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IPEIRCJOBUE K IIATOMY HU3JAAHHNIO.

Papx pycckux mareMaturoB — Yefnumes, Hoprun, 3omoras
pés, Mapros, Boponoit m pgpyrue —saspMancs Teopueil dm-
cest. O3HAKOMHTHCA € CONEPIKAHUMEM KiaccHuecKmx paboT
OTHX 3aMedYaTeNbHEIX ydéusix Moskuo no kumsre B. H. [le-
noHe «llerepByprckas mkoja TeopUM UHCE.

Coserckue MareMaTuxy, paGoramomme B 00nacTH Teopuu
YHcen, UPOJOIIKAA CHABHHC TPAJULEH CBOWX TpefuecT-
BEeHHWKOB, CO3JAJIH HOBHE MOINHBEIC METOJHI, II03BOJHBIONE
DONYYATH PAL IePBOKNACCHHIX pe3yinpTaToB; B  pasjene
reopmm umcesl wamrm «Maremaruka B CCCP 3a 30 nem»
MOKHO HANTH CBeJeHHA O JOCTHIKEHHAX COBETCKUX YUEHBIX
B 00JIaCTH TEOPUH 9HCEJI, a TAKKe COOTBETCTBYIomme Ombnmo-
rpaguteckue gaHHbLe.

B wMmoefi xHAre paérca  cmcTeMarmuecKoe  M3JOHKEHHE
OCHOB TeopHH uHcel B 00BEME YHHBEPCHTETCKOr0 KypCa.
SHaYUTeIBHOe KOJIMYeCTBO 3aJaY BBOJNT 4YHTATeNd B KpYyr
HEKOTODHIX HOBBIX Hjell B o0jacTu TeophH UHCe.

Hacrosmee mAToe m3jaHme KHUTM 3HAYHTENHHO OTJIHYaeT-
¢ oT 4erBéproro. Psjg msMeHeHHil, cmocoOCTByOmux 60Ib-
mmell TpOCTOTe H3IOKeHMsA, BHECEH BO BCe IJaBel KHHUTH.
Oco60 3HAYNTENIPHEIME H3MEHEHUAMHU SABIAIOTCA O0OBegHHE-
Hre npexunx rnas IV u V B omgmy raasy 1V (6maromaps
4eMy 4dHCJIO TJaB COKPATUJIOCH JO INeCTH), a Tarke HO-
Boe, 0oylee IPOCTOE JOKA3ATENBCTBO CYMECTBOBAHHA Ilep-
BOoOGDa3HEIX KOpHeil.

CymecTBenHo mepepaboTaHbl  BOIPOCH, HOMEIIEHHEIO
B KoHNEe Kampxoi 1iasel. [lopamok cilegoBaHHA BOIPOCOB
TeNeps OPHWBeJ8H B IOJHOe COOTBETCTBHG C HOPAAKOM pac-
MONOMEHAA TeopeTHIecKOro MaTepHasia. DBBeeHE HEKOTO-
pHe HOBEIE BOUPOCH; ONHAKO WYHCIIO HOMEPOB BOLOpPOCOR



NPERMCJIOBUE

3paauwrensHo  cokpameno. [locmegmee pocrurayro myTéMm
obvenuHEHNA IOJ HA3BaHHAME a, b, ¢, ... paHee caMocrof-
TeJBHBIX BONPOCOB, OMM3RHX IO METOAY pelleHHmsl HIH IO
cogepxanuio. IlepecMorpeHsl Bce permeHmsi BOIPOCOB; B
pAfle cllyuaeB 9TH DelieHNA YOPOMEHE HH 3aMEHEHBl VY-
muma. OcoGeno cuibHEE N3MEHEHMNA BHECEHHl B PCIIGHHSA
BOIPOCOB, KACAIOMIHXCHA PACIpENeseHHs BERIYETOB ¥ HEBbI-
9eTOB 7-II CTENeHH H uepBoo0pasHBIX KODHeH, a Takke
ONEHOK COOTBETCTBYIOUTHX TPHIOHOMETDPUUECKHX CYMM.

H. M. Bunozpados



TJIABA. TIEPBAA.
TEOPUA JEJAMOCTH.

§ 1. OcHoBHBIEC NOHATHA M TEOpPEMBI.

a. Teopus uucesn 3anumMaeTcd H3yYEHUEM CBOMCTB Ile-
spIX gmcedt. lenmivu Mel OymeM Ha3HBATH He TOJNBKO WUC~
7ma HarypansHoro pama 1, 2, 3, ... (UONOMUTENBHEE Ie-
aBle), HO TAWKe HYJhL M OTPUUATeNbHBe Iensle — 1, — 2,

2

Hax mpaBmmo, mps H3NOKEHHH TEOPETHUECKOIO MaTepH-
ana MBl OymeMm obosHauaTh OYKBAMH TOJBKO IlejIHe 4HCIA.
Cnyaam, worga Oyksol MoryTt o003HA9aTh ¥ HE IeJbe
umCcila, eCHM TocjieflHee He Oyjer sicHO caMo mo cefe, ME
OyneMm 0cofo oroBapuBaTh. ‘

CymMma, pasHocTh H NpoH3BeleHHe NBYX NeNbix & u b
Oyayr Tawske I@NBIMH, HO YacTHOe OT JelleHuss a Ha b
(ecnm b mHe paBHO HymI0) MOKeT OBITH KaK ILeNbM, TaK H
HE IEJIEIM.

b. B cnyuae, korga wuacrtHoe or peseHus o Ha b — 1me-
soe, obosHauasg ero OyKBow ¢, mmeeM a=0bg, 1. e. & pas-
Ho npoussedenulo b na yeaoe. Mbl ropopmm Torpa, 4ro a
deaumces Ba b mim uro b desum a. Ilpm arom a Ha3BIBaeMm
kpamnoim umcna b m b— deaumesem waucna a. To obero-
ATENBCTBO, 9T0 b menmT @, 3ammeniBaercsi rtak: b\.a. :

Hmcior mecto ABe CIeLYIONINe TEOPEMEL. _

1. Ecau a rpamno m, m xpamrno b, mo a Epamuo b.

HeiicTBATENEHO, W3 @ ==a;m, m=mb crepyer a=a,m,b,
rge a;m;— nenoce. A 3TO U JOKA3LIBACT TEOPEMY.

© 2. Ecau 6 pasencmeesuda k +1+ ... +n=p+ G+ ... +§
OMHOCUMEALHO ~ 6CEX  4AEHO8, npo.ue kax020-4ubo 00HD20;



8 I'J1. 1. TEOFPUA BEIHMOCTA

uasecmuo, wumo owu kpamuul b, mo u amom odun vaen
kpamern b.
HeficrBatensuo, nycrs TakuM unesoM Gymer k. Vmeem

l:llb, ey n:nlb, p=p1b: q=91b, ceey S-:S]b,
k=p+g+...+s—l—...—n=
=(p1+ G+ ...+ —L—...—n)b.

A 910 M fOKa3bIBaeT TEOpEMY. .

c. B ofmeM cnydae, BrnoYaolieM, KaK 4YacTHbI, K
caydai, Korpa @ penarcda Ha b, mmeeM TeopeMmy:

Bcakoe yenoe a npedcmasasemes eOuHCMEeHHBIM  CRO-
cofom uepes noaoucumensroe yeaoe b ¢ gopue

a=bg+r; 0Lr<b.

JelicTBuTenkHO, OJHO UpencTaBleHHE & B Takon ¢opme
nonyunM, B3AB bg paBEHIM HaubonplmeMy KpaTHOMY 4dHCHA
b, me mpeBocxonamemy a. [onycrus, uto TarKe a = bg; + ry,
0<r, < b, nonysam O= b(g—gq,)+r—r;, OTKyma ciaepyer
(2, b), aro r —r; xparuo b. Ho BBUAY |r —7;| < b mocien-
Hee BO3MOKHO amInb npa r—r; =0, T. e. wpu r=ry,
OTKyJa BEITEKaeT TaKKe ¢ ==¢,.

Unciio ¢ HasHBAaeTCs HENOAHBIM HACMHBM, & UHCIO
r —ocmamkom OT neneHmsa a Ha b.

Hpruwmep. Ilyers b::14. Unmeem

177 =14 .12 4-9; 0<9 <14,
—64=14.(—95)+6; 0<6<14,
154 =14 - 11 4+ 0; 0=0 < 14.

§ 2. O6muit HanGonpmuii meanTedb.

a. B panppeiimem i Oymem paccMaTpHBaTh JIMINE HOJO-
JKUTeJBbHEIe Je/uTelH ducell. DBeaxoe neioe, menAmee
OJHOBPEMEHHO Henwe a, b, ..., [, nasmBaeTca uX o6wuM
Peaumenes. Haubonpmuil wz ofmux penmreneil HA3HBAGTCH
pbwum nHaubosdvwum Oesumesem ®m 0003HAYAETCA CHMBOJIOM
(g, b, ..., [). BBuny woHeuHocTH umcia obmux genuTenei
cymecTBOBaHHM® oOmMero HamGONbIIEro NeJINTeNsA OYeBHEHO.
Ecnm (¢, &, ..., [)=1, 10 a, b, ..., ! BasuBalOTCA 630UMHO



§ 2. OBMINA HAMBOJILIIUA ,HEJ'IPITEJIL 9

npocmumu. Ecnu rapoe m3 umcea a, b, ..., [ B3ammHO
OpocTO € Ka’KAHM JpPyruM H3 HEX, To a, b, ..., ! HasH-
BalOTcA nonapro npocmeimu. OuesmjHo, dYHeja HOHAapHO
OpocTHie BCerna M B3amMHO IPOCTHE; B Clly4ae JKe IBYX
quce] NOHATHA «IODAPHO MPOCTHEY» U «B3aHMHO IIPOCTEHIEH
COBHARAIOT.

Mpumeps. Yucna 6, 10, 15 sBapy (6, 10, 15)=1—
B3ammHO mpoctsie. Umeaa 8, 13, 21 Beupy (8, 13) = (8, 21) =
= (13, 21) =1 — momapro npocrrie.

b. Cravana saiiMéMca oOIUMHE feNATENIAMA JBYX YHUCE.

1. Ecau a kpamuno b, mo cosorynrocms obwux Oeaume-
Jdeil wucea a u b coenadaem ¢ coeorynHocmuo Oeaumeaneil
odnoeo b; ¢ wacmmocmu, (a, b)=b.

JleiictBrTenEH0, BeARMI obmui geaaTens umced ¢ u b
ABnAercA nennareneM u opdoro b. OfparHo, pas @ KpaTHO b,
to (1, b, § 1) Bearuit menurens uwucna b ABNAeTCA TaKmke
JenurejieM YMciia a, T. €. OH Oyger o0muM JenuTeleM
yucen b u a. Taxum obpasom coBOKymHOCTH OOmMUX Jenu-
Tesell wucenr @ u b coBHajaeT ¢ COBOKYLHOCTHIO JieJIATeNel
onuoro b. A tak xark HaubonmbIImH JenmATeNL umcna b ecTh
camo b, to (a, b)=b.

2. Ecau

a=bqtc,

mo coeokynHocms obwux desumenedr wuced a u b cosnadaem
¢ cogokynHocmblo obwux Oeaumednell wuced b u ¢; 6 wacmuo-
emu, (a, b)={(b, c). :

HleficTBUTENPHO, HANMCAHHOE BHINEe pPABEHCTBO HOKA3H-
Baer, 4TO BCAKMI oOmMHEA JenuTelnbh 9ACeN a U b Jgeiut
rawke # ¢ (2, b, § 1) 7, canemoBatenwno, ssugerca o0mumm
penmrenem uncen b m c. O6paTHO, TO e paBEHCTBO IIOKA-
3bIBAET, YTO BCAKMA oOmui NesiMTens 4Wmcen b W ¢ pendr a
H, C/e0BATCIBHO, ABIACTCA OOMUAM JeddTeneM wuces a & b.
TakaM obpasoMm ofmume penmrenu umcest ¢ u b cyTs Te sxe,
uro u obmme menmrenum uUmces b M ¢; B 9ACTHOCTH, JAOJKHEI
cosmajath M HanOoNLMUC U3 5STHX JeJHTeNed, T. e.
(a, b)=(b, ¢).

c¢. [Jna passickagnsas of0mero HambOJIBLIEro [EJIATENHA,
a Take JJd BHBOJA €ro BajKHEHINHAX CBOHCTB MPAMEHAETCA
axzopumm eksuda. locenHuil cOCTORT B HIDKecHeLyiomeM.
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Ilycts @ m b —nonomxmrensuse nemsie. Corsacao o, § 1 Ha-

XOIHM DAX pPaBEHCTB:

a=bq,+ry, 0<ry<d,
b=ryq,+rs, 0<rys <ry
Ty ="ryqs + g, O<ry<r,, (1)
7'n—2=rn—iQn—1b+rm 0 <rp<rny,
T'n—{ =7Tnqn, J
3aKAHUMBAIOIMMANCHA, KOIJA LOJYYaeM HEKOTOPOe 7p4q==0.

Ilocnennee nemsbeskHO, Tak Kak pax b, r,, rs, KaK
pAx yOHBAIOMUX LeNBIX He MOjKeT cojepaTb Gomnee uem b
[OJIOKATE IbHEIX.

d. PaccmarpmBaa pasencra (1), mas ceepxy BHu3,
y6esmaemesa (b), uro obmme penmTen: umcesx ¢ m b opmma-
KOBH ¢ OOHIMME JeiuTesiaMu udmcead b m ry, pmamnee onuHAa-
KOBBL ¢ OOIMUMH RETHTEIAMH QHCEN F'y U I'g, YACRIL I's KL I'y, . . .,
9mcelNl r'p—y W 7p, HAKOHEN, C JENHTESIMH OJHOTO UHCHIA Tp.
OpHOBpEeMEHHO C STHM HMeeM

(a, b)z(b, 7'2)3(7'2, 7'3): e :(rn_1, r,,) =7Trn.
Mu npuxouM K CIefyIOmMHM pesyabTaTaM.

1. Cosorynrocmov obwux Oeaumeneil wucex a w b cosna-
daem ¢ cosorynnocmovio Oesumenell ux obujeco naubosvuiezo
deaumeas.

2. 9mom obwuii Haubosvwiull Jesmedd pagew rn, m. e.
nocaedHeMy He DAGHOMY HYALIO OCMAMEY AseopummMa Jeriuda.

Mpumep. IlpuMenum anropurM OBKIHAA K OTHICKAHHIO
(525, 231). Haxommm (BemoMoraresIbHEIE BHUHCICHHA NpPH-
BeJleHH ciieBa)

525|@ 525 =231.2+63,
462 2 231 = 633442,
231) 63 63= 42.1+21,
189 3 2
. 63‘72 42= 21.2.
21
42121 .
Gl

»»



§ 2. OBIMUMM HAUBOIBMKUER NEJIUTENL 1

3pecy mocieqHuil MOMOMKUTENIBHBIE  OCTATOK eCTh rg=21.
3uaunr, (525, 231)=21.

e. 1. O6osnavas 6yksow m wwboe nosodcumessroe yeaoe,
unmeen (am, bm)={(a, b)m.

2. O6osuanas Oyreorw & awboii o6wul Jeaumenv wuces

a b (a, b)
a u b, umeem 5 3 )T 5 6 uacmmuocmu, uMees

a b

< — —) =1, m. e. uacmupe om Oeaenus Osyx wuuces
(a, b)’ (a, b)

na ux 06wl Hauboabvwwli Oeiumead CYMb UUCAG G3AUMHO

npocinole.

HelicTBureibio, yMuo:aM papedcrsa (1) moumenno Ha m.
Hoayuum noBBIe paBemcTBa, Tje BMecTo ¢, b, ry, ..., rn
Synyr crosite am, bm, rgm, ..., rym. Ilosromy (am, bm)=
= rpim, U TaKUM 00pazoMm BepHO yTBepsucuue 1.

Ilpumenasa yrsepsxnennme 1, maxopum

a . b a b\ ..
(Cl, b)=<§0, 30):<—§-, 5— G,

OTCIOfla ClelyeT yTBep:kpgenze 2.

f. 1. Ecau (a, b)=1, mo (ac, b)=(c, b).

HeiictBurensno, (ac, b) aemur ac um be, smaumr (1, d),
oo memmr u (ac, &c), BBupy 1,e pasuoe c¢; Ho (ac, b)
mennt m b, mosromy omo penmr u (¢, b). OGparmo, (c, b)
genut ac u b, mosromy omno pmesur u (ac, b). Tarum obpa-
aom (ac, b) ¥ (¢, b) B3auMHO REJIAT Apyr Hpyra H, CJejo-
BaTeJIFHO, PABHH MEEAY coGol0.

2. Ecau (a, b)=1 u ac Odeaumcs na b, mo ¢ deaumcs
na b.

Heficrpurensno, Beuny (a, b) =1 umeem (ac, 6)=(c, b).
Ho pas ac wparuo b, 1o (1, b) umeem (ac, b)==b, smauwur,
n (¢, b)=>5, 1. e. ¢ xparHo b.

3. Ecau Ekaocdoe ay, as, ..., @ 63AUMHO RPOCMO
¢ kanclvm by, by, ..., by, mo u npoussedenue aa; ... apy
83auMHO npocmo ¢ npouseedenuesm b.by ... bp. o

Heiicreurensuo (1eopema 1), mmeem
(318985 - .. @m, by) =(asa3 . .. am, by) =

= (a5 o Gy bg) = v e = (am, b =1y,
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n panee, nonarad JAjA KDaTKOCTH a,d; ... 4, = A, TOYHO
TAKEM e MyTEéM HahnéM,

(b1b2b8 v e qu A)=(b2b3 “ e bn, A)=
=(b ... bn A)=...=(bn, A)=1.

g. 3agaua oTeickaEmA o0mero HambONBLIEro AENHTENH
fonee weM JABYX WHCEN CBOAWTICA K TAKOBOIL JJIA ABYX
ugcenr. lmenno, urolwm mafitm ofmumit HauGoNbmMUA genm-
TeNb UUCed @y, dg, ..., dn, COCTABJAAEM P YUCEN:

(al) a’Z): d2’ (d27 (13) = d37 (d3’ a4) - dlh ey (dn—l, an) = dn

UYneno d, @ Oymer ofmuaM HauOONBOTEM JEJMTCICM BCeX
JA3HHEIX 4YHCelI.

Heiicrerrensrno (1, d), obmue penurtenu uuces a; U a
COBHAfAIOT C HeNHTejnAMU d,; NozToMy ofmmme meluTenn
YHCENT 4y, Gy B (3 COBOANAIT ¢ OOMEMHA JETUTENAMH THCEs
dy m a, 7. e. coBmamair ¢ peiurensMm di. Janee yoe-
auMcsA, uTo o0mue [edanTenM UHCeN d, ds, d3, (4 COBHA-
gal0T ¢ jgendrenaMu d, M T. A. M, HAKOHel, uTo obmume
IeTUTeNH d9AceNl dy, dy, ..., Qp COBIHAJAIOT C JeJHuTC-
aaMu dp. A TaK Kak HauGonbiuil NeauTeNbh dn €CTh
caMo d,, 10 oHO OGypmer o0mEM HAUGONBIIHEM JieJIATENIEM
qAces a,, dy, ..., Qn.

Ilpocmatpusasa npupeménHoe poxasartenscTBO, yOermaeM-
cst, uro TeopemMa 1, d BepHa m jgis Gojiee 4WeMm JIBYX dHCeJ.
Bepunt Tarke m Teopembl 1, € m 2, e, TOTOMY 9TO OT YMHO-
JKeHHs Ha M W4 pasliesieHHA Ha § BCCX 9HCEN &y, g, ..., dn
TOYHO TaK Ke # Bee dy, dy, ..., dp YMHOKaTCA Ha m
MM pasfiensrcA Ha o.

§ 3. Odumee manMenbliee KpaTHOe,

a. Beawkoe nemoe, kpaTHoe BCeX HAHHBIX YHCeN, Ha3H-
Baerca ux obwum kpamnum. Haumenrslmee mososruTENB-
Hoe ofmee KpaTHOE HABBIBAETCH O0WUM HAUMEHDULLM
Kpamubly,

b. Cravana samMéMca of6muM HaEMEHBIIMM KpPATHRIM
asyx qmeot. [lyers M — xakoe-nuGo ofmee KpaTHOe HeJHX



§ 3. OBIIEE HAMMEHBIIEE KPATHOE i3

a u b. Tak Kax oHO KpaTHO @, To M =ak, rge k—menoe.
Ho M wpatHO E b, mosTOMy HesBIM ROIKHO OHTH H

ak
b
uro, mojarag (a, b)=d, a=a,d, b=0b,d, Momuo npencra-
k
BHTH B BHJE a—bl—, rae (ay, b))=1 (2, e, § 2). Ilosromy
1

(2, f, § 2) k& momxmo menmteca Ha by, k:blt.:gt, rue

t — nenoe. Orcroofa

OGpartHo, oueBHAHO, 4TO BeAkoe M Takoir (OpMBEI KpaTHO
Kak a, Tak ® b, m, Tarum oGpasom, sra gopma madr obmui
BEJl Bcex oOmux KpaTHHX umcen ¢ @ b.

Hammenbmee mONMOMKETENBHOE M3 9THX KPAaTHWX, T. €.
ofmee HamMeHblIee KpaTHoe, mojydmM npm ¢t = 1. Ono Oyper

— ab
=—.
Beega m, MoHOo mHosnyuennyio pas M gopmyay nepenn-

caTp Taw:
M = mzt.

Ilocnennee m mpenmocnenHee paBeHCTBa HPHBOAAT K TEO-

peMaM:

4. O6wue rpamnuwe 0syxr wucea cognadalom ¢ KpamHslmil
ur obupeeo HAUMEIBUIE20 KDPAMHO20.

2. O6uwee naumenvuee EKEpamuoe 08Yx wuces pasio ux
npousgedenuio, Oeaénnomy wna ux obwpul HauGorvyuld Je-

AUMERD.
c. Ilycrs Tpefyercs mafitm ofmmee Ha#mMeHbIIEe KPaTHOG

Gonee 4emM JBYX 9uCen dy, 4s, ..., Gn. OOG03Ha"Yasg BooOme
cAMBOJIOM [a, b] ofmee mamMenbInee KpaTHoe d9mced @ # b,
COCTABHM DS YHCEI:

[a), az) = ms, [My, as]l =m3, ..., [Mp—y, an}=mn.

Ilonygennoe TtakuM nyréM m, u Oyger oOIMEM HamMEHE-
MM KpPATHHIM BCeX NAHHLIX 9HCE.
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Heiicrearensro (1, b), obmue xpaTHble 9mcesn e, w a
COBHAMIAIOT ¢ KPATHHIMH /My, 103TOMY o0mme KpaTHEIE dmcell
ay, @y U @3 COBOANAKIT ¢ OOMIUMH KpPaTHHIMA M, W dg, T. €.
COBIAZAKT ¢ KpaTHBHIME my. [Janee yGemmmes, uwro ofmume
KpaTHHE YHCeN &y, @y, O3, @4 COBIAJAIOT C KPATHRIMHE M,
A T. X. ¥, HAKOHEN, 9T0 o0mue KpaTHLe YHCEN dy, dg, ..., n
COBHAJAKT ¢ KPATHEIME /M, 8 TaK KaK HaNMeHBIIee IOJO-
JKATENIHOe KPATHOE M, €CTb CaMo Mm,, TO OHO H Gyder
o0MEM HaWMEHBINMM KPATHHIM YHCEN 4y, ds, ..., dn.

ITpocmaTpmBasa mpuBei{HHEOE NOKA3ATENECTBO, BHIUM, UTO
reopema 1, b Bepra m jia Gomee uwem pByx wmcen. Ipome
T0ro, y6esKmgaeMcs B CHPABCINIEBOCTH CHICHYIOMEN TEOPeMBb!:

Obujee naumerHvwee KPAMHOE NONAPHO RPOCINBLL  HilCen
DAsHO UX NpouseedeHuIo.

§ 4. CBasp aaropurMa IBRANAAQ C HENPEpHIBHbIMH
ApoSamu,

a. llycts o — mioGoe EremecTBerHOe uwnmcgo. OGozmaumm
OyxBolo ¢, Hambomnbiee uedoe, He NpeBocxopsmee a. Ilpu
HELEJOM o HMeeM

1
e=q+_—; a>1.
2
Touno rar jKe mPU HENENBIX Uy, ..., Ggq HMEEM
L. T
¢2=92+a‘3: ag > 13
1. .
As—1 = (s~1 +a—, a, > 1,
8

BBEAY 4Yero HOJydaeM CJeAYIOmee pasfodcenue & 6 Henpe-
puigHyw dpobo:

wm gt — R0
- . 92'}'

9s-t - ,
-+_——'.
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Ecnm o mppanmonaibHOe, TO B pANe d, dg, ..., OYEBHAHO,
He MOYKOT BCTDPETHTHCHA IEJIHX, W YKAa3aHHHHE IPOREce MoHerT
OHTb HEOTPAHHYEHHO IPONOIIKEH.

Ecnm o panmomanenoe, kak ysmumM gasee (b), B pape
a, dg, ... HEIPEMEHHO BCTPeTHTCA Iejioe, H YHA3aHHBIA
nponecc 6yjgeT KOHEuYeH. :

a
b. Ecin a — panuonansrag mHecoxkparumas ipo6b a=-,

T¢ pasioKeHAe ¢ B HEOPEpHBHYK nIPOOE TecHO CBA3AHO
¢ aaroputMoM IBrImAa. [eHcTBHTENBHO, MMEEM

a r

a=bg, +r; —b—=q1+72,
b r

b=ryqy+71s; P 727
s rs

To=T3Q3 1+ T4; =gzt

Tn—g=Tn—1Gn—1 + "n; —*Qn—l’f‘r )
n-1 n-1
. "n—
rn-—lzrn(]n» —Qm
OTRY A
a __ . 1
Fiaal’) 1
gz +
2 93+ .
1
n
c. Unmena ¢q;, ¢a, ..., YIACTBYOINHE B PA3TOKEHUR YHCHA

0 B HEOPEPHBHYK Jpo0b, HABBLIBAIOTCH HENOAHBIMI 4ACTRHBLMUI
(B cnydYae pAUUOHAJIBHOTO & 3TO GYOYyT coryiacHo b wemom-
HBlé YACTHBI® IIOC/IEZOBATENHHHX JIeJICHWH aJropuaTMa oOB-
Kamaa), apobm e

o 1
1= 41, 52=91+E, 83=q; +
92+—

HA3HIBAKTCA nodrodawjumi Opobamu.
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d. Becbma npoc'ron} 3aKOH oﬁpaaoaanua HOAXOAAMAX
npoﬁeu JIeTKO Hanneu, 3aMeuad, 4ro o, (s > 1) moayuwaerca
H3 0,1 3aMeHOH B OYKBOHHOM BHIDaKEHHH I 85—y JHCIHA

} 1
gs—1 HA @51 +— .
s

JHefictButensao, monarag i epmHoobpasua P, =1,

Qy=0, Mpl MomeM Dojxoxgmue Jpobm HOCIEIOBATEILHO

A P
HpefCcTaBUTE B CJEAYIOMEM Buje (:-mecra PaBeHCTBO 5 = QJ
8

numewMm, jkenad oGozHaumth A cmMmBosioM P, a B cmmBo-

AOM Qs> :

P, 3291+E 9291+1 _ 2Pt Py Py
Q’ 2 1 1407 ¢+ QT Q)

)
b— P
(‘*’“ PitPe b, P,

<q24—‘>Q1+Q T 2040 Q

K T. X. B BooOIE

P

=4 _
=7

o
Gg =

a 8-1+P -2 £§
s qu_1+Q3_ Qs

Tawum 006pasoM vucangTead M 3HAMEHATONM IOAXOZA(AX
apobeit MBI MOeM Hoc/IeJoBaTeNbHO BBYMCIATL IO fopMmynaam

ps:'—QSPs-l +P,_s, }
QS = 9st—1 + Qs_z-

JTH BRIYACTACHAS [OJE3HO HPOHM3BOAMTE N0  cieAyIomeit
cxeme:

(2)

9s g1 | 92 | ... " JR 4

P 1) g1 | Po| oo [Py giPe_y| Py | oo [Puy| @

8

Qs 0 »17 Q2 Qs—2 Qs—i Q-’ Q"—i b




4, CBAA3b AJITOPUTMA 8BHRJINJA C HENIPEPLIBH. JIPOBAAMI 17

105
Tlpumep. Pasnoskum B HelpepsIBHYI0 Apobb YHCIIO =5 "
3necs
105138 105 1
76/ 2 3% 2+ 't {
38| 29 1
= 3+
ﬁ 1 4 + _1_
29 9 2"
213
9! 2
71
S
1losromy yxa3aHHAd BEIIC cXeMa HaéT:
7, 2 1 3| 4 2
P, 1 2 3 1 47 105
Q, 0 t 1 4 |17 38

e. PaceMoTpuM pasHOCTD &g — 851 COCCHUX MOAXOAINIX
uapobeit. 1Ipm s > 1 Haxomum

) &
By — 8 g = — ==
8 'Qs Q Qst 1
e hy=PQs_1—Q.P,_,; moncranuas ke Bmecto P, m (),
X Bmpameﬁﬂﬂ (2) m penas odeBHIHBIE YIPOWEHHMA, MONY-

uuMm kg = —h,_y. Ilociemgree B coepumenmn ¢ Ay =¢q, - 0 —
—1 1= 1 zTadr hy=(—1)°. Hrax,

Pl Cbpatorma |
et poemrentie thensoros | (4
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D pumep. B ra6mane mpumepa, npusensunoro B d, mMeem
1051738 . 4T=(—1)i= —

f. Us (3) cmemyer, uto (P, Q;) memmr (— 1= 41
(2, b, § 1). Hoaromy (P, Q,)=1, 1. e. nodrodauue dpobu

. Hecorpamumbl.

’ g. Ilpm 3, Be paBHOM o (T. e. HCKIIOUAaeTCH Claydai,
KOT/ia, MpH palUOHANBHOM &, &, ABAAETCA IOC/AeKHeH MOJXO0-
nAmell ppobhio), HccaefyeM 3HAK pasHocTm o, — o. OueBmaHo,
6, TOJIyYaeTcs 3aMeHOH o, Ha ¢, B Bripaskenun (1) mas a. Ho,
KaK BHJHO H3 &, OT Tarcli 3aMeHH

0s YMEHBINHTCH,
0.y YBeJIHUATCA,
Us_9 YMEHBIIHUTCH,

IpH HEeY6THOM S YMOHBITHUTCH,
¢ \npm uéTHOM s yBenmmUmTCA.

Ilosromy 8,—a < 0 mpm newérnoM s m §,—a >0 npm

98THOM §, ¥ CJef0BaTelpHO, B3HAK Og,— & COBIAZaeT Co'

smaxoMm (— 1)°. '
h. Hmeem

o 1
et <G -

HeiictBurensno, npm 8,=a 3T0 YyTBep:KAeHHe ClemgyeT
(co smaxom paBencrsa) u3 (4). llpm &5, He paBmBOM a, oHO
clefyeT (co 3HaKoM HepaBeHcTBa) u3 (4) um m3 Toro of-
CTOATENBCTBA, 9TO, BBHNY £, 6, — & M 853 — 0 MMEIOT Pa3Hbie
3HAKM.

§ 5. TIpocrbie umcaa.

a. YUneno 1 mMeeT TONBKO ONWH IOJIOKATEJILHBIA NeJIH-
Tens, mmendo 1. B srom ornomenmm umeno 1 B pame Ha-
TYpPaJbHEIX 9HCe] CTOUT 0c060. .

Besarxoe menoe, 6Goapmee 1, mMeer He MeHee HBYX
genmresied, mMeHHo 1 m caMoro cebsA; eciH BTHMH [OJH-
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TelsIMI  HMCYEPHHIBAIOTCH BCC  LOJOMKUTENBHBIC  NEIUTeNu
[eJIoro YHWejia, TO OHO HasmBaercd - npocmum. Uenoe > 1,
muMetomee wpoMe 1 m camoro cefa ppyrue NONOKETENHHBC
REIUTeNE, HABBIRACTCH COCPABHLLM.

b. Haumenvwuil omavunsii om edunuysl deanumend yeaoo,
Goavuiezo edurnuybl, ecmb wICA0 R poCHLOe.

HeftcTBATENbHO, 1IYCTh ¢ — HAMMOIBINIMLE  OTJIUYHBIL OT
eMTHIIBL IesinTeNb Heaoro a > 1. Kean 651 g Obt70 cocTan-
HBIM, TO OHO HMEJO OBl HCeROTOPHIl JIC/IHTENb ¢y G YCIOBHEM
1 < g < q; BO uncio a, gendch Ha ¢, HOMKHO OBLIO Gl
mesurees u uHa ¢ (1, b, § 1), a sro upornsopeuur Haremy
MPeANONOKEHIIO OTHOCHTE ILHO Wileia §.

c. Haumenvwmii omanunwii om edunuyst deaumeats co-
cmagnozo wucaa a (coenacro b on  6ydem npocmuim) He
npesocxodum | a.

HelicTBATensNo, MycTh ¢ -— 9TOT NeAHTeNb, TOTAA &= (d;,
a; > ¢, OTKyJa, IlepeMHO}Kasg M coxpaliasg ha a;, HOILYyYHM
a>q% g<Va.

d. Yueao npocmmx wucen Geckonetio GeAuko.

CrpaBeAJHBOCTE 9TOIl TEOPEMHl CjefyeT H3 TOro, 4TO,
KaKoBBl OBl HE OHIIM pAa3iIM9HBIe IPOCTHIC Py, Pgy - - - Do
MOKHO TOJY4HTh HOBOE IPOCTOE, CpPeiH HHX HE 3aRII-
gatomeecss. TawroBeiM Oyger mpocToil  genmrenb  CyMMB
PiP2 - .- Pr+ 1, KOTODHIH, jfens BCIO CyMMy, He MOMRET
COBIAAATh HH ¢ OMHMM U3 LIPOCTBIX Py, Pa, ..., Pi (2, by, § 1).

e. Hnaa. cocrapnenna TabOUIE IPOCTBIX WHCEN, He Ipe-
BOoCXoAAmAX JaHumoro NN, cymecTByer Xpocroii cmocod,
HaseBaeMblil pewemonm Ipamocghera. OH COCTONT B HILRC-
CITeRY IOmeM.

Beimncsipaem uncna

. 1,2,..., N. (1)

Ilepsoe Gompmiee emAHMIBI WiHCJIO HTOTO pAgA €CTh  2;
OHO JennTesl TONBRO Ha 1 W ma camoro cebs, ciejoBaTeIh-
HO, OHO IPOCTOe.

Buiweprnem u3 paga (1) (xak coctaBHBIC) Bce dwmcia,
KparHEe 2, kpome camoro 2. Ilepsoe ciemyiomee 3za 2
HeBHYCPDKHYTOe umcino Oymer 3; omo me jenarca Ha 2
(unave OHO oxasamock OBl BEIYEPKHYTHM),, cflef0BATEIBHO,
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3 menmrcs ToMbKO Ha 1 u na camoro celd, a HMOTOMY OHO
raxke OymeT IPOCTHIM.

BuaéprnBaem m3 psiga (1) nce umena, kparmbie 3, Kpome
camoro 3. llepoe cnepyiomee 3a 3 HeBLIYEPKUYTOE HYHCIO
Oyjger 5; oHO He Jenutcs HHM HAa 2, HH Ha 3 (MHawe OHO
oKazaxoch OB BeIYepEnyTHM). (CllefloBatensHo, 5 meNRTCA
tompko Ha 1 ®m Ha camoro cefs, a MOTOMY OHO TAKIKC
OyzeT TIPOCTHIM.

nr g

Korpa yrasanubpIM cIIOCO0OM yiKEe BBIYEPKHYTHL BCe YHCIA,
KpaTHBIE TPOCTHIX, MCHBIOINX IPOCTOYO /3, TO BCE HEBLIYep-
KHyTBe, MeHbHme p*, OGyayr upocrsle. [eiicrpurensio,
BCAKOE COCTABHOE ¢, MeHbHiee p?, HaMH YiKe BBMEPKHYTO,
Ka® KpaTHoe ero HAHMEHBLIEr0 NMPOCTOTO AeJNTe A, KOTOPHIH
<Va < p. Orciona cuenyer:

1. Hpucmynas % 6BLUEPKUGAHLIO K PAMHBIE T POCMO20 P,
amo ewiuéprusarue caedyem HAuUHAMs ¢ P2

2. Cocmassenmne madauysl npocmux wuces <N 8arow-
YEHO, KAK MOALKO GBIMEPKHYMBL 6CC COCHIACHME KDAMHBIE R [0

cmuix, e npesocxodsumuz ) N.

§ 6. ExuncTBeHHOCTh pasioenns Ha IPOCTHIE
COMHOKHTCH,

a. Bcaxoe yeaoe a wan  63auMHO NPoco ¢ Oannpim
RpOCIBLM P, Uaw dce Oeaumen na p.

HeticrButenbno, (a, p), Oymydyu JeaureneM p, MOKeT
6sits paBeo mam 1, uwiam p. B mepBoMm cayvyae @ B3aHMHO
HOpOCTO € p, BO BTOPOM @ JINWTICA HA P.

b. Ecan npoussedenue Heckoavkux comHodcumedeil Ode-
AUMCA HA D, MO, No EpalHed Mepe, 00uH U3 COMHOMCUME-
seli Jeaumes Ha p.

JeficTBATENBHO (&), KAMALIA COMHOYKHTCIL UM B3aHMHO
opocT ¢ p, MIE j%e jenurcs Ba p. Ecam OH Bee coMHOMM-
Teqn OLLIM B3aMMHO HPOCTEL ¢ p, TO H KX Ipou3Bejienne
(3, f, § 2) Gsut0 OBl B3aMMHO IIPOCTO G p; HOITOMY XOTh
OJEH COMHOKHTENH NeJuTCA Ha p.

c. Bearoe wyeaoce, Gonvitee edunuybl, passqzaemcs Ha
n pousgedenue N pocmuLY coMHOMCuMened U npUmMom  eOun-
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CIMGEHHBIM CROCOOOM, ECAU OMEAEUBLS OM nopadra caedoea-
HUA COMHOMCUmenel.

HelicTBUTeNBH0, HYCTh @ — Ieioe, Oonbllee eEUHUIEL
o6osnavasg OyKBOW0 p, ero HaUMEHBITHHA HPOCTOH JEIATENs,
umeeM a= pya,. Ecim a; > 1, to, obo3mauag 6ykrBoo p,
ero HAMMOHLINWH IIPOCTON JeNHTEIIb, BMEEM @, = Pady. Kciu
a, > 1, 10 Mog00HO BTOMY UIAaXOMUM dy = Pall; U T. M., IIOKA
me mpupéM K rawkoMy-muCo a,, pasromy eamnmie. Toraa
an—y = pn. llepemuoskan pce nalifjewrsle paBeHCTBA U MPOU3-
BOJSL COKpalleHHe, MOJAYIMM CIeRYIOMCe pasilojKeHue a
HA TPOCTHE COMHOMKUTENH:

@ =Dpips -+ Pn-

Honmyctum, uro Ui TOrO  KE CAMOIO @ CYLIECTBYET
1 BTOPOE PA3JI0IKeRNE Ha HPOCTHIC COMHOMMTENA ¢ == §,qy ... (.
Torua '

Pipa - Pn=q1492 - - G-

IMpasas gacte sroro paseHcrBa renutca Ha ¢. Ciemo-
patensro (b), mo wpaiimell wmepe, ojwH n3 COMHOJKHTENEH
nmeBoil 4acTH fosikeH geamteesd Ha ¢;. Ilyers, maupmmep, p,
neautcA HA ¢ (DOPAJOR RyMepanHu COMHORMTENEH B HallleM
pacuopshKenun); Torna py=q; (p; wpome 1 menurcd TONBKO
Ha p,). Corpamas ofe wacti pancuCTBEA HA py= ¢, HMeeM
PePs - Pn=(sqs3 ... g,. lloBTopasa DpeKHee paccysraeHme
OPUMEHHTENBHO K YTOMY [AaBEHCIBY, TOAYYEM Pj ... Pp=
=¢gg...¢; I T. ., TOKA, HAKOWCH, I ONHOH YaCTH paBel-
¢TBa, HAOPHMepP B Nesoil, He COKPATATCA BCC COMHOMMTENM.
Ho ofHOBpeMEHHO HOJKIBL COKPATHTECA H BCE COMBOGKHUTOIN
opaBOH dYacTHW, Tak KakK paBeHCTBO 1=qn.y...¢q, Iipn
Gni1s « o 5 §s, TPEBOCXOASIUX 1, HEBOZMOIKRHO.

Taxum ob6pasoM, BTOpoC pasiOKCHUE HA NPOCTHE COMHO-
HUTeN TOMRAECTHOHHO HEePBOMY.

d. B pasmoseHum umcia @ Ha TPOCTHE COMHOMKETENH
HEKOTOpHIE M3 HHX MOryT Inoproparhes. QOfosnauas OGyxba-
MH Py, P2, -+ -, Pj PAIAYHBIC U3 HAX B OYKBAMU Oy, O, - . .+, Oy
KPAaTHOCTh IX BXOMIEHHS B @, IOJIYYMM Taw Ha3blBaeMoe
EAHOHUYECKOE DA3A0MCEHIE HUCAQ Q@ HA COMHONCUMEAN:

a=1'PY ... k.
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INpuwmep. Kanonuuccxoe paznoskenne umcia 088000
Oymer: 588000=2%.3.5% .72

%y % *J
e. ITyemv a=pi'ps’ ... p~ —Kanonuveckoe  pasnomce-
nue wcaa a. Toeda ece Jeaumean a cumo ece wucaa suda

d - pf‘pg‘ 112"'; )
O<B al? O 8 <0(2, ‘e ey O<\@k<d

Heiicrpurensro, wpyers d nemur a. Torma (b, § 1)
a-=dqg W, caejoBaTeIbHO, BCE HPOCTHIE JenuTens ¢ BXOIAT
B NAHOHHYECKOE pAa3JIojKeHME ¢ ¢ IIOKA3ATEIIAMEH, HE MeHb-
INAMI TCX, ¢ KOTOPBIMH OHH BXOZAT B KAHOHUYECKOE pas-
aomensie d. Hoaromy d umeer sux (1).

OGparno, Bearoe d mupa (1), oueBmmHo, HCNAT .

Hpumep. Bee mesurenu wncna 720=2%.3%2.5 wnoay-
WM, ecill B Belpaskennu 2013P:583 zacrasum By, B, {32 He3a-
VICHMO ﬂpyr or gpyra npoberars swavenus B, =0, 1, 2, 3, 4;

3,=0, 1, 2; 3;=0, 1. IlosToMy yrazaHHEIe TeIRTEIH 6y)IVT
1 2, 4 8 16 3, 6, 12, 24, 48, 9, 18, 36, 72, 144, 5,
10, 20, 40, 80, 10, 30, 60, 120, 240, 45, 90, 180, 360,
720.

Bonpocesr ® vaase 1.

1. Ilyers @ 1 b-—meXble, He DaBHBIC OALIOBPEeMENIO NYJIIO, T
d = az, + by, — HauMeHbIIee NOJIMKHTCIBHOE YHCJI0 BuAA ax + by
(¢t n y—rnexwme). Jlokazars, uro d=(a, b). Orcioga BBIBecTH TEO-
pemy 1, d, § 2 u teopexur e, § 2. OGo0murs 3TH BHBOIH, paccMma-
TpHUBAsT 4ncrxa BHAA ax -+ by - ... b fu.

2. /lorkasaTh, 4TO H3 BCeX PAUNONAJABHLIX jipoleH cO BHaMeHaTe-

by
mamE < Q, mogxoxaAmas apods BS:Q— npejictaBigeT YHCJAO o HaH-
s
Jojiee TOYHG.

3. TlycTe BemiecTBEHHOE UHCJIO « PasjlodkeHO B HEIPePHBHYIO
npods, N —ienoe IOJOMNTeIbHOe, k—YHCA0 €ero NecsTHIHHX 2Ha-
KOoB, n—HanGONbInee nesoe ¢ yeaopmeM Qn < N. [orasarh, uTo0
n < 5k 1. Oaa poxasatesbcrsa Bruipaxkenud Jist Qa, Qg, Qy, - .., Qn
cjlejlyeT CPABHATH ¢ TeMy, KOTOPHe oHum nMesH 0w, eciim OB Bce g,
Omam paBnel 1, ¥ cpaBRMTH pajiee ¢ wvcnamm 1, €, 82, ..., €Y, rpe
S—ToaoRNTeANE Kopenk ypasucHum §2==¢ 1.

4. Myers > 1. Psag pacmonoskeHHbIX B HOPAAKC BOSpAcTAHHA
PAnMOHAJILHRIX HECOKPATUMBIX APOOeH ¢ IOJOKHTENBHBIME BHAMEHA-
TEeJAMN, He NMPeBOCXONAMNMI <, HaswBaercA padom Papes, omsge-
u(uou‘;uM T,
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a. JlokazaTe, uT0 uacTh paga (dapes, OTBevAOINETO T, cofep-
maman apo6u a, ¢ ycnosmem 0<{a<(1 momer OHTHL NnomydueHa

ceAYIOINEM cmocoboM: mumeM ApoGm . Ecnm 2 <=, TO Mempy

-

T ]
TAMHE JpoGAMH BCTaBAM emé ApoSb 1 }
0 1

1 1
pme 4, 5, T MERAY KaIEMEK JBYMA COCeJHMMU  JApobaMu

<
+

1 )
=—2~ y 8a4TEM B NONYYEHHOM

+

a, c) - ay -+
= m == ¢ b;+d; <t BCcTAaBEM 00b ——nr
b, ay 1 15 ap: by T d

MOKA 3TO BOBMOKHO. [ipeBapmTeIpHO ROKABaTh, YTO ANA 0GOH

m T. . A0 Tex 1op,

. ¢
Hapel COCeOHUX I[pOGEH —b— u ?[ pajga, MMOIyHaeMOTO YHA3AHHBIM

cmocoboM, uMeeM ad —bc= —1,
; b. PaccmarpaBas pajg ®apes, JoKasark TeopeMy: HycThb <> 1,
KOrjia BeAKOe BeIEcTBEHHOE ¢ MOMKHO NpPejcTaBuTh B dopme

o=

+aﬂe; 0<Q=<s, (P, Q)=1, |8]<L.

Q|

¢. TeopeMy Bompoca b mowasarts, monpaysack h, § 4.

5, a. /[Jorasare O6ecKOHEWHOCTH ‘IMCJIA DPOCTHIX WHCENl BHja
4m + 3.

b. [ToxasaTs GeCKOHEYHOCTH YHCIA NMPOCTHX dmces BuUKa 6m -+ 5.

6. Jorasarb 0eCKOHEYHOCTL YHCJA NPOCTHIX YHCEN, NONCIATH-
Bad YUCIIO 4HCeJ, He upeBocxopAuiux NV, B KRaHOHH4eCKOoe pasioe-
HHe KOTOPHIX HE BXOAAT HPOCTHIE YHUCJA, OTJIHYHEBIC OT Pi, P2, - -++ Pk-

7. Ilyers K -—menmoe nojoxnTedpHoe. [lokasaTs, 9T0 B pAfe
HATYPAJBHEIX YHCE] HMeeTcd OecdymcieHHOE MHOMKECTBO IOCIIEAOBa-

tenbHocTed M, M+1, ..., M+ K-1, He cOJepaIqux ITPOCTHX
ynce.

8. /lokasath, 4T0 cpeam uUmMceN, NpeficTaBIgeMHX MHOTOWICHOM
agz® L a2 14 .. +a,, toe n >0, ay, ay, ..., ap—Inease xa, > 0,

nMeeTcA GecupciIeHHOE MHOKECTBO COCTABHBIX.
9, a. [lokasats, 4TO HEONpeRe/IEHHOMY yPaBHEHHIO

24yt=z% x>0,y-0, 2>0, (z 9, 2)=1 (1)

VIOBIETBOPAKT Té M TOJNBKO Te CHCTEMHL r, Y, 3, THAe OJHO M3 Yhces
« M Yy AMeer BUE 2uv, Zpyroe—Buj u®—v?, HAKOHEN, z HMEET BHJ
u? + v% npm atoM u > v > 0, (v, v)=1, wv-—uéTHoe.

b. [Monpsysace TeppeMol BOMpoca a, AOKAa3aTh HEPA3PeLIAMOCTH
B IeNbIX NOJOMKHTEJIBHHX Z, Y, 2 yPaBHeHUA zt + yt=32

10. /lokasaTs TeopeMy: eclli YpaBHeHme x"+a1x"_‘+ e
+ap=0, rpe n>0 | a;, ..., a,—HeNKe, VMeeT PAMEOHANBHEIA
KOpPeHb, TO 3TOT KOPeHb —IejI0e YHCJIO. ’
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i1, a. Ilycre S:%—{-—;——{- ...+—’1?; n > 1. HloxasaTs. 9TO S
He Hejioe.
1 1 1
b. Mycrs S_§+?+ .—(—m? n> 0. Jlokasars, 4to S—
He meJoe.

12. Ilyets n—1eqoe, n > 0. JlokasaThb, 94T0 Bce KOPPPUUNCHTH

pasiomenmss Oumova Heiorona (a4 b)* Gyxyr HedY8THEIME TOrja
il TONBKO TOrAA, KOTjA n uMeeT BUJ 2k—1.

Uncnennnie upamepsr K raase I

[, a. IIpunensda anropury DBranpa, nafrtu (6188, 4709).

b. Haitru (81719, 52003, 33 649, 30107).

2, a. Pa3iomnB B HeupephBHYIO IPOOH a:% H  cOCTABHE
rabanny nogxopsmux apobeir (d, § 4), mauTI: o) &, B) upexcra-
Bienne ¢ B opMe, yrasaHHO# B Bonpoce 4, b, cauram t=20.

5391
b. Pagiio;xuB B HEIPePHIBHYH [PoOb a=zgee W COCTABUD

Tabamny mopxopamux ppofeif, maifitu: o) &, §) mnpepcraBmeHme a
B Qopme, yrasammnoii B Bompoce 4, b, eauras <= 1000.

3. Cocrasuts pag apobeu ®apes (sompoc 4) or O jpo 4, wmewiIIO-
wag 1, co BHasenaTeqnAMH, HE NPEBOCXOAAIIBMU 8.

4. CocraBnTe TaONHENY OpPocTHX guncel, MeHbmux 100.

5, a. Haiitn KanoHUuecKoe pazmoxkenme aucya 82 798 848.

b. Haiitu ramommueckoe pasiomenne uucaa 81 057 226 635 000.



IJIABA BTOPATIL.

BAKHEUIINE OVYHKI N, BCTPEYAICIHIRECHA
B TEOPIII YHUCEJI.

§ 1. Oynruuu [x], {o].

a. Bamuyo pons B Teopum umcen urpaer ¢yuwnds [z];
OHa oOfIpefenscrcA JUISA LeeX BellleCTBEHHBIX & M HpencraB-
nsger coboro mambosbplnee mejoe, He NpeBOCXojAmee . Ira
(YHKIEA HA3BIBACTCA Yeaol 4acmbvlo om I.

IIpumeps.

T1=7; [2,6]=2 [—475]=—5.
MNuorga pacemarpusaerca rtawske QyHRuua {r) =z —[z].

Jra QpyHwmuA HasBBacTCA O pobiol wacmuio om X.
Iipumepsr.

(7)=0; 12,6)=-0,6; {—4,75)=0,25.
b. Yrobnl mowazaTh IONE3y BBeACHEBIX HaMH QyHKIMIA,
JOKaKeM TeopeMy:

Ilokazameaw, ¢ womopws Oannoe npocmoe p exodum ¢
npougeedenue n!, pasen '

n n n
[p}+[p2]+[p3]+”'
HeficTBuTeNBHO, THCIO COMHOKUTENEN HpousBepenusa nl,
KpaTHEIX p, Gyner [%J, M3 HUX KpaTHeIx p? Oyjer [1'%] ;

[

u3 TUX IOCJeNHHX KpaTHBIX p° Bymer [%] ur. g Cywm-

Ma YKA3aHHBIX 4uceJl M JacT MCKOMEII I[OKAa3aredh, TaK
KaK - KasK/IBIH  COMHOMHUTENb OpOoHM3BefeHAA nl, KpaTHBIH
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p™, HO He p™'!l cumraercA yKazaHHHIM IyTéM M pas, Kak
Kpatawii p, p%, pd, ..., Hawomem, p™.

ITpamep. Ilokasatemp, ¢ KOTOpPHIM uncA0 3 BXOOUT
B HpousBegenue 40!, Gyper cnepyrommi:

9+ [8] 4 [8] -0 110

§ 2. Cymapl, pacnpocTpanéHuble HA JEAUTEIM YHCAA.

a. Oco0eHHO BaAKyI0 POJIb B TEOPHH UHCE] HTPAIOT MYllb-
Tumnaratusasic pynsonm. Qynkunda 0 (a) HaspBaeTeA  MYab-
MURAMLKAMUGHONE, eCTN BBITIOJHEHB! CJIeJlyIollie yCIOBHIL:

1. Qynryua 6 (a) onpedesena 0an -6cex yeablxr NOAOHCU-

MEALHBL @ U He 00 pawacmes 6 Hyab xoms 6vl Rpu 00HOM
MaKkom o.

2. Jlag AwBuUE  ROAONCUINEALHVL  C3UUMIO  RPOCIBLL Gy
i Gy uMeeM .
0 (a,a,) = 0 (a,) 6 (a,).

llpumep. Herpymuo Bmmers, 4UTO MyIbTHIIHKATUB-
Hoit Oyper ¢Qyawnua 6(a) =a®, rme s—moloe BemecTBeH-
HOE, MAHA KOMILIEKCHOEe, YHCJIO. :

b. Us yKaSaHHLIX cpolicrs QyHunuu 0 (a), B uUacTHOCTH,
cnenyer, uro A (1)=1. ,I[ef'chBnTo:xLHo uyers 68(a,) me
paspo Hyuo, Torga O(a,)=0(1-a)=0(1)0(ay), 1. e.
6(1)=1. HKpome Toro, moidywaercs cjefymomee BAaKHO
cBoliero: ecam 6, (a) u 0,(e) — PyHRUHE MYIBTHIILKATUB

HRe, TO u 0 (a)_6 (a )62 (a) — rarske QYHKOHA MYyIBTH-
IVIIKATHBHAA. ,L[el/ICTBI/ITe.TIBHO HAXONIM

0, (1) = 0 (1), (1) =1.
Kpome roro, mpu (a;, a,) =1 saxogmm
0, (@102) = 01 (a145) 9, (018,) = 0, (a,) 0, (as) B (a1) 85 (a5) =
=0, (a,) 03 (a1) 01 (a5) 6, (22) = 0, (a1) 6, (a5)-
c. IHycmv 0(a) —myavmunankamusnas GYREyss w o =
‘= pPps’ ... pi¥ — Kkanonuueckoe pasaoscenue wucaa a. Toeda,

0603HANAR  CUMEOAOM Z CYMMY,  PACh POCIMPAHENHYIO HA
' d\a : '
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6ce Oequmesu d wucaa a, umeen

N0@) =(L+0(p) +6(H+ ... +8(p). ..
d\a
(LB F OB+ - 0 ()

(¢ caynae a=1 npasyrw wacmv cuumaem pasnoii 1).
Yrolel [0Ka3aTh B5TO  TOMIECTBO, PACKPOEM CROOKM
B mpaBoil uwacrm. Torma monyunM cyMMmy cjlaraeMelx BuIa

0 (p%)8(p2) ... 0 (pk) =0 (pPpbe ... pli);

31 Ay, \. ‘8 <az, ey U<ph\<’1

LIpYYEM HH ONHO TaKoe cjaraeMoe ue OGymer NPOUYLIEHO &
He mosTopHTcA Ooliee ofgHOoro pasa, a 9To (¢, § 6, ra. 1)
Kak pa3 Oyaer To, 4I0 CTOHT B JIEBOI dacT.

d. Ilpu 8(a)=a® To:mOecTBO € mpUMeT BuJ

D=l pi P+ )
d\a
(L piEplb L b S, (1)

B uacrmoctm, upm s=1 unesaa wacrp (1) mpexcraBur
cymmy Oeaumeneii S(a) dmesia @. Yiupomas UpaBylo dYacTh,
HOJy9uM

o141 g9+ 1 ’ g4+ 1
p -1 pr =1 ppkt—1
S (a) = : L,

p—1 p2—1 rr—1
Mpuwmep. (

S(720):S(24 .32, 5): 94+¥1__ | 32¢1__ | S1H1__ 4

21 " T31 T T5—1

= 2418.

" Ilpm s=0 neBasa wacts (1) upegcranur wucto deaume-
Jgeli ©(a) Umena @, U ML HOJY 4MM

t(a)=(a,+ 1) {ay+1) ... (a;,+1).
IIpuwmep.
T(720) = (4+ 1) (2+ 1) (1 4-1) = 30.
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§ 3. Oynrnua Mébuyca.

a. Qyuryus Mébuyca p(a) oupemenseTcA HJiA BCex
ueisx NONOKMTENBEEX ¢. OHa 2apgaéTed  paBeHCTBAMM:
p(a)=0, ecn:m @ pmenmrTcA Ha KBajpaT, OTIAHYHBIA OT eJ-
pansl; p(e)=(—1)% ecnm o He jenmrcA Ha KBAajmpaT, OT-
NWYHLIA 0T eMHHNEL, OpH 3T0M & 00o3HAUAET YHCII0 DPOCTHIX
nenuTesiell umcila @) B gacrtHocTw, npm 4 =1 cauraem & =0,

nosromy mpuuuMmaeM p (1)=1.

Mpumeps.
s()=1,  w@=—1 p(©9)=0,
p(@)=—1, p6)=1 p(l0)=1,
@)= —1 (D)= —1 p(th) = —

w(4) =0, 9(8):0, u(12)=0
b. ITyemy 0(a) — myasvmunaukamusras Gyrnryus u
a=pp* ... Pk
— EaHONUYECKOe paszaodcerue wucaa a. Toeda

Qe @0 (d) =1 =0(p)) (1 =0(pa)) ... (1 =0 (p))
d\a

(B cayvae a =1 npasyio wacmv cuumaem pasrot 1.)
leificrsurensHo, ¢yuruus p(a), OYeBHAHO, MYJIbTHIJIH-
warupnasg. llosToMy MynsrunauraTubBsoir Oyper m (QyHEKIUA
0(a)=p(a)b(a). Ilpumenas ¥ mociemHeid TONIAEGCTBO C,
7 mMesst B Bupy, uro 6, (p)= —0(p); 6 (p) -0 npu
s> 1, mpt m yGeumeA B COPaBeIIEBOCTI HALICHA TEOPEMbI.
¢. B wacrrOCTH, momarasa 0(e)=1, m3 b monyunm

3 { =0, ecsii a > 1,
ZP( ) =1, ecnu a=1.

d\a
.Honaraﬁ HC O(d):%l—, Loy unM
1 1 7’ |
g [ (D=2 (=) e
‘ =1, ecin a=1.

d\a
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d. Iycmv yeavis noaodrcurnessisim .

N =) ™ o™
G==10y3, Gg; «.+, Gp

omeewaiom M0Obe  BEULECINBEHHBlE WML KOMNACKCHbE [= fi,
for - +s fn. To20a, o6osnavan cumsonom S’ cymmy snauenuit f,

omeevawur snavenusm &, pagrnwm 1, u  cusgosom Sy
CyMmMY SHQuEHU [, OMeeuaWUT SHAWEHUAM &, KDAIMHBLM

d, Oydem umend
8" = D p(d)Sas

ede d npobezacm ¢ce yeavie ROAOMHCUMENbIBIE WACAA, Oeds-

wue xomv 00HO gnauenue 9.
JleficreuTeIbHO, BBUAY © HMeeM

§'=f Ep(d)+'f2 2" (d)y+ ... +fn2p(d)-
ANGY AN d\3n
Cofmpas me BMecTe uleHH ¢ ONHAM H TeM ke 3HAUYCHHCM
d w Bmmocs upm sToM p(d) 3a croOkm, B croOkax IIony-
9UM  CyMMy TeX W TOJNBRO TeX f, Yy KOTOPBIX COOTBeT-
¢TBYIOMME Wi § KpaTHH d, a »TO W ceTh Sy

§ 4. Oyarnua Jitaepa.

a. Qynryua Sisepa ¢(a) oupepeasercA IS BCeX Ie-
JBIX HOJIOKHTENBHBIX @ ¥ IpefcraBisger cofo0 YHCIO Yu-

ceq pana

0,1, ..., a—1 (1)
B3aMMHO IPOCTHIX C a.
Ilpumepm.
d()=1, o(h)=2
?(2)=1, ¢(5)=4
P(3)=2 ¢(6)=2
b. ITycmu

Q= pup ... pik )

~ Kanonuueckoe  pasaoxcerue wucaa a. T'ozda

v@=a(t—)(1~2) ... (1-5),  ©
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uaw marogce

¢(@)=(pp—p (P —py Y (B —pixTY) (4)

8 Hacmuocmu,
e(p*) = p>—p~Y, e(p=p-—1. ()

Heitcrsurensro, npmvennM Tteopemy d, § 3. llpm srom
yHeaa & W o9HCAA [ oIpemendM Tak: IycTs & Ipoberaer
ypesa pajga (1), KaKOgoMy sHA4YeHMI0O X TpPHBEAEM B COOT-
BeTCTBHE UHCI0 6 = (%, @) u gueao f=1.

Torma S’ ofparures B umeso  3Hadenmii & = (z, a),
pasaeix 1, T. e. B ¢(a). A §4 ofpaTurea B UmMCNO 3HAUE-
nmi &= (z, @), kparueix d. Ho (z, a) moxker GHITB Kpar-
neM d gamnp IOpH YenoBHE, 4GT0 d — JeidTesnb 4ACIa 4.
Ilpn Bamuumm me 5T0T0 yenaosmsa S; ofpaTures B 9HCNO

o a
3HAYeHMIT %, KpaTHHIX d, T. e. B i W mur monmyunm

p@)= @5,
a\a
OTKyJa BBHAY ¢, § 3 cneayer ¢opmyna (3), a u3 1o-

cnenueir BBuOy (2) cuepyer dgopmyna (4).
[Ipamepm.

1 1 1 )
¢ (60) = 60 (1—?) (1-%) (1 —+) =16;
¢ (81) = 81 —27 = 54;
c. Qynkyus ¢(a) ecmdv GYHKYUS MYLbMUNAUKAMUCHAR.
[eiticteurensro, npu (a;, @) =1 u3 b, odeBnguo, cregyer
¢ (a1, @) = ¢ (a1) 9 (az).-
Mprmep. ¢(405) =4 (81)9(5) =054 - 4=216.
d. M ¢(d) =a.

d\a
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B cmpasemmmBocti dToil PopMysnt yGenumed, npuMensis
TO}KIecTBO ¢, § 2, KoTopoe mpu 0 (a) = ¢{g) maér

De@=(+e@)+e(@)+... +e(3) ...
a\a
v (Mg (P 4 9 () + - e ()
Beuny (5) mpamas wacTh HEpENBIICTCA TaK:
(I (=1 +@F=p)+ -+ W=7
o (U (= D) (B =)+ (= p ),

9TO IOCJe NPHBEJeHNA B KaxIol -Goapmiol c¢robke momos-
O

HBIX UYJGHOB OKAMKETCS DPABHBIM p‘;'lp;f_" cpE=
Ilpomep. llomaras a =12, maxommm

eM+e2)+eB)Fe(d)+e(6)+e(12)=
el 12424244 =12.

Bonpocsr & raane I1.

1, a. IIycte B murepBane Q < x < R Pyuxmma f(x) menpeprBHa
¥ HeoTpHparejbHA. [l0Ka3aTk, 4TO CyMMa

D U@l

Q<a<R

BLIPA)KaeT UHMCIO0 MmedbX TO4eK (TOU4eK ¢ ICABIMI KOOP;IMHATAMMU)
nnockoii obnacta: Q < < R, 0 <y < /f(x).

b. Ilycte P m Q—TIOJOMHTEIBHBIC HEUETHHIE BRAHMAO IPOCTHLE.
Horazats, 49T10

3[40 3 [$]-5 05

O<x<% 0<Cy <§

¢. lyets r >0 1 T'—umeno mennix Touek olmactm a? +y2<Ir2,
Jokasars, 4T0

T=144[r]+8 2 [V rEZe]—4 [V’—Q-T .

0

V2
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d. Hlyers n >0 u T —uneno nedawx Ttouex obnacty z > 0,
y > 0, 2y << n. lokaszars, 4910

— Nl _1vae
r—2 3 [4]-var.
o<x<Vn
2. llyers n > 0, m—mnenoe, m > 1 u x ppoberaer nesjsle mONO0-

JRUTEJIbHEIC YHMCJIA, He JAeddAudecd HA m-10 CTeNeHb IEJOI0, HpeBo-
cxopsumero 1. /lorasars, uto

Sz

x
3. Hyers momoxuITesIbHBe o 0 3 TAKOBEI, UTO
[ax]; =1, 2, ...; [3y]; yv=1, 2,

ofpasyior, BMecTe B3fATHe, Bce UHCJA HATypajeHOro paga Ges
noBropenuit, [Jokasarh, 9TO 9TO HMEET MEGTO TOrjia M TOJIRKO TOIAR,
ROTAa a WPPanuoHaibHOe, HPIIéM

1 1
—F—=1.
a i3
4, a. Nyers t 221, t=[<] n 2, 23, ..., 2p=-uncna 1, 2, ..., t,
PAcHOIOMEHHEe B TAKOM NOPSIJKe, uT00H IHMCiIa )
07 {axl}i {axe}, ..., {O‘xt}: 1

myn He yOpBasg. dokasare Teopemy konpoca 4, b, ri. I, pacemarpu-
Basg PasHOCTH COCEAHHX ulcel IOcjeHero papa.

b. ycres X, Y, ..., Z—BemecTBenHble uAcTa, KaJKgoe U3 KOTO-
pux He Menbme 1; o, B, ..., {—pemecTBeHHEE. J[OKA3aTh, 4TO cyIle-
CTBYIOT Henasle &, ¥, ..., 3, He paBHEle OTHOBPeMeHHO HYJIIO, M MEjioe i,
VAORIETBOPAION{NE YCIOBAAM:

el X, |y|<7, ..., |2]=<Z,
1
(z, Y, ,..,Z)::fl, |a$+@y*i—+"{z—-u]<ﬁ

5. 1lyeTe o —BemgecTBeHHOE, c—1esoe, ¢ > 0. Jlorazath, 4910

1£-(2]-

6, a. Ilycre o, B, ..., A—Bemecreennnie, JloKasath, 4T0
[ B+ A > (ol [5] .+ [A)L
b. Hycts a, b, ..., |—neasle nogosuresasube, a +b+ ... 4+ 1l=n,
thMeHHH b, § 1, morasats, uTo
n!
albl ... 11

CCTL IIeJioe 4YHCJIo.
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7. Ilyers h—nmnenoe, h > 0, p—mpocToe u
. Pnl—i
B =

Mpeacrasnas k B dopMe h= ppmlty + Pm_1¥m-1+ ... + pié; + po. ThaE
um — HamboJsmee u,, He IipeBocxojdAmee A, ppl;,— BauOOABIIE:
KpaTHoe up,, He IpeBocxofAmee h, pm_;ilm_;— HauGolblmee KpaTHOC
Um-1, He TpeBocXofifmee 2 —pmlt;m, Pm-o¥m-_z— HauGOIbOIEE KpATHOC
Um_g, HE IPEBOCXOAAMIEe 2 — pmlim—pPm_1¥m-1 O T. A., NOKA3ATh,
9T0 4meAa @ ¢ YCIAOBHEM, YTO B KAHOHWYECKOe pa3jioiKenme a! wumeyo p
BXOJMUT ¢ MOKazaTeseM h, CYIMECTBYIOT TOIAAa M TONLKO TOTTA, KOTJAAQ
BCE Pm, Pm-1s ---» P1» Po MEHBIIE p, OPAYEM B ITOM CIIydae YKA3amH-

HHE & CYyTh BCe WHCIA BEAA ,
a=pmp™*t+ Pm-1P™ + ... +p1P*+pop + 2,
rge p’ wMmeer smawenms: 0, 1, ..., p—1.
8, a. llycts B munreppane Q<Cz<({R O¢yaxmna f(z) umeer

BTOPYIO HempepHIBHYIO IPOH3BOXHYIO. Ilomaras
- B »

1 :
p@=g—(z}, c@=)r()ds
]
noKasath, 9ro (Popmyna Cormma)
R

> f(z)=§ F@)dz+o(R)F(R)—p(Q) F(Q—3(R) f (R) -
Q<xZR Q
R
+9(Q ' (Q + g o (2) /() d.
. Q
b. Ilycre ycnoBae BOUPOCA A& BHIIGTHAETCA UPH CKONE YL OAHO

Gomemmx R, mpumudm S } /7 (z) | dz cxopmrea. [Jowasats, uTo
Q

> f@=

1Q<LZLR .
R <)

—C+ S 1@ de o (B) F(R—a(B) 1 (B)= | 2(@) 1* (3) 2,
!

rne C e sasmcnt ot R.
¢. Ecnn B nmpmanMaer Jumb IOJIOMATENLHBIG BHAYCHAA K OTHO
A4l ' .
aeHne %- OCTaéTCA OrpaHWYCHHHM CBepXy, To nmmeM . A=O0 (B



34 I, II. BAKHEANIAE OVHKOUA B TEOPHU YHCEJ

IIycrs n—-—ne.nbe, n > 1. JlokasaTs, 4TO
In(nl)=nlnn—n+0(nn).

9, a. Mycren > 2, 8 (2, 30)= Z In p, rge p mpoGeraer mpo-
2p<pLz
cruie umcaa, Ilycrs, manee, A (z)=6(z, 0) @ nprn = >0
((@)=0@)+0 (V) +0 (V) +...

Joxasats, 4TO

@ M () =4+ (5 )+ (F )+

B) ¢ (n) < 2n;
n n n n n
=nln2+0(Vn).
b. IIpm n > 2 goxasate, 41O
> l‘lpﬁ=1nn+0(1),
p=n

rae p npoferaeT HpOcTHIe WHCIA.

¢. Ilycts s—npomsBosibHOE TONOMUTENLHOE mOcTOogHHmOE. IJIcka-
BaTh, 910 B pPAJe HATYPajabHBIX 9HCEJ CyMecTBYeT GecamciIeHHoe MHO-
JKECTBO HAD Pn, Pns1 DPOCTHX YHMCET ¢ YCOBAEM

Pn+1 < Pn(l+s)
d. Iycrs n > 2. Jloxasats, 9T0

1 1
psn

rae p npoferaer mpocTeie yncia u C He 3aBHCHAT OT n.
e. Ilycts n > 2. [JorasaTts, uro

(Do)

. rae p upoberaer mpoctee uncna u C, He 3aBUCHT OT n.
10, a. Ilyers 6 (a)— pyarnna myasTHnaAKaTHBEAA. [[0KA3aTh, 4TO

6, (a)= z 0 (d)—rtarske QYEKIHEA MYJILTHNIBKATHBHAA.
d\e
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b. Mycts Pymxnma 0 (a) onpemeseHa ANA BCeX NEAKX . MOJOMKH-

TeJIbHHX a4 B QyHKRIUA zy(a)=2 6 (a) myavTADNRKATHBHAA. [OKa-

d\a
3aTh, 9T0 GYHKIEA 0 (¢) TAK:Ke MYJbTHMIMKATHBHAA.

11. Hycrs npu m > 0 <y, (a) oGosHAUAeT umeso pemIeHHHE Heompe-
HenéHHoro ypaBHeHUSA &y L3 - . . Tm=4a (Zy, &3, . . ., Ty HEBABACHMO APYT
OT sApyra mpoferaloy Hensle NONOKATENLHHE YHCIA); B YACTHOCTH,
04YeBHAHO, %, (a) =1, <3(a)=x(a). Joxasarts, uTO

a. vy (a)— QyHKOAA MYJILTAMIAKATHBHAA.

b. Ecam xaHOHHYeCKOe pasjoiKeHAe YHCTA a HMEeT BHJ

a=pips ... Pk, T0 tp(a)=mk,
c. Ecanm s nponanom,noe OOJIOMKATENILHOE NOCTOSAHHOE, TO

. T a
lim —'"('—)=O.
a0 a4
d. 2 Tm(a) BHpa)KAeT UHCJ0 pemeHHH HepaBeHCTBA

0<agn .
%y 2y ... Y LN B HeJHX HONOKATENBHRX Zy, L3, ..., Tm-
12. ITycts R (s) oGosHauaer BeliiecTBEHHYIO 4acTh 9HCIIA S.

[+ -]
IIpu R (s) > 1 nonaraem & (s) =2 71 . Iycte, m > 0, m—nenoe.
n=i
Morasates, 9To

-]

Geym= ) ),
n=1i

13,a. IIpm R(s) > 1 moxasarb, 4TO

=T

P

pl

’
rae p mpoberaer Bce IPOCTHe YHCIHA.
b. Jloxasate GecKOHegHOCTH 4YMCJIa TPOCTHX wgHCced, HCXOAA U3
TOro, 9TO rapMOHMYECKMH pAN—pacXOXAIIMACH.
¢. JloxasaTb OGecKOHeYHOCTh WHCHA NPOCTHX WHCON, MCXORA

n2
* W3 TOrO, 4TO & (2)=—6——qncno HPPanAOHAILHOS,

14. Ilyets A(a)=1np g a==p!, rae p—mpocroe m [—mesoe
gosoKuTeNbHOE; A (a)=0 AJA APYTHX NeJNX MOJIORHETEILEHX a.
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Iipu R (s) > 1 poxasats, 49TO

C"s)__ - A(n)
T2

15. Hycre R (s) > 1. Jlokasats, 4TO
\N_ 3 E0
II (1_;;?/“2 Tne
P n={

rpe p npoGeraer IPOCTHE YHACIHA.
16, a. Hyc1s n > 1. IIpumensas d, § 3, Iokasats, 4TO

1= p(d)[%—] .

0<d<n

b. Iycts M (3, 25)= 2 #(a); M (z)=M (z, 0).

<asz
Horasarts, 9T0

o) M (n)+M <%>+M<%>+...=1, n>1.

n n n’ n n - )
B M(n,7>+M<—3—, Z—>+M<€, €>+..._ 1, n> 2.
¢. lIycts n > 1, I—mesoe, 1 > 1, T} ,—49UCIO NEIHX Z € YoIIo-

sueM 0 < x<In, He fejamuxcsa HA [-10 CTeNeHbL KEJIOro, NPEeBOCXO-
aaigero 1. Ipumenaa d, § 3, morasars, 4To

Tl,n=§ ¢ (d) [—27] .
d=1

17, a. Ilyctp a—menoe, a >0, W ANA OeARX %, &3, ..., In
OJHO3HAUHO oupejeseHa Qyrnua f(z). [Jorasats, uTO
§'= D p (@) Sq,
d\a

rge S’ obosEawaer cyMMy B3HaueHmii f (z), PacIpOCTPAHEHHYIO
~ Ha 3HAYEHAA Z, B3AUMHO DPOCTHE C @, W S;—CYyMMY BHaueHnH f(x).
pacopocTpaHEHHY HA B3HaweHWs x, KPaTHEE d.

b. ITyete & > 1 m 8ajaHE cHCTEMH

, 4 . ” ” ”, . ;'n
Tl Ty e oy TEs Xy Tay ooy TLi oo o) x(lﬂ)_, xgn) Y ey zgc ),
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KasKfad M3 KOTODHIX COCTOMT M3 NEJKX YHCeX, He pABHHX OfHO-
BpemeHHO Hymo. IlycTp masiee JyIA 3THX CHCTEM ORHO3HAYHO OMpe-
nenena ¢ynxuous f(z;, zg, ..., ). JoOKazarb, 9TO

§'= # (@S

rge S’ ofosmawaer cymwmy sHayeHmA f(r,, %3, ..., Zy), PaCIpo-
CTPaHEHHYI0 HA CHCTEMH B3aWMHO NPOCTHX dmcend, n &y obosmauaer
cyMMmy sHauenui f(z;, 3, ..., 1), PACIPOCTPAHEHHYI HA CHCTEMHEI
quces, OfHOBpeMeHHO KpatHHX . Ilpd arom d mnpoberaer mneiane
HOJIOKUTENbHEIE qHCaa.

¢. Ilycts a—memoe, @ >0, n paa penaTeliel ¢ 4Mclia ¢ QTHO-
sHa4ro oupejesnena Qymxaua F (8). ITonaraa

HOEDWACH
d\?3

J0KA3aTh, WIO (3aKOH OOPALICHUA 4UCIOBHX (yHKIMI)

F@=3 @ G(%). '

d\a
d. TlycTs HeNBIM HOJMOKHUTEIBHBIM
' 81, 82, ..., On
orBeyaloT mMoOHeE BellleCTBeHHHE, WM KOMIUIEKCHHE, He paBHHe
HYJIO:
fl: f27 LS| fn-

Jlokasartp, 4TO
. Pl= H P:il (d)’

rge P’ ofo3magaeT npoussefileHne BHAYCHWH F, OTBeUAlONINX 3HAYe-
EnaM O, “pasubiM 1, P, ofosHauaeT npomsBeleHHe 3HAdYeHWH f,
OTBENAIOIIMX 3HAUECHMAM ©, KpaTHhM d, mpnuém d mpoleraer Bce
neJike TMOJOKHTENbHBIE Ydcsia, gensmne Xotd OH OxHO ¢,

18.. Iycrs ae—pmemoe, a > 1, op(@)=1"+2"+ ... 40",
Ym (@) —cyMMa m-X crenesell umces pama 1, 2, ..., a, B3aUMHEO OpPO-
CTHX C @} Pyy P2y +++; Pr—BCe HPOCTHE JIJNTENH 9HCIA 4.

a. Ilpumenasa teopemy Bompoca 17, a, nokasarb, d9TO

n@= @ (%)
) d\a ) .
b. JloxasaTs, uto

i @)=59.). .
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¢. Jorxasars, aro
al
w@=(F+

19. Ilycrs 2 > 4, a—nesoe, a-> 0, T, —9Huci0 YACET Z C ycJo-
puaMn 0<x<Cz, (x, a)=1, s—IpoHM3BOJBHOE NOJOMATENbHOE

WOCTOAHHOS
a. JlokasaTs, 4TO
¥4
r.=Jra@[ 5]
d\a

- 1)k
(g)pmpnm>?@)

b. Jlokasare, uro
T,=-¢(a) +0(a").

e. IIyers z > 1, 7 (2)—9MC0 IPOCTHIX YMCEN, HE NPEBOCXOJAMNIX 3,

a —TpoM3BefieHNe MPOCTHX wuucel, ue mpesocxomammx ) z. Jloka-
3aTh, 9TO

n (@)= (V5—1+ ) u(d) [%] .
d\a
20. NMycrs R(s) > 1, a—mnenoe, a > 0. Jokasarb, 970

Se=t@ [1(-77). |

Ifle B 7eBOA uacTH n mpoGeraeT Nesue NOJNOMHUTENLHEE uHcia,
B3aMMHO OPOCTHE ¢ ¢, 4 B OPaBOi wacThm p npoferaer Bce IPOCTHE
HeNHTENN YHCIA 4.

21, a. Bepoatmocte P Toro, 4T0 Kk HEJHX DOJIOKATEIBHEIX
qnucen x;, %3, ..., x OYAYT B3AUMHO NUPOCTHIMH, ONPENEAM KAK
npegex npum NN - co BepoaTHOeTH Py TOro, uro OyayT B3amMHO
TPOCTHIMY J¢ QHCeT %y, X3, ... , L}, KAKEOMY M3 KOTOPHIX HE3aBHCHMO
OT OCTAJILHEIX NPUCBOEHO OfHO H3 3Hagenmud 1, 2, ..., N, upmuam-
MaeMHIX 3a paBHOBO3MOKHEI®. Ilpumeusin Teopemy Bompoca 17, b,
Joxrasats, uro P =(§ (k).

X
b. Onpepensas BepoATHOCTL P HECOKPaTEMOCTH JpobH v anano-
rAYHO TOMY, KaK B BOOpOCeé a npu k==2, J0Ka3aTh, 4TO
6

P=-n—z.

- 22, a. MIyers r> 2 u T'=—49uca0 medanx TOUEK (Z, ¥) ¢ B3aNMHO
NPOCTHIMHE KOOpAMHATaMH, Jjekamux B obuactm 22+ y*<{r?. [loka-
3aTh, 9TO

T=21+0 (100,
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& b lycrs r > 2 1 T—uncqo mekx touer (z, y, z) ¢ BSAAMHO
NPOCTHIMHM KOODAMHATAMH, JesKamnx B obaact z*+ ¥+ 22 L rt.

Iokasats, 9T0

4m
T= ENE) + 0 (r?).

23, a. Ilepsywo TeopeMy ¢, § 3 mOKasaTh, cUHTAA JeIATETH
uECaA @, He JeNiAIMMecs HA KBAajpaT UeJoro, Npesocxopamero i,
u umerowime 1, 2, ... NPOCTHX meuTesel.

b. Ilycte a—muence, a >1, d npo6eraer NeJNTeNd YHCHA a,
mMefornue He Gostee 9eM m NpPOCTHIX JejHieNeil” J0Kas3aTh, 9TO IpU
m 4ETHOM 2, p(d) >0, a npr m HewéTAOM 2 p(d) <0.

c. IIpn ycaoBmax ’reopeMH d, § 3, cumraa Bce f HEOTpHUNATENb-
HHMIT ¥ 3acTaBjsia d npoberatr JWmbL Yucja, WMMepmue He Oonee
9eM m OPOCTHX JieNuTeNied, HOKa3aTh, ITO

S A p)Sy, > D p(d)Ss

B 3aBHCHMOCTH OT TOTO, OymeT nm m uw8THOE WJIH HEwéTHOE.

d. Takue e, Kak B BOmpoce ¢, HEPaBeHCTBA JOKasaTh Ipa
yeaosuax ponpoca 17, a, cumras Bce 3HaveHus f(x) HeOTpHIATENb-
HHIMH, & TaKke npm ycaosmax 17, b, camras Bce 3HAUeHHA
f(xy, 3, ..., T}) HEOTPNIATEIBLHHMH,

1
24. Mycts s—umoGoe nocrosHuaoe ¢ yenopmaME O <s < T

N>2,r=1N,0<¢<N"% 0<l<q (g, D=1, = (N, ¢, )—
9UCIO MPOCTHX 4ncell ¢ ycaosuamu: p < N, p=gqt -1, rie t — nenoe.
Jlorasats, 49TO

N (gr)*

w(N, g, D=0(2; A="1

Hna porasartenncTBa, ToJaras h=r1“, TpOCTHIE dHCIA € YKa-

SaHHEIME YCJIOBHAMY ClefyeT pacCMATPMBAThL KaK “AacTHHE cayvai
BCEX UMces] C 3THMH YCIOBHAMM B3aNMHO NPOCTHX ¢ @, TAe a—Ipo-
MsBeJlenne BCEX NPOCTHX, HE NPeBOCXOAANMX e m He JesAIwX g.
‘Grexyer npmMmeHuTs TeopeMy Bonpoca 23, d (ycaosusa Bompoca 17, a)
¢ YKa3aHHBM ¢ ¥ m=2{21Inr +1].

25. Mycrp k—ubrHoe, k > 0, KAHOHAYECKOE DPABJIOKEHHe 9YHCTA @
uMeeT BHJ a==p,p, ... py B d npoberaer HeJHTeNW YHCIA G C YCIO-

sueM 0 < d < V a. Jorasate, a0

D w(@)=0.

d
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26. Tycts k—memoe, k > 0, d mpoGeraer wmcia ¢ yenosdeM d > 0,
¢ (d)=k. JlorasaTs, 9TO
D e(@=0.

d
27. Honpsysach BHpamKeHHeM NJIA ¢ (@), AOKABaTH OeCKOHEYHOCTH
MHCTA OPOCTHIX YHCEJ. ;
28, a. Teopemy d, § 4 nOKa3aTh, YCTAHOBMB, UTO UHWCJIO YHCEJI
paga 1, 2, ..., a, AMEIOINAX ¢ @ OfMH M TOT e o6mui Hau6Goinmui

- a
;ileNuTeNs 6, pPABHO ‘¢ (—6—> _

b. BuipecTr pnipaskenme A ¢ (a):
@) nonesysace Teopemol sompoca 10, b;
8) moneaysch Teopemoir sompoca 17, c¢.
29. Ilycrs R (s) > 2. Jloxasats, a0

i o(n) _ (s—1)
=1 o <) .

30. IIycte n—nenoe, n > 2. [lokasaTs, 9TO _

Z ® (m)=% n?4 0 (n1nn).

m=1

Yucaennarie npaMeps! K raase IT.

1, a. Haiitm moxasaTesp, ¢ KOTOPHIM 5 BXOAAT B KaHOHHIECHOE
pasjoxenne 5258! (cm. Bompoc 5).

b. HafiTn Kamommuecwoe pasnojkenme gmena 125!

2, a. Haitrm < (5600) m S (5600).

b. Hafite < (116 424) m .S (116 424). -

3. Coctapmrs Tabnumy sHaveHnid Qyaxomm p(e) OIS Beex
a=1,2,..., 100.

4. Haiitu a) ¢ (5040), B) ¢ (1294 700).
, 5. CorraBuTs. Tabauny BsHaweHnd QymKOUm ¢ (a) AJA  Beex
a=1, 2,..., 50, momeayacs TombK0o (Qopmymnoir (5), § 4 ® Teo-
pemoit ¢, § 4.



TJIABA TPETbHA.
CPABHEHN A.

§ 1. OcuoBuble noHATHA.

a. Ms1 GymeM paccMaTpuBaTL —Imenble uMCAA B CBA3M
¢ OCTaTKAMHA OT JelICHAA HX HA JAHHOE IIeJIoe HOJIOKHTeIh-
HOe M, KOTOpoe HasoBéM wmody.es.

Hapmomy mesoMy 9YHCOy OTBEUAeT OIPENENEHHHI O0CTa-
TOK oOT genenmss ero Ha m (¢, § i, rn. I); ecnm #EByM
menslM @ u b oTBeuaeT ONMH M TOT e OCTATOK 7, TO OHH
HA3BIBAIOTCA PAGHOOCTMAIMOYHEIMY TI0 MORYJII0 M WM CDASHU-
MELMU TIO MOLYJIO M.

b. CpaBuaMocTs 4Wmcex a m b mo MOAYyNI M 3amACH-
BaeTcfl TaK:

a==b (mod m),

YTO 9HTAETCHA: @& CPABHAMO ¢ b O MOXynio m.

c. Cpasnumocms wucen a u b no modyaw m pasHocusvHa:

1. Boswmoscrocmu npedcmasumv a 6 gopme a =b+ mt,
20e t—rya2noe.

2. Heaumocmu a—b na m.

HeiicrBrTensno, w3 a=b (modm) cnegyer

a=mq+r, b=mq+r;, 0<Lr<m,
OTKyRa
a—b=m(g—q,), a=b+mt, t=qg—gq,.-
O6parno, m3 a = b+ mt, mpencrasnas b B $opme
b=mg,+r, 0Lr<m,

- BHIBOANM
3 La=mq+r Gz gt
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T. e.
a==b (mod m).
Ilosromy BepEHO yTBeprpenme 1.
W3 1 memocpemcTBenHO ciemyeT yTBep:KaeHme 2,

§ 2. CpoiicTBa cpaBHennii, nogoGubie cpoiicTBam
paBeHeTB,

a. [ea wucaa, cpasnumble ¢ MpemvuM, CPACHUMB MeHCOY
co6orw.

Cnenyer u3 a, § 1.

b. Cpagnenun momcro nousenno crxaadvigams.

HellcTBUTEIBHO, TYyCTH

a,=b, (modm), ay=b,(modm), ..., a,=b;(medm). (1)
Torma (1, ¢, § 1)

a,=by+mty, ay=>by+miy, ..., ap=>b,+miy, (2)
OTKyja
Gtast ..ot a=b+ by ... +btm+ts+ ...+ t)s
mm (1, ¢, § 1)

a;t+as+ ... +ap=>b+b,+ ...+ b, (modm).

Caazaemoe, cmoawjee ¢ Kakoil-anbo 4acmu CpPASHEHUA,
MOJMCHO nepeHocumsd 6 Opyeyio H4acmy, nepemenus 8HAK HA

06 pamuulii.
JelicTBETENBHO, CKIAALBafg cpaBHenme a + b==c(modm)
¢ OYeBHMIIHHIM CcpaBHeHHeM — b=:—b(modm), mnonyunm

a=c— b(modm).
K raswcdoii wacmu cpasnenus moxmcrno npubasumd (wau
omrams om Hee) aloboe wUCA0, EPAmHoe mMOOYAd.
[leficTBUTENIBHO, cKmapbBagd cpaBaeHme &= b (mod m)
¢ oueBHAHHIM  cpaBHeHWeM mk=:0(modm), - monyumm
a + mk=b (mod m).
c. CpasHenus MOMCHO NOUAEHHO NePeMHOMCATN.
JeiicTBATENFHO, paccMOTPEM CHOBa cpaBHeHma (1) -m BH-
TeKajomme W3 HEX paBeHcTBa (2). IlepemHOMafd HOYJIGHHO
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paBeHCTBa (2), moIyd M
183 ... 8,=bby ... 0, +mN,
rpe N — nenoe. Cnemosarensuo (1, ¢, § 1),
ayay ... a=bb, ... b, (mod m).

O6e wacmu CPAGHEHUL MOMCHO 603BbLICUML & O0HY U MY dsce
cmenens.
910 cregyerT U3 TPEIBILYIIET0 YTBEDKICHMA.
O6e wacmu CDAGHEHUA MOMNCHO YMHOMCUMbL Ha O0OHO
u mo e yedoe. '
HeficTBuTenpHo, NEPeMHOKHB cpaBHeHHe a=b (mod m)
¢ OYCBHINHHEM CDaBHEHHEM ==k (mod m), L0y IuM
ak = bk (mod m).
d. Cpoitctea b m ¢ (closkeHHe W YMHOMKeHHe CpaBHe-
Huit) 0600WanTca ciegyomel TeopeMoi.
. Ecau 6 ewpascenuu yeaoli payuonanvroii gynkyun ¢ ye-

avm kosguyuenmanmi S = ) Aoy, ..., a0, Zi' ... 2yk samenum

Ao, yapr Ty ovey Ty wuCAGME Ba, aps Y1y oo Yy CPas-
HUMBLMIL C 1L DEXHCHUMU 1O MOOYAI0 M, MO HOGoe GBLPpadMCEHUe
S 6ydem cpasnumo ¢ npedgscrum no modyaw m. .
HeficTButensno, us
Aoy.r0,=Ba . a, (modm),
=y, (modm), ..., x =y, (modm)
paxopuM (o) '
zit=yi (modm), ..., xpk=yzk (modm),
Aoy, 0,50 o Tk T—_‘—Bal’ ey Y31 oo Yix (mod m).

OTKY[a, CYMMHApYH, LOJyYAM

EA.,P o T X = EBGP o Y31 Yok (mod m).
Ecan

a=b(modm), a;=>b,(modm), ..., a,==b,(modm),

z =z, (mod m),
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mo
ar +a; "+ L+ ap=bat + b1 4 ... + b, (mod m).

IdTO yTBep:KIeHHe ABJACTCA 9ACTHHM CAy9aeM Ipefhl-
AYILIETO.

e. Obe wacmu cpaswenus MOMCHO pa3deaumd Ha - UT
obwuil Oeaumens, ecau nocaednuilt 63auMHO npocm ¢ mody-
aeM.

HeiicrBrrenbro, m3 a=b(modm), a=ad, b=25bd,
(d, m)=1 cuenyer, aro pasHocrs a—b, pasrasa (a;—b,)d,
menmrea ua m. Ilosromy (2, f, § 2, ra. I) a;-—b; pmenmrca
Ha m, T. e. a;==0b, (modm).

§ 3. Janpueiimmue cpoiicTBa cpaBHeHnii.

a. O6e wacmu cpasnenus w MOOYLb MONCHO YMHONCUMD
Ha 00HO U Mo Jice yeaoe.
Heitcrsrrensao, u3 a==b(mod m) ciremyer

a=b+mt, ak=>bk-+mkt

H, clegoBaTensHo, ak= bk (modmk).

b. O6e wacmu cpasnenus w modyav Mmodcho pasdesums
Ha 460l ux obwuili Oesumend.

HeiicTBRTeNBEHO, TyCTh

a=b(modm), a=ad, b=>b,d, m=md.
Mmeem
a=b+mt, e, d=bd+mydt, a,=>b,+myt

u, Clefl0BaTeIBHO, a== b, (mod m,).

c. Ecau cpasnenue a=~b umeem Mecmo no HeCKOABEUM
MOOYAAM, MO OHO UMEem Mecmo u no MoOyalo, pasHOMY
o6uieMy - HAUMEHBWEMY EPAMHOMY IMUX MOOYAe.

B camoM pmene, m3 a=b(modm,), a=:b(modm,), ...
..., a=b (mod m;) cnegyer, uro pasmHOCTH @ — b IenuTest
Ha BCe MORYIH My, Mg, ..., m;. Ilostomy (e, § 3, ra. I)
oHa MOKHA NENMUTHCA W Ha obmee HamMeHbIIee KpaTHOoe m
oTHX Mopynedt, T. e. a==b(mod m).



§ &. TOJIHAA CHCTEMA BHIYETOB 45

" d. Ecau cpasnenue umeem mecmo no modyaio m, mo oHo
umeem mecmo u no modyaio d, pasromy awbomy Odeaumenio
wucaa m.

B camom gpene, m3 a==b(modm) crmexgyer, uro pasz-
HOoCTh @ — b momkma penmrthess Ha m; mostomy (1, b, § 1,
ra. I) oma pmomwkea fJenmThca M Ha JI00oit JesnuTens d
agena m, T. e. a==b(modd).

e. Ecau odna wacmv cpagnenus u - modyav Oeasmcea na
Karoe-aubo uucto, mo u Opyeas wacmdv Ccpasuenns 00adCHA
deaumuca HAQ MO dce 4UCAO.

Heticrerrensuo, m3 a= b(modm) cuemyer a= b mt,
ecniu ¢ u m xparse d, to(2, b, § 1, r. I) m b pomwxuo
OuiTe KpaTomM d, 9TO ¥ YTBEPIKNAIOCH.

f. Ecau a==b(modm), mo (a, m)=(b, m).

Heiicreurensuo, BBEny 2, b, § 2, ra. I aro pasencrso
HEIOCPEJICTBEHHO ciiefyeT H3 a = b+ mt.

§ 4. MMonnasa cucreMa BBIYETOB.

a. Ymena paBmoocraTowHEle, HITH, 9TO TO jKe CaMoe, cpas-
HEMBIE 110 MOAYTI0 M, 00pasyloT KAdcC wuces no MoOyawo m.

Us Taroro onpegemenms ciIeflyeT, dUTo BCeM HUHCIAM
KJIacca OTBEYaeT OAWH K TOT JKE OCTATOK r, H MH IOJY-
4nM Bce 4WHCJa Kiacca, ecar B gopMe mg +r 3acTaBAM ¢
npoberaTs Bce Iejble THCAA.

CoOTBeTCTBEHHO M PA3MYHHM 3HAUCHHSM 7 HMEOM m
KJQCCOB 9HCeJI IO MOIYII0 m.

b. Jlioboe umeno Kmacca HA3BEIBAGTCH GbluemoM N0 MO-
Jya0 m 1O OTHOHMEHWIO KO BCEM YHCIAM TOTO JKe KJacca.
Briwer, nonywaemsiil npm ¢ =0, paBHHI caMoMy OCTATKY r,
HA3LIBACTCA HAUMEHBUUM HEOM DU AINEAbHULM  GbIYEINOM.

Briuer p, cametid Manblil o abcodoTHOW Bejandmpe, HasH-
BAETCA AGCOAIMHO HAUMEHBUMLAM BbLUEIMOM.

OueBnpgao nmpm 7 < '% HMeeM p=r; HpAT > % nMeeM

. m
p=r-—m; HAKOHeL, eclIdH m YCTHO® W 7= -4, TO 3a p
m Em m= m
2 2 - 2

Bsap or KammoOTO KiIacca MO OTHOMY BHIYETY, MOIYdAM
noary cucmemy eviuemos no modyao m. Yame Bcero B

MOJKHO IPHHATSH: 110606 U3 JBYX 9HCEI
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KadYecTBe MOJIHOH CHCTeMH BHYETOB YHOTPeONAKT HauMeHB-
mue HeoTpmmarenbHEe BeUeTe 0, 1, ..., m — 1 mam TtarKe
abconoTHO HaMMEHBUIHE BHYETH, MOCHEeAHHe, KaK 3TO Cie-
AyeT M3 BHINEH3NOKEHHOr0, B Clly9ae HEYETHOTO m mpef-
CTABIAOTCA PAIOM

=10, .,

a B ciydae 4Y8THOTO m KakuM-1u0O U3 ABYX PAJOB

m m
—‘"2"1‘1, . e ey “‘_1,0,1, ...,?,

m m
—-7, RN ‘—‘1,0,1, ,7——1

c. /Iw6vie m wuces, nonapHo HecpagHumsle no mModyaw m,
06 pasyiom nOAHY0 CUCTREMY GLIYEMO8 NO ITOMY MODYaI.

HeiicrBurensno, Oymyunm HeCpaBHHMEI, B5TH 9HCJA TeM
caMbM HOPHHANIE/KAT K PA3NHNYHBIM KjaccaM, a TaK KaK
AX M, T. ©. CTOJABKO Ke, CKOIBKO M KJACCOB, TO B KajKNBI
KJIacC HABEPHO MOMAfET HO OXBOMY YHCIY.

d. Ecau (a,m)=1 u x npobecaem noanymwo cucmemy
ewuenoe no modyao m, mo ar-+b, ede b— .wwboe yeaoe,
moxce npobezaem RNOAKYIO CUCTIEMY 6BIMEMO8 NO MOOYAH M.

HeiicrBaTensno, gucesn ax + b 6yaer CTONBKO jKe, CKOIBKO
n gucesr £, T. e. m. CorjacHoO ¢ OCTAETCH, ClEeJOBATENHHO,
TOJIBKO TIOKa3aTh, uTO Jjio0nle ABa wncia ax,+ b m ar, + b,
OTBeYanImue HecpaBHanM Z, B %y, OynyT caMm HecpaBHAMEI
0o MORyJ IO M.

Ho ponyctus, uro ax, 4+ b=az,+ b(mod m), M mpm-
AéM K CpPaBHEHHIO ax,==aZ,(mod m), OTKyHa, BCJIENCTBUe
(a, m) =1, poayuum z,=2,(modm), dUro TPOTHBOPEUNT
OPefToIOKEHHI0 0 HEeCPABHEMOCTH UHCEN Z; O Z,.

§ 5. IIpmBenénnas cucreMa BBIYETOB.

a. Coraacuo f, § 3 amena opmoro m Toro e Kiacca
‘m0 MOAYJIC M HMEOT C MONyJeM OAMH H TOT ke Oobmmil
pambonemmit  RenuTens. OcoGeHHO BaMKHEL  KAACCH, A
KOTOPHIX 2TOT  [e/lETeNb paBeH eJWHWLE, T. €. KJacCH.
coflepRamue 9Acjla, B3aHMHO [pPOCTHE ¢ MOIYJeM.



§ 6, TEOPEMEI DUJIEPA M ®EPMA &

BssB OT KaskKJOro TAaKOToO KJjacca IO OJHOMY BEIYETY,
HONydYEM nRpueedénnylo cucmemy ewiemos no modyao m.
IlpaBenéHuyl0 cHCTeMy BHEIYETOB, CJeJOBAaTelIbHO, MOKHO
COCTABHTh M3 YHMCeJ LOJHOH CHCTEMH, B3aHMHO HPOCTHIX
¢ wopyneM. OGHKHOBeHHO IPHBCASHHYIO CHCTEMY BHYETOB
BHIEAIOT U3 CHCTeMH HAMMEHBINAX  HEOTPHIATEIHLHEIX
peraeroB: 0, 1, ..., m—1. Tak xKak cpefim 5TEX vHucesy 9YUCIO
B3aUMHO TPOCTHX ¢ M ecTh ¢(m), TO UMCIO 9HCeJ MpHBe-
JNGHHOH CHCTeMBI, PaBHO KAaK ¥ YHCIO KJACCOB, COIEPKaNIHX
9pcia, B3aMMHO IPOCTHeE ¢ MOfyJeMm, ectb ¢ (m).

Mpuwmep. HpnneneHHaﬂ CHCTEMA BHYETOB IO MOAY-
mo 42 Gyner

1, EQ 11, 13, 17, 19, 23, 25, 29, 31, 37, 41.

b. Jwbue ¢(m) uucer, nonapro wuecpasHumvie no Mo-
Oyaio m u e3aumHo npocmele ¢ Modyaem, o6pasyiom npu-
BeDENHYIO cucmeMy 6BIUEMOo8 No MOOYAIO M.

Hefictourensno, Oyiy4n HeCpPaBHAMEIME H B3aEMHO IpO-
CTHIMH ¢ MOJyJdeM, 9TH 4HCIA TeM CAMEM IPAHANIEKAT
K Pa3jigHEIM KJI4accaM, COAepKAIlEM 4UHCJa, B3aMMHO IPO-
CTHIe C MOjyJleM, a TaK KaK BX ¢(m), T. e. CTOIBKO ke,
CKOJBKO H KJIACCOB YKa3aHHOIO BHAA, TO B KA;KABH KJIACC
HABepHO HOUaméT M0 ONHOMY HHCIY.

¢. Ecau (a, m)=1 u x npobezaem npueedénryio cucmeny -
evuemos no mo0yai0 m, mo ax modce npobezaem npugeder-
HYI0 cucmenmy ebluemos no modyaio m.

HelicrBaTensHo, 4ncesl az GyZeT CTOJBKO 3Ke, CKOJBKO
m uncen z, T. e. ¢(m). Coraacuo b ocraércs, caenopa-
TeJIPHO, TOJBKO DOKA3aTh, YTO YHCIA G TO MOEYII M
HecpaBHEMEL W B3aUMHO HpocTel ¢ Moxydem. Ho mepsoe
norazano B d, § 4 mia wncen Gomee ofmero Bupa ar + b,
BTOpOE e caenyer u3 (¢, m)=1, (z, m)=1.

" § 6. Teopemnt Jiinepa m Mepma,
a. IIpu m>1 u (a, m) =1 umeen (meopema iisepa):
a¥(M==1 (mod m).

HeiicTBurensHo, ecam x mnpoGeraer NpPHBeAEHAYIO CR-
CTeMy BHIYETOB
' E=T1, Ty oo, Te; C=¢(m),
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COCTaBJICHHYI0 M3 HAaWMeHBOIAX HEOTPHIATeIbHHIX BEIUETOB,

TO HAaHMEHBIINE HEOTPHOATEJbHHIe BBIYETHL [y, pg, +-- 5 [¢

ancenx ax OymyT mTpoberarts Ty ke CHCTeMy, HO pacmoJio-

JKeHHy!0, Boobme roBops, B mHOM mopsaake (¢, § 9)
IlepeMuosxasa HOWIEHHO CpPABHEHHA

ary=:p,(mod m), arg==py(modm), ..., ar,==p (modm);
HOIyIraM

ATy oo T EEPrpy - - - pe (mod m),
OTKYHa, JAeid obe vYacTH HA LPOWBBENEHHE 7'y ... I'c=
= pPiPg e+ P, DOIIYYHM

~a’=1(mod m).

b. Ipu p npocmom u a, He Deaswemcs Ha p, uMeeM
(meopema Depma):
aP1==1 (mod p). (1)

dra TeopeMa ABIAETCA CIGICTBEEM TeOpeMHl a IpH m = p.
Tlocmenneil Teopeme Mo:kHO HpHAATH Gojee yoo6HYH (opmy.
Nmenno, ymmoskaa obe uwacrm cpaBHeHmA (1) ma a, mony-
9AM CPaBHEHUOE ,

aP =a(mod p),

cIpaBeyIABOe Y:ke IPH BCeX IEeNHX @, Tak KaK OHO BEPHO
o npu @, KpPaTHOM p.

Bonpocs k raase III.

1, a. IpejpcraBasga neiroe wACIO B OGHYHOH RECATHYHOH CHCTEME
HCUMCJICHHsA, BEIBECFH NMPH3HAKMA mejmmoctd HA 3, 9, 11.

b. Ilpeacrasisiga menoe 9uWCIIO B CHCTEME HCYMCAEHHUA ¢ OCHOBA-
guneM 100, BniBecTm mpmssak penmmoct: Ha 101. )

c. llpeacraBnaa mejoe uncjio B cHCTEMe MCYMCIEHHS ¢ OCHOBA-
guem 1000, BEIBecTM NpwsHarm fgenmmoctn ma 37, 7, 11, 13.

2, a. Ilyers m > 0, (e, m)=1, b—nenoe, = npoGeraer MOJIEYI0, -
a §—NpHBEISHHYI0 CHCTEMY BRIYETOB DO MOAYII0 m. JlOKasaTs, 4TO

0 B {E ) =g m—,

x

B N =Frm. :
: |
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‘b. Iyete m >0, (a, m)=1, b, N, t—nenwe, t>0,

f(x)=~‘az:;b , F(N)>0, f(N+mt)>0. Jorasats, 4ro Aaf Tpa-

NenyH, OrpaRAYeHnod npamumm z=N, x=N 4+ mt, y=0, y=Ff(z),
AMeeM

S§=3, )]

rge §—maowams, Tpafemud, a CyMMa, CTOAMAA COpaBa, pacIpo-
CTPaHeHA HA BCe NeJIkle TOUKHW Tpamnenuwd, npmieM d&=1 [JA BHYT-

1
PeHHHX TOYEK, 6‘:—4— IJIS  BepImH, 6=?—mm OCTAJILHEIX TOYek
KOHTYpA.

1
¢. Canmrasg, B oramame ot Bompoca b, 6=€ I BepHmMH,

$opmyny (1) ROKA3aTh NIA TPEYIrOJLHEKA C IIEJIRMH BePIIMHAMH.
3, a. Ilyersb m > 0, (a,m)=1, k>0, ¢c—Bemecrsennoe,

m 1

m~1 '
+ ¢ () )
s=3 {a_x__i

x=0

rae ¢ (z) oI paccMATPUBAEMBIX BHAYCHAN 2z NPAHAMACT BHANCHNAM
¢ yeaopueM ¢ < Y (z) < ¢+ h. Jlorasarn, uro

1 1

h. Iycrs M —mnence, m > 0, (a, m)=1, A u B —nemecTBeHrkce,

M+ m—t

a A
<A:;:+;ﬁ,ls= z} {4z + By,
x=M

Iloxkasarb, 4TO

» S 1 1
) ,S—-z—-m,<|l|+?.

. Mycrs M —uence, m > 0, (a, m)=1,

M+ me=1

S = Z ().
xmM
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rae B murepBase M Lz << M +m—1 Qyuruun f(z) mmeer Helpe-
prBuNle npomsBofune f’(z) U /7 (x), NPAYEM BHIIOJHAIOTCA YCJIOBHSA

U]

' 1 v k
FOD=mt i am)=1; |0 <1, 2 <| /" @<

rge

Hoxrasarp, 410

4. TlycTh B pasnoeHAN WPPANHOHAJLHOIO vmcnaa A B Hempe-
peiBHYI0 npofh Bce HemonHHE 4YacTHHE OTpaHudeHH, M — menoe,
m—uenoe, m > 0, B—pemecrBennoe. [lorxasate, 4ro

M+m—1 (
E {42+ B} =—-m+0(Inm).
x=M
5, a. Ilycre A > 2, k> 1 uBuarepBane Q < z<< R Qyurnusa f (x)

pveeT BTOPYH HENpPePHBHYI0 NpPOESBOAHYI0. YAOBJIETBOPAIOINYIO
ycaoBuAM v

1 o k

Hoxasats, uTO

S V=g R=Q 101 [8] <1,
QexsR '
1

A= (22 (R—Q) In A+ 8kA) A *,

b. Hyere 0 < o<1, Qu R—menwe. Ilpu ycaoBmax Bpompoca a
HOKa3aTh, 49TO uMCIO ¢ (c) Apobed f (x)}; #=Q+1, ..., R ¢ ycao-
BEeM 0 < {/ (z)} < ¢ Beipa:Kaerca Qopmysioi

$(e)=c(R—Q) + 6" -24; |0'| < 1.

6. a. TIlyers T —umcso nenawx To09eK (=, g}) o6nacta
224y L2 (r > 2), Jdokasats, 9t --

2

T=or240(r Inr).
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b. Ilyers n—nemoe, n > 2, E—mnocroannas. Jiinepa. [oxasars,
qT0 .

T +T@)+ ...t =n(nn+2E—1)+0(n (1nn)2)

7. CAcTeMy n NeNHX MOJO/KATENLHEIX UACEN, KAKA0e H3 KOTO-
PHIX UPeJCTAB/ICHO B CHCTEME€ HCUMCICHNA ¢ OCHOBAHMEM 2, HA30BdM
OPaBAJILHOM, ec7M OpH BCAKOM HEJI0M HEOTPHIATEILHOM $§ 9HCIIO
qucell, B IPefCTaBJIeHAe KOTOPHX BXO#®T 2%, Oymer 9éTHHIM, W He-
HOPABHIBHON, €ciM XOTA OBl IPH OXHOM § DTO YHCIO GYHeT HEuSTHEIM.

Horasate, 9T0 HENPABANLHYIO CHCTEMY NyTEM YMEHBNICHWS WNH
TMOJIHOTO MBBLATHA HEKOTOPOr0 OJHOI'O e WieHa MOKHO cHelaTh mpa-
BHJILHOH, a TPABMbHAs CHCTEMA . OT YMECHLIICHWS MM TNOIHOTO
U3BATHA TIOGOT0 ed WiIeHA JeJAéTCA HedpPaBMILHOM.

8, a. /[oxasatp, uro ¢opua

x4+ 3" xn g+ ...+ 32y 2o,

rAe Zp, Tp_j, -..s 1, Lo HEBABACHEMO JApPYT OT jpyra mpoferamoT
sgavenna —1, 0, 1, mpeacraBigeT Bce wmcIa

3n+1 —_ 1
-H,..., —1,0, 1, ..., H, H=——+-,
3—1
OPEYEM KayKI0€ THCI0— eJUHCTBEHHEIM CHOCOGOM.
b. Ilycrs my, my, ..., M) —IOJOKUTEIBHEE MONAPHO IIPOCTHE.

MTonwsysace ¢, § 4, powasars, 49TO TOJHYIO CHCTEMY BHYETOR
1m0 MOJLYII0 MMy ... M} IOJYYHAM, BAcTaBIAAL B opMme

zy -+ myxe -+ mumazs 4 ... Fmymg .. ME_1 Ty,

qucaa x,, %z, -.., £x OpoderaTtb NOJHEE CHCTEMEL BEIYETOB IO MOJy-
aAM My, Mg, ..., Mp.
9. Ilycrs m;, my, ..., Mmj—IONAPHO NPOCTHE K

mymg ... mp=Mm,=Mmg=...=Mpmy.
a. [pumenaa e, § 4, Aoxasars, 4TO NOJHYI CHCTEMY BHIAETOB
00 MOAYIIO myMg ... My IONYYIUM, 8acTaBIAA B (opme
Mz + Mazy +- . +kak

qHcHa &, Za, ..., T Ipoberarsb DOJHERE CHCTeMB BEIYETOB 1O Mony-
IAM my, Mg, ..., M.

b. llpuvenasa ¢, § 4, ra. H a b, § 5, JOKAa3aTh, YTO MPHBENEH-
RHYI0 CHCTEMY BHYETOB II0 MOJYJII0 MiMg ... My TOJYYAM, BACTABIAA
B (opre

Mz 4+ Moxg + ... + Myxp

umena x;, Ty, ..., £ DpoGerars NPUBEASHHLE CACTEMH BHYETOR
0 MOLYJAM My, Mg, ..., Mg.
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¢. JoxasaTeascTBO TeopeMH BOmpoca b IpOBeCTH HEZABHCHMO
OT TeopeMu ¢, § 4, ra. II ® Torpga yme priBecTH MOCJIEAHION TeOpeMy,
KaK CJelCTBHe LepBOi.

d. Haittm SmeMeHTapHRIM IYTéM BHpakeRme AnA ¢ (p%) H, NOAb-
3yACh PAaBEHCTBOM ¢, § 4 Ti. I, BHBecTH Wu3BecTHOE BHIpAXKEHWE
ans g (a).

10. Ilycre m,, mg, ..., mj —IODAapHO TMPOCTHE, mpeBocxogAmue 1,
m=mms..., Mg, m=Mm,.

a. Ilycre =z;, 3, .., g, x upoGeraloT wnoJHHE, a &,
€91 ..., Ek, E—TpHBEJEHHBIE CHCTEMEl BHIYETOB 10 MOZYJIAM
my, ms, ..., mg, m. Jlokasars, 910 ApoGa

2, T =k
e

¢OBHAZAIOT ¢ KpobAME {—2—} , a npobm { &

£ 3

<2 .k
__l 4 _;+ PR }
COBNAJIAIOT ¢ ApodAMH {——r’ } .

b. Ilycts sajaEsl k meJEIX pPanMOHANBHHX (YHKOMA ¢ OEIRMH
ko PunEenTaMa OT 7 NePeMeHHRIX Z, ..., W (r > 1):

fo (s oony W)= Z c&s’)”_,sx"'...wa; s=1,..., k
LI

u OycTh

k
f(z, ..., wy= Z €y 3T o w®; Cq,. 3= Z M, cff,)__,,a;
=1

%,...,8
Zg, ..., W, NOpoberaT HOJHHE, a &, ..., ®,— OPEBCHSHHEKE CHCTEMHl
BRIYE€TOB 1O MOAYJIIO m,; Z, ..., W DpoGeramoT HoJjiHNe, & €, ..., 9 —

UpUBeNERHHE CHCTEMH BEIYETOB IO MOopy:too m. JlOKaszaTb, 9T0 Apobd

{—————f‘(z" 22er W) TS Tu (@, - w")} COBIANAIOT ¢ ApoGaMu
m; mp

{f(x’ mrw)} , a xpobu {fl(Elc---;‘“l)+...+fk(gk, ---’"’k)}

my mg
cOBHNAfaoT ¢ ApobaMm { f__(E,___m,m) } (o6oCmenne TeopeM BONPocaa).

11, a. ITyects m— mesioe, m > 0, e —nenoce, z mpoferaer NONHYID
CHCTeMY BHIY€TOB IO MOAYJI0 m. JloKasaTb, 4TO

AT
2ni— m, ecnum a KPaTHO m,
Qe "=
0 B upormBHioM cayuae.
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b. Ilycts a— BemecTBeHHOE, M — Henoe, P —mnenxoe, P > 0..06o-
8HaYaA CHMBOJIoM (@) 4WciheBHOe 3HAaYeHHME PAasHOCTH MEXAY ¢ | OiH-
MaHMEM K o OeJKM YUCIOM (PacCcTOAHEE o 0 Gmiaiimero nenoro),)
IOKa3aTh, 4TO

MiP-1

rl 3, mpm (a)g—s—.
c. lIyets m—menoe, m > 4 u dynvunn M (a) n P(a) pgua 3ma-
gennii =1, 2,..., m~—1 DpUHEMAIOT HejHe BHAUEHAA € YCIOBHEM
P (a) > 0. [oxasats, 4T0
m m
m—1 M(@)+P@)-1 mlnm——3—ln<2 ['6_] +1>.
Z Z: eZniE-x < m
mlnm——, npu m > 12,
a=1 z=M (a) 2

mlnm—m, npa m > 60.

12, a. Tlycts m—nuence, m >0, £ wupoGeraeT TpEBeAEHHYIO
CHCTeMy BEIY€TOB OO MOAxyiw m. JJoKasaTh, 4yToO

; §
2ni
p(m)= 2: e M.
&

b. ITonesysce Teopemoil BOmpoca a, [OKasaTh NEPBY H3 TeEO-
pem ¢, § 3, ra. Il (em. pemenme Bompoca 28, a, ru. II).

¢. Teopemy Bonpoca a BHBECTH, HOJIL3YACH Teopemol ponpoca 17, a,
ra. II.

d. Ilycrs

.
flz, ..., w)=2 caw,az"‘ oo w
e,...,8

—menad panuoHaNbHAA (YHKOHA ¢ HeJaeMM KoaddunaeHTaMH OT 7

TIEepeMen X 2, ..., w(r>1), a—neaoe, m—nenoe, m > 0; z, ..., w
npoferaloT mojHEE, a £, ..., w-—npuBeJéHHHE CHCTEMH BHYETOB
mo Moaymio m. Beogmm obozpavenma
, 2Aiaf (x;'.L..,w) ) 21\iaf (z:;';..,m)
Sa,m=2"'ze ,Sa,m=2...2e .
x w § w
Iycte panee m=m, ... my, rpe my, ..., Mg —TNONaPHO MPOCTHE,
opesocxofAmme 1, m nycts m= M, m,. [okasars, 4TO
Sa1,m1 v Sak,mk=SM1a1+---+Mkak,m ’
’ 4 . J]
Sa;.ml Tt Sak.mk—SM;a;+~e: kaak.m‘
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e. IIpn obosmavennax sonpoca d mojaraeM

A(m)=m=" 2 Sq,m A (m)y=m>" > 8¢ o,
a a
rge o upoGeraer NPHBeJIEHAYI0 CHCTEMY BHIE€TOB IO MOLYIIO m.
JokasaTs, 9TO
A(my) ... A(mp)y=A(m), A (m))... A" (mg)=A' (m).

13, a. JlokasaTp, uTO

-1

c@=3 11(1——p %),

ne=0 p
e p npoferaeT MpoCTHe NENWTENW UWCIA 4.
b. s TompmecTBa BONpPOCAa & BHBECTH HBBECTHOE BHIPAKEHHE
s ¢ (a).
14. [Jorasare, 49T0

an —

t(a)=1im 2s
( e—0 2 Z ki-rs %,
0<x<Va k=1

rae 6=1 mnm §=0, B 3aBACHMOCTH OT TOTO, HABIAETCA JIH & KBajpa-

TOM HEJIOTO 4WCNa WM HeT.
15, a. Ilycre p—mupoctoe u hy, hy, ..., hy—nenne, JlOKasaTh,

910
(hi+hat ... Fh) =h8+ k2 + ... 4% (mod p).
b. Ua reopeMur Bompoca a BelBecTH Teopemy (PepMa.
¢. U3 reopemsl epma BHIBECTH TeopeMy Jumepa.

Yucnennnre npaMepp: k raase I

1, a. HafiTh ocraTtor oT jesenus
(12 37156 - 34)* ma 111.

b. Jdemurea au ma 10932 umcmo 21098 — 2?2

2, a. TlpuMenas npusHakw penuMocTH Bompoca 1, HafiTH KaHo-
HUTeCKOe pasosKeAme wmena 244 943 325.

b. HaiiTa wamommueckoe pasyoykenme 4mcia 282 321 246 671 737.



TTTABA YETBEPTAA.
CPABHEHIA C OJHNM HEU3BECTHbLIM.

§ 1. OcHoBHBIE MOBATHA.

Hameit Onmmaiiinei sapawell Oypmer mayuenme cpaBHe-
HE Taxoro obmero BHFA:

f(@)=0(modm); f(x)=az+az"~t+ ... +a, (1)

Ecam ¢ we penmrca wa m, 10 1 HA3EIBAeTCHA CMeREHbBIO
CpasHeHus.

Pewmnms cpasnenue — smaunt HallTH Bce 3HAYEHHA £, eMy
yRoBieTBopaiomue. J[iBa cpaBHeRms, KOTODHIM YAOBIETBO-
PAIGT ORHH M Te jKe 3HAYECHHA %, HASLIBAIOTCS DAGHOCULb-
HELMUL. '

Ecnm cpasmenmio (1) ymoBmersopser Kakoe-imfo %=z,
to (d, § 2, va. III) ToMmy sxe cpaBHemmw Oyayr ymoBile-
TBOPATH W BCe UHUCIA, CPaBHEMEG € ¥, [0 MOAYNIO m:
z==z,(modm). Becs sror wmiacc umcen cumTaerca 3a 00HO
pewenue. Ilpm raxom cormamenunm cpasuenue (1) 6ydem
UMEMb CMOALEO DEUWEHULL, CKOALKO 8BLUEMO8 NOANHOW CUCHeMbl
emy yodosaemsopaem.

., Hpumep. Cpasnenuio

x5+ x +1=0(mod 7)

cpepm uncen: 0, 1, 2, 3, 4, 5, 6 nmennoit cucreMrt BHEYETOD
mo MORyNM0 7 yHOBIETBOPAIOT [Ba HACIA: =2 H I =4.
MosToMy yxazamuoe cpapHenme HMeeT ABa PEINCHUSN:

z=2(mod7), z==4(mod7).
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§ 2. Cpaenenna nepBoil cremenu.

a. CpaBHeHHe IepBOil CTeHeHH IepeHeceHAEM CBOGOXHOrO
wieHa (¢ OGpAaTHHM 3HAKOM) B HPaByl0 9acTh MOKHO IpH-
BECTH K BHRY

az=:b(mod m). )}

b. IlpmcTynas Kk mccaemoBaHMIO BOmpoca O 9WHCHE pewie-
nmit, MBl CHavajla OTpaHMYEM CpaBHeHme ycjoBmeM (a, m)=1.
CornacHo § 1 Hame cpaBHeHME HMeeT CTONBKO peIleHHI,
CKONBKO BHIYETOB HOJHOA CHCTeMH eMy ymoBaersopser. Ho
HOrja z mpoberaeT HOJHYIO CHCTEMY BHIYETOB IO MOMYILIO M,
10 ax mpoberaer mosHyko cmcremy BhderoB (d, § 4, ra. ITI).
CnemoBaTelIbHO, B 9aCTHOCTH, IPH OJHOM H TOJBKO OJHOM
3HAYEHMH &, B3ATOM M3 NOJHOM cHCTeMH, ax Oymer
cpasamMo ¢ b. Hrax, mpm (a, m)=1 cpaBuennme (1) mmeer
OIHO pemIeHHe.

¢. Ilycts reneps (a2, m)=d > 1. Torna, wTo6H cpaBHe-
Hze (1) mMeno pemenums, meob6xommmo (e, § 3, ra. II),
arolu b pgemmiock Ha d, mHave cpaBHeHme (1) HEBO3MOKHO
HE 1upm KakoM menoM z. Ilpenmonaras mostoMy b kpart-
HEM d, mono;kmM a = a;d, b= bd, m = m;d. Torna cpasue-
HEe (1) Oyner paBHOCRNBHO TakoMy (IO cOKpameHHR Ha d):
a,x=b; (mod m,), B KotopoM yie (a;, m,}=1, m motomy
oHo OyfmeT mMeTh OfHO. pelleRMe No Moxyao m,. Ilycts
x; — HauMEeHBUIMI HeOTpHUIATEeNbHBl BHYET 3TOr0 pOLIeHHUs
110 MORYJO ™My, TOTAA BCe €mciaa ¥, obpasyiomme 5To pemie-
nme, maiigyTca B ¢opme

z =1, (mod m,). (2)

ITo mopymnio ke m umcna (2) oOpasyloT He OfHO peie-
Hue, a GoJjblle, HMEHHO CTOJIBKO pEHIEHHH, CKONBKO
amcen (2) nHaupérea B pame O, 1, 2,..., m—1 HanMensn-
IIAX HEOTPHNATENbHHX BHYETOB IO MOIYNI0 M. Ho crofa
HomanyT ciepyiomue umena (2):

Zy, Ty+Mmy, Ty+2my, ..., o+ (d—1)my,

T. e. Bcero d umcen (2), cmemoBaresnsHO, cpaBHeHue (1)
uMeeT d pemennil, |
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d. Co6mpaa Bcé mokazaHHOe, IONYdYaeM TeopeMy: :

ITyemv (a, m)=d. Cpasnenue axr=b(modm) resos-
Mmooucro, ecau b ne deaumca wa d. Ilpu b, kpamnom d,
cpasHenue umeem d peurenuil.

e. OGpamanck K paseiCKaHMIO pemeHmd cpasuenna (1),
MEI YKa3KeM TOJBKO CHOCc00, OCHOBAHHKIA Ha TeOpHHM HeIpe-
PBBHBIX Hpo0eil, TpAYEM MOCTATOYHO OrPAHMYATHCA JIMIND
ciaygaem (a, m)=1.

Paznaraa B HempephlBHyI0 Apo0bL OTHOHIEHHE N : &,

m 1
‘_a__ql+~'—_1—-

g2 + Py

1
n
B paccMaTpuBad fBe HOCIefHEe NOLXojAmme apobu:
Pn_q Pn _m
Q' Qe
COTJIACHO CBOWCTBAM HeIpepHBHEIX #apoGeil (e, § 4, ra. I)
AMeeM

mQn 1 —aPp_y = (—1),
aPy,_y = (— 1) (mod m),
a-(—1)"-1P,_,b=b(mod m).
Wrak, mame cpaBHEHHe HMeeT pellleHHe
z=(—1)""1P,_1b(mod m),
BN pasHICKAHHA KOTOPOTO JOCTATOYHO BEUHCINTH P,_y

cornacHo cmocoby, yxasanHomy B d, § 4, ra. L
-+ llpumep. PewnM cpapuenme

1112 =75 (mod 321). (3)

3mecs (111, 321) =3, wupmuém 75 wparmo 3. Iloatomy
CpaBHEHNe MMeeT TDH PelleHHA.

Hdens o6e uwactm cpaBHeHHA ¥ MOAyJb Ha 3, MOIYYAM
cpaBHEHY® ’

37z = 25 (mod 107), (4)
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KOTOpOe HaM ciefyeT cHaUajia pemnrs. YMeem

107 37
742
371 33
33 1
33 4 .
328
41
4’_4
Y
q 2 ‘ 1 ’ 8 4
P, 1 2 ] 3 ’26 107

3HaunT, B JaHHOM ciuydac n=4, P,y =26, b=25,
um MBI MMeeM pellcHDe cpaBHeHus (4) B (opwme

= -26-25=99 (mod 107).
Orciopa pemrenns cpaBﬁeHnﬂ (3) mpepcraBiAOTCA TaK:

z=99; 99+ 107; 994 2. 107 (mod 321),
x=:99; 206; 313 (mod 321).

§ 3. Cucrema cpaBucHnii neproil cremend.

a. Mu paccMoTpEM JMINb HPOCTEHINYIO CHCTEMY CpaBHe-
HAH

z=b,(mod m,), z==b,(modm,), ..., r=b;(modm;) (1)

¢ OJNHHM HEHM3BECTHHIM, HO C PAasHEIME M HOPATOM HONAPHO

OpPOCTHIMEA MO JIAMH. ~

“ b. Pemntb cucremy (1), T. e. HaliTm Bce 3HAYeHHA X, el

YAOBIICTBOPAIONIAE, MOKHO IIPAMEHAA CIEAyIONyi0 TeopeMmy:
ITycmo wucaa My u Mg onpedeaens u3 ycaosud

mmy ... me=Mm, MM;=1(modm,)
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u nycmo
.’E0=M1Mib1+M2M;b2+ e +MAMII‘bk

Toz20a cosorynrocmbv snayenuii x, YO06AEMEO PAIOUUL CUCEME
(1), onpedersemcesn cpasnernuem

=1, (mod mym, ... my;). (2)

HeiicTBuTensHO, BBULY JEINHMOCTH HA m, Beex M, oramy-
HeIX OT M, mpu mwobom s=1, 2, ..., k nmeem

=M _M!b,= b, (mod m,),

m, TakaMm obpasom, cucreme (1) ynosieTsopser x = .
Orciona memocpeacTseHHo ciexyer, uro cmctema (1) pasmo-
CHJIBHA CHCTeMe

=1z, (mod m,), =2z, (mod my,), ..., x=:x,(modm,;) (3)

(t. e. uro cmcremaM (1) m (3) YIOBINETBOPAIOT OfHA M Te Ke
spavenns «). Cucreme ke (3), BBHAY Teopem c¢, § 3,
ra. III »m d, § 3, ra. III, ymoBmerBOpAIOT  Té ¥ TONBKO
Te 3HAYEHNWA ¥, KOTOPHE YHOBIETBOPAIOT CpaBHeHMIO (2).
c. Ecau by, by, ... ,b, nesagucumo dpye om Opyea npo-
Ge2aom noAHBIE CUCINEMBL GHINEMO8 RO MOOYARM My, My, . . . , My,
mo x, npobezaem NOAHYID CUCMEMY GHMEMO8 MO MOOYAID
mymy ... m,.
" [leficrBuTesnnno, x, npoberaer mym,...m; 3HaYeHHH,
ppupy d, § 3, ru. III, HecpaBHEMHX IO = MOZRYJIO
mmy . . .M.
d. lpumep. Pemum cocremy

z=:b, (mod 4), z=:b,(mod5), == b;(mod7).
3aecy 4-5-7=35-4=28.5=20-7, ompuuém
35 - 3=1(mod4), 28.2=1(modd), 20:-6=1(mod?7).
IToaTomy
To=35 - 3b; 4- 28 -2by + 20 - 6by = 1058, + 56p; + 1205,

H, CHeI0BATEeNIBHO, COBOKYIHOCTH BHA4YeHWH Z, YMOBJIETBO-
pAIMEX cucTeMe, MOokeT OHITH HpejcTaBjieHa B Qopme

2 == 105b, -+ 56b, + 120, (mod 140).



(1] I'J1. IV. CPABHEHHA ¢ OJHEM HEA3BECTHHIM

Tax, HampmMep, COBOKYIOHOCTb 3HAYGHHHA Z, YMOBII6-
TBOPAIOMHAX CECTEMe
‘ z=1(mod 4), z=:3(mod5), z==2(mod7),
6ynmer
=105 1456 - 3 + 120 - 2=93 (mod 140),
a COBOKYNHOCTH B3HAYeHHH &, Y/OBIETBOPAOMAX CHCTEME
=3 (mod4), z==2(mod5), =06 (mod?7),

Oyner , :
z=105-3 + 56 - 24 120 - 6 =27 (mod 140).

§ 4. CpaBHenua m@060ii cTemenm N0 MPOCTOMY MOAYJIIO.

a, Ilycts  p—mpocroe. [lokaskem of6mme Teopemsl,
OTHOCAIMUeCS K CPABHEHHIO BHJA

f(z)=0(mod p); f(z)=az"+az" 1+ ... +a, (1)
b. Cpasnenue suda (1) pasnocuavro cpasnenuro cmenenu

ne ewwe p— 1.
HefictBatenbno, mens f(x) Ha zP —z, nMeeM

/(@) =(a? —2)Q (2) + R (2),
rge  cremess R (zx) He Beme p—1. A Tar Kax
x? —z =0 (mod p), To f(x) =R () (mod p), otyna mciexyer
yKa3aHHAA TeopeMa.
c. Ecau cpasnenue (1) umeem Goace wem n pewlenui,
mo ece roafuyuenmur f(x) rpammust p.
~ [eiicTBurenbro, nycTs cpaBHenue (1) mMeer, mo Kpaitreit
mepe, n + 1 pemenne. O6o3Havdasg GyKBaMu Z1, L, .« . . , Tn, Tn 11
BHUYETH 9THX peIleHmil, MBI MoKeM f(r) IpefcTaBHTEH
B (opme
f@)=a(x—2)(x—23) ... (T —=2Zp_2) (T — Zn_y) (x —Zn) +
+b(x—z) (X —2) ... (& — Tp—2) (T —Zn_y)+
Fe(@—z)(x—25) ... (X — Tn_s) + :

- + .. 0L s L e+
+k(z—z)(x—2) +
+ 1 (x—>) +

+m, (2)
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Hast sroit memm, npeo6GpasoBaB (packpurEeM CHOGOK)
CilaraeMHe IpaBodl 4YaCTm B MHOrOWIEHH, BhbepeM b Tax,
gTo6R cymMMa KoapdmmmenToB mpm ™! pgBYyX NepBEIX
MHOTOWIEHOB COBIAJIa C @,; 38aA b, BHOepeM ¢ Tak, 9To0OH
cymma KospdnumenToB mpm "2 TpPEX NepBHX MHOTOWIe-
HOB COBOala C Gy, H T. H.

Ilonaran B (2) mocnemoBaTeNBHO & = Xy, Ty, - - . , Tny Lnii,
yOe:xnaemcst B ToMm, 9ro Bce m, I, k, ..., ¢, b, @ XpaTHH p.
dnaunt, ¥ BCe 4, 4;, ..., @, KPATHH p (KaK CYMMBI 4Ymcel,

KPaTHHX p).
d. IIpu npocmom p cnpasedauso cpasnenue (meopema
Buavcona)

1.2...(p—1)+1=0(mod p). 3)

HeiictBuTensHo, ecm@ p=2, TO TeopeMa OYEeBHAHA.
Ecanm xe p > 2, To paccMoTpEM cpaBHeHHe

z—1D(@E—2)...(x—(p—1))—(zP~1 — 1) = 0 (mod p);

OHO CTeNeHH He BHme p—2 H HUMeeTr p—1 pemenwme,
mMeHHO pemenud ¢ Bermeramum 1, 2, ..., p—1. Cnenona-
TeNbHO, IO TeopeMe ¢ Bce ero KoaQpHumeHTHI KPATHH p;
B YacTHOCTH, HA p JeiATcd H CBOOOMHHH WieH, paBHHIN
KaK pas lieBoil 4acTé cpaBHeHEA (3).

Ilpumep. Umeem1 -2-3.4-5-6+1=721=0(mod?7).

§ 5. CpaBHenua a00oli cTemeHW MO COCTABHOMY MOJYJIO,

a. Ecau my, my, ..., my nonapuo npocmeie, mo cpagHe-
Hue
f(x)=0(modmm, ...my) 1)
PABHOCUABHO CUcmeMe
f () =0 (mod m,),
f(x)=0(modm,), ..., f(z)=0(modm,).
IIpu amom, obosnauasn wepes Ty, Ty, ..., T, wucaa pewe-
Huili OmOeAbHBIL CPAGHEHUE 9MOll cucmembl No  COOMGEM.-

cmeennbim  modysam u wepes T—uucao peuwtenuil ¢pagHenus
(1), 6ydem umems

TleTz.--Tk.



62 1. 1V. CPABHEHUA_C OMHIM HEU3BECTHHIM

HeiicTBaTeNIBHO, WepBafg dYacTh TEOPEMHl ClJEAyeT H3 ©
g d, § 3, ra IIl. Bropaa wacte ciexyer ©u3 TOro, uro
KayKgoe cpaBHeHne

J(x)=0 (mod m,) T

BBHIIOJIHACTCA TOTHA M TOJBKO TOrJa, KOTJA BHIIOJIHACTCS
opno u3 T cpaBHCHHMI BHJA

z= b, (mod my),

rge b, mpoferaer BEIYCTH pemeHuid cpaBHeHma (2), mpm-

uéMm Boamoskuo Bcero 17, ... T, pasnmuuelx KoMmGuHa-
nui BUIA
x = b, (mod m,), z==by(modm,), ..., xz="b,(modm,),

npuBofsAmux (¢, § 3) K pasuNUHLIM KIaccaM [0 MOJYII0
mmy ... my.
Hpumep. CpaBraenne
f(x)=0(mod 35), f(a)=ax*+223+8x+9 3)
PaBHOCHJIBHO CHCTEME
f(x)=0(mod 5), f(x)=:0(mod7).

Jlerko yGemmmca (§ 1), uTO mepBoe cpaBHeHHC 9TOH
cucTeMsl mMeer 2 pemeamA: r==1; 4 (modJ5), Bropoe ke
‘cpaBHenme WMeeT 3 pelmenma: z=3; 5; 6 (mod 7).
Iloatomy cpaspenme (3) mmeer 2-3=0 pemennii. Yro-
Ost. maWTm »stm 6 pememnil, Hago pemaTh 6 cmeTeM
BHJA

z==b; (mod 5), z=:b,(mod 7), (4)
KOTOpHIC ~ HOJMyumM, 3actaBaad b, mpoGerars ~ sHade-

gia by=1; 4, a b, npo6el arp smauennsa b,=3; 5; 6. Ho,
BBHRY

35=7-5=5.7, 7.3z=1(mod5), 5-3=1(mod?),
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COBOKYIHOCTh 3HAYCHMH 2, Y[OBIETBOpAOmMEAX cucreMe (4),
ppexncrasurca B gopme (b, § 3)

=21 b, + 15 b, (mod 35).
IlosTromy pemenus cpaBreHEA (3) OymyT
z==31; 26; 6; 24; 19; 34 (mod 35).

b. Bpugy TeopeMsl a HccIeZORaHEe U peleHHe CpaB-
HEHHA

o a, oy o
f(x):O(mOdp11p2 oo Dk )
CBOJATCA K HCCICJOBaHHUIC U PpCINCHMAIO CpaBHeHI/Ii;I BAga

f(z) =:0 (mod p*); )]

3TO Me [oc/IieJHCe CpPaBHEHHE CBOJUTCA BOO6H,[9, KarK MBI
ceituac: BBIACHHM, K CPDaBHCHHIO

f(2)==0 (mod p). (8)

JelicTBnTeNbHO, BCAKoe &, YIAOBIETBOpAIONIEE CpaBHE-
gm0 (5), HeoOXOMMMO J[O/KHO YHNOBNAETBOPATL U CpaBme-
auo (6). Ilyers

z =1, (mod p)

~—~kaxoe-1ubo pemennme cpasaerud (6). Torma "z =1z, + pt,,
rge !,—menoe. BeraBuaa sTo 3Havenme x B cpasHeHme

f(2)=0 (mod 7?)

u pasnarasg uesyio 4dactb mo ¢Qopmyne Teitmopa, mHaitném
: 1 -
(npuHuMas Bo BHEMaHme, d9ro - f*)(z;) —nemoe,3 m o1-

k!
OpacbiBasi WIEHH, KpaTHHE p?)

/

fn) + ptaf’ (@) =0 (mod p?), L& 44,17 () =0 (mod p).

OrpaamdmBasnch B3pech cliydaeM, KOTHA ° f' (x,) me penmrea
HAa p, EMEeM OJHO pelueHHe:

- tl'?:t{ (mod p); tl = t]’, + ptz.
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Bupaenme nnA z upwamMaer Bap

=2, + pti+ pPla=12; + p2ly;
BCTaBJIflA €ro B CpABHEHHe

1 (#)=0(mod p?),
Oy InM
] () + P22 [ (22) =0 (mod p?),

B2ty (22) =20 (mod p).

3nmecs f’(x,) He menuTcAa HA p, TAaK Kak

zy = 2, (mod p),
/' (@) =]’ (1) (mod p),
H HOTOMY IOCTejHee CpaBHEHWe HMeeT OfHO peIleHHe:
ty==t3(mod p);
ty =14+ pls.
BfipakeHne [y r OpPUHAMAeT BUJ
T =Ty + pPly+ pPly=1x3+ p3ts;

a r. n. Takum nyréM mo namHOMy pemenwmio cpapHenusa (6)
TMOCTENeHHO HAHAEM cpaBHEMOe ¢ HHMM pellieHHe cpaBHe-
aus (5). Urax, ecakoe pewenue = z, (mod p) cpasnenus (6)
npu ycaosuw, wmo f'(x,) e Odeaumcs Ha p, Oacm o00HO
pewenue cpagrenus (9):

T =Za+ p*ta;
T ==, (mod p*).
[Ipumep. Pemmm cpaBuenne '
f(z)=0(mod 27); )
. f(z)=2t+ T+ 4. J

CpaBHeHne f(z)=0(mod 3) mmeer ONHO  pEIICHHE®
=1 (mod 3); mpm ®rom f’ (1)==2(mod 3) wu, cnenosa-

(7
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teasuo, He genured Ha 3. Haxommwm:
r=1-+3t,

(D) +3f(1)=0(mod 9), 3+ 3¢, - 2=0(mod 9),
2t;41=0(mod 3), ¢,=1(mod 3), ¢;=1+3t,
=4 4 9¢,,
f(4)+ 9% ' (4)=0(mod 27), 184 9¢, - 2==0 (mod 27),
2ty +2=0(mod 3), t,==2(mod3), t,=2+ 3¢,

x =224 271,.

Tarum o6pasoM cpaBHeHue (7) HMeeT ONHO pemeHHe:

x == 22 (mod 27).

Bompocu k raape IV.

1, a. Ilycre m —nenoe, m >0, f(z, ..., w)—mnenad pamHOHAJb-
Hasg (I)ynmmﬂ ¢ TeJbMH Roaq)qmuneﬂ'raMn OT r TepeMeHHBIX
z, ..., w (r >1). Ecim cpapaenuio

f(z, ..., w) =0 (modm) )
yAOBIETBOpPAET CHCTEMA &=y, ..., W==We, TO (00o0menue ompe-
nejenns § 1) cHCTEMY KIAcCOB 9UCEJ IO MOLYIO m:

z = zo (mod m), ..., W= W, (mod m)

OyneM cunTtath 8a OfHO pemeHHe cpaBHeHEA (1).
Oyeres T —vumesao pemennii cpapnenuAa (1). Jorasarh, dro

m-—1 m—1 af(x,...,w)
Tm=23) X - Z "
a=0) x=0 w=0

b. Ilpa oGosmauennax Bompoca a u Bompoca 12, e, ri. IIl goka-
saTh, 4TO

! Tm=m" 2 A (my).
mo\m

c. PaBeHcTBO BOIIpoca a IIPHMEH]?ITB R nonaaa'rem;cmy TeQpeMul
O qucle pememm CpaBHCHHA nepBon CTEIIeHH.

d. Ilyctb m-—mpeaoe, m >0; a, ..., f, g—oOenne, #X 49H-
cio pasHO r+1 (r > 0): d=(a, R, /,m); T —uucyno pemenni
cpaBHEHHA ‘

ax+ ...+ fw + g = 0(mod m).
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Tomb3ysacs PaBeHCTBOM BONPOCA A, XOKA3ATh, 9TO

7 m"™1d, ecid g KpaTHO d,
{0 B NPOTEBHOM ClIydae.

e. Teopemy Bompoca d gOKasaTh, MCXONA M3 TEOPeMHl O YHCIe
pewenuit cpasEeBHA az = b (mod m).

2, a. Iyers m>1, (a, m)=1. JlokasaTs, 4TO CcpaBHEHHUE
az = b(mod m) umeer pemenme z = ba® (™~1 (mod m).

b. IIyets p—mnpoctoe, 0 <a < p. [JokasaTh, 49TO cpaBHEHHe
ax = b(mod p) mMeer pemeHnme .

_ r (P 1) (p=2) ... (p—at 1)
z=b(—=1)"" 1-2 ... a

¢, o) YKasaTh BO3MOMKHO Goiiee TpocToll cnocol penieHms ¢pas-
HEHHMA BOJA

(mod p).

27§x = b (mod m); 2, m)y=1.

B) YrasaTp Bo3MOsKHO Goslee mpoCTOil clocoG pemeHusi cPABHEHU
BYAA

3%z = b(mod m); 3, m)=1.

1) Iyers (a, m)=1, 1 < a < m. PaspuBasg crnocoGu, yKasaHHEIe
B BOIpOcax o) ¥ B), NOKasaTh, UTO pasHCKAHUE DEINCHUA CPABHEHUS
az =b(mod m) Momwer GEITH TPHBENEHO K pasEICKaHMIO pemenuit
cpapreHmH BEAA b+ mi = 0(mod p), rae p—mNpoCTOH mAeNATEIIH
ymena a.

3. Hyc'rb m —nenoe, m > 1, 1< < m, (a, m)=1. Tlonnaysce
Teopuell cpaBHeHEH, AOKA3aTh CYIIECTBOBAHHE LHENHX z H Y ¢ YCjo-
BUAMHA

- m
az=y(modm), 0<aLs, 0<|y| <=

4, a. Ilpu (a, m)=1 GyaeMm paccMaTpPEBATEL CHMBOJIAYECKYI0 APO0h

- 1m0 MOy m, o6o3Hayalomylo J000d BHYeT peHNIeHHAA CpaBHE-

uudA ax = b (mod m), lokasaTs, uro (cpapHeHAsa GepyTes 110 MOLYIIIO m):
1

a) Ilpa a = a,, b=b1nmeeM—b—Z.

. b '
) YUncmrens b cuMBOIHYeCKOH Apo6H — MOWHO BaMeHuTh Cpas-

b
~HEMEM by, KpaTHEM a. Torga cmmBosmueckas apobn o CpaBHEMa

. HeJIHM éncJIOM, npefcTaBjIAeMbM OOHIHOH IPOGEIO %".
b  d__bctad
No+—= .

c arc
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b, ) ITycrs p—mpocroe, p > 2, a—mnenoce, 0.< a < p—1. JJoka-

BaTh, UTO .
(”: ) = (—1)% (mod p).

8) Tycrs p mpocroe, p > 2. [fokasats, 4TO

22 1 1 1

5, a. Ilycrs d—pennTtesip 9@clia a, He JeJAIDUHCA HA DPOCTHe,
MeHbIIME 1, M *—9HACI0 DPA3JAYHHEIX NPOCTHIX JenTesied gmenaa d.
[lokasaTe, 4T0 B pAjie

1.2...n, 2.3...(n4+1),..., a(a+1)...(a+n—1) 1)

*

na

qnces, KpatHex d, Oymer ik

b. Ilycrs py, po, ..., P — PasAHUHBIe TPOCTHE JeJUTENN TUCIHA a,

NpHEYEM HH OfMH M3 HUX He MeHbme ueM n. [Jokasams, d4TO 4dHCIO
uncen paga (1), BsamMBO NpECTHX c a, Oyzer

(=2)(-2) (-2

6. IIycte my, o, ..., p—o0aiee HamMeHLIIee KpaTHOe HHCEN
my, My, ..., M.

a. Ilyete d=(m,;, my). [JoKasarh, wTO cHcTeMa
z = b; (mod m,), z = by (mod my)

paspemmnMa ToTJa M TOJBKO TOrja, Korpa ba—b, xpaTHo d, npmiéM
B ciIyuae PaspelIEMOCTH COBOKYIHOCTh BHauYeHHH =z, YAOBJIeTBOpA-
IOIEX 3TOM CHCTeMe, ONpEAelAeTCsl CpAaBHEHNMEM BHAA

2 =z, 5 (mod my, o).
b. /loxkasaTs, 4TO B ¢JIydae PaspemrEMOCTH CHCTEMEI
z = by (mod m,), = = by (mod ms), ...,z = by (mod my)

COBORYNHOCTh BHAYEHHH z, efl YIOBIeTBOPAINMIAX, ONpeesIAeTCA cpaB-
HeBEWeM BHJA

'a: E g ek (mod ST k)'
7. Ilycts m—menoe, m > 1, a 1 b— nenwe,

a.x-+ bax’

()=-2"
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rae z npoferaer NpmBeéHHYI0 CHCTEMY BHYETOB IO MOAYIIO m, OpH-
aém z’ Ef?f(mod m) (B cMuiciie Bonpoca 4, a). [lorasarth creXylomue

a,’b
CBOlicTBA CHMBOJIA e :

a, b
a) (-—) BEMECTBEHHOE.
m
a,b _ b,a
2 ( m >—< m )
a,' bh __[ah,b
y) Iipp (h, m)=1 nmeem (T)'_(T)

¢) Hpu my, Mg, ..., Mg TIOTIa PHO NPOCTHIX, nojaras
mmgy ... mp=m, m=253 m,, uMeeM

(al, )(az; ) <ak, >:<Mfa1+M§a2+...—i—]Vliak,l)
- .

8. Hycrs cpaBHenme

age® a2+ ... +ap=0(mod p)

uMeeT n peureHmil
T = xy, Xg, ..., xp(mod p).
[lorasate, 41O
a, =~—ayS8; (mod p),
as = aySy(mod p),
as = —ayS; (mod p),
ap = (—1)"apSp (mod p),

rae §; ecth CcyMMa BceX z;; Ss—cymMMa TpOM3BelleHmit mo JBa,
S3— cyMMa NPOMBBEJeHEl 110 TPH H T. [I.
9, a. loxasark TeopeMy Buincoma, paccMaTpEBas maph z, z’
umcen paga 2, 3, ..., p—2, yJIOBJ'IeTBOp;IIO]I(Ee yenosuo zx’ = 1 (mod p).
b. ycts P menoe, P>1, 1.2 (P—l)—i—i-O(modP)
HoxasaTs, uro P —upocroe.
< 10, a. Ilycte (a,, m)=1. YKa3zats cpaBHeHHe n-it cTemennm (n > 0)
co crapmuM kospmomenToM 1; PaBHOCHIIBHOE CPABHEHHIO

agx®+ a2 14 ... +ap = 0(mod m).

b. JlokasaTh, 4T0 He00XOLUMOe B JOCTATOYHOE ycnonne TOr0, 4TO
cpapgerme f(z) = 0(mod p); f(z)=a"+a " 4 ...+ap; n<<p
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EMeeT n pemieHnit, ecTh AeMMOCTH HA p BceX KOoPPUIMEHTOB OCTATKA
or penendd z’—z Ha f(z).

c. Nlyets n—penmrens p—1; n > 1; (4, p)=1. [oxkasarn, uTO

Heo0X0AMOe "M JOCTATOYHOE YCJOBHEe paspemHMOCTH  CDABHEHHSA
p—1

2" = A(mod p) ectb A * = 1(mod p), TpHuEM B cilyuae paspemraMo-

CTH YKa3aHHOe CPAaBHCHHE HMMeeT 71 PelIeHuil.

11. Ilyers n—mestoe, n > 0, (4, m)=1, 1 H3BecTHO OAHO pelme-
HEe z = x,(mod m) cpaBuenus z" = A (mod m). [oxasars, 9TO BCe
pemieHusA DTOTO CPABHEHHT WPEACTaBATCHA { NIPOM3BOJICHNEM T, HA BH-
deTH pelmeHnit cpaBHeHNA Y’ = 1 (mod m).

Yucaenuble npumepsl Kk raase 1V.

1, a. Pemuth cpasuenme 256z = 179 (mod 337).

b. Pemnth cpaBmenuwe 1215z == 560 (mod 2755).

2, a. Cpapmeams npmMepos 1, a mw 1, b pemunts mo cnocoly
ponpoca 2, c.

b. Cpaseenme 1296z = 1105 (mod 2413) pemure Ho cnocoly
BoTIpOCa 2, C. ‘

3. Hatttm Bce mapm , y, YAOBJIETBODAIOMEe HeOlPENEEHHOMY
ypaBmermio 47x— {11y =289,

4, a. VYkazarp ofInee pemenue JJIA CHCTEMBL

z = by (mod 13), x = by (mod 17).

Hone3yacs s1uM ofmuM pemenmeM, jajiee HafiTH TPH YHCJIA
KOTOpHie IpE Aenenud Ha 13 m 17 gapanm OB COOTBETCTBEHHO OCTATHH
1mi12, 6 n 8, 11 u 4.

b. Vkasarth ofniee permeHue AMA cHCTEMB

z = by (mod 25), =z =by(mod 27), z = b,(mod 59).

5, a. Pemurs cmcreMy cpaBHenmit (Bonpoc 6, a)
z =3 (mod8), z=11(mod 20}, =z:=1(mod 15).
b. Pemmrt cmcremy cpasrenmit
z=1(mod3), z=4(nodbd), z=2(mod7),
z = 9(mod 11), =z = 3(mod 13)
6. PemmTr cHeTEMY CpaBHeHHIt
3z 44y ~—29 = 0(mod 143), 2z—9y + 84 = 0 (mod 143).

7, a. Haxomy cpapHeHUIO crelleHn BHKE 5 PABHOCHIIBLHO CDABHCHUS

314 | 4ot | 3x1% 4 2211 o o0 4 228 427 4 a8 - 3xt + 8 | 4a? - 2z =
= 0 (mod 5)?
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b. HKaxomy cpasnenmo CTeHOHE HHHe 7 pABEOCHIIEEO (CPABHOHEME
2217 4 B8 o z14 4 512 Fgll o 2710 A 29 | 528 -
+ 227 4+ 328 4 4at + 6% + bz + x4 4 =D (med 7)?

8. Haromy cpapHeHmIO co cTapmuM Ko3PPunaeHToM | PaBHOCHILHO
cpasrenme (Bonpoc 10, a)

7028 -+ 78x5 ++ 2524 -- 6823 +- 522 -+ 4z + 3 = 0 (mod 101)?
9, a. Pemurs cpaBrenue
f(z) =0 (mod 27), f(x)=Tz*+ 192+ 25,
Haliis cHAYA]A MOMOUILI0 LPOS BCe PELICHWS CPABHEHHS
/(z) = 0(mod 3).

b. Pemure cpabsrenme 9x2-+ 29z - 62 = 0 (mod 64).

10, a. Pemnre cpaBrenwe z2-- 2z + 2 = 0 (mod 123).

b. Pemmre cpaBrenme xt + 423 -+ 222 + 2z + 12 = 0 (mod 625).
11, a. Pemnmrs cpasrenne 6z 4 27«2+ 172 4 20 = 0 (mod 30).
b. Pemiute cpaBueHne 31zt -+ 5723 + 96z + 191 = O (mod 225).



I'JIABA TIATAS
CPABHEHNMSA BTOPOIl CTENEHN.

§ 1. OGmue Teopemsl.

a. U3 cpasmennit cremenn n > 1 B pansneimem 6GymyT
paccMaTpHBaThCH  JIMIIE npocremrme a WMEeHHO — JgyHaeH-
Hble CPAgHEHU: o

xt=a(mod m); (a,m)=1. E A1)

Ecin cpabuenme (1) mMeer pemlenus, TO a Ha3HBaeTCA
GblNemMoM CMenewd N, B IPOTHBHOM cjlydae a Ha3HBaeTcHd
Hegpiuemom cmenenu n. B gactHOCTH, OmpE 7 =2 BHIYETH
UW HEBBIYETHL HASHIBAIOTCS K6ad pAMuHsLMAL, TPH 1 = 3 — KY-
Guneckumu, TpHE n =4 — 6uread pamurnsimg.

b. B sroii rmaBe M MOAPOGHO PACCMOTPHM Cilyvdad 7 =- 2
E B HEPBYIO oOuepedb - PACCMOTPHM ~ [BY4YJIEHHHE CPaBHOHAA
BTOpPOU CTeleHH HO IPOCTOMY HEYETHOMY MOAYIIO p:

' 'xZEa(inodp); (a, p)=1. (2)

c. Ecau a—rkealpamuynwii evluern no modyaw p, mo
cpasrenue (2) umeem 0sa pewierus.

HeiicTBrTensHo, ecin a—KBanpaanHmﬁ BEIYET, TO' cpaB—
Henme (2) mmeer, mo KpailHell Mepe, OXHO pemleHHe
&'==z, (mod p). Ho rorga, BBmay (—=z,)?=2x{, T0 e cpas-
HOHHe uUMeeT N BTOpPOe pelleHme I ==—z;(mod p). 39ro
BTOpO® DeIeHHe OTAMYHO OT MepBOro, TAK ~Kak - ¥3
Z; = —x;{mod p) M mMema Ou 2z,==0(mod p) |10 He-
‘BOBMOKHD, BBULY. (2, p)=(x;, p)=1. : N

"VKA3AHHKIMA. [BYMA = peIeHASAMA. 7 - nclzapnmmxomn
BCP pemIeHFA. cpaBHEHAA (2), .TaK. .RaK .NOCJIERHED,. Oymysn
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CpPaBHeHHEM BTOpPOH cTemenu, Gonee JAByXx peIIeHMH HMeTh
He Moxer (¢, § 4, ra. IV).

d. ITpusedénras cucmema 6bivemos no Modyarw p COCMO-

—1
um us 1—1—2—— neaapamuuuux éblYemog, CPASHUMBL ¢ HUCAAMU

2,22, (B) (3)

-1
u (pT-> nea@pamuwwx HEguIYEMOos.

HeiicTBATENIPHO, cpeaM BHYETOB NPHBEJBHHOH CHCTEMEl
IO MOAYMI0O p KBafpPAaTHYHHIMH BHYETAMH HABIAIOTCA Te
M TOALKO Te, KOTODHE CPABHEMH ¢ KBajJpaTaMum wumHcelN
(upmBegéHHAA cHCTEMa BHIYETOB)

-1 ; —1
i RERRERET et FE N AU = )

1. . ¢ wncaamu (3). Ilpm srom wumena (3) mo wopyaw p

He CPaBHHEMEI, Tak Kak U3 £?=:/?(mod p), 0 <k < l<£:2——— ,

caegoBano O, 9T0 cpaBHeHn0 z2==/%?(mod p), BoUpek: ¢,
cpefu umCed (4) YIOBJIETBOPAIOT deTHpe: L= — [, — ,
e. Ecau a— readpamuuneii ewivem no modyaw p, mo

p—t
a 2 =1 (mod p); (%)
ecal a— K6a0pamuyHbL Hegbluem no modyalo p, mo
p—1
a 2 =—1(mod p). (6)

HeiicrBrTenrro, mo teopeme Pepma,

p—1 p—1

ap—.‘:—z_i(modp)' (@2 —1)(a? +1)= O(modp)

Onny . I TONEKO ONMH U3 COMHOMKHTENCH JeBOH <wacTH mo-
* clIeNHEro cpaBHEeHHA fenurcad Ha p (068 COMHOKHTENA He
MOryT OJHOBDeMEHHO [IelIATHCA Ha p, B IPOTEBHOM Cliydae
X pasEocTh 2 NOIBKHA Omya 6W pmenurbcs Ha p). [lostomy
¥MeeT .MecTO OJHO W TOJBKO OLHO M3 cpasHeHmA (5) ¥ (6).
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Ho Bcakmii kBajpaTwusbl BECT 4 . YNIOBIGTEOPHET
IIpA HEKOTOPOM I CPaBHEHHIO S s

a==z*(mod p) (7)

u, cjJenoBaTesbHO, YAOBIETBODAET TaKke W CPaBHEHHIO (D),

KOTOpPOe MO}XHO IHONYYATH HOWICHHHIM Bo3BefeHmeM (7)
—1

B CTeleHb 3—2—. Ilpu »sTOM KBajgpaTAYHEIME BHIYETAMH

A WCUEPIHBAIOTCA Bce pellleHMsA CPaBHEHHA (9), TaK Kak,

—1
Oynyun CpaBHeHHeM cTelneHn ’i-é—, OHO He MOMKeT HMeTh
Gonee ueM “—— p
pemeHmA
‘ HoaTomy KBaJpaTUYHEle HEBEIYETH ynosneTBopﬂmT

cpasrenzio (6).
§ 2. Cameoa Jlemanpapa,

P a
a. Beexém B paccMorpeHme cumgos Jleswcandpa ( ;)

(unraercA CHMBOJI @& N0 OTHOWMEHAI0O K p). OTOT CHMBOI
ompejesigeTcs [aA Bcex @, He [elAmUXcA Ha p; OH pa-
BeH 1, ecam @ — xBagparuumHil BHuer, u—1, ecnm a—
KBajpaTH4nkii mesmuer. Uncao e HasmBaercAa w@cImTeiIeM,
p — 3HAMEHATeJICM CHMBOJIA.

b. Beuny e, § 1, ouenmpuo, mmeeM

p—1

2N, 2
(p/_a (mod p).

¢. 3mech MHB BBEIBeieM IVIaBHEHInme CBOWCTBA CHMBOJA
Jlexkarnpa u B cruepylomeM mnaparpade — cBolicrsa 0606-
IIeHds 3TOro ' CHMBOJIA — cuMBoJIa fIkoOu, KoTOpHe MO3RO-
aar OGHCTPO BHUMCIATE HTOT CHMBOJI, a CAEJOBATOILHO,
pemarek BOIPOC O BO3MOKHOCTH CpaBHEHHS

z%e=g (mod p)."

d. Eciwu a=:a;(mod p), mo <%>:<EPI—>
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dro CBOMCTBO' ClleAyeT M3 TOFO, YTO 4HCIA ORHOrO
H TOro ke Kjacca OyayT OfHOBPeMEHHO KBajpaTHYHBIME
BHIYeTAMH HJIA HEBHIYeTaMH.
<1)=L
p .
Hedcreurensno, 1=1% wm, caejgosaressno, 1 — KBa-
IpaTHIHEIl BEIYET.

1N _ ()T
L(5)=(=1
9ro cBoiicTBO cleayer u3 b mpm a= —1.

—1 .
Tar war p_z aérHoe, eciam p ¢opmel 4m + 1, m wme-

yérHoe, ecnia p QopMmer 4m -3, TO oOTCHOEA CleAyer, HYTo
—1 saBnsercAa KBajpaTAYHEIM BHYETOM NPOCTHIX SHCE
dopMEr 4m 4-1 M KBajgpaTMYHKIM HEBBIYETOM LPOCTHIX YH-

cem gopmme 4m + 3.

o (25L)=(2)(2) - (B,

HeficTBATeNbHO, HMEEM

(ab l)-“(ab l) 2=a?2b? ...012% =

=) () - (B man

OTKyNla X BHEITEKaeT Hamie YTBep:KICHHC. OTCIOIla cllecTBue:

F)=()
2 p/’
T. €. B 4UWCJHHTeJe CHMBOJA MOKHO OTOpocATh JK00oiH

KBaJIpaTHIHEIT MHOKUTEIIb.
h. [Ina BoiBoga manpEeAmEX CBONCTB CHMBONA JIe)KaH-

Ipa Mh CHadajga jJagmM oMy apyroe mcroikosanme. [lo-
jarag p, we——l PACCMOTPHEM CpDaBHOEMSA '
a - 1==zr; (mod p),
a - 2==zr, (mod p),

, &y
- pEy [T, (mod p); - '



§ 2. CHMBOJl JIEHKAHIPA 4 7

rfe &7, —a0COMOTHO HAHMOHLINMH = BEYET 4T, 7;— €rc
MOZYyJib, TaK 9TO 2= +'1.

Yucna ¢ -1, —a-1,a:-2, —a- 2 e @ Py, —a@e Py
oﬁpaaymr OPABENEHHYI0 CHCTEMY BHYeTOB 0O MOAYJIO p
(c, 5, rn. III); mx aGcomOTHO HaBMEHBINIAE BHIYETH
cyTI? &y BNy, &fy, — 8T, ..., SpTp, T Ep[Tp.
Ilonoxurenbusie ¥3 NOCNERHAX, T. €. Ty, Iy ..., Tp,
JOIGKHEL coBOAjaTe ¢ wmenamu 1, 2, ..., py (b § 4
ra. II).

[lepemuoxan Temeps cpasuenua (1) m coxkpamas Ha

1'2 PP p1=r1r2 ...rpl,
p~1 .
noayanM a 2 =& ... sp (mod p), orryna (b) mmeem
a
(-;) =218 ... 3p1. (2)

i. Haiinennomy smpaskenmioo cmmsona Jlemamppa ppu-
nagmM Gosee saxonueHmH Buy. Mmeem

[(Fl=l[F] 2 {51 -2 5]+ [2{51)

9ro Gyaer dWETHHM MM HEeYETHHM, B B3aBHCEMOCTH OT
Toro, fynmerT B HaUMEHBIIAH HEOTPHUATEJHBEH BHYET dHC-

i .
a .ar MeHBIIe UIH GoJblie TP T. e Bymer am &=
S

wam s, = — 1. Orciona, ouerHpHO,

1,

K ex—(——-1)[

1 moroMy m3 (2) HaxogmM

()=
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j- Ilpemmonaraa e mewéTHEIM, npeobpazyem mocjexHE®
paBeEcTBO. MMeeM (a - p — uérHOE) :

-e-EHE)-

Y2 ey

ﬁ.(__1> ____(_1)x=i x=1 ,

OTKYZa
D

(2)(D)=2 T @

@opmyia (3) mO3BONUT HAM BHIBECTH JABA BechbMa BAMKHHIX
cBoiicTBa cmMBona Jlemmanmpa.

k. ( ) —1)

Cnenyer u3 ¢opmynn (3) mpr a=1.
Takx wax, manee,

gs_m’-_ts_i)ti_ = 8m? 4 2m wdrHOe,
a
<8m_+8§>;1 8m? + 6m + 1 neuéruoe,

TO OTCIOfla CcJepyeT, 4ro 2 OypmeT KBajApaTHIHEIM BEIYETOM
opocThx vymeen. fopmu 8m.4+1 (8m+ 14, 8m+47) m xsa-
HpaTHYHEIM HEBHIYCTOM NpPOCTHIX duced GOpPMH

8m 43 (8m + 3, 8m+9).

L. Ecau p u g —npocmuie neuémuvie, mo (3aKon 63aum-
HOCTNUL K60 PAIudHbE GbIYeMmo8)

(1) =17 (2).

—1 = .
Tar wak p_2_ . ‘-’_Zi Oymer He4STHHIM JHIIB B cjyudae,

worna ofa wmesna p m g Gynyr opMer 4m + 3, m uETHHM,



.. '8 2. CHMBOJI JEXAHIIPA ™

eciil XOTh OJHO M3 3THX umcenr Oymer ¢opMm 4m.+ 1, TO
yKasaHHOe CBOHCTBO MOMKHO (POPMYJNHMPOBATH TaK:
Ecam oba wmena p m ¢ dopMe 4m + 3, To

(D)--(D):

ecJaH ke XOTh OfHO u3 HUX dopmsl 4m + 1, TO

(7)=(3)
P q

Hdna pokasatenscTBa 3ameTmM, uro BBELY k  dop-
myna (3) TpHHEMAaeT BH[

(%)=(- yo 7 (4)

—1
Ilonaras Tenepb (]T- = (i, PpacCMOTpuUM piq, [ap 4ucesn,

OONIy49aeMBIX, KOIJla B BBHIDayKeHWAX ¢x, py 4UHUCNa £ H Y
He3aBHCHMO ApPYT oOT jApyra upoferaiT CHCTeMb 3HATCHHI

z=1,2, ..., p, y=1,2, ..., q.

Hnxorpa He MoskeT OBITH ¢ = py, IOTOMY 9TO M3 3TOr0
paBeHCTBA cjefgoBas o OB, 9TO pY KpaTHO ¢, 9TG BBHAY
(P, @) =(y, ) =1 (rax rar O < y < ¢) meBoaMoxHo. [loaro-
MYy MBI MOMKeM MOOTOKHATh piqq =S+ Ss rAe §;-—udcmo
map ¢ gr < py m S;—umeno map ¢ py < g%.

O‘IGBHJIHO, Sl eCTb TaKKe YHCJI0 map ¢ X < %y
o
dnecy npm mammom ¥ MOKHO Opars x =1, 2, ..., [5 y] .

(BBme —;1 y<—§ g1 < g nMeeM [5 y] <p1.> Crnemo-
BaTeJIBHO,
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ABalOrRUEKM OyTéM yGemmMcs, qTO

P,

Sa= D) [—% :1:] .
z=1

Ho torpa paseHcrso (4) maér mam

(5)=t-1m (£)=-»
(£) (4) == ppnm o

OTKYJa B CcJIeyeT OTMEYEeHHOE CBOWCTBO.

HO3ITOMY

§ 3. CumBoa fAxro6m

a. Urobm cpenats Be9@caeHEme cuMBona Jlesampgpa
Gomee OBICTPEIM, paccMaTpEBalOT Goslee oOmmiA  cuME04
Arobu. Ilycre P —mneuérnoe, 6Gonbmee epmEnMNE,
P=pp, ... pr— pasnoennue ero Ha HPOCTHE COMEOKATENN
(cpenm  Hmx Moryr OsiTe n pasmbie). Ilycrs, masee,

(¢, P)=1. Torma cumBoan flrobm (—;;) ompefenAeTcd pa-

BEHCTBOM
#=GOGE) -G
P n/\p/J " \p /"

WUapectnrre cBoiicTBa cmMBoja JleskaHZpa [HAIOT BO3MOMK-

HOCTh YCTAHOBHTH AHAJNOTMYHEIE CBOMCTBA M JJIF CHMBOJA
Axobn.

b. Eciu a=a,(modP), mo( ) (al)

JeficTBATENBHO,
(%)=(%9(%0~-C%)=
=)&) - G)=(%

noroMy d9ro a, OGyayum cpaBEEMO ¢ a, Ho Mouayawo P,
y yny 1 y



§ 3. CHMBOX AROBM = ”»

Gyner cpaBHEMO ¢ @; H' IO MOAYJSM Dy, D3, ..., Dp, KOTO
pHe ABIAKICA Rejmreaamnm P.

(%):—_—1.

B camom pene,

(-G ()=
d. (113—1>=(~1)P_2_1

Urobu ybeguTbcA B 9TOM, 3aMETHM, d9TO

GF)=-GIG)- G

-1 p,— ++___
=(— 1>2*2"‘2; (1)

HO

P 1_pipe. pr——1

(1+2”1 1)(1+2”2 ! (1+2P 1)...

_P"1+

LU +’—’T—+2N,

Bty 4ero m3 dopmyns! (1) BrBOmEM
(G)=t-0%"
(B ()

_ [lencrBaTensHo,
(ab})..l) <abp1 ) (ab ) |
N OO ICOMON
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cofupad CHMBOJE ¢ OFWHAKOBEIMK YHCJIHTEIAMHA, MH  #
HOJydumM yTBepjgaemoe cBoiicTBo. OTciona CciefcTBHE:

(-G

NORSS

Heiicrenrensno,

OEOCC

2
p? 1 pi—1 +pr—1

PP—1_piph... pr—t_
8 8 =

<1+8"’1 ><1+8P2 1) <1+8”"‘1)-—1

12N,

P1—1+P2—1+“' +pr

BBULY dYero M3 ¢opMynasl (2) BHBOZHM

B=-0F

g. Ecau P u Q— noaoscumensusie Heuémiuvie 63aUMHO

npocmuse, mo
P-
(-7 @)

- HelicTATeNbHO, WYCTh Q= ¢,¢3 ... ¢4 €CTH pasnoKenHe Q
HA TPOCTHe COMHOMKHTENH (CpPefil HAX ONATH-TAKA MOTYT



§ 3. CUMBOJI IKOBA . °. 84

6uite paBmne). Mmeem

(#)=GGED - ()= HH( L) =

SNt
BT ()

a=18=1

_ _1)(0§1 2 )(ﬁ§17)<§>

Ho, mopo6ro ToMy, xak B d, maxognm

P"“Z‘, 42N, 2 e,

BBHLY 4ero mociefHAd dopmyna maér

P—1 Qi
L2 _1)‘2—‘ T (2
> ) =( a):
IlpaMep. B xauecTBe mpmMepa Ha BHYACICHHAS CHM-
Bona Jle:xannpa (npm sToM OyZeM paccMATPHEBATH €0 . KaK

YacTHHIE caydail cmMBojia flko6m) mcciegyem, mMeeT i
pellieHne cpaBHEHHe

2?=219 (mod 383).

Vimeem (mpuMeHAA IOC/IeNOBATENBHO CBOMCTBa g, b, cien-
creue e, g, b, e, f, g, b, d):

%’—"’g‘?g ="<%%‘ (219—
- (-~~~
- (D=-)--(E-1

CJIeIOBaTeNbHO, pachOTpeHHoe CPaBHEeHHe  HWMeeT ~ JBa
pelnenus, : .
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§ 4. Cayuaii cocrapHOro Mopmyas.

a, CpaBHeHHA BTOPOH# CTENEHM IO COCTABHOMY MOAYJI0
ACCTAGAYIOTCA ¥ - PEINAKTCA coIlacHo oOmEM  yKa3anuaM
§ 5, ro. IV,

b. Hauuém co cpaBHenma Bmia
2=a (mod p*); a>0, (a, p)=1, (1)

rre p— IpocToe HedérHoe, ,
Ilomaras  f(x)=2%—a, Oyaem mmers [ (z)=2z,
H ecanm =z, (mod p) ecTh pelrenne cpaBHeHHA

z22=a (mod p), (2)

To BBEAY (4, p)=1 Tamme (x;, p)=1, a Tar Kak p Heubr-
goe, 10 (2z;, p)=1, 1. e. f'(x;) Be memurca ma p. Iloaro-
My K Da3hiCKanmio pemeHmil cpasdeHus (1) MokHO mpuwme-
HATH paccypensa b, § 5, ra. IV, npuuém rasmpoe pemenme
cpaHenmA (2) pmact ogHo pemenye cpasHenna (1). Ms cka-
3aHHOTO BEIBOJAM, 9TO

Cpasnenne (1) umeem 0sa pewenus uau oce Hu 00HO20,
€ 3sasucumMocmit om moeo, 6ydem au wucao a kead pamud-
HBLM GBLUCINOM UALL dfce HEGBIYEMOM NO MODYAI0 .

c. Teneps paccMoTpmM cpaBmHenHme

2?*=a(mod2%; a«>0, (a 2)=1. (3)

3mecwy f'(x;) = 2x; nmenuTcA HA 2, W TOTOMY paCCYHACHHA
b, § 5, ra. IV uenpumenwMbl, OHH JO/RHH GHTH BHJIO-
H3MEHEHH CJeAyomuM o00pasoM: :

d. Econ cpaBpenne (3) paspemmmo, 10 BBEAY (@, 2)=1
nmeeM (z, 2)=1, 1. e. £=1+4+2t, rme t—uenoe. Cpas-
HeHHe (3) NpHHUMAaeT BUJ

1+4t(t+1)=a(mod?2%).

- Ho omgmo m3 wumcenm ¢, ¢+ 1—wubrmoe, mostomy 4f(t+ 1)
kparHo 8. CnemoBaTenpHO, Il PaspelIEMOCTH ILOCJEIHEr0
CPaBHOHHA, & BMECTe ¢ TeM H cpaBHeHmA (3) HeoOXOAHMO

a=1(mod4) mpr a=2; a==1(mod8) mpnm a>3.- (4)
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e. B cayuaax, worma ycmosma (4) me mapymenw,
pacCMOTDHM BONPOC O pa3HCKAHWE peINeHAH H HX dHCIe.

Hdna cxyuaeB a <3 BBEAY d CpAaBHEHHIO YHOBJIETBO-
palor Bce HeuéTHNe wucia. IloaToMy cpaBHenme z%=a (mod 2)
nMeeT ofiHO pemennme: z== 1 (mod 2), cpanHenue z*=aq (mod 4)
uMeeT /iBa pemenna: z== 1; 3(mod 4), cpaBrenne z%==a (mod 8)
nMeeT veTwipe pemenma: r=1; 3; 5; 7 (mod 8).

JluA paccMoTpenusa ciayuaes a=4, 5, ... BCe HEUSTHHe

Yyuca [0/Ie3H0 oOLefWHHTE B JABe apnPMeTHIECKme Mpo-
rpeccan:

z =+ (14 4ty) (5)
(1 + 4t3=1(mod4); —1—4ty= —1=3(mod4)).
IlocMorpnM, kaxme m3 umcen (D) YHOBJIETBODPAT CpaBHe-

a0 z°=q(mod 16). Haxonmm

(1 +43)*=a(mod 16), t3= a;'i (mod 2),
ty=1ty+2ty, =4 (144154 8¢y) =+ (24 + 84).
IlocMoTpnM, Kakme M3 IIOCAENHHX YHCEd YAOBJIETBOPHIOT

cpaprennio x?:=a(mod 32). Haxomum
(24 + 814)°=a(mod 32), t,=1t,+2t;, z=-1 (z5+ 16¢;),

7 1. 0. TakmM wmyrém yGemmmes, €ro mpm sofoM o > 3
3HAYEHHA &, YAOBAeTBOpAOmMAe cpaBHeHmIo (3), mpen-
craBArca B fopme .

r =4 (z, +2°7'2,).
Jrrm 3uaweHRMA & 06pa3yloT UeTHIpe pa3nr WX pelleHmd
cpasaennd (3)
, T=Ts, Za+2"7h —x —x— 2% (mod 2%)

(no Momymio 4 nBa mepBeix cpaBHEMH ¢ 1, a pgBa mocnen-
HEX CPaBHAMH ¢ — 1),
Ilpuamep. Cpasuenue
2?== 57 (mod 64) (6)

peEny 57==1 (mod 8) mMeer wernpe pemenns. IIpepcrasass



84 IJi. V. CPABHEHHA :BTOPOR ' CTEUEHN

ZB Q)opMe z =4 (14 43), maxommm o
(14 425)?=57 (mod 16), 8ty =56 (mod 16),
tg==1(mod2), f3=142t; z=+(5+ 8t4),
(5+ 8t4)2==57 (mod 32), 5 - 16¢,= 32 (mod 32),
ty=0(mod2), t,=2t;, z=-+(5+16t;),
(5 + 16¢5)2 =57 (mod 64), 5 - 32t;=:32 (mod 64),
t;=1(mod2),  t3=1+42t, x= 4 (214 32¢).
HosTomy pemennma cpasmenusa (6) 6ymyr:
r=+21; + 53(m0d6’)
f. I/IB ¢, d n e cienyer:
Haa cpasnenus
r’=a(mod2%); (a,2)=1
HeobxodumuimMu  yeacsusmu — paspewumocmu 6ydym, a==
=1 (mod 4) npu a=2, a=1 (mod8) npu a>3. Ecau smu
ycao6us He Hapyuienst, qucio pewenuii 6ydem: 1 npu a=1;
2 npu a=2; 4 npu a>3.
g. Uz b, f n a, § 5, ra. IV caenyer:
Haa cpasuenus ofiupeeo euda
z?z=a (modm); m=2"p{1p;2... ppk; (a, m)=1
Heabxo0uMbLMU Ycaosuamu paspewumocmu 6yoym;

a==1(mcd4) npu a =2, a=1 (mod 8) npu a> 3,

=)=, (7)?;)-_1 ?“;}:1

Ecau nu 00no us smux ycaosuil He HApPYWIeHO, HUCAO. Deule-
1
nuii 6ydem: 2 npu a—O unpn a=1; 22" npu a=2:
2”+2 npu a>> 3.
Bompocsr k raase V.
BykBowo p sfeck Bcerpa o0o3HagaeM. NPOCTOE - HEUETHO- YHEIIO.
1. [lokasare, 1TO PasHCHAHUE DeWleHWH CPABHEHHA BUAa
az?+ bz c=0(modm), (2, m)=1
CHONMTCA K PABHICKAHAK. peMeHm# -cpapHenas BuEAa. z? =g (mod m)..
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2, a. Ilomeayach e, § 1; walTH. - pemmeH#n . cpasHEHNA: (B ciydae
ero Bosmomnocm)

x‘—a(mod P p—-’4m+‘

b. HOJIbayHCL b n k, § 2, yKasarb c0co8 paskickaHds peme—
HAH CpaBHEHHH BHAa

z? = a (mod p); p=28m +5.

¢. YKasath BOSMOMKHO Oomee leOCTOI/I cnocoG passicKaHUA petie-
Hyai CpaBHeHHH BUIA

x® = a (mod p); p=8m+1

B cJiydae, KOrJa H3BECTCH HeHOTopHII KBalI])aTH‘IHHI/I gepsuer N 1o

MONLYJTIo p.
d. IToneaysach Teopemoit Bmmcona, NOKa3aTh, 410 - PelieHuss

cpaBHEHHA
2?4+ 1= 0(mod p); p=4m +1

oynyr
z=4+1-2...2m(mod p)

3, a. lokasarb, 4TO cpaBHeHHDE
z? + 1 =0 (mod p) 1)

paspenmmMo TOrAA M TOILKO TOTAA, KOTXA p MMeer Bl 4m+1;
CpaBHEHHE :

2 12 = 0 (mod p) 2)

paspemuMo TOTJA M TOIBKO TOTA, KOTAA p mMeer Buj &m -+ 1 nam
8m + 3; cpaBHeHue

224 3= 0(mod p) 3)

paspemuMoO TOTJa M TOJNBKO TOTAA, KOorja p mMeer BuUX 6m - H
b.. Joxaszars GeCKOHEWHOCTh WHCJIA NMPOCTHIX wmces BHAA 4m + 1
c. JloxasaTb GRCHOHEUHOCTE WHCJIA l'IpOCTHX unces Buga 6m 1
4. Tlycrp, pasbusaa umena 1, 2, , p—1 Ha fBe COBORYMHO-
CTH, BTOpas ¥3 KOTOPHIX GOIEPIHAT Jie MeHee ONHOFO WWCHA, MMEeM:
Ipon3Befenne JABYX uMCeX ORHOH COBOKYOHOCTH CPABHMMO IO MO:
YN0 p' € SMCIOM IepPBOH COBOKYIHOCTH, A NPOM3BENeHHe JBYX amces
PasiMIHEX COBOKYNHOCTEH CPABHEMO IO MOAYJUO p ¢ WHCIOM BTOPOH
COBOKYIHOCTH. [I0Ka3aTh, 9T0 3TO OY/CT TOT/A K TOJILKO TOTAd, KOTJA
nepBasg COBOKYIHOCTH COCTOHMT H3 KBANPATHYHEIX BEIYETOB, & BTOPAH —
43 KBAJpaTHYEHX HEBEYETOB IO MOAYJIO p.
215, a. DuiBe¢TH TeopuMIo cpapHeHMHM BUJA

z25d(mpd ™) (a, p) =1,

“PenCTaBJIFIH a U r B cucTteMe HCYWCJIeHHA ¢ OCHOBaHWeM N
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b, Benect® TeOpHNI cpanmeHmi BHIa
P=a(mod2®); (a, 2)=1,
UPelCTaBAAA @ M Z B CACTEME HCYHCIICHRA ¢ OCHOBAHEEM 2.
6. JloxasaTs, 4TO DeHICHHA CPAaBHEHHA
z? = e (mod p*); (a, p)=1
Gynyr = = + PQ’ (mod p*), rge

p(Et Va)2+ (z—Va)* _@E+Va)l—e—Va)*

- 2 " v Q—" = T )
2V a

2 =a(modp), QQ =1 (mod p*).

7. Yrasath cnoco6 pemenus cpaBHenmsa 2= 1(modm), ocHo-
BAHHHH HA ToM 06CTOATENBCTBE, YTO YKAZAHHOE CPABHEHAe DABHO-
CHIIBHO TAROMY: (2~—1) (z + 1) = 0 (mod m).

8. Hycrs (i)=0 npa (a, p)=p.

a. IIpm (k, p)=1 poxasaTs, 410
p—1
2 (x(x-ka))___i .
— .
z=0

b. IIycrs wampoe m3 wuces ¢ U v WMeeT OAHO W8 sHaveHdmd + 1,
T —uueno map =, z-+1, rae z=1, 2, ..., p—2, ¢ ycaosuem

z x+1
= Y=g, =17. MHOKA34Th, 4TO
()= ()= 2

1 -1
T=7;<P-2—=<7>-n——en>.
e. IIyers (k, p)=1,
2 2 (a:y+k>
p £ 4
z vy

rge z B y npoberalor Bospacralonige IOCIENOBATENTHHOCTH, COCTA-
BIIeHHHE COOTBETCTBEHHO M3 X W Y BHYETOBR MONHOH CHCTEMB IO
Moaymio p. [lokasaTe, uTO

S| < V2XYp.

Jlas  gorasaTenscTBa clieAyeT BOCIIOJBSOBATBCHA HEPaBeHCTBOM

ner3[3(5
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A

\
.d. Ilycre Q—neiioe, 1 <Q < p,

p—1 Q-1
e EN
o s=Ssn s=) (_p )
x=0 z=0

a) HNowrasars, uro S=(p—~Q)Q.

§) Hycrs A—mocrosrnoe; 0 <A << 1. J[oxasare, uro uucao T
qucen paja =0, 1, ..., p—1, A74 KOTOPHIX He BHIIONHAECTCA YCJIO-
BOE S, < Q0’5+0’5 A YIOBNETBOpsAET YCJIOBUIO T<pQ"".

7) Hyers p > 25, M —mpenoe. [lokasate, 4T0 B pAfe

M, M+1, ..., M+3[Vpl—1

AMeeTCs KBafpPATHYHEI HeBHHYeT N0 MOAYIIO p.
9, a. [oxasarh, 4TO 9HCJO IpefcTaBieHHd mexoro m > 1 B BEAe

m=xz*+y%, (z, y)=1, 2>0,y>0 1
PAaBHO YUCHY pelleHHd CpaBHEHUA
2241 = 0(mod m). 2)

Jlna pokasarenrcTsa, NONOMKHEE t==V m, BOCTIONE30BATECA TPed-
¥4
CTaBIIEHUIEM a==_- COTTIACHO TeOpeMe Bonpoca 4, b, rn. I, m paccmo-

TpeTh CPaBHEHEe, NOMydaeMoOe MOYWIeHHEM yMHOKkeHmeM (2) Ha Q2
b. ITycrs a—opn0 m3 wmcen 2 u 3. [lokasaTb, 9T0 YHCIO Hpef-
CTaBJIEHMA OPOCTOrO p C yCjoBHeM p > a B Bufie

p=2atay?, >0, y>0 )]
pABHO IOJIOBHHE uKCia PeINeHNMil CpaBHEHHSA
224 ¢ = 0(mod p). (4)

¢. Mlycrs p umeer Bug 4m+ 1, (&, p)=1.

S (k)= %(1)(-——”” (’”2: ")> .

Horaszarte, uro ([I. C. T'opmxos)
a) § (k) —uérHOoe UHCIIO.

B s ae=(5)s m.

Y1) Hpn (%):1, (%): —1 mmeem (cp. BOmpoOC a)

p=(3s0)+(5sm).

+
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10. Mycrs D—menoe MONOMATENLHOS, He MBIAIOINEECH KBAPa-
TOM HeJXoro wmcia. JoKasaTk, 9TO:
a. Ecam npm namBOoM menoM k ypaBHeHMIO
’ 22— Dyt =k
YAOBIETBOPAIOT jBe NAapH WeJHX ZI=2z,, Y=Y, K Lz==Ty, Y==Y.
TO YpaBHEHHIO
: X2 -DY?=k?
YAOBNETBOPAIOT medkle X, Y, omnpepenseMmrle pPaBeHCTBOM (3HAK +
BHOEpaeTCA NPOUSBOJILHO)

X+YVD=(2;4+y VD)(a: + .V D).
b. Vpaenenne (ypasmenne ITems)
: at— Dy*=1 M
paspemuMo B NeJHX IOJNOMATeNEHEX Z, V.
e. Ecnm zy, yy—napa MHONOKATENRHHX 2, Y ¢ HANMEHBIINM x

(wnw, uTo pasEOCHILHO, ¢ HamMensmuM z +y V D ), YAOBNETBOPH-
omas ypasHenuo (1), To Bce NMapH NONOKATENBHBIX 2, Y, YAOBIe-
TBOPAIOHIME 3TOMY YPABHEHNIO, ONPeIeNIAINTCA PaBeHCTBOM

e+yVD=(z+y,V D) r=1,2, .. (2)
11, a. Ilycrs a—meioe.

p—1 . ax
2ni —
— z »
Var=2 () -
x=1

a) Ipm (2, p)=1 noxasats, uTo ]Ua,p{:l/;z
Mas noxasarenseTsa cnefyer cymmy U, ., YMHOKHTR Ha cONpsA-

MEHAYI0, HOMywaeMylo saMenofi [ ma —i. OGosHauasm Gyxpamm i,
I 2z TepeMeHHHE CYMMHADOBAHHA OCHOBHOH M CONPAMKBHHOHN cymM,
caexyer cofpars BMecTe Te WIeHHI IPOM3BeNeHHA, T/i¢ MPU JAHAOM !

z; = 2t (mod p),
I JKe
2, =zt (mod p).

(5t
p/ Uy p

b. Mycre m > 2, (a, m)=1,

8) Hoxasarp, uro
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a) Jlorasars, 4ro S, = U,, p (BOmpOC a).

) Ua TeopeM BOHpOCOB @) W a, a) Clegyer, 4TO S, p= Vr.
Jlorasats ciepyoomui Gosee ofmmi pesyisrar:

[Sg, m|=Vm, ecnm m=1(mod2),
| Sq, m1=0, ecim m = 2 (mod 4),
|85, m|=V2m, ecim m = 0 (mod 4).

7) Oyers m > 1, (24, m)=1, ae=nw6oe neimoe umcao. JLoka-
3aTh, 9TO

m—1 L Ax2+ax

2m——m— ,
DN
x=0

12, a. Ilycrs m—nuenoe, npesocxopsamee 1, M m Q—meawe,
<M< M+QLm, 2 ofo3Ha9aeT cymMMmy, pacnpocTpanéHHYIO IIO
z

2 Ha 3aJlAHHYI0 COBOKYIHOCTD HEJHIX 9HCET, a ) 0G03Hauaer cymmy,
z

pacnpoc'rpaHéHnyo IO z JIAIIG HA YHCJA HTOH COBOKYITHOCTH, CPaBHH-
MBIE IO MOAYJI0 m € IHUCIIaMA

M, M+1,..., M+Q—1.

IIycrs, mamee, ¢ynxnusa @ (z) taxopa, 9TO TpPH HEKOTOPOM A H Jiio-
6oM a=1, 2, ..., m—1 mMeeMm

‘ Z ® (2) eZM

378

PN

JokasaTe, 4ro

> @(z):% S 6(2)+ 03 (Inm—d),

2
!
rue |6} < 4, 8 > 0 Bcerna, & > % mpu m>12, 8 > 1 npn m>60._
b. Mycrs M u Q—ueaste, 0 < M < M +Q < p.
a) [lokasaTts, 4TO
M+Q-1

3 Gy
=M
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8) Iyers R—vu@cn0 KBafPaTHIHKX BHEYeToB H [N ~-4YHCIO KBa-
ApaTHYHRIX HeBH4eTOoB B pAfme M, M 41, ..., M +Q—1. [lokasars,
qT0

1 8 _,—- R R
=7Q+7‘/P1HP, N=TQ——2—1/plnp; [6] <1

1) @opmynn ponmpoca B) BHBecTH, TONBAYACH TeopeMoit Boupoca

11, b, 8) u Teopemoii Bompoca a.
é) Ich'rb m > 60, (24, m)=1, M, 1 Q, —ueaste, 0 < M, < M, +

+ Q< m. I[oxaaa'rb 1o

A . 2
Mo+ Qo—1 2r.Ax

[t J—
e " i< Vminm.

x:Mo
e) Ilyete p > 60, (4, p)=1, M, n Qy—uneasne, 0 < My < M,+

+Qyp u T obosmasaer wumcao umcen paApga Az% z=M,,
My+1,...,My+ Qy—1, cPABHEMHX II0 MOAY/IO p € 9HCIAMH pANa

M, M+1, ..., M +Q—1. Jlorasats, 410

T=QP—‘;9 +6/p (I p)*.

¢. ®opmyas Bompoca b, B) BEBecTH, paccMaTpHBasg CyMMY

p—-1p—1M+Q—1 M+Q—1 2“a(.ac oY)
22 Z Z (%)e
a=0a=1 ==

Yucaennpie IpuMepsl K riase V.

1, a. Cpegu BHUETOB NpUBEJEHHOH CHCTEMH 110 MOZYJIIO 23 yKa-

8aTh KBaj(paTHYHEIE BEIYETH.
b. Cpepn BeMeros npmBeEHHOH cmcTeME IO Moxymo 37 yxa-

aaTLZ?l;anIf?;;;g;I:ﬂﬂgf Léqei“;f}casau YHCJIO peleHuid cpaBHeHMi
a) z? = 3 (mod 31); B) 22 = 2(mod 31).
b. VkasaTp yHCJIO pemeHNMA cpaBHeHWH:
a) 22 = 5(mod 73); B) «® = 3 (mod 73).

3, a. Brumenss cumBon flko0H, ykasaTh 9HCIO pemieHWA cpas-

HeHni
a) z? =226 (mod 563); 3) 2* = 429 (mod 563).
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b. YkasaTe 9HCI0 pemieEd# cpapHeHHi
a) 2% = 3766 (mod 5987); B) z* = 3149 (mod 5987).

4, a. Ilpumemaa cmoco6m BompocoB 2, a; 2, b; 2, ¢, pemmrts
CpaBHeHHA:

a) 2? = 5(mod 19); B) 2% = 5(mod 29); 7) 2*= 2 (mod 97).
b. Pemurs cpasmenua:
a) 2® = 2(mod 311); B) z? = 3(mod 277); ) 2* = 11 (mod 353).
5, a. Pemurs cpasrende 2? = 59 (mod 125) cmocoGamu
a) b, § 4 B) Bompoca 5, a; y) Bompoca 6.

b. Pemnute cpaprerne xz? = 91 (mod 243).
6, a. PemnTs cpaBHeHHe x2 = 41 (mod 64) cocoGammn:

a) e, § 4; B) Bompoca 5, b

b. Pewuts cpaBHenme z® = 145 (mod 256).



I'JJABA MECTASL -
IHEPBOOBPASHBIE KOPHM 11 MHAEKCHI.

§ 1. OGmue Teopemsl,

a. llpm (a, m) =1 cymecTBylOT IONOKUTEIBHKEE Y
¢ ycaosumeM a¥=:1 (modm), mampumep (Teopema Odiinepa)
v =¢(m). Haumenbmee u3 Hux BasmBaerca: noKasamead,
KOMOpoMYy @ RPuHadseHcum no modyaw m.

b. Ecau a no wmpdysw m npunadaencum nokasame-
a0 5, mo wucaa 1%, a, ..., a® 1 no modymao m mHe-
CPAGHUMBL.

HeitcrBarensro, u3 a!=a*(modm), 0Kk < I < ¥ cae-
nosaio G a'~*==1(modm); 0 <{—%& < 3, uro mporusope-
9UT OLpejeeHuIo .

c. Eeau a no modyaw m npunadaemcum noxasamearr 8, mo
a¥==aY' (mod m) moeda u moavko moada, ko2da ==y’ (mod 3);
¢ wacmuocmu (npu v =0), a¥=1 (mod m) moeda u moavro
moeda, roz0a vy Oeaumcs na o.

JleficTBATENBHO, ILyCcTh 7 M 7} — HAHUMEHBINNE HEOTPHU-
NATeJBHHE BHYETH 4mced Y m Y’ 110 MORYMI0 ©; TOrja OpH
HEKOTOPBIX ¢ N ¢, uMeeM Y =2~8g+7r, ' =3¢, + r;. Orcioza
n m3 a®*==1 (modm) cnemyer

a¥ = (a®)a" =a" (modm),
a¥' = (a?)Ba" = q" (mod m).
ITostomy aY==a"1(modm) 7TOorma W TOAMBKO TOTHA, KOTJA
a'=a" (modm), t. e. (b), worma r=r,.
d. U3 ¢¢(™=:1 (modm) m us3 ¢ (y'=0) caenyer, uro

¢(m) pmemmrca Ha 4. Takmm oOpasom noxaszameiu, KOmMoO-
JuM yucaa npunadiencam no modyaw m, cyms Oeaumenn



§ 2. NEPBOOBPASHEIE KOPHU 1O MOIVJIAM p% i 2p* 93.

@(m). HanGonpmmii W3 3THX jemTeNeil écTh caMo @ (m).

‘{ncna npEEAjIeIKAmue HOKasaTemo ¢(m) (ecaum Takme
cymecTBymT) HA3HBAIOTCA  Nepeo0l pasHslmMi KODHAMU TO
MO0YLI0 M,

§ 2. llepBooGpasubie KOpPHE 1O MOXYIAM p* H Z2p*.

a. Ilycts p—mnpocroe wmeuwérmoe m a > 1. oxamem
CYIecTBOBaHAe MepBoo6pasHREIX KopHeil o Moy nsaM p* u 2p*.

b. Ecau x no modyso m npunadaexscum MNoka3amesio
ab, mo x% npunadaencum norasamenio b.

HelictBurensno, TYCTh x° MPHHANIIEKAT TOKA3ATENO 3.
Torga (2%)==1 (modm), orryma z**=1 (modm); cacgo-
BaTeNBHO (¢, § 1) a’ memmrcs Ha ab, T. e. & penmrca Ha b.
C npyroit ciopomsl, z**=1 (modm), orxyma (z%)0=
=1 (mod m); caemosarensuo (¢, § 1) b neamtca na &, [loaTomy
5=h. :

e. Eeauw x no modyaio m npunadaescum noxazamenio
a, a y—norasamesio b, npuuém (a, b)y=1, mo zy npu-
Hadiemcum norasamenio ab.

JefcTBATEILHO, TYCTh XY IPHHANIEKHT HOKA3ATENI0 &.
Torpa (zy)®=1 (modm). Orcioma z¥y®==1 (modm) =u
(¢, § 1) 2¥®=1 (modm). Iloaromy - (¢, § 1) &5 peunnrcs
Ha a, # BBHJY (b, a)=1 & genurca na a. Tak ke Haxo-
IEM, 9TO 4§ fmeiamtcs Ha b. ,[[e.HHCL #e Ha a u Ha b, BBUAY
(a, b)=1 3 pemmrea m mHa ab. C ppyroit cTopomH, n3
(zy)? = 1 (mod m) caenyer (¢, § 1), 9T0 ab pmenwmrcs Ha 3.
[ToaTomy & = ab. '

d. Cywecmeyiom nepeoolpasnsle KOpHU no Mmodyaio p.

HeiicteaTensno, mnyctb < -— ofmee HAEMEHBINEE KpaT-
HOe BceX TeX IOKasaredleil

N 617 82: LI ] arv ) (1)
KasKJIOMY H3 KOTOPHIX 110 MOAY/IO P IPHHANINEKAT XOTA OBl
oxHo gmeyo paga 1, 2, ..., p— 1, muyers T = gilgs? . . . gpk —

HaHOHMYECKOE pasioeHze 4mcja <; TOT[A [P KAMKAOM §
cpeml gdcen (1) cymecTByeT HeKoTopoe &, nenﬂmeeca

HA . g3% M TeM CaMHIM LpejCTaBEMOC B q)opue & =agy. Ecau
Z — 9ucio, npuHannemamee IOKA3aTeNo §, TO, COrJIacHo b,

Z, =z° opruagie;KuT HOI\a3aTe.TIIO qs f CKaBannoe OTHOCHTCA
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ks=1, 2, ..., k; COTIaCHO © UHCAO g=2,%; ... Z; UPH-
HAUIEMAT TIOKA3aTelM0 q;lg5s ... gpk = 1.

Ho mocronrky mnokasarenmn (1) cyTs memmTenm umcia <,
T0o Bee wmena 1, 2, ..., p—1 ynosuersopswor (c, § 1)
cpasHeRmI0 2° = 1 (mod p). 3mauwar (¢, § 4, ra. IV),
p—1<<. Ho t— penmrens gnmcina p— 1. Ilostomy 1 =p ~1,
T. €, g — IepBooOPA3HEI KOpEeHb.

e. Ilyemv g —nepeoobpasueiii kopend no modyaw p.
Mooco  yrasamv t ¢ ycaosuem, wmo u, onpedessemoe
pasencmeos (g+ pt)?~t=1+ pu, ne Odeaumcs na p. Coom-
gemcmsyloujee g + pt 6ydem nepeoobpasnbim KOpHEM 1O
Mo0yaio p* npu awbom o > 1.

HeiicTeuTensHO, MMeeM

gr-t=1+ pT,,
g+ pyr-t=1+4p(To—g*~%+ pT)=1+pu, (2)
T7le, OAHOBPEMEHHO ¢ I, u mpoberaer mMOJHYI0 CUCTEMY BHYETOB
no monymio p. llosToMy MOKHO yKasaTh ¢ ¢ yCaOBHEM, UTO U
He penutca Ha p. llpm yxasammoM ¢ m3 (2) BHBOAMM TaKiKe
(6+ pt)p P~ =(1+ pu)? =1 + pu,, }

(g + Pty == (1 + pug)? = 1 + pous,

---------------------

3)

rae iy, us, ... He JeJATCA Ha p.

Ilycte g+ pt mo Moaymo p* NPAHANJIEKHT IIOKA3A-
remo &. Torma

(g + pt)* =1 (mod p*). (4)
Orciona (g + pt)®=1 (mod p); canenoBaTensHO, 3 KpaTHO
p—1, a rTak wmak ¢ jpemar ¢ (p*)=p*~l(p—1), TO
§=p Y (p—1), roe r—opno m3 wmcen 1, 2, ..., a.

dameHAs JIeByI0 4YacTh CpaBHeHHA (4) eé BHIpasKeHHeM H3
COOTBeTCTByIOMeEro u3 parencTB (2) m (3), moayumm (u =u,)

1+ pur=1 (mod p*), p"= O0(mod p*), r=qa, d=9(p*),

1. e. g + pt~mepBooGpasHRIl KOpEHb IO MOXYJIIO p°.

f. IIyemv a>1 u g,—nepgoobpasnslii kxopewv mno
Modyno p*. Hewémnoe us wucer g, u g, + p* 6ydem nepgo-
06pasHblK KOpHEM NO MeOYaw0 2p*.
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HeficTBrTeNbHO, BCAKO® HEYETHO® Z, YHOBIETBOPAMINGe
ogHOMYy u3 cpaBHeHH zY=:1 (mod p*) m z¥z=1 (mod 2p*),
OYeBHJHO, YHOBIeTBOpAeT ® ppyromy. Iloaromy sBBEAY
¢ (p*) =¢(2p*) BeAKoe HEYETHOe 2z, ABIAKIEeCH HEPBO-
o6pa3HEIM KOpDHEM IO OJHOMY wm3 MoiyJeit p* m 2p%,
ABigercsa mepBooGpasHEIM KopHeM m no Apyromy. Ho m3
IBYX TepBooOpasHHX KOpHeH g, u g;-+ p* 0O MORyAo p*
OIIMH — HEMPEeMEHHO HEYETHHI; OH, CJefoBaTeslbHO, Oymer
nepBooOpasHEIM KODHEM H IO MOAYI 2p*.

§ 3. Passickanue 1epBoOGpPasHBIX KopHeii
no MopyiaM p* m 2p°,

IlepBooGpasHsle KOpHM IO MOAYIsM p* | 2p*, rIJe
p —IpocToe Hed8THOE .M & > 1, MOKHO pAa3BICKUMBATH, MOJIb-
3ysch ciepyoneil ofmell TeopeMoii:

Hyems c=9¢(my u qi, G, ..., . — pasauvHsie nNpo-
cmute Jeaumean wucaa c. [Aas mozo umobsl wucao g, 63aUMHO
npocmoe ¢ m, 60 Nepsool pasublA KOpHeM 1O MoOyAl0 m,
Heobzodumo u docmamouro, 4mobsl smo g He YJ0eAemeopano
KU 00HOMY U3 CpasHeHuil

[ C

L L £
g =1 (modm), g2 =1 (modm), ...,g% =1 (modm). (1)

HeficrBrTenbHO,  ecaAm g — mepBooGpasHHEIT  KODEHS,
TO TEM caMBlM OHO IPHWHAJJIEKMT NOKAa3aTello0 ¢ H, Cie-
LOBAaTeNBHO, HN OLHOMY u3 cpaBHeHmi (1) ymoBIeTBODATH
He MOJKeT.

O6paruo, gomyctuM, 9TO g He YZOBJIETBOPSAET HA OTHOMY
m3 cpasuennmii (1). Ecaum Opl mokasaTens &, KOTOPOMY IIpH-
HaIJIGIKAT g, OKAasajlcsg MeHbIne ¢, to, o6osHagag OyKBOIO ¢

v C [

OMMH U3 NPOCTHX AelmTeNedl &, Mbl mMenu O -+ =qu,
c
q o

mMeHn0. SHAYAT, 8 = ¢ M g — OepBooOpas3HH KOpeHb.

Mpramep 1. Iycts m=41. Umeem ¢ (41)=40==23 .5,
%9: 8, —2—;20. CrnemoBaTenpHO, AMA TOro 9TOOH YHCIO g,
He JenameecA Ha 41, OHIO mnepBoOGpasHEIM KOpPHEM DO

[
=tu, g¢=1 (mod p), 4ro mpoTEBOpEdYMT HaIleMy JONY-

o
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monymio 41, meoGxogmmo m [ocTaTo9HO, uTOGH BTO g
He YIOBIeTBODAJIO HE OZHOMY W3 CpaBHeHHH

gé==1 (mod 41); g¥=1 (mod41). (2)

Ho, mcomtmBas wmeaa 2, 3, 4, ..., HaxoguM (o Mopyuo 41)
28=10, 3%=1, 4%8=18, 58=18, 68=10,
220 =1, 40 =1, 5%=1, 620=40,

Orciona Bumpum, uyro d[mexa 2, 3, 4, 5 —me mepsoobpas-
HEle KODHH, TaK KaK Kajoe M3 HAX YHAOBIETBOPHET,
OO KpaliHeil Mepe, opHOMYy u3 cpasHeHmii (2). Umcao 6 — mep-
BoOOPAsHEIE KOpeHb, TAK KAK OHO He Y/AOBJIETBOpHET
HH OJHOMY M3 CpaBHeHwmil (2)..

Mpumep 2. Ilyere m=1681 =412 IlepBooGpasuniit
KOpeHb M 3Jeck MOKHO O6HIO OBl HajiTm, MONE3ysAch obIneit
teopemoii. Ho MBI HaiigéM ero mpome, upumenss Teopemy
e, § 2. 3maa Yyme (upumep 1), wuro mepBooGpasHbL
KOpeHb mo Moxydio 41 ects 6, maxommm

6401 4 41 (3 4 410),
(6 +-412)40 =1 4 41 (3+ 417 — 63 4 41T) =1 + 41u.

Yrobsl u me peamiaochk Ha 41 pgocrarouno B3are £=0.
IlosroMy - B kadecTBe NepBooGpasHOro KOpHA HO MOAYII0
1681 Mmoxuo B3aATH umeno 6+ 41 - 0=6.

Hpumep 3. Ilycre m=3362=2.1681. Ilepsoot-
pasHBi KOpeHBL M 3JeCh MOKHO OBLIO OB HAHTH, IOIB3YSICH
obmeit Teopemoil. Ho Mm HainéM ero upome, mpUMeHAsH
teopemy f, § 2. 3maa yme (upmmep 2), 4ro mepBOOOpasHHIA
Kopess 1o Mmopyno 1681 ecrs 6, B xrauecrse mepBooGpas-
HOTO KOpHA @O MOAymdlo 3362 MomKHO B3dTh HEYSTHOE M3
yucea 6, 6 + 1681, t. e. umcao 1687.

§ 4. Unpnekcsl no mMogyasam p* u 2p*.

a. Ilycrse p—mpocroe mewérHoe, a>1; m-—oamo m3
gmces p* m 2p*; ¢ =¢(m), §— nepBooGpasHEI KOPeHb IO Mo-

Ayo m. «
b. Ecau ¥ npoéeaaem HAUMEHDUILE  HEOM PUYAMENbHbIE

gotvemer ¥ =0, 1, ..., c—1 no modyawo ¢, mo g¥ npotJezaem
npusedénnyo cucme.uy euuemos no Modyaio m. :
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JeiictBuTensHo, gY mnpoberaeT ¢ wmces, B3aMMHO IpoO-
CTHIX ¢ m W, BBEAY b, § 1, He cpaBHEMEHX mO Momymi0 m.

¢. [laa dncesn a, B3AEMHO IIPOCTHX C M, BBEJAEM MO-
HATHe 00 HHOeKce, HpPEeACTABIANIEe aBaJOrdl0 HOHATHIO
0 JaorapmMe; ITpm 5STOM ©epBOOOpa3HHIL KOPEHE HIpaeT
poJIb, AHAJOTHYHYI0 POJH OCHOBAHHA JIOrapuMoB.

Ecan

a=g"(modm)

(cumraeM v3>0), To y Ha3biBaeTcA uMOeKkCOM wUCAQ A NO
MOOyal0 m npu ocroganuu g W oO03HAUAETCA CHMBOJIOM
Y=inda (rounee y=ind,a).

Boroy b Beakoe @, BsamMHO IIpocTOe € M, HMEeT He-
KOTOPBIH €WHCTBEHHBIN MHIEKC |’ CPejy dYHces pama

v=0,1, ..., c—1.

3Hag ¢, MB MOJKeM YKa3aTh I Bce WMHIACKCH YHCIA a;
cornacHo ¢, § 1 aT0 Oynayr Bce HeOTpHLATeNbHEIE YHCIA
Kaacca

T=1v' (modc).

Henmocpencrsenno ®3 JamHoro 3jech ompejelieHus HH-
HZeKca cliefyeT, 49TO 9HCJIa ¢ JAHHBIM HHAEKCOM Y o6pasyior
K7ace 4mces M0 MOLYI0 m.

d. Hwmeen

indab.../=inda 4 ind b+ ... +ind/ (modc)

w, 6 wacmmocmu,

ind a®=r ind a (mod ¢).
Heiicrerrensuo,
a=g™e(modm), b=girdd(modm), ...
' ' : ..., {=gindl(modm),
OTKYZa, IepeMHOKasg, HaXOMUM
ab...l=ginda+indb+...4ind 1 (mod m).

Canegosarensho, inde +ind b+ ...+ ind /—omgprn um3 wun-
excoB mpomsBenenus ab ... /.
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e.  Beuay ‘ npaxTHueckoi uom,am WHJIEKCOB JUIA KajK[Oro
flpocroro Mopyna p (pasdymeeTcd, He camIIKOM 607bIoro)
“cocTaBeHH MabAuys unaencoe dro aBe Tabamm; ofma —
JUiA HaxXOJKNeHHA HMHIAEKCA [0 dHcly, Apyrasg— ajid Haxo-
JROeHHA 4unucaa mo mHAeKcy. Tabammel cofep/RAT HaMMEHB-
mue HeOTPHUATEJbHE® BHIYETH dmcell (IpUBeIEHHAA CHCTEMA)
A WX HAWMEHBIINX WHJEKCOR (IOJHAH CHCTEeMa) COOTBET-

CTBEHHO 10 MOAYJAM p H c=¢(p)=p—1.
. Hpuwmep. IlocrpouM yrazsanHbIe Ta6nuu51 JIJIH MORy 1A
‘p=41. Bume Gwmuo moxazano (mpmmep 1, § 3), uro

mepBooOpasaeiM KopHeM Do Momyalo 41 Gymer g=6; ero
MBI mpmMmeM 3a ocHoBamme mujexcoB. Haxommm (cpaBHeHHA
Gepyrca mo momymio 41):
60=1 68=10 6¥9=18 62==16 632=237
6l=6 6°=19 67=26 6¥%=14 633=17
62== 36. 61°==32 612=33 6%°= 2 6%4=20
63 = 61 =28 69=34 6*"=12 6%5=238
6= 25 612= 4 6¥=40 62%=31 6%°=23
65=27 63=24 621=30 6*=22 6%=15
6=39 64=21 62= 5 6= 9 63¥= 8§
67=29 6%5= 3 628=30 631=<13 6= 7

nosTOMY yKasamHEe Tabnunst GymyT

Nlo|1|2]3l4|5l6|7]8]9 tlol1|2]3]4|5]6] 7|89
ol |ol26l1512] 22| 1|39|38(30| | 0|l 1| 6/36|11|25/27|39| 29| 10 | 19
11| 8| 327|31(25| 3724/ 33| 16| 9| | 1 [32028] 4l24l21] 3]18] 26 |33 |34
2 I34/1420/36/13| 4l17| 5|11] 7| | 2 |4035| 5{30/16]14] 2| 12|31 22
3 |[23]28]10[18{19] 21| 2(32 35| 6, | 3 | 9[13/37)17/20/38]23 15| 8| 7
alool || ]

3mech HOMEp CTPOKH YKazuBaeT 4YHCI0 AeCATKOB, HOMep
0T0n6ua—tmcno enuEAl umcaa (mHAekca). B rpade, olmen
YKa3aHHBIM CTpoOKe H uro;r16uy, noMemgaeTca COOTBeTCTBy-
oMU HHAEKC (IHCa0).
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Hanpuwmep, ind 25 paiiném B rpaq)e nepsoil - TabnmuE,
ofmeit cTpoke ¢ Homepom 2 m cronbmy c HOMepoM 5,
7. e. ind25=4. Ymemo, mumexc wkotoporo 33, =Haiigém
B rpade Bropoil Tabamum, ofmeii CTpoke ¢ BHOMepoM 3
m cronbuy ¢ momepom 3, T. e. 33=ind 17.

§ 5. CaepeTsua mpejpiAyIIeil Teopu.

a. Illyere  p —mpocroe mneuétHoe; a>1, m-—omgHo us
ancen p*, 2p*, Haromen, ¢= ¢ (m).

b. ITycms (n, ¢)=d; moeda:

1. C pasuenue

2" =a {(mod m) (D

paspewumo (U MeM caMbBlM 4 €CMb gblNem CMENEHU I RO

MOOyaio m) mozda u moavko moeda, rozda inda kpamen d.
B cayuae paspewumocmnu cpaswenue umeem d peutenui.
2. B npusedénnoii cucmeme 6bluemog no MOOYAH M wUCAO

c
8blYCMOo8 CMENEHU n ecmb rk

HeticTBaTennno, cpaBHenne (1) paBHOCHIBHO TaKOMYy:
rind z =ind ¢ (mod ¢}, (2)

KOTOpOe paspellmMO TOrAa ¥ TOJBKO TOTHa, Korga ind a
xparen d (d, § 2, ra. IV).

B cayuae paspemmumoctu cpasmenus (2) naiiném d me-
CPaBHAMBIX IO MOAyd0 ¢ 3HaveHmid aus ind x; mM oTBe-
gaerT d HeCPaBHAMEIX IO MOAYJIO m 3HadeHAN AId Z.

Taxum o6pasoM BepHO yTBepskmenue 1.

Cpegt wmcen O, 1, ..., ¢—1, ABIAOMEUXCA HANMEHb~
IIUME WHAEKCAMH BHYETOB IpHBEJEHHOH CHCTEMH 1O MO~

C.
“RY0 M, WMEeTCA - KPATHBIX d. IlosTomy BepHo yTBep=

CHACHHE 2.
Ipumep 1. Ina cpaBuenns

z8 =23 (mod 41) (3)

nmeeM (8, 40) =8, ppmuém ind 23 =236 me pemmrca mHa 8.
" IlosTomMy cpasmenne (3) Hepaapemmmo.
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lprmep 2. [Ina cpasmennsa
x12==37 (mod 41) (4)
nmeeM (12, 40) = 4, npmaém ind 37 =32 peamrca ma 4.

IlosroMy cpaBHenme (4) paspemmMo, IPHYEM STO CPABHEHHE
HMeeT 4 pemeHHA. YKa3aHHHC pelieHusa HalaéM ciaemy-

romum obpasom.
CpasHenre (4) paBHOCHIBHO TaKHM!:

12 ind 2 =:32 (mod 40), ind x=:6 (mod 10). .

Orciopa g indz naiiném 4 WecpaBHHMBIX IO MOAYJ0 40
3HAYEHAA:

indz=6, 16, 26, 36,
COOTBETCTBEHAO 4eMy HailféMm 4 pemenus cpasHenms (4)
x=39; 18; 2; 23 (mod 41).
INpamep 3. Yucna
1, 4, 10, 16, 18, 23, 25, 31, 37, 40, )]

HHAEKCH KOTOPBIX KpaTHH 4, cyTh Bce OHKBajpaTHIHBIE
BRIUCTH (HJIM TakMke BHUeTH nioboil cremenm n = 12, 28,

36, ..., rme (m, 40)=4), nMeomuecs CpesM VaHMEHBIINX
HOJIO/KATENIBHBIX BEI9TOB no Mopyimio 41. Umenmo w=mcen
40

paga (5) ecth 10—.—4—
c. OgHoppemenno ¢ ytBep:exenmeM b, 1 IOJIE3HO CJIe-

nyromee:
Yucao a ecmd ebivem cmenenu n no modyaw m moeda

u moavko mozda, koz2da

- a? =1 (mod m). (6)
HeiicrBuTensno, ycnosme inda=:0(modd) pasHOCHILEHO

c
-TaKOMy: — ind a==0(mod ¢). Ilocnexmee ke paBHOCHIBHO

yeaosuio (6).
Ilpumep. B reopeme § 3 HeBO3MOKHOCTH CpPaBHEHHSA

5’-=1 (mod m) paBHOCHABHA YCIOBHMIO, HYTO g — HeBHYeT
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CTeneHn ¢ 110 MonpyJxo m. B HaCTHOCTH, HEBO3MOHHOCTHL

CpaBHEHHSA g2 =1 (mod m) paBHOCHIIBHA YCIOBHIO, 4TO
g — KBajpaTHYHBII HEBLIYET IO MOAYIIO m (cp. e, § 1, ra. V).
d. 1. [lokasamesv 8, komopomy a n punao”wemum RO

. c
Mmodyato  m, onpelessemes  pasencmeom (ind a, ¢)= - ;

8 waACMHOCIUL, N PUHADAEHCHOCMb G K YUCAKY nNepsood pasuble
Ko preit no modyaio m on pedensemces pasencmeon (ind a, c)==1.
2. B npuscedéwnnoii cucmese evvemos no Modyaio m wucao
wuces, npuHadtemcauur nokazamento i, ecmbv ¢{4); 8 wacmmo-
cmu, 4ucLo nepeood pasHulr Ko pHeld ecmdv 9 (c).
HefictButenbno, & ecTh HAHMEHBINHH J@JIHTENH ¢ C yCJI0-
BueM a’==1 (mod m). 910 ycioBue pPaBHOCHIABHO

¢ ind a==0(mod ¢},
AN

. 14

ind a=0 (mod 5

a o £
3HaunT, o — HAWMEHBIIN{ JENWTENb ¢, NpH  KOTOPOM 5
. c w

mnemar ind @, oTcooma - nanbonbmmit mesuTeNs c, NEJsA-

mair  ind @, T. e. = (ind a, ¢). lloatomy Bepno yTBep-

O)‘ o

spenmne 1,
Cpegu w=mcen 0, 1, ..., e —1, dpIAIMHEXCA HaUMEHB-

UMM HHIGKCAMH BBEIYETOB HpHBB}IéHHOﬁ CHCTEMBI TIO MO-
c c
AYJI0 m, KpaTHEIMU T ABJIAIOTCA 4YHucJjda BI/I,Ila _é—y’ rje

=0, 1, ..., 5—1. Vcaonme ( sy ) = PaBHOCHJIBHO

yetoBmio (y, 5)=1; mocmegnemy yJIOBJIeTBopHeT o (%) s3Ha-
wennii y. Ifoaromy Bepmo YTBEePIKICHIe 2,

IIpumep 1. B npuseméunoll cmcreMe BHIYETOB IO
Mopymw 41 wmenamu, mpuHAmTE:RAMEME norcasavremo 10,

ABIAIOTCA 4mcAa ¢ ¢ ycdosmeM (ind a, 40)_——-4 T. e,

gmesia ‘
4, 23, 25, 3.

Yucno armx wmcen ecrs 4 = ¢ (10). .
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IIpamep 2. B unpuBengnmoil cucreme BHYETOB IO
Monymio 41 mepBoOGpasHBIME KODHAMH HBJAIOTCA €HCIA 4
¢ ycnosuem (ind a, 40) =1, 7. e. umcna
6, 7, 11, 12, 13, 15, 17, 19, 22, 24, 26, 28, 29, 30, 34, 35.
ncero aTHX nepBoo6pa3}1mx KopHeil ects 16 = cp(40)

§ 6. Mugexest no momymio 2%,

a. Ina wmomyns 2% wnpeppiymas Teopus 3aMEHSETCH
HECKOIBKO ($0J1ee CIIOMKHOM. o
b. Hyers a==1. Torga 2°=2. Umeem ¢(2)=1. Hepso-
o0pasHelM KopHem mo Moxymio 2 Oypger, Hampumep,
1=—1(mod 2). Ymeao 1°=(—1)°=1 o6pasyer mupHBe-
JBHHYIO CHCTeMY BBIYETOB HO MOLYJIO 2.
c. llyers a=2. Torgpa 2" =4. Umeem ¢(4)= 2. Ilep-
BoOOpasHEIM KOpPHEM 10 MOAYdi 4 Gyger, Hampumep,
= —1 (mod 4). Umema (—1)°=1, (—1)'==3(mod 4)
06pasyoT npuBeJEHHYIO CHCTEMY BEYETOB IO MOIYIIO 4.
d. Myers «>3. Torma 2°>8. Hmeem ¢(2°)=2"""
Herpynno Bmpmers, 4ro nepBooGpasHHX KOpPHEH B 5TOM
ciydae mer; Oollee TOYHO: LOKA3aTeNb, KOTOPOMY UpHHAJ-

JEKUT TO MOZYMI0 2° HEUSTHOE 4UHMCIO %, He HPEeBOCXONUT

22 1 @ (2%). [elicTBuTenbro, uMeeM

=1+ 8¢,
=1 4 16¢,,

-3

Ipn sToM wncla, NpHHAIeKAmue NoKasaTemo 2 °,
CymecTBYIOT. TaKuM YHCIOM 6yneT nanpmMep, o. [ei-
CTBUTEJIBHO,

| 5=1+4,
. 50—1+8 416,
' 54— 1 4+ 16+ 32u,,

............

5w—._1+2“1+2upw
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OTKYJla BHAUM, 4TO HHM OfHA U3 c'reneneﬁ S, 5%, 54, ..., 52*-3

me cpasanMa ¢ 1 mo Moaymo L
HerpynHo BufeTs, 9TO 4HCHa nByx CAeRYIOmEX crpox.

: 2
50, 51,\’. e sy ) 520' T_1,
—5°, —51, ..., — 5%~ .
006pazyioT NpPHBENEHHYIO CHCTEMY BEIYETOB No Momymo 2%,

[ . —2
Jeficrerrensro, auexo arnx wmees Gymer 2. 2% ==¢ (2%);
upella KOKIOH OTAeNbHO B3ATON CTPORA  MEKLY coGol
mo wmomymio 2* wHecpaBumMset (b, §. 1); maxkomen, umecsa
BepXHell CTPOKHM HECPABHHMEL € UHCJIaMH HIDKHEH, TaK Kak
mepBse o0 Mogymaio 4 cpaBHumsl ¢ 1, a Bropeie ¢ — 1.

e. llna ynofcrBa nanbHeillinx WCCIefOBAHMA MBI BHIpE-
saum pesyabratel b, e, d. b Gonee emmmoobpasmoit opwme,
KoTopasi OyJeT TPUrojHa U B cnyqae a=0.

Iyemo . co

c=1; ¢,=1, ecan a=0, mma a=1;,

- —2
c=2, ¢,=2""", ecau a>2

(marum 06 pason ecezda- ccy = (2%)) u nycmv Yy u y, Hesa
gucumo Opye om. -Opyea npo6eeaiom HAUMEHDUUE Heompu-
yamesbHble GHLUeMbL .

1=0, ..., c—=1;7,=0,..., ¢g—1

no modyasm ¢ u ¢,. Toeda (—1)7 50 npobecaem npuee@eu-

HYylo cucmemy ebinemog no modyaio 2°.
f. Cpagnenue

(= 1)75% = (—1)" 5" (mod 2*) @)
uMeent Mecmo moeaa u_MOALKO mozda, ko2da
y==y (mod ¢), o=} (mod cy).
I[eﬁcTBmenLHO, opo: o= (0 TeopeMa OYeBHIHA. H03T01§Iy
npepnonoxuM, uro a > Q. Ilycrs wammemblnme: Hempnn'a”‘a
TeJbHBIe BHYCTH II0 MOy TTAM ¢ W ¢y fuA WHCRN Y B Y,
OynyT r m 7y, a pus umeen Y. m Yy Oymyr r' m rg. Beuny

¢, .§ 1 (— 1 mpumagiexur HOKa3aTeNIo €, a O DpHHANIeE-
JKAT IIOKA3aTeNTIo: (o), epasHernme (1) mmeer  Mecro ToOraa
» EEE . 4 - T .
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H TONEKO TOTfa, Korpa (— 1y 5r° = (—1)" 50 (mod 2%), 1. 6.
(BERY e) worma r=r', ro=r;.
- g. Ecnm _
a=(—1)" 5" (mod 2%),

TO CHCTeMa Y, Y, Ha3bBaercsa cucmeMoll undercos wicia a
no modyan 2%,

Beunmy e Bcakoe @, B3amMHO Ipocroe ¢ 2% (r. e. Heubr-
HOE), WMEeT eJIMHCTBEHHYI) CHCTEMY HHJIGKCOB Y, Yo cpenn

a o
¢, = ¢(2°) map sHaveHmii y, Y, YKa3aHHEX B €.
Hasg cHCTeMY Y'Y,, Mbl MOKeM yKasaThb M BCE CHCTEMbl

HHJICKCOB umclla a; corjacHo f aro GyxnyT Bee mapll Y, Y.
COCTAaBJeHHEIC W3 HEOTPHIATEJLHBIX YHCEN KIIACCOB

Y=1' (modc¢), y,=7Y,(mod ¢,).
HenocpencTsenHO H3 JAHHOTO 37eCh ONPEENICHHWA CH-

CTeMBl WHIEKCOB CJIe[yeT, YTO YHCIA ¢ NAHHOH CHCTEeMOH

HHJIEKCOB Y, Y, 00pasylT Kiacc gucea mo Moxyio 2°.

h. Hudexcer npoussedenus cpasHumbsl no modysam ¢ u ¢,
¢ cyMmamu uHOEKCo8 comHoMmcumenel.

DetictBrrensro, uycre y(a), To(a); -..; v(£), Yo(l)—
cHCTeMbl HHJIEKCOB umcend d, ..., . Mmeem

L l= (_ 1)‘( (a)t+...4 ‘{(l)S‘(u(a)+...+‘(o(l).

Cnepgosarensno, y(a)+ .. .l+y (), Yo(a)+ ... +7o(l) —mm-

AEKChl IIpOM3BEeNCHUA a4 . . .

§ 7. Mapgexcol no mo0oMy cOCTaBHOMY MOAYJIIO.

a. Iyers m=2"p{*p3* ... pik — raHOHMUECKOE pasiIo-

JHeHHC 9ucjia m. HyCTL painee ¢ H 66 HMEIOT 3HavYeHH:Ad,

yxazagHEe B e, § 6; ¢, = @ (p%); gs—nanmeHLmzm mepBo-
00pasHBIi KOPeHB MO Monymo P

b. Ecmm
v a=(—1)"5%(mod 2°), ) @
a = g} (mod p‘;l), cooy @==gTk(mod piry, j S
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TO CHCTEM& Y, Yo, Y1, --:» [k HABHBACTCHA cucmemoli unde-
KCO8 4ucAa a no Modyawo m.
Ws raroro ompepenenus ciefyer, 4To Y, Y, CHCTEMA

HHJEKCOB 4mcjia a 1o Monymo 2%, a Yy, .., Yx— HHEEKCH

MHCAA @ TO MOJyJAM Pily e es pik. Iloaromy (g, § 6; c,

§ 4) BcaAKoe a, BlamMHO npocToe ¢ M (TeM CAMEIM OHO
B3amMHO TpocToe m co BeeMu 2%, pil, ..., ppk), HMeeT
e[IMHCTBEHHYI0 CHCTEMY WHIGKCOB Y', Yo, Y1, - ., Y CPEAM
CCyly - - Co="¢(m) cucreM 7Y, Yo Y1r +++» Trs Ho'ropme mo-
JdyduM, 3acTaBiafAg Y, Yo, Y1, -+, Y HE3ABUCEMO OpYr OT
apyra Ipo0erars HAUMEHBIINE HEOTPUNATENbHbIE BBHIUETHI
IO MOIydAM ¢, Cy Cq, ..., Ckiy @ BCE CHCTGMBl MHIEKCOB
qmeyia @ CyTh BEe CHCTEMBL Y, Yo, Y1, +-+» Yxs COCTABJIEGHHBEIC
M3 HeOTPUIATE/IBHBIX YHCeN KJacCOB

Y=1 (mod ¢), 7o==1 (mod c,),

Y1=1;(mod ¢;), ..., 7, =7 (mod ¢;).

Uncsna @ ¢ paHHOU CHCTEMOM HHIBKCOB Y, Yo, Y1, «++1 Tk
moryT OHITh HaiifleHBl myTéM pemlenus cmcremnt (1), a cie-
posareasno (b, § 3, ra. IV), obpasyor knacc wgmeea Imo
MOAYyNIo M.

c. Tak Kak HHIEKCH Y, Yo, Y1) - - +» T UACIA ¢ IO MOAY-
JI0 /M ABIAITCA HHIEKCAME ero COOTBETCTBEHHO IO MOLYJAM
2%, pit, ..., ppk, TO BepHa TeopeMa:

Hndercer npoussedenus ¢ pasHuMbL NO MOOYAAM C, Co, Cq,y. .-, C
¢ CYMMAMU UHOEKCO8 COMHOMCUIENET.

d. Iyers t=¢(2%) npu <2 n 1_2@(2“) mpu a > 2

a nycTh h —ofmee HauMeHbLIee KpaTHOe dHced T, ¢y, ...
y++s €. llpm BeAKOM a, B3aMMHO IPOCTOM C M, CpaBHE-
nme ¢"=1 Bepno mo Beem MomyuaM 2%, pil, ..., pik, 3Ha-
9AT, 9TO CpaBHEHHWE BepHOo H M0 Moxymo m. Ilostomy a
He MOeT OHITh mepBoOOpasHEIM KODHEM O MOAYJIO 1
B Tex cuaydasx, werma A < ¢(m). Ho mnocmenmee umeer
Mecro mpE a> 2, mpm k> 1, a rammke upm a=2, k=1.
Tloaromy pna m > 1 HepBoo6pa3Hme KOpHHE MOTYT CYIecTBO-

BaTh JUIb B CAy4anx m =2, 4; pyl, 2pyt. Ho wak pas.npis



106 Il V1. NEPBOOBPASHEIE KOPHU U MHUEKCH!

8THUX CJy4uaeB CYyIeCTBOBaHUE NEPBOOOPa3HEIX Ropneﬁ ObL10
noxasaso Bume (§ 6, § 2). ITosromy

Bcee cayvau, x02da cywecmeywom nepeoob pasnsle xopnu
no modyaio m, npesocrodsujesy 1; cymo

mo=2, 4, .p* 2p%.

Bonpocsr k raase VI,

Byksolo -p 8aech Bcerga ofosHauaeM IPOCTOe HeUETHOE YHCTO, A
B ponpoce” 11, b ramke m. umcno 2.

1, a. Hycm a-—mnenoe, a > 1. [lokasath, 4TO0 NpPOCTHE "HEUSTHEIC
Aeanrenu 4ucaa af — 1 meaAr a— 1 -uan mMeior sup 2pz - 1.

b. IIycte a—mnenoe, a > 1. Jloxkasath, YTO TPOCTHE HEYETHEHS
geaurenu uuciia af + 1 gensr a-+ 41 mnm mMenoT Bup, 2pzr+ 1.

¢. Hoxasarb GeckoHeYHOCTH uMcla NMPOCTHX ducelsl BHpa 2pr + 1.

d. Hyc"rb n—uenace, n >0, ,T_[omaaarb, 9TO TPOCTHE [CJHTEINN
uneaa 22" 4+ 1 muveror Bug 241z 4 1.

2. Ilyers a—nmemoe, @ > 1, n—mnemnoe, n > 0. [Jorasate, 410
¢ (a"—1) KpaTHO n.

3, a. Ilycts n—uesnoe, n > 1. U3 gucen 1, 2, ..., n upn HeuéT-
HOM 7 00pasyeM LepecTAHOBHH

1, 3,9, ..., n—2,n, n—1, n—3, ..., 4, 2;
o 1,5 9,...,7,3
M T. 1., a nIpa 4éTHOM n 00pazyeM NepecTaHOBKH
1, 3,5, ..., =1, n, n—2, ..., 4,2;
' 1,5 9, ..., 7,3,

u 7. 1. JowasaTh, uro A-A OmepamuA MAaéT HCXONHHM PHAX TOLAA U
TOJIBKO TOrHa, KOoTHa 2¢= 4+ 1 (mod 2n—1).

b. HycTL n—menoe, n > 1, m—uenoe, m > 1. Bynem cautars
uncna 1, 2, ..., » B npaMoM nopsaake ot 1 10 R, pasee B obpaTHOM
MOpAJKe OT n [0 2, BaTeM ONATH B NPAMOM TOpAXKe OT 1 IO n,
Jajiee ONATH B 06paTH0M nopagke or n 5o 2 @ 1. 4. Ipm TaKoM
cuére BHIUCHBaeM uncaa 1-e, (m + 1)-e, (2m + 1)-e u.T. 1., IOKA He
nonysnM n ances. C atuM HOBEIM PAZOM n 4mCes NOBTOPHM Ty e
onepanuio 4 T. A. Jokasarb, 4TO k-ﬂ omepanusa AAET HCXORHEIH pAn
TOT/la B TONBKO TOTAA, KOTHA .

mk =+ 1 (mod 2n—1).
S 4L Cymecmonanne % (8) umces1, mpuHANJIEIKAIMUX ‘oKasarémo 4,
NOKa3aTh, -paccMaTpHBad  cpapHeHme 8= { (mod p) (Bonpoc 10 - c,
rx IV) u npovenan &, § 3. ra, AL 5o E
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5, a. HowrasaTh, 4TO TepBeoOpasHHil KOPeHb MHPOCTOFO YHCJIA
Bupga 2% +1, n > 1 ecthb 3.

b. HokasaTh, 9To meprooGpasHEIil KOPeHR NPOCTOTO - WHCJA BHIA
2p+ 1 npm p BEAa 4n+ 1 ecTh 2, a Opa p BHAA 4n - 3 ecth —2.

c. [lokasaTh, 4TO nepnooépasm.m KOpeHb WPOCTOTO YHCJIA BHAA

4p+1 ectp 2
d. /loxa3arb, 4TO mepBoOOpa3HHU KOpeHb WPOCTOIO qucaa BUja
on-1
2"p+1mpn n>1up> or— €CTh 3.

6, a a) Ilyctp n—mueace, n>0, S=41"4+2"4 ...+ (p—1".
Norasats, 4To :

=1 (mod p), ecam n KpaTHO p—1,
§ =0 (mod p) B HPOTHBHOM CiIyuae.
B) IIpu oGosuavenmsax Bompoca 9, ¢, run. V :Lorcaaa'rb q9T0
p—1
2
p—1
4

Sty=— (mod p).

b. Teopemy Bunbcoma mokasars, npuMenss b, § 4.

7. Uyers g u g4 —nepBOOGpasHme KOPHE ITo MoAylo p, aind, g; =
=1 (mod p—1). .

a. IIyers (¢, p)=1. Jorasars, 410

indg, ¢ = aind; a (mod p—1).

b. Hycrs n—peaunresis p—1, 1 <n < p—1. Yucia, BzauMuo
UpOCTHe ¢ p, MOMKHO PasbUTh HA n COBOKYIHOCTEH, OTHOCA K s-if
coBorynmHocTH (s=0,1, ..., n—1) uncaa ¢ ycaosuem ind a = s (mod r).
Joka3aTh, 970 COBOKYIHOCTh, MMEMOIIAsd IIPH OCHOBAHHU g HOMep s,
TOKICCTBEHHA COBOKYMHOCTH, HMeICIeH IIpH OCHOBAHHH g, HOMED sy,
rae s; = as (mod n).

8. YkasaTb BO3MOKHO Gojiee mpocroil cmoco6 pemeHus cpaBHe-
aad 2" = a (mod p) (ynobHuH, ecam (n, p—1) HeBenuKO) B ciyuae,
KOTjla W3BecTeH HEKOTOPHHI NepBoOGpPAsHEId KOPeHb g IO MOAYMII p.

9. Tiyets m, a, ¢, Cq, €4, -..y Chky s Yos Y1s *»+-» Jk MMEIOT 3HA-
uYeHHA, YKAa3aHHHeE B § 7. Basae raxwme- @60 I{OpHHR Ry, R,, ..., Ry
ypaBHeHuﬁ

R°=1, Rg°=1, R‘il= s ey R;k='1,v
noJjiaraeMm

y@=RYRPR] .. ‘R,{Ii'ﬂ

Ecnn (2, m)> 1, 10 nonaraem x(a);_—-.O.‘
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OnpenenéHErylo TaxkuM o0pasoM [JA BceX NeNHX a QyHKIHDO
HasoBeM zapaxmepom. Ilpn R=R,=R,=...=R} =1 xapaxrep Has0-
BEM 24a6HbILM; OH WMeeT 8Havenwe | npm (a4, m)=1 m sHavenme 0
upn (a, m) > 1.

a. [lorasats, 9TO YKa3aHHHIM IIYTEM MH TONyYUM ¢ (m) paanny-
HEIX XapaKTepoB (ABa XapaKTepa HABHIBAIOTCA PAB/IMTHHEIMH, eciH
OHM, TI0 KpaiiHedl Mepe, NpH ONHOM 3HA4CHWH a He PaBHB MEMIY
co6oxo)

b. Brpecrm cilegytfoigue cBolicTBa XapaKTepoB:

a) 3 (1)=1,
B) v(aar) =7y (a1) 7 (a2),
1) 7 (a1) =7 (ag), ecln a; = ag (mod m).

¢. Jlokasats, 4TO

m~—1
2 (@@= ? (m) myg IIABHOrO XapaxTepa,
L= VT IPYTAX XapaKTepoB.

d. Jorasarp, 4T0, CYMMHUDYs OPH JAHHOM a HO BCeM P (m) Xapak-
TepaM, HMeeM

2 ¥ (a)= ¢ (m), ecim @ = 1 (mod m),
T 0 B mpOTHBHOM ciy4dae

e. Paccmarpusaa cymmy
-3 3
¥ (a)

. a

rje a mpoGeraer NPUBe[EHHYIO CUCTEMY HBIYETOB II0 MOAYIN m, A0-
KazaTh, 9T0 PyHKUWA ¢ (a), ompexenfHHAA MiA BceX IETHX a, yAo-
BIIETBOPAINAA yCLOBHEAM

Y (a)=0, ecan (a, m) > 1,

¢ (a) me paBma TORmecTBeHHO O,

b (axg2)=1 (a1) ¥ (a2), ,

Y (ay) =1 (ag), ecnm a; = as (mod m),

- €CTh XapaxTep. -
f. /lokasaTh caepyiomue Teopem.l
a) Ecan y, (a) 1 xz(a)—xapamepm, TO %1 (a) Y2 (a)——-'ramﬂe xa-
paKTep.
8) Ecam Y, (a)—Xxaparrep u 3, (a) npoﬁerae'r BCe xapau'repm, T0
71 (a) ¥ (a) Taxme Bpoberaer Bee XapaKIepH.
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1) Tpr (1, m)=1 mmeeM

¥(a) [ ¢(m), ecim a =1 (modm),
(- 0 B DPOTHBHOM Ciyuae.

10, a. l'ch'rL n—pgemarens p—1, 1 <n<p—1, l—mnemoe, ge

.1
2ni n— .
ABJIAETCA HKOPHEM ypaBHenms
lind x

n

genameecsa wa n. Ymeno R,=e

2ni
R =1 u, caegosarenbHo, cTeNeHb ¢ KOTOpOM mpm =,
KpaTHOM p, ciefyeT npummchiBaTe sHauenme 0, ecTh XapaKkTep no
Mopyiio p. .
a) TIpm (%, p)=1 nowrasars, dro

p—1 2mi tind (x+%)-1ind x

Z e " =—1.
=1

8) Mycrs Q—uentoe, 1 < Q < p,
0-1 2nilind(x+z)

O n
S=>_| lSl.n,x\z; Sl,n,x=z e
z=0

/Jorazars, gto S =(p—Q)Q.
‘ 1) Oyers p > 4n%, n > 2, M-—menoe. JlokasaTs, 910 B pAge
M, M+1, ..., M+2[n V pl—1 mmeerca wmeno s-it COBOKYITHOCTH
Bonpoca 7, b

b. Mycts p > 4 ( m) 2™, k—umesto Pa3IHIAKX HPOCTHIX
menmreneit p—1, M —uenoe. Jokasats, uro B page M, M 4+ 1,

, M2 [?_6_1— 2k Vp] —1 ummeetcn mepBooGpasnEi KOpem®
o MOAYTIO 7.

11, a. Iyers e—uemoe, n—penmteas p—1, txgnLp—1,
k —mejioe, He nensieecd HA 7, ~

» p—-1 2mik ind x Zwil—lf
! v =3¢ n e
a, p i

x=1

a) ITpu (e, p)=1 forasats, 4TO an pl—VP-
B) Jlokasatp, 91O
omi ~kind a @ p
e n =
Ui, .
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¥) Mycts p mmeer Bup 4m+1,
. p=2 iind»(a_:‘2+::)

S=2 e21\: T
x=1

TokasaTs, 49To (¢p. BOIpocH 9, a m 9, ¢, t. V) p=A?4 B2 rye A
¥ B —muenme, onpejesseMue paBencTsoM S=—A4 + Bi,
b. ycts n—mnestoe, n > 2, m > 1, (a, m)=1,

1L

. axh .az?
27 — ’ 21&17
— ’ P
Sa, m™ z € ’ S 2 ¢
o .

rae @ mpoberaeT MOJIHYIO, a §— IPHBEJEHHYI0 CHCTeMY BEIYETOB IO
Monyaw m (cp. Bonpoc 12, d, ra. III & Bompoc 11, b, ra. V).
1) Myers 6= (n, p—1). Jlokasars, urto
I‘Sa, » \ <(6—1) 1/;’
8) IIycrs (n, p)=1, s—muenoe, 1 < s < n. Jlokasars, 410
‘Sa, ps:Ps—li ‘S:l’ ps=0-

7) lIyers s—menoe, s > n. Jorasars, uto

—1
Sa, p8=pn Sa,bps"nr S:l, p8=0' C
8) /lorasath, 4TO . ’
|8g, ml<Cm "

’

rHae C 8aBUCHT TOJBKO OT n,

12. Tlycte M n Q—nennte, 0 < M < M+ Q< p.
a. Ilyets n—pemmrens p—1, 1<n< p—1, k

—1ies10e, He je-
aqaueeca Ha n. JokasaTtb, 9TO

M+Q-1 kaix;dx _ .
2 e ) ) <Vphp.
=M '
b. Ilyers 7—uncao 4mcedn s-if coBoKymHOCTH Bompoca 7, b, aa-
KIOYéHHBIX cpean umcen M, M+ 1, ..., M + Q—1. [lokasars, 4T0
T'= Q

LroVplp [0]<t.

c. Ilycts k~—vHc0 NpOCTHIX feanTesned p—1, H—umcao mnep-
BOO0pasHHX KODHEHl MO MOAYMI0 p, 3aKINYEHHHX cpefu umcen M,



©  BOHMPOCH! K I'NIABE V1 = = 114
M4, ., M4+ Q—1. [oxkazaTe ato .- : -
H=L;£5#Q+627€}/'51np; 16} < 1.

d. Oycte M, u Ql;—nenme, 0L M, <« My+Q, K p~1, J—umc-
a0 guces pajga ind M, ind (M + 1), ..., ind(M - Q—1), 3ari0UéH-
HHX cpemu umcen paga M, M,+1, ..., M, +Q,—1. lorasars, 410

QQ‘ CHOV PR l0] <t

13. JorasaTs cynlecTBOBAHHE IOCTOAHHOIO p, € YCJIOBHEM: €ClH
p > po, n—uennTens p—1, 1 < n < p—1, TO HAMMEHBIINH M3 IOJ0-
JRATENBHBIX HEBHIYETOB CTeHEHW n 10 Mopyaio p Oymer

1 1
<h; h=p°(np)%; c=2 "
14, a. Ilyere m > 1, (¢, m)=1,
m—1 m-1 niw m -1
s=3 Nv@ewme "5 D) Iv@p=x
x=0 y=0 =0
[ | .
2 e p=Y

Aoma?,au,, aro | S| VXYm .
b, @) Hyetb m > 1, (a, m)=1, n—nenoce, n>0, K-—amcio
pemenni cpaBHeHHsa z" = 1 (mod m),

m—1 A21ig§—"
S = Z Y (x)e ",
x=1 ‘

I[oxcasan, aro | S| <KV m.
p) IIycTh =—npom3BOJIbHOE NOJNOKHUTENbHOE mocToanHoe. Ilpm

TOCTOAHHOM n jia umcna K sompoca o) Aokaszark, 9ro K =0 (m®).
+ 15, a. Ilyers (a, p)=(b, p)=1, n—menoe, |n|=n;, 0 <n, < p,

p-1 .ax”+ bx
T

JloxasaTs, 4TO
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b. Mycrs (A, p)=1, n—mnegoe, |n|=n;, 0<n; < M
Qo—mnexnrte, 0 < M, < My+Q, < p. ' 1R el

a) IlycTs . .
Mo+Qo—1 21:iA—x—"-
S= 2 e L
e=Mo
13
2 4%

. 3
.lorkasars, utO (S| <z nip In p.

3) Myere M m Q—menite, 0 < M < M +Q < p, T—udcao uu-
- cen paga Az, x=M,, M,+1, ..., My+Q,—1, cpaBEHEMEX 10
Mopydio p ¢ umcnaMa pama M, M 41, ..., M +Q—1.
/lorasars, “To

1 3
3 —_ —
T=Q%Q+-ﬂ§~nf pinp)% (6] <1

¢. Oyere (a, p)=1, b u c—nenre, (b*—iae, p)=1.
a) IIycts y— mednoe, B

p-d 2 4 by + ?miY—x )
s=3 (‘Lu)e P

2

=0

3
S
Honazars, 4o |§| < 5 p".
8) Mycte M u Q—meane, 0 < M < M +Q < p,

M+Q-1

2 +br+c
S = <‘f£____>
2 ?
=M

3
3 —
Jorasats, uto |S] < z piin p.

Yuenennbie npuMeps K riase VI

t, a. Hailtm (myTéM BosMokHO Goslee HPOCTHX BHIYHCIICHMI)
“ITOKA3ATeNb, KOTOPOMY NpPUHANIEKHUT 7 MO MOAYIIO 43, )
b. HaifTu moxasaTens, KOTOPOMY HpHHAZIEKAT 5 mo Mouyaw 108,
2, a. Haiitu mepBoofpasuple opHu mo Momyaam 17, 289, 578
b. HaitiTe TepBooGpasHEe HKOpHE mo Moayaam 23, 529, 1058.
¢. HaiiTy HanMeHBMAA NepBOOGPASHHIA KOPeHB IO MORYMO 242.
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3, a. CocraButh TAGIMOH HHAEKCOB 110 MOAy/o 17.
b. CocTasurs TaGIAOH MEAESKCOB IO MOZYIIO 23.
4, a. Halite mepsooGpasHu KopeHb No MOAYym0 71, mpmmenas
yKazanue npamepa ¢, § 5. )
b. Haiite nepsooGpasHuii Koperb mo Mopaymwo 191.
5, a. Ilonpsyscy Tabamuell MBAEKCOB. YKAasaTs YMCIAO pelIeHHAR
cpaBHEHHIA:
a) z8 = 79 (mod 97), B) %% = 17 (mod 97), 7) #15 = 46 (mod 97).
b. Ykasarp umciio pemeHHU cpaBHeHHil
a) 3z1% = 31 (mod 41), B) 727 = 11 (mod 41), ) 523° = 37 (mod 41).
6, a. Ilombayace Tabiauineit MHAEKCOB, PEIIATH CPABHEHHH
a) «* = 59 (mod 67), 8) 2% = 17 (mod 67), {) #3°= 14 (mod 67).
b. Pemuts cpaBHeHust
a) 2325 = 15 (mod 73), B) 37z% = 69 (mod 73), 7) 442** = 53 (mod 73).

7, a. Houwayscy Teopemoit ¢, § 5, onpenenamts 4mCJI0 permeHni
cpaBHEHHH

a) 23 = 2 (mod 37), B) x'¢= 10 (mod 37).
b. Onpejenute 91UCA0 pelmieHUH CcpaBHeHHH
a) 28 =3 (mod 71), 3) 2 =5 (mod 71).

8, a. Ilpumenas cooco6 Bompoca 8, pemuTs cpaBHerHA (Ipm
pellleRAH BTOPOTO CPABHEHHsA BOCIIO/IB30BATHCA TabnmOeil nmepeoodpaa-
HHIX KOpHe#l B KOHIle KHHUIM)

a) 27 = 37 (mod 101), B) =% =44 (mod 101).
b. Pemnts cpaBHeHue
z® = 23 (mod 109).

9, a. lloapsyacy rabaumeil WHAEKCOB, Cpefll BHYETOB NPUBE}EH-
HO# cHCTeMHEl mo Moxymio 19 ykasaTh: @) KBajpaTHUHHE® BBIYETHI,
5) KyOuvecKHe BHYETHL

b. Cpenn BHYETOB NpPHBEJEHHOH CHCTEMH IO MOAYTIO 37 yKasaThb:
a) BBIYETH CTENEeHHW 15, p) BuiueTH cTemeHu 8.

10, a. Cpenu BLIYeTOB HPUBEHEHHONM CHCTEMH IO MORYmIO 43
yKaszaTh: @) 9MCIa, NPHEAjJiesKalyue HoKasateno 6, §) mepBooGpas-
HEle KOPHH.

' b. Cpeau BuveToB NpsBexSHHON cHCTEMH IO Moayalo 61 yxasaTh:
a) ydcila, TpHHEAAJeKamue noxasaresnio 10, B) mepBoo6GpasHble KOPHH. .
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Pemenna k raase L

1. Ocratok ot jgesienusa ax + by ua d, uMmes safaz’ + by’ u Gyxyuan
Menbme ¢, HeOpPeMeHHO paBeH Hyno. lloaromMy d-— jeimeeib Beex
ygeesr BUAA ax+by W, B dacTHOCTH, oﬁuuxn?l AennTeab 4duCeI
a-1+b.0=a 1 a-0+b-1=>b C gpyroil cTOPOHEHI, BLIpAKEHHE
I d TOKA3kBAeT, 4YTO BCAKBI OOIMMH Je]HTe b uMces] a4 H
neant d. Iloaromy d==(a, b), n Bepua reopema 1, d, § 2. Teopennie,
§ 2 BuBogATrcsi TAK: HAUMEHBIEe IOJOKETENBHOE 4IICJI0O BHIA
amz + bmy ectb amx, - bmy,; HauMenbOlee MOJORATEIBH0E ITHCIIO

Bnaaaz-}-bzesax+b1
A 3 3 y ect g T Yo-
OGobuienne THX pPe3yHBTATOB TPUBHANIBLHO.

2. [IlpepBapute bHO 3aMeTHM, 9YTO PA3HOCTh JBYX HEPABHEIX

I m
Mejly cooo pammoHAJBAHX fpobeit THE >0, n>0) 9m-

1 .
CJIEHHO > " OrpanmuuMcsa TpepnosoKeHmeM &, < &;,.y. Ilycrs

%-—HecoxpamMaﬂ npofs, He paBHaz &, ¢ ycnoBmeM 0 < b<Q,.

, y a
He wMomer OHTBP &, < 7< 8,41 B MPOTHBHOM  ciaydae Gruto 6H

A 1
- QsQai’[ '

Hoa'romy < 8, Mam e Bg4y <— B ofoux ciaydanx 8, GnumKe K a,

‘XBM)G
b.
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3. Mlps n < 6 TeopeMa OYeBU[HA; NOITOMY. NpeARONATAEM 1 3> 6,
Numeem ' '
= 1+2V5—1618 o logi=0,2.. .
Q=1 =g =1
Q>Qe+1 Zga=2>35,

Q=20+ 0 >g3——gz+g1>€+1=g,

Qn>> Q4 1 Qp_ 2>’gn {=8n~2tE&p_3> g +§n_‘4

=5
Orciona
n—2. log &V
N>t ;o on< =2 Togo ¢ —}—2<5k+2 n < 5k+1.
10
, 0 1
4, a. Ann npoGen T 0 Meen 0:1—1+1=—1. Berasusa

MeRpy Apobamu % " wc—cycnoxsvxex«l AD — BC=-—1 apobn 5 +]§ ,
umeeM A (B + D) — B (A4 + C)=(4+C)D— (B + D)yC=—1., Hoa'romy
BepHO YyTBep:k[eHHe, OTMedeHHoe B KoHIe Bompoca. CymecrBopanue
zpobu — © yeaosmam —Z— < i;— < (—Ci— , I < = HeBosmokHO B npotus-
HOM cJIyuae MHl nMesn Got

ket e kR 1. o a bid 1
R TR R R T A e T R A
b. Oqun;mo, XOCTATOYHO paccMaTpuBaTh caygat O<Ca < 1.

MIycrs L<ax

7<= d’ rae % i %——cocemme apo6m paza Dapes,
oTBEYarwmero <. BoaMoxHH ABa cJry4as:
Tra ea <t ST
IloaToMy BepHO OHO M3 ABYX HEpaBeHCTB
K 1 . c 1
STer’ |TTASTE

oTkyna BBERY b +d >t YKasaHHaA Teopema caenyer Hemocpep-
CTBEHHO.

c. Ilpr a mppaumonanbHOM - TeopeMa' cilepyer ‘ms h, § 4, ecam

Lp

“=F

P Ps__i
UpHHATH 33 Q DOAXOAAWY® APobs _ST1.
) s—1

, e, Q4 LT<Q,.
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a .
B cnygae :xe paIHOHAJIBLHOTO = - NpABENIEHHOE paccyjenne ocyme-
creaMo Jumb npr b >t Ho npm b<{< TeopeMa BRepHA, TaK Kak
P .. a
Torma 3a ] MOKHO IIPHHATH caMoé Apo6b — » ToJaras IpH BTOM
4=0.

5, a. HeudtHHe mpocThle uHcJIa NPH JNeJeHHM HA 4 JAOT OCTa-
tok 1 wium sme 3. llponspenenme ugmcenm supa 4m -1 nMeer BHJ

4m+1. Iosromy umeno 4py...p,—1, rne py, ..., p,—0pocTee
sHAa 4m + 3, HABEPHO mUMeeT NPOCTOH Aeaurens ¢ BAKA 4m + 3
Ilpm aToM ¢ He CcOBNAf@eT HU ¢ OJHAM N3 4WCET Py, ..., Pr. *

b. Mpoctnie umedsa, npeBocxopsmume 3, nMeoT Buj 6m 4+ 1 nmu
wme 6m + 5. UYumemo 6p, ... pk—l, rfe  py, ..., Py —TUPOCTHE BHJA
tm + 5, HaBepHO MMeeT TPOCTON JeNHMTent g Buga 6m + 5. Ilpu arom

q He COBNAJAET HM ¢ OJHHM W3 MHCOI Py, ..., Pp.

6. Oycts py, ..., pp—Kague-auGo &k npocTeix umces u N — nesoe
¢ yenosmaMu 2 < N, (31n N)< < V. Yueno uncen a pfma 1,2,..., N,
HAHOHHTECKOE PABJIO;KeHue KOTOPHX HMeeT BHJ a_p1 . pxk, BBuRy

ln
as< 6y11e'r
n N k
< +1 < (3InN)k < N.
) 2

IloaTomy B pane 1, 2, ..., N Halijiyrcd umcja, B KaHOHHYECKOe Dai-
TIO}KEHHE KOTOPHX BXO[AT LPOCTHE, OTIHYHHE OT Py, ..., P,

7. HanpnMep, Taxue TOCJIeI0BATE/]BLHOCTH NOJIYYMM TNpPH
M=2-3. . (K+1)t+2;, t=1, 2,
8. BasaB memoe x, ¢ YycJOBHeM, uTO NpA x>, f(x)>1n

/' (x) > 0, nonoxmm f(zy)=2X. CocraBHeME (RpaTHLI\IP[ X) 6ynyr

Bce umena f (x, + Xt); t=1, 2,
9, a. Ilpm manmumn (1) onHo 1713 upcesl 2, Yy, DYCThH HMEHHO =,

Gyaer 48THEIM; W3

2N _ 2ty z2—y
2 - 2 2 ’

z+ Z—
rae, O4eBHHO, ( 5 y , y =1, y6eknaeMcsA B CYyIECTBOBAHMBIL

- MOJIOKUTENBHEX HeJbX ¥ U ¥ C YCHOBHAMU

z 2ty . =Y
2-_uv, ) =u®, -5

= 92,

Orciona cnenyer HeoGXomuMOCTh YCHOBHil, YKA3aHHHX B BOMpPOCe.
JlocTaTOUHOCTD STHX YC/IOBMA OYEBHIHA.
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b. VcinosuMest 3peck 0603HAdaTh GyKBAMM JIAMIb [eJbe MOJIO-
KATENbANE 9HCTA. JonycTHB CymeCTBOBAHHMEe CHCTEM T, ¥, 3, ¢ YCJIO-
puaMu 2t + yt=2% >0, y> 0, 2 > 0, (z, y, 2)=1, Bubepem u3 uux
cucreMy ¢ HamMeHbmMM 2. Ilpenmosaras z wérumM, mabpéMm z®=2uv,
yr=ut—9?, u>v>1, (u, v)==1, rge v—vuértHoe (NpM uwéTHOM u
O6Hm0 6R y2=4N + 1, u?=4N,, v?=4Np + 1, 4N + 1=4N —~4N;—1{,
4To HeBo3MO}HO) Orclofa w==:z3, v=2w?, ¥®+ 4wt=7z}, 2w?=2u,v,,
wy,=2x%, v,=y2, xt+ yl=2%, 4TO BBEHAY z; < 2 HEBO3ZMOKHO.

s HepaszpemramocTs ypapHeHma z! - y*= 2% KaK yacTHHI{ cIy9ai,
OYCBMIHO, CAEJyeT I HepaspeluMocTh ypaBHeHud x* - y* =14 B ennx
NOJIOMKHUTENBHEIX 2, ¥, L.

Ji ; (R, 1)=1, maxopum

M ra k™ V4. fap®=0.

HosTomy k" wparno ! u, ciegoparensuo, I=1. ]
i1, a. Iycrs k—mnauboasizee nesnoe ¢ yciaoueM 2¢{n u P—
npousBeJeHNe BCEX HEUETHHIX YHCeJ, He IpeBocXogamux n. Ymeao

28—1pS npepcrapmrea €YMMOIO, BCe cJlaraeMele KOTOpPOl, KpoMe

10. Tloaaras «=

. 1
2k 1P—-c , CyTh HeJble¢ YHcIa.

b. Hycrs k—mnaubombmee meaoe ¢ ycJIoBHeM sk<mttu P~
npom3BejleHHe BCEX B3AUMHO NPOCTHIX ¢ 6 9HCesI, He NPeBOCXORAIUX

2n + 1. Yueao s -1pg NpencTaBUTCA CYMMOW, BCe ¢JaraeMble KOTOPoi,
- 1
Kpome 3—tp__ , CYThb LeJBle wucna.
3.{

12, Ilpn n < 8 teopema mpoBepsiercs HemocpegcrBenHo. [loaromy
MOCTATOYHO, CYMTasg NPH n > 8 TeopeMy BepHOHl N4 GUHOMOB
a+b, (a+b)? ..., (a+b"!, nKoKa3aTh CIPABEFJIMBOCTbL TEOPEMbI
u nus Gunoma (a -+ b)*. Ho xoadduumentsl pasioxennsa 3toro GmuoMa
3a ACK/IIOYEeHHeM KpalEmx, PaBHHX 1, CyTh 4HCIA

n  n@n—1) nn—1)...2
17 1.2 777120 (-0

Jlna Hew&rHOCTH e BceX STHX dYMCeJ HEOGXONHMO H JOCTATOYHO,
706K HeuSTHHMU GHIN KpailHEe M3 HMX, KaK Pa3 PaBHHE n, U 4TOGH
TafIKe HeYSTHRIMU OBUIM 9HC/IA, OTYYaeMble BEIADKUBAHACM HETETHHX
COMHOKUTeNell u3 uynuc;IuTesneli W 3HaMedarejefl OCTABIIAXCA YHUCENL.
Ho, momarast n=2n, + 1, aTH UHCIA MOYKHO NIPEJICTABATL WICHAMY PAAA

ng o (na—1) ng(ny—1)...2
17 1.2 "L 20 (=)

Iocoenaue ke BBUAY ny < n GYNyT BCe HAYETHBRIME TOTAA # TOJIBKO
TOrga, KOraa n; mMeer Bujy 2°—1, T. e. KOrga n HEMeeT Rl
2(2k~1) 41 =2kF1 1,
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Pemenug x raase II.

1, a. Ha opannaTte TOUKH KpmBofi y=1f(z) ¢ abcmmecon z ASHHT
[/ (x)] menpix Touex yrasamuoi o6macTH.

b. Yxasannoe pasesctso cnenyeT us Ty 4 To=T, ta2 Ty, Ts, T
0003HATA0T YACIA NEJIHX TowueK ofnacred :

P
O<z <5, 0<y<~Q~x,
0<y<§, 0<x<—}Q7y,
O<,x<%’ O<y<—§—.

¢. YrasanHoe ﬁanencrno clleayer U3
- T=1+4(T1+T2+T3"'T4),

rae Ty, Ty, T3, T, 00603Ha4a0T YHCAA HeJIRIx TOUeR obnacTeit

z=0, O<yLr;
O<a——, O<yLVr—=
V2
0<y< ;Z 0<zLYrP—y5
Ocrl——, 0<y< T_.
<V2 S V2

d. YKazaHHOe paBeHCTBO cieflyeT M3 T=Ty+T;—Ts, rie T,.
T, T3 0003Hava0T yneia medslx Touer obmacTei

»

O<zLVn, 0<y<

wiy wm|=®

0<yLyYn, O<a<g —,

0<zLVn, 0<y<LVn.

2. YHCN0 mensix DONORATENLHEX 4YHCeNl, HEe NPEeBOCXONAINAX 7,
pasno [n}. Hamnoe ua HEX efWHCTBEHHHM Cll0cOGOM NpeAcTaBaAeTes
B gopme zk™, rae k— menoe MONOMKUTENbHOP; TPH DTOM JAHHOMY ¥

-

m n . .
OTBEYaeT [ ‘/ It | umcen Takoit gopummul.

z

3. .Jfokasem HeoOGXORMMOCTh YKABAHHHX YCHIOBH. Nyers N —me-
moe, N> 1. Uneno spauenuit z ¢ yenoswem [oz] < N moxnO THpER -
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N ; : " \
cTaBETH B fopMe :—H\; 0<ALC, a uyncno 8HauYeHHMA -y ¢ ycJao-

BHeM [2y] < N mosxuO npejgcraBuTs B HopMme %+)§1; 0L, L6y,
rage C m C; me sapucAT ot N. I/Is‘%v-(—)\—i-%’--i—)\l:N, nenst Ha - N
u nepexofda K npeaeny npu N —s co, HoayquM —;-}-—B—:i. ocnen-

Hee PAaBeHCTBO NpPH PamuOHAJILHOM a:% (a > b>0) mamo 6u [ad]=

=[B(a—b)].
HyCTB YI\adaHHLIe ycaoBHA BHNoAHeHH. IycTe ¢— nesoe, ¢ > 0,

=% 4t y°=—p_ + m — HAUMeHbIIHe ~ HeTHEe ¢  VCIAOBHAMH

Zy >‘-§-—, F Ouepupno, [ox]=c npn 2=z, 1 [By]=c npm
Y=y, O0<E<1, 0<n<l, af m Bn—mppanmonanvuue. Bauay

; . ot B
zy+Yo=c+ n+E& nmeem E+n=1,; §- —plz 1; H03TOMY OFHO M TOJIBKO
ofHO M3 gmced af u By MeHbme 1. CIlleloBaTeNIbHO, ONHO M TOJBKO
oaHO u3 wncend [ax,] B [3Y;] pamHO c.

4, a, Yrasamane DasHOCTH DABHBL .

{az}, {a(@y—x)}, ..., {&(Bp—2p)}, {—oazs),

ORH HEeOTpHIATeNbHEHe, MX cyMMa paBHA 1, HX unciao pasHO ¢+ 1;
DOITOMY, IO KpaiiHeil Mepe, OfHa W3 HTHX PasHOCTell He NPEBOCXONHT

1<% W, TAKAM 00pasoOM, CymecTBYeT 9HCII0, MEHBIIee —» B’
{£aQ}, rTHe 0<Q<Iv. M3 4 aQ=[+ aQ]—I—{i aQ}, noJaras
+ [ + «Q] =P, naxogum | aQ— Pl< ! a—6 <@-

b. HNomaraa X,= [X], YO—:[Y], .ev, Z,=[Z], paceMOTpEM
pAR. o0pasOBAaHAMI PACHONOMEHHKME B HeYOHBaolneM NOpALKe 9HC-~
JdaMmE BHRA {ox - By + ...+ 7z m gHcaAoM 1, mnpeamo:iarad, 4TO
x, ¥, ..., 2 IpoBeraT 3HAYEHNUS:

=0, 1, ..., Xy; y=0, 1, ..., Yq ...; 2=0, 1, ..+, Z;.
Tonyaam (X, + 1) (Yy+1) ... (Zo+1D +1 umeel, u3 KOTOPHX €OCTa-
M (X 4+ 1) (Y, +1) . (ZO-H) pasuocreii. Tlo wpaiineil Mepe, onna
W3 STHUX PasHoCTell He npenocxoszr

(Xo+DXo+1) ... (Zy+1) XY ...Z~

OfTciona ye NeTKo TMOJydaeTCAd YHASAHHAA TeNPeMa.
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5. Umeem a=cg+r+{a}; 0Kr<g,

(] [re5]mn []=[or5] e
6, a. Mmeem  [a+B+ ... +M=[a] +[Bl + ... 4+ [ +

F ey LBy 4 ... )
b. IIpocroe p BxognT Bnl, al, ..., ! ¢ norasaremamu

214050 31+ lal o (5[]

ITpu sToM
l.
)= [l [5)

7. Jonycxas, 4To umed0 @ ¢ yKaSaHHBIME CBOKCTBAMH Cyle-
CTBYeT, NpeACTaBAM ero B fopme

=q P +g PRt e PP+
O<g,<p, 0<g_ <p, .., 0Lg <p 0KLgy<ps 0K <p.
Cornacuo b, § 1 JIOTRHO \61,1'1'1,
h=qu ta, 4yt o 0 Ty
Tlasmee npm soboM s=1, 2, ..., m uMeeM
v G Wor Tt ot o T U g%y < U

IToaToMy HOCiIeqHee BHIpa:KeHHE ANA h JOMMKHO HOJIHOCTHI0 COBIACTH
¢ YKasaHHHIM B BOIpOCE.

8, a. Nycry z,—mnenioe, Q<La< PR, H<a< < +1;
MHTErpEPOBAHEEM N[O YACTAM HAXOAMM

[ 8
—S/(w)d'x=8 o (@) ] (z) do =

=B/ B)—e (@) (a)—s (B) /" (B)+ 0 () /' () + S o (z) 1" (2)d=.

B uacraoctw, npu Q <Lz, +1 < R, mepexofia K mpeflely, uMeeM

- x, +1 x,+1
- r@a——gr@ev—3re+ | c@r@ar.
x, *1

Vrasanmaa ¢opMyna temepr nonyuaerca e3 BeAKOro TpyAa.
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b. Ilepenucas ¢opmyny Bompoca a B BHfe

R’ Q
2}f@=§ﬂ@h—§ﬂ@ﬂ+ﬂ&ﬂ&—ﬂ®ﬂ@—
Q<x<R
—~ B B+ @QF @+ \ o@r @ e~ s@ 7 @ an,
0 R

yOesaeMca B CIPABEKIIABOCTA YKA3AHHON (OpPMYSIEL.
e. Ilpumenss pesymprar Bonpoca b, Haxogmm

- 0

IntiIn2+4+ ... +Inn=C-+ninn—n —;-é—lnn I \

¢ (x)
= du ==

n
=nlnn—n+0(Inn).
9, a. a) Imeem (b, § 1)

1n([n]z)=2 ([%]+[—;‘E]+...>1np. (1

3neck mpaBas 4acTh IIpeJ];(‘TaBJIHeT cymmy 3Hadenmii Qynomm in p,
pacnpocTpaHSHHYIO HA Desble TOYKH (p, §, &) C NPOCTHME p obnacta

n
p>0,s>0, 0<u< —. YacTs pTO# CYMMH, OTBEUAONIAT [AHHBIM

s 4 u, pasHa O \‘/ ) ; 4acTh, OTBEYAOMAA JAHHOMY u, PpaBHA

v (%)

8) MpumeHss NpH n > 2 Pe3yibTaT BOIpoca a), HMeeM

1n([n]1)—2'1n<[l] | )z _
—r‘(")—e -—)w( > %) +...>¢(n)_,<%>.

l’Ionaraﬂ [—] m, OTCIOa HAXONHM ([n]_2m, ann [n]=2m+1)

+(n)_{< ><1n(2’";21)‘ <in (2,,, (2m+1)>
<1n@273") < n,

#Oﬂ=?00—¢<7)+¢(7>—#<%>+
+¥<_2—>_¥(_;—>+ s <n—!—-’§-+—%+ L. =20



122 PEIMIEHNA BOI1POCOB~

1) NMeem (pemeHne Bdnpoca B) m pesynsTar Bompoca 8,'(:“:)

w—e(3)+e(5)-(3)+ " ([5]')
=[n] ln[n]—[n]—Z[g—] In [%]+2[%]+O(lnn)=
=n1n2+0(Inn).
Hanee, npa s > 2 maxogum (sompoc f))

8 (Yn)—0 (f/—9+ .
o (B S

n 2
Toaromy

0= so—s (2o (2)=o(2)+
. —<@ (n)—0 (l>+@<-f‘—>—(—) <£>+> <

<2]/n—1~2]7-n+2/n+ .. n<2(|/n+m]/n) o(V'n)..

b. Cnenyer wu3 pasencraa (1), HEpaBeHCTBA BOMpOCA a, Q)
1 paBeHcTBa BOUpoca 8, c.
¢. PapenctBo BOmpoca b npm pocrarouno Gompmmx m  gAdT

Inp 1nm 4
=Ilnm40(1 = -
2 P () ! z p>1

m<p<m® m<pgm?

n+ n+1

Ecam paa Beex map p,, p | C yeqosmem m < p, <p < m? nmeno
6K MecTO HepaBeHCTBO Py > P, (14¢), To Ommo Gm ’

P S
m(143)" '
r=0

410 WPH ROCTATOYHO GONLHIUX M HEBO3MOMKHO.
d. OueBHgHO [OCTATOYHO paccMaTpuBarh JIHOIbL ciyvai, Korja
n—genoe.

Ilonarasa 7(r)=h’]_—r npe r wpoctom @y (r)=0 npm r=1, nmm
ipH r COCTABHOM, mMeeMm (Bompoc b)
1)+ + ... HyE)=lar+a(r) |a(r)]| <Oy,
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rae ClénocTOHnnoe. Orciopa mpu r > 1 (cumraeM a(1)=1)
1(r=Inr=ln(r—14)+a(r)—a(r—1),

1 . _ Inr—1In(r—1)
D p=TiATs T= 3 T

Inr
0<p in t<rgn
a(r)——a(r—1)
T = —_—
2 2 Inr
1<r<n

Nmeem (8, b)

Ty= 2 rlnr+ 2 <2r21nr+3r3lnr >=

i<r<n {<rin

1
—_—_C,—i—]nlnn—(—O(m) R

rae Co—mnocroausoe. Jamee HAXOIUM

_ 1 1 a(n)
Ty=2(2) (m“m>+ R G <1n(n 1) lnn>+]nn ’
Ho mpm mesnom m > 1 nmeeM

1 1 1 C,
Cl(fn_n—m—ln(m+ 1)) +6 <1n(m + 1)_ln(m+2)>+ T am
TlosTomy pan )

1 1i 1 1
a(2) (m‘m)‘“@ (m‘*m%

CXOOUTCA; NPH dTOM, €CJIH Ca ero cymMa, 710

1
e. Numeem
1 1 1 1
w[[(1=5)==3% 73 Gatgat )=
. P<En psn

, 1
=C —lnlnn+0<1—n—7l>.

rge C’'—mnocrosnnoe. Orcrofa, monaragd C’==1nC,, ME Hu HOJYy4uM
yKazaHHOE PaBeHCTRO. :
10, a. Cneayer u3 ¢, § 2.
b. Bmmv 0(1)=,(1)=1 yeuosue 1, a, § 2 gua Pysxmuu 0 (a)
BHIOAHEHO. IIycTh a==a,a;— OJHO U3 PABJIOMKEHHH 4 HA /iBa BIAUMHO
TPOCTHX coMuOKuTeNst. Mmeem

D) D) tdd) =@ =p(a) $la)= D 2, e(d)a(dz) 0

dl\al dz\ag d \a dz\ag
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Ecam ycnosge 2, a, § 2 BHIONHEHO ' J7A BeeX JPOW3BENeHMN, MEHb-
muex a, TO upu did; < a mmeeM 6 (d,dy)=10 (d,) 9 (d2), m paBencTBo (1)
Aaét 0 (aja0)=8(a,)0(ay), T.e. ycaoswe 2, a, § 2 BHNOIHAETCA
u [N BceX IpOuWsBefeHWH a,d;, paBEHX a. Ho ycnosme 2, a, §
BHIOONIHAETCA MM eJAHCTBeHHOro npousseneHus 1.1, pasworo 1.
CnefoBaTeJIbHO, OHO BHINOJIHAGTCH M IYJIA BceX IPOM3BeleHui.

11, a. IIycre m > 1; auaA KasKAoTo MAHHOTO Zp, [elAUEero a,
a

HeONpefeNEHHOE YPABHCHUE &) ...&m_ 1 Tm=0¢ HUMEeT Tp_y (x
m

. a
T (@)= Z T;n—i(ﬁ) '

E AN

pemennit. IToatomy

a
HO KOIja &, Upoberact nce AENHTEeNM dYUCa &, TO d=T B obpar-
m

HOM IIOpPAZKE npoﬁeraer te ke gesnresm. CregoBaTesbHO,

m(a)= 2 “m—1 (a).
d\a

Iosromy (Bompoc 10, a) ecim TeopeMa BepHa ANs QYHKAMH 1, 4 (@),
TO OHA BepHA ®W AN QYHKUUK T, (e). Ho Teopema BepHa mis PyHK-
uK 7 (@) =1. 3HayaT, OHA BepHa BCErja.
b. Ecoim m > 1 m Teopema BepHa pnna QYyHKOMM <, 4 (a), TO
uMeeM )
m(@)=:m(p1) - "m(P)=
=ty D)+ Ty () oo (T g (D+ g () =(1 +m— 1) =mk.
Ho TeopeMa BepHa [ia QYHEIHHU T, (a) 3HauuT, OHA BepHA Bcerja.

c. IIyeTs =1y, 63 =2%, a=py1 ... pp* — KAHOHHNTEEKOE pA3JIO-
MMeHUe uHcaa a, UpnudM py, ..., Pk pacnoaomeﬂm B BO3pAcTaioIeM
nopanxke. lna Q)yHRm/m 7 (@)=7 (a) AMeeM

:(a)\<a1+1 ag + 1 ap + 1 )
a’ 2’1 g%l (k+ 1)ET
Kasgautik w3  coMuOmaTeNell  TPOH3BeAEHHMA, CTOANIEro  cHpasa,
1
1 Ay +1 EY
MeHBlIe 7; COMHORATENU T ¢ ycioBueM r > 2 MeHbIme
r’r—

L

’ % ¢ +1
20r~1

1N\2"
< 1. Iosromy, nomarag C= (?) ,. HAXOgaAM
o (a) C

@ _¢, lim < lim - =o0.

(1 a->o0 a ¢ a->x a




PEMEHUA K TTIABE 11 195

Hpa m > 2, oueBBARO, HMeeM im ()< - (% (@)™ ToaTomy

lim 2mi%) () <11m< (a)>

L2 1o <) a®

d. CucreMn 3HauYeHWA zy, ..., Zmp, ynome’mopmomue YKasaH-
HOMY HepaBeHc'rBy, pasoleéM Ha {n] CcOBOKYNHOCTEd ¢ HOMepaMu
1, 2, , [r]. K CcOBOKyIHOCTM ¢ HOMEPOM @ OTHEeCEM CHCTeMBI
c yCJIOBPIEM Zy ... L;m==a; GACHO HTHX CACTEM €CTE T (a).

12. Ilpn R(s) > 1 paj, smpaskaiolni ¢ (s), abcoIOTHO CXONHTCA.
Mosromy

[e o] (=]

, 1
= D
< (ny ...np)°
ny=1 nm=1'
VpAuéM upH ;LaHHOM NOJTOMKUTETIBHOM N YNCI0 CHCTeM Ny, ..., Ny

¢ VCIOBHEM Ny ... yy==n PABHO T (n).
13, a. lIpn R(s) > 1| mnpomssegenme P= II————— a6eoMOTHO

v 1—*1)7
cxoyurea. Bsuny ———1—1—= ra + = ... mpu N > 2 nMeeM
1——?
1 ’
=23 =+2
p<N ? 0<ns N

rje BO BTOpO#l cyMMe mpaBoii wacTm n mpoferaer ML YHCHA,
He [ensmuecA HA TpocThe, mTpeBocxofsume N. B npexene mpnm
N > o0 neBaa uacth ofpatmTed B P, mepsag cyMMa npasoi

yacTAE—B § (s), BTOpaA—B HYIb.
b. IIycrs N > 2. JlonycTdAB, YTO IpPOCTHIX YACET, OTAUYHEIX OT

P1s - ++y Pk, HET, HAXOMMM (CP. PeImIeHHE BOIIpOCA a)
r
k 1
H S 2w
0<n<N
~ Pj

9T0 HepaBEeHCTBO BBHAY PacXONHUMOCTH TAPMOHHMECHOTO  pPAfa

1 1
1+ 5 + 3 -+ ... Opu gocraTouHo Gosbmmx [N HEBO3MOMKHO.
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¢. JlonycTEB, 4TO HPOCTHX THCed, or'mNHKX OT py, ..., Pk HET,
HaxopuM (BONpoOC a) - o
a 1
—_—
H T =5 ()
j=1 17Ty
PJ
i 72 :
9TO paBeHCTBO BBHAY HPPanHOHAIBHOCTH & (2)=-— HEBO3MOKHO.

6

14. 1ipn R (s) > 1 OeckoHedHO® HpOM3BeReHHE MIIA & (s)' ﬁdnpbca
13, a aGeonorHo cxomuren. Iloatomy

1 1 1
m¢ =) <_ps_+713?8_+§[]_3?+ . )
P
rie p mpoberaeT Bce WPOCTHIE JHCIIA. ﬂmpcpepenunpyﬂ, nMeeM
&' (s) In p Imp In p A(n)
<) Z (“ I ) Z

15. Ich'u. N > 2. Tipumenas rteopemy b, § 3, nmeem

HO___) Z M(n) 2 Mn)

0<ng N

[7i¢ BO BTOPOH CYMMe LPABOil WACTH 7 HpPOGEracT AWML 9HCAA, GOMb-
mue N m He pensuwpecd HA IPocTHe, npesocxopamme N. B upemene
upr N - 0o MH H NOJYYHM YKABAHHOE TOMRJECTBO.

16, a. ITpumenmm d, § 3 & caywamo

8=1,2,...,[n], f=1,1,..., 1.
Torga, ouesuuHo, S'=1. [Janee Sy ofpamaercsa B gucio 3HaveHHA §,
Kpammx d, T. e. B [%]

b. o) Ilpasas wacTe paBeHCTBA BONpOCA @ BEIPAMKAET CyMMy B3HA--
genuit fynrumm p(d), pacnpOCTpaHeHHylo Ha Heasle Tourm (d, u)

obaacta d>0, O0<u <~ . YacTh 3TOH CYMMH, OTBeYAIMAA jAaH-
7 y

HOMY u, paBHA M<—7i>

$) Vxasammsoe PABEHCTBO MOIYYACTCA NOWICHHHM BLIMATAHHEM

PaBEHCTR
i M(n)+M< >+M( >+M( >+
2M<?>+ 2M(—4—>+...=2
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¢. Ilycts ny=[n]; 8,, 03, ... ,0n OOpemensoTea yemoBmem: &, ecTh
HambosEUIce Tedoe, - l-A cTemeHb KoTOporo jenmr s, fy=1.  Torma
§'=1T; n, Sq PaBHO YHCNY umCcelN, He TPEBOCXOAAIUX N, KPATHHX d’,

T. €. 8y = [—d,—] . Orcioma HOMYTaeTcsl yKa3aHHOe BHpakenne ausa Iy .

73
B wactmocrm, eBEgy ¢ (2):—6— Ansa guena T’y ,, 9mced, He Hpe-

BOCXOJAIMNX n W He JeJANHXCA HA KBAaAPaT NeJoro, NpeBoCXOjsd-
niero 1, mveenm

6 -
TZ,I! =? n+ 0 (Vﬂ).
17, a. Vkasauxoe papencrso momyanv u3 d, § 3, ecm momoskmm

57 a)f fs:f(xs)'

b. Vkaaanmoe paseHctBo wmonmyumm mu3 d, § 3, ecam momommM

o= (x

b=, ., A, = @D D)
c. Ilpumenss d, § 3 & cayuawo

8=38y, 84, ..., 8

a a a
= — "= ),..., F ,
=r () ¥ () (m,)
rie B NepPBOM CTPOKe BHIHMCAHE BCe JeJATeN:n YHCIA &, NMeeM
. - 2 \eqg(2
§'=F (@), Si= F((w>_c(d>.
@ :
DN\~
d. VkaszanHoe paBeHCTBO CJIeflyeT U3
i 3 3y
@ (d) »(d) d\&nu )

d\.%1 d\ 32
P =} f2 <o Jn
18, a. [pnuermy Teopemy Bonpoca 17, a, sacTasisda z npoleraTs
quena 1, 2, ..., a u Gepa f(z)=z". Torna
’ m L P LOR) a " m,_dm a
I\ =%‘(a){ Sg=dn+27d"+ ...+ o d"=d"m{ — ).
b. Uveem '

n@=3 1@ (o +5)=5 @
2 r

ToT sie Pe3yNBLTAT MOMKHO TIOJNYIHTE IIPOIUE. Hanummem 9ucha Ppi-
xa 1, ..., @, B3AHMHO OPOCTHE ¢ ¢ CHAYAJI3 B BO3PACTAIOIIEM, BATEM
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B y6uBalomem nopagke. Cymma wieHoB 06OMX PAAOB, PABAQGOTCTOA-
mux 01i/l Hauasa, PaBHA a; YHCI0 WIEHOB KaMAOro pAja paBHO ¢ (a).
c. Nmeem S

3 " a2 2 . v
w@ =@ (gt F+Ed) =5 e @+e(=p) ... (1=p,.
d\a

19, a. Tlpamenum Teopemy Bompoca 17, @, sacrapusag x mpoGe-

rarp uwmena 1, 2, ..., [z] u 6epa f(x)=1. Torna S’ ==T,, S, pasHo
2

9HCy YHCe]d, He NMPeBOCXONANNX z, Kparuwx d, T. e. Sy= l —] .

d
b. Nmecem

To= ) p(d) 5 +0(: (@) =— ¢ (a) + O (a").
d\a

c¢. Cneayer M3 paBeHCTBA BOIpPOCA A.
20. ITpamennm TteopeMy Boupoca 17, a, sacrasiaas x npoberats

gncaa 1,2, ..., N, rie N > a, w Gepsa /(x)=—;1—s— . Torga HalgéM
1 R NEIC) 1
=2 Y =X X
X< N d\a .f<:ns% d\e 0<1:é%

B npegene mpu N — 0O mOAyIHM YKABAHHOE TOMIAECTBO.
21, a. lipmvenwm Teopemy Bompoca 17, b, paccmaTpmBan
YKasaHHEIE B ONpejesleHMH BePOATHOCTH P, CHCTeMH 3HaueHHH
. ’

Zy, X2, oo, T W Oepa  f(xy, 2, ..., 2x)=1. Torma Py=

N 1k YV—k"
Sg= [7] , M MBI MOJIy9HM
N N 1
<
2 @ ['d_] N N
d-1 B
Py= c = + 0(2 —"——:> .
X d< €1
N d=1 a1 Ve
IToaToMmy '
Pr=(% (k) 40 (A); A=71V— upn k> 2, d=2N on k=2

N
=2 ‘
b. Umeem {(2)= +

22, a. DneMeHTapHEIe PACCYKISHUA IIOKABKIBAIOT, YTO YHC/I0 HEHANX
touer (u, v) oGnactm w24 v:<Lp% ¢ >0, He cumran Toukm (0, 0),
paBHO 7p® + O (p). IpuMenuM Teopemy Bompoca 17, b, pacemarpmBas
KOODAUHATH Z, ¥ TeNHIX ToueK obnactm % y®< 7%, OTIHYHHX OT
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rourd (0, 0), m momaras f(z, y)=1. Torna T'=S8'+1, §; pasuo
YmEeIy HeNHX TodeK obaacta u? 4+ v? < ( ) He cymTas ToukH (0, 0).
Hoa'romy

r? r
SJ=RF+0<—Z>,
i) . Mo
7= p(d)n7+o(27>=¥r2+0(r1nr).
d=1

d=1

b. Paccyxjada aHAJIOrAYHO TpPEALIYEeMY, IMOTYyddM

[r]
r=>y ,;(d) d3+0(z d,) +0(r2)
d=1
23. a. Unceno genureliel ¢ uAcina a= p‘fl e p,‘:k, He JNeNAmuXxcs

HA KBajpar Lesoro, npeBoCXOojAImero 1, H AMermuXx x NOPOCTHX

HoendTeNed, PaBHO f) ; mpr 3TOM  p (d) =(—1)*. IloaTomMy

k
S r@= N (B =vi=a—ni=0.

d\av %= 0

b. TIycTh @ mMeeT TOT ke BHI, UTO M B Bompoce a. JocraTodHO
paccmaTpuBath ciydai m < k. na yrasaHHOH CyMMBl HMeeM [Ba
BHIPAKCHHASA

Sr@=()=(F e rimtr (F)=
== (W )=(ahe) )

Ednu m wérHoe, TO IpH m<—2- mepBoe BrIpaskeHme >0, a opH

k . k
m >—2— BTOpoe Bmpaskenme > 0. Ecam m Hewérmoe, TO OpH mg—?:-

. k )
mepeoe BHpaxkerme < 0, a mpm m > 5 BTOpOe BHIpamKeHue <0

¢. JlokasaTenbeTBO MOYTH Takoe ske, kKak B d, § 3, HO ¢ yudroMm
peayabraTa Bompoca b,
d. HorxasaTenncTBO.IIOYTH TaKoe jKe, Kak B Boupocax 17, a m 17, b,
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24. Ilycrs d mpoberaer frenntend uucna a, Q (d) = wmeao NPOCTHIX

penmreneii wmena d, (e)=s CormacHO CcnEaHHOMY B BONpOCE
yHKasaHMIO, HMeEeM (cqmaem N nocrarogro 60.TIBHIEM)

AN, D Y u(d)(wwoérwo_ri; 104 1< 1

dysm

Iri< 3 =%Z“(‘”, =3 X

Ydysm Qd)>m ad
Hanee maxommm
m
ITI< (5 )<< < W’j{.g:om),
n=0

(-
Nopeo> "7

g H(___)

P\q

=

=0 ().

Haromen, oGosHagas OykBamu C; u 02 HeKOTOPHE IIOCTOSIHHEE,
nMeeM

s & 1
i<ty 3 i<X oy p (st )

q

n=m-+1 2(d)=n : n= m-H
8
N C1 +1nr
<T 2 " 4Inr ><
. n=m+1
§ 3 / N —4nt
n 3
- Co — =0 ()).
2 <4> st T 4
n=m+1 C

25. BeaxoMmy fenuTemio dy 4meaa a@ ¢ yenosueM dy < a oTBes

4aer JeJnTeNb dy C YCHOBHAMHU dg > 1/a, didy=a. Tlpn BTOM p.(dy) =
= u (dg). IloaTomy :

2 Nu)=e - o= n@=o.
T dy : dy ,

ds : d\a
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26. Ymcaa d, me pensmuecd HA KBajfpaT Nenoro, OPeBOCXoxs-
mero i, m ypOBIeTBOpAMEE YCIOBHIO ¢ (d) =k, paccMoTpEM nonapHo
TaK, 4TOGH B KamAylo napy BXOAWJIO HEKOTOPOe HeddTHOe ¢; B wéT-
moe 2d;. Dymem mMers p(d,) - 1 (2d,)=0.

27. Liyets py, ..., pp—pasauudse mnpocTHe umcaa. Ionaraa
a=p; ... Pk, mMeeM

¢ (@)=(pr—1) ... (pj—1).

Meskay TeM, npu OTCYTCTBHE IPOCTHIX 4HCET, OTIHYHHX OT Py, ..., Py

MH BMen Ou ¢ (a)=1.

. - a
28, a. YrasaHHble UACa HaliaAyTCA cpenn wncex s6; s=1, 2, ..., 5

Ho (s, a)=4¢ TOr#a m TOIBKO TOI'/ia, Korjaa (s, %): 1(e, §2, ru. I).

H03TOMy BEpDHO yTBep:KAcHUEe, OTMEYCHHOC B BOIpOCe, M MLl HMeeM

a= D ?<%>= D¢ (@).

d\a d\a

b, x) Mycrs a=pl1 ... pik —ranoHMdecKOe PasyIoKeHue THCIA 4.
Bengy a cbyﬂmmﬂ a(a) MyJNBTUNNUKATABHAA, TPHIEM

PE= 0 e, PET'= D) eld) PR —piT =e ().

1
d\p?s I

B) dna nexoro m > 0 mmeem

m= Y ¢(d).

d\m

IToaromy

P ()= (@)=

d\e

29. Nmeem (p npoberaer Bce IPOCTHE YHCIIA)

< ( T t(s—1
2 ”<H_<P(D) <Pp) ) H z; — cs(s))'m

8-1



132 PENEHAA BOIIPOCOB

- 30. Umeen

O+ @+ '”(")—Z“ +2 ) ”d)+...+ Zp(d)
. d\1 a\2 dn
n n
_—_2 u(d)(1+2+...+[_;i]>=2 p(d)%;——*—O(nlnn):
' d=1

+0(n In n)——n’-!—O(n 1n n).

I
N‘ 3

Pemenns k raase III.
1, a. U3
P=g 10" L a, 110" 2+ ... 4 @q,,
sameqast, a0 10 = 1 (mod 9), umMeem
P=antan,+...+a;(mod9).

CnepoBarenbao, P KpaTHO 3 TOTAA W TOIBKO TOrJa, KOrja cyMma
oufpp, ero m3o6parkawIUX, KpaTHa 3; OHO KparHo 9 TOTAA U TOIBKO
TOTfA, KOTAA yKasaHHas cyMMa KpaTHa 9

3ameuas, uro 10 = —1 (mod 11), nmeem

P=(a;+az+...)—(aa+a,+ ...)(mod 11).

CiepoBarensno, P kpatHo 11 Torga m TOMBKO TOrfa, KOTAA PasHOCTh
MeKAY cyMMOt0 Hudp, CTOAUINX Ha HedéTHHIX (cuduTas cOpaBa) MecTax,
n cyMMoI0 nup, cToAIAX HA 9YETHHX MecTax, KpatHa 11.

b. U3

P=b,100"1 1+ b,_, 10024+ ...+ b
geuay 100 = —1(mod 101) mmeen
P=(b+b;+..)—(bg+ b+ ...) (mod 101).

ITosromy P xparso 101 Torma m ToaBKO TOrAa, Korma (by + by+...)—
—(bg+bs4 ...) kparao 101.
c. Uz
Pz=cp 1000" ) £ 05 100072 4 L. by

eray 1000 = 1 (mod 37) mmeem
P=cn+cepaa+ ...+ e (mod37).

HoaTOMy P RpaTHO 37 Torna ¥ TONBKO TOrAA, KOMAA cp+-¢poy +... -+ 64
KpatHO 37. .
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Beupy 1000 = —1(mod 7 - 11 . 13) mMeen
P=(c;+e+...)—(cgt+ecg+...)(mod 7 - 11 - 13),

[ToaroMy P kpatHO onHoro ®3 umcen 7, 11, 13 Torjia m ToMBKO TOrAa,
Korga (¢;+ ¢34+ ...)—(cz 4+, + ...) KPATHO DTOrO Ke uYMcia.

2, a. 1) Horma z npoGeraer monnylo cucreMy BHIUETOB MO MOAY-
a0 m, 10 axz+ b TakKe mpoberaer NMONHYI0 CHCTEMY; HanMeHbMAH
HEOTPUIATEJBHHA BHYET r 49HUCIa ez +b mnpoberaer BsHAYEHHA
0, 1, ..., m—1. Ioatomy

m—1
2 {ax”-:-b} — 2 —%:—%(m—i).
r=0

x

B) Ipmmensa pesynsrat Bonpoca 18, b, ra. II, Haxopum
af _¢l“ﬂ_ﬁ£
2 {m} = =g em).
£

b. B caysae t=1 mmeem [f (N +m)]—[f(N)]=aq,

N+m
1,1
2= 2 lf(x)l_—--;[f(Ner)]+—;—[f(zv)]—-2-+7m=
Z=N+1
N+m N+m . .
= Z /(=)= Z (f(-’t)}—ia—l——f(m—I):S;
&=N+1 z=N+1

K 9TOMY Cy9alo TPHBHANGHO CBOAUTCA W ciydait ¢ > 1.

c. llyers N, M, Py, Py~—neawe, M >0, Py >0, Py >0. Tpa-
nenasd ¢ sepmunama (N, 0), (N, P)), (N+M. 0), (N+M, P,)
ABIAETCA YACTHHM cydaeM paceMoTpensoii B Bompoce b. Tloaromy
B AnA Heé BepHo pameHcTBO (1) PasenctBo (1) miA TaKo# Tpamemuy
JIerKO TMOJIYuAM TaKKe, paccMaTpmBasd NPAMOYTOJbHAK ¢ BePITAHAMH
N, 0), (N, Pi+Py), N+ M, 0), (N+M, P;+ P;), pasHoBeINKAR
JABYM TAKHUM TpamenmuaM. I[nA 9TOro mpAMOYTOJLHAKA PAaBEeHCTBO
Tt 21 8=248",

. !
amajormgHoe paseHCTBY (1), oueBmpmo. OTciofa BBHUAY 2 0=2 Z 3
§’=2S5 Mu 7 momysuM pasencTso (1).

N3 sToro pesyasrata amasorguHasg QopMyna AiA yKA3aHHOTO
B BONPOCE TPEYTOJLHMKA BHIBONUTCA TpuBAaJbHO OpHAKO Npeicra-
BJIAET HHTEPEC TAKe CHAeAyIOLMH BHBOJ: YKasaHHHHE TpeVUOJbHAK

nosiyvaercd nyTéM pasbueHMA HA ABAa pPaBHHX TPeVIOJIbHMKA HEKOTO-
poro napaimenorpaMMa ¢ HeJeMd BepmmHam#. Ilycrs §— niromans

napaiaiesiorpaMma ¥ 7= ), &, Ifie CyMMHEDOBAHHO PacHPOCTRAHAETCR
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Ha Bce MNeJlble TOYKH DapajiesorpaMda, npuuéM & ompepgensercs

aHAJOrHYHO TOMY, KaK B Bonpoce b. IlHTepecyiomee Hac CBOHCTBO

TpeyronbHEKa GyneT NOKasaHO, ecld MH JoKaieM, uto S=7. Pac.-
CMOTpEM KBajpaT ¢ OecnpenenbHo pactymeid croponol A. Besa

wiocKkocTh MOkeT OHTh pasbuta Ha OecumcieHHOe MHOMKECTBO Imapajs

JiIeIOTPAMMOB YKAas3aHHOro Bmja. ITycTh k — uHcIo mapanienorpaMMoB,

HOJIHOCTHIO JIKAIIUX BHYTPH KBanpata, M R—9ACIO NEJHX TOYeK

BHYTpH KBajparta. Lipp A — co HaxopmM

kS A? R

lim ’A-z‘=i’ lim 7{—=1, lun7c—7—,-—1
TlepeMHOKas MOYNEHHO STH PABEHCTBA, MOJYIHAM
S
— S=T.
lim T 1, T

3, a. [Iycrs r—HaUMeHBMIAA HEOTPUNATEBHEH BRYET YHCIA
ax + [c¢] mo mopynw m. Nmeem .

. @ (M)
§= 20 {im—r—)j\ '
r=

rne. s LO(r)<Ls+h; e={c} Tpu m< 2k +1 Teopema ouesmnHA
Iloa'romy paceMoTpuM Jamb caydaw m > 20 + 1. Tlonaras

{ﬂ@} —L =5,
m

m
nMeeM—-i+—%<6(r)<h;5 mpg r=m-—[h+:], ..., m—1;
-—és(")<lin: B OCTANLHHMX ciydasx. [JoaTomy

—[h+e]f;~rs<5_m-2-1<h+s, IS——;——mlghAi—%.
b. Umeem

oy az—l—d:(z)] A
2 ] Y(z)=m(AM + B) +— 1.

IIpuMenuM TeopeMy Bompoca a, mosarag h=|[A|. Torga u nomydymm
YKa3aHHHH pesyIbTaT.
’ c. Haxommm

me1
Z {f(M)+——+ +f—ﬂ;—i) 2}, 0<‘za<m—‘-1?’

20



 PBMEHMA RTHABMII . i3

“HpumennM Teopemy BOIpoca &, mojaras h=1-4 7 Torpa nony.q';m
YKA3aHHKH Pesynbrar.

.._4. PaanomuM A B HENDPEPHBHYIO I.lpOGL ITyers Qp = Q’-—Hanﬁom,-
mEi 13 BHameHaTtenell mopxomsamux apoCel, He npeaocxo;mnmn m,
nMeeM (Bonpoc 4, b, ra 1)

pl 6[ -
— ~ ’ ’ —_ 6’ B
A' QI +le7 (P’Q) 1’ l |<1
TIpr atom n3 m < Qpn.; < (qn.1+ 1)Qn < CQp, rie C—~mnocrosrnoe,
KOTOpPOTO HE TIPEBOCXOIAIT Bee ¢, + 1, pas nambombmero nemoro H'
¢ yeaosuem H'Q' L m cunegyer H' < C. IlpuMenan reopeMy Bompoca
3, b, naxonnm |
i MAHQ ~1 : : ‘ v
- ’ 1 , 3
% (dz + By —— H'Q —2-0
. .1;=1VI . :

ycry my=m—H'Q’. Ecan m; >0, ro, Bubupas B 3aBUCAMOCTH
or my unena Q* m ¥ TarmM iRe cnocoGOM KAk paHbme B 3ABHCH-
MocTdH 0T m Genm BuGpansl ymena Q' m H', ’ maiaeu

My+H"Q"—1
R 2 {}{Ax-rB}-—-—H”Q”
x=M

Tiyers my=m,~— H"Q”. Ecnm m, >0, 1o momo0HO npegsgymemy
HaHAEM

3
70

M2+I:I”}Q"”—l ’
Z {Ax+B}—§_H”,Q”,l <
x=Mg

c

o] o

u T. J., TOKa He npunéﬁ K Heroropomy mp=0. Torja mnomyumm
(HQ +H'Q +... + HQ® =m)

M+m—1
L ' > {Az+B}—-—-m’ = Ck..
x=M
Ypenma Q' Q”, ..., Q(") YAOBIETBOPAIOT YCJAOBUAM

Q>m1 Q”>mz>...>mk_1>Q(k)>1

Hoa'romy (Banpoc 3, ri. I) k=0.(Inm) n, CJIGJIOBaTeJIbHO, dopmya,
YyKasaHHAaA B _ BOApoce, Bepﬂal ' L
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5'1 a. CyuMmy, croamybo ciuesa, ofosmawmm Gyksow S. Iycrs

t=A43% Tpm ©<40 Tteopema ouvepmmma. ITosToMy mpeanomaraem
© > 40. Baas M,=(Q+ 1], maiingm uncna a;, m;, 8, ¢ yenopHAME

’ — a 61 .

Vi (Ml)———rr;_*_n_;;?’ 0< m<T, (ay, m1)=1. lﬁll < 1.
Baas My= M+ m,, aHaJOTHYHEM OyTéM HaiNéM 9ucla a, mg, O
B3AB My =My + my, HAUABM wMCNA ay, my, 0,; ¥ T. 1., NOKA He opHaéM
K M, ,=M,+m; ¢ yeaonuem O0< [R]—M_, , <[x]). Hpumenss
TeopeMy Bompoca 3, ¢, HaUAEM ’

k+3

1 1
S =g (mytmyt et mH[R] =M, ) | <575+ (RI— M, ),

1 k+3 T4+1
S ——(R— rT -
5 ( Q)}<s —t—5— -

a 1 ' a 1
JIMHA MATEepBaJa, IJId KOTOPOro — w— — L ' (z — e mupe-
it P poro 7 - <SP @ <+, me up

24 a
BOCXORUT = . Crnegopatensuo, ¢ opHOWl W TO#t e JPOOLID —-

24
CBA3aHO < oo + 1 umcenr my, ms, ..., m,. lIycTh a; ¥ a;— HAAMEHB-

mee u HaMOoNbMIee BHAYGHHWA @, OTBEUAIIHE JAHHOMY m,
HNMmeem

a—a_ 2 _k(R—Q).

k(R—Q)m
m  mc A a—ati< A

+ 1,05.

CnenonaTeano, ¢ JaHHBIM M CBA3AHO

<<ii+4)(ﬂ£%@f+L%>=

_kR—Q) /2 . m 24 |\
=2 (mra) (a1

qECeN ™My, M3, ..., M. Cyrvmmpya Imoc/ieflHee BHIpaKeHme [0 BCeM
m=1, 2, ..., [¢], nonyanm
— 2
] <If(i—Q—) (21nﬂ:+2+T +T> +&41,05<
T \ 2<% 3

k (R—Q) 7 4
<=——m4a+5 =,

1 K (R—Q), | A
Is—?m—@%a—fr—m4+&7.
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b. Umeem

| 3 v@rt—a-z@- Q)|<l
Q<z<R

S t@-7®-0|<a

Q<x<R
oTKyja, monaras o (z)={f(z) +1—¢}—{f(2)}, HaxonAM

| 3@
Q<z<R
?? npa {f(z)} <o mveem &(r)=1-—c, a upm {f(z)} > o mmeeMm

)=—aq. Iloatomy |(1—a)d(c)—c (R—Q—,(9))]| < ZX OTKYa
H IOJy4daM YKAa3aHHEYIO Qopuyay.

6, a. TlpumennvM ¢opmyny sompoca 1,¢, ri. II. TIlonaraa
J(x)= I/rz‘-—a:2 , B maTepBane 0 Lz K -—’: nMeeM

<2\,

P z I o 1 ” V3
f(z)———lf—rz-‘:;;, J (M“—‘m. 'r—<|f (a:)|<-—

Iosromy (Bompoc 8, a, ra. II, Bompoc 5, a)
r

T=4r+8 g Vrz x“‘dz-}-Rp(V ) -—89() r—-41—/.—:—
2 2

VZ{I/ }+ 0 (r3 lnr)_nr"+0(r3 Inr).
b. Umeem (Bompocwm 11, d m 1, d, ra. II)
W@t =2 [%]—[]/512.

. . 0<z<Vn
Jloc'ra'ro'mo PaccMOTPeTh ML c1y4ail n>64. Harepsan X < = < <Vn,

r!

4

rge X =218, p3306LeM Ha O(Inn) umtepsaios Buga M <z <M’
rae M’ < 2M. Tlonaraa f(z)=% , B mHTepBANe M <z <M’ nmeeM

F@=—, F (&)= < @<
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Mostomy (Bompoc 5, a) ' I
' 1

S {2} =tor-mro@imm,
MIlxsM'

> {2 %Vnw(nf*(lnn))

0<z<Vn
Hanee (Bonpoc 8, b, ra. II)

3 %:En%nmnﬂ(w)Vﬁ+o<u-'

0<zsVn
H(_)a'ron'iy _ -
T+t @)+ ..+ m(n)=2En—l—n1nn+29(]fﬁ) Vai=Vn—nyt =
1 1

2V 7 (V5403 (Anmp)=n (Inn 4 28-1) + 0 (n? (in n)?).

7. Tlyers cmcTeMa HeNpaBWILHAS KM S— Haubojdbmiee Iemoe
¢ yCJIOBHEM, 9TO 2° BXOAWT B HE4STHOE UWCIIO upmcesi cucTeMel, OpuO
H3 TOCJeJHHX 4YHceJ Mbl B3aMeHUM MEHBIIAM, COJep/KanjuM JUIlb
cTenmeHy 2°, BXOAsIIAE B HEUSTHOE YMCJIO YHCEJ OCTABINEHCA CUCTOMEI.

Ilycts cucrema—npasuiisHad. Ymeno, MeHblIee OFHOI0 H3 MMCEN
T aro¥ cucTeMH, oTamuaercA-or 7', no KpaidHed Mepe, OJHUM BHAKOM
B cUCcTeMe MCYUCIeHHsI ¢ OCHOBAHHEM 2.

8. a. [lofaBuB K KayKAOMY M3 4ucelsI, TPefCTABJISEMbX YHAa3aHHEM

cocoGou, amcno H=3" +3%~1 .4 .4 3+ 1, momyunm umcia, Koropsie

MOJKHO IOJYYMTH, B3acTaBAAA B TOH ke dopMe Znp, Zn i, ..., &1, Ly
npoberath sHadenus O, 1, 2, T. e. moadyunm Bece gucya 0, 1, ..., 2H.
b. VKasaHHHM cTIIOCOGOM HOJIYUUM M My ... fi) YWCEJI, He CPABHH-
MBIX MERAY C000I0 IO MOAYJIO MMy ... mj, TAK KaK H3
2+ Mz MMy + . Fmamg L. M2 =
saxjtmaitmmex}+ ... + mamg ... my_ lxk (mod mymy ... mk)

I0CJIEI0BATEIIPHO HAXOOHUM:
zy = z; (mod m,), x ==z}, mzy=mzj (modmm,), x3=2j;
mymazy = mymezy (mod mymamg),  x =23, '

" T. O
, 9, a. YKa3saHHEM CIIOCOGOM HONYUHM MM, ... My tmcen He CPABHH-
MHX [0 MOAYJII mimg ... My, TAK KaK U3 :

M1x1+Mga:2+...+kak= 3
~= M+ Mza:g-f-"... + Mz} (modmlmg B )
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cheosano 6u (BeAxoe M j» OTiEYHO® OoT M,, KpaTHO m,)

’

Mz, = Mz, (modm,), =z,=z,(modm,), z,=z,.

b. VrasaneeM cmocoGoM monyumm ¢ (my) 2 (mg) ... ¢(my)=
=9 (mmy ... Mmp) YNCEJT BBUAY TEOPDEMH BONpOCa A, HE CPABHHMHIX
0o MOJyJao myn, ... mk, u BBANY (M 2, + Moxe+ ... + Myxg, m)=
=(Mx,, m,)=1, B3aUMHO TIPOCTHX ¢ MMy ... M.

¢. Cornacuo TeopeMe Bonpoca a YUeso Mz, + Moz, + ...+ Mpxg,
rpe x,, ry, ..., g OpoGeraloT MOJHEE CHCTEMEl BRYETOB o MOXYJTIM
my, Mm,, ..., my, OpoderaeT WONHYID CHCTEMY BEIYETOB TI0 MOAYJIO
mymy ... mp. 9TO THCNO B3aUMHO NPOCTO C MWty ... M) TOTHAA H
TOJEKO TOTAA, KOTAA (1, M) =(xa, Mg)= ... == (g, mi)=1. HoaTomy

p(mumg ... mp)=o(my) 2 (m,) ... 7 (mp).

-d. YroGH nomyumrsb Bce ymeia paga 1, 2, ..., p®, BBAEMHO mpo-
cTie ¢ p%, clefyeT BWYEPKHYTh dWCIa JTOTO pPANA, KpaTHHE p,
T. e. wmcnma p, 2p, ..., p* ‘p. Mostomy 7 (p*)=p*—p* 1. Orciopa
u U3 TeopeMH ¢, § 4, ra. II usBectnoe Bupasuende naa ¢ (a) cienyer
HeIOoCpeCTBeHHO.

10, a. IlepBoe yTBep:K[GHME CiIeNyeT U3

N

x, e Y . (Mo + .. L Mz |
{ort =4 m i
BTOpOE yTBep#JeHHe clleflyeT 3
£ €x 1 . M1£1-L-..+Mk€lc}
)
b. dpobu {M.‘. S +M} COBIATAIOT
L m, : mp

¢ npobaMmu

{f,(M,Zl-‘-...—I-kak,...,M1w1+...-¥-M];?/‘k)+ +
m; -

’

+fk(M1z1+...—Lkak, ...,M,w‘+...J~Mkwk)}
mp

e, 5 filz, ..., w) fk(x,....w)}'o iy
1. e, ¢ ApPO HMH{ ™y + + Py TCIOAA TPH

BHJILHO NOJTy4aeTcd TNepBOe YTBep:KIeHue. Bropoe YTBepKIeHME
flOKA3HIBACTCA AHAJOIHIHHIM CIIOCO00M.
11, a. Tlpu a, KpaTHOM m, HMeeM

Zniﬂ B
2 e m=z 1.-=vm.
x
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Ilpn @, He jgenAmeMcA HA m, HMeeM

ez 2wl
Zezﬂtm-_e m.—l_o
2ni 2
z e m__{

b. Ilpn Hemenom a nesBas YacTh paBHA

e21tia(M+P)__eZ'n:iaM 1 1

. <Sinn(a)<h(a)'

e2mm__ 1
c. Cornacumo Teopeme Bompoca b Jiepas uacTs He npesocxogar T'm,

riae
m—q

Tm=> 1 _.
2O

Tm<m 2 lng%i—izmlnm,

Ho npy mewétHOM m

0<a<%

a Ipu 98THOM m

224+1  m 2a+1

2a—1
0<a < 0<a<y
Tlp m > 6 BEHLY —-——é—:i, rpasdany m ln m MOMHO yMEHBIIATH HA
LN R et LW (2[ ]+1).
0<e <

Tlocoeauee Bhipa)enue > % opa m>12 m > m npr m > 60.

o o : .
12, a. llycte m=p 11 pkk—mauoauqecxoe pasiioKeHne 4ucia m.

U.l o -
Ionarasa pl=m, ..., pkk=mk, npn obosHaueHnmax Bompoca 10, a,
nMeeM
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Ho npm a,=1 Haxonmmm

X ez’“"_'s-_- Z ms--1 —1

Es
lpm o, > 1, mostarasa m,= p,m;, HAXOAEM
m/—{
. Es . s 8 2mi—L
2mi 2 2xi 25 i
Zenlm-“: e'mms- 23 m;=0
s Ts u=0
m—t 27i %
b, ITycts m—uenoe\, m > 1, Umeem z e =0. Cymma cua-
x=0

raeMHX J1eBOH 9acTH HTOTO PABEHCTBA € YCJIOBHeM (%, m)=d COIJIACHO
crm
TeopeMe BONpOCA @ PAaBHA B (7)
c. Haxonum

rie, mojaragd m=myd, AMeeM
my—1 21:11"-
Sd= E e
u=0

ITocnennee pasno 0 npm d < m m pasuo 1 npn d=m. Orciofa # moiry-
yaeM TeopeMy BOIpoca a.

d. Pasencrsa ciemyior us sompoca 10, b.

e. Hmeem

A(m) ... Amp=m™ ) ... D Sam, - Sapmy

.

rge a;, ..., @) HpoberaT nmpuBeléHAEE CHCTEMH BEYETOB IIO MOAY-
aaM my, ..., mg. Orciopa (Bompoc d) mepeoe paBeHCTBO BoOHpoca
c7e/lyeT HenoCPeCTBEeHHO.

AHAJIOTMYHEIM NyTEM AOKAKEM B BTOpOE PABEHCTBO.

13, a. Hmeem

»-1 2ni BF :
Z e P _ | P»ecmu n kpatHo p,

1 0 B oporusHOM ciy3ae.
=0
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b. PackpriBan npomsBejeHHe, OTBeUAlIEe MAHHOMY n, HMeeM

b 2
DX
d\a x=0

Orciopna, cymmupysa mo scem n=0,1,..., a—1, 71 nony49nmM H3BeCTHOE

BHIpameHue Aad ¢ (a).
14. YacTh BHIpajKeHHA, CTOANIEr0 cIpaBa, OTBevawIiasg z, Aells-

meMy @, paBHA

o0
Jim 2e ( (S 0 1))) —2.
e—0 e—rO 1+e + (
K . ak
N 2ni =
MNomataa ¢ (K)= Z e , 9a¢Th, OTBEYAICINYIO z, He felAlleMy a,
k=1 .

MOKHO I'pefCTaBHTh B opMe

. )  22)—2(1)  2(3)—2(2)
hnnze(1 S et +..)=

_11m2~<q)(1)<1— )+ <)<21+s"3m>+ )

Mguomurens, crogamui wpm 23 BBHRY |®(K)| < 2 umcieHHO < ;

upn aroMm lim 2:x=0. IloaToMy DpaBad uwacTh PaBeHCTBA, YKa3AHHOTO
e-0

B BOIpOCE, PaBHA Y/iBOGHHOMY Wmcay JesuTelNed 4Ymeja @, MeHb-

mMHX v @, CJIodKeHAOMY ¢ 6, T. e. paBHA < (a).
15, a. Umeem

(B + )P =
=h§’+<2)>h}”1h2+...+< >h1h” L4 hP = AP 4 hP(mod p);
(hy + hy + ho)P = (hy+ k)P + hE = R] + k% + h§ (mod p),

e>0

aT. ..
b. Honarag Ay =hy,=...=h,=1, W3 TeopeMH BONpOCA & TONy-
gum Teopemy Pepma.
e. Ilycts (a, p)=1. Ilpn HeworopHx meamx N,, Ny, ..., N,
uMeeM ) .
a P D=1+ N, p, a?P=D=(14 Np)° =11 Nop*,
a”a(”"”= 14Ny ps, ..., a® L= D=1 4 N_p%,

a® ®* = 1 (mod p*).
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Hys'fb m= p:l'. .. p:" —HKAHOHHYECKOE DPABJIOMKeHNe 4Hcia m. VMeem

o
, a? (Pkk)

L, e
o Pl o 1 (mod pt:‘),

= 1(mod p:k),

a? (™ =1 (mod py1), ..., ot ™ <y (mod p;:k),

a? (M =1 (\mod m).

Pemrenus ® raase IV.

1, a. TéopeMa HENOCPEJCTBEHHO ¢JelAyeT H3 TeOPeMEl BOIpoca
11, a; ra. IIL
b. Ilycts d—penaTeds dmena m, m=m,d, H; obo3HauaeT cymMmy
cjIaraeMulx ¢ ycaosueM (@, m)==d B BHpaRewun pang Tm Bonpoca a.
Haxopnm .
m 1 aof(x,...,w)

Hcl - 2 Z- mg ’

aoxO

rje -a, npoferaetT NPHBEJEHHYIO CHCTEMY BHIWETOB TO MOTYII0 7.
Orcrofa BHBOJEM

my-1 my—1 iaof (%05 ...y Wo)
r my ”
=ar Y D D e =m" A (my).
ag xp=0 wy =0

c. iyets m > 0, (a, m)=d, a=a,d, m=myd, T~4ncao peue-
Huii cpaBHeHus ar = b (mod m). Umeem

m—{m-1 .a./ax o fax~b)
Tm,—z 2 Tm =
, 0=0 x=0
' motm-d 2ni 2B e gni 2
=22 " =
a=0.x=0
d-1 ba

0% '
Z -2:-3 [ md, ecnm b KpatHO @,
“ 1 0 B nporusHOM cayuae.



1&4. PEMIEHNA BOIMPOCOR!
d. Honaras (a, m)=dy, (b, d\)=d,, ..., (}, dpy)=d,, m—dlml.
dy=damy, ..., dp_y=dm,, HAXOLUM d=d,,

m-— 1m tm-1 a(ax+by+ . fwig)

D

' a=0x=0 y=0 w=10

d -1, _ a, (by+..+fwtg
1~ m—1 m-4 o, 1 (by f )

1D B R
a,=0 y=0 w=0

4y-tm=1 ) e (wte) drot gni?rl

) .1 a1 : dr

=mr1 Z T =mr 2 € )
o, =0w- or=0

e. IlpnmennM Mertoy mupykmwu. ITycts npu 0603HA9EHHAAX BO-
mpoca d TeopeMa BepHa [ r NepeMeHHHX. PaceMoTpum cpasHeHme

Wwtaz+ ...+ fw+g =0 (mod m). (2)

Iycrs (I, m)=d,. VYcaosuem BoaMOMHOCTH cpaBHeHus (2) Oymer
az+ ...+ fw+g = 0(nodd,). locnenuee cpaBHeHNe BO3MOKHO JIHITh
B ciIyuae, Korja g kpatno d’, rpe d' =(a, ..., [, dg)=(, a, ..., f, m),
mpuuéM TOTAa OHO umeeT dfj~'d’ pemennmii. CnepmoBaTesIbHO, CPaBHE-
HHe (2) BO3MOMKHO JIMIIb B ¢iTyyae, KOrJa g€ KparHo d’, ¥ TOTJa OHO

nMeer d7t d'( ) dy=m"d’ pemennmit. Tarkmm o6pasoM Teopema
BepHA HW JAIA r+1 nepemennnx. Ho TeopeMa BepHA AJA OXHOrO Iepe-
MeHHOTO. 3HAYHT, OHA BEPHA Bcerua.

2, a, Umeenm a® ™ =1 (nod m), a - ba? ™ ~! = b(mod m).
b. Nmeem

- (@—1)ab(—1)°! (P—-i).- S(r—atl)
=b. 1‘- 2... ("'—'1)(m0dp),

OTKYAa, el moujdeHHo Ha 1-2...(a—1), n HOMY9AM YKA3AHHYIO
Teopemy

c. a) JlocTaTouHO, O9YEBMAHO, OIpPAHMYATHLCA cjayuaeM (2, b)=1,
Bm6npaﬂ HajJie;KaluuM  obpasoM 3Hak, umeem b+ m =0 (.nod4).

Iycts 2% — nauGonpmas cremens 2, pensamaa b+m Ilpm 8>k

uMeeM
b+m
2= —2:&‘— (mod m).
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Bcnm me & < k, To mMeeM

%8y = b—:lz:aﬂ (mod m).

C sTEM cpaBHeHWeM HOBTOPAEM aHAJIOTHYHYIO ONepammio, ® T. A.

#) Cunraem (3, b)=1. BubpaB Hagne;RamuM 06pazoM 3HAK, HMEEM
b 4-m =0 (mod 3). Ilycte 3% mambonpman cremensr 3, nensmas
b+ m; Iipm & > k mMeem \

_btm
$=—3—K——

(mod m).
Ecam me & < k, 170 mMeeM

bt+tm
3Fdy = ——:ts (mod m).
3
C sTEM CpaBHeHMeM HOBTOpAeM AHAJIOTHYHYIO ONepammio, M T. [.
1) MycTs p—upoeroit memmrens 9uena ¢, Haiiném ¢ w3 yemosna
b+ mt = 0(mod p). lMycrs p®—mnanbomemas cremewsr p, enamas
(a, b+mt), n oyers a=a1p6. Nmeem

ax = ?—t?—t(mod m),
p .

Eciag @y > 1, TO ¢ 5THM HOBHIM CDaBHGHHEM IIOBTOPAEM aHaIOrAT-
iyl OUepanuw, u T. ..

VrazauuHE crocob yxoGeH B caydae HeGOMLMEX NIPOCTEIX COMHO-
sKuTesell umena a.

3. Ilonaras ¢t ={<], OAmeM CPaBHEHHA
a « 0= 0(mod m),
a» 1=y, (modm),
a - t = ys (mod m),
a + 0 =m (mod m).

Pacoonomue 3TH CpaBHEHHA B MOPAJKE BO3DACTAHHA IPABHX dacTei
(cp. Bonpoc 4, a, ra. II) m BHUATAA NOWIEHHO KaKHOe CPaBHenme
(KpoMe HocIeHEro) U3 CICHYIOMEro 3a HAM, NOJAy1EM ¢t -+ 1 cpapnenni
puia ez = u(mod m); 0 < |z] < . Ipm sTOoM, Do wpaiimeit mepe, B

m .
ompom cpaBuenmm Oyger 0 < u < - HeiicTBETENBEHO, U TMeeT

t+ 1> 3Ha49eHMl, STH B3HAYEHHA HOJOKHTEJIFHRE, H HX CYMMa
pasHa m.,

4, a, a) Cmepyer u3 ompefeNeHHs CHMBOJIHueCKOH ppolm.

B) 3necs MOKHO MONOMKUTL by=0b -+ mt, Tpe t onpejensercd W3
yeropuss b4-mt = 0(moda); TOrga CcpaBHEHRIO ax =) YIOBIeTBOs

pfeT mesioe WHMCIIO, HpexcTaBiisieMoe OOKYHOHE APobEHIo —a?.
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1) Hmeem (b, KparsO a, dy KpaTHO ¢)

b d by dy byec+edy betad
T = e T e T T e = e
d) Umeem
b d _by, dy bydy bd
@ ¢ & ¢ ac — ac

b, a) lmeem (cpaeHeHMA GepyTcad MO MOAYIIO p)

p—0N\_(p=D(p—2)...(p—a) (=% .2...a _ .
( a >— 1.2...a =T13 . a f(—i)—

Bonpoce 2, b Temeps mpome pemarts TaK:

b _b(—=1)y(p—1).. (p—(a—1)

@~ 1.2... (a—1)a (mod p)
3) Umeem
22—2 _.  p—1 (p—1)(p—2)

R v R P R
(p—D(p—2) ... (p—(p—2))
+ 2. (p—1) (mod p).

5, a. Ymena s, s+1, ..., s+n—1 1yonapHo He MOTYT HMEThb

obuax pennresied ¢ d. IlpomsBegennss s(s+ 1)...(s+n—1) Moryr
6uTb 00BellBHEHK B n* COBOKYIIHOCTEH 110 YKCIY CTOCO00B, CROMBKAMIE
uAcyio d MOKeT OEITH PasluTO HA N MONAPHO IPOCTHX COMHOKHTENEH
¢ yuéTOoM ToOpfSAKa mocnexEnx (Bompoe i1, b, ra. II). Ilycrs d=
=uq Us... Up—OJHO U3 TAKHEX pasdémenuil. Umcao npomspejeHnd
¢ yeqopreM s = 0 (mod u,), s-+1=0(mod uy),..., s +n—1=0(mod up}
a a
paBHO . TTosToMmy mcKOMOE WHCIO PABHO n"v .
b. VKasanHOe WHCI0 PABHO

N
nka
2 w(d)Se; Sq= 3

d\a
rae k—9ucao pasdINYHRX DPOCTHX AeAnTeneit duena d. Ho umeem

k
) u (@) E_“=a<1—ﬁ><1—i‘>.. (1—1
d P P2 Pk

d\a

6, a. Bce snaveHua z, YAOBIeTBOPAKIOL[Ue IePBAMY CPAaBHEHMIO,
NAIOTCH PABEHCTBOM § x=b;-}-m, ¢, e { t—mernoe. YroGu BHOpaTs -
¥3 HHX Te,{KOTOphle YAOBIETBOPHIOT TAKKe M BTOPOMY CPaBHEHHIO,
HAAO O rPaHHYHTLCA JIUNIb TEMH 3HAYCHWAMH {, KOTODEIE YNOBJIETBO-
PAOT CPABHEHHIO

myt= i)z—b1 (mod ms,).
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-Ho 910 cpaABHEHWe Pa3peHINMO TOTAA H TOJBKO TOTHA, KOraa b,-—b;
-KpaTHO d.. 1lpy 9TOM B Ciyuae paspemIAMOCTH COBOKYIHOCTH BHAYC-
HA# ¢, eMy YHAOBIETBOPAIOMAX, OINpPEAEJAETCH pPABEHCTBOM BANA

ma y
t=to+ = t', rge ¢’ — menoe; BMeCTe C TEM COBOKYNHOCTEL 3HAYCHHHA z,

YAOBJETBOPAIOIISTX paccMaTPABAEMOil B BOLpPOCE CACTEME, OHPeAeTATCH
PaBeHCTBOM

my
z=b 4 m (to T t')——‘zl,z +myat’; @ a=b - muty.
b. B cayuae paspemmMOCTH CHCTEMH
z = by (mod m,), z= by (mod my)

COBOKYNHOCTL 3HAUYCHEE 2, el YyAOBJIETBOPAINKX, IPEACTABHUTCHA
CpaBHEHHEM BUAA £ =z, o (mod my ). B cayvae paspemmmocrn cu-
CTEMH!

x =z 2{mod my9), =z=Db,y(mod my)
COBOKYIHOCTh BHa"eHWd &, elf YHOBIETBOPAIOMIHX, WpPeNCTABHTCA

cpaBHeHHEM BUAA =1, 23 (mod my s,). B caysae paspemmmocTR
CHCTEMEE

% = 2y 9,5 (In0A My 2 3), = b, (mod m,)
COBOKYGHOCTh BHawYeHmit z, el yMOBIETBOPAIOMEX, NPEICTABATCH
CpaBHeHHeM BHJIA Z = %13 3 4 (mod m}’2'3’4), " T O
7, o) Or 3aMeHH z Ha — z (BCAeCTBAE 96T0 ' 3AMEHATCA HA —x)

a,b
BEJIMYMHA CYMMBEL (—é—;) He H3MeHRnTCA.

§) Korpa z mpoGeraeT npuBeAéHHYIO CACTEMY BHYETOB 110 MOLYIIO M,
To m z’ upoberaer npuUBeJEHHYIO CHCTEeMy BHYETOB N[O MOAYJIO m,
) Honaraa = = kz (nod m), moayuam

, ahz+ bz'

 a,bh 2 h,b
(Z)=2 " =%
z

jaamax asmiy+ mox + my’

2x
) a1,1 a2,1_ momgy
(m1>(m2>—§§e ’

Monaras mgx’ + myy ==32’, uMeem

3) Nmeem

(@1maz + agmyy) (Moz’ + myy') = a;m3 + agm} (mod mymy),

(al, 1) (az, N (mgal + m2aq, 1)
my mg )— ‘myms
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49TO W JOKABKBAET YKA3aHHOE CBOHCTBO B CAYy“ae IBYX COMHOKATEJelH,
O6o6inenne Ha cryyali_Gosiee UeM JBYX COMHOMKHTeJelt TPHBHAILHO.
8. CpaBnenge

gy + a1+ o+ an—a, (3—2,) (@—23). . .(—2n) = 0 (mod p)

uMeer n pemennit. OHO cTemenm HmKe n. CiegoBaTelIbHO, BCEe €T0
‘KO3 PUIMEeHTH KPATHH p, & STO U BRIfAXKAETCA CDaBHEHUAMH, YKa-
8AaHHEIMH B BOIpoOCe.

9, a. Ilpm p > 3 COOTBEeTCTBEHHO Z, B3ATOMY M3 paAda 2, 3, ...
..., p—2, HAHAEM OTIHTHOE OT HETO YKMCJIO0 Z’ TOro jKe psAja ¢ ycJo-
BreM az'= 1(mod p); HAeHCTBATENbHO, M3 =z’ CcJefoBaJl0 OH
(z—1)(zx4+1) =0(mod p); z=1 mn z = p—1. MosTomy

2.-3...(p—2)y=1(mod p); 1.2...(p—1) =~1(mod p).
, b. ycts P > 2. JonmyetuB, 4910 P HMeeT [eJATeNb u ¢ YCJIO-
BEeM 1 <u < P, Mu mvenn 66 1.2...(P—1)+ 1 =1 (mod u).

10. a. Haxoamm & ¢ ycnovmwem ayh = 1 (mod m). Jlaunoe cpaBHe

HAEe PaBHOCHIILHO TAKOMY:

-x"+a1hx"_1 +... +a.h=0(mod m).

~  b. IIyers Q (xr)—4uacTHOoe 1 R () —OCTATOR OT jefleHmA 2P —z
Ha f(z). Bee roaddunmentn Q (z) m R (x)—nense, Q (z)— cremenn
p—n, R (z)—cTelleHn HMKe 7,

a? —z =] (2)Q (2)+ R ().

Iycrs cpaprennme f (x) = 0 (mod p) mmeeT n pemrennii. Te e peme-
HuA 6ynyT pemenmamnE u cpaBHeHusa R (z) = 0 (mod p); mosromy Bee
xoadpunuenTH R () KPaTHH p.

OGparso, nycTb Bce Kodfipummentn R (x) xpatusl p. Torma
f () Q (z) xKparHO p TDPHW TeX jKe 3UAYCHHAX &, ITO H T/~ ; IOITOMY
CyMMa 9HCeJl pemeHmii cpaBHeHHI

| f (@) =0(mod p), Q(z)=0(mod p)

He MeHBIIe ueM p. ITycTs mepeoe mmeer a, a BTOpoe B pemenuoit. Us
'a<nr B<P—n1 P<°‘+B

BHBOIEM a=—n, B=p—n.

: —1
c. Bossmmada pmaHHOE CpaBHCHHC HOYJIEHHO B CTENEHDb P n

ybesxpaeMes B Heo6XoAmMOCTH YKasaHHOTO ycnoBm:a. IIycTs aTo yeso-
: p=t p-i
BRE BHIIONHEHO; U3 2P —a=x (2P 1—A4 * 1+ A4 " —1) cnenyer, uTO
p—1. . p-1
OCTATOK OT feennda zP—zHa 2" — A ecth (A" — 1)z, Tme A ™ —1
KpaTHo p. . ’ ’ ' C

11. Us zg=A (mod m), y"=1(mod m) caenyer (z,y)"=4 (mod m);
IPH STOM DPOH3BEJEHHA oy, OTBeYAIHE HECPABHEMHM (L0 MOAY-
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mo m)y, BecpaBEAMH. U3 zjj = A(modm), z"= A (modm) cie-

ayer z" = xg (mod m), npmaém, onpefieIAs ¥ yCIOBHEM & = ¥z, (mod m),
uMeeM

y" = 1 (mod m).
Pemnenua k raase V.

1. Vkasanmoe cpasHeRdme DPABHOCHIIBEHO TAaKoMy: (2az -+ b)? = b2 —
—4ac (mod m). CoOTBETCTBEHHO KAa;KAOMY DeIICBA® 2z = 3, (mod m)
cpaBHeRHA 3% = b2 —4ac(modm) m3 2ax+b =3z, (mod m) Hainém
OHO PelIeHMe YKAa3aHHOr0 CPABHEHHUA.

2, a. [Ipa %): 1 mmeenm a2™*1 = 1 (mod p), (™ t1)’ =a(mod p),
z =+ a™t (mod p). _
b. Iipn <%}=1 mveen o™ 2 = { (mod p), a?™t! = 4 1 (mod p),
a?™*2 = 4 (mod p).
Bsuny (—;): — 1 mmeem tawxe 2:™t2 = — 1 (mod p). Tloatomy npm
HEKOTOpPOM §, mMemeM ofHO u3 3HadeHmit 0; 1, moaywmm
@®mt2Uimt2)s = g (mod p), & = + a™H122m+TD 8 (04 p).
¢. Iycre p=2kh+ 1, rae k>3 u h—HewbTHOe, (%): 1.
Hveem
a7 = 1 (mod p), ¢ 72" = 4 1 (mod p), N¥* P = _1 (mod p).
ToaTOMY NPH HEKOTOPOM IEJOM HEOTPHEATEJIBHOM §3; IOIYIEM
a2 ye? ! =t (mod p), 2PN =L 4 (mod p);
OTCIONA MPH HEKOTOPOM MeJjIOM HEOTPHOATENBHOM S, IIOIIYIHM
a2 a2k =2 _ g (mod p), o2 hnpyse2k =3 + 1 (mod p),

B T. i.; HAKOHeN, NOJNy4nM
! ht1
a"N%% =1 (mod p), == +a 2 N (mod p).
d. meem . .
1.2...2m(p—2m)...(p—2)(p—1)+ 1= 0(mod p),
(1-2...2m)2+ 1 =0(mod p).

3, a. Ycaosua paspemuaMocTH cpaBHeHEA (1) m (2) BRIBOZATCA
rpuBraabEO (f, § 21 k, § 2). CpaBmenme (3) paspemuMo TOT/a ¥ TOJIEKO
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. _3> —3 P .
Torga, Korma ( — )=1. Ho <——>=<~_—>, npaYéM
" % ( P 4 3 P
P\ _ 1, ecnim p mmeer Bug 6m + 1,
- —1, ecnim p mmeer BHA Gm -+ 5.

b. Karopu Get HM GRUIM PAsiMYEHe NDPOCTHE Py, P2, -- , Pj BANA
4m 41, pamMenbmAi npocToil meuTens p wmcia (2pyps ... P +1
GyReT OTIMYCH OT Py, P2, -+ » Pj, H BBAAY (2p1ps ... py)?+1 =0 (mod p)
mMeeT BAX 4m - 1.

¢. HakoBu Oul HE OBIN Da3imumbie NPOCTHE Py, Pz, .... P, BANA
6m -+ 1, HauMenpmnid TpPOCTOR neauTens p uwmedia (2pyps ... p2+3
OyIOeT OTJIAYCH OT Py, Pas +--» p, ¥ BBANY (2pyp; ... P« 3=0(mod p)

aMmeeT BHJ 6m + 1.

4. Cpenu umcen meppoif COBOKYIHOCTH OGYAyT YACIA, CPaBHEMEE

p—1 r—1

c1.4,2.2, ... —5— —5 . T- € Bee KBajpatHYHEIC BEIYETH MOJ-
HOM CHCTeMHl: WHCHO, BXOJAIMEE 00 YCJIOBAI BO BTOPYIO COBORYM-
HocTh, OyneT KBajpaTH4Hbll HeBm4eT. Ho Bo BTOPYIO COBOKRYNHOCTH
BOUIYT BCE IPOM3BEICHMA 3TOT0 HEBLIYETA HA BCEG BHYGTH, T. ©.
BOUIIYT BCe KBAMPATUYHEIE HeBLIUETHI.

9, a. Ilycrs B cucTeMe McUMCIeHAA C OCHOBaHHEM p

a—1
a=a,_ ,p +...taptay

4 HCKOMOE pelmeHue (HAMMEHBMHT HEOTPHIATEebHHIA BRUET)

x—_:xa_;p“_1+...+x1p—i-zo. (1)
CocraBmM TaGamumy:

@y a, Ay ag a, @
2xgr, 1 x4, 22,14 22414 247, x}
2r1x, _o ce. 2xxq ‘ 2242, x?

_2x2xu_3 s x3

rae B ¢toiafne mox e, CTOAT 9YHCIA, CyMMa KOTODHIX ofpasyeT Koad-
¢unmenT npu p° B pa3NOMEHMH KBAApaTa mpaBoit wactu (1) mo cre-
neasaM p. Haxopmm z, U3 ycaosusa

x2 = a, (mod p)



PEITEHNA K [VIABR V 151

z}—a,
Monaran > ==p;, HAXOQUM z; U3 YCIOBHA

p1+ 2zgxy = a; (mod p).
P14 22411 —a,

P == pg, HAXOJUM 2z U3 YCI0BUA

Monaraa
P2+ 22422 + 2} = az (mod p),
u 1. n. llpn mawHOM =z, BBEAY (%,p)=1 umcma =z, 23, ..., %, _,

onpenenaTca OJHO3HATHO.
b. 3aech

a=a¢_12°"" 4+ ... +a,234a32%2 a2+ ay,
:t:=a:a_12"°_1 F e 2528 - 2922 4 22w,

1 MH OyfeM UMeTh CIeLYIOUIYI0 Tabmumy:

@,y ay asy ay @) ag
ZoTy_2 s ZoZg Zy %2 Zg Xy x:
%) T, g e x) xg . xi
TaZ, cee ;,;:

Paccmorpam amms ciayuait a > 3. Benny (a, 2)=1 neobxommmo ay=1.
Mostomy =z,=1. Janee Beo6xommMmo a,=0, W BBULY Tyx; + 2} =
=z, + 2% = 0 (mod 2) neoGxogumMo a;=0. Jlia 2, BOBMOKHEK ABa BHAYE-
mua: 0m 1. Yncna xg, 23,.. ., T, _ 5 ONpeesnsaTCs ONHOSHAUHO, & 1A &, -1
BO3MOkHH fBa suadends: 0 mw 1. TloatoMy mpm a >3 HeoOxommmo
a = 1(mod 8), m Torga yKasauHoe cpaBHeHHe WMeeT 4 pemleHHA.

6. OuesnpnHo, P u Q —nenue, TpuyiM Q IO MOAYNIO p CPABHEMO
¢ 9MCa0M, KOTOpPOE WOJIYYWM, 3aMeHAsA a Ha 2%, JJIA 9ero J0CTaTOYHO
V a samernats Ha z. IlosTomy Q = 2* “J‘"(mod P); CIIEIOBATENLHO,
(Q. p)=1 u @’ peHicTBUTENLHO MOKHO ONpEENATs H3 CPABHEHHS
QQ’ = 1 (mod p*). NmeeM

P eaQ®=(z+ YV a)(z—V a)* = (22 ~a)*= 0 (mod p*),
OTKYy/Nia
{(PQ')? = a (QQ' )%= a(mod p%),

7. Tycrs m=2%py?. .. p%¥ — RaHOHMTecKOe PABNIOKEHHE TUCHA M.

Torpa m wpepcrasisercss B opme m=2"ab, rae (e, b)=1, 2k cno-
cobamm. '
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Iycrs a=0. Ua (z—1) (# + 1) = 0 (mod m) cnenyeT, 9T0 HPH HEKO-
TOPHX a u b
z = 1 (mod ¢); z =—1(mod d),
Pemas a1y emcremy, nbny [M @ = z, (mod m), TTosromy yHa3aHHO®
cpaBHeHWe HWMeeT 2 ' pernenhii .
Nyers a=1. IIpu HeKOTOPHX a H b
z = 1(mod 2a); z=—1(mod 2b). v
Pemas sty cumcremy, nomysum z = z, (mod m). IToaromy yKasaHHoe

cpasuenme mMeer 2° pemennif.
llycte a=2. Ilpu HeKoTOpHX @ 1 b

z = 1(mod 2a); z=—1(mod ,Zb).

m.‘ .
Pemmas ary chacteMmy, NONYUNM z = (mod 7) . IToatomy yrasanHoe

CpaBHEHWE HMeeT 2k+1 penienmii,
Iycrs « > 3. IIpy HeKOTOPHX ¢ X b JIOKHA BRITONHATLCA OfHA
3 cUCTEM

z =1 (mod 2a); z=—1(mod 2*~'b);
@ = 1(mod 2*1a); «=—1(mod 2b).

m
Pemas ogny U3 5THX CHCTEM, MOIYIAM Z = Z, (mod 7). TloaTomy

yrasaproe cpapuenme mmeer 261 pemenmii.

8, a. Onpegensa =’ cpaBuenmeM zz’ = 1 (mod p), meem
Pl i N Q) e (e LN e Lk
z(z — zz’ (zz’ L RN ( 1 x’)
2 ( 2 ) 2 ( P >— Z p '
x=1 x=1 =1

Ouepnnro, 14 kx’ npoferaer Bce BHTETH HOJHON cHcTeMH!, KpoMme 1.
OTcropa u cienyeT yKAsaHHAS TeOpeMa.
b. VKa3aHHOE PABEHCTRO CRELyeT W3

13 (e () ()
SICRORICOICT )

S'< X 2 2 Z <(zy1+k)(xy+k)>

T u

~'-‘I
3 Nsa

c. I/ImeeM
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Yacrw BHIpasKeHWA, CTOAMEro COPaBa, OTBEYAIIAA CAYIAAM Y=Y,
He npeBocxoxAT X p¥. PaccMOTpHM 49acTh, OTBEHALIYIO Hape He paB-
HHX MeREy c00010- BHAueHHHA y, U Y, NPHUEM JJIA ONPeAeNEHHOCTH
npexmodniokaM, urto y > 0. Ilonaraa zy+ k =z (mod p), mpuBeném
YKasaHHYIO 49aCTh K BHIY

- Yy . Yp
ngi(z(—g;‘-Z-}-Lp(i—%l-})) '
z2=0

orkypma ybemmmea (Bompoc a), 410 OHa wumcierHo X, ITosromy
S?< XpY + XY L 2pXY.
d, @) Nmeem

p-1Q~1Q~1

S=Z Z 2 ((x+z,;(x+z)>.

x=023=02z=0
Ilpn z,=32 cymmmposamme no z paér p—1. Ilpm z,, HEe paBHOM 3,
cyMMmupoBasHe no z (Bompoc a) maér —1. IlosTomy
S=(p—1Q—-QQR—-DH=(r—-QQ.
8) CorzacHO Teopere Boupocé a) mMeeM
T Q™09 < pQ; T < Q™%

) TMonaras [V p]=Q, npavenny Teopemy Bompoca o). lomycrus,
49TO B YKasaHHOM B BONpoce pAfe KBAJPATHIHEIX HEBHYETOB HET,
y6enmumest, uro |S;| >Q—1 npu 2=M, M +1, ..., M+2Q0—1 n,
TaKuM o6pasoM,

2Q-11< (-0, 2Q—-1)P<@+1)*—Q, &-3<0,
910 TpA Q > 5 HEBO3MOMKHO.
9, a.-Ecau m npepcrasnderca B gopue (1), To pemenne
2 = z; (mod m) ®)
cpapHeHHs z = zy (mod m) ABIAeTCA TAKKe U perIeHneM cpaBHERHA (2).
M=u 6yzeM roROpUTL, 9TO YKA3aHHOE NpeJiCTABIeHHe CBA3AHO ¢ peme-

HHeM (5) cpaBHeruA (2).
* G gamaaM pemenueM (5) epapHeHNA (2) ¢BA3AHO HE MEHee OJHOTO

upencrarnenns (1). JleticrenTensno, BaAB t=} m, uMeeM

zg P _-9__ _ -
E_Q QV;L, (P’Q) 1’O<Q<,Vm7 l9]<1.

Hoatomy 2z,Q=mP +r, rne|r| <y m. Jlanee, m3 (2) clegyer, uT0
jr12+Q%*=0 (mod m). Orciona 1 m3 0 < |r |24+ Q% < 2m BHaxomEM

m=|rit+ Q. (6)
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Tipm oroM (jr}, Q)=1 sBHAY

— e _;sz (2sQ -mP) z;;Q——rmP-LQ’ =—rP (mod Q).

Ecam |r|=r, 10 BBERY r = 2,Q (mod m) npencrapnenue (6) cBA3aHO
¢ pemenmem (5). Ecam |r|= —r, T0o BBEHRY 322Q = zor (mod m)
Q =1z |r\ (modm), mpexcrapnenme m=Q>2>+ |r|® cpasano ¢ pewe-
HneM (9).

C rakpeM pemenmeM (5) cBA3aHO He OoJiee OJHOTO TpejcTasie-
gaa  (1). [eiicTBHTeNbHO, ecnd IBa UpeAcTaBieHdsa m=z*4 y*
B m==x}+y] ugcna m B Popme (1) cBASAHH ¢ ONHEM M TeM JKe pe-
menneMm (5), TO M3 z=zyy(modm), z,=z,y,(nodm) caeayer
zy; = xyy (mod m). IlostomMy =2y,==z,y, orkyaa BBEAYy (x, ¥Y)=
=(z;, ¥))=1 cuenyer z==z,, y=y,.

b. Ecim m mpencrasnserca B gopMe (3), TO pemenme

z = 3, (mod p) )
cpaBHeHHA r = zy(mod p) ABAAeTCA TAKIKE H pemleHnmeM CpaBHe-
BEA (4). Mu 6ygeM rosopaTh, WTO yKa3aHHOE MpeACTaBiIeHHe CBA3ARO
¢ pemenneM (7) cparHenua (4).

3baa pewmenne (7) cpaBHeHud {4), HAUNEM He Mepee OJHOTO Upef-
crasnenus (3). Heficteutennro, B3ap v= )V p, nmeem

Z P, 0. = P
=5 +QVE' (P,Q)=1, 0<Q<LVp, |8I<t.

ToatoMy z,Q =r(mod p), tne |r|<p. 'ajmee ua (4) cirepyer, 9TO
[r|*+eQ? = 0(mod p). Orcriopa m ms 0 < | 7|2+ aQ* < (1+a)p cie-
JyeTr, 9To Ipm a=2 JNOMKHO OHTH Bawm |7 |24 2Q*=p, wian |r|®

+2Q%*= 2p. B nocnenmem cnyuae |r |—uérnoe, | r|=2r;, p=Q%+ 2r%.
Ilpa a==3 pommuo GuTH WA |r |2+ 3Q%=p, unn | r (2 + 3Q*=2p, wou
|+ 3Q>=3p. Bropoii cnyvail HeBosMOMKeH: N0 MOAYJIO 4 neBad.
4acTh cparErMa ¢ 0, a npasasi—c 2. B TperheM cayuae |r| KPATHO
3, |r|=3r, p=Q*+3r%.

ONyCTHB, 4TO J[BA NPeACTAaBIeHAA p=z%-+ay® W p=2z%-+ay}
qucia p B QopMe (3) CBASaHH C OXHHM M TeM jKe pemeHHAeM
cpapHenus (4), HafiméM z=uix,, y=v,. [lonycTtus, 4ro BTA Ipeg-
CTABIeHAA CBA33HHN ¢ pasINYyHRIMA peMeHHAMil cpaBHeHHA (4),
HailgdmM 2 = zy (mod p),  z; = —zy, (mod p), OTKyHa =Y+ Y=
=0(mod p), uto BBERY O < (zy;+2¥)2 <(2+3?) (23 +9D) < p?
HEeBO3\ 0JKHO. :

¢. o) Cnaraemsie cyMMH S (k) ¢ =2z, B z=—z,; PaBHH MEXIY
coGoto.
B) Nmeem

p—1
; Skny=Y (“ﬁ%__ﬁq‘”)r.(-;-)sm).
| =0 ’
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1) Monaras p—1=2p,, umeeM
f 51 P
pL(S (P)) 4+ pi (S (n))2= Z (S (re®))* + 2 (S (n?))y =
t=1 t=1
p~1p—1p-—1

S o3 33 (eshun ),

x=1y=1k=1

HOpn y, me PADHOM z WM p—z, PE3YJALTAT CYMMHPOBAHUA IO k

6ynmer—2 (—) npm y=gz HIA Yy=p—z OH Oymer (p—2) (zy)
ITosromy

PSP+ n S O =bppn, =750 ) +(F5m)".
10, a. Vmeem
Xz—"-DYz:(zl + 1/-5) (xz:‘:yz' VI)) (11"'1/1 Vﬁ) (v"z’_‘Fyz Vl—))=k2-

b. Baas moGoe <, ¢ ycaoBwem 7t; > 1, HafgéMm nenme z, %
1
© YCIOBHAME | Y, VD—2|<—, 0<y<r, OTKyIa, YMHOKAA LO-

wrenno ma y; V D + 2, <2y, VD + 1, nonyunm | 25— Dyf | <2 VD + 1.
1
Bsap x,>rt; ¢ ycuosmeMm |y; V D—uz, | > —, omafigém HOBHe

mense z,, ¥, ¢ yeaosuev |ai— Dyi| < 2 VD+1 uT. q.

Ouesmpuo, B muteppase —2 Y D—1 <k <2V D+ 1 cymecTByeT
TAKOE Nejce, He paBHOEe WY k, 9TO CPeId Nap zy, ¥} i, Yz} .-
-Hajigéres Gecuncriennoe MHOMKECTBO Map x, ¥ ¢ yeJiosueM 22— Dyz—k
cpenm ke NOCTeHUX HaBepBO HAHAyTcA JABE HapHl €, M ¥ &, 7,
¢ ycaosaeM §, = ¢, (nod | k?), "h =, (mod | k[). Onpenenas nenue

€o» Mo PABEHCTBOM &y + VD (& + M V D) (€.—m, ]/D) nmeeMm
(BoOmpoc a) i

£3— 10—'lk| =8—~Dyi= O(mod|k|),
N = — &My + € = 0 (mod | k}).
Tostromy E£,=E [k|, np=7|k|, TOe € m n—mOenne m £2— D=1,

e. Unena =z, y, onpefeisdeMBle DPaBeHCTBOM (2), YAOBJIETBOPAIOT
(Bonpoc a) ypasHeHmo (1).

JonycTrB cyuecTBORaHHE NAPH HeJHX TONOMUTENLHEX Z, Y,
YIOBAETBOPAOWIKNX ypasHernio (1), Ho oTamvHOR OT nap, onpejesnse
. MBIX paBeHCTBOM (2), MH IpH HeroropoM r=1, 2, GymeM HMEThb

(xg + Y ‘/‘E)r <z+y VB < (-"’9 +Y VE)“I:
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Otciona, mena nounenno ma (2o +y, ¥V D)7, momyumd
1<X+YVD<z+y, VD, 3

rge (sompoc a) X un Y —menue, onmpegesseMie paBeHCTBOM

B z+y VD —(z D) (2. — BT
X+Y VD_—-—-——(%HOVI_)), (#+yV D) (2,—y, V' D)

A yROBJIETROPAIONAE YPABHEHUIO
X2—DY2=1. @

Ho m3 (4) cmenyor mepasesctBa 0 < | X |—| Y VD[ < 1, KOTOpH®
B COeJIMHEHAH ¢ MePBRIM HePaBeHCTBOM (3) IOKasmBamwT, 410 X
Y —mnonomurensase. IToaromy Bropoe HepaBencTso (3) mpOTHBO-
pednT ONpejiesieHnIo YHCeJl Ty, U Y.

11, a, a) Vimeem

p—1p—1 ax(t

[Ua,p|—Uﬂ.PU":P_E Z ( )

t=1 x=1

2nmi

Npr  t=1 cymMmpoBanme no z paér p—1; umpu t> 1 ouo maér
t
—{ — ). IToarom
(5) - moeorony

p—-1

t S——

IUa,p 2=P—'1_Z‘ <F>=P: an,pl=VP’
t=2

ann
p~1p—1

|Us, p?=Us,, p Ua,p—s\z <x+t>( )

Ilpn t=0 cywMmpoBamue mno & Hmaér p—1; mpu t > 0 oHO paér

2ni at

—e P IToatomy

21:1

p—1 P . at

T _
IUa,pIazp—'i_Z‘, [4 p‘—‘P- IUa,pI=V-P‘
=1

~ B) Npu (a, p)=p TeopeMa ouepnpua. Ipm (a, p)=1 ona cae-

nyeT u3
’ p—1 , ax
2ni —
U =<1)2 aﬁ) v=<f_)U
a, p P x_‘<p ¢ ) Lp
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b, o) Ilycte r npoGeraeT KBajpaTHYHEE BEMMETH, & n— KBaJpa-
TAYHHE HEeBHYOTH, “ BAKJIOYEHHEI® B ‘IOJHOH CHCTEMe BHIYETOR.
Hueem

ar
21:1. —

s,,,,,_1+22

BrlugTasg oTci0fa MOYIEHHO

2n oni 20
0=1+4 2 e + 2 e s
r
ME O NOJYYAM YKa3aHHOE PaBEHCTBO.
B) Nmeem
m—1{ m—1 ;@ (%4 21x)
m
Soml=3 3¢
t=0 x=0
27ni alz

ITprn maumom ¢ cyMMmpoBsamme Io x maér me ™ mnm 0, B BaBmcm-
MOCTH OT TOrO, HAEJNHTCA 2t Ha m uad HeT. IIpum HERETHOM m HmMeeM

2
2nia—'0—
| Sa, m[*=me ™ =m,

Tlpn gyértHoM m=2m, umMeeM
2 2
2mi £

’ omi @08
]S,,,m|2=m<e © +e m

Snmech npaBad dYACTh paBHA HYJI0 NPH ReY6THOM m; W PaBHA 2m
npa YEéTHOM my.
y) Ilpn mioGoM mesoM b MMeeM

Ax Ax”+2Abx

I‘SAmI—’Ze o I,

o x=0

OTKyHa, BuOWpaa & ws ycaosma 2A4b = a(modm), MH H NOTyaHM
(Bompoc B) yKasaHHHIH pesynbTaT.
12, a. Mmeem

M4+Q—1 m—1 i a(z—s)

mz CI)(z)—Z Y tI)(z)e“ "o

t s=M g=0
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Yacts cyMMH, croamedt cupapa, orBevaomas a=0, paBpa Q Do (3);
z

9acTh, OTBeHalomasg OCTABIMIAMCA BHAYCHHMAM @, YHCIEHHO (BONPOC
11, ¢, ra. I1I)

m—-1 M+Q-1{ 21\:_—‘1—5
<A Z l 2 ‘< Am (In m—8).

b, «) Crepyer u3 Teopems Bonpoca 11, a, «) m TeopeMH Bonpoca a.

B) Hepasencrtso Bonpoca a) aaér R—N=40 }/ pIn p. Kpome Toro,
ogesupHO, B+ N =Q.

1) s Teopemu Bompoca 11, b, §) caenyer, 9r0 ycaorms TeOpeMH
Bormrpoca a GynyT cobmrofens, eca TIONOKAM m = p, ©(z)=1, npuuéM
sacTaBUM z npoberath 3mauenwda z=a? 2=0, 1, ..., p—1. Ho cpepm
sHaYeHNd Z MMeeTcs ORHO CPaBHHMOe 1O Moayalo p ¢ O m 1o nBa
CPaBHUMBEIX IO MOAYJIIO p C KUKAKM KBaADAaTHYHKIM BHIYETOM HOJHOM
cucTemul. IloaTomy

?
D e@E)=2R, D d(z)=p,
z 2
U MEL IOJIy9UM

2R=%p+01/;1np.

3) Coepyer w3 TeOpeMH BOTIpoca 11, b, 7) m TeopeMm BOmpOCa a.
e) U3 Teopemul sonpoca @) cliefyer, 9TO YCJAOBHS TeOPEMEl BONPOCA
a 6yayT cobMIoen ., ecad NON0KAM m=p, ¢ (z)-_1 TIPAYEM 33CTABEM 2
npoGerats 3nauenun z=Azr? x=M,, My+1, ..., Mg+ Q,—1. Ilo-

9TOMY
D e@)=T, ) (2)=Q,

OTKYJA H Cie[yeT yKasaHHasg B Bompoce (opMyia. )
a
¢, YacTs CYMMEI, COJEPMANIAA CJIaraeMele ¢ - =1, pasua

p(R*+ N?), ocrapmasca gacTe pappa —2pRN. TlostoMy BCa cyMma
paBHa p{R—N?

Yacts cyMMH, conepykartas cnaraeMeie ¢ a=0, parea 0. Ocras-
MAaACA YacTh YMCIEHHO MeHbine {Bompoc 11, e¢, ri. III):.

p—1 M-Q-—1i omi axr p—i M:Q-—1 —acy
> ‘ > e P < pr(lnpyr
a=1 =M a=1 y=M

Cyreposarensuo, p(R—N) < p*(Inp)*, |[R—N| <V plup.
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Pemenns & raase VI.
1, a. Ecsm g —mpocroe meudrHOe M aP = 1(modg), T0 & mo mo-
RyN0 ¢ NPUHAMNERAT ONHOMY H3 lOoKasarened §=1; p. Iipm &==1
wMeeM a = 1 (mnod ¢), npu ¢=p nMeeM ¢ —1=2pz; z— nemoe.

b. Ecim g—npocroe meuérHoe u af+1=0(modg), o0
a?? = 1 (mod g). lloaToMy a 10 MOAYJI0 ¢ HPHHBAJIEIKAT OJHOMY H3
noxasatenei ¢=1, 2, p, 2p. Cnydam ¢=1;, p HemosMouu. [Ipm
8=2 mmeeM a’=1(modg), a+1=0(modg). Iipr &¢=2p mnmeem
g—1=2px; z—mnenoe.

c. TpocTuMu Bmpa 2px +1 GyAyT, Hanpmmep, IPOCTHE NeIMTENH

wucna 2P —1. Ilyets py, py, ..., Py~ Karue-mmbo k NPOCTHX gHCeX
puna 2px 4-1; wmcao (pyps ... pk)p-—l HMeeT NPOCTOR JIeNIATENh BWAA
2pz + 1, OTAMYEBIA OT pips ... Py ‘

+1
d. Ecnu ¢—npoctoe u 22" 1 1 = 0(mod ¢), TO 92" =y (mod ¢).

IToaToMy 2 1O MOZYI0 ¢ UPHHRNJIEKUT HOKA3ATCIIIO "+l u caeno-
pareinpHo, q¢—1=2""1z; z— nemoe.

2. Ouesmpdo, a 1o Moxyiio o' —1 DPUHAINEKAT TOKA3ATENO 7.
Hoatomy r— gemmrens ¢ (a—1).

3, a. MycTs mocse A-i ONEGPANEM CHOBA NOJIYy4aeTCs WCXOJHEIM
pan. OueBmauo, k-1 omepamua PABHOCHIIBHA CIERYIOmed: B Psjie

,2, ...,n—l, n,n, n-—i, crey Ly Ly Ly e

on—Ln n,n-1, ...,2, 1,2, ...
Gepyrca umcia, croamue Ha 1, 1+ 2%, 1+2.2F, ... mecrax. IlosTomy
Ha 1 + 2% mecre B HCXONHOM pAle ROMKHO cToATH umeno 2. Cmepo-
BATEJIBHO, YKazaHHOE B Bompoce ycjosme Heobxopumo. Ho omo m
XOCTATOYHO, TAK KAK NpPH ero HANHUMH MMeeM Cclefylolue cpaBme-
HEA 100 MOy 2n—1:
1=1, 1+28=0, 1+2 - 2%=—1, ...
{=1, 1+2¥=2, 1+2.2F=3, ...

b. Pemenne agajormupo PemieHHI0 BOIpoca a.
4. Pemenne cpapaerua z° = 1(mod p) NPHEANIEKAT MOKAZATEIIO

ANA Ke

6 .
BENA —— , THe 8’ — fesnmTens &. IIpm aToM 67 KpaTHO d TOrAa H TONBLKO

6’
[

9 = {(mod p). Bunucas Bce & 3maveHWd ¢’ W BIAB

TOrNa, KOTMA
F=1, nonyum S’ = 2 p(d) S 4, rae §'—MCKOMOe UHCH0 H Sd=g— .
d\3
5, a. 3mecs (§ 3; npmmep ¢, § 5) momwmHO OGHTH < g )—_:—-1.
|

9ro TpefoBanyMe BHNOIHAeTcsa IPH §=3.
b. 3pecs He pommuo GHTH (ﬁ):i, g*=1(mod 2p+1).
910 TpeloBaHWMe BHUONEAETCA OPH YKA3aHAHX BHAYCHHEAX g.
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. ¢. 3mechr He HOJGKHO OEITH (4—pé'———H>=1, gt=1(mod4p+1).
9ro TpeGopanWe BHIIOJHAETCHA HpH g = 2. :

n
d. 3pmecs He NOKHO GHTEL (2" g 1\/.= 1, g% =1(mod2"p+1).
p+1
910 TpeboBanme BHIOTHAETCA IPH g==3.

6, a, a) lipu n, KpatHOM p—1, Teopema ogeBuaHa. ITycTs n He
nemurca Ha p—1. Yuena 1, 2, ..., p—1, ecum orBieuncd OT HO-
pAlKa UX CIEAOBAaHMA, NO Monymo P CPaBHHMBHI ¢ YHCJIAMH g, 2g, ...

., (p—1)g, roe g—nepBooﬁpasﬂmu KOpeHb 110 MOJYJIIO p. IoaTomy

S, =g"S, (mod p), §,=0(mod p).

B) I/IMeeM
Z (z(sz)) Zx = (x2+1)—2—(m0dl’)’

omyna (Bonpoc a)) m nony‘{ae’rc;{ VKa3aHHEI pesy;IbTarT.
b. Iipn p > 2 uMeem
p—1

1.2 ... (p—i) = g“ 2hoatp—l — g 2 - 4 (mod p).
7, a. Umeem gl1 7t =a(mod p),ind, amd g1=ind  a (1nod p—1),
ind; @ =aind; e (mod p—1).
b s md a = s (mod n), indg1 e =aind; e (mod p— 1) cnegyer
ind a = as = s, (mod n).

8 Iyers (n, p—1)=1. Hafiga » m3 ycmopua nu = 1 (mod p-i),
IIOJTy9nM pemenue z == a¥ (nod p).

Ilyers  n-—mnpocroe, p—1=n%t, a—mnemnoce nonommem,noe,
no—1

(¢, n)=1. Ecan cpaBuennme Bosmo;KHo, umeeM = 1(mod p);

‘ecam a > 1, To, 3aMeuas, uto z = g" ter (mod p), r =0, 1, ..., n—1,

CyTh BCe pemmeHuA cpaBHeHHA z" = 1(mod p), npm HEKOTOPOM
r,=0,1, ..., n -1 omeem

a—2; n®*~1r
av 1 =1 (mod p);
ecId a > 2, TO OpH HeKoropoM ro=0, 1, ..., n—1 nMeemM
—3; n*—2ir 4n*ur
Tt *=1(modp),
H T. J.; HAKOHEeN, IPH HEKOTOPOM ru_1=0, 1, ..., n—1 nMeeM

¢ 2yt n®—lirg _
atgn ERALE =1 = { (mod p).

Haiing v m v U3 ycnoBua tu-—nv= —1, IOJYyIuM 1 pPellenmii:

{ et n®—2 e—1;
Ea”gu (rynrg feeet RO )% r(mod p); r==0,1, ..., n—1
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Ilycte mpocroe n, paeiur (n, p—1), n=nyn,y, ny > 1. Cootser-
CTBEHHO Ka’KEOMY PelleHHI0 cpapueHys y™! = a (mod p) passickrBaem
peuleHMA CpaBHEHMA 2=y (mod p).

9, a. YKA3aHHEIM DYTEM MOIYYHM CCCy - - - Ck = @ (M) XapaxTepos.
Hycts v JBYX XapawTepoB ¥;(a) m }z{a) He PaBAM MeXay coGowo
saavenna R’ m R” waxoro-nmmbo us wopued R, R,, R;, ..., Ry; nau
umCeAA ¢, y KOTOPOTO Bee MHNEKCH paBHM 0, KpoMe JMIIG ONHOTO,
oTBedapnero ykasagesM R’ u R”, papmoro 1, mmeeM

11 (‘11)‘=R', Y2 (a)=R".
b, o) Mmeem Y (1)=R" ... Ri=1.

B) Hyets y', ..., Y32 17y -y Y~ CHCTEMHE UHJICKCOB MHCCN ¢y M
ay; rorga Y+, o Tt 1;—-cuc'rema HHJIEKCOB YHCTIA 4,45 (¢, § 7).
1) llpu a; == a, (mod m) mHJeKCH 4YMCeNI gy H &, CPABHAMBL Me-
iy ¢000K COOTBETCTBEHHO IO MORYIAAM ¢, ..., Ck.
¢. YKasaHnoe CBOYICTBO CJENyeT W3
m-—1 c—1 cp—1
. Tk
Z L(a)::z RY ... Z R
a=0 Y=0 -yk:()

d. Ykazangoe CBOMCTBO CJIelyeT M3
Y.
S 1 @= R ... JRE
VA " R Ry

e. Hyers () == 0. Torma ¢ (a,) =1 (a;) ¢ (1). IMosromy ¢ (1)=1.
Haliga o' u3 yeaosnsae’ = 1 (mod m), mmeem ¢ (a) ¢ (a’) =1. HloaTomy
Y (@) =0 npu (¢, m)=1.

Mpr (a,, m)=1 nMeem

LS o) _pe) L),
(@) Ay bl & 4@’

TIOTOMY. MJIH Z %:O, niu e §(ay)=1y(a;) npu Beex a,. Ho
@ :

nepsoe NPejnoJIoKeHre He MOMKeT ONPABARIBATRCA IPH BCeX 7: TOTMA
6u10 6n H =0, a wmempy teM H=4%(m), Tak KaK, CyMMHpys NpH
JAaHHOM ¢ II0 BCEM XapaKrepaM, nMeeM

2 Lia) ! ¢ (m), ecan a = 4 (mod m),
*

{${a)- | O B mpormsBHOM ciyuac.

f, o) Ecim R’, ..., B, u R”, ..., R{—s3uavemus R, ..., R

orpedamomue xapaxrepam Y, (a) B Yz (a), 10 ¥, {a) 1. (a)—xaparrep,
Yy KOTOPOTO COOTRETCTBYIOIME 3Ha4YeHWs cyTs R'R”, ..., RiRp.
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B) Korma R, ..., Ry npoGeraror Bce KOPHHE COOTBETCTBYIOMHX
ypaemeruii, o R'R, ..., RI:Rk npobferaioT B HEKOTOPOM HOpALKe

Te JKe caMpie KOpHH
v) Ompepensa [ m3 yexosua (I’ = 1 (mod m), Ameem

(al’) .
21;(5; Z%lfﬁlwl%
L

uro pasuo ¢ {m) nun 0, B saBucHMOCTH OT TOTO, Oyger i a = [ (mod m)

AIE HeT.
10, a. a) Onpenensna x’ cpapHenuem xz' = 1 (mod p), mMeeM

p—1 27cil ind (x+k)—lindx p—1 omi lind (14 k")

n n
3 -3 - ——t
x=1 x=1

B) Maeem
i lind(zx+z1)—~! ind(x+z)

=33 Y . SR

Ilpy z; =z cyMMuMpoBaEme 50 = Jaér p—1{, Opm z;, He paBHOM z,
cymMMupoBaHme IO z (Bompoc o)) gaér —1. Tlostomy
§=(p—1)Q—-QQ—1=(p—Q)Q.
7) lyers Qy—umesno umcen psaga z+z;, z2=0, 1, ..., Q—1, He
Jensmuxcst Ha p, a T, ,~—dUCIO YHCEJ TOrO jKe PANA, NPHHAJIC-
WHAMUX s-H COBOKYyHDHOCTH. JlyeTh, HaKoHCH,

p—1t

Q 2
Un,x:—T;;+Tn,x’ S=Z Un, x

x=0
Vmeem
. ' n—1Q—1 omi l(ll_ld (a:j»z)—s) —1 _2_”__
Un, 2= ¢ T 2 l n, x’
=1 2z=0

=Y o-oe

n—1i
1
- Uha=so (1) D) Sy g ol
=1

Honmaraga Q=[n ¥ P u nonyckas, 4TO B YKA3aHHOM B BOIpOCe psje

Q—1

4Mcen s-ii COBOMyHHOCTH Her, yOepumest, a0 [U, ,|> npa
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m=_M, M+1, ..., M+Q—1, un, rakam obpasom,
(L) =("5) v—0Q w V-2 < o p—V R

9TO0 HEBO3MOYKHO.
b. Ilycte p, —INpoH3ReeHHE pAa3IHUHBIX npocmm NeauTesien
yncsa p—1, Qy—umcyio umcen pama z+z; z=0,1, ..., Q—1, He
ReAAMHXCA HA p, & G,-—49ACJI0 WHCEJI TOTO iKe pﬂna, ABNAOI{AX CA
nepBoo0pasHEIMH KODHAMM IO Moxy/w p. Ilycrs, HakoHern,

p—1
P‘(d) -1 p—i 7 Qx O — 2
(T ity e o3
ol\jo0 x=0
Bsas f(f)=1 wu sactasiax £ npoGerars sHasenwd E=ind (z+ 2);
2=0, 1, ..., Q—1, noxyumm S’:E w(d) Sy 3mecy ST —uymcno
a\p,
sHawenuil £ ¢ yemosmem (3, p—1)y=1; nosromy S'=0G,. [laiuee,

§g—dACA0 3HAYeHUH §, KPATHBIX d; NOITOMY Sd—Td » (BOIpOC A, Y)
npH s=10. CiiegoBaTeLHO,

%=—~+Zuwﬁr=2H@%m
AN N (AN
2 Y UE . w<2(p—-Q Q.
a\p,
flonarasa Q:[PZk ]/;] H pomyckad, 4YTO B YKA3aHHOM B Bompoce

o ~ Q—1
pAfe TepBoOOpAasHHX KOpHeE HeT, ydemumes, UT0 |wy|> P

pr =M, M+14, .... M+Q@—1 m, Takam 0o6pasonm,

Q—iIN? Py koo POV
(&) = r-0e @2 Vi-nt <(PVi~2)

SITO HEBO3MOMKHO.
11, a, a). Nmeenm

1p—1 kmdt 2 ia(t—i)_f

A -

p—1 om kindt
—p——i-—z e m =p.
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) lpu (a, p)==p vTeopema ouesmpma. llpu (a, p)==1 ona cne-
AyeT Hs : .

21“-& ;nda p—1 Zui. mg azx 2,‘;“_: 2mi -k 1:da
Ugp=e Ee e =¢ Ui,p'
2=1

1) Ouesupno, A u B-—ueasie, upuaém | S |> =A>+ B2 lipu HeKo-

TOpHX 8, 3’, ¢¥ ¢ veaoumem |s|=]s’ |=|s’|=1 mMeem (Bompoc B))
— - _ i 4
p—ip—1p-1 _Znixnd11+lndz 2“izlx+z(x+ )
€ 4 [ r .

. L] \
=R 2 22

2y=12=1 =0

Eciu z,+2z He paBHO p, cymmuposanue 1o z gaér ny’nb. lHosrtomy
p—1 . 2m‘ip Vo 1sp
Se=s' (—)e ="V p, |S¥=p.

b, o) llpu jlandoM z cpapsesne z" = z(mod p) BOBMOMHO AMME
b ciyuae, Korja ind z peamrcd Ha 8, npEYéM TOrja 9T0 CpaBHeHUe
umeer § pewenuil. ITosTomy mpu &é=1 mmeem S, =0. Ecam rwe

¢ > 1, T0 UMeem

3—41 p—1 21“):11;0: Qﬂigpi
Sa’p=1+2 2 € . €
k=03=1

Hpu k=0 cymmmpoBaHue no z paér—1, npm k > 0 oHO jaéT Beau-

auEy, MOAyih KoTopoil pasen )/ p. OTeiona m ciefyeT peayJabTar,
YHa3aHHBIH B BOIpOCe,
3) Ilonaraa

x=u+p‘-"u; u=0, ..., p“’—i, v=0, ..., p—1,
uMeeM

. axh

2mi — . -
e R — g2nio W= pnun—1p ‘v)_

1lpu (u, p)=1 cyMMHpOBaHHMe Do ¥ paéT HyJdb, IlosTOoMy
3—1_1

iap—81P -
Sa‘p’: 2 e2niay #Ty = p* ‘1' S:a'p‘=0.

x9=0
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7) Uyers p° — mnamonbmias cTemeHs p, jenAamasa n. Mseem
s>t + 3. Honarasa

a:::u—{»ps‘i":v; u=0, ..., ps—i-—':_L v=0, ..., P~:+i_1’
HAxXoonM
, ax™®

2mi —— . —
e p __:eZnta (up S 4nu

n1p—i=tp)

Ipu (x, p)=1 cymmuposanme Do v UaéT mHyab. IloaTomy
P -1 2ni ax

harr-—— ¢ T ’ J—
Sq, pe= e P =PTS, e Sy, pe=0.

xo=0

3) Il yCTb m= 1., ak—KaHOHquCKOB a3JIO}KEeHNe ducjaa m.
p 1 Pk
Tlonarasa

- 1 .
Ty, m=m 1+V'Sa,m; ‘*=-n—1m=M,p';l=... =Mrp%
o onpeness ay, ..., ap A3 YCIOBHA a = Mya;+ ... + Myay (mod m),
umeeM (Bompoc 12, d, ra. III)
T =T ag o+ T

a, m o)’
ai py ag. p

Ho npm s=1 mnMeeMm
1

| T, ps]<p_“\’n Vp<np .
Ipr 1<s < n, (n, py=1 nMeem

ITa, pal=p—s~i SVPS-1<1'

Ipn 1 < s n, (n, p)=p AmeeM

—8§+sV

{Tq psl<p pPLp<n

‘/

Cnyuait s > n ppuny Ty ps=P—s+an_iS

a, ps—n=Ta, p® CBOJUTCH
K cirydao s<<n, Ilosromy

Ty ] <C=n"*,

OTKYJla ¥ T071y4aeTcsl YKa3aHHOe B BOIPOCe HEPaBeHCTBO.
12, a. Cnemyer mu3 Teopemsl Bompoca 11, a, a) u TeopeMH
soupoca 12, a, rn. V
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b. Ameem
M+Q—1n~{ k(mdx—n
-3 X
x=M k=0

Ilpr k=0, cymmapya mo =z, moayaad Q; mpm k> (0 noxyuuM umco,
Mofyms koroporo < J plnp. Otcioma W cilefyer yKaBamHAA B BO-
mpoce Qopmyaa.

c. Baap f(x)=1 m 3acTaBnas z mpoGerars 3maueHnA z=ind M,

ind(M4-1), ..., ind (M +Q—1), monyamm (Bonpoc 17, a, ra. II)
§ = 2 p(d)S;. 3pecs S’ —umeno spaveHmil T ¢ YCIOBEEM
d\p~—1

(z, p—1)=1; nmostomy §'=T. danee S;—d9ucao 3HAYCHANA x, KPAT-
HEIX ¢, T. e, YHUCIO BHYeTOB crenmcHE d B pame M, M +1,
, M+ Q—1. CnenosarteisHo,

B= 3 2@ (40 Vrmp): [bl< 1, 0,=0.
d\p—1 ‘ .

d. I3 TeopeMsl BouWpoca a ciegyer, 4Yro YCIOBHA  BOIPOCA
12, a, ra. V OyayT cobmoneHsl, eciin DoaoKmM m=p—1, & (z)=1,
npryéM 3acTapuM z mpoGeraTs 3Hagenma z=ind x; x=M, M +1,

. M+ Q—1. Torga nomyumm (Q, BmecTo Q)

Sem=s, Fo@m=0 =2 0+0Vpaun

—1

z

13. IMomycTmM, UTO HEBHYeTOB, He IIpeBOCXoAAmux h, HeT.
Ypeto HeBHIYETOB CTENEHH N CPemd 9mcelt

1, ..., @ Q=Vp(npy A
MOKHO ONEHMTH ABYMA crocofamMm: WMCXOXA m3 (GOopMymsl BOHMpOCA
12, b 1 WcxomA w3 TOTO, WTO HEBHYETAME MOTYT OHITh JIMUIb THCIIA.
mensAmuecss HA mpocThe, Gonpmme k. Tlonyamm

+0 (55 )

-;—lnp—l—Zlnlnp

é—lnp—l—Zlnlnp

1_i<m
n

1+4Inlnp

0<in —s—— (————)
PRLLY: ln]np Inp
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HeB0o3MORHOCTH ™ TIOCIEHETO HEPABEHCTBA NPH BCEX HKOCTATOYHO,
6onpmux p W MOKA3HBaeT TeopeMmy,
14, a. lmeem
m—{ m—{ m—1 oqi B Y1=V)

lsp<x X ¥ e e @e "

x=0 y1=0-=0

(Ipa pammmx ¥, W y cymMmmposanme mo z gaér Xm|o(y)|* mnmua myas,
B 3aBUCHMOCTH OT TOTO, OyjeT nm ¥, =y mau mer. Iloaromy
|SPE<LXYm, |SIKV X¥m.
b, @) Nmeenm
.aut®

S o= fn)ZS‘/(u»;@)ez“ mo

rie u n v npofe: aloT mpuBemEHHEE CHCTeMBl BHYETOB IO MORYIIO M.
Orciona

. aniZY
S=5m }_, }wa)p(y)e "
v@= N = X 2
ut = x (mod m) =y (mod m)

Ho mmeem (Bompoc 11, ra. IV)

m-1

2 V@ PLHg(m), D) ey <K (m).
x=0

y=0
IloaTomy (Bompoc a)

181< VE¢(myKs(m)ym=K Vm.

?('n)
, B) Iycrs m=2“p°1‘1... pyk — RAHOHWYECKOE DABNOKEHHE  9H-
cia m. Cpasrenne 2 = 1 (mod m) parZOCHIALHO cHCTEMe

a? = 1 (mod 2*), a" = 1 (mod p{?), ..., 2% = 1 (mod pik).

IIyceTs ¥ (%) B 7o () —HBAEKCH d@caa z mo Moaymo 2* (g, § 6). Cpasre.
ame z" =1 (mod 2%) paBHOcHnsHO cHcteme ny (z) =0 (mod c¢),
nYo (z) = 0 (mod ¢.). Ilepsoe cpaBEeHme 3TOii cHCTeMEl MMeer He Goilee
2 pemesmii; Bropoe—ne Gojiee n pemenuit. [lo3ToMy cpaBHeHHe

2" =1 (mod 2*) wmeer ne Gonee 2n pemenmir. Cormacmo b, § 5
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Ka)K[0e u3 cpaBHeHmH 27 = {(mod p‘il ) «-oy 2% =1 (mod pgk) mmeer
e Gonee n pemenmit. CJIeXOBATENLHO,
lgp
K L2(x(m)22%; K =0 (m*).
15, a. Vmeem
p-ip—1 o a(—1)xm4b(I—1)x

Sp=3 3 ¢ g

t=1x=1

Ecmu t? =1 (mod p), 1O cyMMmEpoBaHme uo z paét p—1 npm
t=1(mod p) m —1 B ocrampHHX ciyuadx. B mpormBHOM c¢iy4ae,
Gepa z (t—1)"* BMecTO z, COOTBETCTBYIOMYIO BLIOPAHHOMY ¢ YacTh
ABOHHON CYMMEI mpejfcTaBEM B (opme

p—1 omi bz Z_Ma(t"—i)(t—i)'" FAd

3

z=1

IToaTomy
p—ip—t 2mi 280
ISE<p—1+| D) D vwewe |,
u=1v=1{

rie v () paBEO 4McIy pemennii cpaprenns (7 —1) (¢ —1)™2 =u (mod p),
a |p(v)| He DpeBocXoimT uHCiA PemeHWi cpaBHeHMsa z% = v (mod p).
TosToMy v (v) < 2ny, |0 (V) | < 1y,

p—t p—1
2 v@EL<E=D2r, X @@=
u=1 v=1

ITpaMerAa TeopeMy Bomnpoca 14, a, nomydnM
3

IS E<p—1+V (p—1) 2n; (p—1) n;p < 2n,p%

b, o) Ciepyer mu3 TeopeMHB BONpPOCA & ¥ TEOPEMEl  BONDOCA
12, a, rn. V

§) s TeopeMel Bompoca o) clefyeT, 9TO YC/IOBAA TeOPeMH
pompoca 12, a, ri. V OyayT co6miofeHH, ecad MOJOKAM m=p,
@ (z)==1, upmuém sacrapaM 5 mpoberarts 3HaUYeHWA z=Ax";, r=M,,
My+1, ..., Mg+ Qy—1. HoaTomy

S e@=1, Jew@=q.

z

OTKy/la M cjiefyeT YKasaHHasg B Bompoce (opMmyna.
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e, a) Ilyers | = 4ay, (mod p). Mmeem (sompoc 11, a, ra. V)
’ sav,x

p—1 s
2.2 2ni
(3_) S=2 <4a:c +4abm+4ac> . P _
P = P

_ - 2(4a2x2+ habx+ hac+ hav,xz ")
Pt p—1 2mi 1

=3 (593 -

1

2ni

=3 7

3
3 3
Tloceansas e cyMMa (BOHIPOE &) YHCJeHHO <5 P

g) Crepyer #3 TeopeMH BOIpOc& o) W TeopeMu Bodpoca 12, a,
rn. V.



OTBETHI K YUCJEHHLIM [IPAMEPAM.

OtBeTnl K raase I.

1, a. 17.
b. 23.
15 19 0
Zya.0) d=pi ) e=pta
80 1002 0
b, o) S=g5: B e=<z5 3000

3. Bcero momyumm 22 ppobm.
5, a. 28.35. 113,
b. 23.33.5%.73.112.17 .23+ 37,

OtseTm Kk raape II.

1, a. 13142,

b, 2119, 359 . 5oL . 718 . 4412 . 139.477 . {98 . 235 . 204 . 344.37% X
X 413 . 43% . 472 .53% . 59%-612-67-71 - 73 - 79- 83-89.97x%
x 101 - 103 - 107 . 109 - 113.

a. ©(5600)=236; .§(5600)=15624

b. © (116 424)=96; § (116 424) = 410 400.

. Cymma Bcex suaueHmit pasHa 1.

. a) 1152; B) 466 400.

. Cymma Bcex smaueHmit paBHAa 774.

[\
-

Uk 2

OtBerm & raase III.

70. '
. Hennrca.

. 3. 5%. 112 . 2999,

. 7-13.37-73-101.137 - 17519 . 257.

1,
2,

Tpes

Otreernt Kk raase 1V.

1, a. z= 81 (mod 337).

b. = 200; 751; 1302; 1853; 2404 (mod 2755).
2, b. z = 1630 (mod 2413).
3. x=94+111t; y=39+47t, rpe t— mioboe gemoe.
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4, a. z = 170b, + 52b, (mod 221); x =131 (mod 221);
z =110 (mod 221); =z =89 (mod 221).
b. x = 41 151b, + 11 600by 4 16 8758, (mod 39 825).
5, a. z =91 (mod 120).
b. z = 8479 (mod 15015)
6. z =100 (mod 143); y= 111 (mod 143).
7, a 3at+4 2734 322+ 22 = 0 (mod 5).
b. 2545244 32%+ 32+ 2 =0 (mod 7).
8. 8+ 4ad 2204+ T623 702 4+ 522 4+ 39 = 0 (mod 104).
9, a. x=16 (mod 27).
b. x=22; 33 (mod 64).
10, a. z = 113 (mod 125)
b. « =43, 123, 168, 248, 293, 373, 418, 498, 543, 623 (mod 625)-
1t. a. z=2, 5, 11 17, 20, 26 (mod 30)
b. z_76 22 176 122 (mod 225).

F 00

OrBernr k raase Vi

1, a. 1, 2, 3, ,6,8 9, 12, 13, 16, 18,

b. 2, 5, 6, 8, 13, 14, 15, 17, 18 19, 20, 22, 23, 24, 29, 31,
32, 35.
2, a. a) 0; B) 2.

b. ) 0; B) 21
3, a a) 0; B)y2.

b. «) 0; B) 2. )
4, a. a) z = (mod 19); B) == + 11 (mod 29);
=414 (

b. a) 2=+ 66 (mod 311); B) == 4 130 (mod 277);
Y) z = + 94 (mod 353).
5, a. = 4+ 72 (mod 125).

b. z = + 127 (mod 243).
6, a. z= 13, 19, 45, 51 (mod 64).

b. z =41, 87, 169 245 (mod 256).

Oteernt K raase VI.

1, a. 6.

b. 18.
2, a. 3, 3, 3.

b. 5, 9, 5.

c. 7.
5, a. a) 0; B)i ‘()3

b. a) 0; B g
6, a. a) x = 7 (mod 67), B) x = 33 (mod 67),
7) =z =8, 36, 28 59, 31, 39 (mod 67).

b. a) 2= 17 (mod 73), B) z = 50, 12, 35, 23, 64, 38 (mod 73),
1) £=3, 24, 46 (mod 73).
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OTBETHI K YHCIBHHRM HPHMEPAM

50 ’>’—*z
a) z=54 (mod 101). B) z =53, 86, 90, 66, 8 (mod 104).
z=59, 11, 39 (mod 109).
.a) 1, 4,56, 7,9, 11, 16, 17, §) 1, 7, 8, 14, 12, 18.
)168101114232627293136
.9, 10, 12, 16, 26, 33, 34.
o) 7,37, §) 3,5, 12, 18, 19, 20, 26, 28, 29, 30, 33, 34.
. a) 3, 27, 41, 52
6, 7, 10, 17, 18, 26, 30, 31, 35, 43, 44, 51, 54, 55, 59.
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TABIIHHEL. HHIERCOB
TABJHAOBL EHlIEKCOB.V :
Mpocroe wmeno 3.
0 6/7|8(9 Ifo 3‘4 5167 93
of 1 j
Tipocroe umeno 5.
0 6|7|8l9| |I]o0 345/6[7 9
of1 3
HpocToe sacao 7
0 6{7{8|a| | 1o 314|5(6|7[8|9|
3 01 6’ 415
Ipocroe wmeno 11
0 6789 Ilo 314(5]6|7 9
9(71316 041 815[10/9{7/3|6
5 1
IIpocroe wmcao 13.
0 6|7(sl9| |7]o0 3|4(5/6|7/8]9}
5111|138 01 813|6(12[11]19|5
10 1110
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Hpocroe wmcao 17.

N 0'1123 4 5'6 718]9 I!O 1‘2!34 5 6‘7 8'9
0 014]1 |12 515|114 |10] 2 0(1|3|9]t0}13| 5115/ 11| 16| 14
113|713|4| 9/ 68 118|714(12f 2| 6

IIpoctoe umcixo 19.

9 rjoj1l2|s|4l|s|e|7 (8|9

N01234'5678

- O
=]
=
[
W
[\

17)12i15| 5| 7

N10123456789 Il0123456789
0 0| 2|16 4| 1|18|19| 610 0 1] 5 2/10] 420 8171611
113 9201421 |17 | 8] 712 (15 11 9]22(18]21(13 19| 3|15 6| 7
2 |[5]13{11 2 12|14 -
pocroe aacao 29

] =

:N012345(6789 Ii0{1/2|314|5|6[{7]|8]9
&

0 0l 1) 5/ 222 6 12| 3|10 01 1 2|4 816 3| 6] 12| 24|19
1 123125) 7i18/13 271 4(21 (11 9 1 ]| 9118 7 |14] 28| 27| 25| 21| 13|26
. 2 124{17|26(20; 816 [19 [15 |14 2 (231171 510] 20| 11| 22| 15
LE.]

0 0[24| 1|/18]20 125 |28 |12
A 11423|19(11]22 24| 6] 7|26
2 | 8|29(17{27|113{10| 5| 316
3|15

1( 3] 9127 |19)26{16/|17|20|29
131 8124 |10 |30|28/22( 412
5115|114 |11 2| 6/18}23| 7|21

O D
DO
[
T
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Ipocroe wmcio 37.

2|3|4|5]6|7[8l9| |r]o|1|2]3]4]5]6|7]5]e]

W= O

1| 21 4] 8|16|32(27|117
25113 26{15(30]23, Qisgggé
33129 (21| 510,20 3| 6(12(24
11122 7|14|28|19

1|26] 2)23|27|32| 3|16
28{11|33|13| 4| 7]17|35
31(15(29110{12| 6|34(21
5{20] 8{1918

LNORO

Ipoctoe umeno 41.

AN WNO=O

26(1511222| 1|39;38/3

0 1] 6]36(11|25/27/39|29|10]|19,
27|31125(37|24|33|16| 9

7

6

0

11132128 4124/21| 3|18|26!33:34
2 1140|135 5|30|16{14| 2|12|31/|22
3| 9]13]|37|17|120/38|23|15| 8| 7

29|36(13| 4i17; 5/11
10{18(19|21[ 232135

2

BN DO - O

21| 112]25/28135(39 2 ol 1| 3| 9|27/38]28|41|37}25!32
) R 1101301 4(12(36]22{23/|26]35/49

15/1640| 8[17| 3| 541 2 {14 42|40 |3416| 5[15| 2| 6F

9(31/23(18|14 7| 433 Z 11|33 (13(39|31| 7(21/20(17| 8§

21

-

W~ O
MWoMH=-I0O

18|20)36] 13832} 8140 0| 1] 5|25(31|1423(21/11f 8]40
10|11] 4|21|26|16|42[45 1112|113 | 18{43|27]41 :
25 5{28| 2129/14122135 2 | 3115]28(46142|122
44127)34|33130|42/1731 3113639 7{35/34|29]
24|13143141]23] . - 4| 9)45|37|44/32(19
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Ilpoctoe wmcao 53.
Nlol1|2{sl4a|5|6|7|8{9] [1]o|1|2]|3]|4|5|6|7[8]9
0 0| 1|17| 2(47|18[14] 334 O 11 21 4| 8(1632{11(22(44135
11|48 6| 19|24]15|12| 4]|10135|37 111734 15|30{ 7{14[28 3{ 6|12
2 149[31] 7]39|20(42|25(51(16]46 2 124|481 43|33[13|26/52(51(49]45
3113(33| 5[23|11| 9}36/30(38(41 3137121 42|31 9{18|36(19/38/23
4 (150 | 45 [ 32[22| 8|29(40|44|21(28 4 146 | 39| 25|50(47|41/29] 5[10]|20

51143{27 26 51140127

IIpocroe uncao 59.
N[O |1]2(3141516(|7|8|9 Ij0])112|3l415(6(7/8|9
0 0] 1]50| 2| 6]51}18; 3|42 O 41 2| 4| 8/16/32] 5/10/20|40
11l 7|25](52/45{19156{ 4|40|43|38 11124 42 { 25[50141(23|46/33| 7|14
21 8]10]26|15[53[12146]34|20]28 2 (28 | 56 | 53(47|35/14/|22|44/|29|58
3157149 517141|24{44|55|39(37 3 {5795 | 51{43{27!54149139{19138
4 || 9|14/ 11|33|27|4816]23]54/36 4 (1734 9118/36/13/26|52145/31
5 [ 13132 | 47|22/35|31|21{30{29 S5l 3| 6]12]24/48|37|15|30

IIpocroe umcno 61.
NiO0|112/3]|4]5(617|8]9 01112|3/4|5/6/7|8|9
0 0l 1] 6] 222f 7/49; 3|12 0| 1] 2| 4| 8/16]32] 3| 6|12]24
1 123]15] 840|50|28| 4|47(13(26 1 ]148(35| 9|18{36/11)22/44[27/54
2 1124155 (16 157 9|44/41]18/51}35 2 11471331 5]10}20|40]1938145/30
3 (29|59 5(21(48|11(14/39|2746 3 (60|59 | 57[53]45/29|58|55[49(37
4 11 25| 54 |56 |43117|34(58/20110|38 4 (11326 | 52}43(2500(39(17|34| 7
5 |1 4553 142 [33]19{37 523236|31 5 14| 28 | 56(51141|21)42(23(46/31
6 1130

{Ipocroe ancio 67.
Nlolt]2|3]4]s]6]|7]8|9 1]0123456789
0 0 1|39] 2|15|40/23| 3]12 0 1} 2| 4| 8/16]32|64|61|55/43
1 1116 | 59| 41|19(24|54| 4|64|13(10 11938 9{18/36] 5]10|2040/13

"I 2 11762 60{28|42(30]20151 (2544 2 1126|521 37| 7114]28|56|45|23|46

"3 {55] 47| 5]32|65(38{14]22{11|58 3 12550 33|66[65/63/59(51]35| 3
4 11181531863 9(61{27{29(50[43{46 4| 612 2448{29/58(49(31{62|57
5 |1 31|37 | 21157|52| 8|26}49}45|36 5 || 47 | 27 | 54|41|15|30]60|53[39{11
6 1156] 714835 6[34(33 6 |22 | 44| 21|42(17(34 :
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IlIpocToe wmacmo 71.

B

21314151617|819 Ifo|1]2]3l4]|5]{6/7(8(9

oUW, O

6/26/12/128/32! 1|18|52
38|39| 7]54|24|49|58|16
37]15144(56|45| 8/13|68
30157(55(29|64/|20|22165
33148|43/10121] 9|50| 2
51(23|14(59]19142| 4} 3
17|53|36(67|63|47|61}41

11 7]49159|58|51| 2114{27]47
451 31| 4/2854/23|19|62| 8)56
371 46 | 38|53|16|41) 3j21} 5|35
32|11 6|42{10(70/64/22|12{13
20169 | 57|44/|24|26|40167|43|17
48152 9)63|15|34(25/33[18[55
30| 68| 50(66|36|39/60|65[29|61

SR WN = O

IIpocToe uucno 73.

=

2(314|5(6(7:8:9 I40|1]2(3/4/56{7{8,9

NN WN SO

8| 6/16] 1|14/33]24{12
22159|41] 7132j21(20]62
63|46(30| 2,67|18(49|35
40(61]29]34128!64]70|65
4751|71]13)54|31|38|66
3|53|26(56157|68|43| 5
19/45(48|60/69|50(37{52
36

11 5)25|52141159( 3|15} 2i10

181171 12|60| 8140/54(51136|34
24| 47 | 16] 7|35(2972|68]48121
70]58|71)63)23|42!64|28
67 [ 43 | 69]53]46{11155/56(61]13
65 | 33| 19122|37,3949/26|57/66

NN O
w
N
-
B~

IIpocToe wumeao 79.

=

213(4|516{78]9 I0|11]2]|3]4|5|6({7(8]9

SN WN O

4 1) 862] 5[53|12| 2
9134[57|63|16(21) 6|32
72126(13(46(38 3161|141
20(69)25|37|10{19(36|35
58|49(76|64/30|59{17|28
42177} 7152(65(33]15|31
60]55(24:1873|48|29|27
14144123147 40143|39

1| 3| 9127 2| 6/18154| 4|12
36|29 8]24172|5816]48/65/37
32| 17 | 51|74|64,34:23(69/49(68
46|59 | 19|57(1339:38/35/26(78
52|77|73|64125(75|67|43
50|71 55| 7,21|6331|14(42|47
62|28 5/1545/56{10(30{1133
20|60 | 22/66/40|41{44|53

SN WO
-3
o
-3
o
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HOpocroe umcao 83.
NlOo|1]2]3] 4|5]6!7[8]9 I0111213]4[5|677(8!9
0 0 1)72| 2/27/73] 8 3|62 0 1] 2| 4] 8|16|32} 64| 45| 7|14
1 128124741 77| 9| 17| 4! 56(63|47 1 |28|56|29| 58} 33| 66| 49| 15]30|60
2 129/80|25| 601 75| 54| 78| 52|10[12 2 |37|74|65] 47] 11} 22| 44| 5[10/20
3 |[18|38| 5| 14| 57] 35| 64| 20|48|67 3 |140(80(77| 71| 59| 35| 70| 57|31|62
4 |30140181; 717 26| 7| 61| 23(76/16 4 |141|82|81] 79| 75| 67| 51} 19|38|76
5 5514679 59| 53| 51| 11| 37}13(34 5 69]55|27] 54| 25| 50| 17].34]68/53
6 1119/66|39| 70| 6] 22| 15| 45[58[50 6 123146| 9] 18] 36| 72| 61| 39]78|73
7 [36/33(65| 69| 21 44| 49| 3268|143 7 163|43| 3| 6|12 24| 48} 13/26]52
8 13114241 8 (2142

Hpocroe wncao 89.
Nj0|1(2]|3}4|5]6]{7|8|9 I(0(1]2{3]4/5]6[7/8/9
0 O|16| 1[32| 70| 17 81|48| 2 0| 1! 3] 9|27, 81| 65| 17| 51|64|14
1 186(¢4|33| 23| 9| 71| 64} 6!18|35 1 142{37|22| 66| 20| 60 2| 6|18|54
2 1M4182121 57| 491 52| 39| 3{25/59 2 |173141|34] 13| 39| 28| 84| 74|44(43
3 |187|31(80| 85| 22 63| 34| 1151124 3 |l40131F 4] 12| 36| 19] 57| 82168!26
4 130121110 29| 281 72| 73| 54|65(74 4 |78|56(79| 59| 88| 86| 80| 62| 8|24
5 68| 7155| 78| 19} 66| 41] 36|75]43 5 ||72|38|25] 75] 47| 52| 67| 23;69|2
6 (15169(47| 83| 8| 5} 13| 56!38,58 6 [|87(83|71| 35| 16| 45| 55| 76150(61
7 [79{62150( 20| 27| 53} £7) 77|40]42 7 | 5{15|45| 46| 49| 58| 85| 77)53|70
8 |46] 4(37| 61| 26| 76| 45| 60|44 8 (32| 7|21} 63] 11] 33| 10|30

IIpocToe wmecao 97.
NIO|1|2] 3415|6789 I|0|1{2{3)4|5/6]7(8]|9
0 0|34} 70| 68| 1| 8| 31} 6|44 0l 1| 5{25| 28] 43| 21| & 40| 6|30
1 |35/26/42) 25| 65| 71| 40| 89|78/81 1 153|71(64| 29| 48| 46/ 36| 83{27|38
2 |[69] 5|24{ 77| 76| 2| 59; 18| 3|13 2 193|77|94| 82| 22{ 13| 65| 34{73(74
3 | 9|46{74| 60| 27| 32| 161 91/19|95 3791 7{35{ 78| 2[10] 50] 568642
4 || 7/8539| 4|58| 45| 15| 84(14/62 4 1|116]80[12| 60f 9| 45| 31| 5&96/92
L 5 |13663|93 10| 52| 87| 37| 55}47|67 5 [72|69]54| 76| 89| 57| 91] 6744/26
6 |43|64|80| 75| 12| 26| 94| 57|61|51 6 |133]68]49) 51| 61| 14| 70| 59| 4|20
7 (66{11|50| 2&| 29| 72| 53{ 24|33(30 7 || 3|15(75| 84| 32| 63} 24| 23/18/90
8 |41|88|23] 17[ 73| 90| 38} 83192154 8 1162119|95| 87{ 47| 41} 11| 55{81(17
9 [179{56|49| 20| 22| 82| 48 9 (85[37|88| 52| 66{ 39
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TaGanua npocThix wmcen <4000 M EX HAaMMEHLIIMX neppooGpas-
T HBIX KOpHEii.

p &y p (&) P (g P g P g’ P &) P &g}
\ »

2 [ 4| 179 12y 419 | 2§ 661 | 2 947] 201229} 2111523] 2

312 181 | 2f 421 | 2||'673 | 5| 953]3|1231| 31531 2

5 2| 191 [19) 431 | 7| 677 | 2| 967] 5[1237| 211543| 5

7 (31 193 | 5] 433 | 5) 683 | 5] 971| 61249 711549 2

1§24 197 | 2| 439 |15] 691 | 3| 977 3{1259| 2]l1553| 3
13 2| 199 | 3| 443 | 2|l 701 | 2| 983] 5[1277| 2| 1559{19
17 {31 214 [ 2| 449 | 3| 709 [ 2ff 991| 61279} 3/1567{ 3
19 | 21 223 | 3| 457 [13) 719 [1| 997| 7||1283| 215711 2
23 | 5] 227 |2 461 | 2] 727 | 5)1009(11]{1289| 6/1579| 3
29 | 24 229 | 6| 463 | 3| 733 | 6)1013]| 3/1291] 211583 &
31 | 3 233 | 3| 467 | 2{ 739 | 31019 2{1297]10]1597 | 11
37 12| 239 | 7| 479 |43] 743 | 5|[1021]10]1301] 2(1601| 3
41 | 6 241 | 7Y 487 | 3| 751 | 3[1031{14[1303| 6(1607( 5
43 13 251 | 6| 491 | 20 757 | 2{1033] 5{1307| 2/1609] 7
47 | 50 257 |31 499 | 7| 761 | 6{1039] 3|1319(|13|[1613] 3
53 [ 21| 263 | 5| 503 | 5| 769 (1111049 3| 1321(131619] 2
50 | 21 269 | 2|l 509 | 2| 773 | 2/1051| 71327 3 1621| 2
61 |21l 2714 |6l 521 | 3] 787 | 2[1061| 2|1361| 3/1627| 3
67 |2 277 | 5( 523 | 21 797 | 2|/1063( 31367 5(1637( 2
71 | 7 281 | 3| 541 | 24 809 | 311069 6]/1373] 2]1657] 11
73 | 54 283 | 3| 547 | 2| 811 | 3|/1087| 31381 2|1663] 3
79 (31 293 | 2| 557 | 2f 821 | 2(1091( 2{1399[13(1667] 2|
83|21 307 | 5| 563 | 2| 823 | 3}1093| 5/[1409] 3{1669| 2
89 | 3| 311 [17) 569 | 3| 827 | 2[/1097| 3[{1423| 3|1693| 2
97 |5 313 (10| 571 | 3§ 829 | 2| 1103| 5{/1427( 2/{1697| 3
101 | 2 || 317 | 2|l 577 | 5| 839 [|14(1109| 2{1429| 6||1699]| 3
103 | 51l 331 { 3] 587 | 2| 853 | 2| 1117| 2||1433] 31709 3
107 | 2 || 337 (10| 593 | 3{ 857 | 3(1123| 2(11439| 7{1721( 3|
109 [ 6| 347 | 2] 599 | 7| 859 | 2| 1129 11[1447| 31|1723) 3
113 | 3| 349 | 2| 601 | 7] 863 | 5[ 1151 [17||1451| 2||1733] 2
127 (3 (| 353 | 3| 607 | 3j 877 | 2111153{ 5[ 1453 2{{1741| 2
131 [ 2|l 359 | 7| 613 | 2| 881 | 3[1163| 5| 1459| 5[1747| 2
137 | 3 367 | 6| 617 | 3| 883 | 2[1471] 2|/1471] 6|1 753} 7|
139 | 2| 373 | 2| 619 | 2 887 [ 5[1181] 7(1481| 3[[1759| 6
149 { 2] 379 | 21 631 | 3| 907 | 2|l1187| 2[[1483] 21777 5
151 | 6| 383 | 5| 641 | 3| 911 |17|1193] 3|11 487 5[ 178310}
157 [ 5 389 [ 2{ 643 [11( 919 | 7| 1201 |11]1 489 [14(1787] 2}
163 | 2| 397 | 5| 647 | 5{ 929 | 3| 12131 21493| 2| 1789 6}
167 | 51| 401 | 3| 653 | 2| 937 | 51217 3[1499] 2|1 801 |11
173 [ 2| 409 (21| 659 | 2| 941 | 2[ 1223 5[ 1511111811 6f




480 TABJIUIIA NPOCTHIX YHCEJ
IT podoasscerue
4 g P |8 P |g p |&]l p |8 P |8} P |8
1823|511 2129 3|l 2417| 3] 2729} 3|]3049{113373| 5(13691 2
118313 2131] 2} 2423| 5] 2731| 3[ 3061} 63389| 3)3697| 5
18471 511 2137]10 2437] 2| 2741 2113067 | 2|3391] 33701 2
1861| 2 || 2141 21| 2441 6]| 2749] 6|{3079] 613407 5(3709| 2
1867 21| 2143) 3| 2447| 5| 2753| 33083 | 2|[3413} 2[13719) 7
1871114 || 2153 3| 2459 2| 2767 3]]3089| 3[3433} 5[3727| 3
1 1873010 || 2161123) 2467 2] 2777 3||3109| 6)3449| 3]3733| 2
118770 21 2179 7| 24731 5{ 2789 2||3119| 7||3457{ 7(13739; 7
18791 6 {| 2203| 5{ 2477| 2|| 2791 | 6]|3121| 7||3461| 2}3761} 3
1889 311 2207| 51 2503} 3| 279%| 2113137} 3||3463| 3| 3767 5
1901] 2| 2213| 2| 2521117|| 2801 3||3163 | 3||3 467 23769 7
19071 2 [l 22211 2]l 25311 21| 2803 2|3 167 5||3469|-2[3779} 2
1913| 3| 2937 2| 2539| 21 2819 21|3169| 7]3491| 23793} 5
1931| 21 2239| 3| 2543| 5|l 2833 | 53181 | 7||3499| 23797 2
1933| 5| 22431 2|l 25491 2| 2837} 2(|3187| 2||3514| 73803 2
1949] 21l 2251 | 7| 2551 6| 2843 | 2||3191 (1113517 2||3821| 3
19511 31l 2267 2|l 2557| 2] 2851| 2{{3203| 2(3527{ 513823 | 3
19731 2 | 22691 2 25791 2| 2857(11](3209| 3|3529{17|3833| 3
1979| 2| 2273 3| 2591 | 7| 2861| 2[3217| 5] 3533} 2|13 847 5
1087 2 2281 | 7| 2593| 7] 2879] 7]3221110)13539| 23851 2
1993| 5 || 228719) 2609| 3|l 2887| 5[[3229| 63541 7||3853| 2
1997| 21| 22031 2|l 2617| 5| 2897| 33251 | 6[3547| 2)3863| 5
1999 3 || 2297| 5{ 2621] 2| 2903 | 513253 | 2]13557 | 23877 2
2003) 5| 2309| 2| 2633} 3] 2909| 2{3257| 33559 | 3{3881|13
2011| 3| 2311 3| 2647 3| 2917 5] 3259 | 313571 | 2|13889 |11
20171 51 2333| 2| 2657 3{ 2927| 5||3271| 3||3581| 2113907 2
2027| 2 | 2339] 2| 2659 2|l 2939| 2[3299| 2(13583| 3|13911 |13
20290 211 2341| 71 2663| 5| 2953(43113301| 6|/3593 | 3} 3917 2
2039 7 | 2347 3 2671 7| 2957 2||3307| 2|13607| 513919 3
12053 21 2351 (13 2677| 2| 2963 | 2 3313110[3613] 213923} 2|
1 2063| 5112357| 2| 2 6831 21 290691 3113319| 613617| 3||3929| 3
2069 21 2371| 2| 2687| 5[ 2974(10}3323| 2(3623| 5} 3931 2
2081]-3 | 2377| 5] 268919} 299917{13329| 3)13631 (2113943 | 3
12083| 21 2381 3|l 2693| 2| 3001|14[3331| 3|3637| 2113947 2
12087 5|l 2383 5/ 2699| 2| 3011| 2{3343| 5|3643| 213967 6
2089) 71 2389 2| 2707 2|| 3019 2|/3347| 2|[3659| 2| 3989 2
2099 2 2393! 3 2711 7| 3023| 5{3359 (111367113
42411 7| 2399(11| 2713| 5| 3037} 2||3361(2213673| 5
121131 5|1 2411| 611 2719 3 3041 3[(3371) 213677} 2






