+y+z oy+2®),u=a+y+2z— oy + 22
z(2* — y)

3l. u=F[y+2% z(y—2%)],u=

NoEr

2
32. u=F(l+—1—, zyz),u=m.
z 4xz

2 3
33. u=F<m2z, yzz—%z4>,u=2(1—i—2+§§§).

34. u=F (ze7%, ye™* — 2%), u = (ze™* —ye % + 2%)%.
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22 2
35. u=F<a¢z, —y——2ln|z|),u=zzey.

1 - y—-1
36. u= 1, —z) U = (Z 23)(26 )
Tz x
37. u =F[$(;’_y;“)f, 2z—z—y)(y—w)},u=(:c+y+z)(a=+y—2z)2-
z z(y? —2x+4z)
38. u=F (2, 4’ -
= y 21+4z) P
42 — )2 52
39. :F[l .];7 )6—7], u = g(_y—:i.e_—z_'
Tz Yy Ty
, 2 1 1
40. u {1+z T e —(1+2)e :‘],u=—621+ LESPES
y 2 Y
2 T 22
41. u =F<z — 2siny, ——smy),u=§+-§—2siny.
— — _ z
42, u =F(z 1 z’ smx>,u:£_z__})i.
cos cos y —sinz
(z —1)%e% (z—1)e¥ 1
43. u=F —1)e - u= - .
[(:1: 22 U 22 (z —1)2
p— 2 T
44. u=F(Z ylny, Y 3 ,u=£+z'e—§.
Yz +ev )
_ x B _yz o
45. u _F(cosz yz mtgz) U= cosz — sin z.
1 yer
46. u =Fl:2 lny,—2y2+ez)] u=—2 —
T Yz + ez
AT. u =F( ) :ry—i—zctg:c) xysma;+zcosa:'
sinz z
2
(2-3)-
48. u =F<ze v a:y———i—zey) u=e¥+~——"72
4
- 1
49. u =F(z 1 2, z 31:/ +2z),u=5(2z—y2)(x—3y2+2z).
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y(y+z)'

50. u = F (ze*, y* +yz + z2e°), u =2z +
Ter
(

51. u=F

—T

1
ze”%, 2zy + y° — 22e%), u = 2% — -2-(21; + y)yze

e, ze Y+ 2z w— Ty 2
T \ztzev)

52. u=F (

z
1 1 1
.u=F|= = -
53. u [$+z, :c+2y2 2$(wz+1)]’
8z
u = )
11 1 (zz + 1)
1 4y -
(w2 + )[8<w+2y2 2m(mz+1)> 3 T ]
2 2
=f(Y Y —g - _Z
54.u—F(x,y z 2:1:)’” z ” 5
2 2
—rlY ,_ yz =Y (z- yz
55. —F[z,x arctg(az)],u x2(:1: arctgm).
zz
56. u=F (zy —Inly|, y —In|zz|),u=(z - 1)y +In _y_}
57. u =F(g—ey ’ y\ 'y) u—-(l—g—i-ey)my v
z 4 4
2242 2.1 . In 2
58. u=F In (2 +lnz2,u=$2y+w—.
" In a;2y)
r+y+e’
. =F 2) z) =
59. u (:l:y :1:+y+e) U 2y
z)e=Y
60. u = F (ze!, oy +e*), u= (zy +; Je

61. u = F (zsiny, zy +sinz), u = csiny(zy + sin z).

62. u= F(zz, yz —z), u = z2(yz — 7).

2 __,2 -9
63. u=F +ez,w Y ,u=—m—2———y—+ez
T+y y z? —y?
22 22
64. u=F[y—z——2—-, (z+y+1)e"z],u=(:r+y+l) (y—z——2->e"’.

65. u

2 — —
F(l_l, “*‘__m>,u=_1+(}_y)(£__ﬁ_
T z Yy Yz
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66. u=F[z—z+y, (x—y)(w—z)],u=(i;—%ﬁ'
2

67. u=F(y2cos2:c—z, y? cos :c-ctgz),u=x+y2cos2m(ctgz—1).

_ Vit =
68. uzF[ye 343 | E(z+ 1+z2)],u=f—i——tz—e$.
T T

2 .2 2
69-U=F(§,562—1/2—z),u=2+(“C v — 2y

70. u=F(§,

N |8

arct it :17) ad (3: arct, 4 q:)2
r —_— = u=—\- — - .
&7, ’ z2 \z &7

71. u=F[xz, y2—z2(1+wz)],u=1+:1;z+
72. u=F
2 _ .3

(x
z
<2 z2 z3 22—z

2 _ 2
x+—z—2-, y—z ——z—i),u—%—x +y+ 7
2 2 zy
i——z,:c—(Z——z>lnz],u=(E——l)eZ-W.
Y Yy )
1 1
75.u=F<g—lny, e%+—),u=y(1+—e_%>.
z z z

2
76. uzF(%——z, y ),u=(—‘”—i3)—y.

73. u=F

74. u=F[

1
77.u=F[x2z, §(1+x2yz)],u=5:—§§+z—1.
T 22 T+ 22
78. u=F |= +y, — -y,
[y Yy y] z+y°

1
79. uzF(;—Qz, $y2—£+w2z>,u=(2wz—1) (yz—%-ka:z).

3 2
Yy z oz Ty
80. u=F (=%, 2+2 ) u= .
¢ (z2’ 7" y)’u 2%z (22 — 2) +y]
81.u=F(

1
- +2y+z-1
u=L
y2 +yz
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T—y—2z

82.u=F[(m+y)z, 3],u=(:z+y)(y—:c-+—z3—z).

83. u=F (22 — zy% 22 —y* —In2?), u = 22(y° — z)e¥" %,

Y
14942 -2
1 1
84. u=F (L2 a;)’u—_-_____iv
T

1_2_}_1
Yy z

1 2 _ ‘2___2
85. “=F($2+2wy—y2, m+y+;),u:y__‘r____f£

1
o) ol (S | (P 3]
T ) z T Y z

1
87. “=F<;+y+z, y2+2yz—z2),

86. u=F

1 2
u=—y2—2yz+z2+2(z+y+;) .

E 1 z(zy — 1) 1
88. u=F __1’2’ x(z+2)—_:|>u= +$L'(Z+2 - —.
LY Yy (z+2)zy -1 ) y
(1 /1 1 1
89. u=F “("——),—(2’—£+2>],u=1+ Y (z+2—f>‘
z\y z)’ z y T—y- "
1 3,3
90. u=F .;(933 +2), Ty + z], u=zTy+2z+ _—(Tz;:l)f .
2
91. u=F g;z.}-._l_’z_*_y_ Lu= (y+$2) ‘
a? T 3z +1—x?
92. =F - 2) - 21 , = l:{:_f.
u [zz — 2%, y + (zz — 2°) In (z2)], u ot

2 2 2 2

F y oy Ty
. — 3 _, — ’1 P— .
98. u (y + - . ) u ——(l—l‘)z+yz2

1 - 1
4. “=F[<z—2—y>e 2, y2—y—m2+;],

1+ (P -y—a)2 4
1—yz? ’

u=1
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3 3 3 3 3
)

Yy Yy y Yy
/1 9 224 = — g2
96. u=F (——a:-i—l)ez, z2+——x2],u=—2+ 1 L
y
[z z—(w—i—yz)lny] z T + 9>
97. u=F |Z 44, u= +1 .
¢ v Y y YTy T Ty
2 2 2
_ 2 - 2 -2 _ ([ +2)° = (y* +2)e¥
98. u—F[(y +2)e7 Y, (z+vy° +2)e y],u— Py B .
2 _ _
99.u:F<l_l,i_2>,u=(i_E)_(z__y_).
z z' vy Ty
1
100. u=F |(y —1)2 - 1)%, ——— +1
w=F|w-1 (G +1P) s +laly + 4]
1 1
- 41 — Sy —1) - (z+1)?].
u :1:+y—z+ nly + z| 2ln[(y 1) —(z+1)7]

101. z = F(z —y).
102. w=F(z+y,z+ 2).

§ 18. KBasunnnelinbie 1 HeJIMHEHbIE ypaBHEHNS

Eciu Q — nekoTopas obnacTh mpocTpancTBa R, To KBa3uIMHeiHOe ypaBHEHHe
B YaCTHBIX IIPOM3BOJHBIX IEPBOro Nopsaka B objactu ) umeer Bup

0z

g
a(xayvz)'a—x+b(xayaz)—<9—; :C('Tvy’z)' (1)

B ypasuennu (1) koabduuunenrs a(z,y, z), b(z,y,2) u c(z,y,z) — 33a1anHbIE
HenpepelBHO auddepenuupyemele B obsactu ) bynkuuu, a z = z(z,y) —
HCKOMas HenpepblBHO auddepenuupyemas GyHKuus. ITa QYyHKIUAS 3303€T
B () HEKOTOPYIO MOBEPXHOCTh, HA3BIBAEMYIO HHTErPATbHOM MOBEPXHOCTBIO (1).
ABTOHOMHAs cUCTEMa ypaBHEHU

y(t) = b(z,y,2), (2)
o
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HA3bIBAETCS XaPAKTEPUCTUIECKON cucreMoit ypasHeHus (1).
Ecm uy(z,y, 2), uz(z,y, 2) — JBa He3aBUCUMBIE TIEPBBIE HHTETPAJIbl CUCTE-
MBI (2), TO obuiee pererue ypaBHeHus (1) 3amuchiBaercss B HESIBHOM BUJE

F[Ul(i’?,yaz),W(m,y,z)] = 0:

rae F(u),u2) — mpousBoibHas HempepblBHO auddepeHnupyeMas byHKIus,
JIOIyCKAIOIAsl HAXOXKIeHne 2z = z(Z,y) KaK HesiBHON (DyHKUIUH.

ITycrs v — HekoTOpasi ryiaakast kpusast B obsactu §2. Sanaven Komwm nna
ypasHeHus (1) Ha3blBaeTcs 3aJa4a HAXOXKIAEHUS MHTEDAIBHON MMOBEPXHOCTH
ypasHeHus (1), mpoxoasiueil 4epe3 33aHHYIO KPUBYIO 7.

Ilycrs ryiankas KpuBas 7y 331a€TCS KaK I€pecedeHre ABYX MMOBEPXHOCTEH:

(I>1(a:,y,z) = O,
@2(.’1},:{/,2) =0.

Yrobbl B 3TOM CJIydae pemnTh 337a4y Kommm, HeoOXoauMO U3 CHCTEMBI ypaB-
HeHuM

®1(z,y,2) =0,
®2(~7;» Y, Z) =0,
u1(z,y,2) = uy,
U2($,y,z) = U2

UCKJIOYUTh T, Y, 2 W HalTH CBSA3b MEXIY Uj, Uz. Ewim 3Ta CBA3bL BUAA
®(uy,uz) = 0, To ypasrenue @[ui(z,y, 2), uz(z,y, )] = 0 gaer pemenue 3aaa-
4yu Kown mnsa ypassenus (1).

ITPUMEP 1. Haittu ob1ee perienve ypaBHeHMs

0z 0z
(= —y)a—x + (x—z)%

M Ty UHTErpaJIbHYIO MOBEPXHOCTH ITOr'0 yPAaBHEHUS, KOTOPas IIPOXOAUT 4Yepe3
npamMyro z =1, y = z.
A XapakrepucTudecKkas CUCTEMA MMEET BH[

(t) z -
(t) Y-

=y—z

z.
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C0>KUB mepBble JBa YPAaBHEHMS, PACCMOTPHM CHCTEMY

a':+y'=x—y,
z=y—zx.

Orcrona £ + 9§ + 2 = 0 wu dz + dy + dz = 0, 9TO JaeT NmepBbIli MHTErpas
u =z +y+=z.

Ecin nepBoe ypaBHeHHe XapaKTEPUCTUYECKOH CHCTEMBI YMHOXWTBH Ha I, BTO-
po€ ypaBHEHNE YMHOXKHUTB Ha Y, TPDEThbE YPABHEHNE YMHOXKUTH Ha 2 U CJIO2KUTD,
TO monydaeM & + yy + 22 = 0 wmm zdr + ydy + zdz = 0. Orcroga HaxoouM
elle OZMH MEePBBIN HHTErpas

U =x2+y2+zz.
O61uee pemenue ypasHenus 3a1aercs (popmyJion
F(z+y+z2 442 +2%) =0,

rae F(uy,us) — npoussonbHas HenpepwiBHO audpdepenuupyemas pyHKUMS.
Jns pemenusa 3agaun Kowu, uckioyas , y, 2 U3 CUCTEMBI

=1, y=z,
Uy =c+y+z,
ug = 22 + y% + 22,

HaXoguM, 4TO ug = 1 + %(ul - 1)2. CrnemoBaTenbHo, peulenue 3agagu Komm
3agaeT GyHKUuA
m2+y2+z2=1+%(m+y+z—-1)2. A
Ecn kpusas v 3asaHa napaMerpudecku
T =1(7), y = a(1), z=p3(1),
TO U3 CUCTEMb] YDABHEHUH

T =p1(7), y=2(7), 2= 3(7),
u = w(z,y, 2),
ug = ug(z,y, 2)
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HaxonauM cBsa3b P(up,uz) = 0. Torma ypasuenue ®[ui(z,y,2),u2(z,y,2)] =0
3a,12€T UCKOMYI0 MHTErPAILHYIO IIOBEPXHOCTD, POXOSAILYI0 Yepe3 KPUBYIO 7.

TTPMMEP 2. HaliTu uHTErpaJibHyIO IIOBEPXHOCTh yPaBHEHUS
0z 0z
T— +y— =2z— V2 +y?+ 22,
oz yay y

IIPOXOLSIILYIO YepeX KPUBYIO T =T, y = 72, z = 0.
A CocTaBuM XapaKTEPUCTUUECKYIO CUCTEMY

2(t) =z — /12 +y? + 22

ITepeMHOXasi KpeCT-HAKPECT II€PBbIE ABA yPABHEHU: CHCTEMbI M 0TOpachiBas

dt, naxomum, uro ydr = zdy. OTciona u); = = — NepBbll HHTErpa1. Y MHOXKAA
T

nepBoe ypaBHEHHME Ha T, BTOPOE — HA Y, TPETbe — Ha Z ¥ CKJIAJbIBAsI, UMeeM

i +yy 42z =2 +y° + 22— 2V/22 + 42 + 22

ITepeMHOXasi KPECT-HAKPECT ITO BbIPAKEHHE C TPETHUM yPaBHEHHEM CHCTEMBI,
[OJIy4aeM 1ocjie 0TOpachIBaHUs dt

(z = V22 + 32 + 22)(wdz + ydy + zdz) = (2° + v* + 2% — 27/22 + y? + 22)dz.

Orcrona
d(z? +y? + 2%) = —2y/22 + y2 + 22dz.

3HauuT, up = /22 +y2 + 22 + 2.
W3 cucrems! ypasHeHwui

r=T1,y=7% 2=0,

_Y
uy = —,

x
uz = V2?2 +y? + 22+ 2

HaXOHOUM, 9TO u% = u% + u‘l’. Torpa uckoMasi MHTErpabHas IOBEPXHOCTD 3313~

eTCsl ypaBHEHHEM
2 4

+VaR++22 =L+ L A
x T
B 3agauax (1—33) HalfiTu UHTErpajbHYIO IOBEPXHOCTb YPABHEHUS!, IPOXOMs-
IIYI0 Yepe3 3aJaHHYIO JIMHUIO.
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Bz 0z
83: TV, Oy

-

=z—z? -y’ 2+’ =12z=22-1.

0z o}
2. (wz—y2)6—+xy—a—;+zyz=0,z=w,y=1.

0z 0 1
3. $Z4—8-—+y4az—$2y2,z=$2,y=}-.
0 d
4. (1y—x)5§—xy28;=z,z=a:,y=1.

0z
5. (22 +y) +21yd =zz,y=1,2z==z.

0z 0z
ox dy

6. y =z4+y,z=0y=-=z

7. P+ 22—z +2xz—0 z=0,z=19y%

d:z:

0z

8. (2 — )By Yy—z,x =y =2z

0 0]
9. acz—z+yz—z+a:2+y2=0,x=1,y=z.

ox dy
0 5}
10. (:1:2—y2—22)—,—z+2xy——z—2xz=0,a:=0,y=sin7',z:cosr.
Oz Jy
0 0
11. (x—y)£+(x+y)é§~z=0,z=cos"r,y=sin7,z="r.
0 A
12. ¢! 85: 8; (2 +y?)=0,z=/T,y=1,2=V12 + 7.
‘ a o}
13. (z2 -4 +22)5§ + 2a:ya—; =2zz,z=1,y=cht,z=shr.
0 0
14. (:):y—mz)-d—z +y2(—9§ =22 4+2z,y=1, z=2z.

15. z(4 — 3132)(—93

6x+(2x2y+1)g—z=x,az=l,y=—-z.

0z
16. 2z g—+y(2w —y)ay—l+z , =1,y =arctgz.

17. (2m+y)g (z+2y)(8—2—1> 0,z=0, z=2y.
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2& 0z 0z

18. 3 + yz 3y -z5c—y=0,z—-—yz=1
19. (z — )28—+ng—;—.7,3/,$—03; 0.
0z 0z y
. Y— =2 =1 z=12
20 y8w+z6y x,a: ,Z=1Y
21. (a:z+y)?ﬁ+(m+yz)g—;=1—z2,z=2,2x=3y.
0z
22. (2y—z) +y6 =z,y=322, c+2z—4y=0.
23. y%+x-§—;—m+y+z,x+2y=0,z=0.
24. x-g—-z-+ygz—my+z y =22, z = 2zy.

0z 0z
25. —-:c2-a—$ + (zy — 2z2)-a—y =zz,zy=1,z+2=0.

26. (2m+y2+z)%+2 g%=2z,y—z+l=0,z=2:r;.
0z

27. —(m+3yz)a—+ —z,a:+2yz=0, yz = 1.
0z 6

28. (2° — 12 — 2zy— + 228 =0,y =z =1.

8. (2y ”)ax 2:zyay+a: ,Y=2

29. (z2—y2)—g-§+zgi+y 0,z=0,y =z
0z 0z

30. (z+19° -i-z)a +yay—z z=y=1

0z 0z
31. (:z2—-y2)a—x+xy—a—y+wyz=0, z=z,y=1.
0z

32. 2z—+ (y+2) 0z

—_— = = 3 =O
9z By y+z2, =92

33. 3 g (z+2y)gz—3cos2z-tgz,x+3y=l,z=% (0<z<g).
2

34. HaiiTu moBepXHOCTD, MPOXOASIIYIO Yepe3 OKPYKHOCTb T2 + y2 + 22 = a?,
z = 1 u OpTOrOHATBHYIO K cemeiicTBy cdep z2 + y2 + 22 = bz.
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35. Pemuts ypaBHeHHE

az + 62 2
—y— + T— =Yz
Oz Oy ’
NpeoGpa30BaB €ro K HOBBIM HE3aBHCHMBIM NEPEMEHHBIM U = T2 + y2,

V=2

36. PemuTh ypaBHEeHHe
) az 2 32
ré— — =2z
o " Yy =7
1 1
peo6Pa30BaB €ro K HOBBIM HE3ABUCHMBIM IIEDEMEHHBIM U = —— —, U = Y.
Ty

B 3agauax (37—40) HaiiTu pelleHVe HEJIMHEHHOrO YPaBHEHHsI, Y I0BIETBOPHIO-
IIEro yKa3aHHOMY HAYaJIbHOMY YCJIOBHIO.

ou Ou

U

37. — = —,u= = 0.
a:—i-yay oz ay,u z,y=0
ou\? ou

38. | — — = = =1.
Ou ou ou\ 2

39. z— — — | = = =1.
w6m+y6y (63:) u,u=z,y=1

ou ou\? ou
40. w&--l-(%) —a—y,u—a,,y—l.

41. Onpenenurs GyHKIMIO z = 2(Z,y), YAOBJIETBOPSIOIYI0 OJHOBPEMEHHO
IBYM YDaBHEHUSIM

m_‘d_z_{_ 82—0 a:a—z+2 _8_z_____2y2
Oz yay_’ Oz yay_m2+y2'

42. Onpenennts dbyskuuio v = u(z,y), YAOBJIETBOPSIOULYIO OJHOBPEMEHHO
JIBYM YDaBHEHUSM

ou Ou ou\® ou\® 3
mra =0 (5) - (5) -
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OTBers! K 3agayam § 18
1. (22 +92)?- (22 4+ y% + 2)? = 2.
z2
2. 2lny + 7z = 22e 72,

, 4z

3. 425 — 5a%y? = —— — 5,
Y

zyz = (zy — Iny)>2.
2 —y? +y =22
(z—y—2)% = 4(z> + 9.
y2(z? +y? + 2%) = y%2 + 25
(z+y+2)?=3(zy +zz +y2z).

© ® e ook

22 + 2% = 22(z? + y? + 22).

10. (22 + 9% + 22)%2 = 2 + 22.

11. z=€"cos(t+7),y=€"sin(t+7), z = te”.
2, T2 2, ,2\2

12. 1+ =2 +y—2=(a: + y°)°.

13. (22 + 9% — 22)% = 4(y? — 2?).

2
Y oyy=l(3;¥_

14. z+y—2<3+$ y).
4 -3 4

15. 5(4—m2)y+4z+ln(62+;) = §1n|m|.
1 1 Y

. — tgz =~
16 4332+au"cgz 4+ ey

17. (y —2)° = (z +y)(y — 2)°.
18. y3 — 3zyz = (yz + 1)° — 3(yz + 1) + 3(yz + 1).
19. 22 —y?2 =22 4 (2 — )%

1 1
20. y2 + z(1 — 22) + §a;2 +@2c-22-1)Inz = 5

21. 3(z+y)(z—1) =5(z —y)(z + 1).
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22.

23.
24.
25.
26.

27.

28.
29.
30.

31.

32.
33.

34.

35. z

36.

37.
38.
39.

40.

41.

42,

32%(z — 2y + z) = 2¢°.

2z

2?2 —y? =3(z +y)? e .

z(z - zy) = y*.
zy+z=1—+—z2.
(y — 2)(2z — y® — 2%) = 29 — y(y — 2).

Ty + 3y?z = \/g

3y(z — z?) — 2y* = 4y — 3y - 322
(y+2)? =2(z + 32 + 22).
22 =y(2%2 + 9y — z).

2
T 22 5
-2?+lny—?-e(y ).
r=2z—(z—y)

T+ 3y =tgz.

b bz’
(a2—1)z2=<x—§+—2z—> + 42

1
- z2 +y2 + f(z)’

-1 1 1
=i (imy)
u=z(l+y).
u=2z—Iny.
u=z—y+1.

u=ze¥ ! + —;—62(3’_1) -

N =

y?
z=1n(1+—§>+0.
T

u=%(x—y)2+0.
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SJIEMEHTbI BAPUALIMOHHOIO NCHUCNEHUA

§ 19. IIpocreiimas BapuannoHHas 3aaada

PaccmoTpum
b
J(y) = / Flz, y(z), v/ (2))dz,

rae a 1 b (a < b) 3agannvle yucia, F(z,y,p) — 3amanHas BellleCTBEHHO3HAY-
Has JBakKJbl HempepbiBHO AuddepeHuupyeMas pyHKuMs Npy Beex = € [a, b,
y € (—00,+00), p € (—00,+00).

IIycts M o6o3HauaeT MHOXKECTBO BCEX HENPEPLIBHO AuddepeHnupyeMbIx
dyuxmi y(z), 3amaHHbIX HA [a, b] ¥ yAOBIETBOPSAIOIUM FPAHUYHBIM YCJIOBUSAM

y(a) = A, y(b) = B,

rae A u B — 3ajaHHBlE YUCTA.

IIpocreiinieit BapralMOHHOI 33034l HA3bIBAECTCA 33/1a4a HAXOXKIEHUS CJla-
6oro skcrpemyma J(y) B kiacce dyukuumit y(z) € M.

Ecmn asaxapl HenpepbiBHO auddepenuupyemas Ha [a,b] dyskuus y(z)
ABJISIETCS PEIlIeHreM IPOCTeRIIel BApHALMOHHOI 3a/lauy, TO OHA Ha [a, b] Heob-
XOOMMO YJOBJIETBOPSIET YPABHEHHUIO Diiepa.

Besikoe pemienne ypaBHeHusl Jiijiepa Ha3bIBAETCS SKCTPEMAIBIO. DKCTPEMAJIb,
yIOBJIETBOPSAIOIIAS 33JaHHBIM I'DAHMYHBIM YCJIOBUAM, OyJeM Ha3bIBATH JOIY-
CTUMO 3KCTPEMAJILIO.

o
B sTom maparpade gepes C'[a, b] 0603HaIa€TCA MHOMKECTBO BCEX TEX HEIpe-
poieHO auddeperuupyemMbix Ha [a, b] dyHKumit 7(Z), KOTOPBIE yAOBIETBOPSIOT
HyJIeBBIM IpaHu4YHbIM yciIoBuaM 7(a) = n(b) = 0.
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I[TPUMEP 1. PemnTs nmpocTeiilyo BapHalMOHHYIO 3334y, €CIIH

1

JWF=/hf+w%M+U+w5WVM%yWFﬂLMU=L
0

A Ypasnenne ditjiepa UMeET BUJ
[(1+2%y] =0.

Okcrpemanu 3anaroTcsa pasedctBoM y = Cjarctgz + Co, roe Cp u Cy —
IIPOM3BOJIbHBIE NOCTOsIHHBIE. VICHO/Nb3ysi rpaHWYHBblE YCJIOBHSA, MOJIY4YaeM JO-

nyctumyio skcrpeMaib §(z) = — arctgz. [IpoBepuMm, HeACTBUTENBHO JIM HA
T

9(z) mocturaercs skcrpemym J(y). Jna moboit n(z) € C[0,1] umeem

1

AT(G) = TG +n)—J / @+ + 2@+ )@ + 1)+
0

+ A+ 2@ + 1) - 2§ — 2299 + (1 + 22)(§')?}dz =

= / 223 + z2§'|ndz + / (2?9 + 2%y + 2(1 + 22)§' | dz+

1
+ / [zn? + (1 + 22)(1)?)dz
0
Bo BTOpOM MHTerpaJsie mpouHTerpupyem 1o udactam. [lonyuaem

N N N N 1
/ 22§ + 20 + 21 + 22)§I'dz = [22§ + 21 + 22§ n(z) |-, +

1
Ezn /{[:cy+21+:1: )i 1'n + zn?}dz =

_— /{[x §+2(1 + 22)§')'n + o) dz,
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TaK KakK NPOMHTErPUPOBaHHAsI YaCThb 0OPAIAeTCst B HYJIb, TOCKOIbKY 7)(z) 06-
pamiaercs: B HyJib Ha KoHuax [0, 1. Ilogcrasisis HaiiileHHOe BBIPasKeHHE BTOPOTO
cimaraemoro B AJ(g), HaxoauM

1

1

AJ() = /{2my + 22 — [2%5 + 2(1 + 2?9 }ndz + /(1 + 22 (n')%dz =
0 0

1 1

2(1 + 22)§ ) nd + / (1 + 22)(n')2dz = / (1+ 22)(n)2dz > 0.
0 0

o _

3mech 6bLT HCHONB30BaH TOT (aKT, 4TO U(Z) — SKCTpeMasb W, 3HAYHUT,
1

[ +ahyynds =o

0

TakuM obpa3oM, ZOmycTHMas SKCTpeMasb §(z) naeT abCONMIOTHBIN MUHM-
MyM B 33JaHHON IIpocTeiInell BapHaIlMOHHON 3a1aye. A

I[IPUMEP 2. PemnTh mpocTefinryio BapUALMOHHYIO 33a4Y, €CJIU

2

J(y) = / [6y2 +z2(y")? + 12m3y]dx, y(1) =1, y(2) =8.
1

A Ypasaenue diinepa

"

2y" + 22y’ — 6y = 62°

OIIpeJiesIsieT CEMENCTBO SKCTpeMaJieit
Cy
y = F+CQIIJ2+:I:3,

rae C; u Cy — npom3BOoJbHBIE NOCTOsiHHBIE. VCcnonb3yst TpaHUYHBIE yCJIOBHS,

HAXOMUM JOMyCTHMYI0 3KcTpeManb §(z) = z°. na scaxoit n(z) € C[1,2)
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nMeem

AJ(@G) =J(G+n) - J(@) = /{6(@ +n)? + 2% +1)° +122%(§ + n)—-
— 62 — 22(§')? — 12239 }dz = /[67] + 22(n)2]da+

2 2
+ / (129 + 1223)ndz + 2/@2(Q)'n'dz.
1 1

[IpounTerpupyem 1o 4acrsiM B MOCJIEJHEM HHTErpajie U BOCIONb3YEMCs TEM,
qro n(1) = n(2) = 0. Torma nonyvaem

2

AJ(g) = /[6772 + 22(n)Ydz + /[12y + 122 - dg_ 2z29")ndz.
1

Ho Bbipa’KeHHe B KBaJPAaTHBIX CKODKax BO BTOPOM HHTErpaJie
d
129 + 1223 — d—x-(szg') = —2(z%§" +22%) — 67— 62%) =0

Ha (1, 2], Tak Kak §(z) — pewenune ypaBHenus Diniepa. Ciiel0BaTENbHO,
2
/ 6n% + z2(n')%dz > 0.
1

DTo 3HaYKT, 9TO () HaeT abCONIOTHBIA MUHUMYM. A

Pemnts npocreiimyio Bapuanuonnyio 3agady (1—90):

1L J(y) = [ (y+y)%dz, y(0) =0, y(1) =

o\_

/[ +yy' +22(y)?| dz, y(1) =1, y(e) = 0.
1

3. J(y) = /[2y yy' +xz(y")?] dz, y(1) =1, y(3) = 4.
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10.

11.

12.

13.

14.

J(y) =

- J(y)

w/4
/ [4y® + (v)? + 8y] dz, y(0) = -1, y (E) —o.
0

4

3‘)

1
I = [ @)+ + 26y da, y(0) = 3, (1) = e
0

/2

/ [(y')2 + 4y? + 2y cos z] dz, y(0) = é, y (g

0

-1

J(y) = / [2(")? + 12¢%) de, y(~2) =

2

s

)=e

5

1

— y(-1) =1.
16,y( )

2
- J(y)=/[2y+yy’+x2(y’)2] dr, y(1) =0, y(2) =1+ In2.
1

2
I = [ o+ o] de,y0) = 1,00) = 5.
1

76 = [ [/ +)* + 2ysina] do, y(0) = 0, y(m) = 1.

2 4 200 o, 50) = 0,51 =2

s Yy 2ylnz

Phre—n T S—e TS OY— - °

z(y')* + =+

= ] dz, y(1) =0,y(2) =1—1n2.
L

ra. 2 n2
W ur +sy] dz, y(1) = 0, y(2) = 81n2.

y2

z(y')? + -+ 4y] dz, y(1) =0, y(2) = 2In2.
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2
15. J(y +——32ylan dz, y(1) =3, y(2) =4(41n2 + 3).
= [w |
16. J(y) = / [z (") +2y° + 32x2ylnm] dz, y(1) = -5, y(2) = 4(4In2-5).
1
2 o
17. J(y) = / [m(y')2 + —i— — 18ylnw] dz, y(1) =2, y(2) =2(3In2 + 2).
1
2
18. J(y) = / [2(y)? + 29%/] dz, y(1) = 0, y(2) = In2.
1
7 1 1
19. J(9) = [ o) + ' + o] ds, y(1) = 5, (2) =  ~ 2
1
w/2
20. J(y) = / [y— %(y)Q] sin zdz, y( ) =—-InV2, y( )
w/4
‘r 2
21 J) = [ |5o? +3’§—-§—5]dz y(1) =1, y(e) =2
/L
F 1 3
22. J(y) = / -(1 + z)e"y + Ee’(y’f] dz, y(0) =1, y(1) = 3
0
2
Fa,2 "2
23. J(y) = / %%— + 22 + @;)—] dz, y(1) =2, y(2) = 8%.
1
2 ) .
24. J(y) = / -a:(y')“’ + gx—] dz, y(1) =2, y(2) = 25.
1
4 ) .
25. J) = [ |VaW)? + 7z] do ) = 2, ule) = a3,
1
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4
2
26. J(y)=1/ %_)— fo] dz, y(1) = 2, (4)=16%.

2
1 1
27. J(y) = / ~2-96(y')2 +zyy + §y2J dz, y(1) =0, y(2) = 1.
/1

-1

28. J(y) = / [2yy' - 2(y')?] dz, y(-2) =
2

N W

1
29. J(y) = /[wyy - 2(y")*] dz, y(0) =1, y(1) =ch%-
0

m/2
80. J(y) = / (V) +2yy' +43?) d, y(0) = 0,y (5) = sh.

1/2

5190 = [ |05~ sy aev () =20 (5) =2

2
2
32. J(y) = / [(y')2 + % + %J dz, y(1) =1, y(2) =
1

33. J(y) = / L? it 7 1)2] dz, y(0) =1,y (§> =2
0

34. J(y) = / [9173(;1]/')2 + 3zy? — %J dz, y(-2) = =, y(-1) = 1.

35. J(y) = / [(¥)* — 6ysinz] cos® zdz, y (—g) =y (Zr-) =1,
—x/3
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1/2
36. Jy) = [ [(0? - )W)? 42’y — 4] de, y (-3 ) =y (5 ) = 3.
/ (-3)-+(3) -
L .
37. 9 = [ [/ = 2)* + 20] do, 3(0) = 1, (1) = 5.
0
1
38. J(y) =/[ 4— 22— Zy] dz, y(0) = 2, y(1) = V3.
0
-1
39. J(y) = [ [z*(¥)? + 3zy?] dz, y(-2) = —182’ y(—=1) = 0.

2
2
40. 74) = [ [(y')2 + 2—;’2—] da, y(1) =0, y(2) = .
1

_ (v')? y _ my _ 1
41. Jly) = / [cosx T dz, y(0) =0,y (4) T2

2
1
42. J / 2y + )2+ (1 +2%)y'] dz, y(1) —-?:,y(2)=1
1
/4
2 ' T
43. J(y) = / (¥ cos?z + z2yy' + zy® — 2y’ cos z] dz, y(0) = 0 y(z) =
0
- L
7
2
44. J(y) = / [ + 2Ty + == — 2\/—y'] dz, y(1) =2, y(2) = 5.
) \/_
1.
45. J / [l+x —4zy' +yy'sin’z + ;y s1n22:] dz, y(0) = 0,

0
y(1) =In2.
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46. J(y) = | [¥)? +y* - 2zy]dz, y(0) =1, y(1) = 1 +e.

47. J(y) = | [4W)? +y* — 6e”y'] dz, y(0) = 2, y(2) = e7! + €.
48. J(y) = [ [4(¢)? +y? +4zy] dz, y(0) =1, y(2) = e — 4.
49. J(y) = [ [(¢)* + 8y'sin® z + 4y] dz, y(0) = 0, y(n) = .
50. J(y) =

()2 + v + 2] dz, y(0) = 1, y(1) = 1 + €.

0
51. J(y) = / [(y')2 +y% - 4ysinx] dz, y(0) =1, y(w) = €".
0

52. J(y) = | [(¥)*+ y? + 10y'(z + sin’ 7)) dz, y(0) =6, y(n) =5+ e ™.
0

53. J(y) = / [4zyy' — — 4y + (122% - 4) y] dz, y(0) =0, y(1) = 1.
f 20

54. J(y) = / [ 2 4+ 2yy'sinz + (cosx + 2y + 20z y)] dz, y(1) = -1,
1

y =

Flowy 3% o

5. J(y) =/ B - oy =) =4
1
i 4 4y° 17

s6. J) = [ [0+ Ly + 2 -8y s, yia) =290 =

L

1
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57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

2
J(y) = / [242%y — yy' — 2%(y')?] dz, y(1) =1, y(2) = =7.
1
2
J(y) = / [#*(y)? + vy’ + 12zy] dz, y(1) =1, y(2) = 5.
1
I/l 3
s = [|(G-35) v+ e - a0 -100] da, y) = -1,
1

2

16) = [ [+ + 302+ (5 - 6) o] as, vl = 5,020 =

2 -
st = [ [1200 = 2o - 36/2] do, v(0) = 5, w02 =0
1

1
J(y) = / [(4')% - 2yy cosz + (4 + sinz)y? + 4(22° — 3)y] dz, y(0) = 2,
0
2
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1
1 1 2 e b g _
67. J(y /[5 2 4 yy tgx+<2+2 o2 x)y +3ychJ,] dz, y(0) =
0
= -1, y(1) =2sh2 —-chl.
w/4 9
_ ! o (a\2 Yy _ 2 , —
68. J(y) = /[yy arctgz — (y') +———2(1+x2) 9y +16ysh.v] dz, y(0)
0

1
69. J) = [ 620/ = V&2~ 2*Vaw)] doy (7 ) = -1y =1

1/4
Fr4 5, 83 1
_ N2, 9, g SVT __1 _
70. J(y)—/ _z(y) + Yy - 3 y] dz, y(1) 5 ¥(2) =0.
1
3
4
72. J(y) = / 15y/3y + 3a%yy’ — 23(y')?] da, y(1) = 1, y(4) = —3
1
: 31
73. J(y) = / % +m2y2] dz, y(1) =0, y(4) = BT
1

74. J(y) = / [42%(y")? — 5a?yy’ — 3y] dx, y(%) = % y(1) =
1/3

75. J(y) = / [4zyy’ — 2 (y')? + 4x2y] dz, y (-‘}2—) =y(2) = %
1/2

1

1
1
76. J(y) = / [5z'y —yy' +2°(y)?] dz, y (—2-) =
/2
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[\"]

77. J(y) = / [3w2yy’ -z (y')? + % dz, y(1) =0, y(2) = %
1
2
78. J(y) = / [2acy2 +22%yy’ 4+ 22(y')? + 12m2y] dz, y(1) = 2, y(2) = 5.
1
3
79. J(y) = / [8zy — 22(y')? — 2®yy’ — (z + 6)y°] dz, y(1) =0, y(3) = —6.
1
3
80. J(y) = / [22(y)? + 2y + zy? + 4zy] dz, y(1) = y(3) = 4.
1
4
8L J(0) = [ [auy/ + 8% = 2*(y/)" + (@ = 2)5*] o, y(2) = 0, yld) = =8,
2
e
82. J(y) = / [2%(y")? + 6y® + 100yz? In z] dz, y(1) =0, y(e) = 3.
1
€
83. J(y) = / [z%(y")? + 182%y? + 902°y + 162°y'] dz, y(1) = 0, y(e) = 5e?.
1
84. J(y) = / [zg(y')2 + 8zy? + T2ya® Inz]dz, y(1) =1, y(e) = 3€2.
1
85. J(y) = / [3:1:5(y')2 + 15z3y% + 3624y — 14$Gy'] dz, y(1) = 1, y(e) = 2€2.
1
2
86. J(y) = / [3:174('5/)2 — 34z3yy’ + 322y% — 8413y] dz, y(1) = 2, y(2) = 10.
1

2
87. J(y) = / [62(')? — 102y’ — 347 — 4y] da, y(1) = 4, y(2) = T.
1
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88. J(y) = [:1:3(y')2 — 1122y — 3:1:y2 - 10:1:2y] dz, y(1) =3, y(2) = 10.

89. J(y )=

_— S

[22(y)? — 1dzyy’ — y* — 8zy] dz, y(1) = 2, y(2) = 6.

90. J(y /4[ 4 2y]dm, y(1) =1, y(4) = 8.
1

HaiiTu 3HaueHHs BELECTBEHHOIO NApaMeTpa @, IPH KOTOPBIX Ha JOMYyCTHMOM
3KcTpeManu gocruraercss Munumym (91—93):
1

91. J(y)=/[y 2y’ +a(y )]d:z y(0) =0, y(1) = 1.

92. J(y)

O . °~——_ ©

[(y) +az(y')?] dz, y(0) =0, y(1) = In|1 +a|.

93. J(y) = [ [z + 2> +y® +a(y)?] dz, y(0) =0, y(1) = 1.

Haittu monycrumsle skcrpemanu (94—101):
1

94. J(y) = / Y (y)2dz, y(0) =0, y(1) =

95. J(y z4 9y dz, y(0) =0, y(1) = -5.

%\% O\H
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2
98. J(y) = / [Iny' — 3yy' — zy'] dz, y(1) = —In2, y(2) = 0.
1

99. J(y) = 1//2[y+avy' - i(y’)g‘] dz, y(0) = % y (%) =13

100. J(y) = [ [e¥ +2'(y')*] dz, y(1) = 3, y(2) = 2.

101. J(y) =

H\w H\m =)

[y' siny + ;lg(y’)“] dz, y(1) =0, y(2) = 3.

B 3amayax (102—105) noka3arb, 4TO ZOMYCTHMAs IKCTPEMAJIb HE JAET IKCTPE-
MyM bYHKIMOHAA:
™

102. J(y) =/

0
T

108. 7o) = [ (y')2—§-y2+18y] dz, y(0) = 4, y(r) = 0.
/|

dz, y(0) =0, y(7r) = ——.

16 .
()2 — —y? + 2ysinz 5

g+ sing 7

L

s

104. J(y) = / ()% - zggy2 + GSer] dz, y(0) =9, y(7) = 9e™.
-

w

105. J(y) = / ()2 - %ggﬁ + 50:1:y] dz, y(0) =0, y(x) = 16m.
s L

ITokasaTs, 4To Npocreiiuine BapuannoHHble 3a1a4u (106—107) He uMeroT cMbic-
sa:
1

106. J(y) = / [:1:2y' + Zmy] dz, y(0) =0, y(1) = 1.

0
2
107. J(y) = / %2- [zy' — y] dz, y(1) =0, y(2) = 2.
1
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OTBeThl K 3aga4aM § 19

I[IPUMEYAHUE. B orBerax ¢(z) ob03HA4UAET AONYCTHMYIO SKCTpeMasib, abeo-

JIIOTHBIM MUHMMYM OOo3Ha4aercd abc. min, a abcoIOTHBIN MaKCHMyM 0003Ha-

yaeTca abc. max.

1. §(z) = 2}111_:’ abc. min.

3. g(z) =z + %, abc. min.
~ 1 2z

5. §(z) = 3¢ abc. min

9. j(z) = —, abc. min
2shE
11. g(z) = —12—, abc. min
Sh§

13. §(z) = 23 Inz, abc. min.
15.

17.

z2

19. §(z) = 5~ Inz, abc. min.

21. g(z) =Inz + 1, abc. min.
N 3, 1 .

23. j(z) =z° + o abc. min.

1
25. §(z) = z + —=, abc. min.

NG

N Inz )
27. g(z) = o’ abc. min.
29. §(z) = ch -, abc. max.

j(z) = z%(4Inz + 3), abc. min.

j(z) = 2%(3Inz + 2), abc. min.

10.

12.

14.
16.
18.

20.

22.

24.

26.

28.

30.

j(z) = - lnx7 abc. min.
h2
. g(z) = > 7:r1: — 1, abc. min.
sh —
2
j(z) = e** — g cos z, abc. min.
) 2 ,
. 9(z) =Inz — = + 2, abc. min.

shz

g(z) = o 5 ne abc. min.
2 1
9(z) = 3 (x - ;) —Inz, abc. min.

9(z) = zInz, abc. min.
g(z) = z?(41nz — 5), abc. min.

9(z) = Inz, abc. min.

~

9(z) = Insinz, abc. max.

2

g(z) =1+ %, abc. min.

1
g(z) =z + o abc. min.

1
§(z) = z2 + —, abc. min.

Nz

9(z) =1— %, abc. max.

9(z) = sh2z, abc. min.
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31. g(z) = 4z, abc. min.

1
32. §(z) = % <CB2 ;) + i abc. min.

3
33. jj(z) =22 + ?a: + 1, abc. max. 34. g(z) = abc. max.
z?

1
35. g(z) = ) tgz + sinz + 1, abc. min.

1.
36. §(z) = 22, abc. max. 37. g(z) = (1 —z)e " + 5:1:2, abc. min.
L . X 1
38. §(z) = V4 — z2, abc. min. 39. j(z) = — — =, abc. max.
x

1
40. §(z) = 22 — o abc. min.

1
41. g(z) = -2—(sinw —cosz + 1), abc. min.

42. j(z) = %m +1- %, abc. min.  43. §(z) = sinz, abc. min.

44. jj(z) = z? + 1, abe. min. 45. §j(z) = In (1 + z?), abc. min.
46. j(z) = z + €%, abe. min. 47. §(z) = e~ 2 + €%, abe. min.
48. §(z) = e — 2z, abc. min. 49. §(z) = sin 2z + 22° — 7z, abc. min.
50. g(x) =z + €7, abc. min. 51. §(z) = € + sinz, abc. min.
52. g(z) = + 5 + sin 2z, abc. min

53. §(z) = 2%, abc. max. 54. {j(z) = 2% — 225, a6c. min.
55. g(z) = % +§ % 6c. max. 56. j(z) = 2% + ;15, abc. min.

57. §(z) = —23 + %, abc. max. 58. §(z) = 3z — %, abc. min.

59. §(z) = 22 — 222, abc. max. 60. j(z) = e? + 4 — z°, abc. min.
61. §(z) =22 - lm3, abc. max. 62. §(z) = €*® — 22 + 1, abc. min.

2

1
63. §(z) = e!7** — €%, ac. min. 64. j(z) = — — 2*, abc. min.
T
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1
65. §(z) = e**5 — ¢73% a6c. min.  66. §(z) = z° — =5 abc. min.

<

67. §(z) = 2sh2z — chz, abc. min. 68. §(z) = 2sh 3z + shz, abc. max.
1 1

69. j(z) = 4/ — 3, abc. max. 70. y(z) = Ezi — 7%, abc. min.
71. §(z) =2 3 abc. min 72. g(z) z + 2 abc. ma
. =z — —, abe. . . = —z + —, abc. max.
Y T ) Nz
A 1 R 1 .
73. 4(z) = - VT abc. max. 74. 4(z) = e abc. min.
2
1
75. §(z) = §4£ - %—, abc. max. 76. j(z) = E;—, abc. min.
) 1 1 . . .
77. 4(z) = po e abc. max. 78. §(z) = z° + 1, abc. min.
79. §(z) = z — z?, abc. max. 80. y(z) =z + g, abc. min.
81. §j(z) = 2z — z?, abc. max. 82. j(z) = (5lnz — 2)z? Inz, abe. min.
83. (z) = 52%(1 — z + xlnz), abc. min.
84. §(z) = z2(1 + 3In%z — Inz), abe. min
85. §(r) = z(2z — 1 + Inz), abc. min.
86. §j(z) = z3 + z, abc. min. 87. §(z) = 3z + 1, abc. min.
88. §j(z) = 2% + «, abc. min. 89. §j(z) = z? + z, abc. min.
2 _
90. §(z) = z+/z, abc. min. 91. g(z) =z + ad ™ :1:, a>0
sh \;:_
92. §(z) =In|l +az|, a > 0. 93. §(z) = —1—“ a>0.
h—
" Ve

94. §(z) = %m [1 + (e% - 1) x} 95. §(z) = —/922 + 16z.

9. j(z) =z — 7. 97. §(z) =

98. j(z) =In}. 99. §(z) = §($+1)%.
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2
100. j(z) =1+ = 101. j(z) =z® - 1.

§ 20. O6o6weHns npocreifiell BapuanMOHHONU 3a4a4u

1. 3AIAYA CO CBOBOJHBLIM KOHIIOM U 3AJAYA BE3 OTPAHUYEHU. Pac-

CMAaTpHUBAETCA
b

16 = [ Floy(@),v/ @z,
a

rae dynkuust F(z,y,p) yHOBIETBOPSET TeM K€ YCJIOBHSAM, YTO M B IpeIbl-
Aymem naparpade. B ommmune or mpeapiaymero §1 dbyukuus y(z) momkaa
YAOBJIETBOPATH JIMIIbL OZHOMY FPAHUYHOMY yioBuiO y(a) = A.

3agauelt co cBoGOAHBIM KOHLOM (T = b) Ha3bIBAETCS 33Ja4a HAXOXKAEHHUS
craboro skcrpemyma J(y) B Kiiacce HenpepbiBHO auddepeHIupyeMblx (yHK-
umit y(z), yooBserBopsiomux ywiosuio y(a) = A.

Ecnu naxkapl HenpepwiBHO auddeperuupyemas dbyHKuus y(z) sABIsSETCS
pellleHHeM 33341 €O CBOOOAHBIM KOHIIOM, TO HEOOXOAMMO OHA YJOBJIETBODSET
ypaBHEHHUIO Dijiepa

¥ T'PDAHUYHOMY YCJIOBHMIO BHJA

OF [z,y(z),y' ()]
oy’

z=b

Perenue ypasuenus Ditsiepa, yaosiersopsioniee yciosuio y(a) = A u yka-
3aHHOMY YCJIOBMIO HpH = b, HA3BIBAETCsI JOIMYCTUMOMN 3KCTPEMAJIBIO 33aJa4H
€O CBOOOIHBIM KOHIIOM.

3ajauelt 6e3 orpaHMYeHN HA3bIBAETCS 33]a4a HAXOXKJAEHUs1 C1aboro aKc-
TpeMyMa J(y) B Kilacce HempephiBHO AuddepeHnupyembix GyHkuuit y(z), He
YJOBJIETBOPSAIOUIMX KAKUM-JUO0 TPDAHMYHBIM YCJIOBHSIM NPU T = @ U £ = b.
JBax el HenpepbiBHO guddepeHnppyemoe peuenne y(z) 3aaa4uu 6e3 orpaHu-
YeHui HeoOXOQMMO YAOBJIETBOPSIET YPABHEHUIO Dityiepa U IPAHMYHBIM YCJIOBH-
M BUIA

OF[z,y(2),y'(z)]| _ 9F[z,y(2),v'(z)]
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ITPUMEP 1. PemmnTs 3ama4y co CBOGOIHBIM KOHIIOM

2
6x — 12
J(y)=/[ - vy — (y)2 + 8ay'| dz, y(1) =
1

A Ypasnenue Jilsepa UMeeT B
oy — 6y = 42°.
DKcTpeMana 33a10Tcs GopMyIToit
2

Cl 3
y(a:)=;§+02:1: -z,

I'pannyHoe ycsioBHe MpH £ = 2 HAXOAUM M3 yPABHEHHS

F - 12
?__/_ = [6$ y— 2y + 8:1::' =-2y/(2) +16 = 0.
Y | 1=2 z=2
Otcroma y'(2) = 8. Dro ywiosne Bmecre ¢ ywioBuem y(1) = 0 onpegesnsior

JOMyCTHMYIO 3KcrpeMans §(z) = 23 — 22,

IIycte n(z) — npousBosbHAA HenpepblBHO duddepermupyemas Ha [1,2]
dbyukuus, g koropo# 7(1) = 0. Torga

2
. . . "6z —12 | . .
AI(G) = (5 + )~ ) / {EZ2a 0@ o) - @+
1
- 12

+3$(@'+77')— 99’ + (§)? —8271?'}6106:

2

6 —12 ., )

=/{ xx (ny’+yn'+nn’)—2y’n’—(n’)2+8wn'}dw-
1

Eciu npouHTErpHpoBaTh [0 YACTAM (JlaraeMble B TOM HHTerpaje, Co-
Jepxkaiue 7', BOCIOIL30BAThCS ypaBHeHHEM Jiiepa 1ias §(z) U ycaoBusMu
7'(2) = 8, n(1) = 0, To monyunm

81 =— [ o7+ 5] aa <o
1
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3Ha4uT, AOIyCTUMAas 3KCTpeMalb §(z) B paccMaTpuBaeMoi 3aqade gaer abco-
JIOTHBIA MAKCHMYM. A

[IPUMEP 2. Pemnts 33auy 6e3 orpaHuveHuit, eciu

1

J(y) = / [(4)° + v* + 2ye]da.

0
A VYpasuenue Ditnepa y”’ — y = € HaeT MHOXKECTBO 3KCTpeMmaJieil 3aJa4u
y(z) = Cre™" + Cae” + ~ze”. I'paHUvHBIMU yCJIOBUAMHE 1151 Y(Z) SABJIAIOTCS:
y'(0) = 4'(1) = 0. Onpegenus C; u Co U3 3TUX I'PAHNYHBIX YCJIOBHi, HAXOAUM
JOMYCTUMYIO SKCTPEMaJlb

(@) (1-2e?) e —e? 2 1
A Yy 2

s Besikoit HenpepbiBHO qudbdepenunpyemoit Ha [0, 1] dyrkuun n(z) umeem

1
AJ(G) =J(@G+n) - / i’ + ()2 + 2gn + 0 + 2e"n)dz =
0

1

1
29’ (z)n(z)|,_ 0+/n (24 + 2¢° —2ﬂ"]dw+/[(n’)2+n2]=
0 0

1

/[(n’)2 + n?ldz,

0

TaK KaK IIPOMHTErPMPOBAHHAsI YaCTh OOPAIAeTCss B HyJIb B CHJIy 'DAHHYHBIX
ycnosuit §'(0) = §'(1) = 0 u mepBblit MHTErpasl PaBeH HYJIO B CHJIy TOrO,
410 Y(z) ymosyerBopsieT ypaBHeHUIO Diiepa. [I0CKOIbKY U3 MOJYyYEHHOrO pa-
BeHCTBa cieayer AJ(§) > 0 mns Bcex paccmarpuBaeMsix 7)(z), To §(z) maer
abCOJIIOTHBI MUHUMYM. A

Pemuts 3a.,natly co cBoboaubM KOHIOM (1—10):

/[2:1:y+ dx y(0) = 0.
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1
2. J(y) = / [2y + 6y’ + (y')2] dz, y(0) = 0.
0

2
3. J(y) = / [332(;(,/')2 + 6y° + 2x3y] dz, y(1) = %
1
1
4. J(y) = / [y + 2y’ + (¥)*] d=, y(0) = 0.
0
2
5. J(y) = / [%(y')? + 124°] dz, y(1) = 97.
1

6. J(y) = /2 [% + %3] dz, y2) = 2.
1

2

7. Jy) = / [£*(y')? + 3zy?] dz, y(2) =
1

ég

24"
2

8. J(y) = / [c3(W))? - 8(2? — 2)yy/ + 42 + 82%] de, y(2) = ~T.
1
3

9. J(y) = / [8yy'Inz — z(y')? + 6zy'] dz, y(3) = 15.
1

1

==}

2
2 _ !
I = [ [0 - X - e,y = 10

2
1

Pemnts 3aa4y 6e3 orpannyenns (11—12):
/2

11. J(y) = / [4y% + () + 2y cos z] dz.
0
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e
2
T T
1

Haiitu nonycrumele sKcTpeMasu B 3ajaa4e 6e3 orpanundenuit (13—15):

13. J(y) = / 2y + vy + xz(y’)z] dz

2
14. J(y) = / [2y —yy' + :zt(y')2] dz

1
15. J(y) = / 2yy’ + ( dw.
0

OTBeThI K 3agauyam . 1 § 20

3

1. 'g=%-—2a:, abc. min. 2. § = —3z, abc. min.
1 2 3
3. g=267-%+% abc. min 4 gj=—§, abc. min.
5. §=z° + —;, abc. min 6.5=2a3 +%a6c min.
7. 9=z + ! abc. min 8. §j =1 —2z?, abc. min
g= 353" 20¢ . s , abc. .
9. § = 222 — z, abc. max. 10. § = z* + z, abc. min.
2ch2
11. g = — 5( ;hwm+cosz),a6c. min.
1 In4+4
12. g = 1+e(x—§)—lnx, abc. min. 13.@=ln§-— - :: — 6.
Inz +2
14. §= 1 . 15. g =0.
y=stlt In2 y

2. ®YHKIUHOHAJIH, 3ABUCSILME OT JABYX ®YHKLHI. Paccmarpusaercs
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3aJa4va HaXO0>XKJIEeHNA CHa60FO 3KCTpeMyMa.
b‘
me»=/me<nmmw<>%mm,

a

rae F — 3aJaHHas qBaXK/ (bl HENPEePbIBHO quddepeHuypyemast GyHKIUsS CBOUX
apryMEeHTOB, B KJIaCC€ HENpePLIBHO auddepeHnupyembx nap Gyskuus y (z),
y2(z) Ha [a,b], yAOBIETBOPAIOIINX TPAHUYHBIM YCIOBUSIM

y1(a) = A1, y2(a) = Az, y1(b) = By, y2(b) = By,

roe Ay, As, B1, Bo — 3ajaHHbIe YHCTIA.

Ecnu nBakzabl HenpepblBHO auddepennupyemas Ha [a, b] napa dbyHkuumit
y1(z), y2(x) maer sxcTpeMyM paccMaTpuBaeMoMy (DYHKLIHOHAJIY, TO HeoOXoan-
Mo y1(z), y2(z) Ha [a,b] yaoBieTBOpSIIOT cucTeMe ypaBHeHuit Ditnepa

OF dOF _ OF dOoF _
Oyy dzdy; T dyy dxdyy
Bcesaxas napa byHKLIUH, yI0BJIETBOPSOLIAs CUCTEME YPAaBHEHUN Dilyiepa, Ha3bl-

BaeTCs SKCTPEMAJIBIO. DKCTPEMaJIb, YAOBIETBOPSAIOIIAA 33 JaHHBIM I'PDAaHUYHBIM
yCJIOBUSIM, Ha3bIBAETCsl JOIMYCTHMOMN SKCTPEMAJIBIO.

I[IPUMEP. UccrienoBaTh Ha SKCTpeMyM (DYHKIIMOHAT, €C/IH

2
J(y1,92) = / 6y2+z2(y1)?+(v5)%ldz, y1(1) = y2(1) =1, y1(2) =4, 12(2) = 2.
1

A Cucrema ypasHeHuit Dityiepa UMeeT BHI

{mm—mﬂmy=m

C
OTciona HaxoguM sKkcTpemann y;(z) = Crz? + , y2(z) = Ciz + Cy. Tog-

craBisas yY1(z), y2(z) B 3aaHHBIE IDAHUYHbIE ycnomm, TI0/Iy9aeM JOMYCTUMYIO
skcTpeManb §1(z) = z2, f2(z) = .
IMokaxkeM, YTO Ha JOIyCTHMOR SKCTpPEMAJIM 33JaHHBIA (DYHKIIMOHAI UMeeT
o o

abcomornblt MunnmyM. Ilycrs (cm. §1) 71(z) € C[L,2], m(zx) € CY[1,2).
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Torga

AJ(G1,92) = J( +m, 02+ 1m2) — T (1, 02) =
2

= [16Caum +72) + 3% @t + (1)) + (2ah + ()
1
Murerpupys mo 4acTsaM (1araembie, CoAepKallie 7} U 7)), ¥ YYUTbIBas, UTO
m(1) =7 (2) = n2(1) = 72(2) = 0, orcroma nHaxoauM
2 2
A1) = [ 1201 = (20°0) Inde = 2 [ G+
1

1
+ /[677? +2°(n})? + (ny)*)dz.

IlepBble nBa MHTErpasia paBHBI HYJIO, TaK Kak ¥1(z) ¥ §2(z) ymoBIETBOPSIOT
cucTeMe ypasHeHuit Jitnepa. [IockonbKy nocieqHuii HHTErpas HeOTPUIATEb-
Hblt, To AJ(¢1,72) > 0 npu Bcex paccmarpusBaembix 71(z) u 72(z). 3ua4nr,
napa gysxumit §1(z), §o(z) naer abcoMOTHBIN MUHUMYM GyHKUHOHANA. A

Uccnenosarh Ha SKC'rpeMyM bYHKUIHOHAJL. €CTH:

1. J(uny2) /[ 2]z, 4(0) = y2(0) = 0, ya(1) = ya(1) = L.
2. J(y1,42) = /[y2 + (¥1)% + (v5)%dz, 11(0) = 0, %2(0) = 1, yi(1) = 1,
y2(1) =
1
3. J(y1,92) /yl + 5 + (W) + (¥8)%dz, 11(0) = 12(0) = 1, y1(1) =
=1y(l) = 0
e7

2

4. J(y1,p2) = /[12?4:12 + y3 + 2% (Y))? + (v5)*)dz, y1(1) = 1, yo(1) =
1
(
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Haittn nomycrumsle sxkcTpemann (5—11):
w/2

5. J(ylay2) = /[ y1 - 2y1y2]dm Y1 O) =1, y2(0) =-1,y (g.) —

=e2 7—r- =—e%_
y Y2 (2)

6. J(y1,y2) = /[2y1+y2+(y1)2 (v3)%)dz, y1(0) =0, 12(0) = 1, y1(1) =%
y2(1) = 6—1-

w/2

7. J(y1,y2) = /[2y1y2 + (11)? + (¥3)3dz, 11(0) = ¥2(0) = 1, » (g) =
0

8. J(un,v0) = [ ve + vishlde, 12(0) = 1 (0) = 1, (1) = 1a(1) =
w/2

9. J(y1,92) = /['y'ﬂ/z —y1y2)dz, y1(0) = y2(0) =0, 1 (g) = Yo (g) =1
0

10. J(y1,12) = /[211? +2y192 + (1) — (v5))dz, 11(0) = 2(0) = 0, 1 (1) =

0
= 2she, y2(1) = —2she.

w/2
11. J(y11y2 /[2y1y2—2y1 +( ) —(y’2)2]dx, yl(O) = yg(O) = 0, n (g) -
0

12. Ilokazarh, 4TO 337a4a Ha IKCTPEMYM IIpU

J(y1,y2) = /[yly’z + yaryldz, ¥1(0) = 32(0) =0, y1(1) = y2(1) = 1

He UMeeT CMbICIA.
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OTBern! K 3amayaM 1. 2 § 20

1. §i1(z) = g2(z) = z, abc. min. 2. §1(z) = z, J2(z) = €%, abc. min.
3. 1(z) = f2(z) = €%, abc. min. 4. i1(z) = 23, 2(z) = €%, abe. min.
2
N N - N - -
5. f1(z) = €%, fo(z) = —e7%. 6. f1(z) = 5, golz) = €77
7. §1(z) = fa(z) = €. 8. J1(z) = G2(z) = €.
9. 71(z) = J2(z) = sinz. 10. §1(z) = 2shz, go(z) = —2shz.

11. 91(z) = zcosz + sinz, §2(z) = rcosz — sinz.

3. (DVHKU,MOHAJIbI, COJEP>XALIUE IMPOU3BOJHHBIE BTOPOI'O IIOPAL-
KA. PaccmarpuBaercs: 331242 HaX0XIEHHA C/1abOro SKCTpeMyMma,

b
I@) = [ Floyla).y/ ()4 @)
a
rae F' — zanannas Tpuxap! quddeperuupyeMast GYHKIHS CBOUX apIyMEHTOB,
B KJlacce JBaXk[bl HempephlBHO auddepennupyembix dysxnui y(z) Ha [a, b],
YAOBJIETBOPSAIOUINX I'PAHUYHBIM YCJIOBUAM

y(a) = A1, y'(a) = Az, y(b) = By, ¢'(b) = By,

rae A1, Ag, By, By — 3aJaHHbIE YHCIA.

Ecmn gerbipexxapl HenpepbiBHO auddepennupyemas Ha [a,b] dynkuus
y(r) maer skcTpeMyM paccmaTpuBaeMoMmy (byHKIMOHANY, TO ¥(z) HEOBXOAUMO
Ha [a, b] ynosnerBopsier ypaBuenuto disepa-Ilyaccona

oF d OF + d* OF _
dy dzdy = dz?oy"
Bcsikoe penieHue 3TOro ypaBHEHHs Ha3bIBA€TCsl 9KCTPEMAJIBIO. DKCTPEMAJIb,
yIOBJIETBOPSIOLIAs] 33IaHHBIM MPAHUYHBIM YCIOBUAM, HA3bIBAETCS NOIYCTUMON
9KCTPEMAJIBIO.
ITPUMEP. UccienoBaTh Ha 9KCTpeMYM (PYHKIMOHAI, €CIIH
1
J(y) = /[(y')2 + (y")?)dz, y(0) =¢'(0) =0, y(1) =e—2, y'(1) =e~1.
0
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A Ypapuenue Ditnepa-Ilyaccona umeer Bujg
-2y" +2y"V = 0.
DKcTpeManu 330a0Tcsl (hOpMYJIoi
y = Cie* + Cye™* + Csz + Cy.
Vcrnonb3ys rpaHUYHbIE YCIOBHS, TIOIyUaeM JOIYyCTUMYH SKCTPeMaJlb
g(z) =e* —z — 1.

ITokaxkeM, 4TO §(z) AaeT abCOMIOTHBIA MHUUMYM (DYHKIHOHATA.
Jnst Besikoit mBak (bl HenpepbiBHO anddepeHuupyemoit Ha [0, 1] dbynkunn
7(z), yaoBiaeTBopsiouiel TPaHUYHBIM YCIOBUAM

nMeemM
1
AJ(@G) =J@ +7 / 200" + (n')? + 20"n" + (") dz.
0

[IpounTerpupyem o 4acTsaM MEPBOE CJIAraeMoe OAMH pa3, a TPeThe (JIaraeMoe
JBaXKAbl. B CHly IDaHHUYHBIX yCJIOBHH Iuist 7)(Z) NPOMHTErPUPOBAHHAS YaCTb
obpaTuTCs B HyJIb U IIOJyYaeM

1 1
J(G) = / 29"V Indz + / ()2 + (n")?)de.
0

0

Tax xak gy(z) yzoBseTsopsieT ypaBHeHuro Jitnepa-Ilyaccona, To nepsbiit uHTe-
rpaJ pased uynwo. Illosromy

1
J(9) =/ + (1")Ydz > 0.
0
Buaunr, §(z) maer abCOMIOTHBIA MUHAMYM (DYHKUHOHATA. A

HccnenoBaTh (pyHKIMOHA HA 9KCTPEMYM, €CJIH:
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1
= [ =20y + /s, 4(0) = 40 = 0,40 = 3, ¥/ (1) = 75

0
2. J(y) = / ety — (4")2)dz, y(0) = #/(0) = 1, y(1) = e, /(1) = 2.

w/2
3. Jy) = /[2ysinx—+— (y”)2]dg;, y(0) = 0, ¥'(0) = —1, y(g) Y

- T/2V2 ; i
6. J(y) = 0/ (1632 + (y")?]dz, y(0) = y'(0)=y(2—ﬁ)=o,y' (z—ﬁ)=
=——2\/§sh§.

Haittu nonycrumeie skcrpeMainu (7—9):
w/2

= [ - im, v0) =y =y (3) =0.v () =2-F.
0

/4
8. 90 = [ 16"P-46) e, u0) =y =0,y (5) = T-2.4/ (§) =0
0
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10.

x/2
I = [12=26 + 6z, 0 =y 0) =0,y (5) = v (5) =
0
=1.

ITokazaTb, 4TO 33a/a4a Ha SKCTPEMYM IIpU

1
J(y) = /[wy” + 2yy' +¢']dz, y(0) =4'(0) =0, y(1) =y'(1) =1,
0

He UMeeT CMBICIa.

OTBeTsl K 3anayam 1. 3 § 20

“u\s

1
. 9(z) ! (—z5 +23 - xz), abc. min.

3

. §(z) = €® + e (z* — 2?), abc. max.

2

T
j(z) = —sinz + 23 - R abc. min.

. §(z) = > (¢** — 2z — 1), abc. min.

~

. §(z) = 2z - shz, abc. min.

. §(z) = 2sh (m\/ﬁ) - COS (m\/i), abc. min.

J(z) =z —sinz + (1 - g) (1 - cosz).

. §(z) = cos2z —sin2z + 2z — 1.

. 9(z) = zsinz.

§ 21. Nzonepumerpuyeckas 3aaada

W3onepumerpu4eckoit 3a1a4eii Ha3bIBAETCs 334a4a HCCIeA0BaHUsI C1aboro 9Kc-
TpeMyMa GYHKIMOHAIA

b
J(y) = / Flz,y(z),y'(z))dz
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B KJIacce HenpepbiBHO auddepennupyeMbix yuxumit y(z) Ha [a,b], ynosie-
TBOPSIIOLIMX TPaHUYHbIM yciaoBusM y(a) = A, y(b) = B u ywioBuaM CBA3H
BHJA

b
.&wrafﬁummxwmwwﬂpj=fa

rae A, B, 1, j = 1,n — 3agannble uncna. 3aeck F' u G — 3aJaHHbBIE JBaX bl
HenpepbiBHO guddepeniupyemble GyHKImy, j = 1, n.
ITycth 3amaHo JUILb OHO YCJIOBUE CBSI3U

b
Km=/6mwmwmm=L

Beenem B paccMoTpenune GpyHKIMIO
L(z,y,y',A) = F(z,9,v') + A\G(z,y,y"),

HA3bIBAEMYIO JIArDAHIKHUAHOM, TJe napamerp A € R Ha3bIBaeTCs HEONpeseseH-
HBIM MHOXKuTeseM Jlarpanixa.

Ewmn gBaxapl HempepoiBHO auddepeniupyemast Ha [a,b] byukuums y(z)
SIBJISIETCSl PELIEHNEM M30IIEPUMETPUYECKON 3aa491 U IIPU 9TOM IepBasl Bapua-

[¢]
uus 0K[y(z),n(z)] # 0 nna seex n(z) € Clla,b], To y(z) Heobxonumo Ha [a, b]
YIOBJIETBOPSIET NIPH HEKOTOPOM 3HAYEHHH A yPaBHEHHIO Jilyiepa BUJa

OL d 0L
dy dz 0y
Pewenust 3TOro ypaBHeHHsi Ha3bIBAIOTCS SKCTPEMATIIMU. DKCTPEMAJIH, Y10-

BJIETBOPAIOIIINE I'PAHMYHBIM YCJIOBUSAM H YCWIOBHUIO CBA3HU, HA3BIBAIOTCHA IOIIy-
CTUMBIMH.

ITPUMEP. PeuruTh u30nepuMeTpudecKyio 3a/1ady, eciu

Ul T

J(y) = /(y')zdl‘, y(0) =1, y(m) = -1, /ycosxdx = %

0 0

A Ypasrenne Ditnepa qis marpamxuana L = (y')? + My cos z umeer Bun

2y" = Acosz.
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A
OkcrpeMasn 3amawrcsa dopmyinon y(z) = Ciz + Cy — —2—cos z. Ucnonb3ys
rPAHUYHbIE YCJIOBUSL M YCJIOBHUSL CBSI3W, IOJIy4aeM JAONYCTUMYIO SKCTPEMaJlb

y(z) = cos z. ITokaxkeM, 4TO Ha Heit U30NepUMETPUUIECKas 331a9a UMeeT abCco-

JIIOTHBIA MUHHAMYM.

™
o .
Bozpmewm srobyto 7(z) € C0, ], ansa xoTopoit / ncos zdz = 0. Torma na
0

9(z) + n(z) onpenenen dbyukuyonan J(y) ¥ MOXKHO PaCCMOTPETh

AJ(G) = J(G+ / [2¢'7" + (7)?] dz.
0
NHrerpupys mo 4acTsaM NepBoe cjiaraeMoe u y4uuTbiasi, uro n(0) =
HOJIy 9aeM
™ ™
AT(G) = -2 [ 'nda+ [ (1)da
0 0

B cuy ypaBHeHus: Ditjiepa U yCJI0BUs CBsi3u s 7)(x)
7!'. g
/ §"'ndz = )\/ncos zdz = 0.
0 0

CrnenoBaTesbHO,
m

83(9) = [ >0
0
U, 3HA4uT, §(Z) naer abCOTIOTHBIA MUHUMYM.

Pewmnth nzonepumerpuyeckyio 3agady (1—10):

™ U

1. J(y) = /(y')Qd:z:, y(0) =0, y(w) = 7, /ysinmdw =0.
0 0
1

1
2. J(y) = / (v')2da, y(0) = 0, y(1) = e — 3, / Yoz = 0.
0

0
1 1
3. J(y) = / (')2dz, y(0) = 2e + 1, y(1) = 2, / e Tyde = c.
0 0



§ 21. U3onepumerpuyeckasa 3a1a4a 251

4. J(y) =

o _

1
()2dz, y(0) = 0, y(1) = 2, / sydz = 1.
0

1
5. J(y) =/[y2+(y’)2] dz, y(0) =0, y(1) = 1, [ ye~*dz =
0

o\‘_
w
(4]
ol L
|
(4]

2
8. J(y) = /m(y')2dm, y(1) =0, y(2) = 12, /xyd;[; =9,
1

™ ™
9. J(y) = / [2y + 3y + (v) ] dz,y(0) = 0, y(r) = 72, /ysinmdx =n’-1.
0 0
7|: ™
10. J(y) = / [(y')2 + 1% 4 2y cos z] dz, y(0) = 2, y(r) = -2, /ycos zdz =
0 0
= .

Haiitun monycrumble skcTpeMann usonepumerpudeckoi 3agadu (11—14):

1 1
11. J(y / 2yy’ + ( y) dz, y(0) = y(1) =0, /[4zy' + yy'|dz = 4.
0 0
1-
12. J(y) = / '+ day'ldo, y(0) = y(1) =0, [ [ouy/ + ()] do = 4.
0 0

1
0
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14. J(y 8.

o\_

1
[yy' - 8zy']dz, y(0) = 0,/ yy' +2(y')%] dz
0

m

™
15. Haittu munumym J(y) = /(y')2dx, ecmm y(0) = y(w) =0, /dex =1.
0

0
1
16. Haiitu munnmym J(y) = /[y + (y )]dz eam y(0) = y(1) = 0,
0

1
/y2d$ = 1.
0

OrBeTs! K 3amayaMm § 21

72
1. g(z) =z — —8—sina:, abc. min.

2. j(z) = g—(—ff_—_—-;i) + (e — 1)z, abc. min.
3. j(z) = 2e!™% — £ 4+ 1, abc. min.

4. j(z) = w, abc. min.

5. j(z) = —ze' ™%, abc. min.

6. J(z) = 4ze®, abc. min.

7. 9(z) = 3z, abc. min

8. §(z) = 4

9. g(z) = %— 7—;2 + ;sm:v abc. min.
10. §(z) = 2cosz, abc. min
11. §(z) = 6 (2% — 2).
12. §(z) = £2V3 (z — z?)
13. j(z) = 6 (z — 2?).
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14. §(z) = £2v3 (2% — z).
15. —1.
16. 1+ 72

§ 22. JlocTaTOo4yHBIE yCJIOBUA CTPOroro cjaboro JIOKaJbHOTO
3KCTpeMyMa B npocrelnieii BapManyoOHHON 3anade

PaccMoTpuM npocreiiinyio BapHalMOHHYIO 334a4y:

b
J(y) = / Flz,y(z),y/(2))dz, y(a) = 4, y(b) = B,

rae dyukuus F spisierca TpruxKAsl HenpepbiBHO auddepeHippyeMoit Ipu Bcex
t € [a,b] u Bcex (y,p) € R2(y,p). Eum §j(z) — momycTumas 3kcTpemass
(cm. §1) sToM 337a49H, TO MOTOKUM

0*F

Qle) = [62F d a?p]

dy2  dz dydy’

y=i(z) y=g(z)

ToBOpAT, YTO BBHINOJIHEHO YCHJEHHOE yciosue Jlexxanapa, ecim P(z) # 0 ans
Bcex z € [a, b).
Ha [a, b] paccmorpum 3ama4y ajis ypaBHeHus SIko6u:

d [P NG

i [P@ 28] - e@uta) =0, uia =0

Ecnu xax0e HeTpuBuMaibHOE pelneHue u(z) 3TOH 3a1a4M He MMeeT HyJiel Ha
(@, b], TO rOBOPAT, YTO BBINIOJHEHO YCHJIEHHOE yciioBue SIkobn.

TEOPEMA. Eciu: 1) §(z) — momycrumasi 3KCTpeMasib, 2) BBINOJIHEHO YCH-
JieHHoe yciioBue Jlexanzapa, 3) BLINOJHEHO YCHJIeHHOe ywioBue fkobu, To npu
P(z) > 0 Ha [a,b] §(z) maer crporuit ciiabelit JoKanbHbIA MuHEMyM J(y), 2
npu P(z) < 0 Ha [a,b] 9(z) maer crporuit cnabblit noKaubHBIA MakcumyM J(y).

IIPuMEP. UccrenoBaTh Ha c1abblil 3KCTPEMYM, €CIIH
w/2

J(y) = / [v* — (¥)?]) dz, y(0) =0, y (g—) =1

0
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A Jna Hamero npuMepa ypaBHeHHe Ditiepa

d
—-———2’: " =
2y dm[ yl=y"+y=0

naer skcrpeManu y = C)cosz + Cosinz. 'paHudHbIe yWIOBHS BBIAEJISIOT
JOIYCTHMYIO 9KCTpeMauib §(z) = sinz.
0’F
VYewnnennoe yciosue Jleskanapa BbITOJIHEHO, MTOCKOJIBKY P = 507 = -2<
Y

< 0. YpaBuenne fxobu umeer BUL

d du
E [—2?&-] —2u = O

HerpusunasnbHble pelIeHUs 3STOrO YPABHEHHs], YIOBJIETBODPSAIOLIME YCIOBHIO
u(0) = 0, umeror Bug u(zr) = Csinz u He obpamaloTcsa B HyJIb IPU BCEX
T € (O,g . CnenoBaTebHO, BBHINOJHEHO YCHJIEHHOE yciaoBue fIkobu. 3Havur,
§(z) = sinz Jaer crporuii ciabblil JIOKAILHEI MaKCHMYM. A

Uccnenosars Ha 3kcTpemyMm (1—9):

™

1. J(y) = /(y')adfv, y(0) =0, y(r) = am, a # 0.

1
2 J(y)=/[(y’)3+3(y’)?+y'] dz, y(0) =0, y(1) = L.
0
1 d
3. J0) = [ o w(0) = 0,y(1) =1
0
2
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v (y)3dz, y(1) =2, y(2) = 2V2.

—EI—)E 0)=1,y(1) =e

9. J(y) = / 2 [(¢/)? — 7] do, y(1) = ¢, y(2) =
1

OrBeTs! K 3amayaM § 22

%) = az maeT cTporuit min npu a > 0 u crporuit max mpu a < 0.

Z) = z jaeT cTporuii min. 3. §(z) = z maer crporuit min.

Inz maer crporwmit min. 7. 9(z) = 2y/z maer crporuit min.

Y
(
4. §(z) = —-fc JaeT CTpOruit min. 5. §(z) = 2% aaer cTporuit min.
(z
9(

) =
z) = € jaer cTporuit min. 9. g(z) = €* maer crporuit min.
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