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YIK 6513.83

Huoraa romopsaT, 4TO TOMOJIOIHA — 3TO KauecTBEHHAA
reoMeTpHs, HO B HaUlM AHH €BAa JIH CAefyeT CUHTATb TO+
TOJIOTHIO JIMIIb HacThio FeoMeTpHd. OHa NpeACTaBJIAET CO-
Gofi oaun u3 uanGonee GypHO H HHTEHCHBHO Pa3BHB3IO-
HIHXCA Pa3/eN0B MaTeMaTHKH H Bce WIupe NpOHHKaer B
caMble pasHoo6pasnpie 0GNAaCTH MaTeMaTHUeCKHX SHaHuf,
Bce Goablire npHnOXeHUH HaXOAHT TOMOJOIHA H BHE Mates
‘MAaTHKH. i C :

STa KHHra NOCBALIEHA OCHOBHBIM M NPOCTEALIHM (10«
BATHAM TonmojorHu. Ha npumepe aByX -BasHHIX TeOpeM
aBTOPH MOKA3LIBAIOT, KaK OSTH HOMATHA BOSHUKAIOT, KaK
OHH TIO3BOJIAIOT NMPaBH/LHO MOHATL M TOYHO CHOPMYJIUPO~
BaTb HEKOTOPHE YTBEPIK[IEHHA H KaK C HOMOLIBIO TOMOJO+
THYECKHX METOAOB 3TH yTBEPMACHHA MOKHO AOKA3aTh.

‘Kn#ra wanHcaua ACHHM #A3BIKOM, COAEPIKHT MHOTO
MONIe3HBIX YNpamHeHHH, OT uHTaTelsa He Tpebyercd mpep-
BapuTeNbHbIX 3HaHHK no Tonoiorkd, Kaura, GesycnosHo,
3auHTEpPeCyeT BCeX JOGHTenell MaTeMaTHKH HauHHAA ©
ydalUsHXCA CTapUiyX KJAacCoB cpeaHell UIKOJML,

Pedakuus auTepatyps. nO MATEMATUHECKUM HAYKAM

HHA. 2-2-3



OT PEJAKTOPA CEPHUH

Srta HeBonblllasi KHHra, 3aMETHO OTJHYAIOLLasCH MO
CBOEMY XapaKTepy H COAEPXKAaHHIO OT BCeX APYrHx H3-
BECTHHIX HaM HAYUHO-MONYJAAPHBIX KHHI Ha OJIH3KYI0
TeMy (06 aTOM euie GyzeT cKa3aHO HHXKe), GeccnopHo,
obnanaer GONBIIMMH HOCTOMHCTBAMM: OHA NOCBALIEHE
JIOCTaTONHO FAYGOKMM M BaXKHHIM HAEAM H TeopeMaMm,
MO NPHTOM JMOCTYHHA M MAJIOONLITHOMY YHTATENIO, CTPO-
ra 6e3 M3JHIUHEro NEXAHTH3MA, 3J€laHTHA H . JHIIEHA
BCAKHX 3JIEMEHTOB BYJbrapHaanuM, CTOJIb YacTHX B JIH-
Teparype AN HAYMHAIOUWMX. ABTOPH KHHUFH — BHIAIO-
mufica amepukaHckuft yuennin Hopman Cruspon  u
ONBITHLIAA npenonaBaTenb YuabaM UuHH, CBA3AHHHH C
u3BectHoft HccnepoBaresibCkofl rpynnmofl mo iKoJibHOM
MaTeMaTHKe, KOTopas oGbenuHseT MHOFHX BHAHBIX Ma-
TeMaTHKOB U nexparoroB CIIIA. -

B knure paccMaTpuBalOTCS HEKOTOPhle BONPOCH
O4eHb MHTEPECHOTO pasjesna COBPeMEHHOM MartemaTu-
KH — TONOJIOTHH, HAEH KOTOPOH HAYHHAIOT 3aHHMATb BCE
Gonee u Oojiee BaXKHOE MECTO B OGuIeH MaTeMaTH4YeCKofl
KyJnbType. B HacTosiiee BpeMsi TOMOJIOTHS NepeXHBaeT
nepuon GYPHOTO pasBMTHA: OHa AKTHBHO BTOPraercsi B
Ipyrde pasjienbl MaTeMaTHKH, YaCTHYHO BBITECHSS CBOIO
CTapUlyl0 CEecTpy — reOMETPHIO, PAMKH TOMNOJOTHM pas-
JBHTaI0TCs Cpasy B HECKOJIbKHX Hanpasaenusx. O6
3TOM rOBOPAT B CBOEM BBEIEHHH U aBTOPbl HacTosweh
kaurd. ORHAKO HAYHHAOIIEMY YHTATeNI0 3TO BBEJeHHE
MOXET NOKAa3aTbCH TPYAHBIM, B TAKOM CAyYae MOXKHO
Admb Gersio NpOCMOTPeTb €ro H MNPHCTYHHTh K H3yye-
HHIO OCHOBHOPO TEKCTa KHMTH.

Ornnune Hacrosiedl KHMTH OT JAPYrHX HAYaJbHHIX
KHHT 110 TOMOJIOTHM (HEKOTOpble H3 HHUX YKa3aHbl B MpH-
JIOXKEHHOM K PYCCKOMY M3JaHHIO CHHCKE JIHTEPATYpHi)
COCTOMT B TOM, YTO aBTOpbl HE NBITAIOTCA ONHCaThb pas-
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OT PEAAKTOPA CEPHH

JHUYHble 3aHUMaTeNbHble 3¢dexTh (poAcTBeHHble 06aa-
CTH «MaTEMAaTHYECKHX pasBleyeHHMA»), KOTOPbIX JOBOJIb-
HO MHoro B 3Toft Hayke. OnHM yJensiOT BHUMAaHHE JIHIUD
HECKOJILKHM JMEACTBHTE/NbHO-, IEPBHYHBIM NOHATHSAM TO-
HOJIOTHH W JNHIUb OXHOM 3ajaue, KOTOpasi Ha CaMoOM Jene
ABasieTCs oueHb BaxkHo#. Ha nmpumepe sTol 3ajgauu aB-
TOpaM YZAeTCd MOKa3aTth YHTATEe/I0 CYLIHOCTh TONOJO-
THY H €e CBSI3b C APYTHMH pasfenamMu MaTeMaTHKH.

B nepByio ouyepenb KHHra paccyuTaHa Ha TeX, KTO
TOJBKO HAYHHAET HHTEPECOBATbCS MAaTeMAaTHKOH — yye-
HHKOB CTAapLIMX KJI4CCOB CpefHel IUKoJbl, CTYAZEHTOB-
nepBoxkypcHukoB. Ho oHa Oyner oueHb HHTEpPECHON H
IJis npenojfaBatenefi MaTeMaTHKH, :

) H. M, feaon



BeeseHue

Korma Mbl mHcaju 3Ty KHUTY, Haluedl 1eabio O6bla0 Mo-
Ka3aTb, KaK TOMNOJIOTHS BO3HHKJA, BBECTH H OOGBSCHHTD
NepBHie ee NOHSITHA H paccKasaTb O HEKOTOPHIX H3 €€
NpoCTeAIINX TPHIOKEHHH.

Ornmenbuofi 06/acTbl0 MaTeMaTHKU TOMNOJOTHIO CTaJH
CYHTAThb NPUMEPHO NATHIAECAT JeT HA3aj, HO B OCHOBHOM
ee pa3BHTHE NPHUXOAHTCH HA TOCAEAHHE TPHALATL JET.
Bynyun camoil s3HeprHyHofi ¥3 HOBBIX BeTBell MaTeMaTH-
KH, OHa OKa3aJia OrpPOMHOE BJMsSHHE M HA GOJbIIHHCTBO
Gosiee crapoix Berseil. Tomosnorus Oblia BbI3BAHA K KH3«
HH NOTPeGHOCTSIMH aHa/ju3a (4acTH MaTeMaTHKH, OXBa-
ThiBalowWed augpdepeHnnaNlbHoe U HHTErPaJbHOE HCYHC+
NneHde u aubdepeHunanbaeie ypapHenus). Ho ona ue
ABNsIETCH OTHE/NOM aHallki3a, 3TO CKopee ONUH H3 BHIOB
reoMerpu. Tolojorusi He TaK ClenyaJH3upPOBaHd, Kak,
CKaXXeM, NpOeKTHBHAs Had nuddepeHnHasbias reoMer-
pHsl, HAIPOTUB, OHA fBJASIETCS] MPUMHUTUBHOMN, 3/1€MeHTap-
HoM opMof, Jexaulefi B OCHOBE BCAKOH reOMeTpHH.
CaMoe mnopas3uteNbHOE — YTO HAEH TOMOJIOTHH MPOHH-
KaloT NOYTH Bo Bce o6jactd MateMaTukd. B Goabuieit
YaCTH 3THX NPHJIOKEHHH TONOJOTUS AAET BaXIble Opy-
IS ¥ TOHATHSA [Jf J0KAa3aTeNbCTBAa HEKOTOPHIX OCHOB-
HBIX NpeIJIOXKEHHH, H3BEeCTHbIX NOJ HAa3BaHHEM TEOPEM
cyujecTeosanus,

Ham pacckas o Hayajax TonoJorHd 6y1eT KOHIEeHTPH-
poBaTbcs BOKPYT ABYX TeOpeM CYLIECTBOBRHHS H3 aHa-
ausa. [lepsasi U3 HHX, O KOTOPO# HAeT peyb B yacTtH I,
urpaer B aHaause (QyHIaMeHTaJbHyl0 poib. Ona Oblia
H3BECTHA 3aJI0JIF0 0 TOr0, KAK TOMOJOrHsl Obl1a 0CO3Ha-
Ha Kak OTAEJNbHBI npeaMer. PaspabatniBast ee J0Ka-
3aTeJbCTBO, MB Pa30BbeéM OCHOBHLIE HJIEH TOIOJIOTHH.
Tlpu 3TOoM Oymer noxkasaHo, KaK TOMOJIOTHS BO3HHKIZ
H TmoYeMy OHa HoJie3Ha. Bropas rnaBHas TeopeMa, H3JO-
Kennas B vacru II, gsasercs o6oblieHueM nepBoOi Ha

7



BBEAEHHE

cnyuall AByX usaMepenuii. B oriivuse oT nepBofi TeopeMmbi
ee Helb3s chopMynupoBaTh 6€3 NOMOIH OJHOIO TONOJO+
THYeCKOro noHaTus. Ee [10Kas3aTeNbCTBO BHIABASET TO
cBoeo6pa3Hoe cOYeTaHHEe TOUHBIX YHCJOBHIX BLIKAAJOK H
KaueCTBEHHLIX ‘TeOMETPHYECKHX ¢oo6paxeHull, KOTOPOE
TaK XapakrepHo anas TtonoJoruu. O6e TeopeMbl HMEIOT
MHOrOYHCACHHbIE NMPUJIOKeHHs . MBI pacckaxeM o Tex H3
HHUX, KOTOpble HauboJee HHTEDECHHI C TOUKH 3PEHHS TO-
NOJIOTHH. /

IepBrie cBesenus Mo TOMOJOTHH MOXKHO HAaATH B pad
6orax Kapaa Befiepmrpacca (60-e roan npomJioro Bexa),
B KOTOPBIX OH aHaJHu3HPyeT NOHATHE npedesa (PYHKUUH
(mockoJbKy OHO BCTpeyaeTcs B aHanuae). OH monbiTancs
PeKOHCTPYHPOBATb - CHCTEMY  JEHCTBUTENBHLIX  4HCeJ
H OOHapyXHJ HEKOTOpHlE H3 ee CBOACTB, HblHE Hasbl-
BaeMbIX «TOMOJIOTHYECKHMH», 3aTeM TNOSIBHJIHUCL CMejble
ucenenopanuss I'eopra Kanrtopa no TeopHu TOYEYHBIX
mHoxecTB (1874—1895 r.); onu noxaroroBuau ¢yHAa+
MEHT, Ha KOTOPOM B KOHLC KOHLOB TONOJIOTHSI BO3JBHI+
"J1a cBoW CoGCTBeHHbBIA noM. BTopoMmy HampaBleHHIO

TOMOJIOTHH, Ha3bIBaeMOMY KOMOunaroprodl unu arzebpau-
4eckod TOMOJIOTHEH, NMONOXHUIM Hayaso B 90-x rogax npo-
LIOro CrosieTHs 3aMmeuarenabnbie paborst Anpu IlyaH«
Kape, NOCBAUICHHbLIE HHTErpajJbHOMY HCHUHCJICHHIO IJIA
BHICIUHX paaMepHocTell. TeopeTuro-MHONECTBEHHAA TO-
HOJIOTHS, TIPeNCTaBAAIONAs NepBOoe Hampas/jeHue, Oulia
nocTasjieHa Ha TBepRoe ocHoBanue @. Xaycmoppom H
IPYTUMH Ha IIPOTSAXKEHHH MepBOro JECATHIETHs HAaIIero
Beka. O6benyuHeHne KOMOHHATOPHOTO H TEOPETHKO-MHO-
KECTBEHHOr0 HANpAaBJCHUA TONOJOrHH BHepBble GHLIO
ocymectsieHo JI. 3. BpayspoM npu usyyeHUM MOHATHA
pasMeproctd (1908—1912 r.). CymectBennoe pasBuTHe
ob6beauHeHHON TeopuH Gblio jganHo B mepuox ¢ 1915 no
1930 r. O. ¥. Anekcaunepom, I1. C. AnexcaHIpoBHM,
. C. Jledpmwenom u apyrumu. o 1930 r. Tononorus Hasbi«
panace analysis situs. TlepBbIM, KTO HCIOJb30BaN H MO-
nyJsipu30Bajd TepPMHH TOonos02uA, 6bn Jlegern, ony6iau-
kosaBmiuit B 1930 r. KHUI'Yy NoJ 3THM Ha3BaHHEM.

C 1930 r. Tomosorust ABUrajach yCKOPEHHBIMH LIara-
M. YToO6ul 3T0 NOATBEPAHTD, YIIOMSHEM HEKOTOPHIE H3 €e -
pocrumenuil, Uepes Teopuio KPHTHUECKHX TOYeK, PasBH¥
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BBELEHHE

tyio M. Mopcom (MHCTHTYT BHICIUHX HCCJAeLOBaHHiL,
TIpuHCTOH), OHA BTOPIAach B BaPHALMOHHOE HCYHCJEHHE,
Pa6oraMu X. Yurnu (MHCTHTYT BHiCLINX HCCAENOBaHH,
IMpuncTon) no paccroeHHbIM npocTpancream, JK. e Pa«
Ma (JloszanHa) no AnddepeHHANBHBIM Q)opmaMHI“ Xon-
¢a (Llopux) mno rpynnam Jlp oHa mana HOBBHIt TONYOK
nuddeperunanbuofi reomerpud. PassuB Hosble OCHOBHI
anre6p1>1 W HOBYIO €e BeTBb, HA3LIBAEMYI0 TOMOJOrHYE-
cKoit ajreGpofi, oHa BHI3BaJa LEJYIO PEBOJIOLHIO B CO:
BpeMeHHoi anre6pe. Muoroe 3gech Owilo CAeNaHO
C. Omnnenteprom (KoaymOuiickuit yHuBepcuteT) H
C. Maxkaefinom (yHnBepcheT Yukaro). C nomouibio T€0+
pHH TYYKOB W KOTOMOJIOTHI TOMOJIOTHS JaJa HOBbie CTH-
MyJbl K XKH3HH anreGpanueckofi reomeTpui, a B paborax
K. Jiepe (IMapux) u M. Atbu (Oxcdopn) ona Hauuia
Ba)kHble TPHJIOKeHHS K JAu(depeHunaNTbLHEIM YypaBHe-
HHSIM B YaCTHBIX NPOHU3BOJAHLIX.

Boiid HafileHbl NpPHJIOKEHHS TONOJOTHH M K JADYTHM
HaykaM 3a OpefeNaMH MaTeMaTHKH, HO TOYTH BCE OHH
OCYLIECTB/INIOTCA Yepes MOCPeACTBO Kakoii-nubo IpoMe«
KYTOUHOM MaTeMmaTHuyecKol RucHHNnuHm. Hanpumep, us-
MeHeHHsl, BHECEHHbIe TOMoJOorHed B nrpdepeHuHa bHYIO
reoMeTpHIO, MONOXKHUIH HA4yaJo TOMOJOTHYecKHM npescra-
BJIEHHSIM B TEOPHH OTHOCHTENbHOCTH. Tonosorus npespa<
THIACb B OJMH U3 OCHOBHBIX OOBEKTOB MaTeMaTHKH H
(paxTHuecKH CTala HeoOX0AMMOCTbIO IS MHOFHX ee 006«
aacrefi U oObegHHAIOWEH CHJIOA I NOYTH BCEHd MaTes
MAaTHKH.

Korpa memareMaTHkK cnpaumsaer TonoJiora: «YTo Ta«
KOe TomoJorus?», «JJs uero oHa HYXHa?», HOCIAEIHHH
OKasbiBaeTcsi B HEBBIrOJAHOM NoJioXeHuH. CripalinBalouH i
JKJAeT OTBETa, KOTOPbil MOXHO [JaTb HAa aHAJOrHYHble
BOTIPOCH OTHOCHTEJNbHO TPHIOHOMETPHH, BPOAE TOro, uTO
TPHCOHOMETPHA HMeeT JeNo C OnpeledeHHeM yrjioB H HC-
NoNb3yeTcs AJsi PelleHust 3ajay B reofe3ud, HaBUrauud
n actponomun. Ho Takoro npsiMmoro oTBeTa TOMOJOT 1aTh
He moxer. OH MOXeT C IOJHbIM OCHOBRHHEM CKa3arTb,
YTO TONOJIOTHS — 3TO POJ TEOMETPHUECKUX COOOpaXKeHHH,
HOAE3HBIX BO MHOTHX 00JacTAX COBPEMEHHOH MareMaTH-
Kn. OfHaKo 3TO He YAOBJIETBOPHT TOro, KTO XoTesa Obi
yJAOBHTb CYTh npeaMeTa, Toraa TONOJOT MOXKET NPHHECTH
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BBEJEHHE

chenagubil U3 6yMard C NMOMOLIBIO HOXHHI{ U KJesl JHCT
MégGuyca u paspesatrp ero BJ0Jb LEHTpaJbHOH JHHHH
H/AH Ke OH MOXeT B3siThb BEPEBKY H MOKa3aTb, KaK MoOX-~
HO, HE CBsI3biBasi ee, o6pasoBarb TPH OTHAEJNbHbIE NETIH,
Ecin oH nouyBCTBYeT NPUJIMB SHEPrHH, OH MOXKET INpo-
HeMOHCTPHPOBATDb, KaK CHATb NHIXKAK, HE CHEUMas NaJb-
To. Kaxahii ¥3 3THX JOMalIHHX (OKYCOB OCHOBAaH Ha
cepbe3Holl mMaTemaruueckoil upee, Tpebylouled 1Js9 CBO-
ero o0bsCHEHHS MO KpaiHel Mepe HecKOJAbKHX yacoB. Ho
HOKa3uiBaTh 3TH (QOKyCH 6e3 COOTBETCTBYIOULero obbsc-
HeHus1 3Hauuyio Gbl H306paxaTb KapHKaTypy Ha TONOJO-
THIO, ,

Yro6bl OLEHHTh TOMOJIOTHIO MO JOCTOMHCTBY, Heo6Xo0-
IUMO CTaTb Ha TOYKY 3PEHHS MaTeMaTHkKa M H3YYHTb He-
KOTOpHE H3 €€ IJIOAOTBOPHLIX NpuJoxeHuil, Bonbmuu+
CTBO 3THUX NPHUJIOXKEHHUN HMeeT To oOulée, YTO OHH BCTpe+
YaloTCs NPH JIOKA3aTeJbCTBE Teopem CYyu,ecTEOBAHUA.
"Teopema - cylleCTBOBaHMA — 3TO TeOpeMa, YyTBEPXKAaio-
mas, YTo Kax/as u3 HEKOTOPOro LIHPOKOro Kjacca 3anay
HMeeT pelleHHe CnelHanbHOro Buia. Takue Teopembl ya-
CTO ABJASIIOTCH OCHOBHLIMHM B PacCcMaTpPHUBAEMOM BOIpoce.
OnHa 43 MIaBHBIX HallUX HeJel — NPOJEeMOHCTPHPOBATD
cuiy 4 ru6KOCTb TOINOJOI'MH NPH NOKA3aTeJbCTBE TeOPEM
CYULECTBOBaHHUS.

Teopema cyuiecTBOBaHus, KOTOPYIO Mbl JOKaKeM B
yacTd I, oTBeyaeT Ha BONPOC: K020a ypasHerue 6udq
f(x) =y momro paspewure orHocuressso x? 3pechb f(x)
o6osHauaer Qyukuuio uam  Gopmyny (Hanmpumep,

x3— V14 x2), onpenenennyo s AEACTBHTENbHBIX UH-
cel x B HEKOTODOM 3aMkHYTOM npomexytke la, b] (na-
npumep, [2, 4]), 2 y — HeKoTOpoe AeACTBUTENbHOE YUC/IO
(Hanpumep, 33/2). Bompoc cocTour B ciaenyiolieM: Cy-
ILECTBYET JHU B npoMmexyrke la, bl Takoe uuciao X, 4to
f(x)=y? B cnyuae Hawero mpumepa OH OyieT BHIrJIs-
JeTb TaK: Hafjercid JH MexAy 2 H 4 Takoe YHCIO
x, uto x3—V 14 x%=233/2? \
TlonuepxueM, YTo Mbl He coGHpPaeMCs HCKaTb METOJbI
NI HAXOXKIEHHs 3HAYEHHS WAM 3HAYEHUA X B KaKMX-

Au60 KOHKpeTHHIX cayyasix. Mbl XoTHM BMecTo 3TOro
OTbICKAaTh WIHPOKHI KPHTEPHH, NPHMEHUMEIA AN KaXJoH
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BBEIEHHE:

H3 MHOTHX Da3JIM4HbIX 3a/la4 H BLIACHSIOLIMH, CYLIECTBYET
pewenne uau ner. Ecau sror kpuTepuit rapantupyer nawm;
4TO JAHHAf KOHKPETHas 3ajaya DelUeHHe HMEeT, TO Mbl
MOXKEM IPUCTYNHTL K HAX0XKJEHUIO 3TOFO pelleHus, 35as,
4TO HALIM NOHCKH HE HalpacHBI, .

Kpurepuif, paBaeMHii Hamell raaBHO#l TeopeMoit
(cdopmyaupoBanuoit B § 1), Tpebyer nonstus Henpepvis-
HocTu dyuxkuun (onpenesensoro B § 3). okasaTteabcrso
3Toi TeopeMs (KoTopoe mpoBoauTcs B § 2—8) ocHoBaHo
Ha JIBYX TOMNOJOrHYECKHX CBOHCTBaX 3aMKHYTOTO IPO-
MexyTKa [a, b], naspiBaeMbIX KOMNAKTHOCTbIO H (BA3-
HOCTbr0. MBI OCT2aHOBHMCH Ha 3THX NOHATHSIX OYEHb I10+
Apo6HO, TTOTOMY YTO OHHY HrpalOT B COBPEMEHHO MaTe+
MaTHKe OCHOBHYIO DOJib.

IFnaBuas teopema uvacti Il —3To Teopema cymiecTBo-
BaHHA, OTBeYalUas Ha BONPOC: K020a cucTemy O8Yx
ypasrenuld f(x, y)=a u g(x, y)=0>b moxno pa3pewurs
OTHOCUTeAbHO X U y? VsBecTHRIM NpHUMepOM TaKo# 3a-
HNauyH CHYKHT CHCTeMa ABYX JHHEHHbIX ypaBHeHHH

x—2y=3 u 3x+y=>5,

KOTOPYIO MOXKHO JIERKO PellHTh NYTEM HIKJIQUEHHST He-
H3BecTHHIX. Bor GoJjee TpyaHas 3ajada TOro e THNA:
HafTH Mapy 4HCeJ. X H Y, YAOBJETBODPSIOUIHX ABYM ypaB-
HEHHAM
g x 1
IL-‘—g—x_z‘=—T H x+2y3=10.

B yactHoCTH, CcylllecTBYeT JIM TaKoe PelleHHe MpH yclo«
BHH, YTO X HaXoxuTcs mexay 1/2 u 1, a y — mexny —1
u 2? Tax xe Kak H panbliie, Mbl HHIEM He HAa60Op MeTo-
JI0B, MO3BOJAIONNX HAlTH pellenHe, a CKopee cnocob aas
onpenesneHns, cyllecTByeT pelleHHe HJH HeT.

Kpurepu#i, naBaeMuiii BTOpoi#i TriaBHON TeopeMoit
(cdhopmyauposannoi B § 18), Tpebyer noHsTHA nOpAAKa
3aMKHYTOH KPHBOH HAa IJIOCKOCTH OTHOCHTENbHO TOYKH,
Jexamel B 3Tofi MIOCKOocTH. B jokasarenbcTse Takxke
IIHPOKO HcnoJsib3yercsl annapart vactH I, cBA3aHHBIR C
KOMIIaKTHOCTBIO, CBSI3HOCTBIO M HENPEPHIBHOCTBIO.

[IpunoxeHnsiMu HAMIKX [N1aBHBIX TEOPEM CAYKAT TEO+
PeMBI O CylIeCTBOBAHHH HyJel MHOTOWIEHOB, HEMOJBHXK+
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. BBEAERHHE

HHIX TOYEK o1‘06pax<eauﬁ H ocoﬁenaocreﬁ BEKTOPHHIX
noJef. -

B sakmouenne 6y1xe'r HEMHMWHHM CKasaTh RECKOMBKO
Cl0B O TeOpeMax cyiiecTBoBaHus BooGme. C TeM, uTo
-OHH BaXHH, HEMEJJIEHHO CorJaaniarTcd MaTEMaTHKH,
Yuyausecs Ha NepBLIX MOPaX MOryT OTHECTHCh K HHM He-
CKOJIbKO CKenTHYeckH. [TpuunHa aToro cocrout B TOM, YTO
MEXNy METOJaMH, ymnoTpebiaseMbiMH [pH JoKa3aTelb+
CTBE CYHIECTBOBaHMA, H DPUEMAMH JJAS HAXOXKIEHHS De-
lleHHs, KOTOpble ydYamuMcs TNPHXOQUTCH OCBaHBaTh,
HMeeTcsl cepbesHblii mpobea. JloKa3aTeabCcTBO CYILECTBO-
BaHHs AOJNXHO ObITh NPHMEHHMBIM BO BCeX C/yuagx, Ka-
KHE TOJILKO MOTYT BCTPETHTbCS, HOSTOMY OHO TPYAHO, a
€ro MeTojibl B KOHKDETHBIX CJy4afX HMMEIOT TeHIEHOHIO
CTAHOBHTHLCSA CAOKHBIMH M CKYYHbIMH. BoJbLIMHCTBO Xe
cjy4yaeB, C KOTOPbLIMH HMeeT Jelo yvamuficd, OTHOCH-
TE/bHO HECIOXHO H MOTOMY MOJIAETCA 3HAUHTENLHO 60-
Jiee NPOCTHM METOAaM.

PaccmorpuM ana npumepa 3anauy 0 HaXOXKAEHHH HY«
aAefl MHorouwjsenos. CHavaja yyamuicsa H3y4yaeT MHOro-
YWIEHbl HH3KOH cTemeHH ¢ UeJbIMH Kos(hduIHeHTaMH, H
HX JIETKO PasJoMHTb Ha MHOXHTeaH. B Gonee Tpynmabix
3a7la4ax OH YUYHMTC HAXOIHTb HEJOUHC/IEHHBIE KOPHH,
NOACTaBAAA B yPaBHEHHE JeJuTelH CBOOGOJAHOrO WieHa.
3areM oH 3HaKOMHTCA C Gosiee CHOXKHBIM METOHOM Ha-
XOXJICHHS DAUHOHANILHBIX KODHEit. Hakonern, na cayyai
OTUasiHHbIX CHTYalMH OH MOXKeT HayYuTbCa MeTojy Io-
cJieloBaTebHHX NpuGAHXenufl, npunanaexamemy Top-
Hepy. TpyJHOCTH OBNaJieHHSl STHMH METOJaMH JOCTaTOY*
HBl, YTO6Bl 3aCTaBUTh ero 3a6pTh OGILIHH BONPOC O CYHie+
CTBOBAHHH HJIH HECYLIECTBOBAaHMH TOro, YTO OH HHIET.
Ecan emy sanoMuuTs 06 3TOM BONpOCE, OH CPa3y OTHeCET
ero K uucay MeraH3HuecKHX.

To, uro ato BoBce ne MeTacpnauqecxnﬁ BOIIpOC, CTaHET
SICHBIM, €C/IH Mbl PACCMOTPUM HCTOPHIO H3BECTHHIX 3anay
O TpHCEKUMH yria u kBazpatype kpyra. Co BpemeH
EBxsinna Muorne mMaTeMaTHKH H HEMAaTeMaTHKH NhTa-
JHCh PelIMTh 3TH 3ajaul, NPHAYMBIBAA pa3fHyHbIE IJIa-
HBl M NPOSBIAA uyyAeca H3oGperaTesbHOCTH. OHH HEH3-
MEHHO MOAXOAHIH K STHM 3ajiayaM C MOJYAaJHBBIM Ipef-
NOJOKEHHEM, UTO pPEILEeHHS CYIeCTBYIOT, H CUHTaJH, UTO
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\ BBENEHUE

BONPOC COCTOMT JIHIIbL B TOM, Kak HX. HaliTH. Koauvecrso
ycunufi, 3aTpayeHHbIX IPH ITHX IIOHCKaX, Gblo. I'PaH-
IHO3HBIM. M 10 BTOpOI MOJOBUALI NPOLIJIOTO BEKa HE Ha-
1JIOCh HHKOro, KTO paccMoTpel Gbl BO3MOXHOCTB, YTO
pellleHH#i 3THX 3alay BooGILe He cyllectByer. Bckope
nocjie TOFO, KaK 3TO NpPOH30LLIO0, MOSBHJOCH M JOKa3a-
TENBCTBO HeCylHecTBOBaHHA. Kak TOJNBKO BOImpPOC O Cylue«
cTBOBaHUH ORI B sABHOH ¢opme mnoctasjeH, oH OHICTPO
IOJY4HJ OTBET. BrcOBpEMEHHBIX HCCAENOBAHHAX BONPOCH
CylIEeCTBOBAHHS CTABfITCA NpeXie BCero; OTBETH HA HHX
KHU3HEHHO HEOOXOIHUMBl I/ TOro, 4yToGH COOTBETCTBYIO+
IMe TEOPHH YMENIH NPOUHbIe OCHOBAHHA,






YACTHB I

Teopembl cyulecTBOBaHMSA
B OAHOMEPHOM Cny4ae

§ 1. Neppda 1eopeMa cyulecTBOBaHHA

B stom naparpade mbl chopMmyaupyem riaBHYIO
reopeMy cymectBoBanus uvactu I. Ee JokasarenancTso
6yner mo cyuwectBy nposeseHo B § 2—7 u 3aBepilueno B
§ 8. Mu nocreneHHo NOAroToBHM ee GOPMYNHPOBKY, pace
CMOTPEB HECKOJBKO YacCTHHIX caydyaeB. HamoMmuum, uto
Hawa 3a7a4a COCTOMT B YCTAHOBJEHHH KDHTEDHS, KOTO+
PHIft BO MHOTHX CJy4asix NO3BO-
JSIeT ONPeNeNUTb, MOKHO JH pe-
IUMTh ypaBHeHue Buaa f(x)=y,
rjie y — 3agaHnoe yuchao. Ytobu
VBHJIETb, B KaKol (popMe MOXKHO
6510 OB BHICKa3aTb 3TOT KPH-
TEpHH#, HIYUHM CayuyaH, KolTlAa
peliaTh ypaBHeHHE MH yMeeM,

Paccmorpum cHavala QyHK-
umio f(x), onpenensemyio. $op-
MyJao# x2+41 pna sHaueHuit x
Mexpy —1 u +2, (Ora dopmy-
Jia HMEeeT CMBICH H /14 3HaueHuH
X, JexamuxX BHE NPOMEXKYTKa
‘ot —1 10 2, HO MH He GyleM Ha Puc 1L
310 ob6pamarh BHHMaHHA.) [pa- '
duk 31ofi (yHKUMH H306paxkeH Ha puc. 1.1. Ypasuenue
y=x%+41 onpenenser napaboay, 1 Hawl rpadux saBIgeET-
Cfl KyCKOM 3TO#i mnapa6o/uueckod KPHBOH, PacnojoKeH-
HbIM MEXJY BEepPTHKaJbHHIMH NPAMHMH x=—1 u x=2.

3ameTHM Npexje BCero, UTo Ha KPHBOU HMeeTcs ca+
Mas HuxkHAR Touka x=0, y=1. TouHee ITO MOKHO CKa-
3aTh Tak: LIS Bcex ¥ Mexay —I1 H 2 ¢yuxuns x2+1
foabllle HAH paBHa | ¥ HMeeT HauMmeHbluee 3HavenHe 1
npu x=0. Ecau Tenepp Mbl noneiTaeMca OTbICKaTh CaMyio
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YACTH Y. TEOPEMH CYHIECTBOBAHUSA B ONHOMEPHOM CJVYAE

BBICOKYIO TOYKY KPHBOH IR X MeXAy —1 u 2, T0 Hall+
HleM, 4TO e OYAeT TOUKS, ¥=2; y=>5; ecau ppasy «x me-
Xay —1 1 2% noHHMaTh Tak, 4TO KOHel X=2 BXOJHT B
‘paccMaTpHBaeMblii npoMexyToK. Eciu Xe 3ToT Komel, B
IIPOMEXYTOK HE BKJIOYaTh, TO Ha KPHBOH caMoil BbICOKOH
TOYKH He Oyner. HeficTBUTENbHO, KaKylo 6bl TOYKY Ha
KpHBOH C KOOPAMHATON x, MeHbliefl, yeM 2, Mbl HY B3JH,
Bcerja Hafijercs M 6ojiee BHICOKAask TOYKA C KOOPAMHA<
TOH x, Gosee 6aH3Ko# K 2. UTOOK MCKAIOUHTDL TAKYIO CH+
Tyauuio, Mbl 6yzneM cuMTath, YTO KOHOB —1 ¥ 2 BXOHAT
B TmPoMexyToK. Torfia nnst BCEX X, YAOBJETBOPSIOUIHX
yenoBuio —1<x<2, ¢ynruns x2+1 MeHbiie WIH paB-
Ha 5 u uMmeer HaHGOJAbLIee sHaueHHe 5 npu x=2,

Brisicuum Temepn, CyIecTByeT JH pelIeHHE ypaBHe-
s x24+ 1=y (rae y —3ajgaHHOE YHC/I0), NPHHAMLJEKA~
wee npoMexyTky [—1, 2]. Eciu 3nauense y DIpeBOCXOAUT
MAaKCHMYM 5, TO TdKOro pelleHus, KOHEUHo, HeT. Tak Xe
OOGCTOHT [IeJI0 M B cJyyae, KOrfa y MeHbllUe, YeM MHHH«
mMym 1. Onnako ecait y Haxoantesi Mexay 1 H 5, To HH-
Tepecyiollee HaC peuleHHe CyLlecTByer. MH MoXeM yBH+
Jetb 310 H3 rpaduka. [TpoBeseM ropH3OHTANLHYIO NP«
MYIO HaJ OCbi0 X Ha Bbicore y. Ecanmnpsamas nposeleHa
C/IMIIKOM BLICOKO MJH CJHIMKOM HH3KO, TO OHa rpadHk
He nepeceder. Eciu BoicoTa jgexXuT mMexay 2 H 5, To nps-
Mas mepeceuer rpadHKk B OZHOH TOYKE, & eCJAH BbLICOTA
Jexur mexay 1 u 2, To npsamas nepeceuer rpadHuk B
a8yx Toukax. (I[Ipu 0<x<2 pemenne x Brpaxaerca ve-
pes y dopmynot x=Vy—1,a npu —1<x<0 — coor-"
BeTCTBEHHO X=—V y—1.)

B kauecTBe BTOpOrO mpumMepa paccMoTpUM (yHKHHIO
f(x), onpenensemyio ¢opmyJoh

—1—%; Aas x, Takux, uto —3<Lx K3,

Ee rpagux usobpaxen Ha puc. 1.2. Ecau nocmorpers Ha
ypaBHeHHe :
2x
Yy =112
TO JIETKO BHJETDb, YTO NOJMOMKHTEJAbHEE 3HAaUEHHR X JaloT
H NONOXHTeNbHbHE 3HAaUeHHs Yy, a OoTPHLaTe]bHble 3Hayes
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HHSl X — OTpUHaTeJabHBIE 3HAYenus y. KpoMe Toro, HaMes
HEeHHe 3HaKa X NPUBOAHT JHIIbL K W3MEHEHWIO 3HaKa y;
Mo3TOMY . TpauK CHMMETPHUEH .. OTHOCHTENBHO HayaJaa
Koopanuat. CaMasi BBICOKasi TOYKa KpHBOi Oymer NpH
x=1, u rorga y=1. Yro6ul B 3T0M yGenuThcs, npeobpas+
syeM pasHoctb 1 —f(x) caemyiomum o6Gpa3oM:

__ 2 __ x?4-1—2x (x—1)2
A—f)=1— PZIV R DUNS e JUNS I
Tak xak mocieaHee BhpaXKeHHe HE MOXKeT OblThb OTPHIa-
TeNBHBIM, OTCIOfa caefyer, 4To 1 —f(x)20 u f(x) <L

Puce. 1.2

BBuny cHMMeTpHH CaMOii HH3KOH TOUKOM KpuBoi 6yaer
x=—1, y=—1. TlosromMy oOueBHIHO, 4YTO YypaBHEHHE
J(x)=y npu y>1 u npu y<—1 pemeHuit He HMeeT, HO
ISl KaXKA0ro 3HaueHHs Y, YAOBJETBOPSAIOMIETO YCIOBHIO
—1<y<1, ypaBHenne Moxer ObiTh peweno. (YMuoxas
o6e uactH ypaBHenus Ha x2-+1 W pewas noayueHsoe
KBajJipaTHoe ypaBHeHHe, HalieM x=(l * Vl —,-y‘*’)/y.)

MoxHo monbiTaThcsi OGOGIUMTH ABA PACCMOTPEHHBIX
nprMepa u BHICKa3aTh NPeANoOJOKeHHe, YTo ecin f(x)—
mo6as GyHKuHus, onpejelenHas AJs 3HaueHHH X, y10BJIe
TBOPSIOMHX YCloBHIO a<x<b, 10 y f(x) ecTb Haubojpb-
llee 3Hayesne M u HauMeHbllee 3HaueHHe m, H IR
3HaYeHHH y, Takux, uro m<y<M, ypaBHeHue uMeer pe-
wenHe. [IposepuM 310 npeanosnoxeHue eme Ha HECKOJbs
KHX npuMepax. Byaem npu srom uMers B BHAY, uTO Ka-
KOH Obl rpadux Mbl HH HAapUCOBAJNH, OH ONPENENHT He-
KOTOPYIO (PYHKIHIO,

Haueptum rpaduku neckoabkux ¢yuruuit. E-mu rpa-
dux f(x) ecrb rnamkas KpuBasm Bpoje TOH, KoTopad

2 Bax, 712 17



YACTDb I. TROPEMDBI CYIUECTBOBARNA B OJHOMEPHOM CJYYAE

n306paxena Ha puc, 1.3, To npeanonoxenne, NO-BHAIMO-
My, BepHo. ['opH3OHTaNbHAS MpsiMan, IpoOBeleHHas Ha BhI-
coTe y Mexny m u M, noaxHa Kpusyio nepeceub. [Tpen-
TI0JIOXKEeHHe BCe ellle KaxeTcsl NpaBHJALHBIM H B cJayuae,
KOrja KpHBafi, Kak Ha pHC. 1.4, HMEET HeCKONbKO YIJO-

M.

m

Puc 13 Puc 14

BEIX ToueK. OfHaKo eclu Y KPHBOH ecTb pa3phiB, Kak Ha
puc. 1.5, To npeanoJioxkenye oKa3bBaeTcs HeBEPHBIM, TaK
KaK HEKOTODHIE TFOPH3OHTAJbHBE NPSMBIE NPOXOAAT 4Ye-
pes paspeiB, He nepecekas rpaduxa. Gynkuuu, rpaduku

J DN t
" pf\ ' p 1
ir
] r
y-\—— — e ——— S S —— e

3 S R

Puc. 15 Puc 16.

KOTODHIX MMEIOT TaKHe Da3pbiBbl, BO3HHKAIOT B MaTeMa<
THKE COBEpILUEHHO eCTeCTBeHHbIM of6pa3oM. OHH Ha3Hl-
BaloTCa paspouieHoimu dynknuaMu. Ipaduk Takodt dyuk-
IMH MOXET fla)Ke He MMeThb CaMoii BbICOKOH HJH CaMOH
HH3KOl TOYKH, KaK B mpuMepe Ha puc. 1.6, rae B Touke .
Xx=¢ rpadMK HMeeT paspbiB, a 3HaueHue f(c)=r. '

Teneps Mbl MOAroTOBAEHBI K TOMY, YTOGHB CHOPMY.IH-
POBAThb [JIABHYIO TEOPEMY.

Teopema. Ecau ¢ynxyus f(x) onpedesena dan scex
OelicTBUTeNbHOIX HUCeA X 8 HEKOTOPOM 3AMKHYTOM Hpo-

18



§ 1. MEPBAA1 TEOPEMA CYIIECTBOBAHWSI

mexcyrke [a, b}, npunumaer OelicTauTesbHble 3HAUEHUA U
Henpepuiera, TO Y 3TOU (PYHKYLU CYWECTEYIOT HAUMEHb-
wee anauenue m u Haubosvuiee 3nawenue M u Oaa Ka-
#0020 3HAUEHUA Y B8 3AMKHYTOM npomesxcyrxe [m, M]
ypasHenue f(x) =y umeer no kpained mepe o0HO peule-
Hue x, npunadaesxcaujee npomescytky [a, b}

31y TeopeMy HHOTAA COKpameHHo HOPMYJUPYIOT TaK:
ecay jeficTBUTeNbHAST GYHKUHA [(X) ompenelneHa # He-
npepeieia npy a<x<b, TO oHAZ HMEET HaHMeHblUee H
Hau6GoJblIee 3HaYeHHe W IPUHHMAET BCE NPOMEXKYTOUHBIE
3HaYeHHusI. g

Bripaxenue «3aMKHYTH# NPOMEXYTOK» 03HayaeT, 4TO
KOHIB a4 H b mpoMmexyTka B Hero BXOJAT, T. €, UTO X CO-
nepxurcs B rpannnax a<x<b. Brpa)eHue «OTKPHITHI
NIPOMEXYTOK» 03HAUaeT, UTO KOHIbl B NPOMEXKYTOK He
BXOAAT. 3aMKHYTHII NPOMEXYTOK MEl Gynem 0603HayaTb
cumpoaoM [a, b], a oTKpuiTHE — cumBodoM (a, b). «Ilo-
JYOTKPHITHI» POMEKYTOK COAEPKHT JHUIUb OJHH H3 CBO-
HX KOHUOB; TaK (a,b] osHauaer, .uto a<x<b, a [a,b)
o3Hauaer, uTo a-<x<<b.

Kak 3ta TeopeMa MOXeT NOMOYb HaM BBIICHHTD,
uMeeT JIH ypaBHenue [(x) =y pellleHHe NpH 3aJaHHOM Yy
B cayvae KaKoi-NnGo KOHKpEeTHOH ¢YyHKUHH f(x), eciu
K3BECTHO, UTO OHa HenpepuiBHa? Ecau MHL cymeem ompe-
NenuTh MUHHMYM m H MakcuMymM M oyukumu f(x), To
HaM HYXHO GYJeT TOJBKO Y3HATh, BLUIONHAIOTCH JIH Hepa-
senctBa m<y<M. Bo MHOTHX ClyyasiX MOXKET OKa3aTh-
¢ TpyaHbiM HaiitH m 4 M. Onnako oGBIYHO HETPYAHO
BLIYHCJAUTL HECKOIbKO 3Havenu#t ¢ymkuuu. Ecnu pas
HEKOTOPOrO 3HAYEHHsI X=C MBI NOJy4HM, 4t0 f(c) <y, a
g 1apyroro smauenus x=d, yro y<f(d), To Teopema
yTBepXAaer, YT0 B npomexytke [c, d] (uau [d, c], ecnn
d<c) cymecrsyer Takoe X, uto f(x) =y. Hanpumep, ecnu
J(x)=x3—V1-F4x, 10 Mbl umeem f(0)=—1 u f(2) =
=5. CaenoBarenbuo, ypasnetne x°— Y 1-44x=2 ume-
eT peulerue B npomexyTtke [0, 2].

Caenyer NonuepKHYTb, YTO BaXKHOCTH TEOPEMBI OIpe-
Jengercs ee obuHocTbio. OHa NORasbIBaeT, YTO Mbl MO-
JeM PacCYHTHBAThL HA DeleHHe YDAaBHEHHS MPU CAMHX
pasauYHBIX OOGCTOATENBCTBAX. BO MHOrHX 4YacTHbIX

2* 19



UYACTb I. TEOPEMB' CYLIECTBOBAHHS B 'OLHOMEPHOM CJIVYAE

ciyuasx, HanpuMep korna f(x).=x2+1, teopema Gecno-
JIe3ra, NOTOMY 4TO JlaBaeMble ei0 CBejeHHA u 0e3 Toro
oueBHAHH. TeopeMa oOHapyKuBaer CBOIO CHAY, KaK
TOJbKO- OHa NPHMEHSAETCS K Gojiee- CIOKHHM (PYHKLIHAM.
Ho ewe BaHee, 4TO OHa AB/IAETCA nepofi TEOPEMOi 3
ofulefi TeOpHH HenpepbIBHBIX (YHKUMIE,

3aMeTHM TaKke, YTO Halla GOPMYJHPOBKA TEOPEMbI
SIBASIETCH HENMOJAHOH. MBI TOYHO He ONpefelNuJiH, YTO 1O~
HHMaeTcs ‘N0J HeNpepurBHOCTBIO ‘GyHKuuu f(x), U Aamu
JIHIIb HHTYHTHBHOE OIlIHCaHHe 9TOro MOHATHS, OCHOBAHHOE
H2 TeoMeTpuyeCKoH Kapruue, —rpadur ¢Qyukuun [(x)
ecTb KpHBas 6e3 paspuiBOB,— HO 3TO JHIUL 3aMeHa Of-
HOTO . HeonmpeJedeHHoro TepMHHa aApyruM. Caepyiomne
ABa naparpada NpuBEAYT HAC K TOYHOMY ONPELENeHHIO
HenpepLIBHOCTH. :

Ynpaxuenus

1. Hafitu HauMeHblllee # HauGosibllice 3HayedHa Qyukuuu [(x)=
=442x — x? B npomexyTke 0 x < 3. lna kakux sHaveHal y Ha
STOM NPOMEXYTKe HET COOTBETCTBYIOIIMX 3Havemmit x? [laa ka-
KHX SHaYeHHH y Ha STOM NPOMEKYTKe CYWLECTBYeT TOJLKo OXHO
3navenne x? JIBa suaueHus?

2. Dynxuna f(x)=x3—5 npu r=1 npruaumaer suavexne —4, a NpH
X=2 — 3HayeHHe 3 W HenpepoiBHAa H4 HpOMeXxyTKe 1<x <2 Kak

C HOMOILBIO TEOPEME! NOKa3aTh, yTo V' 5 JAeXHT Mexay 1 n 29

8. Mexay KaKHM# ABYMs MNOJOKHTEILHEIMH LEJbIMA YHCAAMH Je-
KHT HYIL MHOrowjeHa x* — 2x — 4?

4. Hafitu naumeHbllee # wauGodabliee 3uadendna ¢ynxuuu f{x)=1/x
B npoMexytke 0<x<5.

5. Hafitu ‘danmenptuee H HauGonbwee 3Havenua oynxuma [(x)=3
B npomexyTke 0 < ¥ 7. ’

6. Hafitn naumenbumee u uauGonbinee 8HaveHus Oyukuuu f(x)=x
B npoMexyTke 0 < x < 0.

A§ 2. MHoXKecTBa M QyHKUHH

B 3Tofi KHMTe Mbl B NmepBYIO ouepefb OyAeM HHTepe-
cOBaThCs TreoMeTpHuUecKHMH KoHpurypauusamu, OHu
ABJNAIOTCA NMOAMHOMXECTBAaMH eBKJAHJIOBOH IPAMOH, N0CKO-
CTH HAM npoctpanctBa. Jas ymo6cTBa Mbl fyneM mpens
flosarath, YTo Ha NPSIMOH, INIOCKOCTH HJH B APOCTPaH+
CTBE BBeJeHbl JIeKapTOBH KOOPAHHATH, TaK YTO KaxKjasd
TOUKA X ONpeLeJseTCsi CBOUMHY KOOPAMHATAMH, 06pa3yio«
WHMH YNOPAAOYEHHHH HAabop H3 1 JeMCTBUTENbHEIX. YH+
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T '6-2, MHOJKECTBA W OYHKUHMH-

cen (xy, X3,...,%Xn). Taxum oGpasoM, n=2 B cayuae
TIJIOCKOCTH, n=3 AJs TPEXMEPHOFO NMPOCTPAHCTBA U N=1
Ins npsiMofi. MHOXeCTBO Bcex HEACTBHTENbHBIX YHCe]
mbl 6yaem o6osHauath 6YKBOH R, 2 MHOXKECTBO BCeX Ha-
60pOB H3 n JefCTBUTENBHBIX UYHCEN — CHMBOJMOM R™. Mul
Gynem npeacTaBisiTh MX ceGe reoMeTpHuecKH, Tak YTO

=R! ecTb aeficTBuTeNbHAs NpAMas (OpsaMas ¢ CUCTe~

oii KoopauHaT), R?— MJOCKOCTH C° CHCTEMOR KOOpAM-
fat 1 R® — TpexMepHOe MPOCTPAHCTBO C CHCTEMO# KOOp-+
JAHHAT.

M3 nporpammbl, HameueHHOl BO BBEJ@HMH H B npe-
BBIRylieM mnaparpade, MOXHO BHIETh, 4TO Mbl OyneM
raBHBIM 06pasoM 3aHMMaTbCsi H3yyeHHeM GyHKIUA.
CnoBo «pyHkuua» GyJeT NOHUMATLCS B HECKOALKO Gosee
INHPOKOM CMBICJIE, YeM B HEKOTODHIX 3J€MEHTaPHbIX KHH+
rax; HacKOJNbKO BEJHKa CTeleHb OOLIHOCTH 3TOTO MOHS+
THA, 6yAeT BHAHO H3 onpeneseHHsi, KOTOPOE MBI JaZiUM
HHXKe. Mbl GyneM moJb30BaThCA OGBIYHBLIM I3LIKOM H 060~
3HauYeHHAMH TeOpHH MuoXecTB. M3 srtoro croBaps HaM
norpeGyercs JAMUIb HEMHOTO TEPMHHOB, HO Te M3 HHX, C
KOTOpbIMH MBI 6yneM uMeThb faeno, GYAYT BCTPEYaThCH
posoabHo yacto. Ceftyac Mbl BBEIeM HYXKHble HaM Tep+
MuHB ¥ o6o3HayeHHS.

Ecan X — HekoTopoe MHOXecTBO, TO muuwyTt x€X,
ecan x — snement muoxecrsa X. Ecan A u X — muoxe-
ctBa, To AcX (chosamu: A coaepxkurca B X), xorjga
KaXAblll 3JeMeHT MHoxecTBa A saABjAsieTcs 31eMEHTOM M
MHOXecTBa X; B 5ToM cayyae A HasbiBaetcs nodmroixce-
crgon mHoxectBa X. Mol 6yfeM B OCHOBHOM HMETb €O
¢ NMOAMHOXECTBAMH NPAMOMH, NMJIOCKOCTH HJIH NPOCTPaH-
crBa (1. . XCR™ nis1 HEKOTOPOTO HaTyPalbHOrO Ny H
no 3Toil mpuuMHe sneMeHTH MHoxecTBa X yacto Gynem
Has3blBaTh TouKaMu. Eciu AcX u Be X, 10 nepecevenue
ANB 3TuX MHOMECTB COCTOMT M3 BCeX TOYEK, NPHHAJ-
Jexamux u A, n B, a ux ob6vedunenue AUB cocrour
M3 BCeX TOYeK, npunazaexamux A, uau B, nau A n B.
ITycroe muoxkectBo oGosnauaercd.cHMBoJAOM J; OHO CO-
BepxHuTCa B A060M MHOXecTBe. Takum o6pasoM, COOT-
nomenne ANB=( osnauaer, uro A u B He HMewOT
obwux Ttouek. Ecau Ac<X, 10 donoanenue mHoxecTBa
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YACTb I. TEOPEMbl CYHIECTBOBAHMSI B OLHOMEPHOM CJIYUAE

A B X, ofosnayaemoe cumposom X — A, cocToHT H3 BCex
TOYeK MHoXKecTBa X, HE MpHHaIeXaluX A.

B cospemenHol MarteMaTHKe €J0BO (YHKUHA YIIO-
Tpe6GsisieTcss B YPE3BHIYAHHO LIMPOKOM CcMbicae; -(PaKTH-
YeCKH OHO OKasblBaeTCs OCHOBHLIM MOHSITHEM BCeH Mare-
martuku, BoT HauGosee obuiee onpeneseniue. ‘

Onpenenenne. DPynkyus (unu orobpascenue) [ co-
CTOHT M3 Tpex OOBeKTOB: MHoxecTBa X, HA3bIBAEMOro
obaacToro ee onpedesenus, MHOXKeCTBa Y, KOTOPOMY MpH-
Hajjexar ee 3HAYEHHd, H NpaBUaa, CTAaBALEro Kaxo-
MY 3JeMeHTY MHoXecTBa X B COOTBETCTBHE HEKOTOPbIH
sneMeHT MHOxecTBa Y. O6osnauenne f: X — Y uuraercs
Tak: «f ects QyHKUMA ¢ o6nacthio onpenenenus X, hpu-
HHMalonlas 3HayeHHA B Y», uUau Kopoue: «f ecTh (SYHK-
nus, orobpaxaiowas X B Y». Ecin x€X, 1o ¢pasy
«3AEMEHTY X (YHKUMA [ CTaBHT B COOTBETCTBHE 3JIEMEHT
Yy €Y» KOPOTKO 3anucHBalOT B BHAe y=[x (KaK 31O Te-
nepb 4acTo AENaloT, Mbl OnycKaeM CcKoGKkH B f(x)).
B cayuae korja Y ecTh B TOUHOCTH MHOMKECTBO BCEX 3Ha-
yeHHit fx mas x € X, Mbi FOBOPHM, YTO | €CThb (PYHKIHA,

oto6paxalowas X ua Y. ,

Hanpumep, B anaause nop ¢ynkuuell OOGbIYHO NOHH-
MalT OEeHCTBATENbHYI0 (QYHKIHIO NeACTBHTEJBHON INepe-
MEHHOH, T. e. 06/1acTb ee onmpeneJeHHA H MHOXKECTBO ee
3HaveHH#t sABJAsIOTCA TMoaMHoxkecrBaMH R. Kpowme Toro,
4yacTo npeanosaraercs, 9To QYHKIHS 3amaerc Kako#l-
au60 (opmyaod, ckaxem Y1 — x. B rakom cayuae o6u14-
HO He YKa3ulBalOT HH 0OJAcCTH ee ONpeleNeHHA, HH MHO-
XeCTBa, KOTOPOMY NpHHAJJEXKaT ee 3Hauenus, MoJua-
JHUBO Noapa3yMeBaercsi, yTo o6aacTelo onpejesneHus X
QYHKIMH CHYKHT MHOMXKECTBO BCEX TeX JeHCTBHTEJIbHBIX
yuces, 0/ KOTOPHIX (opMyJa uMeeT CMbIcA (Hampumep,
pyuruus Vl—x onpefienena npu Beex x¥<1, Brawouas
oTpuuaresibHble uucaa). B kauvectse Y uacto GepyT B
TOYHOCTH MHOXKECTBO BCeX 3HaueHudl (yHkuun (HanpH-
mep, 15 Y 1 — x 310 MHOXecTBO Beex y=>0). Pynxmuu
TAaKOro THMAa MBl OyAeM HashiBaTb “uCA0BbIMU PDYRK-
LUAMH,
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§ 2. MHO)KECTBA H OYHKUHU

[lpu Gosee cepbe3HBIX HCCAENOBAHHAX HEAB3S Mpend-
nosaratb, 4to [ 3amaercss GOPMYJION, U3 KOTOPOA MOXKHO
HafiTy o6aacTh onpelenenus X W MHOXECTBO 3HaueHHH Y.
Kpome Toro, MBI He XOTHM, yToOH X u Y HenmpeMmeHHO
6bl11 moaMHoXkectBaMu R. B aroit kuure X u Y o6eiuno
OyAyT NMOIMHOMKECTBAMH €BKJAHAOBBIX IPOCTPAHCTB, GHITH
MOXKeT, pa3HbX pa3mepHocreii: XcR™ u YcR". Takum
oGpasoM, IJjs KaXaoli paccMaTpuBaeMofl QVYHKIHH He-
npeMeHHO JOJMKHB ObiTh yKasaHbl U X, u Y, [lpu atom
MBl He Bcerga OyneM mpelamosarath, yTo Y €cTb caMo
MHOXeCTBO 3HaueHu#i pyHKuuH: Y Moxer OBITh H 60Jib-
me. PaccMoTpuM cHauana HeCKOJbKO XOPOLLO 3HAKOMBIX
NPHUMEPOB reOMeTPHYECKH OnpeflesieHHBIX (QYHKIHH,

Ilapaaseasnolii nepenoc nAOCKOCTH €cTb (QYHKOHSA
f: R*—>R2 Oua onpenensiercss Kak Pe3yabTaT NOCTyma-
TEJbHOIO IBHXXEHHS] MJIOCKOCTH, PacCMaTpHBaeMOH Kak
TBepJoe TeJI0, NPH KOTOPOM KaXpaas Touka npoGeraer
npsMOMHHeHHBI OTPe30K WAH BEKTOP; BCE BEKTODH, fiB-
JSIOIHEC TPAEKTOPHSIMH Pa3JiHYHBIX TOYEK, Mapasiieb:
Hbl ¥ UMEIOT OJHY H TY Xe JJIHHY U OfHO U TO Xe Hanpa-
Baenne, [lepeHoc 3agaercss TakHM BeKTOPOM AJA KaKoM-
A160 ONHOM TOUKH, MOTOMY UYTO BCe JPYTHE BEKTODH
MOXHO N0 HEMY NOCTPOMTh. Tak, ec;ii Mbl 3HaeM, uTo [
MepeBOJUT TOYKY p B TOYKY ¢, T0 [ Gyaer mepesoauTh
TOYKY p’ B TaKyl0 TOUKY §’, 4TO TOYKH p,q,p’,q 6ymyr
cocTaBaATh napasanenorpamm. Hanpumep, ecau [ nepe-
BoauT HavaJgo (0, 0) B Toury (2, —3), 1o [ nepeBoaut
(x1, x2) B TOuRy (%1+2, x,—3). Caenosarenbto, PyHK-
nusa [ 3anaerca gopMyaaMH yi=X1+2 H Yo=X,—3.

Bpaujenue nnockoctu ectb ¢yuxuus [ R?—R?, Ko-
TOpaA TaKkKe OMNpejesseTcss Kak DPe3yabTaT ABHKEHUA
MJIOCKOCTH, PacCMaTpHBaeMofi Kak TBepAOe TeN0, HO Ha
3TOT pa3 — BpalleHHs ee BOKPYr HENQABHKHOM TOUKH Z,
HasbiBaeMo#l ueHTpoM BpameHnsN\ Kaxpas OKPYXHOCTDb
C LEHTPOM 2z mepesoauTtcs Gyukuued [ B cebd, a Kax /b
Ayy (HosynpsAMas, BKJIOUAOINAss HAyaJbHYIO TOUKY),
BBIXOASAIIMA W3 2, MepeBOAMTCA B APYyro#t AydY. Yroa, o6-
Pa3soBaHHBIA 3THMH JBYMsl JYYaMH, HasblBaerTcs YIJIOM
BpallleHHsA, M .ero BeJHYHHA He 3aBHCHT OT MCXOJHOrO
ayua. Bpaiuenne 3ajaercss HeHTPOM H yrJoM NOBOPOTA.
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- Orpascenue oTHocuTeNbHO NpAMOit L B R? ecTb (DyHK~
uus f: R?— R2. Oua ocTaB/isieT HENOABHKHON KakIyio
TOUKYy npamoii L u MeHsieT MecTaMH [Be NMOJYNJIOCKOCTH,
Ha Kotopele L pa36uBaer maockocThb. [1pollle Beero mpex-
CTaBAATb ce6e OTpaxKeHWe Kak pe3yabTaT BpalleHHs
IJIOCKOCTH B MPOCTPaHCTBEe BOKPYTr npsmoi L na 180°.

MoxHo noxasaTe, 4To JI06Goe IBHXKEHHE NJIOCKOCTH,
paccMaTpHBaeMOH Kak TBeproe Telo, KOTOpPoe NePeBOLUT
3TY MJIOCKOCTh B cebs, eCTb Napa/JesbHblid nepeHoc, Bpa-
uieHue, OTPaxKeHHe WIH OTPaXKeHHe BMeCTe € CAeAYIOUHM
32 HHM NapaiieabHBIM NepeHocoM. Popma u pa3Mephl
(HUryp Ha MJOCKOCTH NPH 3TOM HE MEHSIOTCSH; MOTYT W3-
MEHHTBCH JMUIb HX TNOJOXEeHHe H OpHeHTalHsa. IDTH
GYHKOMH NPeCTaBAAIOT OBUIMCEHUS, paccmaf)pusaemue
B 3JEeMEHTapHOHi reoMeTpHH.

ITodo6ue mnockoctu ecth dynkuua f: R?— R?, Hame-
HAIOmWAA BCe MMHHLL B ONHO H TO e uyucJo pas r. Hanpu-
Mep, BbiGepeM Touky 2z €R?, mojokuM fz=z, a aid Ka-
JKJOA Apyro#l TOYKH X2 B KauecTBe [X¥ BO3BMEM KOHEIL
oTpe3ka (MM BEKTOPA), HAYHHAIOWLEroCH B 2, HMEIOLLEro
TO K€ HanpasJjieHHe, YTO H OTPe30K, HAYIHH M3 2 B X,
H yaBoeHHYIO mauHy. Takas ¢yukmus f yBenuuuBaer Bce
IUTMHHE B 1Ba pa3a. Takoro pona ¢yuxuus f npu r>1 Has
3biBaeTCsl pacrasenueM, a npu.r<l— cawaruem c ue-
TpoM 2. TlomoBue ¢ r=1 ecTb OQHO W3 ABHUIKEHHH, OmH«
caHHbiX pbile. ITopoGue npu r+<1 Bcerma uMeeT Heno-
JABIXHYIO TOYKY 2 H IBJSAETCA Pe3y/JTbTaTOM CXKAaTHS HJIH
pacTsKeHUsl ¢ LEHTPOM 2, 32 KOTOPHIM CJENYyeT Bpamie+
HHE BOKPYT 2 MJH OTpPaXKeHHe OTHOCHTEJbHO HEKOTODQHM
npamofi, npoxogsauieir uepes 2. IlomoGue Bcerma nepe-
BOJIUT NMPAMBIE JUHHH B NPAMbIE JHHUH H HE MEHSET Bes
JUYUHBL yraoB Mexay HuMu, OHO MOXKET H3MEHMTH Da3-
MepHl, NoJIoKeHHe H OPHEHTAIHIO MPOU3BOABLHOR QHUTYpH,
HO He MOXeT H3MeHHTb ee (OPMHL -

Myere L — kakas-1u60 mnpsmas’ B MJIoCKocTH R2
Oprozonasvran npoexyus [ R2— L kaxpoft Touke
x €R? CTaBHT B COOTBETCTBHE OCHOBaHHe fX¥ MepleHuKy-
JsApa, ollyliieHHoro U3 x Ha L.
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Mycts S-—cdepa B R? ¢ uentpom 2. Paduasvnan
npoexyus f: R® — 28 xaxpolt Touke x € R3, orauuHoM
OT 2, CTaBUT B COOTBETCTBHE TOYKY fX, B KOTOpo# ayH,
HAYMHA U3 2 yepes X, mepecekaer S. - o

[MpuBeneHnsle HMPHMEPH OTYACTH MOKA3HBAIOT, Ka-
KOro poja ¢yHxkuuu 6GynyT Hac HHTepecoBaTbh. UTo6nl
Jierve ObUIO OmMchiBaTh Takue ¢YHKUMM H JelaTb OTHO-
CHTENIbHO HUX pasyMHBIe YTBepXKAeHHUsS, NOJb3YIOTCS NO-
HaTUsIMA o6pasa H npoo6pasa. Ecnu f: X—>Y n Ac=X,
To 0o6pas mHoKecrBa A npH - L
otoGpamenuy (Hau ynrumun) L
f ects wmuoxectso fA, Ko-

[}
|
[}
- !
L= e

Pac. 21. - Puc 22. Puc. 23

TOpOe COCTOHT U3 3Hauenuft fx€ Y nnas scex x€A. Tou-
Hee, Npou3BoAbHas Touka y € Y npunapaexur fA, eciu
cyulecTByeT XoTi 6bl OOHa Takas TouKa X€ A, urO
fx=y. O6pas fA MoxHO mpencraBaaTh cebe Kak pe3yb-
tat npuMenenus ¢yHruun f Ko Bcemy mMHoxecTBy A. Ha-
npuMep, NpH ABHXKEHWH WaH moao6un f: R2—R? mobas
npaMass L B R? umeer csoum 0o6pa3oM HEKOTOpYIO Mpsi-
Myio fL B R2 Tlpu oproronanpHoit mpoekmuu f: R2—L
KaxAbfl npsmMoanHelHulll orpe3ok A B R? nMeeT CBOMM
o6pazom fA HeKoropblii 0Tpe3ok npsmoi L (cm. puc. 2.1)
WU B TOM C/Iyuae, KOTJa OTpe3ok A neprneHauKyJsipen L,
npocto Touky Ha L (puc. 2.2). [Ipu pannanbuo#t npoek-
und f: R®—2z—S o6pas fL nw6of npsmoit L B R?, ne
npoxonsieii yepe3 2z, ecThb HoJoBHHZ OOJBLIOTO Kpyra
cthepm S Ges kKonuoB (cM. puc. 2.3). ' :
Ecan f: X—Y w BcY, 10 npoobpas muoxecrsa B

npu otobpaxennu [ ecth o6o3nauyaemoe cuMBoJoM [-'B
MHOXeCTBO, cocTosulee H3 BceX TouekK Xx€X, jas.
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YACTb I. TEOPEMB CYIHECTBOBAHHS B OJHOMEPHOM CJIVYAE

xoropux fx € B. IIpoo6pas TOYKH y npH OpTOTOHANBHOR
npoekuuu R2—L ecTh npaMmas, mepreHaukyaspras L B
TOYKe Yy, a npoo6pas OTpe3Ka — HOJOCA, OrPaHHUEHHAS
ABYMS NPAMBIMH, NepHeHAHKYASpHbBIMH L B KOHI(aX 3TOrO
orpeska. [Ipoo6pas Toukn y€ S npu paauanbHOi Mpoek-
e R®— 2—S ecTb JyY C BEPIIHHOA 2, NPOXOASILHH
yepe3 y, MpHUEeM TOYKa Z M3 Hero Hckawuaercs. Ilpo-
obpas obaacté B S, OrpaHHYEHHON OKPYKHOCTbIO, €CTb
Konyc 6e3 BepPUIMHBIL.

Iyets f: X— 7Y, u nycts A — HexOTOpPOE NOIMHOXE-
ctBo MHoxecrBa X. Torma o6pa3 muoxecrsa A comep-
xutes B Y. Ecan B — kakoe-1u60 noamuoxectso Y, co-
nepxamee fA, To ¢pyukuus g: A—B, onpehiensiemas aas
Bcex x€A ycaosueM gx=[x, HasbiBaeTcs cydcenuem
dyuxkunu f na A u B. Yame "Ham npuaercs cyxaTthb ToJb-
Ko o6Gaacts onpeaenennss GYHKUHH [, H B 3TOM caydae
cykeHHe ¢yHKunM f Ha A H Y o6osnayaeTcs CHMBOJIOM
fiA (umraerca: cyxenue ¢ynkuuu [ Ha A). Hanpumep,
" ecan [: R2— R? —napaanenibHbiii nepesoc B L —mps-
Mass B R?, 1o cyxeHnue f|L mepesomur L B HekoTOpylO
napaJielbHy0 NPsIMYIO. .

Ecau mMbl umeem ase ¢pyukuuu f: X—Y u g2 Y=/,
TO M3 HUX MOXKHO COCTaBUTb HOBYIO (GYHKIHIO, 0603HA-
yaeMyio ceMBoaoM gf: X — Z. Dra QpyHKuud, Ha3biBaeMas
komnosuyued Gyukuui f 0 g, KaXKIOMY 3JIEMEHTY x€X
CTaBHT B CoOTBeTCTBHE 3aeMeHT g(fx) €Z. Tlyctb, Ha«
npuMep, [ 1 g — napasieibubie nepenockl R2 —» R?, npu-
ueM [ nepeBOMHT Ka¥Ayl0 TOYKY Ha 2 efWHHIH K BOCTO-
Ky (T. e, BnpaBo), a g NePeBONHT KaXIyi0 TOYKY Ha
2 epununb k ceBepy (T. e. BBepx). Torna gf ecTh ma«
paJJiesbHbIA NePeHoe, MePeBOASIMA KAKAYI0 TOYKY Ha
22 eauuuu K ceBepo-BOCTOKY. PaccMOTpUM erle OfuH
npuMep. Tlycte [ M g — uuciaoBue OyHKuHH R —R,
' onpepensieMbie ¢opMyaMu y

fx=x*41, gx=2-—x.

Torza MOXHO COCTABHTb JABe KOMIO3MIUH gf M fg, KOTOs
pble 3ajaloTcs CAeAYIOUMH HOopMYyTaMu: ‘

glx=g([x)=2- (P+1)=1—-x,
fex=[(gx)=(2 —~xP41=5—4x+ ¥
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§ 2. MHOJKECTBA M ®YHKLIUH

Hekotopble QyHKHHH Tak He3aMeTHbl, YTO HYXKHO Hamo-
MuuTh 06 HX cymiecTBoBaHHH. Ilpexje Bcero obGpatum
BHHUMaHWe Ha nocroannvie Qpyuruuu: ¢yHrmus f: X —Y
Ha3eIBaeTCH MOCTOAHHOM, ecau o6pds fX cocrouT M3 of-
Holt Touku MHoxecTBa Y. Kaxnaol Touke y € Y coorsert-
CTBYeT CBOsS NOCTOsIHHAasA GYHKUHA, 3aTeM YNOMsHEM
TOMOeCTBENHble (YHKUHU: AJs KaxAOro MHoxectBa X
TOXIECTBeHHOA (QYHKUWEeH 3TOro MHOXeCTBa Ha3blBaer-
csi pyukuus f: X — X, takas, yto fx=x aaa KaXaoro
x €X. Hakonen, ecin AcX, To pyukuus f: A — X, onpe-
HeasieMas paBEHCTBOM fry=x masi Kaxpaoro X € A, Hasbl-
BaeTcsi 8a0dxcenues. OueBHHO, BOXEHHe MHOXKecTBa A
B X eCTh CyXeHue TOX/EeCTBEHHOH (PYHKIHH MHOXKECTBa
X na A. Jlio6oe cyxenue NOCTOSIHHOA (YHKIHH €CTb IO~
CTOsAHHAA (QYHKUHUA. :

Dyukuns f: X —Y unasbiBaercss 83aumno 0OHO3Ha4-
Hoil (cokpaumlenno: 1-1 dyHrumedt), ecan kaxjiaas TOYKa
MHOXecTBa Y siBisfercs o6pa3oM npu [ oQHOM H TOJNBKO
oiHOM TOUKH MHoxectBa X!). B atom ciyyae Qynkuus,
cTaBsas Kaxaoi Touke y€Y B coorsercTBUE €QUH-
CTBeHHYIO TOYKy X € X, nis xoropo#i [x=y, Ha3biBaerTcs
obparnod dyukumelt nas ¢yuknuu f u obosHayaercs
cumBooMm [1: Y— X. Hanpumep, KaxXpoe [IBHKeHHe
IJIOCKOCTH B3aHMHO OfHO3HayHo. Ecau [ — mapaanenb-
HBI MepeHoC, 3ajlaBaeMulil NPAMOJUHEHHBIM OTPE3KOM,
HAYymWHUM H3 p B ¢, T0 [~! ecTb nmapajiesbHuN NepeHoc,
3ajaBaeMblii NPAMOJIHHEAHBIM OTDE3KOM, HAYIIHM H3 g
B p. ®yHKUHA, o6paTHasd BpaUleHHIO, fABJSETCA Bpamie-
HHEM C TeM JXe LeHTPOM H C YIJIOM, DaBHBIM IO BeJHUHHE,
HO MNPOTHBOMOJOKHBIM NO 3HaKy. Ilomobue MNIOCKOCTH
B3aMMHO ozanosnauHo. Orob6paxenue, obGpaTHoe pacTs-
JKEeHHI0 ¢ KoapduunenToM r>1, ectb cxKaTHe ¢ Koahdu-
LHEHTOM 1/r ¥ C TeM 3Ke LEHTPOM.

Ecau ¢ynkuus sanaerca ¢opmynao#t, To oO6HUHO Ibl-
TalTCs, paspeias ypaBHeHHe Yy=[X¥ OTHOCHTEJbHO X,

1) Hekortopnle aBTopn HasmiBaloT ¢ynkumo f:X - Y Baaumuo
OAHO3HAUHON, ecAM Kaxiam Touka y CY sBaserca obpasom He Go-
Jiee OnHOH Toyku u3 XNJjomyckas npd stoM, uTo fX Moxer u He
-COBNAAATL CO BCceM MHOXecTBoM Y; B cayuae Koria fX=Y, oHa
FOBOPAT, 4TO [ eCTb B3aUMHO OAHO3HAauHan (YHKUHA, OTOGPaKalo-
wman X una Y, ]
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HaiiTH dopMysy M 1as obpatHofi ¢ynruuu. Tak, KBaja«
paTHHt KOpeHb ecTb (yHKuHs, o6paTHas KBaapaty, a
JorapupmMudeckas  QyHKuuA o6paTHa noOKasaTeNbHOM.
Yro6ul nomyunts 1-1 ¢ymxumio B cayuae, koraa mpooG-
pasbl HEKOTOPHIX TOYEK COCTOSIT HE H3 OAHOH TOYKH, pac-
CMaTPHBAIOT CyXeHHe JAaHHoN (QYHKIMH [ Ha MOAXOAs+
uieM noAMHoxectse. Hanpumep, ecan fx=42 10 M3 ypaB-
Henus y=x2 naxogumx=} yux=—Vy. Ho eca
cysuM obJsactbh onpejleienns GyHkuuH f, paccMarp Baﬂ
ee TONBKO Ha MHOXecTBe A HEOTPHUATEJNbHBIX YuCEN, TO
MHOXECTBO 3HAUYeHHA (QYHKUHH He M3MEHHTCH, 8 CYXeH-
Has QyHkuus g 6yner B3aHMHO OJHO3HauHOM, M o6paTiad
K Hell (QYHKuMs Oyler OOGHLIYHBIM KBaJAPaTHbIM KOP-

HEM g~ ly=Vy. IIns toro uto6ul moayuuts 1-1 dymxe
IHI0O B Ciyuyae NokasateibHolt ¢ynkuuu fr=10%, pocra-
TOYHO, ocTaBuB 6e3 HaMeHeHHs o6aacTh onpenenenns X
aTo#t GyHRuMH (T. €. MHOXECTBO BCeX JNeficTBHTEeNbHBIX
yhcen), Cy3uThb JHIIb MHOXeCTBO Y, B KOTOpOe OHa MHO-
xKecrtBo X oToGpaikaeT, HMEHHO BMECTO MHOXKeECTBa BceX
JAeACTBUTENbHBIX YHCE]D HYXHO B3fiTh MHOXKECTBO Beex
NOJIOKHTENLHBIX UHCeN.

Xota Haww npuMepn! ¢yuxuui OHAH NOBOJABHO Das-
HoO6pasHbl, H3 HHX elle He BHJIHO, HACKOJbKO LINDOKHM
H obuyMm sBAsercd NoHATHe yuknuu. B xauecTne mpw-
Mepa ¢YHKUMH B TaKOM IIHDOKOM CMBICJE PacCMOTPHM
NOHATHE «MaTepH Maibyuka». O6aacTb ee onpeleleHus
X eCTb MHOXECTBO BCEX MaJbUMKOB, a MHOXecTBO Y —
MHOXECTBO BCEX JKEeHIIMH, H KaXIOMy MaJbyHKy X OHa
CTaBHT B COOTBETCTBHE IKEHIUHHY X, ABJASIOLLYIOCH €ro
maTepblo. Takoro poaa NpHMepbl BCTPEYAOTCS HaAM Ha
KaXK/0M Liary: IBeT KHHTH, Kpbillia IoMa H 1. A. Boobute,
Korja PsfioM CTOAT [Ba CYLLeCTBUTEJNbHBIX, NPHUEM BTO-
poe H3 HHUX B DOJMTENbHOM Najexe, Mbl HepeIKo HMEEeM
eno ¢ QyHKOHed.

B nayke dyuruun Besnecym.n Peayanbrar xumuue-
CKofi peaKUHH ecTb (PYHKHIHSA OT BCeX yyacTBYIOIUHX B
peakuuu BewecTB. Pesyabrar (pH3HYLCKOrO IKCHIEPHMEH-
Ta ABAseTcst GQYHKUHel OT yCAOBH, MOCTaBJIECHHBIX 3KCs
NepHMEHTaTOPOM.

Bosspatumes k MateMaTuke, HMMelores npuMephbl BhI«
paxeHnu#l BUAA «4TO-TO YEro-To», BCTPeyalOLIHecs BCIOY:
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nomaab Kpyra, cepennﬂa NPAMONHHERHOTO OTpPE3Ka,
GuccekTpuca yrana, oObenuiieHne IBYX MHOXECTB M T. A.
Kaxnoe u3 Hux onpeneisier dyukiuio. B ciyuae -06b-
€/MHEeHHs1 JIBYX MHOXKECTB 3JIEMEeHT o6nacTH onpejese-
uus QyHRUMH ecTh napa (A, B) noaMHOXeCTB NaHHOIO
MHOXecTBa X, a MHOXECTBO 3HAueHMfi (QYHKIHH ecTb
MHOXKECTBO BC€X mOAMHO- -
xectB X,

Muorue cpyﬂxmm MOKIIO
H306pa3uTh  reoMeTPHUECKH.
Hanpumep, cymMma  mByx
yucen Xx+y ecrb QyHKuHS
f: R2—R!, KoTOpyl® MOXKHO
npeacTaBuTh cebe Kak mnpo-
EKLHIO NJOCKOCTH HAa HEKOTOo-
pyio npamylo. Kaxayio napy
uncen (X, y) GymeM paccmar-
puBaTh Kak Touky B RZ2, Ilpo-
o6pas ['3 ectb npamaa c Pac. 24
ypaBHenueM x+y=3. Ilpo-
o6pasbl Bcex 4YHCEN o6pa3ymT ceMefcTBO NpPAMBIX, Na«
pa/tieJbHBIX 3TOM np;mon (puc. 2.4). Ecnn Mbl n3o6pa-
3UM MHOXecTBO 3Havenuii R' ¢yukumuu [ Kak npsmyio,
epecekaiolllylo 3TO CeMeHCTBO MOA NPSAMBIM YIJIOM, TO
| MOXHO paccMaTpuBaTh KaK OPTOTOHAJIbHYIO MPOEKIUIO
Ha 3Ty NPIMYIO.

VYhnpaxHeHHda

I !’onaaarb, yro ecan A, B n C— noaMHoXecTBa MuoxectBa X,
© (AUB)NC = (ANC)U(BNC),
H NDOUAMOCTPUPOBATH STOT pesyJIbTar AUarpaMMofi MHOXerTB
2. Hrﬁ(asarb, yTo ecan A 1 B — noamMHoXecTBa X, TO
(X—A)N(X—B)=X—(AUB).
3, Iokasats, uto eclu A u B — noamuoxectsa X u AcB, 10
N Anx—B) =0
4. Jlokasate Caenyoise cBoficTBa obpasos npu f: X—>Y:
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YACTb I. TEOPEMbBl CYIIECTBOBAHHA B OJHOMEPHOM CJIVUAE

a) ecau A" u B — npoussonbHbie HoJMHOXecTBa X, TO
[ (AUB)=fAU/B,

b) f(ANB) = fANSB,
c)eciu AcBc X, 10 fACfB.

5. CrepeorpaduuecKoil mpoekuueil 3 CeBepPHOrO MOJIOCA HA3HWBAeTCs

tdyuknna f, obaactoie onpegenesus X xotopofi cayxar cdepa
) 6e3 CeBEpHOro MOJIOCA, @ MHOKE+

CTBOM 3HayeHH#t Y — mJIOCKOCTD,

napaanejbuans 9KBaTOPY H He

NpoxoAsuias Yepes CeBepHuIR no-

atoe. Kaxjolt Ttouke x cdepn

(ué cudTas CeBepHOro MOJIOCA)

¢dyakuua f cTaBUT B cOTBETCTBHE

TOUKY Y, B KOTOpOH Jy4, HRY-

Ui H3 CeBepPHOTO MOJIOCA 9€+

pes x, nepeceKaeT MJockoctb Y.

(cM. puc. 2.5). Bynem cumrars,

4TO IIOCKOCTb Y Kacaercs cepH

B ee I0XKHOM moJaioce S,

a) Onncats o6pas mpois-
Puc. 2.5. BONLHOH mapadanenu cdepo.
' b) Omnucatr o6pas .a0Gor
MepHHaHa cephl, :
¢) Hafitu npoo6pas moGore npsmoanuefinoro oTpeska B Y.
d) O6pas skBatopa ecTh HeKoTOpas OKPYXHOCTh Ma MJIOCKOCTH.
Kax cBasambl pajuyc 3TOli OKPYKHOCTH M panuyc coepn?
e) Kakoe MHOXKeCTBO CAyXKHT npoofpasoM npOU3BOJNLHOMD Ayua
C BEepUIUHOA B 10JKHOM Moumoce? ’

6. ITycts f— mapandensueit nepesoc R2->R?, safaBaeMbifi dopmy=
Jaamu yy=x1+3, yo=x —4, u g— oTpaxenue, 3anaBaeMoe - pop-
MylaMu yi1=-—x; U Yo=x;. Hafirn dopmyan ans xomnosnumii gf
u fg. ofpatnux dyukumit [, g' n (gf)~, xomnosuuus flg-' u
g'fL. Bepuo an, uto (gf)~'=g-j-1?

7. Ilycts sanana mekoropan Gymkums f: X—>Y,

" a) JlokasaTtp, uto ecnin A u B — noaMHOKecTsa Y, to

[T (AUBy=f"'AYf™'B u |71 (ANB) =14/~ 1B.

b) Ha#itu f1Y n -
¢) Kak cessannt npooGpasu f-'4 u [-'B, ecan A'C B?

8. Ilokasats, yTO ecau f:X>Y u g:Y=>Z, T0 Ian KaMporo mofs
MHokecrsa CC Z sbnonusercs pabsenctso (gf)~'C=f-1(g-IC).
[Tokasats, uTo ecin [ u g B3aumHo OZHO3HAYHBl, TO B3aHWMHO
OfHO3Hay#a w Komnosuwus gf u (gf)'=f1g".

§ 3. OkpecTHOCTH W HeNpPepbIBHOCTH

Ecau x n y — nse toukn B R™, 10 moa paccroasuem
OT X JI0 § MOHUMAETCs JUIMHA NMPAMOJNHHEAHOTO OTPORKA,
coeguHsomlero ary. ase TouykH. OHO 0603HauaeTcs -CHM«
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§ 3. OKPECTHOCTHU H HEMNPEPBIBHOCTH

posioM d(X,y) H, €CNH U3BECTHH KOOPAHHATHL X H Y, MO-
KeT ObITh BRIYKHC/EHO MO caenyloniei ¢opmysae, ocHo-
BaHuoi na o6o6mennu teopemnu Ilndaropa:

d(xv y)=V(x1—y1)2+(x2—y2)2+ (AR +(X,, —yn)2'

B cayuae n=1 sta ¢dopmyna npunumaer BUA d(X,y) =
= |x—y| (abconoTHag BeNHYHHA PasHOCTH X—Y).
B nefictBuTensHOCTH MBI 6GyleM NOJAbL30BaThCH He ca-
MO#t 3Toft HopMyNol, a TONBKO HEKOTOPHIMH CBOACTBAMH
$VHKUHE PAacCTOAHHSA, KOTOPHEe MOMHO [OKasaTtb C ee
NIOMOMIbI0. DTH CBOACTBA IIHPOKO H3BECTHH, H MBI mepe-
yycAuM HX cefiuac 6e3 JoKasaTenbCcTBa.

Bo-nepBhlXx, ecAM X H Y — pasiHuHBIE TOUYKH, TO
d(x, y)>0. Bo-Bropnix, d(x, x) =0 ansa scex x. danee,
nas n06ofl Mapul TOYEK X, Y PaAcCTOAHHE CHMMETPHUHO:
d(x,y)=d(y,x). Hagoneu, pana moGbix Tpex ToueK
X, Y, 2 HMeeM

dx, 2)<<d(x, y)+d(y, 2).

D10 HepaBeHCTBO HA3bIBAETCH «HEPaBEHCTBOM TPEYroJb-
HHKa», IOCKOJIbKY OHO YTBepiKAaeT, YTO CyMMa IAJHH ABYX
CTOPOH TPeyrolbHHKa He MeHbile HJHHL TpeTbell ero
CTOPOHBI.

Korpa Mbl B § 1 paccmartpuBanu pasiuunbie rpaduku
byuxuuil, 418 Hawero 3akJlOueHHS ObLIO OueHb BaXKHO,
uMeeT JaHHLIA TpauK Kakue-NHOO Pas3pbIBBI WJM HeT;
HMEHHO N0 3Tofl TNpHYHHE TJaBHaf TeopeMa Tpebyer,
yTo6b yukuust Gbina HenpepuiBHA. MHTYHTHBHOE ONH<
CaHHe HeNPEPLIBHOCTH OMHPaJoOch Ha TreoMeTpHYecKHe
KapTHHKY; TOYHOE ee onpeleiedne Gyler aaHo ¢ no-
MOILBIO elle O4HOTO NOHATHA, KOTOPOe MH cefiyac BBe-
JeM, — MOHATHS -OKPECTHOCTH.

Onpeneaenne. [1ycte X — MHOXKecTBO B R®, X — TOU+
Ka MHOXKecTBa X H 7 — HEKOTOPOE MOJIOKHTENbHOE YHCIO,
Torpa oxpectnocTolo papuyca r TOUKH X B MHOXecTBe X
HasbiBaeTcsi MHOXeCTBO Bcex Touek H3 X, paccrosinHe
KOTOPLIX OT X MeHbile 7. Takas OKpecTHOCTh 0603Hayaer+
cs cumsoaom N(x,r,X) wuam, ecim U3BECTHO O KakoM
MHoXectBe X mIer peub, Kopoue — cumBonoM N(x, 7).
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YACTh I. TEOPEMBI CYHIECTBOBAHHS B ORHOMEPHOM CJIVYAE

Ecau, sanpumep, X=R" n n=2, 1o N(x, r, R ectb
BHYTPEHHOCTb- KPYra ¢ LEHTPOM X u paaumycoM P Touno
TakK e okpectHoctb N(x,r, R?) paauyca r touku ¥ B R®
€CTh BHYTPEHHOCTDb lIapa B LEHT-
poM x u panuycom r, B cnyuae
n=1 oxkpecrdoctb N(x,r,R)
€CTbh  OTKDHITHH TNPOMEXYTOK
(x—r, x+r) ¢ UEHTPOM X AJMHHBL
2r. Ecnu X me coBmajaer co
BceM mpocrpaHctBoM R®, TO
okpectHocte N (x,r,X) ectb B
TOYHOCTH Ta YacThb MHOXeCTBa
Pac. 3.1. X, xoropas JieXHT BHYTPH
~ , N(x,r,R*) (puc. 3.1)."Oua sB-
JAepCs nepecevenyeM MHoxecTBa X C ykasaHHO#H oKpecT-
HOCTBIO B Rn: ' A}
Nx, r, X)=XAN(x, r, R".

IlepefineM Temepr K BaXHOMY NOHSATHIO HeEMPEpbIB-
HOCTH (YHKLHH. : )

Onpenenenne. Ilycts f: X—Y — ¢ynkuus, roe XcR™
H YcRr, u nycte x€X. Mb Gyaem rosopurtb, uTO
GyHRUUA [ HenpepoisHa 8 TouKe X, eclNH ANA KaxIoH
OKPECTHOCTH TOUKH fx B Y CyllecTByeT Takas OKpPecT=
HOCcTh TOUKH X B X, o6pa3 kortopoit npu [ comepXurcs B
paccMaTpuBaeMoit OKPeCTHOCTH TOUKH [X.

Yrobul BHIpasHTb 3TO YCJI0OBHE Kopoue, 06o3Hauum,
Kak 3T0 OGLIUHO JenaloT B aHaaH3e, PaJHYChl STHX OKpe<
crHocTell 6ykBaMu e u 8. Torna tpeGoBaHue B onpejaene-
HHH MOXHO HHaue chOPMYJHPOBATH TaK: A KaxKaoro
TIONOXKHUTENLHOTO YHCA2 € CYUIECTBYET TaKoe MOoJOMH-
TelbHOe YHCno §, uTo N

fN(x, 8, X)cN(fx, ¢, ).

Mub Gynem rosoputh, uTO QYHKUHS [ HenpepolBHa, ecnH
OHa HeNpephHiBHA B KaXJO#l TOuKe MHOXecTBa X !),

1) B opuruHale aBTOPH HA3HBAIOT «OTOGpaxeHueM» (mapping)
TONBKO JIOOYI0 HenpepblBHYl0 ¢yHKuMIO, B nepeBoxe cnoBo orobpa-
JKeHMe, Kak 3TO OOHYHO NPUHATS, MOHUMASTCH Kak CHHOHHM cJ0Ba
_ (yHkuns, a HempepsiBHOe OTOGpa)KeHHE — 3TO HenpephlBHAH (yHK~«
uus. — Ilpus, nepes,
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§ 3. OKPECTHOCTU ¥ HENIPEPLIBHOCTS -

Ecnu 6 v & Mb GyaeM MOHUMATb Kak Mepy Gau3ocTh,
TO 3TO ONpejesieHHe MOXHO WepedpasHpoBaTh TakK: Tpe-
Oys, uro6ul Touka X’ Geuia focrTarouHo Gau3ka K X, Mo-
2KHO CI61aTh TOUKY fx’ ckolb yrofHo 6auskoit K fx. Eme
fIpolie 3TO MOXHO CKa3aTh H TaK: Majoe H3MeHeHHe X
BLI3bIBaEeT Majoe M3MeHeHue fx.

B Tononoruu Hac B NEPBYIO ouepeldb HHTEPECYIOT He«
npepuiBHbe (QYUKIHMH, HAH HenpepbiBHble OTOGpaXKeHHS.
- Tax, HanpuMmep, crepeorpadHueckas NPOEKLHA €CTh He«
npepuiBHOe oToBpaxenue cdepnt 6e3 ceBepHOro nojioca

Puc. 3.2.

na naockoctb. OpHako, YTOGH MPOUNAIOCTPHPOBATH, Kas
KOA CMBIC/T MMeeT onpefefieHHe HeNpepLBHOCTH, pasbe-
peM HEeCKOJbKO NMPHMepPOB Pa3phIBHBIX (yHKUU.

B kauectse mepBoro npuMepa paccMOTPUM (YHKIHMIO
f: R2— R?, ocTaBAAOULYIO HEMOABIIKHON KaXAYyl0 TOYKY
MJOCKOCTH 3a HCKAIOUEHHEM OJHOH TOUKH, CKaxeM p, H
nyctb fp=q — Hexoropas apyras Touka. Uro6b mpumep
Obl1 KOHKPETHBIM, MOXHO B KauecTBe p B3ATb Haya/lo
kooppuHar (0, 0), a B kauecrBe ¢ — Touky (1, 0). Toraa
¢yukuns f Gyner HenmpephiBHAa Bo BceX TOYKAX, KpoMe p.
Yro6n yGeauTbest B TOM, UTO ¢(yHKUMA [ B Touke p He
ABJifieTcs HenpepbiBHOH, BO3bMEM €, PaBHOE HOJOBHHE
paccrosuns d(p, ¢), Tak uro oxpectHocts N(g, &)=
=N(q, 1/2) ectb BuyTpeuHocTb Kpyra paauyca 1/2 c
nenrpom (l, 0) (puc. 3.2). Torza up opHa H3 OKpecTHO-
cTeft ToukH p He ortoGpaxaerca B N(q, 1/2). HdeiicTBu~
TeNbHO, KaXAaf OKPECTHOCTh TOUKH P COJEPXKHT TOUYKH,
He npuHaanexamue N(g, 1/2) u oTanuHbHe OT p, M TaK
‘KakK F OCTaBJfAET 5TH TOYKH HENOABHKHBIMH, TO H HX 06+
passl He npunagnexat N(q, 1/2). (Ha puc. 3.2 u3obpa-
xeHa okpectHoctb N(p, 1/4); cpemn ee Touek nHilb P

3 3ak. 712 as



YACTH I. TEOPEMbB! CYIUIECTBOBAHHMY B OAHOMEPHOM CNYYAR

umeer o6pas fp B N(gq, 1/2).) Tlockoasky ana e=1/2 e
CYIIECTBYeT TaKoro CcooTBeTcTByMoiiero 6>0, uro
fN(p, 8) =N(q, 1/2), byuruus [ He ABAseTCA HenmpephB~
HOU B TOuke p. Haraspnasi reoMerpuyeckas KapTUHA CO<
CTOHT B TOM, YTO [ BHIPbIBAET TOUYKY p M3 MIAOCKOCTH H
3aTeM NPHKJEHBAET ee K ¢. o

Bropoft Hall npuMep JIEMOHCTPHDPYET HECKOJBKO JAPY-
rofi Tun paspbiBHocTd. PasofbeM mniockocTh R? Ha e
nonynnockoeth A u B, rae A BrAKUYaeT Bce TOUKH
(%1, x2), y kOTOPHIX X120, 2 B ecTb ee pononnenue. Ot-
METHM, YTO BepTHKaJMbHas npsMad L, 1/s ToueK KoTopoil

il

7
[~}
{/

7/

Puc 33.

x,=0, Bxoaur B A (puc. 3.3). Onpenennm f Kar QyHk«
uuio R?— R2, Takyio, uTO ee cyxeHHe Ha A ectb napan-
JeAbHBI TepeHOC Ha OQHY eAMHHIY BnpaBo, a f|B—na-
pasJiesbHbIfl TepeHoc Ha OfHY eAMHHLY BjeBo. [IBe naum
NONYIVIOCKOCTH NPH 3TOM OTAENSIIOTCA; OJHA H3 HHX Ne-
pementaercs BNpaBo, a Apyras — BiaeBo. Tak Kak LcA,
npsimas L nepeMelnaercaN\supaBo. PyHKIHA HempepbiB-
Ha B KaX[O# TOUKe, He MpHHaanexaulell L, u paspbiBHa
B Kaxjoft Touke L. Hro6nl nOKa3ath MOCNeAHEE yTBEP<
xjenue, paccMorpum touky p€L. Ilyere g=fp u & —
NPOU3BOJILHOE MOJNOKHTENBHOE YHCJO, MeHbllee, ueM 2.
Torma okpecrHocth TOUKH ¢ B R? paluyca €, a uMeHHO
N(q, ¢), ne comepxur Hu ofHONH TOukH obpasa [B, a
Kaxjaa okpectnocts N(p, r) codepxuT Toukd H3 B. Kak
NOKa3aHo Ha puc. 3.3, NeBas NonoBHHa J06Gofi okpecTt+
HOCTH TOYKH p (OrpaHHYeHHOH TNYHKTHPHOH OKPYXKHO<
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§ 3. ORPECTHOCTH M HENPEPHIBHOCTD

cTbio) orpbiBaetca dynkuued f or N(g, e). ITostomy He
CyHIeCTBYeT HM OAHOrO Takoro &, uro6bl o6pa3 oxpecT«
HOCTH TOYKH p B R? pazuyca & cozepixajica B OKPeCT<
HOCTH TOYKH ¢ pajuyca e, T. €. Takoro, 4To

‘ iN(p, ) N(q, e).

Harnapnas kaptuHa cocTouT B TOM, 4TO f paspbiBaet
TJIOCKOCTb BROAb L B oTnensier o6e ee TNOJOBHHEL.

Urobnl yOepuThCA B TOM, UTO ONpejeleHHe Helpephlp-
HOCTH COFJlacyeTcsi ¢ HAIIHM HHTYHTUBHLIM MpeACTaBJde+
HHEeM, MOXHO ellle IIPOBEPUTh ero Ha NpuUMepax paspbl«
BoB rpacdukos, H3oOpaxennuix B § 1. Ecam paauyc s
okpecrHocty N(r, ¢) Ha puc. 1.5 MeHble, yem NoJOBHHA
paccrosnus d(r, §), To M06as OKPeCTHOCTb TOUKH C CO-
JepXUT TOYKH MHOXKectBa X, 06pasbl KOTOPHIX He Jexar

B 3TOH g-OKPECTHOCTH TOYKH fc=r. TOUHO TaK XKe ec/H &
Ha pHc. 1.6 MeHbllle, yuem MeHblIee U3 paccTosHH d (7, 5)
u d(r,t), To no6as OKPeCTHOCTb TOYKH C CHOBZ COJAEp-«
JKHT TOYKH, 00pasbl KOTOPbiX He IpPHHAAJEKAT OKpecT-
HOCTH TOUYKH fc=r paauyca e. '

Uro6bl AoKa3aTb, YTO (PYHKIUA HMeeT B HEeKOTOpPOH
TOYKE Pa3pbiB, HYyXKHO TOABKO YKa3aTb XOTA Obl OJ1HO Ta-
Koe £>>0, Ana KOTOpOro He cyliectByeT Hukakoro 6. o~
Ka3aTb HeNpepbIBHOCTb 4acTo ObiBaeT TPyAHee, HOTOMY
4TO B 3TOM cayuae Tpelyercs nokasaTh, KaK HalTH COOT+
BeTCTBYIOLLee 4HCAO & 417 Jio6oro BO3MOXHOro Bhifopa
yucena & (T. e. Hajo Halitu & kak ¢yuxuuio ot e). Oxna-«
KO cylectByer GoablIoe 4KHCAO NDPOCTHIX (YHKUMH, A5
KOTOpPHIX 3TO clenarb He TPYAHO, H MBI HX cefidac pac-
CMOTPHM.

Hna  mwobGoro XcR®™ toxjectBeHHas  (PyHKIUA
f: X— X nenpepvipna. HanmomHuwm, uto fx=x nas Bcex
x€X. Ona moboit Touxku x €X n mwoboro >0 BospMeM
0=e. Ilockonbky ¢QyHkuMA [ ocTaBiasieT BCe TOYKH Hes
NoaBHXHBbIMY, okpectHocTH N (x, 8, X) u N(fx, &, X) T0-
ria cOBHARAIOT, H 3HAYHT | OoTOGpaKaeT NMEPBYIO U3 HHUX
BO Bropylo. Auasnoruyno, ecnid AcX, to dyHKUHS BJAOA
xenuss f: A— X wuenpepoisra. W 3mech HyxHO B3siTh
0=¢ u Bocmone3oBatscs TeM (pakToM, uto N(x, §, A)=
=ANN(x, s, X).
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YACTb 1. TEOPEMBI CYUIECTBOBAHHS B ONHOMEPHOM CJIVHAE

. Jlio6as nocrosaunas ¢yukuns f: X —Y HenpepuBHa.
B stoM ciyuae fX cocTOMT M3 eAHHCTBEHHOM TOYKH, CKa-
XeM ¢, MHOXecTBa Y. [TostoMy naasi BcAKOM TOUKH X H
Jo6bix e>0 u r>0 obpas fN(x, r, X)cN(qg, ¢, Y), Tak
YTO Mbl MOXeM, Hanpumep, B3fAThb =8¢,

Jlio6as xkectras ¢pyuxuus f: X — Y uenpepuisua. Ilox
HMecTKol ¢QyHKuHelh M TOHHMaeM (QYHKIHIO, He Me-
HAIOBIYIO pacCTOSTHUMN: '

d(fx, fx'y=d(x, x') nna Bcex x, x’E’X .

Hanpumep, KecTkuMn QyHKUHAME ABISIOTCA Napanienb-
HBle MepeHOChi, BPalleHHs W oTpaxeHus B R2 Urobs 10«
KasaTh HenpepbiBHOCTh (yHKUuH f B Toure x €X, nas
kaxzaoro &>0 BosbMeM O8=e. Ecau x' €N(x, 8, X), 10
d(x, x')<e; cnenoBatennuo, d{fx, fx')<e u, 3uauur,
fx"€N(fx, e, Y). NubiMu cloBaMu, BBHLY KECTKOCTH
¢GyHKUHH [ e-OKPECTHOCTb TOYKH X MNepeBOAMTCS .€10 B
£-OKPeCTHOCTb TOUKH fX. o

Jlio6asa cxkuMaomas WAH He YBeJHYHBAWOUIas BCex
paccrosuuit pyukuusa f: X — Y HenpepuiBHa. Dr0 Tpebo-
BaHHe BHIPaXaeTcs ycloBHEM

d(fx, fx)<d(x, x") ana Bcex x, x' €X.

H B sTom cayuae ans Beex X M GepeM d=g M npume-
HdeM paccyxjJeHue npeabiayiiero a63ana.

Jliwbass ¢yuruns nopobus f: X —Y wuenmpepniBHa.
B sToM cryuae Bce paccTosHHA yMJOXKAIOTCH HA ONUH H
TOT e OOIMHA MHOXHTe/b, CKaXeM R, MHLIMH CJOBaMH,
BHITIOJTHAIETCS] YCJOBUE

d(fx, fx')=Fkd(x, ') nna Bcex x, x' € X.

Ecin 0<kK1, 10 f— ckumaiomasn ¢yHKuud, H yrsep-
Wwaenune ouepunHo. Ecau &>, To mng Bcex Touex
x BosbMeM d=¢/k. Toraa us roro, yro x' € N(x, ¢/k, X),
caenyer, uro d(x,x’)<elk. Dro ycnoeue MOXHO mnepe-
nHcath B uge kd(x, ¥’} <e. Hanucannoe Bbiile paBeH-
crBo naer d(fx, fx') <e, orkyna fx’€N(fx, ¢, Y). Ha-
npHMep, ecid k=2 u f yaBauBaer paccTosiHUs, TO OKpe-
CTHOCTb TOYKH X, Pajuyc KOTOPO# paBeH NOJOBUHE pa-
JAuyca okpectHoctH N(fx, ¢, Y), nepesopurcs ¢yHk-
uuelt f B N(fx, ¢, ). -
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© - § 8. OKPEETHOCTH ¥ HENPEPHIBHOCTH -

- Paguanbuan npoekuus Ha cepy S u3 ee iteHTpa 2z

HenpepeisHa Kak ¢yuknus f: (R¥—2z)->S. Jlpe ToukH,
Jexatiye BHE cpephi S, NPH NPOEKTHPOBAHHH NonajgaloT
Ha chepy, u [ yMeHbiaer pacerosiune MEXAY HHMH, TaK
YTO OYEBHAHO, 4TO cyxXKeHHe GYHKuHH [ Ha MHOXecTBe
TOYEK, 'JfleXKallHx BHe cdephl, HempepuiBHO. OnHako cy-
KeHne QyHKUMM [ Ha MHOMECTBE TOUEK, JIEKAMMX BHY+
TPH cdepH, paccToinus ' ) '
YBEJNH4HBAET; MPOEKIHA Ha
S yBenuuHBaeT PacCTOsHHE
Mexny no6ot napofi ToO-
geK Bce Goablue y Gosblue
N0 Mepe TOIo, KaK 3TH TOY-
KH npH6AHXKAIOTCA K IIEHT-
py 2. Buipaxenue aia 6
KaK (YHKUHH OT e, HYXK- »
HOe JJA JOKasaTelbCTBa . Puc. 34.
HempephIBHOCTH ¢yHKunH f -
B TOuKe X, JOBOJLHO CJOXKHO, HO TeM He MeHee ero
MOXHO MOJYYHTb, paccMaTpHBas NOACGHLIE TPeyrojb-
HHKH H HeMHOXKKO nIpHMeHss anrebpy (cM. ympax-
HeHue 9). FeoMerpuueckn MBI MoXeM HafiTH O cJaexyio-
muM o6pasoM. Ilycts £ —rouka mepeceuenus ceps S
u cdepnl ¢ mentpoM fx u paauycom e. Ha puc. 3.4 uszo-
6paxeHo ceuende c¢epnl S INNOEKOCTbIO, NpPOXOAsiLesH
yepe3 TpH TOukH 2, fx u f TIlycts 8 — paccroanHe or
TOUKH X J0 npaMmo#t 2f. Toraa Kaxkpas Touka, Jexauiad
BHYTpH wapa N(x, 8), npoexrupyerca B N(fx, ¢, S).

YunpaxueHHns

1. lag kakux TPOEK TOWEK X, ¥, 2 HepaBEHCTBO TPEYroJbHHKa Npe-
" Bpamaercs B paBeHCTBO, T. €.

d(x, 2)=d(x, y) +d (1, 2)?

2. Mokasars, uTo ecam x'—Touka oOKpecTHocTH N(x, r, X), TO
cyulecTsyer Takoe r’>0, yro :

N, r', X)cN(x, r, X).

KakoBo nanGoapuiee 3HaueHHe r’, TapauTHpylOillee 9TO BKJIO-
ueHne? o R : :

I



YACTb I. TEOPEMBI CYUIECTBOBAHUH B ONHOMEPHOM CJIVUAE

3. [louemy umcne 0>0, naliienHoe npH AOKa3aTe/lbCcTBe HeMPepPHIB-
HocTH QyHxuuu f: X~>Y B TouyKe X AAs uucaa €=1/2, roxures H
Aas Beex & > 1/2?

4. Ilyets, Kak B ynpaxHenuu 3, 6>0 — unucno, waiigeHHoe AJA
yHcsa e=1/2, Ilouemy rtorga ans &=1/2 roaures u J06oe MeHb-
Liee 3HaueHHe §?

5. Pa3obbem nsockocte R2 ua nmse uyacts A u B, rae A cocrout
M3 BCEeX TOWeK, JieXamux BHYTPM OKpyxkuoctu C panmuyca |
¢ LeHTPOM 2, a B — ponoanenue mHoxectea A B R2. Onpepesum
odynkuHio f: R?~> R? crefyiollMMH ycaoBusiMu: cyxenue flA no-
BOpayHBaeT MHOXKecTBO A BOKPYr TOYKH 2 Ha yroa 90° a kax-
AYi0 TOYKY MHOXecTBa B GyHkuus [ ocTaBasfer HeNnOABHIKHOM.
Fne dyukuna [ HempephBHa u rae paspeiBa? Jins KakHx 3Ha-
YeHHH & y MNPOH3BOJIHOH TOUYKH Pa3pbiBa HET COOTBETCTBYIOLLMX
3HayenHit O?

6. Ilokasath, uT0 OpTOroHannHas mnpoekuusa [: R%>L, rge L — me-
KOTOpas mpAMas HAM IVIOCKOCTb B. R%, HempephipHa.

7, Tlycts S —cgepa pazmyca 1 ¢ LEHTPOM B Hauate KOOPAMHAT
B npoctpanctBe RS, IMyers p=(0, 0, 1) — ceBepHHE Nomoc cee-
pel S (S —p)-> R?—cTepeorpaduueckas NpOEKUH: H3
NoJIoCa p MHOXKECTBa S ——p Ha IKBAaTOPHAJbHYI® MIocKocTs, Ha-
f{ncyﬁ're YyepTeXK, NOKA3HBAOWIMA, uTo OYHKIHS [ HenmpepHBHA.

a Kkakoll yaeTw MHOXecTBa S— p OyHKUus [ yMeHbHiaer pac-
croauus? Ilokazats, yro ¢yHkuHs f B3aUMHO OfHO3HAYHa § UTO
cbpatnas ¢yHxuus f':R?*—> S — p Takxke HenpepuiBa. Kakos
o6pa3 npH [ npokesorolt okpectHoctw N(p,r,S) —p pas sHa-
yeHU# r, MEHAPMIHX ennHHuL? [loueMy Hesnb3sd Tak onpenenuTh
3HayeHne fp, uToOW ,NpOJONMeHHas (YHKUMA OCTajdach Hempe-
PHIBHOK?

8. Ilokasats, uto ecan f u g — HenpepuiBHbIe (YHKIHM Ha OTpe3Ke
[a, b], npuumaiomue 3uaveHus B R, T0 cyMMa f+g u pasHOCTD
f—8g TakKe HenpepHBHb, ¥YK@3anue; ROK23aTh HENPEPHBHOCTb
oysRuuit hx=fx+gx u kx=fx—gx B TOUKe X, OUEHHB A%
Bcex x, X' € [a,b] abcomoruywo Bennuuny |ax — hx'| u |kx — kx'|
C [IOMOUILIO HEPABEHCTB2 TPEYrONbHHKA

fUx £ gx)—(x" £ gxX) || Tx—fx' |+ 1 gx—gx' |

9. Nyctb |:R¥— 2-»S — paanansbuass Npoekuusa Ha codepy H3 ee
ueHtpa 2 (puc. 3.4). Iycts paanyc chepn S pasen 1. ITokasars,
yTo O Ha 3TOM uYepree ompefensercss Kak QYHRuus or & ¢op-

MyJaoi
ez
6=dal/1—%— .

rae d — paccTosiHHE OT X 10 2. YKaganue: ONyCTUTb NeEpNeHAHKY~
Jfip M3 TOYKM Z Ha XOpay, coefuHsioliylo fx u f, 0603Hauutb
yepe3 8 NONOBHHY yria ¢ BeplIMHOA 2, ONPEAISAEMOr0 TOUKAMH
fx n f, n Bocmonb3OBaThCs TOMAECTBOM sin 20=2sin @ cos 6:
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§ 4. OTkpriTble H 3aMKHYTbie MHOXECTBA

Tenepp MH XOTHM ONpefie/HTh H H3YYHThL OLHH Clie-
mHanbuHi  Kiaace moamuoxects XcR®, pasniBaeMbX
orkpoitoimu MHOXKectBaMu B X. Oun 6yayr urpaTh B Ha-
mwef panbHeHilell padoTe OCHOBHYIO pPOJb, MOTOMY YTO
pasanyHbie TONOOrHYeckHe cpoficTsa MHOXecTBa X, KO-
Topule Mbi GyneM ofcyxAaTh, JIerKO BHIpa¥aloTcs Ha
A3biKe OTKPHITBHIX MHOXKectB. KpoMe Toro, eciH NMonb3o+
BaThcA OTKPHITHIMH MHOMXECTBAMH, OYeHb ApocTyio (op+
My npuobperaer yCJOBHe HeNpPepPbBHOCTH (DYHKIUH.

. BoBce He serko 3apaHee MOHATH, MouYeMy TOHATHE
OTKPBITOrG MHOXKECTBA JOJKHO ObITh CTOJb YK BaXKHBIM.
HcropuiecKuM (pakToM ABASETCH TO, UTO NPU3HAHHE OHO
noAyunno He cpasy. B pamnuil mepuon passutHs TOMO-
aorun (1900—1930 r.) Guinu npuaymManbl g pa3paGoTaHbl
passnuHble NMOAXOABI K paccMaTpHBaeMoMy Bonpocy. Mm
COOTBETCTBOBAJH MOHATHS C TAKHMH Ha3BaHUAMH: OKpe-
CTHOCTHble MPOCTPAHCTBa, METPHUECKHEe NPOCTPAHCTBA,
npejeibHbie TOYKH, IPEAENH NOCNEAOBATENBHOCTEN H 32+
MbiKaHusa. B 10 Bpems 6BLI0 HE fICHO, YTO 3TH MOJAXONbI
9KBHBAJIEHTHLI, HHKTO He MOr IIPefcKa3aTb Hanpab/eHHe
PasBHUTHA H OKOHUYATe]bHYI0 (OpMy TONmOJNOrHH. TOJBKO
K KOHLy 3TOrO IePHOZA NOCTENeHHO CTa/N0 SICHO, 4TO I10-
HSITHE OTKPHITOTO MHOMKECTBA SBJASETCH NPOCTHIM M THG-
KMM HHCTPYMEHTOM AJs HCC/AEIOBAaHHA BCEX TONOJOrHue-
ckux csoficrs, C Tex mop craju NPefNOYHTATL MOAXON,
CBSI3@HHBIA C 3THUM MOHATHEM.

Onpenenenne. Ilyerr X — mHoxkectBo B R». [loa-
MHOXecTB0 UcX Ha3bBaeTCsi OTKPbLITOIM MHOXKECTBOM
B X, ecnn y Kaxpo#l toukn x € U cyulectByer Takas ee
okpectHocth B X, Koropas aexut B U. Drto ycaosue
HHaue MOXKHO CPOPMYJHPOBATH TaK: AN KaXAOH TOUKH
x €U cymecrsyer Takoe uncio r>0, utro N(x, r, X)cU.

Kak Mbl BCKOpE YBHUAHM, OTKPBITEHIE MHOXECTBA JIerkKo
pacnosHaBaTh, H OHH OYeHb Pa3HOOGpa3Hbl. [lepBhiil Haw
KJacCc TPMMEPOB COCTOHT H3 OKPECTHOCTEH.

Bce OKPEeCTHOCTU ABAANTCA OTKPLITHIMU MHRON¥CCCT-
samu,
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' Tycrs sananbt % €X u 70>0. Uro6ul nokasath Haue
yTBEpXKAEHHe, HyXKHO NMOKa3ath, 4to N(xo, fo, X) ecTb
oTkphiToe MHOXecTBo B X (puc. 4.1). Mbl 5T0 yCTaHOBHM,
y6eauBLIHCh, YTO 0Af Kaxaoh TOukH X € N (xo, ro, X) cy-
UIeCTBYeT TaKoe MNOJOXKHTENbHOE YHCAO 7, UTO OKpecT-
Hoctb N(x, r, X)- conepxures B N (xp,- ro, X). IlonoxknM
r=ry—d(x, %). Ycnoue x € N(x,, ro, X) osnauaer, uTo
: d(x, xo) <ry, IOITOMY r JOJXKHO
6utb ponoxureabhbiM. Ilycts

YyEN(x, r, X). Torpad(x, y) <r.

Hepasencrso TpeyroJibHHKa

naert
d(xp y)<d(x x)+d(x, y),
H, TaKk Kag d(x, y)<r, umeem
d (xp y) < d(xg X)4-r.

Ho no onpeneneHuio uucaa r
d(xp, X)-+r=ry, Taxk 4TO

d(XOs y) < o

d1o0 nokaswBaer, uro Jwo6afs ToYKa OKPECTHOCTH
N (x, r, X) npunagnexur okpectHoct N (xo, ro, X) H,
3HAuHT, OKpecTHOCTb N (Xy, 7o, X) OTKpHITA B X.

Crenyougie TeopeMbl MOKa3blBalOT, KaK H3 JAaHHBIX
OTKPHITHIX MHOXKECTB MOXHO CTPOHTb IpyrHe Inpumephl
OTKPLITHIX MHOXKECTB.

Puc. 4.1

Teopema 4.1. Ecau U u V — orkpitole muoxecrsa 8
X, 10 ux nepeceuenue UNV ectv @TKpbiTOE MHONECTBO .
8 X. Ilepeceuenue 2106020 KOHEUHO20 4uUCAQ OTKPOLITHLX
MHOxcecTs 6. X s848eTcA OTKpoiToLM MHOXcecT8om 8 X.

Jlokaxem nepsoe yrBepxienne. [Tycts x € UNV. Tak
kak Touka X € U u U orkpuiTo, Ha#figerca takoe r>0, uto
N(x, r, X) cU. Tak kaxk touka x€ V u V oTkphiTO, Hai«
nerca u rakoe §>0, uro N(x, s, X)<V. Ilyers {—
MeHblIee M3 uHcel 7 ¥ S. TorAa scHO, YT® OKPECTHOCTb
N(x, t, X) nexur u BU,u B V,u, cnenobarensno, s UNV.
Tem camMbiM JokasaHo, uto nepeceuenne UNV oTkpuito.
Yro6bl [0Ka3aTs BTOpOE YTBEPKAEHHe, NPEANIONOKHM,
YTO TOUKa X NMPHHAJJIEKUT KaXKAOMY M3 OTKPHITHIX MHO+
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§ 4. OTKPBHITBIE U 3AMKHYTBIE MHOMECTBA

xects Uy, Us, ..., Ur. Torpa cymecrsyloT tTakue qHcAa
ri>0 (i=1, 2,...,k), uro N(x, r;, X)cU,;. Ilycers ¢ —
HauMeHblliee M3 4YHCed 7y, rg, ..., n. OUeBUAHO, OKpect+
Hocts N(x, ¢, X) comepxurcs B nmepeceueHHH, H 3TO 3a-
Bepllaer AOKa3aTelbCTBO.

B npoBefeHHOM BHILIE PacCyX[eHWUM MBI NPefioaara«
au, uyro nepecedeHue UNV comepxur xora OH OAHY
touky. Ecain U u V He umelor oOLiux TOuEK, T. €. €CJH

UNV =@ =nycToMy MHOXECTBY,

TO HaM HYXHO NpPOBEPHTb, YTO NYCTOE MHOXKeCTBO YHO+
BJETBOPSieT ONpeNeJeHHI0 OTKPHITOro MHoxecrBa. Ha
nepBHl B3rJAJ MOMKET NOKa3aThCs, YTO 3aHUMaTbCH Ta-
KOH NpOBepKOfl JOBOJbLHO TAYNO, OAHAKO 3TO He TakK. Tak
KaK MHOXeCTBO &J He UMeeT TOYeK, TO 3aKOHHO CYHTATh,
YTO KaXKAaf ero TOYKa HMeeT OKPeCTHOCThb, COAepxKa-
myiocs B &J. Takum o6pasom, & oTkpeito. ITocMoTpuM
Ha 970 ¢ Apyroil cropoubl. Eciu MHOXecTBO A HE OTKpbI-
10 B X, TO OHO COAEDPXKHUT HEKOTOPYIO TOUKY, Y KOTOpOil
“eT OKPECTHOCTH, cofepxauielicsi B A; 3HAUYHT, HEOTKPHI-
Toe MHOXECTBO He MOXeT ObiThb MyCTHM. DTOT PaKT A0+
CTAaTOYHO BaxeH AJd TOro, 4toObl BMeCTe ¢ APYrUM BaX-
HbiM (PaKTOM, a HMEHHO YTO BCSIKOE MHOXECTBO ABJAETCH
OTKPHITHIM MHOXECTBOM B cefe caMoM, cOpMYJHDPOBAThb
€ro B BHJE OTJEJbHOH TEOPEMHL '

Teopema 4.2. ITycroe muoxmecreo & u camo X a8-
ASUOTCA OTKPLITOIMU 8 X,

Bropoe yTBepKIeHHe OUEBHHO, TAK KaK A5 KaxXIOH
ToukH X € X mo OonpejeseHHI0 OKPecTHOCTH Npu JitoGoM

r>0
N(x, r, X)cX.

C.nenyroman TEopEMA NAa€T €Llle ONMH MEeTOA NMOCTPOoes
HHfI HOBBIX OTKPBITBIX MHOXECTB H3 CTaphbiX.

Teopema 4.3. O6vedunenue atoboil cosokyntocru (Ko-
Heunoll uau GeckoHeuHol) OTKpbITOLX MHOJCecT8 6 X ecTob
OTKpbITOE MHOXeCcT80 8 X.

Uro6r 510 MOKa3aTh, 0603HauuM OykBoi C COBOKyI«
HOCTb OTKDHITHIX MHOXKeCTB, H NycTh A — HX oOBeaumes
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Hue. Eciim x €A, TO A/ HEKOTOPOro OTKPBITOrO MHOXKE=
crBa U €C Mupl nonaxum umers x €U. Tak rak U ors
KpHiTO, Haiigerca takoe r>0, utro N(x, r, X)cU. Tlo
onpenenennio o6venunenns UcA. Orcioga cneayer, 4To
N(x, r, X)<A, u 370 nokasbiBaer, 4o A OTKpHITO.

M3 stux pesynbTaTtoB BHIHO, YTO IS GOJBIIHHCTBA -
MHOXecTB X ceMeflCTBO OTKDHITHIX MHOXecTB B X OueHb
Beqnko. O6pa3ys oObeiuHeHUA OKpDeCTHOCTeH, MBI Mo-
XeM NOCTPOHUTb 6eCKOHEYHO MHOTO OTKPHITHIX MHOXECTB.
Tloka:xxem Temepb, YTO MHOrHe H3 H3BECTHBHIX HAM MHO-
XKECTB ABJAIOTCH OTKPHITBIMH.

Ecau X=R, 10 Kamﬂ.aﬂ OKPECTHOCTb €CTb OTKPBITHIH

IPOMEXYTOK

N (x, r)=(x——r, x-+r).

Kax161fi OTKMITHIA [IPOMEXYTOK ABJSIETCA OKPECTHOCTHIO
CBOEro LEHTPa W, 3HAUWT, OTKPHITHIM MHOXeCTBOM B R.
O6vbenunenne JABYX HJH
6onee OTKPBITHIX MpOMe-
JKYTKOB TaKXe,eCTb MHOXKE«

CTBO, ompmoe’s R. Hanpu-
mep, obbenuHeHue mocJe-
JIOBaTEeJbHOCTH HemepeKpbl-
. BaIOIHXCH OTKPHITHIX MpPO-~
MexyTtkoB (1/(n+1), 1/n),
v z rie n=1, 2, 3,. .., OTKpHITO,
IMycts X=R2. B artom

TIe

: cayyae OKPECTHOCTAMH CIIy~
Puc. 42 KaT BHYTPEHHOCTH KpYroB,
TaK YTO KaXJ0e TaKoe MHO+
xectBo oTKpHTO B RZ [Tycth A — MHOXecTBO BceX Touek,
JeXallHX Ha YeTbiPeX CTOPOHAX NPSMOYroJbHHKa B R2.
Torma ero ponosHeHue R2— A COCTOMT M3 ABYX 4YacTeil:
MHoxectBa U Touek, jexamux BHYTPH A, H MHOXecTBa
V touek, nexauwux Bue A (puc. 4.2). Ecin x — To%Ka
mHoxecTBa U u Mbl BhiGepeM MOJIOKUTENbHOE UHCIO T,
MeHbIIEe, YeM KpaTyafiliee PaccTosiHHe OT X 1O CTOPOH
A, to Best okpecrrocts N(x,r) Gyaer sexats B U. Ilo-
sromy U otkpeito B R2. TouHo Tak e # Muoxecrso V
oTKpHTO B R2 Ho MHOxecTBo A He oTKphiTO B RZ2, no-
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TOMY HYTO OHO HMEeT TOUKY 2, HH OJilHa OKPECTHOCTH
N(z, r, R?) xoropoit ne cogepxurcsi B A. B neficrau-
TEJILHOCTH Ka)Jast TOuka MHoxecrBa A obJajaer 3THM
CBOMCTBOM. DTH 3aK/IIOYEHHS] OCTAHYTCH CIpaBeJJIMBEI-
MH, €C/R MBI 3aMEHHM UPAMOYrOJbHHK A J106BM Npo-
CTHIM 3aMKHYTEIM MHOTOYTOJIbHUKOM BpOZAE TPEYroJib-
HHKa W/H HIeCTHYTO/IbEUKA.

CTOHT 3aMeTHTb, YTO CBOHCTBO MHOXECTB& OHITb OT-
KPBITHIM: SIBAAETCS NOBOJBHO JNEAHKATHEIM — OHO MOXKET
YTPAaTHTbCA, €CIH K MHOMXECTBY 106aBHTb OJHY €IHHCT-
BEHHYIO TouKy. Eciim B paccMoTpeHHOM HaMH NpuUMepe
Mbl HprcoefHHUM K U ofHy JuLib TOYKY, TpPHHALJIEXKA-
myo A win Haxopsuyiocs BHe A, TO Takoe paclIMpeH~
HOE MHOXKECTBO yxe ne 6yner OTKPHITHIM B R2

Ecan X=R?3 TO OKPECTHOCTAMH CJIYyXaT BHYTPEHHO-
CTH 1HAPOB M KaXji0e TaKOe MHOXECTBO OTKPHTO B R2,
ITono6ueiM ke 06pa3oM OTKPHITO B R® MU MHOMXECTBO TO-
YeK, JeXalMX BHe NPOM3BOJLHOrC I11apa, HO HHKaKas
chepa B R® He ortkphita. IlycTh A — MHOMXKECTBO TOUYEK,
NprHANIekKalluX TPanaM, pe6paM UM SBJSIOLNXCSA Bep~
IIHHAMH HEKOTOPOro MpPSIMOVIONbHOTO NMapaJJelenunena
B R3; toraa ponosnenHe R3— A pasbuBaercsi Ha JBa
OTKPLITHIX MHOXeCTBa TOYEK, JieXallWX BHYTPU U BHe
napaanenenunefia. [Tycts T — MHOXKeCTBO TOUEK NMOBepX+
HoctH Topa (OyOauka) B R% torma R®— T Takxke pas-
O6uBaeTcs Ha JBa OTKPHITHIX MHOMECTBAa: MHOMXECTBO TO-
4ek, Jexalux BHYTpH T, U MHOKECTBO BHEWIHHX TOUEK.

B npuBefieHHbIX BHiIe NpHUMepax B KauecTBe X Mbl
6panu Bce NpocTpancTBo R™. Cienyiolias Teopema robo-
PHT, KaK «y3HaTb» OTKPHITHIE MHOXECTBa B NOJAMHOXe-
ctBe X, ecau HaM HM3BeCTHbl OTKPHITHle MHOXECTBa B R™.

Teopema 4.4. Ecau XTR™, 710 COBOKYNHOCTb OTKPOL-
Toix mHoxcecTe 8 X coenadaer ¢ COBOKYNHOCTHIO nepeces
wenuld X ¢ BCEBOZMONCHBIMI OTKPOITOLIMU MHONCECTBAMU
8 R~ !

B nepBoi#t yactH JoKasaTeqbCTBa NMOKAMXKEM, UTO €CJH
U — orkpuitoe MHOoXectBo B R™, 10 X N U — oTkpnitoe
muoxectBo B X. ITycte x € XN U. Tak kak x€ U u U or-
KpbiTo, Halijercs takoe r>0, uto N(x, r) =U. Ilostomy

XAN(x, rleXnU.
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YACTb 1. TEOPEMEI CYHIECTBOBAHMSI B ONHOMEPHOM CJIVUAR

Ho N(x, r, X)= XﬂN(x r), TaK 4to
N(x, r. X)anU

TakuM o0pasoM, y KaxX[Of TOUKH xEX NU cymectByer
okpecTHocTh B X, copepxamasca B X N U; caenoBarenns
o, nepecevenre X N U aBnsieTcst OTKPHITHIM MHOXKECTBOM
B X. IlepBasi uacTb TeopeMbl HOKa3aHa.

3ateM MBL JOMXKHH 7I0OKa3aTb, YTo.Jnioboe o'erbeoe
B X MHOXecTBO V MOXKHO pacllMPHTh 10 HEKOTOPOroO
mHoxecrBa U, oTkpeiToro B R™ u rakoro, yro Ve=XNU.
Ecnu V — okpectnocte N(x, r, X), TO0 SCHO, YTO HCKO+
MBIM pacluupenueM Gyner okpecrsoctb N(x, r, R™). Jler«
KO NpOBepuTh, YTO M1000e MHOXecTBo V, oTKphiTOEe B X,
ABJsieTcA OObeNMHEHHEM BCEX OKDPECTHOCTeH, colepia«
muxcs B V, H MOTOMY HCKOMOE PacCiIMPEHHe MBI MOXEM
NOCTPOMTh, PacUIMpPss KaMfAYyl OKPECTHOCTb, COfepHa«
Lryiocs B V. O6osnauum uepes U obGbennHenne OKpecTs
nocreit N(x, r, R*) nas Bcex x€V u r>0, takux, uro
N(x, r, X)cV ITokaxkeM, yto Toraa MHoxectso U yno-
BJETBOpSAET Hamnm-TpeﬁoBannﬂM, T. €. OHO OTKPHITO B
R u XN U=V. Tak Kak B R" OTKpbITa Ka¥Jasi OKPEcTs
Hocte N(x, r, R"), us teopems 4.3 cienyer, 4to B R"®
orkpuito U U. HokasatenbcrBo toro, utro XN U=V, 6y«
JeT NPOBEJEHO B ABa 3Tala: CHayala MEl MOKaxKeM, YTO
KaX[biil 3/1eMeHT MHoxectBa V npunapnexkur XNU, a
3aTeM, UTO KaKJblit SJEMEHT MHOKeCTBa X0 U npunan-
Jexuar V.
- T3k xak MHOXecTBO V OTKpblTO B X, y KaxIofi Tous
Kd xz V ectb okpectHocts N-(x, 7, X) <V, u notomy x € U.
Aro noxaswmBaert, uto Ve U. Ho V SIBJISIETCST TaKXkKe NOof«-
muoxectBoM X, tak uto Ve XN U. Hakonen, utobu j0-
Kasatb BKmioueHue X N U<V, 3amerum, uto m06asa ToY«
Ka y€ XNU opnoBpemenso npunaniexur u X, u U.
Kaxk Touka MHoxectBa U, oHa JiexKUT B HEKOTOPOH OKpe«
crhoett N{x, r, R"), rtakoft, utro N(x, r, X)<V. Ilo«
CKOJIbKY OHa NPHHAMJIeXHT U X, OHa COLEepPKHUTCA B mepe«
‘ceyenun XN N(x, r, R*)=N(x, r, X), U Tak Kak
N(x, r, X)cV, orciona caenyer, uro yEV Sro 3aBep-
WaeT nokasaTenbctBo paBenctBa X N U=V u Bceil Teos
peMmH,
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$ 4: OTKPHITHIE H 3AMKHYTHBIE MHOXECTBA

TonBeaeM urtorv TOMy, 4To MBI JO CHX HOp CAeaasH
B § 4. OcHOBHEIM CBONCTBOM OKphiTOro MHoxecrea U B X
AIBJISETCS €ero onpejeasiouee CBOACTBO: Y KaxoH TOUKH
x €U cywmecrsyer okpectnocts N(x, r, X)cU. Mano
YTO MOMKHO eme CKa3arh 06 OTIeNbHOM OTKPHITOM MHO-
KeerBe. - JJokasaHHBle BHLILIE TeOpeMbl YCTaHABIUBAIOT
cBolicTBa ceMeficTBa BCeX OTKPHTHX B X MHOMXKECTB.
Hmenno, 310 cemefictBO B KauecTBe CBOHX 3/1€MEHTOB
COAEPKHT NyCTOE MHOXKEeCTBO, caMo X M KaXAyl0 OKpes
criocte N(x, rn X); Kpome TOro, OHO COREpXHUT nepes
ceyeHue JI060r0 KOHEYHOTO YHCJIA CBOMX 3JIEMEHTOB H
obbefuBeHHe 060l ‘COBOKYHHOCTH CBOHX 3/1€MEHTOB
KOHeuHOH Hjau GecKoHeuHoM. :

IMepeiinemM Tenepr K NOHATHIO 3aMKHYTOrO MHOXKECTBA.

Onpenenenue. [Tycre X — muoxecrso B R*. [Toamuo-
xecrBo AcX nasniBaercs 3amxuyroim B X, ecin ero jo-
noHenre B X aBaserca OTKPHITHM MHoxecTsoM B X. Ko-
poue, A samkunyto B X, eciu X — A orkpuito B X.

Ecau  BOCHONBL30BAaThCH  OHpejeJeHHeM OTKPHTOro
MHOXKeCTBa, TO Mbl NOJIYUUM CACAYIOLIHH KPUTEPH 3aMK-
HyTocTH MHOXectBa A B X: Kaxias TouKa JONOJHEHHSH
X — A no/XH2 ¥MeTbh OKPECTHOCTb, HE MepeceKalolLyio«
ca ¢ A. Hanpumep, MHoxecTBO, cocrosiuiee H3 OfHON
TOUKH, BCEr/la 3aMKHYTO B J0OOM COflepIKalleM ero MHO+
KecrBe X. B camom nene, eciv X — NaHHadA, a Y — JI0+
6ast npyras TOuYKa, TO, KOTfia 7 He MPEBOCXOAHT PacCTos+
HHUS MEXAY X U Y, oKpecTHOCTb N(Yy, r) He CONEpXHT X.
Touno Tak ke npsMas L B MIOCKOCTH UM NPOCTPaHCTBE
SIBASIETCA 3AMKHYTHIM MHOXECTBOM; NeHCTBUTENbHO, eC/IH
Yy He npuHamjaexur L M r-— paccrosinue ot y no GJwu-
XKafuefi Toukd L, TO okpectHocts N(y, r) He nmepece-
Kaerca ¢ L. :

Kaxabifi npuBefeHHHl Bbilleé NPHMep OTKPLITOrO
MHOXeCTBa Jaer, eC/IH NMepeiiTH K JONOJHEHHI0, PUMep
HEKOTOPOTO 3aMKHYTOro MHOXectBa. B ciyuae npsmo-
yroicHuka A Ha puc. 4.2 JonojHenHe MHoxecTBa V
BHEIIHMX TOYeK eCTb obbenunenue A ¢ MuoxkecrsoM U
BHyTpeHHHX Touek. Tak Kak V orkpmto, 10 AU U 3aMk-
HyTo B R? Aunanoruuno u AUV samkuyro B R%L
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YACTH 1. TEOPEMB CYIIECTBOBAHHUS B OHNHOMEPHOM CJIYUAE

Hockonbky obwvenunense UUV orkpeito u A —ero no-
nosHenne, To A 3aMKHyTO B R2

OTnouienre mexay mHoxectsoM A B X o ero jomnos-
nennem X — A B3ammpo: gonoinesueM X — A sBiseT-
csi A. DTO COOTBETCTBHE MEXIY NMOJAMHOXECTBAMH MHO-
xkectBa X HasmBaerca dgolicreentoctvio B X. OTKpHTHE
MHOXeCTBa M 3aMKHYThle MHOXKeCTBa — JBOHCTBEHHbIE
MOHSATHS, NTOTOMY YTO 3aMKHYTOE€ MHOXECTBO JABO{CTBEH-
HO OTKDHITOMY U Hao6oporT.

Sta NBOHCTBEHHOCThH MEXAY OTKPBITHIMH H SaMKHY+
THIMM MHOXKECTBAaMH [03BOJISET U3 KaXKJIOoi TeopeMbl, 10+
Ka3aHHOH HaMH JUIsT OTKPBHITHIX MHOXECTB, BHIBECTH
«]IBOMCTBEHHYIO® TeopeMy JJif 3aMKHYTHIX MHOXeCTB.
Gopmyaupys 3TH NBOHCTBEHHBIE NMpPeJJICKEHHS, Mbl BOCH
nonb3yeMmcs TeM (pakToM, yTO OOBEAMHEHHE M TIepeceyes
HUe ABJSIOTCA «JBOHCTBEHHBIMH» ONEpallUsiMH B CJAeaYI0-
eM cmbicae: 0onoaHerue o06Be0uHenus 08yx MHOMECTS
ecTv nepecederue ux OONOAHeHUL:

X —(AUB)=(X — A)n(X — B).

Touno Tak Xe 0onoareHue nepeceuerusn 08yYyx MHOMECTS
ecTs o0vedunerue ux 0onoAHeHuil:

X —(ANB)=(X —A)Y(X — B).

Hrax, caenywouire yeTblpe TeopeMbl AJs 3aMKHYTHIX
MHOXEeCTB COOTBeTCTBYIOT JOKa3aHHbIM BbIilie TeopeMaMm
QST OTKPBITHIX MHOXKecTB. Teopema o mepeceuenuu ABYX
OTKPHITHIX MHOXKECTB J2eT JABOHCTBEHHYIO TEOpeMy:

Teopema 4.1'. Ecau A u B — 3amknytele MHoOMecCTSQ
8 X, 10 ux obwedurernue AUB ecte samxuyroe muosce-
cr80 8 X. Ob6vedunerue 2106020 KOHEUHO20 4UCAQ 3AMK-
HYTHIX MHOXCecT8 8 X A8A8ETCA 3AMKHYTLIM MHOICe-
créom 8 X.

Urebel NoAyudTb MNpejfJokKeHue, JBOACTBEHHOE TEO-
peme o ToMm, uTo & ¥ X OTKPBITH, HYXKHO TOJBKO 3aMe«

THTB, uT0 & ¥ X ABASIOTCA AONOJHUTENBbHBIMH MHOXe-
crBamu B X, T. e. X—T =X n X—X=.

Teopema 4.2°. Ilycroe mnoxecrao & u camo X as-
ASIOTCA OOHOBPEMEHHO OTKPLITHIMU U 3aMKHYyToIMU 8 X.
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§ 4. OTKPBITBIE. U 3AMKHYTBIE MHOXECTBA

O6uuHO MHOXECTBO, OTKPHToe B X, He 3aMKHYTO B
X n saoGoper. B § 7 ME noipoSHO HIYYHM MHOXKECTBa,
OJIHOBPEMEHHO. OTKpHITHie H 3amKEyThe B X.

f

Teopema 06 oObenunenuu Ji060H COBOKYNHOCTH OT-
KPbITEIX MHOXECTB JaeT TaKyio NABOHCTBEHHYID TeopeMmy:

Teopema 4.3'. [Tepecewenue aw060i cosoxynnoctu (KO-
HeuHoU uau 6ecKkOoHedHOd) 3aMKHYToLX MHONcecT8 8 X
ecTh 3AMKHYTOR MHONECTEO 8 X,

I'Ipennox(eﬂuem ABOHCTBEHHBIM K TeopeMme O TOM, 4YTO
MHOXK€CTBa, OTKPbLITbIE B X ABJAITCA nepecedeHHuaMH X
C MHOXeCTBaMH, OTKPHITEIMH B R=, CJHYyXHUT

Teopema 4.4'. Ecau X < Rn, 10 co80KYnHOCT 3aAMKHY-
ToLX MRONECTE 8 X c08nadaer ¢ COBOKYNHOCTLIG nepece-
ueHud X ¢ 8CCOOIMONCHOLMU SAMKHYTOLMU MHONECTEAMU

8 R»,

Honyctum, uto AcXcR” u A 3amkuyro B R*. Torna
TeopeMa yTBepXKJaer, uTo nepecedenve AN X 3aMKHyTO
B X. Tak kak A X=A, noayuaem

Cnencrsue. Ecau A samknyro 6 R», o A 3amkuyTo u
80 scakom mHoxecree X, codepaucawjem A.

He HyxHO aymaTh, 4YTO Kax/loe MHOXeCTBo B R™
OTKPHITO HWJM 33MKHYTO B HeM; MHOrHe MHOXECTBa
HH OTKDHITH, HH 3aMKHYTH. [loJyOoTKpHITHII npome-
XyToK (@, b] B R HU OTKpHIT, HH B3aMKHYT. ¥ J106oil
ToukH X € (a, b], otnuuHoOK ot b, cyulecTByeT HeKoTopas
OKpeCTHOCTb, JeXalas B 3ToM npoMexytke. C Apyro#
CTOPOHBI, KaXJasl OKPECTHOCTb TOYKU b CONEPKHT TOUKH,
He mpunaanexaumue (a, b). Ha puc. 4.2 o6benunente Mo+
)Keersa U m kakofi-1M60 OLHOM TOUKM TNPSIMOYTOJNbLHU-
Ka A HW OTKDHITO, HU 3aMKHYTO B R2. Panbine Mbl Bune-
J¥, 4To. OoHO He orkpeiTo. OHO W He 3aMKHYTO, TaK Kak
n06as okpectHocTh N(x, r) kaxnaoh Touku x €A conep-
KHUT TOUKH MHOXecTBa U. Ho no Haiemy Kputepnio
33MKHYTOCTH MHOXECTBA BCAKAf TOUKA €ro NOMNOJHEHHs
AOJRHA HMETh OKPECTHOCTb, HE NEpeceKalomylocs ¢ AaH-
HbHIM MHOXeCTBOM.
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YACTH 1. TEOPEMBI CYHIECTBOBAHUS ‘B OMHOMEPHOM CJIVUAE

Chopmynupyem Tenepp ycJOBHe HENpPepbIBHOCTH
GYHKIHM C NOMOILNBIO OTKPHITHIX MHOXeCTB. IIpocrora
3TOr0 YCJOBHSA MOKa3biBaeT, HAaCKOJbKO. YROOGHH OTKpPHI+
ThHie MHOXeCTBa NpPH H3yYeHHH HeNpepuBHHIX GyHKUMA.

Teopema 4.5. Pynxyus f: X — Y Henpepwiena 8 TOM
u TOALKO 8 Tom cAy4ae, ecau npoobpas xkandozo mHoxKe-
crea, OTKpbiTo2o 8 Y, ecTo MHONCecT80, oTKpoviroe 8 X.
IkeusanenTHo Pynkyus [ HenpepoleHa 8 TOM U TOALKO
8.ToM cay4ae, ecau npoobpas Kando20 MHOMECTEA, SAMK-
Hyroeo 8 Y, ecto mHowecTeo, 3amkHyToe 6 X.

HanoMuuM, uro ¢yHKkuus [ HenpepbisHa, ecau s
KaXao#l ToukH ¥x€ X u kaxaoro e>0 Cymecrsyer Takoe
6>0, uto pyHKUMA [ oTOOpaxKkaer &-OKPeCTHOCTb TOUKH X
B -OKPecTHOCTb TOUKH [x. TpeGoBanue, uto6u npoobpa3
f-1V kaxporo MHOxecrBa V, orkpuiroro B Y, Ghin oT-
KpHIT B X, KOHEYHO, 3BYYHT 3HAYMTEJNbHO MPOILE.

Jna pokasartenbCTBa Teopembl CHayala NpPEANoJo-
UM, YTO pyHKUHS f HempephiBHA W uTO V — mMpou3BoJb-
Hoe OTKpHTOe MHoxXecTBO B Y. Ham HyxHO nokasars,
YyT0 y Kaxaofi Touku x€ f~'V cymecTByer OKpecTHOCTb,
cofepxamascsa B [V, Ilo npegnosoxenuto fx€V u V
oTkphiTo B Y, TloaroMy cyuiectByer Takoe wuciao g0,
uto N(fx, e,-Y)cV. Tax kak yHKuus [ HenpepniBHa,
Hafigerca rtakoe 6>0, uro o6pas npu [ OKpecTHOCTH
N(x, 8, X) 6yner conepxkarncs B N(fx, e, Y), a snauur
u B V. Caenosarensno, N(x, 8, X)cf-'V, u mm noka-
3aJu, uro npoobpas f-'V Kaxaoro oTkpeiroro B Y MHO-
xecrBa V otkpur B X. :

Joxaxkem oGpatHoe yrBepxaeune. [Iycts ¢pyHkuus f
o6najaer tem cBoHCTBOM, ute npoobGpas [-'V kaxmoro
MHOXecTBa V, otkpuiroro B Y, otkpuT B X. [NokaxkeM,
yTO OHa HenpephiBua. Ilycre x€ X u 3amano e>0. Ok-
pectHocTh N(fx, e, Y) sAiBAsieTCH OTKPHITHIM MHOXECTBOM
B Y, TaKk uro ee npoobpa3 oTkpHiT B X; 0603HauUUM ero
6ykeoit U. Tak xak touka x npuxamitexur U u U or-
KpHITO, Hafinerca okpectHocTe M(x, 8, X), conepxkalnas-
c¢a B U. Orciona caenyer, uro fN(x, 8, X)cN(fx,e, Y), u
3TO MOKaskiBaeT, 4TO (GYHKUMs [ HenpephiBHA.

.. Mgl goxasanu Ty yacTb TeopeMH, KOTOpas OTHOCHTCH
K OTKPHTHIM MHOXKecTBaM. J{BOACTBeHHOE yTBepiKIeHHE
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§ 4. OTKPHITHIE ¥ 3AMKHVTHIE, MHOXKECTBA -

I 3aMKHYTHIX MHOJXKECTB ABJIIeTCH CJENCTBHEM TOrO
tdaxra, uyro Aas JdioGolt ¢yuruuu f: X — Y- nonosHenue
B X npooGpasa mHoxectBa AcY coBnagaer ¢ npooGpa-
30M ponoJHenus MHoxectBa A B Y, Uuaue rosops, ana
Kaxpaoro MHoxectBa AcY uMeeT Mecto paBeHCTBO

X — [ A=Y —A)

JlokasaTtenbcTBO 310N (DOPMYJIBI MOCHYXKHUT HebONBIINM
ynpaxHeHueM s uurarend. [IpuMmem ero Ha Bepy H
NpeanoNoXuM, YTo (yHKUMS [ HenmpepoiBHA WU MHOXe-
ctBo A 3aMmkuyro B Y. Torna aonosHenne Y — A ot1-
kputo B Y. [lo mnepsoii wactu TeopeMbl mnpooGpas
1 (Y—A) orkpur B X. [lostoMy ero nonoaseHHe 3aMK-
Hyro B X. Ho no Buinucanuo Buie ¢popmyse 1o gonoJ-
HeHue ectb [~!A; caemoBaresbHo, [-!'A 3amknyro B X.

HonycruMm tenepb, Hao6opor, 4To Mpoobpa3 KaxKaoro
3aMKHYTOTO MHOXectBa 3aMKHYT. Eciin A otkphito B Y,
to Y.— A 3aMmkuyro B Y; nosromy [~1(Y — A) saMkHyTO
B X. 3Haunr, ero ponoaHenue orkphrto B X. Ho no na-
wefi opMyae sto pononHenue ectb [~!A. Takum obpa-
30M, AJf KaxKAOro OTKpHToro MHoxecrBa AcY npoo6-
pas ['A orkpuir B X, CienoBareabHo, ¢yHKuus [ He-
npephniBHa, DTo 3aBepuiaeT J0Ka3aTeJbCTBO.

Teopema 4.6. Ecau [: X—>Y u g: Y->Z —Henpe-
poistote pyuryuu, To ux xomnosuyua gf: X - Z nenpe-
poisHa.

[Tycte W — orkpbitoe muoxectBo B Z. Tak Kak QpyHK-
uMs g HenpepeiBHa, TO IO NpeabiAyled Teopeme npoob-
pa3 g-'W saBnsiercss OTKPHITHIM MHOXECTBOM B Y, a Tak
KaK HenpepniBHa H QYyHKuus [, TO B cHJy TOl e Teope-
Mb f-1(g'W) — orkpnitoe MHOXectBo B X. Uurareap
JIeTKO NPOBEPUT, YTO :

&h™'w=f"(g"'W)

{cMm. orBer K ynpaxHenuio 2.8). Takum oGpasom, MH NO-
KasaJqH, uro npoo6pas (gf)-'W kaxaoro oTkpeToro B Z
MHoxecTBa W oTkphiT. B cHay Teopemn 4.5 ato o3Ha-
gaer, 4T0 QpyHKuMst gf HenpephiBHa. o
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YACTb 1. TEOPEMBI CYIIECTBOBAHHS B OJJHOMEPHOM CJIYUAE

B nocnenyowux naparpadax msl 6yLeM 4acTo NOJb-
30BaThCA BhIpaXkeHHeM «mpoctpaHcTBo X». B Kaxaom us
3THX cay4aeB X GyleT MOJAMHOXKECTBOM HEeKOTOpOro Hpo-
crpadctBa R™. OpHako Mbl XOTUM OlpaHHYHTbCH pac-
CMOTPEHHEM TOYeK MHOXKecTBa X H OTKPHITHX MHO-
x)ectB B X u He o0pailaTb BHUMaHus Ha obGbeMJollee
npocrpaHcTBo. Takas TOYKAa 3PeHHS Ha3bIBAETCS BHYT-
pentell. Mbl coBeTyeM YHTaTeNO NPOCMOTPETb ONpejeJie-
HUST M TeopeMbl, H3J0XeHHble B 3TOM maparpade, u 3a-
MEeTHTb, YTO BCce OHH, KpoMme TeopeM 4.4 u 4.4, chopmy-
JUPOBaHbl BHYTPeHHHM ofGpaszoM. BaxHocTb 370f1 TOYKH
3peHus Mbl 06cyaum B § 8.

YnpaxHenus

1. Tlokasath, 4To ecan X COCTOMT M3 KOHEUHOrQ UYHCJAA TOUYEK, TO
Kaxaoe MOAMHOMECTBO X OJIHOBPEMEHHO M OTKDLITO, H 3aMK-
Hyto B X.

2. Mycrs L —npsvas 8 R2 1 U — nexoropulil OTKPHTHH npoMexy-
ToK B L; HafiTH Takoe OTKpHTOe B R? MHOXKecTBo V, uTO
VN L=U.

3. Ilyets D —xpyr B R? cocroswldft u3 Touek (x,y), nas Ko-
Topeix x2+y? < 1; HaiiTH HauGoJbllee noaMHOXKecTBo D, OTKpbi-
Toe B R2, )

4. IlpuBecTH mpuMep 3aMKHyToro B R? MHOMecTBa, NpeBpamiaio-
WIErocsl B OTKPHITOE NpH yAaleHHW ONHOH H3 ero TOUeK.

5. IlpuBectn mpHMep, NOKa3LBAOUIMH, UTO AonoJHenie oGberuHe-
HHf ABYX MHOXKECTB He sBJseTca OObeiHHeHHEM Hx AONOJ-
HeHHi. .

6. IpusecTu npuMep, NMOKAa3LIBalOWKA, UTo OOBelAMHEHHe ABYX He-
OTKPHITHIX MHOMKECTB MOMKET OKa3aTbhCsi OTKPHITHM. (¥kasauue:
paccMOTpeTh MOAYOTKPHITHE NPOMEXYTKH.)

7. ITokasarts, uto ecin X C Y C R™, To KaXJoe MHOXeCTBo, OT-
kpuitoe B X, sBaserca nepecevenneM X {1 V, rae V-— Hekoro-

0 MHOMECTBO, OTKpHITOE B Y.
8. Ilycts € — ceMeficTBO OTKPHITHX NPOMEKYTKOB B Rt

11
L=(—=1 1), 12=(—?, ?)'

1a=(—7];-, %) npu a=1, 21 37 v ee

Tokasats, uTO mepeceyeHHe BeeX STHX OTKPHITHIX MHOXKECTB He
OTKphiTO B R.

9. [lpusectd npumep otoGpamenusn f: X->Y u MHOXKecTBa ACX
ans KoTophix ¥ — fA orauuro or f(X — A).
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§ 5. ITOJITHOTA CHUCTEMB! JERCTBUTEJILHHX YHCEN

10. JokasaTs, uT0 AAa Jmo6oit dyukuuu- f: X—>Y gononsenne B X
npoo6pasa nPOH3BOJIBLHOTO MHONKeCTBa B Y coBHajaer ¢ NpooG-
pasoM JOMOJHeHHs 3TOrO MHOXectBa B Y, 1. e X—['4A=
=f-1(Y — A).

11, Mokasath, 4To KaxJaoe OTKPHTOe B X MHOXECTBO sBJsercs
o6beiHHeHHEeM HeKOTOPOH COBOKYMHOCTH OKpecTHOCTeH B X.

§ 5. MoaHoTa cHCTeMbl JAeACTBHTE/bLHBIX YHCEN

LeHTpanbHLIM NYHKTOM 3Toro naparpada spasercs
JIOKa3aTeJbCTBO TOTO, YTO AEHCTBHTEJNBHBIX YHCEN HOCTa-
TouyHo MHOro. TouHee ropops, eCau NOA AeHCTBHTEJBHBEIM
YHCJAOM TIOHHMaTb HEYTo, NPeJCTaBHMOe JeCATHYHOH
apobbio (KOHeUHOH HJAH GeCKOHeYHOH), TO HMMeeTcst Jo-
CTATOYHO AEHCTBHTENbHBIX UMCEJ [JIfi TOrO, YTOOB! LENH-
KOM 33aMO0JHUThL AEHCTBHTEJbHYIO MPAMYIO.

B oponecce pasBHTHR MaTeMaTHKH CHCTEMa 4ucel
pacuwiupsanace He oaud pa3. CHayajma OBl JOHCTOpHYE-
CKuil UeJOBEK C €r0 CYETOM: OfMH, ABAa, TPH, MHOTroO. 3a-
TeM MOSIBHJIOCH MOHATHE GECKOHEYHOH NOCJA€e]0BaTe/bHO-
CTH LEJBIX [OJOXKMTEJIbHBIX YHCeJl BMeCTe C COOTBET-
CTBYIOIEH TEPMUHOJIOTHEH M COKpallleHHEIMH O6O3Haye-
HusAMU. [ToToM BO3HHKAM ApOoGH MM paUHOHAJBLHBIC YUC-
Jla, 3aTeM HYJb H OTpuIlaTe/]bHblE YUCJAa, NI03XKe — «KOop-
Hu» aareGpaMyecKHX ypaBHEHWii, HIH aJreGpauyeckKue
yHCaa, YW, HaKOHeEl, TPaHCUEHAEHTHbIE ducsal),

Ha KakIoM U3 3THX 3TallOB HEKOTOpPble MaTeMaTHKH
IIOCTENEHHO OCO3HABaJH, YTO NOHSITHE YMUCJIA, KAK OHM €ro
TOTZA NPEACTABJANH, ABAAETCS HENOCTATOYHO ILIHPOKUM.
[Tocie HeCKOMLKHX TONBITOK MM B KOHIlE KOHIOB yiaBa-
JIOCh TNIOCTPOUThL HORBBIE YHCJa, KOTOPHIE, eCau HX poba-
BUTb K CTapbiM, 3TOT npobes ycTpaHaau. DoblIuHCTBO
M3 Hac MNOJHOCTBIO NOHMUMAaerT HeOOXOAMMOCTh LEJNbIX U
panuoHaJ bHBbIX YHCeI, BKJIIOYasg OTPUllaTesbHble YHCJa
H HyJb. Ho fajieko He BCe XOpOWIO CO3HAIOT, NIOYEMY HX
He XBaTaer.

Ewme nudaropeitnsl oTkpblan, uto V2 He sBaserca
panMoOHAJbHEIM YHCJIOM; TOYHee, He CyllecTByeT ApobH,

1) IMoapoGuoe HaJoMeHKHe BONPOCA O PA3BUTHH TOHATHA WHHCAA
CM. B BHNycKe nonyaspHoii cepun «CoBpeMeHHass MareMaTHRa»:
Huseu A, Uucna panuonanbunie ¥ HMppauMoHAJbHEE, H3[-BO
«Mup», M., 1966.
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YACTh I. TEOPEMbB! CYIHECTBOBAHHS B ONHOMEPHOM CJIVUAE

KBajpaT Kortopoit paBeH AByM. IlpuBemeM mokasareib-
CTBO, NpHHaanexamee EBknupy. JonyctuM, dro -Hanpo-
THB m/n ectb Apo6Gb, KBaApaT KoTOpoii paBeH 2. Mu Mo-
JKEeM CUHTaTh Apo6Gb m/n HeCOKPaTHMOH, T, €. YTO M U N
He HMeIOT OOLlero UeJIOYHC/IEHHOro AEJHTeNs, OTJIHYHOrOo
ot 1. B yacTHOCTH, m u 1 TOrfa He MOTyT OLITh OJHOBpE-
MEHHO YeTHHIMH uucJaMu (Bce o6Gmiue ABOAKH yXke «CO-
Kpaulenbl»). PasencrBo (m/n)?=2 nepenuuleM B BHJE
m?=2n2, oTKyJa BHIHO, 4TO m? ecTb ueTHoe uucio. Ho
KBaJipaT HEYETHOTO UHCJA H CaM He4yeTeH:

@ 4 1P =42 4r -1 =222+ 2r)+ 1.

Tak kak m? yeTHO, OTClIOAa CJelyeT, 4TO H M 4eTHO, TakK
yto m=2k pJAs ueKoToporo uesoro ydcaa k. Ecam wmbl
NMOACTaBHM BMECTO /M 3TO 3HayeHHe B Halle PaBeHCTBO,
TO OHO mpuMeT BuA 4k?=2n2, otkyna n?=2k2. D10 3Ha-
YYT, YTO 12 YeTHO H, CJeLOBaTeNbHO, n yeTHo. Takum 06-
PasoM, H M H n — YeTHble YHCJA B MPOTHBOPEUNH C TEM
¢akToM, uto Apobe m/n HecOKpaTHMA. DTO NPOTHBOPEYHE
nokasbiBaeT, uTo HeT ApoGH, KBajfpaT KOTOPOH paBeH 2.

Uscao V2 nyxno -6buio mudaropeiinaMm noToMmy, 4To
OHH 6blaH reoMerpaMu. OTnpaB/AsfiCh: OT NPAMOJHHEH-
HOrO OTpe3Ka JJHHH d, OHH MOIJIH C MOMOHIBIO LUPKY/IS
H JUHEHKH NOCTPOMTH KBajpaT co cropoHoit d. Ilo rteo-

peme IMudaropa aauna ero JHaroHajd pasHa V2ad.
ITocMOoTpHM Ha nocjefoBaTeJbHHe pACUIHPEHHS CH-
CTeMBl Yuces C 3Toft Touku 3penus. Ecan gana npsmas L
¥ [Be TOUKH Ha L, naspiBaeMble 0 ¥ 1, TO ¢ NOMOMIBIO
LHUPKYJIf MOXHO OAHY 3a ADYrod HaHECTH OCTaJIbHELIE Iie-
JouuCaeHHble Touky 2, 3, ... u —I1, =2, ... . C no-
MOIUBIO APYrOro NOCTPOEHHUS, NPOBEJs BCHOMOTATEJbHYIO
NpsAMYIO, KaXXIblfl IPOMeXyTOK [n, n+1] MOXHO pa3buts
Ha CKOJIbKO yrogHo paBHHIX yacredl. Takum o6pasoM, Ha
npsaMoit L, ucxoas u3 ABYyx Touek 0 m 1, MoXHOo mno-
CTPOHTb BCE TOYKH C PAUMOHAJbHHIMH KOOPAHHATAMH.
PauuoHa/bible TOYKH- TENEPh IJIOTHO pacnpeieseHbl
po npamoit L (Mexay no6GbIMH ABYMA TaKMMH TOYKaMu
HaxoJuTcsi GeCKoHeuHO MHoro Apyrux). Jlerko nousrs,
YT0 NOCJe TOrO, KaK Ghljii BBEACHH PalHOHAJAbHBIE YHC-
Ja, MOXHO OblIO mOZYMATb, YTO OHH 3aNOJIHSIOT *6CIHO
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§ 5. MOJHOTA CHUCTEMB! AENCTBUTEJbHBIX YHUCEJ .

opamyio L. OpHaxko nmudaropefilibl OTKPBHIIH, YTO JHATO-
Hajb KBaJpaTa CO CTOPOHO# 1, ecan ee HaHecTH Ha L
(cM. puc. 5.1), aacr Touky V2, He COBNajaioulyio HH
¢ ofHON M3 pauMOHaJNbHEIX ToueK. Kak 3TO KOJXKHO OBLIO
nopasuTth TeX, Kro cuenan 370 oTkpbitue! OnHo nobyauno
HX . BBECTH HOBHE YHCJIa, COOTBETCTBYIOUIHE HOBEHIM TO4Y-
KaM npaMofi L, BO3HMKAIOLIHM
NpH Takux reomeTpnqecxnx no-
CTPOEHHAX. {r———
K coxanennio, # nocjie Bse- - pa
JeHHs1 KBaApPAaTHHIX KOpHe# 4u- /s
cel oOKasmiBaerca Bce eme |7 |
CAMWIKOM Mano. Tpucexkuus yria p
"

) -
N~

H yABOeHHe Ky6a Tpefylor B3s-
THS1 KyGHYHBIX KOpHeit M3 pa- P
[HOHAJILHBIX 4YHCeJl, 3 NOCAe HUE

OObIYHO He SBAAIOTCS KBaJApDaTHBIMH KOPHSIMH W3 PalMoO-
HaJbHBIX 4YHceJd. Tak MarteMaTHKH ObLIM BHIHYX/EHH
BBECTH KODHH 7-fi CTeNeHH H3 PalUHOHAaJbHBIX YHCed M
Jaxe elnje GoJbliee MHOXECTBO Bcex ajrefpaHyecKuX 4H-
cen. DTH UHCIA ABJSIOTCS HYJAsMH MHOTOYJIEHOB C IENO0-
YHCJAEHHBIMH KO3(}UIiHeHTaMHU.

TlpumepHo cTO JleT TOMY Ha3aj OLLIO YCTaHOBJIGHO,
4T0 H a.nreépanixecxnx yHCes HeLOCTAaTOYHO, T. €. YTO Ha
YHC/IOBOH MPSIMON CYMIECTBYIOT TOYKH, KOTOpbIE HE COOT-
BETCTBYIOT HHKAaKHM ajre6pauvecKumM ducaaM. B gacrHo-
cTH, GBIJIO AOKAa3aWO, YTO YUCJAO T (OTHOLUEHHE [JUHH
OKPYXHOCTH K AMaMeTPy STOH OKPYKHOCTH) He sBJIsIeTcs
ajare6panyecKuM 4HCIoM. BosHHMKaeTr BOIpoC: Korjaa ke
STOT HPOILECC 3aKOHYHUTCH, eCAH 9TO BOOOLIE CAYYUTCH?

1lInpokoe npuMeHeHUe MeCATHYHON CUCTEMBI H pasjio-
JKeHH# 4YHCeJ B JHeCATHUYHHEE APOOHM NpPHUBEJO K HOBOMH
TOYKe 3PEeHHS] Ha 5TH BonpocH. Bee g0 CHX nop BBeneH-
HElE YHCJa MOTYT OBITH HMpejCTaBJeHHl CBOMMH JECHATHY-
HEIMH pasjoxeHusiMu. Cienyer NOAYEPKHYTh, 4TO 60Jib-
UIHHCTBO PalOHAJbHBIX M BCe OCTajbHble YHCJaa mpei-
CTAaBJRIOTC GECKOHEUYHHIMH  [EeCATHYHBIMH  APOGSIMH.
U Tenepn ecrecTBeHHO MOAOHTH K ONpeeJeHHIO CHCTEMb
uuces ¢ APYyrofi CTOPOHH M CKasaTb, YTO Al00as mecaTHy-
Hasi Apo6b K eCTh HeKOTOpOe AEeHCTBHUTENbHOE YHUCJO, T. €.
cKasaTh, 4YTO MbI MOXe€M OINpeieJHTh MHOMXKeCcTBO R
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YACTb 1. TEOPEMBI CYIIECTBOBAHHS B OOMHOMEPHOM CJYUAE

Je#CTBUTEJAbHBIX YHCeJ KaK MHOXECTBO BCeX AECATHYHBIX
ApoGefi (¢ OOLIYHBIM yCJOBHEM, YTO Apo6h, OKAHYHMBAIO-
Hiasca AeBATKAaMH, NPENCTABJsAeT TO e YHCJO, YTO H He-
KoTopasi Jpyras ApoOb, OKaHYMBAIOUIASCR HYJASMH, Ha-
npumep, 3,26999...=3,27000...). Mmenno tak Mbt akTu-
yeckn u nocrymuM. UrtoGHl ompaBiaTh 9TY NpOUEAYPY,
2 HaM HYXXHO 110Ka3aTb, YTO TEM
gz cambpiM OyjAeT TOJOXKEH KO-
Hell CO3NaHHI0 HOBLIX WMCEJ:
yHcJa M3 MHOXecTBa R LeJH-
KOM 3aMOJHAIT NPSIMYIO.
Mul  fonKHBI OOBSICHHTD,
4YTO O3HAYalOT CJOBAa «3aM0J-
HAIOT npsAMYyio». BcnoMHEM
CTAHJapTHHII MeTOL H3BJe-
YeHHR KBaJpaTHOTO KOpHS,

nanpumep V 2. Paccmorpum
rpabuxk  ¢yHKuEH y=x> u
nonsiTaeMcss ONpegeTHTs KO-
Puc. 5.2 OPAMHATY X TOYKH, B KOTO-

poit ropusocHTajJbHas npsaAMas

y=2 nepecekaer 3T0T rpaduk (cM. puc. 5.2). Cnauaja
HCILITAEM KBaJpaThl HECKOIBKUX NEPBbIX NENbIX YHCes
H HaiigeM, uyro 12=1 — canimikom Mago, a 22=4 — cjauiu-
KOM Besinko. Tenepb, eciu x Bo3pacTaeT OT OJHOIO MOJO-
KHTEJIbHOrO 3HAauYeHHs A0 JAPYroro, T0 M ero KBajgpar
Bo3pacraer. IToT (aKT rOBOPUT HaM O TOM, uto 2 Je-
XKUT rje-1o B npomexyrtke lo=[1, 2] u uenas wactb ero
HeCATHYHOro pasjioxeHuss paBua |. Pasgesnm 3artem
npoMexyToK /o Ha fecaTb paBHBIX yacTed H BO3BeieM B
KBajZipaT Kaxnoe u3 uucen 1,0; 1,1;1,2;...:1,9;2,0. Mul
HaiineM, uto (1,4)2 menbiue, uem 2, a (1,5)2 Goabuie. Ta-
KHM 00pasom, V2 Jaexur B npomexyrtke I;=[1,4; 1,5}, u
€ro IeCATHYHOE pa3JjoXKeHHe HaumHaeTcs ¢ 1,4. 3atem
pasjiequM Ha JecATb PaBHLIX YacTed NPOMeXyToK [y M
HCIbITaeM KBaJpaThl TOUYEK [eJIEHHs; Mbl HailgeM, 4To
V2 nexur B npoMexyrke Ip=[1,41; 1,42]. Tlpononxkasn
STOT npolecc, Mbl ONpefesuM OeCKOHeYHYI0 MOCJEn0Ba-
TeJIBHOCTh NPOMEXYTKOB lyDIinl,> ... Dl>..., cra-

rupaiouyiocs K Y 2 (CHMBOA D SBASETCA NEPEBEPHYTHIM
b2 S

o ———— -——-y:z

N

0 1 VZ



§ 5. MONHOTA CHUCTEMbBI HEPVICTBHTEJIbHBIX YHUCEJ

‘CHMBOJIOM €, a OTHouleHHe «A D B» o3nauaer, uto A co-
mepxkut B). Kaxpabii #3 3TUX NPOMEXYTKOB SIBJISAETCH
JeCATOH 4YacThl0 MpEeABAYUIEro, a AeCATHYHOE pasjoxke-

nue V/'2 MOMHO BEIMMTATh H3 MECATHYHBIX DAa3JOKEHHI
UX JEeBBIX KOHIOB, KoTOpble paBuul 1, sateM 1,4, 3aTeM
14t u T 0.

" Paccmortpum Tenepb aHaJOrHUHYIO, HO Gojee o6ULYyIO
3afayy. BMecto ypaBHeHHSt y=x? BO3bMEéM YypaBHEHHE
y=fx, rae [—npousBoibHas HenpepeiBHafg GYHKIHA,
BO3pacTalolias BMecTe C X, a8 BMECTO TOro, YTOObl OTHIC-
KMBaTb YMCJO X, AJA KoToporo x2=2, 6yjaeM peluaTh
ypaBHenue fx=>, rie b — HeKoTopoe jaHHoe yucyao. Ecau
Mbl CyMeeM HaHTH HauaabHbIE npoMexyTok lo=[n, n+1],
Takoi, uto fn<b u f(n+1)>b, To MB CcHOBa CMOXKeEM
IPOBECTH NPOLECC NOBTOPHOrO JeJeHHs! NPOMEXYTKOB Ha
JeCATb paBHBIX YacTell. 1o AactT HaM GeCKOHEeuHylo Mmo-
CJle0BATENILHOCTh NpoMexyTKoB [po[i>...oD... .
Coenunss AeCATHYHBIE Pas3JOXKEHHsS JEeBbIX KOHIOB 3THX

NPOMEXYTKOB TOYHO TaK, KakK M B cayyae } 2, Mbl CMo-
}KeM TOCTPOHThL JeCATHYHOE PasjioKeHHe YHCaa @, KOTo-
pO€e JIEXHT B KaXKAOM H3 3THUX NPOMEKYTKOB H NOTOMY
JOJIXKHO CJAYKHTh pellieHueM Hamefl sagauu: fa=b. 10
NpAMO MOABOAMT HAaC K 3aKJIOYEHHIO, YTO €CJM MBI CO-
raacuMmcs, ytoObl Kaxaas fecsTHYHast ApOOb onpenenssa
HEKOTOpOe AEHCTBHTEJbHOE YMCJO, TO B HallleM pacrops-
»KEHHH OKaMeTcsl JOCTATOUHO AefCTBUTENbHBIX Uhces AJs
peirenus M060H 3aaayy PacCMOTPEHHOTO BHIILE THIA.

Tlepefinem Tenepr K QOPMYJHPOBKE H [0Ka3aTe/b-
CTBY TeOpeMBl, KOTOpas IepeBefeT Ha TOUYHBIH fA3BIK He-
KOTOpBIE U3 NPeAbIAYIIUX HaekH.

Onpenenenue.  DeckoHeyHad  MOCJAEAOBATENLHOCTh
3aMKHYTBHIX NIPOMEXKYTKOB HeHCTBUTEJbHBIX uHcen [y, Iy,
L, I, ..., I,, ... HasblBaeTcs crA2usqroujelicsa, ecau
KaXKIplii NPOMEXKYTOK COAEPXKHT CACAYIOUIHH, a 3HAYUT
H BCE NPOMEXYTKH ¢ OOIbIIMMH HOMEPAMM:

I,>Iolo...o,>....
CraruBalomascs NnocJefoBaTeNbHOCT Ha3blBaeTcs pezy-
ASPHO  CTATHBAIOWIEHCA MOC/ACLOBATENLHOCTBIO, €CJHH
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YACTb 1. TEOPEMBI CYUIECTBOBAHUSA B ONHOMEPHOM CJIYUAR

Ip=[m, m+1] ecTh- npOMEXKYTOK MeKAy HEKOTOPHIM le-
JBIM YHCJIOM M M CJAeLYIOLIHM LeJbM YHCAOM m-+1 u I,
IAs Kaxaoro nz>1 sBiasieTcss OJHHM M3 NPOMEeXYTKOB,
NO/NYYaEMBIX RPH PasOHeHHH [n_y HA HECATH PABHLIX 4a-
creit. Takum o6pasoM, /; cocrapisier gecsaTyio 4actb /o,
I3 — pecsryio yacte I3y u 1. 4. Jnuna npomexytka [,
pasza 107,

Teopema o noauore. Kaxcdas cmeueayomaﬂm nocae-
008aTeNbHOCTL 3AMKHYTHIX NPOMEICYTKOB UMeeT obuiyio
TO4KY, T. e. nepeceuenue acex NPOMENYTKOE 37011 nocae-
008aTeAbHOCTU HE NYCTO.

PaccMorpuM cHavaia cayyafi peryiasipHO CTACHBAIO-
‘meAcs nocjieoBaTeNbHOCTH. IlyeTs @, JHAaa Kaxjaoro
n=0, 1, 2, ... 0603HauaeT JieBbIli KOHeL NPOMeKYTKa [,;
TOTJa Go=m ecTb LieJoe yuciao. Tak kak I, umeer AJHHY
107", 10 I,=[an, an+10-"]. Toukamu, aensatmuMu [n-;
Ha JecsiTh paBHle qaCTeifx 6yny'r

an-—h an-1+ mn v Qp- 1+ l()ll 3 eves Qpo 1+ 10” r
n l+10n'

Tak xak /,— onuH M3 STHX AECATH NPOMEKYTKOB, TO
ero JieBHil KOHel[ JOJKEH. HMETh BHJ,

k
Ap==0qp1 +T0“’;T ’
rae k,—oxxo u3 uucean 0, 1, 2, ..., 9. Takum oGpa-
30M, QaHHag NOCJEA0BATEJbHOCTh NPOMEXKYTKOB ollpe-
AeaseT LeJoe 4YuCa0 m ¥ OECKOHEYHYIO NOCAeJOoBa-
TEAbHOCTbE OJZHO3HAYHEIX YNCeJd Ry, Koy eevy Rpgy oo s
ITyces ¢ -—neﬁcwmenbuoe YHCAO

c=mt bt e

(f. €. JecATHUHOE DA3JIOKEHHE YHCAA C uMEeT BHA
m,k1k2k3 ...)- Tak kak

an=m+gh bt e e 4
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$ 5 MOJIHOTA CHCTEMB OEACTBUTENbHBIX YUCER

fiCHO, uTO @,<c. [lasee, necsTHYHEIE PasjIOKeHHs YHCIA
an+1/10" u uucna ¢ cosmagaior Bmiaoth Ao (n— 1)-ro
3HaKa, HO Ha n-M MecTe NOCHe 3anfTOfl y ¢ CTOHT Ky,
ay an+l/10" crout kn,+11). Orcrona cnenye'r, 4TO

a, <a, +10,,.»

DTH HepaBeHcTBa [OBOPAT, 4TO €€ [,, M Tak Kak 310
HMEeT MeCTO AJA Ka)KJAOro 7, OTClofa CAeLyeT, YTO ¢
OPHHAAMEKHT KaXJIOMy NPOMEXYTKY paccMaTpuBaeMolt
AOC/eI0BATENbHOCTH, @ NOTOMY H HX nepecedyeHuio. Tem
CaMLIM TeOpeMa B Clyiae Dery.apHo cmruaalomeucsi
NOCNeI0BaTeNBHOCTH JOKa3aHa.

Ilyctp temepn Iy, Iy, ... — NpPOH3BOJLHAS CTSCHBAIO-
Hlascs nocjefoBatedbHocTh; nycth lo=[ap, bol, 1=
=[ay, b4}, ... u BooOme I,=[a,, b,]. Torna umeror Mecro
HepaBeHCTBa '

G LM< LUL v Kby onn b L by

BuiGepem uenoe r<ay u ueioe $2>by, NMOJYUHB TaKHM
o6pasoM mnpoMexytok I’=[r, s], comepxawuit Iy u Bce
ncranbHbple npoMexytku, [IpoMexkyrok /' pas6uBaercs
ileJBIMH YHCJIaMH, HaXOAAWMMHACA MeXAYy r U S, Ha pas-
Hble YacTHYHble NPOMEXYTKH MIJMHbl enuHuua. [lycrs
Io=[m, m—+1]—Tor u3 HuX, A9 KOTOPOrO JHUIb KO~
KOHEYHOEe YHCJIO KOHIIOB @ JIEXXHT JieBee m W BCe g JieXKar
aesee m+1. HawiMu cnosamy, I(')—caMin»'l npaBuit U3
TEX YaCTHYHBIX IPOMEXYTKOB, KOTOpPbie COAEPIKAT JieBbie
KOHIK @ LaHHOU NOoC/eNoBaTebHOCTH. Teneps pasnenuM
/o na pecatb paBumIx uactelt, u nycrs Ii=/e,, dy] Tor
H3 MNOJYYHBLIMXCH NPH STOM HYaCTHYHBIX IPOMEKYTKOB,
IJIsi KOTOPOTO JieBee C; JIEXKUT JHlUlb KOHEYHoe YHCJO q,
a nesee d; — BCce a. 3areM PasNenuM Ha AeCATb PaBHEIX
uacTed NPOMeKYTOK I v nyets ly=[c,, dy] —1a u3
STHX yacTefi, AJs KOTOPOH JHLIb KOHEYHOE 4UCIO0 @ Jie-
KMT JieBee 3 H Bce a nexar JeBee dy. TouHo Takum xe

) Ecan kn=9, 1o uucio ap+1/10" #a n-m Mecre mocie 3ans-
Toit uMeer 0, Ho 3aT0 Ha (n— 1)-m Mecte y sero crout Rn—;+1
(ecau u Izn-1=9 TO TO OTHOCHTCH K NpelbiAYIIEMY 3HAaKy H T. A.).
OueBuano, yto u B aToM cayuae ¢ < a+1/10", — fIpum. nepes.
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YACTb 1. TEOPEMB! CYIMECTBOBAHHSA B ONHOMEPHOM CJIVUAE

06pa3oM NpPOJOMKHM 3TOT NPOLECC, TAK YTO NPH KaX-
r
JoM n npoMmexyroxk /,=]c,, d,] 6yaer mecatolt yacTbio
4

npoMexyTKa /p-1, TOJLKO KOHEUHOE YMCJO a GYyAer Je-
J)KaTb JeBee €, U BCe OHHM OynyT JexaTtb Jesee d,. Tak

. ’ 7
Kak nocaefoBatenbnocts /o, J1, ... cTAruBaercs pery-
JSPHO, CYLIECTBYET TOYKa C, MPHHAJJIeXKaLLas BCeM Npo-
MeXyTKaM 3Toll mnocjenoBaTelbHOCTH. Takum o6pasoM,
, :
cne<d, npu Beex n. [Tockonbky [, uMeer aauny 10-n,
HMEEeT MEeCTO HepaBeHCTBO Cp,<cLcp+ 10" =d,, TaK 4yt0

d,<c+10"" u ¢ —107"L¢,.

MBl XOTHM J0Ka3aTh, 4T0 @, <c<b, npu Kaxaom n. Jo-
NyCTUM, 4TO, HANPOTHB, cyliecTByeT Takoe N, uto c<ay.
Tak kak.cremenu yucia 10 HeorpaHuueHHO BO3pPAacTaloT,
HalifyTCA Takue LeJkbE 71, 4YTO
. .
107 > ——o .
aN-—c

BriGepeM H3 HHX uucjao 7, Goabuiee, yueM N, Hdas taxoro
n OJlHOBPEMEHHO
a,> 0y B 10">———l——.
aN-—c

BTopoe HepaBeHCTBO MOXKHO NepenucaTb B BHAE ay—C>>
>10"" uan an>c+ 1072, yTO BMeCTe C NepBLHIM HepaBeH-
CTBOM JnaeT a,>c+ 10" Tak kak d, He NPEBOCXOAHT
c+10™, orciona caenyert, 4to d,<d, B IPOTUBOPEUHH
¢ TeM (akToM, YTO BCE @ JexaT JeBee dn. ITO NIPOTHBO-
peuue MOKA3bIBAET, YTO An<.C NPH Bcex f. UToOHI HOKa-
3aTh, 4TO NpH Beex n U ¢<Lb,, fonycTuM, 4to by<c TpH
Hekotopom N. Torma ¢ — by>0, u MBl MOXKeM BHIOpaTh
LeJI0e YKCao 1, 6oabiniee N, Takoe, 4yTo

10" > -

N
Torna omuoBpemenHo b,<by u 10-2<c—by u, 3Hauur,
bp<<c— 10", U3 sTOro HepaBeHCTBa U M3 BHIIHCAHHOrO
paHee HepaBeHCTBA AJS Cp CHAEAYET, YTO bn<Cn. Tak Kak
BCe @ JexaT JeBee Bcex b, TO 3TO O3HayaerT, YTO BCe 4
JieXar JieBee Cn. Mbl NpHUIIM K NPOTHBOPEYHIO H, CJe-
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§ 5. MOJIHOTA CHUCTEMB! NEFICTBHMTEJBHbBIX YHCEJ

IoBaTeabHO, C¢<b, mnpu Bcex 7. ITO [GOKa3bBaeT,
yro c¢€/, npu Bcex n, H 3aBepuiaeT AOKA3aTEJbCTBO
TEOPEMBI.

‘Mt Morau Gbl TENepb TOYHO NOKa3aTh, KAK Hama Teo-
peMa O TNOJHOTe [03BOJSeT Pemarb YpaBHEHHst TOrO
THila, KOTOpble Mbi pacCMaTpHBaJH B 3TOM haparpade.
Ho Bee 3T pesyabTaThl cogeparcs B IV1aBHOH TeopeMe
gactu I (cM. § 1), u noroMy Mel 6yfeM NpOAOKATE pPas-
pa6GaTHBaTE ee 40KA3aTeabCTBO.

YopaxHenus

[

. Mokasats, uro V'3 ue ects panuoHansHoe uucno, (Ykasanue:
110Ka3aTe, YTO €M KBaJAPaT HEKOTOPOro le/Orc uHcia AeJNHTCS
Ha 3, TO H CaMO 3T0 MHCJO REAMTCA Ha 3, I, 5KBUBAJICHTHO,
[10Ka3aTh, YTO KB4APaT BCAKOTO NE]OMO YHCHA, He HelSIlerocs
Ha 3 (1. e. umeiomero Bux 3k+1 uau 3k+2), He jmeantcd Ha 3.)

2. late 1pyroe HOKa3aTelNbCTBO HEPa3pellUMOCTH yDPaBHEHUS

2n?=m? B neibIX YHCJax m,n, OMHpaloleecss Ha TEOPeMy O TOM,

NTO Kaxjoe lejoe HuCHo MoxeT OnlTh eJUHCTBEeHHHM obpa-

30M NpeACTaBleHO B Bulle NPOH3BeJeHiiss MPOCTHX MHOMKHTENed.

(YKka3anue: cpaBHUTL HMCI0 MHOXUTeNel 2 B Kaulof uyacTd

ypaBHeHHs.) o

ITokaszath, 4TO }/ 2 ue aBASETCA paLHOHAJBHHIM YHCJIOM, AOKa-

3aB (C MOMOLIBIO TEOPEMEl O €IMHCTBEHHOM PA3NOKEHUH Ha Ipo-

CThie MHOMKHTENHM), 4TO ypaBHeHMe 2n%=m® He uMeer pelLIeHHS

B NeJbIX YHCTIAX, ~

4. Tlokas3aTh, ur0 ypaBHeHHe y?=2x2 He HMeeT DelleHHs B pauuo-

HalkHHX YHCAax X, y, orauynoro ot (0, 0).
5, Iloka3zaTb, uT0 He CyUIeCTBYeT TaKHX LeJbX yucea R, M.H i, 4TO

(k+m]/§)3=2'

n

w

6, Eciu  S=a;+az+a3+...— GeckoHeuunti psi, TO KOHeuuue
CYMMBI
Soao. Sl=a1. 82=al+agy ceay

Sp=a,+ay+ ... +a4...

HAIHBAIOTCA YACTUYHbBIMG CYMMaMH 21oro psjpa. IloxasaTs, uro
YacTHYHBlE CYMMbl GecKoHeyHoro psja

1,1 1 1 a1
gt twt o D et

ONPENENAIOT DPEryNsipHO CTATMBADILYIOCS [OCNELOBATENLHOCTE
3aMKHYTHX NpOMEXYyTkoB, KakoBa cymma storo paga?

»



YACTb 1. TEOPEMHI CY!]iECTBOBAHHﬂ B OOJHOMEPHOM CJIVUAE

7, Tlokasats, uro uacTHuHHe CyMMH GeCKOHeHOro psda
1 1 1 ' 1
1—-§-+§-2--—-2-;+ .+(—l)",§-,,—+

ONPEleNAIOT CTATHBAIONLYIOCH NOCACAOBATENLHOCTL 3aMKHYTHIX
NPOMEXYTKOB, HepeccueHHe KOTOPHIX €CThb CyMMa 9STOro psaia.
aKosa 9Ta cymma? . )

8, TMokasaTb, KaK npouecc nefeHHs yraom uucia 12,27 ua uucre
3,41 nNDHBORET -K. pery/nsApHO CTAFHBAIOWieficAs NOC/ENOBaTe/Nh-
HOCTH 3aMKHYTHIX. IPOMEXYTKOB. .

8 —
9. Ha#ith V4 ¢ touHocrsio x0 0,01 ¢ moMoueio MeTofa CTATHBAIO-
HIUXCH TIPOMEIKY TKOB. :
10, Tokasarb, 4ro Kamamii OTKPHTHA mnpomexyrox (a,b), rae
a<b, coxepKUT HEKOTOPOE DPalHOHAJBHOE UMCIO, 4 TAaKKe H HE-
KOTOpOe HppalHoHampHoe uucio, ITokasarth, uro MHOXectBo Q
BCEX PAIHOHAJILHLIX “ucel He ABAAETCH HY 3aMKHYTHIM, HH OT-
KPHiTHIM B R. o ,
11, Noxasato teopeMy [enekuHRa o «cedenusix» B o6nacru Aefi-
CTBUTEAbHHX uucel: eciii A u B— ABa HenycTHX MHOXeECTBA
B R, takux, yro R=A{} B u xaxnoe uucio H3 A MeHbine, &M
Kaxpoe uMcJO M3 B, 1O CyulectByer TaKoe JAeficTBHUTeNbHOE
‘GHCHO, KOTOpoe. ABJseTcs AM60 caMuM GOJBIIMM YHCAOM H3 A,
_ an60 caMBIM MAaJIeHbKHM WHCJOM u3 B,

§ 6. KomnakrHocTb

MuoxécTBo X CR™ HasbiBaeTCsi 02PaHUYEHHbIM, eCaH
OHO COJEPKHTCA B HEKOTOPOM JOCTATOYHO GoJsibuIoM
miape, T. €. €CJHM CYIIeCTBYIOT TaKHe TOYKa Xy H YHCIO
r>0, uto XN (%o, r). [IpuMepaMu orpauvuyeHHLIX MHO-
JKEeCTB CJHYXKaT OTPE3KH, OKPYXHOCTH, CdepHl, TpeyroJb-
"HHKY # T. 4. BoT npuMepsl HeorpaHHYeHHBIX MHOXKeCTB:
npAMbie, Jy4YH, NMJIOCKOCTH, MHOXECTBO TOYEK, JeXallUX
BHe TPOHM3BOJLHOrO Kpyra B R2, Bce mpocrpaHcTBo R™
H MHOXECTBO paUlUOHAJNBHHIX uucen. VMIHTYHTHBHO, MHO-
3KEeCTBO He OrpaHMYeHO, €CJIH MO HEMY MOXHO Y/ auaaThb-
cst B 6eCKOHEYHOCTD.

HauGosiee BaxHOe H 3aMedaTenbHoe CBOHCTBO, KO-
TopuiM oGsajaer Jio6Goe MHoxectBo XcR™, onHoBpe-
MEHHO 3aMKHYTO€ B R™ H OTrpaHHYeHHOe, COCTOHT B TOM,
yro 06pa3 fX npu JAI060M HenpepbiBHOM OTOOpAaXKEHHH
fi: _X— Rm™ Ttaxike sBAseTcS 3aMKHYTHIM M OFpaHHYeH-
HbiM. JlOKa3aTeabC¢TBO 3TOro ()akTa NPOBECTH NPSAMO He
ynaercss. OHO pasBHBaJOCb NMOCTeNeHHO, HauMHas ¢ pa-
6ot Kommu (1789—1857 r.), u npouuio yepes MHOro sra-
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§ 6. KOMITAKTHOCTH

noB, B uacTHOCTH OHO BK/IOYAET NPEJJIOXKEHHS aHand-
3a, 4acTo HasbiBaeMble TeopeMofi DBonbiano — Beftep-
wrpacea U Teopemoii efine — Bopeas.

Cnasuas wnama pesb— HKOKa3ath 3TOT ¢akr. Mul
CHauajna MNoOKaxeM, YTO CBOACTBO ObIThb 3aMKHYTHIM H
OorpaHHYeHHbIM 3KBHBANEHTHO APYroMy CBOMCTBY, Ha3hl-
BaeMOMY <«KOMIIAKTHOCTBIO». DTO — OCHOBHAdA YacThb pac-
cyxnenus. Koab cxopo onHa mnpoBeneHa, Jerko mnoka-
sath, uto 06pa3 fX xommakreHn, ecniu X KOMNAKTHO H
¢yuxkuus [ HenpepbiBHA. Mbl nopofineM K onpeieneHHio
KOMNaKTHOCTH, BbiBHB OOlL€e CBOACTBO HeEOrpaHHYeH-
HHIX MHOXECTB H He3aMKHYTHIX MHOXECTB. '

Iyerb X — HeorpaHuyeHHOe MHOXKeCTBO B R™ U Xp —
toyka B Rm™, llpexcrasum ceGe mnocnenoBaTesibHOCTD
okpectHocTelt N (xo, 7), re pajguyc r mpUHUMaeT 3Haue-
aug r=1, 2, 3,..., Ouu o6pasyior pacmypsionLyocs
NIOC/IEIOBATR/IBHOCTh OTKPHITHX MHOXKECTB, 0GbeHHEHHE
KOTOPHX DaBHO BceMy R™, Tak Kak QA KayAOH TOUKH
x€ R™ paccrosinue d(x, %) NpH HEKOTOPOM AOCTaTOYHO
GoJbuioM r Gyper MeHbuie r. Takum o6pasoM, nepeceve-
wugs XN N(x, r), rae r=1, 2, 3, ..., o6pa3ylor pacuiu-
PAIMYIOCS [OCNEROBaTENbHOCTh OTKPHTHX B8 X MHO-
JKecTB, 00beflHEHHe KOTOPHX paBHO BceMy X; HO X He
OrpaHHYeHO, H MO3TOMY He pPaBHO HHU OJHOMYy H3 3THX
MHOXecTB. Dodiee Toro, X He cofepxures B 0ObeAHHEHUH
HHKAKOr0 KOHEUHOro YHC/Aa 3THX MHOMECTB, IIOTOMY YTO
HX oGbequHeHHE MPOCTO €CThb HanGoNblllee M3 HHX..

IMyctb Tenepp X — orpaHnHueHHOe, HO ‘He 3aMKHyTOE
MHOXKecTBO B R™, Torsa B fononnenud R™ — X MHOXe-
cta X Haligeres Xord OB OfHA TaKasd TOYKA y, Kaxaas
oKpecTHOCTb N (y, r) KOTOpOil COmEPKMT TOMKH MHOXKe-
crBa X (cM. B § 4 onpejesiennie 3aMKHYTOTO MHOXeCTBa).
O6o3suaunm yepes U, mna xaxporo k=1, 2, 3, ... MHo-
JKECTBO TOYEK, JieXalluX BHe Kpyra paauyca 1/k ¢ neur-
pom y. Kamxpoe U, aBasercs OTKPHITHIM B R™ MHOXe-
cTBOM, notoMy uto ecad ¥ €Uy, 10 N(x, d(x, y)—1/k)
€CTb OKDeCTHOCTh TOYKHM x, cojepxamasca B Up. Muo-
xkecrBa U, o6pasyioT pacliupsIOILyIOCs NOCHAENOBATENbs
Hoctb UjcU,c..., m ux obGbeauHeHue coBnajaer ¢
JIOTOJIHEHHEM K TOUKe Y, TaK Kax JJisf KaXK Aok TOUKH XY
cyumecrsyer Ttakoe R, uro 1/k<d(x, y). Orcioza cne-

H



YACTDb i. TEOPEMbBI CYIIECTBOBAHHA B OJHOMEPHOM CJIYUAE

ayet, uto nepeceuenns X MU, oGpasyior pacliupsios
LIyI0CSl MOCNeZOBaTeJbHOCTh OTKPHITHIX B X MHOXECTB,
o0bevHeHHe KOTOpPHX paBHO BceMy X; HO X He paBHO
HU ORHOMY M3 3TUX MHOXKECTB, TaK KaK Kaxkxas OKpecT-
Hocte N(y, 1/k) comepxur toukn u3 X. Boaee Toro, X
He COHepXKHTCA B 00beduHeHHH HUKAKOrO KOHEYHOro Yuc-
J1a 3THX MHOJKEeCTB, OTOMY YTO UX OObeIHHEHHE NPOCTO
ecTb HauGoJsblliee U3 HUX.

Takum 06pasom, eciu X He OrpaHHYEHO HJIM HE 3aMK-
HYTO, TO B X MOXHO HaHTH TAKYI0 PacCHMpsIOULYIOCH M0
CJIe10BATENbHOCTh OTKPHITHIX B X MHOXecTB, 4TO 0GB-
elUHeHHe BCeX MHOXKECTB 3TOil NOCAEe0BATELHOCTH paB-
HO X, HO o6beanHEeHHe HUKAKOTO KOHEYHOro YHCHa ITUX
MHOXecTB He pasHO X. DTO NPHBOAUT HAC K Ompenese-
HHI0 KoMnaktHoctd. CHauana, ogHako, Ham norpebyercs
onpeneneHyue «OTKPHTOrO NOKPHITHAY.

Onpenenennsn. Ilyctb X — mMHoxkectBo B R™. Coso-
KynHoctk C MOAMH®XKECTB R™ Ha3bIBAeTCd NOKPbiTUeM
MHOXKecTBa X, ecjid 00beiHHEHHE 3THX MHOMXKECTB CONep-
xut X, T. e. ecoiM KaxAas Touka MHoxecrBa X nNpHHaj-
JIeXKHT XOTA OH OXHOMY H3 MHOXKecTB, BXopsmux B C,
[TokpuiTue C MHOXKecTBa X HA3bIBAETCS KOHE4HbIM, €CIIH
OHO COCTOMT H3 KOHEYHOro uHcja MHoXecTs. IoBopsr,
yto nOKpuTHe C MHOXectBa X codepscur nokpeitie D
. MHOXecTBa X, ecnu Xaxjape MHOXecTBO U3 D BXOAHT ¥
B C. IloxkpbiTHe MHOMXKecTBa X Ha3LIBAETCH OTKPHITHIM,
€CJIH Kaxjoe BXOJsllee B HETO MHOMXECTBO OTKpHITO B X.
Haxkonen, npocrpanctBo X Ha3BIBAETCA KOMNAKTHbIM,
eCJIH KAXKAOe ero OTKPHITOe MNOKPBITHE COXEPXKHT KOHey-
HOe TMOKpbITHE, T. €., HHaue rOBOps, ecaH u3 Joboit Gec-
KOHEYHOH COBOKYMHOCTH OTKPHITHX B X MHOXeCTB, 00Db-
elHHeHHe KOTOPHX pasHO X, MOXKHO BHIIEJNHTb KOHEYHYIO
COBOKYITHOCTb MHOXKeCTB, OOGbefHHEHHE KOTOPHX TOXKe
pasHO X.

Ecnn X ne orpaHmueHC WM He 3aMKHYTO B R™, TO
NOCTPOEHHAN BHIlIE pAacIUUPAOUIAscH NOCAeROBATeNb-
HOCTB OTKDBITHIX MHOMECTB fIBJISIETCH OTKPHITBIM HOKpHI-
vueM X. OGbegnHeHneM JI0GOro KOHEUHOTO YHENa MHO-
JKECTB 3TOr0 NOKPHITHS ABJsieTcd HauboJbllee M3 ITHX
MHOXeCTB, FaKk KaK HH OXHO H3 HHX He COBIajaer.co
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§ 6. KOMIAKTHOCTD

BceM X, TO oTciofa caeayer, y1o X He MOKpLIBA€TcA HH<
KaKHM KOHEYHBIM YHCJOM MHOXECTB 3TOr0 NOKPHITHA.
ITosromy X He koMmnakTHO. Tenepn Mul chopMyaupyeM
9TOT pe3yJibTat B NOJNIOXKHUTENbHOH (hopMe:

Teopema 6.1. Kaxdoe komnaxTroe nodmuoxnecrso Rm™
02PaHUYEHO U 3AMKHYTO 8 R™.

B xoneyHoMm cueTe HaM HyXHO J0Ka3aTb H O06GpaTHoOe
yTBEpXKEHHE: Kax<aoe OrpaHHYeHHOe W 3aMKHyTOe moj-
MHOXeCTBO R™ KOMNakTHO. D10 JoKasartenbcTBo Godee
TpyAHo, U OHO 6y11eT npoBeieHO B HECKOJLKO 3Tanos.
(EnuHCTBEHHBIMH MHOKECTBAMH, NP0 KOTOpble Mbl MO-
KeM CKa3atb, UTO OHH OYeBHAHbLIM 06pa30M KOMHAaKTHbI,
SABJAKTCA IWHOXeCTBa, COCTOsilIHEe U3 KOHEYHOro yucna
TOYEeK: H3 Jio00ro NOKPpHITUA TAKOr0 MHOXKECTBAa HYXKHO
NpOCTO BbIGpaTh NO OZHOMY MHOMKECTRY, cOAepXalleMy
KaX/ay10 HaHHYI0 TOYKY.) IlepBHli HeTpuBUAMRHLIA Cay-
yafi npeicTaBAsieT NPoMeXyTok. Ero MB u paccMOTpHM
Ha NEePBOM llare JoKasateJ bCrsad.

Jlio6od samknyToll npomesxcyrok [ =[a, b] komnaxren.

Yto6ul 310 J0Ka3aTh, NMPEANONOXKHUM, HANPOTUB, YTO
C — OTKpbiTOE MOKpHITHE MpOMeXyTKa /, He colepialiee
HHKAKOro KOHEYHOro MOKPLITUS, U NPHBEAEM 3TO K Npo-
tuBopeunio. Mcxons M3 3TOoro mpeanosnoxeHHus, Mui no-
CTPOMM CTATHBAIOUIyIOCA NOCJeNOBAaTEJbHOCTL 3aMKHY-
THX NPOMEXYTKOB [=[y>[1>[,D..., KaXHii U3 KoTo-
pHX fABJAeTcs NOJOBHHOH NPEABbAYIIero ¥ HH OAHH H3
KOTOpHIX He MNOKPHiBAeTCH HHKAKHM KOHEUHBIM YHCJAOM
mHoxKecTB u3 C. 3aTeM ¢ NOMOIILIO TEOPEMH O NOJHOTE
u3 § 5 nokaxeMm, YTO B AEHCTBHTENBHOCTH OAMH H3 3THX

NPOMEXKYTKOB COHEPXKHTCH BCEro JiMiib B OZHOM MHOXKe-
cTBe nokpsiTéa C, — NPOTHBOpEYHE,

HAna mocrpoenHs craruBaiomefics nocnenosa're.nhﬂo-
ctu 3aMeruM, 4to Jo=/ 0O NPEANONONKEHHIO HE MOKPHI-
BaeTcd HUKAKUM KOHEUHBIM UYHCJIOM 3JCMeHTOB NOKpPHI-
Tt C. CepenvHa npoMexyTKa Io pa3bHBaer ero Ha Apa

8aMKHYTBIX NPOMEXYTKaA Iy u Iy, o6bennnennen KOTOPBIX
ABazeTCH Io. Ilo xpafiHei Mepe OJHH H3 TNIPOMEXKYT-

xos /Ju Iy Taxxe ue MNOKPHIBAETCA .KOHEUHbIM HUCJOM
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anemeHTOoB NMOKpHiTHs C. B camom paene, eciu Gu C co-

AepxKano KoHeunoe Hokphitne C' mpoMexyrka: Iy u xo-
HeYHoe MOKphiTHe C” npoMexyTka /;, TO oGbeauHeHHe

C’'U C” 6bno Gbl KOHEUHHIM TOKPhITHEM MPOMEXKYTKA /o
BuiGepem nmosoBuny npoMexyrka [, He NOKpHBaeMYyIO
KOHEYHBIM YHCAOM J1eMeHTOB TOKpHTHs C, H 0603HaYHM
ee /. (B cnyuae, Korma 3THM CBOHCTBOM 00/1a3ai0T obe
NOJIOBHHBI, 4TO6H CHEJATh BBIOOP BHOJIHE ONpe/leeHHbIM,
BO3bMEM MpPaBYIO NOJIOBHHY.) 3arem pasfielum nonoJjam
. IpOMeXYTOK [y ¥ mocTynuM, Kak u npexje. Ecau B’ co-
OTBETCTBHH € 3THM NPaBHJIOM YyXKe HOCTPOEHL NpoMe-
xyrka Iy, Iy, ..., In—y, TO, paccy’kjas, Kak H paHblle,
MBIl YBHIHM, YTO NOCKOJbKY KOHEUHBIM YHCJOM 3JieMeH-
TOB NOKpbiTHA C He MOKpPHIBAeTCH NPOMEXYTOK [y, 3THM
cBofictBoM Gyzer o6nazath U XoTd Gbl OZHA H3 €ro nojo-
BUH. BriGepeM Takywo mososuny u 0603HaunM ee [ Tem
CaMBIM 3aBepLIeHO HHAYKTHBHOE [OKAa3aTeJbCTBO Cylie-
CTBOBAHHUSA CTATHBAIOMEHCH NOCAEXOBATENbLHOCTH.

' B cuny nossotat R (cM. § b) naitpercs touka x, mpu-
Hapnexamas BeeM [p. Tak kKak x€ [ u C noKpmiBaer npo-
MeXyToK /, cymecTByeT oTKphiTOe MHOXecTBo U, BXoas-
mee 8 C u TaKoe, uro x€ U. [Tosromy HaﬁneTCsx Takoe
yucio r>0, uro N(x, r, I)cU. [laaee, npoMeXyTKH "

10, 11, «eey Ik, se e
CONEPAKAT X ¥ UMEIOT y6biBalOMIHe LIHHE

b—a b—a
b‘_a) T Y s ey T e
( > = By

Ecau Mp BbiGepeM. k& HacTONBKO GOJbmIHM, YTOGH
(b—a) /28 <r, T0 I, GynmeT nenuxkom nexatb B N(x, r, I).
Hrak, Mel nonyuuau npoTHBOpeyue: CylecTBYeT Takoe &,
4TQ

I,eN(x, r, heU,
TaK uTO NPOMEXYTOK /x NMOKPHIBAETCH OAHHM €IHHCTBEH-

HBHIM MHOXECTBOM H3 noxphiThs C, XOTs1 HH OAHH H3 OPO-
MEXYTKOB HAllell moc/JefOBAaTeNLHOCTH HeJb3si GLIJIO NO-
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§ 8. KOMITAKTHOCTb

KPbITb KOHEUHBIM YHC/IOM 3JIEMEHTOB 3TOrO noxpmim.
DTo mpoTHBOpeYHe TMOKAa3bIBAET, UTO 3aMKHYThIll IpoMes
KYTOK [ KOMMaKTeH.

Ipexpe ueM nepefity K caeayiolemMy cayyaio, Heo6xo-
AUMO JaTh elile: OAHO onpeneseHue. MHoxecTBo B R™
HA3BIBAETCA M-MEPHLIM napaisesenunedom, ecau cy-

LECTBYIOT TaKde naph uucen a;<b; (i=1, 2, ..., m),
YTO B COCTOMT H3 BCEX TOYEK X, KOOPAMHATHL (Xi,. .., Xm)
KOTOPHIX YAOBJETBOPAIOT npu i=1, » M YCIOBHAM a;<

<x;<b;. B caysaem=1Bectb 3aMKHYThIH IPOMEKYTOK.

.th ;
b |
e, f———m——
T2 . Iaz['a
; . 2
) 8 .
g,
& G . by
L} T L T
e —
p———i
poeert

Puc. 61

Hpu m=2 B ecTb npsaMOYro/JbHHK, CTODOHH KOTOPOro
napaJjJjesbHnl OCSM KOODAHHAT, BMecTe C €r0 BHYTpEH-
nocteio. Ilpn m=3 B .ecTs npsiMOYroabHH napaJgiene-
nunes ¢ TPpaHsMH, NapaJiiejbHHIMH KOOpAMHATHRIM IJ0C-
KOCTSIM, BMECTe C er0 BHYTPEHHOCTBIO.

Mbl HOMKHH TaKXKe Hayyutbecs nodpasdesars na-
paanenenunes B Ha MeHbllue napaJjjenenunenbl. 3To
penaercs cnenyloan ob6pasom. PasobbeM Kaxanit npo-
mexyrtok [a; b, i=1, 2, s M, €70 cepelVHON ¢; Ha
JBa MPOMeXYyTKa; KaxKAhiii U3 MNapajjelenuneqos noi-
pasnenennﬂ HMeeT CBOMM i-M NPOMeXyTKoM uau [a;, ¢
nau [c;,; ;) Takum o6pasoMm, npH m=2 NpAMOYFrOJbHHK
NPAMHMH X3=Cy H X2=C; NOApasfieaserca na 4=22 pas-
HBIX NPAMOYroJibHHKa, pe6pa KOTOPHX BABOe KOpoue CO-
- oTBETCTBYIOIIUX pebep npamoyroabHuka B (puc. 6.1).-
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Ilpn m=3 napanaenenunes TPEMs NJIOCKOCTAMH Xy=Cj,
‘X2=Cz B X3=C3 Nojipasnensiercs Ha 8§=2% paBHHX napai-
Jenenvnefos, peGpa KOTOpHIX BJBOE KOpOYE COOTBET-
cTBylomUX pebep mapaanenenunena B. B ofwem cayuae
m-MepHbIfl napannenenunen B noapasjienserca m runep-
WIOCKOCTAMU X;=c¢; (i=1, 2, ..., m) Ha 2™ paBHbIX
napajjejenunenoB, pe6pa KOTOPHX BABOe XOpoue pe-
6ep B.

-JIrobold m-mepubili napassenenuned B komnaxTeH.

Mb JokaxkeM 3TO C MOMOIIBIO OpOliecca, aHaJoruy-
HOTO TOMY, KOTOPbLiil OBl HCNO/MB30BAH AJS OJHOMEPHOIO
napaJijienenunena, T. €. 3aMKHyToro npomexyrtka. Ilpexn-
NOJIOKHKM, HANPOTHB, YTO CYMIECTBYET OTKPHITOE NOKpPhI-
tHe C mapannenenunena B, He copepialee HHKaKOro
KOHEYHOTO ero NOKPHTHsi. Mil NOCTpoMM CTAruBalo-
HIYIOCS MOCJI€A0BATENBHOCTE Napanaenenuneaos By, By, . ..
«evy Br, ..., rie By=B, HU OAVH U3 KOTOPHIX He NOKPHI-
Baercs HUKAKUM KOHEUHEIM YHC/AOM MHOXKecTB 3 C, npu-
4eM npd KaxiaoMm R>0 napajsenenunes By Oyner ogHuM
u3 2™ napaanenenunejoB noapasjaeneHus Bp—y. ITo npea-
NOJIOKEHUIO Napantenenunel Bo=B He mnoKpbiBaercs
KOHeYHbIM YHCIOM 3MeMeHTOB C (MBI HauHHaeM HHAYK-
THBHOE TNOCTpOeHHe mnocjenoBaresbHocTH). JonycTum,
4T0 napaJaenenunensl Bo, By, ..., Bp—y yXKe mOCTpOEHH!
H 001a7a0T OnHCaHHBIMH cBoficTBaMu. Paccmorpum 2™
napajjiejenunefos nogpasgenenus Bp_y. Ecan GH kax-
AHIH H3 HUX NMOKPHIBAJICH HEKOTOPOH KOHEYHOH COBOKYM-
HOCTBI0O MHO}KecTB 3 C, TO O0GbeguHEHHE BCEX ITHX 2m
COBOKYNHOCTEH# cOCTaBUNO OBl KOHEUHYIO COBOKYNHOCTb
MHoxectB u3 C, nokpoiBawomyi By—s. Tak Kak 310 He-
BO3MOXHO, N0 KpaiiHe#l Mepe OJHH M3 3THX MaJjeHbKHX
napaJjesenunefiob noapasneneHus Bp_, He NOKpPHIBaeTCs
KOHEYHBIM YHCJIOM 3JeMeHToB nokphitHs C. BuiGepem B
KauecTBe By oauH 43 TaKUX napaJjiiefenunenocs. JTo 3a-
BepliaeT WHAYKTHBHOE [0Ka3aTENbCTBO CyLIECTBOBAHHS
TloCIe 0B aTeIbHOCTH By, By, ..., By, .... (Puc. 6.1 ua-
JIOCTPUPYET NepBbie TPH lliara npu m=2.)

Mu yTBepXKpmaeM, UTO HalAeTCsi TOUKZ X, MPUHaxJe-
xKamas BceM Bi. Urobu B 3TOM yOenutbcs, pacCMOTpHM
NpPOEKIHH NapaJJeienuneioB Halled NoCaeNoBaTelbHO-
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CTH Ha i-10 OCb KoopauHat (i=1, 2, ..., m). Ha kaxno#
ocH 3T npoekuun o6pasyloT CTATHBAIOIMLYIOCHA MOC/eA0-
BATEJAbHOCTb 3aMKHYTHIX NPOMEXYTKOB. IlycThb x; — 00-
11asi TOYKA BCEX MPOMEXYTKOB, fBJASAIOLUIMXCH NPOEKUHs-
MM TapajJieJienuneloB Ha i-10 ocb KoopauHar. Torna
Toyka ¥ €R™ ¢ koopaMHAaTaMH (Xy, X2, ..., Xm) OpH-
HaaJexut B, npu Bcex k. Tak kKax x € B, Haiigercs oOT-
KpuiToe MHOXKecTBO U u3 moxkpuitus C, cojepxailee X.
TostoMy cyuiectsyet takoe gucao r>0, uro N (x,r, B) <
< U. Tlyerh d — pawHa camoro GoJblioro pedpa mapad-
Jenenunena B. Tak kak Bce pe6pa npu XaxjoM Iare
GOCTPOEHMS NOC/AEA0BATENbHOCTH Ae]91CH nonoJamM, 1Ju-
Ha caMoro Goabworo peGpa napannenenunena By Oyner
paBHa d/2*. Tlo teopeMe Iludaropa AnuHa AuaroHaiu
napannenenunena B, ue npesocxomut V' m d/Q". Bribe-
peM LeJioe YHCAO & CTOJb OOIbUIHM, 9TOOb

Vmd . Vmd
—— Toraa —

2" > <r,

OTKYZAA CIEAYET, UTO

B,cN(x, r, B)cU.

Taxum o6pasoM, By cOep:KUTCA B OJHOM €JHHCTBEHHOM
MHOXecTBe 43 nokpuitus C, a 3TO NPOTHBOPEUHT TOMY,
yTo B, He MOKpPHIBAETCH HHKAKUM KOHEUHHIM YHCJOM MHO-
#kects u3 C. Hawe npeanosioXexne, yTo napaJjienenH-
nej B He KOMIAaKTeH, NPUBEJO HAC K NPOTHBOPEUHIO; 3HA-
yuT B KOMIaKTeH.

CeMe#CTBO MHOMXKECTB, KOMNAKTHOCTh KOTOPBIX Mbl MO-
JeM J0Ka3aTh, CHJIbHO PacilMpuTCs mocjae TOro, Kak 0y-
JeT AOKa3aHo CJeayloillee IoJe3Hoe NpelJoKeHHue.

Teopema 6.2. Ecau X — s3amknyToe NOOMHONCECTEO
KOMNAKTHO20 npocTparcrea B, T0 X komnaxTHo.

Yto6sl 3TO0 JOKa3aTh, BO3bMEM IIPOH3BOJbHOE OTKPbI-
Toe mokpuitue C MHOXecTBa X M paclIMPuUM KaXKAabifl
5MIeMEHT 3TOrO NMOKPHITHS TaK, HTOOH paCLIMPEHHbIE MHO-
JKectBa 06pa3oBbiBaaM OTKPHITOE NOKphiTHe C' mpocTpaH-
cTBa B. Bocnodib30BaBIINCE TOFJA KOMOAKTHOCTbIO B, Mbl
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YACTDb 1. TEOPEMbBI CYIHECTBOBAHHSE B OJHOMEPHOM CJIYUAE

BhiGepeM u3 C’ XOHeUHOe NMOKPLITHE H 32MeTHUM, YTO CO-
OTBETCTBYIOUIHE - HEpACIIHPEeHHbie MHOXKecTBa 06pasyioT
TOrAa HCKOMOe KOHeYHOe NOKpHITHe MHOXecTBa X.

Has- Kaxnaoro MHoxecrsa U H3 OTKpHITOTO MOKpHI-
Tha C muHoxectBa X nonoxum U'=U\y (B — X) u o6o-
3HayuM 4yepes C’ COBOKYNHOCTb 3TMX MHOXecTB: U’
' Ilpexne. Bcero yGemuMca B TOM, uro U’ oTkphiTO B B.
Touka x € U’ npunamnexur au6o U, nu6o B—X. Ecan
x€ B — X, To u3 npeanonoxeHus o 3aMkuyroctu X B B
cjexyer, 4To Halizerca Takoe r>0, uwio N(x,r,B)c
c(B—X)cU'. Ecm x€ U, 10, nockonbKy U OTKpHITO
B X, cymecrByer Takoe r>0, uto N(x,r,X)cU, u no-
tomy N(x,r,B)cUU (B—X)=U’. D10 poKasbnBaer,
uro U’ otkpuiTo B B. . —
ITycte Tenepp y — n06as TOYKa NpocTpaHcrTea B;
roraa au6o y€ X, au6o y€ B— X. Ecau y€ X, 10 y npu-
Hapaexur HekoropoMmy U€ C, tak uro y€ U’ pas coot-
sercreylomero U’ €C’. Ecnu y € B— X, 10 y npunapne-
xur Bcem U’ €C’. CnenosarennHo, C’— OTKphHITOE IIO-
KpbiTHe  npocrpancrBa B. Ilockonbky B - KOMDaKTHO,
KOHeYHOe YMCJA0 MHOXKectB. u3 C’, cKaxeM MHOXecTBa

4 14 I'4 . 3
Uz, U,,..., Us, nokpuiBaior B, a, 3nauur, u X. Orcwona
clelyeTr, 4TO COOTBeTCTBylollMe MHOXecTBa u3 C, a
uMeHHo Uy, U, ..., Uy, 06pa3syioT KOHeYHOEe MOKpHITHE

MHOXecTBa X; B caMOM jene, Kaxpas To4Ka u3 X, mo-
KpblBaeMasi MHOXECTBOM U,’-, NOKpbIBA€TCH MW MHO-
xectBom  U; 3t1o 3aBepuiaeT [10Ka3aTeNnbCTBO TEO-
peMBL .
Tenepp Mbl B COCTOSHHM JOKa3aTb Teopemy, o6pat-
HYI0 TeopeMme 6.1, BKJIOUMB Haule 3aMKHYTOe H OrpaHH-
YeHHOEe MHOXKEeCTBO B HEKOTOPHI m-MepHHH napaJnee-
nunes (KoTtophifl, Kak OGhlIO DOKAa3aHO, KOMNAKTEH) U 3a-

« T€EM NPYMeHHB TeopeMy- 6.2

Teopema 6.3. Kamloe samxuyroe u oOzpanudentoe
noOMHONMECTB0 NPOCTPAHCTBA R™ komnakTHo. '

IMTycts X 3amkHyTO B R™ W orpaHuyeno. Tak kax X
OTpaHH4eHo, . HaHAyTca Takue Touka b €R™ u yucao
r>0, uro XN (b, r).. Ilycrs B ecTb m-MepHBbH napan-
Jenenuneq ¢ UeHTpom b, Bce peGpa KOTOPOrO paBHul 2r;
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i S . § 6. KOMIIAKTHOCTb

TOUHee, TOUKA -y €ER™ npunapnexur B, ecau ee KOOleH-
HAThL (yi, eos Um) YAOBJIETBOPSIOT YCHOBHAM -

—-r<y,<b,+r npu i—l,...,m

Torna B copepxur N (b, r) H, cief0BaTeNLHO, B X. Tlo-
atoMy XNB=X, Nanee, X 3aMKHyTOBB B camom aede,
X 3amknyto B R™, a mo teopeMe 4.4° mepeceuenue B ¢
3daMKHYTbIM MHOXecTBOM B Rm™ 3amkHyto 8 B. TpeGye-
Moe 3aKJIIoyeHHe 0 KOMIAKTHOCTH X BbiTeKaer Telleph K3
OpeALIAYINER TeGpeMbl.
- Hrak, MB yCTAHOBHAM 3KBHBAJEHTHOCTb CBOMicTBA
MHOXeCTBA .6biTh KOMIAKTHHIM M CBOACTBA ObITh 3aMKHY-
THM M OrpaHuyeHHsiM B R™. Temepb Mbl BOATOTOBJIEHH
IAS AOKA3aTeNbCTBa [VIABHOIO NpelJoXKeHHs 3TOro mapa-
rpada.

Teopema 6.4. ITycto X — KomnaxrHoe nPOCTPAHCTBO,
u nycrto ¢ynkyus f: X —Y nHenpepoisHa, To20a 06pa3
fX xomnakren.

Hokazareabncrso. [lycrb C — OTKpHITOE [OKphLITHE
MHOXecTrBa fX. MB XOTMM J[0K23aTh, Y10 C COOEPKHT
HEKOTOpOe KOHeuHoe MOKPHTHe 3TOro MHOXKecrtBa. [as
gaxporo U€ C paccmorpum mpoo6pas f-'U u 0603Ha-
yuM uepe3 C’ COBOKYNHOCTb BCeX TaKHX Npoo6pasos.
Tak kak ¢yHruus | HenpepoiBHa, a U otkpboito B X,
Kaxaui npoo6pas f~'U orkpuit B X. ITockoabky C ectb
NoKpbiTHe MHOXecTBa X, 06pas fx nio6oit Touku x € X
JexXut B HekotopoM UE€ C, u mOTOMY X JIeKHT B COOT-
percrByiomem f-'U. Takum o6pasoM, C’ ecTb OTKphHITOE
nokpoite npocrpancrsa X.- Tak Kak X KoMmakTHo, cy-
IIeCTByeT KOHEUHAsi COBOKYNHOCTb D’ 3J1eMeHTOB IOKpHI-
s C’, nokpuBawouas X. CooTsercrByiouiasi COBOKYN-
nocte D sneMenTOB NOKphiTHs C KOHEYHA W TOKpHIBaeT
fX. Heficreuteanuo, ecau x€ f-1U wu f'U Bxomur B D',
10 fx€ U, npuyem U € D. Urtak, C comepKuT KOHeuHOe
nOKpHTHe MHOXectBa fX.CneposareibHo, fX koMnakrHo.

N3 teopemnbl 6.4 HeMenJeHHO BbiTeKaeT

Cneacrsue, Ecau X —samknyroe u oepaﬂuqemioe
muozxcecTso 8 R™ u ¢yHxyua f: X — R» Henpepwvigra, 10
[X — samknyToOe U O2pannuennoe MHOMeCT8O 8 R™,
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YACTb 1. TEOPEMBl CYHIECTBOBAHNS B OAHOMEPHOM CJIYUAE

YroOht cBsIsaTh npeanigyllee HCCAeJOBAHWE C IIaB-
HOlt Leablo yacTH | — gokasareabcTBoM TeopeMbl M3 §-1,
HaM HYXHO ellle YCTaHOBMTb OJHO BAaXKHOE CBOHCTBO
KOMIIAKTHHIX MHOJKEeCTB Ha npsaMoil

"~ Teopema 6.5. Komnaxrnoe nenycroe muoxcecreo X
OeliCTBUTEALHBIX HUCeA UMEBT MAKCUMYM U MUHUMYM.
Huoumu carosamu, cywecrsyor rakue uucra mé€X u
M€ X, uto m ecto naumensuiee, a M — naubosvwee wuc-
20 muoxcecrea X.

Uro6ul OUEHUTH "CHAY 3TOr0 3aKJMIOUEHHA, 3aMeTHM
ApekKAe BCEro; YTO: MHOXKECTBO R BCeX eiCTBHTEJbLHBIX
ypces He VIMEET HY HAUMeEHbIero, Hu HauGOoJbIIero Yuc-
aa. Ha camom Jene a06ae HeorpaHuYeHHOE MHOXKECTBO ¥
yuces o0si3aTesNbHO He UMeeT aubo MakcuMyMa, jubo Mu-
HUMyMa, TaK KaK ecau Ghl OHO HMeJO H TOT H APYroH,
TO 060/ OTKPHITHII NPOMEKYTOK, COAEepKaALIUA H MAKCH-
MyM, ¥ MHHHMYM, cojepxan Gbf u Bce Y, u TOraa MHO-
KecrBo Y Obuo Obi orpanuueHo. 3amerum jAajee, 4TO
CYUIeCTBYIOT W OrpaHHYeHHble MHOXecTBa, He HMelolue
HH MakCHMyMa, H#: MuHUMyma. Hanpumep, y orkpsitoro
npoMexyrka (@; &) HeT HH HauGoJblIero, HW HaHMeHb-
ero 4ycna. ITH NPUMePbl NMOKA3BIBAIOT, YTO €CHH Mbl
XOTUM AOOHThesS, YTOOH BRINOJHAJQCH 3aKJIQUeHHe Teo-
pPeMbl, TO' IOMIXKHE 10Tpe6oBarh, uTo0nl X GBLIO- ORpaHH-
YEHHBIM H YIOBJIETBOPAIO HEKOTOPOMY. NONOJMHATEASHOMY
yCJOBHIO, KOTOPOMY He YAOBJIeTBOpAeT OTKPLITHIE npor
MeXyTOK. TaK Kax KOMNAaKTHOe MHQHKECTBO OTPAHHYEHO
# 3aMKHYTO, OZHO JHIIb YCJIOBHE KOMIIAKTHOCTH rapaH:
THPYET OTPEHHUYCHHOCTb U HCK/IOYAET OTKPHITHE IpOMe-
MYTKH.

[Ipucrynum K aoKasatenbCTBY TeopeMu. Tak kak X
KOMNGKTHO, OMG OTpaHHueHQ; No3TOMy Haiizerca 3aMk-
HYTH npoMexyTok [o=[ao, bo). comepxamuit X. Muino-
CTPOUM CTATMBAIOILYIOCH NOCTeNOBATENbHOCTD 3aMKHY-
ThiX NpoMexyTKoB Iy, [y, ..., Ix, ..., oBanapaiomymn cie-
Oy©OLYMY CBOHCTBAMM: KaXKAH nOpOMexyTok [, aB-
JISIETCS1 OJOBHHON MpoMexyTKa [y, KaXauil IpoMexy-
TOK [, comepHuT Xxoms- O ONHY TOYKY MHOXKecTBa X, u,
HaKoHel, rpaBbiii KoHel b, npoMexyrtka [, sBasercs
BepXHell rpaHulell MHOXecTBa X — 210 3HAYHT, UTO AAA
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$§ 6. ROMITAKTHOCTh

Beex X € X Brimonnsiercs nepaseHcTBo X0y, £=0,1,2,....
Ouenunno, [y comepXuT TOUKH MHoXkecrtBa X (TaK kax X
He TycTo) H be fABJAETCA BepXHefi rpaHHued MHOXKe-
crtBa X. IIpenmosoxum, 4To yxe TOCTPOEHH! TIPOMEKYT-
Ku o, Iy, ..., Ip—y, O6N2f210MKue YXKa32HHBIME CBOHCTBA-
M. [TycTe ¢ — cepenuna npoMmexytka [p—i=[an-i, bu-]
Ecan ¢ — BepxHas rpaHuiia MHoxecrBa X, TO BO3bMeM
In=[ap—, ¢}, a B TPOTHBHOM cjyuae TOJIOXKHUM [p=
=[c, b,—4). Torna I, o6namaer HyXHHMH CBOACTBAMH.

B cuny nonHorst R (cM. § 5) cymectsyer uucio M,
npuHaanexamee sceM /.. [lokaxkem cHauana, uro M
npuHaanexkut X. lomyctuM, 4To 910 He TaK. [TockosbKy
X — 3aMKHyTO® MHOXeCTBO, AornojHeHHe R — X OTKpHI-
to. Ilostomy Hafizerca takoe r>0,uro N(M,r)cR—X.
Ecan d — pauna npoMexytka /o, 10 annna [, pasua d/2%
Hansa pocratouno GoJbiuoro HoMepa & Mbl GyaeM HMeTb
d/2h<r, Tak uto I, Gyner conepxate M M HMeTb AJIHHY,
MEHbIUYIo, YeM r. 3HAUHT,

Iy eNM, ncR—X.

STO NPOTHBOPEUHT TOMY, UTO KaXKAblit mMpoMexyrTok [
JOJIKeH COxepXKaTb TOUKM MHOXectBa X. Orcioga cie-
Ayet, uto M npuHaniexunr X. )

INokaxewm Tenepb, yto.M dBasercs HaHOONBLUIHM YHC-
Jaom u3 X. JlonycTHM, 4TO, HANPOTHB, CYLIECTBYeT TaKoe
x€X, uro x>M. Tloaoxum r=x—M, tak ur0 r>0,
u BeiGepeM cT10/b G0JIbIIOE Liejioe k, uTo6b df2:<r. Tak
Kak M€ I, u pausHa npoMexyTka [, MeHblite r, OTCIOAA
cnenyer, uto by<x. Takum oGpa3zom, b, He asJasercs
BepXHeH rpaHuIed MHOXKeCTBa X, XOTA OHO 06513aHO GBHITh
el0 110 NOCTPOEHHI0. JTO NPOTHBOpEUHE JOKA3bIBAET, UTO
M — nan6oabiee yuca0 u3 MHoXecrsa X.

Jloxka3aTenbCTBO CYILECTBOBAHHS MHHHMyMa I[IpoOTe-
Kaer asajJoruyHo. CTAruBapinascs moc/ae0BaTeIbHOCTh
3aMKHYTBIX NPOMeXyTKOB BBIOHpaeTcsi TaK, YTOOH KaXK-
OblH MPOMEXYTOK COXepKas TOUKH MHOXKecTBa X H uTO-
OBl €ro aesbtil KOHel OblJl HuscHell TpaHHllell MHOXecTBa X.
Heraiu ROKa3aTenbCTBA INPeNOCTABIAIOTCS YHTATENIO.
‘CymiecTBOBaHHe ‘MHHHMYMa MOXHO TaK)K€ BBIBECTH H3
CYIIECTBOBAHHS MAaKCHMyMa C MOMOLIbIO OTOGpaXKeHus
fi R— R, onpenensiemoro yciosueM [x=—=x. Tak kax
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YACTb I. TEOPEMbI CyulEtTBOBAHHﬂ B OAHOMEPHOM CJIYYAE

.X KoMmakTHO, TO.mo. reopeme 6.4 u [X KoMmaxTHO.
‘Tlostomy fX umeer makcumym, ckaxem M’. Ho torna fM’
6yneT HCKOMBIM MHHHMYMOM MHOXecTBa X.

[Tocnennsas Teopema 3toro naparpada paer ORHY
qacTh §33KJHO'-XEHHH rJIaBHOI TeopeMsl, ¢(OPMYJHPOBAH-
voiiB§ 1. - . : : .o :

Teopema 6.6. Ecau X — 3amkuyToe, O2panuiennoe, He-
nycroe nodmuosxcectso R™ u ecau f: X — R — Henpepois-
Haa OelicTeurenshan PyHukyua, onpedesennas na X, 10
obpas [X umeer maxcumym M u murumym m.

Tax xak X 3aMKHYTO B OrpaHHY€HO, OHO KOMIIaKTHO.
IMockonbKy OHO KOMNAKTHO M (QYHKUHA [ HenpephiBHA,
xoMmnaxreH u o6pa3 fX. Pa3 fX — KoMnakTHoe HemycToe
‘MHOYKECTBO AeHCTBHTENbHBIX YHCeN, TO Tipeblayiias Teo-
peMa rapanTHpyeT Ham cymiectBoBarue m # M. D10 3a-
BeplIaeT JOKa3aTe/bCTBO. '

YnpaxHedus

1. Tloxka3aTh, uTO /M0GOe NOAMHOMKECTBO OrPaHHYEHHOTO MHOXe-
CTBa OrPaHHYEHO.

2. [TokasaTh, uTo oOOGBeiHHEHHe [BYyX OrPaHHYEHHbIX MHOXECTB
OrpaHHYeHO M YTO OGbeaHHEeHHe KOHEYHOTO YHCJa OrpaHHuYeHHbIX
MHOECTB OTPaHHYEHO. )

3. IlpuBecTH npuHMep GecKOHeuHolt NOC/eAOBATENbHOCTH OfpaHHUEH-
HbIX MHOXKECTB, OGbelMHEHHe KOTOpHX He OTPanHyEHO. -

4. Hafith pacuuupsoutylocf HOCAEZ0BaTeNibHOCTb OTKPHITHX HNOA-
nHoxeers Uy, Uy ..., U, ... NONYOTKPHITOro NPOMEXYTKA
X=(a,b), o6beauneHHe KOTOPHX coBuasaer ¢ X, XOTA HH ORHO
U3 HHX He pasHo X.

5. Mycts D —xpyr B R? ¢ uentpoM xo u pafuycom 1, r. e. D co-
CTOHT 43 BreX ToYeK x € R?,  y[OBJIETBOPAIOWHX  YCJIOBHIO
d(x, xp) <1. Pewnts npeapinyiiyio 3azauy a8 MHOXeCTBa X, f10-
nyyqaioillerocs, ecnrH W3 D yRaauth TOUKy Xo. CpenaThb 71O ke
caMoe A MHOmXecTBa X, moayuatouterocs ua D-ynanesuem Ka-
KOH-4u60 TOYKM e€ro rpaHuubl, T. € TOYKH Yo, AIA KOTOPOit
d(yo, Xo)=l. '

6. Myers X — samxHyThlil npomexytok [0, 10] € R. Tlokasars, uTo
MHOXecTBO C BceX OTKPLITBIX HPOMeXYTKOB B R AnHHEl | #B-
aserca nokpeitieM X, Hailty KoHeunylo COBOKYMHOCTb MHOXKECTB
u3 C, nokphiaiomyio X. Kakoso HaHMeHblllee YHCMO TAKHX PO«
MEXYTKOB B NOKPHITHH MHOMecTBa X?  ° . .

7. Oyets C,— oxpyxHOcTb B R? c. HeHTPOM Xp H PanHycoM f.
JIns Kaxiof TOUKM C EAMHHYHOA OKPYXKHOCTH, T. €. TOUKH
¢ € C;, o6osnayum uepez T. NpaMyIO, KacaTeJbHyilo K OKpYyX-
nocru C; B rouke ¢. Torna R? —T'. pasGusaeTca Ha ABE OTKpHI-
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§ 7. CBA3HOCTD _

Thle MOJYMIOCKOCTH; MycThb Uz — Ta W3 HHX, KOTOpas He COHEp-

- MHT xo. [lokasatb, 'uTO COBOKYmHOCTb C ‘Takux noay-
miockoctelt - Us  gas Bcex. ¢ € C, noxpbiBaer MHOMKEETBO
Touek, daexamux sme C;. Ilouemy npu r>1 nomxma cy-
IleCTBOBATb KOHEUHas COBOKYMHOCTh 3M1eMeHTos u3 C, NOKphi-
Baowlas C,? Tlokasatb, uro mpu r>2 oxkpyxHocts C, MoMKer
ObITh . TOKPHTA TPeMs -MHOXecTBaMK u3 C, ‘HO He MOXKeT GOHTb
NOKpbiTa ABYMA. [lokasaTh, YTO WpPH r, YAOBJIETBODSAIOUIEM YCMO-
suo ¥V 2<r<2, OKkpysHOCT: C, MOXeT OHITb NOKpHTa Ye-

“THpbMA MHOMECTBAMH M3 C, HO ' He WMOXer G6BTb {IOKpHITA
tpema. [lokasaTh, wWTO nNpH r, YIOBNETBOPAIOWEM YC/QBHIO

- 2/V3<r < V'2, okpyxuocTs C, MOMer GHITb MOKPHTa WIECTHIO
MHOXecTBaMu H3 C M He MOXNer ObITb HOKPHTa YeThipbMa, Mo-
MeT NI OTKPHITOE KOJbUO MeXaAy oKpyKHocTaMu C; u Cz GulTb
NOKPHITO KOHEUHKIM YHCIOM MHOXKecTs u3 C?

8. Iokasarb, yro OObeAHHEHHe NABYX KOMOAKTHHIX MHONKECTB €CTb
KOMIaKTHOe MHOXecTBQ. TOUHO Tak e oGbefHHEHHe KOHEYHOro
YHC/12 KOMHAKTHBIX MHOXECTB KOMIAKTHO.

9. lNpusectu npuMep GeCKOHEYHOH COBOKYIHOCTH KOMIAKTHbIX MHO-
KecTs, 00beAHHEHHE KOTOPBIX He KOMNAKTHO. _

10. '[Io;caaarb, yro ectu X V- u X KomnaktHo, TO X 3aMKHYTO
B Y.

11. Ykasats orpauuueHHOe HOAMHOXeCTBO X MHOXECTBa paiHo-
Ha/IbHLIX HHCEA Q, 3aMKHyTOe B Q H He uMelolilee HM MAKCH-
MyMa, H{ MHHUMYyMa.

12. Tloka3atb, uro npu J6GOM HATypaJbHOM 7 CYIIeCTBYer Hempe-
blBHOe oToGpaxenHe npoMexyTka /=[—1, 1] Hd OpomexyTOK
F—n, n]. CymecTByer s HempephiBHOe OTOGpaXKeHHe NPOMEKYT-
Ka { Ha Bcio AeiicTBuTenbHYIO npsMylo R? IMocrpouts uenpepeis-
Hoe oOrtoGpaxenne OTKphToro npomexyrka (—I,1) mna Beio
npamylo R. Co

13. TloxkasaTtb, 4To MHOMXecTBO X C R™ KOMOAKTHO B TOM H TOJBKO
B TOM CJay4ae, eciu Kax/[oe NOKpbITHE MHOXecTBAa X OTKpbHI-
THMH B R™ MHOXECTBAMH COJMEPXKUT KOHeYHOe HOKPHITHE.

§ 7. CsiaHocTh

Ina nokasaTeqbCcTBa riaBHOM TeopeMbl YacTH 1 He-
06x0/lHMLl 1BA BAKHBEIX TONOJIOTHYECKHX CBOHCTBA 3aMK-
HyToro npomexyrtka. [lepBoe M3 HHX, KOMOAKTHOCTb,
6b10 pacemoTpero B § 6. Tenmeppr Mbt 06cyaum BrOpoe
CBOHCTBO, HA3bIBAEMOE CCBA3HOCTBHIO.

Hekoroprle npocTpaHCTBZ MOXKHO €CTECTBEHHBIM 06-
pasoM pas6Gurb Ha ABe HaH GoJbllee yucsao vacrefi. Ha-
npumep, MPOCTPAHCTBO, COCTOsALee H3 JBYX Hemepece-
.KalomHXcA NPAMBIX, MOXHO pa3CHTb HAa fABe 3TH Opf-
mule. Bor npyroit mpuMep: AOMOJIHEHHE X OKPYXKHOCTH
- B INIOCKOCTH COCTOHT M3 ABYX YaCTeH — Touek, Jiemxalux
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YACTb 1. TEOPEMBI CYILECTBOBAHHS B OJHOMEPHOM CJIYYAE

BHYTPH OKPYJKHOCTH, H TOUeK, JeXamux BHe ee, Eie
IpUMEp: €CJH p — Touka npsamoii L, TO JONOJHEHHe ToY-
KM B L ecTecTBeHHO pacnajnaercs Ha JBe onpene/seMble
elo moJIynpsaMble (ydaJjeHHe TOUKH p pa3buBaer L Ha aBe
YaCTH) .

B .KaXjaoM H3 TpeABAYIHX NPHMEPOB NPOCTPAHCTBO
ecTeCTBEHHO pa3GuBaeTcs Ha 4YacTH JIHLIb €IHHCTBEHHBIM
cnoco6oM. MHOXecTBo Q paunuOHaibHbLIX YHCEJ HOMycC-
KaeT Takoe pa36GHeHne MHOTMMH crioco6aMu. Kaxkpoe up-
palHoHA/IbHOE YHCJIO X HOpOXKAaeT pa3fueHHe MHOXe-
cTBa () HAa MHOXECTBO TeX palMOHAJbHLIX YHCe], KOTO-
pbie MeHbille X, H TeX, KOTOpble GoJbuie X. MHOXeCTBO
HPpPaLHOHAAbHBIX YHCEJ aHaJOTHYHHM o6Gpasom paslu-
BAETCA Ka’K/IblM DAlHOHAJbHBIM YHC/IOM.

C npyroit cTOpOHBI, HEKOTOpBIE MHOXeCTBa HeJb3fl
pa3buTb Ha YacTH HUKAKHM eCTECTBEHHBIM CIIOCOGOM; 3TO
BEDHO, HanpuMep, s NpaAMOM, NpAMOJHHEAHOro OTpE3-
Ka, IIJTIOCKOCTH H Kpyra.

KoHeuHo, BO3MOXHO M HAaCHJBCTBEHHOe pa3GHeHHE
npocrpadcrsa. Hanpumep, ecau / — npoMexyToK |a, b]
H ¢ — YHCJI0, YZOBJETBOpsAOlLeEe yCI0BHI0 a<c<b, TO ¢
pas6uBaer / Ha aBa npomexytka {a, ¢] u [¢, b]. Onxnako,
IIOCKOMIbKY OHH HMelOT 06Ilyl0 TOUKY ¢, 3To pa3buenue
HesIb3 paccMaTpHBaTh KaK HacTosmee pasbuenne. Mpl
NOJNyYHM HacTosillee pasbHeHHe, ec/IH BHIOPOCHM H3 OA-
HOTO M3 3THX TPOMEXKYTKOB, CKa)KeM H3 BTOPOro, Tou-
Ky ¢ Ilyers A=[a, ¢] u B=(c, b}, rorna AUB=I u
ANB=. Ho Takoe pasGHenHe HJIH «pa3phiB» npome-
XKyTKa | Mbl He CUMTaeM eCTeCTBEHHBIM, ITOTOMY 4TO MHO-
xecTBo B «Bpesaercs» B Touke ¢ B MHOxecTBO A. Ecan
MBI YIAJEM TOUKY ¢ H H3 A, 4TOGbl YCTPaHHTb 3TO «Bpe-
3anues, 10 AU B=I[, no AUB 6yner gonosHeHHeM TOU-
KH ¢ B I, T. €. 3TOT npHMep NOX0XK HA NPHMep HONOJHe-
HHA TOUKH p B npsamoit L.

Tenepb HaM HYXHO JaThb TOYHOE ONPENEJIEHHE.

Onpepenenne. Pa36uetuem mnpocTpancTsa X HaaH-
BaeTcA napa A, B menmycteix MHoxecTB X, TakHX, 4T0
AUB=X,ANB= n A u B orkputl B X. [IpocTpan-

CTBO, He AOmTyCKaloulee HHKaKoro pasﬁueuuﬂ, Ha3bIBAETCA
CBAHLIM.
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§ 7. CB3HOCTD

PaccmorpuM, Hanpumep, aononHekHe X OKpYXHO-
ctH C B nnockocTH. [TycTh A — MHOXKECTBO TOYEK, JeXa-
IMHX BHYTPU OKPYIKHOCTH, a B — MHOXeCTBO TOUEK, Je-
XKalnx gne ee. MubmMu crosaMu, A COCTOHT H3 Bcex TO-
Yek MHOXecTBa X, pacCTOAHHE -

KOTOPHIX OT LEHTpa OKPyXHOC-

ta C wMenblle, ueMm paauyc C,

a B — nonojaHeHHe MHOXECTBA

A B X. Ycnosus, onpepensio-

‘me pasGuenue, Jierko mpose- 2 8

patb. ToT ¢akr, uro A u B or-
KpHITH B X, oueBHJeH H3 pHC. 7.1:
Kaxkaas TouKa MHOMKeCTBa A HMe-
eT OKPEeCTHOCTb, COJepXKalilylo-
ca B A, a Kaxjas Touka B umeer
OKPeCTHOCTb, JeXaiywo B B.

Iycrs L — npsimas, p — touka npsamoit L w X — jo-
noauenne Touku p B L. Ilyctb A — Mil0XKeCTBO TOUEK
npsamoit L, nexawux jesee p (puc. 7.2), a B — MHOXe-
€TBO TOYeK, Jexamux npaBee p. CHOBa KaxXnas TOYKa

Puec. 7.1.

A . 8

$ oy
2 P
Puc. 7.2.

MHOXecTBAa A HMeeT OKpecTHOCTb, coixepaKaiiyloca B A,
a Kaxasi ToYka MHOXecTBa B — okpecTHOCTb B B.

BcrioMHEM Teneph «HACH/bCTBEHHOE» pa3bHeHHe npo-
mexytka /=[a, b] na npomexkytku A=[a, c]u B=(c, b].
Ecnu MBI npoBepHM YC/I0BHS pa3GHeHHS, TO YBHIHM, YTO
BCE OHH, 3a HCKJIOUEHHEM OJHOro, BhinogaHsiorcs: A He
OTKPHTO B /, MOTOMY YTO HHKaKas OKDECTHOCTb TOUKH
c€ A He JeXHT UeJHKOM B A. _

OT1H npenBapHTeNbHBIE PACCMOTPEHHsI INTOKa3bIBAaIloT,
4TO OnpeneseHHA pa3GHeHHs H CBA3HOTO NPOCTPAHCTBA
TOYHO BHIPAXKaloT Ty rpy6ylo reoMeTpHUeCKyl0 HAEIO, KO-
TOpYI0O MBI HMEJNH B BHAY, @ T€OpeMbl, KOTOphlE MBI JO-
Ka)keM HHXKe, TOJHOCTBIO 3TH ONpe[eneHHs ONpaBialoT.

Onpenenenne pa3bueHHs MOXKHO BBICKa3aTh HECKOJib-
KHMH 3KBHBaJIeHTHbLIMH cnocob6amu. Tak xak A u B
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YACTb 1. TEOPEMb!I CYUIECTBOBAHHS B OLHOMEPHOM CJIYUAE

*B3aHMHO JONOJHHTENbHH B X, TO KaXK10€ H3 HUX OTKpHI-
“TO B TOM H TOJABKO B TOM C/Iyuae, eC/H Jpyroe 3aMKHYTO.
Takum o6pasoM, M MorsiH Gbl' B paBHOH Mepe Tpe6o-
‘BaTh, 4To66 A # B 6biin saMkuHyThIMH B X. Kpome Toro,
Mbl MOTJiH Gbl OTOPOCHTL ABHOE YNOMHHAaHHE 0 B u cKa-
3aTh, 4TO pa3bGHeHHe npocrpaHcTBa X eCTb MHOXECTBO
AcX, sasagomeecs OZHOBPEMEHHO OTKPHITHIM H 3aMK-
HyTHIM B X, He NyCTHIM M He COBnajawiuyM co BceM X,
Torma ero nonosneHue B B X 6Gyner o6sajzaTe TeMH Xe
ceoiicreaMu. (Hanomuum, yto mycroe mHoxecrso & u X
OJZHOBPEMEHHO OTKPBITHI H 3AMKHYTH B X.)

Takum o6pa3oM, pasbuenne A, B npocrpancrsa X
onpenensieTcs JOOGHM H3 CAeLYIOIHX TpeGoBaHHHA:

- 1. A u B — HenycTbie OTKpHITHIe NMOJAMHOXKeCTBa X,
rtakue, uto AUB=X, ANB=O.

2. A n1 B — Henycrthie 3aMKHyTble NMOAMHOXKecTBa X,
takHe, uto AUB=X, ANB=.

3. A — nogmHoxectBo X, OAHOBpeMEHHO OTKpBITOE
U 3aMKHyToe B X u He pasHoe uu &, Hu X.

OO6nyHO Jerye AOKa3arb, YTO HEKOTOPOe MNPOCTpaH-
CTBO HECBS3HO, YeM TO, YTO OHO CBfA3HO. B nepeom cay-
Yae HYXHO TOJNLKO yKa3aTb pa3CGHeHHe M NPOBEPHTb, UTO
OHO YIOBJETBOPAET TpeOyeMHIM YC/IOBHAM, B TO BpeMs
KaK BO BTOPOM CJlyuae HYXHO He4YTO ROKasaTh 060 6cex
OTKpHTHX B X MHOMeCTBaX, OTIHYHLIX oT & u ot X,
HMEeHHO, 4TO Ka)K[A0e TaKoe MHOXKEeCTBO He 3aMKHYTO
B X. Caenywoline TeopeMbl He TOJBKO OKa3HBAIOT, YTO
CBA3HBl HEKOTOpblE NPOCThie NpPOCTPaHCTBA, HO H- AAIOT
CPeACTBa JJS YCTAHOBJEHUS CBA3HOCTH MHOTHX IIpo-
CTPaHCTB. :

Teopema 7.1. 3amxuyTtoul npomexncyrox asAReTCA CBA3-
HolM MHOXCECTEOM.

Ilycts [ —3aMKHYTHI#i mpoMexyTok B R, n A — 3amk-
HyTOe MHOXeCTBO B [, He paBHoe Hu &, Hu I. UToGH n0-
KasaTb TeopeMy, Nokaxem, urto A He orkpurto B /. Tak
KaK A= u As+I, wafinyrcas Toukn a€ A u bEI — A,
Iycts I’ — npomexyrox [a, b] (uau [b, a], ecn b<a).
Ha puc. 7:3 nso6paxen npoMexyTok /, cocraBJeHHbIfl U3
noamHoXects A u B, rae A — HeKOTOpOEe 3aMKHyTOE
MHOXecTBO, 8 B — ero pomonsenue B /, Tak ak A u [
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. § 7. CBA3HOCTb

3aMKHYTHl, TO 3aMKHyTO W mx mepecevenne AN/, Ilo-
CKOJbKY. nepecedeHne A N/’.xpoMe TOro u OrpaHHYeHo,
oHo koMmnakTHo. Ilo TeopeMe 6.5 muoxectso A NI’ umeer
MHHEMYM m #H MakcuMym M. Ecanm a<b, To m=a, TaK
_KaK a - J1eBblil KoHer mpoMmexyTka I’. Tlpaswit koHen b
3TOTO NPOMEIKYTKA HE MPHHALJIENKHT A, H TOTOMY m=a<
<M<b. Orciona cieayer, 4To Kaxpas OKpeCTHOCTb TOY-
KB M copepxuT 4ncla, Jjexamue Mexay M.um b; atH

—A

—_B
. a
| =t + L } |
P | b , b a
a<b {1 P ——— asb [ ——
04 azﬂ M ‘4 m aM
Puc 73,

yuc/ia He BXOAAT B A u, 3naunt, A ne orkpbiro. Ecau
a>b, To M=a, b<m<a M Kaxpaasg OKpecTHOCTb TOY+
KH m CONEpXKHT UHMCaa, Jexamue Mexay b u m; stH
yfcja He NpuHaiaexar A, Tak UTO M Ha 3TOT pa3 ‘A ne
OTKPHITO. ITO /I0Ka3biBET, UTO eXMHCTBEHHBIMH OJHOBpE-
MEHHO OTKDPBITBIMH M 3aMKHYTHIMH NOAMHOMXeCTBAMH NPO-
mexyrka I asasores I u O, Cnez{onaTeano, npome-
XKyToK I cBazen.

Teopema 7.2. Ecau f: X — Y—uenpepbzeuoe oTo6pa-
ocenue u A, B — nexoropoe pasbuenue obpasa {X, 10
npoobpaser A'=f14 u B’-—«f“B obpasytor . pasbuenue
npocrpancrea X.

Mu f0/KHBI TpOBepHTH, 4TO napa A’, B’ ynosaerso-
pseT KaXAOMy H3 YCJOBHH B onpefeJeHHH pa3GHeHHs.
Tak kak A e mycro, cymectsyeT Touka Yy €A, Taxk xax
AcfX, cymectByer Touka x€ X, nas KOTOpo# fx=y.
Torpa x €A’ n notomy A’ me nycro. Touno.Tak xewu B’
pe nycro. OGpas aw6oit ToukM X €X UpHHALIEKHT
fX=AUB, tak uro [x€A uau jx€ B. B coorBercTsHH
c atuM- u x€A’ mwau x €B’. D10 mnokasbBaeT, uToO
X=A’UPB’. Ecaun 6bl namgack TOYKa X, obmas aaa A’
u B’, To ee 06pa3 fx npuHagnexan 6ul u A; u B, uT0 He-
BO3MOXHO. A .
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YACTb I. TEOPEMbl CYIECTBOBAHHUS B OOHOMEPHOM CJYYAR

. Tlosromy A’ N B’=¢. Haxkonen, tax xak A n B or-
KpuiTH B fX u oroGpaxkenue f HempepsiBHO, HX TPO0G-
pasel oTKpeiTEl B X (cM., Teopemy 4.5). Tem cammiM go-
KasaHo, yro A’, B’ ectp pasGuenwe npoctpaHcTsa X.

Teopemy 7.2 moxHO cthopMy/HpOBaTbH KOpoue: ecau
pynryun | nenpepsiena u fX neceaszno, To u X Hecésa3no.
ITosToMy 3KBUBaJeHTHOE YTBEpXKAEHHE TAaKOBO:

Cnencrsue. Ecau pynxyus f: X — Y nenpepoiena u X
ceasno, To u [X csasno.

B rako#t ¢popMe 31O mpensioxeHne Ham Gojee 1oJe3-
HO; HanpUMep, OHO NMO3BOJIAET J0KA3aTh TaKoe

Cnencrsue. KawcOoui npamoaunelnsli oTpesox ecrov
C8A3H0E MHONECTBO.

HokasarenbcrBo. Ecau L — npsaMonuHeiinbifi 0Tpe3ok
H [ — HeKOTOpHIH 3aMKHYTHIH TPOMEXYTOK, TO CYLIecT-
Byer moao6ue f: I — L, Tak uro f/=L. [Tockoabky mopo-
6ue HermpepbiBHO (cM. § 3) u mpoMexyTok / cBs3eH, OT-
crofa crejlyeT, 4T0 B OTpe30K L cBAaeH.

HHTYUTHBHO OuUeBHIHO, YTO ABAa NPSMOJHHEHHBIX OT-
pe3ka, nepecekalolliuxcs B HEKOTOPOH TOYKe, BMecre 06-
pasyloT cBA3HOoe MHOXecTBO. Jl0Ka3aTeabCTBO 3TOTO (ak-
T4 OCHOBBIBAeTCH Ha JABYX CJIEAYIOWHX JeMMaX.

Jlemma 7.3. Ecau X wueceasno u A, B — paszbuenue
npocrpancrea X, TO KaxOoe cea3Hoe noOMHOXecTeo X
yeauxom aexcur uau 8 A, uru 8 B.

[Tycte C — noamuoxectso X, cojepkallee HeKOTO-
pYyl0o TOUKY MHOXecTBa A H HEKOTOPYI0 TOUKY MHOMKe-
crBa B. Torama nepecevedus CNA u CNB He nycrd,
Kaxkpoe U3 HHX OTKPHITO B C, HX o6benuHenune pagso C,
a ux mnepeceyenne nycro. CnenoBartenbHo, C HecBSI3HO.
OTO MOKa3hiBaeT, UTO CBA3HOE MOJAMHOMXKECTBO He MOXKeT
nepecekatsca U ¢ A, u ¢ B.

Jlemma 7.4. Ecau Osa censuoix mHOMectéa Z u W
umeor obwyro Touky, To ux o6vedurnenue Z YW ceasno.

HonyctuM, uto, HanpoTus, MHOXKectBo ZU W umeer
paabuenue A, B. [Tycts ¢ — o6mas touka Z u W. Eciu
c€A, o Z u W gBasiorcd CBA3HLIMH NOAMHOXECTBAMH
oobvenunenns ZUW, comepxamumu Touky u3 A. Ilo
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§ 7. CBA3HOCTD

neMme 7.3 (B koropo#i HymHO mojomuts X=ZUW)
Z n W peankom jexar B A. IlostoMy B nonxkHo GHITh
nycteM. B cayuae ecin ¢ € B, Mu uangem, uto Z 01 W
HeInKoM JexaT B B, u rorfa A=, B mo6owm cayuae Mbt
TIPUXOZHM K TIPOTHBOpEUHIO; ClefoBaTeanHo, Z U W ceasHo,
IIpocToe npuMeHeHue JeMMHEl 7.4 MOKa3blBaeT, 4To JBA
IpAMOJHHEAHBIX 0TPe3Ka, HMEIOMuX o61myIo TOUKy, BMec-
Te 06pasyloT CBA3HOE MHOXKECTBO; 10C/IEe[0BATENbHO NPH-
COEHHAA 10O OJHOMY OTpPe3Ky, Mbl MOXeM 3aKJIIOUHTh,
410 J06as JOMAaHas ecTh CBA3HOE MHOXECTBO.
Chnenywoias TeopeMa CJHYXHT BaXXHBIM OpPYAHEM I/
IOKa3aTeqbCTBA CBA3HOCTH HEKOTODHIX NIPOCTPAHCTB.

Teopema 7.5. IIpocTpancreo X cesnzHo 8 TOM i TOAb-
KO 8 TOM cAyuQe, ecAu Kamoas napa ee0 TOHEK AEHCUT 8
HEKOTOPOM CBAZKOM e20 nOOMHONCecTse.

Jloka3ateqbCTBO TOM 4YAacCTH TeopeMbl, B KOTOpPOH
yTBepXKpaercs, 4To ecan X CBA3HO, TO Kaxjaad mapa ero
TOYEeK JIEXKHT B HEKOTOPOM CBSiI3HOM NOJMHOXKECTBE, TPH-
BHaJBHO, TaK KaK X fBJsETCA CBOHM COOCTBEHHBIM CBA3-
HBIM [TOIMHOJXXECTBOM, COAEPKAIHM KaXKIYI0 Napy CBOHX
TOYEK. '

Yrobbl NOKa3aTh BTOPYK NOJOBHHY TEOPEMBI, Mpel-
MOJIOJKHM, YTO KaXKKas napa ToueK u3 X JIEKHT B HeKO-
TOPOM CBS3HOM NoAMHOXKectBe X, M JONMycTHM, uto X
HecsidHo. [lycte A, B — pa3buenne X, u nycrb x€ A
H y € B (BcnoMHuM, ¥ro A u B ne nycret). Ilo npeamoso-
JKEeHHIO, Haliflercs cBsidHOe moaMHOXecrBo CcX, coxep-
Kamee x ¥ y. Ofnako no jeMme 7.3 C UeNHKOM JIeXKHT
qu6o B A, au6o B B. 3TO npoTHBOpeYHe NOKA3bIBAET,\
uro X He MaxKeT HMerb pa3Guennsi. CmepoBartenbHo, X
CBA3HO, H TeopeMa J0Ka3aHa.

HanomuuM, 4To MHOXecTBO B HpocTpaHcTBe R™ Ha-
3LIBACTCH BLINYKAbIM, €CJH OHO COAEPIKHT BCE MPAMOJH-
HeHHble OTPEe3KH, COeRHHAIOILMe JI06ble IBe €ro TOYKH
(HanpHMep, MHOXECTBO TOYEK I[IOCKOCTH, J€XKAIHX
BHYTPH NPOH3BOJIbHOH OKDPYXHOCTH, BBHIYKJO, a MHOXe-
CTBO TOYEK, JeXallHX BHe ee, He BLINYKA0), Tak Kak
npAMoO/nHeHbIe OTPe3KH CBA3HBLI, M3 TeopeMsl 7.5 BhHITE-
Kaer

9



YACTD I. TEOPEMBI CYI(ECTBOBAHUS B OJHOMEPHOM CJIYYAE

Caencrsne. Kaxdoe soinyrnoe MHuoKecT80 C6A3HO.

Jng Toro uroGel MHOXKECTBO GBLIO CBHSHbIM QHO He
0653aTe/IbHO ;Lomxno 6BITH BHITYKJLIM. XOT MHOXECTBO
TOYeK, JieXKaluHX BHe OKPYXKHOCTH, He fBJdeTcfi BHINYK-
JbIM, OHO, TeM HE MeHee, CBA3HO, NOTOMY 4TO Jio6ble ase
ero TOYKH MOXKHO COEIHHHTb JOMaHOH, /exalled B 3TOM
MHoXecTBe (pHc. 7.4). TouHo Tak Xe M JOGHe ABe

.

Puc. 74.

TOUKH KOJAbLEeOOpasHOH o06sacTH, OrpaHHYEHHO# ABYMSA
OKPYIXHOCTSAIMH, MOXKHO COeJIMHHTH JIOMAHOI; nos'romy
KOJIbLIO CBSI3HO.

OGpammca Tenepb K H3YYEHHIO nonMHomecm npa-
Mofi (T. e. MHoXecTB JelicTBHTeNBHBIX uncen). Hamum
3aK/IIOYHTENbHLIM NpPeAJIOKEeHHEM OTHOCHTENbHO CBA3HO-
cTH 6yaer .

TeopeMma 7.6. JI1060e KOMNAKTHOE CBA3HOE MHONCECTEO
OeliCTeUTeAbHbIX HUCEA eCTb 3AMKHYTOLL NnpOMeNyTox.

O6patHoe yTBEpKAEHHE, UTO 3aMKHYTBI MPOMeXyTOK
OJHOBpeMeHHO KOMNaKTeRE M CBfideH, yXKe OBLIO n,oxa-
3aHo (cM. § 6 u Teopemy 7.1).

HNokasareabcrso. Ilycrb X — npoH3BOJbHOE MHOXKe-
CTBO [EACTBHTEJbHBIX HHCEN, W NycThb a-H b — uucaa,
npunajiexamue X, npuueM a<<b. Jlokaxem CHauaja,
410 J060€ YHCAO ¢, YAOBNETBOPSAIONIEE HEPaBEHCTBAM
a<c<b, rakke npunagiexur X. Touka ¢ ompenenser
pasbuenue coero nomnoiHennsi 8 R. O603HaunM uyepes A
MHOJKECTBO BCeX YHCes, MeHbUIHX ¢, a uepes B — MHo-
XKeCTBO BCEX UHCE, Goabinx ¢. Ecau 6 BONPEKH Ha-
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mwemMy yTBepXuennio ‘X ‘He €OmepxKano ¢, T0 OHO GBIO
OBl TMOAMHOXecTBOM oGbenuHenus A UB. H, NOCKOJABKY
X cBasHo, mo aemMe 7.3 OHO UeNHKOM Jexano 6ol B A
win B B. Ho X coaepxut Touku a u b, Tak 4TO0 3TO He-
Bo3MOXHO. HTak, MBl mokasanu, 4TO CBA3HOE MHOXCe-
€T80 OeliCTEUTeAbHbIX 4uces COOepxHCUT 8ce Hucaa, 3a-
KAtO4eHHble Mencdy Arnbomu 08YyMs €20 HUCAAMU.

~ Ecau K Tomy xe X koMmnakrHo, To Teopema 6.5 y1-
BEPXIaeT, 4To X HMeeT MMHMUMYM m H Makcumym M.
Otciona caepyer, uto X ecTb B TOYHOCTH 3aMKHYTHIH
npomexyrok [m, M}

Ynpaxunenus

1. BuscHHTb, GyAeT JiM KaXKAOe H3 CJeAYOUHX MHOXECTB CBs3+
HHM; eCaH OHO HECBA3HO, TO HaiiTu pa36fenHe.

a) OKpyXHOCTb, H3 KOTOpOit yJaneHa OfHa TOYKa; ABe TOYKH.
b) Hyra okpyXKHOCTH; AYyra, W3 KOTOpoOii YAalleHa ee CepeiHHa.
¢) KoneuHoe MHOXKeCTBO TOYEK;

MHOXeCTBO, COCTOsillee 13 eHH-

CTBEHHOM TOUKH; NyCTOE MHO-

KECTBO.

Top (pwmc. 7.5) .

'{i) u3 =~ kotoporo  yjajieHa

OKpYXHoOCTb P;
(ii) ¥3  'Koroporo  ypaneHa
OKpYJKHOCTH Q;

. (ifi) 3 KoToporo ynaneun . Puc. 75

) OKpYXHOCTH P H Q;

(iv; H3 KOTOpOTO yAaJeHa 3aMKHyTas KpMBas R;

H3 KOTOpOro yjAaAeHH JABe OKpYXKHOCTH THna P;

(vi) u3 KOTOpOro yjdneHn ABe OKPYXHOCTH THnma Q; = -

(vii) BMecTe ¢ BHyTpewHOCTBIO, HO 6e3 ABYX OKpyXHOCTefi
Tuna P;

e) OObenunenne JABYX HemepeceKalOUHXCH OKpYXKHOCTefi Ha
IWJIOCKOCTH; NepeceyeHHe 3STHX JBYX HelepeceKaloulHXcs
OKDYKHOCTeH. :

f) Nyers A, B, C 1 D — ueTblpe TOUKH Ha OKPYMXHOCTH, pac-
noJoXKeHHble C PaBHHIMH HHTEpBaJaMH M B 3TOM TMOPAIKe.
IMycrs AB o6osuauzer kparuafimyio ayry Mexny A H B,
AKAI04as ee KORUB. OTBeTHTb Ha NOCTABAGHHMI BONMpoC AAf
CReRYIOUHX MHOXKECTB: : .

d

—~—

© () ABUBC; () ABNQBC; (ui) ABYCD;
(iv) ABN\CD; (v) ABCYCDA. '
2, Mioxectso D C R™ ‘HaswBaeTci 36e30006PA3HbLM OTHOCHTEINE-
HO TOUKH p, ecJH JAs -Kakaoh Toukn X€ D npamonunedHbift

6 3ax. 712 81
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-10.

11

OTpe30K, coefHRAOUMA p ¢ x, aexut B D, Ilokasars, uTo -Takoe
MHOJKECTBO CBA3HO.

. Hoxasarb, HTO KaXKjioe H3 CReAYIOIWHX MHOXKeCTB CBA3HO: c&bepa;

BHYTPEHHOCTb I1apa; MHOXKECTBO TOYEK, JeXKallHX BHe cQepsl;
TOP; MHOXECTBO TOYEK, JeXalUHX BHYTPH TOPa; MHOXKECTBO TO-
YeK, JeXKalHX BHe Topa.

. IlpuBecTH npHMep, mnoOKaswiBawIHil, uYTo MNPooOpa3 CBH3HOTO

MHOXECTBa INpH HempepbiBHOM OToOpaxkKeHHH He 00A3aTeJbHO
CBA3€EH. -

. Hoxasa'rb, YTO panHanbHasAg MPOECKUHST XOpHAbl, He ABAsioWwedca

JIHaMETPOM, H OTpe3Ka KACaTeJbHOH Ha OKDPYKHOCTL HENpephiB-
HZ 3aKMOYHTL OTCIONA, YTO AYIH OKPYMKHOCTH CBSI3HEL

. [IpHBeCTH mpHMEp ABYX CBSI3HbIX MHOMECTB, mepeceyeHHe KOTO-

PHIX HeCBA3HO,

. BblilCHHTb, ABJAETCA JH MHOXKECTBO TOYCK NJOCKOCTH, HMeIoWHX

X0t Obl OZAHY paliHOHAJMbLHYI0 KOOpAHHATY, CBA3HbIM; MHOXKe-
CTBO TOUYEK, HMEWOIHX TOYHO OJHY pauHOHA/NbHYI0 KOOPAHHATY,
TOYHO JABe panHOHaJAbHble KOOPAWHATHI Ecan kakoe-1HG60 H3 HHX
HECBA3HO, TO YKa3aTh paaduenne.

. ITyets X — MHOXKeCTBO TOYEK BCEX OKPYXHOCTEHl Ha MNJIOCKOCTH

¢ uentpom (0,0) H pamHycoM r, rae r— paltHiOHaJbHOE YHCJO.
Hafitu pas6uenne MHokecTBa X.

. [TokasaTb, YTO BCSAKOe CBSI3HOE MHOIKECTBO JEHCTBHTENBHBIX YH-

cesl BAAETCH OXHHM H3 MHOXeCTB C/IEAYIOWHX BOCHMH THIOB:
MycTOoe MHOXKECTBO, CaMo R, OTKPHTasa HJAH 3aMKHyTas Mmoay-
npaMas, OTAeAbHas TOUKA, OTKPHLITH, 32MKHYTHA HAH TOAY-
OTKPHITHI NPOMEXYTKH.

Ilokasats, 4To mepeceveHue CTATHBAIOWENCA TOCJEXOBAaTE/b~
HOCTH 3aMKHYTHX INIPOMEXYTKOB ecTb HJH OJHAa TOYK3, WIH
3aMKHYTH NpPoMeXyTOK.

Jate apyroe 10Kas3aTeNbCTBO CBSI3HOCTH 3aMKHYTOTO NMPOMEXYT-
ka I: TpeAmosoXKHB, uTO CyllieeTByeT pasGHeHue [=A{} B, no-
CTPOfiTe CTACHBAIOILYIOCA INOC/ENOBATENLHOCTL SAMKHYTHIX HPO-
MeXYTKOB, Y KaXAOro H3 KOTOPHX OJHH KOHell MPHHaJNeXHT A,
a Apyrot — B, u npusefHTe 3TO K MPOTHBOPEYAN, NOKa3as, 4TO
-roqxch, MpHHAAMeXKAlasi HX MepeceYeHHIO, He JeXHT HH B A,
HH B B.

§ 8. Tonoaoruueckue cBOficTBa
H TOMOJOrHYECKAs 3KBHBAJACHTHOCTH

OcnoBHO#l 3anaueil B 3THX naparpadax sasasercs 10-

Ka3aTeJbCTBO TJABHOH TeopeMbl, CHOPMYyaHpPOBaHHOH B

§ 1. ecau pneficTBuTeNbHas GYHKUMA [X onpeaeneHa u

HempephiBHa npu a<x<b, To OHAa MMeeT HaHMeHbllee M
Hau6oJbliee 3HAYEHWS M NPUHUMAET BCe NPOMEXKYTOU-
Hble 3HaYeHWs. Mbl npojenanu Bclo pa6oTy, KoTopas Tpe-

OoBaJjiach AJSE 3TOr0 AOKA3aTeNbCTBA; HYXHO TOJBKO CO-
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§ 8. TOMNONOIHYECKUE CBOMCTBA H 3KBHUBAJIEHTHOCTD

6paTh BMecTe pa3jiMYHHE ero YacTH. DHJAM [OKa3aHH
cJelyIollue TP NpefJIOMeHu:

1. 3amxryrelli npoMeNyToOK ecTo KOMNAKTHOE U C8A3-
HOe MHOXCeCT8o.

2. Henpepoisroul 00paz KOMNAKTHOZ20 MHONECT8Q
KOMRAKTeH, W HenpepoigHobtd 06pa3 C8A3H020 MHONeCTEQ
c8a3eH. .

3. JIroboe KOMnaKTHOe C8A3HOe MHOXMecT80 OelicTsu-
TEAbHBLX YUCEA eCTb 3AMKHYTHLI NPOMENCYTOK.

Kaxaoe u3 nepsblX ABYX NpeAJOXeHHH noJgydyaercs,
€CJH. COeIHHUTb YTBEPKAEHHA O KOMIAKTHOCTH, 0Ka3aH-
Hble B § 6, ¢ yTBepXKIEHHAMH O CBA3HOCTH, AOKa3 aHHBIMU
B § 7. Tpetne npeasoxkenune — 3ro Teopema 7.6. Bee atn
TPU TPeAJONKEHHs BMECTE YTBepKAalOT, UTO HenpephiB-
Hblfl 06pa3 B R /Mo60oro 3aMKHYTOr0 NPpoMeXyTKa H caM
ABJSETCA 3aMKHYTHIM npomexyrtkoM., Ho srto — mpocro
apyro#i cnocob choOpMyJHPOBATh TJIABHYIO TeopeMy.

Mpt He TONBKO J0Ka3aay Hally IaBHYIO TEOPEMY, HO
clenany ropasfo GoJblie: AOKasaauw paj BecbMa 00-
LIMX TEOPEM H HACTOJbKO NPOAHAJNM3HPOBAJH paccyxkie-
HHe, 4YTO TeopeMHbl, AaHAJOTMYHBIe TJIABHOH TeopeMme,
MOTyT ObITh TeMepb MOJYYeHbl 6e3 JONOJHUTENbHBIX TPYA-
Hocreil, Hanpumep, Tor ¢akr, 4TO 3aMKHYTOe M OrpaHu-
yeHHOe MHOXecTBO KoMmakTHo (§ 6), BMecTe ¢ npeAsio-
XKeHuaAMH 2 ¥ 3 NO3BOJAIOT 3aKJ/IOYNTD, YTO

ecau X — 3aMKHYTOE, O2PAHUYEHHOE U C8A3HOEe MHO-
acecreo 8 R™ u ¢ynxyua f: X — R nenpepoigHa, 10 00-
pas fX ecro 3amxryTOLI NPOMENCYTOK.

OmHMM M3 MHOTMX Da3JHYHBIX BUIOB 3aMKHYThIX,
OTpaHHYEHHHX U CBSI3HBIX MOAMHOXECTB NPOCTPAHCTBA
R» sipagiorcs cdeprl B R3, ¥ M nojyyaem, B YacTHO-
CTH, YTO JeHCTBUTENbHAs HenpephlBHas GYyHKLUHA, onpe-
leneHHas Ha cdepe, uMeeT Hambosbllee H HauMeEHbIuee
3HaYeHHE U TPHHUMAET BCE NPOMEXYTOYHble 3HAYEHUA.
Tenepb Mbl BMIHM, YTO NpEANOJIOKEHHE IJABHOI Teope-
MBI, cOCTOsillee B TOM, UTO 0HJIACTbIO ONpeseseHns QyHK-
uuy [ fABAsgercA 3aMKHYTHIli TNIPOMEXKYTOK, YpPe3MEpHO
CTECHHTe/IbHO: J0CTATOYHO noTpeGoBaTh, YTOGH 06JaCTh
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YACTDb I. TEOPEMb! CYIECTBOBAHHSA B OJHOMEPHOM CJYYAE

onpenenennss QyHkuuu [ 6bna 3aMKHYTa, OrpaHWYeHa U
CBfI3HA. . _ _ . o A

- Tenepp MBI B COCTOSSHUM NPUCTYNHMTH K OTBETY Ha BO-
Ipoc: YTO TaKoe TOMOJIOTHA? .

Onpepnenenne. CpofictBo noaMHoxecTBa X &< R™ Ha-

3bIBAETCH TONOAO2UHECKUM, €CNUH OHO 3KBMBAJIEHTHO He-
KOTOpPOMY. CBOHICTBY, KOTOpPOE MOXKHO CCHOPMYJHPOBATH,
_MOJb3YACh TONBKO MOHATHEM OTKPLITOro B X MHOXeCTBa
H OOLIYHLIMH TMOHATHUAMHM TEOPHUH MHOXECTB (3/1EMEHT,
NIOAMHOXKECTBO, AOMNOJHeHHe, o0belliHEH e, NepecedeHye,
KOHeuHoe, 6eckoHeuHoe W T. A.). Kopoue rosops, csoil-
CTBO MHOXecTBa X BJAETCS TOMOJOTHYECKHM, €CJH €ro
MOXHO BBEIPa3UTb KakK CBOHCTBO CeMeHCTBAa OTKpPHITBHIX
MHOXeCTB MHOXecTBa X.
- KoMnakrHoCTb ¥ CBSI3HOCTb — TONOJIOTUYECKHE CBOH-
cTBa. Mbl npocum uuTaTess BHHMATeJbHO NPOCMOTPETh
B § 6 u 7 onpeneneHHs 9TMX mOHATHHE ¥ ybenuTbeH, YTO
B HMX MOJHOCTBIO OTCYTCTBYIOT TaKHE€ CROHCTBA MHOXKe-
crtea X Kak pasmep, ¢opma, AJMHHA, MJAOLLAAB H OGBEM.
ToyHo Tak Xe 3aMKHYTOe MHOXECTBO B X — 3TO TONOJO-
rudeckoe MOHATHE, NMOTOMY YTO 3aMKHYTOE MHOXKECTBO
onpenensiercs Kak nonosnHenve B X HEKOTOPOIO OTKpHI-
TOro B X MHOXKecCTBa. o

Ecou u3BeCTHO, UTO Kakoe-1H60 CBOHCTBO WM MOHSA-
THE ABJAETCH TOMOJOTHYECKMM, TO Mbi MOXeM: CBOOOAHO
ONepHpOBATh UM MPH ONPENENEHUH APYTHX TOMNOJOTHYe-
-CKUX cBoHictB uau noHartufi., Hanpumep, Ann stoff uemnu
MOXHO HO/b30BAThCH NOHATHAMH 3aMKHYTOrO MHOXe-
.CTB4, KOMNAKTHOCTH U CBSA3HOCTH.

- Bor HexkoTopble npHMepbl TONOJOTHYECKHX CBOHCTB
KOHKpeTHBIX MHOXecTB. [Ipamas L ectb cBfi3HOe MHOXe-
CTBO, a AonoJsHeHyue B L mo6oi ee Touky HecssizHo. Hna-
ye roBops, NpAMas NpeBpallaeTcss B HeCBS3HOE MHOXKe-
CTBO TpPH yaajeHun 000 ee ToukH. OKPYXKHOCTb 3TUM
cBolicTBOM He o6Janaer; OJHAKO OHa MpeBpallaercd B
HECBAI3HOE MHOXKECTBO NPH YAaJeHuH JoOBIX JByX ee
touek. OTMETHM HEKOTOpHE TONOJOTHYECKHE CBOHCTBA
IJIOCKOCTH; OHA He KOMNAKTHA, CBA3HA M HE CTAHOBHTCH
HECBSI3HOH NpH yAaJieHuu Jo60ro KOHEYHOro MHOMKECTBa
TOUEK. .
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“§ 8. TOMOJIOTMYECKHE CBOMCTBA K SKBMBAJEHTHOCTD

" Ecam  Kakoe-HuGynan cBoficTBO' MHOXectBa XcR™
BKJIOUaeT TAKHe XapaKTePUCTHKH MHOMecTBa X HAH €ro
NOAMHOXECTB KaK pasMmep, yroJ, AJHMHA, IUIOWAJAL HJIH
o6beM, TO, CKOpee BCEro, OHO He ABJAETCH TOMOJIOrMHye-
ckaM cBofictBoM. Tak, cBoficTBO GHITH OrpaHHYEHHBIM
CBA3aHO C pa3MepaMH MHoxecTBa X, a CBOHCTBO GHITb
3aMKHYTHIM B R™ cBsizano ¢ mHoxecTBoM R™—X, 4 ne
TOJAbKO ¢ OTKPHTHME B X MHoxkecTBaMH. Ha nepebii
B3IVISiJl HY OJHO M3 3THX CBOHCTB HE KaXKeTCH TONOJOTH-
yeckuM coiictBoM X. Opnnako siechb CyIliecTByeT onac-
HOCTH CH€JAaTh CAMLIKOM MOCTelHoe 3aKjawoueHue. Ecau
6Bl MBI pACCMOTpEH CBOACTBO MHOXecTBa X GbITb ONHO-
BpPEMEeHHO OrpaHHYEeHHLIM H 3aMKHYTHIM B R™, TO Ha TeX
JKe OCHOBAHMAX MOTJH Ghl CYMTATh, YTO 3TO — He TOMO-
Jgoruueckoe cpoiicteo. Ho B § 6 Mm JRoOKa3ajH, 4TO OHO
SKBHBAJIEHTHO KOMMAKTHOCTH, KOTOpad ABAAeTCH TONO-
Joruyeckum csoiicteoM. OueBHIHO, HYXKeH NpaKTHYeCKHH
NPH3HAK, MO3BOAAOLUMA BEHISICHWTb, YTO HEKOTOPOE CBOMH-
CTBO He A84A€TCA TOMOJIoTHYeCKHM, Takoll mpusHak OcHo-
BAaH Ha MOHATUH TOMOJOTMYECKOH SKBHBA/EHTHOCTH IBYX
TOYEYHBIX MHOMKECTB.

Onpeaenenne. Muoxectsa X<R™ u YcR™ Hasw-
BAIOTCSE TONOAO2UMECKU IKBUBAAEHTHbIMU (WU 20MEO-
MOp@PHbIMU), €CAH CYDIeCTBYeT TaKas B3aUMHO OJIHO3HAY-
Hasg ¢yukuus f: X — ¥, uro Kak cama QyHkuus f, TaK
u obGparnas ¢ynkuus f': ¥ — X uenpepoiBsn. Takas
dynknus f. naspiBaerca ronosozuueckum oTrobpanxceruem
(nau 2omeomopusmon).

PaccMoTpyuM HecKosIbKO NpuMepoB. Mbl yiKe BUAE/M,
"4To JI06ble ABA MPSAMOJHHEHHBIX OTPE3Ka MOXOGHR U 4YTO
nono6ue HenmpepbipHO. Tak kak ¢yHKuus, o6parHas mo-
no6uio, Takke spaseTcs noaoGHeM, OTCOla - clelyer,
yto MoGble ABA TIPAMOJMHEHHBIX OTPE3Ka TOMO/IOTHYECKH
9KBMBaJEHTHH (puc. 8.1).

Kak nokasaHo Ha puc. 8.2, ¢ NOMOIILIO paJHaJbHOA
TIPOEKUHH C HEHTPOM 2 MOXKHO OnpenesuTh TONOOrUYe-
CKO€ OTOGpaxkeHue NPAMONMHEHHOrO OTpPe3Ka Ha Myry
okpyxHocTH. HenpepeiBHocTb ¢yHKuuM | ROKasbiBaercs
“TaK: PACCMOTPHM KJMHOBHIHYIO 06nacTb, onpeneniicMylo
okpecraoctbio N (fx, ) u Touko#t 2, H BHOepeM NOJIOKH-
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YACTb I. TEOPEMbBlI CYIMECTBOBAHMS B OOHOMEPHOM CJIYUAE

TEAbHOE YHCJIO & CTOAb MajhiM, 4TOGH OKpeCTHOCTb
N(x, 8) nexana B srofi o6nactu. Tak kak obparHas
¢yHKuMS f-! yMeHbiuaeT paccTosHMs, OoHa Tem Gojee
HeTpephLIBHA,

. -
e
//
_Arz
7l - g
5T SN P

2 M= T

Puc 8.1.

B neficreuresnbHOCTY, BecbMa M3BHJMCTAsi KPUBAS MO-
JKeT OKAa3aThCs TOIIOJOTHUECKH SKBHBAJEHTHOH NPAMOJIH-
HeiitHomy otpe3sky. Ha pue. 8.3 usobpaxen rpapuk C
HenmpepselBHOH (yHKuMM f, onpeneseHHOR HA 3aMKHYTOM

fX |- = ——

|
I
|
|
|
!
x

T
Puc. 83

npomexytke /. Ilycrb g: C — I — opToronajabias npoex-
uus, Tak 4to g(x, fx) =x. OueBugHO, GyHKUUA g B3aUM-
HO ofHo3HauyHa W g 'x=(x, fx) nas mcex x€/. Kak
npoekuus GyHKuust g yMeHblaeT pacCTOSiHuS W MOTOMY
HenpepsiBHa. HenpephiBHOCTL o6paTtHON ¢ynKHHM g~!
cnenyer u3 HenpepuBHocTH f. Takum o6pasoM, rpadux C
JI060f HenpepbIBHON (YHKUHMM [ TOMOJOTHYECKH SKBHBZ-
JIEHTEH NPAMOJUHEHOMY OTpe3Ky /[,
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§ 8. TOTTOJIOTMUYECKHE CBOFICTBA M ®KBUBAJIEHTHOCTD

IpyGo roeops, nio6as Kpupas 6e3 camonepecedyeHui,
ONMCHiBa€Masi NPH HENPEPHIBHOM [BUXXKEHHU TOUKH M3 II0*
JNOXKeHHss p B NoJoXeHue ¢ (puc. 8.4), TONOJOrHYECKH
3KBUBAJ/JIEHTHA NPAMOJHHEHHOMY OTPE3KY.

Hpyro#i npuMep roMeoMopgH3Ma JaeT crepeorpagu-
yeckas Mpoexuusi cdepsl S ¢ BHIKOJOTBIM NOJIOCOM p HA
ee sKBaropua/bHylo NuockocTb P (puc. 8.5). Pemenue

q

Puc, 84. Puc. 85.

ynpaxkHeHus 7 u3 § 3 mokaselBaer, 4TO OHA ONpelesseT
TONOJIOTHYECKYI0 3KBHBAJIEHTHOCTH MeXay S —p u P.
Ecnn Mbl paccMOTpUM 3Ty NPOEKUMIO TOJIBKO Ha TOYKaX
oasoro Gonwinoro .Kpyra C, mpoxoasliero 4epes p, TO
TIOJIy4HM TOMOJOTHUEeCKoe oTo6paxenye MHoxectsa C — p
~Ha npamyio L.

[IponaniocTpupoBaB MNOHATHE TOMOJOTHYECKOH 3SKBH+
BAJIEHTHOCTH, BO3BpaTHMcs K OOCYXIEHHIO TOMNOJOrHye-
ckux cpodcts. Crenyooulasi TeopeMa YyCTaHaBJHBaer
OCHOBHOE OTHOILEHHE, CBSI3bIBAIOLIEE STH MOHSTHS.

Teopema 8.1. Ecau muomectsa XcR™ u YcR™ T10-
noAORLUMECKU IKBUBAAEHTHBL, TO OHU 0064a0ar0T OOHUMU U
TeMU Je TONOAOZULECKUMIL CBOLCTBAMU. '

DTO OYeBHIHO, NOTOMY YTO TOMOJOTHYECKOe OoTOGpa-
xenue f: X —Y ycramapiusaer He TOJbKO B3aHMHO
OHO3HAYHOE COOTBETCTBHE MeXAy TOYKAMH 3THX MABYX
MHOXECTB, HO H B3aHMHO OJIHO3HaYHOe COOTBETCTBHE Me-
KAy HX NoaMHoxectBaMd (muoxectBy AcX cooTser-
ctByer fAcY, a wmuoxectsy BcY —ero npoo6pas
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F'B<X), nps KOTOPOM OTKpHITBE MHOXKECTBA NEPEeXOAAT
B OTKpPHITHie M COXpaHSIOTCA BCE COOTHOLIEHHS W omepa-
UMY TeopHM MHoXecTB (manpumep, AcB B X B TOM H
TOJIBKO B TOM -cayuae, ecau fAcfB B Y). Jlio6oe ucTuu-
HOe BBICKa3biBAHHE, KOTOPOE Mbi. MOXKEM CHEeNaTb OTHO-
CHTENBHO TOYeK MHOxecTBa X, mojgmHoxecTs X, OTKphI-
THX B X MHOXECTB H WX TEOPETHKO-MHOXKECTBEHHBIX CO-
OTHOILEHHUH, 1ACT HCTHHHOE BBHICKA3bIBaHUE, €CAH Mbl BCE
TOYKH M MopMHOXKecTBa X 3aMeHuM ux o6pasamu B Y.

IToscuum 3To paccyxieHue Ha NpuMepe cBoficTBa
ObiTh HecBsI3HBIM. Ha si3bike OTKPHLITBIX MHOXECTB OHO
bopMyanpyercsi Tak: X uMeeT 1Ba HEMYCTBIX OTKPHITHIX
nogMuHoxectsa A M ‘B, ydoBaeTBOPAIOIMX YCAOBHAM
AUB=Xu ANB=J. Ecn Ml PaccMOTPHM X 06passl
Mpyu [ M BOCNONbL3yeMCs OYEBUIHBIMH COOTHOIUEHHIMH
fX=Y, [F=C, [(AUB)=fAU[B n [(ANB)=FAN[B,
TO NOAYYHM cjepylouiee: Y uMeeT IBAa HENYCTHIX OTKPHI+
THIX noamHoxectsa fA u fB, ynoBierBopsIOLMX - yCiI0-
suaM fAUfB=Y u fAN[B=Q. Cnep,osaTeJIbHo, Y ne-
CBS3HO,

C nomotipio, TeopeMbt 8.1 MOKaKeM Tenepb, YTO HEKO-
TOpblEe CBOMICTBA MHOXecTBAa X CR™ He fBJAAIOTCA TONO-
JornyeckyuMu. TaK Kak Kaxablii NpIMOIMHERHbIR OTPE30K
TONOJIOTHYECKH 3KBHBaJieHTeH JI060My ApPYroMy IpAMO-
JHHEHHOMY OTpe3Ky, TO €ro AJHHA He fBJSAETCA TOMNO-
JIOTHYECKHM CBOHCTBOM. Tak Kak NPAMOJHMHEHHBIH OTpe-
‘30K 3KBMBAJNEHTeH Jyre OKPYXKHOCTH, He OyieT TOmo-
AIOTHYECKHM: CBOACTBOM M €ro NMPAiMOSHHEAHOCTD. Tak kak
chepa S ¢ BBHIKOJOTOH TOYKOH p IKBMBAJIEHTHA NpHU CTe-
peorpaduueckoii npoekuuyu NJIOCKocTd P, To orpaHuyeH-
HOCTb MHOXECTBA S — p He sBJAsETCH Tononomqecxnm
cBoiicTBOM. Tak xakK miockocTb P B R® 3aMKHYT4, a,MHO-
*ectBo S —p [HE3AMKHYTO, TO CBOHCTBO njaockoctd P
ObiTh 3aMKHYTOll B R® He sAB/IfieTCS TOMOJOTHYECKHM.

Otser Ha Bonpoc: «UTo Takoe TOMOMOTHs?» TeMephb
JO/MKeH GblTh COBEPLIEHHO OYEBMJIEH!

Tonosoeun ecTo Hayka O TONOAO2UMECKUX ceoﬁcrsax
TOHCUHBIX MHONCECTB.

3T0T OTBET. ABAAETCH YIOBJAETBOPUTENALHBIM, HO HE
no/MHLIM. B Hero Hy>XHO ellte BKJAIOYHTbL TOMNOJIOTHYECKHE
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§ 8. TOTIOJIOrMYECKME CBOFCTBA M 9KBUBAJEHTHOCTD

cBoficta ¢yukunit. Ecan f: X—»Y—Hexoropaa $YyHK-
n#s, npuiem XcR™ u YCR", To cBoficTBO -OynKuyH f
'Ha3bIBAETCH TONOAO2UYECKUM, €CNIH OHO IKBUBAJEHTHO
HEKOTOPOMY CBOHCTBY, KOTOPOE MOXKHO C(OPMYIHPOBATD,
HO/b3YSICh TONBKO MOHATHAMU OTKPBITHIX MHOXecTB B X
i B Y, o6pasos u npooGpasoB ¥ OOLIYHBIMH MOHATHAMH
" TEOPHH MHOXKECTB.

Hanpnmep, HeMpepLBHOCTL  €CTh © TOMNOJOrvyeckKoe
CBOMCTEO GyHKUMH, Tak Kak Teopema 4.5 yTsepxKiaer,
yTO (yHKUMSA [ HeNpepriBHA B TOM M TOJbKO B TOM CJYy-
uae, eciy nMpoo6pas KaxIoro OTKPHTOrOo B Y MHOXKeE:
crBa oTkphiT B X. Tomosoruueckue cpoiicTBa GYHKIHEH
JIeTKo oGuapyx(uTb Bor apyroit npumep: csoitcTBo GbITh
"HOCTOSTHHOM OyHKUKed ABAAETCA TONOJIOTHYECKHM. Eme
npuMep: CBOACTBO (yHKIUMH f: X—Y, kcocrosiliee B TOM,
ur0o npoobpas f-ly KaxIoH TOUKM yE KOMMAKTEeH, #B-
JIAETCS TOMOJIOTHUECKUM.

TMonnbifi OTBET Ha MoCTaB/JeHHHH Bbillie BOMPOC BBI*
IVISAUT Tak: y

. Tonoaoeus ecto Hayka 0 Tonoxzoeuqecnux caolicreax
TOUCUHOIX MHONCECTE U PyHKyul.

I[lpoanaau3npyem B cBeTe 3THX ONpefleneHuH A0Ka3a-
TEJbCTBO IVIABHOH TeopeMbl, pacnajaiwlieecs Ha TPH
npejpoxenus, cChopMyaHPOBaHHbIE B HaYaJjle 3TOro napa-
rpada. Bropoe npejiioKeHue ABASETCS YHCTO TONOMOTHYE-
CKHM; OHO YCTaHABJHUBAET, YTO HEKOTOPOE TOMOJOrHYECKOe
cBOCTBO MHOKecTBa X - (KOMNAKTHOCTb) M HEKOTOpoe
TOnofloruueckoe cBOHCTBO (GYHKUHM [ (HEMPepPHIBHOCTD)
BJEKYT 3a co60fi HEKOTopoe TOMOJOruYecKoe ‘CBOHETBO
o6pasa fX (KoMNakTHOCTB). DTO Ke OTHOCHTCA HE TO/Ib-
KO K KOMIAKTHOCTH, HO H K cBsisHocTH. [Iepsoe mpenno-
JKeHHe YCTaHABJMBAET [Ba TOMONOTHUECKHX CBOHCTBA
'HEKOTOPOTO XOpOILO M3BecTHOro o6bexTa. Tperbe mpei:
JIOXKeHHe O06paTHO NEepPBOMY: 3TH [Ba TOMOJOTHYECKHX
€BONCTRA, KOMMAKTHOCTbH H CBSA3HOCTb, XapaKTepuaylol
3aMKHYTble MPOMEXKYTKH CPeny BCeX NOAMHOXKeCTB nel-
cTBuTenbHON npsmoit R. Otcioga Mbl MOXKEM 3aKJIOYHTD,
YTO JOK33aTeNbCTBO TJABHOA TeopeMbl MOYTH LETHKOM
"SIBJISIETCA TONOJIOTHYECKHM.
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YACTH 1. TECPEMBl CYIIECTBOBAHHUS B OXHOMEPHOM {CRYIAE

- Tomo/iorHi0 Ha3biBaIOT pe3HHOBofl reoMerpuefl. Ecan
NONbITaTbCH OKHHYTH B30POM BCE MHOMKECTBA, TOMOJOTH-
YeCKH SKBHBAJECHTHbBIE IAHHOMY TOUEYHOMY MHOXKECTIBY
X, TO HHTYHLAS HOJACKAXeT HAM HarIARHBIH crnocob s
3TOTO — HYXHO NPEACTaBUTb cebe, yTO MHOMKecTBO X
caenano u3 pesmbl. Ecnu X MoxHo mpoiedopMypoBaTh
B MHOXECTBO Y, pacTfirHBasi B OIHOM MeCTe, CXKHMas B
JPYroM, a Koe-Tlie ¥ 3aKpyuuBas (HO HM B KOeM ciyuae

Puc. 86.

HUTZE He PaspeiBas H He Ckaeusas), To X v Y Tomoso-
riyecky 3SKBHBaMeHTHH. Hampumep, MajeHbkyw cdepy
(BO31yUIHH WARHK) MOXHO Pasayth B GOMbIIYIO, 3aTeM
ee MOXHO CXaTb B 3JJHICOMI, a MNOTOM, CXKAaB ele
Gosbllie, IPEBPATUTb SJJHICOMAL B TaHTeab. Ty Xe Ha-
LYTY10 cepy MOXKHO MOMKUMATh B PAa3HEIX MeCTax, MoKa
OHa TOYHO He OOTAHET MOBEPXHOCTb Kakoro-1ubo Ttena,
Bpole MNPAMOYTroJbHOTO MNapanseienunena WM TeTpa-
aapa (puc. 8.6).

Pak kak nBa TONOJOTHYECKH SKBHBAJEHTHBIX MHOXKe-
CTBa HMEKT B TOYHOCTH OJIHH H T€ XK€ TONOJOrHYeCKHE
CBOHCTBA, TO TOMOJIOT CUHTAET HX B CYIIHOCTH OAHHAKO"
BbIMH (TOTIOJIOTHYECKH HEPa3IuyHMbIMHM). DTO aHAJOTHU+
HO TO TOYKE 3pPEHUST B eBK/JIHAOBOH reOMETPHH, coryace
HO KOTOPO# Jie paBHbe QHIYPH [IOJHOCTHIO SKBHBAJEHT-
Hbel, Tonoaoe, mo omnpeneneHyio, — 370 TAKOA MaTeMaTHK,
KOTOPHIY HE BHUAMT Pa3HHUbl MeXay Oy6/iuKoM H Kodeii-
HOl wamkoii. Ha puc. 8.7 Noxa3zaHo HeCKOIbKO NPOMexKYy-
TOYHBIX 3Tanoe pedopmaniu 6ybinka B YallKy.

B kaxaol M3 K/1acCHYECKHX TreoMeTPHH CyHIecTBYeT
NOHSITHE 3KBUBAJEHTHHX puryp. Kaxk Mbl yxke 3aMeTnd,
B eBKJAHJOBOH reoMeTpPHH aBe (Urypbl SKBUBA/IEHTHBI,
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§ 8. TOTIOJIOFTUYECKHUE CBOMCTBA W 3KBHUBAJIEHTHOCTb

ec/ii OHH paBHbI, B YaCTHOCTH, €CJIH CYIIECTBYeT JABHIKE-
HHe, TNepeBojsiliiee ONHY U3 HHX B APYFyio. B mpoekTus-
HOU reoMeTpuy GUTypH SKBHBAJIEHTHHI, €C/iH CYLUECTBYET
npoexTusHoe upeobpasoBanue, NepeBojsdulee OLHY H3
HHX B Apyrylo. [IpoekTHBHBIC NTPEOGPa30BAHHUS BRIIOUAIOT
B ce6s ABHKeHHS U NOJO6HA M, KPOME TOrO, AOCTATOUHO

Puc 87

MHOro Apyrux mpeo6pasoBaHuil, Tak YTO C TOYKH 3peHHsd
NPOEKTHBHOH reOMeTPHH JIoObie Ba TPEYroJbHHKA DKBH-
BaJIEHTHH, a J100as OKPYKHOCTb SKBUBAJEHTHA JIOGOMY
sanunncy (cm. puc. 8.8).

B anddepennnanbHoi reo-

MeTPpHH 3KBHBAJIEHTHOCTD
Puc. 88 Puc. 89.

Ha3biBaeTCA H3oMeTpHell (Y SKBHBAJEHTHBHIX (HUryp paB-
Hble Metpuku). [IBe ¢Hrypel B 3TOM ciydiae IKBHBAJAEHT-
HbI, €C/IH MEeXJYy UX TOYKAMH MOMHO YCTAaHOBHTb B3aHM»
HO OLHO3HAYHOE COOTBETCTBHE, NPH KOTOPOM JJHHA JIC~
Goit KpuBOK B Npoobpase papHa [JIMHE COOTBETCTBYIOLIEH
KpuBoit B o6pase. Hanpumep, KyCoK HWJIMHAPHIECKOH N0~
BEPXHOCTH MOXHO Pa3BepHYTh B KyCOK HJIOCKOCTH. TouHO
Tak Xe, KYCOK KOHYCa MOXHO pa3BepHYTb B CEKTOp
gpyrosoro kKosbua (puc. 8.9). CnenoBaTenbHo, 3TH MO-
BEPXHOCTH U3OMETPHUHBI,
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YACTb I. TEOPEMB! CYULECTBOBAHHS B :OJHOMEPHOM CJIYYAE

JlBuKeHus, NMPOEKTHBHBIE Mpeo6pasoBaHUss M H30-
METpHH SABJASIOTCA TOMOJOTHUYECKHMH . OTODD AXKERMAMH.
B camoMm nene, B 11060M H3 ITHX -CyuaeB COOTBETCTBHE
MexX[y JABYMS SKBHBAJEHTHBIMH - QUrypaMu - sBAAETCA
B3aHMHO OJHOSHAUHbIM H B 00€ CTOPOHB HelpephIBHBIM.
Otciona caesyer, 4TO KaXXJ0€ TONOJOrHYECKOE "CBOM-
CTBO OJHOH H3 TAaKuX (PUryp ABJAAETCS TAKKE CBOHCTBOM
W JADYroil W, 3HAUHT, TONOJOrMYEcKoe CBOHCTBO fBJAfETCH
CBOHCTBOM B CMbIC/Ie €BKJAHJOBON TeOMETpPHH, MPOEKTHB-
Holi reomerpuu u auddeperuuanpHoir reomerpuu. Ilo-
sToMy Jmo0as TeopeMa #3 TOMOJOTHH ABTOMATHYECKH:
OKa3bIBaeTCH U TEOpeMoil KaxJoH M3 STHX TEOMETPHAH.
BBHAy 3TOr0 MOKHO ¢ NMOJHBIM IPABOM CKa3aTh, YIO TO-
HOJIOIHSl — 3TO OCHOBHAS TeOMETpHsl,

YupaxHeHus

1. Onpenenurs romeomoppusm mexay X u Y, ecan
a) X — OTKpuITHIl MPOMEXYTOK, a Y ~— npamMas.
b) X — nonyoTKpHTHII MPOMEXYTOK, a ¥ — ayu.
¢) X — BHYTPeHHOCTb Kpyra, a Y — 1JI0CKOCTb.

2. Tloka3aTs, 4TO OKPYXHOCTb C OXHOH BBLIKOJIOTOH TOUKOfi TOMNOJO~
THUECKH DKBHBAJEHTHA OTKPHITOMY NMPOMEXYTKY.

3. MHOXeCTBO Ha3BIBAeTCA 8NOAHe HECBA3HLIM, €Clid ELHHCTBEH-
HEIMH ero CBA3HEIMH NOAMHOXKECTBAMH SBJAIOTCH OTAeJbHble TOU-
KH H NycToe MuoxKecTso. [IpuBecTu aBa npHMepa BHOJIHE HECBA3-
HbBIX NOAMHOXecTB R, colepmauliux GecKOHeMio MHOro TOYeK. -

4. MuoxectBo X ua3HBaeTCd AOKAALHO C6A3HLIM, €CNK IS KaXK-
nofi Toukk x €X u xaxiaofi ee okpecruocTH N(x,r) cymecrsyer
Takoe cBf3HOe OTKphToe B X MuoxectBo U, uro x€ UGN (x,r).
Buiicuuts, siBafetcs M J0KaNbHO CBASHBIM KaXJ0e H3 CJACAYIO-
IUX MHOMXeCTB:

4) MHOXECTBO BCEX HEMBIX YWHCEJ.

: 1
b) MHOMecTBO {0, T 35 30 ~},

¢) muoxectso [a, b);
d) MuOXecTBO BCeX: DAHHOHAJBHLIX WHCEN.

5. MHoxectBo X Ha3blBaeTcs AOKAAbHO KOMNAKTHOIM, €CA Y Kax-
ROfi ero TOUKH CYHIeCTBYeT OKpecTHocTh B X, colepXaulascs B
HeKOTOpOM KOMIIAKTHOM NOAMHOXecTBe X, -

a) TpuBecTy npuMep HE KOMNAKTHOTO, HO JIOKaJbHo KOMNaKT-
HOT'O MHOXeCTBA. ‘
b) MNMokasarh, uTo KaxAOe 3aMKHYTOe MHOXeCTBO B R™ Jo-
. KaJAbHO KOMMaKTHO. . | ,

6. BuiAcHHTb, KaKoe H3 CJACAYIOULAX CBOfACTB fABNAETCA TOMOJOrHYeE-

' CKMM, a Kakoe— uer, [Inf KaxAoro M3 3TUX CBOACTB, KOTOpOE
Be ABJAETCH TOMOJOTAYECKHM, HAHTH /JBAa TONOJOTHYECKH SKBH-
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§ 9. TEOPEMA O.HEMOLRMIKHOP TOUKE .

BAJICHTHHIX MHOMXKECTBa: ORHO — oOJajaloitice 5THM CBOACTBOM,
a IpYroe — Het.

‘a) X — HeorpaHuueHo.

b) ‘X — Koueuoe MuOXKeCTBO,

¢) X — kpuBan guuHb 2.

d} X — nokanbyo KOMIAKTHO,

€} X — BbinyK/LIl MHOFOYTOJbHUK,

f) X — nokanbHO CBA3HO,
" g) X — BroJHe HecBA3HO.

7. Mponmmnoctpupylite noxkasatenscTso Teopemnt 8.1, nokasas, uTo
eciH KOMRakTHoe MHoxectBo X C R™ TONOJOrHUECKH SKBHBa-
JIeUTHO MUONecTBY Y. R™, T0 Y KOMNAKTHO.

8. Kakne H3 caegyiomux cBoficts ¢yHkuuH f: X—)Y ABJAIOTSA TOMNO-

" JIOTHUECKHMH? .

- ay -O6pas kaxpgoro MHOXecTBa, OTKpHWTOro B X, o‘rxpm B Y.
b) f ecTh nopobue.
; eCTb Napalnebubiil nepeHoc.
Mpoo6pas kaxkRok TOUKH €CTH KOHeuHoe MHOXKECTBO.
e) Tlpoobpas Kax/Jofi TOUKH KOMMAKTEH.
f) Hpooﬁg)as MHOXKecTBa Y orpaHuyen.
g) Tlpoobpa3 kaxaoil TOYKH cBA3EH.

§ 9. TeopeMa 0 HEMOABUIKHOH TOUKe

Eciu uexkotopoe MHoKecTBO OTOGpaKaercs - QYHK-
uneft f B ce6s, TO MOXKET CAYUUTBCS, UTO KaKas-JHO0 ero
Touka nepefner B ceba. Touka x, o6ianaoumias TeM CBOM-
CTBOM, 4TO X=X, Ha3blBaeTcH HenodeusHot TouKoi 0TO-
bpasncenus.. Ecan Kpyr .IOBEPHYTb BOKPYT €ro HEeHTpa Ha
yroa 90°, To eaHHCTBEHHO!I HENOJBHIKHONH TOUKOH OyneT
uenTp kpyra. To xe orobpaxenne, paccMaTtpuBaemoe
TOJMBKO HA OKPYKHOCTH, OrpaHuuuBaioillefi 3ToT Kpyr, He
HMeeT HEeNOJBHKHBIX Touek. Kaxaoe NOCTOSHHOE OTO-
6paxenue NPOU3BOJLHOTO NMPOCTPaHCTBA B cebsi uMeeT
OJIHY HENOJBHXKHYIO TOuKy. Takum o6pasoM, oroGpaxe-
HHe ‘HEKOTOPOro MHOXKecTBa B ce6Gsi MOXET HMETh, a MO-
XeT M He UMeTb HeNMOJBHKHON TOUKH B 3aBHCHMOCTH OT
TOro, KaKOBO 3TO MHOXKECTBO H KaKOBO OToOpaxeHHe.
Onnako B ciyuae npsMoiuHeHHOrO OTpe3ka. (3aMKHy-
TOFO TPOMEXYTKa) HMEET MeCTo cjaeAyolluii 3ameuas
TeJbHBIH Pe3y/bTarT:

Teopema 9.1. Kaoxdoe wuenpepbisroe orobpascenue
nPAMOAUREIHO020 OTpe3Ka 8 cebsa umeer xQrs 6bl. O0nY
HENOOBUICHYIO TOUKY.
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YACTb 1. TEOPEMDI. CYIM{ECTBOBAHUA B OOHOMEPHOM CJIYUAE

Beenem Ha npsamofi, comep:alleil 3TOT OTPe3oK, Ko-
OpAMHATH, TAK UYTO OTPE30K NPEBPATHUTCA B 3aMKHYTHIN
npoMexyTok [a, b]. Torna paccmarpuBaemoe orofpaxe-
uue OyneT HenpepoiBHOH OGynkuueir [: [a, b}—la, b
Onpepenum HoBylo o¢yskuuio g: [@, bl— R yciosuem
gx=fx—x ngns xaxnoro x€la,bl. Takum o6pa3zom,
dyukuua g paBHa B3ATOMY ¢ Oflpe/eIeHHEIM 3HAKOM pac-
CTOSTHHIO MeXJAy TOuKoii X U ee oGpasom fx. Ona mono-
XKHUTENbHA, €CNH fX JIEXHUT NpaBee X, T. €. eCIH fX>X, H

OTpHULATE/IbHA, €CHH fX JIEXHT Je-
{ ! pee x. Ham nyxno maiith uemno-
OBUKHYIO TOUYKY oOTOoGpaxkenus f,
T. €. TOYKY, B KOTOpO#l (pyHKUHA &
paBHa Hymo. Eciu HenogBuKeH Ka-
KOA-HHOYAb H3 KOHNOB NPOMEXKYT-
Ka, TO fOKasuBaTh Heuero. lomyc-
al-H——-——M1+— TuUM, YTO HH OJHH M3 HHUX He HENo-
2 5 nBuxkeH. Taxk xaxk fa u fb npunan-
~ aexar [a, b), To a<fa u [b<b. Ilo-
Puc. 9.1 sromy ga>0 u gb<0. Tlockoan-
Ky GyHkuus g HemnpepniBHa (OHA
AIBJISleTCHA PasHOCTBIO [ABYX HENpPEPHIBHBLIX (YHKLHH; CM.
§ 3, ynpaxsenue 8), TO riaBHas TeopeMa yTBEpPXKAAeT,
YTO g NpHHUMaeT Bce 3HaueHusi mMexay ga u gb. Cae-
AoBaresbHO, B HeKOTOpo#l Touke x€[a, b] dynkuus
gx=0, u 5Ta TOUKa X siBAsiercd MCKOMOH HEenojBHKHON
TOYKOH otoGpaxeBus [.

Teopemy 9.1 MoxHO paccMoTpeTh Ha NpuMepe rpadu-
Ka QynkuuM f, uso6paxensoro ua puc. 9.1. Henonsux-
Hasg TO4YKa OToOpaxeHHs [ COOTBETCTBYET TOYKE 3TOro
rpaduka, nexauiefl Ha GUCCEKTPUCE KOOPAHHATHOrO yIaia
(t. e. ecin fx=x, T0 Touka (x,fx)=(x,x) nexuT Ha
stoit Guccekrpuce). Tak Kak a<fa, To Touka (a, fa) ne-
XKUT Bbille GHCCEKTPHCHI W TOMHO Tak ke Touka (b, fb)
JNexuT Hibke Hee, Tak Kak OGHCCEKTpPHCA paccekaer mJo-
CKOCTb HAa MHOMKECTBO TOYEK, JekKallluX BHIe Hee, H
MHOMKECTBO TOUeK, JekKallluX HHXKe Hee, a rpaduk sis-
JileTcsl CBA3HBIM MHOXECTBOM, TO OH HOJIXKeH Iepeceyb
Buccektpucy. OyBKuUA g H3MEpsAET PACCTOSTHHE MO Bep-
THKAJU Mexay rpadukoM u OHCCeKTpHUCOM,
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§ 10. OTOBPAXEHNS OKPY)XKHOCTH B NPIMYIO

YupaxBenus

1. Hafity nenossHkuyo TOUKy oTo6paxenns npomexyrka [0, 1]
B ce6s, onpenensemoro hopmyiof fx= (I — x2) 12,

2. Mycrs oroﬁpaxenue npomexyTka [0,1] B cebs samaetca top-
mynoft fx=4x — 442,

a) Hapucopate rpadux 9T10ft OYHKIHH H GHCCEKTPHCH y=X.

b) slensercs Ay 310 oOTOGpaXKeHHe B3aUMHO OAHO3HAUHBIM Ha
paccMatTpHBAaEMOM NPOMe}yTKe?

c) Hafity nenogBHXHble TOUKH 3TOr0 OTOGDAXKEHHA.

3. Hycn otobpaxxeHue npoMexytka [0, 1] B ce6n 3amaerca dopmy-

Jao# fx=x2— x+1.
a) Hapscosats rpaduk ¢ysKuun u apaMyo y=x.
b) SBnsercs am 370 oTofpaKeHHe B3AHMHO OJAMO3HAUHBLIM HA
paccMaTpHBAEMOM MPOMEXYTKe?
¢) Hafith HenmopBuKHHiE TOUKH 3TOrO OTOOpaKEHHA.

4. TlokasaTe, yTO ClefylOmee CBOHCTBO MHOXKeCTBA X R™ sBasercs
TONOJIOTHYECKHM: KaxIOe oToGpameHue MHoXectBa X B cebd
HMEET HEMOLBHKHUYIO TOUKY.

5. TpusecTn npumep otobGpaxenus npomexytka [0, 1] B ce6a, umeno-
UIETO POBHO /iBE HENMOABHXKHbIE TOUKHM, a MMeHHo 0 u L.

6. IlpuBects npumep oToOGpakeHHs OTKPBITOro npoMexyrka (0,1)

Ha cebs, He HMEIOLLEro HeMoABHXKHBIX TOYeK.

IToxasaTh, yTO KaXJoe HenmpepuBHOE OTOOpAXKEHHe MOJYOTKPH-

TOTO NpoMeXyTKa Ha cebf HMeeT XoTda Gbl OfHY HENOABHIKHYIO

TOUKY.

N

§ 10. Oto6paxelins OKPYKHOCTH B npswlyno

OkpyxHuocTh 06Janaer CAEAVIOMIHM TNOPA3UTESLHBIM
CBOJICTBOM:

Teopema 10.1. Kawmdoe Henpepvignoe oTobpascerue
OKPYIHOCTU 8 NPAMYIO NepesodUT HekoTOpYIo napy dua-
MeTpanrLHo npomeonozzoofcnmx TO4eK 8 OOHY U TY e TOH-
Ky obpasa.

HokasateanctBo. Ilycte f: C— L —wuenpepbisroe
otob6pasxkenune okpyxuoctd C B npsamyio L. Beeas na L
KOOPAHHATH, Mbl MOJKEM PaccMaTpuBaTh | KaK QyHKUHIO,
3gayeHus Kotopofi npurnagnexat R. Paccmorpum ma C
HEKOTOPYIO Mapy AHAMETPAJIbLHO NMPOTHBOMOJOMKHBIX TO«
Yek p H p’ (puc. 10.1); nyerb ux o6pass B L umeror
KoopauHATH [p=a u [p’=b. Hccnenyem oyukuuio g,
onpenesnsemyio GopMyoi

gp=fp—fp’=a—0b.
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YACTb I. TEOPEMBI CYIIECTBOBAHUS B OHHOMEPHOM CJYUAE

Hockoneky dynknus [ Henpepriua, HenpepbiBHON BYHK-
nuen ot p spasierca u dyskuusa g. Kpome toro, -

gp'=fp'—fp=b—a=—(a—b), .

TaK 4to Qynkuns g aubo M B p, u B p’ paBHA HYMO
(B 3TOM ciiyuae p u p’ UMeiOT nPU [ OAMH H TOT XKe
o6pas), nu60 NPHHUMAEET B TOUKAX p M p’ 3HaueHHS
NPOTHBONONOKHOIO 3HaKa. B mocnexneM ciyuae, mpume-
HASL K OJIHOW M3 NOMYOKPYIKHOCTe# OT p Ao p’ I/aBHYIO

Puc 10.1.

TeOpEMy, MBI HafiieM TOUKy ¢, And Koropoih gq=0=
=fq —fq’. Orciona cnenyer, uro fg=fq’, 1. e. uto onun
H TOT Xe 06pa3 HMelOT JHAMETPAaAbLHO NPOTHBOMOAONK-
Hple TOYKH ¢ H ¢’ _
. AmanoroM JAHaMeTpasbHO NPOTHBONONOMKHBIX TOYEK'
Ha OKPYXKHOCTH CJyXaT aHTunolaivHbie TOYKU HA 3A<
JIMIICE; TAK HAa3bIBAIOTCH TOYKH, CHMMETPHUHO pacnoJo-
eHHHE Ha 3JIHIICe OTHOCHTENbHO ero neHtpa. Tak Kak
OKPYJKHOCTb — YACTHHH CJaydalt sanaunca, TO JAHaMeT-
pajbHas NPOTHBONONOKHOCTD HBJSETCH YACTHBIM CHy+
yaeM aHTHIIOAAABHOCTH. [T0O3TOMY eCTeCTBEHHO CIPOCHTB,
He 6yaer Jid apaJOrHYyHas TeopeMa BepHA M JJS aHTH--
HNOfaNbHBIX TOYEK. , ‘ S
Ecnu oxkpyxuocts X u samunc Y uMeoT OaMH M TOT -
XKe LEeHTP 2 M JieXXat B OfHOH IJIOCKOCTH, TO MeXay
HUMM JIETKO YCTAHOBHTH FOMeOMOpQH3IM, MOCTABUB ApYI-
JApPYry B. COOTBETCTBHE TOYKH, J€kKalllHe HA OJHOM H TOM
Xe Jyye ¢ BepiiHHON B 2. B cyliHoCTH 3TO He YTO HHOE, '
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§ 10. OTOBPAJKEHHA OKPYXHOCTH B NPAMYIO

Kak paguanbhas npoekuus Ha X, ynomunaswascs B § 3,
rae ObiIO AOKA3aHO, YTO OHA HenpepniBHa, Ecom X'u Y
He KOHUEHTPHYHbI, TO Mhl TOJYYHM roMeoMOp(dH3M, CHa-
yajia pajuasbHO CHPOEKTHPOBaB Y Ha OKpyxKHOCTH X/,
HMeIOLLYyI0 TOT Xe HeHTpP, uTo M Y (puc. 10.2). Tak kak

Y

Puc. 102

X u X’ nopo6ubi, T0 X TOMONOrHYECKH SKBHBaMenTHO X/,
KOTOpoe B CBOIO Ouepesb skBuBajdeHTHo Y. Kpome Toro,
roMeoMopdusM Y — X, spasiommniics KoMmnosunmelt pa-
JuaNbHOR NpoeKkunu U nopobus, co-
XpaHsieT AaHTHIOAAJRHOCTh, T. e.
ecau p—o6pas TOUKH ¢ H ¢’ sB-
JIeTCH aHTHNOAOM ¢, T0 oGpas p’
TOUKH ¢’ ABJIAETCH AHTHIOAOM TOY-
k1 p. Takum o6pasoM, rteopeMa
O JAHaMEeTPaJbHO TPOTHBOIOJONK-
HHIX TOYKaxX OCTAaeTCsi CIpaBeiIH-
BOH W AJf 3a1uNCa, DpUYEM aHTH-
NOAANbHBIE TOYKHM MrpaldT Ty XKe
ponb, YTO M JMaMeTpajsbHO mpo- Puc. 103
THBONOJOXHHE.

AnanornuHoe paccyXkjenne NOKasbiBaeT, 4To ITOT pe-
3yJbTAT OCTAETCH B CHJIe W AlA Ji06ol 3Be3no06pasHoill
3aMKHyTOH KpHuBo#t B Bpone MHoroyroabHuKa, H3o6pa-
3eHdoro Ha puc. 10.3. PaguanbHo npoektHpys B us -ero
HeHTpa Z Ha OKpyxHocTb C, nosyuaem roMeomopduaMm,
NepeBoAAINY KAXAYI0 napy ToYyek MHOrOyroibHHKa B,
ACKAUIHX. & ONHON ' TON JKe NPSAMOIF, Npoxoasiled ue-
pes g, B- APy AHAMETPAJbHO MPOTHBOMONIONKHBIX TOYEK
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YACTh 1. TEOPEMbI CYHIECTBOBAHUSI B OJJTHOMEPHOM CJIVUAE

YopaxueHus

1. Ilyetp  f: C—L — npoekuns oxkpyxunoctd C ua npsamyio L H3

TOYKH p, nexamelt Bue C (puc. 10.4).
a) OnucaTh, KakHe npoo6pastl HMeIOT pasiHYHbIE TOUKH -
moft L. :
b) Kakas mnapa puaMeTpasibHO MNPOTHBOMOJNOXHUBIX  TOUEK
oxpyxuocTd C MMeeT OfHH K TOT xe o6pas B L?

14
c
’ x
fr L
fz'
Puc. 104,

2, Iyers L — kacarteabsana k okpyxnrocty C B Touke p. CrpoektH-

&

pyeM C Ha L u3 ToukH p’, AHaMETPAILHO NPOTHBONOJOKHONA
Touke p. Onucath, Kakne npoo6pasbl HMEIOT TOYKH mnpsaMmoit L.
Tlouemy K 3TOMy oTo0paxenmio Teopema 10.1 Henpumeunma?
Tloxa3aTb, UTO ec/id OKpyxHocte C nogpasjensiercd gHaMerpaJb-
HO NMPOTHBOMNOJOKHHMYE TOUKaMH b # b” nHa ABe NMOAyOKDYKHOCTH
D n D/, to npu no6om otoBpaxenun [: D—D’ nexoTopas Touka
OTPA3UTCH OTHOCHTENbHO pHamerpa bb’,

. IokasaTe, uTo ecaum OKpy:KHOCTh C mojapasfenserca AHaMeTpafb-

HO TMPOTUBOMOJNOMHBIMH TOUKaMu b u b’ Ha jgBe NMONYOKPYXKHOCTH
D u D', To mobGoe otoGpaxeune f: D->D’ nepeBogHT HeKOTOpYIO
TOYKY B ee AHTHMOL.

IlpuBecT nNpuMep HeNOCTOAHHOTO OTOOpAXKEHHA OKPYKHOCTH
B DOPAMYIO, fpH KOTOPOM BCSIKHe JABe AHaMETPaibHO (POTHBO-
ROJIOKHLIE TOUKH UMEIOT OIMH H TOT XKe ofpas.

§ 11. 3apaun o Gannax

[TepByo 3amauy o 6aunax TPy6o MOXHO C(;oopMynhs

poBaTh caeayiouium obpaszoMm. JlonycTHM, YyTo Ha OAHOM

H

TOH 3Ke Tapesike Jexar ABa 6JHHa HenpaBUIbHOH (Hop-

Mbi;, T0OKa3aTh, YTO OAHHM B3MaxoM Hoxa ofa 3t OJHHA
MOXHO paspe3aTh poBHO momosaam. Ecau 6w, Hanpumep,
KaXablt H3 OnHHOB cayuaitHo Hmenr ¢opMy Kpyra, TO

08



§ T1. 3AJAYH O BJIIIHAX

HYyXHBIl pa3pe3 gaBaja OH NpsMas, Npoxoasllas yepes
ux meaTpbl. OnHAaKo eciii paccMaTpPUBATH GJIMHBI NPOH3-
BOJBHONH (OPMB, TO 3anaya cTaHoBuTcs Oonee TPyAHOM.
TouHas marematHyeckad TeopeMa BHIIVITANT TaK:

Teopema 11.1. Ecau A u B — 0se oepanuueHtble 06-
AQCTU 8 OOHOL U TOL %e NAOCKOCTU, TO 8 ITOU NAOCKOCTU
CYwecT8yeT NpPAMAa, KOTOpas OeAurT Kaxoyo u3 3aTux
obracrell Ha 08e pPABHOBEAUKUE 4ACTU.

ITog obsacThioc B NJIOCKOCTH TOHHMAIOT CBfA3HOE OT+
KPBITOE MOAMHOMKECTBO 3TOH IJIOCKOCTH. Teopema BepHa
Aaxe B TOM ciyuyae, ec/H OAHH OJIMH JIEKHT Ha APYrom,
T. e. jABe objactd Mo-

YT MEePeKpPHIBATHCA. L(#x)

Tak kak m0oKasaresb-

CTBO HECKOJIbKO JJHHHO-
BaTO, Mbl IIPOBEJieM CHa-
yajia ryiaBHble ero 3Ta-
OH, a ABa BTOPOCTENEH-
HbiX HNpeiJIoMeHHs JoO-
Kaxem nosxe. [Tockonb-
Ky A u B orpanuuens,.
Mbl  MOXeM BHIGpaTh
okpy¥)Hoctb C, BHyTpHU
KOTOpOit GyZeT JexaTb - L(Bx)
o6benuHEHHE AUB ‘ Puc 111
(puc. 11.1). ITyctp 2z —
IeHTp OKPYXKHOCTH C u r — ee paauyc. Hasa no6Golt Tou-
ku x€ C nyctp x’ o6o3Hauaer AuaMeTpPajbHO NPOTHBO-
MOJIOXKHYIO el TOuKy u D, — nuamerp, npoxoaslluii ye-
pes x" u x. [lepBoe nauwe npensoxeHue, KOTOpoe Gymer
J0Ka3aHO No3JiHee, COCTOHT B CJIEAYIOLIEM:

1. s moGo#t Tourn x € C ceMeHCTBO BCeX MPSAMBIX,
NEPIeHAHKYJIIPHBIX nuamerpy D,, comnepXur oaHy Hu
TOJIBKO OAHY mpaAMylo L(A, x), pensiuyio Ha gse paBHO-
BeJHKHE YacTH obJacTh A, U OfHY ¥ TONBKO OLHY Hpsis

mylo L(B, x), pensiyo Ha JgBe pPaBHOBENHUKHE HacTH 06-
aacth B.

OGosnaynMm uepes X4 U Xp TOUKH, B KOTOPHX D, me-
pecexaer coorsercTsenno npsamele L(A, x) u L(B, x). Ha
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UACTb 1. TEOPEMbI CYLIECTBOBAHHSA B OOHOMEPHOM CJIYUAE

D, uMmeeTcst ecTecTBeHHAA lUKaJa (HJIH CHCTEMa KOOPHAH~
'HAT) C HAYAJIOM B 2Z: KOOPAMHATOA NAHHOH TOYKH CHYXKHT
ee. pacCTosiHHe OT 2, B3siTOE CO 3HAKOM ILIIOC, €CAH 3Ta
TOUKA JIEXKUT 110 TY.3KE€ CTOPOHY OT 2, UTO H TOYKA X, H €O
3HAKOM MHHYC B mpotHeHOM ciyuae. ITycTb gaXx u gpx —
COOTBETCTBEHHO KOOPAMHATH TOYEK X4 U Xp. Temepp LJs
KaxAoH TOUKH X € C NOJOKUM

hx = g X — gpX.
Bot Bropoe mpeasioxkeHHe, NOKAa3aTeNbCTBO KOTOPOroO
MBIl OTKJIaJbIBaeM.
2. ®yuxuus h: C— R uenpepniBHa.

PewaiomymM cBOHCTBOM (QYHKIUH /' SBISETCS TO, YTO
ee 3HaueHHd B JIOGbIX ABYX NHAMETPaNbHO NPOTHBONO-
JIOXKHBIX TOYKAX paBHbI O a6COJNIOTHON BeJHYHHE, HO NPO-
THBOMOMOXHB [0 3HAKY: ‘

hx' = — hx nas moGo# Touku x €C.
3ameruM, uToGbl 3T0 A0Ka3aThb, 4T0 Dy =Dy, a uoroMy
L(A,x)=L(A,x"y u L(B,x)=L(B,x');3Haut, X =xa
M X = Xg. OIHAKO TONOKUTENbHOE HanpaBiaenue Ha Dy
IIPOTHBOINOKOKHO TOJOKHTEAbHOMY Hanpasienuio Ha Dy;

OTCIOAA CIEAYET, HTO g, X'==—g,X u gpx’=—gpX, H,
3HAUHUT,
hx' == g X' — gpX' = — g X+ g gx = hx.

Tenepb, no teopeme -10.1 cywmecrByer takas Touka x € C,
yto. hx'=hx.. Jlns 3Tofl TOYKH X OJNHOBPEMEHHO HMeEeM
hx'=hx u hx'=—hx; nosromy. hx=0 u, ciepoBare/bHO,
Xa=xg, TaK dro npsamas L(A,x)=L(B,x) nenur u A u
B na papHOBe/HKHE HACTH. - :

‘Jokasateanctso npegaoxenns 1. Ilycrs L, — nps-
Mas, TepneHpukyaspHas Auamerpy Dy u npoxoxswas
Yepes Touky D, ¢ KoopAHHATOH ¥, a fy— niomanb Tol
yactd o6gacty A, xoTopas JeXKHT MO. NONOKUTEALHYIO
ctopony ot Ly (T. e. o Ty CTOPOHY, KOTOpast. €T B Ha-
npaBaenuy Bo3pacTanus suauenndi y). Toraa f ects nmeir-
cTBHTeNbHAA  QyHKUUS JEHCTBUTENLHON . MEPEMEHHOM;
f: R—R. Koraa y Mmenserca oT —r jo.r, npamas Ly
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§ 1. 3AAUH O BJIMHAX

upoberaer Bechb Kpyr, orpanuueHHbifi C. Byagem cefe
npenctabaaTbh L, Kak CTa/JbHYIO CNHLY, 3aKpemeHHYIO
na pefire Dy moj mpsimbim yriioM k Hell. Korga samum
nepemelaercs no pefike oT X' A0 X, CluHUa 3aMeTaer
Becb Kpyr. Ilpn y=—r 32a)xum HaxopuTCs B TOuKe X', BCA
obnactb A pacnosioXeHa MO MOJOXKUTEIbHYIO  CTOPOHY
or L_,, u, takum obpasom, [(—r) pasBHo mnjowmwanu A.
Ilpu y=r 3axuM HaXoAUTCH B X, -
BCA 0o0JgacTh A JIeXKHT Ha OTpH-
naTeabHoll ¢TopoHe u fr=0.
Yro6nt J0Ka3aTh Hempephis-
Hocth  dyHkuuu f, BO3bMEM
Y, ¥’ €R, npuueM Ajid onpejeieH-
HoCTH GyaeM cuuTath, 4to y<y'.
Torpa fy—fy" ectp mnaomans
Tol uactH obsactu A, KoTopas
JAEXHT MeXAy npambMH L,
u Ly. Tax Kak oHa cojepXHTCH Puc. 112
B OpSMOYrofibHOH  MOJIOCKe, ,
3aliTpuxoBaHHOA Ha puc. 11.2, To orciofa CleAyeT, UTO
\fy—Jfy’ | <2rly —y’|. Jns npousBoiabHoro &£>0 BO3b-
MeM 6=e¢/2r. Ecau Torja y’ npHHaAneXuT 6-0KPEeCTHOCTH
TOYKH Y, TO [y’ mpUHAA/MERHT e-OKPECTHOCTH TOUYKH [y.
CienoBate/bHO, OYHKUUS [ HenpepbiBHA B Touke y. Tak
KakK 3TO BepHO -AJs Jo6oro y, GyHKuus [ HempepbiBHA.
Mo ryiaBHOM TeopeMe, KOTAa Y M3MeHAETCs OT —7 [0
r, GyHKuua [ NPHUHHMaeT BCe 3HAYEHHs, HaAuMHas OT
naomwanu obaactu A jpo uyas. Ilostomy uailzerca xotsa
6Bl OAHO 3HAYEHHE Y, M KOTOPOro [y B TOYHOCTH PaBHO
nosioBuHe miowanu A, tak uronpamas Ly=L (A, x) pas-
pesaetr A nomosiaM. Ham HyXHO YCTaHOBHTb, 4TO Cylle-
CTBYeT JIMIUb OXHH TakKoi paspe3. JonycTuM, u4To, Hanmpo-
TUB, A JendATr nomosiaMm ABe npsaMble L, u L, (r.e uro
fy=fy’) u uto y=#y', ckaxem y<y’. Ilonocka Q Mexay
Ly u Ly ectb OTKpHITOE MHOXECTBO, H €€ [OMNOJHEHHE
pa3buBaercs Ha HBE YacCTH, OfHA H3 KOTOPHIX COAEDPIKHMT
NOIOXKHUTENbHYIO CTOPOHY oT Ly, a Apyras — oTpuia-
TeJbHYI0 cTopoHy ot Ly Tak kak oGaacte A cBfA3Ha, a
ee TOYKY HMEIOTCS B KaXAo# M3 3TuX uactelt, A 10JXKHO
COfiepKaTb U TOYKY MHOXKecTBa Q, ckaxeM p. [ToCKOJBKY,
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YACTb 1. TEOPEMBI CYHIECTBOBAHMUS B OHHOMEPHOM CJIYUAE

A u Q otkpbiTH, TO W mepeceyeHHe AN Q OTKpPLITO H
MOTOMY COJEpPKHT HEKOTOPYIO OKpecTHOCTh ToukH p. Cie-
JIOBATEJIbHO, 3TO IepeceueHre HMeeT MNOJIOXKHTEeIbHYIO
mIomans, M, snauut, fy>fy’. Tak kak 310 npoTHBOpe-
YUT YCJIOBHIO, YTO fy=fy’, eLUHCTBEHHOCTb ROKa3aHa.
CymecTBoBaHe H eaHmCTBeHHOCTb mpsimofi L (B, x) no-
Ka3uBalOTCA TOUHO TakK Ke. JTo sapeplllaeT JOKAa3aTe/b-
CTBO npeanoxeHuq 1.

DokasaTteabcrBo npepyoxenna 2. Ilockoabky h ecrb
Pa3HOCTb g4 — gp, AOCTATOUYHO JOKA3aTh, YTO HEMpPEPLIB-
Hl g4 ¥ g5 (§ 3, ynpaxuenue 8). [JoKaxeM Hemnpephls-
HOCTE (yuxuuu ga B Touke ¢ € C. IlycTh B COOTBETCTBUH
€ HalUMH 0003HAYEHHSAMH C4 — TOUKA NepeceueHHs Aua-
merpa D. c¢ nepnenauxyiapom L(A,c), peasimum o6-
aactb A nomonam (puc. 11.3). PaccmoTpuMm Touky

K
‘” L(Ax)
, L{Ac)

Puec 11.3.

x € C, 6auskyw K ¢. [lpoBenem uepes Touku 4 W v, B KO-
Topuix L(A, c) nepecekaer C, npameie K’ u K”, nepnen-
nukyaspusvie Dy, Ilpamas L(A,c) nemut Kpyr, orpau-
yenustt C, #a age vacta U u V. IMonoca mexny K u K’
pas6uBaer cBoe AOIOJIHEHHE B 3TOM Kpyre Ha [Be 4acTH
U uV, rpe UccU u V'V, Caenosarensuo, U’ u V*
cofiepxaTr He Oosee yeM MO MOJOBHHe Ijollaau obsa-
ctu A. Orciona caenyer, uto npsamaa L(A, x), nepnenpu-
kyaspHaa D, u pensimas A nonoiaam, JexuaT B 3rofl
Hnonoce W, 3HAYUT, B 3TOH IOJIOCE JI€XKHT ‘M TOUKa X4, B
koropoii L (A, x) nepecekaeT Dy. Tak kaK 0oXpy»KHOCTb
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§ 1. 3AIAYM O BJAMHAX

C UEHTPOM 2, NpOXoasAllas uepe3 C,, nepecexaer Dy
BHYTPH IOJIOCH, TO

| gax —gacl < w,

rie W — HIHPHHA MOJOCHI.
Yro6Hl OHEHHTh W, 3aMEeTHM, YTO M3 nomobus Tpe-
YyTrONIbHUKOB CJIEAYET PaBEHCTBO
w __dfe, x)
du, v) ~ d{z x)’

»

rlie € — OCHOBaHHe MepHeHUKYJAspa, ONYLIeHHOTo H3 X
Ha D.. Tak xak r=d(z, x), noayyaem

w=-d—(f’r'—'f)—d(e, X).
Mockoabky d(u, v) <2r u d(e, x) <d(c, x), T0
w < 2d (e, x)

H, C/I€L0BATENbHO,
| ga%— g0 ] <2d(c, X)
Takum o6pasoM, ecid >0 u x EN(c, &/2), To
|gax—gac| <e.

DTo noka3biBaeT, 4To QYHKUUA ga HenmpepuiBHa. IToxoG+
HbiM Xe o6pasoM, HempepbiBH2 M GyHxKuua gp. Tem ca«
MBIM HpefnoxeHue 2 u TeopeMma l1.1 Hmokasausl

Bo Bropo#l nHaweil 3apaue o0 GiamHax TpebyeTcs ouH
GIHH pacceyb JBYMs NepHeHIHUKYJASAPHLIME pa3pe3aMu
Ha yeTbipe paBHHIE YaCTH.

Teopema 11.2. Ecau A — ozpanuuennas 006.acTe Ha
NAOCKOCTY, TO CYUWECTB8YIOT O8e nepnerouKyiapHoie nps-
Mble, KoTOpble Oeanr obaacTe A Ha 4eTbipe 4aCTU, UMEIO-
wue pasryro naowads.

Kak u npexne, sakiounM A B okpyxHocte C. das
Kaxpaolt Touykn x € C nyctb L.—npaMas, nmepneHgIuKy-
aspras D, peasmas A nomoaam, a Ky — aensuas A
nononaM npsMmas, napaijaenvuas D.. dtu Ase npaMbe
nenar A Ha YeThIpe YacTH, MJIOWALH KOTOPHIX, ABHrasch
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YACTL T. TEOPEMBI CYIIECTBOBAHHMSA B OAHOMEPHOM CJIYUAE

NPOTHB 4acEBOH CTPeJKH, Mbi 0603HauuMm uepes P,, Q.
R., Sy (puc. 11.4). Tak xax L, u K. nerar A nounosaw,
HMeeM
P.x+Q.x=Rx+'Sx H Qx+Rx=S.x+P.x'

W3 3Tux cooTHOmEHHM HaxoauM, 4to Py=R, U Q,.=S..
Eciu HaM noeeseTr M oKaxercd, uTO H Py=Q,, TO
npamble Ly n K, 6yAyT c1yXKuTb peliueHHeM Haulei 3a-
pauyu. Tak Kak, BooOuie roeopf, 3TO PaBEHCTBO HE Bbi-
TOJIHSETCA, Mbl pPACCMOTPHUM
pasHocTs  P,—Q.=fx u
BRIICHUM, Kak MeHsercd
3Ta QyHKNHA, KOTA2 X HBH-
XKEeTCs IIo oKpyxuoctu. Ec-
an Touka y€ C BoiGpana
Tak, uro guamerp D, nep-
nieHauKyasaped Dy, TO ACHO,
uro L,=K. u K,=L,.
Orciona  caepyer,  4TO
Py=Qx u Q1/=Rx Io-
CKOIBKY Py=R,, ™Mbl 0o-
JyyaeMm

fy=Py'; Qy= Q—P,=
Puc 114. =_(P.x_— Qx)= -—'fx.

CrenoBaTedbHO, Korja x npoberaer Mo OKPYXKHOCTH AYry
B 90°, dyukuus f menser snax. Ecau 66 GbL10 MOKasawo,
4TO (YHKUHA [ HeNmpepriBHA, TO M3 IJIaBHON TeopeMu
cienoBaso Obi, YTO B HEKOTOPOH TOUYKE Kaxkiao# AYrH B
90° ¢yukuns fx=0. Takas Touka u maBaja 6bl HCKO-
Moe pacceueHue. ‘

JlokasaTenbCTBO HENPEPHIBHOCTH Mbl TOJIbKO HaMes
tuM. Tak Kak [ ecTb pasHocTh ABYX (yHKUMH, Ha 3TOT
pa3 [OCTAaTOYHO IMOKasaTb, YTO HeMNpepbiBHA (YHKUHUA
P, (TouHO Takoe e paccyKAeHue JOKa3biBaeT H Hempe-
‘puiBHOCTb (yHKuuu Q). Ilycts ¢ € C— Ttouka, Hempe-
puiBHOCTL GYHKUHM P; B KOTOPOH Mbl XOTHM J10KasaTh,
H x € C—6au3kas K Helt Touka. Ilepexon ot mapnl mep-s
neHaukyasapos L., K. x nogo6uolt xe nape Ly, K, MOX-
HO npoeectH B naBa wara. CHavaja, NoBepHYB NpAMblEe
Le, K. BOKpYr ux TOYKH IlepeceueHHsl p, IlepeBejleM uX
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§ 11. 3AJAUIl O BJIHMHAX

B napy nepnedaukynapop L, u K, cooTBETCTBEHHO na-

pannenbubix Ly u K. Yros Bpamienus o paeeH kpaTyaii-

uieMy yray, olipefessieMoMy Jyrofi, COeJiHHsIOMEeH ¢ U X.
prd (4

Bropo#t war nepesonur L;, K, B L,, K, nyrem napan-

JenbHOro nepenoca. Pasiocts mexay P, m P, mo aGco-

JIIOTHOH BesiyuHe He GoJiblue, YyeMm IMJIOMaAb HeLeHTPalb-
HOro cekropa kpyra, orpanudenHoro C, ¢ BepiuuHolh p U
YroM «, Kotopas He mpeBocxonur 2rd(c, x), rae r — pa-
nuyc okpyxHoctH C. Tliomagae U nosochl, sexaliieit
Mmexny L, u L, u Buytpu C, He Goablue, yem 2ru, rme
u — paccrosinue mexay L; u L,. TouHo Tak xe miomanb
V nonocw, nexawedt Mexny K, u K, u Bayrpu C, ue

Goabine, yeM 2 ru. Passocts Mexay P, v P, mo a6co-

JIIOTHO!H BeJHYHHE, OUEBHJHO, HE NMPEBOCXOAHUT
U4+VL2r(u+4-v). -

Touka ¢ nepeceuenns L. u L,, KaK JIerko BHAETb, JEKHT
BHyTpu C BBHRY TOrO, 4T0 L, u L, nendar A mnononam
1 A cBasno. Otcloza crexpyert, uto d(p, ¢) <2r, u noToMy
U3 NMoAOOHBIX TPEYroJALHUKOB HaXoauM, uto u<2d(c, x).
TOYHO TakK Xe U v<2d(c,x). OGbeauHAA Bce 3TH OLEH-
K4, nosyuaem

[P,—P,| < 10rd(c, ).

HUrak, eciu 3agano uucao e£>0, MH  MoXeM B3ATb
0=¢/10r, u Torna ana xaxzaoi Touku x €N(c, 6) NC Gy-
IeT BHIIIOJHATBCA HepaBeHcTBO |P,— P.|<e. drto sa-
BepllaeT J0Ka3aTeJbCTBO.

Ynpaxuenud

1. Ha onHoft Tapenke JiexkaT JABa GuHa, OJAMH M3 KOTOPHX HMeeT
¢opMy KkBaapata, a apyrofi — kpyra. YKasarh paspes, no Koro-
poMy OAHHM B3MAaXOM HOXKa MOXHO pasleluTh KaxK/[hil H3 3THX
GJIMHOB NONOJAaM.

2. FolutCa /M MeToA <«JIMHMM UEHTPOB» AJA JIOOHIX ABYX OGJAHHOB,
HMelolWwux GopMy NPaBHALHBX MHOrOYroJIbHHKOB?

3. Cxkoapkumy cnoco6aMy MOMHO KBAJpaTHBA 6/ang pasfeqHTb Ha
YeThipe paBHBIE YaCTH ABYMS [ePIEHIHKYJIAPHUBIMHU [IPAMBIMU?

4. Ilpr penenun moGoro GMHHA Ha YeThHipe PaBHOBENHKHE YacTH
ABYMS MNepNeHAMKYJNADHbHIMH npaAMbBMH P — Q. o6pamaercs
B HyNb NPH KaxXAoM mnoBopore Ha 90°. OGbaAcHHTh, moueMy M3



YACTb 1. TEOPEMbI CYWECTBOBAHHMS B OAHOMEPHOM CJIYUAE

3TOro BOBCe He C/IelyeT, 4To, KOTla ToYKa X oberaer BCIO OKPYXK-
HOCTh, CyUlecTByeT He MeHee derbipex TakHX HesieHHil,

5. lNpuBectH npAMOe [OKa3aTENbCTBO (OT/IHYHOE OT TOTO, KOTOpOE
6bisIo 1aHO B TekcTe) Teopemum 111 mas caygas, Koraa OQHH
6mun umeer cdopMy Kpyra, a JApyrofi — HenmpaBHIbHYI0 (opmy.

6. 3amenum B TeopeMe 1.1 HOX, AenaroulHi npAMONHHeiiHBle pas-
pesrl, ne3BHeM, HMeloWlnM GOPMY NOMYOKPYXEHOCTH ¢ PafHycoM,
paBHBIM [JHAMETDY OKPYXKHOCTH, 32KJIOUaiOWel ape AaHHue 06-
JaCTH, H MO AaHAJOTHH C TpejanokeuHeM | paccMoTpuM Te pas-
pe3s, M1 KOTOPEIX LEHTP NOJYOKPYXHOCTH JIeXMT Ha Jyue,
HiyweM u3 2 H colepxaumem x. [IloueMy mas paspesoB 3Toro
THIIAa DacCyXJeHue He NpOxoAMT? JIna Kakoro THNa KPHBEIX ne3-
BHI paccyXJeHHeé cOXpaHHIO Obl cHy?

§ 12. Hyau mHoroujeHoB

Cnepyroonas Halla Teopema fABJAsSeTCH NpUMEHEHHEM
ri1aBHON TeopeMHBl K aJjre6pe.

Teopema 12.1. Mnuozousen wHeueTndil crenenu c¢ Oeti-
CTEUTeAbHbIMU KOdDPuyuenTamu umeer xora Obl 0OuH
delicTeuTeAbHbLL HYAb.

YtoObl cheaTh NOHATHBIM CMBICH 3TOH TeopeMbl,
pPaccMOTPHM HECKOJIbKO KOHKPETHBbIX IIPHMEpPOB MHOTO-
yJIeHOB YeTHOH W HeyeTHOH cTeneHu. IIpexxne Bcero, ecan
MHoOrouwieH umeer cremeHb 1, fx=ax+b, npuuem a+0, To
rpadukom YHKIUH y=ax-+b cAyXKUT npamas, nepece-
Kajpomas ocb X B Touke X=-—b/a, Tak uYt0 MHOro-
yjieH NPH 3TOM 3HAYEHHH X HMeeT HYyAb. 3aTeM B Kaue-
CTBe IIpHMepa MHOrOWJIeHa CTelleHH 2 PAcCMOTPHM Ilapa-
6ony y=x2+1 (puc. 12.1). KpuBasa menuKOoM JEKHT B
BepxHeil NOJYyIJIOCKOCTH. MuHHManbHOe 3HayYeHue QyHkK-
uuH x2+41 paBHo 1, Tak Kak njs /1060ro nefCTBHTENb-
HOro 4YHcaa x ero Keajapar x22>0; I0O3TOMY MHOTOU/IEH
JAeHCTBUTEJNbHBIX HyJeHd He umeer. ToyHo Tak Xxe He
UMeeT [eHMCTBHTeNbHBLIX HyJMefl M MHorounen x54-1; s10
e OTHOCHTCA H K MHOrowieHy x*— 2x245, noromy uro,
KaK BHJHO H3 COOTHOLICHHUS

Xt —2x2 4+ 5= (x2— 1) 44,

ero sHaueHus He Membme 4 (puc. 12.2). C ppyroi cro-
POHbI, MHOTOUIEH X2 — 4x+3 YeTHOH CTeneHH HMeeT HYJH
=1 1 x=3 (puc. 12.3).
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§ 12. HYJIH MHOTQUYAEHOB

IpadukoM - MHOTOWIEHA Yy=Xx®— Xx+5 CHYKUT KpHU-
Basi, u3o6paxeHHas Ha puc. 12.4; oHa mepecekaeTr ocb X
rie-T0 Mexay —2 u —1. Muorounen x%—2x%+x+4

uMeeT CTeneHb 5; ero rpaduk, cxeMaTHYECKH MpejicTan-
JedHbfi Ha puc. 12.5, nepecekaeT Ocb X T[e-TO MeXAY
—1,7 u —186.

Al
24
1+
N
yrxh-2xies 1T
St 1124 yrx?-4ze3
Puc 122 Punec. 123

B xaxjoM u3 HauwuxX IpuMepoB rpadux MHorowieHa
HEYeTHOHN CTeNeHH BO3PaCTaeT OT —oo, liepecekaer ochb X
H B KOHIE KOHUOB YXOAHT K +oco. Jlioboit u3 mHoro-
yJJeHOB YeTHOH CTeneHH HMeeT rpaduk, OMycKalolmui-
¢ OT oo M TOCHE HECKOJNbKHX BO3MOXMHHIX H3THGOB
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YACTb 1. TEOPEMBI CYLIECTBOBAHUS B OMHOMEPHOM CJIYUAE

BO3Bpamaomuics Kk + oo, ‘Hauin npuMepsn NOKaspBaloT,
4YTO HEKOTOpHI€ H3 3THX MHOIOYJIEHOB OCh X He Iepece-
KawoT. Cytb Teopemtl 12.1 coctout B TOM, YTO B caydae
MHOFOY/IEHOB HEUETHOH CTeneHH 5TOro ObiTh He MOMKET:
KaX/ bl MHOrouJieM HeueTHOH CTeHeHH C AeHCTBHTE/b-
HHIMH KO3dduuueHTaMy AMeeT X0Ts Obl OauH JeHCTBU-
TEJbHbIH HYJIb,

15¢ oy
ol 201

‘/y-:.!.xﬂf ‘ _L/'.-\‘ - .

373 {2 =2f -1 12
5t , y=1'5'-2$’+.z'¢lp

Puc. 124. . _ Puc. 125

Haa noxkasatenncTBa teopembl 12.1 moctrarouno pacs
CMOTPETh MHOTOWIEHH BHAA

f()=x"+axm=14 ... +ap X+ a,
NOTOMY YTO €C/IH Obl KO93(HMIMEeHT HpPH CTaplieM uYjeHe
6ol He paBeH 1, To Mbl Moriu Obl, He H3MeHAA HyJeil
MHOTOYJIEHA, Pa3feJdHTb €ro Ha 3Tor ko3hduunent. [Ipn
x#+0 Mbl MoxeM 3anmucarth f(x) B BHIE

(1+"'+...+""'+—""7)

X

uam f(x) =x"q(x), rae
g =141+ ... 2=t ""-l-l-

Ham ™eron noxaaaTeanTBa 6yneT cocToATh B CJe-
aywouleM. Mul nokaxeM, 4To MHorouneH f mederHodl cre-
NEeHW NPH HEKOTOPOM X OTPHILATENEH, NPU HEKOTOPOM
APYroM X mojoXHTENieH H HenpephiBeH. I'naBnas Teope-
Ma ofecneyHT HaM TorAa TpebyeMmblft pesyibTart,
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§ 12. HYJIM MHOIOUYJIEHOB

Ecin x —vuucio, paa Kotoporo aGco/MoTHas BejHuHu-
Ha KaXJ0ro U3 YJICHOB.
4 & n

X AT

MeHblile, ueM 1/n, To cymMMa
b=t B .. 4

3THX 7 4/€HOB No abCoNIOTHOH BennuHHE GY[eT MeHbile,
ueM njn=1. ATo o3Havaer, yTo A(X) 3aKMOueHa MEXIY
—1 u 41, n TaK Kak ¢(x) =14h(x), T0 g(x) nonoOKK-
Tenbno. YTo6u HaiTi X, ISl KOTOPOro 3TO HMeEeT MeECTo,
paccMOTpHM Ka)Kjo0e H3 4Hcel

1
nlal (nla ) ..., (n]a, )"

u BhiGepeM uucao b, Goablilee aoGoro us HuX. Y6exum-
s, uTo AAf X, Y Kotoporo |x|2>b, g(x) moaoxuTensHO.
3ameTHM, YTO U3 HEPaBEHCTB

(x> nla ) |x]>(rla )% ..., | x| > (n]a, )"
caeayer
a, 1 a 1 an
|7|< - AR b

Ina 3uaueuudt x, y KoTopuix |x|>b, 3HaK MHOroujena
COBMajaeT CO 3HAKOM X", NOCKOJIBKY [(x)=xng(x). u
g(x) nonoxutenbHo, TaK Kak n HEUETHO, X™ HMEET TOT
}Ke 3HaK, uTo H X, Takum o6pasoM, MHOTOWIEH TOMOXKH-
TeJleH NpH x=0b W orpunareised npu x=—b.

Yrobel UMETH BO3MOXKHOCTL IPHMEHHTb MIaBHYIO Te€O-
pPEMY M BBIBECTH M3 Hee CYIIEeCTBOBaHHE HY/If MeXAy
—b u b, Heo6X0MMO NOKa3aTh, YTO MHOTOWIEH BAAETCS
HellpephiBHOH ¢yHKuue#. B § 3 Mu1 noka3anu, 4to moGas
nocroaHHas (yHKHHA (B YaCTHOCTH, MHOTOYJEH CTelle-
Hu 0) u m06as toxknecTBeHHas GyHKuus (B 4acTHOCTH,
MHorouwsleH x.crerenu 1) nenpepeiBHbl. Huxe, B ympax-
HeHuu 2 Tpefyercsl nMokdsaTh, YTQ NPOH3BENEHHE Helpe-
puiBHbBIX GyHKuHi HenpepbiBHO. OTclona chieflyer, 4To He-
npeprBHA QYHKUUA x?=X.X, saTeM (YHKUHA B=x2x
H, N0 MHAYKUMH, NpU xaxmomkﬂenpepbxaﬂa pr!uﬂmﬂ ¥,
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YACTL 1. TEOPEMHB CYIUECTBOBAHMA B OBHOMEPHOM CJIYUAE

TlockonbKy HempepuiBHBI X* H NOCTOAIMHAA @, TO 3TOT XKe
pesyJibTaT TOBOPHUT HAM, YTO HENpepHiBeH u /oGOl 0xHO+
uneH ax®*. Ho kaxabiii MHOrouJeH ecTb cymMMa ofHOYNE-
HOB, a Jni0o6asi CyMMa HeNnpepsBHbLIX QYHKUHI Helpepbis-
Ha (§ 3, yup. 8 u oTBeT); CJAEAOBATENbLHO, KaXKAbld MHO-
roujieH HenpephiBeH.

YnpaxHeHHA

1. Mokasatb, 4T0 MHOrouNed x2 ecThb HenpephiBHAa QYHKUHA,
2. Tlokasatb, 4YTO TNpOW3BeJeHHe JBYX HenpepuiBublx Gyukuui
f:la, b}>R u g:[a, b]->R ecTsb HenpepbiBran QyHKIMA. YKazauue:

| () (gx) — (f2') (gx') | =
= | () (g% — gx") +-(fx — ') (gx)1 <
< x|l gr—gx' | +1ix—fx' || gx')

3. Or wero 3aBucut, GyJer JH IAHHLI MHOrOUIEH CTEnenH A OpH X,
PaBHOM HYJIO, MOMOXKHUTENLHEIM HJIH OTPHIATENLHBIM?

4, TTonb3yacy kputepuem |x|> (nlanl)¥*, uafitu rakoe 4mcno b, uro
muorowner f(x)=x3—2x2—3x npm x>b nonoxkuTeneH, a mpu
x<—b orpunareney. Pasnc)KMB 3TOT MHOTOWIEH HA JMHefHble
MHOXKHTE/H, HafiTH HaHMeHbllee UMCNO &, Ans Kortoporo f(x)>0
npu x>a, u HauGolbliee wuclo ¢, Aus Koroporo f[(x)<0 npu
x<L¢C.

5. Tonpaysce kpurepuem |x[> (alan|)!/*, nafitn Takoe wucno b, uro
MHorousen x5—3x%+ 125x%+4200x2—~x4+2 nosoxurenen Ipu x>b
u orpuuarteney npn x<—b. (Cnenyer ofpaTHTs BHHMaude Ha
TO, U4TO KyOMuecKu#i MHOrowled B yInpaxKHeHud 4 pasJIOKHTb Ha
JHHefiHble MHOXKHTENH JelKO, HO 3TO COBCeM He Tak NpocTo Cle-
JaTh Ju;ﬂ MHolOWIeHa NATOH CTefleHH, pacCMaTpHBaeMoro B 3Tofl
3apave.



YACTDB II

Teopembl cywecTsoBaHua
B ABYMEDHOM Ciy4ae

§ 13. OroGpaxkeHus nJaockoctTdH B cebs

Kak 0bl10 CKa3aHO B BBeJEHHHM, Hallel Lesblo B Ya-
cru 11 aBasercs nokas3arenbCTBO TEOPEMH CYILIECTBOBA-
" HUs JJf CHCTeMBl JBYX ypaBHeHuil. dta TeopemMa opmy-
aupyercs B § 18, a A10Ka3aTesNbCTBO €e 3aKAHUYMBAETCH B
§ 26. B §27—36 sTa TeopeMa NpHMEHSETCA K H3YUEHHIO
HeNOJBUXKHBIX TOYeK OrobparkeHu#H, ocoGeHHOCTEH Bek-
TOPHBIX TIoJiel W HyJelt MHoroujeHoB. Has Toro uTtoGbi
HMeTb BO3MOYKHOCTh COPMY/HPOBATH I'VIABHYIO TEOPEMY,
HaM HYXKHO pAa3BHTb IBYMEpHbIE aHAJOTH OXHOMEPHLIX
noHsTuit U3 yacru I. BaxHeHlmuM u3 HHX sfBasercs mno-
HATHE NOPAJKA 3aMKHYTOH KpHBOH Ha IJIOCKOCTH OTHOCH-
TeJbHO HEKOTOPOH TOUKH 3TOH MNJIOCKOCTH, He Jexaile#
Ha gaHHOH KpuBofi. CHayana Mbl aJUM €ro HHTYHTHBHOE
onpejeneHde 4 NPUBEJAEM HHTYHTHBHOE I0KAa3aTe/bCTBO
raasHOi Teopemut (§ 17, 18). B § 19—26 onpenenenne
CTAHOBHTCA TOYHBIM, a JJOKA3aTe/IbcTBO CTPOrUM.

HanomuuM, uTo B rsnaBHoR TeopeMme uactu 1 peub
uner o6 orobpaxenuu f: [a, b]— R 3aMKayroro npome-
KYTK4 B NPAMYIO JIMHHUIO U JAIOTCst YCAOBUSA, IPH KOTOPBIX
MOXKHO YTBEPXAaTh, YTO TOUKA y € R NpPHHAMIENKHUT 06-
pasy fla, b] (sanpumep, fa<y<fb). B ri1aBuo#l Teope-
Me gactd Il mbl 6ygeM HMeTb fen0 C OTOGpaXKeHHEM
f: D—P xycka D nnockoctd P(=R?) B P u ycraHOBumM
VCJIOBHSI, TIPH KOTOPHIX MOXKHO YTBEpXKAaTh, YTO TOukKa
y € P npunapiexur obpasy fD1).

') B BBejleHHH Gbl10o CKa3aHO, YTO B 3TOH TeopeMe peub HAeT
0 cucreMe IBYX ypasHeHuil f(x,y)=a u g(x,y)=>b. Yro6m or Ta-
KO NOCTaHOBKH BONpOCa NepedTH K TOH, O KOTOPOH MHL rOBOPHM
cefiyac, HYXKHO TOJbKO (X, y) 3aMeHHTb Ha (X, X2), (@, b) —ua
(y1,y2), ([, g) —Ha [ u nappl uucen (xi,x2) H (y1,y:) HHTEpuUpE-
THPOBAaTb KaK KOOPAMHATHL TOYEK X H Y Ha NJOCKOCTH P,
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YACThb II. TEOPEMBI CYIIECTBOBAHHS B IBYMEPHOM CJIYUAE

HanoMHuM TakxKe, 4To A5l BRISICHEHHs CMEICJA [/aB-
HOft TeopeMbl YacTH | u ans Toro, wTo6Ll ee HCTHHHOCTD
CTaja reOMETPHYECKH OueBHIHOH, OKa3aJoch QYEHb NO-
Ae3ublM noHaTHe rpaduka dyukuuu f: [a,6]—R. U B
IBYMEPHOM CJlyyae MO2KHO FOBOPHTH O rpadHke otoGpa-
xkeuusi f: D -+ P. Uro6n nouaTh, YTO OH M3 cebs mpes-
CTaBJifieT, 3aMeTHM, YTO TOYKa NJocKocTH P=R? onuchl-
Baercs AByMfA JeACTBUTENbHbIMH 4YHCHaMH (X3, X2). Ee
06pa3 npu oro6paxenun [ Tpebyer elle ABYX HHCEJ, CKa-
xKeM (41, ¥2). TlosToMy napa, cocrosimiasi 3 TOYKH H ee

S T S I

Puc. 131

‘06pasa, ONMHCHIBAETCA 4eTbLPbMA YHCNAMH, H TOYKA Tpa-
(dHKa - ABJAAETCH TOYKOH YETHPEXMEepHOro MPOCTPAHCTBA.
Takum o6pasoM, rpaduk orToGpaxenus [ ectb KpHBas
AOBEPXHOCTb B R4 - .

B 3toM cocTonT nepeas TPyaHOCTh. YTo6u 06 bACHUTD
Halld TeopeMbnl Ha rpadHkax, tpebyercss crnocoOGHOCTb
(koTOpPO# HHKTO H3 Rac He 00/1a7aeT) OTYETIHBO MBIC-
JIEHHO BHJETb MOBEPXHOCTH B UETHIPEXMEPHOM NPOCTPAH-
crBe. [To3T0My Mbl NO/MKHbI OCBOHTb ApYrofi MeTOH reo-
METpPHYECKOTO NpPeJCcTaBaehHsl 0ToOpaxKeHHii: HyXKHO, KaK
3To Oulno KpaTko omucaHo B § 2 uactu I, pucoBath M
o6pasbl, H npoodpasul. B ocraloliedics 4actH 3Troro na-
parpaga Mb TeM e METOJOM PacCMOTPHM ~HeKOTOphie
Gonee caoxupie otob6paxernus. Hama -ueap — HecKOAb-
KO pasBHTb IeOMETPHYECKYI) HHTYHIIMIO H -TONYEPKHYThH
cTenéHb OGIMHOCTH NOCHAEAYIOIHX TEopeM.

. B-§ 2 wactd 1 B KauecTBe 0TOOpaKEHHH NJIOCKOCTH B
ce6st Mbl paccMOTpeNH Napaiyie/ibHble NMepeHoCH, Bpame-
Hus, oTpa)keHHs ¥ woLoOuA. [IpuMepom Godee CJAOKHOrO
0TOGpaXkKeHus - CAYXKHT oToOpaxkeHHe, pacTiTHBalolLee
EAHHE B- OMHOM HAUPABJACHHH H CIKHMAaIOUlEe HX B ApY-
rom. Pue.-13:1 anmoecrpupyer otobpaneine f, yasausaw-
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§ 13. OTOBPAJKEHHS HIQEKOCTH: B.CEBA

illee AJMHbI B FOPH3OHTANLHOM HaNpaBJeHHH W COKpa-
- miaollee HX BABOE B BepTHKaJbpHOM. OueBHAHO, OHO H3-
MeHsIeT Yrabl B GopMy ¢uryp. OKpyKHOCTH OHO TNepeBo-
aut B saaunc. Kak 3to HH yZHMBHTeABHO, NpsMble OHO
NEepeBOAHT B NpPAMBIE, S

Puc 132

Puc. 13.2 pnatoctpupyer orobpaxende casura P — P,
[TpexcraBum ceGe pelieTKy H3 GOJBLIIOrO YHCHA FOPH3OH-
TaJbHbHIX H BEPTHKAJAbHBIX NMJI4HOX, NPDHYEM B MecTe CO<
€AHHEHHS KaXIOH TOPH3OHTANbHOH M BEPTHKAJbHOH

NON N NN
N A

Puc 13.3.

nAaHKH BOHTO MO TBO3AUKY. DTO YCTPOHCTBO -He $B«
JISIETCSl. XKeCTKHM H MOXET CIBHIaThCA, Yrpoxas npuiie-
MHTb HEOCTOPOXKHBIE MAJIbLbL, — OHO W LAeT NMpeAcTaBJe-
HHe O caBure. CHABHT, KaK H NpeRbiayllee 0TQOpaXKeHHe,
NepeBOfHT OKPYKHOCTH B 3JLIMIICHL H NPSMbIE B NpAMbIE.

Bce oroGpaxenus, ynomMsHyTble 10 cux nop, GbliH
B3aHMHO OJHO3HAYHBIMH. Mbl XOTHM NpPHBECTH .NPHMepbI
M. He B3aMMHO OAMO3HAuHbIX. orobpaxenuil. Puc. 13.3
HITIOCTPHPYET Npocroe -crubanue MIOCKOCTH P no pps-
MOH.. IT0 -OoroOpameHe: Ha . NPAMOl. - CrHGa B3aHMHO

8 3ax, 712 =113



YACTD II. TEOPEMDLI CYIIECTBOBAHUSI B IBYMEPHOM CJIYUAE

ONHO3HAYHO, OJHAKO Kax[Aas TOuKa, JeXaias Haj 3Tok
NPSAMON, HMEET CBOMM Npoo6pa3oM ABe PasHHYHbIE TOUKH
NJAOCKOCTH.

Puc. 13.4 mantocTpupyer IBYKpaTHoe HaBOpauMBaHHe
IAI0CKOCTH Ha ceGs. llenTpanbuas Touka z oToGpaXKkaercs
B cebsa. Kaxnas Touka siyua L Takxke oCTaercsl HemNo-
ABUKHON. Kaxnpifl 1y ¢ BePIUHHON B 2 KECTKO Mepexo-
HHT B JpYrodl Takoi Jyy, Ho oGpasylomuii ¢ ayyoMm L

Puc. 134.

BABOe GojbwiHi yroJ, uem Hcxoablit Jyu. [IpemcraBum
cebe nyy, BpamlaoWHUACA BOKPYr TOYKH 2 C NMOCTOSHHOM
YIJIOBO#f CKODOCTbIO; TOTZa ero obpas Bpaijaercsa -BO-
KPyr 2 ¢ Basoe 6ojblueil ckopocrelo. Korja nepebiii ayy
coBepiiaer noa-oGopora, ero o6pas coBepilaer NMoJHbIR
ob6opor. Kaxjaas Touka N/IOCKOCTH, HE CUHTast 2, HMeeT
npoobpas, cocroamuil H3 AByX ToueK. Kaxnas oxkpyx-
HOCTb C LIEHTPOM 2 [BAaXALl HaBOpauWBaercss Ha cebs.
Ananornunoe oro6pax<eHHe MOXHO ONPENEJHTb H NJs
JI060r0 HaTYpaJbLHOTO A: B 3TOM C1yyae Yrao0BYIO CKO-
POCTb HYXKHO YMHOXKAaTh Ha n. Kaxpas TOYKa NJIOCKOCTH,
KpOMe 2, HMeeT CBOMM Npoo0Opasom Npu TakoM OTO6pa-
JKEHHH POBHO 71 TOYEK.

Eime Gostee CJI0XKHBLIM fBJsiercs oroGpaXkeHHe, HaBH-
paolee naockocrs P Ha ce6s 6ecKOHeyHOe 4YHC/IO pas.
Ono unmocTpupyercs pHcyHkoM 13.5. Topusonraabnas
npsaMas L ortobparkaercs B TOUKY 2, a KaXKjasi BepTH-
KaJbHasi TNpsMas KeCTKO OTOOPaXkaercss B HEKOTOPYIO
npsaMylo, npoxoasimyio uepes 2. Korna BeprukanbHas
npsiMas IBHXKETCSl C NOCTOSHHOH CKOPOCTHIO B FOPH30H-
TaJAbHOM HalpaBJICHHH, ee 06pa3 ¢ MOCTOAHHO YIJ0BOH

114



§ 13. OTOBPAXEHHUS NMJIOCKOCTH B CEBS

CKOPOCTbIO Bpamaercs Bokpyr z. Ha weprexe uszo6pa-
JXeda TOJIbKO MOJOBHHA ofHoro o6opora. B Kaxnylo Toy-
Ky [IDH TAKOM OTOOpakeHHH nepexojHT 6eCKOHeYHOe YHC-
Ja0 Toyek. [Ipoobpa3oM TOYKH 2 CAYXKUT uLesas npsiMad,

Puc. 135.

a npoo6pa3s BCAKOH APYroil TOUKH COCTOMUT M3 JBYX pSi-
Jl0B ‘TOYeK, OfHH H3 KOTOPLIX PAachoJ/ioXkKeH BhIIE, a JpYy-
roii —HHXe npsMoit L, NpHYeM cOCeHHEe TOUKH Kax-

Puc. 136.

JIOr0 H3 3THX PAJOB OTCTOST APYT OT APYyra Ha OLHHAKO-
BOM PacCTOSIHUH.

OrobpaeHus, KOTOpble MOXKHO ONHCATh TOYHO M Obi-
CTPO, OOBIYHO CJAMILKOM IPOCTHI, 4TOGH AaTh NpejcTaBJe-
HHe O TeX CJIOXKHOCTAX, KOTOPble MOTYT BCTPETHTbCSI B
obuiem cayyae. Puc. 13.6 namocTpHpyeT ojHO oToGpaxe-
HHe, KoTOpoe Mbl He OyneM onHcuiBaTh HOZpobHO, OO
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YACTb If. TEQPEMbBI CYRIECTBOBAHUSA B JBYMEPHOM CJIVUAE

nepeBoaHT CEMeCTBO KOHUEHTPHUYECKHX OKPYXKHOCIeH B
cemeiicTBo BocbMepok. O6pasoM MIOCKOCTH P CayXKuT B
STOM CJIyuae B TOYHOCTH 4acrtb P, orpanHyeHHas ABYMs
Jyyamy. IHTYHTHBHO MOXKHO ce6e NpeACTaBJATh, YTO ITH
KOHIEHTPHYECKHEe OKPYkHOCTH CHAyaja BBICTPAHBAIOTCA
BIOJMbL HEKOTOPOro Jjyda, He Jexkalllero B NJOCKOCTH P,
TaK 4TO MIOCKOCTh P NEpeXoiuT B KOHYC, 4 3aTeM Kax-
nasl H3 HUX 3aKPyyHBaeTcs Ha noj-o6opora, NpeBpaIanch
B BOCbMepKy, npHyeM BCe 3TH BOCbMEDKH yXe JeXaT B
OHOM MJIOCKOCTH H 3aMOJHSIOT YroJ, OrpaHHYeHHbIH NBY-
M# JTY4aMH.

YnpaxHeHHuA

1. Moctpoutrs oroGpaxenue f: P—P, cHauana HaBepHyB MJIOCKOCTDb
P ua uuauuap Q Tak, 4ro6nl npaMbie, napajijiedbHble OCH X,
cTaj# HapalJielbHHIME OCH LHAHHApPa @, a 3aTeM OPTOTOHAJLHO
cnpoekTHpoBaB Q ma P, cukTas npH STOM, YTO OCh UMAHHApa Q
napajiiellbHa OCH X. Onicats obpassl npu f

a) naockocrd P;

b) ropusonTaiLHOHA npAMOH y=const;

c) Bepmxanbnou npfmoﬁ x=const;

d) nakaonno#t npamoii; .

.. e).onucats npoobpa3- NPOH3BOJLHON TOUKH. -

2. Iycts P — nAoCKOCTb, NPOXORAMIAA Hepes IEHTD ctbepu S. To-
CTPOHTD oto6paxenue f: P-»P KaKk KOMNO3HIHIO CHAYaja CTepeo-
: * vpaduueckolt npoekuns P->»S M3 mnomoca p,

\ . .. a 3aTeM- OpTOroHajibHOR mpoekuun code-

pui S wmasal B anockoeTy, <P.  OnHcaTs:

a) o6pa3 mrockoctd P, b) o6pas npous-

BOJIbHOH npaMoR L Ha naockoerd P, ¢) mpo-

o6pa3s HpOHBBOJleOH TOUKH, npuualme)xa-

. meu fP.

3. Nycrs f——omﬁpax{euue, KOTOpOe HJIIO-
ctpupyer puc. 13.5. Onucath 06pas
a) BepTHKaJIbHOMH npnuou
i'PH'é. 137, o b) ropusouranvuoii npamodn, Haxozmmeh-
T 7 7i €A Ha pacCTOSHMH r-OT npAmoi L,
c) HaKJOEHON mpaAMOM.. .-
d) Hapucosats npoo6pas KOHQHrypauny, H3o6paxeHHOH Ha
puc, 13,7, noKasas nepaue JoATOpa oGopora

§ 14 prr

Baxmyxo poab B q)opmy.rmpOBKe HB noxasaTenbc'rBax
Halux ozmomepﬂux ‘TEOpeM, Hrpajd NpOMeXYTKH. Ana-
lnomtmyro pom, B ~11'Bymepublx TeopeMax 6y11y'r HI‘paTb
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§ 14. KPYT

kpyru. Kpye D na nnockoctd P cocTOHT H3 OKpYXHOCTH C
f Bcex Touek naockoctdH P, nexamux BHyrpu C. Okpyx-
nocts C wnaswiBaercs epanuyeid xpyra D. Kpyr D 3a-
AaeTCa CBOMM LEHTPOM z H paauycoM r. Touku Kpyra
OTCTOAT OT 2 Ha PACCTOSIHHM, MeHbllleM WJH PaBHOM pa-
nuycy, T. e. yenosde x€ D osnauaer, uto d(x, 2) <r.
Mul Buedd, 410 JI06LIe ABa 3aMKHYTHIX NPOMEXKYTKa
nofoGHbl H, CJeJ0BATE]bHO, TONONOFHYECKH 3KBHBaJIEHT-
HBI, 3TO JXe BEpHO M AJa Jo6bx AByX kpyros D u D’
Ecaiu D u D’ umeor pasHble LUEHTPH, TO cHauana kpyr

G o 43
D

Puc. 14.1,

D’ MOXu0 ¢ NOMOWBIO NapaJJiesIbHOrO NepeHoca nepepe-
ctd B Kpyr D”/, umeomuit ToT e nentp 2, yro H D. 3a-
TeM HYXHBIM 0Opa3oM nopo6panHoe pacTsKeHHE HJH
cXXaTHe OTHOCHTEAbHO 2 nepeBesetr D/ ua D.

B oanomepnom cayuae ji060e nogMHOXKeCTBO NPAMOH,
TONOJOrHYECKH SKBHBAJEHTHOE HEKOTOPOMY 3aMKHYTOMY
NPOMEXYTKY, H CaMO SABJAETCS 3aMKHYTHIM NPOMEXKYT-
KOM, NIOTOMY YTO OHO JOJIKHO ObITb KOMNAKTHBLIM H CBfI3-
HboiM. Ha nJjockocTd, ogHako, CylleCTBYeT MHOIO COBep-
IIeMHO HEMOXOXHX JAPYr Ha Apyra NOAMHOXECTB, TOMO-
JOTHYECKH 3KBHBaJEHTHHX Kpyry. Hanpumep, npu oro-
GpaxKeHHH CABHFa KPYr MOXET OTOGPA3HThCS Ha JIHIC
BMecCTe C ero BHyTpeHHoctbio. Puc. 14.1 mumectpupyer
TONOMOrHYECKOe OTOGPaKeHHe KPYra Ha HEKOTOopYyio npo-
CTYI0 3aMKHYTYI0 KDHBYIO BMeCTe C €€ BHYTPEHHOCTBIO.
Lientp z oro6paxaercsi B TOYKY 2/, a KaXJblli OTpe30K
2y, coeauusiomHil HeHTp Kpyra D ¢ Touko#l OKPYXKHOCTH
Y, oTOGpaxKaeTcs C NOMOILbIO NOAOOHA (PACTSIKEHHS HJH
CKaTHsl) HA NapajJesbHBEIE eMy orpe3ok 2'y’. Dror xe
NpHEM NPOXOAHT H A JI000T0 BHIMYKAOFO MHOFOYFQJib=
HHKa, HanpHMep TPeyroibMHKa WJH NPSAMOYTroJbHHKA,
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YACTDL II. TEOPEMBLI CYILLECTBOBAINS B NBYMEPHOM CJHYYAE

B reopemax vacru Il Mbl OymeM cuHTaTh, 4TO CJIOBO
QKpyr» O3Hauaer MIOGYI0 H3 3THX QHTYp, TONOJOTHUECKH
HKBHBAJEHTHBIX Kpyry. Kpyr Mbi NIpeinouHTaeM OCTajb-
HblM UTypaM H3-3a €ro CHMMETPHH H [POCTOTHI ONHCA-
HHA.

Kpyr D, oueBujiHO, orpaHuyed, Tak KaKk OH LEJHKOM
JeXMT BHYTpH Jio6oro kpyra ¢ GOJbIIHM DPAAHYCOM H
TeM Ke ueHTpoM. OH SBAfETCA H 3aMKHYTbIM MHOXe-
CTBOM, NIOTOMY 4YTO KaX/ias TOYKA ero NONQJHEeHHs HMeeT
OKpeCcTHOCTb, He nepecekatomyiocs ¢ D. HeficTBHTenbHoO,
ec/iH y He npHHaanexur D, To paccrosnue d({y, z) 50Jb-
uie pajpuyca r Kpyra D, i TOrfla OKPEeCTHOCTb TOUKH Y
paauyca r’=d(y, z) —r He cojepxuT Touex u3 D. Tak
Kak Kpyr D 3aMKHYT H OrpaHHYeH, OH fBJSieTCA KOM-
NakTHHIM MHOXeCTBOM. [losromy ans N11060ro HenpephbiB-
Horo oroGpaxenus f: D-—P obpa3 fD xoMnakren u,
C/le0BaTe/IbHO, 3AMKHYT H OrpaHHYeH.

IOns ao6eix ABYX ToueK Kpyra D coemuHaoUini HX
oTpe3oK Takxke naexuT B D, CneposartenbHo, D — cBs3-
Hoe MHoxecTBo. [lostomy o6pas fD kpyra D npu Jio-
6om HenpepuiBHOM oToGpaxcenuu f: D — P cpasen.

YnpaxHenns

1. Hoxkasarb, uT0 3aMKHYTEI NOAYKPYr romeomopder xpyry. 3akain-
YHTb OTCIORE, 4TO Jt000e MPOCTPAHCTBO, roMeoMopdHOe Kpyry,
roMeoMop$HO H 2TOMY NONYKPYTY, :

Puc. 142

2. NMokasars, uro ecau D -—xpyr, a C — orpauuuuBawan ero
OKDYKHOCTb, TO J060#i roMeoMoppuam g: C->C MOXKHO NPOLOJ-
XHTb B roMeoMopbuam f: D—>D.

3. [Tokasath, ut0 ecan A M B — OBa MOAMHOXKECTBa IJOCKocT P,
roMeoMopdHHe Kpyry, # ecau nepecedeine A[}B apaserca nyro#
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§ 15. NEPBBIE MOTBITKMA COOPMYJINPOBATD IVIABHYIO TEOPEMY

KaK }Epunoﬁ, orpanuyuBaomiefi A, Tak n KPHBOX, OrpaHHU#BAK-~

meft B, o o6benunenne A1} B romeomopdHo Kpyry.

4. Kalmea H3 ¢uryp, usobpaxenuHx Ha pHC. 14.2, romeoMopdum
Kpyry: C

5. a) Paspemem nocaensior0 u3 ¢uryp, naobpaxennwx Ha pue. 14.2,
yIaluB H3 Hee, Kak MOKasauo Ha puc. 14.3, yskyw mnonocy A.
bByAer nu ocTaBweecn MHOMXeCTBO ToMeoMopHO Kpyry? b) Kaxoe

Puc, 143.

coyeraude pa3pe3oB A, B u C NpHBORUT K MHONKecTBY, FOMeo-
moppHomMy kpyry? c) Croanko paspesos tpeGyeTca cHenaTb B
tburype, umelomedi Tpu OTBepcTHA, YTOGW HOJYYHTL MHOMKECTBO,
romeoMopdHOe Kpyry?

§ 15. NepBbie nonbiTkH CHOPMYyAHPOBATH TAABHYIO
TEOpEMY

Hama rnaBRas Teopema B JABYMepHOM cjAyyae aHa-
JIOTHYHA TJIaBHOH TeopeMe JJIs OAHOMEPHOro cJy4as.
Oua yrBepxpaer, uro eciu f: D-» P — uenpepsiHoOE 0TO-
GpaxkeHHe Kpyra B IJOCKOCTb, TO ypaBHeHHE fx=y HMe-
er pemenne x€ D pas kaxpoit Toukd y€ P, ynoBJeTBo-
paomel HekoTropoMy yciosHio. CopMyaHpoBaTh 3TO
yCJIOBHE HOBOJBHO CJAOXHO. Mbl MOJOHAEM K HEMy HO-
creneHHo, y6eqHBIIKCh, YTO HEKOTOpble MPOCTHIE, HO, Ka-
sajocb Gbi, HaNpaIUHBAIOIUHECS YCJOBHS He TOAATCA.

B oanomepHoii TeopeMe, rae D ecth 3aMKHYTh npo-
MexXyToK [a, bl, AocTarouHo norpe6oBath, uTeGH TOUKA y
Jexana mexay fa n fb. Toukw a H b ABasioTCH Kpaii-
HHMH TOYKAMH NPOMEXYTKAa H OTeJSIOT ero OT OCTalib-
HOH vacTu npamofi. B cayvae kpyra XpaHHUMH TOYKaMHu
D sBnsioTca TOUKH rpauuuHoit okpyxHoctd C, u C or-
aeasier D or ocraibRo#t wacTH naockocTd. TakHm o6pa-
30M, YCJOBHE, KOTOpOe HaM HYXHO c(opMy/HHpPOBaTh, No-
BMIMMOMY, HOQJXKHO Kak-TO CBfI3HIBATh PAaCNoOjOXeHHEe
ToukH Yy ¢ pacmonoxendeM [fC. OueBHAHO, CKasath
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YACTb 1. TEOPEMbB] CYIHECTBOBAHUA B IBYMEPHOM CJIVYAE

«y JgexuT Mexay fC» Gbiio 6b GeccmbiciieHHO. Ecid
O/HOMEpPHOE YCJIOBHE MBI BBICKAXKeM HHaue, Tpebys, uTO-
66 Touka y Oblia okpyocena ToukaMH fa W fb, To OHO
Gyjer BbIpaXaTh Ty e CaMyiO HJel0, & ero JABYMepHblil
anajor: «Touka gy OKpyxeHna MHOXecTBOM [C»,—yxke
6yleT HMeTb KaKOH-TO HHTYHTHBHHE cMmbich.  Ilombt-
Taemcs chopMy/IHpOBaTh 3TO ycJoBHe Touro. [TonpoGyem
cHayaJia CKa3aTb TaK:. «y fIBJAETCS TOYKOH Kpyra, rpa-
HHled Koroporo cayXHut fC». D10 ycaoBHe HE TORHTCA,
MOTOMY 4TO OJiA MHOPHX HenpephBHHIX oTo6paxeHuit f

Puc. 15.1.

muoxectso fC He 6ymer okpyxHocThio. OHO yierko Mo-
JeT OKa3aThCsl 3JJIHICOM HaH KBaapartoMm. ChenaeM BTO-
pyI0 MONBITKY, CKa3aB, 4TO &y ecTh Touka 00aacTH, rpa-
Huuelt KoTopol cayxur fC». Orto ycjOBHE Jydylle, HO
3fech He ponyckaercs, 4to6u fC, HanpuMep, 6bi10 BOCh-
Mepko#. B kauecrBe Tperbeil MOMLITKH HCMLITAEM TaKoe
Tpe6GoBaHue: «y ABJAETCS TOYKOH HEKOTOPOil OrpaHHueH-
HOit 06nacTH, rpaHniia KoTopeii cogepxurcsa B fC». Cha-
yajga Kaxercd, 4yTO 3TO HMEHHO TO, YTO HAaM HYXKHO, HO
TONBLKO 1O TeX NOp, MOKa Mbl HC PACCMOTPHM OTOOpaxe-
nue f: D — P Ha puc. 15.1. 9710 oTo6paxenue Jay4lle Bcero
ONHCaTh B HECKOJIbKO IIArOB, ABHMAfACh NPH 3TOM Ha PH-
cynke caepa nanpaso. CHauana coxmem D B ajunHyio
yakyio nosiocy E. ITorom usornem E B KpuByw Qurypy
F, MOX0XKyl0 Ha paspyThie TPH HYETBEPTH OKPYXKHOCTH.
Bysem npojomkarb 370 H3rHOaHue, N0Ka B OKOHUATENlb-
noii ¢urype fD xBa KoHila re mepekpowtcs. Touka y
Ha 9TOM pHCyHKe He NpHHALJeXKHT [D, 04HAKO OHA Ha-
XOJHTCSl B OrpaHHueHHOH 006JacTH, TPaHHLla KOTOPOH Co-
pepxutcs B fC. - - - :
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§ 16. KPUBBIE 1 IAMKHYTLIE KPWUBbIE

Ha nocnesneM npumepe XOPOILO BUAHBI TPYAHOCTH,
KOTOpble Mbi JOJKHbI Npeofonerb. KakoBo TO oTHoLIe-
HHe, KOTOpoe TOUKYy y', npuHaanexaumyio fD, caaswiBaer
¢ fC, a Toury y He cBsi3nBaer ¢ fC? OTBer Ha 3T0T BO-
npoc Gyner 4aH ¢ MOMOLIbIO HOBOro NMOHATHSH, KOTOpOE
Mbi BBEJIEM no3xke, — NopA0Ka kpusol OTHOCUTENbHO TOU-
Ku. Mbl yBHAHM, 4TO NOPSiIOK {|C OTHOCHTE/ILHO TOYKH Y’
HEe paBeH Hymo, a Nopsifok f|C OTHOCHTENBHO TOUKH Y
paseH Hymwo. Bor nouemy ypaBHenue fr=y’ umeer pe-
uienne x€ D, a ypaBHeHHe [¥=y pelleHHs He HMeeT.

YnpaxHeHue

1. MokasaTh ¢ NOMOWBIO NpHMepa, 4TO C/AeAyOlUlee YC/JAOBHe, HaJjo-
XeHHoe Ha TOUYKY Y, HE TapaHTHPYeT TOro, 4To OHa OyAeT mpHHal-
aexars fD: ecnin 2 — ueHtp kpyra D, To y u fz neXkaT B oxHoM
H TOM Xe CB3HOM NMOAMHOXecTBe Jouonueuus P—fC.

§ 16. Kpupble u 3aMKkHyTbie KpUBbie

Jlo cux nop NOA CJAOBOM <«KPHBaf» Mbl TOHUMaJH
rpaguK HekoTopoil HenpepuisHofl ¢ynkuunu f: [a, b]-R.
Tenepn HaM HYXHO OYJeT MOJMb30BaTbCl UM B CaAeAylO-
uleM GoJiee LWIHPOKOM cMmbicie. Kpusas na nnockoctw P
MO0 ONpele’NeHuio ecTb HelpepblBHOe otolpaxenue
@: [a, b] - P HexoTopOro 3aMKHyTOTrO IPOMEXYTKA B MO~
ckocth P, Kaxnoe uncno {€ {a, b] MOXHO TIOHMMATh KaK
MOMEHT BpeMeHM, a COOTBETCTRYIOLLYI0 TOYKY ¢f€ P —
KaK M0JI0}KEHHe ABHKYLleHcs TOYKH B 3TOT MOMeHT: Ta-
KuM 06pa3oM, KPUBYIO MOXHO paccMaTpuBaTh Kak Tpa-
exTopuro ABMXKyllefics Toukd. B wactHoctw, mobas KpH-
Bas HMeeT HeKOTOPYIO OPHEHTALHI0 B TOM CMBICHE, YTO
NpPeANoYTHTENbHOE UM NMOJOXKHTENbHOe HaNpaB/ieHHe Ha
Heit ugeT oT @a K @b. 310 — Hanpas.jeHHe . ABHXKEHHS
(unu Bospacranusi ). Ha pucynkax opueHTanmus KpuBbIX
yKa3biBaeTcsl CTpPeKaMH, Kak na puc. 16.1. 3amerum, uro
KpHBO#l pa3peiiaercs nmepecekartb celd, T. e. ABMXKYylias-
Cq TOYKA MOXKeT MPOXOAHThL depe3 ONHY H Ty Ke TOYKY
NJOCKOCTH HECKONBKO pa3 B pa3sHbie MOMEHTHl BPEMEHH.
BoJaee TOro, ABHKYLIASACA TOYKA MOJXKET B TeueHHe HEeKO-
TOPOro NMPOMEXYTKAa BPeMeHH ocTaBaThbcs B nokoe. Ha-
npuMep, TNOCTOSIHHAa Qyukuus, oro0paxalwoias Becb
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YACTb II. TEOPEMb! CYIIECTBOBAHUS B HBYMEPHOM CJIVUAE

NpoMexXyToK [a, b] B ofHy TOuKy, siBAsieTCH KPHBOH B Ha-
ueM cMbiciie. 3aMKHYTAs KPU6as eCTb KPUBasi, HAaUHHAIO«
mascsd M KOHYawIasics B OXHOH W TOH Xe TouKe, T. €.
KpHuBasi, Y KOTOpol ga=gb.

IpsiMosiuneiinbiil oTpe3ok L, upyuiuit u3 Toukd A B
TOYKY B, MOXHO NPEACTAaBHTb KaK HEKOTOPYIO KDHBYIO.
HanomuuM, uro nwGute 1Ba oTpe3ka moaoGHBL. Takum
oGpasom, ecau ¢: [a, b]— L — nogoGue, npHueM ¢pa=A

ob 1 ¢b=8B, 10 @ onpejensier

KpUBY10, 06pasoM KoTopoil

sBasierca oTpesok L. B

3TOM NpHMepe ABHXKyuiasi-

cl TOYKAa HMeeT IOCTOSH-
ya HYIO CKOPOCTb.

Puc. 6.1 Ipaduk unenpepsbiBuOi

byuruun f: [a, b]— R ectb

kpuBas. HyxHo Tosnbko Asi kKaxknoro snauenus ¢ € [a, b)

B KauecTBe ¢f B3ATb TOUKY C KoopAHHaTaMu (I, ft). Kpu-

Basi 3TOTO BHAA He MMeeT caMorepecedeHuil H He fBaseT-

cql 3aMKHYTO#, TaK KaK M3 fj7f; clefyer, YTO TOUKM @fy

H @l HMEIOT Pa3HuHble aOCIHCCHL.

JlioGyio okpyxHocts C MOMHO PaccMaTpHBATh KakK
3aMKHYTYIO KpDHBYIO, npnueM otoGpa)keHue ¢ onpene-
nseTcs CNeAYIOIHM
CTAHAAPTHEIM oO6pasoM. o(i/4)

Ilyctb 2—EHTP OKPYyX-
noctu C, u Ly — nHexo-
TOPHIH  (HKCHPOBAHHBIN
Jy4 ¢ BEpIIHHOH B 2.
Ipu ¢t €[0, 1] onpexennm
¢t 1ak: @0 ecTh TOuUKa
nepeceyeHusi ayya Lo H
okpyxuoctu C, a o¢f
eCcTb TOYKA OKDPYMHOCTH ,
C, nnsi KOTOpO# yroJ Me- Puc. 162

KAy aydom Lo u orpes-

KoM, coeguHsilomuM 2 ¢ ¢f, pasen 360f rpanycos. Ha-
npumep, ¢(1/4) ectb TOYKA OKDYXKHOCTH, WJIsi KOTOPO#H
oTpe3ok, coepunsiomuit 2 ¢ ¢(1/4), obpasyer c ayyom Lo
yroa B 90° 1. e. ayra or @0 mo @{1/4) coctamaser yer-
BepTh Beeil okpyxHocTH (pue. 16.2). Tak kak B mosHo#
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§ 17. HHTYUTHBHOE ONPEJEJIEHUE TTOPANKA KPUBOP

oKpyxHocTH umeetcst 360°, To gl=¢0. KU B sTOM CIYy-
qyae NBHXKYLLAACH TOYKA HMeeT NOCTOSIHHYI0 CKOPOCTb.

I'panyiuy npsMOyroiibHHKa TAKXKe MOXHO PaccMaTpH-
BAaTh KaK 3aMKHYTYI0 KPHBYIO. Bo3bMeM 3aMKHYTHIA NMPo-~
MexXyToK [a, e] u pasmennm ero Ha ueTblpe HACTHYHHIX
npoMexyTKa yucaamu b, ¢, d tax, yrobn a<b<c<d<e.
Ilycrs touku A, B, C, D B 310M nopsiike SBJAAIOTCH Bep-
AHHAMM JaHHOTO NpsiMoyronbHUKa. Kak u B paccMoTpen-
HOM Bbillle HIPHMepe, Mbl MOXeM OMNpeAedHTb HENpephiB-
HYI0 - GYHKUHIO @, oToOpaxalollylo npoMexyTtku [a, b],
[6, cl, [c, d] u[d, e] cootBetcTBEHHO Ha oTpesku AB, BC,
CD u DA. Taxk kak ga=A u ge=A, 10 572 KPHBAs 3aMK-
HYTa.

Hamy reoMerpuyeckHe HAMIOCTPALHM MOLYT BHI3BaTh
cTpeMneHne (uHorga BBoAsiiee B 3abayxiaeHue) pac-
CMaTpUBaTh KPHBYIO @ BCero Julb Kak obGpas ¢la, b
TToaTOMy HYXHO NOLYEPKHYTb, YTO Kpusas ecre orobpa-
acerue ¢. Hanpumep, cyuecrsyeT GecKOHEYHOE MHOXKe-
CTBO PasjHYHBIX CTAHNAPTHHIX NpeACTaBJEHHA OKPYIKHO-
ctd C B KayecTBe 3aMKHYTOH KDHUBOH — MO OJHOMY ANS
Kaxjaoro Bubopa nyua L.

Ynpaxueuus

1. Korpa kpyr panuyca r katurcs 0e3 CKOJbXKeHHA MO MpAMOH M-
HHH, ero UeHTp ABHKeTcsd NO NpsMol, napamrenbHofi nauuoii. Ha-
PHCOBaTb TPAEKTOPHIO, OMHCLIBAEMYIO

a) TOUKOH OKDYKHOCTH;
b) Touko#, oTCTOALIEN OT UeHTPa Ha DACCTOSHHH r/2;
€) TOYKOH, OTCTOfliell OT HeMTpa Ha paccrosnun 5r/4.
2. Tlokasarte, uro ecau oTobpaxenus f[: [a, b]>P n g: P-»P wuenpe-
BIBHBI, TO gf ecTb KpuBas,

P[ycn, f: [0, 1}->{a, b] — nonoGue, npuuem f0=ag u fl=b. Bu-

BectH dopmyay mas [t npu ¢ € [0, lf Onpenenuts ¢opmynofi ka-

Koe-HHOY/ib ApYroe HenpepnBHoe oToOpa)keHHe, oObJanawouiee

TeMH e CBOfCTBAMH, HO He ABAsIOWleecs NOROOHeM.

§ 17. UHTynTHBHOE ONpeficiieHHe HOPSIAKA XpHBOH

ycte @: [a, b]— P —3aMKuyTas Kpupas, y — HeKO-
TOpas TOYKa Ha MJOCKOCTH P, He Jexxamas Ha 3ToH KpH-
BOH, .1 Anst Kaxnoro { € [a, b} nycts L; — nyy ¢ BepuinHo#
B y, npoxonswuit 9epes ¢f. Korga ¢ meHserca ot a no b,
TOYKa ¢f gBUXKETCA MO KPHBOH, a ayy L, noBopaunsaercs
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YACTL 1I. TEQOPEMBI CYUIECTBOBAHHUA B IIBYMEPHOM CJIVYAE

BOKPYT CBOeH HeHOABMKHOH BeplHHH Y. Tak Kak KpuBas
3aMKUyTa, nyd L; B KOHuIe KOHIOB BO3BDAaTHTCS B CBOe
nepBoHavajbHoe nojoxenue Ly=L, [lostomy 3a BpeMs
CBOEro ABMIKEHHS JYY COBEPILHT HEKOTOpoe lesnoe HHCAO
NOAHBIX 0GOPOTOBR BOKPYT y. DTO YMCAO HA3LIBAETCA NO-
pA0KOM 3AMKHYTOH KDHBOH @ OTHOCHTENBHO TOYKH Y, H
Ml OyneM 0603HayatTh ero CHMBOJIOM
0 W (e, y). Mo ycnosuto oGopothl mpo-
THB YacCOBOH CTPEJKH CUMTAlOTCA €O
3HAKOM TTIOC, a 0BOPOTH 1O YacoBoh

CTpellKe — CO 3HAKOM MHHYC.
Ha puc. 17.1 okpyxuocts, paccmas«
TpHBaeMast KakK 3aMKHyTas KpHBaf,
onucanuas B § 16, coBepliaet BOKPYr
Puc 7.1 cBoero ueHTpa oxunm o6Gopor. Ommu
06OpOT OHA COBEPLIAET H BOKPYT JIIO+
Gofi ApYro#i TOUKH, HAXOASILIEACA BHYTPH OKPY:KHOCTH.
HAas no6oit Ke TOuKH, Jexaliledl BHE OKPYXKHOCTH, MO-
panox KpuBo#fi paBed wuymio. Korza Ttouxka ¢f oGeraer
OKPYXHOCTb, Jyd L; ¢ BepIIHHOA B TOUKe y, Jexaied
BHE OKDYXHOCTH, 3aMeTaeT 4acCTb NIOCKOCTH, 3aK/MIQUEH-

Puc. 17.2.

Hyl0 MeXAy JyYamMu C BepWIMHON B Y, KACATEJbHLIMH K
K okpyxHocTH. CHauajla OH ABHIKETCS B ONHOM Hamnpas
BJEHHH, a 3aTeM, JOCTHTHYB OaHofi rpaHuusl (T. e,
CTaB OJHHM M3 KacaTebHLIX JyueH), OH MeHsieT Halpa-
BJAEHHE JBHIKEHHS H B KOHEUHOM cueTe BO3BpallaeTcs 8
nepBoHayasbHOe NOJOXKeHHe, HE COBEDUIHB HH. OJHOIO
obopora (puc, 17.2), '
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§ 17. UHTYUTHBHOE ONPENENEHUE MOPALKA KPUBOHM

‘Ha puc. 17.3 3aMkHyTas KpUBas ABAAETCA 3JJHICOM,
npoberaeMHM ONHH Pa3 Mo 4acoBoit cTpeske. Has mo-
Goii TOYKW BHYTPHM 3MJHIICA NOPHAIOK KpuBo# paseH —I,
a aas moOoli BHelHel TOYKH OH PaBeH HYJIO.

Ha puc. 17.4 uzobpaxeHa Kpusasi, uMemwias popmy
BocbMepKH. Touky B ofHOH U3 orpaHHdeHHblx obaacredt

-Pnc 173, . Puc 174, BN Puc. 175,

UMetoT nopsaok 1, a B npyron—-—nopﬁnox —1. Pasyme-
eTCsl, BCe TOYKH HEOTPAHHYEHHOH OOJACTH MMEIOT _nops-,
nok 0.

Puc. 17.5 COOTBeTCTByeT npuMepy, paccmo'rpeﬂﬂomy‘
B § 15. B stom npumepe cymiecTByeT orpaHuyeHHas 06-
JacTb, OTHOCHTE/IbHO BCEX TOYEK KOTODOH KpHBAs HMeer

Puc. 176, - P H c. 177,

nop;mox Hyab. Las AByX APYrMX orpaHHYeHHHX 06.ja-
creft mopsinok pasen | u 2. 3aMerum, uto Ans JOOHIX
JIBYX TOYEeK, JMeXaliux B OJHON W TOH e CBA3HOH 00aa-
CTH, NMOPANOK BCEria OIMHAKOB.

Ha puc. 17.6 u3oGpameHa NoCTOSHHAA 3aMKHyTas
KpHuBaf, oTOGpakaioulasi Bech. 3aMKHYTHIN . NPOMEXYTOK
B onuy TOUKY. [TopsjloK ee OTHOCHTENBHO. MOGOH npyrou
TOYKH paBeH HY.JIO.

Ha cocegnem pue, 177 noxasaﬂa SaMKHyTaH Kpmaan
M. OTMEYEH MOpHAOK €e .OTHOCHTENPHO TOUEK, JeKaHIHX
B KaXAOf H3 ee JONOJHHTENBHBIX 06/acTei, U3 srero
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YACTb II. TEOPEMbBI CYHIECTBOBAHHS B IIBYMEPHOM CJIVUAE

npuMepa BHAHO, YTO HMEETCSI HEOrPAHHYEHHOE YHCNO
BO3MOXHOCTEH. '

Ilycts tenepp C — okpyxuocts H f: C— P — unenpe-
puiBHOe oToOpaxenue okpyxHoctd C B naockoctsb. Ilycts
¢: [0, 1]— C— cranpaprHoe npepcrasieHHe C Kak 3a-
MKHYTOH KpuBoii, omucaHHoe B § 16. Torma, nockoJbky
u3 ycaosust p0=¢l caenyer, uto fpO=fgl, KoMno3nuus
fo: [0, 1]-—» P cHoBa Gymer 3amkHyToil KpuBofi. Mu 0Oy-
JIeM MpPOCTO Ha3blBaTbh €€ 3aMKHYTOH KpuBoit f. dta KpH-
Bas MMeeT HEKOTOPHI NOpAAOK OTHOCHTEABHO 000N
Touky y € P, He nexaiueit na fC. On HasbiBaeTca NOpPAA-
KOM 3aMKHYTOH KpHMBOH [ OTHOCHTENbHO y M 00O3Ha-
yaercs cumsosiom W (f, y).

YnpaXHeHHS

I. Myetb Touka y wa puc. 17.2 HaxomutTca OT mentpa OKpyxHocTH C
paauyca f #a pPAacCTOSHHM V' 2. Ha xaxoi yron nosepHercs
ayq L;, Korga Touka @f OKPYXKHOCTH HPOOEIKHT BHELIHIOK YTy
3TOl OKPYXKHOCTH OT OAHON KacarelpHofi po apyroi? Ha kakon
yrosi nosepHercs Jay4 L Korga sta Touka, npojonKasi CBOE ABH~
JeHHe, ONHILET BHYTPEHHIOKW JAYyry?

Puc. 178. ° Puc. 179.

2. JlonoaneHde B MJOCKOCTH P 3aMKHYTOfl KpHBOH, H30Gpaskemuoil
Ha puc. 17.8, coctour w3 ceMu cBs3HHX oGnacTelf, MOMeYEHHBIX
Gyksamn A, B, C, D, E, F u G. [Inq kaxjofi A3 HUX ompefie-
JIHTh NOPANOK AAHHOH SaMKHYTOH KPHBOH OTHOCHTENIbHO HpHHAI=
Jexallux 9Toit 004acTH TOYeK.

3. To xe, 9T0 U B NpeAWTYIIEM YNPaXKHEHUH, CAGHATb AN 3aMKHY<
TOi! KpHBOH, ABOGpaKeHHON Ha puc, 17.9,
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§ 18. OPMYJIIPOBKA TJIABHOVI TEOPEMBI

§ 18. PopMysiupoBKa TJAaBHOI TEopeMbl

C noMollbI0 NOHATHS NOPAAKA 3aMKHYTOH KpUBO# Mbl
MOXeM Temepb CHOPMYJIHPOBATH IaBHYIO TeopeMy 4a-
ctu 1L

Teopema 18.1. Ilycrs [ D — P —nenpepoigroe 0T0-
Gpascenue kpyea 8 naockocrs, C— 2panu4tas OKpYyx-
HocTe Kpyea D u y — rouxa naockocru, ne aexawas Ha
fC. Ecau nopsdok kpusotd f|C 0THOCUTEAbHO TOUKU Y He
pasen nyaro, To Yy€[D, T. e. cywecTeyer TaKas TO4KQ
x €D, uro fx=y.

Ceityac Mbl H3J0KHM KOPOTKOE MHTYMTHBHOE N0Ka3a-
TeabcTBO. IlycTb r — paguyc okpyxkuoctu C. Oas Kax-
JOro uyucaa s, ynosaerBopsiiomero yenosuio 0<Ls <,
nyctb C; — OKPYXHOCTb panuyca S, KoHuentpuuunas C;
tTakuM oGpasoM, C,=C, u Cy ectb uedtp 2. Ilycrp y'—
TOYKa MJOCKOCTH, He npuHaanexamas fD. Torma nas
kaxnaoro S€[0, r] Touka y' He Gymer MpuHaNeXKaTb H
fCs (tak kak Csc=D), u, 3HayuT, AJA KaXKIOTO TAKOrO §
Gyner onpenenel nopsigok W (f|Cs, y’). Bynem ero kpart-
Ko oGo3Hauatb cumBonom W(s). PaccMorpum reneps ce-
MeHCTBO 3aMKHYTHIX KPHBBIX [} Cs mpH §, yOblBalOUlEeM OT
r o uynsa. Ero unenn naunnaiorcst ¢ f|C ¥ B KOHIE KOH-
LIOB CTHTHBAIOTCH B MNOCTOSIHHYIO KpuByW f{Co, T. €. B
Touky fz. Tak Kak f{C, MEHSIOTCS NOCTENEHHO, KOTIa S
MOHOTOHHO yObiBaer, nopsiiok W(s) sipnseTca HenpephiB-
Hoit ¢yuxuveir or s€[0, r]. Kak xe Mensercs W(s)?
OTtser TakoB: BooGIue He MeHsercsi, motoMy uyro W ectb
HenpepeiBHAS (YHKIMS OT §, a KaXAoe ee 3HAYEHHe
W(s) momxHO GbiTh UeanM uucaom. Ho HenpepwiBHas
GYHKUHMA HE MOXET MepPenpurayTb OT OJHOTO LEJoro
3HayeHUs K APYroMy, He NPHHSIB BCe IPOMEKYTOUHbIE
HeleNOoYHCNeHHEle 3HaueHHsi (CM. TMIaBHYIO TeopeMy 4a-
ctu I). Takum oGpasom, npu Bcex S€[0, r] nopsmox
W (s) npuHuMaer ofHO ¥ TO e 3HayeHue; B YACTHOCTH,
W(r)=W(0). Ho W(0)=0, rak kak | Cy=fz — nocrosn-
Has 3aMkHyTas Kkpusas. Cnemosartenbho, xpusas f|C,
MMeeT MOPSAMOK HyJb OTHOCHTENBHO Ka)KI0H TOUYKH Y,
He npuHagnexameii fD. TlostoMy u3 ycaosus
W (f|C:, y)#0 BoiTexkaer, uro y npuragnexurfD, a cka-

127



HACTD Il. TEOPEMbI CYHIECTBOBAHUS B NIBYMEPHOM CVUAE

3aTh, YTO Y NpUHALAEKHT [D, 3HauuT CKaszaTh, 4TO Cyiite-
CTBYeT Takoe X € D, ajsi Kotoporo fx=y.

Hamocrpanueit stux paccyxuenuit cayxur puc. 18.1,
Ha KOTOPOM MOXHO MpOC/AeNHTh 332 H3MEHEHHEM 3aMKHY-
ThiX KpuBHX .f|C, npu yGuiBanuu S. Kak Tonbko nse nepe-

Puc. lé.l,

KpHiBaloLiMecs 4acTH pa3befuHATCH (nanpumep, Ha Tpe-
Thell H3 MAPHCOBAHHBIX KPHBbIX), TOUKa ¥, OY€BHAHO, OKa-
XKeTcsl BHE 3aMKHYTOH KPUBOH, W, cienoBaTe/NbHO, NMops-
JOK 3TOH KPHUBOH OTHOCHTENBHO Y PaBeH HyJO. 3aMeTHM,
MTO 3TO COrJIacyeTcs C De3yJbTaTOM, NOJYYeHHBIM st
KDHUBOH, Hsoﬁpame}mou Ha puc. 17.5,

Ynpaxnenus

). Ecnn 3aMgHyTas KpuBas u3 ynpaxHenHs 2 x § 17 aBaserca
kpuBoil flC 119 HeKOTOPQro HenpephiBHoro oToGpaxetHs f: D—>P,
TO KaKHe H3 }J.OnOJIHHTeJIbelX odnacreu A, B, ... llomxm.x Je-

" ¥arb B [D? ‘

2. OtpeTHTp Ha aHaNOTHUYHEIN BONpOC, oTHocnmuﬁcn K saMKHytoﬁ
KpHBO# M3 Ympaxuenus 3 x § 17. .

3 MNycre f: P->P — oTo6paxenne NJOCKOCTH B cebd, ﬂanm_omeecﬂ
npecThM crufanveM mO guaMerpy HeKOTOPOro Kpyra,

" 'a) Kakos oOpas rpamwﬂoi’l okpyxHocT#H C? Beero xpyra?
"b) Kaxoh nopsigok W{fIC, y) sumeer kpupasn fIC OTHOCHTE/IBHO
youex y, Npuiaaiexamux obpasy kpyrap v
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§19. KOrnA PACCY)XXAEHHE HE SBJAETCA HNOKA3ATEJIbCTBOM?

19. Korga paccyxieHHe He SiBJIfieTCH
[0Ka3aTeJbCTBOM?

BonbiinHeTBo M3 TeX, KTo pas3bGeper W moiiMer pac-
CYKJeHHSl IBYX npeibiaywiux naparpadosn, Oyaer ybex-
I€H, YTO TeopeMa BEpPHa H UYTO HYKHO JHIUb OYeHb He-
MHOroe npHOAaBUTh, YTOOLI NOJYYHTH ITOJNHOE U TOTHYECKH
cTporoe JoxkasareabcTBo. ONHAKO BAYMYMBHIH YMTATENb
JOJIKeH 3aMeTHTb npolensl B HaWMX AoBoAax. [JiaBHblf
npoben coaepxutca B § 17. TouHoro ompenenenus no-
pAdKa KpuBOoii Mul He paau. PewiuTh, CKOAbKO NOJHHIX
0060pOTOB Caesnaer Jyy L; BOKpYr cBoeill BepLIMHH y, KO-
raa { u3aMeHUTCs OT a 10 b, Mbl NpeAOCTaBUAH HHTYHILHH:
Mbl CYHTANH, YTO HAIUM Tia3a MOTyT ClAelHTb 3a Bpa-
LWAOWMMCS 1yYOM M PacU/eHsITh ero ABUIKEeHUE Ha 1efioe
yucno ob6opotoB. Kak XOpoluo - H3BeCTHO, Halie 3peHue
BOBCE HE TaK YK HaAeXXHO B 5TOM OTHOLIEHHH; HApuMep,
eC/IY- HeMOABHIKHBIE Kaapul ClAeAylOT OAuMM 32 APYTHM
JOCTAaTOUHO ORICTPO, HAM KAaXKeTCs, YTO Mbl BUAHM Hemnpe-
PHIBHOE [BHIKEHHE, '

K cuacrblo, MateMaTHUYeCKHE TIOHSATUA W BBIBOABI HE
3aBHCAT OT Hallleii CnocoOHOCTH HaGJIONATb NBHIKEHHE.
Cmyaunﬂ, KOTOPYIO MEl HOJIKHBI H3YYHTb, HOCUT CTatTH-
yecKuit Xapaktep. Mbl uMeeM 3aMKHYTYIO KPHUBYIO ¢ H
TOYKY Yy, He JeXKalllylo Ha 3Tofi KPHBOH, H XOTHM MOCTa-
BUTb § U @ B COOTBETCTBHE HEKOTOPOe LeJioe YHCJIO, Ha-
3bIBaeMOe TOPSIAKOM KPHBOH ¢ OTHOCHTENLHO TOYKH Y,
KOTOPOe COrJacCoBHIBAJOCh ORI C HaliMM WHTYATHBHLIM
npejcrasjeHneM. D10 Oyfer cAeNaHo B CJAeLYIOLHX CeMH
naparpadax. Uuratesab, NpeAnoYHTAIOUWIKA HOBLHIE HAEH
H NPHJIOXKEHHS TULATEeJbHOMY Pa3BUTHIO yiKe HaMeueHHOH
HIEH, MOXeT nepefiTu cpasy k § 27. :

[lpexxpe uem yrayGuTbes B HeTaNH ONpeAeseHUst
W (o, y), 3ameTum, 4TO AJS TOTO, 4TOOBI LOBECTH 4O KOH-
na onpeieNeHHe @ A0KA3aTesbCTBO TIJaBHOfI TeopeMbl,
HaM HYXHO TOJILKO

1) TouHo onpenenuts nopanok W (g, y),

2) nokasaTb, YTO OH HENPEPHIBHO 3ABUCHT OT 3aMKHY-
TOH KpHBOH @, KOrAa oHa H3MeHAeTCs TaK, Kak 3T0
onéfxc%ﬂo B HHTYUTHBHOM JOKd3aTe/bCTBE, IPHBEJEHHOM
B§18u
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YACTDH I, TEOPEMBI CYIIECTBOBAHUS B IBYMEPHOM CJIVUAE

3) nokasars, yt0 W(¢, y) =0, ecin ¢ — nocrofnHas
3aMKHYTasi KpHBas.

Ecanr no onpenenenuio cuuTaTh, 4to nopsanox W(g,y)
paBeH HYyJI0 AAA BCeX ¢ M y, To TpeGoBauus (1), (2) u
(3) okaxyrcsi BbINOIHEHHLIMH U, TaKUM oGpa3oM, AAs
storo W Gyner crnpaeeiJuBoO M HOKA3aTeNbCTBO IVIABHOM
tTeopembi. Ho 3akmoyeHue 3Toil TeopeMul HHYETO HaM He
Aaet, Tak Kak Touexk y, Ana Koropux W(f|C, y) =0, ne
Oyner. [loaroMy, 9yTabBl HAllH YCHAHS He OKa3zanauch Oec-
A0JIe3HLIMH, NToTpebyeM Takxe, 4TOOH BHINOAHANOCH CJIE-
NYIoltee YCJIOBHE:

4) nopsagok W(g, y) noixen GbITb OTJIHUEH OT HyJf
M1 HEKOTOPBIX KPHBBLIX @ H TOUEK y; B YACTHOCTH, OH
JomKeH ObiThb onpeaeneH Tak, YTOObL® ero 3HaueHMs B
npuMepax, paccMmorpennnlx B § 17, coBnaganu c 3uaye-
HHSIMH, ONpe/e/leHHbIMH HaMH HHTYHTHBHO,

§ 20. Yron, sameraemblif KpuBOI

Yro6ul AaTh xopollee onpeaefeHHe MOPsSifika 3aMKHY-
TOH KPHBOH, PACCMOTPUM cHayala Gonee obllee MoHsiTye
«yrjia, 3ameraeMoro Kpusoil ¢: [a, b]— P oTHocHTENnsHO
TOYKH y». Beauuuny A (g, y) »Toro yria Ml -onpenenaum
B /Ba llara: cHauaJja JJifl KPHRBIX, NPpUHAAJEXALIUX Of-
HOMY CNeHuajbHOMY KJaccy, a MOTOM M AAs JOGhIX Kpu-
BeiX. (Bce yranl, ec/in He Oyner CKa3’aHO NMPOTHBHOE, ML
6ynem u3MepsATb B rpajycax, a 3Hak rpapyca ° Gyaem
onyckartb.) [locse 3TOro Mbl YBHAHMM, YTO BeTHYHHA YrIia,
3aMeTaeMoro INPOH3BOJBHON 3aMKHYTOH KpHBOIi ¢, fB-
JsieTcsl KpaTHeM uncia 360, u oTHOUEHHE 9TOM BETHYHH B
K 360 u Oyner no onpeneseHHo paBHo nopsaky W(p, y):

A(q.
W (o, 4) =g

CneunanbHuift Knacec KpHBHIX, JAJs KOTOPOTO yroJ
A(@, y) MOXHO ONMpefeNuTh JIErKO H YeTKO, COCTOMT H3
T4K Ha3hIBAaeMBIX HeMNOJIHLIX KPHBHIX OTHOCHTEJNBHO TOY-
KM Yy, He NpUHaANeXallell naHHOM KPHBOM; KpHBAs ¢ Ha-
SHIBAETCSI HENOAHOL OTHOCUTEAbHO Y, €ClH CYIEeCTBYET
ayu L ¢ BepuinHON B y, He nepecekalowuit aTolt KpHBOM.
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§ 20, YIOJ, 3AMETAEMHF KPHBOW

Hanpumep, nocrosiHHag KpuBas @f=2sty Ans BCeX
t € [a, b] siBAsieTcs HenonHOH OTHOCHTEABHO y. Ha puc. 20.1
H3006pakeH MeHee TPHBHANbHbI{i NPUMEp HENOJHOH KpH-
poii. Korna ¢ mensiercs ot a no b, Touka gf mBuxKerca
10 KPHBO# OT @a RO @b, a Ny4, COSAUHSIOUIHNH § ¢ TOUKOH
KpuBOH ¢f, mnoBopaunBaerca or L, g0 Ly Tlycrs

Puc 20.1. Puc 202,

2Y LyLy — 370 yroq rnoBopora; TaK Kak KpHBas ¢ sB-
JsIeTCs HEIIONHOH, 3TOT yroJ He coAepkuT ay4 L (¢ Bep-
nMHo#l Yy M He nepecekawomufi @). Ilo onpenenenuio
A(p; y) ecTp BennuuHa B rpajgycax yraa 2 LqLy; yrast
[POTUB YacOBOM CTPENKH CYHTAIOTCS CO 3HAKOM ILIKOC,
a YrJael 0O YacOBOH CTpeJKe — CO 3HAKOM MHHYC. '

JonycTuM, YTO y Hac e€CTh TPAHCIOPTHP B (popMe 1e-
Jgoit okpyxkHoctH C, mopeneHHofi Ha 360 paBHBIX AYT, H
TOYKH JENCHHA IPOHYMEPOBAHbI MPOTHB YACOBOH CTPENKH
yucaaMy ot 0 po 359. IToMecTuM TpPaHCIOPTHP TakK, 4YTO-
6Bl ero EHTP COBNAJ C Y, a HyJeBOH Jyd [olles 1o Jydy
L (1. e. uto6nl HyneBass Touka Ha C okasanach B TOUKe
nepeceuenus C ¢ L). TTyctb p, M pp — TOUKH HepeceyeHHs
OoKpyxHOCTH C COOTBETCTBEHHO ¢ Jy4aMH Lo, Ly, a X,
X, — COOTBETCTBYIOILHE JiesieHHd Ha TpaHcrnopTupe. Toraa
yroa 2% L,Ly MoXeT OHTh BhiYHCIEH N0 hopMyne

A (-(Ps Y) =Xy — Xq.
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YACTBb II. TEOPEMBI CYIIECTBOBAHUS B NIBYMEPHOM CIYYAE

3aMeTuM, 4TO Pa3sHOCTb Xp — X, HE 3aBHUCHT OT IIOJIO-
JKEHHA HayaJbHOro Jydya TPAHCIOPTHPA, ECAH TOJNBKO
9TOT JY4Y He COJNepXHTCS B H3MepseMoM yrae A
(puc. 20.2).~HeficTBUTENBHO, €CJIH TMOBEPHYTH TPaHCIOP-
THP Ha Yrol o TaK, 4YToGbi €ro HayaabHbIM JAydoM Obij
ayu L', To noBble Aenenus Ha TpaHcnopTHpe GyAyT paBHbI

t e —_— YA -
X)=X,—0C H X,=X,—0,

TaK 4to €cnu-Nydyd L m L’ He mepeceKaoT AYrY Pups
okpyx®uoctd C, dBJIAIOULYIOCS pafuHanpHol mnpoekuyed
naHHOH KpuBOH, TO .

Xy =Ko =X, — X, = A(@, Y)-

Jlerko BHIETb, YTO TPH STHX YCJOBUSX JAeJIEHHUS TpPAHC=
noprtupa Bcerfa cogepxarca mexay 0 u 360, a pasHocts
Xy — Xxg Mexxay —360 u 360. Ha puc. 20.1 oHa nojoxu-
TesibHa B paBHa npuMepHo 230. (Ecam opMeHTamuio Kpu-
BOH HM3MEHHTb Ha OOpPAaTHYIO, T. €. €eCJH TOMEHATh Me-
C'l‘aM(l;l, ga u @b, 10 A(g, y) 6yser paBHO mpHMEPHO
—23
®opmyaa .
A((p, y)=xb—xav

TakuM oGpa3oM, OAHO3HAYHO ONpeflensieT BeJHYHHY yIvia,
3aMeTaeMOro HenoJHOH KPHBOH ¢ OTHOCHTEJNBbHO TOYKH Y.
KpoMe TOro, onpejenicHie «HENOJHOA» KPHBOH TapaHTH-
pyeT CyliecTBOBaHHE Jyua L ¢ BepuinHOH B y, He mepe-
CeKalollero KpUBYIO ¢, K KOTOPOMY Mbi MOXEM NpHJIO-
KHTb HYJIeBOe JiejieHHe HAlllero TPpaHCrnopTUpa ANA Bbi-
uypcaeruss A(g, y); ecau TakuX JydeHi MHOro, TO He
HMeeT SHaueHHsd, KaKo#l U3 HUX Mbl BeiGepeM B KauecTse
Ha4yanbHOTO Jyya Halllero TPaHCIOPTHPA.

3aMernM, UTO Hallle onpejeserue obecneunsaer B3a-
HMHOE [OraieHue MNOJOXKHTENBHBIX H OTPHLATENbHBIX
aBuxkennit. Hanpumep, na puc. 20.1 ayu L, BHavage no-
popaynBaercs Ha yroa —30° W HeMeNJIEHHO ero racur,
BO3BpalAfiCh B IePBOHAYaJbHOE monoxenue. TouHo Tak
}Ke, Korjla Touka @f oberaer Mo KpUBOH MeTNio, COOTBeET-
CTBYIOILHA NOBOPOT Nyya L; CBOAHTCA K HYJIO. .

B cayuae koraa ¢ -—mnocrosHHas kpupasd, oTo6pa-
Kaolas NpoMexyrTok [a, b] B ondy.Touky, ¢ ABasercs
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. - § oI, NOAPA3NENEHHE KPUBOM HA HEMOMHBLIE KPUBHIE

HernonHo#t xpusoit U A (@, y) =0, Tak Kak Lg=L; H, 3Ha-
YHT, Xq==Xp. ‘ ' _ .

®ynxuus A(p, y) obrajaer oAHHM HaHbOJee BaXK-
HBIM CBOHCTBOM, Ha3biBAeMbIM ee adOuUTUBHOCTHIO OTHO-
cutensHo @. Tlycre a<b<¢— neACTBHTENbHbIE YHC/A, H
nyctb @: [a,c]— P ecth Henmo/sHad KpHBas OTHOCHTE/b-
Ho y. TlycTh ¢y M @2 — ABe YaCTH KPHBOA @, MoJyyaeMbie
npH CyXeHHH OTOGpasKeHHMs ¢ COOTBETCTBEHHO Ha poMe-
KyTkax [a, b] u [b, c]. Mu Moxem paccMaTpHBaTh ¢ Kak
o6beAnHeH e @y H @a. O4YeBHIHO, KPHBLIE @y H @2 TaK¥Ke
ABJISIOTCA HENOJHBIMH OTHOCHTENBHO TOUKH y. BnibGepeM
ayq L ¢ Bepmnnofl B y, He nepecekaiowuii ¢. Torna aag
ayued Lq, Ly 1 L, MBI MOJYYHUM Ha TPAHCHOOPTHPE COOT<
BETCTBEHHO JIENIEHUA Xq, Xp H Xe, TaK Kak

Xo— Xq =(xb - xa) -+ (xc "‘xb)’
TO MBl BHIHM, 4TO
A ((P, y) =A ((pls y) -+ A (@21 y)‘

Ynpaxuenus

1, OTHOCHTEMLHO KaKHX H3 TOYEK &, U, W, X, y # z ua puc, 203
KpuBasi BJSIETCH HeMNoJHOH? i

Ty

'

Puc, 203.

2. Uemy paBeH COOTBETCTBYIOULMA yron B Tpaxycax Ais Kaxiofl
K3 TOYEK, AJA KOTOPOH KPHBAA ABAAETCH HEMOJHON?
§ 21. Moapasnenenye KPHBOA HA HenoJHbie KPHBbiE

Ecnn @: [a, b]— P — HekoTopasi KpHsasi, TO MH MO-
KeM pas3CUTh ee Ua YaCTH, pa3jieluB npoMexyTox [a, b]
Ha YaCTHYHblE 3aMKHYyThle NPOMEXYTKH H N0 Ouepeau
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YACTh 11. TEOPEMB! CYHIECTBOBAHNA B JIBYMEPHOM. CJIVUAE

cyxas oToGpakeHMe ¢ Ha KaxAOM H3 HHX. TakuM my-
TEM KPHBYI0O ¢ MOXHO pPasJOXHTh B OGbeIHHEHHE He-
CKOJIbKHX MEHbIIHX KpHBBIX. Eciu xpHBas ¢ He sBaser-
CA HENONHOH OTHOGCUTEABHO Y, MOXKET CAYYHThCH, 4TO
KaxJas U3 5THX yacteli yXKe OKameTcs HEeHONHOH OTHO-
curetbHo Y. Torfa c10XHB BEJHYUHKE YIVIOB C BepIIHHA+
MH B y, onpenensieMbiX 3THMH 4acTAMH, MBI CyMeeM HO-
JAYYuTb H 3Hauenne mas A (e, y).

Hdanum Tounbie omnpeneneHus. PasjoxkenHe KpHBOR
¢: [a, b]—> P B o6benuHeHHe KPHBbIX HasblBaeTcs noo-
pasdeaenuem & Kpuso#l ¢. OHO COCTOHT, BO-NEPBBIX, H3
BO3pacTaplleii N0CIe0BATENbHOCTH YHCEJ, HadYuHalko-
lieica ¢ a ¥ KoH4awomefica B b:

A=t < b < o <tpy<t,=b,

¥, BO-BTOPbIX, H3 II0CJEI0BATENbHOCTH KPUBHIX Qf, (2, + ..
..y Qm, THEe @;— CyXeHHe ¢ Ha IpoMexyTKe [f;_y, #;]
(i=1, 2, ..., m). ITogpasnenenne HaspiBaerca docra-
TOYHO MeAKUM IS TOYKH Yy, He nexkaweii Ha ¢, eClH
KaxJas H3 KPUBBIX ; SBJSETCS HEHOJHOH OTHOCHTENb-
HO y. B 3TOoM caydae ompefleieHO KaxIoe H3 4Yucel
A(p;, y), 1 uX cyMMa 0603HavaeTcss CHMBOJIOM

A2, y)=i§1A(¢b y)=
=A(p, )+ A0 N+ ... +A(Qm y) (21.1)

Mu nokaxeM ABa NPELJIOKEHHS:

I. Ecan ¢ — mo6as kpuBas H y — He JiexKallas Ha
Hell TOYKa, TO CyLleCTBYeT mnojpasjeseHHe KPHBO# @, 10~
CTATOYHO MeJIKOe Inf Y.

2. Ecan & u &’ — nBa nojpaszeseHus KPHBOH ¢, NO-
CTaTOYHO MenkHe aas y, 10 A(P, y)=A(F', y).

Kak Tonbko 3TH yTBep:KAeHHs OyAyT AOKa3aHBl, MBI
moxem onpenenuts A (@, y) KA a0060# KpHBOH ¢ cie-
AYIOIUM 00pa3oM:

Onpepenennie. Eciu ¢ — KpHBasi Ha IJIOCKOCTH H y —
He JlexKallag Ha HeH To4YKa 3To# MJIOCKOCTH, To obLiee
3Hayenne A (P, y) Iond BCeX IOCTATOYHO MeJKHX MNOJA-
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§ 2, TIOOPASREJIEHUE KPHBOM HA HEMOJIHLIE KPUBLIE -

pasneneHuii & KpHBOH @ HA3bIBAETCA Y2A0M, 3amerae-
M6IM Kpusol ¢ oTnocuteabo Touky Y. On obosHayaercs
cuMBoJioM A (@, y) ¥ MOXeT GblTb BHIYHCAEH 10 hopMyie
(21.1), mpuueM KaxKALIA ujJeH CyMMBI B MPapoii d4acTH
a10H (PopMyabl MOXKHO Hailitu Metonom § 20.

IMepBoe mpepsioxeHue FOBOPHT HAM, YTO MBI MOMKeM
HallTH NMOApa3fieieHHe, A KOTOPOTO OHpPERENEeHO YHC/AO
A(P,y). Bropoe xe YTBEPKIAET, YTO MOJYYEHHOE Ta-
KHM o6pasom uucjio A (&, y) He 3aBUCHT OT BHGOpa noj-
pasfeNeHHs M, SHAUHT, 3aBHCHT TOJAbKO OT @ H OT Y.

Jloka3ateancTBo npeanoxenns I. s no6oft ToukM
p=¢! KpHUBOil @ OKPYKHOCTb C LEHTPOM p H paiHycoM
d(p, y) npoxomut uepe3 y (puc. 21.1). Jlo6as uacts
KpHUBOf, Jexauiasd BHYTPH 3ToH
OKPYXXHOCTH, SBJSETCA Henoj«

HOH OTHOCHTEJIbHO Y, IHOTOMY Y

YTO OHA He TepeceKaeT Jyu ¢ ()

BEpUIHHOH ¥, ABJALILUACA npo-

JNOJKEHHEM OTpe3ka py, Hay-

KM BHe OKpyXHoctH. Ilad ka-
waoro t€[a, b] Bo3bMEM &=
=d(p, y). Torna B cuny uempe-
PHIBHOCTH OTOOpaKeHHsd ¢ Hah-
gercs Takoe uuciao §,>0, uro
ans sesakoro ¢ €N (¢, 8;) Touka xpuBO#t g Oyder npH-
nHagnexats N(p, e/). Otcioga Tenepp ciaeiyer, 4ro A
KaXJ0ro 3aMKHyTOro npomexytka I'cN(f, 8;) Kpusas
@|/’ ABNAETCS HENOJHON OTHOCHTEJBHO Y.

Tak kak npomexyTok [¢, b] xoMnakTeH, a OKpECTHO-
cru {N({, 8;)} mokpnisaiot [a, b}, cymecTByeT KoHeuHoe
YHCIO STHX OKpecTHOCTel, cKaxem Ny, Na, ..., Np, mo«
KphiBawiux [a, b). Ilyctb S — MHOXKeCTBO BCeX KOHLOB
OTKPHITHIX NpoMeXyTKoB Ny, N3, o .., Np. O603HAUHM ye-
pes & IMOJOBHHY HaMMEHbLIEr0 H3 BCEX PacCTOAHHM
d(s, t) nas s, €S u s¥t. Ilycrs & — noboe noapas-
Jenenue npoMexyrka [a, b] Ha 3aMKHYTbie NPOMEXYTKH
LJHHBI, He npesocxoasdllef 6. Mnl yrBepxkaaeM, uro &
JIOCTATOYHO MeJKo aas y. Urtobbl 3TO0 poKa3ath, AocTa-
TOUHO y6eMHTLCA, YTO KaXKbil YACTHUHbIA npoMexyToK /'’
noApasjeneHnsa & CoAepXMATCA B OLHOH H3 OKpecTHOCTeR
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Ny, ANa. ..., Np. Tak kak anuua npomexyrtka I’ He npe-
BocxoauT O, To I’ 6o coBceM He COOEPKHT TOUEK u3 S,
JH60 COAEPIKHT OAHY JHUIb TaKylo TOYKY, CKaxeMm C.
B nepsoM cayuae Mbl BbiGepem mioGyio okpecTHocTh Ny,
nepecexaiomyio I’ (I’ mnoxpbiBaercss OKpPeCTHOCTAMH
Ny, N, ..., Np). Toraa I'c/N,, notomy 4TO IpOMEXKY-
TOK I’ He CONEPXHUT HH OJHOTO M3 KOHLOB OTKPBITOrO
npomexyrtka N; Bo BrOopoM ciayuae BhiGepem J00yI0
okpectHocth Nj, cojepxautyio Touky c¢. Torpa cHoBa
I'eN,;, tak kak I’ He COMEPKUT HH OMHOTO H3 KOHIOB N;.
Ato 3aBeplliaeT AOKA3aTeJNbCTBO NpefnoXKeHus 1.

JokasaTeascrso npeanoxenus 2. Ecan & — gocra-
TOYHO MeJIKOE MOjpasjefieHHe KpUBOHk ¢ H &' — nojpas-
IeneHue, nogaydawmouleecss us & nobasjeHHeM OIHOH Ho-
BOM TOuKHM, JeXalleli B KaKOM-TH60 H3 YacTHUHBIX
IIPOMEXYTKOB, CKaxeM [, U pasGuBawouleli ero Ha JaBa
3aMKHYTHIX npoMexyrka I’ u I”, o u3 pjokasaunofi B § 20
aJJAHTUBHOCTH CJEelyeT, YTO ‘

AL )+ A@I" 5)=A@l/w y)

INpub6asass k obenm yactam paBeHcrsa uaedbl A(ol/;, y)
ANS BeeX j¥k, nonyuaeM, uto A(P, y)=A(F’, y).

Toukn {fo, #1, ..., tm}, ONpenensioliue nojpasiene-
e &, HazoseM sepuwunamu &. Ecau & u &’ — fsa
I0Apa3fencHuss KPHBOH @ H BCE BepIIHHBl & - BXOAAT
B 9UCJIO BepuiMH &', TO &' Ha3bIBAGTCH U3MeAbUEeHUOM
nojgpasaencHus &, u 5T0 Mbl GydeM 3anuCbiBaTh Tak:
&P’ < &P. Kaxabiii yacTUUHbIH TPOMEKYTOK u3 &' mpoa-
JKeH TOTAa COJepKaThCsl B HEKOTOPOM YaCTHYHOM mpoMe-
xKyTke u3 &, Iloatomy ecau HOCTAaTOYHO MeaKO &°, TO
AOCTAaTOYHO MEJKHMH OYAYT H BCe ero H3MelbyeHHd.

Ecau &’ < &, To MBI MOXKeM B3ATh BCE BEPLUIHHBI &7,
He ABJAAIOLIMECs BepiuvHaMu &, u 106aBAsiTb HX NO OJ-
noil. Torga MBI MOYYUM MOCTEAOBATEILHOCTD H3ME/bYe-
ik P=P >P> ... >F ;=& llpeanonoxum,
KpOMe TOro, 4To & LOCTATOYHO MesKo. Toraa H3 pesynb-
TaTa, MOJYYeHHOTO B MepBOM ab3ale 3TOro n0KasaTeb-
CTBa, CJIeAyer, YTO

AP, =A@ =A@ t)= ...
| , =A@ D=A, y)

136



§ 22. MOPAJOK W(g, ) KPUBOM OTHOCHUTEJBHO TOUKU

IMostomy, u3 ycnoBus &' < & H U3 T0rO0, ur0 & [OCTa-
TOUHO MesKo, BHTeKaeT, ut0 A (P, y)=A(F’, ).

Iyers Tenepy &y B &5 — ABa N0OCTAaTOUYHO MEJNKHX
noapasfenenusa. O6befHHeHHe BepUIUH &, U BepiiuH Fy
COCT@BJIsIET MHOXKECTBO BEPUIHH HEKOTOPOTO HOBOI'O MOJ-
paspmeseHusi, Kotopoe Mbl 0603HayuM yepes &3 OueBun-
HO, P3 < &P 0 P3 <Py Toraa u3 JOKA3aHHOrO BhIlle
caenyet, uto A(Py, y)=A(F s y) 1 A(Py Y)=A(T;, y).
Taxkum obpaszoM, A(P, y)=A(F, y) U npokasartenn-
CTBO 32KOHYEHO.

YrnpaxHeHHUS

{.B3as no Touke y B Kaxgo u3 obnacted A, B, D
u F ua puc. 17.8, wafiTh noppaspesente, AOCTaTOYHO MeJKOe
Aas g A _

2. Hycte kpusas na puc. 21.2 noapaspene-
Ha Toukamu a, b, ¢, d, e ¥ [, KaK 310
NOKasaHo Ha pHcyuke. CTpeqku ykasul-
BalOT HaMnpasieHHe OOGXOAa KPHBOM.

a) Kakosa HauGoabmias uacTb KpHBOf,
HayuHalollanacs 8 a4 WU KoHyalollas-
Ccd B ONHOM U3 JaHHLIX ToueK, He-
NOoNHAS OTHOCHTENbHO Y?

b) CymecrByer 2 Takas uacTh pac-
cMaTpuBaeMofi  KPHBOH, KOTOpYylo
MOXKHO [PUCOSAHHHUTbL K YacCTH OT &
po d TaK, uroO6W NOJYuMBLIAfCH
KpUBasg OCTaflach HENOJHON OTHOCH- i
TEeABHO y? . P HC. 21.2.

c) HafitH waHMmeHbillee YWCAO TOYEK 4,

b, ..., onpefensoiuX MNOApasfeienye, AOCTATOYHO MeEKOe
s y. : : ’

§ 22. liopsuxox W(e, y) kpusoii OTHOCHTENbHO TOUKH

Kak Tossko kakoe-n1u60 HOCTATOUHO MeJKOE MOjpa3-
nenenne & ={qo, 1, . .., Pm} KPHBOH @ /5 TOUKHK y Hail-
IeHo, omnpepenenne uuciaa A(g, y) CTAHOBMTCA YUCTO
TeXHHYECKHUM JeJoM. HyXHO NMpocTo ¢ NOMOLULIG TpPaHC-
noptHpa usMeputs Bce A(gi, y) H 3aTeM CIOXKHTL HX,
yuuThiBasi 3Haku. Ilpu usmepensvn A (@i y) Hydesoe je-
JIEHHE LIKaJbi HYXXHO HaKaadblBaTh Ha Ay4 L; He nepe-
CeKawnui @i, H NOXCYUTHIBATL PA3HOCTb MEXKAY ABYMHA
leNeHHAMH B KOHuAaX KpuBoit ¢;. Takum obpasoM, ais
Ka)Xol HemoJHOH KPHBOA HYXXHO MEHATb INOJOXKEHHE
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TpaHcnoptupa. Tenepp MBI MOKaxeM, Kak MOXHO 060#-
THChL JHLIL OJHHM NO/JOXKEHHEM TPAHCNOPTHpPA ¥ CHJBHO
COKPATHTb BBIYHC/IEHHS. :

ITycts, Kak M npexkae, C — OKPYXHOCTb C LEHTPOM Y
u paguycom 1. Insg xamporo i=0, 1, ..., m 0o6o3HaguM
yepe3 p; TOUKY mfepeceueHHs okpyxkHoctH C ¢ Jay4oM
C BEpIIHHOH B Y, NPOXOAALIHM Yepes TO‘IKZ @t; xpusoii @.
Jns KaxXknofi HeNoJIHOA KpUBOH ¢; NycTh L; — nyq ¢ Bep-
HiMHO# B y, He NepeceKaloInd @ J[Be TOUKH HA OKPyXK-
_ HOCTH Pji.q H Py ONPeNeNsIOT ABE AYrH; HYCTb Pi—yP;— Ta
M3 STHX Ayr, Koropas He nepecekaer L; Torma, kak
6ul0 nokasano B § 20, A(¢;, y) ecTh yrnosas Mepa 3To#t
Ayrd ¢ AOJKHHM YueToM 3Haka. Byaem cuHTath, 4TO
9Ta Ayra OpPHEHTHDPOBaHa OT Pi—y K p;. Ecau npu artoi
OpPHEHTalHH OHA HJeT IMPOTHB 4YACOBOH CTpeNKH, TO
A (@i, y) uEMeeT 3HAK NAIOC, B MPOTHBHOM Xe cayyae —
3HaK MHHYC.

INpeanonoxkum nas yao6CTBa, YTO HAIU TPAHCIOPTUP
umeer paguyc 1. ITomect¥M ero ueHTp B TOUKY Yy M [O-
BepHEM TakK, 4ToObl HYyJNeBOe JejeHHe MOMajo B TOY-
Ky ¢ oKpyxuocTH C, OTJIHYHYIO OT Py, P1, -+ -, Pm. [lOCJHE
3TOTO OCTABHM €ro HeNOJBHIKILIM U 0603HAUUM Yepes X,
X1y avey Xm J€JNEHHS B rpafycax, CoOTBETCTBYIOIIHE TOYU-
KaM Po, P1, -+, Pm. KaKIoe H3 dHCeN X; HAXOAUTCA Me-
#*ay 0 u 360. Tenepb Mbi MOXKeM yCTaHOBHTBL Hamly ynpo-
mennyw hopmyay aasa A (e, y).

Teopema 22.1. ITycte r — wucao dye pi-yps, codepoca-
WUX TOUKY q U UMEIOUjUX NOAOKUTEAbHYIO OPUEHTAYUI,
U S — 4uCa0 Oya pi_yPy, COOCPIAWUX § U UMEIOWUX OT-
puyareabtyio opuentayuro. Tozda

A@ y) =Xy — X, (r — 5) 360.

Puc. 22.1 cayxut uanocrpauueii atoit reopemu. Ecau
Mbl TIpOBeleM JydY yq, TO YBHAHM, YTO OH mNepecexkaer
KpHBYIO @ B TpeX Toukax. MOXHO onpenennts OpHeHTa-
LIMI0O KPUBOH @, a 3HAYHT, H AYTH Pi—1P; LIS KaXjo#f H3
ToYek mepeceuenus. [As nepBbix ABYX OHa OTPHLATENb-
Ha, a ANA TpPeTheil NOoJOXKHTEeNbHA; TaKHM o6pasoM, r=1
H s=2. Ecau ny/jenoe nejerHe TPaHCNOPTHPA OMECTHTD
B TOYKY @, TO LISl Xp Mbl TOJYYHM 9HCIO 65, a mas Xo —
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§ 2. TIOPAAOK W(p, ¥} KPUBOY OTHOCHTEJILHO TOUKM

ynacao 195, IMostomy A(g, y)=65—195+ (1—2)360=
=—490.
U3 reopemnl cnepyer, uto ynca0

Xm — X+ (r — §)360

HE 3aBHCHT OT BBIGOpA HyJIeBOH TOUKH ¢, HeCMOTps Ha
TO, YTO Xm, Xo, ¥ H § OT 3TOTr0 BbIGOpa 3aBHCAT.
Urobn 10KA3aTh TeOpEMY, BCHOMHHM, YTO

A =3 Alow )

Kaxnoe u3 uucen A(g; y), ABAALILMXCA YIJIOBOH Me-
pofi AYT Pi-iPi, Mbl XOTHM BHIPA3UTh YePe3 Xi_j, X

Puc 22.1.

PaccmoTtpuM chavasna Takoe I, AAs KOTOpOro Aayra
Pi—1Pt He CONepKHT ¢, Kak Ha puc. 22.2. Tlo nawemy
onpe/eNeHHIo BEJHYHHBI YIJIa, 3aMeTaeMOro HemoJHoH
anyroft, A(@, y)=xi— x;—y. 3aMeTHM, UYTO 3TO HMeeT
MecTo M B TOM Clydyae, Korja Ayra HueeT OTPHLATE/b-
HYI0 ODHEHTALHIO, MOTOMY 4TO B 3TOM CAYYAE Xi—y>Xi,
H, CAEAOBATE/NbHO, PA3HOCTb X; — Xj—q OTPHLATEABHA.

PaccmoTpuM 3areM Takoe {, IJs KOTOpOro ayra
Pi-1P1 OPHEHTHPOBAHA MOJOXKHUTENBHO H COLEPKHUT ¢, KaK
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na puc. 22.3. Craanbieas yril, onpefesieMue nyraMu
Pi-14 H-gPy, NOTyyaeM ,

A(@ y)=360 —x;_, + X -—x,—x,-,+360

PaccMoTpuM, HaKoHel, Takoe i, A% KOTOpPOro ayra
pi-1P; OPHEHTHPOBAHA OTPHIATENbHO W COLEPXKHT ¢, Kak

Puc 222 ) Puc 223

pa puc. 224, CxknajplBas yribl, onpenenﬂebee Jyramu
Pi—1g ¥ gp;, HAXOHM

Ay, Y)=—x;_, — (360 — x;) = x; — x;._, — 360.

ITH TpPH cJaydYas HCYEPHLIBAIOT BCE BO3MOMKHOCTH.
Ecau mbi cnoxum Bee A (@1, y), i=1, 2, ..., m, TO Kax-
Ablft uneH Oyler comepkaTb
Pa3’HOCTb X;— Xi—y, I UJEHOB
6y1yT COAEP¥}aTb MHOXKHTENb
4360 ¥4 § 4JIeHOB — MHOXKH-
Teapr —360. Cnellosa'reJlbuo,
Ao, Y)=(Xpn— m—l)+ .

+ (xm-l "" m-2)+ e

—+ (r — s) 360,

H TeopeMa JOKasaHa.

Caeacrsne. Ecau ¢ — 3amcuymﬂ Kpusas, 10 A ((p, y)=
[ (f _— S) 360,

Puc 22.4.
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§ 2. NTOPAAOK W(g. y) KPUBOM OTHOCHUTEJIBHO TOUYKH

Hﬂﬂ AOKa3aTeJbCTBa . CJICACTBHA HYXKHO TOMAbKO 3aMe-
THTb, 9TO, NOCKOJIbKY KpuBas 3aMKHyT1a, pa=¢b H, 3Ha-
YHUT, Xm==Xp.

Tenepb, HaKoHell, MEl B COCTOSIHHH JIaThb TOYHOe Ompe-
IesieHne NopsAjKa KpHBok oTHocHTeIbHO Toukn: W (@, y) =
=A(p, y)/360=r — s. U3 cnencreus an-exaer, 470 0O-
paAnoK €CTh LieJ1oe YHCIO.

YnpaxkhHenusn

1. UeMy paBeH MOPAAOK 3aMKHYTOfi KPUBOA OTHOCHTEJbHO TOYKH ¢,
ec/li KDPHBAA ABJSETCH HENOJHOA OTHOCHTENbHO y?

h

¢
Puc. 225

9, 3aMruyTan KpHBas Ha puc. 225 noApa3fiesieHa, KaK YKa3aHo,
BOCEMbIO BEPXHHMM M HHXHHMA TOUKAMH, M JAeNEHHs TPaHcmop-
THpa, HaudJbHBEIA Jyy KOTOPOro HAeT, KaK H3006paXkéHo Ha pu-
CyHKe, NpUBEAeHH B Clenyroumeii Tadmme

oty =a, b, ¢ d, e, L & &
x; =270, 90, 300, 20, 340, 45, 350, 60

a) .Il;iaﬂm yron B TOUKe Y, 8aMeTaeMuii Kpusofi or a fo d; oT
1o g
b) Halitu nopasox W{(g,y) n nposepm‘b pesyJsbraT, noJy-
ueHHHIAl B ynpakHeHuy 2 K § 17
c) ¥xasatb Apyroe uanpasiieHHe n:m Jyya yq, xoropoe cBeaer
phiuucaenHe W(Q,y) A0 MEHHMYMA,
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YACTb II. TEOPEMHE! CYIIECTBOBAHHS B IBYMEPHOM CJIVYAE

d) HOna toukn B kampolr u3 o6nacteir A, B, ... nposeputs
pesyJbTaTH, NOJiyueHHHe B § 17 OTHOCHTeNLHO MOpPAKKA 3TOM
KPHBOii.

§ 23. Ceoiicrea A (9, y) 1 W(p, ¥)

Tenepb A(p, y) u W(p, y) onpeneneHsl TOYHO, H Mbl
JOJIKHEl N0Ka3aTh, YTO OHH 00JIafalOT TeMH CBOHCTBAMH,
O KOTOPHIX MBI TOBODHJIH PaHBlleE,

“1. Ecan @ — nocrosinnas Kpusasi, To A(gp, y)=0 n
W (g, y)=0.

Tak xak ofpas ¢ [a, b] ecThb TOUKa, TO @ ABAAETCH
HeNONHON KpuBOA H ee TpHBHA/NbHOE IOJpasfeeHue
.I0CTaTOUHO Meako. Ho ang HeNmoAHBIX KPUBBHIX M3 @a=@b
CJelyeT, 4TO Xo=Xp. I10aToMy A(g, y) =01 W(p, y)=
=4 (9, y)/360=0.

2. Oyuxkuusa A(, y) aLOUTHBHA OTHOCHTENBHO ©.
Tounee, ponyctum, uto a<b<c u @: [a, ¢]— P. Ilyctb
oi=0l[a, b] n =ol[b, cl. Toraa A(g, y)=A(pu 4)+
+A(qpz, y). Ecin Xe pa=@b=q@C u @1, @2 ¥ @ ABJIAIOTCH
3aMKHYTBIMH KpuBbiMH, To W (g, y) = W (g4, ¥) + W (g2, ).

[Tyers &, u &;— LOCTATOYHO MeEJNKHE IOApasje-
. JleHHs] COOTBETCTBEHHO KPHBHIX @y W @2 Torma o6mbenu-
HeHWe BepwHH &, M &5 JaeT AOCTATOYHO MeJKOe MOA-
pasnenenne & kpusoit ¢. Tak Kax uiens cymmbr A (7, y)
coBnajaioT ¢ uienaMu cymMmmbl A(Z;, y)+ A(Pq y), TO
OYEBHJHO, YTO

AZ, ) =A@ Y+ AP 9,

M nepBoe COOTHOLIeHHe NOKasaHo. B cayuae korja @, ¢
M @z — 3@MKHYThEie KPHBble, KaXJblfi 4leH B 3TOM COOT-
HOUIEHUH #BJSIETCH LENbiM YHCHOM, KpaTHuim 360. ens
ero Ha 360, y6exnaeMc B aiJHTHBHOCTH NMOPSAKA Kpu-
BOif OTHOCHTEJIBHO @.

VYVonpaxHeHue

1. BepHeMca R PHCYHKY M 3HaueHHAM JeJIeHMA TpaHCNOPTHPa B
ynpaxuennn 2 k § 22. Haiitu A(p1, y) u A(92,¥), ecan @l=a,
@ly=d u Qla=g, W C NOMOWbIO MOJIyueHHOro B 9TOM Haparpade
peayabTarta onpefenuts A (glik, ], ¥).
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§ 4. TOMDTONMKU KPMBLIX

§ 24. Fomoronsn KpuBRIX

B cnepywluen naparpage Mbl MOKaseM, YTO NOpA-
JAOK KPUBOH OTHOCHTEJIbHO TOYKH OCTAETCH NOCTOSHHBIM,
KOrja »Ta KpHUBAs MJIH TOYKA HM3MEHAIOTCS HEMpPEephIBHO-
(cm. § 18). Hawa uenp B 3T0M naparpacde — TouHo onu-
caTh, KaKOF0O Tuna H3MeHeHUs] Mbl GyJeM CUMTATH AONYC-
THMBIMH.

Onpenenenne. TlycTh @o ¥ @i ==[Be KpUBbE B Npo-
CTpaHCTBe Y, onmpejesieHHble B OJHOM M TOM K€ 3aMKHY-
ToM npoMmexytke [a, b]. Torna eomoronus Kpusoil ¢y B
KDHBYIO ¢y ecTb HellpepeiBHOe oToGpaxeHue (@ mnpsmo-
yroapuuka Q B Y, oToOpaxaiolllee HHXKHIOIO CTOPOHY Q
Ha KPHUBYIO (@, a BEPXHIOIO —Ha KpHBYIO @i TouHee,
nycts Q — npAMOYTOJMBHHK Ha NJOCKOCTH JBYX IepeMeH-
neix (£, ©), onpemensemuiii ycaopusimu a<iKb H
0<vX1. Torga romortonusi @ KPHBOA @p B KPHBYIO g
ecTh HenpeprliBHOe oTobpaxenue @: Q — Y, Takoe, uTO

D¢, O)=0q,f u O, 1)=0of ans Bcex £€][a, b)

B cinyyae xoraa qo U @y — 3aMKHyThle KpHBHle, TOMOTO-
NUA Qo B @ KaK 3AMKHYToIX KPHBHIX OnpejensieTcs, Kak
M BbIIIE, HO JO/MKHO GBHITb BBHIMOJHEHO AONOJHHTENbHOE
ycaoBne: ’

®(a, 1)=®D (b, t) ana Bcex t€][0, 1].

Yro6el caenaTh 3TO onpeneseHdHe NOHATHBIM, peacTa-
BUM ceGe, YTO NPAMOYTroJbHHK Q COCTaB/eH H3 rOpPH30H-
TaNbHbIX NPSMOJHUHEHHBIX OTPE3KOoB S, KaXAOMY 3Haye-
nuio t€ [0, 1] cooTBeTcTBYeT OAMH TaKO# OTPE30K. YcCho-
BUeM @, =@ (f, T) cyXeHue otoGpaxkeHuss @ Ha OTpes-
Ke s, ompejensieT Kpusyio @ : [a, b]— Y. Takum obpa-
30M, Mbi NIOJAy4deM CeMelCTBO KPHBbIX — .10 OAHOH Ans
Kaxjoro suauvenusi v mMexkay 0 u 1 (puc. 24.1). Ecau
cyuTaTh, YTO NEpeMeHHas eCTb BpeMs, TO 310 cemeli-
CTBO KDHMBHIX MBI MOXeM paccMaTpHBaTh Kak pasiuy-
HEE [0J10XKeHus OLHOM ¥ TOf Ke efUHCTBeHHON IBHXKY-
wieficn kpusofi. MiMes B BHAY TaKyi0 HHTEPHPETALHIO,
TOMOTOIIMIO YACTO Ha3kiBaloT Oedhopmayued.

. Ecav gBe KpuBhle @ M @i 0TOGPaXKalOT NPOMEXYTOK
[a, b] B mnockocTs P uau B mpocTpancTso R™, TO cyue-
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YACTH Ii. TEOPEMb! CYIIECTBOBAHHA B ABYMEPHOM CJIYUAE

CTBYET FOMOTONHUS CIEUHaNbHOTO BHAA KPHBOH (o B KpH-
BYIO @i, HasslBaeMasi auHeinod romoronuelt. Has Kax-
noft napw (¢, t) € Q BosbMem B Kauectse (D (f, T) TOUKY,
KOTOpas MpAMOJMHERAHH OTPe3oK, UAYWHA OT Qof B @il

b
. Q s !
P
——
0 a 5, b 1 )
Puc. 24.1.

deaut B otHoweHuu t: (1 —1) (puc. 24.2). OrHollenue
0:1 pgaer Hayaso 3TOrO OTpe3Ka, a orHowenue 1:0—
ero Konew; noaroMy @ (¢, 0) =qof u @ (¢, 1) =@f. Cyxe-
HHe otob6paxenns @ Ha KaXJIOM H3 BePTHKaJbHBIX OT-

Puec. 242

PE3KOB B Q ABJIAETCH IIOJIOﬁHEM, MOTOMY UTO COXpaHeHue
OTHOLIEHHS €CTh. XapaKTepPUCTHUECKOe CBOACTBO noaoGus.

‘Puc. 24.3 cayxuT uadiocTpauveil JHHEAHOH TroMoro-
nuu. [lonoxenus nnumymelﬁcx KPHBOH BhidepueHBl ANs

momentos Bpemenn T=0, 2, 5, 7 u 1, a npamonu-
HefiHble TYTH, 10 KOTOPHIM JBHXKYTCH DA3JHYHBIE TOUKH

o 1 , : :
KpUBOH, gsoépameuu, it =0, 5. 5 5. gul

144



§ 24. TOMOTOMNMHU KPHUBBIX

3aMeTuM, YTO Ka)Xjad OTAEIbHAA TOUKa KpHUBOH NBH-
XKeTcq MO MPAMON ¢ NOCTOSIHHOR CKOPOCTBIO.

Ham HyXHO A0Kas3ath, 4TO JuHeHHas roMoronua @
HenpepeisHa !). Tlycts (¢, ¥) — KOOpAMHATHI TOYKHM Mpf-
MOYToJIbHHKA Q, HempepriBHOCTBL oToOpaxenus @ B Ko-
TOpO# MBI XOTHM HOKa3aTh, H (f, T) — KOOpAMHATHI JIO-

> Puc. 244.

6ot Apyrofl TOYKM 3TOro NPsMOYronbHuKa. Beemem cie-

AyIoLlHe COKpaLleHHs: .
L=qec, v=q¢ 2=D(,v), I=D0(, 1),
w=qt, v=qt, =0, 1)

Ha puc. 24.4 un3obpameHa cHTyauus B caydae, Koraa
Touka (f, t) 6su3ska K (c, y). Orpesxn uv u u'v’ npen-
CTABJAIOT B3 ce0sl NyTH, 10 KOTOPBIM ABHXKYTCH TOUKH (C
u @f, Korga v meHsiercst oT 0 10 1. Mu! XOTHM mMOKasars,

1) - las unrarenst, SHAKOMOro ¢ BeKTOPHoil ajnreGpofi, Mbl MOMXeM
sanucats O(f,t)=(1—1) (pot)+7(p1¢) u 3aMeTurb, uT0 (PyHKIHA
(1 — 1) (pof) nempepHBHA KAK NPOH3BEJEHHe HENpephBHOMA CKa®sp-
Holl (yHRuMH 1—T H HenpepuiBHOA BeRTOPHOH OyHKUHH @of. I?o
TOR Ke npHuUMHe HenmpepHBHa H yHKUHA T(@ 7). {laxoneu, PyHK~
uua @(4 1) -HenpepHBHA KAaK CyMMa JBYX HeNPEPHIBHHX BEKTOPHbIX
DYHKIHH. :
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YACTb II. TEOPEMBI CYUIECTBOBAHUS B NBYMEPHOM CJAYUAE

4yro paccrodHue d(z, Z’) MoXeT GHITh CIEJAHO MAJLIM
(MeHbIIMM, YeM 3ajaHHoe £>0), ecan noTpe6oBaThb, YTO-
6u Touka (f, t) Obra 6am3ka K (¢, y). [lo HepaBeHCTBY
TPeyroJbHHKa

d(z, 2)<d(z, 2)+d (", ).

Tak kak oto6paxeHne npoMmexyTtka [0, 1] B oTpeaok uv,
nepeBojdllee Touky t B Touky @(c, t), ectb mnoupotue,
oHO HenpepniBHO. [TosToMy A715 M0GOTO MONOKHUTENBHOTO
yycaa /2 uafigerca rakoe 6°>0, uto

d(z, 2"y < ¢/2 nna BCex TaKux t, uto [t—y|< ¥,

ITockonbky GOYHKUHM Qo M ¢y HENpepbiBHLI B TOYKE C,
HafiayTca Takue uucaa §>0 n §;>0, uto

d(u, u')<ef2 nna Bcex Takux f, uto |f—c| < d,,
d (v, v') <ef2 nns BCex Takux £, ut0 |[{—¢| < 9.

Mycrs Teneps & — HauMeHbmee U3 yucen &', 8 U b1
Ecau Touka (/,t) npunaanexur okpectioctu N ((¢, y), 8),
TO BHIMOJHAJOTCS BCE TPU NPeJBAYUIMX HepaBeHCTBA.
MoxHo noxasarth, 4yto paccrosuue d(2”, 2') He mpesoc-
xoauT Gosibliero u3 paccrosiuuit d(u, u’) u d(v, v’). Ha
puc. 24.4 nokasaHo, Kak 310 J0Ka3aTh, Koraa 6oJbIINM
N3 HHUX fIBIAETCH d(u, «’). Tlposenem uepes v’ npaMmyio,
napanlenbHylo 0w W Iepeceaiouyio uu’ B Touke S, U
yepes 2’ mpAMylo, NapajnenbHylo uu’ W NepeceKaioulyio
v’s B Tou'e w. Toraa npaMmas qw mnepeceyeT vVu B TOY-
Ke 7, H 3 nofoGHbIX TPEYrONbHHUKOB BUIHO, YTO 3T4 TOY-
Ka [JenuT OTPe30K VU B TOM JKe OTHOMIEHUH, B KaKOM
TOuKa 2’ jeaut orpe3ok v'u’; mostomy r=2z", Toraa

d(", 2)<d(Z, w)+dw, 2)<
<Ld(u, $)+d(s, u)<d(u, &)

Caenosarensto, d (2”7, 2’} <e/2. Tloab3ysch euie TeM, 410
d(z, 2’)<el2, U3 HepaBeHCTBA TpeyroJbHHKA MoJyyaem
d(z, ) <e. TeM caMBIM HenpephIBHOCTH OTOGpaxKe-
uua @ pokasaHa.

B cayuae koraa ABe KPHBHIE Qp H @y 3aMKHYTHI, JH=
HeflHass roMoTonuA KpHUBOHA Qg B @y SIBASIETCS X TOMOTO+
nHefl H KaK 3aMKHYTHIX KpuBBIX. B camoM nene, us Toro,
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§ 24. TOMOTONMHUH KPUBLIX

YTO Qod=@ob U @a=qib, ciienyer, UTO OTPE3KH, HAYIIHE
OT Q@ K §1@ U OT @ob K @b, coBnajaior, W, 3HAUHT,
®(a,t)=®(b,t) nas Bcex T€[0, 1].

Eciu nocneausis Kpuead @i KakoH-AnGO TOMOTONHU
SIBJAAETCS [IOCTOSAHHOA KpuBOMH, oroGpaxkaiouiefl Bech 3a+
MKHYTHII TIPOMEXYTOK B TOYKY, TO T'OMOTONHSI Ha3bl+
BaeTCA CTA2UBaHUEeM TIEpBOHAYAJBHON KPHUBOH ¢y B ToY-
Ky. Bot BaxHmii npumep Takoro crarusaHus. [lycts D—
KPyr ¢ LEeHTPOM 2 H rpaHuyHoi oKpyxHocthio C, a
@o: [0, 1}]— C —cranpapTHoe mnpeicTaBJeHHe OKPYKHO-
ctu C B KauecTBe 3aMKHyTol Kpuso# (npomexyTtok [0, 1]
OJMH Pa3 HAaBOPaYUBAeTCHd HA OKPYXKHOCTh NPOTHB Yaco-
Boft crpeakd; cm § 16). Ilycts ¢4 [0, 1}~ 2 — nocTosn-
Hafd KPUBAas B LEHTPe KPyra, U nycTh, Hakouen, @ — Jau+
HefiHast rOMOTONHS KPUBOH @9 B @1 Toraa @ craruBaer
KPHBYIO Qo (u1H OKpyXHoCTb C) B TOUKy. Eciid MBI Has
PHCYEM 3Ty FOMOTONMHIO KAK JBHXKYIIYIOCH KPHBYIO, TO B
KaXJblf MOMEHT BpeMeHH OHa OyaeT OKPYKHOCTBIO C
LHeHTPOM 2, a nobas ee TOYKa ABHXKETCA K LEHTPY 2 0o
paauycy. «

Mycts Teneps f: D — P — oro6paxenne Kpyra B mios
CKOCTb, 1 @ — TONBKO YTO OMHcaHHad romoronusi, Torna
komnoduuus f@: Q — P sBAfAETCHA CTATHBAHHEM 3aMKHY-
#0f1 KpuBof foo: [a, ] =P B IOCTOSIHHYIO 3aMKHYTYIO
KpHBYIO [@1 B TOuKe [2. DTa rOMOTONHA W onpeiessieT To
CEeMefiCTBO 3aMKHYTHIX KPHBHIX, KOTOpoe OBLIO HCIONb30+
BAHO B HHTYMTHBHOM J0Ka3aTelbCTBe Hallell riaBHOR
teopemsl (§ 18). '

YnpaxHeHud

1. Iloka3aTts, 4To J00as 3aMKHYTas KPHBAas Ha IJIOCKOCTH TOMO-
TONHA NMOCTOAHHON 3aMKHYTOH KpHBOH. ’

2, TMokasats, 4TO KpHBas ¢: [a,b]—> Y B Aw6oM npoctpauctse Y
roMOTONHA MOCTOAHHOMY OTOGPaXKEHWi0, NPHYEM APH STOH TOMO<
TONHH OJMH H3 KOHUOB KPHBOH OCTaeTcs HENOXBHIKHLIM,

3. Tyets a<b<c— geficTBuTeNbHBE - yHCA3, H @ [a, c]>Y — kpH4
Baf, YAOBJETBOpAOHIan YCJaoBHIO: @a=¢b=¢c. Jonyctum, uro
saMkuyTee kpusble ¢lla,b] & o|[b,c] roMoTonEn nRocTOAHENLIM
oToOpakeHHAM 0pPH HeNOABHXHHX Kouuax, Torfia u Kpusag ¢
roMOTONHA MOCTOSHHOMY OTOGDAKEHHI0 MPH HENOXBHXKHEIX KOH-
nax. .

4, Tlokagatb, uro roMotonuo O KPHBOH @g B KDHBYIO @ MOMKHO
0o6GpaTHTh, MOJYYHB FOMOTONHIO KPHBOR @; B KPHBYIO ¢o.
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YACTB II, TEOPEMb! CYIIECTBOBAHHS B JBYMEPHOM CJIVUAE

§ 25. NocroaucTBo nopsAAKa KPHBOH OTHOCHTEAbHO TOUKH

Teopema 25.1. Iycre @®: Q-P —eomoronun xpu-
80U @y 8 KpUBYIO @y KAK 3AMKHYTbIX KPUBLIX, U NYCTb
Yy — TouKa, He npuralaexcawas obpasy ©Q. Toeda no-
padok W (@, y) kpusoii @, OTHOCUTEALHO TOYKU Y, KO20a
v MmeHsaerca or 0 0o 1, nocroamnen. B 4acTHOCTU,

W{(go y) =W (o1, y).

INopsimok W(@,,y) cokpaiueHHo 00603HayHM uyepe3
fr. Torna f ects ¢yHKIHS, onpenesieHHAA HA 3aMKHYTOM
npoMexyTtke [0, 1], u, Kak mokasano B § 22, Kaxaoe ee
3HaYeHHe siBJseTcH ueabiM yucioM. OCHOBHasA 4acTh Ha-
LIero PacCyXJeHHs COCTOHT B JOKa3aTeJbCTBE TOTO, YTO
[ He MeHsieTcs mpu «MaJbIX u3MeHenusx» t. Tounee, ecau
a €[0, 1], To cywecTByeT Takasi OKpecTHOCT: Ny TOUKH
@, uTo fr=fo ans Bcex T € N, ITocne Toro KaK sto 6yaer
yCTaHOBJIEHO, TeOpeMa J0Ka3biBaeTcs CAeAYOIHM obpa-.
3oM. Tak Kak Qyskuusi f Ha N, NOCTOSIHHA, TO OHA He-
npepoiBHa Ha N, u, 3HauuT, HefipepEIBHA B TOuKe o. [lo-
CKOJbKY 3TO BEPHO AAf KaXjoro &, To $yHkmus [ ne-
npepbiBHa Ha npoMexyTke [0, 1]. Eciu Gul Teneph dynuxk-
uns f ve 6mia MOCTOAHHOM M NmpHHUMANa XoTsa Gl JABa
pasnHyHbIX 3HaYeHWdA, TO M3 riaBHOfl TeopeMbl uactd [
chenoBano Gbl, YTO OHa NPHHMMAJA GHl ¥ BCe 3HAYEHHS,
NPOMEXYTOUHEIE MEXAY HUMH, a8 CPeiu HHX H Helleand
anauenus. Ho 310 mpoTusopeuyHT TOMYy, 4TO BCe 3Haue-
uust pynkuun [ uenounciaeuns. Ilostomy dyukuus f
JOAXHA OhITL MOCTOSHHOH., = = :

UTo6bl 10Ka3aTh, YTO NOPAAOK KPHBOH BOMIH3M TOUKM
o €0, 1] nocrosinen, BhiGepem noxapasjfeneHue & . Kpu=
BO! Qq, JOCTATOYHO MenKoe A TOuYkH. . ChHayala MH
HafineM okpecTHocTr N’ ToukKH a, o6Jaagamlyl0 TeM
CBOHCTBOM, 4TO AAsi Bcex T€ N’ noapasaenesne KpuBoii
¢¢ C TEMH Xe BEpLIMHAMH JOCTATOYHO MEAKO M Y; 3TO
noapasjenexue Mu Gyaem o6o3Hauath Tolt ke Gyksoil &.
A 3ateM, Nonb3ysACh METOJOM BBIUHCJEHHUSA NMOPSANKA KpHs
BOH, ONHCaHHLIM B § 22, MbI HallJleM ellie MeHbIIYIO OKpe-
CTHOCTB N, 17151 KOTOPO# KaxcObili 0TAeAbHObU Wa2 86L4lic-
Aenus daeT 00HO U TO %ce HUCAO. o

- Tlyers 4y, &,...,tm — BEPUINHB  TIOAPA3JeNeHUs 7.
Jas kaxporo uacTuuHoro. npomexytka lp=[fyy, §] no-,
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§ 9. [TOCTOSTHCTBO TMOPRIKA KPUBOM OTHOCUTENHHO TOUKH

CTaTOYHAA MEeNKOCTb MoApasjelieHus & 03Hayaer, YTO

cyuiectsyer Jyuy L, ¢ BepunHOfi B y, He HepeceKaOWn

Qeln. Tlyctb Dy — npsiMonitHefiHBII OTPE30K B NPAMO«

yronbHuKe Q, uaymun ot (fr—, &) Ho (¢, a). Mul nokas

XKeM, uTo CyIIECTByeT Takoil npsMoyronbuuk E,, copep-

ﬁamnﬁ Dy, o6pas kotoporo ®E, ue nepecekaer ayu L.
yCcThb

Vy=0"(P—L,).

Tak kak oto6pamenue @ HenpeprBHO, a P — Ly sBaser-
Cs OTKPBITHIM MHOXKeCTBOM, To Vi oTKphiTOo B Q. M3 Toro,
yto @ODp=@,/x comepxutrcsi B- P — L,, cnenyer; 4to
DrecVy. Oas kaxpgoft Touku p € D Mbl' MoXeM BLIGpPaTh
okpectHoctb N(p) oTHocuTenbHo Q, conepxKamyioca B
Va: Ilyete TOFLia M(p) — BHYTpPeHHOCTh HauGoJbilero
KBaJpaTa €o CTOPOHaMH, NapajjenbHbiMi f- H T-0CAM,
KoTophlit cozepxutcs B N(p). CoBokynHocTb BCeX 3THX
M(p) pas p€ D, siBasiercss OTKDHITHIM HOKDPBbITHEM OT-
peska D,. Tak Kak 3ToT oTpe3ok KOMNaKTeH, H3 A aHHOrO
NOKPHLITHS MOXHO BBbIAEAHTh KOHEUHOE MNOJNOKPEITHE,
ckaxeM My, M,, ..., M, Ilyctb 6y — nosoBHHA CTOPOHH
HaMMeHbIIEro M3 3THX KBanpaToB, H E, — npsMoyroJib-
HUK, cOCTOSILIMA M3 TodeK (f,1), y KOTOpHX (€[, u

L Jr—a] <9,
B cany sriGopa 6, foraa -
EkC:MIUM2U s ae UMI_IC:V"

9710 suauut, 4T0 @y lucP—Ly nas no6oro 1 €N (a, 8s).
[peano/oXUM, YTO 3TO NMOCTPOEHHE NMPOBELEHO AJS Ka«
®KOoro nupomexyrka I, k=1, 2,...,m, nu 0603HauuM ye-
pea 8 Haumenbllee u3 yucen &, 8s,...,8m. Ilycte N'=
=N(a,8). Torna ana aoboro t€N’' mbl umeeM @ /pc
<P — L, npu Beex k=1, 2,...,m. D10 n0Ka3LIBaeT, 410
aas kaxporo T€ N’ noapasaenenne & kpusoft ¢, mo-
CTATOYHO MEJKO IS TOUKH Y.

[Npumennm Tenepb MeTton § 22 BHIUHC/IEHHS NMopaaka
KpuBofi K 3TOMY pa36HenHio ¢ M Pa3JHUHBIM KPHBBIM
@, npu 1€N’. Kak u B § 22, C 0603HayaeT oKPYXKHOCThb
¢ uentpom y u paanycom 1. ITyets g1 (P —y) = C ecth
paaManbHasf NpoeKUHsi W3 HeHTPa y HA OKpYXKHocTh C.-

149



YACTH II. TEOPEMBI CYIHECTBOBAHUS B ABYMEPHOM CJYUAE

Torna ¢yuxkunn gd: Q—C u g, [a, b]— C Henpeprin-
HBl KaK KOMIO3HLHH HemlpephiBHEX ¢yukuuit. O6pa3 Ha
okpyXxHoctu C BepuwiuHH f, mosapasjgeneHusi & npu oros
GpaxKeHUH Py, @ UMEHHO TOUKY ZQ.lx, OYIeM COKpallleH+
HO 0603Ha4YaTh CUMBOJOM ppT. I1ycTh Apt — Ayra okpyx-«
HOCTH C OT pp—T [0 pat, He INepecekaiomwast ayua Lg.
Ecnn g — touka na C, OT/IHUHASA OT PyT, Pi%, -« « y Pm¥, TO,
kKak B § 22, nopsanok W(g,,y) pasen ﬁt=r—-s, rae r
(COOTBETCTBEHHO §) €CTh YHCIO NOJOXKUTENbHO (OTpHIA-
TeSIbHO) OPHEHTHPOBAHHBIX AYr Apv, comepKallux g.

BoabMeM Touky ¢ € C, OTAUYHYIO OT Dok, D1y« « - , Py
H AJs Kaxjoro k=1, 2,,,., m BeiGepeM okpecTHocTb Uy
TOYKH ppo. Ha C, He cojepxkKalylo TOUKH ¢ U He Mepeces
Katomyio Hi Ly, Hu Lp_y. Torna U, Gyzmer Hemonnoh ny=
roit okpyxuoctu C, comepxauelr Touky ppe.. Tak kak
oto6paxenne g@ wenpepniBHo, U, eCTb OKpPeCTHOCTh
To4KkU pro. U gD (I, o) =proi, TO HafileTcsl Takasdw OKpes
ctHoeTh Ny Touku a B npoMexyTtke [0, 1], uto mpu Bcex
T€ Ny o6pa3 gd (£, t) =put ToukH T JeXuT B Uy Iycts
N — naumenbluass u3 okpectuocrefi N u Ny, No, ..., Np.
Torna us yenosusi v €N caenyer, uto ppv € Uy ana Kaxe«
poro k=1, 2,...,m. (3aMeTuM, YTO pp,T=pt, TOTOMY
YTO KaXKfas U3 KPHBBIX Q. fBJAAETCH 3aMKHyToi.) B ga-
CTHOCTH, TOYKA § OTVIHUHA OT TOUEK PoT, P1T, ..., Pm—1T,
T4K Kak 4§ He NPHHAJJMEXHUT HH OJHON M3 OKpecTHo-
creit U

OcraeTcst MOKasaTh, 4To s Jioboll Toukn v €N u
kaxjoro k=1, 2,...,m ase ayru Apt v Apa HaxoaATcs
B OJMHAKOBOM OTHOUIEHHH K TOYKE ¢, TAK KaK B 5TOM
cyyae Mbl TOJNYYHM LIS @, TO XKe camoe YHCIO r — S,
YTO U ANS1 Q. PaCCMOTPUM CHayaja TaKo# HOMep R, aad
koroporo Up—y u U, umewt o6y Toury. Torga
Up_1UUy, ecth cBsiznas ayra, a ee gononHenue D B C
sBJAsieTCA CBsI3HOM Ayrofi, nepecekaiouleii Ly, comepxa+
me#i ¢, Ho npu Bcex T€ N He cojepXame# HH pr1T, HH
prv. Tak kak ayra D cBsi3Ha, OHa IeJHKOM JI€XKHT B OfI-
HOft M3 ABYX AYr OKPYXHOCTH C C KOHHAMH PpaT H Pt
OpHolt M3 3THX ABYX AYr sBasercs Ayra Axt, a BTOpas
u3 Hux nepecekaeT L. Tlockonsky D mepeceraer L,
acHo, uTo D ne nepecekaer Apv. Tak Kak Touka g mpu+
Hagaexut D, TeM caMBIM JOKa3aHo, 4yTo mpH BCex 1 €N
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§ 25. ITOCTOAHCTBO TOPJAKA KPHUBOW OTHOCHTEJIbBHO TOUKH

ayra Apt ue comepkuT ¢. Takum oGpasoM, B 3T0M Cay+
yae OTHOLIeHHe NYrH AxT K TOUKe § He MeHsSeTcs NPH
BceX T€ N; HHBIMH CIOBAMH, €CJIH TOYKY § He CONLEpPIKHT
nyra Aga, TO ee He coiepxar M Bce AyrH Apt 1npu
TEN(a). ,

PaccMorpuM Teneps Takoil HoMep &, AJsi KOTOPOro
okpectoctd Uy u Uy obmux Touexk He nmeroT. Toraa
nonoanenne obbefnnenust Up—y UU, B C COCTOUT H3 ABYX
ayr D u E; nyers D — Ta u3 3THX AYyr, KoTopas mepe-
cekaer L;. Paccyxpnas, Kak W Bblllle, BHAHM, YTO AJA
Bcex Touek v €N ayra D ne mepecekaercs ¢ Axt. Kpome
toro, Tak Kak nyra E ne mepecekaer Ly, Bce ayru At
npu v€ N conepxar ayry £ H ofHHAKOBO OPHEHTHPOBA+
B OT Up—y K Up. TTocKOJNbKY TOUKA ¢ He NPHHALIEKHUT
o6benuuennio U,_yU U, ona poaxkua maexkatb B DUE.
Ecan g€ D, o un onHa u3 ayr Axt npu 1 €N He comep-
Kut g. Ecnu xe ¢ €E, To see nyrn Apt npu v €N comep-
*aT § ¥ ONMHAKOBO OpHeHTHpoBaHb. Taxkum obpasom,
oTHolleHue NyrH ApT K TOUKE § He MeHAeTCs MpPH BCeX
TE€N. D10 3aBepluaer [J0KasarelbCTBO TOro, YTO IpPH
Bcex 1t €N mnopsapok fr mocrosnen. M3 paccyxnenis, ko-
Topoe MBI IpoBeNH cpasy mocae TOro, Kak cpopmysnupo-
Band TeopeMy, HeMelJeHHO BHITCKaeT MOCTOSIHCTBO TMO-
psiiKa 3aMKHYTOH KPHMBOH MPH €€ TOMOTOIHH.

Teopema 25.2. [lycte @: [a, b]— P—3amkuyras
KpUBas HA NAOCKOCTU, U RYCTb Yo U Y1 — 08€ TOUKU NAOC=
koctu P, ne sescaujue na xpusod ¢ u obaadaroujue Tem
CBOLCTBOM, 4TO UX MOXCHO coefunute kpusod ¢: [0, 1]—
~» P, ne nepecexaroweti g. Tozd0a nopadku kpusoid ¢ 0T+
HOCUTEAbHO TO4eK Yo u yi cosnadaror, T. e. W(g, yo) =

=W(e, y1)- :

Nas xaxnoro {€[a, b] u kaxmporo t€[0, 1] o6o3na-
yum depe3 @ (f, T) KOHEILl BeKTOpa ¢ HayaJoM B ¢f, KOTO-
puifi mapanjesieH HAyLIEMY M3 Yt B Yo BEKTOPY H HMeer
Ty *ke AauHy (cM. puc. 25.1). Takum obpasoM, eciu MBI
NoJN0KUM @ f=®({, t), TO npu HHKCUPOBAHHOM T KpH-
Basg ¢, Oyler monyyaTbCs NapaajelqbHbIM IEepeHOCoM
Kpusoii ¢. Dynem cefe npeicraBasiTe MNJOCKOCTh Kak
JKECTKHH MeTalau4eCcKU#l JIHCT, B KOTOPOM BHOJb KpH-«
BOH P Bbipe3aHa IWieab. [Ipu6beM STOT JHCT K CTEHE B
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YACTD II. TEOPEMBl CYLRECTBOBAHHSA B ABYMEPHOM CHYUAE

TOUKe Yo I'BO3AEM, AHAMETD KOTOPOro MeHblie, YeM LIH-
puna wenn. Tenepr 6yaeM nepeMellaTh JUCT NO CTEHE,
He JIoNyCKasl NpH 5TOM, 4TOGHI OH BpalaJjcs, H cieis 3a
TeM, yTo6H TBO3Ab BCe BpeMs miesn no menn. Torpa no-

~ -~

L —

Puc. 25.1.

Jydaiolmeecs B pe3ysibraTe ABHKEHHE 3AMKHYTOH KPUBOH ¢
6yfer H300paxKaTb  MOCTPOEHHYI0O HaMH romotonmio O.

M3 nocrossctsa nopsjka KpHBOM NpH TOMOTOMHH
caenyer, uto W (o, 4o) =W (g1, yo). KpoMe Toro, mapa
(p1, Yo) cosMemaercsi ¢ napoit (go, 1) NpH napannennb-
HOM NepeHOCe TJIOCKOCTH Ha BEKTOP, HAVINHA H3 yy B y.

; ' Tak xak npu ABHXKeHHM TNOPSAOK
' KPUBOH OTHOCHTENbHO TOYKH, Oyes
BULHO, He Mensiercs, W (gqq, yo) =
=W (go, y1). Conocrasasisi 3TH pa-
| BEHCTBA, OPUXOAHM K 3aKJIOUEHHIO
TEOpPEMBI. T

Ynpaxuenus

Puc. 252

1. TokasaTs, uTO mnOPAMOK OKPYKHOCTH

: Qo Ha pHC. 25.2 OTHOCHTENBHO TOYKH Y

paBeH NOPSIAKY OKPYXHOCTH @p TOTO Ke pajyca OTHOCHTENLHO TOY-
KH Y, ONpeJe/iiB FOMOTONHIO, K KOTOPOH MOXKHO NPHMEHHTbL TEO-
pemy 25.1. - :
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§ %. JLOKASATEJILCTBO IJTABHOP TEOPEMBL °

2. Ykasas roMoTonHio, 0GbACHHTH, MoueMy ‘Ha- phe. 25.3 W{gpo, y) =
=W(p, ) B nouemy c noMompio STofi roMoremHH HeJb3A A0Ka-
-8aTh, 4T0 paBH HopaakH W{go, x) u W (g, x). . .

Puc. 25.3.

3. OGbacuuts, noueMy roMotomus Ha puc, 25.4 He OpHIOAHa RAR
ynpaxHeHus 2 B KayeCTBe TOMOTONHH, Npu KOTOPOH KphBas He
nepeceKaeT TOUKH X.

§ 26. NokasareabcTso raasuol TeopeMsl

Tenepb B HawHX pyKax uMeercs Bce, 4TO BYXHO L9
AOKa3aTe/bCTBA T/IaBHOH TEOpeMBl, CHOPMYAHPOBAHHON
B § 18. [lonycruM, 4To TOUKa y He MPHHAANEKHT o6pa-
8y [D. Tlycrs o |0, 11— C — craugapraoe npeacrabae-
Hue OoKpyxHocTH C KaK saMknyTofi kpumoit. [lyctb @ —
onucanHas B § 24 roMmoTomus, €TATHBAIOWAA KPUBYIO gy

Puc, 26.1.

no xpyry D B uentp 2 sroro kpyra. Toraa f® ectb romo-
TONHA KPUBOI o B MOCTOSIMHYIO 3AMKHYTYIO KPHBYIO B
Touxe fz. Tak kak f®Qc/D, Touka y He NPUHAANEHKUT
oGpasy mnpu srtofi romoronun. Caenosatenbno, mo Teo-
peme 25.1 W (fqo, y) = W (fqr, y). Tak kax fo, — nocrosn-
Has kpuBas, To W(fp,y)=0 (cm. § 23). TMosromy
W (fgo, y) =0. Hrak, mbi nokasani, YTO €CNH Y He MpH«
Hapnexut D, 10 W(fpo,y) =0, Taxum o6pa3oM, H3
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YACTb 11. TEOPEMbI CYHIECTBOBAHUS B JIBYMEPHOM CJIYYAE

yeaoeusi W (foo, y) %0 caenpyer, uto y €fD. 310 3aBep-
mwaer goxkasarenabeTBo, (Pmc. 26.1 uamocTpupyer mocies
loBaTe/bHLIe CTaAud romotonud [@ pas oroGpaxe-
Bud f, onucauHoro B § 135).

YnpaxHeHUe

I, Kak HyxHO M3MeHHTb J0Ka3aTenbeTBO TeOPeMHl B caydae, KOraa
Kpyr D, 0 KOTOpOM TOBOPHTCH B TeOpeMe, 8aMeHeH MPAMOYIO/ib=
HukoM D’ BMecte ¢ ero BHyTpeHHOCThIO? YTo 3ameHser craH«
hapTHOe mpeicTaBjeHHe KPHBOH ®g H romoronuio @©?

§ 27. Nopanok OKPYKHOCTH OTHOCHTEAbHO KaXKao#
BHYTPeHHe#i TOUKM paBeH ejuHuLe

B arom naparpade Mbl mokaxeM, YTO €CJH Henpes
peiBHOe orobpaxKeHue Kpyra D B nJIOCKOCTh OCTaBJSiET
HEMNOABHKHBMH BCe TOUKM €ro IPAaHHIB!, TO BCE TOYKH
Kpyra D nexar B ero ofpase. B kauecrBe noaroroBu-
TeJbHOro0 1lara K 2Tofl TeopeMe MBI JOKaXkeM CHavaJja
OJHO yTBepiKieHHe, Koropoe B § 17 cUHTANH MHTYHTHUBHO
OYeBUIHBIM: NOPAAOK OKPYIKHOCTU OTHOCHTENBHO KaXRo#
BHYTpPeHHEeH TOUKH paBeH efHHUlE.

Jlemma. ITycre C — OKpYymHOCTb, Y — TOYKA 8 RAOC+
KocTu 3TOd OKpyxHOCTW, Aexcawjas eHytpu C, u
@o: [0, 1]— C — crandaprnoe npedcrasiaenue OKpYHcHO-
cru C kax samguyrod kpusod (cm. § 16). Toeda

W (g0, y) =1.
Ins [QoKaszaTelbCTBA pPAacCMOTPHM - NOAPa3edeHHe
e7’={0, %, l}. HanomHumM, 410 KpuBasi ¢p ompese-

JsieTcss BHIOOPOM B KauecTpe Hada/la OTCYETA HEKOTOPOHR
TOuKH o0, a 3aTeM Kaxkzaas rouka /€ [0, 1] oro6paxkaer-
csi B Ty TOUKY okpyxHoctH C, yrioBoe paccTosiHue KOTo-
poit B rpamycax oT Toukd @0 paBuo 360f Caenos

BaTeNbHO, ¢g|0, —-| ecTb NMOAYOKPYKHOCTB OT TOUKH
1
@0 10 @y B HampaB.JeHUH NPOTHB 4acoBON CTPENKH, a

%[%. l]—nonyoxpymnocrb ot tpo—;- J0 @l =¢0 B

TOM e HanpasneHuu (puc. 27.1). Ecaw y — ueutp xpy-
ra, To npaBuao u3 § 22 paer: W(go, y)=r—s, raer=1
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§ 27. NIOPAAOK OKPY)XHOCTH PABEH ENWHHLE

u s=0. Takum o6pasoMm, nis UeHTPa Kpyra JemMMma
sepHa. Ho Kaxaylo BHYTDEHHIOIO TOUKY MOXKHO COeqH-
HHTb C LEHTPOM NPSIMONHHEHHBIM OTPE3KOM, He hepece-
katomuM C. Tlosromy mno reopeme 25.2 mopsiaok KpH-
BOfl (o OTHOCHTENBHO Ta-«

KOH TOYKM COBHAjaeT C ee . Lz
NOPAAKOM  OTHOCHTENbHO
HeHTpa.

Uto6bl HArMAAHO Npen- o]
ctraBuTh cebe caeaymoliee ot A0

npeJJoXeHHe, PaccCMOTPUM

KPYTJABlH, TOHKUR u THOKHUl

pe3uHoBHIA AMCK, Kpafl Ko- g

TOPOro NpPUKJIEEH K CTOJIY.

Ecau 6Bl Mbl 3aX0TelH YBHU-

JeTb, YTO HAaXOAHUTCHA TMOL L,

3THM [JHCKOM, TO OO0 TeX - Puc 27.1.

nop, nmoka kKpa# ero oc-

TAeTCsi HEMOABHKHBIM, Mbl HHYEro He cMOIVH Obl JOOHTDL-
cq, Kak Obl MBl gucK He nedopMupOBaJH.

Teopema 27.1. Ilycre f: D — P —nenpepoisnoe oro-
6paxcenue Kpyea 8 RAOCKOCTb, OCTABASIOWEE Henoosuxc-
HbolMu 6ce Touku epanuyrol oxkpyscrocru C. Tozda 06-
paa fD kpyea D codepacur éce TO4KU 3T020 Kpyea.

IMycre @o: [0, 1]— C -- cTranzaprHoe mnpencraB/ieHne
okpyxkHocTH C Kak 3aMKHYTOH KpHUBO# W y — BHYTpPeH-
Hsig Touka Kpyra D. Tak kak oro6paxeHue f ocraBafer
HETOJBHXKHOH KaxKAYI0 TOUKY OKpyxHOoCcTH C, CyXeHHe
flC sBasieTca TOXKIEeCTBeHHBIM orobpaxKeHHueMm, T. e.
fpo=qo. Caenosareanno, W(fgo, y) =W (qo, y). IMpensi-
aylas JeMma yrBepxiaer, uro W (go, y)=#0; nosromy,
1 W (fgo, y) 0. Torna B cuay raaeHoit TeopeMsl y€ fD.
Kpome roro, nockonbky fC=C, Kaxaas TOYKa OKPYHK-
Hoctu C npunapiexur fD. CrnenoparesnbHo, obpasy fD
NpHHAAJAeXRAT Bce TOYKH Kpyra D.

W3 sroit reopeMbl BhITeKaeT

Cnepcrene 27.2. He cyujectsyer Henpepbvlenozo oro-
6pascerusn kpyza D e ezo epanuyy C, ocrasinwuiezo re-
nodsuncnoimu gce Touku C.
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YACTD TI. TEOPEMBI CYIIECTBOBAHHS B J(BYMEPHOM CAYUAR

MozxHo, KoHeYHOo, 0TO6PA3UTh NPSMOYrONbHUK BMeCTe
C'€ro BHYTPEHHOCTBIO HA OJHY M3 €ro CTOPOH, OCTaBJfAs
HETNOJBHXHLIMH Bceé TOYKH 3TOH cropoHu. [IpeacraBum
cebe cBopauHBaHHe NEPEHOCHOro KHHOSKpAHA; MpH 5TOM
oroGpaxeHun [ Aad Bcex TOueK X BajmuKa fx=x. Cropo-
Ha, COOTBETCTBYIOLlAA 3TOMY BaJHKy, Ha3blBaeTcs per-
paxTom paccMaTpHBaeMod NMpsiMOYroJibHOH o6aactu (3K-
pana). Csnencrsue yTBep:KAaer, 4TO Mbl He MOXeM Ha-
BEPHYTb BEChb KPyr Ha OrpaHMYHBaIoOllyl0 ero OKpyX-
HOCTb, T. €. OKDYXHOCTb He fIBJsieTcsl peTPaKTOM Kpyra.
Bynem, nanpumep, cuuTaTh, YTO OKPYKHOCTb — 3TO 0601
6apabaHa, a BHYTPEHHOCTb Kpyra — Koxa, HaTaHyTas
Ha 3toT GapaGaH. Torma yrBepmAaercs, 9TO BCIO 3TY
KOXY HeJb3sl pacTsHyTb U HaBepHYTb Ha oGox. Uiues s
BHAY TaKOe HAIVIfHOE NpelcTaBieHue, caeactsue 27.2
HHOrZa HasbiBalOT NpHHUHNOM GapaGaHa.

YupaxHenus

1. Ilokasats, uro rpanuna E npsamoyroackol oSnactu F e asagerca
perpaktom obnactu F; copmynupoBarh TeopeMmy, cAeacTBHe H
HPOBECTH AOKA3aTENLCTBO, COOTBETCTBYIOUIEE STOMY "cAydaw. Yxa-
sanue: paccMoTpeTb romeomopduam h: P-» P, otoSpaxaiomuf
kpyr D na obnacte F (s7oT romeoMopdusm onpepedsercs, kak
B § 14: neutp z kpyra D orobpaxaerca B uewrp hz obaacth F,
a KaxAuf AydY C BeplIHHOH B Z — Ha MapajnesbHBili eMy Jayd ¢
Bepuutoll B hz).

2. Mlyers y—touka rpanunu C kpyra D. Iokasats, uro cyue-
CTBYeT HenpephiBROe oToGpameHHe MHOKeCTBa D—y Ha MHOXe-
crBo C—y, OCTaBAfOWlee HEMOABHKHHIMA BCE TOYKH H3 C—y.

3, Mokasare, 4TO ec/id Yo — NPOH3BOILHAA TOUKA, JleWamas BHYTPH
lg)yra D, 10 okpyxHocth C #BARETCA pETPaKTOM MHOKeCTBa

4. IloxkasaTs, 4To KaXJoe U3 CNCAYIUIMX MHO¥ECTB sBJAETCH pe-
TpakTom Kpyra D: .
a) moGol auamerp kpyra D;
b) Jo6an Touka kpyra D.
5. ChopmyanpoBaTh M JOKa3aTh yTBEPHK/EHHE, AHAJOTHUHOE CJed«
crBuio 27.2, B OAHOMEPHOM Cllydae,

§ 28. CaoiicTBo HenoaBuXHOA TOUKH

B § 9 vactu | Mbl mokasaau, yto JA0Goe HenpephiBHOe
orobpaxenve npsAMoAHHeHAHOro oTpe3ka B cebs uMeer
Xors Obi OAHY HeNMOABHXKHYK TOuky. Temephr Mu ROKa-
}KeM aHaJOTHUHYIO TeopeMy AJs Kpyra. R

156



§ 28. CBOPICTBO HETMOLBI)XHOM TOYKH

.

 Teopema 28.1. Tycre f: D — D — nenpepbisroe oto-
6paxcenue kpyza 8 ceba. Toeda orobpaxcenue | ocras-
ager HenodsuscHoldt no kpadteld mepe OOHY TO4KY KpYy-
2a D, 1. e. Hailderca xoTa 6ot 0dua Touxa x€ D, daa ko-
ropol fx=x. -

[Tpeanosio:xKuM, HANPOTHB, YTO CYyIIECTBYET Henpepbis-
noe oro6paxenue f: D — D, He uMeoliee HENOABHIKHBIX
touek. Toraa AAs Kaxpaod Toukn x€D Touku fx u x
pasauunkl. [TosroMy MBI MOXeM NOCTPOHTb Jyd Ly C Bep-
wuHOK [x, npoxoasiuuit uepes X. Ilycts gx — Touka
okpyxHoctu C, B KoTOpo# nyu L, nepecekaer C. B cay-
yae KOI[a caMa TO4YKa [X JeXHT Ha okpyxkHocTh C, gx —
Zpyrasi Touka, B Xoropofi ayu L. nepecexaer C; eciin xe
x€C, 10 gx=x. Ha puc. 28.1 Mo:KHO yBH/leTb HEKOTOPbIE

fr
y.l'

Pac. 28.1.

H3 3TX Bo3MoxHocred. Takum obpasoM, g: D — Cucy-
xeuue g|C ecTb ToxaecTBeHHOe oToOpaxenue. Mul noka-
)KeM, uto orobpaxeHHe g HempephbiBHO. Toraa cyiuecrpo-
BaHue oToOpaxeHusi g OyAer NMPOTHBOPEUYHTH CJEACTBHIO
27.2, ¥ TeM caMblM Hama Teopema OyleT AoKasaHa.’
Yro6ul n0Ka3aTh HenpepbiBHOCTH oOTOGpaXeHus g,
BO3bMEM TOUKY - xo€ D, u# mycte V — npousBoabhas
OKpEeCTHOCTb TOYKH gXp. Mbl mocTpouM rakyw oOkpecr-
nocts U TOURH Xo, uTO M3 X €U Gyner cnenosats gx €V,
Iycts b u ¢ — KoHuo! Ayru V u m — cepeiuHa npsmo-
JHHEfIHOro OTPe3Ka, COeAHHAIOWEro Xp H fx,. OGo3Ha«
uyM Gyksofi H mpsmyio, npoxoisulyro depes b u m, H
6ykBoii K — npaMylo, npoxoasuiyio uepes ¢ u m. Buibe-
pem oKpecTHocTb N TOUKH [xp, He CoAepKalllyio TOYEK
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YACTH II. TEOPEMBI CYIIECTBOBAHUY B IBYMEPHOM CJIVUAE

npaMueix H u K. Tak Kak oro6paxeHue [ HenpephlBHO,
Hadinercss Takasg okpectHoctb U’ Touku X, uro fU'cN.
Bui6epem Tenepb okpectHocTb U TOuUKHM Xo, HE COAEpXKa-
myo Todyek npamMeix H u K B yLoBJeTBOPSIOUIYIO YCJO-
BHI0 UcU’. Mb uMeeM TOrZa CHTYAI(HIO, H300paXKeHHYIO

Puc 282,

na puc. 28.2: U — okpecTHOCTb TOYKH X9, N — OKpect-
HOCTb TOUKH [Xo, HM U, HH N He mepecekaiorT npsambix H
u K u fUcN. Kpome toro, mobasi Touka x€ U u ee 06-
pa3 fx€ N nexar no pasHble CTOPOHb OT mnpsamonr H
(u or npsimoii K), mockoabKy no pasHble cTopoHnl or H
(n or K) mexar TOukM Xo M fx,, a U u N — cBasnbie
MHOXecTBa, He nepecekawuine H (u K).

TMosromy ayu L, ¢ BepwHHON B fX, npoxoasiuiuii ue- -
pes x, mepecekaer oGe mpsimbie H u K Mexny fx u x.
CregosaTtesbHO, OTpe30K S syuya L, ¢ KOHuaMu x U gx
He conepxut touex npameix H u K. TTycrb A — paxuasn-
Hasi IpOeKmus U3 TO4KH m Ha okpyxuocth C. Tak kak m
JAeXHuT Ha ayde Ly, oro6paxenne h MepeBOAHT Xo B gXo.
Ianee, orpe3ok S’, coeHHAOLUIMA TOYKH X; H X, OTOGpa-«
XKaercs npu h Ha ayry A’ okpyxuocru C, HMeOmMyIo Of-
HHM H3 CBOHX KOHIIOB TOUKY gXo. Tax KaK oTpe3ok S’ He
nepecekaer Hu H, nn K, Ayra A’ ne MoxXer comepxars
rouek b u ¢, ITostomy ayra A’ neaukom nexur B V u,
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§ 29. BEKTOPHBHIE MOAs

sHauut, hx€ V. IMockoabky npambele H u K He nepece-
KaeT M OTpe30oK S, OTCI0Z3, KaK H BHIE, CAeNyer, YTo
hScV. PagnanbHofi npoekiuefi TOYRH gX H3 M HA OK-
pyxHocth C fBJsieTCs caMa TOYKa gx, T. e. hgx=gx. Co-
TNOCTABASAA TPH yTBepXAeHHA: gx €S, gx=hgxuhScV,
noay4aeM, yro gx€ V, u 370 3aBepiuiaer AOKa3aTENbCTBO
HenpepbIBHOCTH 0TOOpaKeHUs g.

YnpaxXHeHHusd

1, Nycrb D — kpyr ¢ uentpom 2 H paguycom r. Halfitu Henoabux-«
HEle TOYKH KamJOro H3 caelywoumux otobpaxenuit kpyra D
B cebn:
a; BpatieHue BOKPYr HEeHTpa;
b) orpaeHuse OTHOCHTENLHO JHAMETPA;
€) cxKaTHe K LeHTpPY; :
d) cxathHe BABOe K IIeHTPY, Ba KOTOpLIM CJelyeT Hapa/ielbs

HLl mepeHoc Ha -1}

€) OTpaXKeHMe OTHOCHTENbHO BEPTHKAALHOTO JAHaMeTpa, 8a Ko-
TOPHIM ClIeAyeT cCxKaTHe BABOe K HEHTPY, a 3aTeM napans

Aenbublfl nepeHoC BNPaBo HA <5 T,

) Ramapil Ay c BepllHHOfl B 2 oTofpakaercd Ha Jyd C Bep-
HHoll B 2, 06pasyoumiuii C rOpH3OHTANLHLIM JHAMETPOM
yros, BABoe 6oJbluuil, YeM mepBoHauanbHH AyY, ¢ Ko3(H-

LHeHTOM NoA06HA 5 H nocsqe sroro NPOUH3IBOAHTCA napan-

1

- 1
JeJIbHLIL Aépeyoc BJEBO Ha Y r.

2, [lokaszats, uro ecns MHoxecrBo E roMeoMopduo kpyry D, To
aoboe HempephiBuoe oOrofpaxenue E~» E uMeer HENOABHKHYIO
TOUKY.

§ 29. Bekropuble noas

BexTop Ha HRJOCKOCTH MJH B IHPOCTPAHCTBE — 370
ynopaaouenrass napa touek. OGHYHO BekTop M306pa-
KalT B BHAER EPAMOAHHEHHOro OTPe3Ka, COeIHHSIOIEro
IBe AAHANE TOYKH H HaAnPaBJIeHHOTO OT NEPBOH TOUKH KO
BTOpOfi, MPHYEM 3TO HampaBjieHHe YKas3blBaeTCs CTPe-
Koi. AnreGpamMueckHe CBOWNCTBA BEKTODOB HeNaloT HX
He3aMEHUMBIM OpYAMEM AJs H3Yy4YeHHs eBKAHAOBBLIX Ipo-
CTPAaHCTB BHICMMX pasMepHocTeil. Upe3Bbiyafino BaxHYIO
poab HrPAlOT BEKTOPH B MaTteMaTHueckoH (u3Hke, rie
HX MPHMEHAIOT AJ5 mpejcTaBJeHHsT CHJ, CKOpPoCcTeli H yC-
KopeHuil. :
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YACTD II. TEOPEMb! CYIMECTBOBAHHSA B NBYMEPHOM CJIVHAE

Inst Toro 4ro6ul HWMeThb BO3MOXKHOCTD HHTYHTHBHO
OliEHHBATh TEOpPEMbI, AOKa3blBaeMble B CleAyIOLIUX napa-
rpadax, Ml 6yJeM NnoJab30BaThCs NOHITHEM BEKTOpa CKO-
pocrtu. Ecay ABuKyliasics TOYKa MPOXOAHT yepe3 TO4Y-
Ky X, TO 8eKTOp CKOPOCTU B TOYKE X eCTb BEKTOp U C
HauaJloM B X, HanpaBJieHHe KOTOPOro coBlajlaer ¢ Hampas
BJEeHHEM LBHIKEHHS B AAHHBIi MOMEHT, a JJHHA paBua

Puc. 29.1.

MrHoBeHHOH ckopoctH. Ecau 661 Touka mpojomxana gBH-
rarbCsd B TOM € HaNpaB/JeHHH H C TOM JKe CKOpOCTBIO,
TO 3a eJHHHLY BpeMeHH oHa nonana Obl B KoHell X’ BeK-
-Topa v. [Ipoume Bcero geso o6CTOUT, KOrja CKOPOCTb MO-
¢rosinHa (1. €. MOCTOAHHA H MO BEJHYHHe, H MO Hampas-
JIEHHIO), HO HaM IPHIETCH pacCMaTpHBATh [BHXKeHMe
TOYKH 1O KPHBOH, a B 3TOM CJlyyae B Npoliecce JABHKEHHS
TOUKH OOBIYHO OYAyT MeHATbCS M BeJHYHHA, M HalpasJje-
'HHE CKOPOCTH. BEKTOp CKOPOCTH B KaMAON TOUKE KPHBOH
JeKHUT HAa KacaTeNbHOM K 3TON KPHUBOH H HMeeT TO Ke
HampaBJeHHe, YTO H KpHBas, a €ro AJMHA paBHAa MrHO~
BeHHOi ckopocTH (AJiMHE RyrH, npoberaeMoll B €fHHHIY
BpeMesn). Hanpumep, Touku, moMeueHnble Ha puc. 29.1
uuppamu 0, 1, 2, 3,..., yKa3elBalOT pasNuuHbe NONOKE~
HHf TOUYKH, ABHXYILEACA No KPHBOH, NpPHUEM NYTb OT
AOGOTO H3 3THX MOJIOKEHHH A0 CAeAYIoiliero oHa Npoxo-
JMT 3a pPaBHLle NPOMEXKYTKH BpeMeHH. Bexkrophl, Kaca:
TeqbHble K KPUBOfi B KaXMofl U3 3THX ToUYeK, yKashiBaloT
TOrla CKOPOCTb nBUXKYwlelics Touku. TakuM obpasom,
MeHbiliie BEKTOPBl CKOPOCTH B 1 M 2 COOTBETCTBYIOT Ma-
AeHbKHM paccrosiusiM or 1 2o 2 u ot 2 1o 3. B Touke 3
€KOPOCTb Pe3KO yBeHUHBAETCS, 3aTeM B TOUKE 4 HECKO/ILKO
yMEHbIIAETCA, @ B TOYKe 5 ONsATh CTPEMHTESbHO BO3pa-
cTaetT U T. A, _ :
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§ 2. BEKTOPHBIE MOAS

Belcropuoé noae v eCtb (pynxum;, KoTOpas KaxAof
TOYKe X HEKOTOpoil 06/JacTH Ha MJOCKOCTH (HJH B NMpPO-
CTPAHCTBE) CTABHT B COOTBETCTBUE BEKTOP UX C Haya-
aoM.B X. Ecau paccMoTpeth TedenHe XKuAKOCTH UK Ta3a,
TO BEKTOPbI CKOPOCTH PA3JHYHBLIX UACTUIL B OfMH H TOT
e MOMEHT BpeMeHH o06pasyior
BeKTOpHoe noJsie. Hanpamep, npu .\ \//
YCTaHOBHBIUEMCS TEUEHHH B NO- )\

CTOAHHOM 'HaNpaBJieHHH C Mo~ \ ,
CTOSHHON CKOPOCTBIO BCE 3TH _j L J
BEKTOPbl MApa/JIeNbHbl H HMEIOT \4—* -—

omHY M Ty XKe aauny. B kave- _

CTBE IPYyroro npuMepa paccmo- _ . Puc. 29-2'
TPHM BpallleH}e NJIOCKQCTH C fo-

CTOSIHHON YrJIOBOW CKODOCTBIO BOprl‘ npnnan.nema-
el eit Toukd 2 (puc. 29.2). Bexkrop vx B TOuUKe X mep-
NeHAUKyAspeH NpsIMOfi, NPOXOAAILeH 1epes 2 H X, a €ro
IN¥HA TMPONOPLHHOHANbHA paccrosuuio d{2, x). Bexkro-
POM UZ CAYXHT ynopsaodeHHas mnapa (2, 2); OH He
HMeeT HampaBs/eHHs, a ero AJHHA paBHa -HYMO, Taxoﬁ
BEKTOP HA3BIBAETCS HY.1eB8biM 8EKTOPOM.

TeuenHe JKHAKOCTH, NOMe CKOPOCTell KOTOPOro Bce
BPeMsi OCTAeTCs] OAHHM H TeM ¥Ke, HA3BIBAETCH YCTAHO-
eueUIUMCA: TewernueMm. TouHee, BEKTOP CKOPOCTH SaBHCHT
TOJLKO OT MOJOXKEHMs YACTHUH Ha NJOCKOCTH (WM B
TIPOCTPAHCTBE) U He 3aBHCHT OT BpeMeHH. [Be wacTuupl,
npoxoasilike uepes OAHY H Ty e TOUKY B pasHble MO-
MeHTHl BpEeMEHH, HMEIOT B 3TOH TOYke OAMH U TOT XK€
BeKTOp cKopocTd. JIBa paccMOTPeHHHIX BbIllle NMpHMepa
6Ll npHMepaMH ycTaHOBUBIIerocs revyeuusi. Takue te-
YeHUS HMEIOT AUHUuU TOKQ; TAK Ha3bIBAIOTCH TPACKTODUH
uactul, Onu o6pasyior ceMeliCTBO KPUBHIX, 00aapaio-
iLee TeM CBOICTBOM, 4TO yepe3 KaXKAyl0 TOUKY NPOXOAUT
OJHA H TOJbKO OAHA KPHBAs 3TOro ceMefcTBA U BEKTOP
CKOPOCTH B KaXIof TOYKe KacaTeJeH K 3TOA KpPHBOH.
Yacruusl, npHHaaexallne J060i JHHUU TOKA, BCe Bpe-
Ms OCTalOTCA Ha 3TOH JuHUH. MOXHO CUHTATh, YTO JHHHA
TOKA CKOJb3uT Mo cebe. B nepsoM U3 paccMOTpeHHBIX
BHILIE NPHMEpPOB JUHHH TOKA oﬁpaaylor ceMeficTBO Na-
paiJebHBIX NpsMbX. Bo BTOpoM npumMepe OHH 06pa-
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YACTD If. TEOPEMbB CYHMECTBOBAHUA B IBYMEPHOM CJIYUAE

3YIOT CeMeliCTBO OKPYKHOCTEH C EHTPOM 2. JIuuus TOKa,
npoxoasiias yepe3 z, €CTb NOCTQAHHAS KPHBAfg B TOU-
Ke 2. ‘

§ 30. dxkBuBANEHTHOCTD BEKTOPHLIX NOJeH ¥ OTOGpaKeHHH

Ha nepemifi B3rsg MoXeT NoKa3aThCfl, YTO C NOHA-
THeM BEKTOPHOTO IO/ B MATEMaTHKE HMeTh [€/10 AO-
BOJMbHO TpynHo. OfHAKO BeKTOpHOE NoJe, OnpejeneHHoe
HA HEKOTOPOM IIJIOCKOM MHOJMKECTBE, IIOJHOCTBIO IKBHUBA-
JEHTHO OTOOPaXKEHHI0 STOr0 MHOXECTBA B IJIOCKOCTD,
npuYeM COOTBETCTBHE MEXAY HHMH MOXHO YCTAHOBHTb
cnepyomum obpasom. Ilycrs f: A — P — oroGpaxkenue
mHOXecTBa AP B njockocts P. BuibepeMm puxcupoBan-
HYI0 TOUKY O B IVIOCKOCTH P, Ha3BIBAEMYyIO HA4GA0M.
Jnsi kaxpaoit Touku x € A BKayectse vX BO3bMEM BEKTOD,
KOTOpHIHl HAYHHAeTCs B X, NapaJiieieH HAyleMy .0T -0
10 fx BEKTOPY H uMeeT Ty e IJauHy. Mtak, Kaxjaomy
oTOGpaMeHHi0 [ MOCTABJIEHO B COOTBETCTBHE HEKOTOpOE
BeKTopHOe noae v. HaoGopot, ecnu Ha MHoxecTBe A 3a-
JaHO BEKTOPHOE moJie U, TO MBI MOXeM ONpeJejauTb OTO-
GpakeHHe f, yCNOBHBIMHCH, YTO fr €CThb KOHel BEeKTOpa
¢ HAYa/J oM B 0, KOTOPHIi napajjeleH U paBeH MO AJHHE
BEKTOpY ux. Jlerko BUAETh, YTO 3TO COOTBETCTBHE MEXIY
BEKTOPHEIMH MOJSMH H OTOOpAaXKEHHUAMH B3aHMHO ORHO-
3Ha4HO. .

Yrobbl emie pas oOBACHHTb, KAK YCTAHABJMBAETCA
3TO COOTBETCTBHE, BOCHOJIb3yEMCHl MOHATHEM 5KBHBaJIEHT-
HOCTH JABYX BEKTOPOB. JIBa BEKTOpA HA3HIBAIOTCH 9KB8UBA-
AGHTHbIMU, €ClIH -OHY [APAJJIENbHBI, HMEIOT OAHY H TY XK€
IAMHY U OAMHAKOBOE HanpasjeHue. B ciayuae Korma oauH
M3 HHUX HYJIEBOH BEKTOP, H BTOPOil BEKTOP AONKEH ObITh
HyJeBbM. Ecan Tenepb v — BEKTOpHOE MOJie, TO BEKTOPY
UX ¢ TOYKOH NPHIOKEHHS X 3KBUBAJEHTEH eAUHCTBEHHHIi
BEKTOP C TOYKOHl MNpPHJIOKEHHS O, W S5TOT BEKTOpP OJHO-
3HayHO onpefenasier cBoit KoHew fr. HaoGopor, ecau
f: A — P — uexotopoe oToGpameHHe, TO COOTBETCTBYIO-
[iee BEKTOPHOE NOJe U Mbl NOJy4aeM, B3fB B KauecTBe
UX BEKTOP C TOUKOH HpPUNOKEHHS X, FIKBHBAJEHTHLII BEK-
TOpY, HAYLIEMY OT O A0 fX.
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§ 20. SKBABANEHTHOCTb BEKTOPHLIX TIQJIEA. i OTOBPAJKEHUR

Ha nesom ueprexke puc. 30.1 u3oGpaxkeno BekTopHOE
nosie Ha okpyxkuoctu C pajpuyca r, cocrosiiee u3 Kaca-
TeJibHBIX BEKTOPOB. AJAHEML 7/2, HallpaBJEHHHIX NPOTHB Ya-
coBoit cTpenku. Ha npaBom wueprexxe Mul BHAMM 06-

fr
<0y

pas fC oxkpyxHoctd C npu COOTBETCTBYIOLIEM OTOGDaxKe-
HuH f. B 3TOM cayuae oto6paxenue [ ¢ noMomuilo n010-
Ous mepeBoguT C B OKPYKHOCTb BJBOE MEHbLIUEro pa-
AMyca C UEHTPOM O H NOBOPAaYHBAET 3TY OKPYXKHOCTDH

ux?

Puec 30.1.

Puc. 302.

Ha 90°. Puc. 30.2 uanioctpupyer noje BHEIIHHX HOpMa-
Jdefi gauunl 7/2. Ha aror pas oraGpaxenue f nepesoautr C
B OKPYXHOCTb BJBO€ MeHbllero paauyca, 4o 6e3 ppaile-
Hug. IloAe BHYTpeHHHX HOpMaJed To#l XKe AJIMHBI 1aBAJIO
6Ll otoOpaxkeHue f, noJayyaiouleecs U3 npeapAyILero npH
noBopote OKpyxHoCTH fC BOKpPYr TOUKH 0 Ha 180°

B cayuae korma [ ecrb mnocrosHHas ¢yhKuus, 06-
pa3 fx npu Bcex x€A ecTb OfHa M Ta }Xe To4ka, Toraa
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" YACTb II. TEOPEMBI CYILECTBOBAHHS B JBYMEPHOM CJIVYAE

ynopsisoueunas napa (o, fx) mns scex x€ A ennucrped-
Ha, H. BCe BEKTOPHI coomercrsyxomero 0Jis napaniebunl
M MMeIOT ONHY H Ty K€ AJIHHY ¥ HalpaBJeHHe. Taxoe
TOJI€ Ha3bIBAETCS HOCTOAHHGIM.

C nomouIbi0 PacCMOTPEHHOTO B3aHMHO OLHO3HAYHOTO
COOTBETCTBHSI MEXIY BEKTOPHBIMH NOJAMU H oTOGpame-
HUAMH MO)KHO H4 BEKTOPHbIE MOJIf.NEPEHECTH MOHSTHA H
CBOKCTBA, yCTaHOBJeHHUble AAs oTo6pasKenui. Hanpumep,
BEKTOPHOE NoJie U HA3bIBAETCA HenpepblgHbim, eCnH He-
npephHBHA COOTBETCTBYIOWAA QYHKLUs f.

YnpaxHenus

L Jlns kakporo H3 cnenylouinx orobpamenuii naockoctn P B ¢eba
- ONHCATh HAH HAPHCOBAThH COOTBETCTBYIOLIEE BEKTOPHOE NOJE:
a) [ oroSpaxaer Bce TOYKH NVIOCKOCTH P B O;HY TOUKY, OTAHY-
©  HyI0 0T HavYaJa;
b) f— ToXKzecTBenuoe o‘roﬁpamenue.
¢) [— Bpamense BOKpyr Hadasna ua 180°%; :
d) f— napanjeabusifi mepeHoc MNJAOCKOCTH B 3ajaHHOM Hanpa-
B/IEHHH Ha 3alaHHOE PAcCTOAHHE;
e) f-—oTpakeHnue OTHOCHTEJbHO npﬂmoﬁ npoxonnuxeﬁ uepes 0.

§ 31 Hunexc BeKTOpHOl‘O noJst OTHOCHTENbHO
-3aMKHYTOH KpHBOfi ‘

_Tlyerp v — HenpephlBHOe BeKTOpPHOe TMoJie Ha He-
xoropo_M' MHOXectBe A B maockoctH P, u nycTh

¢: [a, b]—> A — 3amxuyras xpusas B A. DBygem ceGe
npencrasamb 3Ty KPUBYIO KAK TPAEKTOPHIO ABHXYIeHCs
TOYKH. B Kax0M MoJOMEHHH TOMKH X HA TOH KPHBOI
onpegened Bektop vx. Korsa rtouka oberaer KpHBYiO,
STOT BEKTOP HenpephiBHO M3MEHSeTCH KAaK No HANPAaBJe-
HHIO, TAK U MO JJIUHe; KOTJia TOYKa BepHETCH B CBOE Mep-+
BOHAYa/NbHOE MOJIOXKEHHE, BEKTOP OyleT HMETh MEPBOHAs
yasbHOe HanpasJieHHe H JNHHY. MOXHQ CIPOCHTD: CKOJIb«
KO NOJHbIX 060POTOB COBEPIUHT TOT BEKTOP, KOTAA TOUKA
obeXut KpuByio? UroGel copMyaupoBaTh 5TOT BORpPOC

H OTBET HA Hero GoJjee TOMHO, BOCHOJIL3yeMcsl COOTBeT-
cTBymmuM orobpaxenuem f: A — P, onucaHHHiM B
§ 30. Komnosuuus fo: [a, b] — P ects 3aMKHyTas KpHBas
B naockoctH P. Ecau nauano o ve JjexHT Ha STOH KpH-
Bofl, To omnpeaesen nopanok W(fe, o). Mu 6ynem ero
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'y 31 "MHAEKC BERTOPHOTO" NOVIN
TaKiKe HA3HBATL UHOEKCOM BEeKTOPHOFO MOAs 0 OTHOCH:
TeJbHO 3aMKHYTOM KpHBOH ¢ H oGoaHaanb CHMBOJIOM
L(v, ¢). Takum o6pasom,

l ('v, @)= W(itp, 0)

B -npumepe na puc. 30.1 Mb, OuCBHAHO, HMeeM
I(v, C)==1. J10 xe BEpHO Ans TpUMepa Ha pHC. 30.2
a Takxe M AJA TPeTbero npumepa BHYTPEHHHX HOpMaA

Puc 311 Puc. 312

Jdet. Onuaxko nocrosHHoe noje, xak Ha puc. 31.1, HMeer
HHIeKCc HyJab, [lose unpexca 2 Ha OKPYIKHOCTH usoﬁpa-
xeHo Ha puc. 31.2.

Teopema 31.1. ITycre v — Henpepbistoe aercropuoe
nose, onpedenenroe Ha kpyze D, oéxzada;ougee Tem ceoli-
CTBOM, 4TO 048 210004 TOUKU X 2parudrol okpyscrocTe C
kpyea D sexrop vx He asaserca Hysesum. Ecau undexc
noAA U OTHOCUTEALRO OKpYXCHOLTU C He pasen YA, TO
Hatiderca xora Oei 00ua Touka x€ D, 0ra KoTOpOd Bex-
Top vx b6yder Hyneabim.

Sta TeopeMa fBJSETCS TOMHBIM [EPeBONOM Hamed
rnaBHod TeopeMbl yactd Il ¢ s3bika «oTOGparkeHnit» Ha
I3bIK «BeKTOpHBIX noJeft», ITycrs f: D — P — omGpax«e-
HHe, COOTBETCTBYIOLee noJio v, H ¢: [0, 1]— C — cran-
AapTHOE MpEeACTABNEHHE OKPYXHOCTH C Kak 3aMKHyrofi
kpusoil. Toraa no npeanonoxkenuio nopsanox W(fp,0)=
=/(v, ¢) He paBeH nyaw. TiaBHasi TeopeMa yTBepwK-
JlaeT, 4TO ypaBHeHHe fX=0 HMEET B TAKOM cCJayuae XOTs
6o1 ogno pemtenue x. CoOOTBETCTBYIOLIHII BEKTOp UX
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YACTb 11. TEOPEMBL CYUIIECTBOBAHNS B ABYMEPHOM CJIVUAE

DONKEH TOrfa GbiTh UYJEBLIM BEKTOPOM, TAK KaK OH IK-
BHBaJIEHTEH BEKTOPY, HAYLEMY OT O 10 O.°

Teopema 31.2. ITycre v — HenpepbigHOe noae Heryae-
8bix 8eKTOpos, onpedesenroe Ha kpy2e D, Toz0a na 2pa-
Huye C kpyea D cywecrsyer xora 6b. O0HAQ TOUKQ X,
048 KOTOPOU @eKTOp VX HANPaspren nO BHewHeld HOp-
Mmaau, u xors 6ot 00Ha Touka X', a8 Koropoll sexrop vx’
Hanpasien N0 BHYTPEHHEU HOPMAAU, KPOMe TO20, cylie-
tr8yrorT no kpadned mepe 0ae Touku oxkpysxcrocTy C, 0ast
KOTOpbIX cOOTBeTcT8ytowue sekTopol Kacareavror k C.
Boobuwe 0as rasedozo yena o cyuecrtsyer no xpadued
Mmepe 00Ha Takaa rouka X€ C, 0a8 KOTOPOd 8eKTOop vX
o6pasyer ¢ BHewHell HOPMAAbIO 8 TOUKE X Y204 .

Jna s1ux 3akaoueHuil OYeAb CyllecTBeHHO TIPeAnodo-
JkeHHe, yTo moje v He HUMeer Hyjefi Baytpu D. Ilycts,
Hanpumep, D — gpyr ¢ nedrpom o u f: D — P — toxne-
cTBeHHOe orofpaxende. CooTBeTCTByIOlllee BEKTOPHOE
noje v ¥Meer JMHIb OAHH HYJb B ueHrpe Kpyra D. Ho
3aKJIOUeHHEe TEOpPEeMH 3[€Chb He BepHO: AJA KaXXAOH TOY-
Kd x€ C BeKTop UX HampaBjeH N0 BHeWIHed HOpMaau
K C. Xopowueil uaJoCTpanueli TeoOpeMbl CHYXHT NOCTOfH-
Hoe nose (puc..31.1); yron o npuHuMaeT Ka)Kaoe 3Ha-
YeHye TOYHO OJMH pas.

JloctaTtouHo g0Ka3aTh JHIIbL NOC/e/Hee yTBepHkKaeHue
Teopemn 31.2, Tak Kak H3 Hero ClelylOT OCTaJbHHE;
npn a=0° nosydaeM BHEIHIOW HOpPMaJb, NpH o= 180°—
BHYTPEHHIO HopMaap u npu a=90° u o=270° — xaca-
TeJbHbLIE.

Hrak, noxaxewm nociennee yreepxxjiesue. Ilycts & —
3ajaHHBi yroa. BoiGepem Hayajlo o B uenrpe xpyra D
H paccmoTpuM orobpaxeuue f: D — P, coOTBeTCTBYyIO-
wee nodio v. Ilycte g — Bpaulenue naockoctd P BOkpyr
TOYKH O Ha yron —o M A — paanajbHas NpoeKIus u3
TOUKH 0 Ha okpyxuocth C. Tak Kak mozse v COCTOHMT H3
HeHYJIeBuX BeKTOpOB, o6pasmt fD u gfD He cogepxkar
touxu 0. [Tostomy onpesneneno oroGpaxenue hgf: D — C.
Tockoabky CcD, ero MOXHO paccMaTpHBaThb Kak OTO-
Opaxenne D — D. TeopeMa 28.1 yreepspaer, 4to OTO-
Gpaxenue hg[ ocTaBaser HenoABHIKHOR XOTa OB ONHY
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§ 31. MU EKC BEKTOPHOTQ NOnNs

TOUKY, T. €. Hafinerca Takas touka x€ C, uro hgfrt=x,
ITycrb v'x — BeKTOp, COOTBETCTBYIOUIAMA TOUKE X IIPH 0TO+
Gpaxenun hgf. Ilo onpeneneHwio OH napanseneH BeKs
TOPY, KAYIHEMY OT 0 a0 hgfx=x. ChaeaoBaTebito, OH Ha-
npaBJieH 1Mo BHelHefi HOpMaad B Touke X. Ho Kak OTAHs
YalTCs BEKTOPH vy M U’y aasi awoGoit Tougu y€ D? Tlos
CKOJIbKY, YTOOBl MOAy4YHTb hgf, HYXHO K [ mpUMeHHTBb
CHayaJja g, a 3aTeM A, T0, 4TOObI NOJYYUTh U3 BEKTOPA VY
BEKTOp U'y, HyXKHO CHAY&/]a TIOBEepHYTb UY HA yroa —a,
a 3aTeM M3MEHHTb ero AJHHY TaK, YTOGB OHa CcTaja paB«
HO# panmycy okpyxHoctd C. Takum o6pasoM, ajas Heno-
BBUKHOA Toukd x€ C 'BEeKTOp UX HOAKEH COCTaBJIAThb
YyrOJl o C BEKTOpPOM 0’X, KOTOPHIH, KaK 6hJ0 NOKA3aHO,
HanpasJeH M0 BHeLIHel HOPMaAJIH. ‘

Caencreue. Ecau v — nenpepoiaHoe 8eKTopHOe nose
Ha kpyze D u ecau na oxpymrocru C nose v Huzde e
A8aAerca KacareabHoeim (Huele He RBAAETCA HOPMAAL~
Houn) K C, To nose v umeer 8 D no kpaiined mepe odun
HYrb.

Ilpenbiaymue pe3ybTaThl HFPalOT BaXKHYIO POJb NPH
H3y4YeHHH YCTAHOBMBLIMXCH TeyeHH# skuaxocth. Hyub
[0S CKOPOCTEH AOCTHraeTcs JMHUIIbL B TOYKE, KOTOpas Bce
BpeMsi OCTA€TCH HemOJBUXKHOH. JLONYCTHM, YTO MOJEe CKO<
pocrefi Ha HEKOTOPOM Kpyre TAKOBO, YTO Ha ero rpa-
Huite C.BCe CKOPOCTH HampaBJieHH NO BHYTPeHHe#l HOp+
MajaH. flcHO, uTO B Ka’KAOH TOYKe OKpYXKHOCTH C XKua-
KOCTb BTeKaeT BHyTppr D. Mutynuus roopur nam, uto
KUIKOCTb FAe-10 BHYTpH D nomkHa HakanuBatbes. Tax
KaK MoJjie Hurle He ABJAETCHA KacaTeJbHbIM K OKPYXKHO-
ctu C, ToO MO NpeAbAYIiEMy CJAeACTBHIO HAHAeTCs NO
Kpaiigeii Mepe ofHa HeNOABHXXHAf TOUKA, IJle MOXKET CO-
OGnpaThcsl KHIKOCTD.

Ynpaxnenus

1. ITycts D —xpyr ¢ uentpom 2. Jas kaxaol Toukn x €D nycrhb
UX — BEKTOP NOCTOAHHOH NJIMHB §, HANpPaBJEHHBIH BAOJAL Jyua,
Haywero or 2z K x. Torma ans KaXkmof TOYKH X TrpaHHUHOA
oxpyxHocTH C BeKTOp vX HampaBieH No BHeIIHefi HOPMAJH, W HH
BJs OfHOH TOYKH OKPYMKHOCTH OH He HanparJeu no BHYTpeHHeil
HOpManH HAH 0o KacaTeibHofi. IlpoTHBOpewHT s 9To 3aK/IOuE-
HHAM BTOpOfi TeopeMm 3Toro naparpada?
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YACTb 1I. TEOREMDI .CYILECTBOBAHHSA B ABYMEPHOM CHIYUAE

2. Jlan Kaknoro. M3 caenyiomux oreGpamennfi kpyra D.C-P B nao-
cKocTh . P -HaliTH HHAEKC COOTBETCTBYIOWLEro BEKTOPHOLO MOAA OT-
HOCHTENHHO rpanntmoﬁ okpyxHocTH C, Touky x€D, ans Koro-
“polt vx-—Hyaesollt BekTop, m Touku X€C, AnAm KOTOpHIX BeK-
T0p vx Kacarenen K C, Hampap/ieH 1o BHellHed HOpMaJlH K C H
HanpaBJleH. 10 BHYTpeHHel HopMaaH k C:

‘a) [ orofpakaer Bce Toyku xpyra D B ero ueHTp 2 (u o #2);

b) |[— toxaecTBennoe oTo6pakKeHHe, H O eCThb LEHTD Z;

€) | TomkzecTeennoe OTOGpaKeHMe, H O HAXOAMTCA Ha pac-
cronnny r/2 or z;

d) | — roxpecrsennoe otobpaxkenue u d(o, 2) >r;

€) ‘| — BpauienHe BOXpyr uneHtpa Ha 180° H 0 nexuT. BHE D

f) f— r;apa.rmenbﬂuﬁ NepeHoc Ha 3afauubiii BEKTOP, H O JIEXHT

BHE

g) f—oTpaxenHe OTHOCHTE/NbHO BbLIGPAHHOIO AuaMeTpa, H' 0

coBnajaer ¢ 2.

§ 32. OroGpakennsa chepn B nnbcxocu

INon coepoit S M GyaeM NOHUMATL MHOXECTBO BCeX
TOYEK NPOCTPAHCTBA, PACCTOSIHHE KOTOPHIX OT TOYKH Z
(uedrpa) ectTh 3asanHoe TOJIOKHTEJILHOE HHCIO 7 (pa-
nayc). Eciu x€ S, To antunodom x’ TOUKH X HA3LIBAETCS
BTOpas TOYKA, B KOTOPO# mpsAMasi, NpoXojdilas uepes X
H 2, mepecekaer S, T. e. nﬂamerpanbﬂo npomsononom-
Has TOUKA.

Ecan Mbl 0T06pa3PIM coepy S B HeKOTOple ‘s0C-
xocTb P ¢ RoMOILbIO oproronanbﬂou npoexuus f, To Haii-
AETC Napa AaHTHNOAOB X H X', A KOTOPHIX fx=fx',
MMEHHO TOUYKH NepeceueHus cq)epu S ‘¢ npamofi, npoxo-
Anuieil yepe3 z ¥ nepneHAUKyAspHoll P. Kak 310 #d yaH-
BHTEABLHO, YACTb 3TOrO Pe3y/bTaTa OCTaercsl ClpaBeiJH-
BOH H AJA JOOOro HenpepuBHOTO 0TOOpakKeHus cdepur S
8 mJockocThb- P. Caepyloulnii anamor teopeMsl 10.1 6bin
o;ggur MaTteMaTHKaMH K Bopeyxkom u C. yJIaMOM B
i r.

" Teopema 32.1. Kaolcaoe HenpepoiBroe oro6pao/cenue
f: S = P cpepot 8 naockocre nepesodur HekoTOpYro napy
anTunodos chepol S 8 00Ky u Ty Ke Touky. HHeimu cao-
samu, 017 no Kpaiduel mepe O00HOU napo. x u x' anTU-
nodos umeer mecro paseHcrao fx=fx',

Yro6m po0xaszaTe Teopemy, BbiGepeM B KauecTBe Ha-
4Yana Kakyio-au6o TOuky 0 B miockoctd P, Ias raxnof
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. §32. OTOBPAJKEHUSA C®EPHl B NJAOGCKOCTb

TOuKH ¥ € S '0603HAYMM 4epes gx TOUKY -MIOCKOCTH P,
ABJSAIOILYIOCS KOHUOM BEeKTOpPa C HAYaJioM B 0, 9KBHBA-
JIEHTHOTO BeKTOpPY, HAYIEMY OT fx 10 fx’, Fie X’ '— auTH-
nox Touku x (puc. 32.1). Takum obpasom, g TaKKe eCTb |
oro0paxenue g: S — P. Ono oﬁ.nanaer TeM CBOHCTBOM,
YT0 Asist Kaxnofl.Toukn x€ S 06pa3 gx’ cuMMeTpadeH C
oépaaom gX OTHOCHTE/NbHO TOYKH O. B caMoMm JeJe,
xnx — HTUIO/LH, H, 4TO-

6Ll TOCTPOHTL gX', HAM HY- - £r' 9%
XKHO TOJbKO MEPeBEPHYTb

crpeaky ot fx k fx'. Teo- "M

peMa 6yaer remepb [0OKa-

X
3aHa, 6CTH MB MOKameM, | ,
4T0 g O0TO6pakaeT HeKo- g*
TOpYlo TOuUKy chepsl S B . Puc. 321

TOUKY 0, TAK Kak 5TO BO3-
MOXKHO JIHLIL B TOM CJay4ae, eCJH HEKOTOPHIH BEKTOD H
BEKTOp, MPOTHROMOIOXKHbIA €My, COBNAaAaIoT.

ByaeM cuutaTh H3BEeCTHBIM, YTO OTOGpaxeHHe g He-
npepbiBHo; 310 Oyzner gokasano nosjHee. Ilycrs P/ —
(bHKCHPOBAHHAS TJIOCKOCTb, MPOXOAALIAS uyepe3 LeHTp. 2
cpepnl S, C— OKpYXKHOCTb, MO KOTOpOH NJOCKOCTh P’
nepecexaet S, u D — xpyr B P’, rpaHuuell KOTOPOFro CaY-
xur C. B cayuae xorna o6pas gC coaepxur o, cyle-
CTBYeT Touka x €S, Ans KOTOpO#l gx=o0, U TeopeMa Ao-
Ka3ana. TakuM o06pa3oM, HaM HYXKHO PAcCMOTPETh TOJb-
Ko cayuaii, Korna gC He cogepxur o..[lyctb H — opka
u3 noaycdep, Ha Koropble cepa S paszbusaercss nJoc-
Kocrbio P/, u ¢¥: D — H — otoBpaxenue, obpartHoe opTo-.
ronajbHOH npoekunu noayceeps H na D. Toraa xomno-
snuus g¢: D — P coenajaer ¢ g ua rpaunuue C. Ilyctb
¢ — CTaHfapTHoe npexncrTasjeHHe OKpyxHoctH C . Kak.
3aMkdyToit kpusoit (§ 16). HocTtarouHo A0Ka3aTh, 4TO
nopsnok W(ge, 0) He paBeH HyJ 0, MOTOMY 4TO, Kak
TOJLKO 3TO Oyler A0Ka3aHO, IMIaBHAs TeopeMa (§ 18)
ofecnieuut cyliecrBoBaHHe Toukd y€ D, nas KOTOpO#
gby=o0, u TOrAa TOuKa X=1vPy coepol S 6y,ueT yAoBJe-
TBOPATH YCJOBHIO gx=0.

Mo y6emumcn, uro W(gg, 0)+0, nokasas, uTo
W (g, 0) ecTb HeyerHoe leJOe YHCIO (HANOMHHM, YTO
HyJMb — YeTHOe YHCJIO, TaK Kak 2-0=0). Ilyctb ¢ u
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YACTb II. TEOPEMbBI CYUIECTBOBAHUSA B IBYMEPHOM CJVYUAE

@2 — CyxeHusi QYHKUHH ¢ HA NPOMEKYTKax [O, -;—] "
|3, 1] Mycrs x=g0=gl; torna ee antunonom Gy-
IeT TOuKa x6=q>-;—. Kpome toro, ¢hyHKIua ¢; npeacras-
JSIeT OfHY NOJYOKPYXKHOCTb OKPYKHOCTH C KaK KPHUBYIO
OT Xo 10 Xy a (YHKUHA @2 MPEACTABJSAET APYTylo MOJy-
OKPYXHOCTb KaK KPHBYIO OT X; [0 X. BbiGepem Temnephb

nojpasjeseHue NPOMEKYTKA [O, %] AOCTAaTOYHO MeJ-

KOe [J/15i KDHBOH g OTHOCHTENBHO TOUKH O, U NPHMEHHM
pesyabrar u3 § 22 pas
BoluncaeHna A (g, 0).
Msbl noayuuM, uto

A(ge, 0)=

I, T,
¢ . =u—v+(r—s5)360,
rage r—3S €Ctb neaoe 4Yu-
¢Jo, 4 U U U — JeJICHHuA

TpaHCHOpPTHpa AAA Jy-
yeli ¢ BeplUHHO# O, NpO-

P/ " §%o XOAAILHX COOTBETCTBEH«

HO uepes gx6 " gxo. Tak

KaK TOUKH Xo H Xo aHTH-

9z, 99, nojanbHbl, TOUKH gXx» O

H X JiexXat Ha OJHOH

) : H TOi ’Ke mpsAMOH; NO-

Puc. 322 5TOMy #— 0 €cThb Ipa-

JAycHasi Mepa pasBepHY-

Toro yraa, 1. e #4—v=:==180. Orciofa cireAyer, 4YTO
A(gy1, 0) ectb HeweTHOe kpartHoe uucaa 180:

A(gpi 0)=(2m,+ 1) 180.

Puc. 32.2 uanoctpupyer TOT caydal, KOria MHOXHTeNb
2my+1 paBen —3.

PaccmoTpum Temepb KpHBYIO g@p, HAYILYIO OT gXg
o6patHo K gxo. [Tyetb h: P — P — Bpalenye mIoCKOCTH
BOKpYr TOYkH 0 Ha yroa B 180°. Ecau £€ [0, -%—] TO
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§ 32. OTOBPAXKEHHS COEPH! B MJIOCKOCTH

(t+7) €[5 1] u roua g, (¢+3) antenopansua
touke @3f. I3 cumMMerpun orobpaxKenusa g MOITOMY cJe-
ZLYeT, 4To

g%, (¢-+3) =hgoit nnn seex €0, +|

VIHbIMU ClOBaMH, KpHUBas gz MoJydaeTca NPH MOBOPOTE
KpuBo# go; na 180° (puc. 32.2). Tak Kak BpallleHue co-
xpanser yrabl, A(gei, 0)=A(ggs, 0). [NToabsyacs anau-
THBHOCTbIO A, mosyuaeM

A(go, 0)=A(gp, 0)+ A(gps, 0)=2A(gP, 0)=
==2(2m, + 1) 180 = (2m, + 1) 360;

CHeIoBaTeAbHO,

W (go, 0)=A(ge, 0)/360=2m,+ 1.

ST1o 3aBepliaeT [0Ka3aTebCTBO TOTO, 4YTO MOPSAOK
W (g, 0) HeueTeH.

Ocraercq nokasatb, 4T0 0TOGpaXKeHHe g HellPepbIBHO.
[ycts %o — npousBosbHas Touka cdepbi S, u N — okpe-
CTHOCTb TOYKH gXo pamuyca r. [Tycte U u U’ — coorsert-
CTBEHHO OKPECTHOCTH TOYEK [xp W fx; panuyca r/2. Tak
Kak oToGpaxeHue [ HeMpephIBHO, HAliyTCA TaKHE OKpeCcT-
Hoctd V u V’ cooTBeTcTBEHHO TodeK X M X5, 4To [V U
u fV'cU’. Muoxectso T, cocTosilliee U3 AHTUNOAOB TO-
yeK, MPUHaaJexamux V’, fBJfeTcd OKPeCTHOCTBIO TOY-
KH Xp, yCTb W — OKPECTHOCTb TOUKH X,, COJEpPIKAILadAcs
usV,usT. Torna ecan x€EW, 0 x€EV u x'€ V', o1-
Kyaa caenyer, uro fx€ U u fx'€ U’. OGo3nauum uepes y
TOUKY B IJIOCKOCTH P, I1A KOTOpoil BEKTOp OT fXo A0 Y
9KBUBAJIEHTEH BeKTOpy OT fx mo fx’ (puc. 32.3). Tak kax
M0 ONpEAE/]EHHIO BEKTOp, MAYIIHA OT 0 R0 gX, TaKxe
9KBHBAJEHTEH BeKTOPY oT fx po fx/, a BektOp OT 0 NO
gXo 9KBHUBAJEHTEH BEKTOPY OT fXo ZO fXj, TO MBI BUIHM,

YTO PacCTOsIHHE
d(gx, gx)=4d(y, [xp)-
171



MACTD 11. TEOPEMBI CYIIECTBOBAHMSI B ABYMEPHOM CJIVYAE

Tlo HepaBeucmy Tpeyro,nbﬂuxa paccmﬂnue d(y, fxo) ‘B
CBOIO oepesb MeHblUE HJH PABHO

d(y, fx)+d(fx fxo)

1%k} CBOHCTB napannenorpamma ciregyeT, uTo d(y, fx’)
=d(fxo, fx); xak 3To - paccTonuue, Tak u d{fx', X))
MeHblIe r/2, a MOTOMY X cyMMa MeHbiue 7. OTcioga cae-
nyet, uto gx€ N. Tloatomy. g oroGpaxkaer OKpeCTHOCTb
W B N. Tem caMbiM JOKa3aHa HENpepbiBHOCTb 0TOGpa-
Kenus g u 3aBepmeHo p,oxa3aTe.nbc1*Bo TEOpeMBI.

g%e

Puc. 323.

Bor onxo npunoxenue teopeMmbl 32.1. JlomycTuM, yTO
NIOBEPXHOCTb 3€MJIU eCTb cepa S u uTO B JI060#A MOMEHT
BPeMEHH jaBjieHHe BO3JyXa pXx H €ro Temmepatypa Ix
apasoTes Pynkuusmu ot x€ S. 3aganuM B naockocth P
LAeKapTOBYy . CHCTEMY KOOpAMHAT, BbiOpaB Hayano, ABE
NPOXOsAliMe Uepe3 HEro NMepueHAUKyAspHbie OCH H eaH-
Huly MacwtaGa, lis kaxjao#t Touku x €S o6osuauum
yepe3 fx TOYKY MIockocTH P c KoopAHHATaMmu (pX, ix).
Tak xak p u ! HempepbIBHb], TO U oTOOpaxenue f: S — P
uenpepbiBio. IIpuMeHsis Tenepb K 3TOMY OTOOpaKeHHIO
Hauly TeopeMy, noJyyaeM

CaencrBue. B kaxdoili momenT spemenu cyujecrsyer
napa aHTUnOAAAbHLLX TOHEK 3eMHOL N0BepXHOCTU, 8 KO-
TOPLLX OA8AEHUS 1 TeMnepaTyptl coenadarT.

KoHeuHo, (uauueckue CBOHCTBA A®BJIEHHS Temnepa-
Typbl He UMEIOT K HaWeMy 3aKJIOYEHHIO HHKAaKOro OTHO-
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'§ 33. PA3PESAHHE COHABHYA C BETYHHOM

wenust; p B ¢ MOryt ObiTh JIIOGBHIMH ABYMS HenpephiB-
Hurgu AEeHCTBHTE/NbHBIMH (QYHKUMAMH, onpeaejeHHbMH
Ha S. s ' '

3aMeTHM TaK!Ke, YTO €CJAH Mbl PacCCMOTPHM JIHIUb
oaHy ¢YHKUMIO, HampHMep TeMOepatypy, T0 Mo Teope-
me 10.} Ha kaxzaom OoablioM Kpyre Haljgercs mnapa
AHTHMOAAJbHLIX TOYEK, B KOTOPHIX TeMnepaTyphl paBHBL.

Yapaxunenus

1. flycts S —cdepa B npocTpancTBe R® paguyca r ¢ UEHTPUM 2 B
HaualJle cucteMbn KoopauHat (x), Xz, x3). llycts P — nuockocTs
(x1, x2) u L—ocb x;. Hallty napel auTHNONOB, HMeOHX ORUH
H TOT ®e 06pa3 npu otoGpaxennu f:S—> P, ecau | ecTs

a) oprorouasbuan npoexkuus cheps S Ha L (Bce NpPOEKTHPYIO-
UHe NY4YH NepneHAUKYJspHH L);

b} komnosuuus BpaileHus chepw S Ha 90° Boxﬁyr L, 3a Koto-«
PBIM CllefyeT OpTOroHa/ibHas MPOEKUHs Ha

2. Moka3atb, uTo 3ak/modedwe TeopeMul bBopcyka — YiaaMa ocTa-
HeTCA B CWJe, eclli €aHTHNO/Abl» ONpeleaTb He ¢ MOMOILbLIO Nps~
MBIX, NPOXOAAIKX 4epe3 UeHTP cdephl S, a ¢ NOMOHIBLIO NPAMHIX,
NPOXOAAIIHX 4epes oGyl TOuKy Q, mexawmyio BHyTpu cepul.

3. Moxasath, 4TO 3aKinwYeHHe TeOPeMH OCTAHETCs CHPaBeAJHBLIM,
ecan chepy 3aMeHHTh SJJIHNCOHAOM WIH MOBEPXHOCTHIO MAPAMO-
YrONbHOrO -apajiefienunefa, a AHTHNOAAMH HAa3biBaTbh TOUKH,
CHMMeTPHUHbIE OTHOCHTE/bHO LUEHTpa.

§ 33. Paspesanue caniBH4Ya ¢ BeTuUHHOMN

Teopema storo maparpada ABAAETCA TPEXMEPHBIM
aHajoroM TeopeMbl 11.1, yTBepxknamwoieit, uro aoGbie
IBe OrpaHWYeHHble CBS3HbE 06JIACTH HA MJOCKOCTH MOX-
HO OfHOM MpAMON pa3fie/IHTL Ha JBE paBHOBEJHKHE UaCTH.

Teopema 33.1. [lycre A, B u C — Tpu ocpanuuennsix,
CBABHBIX U OTKPBITHLX MHOXcecTéa 8 npociparcrae. To-
eda cyujecTsyer nAOCKOCTb, KOTOPAS KaxOYlo U3 3TuX
obaacredl desur Ha dee pasHoie no obvemy 4acru.

Hanoctpanueii stofi TeopeMml CayxKaT Tpu Hiapa H
NJIOCKOCTh,  NPOXOAsfillas uepe3 HX UeHTpu. Cusia Teo-
peMbl 3aK/aI04aeTcs B TOM, YTO OHA NMPHMEHHMa W TOrAa,
Korza oGJacTtu uUMeloT HenpaBuabHYI0 ¢opMmy. Ecan non
A u B mbl GyjieM moHHMath KYycKH XJaeba, a nox C — Je-
XKaumii MeXAY HUMH KyCOK BETYHHbI, TO TEOpPEME MOKHO
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* YACTb I1. TEOPEMbI Cyﬁ;ECTBOBAHHﬁ B ABYMEPHOM CJIYUAE

HaThb TaKoe HCTOJKOBAaHWE: OJHMM B3MaXoM HOXKa C3HA-
BUY C BEeTYHHOH MOXHO paspesatb Ha ABe YaCTH TaK,YTo
o6a Kycka xJeGa W BerynHa OyAyT ONHOBPEMEHHO pas-
JAeJleHbl TOUHO NOfoJ1aM.

Yro6bl f0oKa3aTh TeOpeMy, BHOepeM cdepy S, 3aKTIio-
Yajoulylo BHYTpu ce6s obiacte A, B u C. Takas coepa
cyulectsyer, notoMy uto obsactu A, B u C orpaHuuYeHBI.
Ilycts z— uentp cheput S H r—ee paauyc. s Kax-
noit Touku x€ S o6Go3HauuM uepe3d L, guameTpalbHYIO
ApAMYI0, . NPOXOASAILYIO Yepe3 2 U x. Mnbl mokaxewm, uTo

(1) nns kaxmofi TOUKM X€ S cyIeCTBYeT, eAHHCTBEH-
Hasl TOYKA X4 € L., AAsi KOTOPOIl MJIOCKOCTb, HEPIEHAHKY-
JspHas npsiMoil L, B TOUKe X4, JeNUT A Ha ABe paBHbIE
0o 06beMy YaCTH.

Korma 310 6ymer caenano, Mel 0003HauuM uepe3
gax paccTosHse d(2, x4), B3ATOE CO 3HAKOM IJIOC, EC/IH
TOYKA X JIEXKHT Ha OTpe3Ke, COCAMHAIONIEM 2 H X, H CO
3HAKOM MHHYC, eC/ld TOUKA X4 JEXHT Ha OTpe3Ke, COenH-
HAIOLEM LEHTP 2 C aHTHNOXOM X’ Toukd X. Tak Kak mpd-
mbie L, u L, coBmagaioT, HO HampaBJeHHs HAa HUX MpPO-
THBOMONIOMHBL, U TAK KaK X, ==X,, TO OTCIOAa CJeRYeT,
YTO gax'=—gax.

Touro rakuM xe o6pa3oM omnpefenHM 1Jf MHO-
KecTB B u C COOTBETCTBEHHO Xp, gpX H Xc, gcX. Tenephb
paccmotpum oTtobpaxenue f: S — R? crapsiluee KaXao#
TOYKe X€ S B COOTBETCTBHE TOUKY C KOOpAMHATaAMH

[X=(ga%— g% &aX—&cX)
Mbi noxaxem, uTo
(2) otobpaxeHiie [ HempephIBHO.

Kak Toabko ytBepaaeHua (1) m (2) Gynyr moka-
3aHbl, JOKa3aTedbcTBo Teopemnl 33.1 Gyper oueHb Obl-
CTpo 3aBepieHo chaepyloimum oGpasom. [lo teopeme 32.1
CYLIECTBYeT TOYKa X, Ajasa Kotopo# frx=fx’. IlpupaBru-
Basi KOOPAMHATHI TOUEK fx u fx/, moayuaem

aX— X =gaX —gpX’,
EaX — gcX = gpX — gcX'.
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.§ 33. PABPE3AHHE C3HJBHUYA C BETUMHOH

C noMOIEbI0 OTMEYEHHMX BHIIE COOTHOLIEHHH gax'=
=-——gaX, ¥ =—gpx U gcx'=—gcx NEPBOE H3 PABEHCTB
NpUBOAMM K BHIY gaX=gpX, a4 BTOPO€ — K BHAY
gax=gcx. [losromy pasa aio6ofi Touku x€ S, o6pa3s KoTo-
poil coBnagaer ¢ oOpa3oM ee AaHTHNOMA, HMEEM Xp=
=Xp=2X¢, ¥ MJNOCKOCTb, MepHNEHAUKYJApHas npamol Li
¥ OPOXOAAI(as uYepes 3Ty TOYKY X4, AEJHT BCe TPH 006-
JIACTH Ha JiBe paBHble M0 00beMY YacTH.

Uro6ul mokazatb (1), o6o3Hauum Ajas KaXnoH TOUKH
y€ L, uepe3 P, niockocTb, MPOXOAAULYIO Yepe3 y U mep-
neHauKyasapHylo L, u uepes hy oGbeM TOH uyacTu 006-
Jactu A, KoTopasi JEXHT NO Ty e CTOPOHY OT MJOCKOC-
™ Py, uto u x. Korna Touka y mepememaerca ot x’
L0 X, 3HaueHHe hy Menserca oT oGbeMa obnactu A 1o
Hyas. Ecix ToukH y, ¥ y, npuHannexar Ly, To a6codior-
HaA BequudHa |hyy — hyz| He mpeBocxoauT o6beMa Hac-
TH L1apa, 3aK/UeHHoA Mexay miaockoctamu Py H Py,
a stor o6beM MeHblue, yem nirlly; — ya|. TeM caMbiM
NI0Ka3aHo, 4T0 GOYHKUHS h HempephiBHA B KaXXIOH TOUKe
y€ L, (nns moboro e>0 MoXHo B3fATb 8=¢/nr?). Ilo-
3TOMY IJ1aBHasl TeOpeMa 4acTd I rapaHTHpyeT CYLIECTBO-
BaHUE TOYKH Y, AJIA KOTOpo# 006beM hy cocTaBisieT MOJO-
BHHY 00bema obnactd A. Ecau 6bl TakHX TodeK 6LLIO
JBe, TO HAULIHCh OBl JBe MapaJJelbHble MIOCKOCTH Py
u P, peaamue ob6aacth A nomoaaM. Caoit Q, cocrosiuufi
H3 BCEX TOYEeK MPOCTPAHCTBA, JeXKAIUX MeX1y MJI0CKOC-
TAMH P; 0 P,, pa36uBaer cBOe [ONOJHEHUE HA ABe Hemne-
pecexaiomuecss uacth. Tak Kak oGaactb A cBfI3HA H
B KaXAOH U3 3TUX HacTell MMeeT MOJOBHHY cBOEro o6b-
eMa, OHa [OMXKHA COAEPXaThb TOUKY ¢ BHYTpu Q. MHoXe-
ctBa A ¥ Q OTKPHITH, MOITOMY HalfeTcss oKpecTHOCTb U
Touku ¢, comepxamasca B AN Q. [Mockonbky obbem
wapa U nonoxuTeneH, NONOKUTENEH U 00BbeM Nepeceye-
Hust AN Q. Ilepemeuienne ToukH y ot Py no P; H3Me-
user Ay Ha o6bveM nepeceueHus AN Q. Takum oGpazoM,
o6e maockoctu Py u P, He MOryT ONHOBPEMEHHO AEMUTH
o6aacTb A Ha [Be paBHbie MO 0ObEMY HaCTH. YTBepKe-
nue (1) pokasauo.

Uro6u nokasatb (2), T. €. HEMPEPLIBHOCTb OTOOpaXKe-
HUst f, JOCTAaTOYHO MOKa3aTh, YTO HEMpEepBIBHA KaXKAas
KoopauHaTa [. Mpi JOKaxKeM TOJbKO, 4TO HENpPEPHIBHA
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YACTD 1I. TEOPEMbI CYIIECTBOBAHHA.B IBYMEPHOM CIVUYAE

GyHKIHA €4, 3 OCTRJAbHOE NpefocTaBHM uuraTenmo. [lycts
€.— NPOHBBOJbHAS, TOUKA chephl S, U 4 —TOUKA Ha npA-
Mot L., B KOTOpOH: HI0CKOCTb P, nepneHauxyaAapHas L,
W jeasumas obaactb A:mnononaM, nepecexkaer L. Ilycrb
X — TOUKAa Ha S, OAM3KAA K ¢, U X4 H- Py onpejieneHul

Puc. 33.1.

ananornydo. Ha puc. 33.1 usobpaxeHo nepeceueHne
paccMatpuBaemoli KOHQHIypaUHH € NJOCKOCTHIO, NPOXo-
Ased uepes ¢, x ¥ 2. Mbl XOTHM NoKasaTh, 4To aGco-
JIOTHYIO BEJHYHHY |gaXx—gac| MOXHO clenaTb CKOMb
yroaso Manofi (meHbuwedi, ueM 3ajaiHoe £>0), eca
TOYKY X B3AThb AOCTATOYHO OJH3KO K ¢ (B HeKoTopo#
okpecTHocTH N (¢, 8)).

Tlyctb u'v v — TOUKH, B KOTOPHX 6oabLIoH prr, npo-
XOAAIHA 9epe3 ¢ M x, nepecekaer miockocts P.. Ilyers
P’ u P”—-nnocxocm, nepneHaukyasprble Kk Ly, npoxo-
IAAlIHe COOTBETCTBEHHO 4epe3 u U v. O603HaYuUM OyK-
Bofi N BHYTpeHHOCTb Ilapa, orpaHudeHHoro coepoit S.
Yactb mapa N, aexamas no Ty Xe CTOPOHY OT MJOCKOC-
@ P/, uTo W ¢, BXOAWT B 4acTh wapa N, Jexallylo no
Ty e CTOPOHY, 4TO H ¢, oT maockocth P.. Tak kak AcN,
TO vacth obaactu A, nexamas MO Ty XK€ CTOPOHY, 4UTO
U ¢, OT OJIOCKOCTH P’ BXOJZHUT B 4acTb ofsactH A, Jexa-
HyI0 0O Ty Xe CTOPOHY, 9TO M ¢, OT IJIOCKOCTH P ITo-
sTOMYy, ecan V — o6beM obiacth A, T0 06beM 4acTH 06-
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TULD 4.3 RABPEIAHHE CSHABHUA C BETUHHORA

JacTH A, Aexatieil o Ty ke CTOPOHY, 4TO H €, OT NJoOC-
koctH P’, He npeBocxomut V/2. B cuny TouHO Takoro xe
paceyXiennss o6beM 4acTH oGaactH ‘A, Jexautefi -no
ApPYrYIO CTOPOHY OT -nJocKocTH P”, ueM ¢, He mpeBocXo-
aut V/2. Orciona caenyer,- 4To “INIOCKOCTH P, AOJMIKHA
Jexatb Mexpy P’ u P”. TlosroMy nas paccrofnus w
MeXKAy NAOCKOCTAMH P’ u P” Mu uMeeM

lgax —gac] <.

OuEHKY BEeJAMYHHH @ MBI MONYYHM, 8aMETHB, HTO
H3 NOROGHA ABYX TPEYTOJIbHHKOB CJAELYET -

w __ d (e, x)
d, v) d(z x)'

rae e—oproroHaapHas npoeknus touku X ua L, [lo-
ckoabky d (2, X)=r, HaX0QHM

__d(u, v)
w_..—r—-t{(e, x).

Tax xak d(u, v)<<2r n d(e, x) <d (¢, X), noaygaem

, w < 2d (¢, X).
CnenosarennHo, '

lgax —gacl < 2d(c; x).

Ias 3apanHoro &>0 Bo3bMeM Od=¢/2; Torza u3
x €N (c, ) Gyner caeloBaTth, 4T0 | g,X — g4¢] < &. 1o
noKasniBaeT, 9To GYyHKUHA g, HenpephBHA B TOUKE C.
[lockoabKy 3TO BepHO Ias Kaxaod Touku c €S8, 10
Gbynknua g, HenpepuiBHa Ha S, u Teopema 33.1 noa-
HOCTBIO JOKa3aHa.

YnpaxHenus

I. Ilycts A —map, B—xry6 B C— uniniAp. YKasaTp NJOCKOCTD,
paspesaiomyio Bce 3Tu TPpu objacty Ha JABe papHble Mo o6beMy

. YacTH. .

2. IlpoBecTd npaMoe AOKa3aTeJAbLCTBO TeOpeMbl B Cilydae, Koraa A —
map, B —noaymap, OCb KOTOPOrO HPOXOAHT uepe3 LUEHTP
mapa A, u C — mo6oe TpeTse Telo, ‘

12 3ak. 712 177



YACTD II. TEOPEMBEI CYLUIECTBOBAHUS B JIBYMEPHOM CJIYYAE

. § 34. BexTopHsle noas, KacateabHbie K cepe .

[Tyctb v — BekTOpHOE mMoJie, omnpejesieHHoe HA Cde-
pe S B npocrpanctse (§ 29). Kaxpoit Touke x€S
OHO CTaBHT B COOTBETCTBHE OPHEHTHPOBAHHBI NMPAMOJIH-
HefiHbIH OTPe30K, HauuHalouuica B x. Mpl 6yaeM roso-
PUTb, YUTO MOJe U KacareavHo K cdepe S, ecan fs Kax-
Ho# Touku x€ S COOTBETCTBYIOW(HH MPAMONHHEHHBIH OT-
Pe30K KacaTeaeH K S, HJH, UTO TO XKe caMoe, MepheHAHn-
KyJaspeH paguycy 2x, rae Z-—uentrp cohepn S. Kak u
B § 30, BEKTOPHOMY MO0 U Mbl IOCTABHM B COOTBETCTBHE
HEKoTOpoe oToOpaKeHHe g chepHl S B NPOCTPAHCTBO, BHI-
OpaB Kakoe-n11160 HaYalo O H B3AB B KaueCTBe gX KOHell
BEKTOPa C TOUKOH NPUJOKEHHS 0, KOTOPHH napaseeH
H paBeH N0 AJHHe BeKTOpy ux. BekTopHoe moje v Ml
Ha3bpiBAEM HenpepolBHbIM, eClii HempepbiBHO COOTBETCT-
Byroulee oToOpaxkeHue g.

Teopema 34.1. [Tycte v— nenpepbiHOe 6eKTOpPHOE
noae, onpedeasennoe Ha cpepe S u kacareavnoe k S. To-
eda naiiderca xora 6ot 00Ha Touxka x€ S, daa Koropoil
vx=0.

BekTtopHoe noJie, KacatesibHoe K chepe S, MOXKHO HH-
TEepHpeTHpoBaTh Kak mose cKkopocteil. M3 reopemn Torna
CleflyeT, 4TO YCTaHOBHBLIeeCA TeueHHEe Ha CdepHuecKol
TNIOBEPXHOCTH HMeeT XOTf Obl OJHY CTALHOHAPHYIO TOYKY.
IMosichuM 3TO Ha NpuMepe: MPeANONOKHM, UTO IOBEPX-
HOCTb 3eMJIH €CTb cepa ¥ YTO BEKTOpP CKOPOCTH BeTpa
HenpepbiBeH. Torna B J1060/1 MOMEHT BpEMeHH Ha 3eMJe
HafileTCs MeCTO, B KOTOPOM BeTpa HeT.

Ecau mbi 6ynem Bpamats cdepy ¢ MOCTOSHHON yrio-
BOH CKOPOCTBIO BOKPYT HEKOTODOHM OCH, TO Mbl MOJYYHM
10Jie, UMelolnee JBe CTAMOHADHBIE TOUKH,

Uro6ul npouNIIOCTPHPOBATD TEOPEMY, NMOCTPOHM MOJIeE,
KacaTtesqbHOe K S, nMeloulee POBHO OAHH HYJb B JaHHOM
TouKe Xo. IlycTh L — opueHTHpOBaHHasA KacaTesabHasi npsi-
Mast K chepe S B Touke xo. [ng n06oit Touku x€ S, oT-
JHYHOH OT Xo, TOYKAa X W MpAMas L onpemeasior mJjoc-
KocTb Py, nepecekawoyio S no okpyxkuoctu C. [lpupa-
AMM OKpYXHOCTH Cyx Ty XKe OPHUEHTALHIO, KOTOPYIO MMeeT
npamas L, [lyctb vx — BekTop B maockoctu P, ¢ Touko#
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§ 34. BEKTOPHBIE HOJIA, KACATENBHBE K COEPE

APUIOMEHRA X, KAcaTesbHblii K Cy, AJHHE2 KOTOPOro paB-
Ha moJjoBuHe paccrosHus d(x, xo), a HanpasJieHHe co-
rnacyercs ¢ opueHtauneit Cy. Ha puc. 34.1 usoGpaxennt
HECKOJIbKO  BEKTOPOB, Kaca-
TeJibHBX K Cy B IOCKOCTH Py;
npsimyio L Mbl HanpaBHJu
BBEPX, H MOTOMY OKPYXKHOCTb
Cx OpPHEHTHDPOBaHA NPOTHB Ya<
COROMl  CTpPenKH. 3aMerum,
YTOo [0 Mepe TOro, Kak TOu<
Ka x MpubAnKaeTcs K Xp, BeK-
TOPBl CTAHOBATCH BCe Kopoue
H Kopoue, [donosuus onpeae-
JeHHe 0o U  YCJIOBHEM
vxo=0, nojsyuaeM HemnpepniB-
HOe ToJe.

B oranume ot cdepn mo-
BEPXHOCTb TOpa (aBTOMOOHIb-
Hasi KaMepa) AoONYyCKaeT He-
NpepbiBHOE KacaTeJbHOE BeK- Puc 34.1.
TOpPHOE IloJle, HHrLE He paB-

Hoe HyJ10. Hanpumep, npeacrasbre ceGe monae ckopocteil
KaMephbl, Bpaulalolieiicsi BOKPYr CBoell ocH, WIH Xe KO-
JIEUKO AbiMa,

HoxkasateanctBo. BribepeM (UKCUPOBAaHHYIO IJ1OCS
KocTb P, npoxonamyio yepe3 ueHtp z cdepni S. Ilycts
C — okpyxnocts PNS u D — Kpyr, Ko10pblit oHa orpa-
HUyMBaeT B maockocTH P. O6Go3nauuMm uepes H u H' nse
3aMKHyThHie nojaycdepol cheprn S, orpaHUYEHHBIE OKPYK-
nocteio C. Ilyctb p u p’ — noJiockl, B KOTOPHX mpsiMas,
NepoeHANKY/AAPHAs TJAOCKOCTH P B TOUKe 2, mepeceKaer
coorserctBeHHo H u H’. [lyervs h: H' — D — romeoMop-
¢u3M, 3anaBaeMblii crepeorpaduueckoil mpoekuue# U3
nomoca p. Tounee, ecan x€ H’, To hx ecTb nepeceueHue
Kkpyra D ¢ npsaMoJiuHeliHBIM OTPE3KOM, COELHHSIOIMUM f
¢ x. Asanoruudo, nycrb h’: H — D — romeomopdusm, 3a-
HLaBaeMbifi cTepeorpaduueckoil npoekuuei us nojawca p’.

HocraTouHo noOKa3aTh, YTO €CJAH I0JIE U HE HMEET
HyJIEBOrO BEKTOpa Ha ofHOH U3 moaycdep, ckaxeM H’, 1o
OHO IOXKHO MMeTb HyJeBoii Bektop Ha H. B xauectse -
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YACTb IL TEOPEMB CYLUIECTBOBAHHA B IBYMEPHOM CJIYHAE

NepBOro IMaBHOTO MWiara MH noxa)xem TaKoe YTBEpXK-
ReHue: -

1. C. nomompio cTepeorpa(puqecxoﬁ upoexuuu h
MO)KHO onpeenTh oToGpaxense nons v wa H’ B none
w’ Ha kpyre D TaK, 4TO BEKTOPH B. COOTBETCTBYIOLLHX
TOUKaX GYAYT .UMETb OJHY W TY XKE JJMHY, H TaKoe Xe
modpameaﬂe noas v Ha H B mekoropoe none w na D.

Kak Toabko 310 GyfeT A0Ka3aHO, H3 TOrO tpax-ra, 4TOo’
noJie v He UMeeT Hy.neB'blx BekTopoB Ha H’ -Gyner caeno-
BaTh, 4TO MoJie @’ HE UMeET HyJeBbX BeKTopoB Ha D,
W, 3nauut, mo teopeme 31.1') unmexe /(w’, C)=0. 3a-
TeM B KauyecTBe BTOPOro FJaBHOTO -llara Mbl noxa;xem
ciepylolee npeasioxenue: oo

2, BekTopH wx H w'x B TOUKe X oxpyxmocm C no-
NY4al0TCA MOBOPOTOM BEKTOPAa UX BOKPYT. KacaTesibHOM
K -okpyxHnoctd C Ha 90°, HO B NPOTHUBOMNOJOKHBIX Ha-
npasaenusx. Totr ¢axr, uto /(w’, €) =0, Baeuer 3a co-
6oit, uto /(w, C)=2, '

Kaxk tosbko sto Gyaer noxa3auo,~npﬂmeﬂ-ﬁﬂ 'reopeMy
31.1 u ycaosue /(w, C)+0, MH 3aKAIOUHM, 9TO NOJE W
HMeeT HyqeBoH BeKTop B HekoTopofi Touke Kpyra D; mo-
9TOMY [OJie U HMeeT HyJeBOil BEKTOD B COOTBETCTBYIO-
et Touke noaycdepnl H. Takum 06pa30M ocTaercs no-
Ka3aTb yTBepXieHus | u 2. .

Jas kaxaofi Toukn x€ S nycTb Ty — NJIOCKOCTb, Ka-
catenbHas K cepe S B Touke x. Jas Touek x€ H’ onpe-
nenuM ortobpaxenue h,: Tx— P, .mpeektupys mnJjo-
ckoctb T, Ha maockoetb P napanaensHo: npsiMof,
npoxoasuleil yepes p # x. Tounee, ecinu g €T, T0 hy(q)
€CTb TOYKA NepeceueHHs MJockocTH P ¢ mpaMoii, npoxo-
ndmefi Yepes ¢ u mapajuienbHol mpsMoll px (pHc. 34.2).
Ilposepka Toro, 4ro maockoctH I, H P -0o6pasyior pas-
HHE YLK ¢ OpAMOA pX — MPOCTOE YNpaxKHEHHe MO 3Je-
MeHTapHoli FeoMeTpuu. . CleloBaTesbHO, OTOGpameHHe
h. aBnsercs usomerpuei (1. e. [coxpanser paccTosiHus).
Onpene.nuM BeKTOpHoe mosje w©’ Ha Kpyre D, monarasg,

. 1) Henpepoisuocts nonel w M w’ ma xpyre D c.neayer U3 HX
onpeae.nennﬂ, AGHHOTO HHXKeE, — Ipum. nepes,
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' § 34. BEKTOPHBIE MOJISl, KACATEJLHBIE K COEPE

uro BeK’l‘Op wy ¢ TouKo#t npu.'lox(elmﬁ yED ectb 06-
pas 8 naockoctn P npu oroGpaxenun h, Bextopa vx,
nexamero B Ty, THe x—rtouka u3 H’, aan Kompon
hx=y. Tak kak hy— H30M6Tpﬂﬁ TO BEKTOpH. W'y H UX
HMEIOT OXHY M Ty Xe HnuHy. TouHO TaK Xe 1A Touex
x€H myerb h:T,—P ectb NPOERTHPOBAHUE Tapai-
JieJIbHO NpSMoR p'X, u MYCTh Wy ecTh oGpas BeK’l‘Opa ux
npu oro6paxkeHun h,, rme y=~h'x. . .

Tem cameim nons w: M @' na D
Oonpejlesentl, u yTBep)x.ueHHe 1 110--
Ka3aHo.

Ecnu x€C, To Mbl uMeeM Ax=
=x H h’x=x. Kpome toro kaxpnas -
n3 miockocret T, u P obpasyer ¢
npsamMoi px yroa B 45°. Takum 06-
pasoM, otroGpaxenue hy NJOCKOCTH
T B P MOxHO paccMaTpuBaTth Kak
pe3yabTaT NOBOpPOTa  IJIOCKOCTH
T, na yron 90° Bokpyr npsimoft L,,
KacaTelibHOR Kk OKpyxkHoctH C B P"-c' 342.-
TOouke Xx. TOUHO TaK.kKe H. OoTo-

Gpaxenue £’ ecTh pesyibTar NOBOPOTA MIOCKOCTH T

BOKpYr L¢ Ha 90° HO B NPOTHBONOJOXKHOM HanpasJeHuH.
CnepoBartesibHO, BEKTOP WX IOJYUaeTcs H3 BeKTopa w'x
MpH OTPAXKEHHH IUIOCKOCTH P OTHOCHTENBLHO Kacaresb-
Ho# L. K okpyxHoctu C B TOUKe X.

Kak 6bi10 nokasaso B § 30, moaio @’ Ha Kpyre D
cooTBercTByeT otobpaxenue [: D — P, Tak Kak noae @’
He HMeeT HYJeBLIX BEeKTOPOB, o6pa3 fD He conepXur Ha-
yasna. PaccmarpuBasi KOMMO3HIHIO ‘oToGpaxeHus f-co
CTAaHIAPTHLIM CTArHBaHHeM OKpyxuoctu C no kpyry D
B LIlEHTP 3TOTO KpPyra, nojyuaeM roMOTONHIO 3aMKHYTOM
kpuBoit f|C B nocrosHnoe orobpaxkenue (cM. § 25). Ha
KaKJoM L1are 3TOH roMOTONMH, T. €, NpH J1060M 3Haye-
Hun T€[0, 1} MONHO BEPHYTLCS K COOTBETCTBYIOLIEMY
BEKTOPHOMY NoJio @y Ha C, Bce BEKTOPLI KOTOPOro Je-
Kart B mjaockocta P. Korna T Mensiercst oT 0 mo 1, Mbl
noJyyaeM JBHXyllleecs BekTopHoe noje Ha C. Mnnmu
CIOBaMH, AJis q)uxcuposanﬂou toukn x€ C, Korza t Me-
Hsierca ot 0 1o 1, BeKTOp @’ x nosopaunBaercst BOKPYT X.
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YACThH 11 TEOPEMBl CYIZECTBOBAHHA B ABYMEPHOM CJIVUAE

Ipu v=0 nose w] cosnanaer ¢ @’, a npu T=1 none wj
MOCTOAHHO (BCE BEKTOPbI NMapasjiebHbl 1 HMEIOT OLHY H
Ty Ke aauny). Tak Kak o6pa3 fD ue comepxXHT Hauaja,
TO HH OJIMH H3 BEKTOPOB . X He ABJIAETCA HYJEeBbIM,
Myctb w, X — BeKTOp, NOJMyUaOMHKHC H3 W) X NpH OT-
paxeHun njockoctu P orHocureabHo npamoii L, Toraa
W, 447 KaXAOro T fIBNfETCs BEeKTOPHbIM nojeM Ha C,
BEKTOpEI KOTOpOro Jexart B P,
a Korma v Mensiercs or 0 mo 1,
Mbl NoJyudaeM TOMOTOIHIO ITO-
Js1 @=w, B NoJe Wy, TakK Kak
BEKTOP W.X HH [Jf OJHOH
Touky x€ C He paBeH HYJIO,
TO NOJS @ H Wy HMEIOT OT-
HocureabHo C omuH # TOT XKe
uugeke. Hupeke [I(w;, C)
Jerko TOACYHTaTb, pacCMoO-
Puc 343 tpes puc. 34.3. [locroamnoe
nose w; Ha C uso6GpaxeHo
CIJIOIIHBIMH, @ MOJe W;— NYHKTHPHHIMH BEeKTOPaMH.
B kaxpofi Touke x € C NyHKTHPHBIA BEKTOp WX NOJY-
yaeTcsi MNyTeM OTPAXEHHS CILIOWIHOrO. BeKTopa WX
OTHOCHTEJIbHO KacateabHoi L. JlomycTuM, 4TO Mbl HauH-
HaeM J[BHXeHHe C BepXHell Touku OKpyxkHocTH C Ha
puc. 34.3 1 onHH pa3 0GXOAMM 3Ty OKPYXKHOCTb HPOTHB
9acoBOfi CTPeJKH. B HauanbHOMH TOUKe BEKTOp W)X = WX

HanpasJjeH BopaBo. K MoMenTy, Korna Mbl npoiifieMm ger-
BEpPTb OKPYIKHOCTH, BEKTOp wix mosepHercs Ha 180° mpo-
THB YacoBOH CTpeJKH u OyjeT HampasJieH BJeBo. Ecau
Mbl GyZeM [BHTaThCs JaJblle Mo OKpyXHocTH C, Bek-
Top OyZeT NPOJOJKarb NOBOPAaYHBATbCH C MMOCTOAHHOH
ckopoctbio. CnejoBaTenblio, KOrZa MBI ONMH pa3 o6oil-
JieM OKpYXKHOCTb; BEKTOp w;X noBepHercst Ha 720° nmpoTus
yacoBoii crpenku. Takum o6pasom, I (ws, C)=2. Tak kak
I(w, C)=I(w), C), 10 u I(w, C)=2. 1o 3aBepliaer
JI0Ka3aTeJbCTBO TEOpEeMbl.

YnpaxHenns

1. MokasaTh, 9T0. HenpepHBHOE NoJe HeHYJeBHX BEKTOPOB, ONpeRe-
neunoe Ha ctepe (mpu STOM He mpeAnmoONAraeTCH, YTO OHO Kacas
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§ 35. KOMINTEKCHRIE HMHUCJA

Te/bHOE), AOKHO HMETh XOTA Gbl OAHH BEKTOD, nepneunnxy.nnp~
HHH K cdepe.
2. ITokasats, 4T0 TeOpeMa oCTaHercs CNpPaBeRAHBOH, eclH c«bepy
" 3aMeHHTh JUHAconaoM (uam JOGOH rAAIKOft NOBEPXHOCTBHIO
AfEeBHAHOR (POPMBI),

§ 35. KomnaekcHbie uncaa

XOpoLIO H3BECTHO, YTO HEKOTOpbie MHOFOYJEHbL C Zeill-
CTBUTEIbHBIMH .KOMphHULUEHTaMH, HaNpuMep MHOTo4JieH
x*+x?+1, He uMeoT zeficTBuTeJbHLIX nyJeil. [Ipocre-
K K3 TAKHX MHOTOUYJEHOB, X2+ 1, HATOJKHYJ Ha MbIC/Ib

BBECTH YHCTO MHHMoe unciao )/ — 1, o60o3Hauaemoe Gyk-
Boil i. 3aTeM ObLIO YCTAaHOBJIEHO, YTO HYJM JAPYTHX MHO-
roujlenoB Moryt OniTb BblpaxKeHn B Buie a-+ib, rie a
¥ b — peficteurenbHele uncaa. Hanpumep, MHOroujex
x*+x241 umeer HyaH
1/3 1 . V3 1, . V3 1 .V3

s+l g il il
YTO MOJKHO IpOBEpHTb HENOCPEeACTBEHHOH MOLCTAaHOBKOM.

JTo pacluMpeHHe CHCTEeMbl YHCes HYXKHO CPaBHHTb C
pa3/JHUHBIMH pacUiHpeHHsIMH, oOcyXAaBumMuca B § 5.
OHOo Heo6X0AUMO 110 TOH XKe HpHYHHE: CHCTeMbl JeHCTBH-
Te/bHLIX YHCeJ He XBaraeT A/is1 pelleHus aare6paHyecKux
ypaBHeHHH. 3p1ecb cpa3y BO3HHKalOT OBa Bonpoca. Ha-
CKOJBKO 6OJbLIMM J0JkeH ObiTh KJacC 4Yucesd, 4YTOGHI
KaXXbl# MHOTOYJieH HMesJ B HeM XOTs OBl OIMH HYJb?
Kak HoBbie uncaa u3obpaxartbh reoMerpuuecku? B cae-
AyioueM naparpadge Mbl NOKaxeM, YTO MHOXKECTBO KOMII-
JIEKCHbIX YHCeJ NOCTAaTOYHO Beauko. B stoM maparpade
MBl OllHLIIeM OCHOBHBiE CBOHCTBZ KOMIJIEKCHBIX UYHCEJ H
yKaxeM HX FeOMeTPHUYeCKYIQ) HHTepOpeTalHio.

TouHo Tak Ke, Kak AeHCTBHTE/NbHbie YHCAA MOIKHO
H300paXKaTh TOUKAMH Ha NPAMOH, KOMIJIEKCHble uHC/Ia
MOXKHO u306paxaTbh TOYKAMH Ha Ijockoctd. KoMmaekc-
Hoe uucjo X+iy ectb mapa (x, y) HefCTBHTENbLHBIX UH-
cej. Ecau Bolib6path B MJocKocTH P Hauajo KoopauHAT,
IBe NMeprneHjuKyJIsApHbie OCH KOODAHHAT K €IUHHIY Mac-
wiraba, To, KaKk NoKasaHo Ha pHc. 35.1, sty napy (¥, y),
MOXKHO TNpeACTaBHTb TOUKOH C KoopAuHaTtaMu (X, y).
KomnJsiekcHbie uyucaa, y Korophlx y=0 (1. e. unchaa
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YACTD II. TEOPEMBI CYHIECTBOBAHHS B JIBYMEPHOM CJIVUAE

BHEa X uau (%, 0)), HasbiBaloTca -AedcTEUTEAbHOIMU
upcnamy. Oun H3o6paxaloTcs ToukaMmu ocu x. Hucaa, y
Kotopeix x¥=0 (1. e..uncaa suga’iy uau. (0, y)), nasbi-
BAIOTCS 4UCTO Muumbimy. OHu Jexat Ha ocy y. Has mo-
. 60ro KOMILIEKCHOIO uHc/la
PN ' X+iy eroopToroHajJbHbIMH
‘T : . NpOEKIIHAMM HA OCH KOOp-
iy f————yzely JMRAT CIOyXKaT YWUCHa X H
2t iy. JehictBuTesbHble Yucaa
- X ¥ Y Ha3BIBAIOTCH COOTBET-
. CTBEHHO . Oeticr8uTeAbHOl
‘M MHUMOL 4aCTAMU UHC-
na x+iy.
HOaa toro 4To6bl KOM-
NJeKcHble uncia 06pa3oBbi-
¥ BaJli CHCTEMY YMCelN, HYX-
Puc. 35.1. HO ONpeneluTh AJAf HHX
onepanuy  CHOKEHHS H
ymHoxeHus. [1pu C/I0KEHHH KOMIIEKCHBIX UHCeN CKAabi-
BaIOT IO OTAEJBHOCTH HX AeHCTBUTEJbHbIE H MHUMEIC YACTH

(X1 1)+ (K2 Yo) ==(Xy KXo, Y1 - 1p)
HJH, 3KBHBAJIEHTHO, _

(o1 8y1) + (2 + iyy) = (1 + %)+ i (41 + 42)-
I'eomMeTpuueckn CJOXeHHEe KOMIIEKCHLIX uHces u3o6pa-
KAeTCA KaK CA0%HCeHue Bek- -

(X2, Y, +Yfs)

TOpOS, TPHYEM KaXKIoe KOM- G e d) b
IeKkcHoe " uncno (x, y) H30-
OpaxaeTcss BEKTOPOM, HAY-
MM H3 HauyajJa KOOPIMHAT B | (xz.45)
Touky (x, ‘y). Cymma AByX’ :
BEKTOPOB €CTb NHAroHajb Ma-
panserorpamMma, NOCTPOEHHO- Pac 352
ro Ha c¢aaraembix (puc. 35:2).

VmHoskenne Gojee caoxkHO. ‘B Koop/liHaTaX OHO ONH-
CHIBA@TCS' CEAYIOLUM NIPABHJIOM:

(%3 1)+ (Xgs Ya)== (X162 — i, xly2+x2y,)
Hanpuwmep,

(2 _-3)'.('—%. 5)'==(I4. %)
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§ 35 KOMOJNEKCHBIE UMCJA - -

ATO NpaBuyIo- MOXKHO BHBECTH, TpeAiiosaras, 4To id
KOMILIEKCHbIX UHCes! LOJIKHbI BEINONHATHCH pacnpefeny:
TeJbllblil, coueTaTeJbHbI # nepemecm're.nbubm 3aKOHEIH,
KpOMe Toro, 3aKOH 12=~~l Torna

(a + i) (% + iyp) = &, Xy + XY + by Xy - i.‘/liyz ==
== X1 Xy + Y1y - 1X,Ys + Xl =
e =’(_)'c,x2“—'—- h¥2) + £ (K1yg —+ Xathy)

FeoMerpuyeCKyI0o HHTEPIPETALHIO YMHOXKEHHS MOXKHO I10-
JIYUHTb, €CJH PACCMOTPeTb Yribi, 06pa30BaHHblE BEKTO-
paMH, M IJHHbB 3THX BeKTopoB. Bce yrubi ¢ BeplinHO#
B Haua/ie KOOPJAHHAT H3MEpSIOTCS OT NOJOXHTEJLHOTO
HanpasJaeHust oc x. Torpa a1060f BeKTOp C TOUKOH MpH-
JIOKeHHSI B HayaJje KOOpPIHHAT
onpeneasercs napoi uuces [r, 0],
rae 6 — yroa B rpagycax, cocTa-
BJsieMblfi BEKTOPOM € OCbIO X, &,
r— aauHa BekTOpa. Yroa O Ha-
3biBaeTcH - apeyMeHTOM  COOT-
BETCTBYIOLILETrO KOMIJIEKCHOTO
uypena, a r— mo0ysem 3TOro
uyucaa. IIpu ymHoxeHuu naBYX
KOMILJIEKCHbIX UHCeJ HX apry-. ‘Puc. 353
MEHTBI CKJAAHBAIOTCH, a MOIY- .

AU yMHOoxkamwoTca (puc. 35.3). HaanMep, i=[1, 90°]
noatomy i2={1, 180°)= (—1, 0) =—1. BeiBOoA 3TOrO reo:
MeTpHUYECKOro MpaBusia U3 NpaBuaa aareGpavyeckoro fs-
JseTcs ynpaxkHeHHeM [0 TpHuroHoMerpuu. B anre6panue-
CKOe NPABUNO HYXKHO NOACTABHTL Xy=ry1 €080y, Y11=
=rysin@; ¥ T. 1. ¥ 3aTeM BOCNOJb30BATLCS GOpMYJIaMH
C/OXEHHA [/ CHHYCa H KOCHHYcCa.. ‘

Uro6w onmpaBAaTh 3TH_ONpeAeeHHus, ' HYXHO npOJle-
nath Goabuylo pabory. [Ipexne Bcero HyMXHO npose-
PUTb, UTO AR MHCeJ, JeXAaWHX Ha OCH X, CHOXeHHe H
YMHOXEHHE COBNAZalOT CO CJOXEHHEM U YMHOXEHHeM
AefCTBHTENbHBIX UHCeN. DTO 03HAYaeT, YTO KOMILIEKCHLie
uyHcnra oGpasyioT pacllHpeHHe CHCTeMbl NeACTBUTENbHLIX
ynces. 3aTeM HYXHO [OKa3aTh, YTO AJ5 KOMIJEKCHbIX:
qucesl COXpaHAOTCH Bce aJjre6paudeckue 3aKoHMbl neil-
cTBHH Haj JeficTBHTeJbHLIMH UYHCJIAMH, HanpuMmep coue-
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YACTL II. TEOPEMbBI CYWIECTBOBAHUS B XBYMEPHOM CJIVHAE

TATEJNbHbIE H TEPEMECTHTE/NbHLI 33KOHH AAA CJOXKeHHS
H YMHOXEHMR H pacnpefejurenbHblii 3axkon. JleHcTsu-
renpHoe 4uca0 1= (1, 0) cayxuT enuHuiedi ana KoMmi-
JeKcHbIX umcea, 1. e. (1, 0y- (x, y)=(x, y). Yucao
0= (0, 0) sABasmeTcH HyJNEM L% CJIOXKEHUA H YMHONKEHHS:

0, 0)+(x, y)=(x, y), (0, 0)- (x, y)=(0, 0).

Hakoneni, HyXHO J[0Ka3aTh, YTO CJOKeHHE H yMHOXe-
Hue — HelpephIBHbIE ONlepaltHi.

Yucao (x, y) obbiyHO COKpalleHHO oéoauaqalor GyK-
Boi 2, Tak uto z=x+iyg. OuesBuzHo, =z.2=
= (x2 — y?, 2xy). Crenenb 2" JJs BCEX LEJbIX n>1 ol-
pellesIUM ¢ TOMOUIbIO HHAYKTHBHOTO NpaBHjia 2=z« 2"\,
Torma ¢yuxuua fz=z" onpenenser oro6paxesue P — P
MHOXKeCTBa BceX KOMILIEKCHBIX uucen B ce6s. [Ipu n=1
[ ectb ToxaecrseHHoe otobpaxenune. Ins n=2 npu oro-
OpaMeHun [ apryMeHThbl BCeX 4HCeJ yABaHBaloTcA, a MO-
AyJaH Bo3BOAATCA B kBaapar. Kaxabifi syu ¢ BepmnHo#
B HayaJje koopauHat O orobpaxaercsa Ha Jayd, oGpasyio-
WHIL C NOJOXKHTENbHbIM HanpaBJeHHeM OCH X BABOe 60J1b-
wHit yron. OKpyKHOCTh pajuyca r ¢ nenrpom 0 oroGpa-
’aeTcs Ha OKPYXKHOCTb paguyca r? u JBa)Kabl HaBopa-
ygBaercs Ha ce6a. [Toaesno npencrasasTb cebe nJoc-
Kocrb P kak geep u3 nyweil ¢ BepiuuHoi B 0. Toraa dyHk-
g 22 aBaxAbl HaBOpauyHBaeT 3TOT Beep Ha cebs.

Anajoruyno npu oro6paxeHuu fz=2z" BCe apryMeHTHl
YMHOXKAIOTCR Ha 71, 2 BCeé MOIYJH BO3BOLSTCA B Nn-10 CTe-
nerb. OKpy:KHOCTb paguyca r ¢ ueHrpom B 0 HaBOpauu-
BaeTCs 7 pa3 Ha OKPYXKHOCTb pajguyca r® ¢ ueHtpoM 0.
Takum oGpasoM, ecau C — nobas OKDY2KHOCTb C LEHT-
poM 0, To nopspok W(f|C, 0) nns stoit dyHKuHU fz=27
paseH 7.

Miuorouaen f CTeNeHH 7 OnpeieJsieTcs B TOUHOCTH TaK
®Ke, KaK Jjst RedcTBuTe bHBIX uncesa. OH aBasercs q)yHK-
uueil, 3agaraeMoil GopMysoR

fz———a,,z +a, 2 A +a2z2+alz+aos

rae 4, ai, ..., 0, — RaHHbie KOMILIEKCHble 4YHCHa H
a,%#0. (He 6ynem 3a6biBaTh, 4TOo Kaxuoe NEHCTBHTE/]b-
HOe YHCJO ABJAETCH W KOMILIEKCHBIM YHCJOM H HEeKOTO-
pele H3 KO3(Q(HLUHEHTOB HJH JaxKe BCE OHH MOIYT GblTh
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§ 36. KAXAbIA MHOTOUYJIEH HUMEET HYJAb

neficrutenbsiMu.) Kak ¢yHKuus muorounen [ onpepe-
aser nekoropoe orobpaxeHsue f: P— P. Ero Henpephi-
HOCTb MOMHO ROKAasaTb, MOJAb3yscb HENpPepLBHOCTLIO
C/AOKEHHS ¥ YMHOMEHHS KOMILIEKCHLIX 9HCE.

YnpaxHeHHe

1, Onumure reoMerpuHueckn oTo6paxeure f: P> P, 3apasaemoe
Kaxaofi H3 cAeAyoInX GopMyJ:

a) fz=2—4, b) fe=242i,

) fz=24(1—1), d) fz =22,

e) fe=—2, f) fz2 =iz,

g fz=(+1ez h) fz=(i+41)2—3

i) fz=1i2242i 2, hfz=1z (z0).

§ 36. Kaxpanii MHOrouneH HMEET HYJb

Teopema 36.1. [Tycre n2>1 — yeaoe 4ucao, u f — muo-
204/eH CTeneHuy n € KOMNAGKCHbIMU KO3(puyuenramu.
Toz0a | umeer xora 6ol 00uR HYyab, T. e. CYw,ecT8yeT TG~
KOe Komnaexcroe 4ucao a, 4ro [(o) =0.

Tak Kak Ko3QOHUMeHT NpH 2" B MHorouneHe f He
paBeH HyJIO, Mbl MOXKeM pa3[eJHTb Ha Hero u NOJYYATb
fla=g wau [=ag, roe MHorouneH g umeer CTaplIHil Ko-
s¢dunnent 1:

gR)=2"+a2" '+ ... +a,-12+a,

ITockoAbKy Hy.ab MHOrouseHa g Oyzer ¥ HyJeM MHOIO-
unena f, HaM HYXHO TOJNIbKO [0Ka3aTh, UTQ MHOTOUJIEH g
uMeer HyMb. Mul caenaeM 3710, nokasas, 4TO CyLlecTByeT
Takas orpyxHoctb C, o6pa3 xoropo#i npu oroGpaxeHuu
g: P — P umeer OTHOCHTeNLHO TOUKH HYJb NMOPAAOK A,
t. e. W(g|C, 0) =n. Tak Kax n=0, 70 #3 riaBHO# Teo-
peMbt yactu Il 6yner cJjefoBaThb, ‘UTO BHy'l‘pH C nai-
JeTcsi Touka o, AJs KotopoH ga=0.

Moayab KOMIJIEKCHOFO YHCJA Z, T. €. pacCTOsiHHE ero
oT Touku 0, o6o3nauaerca cumBaiom |2|. Llentpom ok-
PYXKHOCTH C spasercs 0, a ee panuycoM r CIAYKHT JiiO-
6oe mnosoXKUTETLROE HHCHO, Gojbinee, YeM MaKCHMYM I
JeACTBUTETLHBIX YHCe

i 172
niayl, (nla)? ..., (n]a, )™
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YACTb II. TEOPEMB CYILECTBOBAHMS B .IlB“yMEPl—.!OM CHYYAE

Mpsamoe abiuncaenne nopsaka W(g|C, 0). . caumKom
TPYAHO, .B TIOTOMY -MBl NIOCTPOMM TOMOTONHIO OTOGpaxe-
Hust -g|C B Gonee mpocToe OTOGpaclie, 3ajnaBaeMoe
MHorousnexoM 2%, B § 35 mbt Buzenu, yro W(z"|C,0) =n.
Takum 06pasoM, eciu Mbl CymMeeM MOKa3aTh, 4T0 Touka 0
He NpHHAAJeXuT 00pasy Npu 3TOH TFOMOTONHH, TO H3
TNOCTOSIHCTBA NOpALKA KpuBOH OGyAeT CJefoBath, YTO
W(g|C, 0)=n. .. :
l'omoronuio kpusoit g{C onpenennm ¢opmyJon

g@;ﬂ=zwr+a4ﬂh@»zec,0<r<n
l‘.!lf:

@) =22 +ﬂﬁ

IMpu t=1 orobpasxkenue g(z, 1) csomurca K 2", a ApH
1=0 HaxonauMm, uto g(2, 0) =gz Ocraercs noKasarb, 4TO
toyka 0 He mpuHazjexkuT o6pasy npu sTofi rOMOTOMHM,
T. €. 910 g(2, 7) #+0 aas scex ng u Bcex 1€ [0, 1]
Ycaosue 2€ C osnavaer, uro |z|=r. Tak kak

r>(n\ay|)* npn gaxkmgom k=0,..., n—1, TO
rt>n\ap| u, 3HayuT, Aas Beex 2€ C

lae| __ jael 1

| 2% | rk < n’

Tak kak h(2) uMeer n uNeHOB, KaXKAbIl H3 KOTOPBIX MO
MOAYJIO0 HA OKpyxkHocTH C Menbiue, yeM 1/n, To-Ha C
Bbmomme'rca HepaBeHCTBO lh(z)|<1 YuureiBas eme,
yro |1 — 7| <1, naxogum | (1 —1)A(2)|<1. Cymma enu-
HHLLBl ¥ KOMIJIEKCHOTO 4{CJa, N0 MOAYJIO MEHbIUero eJu-
HHIBI, He MOKeT OblTb paBHa HyJo. ClefoBaTelbHo, R
Bcex 2€ C u t€[0, 1] cymma 14+ (1 —T)h(2) He obpa-
waercs B Hyab. Tak kak QyHkuus 2* npu 2€ C Takxe
He paBHa HWIIO, TO OTClo[a C/leAyeT, 4TO NpouU3BeleHue
21+ (1 —1)h(2)]=g(2, T) He paBHO Hyaw. Idto 3a-
BeplllaeT .J0Ka3aTeabCTBo.’

. Uenoseka, 3aHuMalomierocs anreGpofi, He YLOBJIeTBO-
puJjo Gbl yTBepXKJEHHE, YTO BCAKHH MHOIOUJIEH CTeleHH
>1 uMeer ToJbKo onuH Hyab. IToawblil pesyabrat maer
cleflyonian Teopema.
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§ 3. KA MHOFOUWIEH MMEET HVb .

Teopema 36.2. [Tycro f-— muocouren crenenu n ¢
(OedicTurenvtivimu u/m) KOMNACKEHBIMU KO3 Puyuen-
Tamu. Taeaa CywecTsyeT n’ TaKux KOMRABKCHBIX 4ucenr
O, 02, +<.) Ony YTO MHOZOUACH [ paa/laaaercn 8 npoua-
gedenue n Autelnslx mHodicuTeeld

f(z)—a,, (z_al)(z"'a?) (z-—~a,,)
Ecay nonoxurb z=ai, T0 (-l MHOXHTEND dﬁpa'mrcn

B HYAb; MO3TOMY Kaxk[0€ YHCJIO o; ABJAETCH HY/€M MHO-
roysena f. Eclu nof0XuTb Z=aq, Ile o — YHCAO, OTIHY-

HO@ OT O, «+., On, TO KaXKAbifi MHOXKHTEND GyIeT OTaH-
yeH or Hyas; nostoMy f(a)=0. 10 nokasciBaer, 4TO
HYJAAMH MHOroWleHa [ fABASIOTCA UHCAA O, O, ..., COn

1 TOJbKO OHU. B cayvae Korka ‘KaKoe-jiHBO YHCIOo BCTpeE-
qaercsa cpeay HUX ABa pa3a HJH 6onbllie, OHO Ha3biBaeT«
CA KpaTHbIM HYyJEM, HJIH KPATHLIM KOPHEM, & YHCIOQ MHO-
KuTeel, B KOTOpb!e OHO BXOJIUT, Ha3bIBaeTCs ero Kpar-
HOCTbBIO,

Oas ,uoxasa're.nbc'rsa TeopeMbI HaM HY¥KHa Caenyio-
as

Jlemma ). Ec/m f — MHO20%AEH CTENneHu B U o — MO-
6oe KoMnaeKCcHOe 4uCAO0, TO CYwecTeyer TAKOU MHOZ0-
uren g crenenu n—1, «ro f(2) = (z—a)g(2) +/(a).

Ilas poka3zatenbCTBa JEMMBl [0 H3BECTHHIM [paBu-
JaM pasjiennM MHorouleH [ Ha ABy4JeH z —o. Ilyctb
g — YacTHoe ¥ r — OCTaTOK, TaK 4TO.

1 e+
YMHOXKas Ha 2 — a, MoNyuaeM .

f@)=E—0)g@+r.

Uro6ul HaliTH r, NOJOKUM 3[€Chb Z=a, OTKyAa fla)=r.

z2—a’

[TepeitpemM Tenepo K noKasareJbCcTBy TeopeMnl 36.2,
B cuay TeOpeMbl 36.1 muorounen [ umeer xors Gl OfHH

v

1) 3ra nemma 0619HO Ha3nBaeTcA TeopeMoii DBesy, — fTpus,
nepes,
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YACTD II. TEOPEMDI CYWECTBOBAHIS B ABYMEPHOM: CJVUAE

HyJBb, cCKaxeM o4. Tak Kak f{a) =0, To mo Jemme cyme-
CTByeT Takod MHOIouJeH g cremedd n—I, 4ro

[(2)=(z—a)g @)+ [(m)=(2—a)g(2).

OcraTok nponanaer, nockoabky f(ey) =0. Ecaun — 121,
TO, NpuMeHsis TeopeMy 36.1, Mbl MOXKeM NOJYYHTb HYJb
a; MHOorouneHa g, Torpa no semMe Hafizercs MHOro-
ujeH A creneHd n — 2, TaKo#, 4To

g(R)=( —a)h(2)
TMoacrasaas g(z) B npexbayniee paBeHCTBO, HAXOANRM
f(@)=(z—a)(z—a)hk(z)

Ecm - n2>3, 1o cyurectsyer HyJb &g MHOrouneHa h H
h(2) = (z—as)k(2); nestomy

[(2)=(z—a) (2 —a) (2 — 03) £ (2)-

Kamapifi mar noHu)kaer cTenedb nNOC/JENHET0 MHOXH-
tessn Ha epuHuuy. [Tocne n waros nocaeiHHA MHOMXKUTEND
6yaer HMeTb creneHb (; 3HauMT, oH 6yjeT HEKOTOPHIM
YHCJOM ¢ H ’

fR=r—a)z—0)...(2—a,)ec.

Ecnn B npaBoil yacti packpaitbh Bce CKOOKH, TO JierKo
y6enutbes, uto Koshduuuent npx 2" pasen c. Crenosa-
TeJIbHO, C=0ay, U TéOpeMa J0Ka3zaHa.

Hcropuseckasn cnpasxa. Teopemy 36.1 uacro Ha3b-
BAlOT OCHOBHON TeopcMoil anreGpul. IlepBoe ee crporoe
JoKa3aTeabCcTBO GbuIO faHo B 1797 r. I'ayccoM. B mnoc-
JefHHe ToJbl ObLIO NONYYEHO HECKONBKO COBEpIIEHHO
APYTHX [0Ka3aTeJbCTB, HO HH OIHO H3 HHX HE IIOXOXKe
Ha J0Ka3aTeJbCTBO, M3joXeHHOoe sbime. IIpamoe u no-
BOJIBHO TPOCTOE 10KAa3aTeJbCTBO B KJACCHUECKOM JyXe
moxHo Haiith B kuure: Ford and Ford!), Calculus,
McGraw-Hill, 1963, p. 263.

1y Cm. Kypom A. I, Kypc Bhcwed anrebpu, M., 1959,
ctp, 147, — Mpus, nepes,
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§37.0 CJiY‘-lAE BOJIEE BHICOKHMX PABMEPHOéTEﬂ ‘

YopaxkueHnusda

1. Ilokasars, 4TO ec/H ro OnpejereHo, Kak B JOKasarenbCTBe TeO-
pembi 36.1,.n E — MAOXECTBO Beex uncel 2, Ey KOTOpHX |2]>>ro,
TO MHOroulled [ He HMeeT HyJefi B MHOMeCTBe

2, HNoacuntaTs YHCAO fo AJR KAKAOTO, H3 C/AEAYIOWHX MHQIOU/IEHOB
H TEM CaMBlM HaliTH KPyr ¢ LEHTpoM B Touke O, couepmameﬁ ace
HYJH COOTBETCTBYIOUIEr0 MHOrOU/I€HA;

‘a) 44328 — 22+5,
b) 227+iz® — 3z,
c) A+ (2—i)2%+ (i+1)z

3. Myery fe=(2—2) (2+1) (Z—~l)4 Hafity Bce xo3dduUHEHTH
$TOrO MHOTOWJIEHA, MOJCYHTATb, KaK W BHIllie, YHCJIO rp H YNOCTO-
BEPHTBCA, UTO KPYF pajuyca ro COACPHHT BCE HYNH MHOro-
yneHa f,

4, HaliTH RyMu KaxAOro H3 CledyOUIMX KBaAPaTHHIX TPeXu/leHOB H
IDOBEPHTh, YTO BCE HYJH JleKaT B Kpyre pajauyca fo:

a) 322 — 13z — 10,
b) 322 —2z+1,

5. ITokasatb, uTO B HOKasaTeabcTBe TeopeMbl 36.1 JOCTATOYHO BHI-

6pate r TaK, 4To6b cymMma

Ia,|+|a2|+ +lan|

Nonb3ysice aTuM dakToM, NOKas3aTh, 4TO Bce HyMH MHOTOUMEHA
2 — 245 JexaT BHYTPH OKPYKHOCTH l2f=

§ 37. 3nuaor: HecKoJaBKO CJAOB O cay4ae OoJee
BbICOKHX Pa3MeEpHOCTEH

Ilpu nepexone or omHOMepHOro cjydass K AByMep-
HOMY MH BCTPETHJHCH C CEPbe3HBIMH TPYAHOCTSMH, KO-
TOpble HaM YAaJoch NPeojoJieTs JHIb [OCAE TOro, Kak
6ulI0 BBEJEHO HOBOe MoHATHE — nopagok W (g, y) 3amk-
HYTOH KPHMBOi ¢ OTHOCHTEJBHO TOUKH Y. MOMKHO OXKH-
1aTh, 4TO [IPH NMepexojie K TPeXMEePHOMY CJaydalo H K cay-
qyaaM eiie 60Jiee BRICOKHX pasMepHOCTEi MOSIBATCS HOBblE
TpyaHoctH. M oHHM peficTBHTEJBHO MOSIBJISIOTCS, HO MHO-
roe W3 TOro, UTO MH CAEJaJH B JBYMEPHOM CcJaydae,
npuemMjJemMo ¢ HEGOJABHIUMH H3MeHEHHsIMH H 31ech. CTOMT
cieAaTs Kpatkuil 0630p TOro, 4to U3BecTHO 00 3TOH 3a-
Jaue, MOTOMY 4TO €l NOCBALIEHH HEKOTOphle M3 CaMBIX
JYYIIHX COBPEMEHHBIX MaTeMaTHYeCKHX HCCHefOBaHHii,

[Tepexoas ot naockoctu P K n-MepHOMY €BKJIHAOBY
npocrpascTsy R?®, ecTecTBEHHO 3aMEHHTb KPYT M €ro
rpaHuYHYI0O OKpPYXXHocTb wWwapoM B u orpanuunBalomeii

191



YACTD I1. TEOPEMb! CYUIECTBOBAHUS B JIBYMEPHOM CJIVUAE

ero cgepoit S. Ilycrs f: B — R® — HenpepruiBHOe 0TOGpa-
JKeHHe, H Y —TOYUKa NPOCTPEHCTBZ R™, HeMpUHAANEKA-
mas oépasy fS. Torna rnapHas TeopeMa yTBepiKiaer:
ecnn W(f|S, yy+0, to cymecrsyer xots Gn OfHA TaKas
Touka x€ B, uro fx=y. OcHoBHas 3ajiaya COCTOMT B Ta-
KOM onpefefleHHH NOPAAKaA W(f|S, y), uro6u on obna-
AaJ BCeMU CBOHCTBAMH MOPFAAKA KPUBO/ OTHOCHTEJbHO
Touku jra n=2. I1pu n=3 nopanok W(f|S, y) npasunn-
Hee Gbuio Gbl Ha3bIBATh YHCHOM OKyTbiganud'). Hanpu-
:Mep, cdepa S OKyTHIBAET KaXKAyl0 BHYTPEHHIOIO TOUKY
‘wapa B poBHO opuu pas. dra pabora Onsa NpoxesaHa:
‘nopanok W(f|S, y) 6w TouHO onpeseseR A4 Bcex pas-
mepHocTeli n ¥ OblI0O MOKa3aHo, 4TO OH obJajfaer TEMH
XKe cBoficTBaMH, KakKuMu OH obJagan npu n==2. Hanpn—
Mep, OH He MeHSeTcs MpH TOMOTOTHH, he 3ajesaiouiei
TOYKY Y.

TMocne roro ‘xak riaBHas TeéopeMa LoKasaHa, NMPUJO-
JKEHHf, paccMoTpendbie Aasa n=2 B § 27—36, MOKHO
copMyanposaTh ¥ NOKa3aTb JJaA BCeX pasMepHOCTeH
€ HeCylHeCTBEeHHHMH H3MEHeHHSIMH B 0603HayeHHAX H
TepMuHOJiorun. ChopMyaHpyeM HeKoTopsie H3 HuX. Tak
Kak ctepa S uMeeT NOpANOK | OTHOCHTEJbHO . KaXKxoil.
.BHyTpeHHefl TOuKHM wapa B, sio6oe HenpepuBHOe 0TO6pa-
kenne f: B — R7, ocrasasioilee HeNOJBHXHBIMH BCe
TOuKH cepnt S, o6najaer Tem CBOHCTBOM, 4TOo fBDB.
Ilanee mo6oe HenpephBHOE omépamenue B — B uMeer
x0T Obl OJIHYy HENOIBHKHYIO TOUKY, a ecjiu cepa S B R®
HenpepuBHO oroGparkaeTca B MpocTpaHcTBO R™~!, TO He-
KOTOpasi mapa aHTHNOXOB HMeeT OJMH H TOT 3Ke ofpaa.

TeopeMa o noae xacaTeJpHbHIX BEKTOpoB K cepe S
B R® nonxkna 6uiTb M3MeHeHa. Ecsiu n 9etHO, To cdepa S
MMeeT HeNnpPephBHOE MOJIE HEeHYJIEBBIX KacaTeJbHHX BeK-
TopoB (HanpuMep, S ecTb OKpyxHOCTb npu n=2). Ecan
JKe n HeueTHO, TO JI0G0e HempepnBHOE TOJE KacaTedbe
. HBIX BEKTOPOB K S HMeeT X074 OH ONHH HYJb. * -

[lepeckounB K n-MepHOMY CAy4alo, Mbl NPOIIJIH MHMO
ABYX BONpPOCOB, 3aC/JyxHBAIOIMX ropasjo GoJblle BHHU-

1" B noaiuHHuKe enclosing number. B nBymepHoM ciydae mo-
panok W(g,y) 3aMKHYTOH KDHBOX ¢ OTHOCHTE/IBHO TOUKH ¢ Ha3ble
BaeTcs wmdmg number — yHc/ioM 06OPOTOB (Kpusoﬁ ¢ BOKpYT
TOuKH y). — llpum. nepes,

192 o



§ 37. O CNIYUAE BOJIEE BbICORUX PAZMEPHOCTEM

manud. Bor nepauﬁ M3 HHX: MOXKHO JIH, He Hapyumas uc-
THHHOCTH TJIABHO# TeOpeMbl, 3aMEHHTDb B Heli map H cde-
pY KakuMH-1u60 ApyruMu o6 bektamu? KokeuHo, ux Bcer-
42 MOXHO 3aMEeHHTb TONOJIOTHYECKH 3KBHBAJIEHTHHIMH
0OBeKTaMH BpOJE NPAMOYrOLHOTO Mapajjelenunesa u
orpaHuyuBawiueii ero nosepxHoctH. Ho MoXeM Jjim Mu
3aMEHMTb HX TONOJIOTHYECKH

OTIHYAIOMHMHCH OT HUX 0GB~
€KTaMH, 1O CYIIeCTBY He Hu3-
MEHASl 3aK/AI0UeHHA rJiaBHOM
teopemnl? OrtBer aas pas-
MepHocTeH, GOJblIHX, YeM 2,

NoJoXKHTEEH., l'IyC'rb Hanpuﬂ
Mep, T—<Top'B R® u D—
OrpaHHMYEeHHAd UM oﬁnacn B

NpocCTpaHCTBE (sanpumep,
Oy6aMK B ero MNOBEPXHOCTD
T). Moxno Tak oInpeneauTsb

nopsgox  W(f|T,y), urolsl.
A9 BCeX BHYTPEHHHX TO4eK .
o6nactu D ou Obial paBeH efu- - ‘ 'PHC- 37.1.

HUlle, a AJs BCeX TO4YeK ee

LONoJHeHusl — Hyaio, JpyruMu npnmepaMH B R% moryr
CIYXHTb MHOTOCBASHbIE MOBEPXHOCTH M OrPAHHYEHHbIE
uMHu obaactu. Ha puc. 37.1 usoﬁpa)xeubl Tpom{ou Kpet-
AeJb ¥ ero rpasuua.

- Bropoit Bonpoc, KOTOpHi MH OCTaBHJAH B CTOPOHE, CO+
CTOMT B CJEIYIOMEM: NOYEeMYy MBl PACCMATPHUBAEM TOJBKO
oTo6paxeHHs n-MepHHIX MHOXECTB B n-MepHuie? MoxHO
A1 TaK 0606UIHTh Hallly TJIaBHYIO TeopeMy, 4To6hl OHa ro-
AuNach H RSl OTOGpakKeHHuil k-MepHbHX MHOKeCTB B R™?
PacckaxeMm BKpaTile, 470 MOXHO ¢A€/aTh B 3TOM Hanpas-
JeHuu B cayyae k=2 u n=3. [lycrs f: D— R® — nenpe-
pHiBHOE OTOOpa)KeHHe KpPyra. B. NOPOCTPAHCTBO, H
¢ :la, b]— R3 — saMKHyTas KpuBas B R? He nepecekaio-
was o6pasa fC orpanuunpaioutedr Kpyr D oxkpyxHocti C.
Hoctasum asym kpusmiM f{C ¥ @ B cOOTBeTCTBHE Lenoe
uuceao W(f|C, ¢), nasniBaeMoe HX K03¢pduyuenTom 3a-
yensenusn. Ha puc. 37.2 npusefiensl nsrsp ApuMepos, B Ko-
TOPHIX —~"C/IeBa * Hanpaao—xoatptbuuneum 3anenJjeHun
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YACTE II. TEOPEMBI CYHIECTBOBAHMY B IBYMEPHOM CJIVUAE .

pasanl 0, 1, 2, 4 u 0. HoBuifi BapuaHT IaBHOH TeOpeMbl
3BYYHT TaK: ecau Koagduyuenr 3ayensenus W (f|C, @)
He paser Hyawo, T0 0b6pas D xora Ger 8 00HOU TO4KE ne-
pecexaer 3amxnyTtyro Kpusyro ¢. Unurtaresp MOXer mpo-
BEPHTL 3TO yTBEepKJIeHHe Ha NATH npuMmepax puc. 37.2.
B nepBoM ¥ msATOM MpHMepaxXx MOXKHO HapHCOBaThb MO-
BEPXHOCTb, TPaHHHEH KOTOPOH CJAYXHT HHXKHASE 3aMKHY-

Puc. 372

Tafd KpUBasi M KOTOpasi He MepeceKaeT BEPXHIOI0 3aMKHY-
TYIO KpHBYIO. DTa NOBEPXHOCTb MOIJIa 6H GHiTh 06pa3oM
fD. B octaibHBIX Tpex npuMepax, Kak Gbi Mbl HH PHCO-
BaJH MOBEPXHOCTb D, rpaHuuell KOTOPOH CJAYKHT HHXK-
HAf KpUBasi, OHa BCE pPABHO fiepeceder BEPXHIOD KPUBYIO.
(B npumepax 3 u 4 MOXKHO HApHCOBATbL 3aKPYYEHHYIO
JeHTy, T. e. auct Mébuyca, KoTopas He NepeceveT Bepx-
HIOI0 KDHUBYIO H TpaHuLieli KOTOpOH fBJAseTCA HHKHASK
KpHBasi, HO OHa He MoxkKeT 6biTh 06pa3oM D, MOCKOJABKY
OHa OJHOCTOPOHHSAA.)

3ameruM, uro nopagok W(f|C, y) Ha nuaockocTH
CBA3BIBAET 3aMKHYTYIO KDHUBYIO H TOUKYy, HO KOrjga Mbl
nepexoauM K orobpaxeHuaM Kpyra B R3, touka y 3ame-
HAIETCSl 3aMKHYTOH KpuBOH ¢, a NOPANOK KpuUBOH OTHOCH-
TeJIBHO TOYKM INpeBpaulaercd B Koathduuuenr sapense-
uHda. Ecau 661 HaM HYX)HO GbljI0 C(POPMYJHPOBATL aHAJIOT
Hawefi ryiaBHO TeopeMbl AJs oToOpaxKeHH#t kpyra B R,
TO HaM notpefosajoch On noHfATHe <Kodpdunnenra sa-
ueniedus» W(f|C, ¢) samxnyro#t kpusoii f|C u 3amx-
HYTOH MOBePXHOCTH @ B npocrpanctse R* Ilox 3amkny-
TOlf MOBEPXHOCTHIO B R* MH NMOHHMaeM HenpepriBHOE OTO-
OpaxeHHe B NPOCTPAHCTBO R* cdeph, HAH TOpa, HIH
A1060#t U3 MHOTOCBS3HBIX NMOBEPXHOCTEH.
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§ 37, O CJIVYAE BOJNEE BRICOKHX PA3BMEPHOCTER

Takum o6pasoM, TouKa, 3aMKHyTad KpHBas M 3aMK-
HyTas MOBEPXHOCTb CJyxart B pasMepHoctsix 0, | u 2
IpUMEPAMH TIOHATHSA, OMNpefeseMOro AJjsi BCEX pa3Mep-
HocTelf W HasniBaeMoro yuxaom. OGBEKTHE, rpaHHIaMH
KOTOPBIX OHH ABJSAIOTCA (HanpuMep, NPOMEKYTKH, KPYTH,
wapel ¥ T. 1.), HasbiBaloTCs yenamu. LIUKAB, ueny, ux
rOMOJIOTHH ¥ T'OMOTONHH, HX NEepeceyeH’sl H 3auenaeHus
COCTABJIAIOT OCHOBHOe CofepKaHue aneKaTeaneﬁmeﬁ
06/1aCTH, KOTOpas HA3biBAETCS TEOPHeH roMOJIOrui H #B-
JISIETCA TJ1aBHOH 4acCTbI0 TONOJOTHH.

Mbl nokasaniu, Kak HeKOTOPble M3 MPOCTEHIIHX Hiell
TOMOJIOTHH MOJKHO HCNOJb30BaTh AJA JOKa3atenbCcTBa
TEopeM, KOTOPhle HHTYWTHBHO MOHSITHBI H B TO JXe BpeMsl
ABASIOTCS OYEHb TOHKMMH. MH uMeeM B BHILY TeopeMui
cymectBoBanus. QGo6ilerusn 3TUX TeopeM Ha cayual Go-
Jlee BBICOKHMX pa3MepHocTell Moryt OBITh CQOpMyJHpO-
BaHel H JO0Ka3aHel ¢ NOMOINbIO NOHATHIl TEOPHH TIOMO-
JIOTHii.

Uurateab, XeJawoliuii y3HaTb, Kak Jajblle pas3BH-
BAIOTCSl WJEH, H3JO0KEHHble B 3TOH KHure, MOXeT obpa-
THTbCSl K y4eGHHKaM TONOJOTHH:

Hall D. W, Spencer G. L., Elementary topo-
logy, John Wiley and Sons, New York, 1955.

Hocking J. C;xYoung G. S, Topology, Addi-
son-Wisley, Readmg, Mass., 1966.

XuartoulIl,Yaiiau C TeopHsi roMoJIoTHil, H3[-BO
«Mup», M., 1966.

TlepBasi U3 3THX KHHT CAYXKHMT AOMOJHEHHEM K Mare-
puaay, n3noxesHoMy B 4. I mo TeopeTHKO-MHOKECTBEH-
HOH TONOJIOTHH, a ABe JApyrue sBASAIOTCS MAONOJIHEHHEM
K marepHaay 4. 11 nmo aareGpanueckoii TomoJioruu.
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. Taxk Kak Q)yﬂxuml X3

OTBeTbl U peLeHns

YHJACTDb 1

§1,crp. 20

. Munumym f(3) =1, uakcnmyM f(1)=5, Tak Kak f(x)=5—

— (x—1)2 Her pemeuns, ecau y<l u ecan y>5. Opno peure-

HHe, ecJH i <y<4u ngﬂ y=5. JIpa pewenus, ecnu 4 < y<5.
Koraa x MmeHsercs or 1 Ao 2, npunu-

MaeT Bce 3HaYeHHR MeXAy —4 H 3, TO NJA HEKOTOPOrG X B

_ Axgomex(yrxe 1< x< 2 ona npumer n 3HayenHe 0. YpaBrenue

5=0 MOXRO nepenﬂcarb B Bitlle X3=05, ‘n, sHayur, 3t0 X

"MOMKHO GHITH pasHo l/ .
3uavenve 3710it GYHKUHM npy Xx=3 O'rpnua'renbuo a npu x=4 no-

_MOXKHTE/LHO; TO3ToMY “MeXAy 3 B 4 OHa NPHHHMAeT- Hylesoe
’3Havenue. .

Mupnuyn  f(5) =%—. Maxc’uMyma He c_yuie'cmyeT, no_fomy 410

‘npu mioGom n=1, 2, 3, ... OyHKuHs [ NpUHUMaer  SHaueHus
~f(1fn) =n. 3amerum, yto 3Hauerue [(0) e ompemeneno.

. B aroM cayuae kKaXnoe 3nadeHde Q)ymcuma f paBno 3 (ee rpadu-
7 KOM CHAYKHT FOPH30HTANbHBIA npmonuneunuﬁ OTPe3oK), TaK 4TO

m=M=3.

v MunuMym f(0) =0, Maxcﬂmyma ne cymec‘rByer HOTOMy 4TO

yHCAO0 5 He BXOAHT B upome)xy'rox o, 5)

§ 2, crp. 29

. Yto6u n0Ka3aTb p‘as’e}icmo ABYX MHOMKECTB, HYXKHO MOKa3aTh,

YTO KaX[AH SAeMeHT NepBOoro MHQIKECTBa ABIAETCR H SAEMeH-
TOM BTOpOrO, H HaoGopoT. YTo6H 10Ka3aTh NepBOE yTBEpKACHHE,
BO3bMEM, X E(AUB) C. Toraa x mpunagnexur A uau B o,

- KpoMe - Toro, npusaanexur -C. Takum oOpasowm, Hy)m-xo paccMo-

’l'peTb ABa cihayvas,

i Cnyqaﬁ l: XCA n. x€C." Cu;e.uosarenbﬂo,‘xGAnC u, suaqu'r.

xC(ANOYU(BNC
Cayuaft 2 xEB u x€C. CaenosatensHo, xGBnC B, 3Hatm'r,

xc(ANCOYU(BNO).

Jas  nokasaTenbCTBa BTOPOTO- YTBEPKIeHHA - BO3bMEM- X E
€(ANCIY(BNC). Torna xCANC nm x¢ BNC, .
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OTBETIY M PEWEHHS. YACTD I

Cayuat 1: xC ANC. Caenosaressno, x4 n x C Mostomy
XxE(AYB) u x€C, orkyna x%(AU
Cayuwait 22 x& B1C. Caenosareasto, X C ﬂosrouy
x6(AUB) u x€C, otkyna x (AU B)
B moGou _u3 stHx cayuder x C{AH BINC (puc.: Pl)
2. Cm. puc, P2,

" -Puc.- Pl'.» s ) i PucP2 .

RN <

3. -Tax xax Muomecmo B .n ero nonaaueune ne ANEIOT 06me 1T0-
YeK, T0 H J0G0oe NOAMHOMKECTBO m!oxecma B H Jxouozmenue B
~ He HMeloT oﬁumx TOYeK.

-4, a) Ca 1, CxeMe, ormcarmoﬁ B onere ua aaaa-ly 1, noauueu
AUB) Torna wmaigetcs rTaxas touka xG AU B, wio
x==y Ecan x€CA, 10 yCfA a ecan x€B ro yeiB.

aKuM obpasoM, B A060M ciyuae szUIB at-
HOTO- " PacCymNeHus BOIMEM ye b2 fB Ec:m yETA
To Hafgercs Takan Touka XCA, uro fr=y n rax KaK

- x®€AYB, T yEfeAYB): Et:m we y IB, 10 Y= fx:pnn
ueexoropoﬁ TO‘HH?.”EB ¥ 'TaK Kagk X B, 10 yéf(AUB).
Takum 06 a30M, B AKGOM cayuae ¥ f (AUB)

b) ﬂyc-rb y AnB) “Torga " y=+fx naA Hexoropoit youKn

ax waK' x€ A, To’ ggiA, a  rax.xak -x&8, 10

y iB C.neu.oaaTeano. yEfANJB. (O6parnoe paccyxaecsne

ue npoxomar. MonycraM, uTo X cOCTOMT n3 aByx Touex A

K B, a Y umeer aumb omhy TOuxy y. Torza f y=[B
f(AﬂB)s@ a nepeceqenue jAn[B paBHQ y) e

5. a) OkpyxuotTh ¢ ilenrpom B . -
<~ b} Ipaman, dpoxofntias uepes’ S e
" c) ‘Hyra uekoropoll oxpyxmacm (n.nocxocrb npoxozxaman qe-
<. pes N wu oépés aadauit oThesox, nepecexaer X no oxpy:x-
HOCTH).

... 8} Paanyc stoft okpyxkHocTH BaBOe Cosbile pazmyca cqzepbl.
©) Bre Touks Gonvioro noaykpyra, coepdusiomero N u §, 3a

. HCKIIOUGHHEM TOUKH. N - ‘ ) .

6 gh Y= —x—3, yn""z"’“
g !h"""-"'l'}‘*& 92""_:"74_
I =2y =3, G=xy 4
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OTBETHl K PEWIEHUS, YACTD 1

g y=—x, Ya = X
G yy=—x =3 pa=x1}4%
f_lg_li Y= X =3, Y= x4 4
g_lf_l: Y=—x+3, yo=2x,+4
Her; g~ '~ + (eN™"
b) [FlY=X; 1@ =0@.c) ['AcfIB.

. Ycnosue x € (gf)-'C osuauaer, uro gfx€C, a sTo B CBOW OYe-

pelb o3Hauaer, uTo fx € g'C u, Cef0BATENbHO, YTO X f‘l-§g"C),
Takum obpasom, ycaosue x € (gf)~'C oamauaer, uro x € [~1(g"'C)\.
(MB nosb3yeMcs C/IOBOM <«O3Hauaer», Yro6nl CKa3aTh, uTo ABa
YTBepKAeHHs SKBHBANEHTHHM, T. € UYTO KaXKJZ0e M3 HHUX BJeyeT
3a coGoft u apyroe.) Uro6H moKa3aTh BTOpOEe yTBepXKAEHHe, A0«
nyctuM, uro x 5= x'. Tak Kak Qyuxkuus [ B3auMHO OAHO3HAuHa,
10 fX 5= fx’, a Tak KaK B3aUMHO OAHO3HAuHA W QYHKUHA g, T0
gfx 5= gfx’. Tlyctb Teneph 2 & Z. Tak Xak gY=Z, To uaiigercs
Touka ¥ € Y, 8/1q KoTopoRt gy==z2, a TaKk Kak [X=Y, nafgerca
Touka x € X, aas xoropofl fx=y; noaroMy gfx=z unu x==(gf)~'z.
To onpegenennio y=g'z u x=f"'y u, sHauur, x=["g12, Cue-
noBarensHo, (gf)-t=["1g-.

§ 3, crp. 37

. Ecau Touxku X, y B Z nexkar Ha OfMOA NPAMONl M TOYKAa y pacmo«

N0 ECHA MEXKAY X H 2.

L e=r—dix, x').
. Toromy uto N ([x, e)::N(fx. -;,—) AAs Bcex e>-§—.

. INotomy uto N(x, 8’} € N(x,8) nas scex §’<d.
. PazpuiBua B Kaxnofl Touke oxpyxuocté C, HenpepbiBHA BO BCeX

ocraabhbix Toukax. CooTBercTBywouiero O He CymlecTsyer s

e<V 2

. OHa He yBenHYHBAeT PacCTOAHMA:

d(x, XY zd(fx, [x") aas BCex x, X',

. ¥YMeHbIBaeT paccTOAHHA AN% JI060fl -napsl Touex HHKHeA NOJy-

chepul. O6patnan GyHKuus [~) nepeBoAMT Kaxayio Toury yECR?
B TOUKY nepecedenus ayua py ¢ S (puc. P3). Tor Xe pHCYHUK
nokasksaer, uro o6paTHas ¢yukuus HenpepusHa, O6paz MHOXKe-
ctBa N(p,7,S) —p ecTb MHOXKECTBO TOUEK, JexKamlUX - BHE He+
KOTOpPOr0 Kpyra ¢ LEHTpOM B Hauale Koopauear. Ecau O 3HaZ-
uenwe fp Oblio ompedenedo H GYHKuMA [ Gula HelnpepHBHO#H
B TOuYKe p, TO moGast okpectHocTb N(fp, €) noaxua 6uiaa Obl ue-
JIHKOM COfepKaTb MHOXKECTBO TO4YeK, JeXamHux BHe HeKoTOporo
Kpyra; HO 3TO HEBO3MOKHO.

IMycts x € [a, 0] u 3apavo e>0. Tak kak dyukuus f HenpepuwBHa
B TOYKe X, TO cyumtecTsyer Takoe 8,>0, uro |fx'—fx| < —;— ans
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OTBETH W PEIMEHHA. YACTD 1

scex x’€ N(x,d,). Taxk kak senpepuiBHa ¥ ¢yHKuus g, cyme-
crByer Takoe 0;>0,uto | gx’ — gx| < —;- ans scex x' € N(x, 02),
Hycts & — menbimmee u3 wicen 6, u 8. Torma us ycaoBHA
x'€ N(x,8) cnenyer, uro

Hx'—fx[+]gx' —gx| <5 +—-*‘5

Ocraercs NPHMEHHUTb HEPABEHCTBO, 0 KOTOPOM TOBODHTCA B YKa-
3aHHH, .

Puc. P3

9. 8=d sin 20=24 sin O cos 0, rze sin O=g/2. Tak kaK
cos 6 =Y 1—sin?0,

To, noAcTasAsA 310 B dopMyny Aas 8, HaxonuM & = edVT—¢74.

§ 4, crp. 50

1, Kaxnaa Touka x € X aBnasercs 3aMKHYTHIM MHoxecTBoM B X
nas mioboro npocrpasicTBa X. Tak Kak ofbefHHEHHe KOHEUHOro
YMCAa 3aMKHYTHIX MHOJKECTB 3aMKHYTO, TO JHO60e KOHEuHoe
noaMuoxecrso A mpocrpancTBa X Kak ofbenuHeHHe KOHEYHOTo
YHCNA, TOYEK - AONMKHO ObiTh 3aMKHYTo, Ecaum u camo mpocTpar-
ctB0 X KOHe4HO, TO KOHEYHO H Aonoaterue X — A. Iostomy
X — A samgnyTOo M A on(pbx

. Bor oaHo us pemenui: V=U U (R2-L)

. 24431,

. MHOXecTBO, cocrosuiee M3 OJHOH TOUKH, HAH Ke R2,

. Ilycrs X cocrour M3 1BYX Touek xj, Xz, A={x;} v B= {xg}
Muoxectsa A H B NONMOJHUTE/bHBIL. AU B=JX, —_
—(AUB) = (X—AU(X—B)=BUA=X.
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10.
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OTBETH M PEWEHHS. YACTb 1

flyete-X=R, A= (0,2, B=[l,3); roraa obveaunente AB or-
KpHiTo B R. o ; o
Eean-U orkpmra:s X, To no T_eog}eme 4.4 cyuiecrTsyer Takoe. OT-
kpuToe B R* muoxecrso W, uto Y = XOW.Nyers V=YQW.
‘orna V otkpmro B Y u U = XNV, noromy urto XY = X.

. Tlepeceuenne .81HX NPOMENYTKOB COCTOMT H3 eRHHCTBEHHOH

Touky 0, a: OTAeAbHas TOUKA He. ABAAETCH. OTKPHTHIM B R MHO-
JKeGTBOM. i ’

. TMyers X={x} u Y=ly.,y§, npuueM fx1=y1, unycre A= @ X,

Torna fA=O, .Y —fA=Y u [(X —A)=[X=y. Tarkum obpa-
3oM, ¥—fA =[(X — A). K . .
Yeaosne x€X —f~ 1A osnauaer, uto x€ X u x ¢ f~ 1A, Yeao-
sue xCX pasuocuabuo ycaosuio fXCY, a ycaosne x¢f~ 1A —
ycaosuo fxg A, Taxum o6pa3oMm, 062 OHH PABHOCHJBHH yCAO-
Buo fxCY — A, T. e. TOMY, uTO x€i- YWY = A).

INycre A & X — muoxecrpo, otkpHtoe 8 X. Toraa ans kax-
10oft Toukn xE A cyimlectByer HeKoTOpas ee OKPeCTHOCTH B X.
nexamas B A. Kakiaas oxkpectdocrs orkpura. Hyxkuo B3aTh
ofLeluHeHHe: BCceX ITHX OKpecTHocTed. -~ © - .

: . § 5, cTp. 59

. Ecan 6w uucno V' 3 “6rliic paLMOHAALHMM, TO Mm MOrmM Obl

nanncars V.3==afb, roe a u b—uenne uyucna, He HMelOLIHE
obuiero MuoxHurens. Bo3soas ofe YacTH B KBaADar H yMHOKas
ua b%, nonyuaem a2=3b% OTKyAa clefyeT, uT0 a? feaurca Ha 3.
Ecau 6n1 uucno a He geaujaoch Ha 3, T0 OHo HMelno OM BHA
a=3k+1 nau a=3k+2, rae & — HEKOTOpOE HeNoe HHcAO. B mep-

‘BoM cayuae

T @S w er R 1=308 4201 =3k 11, .

a BO BTOpOM e -
a® = Ok? 412k 44 = 34" 1.

"B ofoHX.cryyasx- a2 He: fesusocs 6u #a 3. Ho a?=3b% nenmurca
" {a 3; cnefoBaTeNsHo, .4 JOKHQ JeJuThcs Ha 3, H, 3HAUHT,

a=3k ana uekoroporo uemoro k. Toraa 3b2= (3k)2=9k% mo-
sroMy b%*=3k%, u, 3naunut, b2 gmenurca Ha 3, OTKyma cHeENYeT,
uyro H b AeauTcsd Ha 3. Ml npuUIMIH K NPOTHBOPEUHIO, MOCKONbLKY
no npeanofoXeHHio @ ¥ b He uMeau OGUHX MHONKHTeJed.

. Mycre 2n?=m? Tak Kak 7 — Leloe YHCAO, ero PaslokeHHe Ha

NpOCTHE MHOMHTENH COAEPHKUT JAHGO ueTHoe, 160 ~ HeweTHoe

‘qucho. kBoek. B .Jo6em ciayyae n? CORePXKMT -HeTHoe HHC/IO

aBoeK;, a 2n? — neuerHoe ux uucho, Ho.m? HMeer B KauecTse
TIPOCTHX MHOMHTEIel -4eTHOe uYuCJo [Boek. TakHM o6pasoM,

. eCAR M M n—ueiHe. WHcha, 1o 212k m?, 1. e. ypasHenune

2n%=m? ne uMeer pemeHHA B HeAHX. 4HCAAX 7, M. .
Hycrs 2n2=m®. Ecau uyucno 2 scTpewaercs B KauecTbe TpOCTOrO
MHOXHTE B DA3IOXKEHHH m DOBHO R pa3, 10 B m® OHO BCTpe~

.
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OTBETH M PEIMEHHA. YACTb I

yaercg 3% pas. Ecau B pasjioKeHHH n OHO BCTpeqaercsl k' pas,

* To B n% onO BCTpedaerca 3k’ pa3, a B 2n® poBHO 3k'+1 pas. Tax

KaK YHC/o MoOHX MHoxkuTeNefi B pa3noXxeHuH Ha HBPOCThie MHO-

. MHTENH OMpejensieTcs OAHO3HAYHO, TO YpasheHHe 2nd=m? Mo-

KeT UMeThb pElieHHe B LelblX YHCAAX JHUL B TOM Clydae; ecin
CYIIeCTBYIOT TaKHe Uennle 2 u k', uro 3% +1=3k Ho aro He-

" BO3MOXHO, MOCKOALKY 3k"+1 ne .LleJlHTCSl Ha 3, ‘a 3k RenuTcs.
. Eciin 6l CYUIeCTBOBa/iM* PAUMOHANBHWE DEIIeHHN X=wm/n X

y=plg, rae m, n, p u g — entle 4HCAA, TO MH MMEMW . 6u
P '

. 2 2
ra = -?n—z-. TaK 4ro (np)? —-2 (mq)"‘ V= il

" 310 oauauano Gh, uTO V2——pauuouanbﬂoe yHco. Ho B’ § 5

9.

6LLI0 A0KA3aHO, UYTO STO He TaK:

. Ecny 6m -Baiiince Takde uenable yucha k, m u n, lm)

] i

(k+mV—) ?nm:ﬂ:O '

l‘ro nocAe Bo3pefeHds B Ky6 M noaylm.nu 6w k3 +-3k%m V3 +

+-3km?2 4 2m3 YV 2 = 2%, orxyna chellyer, 4TO
2n3 — k%'— Gkm?
V— = k2m +2m*

€CTh paiHOHaAbLHOE YHCJO, -nponmopeque l'lpu m= 0 Mot npu-

‘XOAHM K ynpaxuenuo 3.
. YacTRyHble CYMMB! 3TOTO pAaja PaBRH

_.6;.1; 0.9 0,91; 0,909; 0,9091; 093909; ..., .
a MPOMEXYTKH OT KaXJIO# H3 ITHX CYMM 10 cnenylomeu 06pa-
3yI0T CTATNBAOILYIOCH OCNACAOBATEALHOCTD:
[0 11 [0; 1] 2 [0 09112 [0905; 0911’5 ..

Sra noc.nenonare.nbuocn, crarusaercs perympﬂo Ee nepeceqe-
HHEé eCTb UHC/IO C JeCATHYHHM "pa3noxeduem 0,909090..:. (80 e

‘nepuoae). Ouo pasuo 10/11 u HBﬂﬂeTCﬂvcyMMoﬁ .uam-xoro psuxa
Ananomvmo ynpa)xueumo 6 -

[0, 11:>[2-1] [2' 4] [s"]°

Cyuua paBHa g

3 Hepauﬁ iar’ peneHus ﬂOK&SHBaET, 4Yro YqacTHoe .HEIKHT Me)Kﬂy

3 1 4, Tak WTo MH fIONy4aeM RAPOMEXYTOK {3; 4]. Brope#. war
foKa3WBaeT, 4Yro YactHoe Jekut Mexny 35 u 3,6, otkyaa Ha-
XOfHM BTOPOii npomexyrtox [3,5; 3,6 38TeM ‘HaXOUM npoMe-
®yrok [3,59; 3,60], satem [3,598; 3599] er e
[1; 2]::[1516]:[158159]:3...-. .
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Ecan s — nosoRutenbnoe uucio, MeHbliee ueM b-—a, TO Bee
HeNOUHCeHHBe KpaTHbhie Uucia S paBHOMEPHO PaciloNOXeHnl
BNOJIb NPAMOR, NpHYEM DaCCTOSHHE Mek1y [ABYMSi COCeAHHMH
yHclaMu pasHo s. Tak kak paccTosiHHe Mexay a W b Goablie,
4eM S, TO NPOMeXyTok (a, &) AOMXKeH cojepkaTh Kaxoe-JHGO
4yeso, KpaTHoe s. UTOGH MOCTPOHTL pauuOHaNbHOE YHCJO, NpH-
Hainexailee (a,b), BuH6GepeM s=1/n, rne n— Takoe uefloe
uncno, yro n>1/(b—a). Orciona caeayer, uro s=1/n< (b —a)
H YTO HEKOTOpOe KpaTHOe Ms=m|n, ABJAIOLIEECH pPaHOHANDb-
HEIM 4HCJIOM, JexHT B (q, b). Uro6n nonyuuts HppalHOHANLHOE
upeno, copepxauweecs B (a,b), BoseMem s=V 2/n < (b— a).
MroiecTBo Q He 3aMKHYTO, MOTOMY HYTO /A KaXAOf TOUKM
XCR—Q u xaxaoro r>0 OTKPHTHA npoMexyrok N(x,r) co-
NepkHUT pauyoHaibHHe 4HCAA. OHO H He OTKPHITO, OTOMY YTO
KaXAHi OTKPHTHI NPOMEKYTOK COAEPKHT HppPallHORAJbHBEIE
yHCna,

Tak Kak a<b pas mo6uix a€A u 6EB, to subepem ai060f
npoMexxytok  fo={ap, b0}, rme a €A u by €B. Tlyems

Cp = %— (as+ bg). Torna ap<<co<<bo. JInbo ¢, € A, aubo ¢, € B.

Ecan ¢, €A, 10 Gepem npomexytok /i=[a;, 5], rae aj=c¢
H bi=by; ectn xe ¢ E€B, T0 nycTe ai=agy ¥ bi=cp.
TponoaxKas TaKUM ke 06pa3oM, Mu IOCTPOHM CTATUBAIOULYIOCH
NOC/eN0BATENILHOCTL 3aMKHYTHX NPOMEXKYTKOB, TaKylo, uTo NpiH
KamjaoM n>>1 npomexyrok [.=[aa,b,] apisercas nofoBuuoi
npoMexyTka /oy M an € A, b, € B. Tlo Teopeme 0 noAROTe Mpo-
mexyTkn [/, HMmelor obmylo TOouky ¢, ITo nocTpoeHHIO, eciH
c€ A, To Bce npenniAyiUHe @, HE NPEBOCXOMAT €, M C— HaH-
Goablee uHcao MHoxkecrsa A; ecau ¢ € B, To ¢ — HauMeHbliee
YHCJAO MHOXKeCTBa B (cM. A0Ka3aTelbCTBO TeOPEMH O HOJHOTE).

§ 6, crp. 72

Ecan X orpanuueHo, TO OHO COAEPKHTCS B HEKOTOPOM AaocTa-
Toyso Goabliom wape B. Ecau A = X, 10 A copepxurcs B B;
nostoMy ao6oe nogMHOXKecTBo A MHokecrsa X Takxke OrpaHii-
4eHo. . .

Ecan X n Y — aBa orpaHuuessnx MHoXectBa, 10 X C N (x,, 7)
uHY N (Y, 5) nan Hekotopux r u s. Ilyers ¢=d(xo, §o);
Toraa

N (xg, r +5+8 DN (x5, rYUN (40, 5) D XUY.
Hanpumep, Ka)x'noe n ecTb orpasuueHHoe MHoXecTBo, a Oecko-
HeuyHas noclefgoBaTenbHocTh 1, 2, 3, ,.., n, ... He orpaHunyeua,

. b—a b—a\ .
Uk=[a, b—T), HAH Uk=[a, b_—T) BT I

B nepsom cayuae U cocroHr u3 scex x€ X, ynoBNeTBOpAIOMIHX
yenosuio  1/k<d(xp, ¥} <1, 1. e. Ur—Roabug, copepxailes
OrpaHUYHBAIONULYI0 €ro BHENIHIOI OKDYKHOCTb, HO M€ Ccojepika-
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OTBETHI U PEMIEHHM. YACTH 1

mee BHYTpennioo. Bo Bropom cayusae U, coctour u3 Bcex TO-
uex X € X, y KoTophiX

1
d (X, Yo) > iy
T. e. Up — nyHouxa.

6. Haumenbmee uncno Takux npomexyrkos paeuo 11, Hanpu-

mep, nyete §=1/100. Tloanoxum, U;=(-s, 1—s), U,=(1-2s,
2—2s), ..., Uy=(10—11s, 11—11s). 310 KOHEUHOE MHOKECTBO
mpoMexyTkos H3 C, H Tak Kak OHo nokphBaer X, To H sBce C
fiBfeTcA NOKpuTHEM X.

7. Ecnm touka y nexaT BHe C), TO NPAMONHHeflHH} OTPE3OK, CO-

eaHHuonfi Xo # Y, Mepecekaer OKPyxHocTb C; B TOUKe €, AAA
koropoit U. conepxur y. OxpyxHocts C, 3aMKHYyTa u Orpauu-
uYeHa W NoroMy Komnakrtaa {(puc. P4). OTkpHTOE KoJbLo He

a8
\_/

NN

10.

11

Puc. P4

MOXET GbITb NOKPHITO KOHEYHLIM YHCJIOM MHOMKecTB M3 C, MOTOMY
Y10, KOria r npHGaxxkaerca K 1, uHc/io moaymnJjockocTed, Tpe-
GyeMbIX A/ NOKPHLITHA OKpyxHOCTH Cr, HEOrpaMHUeHHO BO3pa-
CTaer,

O6vbequnetHe KOHEYHOTO NOKPWTHA MHOXkecTBa X # KOHEYHOro
NMOKPHTHS MHOXecTBa Y fABJNfAETCA KOHEUHHIM TOKPHTHeM O6b-
eautenns X U V. .

MoXHO B3HMTH B KauecTBe OJHO3JEMEHTHHX MHOXecTB Uejue
YyHcna Hau Ke paccMoTtpers R Kak ofbelnHeHue 3aMKHYTHIX
npomMexytkop [—n,n), n=1, 2, 3, ... .

Jdns mo6oit TOURH Yy € Y — X MHOKECTBO TOYEK, HaxoJsLIHXCs
OT ¥ Ha pacCTOfiHHH, GONbLILEM 7, OTKPHTO, a COBOKYIHOCTh BCEX
Takux Muoxecrs iy r>0 nokpuBaer X. BoiGepem komneuynoe
nokpbitHe. Bo3bMeM HauMeHblliee 7, BCTpedalolleecsi B 3TOM NO-
kputud. Toraa N (4, YN X = . 1o nokaswmmaer, uro ¥ — X
OTKpHITO H, 3HauuT, X 3aMkuyTo.

Mycte @ u b— uppauMonansute uncaa (nanpumep, a =—y 2

nb= V3. Torna muokecrBo X = [a, 61N Q samMkuyTO B Q,
TaK Kak npoMexyTtok {a,b] 3amkuyr B R, u X ue conepmkur
HH HanGoabllero, HH HauMeHbHIEro pallHOHAJLHOrO YHCHA,
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12 fx=nx; f:l—1, 1}2{-—n,n]. Her, noromy . uro. npoMexyrox [
-+ KOMIIAKTEH,; -NOITOMY H . €ro eﬁpas H - nonxen GuTb KOMITAKTeH;

13.
- MHOKeCTBaMH,” mxpmumu #"R™; Torga cosokyrinocTs C' Repe-

HO R He KOMDaKTHO. (DYHKU.HSI fx=x/(l - x?) oroGpaxae'r npo-
MEKYTOK (~—l l) Ha Ry 310 Ke ne.nae'rmbyuxuus fx tg 5

CyuiecTByeT MHOIO TaKHX cpyuxuuﬁ 1068 nenpepuman BO3-
pacrawilas GYHKHHS C BepTHKaAbHBIMU acummowaun L=-—] 8
x=-+1 ynosnersopsier 5STHM TpeGOBAHHAM, i

‘Myctn ¢Hayasa- X KOMRaKkTHO - C—no{(pblme Muoxecrsa, X

" CRUGHHH' V’—* VX nasseex:VEC ssagercst noxpu'ruen X

" MHOXecTBaMH, OTKpHTHIME -B::X.: T#k Kak X KoMmakruo, C” co-

“MePKUT- KoHeuHoe noanckpwrHe D’. Miuowecrsa V. co0TReT-

creyonige teM V', Kotopue sxoast B DY, 06pa3y101' komeunoe

- noxpuitie D C, ITyers reneps X o6hajaer Tem CBOWCTBOM, '4TO

‘B R™, coiepkuTt - KoHeusioe nonpbrrue H -AYCTb’ C

KaxKjoe [OKPHTHE MHKecTBa X MHOXECTBAMH, 'OTKPHTHMH
;ﬂoxpmne
X wmuoxectBamy, oTkpuruMu B X, Ecaa- y CR™ =X, 10" so-
PKECTBO ~ TOUeK, HaXOAAIMMXCH” OT' § HA PACCTDAHHH, Gonbmem

=+ nio6oro- natxoro >0, OTKPLITO B'R™, a COBOKYNHOCTE BCeX Ta-
"KHX MHOXKECTB odpasyer noxpuitie -MuHoxkecrsa X. Tak kaK oao
" COREPHKUT OTKPHTOE- nonﬁoxpu'me rouka Y umeer oxpec'rﬂdcrb.

‘He’ nepeceraromyioes-¢ X, no:-)TOVly X samkuyro. Il xaxioro

Vel nyers V=V |J(R™ —X)."CosokynHocTs 'BEeX  TAKHX

MHOXectB ana moGux V €C o6pasyer Nokpurue 'C’ MuOKe-

- eTBd: X MHOMecTRaMd, OTKPHITEMK B R™. Koneundmy ‘itoxniokpe-

14

THIO, conepmameMyCS{ B , coome-rcmyer KOHE‘IHOS ﬂ IIHOKPH-

" THe, conep)xam.eecn B C

§7 e1p. 81

-

’.l"a) l'Iepaoe MHOXECFBO CBA3HO; Bropoe He: CBﬂBHO i paséuéaucﬂ

‘Ha jige ﬂenepecexaloumecn .
‘ynaneuﬂue TOUKH,’ xd’ropu
S AAT. -

Y1 OKPYMCHOCTH, cogRiasmolye
Kouetmo B sm nyrn ﬂe kxo-

" 'b)-ITepioe MuoWeEcTBO csaauo B'rdpoe paaﬁnaaercﬂ Hd nse va-

‘eTHYRbie Ayr

‘t) ‘Bropee “¥- Tperse” mﬂomecn;a CBAFHL TlepBoe” CBAZNG JiHiub,

ec/i OHO COCTOHT M3 OAHOH TOUKH, MOTOMY 4TO. €L/ OHO
© COZepIRHT XoTA Obl ABE TOUKH, TO noban touka.A-n ee’ 10-
nonueHne B obpasyior paaﬁneuue 9TOTO - MHO).KCCTBa :

- d) ‘1) Caadno (kycox pe3HRoBofl TpyGkw).. e

11) Cesasno (paspesas’ aBTOMOGHIBHYIO: KaMepy BJIO'J'lb Q,
: MOXHO P2SHEPHYTH €8 B KO/bUO). -

m) CBs#3Hg  (KyCcOK Ppe3nHoBOR TDPYOKH, paapesauﬂuﬁ no
AnuHe, pa3BOPAYHBAETRA- B. NPAMOYIOJBHHK). ,

7 iv)-He cBsisHo {(KyCOK, -BbIpe3anHHE H3 Kamepu, 1 °ocTas-
- J1afcH 4aCTh KaMepH).: . ‘

» v}uHe cBa3ano (kaMépd, paspesaHHast Ha Ase pr6xn)

. vi) ‘He cBa3no (konsileBaq NpPoKRankKa, supeaauﬂau ‘H3 Ka-
.’MEpHl, H OCTaBLIAsNCA HacTb KaMepH)., . . !
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OTBETH U PEIMEHWA. YACTbH 1

vii} Cssa3dgo (ymanenne asyx oxpyxHocTed tuna P u3 tena
B NPOCTPaHCTBE [I0X0XKEe Ha - NponapanuBanHe ABYX Me-
TOK Ha MNOBepPXHOCTR TeNa; /HOGHR: AB@ TOYKM MOTYT
: OuTh CoelMHeHH Yepes BHYTPEHHHEe TOUKH). .
_e) He cBasuo; A u B — gBe Aauusie oxpyxuocty; Af) B=J,
TaK UTO mepeceuenHe cBA3MO. . - . .. . . -
f) i) Cmasno. ii) Cesasxo. iii) He csusno. iv) Csasuo.
v) Casaano. . B S
2 Ecan D 3Be3anoo6pa3Ho OTHOCHTENLHQ TOUKH. p, TO Kaxjias
_Touka ¥ CD nexHT Ha HEKOTOPOM NPSIMOAMHENHOM: OTPE3Ke pX
B D, u sror orpesok ceasen. Jl6ule npe TouKH x A y MHOXe-
ersa D nexar ua aowmanoft nunun xpljpy B D, xoropas Takke
cBfA3HA ‘Kak OObeiHHEHHe ABYX CBA3UMX -MHOXeCTs . O6uiedl
TouKOf. L . BN - .
3. Bo Bcex sTHX cayyasx ABe TOYKH, AeXkallue BHYTDH, BHe HAH ua
.. HOBEPXHOCTH, MOTYT GbiTh COENHHEHB AYrofl OKpYXKHOCTH.
4. Hanpusep, B xauectse. X MOXKHO B3#To ABe TOYKH, a B Kaue-
_ CrBe ofpasa Y.— ogHy TOUKy. _ o o

5. Ilpoekuus | xacarenbHofl Ha OKPYIKHOCTHL :He YBIHYHBAeT pac-
cTosBHl. @ NOTOMY HenpepwBHa, Jlycrn g — MPOeKUMs XOpAS!
H3 UeHTPa OKPYKHOCTH Ha OTPE3OK KACATE/bHON K OKPYMXHOCTH,
-napaaensnofi . stoit xople. Torsa g - nogoGHe; NDITOMY KOM-
noanuus fg wuenpepsisHa., Xopja ecTb OTPE3OK, CIEAOBATENbHO,
oHa CBA3HA, a 3HauHT, CBRA3HA M- Ayra KaK HenpepuiBHb ofpa3
CBA3HOrO MHOMecYBa. . - . ST

6. llBe noaAyoxpyKHOCTH, MepeceYeHHe KOTOPHIX COCTOHT u3 ABYX
HX KOHUOB. - - . o

7. MuoxecTBo TOYEK ¢ panHoHaAbHOA abcuMccOR ¥ COCTOHT H3 ce-
mellcTBa OpPAMBIX, NapaaleNibAbiX OCH Y, a MHOKECTRO TOWEK
€ pauHoHaNbHOH OpAHHATOR ¥ COCTOMT M3 CeMeficTBa NPAMEIX,
napaanespdnx ocu x. O6beHHeHHe STHX ABYX MHOA:CTB 06«
. pasyer cerky. JlioGple ABe TQUKM .9TOA CETKH MOXKHO COGAHMHHTD
JiomManofi, cocrosiiefi ue Gonece uem M3 Tpex. orpe3kos. ToukH,
HMelOLIHe TOYHO QIHY PAaUHOHaJbHYIQ KOOpAMHATY, pa3GHBalOTCH,
HanpHMep, NPAMOA Y=x Ha JABa MHOXECTBa, ORHO M3 KOTOpPHIX
COCTOHT H3 TOWeK, JIeXKAIKHX NMux STOH NpaMOR, a apyroe — @3
TOYEK, JeXalHx Haj Helo.  MHOXKecTBO TOYEK, HMEIOIHX ABe
palHOHa/bHBe KOODJAHMHATH, pPa3bupaerca, HalpaMep, APsMOR

X o : : .

8. X pasGnBaer OkpyxnRocTb ¢ uentpoM (0,0) B pasrycoM r’, rae
r'>0- jneboe HppalHORAMLHOE THCTO. :

9. Ilyers X — paunoe Muoxectso, npHueM X == 3. Tlyern xo—
TouKa Muoxecrsa X. Pasobbem- gonosnesne R—X na MHOXes
cTtB0 A 9Hcell, MeHbLIHX X, M MHOXECTB0:B uuces, GoAblIHX Xp.

. Tax xak X conepXHT BCe. TOUKH, Jexallne -MeXAy -JOGHMH
ABYMA €IO TO4YKaMH : (CM. HOKA3aTeAbCTBO- TeopeMH 7.6), TO oT-
Clofia. CAeNyeT, YTO KaX1as TOYKa u3 A JeXHT nepee Beex T10-
ek #3 X, a KaxAas TOYKa H3 B JNeXHT Tpasee BceX TOYeK H3
X. Ecar A u B nycri, 1o X=R. PaceMoTpamM Bce BO3MOMHME
caydad. Cnyuait 1, xoraa A 5={0 u B= (). Tlpumensn ynpax-
uenue 11 u3 § B, noaynaem uNCAO @, fBAAIOUICECH: UGG CaMbIM
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Goapmium B A, nu6o cambim ManenoksM B X. Eciw a€ A, 10
X — oTKpHTas NOMYNPAMAan, COCTOSINAsA M3 BCeX TOUEK X, YOO-.
BJETBOPAIOIUX HepaBeHCTBAM a<x<+00; ecau xe a€X, 10 X
ecTs SaMKuyTas  noaynpsaMas a<x<+oco. Cayuait 2, xoraa
A= u B, ananoruuen. B cayuae 3, koraa A= n
B~ (), unpuMmenum ynpawHende 11 u3 § 5 x ceyenHwo, o6pa<
30BaHHOMY MHoxecTBaMu A 1 XU B, n noayuum uscio a, siB-
aawireecs aubo cambim 6osbliuM B A, 60 CaMBIM MaJeHbKHM
B X. Tlpumensn sateM To xe ynpaxuedue K ceuenmo AUX ®
B, noayuaem uHcno b, aBasiouleecs JAHGO0 CAMBIM  MaJeHbKHM
B B, mubo camumm Gombmum B X. Ecimw a=b, to X coctour u3
onHoit ToukM Xxo. Ecam a<b, 1o X COCTOMT 43 OTKPHITOFO NPO~
MexyTKa (@, b) Ges KOHUOB uJd Ke BMEcTe C KaKUM-JHGO Of<
HHM HJAH OGOMMH KOHHUAMH. :

T4k Kak NpPOMeXYTKH 3aMKHYTH, TO HX NepecedeHHe X TaKxke
samkHyto. [lonycTuM, uto X umeer Gojee onHoii Touku. Ecau x
u y-——mobue ABe TOuKM MHOXKecTBa X, To npoMexytok [x,yl
COAEPMHTCH B KaXN0M TPOMERKYTKe [aHHOj MOC/TeA0oBaTelb-
nocry, a noroMy u B X. CnepomarenbHo, X csasso. Tak Kak
MHOXKeCTBO X 3aMKHYTO H OTrPaHHYEHO, TO OHO KOMIIAKTHO, a TaK

. KaK OHO KOMNAaKTHO H CBfI3HO, TO OHO fIBJIAeTCH 3aMKHYTBIM [pO-

MEKYTKOM, . :

Tlycre Io=[ao, bo), rne ay€ A n by€B. Ecnu cepeguna m npo<
MexyrKka lo npuHamexur A, ro nodoxkum Iy=[m, bo]; B mpo-
TUBHOM Chayuae nycTs {1=[ao, m]. TTocTpoum mo ToMy xe mpa-
BHYy TaKyl0 CTACHBAlOHIYIOCH [IOC/Ie]0BATENbHOCTh IIPOMEXYT-
KoB In=[Gn, bpn), 4TO NpH KaXKAOM n NMPOMEKYTOK [n sBAAETCHA
noaosH40H npoMexytka Iny_y, an€A u b,€B. Iyets ¢ —~ 06-
mas Ttouka Bcex [n. KaXjgas OKPeCTHOCTh TOUKH € COAEPHHT
RPOMeKYTOK [, € JOCTATOUHO GONLHIAM HOMEpPOM f, MO3TOMY
OHa COJEPKMT TOYKHM KaK MHoXecTsa A, Tak # MHOXecTsa B.
TakuMm o6pasoM, eciu €€A, 10 A He oTKpHTO, a ecan ¢ € B,
TO He OTKPHTO B. DTo nMpOTHBOPEUUT npeanosoxenuo, uto A, B
ecTh pasbuenue, notomy uto ¢/, /= AY8B.

§ 8, crp. 92

1. a) Cm. Otser K ynpaxHeuuio 12 u3 § 6.
b) CyxeHne Ha NOJAyOTKpHTHII npoMexyTox [0, 1) oroGpaxe-

HUA H3 OTBETA K YNpaxKHeHuio a),

¢) BeeaeM na muockoets Y monsiphble Koopautate (r,0) ¢ ua-
yanoM B wbentpe okpyxuoctH X. OrtoGpaxenne [: X—>Y
onpegenuMm ¢opMynoft f(r,8) =\(r/(b*—r%),8), rae b— pa«
auyc okpyxHocTH X, HBmMH caosaMH, [ TONMOJOrHYeCKH
oTo6pa)Kaer KaMAMi AHaMeTp OKpyXHocTH X Ha cojepxa-
Iyl ero MpAMYI0 ¢ MOMOmBI0 (YHKUHH TOTO THNa, KoTOpas
paccMaTpHBaiach B a),

2. OKpyXHOCTb C OfHOM BEIKOJIOTOA TOUKOl MPH cTepeorpaduueckor

NPOEKIMH TOMOJIOTHYeCKH OTOGpasaeTcs Ha npsmyio. B cuay 1 a)
npsAMas _ TONOJNOrHYECKH  SKBHBaJeATAAa  OTKPHTOMY  NpoMe<
XKyT1Ky. JIpyroii cmoco6: mycTh x — TOUKa Ha OKPYMHOCTH C Bbl-
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KOJIOTOR TOYKOR p M Y — AJAHHA AYru OKDYXKHOCTH of p 1o X,
H3MepseMas npoTHs yvacoBoii crpenkn. Toraa dyukunas y=fx
TONONOTHYeCKH OTOGpaXKaer OKPYXKHOCTH C BHKOJOTOH TOUKOH Ha
oTKphITHiT npoMmexyTtok (0,1), rae [— BMHHA OKpPYKHOCTH,

. Hanpumep, MHoxecTBo Bcex IelnX uHuceJ, MHOXKECTBO Bcex Io-

JNOXKATSJNLHHX PpanHOHAJNBHBIX UHCEJ, MHOXECTBO BCEX [IOJMOKH-

1 1
TeMbHBEIX HPPALUOHANBLHBIX YuCes, MHOXKECTBO Q, {'1—. T %’y . .}

0T A

. a) Ja. b) Her; uu 8 oaHok okpecTHocTs ToukH 0 He cyue-

%TB)I'_?T CBA3HOTO OTKPHTOr0 MuOKeCTBa, coaepxautero 0. ¢) Ha.

) Her.

. @) Hanpnmep, MHOXeCTBO Bcex LENBIX YHCes, NpsiMad, 3aMKHY-
Tag moJaynpsMas.

b) MMycts X samkuyto B R™ u x€X. laa mwoGoro r>0 okpect-
rocth N(x,r) cogepxntcs B MHokecTse B, Bcex TOuek x,
yropaerpopsiromtas  yeaosuio d(x, x')<r. Tak xak B, 3a-
MKHYTO W oOrpaHHYeno, T0 oMo KommakTHo. Ilockosmpky X 3a-
MkHyTO, nepeceuenne X([1B, rakke komnaktao. OHo cogep-
WKHUT okpecTHocts N{x, 7, X).

. a) He Tonosorayeckoe; npsaMasi He OrpaHHUYeHa, HO TOMOJOIHYECKH

9KBHBAJEHTHA OTKPHTOMY IMPOMEXYTKY, KOTOPBHIfi - OrpaHHYeH.

) Tononoruueckoe. .

¢) He ronosoruwueckoe:; mwo6bie jABa OTpe3Ka OJHOA H TOH Ke

MAH pa3Hoil ANHHBI TOMOJNOTHYECKH SKBHBAMEHTHH.

} TonoJaornueckoe.

e) He Ttomosoruueckoe; HalpHMep, KBaApaT TONOJOTrHYECKH
SKBUBAJEHTEH JIOGOMY UYETHIPEXYTOJLHHKY, BLINYKJOMY HJH
HET.

f) Tomonornuyeckoe.

g) Tonomornueckoe.

. Tak Kak X u Y TOONONOrHYecKH SKBHBAJEHTHH, TO CYyLIeCTBYyer

TomoNoruueckoe ortobpaxkenue f MHoxkectsa X Ha Y. Ilyers

C — oTKpsiToe NMOKphiTHe MHoXecTBa Y. Jas kaxnoro U € C ofo-

ayayum U'=[-1U, u nyctn C’ — COBOKYMHOCTL BCeX TaKuX MHO-

wecre U’. Tak kak [ HempepniBHO, Kaxjaoe MHoxkecrso U’ or1-
kphito, Uz Toro, uro C nokpueaer fX=Y, caepyer, uro C’ mo-
kpupaer X. Tlockoabky X xommaktHo u C’ ecrb NOKpHTHe
mioxecrBa X OTKPHTHIMM MHOXecTBaMH, C’' COAEPXKHT KOHeyHoe

4 ! /
nokpuitie, ckaxem Uy, Uy, ..., U,. Toraa coorsercrBylomue
muoxkecrsa Uy, U, .,., Up u3 C nokpuBaror Y, moromy wuro
'
Y=fX u kawnoe U;==fU,; Cnenonsarensno, Y goMIakrHo,

. a), d), e), g).
§ 9 crp. 95

. YV2 ,

. a) I'padnk ectp nepepepnyras napaGona, mpoxonsilas uepes
ToukH (0,0) u (1,0) » umeloman Bepwiudy B touke (i/2,1).

bg Her; nanpamep, fO=F1=0, '

c) f0=0 u f(3/4)=3/4.
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. a) I'paduk. eetp napa6oja, npoxopfinas qeg/ez) toukn (0,1)

(1, 1) u umeomas pepiuny B Touke (1/2;
b) .;ie‘r; nHanpumep,’ f0=f1=1; kpome Toro, npooépas: f'0. mycr,
¢) J1=1, ' ' .

. [TokaxeM, utro Kaxkaoe MHOXecTBo Y, TONOJIOTHYECKH SKBABA-

aentHoe X, o6nagaer tem xe csoficrsoM. Ilyetn hA: XY —ro-
MeoMopduaM  u  f:V->Y — nenpepusHoe oro6paxeune. Toraa
otofpaxenue h1fi: X—>X nenpepmsno. Iyers x € X — yenoasnxk-

. Has TOuKa OToOpamenus A7fA, tak uro A-'fAx=x. Qrciona che-

ayer, uro 'fhx=Fhx u,' suauur, hxC Y - HenolBHXHag TOUKA
oroGpaxeuns f. ) ) ;

x2, X%, VX wm x™ nas . moGoro -,nohommenwom, m, .OTAMY-

vorp or 1. . :

.Kax(nge H3 omGpaiierﬁﬁ, ﬁpus_enenﬂux B oTBeTe X ynmpaxmue-
. U110 O.. L Lo L IR, .

. Honyctum, uro [ HenpepuBao orofpaxaet npomexyrtox [0, 1) na
ce6s,. Torna nafifercs. takas. Touka b € [0, 1), uto. fo=0. Ecam

b=0, To Touka 0 HEMOJABHXKHA; MOSTOMY IIPEANONOKHM, 9UTO
b>0. B rakoM caydae pa3pocTb [X ~— x,npH X=0 NOJOXKHTENbLHA,

..a npu x=b arpuuarempHa, Ilo raaBHOi Teopeme. TOTAa cCymie-

-cTByet Takas Touka x €[0, b], uro fx—x=Q.

0§ 40, crp. 98

_a) Kacarebliste Kk OKpykHOCTH C, NPOBENeHHHEe H3. TOUKH P,

feasit mpaMyo L Ha TP NOIMHOMKECTBA, UMEHHO Ha MHO-
HeCTBO, COCTOslIee H3 TOYEK 4 H.b MNepeceueHHs KacaTeALARIX
¢ .L; MHOXKecTBO TOUEK, JekKalUlUx MeKay a u b, H MHOXe-
CTBO TOyeK, He IpHHAZAEXKAINHX OTpe3ky [a, bl, ¥ kKaxofi Toukn
npamoii. L, nexamei Mexay a.u b, uMeetcs asa mpooGpasa,
'y ToYek @ H b~ no oxHomy npaafpasy, a y Touek npsamoh L,
He NpHHajJexaluiux orpesky la,b], uer npooGpasos.

‘b) ToukH nepeceuenus 'mpsMofi, TpOXoasieHd vyepe3  UEHTP

‘oKpyxHocTH C ¥ TOUKY p, C OKPY’KHOCTHIQ,

. Kakpas toukd npaMmodi 'L uMeer iipooGpa3s, cocToslLHA H3 OAHON

ToukH. Ilpoekuus se oroGpaxkaer Touky p’ B L, H OHa He MOKeT
OHTL JoompelesieHa B 3TOH TOYKe M OCTAThes HeNpepHIBHOM, Tak
KaK OKpYxHOCTb C KOMNaKkTHa, a npsimas L Her.

. Ilyers f: D—>D’ — nponssoasHoe HenpepuBHOe oToGpaxenns. Pac-
.CMOTpHM. XOMIO3HiHIO f.c oTpaxenHeM g: D —>D. Torma ovoGpa-

xeuue gf:D—>D uMeeT HENOABHXHYIO TOYKY X, W YCJHOBHE
gfx=x o3nauaer, uyTo TouKa fx ABJAETCA OTPaKEHHEM TOUKH X.

. Pacemorpum  koMmmosHumio f € CaHTHNOAA/LUHHM - 0TOGpaNeHHeM

gD’ D. Torpa otobpakente gff:D->D uMeer HeNMoiBHXHYIO
TOYKY ¥, # ycaoBMe gfx=yx o3nauaer, yro TOYKA [X AHTHMOAANb-
Ha TOUKe X. - :

. Mycrp f: C—-»C — oToGpaxkeHHe, ABaXKAH HaBepTHBAOLIEe OKPYXK-

HocTh, €. Ha ce0Os H yaBamBaioifiee NPH:3TOM AJHHB.Bcex Ayr, Aa-

| IMHAIOHIHXER B ¢buKcHpOBaHHOf TOUKe oTcYeTa (ManpuMep, ecau

{r; 0} — noaapnbie KGOPAUHATH Ha. IVIOCKOCTH C HOMOCOM Bi LEHT=

pe okpyxHoctH C, 10 flr;0}=/{r, 20}); Torna [ .oroGpaskaer kKax-
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OTBETH! W.PEINEHHS - YACTD I

Y10 nmapy AHamerpadbHoO NMPOTHBONOMOXHLIX TOYEK B OfHY TOUKY.

Teneps 0Gpa3syem - KOMIO3HEMIO ' ¢ JMOGHM HeNOCTOSIHHHIM OTOG-

" paxenueM - g: C—> L okpyxuocry C B npamyio L, nanpumep

¢ npoexuuefi.

’ ‘ -§ 11, crp. 105 . .

1 3anaqy pewaer paspes, _MPOBENEHHNI gepe3 JHHHIO, ueHTpOB' 3TO

" BEPHO W And MOGHX ABYX GnuiloB, 0GnajaONIEX TEM CcBOACTBOM,
IO KAMIBH U3 BHX CHMMETPHYEH OTHOCHTENIbHO HexoTopoR
TOYKH, HMEHHO UeHTpa.

9. ToMbKO €C/H 3TH MHOTOYFOMbHHKH HMEIOT 9eTHoe. HCAO CTOPOH;
€CJIH MHOTOYIONIbHHK WMEET HeyeTHoe UMC/O CTOPOH, TG 3TOT Me-
TOA NpHMeHAM JHIL B TOM C/ydae, Korda Kakas-iuGo 3 ero
BEPUIHH JIeXHT HA JHHHH HEHTPOB.

3. CymectByer GecKOHeUHO MHOIO cnocoGoB: JwoGast napa nepnel-um-
ny.'rmplmx NpAMHX, NPOXOASRIIHX -gepe3 UeHTP.

OBOPOT Ha 90° nepeaonﬂ'r xa)Knoe pelieuie B TO Xe camoe pe-
ifeHue. '

5. 3axmounm ofa 6mma B mocrartouHo GoJbmyd' okpyxkHOCTs C,
HMEIOILYIO TOT e UeHTp 2, 9To # Kpyranfi 6iaun. Tlyetn r — pa-
AHYC OKPYXHOCTH C. Hna xaxnoft Touky X €C ofo3naunm wepes
P, nnomans Toft wact GaHHA HenpasuipHOR (oOpMH, KoTopas

" IeXKHUT CJeBa OF npmoﬂ x2 (OpHEHTHPOBAHHOH OT X K 2), W ue-

pes Qx —munoutaf, TOA uacTH STOrQ GAHAA, KOTOpaﬂ JIEKHT
cnpasa or x2. Tlycte fx— pasuocTs Px— Q.. Ilpu nepexoge ot
TOYKH X K AHaMeTPaibHO NPOTHBOMOJOKHOA TOUKe CTOPOHH
MEHSIIOTCH MecTaMu; nostomy fx'=-—fx, Tax kaxk dyuxiua | ue-
‘npepniBHAa M MeHAET 3HaK, Korja Touka x- oferaer mMOAYOKpyx-
HOCTb; B HEKOTOPOJi TOUKe OHa OGpallaeTcs B HY/b.

6.. Hnn neamm HMelolHX (opMy NOMYOKPYNKHOCTH, He BepHO, uTO

%= -~ x4 (npn nosopote na 180° BOKpYE.CBOETO UeHTpa mody-

, OKPYXHOCTb He MepeXOXHT B cebs). Paccyxnenne coxpatuser
CHIYy AR mOOHX KDHBHIX JIe3BHA, MHBAPHAHTHRIX OTHOCHTENbHO
. mopopoTa Ha 180°,. nanpuMep AnA Ne3prii B Q)opme GyKBu S.

§ 12, ctp. 110

1. 3ameruM cHauana, 4ro mm MOBHX X U X'
2 .
tet—a? = x4 |Jx—x"|< (|x|+|x Dix— %1
Ec.rm 3ajaHm Touka ¥ H uncao £>0, To BOBBMEM B Kauecrpe 0
MEHblﬂee H3 tmce.ri . .
T in

|+1

Hycrb X’ ynos.nernopﬁer ycnonmo !x —xl<d. Torna H3: TOTO,
~yro 0«1, caenyer, ure I|<lxl+1, & moromy lxl+|x’l<2lx|+l
Tax Kak, Kpome ToOro, <s/(2lxt+l), Te lx* x’2|<
e (lxl+|x'|)|x~x'l<(2lxi+ Blx—xl<e. - -

14 3ax. 712 * 909



OTBETH! U PEHIEHHSA. YACTDH (I

Ilyctn 3apansi Touka x A uHcho £>0. Tak Kak Qyskuus g me-
npe HBHA B TOYKe X, To cywecTsyer Takoe 8,0, uro ans Beex
N(x, b4)

e .
X—gX' | € eree———— H x—gx' <.
Orciona cleayer, 4To
€
lfx]lgx—gx'|<5 u [gx'| <|gx]+1

Tax kak dynkuns f HenpeprBHa B TOUKe X, TO CyulecTayer 1a.
Koe 0;>0, uto ans Beex X' €N (x, i)

e =151 < 5T T
Toraa

lex' || fx—ix' 1< (lgx |+ 1) |ix—f5'| <5

Tenepn BO3LMEM B KauecTBe 8 mennwee u3 uncen O u ;. Toraa
ans Beex x' € Nx, 0)

Ifx]l gx—gx' | +1x 1 fx— ¥ | <o £ =e.

Ot cBOGOAHOFO YJIeHa.
Ha ocuoBauun kputepus b>6. Pa3nokenue Muorousea Ha MHo-
XKHTENH HMeeT BHA :

fx=x(x—3)(x<41).

};axnm oGpaaom x>0 npu x>3 u fx<0 mpu x<—1.

YACTDb 11
§ 13, crp. 116

a) TopusoHntanbhas MoJoCa, mnpuua KOTOpOH paBHa AHaMeTpy
nyuausgpa Q.

b) FopHsoHranbHas npaAMas.

¢) Beprukaasubit npﬂMonnﬂeHHuﬂ OTPE3oK, nepecexamumu no-
JIOCy MOnepek.

d) Haknounas npsiMasi nepexofuT Ha HHAMHApE Q B BHHTOBYIO
MHHHIO, KOTOpas NPOEKTHPYETC B BOJHOOGDa3HYIO KpHBYIO,
Kone6momylocx OT HHXKHeH TpaHHUB IONOCH [0 BepxHeil.

e) Ecan Touka p He nexxur B nonoce, To [p=@. Ecmu p ne-
KHT Ha ORHOH H3 NpPAMBIX, OrpaHHYHBAIOHIKX Toaocy, To [-p
€CTh TOCAEeROBATENLAOCT TOUEK, PABHOMEPHO paclONOMKEH-
HbiX Ha BepTHKaAbHOH NPAMOM, NpHUEM pAacCTOsSIHHE MeXAYy
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OTBETHl U PEWIEHHS. YACTDH II

COCeZHHMH TOUKAMA paBHO 27r, rje r— pajHyC HHAHHApA.

Ecan p neXHT BHYTPH nodoch, To f~'p cHOBa ecTb moche-

A0BATENLHOCTL TOYEK, JeXalHX Ha BepTHKaAbHOH NPSIMOf,

g pacCcTOsiHHe MeXAy TOUKAMH, HAYLIHMH qepe3 ORHY, paBHO

.

OG6pa3 fP cOCTOHT H3 BCeX TOYeK MNJOCKOCTH, OTCTOSLIHX OT

Hayaja KoopAHHaT He Gosbuwie yem Ha paanyc chepu S.

b) O6pazom npsamoit L npu crepeorpadudyeckolt npoekuHH cay-
XKHT okpyXuocTe C, N0 KOTOpO# MNJIOCKOCTh, NPOXOASILAs
yepes p W L, nepecekaer chepy S, mphuem u3 C BHKoJOTa
Touka p. Ecnn okpyxuocte C JexHT B Bepxueit noaycdepe
(r. e. B TOR ke nomycdepe, uT0 H p), To MHOXecTBO C=—p
NPOGKTHPYeTCs B 3JTHNC, NPOXOASIUHA uepes HayaJo, 0OpH
9ToM p — BBIKOAOTA., EcaH oxpysHocTe C JleXHT B 06eHx
noxycdepax, TO OHa [MpPOEKTHPYETCS B Napy Ayl 3/JHNCA,
KaXjaasl M3 KOTOPHIX COelHHsieT ABe TO4YKH Ha TrpaHdue [P
H OAHa H3 KOTOPHX MPOXOAHT Yepes Haualo.

c) Ecau Touka ¢ coBlajaer ¢ HauanoM HJM TPHHAAJeXHT Tpa-
Buue obpasa fP, To ['g=q. IIna ocTaNpHHX TOYeK, NPHHAA-
JAexauiux fP, npoo6pa3 f'g coCTOHT H3 ABYX TOUEK.

Y Y

N1 \H

a

~—

TN e

/

[/ 94 B0 270 360 450 540
Prc. P5.

ag [Mpamasn, npoxoasiyas Yepes 2.

b) Oxkpyxuocts pagHyca r.

¢) CnBpanb; Korfla Touka JBHXercs N0 JauHOW HAKJIOHHOA
ApsMofi paBHOMepHo, paccTosiive ee ofpasa oT 2 Boapa-
CTaeT ¢ NOCTOSTHHON CKOPOCTHIO.

d) Cwm. puc. P5.

§ 14, crp. 118

Ilyets D —kpyr, C—rpanuunast Okpyxnoctb # SCC — Bepx-
HAA NoJyokpYXHOCTb, OToGpaxenue [ onpelelum Tak. CyKeHue
fIS ects TompecrseHHoe orToOpaeHHe, a JmoGoli otpesok B D,
NeprneHAHKYIIpHbIl TOPH30OHTAMLHOMY AHaMmeTpy S, oro6paxaer-
€51 Ha- CBOIO BEPXHIOI0 NOJAOBHHY MYTeM CXATHA K BEpXHEMY KOH-
my. TorAa f ects romeoMopdnsM kpyra D ua BepxHBii noay-

-kpyr T. ¥V awboii apyroii. ¢urypsr A, TONONOTHYECKH SKBHBAJIEHT-

Holt Kpyry, cyilecrByer romMeomopdusMm g: A<« D, a ero KoM«
no3Huns ¢ f ectb romeoMopdusm fg: A«—>T,
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OTBETHI ‘M PEIIEHUSA. YACTD tI-

2. Kaxaufi pagnyc 2x Xectko oroGpaxaeM wa paamyc zfx.

3. O6was 1yra TONG/OFHYSCKH SKBHBAJECHTHA .OTPE3KYy H, CJAeXo-
BaTeNbHO, ABaMerpy .Kpyra. C moMomIbio -ympaxHsenns | .romeo-
mopdusM STOA AYrB Ha AHAMETP MOXKHO NPOROAKHTH B TOMEO-
Mopdusm MHOMecrBa A Ha BepXHHH NOJAYKPYT, a TaKXe B roMeo-
MopdHaM MuoMKecTBa B ua HmKHuli noaykpyr. Takum oGpasou,
o6beannenne A |J B romeomopduo Kpyry.

4 bac

5. a) Her. '

b) Jlio6ue ABa #3 Tpex pa3pesoB;” H3OOpameHWEx Ha pHe. 14.3,
APHBOAAT K MHOXECTBY, TOMEOMOP(HOMY KpYTY.
c) Tpu paspeaa
i “§ 15, crp. 121 Lo
1 l'IeperHeM D o amamerpy tak, 4To6H otpas fD npenc-rasmn‘

nonyxkpyr. Toraa mofyio TouKy yé fC MmoxHo . 6yner coenn-
HHTb ¢ fz noManoft, He nepecexaxomeﬁ fC

§ 16, crp. 123
1. CM. puc. P6.
2. Tlo Teopeme 4.6 Kounoanuna gf wenpepuisna, OGnacTeio ee onpe-
ReJleHUs ABIAETCA mnpoMexyTok [a,b], H gf oTo6paxaer €ro
a naockocte P. TMostomy gf ects xpnsaa B P,

. et T T

N, Y . s ) ~=
I 1 [}
AV AV

Puc. P6.

8. Nono6ue: ft=a+t(b—a).

.-He no,u.oﬁue: ft=attm(b—a), n £ 1.
E l - § 17, crp. 126

. 90% —90

. A1; B2; C1;DO; E2; FO; G1.
.Al 3201 Dl E2 F3; 02 Hl It JO

CO DD v _

) § l8  e1p. 128

1. Te, ana km'olpbrx W#O HMeHHO A B C Eu G
2. -Bee, ‘kpoMe
3. ay C no:ryéxpyxmocn, ' o
Lo ‘BC® TOuKH oGJlac'rH orpammeﬂuoﬂ no.nyoxp)mﬂoc'mo H
nuaMeTpou
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2.
b} Ha; ¥acts, nayutas or.f Ao a.

L

LUuw, XY, 2
. u, 350; w, —10; x, 90; y, 180; 2, 330.

OTBETbLI' M PEHIEHUS. YACTH 11"

b) W=0. Sto nokasmBaer, yTo XoTa yehosie' W0 m mocra«
© . TOWHO HA% . CYWESCTROBAHHY -pelilenda  ypasuenns y=fx, O#o0
He ABJMIETCA 'HEOGXOAUMBIM, T: € pellieHHe MoXer ¢yliecrBo-

" BATH A B.-TOM ¢Ay4ae, Koria W=0. T

g 90, orp 188

§ 21, \.qrp, 137

. Onno pewenne cM. Ha puc. 22.5; cyuiecrsyer MHoro apyrux. Ha-

ApHMep, AAA KaMpaofi Toukn obJacty F NOCTaTOMHO MeNKo TPH-
BHaJbHOE MOApasjieNenHe, cocTosuiee U3 peell, KpUBOH,

a) Yacrb, uaymas or a xo d.

¢) Towku f H d QenaT KpHBYIO Ha--JABe KPHBLIK, KEKA2A, U3 KOTO-
pHIX ABANCICA HENOAHOA OTHOCHTENBHO Y.

§ 22, crp. 141

.Hymo. - - - L ., i e
. a) Ot axo .d::20—,-270+.‘-§2-.'— 0) 360==+-470;

or b go g: 350 — 904 (2:— 2)360= +260.".

b) 2.

.c) Hanpumep, Jyy wnporusononoXuufi Jyuy, YyKasaHHoMmy - #a

., 4epTexe, . W@ A060R AyY C BepliHHOfi B Y, IepeceKalouiw
KpHAyi0 @ TOIbKO B ABYX TOUKaX.

§ 23, crp. 0

. A(@u9) = +4T0; A (e, §) =—30; A(ll i, 5) = 440,

§ 24, crp. 147

Jlio6as 3aMKHyTas Kpusas @ B NJockoCrd ‘P .u ao6asa nocrosd-’
BAas 3aMKHYTas KPHBas B TOUKe y TOMOTONHB: HPH NHHUEHHORA TO-
MOTONHH: NpoBeAeM ANS KaXAoX TouKH @! KPHBOR @ OTpe3ok,
coeaMHAIOWHHE @f ¢ y; 3TO—RNYTh, N0 KOTOPOMY AOJKHA ABU-
rarbCs TOYKa @i B R
Hycts ®(f,t) =g(ra+ (1-1)f) npr t€la, b) w L0, 11 Torna
O, 0)=0pf u O, 1)=¢a. Hyts, ng KOTOPOMY ABHIKETCs TOYKA
@t npH rOMOTONHH, ABASETCA CYMXEHHEeM ¢ | [a, ], B3aaTLIM B OGpaT-
HOM WHanpaBJECHHH. . :

. Ecan Q — npaMOYrOAbHHK, cocToslinfi u3 nap (£,7), rae ¢ € la, ¢

B T €[0,1], ro Q sranercs oGbEAHHEAHEM ABYX RPAMOYTO/LHHKOB
Q' n Q”, nonywaomuxcs, eeam paspesaTh Q 0[O aePTHKANLHOM -
npamoii t=b. flycte @' : Q'->P u ®”:Q">P —roMoTonEu KpH-

_.aux @lla,b] u. @b, ¢} B nocToAHHOE OTOGpakeHle B TOUKY @b,

12K 4T0 @' (b, ) =pb=@"(b, ) ana scex T € [0, 1] Torna @ u
213. ‘



OTBETHI 1 PEIMEHUSA. YACTb 11

®” onpenensiior  HempepuiBHoe OTOGpaxKeHue (D:Q—>P,‘ rae
‘DlQ""d?' H ®IQII=®II A

IMonaraen @' (£, t) =0(t, 1-1).
§ 25, crp. 152

Mapannennusiii nepeHoc OKPYKHOCTH @Pp B OKPYKHOCTh ¢y Ha BeK«
TOp, HAYUIMA OT LieHTPa NepBOfi OKPYXKHOCTH A0 UEHTPA BTOPOfl,
ABASETCA FOMOTONHEH, NPH KOTOPOH KpHBas (r He nepecekaer Y.
Tlpn nunelinoif roMoTonHu KpHBasi He mepeceKaer Y, HO mepe-
ceKaer x.

OpHeHTauHH KPHBHX Qg H @ NPH 3TOH TOMOTONHH He cCOOTBET-
cTByIoT oaHa Apyrofi. Ecam Obl, ckaxeM, Mbl H3MEHHIH OpHEHTa-
LU0 KPHBOH @ Ha OGPaTHYIO, TO OHH yXe COOTBETCTBOBAJH GOHl.

§ 26, crp. 154

HenpepuiBHoe oToGpaxenne ‘p{, npomexytka [0, 1] Ha rpasuny C’
npsamoyrodbhuka D', KOTopoe Ha KaXKAOM H3 UYaCTHYHHX RpOME-
IKYTKOB [0. —,l;], H-, —;] H T. A. ABIsETCS noaoGueM H 0TOGpa-
XKaeT TOT YaCTHYHHE NPOMEXYTOK Ha COOTBETCTBYIOINYIO CTro-
pouy C’. @ ecTh nHHefinas roMmoTonHA KpHBoi tp(', B HOCTOSHHYIO

3aMKHYTYIO KPHBYIO B HeHTpe npsmoyroasuuka D', Hukakux Apy-
rax n3MeHenuii ne tpebyercs.

§ 27, crp. 156 )

Teopema. Ilyere [: F-»P — HenpepuiBHOE 0TOGpasKenHe NpIMO-
yroJibHHKa BMECTe C €ro BHYTPEHHOCTbIO B NJIOCKOCTb, OCTaB/Al0-
mee HENOABHXHBHIMH BCe TOYKR rpanuunl E npamoyrodbHuka F.
Torza obpa3 fF comepKHT Bech NPAMOYroanbHHK F.

Cnencrsye. He cyliectsyer HenpepniBHOrO OTOODasKeRHS NPAMO-
YronbHHKa BMeECTE€ C €ro BHYTPEHHOCTbIO B ero rpaHHly, ocra-
BJIAIOLUIEr0 HeOABHXKHHMHE BCe TOYKH MPaHHUb,

HoxazaTeanctso Teopemul, Cieayst yKa3amHIO, pacCMOTPHM rOMeo-
mopusm h: P->P, npu Koro;l)ou h£==F. Toraa womnoarnnsa fh
otobpaxaer kpyr D B P, u h~1fh ecth nenpepniBuoe 0T06paxenne
kpyra D B naockocts P. Io nocrTpoeHuio, eclMu Y — TOYKA rpanRHy-
Hoi okpyxsuoctd C Kpyra D, To hy € E n fhy=hy. Takum obpa«
som, h-'fhy=y. Komnosnuua h-'f4 aBnaerca TOria HenpepHBHLIM
oToOpaxeHHeM Kpyra B MJIOCKOCThb, OCTABJIONEM HENOABHXHBIMH
BCe TOUKH TPaHMYHON OKpyxHocTH. [lo TeopeMe W3 3Toro napa-
rpadpa obpas h-'fAD conmepxur Bech Kpyr D, 1. e h'fhD > D,
noatomy fhD DhD. Tak wak hD=F, to 3To nocreanee yrsep-
WAeHRne o3Hadaer, yro fF D F.
BoapMeM B KayecrBe [ HPOEKHHIO HAa OKPYKHOCTh H3 TOMKH Y,
T. € AN o60f TOYKH X éJ D—y o6pa3 fx ectb_Touka, B KoTOpOf
ApsiMasi, NPOXoAAINan Yepes x u y, nepecekaetr C— y.

YKHO pAccMOTpeTh pajHa/bHylo HPOEKUHMIO W3 TOMKH Yo Ha C,
a) Hanpnmep, oproroHansHas mpoekuHs Ha RHAMeETp,
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OTBETHl U PEMIEHUA. UACTD 11

b) IMocrosynoe oToGpaxeHHe B 3Ty TOUKy Kpyra. )

5. He cymecTByer HenpepuBHOTO OTOGpaXeHHA OTpe3Ka s Ha MHO-
XeCTBO ero KOHIIOB, OCTAB/SIOLIEr0 HEeNOABHKHLIM KAXAbH H3
3THX KOHIOB, NOTOMY UYTO OTPE30K S CBA3CH; 3HAYHT, AOJKEH
OuiTh CBASHHIM M J0GOH ero HenpepHBHHR 00pa3, a MHOXKECTBO,
cocrosiiee U3 ABYX TOYEK, He CBA3HO,

§ 28, crp. 159

1. b) drtor anametp.
¢) Henrp.
d) Touxka, Jexkanlas Ha JHHHH LEHTPOB Ha paccrosuun (2/3)r
oT eHTpa kpyra D,
e) Ilpu onpeneneHHOM TakHM o6pa3oM OTOGpaXKeHWH [ TopH-
3ouTanbHbll guamerp L mepexomuT B ceGa. BBens ua HeM

1 1
KOOPAHHATY X C HAYaJOM 2, HAaXOAAM, UTOfX = — X5 r.

o . 1
HenopsmxkHo#t Toyko# Gymer x =-=Tr

f) CroBa ropH3oHTaJbHHI KHaMeTp. NepexoaHT B CefA, H OTO-
O6paxeHHe Ha HeM 3ajaercs (opMy/ioli

1 1
fx=g|xl—=5r

. . 2
Henoasn:knofl Touko#l ABAseTCA X = — o /.
2. CM. oTBeT K ynpaxHenuio 4, § 9.

§ 30, cTp. 164

1. a) f ectb mocrosiHHOe oTOGpaxeHHe, pacCMOTPeHHOe B ITOM Ia<
parpade; Bce BEKTODH NOJA NapajljiebHbl H HMEIOT OAHYy H
Ty Xe AJMHHY H OAHHaKoBOe Hampap/IeHHe,

b) Tak kak ff=x, TO BEKTOp UX, KOTODHl MapaliefeH BeKTOpY
(0,fx) B HMeer Te. Xe AJHHY H HanpaBieHHe, uyTO H 3ITOT
BeKTOp, 6ynetT HMeThb CBOHM KOHLOM TOYKY Y, HaxoAsuiylocs
OT Hayajsa o0 Ha BjBoe OoxbllleM paccTosiHHH, 4yeM d(0, X);
BekTop (0,y) HaeT no BekTopy (0,x) H HMeeT BABoe GOJb~
wylo AJAHHY.
Hna Kaxpgot TOYKH x BEeKTOP UX HIeT OT X Ao Hauajaa o.
TycTe napannenvhuifi nepeHoc 3agaercs BektopoM (0,¢), H
nycrb 2 — Takass TOYKa, 4TO O ecTh CepeHua OTpesKa, co-
efHHsouiero z ¢ ¢. Torza aror napanfenbHs(fl nepeHoc nepe<
BOAHT TOYKY 2 B 0. BekTop paccMaTpHBaeMoro noJs Ajst
TOYKH 2z sBJaserca HysnesbiM, OcraljibHble BeKTOpLI MOJAS «H3-
JyyaloTcay H3 TOYKH 2 B craeayouieM cMbicne. Jas kaxgolt
TOUKH X BEKTOp UX HAET OT TOYKR X II0 npaMoll 2x B Ha-
npaBleHHH OT TOYKH Z H HMeeT AAHHY, PaBHYK pPacCTOSHHIO
OT 2 Ao X.

e} Iycrb x’ — opToroHanbHasi NPOEKUHA MNPOH3BOJNLHON TOUKH %
Ha 1paMylo L, OTHOCHTeJbHO KOTOpO#i  MpPOH3BOAHTCA
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otpaxenne. Torxa BeKTOp vx HAET OT TOYKH X JO TOUKH X"
na npamofi L, paccrosn#e Kotopol ot 0 BABoe Gospmie pac-
CTOsIHHSL OT O 10 ' # xo'ropaa HaXoRHTCA fO 1y *Ke CTO-
-pony 01' o, '-11'0 u TO4Ra X',

§ 31, crp. 167

. He'r rnoje © He onpene.neuo B TOYKE X, U He MOXer 6mb B Hel
onpeAeneHo, 0CTaBaACh HeNPephIBHEIM,

BexTop vX HanpasaAeH

216
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, § 32, crp 173

1. a) Mycrts P’-—n.nocxocn» npoxonfuuan yepes z . uepneummy-
aspuas L, u C — OKpYXKBOCTb, 1O KOTOPOil MAOCKOCTh, P’ me-
pecekaerca ¢ S. Toraa Bce TOUKH OKpyXHoctR C orobpa-
KAIOTCA B TOYKY nepecedeHuss 2 fjockocty P’ ¢ L, a BCe
naps {HAMETpaNbHO NPOTHBOMOJOMHBLIX TOUEK OKpYXHOCTH C
ABNAIOTCA aHTHRORAMY, npaexomnuu OLHE M .TOT e o6pas.

b) fapa (0, r,0) u (0, —r;0). '

2. Bubepem cdepy S c LLeHTPOM B Q " nycn, h-—panuanbﬂan

npoekuns U3 Q chepu S na cpepy S. Torza h ectb roMeoMop-

gmau nepesoaﬁmuﬂ o6biunLie AHTHOOAK HA S B Q -aHTHNOAL Ha
. Ec/m“3ajiano nenpepuibioe otoGpaxenue f: S-»P chepn. S B

nnockoeth P, To _cocTasHM KoMmosuuuio [h: S-P, Tapa anry-

noaos u, 4’ Ha S, HMeomHxX OZHH M TOT Xe oﬁpaa Racr mapy’
Q-aﬂnmonon hu, -hi’ pa-S, HMelOWHUX OAHM: . TOT: ke 00pas.
3. Kak-it Bulme, HanpuMep ¢ NOMOmMEBIO paiuaibHofl mpoexiud, Mox-
HO onpefeAnTs roMeMopdH3M mioGoii “H3 3THX HOBEpXHOCTEl na
q;epy Orciona cnenyer Tpedyemoe 3aKMIOYEHHE, !

§ 33 crp. 177

L nmcxoc'rb, npoxen.amaa Hepe3 UeHTPH aTHX TpEX: TEN.
2, PaccMOTDHM CceMefCTBO : BCEBO3MOXKHBEIX NJIOCKOCTEH, npoxonﬂmux
uepes ocb moaywapa B; Raxnaana us Koropux geinr A n B no-
nonaM. 3ak/MOYAM TPH AAHHHX Tella B AOCTaTOMHO GOMbuIOh map
D, uveiomuhi CBonM® fuaMerpoM och L noaymapa B u uenrp’ 2.
Kaxmaﬂ TOMKa X 6oJbiiioro kpyrd £ ‘wapa D, Mexamero B’ nJo-
CKOCTH, nepnennnky.rmpﬂoﬁ L, onpeaenser HEKOTOPYIO NAOCKOCEL
P. u3 Bamero cemeficTsa, NepnenauKyaspuyio k L. Ty cropouy
. OT- nNocKocTH. Pg,, KOTOpas, COAEPKHT TOUKY X, Gynem HasHBarTh
nonoxuteasHoli: [Iycth. Ve — o6bemM. Tofi yacTu Tena G, Koropas
JEXHT N0 NOJOXHTENbHYIG CTOPOHY..OF P:, a. Wy—o6beM T0#
ero 4actH, KOTOpas J/EKHT RO OTPHLATENLHYIO CTOPOHY OT Pg.
O603nauny pastocts Vi — W, uepes fx Toraa ans avrunopaitb-
HHX Towek x ¥ X w3 E Mu HmeeM fx’'=—’fx. Tak Kak Qynkus
f nenpepuBHa, To oHa jomkHa o6pamarbcs B HYJb Ha xamnoi
-onosHBe oxpyxmoc'm E

4

§34 crp. 182 I :

1. .Paccumpnu OpTOI‘OHaJIbH}’lO npoexumo ux Kaxmoro nemopa ux
Ha [UIDCKOCTS, - KacaTesbyio K cdepe- 8. Touke x. Torza u — He-
npepeIBHOE KacatelbHOE@ NOJE; [TI03TOMY AJSA .HeKoTOopofi TOUKH 'X
BEKTOP u4X B CHJYy TEODeMH 6yne1' HynesuiM. Tak Kax Kax it
BEKTOp- UX He ABJACTCH MYAEBLIM, TO BEKTOpP, KOTOPHI HMeeT
HYSIEBYIO. xaca'renwylo KOMIIOHeHTY, HOpMaleH. .

2, PaguansHasi ApOeKUMs OToOpaxaer S/VTHNCOMA H ero’ Kacaremb-
Hoe noje Ha cdepy u noje, KacaTenbHoe K Hefr. to ‘oroSpae-
HHE HENPEPHBHO H NEPEBOAHT HYJEBble semopu B Hyjepule BeK-
TOPH,
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§ 35, crp. 187

1. a) Mapaanenvuufi nepeHoC Ha 4 eAHHAUL BJEBO.

b) IMapannenshnlit nepeHoc Ha 2 eiHHHUE BBepX.

c) IMapamnenniniit Nepedoc na V2 enunny Ha 10ro-BOCTOK.

d) Pacraxende oT Hayana ¢ KoaddHuHentoM 2; nogoGHe.

e) Bpauienne Bokpyr Havana na 180°

f) BpauieHne Bokpyr Hayama Ha 90°

g) lB/p_amem»xe BOKPYr Havyajla Ha 45° W 3aTeM pacTAMeHHe B
/2 pas.

h) To xe orto6paxenwe, 4T0 H B NpepBIAylleM caydYae, 3a KO-
TOPLIM CA€AYeT NapaiiefbHHfi MepeHOC Ha 3 eAMHHUB BHHS3,

i) OtoGpaxente 22, onHcaHHoe B 3TOM maparpade, 3a KOTOPHM
Creayer mnoBopoT BOKPYr Hayama Ha 90° W napaanenbHbifl
nepesoc na 22 enuuuu Ha ceBepo-BOCTOK.

j) MuBepcua OTHOCHTenbHO eXHHHYHON OKPYXHOCTH, 32 KOTOpO#
clefyeT. OTpaKeHue OTHOCHTENBHO OCH X.

§ 36, crp. 191

e

. Nyers 2 C E u r=lz|. Tak Kak r>r;, TOo AOKa3aTeJbCTBO APHME-
HHMO K OKpyXHoctH C paauyca r, u OHO NOKa3HBAeT, YTO QPYHK-
una g(2,r) ue pasua uymo npH 2€E u v € {0,1]. Mpuv=0 no«
AyuaeM, uro Oyuxumws g(z) He pasna nymo. CregoBareibHo,
MHOTOUJIEH g, a4 3HAYHT, H MHOTOWIeH [ He ofpamatorcss ma E
B HYJh.

2. a) HanGonsmny n3 uncen (4-3)!, 02, (4.2)'3, (4. 5)V/* spaserca

yHCcao ry = 12. .

b) g (2) = ;—f @) =2"45iz*— % 2. HauGonpbmuM #3 wu-

cen (7/2)V* u (21/2)8 aamerca wHeao ro = (21/2)C.
c) ro=4 V.

3. fz=4(2*— (1 +1i) 22— (2-—1i)z-4}2i). HanGonbmum U3 uuces
3Y9 (3 V?)llz. (3-2)'2 smaserca uncao r‘,=(3V?>)1ﬂ. npu-
6aHxenHo pasHoe 6,7. Moayan kopHeit 2, —1 H i cooTBeTCTBEHHO
pasnel 2, 1 u L.

4. a) Hyau pasunr —2/3 u 5, a ro=26/3. _

b) Hyau %aﬂﬂbl (1+iV2)/3 onx umeior monymn V 3/3, u
r ——-4/ . R
5. Tak oxax MORY/Mb CYMMB He RPEBOCXOAHT CyMMbl MoxyJef, To

|
|h(z)1<—li’ri+'—fj—+...+’—‘r’,';—'-.

MocKoMEKy mpaBas yacTb MeHblue eAHHHubl, Mb HMeeM |A(2)I<1,
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[locne sToro oCTaerca nNOBTOPHTH MOCAelHHe NATb APenoXKeHuf
H3 KoKasaTeincTBa tTeopeMu 36.1.
Bass B HameM npuMepe r=2, HaXONHUM

0 |—1] 5 7
T+ ty=v<t

“Tak uTo Kpyr paauyca 2 coaepXHT Bce HYAH pacCMaTpHBaeMoro
MHorousena (cp, ¢ ro=15'%, uro npuGamxenno pasuo 2,5).
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78 K.

O1oit KHWro# wWapatvenscTeo ,Mup®
npojosHaeT BLINYCK NONYAAPHOW Cepuu
»COBpeMeHHaA MaTemaTuxa“, B cepuio
BHJIIOYEHbLI NepeBOofbl Ayuliux ofpa3uos
3apy6eHHON MaTemaTUUBCHOW AuTepa-
TYPbl A1 WKONLHUKOB,

Kuuru cepuu npepHasHaualoTcs ans
Tex, HTO JIIOOGHT MaTeMaTHKY M Xxoyer
3aHUMATLCA ©10 .CaAMOCTOATe/IbHO, OHH
GYyAYT MHTEpPOCHb! LUKOJbHUKAM CTapLUX
KJIACCOB, YUHTENAM U CTyfeHTaMm, uX
MOMHO Oyfer uchonL3oBaTe B paboTe
LWHKOALHLIX MaTeMaTUYECHHUX KPYHHOB.

Yie BbIWNO NATL KHUF 3TOW Cepuu:

O. Ope, I'pahul U UX NPUMBHEHHS,
19685;

3. BekenGax, P, Bennman,
BBepenne B HepaBeHCTBa, 1965,

A. HuBeH, Hucna payvoHanbHbI®
U uppaunoHanbHbie, 1966;

P. HesawnwnunHua, lNpoctpaHcTeo,
BPeMs U OTHOCHTeAbHOCTL, 1966;

H. CtuHpog, Y. UnHH, MNepBble
MOHATUA TOonoNornK, 1967,

¥ FOTOBUTCA K neyaTu WeCTan:
P. Nvunvgon, 3ameTHu no norure.




