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NMPEIUCJIOBUE

Ora KHHMra BXOJHT B CEpHIO NOJ Ha3BaHUeM «Bricumas
MaTeMaTHKa», COCTOSALIYIO U3 TpeX KHHT:

a) DjieMeHTH JUHEHHOH ajre6pel U AHAJUTHUECKOH reo-
METPHH.

6) Huddepernuanbace U MHTErpajbHOEe HCYUCIEHHE.

B) HuddepeHunanbusie ypaBHeHusi. KpaTHble HHTerpaJbl.
Pagel. PyHKIOMH KOMIJIEKCHOT'O IePEMEHHOrO.

ABTOpBEl IyMaloOT, YTO 3Ta CepHs') MOKeT OHITh yueOHH-
KOM ]Il CTYJAEHTOB BTY30B, H3ydawllUX MaTeMaTHKy IO Ipo-
rpamme 500 yacoB MM 1O MpOrpaMMme MeHblero o6bema nph
COOTBETCTBYIOWHX COKpalileHusix. [Ipn HeoOGxomuMmocTH JHena-
IOTCA CCBUTKM M3 ONHOH KHHUTH Ha Jpyrylo.

ABTOpHI NpH HaNHCAaHHH STUX KHUT NPHIEPKHBAJIHCH NIPO-
rpaMMbl Kypca «Bricuiasi MatemaTHka AJIsi HHKeHepHO-TeXHH-
YeCKMX CIelHaJbHOCTel BBICLINX YYeOHBIX 3aBejeHHi», yTBep-
XKAEHHOH YueOHO-MeTOJMYeCKHM YIMpaBJeHHeM IO BHICIIEMY
o6pasoBaHui0O MHHHCTepPCTBa BBHICIUErO M CPEJHEro CHelnMalb-
noro obpasoBauusi CCCP.

ABTOpHI yuJsH, YTO B HAIUHX WIKOJAX cefyac H3ydaloTcs
Hayasa aHaJUTHYeCKOHl IeOMETpHH M MaTeMaTHYecKoro aHa-
JIA3a.

B ryase | Heckonbko naparpadoB NOCBSINEHO «IeHCTBH-
TeJIbHOMY YHCJY», XOTSl SIBHO STOrO B IporpamMme HeT— 3TH
Bompockl M3jaratoress B IX u X kJjaccax cpemHeH IIKOJBL
Mur gymaeM, 4To 3TH BONPOCH CllelyeT NOBTOPUTb BO BBOJ-
HbIX Jekuusix. CTyIeHT Jo/KeH 3HATb, YTO AEHCTBUTENBHOE
YHCJO MOXHO paccMaTpuBaTh KakK JEeCATHYHOE DPasJioxKeHHue.
HokasatenbctBo JieMMbl 2 0 HeyObiBatouleii OrpaHHYEHHOM
110CJIeA0BATENBHOCTH JIECATHYHBIX ApOGell HaJjo CYUTATH BECbMa
xeJareqbHbIM. Ho npu H3/M0XKEHMH 3THX BONPOCOB MOXKHO
orpaHuuuTbest ToMbKo § 1.7 m 1.8.

1) OnHako cepHsfi He OXBaThbiBaeT pasfes 5Toit mporpammbl «TeopHus
BEPOSITHOCTEH» H HE NMOJIHOCTBbIO OXBATHIBAeT pasfies] « UHC/IEeHHbIE METOABIY.



8 NMPEJUCJOBHE

KoHeuHo, JaHHYIO KHHTY U KHHUTY «DJIEMEHTHI JHHEHHOMH
anreOpnl ¥ aHAJHTHYECKOH TeoMeTpHH» Hajo M3ydaTb mapad-
JeabHo. Her HyXJbl JaBaTh COBETHI, B KaKOH [0OC/EI0BATEb-
HOCTH JOJIKHO NMPOHMCXOAUTb H3ydeHHe. OTMETHM TOJLKO, YTO
nepej rJaaBod 8 o GYHKUHAX MHOTMX NepeMEHHBIX YHTaTelb
JOJKEeH O3HAKOMHTBCA C NOHSITHEM m-MEPHOIO NPOCTPAHCTBa.

B cBoio ouepenp, A5 M3Y4YEHHsT CaMOCOIPSIXKEHHOTO OIle-
paTopa M KBaJpaTHUHHIX (OpPM MNOHAZOGSTCA CBOMCTBA PyHK-
UK, HempepLIBHEIX HAa 3aMKHyTOM MHoKecTBe (§ 8.12 manHo#
KHUrK). A notoM, naparpad, NOCBSLIEHHBI 3KCTpeMyMaM
(YHKUMA MHOTHX INepeMeHHBIX, MoTpebyeT 3HaHHUS KBaApaTHy-
HbIX (opM. B yc/IOBHOM 3KcTpeMyMe cepbe3HO HCIOMb3yeTcs
npejcTaBieHHe 06 OPTOrOHaJbHBIX NMOANPOCTPAHCTBAX M-Mep-
HOTO NPOCTPAHCTBA.

BTopoe n TpeTbe H3JaHHS OTJIHYAIOTCS OT NEPBOTO PSAOM
HW3MEHEHUH W JONOJHEHHH.

BoJsee noapoGHO H3JI0XKEH BONPOC O NPHMEHEHUH NOHSATHSA
Iuddepennnana B NpuGIMKEHHBIX BbIYHC/IeHUsAX. [IpuBeneHk
J0Ka3aTeJbCTBA CBOHCTB HeNpephIBHLIX ()YHKLUHH MHOTHX Nepe-
MEHHBIX Ha 3aMKHYTBIX MHOXecTBaX. BBemeH myHKT 006 oxHO-
pouHnix ¢yHruusx. B rmaBe 9 poGaBjieH matepuan mo Teo-
pHH KPaTHHIX PALOB M TEOPHH CYMMHPYEMOCTH.

Bripaxaem 6/1arofapHOCTb CeKIHMH TeXHHYeCKHX Bysos
Hayuno-meromnueckoro CoBera no matemaruke npu MuHBy3e
CCCP mnox pykosoxctsoM mnpodeccopa JI. . Kynpssuesa,
KOJIJIEKTHBY Kadeaphl Belcileil MaTeMaTuky Ne 2 Jlenunrpan-
CKOrO MOJIHTEXHHYECKOrO -MHCTUTYTa, npodeccopy A. U. Ilpu-
JIEKO W PYKOBOAMMOH HM Kadeape BhICLIEH MaTeMaTHKH
MockoBCcKOro HHxKeHepHO-(QH3MYECKOrO HHCTHTYTa 3a OGCYX-
JleHHe HallHX Y4eGHHKOB H LeHHbIe 3aMeYaHHSl M TpeJioxke-
HUSA, KOTOpble, HECOMHEHHO, CHOCOGCTBOBAJMH YJIYYIIECHHUIO
COofiepKaHUsl Y4eGHHUKOB.

Mrr Takxke BblpaxkaeMm OmaropapHocts 0. M. Bouskosy,
M. II. Kocey, A. M. TIlonocyeBy, $I. M. ToGoabuesy,
A. ®. lankuHy u psAny APYTHX YuTaTesNed 3a LeHHble KOH-
CTPYKTUBHBIE TIPENJIOKEHHSI, KOTOPHE MbI CTapaliiCh y4YecThb
npu pa6GoTte Haj Y4eGHHKOM.

B 1984 r. xomnnekc HamMX Y4eGHHKOB MO BHICHIEH MaTe-
MaTHKe, COCTOSII[HA H3 TpeX KHHI' H 3aJayHHKa, YJOCTOEH
npemuu MB u CCO CCCP, a B 1986 r.—aunjoma moyera
BIHX CCCP.



FJTABA 1
BBEJEHHE

§ 1.1. Ilpeamer MaTeMaTHKH.
ﬂepemeﬂﬂble H NOCTOSAHHbIC BCJH4YHHBI, MHOXeECTBa

Cpenn Bcex HayK MaTeMaTHKa 3aHUMaeT o0co0Oe MecCTO.
MaTtemaTtika ompefensieTcsi Kak HayKa O MNPOCTPAHCTBEHHBIX
¢opMax ¥ KOJHYECTBEHHBIX OTHOLIEHUSIX pealbHOro MHpA.
KoHeuyHO, ec/H yyecTb COBpPeMEHHOE COCTOSTHHE MaTeMaTHKH
M pasHoobpa3ue H3y4yaeMblX €0 CTPYKTYp, TO MPOCTPaHCTBEH-
Hble (GOpMbl H KOJHYeCTBEHHblE OTHOLIEHUS HEOOXOAUMO MOHHU-
MaTh B caMoM ofuieM BHJE.

MaTtematiKa jaet ApyruM HaykaM $i3bIK YHCE€ M CHMBOJIOB
LIS BBIPQXEHHS Pa3JMYHOIO POJA OTHOLIEHWH MexAy siBJjie-
HusMH npupoiel. Ho mnpexnae ueM NpuMeHATb MaTeMaTuky,
6uosior, GU3MK WIH 3KOHOMHCT NOJXKHBl IVIYOOKO [OHSITh
CyTh H3y4yaeMOro S$BJEHHs, pacuy/JeHUTb ero Ha 4YacTH, MOj-
Jalouiuecsi MaTeMatHueckoil obpaboTke.

O6bekTaMi H3yueHUs] B CaMOH MaTeMartuKe SIBJSIOTCS JIO-
ruyecKue MOJeNH, NMOCTPOEHHble AJsl OMHCAHUS SABJEHU{l NMPH-
pozbl u ofmecTBa. MareMaTHKa H3y4yaeT COOTHOLIEHHSI MEXAY
37eMeHTaMH 3THX Mogeseli. Ecan MaTematnueckas MoOfenb
BEpHO OTpaXKaeT CYTb JAHHOTO $SIBJIEHHS, TO OHa IO3BOJISIET
BCKphIBaTb W HeoOHapy:KeHHble BHayajle 3aKOHOMEPHOCTH,
T. €. MaTeMaTHKa Croco0Ha BCKPHIBATh M KAaueCTBEHHYIO CTO-
pOHY SIBJICHHSI.

B cuay Gonblo#d aGcTpakTHOCTH OAHA M Ta Ke MaTeMa-
THYeCKasi MOJEeJb MOXET OIMChIBATb PasjHYHble IMpOIECCH.
Hanpumep, oaHO U To e juddepeHnHanbHOe ypaBHEHHE
omuchiBaeT M XapakTep paJUOaKTHBHOrO paclaja, H u3MeHe-
HHe TeMNneparypel Tena.

[Ipu u3yueHuu sIBJIEHWH NPHPOJIBI M OOLIECTBA Mbl HAa KaX-
JIOM IIary CTajKWBaeMCsi C U3MEHEHHeM BeJIMYHH, C 3aBHCH-
MOCTbI0O OJHOH H3 BeJWYHH OT Apyro#. IlosTomy nonsiTue
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O nepeMeHHOH BeJMUHHE $SIBJSETCS OCHOBHBIM B MaTeMaTHuec-
KOM aHajuse.

Tlon nepemennoi geauuunoti Mpl OyaeM NOHHMAaTb BeJH-
YHHY, KOTOpasi B Ipolecce H3YueHUS Kakoro-jubo sIBIEHUS
NMpuHUMaeT XOTsi Obl JiBa pasIMYHLIX 3HaueHusi. BenuuwHa,
KOTOpasi TNpU MHCC/AEJOBaHUM JAHHOIO BONpPOCA NPHHHUMAeT
TOJILKO OJHO 3HaueHHe, Ha3bLIBAETCS NOCHOAHHOLL.

@. SDxresnbc orMeyas, uTO BBeJEHHE JEKapTOBOH NepeMeH-
HOH BeJIMUMHBI BHECJIO B MAaTEMATHKY ABHUXKEHHE U AHAJIEKTUKY.

Ecau Bce 3HaueHus, NMpPHHUMAaeMble IepEMEHHO! BeJIHUH-
HOH, OOBENWHUTb, TO Mbl IIOJYUHM MHOXCecmeo 3HaueHU#l STOh
ReJIMYMHEL.

[NousTue MHosMcecmea TakxKe SIBASETCS OCHOBHBIM B MaTte-
MaTvKe, 3TO MNpPOCTOe, INEPBUYHOE MOHATHE, KOTOPOE MBI He
OyeM TbITaTbCH ONpeseUTh yepe3 ApYrke MPOCThie MOHSITHS.

MHrodicecmgo—3TO  COBOKYMHOCTh, CODpaHHe KaKHX-1HGO
00BLEKTOB MPOH3BOJbHOA NPHP OABL.

Tak MOXKHO rOBOPHTb O MHOXKECTBE CTYJAEHTOB HHCTUTYTA,
O MHOXEeCTBe MOJIEKYJ B JaHHOM Tesle, O MHOXKECTBE TeJIeBH-
30pOB C IIBETHBHIM H300pa)KeHHeM B aHHOH ayIWTOpHH M T. 1.
OObeKTH, BXOASIIME B TAHHOE MHOMKECTBO, OyleM Ha3bBaTh
sAemMeHmamy MHOXKECTBA.

Mpl  Gynem oObIYHO 0003HA4aTh MHOXECTBA GOJIBIIHMH
6ykBamu A, B, ..., X, Y, ..., 2 uUX 3JleMEHTH MaJIbIMH
6ykBamMu a, b, ..., X, Yy, ... .

Eciu 3/1eMEeHT X NpPUHALJIEXUT MHOXecTBY A, To 3TOT
¢dakT ofo3HavaioT Tak: x€ A. Eciu ke x He BXOIUT B MHO-
xectBo A, To mumyrt: x € A. CumBonom Ac B (MHoxecTBO A
BKJIIOYUEHO B MHOXeCTBO B) o0603HaualoT TOT (paKT, UTO €CJIH
x€A, To x€B.

MuoxecTBO A B 3TOM CJIyyae Has3bIBAETCS 100 MHOXMCECH-
gom MHOxecTBa B. YmnorpefJsiercsi TakKe paBHOCHJ/IbHAs 3a-
nucb Bo A (MHOXecTBo B BKJ/IouaeT B cebs MHOXKecTBO A).
CuMBOJIbI C, D Ha3bIBAIOTCS 3HAKAMU BKAIOYEHUS.

Eclii MHOXECTBO He CONEPXKHUT HH OJHOrO 3jeMeHTa, TO
ero HaseBalOT Aycmeim ¥ 0603HAUAIOT CHMBONOM &F. $IcHo,
uto < A, rie A—mo6oe MHOXECTBO.

Nna o6o3HaueHHsi MHOMXKECTB IIMUPOKO YyNOTPeGJasioT du-
rypHbie CKOOKM, BHYTPH KOTOPHIX T€M WJIH HHBIM CIIOCOGOM
OMUCHIBAIOTCS 3/IE€MEHTHI, U3 KOTOPHIX 3TH MHOXXECTBA COCTOSIT.
Bripaxenune N= {I, 2, 3, ..} of03HayaeT MHOXECTBO Ha-
mypaavreix ducea, {0, 1, 2, ...} —MHOKECTBO LEJbIX He-
oTpHLATeNbHBIX uMcead, a Z={..., —2, —1, 0, 1, 2, ...}



§ 1.2. OMNEPALIMY HAI MHOXXECTBAMH i1

— MHOJCecmgo 6cex yeavix uuces. Bor eme mnpumep: A=
={l, 2, 3, 4,5,6, 7, 8,9, 0} — mMHOXKXecTBO, cocTosEe
U3 nudp JAecaTuyHol cuctembl cuyuciaenus. OuweBnnHo 2 € A4,

a %EA

['oBopsaT, uto MHOXectBa A u B pasgubt, u nuyt A= B,
ecii AcB u Bc A. Ha Bonpoc o ToM, paBHBI JIH JaHHBE
MHOXKECTBa, JajeKo He BCerza Jerko oTBeTHTb. Hampuwmep,
ecin A={6, 8, 10, ...}, B={p-+g¢} ecTb MHOXKECTBO CyMM
MPOCTHIX YHCeN p U ¢, GOMblUIMX ueM 2, TO sicHO, uto B A.
OZHaKoO 0 HACTOSIUEro BpeMeHH He YCTaHOBJIEHO, BEPHO JiH,
yto Ac B, T. e. MOXHO Jiu J060Oe YeTHOe YyHCI0_=> 6 npen-
CTaBUTb B BHJE CYMMBbI IBYX MpPOCTHIX 4uces, GONBIIHX JBYX.

B naHHOM Kypce MBI B OCHOBHOM GyAeM uMeTb J€JI0
C YHCJIOBLIMH MHOX€ECTBAMH, T. €. 3M1eMEHTaMH UX GYAYT uHCja.

§ 1.2. Onepazuu Haj MHOXECTBAMM

Jlns MHOXKEeCTB MOXKHO BBECTH apuH(MeTHYeCKHe omepauuH
CJIOXKEHUS W YMHOXEHHS, KOTOpble 006/1aJal0T CBOHCTBAMH,
BO MHOTOM aHaJIOTHYHBIMH COOTBETCTBYIOIUIMM CBOHCTBaM oOrle-
paunit CIOKEHHS U YMHOXKEHHsS Yucel.

[Tycte nansl aBa NpPOW3BOJIBHEIX MHOXKectBa A u B.
Cymmoti wnn obvedunenuem MHoXKecTB A u B HasbiBaetcs
mHoxecTBO C, cocTosiiee
M3 3JIEMEHTOB MHOXECTB
A u B; npu 3TOM NUIyT:
C=A+BuwmuC=AUB
(puc. 1). Jlerko BuIeTs,
uto A+ A= A.

11 poussederiuem unv ne- Puc. L. Puc. 2.
peceueriuem MHOXeCTB A 1
B HasbIBaeTCs MHOMXECTBO, COCTOSIIEE K3 3ME€MEHTOB, OJHOBpE-
MEHHO MNpHHaAJIeXamuX MHOxKecTBY A W MHOXecTBYy B. Ile-
peceueHue MHOXeCTB ofo3Hauaercss uyepes AB umn ANB
(puc. 2). OueBunno, uro ANA=A. Ecmu AB= ¢, 10 Gy-
IeM TOBOpHTb, uTo MHOXecTBa A u B He nepecekaiorcsl. Mc-
oNb3Ysl MOHSATHE PABEHCTBA MHOXECTB, MOXKHO JIOKa3aTh, 4TO:
1) A+B=B+A, 2) (A+B)C=AC+BC, 3) (AB)C=
= A(BC), 4) (A4 B)+C= A+ (B+C). [okaxem, Hamnpu-
mep, 2). Ecau x€ (A4 B)C, TO, COIacHO ONpeneseHHIo
npousBenenus, x€ A+ B u x€C. V3 onpenenenus cymmst
caenyer, uto x€ A unu x € B. [lycTte pas onpeneneHHOCTH
x€ A. Torna x€ AC, a caenosarenbHo, x€ AC+BC. 3Ha-
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uut, (A 4+ B) Cc AC + BC. Ecnu tenepsb snement x € AC+BC,
TO BHINOJIHSIETCS TO KpafHefi Mepe ONHO H3 COOTHOLIEHHH
x€ AC, x€ BC, nns onpepenenHoctH nyctb x € AC. Torza

x€EA+B u x€C, T. e x€

/ €(A+ B)C. Orciona AC+BCc
J‘ A D (A4 B) C. drum paseHcTBO 2)
A

JIOKa3aHo.

(ANO)+0-A Pa3snocmero MHoxecTs A U B

Has3blBaeTC s MHOXKeCTBO R = AN\ B,

Puc. 3. Puc. 4. cocrosiee U3 3JeMeHTOB A, Ko-

TOPLIX HeT B B.
3ameTnM, 4TO B obmeM cayuae (A\ B)+ Bz~ A (puc. 3).
Ho eciin Bc A, 10 (AN B)+B=A (puc. 4).
MHuoskecTBa C BBEIEHHBIMH ONepalisiMH CJAOKEHHS H YMHO-
JKeHHs1 0fpasyloT cBoeodpasHywo anreGpy, riae HeT KO3(pdu-
IIHEHTOB H CTelleHeH.

§ 1.3. CumBoJiHKa MaTeMaTHYECKOi JIOTHKH

Jns cokpalleHHsi 3amMcH B JajbHeiillleM Mbl GyfeM YHoTpeGasiTh
HEKOTOpPhIe NpOCTelluKe JorHyecKHe CUMBOJB. EcaM Hac MHTepecyer He
CYLIHOCTb KaKOTo0-TH60 MNpejloXKeHHsI, a ero CBsi3b C APYTHMH, TO 3TO
npepnoxenne GyneM o6o3HauaTh ORHOW u3 6yks o, P, ... . 3anuce
a=>f o3HauaeT: «M3 NpelJOKeHHs & cjepyeT mpepnoxenue B». 3Ha-
koM a6 B GyRem o6o3HauaTb TOT (aKT, uTO NpeAJoXeHHs o H P
JKBUB&JIEHTHBI, T. €. U3 o ciaeayer f u us P caenyer a.

3amucr Vx€A: o 03HauaeT: «Isl BCSIKOro sneMenTa x€ A nmeer
MecTO TpejjoxeHHe a». CHMBOJ V Ha3bIBAETCSI KGAKMOPOM 6CE0OUYHOCITILL.

3anuch 3yE€B: B o3HauaeT: «cymecTByeT ajneMeHT yEB, A1 KoTo-
poro uMeeT MecTo mnpennoxerne f». CUMBOJ I HasbiBAeTCSH KEAHMOPOM
CYU4ECMBOBAHUA.

CumBon o OyaeM NOHHMMaTb KaK OmMpuyarue NpejJOXKeHHS O WM,
KCDOTKO, «HE Ol».

[TocTpoum oTpunaHue yTBepxaeHus Vx€ A: a.

Ecnin paHHoe yTBepxkJeHHE He HMeeT MecTa, TO NpeA/OMeHHe Q.
MMeeT MeCcTO He Aas Bcex x€ A, T. e. cyuecTByeT 3jaeMeHT xE€ A, pis
KOTOpOro o He uMeer Mecta: Vx€ A: a & Ix€ A: o. CosepiuieHHo aHa-
qoruuHo IyE€B: B & VyEB: f.

Takum o6pa3oM, YTOOBI ITOCTPOHTb OTpULAHME AAHHON JIOTHYEeCKOH
cdopmyabl, cofepxameidl 3HakH V M I, HeOOXOZUMO 3HaK V 3aMeHHTb
Ha 3, a 3HaK 3 Ha V M OTpHUaHHe (4epTy) MepeHeCTH Ha CBOHCTBO,
cTosillee mocie ABoeTouyHsi. Hanpumep, oTpHianue NpeioOXKeHHs

) IMVVxEA ()M
HUMeeT BHJ

IM V€A f(x)<M S VM k€A
F)<M & VM 3x€A: f(x) > M.
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§ 1.4. JleficTBUTeabHblE uYHCJA

[NonsiTHe uMcna sBAsieTCs] NMEPBHYHBIM M OCHOBHHIM B Ma-
TeMaTHKe. DTO INOHSITHE NPOILJIO NJIHTEJNbHBIH IyTh HCTOPH-
YecKOro pasBUTHSl. MHOXECTBO HATypaJsIbHbIX YHCEJ

N={1,2,3, ...,n, ...}

TIOSIBUJIOCH B CBSI3H CO CYETOM NpPEAMETOB. 3aTeM MOJ BIHS-
HHEM NOTpeGHOCTell MPAaKTHKH M Pa3BUTHSI CaMOi MaTeMaTHKH
OblTH BBeJleHHl LieJsible YHCJIa

Z={..., =3, —2, —1,0, 1,2 3, ...}

M panuoHaJbHbe YHCJA
Q={m/n}, rne m, n€Z, n0.

Jnsi OfHO3HAYHOCTH 3aNHCH PalMOHAJIBHOrO yHcsaa OyneM
CYHTaTh, YTO JApoOb m/n HecoKpatuma, eciud He OyneT Je-
JlaTbCSl OTOBOPKH Ha 3TOT CYeT.

BBezrenne pauuoHasbHBIX YHCEJ, OXHAKO, IOJHOCTbIO He
PeILNJIO BaXHOH NPAaKTHYECKOH 3ajaud 00 M3MepeHHH OTpes-
KOB. Bellb CyIIeCTBYIOT OTpPe3KH, IJIMHA KOTOPBIX HE SIBJISIETCS
panuoHaNbHBIM uHcJoM. IIpHMepOM MOXKeT CHYXHTb AHaro-
HaJb KBajpara, CTOpPOHa KOTOPOIo PaBHa eJUHHIE.

B cBg3u ¢ 3THM BO3HHKJA HEOOXOAMMOCTb BBELEHHS,
KpOMe PallHOHAJbHBIX YHCeJ, H IPYTHX YHCEN — UPPAYUOHANb-
Hotx. 11pon3BOJIbHBIE YHC/Ia— palUOHAJbHbIE HJH WP Paluo-
Ha/JIbHble — Ha3bIBAIOTCS  OelicmeumessHbiMU WA BEL4ECITIBEN-
Hoimy. MHOXKeCTBO JeHCTBHTENBHBIX 4YHCead 03503HAyaloT ye-
pe3 R. CymecTByloT pasnuuHble crocoObl BBeJeHHs (omnpese-
JIeHHs1) NeACTBUTENbHBIX yucea. Mbl ocTaHOBUMCS Ha cnocobe
npeicTaBieHHs] HX B BuJe OeCKOHEUHBIX JECATHYHBLIX ApOoOeH

a=+ a,, a,a,a,... . 1)

3nech a,—1Ienoe HeOTPHUATENbHOE YHCJO, Q,— JECATHUHbLIC
uudpsl. Takum o6pasoM, a, MOXKET NPHUHHMATb TOJNBKO OJHO
u3 snauenuit 0, 1, 2, ..., 9. 3Hak - vyacTto B 3THX 3amu-
CAX ONYCKAaIoT.

Yto6el MpeACTaBHTh HE PABHOE HYJIO PalHOHANbHOE YHCJIO
+m/n (m>0, n>0) B Buze necATHYHOH Jpobu, MPOU3BO-
JUM Mpouecc AeNeHHsl m Ha 7 10 U3BECTHOMY crocoly, KOTo-
poMy Hac y4W/H B LIKOLE:

m| n 2
Qyy Ay0,... .
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3ameTuM, 4TO €CAHM 3TOT choco6 NPUMEHHTb K Apyrofi
sanucu Apobu + mp/np=+m/n (p>0), TO NOJyYHM TOT
e peayJbTar.

ITonaraem

= 00,0100, ®

M npaByio 4acTb (3) HasbBaeM OecAmuuHbIM  PABNONCEHUEM
qucaa =+ mj/n.

Ecnn 3uamenaresib ApoGH uMeeT BUA n = 255¢, rue s, [ —
LeJIbie HEeOTPHIATeNbHbiE YHCJAA, TO Inpouecc (2) 3aKaH4H-
BAeTCS MOCJE KOHEYHOTO YHCJ/A ILIAaroB H MOJNYHaeTCsl KOHed-
Has Oecamuunas 0pobb

i’%__':l:&;,ar---am (@n>0). )

Koneunyio mecsiTuunyio Jpob6b Mbel OyaeM 3amHCHIBaTh
Takke B BHJIe GeCKOHEYHOH JpobH:

+a, Q.. Ay=+0aya;...ay00 ... =2ay a;...ay(0).

)

Ho monpsyioTest Takke M APYroil 3amUChiO:

0, Qe Q=0 A+ Ay, (ay—1)99. .. =
=0y, a5 ... Ay (ay—1) (9) (ay>0), (')

XOTSl OHa He BO3HUKaeT W3 mpouecca (2).
HrTak, UMEIT MecTo paBeHCTBa

00 . Ay=0,a; ... ay(0)=
=ckay, 0 . Ayy (ay—1) (9) (ay>0).

Hpobu *ag,a;...ay0) v Fay,a,...ay_,@y—1) )
MOTYT CJYXHUTb NpUMEpPaMH NepHopuyeckux ppobeit. [lepas
U3 HMX mocne UHppH ay umeer nepuox-0, a Bropas nocje
untps ay—1 nmeer nepmnon 9.

[lycTe Tenepb 3HaMeHaTesb Hawel ApPoOH He HMeET BHA
255!, Torpa npouecc (2) GeckoHeuHLIH—Ha Jil0GOM Lare Bo3-
HUKAeT MOJIOKHTE/bHbIA ocTaToK. KaKapl OCTaTOK MeHbIne 1,
¥ noToMy (mocjie TOro, Kak LH(Pbl YHCJA M CHECEHBI) yike
cpely MepBhIX 7 OCTaTKOB OKaXyTCcA NO KpaiHeii Mepe npa,
paBHble Mexay cofoi. Ho Kak TOJNbKO BO3HHMKAeT OCTaToK,
KOTOpEIM yxKe GBI Mpexkjie, NMPOLECC CTAHOBHTCS MOBTOPSIIO-
mumesi —nepuodudeckus. I1osTomMy AecATHYHOE pasiOKeHHe
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TPOH3BOJBHOTO PAIHOHAIbHOrO YHCJAa HMEeT BHJ
m .
:l:-;=;l;ao,ai...ambi...b,b1...bs...=
=ay, ;... 0y 0b;...by) s<n). (6)
Pasnoxenns (5) u (b') MoxHO paccMaTpuBaTh Kak 4YacT-
Hble caydan (6).
[MIpumeps:

1 1
+=0,166...=0,1(6), - =0,(142857),

% 0,22...=0,(2)
_ 7
55=0,0707.... =0,(07), *

7
555 = 0,00707..... =0,0(07).

Pasnoxenne Bupa (6) HaseiBaercsi Beckoneuroil Oecsmuy-
Hoti nepuoduyeckoti dpoboro.

Wrak, Kaxnoe He paBHOE HYJIO PalMOHAJbHOE YHCJIO
MOXHO PasJIOXHTb C NMOMOMbIO npouecca (2), a B cayuyae (4)
u npouecca (5)—B GeCKOHEUHYIO NeCSTHUHYIO NepHONUYECKYIO
Apobb ¢ mepuonoM, orauuHbM OT 9. Ilpu sToM MOXKHO HOKa-
3aTh, UTO PasHbIM PallHOHANBLHBIM YHCJIAM COOTBETCTBYIOT pas-
Hele GeCKOHeyHble NecsiTHYHbe pasnoxenus. Ho m obparHo:
mofas GeckoHeuHas nepuoanueckas Apobp (6), c mepuomom,
OTJIHYHEIM OT 9, NOpPOXKAAeTcsl NPH MOMOMIH YKasaHHHIX MPo-
ueccoB (2), (5) HEKOTOpPHIM palHOHAILHBIM YHCJOM, KOTOpOE
BbIYHC/IsieTCss 1o dopMmyae

i%: + [ao,af. . .am+%‘:—:—:—g—310-M].

3pecb Mbl no3posiuau cebe uepes B;...0, 1 9...9 0603-

s pas
HaYHTh 1EeJI0e YHCIO, 3allHCAaHHOE€ COOTBETCTBEHHO U.H(bpaMPl

By --» By 9, ..., 9.
N ———

s pas

Hanpuwmep,
1,237 (06) = 1,237 0,000 (06) =
— 1,237 + 31075 = 1,237 4 -5 .
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Kpome nepuosyuuecKHX MAECATHYHBIX ApOGed, CyllecT-
BylOT  Hemepuoxuueckue, Hanpumep  0,1010010001...;
0,121122111222. ..

Bor eme mnpumep: ecnaM H3BJEKaTh KOPEHb KBaAPaTHBIH
U3 2 1o U3BECTHOMY MPaBWIY, TO MOJYYHUM ONpejiesIeHHYIO
GECKOHEUHYIO HeTMepHOAHUYECKYio NeCSTHYHYI ApoSh )/ 2 =
=1,41... . OHa onpejgeseHa B TOM CMbICJIE, YTO JIIOGOMY
HaTypalbHOMY YHCJY %k COOTBETCTBYeT onpejesieHHas uudpa
a,, CTosllas Ha k-M MecTe TNocje 3ansiTofl ¥ ONHO3HAYHO
BbIUHCJ/IsieMass COIVIaCHO MpaBHJy H3BJIEYEHHS] KBaJpaTHOTO
KODHS.

Maremaruueckuii aHanu3 JaeT MHOIO NMyTeH BhIUHC/IEHHS
yucna w ¢ JoOOH Hamepel 3aJlaHHOH TOYHOCTbIO. DTO NpH-
BOAMT K BIOJIHE ONpeJeJeHHOMY GECKOHEYHOMY MAeCSATHYHOMY
Pa3/IOKEHHIO 5, KOTOPOE, Kak OKasblBaeTcs, He SIBJISIETCS
CMEelUaHHOH MNepPHOLHYECKOH AECATHYHOH ApOOBIO.

Hanum Tenepb onpelesieHHe HPPALHOHANBLHOIO YHCJIA,
noka 4ucTo ¢opmanbHoe. HppayuoHarbroim wuciom Hasbl-
saemcs npousgonbHas GecKoHeuHas Henepuoduueckas 0pobe

Q= 0,000« ., 8)
20e o, — yer0e Heompuyamevroe 4ucao, a o, (k=1,2,...)—
yugpel, 3HAK e POBEHCMBA <«=» 6bLPANCAem, 4mo Mol 000-
sHauuau npasyro wacme (8) 4epe3 a. Bnpouem, yno6HO roBo-
pUTb, YTO npaBas 4acTb (8) €cTb JECATHYHOE pPas3jOXKEHHe
qucaa a.

PayuonasibHele 1 UppayUOHaAbHblE HUCAQ HA3bIBAIOMCA
Oeticmeumenoroimy (UAU BEUYECMBEHHOIMIL) HUCIAMU.

M3 ckasaHHOrO CJEeLyeT, YTO 6CAKOe He pasHoe Hyao Oel-
CMBUMeAbHOe 4UCcA0 moscem Bbime 3anucano 6 eude GecKoHeu-
Hoii Oecamuunoti 0pobu (8). Ecau 0HO payuoHaibHOe, Mo e2o
Oecamuunoe pasaoxceHue ecmo OecKOHedHas nepuoduvecKas
Oecamuunas 0pobe. B npomuerom cay4ae, coeracHo Hawemy
onpedeseruro, evipascerue (8) camo onpedeasiem uppayuoHaLy-
HOe 4ucao.

He pasnas nymo decamuunan Opobb MOXKeT OBIThb KOHeu-
HOH, HO OHa He OmpeJeJisieT HOBOrO PAIHOHAJBLHOIO YMCJa:
B CMJIy COIVIalleHWil, BhIpaeHHHIX paseHcTBamu (5), (5'), oHa
MoxkeT ObITh 3aMeHeHa YKa3aHHBIMH B 3THX PaBEHCTBax OECKO-
HEUHBIMH TEPHOAUYECKHMH HPOOSMH.

Yucao a, 20e He 6ce O, PABHbL HYAKO, HA3LIBALMCA NOAOHCU-
MmeabHbIM  UAUL OMPUYAMENbHbIM B 3aBHCHMOCTH OT TOTO,
o6yner Ju B (8) ¢urypHpoBaTb «-+» HJAH «—>»; IPH 3TOM,
Kak 00blYHO, «-» OyleM omyckKarb.
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Yucao 0 Toxe MoxKeT OBITb 3anucaHoO (GECKOHEYHOH necs-
THYHOH JApPOObI0 OAHOrO M3 CJEAYIOIHX BHAOB:

0=+20,00...=0,00...=—0,00... .

HelicTBuTesIbHEIE YHKCAAa ONpeElesNeHb MOKa (OpMasbHO,
Hajo eme OnpejesuTh apudMeTHuecKue onepanuy Haj HHUMH,
BBECTH /11 HHMX MOHATHE «>»H INPOBEPUTb, YTO 3TH Ole-
palMH W TOHATHE «>>» COIVIACYIOTCA C YXKe HMeIOUMHCSA
COOTBETCTBYIOLIYIMH ONEPanMaMH U TOHATHEM «>» JJIS pPalHo-
HaJbHBIX YHCEJ, a TAKXKE YJOBJETBOPSIOT CBOHCTBaM, KOTO-
pble MBI NpeXbSBIsieM K 4YHCJaM.

§ 1.5. OnpepeneHne paBeHCTBA H HepaBeHCTBA

3amaguM 1Ba UYHCHAA Q= = 0(,0,0%,..., b=+ f,,5,8,...,
onpefesisieMbix OeCKOHEUHBIMH JEeCSTHYHBIMH ApOOSIMH, He
uMelouMu neproll 9. ByneMm cuHTarth, YTO OHH pPasHbl MEKAY
co6oit Toraa M TOJBKO TOrla, KOTHA HX 3HAaKH OJHHAKOBBI H

a=B, (k=0 1, 2, ...).

Ilycts a u b—nonoxurenbuble yucaa. Ilo ompepenenuro
a < b, unu, 4To BCe paBHO, b > a, ecan a, < P, HIH, ecaH
HalifieTcss TakKoW HHJIEKC (LeJloe HEeOTPHIaTe/NbHOE 4uCno) [,
yro a,=f, (=0, 1, ..., ) nw a;;, <B4,

[MopuepkHeM, YTO €CJAM MBI XOTHM CPaBHHMBaTb JECSATHY-
Hble ApoGH, OfHA M3 KOTOPHIX HMeeT nmepHoA 9, TO ee Halo
3aMeHHTb 1poObi0 ¢ mnepuHogoM O u 3areM YKe NMPHMEHHTb
yKa3aHHble NpaBHJia CPaBHEHHS.

ITo ompenenenuro a>0 unun a <0 B 3aBHCHMOCTH OY
Toro, Gyner JHM a TMOJIOKHTENbHBIM HJH OTPHUATENbHLIM;
Janee, 1o onpeaeneHuio a < b, ecan a <0, b> 0, win ecau
a, b<0 u |a|>|b]

Ecmn a=+4 ,,0,0,..., TO MO ONpeleleHHI0 —a =
=F &ty,0,0,... U AOCOJIOTHAsI BeJHUHHA |a|= + @y, Q,...=
= 0,,0,0,... . TaKUM 06pasoM,

a (@=0),
‘—al’:laI:{ —a (a<0)

Kax Mbl 3HaeM H3 IUKOJBHOTO Kypca MaTeMaTHKH, MeXLy
JIEHCTBUTEJIbHBIMM YMCJIaMH M TOYKAMH HEKOTOPOH MpsIMON
MOXHO YCTAHOBHUTb B3aHMHO OJHO3HAaYHOE COOTBETCTBUE (<)
no caenyiomemy npasuny. Yucay O nmpHBOmHTCS B COOTBET-
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cTBHE npousBoJibHAst Toyka O Ha nmpsaMoH, HashiBaeMas HyJe-
BOM TOUKOH, W HaoGopoT. [JuHA HEKOTOPOro OTpe3Ka MpH-
HUMaeTcsi 3a eAMHHLY. KaxAoMy JeHACTBUTEJIbHOMY YHCJY
s+ a (a>0) npuBomuTCA B COOTBETCTBHE TOYKA l'I“pilMOﬁ,

' OTCTOSIAsE OT HYJIEBOH TOY-

-4 A S KA Ha PacCTOSIHMH, PABHOM 4@,
4 g A 4 cnpasa or Touku O pjsi 4H-
Prc. 5 cia -+a u caesa or Touku O

nasi yucaa —a (puc. 5). Ha-

obopor, ecau A—mnpou3BoJib-
Hasi TOYKa MPsIMOH, HaXOAfWIAsiCi Ha PacCTOSIHMH @ ClpaBa
or U, TO CYMTAIOT, YTO OHA COOTBETCTBYET JEHCTBHTEIbHOMY
ukcay -+a (GeckOHeuyHOH HecsiThyHOM JApo6u). Ecmu ke
TOUKa A HaXOAHUTCA CJieBa OT TOYKH O, TO OHa COOTBETCT-
ByeT yucay—a. PaccmarpuBaemyio npsimyio OyneM HaskBaTh
qucaogotl npamoti UM OeiicmgumenvHoll oceto. B nanbHedinieM
TOYKH UHCJIOBOH NPSAMOH OyJeM OTOXKJECTBIAATH C HEHCTBH-
TeJbHBIMH YMCJ/IaMH, KOTOPBIE UM COOTBETCTBYIOT, T. €. CaMH
ToukH OyaeM HasbiBaTh COOTBETCTBYOmUMH uucaamu. Otme-
THM, YTO DAacCTOSIHMe MEeXAy TOdKaMu a u b paBHO |a—b|
(onpenesnenve passHoctd cMm. § 1.6).

§ 1.6. Onpenenenne apupMeTHYeCKHX NeHCTBHIA

1.6.1. O6mue coo6paxenus. [ns neAcTBUTENbHBIX
YHCeJ MOXKHO ONpelesuTh apupmeTHueckue HeHCTBUS— CJIO-
K€HHe, BbUHTAHHE, YMHOXKeHHe U JeseHue. Kak 310 penaercs,
MOXHO Y3HaTb U3 NPHBOJMMBLIX HIDKe MeJIKUM IpudToM pac-
cyxaenuii. Uurarenb, KoTopblfi HafileT HYXHBHIM IO3HAKO-
MHTBCSl C 3THMH DacCyXJeHusIMH, YBHIHUT, YTO apH(MeTHye-
cKHe JIeHCTBUsI Haj GecKOHeuHBIMH ApoOGsiMU CONpSIKEHEHI ¢ He-
00XOZMMOCTBIO COBEpIIATh HEKOTOPble GeCKOHEUHbIE MPOLIECCHL.
Ha ‘npaktuke apudpMeTnueckue nedcTeus Haj AeHCTBUTEIbHBIMU
yucJaaMH MPOU3BOASATCS MPHOJHKEHHO.

Ha stoM nytd BO3MOXHH H (pOopMajibHBIE ONpeJe/eHHs
atux JeficrBuii. O6 stoM Gyaer unth peus B § 1.8.

B cnenyromem nmaparpage nepeuxc/asiioTcsl CBOHCTBA Jei-
CTBUTEJILHBIX UHCEJI, BHITEKAIOLIHE M3 CHEJaHHBIX ONpeJe/ieH .
Mnl ¢popmynupyem std cBoiictBa. Mx MoxHO A0KasaTb, HO
Mbl JIOKasblBaeM HX JIMIIb B OTAEJbHBIX cJydasix (nosiHoe
JI0Ka3aTeNbCTBO CM., nanpumep, B yueGHuke C. M. Hukomb-
cKoro «Maremaruueckuii aHanus», 1. I, 1. 2). 3tH cBoficTsa
co6pansl B nsite rpynn (I—V). [lepsrie Tpu W3 HUX colepmar
3/leMeHTapHbe CBOACTBA, KOTOPHIMH Mbl PYKOBOACTBYEMCS IIDH
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apudMervyecKrnX BBHIYHC/IEHHAX H pelueHUH HepaBeHcTB. [ pym-
na IV cocrasnsier ogHo cBoiicTBo (Apxumena). Hakouern, rpyn-
nma V Takxe COCTOHT M3 OJHOrO CBOHCTBAa. DTO CBOHCTBO
¢dopmyupyetTcst Ha ssblke npepenoB. OHo GyneTr KoKasaHO, HO
no3xe—sB § 2.5.

1.6.2. Cra6unusupymomuecs nNocjaeloBaTeNb
HocTH. [lycTh KaKIOMy HEOTPHIATENBLHOMY LEJIOMY YHCJY
(undexcy) n B CHJIy HEKOTOPOrO 33aKOHA NPHBELEHO B COOT-
BeTcTBHe uHC/O x,. COBOKYNHOCTD

Koy Xgy Xgp oo h
HasbiBaeTcsi nocaedosamenvHocmoto (uucen). OTlenbHble YHCIa
X, nocjenoBarenbHOCTH (1) HasbBalOTCs ee azemermamu. die-
MeHTHl X, W X, NPH mM=~=n CUHTAIOTCS OTJIHYHBIMH Kak 3Je-
MEHTHl MOCJIeOBAaTe/bHOCTH, XOTS He MCKJIOUeHO, Y4TO Kak
4yHCJIa OHM DPABHBI MexAy cofoh (x,=x,).

Ilocaedosamensrocme HasbiBaeTcsl HeyboBarowel (Hesospac-
marowiel), €Clnu X, << Xppq (Xy == Xp4q,) A8 Bcex k=0, 1,

) e

Bynem rosoputbh, uTo nocaedosamenvrocme (1) oeparuuena
ceepxy (wucaom M), ecam cymectByer uucio M Takoe, 4TO
<M ans pcex k=0,1, 2, ... .

ITocaedosamensvrocme (1) ozpanuuena cHusy (uucaiom m),
€cJIM CYILIECTBYET YHCJIO /M Takoe, 4YTO X, _>m JAJs BCeX
k=0,1,2, ... .

Ecaun uucna x, mocnenosarenbHoctd (1) nesnwle, To Gyaem
rOBOPHTb, YTO OHA cmabuausupyemcs X uucay §, ecqau Hall-
IeTcs Takoe R,y 4TO X, =§ AJIs Bcex k > k,, ¥ NHCaTh x, —

Jlemma 1. Ecau nocaedosamenbHocme yeavlx Heompuua-
meabHoLX quces He ybbisaem U 02pAHUYEHA CBEPXY HUCAOM
M, mo ona cmabuiusupyemcs K HEKOMOPOMY UYeAOMY HUCAY

ESM.

HNokasaTteabcTBo. XOTS KOJHYECTBO 3JEMEHTOB Yy Haei
NOCJ/Ie/I0BaTeIbHOCTH GECKOHEeUHO, HO OHa NpOGeraeT KOHEeuHO0e YHCJIO
uenbix yucesa. Beap 3TH uyucaa He npepbmator M. Ilycts § — HauGoss-
wee cpesn 3THX uHcen. Takum ofpasoM, E<<M wu cyuecTByeT Takoe
HaTypaJibHOe S, TMpH KOTopoM xg=E&. Ho Hama mocsiexnoBaTenbHOCTH He
yGbIBaeT, H NOTOMY Xp=Xg AJs BCeX B==s, T. e. Hala MOCJefOBaTe/b-
HOCTb cTabuamsupyercs x uneay & (x, 3 E<< M).

PaccmMoTpuM Tenepb MOC/IeOBaTeNIbHOCTh HEOTPHIUATENBHBIX Jecs-
THYHBIX JpoGeli (TOJLKO KOHEUHBIX WJIH TOJBKO GECKOHEYHEBIX):

a3 = Qg0,%y1 Xg2%13e « ¢,
Qg = Olgg, Qo1 Xoolog: oo,

@

a3 = Q39,X31%X32%33 + «

IlpaBrie dacT B (2) o6pa3yloT TaGaMLy (OeckoHednyro mampuyy).
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Bynem roBoputh, 4To nociedosamenstocme (2) cmabuau-
3upyemca K 4ucay a=9vy,y;ys- -, 4 NUCATh

a,=3a, )

ecau k-ti cmoabey mabauyor (2) cmabuausupyemes K Yy,
Kakogo Obt Hu Obiio k=0, 1, 2, ..., T. e. ag,=3y, A4
J060r0 (PHKCHPOBAHHOTO R.

Jlemma 2. Ecau eybowatowjas nocaedosamessrocme (2)
Cecamuunblx Opobeli (MOAbKO KOHeuHbIX uau NoabKo 6ecKo-
Heurblx) oOeparuuera ceepxy uucrom M, mo oHna 3agedomo
cmabuausupyemes K HEKOMopomy wucay a, yoogaiemsopsarouwemy
HepaseHcmeam

a,<a<M =12 ...). “)

B caMoM nesie, B YCJOBHSX JIEMMBl LieJIble SHCJA HYJEBOTO CToJ6na
MaTpuubl (2)

Takxe He YGHIBAIOT M OTrpaHMuYeHBl CBepxXy uucaoM M, mnostomy, co-
TJIaCHO JieMMe 1, OHH CTaGHJIM3HPYIOTCS K HEKOTODOMY LIeJIOMy HeOTpH-
uaTeJbHOMY YHCAY Yo<< M. IlycTb 3Ta cTaGuiaH3auus HMeeT MeCTO, Ha-
YHHAfl C HOMepa Mg, T. €. Ap="%¢,%n10%n2.-- < M, n=n,.
JlokaxeMm Tenepb, UTO NepBhil cTonGen B (2)
(T
Qa1
551
Takxe CTaGHIH3UpyeTCs K HEKOTOpOH UH(ppe y; H HMeeT MecTO Hepa-
BEHCTBO :
Yo1 <M.
B camom fene, pa3 AecATHYHbIE Pas3NONKEHHS YHCEN Q, NpH N==n,
MMEIOT BHJA
V0,%n1%nolng. o« <M (n==ny)
M, KpOMe TOro, 4, He YGHIBaeT, TO NJs YKa3aHHBIX 7 LUHDPH NEpBOro
croabua o,; (<<9) Toxe He y6HIBaIOT H, CJELOBaTelbHO, IO JeMMe |
CTaGUIN3HPYIOTCA K HeKoTopo# uudpe y;. IlycTb 3Ta BTOpas CTaGHaH-
SallMs HAacTyNaeT, HaYWHas C HOMepa ny > Mg, T. €. NpH N =ny

@ ="0,V1%n2%ns. - » < M.
l'lpﬂ 3TOM OY€BHAHO, YTO
Yon1<a,<M (n=n).

Paccyxpas Tenepp 1m0 HHIYKUHH, JONYCTHM, YTO YXKe JAOKa3aHo,
9TO CTOJOUB MaTPHUH (2) C HOMepaMH, He MNpEBHILIAIOINMH k, CTaGH-
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JIN3HPYIOTCSI COOTBETCTBEHHO K Yo, Y1, +++» Y& H
VooV1 oo Ve<M  (vi, «.., Ve—uudpH). ®)

Joxkaxem, uto (k--1)-#t cTosnGen B (2) TakKe CTaGHJIM3HpyeTCA K He-
KOTOpo#i HHppe Yp43 H HMEET MECTO HepaBeHCTBO

. YosV1 - -+ VeVe+1<< M. ©)
B camoM jiene, pa3 ARCATHUHBIE DA3JIOXKEHHS YHCEN @, NMPH n>=np
UMEIOT BHJ
Ap="o,Vi +++ V&%n, k+1%n, p+2 -+ <M
H, KpOMe TOro, a, He yGblBaeT, TO AJs YKa3aHHHX 7 UHODHl O, pii
(<< 9) He y6HIBalOT H, CJIef0OBaTeJbHO, CTaGHIH3UPYIOTCS NPH N =g 1,
IAe Npyq AOCTaTOUHO BEJHKO, K HEKOTOpoi#l uuppe Yp4i. [IpH aTOM
OYEBHAHO, UTO
VoVicer Ver1<<ap <M (n=npyy),
H MBI 10Ka3auu HepaBeHCTBO (6). ITosoxkuM a@a=1v,,y1Y2 - «+ . OueBHAHO,
4TO ap = @="Yq,V1V2- - - -
Ioxkaxem mepBoe HepaBeHCTBO (4). CpaBHHM uHCJHa
An=0p0,%n1%no®Eng.
a="%0,V1V2¥3:+- -
Ecan Bce COOTBETCTBYIOHE KOMMOHEHTH OGOHX PasJIOXKEHHiH paBHHI

@ns=7vs, s=0, 1, 2, ...), T0O a;=a. B npoTHBHOM CJIyuae NpH HEKO-
TOPOM §
anj"_‘YI (j=0’ l, "‘13_1),} (7)
Qns < Vs

Ipu stom, ecnin s=0, To paBenctsa B (7) Hajo omycTuTb. [Ipu pac-
CMaTpHBaeMOM 1 uHcia On;=9y; (j=0, 1, ..., s—1) yxe craGunusu-
pOBaHbl, MO3TOMY

Op << 0pg,Opy. - Oy, s—1 (Cps+1)=
=Y0,¥1++ - Vs—1 (Cns+ 1) <y0,¥i. - Vs-1Vs <0,
H MHl JOKa3aJH NepBoe HepaBeHCTBO (4).
Ocraercst loka3aTb BTOopoe HepaBeHcTBO (4). Ecam a=1vg,v1...yN—

1.-
KOHeYHasl JecsiTHYHast Apo6b, TO oHO cjenyeT u3 (5) mpu k=N. Ilyctb
Tenepb

a="%0,Y1¥2- - - ®
— GeckoHeuHasi JecsiTHYHast IpoGb. PasnoxuM uyncio M Toxke B Gecko-
HeyHylo Jpo6b M =my,mym,... . Ecau nonycTuTb, 4TO NOKa3biBaeMoe
HepaBeHCTBO HeBepHO, TO HafifeTcss Takoe k, 4TO
vj=m; i=0,1, ..., k—l),} o)
Ve > Mg.

Ecan k=0, To paBenctBa B (9) onyckatorcs. Tak kKak pasnoxenue (8)
GeCKOHeYHO, TO HaliieTcss TAKoe S, 4TO Yi4+s > 0. IToatomy

VosVice e Ve~1Vk =+« Vet s>V0sV1 - Ve—1Ve=1MosMy o o Mp_1Vp =
=mg,my ... Mp—_y (Mp+1)=mg,my ... mp_ymp99... =
- = my,mymg... =M,

H MOJIYYHJIOCh NPOTHBOpeYHe C HepaBeHCTBOM (5).
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1.63. Onpenenenne apupMeTHUEeCKHX fReNcTBHA.
Tenepr y Hac ecTb BOSMOXHOCTb AaTb OTpeNleNeHHe apH(MeETHUeCKHX
IeHCTBUH Haj NeACTBHTENBHBEIMH YHCJAMH.

Ilns npoHM3BOJNILHOIO YHCJA Q==0,0;Cly... BBENEM €ro n-1o Cpesky
a®) =o0,0 ... &, —KOHeUHYI0 IeciTHUHYIO Apo6b. Mul cuuTaeM, uTO
OMEpalnH C KOHEYHHIMH JECSTHYHBIMH JPOGSMH YHTATeI0 M3BECTHHI

3ananum ABa TOJIOXKHUTENBHBIX YHCJa

a=0,0%..., b=Pg,B:1f,...,

pa3sioXkeHHBle B GEeCKOHEUHHIE JeCsITHYHbIE 11p06H. BeegeM mnocienosa-
TeJAbHOCTb 4YHCEeN

A b = a0+t G +Bos Breee Ba=A0" M7 .o A
(n=1, 2, ...).

OueBngHo, 3Ta MOC/TEZOBaTeJbHOCTh He yGHIBaeT, KpOMe TOTrO, OHa Orpa-
HHYeHa CBepXy:

dM bM< @+ D+ Bo+1)  (n=1,2,...)

Ho Torpa Ha ocHOBaHMH JieMMBI 2 IecSITHUHBIE DPa3JOXKeHHs Hawed Mo-
CIEAOBaTEbHOCTH CTaGH/IH3HPYIOTCS K HEKOTOPOH JeCATHYHOH Rpo6H —

NeACTBHTENIbHOMY YHCIAY —7Yo,V1V2-++ « DTO YHCJO H Ha3biBaeTCs MO onpe-
NeJIeHHI0 cymmoll uucea a w b:

a+b=",7172+ ¢+ -

Hrak, Mbl onpenensieM cymmy a-+b Kak 4HC/IO, K KOTOpOMY CTa-
6ususnpyercs a® - bn):

a4 b =3 a4 b. (10)

UTo6E onpepesuTh MpOM3BeleHHEe MOJIOXKHTEJNBHEIX 4YHCen a H b,
BBOLHM Cpe3KY

(@mpmw)m =pd® pf® L p® (an

— KOHeyHylo jecsiTHYHyl0 ApoGb. IlocnegoBaTe/bHOCTD 3THX Cpe3OK,
OYeBHIHO, He yGuiBaeT (NIpPH BO3pacTaHHMH nl) W orpaHHuyeHa CBepXxy:

(ampmym < (g 1) Bo+1) (n=1,2, ...).

[TosTomy no semme 2 Beipaxenue (11) crabuausupyercs K HEKOTOPOMY
YHCJy, KOTOpOe H HashlBaeTcsi npoussederuem ab:

(atmpm)n) =3 b,
OrtMeTHM HepaBeHCTBa
A =0, 0 + 1Oy €T 0, 0lpeesOpees & Qy,0ye @y 99,.0 =
=0, 0fes.Apay (an+ l) =0, %i. . -an+ lo-nv

am <a<< a(ﬂ).l. 10—-7,

Bennuuna o™ npubiauxkaercss K a (MpH BO3pacTaHHH n), He yOhIBasi.
Yto xe Kkacaercd BeJHUHHH a®-}-10—7, To oHa mnpubanxKaercs K a,
He BO3pacTas:
a4 10=7 =0,0q. . . @99 ¢ 0 = 0,810« s UpQp +199. .. =

=qn+D 4 |0-+D,

370 06cTOATENBCTBO GYyNET HCMOJB3OBAHO NpH onpeneneﬂﬂu pasHo-
CTH ¥ YaCTHOTO MOJIOXHTENbHHX YHCE.

T. €.
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Ecan a > b > 0, To pasnocms a—b onpefensieTcs Kak AecATHYHAs
Apo6b (YHCJI0), K KOTOPOH cTaGHIM3HpYeTCs MOC/AeA0BaTeNbHOCTh KOHeY-
HBIX JECATHYHBIX JpoGeii:

am — (bm)+10=7) =3 (a—b); 12

ectn a, b > 0, To wacmnoe a/b onpejensieTcs Kak JeCATHYHas Apolb,
K KOTOpOH CTa6u/NM3HpYyeTcsl INOCJef0BaTeJbHOCTh KOHEUHHX Ipobefi:

an (n) a
(w¥1om) =% 1)

Hago yuects, uTo a'® npu BospacTaHmu n He yGuiEaet, a b("4-10-7
He BO3pacTaeT, W NMOTOMy BhIpaxkeHHs cieBa B (12), (13) He yGmiBaloT.
Kpome Toro, oHH orpaHHueHbl CBepXy:

am — (6 +10-") < ag+-1,
( .a(n) (n)< o1 ,
bm 4 10=n Bo,B1. . Bs
rae s Takopo, uTo Bg > 0. ITosToMy mno Jemme 2 Bhlpa)KeHHs1 CleBa

B (12) n (13) nefictBHUTeNbHO CTaGHAM3HPYIOTCS.
Tlomoxum eme

0+a=a + 0=aq, a~0:=0=a—-a=% (@a=0, b >0). (14)

Mul ompenesnnan 1151 HEOTPHUATENbHEIX YHcea a, b HX CyMMy, pas-
HOCTb, TIPOM3BeJ€HHe W YacTHoe, NpeAnoJarad B clAydyae PasHOCTH, YTO
a==b, u B cayyae yacTHOro, uto b > 0. DTH onpejeseHus pacnpocTpa-
HSAIOTC OGBIYHBIMH CNMOCOGAMH Ha YHCJa a U b NpOu3BOJILHBIX 3HAKOB.

Hanpumep, ecnn a, b<<0, To nonaraem a-+b=b-+a=— (Ja|+|bl).
Ecan xe a M b—uncna pasHbIX 3HaKOB H |a|==]|b]|, TO nosaraem
a+b=b+a=4 (la|—|b|), rae BeGupaeTcs 3HaK, OAMHaKOBBIH CO
sHakoM a. B uacTHocTH, HMeeT MecTo

a+(—a)=0

s aieboro a.

ITonoGHble mpaBuTa MOXKHO 6bIIO 6Bl NPHBECTH A  OCTaJbHBIX
apHOMeTHYEeCKHX AEeHCTBUH, HO B 3TOM HeT HeOGXOAHMOCTH— OHH XOpO-
IO W3BECTHBI H3 Kypca aJjre6pHl.

§ 1.7. OcHoBHBIE CBOHCTBA AEHCTBHTEJNbHBIX HHCEN

1. CpoificTBa nmopsijaKa.
I,. Hasi xaxpoit napsl AEHCTBUTENbHBIX YHCeT @ H b
HMeeT MeCTO OAHO M TOJIbKO OJHO COOTHOIEHHE:

a=b, a>b, a<hb.
I,. U3 a<b u b<c creayer a < ¢ (TpaH3UTHBHOE CBOM-

CTBO 3HaKa «<»).
I;. Ecau a < b, To Hafizercs: Takoe YHCIIO ¢, UuTO a < ¢ < b.
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II. CBoficTBa gmefCcTBHUN CJOOXKEHHST H BHUH-
TaHHUA.

II,. a4+b=>b+a (nepemecTnTe/NBHOE HJIN KOMMYTaTHBHOE
CBOHCTBO).

I1,. (a4b)+c=a-+4(b+c) (couerarenpHoe UM accouua-
THBHOE CBOHCTBO).

Il,. a+0=a.

II,. a4+ (—a)=0.

II,. 3 a < b cnepyer, uto a-4c < b+c¢ pas moboro c.

Unesno a-+(—b) ecrecTBEHHO Has3BaTb pPasHOCTbiO a—b,
T. €. nucatb a—b=a+ (—b), noromy uto, ecau ero aoba-
BUTb K b, TO moJyuyum a:

[a+(—b)]+b=a+[(—b)+b]=a+0=a.

M3 mnpuBeseHHbIX CBOHCTB JIETKO CJIEAYET, YTO PasHOCTh
eIMHCTBeHHA. MOXHO 10Ka3aTb, YTO TaK OnpejeseHHas pas-
HOCTb COBMAJaeT C Pa3HOCTHIO, onpelesieHHol (opmynoit (12)

1.6

III. CBoiicTBa peificTBHA yMHOXEHHS H Je-
JEeHU .

I11;. ab=ba (mepeMecTuTe/JLHOE HJIH KOMMYTaTHBHOE
CBOHCTBO).

II1,. (ab)c=a(bc) (coueraTesbHOE HJH accCOLHaTHBHOE
CBOJCTBO).

I11,. a-1=a.

111, a-~=1 (a0).

II1;. (a+b)c=ac+bc (pacnpenenTebHbI HIH AUCTPH-
OGyTHBHBI 3aKOH).
II1,. 3 a < b, ¢ >0 cnenyer ac < be.

1 a
Yucno a5 (b=0) ecrecTBEHHO Ha3BaTh YaCTHHIM 5

1
(%=a~—b-), MOTOMY 4YTO, €CJH €ro YMHOXHTb Ha b, TO

NOJIyYuM a:
1 1 -1
(aF) b__a (?b) =q (b—g) —a'l =a.

M3 npuBeneHHBIX CBOHCTB JIETKO CJEIYeT, YTO YacTHOe
OT JieNleHHs a Ha b eauHCTBEHHO. MOXKHO JI0Kas3aTh, YTO TaK
ONpeJIeIEeHHOE YacTHOEe COBMAJaeT C YacTHBbIM, ONpPEAE/CHHBIM
dopmyaoi (13) § 1.6.

IV. ApxumegoBo cBoiicTBo. KakoBo Gbl HH OBLIO

ypcao ¢ > 0, cymectsyer HarypassHoe n > c. B camom jaene,
€C/IU € = 0ly,0,0lg . .., TO MOXKHO B3STb =0+ 2.
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M3 apxumenoBa cBOHCTBAa M HEKOTOPHIX MPEeABIAYIIHX
CBONCTB CJIelyeT, 4TO, KAaKOBO OBl HH OBLIO MOJIOXKHTENbHOE
YHCJIO €, BCerja MOXKHO YKas3aThb Takoe HaTypajbHOe 7, YTO

1
BBbIIIOJIHAETCS HEDPABEHCTBO w <L &.

B camom gene, cormacuo IV gms umcena 1/e MoxHO yKa-
3aTh HaTypajbHOe n Takoe, urto l/e <n, uro B cuay III;
BJIEYET HY>KHOE HEepaBeHCTBO.

3ameruMm, uTO masa jgaHHoro uucaa ¢>=0 B psapy O, 1,
2, ... UeNBIX HEOTPHULATEJbHBIX YHCENJ, OYEBHUIHO, HMEercs
€UHCTBEHHOE M1, MJIsi KOTOPOro BBINOJIHSIOTCS HEepaBeHCTBA
m<c<m+l.

Cso#ictBo V. Ecau nocredosamensbHocms Oelicreumens-
HbIX qucer a;, Q,, Qg, ... He yOuisaem u O2paHuvena ceepxy
wucarom M (a, < M), mo cywecmsyem 4ucro a << M, K komo-
poMy Ima nocaedo8amenbHOCMb CMpPeMUmcs KaK K C80emy
npedeay:

lim a,=a<<M.

n—ow

310 3HAYHUT, YTO JJIsl BCSIKOrO KaK YTrOAHO MaJjoro noJo-
JUTeNbHOro umcjaa &> 0 Hafijercsi HaTypasJbHOE YHCJIO A,
Takoe, 4TO

la—a,|=a—a, < & nasa Bcex n > n,.

JokasartenbcTBo cBoiicTBa V Mbl He Gy/leM CUHTaTb 00S3aTeNbHbLIM,
HO OHO mpHBefeHo (cM. Aajee § 2.5, Teopema 1). Kak Mbl yBHIuM, cBOI-
ctBo V ecTb HemocpeAcTBEHHOe caeAcTBHe JeMMbl 2 § 1.6, B koTopo#,
B YaCTHOCTH, YTBepPXKJaJOChb, YTO HeyObIBalollas OrpaHHYeHHasi CBEPXY
uucjoM M nocienoBaTeNbHOCTb GeCKOHEUHBIX AECSTHUHBIX Apobeil crabu-
JIM3HpYeTC K HeKOTOpOH AecsiTHYHOH ApobH a << M (a, —3 a).

Jeno B TOM, 4TO M3 TOro, 4TO @, CTaGHJAH3UpyeTcd K a, CJEAyeT,
4TO a, CTPEMHTCS K a KaK K CBoeMy Mpeesy.

§ 1.8. AkcnomaTHuyeckHH nopxop
K MOHSATHIO JEHCTBHTEJLHOIO YHC]A

Mbl HasBanu GeCKOHEYHBbE MACCATHUHBIE APOOH JeHCTBHU-
TeJIbHBIMH YHCJaMH, BBeNH sl HuX noHsitus 0, 1, >, =1
apudMeTHYeCKHe onepauuu, ¥ cHopMyJHPOBaJH HX OCHOBHBIE
cBoiictBa | —V, KoTopbie MOryT OhITb JOKa3aHHI.

HyxHo ckasars, uto cBoiictBa I —V nonoGpaHbl 3KOHOMHO
H [OJIHO, HACTOJIbKO, YTO M3 HHX MOXHO NOJYYHTb JIOTHUYECKH
BCE OCTajIbHble CBOHCTBA YHCEJI.

CyliecTByeT akCHOMAaTHYeCKHH UONXOJL K ONpejeeHHIo
JEACTBUTE/NbHOIO YHCJa, 3aKJIIOYaloWuiAcs B TOM, 4YTO AeHcCT-
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BHTEJbHBIMH UHCJIAMH HashIBAlOTCS HEKOTOPHle OOBEKTH (Be-
wH) a, b, ¢, . ., yrosaersopsioue cpoficteaMm |—V. Ilpn
TakoM noaxoxe cBoiictBa I—V HasbiBaercs axcuomamu
qucaq.

[Ipu axcuoMaTHdecKkoM nojxone (OPMYJHPOBKH CBOHCTB
(Teriepb aKCHOM) IOJRKHEI ObITb HECKOJBKO BHIOW3MEHEHHI.
Axcrombl 11 Temeppb yxe ¢opMysnupyioTcs Tak: Kaxzof mape
uucesl B CHJIy HEKOTOPOro 3aKOHA COOTBETCTBYET HHCJIO a b,
Ha3plBaemMoe MX CYMMOH, NPH 3TOM BBINOJHSIOTCS aKCHOMBI
1T, —1II;. Akcuoma 11, nomkHa ObiTh chopMysIHpOBaHa B BHAE:
cymectByeT yucao O (Hysib) Takoe, uto a -+ 0=a nns Beex a.
Axcuoma 11, dopmynupyercs Tak: A Jo6oro 4uciaa a
CYIIECTBYET 4YHCJO, 0G03HayaeMoe uYepe3 —a Takoe, YTO
4+ (—a)=0. Hakonen, akcuoma III, npunHumMaer BHI:
cvilecTByeT uucao 1 (eaunuua), otamuxoe ot 0, Takoe, 4TO
a-1=a pas Bcex a.

O603HauuM uepe3 R MHOXECTBO BCeX JAeHCTBUTEbHBIX
yHces, T. €. BCeX Bellell, MOAUHMHsA0OmHXCS akcuomMam [—V.
Torna B R wumeercs uynp 0 u eaununa 1. C momoupio
aKCHOM MOXKHO JoKasath, uTo 0 <1 U HUMEIOT CMBICA YHCia
2=141, 3=2+1,....u uncma —I1, —2, —3, .
B pesysabraTe nosyyMM MHOXKECTBO BCEX LEJBIX YHcesa (pas-
JMUUHBIX MKy co0o#!)

veey —2, —1, 0, 1,2, ...,

Ha ocHOBaHHM aKCHOM 3TH YHCJAa MOXHO JeJHTb APYT
Ha gpyra, wuckmouas genenne Ha 0. ITostomy B R ecTsb
pauuMoHanbHble uYHcaa 4+ m/n=-+mp/np (n>0, m=0,
p=0). Ho Torna B R uMeloTcsi Takxke M KOHEYHbIE Jecs-
THYHBIE JApoOW. M3 mocseiHuX MOXKHO TCCTPOMTb OrpaHH-
yeHHBIE CBEPXY HeyOhlBalollMe mocJenoBaresibHocTH. Ha ocHo-
BaHMM akcHoMbl V B R J0/KHBI CyliecTBOBaTh Npeesisl TakuX
nocyejnosaresbHoctefl. Hekoropre M3 sTHX npenesoB He siB-
JAIOTCS  KOHEYHLIMH JeCSTHYHBIMH JpoOSMH—S3TO UHCJA,
OTJINUHblE OT KOHEYHBIX JecsiTHUHBIX papoGeli. Mx ygno6HO
34MHCBIBATh B BUJE OSCKOHEUHHIX AECATHYHBIX ApoGeli. B pe-
3yJIbTaTeé OT aKCHOM C MOMOIIBIO JIOTHYECKHX DaccyxXAeHHH
MOXKHO NPHHTH K 6ECKOHEYHBIM JeCATHYHbIM Jpobsm. KoHeuHo,
Mbl 3JieCL, TIPHBEJNH TOJBKO CXEMY paccyxAeHull, KoTopas He
npeTeHayeT Ha J0Ka3aTeJbCTBO.

Vi3 ckasanHoro cienyer, 4to ¢ (opMasbHOH TOYKH 3pe-
HIY BCe PaBHO, MCXOAMM JIH Mbl NPH OMNpeNeJeHHH AeHCTBH-
TEJNbHBIX UHCeN M3 OECKOHEUHBIX JECATHUHBIX ApoOelt MM U3
aKCHOMaTHYeCKOro Moaxoja.
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Koneuno, ¢ ¢unocodckoll TOUKH 3peHUs BTOPOH MOLXOX
GoJlee mpueMJIeM: YHCJIA CYyTh aOGCTPAKILHH, BbIPaXKaloOLLINe KOMH-
HeCTBEHHBIE OTHOLIEHHS peajibHOTO MHpa, a JecATHUYHEE ApOo-
61 —opMasbHEIE CHMBOJIB, HX MpENCTaBJsSIoLLHe.

§ 1.9. Hepasenctsa ajs aGCOMOTHBIX BEJHYHH

Hepagencrso
lal<e M
5KBHBAJIEHTHO IBYM HeDaBeHCTBaM
—e<La<le, 1"
Orciona HepaBeHCTBO
la—b|<e @)
SKBHBAJIEHTHO HEPaBEHCTBaM
b—e<a<bte. 2"
AHalOrHYHO HepaBeHCTBO
la—b|<e ®)
SKBHMBAJIEHTHO HEPaBEHCTBaM
b—ea<b+te.
CnpaBeJiHBBl TaKKe HEPaBEHCTBA
la+bo|<|a|+]b], (4)
la—b|=||a|—]|b]|- (8)

HepaseHcTBO (4) MOXKHO MNOJY4YHThb, PACcCMOTPEB OTAENLHO
uerhipe caydasi: 1) a, 6>=0, 2) a, <0, 3) a<<0<L),
4) b<<0<Ca. Hanpumep, B cayuae 2)
a+b<<b0, |a+b|=—(@a+b)=—a—b=|a]|+]|b|,
a B cayyae 3), ecqM IOMYCTHTb, yTO |b|>|al,
la+b|=b+a<|a|+]b].

Cayuvait 3) npu jponymenun |b|<C|a| uuratenp pasbeper
caM, Tak xe, Kak cayua# 1). Cayuait 4) csoauTcst K cay-
vaio 3). Hanee, B cuy (4)
la|<|b]+|a—b], |b]|<|a|+|a—b],
T. €.
la|—la—b|<|b|<|a|+|a—b],

HO Toraa BepHO (H).
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§ 1.10. OTpe3ok, HHTepBaJ, OrpaHHYCHHOE MHOKECTBO

[lycTh unucna (TOYKH) @ W b yZOBNETBOPSIOT HEPABEHCTBY
a<b.

MuoxecTBO uHcen X, YHOBJETBOPSIOUUX HEPaBEeHCTBAM
a < x< b, Ha3bBaeTcsl ompe3kom (C KOHUAMH a, b) uiu cee-
menmom U obosHayaercs Tak: [a, b].

MHoxecTBo u9Hcen X, YHOBJETBOPSIOMIHX HePaBeHCTBaM
a < x < b, Ha3bBaeTcs uumepeaiom (C KOHLAMH a, b) wau
omkpoumsim ompeskom U obo3Hauaercs Tak: (a, b).

MHOXeCTBO uMCel X, YIOBJETBOPSIOUUX HepaBeHCTBaM
a<<x<b nm a<<x<b, 00603HaYalOTCA COOTBETCTBEHHO
[a, b), (a, b] v Ha3bIBAIOTCS NOAYOMKPOIMbIMU OMPESKAMU UITH
noayunmepsaaramu. TlepBrifi, HanpuMep, 3akpsum cJjeBa u om-
Kpoim crpasa.

Yacto paccMaTpHUBAaIOT ellle MHOXKeCTBa, Ha3blBaeMble Oec-
KOHEeYHbIMU uHmepsaramu ¥ nosyunmepearamu: 1) (— oo, o0),
2) (— o0, a], 3) (—oo, a), 4 (a, ), 5) [a, o).

[lepBoe M3 HHX €CcTh MHOXECTBO BCeX N€ACTBHTENbHBIX
ypcen (neHCTBUTENbHAsI MpsiMasi); OCTAaJbHbIE COCTOSIT M3 BCeX
yuces1, MJISL KOTOPBHIX COOTBETCTBeHHO: 2) x<Ca, 3) x<a,
4) a<x 5 a<x.

CHUMBOJIEI — 00 H 0o yIOOHO HAa3bBaTh GECKOHe4HbIMU
qucramu, a OObIUHBIE UHCJIA— KOHEYHbIMU HUCAAMU.

OrmeinM, UYTO Ha3BaB CHMBOJBI + 0o M —oo GecKoHeu-
HBIMH YMCJIaMH, Mbl BOBCE HE CYHTAEM HX YHCJIaMH.

[TonuepxkHeM, uto y oTpe3ka [a, b] KOHIbI— KOHEYHbIE
yuc/ia, y MHTEpBaJa e (a, b) ero «<KOHIBI» MOTYT ObITh KOHEY-
HbIMH ¥ OeCKOHeYHbIMH. ¥ TNoOJMyHHTepBasna [a, b) umcio a
BCerla KOHEYHOe, a b MOXKeT ObiTb KOHEUYHHIM U GeCKOHEUHBIM
(b << o0). AnanoruuHo y mosyuHTepBaJa (@, b] uncJo a KOHey-
Hoe MM OecKOHeyHoe (— oo <{a), a b Bceria KoHeYHoe.

Ecnn a u b KoHeunsl ¥ a < b, To b—a HasbiBaeTcs dau-
Hot cermeHTa [a, b], unn wmHTepRana (a, b), WM MOMYyHHTEp-
BayoB (a, b}, |a, b).

Ecau a ¥ b—rpousBoJibHble TOYKH AEHCTBUTEJNbHOH OCH,
TO YHCJIO |@—b| Ha3bBaeTcsl paccmosHuem Mexcoy Mmo4Kam
aub.

IMpousBosbHBl HHTEpBaad (@, b), colepxaumuii TOYKY
c(a <c<b), Mbl GyleM HasbBaTb OKPECMHOCMbIO MOUKU C.
B uacrHoctH, uHTepBan (c—e, c-4e) (e >0) HaskBawoT
-0KPeCcHOCMb0 MOoUKY C.

yctb X ={x} ecTb NpPOM3BOJILHOE MHOXECTBO HAEHCTBH-
TeJbHBIX uYHceJ. [OBOPSIT, UTO MHOXECTBO X 02paHu4eno
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ceepxy, ecam I (meiicTBuTesNbHOE) umcao M Takoe, uTO
Vx€ X: «<<M; oepanuuero cHu3y, ecin 3 UHCJIO m TaKoe,
uto VX € X: x> m; M o2panuieso, €cli OHO OrPAHHUEHO Kak
cBepxy, Tak H cHu3y. UYmucno M (m) HasbiBaercs 6epxuel
(Huocred) epanuyed muoxectBa X. Yucao M HasbiBaercs
TaKxXKe maxcopanmoii MHOXecTBa X.

MoxHO ele, O4eBHIHO, CKas3aTh, YTO MHOXKECTBO X orpa-
HHyeHo, ecad 3 uucio M >0 Takoe, uto Vx€ X: |[x|<<M,
TaK KaK HepaBeHCTBO | x| < M 3KBHBa/leHTHO JBYM Hep aBeHCT-
BaM —M < x <M.

Ecnu MHOXecTBo X He sIBJIsieTCS OrpaHHyYeHHBIM, TO €ro
Ha3bIBAIOT Heoepatu4erHoim. Ero MOXKHO ONpelesNuTh cjelylo-
UM 0o0pasoM: MHOXecTBO X AEHCTBHTEJNbHBIX YHCeN Heorpa-
HUuYeHHo, ecau VM > 0 3x, € X: | x,| > M. K stoit popmyan-
pPOBKE MOXKHO NPHHTH, UCXOAS M3 NpaBHJ/ia MOCTPOEHHS OTPH-
LaHUsi JaHHOHM JIOrHYecKoH (OopMYJIbL.

IMMpumepr. Orpe3ok [a, b] ecTb orpaHHYeHHOE MHO-
xectBo. VHTepBan (@, b) ecTb OrpaHHYeHHOE MHOXECTBO,
ecJIH @ M b KOHEYHBH, W HEOTPaHHYEHHOE, €CJH d=— 0o
Wi b= oo.

§ 1.11, CueTHoe MHOXeECTBO.
CueTHOCTb MHOMECTBA PALMOHAJNBHBIX HYHCE.
HecueTHOCTb MHOMECTBA JEHCTBHTENbHLIX 4HCEN

Brine MBI OTNpefenHsM NOHSTHE paBEHCTBA MHOXKECTB.
Ins XapakTepHCTHKH CTENEeHH HACHIIEHHOCTH OECKOHEYHBIX
MHOXECTB 3JIEMEHTaMH YIOOHLIM SIBISETCSl MOHSTHE SKBHBa-
JIEHTHOCTH MHOXKecTB. MHoxecTBo X HasbBaeTcsi GecKoHeu-
Hoim, ecnd Vn€N: B MHOXecTBe X HMEIOTCS 3JIEMEHTHI,
KOJIMYeCTBO KOTophix' Gosbiue n. JlBa MmHOxkectBa A u B
Ha3bIBAIOT 9KBUBAAEHMHbIMU, W TIPH 3ToM nuuwyT A ~ B, ecan
MEXIY MX 3JIEMEHTaMH MOXHO YCTaHOBUTb B3aHMHO OJHO-
3HaYHOE COOTBETCTBHE (¢»), T. €. CYIIeCTBYET TaKoe IpaBHJIO,
3aKOH, N0 KOTOpoMYy Va € A COOTBETCTBYET BIOJIHE OTNpeje-
JeHHbl 3neMeHT b € B. IIpu 3TOM B cuJsy 3TOro npaBuia AByM
pasHbBIM 3JeMeHTaM a,, @, € A COOTBETCTBYIOT JBa pPa3HbIX
anemenra b,, b,€ B u xaxAblfi 3/1eMeHT b € B COOTBETCTBYET
HEKOTOpOMY 3JieMeHTy a € A.

Hanpumep, ecnn A-—MHOXECTBO TOYEK Ha OKPYKHOCTH
panuyca r, B—MHOXeCTBO TOYEK Ha KOHLEHTPHYECKOi OKPYK-
HOCTH paamyca R > r, TO oueBHAHO, ut0o A ~ B (puc. 6).

QOueBnaHo, yto ecoiu A=B, 10 A ~ B.
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Ecin X={x} ~ N={n}, To MHOxecTBo X Ha3sbiBaeTcsi
cuemuoim. ECTECTBEHHO, YTO caMO MHOXECTBO HaTypajbHBIX
ypcen N SBJSETCS CUETHHIM (COOTBETCTBHME YCTaHABJIHBAETCH
no cxemMe n«>n). MHOXKECTBO BCeX YETHHIX HATypasibHLIX 4H-

cen N,={2n} >KBHBa/EeHTHO BCEMy MHO-
_ xkectBy N, mpuueM COOTBETCTBHE yCTaHaB-
4 JuBaeTcs mno cxemMe ne>2n. OrMeruMm,
gyto 3necb N =N, N,cN. Takum o6pa-
30M, HCTHHHOE TMOAMHOXECTBO (4acTb)
MHOXE€CTBA OKa3aJ10Ch 3KBHBaJIEHTHHIM BCe-
My MHOXECTBY. DTO CBOMCTBO HpHCYIIE
TOJMbKO OeCKOHEYHBIM MHOXEeCTBaM (ero
MOXHO NPHHATb 3a onpelesieHue OGecKo-
Puc. 6. HEYHOI'O MHOXECTBa).
W3 onpenenenust cCueTHOCTH MHOXKeECT-
Ba BBHITEKaeT, UTO €ro 3/JeMeHThl MOXHO
nepeHyMepoBaTh C NOMOLIbIO HATypaNbHBIX YHCEJ, MO3TOMY
CYETHOE MHOXKECTBO Mbl yacTo OyJeM 3amnHChiBaTb B BHJE NO-
CJ1e/lOBaTeIbHOCTH €ro 3JIEMEHTOB:

X={X5, Xg vy Xy oo}

Cuemnasn (meopemuxo-mHONCECMBEHHAS) CYMMA
®
E= U Et=E'4F*4...
k=1

cuemHolx (Uaru Koreurolx) mroxcecns EFR ecme cuemuoe mHo-
acecmgo. B camom gene, 3anuieM sneMeHTH xf € E*
(j=1, 2, ...) B BHe TabJaHLBHL:

E*={xi, x3, X3, ...},
, E?={x}, x% x% ...},
E*={x}, x3, x5, ...},

L o e e .

[TepenymMepyeM UX B clielyiOUleM MOPSAKE:
x}) x;’ x?’ x%’ x?r x\l" x}’ e ey

BhHIOpachiBasi, OJHAKO, Ha KaxJIOM 3Tane HyMepauHHu Te 3je-
MEHTH, KOTOpble YyxKe OBUIM 3aHYMEPOBaHbl Ha NpeAbIAYyIleM
JTane: Belb MOXKET CJyuuThesi, uto E* u E! uMelorT obuue
3/leMeHTH. B pesysbTare mosyuuMm GeCcKOHEUHYIO NOCJENOBa-
TEJIbHOCTb 3JIEMEHTOB {Yy, Yz Yss - - .|, OUEBHIHO, HCUEPMNbI-
BaloIIMX MHoxecTBo E. 310 J0KasmBaeT, 4To E—cueTHOe
MHOXKECTBO.
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AnanornuHo JoOKasbiBaeTcs, 4YTO KoHeuHas cymma E =
= E'4 ... +EN cuemubix UAU KOHEHHbIX MHOJNCECMS, Cpedu
Komopoix ecme xoms 6bi 00HO C4emHoe, CHemHa.

Teopema 1. Mrooecmeo 6cex payuoHarbHbix Hucea
CHEMHO.

HoxasatenbcTBO. PaccMOTpHM CHauasa MOMNOXKH-
TeJbHBIE paluoHanbHbie uucaa Q. ={p/q}. Hasosem Hary-
pajJbHOE UHCJIO p-¢ BHICOTOH PpalUOHAJbHOrO uucaa p/q.
[Tycte A,—MHOXKeCTBO BCeX pAaILHOHAJIbHBIX YHCEeJ C BHICO-
TOH, paBHO# n. MHoxecTBa A, COCTOSIT M3 KOHEUHOTrO YHCJIA
3JIEMEHTOB (pallHOHAJBHBIX YHCEJN), HampHMep

RPN LIS R R I SRIRERE SV

®
Jlerko Buzetb, uto Q.= U 4,
n=1
[lepenymepyem umcJa, 3anucaHHbie B (QUIYPHBIX CKOGKax
cJIeBa HanpaBo, BbIMYCKas, BNPOYEM, Ha KaXKAOM 3Tane Hy-
MepaluM Te, KOTOphle OblIH YK€ 3aHyMepoBaHbHI Ha OoJee
paHHeM 3rtane. B pesysabTaTe MoJyYHM MOCJENOBATEJIbHOCTD

1 1
f1=l, f2="§', f3=2, f4=§, r5=3, cee o

Tak kak palHOHaJIbHBIX [OJIO2KHUTEJIbHbIX YHCEJ GECKOHEUHO
MHOro, TO MbI HCIOJIb3YE€M BCE€ HaTypaJIbHblE 4YHCJA. 3Ha'-IHT,
Q. cuetHo. [lanee, oueBnaHo, uyto Q_={— p/q} cueTHO.
HOSTOMy BCE€ MHOXKECTBO panvoHaNbHBIX  YHUCEJI Q=
=Q, UQ_U{0} Takxe cuerHO.

Teopema 2. M=roagecmso ecex OelicmeumenbHbix “uces HECHEMHO.

HoxazaTeabcTBo. A 10Ka3aTelbCTBa JOCTaTOYHO YCTaHO-
BHTb, 4TO MHOXECTBO JeHCTBHTeJbHBIX uMcen HHTepBaiza (0, 1) oGpasyer

HecueTHoe MHoxecTBO. [lomycTuM npoTuBHOe, uTo HHTepBan (0, 1) ects
CYeTHOe MHOXKECTBO, T. €. BCE ero TOYKH MOHO NepeHyMepoBaThb:

(1) (1)
x=0, a;’as” ...,

e s s e qe e e »

n) (n)
x,=0, a1 az” ...,

D

Ho sto npeanoiozkenne npoTtHBopeunBo. B camom aese, NOCTPOHM BelnecT-
peHHoe uHca0 x=0,a,a, ..., rae uudph @, NOAOGPaHH TaK, YTOGHI

0<a,<9mn a, #ay. Scuo, uto x € (0, 1), ofHAKO X He coBmajaeT
HI C OJHMM H3 UYHCeN X,, TaK Kak HHaue JOJMHO Obiio Ol GHITH

ap,=a{l?), uTO He MMeeT Mecta.



FJIABA 2
NMPEAEJT NOCJENOBATEJIbHOCTH

§ 2.1. TlonsaTHe npemena nocJen0BaTENbHOCTH

Iycte KaxkmOMy HaTypajbHOMy umcay n=1,2,3, ... no
HEKOTOPOMY 3aKOHY ITOCTaBJIEHO B COOTBETCTBHE JEHCTBHTENb-
HOE MJIH KOMIJIEKCHOE YHCJIO X,,.

Torma roBopsT, 4To STHM ompefeseHa 1nocaedosamenbHoCMb
HUCCA Xy, Xgy Xgy .. WJIH, KOpOUE, NMOCJEIOBATENLHOCTH

{xn}={x1, Xgy Xgy ...}.

loBopsT eme, 4to mnepeMeHHass X, Npo0eraetr 3HAYEHHs
TNOCJIeIOBATENLHOCTH {X,}.

OrnenpHele uMcna x, MOCJENOBAaTeNbHOCTH {X,} HasbiBa-
oTcs ee saemenmanu. Hano umers B Buly, 4TO X, U X, NpH
n == m CYATAIOTCS OTJIMYHBIMH KaK 3JIeMEeHTbl [OCJef0BaTe/b-
HOCTH, XOTS HE HCKJIIOYEHO, YTO KaK YHCJIa OHH DPAaBHBI MEXIY
cobofi, T. €. MOXeT ObITb X, ==X,,.

Ecau monoxuTh x,=y,_;, TO NOCJAEIOBATENbHOCTD

{xf’ Xos Xgy oo '}
npeBpaTmc;l BO MHO2K€CTBO
{yo’ yh yz’ e }7

kotopoe B § 1.6 Toxke GbIJIO HA3BaHO MOC/ENOBATENBHOCTHIO.
B »sro#i rsmaBe mbr GyleM paccMaTrpHBaTh [0CJIELOBAaTENb-
HOCTH OelicmeumenbHolx YHUCEN W 3TO OOCTOSTENLCTBO He GyLeM
oroBapuBaTh 0c00o0.
ITpuMeprl mocJsenoBaTeNbHOCTER:

ITpumep 1. {l,%, -;—, }={% .-

Mpumep 2. {—;-, 2, L , 2, ..,}={2(-1)"}.
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, 4, %, e p={n-0T L

MMpumep 4. {0, 5 %, %, ...}={":l}.
IIpumep 5. {2, 5, 10, ...} ={n2+1}.
Mpumep 6. {—1, 2, =3, 4, ...} ={(—1)"n}.

Mpumep 3. {l, 2,
1

B npumepe 2 mnepemeHHasi x, A/l YETHBIX A IPHHHMAaer
ONHO H TO Xe 3HayeHHe:

2=x,=X,=X;= ...

Tem He MeHee MBI CUHTaeM, UYTO SJIEMEHTHI X,, X4, ... Pas-
JINUHBI.

Ecnun  Bce 3/1eMeHTH MOCJEIOBATEJNbHOCTH {X,} PpaBHHI
OJHOMY H TOMY K€ UYHCJIy 4, TO €€ HasblBAIOT NOCHIOAHHOLL.

Jlerko BHIETb, YTO mNOC/ENOBATEJbHOCTH B npumepax I,
2 u 4 oeparuyensr (cM. § 1.6). B 31OM catyyae roBopsiT Takxe,
YTO COOTBETCTBYIOIIHE [epeMeHHble, MNpoOeraliue 3TH To-
ClIeloBaTeNIbHOCTH, oOTrpaHHueHbl. YTo Kacaercsi mocsenoBa-
TeJibHOCTE B npuMepax 3, 5 W 6, TO OHM HeOrpaHHYEHHI.
OpHako mnocJefoBaTesNIbHOCTh B NpHMepe 3, OYEBMIHO, Orpa-
HHYeHa cHH3Y uucsoMm 0, a mocsiefloBaTesbHOCTL B mpumepe 5
orpaHuueHa cHu3y uyucjgom 2. Urto Kacaercs mnocjeloBaTesb-
HOCTH B mpuMepe 6, TO OHAa HeOTPaHHYEHA KAK CHHU3Y, TaK
H CBepXy.

BeejieM moHsiTHe npefesa M0CJel0BaTeIbHOCTH.

Onpenenenue 1. Yucao a Hasosaemes npederom no-
caedosamensrocmu {x,}, ecau 0as ecaxoeo &> 0 waiidemcs
(3asucsauee om €) uucao n,=n,(€) maxoe, 4mo 66INOAHACMCA
Hepasencmeo

lxrz_al <e (l)

O0an scex (HamypaavHoix) n > n,.
B sToM cayuyae numiyT

lim x,=limx,=a wmm x,—a

n—>w

¥ rOBOpSAT, YTO NMEPEMEHHas X, WJIH MOCJeN0BaTeNbHOCTD {X,}
MMeeT Npefief, PaBHbI YUCJAY @, UJIH cTpeMHuTcs K a. IoBo-
PAT TaKxke, YTO NepeMeHHast X, HJH TOCJeN0BaTeJbHOCTD {X,,}
cxodumea K uucay a.

Ecin x,=a Vn€N, to, oueBunno, lim x,=lima=a.

n->o

3ameuvanue. Ecm limx,=a, 10 limx,,,=a; u
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o6paTHo. 10 cjefyeT U3 Toro (akTa, 4YTO €C/IH
|x,—a|<e VYn>n,,

TO
| %ei—al <e ¥n>n,—1,
A ofparHo.
Ilepemenndss mpuMepa 1 umeer mpepesn, pasHslit O:
lim +=0. @
n-—> w

B camom jene, samazuM mpousBoJibHOe & > 0 M pemuMm He-
PaBeHCTBO:

l%—0|=%<e WU %<n.

Srum ana Beskoro &> 0 HafiieHO uMCIO n,=rn,(e)=1/e
TaKoe, 4TO HepaBeHCTBO

1 ! 1
|70 =7 <e
BLHIOJIHAETCS 11 BCeX 7> n,, ¥ Mbl JOKa3a/i¥ PaBeHCTBO (2).
[Tpumep 7. Ilepemennas npumepa 4 crpeMmutcs K 1:

lim =11, A3)

n—> o

B camom BeJjie, COCTaBUM HEPaBEHCTBO

n—1 1
i 1— 7 | == ‘; <e.
OHo, Kax Mbl BHIENH, BbIIOJHAETCH AJs Jio6oro &€ > 0, ecin
n > n,=1/e. 10 NoKasbiBaeT paBeHCTBO (3).
Mpumep 8. Ecim || < 1, TO
lim ¢»=0. 4)

n—-
B camom gene, mycth noka q=~0. HepasenctBo
lg"—0]=]g"| <e

i)
BEPHO, €CJIH

nlglq| <lge,
T. €. €CJH
Ige

ﬂ>—m=no(8).
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Mu noxasaan (4) npu 0 <{¢{ < l. Ecin g=0, 10 paBeHcTBO
(4) TpuBuasbHO. Beap B 3TOM ciyuae mepeMeHHas g" €CThb
NOCTOSIHHAs, paBHas HYJIO:

{0, 0, 0, ...

ITpumep 9. Pasnokum noJioxuTesbHOE YUCJO a B Gec-
KOHEeYHYI0 AecSTHYHYIO APOOb:

=0 0,0,05 « ...
IOas ero n-ii cpesku

()

a=a, a; ... a,

HMEeT MECTO PaBEeHCTBO
lim o' =a. (5)

n—=

B camom neue,

la—a"|=0,0...00a,,,a,., ... <1077,

N, e’
n pas

Ho ecan sazath € >0, 70 Bceraa Ha#lercsi TaKoe n,, 4TO
10-"<e Vn>n,

(cM. npenmaymui#i mnpumep, rie Halo cuutath ¢=10"1).
[Tostomy

la—a'®| <e Vn>n,,

H Mbl JoKasaau (D).

3ameganune. Cpesku a'®(n=1, 2, ...)—paunoHans-
noie uncaa. M3 (5) caenyer, uro écakoe Oedcmsumenbroe
qucna0 SIBJSIETCA NPELeJIoM TMOCJeJOBaTeNbHOCTH PalHOHA/b-
HBIX UHCe.

Takum o6GpasoM, BCSKGE HPPALHMOHAJIBHOE YHCJIO MOXKHO
npuOJU3HTL PalHOHAJbHLEIM YHCJIOM C JiioGof Hamepex 3ajlaH-
HOH CTeneHbi0O TOYHOCTH.

B cuay sToro cmofictBa mpo MHOXecTBO Q pauuOHAJbL-
HHIX 4KMCEJ TOBOPAT, YUTO OHO 6Cr00Y NAOMHO B MHOXecTBe R
BCEX JIeHCTBUTE/bHBIX YHCEJ.

Hepagenctao

|x,—a|<e
SKBMBAJ/ICHTHO JBYM HEpaBeHCTBaM
—e<x,—a<e HIH a—e <X, <a-s,
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‘YTO 3KBHBAJ/ICHTHO TOMY (baKTy, YTO TOYKa X, NPHHAAJCKHUT
K E-OKPECTHOCTH TOYKH a:

x,€(a—e, a+e) (cM. § 1.10).

Torna onpeneneHne npefesa MOXHO BHPa3UTh CJeAYlO-
WMMH CJIOBAMH: YHCJO (TOYKA) @ €CTb Mpejies1 nepeMeHHoH X,
ecJiH, KakoBo Obl HH Obl1o € > 0, HafiieTcs Takoe YHCJIO 1,
YTO BCE TOYKH X, C HHIEKCAMH n > n, NMOMARyT B &-OKPecT-
HOCTb TOYKH a:

X, €(a—e, ate) (n>n).

OueBuaHo, KakoBa Obl HUM Oblla OKpecTHOCTb (¢, d) TOYKH @,
Haijercss takoe € >0, uto uHTepBan (a—e, a-+-€) comep-
xutes B (¢, d), T. e. (a—eg, at+¢e)c(c, d) (puc. 7).

[losToMy TOT (pakT, YTO X,—> @, MOXKHO BBLIPA3UTb el
M TaK: KakoBa Obl HHM Obl1a OKpPEeCcTHOCTb (¢, d) TOUKH a, BCe
TOYKH X,, HauMHas C HEKOTOpPOro HoOMepa 7, AOJ/KHHI IIO-
nacTb B 3TY OKPECTHOCTb, T. €. JOJIKHO CYIIECTBOBATb TAaKOe
YHCJIO n,, 4TO X, € (c, d) (n> n,). UTo Xe KacaeTcs TOUEK X,
C MHJAEKCaMH n < MN,, TO OHH MOTYT NMpHHALJIEKAaTb U MOTLYT
He npHHaanexarb K (¢, d). Takum obpasom, eciu BHe (c, d)
MMEIOTCSl TOYKH X,, TO HX KOHEUHOE YHCJIO.

C npyroit CTOpOHBI, €CJIM HM3BECTHO, YTO BHe (¢, d) HUMeeT-
Csl TOJIbKO KOHEYHOE YHCJIO TOYEK X,, X,., ««.y Xng, TO, 000-
3HauUB

k=max{n,, ny ..., ng,

T. €. MakCHMyM CpeJd HHAEKCOB A4, ..., Mg, Mbl MOXEM
CKa3aTb, YTO TOYKH X, C HHAEKCOM n > k Monagyt B HHTep-
Ban (c, d). IlosTomy noHaTHe mpejesna MOXHO cHOPMYJIHpO-
BaThb W Tak: IlepeMEeHHasl X, UMeeT CBOHM IpeJesioM TOYKY a,
€CJIM 6HE 10004 OKpecmHocmu 3motl moyku uUmeemcs KOHe4Hoe
uAu nycmoe MHONCECMBO MOHEK X,,.

[MIpumep 10. Ilepemennas

{(—=Dm+y =41, —1, 1, —1, ...} (6)

HH K KaKOMy INpeJesly He CTPEMHTCH. -

B camom gese, xomycTHM, 4YTO 35Ta NEepeMeHHas HMeeT
npejes, paBHbl yHcaAy a. PaccMOTpHM OKpeCTHOCTb 3TOf
TOYKH

(a—% a+).
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Jnuna ee paBia 2/3. OueBHAHO, YTO 3TA OKPECTHOCTb He
MOXeT cojiepxkarb B ceGe OJHOBPEMEHHO M TOYKYy l, M TOuky
—1, noroMy 4TO paccCTOSHHE MeXZIY 3THMH TOYKaMH paBHO
2 (2> 2/3). Hdna onpeleneHHoCTH OyjAeM CUHTaTh, YTO TOYKA
1 He npunamiexur K Hauwel okpectHoctH. Ho x,=1 nas
n=1, 3,5, ..., T. e. BHe HameHd OKPeCTHOCTH UMeETCs
6ecKOHeUHOe YHCJIO 3JIEMEHTOB MOCJ/IeOBATEbHOCTH.
2.8 4z & 7 e T

A a 7 z a 0‘ b

Puc. 7. Puc. 8.

Takum oOpasoMm, Touka a@ He MOxeT ObITb MpefesioM Ha-
mefl MOCJELOBATENILHOCTH, H TaK Kak 3Ta TOYKa IPOHM3BOJbHA,
TO NOJIe0BaTeNbHOCTh (6) He HMeeT mpejena.

Teopema 1. Ecau nepemennan x, umeem npedea, mo
OH e0uHCMBeHHbILL.

B camom pese, nomycTHM, BONPEKH TeopeMe, UTO X, MMeeT
IBa pasnuyHbix npenena a u b. IlokpoeMm Touku a, b cooT-
BETCTBEHHO HHTepBasaMu (¢, d), (e, f) HacTosbKo MaJsoi
JUIHHBI, 4TOGbI STH HWHTEPBAJEl He NepeceKaauch (puc. 8).
Tak kak x,—a, T0 B HHTepBale (¢, d) HaXOXATCS BCe 3Jie-
MEHTHl X,, 33 HCKJIOYEHHEM KOHEYHOrO WX YHCJIa, HO TOraa
uHTepBan (e, f) He MoxeT conepxkaTh B cefe GECKOHEUHOE
YHCJIO 3JIEMEHTOB X, W X, HE MOXeT CTPeMHTbCs K b. Mul
NpHLLTM K NPOTHBOpeYHio. TeopeMa JokasaHa.

Teopema 2. Ecau nocredosamensrocme {x,} cxodumcs
(umeem npeden), mo oHa O2paHuyeHa.

JdoxasateabcrtBo. Ilycts limx,=a. 3agagum e =
= | ¥ nonbepeM HarypasbHOe n,=n, (1) Tak, 4ToOHI

1 >Ixn_a| (n>n0)v

HO TorAa 1> |x,|—|a| u BHIMOJHSETCS HePaBEHCTBO

I+la|>|x,]
A8 Bcex n > n,. Ilyctb M-—muaunbonbliee cpefu uyuces
Llal, [l [Xaly «ven [ Xn,]-

Torama, oueBHAHO,
MZ>=|x,| wvné€EN.

Teopema pmokasaHa.
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3ameuanue. QOrpaHHYEHHOCTD MOC/ELOBATENbROCTH
aBltsieTcs] HEOOXORMMBIM YCJIOBHEM CXOLHMOCTH IOC/I€fOBa-
TeNbHOCTH, HO HE [LOCTaTOYHMM, KaK MoxashiBaeT npumep 10.

Teopema 3. Ecau nepemerHas x, umeem He paswbil
Hyato npedea a, me Hatilemcs maxee 1, wmo -

|x,| > lal/2 022 n> n,.

Foabwe mozo, 0218 ykasaruolx n, ecau a > 0, mo x, > a/2,
ecau e a <0, mo x,<a/2. Takum obpasom, Haiuxas c
HeKomopozo HOMepa, X, COXPaHsem 3HAK Q.

IHokasatenbctBo. Ilycte x,—a. Toraa ans e=
= |a|/2 noMmKHO HaHTHCb YHCJO n, TaKOe, YTO

lal/2>la—x|>la|—|xnl (n > o),

oTKyZa |x,|>|a|— !ﬂ, U TepBOe yTBepXKIEHHe Teo-

pembl nokaszano. C npyrou CTODOHbl, HEepaBeHcTBO |a|/2 >
> |a—x, | 5KBHBANCHTHO CJELYIOLUM ABYM:

a—‘——-|<x <a+ =5 (n>n,).

lal
Torna, ecam a >0, TO

xn>'2_"=a—T (n>fl0),
a ecan a <0, to

X, <a+lal

_ e

w|n
|

(n>ny)s

W 3THM BTOpPOE YTBEpXKJIEHHE TEOPEMBbI HQKAa3aHOo.

Teopema 4. Ecau x,—a, y,—b u x,<y, 041 6cex
n=1, 2, ..., mo a<b.

L[oxasaTeJI pcTBO. Jonycrum, uro b < a. 3anagum
0<e<(a—b)/2 n nonbepem umcna N; u N, Tak, 4YTOGH
a—e<x, (n>Ny), y,<b+e (n>N,): 310 BO3MOXKHO,
NOTOMY 4TO X,— @, a y,—b.

Ecan n,=max {N;, N,}, 10, oueBuaHo, y,<<b+e<
<a—e<x, (n>n,), 1 Mbl NPHULIH K IPOTHBOPEUHIO, TaK
KdaK M0 YCJOBHIO X, <Y, AJs BCEX m.

Cnencreue. Ecau aremenmor cxodsawelica nocredosa-
meabHocmu {x,} npuradaescam [a, b], mo ee npedesr maxowe
npunadaexcum [a, b)

HokasarenbctBo. B camom gene, a<Cx,<<b. Ecan
lim x,=c, To mo Teopeme 4 a<{c<Cb, uro u TpeGoBaoCh
JOKa3aTh.
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3amevanue [na wrtepsana (a, b) A5 KOHeUHHIX @ H
b MOXXHO yTBepKIaTh TOJIBKO, YTO €CJU X, € (a, b), To lim x,=
=c€[a, b]. Takum obpasoM, HepaBeHCTBA B TIpefieJie COXpa-
HAIOTCS MM ofpamaioTcss B paseHcTBo. Hampumep, x,=
=l/(n+1)€ (0, 1), no c=0¢€]0, 1].

Teopema 5. Ecau nepemennole X, u y, cmpemamcs
K 00HOMY u momy sce npedery a u x, <z, <y,(n=1,2,...),
MO Nepemennasn z, makoe CMpemumcs K Q.

HokasateanbctBO. 3agaB € >0, MOxXHO HaliTu N, u
N, Takue, yto

a—e<x, (n>N), Y, <a-te (n> Ny,

OTKYAa A1 n > n,=max {N,;, N,}
a—e<lx, <2, <Y, <a+te

‘]z,,—a‘] <e (n>no)t

4TO0 M TpeboBajoCh [0Kas3aTh.
Teopema 6. Ecau x,—a, mo |x,|—|al.
JloxkasaTe/ibCcTBO cileyeT H3 HepaBeHCTBA ||X,|—|a||<C

< | Xp—a I'

§ 2.2. ApudmeTHyeckne aefiCTBUS C NepeMEHHBIMH,
HMEOLUMH TIpene

[lycts x, u y, o003HaYalOT nepeMeHHEe, MNpoberaiiine
COOTBETCTBEHHO MoOcJsefoBatesibHocTd {X,} u {y,}. ITo ompe-
HeJIEHHIO CYMMQA X, -+ Y,, paA3HOCMb X,—Y,, Npousseederue
X,Y, U wacmwoe X,/y, cyme nepemeHHoie, TpOOETralOMIHE COOT-
BETCTBEHHO MOCJIENOBATeNbHOCTH {X, + Y.}, {X,—Y,}s { %8}y
{x./y,}. B cayuae wactHoro mpeanoJsaraercs, 4to y, =0 s
Bcex n=1, 2, ... .

Ecmu x,=c¢ ans n=1, 2, ..., To B 3TOM CJyyae IHIIYT
c'—'tynv C.I/n’ C'/yn BMECTO xniyn’ xnyn’ xn/yn'

CnpaBea/iuBBI CJICAYIOLIHE YTBEPIKACHHS:

lim (x, + y,)=lim x, +lim y,, 0))
y  lim (x,{yn) =limx,-limy,, 2
lim 22 — i %2, ecan lim y, 0. ®)

Stu YTBEPXKIACHUSAT HAAO MOHHMAaTb B TOM CMbICJE, UTO
eCAU CYUeCm8YIOM KOHe4Hble npedenst X,, U Y,, Mo CYwecmsytom
maKsce u npeGesol UX CYMMbL, PASHOCMU, NPOU3GEOEHUS U
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4acmuo2o (¢ YKASAHHOU 02080PKOLL) U BbINOAHAIOMCA PABEHCMBA

H—).
“ NHokasarteabctBo. Ilycts x,—auy,—b. 3agagum
e >0 u nopbepem n, Tak, 4ToOH

|, —al <e/2, |y,—b|<e2 (n>n,).
Torzma

| (%0 £ ) — (@£ 0) | <|x,—a|+]y,—b| < 5 +5 =

(n > ng),
U Mbl jokasajiH (1).
Urobul a0KasaTh (2), 3aMeTHM, YTO
| xnyn—ab l = | XnYn—0aYn -r-ay,,—ab , <
glxny,,—ay,‘ |+I ayn"_ab I = ' Yn I ] X,—a I +Ia”yn—b| (4)
Tak Kak y, UMeer npejes, TO (IO TeopeMe 2 mNpeIbIIyIEro
naparpada) CyuecTByeT NOJOXHTeJbHOE uHci10 M Takoe, 4To

IynlgM (n=11 2: "')), (5)
la| <M. (6)

ITonGepem uucno n, TaK, uTOOLI
|t—al <gprs l4a—b|< g7 (@>n). ()

Torna us (4)—(7) caenyer, uro
M M
| %90 —ab| <5+ =2 (n>n,).

DTHM JI0K4a3aHO PaBEHCTBO (2).
[lycrb Tenepb K ycJoBHIO, 4TO X,—a H Yy,— b, noba-
Basiercst ycaoBue, uto b~0. Torna

ﬁ_i — Xnb —Yna =|(x,,—a)b-|—(b—y,,)a|<
Yn b Ynb lynllb] =
n— b—ya || al
<|x, al | Yn .
= 1 al + [ynllb] (8)

Tenepb yxe yAOOHO MCNIONB30BaThb TeopeMy 3 mNpenbiay-
wero naparpada, B CHJIYy KOTOpPOH

lg.|>10)2 (n> N, ©)

Jgist poctatoyHo Gosbioro N,. 3amaaum & >0 m nopbepem
N, u N, Takue, 4TO0OH

| x,—a| <e|bl/4  (n> Ny, (10)

lallg,—b] <eb4  (n> Ny). )]
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Torna, nonoxus n,=max{N;, N,, N,}, 6yaem B cumay (8)—
(11) umets
€- lbl 2 €

ﬁ+7=8 (n>ng);

YTO JI0KashiBaeT PaBeHCTBO (3).

3ameTuM, YTO Npefesbl NEepEMEHHBIX, CTOSILHE B JIEBBHIX
yactax paseHctB (l1)—(3), moryr cymecrBoBath Ges ToOro,
uTOGHl CYUECTBOBANH OTAENBHO Npejensl x, H y,. Hanpumep,
ecmn ¥, =(—1)"*, y,=(—1)"*%, 10 X, U y, He HMeIOT npe-
nenoB, B To BpeMmsi Kak lim (x,+y,) =0, limx,y,=—1.

TeopeMunl 0 npeaenax CyMMbl, pasHOCTH, MNpPOH3BEJEHHS
1 4aCTHOrO BO MHOTHX C/ly4asX Jal0T BO3MOXHOCTb Y3HarThb,
HMeeT JIi TlepeMeHHas npejes M 4eMy OH paBeH, €CJIH OHa
€CThb pes3y/bTaT KOHEYHOro uycJja apUpMeTHYECKHX .NefiCTBUH
HaJl HECKOJIbKUMH JpYTHMH NEPEMEeHHbIMM, CYIIEeCTBOBAHHE H
BeJIMYMHA MNpefiesIoB KOTOPHIX H3BeCTHLI.

OnHako uacTo BCTpeYalTCs CJyyaH, BHIXOASIIIME 3a rpa-
HHLBI NPUMEHUMOCTH [IOKa3aHHBIX TEOpeM, H 37eCb OcTaercs
Gosiblioe MnoJie Jyisi WHULHMATHBBI MaTeMarHka.

Mpumep 1. Hyers x,=14¢4+... +4q7 |9| <.

Jlokasarb, uro

1

limx, = —.
n—>wo " —q
Hmeem
]_qn+1 1 qn+l
T TT=q =g

Tak kak limg¢"*'=0 npu |¢| <1, To, npumeHsis GHoOpMyHI
(1), (2), nonyuaem

1
—q l—q

1 1 1
ll n+1 _— '0= .
e T I—q

lim x,, =lim —

n—»wo n—->w

B panbHefiieM nOx CHMBOJIOM

l+q+...—l—q"+...5n§0q"

n

6yneM nonuMath lim Z g*. Takum obpasom,
n—>w k=

b3 g =lim x, == (9] <1).

n=0
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§ 2.3. Beckoneuso manas
H GecKOHeuHO GOMblIasi BeJHYHHBI

Ilepemennas o,, umelowasi nNpejfes, paBHbI HYJMO, HA3bl-
BaeTCsi OECKOHEMHO MQAAOL BeAUdUHOL uAU, Kopode, OECKOHEHHO
manol.

Takum o6pasoM, nepeMeHHast o, eCTb GeCKOHeUHO MaJjas,
ecan s Jjuoboro &> 0 Hafimercs n, Takoe, uto |e,|<e
(n > n,).

HerpyaHo Buperb, 4To daa mozo, 4mobbt nepemenHas X,
umesra npedea a, Heobxo0umo u OGocmamouno, 4mobor X, =
=a+ta,, 20e a, ecms OECKOHEUHO MANAA.

[Nepemennas [, HasviBaercsl OecKonedHo 6oabuioli eaudu-
Holl WM TIPOCTO Oeckoneuno Goavwioli, ecau agas moboro M >
> 0 naiigercs Takoe n,, 4to |B,|>M (n > n,). Tlpu sTOM
TTHLIYT

limfB,=o00, wumm f,-—> co (1)

H TOBOPAT, 4TO P, cmpemumca K GecKOHeuHOCMU.

Eciin GeckoHeuno Gosbliasi f,, HauMHAsE C HEKOTOPOrO f,,
NPHHHUMAET TOJIBKO MOJOMHUTENLHEE 3HAYEHHsS HJH TOJbKO
OTPHLATE/IbHbIE 3HAYEHHs, TO MHIUYT

limB,=+4 oo, wnmm B, — + oo, 2
COOTBETCTBEHHO
limf,=—o0, wnmu f,——oo. )

Takum ofpasom, u3 (2), Tak ke Kak U Hu3 (3), caexyer
(1). Tlpumep nepemenHoit {(—I)"n} mokasbiBaeT, YTO MOXKET
HMETb MeCTO cooTHouwenue (1), B To BpeMss Kak He HMeeT
mecta HH (2), HU (3).

OrmeTuM cJlenymoluiHe O4eBHIHbIE CBOHCTBA:

1. Ecau nepemennas x, oepanuuena, a Yy, OeCKOHeuHO
6oabtuan, mo x,/y,— 0.

2. Ecau abcoaomuas 6eauduna x, 02paHuUveHa CHU3Yy no-
N0XHCUMENLHOIM YUCAOM, Q Y,—HEe DABHAS HYato OECKOHEHO
manas, mo x,/y,— oo.

JlokaxeM TOJMBKO BTOpOe CBOHCTBO. JlaHO, 4TO A/ HEKO-
Toporo uucja a >0 HMeeT MeCTO HepPaBeHCTBO |x,|>a
(n=1, 2, ...) u nasa BcsKoro &> 0 cyuecTByer n, Ta-
Koe, 4TO

lya| <e (n > ny). (4)
Torna

>s=M (n>n,).

xn
Yn
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3ananuM npoH3BOJILHOE MOJOXKHTEAbHOE YHcIo-M 1 nonbepem
no HeMy & TaK, uToObl M =a/e, a no & noxGepeM Takoe n,,
uTo0BRl HMeJio MecTo cBoicTBO (4). Toraa | x,/y,| > M (n>n,),
YTO U TPeGOBaNOCh JOKAa3aTh.

W3 BhICKa3aHHBIX IBYX YTBEep:KAEHHH MOMYYaloTC CJCAYIO-
He CJeICTBHA:

. c . c

lim —=0, lim ~=o00 (c5%0).
yn—> Yn ya—>0Yn

OTMerHM, 4TO €C/IH NOCNENOBATeNEHOCTb {X,} HeOorpaHHu-

YyeHa, TO OHa He 00s3aTeNbHO OecKOHeuHo Gombwas. Hanpu-
Mep, TOCJIEL0BATeNbHOCTD

{n<'”"}={l, 2, +, 4, }

HEOrpaHHUeHa, H9 OHA He fABJsAeTcd OeCKOHeYHO GOoJbLIOH,
TaK KaKk B Heli MMEIOTCA KaK YrOAHO MaJjible UJIeHHl ¢ KakKHuM
yrofHO GOJIbLIMM (HEUeTHHIM) HOMEPOM.

3ameuanue JlioGas He paBHas HYJMIO MNOCTOSHHaS
BeJIM4MHA (MOC/ENOBaTeNbHOCTh) He SBJSETCS GEeCKOHEUHO
Majiofi. U3 BceX mNOCTOSHHBIX BeuuuH OeCKOHeyHO MaJioi
fIBJISIETCS] TOJIbKO OJlHa — paBHasi HyJno. Ec/u npo HekoTopyio
BEJIMYMHY H3BECTHO, UYTO OHA [OCTOSHHA M ee 2a6CcoJIoTHas
BeJIHUHHA MeHbllle JIOO0ro MOJIOKHUTEJTHHOrO YHCJIa €, TO OHA
paBHa HyJIO.

Teopema 1. I1poussedenue 6eckonedno manotl nocaedo-
BAMEALHOCIU HA O02PAHUYEHHYIO ABAAEMCS OeCKOHE4HO MAAOLL
nocaedosameavrocmero, m. e. ecau limx,=0 u |y,|<<M
vn€N, mo limx,y,=0. .

B camom nene, 3ananum € >0 u nonbepeM n, Tak, 4TOOH!

|x, | <e/M wn>n,.
Torza

l‘xnyn—0‘=|xn|lynl<1\_e/fM=8 vn > 1,

uTO0 U TpeboBasoch HOKas3arh.

§ 2.4. HeonpeneseHHble BbIpaMeHHUsI

1. Iyers limx,=limy,=0 (y,=0).
PaccMorpuM mociieioBatebHOCT {X,/y,}. O npenene sroit
TOCJ/Ie/lOBaTEeNbHOCTH 3apaHee HHYEro ONpelesIeHHOTO CKasaTh



44 [J1. 2. MPEJIEJ TIOCJIEJJOBATEJbHOCTH

HeJb35l, KaK 3TO IMOKAas3bIBAIOT KOHKPETHbIE NPUMEpHI:

1 1 Xn .

ecsy X, = —, Yp=-3, TO F=N— 400 IPH N — 0O}
n n Yn

ecsiy X ! Loro®—1_.0 1pn n— oo;

= — = — —_—

n =% Un=7,T0 =7 p ;

a 1 Xn .

ecsu X, =—, Y,=—, TO2=ag—a TpH N — 0O,
n n Yn
—1)n 1 X

ec/u x,,=( ) y Yp=—, TO Z=(—1)" u npesen
n n Yn

3TOH MOCJIeOBATE/NbHOCTH He CYLIECTBYET.

Takum ofpasoMm, AJf HaXOXAEHus mnpenena {x,/y,} He-
JOCTaTOYHO 3HATh, 4TO X, — 0, y,— 0. HyxHb eme nono-
HHTEJIbHEIE CBENEHHS O XapakTepe H3MeHeHHs X, H y,. [Masa
HAaXOXJEHHsl 3TOro Ipefena B KaKJIOM KOHKPETHOM cJydyae -
TPeOyIOTCA CIelLHaNbHble PHEMBI.

I'oBopsiT, uTO BbIpaxeHue x,/y, npu x,—0, y,—0

0
npejicTaBaseT coGoH weonpedeaentocms suda |4

2. Ecnu x, — o0, y,— 00, TO BHIpQKEHHE X,/y, TaKKe
npexcrasJsieT coboil HeONpeleNeHHOCTh M ee Ha3sblBaloT He-

[o ]
onpedeseHHOCMbI0 8U0Q (;) .

3. Ecan x,—0, y,— oo, TO AJ15 BRIpAXKEHHUS XY, TIOJY-
uyaeM Heonpedeserrocms suda (0 - oo).

4. Ecmu x, — + 00, y,——00, TO BblpaxKeHue x,-+y,
NIpeACTaBJsIeT HeonpedeaeHHocme suda (oo — oo).

Jna xaxnoro M3 OTMEUeHHBIX CJIy4aeB MOXHO MpPHBECTH
NPUMEPBI. '

PackpeITb  COOTBETCTBYIOLLYIO  HEONpPEAeIeHHOCTb — 3TO
3HAUWT HaHTH mpelen (eCJH OH CYLIECTBYET) COOTBETCTBYIO-
LIero BLIDAXKEHHs, 4TO, ONHAKO, HE Bcerja NpocTo.

Mpumep 1. Ecan

Xy =a,n"+4 ... +a,n-4a,,

Yy=bn'+...+bn-4b, (a,~0, b,5%0),
TO NPH n— 00 JJI BHIDAKEHHS X,/y, Mbl HMeeM HeompeJe-
JIEHHOCTb BHUJA (%) . Packpoem 3Ty HeompeneseHHOCTb.

a) Ecan l=m, TO, HeNns YHCAHUTE/Nb H 3HAMeHaTeJb Ha 1™,
moJsyyaeM

a _1' 20
am+ L “+... ﬁ—’i

*n__

yn b + —l+,',+

A

By ba
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npu n— oo, T. €. lim(x,/y,)=a,/b,, — OTHOLIEHHIO KO3(-
(DMIMEHTOB NpPH CTapIIMX CTeNeHsX 7 B BBHIPAXKEHHAX g
X, U Y,.

6) AHajorM4HO MOXHO IOKasaTh, 4TO OpH m > [
lim(x,/y,)=oc0, a npu m <[ lim(x, /y,,)—

Hpumep 2. Eemm x,=Vn+1, y,,—l/n TO npu
n— oo JJIS BHpPaXeHUs X,—y, HMeeM HeONpeNeJeHHOCTb
BHJa (00— 00).

PackpoeM 3Ty HeOnpeneneHHOCTb:

xn—y,,=l/n+l—l/71=
_Vn¥i—Van i 1 0
~Virgys VY e
npu n— oo. 3uaunur, lim (V' n+1—) n)=0.

n—>wo

§ 2.5. MoHoTOHHbIE MOCJ]IE0BATENbHOCTH

Onpenenenue. IlocnenoBarenbHocTh {X,} HasbiBaercs
Heybbisaroweli (Hesospacmaroweli), ecnn yn € N cnpaBeinBo
HEPaBeHCTBO

Xy < Xpiy (X, 2 %54.)

Ecnu Ha caMOM Jlenie BBINOJIHSIOTCS CTPOrve HepaBeHCTBa
Xy < Xp41 (X, > X,41), TO MOCJENOBATENbHOCTb {X,} Ha3biBa-
eTcs cmpoeo o3pacmarowiell (cmpoeo ybvisarowell) Uiy 1pocTo
sos3pacmarowieli (ybowaroweti). IlocnenoBatenbHOCTH YOBIBaIO-
e ¥ BO3pacTaolie, HeyObIBaloLlie H HeBO3pacTalollue Haskl-
BAIOTCSI MOHOMOHHbIMU.

DneMeHThl MOHOTOHHBIX MOCJIEL0BaTeNbHOCTEH MOXKHO pac-
MOJIOXKHUTb B LEMOYKH X; STX, <. . <X, <X, ... (=
=X, 2. 2 X, = X,4i2=...), OTKyla BMIHO, YTO HeyObl-
Balol[asl MOCJIe0BaTeIbHOCTh OTpaHHu€Ha CHU3Y, a HeBo3pa-
CTarolasi — CBEPXY.

[Tpumepsnr:
1 1 1 1
N3, ST e T ...}—-HeBOSPZICTa!OLU,aﬂ
110CJIe/10BaTENbHOCTD.

2) {n®}—BospacTatomasi MOC/I€10BATENbHOCTb.

Huxe MBI [0KasbiBa€M BaXXHYIO TE€OPEMY, YTBEDIKIAIOLILYIO,
YTO MOHOTOHHAsi OrpaHHYEHHAasl MOCJEJOBaTeJbHOCTh YHCeJ
Bceria uMeer npefeni. B nameM usnoxenun (B § 1.7) ata
TeopeMa (UrypHpoBaja Kak OJHO M3 OCHOBHBIX CBOHCTB —
CBOHCTBO V —MHOXeCTBa JAEHCTBUTENbHBIX UYHCEJ.
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Teopema 1. Ecau nocaedosamensrocme Oelicmeumens-
HbIX uucen

Qiy Qg Qgy v oo M

He ybvieaem (He 6o3pacmaem) u ozpanudera ceepxy (CHU3Y)
sucnrom M (coomsemcmeenno m), mo cywjecmgyem Oeticmsu-
meabHoe uucao a, He npegouuaioujee M (He menbuiee m), K Ko-
Mopomy ama nocae0o8amenbHOCMb CHLPeMUMCS KK K C80eMY
npedeay:

lima,=a<<M 2)

n—> o

coomgemcmeenro lima,=a > m).

n—->wo

HokasateabcTBo. [lycTsb nocnegoBatenbHocTh (1) He yGhiBaer
H MycTb moka a; > 0, TorAa W Bce a, >0 (n=1, 2, 3, ...). Kaxnauf
9JIEMEHT [0C/TeJOBATENBHOCTH pA3NoXKHM B OECKOHEUHYI0 JeCATHUYHYIO
po6b:

An==0n0,2n1qn20n3- + + (n=1» 21 "’)' (3)

Tak kak nociefgoBaTenbHOCTh {a,} orpaHuyena cBepxy unciom M (a,<
< M) u He y6niBaeT, TO Ha OCHOBaHHM JemMmbl 2 § 1.6 gecatuannle
Apo6u (3) CTaGHJIH3HPYIOTCH K HEKOTOpoMy uHcny a<< M:

p 3 a=7%q,V1V2+++ ,
HO TOrjxa ap, CTPEMHTCSI K @ KaK K CBoemy npepeny.

lim a,=a.
n—-ow

B camom gmene, anst moGoro & HaligeTc HaTypaibHOe m TaKoOe, YTO
19=m < &, Tak kak a, cTabuausnpyeTcs K a, TO

An=%os V1e+*YmQn, m+19n, m+2-++

AN BCeX n > ng, TAe ng KOCTATOYHO BEIHKO, HO TOrAa
la—az|=a—a, <0, 0...0v 41V m+2--- <10"7 < e (n > ng),
g
m pa3

T. € 0, —>Q NpH n — oo,
Ecan a; <0, 10 npu6aBHM K @ YHCIO € HacTONbKO GOJNbLIOE, YTO
a,+c > 0, v nonoxum by,=a,+c (n=1, 2, ...).
[MocnenoBatenbiocTh {b,} He yGbiBaeT, OrpaHHYeHa CBepXy HYHCIOM
M-c n ee sneMeHTE nosoxuTenbHbl. [I03TOMY MO JOKa3aHHOMY BHIE
cymecTsyeT npellen lim b,=b<< M--c, HO TOTla CYUICCTBYeT TaKiKe

n—o
npefen lim a,=1lim (b,—c)=b—c<< M, u TeopeMa JoKa3aHa Misi Npo-
n—»oo n—>oo
H3BOJIbHOH HeyGuiBalOLIell NMOCTe0BaTeNbHOCTH.
Ecau Tenepn mociegoBaTenbHOCTb {a;} He BO3pacTaeT M OrpaHHUeHa
CHH3Y YHCJIOM £, TO IOC/eOBAaTeNbHOCTb umucead {—a,} He yObiBaeT H
orpaHHyeHa CBepXy UYHCIOM — /i, H Ha OCHOBAHHH YXe JOKa3aHHOTO
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cymecTByeT npefea lim (— ap)=— a<{—m, KOTOpHIil MH 0GO3HAUMIHN
n->w
gepe3 — a. CiefoBaTesbHO, CYLIECTBYET Takke lim a,=— lim (— a,)=
n—->w n—>w

=—(—a)=a>=m. TeopeMa Ji0Ka3aHa.

3ameuanue. Ecad mocnefoBaTeqbHOCTb AeHCTBUTENbHEIX YHCea
{a,} cxoguTcs, TO MX fAecATHuHBIE pasnoKeHHs He 06A3aTeNbHO CTabH-
au3npytoresi. Hanpumep, ecin

a3, =1,0...011..., @3, +1=0,9...911... (k=1, 2, ...);
rfle nocjie 3amATOH CTOAT £ HyJeH RAH k JEBATOK, TO IOIELOBaTe/be
HocTh {a@,} umeer mpegen, paBublii 1 (@,— 1), OHAKO, KaK J€rKo BH-
AeTh, 9Ta INOCTEOBATEIbHOCTh He CTabHIH3UpyeTCH.

[Tpumep 1. IlpuBesem HOBOe JOKa3aTeNbCTBO PaBEHCTBA
(cp. npumep 8 § 2.1)

N limg"=0(q|< 1), (4)

Iycts noka ¢>=0. Torna mepemenHas ¢*(n=1, 2, ...)
He Bo3pacTaer W orpaHuyeHa cHusy yucaoM 0. Ho torma mo
Teopeme | cymectsyer uncio A > 0, K KOTOpOMy CTpeMuTCa ™

lim ¢g"=A.
n-> o
Hmeem Takxe
A=lim g*t'=gqlim ¢"=qA,

n-=>w n—>

otkyaa A(1—g)=0 u A=0, noromy uro g < 1.

Ecau Tenepp ¢ < 0, TO Ha OCHOBaHHHM yiKe JJOKa3aHHOTO
lg*|=1g]|*—0, n— oo.

PagpeHcTBO (4) J10Ka3aHO NMOJHOCTBIO.

dro jokasatenbctBo (4), moxanyi, 6osee 1eraHTHOE, yeM
TO, KOTOpoe ObuI0 mnpHBeneHo B npumepe 8 § 2.1, Ho oHO
He JaeT BO3MOXKHOCTH CYAUTb O CKODOCTH CTpeMJIeHUs ¢"
K HyJo—He jaeTcsi 3(p(peKTUBHO UHCIO fy =1, (&), HauHHas
¢ Koroporo |¢*| < e.

MMpumep 2. CnpaBeiJHBO PaBEeHCTBO

lim 2= (5)
n-—> o nl !
rie a@— IPOU3BOJILHOE YHCJIO.
Ipu |a|<<1 ono ouesupno. Ilycts a > 1. Tlonoxum

an
=l
Torma “nti_._2 _ .0 (1—o00). Orciona CcJenyer, 4TO
Up n+1

U,y <t, VYn>n, IIen, A0CTaTOYHO BEJIHKO.
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Takum o6pasoMm, nepemMeHHas u, Ajsi n > n, YOBIBaer.
Kpome Toro, ona orpanuuena cuusy uucaom 0. Ho Toraa
CYILIECTBYET Npenesn

lim u,=AZ>=0.
n->w
Ho rakxe
. . a . @ __a0_
A 1 =l (0 7) = Al 254,00,

M Mbl JOKasanH paseHcTBO (5) ans JsobGoro a>=>0. Ho oHo
BepHO U Ajs Joboro a < 0, motomy uTO

|al®
nl

an
nl

—0 mpH n-— oo.

§ 2.6. Yucyo e -

PaCCMOTp HM IMOCJIEN0BATEJIbHOCTDb

= {12}

Fona;xeM, YTO 3Ta INOCJAENOBATEJbHOCTb BO3pacTraromas H

orpanuyena ceepxy. Ha ocHoBanuu ¢opMmyas GHHOMa
HeioToHa

n
(@4-b)r = Z n(n——l)..l.efn-—k_-i—l) an-kbk
k=0

HMmeeM
e
._}_n(n—l)..k.!(n—k-kl)%_*_.“+n(n—l)...(n——n+1)'l=

nl nn

=2+-2T(1—%)+...+kl—!(l—i)...(1—’15—‘)4-..

o .
1 1 n—1

°‘+ﬁ( —7)...( ——n—). (1)

M3 nanHOro paBeHCTBa BHAHO, YTO [1OCJIE[|0BATEJNbHOCTD X, 3 2

Vn. JlokaxeM, 49TO INOCJIENOBaTeJbHOCTb {X,} OrpaHHueHa
csepxy. M3 paBencrBa (1) umeem

g L N U R SR

+5,,—‘.—1<1+(1+§+...+5‘;+...)=1+1—11—=3.
—7
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[MokaxeM, 4TO MOCJENOBaTeNbHOCTb {X,} BO3pacTaolasi.
[To ananoruu c (1) umeem

x,,+1=2+-21-l-(1—ﬂ1_—1)+...

...+-;-]-(1——n_._:_l) "'(l—’r:T_-:)+
+(nJ‘rl)!(1_nJ‘rl)...(1—n—L>. @)

CpasuuBas (1) u (2), Bunum, uto x, < x,,, VREN (B (2)
KaxAoe cjaraeMoe GoJiblile, 4eM COOTBETCTBYIOIEE CJIAraeMoe
B (1), u, KpomMe TOro, MMeeTcs Ha OJHO MOJIOKHTEJbHOE CJia-
raemoe Gosewe). Ilo Teopeme 1 § 2.5 nocsenosaresibHOCTL
{x,} cxomurcsi. OGo3naunm ee mnpemen GYKBOH e, Kak 310
npenioxua Bnepseie J1. Dityep 1)

lim (1+%>"=e.

n-— o

M3 ckasannoro scHo, uto 2 < e < 3. Bonee Tounoe 3nayenue
e=2,718281 ...

B Gyaymewm (B § 4.16) 6yner nokasana dopmysa, H3 KOTOpO# cie-
ZyeT, 4To

S
e=kzoﬁ+;!— (n>2), ®

rie O —HeKOTopoe 3aBHCsilee OT 7 YHCJO, YAOBJETBOpSIOUlee HEPaBeH-
crBaM 0 < O < 1. C nomoutbio 3To#t GHOPMYJIBI HETPYAHO JOKA3aTh, YTO e
€CTb YHCJIO HppanHoHandbHoe. JlOMYCTAM, YTO e=p/q, TAe p W ¢ HATy-
paabubie. Torna, mosoxus B (3) n=¢, 6GyfeM HMeTb

q
P 1.6
q_k‘gf)k'+4"

VYMmHoXasA Ha gl, mosyuaem
p(g—1I—1=9, @

q
1
ree l=q! 2 T — HaTypambiioe uHclO. Mge1  monyuwaH mpoTuBOpe-
k=0
yne —JieBasi 4acTb (4) ecTb ueJoe yucJo, a MpaBas, paBHas O, ecTb mpa-
BUJIbHasE JpO0b.

1) JI. diinep (1707—1783) — Benukuil MaTeMaTHK, akaleMuk Poccuii-
CKOIl aKaJeMHH HayK, LuBefnapel Mo NPOHCXOXKJEHHUIO,
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§ 2.7. MNpHHUUN BJOXEHHBIX OTPE3KOB

Teopema |l (IPHHIO UM BJAOXKEHHHX OTP 3K OB).
[ycmo 3adana nocaedosamenrvHocme ompeskos (ce2meHmos)

o,=[a, b,] ((n=1,2 ...),

8a00CeHHbIX  Opye 6 Opyea, m. e. mMaKux, 4mo O,.;CS0,
(n=1, 2, ...), ¢c Oaunamu, cMpemMAWUMICR K HYNO:

d,,=b,,—a,,—+0 (I’L——> 00)

Toeda cywecmsyem u NPuUmMom eOUHCIMBEHHAS MO4KA C
(4uca0), o0HOBpemeHHO npuxadieNcauias 6cem ompesKam G,
(c€a,, n=1,2, ...).

JJoxasaTteabcTBo. OueBHIHO, UTO

<< <. .. <b

m

npu J060M 3aJaHHOM HATypPajJbHOM m. ITO NOKasbIBaeT, YTO
ylcia a, He YObIBAIOT M OrpaHHYeHbl CBEPXY YHCJOM b, mpu
Jaio6oM m M, corsiacHo teopeme 1 § 2.5, cymecrByer uncio c,
K KOTOpOMY CTpeMuTcsi nepeMeHHas a, (lima,=c). [Ipu sToM
a,<<c<{b, Tak Kak B 3THX HepaBeHCTBaX HaTypaJbHELIE N
M m TpOU3BOJbHBEE, TO, B YaCTHOCTH, a,<c¢<b, (n=1,
2, ...). CnenoBarenvHo, ¢ €0,, KakoBo Ob HH 6bl10 7 € N.

Hafinennast Touka c—enuHcrBeHHass. JlomycTuM, 4TO Cy-
miecTByeT Jpyras Touka ¢; €o, Vn. Torma a,<c¢, ¢; <b,,
OTKYZa

b,—a,=|c—c;|>0 Vn,

HO 3TO NMPOTHBOPEYHT TOMYy, uro b,—a, — 0.
OTMeTHM, 4TO

limb,=lim [(b,—a,)+a,]=c.

‘3ameuanue. B Teopeme 1 cymectsenno, uto B Heli
paccMaTpHUBalOTCS OTpe3KH [a,, b,] a He HHTepBalbl, Kak
nokaswiBaer caelywomuii npumep. Murepsann (0, 1/n) (n=1,

2, .. .) BJOXeHHI APYT B APYTa, HX JJIMHAd, = 711-—70 =—— 0,

HO HeT HH OJHOH TOYKH, NpHHALJEXKaleHd OIXHOBPEMEHHO KO
BCEM 3THM HHTEpBaJiaM.

B camom jgene, /mobas Touka ¢<0 He NPHHALJENKHUT
K moGomy u3 unTepBanoB (0, 1/n). Ecam xe ¢ > 0, To Haii-

nexcs Takoe n, 4to l/n <c¢ u c€(0, 1/n).
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§ 2.8. Tounbie BePXHAS U HHXKHAA TPAHH MHOXKECTBA

PaccMOTpHM NpOH2BOJIbHOE MHOX(eCTBO £ JeHCTBHTE/IbHBIX
yhcesn x. Moer cAyuuTbCs, 4TO B HEM HMeeTcd Haubosbliee
(MakcuManbHOE) YHCJIO, KOTOpOe Mhbl 0003HauMM uyepes M.
B aroM ciaydae numyt

M = max E = max x.
x€E

MorkeT cayunThCsl TakKe, 4TO cpelH yucea x € £ umeercs
HanMeHblilee (MHHUMaJIbHOE), paBHOe uucay m. Toraa numyt

m=min E=minx.
x€E

Ecau MHOXKecTBO £ KOHEUHO, T. €. COCTOHT U3 KOHEUHOro
YHCJIa HHCcel

Xiy Koy oney Xpy

TO CpPeAM HUX BCerla ecTb HauGoJbliee M HaHMeHblIee.

OnHako 3TO He Bceraa Tak, eciu FE—O0eCKOHEYHOe MHO-
JKECTBO.

[TpuBeneM npumeps:

yZ={..., —3, —2, —1,0, 1,2, ...}

2) N={l, 2, 3, ...},

3) N_={..., —2, —1},

4) |[:a, b],

5) [a, b),

6) (a, b).

MuoxecTBO Z He HMeeT HaHOOJbIIEr0 W HaHWMEHbLUEro
yucen. MutepBan (a, b) Toxe He HMeeT HauOOJbLIErO U HaM-
meHbliiero uucesn. Ilpn sToM 3jech He MMeeT 3HaueHusi, Gy-
AYT JH 4YHcaa @, b KOHeYHbIMH HJIH GecKOHeuHBIMH. KakoBo
6l HH OBLIO 9uCJsIO ¢ € (a, b), T. e. 4HuCJI0, YAOBJETBOP siOlEe
HepaBeHcTBaM a < ¢ < b, Bceraa Ha#ilyTcs uYHcaa ¢p, ¢, Ta-
KHe, uTo a < ¢; < c < ¢, < b.

MuoxectBo N He MMeeT HaHGOJIBLIErO JIEMEHTA, HO HMEeT
HauMeHbln# x=1. MuoxecTBo ke N_ umeer wuHaubGobuuti
97eMeHT x= — 1, HO He HMeeT HaMMEHbIIEro.

OueBuaHo TakKe min [a, b]=a, max[a, b]=>, min[a, b)=
=a, OIHAaKO MaKCHMa/IbHOro 4ucsa B [a, b) Her.

Bosuukaer Bomnpoc o BBeLeHHH AJISI MPOU3BOJILHOTO MHO-
;kectBa E uuces, KOTOphle MO BO3MOXKHOCTH 3aMeHSIH Obl
max E u min E. Takumu uucsjamu (KOHEUHBIMH WJH GeCKo-
HEYHBIMH) SIBJISIIOTCS MOYHAA BepXHASL 2pPaHb

sup E=supx=M

x€E
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U MO4HAS HUICHAA 2PAHb
inf E=infx=m
x€E

MHOOHCECMEA.

[TycTb MHOXecTBO E OrpaHHueHO CBEpXY.

Uncno M (KoHeuHOe) HA3bIBAETCS IMOUHOL BepxHell 2pablo
MHOXecTBa E, eCii VI Hero BBINMOJHSIOTCS 1Ba YCJIOBHS:

1) x<M Vx€E,

2) nna moboro & > 0 cywecTByer Touka X, € E Takas, 4To
BBINOJIHAIOTCS HepaBeHCTBa

M—'e <x1' <M.

ToBopst Apyrumu cioBamu, sup E=M ecTb HanMeHbluas
H3 BEPXHHUX TIpaHHl] (MaXKOpaHT).

[Tyctb MHOXecTBO E orpaHu4eHO CHH3Y.

Uncno m (KOHEYHOe) HA3bIBACTCSI MO4HOL HUNCHED 2paHblio
MHOxecTBa E, ecau A/ Hero BHIOJHSIOTCS JABa YCJIOBHf:

) m<x Vx€E,

2) ana Jqoboro &> 0 cymecTByeT Touka X; € E Takas,
uTo

m<x, <m+e,

T. e. inf E=m ecTb HanGoJsbllass U3 HIKHUX TPaHHIL.

OueBuHO, e€cJaH B MHOXKecTBe E J[efCTBUTENBHBIX YHCEJ
rMeeTcsi Haubosiblllee (HaHMEHbIlee) YUCJO, T. €. CYILIECTBYET
max E (min E), 10

sup E=max E (inf E =min E).

sup, inf— cokpauienus JaTKHCKHX CJIOB SUPTemum— HauBBIC-
wui, infimum-—HauHU3MWKA. ITa TEPMHHOJIOTHS HE COBCEM
ylaysa, NOTOMYy 4TO, Hanpumep, sup £ He Bceria ecTb Haw-
BBICILIHH 3JIeMEHT B MHOXectBe E.

[Mpumep 1. MuoxectBO

1 2 3 n
E={—2—, ?, —4—,- ...}={n—_l_—l—}

UMeeT HauMeHbllee ukcso, pasHoe 1/2(min E=1/2). Oxnako
1 2 3
OHO He UMeeT HaHGOJIbIIEro, MOTOMY uT0 & < 5 < 7+ <....

Bce xe oHO orpanHuyeHo cBepxy uucaoMm | umn Jo6bM
yucjoM, GOnbwuM 1. Ho uncno 1 wurpaer uckmouutesbHyo
pOJib — OHO €CTb TOYHas BepXHss rpanb E (sup E=1).

B camom pene:
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1) ;:q'f—:<1 VrneEN,
ny

2) ans Ve >0 3n, €N 1—e <L e <1

Mbl panmu onpenenende TOUHOH Bepxuell (Hu:KHeH) rpanu
JJISi MHOXKECTBA, OrPAHHUYEHHOTO CBEepXy (CHH3Y).

Ecan MHoxecTBO E He OrpaHMyeHO cBepxy (CHH3Y), TO
€ro TOYHOH BepxHell (HM)KHEH) TpaHbplO €CTeCTEEHHO Ha3BaTh
CHMBOJ ~+ oo (— o0): sup £= 4 oo (coorBercTBeHHO inf E =
=—o0).

WHorna, Koria Her OaCHOCTH NYyTaHHMIBL, BMECTO -+ oo
MHILYT 00.

Ipumeps. Husi MuoxectB 1)-—6), npuBeleHHBIX BbIlLE,
HMeeT MeCTo

sup Z = +o00, infZ =—o00,
supN =00, inf N =minN =1,
supN_ =maxN_=—1, infN_ =—oo,

sup (a, b)==>b, inf (a, b)=aq,

rie a U b Moryr ObITb KOHEUHBIMH M G€CKOHEUHBIMH YHUCJIAMH.

MoxHo zaThb ofllee OnpeiesieHHe TOYHOH BepXHeHl (HHXK-
Hell) rpaHH MHOXeCTBa, KOTOPOE TFOAMTCS AJsi JIoOOro MHO-
JKecTBa (OrPaHHYEHHOrO M HEOrPaHHUYEHHOro).

Uncno M (COOTBETCTBEHHO 1), KOHEYHOE HJIH GecKoHey-
HOE, Has3blBaeTCsi MouHOl eepxHed (HuxcHel) epaxor0 MHOXKe-
crea E (puc. 9 u 10), ecqu BBINOJHSIOTCS YCJOBHS:

Nx<M(m<x) Vx€E;

2) nna moGoro (koneunoro!) M; < M(m, > m) cyuect-
Byer x, € E Takoe, uto M; < x, <M (m < x; < m,).

vow M
z £

I
&
3

Sy

Puc. 9. ' Puc. 10.

B sr0ft opMyIMPOBKE HE MPUXOAMTCS yNOTPeGAsiTH pas-
HOcTe M—e (cyMMy m--g), 3TO He HMeeT CMbicja MNpH

CnipaBeflyiiBa TeopeMa NPHHIMIHANLHOrO 3HAYEHHs.

Teopema 1. Ecau He nycmoe muoscecmso E Oedicmeu-
MenbHbLX 4uces 02parudero ceepxy (CHU3Y) KoHedrvim yuciom K
(coomsemcmeenro k), mo cywecmeyem uucao M <L K(m = k),
Asaaroweecs mounol eepxrel (HusicHed) eparoro E.,
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JNokasaTtenbcTBO. Tak Kak E—He NycToe MHOXECTBO, TO
OHO COZeDXHT B cefe MO KpaiHel Mepe ORHY TOUKy xo. PaccmoTpum
0Tpesok Op={[a, b], rie a < x,, b=

[To ycaoBuio npaBee 0, HeT Touek E. Pasnenum o, Ha ABe paBHBbIE
yacTH (IBa OTpe3Ka) H 0003HAuYNWM Yepe3 Oj CaMyl0 MNPaBYI0 MOJIOBHHY,
copepxamyio B ceGe x0T 6bl OAHY Touky E. 3To Hamgo noHuMarb B TOM
cMEic/Ie, YTO ecan o6e MOJIOBHHH coliepar B ceGe Touku E, To 0f ecTb
npaBas M3 HHX, a €CJIH TOJBKO OAHAa H3 HHX COAEPXHT TOukH E, To
MMEHHO OHa 0GO3HauaeTCsi uepe3 Oj.

OGoanauuM yepe3 x; Kakylo-aMGo TOUKY u3 E, NpHHaAMeXKalIYIO K Oy.
Takum ofpasoM, x; €0y, HO npaBee O; HeT Touyek E. Jlenum Tenepb oj
Ha JBa PaBHBIX OTpPe3Ka M 0603HauaeM uepe3 O, CAMBIil MpPaBHI U3 HHX,
cogepxamuii B cebe XoTsl 661 OAHY TOUKY E, KOTOpyw 0603HauuM ye-
pes x,. IlpaBee O, HeT Touexk E.

TIpojo/IKUB 9TOT NpOLECC MO MHAYKIHH, MOJYY4HM MOCJEI0BATENb-
HOCTb BJIOMEHHBIX OTpe3KOB 0,=[a,, b,] (6,D06,,1), ANMHE KOTOPHIX

b,,—a,,———b;a-;» 0, n— c.

[pu sToM mpu ato6om nEN mnpasee 0, HeT Touek E, HO O, comepXuT
B cefe HEKOTOPYIO TOYKY x,EE.

Ha ocHoBanuM NPHHIKNA BJOMEHHHIX OTPE3KOB CYUIECTEYET €JHH-
CTBeHHasi TOUKa, KOTOPYIO MBI 0G03HAaUHM qepea M, npnnagnexamas Ko
BceM OTpe3KaM O, (M E€o,, Vn).

JokaxeM, 4TO

M =sup E. (1)

B camom pene:

1) umeeT mecTo HepaseHcTBO ¥ << M, Vx€E, notoMy uTo ecian x—
KaKasi-TM60 TOYKa, MPHHaLJIexamas K E 10 x<b, Vn, nepexons
K Tpefeay fpH n—> 00, MOJYYHM

x<<M=limb, VxEE;
n—-> o

2) ans awboro £ >0 3Ix'E€E
M—e <M ()

LlefcTBHTENbHO, TOYKH X,, ONpeleseHHHE Bbille, MNPHHALJIEKAT
COOTBETCTBEHHO K 0, H K E, T. e. a,<x,<<M, u 12K KaK a,— M,
n— oo, TO Aas Jio6oro & > 0 3n,

M—e < e, < x"°<M,

r
H MB nosyuunn (2), eciu Gynem cuuTaTh X' =x,

CooTBEeTCTBYIOWasl TeOpeMa, YTBEPKAAIOU[asd CYmeCTBOBaHHE TOYHOM
HHXHell TPaHM y OrpPaHHYEHHOTO CHHM3y MHOXKecTBa E, JOKaskiBaeTcs
aH2JIOTHYHO, OTMpaBJsAsCh OT cerMeHTa 0= [a, b], comepxaiuero B ceGe
HEKOTOpYIO TOUuKy Xxo€E Takorg, 4To a==k u xy < b. Jenum 0y Ha
IBa DaBHBIX OTpe3Ka M yepe3 O;y 0003HauaeM Telepb CaMyIO JIEBYIO 110-
JICBHHKY, COJlepxaimlylo B cefe TOYKH E, HAXOMUM B Oy TOUKY xiEE
¥ NpOJOJIKaeM Najiee S5TOT NPOLecC Mo HHAYKUHH.

CkasaHHOe Bblille NPHBOAMT HAc K CJEAYIOINeMY YyTBEepXK-
JIEHUIO: 8csikoe mHoxcecmeo E umeem mourbie 8epxHio0 u Huow-
nioro epanu. Ecau E oepanuuero ceepxyy, mo sup E < oo,
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ecrw e E He ovepanuueno ceepxy, mo sup E=oo. Anaio-
euuro, ecau E oepanuseno crusy, mo inf E >—oo, uecau E
He oeparudero cHu3dy, mo inf E=— oo.

3anauwn ‘

1. TlycTb maHb MHOXecTBa JAelicTBHTeNbHEIX uncen X ={x}, Y ={y}.
Mon mHuekecTBOM {x--y} GyleM NOHHMATH BCEBO3MOXKHBIE CYMMBI YHCEN
x€X u y€Y. JokasaTh, 4TO

sup {x+ y}=sup {x}+sup {y}, inf {x4 y}=inf {x}4inf {y}.
2. INop muoxecTBOM {xy} GyJeM NOHHMaTb BCEBO3MOMKHHE IPOH3-
BelIeHUs] HeOTpHUaTeNbHBIX uHcen x€X u y€Y. Jlokasath, uTO
sup {xy}=sup {x} sup {y}, inf{xy}=inf{x}ini{y} (x=0, y=0),
3. JlokasaTb, 4TO

sup (— %) =—xirelfo,

inf (— x) =— sup x.
x€eA €A xeA

x

§ 2.9. Teopema boabuaHo—Beiepmitpacca?)

[ycte 3aZaHa NPOM3BOJIbHAS MOC/ENOBATEIbHOCTh AEHCT-
BUTE/NbHBIX uHcea {x,}. BriGepem u3 Hee GecKOHEYHOE MHO-
JKECTBO JIEMEHTOB C HOMepamH n; < fn, <... . Toraa nomy-
YHM HOBYIO MOCJEIOBATENBHOCTb {Xn,}, KOTOpas HasbiBaeTCs

nodnocaedogamenbrocmoto  nocredogamensrocmu {x,}. Taxux
NOJAIOC/Ie10BAaTENbHOCTEH MOXHO BBIAEJUTb H3 JAHHOH TIO-
CJ1eJ0BaTeJbHOCTH GEeCKOHEUHOe MHOMKECTBO.

Ecnu nocsenoBarenbHOCTb {X,} CXOHMTCSt (K KOHEUHOMY
yHCay, oo HJIH -—o0), TO OUEBHIHO, 4YTO u Jiobas ee
HOJNOC/IEI0BATENBHOCTh TOXKE CXOAHTCS H INPHTOM K TOMY
K€ YHCJay (KOHeYHOMY, - 0o HJH — o).

ITocnenoBarenbHOCTD

{, —1,1, —1, ...} )

MOXET CJYXKHTb IIpDHMEPOM HE CXOAsiefics TOcJiel0BaTeb-
HocTH uucen. Bce xe Mul BHJHM, UYTO 3Ta INOCJE€AO0BATEJ/Ib-
HOCTb COAEPXKHUT B ceGe MNOANOC/E]0BaTEbHOCTD

: 1,1, ...}

cxonsmytocss (k 1). Bosnukaer Bompoc, Bceria Jin 3To Tak,
BCAKASL JIM MOCJENOBATe/bHOCTb JeHCTBUTENBHEIX YHCEN CO-
Jep:KHT B cebe MOIMNOC/eN0BaTe/NbHOCTb, CXOASILYIOCH K He-
KOTOpOMY YHCJy (KOHEUHOMY, - oo, — oo), [Tonoxurenbubil
OTBET Ha 3TOT BONIpPOC Jaer

1) b. Boabuano (1781—1848) — uemckuit MaTematnk, K, Beltepmutpace
(1815—1897) — HemeuKHit MaTeMaTHK,
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Teopema 1. H3 ecaxoidi nocredosamersrocmu Oeticmeu-
MeAbHOLY Huces {X,} MOKCHO 8bi0esums nodnocaedo8armenbRoCb
{%n,}, CXO0RUYIOCA K KOHEUHOMY HUCAY, UAU K ~+ 00, UAU K —00.

B cayuae, korna mocsnenoBaTesqbHOCTD {X,} He orpaHHueHa
cBepXxy (CHH3y), OHa, OYEBHAHO, COAEPKUT B cebe MOAIOCe-
JIOBaTeNbHOCTD, CTpeMsalylcd K 4 oo (K —oo), uYTO AOKa-
3piBaeT TeopeMy. EciH ke nocseoBaTeJbHOCTh OrpaHHYeHa,
TO TeopeMa 1 CBOAMTCS K cilelyioLueli TeopeMe.

TeopeMa 2 (B onbuaHo—DBeliepmrpacca). U3
6cAKoll  ozpanu4enHoll nociedogamenvrocmu {X,} MONCHO 6bL-
Oeaume nodnocredosamebHocms {xn,}, CX008uyrocs K Hewo-
mopomy Hucay.

HokasateabcTBo. Tak Kak mnocJeloBaTebHOCTb TO-
YeKk {x,} OorpaHH4YeHa, TO BCE OHM NPHHALIEKAT K HEKOTO-
pomy oTpe3ky [a, b], koTopelii OGo3HauuMm uepes o,. Pasge-
JUM O, Ha /Ba PaBHBIX OTpe3Ka W 0003HAUHM yepe3 O; CaMblif
NpaBblii W3 HHUX, CcolepxKaluii B cebe OeCKOHEYHOE HYHCJIO
3/1eMeHTOB X,,. OIMH H3 3THX 3JIEMEHTOB 0603HAYHM Yepes X,
[IpaBee o,, eciM ecTb, TO KOHEYHOE YHCJO TOUEK X,,. Pas-
IeqHM O, Ha 1Ba DaBHBIX OTPe3Ka M OOGO3HAYHM Yepe3 O,
cambii npaBbiff M3 HHX, colep:xkauluii B ceb6e GeCKOHEUHOE
YHCJIO SJIEMEHTOB X,,. Bbl6epeM CPeAH 3THX 3JIEMEHTOB OLMH X,
c HoMepoM f, > n;. IlpaBee o,, ecau eCTb TOUKH X,, TO HX
KOHEYHOE YHCJIO.

[Ipogomkum 35TOT npouecc Mno HHAYKUHH. B pesyabrare
MOJIyYHM II0CJIE[IOBaTeIbHOCTb BJIOXEHHBIX JAPYyr B Apyra or-
pe3koB 0, =/a,, b,], AMHHB KOTOpBIX b,—a,— 0, k—s oo,
H TMOANOC/IEL0BAaTeNbHOCTD TOYEK HallleH MocJieloBaTebHOCTH
TaKHX, YTO Xp, € O (n, <ny,<...). Ilpn stom npasee Kax-
LOro U3 OTPE3KOB HMeeTcsl He Oojiee YeM KOHEUHOe YHCJIO
3/IEMEHTOB X,,.

Ha ocHOBaHMM NpPHHUHNA BJIOKEHHBIX OTPE3KOB CYIIECT-
BYeT TOUKa ¢, NpHHAAJexaumas K Jo6OMy H3 OTPE3KOB O.
OueBHAHO, YTO TOAMOC/ENOBATENbHOCTD {Xn,} UMEET CBOHM

NpenenoM ¢ (Xn, —¢), U Mbl JOKa3alH TeopeMy.

§ 2.10. BepxHuit u HMXxHHI npepenl

Ecay sajaHa npoM3BOJIbHAasi ICC/IEN0BATENbHOCTb JAeHCTBHTENbHEIX
yucel {x,}, To, coraacHo Teopeme 1 § 2.9, BO3MOXKHO paccMaTpHBAaTh
NOPOKJaeMble €l0 PasiHUHble CXOASIIHECS NOC/IEA0BATENBHOCTH.

Ipezenbl 3THX NMOANOC]EACBATENbHOCTEH NPHHATO HA3LIBATD 4ACIMUY-
Hoimu npedesamu TOCHEAOBATENbHOCTH {X,},
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Mo onpenenenuio sepxnum npedesom nocaedosamensHocmu {xp} (wnu
nepemennod x,) HasbiBaeTcs uncao M (KOHeuHoe, o0 HIH — ),
obnajaiomee ClIefyIOMUMH JBYyMs CBOHCTBaMH.

1) CymecTByeT NOAMOCAEAOBATENLHOCTD {xnk} NOoC/IeA02 aTeIbHOCTH
{xs}, cxomamasica k M:

limx, =M.
k>

2) Hnsa mo6oit cxoasmefcs NOANOC/HEA0BATEIbHOCTH {xnk} nocJue-

LOBaTeNbHOCTH {X,}
limx, <M,
k>0 Rk
Bepxuuit mpegen mnociefoBaTebHOCTH {X,} O0603HAYalOT OXHHM HS
CHMBOJIOB

M=Tim x,= Tim x,= lim sup x.
n—»m n>®o k>n

Eciu nociefoBaTeqbHOCTD {x,} He OrpaHHuE€Ha CBEPXY,; TO; OYEBHIHO,
lim x,=- o.

B nocnenoBatenbHocTd {(— 1)?} nepemenHas x, umeer lim x,=1,
BoTt eme npumep:

-~ 14 L
{n'( b }—{1: 2i 3 )4) 5 )y Cee }l

ATa nocJefOBaTeNbHOCTb (IepeMeHHas) He orpaHHyeHa cBepxy. Ciejo-
BaTEIbHO, €e BepXHHH npeznen

Tim it=V"%= 4 oo,

Iins orpaHuueHHo#l cBepXy NOC/IeNOBAaTeNbHOCTH {r,} ee BepxHHui
npejien M MoxeT GHITb ONpefeleH TaKXKe CJEAYIOWHM 08pa3oM: Lis
Bcakoro & > 0 npaeee M--& HMeeTcst pa3Be UTO KOHEUHOE UYHC/IO TOYEK
%, TpaBee e M—e 3aBefloMo HMeeTcs GeCKOHEYHOE UYHC/IO TOUEK X,.

OTMeTHM, YTO €CHH IOCIeNOBaTeNbHOCTb {x,} HMeET OGBIUHBIA (KO-
HeuHbl#) npefen limx,=M, TO, Kak MHl 3HaeM, s J60ro € > 0
HepaBeHcTBa M —¢€ < x, < M -¢& BHNONHAIOTCA A5 BCEX Xy, 33 HCKIIO-
yeHHeM HX KOHeYHOro umcia. Takum o6pasom, npasee M --& umeercs
He GoJiee YeM KOHeYHOe YHCJIO 3/1eMEHTOB X, a MpaBee M —&—3aBegomo
GecKOHEYHOe HX YHCJIO.

310 nokaseiBaeT Takxe, 4To M =lim x,,.

HUrak, eciu M =1lmx,, To ¥ lim x,=1im x,=M.

Ho pashuma Mexjy OGBIYHBIM NPEAe]OM ¥ BEDXHHM IpEiesioM 3aKiIo-
yaeTess B TOM, YTO B ciyyae npefeia JjeBee M —e wuMeeTcss He Gosee
yeM KOHEYHOe YHCIO TOYeK X,, a B Clyyae BepXHEro Ipeiena JeBee
M —e MoxeT 6biTb H GeCKOHeYHOe UYHCJIO TOYEK X,;.

ITo onpenesnenuto HuscHum npedesom nocredosamenornocmu {x,} (41
nepemenHotl x,) HasbHIBaeTC YHCJIO m (KOHeYHOe, -} 00 HIH — ),
obsajaloiiee C/IeLyIOLHMH ABYMS CBOHCTBaMH:
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1) CywmecTsyeT NOAMOCNENOBATEILHOCTD (X, } fIOC/IeA0BA TEJIBHOCTH

{x,}, cxomamasca kK m:
lim x,, =m.
f>» "k

2) Hns nwo6oit cxoasmelcs MNOANOCAeNOBATENbHOCTH {X, }nocxe-

LOBAaTeABHOCTH {X,}
limx, =m.
k—>® ng

Huxnuft npenen nepeMenHo# x, 0603HAYaIOT OJHHM H3 CHMBOJIOB

m=1lim x,= Hm x,= lm inf xg.
- n> o n—+wok>n

Ecau nocsiefoBaTeIbHOCTD {x,} He OrpaHHYeHA CHU3Y, TO, OYEBHAIHO,
lim x,=— .

[asi orpanMYeHHOR CHH3y INOCJeIOBATEJbHOCTH HHXKHHA npenea m
MOIHO ONDENeJHTL TaKiKe CJAefyIOWHM ofpasoM: 1Js Bcsikoro & > 0
JieBee m—€ HMeeTC pasBe YTO KOHEUHOe YHCJIO ToYeK (IEMEHTOB) X,
JeBee e m--€& 3aBeloMO HMeeTcd GeCKOHEUHOe YHCIO ToueK (3Je-
MEHTOB) X,.

OvyeBHAHO, YTO

limx, << lim x,,. (1)

Teopema 1. s moeo umober nocredoeamervwocmo {x,} umeisa
npeae/z (koHeunoui, -+ o0 uasu — o0), Heobxo0umo u Oocmamouro, 4mobs:

Tim x,=lim x,, & mozda lim x,=1lim x,, = lim x,,.
3ametum, uyTo ecau limx,=— o, TO B cury (1) limx,=— o,
u no teopeme |
lim x,=— co.

OueBHIHO TaKXe, YTO H3 paBeHCTBa lim x,=-} o0 BHITEKaeT, 4YTO

lim x,=1lim x,= + .

3amMeyaHune. MoXHO nokasaTb, YTO YHCJIO €, KOTOpPOE MH IOJY-
YWIH NpH JOKa3aTeqbcTBe TeopeMbl Boasnano— Befiepmtpacca, ssiser-
csl BepXHHM HpefeJoM Xp:

im x,=c.

D70 BHITEKAeT W3 TOrO, YTO Npasee KaXKIOTO OTpe3Ka O, HMe2Tes
He GO/blIE YeM KOHEYHOe YHCIO TOUEK X.

C apyroft cTOpOHH, €caH GBI Mbl BHIOH3MEHHJIH Tpoilecc, BHGHpas
Ha KaX[OM 3Talle JeJIeHHs O, Ha ABa paBHBIX OTpPesKa He CaMbli Ipa-
Bbfl, a camblil JeBBIf H3 HHX, cofiepKamuft GeCKOHEYHOR UHCAO TOYeK X,
TO Mbl GBI TOJNYYMIH, BO3MOXKHO, APYTYI0 TOUYKYy ¢’, COAEpHKAamylCTs
BO BCeX O, M 3Ta Touka 6ruIa 6B HHXKHHM mpefenoM x, (lim x,=c’).

Ecnu nepemeHHasi x, He HMeeT Ipejesa, TO 3aBeioMO ¢’ < ¢, eciH
Xe Ipeien x, cymecTsyer, To o6a npounecca HeOGXOAHMO IpHBEAYT
K OZHOMY H TOMYy Xe YHCIy Cc=¢’,
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§ 2.11. Ycaosue KomH cxoaumocTH
N10CJIeR0BATENEHOCTH

Ilycth 3ajaHa TOC/ENOBATE/IbHOCTh AfCTBHTENbHBIX 4YH-
cex {x,}, cxolAumasca K KOHEUHOMY mpeleny a:
lim x,=a.
n-—> o

370 3HauuT, 4TO AAs BcsiKoro € >0 Haiimercss wHemo ny, =
= n,(€) Takoe, 4TO

[x,—a|<e/2 Vn>n,.

Hapsiny ¢ HaTypanbHBIM YMCJIOM 12> N, MOXHO NOACTaBHTH
B 3TO HEPAaBEHCTBO APYroe HaTypasbHOE YHCJO M >> M,

|x,—a| <e/2 YVYm>n,
Torna

lxn_xm|=lxn'—a+a_xm I <Ixn—al+}xm—al <

e &
<7—_}—?=e vn, m > n,.

Mbl mONYyYyMIM CHERyIOIlee YTBEPXKAEHUE: ecau nepemer-
HAA X, umeem KOHeuHbili npeden, mo OAs Hee BbINOAHAEMCS
ycaosue (Kowmt)): 0dan aobozo € >0 natidemes ny,=n, (€)
maKoe, 4mo

|%,—x,| <e Vn, m>n,

[NocsienoBatTeIbHOCTE YHCEJ, YAOBJIETBOPSIOWIAsl YCJIOBHIO
Koun, HaspBaloT elle ¢yHdamermarbHol nociedosamens-
Hocmobro.

OkasbiBaercs, YTO MMEET MECTO TaKKe o0paTHOe yTBEpK-
JeHHe: ecau nocredosameabHocme Oeticmeumensroix ducea {x,,}
pyndamenmaanvran, m. e. yoosremeopsem ycaoguro Kouiu, mo
OHa umeem npedea, M. e. cyuwjecmsyem Huca0 a (Koneudroe)
makoe, 4mo x,— a, n— oo,

HokasaTteabcTtBo. Hauynem c Toro, uto gokamem, uto ¢ys-
JaMeHTalbHasl NOCJE0BaTebHOCTb OrpaHHyeHa. B camoM nese, moJIoXKuUM
e=1 u nog6epem, coryacHo ycioBuio Ko, yucio ng=rn, (1) Tak, uro

Ixﬂ—xml < 1 Vnn m> Ny,

1) O. JI. Kown (1789—1857) —dpannysckuii matemaTuk. B ero tpy-
Jax BUepBbie ONpelleleHbl OCHOBHEIE NOHSITHS MaTeMaTHYeCKOTO aHanu3a
(mpenen, HeNpepLIBHOCTb, HHTErPal, ..,) TaK, KaK 3TO NPHHATO B CO-
BPEMEHHOH MaTeMaTHKe.
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OTKyna
I> | xp—%m | =20 |—|%m |
HIH
14+ %m | 2] x4 vn, m > ne. ()
BadukcupyeM m > ny H 0603HaYHM
M= max {1+|xp |, |xnl},
n< ng

T. €. MakCHMyM uHcean |x,|, The n<<ng, 4 uucia l-|x,|. Toraa
B cuny (1)

M=|x,| vnegN,
H OTpaHHYEHHOCTb TOCJEAOBAaTeNbHOCTH {X,} HNOKasaHa.

ITo Teopeme Boanbuano—BeiiepmTpacca 3 orpanHueHHo#t mociexo-
BaTENBHOCTH {X,} MOXHO BLLIEIHTb NMOAMNOC/IEL0BAaTEIbHOCTh {x,,k}, cxo-

Jsiyiocss K HEKOTOPOMY (KOHEYHOMy) YHCIy @, T. €.
lim Xy, =a.
k> ®
ITokaxeM, 4TO B JaHHOM CJyuyae He TOJbKO 3Ta MOANOC/]EAOBATENb-
HOCTb, HO M BCS TNOC/ENOBATENbHOCTb HMeeT npepesn a:
lim x,=a.
n—-o
B camom paene, cornacHo ycaoBuio Kouwd, KOTOpOMY YAOBNETBOpSieT
Halla NoCJAeROBaTeNbHOCTb, M Jo6oro & > 0 HalfizeTcss ny Takoe, 4TO
| Xp—%m| < €2 V¥, m>n, @
C npyro#t CTOpOHBI, B CHIy TOIO 4TO Xp, — 4, k —> o, MOXHO YyKa-
8aThb Takoe kg, UTO
| ¥np,—a] < €/2 Wk >k
YuuTeiBasi, 4YTO np —> © INpH B —> 00, MOXKHO HaHTH Taroe k; > kg,
4TO ng, > no. [lostomy
]xnkl—a| < g/2. 3

B cuny (2), rae Hago MONOXKHTb m=ng,, U (3) HMeeM
|x,,——a|=|x,,—x,,kl+x,,k‘—al<
e, &
<|5—tny |+ ¥y, —a| < gHg=e  Vn>no,

H MBI JOKas3aJid, YTO MNOC/eJ0BaTeJbHOCTb {x,,} HMEET npeaeJ, paanuﬁ a.

Hrak nokasaHa

Teopema 1 (kputepuit Kowwu cymecTBOBa-
HUSl npeaena). Has moeo umobe. nocaedosamensHocmo
deiicmaumensrbix uucen {x,} umera Koreunbil npeden, +eobxo-
Jumo u Oocmamouro, 4moGo. oHa Oblra QyroameHmarbHol
(yOosaemeopsnra ycaosuro Koww).
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§ 2.12. Tloanota M HeNpepLIBHOCTD MHOXECTBA
JeCTBUTEbHBIX YHCEJ

B npenpiaymux naparpacdax Mbl AOKasaad pSi CBOHCTB
LEMCTBHTEJIbHBIX UYMCeJ, BaXKHeMIHe M3 KOTOPHIX Mbl mepe-
YHCJISeM:

1) CywectBoBaHHe npelesa y OrpaHHUYEHHOH MOHOTOHHOM
nocsefioBarensHocT (§ 2.5, Teopema 1).

2) Ipunuun BJOXKeHHBX oTpe3skoB (§ 2.7, Teopema l).

3) CymecTBOBaHMEe TOYHOH BepXHEH TPaHH Y NPOU3BOMb-
HOro orpannyeHHoro MHoxectBa (§ 2.8, teopema 1).

4) CxopuMmocTh (yHIaMEHTAJNBHON MOCJEL0BaTe/IbHOCTH
Kk npefeny (kputepuit Kowm, § 2.11, Teopema I).

Xors TmepeuHcJeHHbE CBOHCTBA M BHINISAST PasjHuHO,
Ha caMOM Jlejle MeXJy HHUMH HMeeTcst ryy0oKasi BHYTPEHHss
cBsi3b. He Tak yX TpyaAHO nokasaTb, 4TO yTBepxJeHHus 1)—4)
(npu Hanuuuu cBoficTB I—IV uncaa) SKBHBaJEHTHBI MEXAY
cofiolr, T. e. u3 J/OOOro M3 HHUX CJELYIOT TPH OCTa/IbHBIE,
B 3roil KHHre GhIO MOKas3aHo, yTo M3 1) (HJH, UTO BCE paBHO,
cpoiictBa V, cMm. § 1.6) u cBoiicte I— 1V caenytor 2), 3), 4).

CaoiictBa 1)—4) HasbiBalOTCA ellle cgolicmseasu Henpepols-
HOCMU WJIH NOAHOMb. MHOXKECTBA BCEX JEHCTBUTEJIBHBIX YHCEI.

UTc6bl YSICHHTb HX pPOJNb, PACCMOTPHM MHOKECTBO TOJABKO palHO-
Ha/JIbHBIX uHcesn, KOTOpce o€o3HauuM uepe3 Q

CeofictBa I —1IV nas paunoHaabHBIX uncen BHNONHSIOTCA. OpHako
cBoiictBo V H, cienoBaTenbHo, JitoGce u3 cBofictB 1)—4) pas pauuo-
HaJbHBIX YHCesN, BOOGIle TOBOpS, HE EBLINOJHSIOTCA.

INosichnm sto Ha npumepe. Ias 2Toro sHam OyjeT yAo6HO onepHpo-
BaTb TaKXe€ H MHOXECTBOM BCEX [eHCTBHTENbHBIX UHCes], KOTOpce 0603-
Hayum uyepes K.

3agaauM GeCKOHEUHYI0 HenepHOAHYeCKylo AeCATHYHYIO ApoCb

a=09,0;003. .. .
TakuM 06pazoM, a—HppauHOHanbHoe uHCHO, T.e. a € R, Ho a € Q.
I[lpo6b @ MOpOKNaeT MOCJEN0BaTeIbHOCTb CPE30K
a®M=aqy,a;1... a, n=1, 2, ...)

— pAallHOHAJbHBIX UHCeN,— He YGHIBAIOUYI0O M OrpPAaHHYEHHYIO CBepXy
ileIBIM YHCIOM @+ 1 He cywecTByeT pauHoHaJbHOTO YHCJIA, K KOTO-
pOMy Hallla NMOC/JeA0OBaTeJbHOCTb pAllHOHANbHBIX uncen {a‘™} cxogutcs.
B camoMm pnene, MHl 3HaeM, uTO mepeMeHHas al®) cxomuTcs K a (CM. npH-
mep 9 § 2.1), T. e. K HpPpaUHOHANbHOMY YHCIy, a K JAPYroMy YHCIy
OH3a CXOJHTbCA HE MOXKET.

Mgl nokasanu, yto cBodictBo 1) B Q, BooOOIIe rosops, He
BBINOJIHAETCS.

Herpynno nokasarb, uto W cBoiictBa 2), 3), 4) B Q,
BooOle roBopsl, He BBIMOJHSOTCH,
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MHOKecTBO NefiCTBUTE/IbHEIX YHCEA HA3bIBAETCH MOAHbIM
B CHJIy TOrO, YTO JUISi HEro BLINOJIHSIETCS CBOHCTBO 4), 3aK/io-
gaioleecss B TOM, 4TO Jo0as (yHIaMeHTalbHAas MOCJeL0Ba-
TENIBHOCTh YHCEJ CXOAUTCS K HEKOTOPOMY HefiCTBHTE/IbHOMY
YHuCIy.

MuoxecTBo Q pauyoOHa/NbHBIX YHUCES He SIBJISETCS MOMHBIM.
OHO CONepXKHUT (DyHAAMEHTaJbHble MOCAEAOBATENbHOCTH, He
CXOJSIHECS K panMOHANbHLIM uyHcsaM. [lo6aBnsst kK Q uppa-
1HOHAJIbHEIE UYHCJA, Mbl [OJYyYyaeM TNPOCTPAHCTBO HeACTBH-
TEJNbHBIX GHCeJ, yXKe INOJHOe.



TJIABA 3
®YHKL KA. NPEREJ ®YHKLHHU

§ 3.1. dyukuus

3.1.1. dyukuuga or ofHOoK nepemenHof. [lycrs
E—MHOXecTBO 4HCesN M NMYCTb B CHJYy HEKOTOPOI'O BIIOJHE
onpejeseHHOI0 3aKOHA KaXAOMy 4Hcay x H3 E npuBeieHO
B COOTBETCTBHE (OLHO) YHCJO Yy; TOTAA TOBOPAIT, 4YTO Ha £
3anaHa @yHKyus, KOTOPYIO 3aNlHCHIBAIOT TaK:

y=Ffx  (x€E). M

ToBopsiT eue, 4To y ecTb QYHKUUSA 00HOU nepemeHHol x,
3allaHHasg Ha £, NMOTOMY 4YTO MOXHO, Kak Mbl YBHIMM HUXKE,
paccMaTpuBaTh (GYHKIHH MHOTHX NepeMeHHEIX. JTO onpejelie-
Hue ¢yHknun npepjoxeno H. M. JlobaueBckum u Jupuxae?).
MuoxectBo E Ha3bBaOT 00JIaCTHIO 33JlaHNs HJIH ONpeJeJieHus
¢yukuuu f(x). [oBopAT Takxke, uTO 3ajaHa He3asUCUMAsA
nepemenHas X, KOTOpasi MOXeT NpHHMMAarb YacTHHE 3Haue-
HHUsi ¥ U3 MHoxecTBa E, M kaxaoMy Xx€LE B cuay ynoMs-
HYTOrO 33KOHA [PHBEJEHO B COOTBETCTBHE OINpeiesIEHHOE
3HaueHHe (4YHUCJO) APYrod MepeMEeHHOH Yy, Ha3biBaeMOH (yHK-
Yuell UM 3asucumoti nepemennoti. HesaBUcHMYIO nepeMeHHYI0
Ha3biBAIOT apP2YMEHMOM.

s BhipaxeHHs NOHATHS (QYHKIHU ynoTpe6siioT reoMer-
puueckuil s3biK. ['0BOpAT, YTO 3alaHO MHOXKeCTBO E TOueK X
JeACTBUTENIbHOH NP SAMONH—o006.4acme onpedesenuss WIH 3a0aHUS
¢yHKyuu—mu 3aKOH, B CHJIYy KOTOPOTO KaxJoi Touke x € E
NPHBOAUTCS B COOTBETCTBHE HHCJIO Y= f ().

Ecqn MBI XOTMM TOBOPHTb O (PYHKLIHMH KaK O HEKOTODOM
3aKOHEe, NPHBOASILEM B COOTBETCTBHE KaXAOMY 4YuCaAy X € E
HEKOTOpOe YHCJO Y, TO J[OCTaTOYHO ee 0OO3HAUHTb ONHOM

1) H. HU. JloGaueBckuii (1792—1856) — Benukuil pycckuii MaTeMaTHK,
co3jaTeNb HeeBKJIHMAOBOH reomerpun. Jlexen [dupuxne (1805—1859) —
HEMEIKHH MaTeMaTHK.
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6ykpoit f. CuMBoa f(x) of03HauaeT 4uUCIO Yy, KOTOPOE B CHJIY
3akoHa f cooTBercTBYyeT 3HayeHuio x € E. Ecuau, Hanpumep,
yucao 1 npuHannexur odnactu E sapanus ¢ysHkuuu f, TO
f(1) ectb 3nauenue pynxkyuu f B Touke x=1. Ecau 1 wue
npunagnexutr E (1 € E), To roBopdr, 4To QyHRUHA [ He on-
pedesera B Touke x=1.

MuoxectBo E; Bcex sHaueHH#l y={(x), rie x € E, Ha3bl-
Baetcss obpasom MHoxecTBa E npu nomomy ¢yHKRuuM f.
Unoraa nuwmyr B TakoMm caywae E,=f(E). Ho 3to ofo3Ha-
yeHHe Halo YHOTPeOJATh C OCTOPOXKHOCTHIO, NO BO3MOXKHO-
CTH Da3®LsICHSASl €ro BCAKMIl pas, Korja OHO ynotpefnsercs,
yroObl He ObIO NyTaHWLBl C O0O3HaueHueM y=/f(x), rie x
€CcTh NPOM3BOJIbHAS TOYKA (4MCJI0), NMpUHAAJIeKalasi MHOXKe-
ctBy E, a y—-coorBeTcTByIOIas el npu nomoumu (YHKUMH
(3akoHa f) Touka MHoxecTBa E,. I'oBOpAT ellle, 4TO (yHK-
uusi f omobpascaem MHoxecTBo E na MHOXecTBO E,.

Ecnn obpas E,=[(E) = A, rae A—MHOXKeCTBO YHcel,
Booflle He coBnajawoomee ¢ E;, To ropopar, 4To ¢yHKUMSA f
omobpascaem E 8 A.

Hns ¢yHkumil f v @, 3ajaHHBIX Ha OJHOM U TOM XXe
muoxectBe E, onpenessitorcst cymma -+ @, paswocme f—eq,
npouseedcrue fo, wacmuoe f/@. DTO HoOBble (QYHKUUH, 3HAYe-
HHUSI KOTODBIX BBIP2XKATCS COOTBETCTBYIOMUMH (OpMYJIamMu

FW+em, FO—e® f@ew, 19 wep, @
rie B CJyuyae YacTHOIO npeanosaraercs, uto ¢ (x) =0 Ha E.

Jns o6o3HaueHus QYHKUKH ynoTpebisiior U JitoObe Apy-
rue 6ykBe:: E, @, ¥, ..., TaK ke Kak BMECTO X, y MOXHO
nacath 2, U, U, ... .

Ecmu ¢ynxkuus f orobpaxaer MHoxecTBO E B E,, a QYHK-
uust F orobpaxaer MHOxecTBO E; B MHOXecTBO E,, TO QYHK-
o z = F (f (x)) Ha3bBaOT yHKyuel om pyrKyuL, U CAOH -
Hot ynkyuedi, umu cynepnosuyued f u F. Ona onpeleJeHa
Ha MHoxectBe E W oroGpaxaer E B E,.

Bo3MmoxHa cjoxkHass GYHKIHS, B 00pa3oBaHMH KOTOpOH
yuactByer n pyskuuii: z=F, (F,(F;3(... (F, (%) ...)).

[lpakTHka AOCTaBISiET HAM MHOrO NpPHMEPOB (YHKLHH.
Hanpuwmep, nsomanp S kpyra ectb GYHKLHA ero paauyca r,
BhipaxkaeMas opMmysnofi S=mnr2 Ora QyHKuMs ONpeleNeHa,
OYEBHAHO, HAa MHOXECTBE BCEX MOJIOKHUTE/bHLIX YHCeN r.

MoxHO, He cBsi3biBasg BONPOC C MJIOU@[bl0 Kpyra, roBo-
PUTb O 3aBUCHMOCTH MEXJy NePeMeHHbHIMH S M r, BbIPaXKeH-
HO#t opMyuiofi S=umr2 Oyukuusi S=¢q(r), 3afaHHasg 3TOH
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¢dopmyJiof, onpejeneHa Ha BCed neHCTBHTENBHON OCH, T. €.
NS BceX AeHCTBUTENBHHIX 4HCeNl r, He 00s3aTelbHO TOJIbKO
TI0JIOXKHTEJIbHEIX.

Hmxke npuBopsaTcs nmp uMe pbl QYHKIHH, 3afaHHBIX (op-
MyJiamMu:

) y=VT1—=x%, 2) y=Ig(l+x), 3)y=x—1,

4) y=-’j-;—:—ll, 5) y=arcsin x.

Mul vMeeM B BHAY JAeHCTBHTE/NbHbIE (DYHKUHH, NPHHHMAIOIIHE
JeHCTBUTE/IbHbIE 3HAYEHHS Y JUJIA JEHCTBHTENILHEIX SHAUYeHHi
aprymenTa x. Herpyano Bumerb, uTo ofnacTsiMH ompefese-
HMSI NPUBEIEHHBIX (DYHKUHUH SIBASIIOTCS COOTBETCTBEHHO:

1) orpesok [—1, 1]={—1<<x<<1};

2) mHOXecTBO X > —1;

3) Bca JeficTBUTeNbHAS OCh;

4) Bcs JgeficTBHTeNbHAass OCb, H3 KOTOPOH HCKJIIOYEHA
TOYKa x=1;

5) orpesok [—1, 1].

@dynknuy, onpefenseMmoie B mnpuMepax 1) u 2), moxHo
paccMatpuBaTh Kak GyHKuMH o dynkumu: 1) y=V u, u=1—v,
v=x? 2) y=Igu, u=14x.

BaXHBIM CcpeICTBOM 3aflaH¥sl (DYHKLHH SIBJsIETCS] IPapuK.
3ajaauM TPSMOYTOJbHYIO CHCTEMY KOOpAHMHAaT x, y (puc. 11),
Ha OCH X OTMETHM OTpesok [a, bl m
u3obpasum mmobyio kpusyio I', obia- I
JIAIOILYI0 CJeAYIOIUM CBOHCTBOM: Ka- A H
KoBa Obl HH ObLIA TOYKa X € [a, b], !
npsiMasi, UTpOXOJfullas uepe3 Hee
napaJsiie/IbHO OCH Y, nepeceKaeT KpHu-
Byio I' B opoit Touke A. Takyio 3a-
JAHHYI0O B MNpPSIMOYTOJIbHOH (AeKap-
TOBOH) cHcTeMe KOOpAHHAT KpHBYyIo I' Puc. 11.

Mbl GylieM HaswBath epaguxom. I'pa-

¢uK onpeensieT PyHKIUO y = f (x) Ha oTpe3Ke [a, b] crenyroumm
o6pasom. Ecam x ectb nmpou3BosibHAs TOYKa OTpesKa [a, b,
TO COOTBETCTBYIOLIee 3HayeHue y=7F(x) omnpefensiercs .KaKk
opannara touku A (cM. puc. 11). CnenoBarespHo, HpH moO-
Mol rpajuka JaeTcsl BIOJHE ONpejlesieHHbIH 33aKOH COOT-
BETCTBHSI MeXAy X H y=/{ (x).

Mt 3afianu (YHKIMIO MPU NOMOIIH rpaduka Ha MHOXe-
cree E, sBasiiouieMcst otpeskoM [a, b]. B apyrux cayuasx E
MOXeT ObITb MHTEpPBAJIOM, MOJyHHTEPBAJOM, BCell JEHCTBH-

[
&3
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TeJbHOH OCbIO, MHOMECTBOM PaIlHOHAJBLHLIX TOYEK, NpHHAl~
JIeXKAlUX K AAHHOMY MHTepBaldy, H T. A.

3anagnM Ha HekoTOopoM HHTepBane (a, b) dyHkuuio f(x)
H NPOH3BOJbHOE (mocTostHHOe) uucio os=0. C nomouisio o
M [ MOXHO CKOHCTpyHpoBaTb psll OyHKumit: 1) af (x);
2) f(x)+a; 3) f(x—a); 4) f(ax). Oyuruun 1) u 2) ompe-
JeNeHH Ha TOM e uHTepBasie (a, b). Opiumartsl rpaduka
¢yHkuuH 1) yBeNHYEHEI B o0 pa3 CPABHHTENBHO C COOTBETCT-
ByIomuMH opluHaTtaMu f (x). I'padbur ¢pyHkuun 2) nosayuaercs
u3 rpapuka f mooHsTHEM MOCJEJHEro Ha BeJHUHHY ¢, €CJH
a >0 n omyckanueM Ha |a|, ecan @ < 0; rpadux ke yHK-
uuu 3) mosayuaercs u3 rpadHka f myTeM cABHra IOCJIeIHEro
BIpaBO HAa BeJHUHHY o, ecau & >0 u Biaeso Ha |a|, ecam
a < 0. Hakonen, ¢ysruus 4) npu a > 0 onpejeneHa, ouye-
BHJHO, Ha HWHTepBane (a/e, b/a); rpadbuk ee mnoJjyuaercs U3
rpajguka f myTeM paBHOMEDHOTO €ro CxaTusi B o pas.

OyHKUUIO f HA3BIBAIOT 4emHOl WIH Heuemroli, €CJIH OHa
onpelesieHa Ha MHOXKeCTBE, CHMMETPHYHOM OTHOCHTEJIBHO
HYJIeBOH TOUKH, M oOJajaeT HAa HEM CBOHCTBOM f (— x)={f (x)
HJIH CBOMCTBOM f (— x)=— f (x).

I'papux uerHOH (GYHKIMHM, OYEBHIHO, CHMMETDHYEH OTHO-
CHTENBHO OCH Yy, a IpadHK HeueTHOH (YHKLIHH CHMMeETpHUYeH
OTHOCHTENLHO Hauana KoopAunar., Hanpuwmep, x%¢ (k—mHaty-
panbhoe), cosx, lg|x|, V142, f( x|)—uernne dynxuun,
a x*+1 (k>0—unenoe), sinx, xV/ 1T+ 22, xf (| kx |) — neuer-
Hble (DYHKIHHU.

HetpynHo BUIeTb, UTO npoussederue 0BYX HemHbIX UL
dsyx HeuemHbLx (PYHKYUL ecmb yHKUUA demHaAs, @ npou3se-
Oexue 4emHol (PYHKUUL HQ HEHeMHY0 eCmb Hevemuas (yHk-
yus.

Koneuno, GosbIIHHCTBO (YHKIHH He YETHH H He HEUueTHHL.

I'papuk oynkuun y=f(x), x€E, MOXKHO ONpELENHTb
elle Kak COBOKYMHOCTb ToueK (x, f(x)) ¢ aGcmuccoi x u op-
nunaroil f(x), roe x € E.

Oyukuus f HaseBaercsi sospacmatroujeli (HeyOvisarowedr)
Ha E, ecau Ang MoOBIX X3, X, € E, A1 KOTOPHX X; < X,,
BHIMOJIHAETCS HepaBeHCTBO [ (x;) < f(x,) (F (%) <[ (xy)).

Oyuxkuus [ HaspiBaeTcs yowearoueld (Heso3pacmarouiedi)
Ha E, ecan aast moGbIX Xg, X, € E, IS KOTOPBIX X; < X,,
BHITIOJIHSIETCST HepaBeHCTBO [ (x:) > f (x,) (F(x) =1 (x,)).

@dynkuus f HasHIBAeTCA O2panu4eHHoll (HeoeparuueHHOLL)
na E, ecnin ee obpas E;=f(E) npu nomomu f ecTb orpa-
HHYEHHOE (HeOrpaHHYEHHOE) MHOXKECTBO,
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Hanpumep, ¢ynkuus y=1/x y6biBaeT u He oOrpaHuyeHa
Ha (0, oo), HO orpaHHueHa Ha [l, oo).

Oyukius f, onpelesieHHass Ha BCefl BEIECTBEHHOH OCH,
HasnBaeTcsl nepuobuueckol ¢ nepuodom T >0, ecnu f(x)=
=f(x+T) Vx.

MOKHO rOBOPHUTb TaKKe O (PYHKIHH, MEPpHOJMYECKOl ¢ me-
puonom T Ha mHTepBaje (a, b) (cermenrte [a, b]), ecau pa-

BEHCTBO v
fx)y=f (x+T)

BEpHO AJIS BceX TaKHX x € (a, b) (nam
[a, b)), ans xoropeix x+4T € (a, b)
([a'l-{)]) %7 s
anpuMep, (yHKUHA Sin x nepH- .
ola 2n.p¢yﬂgu£ sinmx, raemeN, 7 NS %
TOXE IIepHoia 27, HO OHA TaK¥Ke Puc. 12.
uMeer MeHbluuit nepuon T = 2m/m.
Mpumep 6. Dynxkuus (cueHym x UIN BHAK X)

[ 1, x>0,
y=signx = 0, x=0,
L —11 xr < 0
3ajaHa Ha GeCKOHEYHOM HHTepBajle (— oo, oo). OHa Heuer-
?aad Oégaa ee eCTb MHIXKeCTBO, COCTOsIieeé M3 TPeX TOYeK:
' ﬁpnMep 7. ®ynRuus

ng-l-l, x<0,
Y= sinx, x>0,

nMeeT rpapuk, H3o6paxeHHbll Ha puc. 12. Ona yGriBaer Ha
(— o0, 0) u umeer nepuon 2n Ha (0, o). dra GyHKUHUS Ha
pasJIMyHBIX 9acTAX o06JIacTH ee omnpefiesieHUsl 3alaHa pas/uy-
HBIMH (DOpMYJAaMH.

dyHruusg Moxer ObIThb 3afaHa B BuAe Tabmaunel. Ha-
npuMep, Mbl MOrJIH Gbl H3MepATb TeMmneparypy 7 Bo3Ayxa
gepe3 KaxAbl wac. Torda KaxkAOMy MOMEHTY BpeMeHH
t=0,1,2, ...,24 cooTBeTCTBOBa/NIO GhI ONpPENEIEHHOE YHCJIO
T B Bule TabaHIL:

4 0 1 24

T | To | Ty | «o. | Ty
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TakuM ofpasoM, Mbel noayuusau Owl pynkuuio T =f (1),
onpefieJieHHYI0 Ha MHOxKecTBe LenblX uyncen or 0 jmo 24,
3allaHHy10 TabJuiet.

Ecnu ¢yHruusi y=7f(x) 3agaHa Ha HEKOTOPOM MHOXe-
ctBe E ¢opMysioll, To BCcerja MOXKHO CUMTaTh, YTO € COOT-
BETCTBYET BIIOJIHE ONpefleNeHHbl TIpaduK, Onpeneasiiomui
reoMeTpHuyecKd 3Ty ¢yHKUHIO. OOpaTHOe COBCeM He SICHO:
ecsn GYHKLUS 33JaHa NPOHU3BOJIbHBIM IPaUKOM, TO MOXKET JIH
oHa OBITb BbIpaXKEHA HEKOTOPOH (hopMyJoH? DTO OUEHb CJIOK-
Helii Boripoc. UTOGH OTBETHTh HA HEro, Halo OTAAThb cele
OTUET B TOM, KaKOH CMBICJI MBI BKJaibiBaeM B cJOBO (hop-
Myna. Beine, Koria Mel rOBOpPHJIM, uTO JaHHas (YyHKLIHS
y = [ (x) Bepaxkaercsi opMyJOi, MBI MOJIYAJIMBO CUMTAJIH, UTO
NpH 3TOM Yy INOJNYYaeTcss M3 X TNPH HOMOLIM KOHEYHOro YHCJa
TAKHX ONepalu#, Kak CJOXKEeHHe, BLIYHTAHHE, YMHOXKeHHe,
JeJieHHe, H3BJieyeHHe KOPHS TOH WJH MHOH CTeleHH, Jora-
pupMHpOBaHHE, B3SITHE OMEpaLHMH Sin, cos, arcsin U JApyrux
anre6panyeCKHX H TPUTOHOMETPHUYECKHX oOmeparui.

MareMaTHueckHii aHaJiu3 JaeT cpeicTBa IJs 3HAUHTeJb-
HOTO pacLIHpeHUs NOHSTHS GopMyJsbl. BecbMa BaKHBEIM TakHM
CPEeICTBOM SIBJIsIETCS] pasjioKeHHe (YHKIUH B OGeCKOHEeUHLIH
psAl MO 31eMEeHTapHBIM (YHKIMAM.

Muorue, a Moxer ObTb H Bce, BCTpeualolluecss Ha Mpak-
THKe (YHKIMH MOryT OBITb H300paxXKeHBl (OpMYJIOH, mpel-
craBasiomeli co6oil HEKOTOPHIt GECKOHEUHBH psil, UYJIeHaMH
KOTOPOTO SIBJISIIOTCS 3JieMeHTapHble (YHKIHH, KOTOpble GYAyT
onpefienensl Himke. Ho cefiyac o6 3ToM roBopuTh He BpeMs.
Mt elne He rOTOBHI K STOMY.

Tak uiu uHave, 3ajaHa JM QyHKUHSA f (X) dopmysoft MM
e IPYTHM KakuM-Ju60 crnoco60oM, HanpuMep NpH MOMOILH
rpapuka, OHA YyXKe MOXKeT CJYXUTb OOBEKTOM H3yueHHs
CpeACTBaMH MaTeMaTHYeCKOro aHaJjin3a, €CJH OHa YAOBJIETBO-
pfieT HEKOTOPBIM NOTOJIHHTENbHBIM OOIIHMM CBOHCTBaM, TaKHM,
KaK HenpepeiBHOCTb, MOHOTOHHOCTb, BBINYKJOCTb, AU(depeH-
uupyemoctb U Ap. Ho o6 sTom Gylder uATH peub BHEpenH.

BaxueiiinM cpefcTBOM HU3yueHHS (GYHKIIHH SIBJsETCS
MOHATHE Mpejiesa, SIBJASIOUleeCs] OCHOBHBIM MOHSTHEM MareMa-
THUECKOro aHanu3a. [aHHas ryiaBa mnocBsileHa 3TOMY To-
HSATHIO.

‘Ecnu  kaxJIoMy u4Hcay X, NpHHalJexameMy HaHHOMY
MHOXeCTBY E umuces, B CHJIY HEKOTOPOro 33aKOHa COOTBETCT-
ByeT omnpeje/ieHHOe MHOXXEeCTBO e, 4YHCes Yy, TO TOBOPAT, YTO
3THM 33aKOHOM OINpefleNieHa MHO203HA4HAA (pyHkyua Y= [ (x).
Ecau okaxercsi, uTo e, IJIs1 KaxA0ro x € E COCTOMT TOJBKO
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H3 OJHOIO YMCJa Y, TO MBI MOJYYUM OOHOZHAUHYIO (DYHK-
yuro.

OnHo3HayHyl0 (DYHKLHUIO Ha3bIBAIOT MNPOCTO «pyHKIHei»
Ge3 nobapyieHHs] IPUJIAaraTeIbHOrO «OAHO3HAYHAsI», €CJIH TOJIBKO
5TO HE NPHBOJMT K HELOPAa3yMEHHSIM.

Anre6pa M TpPUIOHOMETPHS JOCTABJISIOT HaM NPHMEDPHI
MHOTO3HAYHBIX (QYHKUUH, TaKNMH SIBASIOTCS (DYHKIHH +V'x,
Arcsinx, Arctgx, ... .

®yukuus =) x onpenenena ans x>>0. Ona ABy3HauHa
ans x > 0: KaXJ0My TOJIOXKUTEIbHOMY X COOTBETCTBYET JABa
IeHcTBUTeNBHBIX YHC/Ia (OTJHMYAIOIMXCS ApYyr OT Jpyra 3Ha-
KaMH), KBalpaThl KOTOPbIX paBHH X. BrpoueM, CcHMBOI
’i/; (=2, 3, ...) Mbl OyleM TIOHHMAaTb BCIOAY, €CJH 3TO
He OroBOpeHO 0c000, KaK apH(MeTHuyecKoe 3HaUeHHe KODHSA
k-it crenenn n3 x>0, T. e. Kak HeOTpULATEJIBHOE YHCJIO,
k-1 cremeHb Kotoporo paBHa x (cM. § 3.8). Uro xe kacaercst
¢yHkuuu Arcsin x, To oHa GeckoHeuHo3HauHasi. OHa NpHBO-
IUT B COOTBETCTBHE KaXKIOMY 3HaueHHio x u3 orpeska[—I, 1]
GecKOHEYHOe MHOXKECTBO 3HAYeHHH y, KOTOpble MOTYT ObiTh
3anucaHbl o gopmyJe

y=(—Drarcsinx4kn (=0, 1, +2, ...).

3.1.2, OyHKUHUH MHOTHX mepeMeHHHX. Beuue
MBI TOBOPHJIH O (YHKIMSX OT ofHOH nepemeHHOH. Ho Moxno
FOBOPHUTh TaKxke O (yHKUMAX IBYX, TpeX U BoOGWE n mepe-
MEHHBIX.

OyHKIUA OT ABYX NEPEMEHHBIX ONpefeNsieTcs CJeLYIomUM
obpasom. PaccmatpuBaercss MHOXxecTBO E map umcen (x, y).
[Ipu sTOM HMeIOTCS B BUAY YynopadouesHole napel. D10 3Ha-
YuT, YTO ABE mapH (X;, Y,) U (X,, Y,) CUHTAIOTCA pPaBHBIMU
(coBmajamomuMH) TOrla M TOJBKO TOTAA, KOrda X;=X,
U Y=Yy, Ecin B CWIy HEKOTOPOTO 3aKOHa KaxJoH mnape
(x, y) € E npuBeleHO B COOTBETCTBHE YHCJIO 2, TO TOBOPAT,
YTO 3THM omnpelieieHa Ha MHOxecTBe E ¢ynkyus z=f(x, y)
om 08Yx NepemexHHblX X U Y.

Tak kak KaxkJIoii mape uyHcen (¥, y) COOTBETCTBYeT Ha
MJIOCKOCTH, TJle BBEleHa JeKapToBa CHCTEMA KOOPAWHAT, TOYKa
c abcuuccodl x W OpAMHATOH Yy, H, HaOOOPOT, KAXKIOH TOUKe,
TakuM 00pa3oM, COOTBETCTBYET fapa (¥, y), TO MOXKHO T'OBO-
puTb, YTO Hawia ¢yHKuusa f(x, y) 3afaHa Ha MHOxecTBe E
TOYEK IJIOCKOCTH.

Oyukupo z2=f(x, y) OT ABYX NepeMeHHbIX H300paxaior
B TPEXMEDHOM IPOCTPAHCTBe, TJA€ 3ajJaHa NpSAMOYTrolbHas
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CHCTEMa KOOpAMHAT X, Y, 2, B BUAe TE€OMETPHUECKOrO MecTa
Touex (x, y, [ (%, y)), NPOEKLHH KOTOPHIX (X, y) NpuHaAJe-
kar MHOXKecTBY E onpenenenus f.

Hanpumep, TakuM reoMeTpH4yeCKHM MeCTOM Sl YHKLHH

e=VT=3—§ (2+4*<]),
SIBJISIETCA BEPXHAS MOJIOBHHA IIApOBOil NOBEPXHOCTH pajuyca |
C LEHTPOM B HYJIeBOH TOUKe.

B 3ToM xe Ayxe MOXHO onpeiesuTh QYHKIHIO Tpex nepe-
MeHHBIX. OO6JacThiO €e ONpelie/ieHHs] MOXET TeNepb CJYXKHTh
HEKOTOPOe MHOXKECTBO YNOpPSIIOYEHHBIX TPOeK uHucen (x, y, 2)
HJIH, YTO BCE PaBHO, COOTBETCTBYIOUMX MM TOYEK TpEXMep-
HOTO IIPOCTP aHCTBa, I/le BBeJeHa JeKapToBa CHCTeMa KOOp AMHAT.

Ecan Kax[oH TpoiiKe uHces (TOYKE TPEXMEPHOTO MpOCT-
paHcTBa) (%, Yy, 2) € E B cuIy "HEKOTOPOrO 3aKOHA COOTBET-
CTBYeT WYHCJO 4, TO TOBOPSIT, 4YTO 3TMM Ha E ompezneseHa
oyukuua u==~F (x, y, 2).

AHanOrHYHO MOXHO paccMaTpPUBaTh MHOXeCTBO E ymopsi-
JOUYEHHBIX CHCTEM (Xi, ..., X,) U3 1 UHCeJ, Tle n—3alaHHoe
HatypajbHoe uucyao. Onsth, ecad KaxJIOH Takoil CHCTeMe,
npuHaanexamell £, €COOTBETCTBYET B CHJIy HEKOTOPOrO 3aKOHa
YHCJIO 2, TO FOBOPSAT, YTO 2 €CTb (PYHKYUS OM NepeMeHHbix
Xy «.., X,, ONpelejeHHas Ha MHOxecTBe E, W 3amHchiBaeTcs
sTa ¢yHKIUS B Buie z=1F (X1, ..., X,).

B cnyuae n > 3 B HameM pacnopsiKeHUH YXKe HET peajib-
HOTO N-MEPHOTO NPOCTPaHCTBA, YTOObI HCNOJB30BAaTb €r0 IS
u300paxeHus cucreM (X, ..., X,) B BHJE NpPHHALJIEKALIUX
emy Touek. Ho MaremaTvku BBIAYMajH n-MepHOE NPOCTPaH-
CTBO, 1 OHO HM GJIaTONONYYHO CJYXKHT, U NPUTOM He XYXe,
ueM peaslbHOe TpeXMepHoe MpocTpaHcTBO. VIMeHHO, n-meprom
npoCMpaHcmeom Ha3bIBAETCSI MHOXKECTBO BCEBO3MOXHBIX CH-

cTeM A 4HCel (Xi, ..., X,).
Ecnu jBe ¢yHKUMH [ H ¢ OT n NEPEMEHHBIX 3aJaHbl Ha
OJHOM W TOM Ke MHoxecTBe E cucreM (X, ..., X,)—TOUEK

n-MEPHOrO MNPOCTPaHCTBA,—TO MOXHO ONPEAETHTb CyMMY
f+ @, pasHocts f—¢, npousBelieHHe f¢ ¥ HacTHOe f/@ Kak
(yHKIHH, onpeleseHHbie Ha E npH NOMOWM pPaBeHCTB, aHa-
JIOTHYHbIX paBeHCTBaM (2), TXe HaLO TONILKO UHC/A X 3ame-
HHTb CHCTeMaMu (¥;, ..., X,). EcrecTBeHHEM of6pa3oMm
onpellessioTCs  TaKxkKe CJOXKHbIe (YHKUMHM TaKHe, Kak
F@ (% 9), $(% 9, 2)=F(x, y, 2), e (x, Y, 2)—TpoiiKH
quces, NPHHALJIEXKAUX HEKOTOPOMY MHOXKECTBY TP O€K.
Huxe npuBoauTCS HECKONBKO NMPHMEPOB (YHKIHI MHOIHX
nepeMeHHbIX, 33JaHHLIX HQCPE]CTBOM 3JEMEHTapHLIXK (POPMYJI.
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Npumep 8 u=Ax+By-+Cz+D, rge A, B, C, D—3zagannbie
NOCTOAHHbIE JeHCTBHTe/NbHbIE YHCJAA, eCTbh JHHeHHad (QYHKUMS OT Tpex
nepeMeHHBIX (x, y, 2). CHa 3ajjaHa Ha BCeM TPEXMEPHOM HPOCTDaHCTBE.
Bosee o6mas JuHefiHast GYHKUHA OT n NepeMeHHBIX (Xy, ..., X,) 3a-

n

Raetca Gopmyaok u= D aix;+b, rae ai, .1,y @, b—32panHBE mo-
i=1

CTOAIHHBIE YyHCaa. DTa QYHKUMA OIpejieseHa B JIOGOH TOUKe (Xi, ..., X,)

n-MEpPHOr0 NpPOCTPAaHCTBA, WJH, KaK CIIC TOBOPSIT, HA' BCEM f-MEDHOM

TPOCTPaHCTBE.

Mpumep 9. z=Ig Y T—x2—y% Dra peficTBHTeNbHAS (YHKUHS
3ajaHa Ha o6JiacTH, mpejcTaBJsiomell co6ofl Kpyr paguyca 1 ¢ meHTpom
B (0, 0), H3 KOTOpOro ygza/ieHbl BC€ TIpPaHHYHBIE TOYKH, T. €. TOYKH
OKpYKHOCTH paguyca 1 ¢ uentpom (0, 0). Ins 3Tux Touyek Hamia ¢GyHK-
IMsl He onpejeseHa, motomy yTo lg 0 He HMeeT cmbicia,

IIpuvep 10. Pyskuns

0 mna y=0,
z‘—f(xl y)_{ 1 nas y<0

reoMeTpHuecKH H306paKaeTcss XBYMSI MapailjesIbHEIMH NMOJYIJIOCKOCTSIMH,
He CBSI3aHHBIMH MeXJy co6oii. Pacnosokenwe WX MO OTHOLIEHHIO K CH-
cTeMe KOODAMHAT X, Y, 2 OUEBHJHO.

OyHKIHSA OT OAHOI NepeMeHHOH MOXKeT ObITb 3ajlaHa He-
AHbIM 00pa30M TIPY TIOMOILH PaBEHCTBA

F (x, y)=0, )

rie F ectb (yHKUUS OT JBYX NEPEeMEHHBIX X H Y.

Ilyctp Ha HekoTOpOM MHOXecTBe (3 TOueK (¥, y) 3afaHa
¢yukuuss F. PasercTBo (3) onpesesnsier HEKOTOpOe IOAMHO-
)kecTBo Q MHoxectBa (G, Ha KoTopoM OyHKIHs F paBHa
Hymo. KoHeuHo, B vacTHOCTH, Q MOXeT ObITb NYCTHIM MHO-
)KecTBOM. IlycTh Q-—HenycToe MHOXKECTBO, H NycTb E-—MHO-
JKEeCTBO (O4YeBMIHO, HEMyCTOe) TakMX 3HaueHHil x (4yucen),
KOTOPEIM COOTBETCTBYET XOTH OBl OJHO y TaK, 4YTO lapa X, y
npuHafyexut Q. Takum ofpasom, E ecTb MHOXKeCTBO Bcex
YHCeJ X, KaKAOMY M3 KOTOPHIX COOTBETCTBYET HEMyCTOe MHO-
JKECTBO e, YHCeJ Yy TaK, 4TO (¥, y) €L, HiH, YTO BCe PaBHO,
Tak, 4YTO MAJIsl YKa3aHHO# maphl (X, y) BHLINOJNHSIETCS] PaBeH-
cTBO (3). ODTHUM onpeleneHa Ha MHOxecTBe E Hekoropas
¢yHxuus y=¢(x) or x, BooGlle TrOBOPS, MHOrO3HAYHAS.
B TakoM ciayuae roBopsiT, YTO QYHKUHSI ¢ OnpedeneHa HessHo
IpH ToMoIH paBeHcTBa (3). [lyig Hee, OUeBH/HO, BBIIONHSIETCS
TOXJECTBO :

F(x, 9(x))=0 nas Bcex x€E.

[To anaorMu MOXKHO TaKKe ONpPeAenuTh QPYHKIMIO X = ()
OT MNEPEeMEHHOH Yy, ONpele/IsieMyl0 HESBHO IPH IIOMOLIH
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paseHcTBa (3). [yl Hee BHINOJHSIETCS TOXJAECTBO
F(p(y), yy=0 nas scex ye€Ej

rie E,—HekoTopoe MHOXeCTBO uyuces. [oBOpsT eme, 4TO
¢yHRuns y=¢ (x) (uam x=v(y)) yIAOBJETBOpSIET YypaBHe-
Huo (3). Pynkuuio x=1(y) HasblBalOT 06pAMHOL MO OTHO-
IIeHHI0O K (YHKIHH Y= (x).

I[Tpumep 1l. YpaBHenue

4P =re, “)

rae r >0, HesBHO ompelensieT JABY3HAUHYIO (GYHKLHIO OT
OJLHOH MepeMeHHOM:

y=xVr—=x (—r<x<r)
BIpoOuYeM, IpU x= -+ r OHa OJHO3HauHaA. EctectBeHHO cum-

TaTh, YTO 5Ta [By3HayHas (YHKIHSA pacnajaercs Ha JBe
HenpepbiBHBIE OJHO3HAYHbIE (YHKIHH Y= - Vrr—x* u Y=
=—V7r=x* (—r<x<r). Tpapuky ux (MOJTYOKPYKHOCTH)
"B COBOKYMHOCTH [alOT OKPYXXHOCTb paiuyca r C LEHTPOM
B Hauajle KOOpAMHAT. DTa OKPYXKHOCTb €CTb T€OMeTpHUYEeCKoe
MeCTO TOYeK, KOOPAMHAThl (¥, Y) KOTOPHIX YAOBJETBOPSIOT
ypaBuenunio (4). Ho moxno, nompsysick dopmyJioit (4), KoH-
CTPYHpOBaThb pas/iMYHbE OAHO3HAUHbIE (paspbIBHEBIE) HYHKIHUH,
yIoBJyieTBopsioiye ypasHenuio (4). Hanpumep, Takoi siBaisiercst
¢GbyHKLIHA

y= [ +V =, —r<x<0,
] —Vr=x, 0<<xLr.

3.1.3. [Tlonspuas cucteMa Koopauuar. B mao-
ckocTH safanuMm Jayy OL (noaspuyro oce), BHIXOASIIMHA U3
Toukn O—noaroca noasproti cucmemst Koopduram (puc. 13, a).

Tonoxenne npou3BosbHON TOUKH A (OTIHYHOH OT TouKH O)
IJIOCKOCTH OAHO3HAYHO onpejessiercst napoii uucen (6, p)—ee
noaapHomu koopounamamu, rie p—pacctosnie A mo O,
a O—sBblpaxeHHbll B paanaHax yroa mexay OA u OL. Ecau
yros 0 OTCUHTBHIBAeTCst NMPOTHB 4acOBOH CTPEJKY OT npsimMoit OL,
TO OH CUHMTAETCS NOAONCUMEAbHbIM VI MOXKET U3MeHSThcs oT 0
1o -+ co. Ecnu yronm 0 oTcuuThIBaeTCsi MO YacOBOH CTpeJiKe,
TO OH CYHUTAETCs OMPUUQAMEbHbIM W MOXKET H3MEHSAThCS OT
— oo 10 0. Tourka O wuckmountesnpHas. OHa onpenesnsiercs
napoit (6, 0), rie 6—npousBosbHOE YHCIIO.

[lycte B mJiockKocTH, Hapsily C NMPSIMOYTOJNBHONH CHCTEMOM
KOOpPIHHAT X, y C HayajioM B Touke O, BBeleHa MNOJsIpHAast
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.CcHCcTeMa KOOpAHHAT 0, p, Tak YTO MOJSIpPHAS OCh M MOJIOXKH-
TeJbHasg OCb X COBMaAaloT. Torla MojsipHbEE KOOPAHHATHI
(6, p) mpOM3BOJBLHOH TOYKH A DJOCKOCTH INpeospasyloTcs

g A
A P
/ Yy
- 4
g L 0 z z
a) ! 4)
1]
7
0 L

A
cd
&)
A

0 5

@
B €KapTOBbl KOOPAMHATH (X, y) 3TOHl TOUYKH MO (OpMyJsaMm
(puc. 13, 6)

Puc. 13.

x=pcosB, y=psinb. ()

PagenctBa (5) HaswBaloT ¢opmyramu npeobpasosanus no-
AAPHBLX KoOpOuHam 68 Oexkapmosb.

OyHKUUOHANBHYIO 3aBHCHMOCTh p=f(0), 3amanHylo Ha
HEKOTOpOM MHOXxecTBe E 3HayeHMil 6, MOXXHO HHTEpIPETHpO-
BaTb KaK MHOXeCTBO ToueK (0, p) mMuocKOCTH B HOJSIPHOM
cucTeMe KoopauHar, rae 0 € E, p=f(0).

MHorue KpuBble Ha MJOCKOCTH MOryT OBITb ONMCaHHI B IO-
JISIPHBIX KOOp AMHATaX COOTBETCTBYIOIUMH DYHKIHAMH p = f (0)
(MHOrO3HAYHLIMH HJIM OAHO3HAUHEIMH). SICHO, YTO B 0OGJAacTh
onpeznenenuss GyHKuHH p=f(0) BXOAAT TOJNBLKO Te 3HAUEHHs
yraa 0, npu Kotopex f(0)=0.
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IlocTpoenue rpaduxa dyHKuuu @ =f(0) MOKHO GCYlIECT-
BUTh MO ToukaM. [lpu JNaHHOM 0 NPOBOZHM Jy4Y U3 TOUK#H O
[of yrioM 0 K moaspHON OCH H 3aTeM #Ha 3TOM Jyde OTMe-
yaem TOouky A=(0, f(0)) rpapuxka pyHKUMH, HaXOASLLYIOCH
Ha pacctosiHuu p==f(8) or Touku O.

[Ipocrefimiefi ‘pyHKuHEA B NOMSAPHOH CHCTEM@ KOOPAHHAT
SIBJISIETCS] NOCTOsIHHAsl (YHKIUS p=c. OueBHIHO, 9TO ee rpa-
(PUKOM sIBJIsIETCS] OKPYXKHOCTb pajiuyca ¢ ¢ LeHTpoM B Touke O.

Hpyroit npumep p=6 (0<<H < o0) (puc. 13,6). 3ro
cmupanb, pacKpyuuBawomascs u3 mnosoca O.

Oynruua p=2% (— oo < 0 < 00) OnKCHBAET B NOJAPHBIX
KOOpJAHHaTax cnupadab Apxumena (puc. 13,2). Ormerum, uro
3aech npu 0 — — oo p— 0. Crpesnka Ha rpaduke yKasbBaeT
HanpasjieHue JBHXKEHHSI TOUKH rpapuka InpH YBeJHYEHHH
yraa 0.

-

Oyukuusa p=2cos0 (—— 5 < 0 %) OIHCHIBAET OKPYXK-

HOCTb pajuyca eAMHHUA c meHTpoM B Touke O;=(0, 1) (cm.
puc. 13, 0).
Haxonen, ¢yHKUUS

p=c_os(’g+60) (66(90—“;’ eo"l'%)’ po>0)

OMHCBHIBaET TaKylo MNpPSIMyIO, YTO OMNYIIEeHHHI Ha Hee W3 IO-
aioca O NeprneHAUKyYJAsp HMeeT IJIHHY P, U o6pasyeT ¢ noJsp-
HO# ocelo yroa O, (puc. 13, e).

§ 3.2, Mpepen dyHxkuun

Uncno A HasbBaetcss npedesom pyuxkyuu f 6 mouke a,
€CJIH OHa OmnpejleieHa Ha HEKOTOpPOH OKPEeCTHOCTH a4, T. €. Ha
HEKOTOpOM HHTepBaje (c, d), rie ¢ < a < d, 3a uCK/OYeHUeM,
ObITh MOXKET, CaMOi TOUKH a, H eCJH AJA Bcsgkoro >0
MOXHO YKas3aThb 3aBHcsiee oT Hero 0> 0 Takoe, uTto st
BCEX X, 151 KOTOphIX 0 < | x—a | < 6, IMeeT MECTO HEpPaBEHCTBO

[f(x)—A| <e.

Tor akT, ute A ecTb npenen f B TOUKE @, NPHHATO 3amHu-
CbIBaThb CJIEAYIOHUM 06pasoM:

l‘lim f(x)=A nm f(x)— A (x—a).

)

v JHlpyroe onpeleneHue npelena (QyHKUUH B TOYKE MONKET
6bITb BBICKa3aHO B TePMHHaX IpeesOB HOCJeLOBaTeNbHOCTEN.



§ 3.2: NPEAEN &YHRIE 75

Yueno A HasHBaeTCa npedesdm GyHKyutl 6 mouxe @, eciu
OHa ompefleleHa HZ HEKOTOPOH OKPELTHOCTH TOYKHM @, 3a
HCKJIIOYeHHeM, GHTb MOXKET, CaMOH TOUKH @, H eCJH mpejen
nocsieioBaTebEOCTH {f (x,)} cymecTByeT w pasew A, kawopa
Oul HH OblyTa N1OC/Ie0BATEILHOCTD {X, }, CXOLMMAACT K Q U TaKas,
4TO X, a Ais Bcex n. TakuM oOpasom,

lim f(x,)=A.
Xp—>a
xp¥a

3nece cuMTaercs, Kak M B ADPYIMX NOAOGHBIX CJyuasx,
caMo co6oft pa3yMeIOlNMCS, UTO CXOASIIASCH K @ [IeDEMEHHas X,
npoberaer 3HaYeHHd, AJs KOTOpHIX f(x) ompeneseHa.

BrickasaHHble onpefesneHHs SKBHBaJeHTHH. B camom zere,
nycTb ¢(yHKUHS f MMeeT mpefesl B CMBIC/JE NEPBOTO ONpeLe-
JIEHMS, W NycThb 3allaHa NepeMeHHas X,, HE paBHasi HH IpH
KaKoM n 4YHCJIy @ M cTpeMmsmasics K a. 3alaluM € H ToAGe-
peM O Tak, KaK 3TO CKas3aHO B MEPBOM OMNpeleseHHH. 3areM
noja6epeM HaTypanbHOE f, Tak, YTOGH | x,—a| < & ans n > n,,.
Ho Torza

[f(x)—Al<e nmna n>ny,

a STO 3HAUMT, YTO TOCJeloBaTenbHOCTh uncen {f(x,)} crpe-
MHTCS K A, M Tak Kak 3TO CBOHCTBO BepHO IJIs1 J0GOM
CXOAsIeHcs K @ NOCJeAOBaTeJbHOCTH {X,}, Julmb GH X,5=a
H BCe X, NpHHaJJexanu K 00JacTH onpeleneHuss (yHKLHH,
TO JOKa3aHO, YTO M3 INEPBOTO OMNpeleseHus npejesa CJACLYeT
BTOpOE. ,

HaoGopor, nyctb ¢yHKUUS f(x) HMeeT nmpejen B CMELICse
BTOpOro omnpejesenus. JonyctuM, 4yTo mpu 3TOM OHA He HMeeT
npelesia B CMBICJIe NEPBOrO ONpefiesieHHs. ITQ 3HAYMT, UTO
cymiecTByeT XoTsi Obl OLHO €, KOTOpOe Mbl 0G03HauUM uepes &g,
IJis1 KOTOPOTO HeNbasl nonobparh HyxkHoe &, T. e. 1151 2106020 &
CpelH X, YIOBJIETBOPSIOMMX cooTHomeHusM 0 < |x—a| < 6,
JIOJDKHO HalTHCh XOTs 6Bl ofHO x=x® Takoe, uTo IJs% HEro
If (x®)—A| = e,

B kauectBe O Mbl Gepem Bce umcsaa Bujaa d=1/k (k=1,
2, ...) H Aas KaXAOTO M3 HMX HalleM TOUKy X, =x©®, nis

KOTODOI
0<L | xp—al< )k (x,5=0)

If () —Al>e, (k=1,2, ...).

W3 3THX COOTHOLIEHHH BHIHO, 4TO X,— a (¥,=~a), B TO
BpeMs Kak f(x,) 3aBefoMO He cTpeMmutcs K uncay A. Taxum

H
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o6pasoM, JONyILIEHHEe, YTO K3 BTOPOrO ONpeleNeHHs npenena
He CJieflyeT mepBoe, NPHBOAMT K NPOTHBOPEUHIO.
DKBUBATEHTHOCTb JBYX ONpeJlesieHHH JOKasaHa.
Buipaxkenune npedea ¢ynkyuu 6 mouke @ 4acTo 3aMEHSIOT
BhIpaXKeHHeM npedes. PYHKUUU Npu X, CHPEMAWEMCA K @ WIH,
Kopoue, npedea ¢yrrxyuu npu x — a. Ecam yroaHo, 310 Bhpa-
KeHue 6oJibllle COOTBETCTBYET JyXy NMOHSATHS Npejesa MoToMmy,
uyto Bblpaxkenue lim f(x) roBopHT o mOBelleHHMM GYHKIHH

x=>a
B Majod OKDPECTHOCTH TOUKH @, U3 KOTOpOH BhIOpachiBaeTcs
Touka @. OHO TOBOPHT O TOM, YTO €CJH X NpPHOJIHKaeTCs
K a mno /o6oMy 3aKOHY, OCTaBasiCb He PaBHEIM @, TO COOT-
BETCTBYIOLlee 3HauYeHHe f(X) B CBOIO ouepelb MpHO/IHKAETCH
K A, T.e. Jenaercs Kak yroAuo GnuskuMm Kk A.
[Npumep 1. Paccmorpum pyHKumio f(x) = (x2—4)/(x—2).
Ona onpezesnena st Bcex x== 2. [TonmpoOyem Haiitu ee mpe-
x2—4
nen nopu x—2. Ilns moBoro x =2 ——5 =X+ 2, a Taxk
KaK TNpH ONpeleNeHHH mnpejesa MpH X —2 COBCeM He MNpH-
HUMAIOTCSi BO BHUMaHHe 3HaueHHs f B TOuke x=2, TO
x2—4
x—2

lim
x> 2

= lim (x+2).

x—>2
3TO paBeHCTBO NOKAa HAMHCAHO B TOM CMBICJIE, UTO €CJIM OAMH
W3 INpelesoB CYIIECTBYeT, TO CYIIeCTBYeT M BTOPOH M paBeH
emy. Takum o6pasoM, BMECTO TOrO YTOOBI BHIUHCJISITH Ipefes
Gonee cioxHo# GyHKUUH (x2—4)/(x—2), DOCTAaTOYHO BHIYHC-
JNUTh npefien Gosee MpocToll (yHKUIHH X -+ 2. DTOT mocyaesHui
npu ¥ — 2, oueBUAHO paBed 4. Bellb ecsu nOACTaBHTD B x 4 2
BMECTO X, TPOHM3BOJIBHYIO IEpPEMEeHHYI0 X,, CTpeMsuyiocs K 2,
TO HE3aBUCHMO OT Croco6a CTpEMJIEHHs ee K 2

xil_rilg(xn+2) 24-2=4,

BrluncsieHus1, CBSI3aHHbIE ¢ HaXOXAEHHEM NaHHOTO Npejea,

OOBIYHO pPAacCIOJIATaOT CJEAYIOWUM 00pasoM:

x2—

lim

x> 2
INonuepkHeM, yto pyHKRuMH f (x) = (x2—4)/(x—2) n ¢ (X) =

= x4+ 2 9aBAAOTCS pasHbIMH OyHKuWsMH. [lepBas W3 Hux
ompefesneHa 1751 ¥ =2, B TO BpeMsl KaKk BTOpas OmNpeiesieHa
aas Beex x. ONHAKO mpM BBIYMCJEHMH mpenena QYHKUHH npH
X—> 2 Hac COBEpLIEHHO He HMHTEPECYEeT, ONpENEJIeHbl HJIH He
onmpenejieHHl 3TH. (YHKUHHM B caMOH TOYKe X=2, U TaK Kak

t_ lim (x+2)= lim x+2=4.
x—=> 2

x—2 = 2
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f(xy=¢(x) ana x5£2, 10
lime(x) = 1im2cp(x)=rp(2).

MMpumep 2. OueBuano, yro lim x2=1, mnotomy uro,
x> 1
ecmn x,—1, x,51, 10 limx2=limx, limx,=1-1=1.
DroT (aKT MOXKHO 1OKas3aThb M Ha sisbike € H 8. Onpenenum
Kakoi-nM00 HHTEpBal, coAepKaumuii Touky 1, Hampumep
(1/2, 3/2). Has moboro x, NpuHAAJIEKALIETO €My, OYEBHAHO,
BBIOJIHSIETCS] HEPaBEHCTBO

=1 =41 r—1 ]| < 3| x—1]

3ananuM Tenepb NpoHM3BONbHOE € >0 M moJoxuM 8 =
. 1 2
= min {7 , -5—8} . Torna nasi Bcex x, yIOBJETBOPSIOWHX He-
pasenctey |x—1]| <98, Oyzer 4
VMeTb MECTO COOTHOLIEHHE ,

Camd

|x2——1|<%--§-s=5.

I[Ipumep 3. DyHKIUA
sin(1/x) onpenenena aaa Bcex
3HayeHu# x5~0 u sBJsIeTCsl He-
ueTHOH (rpaduk ee ajs x > 0 uso-
O6paxeH Ha puc. 14). Ona omnpe-
JleNeHa, TakuM o6pasoM, B OKpe- -7
CTHOCTH ToukM x=0, 3a HCK.JIO- Puc, 14.
ueHHeM camoii Toukn x=0. 3ra
GyHKUMS He umeeT nperena npu x— 0, moroMy yrto mocJe-
LOBaTeJbHOCTh OTJIMYHBIX OT HYJsI 3HaYeHHH x, = 2/m (2k+4-1)
(=0, 1, 2, ..) cTpeMHuTCS K HYJIO U B TO K€ BpeMs

[ (xg)=(—1)*

HE CTPEMHTCSI NPH K — co HH K KAaKOMYy Ipefesy.
BBenem eme caefyromee onpenesneHue. ByneMm mucath

A= lim f(x)

X > ®

NN
Y
§

M TOBOPHTH, UTO 4ucao A ecmo npedea ¢yurxyuu f(x) npu x,
cmpemawemcs K OeckoHeurHocmu, ecau [ omnpefeneHa Ans
BCEX X, YAOBJIETBOPSIOUUX HepaBeHCTBY |x|> K mnpu Heko-
Topom K >0, u aaa joboro € >0 MOXHO HaliTH uHCiO
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M > K Ttakoe, uto |f(x)—A|<e ansa Bcex X, YIOBJIETBO-
pSIGLIMX HepaBeHCTBY | x| > M.

MoxHO JOKa3aTh, YTO 3TO ONpeleseHHe SKBUBAJIEHTHO
caeflytotmemy. ‘

YQucro A ecmo npedea ¢ynkyuu f(x) npu x — oo, ecnu
dynkuua f(x) ompelenena Aas Bcex x ¢ |x| > M mpu me-
KotopoM M H

lim f(x,)=4

xp—> ®

1S moGoH cXOAsIeHcss K oo MOCJEN0BATeNbHOCTH {X,}.

Jloka3atesbCTBO 5KBHUBAJIEHTHOCTH 3THUX ABYX ONpelesieHuit
NPOBOAMTCS MO TOM Ke cxeMe, YTO M B pPasoOpaHHOM BBIIe
cayyae npejaena f B KOHEUHOH TOuKe a.

Boofue, Muorue coiicTBa mpenenoB f(x) npu x—-a,
rie q—KOHEYHOe YHCJIO, U INpH X— oo SBJSIOTCS aHaJNo-
THYHBIMH. MOKHO H3JIOXKHTb 3TH CBOHCTBa €MHBHIM 00pasoM,
TaK YTO H3JIOXKeHHe OyJleT OJHOBPEMEHHO OTHOCHTBCH Kak
K cJayyaw X— @, TIeé a—KOHEUHOe YHCJ0, TaK M K CJydaio
X —o00, Jlnsa aToro noi OYKBOH @ Halo MOHMMATh JIMOO UHCJIO
(xoHeyHoe), aub0 cHUMBOJA oo. Eciu a €cTb 4YHC/IO, TO TOA
OKPECTHOCTBIO TOYKH @ NOHHUMaercsi JoGolt uHTepBan (¢, d),
conepxkamuit B ceGe Toyky a. Takum o6pasoM, OkpecmHOCHLb
(KOHeqHOli) mOYKW @ ecTb MHOMXECTBO BCeX TOYEK X, YAOB-
JIETBOpAOIIMX HepaBeHCTBaM ¢ < x < d. Ecan xe a = oo (wiu
+ o0, uaM — 00), TO NOA OKPECTHOCTHIO @ MBI YCJOBHUMCS
NIOHUMaTb MHOXKECTBO BCEX X, VAOBJIETBOPAIOLIUX HEPaBEHCTBY

[x|>M (um x> M, umn x <—M, M>0).
Mub Gynem mnucarb
lim f(x)=A4,
x=->a

rie a Moxer OblTb KOHEUHBIM YHCJIOM WM oo (HIH -+ co,
WM — oo), ecsu GyHKuHs f(x) ompeneseHa Ha HEKOTOPOM
OKPECTHOCTH @, 32 MCKJIOYEHHEM, OBITh MOXKET, CaMoil TOUKH a
(sTa OroBOpKa HYXKHa TOJNBLKO B CJIydae KOHEUHOH TOUKH a),
W ecau jais Jwoboro € >0 HafineTcs Takas OKPECTHOCTb
TOYKH @, 4TO I/ BCeX X, HNPUHALJEKAUX K Hell U OTiIHY-
HBIX OT @, HMEeT MeCcTO HepaBeHCTBO

|f () —A] <e.

210 onpeaeneHde ofbequHseT B ceGe, OUeBHAHO, 006a
pa3ebpaHHNX BHILE CJyyasi npeneia f: KOrha X CTpeMHUTCH
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K KOHEUHOMY YHCIY @ W KOTA& X CTPEMUTCH K oo, ---ow,.
—m.

Oyukuus f, aas xoropoit lim f(x)=0, HaskBaeTcst Gec-
x=>a

KOHE4HO MaAoil npu x— a.

[TpucTynmuM K u3JoXKeHHIO CBOACTB GyHKuuHM f(x), HMeio-
mefi mpefenel NPH X — @, TOE @ €CTh YHCJIO HJIH 00, -} oo,
— 00. YCJIOBUMCSI NPOH3BOJIBHYIO OKPECTHOCTb @ 0003HauaTh
cumBosiom U (a@). Jlerko mpoBepuThb, UTO nepeceqerue 08yx
oxpecmuocmert Ug(a) u U,(a) ecmo cHosa Hexomopas ok pecnt-
rocme U (a).

Teopema 1. Ecau lim f(x)= A, ede A—roneuroe uucno,
X=>a

mo Ha Hexomopoti oxkpecmuocmu U (a) ¢yurxyua f(x) oepa-
HUYeHa, m. e. cywecmeyem noaoxcumeasbroe qucaso M maroe,
umo

[F ()| <<M 025 scex xeU (a), x=*a.

JdokasaTtenbcTBO. M3 ycnoBus TeopeMmel chenyer
cyuiecTBoBaHHe okpectHocTH U (@), Tako#, 4To

1>f)—=A|Zf()]|—]A] (xeU(a), x7a).
Orciona M1 yKa3aHHBEIX ¥
[ I<1+]A]

rae Hano cuutath M=1+4|A|. Teopema nokasaHa.
Teopema 2. Ecau lim f(x)=A u A==0— KoHeuroe

xX—=>a

qucao, mo cywecmeyem oxpecmuocmo U (a) maxas, umo
[F)[>1412 (xeU(a), x+a).
Bonee moeo, 022 ykasaHHoIX X
f(x)> A2, ecau A >0,
u
f(x) < A2, ecau A <O.

HoxasatenbcTBO. H3 ycnoBus TeopeMel chaelyer
cymectsoBanue st e=|A|/2 okpectHoctH U (a) TaKof, uro,

[A2>|A—=f@) | Z|Al=[f(®)] (*x€U(a), x%a),

otkyaa |f(x)|>|A|/2 ana ykasammex x. Ilepsoe us aTnX
HEPABEHCTB MOXHO 3aMeHHTDb CJIeAYIOUIMMHU:

A <pwm < a4l
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IMpu A > 0 orciona caenyer

A A

L=a—L <,

a npu A <0 cnenyer
fo<a+lil_2,

uTO U TPe(GOBaJIOCh NOKAa3aTb.
Teopema 3. Ecau

lim f;(x)=4;, lim f,(x)=A4,
Xx=>a XxX—=>a

u Ha Hekomopoii okpecmuocmu U (@), x5 a,

fi () <7, (%),
mo A; < A,.

HokaszareabctBo. Ilyets x,— a, x,5~a; TOraa s
JOCTaTOYHO GOJIBLIOTO £, HMEET MeCTO HepaBeHCTBO

fi () <Fo(xn) (> 1)

M IoCJIe nepexoia K mpejeny HepaBeHcTBO A; << A,.
Teopema 4. Ecau

lim f, () =4, lim f,()=A (1)

x—=>a

u Ha Hexkomopoti okpecmrocmu U (a), x = a,

<o) <f, (), @
mo :
lim ¢ (x)=A. 3)

HokasatenabctBo. Ilycth x,— a, X,5*a; TOrjaa npu
JOCTaTOUHO GOJIBIIOM 1, AJs h > A,

fi (xn) < P (xn) <i2 (xn)

u B cuay (1) cymectByer npenen ¢(x,), pasbii A, a Tax
KaK {x,} ecTb MPOH3BOJIbHAs CXOASUIASCSA K @ NMOC/e0BaTe /Ib-
HOCTb, TO MMeeT MecTo (3).

Teopema 5 (xputepuii Komu cymecTBOBa-
HUSA npepnena). [Jaa moeo 4mobbr cyujecmeosar npeden
(rkoHeunewi) lim f(x), Heob6xo0umo u docmamouro, umobet yHK-

a

X =
yusa f(x) Goa onpedesena 6 oxpecmuocmu a, 3a UCKAKOHE-
Huem, bvime moxcem, camoii mouku @, u 0aa ecsikozo € >0
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cyuecmsogara maxas okpecmnocme U (a), umo, Kaxosbt Gbt
Hu Goiau mouku x', x" €U (a), x', ¥ +*a,

[F(x)—=F( ] <e. -
HokasateabctBo, [lycts lim f(x)=A, rge A—xoueunoe
xX=>a

YMCJIO; TOTAa CYIIECTBYeT OKPEeCTHOCTb a, The [ (x) ompejeieHa; 3a
ACKJIIOUeHHeM, GBITb MOXeT, caMo# TOukH a. Kpome Toro, mias JoGoro
& > 0 nafifercss Takas okpecTHocTb U (a), uto ecan x € U (@), x # a,
To |f(x)—A| < €/2. Tyets %', x" € U (a) u x’, x" # a; TOrka

1P —F @) | <1 f e —Al+ A= ()| < 5+5=e,

H MBl TOJIYYUJIH, 4TO YCJIOBHE TeOPEMEl HEeOGXOJHMO.

JHokaxem fOCTaTOYHOCTb 3TOFO ycaoBud. [Tycts pyuxuus f (x) ompe-
Je/leHa B HEKOTOPON OKPEeCTHOCTH a4, 33 MCKJIOueHHeM, GBITb MOXKET,
camoit TOUKH @, H NyCTb AJs J0G0ro € > 0 MOXKHO yKa3aTb OKPECTHOCTb
U (a) Takyto, uto | f (x') —f (x")| < e gna Bcex x’',x" € U (a), x', x" #a.
3agaguM MpOH3BOMBHYIO TMOCJEN0BATENbHOCTD {X,}, X, #a (n=1,2, ...),
cTpemsimyiocs K a. Toraa, cornacHo kputepuio Ko, gas nocsaegosa-
TeJILHOCTH, CTpemsilieficA K mnpejely, HaHjeTcs YHCAO n, Takoe, YTO
aas n, m > ng 6yner x,, x, € U (a). Ho Torga

[ Gn)—F (xm) | <€ (n, m> ng),

u nociegosatenbHocTh {f (x,)} yaoBaerBopsier kpurepuio Koww u, ciae-
JOBaTeIbHO, HMeeT Tpejes.

Mpbl foKa3aju cJaepyoouiee CBOHCTBO paccMaTpuBaeMod GYHKIHH f:
ana gobol cxoasuielicss K @ noc/efoBaTeNbHOCTH YHCEJ X, # @ CYIeCT-
gyer lim f (x,). Y3 sToro cBolicTBa aBTOMaTHYECKH CJIEAYeT, YTO IpegeJ bl
lim f (x,), COOTBETCTBYyIOImHE Da3HBIM CXOALSAIHMCH K a TOC/TeJOBaTENb-
HOCTAM, paBHH MeXAy coboit. Ho Torga cymectsyer lim f(x). B camom

: XxX—>a

. 4 ’
aejie, MycTb X, —>Q, Xn—> Q; X, Xp #a (n=1, 2, ...). Torga no
JoKasaHHOMYy cywecTBylor uucnia A u A’ rakme, uto f(x,)— A
’ ra 4
u f(xn) — A’, CocTabum HOBYIO TIOCJI€L0BATENbHOCTD: {xf, X1, X3, X3,

X3 .‘.}. Ona CXOJUTCA K 4HCAY a. ITo JAOKa3aHHOMY BHIIE JOJIXKHA
CXOJHUTBbCAA K HEKOTOPOMY UYHCJAY U COOTBETCTBYIOULAsl NOCJELOBATENbHOCTDh

{f (0, F(x1), f (%), f (x2), ...}. Ho 5T0 BO3MOIKHO, TOMBKO ectn A= A,
Takum o6pasom, A= A’. Teopema nokasaHa.

Teopema 6. [Tycme
lim f(x)=A4, lim ¢ (x)=B,

X—=>a
20e A u B—kxoneunste uucra. Toz2da
lim [f(x) £e()]=4xB, lim[f(x)e(x)]=A4B
X—=>a XxX—>a

u npu ycaoguu, umo B==0,

fm_ A
Jim o =5
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Joxaxem misi npuMepa BTopoe paBeHcTBo. Ilycts X, — a,
x,7%a (n=1, 2, ...); Torma

limf(x,)=4, lime(x,)=B28,

HO TaK Kak Mpefes NpPousBefeHHs [BYX MepeMeHHBIX, Npo-
Geralomux NOC/Ne0BaTebHOCTH, pPaBeH INPOM3BENEHHI0 HX-
MpefiesioB, TO

lim [f (x,) ¢ (x,)] =lim f (x,) lim ¢ (x,) = AB.

ST0 paBeHCTBO JOKAa3aHO A/ Jl0GOH IepeMeHHOH X, — a,
X,5=a, nosromy lim [f(x)¢ (x)]=AB.
X=>a

ITo onpenenennio lim f (x) = oo, ecnu dynruus f (x) onpe-

X ->a
JeieHa Ha HEKOTOPOH OKDPECTHOCTH @, 32 HCKJIOueHHeM, GhiTh
MOXET, caMOH TOYKHM @, ¥ eCHM JJISl BCAKOrO MOJNOXKHTENb-
Horo uucaa M Halinercsi Takas okpectHocTh U (a) TOUKH a,
4TO

F)I>M  (x€U(a), x5*a).
®yugumo, aasi Kotopo#t lim f(x) = oo, Ha3wBaloT Gecko-

Heuro boswioll npu x— a.
Ecan lim f(x)=o00 u B HEKOTOPOHl OKPECTHOCTH TOUKH. a

GyHKUUS ’}235 > 0 (cootBerctBeHHO f(x) < 0), TO eule mUIyT
lim f(x)=4 oo (CO‘OTBeTCTB'EH'HO lim f(x)=— oo).
xX=>a

X=>a

Jlerko J0KasaTh CleAyIOLIEE TeOpeMbl.

Teopema 7. Ecau ¢yuxyus f(x) ydosremeopsem na
HEKOmopOLl OKPECMHOCMU @ HepaseHcmsy

[f(x)|>M>0,
a 029 yukyuu @ (x) umeem mecmo
lim 9 (x)=0 (p(x)5=0 012 x5=a),
mo e

o F)
Iim =

Teopema 8. Ecau limf(x)=A, limp(x)=o00 (A—
X=>a X=>a

quca0), mo
lim L&) —o,

x>a P (X)
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Cnencraue. szu-cp(x)—»G (x—a, 9(x)=0), mo

lim o0y cp(x) =

u ecau @ (x)— oo (x—a, (p(x)-—,&O), mo

lim =5 =0

MoxHo eme ompenenutb npepesn (GYHKUUH [ B TOYKE a
(koHeuHo#t) cnpaBa (cJieBa).

ITo onpedeneruto wucao A Hasvieaemes npedesom Gynkyuu f
8 mouke a cnpasa (Caesa), €CAM OHA ONpEIEsNeHa Ha HEKOTO-
pom noayunrepBane (a, b] ([b, @)) ¥ AIs Hee cyuiecTBYeT

lim f(x,)=A4A (COOTBETCTBGHHO lim f(x,,)=A>
Xn—>a Xp—>a

&n>a xn<a

IAst moOOH yKa3aHHOH MOCJ/ENOBaTENbHOCTH {X,}.

Ipemen cnpaBa (cieBa) ¢GYHKOHMH [ B TOYKE @ IPUHSTO
o603HayaTh TakK:

fa+0)=1im} (), (4)
x>a

fla—0)= lim f (x). ®)
x<a

Ecan f onpemenena Ha uHTepBane (a, b), To B TouKe a
MOKET MMETb CMBICJI TOJIbKO uucjo f(a-+0), a B Touke b —
Tosnbko uuciso f(b—0).

3aMeyanue., Pasencrsa

fl@+0)=f(a—0)=4 (6)

SKBHBAJICHTHBI CYIIECTBOBAHHIO Npe€naena

lim f (x) = A. (7

B camom zene, (6) MOxHO BhIpasuTh Tak: Ve >0 36 > 0:
Ifx)—A|<e, Vx: 0<|x—a| <0, x>aq; |[f(r)—A]|<e,
V¥x: 0L |x—a| <98, x<a. Ho 310 MOXHO Bhpasutb Gosee
kpatko: Ve > 036 > 0: |f(x)—A|<eg, ¥x: 0<|x—a| <8,
uTO 3KBHBaJeHTHO (7).
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§ 3.3. HenpepriBHOCTb (YHKIHH

Ha puc. 15,a wusobpaxken rpaduk ¢yHKuHH y= f(x)
(a<<x<Cb). Ero ecrecTBeHHO Ha3BaThb HENPEPHIBHEIM rpa-
()UKOM, MOTOMY YTO OH MOXKET ObiTh HAapHMCOBAaH OJHHM JBH-
YKeHueM Kapaujama Ge3 oTpbiBa OT Oymaru. 3ajaiuM NpoOH3-
BOJIbHYIO TOYKY (4Hcsa0) X € [a, b]. bauskas k Heli apyras

y

Puc. 15.

Touka x' €[a, b] moxer GbiTh 3anucaHa B Bume x =x+ Ax,
rie Ax €cTb YHCJO MOJIOKHUTEJbHOe WJIH OTpHIaTesNbHOE, Ha-
3bIBa€MOE npupaueruem x. PasHocTb

Af=Ay=f (x+Ax)—[ (x)

Ha3blBaeTcst npupawjeruem GyHkyuu [ B TOUKe X, COOTBET-
CTBYIOIIUM TpHpamenuio Ax. 31ech umeercss B BHAY Ax Takoe,
uto x-+Ax € [a, b]. Ha puc. 15, a Ay pasuo naune orpeska BC.
Bynem ctpemuts Ax K HyJsI0; TOrZa AJsl paccMaTtpUBaeMOH
(GYHKIMH, O4eBHAHO, H Ay 6yneT cTpeMHTbCS K HYJIO:

Ay—0 (Ax—0). 1)

Paccmotpum Ttenepb rpaduk, n3o6paxeHHb Ha pHuc. 15, 6.
OH cocToMT U3 JIBYX HenmpephBHHIX KyckoB PA u QR. OpHako
S5TH KYCKH HE COGIHHEeHHl HENPEepPBIBHO, U MNOTOMY rpaduk
€CTeCTBEHHO Ha3BaTh pasphBHbIM. UToOb rpaduk wuzoGpaxan
onHO3HauHy GyHKUHMIO y= F (X) B TOUKe X,, YCJOBHMCS, YTO
F (x,) paBHO njuHe oTpe3Ka, coexuHsiomero A W x,; B 3HaK
atoro Touka A uaobpakeHa Ha rpadyke KpYyKKOM, B TO BpeMs
KaK y Toukd Q HapHcoBaHa CTpeJKa, yKasblBaiomasi, 4to Q
He NpUHaJJIeXHUT rpaduky. Ecnu Obl Touka Q mpuHajyiexana
rpaduky, To ¢ynkmus F Obiia Obl IBY3HAUHOH B TOUKE X,.
IIpupanum Tenepp x, npHpauieHue Ax, W ONpPEIEJSHM CO-
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OTBETCTBYIOIIEE NPHUpaIEeHHe PYHKIUH:
AF =F (x, 4+ Ax)—F (x,).

Ecan mbl GyneM Ax, CTpeMUTb K HYJIIO, TO TeNepPh yiKe HeJb3si
ckasatb, yto AF Oymer crpemutbcs K Hymo. [las oTpuua-
TEJbHBIX AX,, CTPeMAIUXCS K HYJIO, 3TO TaK, HO JJs MOJIO-
JKUTEJbHBIX BOBCE HE TaK: U3 PHCYHKAa BHJHO, 4To ecau Ax,,
OCTaBasiCh IIOJIOXKHUTEJBbHBIM, CTPEMHTCS K HYJIO, TO COOTBET-
cTBylolee mnpupamenne AF mpu ToM CcTpeMHTCS K MOJIOXKH-
TEJIbHOMY UYHCJy, paBHOMY JJinHe oTpeska AQ.

ITocne 3THX paccmoTpenuil ectecTBeHHO ¢yukyuto f, 3a-
dannyro Ha ompeske [a, b], Hasvieame HenpepobiHOLL 8 MouKe X
8M020 OMPE3KA, ecau NpuUpaujerue ce 8 SMoll MmouKe, COOM-
sememesyrouee nPUPaeruro Ax, cmpemumcs K Hyao npu a0060m
cnocobe cmpemaerus Ax k uyawo. I10 (CBOKCTBO HENMpephHIB-
HOCTH [ B x) 3amuchiBaeTcst B BUAe cooTHomenus (1) wm eny
TaK: , .

lim Ay=0. 2)

Ax—>0

3anuch (2) uurtaercs Tak: nmpenes Ay paBeH HyJio, Korjaa Ax
CTPEMHUTCS K HYJIO 10 JioGoMy 3akoHy. Bmpouewm, Bhipaxkenue
«mo Jo00My 3aKOHY» OOLIYHO OIYCKAloT, MOJpasymeBasi €ero.
Ecau onpenenennas Ha [a, b] ¢yHKuus f He sBjsercs
HEenpepLBHOA B TOUKE x € [a, b], T. e. ecan Jnis Hee He BbI-
NoJIHsieTCsl CBOHCTBO (2) XOTs OBl MPH OXHOM crocofe CTpeM-
JneHuss Ax K HyJIO, TO OHA Ha3bIBAETCS pa3poiéHOL B TOUKE X.
@dynxkuus, H3o6paxeHHasr Ha puc. 15, a, HenpepriBHA B
moboii Touke x€[a, b], dyHKuMs ke, u300pax<eHHas Ha
puc. 15,6, oueBuaHO, HempepriBHa B J0GOH Touke x € [a, b],
3a MCKJIOYCHHEM TOYKH X,, MOTOMY HYTO HJis MoOCJejHe# co-
oTHouenue (2) He BHNoJHsieTCss, Korga Ax— 0, ocrapasich
110JI0XKHUTEJIbHBIM.
dyHknus, HenpephiBHAasi B JIO60H TOYKe oTpe3ka (UHTEp-
BaJia), HAa3bIBACTCS HEN PepPbiBHOL HA STOM ompeske (UHMepease).
HenpepriBHass QyHKIMS MaTeMaTHYeCKH BBHIPAXKaeT CBOM-
CTBO, C KOTOPEIM HaM TMpPHXONUTCSI YacTO BCTpeuarbCs Ha
MpaKkTUKe, 3aKJioyaiouieecss B TOM, YTO MajOMy MpPHPAIEHUIO
HE3aBHCHUMOH TNepeMeHHOH COOTBETCTBYET MAJOE€ K€ IMpHpa-
UIeHHEe 3aBHCHMOH oT Hee nepemeHHo#l (¢pyHkuuu). [Ipexpac-
HBIMH [IpUMepaMH HenpepuBHON (YHKLHM MOTYT CJYXKHTb
pas/MuHbIE 3aKOHH JBMXKeHUs Ten s=f(f), Bepaxaroue
3aBHCUMOCTH NYTH S, NPOHNEHHOrO TEJIOM, OT BpEMEHH t.
Bpems ¥ mpocTpaHCTBO HENpEPHIBHEI, IPH 3TOM TOT HMJIM HHOH
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3aKOH JBHXXEHHS S=f(f) ycTaHaB/IMBaeT MeXJy HHMH Ompe-
JIeJICHHYIO HENMpephBHYIO CBfI3b, XapaKTEPH3YIOMYIOCS TeM,
YTO MajJoOMy NpHPAUIeHUI0 BpPEMEHH COOTBETCTBYET MaJjioe
NpHpaIleHHe MYTH.

K a6cTpakunu HenmpephIBHOCTH YesIOBEK NMPHILE/, HaGmoxas
OKDY2KaIOIIMe €ro TaK Ha3biBaeMEIE CIJIOLIHEE Cpejbl—TBEep-
Ible, XAAKHE HJH rasoo0pasHble, HanpuMeEp MeTaJJIbl, BOAY,
Bo3ayx. Ha camom neme, Bcsikas ¢usnyeckas cpena mpex-
cTaBJisieT co0oit cKomJenne GoJIbIIOrO YHCJIA OTAEJNEeHHBIX APYT
OT Apyra ABIXKYmuXcs yacTun. OXHAKO STH YaCTHUH W pac-
CTOSIHUSI MEXJY HHMH HACTOJBbKO MaJjibl N0 CPaBHEHHIO C 0GB~
eMaMH cpejll, ¢ KOTODHIMH NPHUXOJUTCSI HMETh JeJ0 B Makpo-
CKONHYECKHX HU3HUYECKHX SBJIEHH X, UTO MHOTHE TAKHE SIBJICHHS
MOXXHO JOCTATOYHO XOpOIIO H3y4aTh, €CJH CYHUTaTh npubin-
KEHHO MacCy H3y4yaeMOH Cpelbl HENpephHBHO pacrpeseseHHOH
6e3 BCSAKUX IPOCBETOB B 3aHSITOM el npoctpaHcTee. Ha Takom
IONymeHnH 6a3upyioTcst MHOrHe (GU3HYeCKHe IUCIMIJIHMHEL,
HanpuMep THAPOIMHAMHKA, a9POJHHAMHIKA, TEOPHS YIPYTOCTH.
MaremaTuyeckoe NOHSATHE HENPEPHIBHOCTH, €CTECTBEHHO, HTpaeT
B 3THX QUCHMIIMHAX, KaK U BO MHOTHX JPYruX, OOJMbIIyiO
pOJb.

HenpepriBHble $yHKIHH 06pasyloT OCHOBHOH KJjacc ¢yHK-
H#, C KOTODBIM ONEPHPYET MaTeMAaTHUECKHH aHaJIH3.

[Tpumepamn HenpephiBHBIX (QYHKIHHA MOIYT CJAYXKHUTH 3Je-
MeHTapHble QyHKUUU (cM. Huxe § 3.8). OHM HempepHIBHHI Ha
WHTepBalaX HM3MEHEHHS X, IJleé OHH ONpejeJIeHbl.

PaspoiBHBE (GYHKIMHM B MaTeMaTHKe OTPaKalOT CKagKo-
obpasHele mpouecchl, BeTpeuamomuecs B npupoze. [Ipu ynape,
Hanpumep, BeJIMYMHA CKOPOCTH TeJia MEHSieTcsl CKauKooOpasHo.
MHorue KaueCcTBeHHBIE MEPEXOJBI COMPOBOXKIAIOTCS CKaYKaMH.
Hanpumep, 3aBucumoctsb @ = f (f) Mexk1y TeMneparypoit OXHOro
rpaMmMa BOIHl (1bIA) U KOJHYECTBOM () KaJopui Haxopsiie-
rocs B Hel TenJia, Koraa ¢ usmensiercst mexxny —10° u +30°,
ecqM NPUHATH YCJIOBHO, 4To npH —10° Beqauunna Q =0, Bu-
paxaercsl cJeRyomuMy ¢opMyamu:

) 0,545, —10<¢t<0,
Q=9 ;185 0 < t< 30.

Mbl cunTaeMm, 4TO TemJoeMKocTh Jbia pasHa 0,5. Ilpn =0
5Ta (YHKLHSI OKashBaeTCsl HeoNpefeseHHOH —MHOTO3HAuHOM;
MOXKHO 1451 yaoGCcTBa YCJIOBHTHCSI, uTo npH =0 oHa mpu-
HUMaeT BIOJIHE ONpefiesieHHoe 3HayeHne, Hanpumep f (0) =45.
®yukuus Q= f (¢), oueBnaHo, paspeiBHast npu ¢ =0, nzobpa-
JKeHa Ha puc. 16.
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JanuM onpeneneHue HENpepHBHOCTH QYHKLHH f B TOUKe.

Dynkyus [ (x) Ha3bi6aeMCA HenpepolBHOL 8 MOUKE X,, eCAU
OHa onpeleseHa 8 HEKOMOPOU OKPECMHOCMU SMOt MOUKU, 8 MOM
Yucae 8 camoli mouke X,, U ecAu ee npupawerue 6 3moi
mouKe, coomsemcmayroujee npupaujeruro apeymenma Ax, cmpe-
uumen K wyao npu Ax— 0:

lim Ay= lim [f (x,+ Ax)—f (¥)]=0. @®)
Ax=>0 Ax—>0
Ecnu nojioxuTh X=X, Ax, TO MoNy4yuM cJeayiolee K-

BUBAJICHTHOE OINpefeJieHHe HENpepLBHOCTH f B X, ¢pynkyus f
HenpepoiBHA 8 MO4Ke X,, eCAU OHA OnpedecHA 8 HeKOmopou

OKpeCmHoCmU 9Moti Mo4Kku, 6 MoMm 4ucie 8 q
camotl mouke x,, U ecau 5k
lim f (x) = f (x,); 4)
e 85

I
I
|

uasu euwje Ha sA3vike €, 8: ecau 024 6csKo20 |

e > 0 naiidemes 6 > 0 maxoe, umo :

|
]
I

45k
[fO)—Ffx)l <e  Vu [x—x,]<8.

PagenctBo (4) MOXHO ele 3amucatb clie- _.Q 1
IytomuM o0pasom: -1010 30 i
1imf(x)=f(1im XY (4) Puc. 16.
X=>X, X—>X,

OHO mnoOKas3biBaeT, YTO 100 3HAKOM HenpepbisHOll  (PyHKyUU
MOICHO nepexoOume K npedesy.

MMpumep 1. Tlocrosinnas y=C ecTb (yHKUHA, Hempe-
phiBHasi B JioGo#l Touke x. B camoMm gnesne, Touke x cOOTBeT-
cTByeT 3HayeHHe ¢yHKuuu y=C, TouKe x-+ Ax COOTBETCT-
BYeT To e 3HaueHue y (x+ Ax) = C. [Tostromy Ay=y (x+Ax) —
—y(x)=C—C=0mu

lim Ay= lim 0=0.
Ax—0 Ax—+0

MMpumep 2. Oynxuns y=x HenpepbBHa NS 0600
3HaYeHHs x, NoToMy yto Ay=Ax u, ciaenoBatenpHo, Ay — 0
npH Ax—0.

Ilpumep 3. Pynkuus y=sinx HempepnBHa IS JHO-
6oro x.

B camom pene,

|Ay|=lsin(x+Ax)—sinx{=/23in%cos <x+é2f> <
< 2|sin(Ax/2)]. ()
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Ho nnst moGoro o MMeer MecTo HEPaBEHCTBO
|sina] < |al. 6)

Ecmu 0 <o < 7/2, To 310 cnenyer u3 puc. 17, riae usobpa-
JKEHa OKDYXKHOCTb paaumyca 1 (nyra. ajauHel 200 Gosblie
CTSTHBAEMO#H €10 XOPAH, uMelomel AnuHy 2sina). [Ipy a=0
HepaBeHCTBO (6) oOpaimaercs B paBeHcTBO. Ecam ke 0<
<la|<n/2, T0 |sina|=sin|a|<|a|. Hakoneu, ecan

7 || > m/2, 10 |sine | < 1 < m/2<C
i <|a|. U3 (5) na ocHoBauun (6)
crenyer
s VW Ax Ax|
S [Ay|<2|sin7 <2l =
g oz one, =144t
[Ay|<|Ax|.
Ho Toraa, ouesuano,
Prc. 17. lim Ay=0.
Ax—>0

MoxHO eme ckasaTh, uYTO IJs BCSAKOro & >0 MOXHO
gaiitu 8 > 0, umenno 8 =g Takoe, uTo

|Ayl<e VYAx: |Ax| < 8=e.

OTMeTHM BaXHYIO TeopeMmy.

Teopema 1. Ecau ¢pynkyuu f u @ HenpeposroL 6 mouxe
X=a, Mo HenpepovisHbol MaKsite 8 IMOL MouKe UX cymma, pas-
Hocmb, npoussederue u uwacmuoe (npu ¢ (a) =0). .

Sra TeopeMa HENOCPEACTBEHHO BbITEKaeT W3 TeopeMbl 6
§ 3.2, ecnu yuecTb, YTO B JaHHOM CJyyae

f@)=lim[(x), ¢(a)=limg ().

CrpaBefsiiBa TaKXKE BaXKHas TeOpeMa O HENPEPHIBHOCTH
GYHKUUHY OT QYHKLHUH (CJIOKHOH (YHKLHH).

Teopema 2. [Tyeme 3adana ¢pynkyus f(u), Henpepois-
Has 8 mouke u=A, u ewe Opyeas pynkyua u= (x), He-
npepeignas 8 mouke x=a, u nycme ¢ (a)=A. Tozda caodxc-
Has pyuxyus F (x)=f[@ (x)] xenpepowra 6 mouxke x=a.

HokasaTenbCTBO. 3aMeTHM, YTO MO OMNpeLeJIEHHIO
HernpephiBHOCTH (GyHKuuHu [ B Touke A cjieflyer, 4TO OHa ompe-
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JiefieHa B HEKOTOPOR OKPECTHOCTH 3Toi Touku. [loaromy
lim F (1) = lim {[¢ ()] = lim f [u} = (4) = [ [¢ ()] = F (a).

3nech BBelieHa TMOJACTAHOBKA u =@ (x) M YyuTeHa Hempe-
PHIBHOCTL @ B TOuUKe x=a: ¢ (x) — ¢ (a)=A.
X=>a

IIpumep 4. Pynruus
P(x)=ax"+ax" 14+ ...+a,

rie a,—NCCTOSHHbE KO3h(HIHEHTLl, HasblBAeTCH -MHO204./eC-
Hom ctenenu n. OHa HenpepbiBHA AJis yo6oro x. Benb uTo6H!
nonyudtb P (x), Hago, HCXONS W3 MOCTOSIHHBIX YHCEN Qg ...
..., @, U QYHKIHH X, NMPOU3BECTH KOHEYHOE YHCJO apH(Me-
THYECKUX JNeHCTBMH—CJIOXKEHHs!, BBHIYHTAHUS W YMHOXEHHS.
Ho nocrosinHasi ecTb HenpepbiBHas (yHKuus (cM. mpumep I),
a QYHKIHS y=Xx TOXKe HenpephiBHA (CM. NpHMep 2), NOITOMY
HenpepeBHOCTL P (x) caeayer u3 TeopeMsl 1.

[Tpumep 5. OyHkuus y=cosx HenpepbiBHa. OHa sB-
JileTcs  KOMIO3HMLHeH [BYX HENPEphBHBIX (YHKUHH: Yy =
—=sinu, u =%—x.

IMpumep 6. Oynruns

sin x (x;&%_l_kn’ k=0, +1, i?,...)y

Ccos x
HempephiBHA [ YKa3aHHEIX X, MOTOMY uTo (CM. Teopemy l)
OHa paBHA YaCTHOMY OT JeJIeHHs HeNpepHBHbIX (QYHKUHA H
IpH 3TOM [eJIMTeJIb He paBeH HYJIO ([IPH YKa3aHHBIX X).
[Tpumep 7. Dyukuns

y=sin®x®

y=1tg x=

HenpepuBHa AJs JIo6Oro x, MOTOMY UYTO OHAa SIBJISIETCS KOM-
nosunuel HenpepbBHbIX GYHKUMA: y=u?, u=sinv, v=x%
(cM. Teopemy 2).
ITpuvep 8. Odynkunsa y=|x| HenpepriBHA VX, MOTOMY
4TO
|Ay|=]|x+Ax|—|x||<|x+Ax—x|=]|Ax|—0
npu Ax— 0.

[Mpumep 9. Ecau pynkuus f(x) HenpephiBHA B TOUKE X,,
TO HenpepbiBHA TaKkKe B 3TOH TOouyke W ¢yHKuus |f(x)|.

D10 cyegyer M3 TeopeMbl 2 M TNpUMepa 8, 1OTOMY YTO
¢ynkuns |f (x)| ecTb KOMMO3HIHUS ABYX HENPEPBLIBHBIX (YHK-
wit: y=|ul, u=f(x).
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OTMeTHM ellie [Be TeOPeMbl, KOTOPble HENOCpPeACTBEHHO
CJEAYIOT U3 COOTBeTCTBYlomux TeopeM 1 u 2 § 3.2 aas npe-
Jena (yHKUUH.

Teopema 3. Ecau ¢pynxyun [ nenpepoisrna ¢ mouxe a,
mo cywecmsyem oxkpecmuocme U(a) amoli mouku, Ha Komo-
poii f oepanuuena.

Teopema 4. Ecau ¢yuxyus [ nenpepoisna 8 mouxe a
u f(a) =0, mo cywecmsyem oxpecmrocme U(a) mouku a, Ha

Komopoti
[F () > [ F(a))/2.
Boabwe moeo; ecau f(a) >0, mo
f@2<f@x) (xeU(a)),
a ecau f(a) <0, TO
f(x)<Ff@2 (xeU(a)).

§ 3.4. Pa3pbiBbl nepBoro H BTOPOTO poja

ITo onpegnenenuto GyHKIUS f HenpepoisHa 6 mouke x=a
cnpasa (caesa), ecau

f(@)=f(a+0) (ceorBercrBenno f (a)=Ff (a—0))

(cMm. koHen § 3.2).
HenpepubiBHOCTb f B TOYKE a MOXKHO ONDENEHTh TaKXKe
CAeAYIOLUM O6pasoM: Gynkyus f HenpepbisHa 6 mouke x= a,

N 74 9
-7 Y A el

¢ & F g% ¢ & 7
Puc. 18. Puc, 19. Pnc. 20.

€CAU OHQ 0N pedeseHa @ HEeXOMmopoli OKpeCcmHoCmy amoti mo4ku,
6 mom wuUcAe U 8 CaMOl MmouKe X=a, U CYWecmeyrom npe-
Oeavt f(a+0) u f(a—0) maxue, umo

f(@)=f(a+0)=f(a—0). 1)

Ecnn ¢pynxuus f TakoBa, 9To AJIs1 Hee CYIIECTBYIOT NP EAe/IbI
f(a+0), f(a—0), onnako pasenctBa (l) He BBHINOJHSAIOTCS,
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TO, OUEBHIHO, OHa pa3pvisHa (He HempepEIBHA) B TOUKE 4.
B srtoM cayuyae roBOpfiT, 4T0 OYHKUHS [ B TOYKE @ HMEET
paspuig nepeozo pooa.

Ha puc. 18—23 mnpusefens mectb rpaduxoB ¢yHKuH,
HMEIOLIMX pasphlB NepBoro poja B Touke a. Byka A o6o-
snayaer Touky A=(a, f(a)) rpapuka ¢yuxuuii, Crpenka nHa
KOHIIE KyCKa KpHBOH 0603HayaeT, YTO KOHIleBas TOYKa, TAe
HaXOJHUTCSl CTpeJKa, BeIGpOLIEHa.

Ha puc. 18—21 nauml rpaduru ¢yHKUHH, A KOTOPHIX
pce Tpu uucaa f(a), f(a40), f(a—O0) umetor cmuica. Ha
puc. 18 tpu umcaa f(a), f(a-+0), f(a—O0) nomapHo pas-
JHYHBI—QYHKIMS HE TOJBKO pasphiBHA B 4, HO paspbBHA
Takxke cnpasa M cjeBa. Ha puc. 19 ¢yHKuusi HenpepbiBHA
cheBa B @, HO paspeiBHa cmpasa. Ha puc. 21 f(a+40)=
= f(a—0)s4f (a). B stom cayuae rosopsar, uro ¢pyHxuus f
HMEEeT B TOUKE A YCMparumblli paspolé— Belb €e MOXKHO BHIO-
H3MEHHTb B TOUYKe @, MoJoxuB f(a)=f(a+0)=f(a—0), u
OHa CJieJIaeTCsl HenpepuiBHON B 3ToH TOuke. Ha puc. 22 ¢yHK-
uus Me ompenesneHa B touke a. Ha pue. 23 dpynxuus Ttoxe
He onpenesneHa B Touke a, HO f(a-+0)=f(a—0), nostomy,
ecJu JOONpeAeauTh [ B 3TOH TOuKe, nosiokuB f (a)=f (a+0)=
= f(a—0), T0o ¢GyHKuMS f cTaHeT HENpepLHIBHOH B TOUKE 4.

4 J Y
A e
a ¢ 0 2 z
Puc. 21, Puc. 22. Puc. 23.

B cayuasx puc. 22 n 23 ¢yHKuus f onpeneneHa B oKpecrt-
HOCTH TOYKH, 32 HCKJIIOUEHHeM caMod TOuku a. B Takux eay-
yasgx 9acTo rOBOPSIT, 4TO [ pa3phiBHAa B @, XOTSl HJ€s Helpe-
PHLIBHOCTH M Pa3pbIBHOCTH B TQUKE Q@ €CTh HJEsI CONOCTaBJie-
Husa f(a) ¢ f(x) opu x, 61U3KUX K a.

Ecan y GyHROMH f He CyIIeCTByeT NMpaBOTo npelesa HJH
JIEBOTO Npefiesia B TOUKE @, HJH He CYIIECTBYET Kak [paBoro,
TaK W JIEBOTO TPEMeNa, WJIH XKe 3TH TNpelesbl GeCKOHEUHE, TO
FOBOPSAT, UTO OHA HMEET pa3pvi8 6mMopozo poda 8 smoii mouke.
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Npumep 1. ®ynxuus

f(x)z{sin-];, x=%0,
0, «x

’ =0
B Toyke x=0 He HMeeT NpPaBOro M JIEBOrO MpenenoB (CM.
npuMep 3 § 3.2). CaienoBaresbHO, OHA HMEET Pas3pelB BTOPOTO
poaa B Touke x=0.

MMpumep 2. dyuxuus

1, x>0,
signx = 0, x=0,
| —1, <0,

OUYEBHJIHO, HenpephiBHA 1M1 x50, a B Touke x =0 nMeer pas-
puiB iepsoro poga. [Ipu stom sign (04-0)=1, sign (0—0) =—1.

Mpumep 3. Oyskuus [x]—uenas yacte x—ana x =0
uMeer rpaduk, H3oOpaxeHHul Ha puc. 24. OHa HenpephBHA
AN HeHesbiX X, a ecau x uenoe, To [x+40]=x=[x] u

[x*—0]=x—1, u, crnenroBareanHo,
9 HMeeT MeCTO pasphbiB IEpBOro poja.
3+ - [Ipumep 4. OyHkuus
2+ > [z] _[ l/x, x#=0,
- — y= \ 2, x=0
0| 7 2 3 4 2 wenpepwBHa 1na x=~0. Ilpaswii n

JIeBBIfi mpellesitl B Touke x=0 pas-

Puc. 24. Hbl GECKOHEYHOCTH, MO3ITOMY (YHK-

LHsl MMeeT paspbiB BTOPOr0 poja B

370l Touke. B 3TOM cilyyae Takxke roBopsT, 4TO GYHKIHS HME-
eT OecKOHeuHblll paspele 6 STOH  mouke.

Teopema 1. Ecau pynkyus [ ne yboisaem na ompeske
|a, b], mo cywecmeyrom npedeavt f(a+0)=f(a) u f(0—0)<<
<F ().

HoxkasareabcTBOo. M3 ycioBus -cienyer, uro

f)<Ff@O  Vx€la, b),

T. e, [ orpaHnueHa cBepxy uucjom f(b) Ha noJyHHTEpBaJsie
[a, b). Ho Toraa cymectByer TouHasi BepXHsAsl IpaHb [ Ha
3TOM TOJIYHHTEpBaJE:

sup f(x)=M<f(b).

x€la, b)
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B cuny cBoiicTBa TOUHOH BepXHEH TrpaHu IJS BCAKOTO
& > 0 Haiinercs x, €[a, b) Takoe, uTO

M_8<f(x0)<Mv (2)
a B cHJly TOro, uto f He yGblBaeT, HMEET MeCTO
f)<f(x) Vo x,<x<b. )]

Hs (2) u (3) crenyer, uto
M—e<f(X)<M Vx: x,<x<b,

¥ MB JOKasajH, YTO CYIIECTBYeT JeBhH npelen f B Touke bi
linz F(x)=Ff(—0)=M<f (b).
X—>
x<b

AHanoruuHo, paccMatpuBasi HepaBeHCTBO [ (@) << f(x) s
X € (a, b], nokaxem cyliecTBOBaHHE

f(a+0)=xeir(}1fb]f(x) =1 (a).

CaencrBue. Ecau ¢pynkyus f e ybeisaem na ompeske
[a, b], mo 6 awboii mouke x€l[a, b) cywecmsyem npasoii
npedea f(x+40)=f(x) u 6 awoboi mouxe x€ (a, b] cyuwecm-
syem aegoui npeder f(x—0)<f (x).

B camom nene, A Touek x=a, b 3TO yTBEpKIAEHHE JO-
.kasaHo B Teopeme 1. Ilycte x € (a, b). Ha orpeskax [a, x] u
[x, b] dyHknus f He yGriBaeT, mostomy mo Teopeme 1 cyme-
crBylor mpefenn f(x—0), f(x+0) u fx—0)<fH)<
<f(x+0).

B nanHOM cayuae, oueBMIHO, YTO IJsi TOrO YTOGH (YHK-
nus f Oblla HenpepuiBHOH B TOYKe X, HEOOGXOAMMO H JOCTa-
TOYHO, 4To6Hl f(x—0)=f (x4 0).

Ecmu f(x—0) < f(x+0), To dyHKuus f uMeer B TOuke x
pasphiB I€pBOro poja.

Teopema 2. Mnoxecmso mouex paspesa pyrxyuu f, HeybGowsa-
roujel Ha ompeske [a, b], He Gosee uem cuemro.

JokasaTteabcTBo. [lycTh QpyHkuus f umeer GoJiblie yeM ORHY
TOYKY paspeiBa, W nyctb x’ H x” (x' < x")—pBe Kakue-1u60 U3 HHX,
Tak Kak

fax'4+0= inf f(), fE—0= sup f(x),
X€(x'y x") X€(x%y x”)

TO

[ +0) <[ (x"—0)

u untepBaasl (f (x'—0), f (x'40)), (f (x"—0), f (x"+0)) ocu y ne me-
pecekanoTcs,
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Kaxpoft Touke x’ paapeia QYHKUHH [ COOTBETCTBYyeT HHTEpBaJ
(f **—0), f (x"-+0)). BuyTpu ero BhriGepeM OXHY DaLHOHAJAbHYIO TOYUKY
ay. Iocme ckasaHHOTO SICHO, YTO pPa3HEIM TOYKAaM pa3phiBa x’ COOT-
BETCTBYIOT pasHble TOYKHU Q. HO MHOMECTBO BceX pallHOHAJbHRIX YHCeJ
cueTHO [l03TOMYy MHOXKECTBO BCeX TOYEK Oiyxs, TaK XKe KaK H MHOJECTBO
BceX Touek x’ (paspmBa f), He Gosee ueM cueTHo. Teopema JokasaHa.

§ 3.5. ®yHKuMM, HenpepbiBHbE HA OTpPEsKe

dyukuus [ HasbBaeTCs HenpepoisHoli Ha ompeske |[a, b],
ecJii OHAa HempephiBHA BO BCeX TOYKax HHTepBana (a, b), He-
npephiBHA CIpaBa B TOYKE @ M HeNMpephlBHA cJeBa B TOuke b.

@OyHKUUH, HenpepbiBHBIE Ha OTpe3Ke, 06/ajaloT pPSAOM
3aMeyaTe/bHbIX CBOHACTB, K HM3JIOXKEHHIO KOTOPBIX MBI ceHyac
NPUCTYIHUM.

Cuayajsa Mbl COPMYJIHPYeM TeOpeMbl, BhIpaxKalollue 3TH
CBOJICTBa, B Pa3bfiCHUM HX Ha Tpadukax M IpHMepax, a 3aTeM
JoKaxeM HX (popMaJibHO.

Teopema 1. Ecau ¢pynkyus [ nenpeposna Ha ompeske
[a, b], mo ona oepanuuera Ha Hem, M. e. cywecmsyem KoH-

cmauma K >0 makaa, umo évt-
;‘(’ NOAHACMCA HEePABEHCHBO

IFOI<K Vxgla, b].
J\ o Ha puc. 25 usobpaxen rpagux
: I’ HenpepuiBHON QyHKIHH f HA OT-
peske [a, b]. OueBuzHO, cylIECTBY-
- et gucao K > 0 takoe, yro T' ma-
XOIUTCS Huxe npsamoit y =K, Ho
Pue, 25. Bhliie npsvMoll y=—K. B aTom

H 3akJoyaercss Teopema 1.
3ameTuM, 4TO eclH (YHKUMS HenpephiBHA HA HHTEPBaJe
(a, b) wm na noayuntepsane [a, b) uau (a, b], T0 oHa He
o0A3aTeqbHO OrpaHdyeHa Ha HeM. Hampumep, o¢yHruus 1/x
HenpepeiBHA HAa nosyunrtepsane (0, 1], Ho He orpaHuyeHa Ha
HeM.

Ecau ary ¢ynkuuio ndoonpeienuts, nosnoxus f(0)=0, To
oHa OyleT xoweuroi B moGoil Touke orpeska [0, 1], oanako,
HE OTPaHHUEHHOH Ha HeM. .

Teopema 2 (Befiepumitpacca). Ecau ¢pynkyus | ne-
npepoiria Ha [a, b], mo cywecmsyem ee munumym u makcu-
mym wa [a, b], m. e. cyuecmeyrom mouku o, B € [a, b] makue,
umo f(a) <f(x)<f(P) 02 scex x€[a, b]. Hraue eos0ps,
min f(x)=f(x), max f(x)=Ff().
x€la,b] x€[a, b]

5
2
“o
Qe
1]
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HenpepriBHas ¢yHknusg y=f (x), naa6paxkeHHas Ha puc. 25,
NoCTHraeT CBOero MuHMMyMa Ha [a, b] B Touke x==a H
MakcHMyMa B Touke x=0[f. B fnanHoM ciayuae ofe TOURH &
H f npuHamnexatr kK uHTepBany (a, b) (@, PE€(a, b)). He-
npepsiBHast ¢yHKuMs y= f(x), u30o6paxeHHas Ha puc. 26,
JOCTHraeT MHHHMYMa Ha orpeske [a, b] Ha JIeBOM ero KOHIe
H MakcUMyMa—B HEKOTOpoil BHyTpeHHeil Touke [} 3TOro
OTpesKa.

3ameuanue 1. [To Teopeme | HempepEiBHAs HA OTpe3Ke
[a, b] dyHkuus orpanuyeHa Ha HeM. CJieOBaTeNbHO, CyIle-
CTBYIOT KOHEYHbe TOUHBIC HMXKHSS M BepXHsis TpaHH [ Ha
3TOM OTpesKe:

inf ()<< sup f(x).
x€fa, b x€[a, ]

Teopema 2 yTBep:knaer, 4To STH rpanu Ha [a, b] mocTH-
ralTcsd, T. €. 37ech inf U sup MOXHO 3aMEHHTb COOTBETCT-
BeHHO Ha min W max (MHHHUMYM H MaKCHUMyM).

3ameuanue 2. OyHKIUA y=x HeNpepLiBHa Ha HH-
tepBaje (0, 1) u orpaHMyeHa Ha HeM; BepXHsAs ee rpaHb

s%p ,)x=l He JocTHraercs, T.e€. HeT Takoro x, € (0, 1),
x€ ( ]
IJ KoToporo 3t1a ¢yHkuus paBHa 1. Takum o6pasom, B Teo-
peMe 2 yc/oBHe HENPEPHIBHOCTH f Ha 3amKkHymom (ComepiKa-
meM B ceGe 06a ero KOHIA a H b) ompeske CYIECTBEHHO.

OuesynHo, uto sup arcig x=mn/2. OnHako HET TAKOro X
x>0

na ayue x>0, nna koroporo ¢yHKuusi arctgx npunumaer
sHaueHWe /2, W OHAa He J[OCTHUTaeT MakcuMyMma Ha x>0,

Jh Y
7 /L
I ac&  f3 6 v Va % bz

Puc. 26. Puc. 27.

B nannom ciyuae ycJIOBUSI TEOPEMBI He BBHIOJNHSIOTCA: 061aCTh
SaJlaHis HENpepLBHOM (GYHKIMH arctg x HeorpaHuyeHa.

Ecmu ¢yukuua f paspuBHa Ha [a, b], To oHa He ofsi3a-
TeJIbHO JOCTHraeT CBOed TOUHOH BepXHeH rpanu. Ilpumepom
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MOXET CJIYXKHTb (yHKIHUSA
x 0<<x <12,
FO=Y0, 12<x<1.

Teopema 3. Ecau ¢ynryusn f nenpepoisra Ha ompe3ke
[a, b] u uucaa f(a) u f(b) He pasHot Hyato u umerom pasHole
3HaKku, mo Ha unmepsase (a, b) umeemcs no kpaiineld mepe
0dHa mouka ¢ maxas, umo f(c)=0.

®yukuusi, rpapuk I' Kotopoli usoGpaxen ua puc. 27,
yAOBJIETBOPSIET ycyoBHsM TeopeMbl 3. OHa HempephiBHAa Ha
la, b] n f(a) <0, f(b) >0. U3 reomerpuyeckux coobpake-
HHA oyeBHIHO, uTo rpaduk I' No/nkeH nepeceub ocb x 10
KpailHei Mepe B OIHOH Touke ¢ €(a, D). D10 U yTBepKAAET
Teopema 3.

Cnencrsue 1. Ecau ¢pynxyua f nenpepowsna Hala, b],
flay=A, [ (b)=B (A== B) u C—npousgorvroe uucro, Ha-
xo0aweecs mexcOy uucaamu A u B, mo Ha uumepsane
(a, b) Haiilemca no kpaineli mepe 00Ha mouka c, 01 Komo-
poii f(c)=C.

DTo cJeNCTBHE MOXHO CHOPMYJIMPOBATH U TaK: Henpepols-
Has Ha ompeske [a, b| Qpynkyus npurumaem ece npomexcy-
MOUHble BHAUEHUA MexcOy ee BHAUeHUAMU HA KOHYax om-
peska [a, b].

JokasateabcTBo. Onpefenum HOBYIO QpyHKIHIO F (x)=
=f(x)—C, rae C— KOHCTaHTAa —YHCJIO, HAXOJISIIEecs: MEXIY
A u B. Tak kak f—HenpepniBHas Ha [a, b] dyHKUUA, TO U
F—mHenpepriBHast Ha [a, b] ¢yuxuus. [lpu 3toM, oueBHAHO,
F npunuMmaer Ha KOHLax oTpeska [a, b| 3HaueHHs pasHbIX
3HakoB. Torla no Teopeme 3 INoJukKHA HaiTHCh Ha (a, b) Ta-
Kast Touka ¢, 4ro F (¢)=0 uau f(c)—C=0, 1. e. f(c)=C.
310 u TpeGoBasoCch 0OKAa3aTh.

CnencrBue 2. Henpepowsnas na ompeske [a, b] ¢ynx-
YU NpuUHUMaenm GCe NPOMEINCYMOUHbIe 3HAUEHUS Menoy ee
HAUMEHbWUM U HAUbOAbUIUM 3BHAYeHUs MU (KOTOPHIE CYLIeCT-
BYIOT MO TeopeMe 2).

Has nokasaTenbcTBa JOCTATOYHO NPHMEHHTb caeicTBhe |
K [a, B], rae o, p—ToukH, B KOTOpHIX PVHKLHSA f(X) ROCTH-
TaeT CBOMX HAHMEHBUIHX M HAaHGOJBIIMX 3HAUEHHH.

[Tpumep 1. YpaBuenne x—cos x=0 umeer KopeHb Ha
untepsase (0, m).

B camom nene, ¢yHkuus f(x)=x—cosx HemnpepriBHa Ha
orpeske [0, n; ¥ HAa KOHIAX €ro NPUHHMAaeT SHAueHHsl pas-
upix 3HakoB: [(0)= —1, f(n)=n+1.
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Huxe Mbl JokashiBaeM TeopeMbl 1 —3 ¢opManbHO.

HoxaszateabcTBo TeopeMmn 1. Homycrum, uro f
He orpaHuyeHa Ha [a, b]. Torma Aas KaxIoro HaTypaJbHOrO
uHc/a n Haiillercst ToukKa x, € [a, b] Takas, uyTO

[Fx) | >0 (n=1, 2, ...). )]
IocnenoBarenbHocTh {X,} orpanuueHa (a u b— KoHeuHble
yucsaal) M U3 Hee MOXKHO BBIIEJHTb THOCJIE0BATEIbHOCTD
{x,,k}, CXONSIIYIOCS K HEKOTOpOMy uHeay o€ [a, b] (cM.
cnencreue u3 teopeMel 4 § 2.1). Ho B Touke o ¢ynkuus f
HenpephiBHA (ecau a=a(a=>,), To B 31Ol TOUKE [ Hempe-
pBIBHA cripaBa (C/eBa)), U NOTOMY

klimw f(%ng)=F (a). 2

CsoiictBo (2) nporuBopeunt csofictBy (1). ITostomy f mo-
*eT GbITh TOJIBKO OrpaHHueHiod Ha [a, b].
HokasareabcTBo TeopeMn 2. Ilo mpeabinyme
Teopeme HenpepeiBHas Ha [@, b] dyHKIMS orpaHuueHa, cije-
JOBaTeJIbHO, OHA OrpaHHueHa CBepXy HEKOTOpPHIM uuciaoM K:
F<K (x€la, b).
Ho Torna cymecryer TouyHas BepXHssl rpaHb [ Ha [a, b]:
sup f(x)=M. )
x€[a, b]

Yucao M ob6najnaer cjAeLyoOUMM CBOACTBOM: JJs JIOGOTO
HaTypaJIbHOTO 4YHCJa n Halilercst Ha [a, b] Touka x, Takas,
4To

M_-,li'<f(xn)<M (n=1r 2’ ---)-
INocnenoBarensHOCTh {X,}, KaK NpHHAlIexamas K [a, b],

OrpaHHyeHa, H MOTOMY H3 Hee MOXHO BHIIENHTH MOJIOCJE-
JOBATeJILHOCTb {Xn,}, CXOMSILYIOCS K HEKOTOpoMYy uHcay B,

KOTOpO€ 3aBEIOMO NpHHauIexHuT [a, b]. Ho ¢ynkuus [ wue-
npeprBHA B TOUKe , H NOTOMY

lim [ () =F B).
C zpyroft cTopoHH, M—-nl—k <flam) <M (k=1, 2, ...)
lim f (xs,) =M.
k—>w®

Ho Tak kak f(xnk) MOXXET CTPEMHTBCSH TOJNLKO K OJHOMY
npeneny, To M =/f(8). Bepxuss rpasp (3), TakuM o0pasow,
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IocTHTaercsl B TOYKe. f3, T. €., KaK roBopat, ¢ynkyus f oo-
cmueaem @ mouxe P ceaee0 maxcumyma na ompeske [a, b].
Mmb1 nokasanu, 4to cymecTByeT Touka f3 € [a, b], Ans Koropot

max _f (x)=f ).
x€fa, b]

JlokasaTeJIkcTBO APYrofl UaCTH TEOpPeMbl O MHHHMYyME aHa-
JIOTHYHO, HO €ro MOXHO CBECTH K JlIOK43aTeJbCTBY NepBOH
YacTH TeopeMbl, YUHThIBasi, YTO

min_f(f)=— max {—f(x)}
x€[a, b} x€[a b]

Hokas atrenbcTBO Teopemhb 3. CGosHauum oTpe-
30k [a, b] uepes o, Pasnenum o, Ha JBe paBHbIE YacTH.
Ecin B cepenuHe o, QyHKUMSA paBHa HyJIo, TO Teopema
IOKa3aHa; ecJii 3TOro HeT, TO OAHA U3 NOJIOBMHOK O,, TaKOBa,
YTO Ha KOHIaX ee Hama (yBKUUs NPHHUMaeT 3HauyeHHs pas-
HEIX SHaKoB. OGO3HAaUMM HMEHHO 3Ty NOJIOBHHKY uepe3 O; H
pasienuM ee Ha ABe paBHHe 4yacTH. Moxer CAyuYMThCS, 4TO
B cepellMHe O; Halla (YHKUUS paBHa HYJIO, M TOrZa Teo-
pema JokasaHa. Ecam Her, TO 0603HauMM uepes o, Ty H3
NOJIOBHHOK, HA KOHHIAX KOTOpOff f NpUHMMaeT SHaueHHs
pasHbIX 3HaKoB. Paccyxlafi Tak DO HHIAYKUHH, Mbl JHGO
HaTKHeMCSI Ha OuepelHOM 3Tane pacCyXJIeHHH Ha TOUKY
c€(a, b), ana xoropo# f(c)=0, H Torma TeopeMa JIOKa3aHa,
60 MOJYyYUM INOCJeJ0BaTeNbHOCTh (OECKOHEUHYIO) BJIOMKEH-
HbIX JAPYr B JIpyra OTPE3KOB 0, D0,;0,>..., HA KAKIOM
M3 KOTOPHIX f HMeeT 3HaueHHs pa3HBIX 3HAKoOB. Torma cy-
IIECTBYET TOYKA ¢, NPUHAAJIEKANIAs BCeM O, CJeNOBaTeNbHO,
v [a, b]. OueBunro, f(c)=0, noTOMy uTO, €CJH NONYCTHTb,
Hanpumep, uto f(c) >0, To Hamwtace G oxpectHocTh U (c)
TOYKM ¢ TaKas, YTO AJS BceX x M3 [a, b], npuHamIeRamux
U (¢), oyukuus f(c) 6bita 661 MOJNOXKHTENbHOH, HO 3TOrO He
MOXeT OBITb, NMOTOMY YTO MPH JOCTaTOYHO GOJBIIOM 7 OTpe-
sok o,cU(c), a | He coxpaHser 3Hak Ha 0, Teopema
IOKa3aHa.

§ 3.6. O6patHas HenpepbiBHas dyHKUUA

PaccMOTpHM HenpephiBHYIO CTPOTrO BO3PACTAIOMLyI0 HA OT-
peske [a, b] dysxkumo y=/{f(x) (puc. 28). Ilycts
f(@=ca, F(b)=0.

I'papuk sTol ¢yHKIMH ecTh HempephiBHas kpuBas. M3 ero
paccMOTpPeHHsl BHJAHO, uTO €CJAM X HenpephlBHO BO3pacTaer
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OT a 1o b, TO y mpM 3TOM TOXKE HENPEpHIBHO BO3DacTaeT
or o 1o [, npoberas Bce 3HaueHHs Ha oTpeske [a, f] no
oxdomy pasy. Ho Toraa xaxmomy sHauenuio y € [, B]coor-
BETCTBYET eIWHCTBEHHOe 3HaueHHe x€[a, b] Takoe, uTO
y=f (x). DTuM onpereneHa Ha OT-
peske [a, B] dyHKuHs g
x=g(y), ye[av ﬁ]’

HasuBaeMas gynkyuedl, o6pamuol K
$yakuun y=f(x).

OueBupHo, OQyHkRUHA x=g (V)
CTpOro Bo3pacTaeT Ha orpeske [«, f]
H oTOoGpaxKkaeT ITOT OTPe3oK Ha [a, b];
BBINOJIHAIOTCS TOXKJECTBA

fle)]l=y VYyela, B, Puc. 28.
glif(x)]=x Vxg€la, b].

I'paduk QyHKUHH X=g (y) MOXKHO TONYYHTb, NOBEPHYB
Ha 180° paccMarpuBaeMyI0 MJIOCKOCTb BOKPYI GHCCEKTPUCHI
1epBOr0 KOOPJAMHATHOrO yrJyia CUCTEMBl X, y. Tak Kak B pe-
syJibTaTe NOBOPOTa rpadMK OCTaeTCs HeNpephBHEIM, TO 3TO
NoKasbiBaeT, YTo (YHKUHsI x¥x=g (y) HempeprBHa Ha [o, B].

Takum o6pas3oM, NoJab3ysACh YUCTO FeOMETPHYECKHMH CO00-

paXeHHUsIMH, MBI YCTAHOBHJM CIPaBeJJIMBOCTh CJENYIOLed
TEOPEMEIL.

Teopewma 1. ITycme ¢yuxyus [ Henpepwisua Ha ompe3ske
[a, b], cmpoeo sospacmaem na wem u a=f(a), B=F ().

Toeda: 1) obpas ompeska [a, b] npu nomowu f ecmo
ompesok [o, B], 2) cywecmsyem obpamuas & [ Gynkyus
x=g(y), 00HO3HA4HAA, CMPOCO BO3PACMAIOWAL U Henpepois-
Has Ha [o, B].

®opmanbHOe 10Ka3aTeJqbCTBO TeopeMbl 1 GyleT OCHOBaHO
Ha cJenyiolieil JjemMMe.

Jlemma 1. IIyeme cmpoeo eo3pacmarouyas GyrKyus
y=f(x) omobpaxaem ompesox [a, b] Ha ompe3ox [a, B],
m. e. f([a, b])=[a, B]. Toeda [ nenpepvisra Ha [a, b].

IHoxaszaTenbcTBO. 3afalHM NPOU3BOJIBLHYIO TOUKY X,
NpHHAJJIeKANyI0 TIOKa HHTEpBany (a, b) (a < x, < b). B cu-
JIy TOro, YTo f CTPOro BO3pacTaeT, COOTBETCTBYIOMIAsl TOYKA
Yo =1 (x,) Gyzer npuHanjiexarb MHTEpBaNy (2, B) (<Y, <p).

3aganuM € > 0, HaCTOJBKO Majoe, UTo & < Yo—=& < Yo <
< Y,+e<PB. Ilo ycnoBuio HalifyTcss TOUKH Xi, X, € (a, b)
(%, < xy < X,) Takue, uT0 Yo—e=[(%,), Yo +e=[(x).
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UntepBan (x;, X,) MOXHO pacCMaTpHUBATh KaK OKPECTHOCTb
TOUKH X, (X, € (X1, Xg)).

BenenctBue Toro, uro ¢yHKuMs f Bospacraer, npH
X € (xy, X;) Oymer yo—e <f(x) <y,+eum |f(x)—y | <e,

T. €.
[F () —F (x| <&

M MHl JIOKa3ajii HENpEepHIBHOCTb (YHKUHH f B TOUKE X,.
Ecniu x,=a wim Xx,=b, TO aHaJOTrHYHO JOKaskiBaeM
OJIHOCTOPOHHIOIO HENPEePHBHOCTb (QYHKUHH f.
HoxasatenbctBo TeopeMn 1. Ilyets Y =f([a, b))
ectb o6pa3 [a, b] npu nomomyu f. Tak kak a=f(a), B=F(b)
v f Bospacraer, To a<f(x)<<Pp Vx€[a, b], otkyna cnae-

LyeT, uTO
Ycla, B]. (1)

C zpyro#f CTOPOHBI, €cJH y—TIPOH3BOJBbHAsI TOYKAa OTpe3Ka
[e, B], TO oHa MpHHAANEXKHUT K Y Ha OCHOBaHMH TeopeMbl 3
§ 3.5 0 MpPOMEXKYTOYHOM 3HAYEHHH HENMpPEepHIBHOM (YHKIHH,
T. €.

[, Bl @
U3 (1) u (2) cnenyer yrepxienue 1):
Y“—_[a’ 6]'

VrTBepxkaeHne 2) Tenepb cjenyer us Jemmnl 1. B camom
Lene, TaK Kak f crporo Bospacraer, To Ha Y =[a, PB] cymue-
cTByer obpaTtHass ¢yHKuMs g (y), CTporo Bospacraiomas, H
oHa orobpaxaer orpe3ok [a, P] Ha oTpesok [a, b]. Ho Torna
no jsemme 1 ¢yHkuus g(y) HempephuiBHa. TeopeMa HokasaHa.

HesnauntensHo u3MeHsisi OpPUBENEHHLIE BHILE pacCyxKie-
HMsl, MOXKHO JIOKa3aTh CJeAYIOMHH aHajor TeopeMnl I.

Teopewma 1. ITycmo pyuxyus f Henpepoisna u cmpoeo
eospacmaem Ha (a, b) (uu na [a, b), usu (a, b)) u

a= inf f(x), = sup [ (x).
x€(a, b) x€(a, b)

Toz0a obpas unmepsara (a, b) (coomgemcmeenro [a, b),
(a, b]) ecmo unmepsas (a, B) (coomsemcmsenno [a, B), (@, B])
u obpamuan K [ Qynxkyus x=g(y) 00HO3HauHQ, CcMPO20 603-
pacmaem u Henpepowsra Ha (@, B) (o, B), (o, B]).

3ameuanue. Crporo yObBalomasi HenpepbiBHas Ha
[a, b] (na (a, b)) dyskuus f(x) uMeeT oOGpaTHVIO CTPOro
yOuIBaloIyl0 HenpepuiBHyl0 (yHKnHi0 Ha [B, «], rue a=f(a),
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B=Ff(b). Dro nerko ycraHaBJHBaeTCs, €CJH PacCMOTPETb
¢yHrRUMIO— (X) MM ke QyHKuMIL f(— X).

Ecnn xe uenpepeiBHast Ha [a, b] ¢dyskuus y=f(x) He
fIBJISIETCS1 CTPOrO MOHOTOHHOH Ha [a, b], To MOXHO ompele-
JUTb 111 Hee o6GpaTHyl0 (VHKIMIO, HO 3Ta IMOCJENHsS Yxe
6yleT MHO203HAUHOL BO BCSIKOM CJIydae JAJIsi HEKOTOPBIX Y.

Mpumep. Pynxuus

y=sinx (x€(— oo, o)),

HenpephiBHAa, HO He MOHOTOHHa. MHOXeCTBO ee 3HaueHHH Yy
sanoyHsier orpesok [—I1, 1]. Kaxaomy y us storo orpeska
COOTBETCTBYeT GeCKOHeYHOe YHCJIO 3HauyeHHH x, IS KOTOPHIX
y=sinx.

Brpouem, Hanpumep, Ha orpeske [— m/2, 7/2] dyHKuUHS
y=sinx HempepblBHa W CTPOro BO3pacTaeT M HMeeT obpar-
HYyI0 HelpephiBHYI0 (YHKIHIO, KOTOpasi, KaK Mbl 3HaeM, 060-
3HayaeTcsl TakK:

x=arcsiny (—1<<y<).

§ 3.7. PaeHoMepHasi HenpepbIBHOCTb (QYHKUHKH

Ilycts ¢yuknys f HenpepelBHA Ha oTpeske [a, b] (umm
MHTEpPBAJe, I10JIyuHTepBaJse). Toria AJas KaxAOd TOUKH X,
9TOro OTpe3ka (WHTepBaja, NOJYHHTepBaja) MO 3alaHHOMY
e > 0 uapimerca O > 0 Taxoe,

4TO
1) —F () <e, i /
KaK TOJIbKO - /
|x—x,] <8, x€[a, b] //:
(unu (a, b), [a, b), (a, D). 7 E ;
1 & < I Iy
crommmon + ameno ' oome 0 % 0% %404,
roBOpsi, HM3MEHSIETCsI —OHO 3a- Puc. 29.

BHCHT HE€ TOJBKO OT £, HO H
or x,. Kak BumHo wu3 pue. 29, uucio 6, mpurofiHoe Ha
yyacTKe C MOJIOTHM IpadhHKOM, MOXKET OKa3aThCsi CJHIIKOM
GONIBIIMM ISt YYacTKa ¢ KPYTO MOAHHMAIOMHUMCS TpapUKOM.
B cBsI3H ¢ 3THM €CTeCTBEHHO BLIAEUTb Te HelpephIBHbIE
GyHKUMH, IJs KOTOPHIX NMpPH AaHHOM & > 0 MOXHO YKa3aTb
0> 0, npurosHoe cpasy AJs BCeX X, NpHUHALJIEKAUIUX TOMY
MHOXECTBY, Ille 3alaHa (hYHKLHS.
HauneM c onpeunesienus.
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Onpegenenue 1. Qynxyus f, onpedesennas na MmHo-
acecmee X, HQ3bIBAEMCA DPABHOMEPHO HENPePHIBHOL HA 3MOM
MHONMCecmee, ecali 04s 6cakoeo € >0 nasidemes & >0, sasu-
cAlee MOAbKO Om €, makoe, 4mo

[FEN—Fx") ] <e

orsecex x', x" € X, ydosaemeopsrouux Hepasencmsy |x'—x"| < 6.

Jlerko BUIETb, YTO ecau (YHKIHUS PaBHOMEPHO Hempe-
pbiBHa Ha MHOxecTBe X, TO TeM 6oJiee OHa PaBHOMEDHO He-
npepeiBHa Ha Jio6oM ero moamuoxkectse X' (X'c< X). O6part-
Hoe, BOOGIEe rOBOpS, HEBEPHO.

Teopema 1. Ecau ¢ynkyus f onpedesena u tenpepbisHa
Ha ompeske [a, b], mo OHa paBHOMEPHO HenpepvisHA HAQ HeM.

HdokasateabcTBO. JonycTuM, uto Teopema HeBEpHa.
Torna cymectByer Takoe &> 0, uro aas .moGoro & >0
Haiifiercss napa Touex x', x”€[a, b], yLOBnETBOpSIOMKX He-
paBeHcTBY |x'—x"|< 8, IS KOTOpBIX

[f (") —F (") | =>e.

3ananuMm cTpeMsllyloCS K HYJIO IOCJEI0BaTENbHOCTD 10~

JoxUTeNbHBIX uncen O8,(n=1, 2, ...). Has kaxporo §,
HalilyTcsl TOUKM x,, X, €[a, b] Takue, uro
| xn—xi| <8, w0 |F (x7)—F (z) | =e. (1)

Tax kaKk TOYKH NOCJNENOBATENBHOCTH {X,} NpHHAAMERAT
K [a, b], To 3Ta mOC/IENOBATENPHOCTL OrPAaHHYEHA U U3 Hee
no TeopeMe DBoubnano— BeifepiuTpacca MOXHO BHIIENHTH
NOANOCJIE/I0BATENBHOCTD {X;, }, CXOASILYIOCS K HEKOTOPOi TOUKe

x,€[a, b]. Tax xax x,’,k—x;;k—>0, k — 00, TO moAmOCTIe-
JI0BaTeNbHOCTb {X; } TOXE CXOLMTCA K TOUKe X,. ITo ycioBHIO

¢yukuus f HempephiBHA Ha [a, b] H, caefoBaTesNbHO, He-
npepuiBHa B TOuKe X,. KoHeuHo, ecqu x,=a wau x,=>b, 10

Haao cYHTaTh, 4YTO f HenpephiBHA B X, CIpaBa MJIH COOTBETCT-
BEHHO CJieBa. HOSTOMy

Jim f () = lim F(a5) = ()
ITocne nepexona x mpeneay B (1) npu k— oo nosyunm
o< lim [F() —F (v |=1F () —F () |=0, @)

H Mbl NPHIIH K NPOTHBOpeuHio: € < 0.
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3amerum, 4TO B (2) MH BOCROJB3OBAJIHCH HENpepbIB-
HocThio @yHKuMH |u| (em. § 3.3, mpumep 8). Teopema no-
Ka3aHa.
MMpumep 1. Oynruug
y =sin (1/x)

HenpephiBHa Ha otpeske [8, 1] V8§ > 0, noatomy Ha ocHoBa-
HHH TeopeMbl | OHa PaBHOMEPHO HelpepLiBHa Ha 3TOM OTPE3KeE.

C npyro#l ctopoHst, Ha nosnyunrepsane (0, 1] ata ¢yHk-
LMd XOTS W HENpepHBHA, HO HE SIBJISIETCs PaBHOMEDHO He-
npepbiBHOH. DTO MOKa3bBaeF, YTo TpeGoBaHHe B Teopeme I,
4yroObl HenpepoiBHas (QyHKHHs Obiia 3allaHa Ha OTpe3Ke, a
He Ha VHTepBaJe, €YIECTBEHHO.

Y6eaumcss B TOM, 4To Hama (yHKIHS HE ABJISETCH paB-

HomepHO HenpepbiBHOH Ha (0, 1]. Toukm x,= W:-l-_l)(k =
=0, 1, 2,...), oueBMAHO, NPHHALJEKAT IOJYHHTEPBAIY
(0, 1], u pns Hux

|F (ps)—F () | = |sin ZEEED__gin TEEED)

==

= |(—1)#+1— (—1)*| =2.

Ecan 3agate e=1, 1o npu mobom 8 > 0 Halizercs Taxoe &,
4TO

4
]xk+i—xk| =ﬂ(2k+3) (2k+l) < 61
MEXAY TEeM KakK
|7 (Xpar) —F (x) | =2 > e=1.

M3 ckasawHoro cjepyer, 410 Hamy QYHKLHIO HEAb3s
NpoAo/LKUTb Ha oTpesok [0, 1], noonpenenus ee B Touke x==0
TaK, 4yToObl OHA cTaja HempepbiBHOH Ha [0, 1], motomy wuro
TOT/a, COIVIaCHO TeopeMe 1, OHa Gbl1a OBl PaBHOMEPHO He-
npepuipHoit Ha [0, 1], a caemoBatenpno, u Ha (0, 1], uero
OBLITb HE MOXKET.

§ 3.8. dnemeHTaprble GyHKIHU

®yukuun C (mocrosiwmas), x*, a*, log,x, sinx, cosx,
tg x, Arcsinx, Arccosx, Arctg x mMbl GylleM HasblBaTh npo-
cmeluiumi. INeMEHMAPHOINY (DYHKYUAMU.

INpumensis x atuM QyHKUMAM apudMeTHuecKHe JIeHCTBHS
HJIM OoNepanty QYyHKUHH OT (PYyHKLHUH (CYNEPIOSHUHH) B KO-
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HEUHOM uucJjie, MBI GyleM NOJy4yaTb HOBhle 6oJiee CJIOXKHBIE
(GOYHKLIHH, KOTOPbIE HA3LIBAIOTCS 3AEMEHMAPHOIMU (DYHRKYUAMU.

Hanpumep, y=In(e* -+ sin? x + 1) —snemenrapuasi ¢yHk-
IHs,

DneMeHTapHble (YHKIMHM HaM W3BECTHBl H3 LIKOJBLHOH
MateMaTHKu. TaM yJensioch GoJibliioe BHHMaHHE HX CBOHCT-
BaM, HO ONpeeNsiJINCh OHM He BCerija CTpOro, InoJarasichb Ha
HHTYHIHUIO YYallerocs.

Ham Gyzer nosie3Ho ylenuTb HEKOTOpOe BHHMaHHE 3THM
BONpPOCAM C TOYKH 3peHHs OoOUX (AaKTOB MareMaTHYECKOro
aHa/u3a, KOTOPbIMH MBI yxKe yClesd OBJIaJETh.

a) [Toctosuuaa ¢yuknusa C. Kaxaomy pefictBu-
TeJbHOMY YHCJy (TOYKE) ¥ OHa NPHUBOAUT B COOTBETCTBHE
oxHo u To ke yucao C. I'papuk ee ecTb npsimasi, napasenb-
Hasg OCH X, OTCTOfllass OT 3TOH ocH Ha paccrosiHue |C |
puiue 3Tof ocH, ecad C >0, u Huxe, ecan C < 0. Ito He-
npepuiBHAas (yHKUMs Ha BceH nefcTBHTENbHOH ocu (cM. § 3.3,
npumep 1). .

6) CtreneHHasa QyHKNUA x* (n—mnocrosuHas). [Tpu
gHarypanbHoM n € N sta ¢yHKUHS ompefiesieHa Ha Bcell JefiCT-
BHTEJNbHOH OocH, UTOOB BHIUHCJHTBL ee (Teopernuecku!), pas-
JlaraeM x B° JeCATHYHYIO Apo6b (X == g, a,0,...) H mepe-
MHOXKaeM 3Ty ApoOb camy Ha ce6s n pa3, NPUMEHSs Kax-
Iblil pa3 NpaBWJIO YMHOXEHHS JeCATHYHBIX ApoGel (cm. § 1.6,
(11)) u mpaBUJIO 3HAKOB.

®DyHKUHA x" HenpepbiBHA, MOTOMY YTO OHA €CTh NpPOH3Be-
JleHHe HenmpepuiBHBIX (YHKUMH (y=X), B3STBIX B KOHEUHOM
yucje. Ona crporo Bospacraer Ha [0, co), YTO BUAHO U3
COOTHOIIEHUH

H—=xT= X — %) (7 + X2+ XS0

npu x; < x,. Kpome TOro, oHa cTpeMuTCs K oo InpH
x— +o0o. B camom gene, ecnu x>=1, 10 x*=x""1x>x
(n>1) u npu x— o0, X*— co0. -

Htak ¢yHKUHA @ (X)=Xx" NpH HATypa/ibHOM 7 HelpephiB-
Ha, crporo Bo3pactaer Ha [0, oo) W nas uee ¢ (0)=0,

sup (p(x)= -} co. Ho Toria Ha OCHOBaHHM TEOpEMHI
x€ [0, ®)

1’ §3.6 pynkuus y = x” oro6paxaer nonyusreppan X=[0, o)
Ha moayuHtepBan Y =[0, oo) u cyuiectByer o6paTHas K HeH

O/IHO3HAYHAsl HeNpephiBHAs CTPOrO BO3pACTAOLiasi (YHKIHS.
31y ¢yHKUHIO 0603HAYAIOT TaK:

s=yn =Yg =0)
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M HasblBAlOT apupmemuqecKum SHAUEHUeM KOPHA n-Ui cme-
nesu us y.
Otmerum, uto npu y>1 (n>=1)

Vy>y 1=1 1)

[TonuepkHeM, 4TO ecau a ecmb nPOU3EOALHOE HEOM PUYAMEeNb-
noe qucao (0 << a < o0), Mo 041 He20 HA OCHOBAHUU CKA3AHHO020
cywjecmeyem U npumom eOUHCIMBEHHOE HeOMPUYamesbHoe
qucao b=al/" (apugpmemuueckoe snaenue Kopus n-ii cmene-
HU u3 a) maxoe, umo b"=a.

Mol ceftuac dokasaau cyujecmeosanue KOpHA n-fi cmenewu
u3 a(az=0).

Dr1oro yTBepKJAEHUS B IIKOJBHOW MaTeMaTHKe He XBATaJO.
Tam BBOAMJIOCH TOHATHE KOpHA A-i cTeneHH u3 a (a>=0) u
M3y4yaJINChb CBOACTBA KOpHEH n-# cTemeHH, OJHAKO He [OKa-
3bIBAJIOCh, YTO TaKHE KOPHHU CYIIECTBYIOT—(aKT CyIIeCTBO-
BaHHS CYHTAJICS caMO COOOH pasyMeromuMcs.

OrmeTnM, 4YTO0 eciu n =2k -1 —uucyio HeueTHoe (k=
=0, 1,2, ...), To pysruus y= x" HeueTHas ((— x)" = —x").
Ona HenpephiBHAa, OYEBHAHO, CTPOr'O BO3pacTaer Ha (—oo, 00)
U obJajiaeT CBOHCTBaMH

inf  x"= —oo0, sup X" = -+ oo.
X€E(—cw, ®) X€(—®, ®)

[TosToMy Ha ocHoBaHuHM TeopeMbl 1’ § 3.6 pyHKuHS y = x2k+!
oto6Gpaxaer (—- oo, co) Ha (— oo, o0) U HMeeT Ha (—oo, o0)
06paTHYI0 HENPEPHIBHYIO CTPOro BO3PACTAIONLYI0 (DYHKIUIO

x= gy €(— o0, ), n=2k+1).

3nech Buhipaxenue 3/ y npu y >0 mOHMMaercst Kak apudme-
THYECKOe 3HayeHHe KOpHSA n-il cTeneHH H3 y, T. €. KaK I0Jo-
XKHUTEJbHOE YHCJIO, Nn-s CTeleHb KOToporo ectb y. Ecanm xe

y <0, 1o
Vy=—v1yl,

rie B NpaBofl 4aCTH KOpeHb IIOHHMaeTcs B CMBIC/e apH¢Me-
THUECKOTO 3HAYeHHS.

Hnsi wernoro n=2k(k=1, 2,...)y=x" ecTb deTHas
nenpepeiBHasi  ¢yHkuusa. Ona  orofpaxkaeT  MHTepBaJ
(— o0, +o0) Ha mnomyunrepBan [0, co). Ho ona ne momo-
TOHHA Ha (— oo, -} 0o) K obpaTHasi K He#l QyHKIHA ABy3HAYHa:

x=x¢y y (y=0).
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3HaueHne y=0 eNUHCTBeHHOe, MJsi KOTOPOIO OHa
OJHO3HAYHa.

Ha puc. 30 u 31 usoGpakeHbl rpaduKH HEKOTOPBIX (YHK-
i x*, xl/n,

n=3
\ yr\ //7"2
k / J
\ g 1T =
AN 7 A 7 T
N A Vo
-7I; 07 7 7 :‘, —3
| >,
L - l N
7 ________g\.
~-a
Puc. 30. ‘Puc. 31.

B mwkosbHOl MaTeMaTHKe (YHKIHSI X" ONpefieNisercs H
Ansa panuoHanbhbix n. Ilycts p, g € N. Ilonarator ans x=0

xP19 = {7/ %P
U J0KasblBaIOT, YTO
xp1e =xsoisa =({/ x)? (x=>0).
INTonaraior TaKxe
X=Pl9 =

(x>0

H ele

1/
o=l

Ilpu sTOM MOKaswBalOT AJs JOOOr0 PalyoHaJbHOIO # CBOH-
CTBO, XapakTepHoe JAJI CTeNeHHOH (YHKLUH:

(xy)*=x"y" (x, y>0).

OrmeruM, uto pyHKUHS y=xP/9 (p, g€ N), KaKk STO He-
TPYAHO YCTAaHOBHUTb, HeENpepHlBHA M CTPOro BO3pacTaeT Ha
nonyustepBaje [0, oo) u orobpaxaer [0, co) Ha [0, oo),
[I09TOMY OHA HMeeT -00pPaTHYIO HelpepHIBHYIO CTPOrO BO3pacTa-
oy QYHKIHIO, OTpelesieMyio, O4eBHAHO, PaBEHCTBOM

x=yilr (0<y<oo)
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Yro xe Kacaercsi GyHKUMH y=x-P/4 (p, g€ N), To oHa
cTpore yOnBaeT M HellpephiBHa Ha. uHTepBaJje (0, oo) U 0TOG-
paxaer (0, oo) Ha (0, o0). Ilosromy ona umeer Ha (0, oo)
o0paTHyI0 CTpPOro YOHIBAlONIY}0 HENpEepHBHYI0 (YHKIIHIO,
onpeflesieMyl0 paBeHCTBOM

x=y~9" (y>0).

OueBuHo,
lim x=?/¢= 4~ 0o, lim y—a/D.—_— 4 00.
x>0 y->0
x>0 v>0

Crenennasi ¢yHKUHS X" MOXeT OHITb onpeleneHa (Las
x>0, anpu n>=0 u ana x=0) Takxke U LI HppalMO-
HaJIbHBIX 7, HO 3TO JIyuymle clejaTh NPH IOMOIIM IOKa3a-
TeJIbHOH (YHKUHMU a* (CM. HIXKe B)).

OrMeTHM, YTO HAC HWHTEPECOBAJH TOJNBKO HeHCTBUTEJBHLIE
KODHH ypaBHeHHs1 y=x". Ho eciu Obl Mbl HCKaJI1 KOMILJIEKC-
Hble KOPHH, TO IJIsi KaxJoro y==0 Hauum Obl 7 pa3jHuHBIX
KopHe#t (cM. Himke § 5.3).

[Mpumep l. Tlokaxem, uro

lim y/n=1. )

n—»w

B camom mene, Ha ocHoBaHHH (opMyJaHl 6uHOMa HeloToHa
npu A >0

(EROLE ERE SR U VNS B AU P

Ecan B 3TOM HepaBeHcTse cumtaTh A=}/ n—1 (>0 npu
n>=2, em. (1)), 10 nonyunm

n> 14200 (/n—y?
HIIN
2> (/r-1">0 (19,

UsBnekast kBafpaTHEII KOpeHb (B CMHICJIE apHpMeTHyec-
KOTO 3HaueHHsil), B CHJy CTpPOroi MOHOTOHHOCTH (DYHKLHH

X TIOJYUHM
Voin>{/n—1>0
HIN

Ven+1>{y/n>1 (n22). )
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Haxonen, nosbsysick HempepsBHOCTbIO GYHKuMH J x B
Touke x= 0, mocje mepexojia K mpefeny mpu n—soo us (3)
NOJIyYHM paBeHCTBO (2) (cM. Teopemy 5 § 2.1).

B) [IokasaTteanbrnas dpyunruusa a* (a>0, as=1).
B nanbueifinieM 6GyzeM panHoOHaNbHBIE uHcJa 0603HAYaTh rpe-
uecKUMH OykBamu o, f, y, ... . Ilycth noka a> 1.

Uro Ttakoe a* npH X pANHOHANBHOM HaM H3BECTHO H3
LIKOJMIbHOH MaTteMaTuku (cM. eute 0)).

Ham u3BecTHO Takke H3 IIKOJBHOIO Kypca MareMaTHKH,
uTO;

1,) a* >0,

2;) a*aP=a>+8,

4,) (a*)P=a%8.

Jlo6GaBum erme -

5,) a% — 4 o0, @, — 400, a> 1.

CgoiicTBO 5,) MbI cefiyac JoKaxkeM. 3amHilleM a B BHIe
a=1+4+X% (A>01!). Toraa

a*=(14+A)r=14n4...> 1 4nh.

ITpaBass yacTb 3TOrO HEPABEHCTBA CTPEMUTCS K GECKOHEYHOCTH
IIpH n—oco0, CNeNOBaTeNbHO, H JeBas. J[lanmee, cuurtas, YTO
[a,] ecTs nenas uvacte @,, GyleM HMeTb

a%n > ql®al,

M eCJIH &, — o0, TO [a,, ] — -} 00, cJIeloBaTeNbHO, al%nl—s 4 co.
Ho Ttorza a%n —s <+ co.
IlycTs x— OpOM3BOJIBHOE palHOHAJIbHOE Yucyo. [lokaxem,

UTO YUCAO QF MONCHO Onpedesuniv KAK MOYHYI0 6EPXHION 2PAHb
sup a* =a* 4)
a<<x

uucen a%, PACNPOCHPAHEHHYIO HA 6C€ PAYUOHANbHbIE HUCT

o< X

B camom jpene, Ha ocHOBaHHH 3;)
a* < a* Va<zx, (5)

T. €. BHINMOJIHSETCSl MepBOe CBOACTBO TOYHOH BepxXHeH TIpaHHu.
C zapyrofi CTOpPOHEI, MOCTPOUM KaKYIO-JTHGO CTPOTO BO3PACTaio-
VIO NOCJIeJOBaTeNbHOCTh PallMOHAJNbHBIX YHCea o, CTpeMs-
mytocst K x (o, — x). Has Hee a%n — a*, n —oo0. DT0 CBOH-
CTBO JOKasbiBaercss Huxe (cM. (8)). IMostomy ans JxoGoro
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e > 0 MOXHO HafTH Takoe 1, 4YTO
a*—e < a% <L a¥, (6)

T. €. BHINOJHEHO BTOpOE csoncmo TOYHOH BepXHell TpaHH.
M3 (5) u (6) caenyer (4).

[Tycts Tenepb x—NpPOH3BOJILHOE HPPALHOHAJIBHOE YHCJIO,
H OYCTb m-—HaTypalbHOe YucJjo, Gonabliee x (m > x). Mmeer
MECTO OYeBHJHOE HEepaBeHCTBO

aa < am,
alx
T. €. MHOXECTBO YHCeJ a%, pacnpoCTpPaHEHHOe Ha palyOHalb-
Hble uncsaa a < x, orpaHuueHo. Ho Toraa cymectByer ToyHas
BepPXHsisi IPaHb 3TOr0 MHOXKECTBa
' sup a”.
a<x
3To ecTb BHOJIHE ONpeleJieHHOe YHCJIO, KOTOpoe Mbl 0603Ha-
4uM yepes a*:
a* = sup a*. )
alx
AtuMm ¢GyHKIHA a* ofpelleleHa AJA BCeX HACHCTBUTEJbHBIX X
(x € (—o0, 00)). OHa Ha3bIBaeTCs NOKA3AMEAbHOU hYyHKYUell,

Urak ¢ynkyusa a* onpelensiercss Kak TOUHAs BepXHsAS
rpaHb uucen a%, pacnpocMpPaHEHHAS HQ 6Ce PAYUOHAAbHbIE
o< X.

Ecnn x—panyoHanbHOE, TO 3TO ONpENeeHHE COBNAjaeT
CO CTapbiM (AaeT OAHO M TO K€ YHCJO), NPH HppanuOHaIb-
HBIX X€ X OHO JlaeT HOBHIE uMCJa a*.

MoxHO JHoKasaTh, 4TO (YHKUHUS a, ONpeleseHHas NpH
nomouy paeeHcTBa (7), obnajaeT CJEAYIOMHUMH BaKHEIMH
CBOHCTBaMH:

1) a* >0,

2) aw =a*ty,

e (x<y, a>1),

4) a* —1, x—0,

5) a* — o0, x— o0 (a > 1),

6) a*—0, x——o0 (a>1),

7) a9 = (a*).

OrMeTuM, YTO 3 CBOHCTB 2) U 4) ClefyeT HenpephBHOCTh
GYHKIHH a* g9 JMo60ro SHaueHHs X, € (—oo, oo):

|@* —a%e | =| a% (a*~*o—1) | =a* |a*~*o—1| —0 (8)

npu x—x, — 0.
B panpHeiiuiem Gyaem cunTath, uto @ > l.
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HoxasateabcTBo l). Jaa mo6oro x cyuiecTsyer oy < X, H
NoTOMY

0<a* <supar=a*, T.e, 0<a¥,
a<x
HoxrkasaTtenbcTBOo2). [lycthot < xufP < y; Torma a+PB<xty.
C apyro#t CTOpOHBI, MyCTh Y €CThb NPOH3BOJbHOE DAlMOHAJbHOE YHCJIO,
YAOBJETBOpSIOLLEe HEPABEHCTBY

v < %ty ©)
IlokaeM, YTO Yy MOXKHO 3alKCaTb B BHAE
y=o+B, re a<zx, <. (10
H3 (9) caenyer, uto
y—y<«x
INopGepem paunoHadbHOE ., JJIS KOTOPOIO
y—y<a<y, an
H TIOJIOXKHM
p=y—a. (12)
Torna w3 nepsoro nepaeedcrsa (11) cienyer, uto
B<y (13)

Takum o6pasoM, MHOXKeCTBO Bcex cymm a-1-f, rae @ < x, B < y, paBno
MHOKECTBY BceX § < x--y:

{a+BY= {7} .
o<x

Y<x+g
g<y
ITosTomy
a¥t¥= sup o’ = sup aor+f= sup (aaa3)= sup a% sup aP=a*ay
y<xt+y o< x o<y a<lx B<y
p<y E<y

(cm. § 2.8, samaua 2),
HoxkasartenbcTBo 3). IlycTe x <y u B; u P— xaxue-anbo
pauMOHA/NbHEIE YHCHA, IS KOTOpHX x < By < By < y. Torna
o¥ = sup a* < sup a* =af < abr << sup P =0y,
oa<Lx a<pi B<y
H MBI JIOKasaJin, 4TO
a* < ad.

JdoxkasaTtenbcTBo 4). Ilna Hatypanbuoro n > a (a > 1)

1< al/n < nl/n__) 1
=>» 00

(cm. mpumep 1 m,6)) B MBH JioKa3adH NOKa, 9TO
lim aV/"=1, (19
n=>o0

3agaiuM Temepb MPOH3BOJIbHYIO INOCJIENOBATeNbHOCTh TOJOXKHTEIbHBIX
yncen x, < 1, cTpemsmylocs K Hymo (x, — 0, x, > 0), Ilyctp &, =
= [1/x,] —nenas uvactb 1/x,. Torma 0 < x,<<l/k, 1

=gt < axn éallkﬂ.
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Mostomy B cuay (14)

lim a*r=1.

n-=»oo
B cuny npoMSBOJILHOCTH NOC/ENOBATENbHOCTH {¥n}, FRe xp > 0, oTuM
NIOKa3aHO, 4TO CyIeCTBYeT IpaBLii Npenes

lima*=1; (15)

X=>0
x>
HO TOria CyIIeCTBYET H JIEBBIH npenena

1 1 1

limo¥= lim —p=a—mg=—a=1L (16)
x>0 —-x=>0 @7 ul-an a® 1
x<0 -x>0 42

H3 (15) u (16) cnenyer, uTo Iim a*=1 (cm. § 3.2, (6), (7)). 3Brum

CBOMCTBO 4) J10Ka3aHO I'IOJIHOCTb!O
JokaszaTeabcTBO 5). 3amaauM Kak YroiHO GOJIbLIOE YHCJIO
M > 0. CymecTByeT pallHOHaJIbHOE YHCJIO O TaKOe, uTo a% > M, nostomy
M<a* < a* VYx>a.
CanenoBatenbto, a¥ —s-}- 00 npu x —s - 0.
JlokasaTeabcTBO 6).

1 1

lim o= lim —p=—7—-—0r=0,
Xer—o0 Xt A lim q%
U—>»+ o

JdogasaTteabcTBo 7). OTMeTHM, YTO IpH HAaTypaJbHOM M
B cuy 2),

( x \m X x % m
om=0%,, .= @%)"; \a™ | =a™...a™ =a™ =a%;
N———’ [ —

m m
2 L
m

JIns pailHOHAJbHOTO YHCIA % >0

LA 1, X \P L
@) 7 =(a* )"p=(a"> =7,

JlaJlee, €CJIN y-——TpPOU3BOJBHOE IIOJOXKHTEJNbHOE UYHCJIO0O H COp—>f),
Tle O,— paluoHaJIbHEIE YHCJia, TO B CHJY HENPEpHIBHOCTH IIOKa3aTe/sb-

HOH (PyHKLHK

¥y = lim a**7 = lim (a¥)*n = (a¥)¥,
n=>w n—>®w

H MH jiokasamu 7) pas y > 0,
Ecnn y <0, 0 (y=— 1y}
1 1
—g M =~ —(g¥)~ 1Y = (gx
a*Y=a =T @) ==(a%¥) @*),
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Ecin 0 < a < 1, To nonaraem

1
xX —
& =%

Caofictea 1), 2), 4) npu stom coxpansiorcs. CpoiicTso 3)
aMeeT BHA a* > a¥ (x < y).

CpoilctBO 5): a* — 0, x — -+ o0,

CgoficTBo ke 6) umeer BHIL a* — -+ 00, ¥ ——o00.

r) dyukuusg log,x. bynem cuurare a>1. Tak kax
(QYHKIMS Yy =a* HenpephBHA U CTPOro BO3pacTaer Ha (—oo, 00)
H oTobpaxkaer MHTepBan (—oo, co) Ha uHTepBan (0, ), TO
CylleCTBYeT oOpaTHasi K Hel (yHKIHs, HelpepelBHAsA H CTPOro
pospacratowas Ha (0, co). Ee HaswBawoT sczapupmom y npu
OCHOBAHUYU a ¥ O0GO3HAYaIOT CHMBOJIOM

x=log,y, ye€ (0, ).

M3 ckasansoro cjenyer, 4to (Mbl 3aMeHsieM y Ha X)

lim log, x= -+ o0, limlog, x=—o0.
X—> +®© xX—>0
x>0

[Tpu a < 1 paccyxpuenust aHajoruyel. DYyHKIHUS a* Tak-
ke orobpakaeT NEHCTBHTENbHYIO OCb (— 00, 00) Ha MOJYOCh
(0, oo), Ho ctporo y6uBas. ObGparnas ¢yHkuusi log, x, onpe-
JenenHas Ha (0, o0), Takxke GyjAeT cTporo y6uBaTh, U TeHepb

lim log, x=—o0, limlog, x= -} oo.
X=>+- 00 X—=>0
x>0

Hmetor Mecto TOKAecTBa (cM. § 3.6)
@i =x 0<x<+), log,a*=x (—o0< x< -} )
(17)
(as=1). Orciopa Ha OCHOBaHHH CBOACTB (YHKUHH @* IpH
X, ¥y >0 uMeem
qlo8a (Xy) — xXy= alogaxglogay — gloga x+logay
H
log, (xy) =log, x+-log, y.
Ecnu B 3TOM paBeHCTBe 3aMEHHTb X HA Xx/y, TO MOJYYHM
loga x_loga y= IOg a (x/y)
Hanee (cM. 7))
aloga x¥ = xy — (aloga x)y = qYlvga x (x > O)’
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103TOMY
log, ®» =ylog,x (a=1, x>0). (18)

Hakonen, oTmMeTum, 4TO [Jisl NOJIOXKHUTEJbHBEIX He paBHbIX 1
yHcesq a M b HMeeT MecTo
aloga b-logb a__ (aloga b)]°€b a__ blogb a__ a

H, CJIE[0BaTeJbHO,
log, blog,a=1.

JlorapudM uymucsa o NpH OCHOBAaHHH e HAa3bIBaeTCS Hamy-
ParbHbLM K02apUdmom YUCIA a M 06o3HauaeTcs Tak: log,a=Ina.
I) BepHemca K cTeneHHOH (QyHKIHH

y=x" (0< x <oo).

[Mocsie M3/I0XKEHHOTO BbIlIE MbI MOXEM CKasaTh, YTO 3Ta
(GYHKUHS HMMEeT CMbICJ He TOJIbKO [JIs PAllMOHATBHBIX 1, HO
W JJsi upDaunuoHanbHEIX. Ee MoxHo 3anucats (cM. (17) u
(18)) Tak:

xnzenlnx’ (]9)

OTKyJa BUIHO, YTO OHA HeNnpepbiBHA, KaK CYNEPIO3HLHUA He-
NpephBHLIX (PYHKIHA.
[Ipun n >0 oHa crporo Bo3pacTaeT M 006saJiaeT CBOHCTBaMH
limx*=0, lim x*= 4 oo.

XxX—=>0 X—>+®
x>0

[Ipu n >0 ecrecTBeHHO cuuTaTh, 4T0 07 =0, TOrAa (yHK-
nus JleNaeTcs HeNpephBHOH clpaBa B Touke x=0.
[Ipn n < 0 ¢yHKHMA X" HempepLiBHA H CTPOro YOHIBAeT
Ha TOJIOXKHUTEJNBHOH MOJYOoCH M 06JiajlaeT CBOACTBaMH
lim x* = 4- 00, lim x*=0.

xX->0 X—>+
x>0

Ha ¢opmyanr (19) ciexyer xapakTepHOe CBOMCTBO CTemeH-
HOll pyHKLHH
(Xy)" =—enln(xy) —enlnxpnlny - xnyn

(x, y>0).

e) Dynknusa y=u(x)°®, Ilyctb pynxuun u (x) u v(x)
3ajaHbl B OKPECTHOCTH TOYKH @, 32 HCKJIOYEHHEM, GBITb MO-
xeT, camMoff 3ToH ToukH, u4(x) >0 mu limu(x)=A4>0,

X—>a
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limo(x)=B (A u B—xoHeunre uucja). Torza
xX—>a

lim u (x)» ® = A8, (20)

X—=>a
B camom nene (cm. (17), (18)),

lim [v (%) In u (x)]
lim u (x)v ) —=1im e? (*) Inu(x) — ex—>a

x—>a x—>a

=

lim o(x) lim In«(x)
—ex—>a x—>a —eBInA _ 48,

Bo BTOpOM paBeHCTBe 3TCH LenH HCIOJb30BaHA HENPEPHIBHOCTD
(GYHKIUH €%, a B UYeTBEpTOM— HeNPEepLIBHOCTh GYyHKIHH In z.
Ecau u (x) u v(x) HenpepnlBHHI B Touke x=a H u(a)>0,
TO B HEKOTOPOH OKPECTHOCTH 3TOH TOukH u (x) >0 (cM. § 3.3,
teopema 4) u A=u(a), B=v(a). [lostomy B cuay (20)
lim u (x)° ® = u (a)*@.
X—=>a

OTMeTHM HHTepecHLIe CJIyuaH, He MpedyCMOTPEHHEIe PaBeH-
ctBoM (20), xorza (npn x—a, u>0)u —+o00,v— 0; v — o0,
u—»l; U—»O, u—0,.

B sTux cayuasix He neficTByeT TeopeMa o npenene vlnu.
3apaHee, He uMesi GoJjiee TOYHOH HH(GOPMalLUH O XapakTepe
CTPeMJIEHHS 4 M U K YKa3aHHBIM TpejiesiaM, HEBO3MOXKHO JaTh
dopmyny ans limu®. Dty caydau HalOT IS BHIPaXKEHHS uY

X—>a

B OKDECTHOCTH TOUKM 4 HEONpeleseHHOCTH BHAa oo, 1%, (°,

k) TpurornomeTrpuueckne GyHKUHH sinx, cosx,
tg x ¥ Ap. M3BECTHHI UHTATENIO U3 Kypca TPHroHoMeTpHH. Onu
omnpeleNsioTCsT TaM H3 TeOMETPHYECKHX COOOpakeHHWiH. Mul
6yneM Toxe GasHMpoOBATBHCS Ha STHX OIpeleIeHHsIX.

MoxHo GbUIO OBl JaTh YHCTO aHAJIHTHUECKOE ONpeleseHHe
TPHTOHOMETPHUECKHX (YHKIIMI, HO MBI 3TOrO JlesIaTh He GyZeM.

OtMmetuM, uto ¢yHKUUS y=sinx HenpepsBHA (cM. § 3.3,
npuMep 3) M CTpPOro BospacTaeT Ha oTpeske [—mt/2, m/2],
oTobpaxasi 3TOT OTpe3ok Ha orpesok [—I, 1]. Ho Torma oua
HMeeT OGPATHYIO ONHOSHAYHYIO HENpepuBHYIO (YHKLHIO

x=arcsiny (ye[—I, 1)).

Onnako ¢GyHKIHS y=sinx, paccMaTphBaeMas Ha BCel OCH
(—oo, 00), UMeeT MHOTO3HAuHYlO, JaKe (eCKOHEYHO3HAuHYIo,
obparnyio ¢yHKuMIO Arcsiny, Bce 3HaueHHS KOTOPOH BhIYHUC-
JisgioTes o ¢dopmyJe

x=Arcsin y=(—I1)*arcsiny 4+ kn (k=0, =1, £2, ...), (2])



$ 8.8. SIEMEHTAPHBIE ©YHKLUUM 115

T. e. Kaxjaomy y€[—1, 1] coorBercTByeT MHOXKECTBO €, 3Ha-
YeHHfi x, onpellenseMux opmysnoi (21). ‘
Tono6ueM o6GpasoM s (QyHKIHH
y=cosx (O<<x<m),
y=1tgx (—a/2<x<n/2)
obpaTHbIMH GyAyT (PyHKIHH

x=arccosy (ye[—1, 1)),
x=arclgy (y€(—oo, ),
a JVIs 9THX XKe (YHKUMH, paccMaTpHUBaeMbIX Ha JeHCTBUTE/b-
HO# OCH, oOpaTHble (PYHKIIMH HMEIOT COOTBETCTBEHHO BHI
x = Arccos y = 4-arccos y 4 2k,
x=Arctg y=arctg y 4 kn
(k=0, 1, £2, ...).
3) T'unepGonuueckue pyHxkuuu. DyHkuun

ex¥ —e—X

2

X -X
shx= , chx=i, thx=2;11—j:, cthx=0%

2 " shx

Ha3bIBAIOTCS] COOTBETCTBEHHO 2unepbOAUYecKUM CUHYCOM, KO-
CUHYCOM, MAHeeHCOM U Komareencom. HauepTuM MX rpaduku

Z

cthz cthe

7 shz

S
Sy

Puc. 32 Puc. 33.

{puc. 32 u 33). ®ynkuuu shx, chx, thx onpesenenm na
(—o0, o), a cthx—Ha 3TOM Ke uHTEpBaJeE, 32 UCKJIIOUESHHEM
touku x=0,

Jlerko npoBepHTb, YTO AJSI STHX QYHKUMEA HMEOT MeCTo
OpMyJibl, BOAOCHBIE (OpMysiaM OOBLIYHOfi TPHIOHOMETPHH (HO
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He Bcerja copnajawomue). Hanpumep,

sh(x+y)=shxchy+shychux,
ch(x+y)=chxchy+shxshy.

IMonarasi B HOCJEJHEM PaBEHCTBE Y= — X, HOJYYHM
chzx—shzx=1.

OTMeTHM, YTO BCe pacCMOTpEHHbIE 3Jlech GYHKIHH Hempe-
PHIBHBL B CBOMX o6sacTsix ompefenenusi. as sh x, thx cyme-
CTBYIOT oOpaTHBle (YHKIUUH apeacuryc eunepbosudeckui
x=Arshy u apeamaneenc eunepboruseckuii x= Arth y, koro-
peie opHo3HauHbl. OGparnas ¢yHkuus aas chx npu x>0
TaKxKe OJHO3HauHa.

§ 3.9. 3ameuaTeabHbie NpefeJbl

Teopema 1.
lim $8% 1,
X—>0
HokasatenbcTBo. Tak Kak (YHKUHSA y=sinx sB-
Jsiercsi HenpepbBHOH, TO sinx —sin0=0 npu x— 0. Ilo-

in
g STOMY BHIpaXeHHe = MpeJcTas-
JIsieT cO60H Heonpe/ie/IeHHOCTh BH/AA
0
(—O—> . Packpoem 31y Heompene-

4 nennoctb. W3 onpenenennss Tpu-
TOHOMETPHYECKHX (DYHKIMIH H Teo-
METPHYECKHX COOGPAXKEHHH HMeeM

z (puc. 34)

J V1A u O<sinx<x<tgx
Prc. 34. npn 0 < x < /2 (MN =sinx,
AM | OM, AM=tgx, OM=I1.

Cpasuute mJjomanu tpeyrombuuka OMN, cektopa OM1 wu
tpeyronbunka OMA). Orciona, nenst Ha sinx > 0, nomydaem

1< < uaun 1 >smx > COS X. 1)

Cos x X

X
sin x

Hepasencrsa (1) Bepubt u mist —m/2 < x <0, Tak Kak
sin x
(GYHKIMH COS X H IT ueTHble. Jlanee ¢yHKLIHMS COSXx Hempe-

pBIBHA, [O3TOMY

lim cosx=cos0=1,
x>0
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H, CJeloBaTesIbHO, mepexoist K mpeneay B (1), B cuay Teo-
pemul 4 § 3.2 nomyyuM, uTO

lim 0%
x>0 * )
Mpumep 1.
1—cos x Zsin® 5
li = lim ——=
x>0 xX—=>0 ‘
X 2
— i sin & =-1_ lim sin2 —l.l_l
T 20 X 2\ >0 2 2 T2
2 2
Teopema 2.
. x
lim (1—[—%) =ec. 2)
X—>®

IlokasarenbcTBO. B cuny onpenenesust mnpenena
(QYHKLUMH MBIl JOJIXKHBI NOKas3aTb, 4TO

(1+;1;)an€ Vx, —o0. 3)

Ecnn x,=n—HarypajbHOe, TO 3TO yKe JoKasaHo. UToGsl
noka3ath (2), JOCTaTOYHO YOEIHTLCS B TOM, YTO (2) BEpHO B
IBYX cjydasix: Korja X,—--oco W KOria x,— — oo, npobe-
ras He c0s3aTeJNbRO IeJble 3HAueHUs (CM. 3aMedaHue B KOH-
ue § 3.2).

[lycte x,—npousBosibHAs INepeMeHHasl, CTpeMsIasicsi K
400 (x,—> -+ 00), H NycThb [X,]=k,—uenas yactb YuCJA X,.
Torna bk, <x, <k, +1<x,+1<k,+2u

(1+',;:"1_1Tl)kn+l<(1+x1_n)xﬂ+l<(1+,:—n)kn+2<e(l+kin)z-

Mpu x,-—+oo[x,]=Fk, —+4oco, OTKYAa NepBHii u nocmen-
HHil YJIeHbl LIEMOYKH HEePaBeHCTB crTpemsaTcsi K e. [lostomy

(1+;1;)xn+1_*e’

1
M TaK Kak IpPH 3TOM l-l-;-——» 1, To MB nokasanm (3) Ans
- :
xn—-»-i—()O.
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Eciu tenepp Xx,——o0, TO X;=—X,—>}-00 U

. 1\*n . 1 \=-«’ R * <
lim (14+—)" = lim (1——,) *n—=lim ¥ \*n—
xn—b—eo( +x"> ’ Xn . x' 1

xXp—>+ @ Xp—>+ @ n—

=x,’,l_i.n:@ [(l +_ xél—l) xn-l(l + x,,_l)]

T. e. (2) nokasaHo.
[Mpumep 2.

lim(14+u)V4=e

u->0

()

ITonyuaercs u3 (2) sameHoit 1/x=u.
[Ipumep 3.

lim (1—[—%) =e%, lim (14au)'/* =e* Va.

X=—> ® u->0

IIpu =0 3T0 BhIpakeHue cBOAWTCS K mpeneay lim 1¥=

X—>m®

=1=¢% mOTOMY YTO IO ONpeJieJIEHUIO CUUTAETCS, YTO 1¥ =1,
X
Ilycts Tenepp o540, Ecau x—so00, TO — 00 H

R R (R e

Hano yuectb, 4TO cremeHHas GyHKHHS #® HemnpepriBHA B
Touke u=e (cM. § 3.8, n)).

[Tpumep 4.
lim 20D g i 18049 o o L
x>0 x X0 x Ina

Tak xaxk Inu ects HenpepriBHas ¢yHkuus Ha (0, oo), TO
(cM. npumep 2)

lim 209 i In(14-x)1% =Inlim (1 +x)/* =lne=1.
x=>0 x x>0 x>0
[Ipumep 5.
1 _Inag (@a>0),

x>0 x—>0

e¥—1

B camoMm gnene, nonoxum a*—1=u. B cuny uenpepsms-
HOCTH mNoOKa3aTeJabHOH ¢yHKuuu u— 0 npu x— 0. [Hanee,
xlna=ln(l—|—u), no:-n'OMy (cM. mpumep 4)

im ¥ — Ina=Ina-li I
lim = =1, g e =Inelin Gy =Ina.
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§ 3.10. INopsnok nepeMeHHONH. DKBHBANEHTHOCTD
Bynem paccmarpuBath ABe QYHKUMM @ (x) u P(x), 3aKaH-

HEle B HekoTopoil okpectHocTH U (@) TOYKM a, 3a HCKIIOYe-
HHeM, OLITb MOXKET, caMoH TOYKH a. Touka @ MoxeT ObITb

KOHeyHasi UM OeckoneyHast (- oo, —oo, Man o). Bynem
cunurarh eme, uto P(x) %0 Ha U (a). Ecau
im ®& _
lim 55 =0 ()
To OyAeM 3TOT (aKT 3anUCHIBAThb TaK:
¢(¥)=o0(p(x), x—a, (1)

H TOBOPHTb, YTO @ (x) ecms o-marce om P (x) npu x—a.
Hanpuwmep:

x2=o0(x), x—0;

x" =0 (x™), x—0, ecau m < n;

X" =0 (x™), X—00, €CJIU m > n;
(x—a)=o0((x—a)’), x—a;
I —cos x=o0(x), x—0, mnotomy yro lim #:0,

x—0

Bripaxenne o (1), x— a, oGo3HauaeT 'GeCKOHEUHO MaJyio
npH x—a, T. €. HEKOTOPYI0 (GYHKLHIO @ (x), KOTopas CTpe-
MaTcs K Hymo 1npu x—a (¢ (x)—0, x—a). Hanpumep,
(p(x)=ml;=0(]), X — oo,

Csoiicteo (1), oueBMAHO, BBIp@XKaeT TOT (aAKT, uTO
QYHKIMIO @ (X) MOXKHO 3anucath B BHAE @ (x)=¢(x){P(x),
rie e(x) — 0 mpu x— a.

Ecnn ¢ysrumuu @ ¥ 1V, yyacTBywouiue B cooTHoweHHH (1)
(umu, uro Bce paBHO, B (1')), cyThb GeckOHEUHO Majibie NpH
X~—a, TO TOBOPAT eille, ynorpebsasia Gosee CTapHHHYIO Tep-
MHHOJIOTHIO, U4TO @ (X) npu x—sa ecmb OecKOHe4HO mairas
svicuiez0 nopadka no omuoulenuro K (GeCKOHEYHO MaJioft) { (x).
Ecan xe ¢ u ¢ B (1) GeckoHeuHo GoJibLIHE TPH X —> Q, TO
roBopaT, u4To @ (X} NPH X —a ecmv OeckoHeuno Govtuas
boaee Hu3K020 nopscKa, yem P (x), WM eme 4yto P (x) ecrmo
beckoHeuro Horvwasn 6oaee 66i1coK020 nopadKa, uem @ (x).

Byznem eme nucatb

W)~ YP(), x—a @
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U HasbiBaThb GYHKUHUH @ (x) U P (X) sxeusarenmuoimu (acumnmo-
mudecKu pasHbiMU) NPU X — @, €CJH BHINOJHSETCS CBOHCTBO

Q (x) ’
tim o = 1- 29
Hanpuwmep,
sinxx~x, x-—0, 3)

uay eme (cM. mpuMepwr 1, 4, 5 § 3.9)

l—cosx ~ x%/2, x—0, 4)
In(14x) ~ x, x—0, (5)
e—1 =~ x, x—0, (6)
o*—l~xlna, x—0. )

OTMeTuM, 4TO ecJIn
limf (x)=A=0,
xX—>a

TO 3TO 3KBHBAJIEHTHO dr')aKTy

lim ! A(x) 1,

X—=>
UYTO MBI YCJIOBHJINCH 0603HayaTh TaK¥Ke TaK:
F)~ A, x—a (As20). &)

TepmuHoJIOTHS,, KOTOPYIO Mbl 3JeCb BBEJH, HYXHa AJIs
TOro 4TOObl YNpPOWATh BHIYHCJIEHHS M COKpallaTh 3aluCH
(opmys. BaxkHO OpH 3TOM YCBOHTb HECKOJBKO MPOCTHIX
CBOHMCTB aCHMITOTHYECKH PaBHBIX (3KBHBAJIEHTHBIX) (YHKILHH,
KOTOphle BbIp@XEHHl B TeOpeMax HHXKeE.

Teopema 1. Ecau

ey~ Y (x), x—a, ©)
V() ~o(x), x—a. (10)

NokasarteabctBo. Jlemo B ToMm, uto ecau (x)5%0
Ha U (a) u Bumnoansercst (9), To, oueBuiHo, u @ (x)5=0,
ObITh MOXKET, Ha HeCKONbKO YMeHblIeHHOH oKkpecTHocTH. Ho
TOTJa

mo

lim v lim !

&—>a (P (V) x—>a (P (x)
¥ ()

1
=T=l‘
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Teopema 2. [aa evinosxenus ceoticmsa (9) Heobxo0umo
u Oocmamouto, 4mobol

() =vx)+o(W(x), x—a. (1)

PagenctBo (11) Hago uuTarh cienymomuMm obpasoM: cia-
raemoe, KoTtopoe Jao6aBasieTcsi K P (x), 4TOOB NOJYYHTDL @ (X),
ofnajaer CJeLYIOUIMM CBOHCTBOM: €CJH pasleNuTb €ro Ha
P (x), TO momyyeHHoe uYacTHOe OyleT CTPEMHTbCS K HYJIO,
€cJM YCTPEMHTb X K 4.

HoxasatenbctBO. [lycth nveer mecto (9). Torna

() _ . — —
ng)_l_l'b(x)’ rie €(x)—0 npu x—a.

Caeql0BaTeIbHO,
W) =p()+e WP =1px)+o@h®), r—a

u Mbl gokasanu (11).
O6parHo, ecau BepHo (11), To

@ (X) =1 (¥) 40 (P (x) =P (x) +& (x) ¥ (x),
rie €(x) — 0 npu x— a. IlosTomy

® ()

v tem oL

1 Mbl nonyuuan (9).
Teopema 3. Ecau

P (%) = P, (), x—a,

mo
lim [ (x) y (0] =1im [¢ (x) by (1], (12)
o) s 9 (%)
o e~ M e (13)

Amu  pasencmea Hado nowumame 8 mMom cmbicae, 4MO
ecau cywjecmeyem 6 Hux npedea cnpasa, mo cyujecmeyem
npedea u caesa, U OHU DPABHbL, U 0DPAMHO.

Orciofia crnenyer, 4To ecJaHM KakKOH-THO0 M3 3THX mpele-
JIOB He CYIIECTBYeT, TO He CYIIeCTBYeT H BTOPONi.

IlokasatenbcTBO. [IpHBeleM TONbKO OLHO M3 3THUX
paccyxaenuii. IlycTb cymectsyer mnpemen -cnpaBa B (12).
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Torga
EWMMMﬂghm%m%%F
=lim [ (1) ¥, (9] lim £ = lim [ () ; (9] 1=

—lim [ (x) ; ()

MMpumep 1. tgx=x, x— 0, noromy uro

lim €% —1im (S_iﬂ‘ ! )_—.1.
x>0 x>0\ ¥ COSX

Mpumep 2.

. 3 . .
lim tg®x =lim =lim

x3 x? 0
x>0 X x x>0 x+x x>0 x24-1 1

=0.

Onpenenenue. Ecau 0an Pynkyuu @ (X) mMoxHO no-
do6pame uucaa A u m, 20e A~0, maxue, umo

9 (%)= Ax—a)", x—a,

mo eosopam, umo yukyus A(x—a)™ ecmo "enasuoll cme-
nenHol waeH QyHKyuu ¢ (X) 8 OKpecmHocmU MO4KU Q.
[lpaBwe wactH coornowennii (3)—(7) cyTh, OUEBHIHO,
IJIaBHBIE CTeNeHHbIE YJIEHbl JIeBBIX wacTeld npu x—s 0.
Bymem rosoputb, uTo [ Ha MHOXecTBe £ HMeeT nopadox
¢ wiu eule f ectb O-6oabuioe om ¢ Ha E u npu 3ToMm Gylem
nucarb

f(x)=0(9(x)) Ha E, (14)
€cau

IF()I<Clo(¥)| Vxek,

rae C—He 3aBHCAIIAs OT X MOJOXKUTENbHASA KOHCTAHTA.
B wactHOCTH, paBeHCTBO

f(x)=0(1) na E

o6o3HayaeT TOT (pakT, uTo f orpaHuueHa Ha E.
ITpumep s
1) sinx=0(1), sinx=0(x) Ha (—o0, 00);
2) x=0(»? na [l, oo);
3) »*=0(x) na [0, 1].



TJIABA 4

JAMO®SEPEHLIUAJIBHOE HUCYHUCJIEHUE ®YHKUHA
OAHOW NMEPEMEHHOH

§ 4.1. IlpoussonHas

Tonatne npousBoAHON— BakHefilllee NMOHATHE MaTeMaTH-
4eCKoro aHajusa Hapsjly C NOHSTHEM HHTerpaJja.
I1poussodnoil om ¢ynkyuu f 8 mouke x Hasvieaemcs npe-
QOea omuowenus ee npupauwenus Ay e smodi mouke K coom-
eemcmesyoweny npupawenuro apeymerma Ax, xoeda nocaed-
Hee CRIPEMUMCA K HYAL.
ITpouseonnyio npmmro 0603HayaTh TaK:
f(x)= lim 24— fim [6HA9 =1
Ax—0 B Ax—>0 Ax

M

Ho wupoko ynorpebasiiorcss U Apyrue oGosHaueHus: y',

d,
d_‘fif‘) , d—z. Yno6cTBO TOrO MJHM HHOTO H3 HHX YHTaTelb

BIIOCJIEACTBHHU OLEHHUT CaM.

IIpn ¢dukcHpoBaHHOM X BeJHYHHA A4 eems GbyHKIHA

Ax
oT Ax;

p(A=2L (Ax+0).

Jlns cymecTBOBaHHS NPOM3BOAHON OT [ B TOUKe X HeoG-
X0IMMO, 4YTOOB (yHKIHs f OblIa ompeleseHa B HEKOTOPOH
OKPECTHOCTH TOUKH X, B TOM YHCJe B caMoil Touke x. Torza
¢ynknus P (Ax) onpenesneHa M1 AOCTaTOYHO MaJsIbIX He paB-
HbX Hymo AX, T. e. It Ax, YIOBJETBOPSIOUMX HepaBeH-
ctBaM 0 <|Ax| <8, rme 8 mocraTtouHo MaJo.

Koneuno, we pns Bcskod ¢yHkuun f, onpeneneHHoR
B OKPECTHOCTH TOUKH x, cymectByeT mpenena (1). O6wiuno,
KOrfia roBOpAT, YTO (GYHKIHS [ HMeeT B TOUKe X NMPOU3BOA-
Hyto [*(x), moApasymeBaiOT, YTO OHa KOHEYHa, T. €. Npelen
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(1) xoneunwii. ONHaKO MOXET CJYYHMTHCH, YTO CYIECTBYET
Geckoneunnit npeen (1), paBHBi 4 00, —oo0, HJIH ©0O.
B stux cayuasix TOJNE3HO FOBOPHTb, 4YTO (GYHKUHS [ HMeeT
B TOUKE X OecKoHedHyro npous3soOHyr (paBHYIO -+ oo, — oo,
HWJIH ©00).

Ecau B dopmyne (1) npeamonaraercsi, uto Ax-—0, npu--
HHMAasi TOJIbKO NOJIOXuTenbHble 3HaueHust (Ax > 0), To coort-
BeTCTBYIOIMHA npelen (ecjqu OH CyLIeCTByeT) HashBaeTCd

, npasoii npoussodHoli om f 8 mouke X.

"T Ero MoxHO 0603HauuTh TaK: fp, (X).
Ananoruuno npenen (1), Koraa

| 7-lz)  Ax—0, mpoGeras oTpuuaTe/NbHbIe

| sHayenus (Ax < 0), HasbiBaeTcsa .e-
eoti npousgodrnoti om [ & x (f (x)).

0| 7 Koneuno,  naas BbIYHCJIEHU S
fap (x) (cooTBercTBeHHO f, (X)) He-
Puc. 35. 00XOMMO TOJIBKO, 4TOGH (yHKIMS f

Obla 3ajlaHa B TOYKe X W Crpasa OT
Hee B HEKOTOPOH ee OKPeCTHOCTH (COOTBETCTBEHHO B X H
cleBa OT X).

TunuudelM siBJsieTCs cayudai, Korja [ 3ajaHa Ha OTpesKe
[a, b] u umeer BO Bcex BHYTPEHHHX TOYKAX 3TOrO OTPe3Ka,
T. €. B TOUKax HHTepBana (@, b), NpOU3BOAHYIO, B TOUKE XK€
HMeeT NpaBylo NPOW3BOAHYIO, a B TOuKe b—ueBylo. B Takux
ciyuasix TOBOPSAT, 4TO ¢yukyua [ umeem npousgodnyo Ha
ompe3ske [a, b], He oroBapuBasi, 4TO Ha CaMOM JeJie B TOUKE a
OHa HMeeT TOJIbKO TMpaByl0 NpPOU3BOJHYIO, a B TOUKe b —
TOJILKO JIEBYIO.

Herpyano Bunerb, 4to ecqm ¢yHxuus [ umeer npasyio
¥ JIEBYIO NMPOU3BOJAHBIE B TOUKE X M OHH PaBHLI, TO [ MMeeT
npou3sodHym B X:

Fap () =Fi (x)=F* (x).

Ho ecsir mpaBasi u JieBasi NPOH3BOZHBIE B X CYILECTBYIOT
M He paBHBl MeXLy coGoit (fr, (x) 5= [, (x)), To npoussoduasn
8 X He cyuwecmsyem.
Mpumep. Paccmorpum odynkuuio y=|x| (puc. 35).
Js Hee
Ay _ |x+Ax|—|x]
Ax Ax ’

Ecnmn x>0, To x4+ Ax>0 npaa nocratoyno Majbix Ax u

AT —m L w0
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Ecin x <0, To x4+Ax <0 1as J0OCTATOYHO MaJjwix Ax H
“Ay —(x+Ax)—(—x) _ Ax
Ax Ax T Ax =—1 x<0).

Takum oGpasoM,

X —llm—=
l ' Ax—»OA

1, ecaim x>0,
—1, ecan x <O.
nyCTb tenepp x=0. Torna
_lax] J 1, eciu Ax >0,
Ax A 51gnAx——51gnAx—l 1, econ Ax <O,

[Tostomy

lim —_1 lim 24— 1,
Ax—>0 Ax Ax—>0 Ax
Ax>0 Ax< 0

Takum obpasom, ¢yHknus | x| umeer B Touke x=0 mnpa-
BYIO NPOM3BOJHYIO, paBHylo 1, u JeByio — paBHyio —1, uyro
MOKashiBaeT, YTO B TOUKE x 0 dyskuus | x| npouseoanod
He HMeerT.

Mui 3Haem (cm. § 3.3, npumep 8), uto |x| ecTh Hempe-
prBHas GYHKUMS [Js1 BCeX 3HAYeHMH X, B TOM UHCJE H
B Touke x=0, NO3TOMy OHa MOXeT CJYXUTb IPUMEPOM
HenpephBHOH BcloAy (GYHKIMH, He HMeomei B HeKOTOpoi
TOYKEe NpPOH3BOAHOH. B Maremarynke M3BECTHBI MPUMEPHI (PYHK-
IMil, HENPEpHIBHLIX Ha BCell JeHCTBUTEJNbHOH OCH U HE HMeEio-
IMUX B JI000H TOYKE OCH NPOHM3BONHOM.

C ZIpyro# CTOpOHBI, 6CAKAA (YHKYUS, UMEOWAsS N PoU3Eeo0-
Hyto (koneuryro!l) 8 mouke x, HenpepviHa 6 3mMOLL mouke.

B camoM nene, nyctb mpezen (1) cymecTByer B Touke x
H KOoHeueH. DTOT QaKT MOXKHO 3amucaTh CJelylomuM oGpasom:

A '
m=F ®)+e (), @
rie €(Ax)—0 nmpu Ax—0, 1. e. €(Ax) ecTb GecKOHEUHO
majasi npu Ax— 0. s (2) caenyer:
Ay=["(x)Ax+Ax-e(Ax).
Ilepexoasi B 3TOM paBeHCTBe K mpelenay, Koria Ax—0,
HOJTyYUM
lim Ay=0,
Ax—>0

YTO IIOKAa3biBa€T, 4TO f HenpepriBHA B TOYKE X,
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OTMeTHM HEKOTOpble BaXKHble IPHJIOKEHHS IPOHU3BOLHOM.
MruHoBeHHass cCkopocTh. Ilycte pyHRuHus s=f({)
BEIDAJKAET 3aKOH IBHXKEHHs TOYKH Ha NpsIMOH, KOTOpasl pac-
cMaTpUBAETCd KaK KOOpAMHAaTHasi oChb S. 31eChb S——KOOpAH-
Hara [BMXKYIUEHCS TOYKM B MOMeHT BpeMenH ¢. Ilytb,
NpOHJEHHBIH TOYKOH 3a mpome-

7 XKYTOK BpemeHH [f, {-Af], pa-
BeH
; As=F (¢ 4At)—F (8).
4 CpenHsia ee CKOpOCTb B 3TOM
NPOMEXKYTKe BpEMEHH paBHa
. \ . __As
g o z a+dz b z Uep = 37*
Puc. 36. Hemunnyto  oce  (meHoseHHYi0)

CKopocmib B MOMEHT BpeMeHH
€CTECTBEHHO ONpENEJHTh KaK mpeaen

v= hmoAt =f"(¢).

Cuna toka. Ilyctb Q=f(f) ecTb KOJHYECTBO 3JIEKT-
puuecTBa, NPOXOAsllee yepe3 ceyeHHe INPOBOJA 3a BpeMs f.
Torza

_fe+a) -1 @
At Y;

€CTh CPelHsisl CHJIa TOKAa 3a NPOMEeXYTOK BpeMeHH [f, ¢ -4-Af].
A npenen

lim 49— Q=1

At—>0 At
€CThb CHJIa TOKA B MOMEHT BpeMeHH ¢f.

[lnotHocTh pacnpejeneHuss macch. Ilycrs
(puc. 36) Ha orpeske [a, b] ocu x pacmpenesneHa Macca
BOOGLIE HEPABHOMEPHO, TaK YTO KOJHYECTBO MaccChl, Harpy-
MEHHOH Ha OTpPe3ok [a, x|, paBHO

M=F(x) (a<x<)).

ATO KOJIHUECTBO NpPONOPIHOHAJBLHO TJIoWany ¢uryps aABx.
Takum obpasom, M ectb ¢yHruus ot x (M=F (x)). Koau-
uecTBO MacChl, NpHUXOAsUIeecs Ha OoTpe3ok [x, x-+ Ax], oue-
BH/JHO, PaBHO

AF =T (x+Ax)—F (x).
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AF
Cpennsisi ee NVIOTHOCTb HA STOM OTPesKe PaBHA -, a Mpeled
: F
lim 3L < F’ xX)=p
Ax—>0 Ax
€CTb UCMUHHAR NAOMHOCMb PACNPEOeNCHUS MACCbl 8 MO4KE X.

§ 4.2, IeomeTpnyecKHit CMBICA NPOM3BOAHOM

Iyctes Ha nHTepBane (@, b) 3anaHa HempephiBHAs (YHK-
uusa y={(x). Ee rpadux HasbiBaeTcs HenpepwvisHol Kpueol,
O6o3naunM ero uepes I'. 3amapum Ha I' Touky A=(x, f (x))
(puc. 37 u 38) M NOCTaBHM LEJBIO ONpPENeIHTh KacaTeJbHYIO

Z ly Y I
i’ s
7T 4 f
7 )
4 ¢
V/
(2N - /ﬂ/ d
a1 Z T+A5 % Y Jo+ds & 3
Puc. 37. Puc. 38.

K T B aroit Touke. Jlna sroro BBeleM Ha I' apyryio Touky
B=(x+Ax, f(x+Ax)), rne Ax+0 (na puc. 37 usoGpa-
xeH cayuail Ax >0, a Ha puc. 38—cayuait Ax < 0). IIps-
Myl0, NpOXOAfINYI uepe3 TOUKH A W B, Hanpas/eHHYIO B
CTOPOHY BO3pacTaHHs x (OTMEUEHHYIO CTPEJIKOH), Ha30BeM
cexywjeli m o6o3HauuM uepes S. ¥YroJ, KoTopelit S o6pasyer
C TOJIOKUTEJIbHEIM HaNpaBJleHHeM OCH ¥, 06o3HaumM uepes fi.
Mn cuntaeM, yto —m/2 <P < m/2. Ilpu >0 yros orcuu-
TEIBaETCH OT OCH X IIPOTHEB YacOBOH CTpeJKH, a mpH ff < 0—
no gacosoif crpeske. Ha nannbix pucyukax f > 0. Ha puc. 37
Ax=AC, Ay=CB, a na puc. 38 Ax=—AC, Ay=—CB.
B o6oux cayuasx Ay/Ax=tgf.

Ecmn Ax—0, T0 Ay— 0 u Touka B, nsurasick no T,
ctpemutcss K A. Ecau mpu stom yroa B cTpemMutcs K Heko-
TOpPOMY 3HAUEHHIO @, OTJIHYHOMY OT /2 M —m/2, TO Ccyue-
CTBYET npejien

i ég: im t =
fim, SE=lm 60—t o

paBHBII NPOM3BOAHON (KOHeuHOH) OT f B TOuKe X3
I'(n=tge. @
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OGparHo, e€cau CYHmeCTByeT (KOHeYHas])) MNpOU3BOLHAS
f' (x), 10 p—a=arctg ' (x).

Ilpu crpemyennu P kK o CeKymast S CTPEMHTCS 3aHATH
NOJIOXKEHHE HanpaBJIeHHOH mnpsmoi T, npoxoisuuedi uepes
Touky A ¥ obpasyioumeil yroa o C MOJOXKHTEJbHEIM Hampas-
JIEHHEM OCH X.

HanpasJienHast npsiMast T HasblBa€TCSl KACAMEAbHOL K Kpu-
eod T' 6 ee mouke A. ‘

Onpenenenune. Kacamearornoti k xpusoti I' (y={f(x))
6 ee mouke A= (x, f(x)) Ha3eibaemcs HanpasienHas nps-
man T, & wromopoii cmpemumcs cexywjas S (HanpagieHHas
8 CMOPOHY B03pACMAHUA X npaAmas), npoxodaujas uepes A
u mouky B= (x+Ax, f(x+4+Ax))€T, roeda Ax— 0.

Mur fokasanu, 4TO ecau HenpepoisHas PyYHKYus y={f (x)
umeem KoHeunyro npouseodryo ['(x) 8 mouke x, mo ee epa-
¢ux T 6 coomseemcmeyroujell mouxe umeem KACAMeAbHYO C
yerosoim  Kosppuyuenmon tgoa=f’'(x) (—mn/2 <a < mw/2).
OGpaTHO, CYLICCTBOBAaHHE MpeleJa

limB=a (—1/2<a<n/2)

BJieueT 3a co6of CylecTROBAHHE KOHEYHON NPOU3BOIHGH [’ (x)
¥ crnpaBelauBocTb paBeHCTB (1), (2).

Moxer caydnThCs, YTO f ¥MeeT B TOUKE X LpaBYl H
JIEBYI0 NPOM3BOJAHLIE, OTJMUHEIE MEXKAY COOOM:

Fa (%) = fop (%).

Torna A ectb yenosas Touka I'. B stom cayuae kacatesib-
Hag Kk I' B A He cymecTByeT, HO MOXXHO FOBOPHTb, YTO CYLIe-
CTBYIOT NpaBasi W JieBasi KacaTeJIbHbleé C DasHbIMH YIVIOBHIMH
Ko3(puIeHTaMH:

— lim M ¢
tga, = AIETOA— fax), tgoy= lim 30=fo, ().
Ax <0 Ax>0

Ha puc. 39 npuBefileH nmpuMep TaKOro ciaydas.
Ilycte Tenepb mpoW3BOZHAst OT f B Touke X GECKOHEYHa:

'  lim Ay __
Fe= Al;lcr-[»lo A= %
OtMmeTuM l{eTpre BaXHBIX CJyyas.
D f* (=] hm =+oo, B—F (puc. 40).

2) [’ (x)— hm ———oo ﬁ-»—gl (puc. 41),
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* ()= lim & — — =
3) fa (x)—-Alxl-»mo Ax 0o, -5
AJ\’<0A
’ : \Y n
fnp(x)"‘All_‘Poﬂz + oo, B— R
Ax>0

JleBasi KacatejbHasi NEPNEHAMKYJNspHa OCH X H Hampas-
JeHa Buu3. [IpaBas kacate/ibHasi MepNeHIMKYJ/SIPHA OCH X H

\ IA
itv 7
A
A
/ «,>] z
Pue. 39. Puc. 40,

HarnpaBJieHa BBepx (pHc. 42).

, s Ay n
4) fa()=lim =t oo, B3,

Ax< 0
, _im Ay __ .
fip () = lim £ = —co, B——3.
Ax>0

JleBasi u npasas KacaTeJIbHbI€ Halupas./CHBbl MapaJ/jieJIbHO
OCH Yy, nepBasi BBEpX, BTOpasf BHH3 (pHC. 43).

A
17\ I\ 7 r
A T A
A
7 V z 7 7 z v ¢ e
7 ba 7
Puc. 41. Puc. 42. Puc. 43.

I[Tpumeuanue. OGbuHOe oOmpelesieHHe KacaTeJbHOM
K kpuBoll I' cnenyrwomee: kacarenbHas T K kpusoit I' B ee
Togke A ecTb mpsiMas, K KOTOPOH CTpPeMHTCsi ceKymias S,
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npoxoAsiyasi yeped Touky A u apyrywo Touky B €T, korna
nocneinss, Asurasch no I', crpemurcs x A.

B srom onpenenennu He npenmnosaraercst, yro S u T —
HanpaBJIeHHblE NpsiMble. DTO onpejesieHue BNOJHE KOPPEKTHO
B CJlyyae KacaTesIbHOH He mapaJsiiesibHoll ocH y. ONHaKO ecqu
NPHMEHHTb €ro, Hampumep, K cayvaio 4) (cM. puc. 43, rae
A—yrnoBas TO4Ka), TO MOJY4YHM, UTO NaHHAs KpHBasi HMeeT
B Touke A eJUHCTBEHHYIO KacaTe/IbHYI0. DTO He BSIKETCH
C HallUM TNpeJCTaBJeHHEM O IVIAAKOCTH KPHBOH, HMeloumieH
KacaTeJsbHYIo.

[IpuBefieHHOE HaMM ompejeseHue JaeT B Touke A Jpe
KacateJibHble (CIMBAIOLIMECS), HMEIOMIHe MPOTHBOIOJIOXKHbBIE
HanpaBjieHHsi. YTOJ MexAy HHMH paBeH T.

VI3 aHa/MTHYeCKOH reoMeTpHH H3BECTHO, YTO ypaBHEHHE
npsiMofi (B TJIOCKOCTH), MNpPOXOAsiledl uyepe3 TOUKY (Xq» Yo)
MOA YIJIOM o K TIOJNOXKHTENLHOMY HamnpaBJeHHIO OCH X
(—n/2<a<m/2), umeer BHAY) Yy—y,=m(Xx—x,)
(m = tg a). O1ciolla ypaBHEHHE KacaTe/IbHOH K KPHBO# y = f (X)
B TOUKE (X, Y,) HMEET BH]

Y=—"Yo = Yo (X—x,), 3)

rie Yo=1[ (%o), Yo=F"(xo).

[Ipamas, npoxoasimas ugepe3 Touky A €T nepnenauky-
JAApHO K KacaTeabHoH K I' B 3TOM TOuKe, HasmBaeTcsl HOp-
maavio K T' 8 mouke A. Ee ypaBHeHue, OUEBHIHO, HMEET BHA

h—to=— (t—x,). 4)
I[Tpumep 12). Hafitn ypaBHeHue KacaTesbHOM K KpUBOH
LZ4L=1 (—a<x<o0) (5)

B HEKOTODOH €e TOuKe (X,, Y,), T. €. :—i’ +—i—§—= 1.

Kpusasi (5) HasbiBaetcsi saauncom. OueBHIHO, UTO 3JIIMIC
pacro/ioXXeH CHMMETPHYHO OTHOCHTEJIbHO OcCeHl KOOpIHHaT,
TaK Kak €ro ypaBHeHHe He MEHseTcs NpH 3aMeHe X Ha (— x)
n y Ha (—y). [lpn BEBOJe ypaBHEHHs KacaTesbHO! OyjleM

1) Cm. Hamry KHMry «Bricmas MaTeMaTHKa. OJeMeHTH JIHHeAHON
anreOpHl M aHaAHTHYECKOH reoMeTpHu», § 8.

2) Mpumepw 1, 2, 3 MoxxHO paccMoTpeTh B § 4.8 mocie oBJajeHHs
TeXHHKOH Iu(p¢epeHIHpPOBaHH,
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CuuTaTh, 4T0 —a <<x<<a, 0L y<<h. Ug (B) umeem

y=2VF=7. 6
t_ —bx
Orcrona y'= Ve
BquHCJIHM cpyﬂxumo Yy Y DpPOM3BONHVIO Y’ B TOUKE X,
= =bya— () e B
yﬂ—y(xo) ~a V02 x%) Yy (XO)_aVa_Z:Tg,
b2
Yoy’ (%) =—"7 %o Q)]
YpaBHeHHe KacaTeJIbHON K SJJIHICY B TOYKE (Xo, Yo):
Y—yo=19" (x,) (X —x,). )
B’Mﬂomaa (7) Ha y,/b%, B cuay (6) 6yaeM HMeTb
Y X Y 5 X 5
de— b=y o (Gee), Bedfe T

2 2

X o
Tak Kak y Hac —y+ 43 =1, To ypaBHeHue KacaTe.bHoli 3a-
nueTcs

Xx Yy
Ty B, ®
Takum o6pa3om, uTOGHl MOJNYYHTh YpaBHEHHE KacaTeJbHOH

K SJJIMICY B ero Touke (X,, Y,), HY}KHO B YpPaBHEHHH 3J-
aunca (5) sameHuth x? Ha Xx, U y® Ha Yy,.

Y

4 2
a”
7

Puc, 44.

[lpu orpuuatesbHeIX 3HaueHHsAX y(— b<Ty < 0) paccyxk-
IeHus Te ke camble u (8) GyleT ypaBHEHHEM KacaTeJbHOR
B JioGoit Touke amaunca (x, Y,). M3 ypaBreHus (8) BuiHO,
UTO KacaTeJbHasg K 3JJIMICY B €ro TOuke (x,, y,) mepecekaer
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ochb x B TOuke c abcuuccoii a?/x,, T. e. mpu x, > 0 sTa Touka
nepeceyeHusi HAXOAWTCS MpaBee- 3JuIHIca, a fpH X< 0—
Jesee (puc. 44).

[Ipumep 2. Halitu ypaBHeHue . KacaTeJbHOH K KpPHBOH

YL =1 (x|=aq) ©)

a2
X y2
B HEKOTOPOH ee TOuKe (Xy, Y,) < T = 1).

Kpusasi (9) HasbiBaetcsi eunepboaoii. Dta KpHBas TaKxKe
CHMMETpPHYHA OTHOCHTEJILHO OCeH KOOpIMHaT.

[IpoBoas paccyxneHusi, Kak B npuMmepe l, NoJyyuM ypas-
HeHHe KacaTeJbHOH K rumepboJsie B BUIE

Xx Y
'_20 byo 1 (I Xo I 2 a)'

Touka nepeceqeﬂuﬂ 3ToH KacaTeJleoﬁ C OCbIO X HMeer

abcuuccy a?/x, ( 0< Ix |< a), T. e. 3Ta TOYKa mepeceye-
¥
-a 0 /%
Puc. 45. Pnc. 46.

Husg Haxomurcs B (0, a] Ang x,>a u B [—a, 0) aas
x, < —a (puc. 45).
ITpumep 3. Haiitu ypaBHeHHe KacaTesJIbHOM K KPUBOM

y¥=2px (x=0, p>0) (10)

B HEKOTOpO# ee Touke (X, Y,) (¥i=2px,).

JlaHHast KpuBas HaswbBaeTcsi napabosoil. OHa pacnoJioKeHa
CHMMETPHYHO OTHOCHTeJbHO ocH X (T. €. B (10) x saBasercs
yeTHOH ¢yHKuUHeH oT y). B cuay storo nocratoyHo paccMmort-
peThb BepXHIO noJioBHMHY napatosw (y > 0). U3 (10) umeem

y=V2px. (10%)
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Orciona
y’ﬂ*—"L', ==V2pxo, Yy (x°)=l ___=_p_

V 2px 2px0 4o

YpaBHeHne kacareJibHo#t K mapa6oJie B TOUKe (X,, o)
Y—yo = y' (%) (X—xo)
HJH

Y—y,= '5; (X—x0), Yyo—ys=pX—px,.

Tak xak y3=2px,, TO
Ygo=p (X +x,). (11)

Taxkum o6pa3oM, uTo6bl HOJYYUTh YpaBHEHHE KacaTeJsbHOH
K napaboJjie B ee Touke (X,, Y,), HYKHO B ypaBHEHHH Mapa-
6oubt (10) samenutsh y® Ha Yy,, a 2x Ha X 4 x,.

KacartenpHast (11) x nmapaGose (10°) B ee Touke (x,, ¥,)
nepecekaer ocb X B TOukKe ¢ abcuuccoit (—x,) (puc. 46)
He3aBHCHMO OT BEJIHYHHBI p, T. €. KacaTeJibHbe K JIIOObIM

napaGosam y® =2px B Touke (x,, V 2px,) mepecekaoT och X
B OJHOH M TOH XKe TOouKke (— X).

§ 4.3. Hpoussonnbie anemMeHTapHBLIX (QyHKUMH

ITocmosannas C—KaxXI0My X COOTBETCTBYET OJHO H TO XKe
sHayeHue y=C. Takum o6pa3oM, 3HaueHu:0 x--Ax coorser-
CTByeT 3HaueHHe (PyHKIUH y-l-Ay=C. CrenoBareJibHO,

c—C

C' = lit = lim 2= lim 0=0. 1
Tarao AY T armoBET s )
Cmenennas ¢gyukyus x® (n=1, 2, ...).
(x7)" =nxn-1, 2)
IIOTOMY YTO

2z (e A — 7] =
= _1. [x"-{—nx”‘l Ax—}-n(

n—

l) xn—zsz_l_ ..—I—Ax"—x"] j—

n(n

Enxl‘l-l_*_____lzxn“ﬂAx_i_ +Axfl la___,nxn-l
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CnpapeaanBbl (OpMYyJIBl

(uxo) =u £, @)
(uo)" = u'v' + u”o, 4)
(5) =252 w©=o. (5)

3necy npeanoJsaraercs, 4to 4 =u(x), v =10 (x)—GyHKUHH
OT X, UMeloIHe NPOU3BOAHYI0 B Touke x. B cayuae (5) no-
MOJIHUTENBHO NpefrnoJgaraercs, 4to v(x)=0. YTBepxkaaercs,
YTO B TAKOM CJyyae B TOUKE X CYLIECTBYIOT NPOU3BOIHEIE,
crosiue cjeBa B paBeHcTBax (3), (4), (B), 1 aTM paBeHcTBa
BEPHEL.

B camom mene, sanaguM Ax. HoBomy sHauenuio x-Ax
apryMeHnTta COOTBETCTBYIOT HOBbie 3HAUeHHsl HalUMX (YHKIUHA
u+tAu, v4+Av n

A (u + v)y=[(u+ Au) i(Lv+Av)]—(u+v)=AuiAv

(uiv)'=AlimOA(‘Zi Ao limoAxi lim _"=u +v',
X —>

Ax—>0 Ax

Hanee (NMosiCHEHHS HIXKe),

A(uv)=(t+ Au) (v+ Avy—uv=uAv+vAu -+ Au Av,
’ . A (uv) uAv+vAu-+4Au Av
= lim = lim =
(u0) ax—»o0 A Ax=0 Ax

=u lim —-|-011m —+ lim A lim % =

Ax— ¢ B¥ Ax—»OA Ax=>0 Ax—»OA

=uv’ e ou’ 00" = uv’ +ovu’.

Hano yuectb, uTo yHKUMSA i, KaK HMeioW@s NPOU3BOAHYIO,
HenpepbiBHa, ¥ notoMy Au— 0 npu Ax — 0.

Hakouen,
uy’ . fudAu w1 0 Au— u Av
(?) —Ai“—PO(U‘}‘AU U).A—X Al:r_r,l(,(tl+Av,vAx
vAu uAU
— Ax Ax _ uw'v—ur'
ax-—>0 (@+Av)v 02 .

CuoBa Hano yuectb, 4t0 Av— 0 npu Ax— 0, noromy
yT0 (YHKUHS U, KaK HMelollass NPOM3BOAHYIO, HENpephiBHA.
Paccmorpum ¢yHkuuio sinx. Torzaa

(sinx)" =cos x, (6)
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NOTOMY 4TO .
& x Ax
2sin —- cos x—|———)
: : in (x--Ax)—sin x . 2 ( 2
siny) = lim SRXT2XTIAX__ (im =
( ) Ax—>0 Ax Ax =0 Ax
sin Ax
= lim lim cos (x+?)=1~cosx=cosx.

Ax—>0 B arso
2

Hano yuectp, uto ¢yHKIMS COSX HempephiBHa.
AHaJsloryHO [OKa3blBaeTcsi, YTO

(cos x)’ = —sinx, Q)
(tg x)'=sec’x=m, (8)
—1
(ctg x)' =—cosec? x = YRR ()]
B camoM nesne, Hanpumep,
¢ (sinx\’ __ cosx (sin x)’ —sin x (cos x)*
(tgx)" = (cos x) - cos? x -
2 2
__cos x-l;sln x_ 12 — sec? x.
Cos® x €os“x
Hna dyskuun y=Ilog,x (x > 0) umeeM
Ax Ax
ay_toga e —toggx_ % (115) 1 1ot (145)
Ax Ax - Ax " Ax .
X
HMcnonbsys saMeyaTesibHbl mpenes
lim €08 _ 100 o
u—0 u
nonayyaem
1 1
(log, x)"_—'_?logae:x]na . (10)

B wactHocTH,
r 1 '
(Inx)’ = = (10"
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§ 4.4. TpoussopHas cJoMHOH (yHKUHH
Teopema 1. Ecau ¢ynxkyus x=q () umeem npouseod-

Hyto 6 riouke t, a Qyrkyua y={F(x) umeem npouseodryto
6 mouKe x, Mo CAOHCHAA DYHKYUS

y=F@t)=Flo(®)] M
umeem npousgoOnyo (no t) 8 mouke t u cnpaeediuso pasex-
cmso

F'(t)y=F" (x)9'(t) @
ul

Yi =Y. )

HokasatenabcTBO. 3alaiuM f, €My COOTBETCTBYyeT
sHauenne x=¢ (¢f). Ilpugagum ¢ npupawenne Af=<0, sto
Bbi3oBeT npupaumenne Ax=o ({ +Af)—o@ (f). Tak kKak QyHk-
uMs y=_{(x) uMeer NPOU3BOIHYIO B .TOUKE X, TO Ha OCHO-
BaHHM paBeHcTBa (2) § 4.1, uMeeM

Ay=F'(x) Ax+¢(Ax) Ax, 4)

rie e(Ax)—0 mpun Ax—s 0.

Bynem cunrarb, uro e (0)=0. PaBenctBo (4) npu 3TOM
COIVIALIEHHUH BBINOJIHSIETCS, T. K. €CJIH NMOJACTaBHTb B Hero Ax=
=0, 1o nonyuyurcs 0=0.

Pasnenum tenepn paBeHcTBO (4) Ha Af =01

Hef () et 5)

Ilycrs At crpemutrcs k Hymo. Torma Ax— 0, motomy
uro ¢yHKnUA X (f)==¢(f) UMeeT NpPOU3BOIHYIO B TOUKe { H,
CJIelOBAaTeIbHO, HelpephiBHA.

INlepexomnm B paBeHctBe (5) k mnpeneany npu Af—-0.
Torma Ax—0 n &(Ax) — 0, o3TOMy NOJYYHUM

yr=[" (x)x" () +0-x" () =" (x) x' (t) = yix:.
Teopema noxasana.

dopmysa (1) Moxer OnTh ycaoxHeHa. Hanpumep, eciu
z2=f(y), y=¢ (x), x=1(E) u Bce TpH QYHKIHUH HUMEIOT MPO-
H3BOJIHbIE B COOTBETCTBYIOIMHX TOYKAX, TO Zg = Z,lXi.

IIpumep 1. y=Insmn?x (x5« kn, k—uenoe).

ITonaraem y=Inu, u=1? v=sinx. Toraa
2 sin x cos x

iy 2ctg X

’ ’ ’ ’ l
Yy = YulheVy = 2cosx =
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IMMpumep 2. y=sin(x242x—1).
IlonaraeM u=x%®-+42x—1. Torza
Yr=Yy Uy=cos - (2x+2)=2 (x+ 1) cos (x2+2x—1).
OOGbIYHO NPH BHIYKCJIEHHSIX BCTIOMOraTe/IbHbIE TepeMeHHbIe

u, v . Hé BBOJAT, @ TOJIbKO MOAPAa3yMe€BAIOT UX.
é cJIyya€ npumepa | BHIUMCJIEHUS BBITVISAAT TaK:

2
Yo = sinﬂx(sm2 x)' = mgx?smx(smx) = cosx=2ctgx.

Wnn eme xopoue

Y= 2sin x cos x =2 ctg .

sin? x

§ 4.5. NpoussopHas oGpaTHOH GYHKuUHH

ITyeme ¢ynryua y=f (x) cmpozo eo3pacmaem, HenpepoleHa
Ha unmepease (@, b) u umeem KOHEHHYIO HE PABHYIO HYA
npousgoduyto [’ (x) e nexomopoi mouxe x € (a, b). Toeda 06-
pamuan 0aa [ ¢ynkyua x=f"1(y)=g(y) maxaxe umeem
npouseodryto & coomeemcmeyrowiell mouxe, onpedersiemyio pa-
BEHCMEOM

g W= (x) M

uru
1

Xy=—. 1)
yx

HokasarteanncTBo. Kak Ham wu3BecTHo, oGpaTHas
¢yHKUUs x= g (y) CTPOro BO3PACTA€T WU HENpPEPLIBHA HA HH-
tepsase (A, B), rae

A= inf f(x), B= sup f(x)
x€(a, b) x€(a, b)
(cM. § 3.6, Teopema 1).

Hanum paccmatpuBaeMoMy y npupaumeHue Ay==0. Ewmy
COOTBETCTBYeT nNpHupaiieHHe Ax oOpaTHOH (YHKIHMH, TaKkKe
He paBHOE HYJIO B CWJy CTPOroi MozHoTOoHHOCTH f. Ilostomy

Ax__ 1

Ay~ Ay

Ax
Ecau teneppr Ay— 0, TO B CHJIy HENpPEPLIBHOCTH g (y) MpH-
pamenne Ax Ttakxke — 0; HO mpu Ax—0 %-ﬁf’ (x)=~0,
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CJIe/lOBaTeNIbHO, CYLIECTBYET Mpejes

. Ax 1 1
11m T —_—— = .
Ay 04y lim dy P @
Ax -9 Ax

Srum dpopmyna (1) poxasana.

[Ipumeuanune. Ecau ' (x) %0 nenpepoigna na (a, b),
mo g’ (y) Henpepoigna Ha (A, B).

Aro caeayer u3 (1), rae MOXHO HOJIOXKHTb X =g (4):

¢ O=rgg; WEA B).

Benb cnoxnas dynxnus f'{g(y)], cocrosimas H3 HEnpepbiB-
HoIX QYHKUMH f' U g, HenpephiBHa.

§ 4.6. Ilpoussoanbie ajeMeHTapHbHX dyHKuUMI
(nponpomxenue)

1. y=a*. Orcrona x=log, y—ob6parsas ¢yukuus. Ilo-
3TOMY

y;=—-=-l—=y1na=a"lna, T. €. (@) =a*Ina.
ylna
B wacthHocTH,
(&) =e*, (e7*)'=—e"*%,

2, y=arcsinx(| x| <1, —w2<y<n/2), x=siny—
obpatHas ¢yukuus. [lostomy
(I 1 1
Z—cosy T Vi—sinty Vi—=x'

Y=

1
l/'l—xz.

[lepen KopHeM NOCTaBJIEH 3HaK -, MOTOMY uTo cosy > 0 Ha
(—n/2, m/2).
3.

(arcsin x)’ =

1
Vi’

4. y=arctg x, x=tgy—obpatHaa ¢yuKIUa (— oo <
L x <L oo, —m/2 <Ly < n/2). Torna

B 4 . 4
arccos x)' = -—arcsinx ) =—
2

1

el oty
(arelg »)' =g g = 05" ¥ = 1rgr; ~ T
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(arctg x)! =—— + T

5. CoBeplueHHO aHAJOTHYHO NOKa3bIBAaeTCH, UYTO
1
tgx) =—a——r.
(arcctg x) e
6. I1poussodnas om cmenennodl ynxyuu x* (x>0, o —
NPOH3BOJIbHOE JNEHCTBHTENBHOE 4HcJo). Mmeem
x& =exInx,

Tak kak ¢yHKnHM €* M alnx HMET NPOH3BOJHYIO, TO MO
TEOpPEME O IPOM3BOAHOH CJOXKHOA (PYHKIHH MOJNYUYHM

(xor,)' = (eoc In x)' =% lnx,% = '% == ox%~1,
Takum o6pasom,
x%)' =ax>-1,

Sror pesynbTaT coryacyercs ¢ dopmynoit (2) § 4.3 mas
NpPOU3BOIAHON OT PYHKUHH x" (x € (— oo, o0)), ThE n—HaTy-
pajibHOE YHCJIO.

7. Oynxyus y=u (x)°* (& > 0). Ecau u (x) u v(x) umeror
NpPOM3BOJHYIO, TO 3THM K€ CBOKHCTBOM o6JafiaeT (yHKUus

uv=evinu h
ﬂ .
(W) =e° e (vinu) =u® (%u’-i-v' lnu). @
Bripaxenue
[nfy =08 @)

f &)

HAasHIBAETCS J02apupmudeckoli npoussodHol ¢ynxyuu f.
Tak kax

Inuw?=vlinu,
TO B CHJY QJopMy.nbl (3)
(u

—(vlnu) =v Inu—|—

OTKyAa caexpyer (2).
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8. T'unepboauueckue pynxyuu.
(shx)’ = (ex—e-x)! e —=ch

2 2
(Chx)'=(ex-ge-x)lnex:;-x=shx,
r__(shx\’ ch?x—sh?x 1
(thx) —(E}T;) T ch*x T chix?
, hx\’ h? x —ch? —1
Ctha)’=(55) =y =gz 0.

9. y=Arsh x—o6parnas ¢yHKuus Ajas GyHkuuu x =sh y.
Orcrona

U 4 0]
Arsh ) =Gy = &7 =~ VT~ ViTs

(cM. pmamee § 4.12, npumep 2).

§ 4.7. iuddepenunan pyHKuun

47.1. Ouddbepennupyemnoe odyuruuun. Ilycrs
¢byHKOUsA [ ¥MMEeT NPOU3BOJAHYI0O B TOUKE X (KOHEYHYIO):
. Ay ’
lim == =f' (x).
Ax—>0 Ax )
A

Torna TZ 17151 AOCTaTOYHO MAJIbIX AX MOXHO 3anmucaTth B BHJE
cyMMel f' (X) H HEKOTOpOH (DYHKLHH, KOTOPYIO MBI OGO3HAUMM
yepes £(Ax) U Koropas 06GJafa€T TeM CBOHCTBOM, YTO OHa
CTPEMHTCS K HYJIO BMecTe ¢ Ax:

M_pgtedn (e(A9—0, Ar—0)

U npupaiienue f B TOYKE X MOXET ObITh 3aMHCaHO B BHAE
Ay=F" (¥) Ax+Ax-e(Ax) (e(Ax)—0, Ax—0)

WJIH
Ay=["(x)Ax+o (Bx) . 1)

Benb BuipaxkeHue o(Ax) nmoHWMaercsi Kak (GyHKIHsI OT Ax
Ax—>0

TaKasi, YTO €€ OTHOIUEHHE K AX CTPEMHTCS K HyJIO BMECTe
c Ax.
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Onpenenenue. Pyuxyus f Hasvieaemes Ougpgpepenyu-
pyemoti 8 mouke x, ecau ee npupawjerue Ay e smoii mouxe
moogcem Obims npedcmasaeno 6 6uoe

Ay=A.Ax+o0(Ax), 2)

Ax — 0

e0e A He sasucum om Ax, Ho 6000wje 3agucum om x.

Teopema 1. [Iaa moeo, umobor pynxyus [ Gera Oug-
gepenyupyemoii 8.mouxe x, m. e. umobbl ee npupauierue
6 3moii mouxe npedcmasasioce no gopmyre (2), Heobxo0umo
u docmamourno, 4mobb. OHA UMEAQ KOHE4HY NpPOU3EOOHYIO
6 amoil mouke. H moeda A=f"(x).

Takum o6pasoM, ckasaTb, YTO f HMeeT NPOH3BOXHYIO
B TOYKE X WM f nudxpepeﬂunpyeMa B TOYKE X—3TO OJHO
u 1o xke. [JostoMy mpouecc HaXOxJAeHHs NPOHUSBOLHOH Hasbl-
BaloOT eule Jughgheperyuposaruem Gynkyuu.

JdokasatenbcTBOo TeopeMmn 1. JlocraTouHocTb
yCJIOBHSI JOKa3aHA BHIIE: W3 CYLIECTBOBAHHSI KOHEYHOH mpo-
K3BOLHON f’' (x) cnemoBana BO3MOXKHOCTb TNpelcTaBieHHsT Ay
B Buje (1), roe mMoxHo nosoxuth f’(x)=A

Heo6xoxumoctp ycanoBwusa. Ilycrs ynkuus f auc-
tepenmypyemMa B Touke x. Torza us (2), npeanosaras Ax <0,
noJiyyaem

=A+28 4400

Ax—>0
Ax —>0

[Ipenen mnpaBo#l yactu nmpu Ax— O cymecTByer u pasen A:

lim &% — 4,
Ax—>0 Ax
310 03HayaeT, YTO CYLIECTBYET MPOM3BOJHAs
[ ()=
472 Nudcdepenuuan dyHkuuu. Ilycte dpynxuus
y=7[(x) muddepennupyema B TOuKe Xx: T. €. AJIs ee INpHpa-
meHduss Ay B 3TOH TOuKe BHINOJHsieTcs: paBeHCTBO (2). Torma
Ay ectb cymMMa JByXx ciaraembix. IlepBoe u3 mux AAx mpo-

NOPUHUOHAJIbHO Ax 4 B TaKux cJjydasiX TroBOpsiT, YTO OHO

ecTh JIHHeHHasi OJHOpOAHast (YHKUMS OT "Ax. Bropoe—o (Ax)
Ax—> 0

ABJsieTCst GeCKOHEeUHO MaJjiof (yHKUMEH BBHICIIEro INOpsjxa
MaJiocTH cpaBHuTesibHO ¢ Ax. Ecmm A0, To BTOpOe ciaa-
raeMoe cTpeMuTcsi K Hy/mo npu Ax— 0 GbicTpee, ueM mnep-
Boe. B cBssu ¢ 3THM nepBoe chaaraeMoe A Ax=f’(x) Ax Ha-
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3LIBACTCA 2AQ6HbIM 4aeHoM npupauenus Ay (npu Ax — 0!,
Cum. ompenenenue B KoHue § 3.10). Dro craraemoe HasbBAIOT
Oughpeperyuarom Gynkyuu U OGO3HAYAIOT CUMBOJIOM dy.
Hrtak, no ompeneseHtio

dy =df ="' (x) Ax.

Ha puc. 47 wnsobpaxen rpaguk I' ¢yukuun y={f(x);
T —xacatenbias K I' B Touke A, wumeromeii adenuccy X;
f'(x)=1tga, rae oa—yroa, o6pa-
43 ) 7r 80BaHHBIH KacaTeJIbHOH € OCBHIO X;
7 dy=f"(x) Ax=1tga Ax=CD,
DB=Ay—dy=o(Ax).
Ax—>0
A c TakuM o6pasoMm, Ougepernyuar
PpyHKkyuu y 6 mouKe x, coomeem-
« cmgyrouwull  npupawenuto  Ax, ecme
7 7 Z7+47 7 Nhpupawerue opOuHAmMbL MO4KU, fe-
acawel Ha Kacameavrol (dy=CD).
Puc. 47, BooGme  rosopsi, dy s=Ay,
u6o Ay=dy+o(Ax), a BTO-
A

x=>0

poil umeH 3TOH CyMMBl, BOOOLIE TOBOPSl, HE paBeH HYJIO.
Toabko Las nuHeldHOH GyHKIUH y = Ax-- B nMmeer MecTO pa-
BeHcTBO Ay= A Ax=dy ana moGoro x. B uactHocTH, IJs
y=x,dy=dx=Ax, 1.e. Qupgepenyuar u npupauierue He-
3asucumoil nepemennoil pasrol mexcdy coboli (dx=Ax). Io-
stoMy JAuddepeHuuan nNpoUsBONBHOA  (PyHKUHH [ OGBIUHO
3aMHCBHIBAIOT TaK!:

I

dy = f' (x) dx:
OTKYyZAa i
=2,

T. €. npoussodHas pyHkyuu f 6 mouke x pasHa omHoweHuro
Oughpeperiyuara Qynkyuw 8 amoli mouke K Ouggepenyuary
He3asucumoil nepemenHol x.

I10 OGBsiCHSET, YTO BbIpaxkeHne dy/dx (1> Wrpex mo A3
HKC) yrnorpeGisieTcs KaK CHMBOJ AJs 0003HAauY€HHsS] MNpPOU3-
BOJHOH.

Hano umerb B BuAy, 4mo Ougpeperyuar dx Hezasucumoti
nepemeHHol He 3asucum om X, OH pasen Ax—npou3gororHomy
npupawenuro apeymenma x. Ymo oce xacaemcs Ouggheper-
yuara dy Pynkyuu y (omauunold om Xx), mo oH 3aeucum
om x u dx.
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OrmeTuM opMy bt

d(u £ v)=du +dv, ()
d(u-v)=udv+vdu, (4)
d(cu)=cdu (c—rmnocrosinHas), (5)
d(i:-) vdu—udv( v£0), (6)

rfie npejanoJaraercs, YTo # U v— aupdepeHnupyemole (yHK-
UM B paccMaTpHBaeMOH TOUYKe X.
Hanpumep, ¢opmysa (6) moxasmiBaercsi Taki

d(i) ( )d _uw dx;uvdx vdu—udg.

v v?

473. [IpuGnukeHHOEe BHIpaXXeHUEe NPUPalle-
Husl GyHKU U HU. Ecan dynkuus y=f (x) Iupdepennupyema
B TOYKE X, TO Ha ocHOBaHHH ¢opmyanl (1) ee mpupamenue,
COOTBETCTBYIOIllee NpHPalLIeHHI0 Ax, MOXKHO 3alHCaTh CJeAyIo-
muM o6pasoMm:

Ay =dy + o (Ax).
Ax—>0

Orcrona caepyer, uto auddepeHunan ¢yHKOMH TNpH J0CTa-
TOYHO MaJbIX AXx MOMET CJYXKHTb XOPOIIHM NPHGIHKEHHEM
npupaiiesuss ¢GyHKuHH. B atoM cMmbicae numnyT npHGIHMXKEH-
HO€ PaBEeHCTBO

Ay = dy=f" (x)dx, Y

KOTOPHIM IIHPOKO TNOJIb3YIOTCA.

Ilyctb Hajo BHIYMCJAWTH 3HaueHHE QYHKUMH f B Touke X,
T. e. yucno f(x). OnHako mosiBMJIaCh HEOGXOIHMMOCTb 3aMe-
HUTb X €ro NpHG/MXKEHHBIM 3HaueHHeM X -+ Ax:

x =~ x4+ Ax.
Bosnukaer npuGMHKEHHOE PaBEHCTBO
f(¥) = [(x+ Ax).
Ero a6comoTHasi NOrpemHocTb paBHa '
|8y | =1 (%+Ax)—F (%) |

Ecnu o¢yukuus f nuddepenunpyema B TOUKe X, TO H3 ¢op-
‘MyJsl (7) caenyer, YTO NpPH MaJbIX AX MOXHO CYHTATh, YTO
aGCcoMmoTHasA NOTpelmHOCTb PacCMaTPHBAEMOro NMPHOIMKEHHUs!
paBHa NPHOMIKEHHO aGCOJIOTHOH BeNHYHHE AnbdepeHuuasa
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GyHKIIH:
|Ay|~dy,

BBIYHCJIEHHOT'O JJISi COOTBETCTBYIOLIEr0 NpHpauieHus Ax.
OrHocHTeNbHAsL K€ TOrPElHOCTh NPHOJIHXKEHHO BhIpa-
KaeTcsl CJelylouM 06pa3oM:

Ayl gy -
|| ~|2| w=fe=o.
Mpumep 1. Ecau cuurate, 4to
38,00l ~ 3/ 8=2,

TO TIOTPEIHOCTb MPUOGIHAKEHHO paBHa JuddepeHnuany QyHk-
UM Y= x¥/3 B TOYKe x =8, COOTBETCTBYIOUIEMY TPHPAILEHHUIO
Ax=0,001:

dy =+ £~/ Ax =5 8-22.0,00] = 7

12 000°

Bonpoc o TOM, HaCKOJIBKO TOYHBI 3TH Hallll pacCykKAeHHus,
MOXKeT ObITb pElleH METOAAaMH, KOTOpble Mbl OyJeM ele H3y-
gath (cMm. § 4.14).

§ 4.8. JIpyroe omnpenejienHe KacateJibHOH

B cuayuae, korma mpousBonHasi f’ (X)) KOHeuHa, BO3MOMHO HaThb JpY-

roe, 3KBHBAJICHTHOE ollpejaeJsenHe KacaTeJbHOH.
3ajaguM NpoOH3BOJBHYIO MNpsaMyl L, y—yo=m (x—X,), Npoxoas-
wyio uyepes Touky A=(x,, (%)) kpusoit I': y=f(x). Ilyctb B =
IA = (x, f (¥))—pmpyras Toyka KpuBoit I
Paccrosinve oT B no L B HanpassieHHH

/8 7 OCH y paBHO
7 pW=If)—yo—m@x—xo)|. (1)

A P Ha puc. 48 p (x)=BD.
IIpamas L Hasvisaemes kacamens-
r noti k T' 6 mouke A, ecau
— X)= 0 (x—x). 2
i PR PW= o G—m) @
Puc. 48 Ecau npsimMast L ecTb KacarenbHas

K I' B Touke A B cMbIC/Ie IIepBOrO  OMpe-
nenenusi, 0 m={f'(x). Tak xak f nuddepeHunpyema, To

F0)—F (x0) =F" (x0) (x—x0) +-0(x—x0),  x—> o,
OTKy1a
P =1f ) —F(x)—F (x0) (x—x0) |=0(x—x), x—> xq,

T. e, npsaMad L siBasieTcA KacaTe/bHOH B CMbIC/IE BTOpPOro ONpene/IeHHA.
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O6paTHO, mycTb L sBASETCS KacaTeJbHOH B CMbIC/Je BTOPOTO OINpe-
nenenus. Torza (cm. (1) u (2)

p ) =|f@®)—F (xo)—m (x—xp) |=0 (x—x0), x—>xo,
WIH, 4YTO BCe paBHO,
O —F (x)=m (x—xo) 0 (x—x5) mpn  x—> xq.

310 nokasmiBaetr, uto byHKuMA [ gubdepeHUMpPyeMa B TOUKE Xo H
m=f! (xo). Ho Toraa L ecTb KacaTeJbHasi B CMBICJIe MNEPBOrO ONpeje-
JIEHHSI H ee ypaBHEHHe HMeeT BHJ

y—yo=F" (xo (x—xo).

3ameuanne, U3 crasaHHoro ciepyer, uTo KpuBas y=/ (x)
HMeeT KacaTeJNbHYI0 B TOYKe (Xg, f (%p)) TOrAa W TONBKO TOrAa, KOrAa
¢yukuus f nuddepeHunpyema B TOUKe X.

§ 4.9. MpoussoaHas BbICLIEro MNOPsSIAKA

[Tycte Ha unrtepBane (a, b) 3anana ¢yekuus f. Ee npo-
M3BOJIHAsA, €CJIM OHA CYIECTBYET Ha HHTepBaJe (a, b), ecTh He-
Kotopas ¢yHkuus f’(x). Mel ee Gynem ele Has3biBaTh nepeol
npousgodHoti. Ho MOXeT c/IyunThCsi, YTO nepBasi MPOU3BOXHAS
HMEET B CBOIO ouepelb MPOM3BOAHYIO Ha MHTepBane (a, b).
Dra nocnenHsAs Has3bIBACTCA 6Mopoll npoussooxod om f uiw
npouseodHoti om [ emopoeo nopadka W 0603HAYAETCS TaK:

)= ®=>F )" nm g =)

Boo6e, npoussodnol om ¢yukyuu f nopadka n Haset-
gaemcs nepsas Npou3so0Has om npousdsooHol om [ nopadka
n—1 u o6o3HauaeTcs TaK:

Fm (x) = (fn=v (x))' WM TaK: y'® = (y»~v)’,

Ecnin  peus uier o6 oOnpeleneHHOM (PHKCHpPOBaHHOM
3HAYEHHH X, TO CUMBOJ [ (X) 0GO3HAYaeT NMPOU3BOLHYIO A-TO
nopsiika ot f B Touke x. [ns ee cymecTBOBaHHS HEOGXO-
JIHUMO CYLIECTBOBaHHWE NpPOU3BOAHOH f”~1 He TOJILKO B X, HO
H B HEKOTOPOH OKPECTHOCTH X.

I[ITpumeph .
1°, ()™ = e*,
2°. (@*)' =a*Ina, (a¥)"=a*In%aq, ..., (@*)® =a*In"aq.

3°. (¢ =mx™-1, (x™)'=m(m—1)x""2,
ceey (X)W =m(m—1)...(m—n-41)xm"n,

Ecin m HatypanbHoe, TO, OYEBHAHO,
x™) ™ =ml n ()" =0 (n>m).



146 1. 4. AHOGEPEHUMAJILHOR HCUHCIEHUE
. . n
4°. (sinx)’ = cos x = sin (x+ 3) .

(sinx)" = [sin (x+ %)]' = sin (x+2-’2'-) ,

(sin x)'® = sin (x+n g—) .

5°. (cos x)® = cos (x+ n %) .

.

OnHako Janeko He Il BCSAKOA (PYHKUHH YyHaeTcs HaiTH
obuye ¢GopMyJibl AJS UX M-X TPOU3BOIHBIX.
YnpaxHeHnue. Mcnomp3ys Metol MaTeMaTHYecKoOH HH-
ILyKIHH, JIOKasaTb ¢opmyay (JlefiGHuina) IAasi TMpPOM3BOAHOH
n-ro nopsiika OT NPOM3BEAEHUS IBYX (YHKLHH:
n

(uv)™ = X} Chytn=ro®,
k=0

rie 4 U v UMEIOT NMPOU3BOAHBIE 10 NMOPALKA n BKJAIOYHTEJNDBHO,

g __n(n—=1...n—k+41) nl _
Cr = k! Tkl (n—R)1 ! Ot=1.

§ 4.10. Iuddepenunan BbicLIEro nopsiaka.
WHBapuanTHOE cBOicTBO AuddepeHunana
nepeoro nopsiika

Ecnu Ha untepBane (a, b) samaHa ¢yHkuus y=f(x), TO
ee, OYEBHAHO, MOXHO MpPEICTABUTb OECKOHEUYHRIM YHCJIOM
€noco60B Kak CJOXKHYIO (DYyHKLHIO

y=9¢(2), z=1v(x).

Takum o6pasoM, y MOXKHO pacCMaTPHBaTb Kak (YHKLHIO OT X
(y=f(x)) u Kak o¢yHkuuio oT 2 (y=9(2)), rie 2 B CBOW
ouepellb €CTb (PyHKuusA OT x (2 =1 (x)).

AprymeHT X MBI GyleM HasblBaTb He3A8UCUMbIM, TOAYED-
KHBas 3THM, YTO Ha NPOTSIKEHHH HALUMX PacCyXIEHUH x He
Gyner paccMaTpHBaTbhCsl KaK (PYHKLUHUSA KaKOH-TO MepeMeHHOH.
Apryment e z 6yneM HasbiBaTh 3asucumbim (OT x!).

Ouddeperunan or ¢yHkuuH y=f(x) B TOUKE X €CTb, KaK
Mbl 3HaeM, NpPOM3BENEHHEe MpPOU3BOJHOH OT [ B 3TOH TOUKe
Ha Ju¢depeHIHas HE3aBHCHMOrO NepeMEHHOro;

dy=T["(x)dx.
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3pech dx ecTb MpoM3BOJIbHOE uyucJo. OHO He 3asucum om X.
910 CKasbiBa€TCA B TOM, YTO NPOHM3BOAHAS OT dX IO X paBHA
HYJIIO}

(dx)" =0.

Huddepennuan oT GpyHKUUH HA3LIBAIOT eIlE nepsvim Oug-
epenyuarom.

Ilo onpenenenuto smopoim Ougpdpeperyuarom om GpyrKyuy
y=F(x) 6 mouxe x Hazvsaemcs Ouggepenyuar om nepsozo
Ougpeperyuara 8 amoili mouxke u 0GO3HAUACTCA TAK:

d*y =d (dy).

Uro6el BRIUMCIAHTD BTOpoit Auddepenunas, Hafo B3SITh
NpPOMU3BOJHYIO MO X OT npousBefeHus [’ (x)dx=dy, cuutas,
4TO dXx €CThb NOCTOsIHHAs (HE 3aBHcAUast oT x!), U pesyJibTaT
NOMHOXXHTb Ha dx:

dry=d[f' () dx]=dxd[f' ()]=F" () dx?.

Boo6me, no omnpeneneHuio dugpgepernyuarom nopsadka n
pynxyuu  y=7f(x) nasweaemcs nepsoii Ougpgepernyuar om
Ouppeperyuara (n—1)-e0 nopadka smoi yrkyuu 1 06o3Ha-
yaercsl yepes

dry=d (d"~1y).
Quesu aHo,
dry =™ (x) dx*, )

NoTOMYy 4TO 3Ta (hopMyJa BepHA mpu n =1, a ecjit JONyCTHTb,
YTO OHa -BepHa A n—1, TO

dry =d[f"=" (x) dxn=1] = dx*~1 d [f"~D (x)] = f»(x) dx".

Koneuno, mnsi cymectBoBaHHs JuddepeHnuaa nopsiaka n
GbyHKUMH y={(X) B TOUKE X HEOGXOAMMO, YTOGLI ORA HMeJa
npousBoiHyio f'* (x) nopsiAka n B 3TOi TOUKe.

B cuny (1) umeem

dry
Yo = fm (x) = T s )
T. €. npou3eo0Has n-eo0 NOpAOKa om (PYHKYUW Y no He3asu-
CUMOll nepemesHol X pasHa HACHHOMY Oom OeaeHus n-20 Oudg-
cheperyuara y Ha dx"=(dx)".

B nanbHefimeM Mel y3HaeM, u4TO ¢opmysa (2) HeBepHa,
ec/Ii B HEH He3aBHCHMYIO MEPEMEHHYI0 X 3aMEHHTb Ha 3aBH-
cumyio z (cM. nanee (4)).
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Mbl onpesenusu  AuddepeHinHans nepBoro u, Boofile
roBOps, BBICLIETO MOpPSiAKAa OT GYHKUHH y=f(X), TI€ X €cTb
Hesasucumas nepemenras. Ho ¢ynkumuio y, Kak - 3T0 -OblIO
OTMEUEHO BHILIE, MOXHO €lle 3aNMcaTb B BHJIE

y=9 ),

rie z ectb HekoTopass ¢yHkumus or x (2=Y(x), f(x)=
= @[y (x)]). Bosnukaer Bonpoc, KaKk BbIpaXKaloTCsl BBEJCHHLIE
HaMH JAuddepeHnyassl Ha s3blKe (3aBUCHMOH) NepeMeHHOH 2.

Hns nepeoro audgepeHunana 3TOT BONPOC pELIAETCA
CJEAYIOIUM 06pa3oMm:

dy=y,dx=y,z,dx =y, (z:dx) = y.dz.

Mel BuauM, uto audpepeHunans pyHKUHU y paBeH MpOU3Be-
LeHVIO €e NPOM3BOAHOH y, Ha dz:

dy =ydz, 3

T. €. nepebiti Ouggeperyuan pynkyuu y evipascaemcs no oo-
Hoti u motl oce opmyre He3asucumo om moeo, Oydem au Y
paccmampueamecs KoK @QYHKYUSL OM He3a8UCUMOU Nnepemer-
HOU X uau om 3a8ucumoti nepemenHoll z.

®dopma mnepBoro Audpdepenunana (cM. (3)) coxpaHsercs,
MO3TOMY TOBODPSIT, UYTO nepevili Ougeperyuanr umeem unsa-
puanHmnyo opmy WM €IIE UMeem UHEAPUAHMHOE CEOLCME0.

C nuddepeHnyansoMm BHICIIETO MOPsIAKA [eJ0 OGCTOHT YKe
He Tak. B camom jene, ecau paccMaTpHBaTh y Kak (DYHKLHIO
or z (=9 (2)), T0 noayunm (cm. § 4.7, (4))

d*y=d(dy) =d[¢’ (2) d2] =dzd (¢’ (2) +-¢" () d (d2) =
=9¢"(@)d*+9' (9)d*2. ()

B nocseaneM paBeHCTBE MBI NPUMEHHJIM HHBapPHAHTHOE CBOM-
cTBO mepBoro Juddepednuana, B cuay kKoroporo d (¢’ (2)) =
= ¢” (2)dz. Kpome Toro, yureHo uto d (dz) =d?z. Beanuunoii
d?z, BOOOIIE rOBOPSl, HeJb3sl MpeHeGperarb, Belb OHa OIpe-
Jensiercss paBeHCTBOM d%z=1" (x)dx*. [IpaBas ero wuacTb
paBHa HyJo (Aas Bcex x!) ToabKo, €cau P (x) ecTb JMHEH-
Hasi ¢ynxuusa (P (x) = Ax+ B).

Msb1 BuauM, uTO (BBIpaXkeHHasi uyepe3 z) ¢opMa BTOPOro
mnddepeHnnana He coxpaHuJacb—K 4YHCay ¢ (2)dz® poba-
BHJIOCh cJlaraemoe ' (2)d*z, BooOuIe TroBOpS, HE paBHOE
HYJIO. :
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§ 4.11. duddepenuupobane napaMeTpHyecKH SajaHHBIX
obyHkunh

ITycTb 3aBHCHMOCTH y OT X BbIpaXKeHa 4epe3 mapamerp i:

x=o(f)
ey S ) O

O1o Halo NOHMMAaTh B TOM CMBLICJIC, YTO CYyIIECTBYeT ofpat-
Hasg OYHKuMs Jasi GyHKIMH x=¢ ({) ¥ MOXHO HalucaTb
SIBHYI0 (pOPMYy 8aBHCHMOCTH Y OT X:

y=vle7* (0] @

ByneM uckaTb npousBOAHYIO OT y IO X 4Yepe3 MPOHM3BOI-
Hele OT X U y no {. Bygem ymnorpe6asaTh 0603Hau€HHS Yy,
Yer Xty oy X4y Yi, TA€ GYKBA BHH3Y O3HAUaeT, IO KaKOH mepe-
MeHHOH Gepercsi nNpoM3BOJHasl. B cuay HWHBapHaHTHOCTH
dopMbl AudpepeHnnana nepsoro mopsiika yy=dy/dx. Ho
dy=y,dt, dx=x;dt. [1osaromy

=% (xi50). 3
xt

Jlns npousBOZHOH BTOpOro Mopsiika MoJsyyaem

b_d o, dfy\_d [y \dt _ xiyi—yix 4
vi=gvi=gu(%) =@ (%) &=t 0

TTof0GHLIM 06pa3aoM MOMKHO MOJYUMTb (POPMYJIbI AJIS TPO-
M3BONHLIX y{® MO X MOpSAAKAa n>>2 uyepe3 IPOM3BOAHBIE OT
x 1 y no t.

§ 4.12. Teopembl 0 cpegHeM 3HAUYEHHH

Ilo onpenmenenuio ¢yuxyusn [ docmuzaem 6 mouke x=c
N0KANbHO20 MAKCUMYMO  (MUHUMYMQ), €CAL CYuecmeyem OK-
pecmuocme  amoti mouku U (¢) =(c—0, c¢+0), Ha xomopoii
BLINOAHAEMCA HePABEHCMB0

fO=fx) VxeU(o) 1)
(cootBerctBenHO f (x) =f(c) Vx€eU (c). 1"

JloKa/MbHBIH MAakCHUMyM HJIH MHHHMYM HasbIBaeTCsl 20KQ.b-
Holm sKkcmpemymom. TOUKa ¢ HA3BIBACTCH MOYKOL A0KAALHORO
aKcmpemyma.

3ameuanune 1. Ecmn ¢ynkuus f HenpepriBHa Ha oT-
pe3ke [a, b] n JocTMraer Ha HeM MaKCHMyMa (MHHHMyMa)
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B Touke ¢ € (a, b), TO, OUEBHNHO, ¢ ABASEICA B TO e BpeMs
TOYKOH JIOKaJbHOrO MakcHMyMa (MHHHMyMa) f. [lpyroe AeJo,
ecaH MakcuMyM (MuHUMYM) f Ha [a, b] moctHraercs B ORHOM
M3 KOHLUEBHIX TOUEK OTpe3Ka. Takas TOUKa He SBJfETCS
TOYKOH JIOKaJbHOTO MakcuMyMma (MHHMMYyMa) f, moTomy 4To f
\ He ONpeje/ieHa B INOJHOM ee OK-
y PECTHOCTH (CTpaBa OT Hee H cJe-
Ba).

Ha puc. 49 wusobpaxen rpa
¢uk GyHROUY y= f (x), HEApEpPbIB-
Ho#t Ha [a, b]. Touku x, U x;—
3TO TOYKH JIOKAQJBHOTO MHHHMY-
Ma f, a X;, X;— TOUKH JIOKQJbHOTO

Puc. 49. Mmakcumyma f. KoHeuHO, MOXHO

CKasaTb, 4TO b ecTh TOYKa JIO-

KaJIbHOTO OJHOCTOPOHHero MakCHMyMa f, a a—JIOKa/IbHOro
oxnHoctroponsero MuHuMyMa f. Ho a He ecTh Touka JioKajb-
HOr0 MHHHMYyMa, a b He €CThb TOYKa JIOKaNbHOIO MaKCHMYyMa.

Teopema | (Pepmal)). Ecau ¢yuxyus [ umeem npo-
U3600HYI0 8 mouke ¢ u OoCmuzaem @ 3Mmoil mouke A0KAAbHO20
skempemyma, mo [’ (c)=0.

HokasartenbcTBoO. [lns onpeneseHHoCTH GyleM CYu-
path, 4TO [ MMeeT B TOYKe ¢ JIOKaJbHH MakcumyM. [To on-
TEJleJICHHIO TIPOH3BOLHON HMeeM

e ——

of

I
|
|
I vz, 25

' in [C+A)—F (9
=1 e .
f (C) Axlily1 0 Ax

Tak xak y Hac f(c)=>=f(x) VxeU (c), To ans RoCTaTOUHO
Magbeix Ax >0

fe+an—1 @
— & <0

oTKyaa B mpefene npu Ax— 0 moayuum, uto
" () <0. 2
Ecau ke Ax <0, 10
f(c+AAx:—-f(C)>0,

nosTomy, mnepexoist K npeneny npu Ax— O B 3TOM Hepa-
BEHCTBE, MOJIyYaeM, 4TO

" ()= 0. )
M3 coornowenuit (2) u (3) Bhitekaer, uro f’(c)=0.

1) I1, depma (1601 —1665) —paHuysckuii MaTeEMATHK,
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Teopema 2 (Pomnsit)). Ecau ¢ynkyusn y={f(x) nenpe-
powsra Ha [a, b], dupgepenyupyema na (a, b)u f(a)=f(b),
mo cyuwecmeyem mouka &€ (a, b), makaa, umo f'(§)=0.

HNokasartenbcTBo. Ecom f mnocrosuea Ha [a, b], TO
ans Beex E€(a, b) npoussomuas [’ (§)=0.

Byzem Temepp cuurtatbh, 4YTO [ HenocTtosHHa Ha [a, b].
Tak kak f uempepbiBHa Ha [a, b], To cymecTByeT ToOWKa
x;€la, b], B KoTOpO#i { RocTHraer makcumyma Ha[a, b} (cm.
§ 3.5, Teopema 2) M cymecTByeT TO4yKa x,€[a, b], B KorO-
poil f nocturaer MuHuMyma Ha [a, b]. OGe TOukM He MOryT
GHITb KOHIEBHIMH TOUKaMH OTpe3ka [a, b], noTomy 4To MHaye

max f(x)= min f(x)=f(a)=/(b)

x€[a, b] x€{a, b]
u f Gbina Obl mocTostHHOH Ha [a, b]. CreldoBaTesbHO, OfHA
H3 TOYEK X;, X, NPHHALJEXKHUT K HHTepBanay (a, b). O6osHa-
yuM ee uepes . B Hell nocturaercst JIoKaJibHBIA KCTPEMYM.
Kpome Toro, f'(E) cyuiecTByer, noToMy 4TO 10 ycJoBHIO ' ()
cywecTByeT Aasi Bcex X € (a, b). Ilosromy mo reopeme @epma
f' (€)=0.

3ameuanue 2. Teopema Ponisi coxpansier cuiy takxke

AN uHTepBana (@, b), JHUb Obl BHIMOJHSJIOCH COOTHOLIEHHE
lim f (x) = lim f (x).
x—>a x—>b

x>a x<b

3amMeuanue 3. Teopema Poans tepsier cuay, eciau
xoTa Gbl B OfHOH Touke (a, b) f'(x) me cymectBver. Ilpu-
mep: y=|x| Ha [— 1, 1]. B Teopeme Takxe Hesb3s 3ame-
HUTb HENPEPBIBHOCTD Ha [a, b] Ha
HenpepulBHOCTh Ha (a, b). Tlpu- YA
MepoM sIBJIsIeTCs (PYHKUHS 7 \

_{ 1, x=0,
b= %0<xL1.

Touka x=0-—Touka paspriBa. L

3ameuanue 4. TeopeMma ¢ ¢
Poansi umeer npocrtofi reomerpu- Puc. 50.
yeckHil cMmbicsl. Ec/H BbIIOJIHeHbI
ycioBUsi TeopeMbl, TO Ha rpadure (puc. 50) ¢yHKUUH

y={(x) cymectByer Touxka (§, f(§)), KacatesbHas B KOTO-
poii napaJjiiesibHa OCH X.

Nf———
[ ) S—
&

1) M. Pomap (1652—1719) —¢panuy3ckuit MaTeMaTHK, AOKa3aBIUMi
9Ty TeopeMmy JAJIf MHOTGUIEHOB.
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Teopema 3 (Kowmwn). Eeau ¢pynxyuu f(x) u g (x) He-
npepoiensl  Ha [a, b] u Oupgpepenyupyems: na (a, b), u
g (x)#0 8 (a, b), mo cywecmeyem mouxka § € (a, b) maxas,
4mo

Fo)—F @ F @
0@ -g®" )

HNoxasatenbctBo. Otmerum, uro g(b)—g(a)%0,
TaK Kak B NPOTHBHOM CJjyuae, mo teopeme Posis Haumwach
66 Touka & Takasi, uro g’ (§)=0, uero GeITb He MOXKET IO
ycaoBHIo TeopeMsl. CocTaBHM BCI‘IOMOI‘aTeJleYlO (GYHKIHIO

F (0 =f )—F @—LP=LD [¢ () —g @],

B cuny ycnoBus Teopembl 3Ta ¢yHKuus F HenpepbiBHA
Ha [a, b], andcdepenuupyema Ha (a, b) u F(a)=0, F(b)=0.
Ilpumensin teopemy Poasis, nmosyuum, 4Tto CymieCTBYET TOYKa
E€(a, b), B koropoit F'(§)=0. Ho

’ f)—f(a)
F (X) f (X) g(b)—-g (a) g ( )
No3TOMY, NOJCTaBJsis BMECTO X TOYKY §, NoJyyaeM yTBepx-
IEHHE TEOPEMBI.

3ameyanue 5. B ¢opmyne (4) Kowm, Kak HeTpyaHO
BHJIeTb, HE o6s3atesbHO cuuTaTh a < b. Ho Torma [a, 0] u
(a, b) 0603HAUAIOT COOTBETCTBEHHO MHOXKECTBA TOYEK X, IJIsS
Kotopbix b<{x<{a, b<x<a.

Kak caencreue u3 teopembt Kowmw, mpu g(x)=x noay-
yuM Teopemy Jlarpanxa.

Teopema 4 (o cpennem Jlarpauxat)). [Mycme
pynxyus f(x) nenpeposna na ompeske [a, b] u umeem npo-
u3eoonyro na unmepsase (a, b). Toeda cywecmeyem Ha un-
mepease (a, b) mouka ¢, 042 KOMOPOU BOINOAHAENCS pABEH-

cmaeo
fO)—f@=0b—a)f () (a<c<b). (%)
Teopema  JlarpaHxka uMeeT NpOCTOH TIE€OMETPHYECKHUH
CMbICJi, €CJIH 3anHucaTb €€ B BHJIE

LO—T@ () (a<ec<b).

JleBas yacTh 3TOro paBeHCTBa €CTh TAHMEHC YIJIa HAKJIOHA
K OCH X XOpAbl, craruBaiomeli touku (a, f(a@)) u (b, f (b))

1) X. A, Jlarpaux (1736 — 1813) —dpaniyscKuit MaTeMaTHK,
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rpadpuka GyHKUMH y==f(x), a mpaBas 4YacTb €CTb TaHIEHC
yrjla HakJoOHa KacaTeJbHOH K rpaguky B HEKOTOPOH mpo-
MEXYTOUHOH Touke ¢ abcuuccod c € (a, b).

Teopema Jlarpan:ka yTBepKaeT, YTo €CJIH 4
KpuBasa (puc. 81) ectp rpaduk Hempe-
puBHOH Ha [a, b] ¢yHKuUHMH, HMetomeH
NpOH3BOAHYIO Ha (a, b), TO Ha 3TOH KpH-
BOH CYIECTBYeT TOYKAa, COOTBETCTBYIOIIASI

HeKoTopo# abcuucce ¢ (a <c<b) TaKas, Pz o 7 7
9TO0 KacaTesIbHasi K KPHBOH B 3TOH TOuUKe
napajijieJibHa XOpje, CTATHBAIOIIEH KOHIIBI Puc. 51.

KpuBo#i (a, f(a)) u (b, f(b)).

PapenctBo (5) HaswiBaetcs gopmyaot (Jlaepandca) Kowed-
Hoix- npupaujenuil. TlpomexxyTouHoe 3HaueHue ¢ yoo6HO 3amu-
ChLIBaTh B BHJE

c=a+40((b—a),

rie 0 ecTb HEKOTOPOE YMCJIO, YJOBJIETBOPSIOLIEE HEPABEHCTBAM
0< 0< 1. Torma ¢opmyna Jlarpanxka npuMer BHI

fO)—f(@=0—af (a+6(b—a) (0<O6I). (6)

Ona BepHa, OUeBHAHO, He TOJBKO AJsA a < b, HO u JJsi a = b.

Teopema 5. dynkyus, Henpepvisras na ompeske [a, b],
20e a < b, u umerowas Heompuyamesoryro (NOLOKUMEAbHYIO)
npouaeoauylo Ha uunmepease (a, b), He ybwieaem (cmpoeo
eo3pacmaem) Ha [a, b].

HetictBuTtenpHo, nycTb a << x; < ¥, < b; Torja Ha orpeske
[x;, x,] BHINONHSIIOTCS YCJIOBMS TEOPEMbI J]arpamxa INostomy
HalileTcs Ha HMHTepBaJje (x;, X,) TOUYKa ¢, AN KOTOpPOH

f(xa)'_'f (xl) = (xz_xl) f’ (C) (xl' <e< xz)-

Ecau no ycnoBuio f' =0 Ha (a, b), To f'(¢)=0 u

f(x)—F (%) =0; (7
ecan ke f'>0 Ha (a, b), T0 f'(c)>0u
f (xg)—F (%) > 0. (8)

Tak Kak HepaBenctBa (7) u (8) HMEIOT MeCTO, KakOBHI 6bl
HU OBbUIM Xy, X, THe a<{x, < x,< b, TO B mepBoM cjyuae f
He yﬁbIBaeT a BO BTOPOM f CTPOro BO3pAacTaeT Ha OTpe3Ke

[a, b
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ITpumep 1. BosBpatumcsi K npumepy 1 §_4.7, I8
Halo GbLIO ONeHHTh BequunHy A= 3/8,001— /8. Ipume:’
HUM Qopmyny Jlarpamxa K ¢yHKuHH P (x) == x1/3. Vimeem

A=1(8,001)—1 (8) = 0,001-9' () =0,001 - 5 x4, =

1 1 1
—_——_p—2/3 —_fR-2/3
=3000° """ < 30060 "* = 12000 *

B npumepe 1 § 4.7 ™Mb noayuusau TakoA ke pesyJsbTat, HO
ceffyac OH MOJIYUHJ MOJHOE OOOCHOBaHHE,

Mpumep 2. ODynkunsag y=shx= % (e*—e™%) wumeer
HeNpPepLIBHYIO IPOH3BOAHYIO

(shx)’:% (e*+e*)=chx>0 Vx€(— oo, ),

U o0JsiafiaeT CBOHCTBaAMH
lim shx=—o00, lim shx= 4 oo.

X—>-® x>+ ®

CiefioBaTeIbHO, OHA CTPOrO BO3PacTaeT H HemnpephiBHO AuG-
¢epeHuupyeMa Ha (— oo, oo) H orobpaxkaer HHTEpPBa
(— o0, o) Ha (— o0, 00). [TosTOMY OHa HMEeT OGpaTHYIO OLHO-
3HAYHYI0 HENpephBHO AuddepeHuupyeMyio ¢GyHKUHIO, 0603-
HayaeMylo Tak: x=Arshy, y€(— oo, oo).

Teopema 6. Ecau ¢pynxyus umeem Ha unmepsase (a, b)
npousgooHyI0, PABHYD HYAD, MO OHa nocmossHa Ha (a, b).

B caMoM Jene, Ha OCHOBaHWM TeopeMbl JlarpaHxka umeer
MECTO pPaBeHCTBO

FO)—F (%)= (x—x,) ' (©),

rie x, —(uUKCHpOBaHHasi TOYKa HHTepBanaa .(a, b), x—mpo-
M3BOJIbHASL €ro TOYKa (OHAa MOMXKET HaXONHThCS CIpaBa H
cjeBa OT X;) H C—HEKOTOpasi, 3aBMCHAlIAst OT X; U X TOYKa,
Haxolsmasicss Mexay ¥; U x. Tak Kak no ycjosHio ' (x) =0
Ha (a, b), 10 f' (¢)=0 u f(x)=f(x;)=C nas Bcex x € (a, b).

3ameTyM, 4TO B NPHBElEHHBIX TeopeMax ocsab/eHHe Ha-
JlaraemblX B HHX YCJOBHHl MOXET NPHBECTH K HEBEPHOCTH
yTBep:KAeHUH (cM. 3ameuanus 1, 2 x Teopeme Posns).

Onpenenenue. Bydem eosopumes, 4mo pynkyus y=f (x)
gospacmaem (yObieaem) 8 MoOuKe X,, €CAU CYUECHBYEM HUCAO
6 > 0 maxoe, umo

A A
_A%>0(K§-<o) npu 0<|Ax| <.
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OueBuHo, yto ecan dyHKuus f (x) Bo3pactaer (y6hiBaer) Ha
(a, b), To ona Bo3pacraet (yObiBaeT) B Kax0il Touke x € (a, b).

Teopema 7. Ecau f'(x)) >0 (<0), mo ¢ynxyua
y="F(x) eospacmaem (ybeisaern) 6 mouke x,.
Ay
Ax
3ajaB &> 0, MoxHO HafiTh Takoe & >0, uto f'(x,)—e <
< % <f'(x)+e& npu |Ax| <. Ilyerb ! (x,) > 0. Bass

e <[ (%), monyuaem, uto %>0 npu  |Ax| <8, T. e

¢yHKIHs f BO3pacTaeT B TOUKE X,.

3ameuyanue 6. Ecam dynruus f umeer npoussoanyio
W He y6niBaer Ha (a, b), To ' (x) =0 na sTOM uHTEpBaJe.
Ilpu cKasaHHBIX YCJOBHSIX HEBO3MOXKHO, 4TOObI B KaKOH-/HGO
Touke x € (a, b) npousBonHas oOT f GblIa OTpPHLATENLHOH —
3T0 6bl NMPOTHBOPEUHJIO Teopeme 7.

Ecan f uMeeT mpousBOJHYIO H CTPOTO BO3pacTaeT Ha (a, b)
W eCJIH Y HAac IpPYrux cBeleHudl o6 f Her, TO Bce PaBHO MPH-
IeTcs sakmounThb, uto [’ (x) =0 Ha (a, b), notomy uto cTporo
BospacTaromias (YHKIMA B OTAENbHBIX TOYKax (a, b) moxer
HMeTb NpPOW3BOLHYIO, PaBHyl0 Hyso. Takoi, Hanmpumep, fB-
asiercss pyHKuusa x%, cTporo Bo3pacraiomias Ha (— oo, oo)
u umetoulass npu x=0 NPOH3BOAHYIO, PaBHYIO HYJIO.

HoxkasatenbctBo. Tak kak f'(x,)= lim , TO,
Ax—>0

3ameuanne 7, Ecan OQynkuus BospacTaeT B TOUKe X,, TO OHa
He 06f3aTeJIbHO BO3PacTaeT B HEKOTOPOH OKPECTHOCTH TOYKH X,.
IIpamMepoM MoXeT CAYXHTb (QyHKIHS

0, x=0,
F(x)={ X !
T sin L x#0,
QOueBuHO, 4TO

X 1
——x%sin <
F’ (0)= lim — =3
x—0 x
u F (x) Bo3dpacraer B Touke x=0. OgHako 3Ta (yHKUHS He MOHOTOHHA,
y 1 1 . .,
TaK Kak npoussopHas F (x)=-§-—- 2x sin —x-+cos—x— B JIIOGOH MaJjoi

OKPECTHOCTH HYJs NPHHMMAeT KaK MOJIOMHTeJNbHbIE, TAK H OTPHIATEJb-
Hble 3Hauenus (cM. TeopeMy 5). s xp=1/kn (k=1, 2, ...) npu &
YeTHOM OHa paBHa 3/2, a npu k HeueTHOM OHAa paBHa — /2.

Teopema 8. Ecau ¢ynxyus f(x) vemnan (Hewemuas)
u Oupgeperyupyema na [—a, a), mo f'(x) neuemnasn (wem-
Haf) QyHKYuUA.
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HokasatenbctBo. Tak kak f(x)==f(—x) Vx€
€[—a, a], To mpousBojaHbIe JeBOA H NpaBofi 9ACTH TaKMKe
conajawot! f'(x)=—f'(—x), 1. e. f' (x)—HeuerHas QyHK-
uus. (AToT ke (PaKT MOXKHO JAOKasaTh, MCXOAs M3 ompeje-
JIEHHs] TIPOM3BOJIHOM.)

§ 4.13. PackpbiTHe HeompepejeHHoOCTedl

Bynem roBopuTb, YTO OTHOIIEHHE 2—((%- npejcrasJsietT Co60H
Heomnpe/leieHHOCTh BHJA % npy x— a, ecan lim f(x) =
XxX—>a
= lim g (x)=0. PackpniTb 5Ty Heomnpele/eHHOCTb—3TO 3Ha-
X—>a :
unuT Haitd lim f () , €CJIM OH CVIIEeCTBYeT.
x—>a g (x)

Teopema 1. IMyeme f(x) u g(x) onpedeseror u dugh-
heperyupyemsl 8 OKPECMHOCMU MOMKL X = A, 3a UCKAIOHEHUEM,
b6oimes moocem, camotd mouku a, lim f(x)= lim g(x)=0,

X—=>a XxX—>a

g(x) u g'(x)5=0 8 smoi oxpecmnocmu. Toeda, ecau cy-

. % . f(®)
wecmeyem xliﬂfz TGy Mo cywecmeyem xlin‘i TGy Y meem
Mecmo paseHcmeo

lim L9 jim L& (1

x>a 8K x5, 8 (@)

HdokasatenbcTBO. ByaeM cuutath, 4TO @—KOHey-
Hoe uucjo. (B cayuae a=oo cM. Huxke 3aMeuanue 3.) [o-
onpeienuM ¢GyHKUUM f U g B TOuke x=aq, noJjaras f(a)=
=g (a)=0. Torna aru ¢yHruuH GYAyT HENPEPHIBHBI B TOY-
ke a. Paccmorpum orpesok [a, x|, rie x >a wmm x<a
(cMm. 3ameuanue 5 § 4.12). Ha [a, x] dynkuuu f u g Henpe-
PHIBHBI, @ Ha (@, x) AUdpepeHIpYeMb!, TOITOMY MO TeopeMme
Komu cymectByer Touka § Takasi, 4to

fx)—f (@ ' (&) I _ @
Em—g@ 2@ E€(a, x) umn Zo5 =" -

Korza x—a, T0 U §— @, N0O3TOMY B CHJIy YCJIOBHS T€O-
peMbl MMeeM

FO _ e PO o 1@
Jim —ehfla G a ) @)

NpH YCJOBHH, YTO Npejes B NpPaBOH YaCTH PABEHCTBA Cylle-
CTBYET.
druM TeopeMa JoKasaHa.
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Bameuyannue 1. Ecou npesen cnpasa B (1) He cymecr-

BYETy TQ, HPEJes CJIeBa MOXET CYIIECTBOBATb.
_,Ii‘pum.ep 1. Tak Kak sinx = x, TO

1
x2sm7 1
lim — = lim xsin—=0.
x—> 0 mn x x>0 x
OnHako
1y o1 1
xzsin; 2x sin — —cos—
xll_r)llo- (sin x)’ _:l_r,no cos x

He CyLIeCTBYeT.

" (x
3ameuanue 2. Ecaun Brpaxenue )

g™
HeonpeJle/IeHHOCTh BHJA % u ¢yHkuuu f’(x), g’ (x) yAoBJIeT-
BOPAIOT YCJIOBHIO TeopeMnl 1, TO

S T WV e N 17
Jim oy = im o= m w6y

TpeNCTaBJIsieT

IIpun 3TOM 3TH paBeHCTBa HAJ0 MOHUMATb B TOM CMBICJe,
4TO €CJIM CYLIECTBYeT TPETHH npejies1, TO CYLIeCTBYeT H BTO-
poii ¥ mepBbIii.

Teopema 2 (%\ ITycmo | u g onpedesensr u Ougpge-
peryupyemol 8 oxpelcmnocmu mouky x = a, lim f(x) =

X—=>a

= lim g(x)=o00, g(x) u g (x)5=0 6 smoi okpecmrnocmu,
X—=>a

moeda, ecau
3 lim L9 o3 1im L8
x>a & ) r—>a E&)
u
tim L&) tim L

X—>a g(X) XxX—>a gl(x) )

Jloka3aTenbCcTBO TOH TeOpeMBI MbI HE TPHBOILHM.
3ameuyanune 3. Ecau a= oo, T0o 3aMeHa x = 1/f cBoquUT
nemo Kk a=0:

P e FOU o COMY ) (=)
Jim =10 g =1 @y = 1M iy e
e 1@

Jim
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Bripaxkaembie Teopemamu 1, 2 mpaBuia, B CHJIY KOTOPHIX
BLIYHCJIEHHE Mpefiesia OTHOWeHHs (YHKuu# Moxer OBITH CBe-
JIEHO K BBIYHCJCHHIO Mpelesia OTHOLIEHHS WX INPOH3BOLHEIX,
Ha3blBAIOT npasusom Jlonumass, 0O UMEHH MaTeMaTHKa, KO-
TOpHIA chOpMyHMpOBaJd 3TO NpaBHJIO, NpaBia, AJs BechMa
NPOCTHIX cJy4yaeB. BnpoueM, 3TO0 mnpaBH/IO OBLIO H3BECTHO
H. Bepnyanu no Jlomutans?t).

[Ipumep 2.

X

lim =—=0 Va>0, a>1.

X
X > ® a

(o]
3lecb MBI HMeeM HeomnpelesIeHHOCTb BUJAA (;) ITpumenss

npasusio Jlonutana k pas (k= o, NpH oo HATYpaJbHOM k=at),
HOJIy4uM
. X . 'cxa—k
lim —= lim

t>wo & x—»anax(]na)k

=0,

Mpumep 3.

lim ‘j" —0 Vo>0.

{0/
X—> o
®yHkuuM x* u lnx yAOBNETBOPSAIOT BCEM YCJIOBHAM Teope-
MBl 2, MO3TOMY

1
oux®

. lInx : 1)x :
lim —z= lim {z_,= lim
X -> ® x r—»aaax r—=> »

=0.

KpoMe pacCMOTpEHHBIX HeONpeNesIeHHOCTEH, BCTPeyaloTes
HeonpenesenHocty Buga 0-o00, 0° 00 oco—oo, 1%, onpene-
JIEHHE KOTOPHIX OYEBHUJHO. DTH HEONpeleseHHOCTH CBOAATCA

K HeonpeJeJIeHHOCTAM % HJH % asrebpauyecKMMH mpeoobpa-
30BaHHAMH.

a. Heonpedenennocme 0-oo (f (x) g (x), f(x)—0, g(x)—
— 00 MpH x— a). SIcHO, 4TO

Few=1z(g) nm fe=-FF(2)

o0

1) I'. ®. Jlonutaas (1661—1704) — dpannysckuit MaTematnk. M. Bep-
nyanu (1667—1748) — mBefinapckufi mMaTeMaTHK.
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[MIpumep 4.
lim x*Inx=0 Va > 0;

x=+0

1/x
“ax-ot

1
=—— lim x*=0.

x=>0

. . In .
lim x*Inx = lim == (2): lim
x>0 x>0 % L x=>0

6. Heonpedesenrocmu euda 1%, 0°, oo® pnist BhIpaXKeHus f&
cBoAATCs K HeompeneaeHHocTH 0-oco. CorsiacHO onpejeneHHIo
stoil pyHKuuM f&€=e&nf(f > 0).

Ecan

limglInf=&,
X=>a

TO
lim f&=ek.

X=>a

B. Heonpedesenrocme oo—oo (f(x)—g(x), f— -+ oo,
g— -+ oo npu x—sa). Jlerko BHIETb, 4TO

—

[—g=1—
T

§ 4.14. dopmyna Teiinopa?)
PaccMOTPHM NPOH3BOJIbHLIA MHOTOYJIEH CTENEHU Ai
M n
P,(x)=b,+bx+ ... +bx"= kzo byx*,
rie, TakuM o6pa3oM, b,—NOCTOSIHHBIE YHCJI2— KO3(pUIIHEH-

Thl MHorousneHa. Ilycth x,—Jo6oe (GHUKCUPOBAHHOE YHCJIO.
[Monarass x = (x—x,) + x,, MONYUUM

Po9)= 3 by[(r—xp)+ )

OTKYJa, BO3BOJAs B CTENEeHH KBaJpaTHHIE CKOOKH H TPHUBOAS
NOJI0GHbIE 110 CTENEHSIM X — X,, TOJyYHM BhIpaxenue Ajs P, (x)

1) B, Teiinop (1685—1731) —anrauiickuit MaTeMaTHR.
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B cJjenywouei dopme:

Pn (x)=ao +ag (x—xo)"" oo +an (x_xo)”=k§0 ay (x_’éo)k’

@
HA3bIBAEMOE pasaosceruem mHozounrena P, (x) no cmenenam
(x=—x,). 3nmecp a,, ay, ..., a,—4HCJa, 3aBHCALIHE OT b; H

Xo—KO3(OHIHEHTH pasJioXkeHHss P, M0 CTeneHsaM x—x,.
Hanpumep, a,=0b,+byx 4+ ... 4+b,x3. U3 (1) oueBuzno, uro
P,(x) Ha caMoM gene OT X, HE 3aBHCHT.

Hafinem nocnenoBartesiburie npousBonueie P, (x):

P, (x)=a;+2a,(x—x;)+ ... +na, (x—x,)"1,

Pr(x)=1-2a,42- Ba,(x—xo)-l— +n(n—l)a (x—x)""

P""(x)_l'Q:...kak+ +n(n—l) o
. (n—k+ l)an (x_xo)n-k’

o e + & & ° e s o e o & s s e e e & o

PM(x)=1.2...na,.

)

ITponsBoaHble mnopsifika Buileé 7 paBHB HyJao. Ilosaras
B dopmynax (2) u (3) x=x,, nosayuyaem
Pn (xg) =0y, Pn(x)=ay,
P (x)=12a, ..., PP (x)=Ra, ..., PP (x)=nla,

HJIN

)
g="t) o, 1, .., n), 4

rie Mol cuutaem Ol=1, P (x) =P, (x).
®opmyan (4) nokasbiBalT, YTO OAMH M TOT XKe MHOrO-

uieH P, (x) CTeneHu n MOXKHO Pa3JIOKHTb 110 CTENEHAM X—X,
€MHCTBEHHbIM 006pa3oM, T. €. €CJd Uil BCeX 3HAueHHH X

Pu(0)= 3 By (r—x)*= 3 B (r— x)"

rie B, u Pr—mnocrosiuuee, 10 PB,=Pr (=0, 1, ..., n).
Benb kak uncaa f,, Tak H B BBIYHCJSIOTCS MO ONHOH H TOii
xe ¢opmyae (4).
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B cuay (4) ¢opmyny (2) mMoxHO nepenuca'rb TaK}

P, ()=P, () + 220 (x4 B (e

Z_Z RGO (rh @)

dopmyna (2') Haseiaercs opmyaoii Teiiropa 01 mHozo-
urena P, (x) no cmenenam (x—x,). OrMeTuM, uTO npaBas
yacTh (2') GaKTHYECKH HE 3aBUCHUT OT X,.

[Mpumep 1. Ilyets P,(x)=(a+x)* u x,=0. Torma
B cuay (2)

PP (0
Pn (x)=kz k!( )xk'
=0

rze. B JaHHOM cJyuyae

PP (x)=n(n—1). (n—k+1)(a+x)“‘k,
P®(0y=n(n—1) ... (n—k41)a""*

H Mbl MOJYYHJIM U3BeCTHYIO GopMmynay 6uxoma Heromona

@+ x)r = Z n(n—1) k' (n—k+1) an=kyk, (5)

k=0

PaccMotpuM Tenepb sobyio ¢yHkuuio f(x), Kortopas
HMeeT HenpepLIBHbIE NMPON3BOJHLIE BCeX MOPSAIAKOB 10 (n-+1)-ro
B HEKOTOPOH OKPEeCTHOCTH TOYKH X,. Mbl MoxeM ¢opMasibHO
COCTaBUTb MHOIOYJIEH

%=X B2 (¢, (6)

KOTOpO#l HasbiBaeTCsl mHoeouseHom Telaopa n-ii cmenenu uiu
n-m muoeounerom Teiiropa Qynkyuu f no cmenensam x—x,.

Mtuorousen @, (x) coBnajaer ¢ ¢yHKUHed f(x) B Touke x,,
HO I1Ji BCeX X OH He paBeH [(x) (ecau f(x) He sBJseTCH
MHOTOuJIeHOM cTeneHu n). Kpowme Toro,

Qn (Xo) =F" (X0)y +++» Q7 (x0) =F" (xo). (7

ITosoxum

f (x) = Qn (X) +r, (x)' (8)
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®opmysa (8) Hocut Haspauue gopmyaot Tedropa 018 PyHk-
yuu f(x); r,(x) HasbBaeTCS OCMAQMOYHbIM HACHOM POPMYAbL
Teiiropa,— NOAPOCHEE, N-M OCHAQMOYHbIM HAEHOM (HOPMYASL
Teiiropa ¢ynkyuu f no cmenewam x—x,. DPyHRUUA 1, ()
NOKAa3kIBAET, KAaKYIO NMOTPEIIHOCTh MBI JOMYyCKaeM INpU 3aMeHe
f (x) Ha MHOrousen Teitnopa (6).

Haiinem Bripaxeuue 1as r,, (x) uepes npou3BoAHyto f*+1) (x).

B cuny 7) u 8) r,(x)=rn.(x)=... .—rﬁ{" (%) =0.
[MonoxuM @ (x) = (x—x,)**t. SlcHo, 9TO @ (X)) =0’ (X)="...
voo =" (x,)=0. Tlpumenss Tteopemy Korm K GyHKRIUAM
r,(x) n ¢ (x), 6yieMm uMmerb

n (%) —In () —rn (x0) —_ n (x1) — rr'l(xl")'-"r’l (xo) — In (x2)
P(F)  9W—9(x) ¢ ) 9 ()9 () 9" (xd
(ﬂ) (xn) (ﬂ) (x“)_,(fl) (xo) _ r;{l+l) (xn+1)

q>"” Cn) qa‘"’ () — 9™ (xg) — " FD (x549)

(% € (Xgy %) M Xpuq € (xg, Xp), k=1, 2, n).
HO (p(n+1) (x) =— (n + l)l’ r'(1n+l) (x) f(n+1) (x)__o f(n+1) (x)
CaneoBarebHO,

i n+1
ra ()= L2200 o ), ©)

Ile C=X,,;—HEKOTOpasi TOuKa, Jexamas MeXIy X, H X.
Takum oGpasoM, ¢opmyny (8) MOXHO sanucath B BHJE

(n+1) (c)

P = Z’ ) (et 4 20 (g, (87

dopmyna (8') nHasmBaerca dopmysoii Teilsopa ¢ ocratou-
HbIM UWeHOM B ¢hopme Jlaepanica.

Mul JoKasasn BaXKHYIO T€OpeEMY.

Teopema 1. Ecau ¢ynkyun | umeem e oxpecmrocmu
MOYKU X, HenpepoisHyro npouseoduyro f***(x), mo daa arobo-
20 x u3 smoti oxpecmuocmu Hatidemea mouka ¢ € (x,, x) maxas,
umo f(x) mooscro sanucame no ¢opmyre (8').

31ech ¢ SaBHCHT OT X H A.

Ecnn Touka x,=0, To dopmyay (8) HaswBaioT (bopmy/zou
Maxkaropena.

HMsBectHnt u Apyrue ¢GOpMbI OCTATOYHOrO ujeHa (GOPMYJIBI
Te#tnopa. Tak, Gosbuoe 3xHavenne umeer gopma Kowu

(%)= (x-—xo)";: (11—

07 pntn) (4,40 (x—1x,)),  (10)
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rre 6(0<6L 1) 3aBHCHT OT n M Xx. BeBoI 3T0lt hopMy.inl
6yzer jgan B § 6.5

Vmenbasi oxpecmoc'rb TOUKH X,, MOJYYHM, YTO MPOHU3-
BoAHas f'**¥ (x) ecTb HempephiBHasi QYHKLHS OT X Ha 3aMK-
Hymom otpeske [x,—©8, x,+8]. Ho Torna ona orpanuuena
Ha 3TOM OTpe3Ke:

[fr0(x) | <M, (r—0<x<Kx,+90) (11

(cm. § 3.5, Teopema 1). 3nech M, — MOJIOKHUTENBHOE YHCIIO,
He 3aBHCsIlEe OT YKa3aHHBIX ¥, HO, BOOGLie rOBOpPS, 3aBHCSH-
uee ot n. Toraa
[[@+D ()|
7 < —Gpr [ *—% "™ <
|x—x,| < 6.

My | x—xq|n+2

wror (12

HepasenctBo (12) MOXHO HCnoJMB30BaTh B ABYX LEJSX!
s Toro yToGbl MCCJeJOBaTh MOBeleHue r,(x) mnpu Gpukcupo-
BaHHOM 7 B OKPECTHOCTH TOYKH X, W IJIs TOrO, YTOGHI HCCJIe-
JloBaTh NOBeAeHHE 7, (X) MpU n— co.

Hs (12), HanpnMep, cJelyer, 4T0 NpH t’puKCHpOBaHHOM n
HMeeT MECTO CBOHCTBO

ra(X)=0((x—xg)"%), x— %, (13)

NoKasblBaollee, 4YTO €CJM 7, (x) pasfesuTb Ha (X—x,)”,
TIOJTyY€HHOE 4YacTHOE GYAET MNpPOJOJKAaTh CTPEMHTBCA K HYJIO
IpH X — X,.

B cuay (13) us (8') caeayem

F=3 B st bz, ()

drta ¢QopMyna HaswBaercss gopmyaoi Teiropa ¢ ocma-
MmounbIM 4aeHoMm 6 cmoicae [learo'). OHa npucnocoGsieHa s
H3yueHus] QyHKUUH f B OKPECTHOCTH TOUKH X,.

Teopema 2 (eanuncrBenHocTH). ITycmv odna u ma oce
ynkyus [ us pasauunbix coobpancenudl 0kasarace npedcmagreHHOd 8 Ok-
pecmnocmu mouKu xo 6 eude

F 9 =ao-tag (e—s0)+ ...+ (£ —20)" -0 (= £0);
() =botbs (e —x0)+ o by (5= x0)"+0 ((t—50)")- (15

1) O, Meauo (1858—1932) —nranbsuckuft MaTeMaTHR.
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Toeda
ap="by (=0, 1, ..., n). (16)
HokasarteabcTpo. Eciu npupaBHsaTh npaebie yactH (15) H
nepedTH K nNpefeny NpH x — Xy, TO NOJAYYHM a@o==b,. Temepp B 3TOM
paBeHCTBE MOXHO COKPaTHTb Ha (x—xo) (¥ # xo) H OnNATb MNepeHTH
K npelelly NpH x — xg. Toraa noiayunM a;=by. M Tak mnponoikaem
0 Tex Iop, MOKa MONYYHM Qp==b,.
[Tpumep 2. Mm 3naeMm, uTO
~ 1 +1
_xn
E xk=-1—;‘—- (x # l).
k=0
[TosTomy

xn+

n
u»(x)—-——Z b= Ko (). a7
k=0

C npyroit cTOpOHHI, Q)yuxuml P HMEeT B OKPECTHOCTH TOUKH x=0
IIPOU3BOJIHbIE JIOGOTO MOpsiKa, NO3TOMY JVIsS Hee HMeeT MecTo (opmyJa
Teiinopa ¢ ocratkoM B (opwme Ileano

n
P (x) =Z lp(_k;l(ﬂ xk+o (x':)). (18)
k=0 X =

Comnocrapasis dopmyanm (17) u (18), Ha OCHOBaHHHM TeOpEeMBl €IHHCTBEH-
HOCTH TIOJIyYHM

1=£El£9)— (k=0, l, see3 n). (]9)

IloBenenuio ocTaToyHOro uYJeHa (GOPMYJIBI Tepmopa npu
n— oo MOCBAIIEH CJEAyICIMEA naparpad.

§ 4.15. Pan Teitaopa?)

Bripaxenue
a,+a;+..7 8))
HJIH elne

Ms

akv (1 ')

rie a,—4Yucia, 3aBUCSLIME OT HHIEKCa k, HasbiBaeTcs pAadom.
Koneunbie cymmbl

k

[}
o

n
S,=Ya (1=0, 1,2 ...
k=0

1) H. Bepuyaau moayuun psifibl, KOTOpHe Mbl CBSI3BIBAE€M ¢ HMeHeM
Te#inopa, B 1694 r., a Teilnop monyunw1 ux nosawee—sB 1715 r, (cm.
Ussectus UMH AH, 1896, VII, Ne 4, H. $§I. Couun),
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HasbBaloTCs uacmudnemu cymmamu paja (1) @ma (1°)).
Ecsiu cymecTByeT KOHEUHHI Npejes
lim S,=S, 2)

n-—=> o

TO roBOpSIT, 4To psiA (1) cxomurcs K umcay S u HaswBaT S
cymmoti papa. Ilpu sToM mumyT

’

S=’§0ak=ao+al+a2+

Ecam npejen yacTHyHbIX cyMM S, (IpH 7n—s oo) psifia
(1) He cymectByer uau paBeH oo, To psii (1) HasbiBaercs
PACcXo0AUUMCR.

[Tycts Tenepp ¢yHKuHMs [ HMeeT NPOU3BOAHBIE JIHOGOTO
fopsilka B OKPECTHOCTH TOUYKH X,. [Mas Tako#i QyHKuuu
MOXKHO COCTaBUTb PS4 CJEAYIOLIEro BHJA:

) G o) L8O e 3)

HJIH KOpoue

I ) (o —x) 3

k=0

Jnsi KakIOro OTAEJBHOIO 3HAYeHHS X 3TOT Psii MOXKET
CXOIMTHCS MJIM PacXOAuTbcsi. MHOMECTBO TOueK X, IJsi Ko-
TOpHIX PsaA (3) CXOAUTCs, HA3bBAETCS 004ACMbI0 CXO0UMOCTL
atoro pada. HesaBncuMO OT TOro, CXOAMTCS HJH PACXOAUTCS
3TOT Psifi, OH HasbiBaercst padom Tedaopa pyHkuuu f mo cre-
neHsiM x—x,. Ecan x,=0, TO cooTBeTCTBYIOWHUA PN Ha3bl-
BaloT UHorna padom Makaopena.

Ocofplif MHTEpPEC NpPEACTaBAS€T TOT CJyyaH, Koria psf
Teiinopa ¢ynkuuu f no creneHsM (x—x,) CXOAUTCSI B He-
KOTOpPOil OKPECTHOCTH TOYKH X, M NPHUTOM K caMOH (yHK-
uuu f(x). Ecim 310 MMeer mecto, TO

Fix >—2. 00 ()t (€ (=D, %+0)),

T. e. ysruusa f(x) ectp cymma ee psina Tefijopa B Heko-
TOPOH OKPeCTHOCTH TOYKH X,, HHAye TOBOPSA, IS JIOGOro
spauenns x € (x,—90, x,+06). B sTom cayyae rosopsit, uTtO
pynkyua f(x) pasraeaemcs 6 pad Teiiaopa no cmenenam
(x—x,), cxo0aujudica K Hed.
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Teopema 1. Ecau ¢pynkyua f umeem wna ompeske
[xo—39, x,+ 8] npouseodnsie atwbozo0 nopadka u ocmamox -ee
dopmyaor Teliropa cmpemumcs K HYo npu n—s oo

lim r, ()=0  (x€[x—3, x,+ 6] (4)

n-—> o

Ha smom ompeske, mo [ pastazaemca 6 cxodsuyuics K Hel
pad Tedaopa Ha amom ompeske.

HoxkasarteanbctBo. Ilycth dynkuus f umeer Ha oOT-
peske [x,—08, x,+4 8] mpousBonubie JroGoro nopsiaxka. Toraa
3TH NPOU3BOJHBIE HerpepuiBiabl Ha [x,—0, x,+ 3], motomy
4TO, €c/M [ MMeeT MpousBUAHYIO [ Ha [x,—S, X, 6], TO
npou3BogHas f*~1 penpephiBHa Ha [x,—0, X, 0]

ITostomy Ans Hamed ¢QyHKOMH HMeeT CMBICJ ¢opMyJa
Tefisiopa

=2 LW e xpbr, () Vn, x€[x,—8, x,+6].
k=0
Torna B cuny (4)

lim 3 2o (r—xp)t = lim [f () —r, ()] =

n->® koo
=f(x)—nlilnaz Ty (x)=f(x),

T. €. B 3TOM CJiyyae MHorouseH Teljopa ¢yHkuMH f(x)
(no cTemeHAM X—X,) CTPEMHTCS NpPH f— 0o K caMoi (DyHK-
THH:

lim Y, &)ﬁx—")(x—xo)"=f(x) (x€[%—S8, x,+6]). (5)

n->®p=(

A st0 osmauaer, uyto psa Tefinopa ¢dyHruMH f(x¥) cxomuTcs
Ha [x,—8, x,+ 0] u umeer cBoe#t cymmofi f(x):

f(x)-—?:o’—‘f;,#,fﬁ(x—xov (x €[%—8, %+ 0]).

Teopema nokasaHa.
Cnenyomas TeopemMa faeT MPOCTOH JAOCTATOYHBI KpHTe-
‘puil cXofMMOCTH ocTaTKa (popMmyJsi Tefiyopa K Hyumo.
Teopema 2. Ecau ¢pyukyua [ umeem na ompeske
[#,—86, x,+ 8] npouseodusie awboeo nopsadxa, oeparudertsie
00Hum u mem ogice uucaon (|f'».(x)|<M, n=0, 1, 2, ...,
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Xo—0L x < x, $8), mo oemamok ee opmysrsr Tetinopa
Ha SMOM OMpesKe CMPEeMUMCS NPU N —» 00 K HYO:

n-—>wo

HoxasarteabcTBO. Bocrnoab3oBaBumce  ¢opmysol
Jlarpan:a OCTaTOYHOrO YJieHa, INOAYYHM

—x, |p¥1 M.§n+1
e R e B i)

(CEMXo %)y MZ[f"*V (0] Vn u |x—1x,] <9).
Tak kak npasasi uacTb (7) CTpEMHTCS K HYJIO NPH N — 00
(cM. § 2.5, (5)), To umeer mecro (6).

§ 4.16. Qopmyas: u paaer Teitaopa
9JieMeHTapHbIX (GYHKUMi

1. f(x)=e* 3ra Qpynxkuus Geckoneuno Audepenuupyema
(uMeeT NPOM3BOJHLIE JIOGOro Mopsiika) Ha (— oo, oo). Ilpu
3TOM

f(k) (x)__: ex, ﬁ(k) (0) =1 (k —_ 0’ l' e )’ f(n+1) (C) = e°,

®opmyna Teitnmopa ¢ octaTouHBIM 4sieHOM B ¢opMe flarpamxka
HMeeT BHA

_Z i +I' (X), r, (x) __l)i" CG(O, X), (1)

rie x MoxeT ObiTb NOJIOKHTEJBHBHIM. H. OTpHLATE/NIbHEIM. Ha
orpeske [—A4, A], A>0,

eAAn+1

|rs (O < T

D10 nOKaskIBaeT (CM teopeMy 1 § 4.15), uro QyHKUMSA €*
pasnaraercs Ha [— A, A] B cxoasumwmfics k Hedl pan Tei-
JIopa IO CTEMEeHAM X (p;m MakJiopena);

i R
X
=24 g @)
k=0

—0, n— 0a. 2)

Ho A>0—npou350anoe UHCJIO, [OSTOMY 5TO PAaBEHCTBO
MMEeeT MEecTO Ha BCEH JAEHCTBUTEJbHOH OCH (xe(—oo 00)).
B nanHom cayuae |[fP(x)|=|e*|<<e? (=0,

Ha orpeske [— A, A], # uTOGH NOJYYHTD paBeHCTBO 3),
MOXHQ OblJ10 Gbl BOCMOJIb30BaThCs TeopeMmoi 2' § 4.15.
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BrmucanM uucso e ¢ TouHocthio jo 0,001. Mimeem (cm. (1))

e=k§_‘.0%+r,,<1>, 0)
rane

Hano nono6path n HacTOJABKO GOJBLIMM, YTOGH
r,(1)=——r yrEm +1)l 0,001 @O<c<]).

Tak kak e° <3, TO IJs 3TOro JHOCTaTOYHO peIUUTh Hepa-
BeHctBo 3/(n+ 1)1 <{0,001. OHo BhNONHsETCS NpPH h =6,
CienoBaTeNbHO,

1 1 1
e%2+ﬁ+-§!—+...+ﬁ=2,718

¢ toudocteio 1o 0,001,

ITpumeuanue. Tak kak 1<e<3 npn 0<c<1, To mpu
n>2 e°/(n+1)=0, rae 0 < 0 < 1. IlosToMy paBedcTBO (4) MOXKHO
SanucaTh B CJAENYIOLIEM BHJE:

n
1 0
=2t

dta dopmyna Geia mcrmonb3oBana (B § 2.6, dopmyna (3)) ans po-
Ka3aTeJbCTBa HPPAllHOHAJIbHOCTH YHCIA e.

2. y=sinx. laHHass QyHKUHS HUMEET MPOH3BOAHYIO JIO-
6oro nopsjKa H

l(sinx)<k)|=|sin (x-l—kg—)|<l Vk.

TNosromy mo Teopeme 2 § 4.15 ¢yukuus sin x pasnaraercs B
cXonsiuMicss K HeH Ha (— oo, oo) psif Teitopa no crene-
HAM X

(—1)k x2k+1

. x3 xb =
smx=x——3T—l—-ﬁ——... =2 W.

k=0
Hagno yuectb, 4yTO
[ 0 npun=2k,

H (n) 1 -——=
(sinx)'® | ._,=sin 1(_1),; npu n=2k41.
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®opmyna Teitnopa (pyﬂxunn sinx Mo CTeneHsIM X UMeeT BUI
sinx = x——+ coo (=1 1)! +r,v(x), (6)
rie
r,,v(x)=@—’fj§%,-sin (ex+ v+ 1)%) 0<6<l).

Orciona caenyer, 4rto
Tay (%) =0 (x™)
x=>0

sinx=x—=r +... 4 (—=1)v+? (2 l)l +o(x2")

v —

3. y=cos x. CoBeplLIeHHO aHAJOTHYHO MOXHO IOJYYHTb,
4TO

x2 x4
COSI=1——ET+T—...—Z( (2k)| .
o : sinx—x
MMpumep 1. Haiitu lTlOT-
Hwmeem
sinx= x———+o(x ), )
N03TOMY
sinx—x 1 o) 1
s = 31 B 1+°(1)_’- 3T
x—>0 -
T. €.
. slnx—x 1
Jim S ==
Ha camom nene B (7) ocratok wumeer Bui o(x?). Ho mas

x—>0
HalMX ILieJied AOCTAaTOYHO o(x3) Hano umers B BuAy, uTO

€CJIH HEKOTOpas qZ)YHKIIHH OT X €ecTb o(x4), TO OHAa €CTh
Takxe 0(x*?) (Ho BooOuie He HaoGopoT!).

x—>0
4. dynxyus f(x)=In(l+x) onpemenena H CKOJBKO
yrofso pas audpdepenuupyema ana x > —1. [Tostomy ans nee
¢dopmyay Tefiopa MOXHO HanucaTh AJs Jwoboro n=1, 2, ...
npu x> —1. Tak kak
(—=1)r+1 (n—1)!

f('”(X)= 9" f(n) (0)___.(___1)n+1 (n_l)y’
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10 (popmysa Teltopa umeer BHR
x2 xn
— Y —— 1 = 4
In(l+x)=x—5+... +(—=l)"*'—+r, (x).

Hcnonbsys ¢opmbl Jlarpamxka v Komm ocratoyHoro ujena,
MOXHO MOKas3aTh, YTO

lim r,(x)=0 nmpn —1<x<I.

n =»oo

B camom nene, ucnonbays ¢opmy Jlarpanxa ocTaTOYHOro uJieHs,

AMeeM IS 0<x< 1:

n+1 1
7 ) =57 AR ST 0 (e 0<0<ly

HCHOJIb3YS (bopmy Kommn octaTouwnioro uiesa (cm. § 4.14, (10)); Hmeem
(1—on

ama —1<x <0
[xlntt ( 1—8
TF09)77 T | ST=7] l+9x) <

lrn (%) |=| (=1)rxn+1
AXL s 0  (r— e, 0<0<1).

[Mosromy ¢ynxuust In(l--x) pasnaraercs B yKa3aHHOM
npomexkytke B psl Teityiopa mo cTeneHsM Xx:

®

In(l4+0=2, ()% (—1<x<).

k=1
5. ®ynxyus f(x)=(14x)*. dna sroit dyHKuuH
o () =m (m—1) ... (m—n-1) (14 x>,
fm0)y=m@m—1)... (m—n+1).

®opmyna Tefisjopa Mo CTENEHSM X UMEET BHA
(4nr=14me+ 20D oy
+ m(m—1) ... (m—n-1) xnder, (%).

nl

LY

MoxHo JOKasarh, 4TO MpH JOGOM m
Iim r.(x)=0 (—l<x<]).

HosroMy Ans /io60ro AEACTBUTENLHOrO 7 HMEET MeCTO pas-
JIOXXEHNE (IJYHKIIHH (14x)= B pan Teistopa no crenessm x

(1+x)m—1+§: mEoh - Bkt g (1<)
®)
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Ecau m natypanshoe, To ¢ynknua (14 x)” ectb MHOro-
wied. B stom caygae r,(x)=0 mas n>m, u psax cnpasa
B (8) mpexctaBmsieT cOGOH KOHEUHYI0 CYMMY-—MHOTOUJIEH
Teitnopa (cm. § 4.14).

Mpu x= 41 nccnenoBanne NMOBeAeHHS OCTAaTOYHOTO WieHa (B dopme
Komn maum Jlarpanxa) rtpe6yeT Goiblunx ycuaufl. OTMETUM JHIIb, YTO

fipn x=1 psax Tefropa (8) cxomurcs npu m > —1; a npa x=—1 n1a
m > 0.
Mpusenem uactHele cayyau psana (8) mpw m=—1, m=%:
1
=1— 2—..¢ —1)n xn LY -
= l—x-x -+ (—1)n xn4- (—l<x<)

— OOBIKHOBEHHAN reome'rpmecxaﬁ HpOl‘peCCHH,- pacxo;mmaﬂcn Ipn
x=41;

S 1 1 1
V1+x=1+?x—§x=+ﬁx3—
_.]_g§x4+”_+(_1)n—1.@f§’_l_”3.w.xn+." (—l<x<l);
3fiech psA ClpaBa CXOAHTCA mpH x=+1.
[Mpumep 2. Bruucauts npegen (ms&<n, m=~=0, n5=0)
— S 1* _ X
”lyl+x:'i/l+x= lim + m +o@) (l—}-n—]-o (x))

X

lim

x>0 x>0
11
(=)o@
. m n [/ 1 1) 1 1
= * = lim [ (G—%)+om] =55
Mpumep 3.

_x 7 (1
Hmmwwfwmgmm*2““>?+wﬂm=
2=>0 * x>0 x

1, )
_ (?—}—a) x2--o0 (x?) . 1
= lim - 'ﬂfﬁ&‘f—“+“n]_
1

a.

x|

§ 4.17. JlokansHbilt sKkcTpeMym QYHKUHM

Onpepenenne JIOKaJALHOrO KCTpeMyMa ObIIO JAHO B Ha-
gagie § 4.12. OueBujaHO, eMy MOXHO NPUAATb H CJAEKYIOULYIO
‘bopmy.
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Dynxyun y=_[(x) docmueaem 8 mouxe ¢ N0KAALHO20 MAK-
cumyma (MUHUMYMA), ecau MOX¥CHO yKkadame makoe & >0,
umo ee npupaujerue Ay e mouke c ydossemeopsem HepageHcmey

Ay=Ff(x)—f(@)<0  Vxeg(c—§, c+9)

(cootBercTBeHHO Ay=f(x)—f(c)=0 Vx€(c—96, c+9)).

Ilo Teopeme depma (cm. § 4.12), ecn dynkuus f nocru-
raeT B TOYKE X, JIOKaJbHOTO 3KCTpeMyMa H B 3TOH TOUKe
npousBojHas f'(x,) CyIeCTBYeT, TO MOCJNEAHsis paBHA HYJIO:

[ (%) =0.

[To onpenenenuio TOYKa X, Ha3bIBAETCS CHIAYUOHAPHOL
028 Qynkyuu f, ecim B Hell MpOU3BOAHAs OT [ CylleCTByeT
u paBHa Hymao (f' (x,)=0).

Ecsn 3ajaHa Ha HEKOTOpOM uHTepBase (a, b) pyHkuus f
M Hallo HalTH BCe €e TOYKH JIOKAJbHOIO SKCTPEMyMa, TO HX,
OYEBH/IHO, HANO MCKaTb CpEJH, BO-MEPBBIX, CTAUHOHAPHLIX
TOYEK, T. €. TAKHX, B KOTOPHIX MpPOH3BOAHAs [’ CyllecTByeT
H paBHa HYJIO M, BO-BTOPHIX, CPeJAU TOYEK, Fle f He umeer
NPOM3BOJHOH, €CJIM TaKOBLIE Ha camMoM Jeje umerorcs. Cra-
[MOHAPHbIE TOYKH HAXOAATCH M3 ypaBHEHUS

[ (x)=0, (M

KOTOpoe Halo pemnTh. KoHeuHo, He BCsKas CTalHOHApHas
TOUKa (YHKIMH [ €CcTh TOYKA JIOKAJBHOTO 3KCTpeMyMa f.

Ycaoeue (1) siBasiercss HeoOxoOumbim IJisi TOTO, UTOGHI
JvgdepeHnypyemMas ¢(yHKUHS [ UMeJa B TOUKE X JIOKAJbHBIH
3KCTpPEMyM, HO HejocrarouneiM. Hanpumep, x=0 ectb cTa-
I[MOHapHas Toyka (yHKHUM X3, HO B HEH 3Ta (pyHKUUS BO3-
pacraer.

OueBHIHO TaKxKe, YTO HE BCAKAs TOYKa, TAe [ He HMeeT
[POU3BOJHOH, €CTb TOYKA JIOKAJbHOTO 3KCTpeMyMa f.

Tax uau WMHaye, €cJM HAM Yyxe H3BECTHO, YTO X, €CTb
CTalMOHApHAas TOYKA HJH TOYKa, /e NPOHM3BONHAS OT [ He
CYIIECTBYET, HAM HYXKHBH KDHTEPHH paclo3HaBaHusi, GYyHeT
JIM JeHCTBUTEJIBHO 5Ta TOYKA TOYKOH JIOKAJbHOIO SKCTPEMyMa,
a ecau GyJeT, TO KaKOro—MakCHMyMa MJM MHHHMyMa.

Hurke MBI NpPUBOAMM HOCTATOYHBIE KPUTEPUM JIOKAJBHOTO
3KCTPEMyMa.

Teopewma 1. [Iyeme x,—cmayuonapras mouxa pyHk-
yuu f (m. e. f'(x)=0) u [ umeem smopyio nenpepolsryto
npousgooHyro 8 oKpecmuocmu x,. Toezda:

ecau " (x,) <0, mo x, ecmo MmouKa A0KAAbHO20 MAKCU-
myma f;
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ecau e f'(x,) > 0, mo x, ecmo mouxa a0KarbHO20 MU-
Humyma f

HokasateabcTBo. PasmoxuMm [ no ¢opmyne Tef-
Jopa 1o creneHsM (x—=x,) npu n=1. Tak kak [’ (x,)=0,
To opmyna Teitsmopa ¢pyHKUHH f B OKPECTHOCTH TOUKH X,
HMeeT BHJ

FO=Fr)+ES2 () €t ). @

B sroit popMysie MOKeT GHITb X= X,.
[Tycrs f"(x,) < 0. Tak kak npou3BojHas f’ MO YCJAOBHIO
HempepeiBHA B OKPECTHOCTH X,, TO Haiizercsi & > 0 Takoe, uro

['(x) <0 Vxg(x,—3, x4+ 9).
Ho Torza ocratounnifi usnen B ¢opmyJse (2)

X () <O Vx€ (%,—8, x,+9),

YTO IIOKa3biBaeT, 4YTO
Ay=F(x)—F(x) <0 Vx€(x,—8, x,+9),

T. €. [ UMeeT B X, JIOKaJbHbIA MaKCHMYyM.

Awnanornuno, ecan f’(x,) >0, 1o f"(x) >0 B HekoTopo#
oKpecTHocTH X, H f”(c) > 0. TTosToMy ocTaTouHbIl YseH dop-
MyJael (2) B OKPECTHOCTH X, HEOTPHUATENbHHI, a BMecTe
c HUM H Ay=f(x)—f(x) =0, T. e. f umeer B X, JIOKaJb-
HBI MHHHMYM.

[MTpumep 1. y=x+5, y' =2x, x=0—craunonapuas
Touka;, y'=2>0 nna BceXx X, CJENOBATEJBHO, © B TOUKE
x==0. 3Haunt, B TOuYKe X=0-—JIOKaAbHLIH MHHHMYM.

3ameyanue 1. Ecmm

['(x)=0 n f"(x)=0, ®)

TO QYHKUHSI f MOXKET MMEeTb M He HMETb 3KCTPEMyMa B X,.
Hanpumep, ¢ynkunu x® ¥ x* yIOBJIETBOPSAIOT yCJOBHAM (3)
B Touke x,=0, HO mnepBasi M3 HHUX He MMEeT SKCTPeMyMa
B 9TOH TOYKE, a BTOpas—HMeET, a HMEHHO, MHHUMYM.

Teopema 2. Tycmo f' (x)=["(x)=...=[" (x,) =0
u f¥Y(x,) %0, u HenpepoigHa 8 OKpecmHOCMU MOYKU X,
moeda: -

ecau (n+1)—uemnoe u f"*+0 (x,) <0, mo f umeem ¢ x,
JOKQNbHbIL MAKCUMYM,

ecau (n=1)—uemnoe u ¥V (x,) >0, mo f umeem ¢ x,
NOKQNbHbIL MUHUMYM;
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ecau (n4-1)—newemnog u f»+V (x,) 50, mo f 3asedomo
HE umeem 8 X, A0KAAbHOZ0 SKCMpEMYMA.

Ilora3aTeabcTBO 3TOf TEOPEMbl CHOBAa OCHOBAHO Ha INpH-
MeneHHH topmysel Tefnopa. Himeem

FO—F () =D 0 Q) €y B). ()

B cayuae, ecsn (n+ 1)—ueTHoe, paccyxJiaeM B TOYHOCTH TaK
ke, Kak B cayuae c¢opmyant (2). Ilycte Teneps (n-+1) —
HEUeTHOe, M MYCTb, KaK GHJIO IPEANOJOKeHO, f*+Y (x,)5=0.
BesegcrBue nHempepuiBHOCTH f*+1) B OKPECTHOCTH X, CYIUECT-
Byer uHtepsan (x,—0, x,408), Ha KoropoMm f#+1) (x) coxpa-
asier 3Hak f**+V (x,). Ecom x 6yIer Bo3pacTaTh B OKpECTHO-
CTH X, CJIeBa HAmpaBo, TO (X¥—X,)"**! npH nepexojie uepes X,
nepeMeHUT 3HaK, a f**V (¢) GyneT cOXpaHATh ONUH M TOT Ke
3HaK. DTO HOKasblBaeT, YTO nHpasas uacTh (4) u, craenoBa-
tenpHo, Ay=F(x)—f (x,) npu mepexoze x yepe3 X, MeHsSeT
3HaK ¥ SKCTPEMYM B X, HEBO3MOXKEH.

Teopema 3. [Tycmo dynxyus f Henpepoiena Ha ompesxe
[#,—98, x,+8] u umeem npoussodnyro f’(x) omdesero Ha
unmepeasax (x,—90, x,) u (x4 x,-+06). Hpu smom

Fx)>0 (K0) na (x—"5, x,), (5)

FOKO (30) na (x, x+9). ®)
Toz0n x, ecmo MowKa JNOKANLHO20 MOKCUMYMA (MURUMYMA)
pynkyuu f.

3pece He ofsisaTeNLHO mnpenmnoJsaraercs, 4to f'(x,) cy-
HIECTBYRT.

HoxasarteancTso. M3 HenpepwBROCTH f HAa OTpeske
[x,—38, x,] u cBofictBa (5) cmenyer (cM. teopemy 5 § 4.12),
uTo f He yObIBa€T (HE BO3pACTAaeT) HA 3TOM OTpPE3Ke H, CJe-
JIOBATeJBHO,

F()—Ff(x)=0 (K0) zas x€[x,—8, x]. (7)

A wu3 wempepwmBrOCTH f Ha [x,, %x,-+6] ® cBofictBa {6) cie-
ayer (cM. Ty ke Teopemy 5 § 4.12)

F)—F(%)<0 (Z0) ana x&[x, %+86. @)
Ho rtorna us (7) u (8) caenyer:
FO<Fx) (FE2F(x%) Vxe[x,—95, x,+8],
H MB JOKasaju TeopeMmy 3.
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Teopema 3 yTBepiKIaer, 4TO €CJH MepBas NPOH3BOZHAS
¢yHKUHH f NpH nepexole yepe3 TOUYKY X, MEHsieT 3HaK, TO f
MMeeT B TOYKe X, MAHUMyM (pHuc. 52), eCliM 3HAK MeHsieTCs
(npu Bo3pactanun x!) ¢ — Ha -}, ¥ Makcumym (pue. 53),
ecmm OH MeHserca ¢ -+ Ha —. IIpu sTom He oGssarenbHO,

¥

Puc. 52.

utobet f' (x,) cymecrsoBana. Ho tpefyercs, wroGel [ Gbina
HenpepeiBHA B TOYKe X, | paccMotperb OYHKUHIO [(x) =

={ 14x, x<0,>

—x, x=0/"
MMpumep 2. Dynruus =115 lx,x Y Z"?-"Sﬂ—)* Mmnt
BHIuM, uto ¥ >0 npu x <0, ¥’ <0 npu x>0 #, Kpome
TOro, y HempepnBHA B ToUke x==0, Mo3TOMy mO Teopeme 3

(yHKOHS Y WMeeT JIOKaJbHHEH MakCHMyM B Touke x=0.
Ipyrux JOKaJbHBIX 3KCTPEMYMOB (YHKLHS He HMeer.

Mpume p 3. Oynruns y=2—x’(l—sm --) x#£0), y0)=

Hemnpe (f)bIBHa B TouKe x=0 K HMeeT JIOKAIbHHHA MaKCHMyM: ¥ (X) <2._

==y (0), vx. OxgHaKO Heab3s 8610eaUMb OKPECMHOCMD MOYKU x=0 Tax,

uto6bl B Helt mpu x < 0 QyHROHS BospacTana; a mpH x > 0 ydbmana
B camom pene,

1 1
Lg—— ] — - | — e .
Y= 2x(l sinx) cos—~ (x = 0),

2—x3 <l—sln —r-)—2
x

¢ (0)=lim =—1limx (n_sml)=o,
X0 X

X X=0

1 .
[pu Manbix X craraemoe 2x (l—sln -x—) Kak yrogso Mand, no3aToMy

8HAaK TpOM3BORHOR y’ 3aBHCHT OT cos —. IMIpy x—-0 €OS — NpHHH-

MaeT sHaueHHs <1 CKOJIbKO yropHo pa3. 3HauMT, BO BCAKOH OKpecT-
HOCTH TOukH Xx=0 ¢yHRURS KoaeGriomascs.
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Teopema 4. Ilyeme ¢ynkyus f yoosremeopsem ycio-
suam ' (x)=0 u f'(x,) >0 (<0). Toeda f 6 mouxe x,
umeem A0KAAbHOUWE MUHUMYM (MAKCUMYM ).

HokasateabcTBO. Tak Kak

' ()«

= lim -——=}
X— X

XX

]c/l (x ) f (X) f (xo) > 0

’
X,
TO Ha OCHOBAaHHH Teopembl 2 § 3.2 ;f—(xl- >0 B IOCTaTOYHO
— X0

MaJjioil OKPECTHOCTH TOUKH X,, T. €. f'(x) <0 pag x < x, "
f'(x) >0 nna x> x,. Ilo Teopeme 3 3aksiouaeM, 4TO B TOUKe
X, JokajabHei MuHuMyM. Cayuait [’ (x,) <20 wuccienyercs
aHaJIOTHYHO.

3ameuanue l. Teopema 4 conepxut B ceGe Teopemy |
KaK YaCTHHIH CJIy4yall, MOTOMY 4YTO B Hell He mpejnoJaraercs,
uyto f”(x) HenmpepblBHA B OKPECTHOCTH TOUYKH x,. Tpebyertcs
JMIIbL cyLiecTBoBaHuE f* (X,).

§ 4.18. OkcrpemajibHbie 3HA4YeHHMs GYHKUUM HA OTpe3ke

[lycte Hago HafiTh MakcUMyM (MUHAMYM) OYHKUHH f,
HenpepbiBHOH Ha orpeske [a, b]. Tor ¢akt, uto f HocTuraer
MakcuMyma (MHHMMyMa) Ha [a, b] B HEKOTOpoil Touke X, €
€[a, b], noxasan B Teopeme 2 § 3.5.

MoryT GrITb TOJMIBKO TPH BO3MOXKHOCTH: 1) xo=a, 2) x,=b,
3) %, € (a, b).

Ecmu x, € (a, b), TO, coriacHo cKa3aHHOMY B NpeABIAYIIEM
§ 4.17, Touka x, GyAeT TOYKOH JIOKAJLHOIO KCTPeMyMa, H
ee CJelyeT HCKaTb JH6O CPelN CTAIMOHAPHBIX TOYEK, JHOO
cpely TOueK, rfe NMPOU3BOAHAS HE CYILIECTBYET.

Ecau ykaszaHHble TOUKM 06pasyioT KOHEUHOE MHOXKECTBO
Xiy oovy Xpy TO

max f(x)=max{f(a), (), f(x), ..., [ (xx)}

x€[a, b]

( min f(x)=min{f(a), f(b), f(x), -, /’(xm)})-

x€[a, b]

OT1vmeTnM, YTO HET HEOOXONMMOCTH BHISCHATbH XapaKkTep
CTallMOHAPHBIX TOYEK, €CJIH Mbl IOCTABUJIM ce6E TOMBKO 3alauy
HaliTH MakcHMyM (MHHHMYM) ¢yHKuuu f Ha [a, b].

Ipumep 1. Hailth HauGosibiiee ¥ HavMMEHblIee 3Haye-
HHUA (PYHKLUH

Y(x)=sinx+4cosx Ha [0, m].
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Haxoaum npousBomnyio: ¥’ (x) =cos x—sin x. [Ipupasuu-
BaeM ee HyJIIo:
cos x—sinx=0.

210 ypaBHeHHe umeet Ha orpeske [0, m] eanHCTBEHHOE pelne-
wne x=/4. Tak kak P(0)=1, Pp(w/4)=V2, p(n)=—1, 10
max ¢ (x)=V2, min 4 (x)=—1.

x€[

x€[0, x] » 7]
[Tpumep 2. IlycTb anexTpuueckas jamma MOXKET mepe-
ApurathCs 1o BeptHkaan OB (ocu h). Ha mnockoctii, nep-
neHaukyasipHoit OB, Bo3bMeM TOuky A P
(va ocu x). Ha kako#i BmicoTe Hano
MOJABECHTb JaMmy, 4to6nl B Touke A
Gel1a HauJIyymas OCBeLIEHHOCTh
(puc. 54). r
Pewenue. I[lovecrum gamny B |7
Touky B, u mnyctb AB=r, OB=h, PN
O0A=a, L OAB=¢. H3BecTHo, 4TO

/ 7 z
ocBeleHHocTh | B Touke A ompenens- Puc. 54
sin HC. .
ercs no 3akowy I =c 79 , TJle c—KO-

g

a¢punueHT nponopuxoHampHoctH. [lpumem h 3a aprymeHT
¢yukuun [ Tak kak r?=h?+a?, sincp———%, o I(h)=
. :
=C—.
(h?+a?)°/?
[To cmbicay sagaun 0<Ch < oo. Hafinem HauGosbiiee 3Ha-
yenne 3108 QyHKRuuu. [ (0)=1(c0)=01%). [asee

' _ a?—2h? — — )
I (h)——c:—————(hz_l_az)s/2 0 mpu h alV 2.
Tax kak [ (a/V2)=2¢/3V 3a>>0, To HauGosbiee 3ua-

uenne ¢pyHkuus (k) npuammaer B Touke A=af)/ 2.
Takum o6pa3oM,, JaMny HalO MOABECHTb Ha BHICOTE h =

=al)/ 2.

§ 4.19. Bpinykaocts kpupoit. Touka nepernéa

ToBopsT, uto Kpusas y={(x) obpawjena 8 mouke x, 6bi-
nykaocmoero Keepxy (KHu3y), €CaM CYIIECTBYET OKPECTHOCTD X,
Takasi, YTO [JIsi BCEX TOYEK 3TOH OKPECTHOCTH KacaTeJbHas

1) B panHoM cayyae [ ()= lim [ (h),
B>+ ®
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K KpHBOH B TOUKE X, (T. € B TOYKe, HMEOmeH abCIUCCy X,)
pacrosioxeHa Bhile (HHXKe) caMoif KpHBoH (Ha puc. 55 B ToU-
K€ x; KpHBasi o6pallleHa BBHIMYKJOCTbIO KHH3Y, B TOYKE X,—
KBepXy). BmecTo /0B «BBHINYKJa KBEpPXy (KHH3Y)» ynorpeo-
JISIIOTCS1 CJIOBA «80e2Hyma KHudy (Keepxy)».
lFoBopsiT, YTO TOYKAa X, €CTb mMouxa nepeeuba Kpusol
y=f(x), eciu npm nepexoje x uepes x, TOYKAa KPHBOH
P (mvrer?m.aﬂ abcuuccy x) NePexONuT C
OJIHOH CTOpOHBI KacaTe/IbHOH Ha JApY-
ryio (Ha puc. 55 TouKa Xx,—TOuKa
neperu6a). Minaue roBopsi, CyInecTBy-
er poctatouyHo Majoe O >0 Taxkoe,
4yTO AJsA BCeXx x € (x,—06, x,) KpH-
Basg HAaXOAHTCS C OJHON CTOPOHBI
KacaTeJIbHOH B X,, a JJisg BceX X €
€ (xy, Xo+6)—c Apyroi.
Puc. 55. YKasaHHbE  ompelesieHusl BHI-
JIeNsI0T  BO3MOXKHEIE  PacloJIOXKe-
HUA KDHBOA OTHOCHTEJNBHO KacaTe/ibHO#i K HeH B JAOCTa-
TOYHO MaJIOH OKPECTHOCTH TOYKM KacaHus. Ho He Hyx)HO
JyMaTb, YTO 3TH ONpPEIEJIEHHUs HCYEPMLIBAIOT BCE BO3MOMKHbLIE
CJIy4aH TaKoro pacrnovoxKeHus.as GyHKUHH

0’ x=0v
1
xzsm?, x50,

J I, Dy B &

fx)=

OCb X TiepecekaeT M Kacaetcs rpaguka ¢(yHKHMH B TOUKe
x=0 n x=0 He ecTb Touka meperuba.

Teopema 1. Ecau ¢ynkyus [ umeem e mouxe x, emo-
pyto Henpepbiguyio npouseodnyro u f’ (x,) >0 (< 0), mo kpu-
ean y={f(x) obpaweHa 8 x, ebnyKiocmeto KHU3Y (Keepxy).

HJokasarenbcTBo. PasnaraeM f B OKpecTHOCTH X = X,
no ¢opmyne Teitnopa

F ) =F(x0) + T (%) (x—x0) +ry (%),
re (0 =SS5 (x40 (x—x,)) (0 <O< 1),
3anumeM ypaBHEeHHe KacaTeNbHOH K Hamed KpuBoH
B TOUKE, HMelomel abCHHCEY Xq:
Y =F(x0) + ' (xo) (x—x,)-

Torpa npeewiliienre KpUBOH [ Hal KacaTesIbHON K Hell B TOY-
Ke X, PaBHO
f(x)y—Y =rg(x).
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Taxum o0pasoM, OCTaTOK ry(X) paBeH BeJHUHHE NPEBHI-
IIeHHs KPUBOH [ HAX KacaTesbHOH K HeHl B Touke x,. B cuay
HenpepbBHOCTH f”, ecaH f(xy) > 0, T0 H f" (%540 (x—x,)) >0
INs  x, NpUHAAJEKAMUX JOCTATOYHO Ma/IOH OKPECTHOCTH
TOUKH X, & IOTOMY, OUYE€BMAHO, # r;(x¥) >0 nas Joboro
OTAMYHOIO OT X, 3HAYEHHUS X, MPHHAIJIEKAIILTO K YKa3aHHOH
OKDECTHOCTH.

3uayut, rpaduK OYHKUHMH JIEXKHT BbIIE KacaTeJabHOHA H
KpHuBasi ofpallleHa B TOYKE X, BBINYKJIOCTBIO KHH3Y.

Ananornuno, ecau [’ (x) <0, 10 r;(x) <0 ana Jmoboro
OTJINYHOTO OT X, 3HAUEHHS ¥, MPHHAJJIEKAWEro K HEKOTOPO#
OKDECTHOCTH TOYKH X, T. €. rpadvk OYHKUUH JIEXKUT HHUXKE
KacateJibHOH M KpHBas oOpalleHa B X, BbINYKJOCTHIO KBEPXY.

Cneanctsue. Ecau x, ecmv mouxa nepezuba Kpusgod
y=F{x) u e nei cywecmsyem semopas npoussodnas f"(x,),
mo nocrednnn Heobxodumo pasna wyao (f"(x,)=0).

DTHUM MOJB3YIOTCS HA NMPAKTHKE: TIPA HAXOXAEHHH TOUEK
neperu6a ABaxInl AuddepennupyeMofi Kpuot y == f (x) umyr
MX cpefl KopHeii ypaBaenus f'{x)=0.

HocraTouHoe ycsioBHE /1A CYNIECTBOBAHHS TOYKH nNeperuGa
y XPHUBOHA Aaercs cJelyioulefi TeopeMoi.

Teopema 2. Ecau ¢pynkyua f maxoea, umo npouseod-
nas f'" Henpepowsna 8 x,, a ['(x,)=0 u " (x,)50, mo
Kpusas y={f (x) umeem 6 x, mouxy nepezuba.

JdokasatenbcTBO. B 310M Ccayuae

f(x) =f(xo) +f, (%) (x—x0) + £ (x),
ra () =2 7 (x40 (v— 1)

B cuny wenpepriBHOCTH f'” B X, 1 TOro (akTa, uro f'” (x,) 7% 0,
caenyer, uto f'"(x,+0(x—x,) coxpaHseT 3HAK B HEKOTO-
poil OKDECTHOCTH TOYKH X,; OH OIMH M TOT XXe CpaBa W
cyeBa OT TOYKH X,. C JIpyrofi CTOPOHbI, MHOXHTENb (X— X,)°
MeHsieT 3HaK INpH MNepexoie x uyepe3 x,, a BMECTe C HHUM H
BeAHUHHA r,(x) (paBHas TPEBLILEHHUIO TOYKH KPHBOH HaX
KacaTeibHOH B X,) MEHfieT 3HaK IIPU Mepexolle x uepes x,.
310 [0KashiBaeT TeopeMy.

Cdopmyaupyem Gosiee OOILYIO TEOpEMY:

Teopewma 3. [Tycmo pyukyun f obradaem caedyroujumu
CeoLCmeamu

' (%)= ... =F" (%) =0,

fir ¥ (x) nenpepoisna 6 x, u P (x;) 5% 0.
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Toz0a, ecau n—HewemHoe 4ucro, mo Kpueas Y= f(x)
o0pauiena 6bINYKAOCMbIO 86epX UAL 6HU3 8 3ABUCUMOCTU OM
moeo, 6ydem au [P+ (x) <0 wau f7+V(x)) >0, a ecau
n—uemnoe, mo x, ecme mouka nepeeuba Kpusoil.

JlokasaTenbcTBO OCHOBAaHO HA TOM, YTO MNpPH YKa3aHHbLIX
YCJIOBHAX HMeeT MecTo passnoxenHue no c¢opmyae Teisopa

00 =1 o)+ (e (o) + Eoho 140 (1, 40— ).

B saksioueHue 3aMerHM, YTO TOBOPSIT TaKKe, YTO KPH-
Basi y={ (x) uMeeT TOuKy nepern6a B TOUKe X, [1€ IPOH3-
BoAHasi [ paBHa +oo MAH —oo (cM. puc. 40 u 41 § 4.2).

Ilo onpenenenuio KpuBasi y={ (x) HasbIBaeTCs BbINYKAOL
keepxy (kHusy) Ha ompeske [a, b], ecmu mwo6Gass Ayra 3TOH
KpHBOH C KOHLIAMH B TOYKax ¢ abCHHCCaMH X, X, (a << x <
< x, << b) pacnonoxkeHa He HMXKe (He Bblllle) CTSITHBAIOIEH
ee xopel (puc. 56 u 57).

3ameuvanue. Ecan f nuddepenunpyema Ha [a, b], TO
NpHBeJEeHHOE ONpeleJieHHE BHINYKJOCTH Ha OTpPE3Ke SKBHBA-
JIEHTHO CJIeJyIomeMy: KpHBasi y=f(x) Ha3LIBaeTCs 6bINYKAOL
keepxy (kHu3y) Ha ompeske [a, b], ecnu oHa BbIYKJia KBEpXy
(xHM3Y) B KaXIOH TOYKe x WHTepBasa (a, b).

g IA

I a xz, Z, b @ 9 oz, z 6 &

Puc. 56. Puc. 57.

Teopema 4. Ilycmo ¢pynkyus [ nenpepvisna na [a, b]
u umeem 8MoOpyY0 npoussooryw Ha (a,

Haa moeo umobor kpusas y=f(x) Obra ebinyxioll Keepxy
(kHu3y) Ha [a, b], Heobxodumo u docmamouro, 4moboeL 6bi-
nO/lHH/é()wb Hepasercmso ' (x) <O (f" (x) =0) ona acex X€
€ (a, b).

(STy TeopeMy Mbl He GylIeM J0Ka3blBaThb.

[Tpumep 1. Pynxkuusi y=sinx HMeeT HENPEPHIBHYIO
NepBYI0 INPOU3BOAHYIO W BTOPYI0 NPOM3BOAHYIO (Sinx)’ =
=—sinx<{0 na [0, n/2]. Tlostomy xopaa OA, crsrusaro-
uwas Ayry KpuBo# y=sinx Ha [0, m/2], HHmXKe CHHyCOMIBI
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(puc. 58). Tak Kak ypaBHEHHE XOpAbl Y= (2/m)X, TO Ml
HOJIYYHJIH HEPABEHCTBO

2
Exgsinx 0<x << /2)
YacTo ynoTpebsisieMoe B MAaTeMAaTHYECKOM aHaJiu3e.

MMpumep 2. y=x+3x2=x*(x+3); y =3x2+6x,
y'=0 mpu x=0, x=—2; y' =6x+6, y" (0)=6>0,

Ih
————— 4
A : C !
P~ : L
7 ! e
Ly 1 1 !
_z’! s =3[ 270 7 2
Puc, 58. Puc. 59.

Y (—2)=—6<0, y=0 mpn x=—I1;, y""=65<0. Tak
Kak Yy (x)=6£0, T0 B Touke x=—1-—neperu6. Manee
Y (x)>0 mpu x>—1, y"(x) <0 npu x< —1. 3Hauur,
rpaduk  ¢yHKOMH  (puc. 59)  BHIOYKJARH  KBEpPXYy Ha
(—o0, —1) 1 BrnykJnft KHH3Y Ha (—I1, o0); x=0—To0uKa
MUHHUMYMa, X = —2-—TOYKa MaKCHMyMa.

§ 4.20. Acumntota rpadnka QyHKUUH

[oBopAT, YTO NpAMas X=a ABAAETCH BePMUKANbHOL ACUMN-
momodi rpadyKa HenpepoBHOH (GYHKUMH y=f(X), €cau XoTs
6bl OLMH M3 Mpeliesion

limf(x) wau limf(x)

x—>a X->a
x>a x<a

paBeH oo.
- Ecan ¢yskuusa y=f(x) sagama mas x> M (x <M), 10
FOBOPAT, YTO NpsiMasi Y = kx - b IBNsAETCS HAKAOHHOL GeUMAL-
momoti HeNnpepelBHOA KpHBOH y=7Ff(x) npy x—+oo0 (x—>
—-—o0), e f(x)=kx+b+oa(x), rre lim a(x)=0,

>+
(x>~ )

(r. e. |f(¥)—kx—b|—o06eckoneyHo Masas (yHKIHs MpH
X~ -} 00 (x——»—-oo)),
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MMpumep 1. y=1/x (puc. 60); x=0—pepruxanpHas
acUMINTOTa, TaK Kak

.1 .1
lim —= 400, lim —=—oo0.
x>0 x>0 *
x>0 x<0
sin x sin x

Mpumep 2. y=x+—= (x5%0). Tax Kaxxl_ig — =0,
To npsMasi Y =x (puc. 61) ecTb HaKJOHHAas acUMIMTOTa MpH
X— oo (M mpH X — —00).

Hpumep 3. y=Vx (x=0). fcno, uro V x—kx—b
HE CTPEMHTCSl K HYJIO NPH X— --00 HH NPH K2KuX R u b,
SHAYUT, (YHKIHUS Y=} X HAKJOHHWIX aCHMNTOT HE HMeer.

yp Y

|
!
! g # &z

Puc. 60. Puc. 61.
” Teopema. Zaa mozo umobsr epaux pynxyuu y=f(x)
umer npu x— 400 (X——00) HAKAOHHYIO QCUMNMOMmY,
Heobxo0umo u Oocmamouro, 4mobbl CYU4ECMB08ALU KOHEUHbLE
npedeavt
lim [ =k, lim [f () —kx]=b, 1)
PRSI x>t ®
u mozda npamas Y =kx-b ecmov acumnmoma.
HokasartenbctBo. 1) Ilycrb ¢yukums f(x) umeer
HaK/JIOHHYIO acHMNTOTY npu x— 400, Y =~kx+b. Torna
f(x)=kx+b+a(x), rae a(x) —0, x— +oo. Orciona

tim L® — 1im [k+%+“—f‘2]=k,

X+ ® x>+

lim [f()—kx]= lim [b+a(x)]=b.

2) IlycTb ykasaHHEIE B TeopeMe TMpejelsl MpH X —s --co
CYIIECTBYIOT, TOT/la H3 BTOPOrO PaBEHCTBA, MO OMpeleJIeHHIO
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npeesia, uMeeM
f(x)—kx—b=o0.(x), re a(x)—0 npu x— } oo,

T. & [(x)=kx+4b+a(x). 3uauur, npsmas Y =*kx4b—
HAKJIOHHAasl aCHMIITOTa IpU X — +o0o. Takoe Ke paccyxkie-
HHME U OpH X — —00.
Ecimn k=0, To acumnmoma Ha3bIBACTCH 20pU30HMANGHOL.
3ameuanne. CymecTBOBaHHE ABYX KOHE4HbLX TIPENENIOB

(1) cymectBenHo, u60 xns dyskmuu y=}x (x>>0),
tim Y2 0=k wo lim [ ¥—0-x]=oo, T. €. b= oo,

x>+ X4 o

H 3Ta (byHKU.PIﬂ ACUMIITOT HE HMEET.

MoxHO 1aTh TaKke clefylollee SKBUBATEHTHOE ONpeeTeHHe HaKIOH-
HOM aCHMNTOTHL.

Ecau paccmosnnue p(x) om mouxu A (x, f(x)) Henrepowsnol kpusodi
y=[(x) 0o npamoi y=kx-b cmpemumcs K Hyro npu x-— 4 oo
(x ——0), mo OanHas nNpPAMAR HA36IBACMCA HAKAOKHOL acumnmomod
amoti Kpueol npu x—— 00 (¥ —>—00).

B caMoM [ese, M3 AHAJTHTHYECKOH FeOMETPHH H3BECTHO, YTO pac-
crosiHne OT Touku (x, f(x)) no npsmo¥t y=~kx—+b Bripaxkaerca dop-
MyJoii

P @) =|F@—kc—b|/V T+,
oTkyna u3 Toro; uto |f(x)—kx—b|— 0, cuenyer, uro p (x) — 0,
H HaoGopoT.

Mpumep 4. BrisicHUTD, UMEIOTCA JIH ACHMIITOTHl y PH-
nepooJILL

xﬁ yz
—Z==1 (|*|>=a, az=b>0)

Y

Paspemiasi JaHHOE YpaBHEHHE OTHOCHTEJBHO Y, Gylaem
UMeThb

Y= j:A%V-xz—a?;

Orcioza
im £=+2 lim VLx—“f=:,:%.
X4 o X+ ®
JHanee,
iim [y—(:}:%x)] =
X+ ®
=42 lim [VP—@—x]=+2L lim Sy
2 prro 4 yrw Vi—adtx
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” Takum o6pa3oMm, Ha OCHOBa-
HUM J0Ka3aHHOM TeopeMbl Mpsi-
& v MbIe

b
y==+x,x

7 Z SBJSIOTCS aCHMITOTaMH HalueH
runep6oJibl, TNpHYEM  3HAK
OTHOCHTCA K TpaBOH BepxHed
NOJIOBHHE Trunepbosibl, a 3HAK —
Puc. 62 OTHOCHTCSl K NPaBOH HHXKHEH IO-

JIOBHHE THINEPO6OJIHL.

B cuny cuMmeTpuu sICHO, YTO 5TH NpsMBIE SIBJSIIOTCS aCHM-
NTOTAMH H TNPH X — —oo. B 3TOM ciyuae 3HaK -+ OTBeyaeT
yacTH runep6o/ibl, HaXOAsAIeHCs B TPETbeH YETBEPTH, a 3HAK —
OTHOCHTCSI K 4YacTH Trunep6oJbl, Haxojsuiefcsi BO BTOPOH
yerBepTH (pHC. 62).

§ 4.21. HenpepbiBHasi H FrJajkas Kpusas

YpaBHeHHA
x=9(1),
y=19(?)

raie ¢ W 'p—HenpepbiBHBIe QYHKUMHM Ha (@, b), onpexensior
HENpepouiBHYI0 KPUsyr, 3a0aKKY0 npu nomowju napamempa t,
T. e. reomeTpudeckoe mecto touek (¢ (), ¥ (f)), ynopsiouen-
HBIX NpH momMollu napametpa f € (a, b). Ilpu Bospacranuu ¢
touka (¢ (%), P (¢)) mBuxkercs mo miockoctu. He uckJoueHo,
uto pasHbM £ ({; U f,)—COOTBETCTBYeT OJHA H Ta XKe TOYKa
nnockoctH: (@ (£1), Y (1)) =(9 (%), ¥ (%)

HenpepeiBHasi kpuBas (1) HaswiBaercs eaadkoii Ha (a, b)
(ra [a, b]), ecin pyHKUHH @ (f) H P (f) UMEIOT HENpepLIBHYIO
NpOH3BOAHYIO Ha (a, b) (Ha [a, b]) M BBHINOJHAETCS HEPaBEHCTBO

PP+ (>0 Vi€(a, b) (Vi€[a, bD).  (2)

} (@< t<b), (1

O603nauum kpuByio (1) uepes I'. Ilycts £, € (@, b). B cuny
ycaoBus (2) onno u3 uucen @ (4y), ¥’ (f,) OTIHYHO OT HyJIs.
[ycte mns onpenenenHoctd ¢ (4)) 5=0. Ho torma B cuay
HenpepblBHOCTH @’ (f) cymecTByer uHtepBan (f,—©, 4+ 6),
Ha kortopom @' (f) coxpaHsier 3HaK @' (Z,). CrenoBaresbHo,
¢ () ctporo MoHoTOHHa Ha [f{,—&, ¢+ 8] H, Kpome TOrO,
KaK Mbl 3HaeMm, HenpepelBHO Iu(depenuupyema. B Taxkom
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cayuae ¢yHKuus x =@ (f) uMeer obpaTHYIO
t=97'(x)=g((x) (x€(c d)), )

CTPOro MOHOTOHHYIO W HENpEepLBHO AH(depeHLMpyeMylo Ha
HEKOTOpOM HHTepBane (¢, d)—OKPECTHOCTH TOUKH X, = @ (£,).

IMoacrasasisi BelpaxkeHHe Ags ¢ Bo Bropoe ypaBHeHue (1),
NOyYyHM, YTO KYCOK 7y HauleH KpuBoi I', cooTBercTBylOIHil
unrepBany (f,—90, ¢,40), onuch-
BaeTCsi HenpepbBHO AupdepeHIHpY-

K7

;L;oi]'l)Q)yHKuneﬁ (cM. § 4.4, Teope- /"— J\A\

y=F@=ylo" @] we@a, N ] 7J°
4 ¢

H NOTOMy B JI0GOH TOYKe 9 Cylle- Puc. 63.

CTBYeT KacaTejIbHasi, He MapaJijiesib-

Hast ocd y. OueBHAHO, TOUKH P B3aHMHO OAHO3HAYHO IPO-
eKTHPYIOTC Ha OCb X.

Ecau Tenmepn ¢’ (f,) %0, To, paccyxjias aHAJOTHYHO,
MOJNYYHM, YTO KYCOK yp, Kpuboil I, coorBercTByIomu#i mocta-
TOYHO Majiomy uHTepBany ({,—06, £,+06), onuceiBaercsi He-
npepuBHO Au(¢epeHnupyemMoil GyHKuuen

x=0@) =0V (¥] HE(: d)). ()

Orcioza cjeflyer, 4yTo 4 B 3TOM cJyuae B Ji0GOH TouKe ¥y,
CYILIECTBYeT KacaTeslbHasl, HO Tenepb OHa He MapaJJesbHa
OCH X.

Takum o6pasom, B 6ol Touke raaikod Kpusoit I' cy-
IIeCTBYeT KacaTesbHasi, KOTOpPast MOXKeT ObiTb MNapaJliebHON
OJIHOH M3 ocell KOOpAMHAT.

[Ipumep. YpaBHeHus

x=acost,
y=>bsint

| cacico

ompenensiioT B NapaMeTPHYECKOd (GopMe KPHBYIO— 3JIJIMIC C
noayocsiMmu a u b (puc. 63).

10 IVIafikas KpuBas, MNOTOMY 4TO (YHKIHUH X=acost
H y=>bsin! uMelOT HENpepHBHbIE MPOU3BOJHbLIE, OIHOBpe-
MEHHO He paBHBIE HYJIO:

(' () + (¥ ()= (@sinty+ (beosty >
= b2 (sin*t 4-cos? ) =02 >0 0 < b<Ka).
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Toukn A, B, C, D (cm. puc. 63) nensar sanunc Ha ye-
ThIPe MVIAAKHX KyCKa, KaXJABl M3 HHX MpPOEKTHpyeTcs B3a-
HMHO OJHO3HAa4YHO JHGO Ha ocb X, JMGO Ha OChb Y.

§ 4.22. Cxema nocrpoenns rpaduka dyHKuHH

Ecnu Hy:KHO B OOWIMX uepTax NMpeACTaBUTh ceGe rpadukr
¢yHKUHKM y=f(X), MOTYyT NOMOYb CJIEAYIOLHE YKa3aHUS.

1. Haitri obnacte 2 3Hauenuit x, rie ¢yHkuus f ompe-
IieJieHa.

2. Ha#itu ToukM x;, X,, ..., rme f'(x)=0 wuam npous-
BOAHAsl HE CYLIECTBYET, B YAaCTHOCTH PaBHa oo. BuuHGIHTDH
sHauenust f B 3THX TouKax: f(x), f(x,), ..., €cau OHH cy-
IECTBYIOT, H ONpelesHTb, He SBJSIOTCH JH OHH TOYKaMH
Makcumyma, MuHuMyMa. Ecam f He onpemesieHa B Kakofi-
qubo U3 TOYEK X, TO BAXHO 3HaTh npepeib f(x,—0),
f(x,+0), BaXXHO TakxKe ONpPENENHTb NPEnebl

f—o0)= lim f(x), f(+o0)= lim f(a),

€CJIH OHU HMEIOT CMBICJE.

3. O6sacte Q pa3zensiercss TOYKaMH X, Ha HHTEPBAJIBl
(a, b), Ha KaxaoM u3 KotophiX f' (x)5=0. Cpean Hux Moryr
OLITb GECKOHEYHBIE HHTepBasbl (BHAA (— oo, ¢) uau (d, oo)).

ByneM cuuTaTh, Y4TO NMpOM3BOAHAsi f’(x) HempephiBHa Ha
KaXJoM TakoM uHrtepBaJe (a, b). Torma f'(x) Ha (a, b) co-
XpaHseT 3HaK. BaxHO BHIICHHTb 3TOT 3HaK, Torja OyAer
u3BecTHO, OyZAerT siu f Bo3pacTarh uJM YyOmBaTh Ha (a, b).

4. BaxHO OTMeTUTb Ha KaxIoM HHTepBase (a, b) Touku

xk'i, xklg, Y (k=0, 1, 2, ...),

rie [’ (x)=0, U onpelesuTb COOTBETCTBYIOLUIHE 3HAYEHHS
GbyHKIUH

K E7E) N €7

B 3THX TOYKax MOryT OHITh TOYKH neperu6a KpHBOH y = f (x).
DTH TOUKU B CBOWO ouepelb LesdT (a, b) Ha WHTepBaAb, Ha
KOTOPbIX BTOpasi MPOM3BOJHAS, €CJH OHA CYILECTBYET, COXpa-
HSIET 3HAaK.

BoisicHeHne 3Haka f”(x) JaeT BO3MOXHOCTb Y3HAaTb Ha-
npaBJieHHe BbIMYKJIOCTH KPHBOH (BBEpX HMJIH BHH3).

5. Ecsqu BO3MOXKHO, Halo pewuTb ypaBHeHHe f(x)=0 wu
BBISICHHTb HMHTEpBaJbl, HA KOTODPHIX f coxpaHser 3HaK (f (x) >
>0 nan f(x) <0).



§ 4.22. CXEMA TIOCTPOEHHS 'PA®HKA ®YHKUUH ‘187

6. BhissicHUTb BONpPOC O CYLIECTBOBAHHH AaCHMIITOT, T. €.
HalTH TpeJeJbl
o T(x .
im 19—k lim [f()—kx]=0,
x>+t o ¥ X=>+. @
€CJIH OHH CYLIECTBYIOT.

Ha ocnoBe 3THX cBeleHHH »KeJaTeJbHO COCTABUTH TaG-
JIHIY, TIPHMEPHO CJeLyIolero BHAA:

x |(—o,—2)|—2|(—2,-1) —1 (—=1,0 1] 0| (0, »
y . >0 0 <0 — <0 0 >0
: BO3pacTa-
BO3pacTaeT BepTHKaJIb-
y | acumntora | —4| yGuBaer Has y6uiBaer | 0 [€T» aCHMI-
y=x—1 acHMnTOTa v __Ic;m_ 1
7 <0 |0 <0 - >0 >0 >0
| Brmmykaa | Boimykaa _ BHNYKAa| . | Bemykaa
Y1 «xeepxy [M¥*| ksepxy : kumzy |™7 kamsy
2
dra Tabnuua cocTaBjieHa ISl (YHKUHH y=f (x)=%.

Ha ocHoBaHuu naHHBIX 3TOH Tabuuubl rpadux GyHKUIUU
y=f (x) umeeT BuA, KaK Ha puc. 64.
[Tpumep. IlocTponth KpHBYIO, 3aJaHHYIO NapaMeTpH-
YecKH:
x=ltet,

o tot } (— o0 <t < o). (1)

Pemenwne. Iloctpoum cHayana rpapuk QyHKIUH X = fet.
dra ¢yHKuMs 3aJaHa Ha BCeH OCH, HEOrpaHHYEHHasi, Hempe-
puiBHas ©u AuddepeHnupyemass ‘Ha (— oo, o0); x>0 npu
t>0; x<0 mpu t<0; x=0 mpn {=0. Hanee x’' =
= (14 t)e'. YpaBuenune x’ (f)=0 nmeeT eMHCTBEHHbIH KOPEHD

=—1. Ilpn stom, oueBuzHo, x' >0 mpu ¢ >—1; x' <0
npu f <—1. Takum o6pasom, ¢yHkmHS x(f) Bo3pacraer
npu { >—1 n y6eBaer npu { < —1. B Touke ¢ = —1 dynxk-
nus x (f) umMeeT JOKaJbHBIH MHHUMYM, x(—1)=—e™', Ha
caMoM JAeJie 3TO, OYeBHAHO, MMHHMYM Ha (—oo, ).



188 1. 4. JUGOEPEHLUHAJIBHOE HWCYUCJTIEHHUE

HccnenyeM (yHKIMIO Ha BHIMYKJOCTb: X" = (24¢) ef; x" >
>0 npu t >—2; x" <0 npu t <—2; x" (— 2) =0. 3nauur,
Ha (— oo, —2) rpaduk BBINYKJBIA KBepXy, a Ha (—2, oo)

v BBINYKJIBIH ~ KHU3y, ¢=—2—TOuKa
neperuba.
A Hanee,
4
o Y . tet .
$ 1 lim —=0, lim [te'—0]=0,
| 0/ Z t->-® t> -
N
-2
! -3 T. €. Xx=0-—ropu3oHTa/NbHAS ACHM-
1 4 nToTa.
Ha ocHoBanuu sToro rpagux ¢yH-
KI[MM HMeeT BHA KaK Ha pHuc. 65.
O6nactb 3HaueHul ¢QyHKuUMH' X =
=[—e"!, o).
Puc. 64. CoBEpIIEHHO @HAJIOTHYHO  MO-

)KHO [OCTPOUTb rpapuk QyHKUHUH
y = te”t* (puc. 66). OG6nacTb 3HaYeHHH 3TOH (DyHKIUU
Y =(—o0, e7'). Ha (—oo, 1) dyukuus y=te~! crporo
BO3pacTaeT OT — oo 10 y=e~!, B Touke f{=1 jocTuraer
MakcuMyMa (JIOKaJbHOTO M Ha (— oo, oo)). Ha unTepBane
(I, o0) oHa cTporo y6bIBaeT K HYJIO NpPH f— 4 00 U HMeeT,
TakuM o6pasoM, acumntory y =0 npu ¢— 4 oco. OrmeueHa
eme TOUKa {=2, B KOTOpPOH KpuBasg wumeer neperu6. Ha
(— oo, 2) xpuBag oOpalleHa BHIMYKJOCTbIO KBEPXY H Ha
(2, oo)—KHu3y.

Puc. 65. Puc. 66.

Tenepb MBI mepexoiuM K GoJsiee TPYyAHOH 3ajaue —Hayep-
TUTb cxeMaTuueckuil rpapuk kpusoit (1). OGosHauum ee
vyepes I'. ®dynkuuu, onpenensiromue I', HenpepeBHO Iudde-
pEHLUpYeMbl CKOJIBKO YIOAHO pa3. Mbl UCIOJB3YeM TOJBKO
“TOT (paKT, 4YTO 35TH (YHKLUMH J[ABaXKIbl HenpepbiBHO Audide-
penuppyeMel. Ormetum, uto I' ryajxkasi KpuBasi, mMOTOMY 4TO
npousBoAHbe (10 ) oT QyBKUMHA x=¢ ({)=te' u y=9 ()=
= fe~! OJ(HOBPEMEHHO HE paBHBI HY.JIO.



§ 4.22. CXEMA IIOCTPOEHHS TPA®HUKA ®YHKIIHH 189

OGosnauum uepe3d I'; u I'; BerBum I', Ha KoToOpmIX cOOT-
perctBeHHO X; <0 u x;>0. Takum o6pasoMm (cM. puc. 65
u 66),

R I‘z COOTBETCTBYET M3MeHeHHio ¢ € (— oo, —1),

T', coorBercTByeT H3MeHeHHIO ! € (—1, o).

Ha I'; ¢pyukuusi x =@ (f) ctporo y6bBaer oT @ (— o0) =
=0 10 ¢(—1)=—e"!, U ee MOXHO 06paTHTb, 8 (QYHKUHUS
y=1(t) cTporo Bo3pacTaer OT WP (—oo)=—o0 JoP(— 1) =
=—e. Orciola cjenyer, uto BeTBb I; ONHCHIBaeTcsl SIBHOM
¢dyHKUMER

y=v[e7 (] (xe(—e 0).

Ona nsoGpaxkeHa Ha puc. 67 —mumxke toukun A. Korzaa ¢ Bos-
pactaer or — oo 1o —I, abenucca x Touku I'; y6eiBaer or 0
10 —e~!, a opAMHaTa y BO3pactaer or — oo N0 —e. Tak

2

ad

T

‘/Z-'A,l/z‘ Z

o7

7 g

o4-——P oy

17=(-1/Z}"/2_,—\/Z—5 V)

Puc. 67.

Kak x' (—1)=0 u y'(—1)%40, T0 KacatTesbHasi B Touke A
napannensHa ocu y. K Tomy ke I' pacmosoxena mnpasee
KacateJbHOH—Belb M3 puc. 65 BuAaHO, uyTO0 BCe TOukM I'
uMelor abeuucey x =>—e™k,
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B nmo6oft Touke ¢ kpuBo#t I', oTinuHO# or A, T. e. mnpH
t #=—1 npousBonHas x' (f)<0 u

oyl 1=t
yx~I;—1+te ’t’ (2)
1—t .\’
y”=dL;= (l—"‘te 21) =9 =2 p-at )]
Yo 1+9e 1+
Orciona
y:',1= +tV2= 0. (4)
Hac ceiiuac untepecyer smauemue {=—J}2, Kotopomy

cootBetcTByer Touka B=(—}2e-V?2, — ) 2/ %)€l.

W3 (3) Buano, uto ecan ¢ <—) 2 (1. e. ma uactn Iy
HUXe Touku B), TO y§_<0 u I'; ofpaieHa BBIMYKJIOCTBIO
kBepxy. Eciu xe —V2<t<—1 (1. e. Ha nyre AB), TO
y, >0 u I'y ofpaiesa BbIMYKJOCTbIO KHU3Y. TakuM o6pasoM,
B ectb Touka neperu6a IYy.

[Mepexonum Tenepb K I', (—1 < ¢ < o0). Kak Buano us
puc. 65 u 66, Ha unrepBane —1 <t <1 dynkuun x=q (f)
H y=1 (f{) cTporo BO3pacTaioT, HO TOraa M (QyHKLUHUS OT X

y=v[e7' W] (—e?<x<e
ctporo Bo3pactaer. K ToMy xe ee rpagMk Ha 3TOM HHTep-
Bajie ofpaiieH BHINYKJOCTbIO KBepxy (cM. (3)). dro usobpa-

N’
xeno ayro# ACcT,. Uro xke kacaercs touku C, To B Heil

, ’ y{a)y__ 0 .
Yy, =0 (yx(e)=m—-x,—“)-0) , H TaK KaKk B He# K ToMy

®e rpaguk OGpalleH BBLINYKJOCTbIO KBEpXy, To C ecThb TOYKa

JIOKaJIbHOTO MakcuMyMma o¢yHKuuuM y(x). Ilpp x>e (1. e.
t > 1) x(¢) Bo3pacraer, a y(¢f) yOmBaeT K HyJ0. DTO MNOKa-

apiBaet, uto y(x) — O y6wBas. Ilpu stom x (V' 2) =V 2¢"?2
1>+ ®

— Toyka neperu6a rpapuka y(x). CneBa or 3Toff TOYKH rpa-
¢uK oGpalleH BHIMYKJOCTHIO KBEPXY, a CpaBa—KHu3y (cM. (3)).

§ 4.23. Bekrop-dpyHkuna. BekTopbl kacarteabHof
H HOpMaJIH

B mnockocTH 3ajafMM IpSIMOYTOJBHYIO CHCTEMY KOOpZAH-
HaT (X, y). YpaBHEHHUS

x=x(t),

e e<i<o, 0
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rie x(¢) m y(!) — HenpepbiBHbE (QYHKLMH Ha HHTEpBaJse
(a, b) onpenensiioT HenpeposHyo Kkpusyro I' —reomerprueckoe
MHOXeCTBO Touek (x(f), y(f)) naockoctd, rie ! € (a, b).
l'oBopsit eme, uyro Kpueas I' sajana npum mnoMomu mnapa-
meTpa {. Ee ypaBHeHHE MOXHO 3alaTb B BEKTOPHOH ¢opme

r)=x@)i+y@®)J @<tb), 1"

rae i, j—eAHWHHYHbEIE OPTHl COOTBETCTBEHHO OceHl X, Y, a r =
= r (t)—paznuyc-Bektop ToukH I', coorBercTByIomEel 3Haue-
HHIo ! mapamerpa (puc. G68)

a\_

7]
Puc. 68. Puc. 69.

BekTop r (f) Ha3wBalOT Gexmop-ghynkyuel (onpeneseHHoH
ans t € (a, b)).

ToBopsiT B cBsiau ¢ 3TuM, uyTo KpuBass I' ectb eodoepagh
BEKTOP-QYHKIHH # (f)—TreOMETPHYECKOE MECTO KOHIOB BeK-
TOpOB 7 (f), BHIXOASIIMX H3 HYyJeBoH TOukH O.

Kpupas I' naswBaetcs 2s2adkoii Ha (a, b), ecau ¢yHKuuH
x(t) u y(f) HMelOoT HempepbiBHBIE NPOHM3BOAHEIE Ha (a, b),
OLHOBPEMEHHO He PaBHBHIE HY.JIIO.

Ecau ¢ npujate npupauieHue Af, TO BEKTODP 7 INOJYYHUT
npupawmenue (puc. 69)

Ar=r ({t+A)—r ()=
=[xt +A)—x(®)]i+[y (¢ +A)—y (t)]] = Axi +Ayj,

OTKyZa, Jensi Ha ckajasp Af, moayynm

Ar _ Ax Ay
ar=aritard

Jas rnagko# KpuBOH

~==x, lim ﬂ’-=y'.

lim
At >0 At

Ax
al >0 AL
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Bektop x'i+y’j naswBaoT npoussodxoil om r (B TOUKE )
H 3alHCHIBAIOT TaKi

r=x'i+y'j.

MOMHO TMpOUSBOAHYIO F ONMPENeJHTb TaKXKE KaK TaKod
BEKTOp, AJIsi KOTOPOro

—-—r|—»0 At —0.

B camom nege,

Ar -2 Ax r\2 Ay \?2
IMumyT
Ar
rF= lim =
Al—»OAt

M TOBOPST, YTO BEKTOp ¥ e€cTb npedes eexmopa Ar/At npu

At — 0. U3 puc. 69 BuAHO, 410 BEKTOp F HampaBJeH 0O
KacatespHoit K I' B Touke ¢{ B CTOpOHY BO3pacTaHus f.

BexkTop r HaswBalOT eexmopom KacameivHod K I'. JnuHa

ero paBHa
|Fl=y/ ¥+ 4"

Edunuuneui eexmop xacameavroll ectb
1=ﬁ=cosal+sinaj (r]>0),
r

xl yr

COS Ol = o, sino =——=0=—,
fo2+y12 Vx/2+ ym

@

rle a—yroJ MexAy T H MOJOXHTEJbHbIM HanpaBJIeHHEM
OCH X.

Edunuunei eexmop nopmasu K I', T. e. elVHMYHBIA BeK-
TOp NepNeHAHKYJSPHBIH K T, ONpee/sieTcss paBeHCTBOM

v=(Vi, Vy),
=Fsina, v,=4cosa 3)
HJIH
Vi=TF e, V= e 3"

e TS
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Onpenenurens
1T T2 cos o sin o
= = 1.
ViV Fsina L cosa

Bepxnue sHaku COOTBETCTBYIOT CJyuaio, KOrZa napa BeK-
TOpOB (T, V) OpHEHTHpOBaHa TaK e, Kak ocH (i, j) (puc. 70),
a HHXKHHe—Koraa mapa (T, V) OpHEHTUPOBaHa MPOTHBOIO-
JIOXKHBIM o6pasom (puc. 71).

d Z 7
/]
v
»(t) r ()
7 z 7 7
Puc. 70. Puc. 71,

Bropasi nmpousBoiHass or BeKTOp-pyHKIMH 7 (£) (cM. (1))
onpene/seTcss Kak npezged

Ft)=lim Z¢EA=TO _ )iy (1),
At—> 0 At

Ha puc. 72 wusoGpaxena kpuBas I'; Touka A coorser-
CTBYeT 3HaueHuio f, a Touka B—3Hauenuwo !+ Af. K stum
TOYKAM MDHJIOMEHE! KacaTe/bHEIE gy .
BekTopnl 7 (f) ur (I 4+At). Bro- F()
poit BEKTOp Mbl MEpeHec/H Tak,
YyTOGB! OH OblJ PUJIOKEH K TOUKE
A. Ha pucynke oGo3Hauena pas-

HocTh Ar=r(t+Al)—r () u

BEKTOP Ar/At, umeowuii To XKe F(t+47)
nanpasnenne, uro u Ar. Hako- 7 .. \ \4ar
Hell, OTMEYEH Npele/IbHEIH BeK- K1) 17
Top F=r(t). Bexmop r nanpas- Puc. 72.

nen 8 cmopory eoeHymocmu T,
Touno 3TH ca0Ba HalO MOHUMATh CJAEAYIOIMEM 0OGpa3oM: 6eK-
mop r obpasyem ocmpoui yeonr ¢ eekmopom v Hopmaru K T,
HanpasaeHroll 8 cmopony eoewymocmu I

[Tpumep. B BekropHo#i ¢opme ypaBHenue (cM. § 4.21)
3JIMICA MMEET BHI

r=ilacost+jbsint (—oo <t < ).



194 TJ. 4. JUOOGEPEHUMAJIBHOE HUCUHMCJ/IEHHUE

COOTBETCTBEHHO BEKTOP KacaTeJbHOH
=—{asint 4 jbcost,
a BEKTOpP HOpMaJH
n=TFibcost F jasint.

B nanHOM cjygae 7, BooGIe roBopsi, HE €JHHHUHHIH BEKTOP.

BekTop-pyHKkumio r=r (!) B OKPECTHOCTH TOYKH fq MOXKHO pasio-
xKuTh no ¢opmyne Teftiopa (WIM pasnoXHTb B BeKTOpHHI psan Tefi-

aopa). Ilycts
rty=x@®i+y@®Jj,
rze x (f) n y (f) AMeOT HeOOGXOZMMOEe YHCJIO NMPOH3BOAHBIX B OKPECTHOCTH

toukk ty. Torma, pasnaras sTe ¢QyHRuUWH mo c¢opmynae Teimopa, momy-
yaem

4

s =x )+ ¢ty O R0, @
p 0=y () + L0 "“) (t—to) ...+ L0 ("” —t+Ra(); 6
rie R, (?), R,,/t)—OC'raTqume yIeHs B KaKoii-nn6o ¢popme (Jlarpamxa,
Kown u 1. a.). YMHOXKas (4) Ha I, a (B) Ha J u cxiageiBasi, nosy4yuM

dopmyay Teitnopa mis Bex'rop-cpynxunu r@):
n (t
ry=r @+ (—ty .. 4T L)

rie OCTaTOK

—t)"+ra(?),

ra(()=Rn () i+§n 7.

OTMeTuM, 4TO eciau OcTaTKH Ry, (f) u R, (f) sanucuiBatoTes B popme
Jlarpanxka min Komm, To BXopsilme B HHX MNpoH3BOAHBE (n-1)-ro
nopsinka Gysakuuil x (f) u y (f) BbiuHCAAIOTCA, BoOOWe roOBOpsi, B pas-
HBIX TOUKaXx,



F'TABA 8
HEONPEAEJIEHHBIE HHTETPAJIbI

§ 5.1. Heonpepenennnlii HATerpan. TaGauua HHTerpanos

B npeppiaymefl rnaBe Mbl BBeJNH MOHSITHE I1POU3BOJHONM
¥ HAaYYHJHCh HaXOAHTb NPOU3BOAHYIO OT dJIEMEHTAPHBIX (BYHK-
uuid. 3nech Mbl GyzeM pemiaTb OGpaTHYIO 3afady, a HMMEHHO:
H3BeCTHa MpoM3BoAHasA f’(x) oT pyHkumu f(x), TpeGyercs
HafiTi caMy QyHKIHIO [ (x).

C TOYKHM 3peHHsi MeXaHHYeCKOH 3TO oO3Hayaer, YTo Mo
M3BECTHOH CKODOCTH JBHXKEHHS] MaTe€pHasbHOH TOYKHM HEoO-
XOIHUMO BOCCTAHOBHTb 3aKOH €€ JBHKEHHs.

Onpepenenne. Pyuxyus F(x) nasweaemca nepso-
obpasnoli pynxyuetli 0aa pynkyuu f(x) Ha uxnmepsase (a, b),
ecau F (x) oupgpepenyupyema na (a, b) u F' (x)=f(x).

AHaJIOTHYHO MOXKHO OMPENE/IUTh MOHATHE INepBOOGpa3HOf
H Ha orpeske [a, b], HO B TouKax @ W b Halo paccMmaTpH-
BaTh OJHOCTODOHHHE NPOU3BOJHEIE.

Mpuwme pl 1. F(x)=Vx ecms nepBoo6pasHas Aas QyHK-
) =—L_
i f(x) = 7 Ha (0, ), Tak kax (J/ x) =S

2

Mpumep 2. F(x)=sin2x ectp mnepBooGpasHas AJs
¢yHkuuu f(x)=2cos2x Ha (— oo, o), TaK Kak (sin2x)’ =
= 2cos 2x.

Teopema 1. Ecau F (x)—nepsoobpasras dra gynkyuu
f(x) ra (a, b), mo F(x)4C—makarce nepsoobpasnas, ede
C —11060e nocmosiHHoe 4ucao.

HokasateabctBo. Umeem (F (x)4-C) =F' (x)=f (x).

Teopema 2. Ecau F;(x) u F,(x)—0se nepsoobpa3snote
oss f(x) Ha (a, b), mo F;(x)—F,(x)=C Hna (a, b), 20e
C —Hexomopas NOCMOAHHAA.

HoxkasateabcTBo. Ilo ycaoBuio Fy(x)=F, (x)=f(x).
CocraBum ¢yHruuio @ (x)=F;(x)—F,(x). OueBumso, 4ro

O (x)=F (0)—F;x)=f()—[(x)=0 wvx€(a, b).
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Orciona no u3BecTHOH Teopeme (cM. Teopemy 6 § 4.12) 3a-
kmouaem, uyro D (x)=C, 1. e. F;(x)—F,(x)=C, uro u
Tpe6oBasoCh J0Ka3aThb.

Takum o6pasom, w3 Teopem 1, 2 BHiTeKaeT, 4TO €c/]H
F (x)—nepBooGpa3uas Aas f(x) Ha (a, b), To Jobast apyras
nepsooGpasHas @ (x) ans f(x) Ha (@, b) umeer BUA

®(x)=F (x)+C, )

rie C—mHekoropasi mocrosinHas (puc. 73).

Onpenenenune. [Ipousgorbras nepsoobpasHas 04
f(x) na (a, b) nasvieaencs HeonpeOeseHHbIM UHMEZPALOM OM
¢ynxyun f(x) ¥ o603HaYaeTCsT CHMBOJIOM

{ F(x)ax. @)

3uak S HasbiBaeTcs uwnmezparom, f(x)dx—nodsinmeepans-

HolM vipasiceruem, [ (x)— nodviwmezparvrol ynkyuerl.
Eciu F(x)—oana u3 nepBooGpasHbiXx Aas f(x), To,
COTJIACHO CKa3aHHOMY

(Fydx=Fm+c, @)

rie C—COOTBETCTBYIOIIUM 06pa3soM NoAoGpaHHas MOCTOSIHHAS .
Onepauuio HaxXOXIEHHs HEONpPENeJEHHOr0 HHTErpaja
y; GyZeM Ha3blBaThb UHMezpuposa-
F)+l Huem GyHKUHU f(x).
OrmeruM, uto ecan F (x)
€CTb nepBooGpa3Has s
F) ¢yHRIHY [ (X), TO NOABIHTEr-
paJsibHOE BbipaxKeHue f(x)dx=
=F'(x)dx=dF (x) sBnsertcs
. IndgdepennyanoM neppoo6pas-
g 62 woit F ().
Puc. 73. ITosxke Mbl JoOKaxkeMm (cM.
§ 6.3), uro ecau f(x) Henpe-
poténa Ha (a, b), mo 0aa Hee cywecmeyem nepeoobpasHas Ha
(a, b), a cnenosaTeNbHO, H HEONpeJeseHHbIH WHTerpaJs.
OrmeTHM pSI CBOHCTB HEONpENEJIeHHOTO HHTerpana, Bbl-
TEKalLUX U3 ero OnpejeseHus.

1°. d S f(x)dx=f(x)dx. B camom nene, Sf(x)dx=F(x)—|—
+ C, orciona

d § f(0)dx=d(F(x)4C) = dF (x) = F' (x) dx = (x) dx.
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2°, SdF (x)=F(x)4C, 7. e. S H d Tak»kKe B3aMMHO CO-
Kpamarorcsi, Ho K F (X) HyXHO N06aBHUTb HEKOTOPYIO MOCTO-
suayo C. Hveem S dF (x)= S F’ (x) dx=(no onpeeyieHHio) =
= F (x)+C.

3°. S Af (x)dx= A S f(x)dx + C, rae A — noctosinHoe
uicio, C—HeKoTopasi MOCTOSTHHAS.

e ([F+egmlde={f@dr+ | gwdx+C, rreC—
Hexo'ropaﬂ MMOCTOSIHHAA.
B camoMm nene,

(Sf(x)dx+Sg(x)dx)"=<gf(x) dx)£+(gg(x)dx>'=
= (no onpenenenuo) = f(x)+ g (x).

C Zapyro#i cTOpOHHI,
(S [F () +g (0] dx) "—(no onpexenertio) = f (x) +g (x).

Takum o6pasoMm, ¢yHKIUA S fdx+g gdx u QyHKnuS

S[f—l— gldx sBnsioTcs mepBOOGPA3HBLIMH JJI ONLHOM H TOH ke

¢ynxkuun f4g. Ho Torma oHH OT/IHYAIOTCA Ha HEKOTOPYIO
nocrosinnyio C, 4TO M HamHCaHO B paBeHCTBe 4°.
5°. Ecau F (x) ectb mepBooGpasHasi aas f(x), To

(F@x+bdr=7F@x+0)+C.
B camom gese,
[%F(ax—l—b)] ’ =%-aF’ (ax4+-b)=F(ax+D).

3anumem Ta6/MIy MHTErpajioB, BEITEKAIOUIYI0 H3 OCHOB-
HBIX (opMyJ1 AupdepeHIHaTbHOr0 HCYHCJICHHS .

1. {0.ax=c.

2. Sx“dx=;:tll +C wvyaz%=—1.

3. S xtdx= df =In|x|+C, Ha wuHTepBase, He colep-
®KameMm x=0.

X
4. Sa"dx=Tg;+C(O <a, a%1), Se"dx=e"+C.

5. Ssinxdx=—cosx+C, Scosxdx=sinx+C.
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6. S cosgx =tg x4C, S sm,x = — ctg x+C na nunTep-
BaJe, TJ€ NOABIHTErpasibHasi (yHKUMS HenpephIBHA.

dx [ arecsinx+C,
7 le—xz =\ —arccosx+C (=1<x<D.
8 dx { arctg x+C,
’ SH—xz— —arcclg x+C.
.Sshxdx—chx+C Schxdx:shx-{-C.
d
10. S —=thx+C, Sﬁf—x=—cthx+c (x5£0).

—=1n|x+l/x2+ [|4+C=Arshx+C,
x241

SV‘Z" l=1n|x+|/‘x2"--""1 | +C=Archx+C
o
(Ix]>1).

12. (2 =3 [{EE|+c (x12D.

CneBa B KaxaoM paBeHCTBe CTOHT [IPOH3BOJIbHASA (HO ompe-
JleJieHHast) nepBooOpasHass (YHKIHA JJIS COOTBETCTBYIOILEH
NOJABIHTETPaJIbHONH (YHKIMH, CNIpaBa XKe—oOJHa ONpelleJieHHas
nepBoobpasHasi, K KOTOpOH eue npuGaBJasiercss kKoHcraHta C
Takas, 4TOOBl BHINOJIHSAJOCh PABEHCTBO MEXAY 3THMH (PyHK-
LUMAMH.

Hoxaxem ¢opmyny 3. Tak kak mpu x50 |x| =signx
u xsignx=|x|, 10

(In|x[+C) =

() =EE =1 @0,

TxT

" ¢dopmysa 3 10KasaHa.
HokaxeM eme gopmynay 11:

(In|x+VFF1|+) =Senbet Vit D (l—l— e )=

[x+VeF1] Vet
_O6HVERFDsign x4+ VEFT) _ 1
Verils+Verl] Vefl’

u ¢opmysa 11 nokasaua.
C npyroii cTOpOHHI,

i Arsh x4-C, nostomy mo

Teopeme 2 Arshx=In|x+V 2 +1|+C. Ho 7tak kax
Arsh0=0, To 1n|x+Vx2+1]=Arshx (cm. § 4.6, n. 9).
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[Mpumensisi cBoficTBO 5°, MOXKHO HamHCaTh GOJIEe CJIOKHYIO
Tabauuy uHTerpasnos. Hanpumep:

Ssin(ax-l—b)dx: —%cos(ax+b)+C.

OrmeTnMm, uyTO ecsau onepauus AuddepeHuHpPOBaHHS Sie-
MEHTapHbIX (PYHKIHH CHOBA NPHUBOMHUT K 3JIEMEHTapHbIM (QYHK-
I¥AM, TO ONepauys HHTErPHPOBAHUS YXKe MOXKET NPHBECTH
K HE3JIEMEHTapHBIM (PYHKIOHUAM, T. €. (YHKIHSM, KOTOpbIE He
BLIPAXKaloTCsl yepe3 KOHEUHOEe YMCJO apH(METHYECKHX omepa-
UHH M CynepnosHiuil 3JEeMEHTAPHBIX (YHKIMEL.

Hanpumep, nokasano, 4to cjelyiouyie WHTErpajbl He HH-
TErPUPYIOTCA B 3JIEMEHTAPHBIX (QYHKLUHAX;

2
e~* dx—unrerpan Ilyaccona,
S cos x2 dx, S sin x? dx—unTerpasasl Ppenesns,

dx o
1oz — MHTErpasbHbIA Jlorapugm,

€OS X .
S dx—MWHTEerpasbHLIH KOCHHYC,

sinx
S —= dX—HHTerpaJbHb# CHHYC.

YKasaHHbIE MHTErpajibl XOTS M CYHIECTBYIOT, HO HE SIBJISi-
I0TCSl JIEMEHTapPHBIMH (YHKUHAMHU. MMeloTcs npyrue cnocoGbi
Ansi WX BblYMCHeHUS. Hanpumep, uHTErpasbHbii CHHYyC
MOXKHO MNpEACTaBHTb B BHJAE GECKOHEYHOTO CTEMNEHHOro psija
(cM. § 4.16)

s x5

Ssmxdx CH+x— _3_+5—-§l+‘“ .

§ 5.2. MeToabl MHTErpHpOBaHHSA

OCHOBHYIO POJIb B HHTErpajIbHOM HCUHCJIEHHH HTrpaet ¢op-
MyJia 3aMEeHB! NepPeMEHHBIX (MJIH MOACTAHOBKH)

(tar={fem e wda+c={fewdo®+C. 1)

B atoit ¢opmyse mpeamnonaraercs, yto x =@ (f) €crb He-
npepeiBHO AHpdepenupyeMas (MMeol@as HENMpepLHBHYIO MPo-
H3BOAHYIO) (YHKUHMS Ha HEKOTOPOM HHTEPBaJe HU3MEHEHHs f,
a f (x)—HenpepbiBHag ¢YHKIHUS HAa COOTBETCTBYIOMWIEM HHTEp-
Bajie uyau oTpeske ocu x. IlepBoe paBencrtso (1) yrBepnaer,
YTO JIeBasi €ro 4aCTb TOXKIECTBEHHO paBHA NMPABOH, €CJIM B He#
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(mocne wuHTerpupoBaHus!) clenaTh MOACTaHOBKY X =@ (f) u
nojo6pate coorBeTcTBYIOmMYI0 KoHCTaHTy C. IlokaxeM 31O
yrBepxkienne. Ciesa B (1) ctouT dyHKuHUs, KOTOpasi ABAsETCA
nepBooGpasuoil ot f(x). Ee npoussosHas no ¢{ paBHa

altwa=2((rmar) S =reue o.

CrnepoBatesnbHO, ec/M BBECTH B 3TOH (YHKIMH MOACTa-
HOBKY x=@ (f), TO moJsyuyutcsi nepBoo6pasHasi OT (PyHKIHH
f(o () @’ (f). WUnrerpan xe cnpaBa ecTb, MO ONpelCJCHHIO,
HeKkoTopasi mepBooGpasHas ot (¢ (£)) ¢’ (¢). Ho nse mepso-
obpasHble JJs ONHOH M TOH k€ (YHKIHHM OTJIMYAIOTCS Ha
HeKoTopylo moctosiiHylo C. DTo M 3anucaHo B BHIE NEPBOrO
paBenctBa (l). UTo kacaercsi BTOpOro, TO OHO HOCHT ¢op-
MaJIbHBI XapakTep—Mbl NMPOCTO YCJABJIHBaeMCsl MHCaTh

(F0ye wat=§Ftyde . @
Hanpuwmep,
S'e"zxdx=%ge"22xdx+C=-;—S'e"'dx2+C =
—gfewtrc—getrc,=getc, w=n. @

[lepBoe paBenctBo Hanucano B cujay 3° § 5.1, BTopoe B cuay
(2), Tperbe—B cuay (l) (mocTosiHHas H3MeHWJIaCb) H YeTBEp-
TO€ —B CHJY (GOPMYJIBI 3 TabJHIb! (MOCTOSIHHAS U3MEHHUJIACh).
OnHakKo B NpakTHKe BBIYUCJEHHI B UJ€HaxX, COAEPKalHX
HEONpeJleNIEHHbI HHTErpaJs, KOHCTaHTH C He NHIUYT, M TOTAA
uenouyka (3) ynporuaercs:

Se"'xdx=—;-5e"22xdx=%5‘e"2dx2=%e"2+c,

K TOMY e Mbl ONYCTHJH OYEBHAHbIE 3-€ U 4-e paBeHCTBa.
Bor eme npumep: /= g Va®=x*dx, a>0. Takoro us-
Terpasia Her B Tabauue. Ecam mnosoxuth x=asint, TO

Var—xt=al 1—sin*t=acost u dx=acos tdt. Cregona-
TeJIbHO,

1-+}cos 2¢
2

2t 2
=22—-+aTsm 2t4C.

I=Sacostacostdt=a25cos2tdt=a25 dt =
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C . X
Ho ¢=arcsin ~» T03TOMY

2 2 2
1==%arcsinf-—l—%sintcost+C=%—arcsini+

+—-- 1—— = —{-C——-arcsm ~+5 =V a*—% + C.
7
Hrax
— — 2
Sl/a?—x2 dx=%l/a2—x2+—‘;—arcsin %+C.

IpuBeneM eme npumephl, KOTOpHIE BCE PaBHO HAM MOia-
H06ATCS B TEOPHM HHTErPUPOBAHHS PalMOHAJBHBIX ApoGei:

d«.  _(dx—a) _ 1 .
S - ( - (x—a)’""l(l—m) +C (m;& 1)1 (4)

xF—a= ) (x—a)m
£=S%=¢n1x—-al+0: ©
x2—a2 S(x—a x+a)dx—
___2—(1n|x—a|—1n|x+al)+0——l Tl G

S dx S‘ dx
TEpr ) FF 4’2/3’2))2) 1 ;
_ P _ _ ).
" GTGR) o TC (‘7 7 0)'
S P prtq (x+<p/2>)2+<q—<p2/4»

d(x+(p/2))
_S d (x4 (p/2) _iS a )
=) GFor+ae TR\
R
=1 arctg x+(p/ ) +C q—pT_-—_a", a>0,> ; (6)
S dx “X d (4 (0/2) _
xz+/wc+ql (x-l-((p/Q)))z;a2 "
x+(p/2)—a P e .
50| rom el tC (9= F=—a a>0);

(2x+p)dx_ d(x*+px+-q) 2 )
S x2+€|{+q I pitq =In|x*+px+q|+C;

i 2x+(QB/A)d A (2x+-p) dx+
SWA;C_ AR et

p
g ey X —‘“'x’+Px+"|+D S @

(A;eO, D._%(%f;—p)) (nanee cM. (6)).
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Jnsi TeopHH HHTErPUPOBAaHUS palMOHAIbHBIX JApoGei
BaXKHO, YTO BbIUMCJIEeHHEe HHTerpanoB tHna (4)—(7), rue a,
A, B, p, q—KOHCTaHTHl, IPUBOAHT K 3JI€MEHTaPHLIM (PYHK-
muaM (panuoHasbHeIM, In u arctg). )

[lepeitneM K gopmyre urnmeepuposaHus no 4acmam:

S uv' dx=uv— S vu'dx+C (8)
HJIH, YTO BCE PABHO,
Sudv=uv—g vdu+C.

Tak xak B (8) crmpaBa ecTb HeonpelesieHHbIl HHTErpas,
TO NOCTOSIHHYIO C OGBIYHO OMYCKAIOT.

B nauHofi dopmyJe npeamoJaraeTcs, 4To #(x) H v(x) —
HenpepniBHO Ju¢depenurpyembie ¢yHkuH. CrnpaBelJIHBOCTDb
¢opmy.el (8) BhITeKaeT u3 TOro (akrta, YTO MPOU3BOJHEE OT
JIEBOH M 1paBOH yacTell paBHHIL

uv’ = (uv)' —ou’.

®opmyna (8) CBOAUT BHIYHCJEHHE HHTErpajia Sudv K BbI-

YUCJIEHHIO HMHTEerpaJa Svdu. Briuucnenne no dgopmyse (8)
HOCHT Ha3BaHHE memoda UHMe2pUpPOBAHUL NO HACMAM.

[Mpumep 1. Bruluncantsb S xInxdx. Tlonoxum
u(x)=Inzx, |du =d7x,

xdx =dv, v=de=Sxdx=—xz:.

Torna

x? x? dx  x? x2?
Sxlnxdx=Tlnx—ST?=—2-lnx—T—|—C.

[Tpumep 2. Beiuucauts unrerpans [ = S e’* sin bx dx,

li= S e** cosbxdx, rne a, b—nocTosiHHLIE yHCJAa. B JaHHOM
c/lyyae TOILIHTErPajJbHOE BLIPAXKEHHE MOXHO MpeACTaBHTh
B BHIE NpousBeleHus u (x) u dv (x) IBOSIKUM 06pasoM: u = e*,
dv=sinbxdx unu u=sinbx, dv=e®* dx.
Hrtak, nyctb
u=e%*,|du=ae** dx,
__cos bx

sinbxdx=dv, | v= 5 -
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Torfa nmo MpaBHY MHTEIPUPOBAHHS N0 YACTAM HMEEM
1= —-:Te‘"‘cosbx+%5‘e“"cosbxdx=—%e“"cosbx+—‘;- I;.
&)

K unterpany /; cHoBa MpPHMEHHM METOJ HHTETPHUPOBAHHS
1o yacTsAM, noJarasi u=e%, dv=cosbxdx. Torna

Iy =7 e sinbx—2 1. (10)
N3 (9) u (10) nonyuaem cucremy s onpenenenus I u I;
1——;:-Il-=—-%e“"cosbx,

%14—11« =%e‘“‘sinbx.

Pemasi a1y cucreMy, noJyunMm

asin bx— b cos bx tsin bx+acos bx
I= a2 b? e*+C, Ii= 21 b? e +C.

Mpumep 3. Bouncants uurerpan = S arcsin x dx.
[Monaras u=arcsinx, dv=dx, noayuum

I=x arcsin x—j‘x—dx=xarcsin x-}-Vl—x’-}-C.
V=42
ITpumep 4. Tlpusesem eme npumep, KoTophlii Gyner
HYXeH JIJIsl TEOPHH HHTErpHpPOBAHHSI PANMOHANBHBIX IpoGeil.
[lycts k> 1 —mnarypanbhoe n a > 0; Torna

dx} dx 1 x-2xdx
[PERNDLEE =a25 R R R
= (u=x, dv=—22xd+k) =
(x2+-a?)k )

dx 1 x 1 dx
=a Smﬁ { (T—F) (@ FanFT —l—kS <x2+a2)k-1} '
OTKYJa

2 dx _ x + 2k —3 dx
a S(x2+a2)k'z(k—l)(x2+a2)k-1 TE—1D) ) B a)F1°

Tenepb (ecau k> 2) K MHTErpasy B IPaBOil YaCTH MOXKHO
NPUMEHHTb TOT e NpoLecc, NMPHUBOMSIIHA K NMOHHXKEHHWIO Ha
€NMHUIly [1OKas3aTessi CTEleHH B 3HAMEHATeJe NOJABIHTErpaJb-
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HO# ApoGu. B KoHIe KOHLOB mpuieM K uHrerpajy or (x*4-a?)~?
(npuBoasiieMy K arctg).

~Takum o6pasom, npu g—(p*/4) =a? > 0 u HaTypaJbHOM &
HHTErpaJ

S<x2+si+q>k =S (uziuaz)k +C (u=x+§) (11

Gepercsi B 3J€MEHTapHbIX (YHKUHUSX.
[Ipumep 5. BriuucauTb uHTErpasbl

ebx

Spn(x) cosbx | gy,
\sin bx

rie P, (x)=a,x"+ ...+ a,x+ a,—anre6panyeckuii MHOTO-
YJleH CTeMeHH A.

JaHHble HHTErpajel BBIYHCJISIIOTCS A-KPaTHHIM IpHMEHe-
HUEM MeToJa HMHTErpHpOBaHHS MO YacTAM, [OC/EJ0BATENbHO
nonarass u==~P,(x), sareM u=P,(x), ... . INloayyaromuecs
HHTErpaJbl GyAyT YNpOWAThCSl, TaK KakK MPOM3BOAHAs OT
ajreGpanueckoro MHorousena P,(x) GyneTr asreGpanyuyecKuM
MHOTOUJIEHOM CTE€NE€HH, Ha €AHHHIY MEHbIIIEH.

Tak kKaxk xapakrtep nepBooGpa3HOH IJsi pacCMaTpHBaeMbIX
3fecb QYHKIHH JIETKO yraJblBaeTcsi, TO 3TH UHTErpaJjibl MOKHO
BBIUUCJIATL TAK HA3LIBAEMBIM MemodOM HeonpedeseHHblx KO-
puyuermos.

Hanpuwmep, aas SP,, (x) b* dx mepBooGpasHasi UMeeT BHJ
Q,(x)e**+C,rre Q,(x)=b,x"+ ... +bx+b,ub,, ..., b,—
NOKa HEU3BECTHble KO3(phHHUEHTH. DTH KOIPPUIHEHTH Mbl
HAaXOAHM M3 YCJOBHUS, YTO

Q, (x)e*+C)' =P, (x) e nm  Q; (x)+bQ, (x) =P, (x).

IIpupaBHUBas kKO3DGUIHEHTH NPH OAHHAKOBBIX CTENEHSIX X,
Mbl W HaiifileM Bce uucnaa b, ..., b,. TOT cnocob HasbIBaeTcs
memoOom HeonpedeseHHolx KOIhuyuenmos. 3aech MbI BOCIOJb-
30BaJIUCh TeM (HakKTOM, YTO J[Ba MHOTOUJIEHa paBHBI TOrJa
U TOJLKO TOrJa, KOrja paBHbl KO3(GUIHEHTH MPU COOTBETCT-
ByloIHX creneHsx x (cMm. § 4.14, Teopema 2).

[TponamocTpupyeM ckKasaHHOe Ha KOHKDETHOM MHpHUMepe:

S (41 e*dx=(ax®+bx+c)e*+C.

B nanHoM ciyuae
P,(x)=x*+1, Qu(x)=ax*+4bx+rc,
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rae Kosapoduuuents a, b, ¢ Hamo HaiitH. Mmeem
(Q; (x) &) =[ax*+ (2a+b) x+b+c]le*=(x2+ 1) €%,

otkyla ax®+(2a-+40b) x+b+c=x*+1. Tak KaK 3T0 paBeHCT-
BO JIOJ2KHO ObITH BEPHO AJA BCEX X, TO KO3(D(HIHEHTH NpH
OJIMHAKOBHIX CTENEHsSX X B JIEBOH M NpaBOil €ro YaCTH PaBHHI
Mexnay coboit (§ 4.14, (15)): a=1, 2a+b=0, bt-c=1.
Taxum oGpasom,

S (24 1) e*dx=(x2—2x+3)e* C.

§ 5.3. KomnJekcHbie yucaa

Komnaexcroimu wucaamu HashiBalOTCS BHIPAXKEHUS
z=a-+bi=a-ib,

rie a, b— neficTBUTENIbHbIE YHCJIA, A {— CTIeNHaNbHbIH CHMBO;
MpH 3TOM AJSI KOMIJIEKCHBIX 4Hcen 23 =a;+ib;, z,=a,+ ib,
BBEJEHBl MOHATHA pPAaBEHCTBA M apH(PMETHUECKHE oMnepauuu
no CJEAYIOHUM NpaBUJIaM:

1) z;=2¢, Toraa m TOJbKO TOrla, KOrla a;=a, u b;=b,;
a+0i=a, O+bi=0bi, 1-i=1.

2) 2y z9=(a; £ a,) + i (b; == by).

3) z°2,= (aiaz‘—bibz) +i (biaz + aibz)-

4) 2 - ala2+b1b2+ iblaz—lhbz (a§+b§ = 0).

X az+ b} a3+ b3
Hs 1) u 3) cnenyer, uto
i2=—1.

Takum o6pa3oM BBEJCHHEIE ONEPAaUMH CJOXKEHHS H YMHO-
XKeHHs1 00JallaloT CBOMCTBAMH KOMMYTaTHBHOCTH (2542, =
=2z,+2;, 2i2,=2,2;), aCCOLUHATHBHOCTH ((2;+ 2,)+ 23 =
=2; + (2, + 23), (252,) 25 = 25(2,25)), AHUCTPUGYTHBHOCTH
(214 2,) 23 = 2525+ 2,2;).

MoxHO eme CKasaTb, 4YTO C KOMIJIEKCHBIMH YHCJIAMH
MOXHO OMEPHPOBATb B TOYHOCTH TaK K€, KaK MBI PUBHIKJH
onepupoBaTh ¢ OYKBEHHBIMH BBIDAaXXEHHSIMM B ajreGpe, HO
NpH 3TOM ONepalyuy YNpoIalTCs TeM, 4To 2= —1.

N3 ceoitictBa a+0i=a caenyer, YTO MHOXKECTBO KOMII-
JIEKCHBIX YHCEJ CONEPKHT B ceGe KaK 4acTb MHOMKECTBO BCEX
IeficTBHTENbHBIX uuces. [Ipu arom zerko BUAETH, 4TO NpHMe-
HeHHe apudMernueckKux jefictBuii 2), 3), 4) K BhIpaKEHHAM
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z,=a;+0i, z,=a,+0{ NpUBOAUT COOTBETCTBEHHO K a; =
. . as . aj
+a,+ 0i =a; +a,, a,a,+ 0i =aqa,a,, a—:+0l =E:-(aﬁé0).
Yucno z=a—ib Ha3LIBAETCH CONPANEHHOIM K KOMNAEKC-

Homy uucay 2=a+ ib. Ieiictutennnoe uncio | z| =V a® + b*
Ha3bIBAETCH MOOYAeM KOMNACKCHOZ20

#  uucra z. OueBHgHo, uTO 2-2=|Z|2,
|z1~22|=|zl|-|z2|,|zl+z,|<|z1|+
& +12,]

Ecnu kKommiekcHoe 4YHCJIO 2=
=a-+ib TpakTOBaThb KaK TOUYKY
z  (Bextop) M (a, b) maockoctu xOy,

TO |2z| paBeH PpacCTOSIHHIO TOYKH
Puc. 74
M(a, b) or Hawama KOOpAHHAT
(puc. 74).
Ec/ii Ha NJIOCKOCTH BBECTH NOJISip Hble KOOPAHHATHI (0, §), TO

a=pcosg=|z|cosq,
b=PSln(P=l3lsm(p (|Z|>O)_ (1)

B cuay 3TOro KOMIUIEKCHOE YHCJIO 2 MOXHO 3amHCaTh
B ¢opme
2==p(cos®-isinQ),
rje P—MOAYJb YHCJA 2, §—Yyroa (B pajHaHax), KOTOPHIH
—

cocraBisier BeKTop OM C mMOJIOXKHTENbHLIM HanpaBjieHHeM
OCH X. DTOT YroJl Ha3blBalOT €lle apeyMeHmoM KOMNAEKCHO20
yucaa z W 0603HaYalOT cHMBOJIOM @ =arg 2z (0 <o < 2m).
OueBuzHO, @ = arg z eCTb OJHO3HAYHast PyHKUMA OT 2 5= 0.

BBozAT eme M MHOro3HayHyI0 QYHKUMIO (apeymenm 2 ¢ 6OJb-
o# GYKBBI)

¢=Argz=argz+ 2kn

(=0, =1, =2, ...),

KOTOpasi JaeT BCe 3HAUeHUs @, 1A KOTOPHIX AJs JaHHOTO
250 yznosJerBopsioTcs ABa paBeHcTBa (1).

Yucino z2=0 eguHCTBEHHOE, M KOTOPOIO HE HMeEET
CMBICJIA €r0 apTyMeHT, HO 3aTO €ro MOXHO OINpPENEJHTb Kak
YKCJIO, MOAYJb KOTOpPOro paseH HyJuo (|z]|=0).

argz (c MaJoif OyKBhI) Ha3bIBAIOT €ILE apeyMeHmom 8 npu-
eedennoll ¢opme. VlHorna GbiBaer yHOOHO CUHTaTh apryMeH-
TOM B NpHBeJeHHOH QopMe yroJi, NpUHAAJEKAUWHA K IpPyroMy
noJyunTepBany [a, o -+ 2n) aaunbl 27, Hanpumep [— &, m).

Yucna a u b naspiBaior Odedcmeumejonold U MHUMOU da-
cTMH 2z M 0803HayaloT cuMBosiamu @ =Rez, b=1Im z. Takum
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obpasoM,
z=Rez+4{Imz.

Ecnn z2=x<iy, T0 MHOXecTBO TOUeK z miockocTH xOy,
YIOBJIETBODSIIOIHX PABEHCTBY |z|=R(Vx2+ y*=R), ectb
OKPYXKHOCTb pafiiyca R ¢ LEHTPOM B Hayajle KOOpPIHMHAT.

Ilo. onpenenenuio

e? =cosptising (—oo < @ <o0). 3

OueBHIHO, 4TO €/ eCTb KOMIVIEKCHast (GYHKOHSA!) (npHu-
HUMAIOIasi KOMIJIEKCHbIE 3HAUeHHs) OT NEeHCTBUTENBLHOTO ap-
ryMeHTa . $ICHO, 4TO ¢'® — nepHoAnUecKas (yHKIUs NepHola
Qn: ei (@ +2m) — ei(p .

Tak Kak |e‘°’|=l/cosch+sin2cp= 1, To npu HenpepwiB-
HOM H3MeHeHHU ¢ Ha nosayunTepBane 0 <o < 2m, Touka €@
HEMPEPHIBHO OMHCHIBAET OKPYXKHOCTB paiuyca 1 ¢ uneHtpom
B Touke z=0.

CrpaBelsIiBBl PaBEHCTBA

L : 1
1(@1+08) — plP1 pi@ P

el (@140 = glP1pi0: . =IO 7% (4)
B camoM neie,
e!(@1+®) = cos (p; + @,) 4 £ I (95 -+ @) =

= (cos @z €os ¢,—sin @; sin ¢,) -

+ i (sin @; cos ¢, < sin @, cos @;) =

= (cos @, + i sin @,) (cos @, - i sin ;) = eiP1¢/P: |

l ! =cosQp—isingp=

% cospiising
= 0S (—@) -+ i sin (—@) =e-i®,
Jns npoW3BOJIbHON KOMIIJIEKCHOH NEPeMeHHOH z=x--iy
GyHKUMST e omnpejle/ifieTcss NPH NOMOIM DAaBEHCTBA
e =e%e’, 20,
Orciona B cuny (3)
e? =e* (cos y+isiny). (5)
Ha ocuoBauun (2), (3) Bcsikoe KOMIIJIEKCHOE YHCJIO 2 MOXHO
npeAcTaBUTL B (opme
z=pei® (p>=>0), (6)

1) CM. Hamy &HHry «[Iuddepennuanpurie ypasHenus. KpaThbie
nHTerpansl, Paju. QYHKUHH KOMIJIEKCHOro mepeMeHHoro», § 6,1,
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rle HeOTpPHLATEJbHOE YMCJO p=|z| AJs HAAaHHOrO 2 €IHHCT-
BeHHO, a npu p >0 yron
¢o=Argz=argz+ 2kn

ompejiesieH ¢ TOYHOCThiO H0 2km (=0, +1, 42, ...).

Bripaxkenusi (2) u (6) HaswIBalOTCS COOTBETCTBEHHO mMpu-
20HOMEMPUHECKOL, U NOKA3ameabHOl GopmMamy KOMNAEKCHO20
yucia z. '

[IpuBeieM npumepbl KOMIJIEKCHBIX WYHCEJ, 3alHCaHHBIX
B IOKa3aTesJbHOH ¢opMe (cuuTasi @ = arg2):

. —_ 1 . l —
l+ = -—:-l- —_— )= 2 l';rr/4’
: V2<V'2 tlf2) V2e
i=041.i=ewW2 1=¢% —1=¢™,

W3 pasencts (3), (4) nerko moayuaem ¢opmyny Myaspa
(cos @ + i sin @)* = ei"® = cos np + i sin ne. U

CHpaBeIlJIHBO TaK2K€E€ pAaBEHCTBO
22, = | 2; l | 2y ' et @+,

T. €. IPH TIEPEMHOXEHUH KOMIJIEKCHHIX 9YHCeNl HX MOAYJH
NepeMHOKAIOTCSl, @ aPTYMEHThl CKJIAABIBAIOTCS HE3aBUCHMO OT
TOro, B Kakod (opMe OHU B3SiITbl—B NPUBEJCHHOH WJIU HET.

Omnepanus NOCTpOeHMs1 CONPsIKEHHOTO KOMIIJIEKCHOTO YUCJIa
obJafiaeT CJAEAYIOUUMH NPOCTHIMH CBOHCTBAMH:

nEn=nkz, an=in (2)=2 @0 @)

2y

N||

B camom rneue,
(@, +b,0) & (2, + b,0) = (a;%£a,) + (b, b,) i =
= (al iaz)—i (blib2) = (al_bli) + (az'—bzi) =
= (al + bli) =+ ((12 + bzi);

JaJjee, Tak Kak

pei® =p (cos @ + £ sin @) = p (cos @ —-i sin @) = pe~i®,

TO

2,2, = 0,601,679 = 0,0, @140 = p 0,0~ (@1 +0s) =

= ple-l% pze—lws = plelwn . pzef% =2; 'Ez-

INonoGHoe nOKa3aTeNbLCTBO MMEET MECTO H B CJIy4yae YacTHOro.
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PaccMoTpuM 3a7auy O BBIYHCJIEHHH KOpHs A-H CTeneHd
u3 urcaa a=pe® (p > 0). TpeGyercsi, TakuM 06pa3oM, HaHTH
Bce yucaa b=re'® takue, yre b"=a. Ho Torma r"ein® = pei®
(r, p>0) u, BcjencTBHe eNMHCTBEHHOCTH TpPEACTABJIEHHUS
KOMIIJIEKCHOTO 4KCJa B NOKasaTeJNbHOH ¢opme, p=r", ne =
=0+ 2kn, k=0, =1, 42, ... . M3 nepBoro paBencTBa cJe-
nyer r= {Vp (r—apudmerruyeckoe 3HaAYEHHE KOPHSA n-H cTe-:
NeHd H3 TOJIOXKHTe/BbHOrO uucsia p). M3 Broporo ke, uto
=242 (h—0, 11, ...).

Tak kak ¢yHKIHA €/ nepHoguyeckas ¢ mepuoioMm 2m, TO
3HAYeHUs @, JalOllHe CYIeCTBEHHO pa3J/IMyHEIe KOPHHU n-# cTe-
NeHU M3 a, COOTBETCTBYIOT TOJIBKO 7 3HAUCHUAM k:

Ge=a 42T k=0, 1,..., n—1). )

n
OcTa/IbHbIM LEJBIM kB COOTBETCTBYIOT 3HAaUeHHs @, OTJIHYAIO-
muecsi OT OAHOro M3 3HauyeHw# (9) HA BeJMUYMHY, KpaTHy[O 2.
Mbl f0Ka3a/aM, 4TO y KOMIJIEKCHOTo 4ucaa a =0 cyme-
CTBYeT 7 (M TOJIBKO fn) KOPHEH CTeNneHH 7, 3amuChIBaeMbIX 1O

topmyne
Va=ype%= /0% (=0, 1, ..., n—1),

Tie ¢, onpejensiorcs paBeHcTBaMH (9).
Ilpumepsr:

- — (1+2_M.)f
1°. /T=3/e=e\3 3 (k=0, 1, 2).
3 E . 2km
2. ¥Vi= l/e‘7=e<T+‘s—)‘ (=0, 1, 2).
6 .
w yri=yel o T oy )
(k=0, 1, ..., 5).
1 .
g°, V:T=V'Er=e(?”“)‘=ii (k=0, 1).

§ 5.4. Teopnsi mMHOrousieHa M- CTeneHH

MuorounesoM n-fi creneHd HasbiBaeTcsi (QYHKUHS BHIAA
n
Q,,(z)=ao-|-alz—|—...-I—a,‘z"=k§]0 a,z*, (1)

rie a,—TIOCTOSIHHBE KO3(p(HULUEHTH HEeHCTBUTENbHBIE HJIH
KOMIIJIEKCHBIE, 4 2— MepeMeHHas1, BOOOIIE TOBOPSi, KOMILJIEKC-
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Hasg, KOTOpash MOXeT NPHHHMATh J/ioOble KOMIJIEKCHHE 3Ha-
yeHus (z2=x- iy) uJH, BHIpaxKasiCh reOMETPHYECKUM SI3HIKOM,
2 MOXeT ObITb JII060A TOUKOH KOMIJIEKCHOH IJIOCKOCTH.

Kaxnoli TOuKe z KOMMJIEKCHOH HJIOCKOCTH MPH MOMOLULHM
dopmyast (1) npuBoautcs wncao Q,(z), BooGlie rOBopsi, KOMI-
JekcHoe. B panbuefimem GyneM cuutaTh, 4TO @,<0. Ecanu
Q,(a)=0, To uucJ]I0 a Ha3BIBAeTCS KOPHEM WJIH HYysem MHO-
rousena Q,(2).

Paccyxfasi B TOYHOCTH Tak K€, Kak B Havase § 4.14,
rA€ pacCMaTPHBAJICS MHOTOWIEH OT NeHACTBHTEJIBHOrO mepe-
MEHHOro, MOXXHO MOKa3aTb, YTO, KaKOBO Obl HH OBbLJIO KOMII-
JIEKCHOE HYHCJIO 2,y MHOrouwJeH Q,(2) pasnaraercs 0o creme-
HAM 2—2, U TPHTOM €IHHCTBEHHbIM 00pa3oM, T. €. NpPeACTaB-
JsieTcsi B BHJe

Q@)= 3 by =z

rae b,—noCTOsiHHBIE YHCJa, BOOOINE TOBOPSl, KOMIJIEKCHBIE.
OuesuaHo, Q, (2,) =b,. Orciona caenyer, 4To 418 TOTO, YTOGH!
TOuKa 2z, OblJa KOpHEM MHorousaeHa Q,, HEO6XOLHUMO M JOCTa-
TOYHO, YTOOH HYJEeBOH Ko3bdHUHeHT b, pasnoxeHus Q, mo
CTeneHsM z—z, G paBeH Hymo (b,=0). Ho ecan b,=0,
To Q, MOXHO NpPENCTABHTb B BHJE

Q@) =(2—2)Q,-1(2) V2, @

rae Q,_; ecTb HEKOTOphl MHOrouneH cremenn n— l. HaoGo-
poT, ecan Q, MOXHO MpEICTaBHTb B BHAe (2), HHaye roBops,
ecan @, (2) MOXHO pas3jenMTh Ha 2z—2, 6€3 ocTaTka, To,
OYEBHJHO, 2z, €CTb KOpeHb Q.

Mu fmokasasun Teopemy bBesy:

Ias moao umober mroeousren Q, (2) umen (Komniaexcroui)
KopeHs z,, Heo6xo0umo u Oocmamodro, 4mobol OH 0eAUNCA HA
2—2,, m.e. umobb. e20 MOXCHO Ovl.r0 npedcmasume 6 6ude
npoussedenus (2), 20e Q,_;— HeKOMOpbLLll MHO20UNEH CMeneHy
n—1.

[ycts 2, ecThb KopeHb Q,, H, TAKHM 06Pa30M, HMEET MECTO
npeacrasaenne (2). Ecmu npu 3toM Q,_;(20) 70, To Ha
OCHOBaHMH Teopembl Desy, npuMeHeHHOH K Q,_;, MHOTOUYJIEH
Q,_i(2) we nenutcs Ha z—2,, a Q,(2) XoTa W AeNUTCS Ha
2—2,, HO He JeJuTcs Ha (2—2,)®. B atom cayuae rosopsr,
4TO 2, €CThb npocmoil Kopews (Hyav) mMuorounesa Q,. TlycTs
tenepsb Q,_;(2,) =0, Toraa mo Teopeme bBesy, npHUMeneHHOH
K Q,_1(?), MHOrOuwIeH Q,_;(2) HemuTCA HAa 2—2), U MBI TO-
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JIyuuM paBeHCTBO Q, (2)=(2—2,)2Q,_, (?), rae Q,_,(2) ecTsb
HEeKOTOphIi MHorounes crenenu n—2. Ecmu Q,_,(2,) 70,
o Q,(2) memutcs Ha (2—z,)%, HO He JeJHTCA Ha (2—2,)%
H TOrJa 4YHCJIO 2, HA3bIBaeTCsl KOpPHEM (HyJsieM) KpaTHOCTH 2.
B ofwem cayuae A HEKOTOPOrO HAaTYPANbHOTO S<I 7 HMeeT

MecTo
Qn(@)=(2—2)°Qs_5(2), Qn-5(2) #0,

rie Q,_;(2)—MHorouneH cTeneHH n—s, W TOrJa TOBOPST,
4TO 2, ecrmob KOpeHs (HYyas) muozousera Q, Kpamwuocmu s.

CnpaBe/MBa TeopeMa CyIIeCTBOBaHHS KOMIIJIEKCHOIO KOPHS
Yy MHOTOYJIEHa.

OcHoBHas TeopeMa. Besakuii mHoeouren n-ii cme-
nenu umeem no Kpatinel mepe 00UH KOMNAEKCHbLL KOPEHb
(1yav).

Mbl He maeM 3]€Cb JOKAa3aTe/bCTBA 3TOH TEOPEMEI.

3 Hee BbITEKaeT BaXKHOE CJEICTBHE.

CanencrBue. Muoesousen n-ti cmenenu Q, co cmapuium
He pasHbim HYyawo Kosppuyuenmom (a,=0) umeem n xomn-
JNEKCHbIX KOpHell ¢ yvemom Kpamuocmu, unave 2080ps Q, (2)
npedcmasasemcs 8 sude npoussedeHus

Qn (Z) =a, (Z'_Zl)pl (z—zz)p" . '(Z_zt) pl» (3)
Pt Pt - pi=n,

20e zy, ..., 2,— pasiuunvie KOpuu Q, kpammuocmet, coomeem-
CMBEHHO Pyy ++ -y Py

HokasaTenbcTBo. CoriacHO OCHOBHOH Teopeme MHOrouwieH Q,
HMeeT Mo KpaiiHeil Mepe oguH KopeHb. O603HauuM €ro yepes z;, a €ro
KpaTHOCTb—uepe3 p;. Takum oGpa3om,

Qs (@) =(2—2) P Qn-pl (@ (Qn—p, (21) #0).

Ecan n—pi=0, T.e. py=n, 10 HeoOxoammo Q,.p, (2)=a,, #
TeopeMa JOKa3aHa. B atom ciyuae Q, (2) =a, (2—2z)".

Ecniu xe py < n, 1O Q,,_p‘ (2) ecTb MHOrOYJIEH CTelleHH n—p;, He
pensimuiicss Ha 2—z2;, K ero crapmuii kKo3bdHUUEHT He paBeH HYJIO.
K HeMy MOXXHO NPHMEHHTb OCHOBHYIO T€ODEMY, B CHJy KOTOPOH OH HMeeT
KOMILIEKCHEIH KopeHb. O603HauHM ero uepe3 2, a €ro KpaTHOCTb —
uepe3 p;. B pesyibTaTe nosyuum

Qn @) =(—2z)P1(z2—2p) P2 Qn—px-pg @
(Qn-—pl-pg (Z/) #0, j=l» 2)'

Ecan n—p;—p,=0, 10 Qp-p,~p, (2) =a,. Ecan Her, To mpouecc
MOXHO NpoRonxKuTb. OfHAKO 3TOT Npolecc NoCJe KOHEYHOTO uucaa (He
GosibLIero #) 3TanoB 3aKOHYMTCH, M MBI moayuuM ¢opmyay (3). Ecan
B NpaBylo uYacTb (3) MOACTaBHTE BMeECTO 2 YHCJO, OTIHYHOE OT 2j, ...
...y 2y, TO OHA He OGPATHTCS B HyJb. DTO NOKA3HIBAeT, YTO APYTHX KOP-
Helt, KpoMe HalileHHBIX, MHOTOUNeH Q, He MMeeT H NpeicTaBieHHe (3)
eIMHCTBEHHO.
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§ 5.5. JleiicTBUTENbHBI MHOTOYJEH n-il CTeneHw

Muorounen
Q@) =3 azt  (a,+0) (1)

HaspIBaeTCsl OelicmeumensHoim, €Ci €ro Ko3hhUIUEeHTH a, —
JeHCTBUTENbHEIE YHCJA. DTO Ha3BaHHE OODBSICHSETCS TeM, 4TO
JEACTBUTENbHBI MHOTOUJIEH, €CJIH €ro PacCMaTPUBATH TOJBKO
AJisi NEACTBHUTEJILHOH NMEepeMeHHOH z= x, NpUHUMaeT JEeHCTBH-
TeJbHble 3HaueHUs. KoHe4no, J/isi KOMIJIEKCHBIX z JEHCTBH-
TeJIbHBIH MHOTOYJIEH MpPHUHHMMaeT, BoOGlle ToBOpsi, KOMIJIEKC-
Hble 3HAYEeHHS.

Jlemma. [Iaa Qeticmeumenvrozo mroeourena Q, (2) umeem
Mecmo  paseHcmso ’

Q()=Q,() Ve

HokasatenbctBo. Hamm paccyxnenus Oyayr Gasu-
poBaTthcsi Ha paBeHcTBaxX (8) § 5.3 u ToM ¢akre, yuto ANA

NeACTBUTENIBHEIX @), HMEET MECTO a,=a,.
Hmeem

Q. (;) = é ak?k = 2": akzk= é %7= Enl a2t =Q, (), (2)
k=0 k=0 k=0

UTO U TpeboBaJoCh.

Teopema 1. Ecau zy=a i (B=40) ecme komnaexc-
Houi Kopero v-ti Kpamuocmu Qelicmeumensrnozo mHozourena Q,,

mo z,=a—Iif ecms mosce Kopens Q, u moil sce Kpamnocmu,
u moeda

n (Z) = [(z—oc)2 + ﬁz]v Qn°2V (2), (3)
20e Qn-av (2)—OedicmeumensHbul MHO204AeH CMenext n—2v,
He pasHblll HYAt0 Npu 2=2, U z2=12,.

lloxasaTeJlbc_TBo [Mycte zy=a+if (B%0) ects
koperb Q,. Toraa z,=a—if—roxe KopeHb Q,, nOTOMY
uto B cuay (2) Q,(2)=Q,(2)=0=0. Yucna 2z, u z, e
paBHBl Apyr Apyry u Q,(2) neautcs Ha
(e—a—iB) (z—a + if) = (z—a)* + B, )

T. €. Ha JeHCTBUTE/IbHBIA MHOrouYjieH BTOpOd cremeHu. Takum

06pasoM,
Qn (2) =[(z—0)*+B*] Q,-, (2);



§ 5.5. IEACTBUTEJIbHBIN MHOTOUJIEH n-# CTEMNEHH 213

rie Q,_,(2)—MHOroueH CTeneHu 7n—2, OYeBHJHO, ACHCTBHU-
TeJbHbIA. Benb yacTHoe OT JesieHHs NeHCTBUTENBHBIX MHOIO-
YJEHOB €CTh JEHCTBHTEJNbHBIH MHOTOYJIEH.

Eciu z,—kopeHb Q, kpatHocTH v U v> 1, To z,—Ko-
peHb Q,_, KpaTHocTH v—1, Mo3TOMy, MOBTOPSSi HAWIKM pac-
CyKIeHUs B OTHOIIeHHH Q,_,(2), MOXHO M3 HEro BBHIIAEIHTb
MHOXHuTenb (4). Bropoft xe MHOXHTenb OyHeT AeHCTBHUTENb-
HBli MHoOrousen Q,_, crenenu n—4. IloBropuB 3TOT mponecc
v pas, mnoayuuM npeicraBiaenue Q,(2) B Buie (3), rae
Qn-2v (2) — BeficTBUTENIbHBI MHOTOUJIEH CTeneHu n—2v, obJa-
Jarouruil cBoACTBOM Qn—,v (2,) 7= 0. Ho Torma u Q,—qv (2,) 0.
Benp ecau 6vl 2, Obl1 KOpHEM NEHCTBUTENBHOIO MHOIOYJIEHA
Qn—2v, TO HEMHHYEMO 2, TOXKe GblJl Obl KOpDHEM STOTO MHO-
rouieHa.

3anaua. [lokasats, 4rto MHOrOuNIeH Q; (2) =28—3224-22
MMeeT He MeHee Tpex HEHCTBUTEJIbHBIX KOpHEH.

Teopewma 2. [elicmeumeavroui mroeodsen Q, (2) cocmap-
wum  rkoappuyuenmom a,=+~0 mosxcem 6oims npedcmasien
8 sude npoussederus

Q@) =a,(@—c)*...(2—c)* [(z—0n)* +Bi]". ..

o J(z—og)2 4+ B2s =a, gl(z—cj) R’y ’1=Il[(z—aj)2 +B21¥s, (5)

eoe B; >0, p+ ...+ +2 Vit FV)=n, 06000y G —
Oeticmeumenvtoie KopHu Q, Kpamwuocmell COOMEEMCMEeHHO
Bis --os By @ ;P40 ..., o4 Bi—nonapro conpssicen-
Hble KomnaexcHoie KopHu Q, Kkpammuocmeil COOMEeMCmeeHHo
Vis o ooy Vg . .

3amevyaHnue. JleHCTBUTENbHbIE MHOTOUYJIEHBI BTOPOM CTe-
NeHY, BXOAsIIHe B npousBefeHue (D), MOXKHO mpeoGpa3oBaTh
TaK:

(z—0)+pj=2"—2az+ (2} +B}) =2+ p;z+ ¢,
p;= —2“,', q;=0a3+B}.

ITosromy copMysy (O) MOMXKHO 3amHucaTh ele B CJEILYIOmEM
BHJE:

r S
Q@ =a [Te—cps L @+pz+apn  6)
= ]:
rae 2*+ p,;z+ q;— NeACTBUTEJIbHEIE MHOrOYJIEHBl BTOPOH Cre-

NMeHH, MMEIoWKe KOMIJIEKCHbe KOpHH a; 4= iff, (B, >0, p?—
—4q;,=—4p3 <7 0).
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HokasateabctBo. Ha ocHoBanuu ¢opmyast (3) § 5.4
Qn (Z) =;I=Il (Z—C]-)uj Qm (Z),

rie Q, (2)— meficTBHTE/IbHBIA MHOTOUJIEH CTENEHH M =N —
—m—...—p,. Ecim m=0, To, oueBumso, Q,(2)=a,;
B ofmeM cJjyyae NpPHUMEHsieM TI0C/IeJ0BaTeJbHO Teopemy

K KOMIIJIEKCHBIM KOPHSIM Q.

OTMeTHM, YTO OCHOBHasi TEOpeMa JOKAa3hBae€T TOJIbKO CY-
IMeCTBOBaHHE KOPHA (BOOOLIE KOMIIJIEKCHOTO) Y MHOrouJieHa
n-fi CTeNneHu, He JaBas 3(pQeKTHBHBIX METONOB HaXOXKJEHHA
ero B obueM cayyae. Brnpouewm, f0ka3aresbcTBO ITOH TEOpPEMB
NPOBOAMTCS METOJAMHM MaTEMaTHYECKOro aHaju3a, a He aJ-
re6pel. Mel He JoKasbiBaeM 3fiech 3ty Teopemy. OHa cBs3aHa
OPTaHHYeCKH ¢ TeopHed PyHKIHH KOMIJIEKCHOTO MEPEMEHHOrO.

CymecTByloT (OpMYyJibl peIIeHHs] OOIMX YpaBHEHHi BTO-
po#i, Tperbei u geTBepTOl cTeneHed. Il ypaBHEeHHI! CTeneHH
n > 4 rtakux ¢opmyn Het. AGesb!) I0KasaJ, 4YTO OHH HE MOTYT
CYIECTBOBaTh. DTO HAlO NMOHHMAaTb B TOM CMEICJeE, YTO MHpH
n >4 KopHH ypaBHeHHs a,x"+4 ...+ a,x+a,=0 (a,+#0)
HE BHIPAXKaloTCs uYepe3 KO3hD(PUINEHTH a, NMOCPeICTBOM (YHK-
UMHA OT 3THX KO3(PHIHEHTOB, NpEACTaBJAAIOUMX cO6OH pe-
3yJIbTaT KOHEYHOrO YHCJIa Ofnepauui TOJNbKO CJEAYIOIEro BUAA:
CJIOXKEHHS], BHIYMUTAHHS, YMHOXKEHHS, NEJIEHHS W H3BJICUYEHHUSA
KOpHS.

§ 5.6. HHTerpupoBanse panMOHAMbHBIX BbIPaKEHHi

OrHouleHne ABYX ajre6paHyecKHuX MHOrOYJICHOB
. Py (x)
f()C) - Qn (x) ’ (l)
P,(x)=b,+bx+...+b,x™,
Q,(x)=ay+ax+...+a,x"

b,, a,70, m>=>0, n>1, HasbiBaeTCa payuoHarbHOU GYHK-
yueil U elme payuoHareHot Opobsro.

Byzem cuuratb, uTO payuoxarsuas 0pobe [ delicmeumens-
nas, T.e. P, u Q,—JneficTBuTeNbHbIe MHOrousneHsl. Kpome
Toro, GyJieM CuMTaTh, YTO X— JEHCTBUTE/IbHAsI MEPEMEHHas,

1) H. T. AGenn (1802—1829) — Brigalomuiics HOpBeXXCKHH MaTeMaTHK,
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PanuonapHbe @yHKuuu BHJA

A Ax+B

o ma ¢>2 wEerr o
__A_"i (k=2),
(x2+ px--q)*

rne A, B, a, p, g—neficTBATe bHBEIE 4HCJA, k—HATYypalb-
HO€ 4HCJIO, a TpexuJsieH x®+ px-}q He uMeer JEHCTBHTEJIb-
HBIX KOpHe#, GyJeM HasmBaTbL napocmetiuuumu Opobamu.

B § 5.2 MBl mOKa3aJu, Kak BBIYHCJSIOTCS HHTErpajbl OT
npocrefux ApoGeit (cm. (4), (5), (6), (7), (11) § 5.2).

[Tycts Hallo HafiTH HEONpEAEJIEHHBIA WHTErpaj OT Palluo-
HajbHOM QYyHKIMH f(x) (cm. (1)). Ecam mZ>n, To npocTeiM
IeJIeHHeM BblAesnsieM H3 f uenyxo qacrb'

f (x) = MHOrOUNEH + Q ( ) (m; < n).

MuTerpupoBaHHe MHOrOuY/I€HAa HE NpeACTaBJsieT TpyAa H
TPYAHOCTb CBeJIaChb K HHTErPHPOBAHHIO PallOHAJbHOH NpOOH,
Y KOTODO# CTENEHb YHCJIMTEJNS MEHbLIE CTe[IeHH 3HaMeHaTeJs.

ByneMm mosToMy cuMTaTh, YTO Hallia palHOHAJbHAS ApoOb
f(x) npasussnas, T. e. cTeneHb ee YUCJHUTENs MEHbIIE CTe-
NeHH 3HameHateas (m < n).

TeopeMa 1. ﬂycmb 3Hamenamenv npasurvHoli Oeticm-
eursnesxzbuou payuorarbroil 0pobu pasaoscen no gopmyre (5')
§

Qn (1) =a, (). . . (x—C, )0 (22 pyx+ o). ..
(2 pox ).
Toz0a Opobe (1) mosxcro npedcmasums u npumom eoUH-

cmegerHoim 00pasom 8 eude caedyrouwjell cymmel npocmeliuiux
6po6edt

P Aui A1, s Ag
Qn M w—c)™ | (x—ey)? et x—cf +
A i A g A
: - L ) L ur
+ (x—cr)ur-*- (x—e)r 1 T X—Cr +

By, 1x+Ci, 1 By, 9x+Cy, s " i B, ,x+Ci,v "
(x=+p1x+ql)“ @tptg™t LT Bt

B, 1’-’+Cs i Bs,2x+Cs,a + +Bs, vs*+Cs, vg
(2 psx+qe)"s  (P4pextqe) VTt x2tpxtqs’

@)
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20e A, B, C (c coomeemcmeytouumy uxdexcamu)— nocmosn-
Hble uucaq.

Odra Teopema yTBEpXKAAeT, YTO A4S JOGOM NpaBH/IBbHOH
pallMOHAJbHON JeHCTBUTEJNbHON ApOOH CYIIECTBYIOT MOCTOSIH-
Hele yucaa A, B, C ¢ yKa3aHHbBIMH HHJEKCaMH TaK, YTO HMEET
MECTO TOXAECTBO (3) MJsi BCeX X, MCKJIOYasi SHAYEHHS X =
=04y +.+y &, AJ KOTOPBIX OOG€ yacTu (3) HE onpeleseHHl.
ATy TeopeMy MOXHO aKKypaTHO JOKa3aTb, HO Mbl 3J€Ch ee
AOKa3biBaTh He OyleM.

INosicuum ¢opmynpoBky TeopeMsl 1 Ha npumepe. CorsacHo
Teopeme | mpMeeT MeCTO paBeHCTBO

28 4-x2+x+2 A A Mx4-N
=122 +x+1) d_x—ll+(x—21)2+x2+x+l’ C)

rae A,, A,, M, N —BrnoJiHe onpeJeJieHHble TOCTOSIHHBIE YHCJIA.
Uro6bl HaTH HMX, NpHBOAUM (4) K ofleMy 3HaMEeHaTeNo H
NpHPaBHUBAaeM YHCJHTEJH JIEBOH M NpPaBOH yacTeil:

203+ 2+ x+2=A, (x—1)(x®+x+ 1)+
+ A, (4 x+ 1)+ (Mx+ V) (k= D2 ()

PackpbiBasi ckoOkH B npaBoi 4acTH (D), rpynnHpyeM uJieHbl
C OJIMHAKOBBIMH CTENEHAMH X H NPHPABHUBaeM KO3(p(HUIUEHTHI
NpH OAMHAKOBBIX CTeNeHsXx x o6eux uactell (cM. § 4.14, teo-
pema 2):

2=A1+M;

1=A,+ N—2M, ©
1=A,+M—2N,

——A,+A,+N.

Mbl mONYuYMIM uUeTbipe JIHHEHHBIX YPaBHEHHSI C YETLIPbMS
HeussectHoiMH A;, A,, M, N. Bra cucreMa no Tteopeme |
HMeeT pelleHHe M MPHUTOM eJuHCTBeHHoe. Pemas cuctemy (6),
nonyunM A;=1, A,=2, N=M=1, u noromy

28342 +x4+2 1 2 x41
x—=D2@2Fx+1) — x—1 +(x—l)2 + fxf1° (7

B ofmwem cayvae, ecqn MB Hauu Koshduuuents A, B,
C B (3), a1 mHTerpHpoBaHus Apo6H P,/Q, y Hac BCe rOTOBO:
HeoNpejieNIeHHbIl HHTerpaJ OT JIeBOH yacTH (3) paBeH cymme
HEONpPEJENCHHBIX HHTErpajioB OT BCEX YJEHOB NpPaBOH IJIOC
HeKotopas nocrosihHasi C. Beime yxe 6bI0 OTMEUEHO, 4TO
MHTErpaJbl OT JIo60ro M3 uieHOB (3) MBI yMeeM BBIYHCJATH.
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B cayuyae nmpumepa (7)
984224142 dx dx x+1
dr= {2 atm+ ax

(x—l)2ﬁ2+x+1) *tx41
=|n|x—1 |——+]n sz—l-x—l—l—{—v._ arctg %l+c

3ameuanue 1. Papencrso (5) BepHo 1sis so6Goro x == 1.
Ho ono Torna BepHo W npum x=1, noroMy 4ro cJjeBa H
cnpasa B (5) crosiT HempephiBHEe QyHKUMH OT x. [loxcraBuB
B (5) x=1, noayuum 6=34,, 1.e. A,=2 n, nosoxus x=0,
Oy 4UM 9——_4 i+A,+N, t.e. N=A;. Otu jaHHbe
(A,=2, N=A4)) CHJIbHO ynpomaioT cucremy (6). Ha mpak-
THKE l'IOIlOéHbIMH COOGpaXKeHHIMH He Ha/llo NpeHeGperars.

3ameuanue 2. IlpuHuMNUANBHO BCsiKas pallMOHAJbHAS
(YHKUNSI HHTETpUpYeTCsl B 3JIEMEHTAapHBIX ¢yHKIHaAX. [Ipak-
THYECKH MOJIHOe HHTerpHpoBaHue (1) MOXXHO LOBeCTH O KOHIA
B CJlyuae, €cJM M3BeCTHH Bce KOPHH Q, M HMX KpaTHOCTH.
Ho wmul yxe roopumu B § 5.5, uTo 3T0 He Bceria ypaetcs
y3HaTb. B cBsi3n ¢ 3THM BCcsiKOro poja ynpoLIEHHS MHTErpasa
OT pauuoHanbHOH Apo6u (1) ABJIAIOTCS OYEHb LEHHBIMH.

C 3Toli TOYUKH 3peHH$ - 3aCJY>KHBaeT GOJIbIIOrO BHHMAaHHU$
mertol, Octporpaickoro?!), o6bIYHO H3JaraeMbiii B 6osiee moJ-
HbIX YyuYeGHHKaXx 2).

§ 5.7. UnTerpupoBanue UppaLHOHAJIbHBIX (YHKIHH

PaccmoTpuM cayuan, Korja 3aMEHOH NepeMEHHOH MOXHO
CBECTH MHTETPHPOBAaHHE HEPALMOHAJBHLIX GYHKLHUH K HHTErDH-
pPOBaHKIO PalMOHAMNbHBIX (YHKLHMH (T. €., KaK TrOBOPAT, pa-
LIMOHAJU3HPOBATb HHTETPa).

Ilyctb R (x, y)— pauuoHanbHas GQYHKUHSA CBOMX apry-
MEHTOB X H y, T. €. Hald X U y COBEpIIAIOTCA TOJBKO apHdMe-
THYECKHE oOllepanyu, YToGbl noayuutb R (x, y). Hanpumep,

axy+y*

R (x, y)=——cx iy — pauvoHaJbHasi ¢yHKUMA, a

f(x, )=V x+Fy-+x*—ne sBaseTCcs PaUHOHATBHON.

I. Buiyucaurs §R<x, ’V‘Zﬁis )dx, riea, b, c,d—

1) B. M. Ocrporpaznckuii (1801—1861) —Brigaromuiicst pycckuii ma-
TEMaTHK.

?2) Cm.; Hanpumep, «Kypc MaTeMaTHyeckoro anamuzas C. M. Hu-
Konbckoro; T, I, §
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MOCTOSIHHbIE YHCJA, m—HaTypantHoe uwucao, ad—bc£0,
R (x, y)— paumnoHasnbHass QyHKUHS. .
ax-+b

m) Ha3BIBAIOT OpPOOHO-AU:

OyHKIHIO BHIA R(x, i

HeLHol uppayuoHasbHOCMbIO.
ax-+b

m
[TokaxkeM, 4ro samena f= ]/

ord PauMonauusupyer
m_ ot _b—dim _
unterpan. B camom nene, {7 = d OTKYAA x=Cm—
paunoHajbHaa ¢ynkuus ot t. [anee,
mim=1 [ad — bc]
Ax="—Czm —gy 9t

[Toatomy

s VT -

_S (b dt"‘ )mt"‘ 1lad— zbc] dt——SRl-(t)dt,

ctm — (ctm —aq)

rae R;(t)—pauuonanbHas (YHKuMs 00 ¢, HHTETPHPOBATb
KOTOPYIO MBI yMe€eM.

IpuMep 1. Bruncauts y( 7 ]/x+ldx 3nechb

R (x, y)=T)2—. INonaras ; —i'—l {, nonyuum x=
;§+:, dx —-(t_f—t;;—;-, —1l= i Takum o6pasom,

=S —6t2 (B—1)2
fmﬂ/md"“‘ft T dt= f"d‘—
x+1
——trro—3(VE) 4o
Dpumep 2.
dx dx 6¢° dt
SIS —=(/x=1t)= j
SVx+?/x 5(?/x)2+(?/x)3 S

=6 (=14 1ydt—In|14+1|=
—=2£2—32 46t —In|14¢|+C.

II. BeluucauTh SR(x, Vax*+bx+c)dx, rue a, b,

c—rmocTosiHEbIe uncaa. Pynknuio R (x, Vax2+bx+c) 6y-
IeM HasblBaTb KeAOpAmu4HOl U ppaytlOHaNbHOCTLbIO.
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Ecmm  Tpexunen ax?+4-bx-4-c uMeer JeHCTBHTE/bHEIE
KOPHH X{, X, TO ax*+bx+c=a(x—x;)(x—x,) 4

R(x, Vaxr¥bx+c)= R(x, (x—x;) ]/" ) )=

X—Xx;

= R. X7X%
=Ry (x’ ]/x—xl )’
H Jeso CBOAMTCS K cJayuyaio I.

[Tostomy GyaeM cuuTath, 4T0 ax®--bx--c He uMeer neii-
cTBUTeJIbHBIX KOpHell U a > 0. Toraa panuoHa/u3anHs uH-
Terpasa MOXeET ObITb JOCTHTHYTa C TNOMOIIBIO MOJCTaHOBKH
Oiinepal):

t=Valt+bx+tc+xVa.

Orciona ax2+bx+c=t2—2xl/5t “+-ax?, 1. e. x=ﬁt/2"%+b—
pauuonanbHast ¢ynkuusa ot £. Ho torzma
Vax2+bx+c=t—xl/71= V a

2 V “‘+b
_—Takxe paunoHanbHasi ¢yHkuus or f. [Tostomy
{ R(x, VarrFbxto)dx= R, (t)at.

3ameyanue. Ecau a<0, ac>0 (ax®*4bx+c=>=0),
TO MOXHO ClieJlaTh 3aMeHy

Vax+bxt-c=xt+Vc.

[Tpumep 3. Beruucauts gl/az-l-xzdx. Bunom x?+4-a?
He MMeeT AeHCTBHTeJIbHBIX KopHefl. [Toatomy mosaraem
12— g2

t=l/x2+a2 +x, x2d-a?=12—2tx 4 x2, X=—gr—

VeFa—t—x=LE2

Orcrona

—_— t4__a4 21 q2
xl/x“’-l—a2=—4t2—, dx= ;;2 dt.

1) 3Ty moacTanoBKY MOXKHO NpPHMEHATb H B CIyyae AefiCTBHTENbHBIX
KopHeil npH a > 0 Ha uHTepBane, rae ax®-4-bx-+c=0.
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B cuny storo
SVx2+a2dx— ’2;“2-‘“;';;’%— ([t+2 4+ 5] ar=
=t + e S =S+ L o=
=—1n|x—|—l/x2 a“l+ Vi¥a+C.

IIl.UuTerpupoBaHue B paxeHHil R(cos x, sin x).

Paunonasusarus S R (cos x, sin x) dx RocTHraeTcsi C MOMOILbIO

NOACTaHOBKH ¢ = tg (x/2) (— n < x < ), KOTOpasi Ha3blBaeTCs
yHusepcasvrol. B camoMm Ieue,

2tg (x/9) A 1—tg? (x/2)  1—¢2

SIMX=1gaam = TFe' OSY=Treen — 118
x=2 arctg?, dx=—l%,
no3TOMy
. I—2 2\ 2dt
SR(cosx, smx)dx=SR(H_t2, l+t2) 1+t2=SRl'(t)dt’

Ecnu ¢ynkuus R (x, y) ob6nafaer cBOACTBAMH YETHOCTH
HJH HEYETHOCTH MO MNepeMeHHHIM X WJHM Yy, TO MOTYT YMOT-
pebaATbCS M JApYyrHe MNOACTAaHOBKH, TaKXKe palHOHAIU3UpY-
IOLIMe HHTerpaJ.

IlycTb
R(u, v)=P(“s )

Q(u, v

rae P 1 Q—MHorouJieHsl OT 4 U 0.

1) Ecan opun u3 MHorouneHoB P, Q uetHnii mo v, a
JApyroii —HeYeTHHIH MO ¥, TO MOJACTAHOBKA {=COSX pauuo-
HaJIM3UpYeT HHTerpai.

2) Ecnu onuH u3 MHOrouneHoB P, Q 4eTHwit nmo u, a
ApYyroll — HeuyeTHbI# MO 4, TO MOACTAHOBKA f=sinx pauwuo-
HaJIM3HPYET HHTErpaJ.

3) Ecin P u Q: a) ofa He H3MEHSIOTCA MNpH 3aMeHe u,

(u=cosx, v=sinx),

U COOTBETCTBEHHO Ha —u, —U HJU 6) 002 MEHSIOT 3HAaK, TO
HHTErpa/l paldoOHaJu3upyercss MOACTAaHOBKOH f=1tg x (uau
t=ctg x).

I[Tpumepsr:

I°. gs;’:x=(t=tgg) S—:Inlt|+C—
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3 p—
.'420' S‘sm xdx_____Ssinzxd sin® xd (cos x) _Sl cos? xd(cosx)-—':

costx cosd x cost x
1—f
——dt.

=(t-cosx)=—S

v
B nannom cayuae R (4, v)= =15, T.€ UHCJHTeNDb

HEYETHBIA OTHOCHTEJILHO v, a SHaMeHa’I‘e.flb YEeTHBIH IO U, H
Mbl HMeeM Jeso co cayuaeM 1).

30 S dx _ dx

a®cos? x -+ bEsinx @Fbigincostx

dt
=(t=tgx)=5m,

3pech uucaurtens P(u, v)=1, a 3HameHatesp Q (4, V) =
= q?u?+b%?. O6a He MeHSIIOTCS NPU 3aMEHe U, U COOTBeT-
CTBEHHO Ha —1u, —U, T. €. Mbl HMEEM JeJIO CO cayyaem 3a).



FTABA 8
ONPEAEJIEHHBIH WHTEIPAJI

§ 6.1. 3apauu, npHBOAsILIHE K NOHSATHIO
onpejeNeHHOr0 MHTErpajia, M €ro onpejelicHue

a) 3agagum Ha orpeske [a, b] (@ M b—KoHeuHble YHCIIa)
HeOTPHLATE/IbHYIO HempepbiBHYI0 ¢yHKumio f(x). Ipaduk ee
u3obpaxed Ha puc. 75. [locraBum 3afauy: TpeGyercss ompe-
JeJHUTD - MOHATHE IJOWAAX (HIYphl, OrpaHHYEHHOH KpHBOM

g

y=1{(x), ocblo ¥, NPAMBIMH X=a U Xx=>0, U BHIUHUCIHTb 3Ty
njowaab. [locTaBieHHyl0 3aJlayy €CTECTBEHHO pELIHTb Tak.
[Tpoussesem pasGuenue orpeska [a, b] Ha n yacTelt TOU-
KaMu
a=x<x<...<x,=Db, 4}

BHIGEPEM HAa KaXJOM M3 TMOJNYYEHHbIX YaCTHUHBIX OTPE3KOB
[ x4 (=0, 1, ..., n—1) 2
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no npousponbHof TouKe §, E[X, ¥;41], ONPENENHM SHAUCHHS
¢yHKUHH [ B STHX TOYKax H COCTABHM CYMMYy
n=1

Sn"f?()f@/) Ax/ (Ax,=x,+1—x,), (6)]

KOTOPYIO HashIBAIOT UHME2PAAbHOL cymmoli U KOTOpasi, ode-
BHAHO, paBHa CyMMe ILIOmafed SalUTPHXOBAHHEIX MNpSAMO-
yroJbHUKOB (CM. puc. 75).

Bynem Tenepb cTpeMuTb BCE Ax; K HyJio H MPHTOM TaK,
YTOGH MaKCHMAaJIbHBIN (CaMblfi GOJIBIION) YaCTHYHBIA OTPE3OK
pas6uenus cTpemuscs K Hymawo. Ecau npu sTom BenmuwHa S,
CTPEMHTCSI K ONpENeJIEHHOMY npejesny S, He 3aBHCAUIEMY OT
cnoco6oB pasbuens (1) u BbIGOpa TOYeK §;, Ha UYaCTHUHBIX
OTpesKax, TO €CTEeCTBEHHO BEJHYHHY S HasblBaThb 1.40uja0bf0
Hawleli Kpugoauretinoti ¢ueypot. Takum ob6pasom,

S= lim 3 f()Ax, @)

max ij-» 07=0

Htak, MBl JajH onpejesieHUe MJIOUIAAHW HAIeH KPHBOJIH-
HeftHo# ¢urypsl (Tpamenuu). BosHHKaeT Bompoc, HMeeT JH
KaxJas Takas ¢urypa njomaib, HHaue roBOps, CTPEMHTCH
JI Ha CaMOM JleJle K KOHEUHOMY Mpefesy ee HHTerpasbHas
cymma S,, koria Ax, — 0? B nanbuefimem GyaeT HOKasaHo,
YTO STOT BONPOC pellaeTcs MOJOXKHTENbHO: KaKlas onpeje-
JIEHHasi BhILIE€ KPHBOJIHHEHH3s (Hrypa, COOTBETCTBYIOLAs He-
KOTOpO#i HempepuiBHOH GYHKUWH f(x), AEHCTBUTENIBHO HMeeT
nJoWaib B CMBICJIE CAEJAHHOTO ONpEeJeJIeHHsl, BbIpaXKaeMyio,
TaKHM 06pa3oM, 3aBHCSILMM OT STOH QUrypsl yucjoMm S.

Ipyrofi Bo3HHKalOUMH 31€Ch BOMPOC, HACKOJBKO €CTECT-
BEHHO J@HHOE ompejeJsieHHe NJIOMmAAX, Kak BCeria B TaKHX
cJyyasix,. peiiaercsi MpakTHKoH. Mbl cKaxkeM TOJNBKO, 4YTO
NPaKTHKa NOJHOCTBIO ONpaBlaja 3TO onpejeseHue. Y Hac
GyJeT MHOTO CJyyaeB YGELHTHCS B NPABUJIBHOCTH CHEJNAHHOTO
onpejeseHus.

6) lan JnHEeHHbI HEONAHOPOLHBIH CTEpIKeHb, JIeXKall1i Ha
och x B mpejenax orpeska [a, b]. TpeGyercs ompeaenutb
Maccy storo crepxHs. ITycTh nOTHOCTD pacnpenesenust Maccsl
BIOJIb CTEPXKHSI €CTb HEKOTOpPas HenpepniBHAsi QYHKUHS OT X:
p (x).

Ilns onpeleseHuss MacChl CTepKHsi pa3o6beM ero Ha n
NPOM3BOJILHBIX YaCTel TOUKAMH a=x,< x; < ... < x,=b.
B mpenenax kaxXio# uacTH [X;, X;.;] BblOepeM MO mNpou3-
BOJIbHOH TOUKE §;. '
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Tax kaxk B npenenax [x;, ¥;.;] GyHruus p (x) uamensercs
Maso, TO MacCy YaCTH CTEpXKHS, COOTBETCTBYIOUIEH OTpe3Ky
[%;, X;+1], MOXHO cunTaTh npuGAMKeHHO paBHO# p (§;)Ax,
rie Ax;=x;.,—x;.

Macca ke m Bcero cTep:kHsi NPUGIHKEHHO PaBHA

n-1

P Eo) Axo+p () Axy+ ... +0(Epy) Axpoi= i§0 e (§) Ax;.

Tounoe 3Hauenue MaccCoel, OYEBHIHO, IOJYYHUM B Mpeaede,
KOrJla HauGOJIbIIMA YaCTHYHBIA OTPE30K CTPEMHUTCS K HYJIO,
T. €.

n—

m=_lim S p(&)Ax, )

max Ax; > 0 ;=9

O6e paccMoTpeHHble 3aJayd MPHUBEJNH HaC K OXHOH M TOH
K€ MaTeMaTHuecKoH onepauuy Hald (YHKUMSAMHM DPas3JHYHOTO
NPOUCXOXKJEHHsi, 3aJlaHHBIMH Ha oTpeske [a, b]. Ham Bctpe-
THTCSl MHOTO APYIMX KOHKPETHBIX 3aJay, peLIeHHE KOTOPHIX
CBOIUTCA K MOAOOHOH onepanuu Hal (yHKUHEH, 3aJaHHOH
Ha oTpeske. Jrta onepauns HasblBaeTCs onepayuell unmezspu-
posanus yHKyuUu Ha ompedke, a €€ pe3yJbTaT— YUCJI0 —
Ha3blBAETCS ONpeO0eseHHbIM UHME2paiom om (QYHKYUL Ha om-
peske.

Onpenenenue l. [Tycme na ompeske [a, b] 3adana
pynxyus f. Pasdeaum [a, b] Ha uwacmu npousgorsHoimu mou-
Kamu:

a=x< 5, < x5, < ... < x,=b,

u 6ydem zoeopume, umo smum npoussedero pa3buenue R om-
peska [a, b]. Ha xawdom uacmuunom ompeske [x;, x;4,] pas-
buenus evibepem npouseosvryro mouky §;€[x;, x;41] u co-
cmagum cymmy

n-1

Op=0pg (f)=i§0f(§/) Ax, (Ax,.=x/+1—-x,-),

Hasoleaemyro urmezparoroil cymmoli Gynxyuu f, coomsemcm-
syroweli pasbueruro R.
Obosnauum 4epes
Ap= max Ax
R 0<j<n-1 /
MAKCUMANbHYIO OAUKY 4acmudHblx ompeskos [X;, X;.i] pas-
6uerus R.



§ 6.1. OTIPEAEJIEHHE ONPENEJIEHHOIO MHTEIPAJIA 2925

I1peden (ecau on cywecmsyem), K KOMOPOMY CMpemumcs
UHme2pasbHaA cymma Og, Koeda Ay — 0, wHasvieaemcs onpe-
Oenernnoim unmezparom om pyukyuu f na ompeske [a, b] u
obosnauaemcs caedyrouum 06pasom:

e b
lim o= lim 21 FE)Ax, = S f(x)dx (a<b). (5)

Ap—>0 maxAx; - 029 3

UucsIo @ HA3BLIBACTCH HUNCHUM npedesom ONpeNesEHHOro
HHTErpana, a 4ucao b—asepxHum ero npedesom.
Onpeznenenue | 3KBHBaJIEHTHO CJEIYIOIEMY.
Onpenenenue 1'. Onpedesennoim unmeeparom om
ynryuu f Ha ompeske [a, b] nasoeaemes uucao I, ydosrem-
gopsowee caedyrouemy ceoticmsy: 0as ecaxkozo € >0 moxcHo
Haiimu uucao & >0 maxoe, umo 0as awbo20 pasbuenus R
ompeska [a, b], y xomopoeo Ap=maxAx; <8, evinosnsemcs
1

HepPaseHCcmeo
n-1
log—1I'|= igof(E/)Ax,-—l <e

npu_npoussosorom goibope modex §; €[x;, Xx;4q]-

TloHsiTHe OMpelesieHHOTO UHTErpajia Tak, Kak Mbl €ro of-
pelesnid, OblJIO BBENEHO A/ HEeNpPEePHIBHBIX (YHKUUE ¢paH-
uny3ckum MarematikoM Ko u B ofmem ciydyae Pumanom 1) —
015t QYHKIHUHA He 00513aTE/IbHO HEeMpepBIBHBIX (MHTErpUpPyeMbiX
no Pumany). O6eiudo npesienn (5) HasblBaOT uxmezpasom Pu-
mara ¥ GYHKUIMIO, IJIi KOTOPOH 3TOT TNpeles CYIIeCTBYeT,
HA3bIBAIOT uUHmezpupyemols 8 cmoicae Pumana.

Ecan ¢ynxkuus f HenpepeiBHa Ha [a, b], To Asist Hee Bceraa,
KaK Mbl y3HaeM, mpejes (5) cCyiecTByer.

loBopsAT TakXKe, 4TO HenpepniBHass Ha orpeske [a, b]
GYHKUHA unmezpupyema Ha HeM 8 cmoicae Koww.

B 1. a) Mbl onpesenuau (CM. puc. 75) mJomanb mia0CKO#R
¢urypsl, OTpPaHHUYEHHYIO CBEPXY TIpaHUKOM HENpepLIBHOM
¢yHkuuu y=7f(x) =0, cHu3y ocbl0O X M C GOKOB NMpPSIMBIMU
X=a ¥ x=>b. Mpl MOXeM Tenepb CKa3aTb, YTO MJOWAAb 3TOH
Ebm‘ypu paBHA ONpeleJIeHHOMY HHTErpajlqy oT f Ha OTpe3ke
a, b

b
S= {7 dx.

a

1) B. ®. PuMan (1826—1866) — BHAAIOIHACA HEMEUKHH MaTeMaTHK.
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Mbl MOKeM ellle CKasaTh, 4TO Macca CTEPXKHS, O KOTOPOM
wJa peub B 1. 6), paBHAa ONpEEJEHHOMY HHTErpaay OT €ro
JMHEHHOH nJoTHOCTH p(x) B npenenax [a, b]:

b
m= S p (x) dx.

a

Utak, no onpelesicHHIO OnpedeseHHbLM UHMe2parom Ofi
pynxyuu f Ha ompeske [a, b] Hasvieaemcs npedes uxmezpaio-
Hotl cymmor (D), Koz0a maxcumabHulll wacmuuHoi 0mpeso
pasbuenus R cmpemumcs K Hyao.

B sTom omnpeleseHHH, KOTOpOe TENeph YXKe HE CBA3AHO
¢ 3ajauell O HAXOXK/IEHHH MJol@nu, (yHKnua f He o6si3a-
TEJIbHO HEMpepHBHA M HeoTpHuuaTesabHa Ha [a, b]. Hamo or-
METHTb, 9TO 3TO ONpejiesieHHe He YTBEPKJaeT CYIUECTBOBAHHE
ONpEJLeJIEHHOrO0 HHTerpasa AJjis BCAKOH (QYHKUHMH f, 3aaHHOH
na [a, b], T.e. cymecrpoanus mnpeaena (5). OHo TOJBKO
FOBOPHUT, UTO €CJIM STOT Npeles CYyIECTBYeT IJis 3aJaHHONA
Ha [a, b] QyHKUMH f, TO OH Ha3LIBA€TCs ONpENEJIEHHBIM HH-
terpajoM ot f Ha [a, b].

Cnenyer ¥MeTb B BHAY TaKXKe, 4TO KOrja roBopAT, YTO
yKasamHbIA npenest I cyumiecTByer, TO [MOAPasyMeBaloT, YTO

\ OH HE 3aBHCHT OT cnoco6oB
I pasbuenus orpeska [a, b] Ha
YacTH ¥ BHIGOpPa Ha NOJNYYEH-

I HBIX YaCTHYHEIX OTpe3Kax TO-
i uek §,.

I HenocpeacTBennoe BbIyHc-
[ JIEHHE ONpEJEJIEHHOTO HHTErpa-

|9z g 7 > 7a no dopmyne (5) cBsA3aHO
C TPYAHOCTSIMH — HHTETrpaJibHble
Puc. 76. CYMMH! CKOJIBKO-HHOYAb CJIOXK-

HBIX (YHKUHHA HMEIOT IrpoMO3J-
KUl BHA H 3a4acTyl0 He JIerKo npeo6pa3oBaTb HX K BHAY,
ynoGHOMY AJis BbIYHCJEHHS mpefienoB. Bo BcskoM chyuae,
Ha 3TOM NYyTH HE YAajioch co3faTh OOMMX MeToAOB. IHTe-
DECHO OTMETHTb, YTO BIEpBHE 3ajauy 3TOTO POAZ  Pelu
Apxumen. Ilpu momomu paccyxIeHHH, KOTOpHIe OTRA/IEHHO
HaNOMHHAIOT COBPEMEHHBI MeTOJ MNpelesioB, OH BBIYHCJIHJI
njouiaip cerMeHta napaboJsnl. B nanbHeiinieM Ha npoTsike-
HHH BEKOB MHOrMe MaTeMaTHKH pellaju 3afayd Ha BhIYHCJIEHHE
nsomazeit ¢uryp u obremoB Tes. Bee ke eme B XVII Beke
MOCTaHOBKA TaKMX 3alay M METOIAbl MX peLIeHUs] HOCHJIH CY-
ry6o yacTHbfi Xapaktep. CyliecTBEHHBIH CABHT B 3TOM BONpoce
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BHecan Hbioton u Jle#iGHui!), ykasaBumive oO6LIHiA METOR
pelieHnss TakHx 3afad. OHH NOKasaju, 4YTO BBHIYMCJEHHE
Onpe/eJ/IeHHOro HMHTEerpasna OT (GYHKUHH MOXKeT GBITb CBENEHO
K OTHICKaHHIO ee MepBooGpPa3HOH.

Kak 6bu10 OTMeueHo Bblile, HenpepoiBHas Ha [a, b] ¢yHK-
M5l MHTerpupyema Ha [a, b]. Dro Gyner nokasaHo B § 6.7.

Byner Takxe mOKasaHO, YTO MOHOTOHHasi Ha OTpe3Ke
[a, b] dynkuns unterpupyema Ha Hem. Hamo yuects, uro
MOHOTOHHASl (QYHKIUS MOXET HMEeTb pa3phiBHI B KOHEUHOM
HJM Jaxke CUeTHOM uucjae (cM. teopemy 2 § 3.4).

Ha puc. 76 usoGpaxen rpajpuk ¢yHKkmuH y=f(x), sa-
RaHHoil Ha otpeske [0, a]. dra pyHkuus HenpepriBHA Ha [0, x,],
y6biBaeT Ha [x;, ¥,] U Bo3pacTaeT Ha [x,, a]. CieloBaTesbHO,
OHa MHTErpHpyeMa Ha KaxJIOM H3 3THX orpe3koB. Ho Toria,
Ha OCHOBaHHH aJMTHBHBIX CBOHCTB MHTerpana, O KOTOPBIX
peub GyleT BnepeiH, Haumia (pyHKIHS HUHTETPHpPYEMa Ha BceM
orpeske [0, a] (cm. § 6.2, Teopema 3).

Takum obpasom, ecsau oTpe3ok [a, b], Ha kKoTOpOM 3alaHa
GyHKUMs y=7F(x), MOXKHO pa3pe3aTb Ha KOHEYHOE HYHCJIO
YaCTHYHBIX OTPE3KOB, Ha KaXKIOM H3 KOTODHIX OHa Hempe-
pBIBHA MJH MOHOTOHHA, TO Takas (QYHKUHS WHTerpupyema
Ha [a, b].

Hbloron u Jlel6HUI JoKasasH TeopeMmy, CBsI3bIBAIOLLYIO
JBa BaXKHBIX MOHSITHSI MAaTEMaTHYECKOTo aHaJM3a— WHTerpasa
M NpOM3BOAHOH. Dra TeopeMa BBHIPAXKAETCS COOTHOLUEHHEM
(popmymnoit HptoTona —JlefiGuuna)

b
F(®)—F (@)= § f (x) dx. )

a

3nech f(x) ecTb npousBosIbHAs HeNmpephIBHas Ha [a, b] QyHK-
uusi, a F(x)—xkakas-1m6o ee mnepBooGpasHas Ha [a, b]
(F" (x)=F (x)).

Takum oGpasoM, 044 moeo umobbr eviuuUcAUMb OnpedeseH-
Hotll unmeepanr om HenpepoisHol ynkyuu [ Ha ompesxe
[a, b], nado ysname ee nepsoobpasuyto Gynkyuro F(x) u
gaame: pasnocme F (b)—F (@) 3Hauenuti smoii nepsoobpa3Hoil
Ha KoHyax ompeska [a, b].

Eciu yxe CUHTAThb M3BECTHBIM, YTO HEMpEpHIBHAS Ha OT-
peske [a, b] ¢yHKuua f(x) uHTErpHpyeMa Ha HEM H YTO AJIS
9TOH (YHKIMH CYyIecTBYeT nepBooGpasHass F(x), To ¢op-
myny (6) MOXHO BhiBecTH Oe3 Tpyia.

1) U. Holoton (1643—1727) — reunanbubiit anrauiickuit GH3MK H Ma-
TemaTuk. I'. B. Jlefi6unun (1646—1716) —Benukuil HemMeuUKHH MaTeMaTHK.
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Ilycte R ecThb mpousBOJibHOE pasGHeHHe
a=x, <5< ... <x,=b

orpeska [a, b] Ba yactu. Toria (mosicHeHusi HuKe)
F(b)_F(a)=F(xn)'—F(x0)=F(xn)_F(xn—l)+F(xn—l)_'"

n-1

oo —F (x) +F (x)—F (x,) = ’EO [F (tp41)—F (x5)] =
n-1 n-1 b

= ZF @ a—n) =2 1@ b {f@ds ()

OTKYyJa M caelnyer ¢dopmyna (6).
B uerBeprom paBeHcrBe (7) MBl NPUMEHHJIH TEOpPEMY
Jlarpamxa o cpeiHeM

F (xp41)—F (%) = F' (&) (X1 —X2),

B CHJ1y KoTOpo# §, ecTb HEKOTOpAsi TOYKAa MHTEPBAJNA (X, X;41)-
INocnennee cooTHowenue caefyer u3 Toro ¢axra, 4To (PyHK-
nusi [ HenpephiBHA Ha [a, b], cjeloBaTe/bHO, MHTErpHpyema
Ha [a, b], u moroMy ee Jo6asi HHTErpajibHasi CYMMa H, B 4a-
CTHOCTH, NOJIyYeHHast HAMH [TPUMEHeHHeM TeopeMbl Jlarpanxa,

crpemuTcst npH Ap— 0 K onpeleseHHOMY WHTerpanmy or f
Ha [a, b].

CnpaBepiuBa Teopema.

Teopema 1. Heoepanuuennas na ompeske [a, b] yukyus we
uKmezspupyema HaA SMom ompesKe.
Takum 06pa3oM, 04s moeo umobbt ¢pynxyus [ Gbira unmezpupyemot

wa ompeske [a, b], Heobxo0umo, umobbL oHa Obiaa 02pAHU4EHHOU HA IMOM
ompesKe.

QnHako 8TO yCJOBHe He sIBJsIeTCS JOCTaTOYHBIM.
pumep. Pyrxuus
V()= 1, ecam x paunonanbHoOe,
—1, ecam x HppannoHaJbHOE,

orpanuuena: [P (x)|=1, BO He HHTerpupyeMa Ha JIOGOM OTpe3Ke
[a, 8] (a < b).

B camom fele, €C/IH B ee MHTErpajibHON cyMMe 3a TOUKH §; BLIGpaTh
palHOHaJIbHBIE YHCIA, TO

n-1 n-1
og= X ¥ () Ax;= Y 1-Ax;=b—a,
i=0 i=0
Ecnn e BH6paTh &; HppAllMOHANbHLIMH, TO
n-1

o= E,O' (—1) Ax;=— (b—a).
/=
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DT0 MOKa3HBaeT, YTO Gp He MOXET HMeTb OJHH H TOT Xe Mpejen
npu Jo6om BhiGope §;, H, Clef0OBaTeNbHO, QYNKUHS 1 He HHTerpHpyeMa
Ha [a, b].

HoxaszaTteabcTBo Teopemmn I, Ilycts

n-1

OR=¢2 FE) (kiri—xi)
=0

ecTb MHTerpalbHas cymMMa GyHKUHH [, COOTBETCTBYIOI(asi HEKOTODPOMY
pasbuenuio R: a=xy < %1 < ... < x,=b. Ecau AonycTuTsh, 41O PyHK-
uus f we orpanmyeHa wa [a, b], TO OHa HeOGXOXMMO He OrpaHHuena
Ha OJIHOM W3 YacTHYHLIX OTPE3KOB, MyCTb Ha [Xi, Xi +1]. 3adukcupyem
Ei€lxi, xi41) s Beex i # §y, a §; GyAeM MOKa CYHTATb TepeMeHIION.
Caaraemoe f (§;,) (xiy+1— Xi,) 1€ orpanuyeno na [x;j,, Xj4+1], a cymma
OCTaNbHLIX ClaTaeMLIX ecTh ompejeneHHoe uucao. Ho Torna | o | moxuo
clienaTh KaK yroiHo GOJNbLIHM NpH COOTBETCTBYIOLIEM NOAGOPE TOUYKH
8iy € [*iy, Xiy+1] 1 dynruns f He moxer GHITb HHTerpupyeMmoil Ha [a, b].
Benb us muterpupyemoctd dOyHkuuH [ Ha [a, b] ciaepyeT, 4TO ee HHTer-
pajiblible CyMMBI OrpaHHYeHbl Npu Jio6oM BriGope E;.

BrnpoueM, B AanbHefiiem GyleT BBEAEHO MOHATHE Hecol-
CTBEHHOr0 HHTerpasja. HekoTopnle HeOrpaHHYeHHBIE HA OT-
pe3ke (YHKIMH UHTErpHpyeMbl B HecoGCTBEHHOM cMbicae. Ho
06 3TOM GyAeT peub MO3JHEe.

§ 6.2. CpoiicTBa onpeiejeHHbIX HHTErpaJos

B srom maparpage Mel 6yleM H3yuyaTb CBOHCTBA HHTErpH-
pyeMbix ¢yHKUMA. Bblre yxe orMeyasoch, 4TO HempepeIBHbIE
¥ MOHOTOHHbIE HAa oTpe3ke [a, b] QyHKUMH HHTErpUPYEMBI HA
HeM. Oro Oyler Joka3aHO nosaHee B § 6.7.

Teopema 1. Ecau M—«oncmanma, mo

b

{ Max=M @p—a). 0

a

B camom jpene, uHTerpajibHasi cymMMa ¢yHKRuuH f(x)=M
ana jwoGoro pasbuenus R orpeska [a, b] pasua

n—I1

n-1
g = i§0 MAx;=M i:O Ax; =M (b—a).

Orcrona
lim og=M (b—a).
AR-»U
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Teopema 2. [ra ¢ynkyuu
,ch (x) ={ Oy xE[af b]y x¢ci

A, x=c,
b

S Pe (x) dx=0.
a
B camoMm fene; 3ajaiuM NpOH3BOJNbHOe pasbueHne R oTpeska [a, b]:
a=xy < x4 <...< x,=0b.

OpnH H3 TIONYHHTEPBANOB STOTO pa36HeHHs, NYCTb [X;, X;4+1); COAEP-
XHT B ce6e TOUKY C: X, <<C < X;41. 1103TOMy HHTErpalbHasg CyMMa

n-1

oR () = kgo Ve (Br) Axe="Vc (Em—1) Axp_1+Ve (§1) Axp

(ocTanbHBIe CJIaraeMble 3aBeOMO paBHbI HyJ110). Tak Kak | P.(x) | < | 4], T0

[0R () I<| A] (Axp-1+Axm) —0
npu Ag —> 0, u Teopema joxasaHa.

Teopema 3. Ecau ¢ynkyusa f unmeepupyema Ha Kaxc-
dom u3 ompeskos [a, c], [c, b] (a <c<b), mo ona unme-
epupyemna Ha [a, bl u

b

b c
(rax=(feyde+ (Fwax @

a 4

(addumuesroe ceoticmeo onpedeeHH020 UHME2PALq).
IlokasaTeabCcTBO. 3alafiM NPOU3BOJbHOE pa3GHeHue
orpeska [a, b]

Ria=x<x<...<x,=b,
OJlHAKO TaKOE€, YTO OJiHa M3 ToYeK R, NycTb X,, COBMNajaeT
¢ Toukoll ¢ (x,=c). Toria R vnAyuupyer (HaBOAUT) Ha OT-
pes3kax [a, c¢] u [c, b] onpenenenHeie pas6uenus R; u R,
Ri:a=x<x<...<x,=¢
R2: =xm<xm+1'<"'<xn=b
u

n-1

m-—1 n-1
Op = i§) f &) Ax,- = igﬂf(gj) Ax; + ,-;“gf)Axf:GR‘_i_oR”

T. €. Og=0g +0g. Ilycrp

Ap= max |Ax,|—0.
0<j<n-1



§ 6.2. CBONICTBA OITPEINEJIEHHBIX HHTEIPAJIOB 231

Toraa u noxasHo Ay — 0 m ng-—>0. Cnenosate sbHO,
b

AI:E gk—’vl;,m OR, -|- llm R, = Sf(x) dx -+ Sf(x) dx.

3T0 paBEHCTBO NOKa3aHO MOKa AJs pa3bueHuit R, cofep-

kampx B cebe Touky ¢. Ho Torza oHo BepHO W AJs JOGHIX

pas6uenuit R (cM. snemmy 1 Huxke). CrenoBaTesbHO, HHTe-
b

rpan S f (x) dx cymecrByer u uMeer mecro (2).

a
[To onpeaenenuo

S F (%) dx=0, ®)

QMQ.Q

Fyde=—(f(yde (6 <a), @

rie [ uaTerpupyema Ha [b, al.

Herpyznso Buuetb, ecau yuectb coryamenus (3), (4), uro
paBeHCTBO (2) BepHO A/ JIOGBLIX 4Hcea a, b, ¢, aumb Gbl f
6bl71a m—nerpupyema Ha MaKCHMaJbHOM H3 OTDE3KoB [a, b],
[a, <], [e, b

Hanpumep, B cuayuae, eciau ¢c<a<b, HA OCHOBaHHH
TeopeMul 3

[y
~

Qu

*®

I
ey
~n
[ e T

dx+ \ fdx
"JIH c [ a
b b a [ b
(fax=(fax—(fax=(fax+(1ax,

u Mbl noayuusad (2).
Teopema 4. Ecau ¢ynkyuu f; u f, unmeepupyemo: na
[a, b] u A, B—npoussoasreie uucaa, mo
b

b b
§(ar,+Bfydx=A(frax+ B (f,dx ®)

B uacmnocmu, npu B=0 noayuum pasercmeo
b

b
§ afdx=A§ 1 ax, (6)
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noKasblearouiee, UMO NOCMOAHHBIL MHONCUMENb MONCHO BbIHO-
Cumb 3a 3HAK ONpe0eeHHO20 UHMe2paiq.
llpu A=1, B=+1 noayuun

b b 17
§(oafoyde = §fode+ (f, dx, (7)

HokasatenbcTBO. s npousBosbHOro pasbueHus R
nMeem

n-1 n—1 ne1
D 1AL E)FBLEN A=A 3 [,E) A, +B 3 [ (E)0

Orciona, nepefins K npexeny npu Ap— 0, moayuum paBeH-
crBo (5). OHo, oueBHIHO, BepHO M NpH b<a.

Teopema 5. Ecau unmeepupyemyro na [a, b] ¢pynxyuro f
sudousmenumes 6 mouke c € [a, b], mo 012 noay4enroii nocre
sudousmenenust QyHKyuu f; umeem mecmo paseHcmeo

b b
§F, ) dx= Sf(x)dx.

JoxasaTeabcTBo. Bunonsmenenne pyHkuuu f TONBKO B TOUKE ¢
CBOJMTCH K TOMY, YTO K f (x) npuGaBnsietcsi GyHKUHS BHAa

— 0, x€[a, b], x#c,
1PL‘("‘)—{ A, x=c,

rae A—mnekoTtopoe uucio. Torna

f1 () =F )+ (x).

[Tpu aToM mo Teopeme 2

b
S VP, (%) dx=0,

a
MMoaTomy B cuay TeopeMmH 4

b b b b
(hwar={Ffma+t (v ax={7eax
a a a a

4yTO H Tpe6oBanOCh NOKA3aTb.

3ameyanue 1. M3 TeopeMel 5 MBI BHAHMM, YTO HHTE-
rpupyeMocTb (QYHKUHH [ HE 3aBHCHT OT TOro, KaKHe 3Haye-
HUSI OHA NPHUHUMAaeT B HEKOTOPOH ONpeLeJeHHOH TOuKe.

Hanpumep, ¢yskuus 4 (x) = (sin x)/x onpenesesa Ha mo-
ayunrepaade (0, 1]. Ecau nonoxute ee paBHo#t 1 npu x=0
(p(0)=1), To oHa GyaeT HenpepLIBHOH, CJENOBAaTEe/bHO, HH-
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terpupyemoit Ha orpeske [0, 1]. Ho oma ocramercs wunre-
1

rpUpYyeMOH, U ee HHTerpal Smp(x) dx GyIeT paBeH TOMy xKe

0
3HaueHHl0, ecJH nosoxutb, uto P (0)= A, rae A—mo6oe
YHCJIO.
Teopema 6. Ecau ¢ynxyuu f u ¢ unmezpupyems xa
ompeske [a, b] u ydosremsopsrom Ha Hem HepaseHcmgy

fo) <o),
mo
b b
(fwar<fomdr @< ®)

I[oxasa'renbcrao Hns mo6oro pasGuenuss R
2 f(gj) Ax/ 2 (P(E/) Ax/

noromy, uto Ax; > 0. IlosTomy mocne nepexoia K mnpenesy
npu Ap— 0 moayunm (8).

Teopema 7. Cnpaseedauso HepaseHcmeo
b

<{Ifwlax @<y ©)

b

Sf(x)dx

UL, ecau a He 00A3ameAbHO MeHbuie b, mo
b
S f(x)dx| <

Slf(x)ldx : 9

20e f u|f| unmeepupyemor na [a, b].
JokasaTteabcTBo. OueBnaHo,

—FI<FO<If(x)| Vxé€la, b].

Ho Torna Ha OCHOBaHHH TeopeMbl 6

S(—lf(x)l)dx Sf(x)dx<Slf(x)Idx (@< b)

HIIH
b

b b
—§1f1ar< § rax< (17145,
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HJH
b

Sfdx

a

b

<(Iflax @<y,

a

4TO W TpeGoBaJIOCh NOKAa3aTh. <

[lpn a < b npasble wactu (9) u (9') paBHBI MexXAy COBOIL.
Ecqu e b < a, To B cuay (4)

b a
Sfdx =‘Sfdx
b

a

a

<§iflax=

b

§17)dx

a

T. €. umeer mecto (9').

Hakonen, cnyuaii a=~>b CBOAUTCS K OYEBHAHOMY COOTHO-
wenuio 0<<0. 3ruM nokasano (9).

3ameuyanue 2. HMurerpupyemocts f Ha [a, b] Baeuer
sa cobofi wmHTerpupyemoctb |f| Ha [a, b] (cM. Huxke § 6.7,
saMmeuyanue 2). [na KOHKpeTHHIX (yHKUMH 3TO Bceria oue-
sujHo. Hanpumep, ecanm ¢yHKuus f KycouHO-HempephiBHa Ha
a, b] (oHa, Kak OyJeT NOKa3aHO, HHTErpupyema), TOrAa H
f| KycouHo-HenpepniBHa.

O6parHo, U3 MHTErpupyemoctH |f(x)|, BooGie ropops, He
crelyer uHTerpupyemoctb f(x) Ha [a, b].

Hanpumep, ¢ynkuus ¥ (x), npuseneHHas B npumepe § 6.1,

) = | nns panuOHAMBHBIX X,
v =y _ AJIsT MPPaUHOHANBHBIX X,

He MHTerpupyema na [a, b]. Mexny Tem [ (x)|=1 Ha[a, b]
¥ €CTb WHTerpupyemas Ha [a, b] dyHkuus.

Teopema 8. Ecau pynxyun f unmeepupyema u neompuyamenvra
Ha [a, b] u cywecmeyem mouxa c € [a, b] Henpepesrocmu f, 015 Komopoi
f() >0, mo

b
S Fxyde>0 @< b). (10)

IokasaTenbcTBO. Bynem cunrarh, uto c€ (@, b). Tak Kak f
HerpepbiBHA B Touke ¢ H [ (¢) > 0, To cymecTByeT oTpesok [c—8, ¢4 8]
Tako#i, uro (cM. § 3.3, Teopema 4) s

f) > f_2(i)=.-n >0 vx€le—06, c+4).

Torga
b ) c=-0 c+8 b
Sf(x)dx: S F(x) dx + S f(x)dx—l—S Fx)de> 0,

a a c=6 c+0



§ 6.3. MHTETPAJI KAK ®YHKILNS BEPXHETO IMPEJEJIA 235

MOTOMY 4YTO
c-6 b
{fwar=0 { ima=o,
a c+6
c+6 c+6
S fx)de= S ndx=20m > 0.
c-08 c-6

Ecin ¢c=a wm c=b, To BMecto [c—§&; c+ 0] npumercs pacemar-
pHBaTh OTpe3ok [a, a-}+8], cooTBeTcTBEHHO [6—&, b]

Jlemma 1. ITycmoe R, o603navaem npoussosbroe pasbuernue ompes-
xa [a, b] codepacaujee 6 cebe 6 Kauecmee mouKu OeseHus MouKy C.

Dynxyus [ oepanuuena na ompeske [a, b]; u 0in ee unmezparbHoix
CYMM, COOMBEMCMBYIOWUX MOAbKO pasbuenusm euda R, , umeem mecmo

lim oRr,=1.
A’R‘, -0

Toz0a pynxyus [ unmeepupyema na [a, b] u
b

S f()dx=I= lim op.
AR—> 0
a
NokasatTeanbcTBo. IlycTs R ecThb NpOH3BOJNBHOE pa3GHeHue
oTpeska [a, b], He ccpepiKalee TOYKY C:
R:ia=xg <% <eee< Xy < Xppypi <.oee< Xp=0b,

TAe Xp < € < Xyt
JHo6aBnsis k R Touky ¢, moayuyum pas6uesne R,. Ecam Ap— 0,
To H AR, — 0.
Ecan BrGpocuts u3 og ciaraemoe f (E,) (X +1—%,) W NPHGABHTD
[ (Br) (c—xm) 4T (&) (¥m+1=—C), TO MOJyYHM HHTETPATLHYIO CYMMY ORy .
[Tpn sTom
UR=0R.+pi

rae p=f (§n) Cmei—Xm)—F (E;n) c—xm)—f (&,”,,) Xm+1—0)y Xp<
< in<<c, c<<Em<< X1, OueBHIHO,

Ip <M (tpnii—xm)+M c—xp)+M (xp11—C)=
=2M (g +i—%m) —> 0.
A0

CuenoBaTenbHO,
lim ogp= lim oRr,+ lim p=7+40=1.
LR-»O AR."O Xy i=%, =0

§ 6.3. Unrerpan kak ¢yHKLHS BEePXHEro mpeaena
3ameTHM, uTO

b b
{Fide={fwdu,

T. €. He MMeeT 3HaueHHus, MO Kakoi O6ykBe —x HJIU U—HH-
TerpHpoBaTh Ha orpeske [a, b]. Belb B o6oux cayuyasx Jio-
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6asi MHTErpajbHasi cymMMa f HMeeT BHA

n-1
Op= 1§)f(§/) Ax/-

IMyctp sajana unTerpupyeMass Ha orpeske [a, b] ¢dyHk-
misi f. Torna, kakoBo O6bl HH GBUIO X, YAOBJIETBOpSIOLIEe
HepaBeHcTBaM a << x<Cb, ¢yHkuus f HHTErpHpyeMa TaKxke
Ha orpeske [a, x].

Sro yrBepxkieHHe TpeGyeT JOKasaTeNbCTBa, HO MBI HE
6yleM ero JoKas3biBaTb. B KOHKpeTHHIX cJyyasix, Kak Impa-
BHJIO, 3TO YTBEpXKJeHHe oueBHAHO. Hampumep, HenpepbiBHas
(moHOTOHHast) (QyHKIMsS Ha oOTpe3Ke [a, b] B cBOlO ouepenb
HenpepeiBHA (MOHOTOHHA) Ha [a, x], CJIeNOBaTeJIbHO, WHTe-
rpupyeMa Ha [a, x].

3anaauM NpousBosIbHOE 3HaueHHe x € [a, b]. Hac Gyner
MHTEpEeCOBaTh ONpEe/eJIEHHBIN HHTErpaJs oT f Ha oTpeske [a, x].
1o ecTb HeKoTopasi QYHKIHS OT
) /-/ x. O6o3HauuM ee uepe3 F (x).

Hrak

X
Fy={f@du (1)

a
Mu ynorpe6nsieM GYKBY 4 B
> KayecTBe MEepPEMEHHOH HHTErpHpo-
% BauWsi, 4TOGH OTJHYHTB €€ OT
BEDXHETO MNpelesa HHTErpHpoBa-

HHS X.

Ha puc. 77 usobpaxken rpaduk OrpaHMYEHHOH KYCOYHO-
HenpepuiBHOA (yHKuuH f ¢ Toukoil paspeiBa ¢. Uueno F(x)
IJisl 33JlaHHOTO X BBIPAXKAeTCsl Ha PHCYHKE IJIOWAIbIO (HUTy-
pol ABxa. Tlpn usmenenun x Ha [a, b] usMensercs F (x).

Teopema 1. Ecau ¢yuxyus [ unmespupyema Ha om-
peske [a, b], mo ¢yuxyus F, onpedesennas no ¢opmyre (1),
Henpepoera 8 arboii mouxe x €[a, b).

JdokasaTeanbcTBO. 3alafiluM NPOHM3BOJIBHYIO TOUKY X
M mpujaiuMm el npupaweHne h (Ha puc. 77 u306paxeHo
nosioxutesnbuoe h). Mmeem

x+h X
|F (c+h)—F ()| =| § F@)ydu— @) du|=
x+h
=| § Fdu|<min

M2|f )] Yugla, b).
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Mbl nosiyuusiv HEpaBEHCTBO
|F(x+h)—F(x)|<M]|h|,
U3 KOTOPOTO CJIellyeT:
hl_l)n?' [F (x+h)—F (x)]=0,

1. e. F HenpeppiBHa B TOuke x.

ITonuepkneM, 4TO X MOXKeT GHITb TOUYKOH HENMpepHIBHOCTH
W TOYKOfi paspuiBa f, w Bce paBHO ¢yHkuus F (x) Hempe-
pHIBHA B 3TOH TOUuKe.

Teopema 2. Ecau unmeepupyemaﬂ na[a, b] pynkyusa f
HenpepuisHa 8 mouKe xe[a, b], mo & smoii mouke cywecm-
syem npoussodnas om F (cm. (1)):

F' (x)=f(x). 2

HokasaTte abcTBO. IlycTh X—TOUKa HEMPEPHLIBHOCTH }.
Hmeem

F (x+h’i——F *) _ [ S f (1) du—Sf(u) du]

x+h x+h
7 ) Hode=g T+ @—F () du

: 1 1x+h
=5 t@h+g [ F@—F0)du=

x+h

=f@+g [ Fo—fwlae @

X

[Mpu nonyuenun (3) Mbl HCHONB30BaJM MNOKa3aHHLIE BHIIIE
CBOMCTBa OmpejieleHHOro WHTerpaja. B uerseproM paBeHCTBe
MBI BOCTIOJIb30BAJIMCh TeM (akToOM, 4TO f(x) He 3aBHCHUT OT u
¥ TMpPH HHTETPUPOBAHMH MO 4 HAO CUUTaTh f(x) Kak mocTo-
SIHHBI MHOXKHTeJ1b (cM. Teopemy 1 § 6.2).

JlokaxeM, 4To

x+h

+ § Fw—f w)du —po0. )

QOyukuug f HempepriBHA B TOUYKE X, MOITOMY IJsl JH0GOTO
e > 0 MoxHO yKasarb Takoe 8§ >0, uro ecau |h| <8, TO

|f(W)—f(x)| <e Vu€lx, x+h].
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[Mostomy nnst |h|< 6

ﬂh[f(u)—f(xndu < ,%x?lf(u)—f(x)ldu <
< —}l-x§nedu =|-’1;-eh’=8,

1 Mbl 0GOCHOBaJu CBOHCTBO (4).
Ha (3), nepexoas k mpeneay npu h— 0, Ha OCHOBaHHH
(4) monyunMm, uro cymectByeT mnpousBoiHasi F'(x), paBHas

F' (x)= lim ZETH=L @ ¢y
h—>0

DtuM TeopeMma 2 J0KasaHa.

OGpatM BHHMaHHe Ha TO, YTO B TeopeMe 2 XOTH H
103BoJIsiIoch yHKIUK f ObITh pa3phHIBHON Ha oTpeske [a, b],
HO B TOH TOYKE X, B KOTOPOH YTBEPKAAJIOCH CYyIIECTBOBaHHE
npousBoAHOH oT F, mpeanosaranoch, 4to (GyHKUMS f Hempe-
puiBHa. MHaue Teopema, BooGuie rosops, Gblja Gbl HeBepHa.

Teopema 2, B 4acTHOCTH, yTBEp2KJaeT, 4TO ecJH f(x) He-
npepriBHa Ha ortpeske [a, b], To F(x) uMeeT mNpPOM3BOAHYIO
Ha 3ToM orpeske, paBHyIO f(x) (F' (x)=f(x) Vx€]a, b)).

Takum oGpasoM, ecau ¢yukyus [ Henpepoisna Ha ompeske
[a, b], mo 0an nee cywecmeyem nepeoobpasnas Ha smom om-
peske. Ilpu smom 6 Kauecmee 00HOU U3 Nepo0bPA3HbLX MOHCHO
e3ame unmeepaa (1).

Orciofia clieflyeT, UTO HeonpedaeHHbll uHmMe2par om pyHk-
yuu f, wenpepowsroi Ha [a, b], paseH

X

{0 dx=(f@au+c, xela, b),

a

20e C— Hexomopas NOCMOAHHAA.

§ 6.4. ®opmysna HobrotoHa—JleitGHuLa

Ara dopmyna umeer BUL
b
§ fw)du=0 () —0 @)= (x)

a

i )

3neck f(u)—mHenpepeiBHasi Ha ortpeske [a, b] dyHruus,
a @ (u)—xkakas-q1u60 ee mnepBoobpasHas Ha 3TOM OTpe3Ke.
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®opmysa Helorona — JlefiGuuna Gbisia ke fokasana B §6.1.
Tam npeanonarajiock M3BEeCTHBIM, YTO HempephiBHas Ha [a, b]
¢yHKuMsa f uHTErpHpyeMa H HMeEET mepBooGpasHylo Ha [a, b].

Tenepr Mbl yxe 3HaeM u3 § 6.3, 4TO HHTErpupyeMocTh
HenpepulBHOH Ha [a, b] ¢yHKuMH BriedeT 3a coGoi cyuiect-
BOBaHHe y Hee mepBooOpas3HOil Ha [a, b].

[pusenem Apyroe nokasaTesnbcTBO (opMynsl HbioToHa—
JleiGuuna. BepHeMcs K ¢yHKIuH

P

F) = @)adu ©

a
3amerum, 4TO

a b
F@={fwdu=0 u FO)={fwdue @

a

Kpome Toro, Ml 3HaeM, uto F(x) ectb mepBooGpasHas HJsi
f(x) Ha [a, b]. Tlostomy, ecin @ (x) ecTb Kakas-nu6O, BO-
ofme Japyrasi, nepBooGpasHas, TO CYIIeCTByeT KoHCTaHTa C
Takasi, 4TO

®(x)=Fx)+C Vx€[a, b]. (4)

Hs (2), (3), (4) nomyuum
b
O (b)— (@) =F ()—F (@) = {  (w) du,

a

M Mbl Jokasanu ¢opmyay (1).
MNpumep 1

w| %,

1
=z

=1
xX=0

1
bS'x"dx=

310 noKasLiBaeT, YTO mJomaib (puc. 78) 3aWITPHXOBAHHOH
¢urypsl, Jexauwe#f nox mapaGosnod y= x?, paBHa 1/3.
IMpumep 2.
p: n
Ssin)cdx=-—cosx|0 =141=2,
0

TakuMm o6pasoM, muomanb ¢urypsl (puc. 79), orpaHuyes-
HOll CBEpXy CHHYCOMJOH y=sSinXx H CHM3Y —OCbIO X, paBHa 2.



240 IJ1. 6. ONIPEAEJIEHHBIA HHTEIPAJ

[Mpumep 3. Pynxkuus
—1, —1<x<0,
(p(x)=signx={ 0, x=0,
1, 0<x«l,

HenpepbiBHA Ha orpeske [—I1, 1], 3a uck/ouenneM Touru x=0.
Orpesok [—1, 1] MoxHO pa3spesatb Ha ABa orpeska [—I, 0],

4

7 y=sinz

0] nz
Puc. 78. Puc. 79.

[0, 1], rie oHa MOHOTOHHA, CJI€LOBaTEJbHO, HHTErpUpyeMa.
ITosTomy ¢ (x) unrterpupyema Ha [—I1, 1]. CnpaBennusa
¢dopmyaa
X
F(x)= Ssignudu=—l+|x| (—1<<xL)). 5)
-1
B camom pene, Ha noayuntepBane [—I1, 0) dyHkuus @ (x)
HenpepoiBHa: ¢ (x)=—1. Ee nepBooGpa3nasi Ha 3TOM HOJY-
uHTepBase paBHa —x. [Toatomy, nmpumensis ¢opmyay Heio-
ToHa — JlefiGHUIa, MOJTy4YHUM

X X

Ssignudu= S (—l)du=—ulx_1 =—]—x (—1<<x<0).
1 1

i i (6)

B cuny Teopemsl 1 F(x) HenmpepeiBHa, B YaCTHOCTH, B 7OUKe
x=10, nosromy ’

F(O)=lim (—1—x)=—L. )
Hna x>0
X 0 *
0= amaon e tmt ol -
-1 -1 Q
=—1+x. (8)

Hs (6), (7), (8) caenyer (5).
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Bonee 3nerantHas QopMysa MOJNYYHTCS, €CJIH HHTETpHU-
poBaTb OT TOYKH x=0:

signudu=|x|. ()]

S n

IToxn wnrerpanom B (9) crouT paspoiBHass B Touke x =10
orpaHuueHHasi (VHKIMSA, HHTErpaJ Kak (YHKLUHS BEPXHEro
npefesa F (x)=|x|, ecTb HenpepelBHass (QYHKIHS, B TOM
uyhgcse 1 B Touke x =0, uTo coryacyercsi ¢ Teopemoit 1§ 6.3.
Onnako npoussofHasi F' (0) He cyuiecTByeT, U 3T0 HE NpPOTH-
BopeuuT Teopeme 2 § 6.3, KoTOpasi rapaHTHPYeT CyIIECTBOBa-
HHe npousBojHo# F' (X), TONBKO €c/M f HenpeprBHA B TOUKE X,

Teopema | (0 samene nepemeHHo). Hmeem mec-
mo pasexcmeo

b d

(Fyde=§Flo®10 (0 at, (10)

a c
20e ynkuus @ (t) Henpepoisro Ouggepenyupyema na [c, d],
a=¢(c), b=9(d) u f(x) nenpepoisra na[A, Bl=¢q ([c, d]) —
obpase ompeska [c, d] npu nomowu pynkyuu @.

HokasarteanbcTtBo. I[lycts F(x) u @ (f)—mnepBoot-
pasHble QyHKIMH cooTBETCTBEHHO f(x) H f[@ (f)] ¢’ (¢). Torna
(em. § 5.2, (1) u Huxe) cnpaBennuBo ToxiaectBo @ () =
= Flo (¢)]4+C, c<t<d, rie C—Hekoropasi NMOCTOsSIHHASI.
[Tostomy

F()—F(@=F[e(@)]—F[o@]=D@)—D(). (1)
Ho na ocuoBanuu ¢opmyast Hbiotrona—Jleli6uuna JseBas
yacth (11) paBHa neBoit wactu (10), a mpaBas wactp (11) —

npasoit yactu (10), a sTo nokaseiBaer ¢opmyay (10).
[MIpumep 4.

a /2
SVa*-—-xzdx=(x=asin t)= S V a*—a*sin®facostdt =
0 0
i ”/21-1- 2t 2 2t )=
— —qr (1reost 4y & sin T
—azgcosztdt—a S 5 dt—2 [t+ 3 ]t=o
0 0
=
==,

3amMeuauue, Bepxuu#i npenen HHTErpHpoBaHHA 1O !
5n
MOXHO B3SiTb PaBHBIM 5, @ Pe3yJbTaT GyAeT TOT XKe, H 310
corJacyercsi ¢ Teopemoii 1.
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Mpuwmep 5.
40 47
S sin®tdt =— S (I —cos?#) d (cos t) = (x=cos t) =
0 0
1
=— (@ —max=o,
1
[OTOMY YTO B TIOJYYEHHOM WHTErpajie HHUKHUI Mpeles paBeH
BEpXHEMY.
Ipumep 6. Eciu f —uetnas pyukuus (f (—u)=f (1)), T0

a a

{7 @au=2§F@)du,

[OTOMY, 4TO - ’

0 0 a

[ 1@ du=@=—n=—F1(—nde= {1 (= dr=
= ax={f@au

0 0
MMpumep 7. Ecan f—mneuverHass ¢ynxuus (f(—u)=
=—F @), 1 u
{ F(xyax=o0.
[Ipumep 8. Ecin f—nepuonnueckas pyHKuus neprona

2 (f (x+2m) = £ (x)), o

a+2n 2n
S f(x)dx=gf(x)dx
a 0
noromy, 4to
2n+o- [0 o
{ Fax=(x=t420)=(F+2mydt=(tyar=
n 0 0
=—{fwat,
H, CJIeJ0BaTeJIbHO, O:
2+ o 0 2n 2n+o
{ Fode=(Fdet § f () dx+ 25 f(9)dx=

2n

= F(x)dx.
0
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[Mpumep 9.
1 1
(1—x)dx= { (1—x?) dx=

-1

3n

 sind ¢ dt = (x=cos t) = —
0

14

=2 [ (—wmdr=2(x—%)[ =4

3

Clr i ey |

[Ipumep 10. Pemmnm mnpumep 5, ucmoab3yss npume-

pu 8,7:
4an 2n 4n T
{sinctat= (sinotat + (sintat=2 (sintar=o,
0 0 25 -1

Tak Kak yHKuus sin®f HeueTHas.
Teopema 2. Cnpasedrusa ¢opmyra urmezpuposanus
no sacmam 0As. onpedeneHHoe0 UHMe2para:
b b
(w@omdr=u@ow| —fuwo wa, 12

a a

20e u u v— HenpepbigHo Oughpeperyupyemoie Ha [a, b] pynkyuu.
HokasateabcrtBo. Ilpoussenenne u(x)v(x) umeer
Ha [a, b] HenpepEIBHYIO NMPOH3BOAHYIO

@@ o) =u®)v (x)+u (¥)v(x)

[TosToMy mno Teopeme HpioTona— JleiiGuuna
b

u@ow | =lu@o @+u ®owde=
b b
=fumo@dt(u @Wowasx,

otkyna caenyer (12).
ITpumep 11.

In(l+x) de=(u=1In (1 +x), do—dx)=

Sy

1
X dx

| 1
_ 1 1_ _ _ ] d
xIn( -l—x)l0 ) TTx In2 51dr+0

x —
x-+1"

=ln2—l--]—In(l+x)l:=——l+21n2.
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Teopema 3 (0 cpeiHeM AJiss ONpPEAENEHHOTO
nuTerpaumna). Jaa uenpepvisroli Ha ompeske [a, b] pyrk-
yuu [ cywecmsyem mouka &€ (a, b) maxas, umo

b
(=1 @ 0©—a. (13)

HokxasateabcTBo. Tak Kak [ HenpepniBHa, TO AJA
Hee cyllecTByer nepsoobpasHass @, nosromy

b

(70 dx=0@O)—D (@)= ¢ 0—a)=f &) (b—a),
E€(@ b). (19)

Ilepsoe paBenctBo B (14) ectb ¢opmyna Heiorona —
JlefiHuua Asis HenpepoiBHOH Ha [a, b] dynkuun f. Btopoe
paBeHCTBO ecTb opmyJa Jlarpamxka mas @. HakoHeu Ttperbe
cnenyer u3 toro, uro @' (x)=f(x) Vx€][a, b].

§ 6.5. Ocratok dopmyant Teitnopa 8 uHTErpasbHO# dopme

[lyctb ¢yHKuusi f(x) ¥MeeT HenpepbiBHBIE MPOU3BOLHLIE
Io nopsisika n-1 BruaountenpHo. Toraa B cuay gopmysl
Hplorona— Jleii6unna

du =f" () dt )

v=Il—x

)= f(a)+Sf war=(4=""

x

o=l e—arwd=fa+

a
X

+F (@ —a)+ [ (k=D " (1) dt =

ru=f"(t) du=f'"" (t)dt >

=\ (x—1t) dt = dv L

v=—

=t@+52 w—a)+ 52— a)2+Sf’”(t) et
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[Tponomxkasa Aasblie NpoLECC HWHTETPUPOBAHUS MO YacTaM,
T0JIyYHM

Fo)= Z’ @ (x—a)t+r, (x), )

rae
ra@ =7 [ e—pympren gy a. b)

dopmyaa (1), (2) Ha3blBaeTcs hopmyaol Teu/zopa ¢ ocmam-
KoM 8 uHmezpanvHol gopme.

[Mpumenssi Kk unTerpany (2) (mo ¢!) teopemy 3 (o cpexn-
Hem) § 6.4, GyleM HMeThb

o (8) =0 (=) [0 B) (x—a), EE (a, %),

[Tonaras
E=a+4+0(x—a), 0O,
nosiyuaem

r(x) M(]_G)nf(n+1)(a+e(x_a)),

T. €. OCTaTOYHHIN useH (opMynnsl Te#sopa no creneHsiMm x—a
B ¢opme Komm (cM. § 4.14, (10)).

§ 6.6. Cymmbi JlapGy?). YcaoBHsi cyllecTBOBaHHS
HHTETpana

ITycts Ha otpeske [a, b] 2ajana orpaHHueHHas OyHKUHS f
(Ff |<M) BBenem pasGuenue
R: a=x<xi<...< x,=b.
ITycTs
mi= inf  f(x), M;= sup  f(x),
XE[Xp Xp4q] XE[Xp Xp4q]
Hapsany c uHTerpaabHbIMH cymmamn
-1
OR= Zf (i) Ax;
i=0
PaccMOTPHM CYMMHI
n-1 n=1
sg= Xy miAx;, Sp= 3 M;Ax;,
=0 i=0

1) T, Hap6y (1842—1917) —¢paHuy3ckuif MaTeMaTHK,
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KOTOpble Ha3blBalOT HudscHed u eepxuel cymmamu Hapby. OueBuiHO, 4TO
SR<SR.

Cymmbi Jlap6y He 0653aTeNbHO SIBJISIOTCS HHTEIPaTbHBIMH CyMMaMH.
Onnako ecaH [ (x)— HenpepbiBHasi (QyHKUHSA, TO Sp H Sp sBASIOTCA
COOTBETCTBEHHO HaMMeHbllel W HaHOGOsbluell H3 HHTErpajbHBIX CYMM,
OTBEYAIOWKX JAaHHOMY pa3GHeHHIO, TaK KaK 1o Teopeme BeiiepumTpacca
f (x) mocTHraeT MHHHMyMa H MakCHMyMa B KaXXIOM [X;, X;i1], H O3TOMY
MOJKHO BHIGpaTb TOUKH &;, £ € [Xi, X;+1] Tak, uto f (§)=m; u f (£)=M;.

Tak gag m;<f(x) <M; u Ax; >0, 10

SR<OR << Sp. (1)

Ilpn ¢ukcHpOBaHHOM pa3bHEHHH Sp H Sp—TMOCTOSHHBIE YHCJIA, a HHTe-
rpajibHasg cyMma Op OCTaeTCsi INepeMeHHOH B CHIY IIPOH3BONBHOCTH YH-
cen §;. Jlerko BHAeTb, u4TO 3a cueT BhGOpa ToueK &; CyMMy Op MOXKHO
cenaTh Kak YrofHo GaH3KOH K Sp M Sp, T. e. NPH NaHHOM pa3GHeHHH
SR H SR ABIAIOTCA TOYHOW HHXHeH M TOYHOH BepxHe# rpaHsAMH AIs
HHTerpajlbHbIX CyMM:

n-1 n-1 n-1

n-1
sp= ZmiAx,'=ié1f Zf(g,) Ax;, Sgp= 2 M; Ax,'=slé1p Zf(ﬁ,) Ax;.
i=0 i=0 i=0 0

i i =

IMyete Ry, R,, R3—pas6uenns [a, b]. Ecin xe Toukm R; mnpu-
HapnexaTt R,, To 6yneM mucatb R;C R, H TOBOpHTb, UTO R, e€cTb Ipo-
nonxenue R;. Eclnm MHOXecTBO TOYeK, M3 KOTOPHIX COCTOMT Rz, €CThb
TEOPETHKO-MHOXKECTBEHHAs CyMMa MHOECTB TOYeK, H3 KOTOPHX COCTOST
Ry u Ry, To Gynem mucaTh R3= R;+ R,.

Cpoiicta cymm Jlap6y:

1°. Ecau K umerouumes y pasbuerus R mouxam Oesenus dobasums
Hosble mouku, mo .eepxuas cymma Hapby (Sp) He eo3pacmaem, a Hudc-
HAR (SR) He yGowsaem.:

SR' < SR» SR=< SRe VRCR'.

Takum o6pasom,
SR'_ SR/ L= SR—SR.

HokasaTeanbcTBO. [lng 1OKas3aTelbCTBAa, OYEBHIHO, MOKHO
OFpPaHHUHTBCS ClydYaeM, KOTAA JoGaBisieTCs OfHA HOBasl TOYKA JeJeHHs
x’%(x,-, xt+1). Ilyets Sp—Bepxusis cymma [ap6y nasi pas6ueHus R
u Sp,—nnsi pasbHeHHs R’. Torpa Sp ominuaercs oT Sp, TeM, 4TO

BMecTO ciaraeMoro M;Ax; B cymme SR, GyAyT ABa C/araeMbix:

My (" —xi)+ M (x4 3—x"),
rae
4 ”
Mi= sup [(x), Mi= sup f(x).
XE[xp X 1 xe[x, xl'+1] 180
Tak Kak oTpesku [x;, x'], [/, xi+1] fBAfOTCS wacThO [Xf, Xi4+q1], TO
Mi<<M;, M;<<M; (NIpn ymMeHbIUeHHH O6JACTH PACCMOTPEHHS SUp MO-
XeT TONbKO yMeHbuHTbCsH). [loaTomy
.
Mi (¢ —x)+ Mi(xip1—x") < My (" —x;+xpi—x") = M (xi 41— x1),
T. €. SR, << Sp, uTO H Tpe6oBajJOCbh HOKa3aTh.
JInsi HHXKHHX CyMM JOKa3aTeJbCTBO aHaJOTHYHO,
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2°. Kaoscdan nuocnan cymma apby ne Goavwe kaxndoid eepxHed
cyMMthﬂapéy, xomsa 66 omeearoujels Opyeomy pasbUERLIO NPOMEICYMKA:
SR, < .
R it oRﬁ aszatenbcTBO. IlycTe Ry3= Ry} R,. YunTHBas cBOHCTBO
1°, monyunm sp, <<sp, << Sp,<S

Takum 06pa3oM, MHl JOKa3aaH, 4TO MHOKECTBO HHXHHX cymM [lapOy
{sr} orpannueHo cmepxy Kakoii-muGo Bepxmeil cymmolt SR, (sg << Sr/),
H TIOTOMY CYWecmayem mMOUHAS BEPXHAR 2PAHb HUINCHUX CYMM:

I*=sgp SR<<Sr-.

K Tomy e ™Mbl JOKasamn, 4TO BCsiKas BepxHsAsi cymma SR. He
MeHbile uHcaa [,. DTO NOKAa3bIBZET, UTO CYUECMBYem MOYHAR HUICHAR
2panb 6ePXHUX CYMM

I*=inf Sp, > 1,.
Rl

Hrak /,<I®* [Ilpu stom mns JwoGoro pasbuenuss R BHIMOJNHSIOTCS

HepaBeHCTBa

SRQI,QI*QSR. (2)
Yncna I,, I™ Ha3BIBAIOTCA HUNCHUM U 6epxHum unmeeparanu HapGy.
Teopema | (cymecTBOBaHHUS HMHTerpaaa). [Jaa mozo

4mo6eL onpedesernoul unmeipas oeparudennod gynkyuu [ (x) cyuwjecmeosan,
Heobxo0umo 1 docmamouro, 4mobet

n-1
lim (Sp—sg)= lim w; Ax;=0, 3
kR—>0( R R) AR—>0 i§0 i i ( )

20e uwucao ©;=M;—m; nasvieaemcs Kosebanuem Gyukyuu f(x) Ha
[*1 Xi+1]-

HNokasarteabcTBo. I. Heo6xoauMocCTb yCaAOBHA.
IlonycTnM, 49TO onpeleNeHHbi HHTerpan / ¢ynKumH f(x) cymecTsyert:
T.e. ve >0 30 > 0 Takoe, uTo k2K ToAbKO AR < 8, Gymer /—e <
< Op < I-+¢; KaK 66 MBI HU BHIGHpaAH TOUYRH &;€[x;, X;41]-

%b]me MBI YCTaHOBHJIH, 4YTO Sp M Sp NMpH AaHHOM R SABJSIOTCS TOY-
HOH HUXHEH H TOUHOIl BepXHedl IPaHAMH JJIA HHTETPATbHBIX CYMM OR,
ecsH BapbHpPOBaTb ToukamH &;€[x;, x;41]. ToaTomy

I—e<<sp<op<Sp<</+e VR chig<y,
T. e

lim s =1, lim Sp=1
LR-»O R kR—bo R
lim (Sp—sg)=0.
AR_‘O( R—SR)
II. DocTtatoanocTh. [lycts ycnoBue (3) Bemonueno. Toraa

H3 HepaBeHCTBa (2) cienyer, uto [,=/* OG6o3HauuM obliee 3HAUEHHE
oTHX 1BYX uncen uepes | (I,=/I*=1). Toraa

sp<<1< Sp. @

Hs (3) crrenyer; uto aast moGoro & > 0 36 > 0 Takoe, uTo |Sp—sp|<e
npu Ap < 6. Ho Torma u3 (1) u (4) nonyyaem

|I—op| <& npu Ap <6,
T, e, / ABnsieTcs npejesioM IMA OR H [ (¥) HHTerpHpyema,
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3ameuanue. M3 pokasaTesbcTBa TeOpeMBl BHIHO, YTO €CHIH
¢ynkuus f(x) uHTErpHpyeMa Ha [a, b], To lim sp= lim Sp=
kR—>0 kR»O

b b
= Sf(x) dx, n ofpaTHo, ectun lim sp= lim Sp=1I, 10 /= S f (x) dx.
p4 KR—>0 Ap—>0 a

§ 6.7. MHTerpupyemocTp HenpepbiBHbBIX H MOHOTOHHBIX
byHK 1M

Teopema 1. Ecau dynxyus f(x) nenpeptisna na [a, b], mo ona
unmeepupyema Ha [a, b].

HokasateabcTBo. Tak Kak ¢yHkuus f(xr) HenmpepeiBHa Ha
[a, b], To oHa paBHOMepHO HempepbiBHAa Ha [a, b] H, ciefoBaTelbHO,
ve >0 38 () > 0 Takoe, uTO Kak TONbKO [a@, b] pa3GuT Ha yacTH
¢ Ag < 8, TO BCe Konebanus o; < e. Otciona

n-1 n-1
3 ojAxi<e Y Ax;=ce (b—a).
=0 i=0
n-1
B cuny npoM3BONBHOCTH € 3aKJIO4YaeM, lrrokllm 2(0,-Ax,-=0, u 1o
R0 i=0
teopeme 1 § 6.6 dynruua f (x) uuterpupyema.
Teopema 2. MoHomoHHAA HQ ompeske PYHKYUSR UHMeEZPUPYEMA
Ha 3amom ompesxe.
IlokasaTeanbcTBO. Byaem cunrath Takxe, uto f (a) < f (),
uHaye (QyHKUHA NOCTOSHHAa H TeOopeMa TPHBHAIbHa.
Tak kak f@)<<f(x)<f () VxE|la,b], To Hama yHKUKS or_'[pa-
HuueHa Ha [a, b]. BBemem paaGuenne R oTpe3ka [a, b] ¢ Ap < §. Taxk
KaK B JaHHOM clyyae w;=f (x;.1)—/f (x;), TO

n-1 n-1
¥ 0iAx; <8 Y oi=38[f (x)—F (ko) +F (x2) = (x1) + .00
i=0 i=0
cort+f (n)—F (tn-)1=8[F ) —F @],

xo=a, x,=>b. BnGepem Teneppy &=c¢/[f (b)—f (a)]; Torna
n-1

Z 0; Ax; <<s,
i=0

H Mo TeopeMe cyulecTBoBaHHsi (Teopema 1 § 6.6) sakmiouaeM, uto f(x)
uHTerpHpyema. TeopeMma JOKa3aHa.

3ameyanune 1. OrTmeTHM, YTO MOHOTOHHas GYHKUHS MONET
MMeTb CYeTHOe MHOXeCTBO Touek paspeiBa. Hanpumep, pynxuns y=

+7, #—i<x<z—, n=1, 2, ..,; y(0)=0, MOHOTOHHO BO3-
pactaer Ha [0, 1], HMeeT cyeTHOe MHOXeCTBO ToYeK pasphiBa. Cieno-
BaTeJIbHO, N0 TeopeMe 2 OHa HHTErpHpyema.

3ameuanune 2. Ecau f(x) unTerpupyema Ha [a, b] (@ < b),
10 |f(X)]| Takxe HHTerpupyem,
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B camom nene, Vx’' n x” M3 [x;, X;41] MMeeM
) =IF &) <IF &) —F )| M
Ecnmu o}, o;—xonebannst |f(x)|, coorsercteento f(x), ma [x;, Xi41],
10 n3 (1) crepyer, uTo W; < @; H

n-1 . n-1
2 0] Ax; << z o; Axy.
i=0 i=0

Tak kak f (¥) uHTerpupyema, To
n-1
> o;Ax;— 0 mpu Ag— 0,
(=0
HO TOTrAa
n-1
2 (0; Ax; — 0,
i=0

u, cnenosatenbHo, |f(x)| uHTerpupyewm.

§ 6.8. HecoGcTBeHHbIE MHTErpaJbl

3ajganum Ha KOHeuyHOM noJyHHTepBase [a, b) ¢yHKumo f.
IlonycTHM, 4YTO OHa HHTerpupyema (Hampumep, HempephBHA
WJH KYCOUHO-HeNpephBHA) Ha JoOOM otpeske [a, b'], rae
b’ < b w He orpaHuyeHa B okpecTHOCTH TOukd b. Torma ee
uaTerpan Ha [a, b) uam, yTO BCe paBHO, Ha [a, b] B 06bu-
HOM cMbicsie (PuUMaHa) He MOXET CyIecTBOBaTh, NOTOMY YTO
uHTerpupyeMass Ha [a, b] no Pumany ¢yHKuus Heo6XOIMMO
orpaHnyeHa. OJHAKO MOXET CJYUHTBCS, YTO CYIIECTBYeT KO-
HeyHbIl npeaen

bl

lim S f (x) dx.
b —>bg,

Ecan 3TO Tak, TO 3TOT MNpeleN HasbBAIOT HecoOCMEeHHbIM
unmezpasom om [ Ha orpeske [a, b] M 3amUCHIBAIOT B BuIE

b b
{f(de=lim () dx M

b
B TakoM ciyuae roBOpST, UTO UHME2ZpaA Sfdx cxodumes.

a
B NpOTHBHOM cJjyyae TOBOPST, YTO OH pacxo0umcs WJH He
CYIIECTBYET KaK HECOGCTBEHHBI PUMaHOB HHTErpail.
Jonyctum Tenepb, yto ¢yHKIHMA [ 3alaHa Ha Jayuve [a, oo)
M MHTETpHpyeMa Ha Ji060M KOHeWHoM oTpeske [a, b'], rae
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a < b" < oo. Ecnu cymecrTByer npeje
b

lim S f (x) dx,

b’
—»ooa

TO OH Ha3bIBAeTCSl HecoOcmeenHbim urmeaparom om f Ha [a, oo)
1 ofo3HayaeTcsl TakKi
bl

Sf () dx= lim_ S f (%) dx.

YcqosuMmes: B clelyioieli TepMuHoJorul. Bripaxkenne
b

(Foax @)

a

GylleM HaswiBaTb urmeepasom (om f) ¢ eQurncmeerroii ocoben-
Hocmoto 8 mouke b, ecoM BHINOJHSIOTCS CJEYIOLIMe YCJIOBHUS:
ecan b—KOHeuHasi ToOuka, TO (PYHKIHS [ MHTErpHpyema Ha
[a, b'] mpum moGom b’, yROBJETBOPSIOEM HepaBEHCTBAM
a< b’ ' <b, u, KpoMe TOro, He OrpaHHuYE€Ha B OKPECTHOCTH
toukd b. Ecin xe b=+ oo, TO mpo ¢yHKuHIO f mpeanona-
raeTcsi JHMillb, YTO OHA MHTETpHpYeMa Ha [a, b'] npu moGom
KOHeyHOM b’ > a. \

[Togo6GHBIM 06pa3oM ONpenesieTCs HHTerpas Sf(x) dx

a
C €IMHCTBEHHOH OCOOEHHOCTbIO B TOuke a. Tenepb b— KoOHeu-
Hasi Touka. Ecam Touka a < b TOXXe KOHeuHa, TO [ B OKpecT-
HOCTH a He OrpaHHYeHa M HHTErpHpyeMa Ha JiIoOOM OTpe3Ke
[a’, b], rne a<a'<b. Ecau xe a=— oo, TO quHKuml f
npe/noiaraeTcsi HHTerpupyemoi na [a’, b] anst moGoro a’ < b.

B nanbHefimeM Mbl 6yleM IS onmpelesIeHHOCTH paccmat-
puBaTh HHTerpas (2) c eIMHCTBEHHOH OCOGEHHOCTHIO B TOUKE b,
KOHeYHOH s GeckoHeyHofi. Bce BHIBOABI MO aHaJOrMu MOryT
OBITb TNepeHeceHBl Ha CJyuall HHTerpaza c eIlHHCTBeHHOﬁ oco-
GeHHOCTBIO B TOUKE a.

Teopewma. [Tycms 3adan unmezpar (2) c eauucmseﬂﬂou
ocobenrocmoto 8 mouke b. [as e2o cyujecmeosanasn Heobxo0umo
u docmamouno evtnoanerue ycaosus (Koww): 0aa ecakoeo € > 0
cyuwecmeyem b, < b maxoe, umo-

b

bgm) dt | <e, @)
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Kakoesl 6ol Hu Oviau b', b", ydosremeopstouue Hepasencmeam
b, <b' <b" <b.
JdokasatenbcTBO. PaccMOTpUM (yHKLHIO
X
F={f(tydt (@a<x<b).
a
CylecTBOBaHHE HHTerpana (2) SKBHBAJEHTHO CYLIECTBOBAHHIO
npefena lim F (x), 4To B CBOIO Ouepelb SKBHBAJIEHTHO BBIIOJ-
x—>b
x<b
Henuto ycsoBus Kowm: aas soGoro e >0 cymecrtsyer b,
rie a < b, <b, Takoe, UTO BHINOJHSETCS HEPABEHCTBO
|F(0")—F ()] <e mna Bcex b’ u b", ynoBaeTBOpsIOMMX
HepaBeHcTBaM b, < b’ < b" < b. Ho
e
FO—F @)= {1,
&
M TeopeMa JOKa3aHa.
I[Tpumep 1. Hurerpan

1
dx
~ 4
0
rae o > 0—MoCTOSTHHOE YMCJI0, HMEET, OYeBHIHO, eIHHCTBEH-
Hyl0 0cOGeHHOCTb B To4Ke x=0. UT0oOb BBHIICHHUTb, CXOJHTCS
JM OH, HaJ0 BHIYHCJIHTH Npene

1 1
. . 1-a |1 . .
lim {S= lim {5 [ =lim o1 e { Ta O <
s30¢ e 0 ¢ e oo, a>1,

Takum o6pasoM, uurerpan (4) cxoaurcs mpu a <1 u pasen
(1—a)~!, u pacxoaurcs mpu o> 1. Eciu ke a=1, 10 oH

pacxogurcs:
1

. d. .
lim \ Z=— lim Ine= + oo.
zz—»O,3 e—>0

IMpumep 2. Hnrerpan
JEREYY

1 . N
lim x'-¢
1

= lim :
N> o l_aN—»cn

_Ms
i3
e 1
B

- {'oTl:T’ a>1 (cxomurcs),
4 o0, a <1 (pacxomurcs);
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MHTErpan

k

N
S? 5 d?:_- Nll—‘;nm In N =+ oo (pacxonurcs).
1 1

[Tpumep 3. Hurerpan S e~*dx uMeeT €IUHCTBEHHYIO
0

0COBGEHHOCTb B TOUKe X = -+ oo. OH CXOOUTCSI H paBeH
® N

Se“"dx: lim Se"‘dx— lim (—e“) = hm [l—e'N]—~1
0 N—>+o( N->+»
nyCTb CHOBA 3aJlaH HHTerpaJ
h .
§ F (v dx, ®)
a

HMEIOIHH eIVHCTBEHHYI0 oco0eHHOocTh B Touke b. Toraa wH-

TerpaJg
b

§F v ax, ®)

rie a<c<b, TakxKe HMeeT eIHHCTBEHHYIO OCOGEHHOCTb
B Touke b. YcnoBue KoM cymecTBoBaHHSI HHTerpaJoB (5) M
(6) ¢opMmysHpyercsi coBeplUeHHO OfHHAKOBO. [ToaTomMy 3TH HH-
TerpaJsl OAHOBPEMEHHO CXONATCS MJIM OJHOBPEMEHHO pacxo-
astcst. Kpome Toro, npu a < ¢ < b, OUeBHAHO, UMEET MECTO

b 124 ‘c b’
Sfdx— lim \fdx= lim <S fdx+§ fdx>=

b’ —b
b

fdx + § fdx, Q)

\h

+

5
[
~n
Qu

I

Qe o

0
c
rie S-—Oﬁbl'lﬂblﬁ pHMaHOB COGCTBEHHBIH HHTErpaj, a HH-
a

b
TerpaJisl " S HeCOOCTBEHHBIE.
¢

Re /o
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OTmeTHM paBeHCTBO
b b

§ (47 +Be)dx= lim § (4] +Bo)dx=
¢ b’ ¢ b’ b b
=Alim {fdx4+B lim (odr=A(fdx+B{gdr, (@)
b —>bg b —>b g a a

rie A 1 B—noctosinabie. Erc Hazo nmoHuMarh B TOM CMEICJIE,
YTO €CJIM CYLIECTBYIOT MHTErpajbl B INPaBof YacTH, TO Cylie-
CTBYET TaKKe HHTerpas B JIEBOH H UMeeT MecTO paBeHCTBO (8).
ToBopsit, uro uHTerpan (5) (MMelolui 0OCOGEHHOCTD B TOY-
Ke b) cxodumcs abcoaromuo, ecau CXOAMTCS HHTerpaJ
b

(1700 dx ©)

a

oT a6coJitoTHOrO 3HaueHus |f (x)|.

Ab6comomuo cxodauguiics unmeezpaa cxodumcs. B camom
Jlesie, U3 CXONHMOCTH HHTerpasa (9) cienyer, uTo AJs J1060ro
e >0 Ha unTepBase (@, b) Haililercs Touka b, Takas, 4TO
ecan b, < b’ <b" < b, 10

b b” :
e>§|f<x)ldx> bg,f(x)dx ,

1. €. JJ1s UHTerpasa (5) BemoJHsieTcs: yeaoBue Ko, Tak kak

b’ b’
(rooax|<1reds,

TO TOCNEe mnepexofia K mnpeneny mpu b’ — b Aas a6CosOTHO
CXOAsIIerocss WHTerpasa (5) mosyuum

b b

(7 ax|< (17 ()] ax. (10)

3ameyanue. Hepasencrso (10) BepHo u nasi He a6co-
JIIOTHO CXOJISIIErocsl MHTErpaJjia —B 3TOM CJydyae CIpaBa CTOUT
00, a CHMBOJI ©0 MBI CYHTaeM GOJBIIMM JIOOOr0 KOHEYHOro
ypcaa. DTHM IUMPOKO TOJB3YIOTCS B TEXHHKE an:nc.neunﬁ.

Ecau Hallo y3HaTh, CXOAMTCSI HJIH HET HHTErpa Sfdx, MEI
a
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nunieM HepaBeHcTBo (10) u HccsielyeM HAa CXOAUMOCTb HHTErpal
b b

S | f|dx. Ecan 3TOT noc/eiHUi CXOAHTCS, T. €. eCJiH S | fldx <

a a
b

< 00, TO CXOAUTCS M Hall HHTErpasn g fdx. KoneuHo, ecnu

a
b

S|f|dx=oo, TO MPHUAETCSl K HalleMy HHTerpany NpUMEHHTb
a
GoJiee TOHKHE MeTOAbl. BO3MOXKHO Bce ke, 4TO OH CXOAMTCH,

HO TOJILKO He aGCoJMIOTHO (CM. mpuMmepsl B KoHue § 6.9).

§ 6.9. HecoOGcTBeHHble HHTErpaJbl
OT HEeOTPHUATEJbHbIX (GYHKLHMH

ITyctp 3aldaH uHTErpan
b

§ 7 (0 dx, )

a

MMelouil eIUHCTBEHHYI0O OCOOEHHOCTh B TOYKe b, M Ha mpo-
MexyTke [a, b) unterpupoBavus f(x) =>0. Torma, oueBHIHO,

¢yHKIHA
bl

Fo)={Ffwde (a<b’ <b)

a

ot b’ moHoToHHO He YyGhiBaeT. [loaToMy, ecqin ona orpaHHueHa
(F(" Y M, a<b’" <b), 10 cymecrsyer uurerpaa (1)
b b’
S f(x)dx= lim g f(x)dx <M.
a b'>bg
Ecmu ke F Heorpannuyena, To uuterpan (1) pacxoaurcs:
b b’ )

JF () dr= lim §(x)dx=+co.

Ecau f(x) >0 Ha [a, b), TO nuumyr
b b
(fdx<oo mm (f(x)de=oo

a

B 3aBHCHMOCTH OT TOro, GyAeT JIi MHTEerpaj CXOAUTHCS HJIM
pacxoJuThCA.
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Teopema 1. ITycme unmezparsi

f (x) dx, M

@ (x) dx, @

h(/;vhmw

umetom, eQuHcmeeHnyto ocobeHrocmb 8 mouxe b 1 Ha npome-
ocymxe [a, b) 6bINOAHAIOMCS HepaseHcmea

0<F() <o) 3)

To2da u3 cxodumocmu unmezpara (2) caedyem cxodumocme
unmeepasra (1) u umeem mecmo Hepaeencmeo

Sfdx Scpdx,

a

a u3 pacxodumocmu unmeepara (1) credyem pacxodumocme
unmezpara (2).
JdokasateabcTBo. M3 (3) cmenyer, urto ans a<<b’' <b
b’ 124

Sfdx Scpdx 4)

Ecau Tenepp wHTerpan (2) cXoAuTcsi, TO npaBas yactb (4)
OrpaHMYeHa 4YHCJOM, PaBHBIM HHTerpajy (2), Ho Toria orpa-
HHueHa W JeBas. VM Tak Kak JieBas 4acTb NpPH BO3PacTaHHH
b’ MOHOTOHHO He YO6LIBa€T, TO OHa CTPEMHTCS K MpeResy
(unTerpany):

b 4 b

Sfdx= lim Sfdx<gcpdx.

a b’ —>b a

a

Hao6opor, u3 pacxomumoctu uuTterpasa (1) cmenyer, urto
npefen JeBoi wactu (4) npu b’ —-b paBeH oo, a cleloBa-
TeJIbHO, U MpeJiesl NpaBoH paBeH oo.

Teopema 2. ITycme unmeeparot (1) u (2) umerom edun-
cmeenHyt0 ocobenrocmy 8 mouke b, nodvinmezpasvrole yHKyuU
noaoscuUmensHol U cyujecmsyem npeden

lim L9 _ a0,

st @ (X)

®)

Toed0a smu unmezpasst 0OHOBPEMEHHO CXO0AMCA Ul OOHO8pe-
MEHHO pPACXO0AMCA.
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HokasateabctBo. M3 (5) cuexyer, urto Ans moJo-
XKUTeJabHOrO &€ < A MOXHO yKasaTb Takoe ¢ € [a, b), uto

A—e < f((’;)) <A4e (c<x<b),

H Tak Kak ¢ (x) >0, To
(A—e)e() <f() <(A+e)o(x) (c<x<b). (6)
b

N3 cxomumocTH wuHTerpaJsa S(pdx cJelyeT CXOAMMOCTb
b N b
HHTErpana Sq:dx H CXOAMMOCTb HHTErpaJa S(A—l-s)(pdx;
c c
HO TOrJa MO MpejslAylied TeopeMe CXOLMTCS TaKKe HHTerpas
b b

Sfdx, a BMecTe ¢ HMM MHTerpas S f dx. O6patuo, u3 cxonu-
c a
b

MOCTH Sfdx CJIeNyeT CXOAUMOCTb \ @ dx MOTOMY, YTO HapsAy

S

a
¢ () umeer MecTO PaBeHCTBO

() _ 1
Nim =5 =71>0.

3ameyanue. PaBenctso (5) o3Hauaer, uto ¢yHKUHSA f
SKBHBAJICHTHA (VHKUMH A@ mpu x —b. B s1OM catyuae Takke
roBopsit, 4T0 GYHKUMH [ U ¢ HMEIT ONMHAKOBEIA TOPSNOK
npu x—»b.

[MTpumep 1. HcconenoBatb Ha CXOAMMOCTb HHTErpaJ

®
S sinkxe~*dx.
0

HNmeem

o®©

S e~*sinkxdx| <<
0

® @©

S]e"‘smkxldx ge"‘dx=l < oo,
0 0

Mo npuMenusmu HepaBeHctBo (10) § 6.8 m 3ameuanue
K HeMy.

3HaukoM ~ MeXAy HHTerpajamu GylieM 0GO3HAYyaThb TOT
¢akT, YTO 3TH HHTETpajbsl B CHJYy TEOPeMbl 2 OJHOBPEMEHHO
CXOAATCS HUJH ONXHOBPEMEHHO PacXOAsATCH.
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X

IS

=
Sy =

I

1
Ipumep 2. Ssinx~ — =oo.
0
1
IIpumep 3. s' ~§ < oo,
J sin Vx Vi
Ilpumep 4. ijle‘”dx~ge‘”dx<oo.
1 1

Hurerpanst npumepoB 2 u 3 uMeOT eJUHCTBEHHYIO OCO-
GenHoctb B Toyke x=0. Hamo yuectp, uro sinx = x,

sinV x = V%, x—0. A
Hnterpan mnpumepa 4 uMmeeT eIMHCTBEHHYIO OCOGEHHOCTb
x—1 _ -
B x=o00., Hano yuectb, uro ——er e, X — 00,
-

ITpumep 5. S (x2—3x+ 5) e~* dx cxonuTCs, MOTOMY YTO
0

S(xz 3x-|-5)e—xdx S|(x‘—3x+5)e"‘/2|e"‘/2dx<
<M (e dx < co.
0

Heao B Ttom, uro lim (x®—3x+5)e-*2=0, nosromy

naigercs N >0 Takoe, uro | (x*—3x+5)e=*/2| < 1 Vx> N.

C npyro#t cropousi, pyHkuus |(x2—3x-+ 5)e~*/2| nenpe-
peiBHa Ha [0, N], caenoBaTesnpHO, orpanuyena Ha [0, N]
HekoropbiM uncsioM M;. Takum o6pa3oM, oHa orpaHnyeHa Ha
[0, oo0) uncaom M= max{l M;}.

§ 6.10. MuTerpuposanue no yactTam
HEeCOGCTBEHHBIX HHTErpaJios

IIpumep 1. HecobeTBenusie HHTETPabI

- <
Sslnx
a

o

Sws‘ dx (a>0) 1)
a
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cxoaatca. B camom JeJjie, HHTErpupys Mo 4acTsaM, INOJy4UM

A ) A
sin x CcoS x CcOoS x
S' dx =— —g ——dx
X X X
a a

a

IJisi Bcex KoHeuHnlXx A > a. [lepexonass Tenepp K npenenay
npy A — oo, NOJYyYUM

2] 0
sin x cos a 0SS x
dx= — — dx,
X a X
a a

TA€ HHTErpasn B npaBoﬁ YacTH CXONWTCS U Jaxke abCOMIOTHOl

<] @ l el

cos x |cosx dx 1

— < (V—:— < 0o,
(S5tax| < dx< (45—
a a a

INpumep 2. Hurerpan S S'% dx cxomurcs He a6co-

JIIOTHO (YCJIOBHO), HGO I/IHTel"pajl
gLS‘:‘:—"'-dxmo @>0), b))
a

T. €. pacxonsmuiica. B camom nene, B cHJy HEpaBEHCTBA
sin? x < | sin x| HecoGCTBEHHBI HHTErpas

@®

® @

i 2y . .
Slsnr;xl dx}Ssm dx——gl cosmdx:
a

2x
a

2

1 @ 0 o0
1—cos u I ( du l cos u
=@r=w=g | = dumg { Tmg [
2a 2a 2a
- o
Ho unterpan S u~lcosudu cxomuTcsi, a HHTErpaJ S u~tdu
2a 2a

pacxomutcsa. CieoBaTenbHO, HeCOGCTBeHHBII HHTerpan (2)
pPacXoAUTCS.

3ameuanune. Cxomumoctb uHterpana (1) obwsacHsercs
T€M, uTO QYHKLHKA Sin x nepuoiudecku KoJaebsercs, NpUHUMAs
MOCJIEIOBATENBHO MOJNOXKHUTEJNbHBE W OTPHLATENBNLIE 3Haye-
HHA. Hakon/jenue mJomany, BbI3bIBa€MOE I10JOXKHTEbHBIMU
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3HAUEeHHSAMH Sin X, KOMIEHCHPYeTCsl COOTBETCTBYIOUIUM HAKOM-
JIEHHEM, BBLI3BIBAEMBbIM OTPHUATEJIbHBIMH 3HAUEHHSIMH.
D10 sBJIEHHE TOJYYUT OObSICHEHHE B TEOPHH PHLOB (CM.
psAn Jle#OHULIA U YCJOBHO CXOASIIMECS PSIbI).
[IpuBeneHHEIe NPHUMEpPH NMOKA3LIBAIOT, YTO HHTErPUpPOBaHUE
M0 YacTsIM MOZKET 0Kas3aThCs MOJIE3HBIM CPEACTBOM HCCJIENO-
BaHHUS1 CXOAMMOCTH HECOGCTBEHHBIX UHTErpasos.

Huxe npuBopaTcs oblive coo6p2)KeHHsl, KOTOpHIe Jyyllle MOSICHSIOT
MeXaHH3M 3TOTO MeTCAa.

Ilycts dyHkuus ¢ (x) HempepbiBHa Ha [a, o) n @ (x) —ee nepso-
obpasnas. IlycTb, Kpome Toro, g (x) HempepbBHO AHbdepeHUHpYyeMas
¢yHkuus Ha [a, o). Toraa

A A
flowema=gwow| —{owe wa=
a a

A

—gA0W—g@P@—{0we Wdn O
a

Ecnu
1) lim g (4) © (A)=0,
A-> o

®
2) mHTerpan S @ (x) g’ (x¥) dx cxonuTcst, TO, OUEBHIHO, CYLLECTBYeT

a
HeCOGCTBEHHbIN HIITErpan

® A ®
fowewa=tm {omewa=——g@o@—{0 e wa
a a a

©)
OTciofa, B YaCTHOCTH, BEITEKAaeT
IMMpusnar Jupuxne CXOZUMOCTH HHTerpaaa (4).
Eciu oyukuust @ (x) orpanutena (@ (x) << M), a g (x) y6niBaeT u CTpe-
MHTCH K HyNIO NMpH ¥ —> 00, TO MHTerpan (4) cxogurcs.
SIcHo, uTO 3TH ycnOBHS BiekyT cBolicTBo 1). [anee

@

<{1owe 1y (1g (0)dx=

n ke

S @ (x) g’ (x) dr

@ A
=—M Sg’ (x)dx=—M lim S g (x)dx=—M lim [g(A)—g(a)l=
p A—»ooa A->»

=g (a-M.
ITpumep 3, Hurterpan
o«

sin x
S pr dx (x> 0),

a
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HMEIOWHil eJHHCTBEHHYIO OCOGEHHOCTD B X= 00; CXoguTca npu o > 0.

10 cregyer w3 npusHaka [upuxie, rje Hajo cyutaTh g () =x"% u
@ (x)=sinx, @ (x)=—cos x (| O (x) |<<1). AGcoaoTHas xKe €ro CXOAHU-
MOCTb HMEET MeCTO TOJbKO IpH o > l, YTO NOKa3blBaeTcsi, KaK B IpH-
mepe 2 § 6.9.

§ 6.11. HecoGcTBeHHblii HHTErpal ¢ 0COGEHHOCTAMH
B HECKOJIbBKHX TO4YKax

[Tyctp 3agan unrerpan
b

{ 7 (x)dx, o)

a

T. €. MoKa (opMaJibHOE BHIpaxKeHHe (PHCYHOK), Flie N0J 3HaKOM
b

Sc*rowr ¢yukuus f(x), onpeleneHHass Ha HHTepBane (a, b).

a
TakuM o6pa3oM, @ MOKeT GbiTb KOHEYHBIM YHCJIOM HJH — 0o
U D—KOHEUHBIM YHCJIOM HJIH - 00.

Honycrum, uro mHTEpBan (a, b) MOXHO pa3buTh Ha KO-
HEYHOE YHCJIO HHTEPBAJIOB TOUKAMH QA =Cy < €; < Cyq < .os.
...<cy=>b Tak, uTO KaxABIl HHTErpas

Ck+1

{ fmde (k=0,1,..., N—1) @

Ck

HMeeT eNHHCTBEHHYI0 OCOGEHHOCTb JH60 B TOUKE C,, JHGO
B TOYKE Cpyy.

Ecnun Bce HecoGcTBeHHBIE HHTErpanibl (2) cxomsites (ab-
COJIIOTHO cXofsTtcsi), To unterpan (1) wHasuiBaercst HecoGem-
seHHbIM cxodsauumes (abcoaromuo cxolaugumcs) u cumsoay (1)
NPHIHUEBIBAETCH YUCJIO

b N —1Ck+1
{tmar= 32§ Fmax

Ho ecan xotst 6bl ofMH M3 HHTerpajoB (2) pacxomutcs,
To uHTerpan (1) cumraercst pacxomsIUMCS.
Ecan f(x) >0, To, Tak e Kak B c/iyyae HHTErpajoB C
OJHOH ocoGeHHOCThIO, AJst HHTerpana (1) ycuaoBuMcsi mucarb
b
(F(x)dx < oo,

a
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€CJIH OH CXOJHUTCA H

b
Sf(x) dx = oo,

€0JIH OH PacXOZUTCH.
Mpumep 1.

°§ e~*dx= S? e"‘dx+°§e"'dx=oo+1=oo
-0 -t [

Or1oT MHTErpam MMeer IBe OCOGEHHOGTH B TOUKE X =— 0O
H X=co = -+ co. COOTBETCTBEHHO MHI €r0 NPEeACTaBHJIH (op-
MaJIbHO B BHJE CYyMMbl ABYX HHTErpasioB, K&XKAbli H3 KOTO-
PbIX HMeeT OAHy M3 yKa3aHHBIX ocobGeHHocteil. OueBHIHO,

So e™*dx= o0, o§e""dx=1.
0

-®

Mu1 no3BonuaM cef2 cuMTaTh, 4TO oo + 1= oo,
Mpumep 2. (&> 0)

€ sin x cxoautca ycaoBHo npH 0 < a<Cl,
Ss dx—1{ cxonutcs abCOJMIOTHO MIpPH l<a<2 3)

0§ X pacxoaurcs npH o = 2.

B camoMm AeJe, 3TOT HHTerpasjl UMeeT HBe 0COOEHHOCTH —

B x=0 # x=o00, MO3TOMY IJIsi €r0 WCCJENOBaHUS PaccMoOT-
puM (pOpMaNbHYIO CyMMY

[Tox unterpanom S CTOUT TOJIOXKHTeNbHAsA GYHKIHUSA, MO-

0
sTOMy OH JUGO pacxonurcsi, JnGo, €clH CXOAUTCS, TO abco-
notHo. [nsi ero wuccnefloBaHus HaM I[IOMOTYT HepaBeHCTBa
(cm. § 3.3, (6) u § 4.19, npumep 1)
2

?‘_ xl-a <

sin x

<xtm*r (O<xg]]),
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OTKYyJa

1 1
SS—Zfdx<Sx"'“dx<oo npu o < 2,
0 0

CnenoBare/ibHO,

4

o/

sin t ( 86COIOTHO CXOMMTCS MPH O < 2,
S X
0

ipacxomm:ﬂ npu o= 2.
Hanee (cm. § 6.10, npumep 2)
p
Ssm X {cxonmca npu a >0,

—dx —{ %)
| a6comotro cxomutes TombKO mpH @ > 1.



FrJITABA7

NPUJIO)KEHHWSI MHTEIPAJIOB.
NPUBJIH)XEHHBLIE METOJIbI

§ 7.1. Muovlaab » NOJ=PHLIX KOOPAHUHATAX

IMnomans S ¢Guryphl, orpaHHueHHOH ABYMSI BRIXOLSIIMMH
u3 noasiproro nomoca O nyuyamu 0=286,, 0=0_u kpuso# T,
3alaHHOH B MOJISIPHBIX KOOpAHHATAaX HenpephBHOA (yHKUHEH

&p=8,

5/7-7 ﬁ
4

&, 7
4, 4
4
J Z
Puc. 80. Puc, 81.

p=F(0), moxer ObITb onpejeseHa CJeAYOUM 0Gpa3OM
(puc. 80). Ilpoussoaum pasbuenue orpeska [0,, 0 ]:

eo<61 o0 <e"=e*.

Snement nuomand ¢urypsl, orpanuuenHoit kpusoi I' u sy-
yamMu 0=19,, 0=29,,,, npuOMDKEHHO BbIpaXKaeM IJIOLIANbIO
KPYTrOBOrO CE€KTOpa, OrpPaHMYEHHOrO TeMH e JIydaMH |
OKDYKHOCTBIO panuyca p,=f(0,), paBHOH

1 .
3pZAek, Aek=0k+1—'ﬂk-

EcrecTBeHHO CUHUTATb, MO OMNpeleyIeHHUIO,
N 6

, 1S v 1 *
S= lim 729,%,A@k=—2—§p2a'9=§§ P2@O)do. (1)
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Mbl nonyuusau ¢opmysay mJomand (GUryphl B MOJSIPHBIX
KoopAuHarax. [lns HenpepbiBHOH ¢yHKuuu f(0) unrerpan (1),
KaK Mbl 3HaeM, CYIIEeCTBYET H, CJIeHOBaTeJbHO, Npelen. Jio-
6oif MHTErpaJbHOH CyMMBl DaBeH 3TOMY HHTErpaify.

I[Tpumep. Hsobpaxennas Ha puc. 81 OKpyXHOCTb B
NONSPHBIX KOOPAMHATAaxX oOnpele/sercs YypaBHeHHeM p =
= 2R cos0. B cuny (1) naouagp xpyra

/2 /2
S—2R? S 05?0 df — 4R? S ‘—‘f—;‘isiede=nRz.
0

—a/2

§ 7.2. O6bem Tena BpaieHus

IMyers T' ecth KpuBas, onuckiBaemMass B NpSIMOYTOJIbHOM
CHCTEeME KOOpAMHAT X, Y HENPepLIBHOH NOJIOXKHUTENbHOH (PyHK-
uneit y=f(x) (a<<x<?b). Boiuncaum ob6vem V Tena Bpa-
MIeHUsl, OTPaHHUYEHHOTO IJI0CKOC-
TAMH X =@, X =>b 1 NOBEPXHOCTbIO
BpaweHusi Kpusoit I' Bokpyr ocu
X.

Ilpoussonum pasGueHue OT-
peska [a, b] Ha wuwactH: a=
=%, < X <...<x,=b—u cun-
TaeM, 4to 3s1eMeHT AV o6wpeMa
Tesja, OrPaHHYEHHOro IJIOCKOCTS-
MU x_xk, X = Xp4;,» NPHOJIMKEHHO paBeH o6BEMY UMJIHHAPA
BBICOTbI AXy, = X4, — X, H paauyca y,={f (x,):

AV, ~ nyiAx, = nf (x,)*Ax,.

n-1

Bennuuna V,=mn Zo f2(x,) Ax, npubamxenHo BripaxaeT V u

b
V= lim anz(xk)Axk—ngﬁ(x)dx. )

max Axk—bo k=0

Meur mosnyuusi ¢opmysy obreMa Tesna BpaueHus (puc. 82).
IIpumep. danuncoun BpamieHUs (BOKPYr OCH X)

e |

Il b2 T

€CTb T€JI0, OrpaHUYE€HHOE TMOBEPXHOCTbIO BpallCHHUS KpHBOl‘:!

y=>b ]/1—-2; (—a<x<a)
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BOKPYI' OCH X, NO3TOMy Ha OCHOBaHWHM ¢opmyanl (1) ero
00beM paBeH
a

Ve | (1_;_z)dx=nb2(x—~§§—a)

-a

a__i a
—3nab.

-a

§ 7.3. I'rapkass KpuBas B mpocrpancree. JlanHa nyru

B § 4.21 6buio BBeeHO MNOHSITHE MJIOCKOH HENpPEepPbIBHOM
KPHBOH, 3aJaHHOH TNapaMeTPHUeCKH, B YAaCTHOCTH TJIafKOH
KpUBOH. Mpl XOTHM NONOJIHUTD 3TH cBefenust. Ho 3aonno 6yaem
paccmaTpHBaTh 6oJiee OOLLYI0 KPHBYIO B
npoctpalctse. Tpu ypaBueHus (puc. 83)

x=0(1),
y=9(1), (a<t<h), (1)
2=y ()

rae QyHKUHH @, P, 7 HENpepHBHBI Ha
[a, b], onpenensitor wenpepoisryto Kpu-
8yYt0, KOTOPYI0 MBI 0603HauuM uepe3 I'.
Ecan K Tomy ke QyHKIUH @, p, ¥ HE TOJNBKO HENPEPLIBHEHI, HO
HMeIoT Ha [a, b] HempepEIBHBIE NPOH3BOAHBIE, OJHOBPEMEHHO
He obpaiamomuecsi B Hy b, To I' HaswBaercs esadkoul Kkpusotl
Ha [a, b].

Tor dakTt, uto nponssom—xbxe @' (1), V' (), %' (¢) nas Jmo-
Goro 3HaueHusi ¢ € [a, b] oxHOBpeMeHHO He oGpallAOTCS
B HyJb, MOXKHO BLIDA3HTb TaK: HMEET MECTO HEPaBeHCTBO

(@ ()4 (b ()2 + (x" (1)* >0 @)

aJIs1 Beex € [a, b].

Ecnn MBI 3agaguM onpefieleHHOe 3HaueHue {=1{;, TO
B cuay (2) omHo u3 ciaraeMmelx @' (%), ¥’ (%), 1’ (f,) —nycTb
nepBoe —He paBHO HYJO (9’ (Z,) %= 0). Beaeacrsue Henpepeis-
HOCTH @' cymiecTByetr HHTepsanl (£,—O, f,+ 8), Ha KoTOpOM
¢’ (f) umeer TOT ke 3HaK, uto M @’ (f,). Ho Toraa ma srom
HHTepBaJje (QYHKUUA X =@ (f) CTPOrO MOHOTOHHA H CYILECT-
Byer obpaTHasi K Hell HernpephiBHO AuddepeHnupyemast GyHk-
unsg =97 (x), x€(c, d) rie (¢, d)—Hekoropasi OKpecT-
HHOCTb TOUKH Xo= ¢ (Z). pesyJbTaTe Mbl TOJYYUM, YTO
ileKOTOpEIi Masbll KycoK y kpuBol I', comepxkaiuit B ceGe
toury  Ay=(9(¢), (), %(f)), onuchiBaercss  IBYyMs

Puc. 83
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HenpepuBHO IU(pdepeHuHp yeMbivl (QYHKIHAMHE OT - Xi

y=v[e7* (x)] = ¥; (),
z=y o7 (0] =% (%)

c<x<d, c<x,<d, xp=0¢(t,)). Ecau, Ha camom JeJe,
V' (£,) <0 uan x' (£,) 50, To, paccyxpaas NOAOGHBIM obpa-
30M, MOJIyYydM, 4TO HekoTopwli Kycok y < I' 3anucwiBaercs
ypaBHEHUSIMH

x=0; (y), 2=% ()
A<y<m A<y, <m Y=¥())

HJIN COOTBETCTBCHHO

x=0;(2), y=1,(2)
(p<2<17y {3<2: <q’ 20=X(t0))‘

Ypauenus (1) rnankoit kpusoii I' He TosbKO 3ajator T
(xak reomerpuyeckoe mMecto Touex (¢ (¢), Y (¢), % (), t € [a, b]),
HO M omnpefensiioT opuewmayuro T', T. e. HanpaB/ieHue, BROJb
KoToporo Bo3pacraer mnapzmetrp f{. Ha puc. 83 usobpaxeHna
riafkast Kpuasi I', cooTBeTcTByIOUIASl M3MEHEHHIO MapaMmeTpa
t Ha orpe3ke [a, b] (@ <b): A=(v(a), ¥ (a), ¥ (a))—Ha-
yanbHas Touka ', B= (9 (b), ¥ (b), % (b))—xoueunas touka I',
CTpesKa YKasbBaeT opueHTauuio [

Koraa mnapamerp ! HenpepniBHO BO3pacTaeT OT a IO b,
touka (¢ (f), P(f), ¥ (¢¥)) HenmpepbiBHO ABuraercs mo I' or
HauanbHOH Touku A= (9 (a), P (a), % (Q)) A0 KOHEUHOH TOUKH
B=(g(b), ¥ (b), y (b)). OBmxymasics To4ka MOXKeT BO3Bpa-
THTbCSl B NPEKHEE MNOJOXKEHHE, T. €. MOXEeT CJHYUHTbCS, UTO
ty, t,€la, b, (<t v @(l) =0 (L), Y () =9 (ty), x({;) =
=y (f,), n Toria KpuBas I' HaswBaeTcs camonepecekarowetics.
Kpusast I' HaseBaeTcss 3amkxnymoii, ecnd Touku A u B cos-
najaorT.

Beenem ¢ynkmmio { =2A (1), ¢ <t d, UMEIOILYIO Hempe-
PBIBHYIO HE paBHYIO HYJIO TIPOM3BOAHYIO Ha [¢, d] M OTOG-
paxatomywo [c, d] Ha [a, b]. Tak kak A’ (T) He MeHseT 3HaK
Ha [¢, d], TO MOXer ObITb TOJIBKO JBa CJyHasi:

1) A" (t) >0, u toraa A(c)=a, A(d)=b,

2) M (1) <0, u Ttorna A{c)=>b, A(d)y=a.

Hawa rnankas kpuBasi I' Moxer GuiThb 3aaHa ypaBHEHHSIMH

x=9[A(D)]=0g, (1),
y=p[M ()] =1 (), (1
2=y [ (T)] =% (7)
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npH mnoMouy napameTpa T(c < t< d). OfHa u Ta XKe ryaj-
Kast kpuBas I' Moxer GbiTh 3aiaHa NapaMeTpPUUYECKH MNocpef-
CTBOM pasHHX [apaMeTpoB f, T, ... .

3ametruM, 4TO YyCJoBHS (2) Ha f3blKe T COXPAaHSIOTCS,
[OTOMY 4YTO COTAacHO (opMyJse TNPOH3BOAHOH (QYHKLMH OT
dbyHKUIUH

(@1 (@) + (1 (1)) + (12 (7)) =
= [0 O+ )2+ O] & (@) >0, 3)

OnHako mnpu BBeJEHHH HOBOTO IapaMeTpa T MOXeT H3Me-
HuTbesi opuentauusa I'. Ecau A’ (t) > 0 Ha [c, d], TO dyHK-
nus ¢ =A(t) crporo Bo3pactaer u A(c)=a, A(d)=0>b. B atom
CJyuae ¢ BO3pacTaHueM T Bo3pactaeT ¢ oT A (¢) =a g0 A (d) =D,
T. e. opueHrauusi I' ne meHsercs—ypaBHeHus (1) u (1')
Onpefie/IslOT OAHY H TY K€ [VIaAKYyI0 KPHUBYIO C TOH K€ OpHEeH-
TalMeHl, TOJbKO NPH MOMOLIM pa3HbiX napamerpoB. Ecau xe
A (t)<0 Hac, d], To A(c)=0b u A(d)=a u npu Bo3pacTa-
HUM T napametp ! yObIBaer.
B stoM cayuae ypaBHeHHs N A
(1) onpezensioT Ty xKe KpH- Ayy
Byio I', uto u ypaBHeHHs A,
(1), HO ¢ MPOTHBOMONOXKHOH
OpHeHTallHEH. a=Ay

B Tex Bonpocax, The A=Ay
HY2KHO YYMTHIBATH OpHEHTa-
M0 KpHBOH, NoA GYKBOH 7 =
I' mounMaror He TOMBKO Ca-
MyI0 KpHUBYIO (reomerpiue-
CKOe MeCTO TOYeK), HO H
ee opueHrauuio. Hano nom-
HHTb, 4TO ypaBHerus (1) ompelensOT Kak caMy KPHBYIO,
Tak ¥ ee opueHtauwo (JBwkeHHe Touku I' B HanpaBieHnu
Bo3pacTaHusa f). Ecau 3aMeHuTb mapamerp ¢ Ha Apyrod napa-
metp T (f =X\ (T)), TO NOJAYUHM Ty K€ OPHEHTHDOBAHHYIO KpH-
ywo I', eciim A’ (1) > 0. Ecnn xe A’ (v) <0, To nomyqyum Ty
e KPHBYIO, HO ODHEHTHPOBAHHYIO NPOTHBONOJON(HO— e yIKe
(Kax OpHEHTHPCBAHHYIO KDHBYI) Halo 0003HAYHTL ApYIHA
CHMBOJIOM, YIOGHO uepes I'_

Ecan sajaHa opueHTHpoBaHHasi Kpumas I' mocpesctsoM
ypaBHeHu#H (l) to I'_ MOXHO, HanpuMep, 3alaTh yPaBHEHIISIMH

¢ (—1),
—1;( r)! (—b<<t<< —0).
¥ (—1), )

Puc. 84.
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DBBegeM MNOHsITHE MJIMHBL JyTH HenpepbiBHOH Kpuso# T
[TycTb sajgana HenpepeiBHast KpuBas I' mocpeiacTBoM ypas-
rennit (1). Pasobbem otpesok [a, b] 3HaveHnamu a=t, <
<t <t,<...<ty=>b. Kaxknomy f, cOOTBeTCTBYeT TOYKa
A, €T (A,=A, Ay=B). Coennnum Touku A, nocnenosa-
TeAbHO oTpe3kaMH A A,., (puc. 84). B pesyabrate nosyunm
Jomanyio I'y= A A4;...Ay, Boucannyio B I'. Ilauna Ty
paBHa cymme JUH | A AL

N-1

IFN|=A’§0 | ApApex] 4)
IIpeden Onuner Ty, k0200 makcumym t;,.,—1; cmpemumea
K HYA0
max (lj+1-t].) -0

ecau Oon cywecmsyerm (ecTb KOHEUHOE UYHCJIO), HA3bIBACMCS
Oaunoti dyeu I'. Mer ero o6osHaumnau uepes |I'|.

MoxHo moKasaTh, 4TO HJs1 000N HenpephlBHON KpHBOH
(1) npenen (5) KOHeYHBbIH WK GeCKOHEUHBIH (- 00) CyIIeCTBYET.
B caydae, ecqu 3TOT mpejle]l KOHEUHbIH, KpUBasi Ha3biBaeTcst
CNPAMAAEMOLL.

Teopema 1. liadkan wa [a, b] kpusas T, onpederse-
man pagercmseemu (1), cnpamasema. Ee Oauna Oyeu pasna

b
IT|=$VTo OF + 1% OF + [ OF dt. 6)

a

B sToit opMynnpoBKe BaxkHO, 4TOo ypaBHeuuss I' 3amaHni
Ha otpeske (a, b]. Ecin 6bl onu by 3anaHel Ha MHTEpBaJje
(a, b), tne @, ¢, y HempepeBHO Au(xbepeHnnpyemsl Ha (a, b)
H UX NpPOHU3BOJHBIE OJHOBPEMEHHO HEe PaBHBI HYJIIO, Mbl TOXE
cxasasm Obl, yTo ypaBHeHus (1) ompemensioT rJaaikylo Ha
(a, b) xpuBylo, HO oHa MorJa Obl U He GBITb CHPSIMJIAEMOH.
OpnHako moGOH ee KyCOK, COOTBETCTBYIOUWHH HEKOTOPOMY OT-
pe3ky [c, d]<(a, b) cnpsmisem.
OKasaTeabcTBO TeopeMbl 1. Ilpumensis Teopemy
Jlarpamxa K QyHKUHAM @, P, ¥, OyieM umeth (Af =1, —1,,
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7\:R = max Atk)
k

Ap=¢ (tp1)—® (¢y)
Ap=rp (tpsy)—P (¢ )
Ay = (Lper)—2% (E2)

=0’ (tg) Ay,
=’ (1) Al
=X (tk )Atkv

U CJeloBaTeNbHO (MOSICHEHHSI HHUXKe),

N-1
ITwl= 3 VBoy +Ep*+ ar) =

N-1
= EOV[CP'(Z‘L)]Z b D]+’ (E")]*AL, =
Nl

= 3 Vo GIT+ [ G + [ G Aty

b
+rv — Vo OFFT% OF T OF dt ™

R

(3necb tp, g, i €(t,, t44+q)—BOOOLIE pa3IUYHBIE TOUKH),

T. €. crnpaBefyuBa ¢opmysa (6).
B camom fesne, B culy HenpephBHOCTH [OABIHTErP aJIbHOH
¢yukuuu B (6)

N-1
lim 3 Ve (AP +[V AP+ CA] Aty =
kR—>0 k=0

= Vo OF + v OF 1 OFdt.

KpOMe TOro, 3aMeTuM, UYTO BHINOJHACTCA HEPABEHCTBO

VEFEFE—V it +nl<
<V E—n) +E—n) +FE—n,)

BHIpaIKAIOLIIee, YTO PASHOCTb AMMH ABYX CTOPOH TPEYroMbHiKa
He MpEBLINIACT JIMHBI TPETHEH CTOPOHEL.

Hanee, Tak Kak GyHKUUU P’ u 7y’ HerprIBHbI ua[a, b],
TO OHH H paBHomepHo HenpepwBHbI Ha [a, b]. [Tostomy, ecnn

Ap <O, T
9 =V () <gpg. 1% )= )] < 555 »
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H, CJI€0BATEJIbHO,

N-1
2:40 [V[(P’ )P+ P+ ) fP—

|7n|=

<

—V TP F o T T | ot

2:: VIV @h— v GaF + T ) =2 G bt <

ez N
<553 ; ; Aty < = (b—a)=¢.
STo mokasbiBaeT, uTo 7y — 0 mpu Ap— 0.

[Mpuvenum ¢opmyay (6) ¥ BuiuucAeHHO AMMHBL AyrH T,
KOrja oHa 3ajaHa ypaBHeHusaMu (1'), npu momolny napamerpa
7. Umeem (cm. (6))

ITy | =ﬂS V@ OF + f, P+ () () dt =

d
= (V@ ROr T GOy + 0 B @F M (o) dr=

t
= S Vie"@OP+G"Or+ G @)2dt 3 (1)>0).

B nocnensem papeHCTBe 3TOfi LeMM Mbl NPOM3BEJH 3aMEHY
nepeMeHHoH {=A(tT) B WHTerpaJje.

Cneposareapto, |I'j|=|T|.

Mb BuuMm, uto ¢opmyna (6) AMuHBL AYrH BHIpAXKaercs
UHBAapHAHTHO Yepe3 rapamerp AYTH.

Beeuem dyvHKIMIO

s=p() =V T @+ @rd (@<t <b)
' ®)

OT BepXHero npeiena wuterpaia. OHa BBIpAXKAeT AJMHY

nyru AC, rne C—nepevennan Touka ayru AB=T, coor-
BETCTBYIOWIASl 2HaueHulo napameTpa i. Ilox uHTEerpamom B
{8) crout HenpephiBHas (VHKIUA OT i, TO3TOMY NPOU3BOJHASN
LJWHBI IYTH S no ! paBHa

=V (@ @)+ P+ 0 ). ©)
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Tak kak @’ (f), ¥’ (f), ¥’ (f) HenpepwiBHH, TO ds/df B cBOiO
ouepellb €cTb HenpepuBHas#A (YHKUHS OT f, MPH 3TOM MOJO-
xutenbHast (cM. § 7.3, (2)). Ho rorna s=p (f) ctporo BO3-
pactaer Ha [a, b] u umeer ofparHyio HenpepbiBHO AHGbOeE-
pPeHLHp yeMylo (YHKIHIO

t=p7(s) OLs<|T), (10)

006./1a/1210L1YI0 CBOHCTBOM
'Z'E’: [(@" @)+ @ )24+’ (1)2]-12 > 0.

Ho Torpa mepemenHasi s MOXET CJIyKHTb NnapaMeTpoOM Halle
raagkoit kpusoil I'—ypaBHenus I' MoxHO 3anucath B BuIe

x=0[p7 ()]=u (5),

y=p[p )]=p (), f O<s<|TY),

2=y [u" ()] =%a (5),
rae QyHKIHH @, V4, %« BENPEPHBHO AH(bdepeHHUpyeMsl Ha
[0, |I'll.

Y1066t NOJYUYHTH COOTBETCTBYIOMIHE PE3YJIbTATHl AJISI MJI0C~

KO KpHBOH I'=AB, Hato B NPeABIAYIMX PacCyXACHHUAX
nonoxuTh z=7%({)=0. Torma rnagkas mnmockas kpupas I'
onpejensieTrcss ABYMsl YDaBHEHHSIMH

x= (1),
y=1 (),

rie ¢ ¥ p—HenpeprBHO AUDEpeHunDyevbe (PVHKIHH, 04~
YUHSAIOUINECS YCJIOBHIO

@ @Or+e @P>0 (¢ela b).

Hauna T' pasHa

} @<t<b),

b

IT|= Vo O+ 0. (6")

a

Hmuna ayru AC < T, rae C ectb Touxka I', coorBeTCTBYIO-
masi 3HaueHuio mapamerpa ! €[a, b]

s=\ V@ @F + O @rde, @®)
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AugdepeHnyan ayru paseH
ds=V (" O + %" @) dt. ©")

Ecim T' sanana npu moMomu HenpephBHO aucgdepeHiH-
pyeMoli (yHKUUH

y=Fx) (@ag<x<D),
TO MOXHO cuurtath, yro I' ompejessiercss nmapameTpoM xi
X=X,

y=f(x).} (@< x<0)

Torna B cuay (6%)

|1‘|=§]/1'+(§§)de.

a

Huddepenunan ke ayru I' Bripaxkaercss ¢popMyJioit
ds=V A +dy.

IIpumep 1. Haditm amuny ayrm xpusoii I's y=chyx,
0<<x<L2.
HMmeem

2 2
II‘]=SV1 - (sh x)zdx=Schxdx=sth3=sh 2=82—;-2 .
0 0

IIpumep 2. Ha#iru nauny okpyxuoctd I' paguyca R.
Ok pyKHOCTb B NapaMeTpHYeCcKOM BHIE MOXHO 3afaTb Cjie-
JyIOIMM 00pasoMm:

x=Rcost,

y=Rsint } 0<t<2m.

Torna

27 2n
\T|= VREsi T+ Recostdt =R { dt =2nR.
0 0

IMpumep 3. Ha#itu nnmuny ayrn kpusoit I'i y =
X

= g V' 20+ 1%dt, xorna x usmensercs B mpenenax ot 0 jio 2.
p .

OTMeTHM, 4YTO SIBHYIO 3aBHCHMOCTH 4 OT X MOXHO HafiTH,
€c/i¥ Mbl BLIYHCJIMM HHTErpaJl, HCNOJb3ys MOACTAHOBKY Ditnepa



§ 7.4. KPUBU3HA KPUBOFL. SBOJIIOTA U 9BOJIbBEHTA 273

HAM  paccMaTpuBas STOT MHTErpajs Kak JApOOHO-THHEHHYIO
uppanuonanpHocTh. Ho B JaHHOM cjyyae HaM He HYyXXHa

9Ta sBHAsA 3aBHCHUMOCThb. Mmeem y"—.=V2x+xﬁ. [TosTomy
2

2
IT| =SV”‘1+'2x‘+_éx dx = § (x+1)dx=£ﬁf#|z=4
0

7.4. KpuBH3HA M pajMyC KpUBH3HBI KpPHBOIi,
BOJIIOTa M 2BOJIbBEHTA

Kpususnoti ok pysxcrocmu panuyca R nassiBaercs yucyo 1/R.
OTO YMCIO MOXKHO TaKXKe IOJYYATh KaK OTHOLIEHHE YIvia
MeXJy KacaTeJbHbIMH B KOHLAX KakKOH-HHOGYAb AYrH OKpPY»K-
HOCTH K JUIMHE 3TOH Ayrd. YTOoN MexIy KacaTeJbHBIMH K
OKDYXXHOCTH B TOYKax A U B paBeH LEHTPaJIbHOMY YLy o
mexny pazuycamd OA u OB. auna |AB| Lyru AB paBHa
Ra. Tloatomy (puc. 85)

a o 1

[AB| Re R

[Nocnennee onpenesneHnHe KPHUBU3HbI OKPYMXKHOCTH JaeT HIE0
onpejesieHusi KPHBH3HbI MPOH3BOJBHON TIyaakofi kpusoit I'.

1 1
|7 fz z
Puc. 85. Puc. 86.

PaccMorpum mpousBosibHY0 rnafikyio kpusyro I'. Kak
MH TNOKasanu B § 7.3, oHa CIpsiM/IsieMa M HMEeT CMBICI

FOBOPHTH O JIHHe JoGoii ee nyru AB. Yroa o (0 <o < m)
Mex1y KacateabHsiIMM K ' B Toukax A u B HaswiBaerca

yerom cmescHocmu Oyeu AB. OTHoLIEHHE Yrjia CMEXHOCTH
nyri AB x ee JauHe HasbiBaeTcs cpedHell Kpususuoil Oyeu

AB (puc. 86). Hakouen, xpususnoii kpusoi T' B ee Touxke A
Ha3bIBaeTcsl npefes (KOHEYHBIH HJIM GECKOHEUHBIH) OTHOMEHHA
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yrja cMexHocTH @ ayrd AB kpuBo# K ee jaaude |AB|=
= |As|, Koraa mocJefHsisi CTPEMHTCS K HYJIO:
: a
K—"‘- lim TAs|® (l)

As—»OI I

Takum o6pasom, 0 <LK < oo, Ilo onpenenenuio, BeaMYHHA
R=1/K (rne cunraercs, uto 0= 1/00, oo =1/0) HasviBaetcs
paduycom kpueusnor I' B Touxke A.

Touka Oy, nexamass Ha HopMaad K I' B Touke A Ha
paccrossan R =1/K or A B cropony Bormyroctd I', Hash-
Baetcst yenmpom kpususner I' B Touke A (puc. 87 u 88).
OueBuIHO, YTO LEHTP OKPYKHOCTH COBMAJaeT C IEHTPOM ee
KPHBH3HHI.

#‘r g

Puc. 87. Puc. 88.

Kpupas 9, sBAsA0OMASCS TeOMETPHYECKHM MECTOM UEHT-
poB O, KpHBH3HLI IJIOCKOH KpHBON 1, HasbIBaeTcs 360410-
moui T'. Cama xpusas I' Ha3LIBACTCS 3604b6eHMOL 7.

ITycts xpuBas T' sapana dyukuuedn y=F(x) (c<<x<d),
HMeroLIei uenpepbmﬂyro B'ropyxo npouzsornyo. Haitnem ee
KDUBU3HY B TOuUKe (x, f(x)). yerd @ v @,—yrasl,
KOTOpHIE€ COCTABRJSIOT Kacaxenuﬂue kK I' B Toukax A u B=

= (x+Ax, f(x+ Ax)) c NOJOXKUTENIBILIM HALIPEBACHHEM OCH X
{cM. puc. 86)

e =/"(x), tge,=F (x+Ax),
a=|arctg f' (x)—arctg f' (x4 Ax)|. (2)

Hanee,
x+Ax

As=|AB|= § VTF(Fwpdu. ®3)
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Mostromy us (1), npumensis mnpasusno Jlonutans (mo Ax),
nosyyaem

K= lim arctg [’ (x) —aretg ' (x4 Ax) _

Ar—>0 ¥4 Ax
{ ViTFrorw
X
7 (e A%)
i | TECG TR | 1)

avo ol VIFGT kane|  (+HF @)e”

Mur nosyunsu dopmyny njsi KpHBUSHEI
K fﬂ (X)

TTFT ey |

Ecau rnagxas kpuas I' 3anana mapaverpuuecxu
x=q(f),)

y=v(), |

rie ¢ u Pp—ABaxKAbl HenpepbBHO AH(depernupyemMse QyHK-
HHH, TO, NOJb3YSICh TNpaBHJOM AuddepeHUHPOBaHUS TNapa-
METPHYECKH 3aJaHHBIX (yHKUHi, nonyunm (cm. § 4.11)

)

(a<1<D),

, yi . X1Yi—yi Xt
X)==—=, X)=—"F"3 >
Fo="% I )=
Gt 4i?)" 1 )
R= — T | K =—.
Ytxt— X1 Y1 R

Hatfinem napameTprnueckoe ypaBHeHHe 3BOJIOTH p KpuBo# T,
sanavHoli ypaBuenuem (puc. 87, 88) y=/ (x). Fimeem (cm. (4))

1 el () signi” () (6)

R T TFF PR~ T @)HE
Lentp kpususuel O; kpusoit I' B ee Touke A=(x, f(x))
nyctb uMeeT KoopAuHaTHl (§, m). OH ompenessiercss BeKTO-
poM

p=r+Rv, (M

rie r—paauyc-BeKTop Toukn A€T, a v—enuHUUHBIH Bek-
TOp HOpMaJIM, HampaBJsicHHbi B cTOpoHy Borayroct I'. Kpu-
pasg I' MMeeT BEKTOpHOE YpaBHEHHE

r={(x, y).
Orciona

':x=(1’ Yx)s ’:x=(0’ Y-
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Hanee (cu. § 4.23, (3")),
—v 1
V=4 y ITTFE ¢
(V I+42 Vi +yf)

3Hak Hajo BHIOpaTh TaK, YTOGbl BEKTOp Vv Obll HampasJieH
B CTOPOHY BOrHytocTd I', T. €. uro6bl CKa/sipHOE IpOM3Be-

Ienue (v, r,) UMeJO MNOJIOXKUTEJbHbIH 3HaK:

(0 £ = s = i Gsgn ) (14507
T Yx

Hrak

o . —Yx 1
VT g <V1+:/§“' V 1+y?>' ®

[Tepexons B paBenctse (7) K nmpoekuusM, yuutsias (6) u (8),
TIOJTyYUM

(1t P —yysignyx yx (14 42")
E=x+ IR X T T
.‘/x S]gl’l ’/x (]+y ) Yx (9)
3 ,
ney+ k)T sienge L
Yx Sign yx (1 +yx2)1/ Yx
JlokaxkeM, uTo Hopmasb K Kpusoi (360/66eHme) 6 mouKe
A= (x, [(x)) sasasemca xacamervHol K 3604t0me y B TOYKE
0, =&, m). HocraTouHo AJsi 3TOro AOKAas3aTb, YTO KacaTeJib-

nele K kpuBo#l I' u K 3BoJOTE B COOTBETCTBYIOLUIUX TOUKAX
OPTOTOHAJIBHBI (N€pHeHANKYJIsi PHbI):

e s ., 1 14y
xxEx—l-yxnx——-lll—y +? y&+ >]+

\ T 1452\
+ [yx+< +Y ]=0‘
Yx }

JIpyroe BakHOe CBOHCTBO 5BOJIIOTH 3aKJIOYAeTCsl B CJe-
aywomeM. [lpupawerue paduyca KpususHvt 3801b5eHMOL PABHO
¢ MOYHOCHIbID 00 BHAKA NPUPAUEHUIO OAUHbL COOMBEMCmeyto-
weti Oyau 360a10MmbL:

Rz—Rl= =+ |02—01- |

Ha noxasaTesbCTBE 3TOTO CBOHCTBA Mbl HE OCTAHABJIMBAEMCSI.

[MpencraBuM ceGe HUTb, HaBepHYTYIO Ha 3BooTy. IlycTs
OHA CMaTthlBaeTCs C MocJefHeH, GyAyyHd BCe BpeMs HATAHYTOH.
OrtzensisiCb OT 3BOJIIOTHI, OHA, OYEBHAHO, BCe BpeMsi Oyler
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KacaTbcsl 3BOJIOTHl. CBOGOAHBIN JKe ee KOHel Oyjier OmHCHI-
BaTb 3BoJibBeHTY (puc. 89). Tark Kak JMJIMHA HHUTH MOMKET
ObITh NPOHM3BOJIBHOH, TO 3BOJIIOTA NOPOXAAET GeCKOHEUHO
MHOrO 3BOJIbBEHT. [lJiMHA, HA KOTOPYIO CMa-

THIBA€TCS HUTb C 3SBOJIIOTH, PaBHa, OYEBHA-

HO, MPHPAILEHHIO pPaauyca KPHBH3HBI 3BO-

JabBeHTH. Ecuan KpuBasa I' 3anaHa napamerpu-

yecKH: x=x(t), y=y ({), To 3BOJIOTA oOIH-

peaessieTcss ypaBHEHHSIMH

re 9 ‘2 /2
Emx—y S gy ey SN
X1yt —Yi Xt X1yt —Yixt
(1()) Puc. 89.
(cm. § 4.11). :
[Tpumep 1. IBoMOTa UMKIOMAB X={—sin{, y={ —
—cost ectb kpuBasg E=t-sint, n=—1+4cost. [Ilona-

rass =T+ m, DOJYyYUM YpaBHEHHUS
E—n=t—sinTt, n4+2=1—cosr,
onpeleisiioliUe HMCXOAHYIO KPHBYIO, HO TOJIBKO CHABMHYTYIO

(3BOMIOTA LMKJIOMAbI €CTb UMKJIOH/A, KOHTPYSHTHAs HCXOIHOM,
puc. 90).

y
7
Ol—\/ \/ z
Puc. 90. Puc. 91,

I[Tpumep 2. OpomwoTa 3iunca x=acosi, y=~>bsint
(a=b>0) ectb acrpousa (puc. 91)

2 p2 2 p2
g=2 cos? t, n=—-—a

in3
- sin® ¢,

§ 7.5. Nuomans NOBEpXHOCTH BpalleHus

[Tycrs I' ecTb KpuBasi, omHChHIBa€Masi B IPSMOYTOJbLHOM
CHCTEME KOOPAMHAT X, Y NOJIONKHUTEJLHOH (YHKuHeH = [ (x)
(a< x<b), umeroweil Ha [a, b] HenpepuIBHYIO NPOH3BOAHYIO.
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Boluncium niomans S MOBEpXHOCTH BpauleHus I Boxoyr
ocu x. Hnsa storo mpousBeneM pasbueHHe a=x, < X; <
... <x,=b, BiumeM B Kpusyio I JIOMaHlei-‘ C BepuIH-
Hamu (x;,, f(x)), BBIUHCJIMM IJOmakb HOBEPXHOCTH Bpalie-
HHUA Moc/efHell BOKPYr OCH x (cymMMma mnJjomafiedl GOKOBHIX
NIOBEPXHOCTeH YCEYeHHBIX KOHYCOB):

n-1 —
== 3 [F (50 + 1 (ies)] V 5T B0,

Ay = [ (Xp+1)—T (%)
Yucno S, paBHoe mpexeny S, npu Ag— 0, ectn OH cymect-
ByeT, HasblBaeTcsi naoujadeto nosepxrocmu spawjerus. [1puve-
HAs TeopeMmy JlarpaHxka K pasHocTH Ay,, MONydYHM

n-1
Sym=rt 2 17 )+ 1 )]V T (7 GOF Ay =
n-1
=2n kzof E)V T+ T A%+ R, —

b
—2n { f )V TF (T () dx

npu Ag=max Ax,— 0; cornacHo TeopeMe JlarpaHxka Touka
k
E, € (X X4q). B camoM gese, Tak Kak f M f' HenpephIBHHI

Ha [a, b], TO F)V T+ (F(x))? uuterpupyema, mHo3TOMY
b

n-1
lim 25 B F(&) VT (7 &) Ay =201 () V TH (G,
R™ = a
Hanee

IR,|= nZ [F () + F () —2F )] V T+ (F Bp))? A | <
<aV T+ M 2 (F ) —F ) |1 F Coor ) —F G ] A, <

n-1

<2TIZV1 +M% 2 ('O.r'e(f) AX;E—-*O,
E=0 ’ KR—>0

Tak Kak [ uurerpupyema. 3mece M, = max |f’(x)]. Takum
00pa3oM, MJIOMalb MOBEPXHOCTH Tena BEaHIeHPIH paBHa
b
S= iim S,=2a{f () VTF T ) dx. (1)
KR—>0 a
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I[Tpumep. Halitu naomans S NOBEPXHOCTH BpAlllEHHS
sJJmnca

2 2
Z+w=1 @>0

BOK&)YI‘ OCH X (I'IJIOI.U,alIb MMOBEPXHOCTH 3JIJUIICOHJA Bpaue-

HHS).
Pemenue. YpaBHeHue BepXHell MOJIOBHHBI 3JJUICA

—_Vaz_x2(|x‘ ) y,=—? Va2__x2
S=2nS bya==y/ 1+ (%)”a2’fx2 dx—

4"bSVa4 ar—Db?) x? dx=(u=xVaz—b2)=

aVa*-b2

4mh S
1= 4___ 2 —_
V= j‘ Ve —uwtdu

—b°
0

47 ul laVaer=p
s —u? —ar sin-—}
Tz Vaz { Va u 2 esin og 0
2nba? . ad— b2
arcsin V .

Vaz—52 a

[pu b—a B npesene nosnyuuM, uyro S = 4ma®—nJouanb
IIOBEPXHOCTH luapa pajuyca a.

=2nb? 4

§ 7.6. Wnrepnonsunonnas dopmyna Jlarpanxa

[TocraBum 3amauy. TpeGyercst HaliTH asreGpanyecKUil MHO-
roused L, (x) cTemeHd He BhILIe, YeM 1, KOTOPHIH COBHafaj
6ol ¢ ¢dymkuued f(x) B 3aJaHHBIX TOUKAX Xg, Xy, «.., X,
Takum 00pa3oM, NOJDKHBEI BHITOJHATHCS YCJIOBHS

f(x)=L,(x)) (k=0,1, ..., n).

Muorounen L, (x) epuHcTBeHHH. Ecin npennosioRuTb, uTO
CYLIeCTBYeT elie OAMH MHoroujen L,(x) C TeMH 3Ke CBOH-

cTBaMH, TO pasHoctb L, (x)—L, (x) ob6parurcs B HyJaL B n+1
TOYKE X,, ..., X, W OyAeT ajre6panuecKuM MHOTOYJIEHOM
CTeNEHH He BbllE, YeM 7, 3HAUHT, pPA3HOCTb TOXKAECTBEHHO

paBHa Hymo u L,(x)=L, (x).
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M3 eluHCTBEHHOCTH CJeyeT, UTO €CJaM HCXOAHas (yHK-
uua f(x) cama siBasiercsi ajre6paHuyecKMM MHOTOUJIEHOM CTe-
NeHH n, TO OHA coBmajaert ¢ L, (x) Ans Bcex x (f (x) =L, (x)).

CHayana HaiileM ajreGpanuecKuii MHOTOYJIEH CTENeHH n

Q.. x (%), KOTOpHIl B TOUKax X;= X, pPaBeH HYJIO, a B TOYKE
X, paseH efunuue. OueBHIHO, UYTO

Qu. e () = A (F—x)- -+ (F— o) (F— ) - - - (6—5,),
rie moctosHHas A HaxoIWTCs M3 ycaoBus
n n
1=Qu s =4 II (4—x), v e A= II (xe—x)
ik iy

TakuM 06pa3oM, HCKOMBIH MHOTOYJIEH WMeeT BHI

n vk (X) II

t,:,&k

(xlc_xx

Econ BBecTH B paccmorpeHue cumBoa Kpowekepa

[0, ke,
‘“11 k=i,

TO
Qn. 1 (X)) = 684

nOCTaBJ'leHHYIO 3ajlayy pewaeT MHOrouJneH

”

L= 2 Qu s (97 (50), M)

ubo

Ly () = 2 Qux (e F () = 3 8uf (s =F ()
(i=0, 1, ..., n).

Muorousnen (1) HasblBaeTCS UHMEPHOISIYUOHHOIM —MHOZO-
unrerom Jlaepausxca.

Tax ke Kak NpH NOJyYeHHH HOPMYJIbI OCTATOYHOTO YJIeHa
B dopmyne Teisopa MOXKHO MOKasarb, 4TO €CJH f(X) HMMeer
npousBojHyto (n- 1)-ro nopﬂ,uxa, TO

F)—L, ) =15 0,0 00, @
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riae
W, 41 (¥) = E) (x—x))

n E—mHexoropas Touka, NpHHAAJexallas K HaHMEHbLIEMY
OTpe3Ky, CofepKalleMy TOUKH Xg, Xy, ..., X,, X. B camoM
AeJie, TOJIOXHM

[ (x)—L, (x) =Ko, (x), &)
rie K —sBeauunHa, 3aBucsmas oT x. OGo3HauuM
P (Z) = f (z)—l‘n (Z)_Kmn+i (Z)’

rie K uMeeT TO e 3HaueHue, uto U B (3), 3TO BEJHYHHA,
He 3aBMcsas or z. SlcHo, uto @ (x)=0, @ (x;)=0 (i=0,
1, ..., n). Ilycts, Hanpumep, x, < x < x; <...< X,, TOTAQ,
npuMeHsis Teopemy Posis K GYHKIHMH @ HAa OTpe3Kax [x,, X],
[%, .}, ...y [Xn—1» X,], MOMyun™, uyto npousBoiHas @’ (x)
obpalaeTcst B HyJb BHYTPH KaxAOro H3 HHX. 3aTeM, IpH-
MeHsiss TeopeMy PoJuis mocjenoBaTebHO K GyHKUHAM @', ...
«evy ©® MONYyUHM, YTO CYLIECTBYET TOYKA &, NpPHHAJJEXKa-
[asi HaUMEHbLIEMY OTPE3KYy, COAepaueMy B ceGe TOUKH X,
Xgy Xiy o4y X, B KOTOpOH @#+V(E)=0, HO

@D (2) = f+D (2) — K (n+ 1)1,

IMonaras z=E§, moayuum K =w. [Toatomy

G

Fe—L, 0 = o, )

¥ paBeHCTBO (2) l0Ka3aHo.

WurepnonsuuoHHelii MHOrouseH Jlarpan:ka HaxodUT TNpH-
MeHeHHe B HpPUOG/MKEHHOM BBIUMCJICHHH NPOM3BOAHBIX (YHK-
uMu f(x), KOria ee 3HAYEHHS H3BECTHBHI TOJBKO B TOYKax
Xoy Xiy +++y X,. A HMEHHO, MOJATaIOT

f® () ~ L (x).

Hanpumep, ecau f(x) usBecTHa B TOYKax x,, X, TO, NO-
CTPOUB MO 3THM TOYKaM MHorouJieH Jlarpanxa L; (x), HalileM,
4TO

x —
f,(X)Nf(L) f (%) .
X1—Xo

B nocneayomux naparpagax Mbl YKakeM IpHMEHEHHe
MHorouseHa JlarpaHxa 0OpU NPUGIHKEHHOM BLIUHCJEHHH
OIpeJIeIEHHOTO HHTerpana.
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§ 7.7. KsagpartypHbie Qopmyiibl
HpPAMOYrOJNLHUKOB H TpameuHi

IycTb HANO BBLIYKCIHTbL OMpEJesICHHBII HHTErPaJl OT Henpe-
pbiBHOf Ha oTpeske [a, b] ¢ynkumn f. Ecau u3BectHa ee
nepsooGpasnas, TO AJsS 3TOTO €CTECTBEHHO NMPHUMEHHTbL ¢op-
myny Hbiorona—Jleit6nuua. Ho nanexo He Bceria mnepso-
oOpasnasi H3BeCTHA, ¥ BO3HHKAET 3alaya O NPHOIHIKEHHOM
BLIYHCJIEHHH HHTerpasna.

[Npocrefimii cnoco6 NpUGIHIKEHHOTO BbLIUHCJEHHS OTpe-
J€JIeHHOTO MHTErpasa BbITEKaeT M3 ONpeJIeJIeHHs MOC/EIHEro.
Jleqnm oTpesok [a, b] Ha paBHBIE YaCTH TOYKAMH

tp=a+ kg (=0, 1, ..., N) )

H 1noJiaraeMm

b N-1
(7 eax w2t 3 f (B2, @
a k=10

rie 3HaK = BbIpakaeT NPHUGJMKEHHOE DaBeHCTBO.
Bripaxenue (2) HasbiBaetcss ksadpamyproil  ghopmyaol
npamoyeorprukos. B cnydae puc. 92 uckomast njomaas ¢u-
T'ypbl, OTPaHHUYEHHOH KPH-
) BOH y=/(x), ocblo X H
npsiMbIMH X =a, x=b,
[IPHOJMXKEHHO paBHA CyM-
// /7 Me nJomajeil u306paKeH-
HBIX TaM MPSIMOYTOJIbHH-
/ KOB.
Mbl 3HaeM, uyTO A%
HenpepbiBHOH Ha [a, b]
Puc. 92. GyHKUME Opelen  INpH
N — oo mnpaBo#i uacTu
NpUGIMIKEHHOTO  PaBeH-
cTBa (2) TOYUHO paBeH JIeBOH, YTO JaeT OCHOBAHWE CYHTATh,
uto npu GosbwioM N ownbKa KBaapaTypHoir dopmyns (2),
1. €. abCoJIIOTHasi BeMYHHA PasHOCTH MNParoH M JeBoH ee
yacte#, Maaa. OZHaKO BO3HHKAaeT BOMNPOC 06 OLEHKE CIIUOKH.
Huxke Mbl y3HaeM, KakK STy OLEHKY MNOJYYHTb, €ClH MOTpe-
6oBaTh, 4TOOL (BYHKUHS f, KpOMe HeNnpepLBHOCTH, yLOBJET-
EOpSIIA HEKOTOPBLIM YCJIOBUSIM TVIAAKOCTH (T. €. umesa Gbl He-
KOTOPOE YHC/IO NPOH3BOAHBIX).
OueHb BaXKHO 3aMETHTb, uTO ecnd ¢yHkuus f (x)=Ax+B
ecTb JMHeHHas ¢yHKLUS, TO AAd Hee ghopmyra (2) mowHa —

%

=z I, 40 z

N
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npaBas 4acTb (2) B TOYHOCTH paBHa JieBOH. Tak KaK JuHEd-
Hasi (YHKIHS €CTb MHOTOWIEH MepBO# CTEeNeHH, TO Ml MOXEM
CKasaTh, 4TO KéadpamypHas ° Gopmysa npAMOYe0L6HUKOS
MouKG 04 6CeX MHO204AEHOB HE 8blule Nepsoll CMeneru.

JaanM eme BTOPOH eCTECTBEHHBIH CIOCOD NPUG/IHKEHHOrO
BbIYMCJIEHUS] ONpe/ie/IeHHOTO HHTerpafa, npHBOASIUMH K K6a0-
pamypHoti opmysre mpaneyuil. OH 3aKIOYAETCS B TOM, UTO
OTpe3oK [a, b] Aenurcs Ha paBHBIE YAaCTH TOYKAMH CHCTEMbI
(1) u nonaraercst nmpuGAHKEHHO, UTO

b
(Foar m ot (L) g 047600 4

... +7(XN-1)2+f(xN))

D e 4 2 () 27 (e - 2 (o) +F ()]

B ¢opmyne Ttpanmeun#i naomaib pPacCMOTPEHHOH BBILi€
KPUBOJMHEHHOA (PUryphl NpUGIHKEHHO HCUEPINBIBAETCHA IJIO-
mansamu tpaneurit (puc. 93). P
BaxHo ormeruts, uto ¢hop-
myaa mpaneyull moyna 044
Auneiinol pynkyuil Ax 4 B
(A, B—nocrosiHHbIE), T. €.
JJiT MHOTOUJIEHOB He Bhille (.
NepBOH CTEeNeHH; €CM MON-  Z 0 2 o~ 7 -5
CTAaBHTb TaKYI0 (YHKIMIO B ¢ 72 L
(3) Bmectro f(x), To mnouay- Puc. 93.

YUTCS. TOYHOE PAaBEHCTBO.

B srom cMmbicsie ¢opMysa Tpameuuii He ¥MeeT MNpEMMyILe-
cTBa nepeld (opMyJOH NPSIMOYTONBHHKOB, 06€ OHH TOYHbBI
JJ1Sl TUHEHHBIX (YHKLIMH.

PasnocTs Mexny JieBoii M npaBoif YacTAMH KBaApaTypHOR opry./Ibl
o6oshauuM yeped R s (f) u GymeM HasblBaTb 0cmamounsim 4AeHOM K2adpa-
mypHot gopmyase.

Ecnu ¢yuxuus [ HMeeT KyCOUHO-HENPEPHIBIYIO MNPOU3BOAHYIO [,
YEOBJIETBODSIIOMYIO HepabeHCTBY |f' (x) |<< My, TO ocTaTouHubH dien
¢opMy/bl NPSIMOYTONBHUKOB (2) NMOAYMHSIETCS HEpaBEHCTBY

My (b— a)? ,
|RN(f)|<—l4—N-—, @9

a ocTaToundlft uneH dopmyanl Tpamewuii (3) NOAUMHSETCST HepaBIlCTBY

M; (b—a)? ,
IRN(f)l<—1T- (3"
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HyxHo cKasaTh, YTO 3JeCh KOHCTAHTBI BBIYHCJIEHBl TOYHO— HX HEJb3f
yMeHbLWHTb. BHIBOX ouenku (2) npuaeneﬂ Huxe. OcTasbHEIE OLEHKH MbI
naem 6Ge3 JoKasaTeabCTBa.

Mol BuauM, uto B O06OMX cayyasgx AJs KJjacca (QYyHKUM#, HMeIoLHX
CTpaHHYeHHYIO NPOH3BOAHYIO |f' (X)|<< M;, OCTaTOUHBIE UJIEHH HMEIOT
nopsipok O (N—1) (em. § 3.10, (14)).

Has kaacca xe cpyuxunﬁ, HMeIOIX OTPAHHYEHHYIO BTOPYIO IMPOHU3-
BOAHYW |f” (x) | << My Ha [a, b], HMeeT MecCTO OlleHKa

Ms (b—a)?
| Ry (f) |< 12N2 ’

BepHas AJs (OpPMyJ NPSIMOYTONbHHKOB H Tpameuuit. Temepp yxe mnops-
JOK TPHOMHKEHHS TOCPEACTBOM OGeHX PacCMaTpHBAEMbIX KBaJAPATypHBIX
gopmya ectb O (N—3).

OkasbiBaercs, YTo i Kjaacca GYHKIHH, HMEIOUMX OrpaHHYEHHYIO
TIPOU3BOAHYIO mopsiaka [ > 2, nopsjok NpHOIMKEHHS MNOCPeACTBOM (op-
MyJ NPSIMOYTOJbHHKOB H Tpaneunﬁ e yJyuyumaerca — NOPSI0K OCTaeTcs
pasHbiM O (N —2),

OGbsicHeHNe 3TOro SIBJEHHS TeCHO CBf3aHO ¢ TeM (bakToM, uYTO o€
KBajpaTypHble (OPMYJibl — IPAMOYTOJbHHKOB H  TpallelH i — ABJISIOTCS
TOUHBLIMH JJIsi MHOTOUJIEHOB NePBOH CTelleHH, HO OHH HETOYHBl JJIS MHO-
rOY/IEHOB CTelleHH Bbllie YeM 1.

Ecin ¢yHKuMsa f HMeeT TpeTblo OrpaHHUYEHHYIO NPOM3BOAHYIO, TO
MOKHO Np MIyMaTb KBaipaTypHYIO ~¢opMyJay, Jaiomylo NOTpewnocTs
npubanKeHns: Nnopsjxa O(N 3). Dra cdopMmysa nomxHa OBITb TOUHOI
IJii MHOTOYJIEHOB BTOpoii crenmenn. Ho ecau oHa He TOuHa masi MHoO-
TOYJIEHOB TpeTbell CTeNeHH, TO AJf (GYHKUHH, HMeOHX OTPaHHYEHHYIO
TPOH3BOJHYIO 4ETBEPTOTO MOPsijKa, NMOTPeWHOCTh MPHONHIKEHHS OCTaeTCs
nMelotell nopsigok O (N-3).

SIBienne, KoTopoe 3iech ONMMCLIBACTCS, GYNeT NPOMJTIOCTPHPOBAHO
Ha NpHMepe KBanpaTtypHoM dopmy.st Cumiconal) B § 7.8.

IlpuBenemM HoKa3aTeJbCTBO oueHKH (2). Beenem oGosHauenus: h =

b—a Xp -[—xh 41
= ) gk::

, Xp—Touku cuctemsl (1). Toraa

N 2
N-1
Ry ()= Sf(x)dx—h 2 fED|=
h
No1 BT N-1
=2 | fwa—r F i<
0 gk—ll- 0
N §k+’2_1 Ne1 Ek"%
=% | | iwa—nen|=2| § re-icnx|
0
’ ’ik‘% %k--’é-

1) T. Camncon (1710—1761) — anrauiickuii MaTeMaTHK.
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TaK Kaxk
h
gk + 5

7@ dr=h Eon
h
L
Ipumensisi Teopemy Jlarpanxa nojJ 3HaKOM HHTerpaja H yYHTHIBas, 4TO
| * ()| < My, moayuaem
h

Not| BT
IRvi< D | § 7 one—toar|<
’ B
N-1 §k+% N-1 gk'hg'
<> § rewe—taa<m ¥ § |x—tld
’ g ! g

rae 0, —Touka, Jexamasi Mexay x u E,. Ilponsasoas 3ameHy mNepemeH-
Ho#l x—Ep=1, MosiyuaeM

N—-1 h/2 h/2
IRvDI<M; 3 § |#] dt=2My-N ( tar=
0 -h2 0

t2 |h/2  M;Nh? "M, (b—a)?

§ 7.8. Popmysna Cumncona

[Tyctp TpeGyercsi NMpPUGIUKEHHO BBIYHCAMTD HHTErpaj OT
HenpepuiBHOA ¢yHKuuHu f(X):
b

{ F () dx. (1)

a

ByleM wuckatb npubsuxKeHHOE 3HaueHue MHTerpasna B BHJE
CYMMBI

n

b
e 3 pif (), @

THE Pos Pis +++s Pu U Xy X4y « o, X, &[0, b]—3a0annbe yucaa.
dopmysa (2) Has3bIBACTCSH KBaAPaTYPHOH (opMyJioit ¢ y3-
AQMU X, W 6ECOBbIMU KOIDPUyUEHMaMU p,.
IIpn nmoCTpoeHHH KOHKPeTHBIX NPUOJMKEHHBIX (GOpMyJT
MBI BHICTaBJIsieM TpeoBaHHe, 4yTOOHl (opmysa (2) Gblia TOY-
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HOfi /Il anreGpanyecKUX MHOTOWIEHOB CTeNeHH A. ITO YyCJo-
Bue OyIeT BHINOJNHEHO, €CJU B KayecTBe MPUGIHKEHHOTO
3HaueHHs uHTerpana (1) Mel Bo3bMeM onpejeseHHbIA HHTErpas
OT HHTEPIOJNSIIHOHHOrO MHOrousneHa JlarpaHxa rn-fi CTEeNeHH
dyukuuy f:

b 2

Sf‘(x)a’xz S L, (x)dx=

a a

n

={ 2 QWi dr=3 pix) @

_x)’

b
pk=SQn,k(x>dx<k=0, Licoosn), Qu e = H(xk =
a ik

NOTOMY UTO, €cjii [ (X)— MHOTOuJIeH CTelneHd n, To [ (x)=
=L, (x).
[Monyuum ¢opmyny (3) Ana cayyas n=2 u y3noB X,=a,
a-+b

Xy=—5—, X,=0b. B stom cnyuae
) (x)— —x1) (x — Xo) — (x—b) 2x—a—b) 2(x—b)®, x—b
2.0 (Xo"\I) (xo—x2) (b—a)? T (h—a)? "b—a’
Q, { ()= (x—xo) (x—x5) _ —4(x—a) (x—b) __
2,1

(1= x0) (X1 —xy) (b—a)?
— g b (x—b)? x—b
=—%C—=ar “i=a’

(x—x,) (x —xy) (x—a)(@x—a—b) _2(x—a)® x—a
GO Syt~ G—aF  ~ G—af b=’

TosTtomy

b
B _[2(—0b) , (x—b) b—a
Po—SQz.o(")d"—[a(b )2+2(b-—a)] 6"

AHaNOrH4HO paccyxiasa, MOJy4HM

Q(b—a)

§Q2 (9 dx= —SQ2 (0 dx =122,

B cuay storo cdopmyaa (3) npu n=2 mveer BHI

5“’0&’"% Qz—a [f (@ -+ 4f (‘3321'3> —l—f(b)]. 0
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dra npocreitiasi KBaApaTypHas ¢opmysa CuMIcoHa, COOT-
BETCTBYIOI[ast OTpesKy [a, b].

C reomeTpuueckoél TOUKH 3peHHs (opmyna (4) o3Hauaer,
YTO MBI 3aMEHHJIM IIJIOIAAb KPUBOJIMHEHHOH TpameLkH, onpe-
pensemoit ¢yuxuued f (x) Ha 4
[a, b], Ha mnJowanp, Haxonds-
Hiytocst nod rpagukoM napato-
Jasl (puc. 94):

y=Lz(x)=i(a) Qz.o(x) +
+ (552) Qur 0+ |
+f () Qua (). Y] @ B, A

Ewme pas ormeruM, 4TO 10 Puc. 94.
nocrpoeHuio gopmysna (4) TouHa
AJIs1 MHOTOUJIEHOB BTOpOH creneHd. OJHAKO OKa3biBaeTCs, YTO
(;Ha TOYHA U JJIsi MHOTOUYJIEHOB TpeThell cTeneHu. B camom fedte,

4_ 4
Xx’ dx=" 4a , a mpaBasi 4acTb GopMyJsl (4) Masg GYHKLHH

=1z

;(x)=x3 TaK»Ke paBHAa 3TOMY YHCJY:
b;al'aa.l_4 (a-é—b)d_i_ba] —
=257 (@+0) (@ —ab+ b9 + £ =

_ b*—a*[3(@240b)] _ b*—at
=76 |7 2 ="

Takum ofpasom, dopmyna (4) mouna 048 MHOLOUIEHOE He
sbitle mpemeoeti cmenexu. '

Ecau paspenuth otpesok [a, b] Ha 2N paBHbiX uacTeil
TOYKaMu

vy=a+ 2%k (k=0 1, ..., 2N)

M K OTPesKaM [Xg X,], [%, X,], ... npumenuts dopuyay (4),
TO B De3YAbTaTe HOJNYYBM (YCAOJCHERHYIO) — Keadpariy i dio
gopmy.ry Cumncona

b
§ 1 (o) dems gt 4T () - 4F () 4 2F () 47 (). ..

con 2 (Kang) 4 an-1) T (x2n)) (D)
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C TOUKHM 3peHHS NMPAaKTHYECKHX BBIYMCIEHHH C/IOXKHOCTb BBHIYHCIEHHH
no ¢opmyse CHMICOHa M NPSMOYTOJbHHKOB OAMHakoBa. Ho ecin ¢yHK-
uus f foCTaTOYHO ToafKafl, TO IMOTPelHOCTb NpHOIMIKEHHS MO (opMyJe
Cumncona npu GosmbWwHX N 3HAUHTENBLHO - MeHbLIE COOTBETCTBYIOLIEH
NOTPEIHOCTH NpPH NPUOIMIKEHHH METONOM INPSMOYTOJIbHHKOB.

Econ Qynkuus f(x) uMeer Ha oTpesKe [a, b] BTOPYIO HeNpepLIBHYIO
NpPOU3BOJIHYIO, YAOBJIETBOPSIOULYIO HEpPaBEHCTBY

[F" (0 1< M,,

a TPeTbi0 He MMEET HJH Mbl e MOXeM IoueMy-JHGO ee OueHHTb, TO MPU
b
BLIYHCJIEHHH HHTerpaJa Sf(x) dx peKoMmeHIyeTCst NpPHMeHUTb GopMyIy

a
Tpamneuu#i, a eme Jyume—dopmyay CumIcoHa.
MoxxHO JI0Ka3aTb, YTO MOTPEIIHOCTb NPHOMHMKEHHS MO (opMyJie Tpa-
nemuit (§ 7.7, (3)) bymer:
1 (b—a)
- M ©)
H no ¢opmyae Cumncona (5):

1 (b—a)
‘8—1—/\/2 Mg.

Ecnu ¢ynxuusa f(x) umeer Ha [a, b] 4eTBEPTYIO HENMpepLIBHYIO Mpo-
H3BOJHYIO, YIOBJIETBOPSIOLYIO HEPABEHCTBY

[F () | < My,

TO B 3TOM CJyyae peKoMeHgyercs npumeHuTb ¢opmyay Cumncona. Ilpu
5TOM TNOTPEIIHOCTb MPHOIHXKEHHs OyHer:
1 (b—a)P

380w Me @

Ecnn Ob1 MBI B 3TOM Ciy4ae npuUMeHHJH (GOpMyJy Tpameuui, To
NOTPElHOCTL NPHOMMKEHHST TO-TpeXXHeMy HMesna Obl mopsiiok N -—2,
T. €. Gblna 6bl xyxe uyem (7).

Mpumep 1. Boluncauts uurerpan

1
I= S V' 1F x4 dx.
0

Jlaunbit wHTErpast (OT GMHOMHAJbLHOTO HH(depeHnyana) He BbIYH-
casieTcsi B 3JE€MEHTapHBIX (YHKIHSX.

Bpiuuc/IMM 3TOT HHTErpas npuOJHXKeHHO, Jeas otpesok [0, 1] Ha
JlecsiTb PaBHEIX yacTeff, HCIOJb3ysl pa3jHuHbIe KBajpaTypHble (GOPMY.JIHI.

OG6osuaunM Touku paejenus [0, 1] uepes xo=0, x;=0,1, ..., X3 =
=0,9, xp=1. BpluucauM npubaHxKeHNO 3HAUYEHHST GYHKIHH [ (x) =
=V TF % B 3TuX TOUKAX:

fO)=1, F (x1) = 1,00005, f (x5) =1,00080,
f (x3) =1,00404, f(x4)=1,01272, f (x5) =1,03078,
f (x¢)=1,06283, [ (x;)=1,11360, f (xg) =1,18727,

F () =1,28690, [ (x10)=1,41421.
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CornacHo KBazpaTypHoil dopmyne Tpaneuui

I = 515 [F () 27 () o« - 2F () - F (riq) 1 = 21 B121

20

®yukuust f(x)=) 14 x* uMeeT CKONBKO yrOAHO HelpepHIBHBIX MPO-
u3BOAHLIX Ha npomexyTke [0, 1]. Kak ™Mbl oTMeuann Bblie, Hajauuue
NPOM3BOIHEIX NMOpSIAKA BHIIE BTOPOrO He BJIHSIET Ha TOYHOCTb (PO pPMYJIHI

Tpaneunii. [TosToMy norpemsocTb GopMyJIB Tpaneuni onpegesuM, HCXOLA
U3 (pakTa CyLIeCTBOBaHHSI BTOPOIi HeNpepLIBHOH NPOH3BOLHOMN

7 (x) =2x (3 x%)/(1 4 x4)3/2.

Tak kak My=max [’ (x)=2V 2, To ocTaTouHHH uwieH dopMmy.ibl
X

=1,09061.

Tpaneuui

M, 272
o= T Tgs ~ 0:002357.

Ri(h<
Hrak, '
1 =1,0906 1 0,0024.

Mo ¢opmyne Cumncona (2N = 10)

o o 1F (x0) 4] (x0) 21 (r0) 47 () +-2F () 4F (1) +

2 ()41 () +2F (x4 ()T (i) = 22T

OcTtaTouHnlli unen ¢popmyabl CHMIICOHA MOXKHO ONPEAENHTb, YUHUTHI-
pasi, 4TO f (X) MMeeT HeNmpepHIBHYIO - IPOM3BOJHYIO YETBEPTOTO MOPSIAKA
(HaJMuMe NMPOH3BOAHBLIX MNOPSLKA BHIUE YETBEPTOTO He BJMSIET HAa TOU-
HocTb dopMmysnl CHMNcOHA)

9 (x) =12 (1 — 14x8+5x8)/(1 4 x#) /2,
Tak kak My;=max | [ (x)|<< 15V 2, To
X
M, 15V 2
Rs (N < 3508+ < 2880 58
Tarum o6pasom,

=1,08949.

< 0,000012 < 0,00002,

[=1,08949 4 0,00002,

T. e. hopmysa CHMNCOHA 3HAuUHTeNbHO TOYHee GOPMYyJaw Tpameunft nas
JOCTAaTOYHO rviankux GyHKUHE u Goabmoro N

3ameqaanue Bce BHuUHCIEHHS NPOH3BOJMIHCL MPH NOMOLH pYY-
HOTo MHKPOKaJIbKYJNsiTOpa «leKTpoHHKa B3—I18Mb».



F'JTABA 8

JN®PEPEHUUAJIBHOE HCYHCJIEHUE ®YHKUHUHA
MHOI'MX NEPEMEHHBIX

§ 8.1. IlpenrapuTtesbHble CBeleHHUS

[Nonsitie ¢pyHxunu MHOrUX mepemerisix BBeleHc s § 3.1.2.

Ham npencrout nocrpouts AudepeHuranpbHoe HCUHCIE-
HUue 1A QyHKUHHE MHOrix nepeMeHHslx. OCHOBHbBIE CBEIEHHS
Mbl HM3saraeM A5l QYHKUMHA ABYX nepemeHHbix. [lonyuenHbie
pe3yJIbTaThl JIETKO PacOpOCTPaHSIOTCSl [0 aHAJOTHH Ha CJay-
yafi GOJIbHIETO YMCJ/IAa NepeMeHHbIX. MesikuM wpudrom Hana-
raeTcs n-MepHHId cayuai.

Htak, Mpl GyAeM paccMAaTpUBaThb NPOCTPaHCTBO (MJIO-
cKoCTb) R, Touek (x, y). 3ajaiuM B R, TOUKY (X, Y,)-

MHoxecTBO TOueK (X, y), KOOPAKHATH KOTOPHIX YAOBJET-
BOPSIIOT HePaBEHCTRY

(x_'xo)2+ (y'—yo)‘ll < a (a > 0):

Ha3bIBACTCS OMKpPbIMbiM KpYyecit paduyca a c LeHmpom 8 mouke
(Xos Yo)- :

MHOKeCTBO e TOueK (X, y), KOOPLAHHATEI KOTOPBIX YHOB-
JIETBOPSAIOT HePABEHCTBAM

lx—x,] <a, |y—yl<b  (a, b>0),

HA3BLIBACTCST OMK POUTbIM NPAMOYS0AbHUKOM.

Ecau a=0>b, TO OTKpHITHIH NPSIMOYTOJBLHHK obpaliaercs
B omkpeimoui Keadpam ¢ yenmpom 8 mouxe (X, Y,) ¢ OruHoOl
cmoponst 2a:

lx—x | <a, |y—ypi<a

Jlio6oii  OTKpHITHIAL KpYr pajuyca & >0 wuau KBaapar co
CTOPOHOH JJIHHBI 2¢ C LEHTPOM B TOUYKe (X, Y,) Has3biBaercs
OKPECIMHOCITOI0 WJIH €-0KPECHIHOCITLOIO SIMOU MOYKU.
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Ecau 3anana nocnenosaTesibHOCTb TOUE
(%35 91)y (Xas Ys)s (Xgs Ya)s -y
TO GyleM ellie rOBOPUTb, UTO NEPEMEHHAA MOUKQ
(X Ug) (k=1,238,...)

npobeeaem 3HaueRUA dmoti nocaedosamesbHocmu.

T'oBopsT TakXe, 4TO nociedosamessHocmo mouek {(X,, Yg)}
UM NepeMeHHas TOouKa (x,, y,) cmpemumces K mouxe (Xy5 Y,)
npu k— 0o, €clu pPacCTOSHHE MeXAy STHMH TOUKAaMH CTpe-
MHTCSl K HyJIO NMpH k — oo:

Vite—x"+ 0 —90" —0  (k— o). M
[pn stom numyr
(Xes Yp) = (x0r o) (k — o0).

CgofictBo (1) SKBHBAJICHTHO, OYEBHIHO, CJAEAYIOUINM JBYM
CBOHMCTBAM:

Xpg—>Xo, Ypr—Yo (k — o0), (1,)

KOTOpbIE JOJIXKHBI BBHIMOJIHATBCS OJHOBPEMEHHO.

CgoiictBo (1) MOXKHO BLIPa3uTh ellle TAKHMH CJIOBAMH: JUIsI
pcsikoro € > 0 nafijercs HaTypaJjibHoe umcsao N Takoe, uTO
TO4Ka (X, Y,) OKaxeTcsa B OTKPHITOM Kpyre pajuyca €
LEHTPOM B (X, Y,) AJas1 BCex & > N.

CgoiictBo Ke (1') MOXHO BHIPa3UTb TaK: [Jisi BCAKOIO
€ >0 Hafinercs HaTypasibHOe uucjao N Takoe, UYTO TOYKa
(X4, Y,) OKaXKETC B OTKPHITOM KBaJApare CO CTOPOHOH IJIHHbHI
2e v nenrpoM (x,, y,) Ajds Bcex k> N.

O6e s>tH QOPMYJHPOBKH MOXHO OGBEIMHUTb, CKa3aB, 4TO
Ans Bcskoro € > 0 HaiileTcs HarypajibHoe uMCa0 N Taxoe,
4TO TOYKA (X, Y,) OKaXKeTCA B €-OKPECTHOCTH TOYKH (X,, Y,)
nas Beex B > N.

B n-mMepHOM eBKJKJOBOM NpOCTPaHCTBE R, PaccTOSTHHE MEXAY TOY-
KaMH X= (X3, »o., Xg) U Y=(Yy, .-+, Yp) oONpeReasiercsi no opmye

n____
|x—y|= D (e— ye)
k=1

B R, MHOXeCTBO TOYeK X=(Xj, ..., X,), LSSl KOTOPHIX BHIIOJ-
HAETCS HepPaBeHCTBO '

n
D (e—xk)? <a®  (@>0),
k=1
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H23bIBa€CCS N-MEPHbLIM OMKPLIMbLM WaApOM paauyca a ¢ yeHmpom 8 mouxe
0 0
"x():(xlr RN xn)~
MHOXeCTBO 2Ke Touek X, KOOPAMHATHI KOTODPBIX YJOBJETBOPAIOT He-
paBeHCTBaM

| xi—x3] < aiy oony | 2n—22] < ag,

rpe @, ds, «.., Qp—3afanlible TIOJOXKHTEJbHbIE UYHC/IA, Ha3bIBaeTCH

N-MePHOIM OMKPOIMbIM NPAMOYSONbHUKOM (NapasIeNeIHIIeLOM).
Ecnu

Q=a=...=a,=a,
TO Mapajyesenune] NpeBpailaeTcs B n-mepHoili omxpoimeotld Ky6 ¢ yeHms-
pon 6 mouxe x0=1(x3, ..., x%) u pe6pom drune 2.

JIio6oft OTKpPHITHIH n-MepHBIH IIap pagMyca € HIM Ky6 ¢ LeHTpoM

B Touke X° M AAHMHON pe6Gpa 2e HA3HIBAeTCH n-MePHOL E-OKPECHHOCMbLIO
mouku x9.

[locnef0BaTeNbHOCT TOUYEK B R,
=, ..., xn)y x2=(0d, ..., £E), x3=(4, ..., £0), ...
OTIpeJleNisIeT NepemMeRRYI0 MoUKy
xh=(%, ..., 2B (=1, 2, 3, ...).

y 0
Mepemennas mouka x* cmpemumes k mouxe x0=1(x3, ..., x3), ecun
paccTosiHHe MeXJy ITHMH TOYKAaMHM CTPEMHTCS K HYJIO NpH B — co:

n
lxt—x0 =T/ B (f—x)—0  (t— o). @
2
CeoiicTBO (2) 3KBHBa/MeNTHO CJEIYIOWMM n CBOACTBaM, KOTOpHE

JOJI2KHBI BBINOJMHATBCA ONHOBDEMEHEO!

A, E—oad ko (B — o). @)

CgoiicTBO (2) HIH (2’) MOXHO BBIPAsHTb ellle CJIOBaMH: AIS BCSKOTO
e > 0 MOXHO YKasaTb HaTypaabHoe uHcIo N Takoe, 4To IS BceX
k > N mepeMeHHas TOYKa X® OKaxKeTcs NpPHHaj/exallell €-OKPeCTHOCTH
TOYKH X0,

§ 8.2. Mpepen GyHxknun

B § 3.2 paccmarpuBasioch noOHsTHEe mpefena (YHKIHU
ONlHOH mepeMeHHOH. 3Jech 3TO MOHsATHE O0GOGLIaeTCs Ha CJy-
yail (yHKUMM MHOTHX I€pEMEHHbIX.

Orpannuumcs ciyyaeM ABYX nepeMeHHHX X, y. Ilo ompe-
Jenennio ¢yHKuus f(x, y) uMeer npeder 8 mouKe (Xq, Yo)
paBubiil uucay A, o6o3HauyaeMblfl Tak:

lim f (x, y)= A (1)

Y=Y
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(muwyT ewme f(x, y)— A npu (x, y)— (%, Y,)), €CAu OHa
onpefeJjieHa B HEKOTOPOH OKPeCTHOCTH TOYKH (X,, Y,), 33 HC-
KJIOUYEHHEM, ObiTb MOXeT, caMOH 3TOH TOYKHM W €CJH Cylie-
CTBYeT npejie

lim (e y)=A4, @)

).‘k—-xo

Yp>Yo

KakoBa Obl HM Obl1a crpeMswmascs K (x,, y,) nocjaenoBaTeb-
HOCTb TOYEK (X, Yp)-

Tak e, Kak B cJjydae (YHKIHM OJAHOH MEpeMEeHHOH,
MOXXHO BBECTH JPYroe 5KBHBAJICHTHOe ONpelesIeHHe Npejesa
GYHKLHI IBYX MEePeMeHHbIX: (YHKLHS f HMeeT B TOUKe (X,, Y,)
npejes, paBHbl A, eCqM OHa onpeliesieHa B HEKOTOPOH OK-
PEeCTHOCTH TOUKH (X,, Y,) 3@ HUCKJAIOYEHHEM, OBITb MOKET,
caMoii 3TOH TOUKH, H AJs Jwoboro € > 0 Hafinercs Takoe § >0,
4To

Fx p—Al<e %))
ans Bcex (X, ), VIOBJNETBOPSIOIIHX HEpPaBeHCTBAM
0<V (x—x )P F(—y 2 < 8. 4)

310 onpeleseHue, B CBOIO OdYepelb, SKBHBAJIEHTHO CJe-
Lyiowemy: AJs Juoboro & > 0 Haliiierca O-OKPeCTHOCTb TOYKH
(%, Y,) TaKasi, 4TO N5 BCeX (X, y) U3 3TOH OKPECTHOCTH,
OTJIMYHLIX OT (X,, Y,), BBHITIOJHSETCS HepaBeHCTBO (3).

Tak Kak KOOpAMHATHl MPOU3BOJLHOH TOYKH (X, y) OKpecT-
HOCTH TOYKH (X,, y,) MOXKHO 3anucaTb B BUle x=ux,-+ Ax,
y=1y,+ Ay, 10 paBexcTBo (l) 3KBHUBAaNEHTHO CJEAYIOLIEMY
paBEHCTBY:

lim f(x,+Ax, y,+Ay)= A.
Ax—0
Ay—>0

PaccmoTpuM HEKOTOpPYyl0 (YHKLHIO, 3aJaHHYIO B OKpecT-
HOCTH TOUKM (Xg, Y,), KpOME, OBITb MOXET, CAMOH 3TOH TOYKH.

[Iycth ® = (0, ©,)—NPOU3BOJIbHBIA BEKTOp MJIMHbI €lH-
mna (o P=wl+w,=1) n t >0—ckanap. Touku BuAa

(X0t toy, Yo+ t“)y) (R

06pasyIoT Ay4, euixodauwuti us (X, Y,) 6 HANPABAEHUU 6eK-
mopa ®. JINsi KaxIOro @ MOXHO pacCMaTpHBaTh (yHKIHIO

[ (ot tog, yotto) (0<1<9)
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OT CKaJapHOH nepemeHHOH ¢, rae O—JoctarouyHo Manoe
4HCJIO.
[lpenen srofi pyHKIMH (ORHOH mepeMeHHOH ¢)

lim f (x, + o, 4o+ to,),
>0

€cJi OH CYIICCTBYET, €CTeCTBEHHO Ha3blBaTb npedesom | 6
mouke (Xo, Y,) N0 HANPABAEHUIO Q.
[Mpumep 1. Oynxuuu

_ 48 y
f(xv y)—‘xz___l_!/'p (P(xt y) x2+y2

onpeleneHbl Ha IJIOCKOCTH (X, y) 32 HCKJIIOYEHHEM TOYKH
x,=0, y,=0. Mmeem (yuectb, uto x* < (x2+4%)3/2 u y*<<
<(X2+y2)3/2)2
2 (x2 2)3 /2

1F(x, 1< ZEFDZ 9 (e )2 —0 (x—0, y—0).
Orciona

lim f (x, 4)=

x—>0

y—>0

(mast € >0 mnonaraem 6=¢/2 u Torma |f(x, y)|<e, ecam
VXt y® < 9).
Jlasee, cuuTasi, 4TO K —IOCTOSIHHAs, UMe€eM I Y =Kkx
PaBeHCTBO
. 1—k2
¢ (xr A’X) =m§' ’

U3 KOTOPOro BUAHO, uTo npeied ¢ B Touke (0, 0) mo pa3HrIM Ha-
npaBjieHusIM Booflle pasiuyeH (EAMHHYHBIH BEKTOp Jyua
k

y=rkx, x>0, umeer BUA m=< Ve Vire ))
Mpumep 2. PaCCMOTpHM B R, bOyHKUMIO

fe y)= 4+y2 (x* +y* 5 0).

Haunas ¢ysknus B touke (0, 0) Ha moGof mpsimolt y = kx,
NpoXoAsllefl yepes Hayalo KOODAMHAT, UMEET IpelieJ, paB-
HBIH HYJIO:

kx® k
f(x, kx)= x4+xk2x2 = xz-lsz —0 npu x—0.
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Onnako sra $yHKuus He uMeer mpelena B Ttouke (0, 0),
HO0 npu y=x*

x4 1 1

fn W) =gpmm=5 u limf@x ) =5,
y=x?
Byaem mucaTb
X=X,

Y=>Yo -

ecnu QyHKOuA f onpeieseHa B HEKOTOPOH OKPECTHOCTH TOUKH
(%o, Yo), 33 MCKJOUEHHEM, OBIT MOXET, CaMOH TOUKH (Xo, ¥,)
H 1ns Besikoro N > 0 wafinercs 6 > 0 takoe, urto

|f(x, 9)| >N,

Kosb cKopo 0 < V' (x—x,)* + (y—y,)® < 8.
MOXHO T2KxKe TOBOPHTb O Npelene f, KOria X, y—s oo:
Iim f (x, y)=A. )

X—=>®
y—>x

Hanpumep, B cayyae koHeunoro uyucaa A pasencrso (5)
Hall0 MOHHMAaTb B TOM CMHICJIE, YTO IJIsi BCSKOro &> 0
Hafinerca Takoe N >0, uyro AJs Bcex x, y, AJs KOTOPBIX
|x|> N, |y|> N, dpyukuus { onpesenena W HMEET MecTo
HepaBeHCTBO

[fix, )—A| <e.
CrnipaBefi/IMBbl pPABEHCTBA
lim[f (x, y) £ @ (x, y)]=}in;f(x, y) = limo (x, y), (6)

X=X, XX,

y—>i Y=Y, Uy
m (e oo y)=lnix g line(x g), 0
b o
lim (x, y)
L) R R _
,}iri‘,, o, v  lim @(x,y (lL‘T:DfP (x, ) %=0), (8)
Y*Y ;::;‘/7: PG

rie MoxeT GblTb Xx— oo, y— oo. Ilpu sTOM, Kak o06bIuHO,
npejenbl (KOHEUYHBIE) B MX JIEBHIX YACTAX CYIIECTBYIOT, €CJH
CYwCTBYIOT npeles f u .

Hokaxem aas npumepa (7).
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Iyets (x4, i) — (Xo» Yo) (%ps Yp) 7= (Xo» ¥o)); TOTHA

lim (F (Xps Yp)- @ (xgs yk))= lim F (e y) X
(xk' yk)"(xo' Yo) X g yk)"’(\'o Yo)
X lim @(x, yp)= llmf(x, y)- 11m<p(x. 7) B )]
(Xps Yp)> (X0 Yo) z:zo J_}J

Takum o6pasoM, npellen B JieBof uactH (9) cyluecTByer
W paBed npaBoii yacTd (9), a Tak Kak MOCJeL0BaTENLHOCTD
(¥4, Yp) cTpeMHTCH K (X,, Y,) MO JIOOOMY 3aKOHY, TO 3TOT
npelles paBeH npefleny GyHKUHMH f (X, y)-@(X, y) B Touke
(*o»_Yo)-
Teopema 1. Ecau ¢pynxyua f(x, y) umeem npedea, He
pasHblll HYyato 8 mouke (x,, Y,), M. e.
llmf(x’ y)=A7(:O,
X=>Xg
Y=o
mo cywecmeyem 8> 0 makoe, umo Oasn ecex x, y, ydosrem-
BOPAUOUYUX HEPABEHCMEAM

0 <V G—x )+ —u) <8, (10)
OHQ YyO08ACIMBOPSAEM HEPABEHCTGY
A
1, 9> 2L (11)

Boabie moeo, oHa coxpawsiem mam 3Hak uducia A.
A «
B camom nene, nosiokuB e=l—2—|>0, Haiitem 6 >0

TakKoe, 4ToObl AJs (X, y), YJAOBJIETBOPSIOUWUX HEpaBeHCTBAM
(10), BBIMOJHAJOCH

o —Al< 4L, (12)
IlostoMy nns Takux (x, y)
> 14—t > 141=1f (0 9,

T. e. umeer mecto (11). M3 (12) nnst ykasausbix (x, y) cJje-
nyet

A A
A |<]°(x, y)\A—}-| l
OTKyZa

5 <F g mpr A>0
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f(x, y)<-';— npy A <0

(coxpaHenue 3Haka).

3ameuaunue B § 8.12 Gyner nano Gosee ofmee onpe-
IeseHue mpefesna (YHKIMH, 3alaHHOH Ha MPOH3BOJBLHOM
MHOXECTBe.

[To onpegenennio ¢yuryun f(x)=f (x1, ..., x,) umeem npeder 6
mouke x°=(x‘1', ..., Xp), pasubll yncay A, o6o3HayaeMblif Tak:
lim f(x)=  lim fxe, ooy xp)=A4A
x—>x° x ;—>x0
T
(j=1, ..., n)

(muwwyT ewe f (x) — A (x — x°), ecniu oHa onpeieseHa Ha HEKOTOPOI
OKPECTHOCTH TOYKi X°, 32 HCKJIOUCHHEM, GLITb MOXET, Ce CaMoil, H eciu
cyllecTBYeT Ipejes

lim f(xF)=A,

| xR—x°|->0
xR = 10
KakoBa 6Bl HH GBIA cTpeMamascs K XY MOC/JejoBaTeJbHOCTb TOYEK XX
H3 yKasaHHOH okpecTHocTH (B=1, 2, ...), oraHuHbX oT x° (cM. § 8.1).

Jlpyroe SKBHBaJIeHTHOE ONpeJc/IeHHE 3aKJIOYaeTcsl B CJEAYIOLleM:
pynkyusn f umeem 6 mouxe x° npedea, pasoui A, ecan oHa ompejescHa
B HEKOTOpPOH OKPEeCTHOCTH TOUKHM X, 3a HCKJIOYEHHeM, GBITb MONKET, ee
camoit, H mas Jo6oro € > 0 Haligercsa Takoe 6 > 0, uTO

[Ff)—Al<e (13)
INISl BCEX X, YJOBJIETBOPSIONMUX HEpAaneHCTBaMm
0<|x—x°] < 6.
370 onpefliesieHHe B CBOIO odepelb SKBHBAJIEHTHO CJAEAYIOUlEMY: IJIst
aogoro &€ > 0 Hafinercss okpectHocTh U (x°) Toukn x° Takasi, 4TO MJIs
Bcex XEU (x°), x # x°, Bbinonusierca HepaBcHcTBO (13).

QOueBugHo, 4To ecau unciao A ectb npegea f(x) B x° 1o A ecTb
npegen oyukunu f (x°+4-h) ot B B HysneBOH TOuKe:

limf (x'h)=A,
h—>o
H Hao6oporT.

PaccMoTpM HeKoTopylo OYHKUHIO [, 3ajjaHHYI0O BO BCeX TOYKax
OKPEeCTHOCTH TOYKH x°, Kpome, OBITb MOXKeT, TOYKH Xx°; mnycTb
®=(®, ..., ®,;)—TPOH3BOJIbHEIA BCKTOP AJHHH efuHuua (lo|=1) n
t > O—ckansp. Toukn Buga x°+te (0 < #) o6pasylOT BHIXOAAMH W3

x% ayu 6 Hanpasienuw eexmopa ®. JIJI KaXIOro @ MOXHO paccMaTpH-
BaTb QYHKIHIO

f(x04to) =f (1 + Loy, ..., xn+to,) 0<t<do)

OT CKaJspHOH NepeMeHHo# ¢, rie Oy ecTb uHC/IO, 3aBHCsLee OT @.
Ilpegen sroit GyHKUHH (OT OZHOH NepeMeHHOI f)

lim f@&*+to)= lim [@)4tog, ..., x3+10,),
>0, >0 t=>0,1>0
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ec/IH OH CYUICCTBYET, €CTeCTBEHHO HasBaTb npedesom f 6 mouke x° no
HANPABAEHUIO BeKMOpPa ©.

Byaem nucatb lim f (x) =0, ecanm ynxuus f onpefiesieHa B HeKO-
x—+x°

TOpOll OKPECTHOCTH X0, 34 HCKJIIOYEHHeM, ObITb MoxeT, X0, W Ui BCH-
koro N > 0 wuaiigercs & >0 Takoe, uto |f(x)| > N, kKoap ckopo
0<|x—x° <6. _
MoxHO TOBOpHTb O npejene f, Korga X — co:
lim f (x)=A. (14)

X—>®

Hanpumep, B cayuae KoHeuHoro uHcaa A paBenctBo (14) Hago mnoHH-
MaTh B TOM CMBbIcJe, YTO JAJs BCSIKOro € > 0 MOXHO yKa3aTb Takoe
N > 0, yTo gas TOYeK X, AJst KOTOphIX |x| > N, dyuxuus f onpege-
JleHa H MMeeT MecTo HepaBeHCTBO |f (x)—A| < e.

Wrak, npegen ¢yHrumu f(x)=f(xi, ..., ¥p) OT n NepeMeHHHX
onpefessercs MO aHAJOTHH TaK XKe, KaK A/ GYHKUHH OT JBYX nepe-
MEHHBIX,

PasenctBa (6), (7), (8) u Teopema 1 HemocpeACTBEHHO pacmpocTpa-
HSIOTCS HA n-MepHBIH cayudai.

§ 8.3. HenpepniBHas dynkuus

Ilo ompenenenuo pyHKuus f(x, y) HempepeiBHA B TOYKE
(%) Y,), €CAN OHA OnpelleleHa B HEKOTOPOH ee OKPECTHOCTH,
B TOM 4HCJie B CaMOH Touke (X,, Y,), U ecau mpenen f(x, y)
B 3TOH TOYKE paBeH ee 3HAYCHHIO B Heii:

limf(xv y)=f(x0, yo)° (l)
i

YcnoBue HempepuiBHOCTH f B TOYKe (X,, Y,) MOMHO 3a-
nucaTh B SKBHBAJEHTHOH (popMe:

AliTof (o4 Ax, yo+Ay)=F(%0» Yo)» 1"
Ay—>0

T. e. ¢yHKuus f HenpepriBHa B TOYKe (X, ¥,), €CJU Hempe-

poiBHAa ¢yHKuUHA f(x,+Ax, y,+Ay) or nepeMeHHnx Ax,
Ay npu Ax=Ay=0.
MoxkHo BBecTH npupaieHHe Au GyHKUHH

u=f(x, y)

B TOYKe (¥, y), COOTBETCTBYloilee mNpHpameHusaM Ax, Ay
apryMeHTOB

Au=f(x+Ax, y+Ay)_f(x' y)’
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M Ha 3TOM s3blKe€ ONpELE]HTb HENpPephBHOCTL [ B (X, Y):
¢yHKUMs f HempepblBHa B TOuYKe (X, Y), €CJau
lim Au=0. %)

Ax—>0
Ay—>0

N3 dopmyn (6)—(8) § 8.2 HemocpeXCTBEHHO CleAyeT

Teopema 1. Cyuma, pasmocme, npoussedenue u uacn-
HOe HenpepolsHbix 6 mouke (xq, Y,) Ppyukyull f u ¢ ecme He-
npepolenas (YHKyus 6 amoil mouke, ecau, KOHeUHO, 8 CAYHde
wacmroeo ¢ (%, Y,) 0.

[TocTosiHHYIO ¢ MOXKHO pacCMaTpHUBaTb KaK (YHKLHIO

f(x’ y)=c

OT HepeMEHHbIX X, Y. OHa HeNnpepeBHA 0O 3THM NepemeH-
HbIM, NOTOMY 4YTO
|f(x’ y)_f(xov y0)|=|C—C|=0 — 0.

X=X,
Y=>Yo

CJte 1yIOIHMH 110 CJIOXKHOCTH SIBJSIOTCS QYHKLUM [ (X, y) = x
u féx, y)=y. Mx Toxe MOXKHO paccMaTpUBaTh KaK (YHKIHH
OT (X, Y), U NpH 3TOM OHH HempepblBHb. Hanpuwmep, ¢yHx-
uus f(x, y)=x NOpPUBOAHT B COOTBETCTBHE KaxKIOH TOUKe
(¢, y) uucyo, paBHoe x. HemnpepnBHOCTH 3TOH (YHKUHH B
NPOH2BOJILHOH TOUKe (X, Y) MOXKeT ObITh JOKas3aHa TaK:

If (x+A%, y+Ay) =[x, y)| =]+ d0)—x[=]Ax|<
<V A+ Ay2 — 0.
Ax—>0
Ay—0

Ecnn npousBoiuTh Hal GYHKUHAMH X, Yy U DOCTOAHHBIMH
JIefiCTBHS CJIOMKEHHS!, BBHIUMTAHHS W YMHOXEHHS B KOHEYHO:M
gncse, To GyAeM noJyuyath (YHKIHH, HA3bIBaeMble MHO204/C-
Hamu ot x, y. Ha ocHOBaHMH C(HOPMYJHPOBAKHBIX BBILIC
CBOFCTB MHO20MAEHbL OM NEPEMEHHOIX X, Y CYMb HenpepouieHb:e
¢yHKyuw OT STHX NEpeMeHHBIX AJIA BCeX TOouYeK (¥, y) ER,.

OtHoutenne P/Q IBYX MHOTOUJICHOB OT (X, Y) €CThb paytio-
HarbHAR (YHKYUR OT (x, Y), OuYEBHIHO, HENpepHIBHASA BCIOLY
Ha R,, 32 WCKJIOYeHHeM Touex (x, y), rie Q (v, y)=0.

OyuKIUSs

Px, )=x—y"+x7y—14
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MOXeT ObITb NPHMEPOM MHOTOWJIEeHa OT (X, Yy) TpeTbeil cTe-
NeHH, a QyHKIUA

P(x, §) =x'—20 4y

€CTb NpHMEpP MHOrousleHa oT (X, y) 4YeTBepTOH CTemeHH.
TlpuBenem npuMep TeopeMmbl, YTBEpIKAAIOIEH HENpephIB-
HOCTb (DYHKIIHM OT HENpPEpPHIBHEIX (YHKUME.
Teopema 2. [Tycme pynxyus f(x, y, 2) Henpeposna @
mouxe (xy, Y, 2,) hpocmpancmea R, (mouexk (x, y, 2)), a
dynkyuu

x=¢(u, v), y=¢(u, v), z=x(u, v

Henpepogrol 8 mouke (U, U,) npocmpancmea R, (mouex
(4, v)). ITycms, Kpome moeo,

Xo=@ (Uoy Up)y Yo=P(Up 0y)s 29=1% (&g V)
Toeda pynxyusn
F(u, v)=f[o (4, v), (4, v), %, v)]

Henpepoisra (no (u, v)) 6 mouxe (4,, U).
HdokasatennctBo. Tak Kak 3HaK mpejesa MOXKHO
BHECTH TOJ 3HaK XapaKTePHCTHKH HeNpephBHOH (QYHKIHH, TO
lim F(u, )= lim f[o(u,v), (u,v), % (4, v)]=
(u, v)=>(uy, Uy @ (4, V)>x,
P (1, )Y
X (4, 0)—>2,
= (X0, Yo» 20) = [ [P (&o, Vo), Y (%o, Vs), X (4o, Uo)]?F(uo' Vp).-
OYHKUHUIO MBI GYAeM Ha3HIBaTb 3AeMEHMApHOU DYyHKyuerl
OT NMepeMeHHBX X;, ..., X,, €CJH OHAa MOXeT GHITb MOJyye-
Ha H3 3THX [€pPEMEHHbIX W KOHCTaHT ¢ NpPH [OMOWIY KOHEY-
HOTO YHCJIa ONepanufi CJOXKEHWS, BBHIYHTAHHS, YMHOXEHHS,
JleNleHUs W omepaunuii @, rae ¢-—>3JjJeMeHTapHas (GYHKUUS OT
ofHoH nepemeHHO# (cM. § 3.8). DyHKnuM

) sinlnV/ T2 Fy2=f;, 2) sin?x-4cos®(x+y)=F,
3) InIE =,

X—
Xty

MOTYT CJIY>KHTb NpPUMEpaMH 3jeMEeHTapHHIX (yHKIUH.

Jlerko 1poBepUTb, MNOJB3ysiCh TeopemMaMu 1 u 2, uro
¢yHKUNYM f; W f, HenpepHBHBI Ha MJIOCKOCTH (¥, y), GOYHK-
Iust Ke f,, OUEBHUIHO, OMNpelesieHa W HeNnpepeHiBHA B TeX
TOYKax (X, Y), AJs KOTOPHIX AP06b (Xx—y)/(x 4+ y) moJOXKH-
TeJIbHa M KOHEYHa.
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M3 Teopemnt 1 § 8.2 u ompefenenus HenpepuIBHOCTH
(GYHKIME B TOYKE HENOCPEICTBEHHO CJERYyeT

Teopema 3. Dynxyus f(x, y), Henpepbisras 8 mouxe
(Xos Yo) U He pasHas Hyasto 8 MO mouke, COXPAHACM 3HAK
uucaa f(x,, Y,) 8 HeKomopod okpecmrHocmu mouku (Xq, Y,)-

[To onpepenennto o¢yuxuusa f(x)=f (xi, ..., x,) HenpepoisHa &
mouke x°=(x3, ..., xp), eclH OHa ONpejesieHa B HEKOTOPOH ee OKpecT-
JIOCTH, B TOM YHC/Ie M B caMoil Touke X°, W ecii Tpelesl ee B TOuKe
X0 paBeH ee 3HaYeHMIO B Heil: :

lim f (x) =Ff (x°). @
x—>x°

Ycnosne HenpepblBHOCTH f B Touke X° MOXHO HalHCaTh B 3KBHBa-
JIEHTHOH ¢dopme:

’}imo [ (x4 k) =f (x°), 2"

T. e. QyHKUHA [ (X) HempephiBHa B ToYKe X°, ec/H HelpephiBHa ByHK-
uusi f (x°+h) ot £ B Touke A=0.

MoxHo BBecTH NpHupaiietne f B Touke x°, COOTBETCTByIOUlee NpHe
paweHuo A=(hy, ..., hy),

Apf (x0) =F (x*+h)—F (x°)

H Ha ero f3blKe ONpeleNUTb HempephBHOCTb [ B X% ¢hynkyus [ uenpe-
posra 6 x°, ecau

Hm Apf ()= Um0t e ) —F G L 2] =0,

oo hp
@)
Hs dopmyn (6)—(8) § 8.2 HenmocpeicTBeHHO cilegyeT
Teopema l'. Cymma, pasnocmo, rnpoussederue u 4acmuoe Henpe-
poisrbix 8 mouxe X° Gynxyui f(x) u @ (x) ecmo Henpepoisras PYHKYUA
6 oMot mouKe, ecau, KOHe4Ho, 8 cay4ae vacmHozo ¢ (x°) # 0.
3ameuanne. [llpupamenne A,f(x°) Ha3LIBAIOT TakKe noaHoLM

npupaweruem ¢pynxyuu f B Touke x0.

B npocrpanctse R, Touek x=(x;, ..., X;) 3aJaAHM MHOECTBO
Touek G
0 0
Ilo onpepenennio x®=(xy, ..., Xp) €CTb GHYMPEHHASL MOYKA MHO-

aecmsa G, eciM CymecTByeT OTKDHITHIH WIap ¢ LEeHTPOM B HeM, NOJ-
HOCTbIO MpHHagexamui K G.

MuoxectBo GCR,, Ha3LHIBaeTCA OMKpPbIMbIM, €CIH BCE er0 TOYKH
BHYTpeHHHe.

I'oBopsT, 4TO QYHKIHH

=01 (8, «vv, X,=0p (%) (a<t<b)
HelpephIBHEIE Ha OTpe3Ke [a, b], ONpefe/sIOT HenpepoisHyo Kpusywo B
R, COeIHHSAIOMYIO TOUKH x1=(,;:i, ces xn) B x2=(x, ..., £, rae
A=01(@, ..., m=0,(), HF=¢i®), ..., ¥1=¢, (). Byksy ¢

Ha3HBAIOT NApamMempom Kpueod.
MruoxectBo G Ha3blBaeTCs C6s3HbIM, €CIH JIOGble €ro JBe TOYKH
x', x? MOXHO COEJMHHTb HeNpepPHIBHOM KpPHBOH, NpHHajgIexaumed G.
CpsisBHO® OTKPHITOE MHOXKECTHO HashlBaeTCH 004aémoro.
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Teopewma 4. Hycmv pynxyus [ (x) onpedesena u uenpepvista Ha

R, (60 ecex moukax Ry). Toe0a muoxcecmeo G mowexk x, e0e ona ydos-

nemeopsem Hepageremsy f(x) > ¢ {uau [ (x) < ¢), kaxosa 6or Hu Obina
NOCTMOAKHAR €, eCrib OMKPLUTIOE MHONCECMEO.

B camom gene, dyukuua F (x)=/{{(%)—c HenpepuiBHa Ha R,, ¥

MHOXeCTBO BCeX Touek X, rae F (x) > 0,

2, cosnagaer ¢ G. Ilycte x°€ G; Torna cyme-

CTBYeT ILap
| x—x°| < §,
#Ha kotopom F {x) > 0, 1. e. ou npuuasa-
nexut kK G u Touka x°€ G — BHyTpeHESS
s G.
7 3* Cayuail f (X) < ¢ noKasbiBaeTCs aHalo-
7 THUHO.
[Mpumep. Pyukuuu
\
I N n
=322 @ > 05 fa (0= | %],
Puc. 95. “1" ag ;

olnpefiesielibl H HENpPepHIBIE Ha R,.

B TakoM Clyuae MHOXKECTBa 3HaueHHH X, LIS KOTOPHIX BHINOIHSIOTCA
HepaBeHcTBa f; (X) < ¢ (i=1, 2);— OTKpHITHE MHOXecTBa. [lepBoe H3 HHX
eCTb BHYTPEHHOCTb 3JIRANCOHJa B N-MEPHOM NpPOCTPAHCTBEe; BTOpOe MpH
n=2 CyThb BHYTPEHHOCTb KBaJpaTa, H306paKeHHOTO Ha puc. 95

HepaBenctBa f;(x) > ¢ >0 onpeaelsioT BHEWIHOCTH yKa3aHEBIX
¢uryp.

MOHO YyCTAHOBHTb, YTO YKa3allHble MHOJKECTBa CBSI3HBI, T. €. OHH
ABAAIOTCS oOaacTsaMu. Ilpy n=2, 3 9TO HemocpeACTBEHHO BHAHO.

§ 8.4. YacTHbie NPOH3BOAHBIE
¥ NPOM3BOJHAN NO HANPABJIEHHIO

Haszosem npupawenuem pynxyuu f(x, y) & mouxe (x, y)
‘N0 nepemenHoill x ¢ wazom h geauduHy

Aapf=F(x+h, y)—[(x, y)

rie h— LefCTBUTEJbHOE YHCJO, AOCTATOYHO MaJsoe, 9TOGH
3Ta BEJIMYMHA MMEJia CMBIC/L.

Yacmmoii npou3eo0Hol no x 8 mouke (x, yY) Ha3knBaeTCs
npejed

L _ O _ ) _ o Al
fo=gr=""5, = lim 5%,
eCJH OH CYIIECTBYET. YacrtHasn IpOHU3BGIHAA %CCTB 00H Y-

Hasg NPOM3BOJAHAA OT (QYHKUHMH f (x, y), paccMaTpHBaeMo#
Kak QYHKIHS TONbKO OT HEPEMEHHOH X NIPH PHKCUPOBAHHOM Y.
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@yukuMs z=f (X, y) OT IBYyX NepeMeHHHLIX H300paxaercs
B TPEXMePHOM NPOCTPAHCTBE, TrJe 3ajJaHa NPsSMOYToJbHaS
cucreMa KOOPAMHAT X, Y, 2, TOBEDXHOCTHIO—TreoMeTpHye-
CKHM MecTOoM Touek (X, y, [(x, y)), The (x, y) NpHHALIEHKHT
obsactu 3amauus QYHKUHM [ (%, y). OueBHIHO, UTO sesutuHA
fi(x6, Yo) (ECMH OHA CYLUECTBYET) PAGHQ MAHEHCY Yeiad Ha-
"KAOHQ K OCU X KQCQMEAbHOU K CEeHEHUI0 3MOL NosepXHOCMLL
naocKocmero Y=y, 8 mouxe, umerowell abcyuccy x,.

CoBeplI€eHHO, aHAJIOTHYHO MOXKHO - ONpeJeJIUTh YaCTHYIO
OpOM3BOJHYIO MO ¥ B TOuKe (X, y):

I tim Awl i L v ED—F (9 )
Oy h—>0 h—>0 h

Ecau dynkuna z=f(r, y), 3alaHHAs Ha MHOXECTBE

9 9
G c R,, uMeeT 4aCTHhHIE NPOU3BOLHEIE a—i, O—ZBO BCEX TOY-

Kax (x, y) €G, TO 3TH NPOU3BOAHBIE MOXKHO pacCMATPUBATH
Kak HOBble ()YHKLMH, 3alaHHble Ha G.

[TostoMy MOMHO MOCTaBHTb BONPOC O CYIUECTBOBAHHU
YaCTHLIX MPOM3BOJHBIX Yy 3THX (YHKUMH 0O KakoMmy-jun6o
nepeMeHHOMY B Touke (x, y) €G.

Ecm y QyHKLMHM —- CYWECTBYET YacTHasi MPOM3BO/LHASA

CHOBA MO MEpPeMEHHO! X, TO ee Ha3blBAIOT HACHHOL Npous-
eodnoil emopoeo nopsoxka om ynkyuu f(x, y) no nepemerrod
o

X H 0603HAYAIOT —— . Takum 06pa3oMm, MO oNpejnesieHHIo

o fof
T o “a‘;}-

0
Ec/n cymecTByeT 4acTHas NPOM3BOAHAS OT (YHKIHH a—i

N0 nepeMeHHOH y, TO 3Ty NMPOHM3BOJAHYIO HA3LIBAIOT CMEUUAH-
HoOtl wacmuold npous3sodHoll emopoeo nopadka om (pyHKyuu
f(x, y) 1 0603HayYaIOT CHMBOJIOM

®f 9 fof
dyox oy \ox[*

Ons dyHKuuMM OT ABYX RepeMeHHBIX f (X, y) MOXHO pac-
CMAaTpUBaTb YeThIPE NMPOU3BOMHBIX BTOPOro nopsiika

02f 0%f i 0?f

0x2 ' Oxdy'® Odyox’ Oy’

Ecau npousBojHbie BTOPOro Mnopsiika (BCE HJH KaKasi-
Au60 OfHA) CYLIECTBYIOT 1S BCeX (x, y)E€G, To MoxKer



304 TJI. 8. ®YHKUHWHU MHOTMX MEPEMEHHBIX

BO3HHKHYTb BOMPOC O CYIIECTBOBAHWH YAaCTHBIX IPOHU3BOLHBIX
TPETbEro mnopsjka. '

Boofiue, wacmuoti npoussodroll n-eo nopsadxa Oynem Ha-
3pIBaTb YaCTHYIO NPOM3BOAHYIO IO KaKOMY-HHOYAb NepeMeH-
HOMY OT HEKOTOpOH mnpousBoiHo#t (n—1)-ro mopsiaxka. Ha-

npumep, " )
P o
ox {6x2 61/} ‘0x8 0y *

0 0
Yacruole MPOU3SBOIHLEIE —a-£ , % 6y11€M Ha3bIBaThb 4ACMmHbl-

MU npou3soOHbIMIL nepeo2o nopadka, a camy (QyHKOuw f—
4acmroil npoussooHoll Hyaeso2o nopadka.

Jloisi YaCTHBIX NPOW3BOUHBIX GyIEeM TaKXke YNoTpe6asThb
CHMBOJIUKY:

0, 02 02 " 02 "
Df=3L, D.Df=t e=Fa =T

My "7 Ox? Ox dy
HasoseM npupawentem f 6 mouxe x= (%1, «+., X;) N0 nepemerxoli
x; ¢ wazom h eeaununy
ijhf=f (xlr sy Xj—.‘h X/—I-h, xj+1y seey xn)_f (xi; ceey xn)»

rjae h— fefiCTBHTEbHO® UHCIO, NOCT4TOUHO MaJjioe, YTOOH 3Ta BeJHYHHa
uMesa cMBIC, Yacmunod npoussodnotl no x; 8 mouxe X Ha3wlBaeTcs Mpejel

(7, x,-h/
— = lim ,
OX/ h =t h

0
€C/JIH OH CyuecTByeT. YacTHasn npou3BoliHan % ¢CTb OOBI'THAs NpOH3-
7 .

BOJHAas OTC])yHKLLHH [ (1, +s+, Xp), paccMaTpHBaeMO# KaK QPYHKLHS TONBKO

OT TNepeMCHHON X; NPH GHKCHPOBAHHBIX X1, vy Xjo1, Xj41, +oe, Xp.
Ecmu r=(r1, ..., I5)—BCKTOD C HEOTPHUATEJbHBIMH ILEJILIMH

KOOPIMHATAMH, TO TNHLIYT

07‘+4..+I,,f

D" f=DJ... D= .
oxft...oxm

. o°f .
[Tpumep. Haiitn o OF dyHkuuH f (x, y) = x2-+sin xy.
Hmeem
o _ Pl _ yesi
Jy = XCOSXY, 7= —x’sinxy,
:a[ — 2x sin xy— xy cos xy.

EcrecTBEHHO BO3HHKaeT BONPOC, OyAyT JIH PaBHEI MEXIY
coGoli yacTHpI€ [POM3BOJAHBLIEC, €CJIH OHH B3ATHl [0 OAHUM U
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TEM e MepeMEeHHBbIM, OJHO M.TO K€ YHCJO Pas, HO B pa3sHOM
HOpsIZKe.
Hanpumep, paBHbI JH

of o4f
: >
Sxogioxr B oot

B ofuiemM csiyuyae OTBET Ha 3TOT BONPOC OTPHIATEJbHBIH.
Onuako ¥WMeeT MeCcTO CJeylolass TEeopeMa, KOTOpYIO Ml
chopmysiHpyeM AJs (QYHKIMM OT JABYX NEPEMEHHbIX.

TeopeMma (0 CMemaHHBIX NTPOU3BOAHEX). [Tycme
pyrrkyua u=f(x, y) onpedesena 6mecme co c0UMU YACHIHbIMU

of of o o .
NpPOU3BOOHBIMU - 39 dyox® oyox 8 Hewomopotl ok pecrmuocmi
2 2
ai (’;y u % HenpepoisHoL 8

mouku Py=(x,, Y,), npudem
mouke P,; mozda

0% (Po) __ 0% (Py)
oxoy ~— Oyox

m. e. 6 amom caydae pesyiomam Ouggeperyu posarus Hg
3asucum om nopaoka Ouggepenyuposanus.
HJokasateabcTBO. B camoMm neue,

An [Ayhlc (Xor Yo)1=Bn [f (Xo» Yo +RB)—F (X0r Yo)]=
= [} (xo+hy Yo+ —F (Xothy Yo) I—[F (Xo» Yo+hB)—F (%o Yo)] =
=Ayh. [Aunf (x0s 50)] VR (1)

Orciofa, npuMeHsisi Teopemy Jlarpanxka mno mepeMeHHOR

x K o¢yskumu f(x, y,+h)—f(x, y,) Ha mNpoMexyTKe
[%o-+h, x,], momyuaem:

Axh [Ayhf (xo’ yo)] =h [f; (xo + ehv Yo + h)—f; (xo + eh, yo)]
0<6<1). (2

3aKOHHOCTb MPUMEHEHHSI TeopeMHl JlarpaHka oGycJ/IoBJIeHa
CYIECTBOBAHHEM YaCTHOH NPOU3BOXHON f; B JOCTATOYHO Ma-
JIOK OKPECTHOCTH TOUKH (X, Y,).

Tak kKak 1O YCJOBHIO TEOpEMBI CYLIECTBYET YacCTHAsi
cMelnaHHasi IPOU3BOAHAs fy, B OKPECTHOCTH TOUKH (X,, Y,),
TO CHOBa mMpHMeHss TeopeMmy Jlarpamska, us (2) noJyuaem:

Ayn [Aylzf (Xos Yo)J=H*Fyx (x4+0h, y,+6,h) 0<o: <1). (3)
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Kpome Toro, no ycnoBuio f,, HenpepbiBHa B TOUKE (Xy, Yo)»
nosaToMy u3 (3) umeem

An [Ayhf (%0s Yo)l=h2[Frx (oo Yo) ], 4)
rie e—0 npu h—0.
U3 (4) caeayer, uro

. Axp [Aynl (o, 90)]
lim xn [ yhhz(o 0)
h—>0

= fyx (Xo0» Yo)- 5)

CoBepIIEHHO aHAJIOTHYHO, MOJb3yACh HemPEepbIBHOCTbIO
fxy B TOYKE (X,, Y,), AOKa3bIBAETCH PaBEHCTBO

Ay [A ,
lim uh [Axp [ (%0 yo)]___f;g o 44). ®)

h—>0 h?
Ha ocnoBanuu (5) u (6), B cuny pasencrsa (1), 3ak.wouaem,
YTO yTBEDIKJAEHHE TEOpPEMBbI BEPHO.
3ameuanue 1. [lo uHAYKIUH Je€rKo pacrmpoCTpaHHUTb
3Ty TeopeMy Ha Jiobble HenpephiBHbIE CMEllaHHbIE YaCTHEE
POH3BOJHEIE, KOTOPbIE OTJIMYAIOTCA APYr OT Jpyra TOJIBKO
MopsAKOM nucpq)epemmposaﬂm Hanpuwmep,

o _0)0 ﬁ] of ]\ =
dx0y® 0x \0y | Oy Oy ax ayltf—
= @ _ 0 oo\ __ o
T Oyoxdy Oy \dy |0x|[ = oyox
3ameuanne 2. Eciu yoroBHe HenmpepLIBHOCTH OTCYTCTBYET, TO

CMeluaHHEBIE RPOH3BOZHBIE MOryT OHITb pa3aHIHBIMH B Touke P,. Pac-
C€MOTPUM (YHKIIHIO

_ Xy 2 2 —
f()c,_z/)---..x2_|_y2 , ecan x2+4-y2#0 n f (0, 0)=0,
Jlerko moejcuuraTh, YTO

22
(6 )=y (ﬁﬂgz mpH xi-y? # 0

£, 0, 0)=limf_wj(0v 0 _,

fy(x,y)= xz_}_yg\z npa x2+y>#0 u f 0, 0) =
JHanee, 110 onpegenentio,

for, 0 — 1,0, 0 _ tim £=0

f © 0)—\11-31! x x>0 X =1
: Fr ©, 4) — [ 0, 0) 0—0
fyx 0, 0) = lim 7 Jim —— =0,
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T. €, , .
: fxy (01 0) # fyx (01 0)‘

) .,
OTMeTHM, UTO YACTHBIE [P OH3BOAHBIE fxy H fyx paspuiBHE B Touke (0, 0),

x84 6xty2—3x2y*

HampHmep, f‘;x x, y)= — g x®+y% # 0, oTkyga

BHAHO, YTO

N N
im f, @ y=5 #F, 0, 0=0

XxX->0
X=Yy

MOXKHO ellle BBRCTH NOHSITHE NPOU3800HOL NO HANPABABHUI).
B cryvae ¢yHKHMH OT OZHOH NepeMeHHOH OHO He ymoTpes-
JIAeTCH.

[Tyctb @ = (®,, ®,) ecTb NPOU3BOJIBHEI €AMHUYHBIA BeK-
Top. I1pou3sodroti o ¢yukyuu f 6 mouke (x, y) no Hanpas-
/eHUI0 ® HA3BIBAETCH Mpeles

o f e+ tog, y+toy) —f (1, 9)
) t

= lim
t—>0
t>0

(ecw on cymecTByer). [lonuepkneM, YTO NpH BHIYUCJEHHYU
3TOro mnpejesa mpejrnonaraercsi, 4yto ! CTPEMHTCS K HYJIO,
NpUHUMAsS NOAOJCUMEAbHble 3HAYEHHS, TOITOMY MOXHO elle

of (x, Y)

CKas3aTb, 4TO €CMb NPasas npouseodHas 6 fotke t =0

om (ynryuu f(x—\—t(nx, y+to,) no t.

MoxHo, KaK B Cjydae qayHKuuH OT OJIHOH NepeMeHHOH,
FrOBODHTb O HOpPaBOM W JIeBOH YaCTHBIX MPOM3BOAHBIX MO X.
Hano yuectb, 4TO npou3sodHas no HanpasieHuto NoAOHCUMENb-
Hoil ocu x cosnadaem ¢ npasgoti 4acmMHOU NpoussoOHol no x,
00HAKO NPOU3BO0OHAS N0 HANPABACHUIO OMPUYAREAbHOL ocU X
umeem 3HaK, NPOMUBONOAONHCHLIL BHAKY Ae80L NPOU3BOOHOL
no x.

§ 8.5. Jutdepenunpyembie GyHKUHH

Hast npocToTsl GyleM paccMaTpuUBaTh TPEXMEDPHBIH Cayyah;
B Nn-MepHOM CJIyuae paccyxkIeHus aHajorpunbl. Coyuvail n=1
6bln crienHaAbHO paccmorpeH B § 4.7.

IMycts Ha oTKpoiToM MHOXecTBe G = R; (ompenesieHue
OTKpHITOrO MHOXecTBa cM. § 8.3, meakuii wpuert) 3anaxa
¢yukuus u=f(x, y, 2), umeiomas B Touke (x, y, 2)EG
HerpeprIBHEE YaCTHLIE 1POH3BOAHEE TepBoro nopsiaka. Orciona
ABTOMATHYETKN CJIeJyeT, YTO 5TH UACTHLIE IPOU3BOAHLIE CyIIe-



308 IrJ1. 8. ®YHKIHHU MHOTHUX NMEPEMEHHBIX

CTBYIOT B HEKOTOPOH OKDECTHOCTH (X, Y, Z), XOTsl, ObITb MO-
XKeT, OHH B TOYKaxX, OTJIMYHBIX OT (X, Yy, 2), He SIBJSAITCS
HenpephiBHbIMH. Paccmotpum mnpupamenue f B (x, y, 2),
cooTBeTCTBYyIOImee mpupamenuio (Ax, Ay, Az), rae |Ax|, |Ay|,
|Az| wmempme O u 8 jpocraToyHo Mano, YTOGHl TOYKA
(x+4+Ax, y+ Ay, 2+ Az) He BHIXOAMJA W3 YKA3aHHOH OKpeCT-
HocTu. MMeror MecTo paBeHCTBa (NMOSICHEHHSI HUXKeE):

Au:f(x+Ax’ y+A!/, z-l—Az)—f(x, Y, Z)= (l)
=f(x+Ax, y+Ay, z4+A2)—f(x, y+Ay, 2+A2)+(2)
+f(x, y+Ay, z+A2)—[(x, y, z+A2)+ ®)

"l"f(x, Y Z-l—AZ)—f()C, Y, z)=(4)
=f. (x+065Ax, y+Ay, z4+Az)Ax+

+1io(x y+0,8y, 24+A2) Ay+f; (x, y, 2+ 0,A2) Az=(5)

=(fr(x, Yy 2)+e) Ax4-(f (%, ¥, 2)+8&,)Ay+
+(f;(x$ Y, Z)+83)AZ=(6)
=fy(x, y, 2) Ax -, (x, it/ 2) léy+f; (%, 4, 2)Az+0(p) (7)

p—0),

0< 64,0, 0,<1,p=VArF Ay +A2, &, &, e,—0 (8)

INepexon ot (2) K mepBomy ujeHy (5) OGOCHOBHIBaeTCs
tak: ¢yskuua f(E, y+Ay, 2+ Az) or § (npu ¢uxcuposan-
HBIX Y+ Ay, z+ Az) uMeeT no ycj0BHIO NPOU3BOAHYIO (10 E)
Ha oTpeske [x, x-+Ax], u K Hell nmpumenuMa Teopema Jlar-
paHXa o cpeiHeM. AHAJOTHYHble MOSICHEHHSI KO BTOPOMY H
tpetbemy uneHam (5). Ilepexox ot (5) k (6) uncro ¢op-
MaJIbHLIH: MBI [OJIOXKUJIM, HampHMep,

fr(x4+0;Ax, y+Ay, z4+A2)=f;(x, y, 2)+¢;.

Ho He ¢opmanen snech ¢akt, yro &;— 0 npu p— 0. On
cyeflyeT M3 NPEANOJIOXKEHHOH HenpepeiBHOCTH f; B (%, y, 2).
Haxoneu, nepexox ot (6) K (7) CBOAUTCA K yTBEPKIEHHIO,
YTO HMEET MECTO DPaBeHCTBO '

eAx+eAy+eAz=0(p)  (p—0).
B camom gene, Tak kaKk |Ax|, |Ay|, |Az|<p, TO npu p—0
le;Ax+eAy+eAz|/p < |eg|+]e, |+ || —O.

Mgl 10Ka3a/ii BaXKHYIO TeopeMmy:
Teopewma 1. Ecau pynxyua u={f umeem nenpepowroie
wacmuole npouseodnvie (nepsozo nopadka) 6 mouke (x, y, 2),




§ 8.5. JUPOEPEHIIMPYEMBIE ®YHKIHWH 309

mo ee npupaujerue 8 smoii mouke, coomsemcmeyrouee Oocma-
mouno maromy npupawenuro (Ax, Ay, Az), moxcro sanucame
no gopmyae

Au 0fo+ Ay-l— Az+o<p) (0—0), ©)
:VAx2-|-Ay—|—A22,

2de wacmnple npous3soOHble 83AMmbL 8 mouke (X, Y, 2).

Tak Kak 3HaueHusi YACTHBIX IPOM3BOAHBIX B MPaBOi
vactu (9) He 3aBucaT ot Ax, Ay, Az, To u3 ycnoBuii Teo-
pembl 1 caenyer, yro npupaumenue f B (X, y, z), COOTBET-
cTByloutee npupawenmio (Ax, Ay, Az), moxer GbiThb 3anucaHO
no gopmyae

Au= AAx+ BAy+CAz+o0(p) (p—0), (10)

rae uucaa A, B, C e saBucaAT ot Ax, Ay, Az.

CrenaeM crefyioliee ONpeLe/ieHUe: €eCJH MpHUpalleHue
¢yHkuun f B TOuke (x, y, z) ANs NOCTATOYHO MasblXx (Ax,
Ay, Az) moxer ObiTb 3anucaHo B Buie cymmbl (10), rae

, B, C—uncna, ne 3aBucsmue ot Ax, Ay, Az, To roso-
paT, uto GyHKuUMA [ Ougpepenyupyema 6 mouke (x, y, z).
Takum o6pasom, dugpepernyupyemocmo pynxyuu f 6 (x, y, 2)
3akatouaemcs 8 mom, umo ee npupaujenue Af e amoid mouxe
MOONCHO 3anucame 8 6ulde Cymmobl 08YxX CAA2AEMOLX: Nepeoe CAQ-
eaemoe ecmov  aunelinan Qyukyus AAx+ BAy+4CAz om
(Ax, Ay, Az)—ona Hasvisaemcs enQBHOL AUHEHOU 4acmbio
npupawenus Af, emopoe oce ciaazaemoe 6006uje ca0%CHO 3a-
sucum om npupawenuil Ax, Ay, Az, Ho ecau cmpemumes ux
K HYyato, mo O0HO Oyldem cmpemumscs K Hyao Gbicmpee, vem
p=VAEF AL FAz.

Jlerko BuleTb, yTo ecau QyHKuua [ AudpdepeHuupyema
B Touke (x, y, 2), T. e. npeicraBasiercs paseHctsoM (10),
TO OHa MMeeT B ITOH TOUKE YaCTHble NPOU3BOJHEIE IEPBOrO
HopsJKa, paBHbe

of of _ of
ox =4, ay ' Bz =C. (11)

Hanpuwmep, nepeoe pasenctBo (11) nokasmiBaercst Tak.
Ilycte npupamenve f B (x, y, 2) sanuceiBaercs mno ¢op-
myse (10). Ecau cuurate B nocnepuelt Ax=h, Ay=Az=0,
T0 mnonyuuM paeeHcTBO A u=Ah+o(h) (h— 0). Ilocae
JieJIeHHsi €ro Ha h ¥ nepexola K INpelenay MOJyYuM

lim a9
b0 P ‘2
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W3 ckasarHOrO Ciepyer

Teopema 2. Jlan moeo umobvt pynkyus [ Gewra Oudp-
epenyupyemoii 8 mouke, Heobxo0uMO, 4mobbl OMA UMEAQ 8
Mot mouKe 4Hacmmble NpouseooHble, U O0CMAMmo4Ho, 4mobbl
OHQ UMeiq 8 IMOLL MouKe HenpepoiHble YacmHble NpPoU3so0Hsle.

HanomuuMm, uyro ans ¢yHkuumu [ ORHOH nepeMeHHOH
CyILECTBOBAHHE y Hee INpPOH3BOAHOH B TOYKE X sIBJISIETCS
HeoOXOMMMBIM M JOCTaTOYHBIM, YTOGH OHa Obiia AudpepeH-
HUpyeMoi# B STOH TOUKe.

M3 (10) cnenyer, uto ecau ¢pynxyus Ougpgeperyupyema
8 mouKe, Mo OHA 00A3AMEAbHO HeNnpepLisHa 6 3moll mouxe.

Mpumep 1. Oynkuus f(x, y, 2), paBHas HyJIO Ha
KOOpAHHATHHIX nJyockocTax x=0, y=0, z=0 u enunuue B
OCTaNbHBIX TOYKax R, UMeeT, OYEBUAHO, YaCTHHIE TpPOU3-
BOAHble, paBHble HyJio B Touke (0, 0, 0), HO oHa, oueBHAHO,
paspriBHa B 3TOH TOYKE H MOTOMY HE MOKeT ObTb B Heil
updepennupyemoii. Takum 06pazoM, OLHOTO CYIIECTBOBAHMSI
YaCTHbIX NPOHM3BOJHBIX B TOYKE HENOCTaTOYHO AJsi Iudde-
PEHUHPYEMOCTH M Jiake HeNpepLIBHOCTH B 3TOH TOUKe.

OTMeTHM OTJIHYHe MHOTOMEpHOTo cjyyast OT oxHoMephoro. [Ipu
n=1 cpolictBo auddepeHurpyeMocTH [ B x 3amUCHIBaeTCs B BHIE pa-
secTBa Af= A Ax—o0 (Ax), cregoBaTtenbHo, ecidn A # 0, To oCTaToOK
cTpeMHTCs K HyJaio npu Ax — 0 GeicTpee ruasHoi wactd. [Ipu n > 1
3TO y2Ke He Tak, HalpHMep IpH n=23, KaKOBH GB HH ObUIM uyHCIa A,
B, C, ogHOBpeMeHNO He paBHBIE HYJIO, BCErJAa MOXHO CTPeMHTb Ax,
Ay, Az K HyJi0 Tak, 4TOGH NpH 3TOM IOCTOSHHO BBHINONHSAJIOCH pa-
BeHcTBO A Ax-+B Ay-+C Az=0, Ho Torna B (10) ocTaTounkii ujaeH o (p)
BooGwe Gonbiue TIJaBHOro. BnpoueMm, ecaiu MBI 3acTaBuM Ax, Ay, Az
CTPEMUTBCS. K HYJIIO TaK, 4YTOGBl BHIOJNHAAACh IMPONOPLHONATBHOCTD
Ax:Ay:Az=A:B:C, 10 TOrja IMlaBHas yYacTb NpHpaileHud GyNeT BenH-
YyHHOH, WMelolell CTPOTO MOPSAOK P, H OCTAaTOK GyAeT CTPEMHTbCA K
HyJII0 GLICTpee IVIaBHOI 4acTH.

[Mpumep 2. Odynkuma u=|x|(y+1) HenpepriBHa B

u
rouke (0, 0). OnHako Jierko BUAETHb, YTO 3; He cyulecTsyer

B 3To#i Touke. CuenoBarenbHo, u He AuddepeHuHupyeMa B
touke (0, 0).

Ecau ¢yskuua f augpdepennupyeMa B TOuke (X, y, 2),
TO IVIaBHAas JIMHEHHAas 4YacThb €e MpHpalleHHs B 3TOH Touke
HasbiBaetcsl eule Ouggepenyuarom [ 6 amoid mouke, coomeem-
cmeyrowum npupawernusm (Ax, Ay, Az) uesasucumeix nepe-
mennpix., OH 3aNUCHIBAETCH TakK:

df =T v+ L ay+ L ae.

O npyrux o603HaueHHsiX Mbl OyJeM emle rosoputb B § 8.9.
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§ 8.6. INpumenenne puddepennuana
B NpPHGIMIKEHHBIX BBIYHCJIEHHAX

PaccmoTpum ass npuMepa (QyHKUHIO
z2=f(x, y)

AR I seis A

OT JAByX INlepeMeHHBIX, KOTopywo OyjaeM npejmoaaratb aud-
¢epenuupyemoii.
Mbl XOTUM BBMHUCJAUTB 3Ty QYHKIMIO B TOoYKe (X, y), TAe

X =k 0y, &yl .. .,
y== ﬁo’ﬁlﬁi .
Ipu6nikeHHble 3HaYeHHSI 3THX YHCEJ SalMIIeM B BHIE
KOHEUHLIX IECSITUYHBIX Apobeit
x4 Ax =2 o400, ... O,
y+ Ay::: =+ ﬁo’ﬁlﬁn ce 6!'
Takum o6pa3oM, UMEIOT MeCTO NPHOJMKEHHBIE PaBeHCTBA
. x=x+Ax, y=y+Ay
¢ a6CoJIOTHBIMH MOTPEIIHOCTAMH NPHOINKEHHUs], YIOBJIETBOP -
IOWUMH HepaBeHCTBaM
|[Ax|<<107%,  |Ay|<< 1072
IMoacraBuB B (yHKIHMIO f BMECTO X, Yy COOTBETCTBEHHO
x+Ax, y+ Ay, nonyuum npub/HKEHHOE PaBEHCTBO
f(x, y) =[x+ Ax, y+ Ay)
¢ a6CcoIOTHO MOrpelIHOCThIO
|8z]=|f(x+ A%, y+Ay)—f(x, 9)],

KOTOpYIO NpPH JOCTaTOYHO MaJhX Ax, Ay MOXHO npHOIH-
JKeHHO 3aMeHHTb auddepeHurasoM GyHRAMH f B TOuke (X, y):

82| ~|dz),  dz=-ghax+ LAy
OTCIOI[a no.nyqaeM HEPABEHCTBO
|Az|<|ﬂAx|+|-"LAy| (1)
| ox dy ’
Ha camomMm Aesie 3T0O HepaBEHCTBO HpHéJH/I?KeHHOC, HOTOMy

YTO MBI NIOJYYHJIH €ro, NpeHeOperag HEKOTOPOH BEJHMYHHOM,
npaBja, SHaWITEJAbHO MeHbuleH, yem Ax, Ay.
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OOpaTuM BHHMaHHe Ha TOT (aKT, 4YTO KOHEUHHE Jecs-
THYHBIE JPOOH x4 Ax, y+ Ay npu ymenbwenuu |Ax|, |Ay|
craHoBATCA Bce GoJsiee u Gosee rpomosakumu. [Tostomy mnpu
BBIUHCJEHUH uHucha [(x+ Ax, y—+ Ay) mbl Jomxub Gecro-
KOUTbCS He TOJNbKO O TOM, 4TOOBI OHO MpHOMMKaIO0 f(x, y)
JOJKHBIM 06pasoM, HO M YTOOBI TPOM3BONMMEIE MPH 3TOM
BBIYHCJ/IEHHS] COBEPLIAJIHCh BO3MOXKHO SKOHOMHO. B cHay storo
3aMeyaHus M3 HepaBeHcTBa (1) cje;yer, 4TO ecqu HyXHO,
yTOOB! a0COJMIIOTHASI MOTPeHOCTs |Az| He mNpeBhIuasa JaH-
HYI0 MaJylo BEJHYHHY, KOTOpYIO Mbl 0603HauuM uepe3 2,
TO 3TOr0 Mbl JAOCTHTHeM, B3iB uMcaa |Ax|, |Ay| Takumu,
4TOGH! BHITOJHSANHCh HEPaBEHCTBA

| Lax|<h | L ay|<n, 2)

T. €. 4T0Gbl MOrpemHocTs |Az| pacnpejenanack Mexnay cha-
raeMbiMH B NpaBod yacTH HepaBeHcTBa (1) mopoBHy.

M3 nepaBeHCTB (2) BHMAHO, YTO BBIYHCIEHHS OyAyT Hau-
GoJiee SKOHOMHBIMH, ecli B KauectBe |Ax|, |Ay| (na camom
nene 107k, 107%) B3aTb HauOoJbILIME BO3MOXKHBIE 4YHCIa,
YIOBJIETBOPSIIOIIHE 3THM HEPaBEHCTBAM.

MMpumep 1. @yurnus z=In(xy) umeer mas x>0,
y > 0 HempeprIBHEIE YacCTHBIE NPOM3BOJHBIE, PABHBIE

0z 1 02 I
o x’ y y°

[TosTomy npuOMHIKEHHOE PaBEHCTBO
z=Inxy =~ In[(x + Ax) (v+ Ay)]

HMeeT aGCOJIIOTHYIO NOTPENIHOCTb, KOTOopasi HpPHM MaJblX INpH-
pamenusx Ax, Ay, eciu npeneOpedb BeJTHYMHAMH, 3HAUHTEIbHO
MeHBLINMH STHX INpHUpAIlEHHH, yAOBJETBOPSIET HEPABCHCTBY

Az <| 22| +| 2] v >0
Ecau tpeGyercs, 4ToObl rapaHTHPOBaHHAsl IIOTPELIHOCTb

Gblia MeHbme 2A, Hago moxobpath Ax, Ay Tak, 4TOOH
A A
R

Mul BugnM, uto uncaa Ax, Ay He 0053aTeNbHO JOJAKHEI
GbiTh paBHbIMH. Ecin, Hampumep, X 3HAUMTENbHO MEHBIUE,
YeM {/, TO COOTBETCTBEHHO HAJ0 B35iTb AX MEHbLIMM, UeM

Ay. Vinave Hamm BBIYMCJIEHHS! ObIIM Obl HESKOHOMHEIMH. Ecin
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6bl, Hanpumep, ObLIO, YTO ‘
Ax A
[l |5 <h
rae A, < 0,1, A, < 0,0001, To oxasamoch 6bl, 4YTO
Ax Ay
|5 [+[ 5[ < 0001,

A
H IIDU 3TOM Ha BBIYHCJ/IEHUE BTOPOro cjaraeMoro lTyl » BBHIY

M3JIMIIHEH MaJoCTH Ay, Mbl NOTPAaTM/IM Obl W3JIHILHIOK pa-
GoTy. Mexay TeM BBIYMCJEHHS YIPOCTATCS, €C/IH B3ATH
BO3MOXKHO Gosbme |Ax|, |Ay|, ylooBJeTBopsiOUKe HEPaBeH-

CTBaM
Ax

< 0,05, ’%|<0,05.

Hpumep 2. (DyHKumi 2= Xy HMEET HeNpepLIBHHIE 4Ya-
0z 0z
CTHbIE€ TNPOHM3BOJHLIE ==Y a—y=x. ITosTomy npuéauxkeHHOe

paBeHCTBO
z=1xy =~ (x+ Ax) (y + Ay)

uMeeT a(COJIIOTHYIO MOrpelHocTh | Az |, KoTopas mpH MaJbixX

npupauennsix Ax, Ay, ecau npenebpeub BeNHUHHAMH,

3HAYUTEJNbHO MEHBIIHMH 3THUX HpHan.LeHHfI, YAOBJETBCP €T
COOTHOLUEHHUAM

|Az| =~ |dz| <|yAx|+ | xAy].
COOTBeTCTBeHHO OTHOCHTEJbHAas norpewHoCTb yAOBJETBO-
pAeT COOTHOLUEHUAM
Az
2

dz

Ax
~ -_—
X

<

2|

~ Mubl BuauM, uTO NMpH MadelX Ax W Ay MOXHO CYUHTaTh,
YTO OMHOCUMEAbHAR NOSPEULHOCL NPOU3BEOEHUS He npeebi-
LUaem cymmy OMHOCUMENbHbIX NO2Perocmell comHoxcumenel.

[Mpumep 3. Pynkuus z=% ansa y==0 wumeer Hempe-
pHIBHEIE YaCTHHIE NPOM3BOJAHLIE
LI S A—2
ox y' dy &
[TosToMy npuOJIHIKEHHOE PaBEHCTBO
_x __ x+Ax

y ~ y+Ay
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MeeT abCOJIOTHYIO MOrpemHocTs |AZ|, Korepasi fipH MaJHX
npupaueHusax Ax, Ay, ecau npeHe6peub BeJIMYHHAMH, 3HAUH-
TEJbHO MEHbUINMH, eM Ax, Ay, yEXOBNETBOPSET COOTHOIECHUAM

| A
| B2~ dz|<| 2| +] S5 Ay |

COOTBETCTBEHHO OTHOCHTENLHAN TIOrpeINHOCTb Y 0BJIETBO-
pA€T COOTHOLIEHHAM

LA P
z ~

Ax
y

H
W

dz
z

Ax
X

.<‘

7
+ 7 |
Takum o6pasoM, npu Majasix Ax U Ay MOXKHO C4UTaTh,
4TO OMHOCUMEAbHAS NO2PEULHOCTb HACHIHO20 HE NPestlluaen
CYMMY OMHOCUMENbHOIX NO2peutHocmeli 0eaumoao it GeAUmes.
[Tpumeuanue. Bompoc 0 TOYHBIX OIEHKAX BeJHYHH,
KOTODbIMH Mbl IpeHebperany, pelaercs Ha OCHOBaHHH (op-

myns Teiltsiopa mias GyHKuH# MHOTHX nepeMeHHbIX. O6 3TOM
6yzer uaru pedb B § 8.10.

§ 8.7. Kacarenvnas njockocTb. eomerpuueckuii
cumbica auddepeHumana

[Tycts 3agana moBepXHOCTh S, onuchiBaeMast (yHKIHeH

z=f{(x, y), (1)
HMelollell HelpephIBHbIE YacTHBHIE NPOM3BOAHBIE HA HEKOTOPOR
00J1aCTH IIOCKOCTH X, y (MOXKHO CUHTath, yto f nudxpepe-
ngpyeMa B Kaxkuoll Touke obJsacT).
Kacamenomoti naockocmeto X NMOBEPXHOCTH S B ee TOUKe
M= (%o, Yo, 2), 20="T (%o, Yo) HA3BIBAETCH MJIOCKOCTb, UMELO-
mas ypaBHeHHe

Z—n=(3L), X—m) +(&), = @
rae X, Y, Z—Texyliue KOOpAHHATHI, a (%>o' (g—’;—)o—sna-

UeHHs] YACTHBIX NPOHM3BOAHEIX OT f B Touke Py=1(%,, Y)-

OGosnaunm nuockocTs (2) wepes II. Ona mpoxoaut uepes
TOuKy M, noBepxHocT# S i 00/1azaeT CBOKCTBOM, OTIHYAICHIHM
ee OT JAPYTHX IJIOCKOCTel, NPOXOAAIUX yeped M,.

ITycts P =(x, y) €CTb TOYKa HJOCKOCTH X, y, Omau3Kas
K Py=(x, Y,) (puc. 96). Ilpsmasi, mpoxozxsimas uepe3 P
napasJeJabHO OCH 2, mepecekaer II B Touxe T, a moBepx-
HocTb S—B Touke M. Amnankarta M paBHa

z==f(x, ),
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anmaukata xe T paBHa
0 [ of
Z=[(x Yo)+ <£>0(x_‘xo)+ \af/)o(y_yo)'
Paccrosinve mexny toukamu M m T paBHo
0 of
|MT |=[f (v, ) —F (e 90— () (x— 20— () (w20
Paccrosinue xe Mexay ToukamMu P u P, paBHo
p= V (x—%0)* + (y—4,)*.

Tak kak QyHKUHS [ [0 YCJOBHIO HMEET HENpephIBHLIE YacT-
Hble TPOW3BOJHBIE B TOUYKE (X, Y,), TO OHA AuddepeHLpyeMa
B stoii Touke. [losTomy mnpa-
Basi 4actb (3) CTpeMHUTCS K Ky-
Jio GricTpee, ueMm p, T. €.

|MT |=0(p} (p—0). ,

MBI OKasaau, 4YTO Kaco-
measnas naockocrite I & no- !
eepxrHocmu S 8 ee  mouke
M, = (x,, Y, 2,) npoxodum ue-
pe3 amy mouxy u 06.1a0aem ceoi-
CMEOM: PACCIIOAHUE 8 HANDPas-

AeHUU OCt Z OM MNpOU3BOAbHOLL gL |
mouku (x, y, f (%, y)) nosepxwo- / V pLi
a
z A

.(3)

4

cmu S do I ecmo o (p) (0 —0),

20e p— paccmosHue mexcoy moy-

Kamu (x, y) u (xy, Y,) naocko- Puc. 96.
cmu X, y.

310 cBOHCTBO sBAsETCH XapaKTEepHBIM, [/ KacaTeabHOH IIOCKOC-
TH, DOTOMY YTO eClH HeKOTopas maockocTb I/ Buna
Z—zy=a(x—x¢)Tb (y— 1) (2o=T (x0, Y0))
0611afaeT STHM CBOKCTBOM, T. €. €ClIH LISl Hee BLINOAHSETCS PaBEHCTBO
f@x, y) =1 (x0, Yyo) —a (x—x¢) —& (y—yo) =0 (0) (p—0)
WIH, 4TO BCe PaBHO, DABEHCTBO
f(x, y)—F (X0, yo) =a (x—x0) +-b (4 — ya)+ 0 (0) ©—0),
TO, Kak Mbl 3HaeM, [ auddepenunpyema B (x, yo) U

a=(g—£)o, b= <%)o’

T, €. maockocTb [1* ecTb KacaTeabhas mrockoerb Kk S (17 =TI),
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Takum o6pasom, AJs TOro 4robbl MOBEPXHOCTh S HMesa
KacaTeJIbHYIO MJIOCKOCTb B €€ TOUKE (X4, Yo, [ (¥or Y,)), HEOB-
XOMMO M JOCTaTOYHO, YTOOL GyHKUHMs f Oblna Augpdepen-
nupyemMoil B Touke P, = (x,, Y,).

[TpaBas wacTb ypaBHeHHs1 (2) ecThb HAuddepeHuuan f[ B
TOuKe (Xq, Yo)

df = (3), =) + (L) (=),

COOTBETCTBYIOIHII NPHUPAIEHUSIM (X—Xo, Y—1Y,). JleBas xe
4acTb (2) €ecThb COOTBETCTBYIOUIEE MNpPHpAIEHHE aNIJIHKAThl
KacaTeJibHOH nsockoctu II.

TakuM 00pasoM, ¢ TeOMETPHUYECKOH TOYKH 3pEeHHs HU(-
¢epennvan ¢GyHkuMM f B TOuke (X, Y,) AJS IpHpaLIeHHi
(x—Xx,, Y—Y,) €CTb MNpHpalleHHe anmJuKaThl TOYKH Kaca-
TeJIbHOH MJIOCKOCTH K NMOBEPXHOCTH 2 = f (X, y) B TOUKe (x4, Y,)
IJIS TeX JKe INPHPALeHHH.

3ameuanue. Ecau ¢yskuma z={(x, y) e auddepen-
mupyeMa B TOYKe (X,, Y,), XOTl M HMEeT B HEH uYacTHble
HpPOH3BOJIHBIE, TO IJIOCKOCTb (2) HE MMEeT CMbICJIAa Ha3biBaTb
KacaTeJbHOH MNJIOCKOCTBIO K MOBEPXHOCTH z={f(x, y) B yKa-
3aHHOH TOYKe— /I Hee Pa3HoCTh f (X, y)—Z HE CTPEMHTCs
K Hymo npu p— 0 Oeicrpee p. Hampumep, ecan o¢ynrkuus
z=[(x, y) paBHa HyJIO Ha OCAX X U y W €IAMHUIE B OCTaJb-
HbIX TOYKax nJjockoct x, y, To f, (0, 0)=f,(0,0)=0 n
ypasuenue (2) ectb Z = 0 u pasHocts f (¥, y)—Z=f (¥, y)—0=1
JUIS BCeX TOueK (x, y), He JieXKaluxX Ha ocsiXx X W y. Takum
06pa3oM, 3Ta pa3HOCTb JiaXKe HE CTPEMHUTCS K HyJo npu p — 0.

§ 8.8. INponssonHas CROXKHOH (YHKLHH.
MpoussonHaa no HanpasJeHUIo. I'pagueHT

8.8.1. [IlponsBoanas cnoxHo#l pyHKuuHU. Orpa-
HHYHMCSI pacCMOTpPeHHeM (pyHKLUHH Tpex mNepeMEeHHbIX, ompe-
JIeJIEHHBIX Ha OTKpHITOM MHoXecTBe G R, (ompejejenue
OTKpHITOr0 MHOXKecTBa cM. § 8.3, meskmii wpupr). Pacnpo-
CTpaHEHHE H3JaraeMblX 3l€Cb (DAKTOB Ha n-MepHbIH CJjyyail
NPOH3BOAUTCS AHAJIOTHYHO.

Teopewma 1. ITycme ¢pynxyus

u=f(x» Y, Z) (1)
Ougppepenyupyema 6 mouke (x, y, 2) € G, a Ppynxyuu
x=q(), y=v(), z=x() @
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3asucawye oM CKAAAPHOE0 napamempa t, umerom npou3eoo-
nyto 6 t. Toeda npoussodnas no t om caA0KHHOUL QYHKYUL
(npoussodras om [ edoas kpusoii (2)) u=F (t)={f (¢ (¢), ¥ (?),
% (1)) svtuucasemes no gopmyae
F'(t)y=F: (@), v@), x () o' (t)+
+i@ @), v(@), xOV @O+ (e @), vE), x ()%’ (®),

uau, Kopoue,

du __0fdx |, of dy | Of dz

at =oxai Togar Tz di @)

B camom gene, BcaenctBue auddepeHuupyemoctd [ B
(x, y, 2), KaKoBO 6bl HH OBIJIO JOCTATOYHO MaJjioe MpHpalie-
uue (Ax, Ay, Az),

Au=f(x+Ax, y+Ay, 24+A2)—f(x,y,2)=
==%A*+%Ay+%Av+um (o=V Ax*+Ay* + Az* —0).
4)

3nauenvio , KOTOPOMY NpH NOMOIIM paBeHCTB (2) cooTser-
CTByeT Touka (X, y, 2), npuiaium npupawenne A¢. OHo Bul-
soper npupauenus Ax, Ay, Az ¢ynkuuii (2). Ecau wumenno
HX mnoiactaBuTh B (4), TO momyuum mnpupamerue F (f 4 At)—
— F () =Au ¢ynxuun F B Touke f. Ilocne nenenusi (4) ua
At n mepexoma K Hpejesy NOJydduM

. Au
F' ()= lim — =
() At—>0At
T of Ax 6fﬁ of Az o(p))_afdx of dy , of dz
-dﬂxaﬂ+@m+$ﬂ+ff*§E+@E+5E'

T. €. (3), notoMy uTo QYHKIMH (2) HMEIOT NPOH3BOIHLIE, a

o(p) __ Ax\2 Ay \? Az\%2_,
eV (5)+ (&) +(5)
—»O-l/x}2+y;2+z’,2=0 (At —-0)

(At — 0 Baeuer p—0).

3ameuanue 1. Ecanm ¢yHkuum x, y, 2 3aBHCAT OT
MHOTHX MEpEMEHHBIX, HalnpuMep OT IBYX:

x=cp(t,'c), y=1p(t1 '17), 2=X(t’ T)'

TO, GUKCHPYS CHayasa T, a 3aTeM f, Ha OCHOBaHuH (3) MOJyYHM

gu_0fox  Ofoy  0foz ou_ Of 0x | 0f dy , Of 0z
5 —oxdf Toy0f Toz0t v —dxaw T agar Tozaw
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8.8.2. IlpousBoaHAas Mo HanpaBJEHHIO.
Teopewma 2. Ecau pynxyus | ougpeperyupyena 6 mouke
(x, Y, 2), Mo 01 Hee umeem CMbiCA NPOU3BOOHAS NO HANpPas-
Aenuro 106020 e0uHUYH020 Gekmopa n={(COSQ, cosp, cosy),
evLpaxcaeman Ghopmyaol
of _of
on= ox

(¢, B, y—yeaot, Komopole 6eKmop B cocmasisiem € OCAMU X,
Y, 2

HoxasatenbcTBo. CorjacHo onpejesneHH0 MpOu3-
BOIHO!N MO HampasseHHio (cM. § 8.4) u B cuay npenblayunied
TeopeMbl

cosoc—{-a—f cos [’)+g-£~cosy ()

o lim f(x+tcosa, y+tcosP, z4-tcosy)—f (x, y,2)
on— : -
t>0
— %f(x-l-tcosoc, y+1cosB, ?+1005'\’)“t_0=

of af of
= a—xcosoc—l-@ cosff + 5~ cosy,
rge 4acTHole MPOM3BOAHBIE B3ATH B TOuKe (X, y, 2).
3ameuanue 2. Teopema 2 me oGparuma, T.e.eciu
GyHKuus f HMEeT MPOU3BOAHYIO B TOUKe (¥, Yy, 2) HO BCEM Ha-
NpaBJIeHHsIM, TO OHa He ofs3aTesJbHO AupepernHpyemMa B
9TOl Touke. B KauecTBe mpHMepa MOMKHO PACCMOTpPETh (PYHK-
nuo f OT IABYX NepeMeHHBIX, PaBHYIO HYJIO BCIOLY, KpoMe
Touek y=x% (x >0), rie oHa paBHa eNHHHIE.
Eciu x=9 (s), y=19 (s), z=Y (s)—ypassenns raagkoit kpusoi I',
rae napameTp s— AJquHa Jyr"; TO BeIHYHHL
dx d dz
T=V 0, Z=vE, =10
CYyThb HanpaB/flOLIHe KOCHHYCHl BeKTOpa KacartenbHolt kK [I'. Iloatomy

EeJIdYHRa
Lo O+Ev O+ L O =1 @O v O, 1O,

rae f—nncp(bepeﬂunpyemaﬂ GyHKUHS, ecTb NPOU3BOAHAS IO HaNpaBie-

HUI0O YKAa3aHHOro KacaTeJbHOTO BEKTOpa. FOBOpSlT eie, 4YTO a‘—s €CTb

npousBogHas ot f Bpoab T.

8.8.3. 'pazuent pynHkuuun. Bpezem BekTOp
of of 0
gradf=(£,£, a—fz>, (6)
HasbiBaeMblfi epaduenmom GysHkuuu [ B Touke (X, y, 2).
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®opmysa (5) roBOpHT, 4TO npouseodHas om [ 6 mouke
(x, Y, 2) no HanpasieHuro eGUHUYHO20 6eKMOPA I PABHA NPO-
eKyulL epadueHma 8 3moti mouke HA HANPASAEHUE M:

T —(grad f, m)=grada . )
HMCET MECTO OUYE€BHUAHOE HepaBeHCTBO
0
T <|gradf| ®)

ans moboro Bektopa m. Ecau gradf=0, uTo o6riuHO GeiBaeT

0
TOJIBKO B HCKJ/IIOUHTEJNbHBIX TOYKax, TO 52=0 st Jiro6oro

Bektopa n. Ecmu xe gradf=<0 (oZHAa M3 uYaCTHHIX MpOH3-
BOJHLIX OT [ He paBHa HYJIO), TO (8) ecTb cTporoe HepaBeH-
CTBO JIJIS BCEX EJMHHUYHBIX BEKTOPOB 72, 334 MCKJIOYEHHEeM
€[MHHUHOTO BEKTOpa K, = (COSa,, cOSf,, COSy,), HamnpaBJieH-

Horo B ctopoHy grad f (%’%: | grad f| > 0). Takum obpasom,
af
ox

VT
oy

VT
0z

COS P = V oF\? oF \ 2 of\t"

(5:) + (%) +(3)
W3 ckasaHHOro cJjeayer, 4To epaduenm ¢ynkyuu f @
mouke (X, Yy, ) MOXCHO onpedeaums KaKk eexmop, obaadarouyull

caedyrouumu 08Yma ceoticmeamu:
1) Oauna eeo pasna maxcumanoroll seaunure fpou3so00HOL

of "
N0 HANPAGAEHUIO = 6 (x, y, 2) (ans nuddepenuupyemMod B

(%, Y, 2) OYHKIHMH 3TOT MakKCHMyM CYLIECTBYeT H €CTb 4HC-
JIO HEOTPHLATE/IbHOE);

2) ecau ez0 OauHQ He PABHA HYA0, MO O HANPABAEH 6
my oKe CMOPOHY, 4Mo u 6eKmop m, 60046 KOMOPO20 NpPoU3-

8o0Han 3n MAKCUMAALHA,

cos o, =

cosf, =

G
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[Mpumep 1. Tlycte Temnepatypa u Tena G ectb QyHK-
u4si OT TOUKH (x, ¥y, 2):

u=f(x 942, (xy 2)€G (Gc=R,)

u nycte gradu==0 B HEKOTOPOH omNpeneseHHON TOUKe
(¥, y, 2). BuinyetuM M3 3TOM TOYKM BEKTOp, paBHBIH
grad u. Bnonb aToro BexTOpa CKOPOCTH BO3pACTaHHUsi TeMIepa-
TYPH U B (%, y, 2) Haubosbluas, paBHAS NMOJOKUTEJBHON BeJH-
uyne |gradu|.

Ecmun ke B paccmarpuBaemoll Touke gradu=0, TO B
J060M HATpaBJ€HHH, BBHIXOASIEM K3 3TOH TOUKH, CKOPOCTb
H3MEHEHHs] TEMNEepPaTyphl PaBHA HYJIO.

3anaua. Haitru rpaguent ¢yukumn u=x*+y® B TOY-

kax (1,0), (0, 1), (V2 1)V2).

8.84. Onsopoarme pyHKU UK. Bperem B paccmoTpenue Tak
HasbiBaemoie OANopoxRibie GpyHkumuu. TMycts 3agan Bexktop A= (A1, ..., Ay),
rae A;—npousBosblibie unciaa. Pyukuus f(xg, ..., x,), 3alaHHasgd na Ry,
vasbiBaeTcss  A-00HOpodHoU cmenenn m; ecniu xas Beskoro (>0 W
MOOLIX X = (X, ...y X;) € R,, BHIIOJNHSIETCS paBelCTBO:

1A
m Al
Fhxg, oo, Prxg) =1t " F(xg, ooy Xn)s (10)
n
rae | A =3 [M].
=1
Ecin Aj=...=A,=1, To [ HasmiBaeTcs1 npecTo 00HOPOOHOL PyHK-

yueii cmenenu m. Hike G6yleM cuMTaTh, 4TO HYacTHble TMPOH3BOLHBIE [,
t

(i=1, ..., n) HenpepHIBHH B R,. .
Teopema 3. [aa mozo umober ¢pynxkyus | 6Geira A-00HopodHOU
cmeneny m, Heobxodumo u Gocmamo4Ho, #MOG6L 6bINOAHANOCH PABEHCIMBO

n
, A
Ehlxifxl (%15 «res x,,)=m|Tll-f(xf;..., Xp). an
i=1
.
Ecnu dynkuus f ogHopojHast CTeNeHH m; TO MBI TMOJyYaeM H3BECT-
nyio TeopeMy Jiuiepa.
HDokasatenbcTBo. Heo6xonumoc Th. [lycts f aBasercs
A-opHopopHO#t @yHKUHMeH cTemern m; Toraa, nuddepeHUHpysT TOKIECTBO
(10) no ¢ xak cJa0XKHYIO QYHKIHIO, MOJNYYHM

En: af (th‘xii 2oy tknxn) K‘X‘tki-l
ox; ixit

M 7w T

t
n

1
=m F X1y eens Xn)e

i=1

TMonaras B aTOM paBeHcTBe ¢=1, mosyyaem pasenctso (11),
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HocTaTounocTs. [Tycts Tenepb umeeT MecTo paBenctso (11), 3a-
GUKCHDYEM TOUKY X == (Xi; +.s5 X5) H COCTaBHUM (YHKIHIO
o=t " (i ), (12)
Hupdepenuupys 3Ty GyHKUMIO N0 f, HaXOMUM:
1

n
mM_l f:’t tMX{.' “os, t""x,,) Mx,-tkf_ .
¢t " i

’ _ i=1
(= am LA L +
t n
1Al
m -1
—m 'fl| ¢ f(t"'xl', s tx"xn)
+ X =
2M —
t n
> A
3 itrxify, (g, ., P —m 'T‘r (Pxg, s PPxy)
_1:1 =0
o 'f;' +1

IMocnennee paBeHcTBo uMmeeT Mecto B cuay (11) pmns  ToukH
(t"'xl, ces t’“"x,,).
Taxkum o6pasoM, @'()=0 u @ (f)=c. IlocTosiHHyl0 ¢ HaxoguM H3
ycaosus, uto npu t=1 @ (1)=f(x, ..., X;). 3uauutr, u3 (12) umeem
Al

A A "™
f (@™ xg, o, nxy) =t F (%1 ooes X5)s
T. e. QyHRUMA f ABAseTc A-OLHOPONHON CTeNeHH m,

§ 8.9. Muddepenunan GpyHxumH.
DnddepeHunan Bpicuiero nopsaxa

OcHOBHBIE pacCyKIeHHs B 3TOM mnaparpage BeLyTCs B
n-mMepHOM mpocTpaHcTBe. MBI AyMaeM, 4TO 3TO HE 3aTPYIHUT
yuTaTeJs.

PaccmotpuM ¢yHKUHIO

W=F(x)=Ff (x5 ..., %,), M

3aJaHHyI0 Ha HEKOTOpPOM OTKphTOM MHOXecTBe GCR,
(cM. § 8.3). Ee MOXHO GeCKOHEUHBLIM YHCJIOM CNOCOGOB 3a-
nucath B BHJE

W=o@)=0, ..., u,), @

w=y;,(x) (j=1,...,m x€Q). 3)

rae
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Hrnxe mbl 6yieM ynoTpeGanTh CHAELY OO TEPMITHOJIOTHIO:
nepemendass W ectb (QYHKIMS OT HE3aBUCHMOH BEKTOPHCH
nepeMeHHO# Xx; sTa ke mnepeMenHas W ectb (yHKIHS OT
3asucumoii eexmoproii nepemennoli u. TlecmenHsisi 3aBUCHUT
OT HE3aBUCHMOM NEepeMeHHOH X: KaxAoMy BexTopy X u3 G
COOTBETCTBYeT BeKTOp #=(P; (X), ..., P, (X))

Takum o6pa3oM, posb BEKTODHOH HepeMeHHOH X 3Jech
HOCUT HCKJIIOUHTEJIbHBII XapakTep —oOHa B MPHBOAMMEIX HHUXKeE
paccykleHusx 6yneT QUrypUPOBATh MOALKO KAK HE3QBUCUMAOR
nepemenHasn.

[lycte ¢yHKUMA f HMeeT HenpepriBHBIE YacTHbIE IIPOHU3-
BOJHblEe MepBOro nopsika B Touke X € G. Torma, Kak Mel
snaem n3 § 8.5, ona nuddepenuyupyema, T. €. mnpHpalieHne
€e B 5TOH TOUKe MOXKeT ObITh 3aMHCaHO B BUJE

AV =3 Ax+o(e) (p—0) (4)
i=1
n 1/2
p=|Ax]| =<I§=]1Ax7> ,

H ee nupdepennuan paseH
. z" of
dw =]=] EA)C/. (5)

Il He3aBHCHMHIX Xi, ..., X, NOJArair
=dx; (j=1,...,n) (6)

M HasbIBAlOT 3TH BeJIMYHHbI HE TOJBKO NMpHPaMEHHSMH He3a-
BHCHMBIX NMEPEMEHHBIX X;, HO U UX Oudepenyuaramu. Mot
Gy/zieM HX Ha3biBaTb He3aeucumsimu -Ouggepernyuaramy B 3HaK
TOT®, YTO OHH HE 3aBHCAT OT X =(X;, ..., X,). PopmasnbHO
«HE3aBHCHMOCTb» BEJMYMH dX; OyJAET NpOSIBJISTECS B TOM,
YTO MOpH ﬂuq@epeﬂuuposaﬂnn (mo x;, ..., x,) OHH OyayT
paccMaTpHBaThCA Kak nocmosxusie (d (dx;)=0).

B cuny cornawenus (6) ﬂ.mpcbepeﬂuua.n W wmoxer GhITh
3anucan B ¢opme

n

_ ow (7

dW = “ a—xjdxj. ( )
=1

fAcHo, uto dW ecTb BesqMuMHa, 3aBHCSIAsg, BOOOWE TOBOPS,
OT Xgy ooey X, U dXgy o0., dx,,.
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Ilra mo6BIX ABYX QYHKUMH & W 0, UMEIOMUX HENpPEpHIB-
Hble YaCTHbI€ NIPOU3BOJHBIE B TOYKE X, CIPaBEeAJIMBLEI CBOHCTBA

d(u £+ v)=du + dv, (8)
d(uvy=udv+vdu, 9
d (_z_>=vdu;udv (v£0), (10)

M NPU 3TOM YacTHbIE NMPOM3BOJAHBIE OT (YHKIMi, CTOSLIUX B
CKOOKax, HeNpephiBHHL B TOUKE X.
Iloxaxkem, Hampumep, TPeTbe M3 3THX PABEHCTB

DB, %0

( u n an a).’/
) Zaxj<v) X = 02 dx;=
j=1

1 9 - du—ud

1 vdu—udv

=-'—02'<U d d > T.
I= 1 1—1

0 [u
Herl.peprBHOCTb 07 (-v—> BHJHA U3 TPETLErO 4Ji€Ha HENH.

Huddepenunan or pyukuun W HaspBaoT eime ouggepen-
Huaiom nepeoeo nopsdka, NOTOMY YTO HPHUXOIMTCS ellle pac-
cMaTpHBaTh AudepeHIHaTsl BHCIIHX HOPSAKOB.

[Tycte Tenepr ¢yukuus W uMeeT BTOpHiE HempephiBHBIE
yacTHble npoussopHsie. [lo onpenenennio smopoil dugpgepen-
yuas OT Hee, COOTBETCTBYIOLIMH He3aBHUCHMBIM NMpUPAIEHHAM
(nuddpepenuuanam) dxg, ..., dx,, onpelensercsi paBeHCTBOM

d*W =d (aW), (1)
rie cuuraetrcs, yro obe omepaunn d B mnpaBoii yactu (l1)
6epyTca AJA yKasaHHbIX HE3aBUCUMBIX dXj, ..., dX,, KOTO-

phle JOJIKHBEI PacCMaTpHBaThCs KaK IMOCTOsIHHbIE (HE 3aBHCH-
IHE OT Xi, ..., X,). TaKuM o6pa3oM,

n n
ow ow
axw = dzl‘gxf‘jdxj:;z‘;d (ax—]dx/) =
1= =

=X (a5 ) dr = X X o dxdxy. (12)

ji=1 i=1i=1

Tak KaK o 62W , TO BTOpo#l auddepenHnvan mnpe
Ox; 0%, 6x ax p AucppepeHy per-

craBasier coBol KBanpaTuqﬂyxo (opMy OTHOCHTEJLHO Hesa-
BHCUMBIX Auddepenuuanos dxy, ..., dx,. Keadpamuunoi
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¢opmoii oT nepeMeHHbX E;, ..., &, HaspBaercs ¢yHKUUS
n n

BUIA X 2 a;Ek, tae a;,=a,.
j=1i=1
Booém,e auddepenunan nopsiaka [ or W pns He3saBHCH-

MbIX nudgepeHunanos dx,, ..., dx, onpeiensercs MO HH-
LYKUHMH MPH NOMOLLH pexyppeHTHoro COGTHOUIEHH ST

AW =d(d-'W) (=23, ...), (13)

roe d?, d, d*~' GepyTca ANS yKa3aHHBIX HE3aBUCHUMEIX AUD-
¢epenuunanos dx;, ..., dx,, KOTOpHE K TOMYy K€ paccmar-
PVMBAIOTCSi NMPH BHIYHCIEHHAX KaK MOCTOSHHBIE (HE 3aBHCSIHE
OT Xi, «+ oy Xp).

Paccyxnasi, kak B (12), nerko noayuum, 4to

W = EZZOxk T dx,dx;dx,.

k=1i=1j=1

Tak kak MH npeamosiaraeM, 4To (YHKuMs [ uMeeT He-
NpepHIBHbIE YacTHBIE NMPOW3BOJAHBIE, TO 3aNMUCh AHU(depeHua-
JIOB MOXKHO YTNPOCTHTb.

Hanpuwmep, pnas Q)yuxunn OT ABYX NepeMeHHbIX U = f (x, y)
nMeeM

d*u = fdx*+ 2f,,dx dy + [» dy?,
du = d (d*u) =
2L dx®*+43

= od

0
2 ay drrdy +3 520 ay, dx dy? + 2L ays

[NpuMeHsis MeTox MaTeMaTHueCKOH WHAYKUHH, JIETKO MO-
JyuuM, 9TO

d*u = 0 / dx"-l-n?—;la_{—aydx""dy-l-

—1)...(n—k1) o .
...+"‘" Lo Rt kg dam Ry S L dyr,

CHMBOJIMYECKH 3TO MOXHO 3anucaTh Tak:
d 3, \"
n n - —_
dry=d f—{axdx-{-aydy} f,

rlle B MpaBO#l YaCTH MBI CHayaJia BO3BOAWM BEHIPaXKEHUE B CTe-
neHb n, a 3aTeM NOANMCHIBaEM [ npu cHMBoJe 0%,



§ 8.9. MUOGEPEHLIMAJ ®YHKIIHH 395

B MHoromepHoM ciyyae HMeET MECTO aHAJIOTHYHAS CHMBO-
JiMyeckas QopmyJa

dmf=[ %dx,} f. (14)

=1

Mu onpesenuan noHstHe Iuddepennnana ¢yakuuu W
B TEPMHHAX HE3aBHCHMBIX NEPEMEHHBIX Xy, ..., X, (MU He-
3aBHCUMOH BeKkTopHOfi mnepeMeHHOM X). Ho nycTh, Kak 3TO
6bljI0 OOBSICHEHO B HayaJie storo maparpaga, W paccmarpu-
BaeTcsl Tenepb Kak (YHKIUS OT 3a8ucumoli BEKTOPHOH mepe-
MeHHoH #=(u;, ..., U,). BO3HHKaeT Bompoc, Kak BhIpa-
}aoTca NudgepeHLHassl NMEPBOro M BHICIIETO MOPSAKOB B
TepMUHaxX 3ToH nepemenHoil #. Haunem usyuenue storo somn-
poca B cayvae augdepeHuuasa nepBoro nopsjaka.

Bynem npeanonarath, uto ¢QyHKUHM @ (#) Py (%)
(j=1, ..., m), o Koropeix 1Ja peyb B Hayaje maparpada,
HMEIOT HenmpephiBHbIE YacTHble Mpou3BOAHble. Toria

n
ow oW ou _
dW = %y Z<Z Bu; Ox,) *r=
m n

m
ow duy ow
=;a_u1_ E—/—dx,=z_:a—uidu,, (15)
=1 i=1 i=1

H MB MOJYYMJIH, KAK B cJydae OJHOH NEepEeMEHHOH, YTo
nepsuiii Audpeperunan or W Bbipaxkaercs yepes 3aBHCHMblE
nepeMeHHble TaK e, Kak uepe3 HesaBUCHMble. B stoM mpo-
SIBJISIETCS1 UHBAPUAHMHOCMb opmbl nepeoes Jugpgepenyuaia.

UToG6bl HccJIef0BaTh MOCTABJAEHHBIA BONpPOC B CJyuae BTO-
poro audgpepeHunuana, 6yleM npeanoJaratb, Y10 (YHKUIHH
@ M Y, UMEIOT HEeNpepbiBHBIE YACTHBIE MPOH3BOLHbIE BTOPOrO
nopsaiKa.

IMuddepenunpys obe yactu (15), npHHAB BO BHHMaHHE
cofictBa (8) u (9), mosyyuMm (MOSICHEHHS HHIKE)

dW = a(dW/)_Zd(—du)

1=1

(% i ot ,>=

i=1

m m
M) gl % aui du, du, + dZui. (16)

i=1j=1



326 TJ. 8. ®YHKUKWHU MHOTUX NEPEMEHHBIX

Bo BTOpOM paBeHCTBe 3TOH LENH MBI BOCHOAb30BAJIHCh CBOH-
cteoM (8), B TpeTbeM ke—cBoiicTBOM (9), B, KpoMe TOro,
TeM (paKkTOM, 4TO hopMa nepBoro AudepeHnuasa CoxpauseTca
H JJIs 33aBHCHMBIX NEPEMEHHbIX #;. Mbl BHAMM, 4TO BTOPOH
nuddepennuan or W, BbhlpaxieHHbII B TepMHHAX 3aBHCHMBIX
nepeMeHHbIX #;, CYIECTBEHHO pacnajaercss Ha [Ba cJarae-
mbix. IlepBoe cnaraemoe npeacTaBJisieT coGOH KBafpaTHUHYIO
¢opmy, aHagsornunyio d¢opme (12), rme d*W Bripaxanoch
uepes He3aBHCHMEIE nepeMeHHbIe. BTopoe ke ciaraemoe npei-
craBisier co6ol HeKOTOphlil N06aBOK, C KOTOPHIM HalO CYH-
TaTbCsi: ecam u;(j=1, ..., m) He sBasercs JIMHEHHOH
¢yHKuKEA OT Xx;, TO 3TOT N0GAaBOK OTHIOAb HE paBeH HYJIO.

OTmeTuM, 9TO H3 HAlIHX PaccyXkJAeHHil CJeLyeT, YTO eCJH
Beipaxenue (16) Bssato mas dx,, ..., dx,, KOTOpBIE DUTYDH-
pyior B BuipaxkeHuu (12), 1o 06a 3TH BHIpaKEHHS TOXKIeE-
CTBEHHO pAaBHBI, KakKOBbl Gbl HH OBLIM X, IJI51 KOTOPHIX CyIIe-
CTBYIOT YyKa3aHHblE HeNpephiBHbIE YaCTHbE ITPOH3BOJAHBIC
BTOPOTO MOPsAKa H KakKOBHI Obl HH ObLIH He3aBHCHMbIE dx;.

Briyucnenue nngdepenuuanos d*W, d*W, ... uepes 3a-
BHCHMEIE NEPEMEHHble 4, MPOHU3BOAMTCH MNOJOGHEIM OGpas’oM
nocnefoparenbHo. IlpuXoantcsi cunTaThesi ¢ TeM (akTOM,
YTO BbIPAXKEHHUS I HUX CTAHOBATCS BCe GOJie€ rPOMO3AKHMH.

§ 8.10. dopmyna Teiinopa

OrpannunMcst paccMOTpeHHeM (PYHKIMH OT ABYX NepeMeH-
Hpx. Ilyete u=f(x, y) nmMeer B okpecTHOocTH TOUKH P, =
= (Xy, Y,) HENpPEPHIBHBIE POH3BOJHbBIE BCEX NMOPSAAKOB A0 [-ro
BKJIIOUHTENbHO. BosbMeM B 3TOl OKPECTHOCTH TOYKYy P; =
= (x,+Ax, y,~+Ay). Coenunum Touku P, u P; oTpe3koM
npaMoii, ypaBHEHHE KOTOPOTO MOXKHO 3alHCaTb B INapaMer-
pHuecKoll ¢opMe ciefylomuM o6pasoM:

x=x,+1Ax, y=y,+tAy (O<I]).

Torma Broa: sroro orpeska Hama ¢yHKMs u=f(x, y) 6yAer
(hyHKUHEH OT OJHOrO mepeMeHHoro f:

fx, y)=F[x,+tAx, y,-+tAy]=F (2). (1)

Jlerko BHJETb, YTO PasHOCTb
Af (P))=[ (x4 Ax, yo+Ay)—F (%0, yo)=F (1)—F (0). (2)
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dopmysa MaknopeHa Aasi ¢yukuuu F (f) B OKpecTHOCTH
TOUKH [,=0 umeer BHJ

F(f)=F (0)+ -7 + L=

I+ —n! ”_1"'
0 <9<,

[osnaras =1, monyunm

F© (6) t‘

l-1
a 14
FO—FO=X2 +550, meo<o<l. @
k=1
Briuncaum npoussosHeie ¢yHrRuuH F (f) uepes f(x, y).
M3 cooruowennsi (1) nveem

F! (t) — of (Xo"l“tA;;J; Yo+ 1Ay) Ax 4 of (xo-l-lA(;C!; Yo+ 1Ay) Ay,

otkyda npu {=0 nosnyyaem

F' (0) = af (xe, Yo) Ax + of (xo, Yo) Ay = df(Po)

COBepmeHHO aHaJIOrn4yHoO
F"(ty=Fa (x,+ thx, y,+ (Ay) Ax® 4
+ 2f (X + tAx, y,+tAy) Ax Ay +
+Foa(xo+ (Ax, yo+tAY) Ay?,  F"(0) =d?*f (Py).
Iponoskas sTOT mpouecc, MOJYYHM
F'"" (0y=d3f (Py), ..., F4=0(0)=d!"1f(P,).

B cuay srtoro us (2) u (3) umeem

AF (P =LFL 4 LD o dif (1,4 0A, yy-0Ag).
4

®opmyna (4) naseiBaerca ¢opmyroii Tetliropa Anst pyHK-
uuy u=[(x, y). [lo BHemHeMy BHAY OHA Takasi e, KaK M
1js QYHKUHH OT OJHOrO MEepPEeMEHHOro, HO B Pa3sBEpHYTOM
BHJE OHA ropaslo CJOXKHee.

HOnsa cnyuasi QyHKUMH OT 7 nepeMeHHBIX (n > 2) dpopmyia
Tefinopa sanuceBaeTcss B TOM xce BuIe (4).

[pu =1 ¢opmyna Teitnopa ans ¢yHKuuu f oT n nepe-
MEHHBIX HMeeT BHI

F(x)—F (x9) —Z (L) s =) @<,
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rie cumBost ( )a O3HauaeT, 4TO (YHKUHS B CKOGKaX BBIUHC-
JsieTcss B TOYKe X =a. d1a ¢opMysa npeicrasaser coboi
o6o6uieHHe TeopeMbl JlarpaHka O CpelHeM Ha MHOrOMEPHBIH
cayuai.

Ipu =2 n n=2 o¢opmyaa (4) B pasBepHyTOM BHIE
3aMHCHIBAaeTCA TaK!

f(x, y)=F (x,, yo)+0x (%o, yo)(x—xo)+a,/ (%0, Yo) (4—10) +
t7 [ 5 Cro+0(x—x2), ot 8(5—y0) (x—x0*+
+2 W(xo+6(x—xo) Yo+ 8. (9—10) (x—1x0) (4— 1) +

i (ot 0(c— %0, 4o+ 0(y—10) (3— 02| -

IMpu =2 n npousBonbHoM n ¢opmynaa (4) BBINJISAHT
cJelyomuM o6pasom:

f(x)=f(x°)+§(a—’)x,, —xi)+

1 a2f
+—2- e (6)(,- axj)x°+e (x—x% (xi—x?) (xj _x?)'

1=17=1

re X = (X, ..., X;), X°=(x, ..., x}).

§ 8.11. 3aMKHyTOE MHOXECTBO

MnoxectBo A < R, = R HasbBaeTCs 02PAHUUCHHbIM, ECTTH
cymectyer yncao M > 0 Takoe, uToO

lx|<M VxeA,

WHaye roBopsi, €CJIM CYyIMeCTBYeT lap B R C IEHTPOM B Hy-
JIeBOI TOUKe, coflepxaiuil B ceGe A.

MuoxecTBo A HasbIBaeTCsl 3AMKHYMbIM, €CJIH H3 TOTO,
YTO KaKasi-Jan6o NocjeoBaTeIbHOCTb Touek x* (=1, 2, ...),
npuHajiexamux kK A, cxoautcss K Touke X°€ R (x*— x°,
x%¢ A) cnenyer, uto x° npuHamJexuT K A(x° € A).

B arom onpegnesennn He yTBepxjaercs, uto A colepKUT
B ce6e CXOAfIYIOCs MOCJeJoBaTeNIbHOCTh. B HeM rosopurtcs
TOJILKO, 4TO ecJH B A CylecTByeT cxXoisuasicsi MocJe/0Ba-
Tenbﬂoc:flb, TO TOYKa, K KOTOPOH OHAa CXOAHMTCH, MpHHAANe-
KuT K A.
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3ro nokaspiBaeT, YTO Hallo CYMTAaTh, YTO NMYCTOE MHOXKE-
cTBO 3aMkHyTo. Bce mpocTpancTBOo R, TOXe, OYEBHIHO,
3aMKHYTO, HO HEOrpaHHuYeHo.

PaccmoTpuM B KauecTBe npuMepa 3JJHICOHA B Tpexmep-
HOM IpPOCTpPAHCTBE

L 451 (g b c>0) )

T. €. MHOXEeCTBO TOY€K (X, y, Z), YJAOBJIETBOPSAIOLUX YpaB-
Henuo (1). OGosHauuM 3TO MHOXKecTBO uepe3 B. dto orpa-
HHYEHHOE MHOXeCTBO, NOTOMY 4YTO AJs JoGOH ero TOYKH
(x, Y, 2) BHINOJIHSIETCS HEPABEHCTBO

21 2 2 (2, v 22
»¥+y*+tz <m\—‘17+b—2+'c7)=m'l=m

rie m—=a?® b% 2 OHO Takxe 3aMKHYTO, MOTOMY YTO
€CJM 33/laTh NPOHU3BOJIBHYIO MOCJEAOBaTENbHOCTb TOYEK
(Xks Yp» 2) € B, cTpemsmylocss K Touke (X,, Yo, Z,), TO 3Ta
NOC/IEeNHAS TOXe npnuannemm K B. Bear u3 paBeHcTBa

zi
+ el (k = l’ 2’ . ‘)
nocsie nepexoia K npenejy npu k—s oo CJAEAyeT PaBEHCTBO
2 2 2
Xo Yo 20
—g+—bT = = 1,

noxasmiBaiolmee, 4To (x,, Y, 2,) € B.

Paccmorpum Teneppb GoJiee o6mmupHOe MHOXecTBo A, co-
cTosiuiee U3 TOYex (X, Yy, 2), KOOPAHHATHl KOTOPbIX YAOBJIET-
BOPSAIOT HEPABEHCTBY

x2 y2 22
= tEta<l &)
MuoxectBo A, oueBuiHO, Toxke orpaHnueHo. OHO u 3aMK-

HyTO, NOTOMY YTO €CJIH

Xy Ypy 2)EA (R=1, 2, ...),
T. €.

2 2
Xk | Yk 2k
wtr =<l
" (%, Yp, 25)— (Xoy Yor 20)» TO, oqesnﬂﬂo,

. 2 2 2
tim (A ok A)_ g 4,2

k—>®

T. €. (X5, Yo» 20) € A.
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B cBsian c 3THM HHTEpECHO pacCMOTPETh €llle TPeTHi NpPH-
mep mHoxkectBa A’ Touek (x, y, 2) C KOOpDAHHATaMH, YXOB-
JIETBOPAIOLIMMH CTPOTOMY HEPaBeHCTBY

2 2 2
T+EtaE <L @)

MuoxkectBo A’ otkrpeiToe (cMm. § 8.3), oHO He 3aMKHYTO.
BosbMeM, HampHMep, MOCJIEAOBATENBHOCTb TOueK (2, 0, 0),
rie o, CTPEMHTCS K YHCJAYy a, CTpOro Bo3pacrasi. lorza
(o, 0, )€ A" (k=1,2, ...)u(x, 0, 0)— (a, 0, 0). Onna-
KO mpelesbHasi Touka (a, 0, 0) He mpuHamnexur kK A’.

PaccmoTpennble npuMepH erko o6o6maiotces. IlycTb Ha Bcem mpo-
ctpanctBe R, 3ajaHa HempepuBuast ¢yHRUH F (x)=F (xi, ..., Xp)-
Torga MHOXecTBO B BceX TOUeK X=(X{, ++s5 Xp), A5l KOTOPHIX BHI-
NosHsieTCSl paBeHCTBO

F(x)=F %1y ooes xn)=cr @

rae C— npou3BOJIbHOE UYHCJIO, 3aMKHYTO.

B camoM jelle, MOXKeT CIyYHTbCSI, YTO HET BOBCE TOYEK X, YAOB-
JIeTBOPSIIOIUNX paBeHCTBY (4), T. e. B—mycToe MHOKECTBO, HO MycToe
MHOXKecTBO 3aMkHyTo. [lycTs Temepb B He NycToe MIOXECTBO H HEKO-
TOpast Moc/NeJ0BaTEeNbHOCTb TOueK {X%}, MpHHajIexawux K B, cxoaurces
K Touke x*€ R, (eciu B cocTouT Raxke h3 OXHOH TOYKH X%, TO MOXKHO
y¥Xe MOCTPOHTb CXOASILLYIOCS MNOCJeOBATEIbHOCTb TOYEK, MpHHALIEkKaA-
wex K B, a umenno, {x°, x9, ...}). Torna F (x*)=C (k=1, 2, ,,.),
M B cHly HenpepbiBHOCTH F B Touke x0

lim F (x#)=F (x°) =C,
k—>w®

Ho roraa x°€B, T. e. MioXecTBO B 3aMKHyTO.

TTopoGrbIM 06pa3oM MHOXKECTBO BCceX TOYEK X; YAOBJIETBOPSIOUIHX
nepasetctsy F (x) <<C; rne C—rmpousBoibHoe 4yuciao, a F—dyHKuus,
HenpepbiBHast Ha R,, 3aMKHYTO, NMOTOMy YTO M3 COOTHOLIEHHH

F(xh<C (=1, 2; .,.), xF > x°

BeeAcTBHe HempepwBHocTH F Ha R, cienyet: F (x') <C,
B cuny ckasanHoro n-mepHblif 3/JIHICOHR

T2
X,
2 =1 @>0 ®)
k=] ak

eCTb 3aMKHYTOe MHOXECTBO B R,.
3aMKHYTBIM MHOXECTBOM B R, sIBIsieTC TaKXe n-MepHHH 06bem-
HBIH 3JHNCOHL

-

n 2

Y=<l ©

k=1 e
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OfiHaKO MHOXECTBO

=<, M

KOTOpOe €CTeCTBEHHO Ha3BaTb N-MEPHBIM OTKPHITHIM OGBEMHBIM 3JIIHI-
COMIIOM, He 3aMKHYTo. B 5TOM MoOXHO yGegHuTbcsi, paccyXkpias; KaK B
ciyvae $opmyan (3). DTo MHOXKeCTBO OTKpHTOe (cM. § 8.3).

Tlyctb A ecTb NPOH3BOJbLHOE MHOMKECTBO, NMpHHAjIexauiee K Ry, H
x?—npoussonbHas TOuka R, (AC R,, x°€R,). Moxer GHTb TOAb-
KO TPH B3aHMHO HCKJIOYAIOUHX IDYr Apyra cayuas:

1. CymectByer map Vyo (OTKpHITHI) ¢ HEeHTpOM B Touke x9,
NoJAHOCTbIO MpHHagexamuit k A (Vyo A). B atom cayuae x° no on-
PeHENIEHHI0 €CTh BHYMPEHHAS MOYKA MHO- 2
acecmea A (cm. § 8.3). 2 a0

2. Cymecrsyer map Vo ¢ nenTpoM B - *
x°, Bce TOYKH KOTOPOrO He NpHHALIeXaT AN
K A(Vxr & Rp\\A). B aToM ciyuae x° mo . \
ONpeLleNIEHRIO €CTh BHEWIHAR MOUKA MHO JCe- \
cmsa A.

3. B no6om mape Vxo c nesTpom B g
x0 HMelOTCS TOYKHM, NpHHAZNEeXallpe H He
npuramnexamue K A. B aToM ciyuae x°
no ONpeleNEeHHI0 €CTb 2PAHUYHAR MOYKA /
MHOXecTBa A. s

MuoxectBo A’ BceX BHYTpEHHHX ToO-
uyek MHOXKecTBa A Ha3bIBAETCS OMKPOLMbIM Puc. 97.
adpom A. DTO—OTKpHTOE MHOXKECTBO
(cm. § 8.3). Ecin A’ Re nycmo, TO Kaxpayio TOuky A’ MOXKHO NOKDHITH
11apOM C LeHTPOM B Helf, NMOJHOCTbIO HpHHajiexamuM K A. Eciu A’ —
nycToe MHOXECTBO, TO OHO (POPMaJLHO CYHTAETCH OGTKPHITHM.

MnoxectBo I'=0A Bcex rpaHHYHBIX ToueK A Ha3mBaeTCs 2paxu-
ueli mHoocecrnsa A. DTO—3aMKHYTOE MHOXECTBO, NOTOMY YTO, €CJH
xk > x% n xk€T (k=1, 2, ...), T0 BeAkui OTKPHTH map Vo c
uenTpom B x0 colepxHT B ceGe HekoTopylo Touky x*. Tlocrenmion
MOXKHO NMOKPHITb WapoM V.. c UeHTpOM B Hefi, MONAOCTBIO NpHHajIe-
KamuM K Vxo (V r C Vo). Ho B V,; nMel0TCA TOYKH, MpHHaINEXalHe

¥ He NMpHHajlexamue K A, HO Torza U B Vxo HMelOTCS TOYKH, NpUHAZ-
JeXamue H He Npuuajpiexxamme x A, CnezosaTeabro; x°ET.

MuoxecTBo A” BceX BHEINHHX TOUEK MHOXKecTBa A, OUEBHAHO,
OTKpHITOE.

I'parnunble TOoukM A MOryT NpHHaiJexaThb M He INpHHAJIEXaTb K
MHOXecTBY A.

Ha puc. 97 mHOoXecTBO A C Ry COCTOMT M3 TOYEK (X5, Xg):

2+2<l, u<0; 224x2<1, 4>0 p=r=L

flcHo, yTo A’ —BHYTPEHHOCTb Kpyra pajnyca eIHHHLA C IIEHTPOM B Ha-
yaje KOODAHHAT: T'— TOUKH OKpYIKHOCTH xf—]—xg:l n Touka (1, 1);
A” —3To BCe TOYKI! BHe OKPYXKHOCTH eIHHHYHOIO pajHyca, 8a HCKJIOde-
nueM ToukH (1, 1). 3pecp mpaBasi MONOBHHA OKPYXKHOCTH He TpHHaAJe-
XHT K A, HO siBisieTcsl yacThio rpanuubl I'. OTMeTHM, u4TO JaHHOE MHO-
AKecTBO A He SIBJASIeTCS HA OTKPHITHIM, HH 3aMKHYTHIM.

Hrak, ecnm 3ajano npomsBo/iibHOR MHOXecTBO A C R,, TO N0 OTHO-
LIEHNIO K HeMy NPOCTPAHCTBO R, MOXHO NpeACTaBHTb B BHAE CYMMH

——

zy

N,
SO
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MHOXKeCTB, OlpeJie/IieHHbIX BhilIe, nonapHo He mnepeceKarluxcs:
w=A’}-T A"

Ecin B KayecTBe MHOMKecTBAa A paccMOTpeTb n-MepHBIA 3aMKHY ThIft
o6beMubI anuncous (6), To A’ ecTb OTKpPHITHIH CGBEMHBIA SVIIHICOMA
(M), a T ectb smnuncoun (5).

Ecau A—omkpeimoe muoscecmso, mo R, \ A samxuymoe, u o6pam-
#o, B camom gene, myctb A — OTKpHTOE, H MycTh Xk — %0, xR€ R, \ A.
Ectn 6m1 Touka x° mpuHamiexana K A, To B CHIy TOFo, 9T0 A — OTKpHI-
TOE MHOMECTBO, Hamescsi 6bl map Vo (o mentpoM B x°), nojnocTbio
npuxagnexamuit k A. Ho 310 HeBO3MOXKHO, noToMy 4TO B Vo HMeloTCSI
ToukH x%, KoTophle npunagiexar k R,\A. Takum ob6pasom, x°€ R,\ A
# R,\ A samkHYyTO,

Mycte Temepr A 3amkuyTo H Touka x° € R,\A. Ecnu 6u1 Touka x°
Geia rpaHuyHo# TOYkOR A, To B nioGom mape Vyo ¢ ueHTpom B X°
6butH 66t ToukH A. Torza MOXKHO GEIO GBI MOCTPOHTH MOC/TENOBATEbe
nocTh Touek xk¥E€ A, cxopsimmyiocs k x°. Ho Torma BcnencTsue samkwy-
ToctH A Touka x° mpuHajJexana Gl K A, 9TO NPOTHBOPEUHT Mpexmo-
JgoxeHnuio, 4to X°€ R,\A. MH f0Kasanid, uTO NPOH3BONbHAS TOUKA
x°€ R\ A ecTb BHYTpeHHsIi TOUKa R,\A; T. e. uT0 R\ A —oTKpH-
TOE MHOXKeCTBO.

Muoxectso A+4T' uasbiBaetcs sameikanuem A u o6o3HauaeTcs Tak:

A=A+T.
OueBuaHO,
A’4+T=A+4T,

noToMy uto, c ofnoft cropons, A’ < A, u, cneposarenvHo, A’'4T'C
< A+T, ac npyro#, ecin x€A+T, 10 au6o x€T, u Tornax€A' 4T,
nm6o x€A M x€T, no Torna x€A' < A'+4-T.

Hanee, A= A+ T —3aMKHyTO® MHOXKECTBO, MOTOMY YTO BHELIHOCTb
A+T = A’ 4-T —OTKpHITOE MHOXECTBO.

Takum ob6pasoM, utoGel monyuuth A, Hajjo po6aButb K A Bce He
NpHHajIexalle K MHOXeCTBY A ero rpaHHyHble TOUKH.
Ecin A 3amknyTo, TO

A=A4T=4,

T. €. Bce rpaHnudble Toukn A npuuagnexat Kk A. Bexp R,\ A orkpuito
B Kaxnas Touka x°€ R,\ A MoxeT ObITb MOKpHITAa wapoM Vo, He co-
nepxamum B ceGe HH onHoil Touku A. Ho u ofparHo, ecaw

A=A4T =24,

T0 A 3amKHyTO, moToMy uro ecan x* — x° x®C A n ecnn mpexmono-
®Kutb, uto X°€ A, TO NONYUMTCSs NpPOTHBOpeuHe, NOTOMY YTO TOTAA
€T c A4T=A

Takum obpasoM, 048 mozo 4mobb. mrocecmso A 6bi10 samxHymoim,
Heo6x00umo u Oocmamouno, 4mobbi ¢ HUM C08nadaso_ez0 BaMbIKAHUE
(A=A). B uactHoctu, A Bcerga samkHyTo, H motomy A= 4.

Haxkownen, oTMeTHM, 4TO NyCTOe MIOXECTBO H BCe MPOCTPAHCTBO R,
ABNSIOTCS  ONHOBPEMEHHO OTKPHITHIMH H 3aMKHYTHIMH MHOECTBaMH.
MoxHo J0Ka3aTb, YTO B OCTANBHBIX CJydasix, eCaH MHoXecTsBo A or-
KPHITO, TO yX He 8aMKHYTO, 8 €CJIH 3aMKHYTO, TO He OTKPHITO,
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§ 8.12. HenpepriBhas ¢yHKIHS
Ha 3aMKHYTOM OTpaHH4Ye€HHOM MHOXeCTBe

IIycts A ectb mMoka NPOHM3BOJBHOE MHOXKECTBO MPOCTPAH-
ctBa R=R,, n nyctb Ha A onpejeneHa QyHKuHa f(x) =
= f(%i, - .., X,). Moxer cayuutbes, 4T0 GyHKUHS [ ompere-
JeHa He Ha Bcell OKpecTHOCTH ToukH x°€ A (A —3ambiKa-
HHe A), a TOJNBKO Ha HEKOTOpoH ee yacTH. B sToM cayuae

BO3HHKaeT INOHATHe npenejsa ¢yHKuun f B Touke X°€ A
no MHOXKecTBy A. .
Yucaro B nasvisaemes npederom ¢yrkyuu f 6 mouxe x° € A
no muosxcecmey A, ecau
lim x*)=B
xk—>x°.x’*'eAf( ) ’
kaxosa 0ol Hu Obiaa nocredosameavrocms mouex Xx*€ A,
cxodawanca K x°.
Mo onpenenennto, pynkuus f Henpepoisra 6 mouxe x° € A
no mrogxcecmsy A, ecau umeem Mecmo pPaseHcmso
lim — f(x*)=f(x°), (1)
xRk > x0, xkeA
Kakoéa 6ot Hu Obiaa nocaedosamensvrocms modex XFE A,
cxo0nuasncs K x°.
[IpuBeneHHOe OmpesiesieHHe HENPEPHIBHOCTH MOXHO cdop-
MyJIHPOBATb H Ha f3blKe &, : QyHKIMUS [ nemnpeprBHA B TOUKe
X°€ A, ecan mas moboro e > 0 uaiinercs 6 > 0 Takoe, yTO

[F()—f(x)]<e Vx€A, |[x—x°|<8.

Tenepp Mul Gyznem npexpnosiarath, yto A ecTb OrpaHHYeH-
HOe 3aMKHYTOe MHOXECTBO NMpPOCTpaHCTBa R ¥ 3ajaHHasi Ha A
¢ynknusa f(x) HenmpepbiBHA Ha 3TOM MHOXecTBe. B 3THX
NPEINoJIOKEHHAX MOXHO J0Ka3aTb CJeAyIollHe 3ameyaTelb-
Hble CBOHCTBa:

1) ®ynkuus f orpaHuyeHa Ha MHOxecTBe A.

2) Oynkuua f mocturaer Ha MHOMXKecTBe A MakcHMyMa H
MHHHMyMa, T. €. CyllecTBYIOT B A Touku Xx° u y° Takmue,
yTO

f(x%)= max f(x), f(¥y9)= Teiil f (x).

3) Dynkuusa f paBHOMEpHO HelpepbiBHA HA MHOXKeCTBE A,
T. €. 1Js Bcskoro e > 0 Halipercs takoe 8 > 0, uto

[F(#)—f(x)]<e
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st moGeix X', X" € A, YLOBJIETBOPSAIOUIHX HEPaBERCTBAM
|x'—x"| < 6.

Kak mnl Bugum, cBoiictea 1), 2), 3) o6o6maioT H3BeCTHLIE
yKe HaM CBOHCTBA HenpepuBHOH GYHKUHH f(x) OT OAHOH
nepeMeHHoOl ¥, 3aJlaHHOH Ha oTpeske [a, b]. [lonuepkneM, 9To
oTpe3ok [a, b] ecTb orpaHMueHHOe 3aMKHYTOE OJHOMEpHOE
MHOXecTBO. Bellb ecin kKakas-160 noc/ie10BaTeNbHOCTb TOYEK
(uucen) x,, NpUHalJeXAIHUX K OTpesky [a, b], cxomures K
HEKOTOPOI TOUKe (YUCJIy) X, TO 3Ta TOYKA NPHUHALJERHT K
[a, 0] (x,€[a, b)).

HoxasatesnbctBo cBOHCTB 1), 2), 3) coBepilieHHO aHaJOTHY-
HO J0Ka3aTeJNbCTBY HMX MJIsi OTpe3Ka [a, b], mpuBeleHHOMY B
§§ 3.5 u 3.7. Ono eceneno 6azupyercss Ha cJemylowel Jem-
Me, obobimalomesi COOTBETCTBYIOILYIO OJIHOMEDHYIO Teopemy
BonbuaHo-—Beﬁemepacca us § 2.9.

Jlemma. H3 ecaxol oepanuuennol nocaedosamersHOCHLL
mouex xF=(x%, ..., x)(k=1,2,...) moxro gordeaums noo-
nocaedosamensrocms {x"t} (l= 1, 2, ...), cxodsuyytoca K He-
komopou mouxe X°;

|xft—x0|—0 (I —o).
NDokasaTenbcTBo. Tak Kak mocaefoBaTenbHocTs {xF} orpa-
HHUeHa, TO eyecTByeT uucao M Takoe, 4To
M>|xk|>|x’f (=1, «vu5 1 k=1, 2; 4..).
9TO MOKa3HIBaeT, YTO KOOPAHHATH TOUeK x® Take OTpaHHUENHL. I'Ie£

Basi KOOpIHHaTa 06pa3yeT OrpaHHYEHHYIO MOC/]e/0BATENBHOCTD {5}
(k=1, 2, ,..); B Ha OCHOBaHHH OHOMepHOH Teopembl Bonbiano— Bei-
eplITpacca HaHAeTCA NOANOCAENOBATENbHOCTb Ry, HATYPANbIBIX WYHCEN H

0 k
HEKOTOpOe YHCJO X1 TaKue, YTO X, ll—»x’ (Il — o). BTopyio koopau-
HaTy xk paccMOTPHM TOJIbKO AJISI Haunemmx HaTypanbHbIX ky,. [loamo-

CJ1€0BATE/NbHOCTDb {x;:} OrpaHyyeHa, NO3TOMY H3 Hee TaKXe MOIKHO

BLIGPATb MOANOC/ENOBATENIBHOCTD {Xklz} H QHCIIO X3 TAKHe, UTO x:ta—mﬁ.
2
Tak Kax {k;,} ecTb noanocAe0BaTeNbHOCTD {k7,}, TO HMEET MECTO OJHOBpe-
k 0 0
MEHHO X fa —> X1, x’%—» x2.  Ilponmonmxas  9TQT mpouecc, Ha
n-M ero aTane nonyqpm HOAHO(‘JIeJ.‘[OBaTEJIbHOCTb HaTypalbHBIX WYHCe]

kz =k, U CHCTeMY uHcen x93, x5 evey XY Takue, UTO OJUOBPEMEHHO
0 .

xfl—»xl, le—>x2; ...;x:l—» P (l— o,

[Monaras x°=(x;’; seey X0), TONYUYHM yTBEpIKJEHHEe JeMMEL

HokaszatenbctBo cBoficTBa 1). [onyctaMm; uto [ He
orpaHHyena Ha 3aMKHYTOM orpaHuueHHoM MHOoxecTBe A. Torma s
KaXJI0r0 HaTypaJlbHOTO GMCNa m CYIecTBYyeT TOYKa x™ € A Takas; uTo

]f(x”‘)l >m (m=l; 2; tn)n (2)
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Taxr kar MAOXeCTBO A OrpanyueHo, TO NOCJHEZOBATENBHOCTL TOUYEK
{x™} TakXKe orpaHHYeHa H, B CHIy JeMMH, H3 Hee MOXHO BHILENHTDH

m
NOANOC/TEN0BATENbHOCTE {X K}, cXOnsumylocs K HEKOTOpOHl Touke xO.
Mo ycmoBuio MuoxecTBO A 3aMkHyTo, Ho3ToMy Touka X9€ A, Ho B
Touke X0 ¢yHKUHSA [ HempephiBHa H NOTOMY

Jim 1 ("B =F (V).

xMke A

®

Ceoiicteo (3) npotuBopeunt cBolicTBy (2). ITosTomy f moxeT GHTb
TONBKO OTrpaHHYEHHON Ha SAMKHYTOM OrpaHHUEHHOM MHOXecTBe A

JoxkasatenbcTBO cBoficTBa 2). Ilo cBoiictBy 1) Hempe-
pLIBHAsT Ha 3aMKHYTOM OTpaHHUeHHOM MHoXecTBe A ¢ynruus orpaun-
ueHa, CleJOBATENbHO, OHA OrpaHHueHa CBEpXY HEKOTOpHIM uHcIOM K:

<K  (x€A.
Ho rorja cymecTByeT TouHasm BepxXHfsi rpanb [ Ha A:
sup [ (x) =M. @
x€A

Uncno M ofnafaeT CleAyIOIMM CBORCTBOM: AMs JIOGOrO HaTypalbHOTO
m HafineTcs B MHOXecTBe A TOuKa X = (¥, ...; ¥7) Taxas, 4TO

M—D <jam<M  (m=1,2 ..).

MocaenoBarenbtocTs {X™}, Kak DprHagnexallas K OrpaHHYCHHOMY
3aMKIyTOMY MHOXeCTBYy A, orpaHnueHa:

n
lxm =1/ 3 larP<k =12, ...),
i=1

M MOTOMY H3 Hee MOJXHO BBEJIHTH NMOANOCJEN0BaTeNbHOCTD {xmk}. cxo-
Ismylocs K HeKoTopoil Touke x0€ A. Ilociestee 3ak0ueHHe BHTEKaeT
M3 3aMKHYTOCTH MHOXecTBa A

Ho oyuknus f HellpepLiBHa N2 MEOXKeCTBe A, cnefoBaTeNbHO, OHa
HenmpepblBHAa B Touke X', No3ToMy

Jim F "Ry =f (x0),

m
k
x FeA

C npyroii CTOpOHHI,
M=t cie"<m k=12, ...
mg

[Mepexons K npelesy B STOM HepaBeNCTBe NpPH R —>0o; MONyuaeM

M<fE)<M,
T. €.
f (60 =M.

Taknm o6pasoM, BepXussi Ipanb (4) JocTHraeTcss B Touke X0E A4,
T. e. ¢ynxumsa f jocTHraeT B Touke X0 A MaKCHMyMa Ha MHoxecTse A,
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HTak, MB 10Ka3alk, YTO CymeCTByeT Touka x°€ A, aisa KoTopofi
max [ (x) = [ (x9),
xeA

Hpyras uacTb cBoficTBa 2) 0 MHHHMyMe JOKa3HBaeTCS aHaJOTHYHO.

JokasaTeanbCTBO cBOMcTBaA 3). JlonmycTHM, YTO CBOACTBO
nepepHo. Toraa cymecTtsyer Takoe € > 0, uto aas Jooro 6 > 0 Hah-
JeTcsl mapa ToueK X=(X{, sess Xn); Y= (U1, vv+, Yu) EA, yROBIETBO-
PAIOINX HepaBeHCTBY

n
|x—y|= X (i—y)? < 8;
i=1
IS KOTOPBIX

[F@)—=F ) |=e.

3ajanuM Tenepb NOCIe0BaTeIbHOCTb NOJMOKUTENbHBIX unces 8, — 0
npu m —so. Jlas xaxnoro 8, Hafixy TCS TOUKH X7 = (xT, -,x',;'),y”‘ =

= (™, ..., y") € A Takue, uTO
|xm—ym| <8, Ho |f(xm)—f(ym)|=ce. ©)

Tak Kak TOYKH NOC/IENOBATENbHOCTH {X™} NpHHAJJIEKAT K OrpaHH-
YeHHOMY MHOXecCTBY A, TO 9Ta noOC/IeOBaTeNbHOCTb OrpaHHYeHa, W H3

m
Hee, 1O JeMMe, MOXHO BHISTHTb MOANMOCHENOBaTeNbHOCTb {X ¥}, cXo-
IsULYI0CsT K HEKOTOpo¥ Touke x°€ A (B cu1y 3aMKHY TOCTH MHOXKecTBa A).

m m
Tak k2K |x ¥ —y £ |— 0 npu k— 0, TO NOANOCHENOBATEND-
. .
noctb {§ *} Takmke CXOZMTCH K TOUKe X0, MOTOMY uTO

m m m m
lp"k—x0 | =|9"k—x" b x "k —x0 | < |k —x" k[ 4] 5 F—x0].

Mo ycnosuo pynkuus f wempepeisBHa Ha A H, ciefoBaTesNblo, He-
npephiBHa B Touke X0,

ITosTomy
m m
im f(x ®)= lim f(y ¥)=Ff (x9).
k> k—+®
m
xmkeA y kGA
Tenepb, nepexons K npepeny B (5) mpu k—>co, monyuaem
o< lim 1FTE—] (78 |=1F @) —F ()] =0
— ®

m m
x k.y keA

¥ Mbl NPHUNIH K NpOTHBOpeuHio: £<<0,

§ 8.13. Axcrpemymbl

Ilyctb Ha obmactu (OTKpBITOE CBSI3HOE MHOXecTBO) G 3a-
IaHa GyHKUMSA U =f (X), X =(Xg, ..., X,) 1 X°=(x?, ..., x3)—
touka G. T'oBOpAT, UTO QyHKUHSI U = f(X) UMEET 20KAAbHLLL
maKcumym (Murumym) B Touke X°, ecyu d OKPECTHOCTh 3TOi
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TOUKH Takas, 4To VX M3 3TOH OKPECTHOCTH HMEET MECTO
HEpPaBEeHCTBO

FR<F*) (Fx)=>F(x). M

Touxky x° OyzeM HasblBaThb MO4KOL /NOKANbHO20 MAKCUMYMA
(Munumyma), a CcOOTBeTCTBYIOlEe 3HaueHHe QYHKuMH f (X°)
MAKCUMANOHOIM (MUHUMAAbHOIM) 3HAUeHUEM YHKYuU. JIOKab-
Hble MakCHMyM H MHUHHMyM OOBeIMHSIOTCS OOLMM Ha3BaHHEM
«a0KarbHbill sKcmpemyms. V13 ompenesieHuss sKcTpemyMa Bbl-
TeKaeT, YTO B JOCTATOYHO MaJoii OKPECTHOCTH TOYKH X° npH-
pamenve GyHKUMH Ay =f(x)—f (x°) He MeHseT 3HaKa:

Au>=0 B cayuyae j0KaJLHOrO MHHHMyMa (min);

Au<<0 B cayyae JoKaJbHOrO MakcuMyMa (max).

Teopema | (Heo6xoxZuMOe ycJOBHE 3KCTpe-
mywMma). ITycme pynxyus u=7f(x) umeem nokaronvil sxcm-
pemym ¢ mouke x°. Toeda, ecau cywecmeyrom 4acmmbie npo-

6
U3800Hble Nepeoeo nopﬂarca - (i=1,...,n) 8 mouke X°,
mo ece oHu 0Opawaomes 6 Hy./lb 8 amoil mouxe:

of (x°
;x" =0 (i=1,...,n). @)
HokasatenbcTBo. [lokaxem, ‘{Toaf( ) _o. 3aduk-
CHpYEM [epEeMEHHBle X,=X3, ..., X, =X}. ’f‘orzla MOJIy4UM
OGyHRUMIO U= f(X;, X3, ..., X}) OT ONHOrO MEPEMEHHOIO X,

npuueM 3Ta (GYHKUHS MMEeT JIOKAJbHBIH 3KCTPEMyM B TOYKe
x}. TlosaToMy B cuay HEOGXOAHUMOTO YCJOBHSI SKCTPEMyMa AJIs
(YHKIMH OT ONHOH NMEepeMeHHOH, 3aKJiouaeM, YTO MPOU3BOI-
Hasl OT 3TOH (PyHKIMH MO NepeMeHHOH x; AOJKHA ObITb paBHA
Hyso B Touke x]. Ho sra npousBonnas sBisiercsi 4acTHOM
Npou3BOAHOA ¢yHKUMH f(X) MO mepemMeHHOH X, B Touke X',
T. €.
O (4 %5, -+ %) __ 0 (x9)
Ox{ = Ton

=0.

Hpyrve ciyyam paccMaTpHBAIOTCS aHAJIOTHYHO.

Cnencrsue. Ecau ¢pynxyus u={f (xX) umeem sxcmpemym
8 mouke X° u Ougppepernyupyema ¢ mouxe x°, mo df (x°)=0
uau grad f(x°)=0

JlanHoe cJeACTBHE BBITEKAeT M3 ompefeneHus Auddepen-
IMaja U TpajHeHTa. '

3ameyaHue. YcaoBue (2) He SIBASETCS JOCTATOYHBIM
JJisg TOro, 4ytoObl B TOYKE X° OBLI SKCTpPeMyM GYHKIHH f.
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Hanp“-ﬂmep, GyHKIOHA o = X%y UMEeT YacTHsIe AP CH3BOLHEE

ou 2xy, = X%, KoTopble ofpauialotcs B HyJb B Touke (0, 0).

ox
Opnnako touka (0, 0) He siBNsieTCS TOYKOH 3KCTPEMyMa, Tak
Kak B Jo60f OKDeCTHOCTH 3TOH ToukM Au = x%y—O0=x2y
MPUHUMAET KaK HOJOXKHUTEJIbHEE, TaK M OTPULATENbHEE 3Ha-
YeHus.

B panpHefieM TOUKH, B KOTOPHIX CYLIECTBYIOT Hempe-
‘PHIBHBlE YacTHblE MPOM3BOAHbE OT f, YJAOBJETBOPSIOLIHE CU-
creme (2), OyleM Ha3bBaTh CHIAUUOHAPHbIMI MOYKAMU.

[NepeiiieM K NONYyYeHHIO NOCTATOYHHIX YCJOBMH 3SKCTpe-
myma. IlycTe ¢yHKUHS u = f(X) UMEeT HenmpephIBHbIE NPOHU3-
BOJHBIE [0 BTOPOrO HOpPSAKA BKJIOYHUTENBHO HO BCEM mepe-
MEHHBIM, U NYCTh X°—CTalUOHAPHAH TOYKa, T. €. df (x°)=0
Torzna, pasnaras ¢ynkumio u=f(x) no cdopmyane Teiutopa B
OKDECTHOCTH TOYKH X°, MOJIyYuM

BF (£°) =df (£°) + 37 d°F (£ + 0A%) =5 d*f (#° +80x) =

II

iy fo ., (&0 0AX) Ax A, =

i—l 1—

';— Z Z (f;;x (x4 Sij) AxiA”‘7=

n

1 AX,' A/

i=1j=1 i=1j=1

=.;_ZZ7'” (£%) Ax;Ax, + £ o (Ax),

=1j=1

3

-

n
e 0 <0<, Ax=(Axq, ..., Ax,), p=|Ax|= X Ax,
=1
a(Ax)—0 npu p—Q.
Tak Kak BTOphie NPOH3BOJAHbIE HENpPEPHIBHB, TO BENHYH-
HbI €;;, 3aBHCAIIME OT AX, CTpeMATCS K HyJIo pi p=| Ax | — 0,
HO TOTZA H maxlsijl—e—»o nipE:p — 0. [Tosromy, yarTHBas,

uTO 'A:" <1, nosnyuaem

A
EZSJIA:I :j

=1:j=1
(p —_— 0).

la(Ax)| =
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Utak, Mo IOKasanu, 4TO

A () =[ ( +B—f () =5 L X ayts, + 5 ®, @)
rjae

ai/=a/i=f;,-x/(xo)r Ei=A0x;, E=(&, ..., &)

a(%)—»O opn p= i§1§3—>0.

Bripaxenue
AE)= tg E;aijgigj (a;;= a;) »

ecTb KBajJpaTuuHasi c¢opma orHocHTeNBHO &= (&;, .., E,)-
[To sHaky 3TOM GOpPMBI MOXKHO Y3HATb C MOMOLIBIO (bopmy
ael (3) 3Hak Af (x°) ans moctaTourHo MadBIX |Ax|.

CripaBelJIMBO CJIEAYIOLUIEE YTBEPKIEHHE:

1) Ecau dopma A (§) cTporo nosoKuTesbHO onpefeseHHa,
T. e. AGE)>0 nas Bcex Es40, To Qymkuus [ umeer B
TOUKE X" JIOKAJBHBIA MHHHMYM.

2) Ecan ¢opma A () cTporo oTpuuaTesbHO ONpeleJieHHa,
T. . A(§) <0 nns Bcex §540, 10 pysKuus f umeer B TOU-
Ke X" JIOKaJbHBIH MaKCHMYM.

3) Ecin A(E) >0 mnst Beex & nam A (E)<<O nus Beex §
u uMeerc &40, mia koroporo A(E)=0, To Bompoc o Jio-
KaJIbHOM 3KCTpeMyMme ¢yHKIMH f B TOuYKe x° ocraercss OT-
KPLITHIM.

4) Ecan dopma A (§) He ompegeseHHa No 3HaKy, T. €.
cymectByoT Bektops &' wu §', nna koropex A (E) >0,
AE") <0, To dynkuus f B TOUKE X He HMEET JIOKAJLHOrO
3KCTpPEMyMa.

HoxasateanprcTBo yTBepxaeHus l). PapenctBo
(3) sanuieM cuenyoomHM o6pasoM:

Af(ﬁ)=%[22 ,,g’ g’+on(§>]

=1 /=1
2 " " 2
=5 [Z Zaimm,+a(§)] =Z[Am+a®l 6
i=1j=1
rae Mbl BBE€JH HOBbLIE HGPEMQHHI:IE
1]1=§,'/P (i=1’21»'°'» n)
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]/ZE’
In|= Zm :

Jlerko BujeTb, 4TO

Takum o6pasoM, TOYKa 1) OpH JIOGbIX § HaxXojuTcss Ha IO-
BEPXHOCTH n-MEpPHOro eauHWYHOro iwapa. Pyukuus A ()
HEempepelBHA Ha 3TOM TNOBEPXHOCTH, NpeAcTaBijsioulell coGoi
OrpaHMYeHHOe 3aMKHYTOe MHOXKeCTBO, M MO YCJOBHIO MOJO-
XMTeNbHa Ha 31Ol moBepxHocTH. Ho Torma A (m) nAocturaer
CBOETO MHHHMyMa m B HEKOTOPOH TOuKe 3TOH TOBEPXHOCTH,
KoTopbiii Gosbiie Hyas (m>0) (cm. § 8.12, cBoiicTBO 2)).
Tak kak a(§)—0 npu p=|§|— 0, To npu ROCTaTOYHO
majaom 6 >0

la (@) <m VE& |§|<8.
CnenoBaresibHO,
Af (x°)=[ (x°+8)—f (x°) =
—ClAM+a®=5[m+a®]>0 V& |E| <8

u ¢yHKuMA [ UMEET JIOKANbHBIA MMHMMYyM B TOuKe X°.
YTBepxkaeHHe 2) J0Ka3blBaeTCs aHAJOTHYHO.
HokaszartenbcTtBo 3). B nanHom cayvae ¢opma A (§)

s HekoToporo §'s~0 oGpamaercss B HYJb, HO TOTAA B CHJIY

cBoiictBa ofHOpoaHocTH dopmbl (A (ag) =a2A (§)) ans E=ak’,

rlie .—4YuCcJO, OHAa TaKXe JO/KHAa paBHATBCH HYJIO. 310

noxKasbiBaeT, YTO JJIs BCEX YKa3aHHBIX TOYeK § Hama gopma

paBHa HYJIO H, cleloBaTeqnbHO, f(x°+4§)—f (x°) =—;— p% (§).

Ho 3nak a (E) Heu3BecTeH, MO3TOMY MBI HE MOXeM CKasarb,
uMeeT [ B X° SKCTPEMYM HJIH HeT.

HokasatenbcTBO 4). 31ech onsiTh YA06HO OOpPaTHTD-
cfi K paBeHCTBY (5). B 3ToM cayyae no ycJIOBHIO CYIIECTBYeT
Touka §', s KOTOPOH (OpMa MOJOKHTENbHA M CYLIECTBYET
Touka §&”, Ans KoTopoill ¢opMa oTpulaTtenabHa, HO TOrAa AJis
COOTBETCTBYIOIMX MM Touek M) ' =§'/p, W' =E"/p GyayT BbI-
noaHsiTbesi HepaBeHctBa A (n') >0, A(n") <0 u npu Manmix
p oxaxercs, uto A(n)+a(E) >0, AM)+aE) <0, e.
B JiI0GOH MaJioi OKPEeCTHOCTH X° MMeIOTCS TOYKM X' H X7,
s kotopiX f(x') > f(x%) u f(x") < f(x°), a a0 o3Hauaer,
YTO 3aB€JOMO HET 3KCTpeMyMa.



'§ 8.13. DKCTPEMYMBI 341

HaBecThnl ') yenoBusi (Cuassecmpa), BoipaxcaeMble Ha A3blKe
KO03(b(hHUHEHTOB a,;, NPU KOTOPHIX KBaipaTHuHas ¢opMma (4)
YIOBJIETBOPSIET TMEpEUHCNEHHBIM Bhlle ycaoBusM 1)—4).
31ecb Mbl OTMETHM TOJILKO BHITEKaiomlue u3 TeopeMbl CHilb-
BeCTpa KpHTepHH B cjyuyae GyHKUMH u=f(x;, X,) OT MABYX
nepeMeHHBIX.

Ecav a;=f2(x°) >0 u

Iaii agp
Qg1 Qg2

= 3385 —als = Fiz (£°) Fi2 () —[Fiur, (£ > 0

(B atom cayuyae ¢opma (4) CTPOro MOJIOKHTEJNbHO OMpEleseH-
Ha), TO QyHKUUSA u=f(x;, X,) HUMEeT JIOKAJbHBIi MHHUMYM
B Touke Xx°=(x3, x3).

Ecan

Fiz (£9) <0, iz (#9) f2 () —[F, (£9]> 0

(B aroM cayudae ¢opma (4) CTPOro OTPHLATEJILHO ONpeeseH-
Ha), TO QYHKOHS u=f(X;, X,) UMEET JIOKaJIbHBIH MaKCUMYM
B TOYKE Xx°,

Ecau aya,,—ai, <0, 10 d% (£°), Kak - KBaapaTHuHas
¢opma, He FABJAETCA ONpENeJICHHOH MO 3HAKY MPH HW3MEHEHHH
Ax;, mosToMy B 3TOM caydae Af(x°) Takxke HE coxpaHseT
3HaK B JIIOOOH OKPECTHOCTH TOYKH X°, H, CJIeJOBaTeJbHO,
SKCTPEMYM B TOYKe X° OTCYTCTBYeT.

Ecan BbhIpaxkeHue a,,a,,—aj,=0, To Bonpoc 06 SKcTpe-
MyMe OCTaeTCsl OTKPHITHIM.

[Mpumep 1. [na o¢yskuun u=x*—3x-4y® TOUKH
(+1, 0) sBistoTCca craunoHapHbiMH. HMccaenyem ux Ha 3KeT
pemym. Hmeem

w,=6x, u,(xl,0=26 u, =0, u,=2.

xy

Takum obpasoM, ana touku (1, 0): a;,a,,—a2,=6-2—0=
= 12> 0, a;;=6>0. Ilostomy B Touke (1, 0) Hawa pyHK-
UUA MMEeT JIOKaJbHuli MHHMUMYM. Jas Touku (—I1, 0): a,4=
=—6<0, a,,0,,—a},=—12 <0, nostromy GyHKuHS 3KCT-
pemyma B Touke (—1, 0) He umeer.

[Ipumep 2. Insa pyHkuuu u=x*+y* touxka (0, 0) siB-
JIIeTCA CTAllMOHApPHOH, M JIETKO BHMETb, YTO B 3TOH TOUKe
(pYHKIHMS HMeEeT JIOKaJNbHbIA MUHMMYM. Mexny Tem u, = 12x2,

Uy =0, upe=2,1.0. 0;=0,0,,=0, a,,=2wu a,a,,—a2, =0.

1) CM. Hamy KHHry «Bhbiclias MaTeMaTHKa. DieMeHTH JuHefiHOH
aare0pHl H aHaJHTHUecKOH reomerpuu», § 21,
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Ipumep 3. Jna dynkuuu w=x°-y® B CTaHOHAPHOH
Touke (0, 0) a;;=0, a;,=0, a,,=2, T. e. CHOBA QyyQ,y —
—a},=0, HO B JaHHOM cJjyyae (QYHKUMSA U =Xx®- y® B TOUKE
(0, 0) skcTpeMyMa He HMeeT, TaK Kak Ha npsamodl y=0 npn-
pamgﬂne Au =x* MeHsieT 3HaK .NIPH NEpPEXOAe Tepe3 TOUKY
x=0.

§ 8.14. HaxoxpneHnne HauGOJbIIHX
H HaMMEeHbIUNX 3Ha4YeHHH QyHKIUH

Ilycts 3ajana HenpepniBHO AnddepeHnupyeMas GyHKUUA
u={(x) na mHoxecrse GcR,, npeicraBagiomeM coboli 3a-
MLIKaHHE OTpaHWYeHHOH 06J1acTH, T. €. 006JacTH, K KOTOpO#
npucoeluHena rpanuua 0G. Torda f Jocturaer MakcHMyma H
MHHHMYMa B HEKOTOPHIX Toukax X € G (cMm. § 8.12, cpoficr-
B0 3)). DTH TOUKH MOTYT OLITb BHYTPEHHHMY M IDaHHUYHBIMH.
Ecnm touka x BHyTpeHHss, TO (GyHKuusA f(X) HMeeT B Helt
JOKaJIbHB 3KcTpeMyM. IlosToMy, uroGbl HafiTH HauGoJbllze
(BauMeHbuIee) 3Hauyenne GYHKIHM, He-
4 06XONHMO HafiTH BCe CTallHOHApPHLIE
4 TOYKH, BBHIYHCJMUTH 3HAUYCHHE (YHKIMH
B 3THX TOUYKax M CPaBHUTb UX CO 3Ha-
9eHUAMH (YHKOHM Ha rpaHune 4G,

¢ HauGonbinee us s1ux 3Hauenuit u 6y-
AeT Hauborbwum 3HadeHuem QYHKIHH

7 S~ Ha G.
Ecnmu GeR, u 0G sBasercs mio-
Puc. 98. CKOH HeupepbIBHOH KpHBOH x=¢ (1),

Y=@ (f), TO BLOJb 3TOH rpaHULbl HAllla
dyHK1UMSA aBaseTcs QyHKUHKEH oT ofHOro nepemennoro ¢: f ¢ (¢),
P (#)]. Haxomuth HauGoJsibiee 3HaueHHe 3TOH (YHKUMH Mbl
yKe yMmeeMm.

ITpumep. Haiitn unanGosbinee 3HaueHwe GYHKUMM 2z =
=1—x-+4x2+2y B samkHyToii ob6snact# G, OrpaHuueHHOH
npameiMu: x=0, y=0, x4+ y=1 (puc. 98).

Pemenune. z,=—142x=0, 2;,=250, T. e. crauno-
HapHHX Touek HeT. Mccnenyem ¢yuxumio z Ha 0G.

1) Myers x=0, Toraa z=1+2y, 0<Ly<<1. Ha [0, 1]
¢yHKIHS z2=1-}2y cranuOHAapHBLIX TOYEK TaK}Ke He HMeer,
nz(0)=1, z2(1)=3.

2) Ilyerp y=0, torga z2=1—x+x2, 0<Cx<< 1. Hanee,
2,=—1-42x=0 npu x=1/2, T.e. x=1/2—cranuonapuas
Toyka. Brluncias 3HaveHHe ¢YHKUMH B 3TOH TOUKE M HA
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rpauune B Toukax x=0 u x=1, moayumms z(1/2)=23/4,
z(0)=1, z(l)=1.

3) Mycte x4y=1, Torma z=3—3x+4yx3 O0<x<L]I.
Tak kak 2z,=—3+42x=0 B Touke x=3/2€[0, 1}, To B Ha-
mem npomexytke [0, 1] ner cranmonapheix Touek. Jlanee
2(0)=3, z(I)=1.

CpaBHHBasi Bce HauGOJIbIUME 3HAUEHUsT (QYHKUMH MO Yac-
THAM TPaHHLB, MBI BHIMM, YTO HamnGoJbliiee 3HaueHHe (YHK-
MM 2 (x, y) Ha G paBHO 3 u Hocturaercs B Touke x°=(0, 1).

§ 8.15. Teopema cyumiecTBOBaHHS HesiBHOH GyHKUMH

3ajaiiM NpOH3BOJBHYIO (QYHKIHIO f (X, y) OT ABYX mepe-
MeHHBIX x¥ H y. [lpupaBHsem ee HyJIIO:

MuoxecTBo BCcex Touek (X, y), AJS KOTOPHIX BBHINOJHSAETCS
pasencteo (1), oGosxauum uepes M. Ilycts (x,, y,) €M,
T. €. [(%g Yo)=0.

Ecnu He HakJaApBaTb HHKAaKHX YCJOBWH Ha f, TO MHO-
KecTBO Wt MOKET HMeEThb caMylo pasjnuHyio npupony. Ha-
npumep, B cayvae f (x, y) = (x—x,)*+ (y—y,)* MHOoxecTBO M
COCTOUT H3 OIHOH-€IMHCTBEHHOH TOUKH (X,, Yf,), @ B CJyuyae
f(x, yy=x*+y*+1 muoxectBo M nycro, B Cayyae xe

F(x, y) = (x—x0)*—(y—Yo)* = (X + y—xo—Y,) (x—y—X,+Y,)

M ecThb mapa NpsAMBIX, NPOXOAAIUX uepes (X,, y,). OnHako
4aCTO MMEIOT MecCTo cJjyuyad, Korda i, mo kpaitHedl Mepe B
JIOCTATOYHO MaJsioH OKPECTHOCTH (X4, Y,), MPeACTaBJseT coGoi
KPHBYI0, OITHCHIBAEMYIO HENPEPLIBHOH (ONHO3HAYHOMH) (pyHKLUEH

y=1p(x) (x € (x,—05, x,+96))

(takuM o6pasoM, P ecTb (YHKIHs, oOmpelessieMass HesBHO
ypaBHennem (1), cM. Takxke § 3.1).

Bosnukaer Bonpoc, Kak no CBOACTBaM (pYHKUMH f y3HaTb,
YTO MMEEeT MeCTO HMEHHO 3TOT cJyyal?

Huxke nokaswiBarorcst ABe ofLiMe TEOpEMbl, OTBEYalollye
Ha NOCTaBJIEHHbIHI BONpOC.

Teopewma 1. ITycme 3adano ypasrerue

f(x, y)=0, 1)
yOosremeopatouiee €Ae0YrowUM CE0LCMBaM.
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Pynryus | onpedesena na Hexomopoii 08ymeproll ok pecm-
Hocmu Q mouKu (X, Yo) NAOCKOCMU X, Y U Henpepoléna mMam
emecme €O C80UMU HACMHLIMU NPOU3BOOHbIMU Nepeozo nopaoKa;
npu smom

fi o 90 = () 7 @

u f(x4 Yo)=0. ycme, Oaree, M ecmo mrosicecmeo 6cex mo-
uek (x, y), ydossemeopawuux ypasuenuto (1) (6 wacmuocmu,
modka (xo, 4o) € M).

Toeda, kaxoeo 6oL Hu 660 by > 0, Halldemes nPAMOY20LbHUK

A={lx—x,|<a, |y—y,|<b} (b<by), 3)

npunadsescawuti Q, makoii, umo mroxcecmeo MA onuceieaem-

ca Henpepbisho Oudhpeperyupyemoti pynkyued (Heasrol dyrk-
yuei)

y=1v(x), x€ Ao, 4)

A ={|x—x,| <a}. (5)

- Hpyrumu cnoBamu, npsiMOyrosbHHK A o6najiaer TeM CBO#-

CTBOM, 4TO Ha ero npoekuuH A® Ha oCb ¥ MOXHO onpeje-
JHUTb HenpepuBHO AH(ppepeHnupyemyio ¢yHkuuio (4), aBas-
Iolylocs pelieHnem ypaBHeHusi (1), T. e. ynoBJeTBOpSIOLLYIO
ypasHenuio (1)

F(x, $(x)=0 (x€A). ©)

I'paduk ee monHocTbio npuHaiNexuT A. 3rta QYyHKIHS elUH-
CTBEHHAa B TOM CMbIcJIe, 4TO JitobGasi Touka (x, y) € MA umeer
KOOpAHHATHI, CBs3aHHble ypaBHeHHeM (4). B yactHocTH,
Yo =1 (%), noToMy 4to (xo, 4,) € MA (puc. 99).

HdokaszatenbctBo Teopemn 1. Ilyets ans ompe-
IeJIeHHOCTH [, (X,, ¥,) > 0. Tak kak f, HenpeprBHa Ha L,
TO CYIGSCTBYET OKDECTHOCTb TOYKH (X,, Y,), KOTOPYIO MBI
cHOBa 0Go3HauuM uepe3 Q, Takas, uto B Heil fy(x, y) > 0.
BeeneM 3aMKHYTHI NpSIMOYTOJIbHHK

A={lx—x]<a, |y—y,|<b < (b<by).
Torna f,(x, y) >0 na A u
min_ f; (x, y)=m >0, )

(x, y)ea

Dyukuusa f(x, y), paccmarpuBaeMas Ha OTpe3Ke [y,—b <<
<y<y,+b, x==x,], KaK ¢ysKuua OT Yy HenpepLBHa,
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CTpOro BO3pacTaer M ofpauiaeTcss B HYJb B TOUKE Y=y,
(no. ycsioBuio TeopeMsl f(x,, y,)=0). 3nauwur,

f (%o yo—0) <0, f(x, yo+b)>0.

BenencTBue HenpepuiBHOCTH [ HalilleTcss JOCTaTOYHO MaJjoe
yucso a, 0 < a < a, Takoe, 4TO

f(x, 4o—0) <0, f(x, yo+b)>0 VxeA'={lx—x|<a}.

OGosnaunm uepes A={|x—x,|<a, |y—y,| < b} oTKpbITHI}
npsaMoyronbHHK. OueBuano, AcAcQ u A® ectb npoekuus A
Ha OCb X.

4

PaccmoTpum Tenepb I/ NMPOH3BOJBLHOrO H (PHKCHPOBAH-
Horo x € A° ¢yHrRuMiO f Kak (YHKUHIO OT Yy Ha OTpeske
[yo—b, y,+b]. Ona nenpeprBHa, cTporo Bo3pacraer (f, > 0!)
H HMeeT NPOTHBONOJIOXKHEIE 3HAaKH Ha ero koHuax. Ho toraa
Mo TeopeMe O NPOMEXYTOYHOM 3HAYEHHH CYLIeCTBYET W MpH-
TOM €JHHCTBEHHOE YHCJO Yy, NpHHAAJeXKallee HHTEPBaJy
(Yo—b, y,+0b), MBI ero oGo3Hauaem uepes y=1(x), AJs KO-
Toporo f(x, ¢ (x))=0.

MM JI0OKa3aHO CYLIECTBOBAHHE oONpefile/leHHOH Ha A°
¢yHRIEM P (x), yAoBJeTBOpslomel ypaBHeHHIO (6).

Jokaxem, yto ¢yHkuus {(x) HenpeprBHa Ha A°. [lycts

%, xFAXER, y=1p(x), Ay=1p(x-+Ax)—p(x). Toria Ha
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ocxoBanuu dopMyas Teftsopa (§ 8.10) umeem:

O=f(x+Ax, y+Ay)—f(x, y)=
=f,(x+0Ax, y+0Ay) Ax+f, (x+ GAx,_y-l-OAy) Ay,

rie 0 <0< 1. Orciona

Ay _ _ Fx(x+60Ax, y+64y) ®)
Ax fy (x+0Ax, y+6Ay) ’

rie Touka (x-+6Ax, y+06Ay)EA. B cuay ycnoBusi TeopeMsl
HA 3aMKHYTOM NpSIMOYTOJbHHKE A, a cJeloBaTelbHO, U Ha
npaMoyroabhuke Ac A, dyukuus f; orpanuuena (| f;| << M),
a mo (7) ¢ynkuus f, orpaHuyeHa cHu3y uucaoM m >0,
nostoMy u3 (8) moJsyyaeM, 4TO

Ay
Ax

M

~ m ’

T. ¢ Ay—0 npu Ax— 0, uTo O3HayaeT HeNpepLIBHOCTb
¢yHkuuH y =1y (x) B Touke x. Tak Kak TOYKa X—Tpou3-
BoJIbHasl ToukKa A To ¢GyHKuUus P (x¥) HenpepniBHA Ha A°.

Teneps, nepexoas k npefeny B (8) mpu Ax— 0, noxy-
gyaeM (Mo RokasaHHoMy Ay takxke — 0)

hm Yo _EED ) ©)

Ax-»OAx— f_;,l(xy !/)

Mbl  JOKa3aqu  CYIIECTBOBaHHE MPOM3BOAHOH v’ (X)
B TOYKE X M DPaBeHCTBO

’ - f;t(xv ﬂJ(x)). 10
V=) (10)

HenpepriBHocTs ¥’ (x) HenmocpeacTBenHo Bumna u3 (10), mo-
TOMY 4TO f, W f, HempepbiBHbI Ha INpPAMOYroJbHHKe A, a
KpuBas y=1 (x) He BBIXOJUT 3a €ro mnpelesbl H SIBJSETCH
HelnpephiBHON, KAaK MBI JOKa3a/ji BHIIIE.
CoopmympyeM TeopeMy, aHAJOrHYHYIO TeopeMme 1, B ciy-
yae, Korja HesiBHasi QYHKUUS 3aBHUCHT OT 7 NepPEMEHHBIX.
Teopewma 1'. ITycmo 3adano ypasrenue

f(xr y)=f(x11 cevs Xpy y)=0, (l’)

yOosaemsopsarouee Cre0YIOUUM YCAOBUAM.
Dynxyus f onpedesena wa Hekomopod oxpecmuocmu K
mouxu (x°, y®)=(x}, ..., x8, y°) npocmparcmea R, .1 mo4ex
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(X, N=(x1, ..., X,, ¥) U HenpepuieHa mam 6mecme . co
COOUMU HACMHLIMU NPOU3BOOHLIMU NePeoe0 NOPADKA; NPU IMOM

foa, = (2) #0, fx, P)=0. @)

Mycme, Oazree, M ecme muascecmeo ecex modex (X, y), y0os-
semeopsrouux ypasuenuro (1') (e wacmnocmu, (x°, y°) € M).

To20a, kaxoso 6ot Hu 6bi10 by, > 0, Haiidemcs &8 an;mo-
Y20AbHUK

A={lx = <a, j=1,..., n,] y—g* | <b} (B<by), (3")

npuradaexcawguii Q, maxoii, umo muoxcecrneo MA onuceiaemcs
HenpepoigHo Ougppeperyupyemoti ynkyueli (m. e. umeroweli
HenpepoleHble HACMHbLe NpPOU3BOOHbIE)

y=19(x)=19(x; e Xp)s x €A, (4:)
={|x/—x?'<a’ ji=1 ..., n}h (5"

UYacTHele NpOH3BOJAHBIE OT (GYHKUHH P BRYHCJSIOTCH MO

(opmy e
oy _ o Pl i ,
6x/ _E/ay (]_l’ o0y n)- (10)

Ecnu ¢ynkuus f (B cayuae teopeM 1 m 1') umeer He-
npephiBHEIE NPOW3BOAHbIE 60Jiee BHICOKOrO nopsiika [, To u
HesBHas (YHKLHA HMEET NPOM3BOJHIE moOpsika I, KoTo-
pbie MOXHO HaiitH, Auddepennupys [ pas d¢opmyay (10)
wan (10%).

Mpumep. Ilycty usBectHo, uto ¢yukuus f(x, y), pac-
CMOTpeHHasi B TeopeMe l, HMeeT HenpepriBHEIE YaCTHHIE 11PO-
13BOJHBIE BTOPOro mopsiika. DyJeM HCXOAMTh M3 paBeHCT-
Ba (10). Huddepenuupys ero no x, noayudum

v Ty Gt P ) =T, (f}y-i-fyzw)
P (x)— - (f')z

Mu HcroJsb3oBan# ¢Gopmyay AnddgepeHIHpOBaHUS CJOXK-
HOH (YHKIHH.

§ 8.16. KacaTteabHas nJoCKOCTb H HOPMaib
IlycTh noeepxHOCTb S 3aJaHa ypaBHEHHEM
F(x, y, 2)=0 )

B HesiBHOM Bule. Bynem cuurate, uto F(x,, ¢, 2,)=0 u B
HEKOTOPOH OKPECTHOCTH TOYKH (Xo Y, 2,) GyHKUUsS F umeer
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HenpepLIBHEIE YacTHbIE MPOH3BOJHBEIE, OJHOBPEMEHHO HE paB-
Hble Hymo. Toraa -

grad, F = ((Fi)o, (Fp)or (F2)g) 0. @

Mpr nuwem (@), Bmecto D (xy, Yo 2,)

Ilnst onpeliesleHHOCTH mpeAnoJioxuM, uto (F;),5%0. Torza
Ha OCHOBAHHH TEOpPEMBl O HEesBHOH (YHKUHM CYIIECTBYET
OKPECTHOCTb TOYKH (Xg Yo, 2,)» B KOTOPO#l MOBEPXHOCTH S
ONHUCHIBAETCA fIBHO HENpepuiBHO JAuddepeHuupyemoli ¢yHK-
uned z=f(x, y). YpaBHeHHe KacaTeJbHOH MJOCKOCTH K S B
TOUKE (X4 Yo 2,)» KAK MBI 3HAEM, HMEET BHX

z2—2,=(f2)o (x—x%o) + (F3)o (y—¥o)
rie
(f;t)o = —(F;c)o/(F;)m (f‘;)o = _(Fz;)o/(F;)o'

B cuny storo ypaBHeHHe KacaTeNbHOH MNJIOCKOCTH K S B
TOUKE (X4, Yo 2,) 3AMHLIETCH TaK:

(F;c)o (x_xo)+(F£l)o (y_yo)"‘(F;)o (Z_Zo)=0’ (3)

a ypaBHeHHe HOpPMajH K S B TOUKe (Xg Yo 2,)—TaKl

x—xo=y‘yo=3—’?o. 4

e~ o~ @

Te xe ypaBuenus (3), (4) Mbl noJayuuMm, ecau npexano-
Ja0xkuth, 4t0 (Fp)o#0 wuam (Fj),=0. B 3tux cayuasx B

OKPECTHOCTH (X5 Yo» 2,) TMOBEPXHOCTb S OMHCHIBAaeTCsi SIBHO
COOTBETCTBEHHO ypPaBHEHHSIMH

x=¢(y, 2), y=v(x, 2).

Mbl BHAMM, YTO MpH YCJNOBHH (2) HEKOTOPHIH KYCOK mO-
BepXHOCTH S, npHHaAJexamuil K AOCTaTOYHO MaJIoH OKpecT-
HOCTH (X, Yy 2,) B JOGOH €ro TOUKEe HMEET KacaTeJIbHYIOo
NJIOCKOCTb, HENPEpPLIBHO H3MEHSIOULYIOCST NMPH HENpephIBHOM
NepeABHKEHHH TOUKH (Xo, Yo 2,). 1AKOH KYCOK Ha3bIBAIOT
2na0KkuMm Kyckom nosepxHocmu S

Hpyroe neno, ecau grad, F=0. B 3rom cayuae Hesb3s
rapaHTHPOBaTb, YTO B TOYKE (X, Y, 2,) CYILECTBYET Kaca-
TeJqbHas MJ0CKOCTh K S. OHa MOXeT CyIIeCTBOBaThb, @ MOXeET
H He CYIIeCTBOBaTh.

[MTpumep. YpaBrenue

2+t —xt=0 ®)
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onpelleisieT KPYroBod KOHYC C BEpLIMHOH B Hauase Koop-
IMHAT ¥ OCbio, coBmnafaioweil ¢ oceio x (puc. 100).
JleBasi yacTh ypaBHeHHs (D) HMeer yacTHbIE MPOH3BOAHbIE

Fy=—2x, F,=2y, F,=22,
OJIHOBPEMEHHO He paBHbIE HYJIIO, €CJIH TouKa (X, ¥, 2)7=(0, 0, 0).
B mo6Go#t Takofi Touke, KOTOPYI0O 0GO3HaUMM 4epes (X,, Yo» 2o)s
KacartesbHasi MJOCKOCTb ONpeJiesisieTcsi ypaBHEHHEM

—Xo (X —2%0) + Yo (Y —yo) + 2, (2—2,) =0.

B Havane ke KOOpAMHAT KacaTesbHas [MJIOCKOCTb K HaueH
KOHHYECKOH MOBEPXHOCTH He cyiiecTsyer. B 3toM cJayuyae
grad, F =0.

Puc. 100.

Toukn (x4, Yo» 2,), JSI€MKaLIME HA NOBEPXHOCTH S, B KO-
Topeix grad, F =0, Ha3bBalOT 0cobbiMu MOuKaAMU NOBEPXHO-
cmu S

PaccMoTpuMm HenpepbiBHO Au(xbepeHUHPYeMYIO (pyHKLHIO

u=f(x, y, 2) ©6)

Ha HekoTopofi ofaactu  Touek (x, y, 2). Ilyctb B Touke
(X4 Yor 2,) €EQ ee 3HaueHue paBHO uucay A:

A=[(x Yo 2,)-

Ecan gacTHele npousBoAHble OT f B TOuke (X4 Yg 2,) OHMHO-
BPEMEHHO He paBHB HYJIO, TO YypaBHeHHe A=f(x, y, 2)
onpejiesifieT B OKPECTHOCTH 3TOH TOYKH HEKOTOPYIO TVIAAKYIO
MOBEPXHOCTb S, HA3HIBAEMYIO NOBEPXHOCMbIO YPOBHA (DYHK-
yuu (6).

KacarenbHas mnjockocTs K S B Touke (xo, Y, 2,) UMeeT
ypaBHeHHe

(L), =0+ (&) w—v0— (L), e—2)=0.
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Hopmams kK S B Touge (X, Yo, 2,), T. € MOpsmasi, HPO-
XOJsIasi uepe3 3Ty TOUKY, NepHeHAUKYASPHO K KacaTesb-
HO¥ IJIOCKOCTH, OYEBUJHO, HMeeT ypaBHeHHE

X’—xb Y'—yo Z—Zo

(). &) .
MBI BHAMM, YTO BEKTOP

eadfo=( (35 ) (&)o (55)h)

HampaBJieH IT0 HOpPMaJii K IOBEPXHOCTH S.

YpaBuenne z=7{(x, y), rie QyHKuHs [ umeer Hempe-
pHIBHEIE  4acTHbIE IPOM3BOIHBIE, OINpeNessieT HEKOTOPYIO
riaikylo nosepxHoctb S. Tlonoxum, A=f(x, y,). Ecan

d 0,
B TOYKe (X, Y,) YacTHEIE IPOH3BOIHbLIE (%—)o, (a—g)o
OJIHOBDEMEHHO He PaBHBI HYJ/IO, TO ypaBHerne A=f (x, y)
ompefensieT B OKPECTHOCTH 3TOH TOYKH HEKOTOPYIO TVIaJKYIO
kpuBylo I' (aunuro yposns ¢ynryuu z=7f(x, y)).
YpaBHeHue kacatesnpHOH K I' B (%, y,) uMeeT BHA

(), 6=n0—(), b=

BexTtop ((—%)0, (3—210> HanpaBled no Hepmaad Kk T

(8 mockoctu I') B Touke (xq, Yo).

§ 8.17. Cucrembl (YHKLHH, 3aJaHHbLIX HESIBHO

Bhiie MBI paceMOTpesd BOHPOC O CYLIECTBOBAHHH HeNpe-
peIBHOH M JAuddepeHurpyeMoil HesaBHOH (YHKIHMH, ONpene-
JISIeMONl ONHHM ypaBHEHHEM.

31ecb MBI pacCMOTPHM aHAJNOTHYHBIH BONPOC AJISI COBO-
KYMHOCTH HefBHbIX (DYHKUHHE Y4, ..., Y,, ONpEIENsIeMBbIX
CHCTEMOHN YypaBHEHHUH

fi (Bis ooy %03 Yis ooy Yp) =0, l

(1)

Fmn (s ooy X3 iy ooy ym)=0' J
Takum o6pasoM, Mbl HmeM OYHKUHH Yy, ..., Y, OT
X{y ..., X, KaK pelleHHs1 cucteMbl (1): g;=1¢;(x;, ..., x,)

(t=l, “eey m).
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Brifichum Te ycnoBHs, KOTOpHe OGECREUHBAIOT Cylle-
cTpoBatue pemenus cucremst (1) u auddepennmpyemocts
¢yHKIMH y;.

Teopema 1. Ilyeme 3adana cucmema ypasreruii (1),
yBosremsoparouas credyrouum ceoticmean.

Dynxyuu f; onpedesenst Ha Hexomopou ((n+m) MepHOLL)
oRpecmuocmu é mouky (X% Y°)=(x%, «.ey X0 Yl oevy Ym)
MPOCPAHCMED Ry MOYEK (X, )= (X1s 2+ 2y Xyi Yine - s Yp)
1L HenpepuiBHbL MAM BMECME CO CEOUML HACHHLIMU NpOU3800-
HbLMU nepeozo nopadka ¢ axobuarom (onpedesumerem SIxobu?))

ohi  of

ayl;“' Ym

080 | = %T_D(fl, e fm)

Oy Om| 1% Dl e, Dy ™ O )
31" Ym

Kpome moeo, mouxa (x°, y°) ydossemeopsem cucmeme (1).
Mycme M ecmo mruoxcecmeo ecex mouek (X, ¥), yoosrem-
soparoujux cucmenme (1) (8 wacmuocmu, (x°, y°) € M).
Toe0a, kakoeo 6pe Hu OGwviro by, >0, Hatidemca npamo-
Ye0AbHUK

={lx,—x|<a (j=1, ..., n),
|!/,—y?|<b (E=1, ooy m)} (b<b0)’ (3)

npunadsexcawuii Q, maxod, umo mroxcecmeo MA onucet-
saemcs HenpepoHo Oudgheperyupyemoinu dynxyusmu

yl=\pi(x) (i=1’ ey m), xEAO, (4)
A ={lx,—xj|<a, j=1, ..., n} (5)

JIpyruMu cjioBaMH, NpPSIMOYTONIBHHK A o6JallaeT TeMm
CBOWCTBOM, 4TO Ha €TO NMPOeKHAH A’ Ha KOOPAMHATHOE MOJ-
npocTpaHcTBO (Xi, ..., X,) MOXHO ONpeleJUTb HEeNpepbIBHO
InddepeHuupyemuie ¢yHKuuU (4), yloBJeTBOpSIOUIYE ypaB-
Hennsim (1):

fj(x’ Ipl'(x)’ sy 'lpm(x))EOy (xEA", ]=1, veey FH)

W HepaBeHcTBaM [v; (X)—yj| < b. DM QYHKUHMH €LMHCTBEH-
Hel B TOM CMbICJle, 4TO JioGasi Touka (x, y)€ MA umeer
KOODJAMHATHl, CBSI3aHHble YpaBHEHUAMH (4).

B uactaoctn yi=1v,(x°) (j=1, ..., m), moromy urto
(x% ¥°) € MA.

1) K. I, SIko6m (1804 —1851)— nemenxuii MaTeMaTHK,
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3aMeuyanue 1. B Teopeme MOXHO CYMTaTh, YTO NPf-
MOYTOJBHHK A H ero npoekius A° onpelessiioTcsi HepaBeH-
CTBaMu

A={lx—x<a, (=1, ..., n)
lyt—y?’<bt (i=1’ REE) m)}’ (3*)
A ={lx;—x}|<a; j=I1, ..., n} (5%

C pPasNMuHBIMH, BOOOWE roBOpsl, uucaamu a,, b;. Benp ecau

TeopeMa BepHa AJIsi PSIMOYTOJIbHHKA (3%) NMpH HEKOTOPHIX a;,

b;, 10, nonoxuB b= minb;, MOXKHO BCJEJCTBHE HENpPepHIB-
HOCTH (YHKUMH 1, yKasaTh Takoe yucio a<a,; (j=1, ...
.., R), UYTO TOUKH

®, P (%), ooty Pp(®) ¢ xE{x;—x} | <a, j=1,...,n}

OKaXyTCsi B NpsIMOYroJibHHKe (3).
3ameTuM, OIHAKO, YTO BOOOUIE HEBO3MOXKHO JHdOGHTHCA,
yToOel @ U b B (3) ObliM paBHBIMHM, B YeM JIeTKO YOGeAUThCS
Ha nipuMepe olHoro ypaBHeHHus F (x, y) =y—x2 =0, x,=y,=0.
IMpusenem n0Ka3aTeNbCTBO TeOpeMbl | TOJNBLKO AJS YAacTHOTO CJay-
yasi ABYyX ypaBHeRHMi
fy (¥1, %25 y1, y2) =0, } 1
fZ (x5, xa, Y1, !/2)=0
Ham nago gokasatb, 4TO ecsu QyHKUHMH fi H fy HempepulBHO Xu}-
¢epenuupyembl B HeKOTOpo# okpecTHOCTH ToukH MO=(x}, x3, 43, YD) €
€ Ry, ynosnetsopsiomeii ypaBHenuam (1°), u sikoGuau
Oh O
0y1  0ye
O O
Oy1  Ouy
B MO, 10 nns mo6oro by > 0 HafineTcss NpsSMOYTrOJBHHK

£0 @)

A={lx—x| <a, |xo—23] < a, lys—yP| < b, |ya—y2| < b}
(b < bg), (3"

NpUHaJJIeXKalUi YyKa3alHOH OKPeCTHOCTH, H CYUIECTBYIOT HenpephiBHO
nupdepenurpyemble GyHKLHH

1=t (i1, xa) } (x1, x2) €AY, @)

Yo =", (X1, Xxo)
onpejieieHHBle Ha €ro NpoeKUHH

0 0
A={lx—x1| < a, |¥p—x2|<a} (5"
TaKHe, YTO OHH YAOBJIETBOPsAIOT ypasnennsm (1”) n o6nanaior coficTBamu

B="1 (xh, %), ¥3=1ps (1, x2)s
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Ipu atom nas (x1, x5) EAO '
(i, x2, P1 (¥1, x2), Pa (¥1, xe)) € A. ©)

YkasaHHele GyHKUMH YPj, Pp— eIHHCTBEHHBIE, ONHCHIBAIOLIME BCe
pewieHuss ypasHenuil (1’) B npamoyronbiHke A; HHaue TrOBOpS, €CJH
Kakas-Jqu60 Touka (X1, Xs, Yi, Y2) € A yHoBJIeTBOpsieT ypaBHeHusiM (17),
TO €e KOODAHHATHl CBSI3aHBI COOTHOINEHHAMH (4').

W3 toro, uto sikoGuan (2’) He pasen HyJaio B MO, cregyer, uto
OJlHH M3 €r0 3/1IeMEeHTOB He paBeH HyJi0 B MO, He napymas o6muocr,
cyATaeM, 4TO

i

Oy

K aToMy HepaBeHCTBY BCerfia MOXKHO IDHITH, COOTBETCTBEHHO Nepeny-
MepoBaB B Cayuyae HEOGXOAHMOCTH fi; fa M yi, Yo

Tak Kak uacTHBIe TNPOM3BOAHBIE OT fi H f, IO YCJOBUIO HelpephiB-
HH, TO CyIIeCTBYeT NOCTATOYHO MaJjiasi OKPecTHOCTb TOYKH MO, Ha ko-

# 0. ™

TOpOH He TOJNbKO siKoOHaH (2’), HO M TPOHM3BOAHAs a—;- He PaBHEI HyJIIO.
1

Ho torma nas mepeoro ypaBuenus (1’), ecsim ero paccMaTpuBath OTHO-
CHTEeJIbHO Heu3BeCTHON (QYHKUHH yi OT (X1, X2, Ys), BHIIOJHSIOTCH yCJIO-
Bus teopembl 1/ § 8.15. Iloaromy muasi sro6oro by cymecrByer mpsMo-
YTOJNBHHK

M={lxi—A| <o, |p—x5n]<a [g—yl<B, lsi—il| <}
(v <b) (8
u HenpepniBHO AHbbepennupyemas GyHKIHA

Yyi=o (xfi X2, y2)1 (9)
i, %2, ¥2) € M={lxi—x| < @, [,—x3| < ly,—y3]| < B},
yAOBIETBOPSIOIAs NepBoMy ypaBHeHHuwo (17):

fi (xl:’ X2, (p(xf’ Xa, y2)’ y2)=01 (10)
rae 0
(xi, X2, Y2) € A1, (%1, X2, @ (X1, X2, Y2), Y2) € A1. (11)

ITpu 35TcM GYHRUMA ¢ eIHHCTBEHHa B TOM CMBICJIe, YTO J06as TOuKa
(%1, ¥2, Y1, Yo), DpHHALIexamass K Af H YHOBJNETBODPAIOWas NEPBOMY
ypasuenmio (1), UMeeT KoopAMHATHI, CBSI3aHUble paBeHCTBOM (9); B uyacT-
HOCTH,

PN=0 (x; x3, y9. (12)

3ameuanne 2. OrmeruM, 4T0 B (8) MBI MOTJIH GH Ha NepBOM
orane paccyXfAennit cumtath aa=f. Ho B panbuefimem npugercs umcsa
o, B HECKOJIbKO YMEHbIIHTb, BOOOILIe TOBOPS, HENPOIOPLHOHAILHO.
YMenblueHnsie o H [ NPHrOAHBL W JJIsl DAacCMaTpHBaeMOTO MNEPBOTO
3Tama paccyXAeHHH.

Urak, Mb moayyuin TtoxpaectBo (10) BepHoe KakoBH 6B HH GBlLIH
He3aBHCHMBIE (X[, X, Ys) € Al Ho 3To TOX[1ecTBO ocTaeTCss BepHHIM H

€CJIH CYUHTaThb, YTO Y, ecTb JiobGas HenpephiBHO Aupdepernnpyemas
dyHKUHA Yy =1, (¥1, X), TaKas, OAHAKO, YTOOGHI

(%1, %3, Pa (¥, X)) € AL (13)
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Ho rtakux ¢ynxumii P, GeckoHeuHoe MHOxkecTBO. llesib Hama BHIGpaTh
CpeliH HMX Takylo, yroObl (YHKUHH
Yi=9o (xir X2, ‘Pz (xlv Xg)) =‘Pf (xir x2)r
(14)
Yo="pq (xi, Xp)
TOXK/eCTBEHHO YJOBJETEOPSJIH BTOpoMy ypaBHeHuio (1’). [TepBoMy ypas-
Henmio (1') o yxe ynoBaerBopsioT. HMrak, NopcTaBHM HalileHHYIO
(QYHKIHIO ¢ BO BTOpoc M3 ypaBHeHmit (1'):
fZ (X]‘, Xg, q’(xI': X2, y2)’ y2)=0 (15)
u 6yaeM HCKaThb QYHKUHIO Y, OT (Xi, X), €My yHoBJerBopsiomyto. [lo-
JIOXKHUM v
@ (xi, xp, y2) =F2 (X1, X2, @ (¥1, Xo, Y2), ¥o)-
®ynkuusa © HenpephBHO AuddepeHnHpyeMa s MOGLIX (¥, Xp, Ya) €LY
(c. (11)). Ona ynosieTBOpsieT paBeHCTBaM

D+, 13, y)=Fs (4, 13, @ (1, x2, ¥9), y2) =12 (x1, %2, Y1, y2) =0

(cm. ycnobue Teopemer u (12)). Kpome Toro,

oD
il 0,
Yy #

B camom nene, aas Touek (xi, Xs, Ys) € A (mosicucHHS HuKe)
90 _ 9 % "_fﬂ=ifa_(_ﬁ/ﬁ) e
Oyg Oy Oys ~ Oys  Oyi Oys | Oyi 9>
O Oh
ofi 0fy  Ofy Ofi ) ofi |0y 092 | of
=tz M2 1) [ 11 — #£0. 16
(o 5= 50) | o O |3 20 0O
Oyi  0Ye

B nepsoM paeHcTBe (16) npuMeHGHO MPaBHIO O MPOHUSBORHOH CJIONKHOH
GyHKIEH, BO BTOPOM Hajgo yvecTb, uTO, corsacuo (10),

O _ _ Of / ofy

0y Yz | Oy
KoHeuHO, TaM Trjie MB THIIEM uHacTHBE MPOH3EOAHLIE OT fi M fg, cuH-
TaeTCSl, YTO OHH BBHIYHUCJAIOTCH B TOUKAX Xq=Xj, Xp=JXp, Ui =0 (X1,
X9, Y2), Ya=1Y,. B mocseanem coornomernnn (16) Hago yuectb (2’) u (7).
Mbl BHIHM, yTO Jepast uacTb ypaBHenus (15) ynoBieTBOpsieT BceM
ycnosusam Teopemut 17 § 8.15. ITostomy © mpsamoyroabuuke A? (cu. (9))

Haljercss HOBHIA, BooGule TOBOPS, MEHBIUWH NPAMOYTOJIBHHK, KOTODBIH
Mnl CHOBa ofosHauMM uepes AY (cM. BHIe 3amedarHe 2), W Raifercs

uenpepeBHO AHbdepennupyemast GyHKURSA
Ya="P2 (xi, X}, (ri, %) EA={| xi—x8| < @, |x3—x}} < a},
(x5 X9, o (x4, xz))EA(l’.
ylOBJIeTBOpsiomas ypastenuio (15):
® (x1, xp, by (X1, x2)) =2 (¥1, X2, @ (¥, Xz, Vo (X1, X2)), Yo (*i, X2)) =
=f2 (xlv Xa, q)l (xiv '\-2)’ 1p2 (xlt xz))=01
(e, x9) €A®, (%1, Xxa, Yo (X1, X2)) €AY, Y2 (33, x9) =43,
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[Tpn sTom mobass TOuKa (x1; Xp; Yo) €AY; yHOBIETBOpsIOMAS ypaBHe-
Huo (15); HMeeT KOODAMHATEHI; CBSIS@HHBIE DPABEHCTBOM Yy=1Py (Xi; X).
Ho Torpa BEimOnHsercss Takoe cooTHomeHHe (cMm. (11)):

(x1s xg5 Pi (X5 %2)y Pa (*is X2)) EAj.

HTak; HOKa3aHO cylleCTBOBaHHe HempephBHO AuddepeHIHpYembIX
byHKRUHH

yi="Pi (¥15 *a);
Yo="Pa (x15 Xo)

YZOBJIETBOPSIIOMHX o6ouM ypaBHennaMm (1’) um nmpuTOM Tak; 4TO
Yi=11 (x5 x3); YI=1pg (x5 xJ).

} (x1s x2) €A%

ITpu stom
(%15 X2, V1 (%15 X2); $a (¥1, X9)) €A1 (17)

u Jiobas TOYKa (Xi; Xg; Y{, Y2) EAj, YAOBIETBOPSAIOWAS ypaBHEHHSM
(1’), umeer BHI; Kak B
Ilepexon oT A; K A MOXKHO OCYIIeCTBHTh C NOMOIIbIO 3amMeyaHus 1.

3ameyanue 3. YKameM crnocod HaXOKAEHHS YaCTHBIX

< 2
[POUIBONHEX - .

[lyctb Bce ycaoBust TeopeMel 1 Brmosuennl, Torma, mox-
craBnsist GyHKUMH Y, =1, (x) B (1), nomyuum cucremy TOX-

IeCTB;
f1 (%, ¢1(x).-.~,¢m(x))=0
o oe s (18)
fm(x %(x) ---,¢m(x))=0

HubdepeHunpys mo x, Kaxaoe TOXKAeCTBO cHcTeMbl (18)
KaK CJIOKHyI0 QYHKIHIO, NOJYyYnM:

aﬁf+6f1 6¢1+ 4 o %%m _
Y

3xk 6yf Ox,, an -
. . . » . . . L . L] (19)
afm afm a‘pl afm a‘pm _0
e T oy 0xk+"'+ Ym Oxx )
Cucrema (19) sBasercs nnﬂeﬁﬂoﬁ OTHOCHTEJIbHO Heu3s-
BECTHBIX MPOU3BOJHBIX —aﬂ (]—1 m). Ompene-
g = 6xk cesy ).
JIUTEJIEM ee SIBJISeTcs sIKoOHaH
D(fi, oes [m)

D(y].’ 200, ym)seo.
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INostomy cuctema (19) uMeer eNMHCTBEHHOE pelleHHE:

_aﬂ_______ D(fir ceey fm) /D(flt ""fm)

axk D(xk)y21"'tym) D(yil ---'.!Im)'“"
aym=_ D(ff! "'1fr_ri_/D(fii"'if&)
Oxp D1, o Ym—1s *z) D(yh"'lym).

§ 8.18. OroGpaxenus

[MycTp sajmana cucreMa HenpepwBHO AudxpepeHnHpyeMbix
by HKIHH

y/"—‘—'(P/(x):(P/(xl‘, cevy xn)v xEQ(;:l, "'vm)t (])

rie Q—OTKpHITOE MHOXECTBO TOYeK X =(Xj, ..., X,). Dy-
IeM roBOpUTb, uTo cHcteMa (1) onpenensier nenpepowsro Ougp-
eperyupyemoe omobpasicerue

y=Ax, x€Q, (1

MHOXecTBa £ Ha HEKOTOpOe MHOXecTBO Q' TOuek y =
= (Y1, ---» Yu). DYReM eme nucath Q' = A (RQ) u HasbiBaTh Q°
obpasom Q, a Q—npoobpason Q' (nocpeIcTBOM oTOGpaxke-
uua A). '

Hapsiny ¢ A paccMOTPHM Jpyroe HenpepbiBHO AugipepeH-
nupyemoe orob6paxkenne B:

Z/=\pj(y)=‘p/(y1‘, R} ym)r yEA(l=l’ sy m),

OTKPHITOTO MHOXKECTBA A TOYEK ¥ Ha HEKOTOPOE MHOXECTBO
ToueK 2=(24, ..., 2,). TakuM obpasoM, 2=By, y €EA.
3ameuanue. OrMeTuM, 4To €cau X°€Q u y°'=Ax°€ A,
TO B CHJy HenpepelBHOCTH A HalIeTCs OKPECTHOCTb Vo
TOYKH X°, 06pa3 KOTOpPOH MoCpeiCTBOM A NpHHamJeXuT K A.
YMmenbluas Q, noa0xuB Q=V,., noayuum Ttorga, yro Q' cA.
Ecan Q'cA, TO WMeeT CMBICA CJIOXKHOE HeNpepHBHO
aupdepeHuupyemoe otobpaxeHHe 2= BAx, x €Q, onpeze-
ilfleMl()e paB(;HCTBaMH 2;=9,(9: (%), ..., 9,(x)), x€Q
=1, ..., m).
! SIko6uanbl oro6paxennii A, B, BA cBs3aHb 3aMeya-
TeJIbHHIMH PaBEHCTBaAMH

0x,

0ys
Ox j

D (z, ...,z,,‘)=
D (%1, vovy Xm)

~ oy

._.D(zlr coes2m) Di, o.vy Y)
——D(yh vensYm) D (X1, 0eeyxp) ? (2)

m
3 e 9os | _ | 02
s=]0y5 Ox
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JI0Ka3aTeJbCTBO KOTOPBIX, KAaK MBI BHJUM, OCHOBAaHO Ha NpH-
MeHeHUH (OpMyJsibl NPOHM3BOAHOH OT CJA0XKHOH (QYHKUHH H
IpaBUJia YMHOMEHHS ONpPeJe/UuTeNeH.

B ugactHoctH, eciu B ofpauiaer A Ha MHOXKeECTBE TO-
yeKk XE€Q, T.e. X=BAx, Xx€Q, ecTb TOXIECTBEHHOE OTO-
Opa)keHHe, TO B CHJY TOro, YTO €ro siIKoOMaH paBeH 1, mno-
Jy4uM dopmyay

1=D(x1, ey x,,,)‘D(yl, eievy Ym)
'D(yls LR ym) D(Xl, ceey xm)’

ByneM Temepb CuHTaTh, UTO OnNpejesseMoe paBeHcTBaMu (1) Hempe-
puIBHO aubdepeHuHpyemMoe oTobpaxenne y= Ax HMeeT SKOGHaH -

D(!/l,-'-, ym)
—_— =7 £ 0, XEQ,
D(xl,...,xm);é e

XEQ. (3)

T. €. He DaBHBIH HYJIO BCIOJy Ha OTKPHITOM MHOXeCTBe Q.

ITpusenem Ge3 noxasaTesbCTBA CJEAyIOLIME CBOcCTBa:

1) Q"= A (Q)—orTkpbiToe MHOXKecCTBO (BMecTe ¢ (),

2) ecin Q—o6aactb, T0 H Q' —o6aacTs,

3) oro6paxeHHe A JIOKaJbHO B3aUMHO OJHO3HAUHO, T. €.. KaKOBa
6bl HH GbIa Touka x°€Q, Halinercs map VCQ c ueHTpoM B Hell Ta-
KOH, yTo oroGpaxkeHue A, paccMaTpHBaeMoe TOJIbKO Ha V, B3aHMHO
OJHO3HAUHO.

CaoiicTBO 3) yTBepMJIaeT TOJNbKO JIOK&JIbHYIO B33aHMHYIO OAHO3HAy-
HocTb. ['VI0GanbHOH B3aMMHOH OQHO3HAYHOCTH MOXeT M He ObTh. Ha-
npuMep, npeobpasoBaHHe x=gp c0S 0, y=p sin O nNOAAPHHX KOOpAHHAT
TOUEK INVIOCKOCTH B JieKapToBbl mpH o > 0 M npou3BoJbHOM O Hempe-
peIBHO IHGGdepeHnupyeMo ¥ HMEeT IOJIOXHTENbHbIH sKOOHaH, paBHBIA p.
Ono oto6paxaer Toukn (p, 0) (p > 0, —o0 < 6 < o) mrockoctu (p, 6)
B TOYKH (X, y), OTJIHUHBIE OT HYJeBOH TOUKH, JIOKaJbHO B3aHMHO OJHO-
3HayHo. OfHAKO KaxaoH TakoH TouKe (X, y) COOTBETCTBYeT XOTH H
OJIHO P, HO GeCKOHEUHOe YHCJIO pa3/JIHYHLIX 8HayeHHHi 0, oTiHYaOLMXCH
Mexay coboit na 2km (k=4 1, £2,...). :

§ 8.19. ¥YcnoBHbIA (OTHOCHTEJbHbIH) 3KCTPeMyM

PaccmotpuM B mpocrpanctBe R; dyHKIMO 4 =F (x, y) =
= x>+ y®. C reoMeTpuuyeckoH TOUKH 3peHHSI 3Ta (QYHKUHS
npejcraBisier cofofl KBajpar pacCTOSIHUS TOYKH P =(x, y)
OT Hayasja NpSMOYTIOJIbHOH CHCTEMBI KOOpAHHAT X, y. Ona
He HMeer HauGosbluero 3HauenHs B R,. Ho ecim ee pac-
cMaTpHBaTh TOJIBKO MJIs1 To4eK (X, y) siaunca G(x, y)=

2 2
—=—Z—2—|—%——1=0 (b>a), 10 scHO, uyTO OHa JOCTHraeT

Hau6oJsbliero 3HaueHus B ToukKax Py=(0, b) u P;=
= (0, —b) (puc. 101).

Takum obpasom, ¢yukuusi u=F (P), paccmarpuBaeMas
BO BCefl IJIOCKOCTH R,, He HMeeT HaHOOJbLIErO 3HAYEHHUS,
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HO 3Ta K€ (YHKUHS NMPH YCJIOBHH, YTO TOYKa P HaxoAuTcs
Ha 3JIUNCE, MPHHHMaeT HauboJjbliee 3HayeHue (ABa pasa).

Dta cuTyauuss OPHBOZUT Hac K 3ajaue 06 OTBICKAHUH
skcrTpemMyMa (YHKLHH IPH YCJOBHM, UYTO €€ apryMeHThI YJOB-
JIETBOPSIIOT HEKQTOPHIM JIONOJIHUTEJIbHBIM

I‘g/mdf OrpaHUYEHHSIM.
Apyrud & Hrak, nycts AaHa ¢yHKUHS
J lg u=F(P)=F(x]:1""xn) yi,"',ym)

oT n-m nepeMeHHsX. Tpebyercss HaHTH
skcTpeMyM ¢yHKuuu F (P) npu yCJOBHH,

7 ' qTo l'lepeMeHHbIe x,~, Ye CBsA3aHbl M COOT-
HOWEHU MU
G(xlr"" ny ylv "wym)—
PR . « e e 4 e e (])
/; G (xlv"'r xmyl""yym)‘_
Puc. 101, KOTOpre 0ObIYHO Ha3bIBAIOTCA ypasHerus-
MU C8A3U.

Cucrema ypasreHuil (1) onpesensier B mpocTpaHcTBe R, 4 .,
Boo0lle roBopsi, HEKOTOPOE MHOXKECTBO, KOTOpoe Mbl GyleM
Ha3blBaTb 7108€PXHOCIIbIO.

Onpenenenue. DByleM IOBOpHTb, UYTO TOuUKa Po=
=(x}, ..., %8, Y8, ..., Yy), YAOBJETBODSIOMAS yDPABHEHHUSIM
(1), saBaseTca moukol a0KaabHO20 Ycro6Ho20 (OMHOCUMENb-
HO0e0) MaKcumyma (mMunumyma), ecna B R, 3 OKpecTHOCTb
TOUKM P Takasi, uto VP w3 3TOH OKDECTHOCTH, YAOBJETBO-
PAIOMMX ypaBHEHHsM cBsi3H (1), BHIMOJIHSETCS HepaBEeHCTBO

F(PY<F(P% (F(P)=FPY).

Touka NOKanbHOrO yCJOBHOTO MaKCHMyMa HJIH MHHHMyMa
Ha3bIBA€TCSl MOMKOL AOKAALHOSO ICA08HO20 (OMIHOCUMEAbHORO)
IKcmpemyma.

B paccMoTpenHoM Bbime mpumepe Touka P,=(0, b) sB-
JfeTCs TOYKOH YCJIOBHOTO JIOKaJbHOTO MaKCHMyMa, TaK Kak
Jns Bcex Touek P, Jjexauux Ha aanunce, u (P)<Cu(P,).

3aiiMeMcsi cHaYasa BHISICHEHHEM BOMpPOCA O HEOGXOAHUMBIX
yCHOBHAX, 49TOOBl TOuKa P 6bijla TOUKOH JIOKaJbHOTO OTHO-
cuTesbHOro sKcrpemyMa. Ilyctb P—Touka yCJIOBHOTO SKCTpe-

mMyma u ¢yukuuu Gy, ..., G, NMEOT HENpPEpHIBHLIE YaCTHbIE
rlpOPlSBOIlele H ﬂK06HaH
D (G, ..., 0 9
vy )

B OKPECTHOCTH 3TOH TOYKH.
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Kak HaM wu3BecTHO, cHcteMa (1) paspelunma OTHOCHTENIBHO
nepeMeHHbIX Y, ..., Y, B HEKOTOPOH OKPECTHOCTH TOYKH P°:

Yi=0; (X5, «o ey X)) (=1, ..., m),

rae QyHKUHH @; (X, ..., X,) HMEIOT HENpepbIBHbIE YacTHHIE
npou3BONHEE B Touke MO=(x], ..., x3).

[MoacraBnss stw gynkuuu ¢; B F, nomyuum, uto F Gy-
JeT GYyHKIHeH TONBKO OT 1 NepeMeHHhX Xi, ..., X,, He3a-
BUCHMBIX MexIy cOO6OoM;

F(xiy ooy Xy @i (Xgy covy Xn)y voey @ (Xgy oo vy X)) =
=D (x5, -, %,). (3)

OueBufiHO, 4TO ecqy F JOCTHraeT JIOKaJbHONO YCJOBHOTO
skcTpeMyMa B Touke P°, 10 D (x4, ..., X,) LAOCTUraeT B TOUKE
M°=(x}, ..., xp) OOBIYHOTO JIOKaJILHOTO 3KCTPEMYMa, HJIH, KaKk
roBOpAT, aGCOJIOTHOIO JIOKAJbHOTO 3KCTpeMyMa, W OOpaTHO.

Ho Torma, kKak Mbl 3HaeM, MOJIXKHBI BBINOJHSITbCS pa-
BeHCTBA

9D (M . 9D
-3(51_—)=0 (=1, ...,n) nm d(D(M")—_:Zai_dxi =0, (4

i=1

rie dx; (i=1, ..., n)—IudpdepeHuuans He3aBUCHMBIX Tepe-
MEHHBIX.

Touky P°=(x3, ..., %3, 4%, ..., Y%), AJ KOTOPOH
B cuny (1) (wmm (3)) Bumoansitorcs (4), GyAeM HaswBaTh
cmayuonaprol moukol gynkyuu F npu nHaruuuu cesasei (1).

Mbl  Hokasasm, uTo 041 rmoe2o, umobsl mouka P'=
=(x{, .. X0 Yl ..., Yn) ObLAQ MOYKOL AOKAALHO20 YCAOBHO20
aKcmpemyma, Heobxodumo, umobvr OHa Obia@ CMAYUOHAPHOL
mouxoii F npu nasusuu cessed (1).

JlajpHelnHe HalM pPacCMOTPEHHsSI OTHOCATCS K BOIpPOCY
O TOM, Kak HafTH YKa3aHHYIO CTAalHOHAapHYIO TOYKY, He
paspeuiasi cucteMy (1) OTHOCHTENBHO MEPEMEHHBIX Ygy -« oy Ypps
XOTfl CyllecTBOBaHHe (GYHKIMH @;, ..., ®, Mbl OyldeM mpek-
nonaratb. Byaem nucate (F),, (9;), BMecTo F (P°), ¢, (M°).

B cuay vHBapuanTHOCTH (hopMbl AMddepeHuHasa nepBoro
nopsiika ycjoBusi (4) 5KBHBAJIEHTHBI YCJIOBHSIM

d® (M°)=dF (Pv) =§ K%)o dx; +§‘1 (%)0 dy,=0, (5)
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rie BxoAamue B dF 3aBHcHMbie AuddepeHuuans dy;, . .., dy,
COOTBETCTBEHHO PaBHEI

n

dy,,:Z(%fT{')odx, k=1, ..., m).

i=1

OtH JuddepeHunansl BMeCTE C HE3aBUCHMBIMH IH(pdepeH-
nuanamu dx,, ..., dx, CBs3aHbI COOTHOILEHHSIMH

dG,.(Pﬂ)zi:Zl (%)od"ﬁ,;; (zTG;')Odyk=0(i=l, ves 1),

(6)

KOTOpbI€ MEI NOJIyYaeM M3 YpaBHEHHH CBA3H.
Hrak crauuoHapHasi Touka ¢yHkuuu F npu Hanuuuu
csizell (1) Moxer ObITb omnpellejieHa TakXke Kak Takas

Touka P°=(x3, ..., x}, Y}, - . .» Y%), YAOBJIETBOpSIOLLAs YPaB-
HenusM (1), yto Ans Hee BHIMOJHSIOTCA paBeHcTBa (5) Ans
Bcex dxj, ..., dx,, dy;, ..., dy,, AIsi KOTOPHIX HMEIOT MECTO

paBenctBa (6).
BBenem (n - m)-MepHble BEKTOPHI

grad, G, =grad G, (P")=
Gy /3G, (ao, (ao, ,
(e (G Do (G o (L ) Ji=10com

grad, F =grad F (P°) =

= ((%)o’ ""(7()9:—,.)0 ’(?ayil‘)o’ T (:y_pm)o) ’
dz = (dx;, ..., dx,, dy;, ..., dy,).

Ha ssbike 3THX BexTOpoB ypaBHeHHs (5) u (6) MoxHO
sanucaTh Yepe3 CKaJisipHbIe NPOH3BEAEHHS

(grad, F, dz)=0, (5')
(grad, G;, d2)=0 (j=1, ..., m). (6")
Mu nonyunnu, uro Touka P=(x3, ..., X, Y9, ..., Y%)

eCThb CTallMOHAapHasi TOYKAa NpH HajiHuuH cBsasedl (1) Toria w
TOJIBKO TOrJia, Korja oHa YJoBJeTBOpsieT ypaBHeHHaM (1),
H €ClM M3 TOro, 4YTO KakKoHi-JH60 BEKTOp d2 OpTOroHaseH
K rpaauenram grad, Gy, ..., grad, G,, cieryer, 4To OH OpTO-
roHanen k grad, F. Ho B TakoM ciyuyae (NOsiCHEHHS HHXKe)
CYLIECTBYET U NPHTOM eJHHCTBEHHAs CHCTEMa YHCeJ A4, ..., A,



§ 8.19. YCJIOBHBIA (OTHOCPITEJ'leb_I_H) OKCTPEMYM 361

Takas, 4To

grad, F= Y A, grad,G,. (7
k=1

O6paTtHoe yTBepxklenne Toxe BepHo. Ecsn u3BecTHO, uTO
grady F npH HEKOTOpBIX uMCHaX Ay, ..., A, MOXeT OHIThb
npelcrasneH B Bule (7), T.e. B BHJe JHHEHHOH KoMOHHa-
uuu rpanuentoB grad, G,(k=1, ..., m), To orciola Hemel-
JIEHHO CJIellyeT, YTO KaK TOJbKO KaKoH-Jn6o BeKTOp dz opTo-
roHajeH K rpaiuenram grad,G,, OH aBTOMaTHYeCKH OpTOro-
Hanen K grad, F.

Y6ennTocsi B BEPHOCTH 0OpaTHOro yTBepXAEHHSA He npel-
craBisieT HHKakoro TpyAa: us (7) u (6') ciaeayer, uto

(grad, F, dz)= Qg}l A, grad, G, dz) =
m m
= kzl _hk (grado Gk’ dz) = kz] Kk . 0 = O,

Yro Ke KacaeTcs NpSIMOTO YTBEPXKJEHHs, TO Mbl COLIIEMCS
Ha TeopeMy H3 JiuHeiliHOH aJare6pmi’). Bce xe clenaem
NOSICHEHH . _

Ilycte L ectb suuefiHoe noanpocTpanctso R, ., ,, Hard-

HyToe Ha BeKTopnl grad, G;(j=1, ..., m), T. e. MHOXecTBO
JHHEHHbIX KOMOWHauuil Bula (7), COOTBETCTBYIOIHX BCEBO3-
MOXHBIM CHCTEMaM YHCeN A4, ..., A,. BBeleM mnoanpocrpan-

crBo L' BekTOpoB d2, oproronanbHoe K L, T. e. L' coctout
U3 BceX BEeKTOpPOB d2, OpPTOTOHaNbHBIX K L, HJH, uTO BCe
paBHO, OPTOrOHaJbHHIX K BekTopaM grad, G;(j=1, ..., m).
Ecan?) L’ oproronaabho k L, To H, ob6patHo, L oproro-
HanbHO K L, T. e. L cOCTOMT H3 BceX BEKTOPOB, OPTOro-
HaabHbiX K L’. Kak 6bl10 CKasaHO B CTalMOHADHOH TOuKe
P°, rpamuent F opToroHaseH Ko BCeEM BeKkTopaM dzZ, OpTO-
TOHaJIbHEIM K rpaiuentam G;, T.e. rpaiuent F oproronanen
k L’. Ho Toria mo ykasaHHoii Teopeme rpaiuedt F mnpH-
HalJieXXuT K L, TakuM o06pa3oM eCTb HEKOTOpas JHHeHHas
KoMOUuHauMs U3 rpaluenToB G;, eMHCTBEHHAs JIHHeHasi KOM-
6uuailus, noroMmy urto rpaiuents G,;(j=1, ..., m) obpasyior
JUHEMHO He3aBHCHMYIo cuctemy B R,,.. Ileno B ToM, urto

1) CM. Hawy KHHry «Bhicwias MaTtemMaTHka. DieMeHTHl JIHHEHHOR
anreGpel M aHaNHTHYeCKOM reoMeTpum», § 19, Teopemmbl 1, 2 u cnen-
crehe 1.

2) CM. Teopemy 1 § 19 ykasaHHO# BBl KHHTH,
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MaTpHLla M3 YaCTHHIX NPOH3BOAHBIX (ymkuuii G,
9G; 8G; Gy 3G
ox; """ 0%y, Oyi T' OYn
. . . . . . . . L] . . . (8)
0y | 90, 00, 3Gy
Oxg """ 0x, Oyi " Oym

HMeeT B OKDEeCTHOCTH TOUKH P° paur m, HOTOMY 4YTO MBI
Npelo/IoKUIM BEPHBIM ycJOBHE (2), HO TOTAa CTPOKH 3TOH
MaTpHUBl ONpeleNsiioT BEKTOPH (IpafueHTH), o6pasyomue
JHHEHHO He3aBHCHUMYIO cucTeMy ).

M3 ckasannoro cieflyer, YyTo CTalMOHAPHYIO TOUKY (YHK-
iy F npu manuumu cBsisedt (1) MOXHO onpelenuTth ele U
Tak: amo makas mouka PP=(x}, ..., X% Y} «ees YUp)s
yoosaemeopsirowyan  ypasrenuam (1), 0aa «xomopoil epadu-
enm 1F ecmo  auHelinas xombumayus u3 epaduenmos G,
(i=1...,m

MokHo elme ckasaTh TaK! 048 moeo 4mobel mouxka
Po=(x2 vovy X0 Yly ooy Y)

6oira cmayuonaprol 028 yuxyuu F npu naruauy cessed (1),
Heobxo0umo u docmamouro, 4mobb. 0AfL Hee CYUiecmeosasu
uucaa Ay, .. 4 A, 023 Komopoix evinoansemcs pasercmeo (7).
Tak kak paHr marpuusl (8) B Touke P° paBeH m, TO
KaxJoi CTanHOHapHOH TOYKE COOTBETCTBYET €AHHCTBEHHAs
CHCTeMa uucea Mg, ...,A,, M KOTOPHIX HMEET MecTo pa-
BeHCTBO (7). PaBeHncTBo (7) 3KBUBAJEHTHO CJeAYHOLIEMY:

grad, [F — _Z'l_ A,G,] =0, )
j=
QyYHKIHUIO, CTOSILLYI0 MOA 3HAKOM rpafuenTta B (9)
L(P, 9»)=F(P)—l§.‘l MG (P), A=(Agy vy D),

HasbiBaloT Pynkyued Jlazpansca, a wMCAa A, MHOXCUMEAAMU
Jazpansica.

1) Cu. § 13 ykasanuo#t Ha c, 361 xuurm,
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3anumem ycioBusi (9) B pasBepHYTOM BHIE:

oL .
T ax/ E_:;A o (Gi=1,...,n),

m
L _Na L0 (k=1,...,m)
i=1

|

|

I} 9"
O0yr  Oyp L0y

Bonpoc 0 HaXoxIeHHH CTalHOHADHHIX Touek F mnpH Ha-
Juunu cBssell (1) cBencs K pelieHHI0 CHCTEMEI, COCTOsIIEH
u3 ypasuenuit (1) u (9).

Pesiomupyem ckasaHgoe.

UroObl HAfiTH CTallHOHAPHYIO TOUKY

=(x3 . oes X0 Yby v s U2)

¢yukunn  F npm  Hanmuuu  cBssefi, HANO COCTaBHTh
¢ynknuio Jlarpanxka H cucreMy ypaBHeHu#l (9') M pemnTh
3Ty CHCTEMY COBMECTHO € YPaBHEHUSIMH

csizu (1). Bcero smecy Gymer n+2m ypas- 'g
HEHHA C 712 HEH3BECTHBIMH Xi, . . .y X,

Yis- 2 Ymr My o - oy Ay, TlpH 3TOM perenne cu- 4 Y
CTEMBI OTHOCHTENIbHO X; H Y; HacT TOUKY

(xd ..y x,,, 17 TR .4 B KOTOpaH 6y et

cTanuoHapHoll TOukKoH. ToukM JOKanbHOrO
YCJIOBHOTO 3KCTPeMyMa HaXOAATCA CpeJy CTa- 5 r
HHOHaPHBIX ToueK . BrisicHeHUe Bompoca o ToM, g1 A
6yJZeT 1M Ha caMoM Jlesie CTallHOHapHasl TOYKa Puc. 102.
P° Toukofi yC/NOBHOTO 3KCTpeMyMa, YHAOOHO
NpOBOANTh, paccMaTpuBasi BTOpPOH AHPepeHnuan QyHKIHH
Jlarpanxka. Ilpu Boisicnenuu sHaka d?L (P°, A) HYXHO YyuH-
THBAaTh, 4YTO JAH(depeHnuans dy, 3aBUCAT oOT AuddepeH-
nvanoB dx;.

ITpumep. Ilycts Ha maockoctH xOy HAaHa ¢urypa, or-
paHHuyeHHas OCSMH KOOpAMHAT u mnapabosofi y—+x*—3=0

(0<x<<V/ 3). Buncatb B 3Ty QuUrypy NpPSMOYTOJBHHK CO
CTOPOHAMH, NapajelbHLIMH OCSM KOOPAHHAT, OJHA H3 Bep-
mud M= (x, y) KoTOoporo HaxolMTCcsi Ha 5Tofi mapaGoue,
TaK, YToObl TJIOMaAb HNpPSIMOYTOJBbHHKA Obla HauGosbeld
(pn(, 102).

Pemenne. Ilycth X U y—KooOpAMHATH BepiuuHbl M.
Torpa mmomaib upsiMoyroibHuka S=xy. Ilanee, Tak Kax
Touka M JsexuMT Ha mnapabosie, TO €e KOOpAWHATH HOJIKHbBI
YIOBJIETBOPSITh ypaBHeHHio mapabonr: y-+ x*—3=0. Takum
06pa3oM, Mbl JOJ/DKHBI HCCJIENOBaTb HA YCJIOBHBEIH 3KCTPeMyM
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GyHRuMO S=xy npH HanHuuH cBssu Y-+ x2—3=0. Cocra-
BuM ¢ynkuuio Jlarpanxka L(x, y, A)=xy—>A(y+ x*—3).
Haiilem crannoHapHble TOUKH 3aJauyd M3 YypaBHEHUH

L y—2nx=0,

oL ‘

—a—y-=x—7» ==0,
y+x*—3=0.

Pemiasi 3Ty cHcreMy, HaxoiuM, uto x=1, y=2, A=1.
Takum obpasom, Touxka (I, 2) craumonapuas u eli oTBeyaer
MHOXHTeNb Jlarpamxka A=1. HccieayeM B crauuoHapHoih
Toyke BTOpoH AMbdepenunan ¢yskuuu Jlarpanxka

L(x, y, 1)=xy—y—=x*+3.
Hmeem

AL (%, y, 1)=Lds® +2L;,dx dy+ Lisdy® + Lid*x+ Ly,

rie mocjeiHHe [Ba 4JeHAa B NpaBoil YacTH BO3HHKAKOT MO
ToMy, 4To AupdepeHumasnsr dx u dy 3aBHCHMBI M, BooOLIe
roopsi, d*x=%=0, d% 0. Opguako B cTauHOHapHOH TOUKe

oL
ITosTomy
dL (x, gy 1)=Ldx*+2L},dx dy+ L, dy*=2dx (dy— dx).

Ecnu cuntath dx M dy Kak JuddepeHUHaNb HE3aBHCHMBIX
nepemMesHuX, To d?L (x, y, 1) He siBAsieTcs onpeeneHHEIM 10
snaky. OfHaKo W3 ypaBHEHHs CBSI3H BUAHO, 4TO dy = — 2x dx
u B touke (1, 2)dy= —2dx. Takum obpasom,

#L(l, 2, 1)=—6dx3 <0 (dx=£0),

a cJe/l0BaTeNLHO, U NpHpaimenue gynakuuu L (x, y, A) B Touke
x=1, y=2, h=1, cootBerctByIomee npupamennio 5, pas-
nomy dx=~0, menbwe wnyns (AL(1, 2, 1) <0). 3uauur,
dynkuust S=xy umeer B Touke (1, 2) noxanbuwf ycn0BHb
MaKcHMMyM, TaK Kak Ha napabone y-x2—3=0, AS=AL.

Wrak, us Bcex NpAMOYrONLHHKOB YKAa3aHHOTO BHAA,

Hanﬁonbmyto nJjouraab HUMeEeT NpsIMOYTOJIBHUK CO CTOPOHAMH
O0A=1, OB=2,



rTABA 9

PAADbI
§ 9.1. Noustue paga
Bripaxenne
uy+u, +u, 4. .., )
TIe uHucHa U, (4aeHol pﬁaa) BOOOIIE KOMIIJIEKCHBIE, 3aBHCAT
oT uHiekcoB k=0, 1, 2, ..., HasbiBaeTrcs padom. Dromy

BLIpaXK€HHIO Mbl HE NPHMHUCAJH HHMKAaKOro yucja, NOTOMY 4TO
clox<eHHe GeCKOHEYHOTO YHCJia CJIaraeéMblX He MMeeT CMbIC]a.
Pan (1) eme 3anucHBalOT TaKi

3 w=3u, ®

dra yncto dopmanbhas 3anuch yacto Gonee yao6Ha, ueM
3anucs (1).
Yycna

S,=uy+u+...4+u, (n=0,1,...)
Ha3bIBAIOTCS N-MU qacmuunbimu cymmanu psda (1).
ITo ompenenennio psia (1) cXoauTcs, ecaH CYyLIECTBYET
lim S,=S.

n-—> o

B arom cayyae numyt

S=u0+u]+u2+ s =

k

Ms

Uy 3)

0

u HasbiBaloT S cymmoil pada, T.e. Bbipaxkenusam (1) uan (2)
npunuceiBaercss yucao S. [oopst ewe, yto pag (3) cxo-
Oumes « S.
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Bameuanne. PapencrBo lim S,=S, rme S, u S —
n->®

KOMIIIEKCHBIE, ONpefeNnsieTcss Tak Ke, Kak s JeHCTBHTENb-
uelx S, S, T. €. oHO 0Go3Hauaer, uto Ve > 0 N : lS,,—-S] <&
vn > N. 3necs | S, —S | —Moxynb pasHOCTH ABYX KOMILJIEKC-
ueix uyucen S,, S. [I1s KOMIJIEKCHBIX INepeMeHHBIX MOKas3bl-
BaeTcsl B TOYHOCTH TaK e, KaK JJIs JACHCTBHTEJNBHHIX mepe-
MEHHBIX, UTO TpeNeN CYMMBl, Pa3HOCTH, IIPOM3BEIEHHs H
YacTHOTO TNEPEMEHHBIX U,, U, PaBeH COOTBETCTBEHHO CyMMe,
pPa3HOCTH, TNpPOU3BENEHHIO, YaCTHOMY MpEJeJIoB STHX Iepe-
MEHHBIX ¢ OOBIYHOH OrOBOPKOH B cayyae yactroro (lim v, 55 0).

B cuny ycnosus Ko (BepHOro H Ijsi mocJjefoBaTeb-
HOCTell KOMILIEKCHBIX 4ucen), 048 moeo umober psad (1) cxo-
Ouacs, Heobxodumo u Oocmamouro, umober 048 ecsakozo & > 0
Hawroce maxoe N, umobbt 048 6cex HamypaasHolx f > N
U 200020 HAMYPANLHO20 P BLINOAHAAOCH HEPOBEHCMEO

|Upsgt-.. +un+pl=,8n+p—sn| <e.

Orciona B yactHocTH (nosaras p=1), cnenyer, 9ro eciu
pax (1) cxoautcsi, To ero oOuMi WIEH CTPEMHTCH K HYJIO:
lim u,=0. 4)
n-=>w
Ho ycnoBue (4), 6yayusn HeoGXONHMBIM, HE SIBJISETCS JOCTa-
TOUHBIM JJIST CXOXLMMOCTH psifia, Kak 310 OyJeT BHIHO U3
JaJibHeHIIUX [pPUMEPOB.
Paccmorpum eme psif

Upyi +un+2+ vee = kgl un+‘k' (5)

Tax kak ycmosue Komm cxonumoctu psigoB (1) u (5)
GOpMyIHpyeTCs COBEepIIEHHO OAMHAKOBO, TO OHH ONHOBpe-
MEeHHO JIHOO CXoxsTCsl, /MO0 pacxoAsiTcs (He CXOAATCH).
Ecan onu cxonsites, T0 cymma psja (5) paBHa

m
lim Y u,,, = lim (S,,,—S,)=S—S,.

m-> o k=1

Psin (D) wHasblBaloT 0OCMAamKOM WIH OCMQAMOUHbIM HACHOM
pada (1).

Ecin uynenwl paga (1) nHeorpuuarenbHel (TakuM o6pasom,
IeACTBHTENbHEI), TO €r0 YacTHYHBIE CyMMbl 06pasyioT HeyOu-
BaIOIILYI0 MocaenoBateabHocTh S; <L S, < Sy <, . ., Mo3TOMY,
€C/IM 3Ta MOCJ/Ie0BaTeNbHOCTb OTPaHHYEHa

SngM (n=1, 2, ...),
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TO psil CXOAHTCS M €ro CymMMa YAOBJETBOPSIET HEPABEHCTBY
lim §,=S<M.
n-> o
Ecnu e ona HeorpaHuueHa, TO Psi PacXoOAHTCA!
lim §,=oo.

n-> o

B srom ciayuae numyT
o0
2 ty,= oo
& k

IIpumep. Psn
l424-224... (6)

nieer (npu z = 1) yactuunyio cymmy S, (2) = (1 —2z7+1)/(1 —2z).
Ecmn |z| <1, To |2*i|=[z[*** u 2""1—0 (n— o0).
Takum obpasom, pan (6) CXoAuTCH M MMEET CyMMy, paBHYIO
(1—2)"* nHa otkpniToM Kpyre |z|< 1. Ecau xe |z|>1,
To psan (6) pacxoduTrcsl, NOTOMY UYTO B 3TOM cnydae €ro
oOmui 4YJeH, HMEKMUA MOAYJAb, HE MEHbHIun IAHHHIH
27| =1, He cTpeMHTCA K HYJIO NPH 7 — 0O,

§ 9.2. HecoGerBennblli HHTErpad H pap

PaCCMOTp HM HHTEerpasn
b

§ 7 dx, (1)

a
MMelolil eHHCTBEHHYIO 0coOeHHOCTb B Touke b. ITycTb
a=b, <b;<b,< 0. <b, bg—b.

Torna MoOXHO onpelesHTb Psld

by by w Pkl
{fede+{Fydet.. =2 § fax, @)
b, by = bIz
k-l 4JeH KOTOPOro paBeH
bpy1
U, = S fdx.
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Teopema 1. Ecau unmeepar (1) cxodumes, mo cxo-
Oumes maxoce pad (2) u umeem mecmo paseHcmso

b w Pkl
Sf(x)dx=§ { fax. 3)
a bk
JleficTBUTEJIBHO,
n bR+ bnts b
lim 3 § fdx=tim § fdx={fadx.
n—> o bk n-—> o bo a

Ecau f neorpuuatenbHa Ha [a, b), To u, HaoGoOpoT, u3
CXOOMMOCTH psifia (2) cienyer cxommmocTh wuuterpasna (1).
B camoM lese, mycThb psii CXOAHTCA H HMEET CyMMy, paB-
yio S. Ouas gmoboro b', rie a <b' < b, MOXHO YyKasaTb
takoe n' =n(b"), uro Yo >n', b’ < b,. [TosTomy, yuuThBas,
yto f(x)=0,

bk+i
§ far<s,
b

b’ bn n—-1
(fax<{fde=3
a a k=0
T. €. MHTErpas B JIEBOH 4YacTH OTPaHHYEH H, CJIENOBAaTeJbHO,
peco6eTBenHbift uMHTerpan (1) cymecrsyer. Ho Torma, kak
JIOKa3aHO BhbIlIe, COPaBelJHBO PAaBEHCTBO (3).

Ecan xe ¢dysxkuus f He coxpaHseT 3HaK Ha [a, b), To u3
cxopumocTH psiia (2) Boofie He caelyeT CXOAUMOCTb HH-
TerpaJa.

Hanpumep, pan

[

2 (k+1)m

sinxdx=0=0
0

2km

0
CXONUTCS, UHTErpal e Ssinxdx pPacxoiuTCsa MOTOMY, YTO
0

¢yHKUHUA OT X
X

Ssintdt=1—-cosx
0

HE CTPEMHTCA K MNpeley NpH X — 00,
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Teopewma 2. Ecau ¢ynxyus f(x) =0 Henpepoigna u ne
éospacmaem #a [0, o), mo unmezpar

@

§ Fyax (3"

0
u pAao

S B=F O+ W+ @+ @

OOHOBPEMEHHO CX00AMCA UAL OOHOBPEMEHHO PACXOdAMes.
HokaszarteabcTBo. Mmeior mecto HepaBeHCTBa

k+1

Fle+1)< § Fde<f(®) (k=0, 1, ...).

CymMupysi ux mno k, moayyum

n+1 n n+

1 n
2= E+D< | F0dr<ZFR)

Orciofa, YYHTBHIBasi, YTO BCE€ YJEHbl B 3THX COOTHOLICHHSIX
Npy BO3PAaCTaHHH N MOHOTOHHO He YOLIBAIOT, CJERYyeT YT-
BepKIEHHE TEOPEeMbl.

M3 nokas3aHHOH TeopeMbl CJelyeT, 4TO psii

RS (5)

cxoxutcsi mpu a > 1 u pacxoaurcs npu o<1 noromy, uro
¢yukuus 1/(14x)* npu o >0 HenpepbiBHA H MOHOTOHHO
y6uiBaer Ha [0, o), a

°§ dx {<°° (@>1),

199 =00 (@]).

Psan (5) npu 0 < o<1 MOXeT CJIyXHTb NMPHUMEPOM pac-
XOAsIIErocs psida ¢ oOwMM 4JaeHOM (#,==n"%), CTpeMAIHMCS
K HyJIO.

B cayuae a<C0 HenocpeiCTBEHHO BHAHO, YTO PsJ (5)
pacxoautcsi (OOWME YJIeH HE CTPEMHTCS K HYJIO).
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§ 9.3. JleiicTeMsa c pszamm
® [
3
Ecau pader 2 u, u D20, CXOBAMER U 0L —4UCAO, MO PAdbL
0 0

@ @
Douy, (U, £ v,) maksce cxodAmes
0 0

Q= 0 ) Uy, 1
0 o
}6:4 (Upkv)= uk""' :},4 Vg (2)

JleficTBUTEIBHO,

Zauk-— lim Zauk-—a lim Zuk—a§‘u,,

n—>wo 0 n—>wo 0

% (U = 0,)= nlimw 50: (Uptvp) =

= lim Zuhi m v,
0

n—>wo 0 - ®

Uy

3?\48
oMs

[ToguepkHeM, YTO M3 CXOMUMOCTH psifia, CTOAIIETO CJIEBA
B (2), BooOie He cJefyeT CXOAHMOCTb KaxXKIOro M3 DPsJOB,
crosimiux cnpasa B (2). Hampumep, psan

(=D —1)+... 3)

CXOAMTCA (BCE €ro uJIEeHW paBHbI HYJIO), HO BHIpakeHHe

o
¥»1—31 me umeer cmbicsia— psfbl, BXOASLLUE B HEro,
0 0

pacxofsTcs.
Ecau pan

uytuitu,+ ... 4)

CXOJMTCH M HMeeT CyMMy S, TO YJieHH €ro MOXKHO JIOGHM
o6pas3oM CrpynnupoBath CKo6KaMH (OLHAaKO HE NepecTaBJsis
UX), HanpHMmep, TaK:

g+ (g + ) + Uy +uy +ug) + ..oy
o0pasysi HOBBIH psifl, YJIEHBl KOTOPOrO pPaBHBI CYMMaM YHCEJ,

crosmux B ckoOkax. HoBulii psi 6yJieT CXOAAMMMCS H IPHTOM
K S, DOTOMy 4TO €ro 4acTHYHEIe CYyMMbI 06pasyloT NOANOCIE-
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JIOBaTeJbHOCTh CXOASIIEACS MOCJIeJOBATENbHOCTH YaCTHYHBIX
cymm psza (4).

HaoGopoT, packpeiBaTh CKOGKH B psilly, BooOlle roBops,
HEe3aKOHHO, HapHMep, NocJie PacCKpPHITHSI CKOGOK B CXOJSLIEMCS
psay (3) noayuyaerca pacxoismuiics pag 1—14-1—...
BnpoueM, ecii BHYTPH CKOGOK BCIOAY CTOSAT TOJIBKO HEOTpH-
LaTeJbHble HJIH HEMOJIOXXKHTE/NbHBIE YHCJAA, TO pPacKphITHE
B TaKOM psily CKOGOK He M3MEeHsIeT CXOAHMOCTH psifia U BEJIU-
YUHBEI €r0 CYMMBI.

§ 9.4. Psapl ¢ HeOTPHUATEJBbHBLIMH YJeHAMH

Teopema 1 (npusHak cpaBHEHHS pAAOB).
ITycme Oanst 0éa psada:

1) %um 2) ?v,,

¢ HEOMPUYAMENGHOIMY YACHAMU.

a) Ecau u,<v, (=0, 1, ...), mo u3 cxodumocmu
pada 2) caedyem cxodumocme pada 1), a u3 pacxodumocmu
pada 1) caedyem pacxodumocme psada 2).

6) Ecau

lim 2= 4> 0, (1)

k—> ® Ug

mo padet 1) u 2) odnospemenno cxodames u pacxodames.
HokasarteabctBo. Ilycts psia 2) cxoautes u S —
ero cymma. Toraa

Zuk<20k<s (fl=0, l, ..-),
0 0

T. €. yacTHYHbIE CYMMBl psifia 1) orpaHuuensl u psix 1) cxo-
nutcsi. Ero cymma S’ ynosnerBopsier HepaBeHCTBY S’ < S.

[Tyctp Tenepw pan 1) pacxomurcs: toraa (cM. § 9.1) ero
YyaCTHYHAsi CyMMa HEOTPaHMYEHHO BO3pacTaeT BMeCTe C #,
YTO B CHJY HepaBeHCTBa

Zuk ka (n=0, 1, ...)

BJIEUET TAaKKe HEeOrpaHHYeHHOE BO3PacCTaHHE YACTHYHBIX CYMM
pana 2), T. €. pacxoiuMOCTb IOCJEJHEero. S1uUM JI0OKasaHo
yTBepIKJCHHE a).
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ITycte Teneps umeer Mecto (1). 3ajaauM NOJIOXKHTENBHOE
YHCJIO &, YJOBJIeTBOpsiomwee HepaBeHCTBY A—e > 0. Us (1)
CJIEAYIOT HEpaBEHCTBA

A—e<b<Ate (>N,

BEpHbIE NPH JAOCTaTOYHO GosbmoM N, HJIM HepaBeHCTBA

A—ev,<u,<(A+e)v, (¢ > N). 2)
Ecau psapx 2) cxomutcs, TO CXOAMTCS Takxke Ppsi

2 A+8 U,, U HA OCHOBAHHHU BTOpPOTrO HEpPABEHCTBA 2 ,
k=N+1 k P P

@®
cXoauTca pAL X U, a Torda u psa 1). O6patHo, cxo-
k=N+1

-]
IuMOCTb psja 1) Bieuer cxoaumocTh psaga >, (A—e)v,
k=N+1

H, CJIeJOBaTeJIbHO, CXOAUMOCTb psjaa 2).

AHanOTHYHO JIOKa3pIBA€TCsH, YTO M3 PacXOAUMOCTH OJHOrO
pAlia BHITEKaeT pacXoAMMOCTb JAPYroro. JTHM JOKa3aHO
yTBEpXKAeHUE 6).

Teopema 2 (mpusnHaku [HaanamGepal)). ITycme
dan pad

zo: Uy 3)
C NOAOHCUMEAbHBIMU HYACHAMU.
a) Ecau
5’:7:—‘<q<] (k=0, 1, 2, ...), 4)

mo pad (3) cxodumcs; ecau dce

‘%:-1>1 k=0,1, 2, ...), (5)
mo pacxodumcs.
6) Ecau
im %exi_
klinl: w D ©)

mo pad (3) cxodumca npu g <1 u pacxoaurﬁc;z npu g > 1.

1) XK. Hanambep (1717—1783) —dpaniysckuii MaTeMaTHK,
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JokasateabcTBoO. MMeem
U=y, L.22, B (n=0,1, 2,...) 7

n uy ui’'Up-i

nostoMy H3 (4) ciaepyer, uTo
u, <uqt, g<l1 (n=0, 1,...),

@
H Tak KaK PN XU, " CXONUTCS, TO BMECTe C HUM CXOJHTCS
1

u pan (3). Us (5) caxenyer, uto u,>u, (n=0, 1, 2,...),
H Tak Kak 4, > 0, 1o pan (3) pacxoxurcsi (oGME ujeH He
CTPEMHTCA K HYJIIO).

Eciu Tenepwr BrmoJsHAeTcA cBoiictBo (6) u ¢ < 1, To mas
MOJIOKHTENBHOTO & TaKoro, utoq+¢e < 1, up,i/u, < g+e <1
(k>=N), rne N pocratouHo Besuko. B cumay mnpusuaka (4)

@®
B TaKOM CJyyae psAl Zuk CXoauTcd, a BMeCTe C HHM CXO-
N

nutcs u pan (3). Ms ceoiictea xe (6) npu g > 1 BhiTekaer,
YTO Upyq/uy > 1 (R=N) mpu nocratouHo Gosbmom N, wu

TOrfia B CHJIy npusHaka (5) psiL 2, i, PACXOAUTCS, a BMeCTe
N

C HUM pacxoiutcsi H pan (3).
Teopema 3 (npusnaku Komn). llyems 0an psod (3)
C NONOHCUMEAOHOIMU YACHAMU.

a) Ecau
Vue<g<l (k=0,1,...), ®)
mo psd (3) cxodumes; ecau ke
Yu, =1 (=0, 1, ...), 9)
mo pad (3) pacxodumcs.
6) Ecau .
Jlim Y, =q, (10)

mo pad (3) cxooumes npu q <1 u pacxodumes npu q > 1.
B) Ecau

Tim %/ u, =g, (11

mo pad (3) cxodumes npu q <1 u pacxooumes npu q> 1
L npu 3Mom 4neHbl PAGA HeO2PaHUUEHbL.
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IlokxasarenbcTBo. M3 mnepaBenctsa (8) caenyer,
ato u, < q*F (<1, k=0, 1,...), H Tak Kak B 3TOM
@

ciayyae pan qu cxogures, TO CXOmUTC u  pan  (3).
0

W3 nepaBenctsa (9) caemyer, uto u,>1 (k=0, 1,...),
T. €. He BHINOJHSETCH HeoOXONVMOE YCJIOBHE CXOIMMOCTH, H
nostoMy psf (3) pacxomurcs.

Hanee u3s cBoiicrBa (10) mpu g < 1 caenyer, uto

YV, <gte<l  (k=N) (12)
npu JocratoyHo GosblioM N, OTKyaa
u,<(q+e} (k=N),

©
M TaK KaK pAan Z(q—l—S)k CXOOHuTCsA, TO CXOOHUTCSI H pan
N

®
2 u,, a Bvecte ¢ num psan(3). Ms cpoitctea (10) npu g > 1
N

BhITeKaet, uto 3/ 1, > 1, T. e. u, > 1 (k> N) npu 1ocTaTouHo
6osabiioM N, oTKyIa cleoyeT pacXoIuMOCTb psna (),

W3 ceoiicta (11) (rak ke kak u3 cBoHictBa (10)) mpu
g <1 caenyer (12), oTkyjna, Kak yiKe JOKa3aHO, BBITEKaeT
cxoauMocTh paja (3).

Hakownen, nyctb BbimosiHsercst cBoiictBo (11) nmpu g > 1.
IMopbepeM KoHeuHOe 4YHCIO ¢y TaK, yToObl 1 < gy < ¢. Ha
OCHOBaHMH CBoficTBa BepxHero mpejena (cM. § 2.10) cymect-
ByeT DOJINOCJEN0BaTeNbHOCTh Ry < B, < ... TaKasi, 4TO

Y>> 1 (s=1, 2,...),

R
uks > qls.

Ho Torpa unennt u,, HeorpaHuueHel U pan (3) pacXomuTCs.
3ameuaHnue. Pag ¢ ofmuM wieHoM u,=n"% (o > 0)

cxonutess nmpu @ > 1 u pacxoautcs npH a < 1 (cMm. § 9.2, (5)).
IIpu stom B ofoHXx ciayuasx

lim 2241, (13)

n—»>o n

lim ¥/, = 1. (14)

n>o

TaK Ke KakK
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Takum o06pa3oM, CymeCTBYIOT KakK CXOAsIIHecs, Tak H pac-
xofsimiHecss psifnl ¢ npusHakamu (13) u (14).

Psan | +% + % - ... Ha3bIBACTCH 2APMOHUYECKUM PAOOM

(on pacxomutcs, cM. § 9.2, (5)).
IlpumepsL.

w0

1) 20:% 2) 21::—:(a>0). 3) (er—1).

9 Xin(145). 5 T @>0.

Psn 1) cxomurcss Vx>=0. Ilpu x =0 310 OYeBUAHO, a npu
x>0 3To cnellyer H3 TOro, 4UTO U,.i/u,=x/(k+41)—0,
k— oo. Bomee ToOro, Mbl 3HaeM, YTO 3TOT psAM sIBJIsieTCs
psadom Teiinopa ¢yHknun e* u cxomurcss Vx K cymme, pas-
HO# e*.

Pan xe 2) cxomurca npu 0<Cx <1 u pacxomurcs Ajis
x>1, moromy wuyro npu x>0 119 Hero u,./u,=
= x(k/(k+1))* —x, k—> oco; npu x=1 cm. BHIe 3ameya-
pue. Ciyuait x=0 TpuBHAJeH.

Psaamt 3) u 4) pacxodsarcs B cuiay Teopemel 1 § 9.4,
notoMy uro ek—I1=~1/k (k— o) n In(14-(1/k)) =~ 1/k
(kR — o0) («A»—3HAK aCHMITOTHYECKOTO pPaBEHCTBa, CM.

§ 3.9, § 3.10), a rapmonuueckuii pal X k™! pacxoAurcs.
1

Psin 5) cxomutcsi npu 0 <Cq < 1 u pacxonutcs opu ¢ > 1,

noromy uro Ans Hero %/ u,=q'*C/V® _ g(k— oo). Ipu
g=1 OH TOXe PacxoNHTCs — OOLIHi WieH Psiia B 5TOM cJlyyae
paBeH 1.

Teopema 4. Ilycms psd

ot tg ittt s (15)

€ HEOMPUUAMENbHOIMU HAEHAMU cxo0umces u umeem cymmy S.
To20a noayueHnsil 8 pe3yrbmarme npoU3BOA6HOL NepecmanosKy
€20 4aeH08 HOBbU (3AH080 nepeHymeposarHsli) psad

Uy t-ui+us ... (16)

maxoce cxodumes u umeem my e cymmy S.
HokasateanbctBo. [lycts

Sp=ti4+ui+ ... +u,
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— yacTHyHasi cyMMma psla (16). Unennt ee HaxoAsaTcs B pshe
(15) noa HekoTOopHIMH HOMepaMH Ry, ..., k,. Ilyctb N —
HaunGosblllee YHCJIO cpeAd HMX M Sy ectb N-a uacTHyHas
cymma psfa (15). Ouernano, S, <<Sy<S, u Tak kKak n
NPOU3BOJIBbHO, TO psift (16) cxommtcs u umeer cymmy S’ <CS.
Ho Tenepb npuBelleHHoe paccy»kAeHHe MOXHO NPOBECTH elle
pas, NOMEHSAB PsiJibl (15) n (16) Mectamu, H NONYYHTb, YTO
S <S8’ Nostomy S=S§".

§ 9.5. Pan Jleii6uuua

Psan Buna
ay—a,+a,—a;+..., €))
rle uncna a, > 0, MOHOTOHHO YO6biBas, CTPEMATC K HYJIO
(@, = a,445 a,— 0, k— o0), Ha3bBaerca padom Jledbruya.
ITokaxem, uyro psaA JlefibHHua CXOAMTCH W €ro cymma
S<a .
B camom Jeje, yacTHYHas ero cymMma S,,,; C HEUYETHHIM
HoMepoM 2n+ 1 MoxeTr ObiThb 3anmHcaHa B Bulle

Son+i=0a—(a1—a,)—(a3—0a,)— ... —(Agp_1—0p,) — Qs 11»

OTKY/Aa, OYeBHIHO, CJeIyeT, YTO OHAa OrpaHHYeHa CBEpPXY
YHCJIOM @

8341 <4,
C Apyroil CTOpPOHBI, OHa MoeT ObiThb 3amucaHa B BH/e
Spne1=(@e—a) + (a;—ag) + . . . + (a3, — 3 41)s

OTKYZa CJeRAYET, YTO OHA MOHOTOHHO He yOniBaeT. Ho B Takom

cayuae cyuwectsyer npefien lim S,,,, =S <{a,. OueBuzno
n—> o

TaKXe, 4TO

lim Szn— hm (Sznt1—0p41)=S—0=38.

n-—> o

Teopema Jnoka3ana.
1 1
[Mpumep. Paxn l—%+=5—... ecTb, oueBHIHO, psil

Jle#i6uuna. Takum obpas3oM, OH CXOAHTCSI H ero cymma S He
npesbiiiaer 1 (Ha camom JAene, S=In2, cM. § 4.16, o. 4).
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§ 9.6, A6comoTHO cxoasuMecs PAAbI

PsAA ¢ KOMINJEKCHBIMH YJIeHaMH

Ug+ui+u,+ ... €]
HasbIBaeTcst abCoAOMHKO CXO0AUUMCA, €CNH CXORUTCS Psill
Lo |+ ui |4ty |+ .. @)

MOJyJied €ro 4JeHOB.

Abcortomno cxo0awuiica pad cxodumes.

B camom Jzene, nycth psal (1) abBcontoTHO CXOAUTCS; TOTAA
cxofutcesi psld (2) U B cuay npusHaka Kown ans moGoro
e > 0 naiiierca takoe N, uto &> |U, |+ ... + |, | Ans
Becex p u n> N. Tem Gonee, Torla & > |Uyyi+ oo+ Uiyl
[oatomy B cumy npusnaka Kowm psag (1) cxomures.

Cxolisimiyecss psifibll ¢ HEOTPHLATENbHBIMH Wi€HaMH TpH-

. 1
BHAJbHBIM 06pa3oM cXoAsrcs aGcomorHo. Paa 11—

+3La—... (a>0) CXOAHUTCS, NOTOMY 4YTO OH €CTb paARk

Jleii6unna. OnHako aGCoOMOTHO OH CXOAMTCH TOJBLKO mpH o> 1.
Teopema. Ecau pad abcoatomro cxo0umcs, mo npu

21000il° nepecmanoske €20 H4AeHO8 CXOOUMOCMb NOAYHEHHO20

H08020 PAOA He HAPYWAEMCs U €20 CYMMA OCMAemes npexcHerl.
JdokasatenbctBo. CHauana JoKaXkeM TEOPEMY B Cly-

yae, Koria WwieHnl psjia u,— JAeHCTBHTEJbHLIE YHCAA.
INonoxuMm (M1 AeHCTBHTENbHBIX U)

+_{ uy, ecam u, =0, __{ — Uy, ecan u, <0, 3

e =9\ 0, ecan u, <0, Ue = 0, ecau u, > 0; ©)

YHCMa Ui W U, OYEBHJHO, HEOTPHLATEJLHBE H .
Up=Uug —Ug. (4)

Hapsny ¢ psinom (1) GyaeM paccmaTpuBaTh ABa psija,

gu;{ n gu; (5)

(c HeOTpULATEJbHBIMH YJE€HAMH). .

Ilycte pan (1) a6comoTHO CXOAMTCS M YJEHHl €ro — Ieii-
CTBUTEJIbHBIE uHcaa 4, Toria psiasl (D) Takke cxomsTcs,
NOTOMY 4TO, OYEBHAHO, uj <|u,|, up <|uy.

[Iycte psif, moJyueHHbIH MOCJE NEPecTAHOBKH HMCXOLHOIO
psaa (1), umeer BUR v, +v,+U;+.... Has ero uneHos
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BBEJleM, Kak BHIIE, YHC/A UF W U;. Toria (MOSICHEHHS HHXKeE)
® ® (<] @©

Y .l - Al -

Sua= Sot—un) =St ~ T =

? - © ]
=D vf—Xvr = (v} —vg) = vy

0 0 0 0
[lepBoe paBeHCTBO B 3TOH Lenu ciaelyeT U3 (4), BTopoe —H3
§ 9.3, (2), ecam yuectb, uyTO psiAbl (D) CXOAATCS, TpETHE
CJIEAyeT U3 TOTO, YTO CXOASIUUECs PSAH C HEOTPHLUATEJbHBEIMHU
yJeHaMH NepecTaHOBOUYHE, ueTBepToe u3 § 9.3, (2), u, HaKo-
Hell, NsTOe—IIOTOMY, U9TO U,=Uf —U;. Teopema Iis ne-

CTBUTEJILHBIX U, JOKasaHa.

[lyctp Tenepb u,=o+iff,—KOMIJEKCHEIE 9gucJa, a
ygcna v, HMeoT npexHui cMeica. Tak Kak |o, | << |4,

o

| Br |<|ug|, TO psmBl c (NEACTBUTENbHBIMH 4YJIEHAMH) %‘,ak

@]

u X B, aGCONMOTHO CXONATCH, M UIEHH HX, KaK ceiiuac 6BUIO
0

JIOKa3aHO, MOXHO nepecTaBasThb. [lostoMy, cuuTas, 4to U, =
=y, +i0,, nonyuum
o

§uk= }Ol(ak+iﬁk)=2]ak+t20)m=

0
= 2011%:““' 20:6k= ;(Vk’i'iak):z;:vk'
TeopeMa J10Ka3aHa MOJHOCTBIO.

§ 9.7. YcunoBHO cxonpsiumuecss psiabl
¢ jaeficTBHTENbHBIMH YJieHAMH

M3 npeneiaymero naparpaga Mbl 3HaeM, 4TO aGCOJIIOTHO
CXOAsIIMHCS PS¢ JefCTBUTENBHBIMH HJIH KOMIJIEKCHBIMH
YJeHaMH MOcJe TepecTaHOBKH UJEHOB OCTaeTcsl aGCOJIOTHO
CXONAIUMCS M HMEIOUMM TMpPeXHIOn CyMMY.

OxkaspiBaeTcsi  3TO CBOHCTBO — He MEHSITb CyMMy [OcJe
nepecTaHOBKH YJIEHOB — IPHCYILIE TOJbKO aGCOJIIOTHO CXOAS-
UUMCST psiAaM.

PaccmoTpuM pan

Ugtuitu,+ ... )

C FEHCTBHUTEJbHBIMH WjIeHAMH CXOAAIIMEHCH, HO He aGCOJIOTHO.
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MOoXHO J0KasaTh, YTO, KaKOBO Obl HHM OBLJIO YHCJIO S,
KOHeYHOe HJM GECKOHEYHOe, T. €. YAOBJETBOPSIOIlee HEPABEH-
cTBaM— 00 <L S <C -+ 00, cCyIecTsyer NepecTaHoOBKAa YJICHOB
psifa (1), B pe3aysbTaTe KOTOPOH NMOMYYUTCS PSR, CXOASIIHHACS
K S. Ilostomy HeaGcoJIOTHO CXOASIIHECS pPsiibl HAasbiBAaIOT
YCAOBHO CXO0AUUMUCS.

CrenaeM eme cieaymomee 3ameuanne. Ilyctb 3anau psn (1)
U3 JeHCTBUTENBHBIX 4YHCeJs, YCJIOBHO cxoisuuiics. B page (i)
uMeeTcsl GeCKOHEYHOe MHOXKECTBO INOJIOKUTENbLHBIX M OTpHIIE-
TeJbHLIX YJIEHOB, ¥, OYEBUIHO, OHH B OTIENBLHOCTH 0GDA3YIOT
pacxopsiiuecs psiel (B NPOTHBHOM ¢Jiydae HCXOJHBH psift
OBIT 6Bl aGCOJIIOTHO CXORSLIUMCS).

§ 9.8. TlocaepoBaTenbHOCTH H PsAAbI (DYHKIUIE.
PaBHoMepHasi CXOIHMMOCTD

PaccmorpuM nocsenosarenbHocTb QyHKIHE {f, (x) }, onpe-
J€JIEHHBIX HAa HEKOTOPOM MHOXECTBE TOYEK X = (X{, ..., X,)
n-mMepHoro mnpocrpadctea. OHM MOIYT NPUHUMATh KOMIIJIEKC-
Hele 3HaueHus (f, (x) = a, (x) + P, (x)). MoKHO cunTaTh TaKKE,
YTO X— KOMIIJIEKCHble TOYKH (x=§ 4 in), npoGeratwomye He-
KOTOpoe MHOXeCcTBOo E TOUEK KOMMNJIEKCHOH IIJIOCKOCTH, H
torja f, (x)—@yHKUMH KOMIJIEKCHOH NepeMeHHOH X.

IlycTb nast KaxkIoro 3HaueHuss x € E mociefoBaTeNbHOCTb
{f.(x)} ctpemutcst x uwncay f(x) (pyHKuHH OT X).

Ilo omnpenenenuto nocaedosamersrocme [, (x) cxodumes
(cmpemumes) x [ (x) pasromepro na E, ecqv CylecTSyeT CXo-
JAAmAascst K HyJIO I0CJE0BATeJIbHOCTh HEOTPHIATE IbHBIX K-
ces p, (He 3aBHCSIIMX OT X) Takas, 4TO

|f () —F.(0)|<p, Vx€E. 1)
3ro onpejesieHHe 3KBUBAJEHTHO CJEAYIOMEMY: AJisl JIiO-
6oro & > 0 mnaiizercs N Takoe, uto mpu n > N
lF)—fa(]|<e Vx€E.

B camoMm geJie, ecqu BHINOJHEHO IepBOe ONpejesieHue,
To aas Jioboro € > 0 Hadizerca N Takoe, uro

8>pnz>‘|f(x)—'fn(x)l vert
T. €. n>N

e>|f()—fa(0)| Vx€E, n>N. @)
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- O6paTHO, TO BTOPOMY OmNpEJeseHuio AJst Jo6oro € > 0
waiinercss N Tak, uro BemosHsercs (2). Ho toraa

e itelglf(x)—fn *)|=ps (n>N). @)

Mbl BMIMM, YTO HEOTpPHUATE/NbHblE YHCJA P, He 3aBHUCAT OT
x v |f(x)—f,(x)|<p, 0:—0, T. e. BbMONHSETCH TeEp-
BOE OMpEE/EHHE.

B nepBoM onpeleseHHH B KauecTBe P, MOXHO B3ATb
TOUHYIO BEPXHIOIO I'PaHb

sup|f (9—F, (9 =0

Ecau ona crpeMutcsi K Hymo npu n—s oo (p, — 0), 10 f, (¥)
crpemutcss K f(x) paBHoMepHO Ha E, ecJM He CTpeMHTCH,
TO HE PaBHOMEpHO.

MoxHo elle JaTb TpeTbe ONpelesieHHe paBHOMEPHOH CXO-
guMoctH B ayxe Komm: nocjenosarenpHocTb {f, (x)} paBHo-
MepHOo cxoguTcss Ha E, ecau s smoboro e > 0 Hafimercs
tTakoe N, 4YTO BHINOJHSETCS HEPaBeHCTBO

[nsp ) —Fn (0)] <& (4)

npu mo6eix >N u p>0 u pas Beex x€E.

M3 Toro, uTo Moc/e0BaTENILHOCTE PaBHOMEPHO CXOAMTCS
B CMBICJIe BTOPOTO ONpejesieHusi, CJAeAyeT, YTO AJs BCSIKOro
e >0 Hafigercs Takoe N, uro mas n> N U JoOBIX p BH-
[OJTHSIETCS] HePaBEHCTBO

[Frap () —Fn )< Frip ) —F ) [+ [F () —Fo (x)| < 2e
Vx€E,

T. €. BHINOJIHfIeTCS TpeTbe onpeneseHue. C Apyro#l CTOPOHH,
NYCTb BBHIIOJIHAETCS TPEThe OMpejesieHHe; Toraa AJas KaXJAoro
OTJieNbHOTO 3HAYeHHsi X € E BBHINOJIHSIETCS, OYEBHHO, O6BIY-
Hbil npusHak KowwH CXOZMMOCTH NOCJIEA0BATENbHOCTH, 03~
TOMy OHa CXOAMTCS K HeKOTopoH ¢yHKuuH [ (x). 3aganum
Tenepb &€ >0 u moxGepeM N Tak, Kak YKa3aHO B TpeTbeM
onpefeneHun. B HepaBeHcTBe (4), rae n> N ¢(uKCHpOBaHO,
nepefizeM K mnpeleny IpH p— oo; B pe3yJbTaTe MOJY4YHM
|f () —F, ()| <e (x€E), okyna

pn=ilé1glf (x)_fn (X) I <8,

U TaK KaK n > N MOXHO B3fTb JOGEM, TO p, — 0 (n — 00),
T. €. BBHIIIOJHEHO MEpPBOE ONpeJe/]eHHe,
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Hao6pasum B npsiMOyrosibHOH CHCTEME KOOPAHHAT rpaduk:
GyHRUMH y=f(x) (npedesvroii ¢ynxkyuu), KOTOPYIO Mbl CyH-
TaeM HempepmiBHOH Ha orpeske [a, b] (puc. 103). 3ananum
€>0 u onpesennM &-NMOJIOCKY TOJNIIMHOH 2¢, OKPYXKAIOILYi0
rpaduk. [IpousBosibHas TouKa &-MoJOCKH ¢ abcuuccoli x € [a, b]
HMeeT OpJAHHATY Y, YAOBJIETBOPSAIOULYI0 HEpPaBEHCTBaM

f(x)—e <y <f(x)+e.

Ecou nocnenosarenbHocTs GyHkun# {f, (x)} cTpemutcs
K f(x) paBHOMepHO Ha [a, b], TO no 3anaHHOMY €& > 0 MOXHO
yKa3ath Takoe N, uTO JJIsl JitO- A
6oro n > N rpapuxk y=f, (x) | fw A
OKaXeTcsi BHYTPH &-TIOJIOCKH.
Ecan xe f,(x) crpemurcs K
f (x) HepaBHOMepHO Ha [a, b],
TO, XOTSl JJIi KaXJOro 3Haye-
Hud x [, (x) crpemurcs x f (x),
Bce xe Ve >0 HEBO3MOXHO
yKasaTb Takoe N, uToOb AJis
Kaxaoro n > N Bce rpaduku
y=[, (x) nonam B €-noNOCKYy
(cM. muxke mpumep 3).

Herpynno Bujierb, 4To ec- Puec. 103.
i a—uncao, a {f,(¥)} wu
{9, (¥)} —nBe mnocnenoBaTeNLHOCTH (QYHKUME, pPaBHOMEPHO
cxoasmuecs Ha E, To mnocnepoBatenbHocTH {of,(x)} u
{fr () & ¢, (x)} Takxe paBHOMepHO cxoustcs Ha E. He-
TPYAHO TaKXK€ BHIETb, YTO €CJIM MNOCJENOBATENbHOCTh (DYHK-
UMA paBHOMEPHO CXOAMTCH Ha E, TO OHa paBHOMEpPHO CXo-
nurcsi u Ha E'cE. O6patHoe yTBepJeHKe, BOOGLIE roBOpsi,
HEBEPHO.

3aMeTHM, YTO KaXJOH MNOCJIeJOBAaTeNbHOCTH (QYHKIHI
{f (x)} coorBercTBYET psn

Fo () +[F ) —Fo ()] +1Fa () —F ()] + .. .,

n-e YaCTHYHbIE CYMMBI KOTODOIO COOTBETCTBEHHO paBHbI f, (X).
[Iyctb Tenepn 3afaH paf

g () tui () +u, ()4 ..., 5)

uJieHbl KOTOpOro, BOOGILIE rOBOPS,, KOMIJIEKCHbE (DYHKIHH
or x€E, rae E-—mno-nmpexHeMy HEKOTOPOE MHOXECTBO
TOYEK N-MEPHOTO NPOCTPAHCTBA MJHM KOMIIJIEKCHOH mJoC-
KOCTH.
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ITo onpenenenuio pad (5) pasHomepHo cxodumcs HA MHO-
aecmse E K ¢pyrkyuu S (x), ecnm mocneioBaTeabHOCTD {S, (x)}
€ro YaCTHYHBIX CyMM paBHOMepHO cxoiutcsi Ha E K S(x).

B yvacTHOCcTH, omnpeniesieHHe PABHOMEPHOH CXOAMMOCTH
psiia, OYEBHJIHO, MOXHO BEICKa3aTh TaK: pPsiA (5) paBHOMEpHO
CXONHTCST Ha MHOXectBe E, ecau njas Jwo6oro e > 0 Hail-
nercas takoe N, uro ajaa n> N u p>0 u Bcsixkoro x€ E
BBLINIOJIHSIETCS] HEPABEHCTBO

|un+i(x)+"'+un+p(x)l<e'

Caenyomas TeopeMa JaeT BaXKHBIH KDUTEpUH paBHOMep-
HOM CXOAMMOCTH psija.

Teopema | (Befiepmrpacca). Ecau uaenst pada (5)
y008.1€MBOPSIOM HEPABEHCMBAM

lup ()<, (£=0, 1, ...), (6)

20e x€E, a a,—uucia (He sasucauue om x), u ecau paod
¢ ureHamu o, cxodumcs, mo pad () cxodumes Ha MHO-
acecmee E abcorromro u pasHomepro.

B camom jene, U3 CXOAUMOCTH psiia C UYJ€HAMH O, H U3
(6) caenyer, uro Agas moGoro e > 0 Haiiiercs Takoe N, uTO
npu mobbix > N u p >0 u npousBosbHOM x € E

8> Qpygteee T 0,4,
>‘un+i(x)'+ e +Iun+p(x)l>lun+i(x)+--~ +un+p (X)l'

a 3T0 M 3HauuT, yTo psaA (D) paBHOMepHO cxoxuTcs Ha E.
A6cosmoTHAsl €ro CXOAUMOCTh OYEBHJIHA.

Teopema 2. Ecau nocaredosamensrocme pynxyuii {f, (x) }
pasromepro cxodumes ra mHoxcecmee E K ¢pynkyuu f u f,
Henpepolgel 6 mouke x° (omuocumeaeHo E), mo [ maxace
HenpepoisHa 8 X°.

Ha s3bike psiioB 3Ta TeopeMa TJIaCHT! CYMMA PABHOMEPHO
cxodawezoca Ha E pada ¢ynkyul, Henpepbisrbix 8 mouke
x*€ E, ecmo HenpepoleHas ynkyus e smoil mouxet).

HokasatenbcTBO. 3agaguM & >0 u moxbepeM Ha-
TypasibHoe N Tak, uTobH |f (x)—fx (%) | < &/3 nnist Bcex x € E,
YTO B CHJIy DaBHOMEDHOH CXOAHMOCTH f, K f BO3MOXHO.
Hmeem, najiee,

[P @O —F () | < IF O —Fa () |+ Far () —F o (2 |+
i) —F )| < 24 Fy@—Fr ()] (O

1) CM. sameuanue B § 9,12,
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Ans JuoGoit Touku x € E. Ho ¢yskuus f, HempepeiHa B 20,
M MOXHO YyKasaThb Takoe 8 >0, wro |fy(x)—fx (x%)] <e/3
s Bcex x€ E Takux, uro |x—x°| < 8; nosromy us (7)
C/eflyeT, UTO ISl TaKHX X

2 3
IF W —F ()| <Z4+2=¢,
M TeopcMa AOKasaHa.
I[Tpumep 1. Pan
T+Hx—DF =V —x2) ... 8)
cxomutcs na orpeske [0, 1], Ho mepaBHOmepro. Ha otpeske

[0, g], rne 0 < ¢ < 1, OH CXORMTCS pPaBHOMEpHO.
B camom nene, n-a wactuyHas cymma psifa (8)

{ 0, 0<x<1,

Sp (1) = 2" 1 x= 1,

-
ne-> o

A6conmorHast BesauunHa pasHocTH S (x)—S, (x) (ocratka
psila) paBHa
x, 0<x <,
S@—8.@1={ o iy ©

Ha orpeske [0, ¢], rre 0 < g <1,
[S(®) =S, () |=x"< g

INpaBass yacTh 3TOro HepaBeHCTBA He 3aBHCHT OT X € [0, ¢]
M CTPEMHTCS K HyJIO NMpU n — oo (¢% — 0). 310 1oKasLiBaerT,
yto psA (8) paBHOMepHO cXoiamtcs Ha orpeske [0, g], rae
0<g<l1
C npyrofi cTopoHbl, H3 paBencrsa (9) BHAHO, YTO
sup 3IS(x)—-S,, (x)|=1

x€fo, 1

Takum o6pasoM, umucao 1 ecTb camoe Majoe YHCJIO Ipe-
Bolwaiomee | S (x)—S, (x)| ans Beex x € [0, 1]. Ho nocrosu-
Hoe 4YHCJO | He CTPEMHTCS K HYJIO NpH 7 —> co, I03TOMY
psaA (8) xora u cxomurcs Ha [0, 1], HO HepaBHOMEpHO.

IIpumep 2. Psan

in in 2 in 3
‘“—1,—"+———s‘;2"+—sgz"+... (10)
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HMeeT n-i WieH, yJOBJIETBODPSIOMUA HEPABEHCTBY

sin nx 1
-L‘—;l2_|<ﬁ vxE(_m’ OO),
H IpH 3TOM DSl
. -] -
1
ZW < o0

n=1

cxonutcsi. Ilostomy no Teopeme Beitepmrpacca psan (10)
PaBHOMEPHO CXOJHMTCHA Ha BCEH OCH (— oo, 00).

Tak kak unennl psfa (10) cytb HenpepniBHBIE (PYHKIHH,
TO 1O TeopeMe 2 CyMMa 3TOr0 psiia €CTb HeNpephHIBHAS
¢byHKIHA.

IMpumep 3. Ha puc. 104 nsobpakena ¢yuruus f, (x)
(n=1, 2, ...). Ona J;uHefiHa Ha KaXXIOM H3 OTPE3KOB
0, 1n], [l/n, 2/n], [2/n, 1] B oTmensHOCcTH. Kpome TorO,
[, (0)=f(2/n)=0 u f,(x)=0 na

5;1 [2/n, 1], f,(1/n) =1."Ouepuawo,
lim f,()=fx)=0 Vxe[o,1],
noromy uto f, (0) =0 —0, a ecan
O<x<,10f,(x)=0Vn> 2/x.
I W . Jlasiee, OueBHAHO, YTO
Vi -!/_'”_2_/” ————— J7 Z xes[l;,pl] Ifn (x)—f (x)l=

= su x)=1,
Puc. 104. xe[ol.) 1]f"( )

M OpY 3TOM TNOCTOSIHHOE YHCJO 1 He CTpeMHTCS K HYJIO NpH
n— oo, T. e. f,(x)— f(x)=0 na [0, 1], HO HepaBHOMEpHO.
Ha puc. 104 nyHkTupoM u3obpakeHa &-NOJIOCKA, OKPY-
xKalowas npejenpHyio kpusyio f (x)=0 (0 < x < 1). Ilpu ymo6om
n rpapuk ¢yHkouu f,(x) He nomajaeT BEChb B e-MOJIOCKY.
dro He Memaer Tomy, uTo f,(X) —f(¥)=0 Vx€[0, 1].

IlpuBenemM eume Gosee TOHKHE TNpPH3HAKH pPaBHOMEPHOH CXOQUMOCTH
PAKOB, OCHOBAHHEIE HA IIpHMEHEHHH K psJy TaK Ha3bIBaeMOro npeobpa-
sosanus Abens (aHalora onmepalHd HHTErPHPOBAHHA IO YacTHaM).

PaccMoTpuM psig

oofo+ By + B+ o0ty 1

rie op, Pr—oynkuun ot x€FE (uanm nocTosiHHBIE uHcaa). [losoxum
By=Bn+i+Bnt2t++s+Bnir ¥ K yceueHnoii cymme psaga (11)
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npumMeHuM npeoGpasoBanue Aless:

p
2 Onsk Brns=0Cns1Brait ee 0y pBnsp=

k=1
=0n+iB1+0n42 (Ba—Br)+... +an+p (Bp'_Bp-i)':"
= (On4+i=%p+2) Bit(@nt2—Cn+3) Ba oo+ (04 p-i—%n+ p) Bp-1+
p=1
+°‘n+po= Z (@n+r—%n+r+1) Bk+a’n+p Bp‘ (12)

k=1

Tenepb JIErKO yCTaHOBHTb CJEAYIOLULHe 1Ba KPHTEPHS PaBHOMEPHOMH
CXOAUMOCTH (B Cllyuae NOCTOSIHHBIX Ok, Bg— IpocTo cxonumocTH) psisa (11).

Teopema 3 (npusnak Jlupuxje paBHOMEpPHOH CXoO-
AUMOCTH paja). Ecau uacmuunsie cymmor paoa

Bo+Bit+Bat... (13)

oepanudensl 8 cosokynHocmu, a OedcmsumensHan yukyus o (x) (¢ 603-
pacmanuem k) pasromepro (omuocumenrsto x) Ha E cmpemumes & nyao,
yboisas, mo pad (11) cxodumca pasromepHo.

‘ B camoM pese, MyCTb KOHCTaHTa M npeBbIIaeT MOAYJH 4YacCTHBIX

(4acTuyublx) CyMM O, psaga (13). Torga npu moObix n u &
| Bel=|0n+r—0n|<|On+r|+|0n|<2M.

[lostoMy B cuay (12) um Toro ¢akra, 4TO Oty PABHOMEPHO CTPEMHTCS
K HYJIO yGLIBasi, BBINOJNHAETCS HEPaBEHCTBO

P p-1
Zan+k Bnrr |<2M 2 (On+r—%n+p+1) + s p ZM=2Motp 1 < 8
I k=1

s mobeix n > N u p u mobbix xEE, ecmu Tonmsko N pocrtaTouHo
Beauko. CuegosatesnbHo, psg (11) paBeomepHo cxozutcs. [locseanee
HepPaBeHCTBO B 3TOH IleNH BepHO MIA BceXx xE€E B culy paBHOMepHOro
CTPEMJIEHHS O, 41 (X) K HYJIIO.

Teopema 4 (npusanak AGenss paBHOMEPHOH CXOJH-
MOoCTH pana). Eciau Odedcmsumenrvroe ¢yukyuu oy He eospacmarom
(¢ sospacmanuem k) u oepanuueror & cosokynHocmu, a pad (13)
pasrosmepro cxooumea Ha E, mo u pao (11) cxodumcs pasromepro ua E.

B camom gnene, nycte M=|ag| (=0, 1,...) (pyukuuu o, mo-
ryT ObiThb M OTpHUATeNbHBIMH!). B cully paBHOMEpHOH CXONMMOCTH
pana (13) mna moGoro € >0 MoXHO ykasaTh Takoe N, uto |Bg| < €
aas gobbix n > N u k. Ilostomy B cuay (12) ¥ MOHOTOHHOCTH Oig
s mobeix 1> N up

P
2 ik Bnrr
i

p-1
S 2 (an+k_a’n+k+l)+3|°‘n+p|=
k=1

=8(An41—Onyp) 8|0y p| < 3eM,
T. e. pax (11) paBHoMepHO cXomMTCs.
Ilpumep 4. Pagn

@®

< cos kx sin kx
i 2 @ >0) (14)
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npu @ > 1 paBHOMepHO H aGCOJIOTHO CXOAATCHA Ha Bcelt AefcTBHTeNbHOM
ocH (—o < x < ), NMOTOMY YTO aGCONIOTHEIE BEMHYHHBI HMX k-X une-

HOB He IpeBHILIAT K~ %, a npn & > 1 pag Z k=% cxomutcs. Mu mpume-
uunu mpu3Hak BeitepmTpacca. ITpy oo << 1 OH yX«e He mpHMeHHM, TaK KaK

B 9TOM cllydae psiit k= pacxogutcsi. Onnako npn 0 < a<<1 Haumm

psLBl paBHOMEDHO CXOXSITCA Ha oTpeske [e, 2m—e], KakoBO 6B HH

6o € > 0, rge 0 < e < m. B camom nese, yacTHLHE CyMMBI PsiioB
-—;--l-cos x-cos 2x-} cos 3x+ «»s, sinx-sin2x+4,,,

COOTBETCTBEHHO DAaBHEI

sin (n—l——;-)x cos%—cos (n—l—-;—)x
D, (¢) =————"rt—, Ky (x)=
x x
2Siﬂ? 281]’]-2—

(=1, 2, ...). _ (15)

B 9TOM MOXHO YOeJHTBbCS, €CJH YaCTHbIE CYMMBI PacCMaTpHBaeMBIX
PAJIOB YMHOXHTb M Da3leNliTh Ha 2sin (¥/2) ¥ B uKCIUTese NMPOUSBECTH
COOTBETCTBYIOIHE TPHroHOMeTpuYecKkHe npeo6pasoBanus. PyHkuuu (15)
OrpaHAdYeHBl B COBOKYNHOCTH Ha [g, 2m—¢]

1 1
an (x)l<28iﬂ (8/2), lKﬂ(x)l<Siﬂ (3/2)

KpoMe Toro, n~%>= (n-41)~% n n=% -0, no3TOMy N0 MNpH3HaKy
upuxae pspsl (14) pasHomepHo cxoasiTcs Ha [e, 2m—e].

(n=1, 2, ...);

§ 9.9. Hurerpuporanne u nuddepeHuunporanue
pPaBHOMEPHO CXONSIUXCS PSIO0B

Teopema 1. [Iycme na ompeske [a, b] 3adana nocae-
dosamenvrocme {f,(x)} (Komnaexcroanaunbix) Henpepbistbix
pynryuii, cxodawancs & Qynkyuu f. Ecau cxodumocme pasro-
mepua Ha [a, b], mo

X X
tim § £, (0 at=f(t)at )
n=>®, a
pastomepto Ha [a, b]. B wacmrnocmu (npu x=1>),
b b

lim (fo@yat= iyt @

HorkasartenbcTBo. M3 ycnoBuii Teopemn crenyer

(cM. § 9.8, Teopema 2), uro mpenesnbHas QyHKuMs f Hemnpe-
puBHa Ha [a, b] u

a;nfxéb]f,,(t)—f(t)]=rn—>0 (n — o).
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[TosTomy
Sf..(t)dt—Sf(t)dt Slf (t)—f(t)ldt<§ =(b—a)r,,

rie npaBas 4acTb He B3aBHCHT OT X M CTPEMHTCS K HYJIO
IpH n— 00, a 3TO JOKas3hlBa€T TEOPEMY.

Teopema 2. Pasnomepro cxodaujuticss na ompeske [a, b]
pA0 (KOMNACKCHO3HAUHBLX) HEnpepoleHbLx QYHKLYUL

S () =1ty (¥) 4ty () F s () + ... 3

MOXCHO nouseHHO urmeepuposame (a < x, < by

X

§S(t)dt=§u0(t)dt+gui(t)dt+.... 4)

Xo Xo Xo

Honyuennviii npu smom psd (4) pasromepro cxodumes nala, b).
B wacmnocmu,
b b b

(swat=Su,tyat+§u,yat+.... (5)

JlokasatenbcTBO. 3aMeruM, uro S(x), Kak cymma
paBHOMEPHO CXOJSIIEerocsi Ha oTpeske [a, b] psila HempepeiB-
HbIX (YHKUHMH, €CTb B CBOIO OYEpelb HENPEpPLIBHAA (YHKUUSA
Ha [a, b]. TlycTb

Sn (x) = 2; Uy ()C).

Tak kak psia (3) paBHOMEpHO cxoiautcss K S(x), TO
sup |8, ()—S(®)|=r,—0 (2— o).
a<x<b

IToatomy

x n X x x
{s@wat—3{u,at|=|{ syt s, tit|=
Xo 0 X, Xo Xo

= S[S(t)—S,,(t)]dtlgS[S(t)—S,,(t)[dtg

<(b_’a)rn——’0 (n_’°°)r

H Teopema JoKasaHa.
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Teopewma 3. ITycme na ompesxe [a, b] 3adan psd
uo () ug () Fus () + ... (©)

(KoMnAeKCHOBHAUHBIX) (PYHKYUL, UMeOUUX HenpepbiBHYI0 N po-
u3600HYyt0.

Ecau psd (6) cxodumcs e wekomopoil mouke x, € [a, b] u,
Kpome moeo, opmarsHo npodughgepenyuposaroli pad

ur (x)+uy () +u; ()4 ... M

pasromeptio cxodumes xa [a, b], mo pad (6) pasromepro
cxodumesn Ha [a, b] u npoussodnas om ezo cymmor S (x) ecmo
cymma pada (7).

Takum o6pa3som,

s(x)=uo(x)+ui(x)+u§(x)+"" (8)
St (x)=uq (x) 4 u; () +uz () + - .. (a<<x<D). (9)

HokasatenbcTBo. [lo ycnosuio psin (7) paBHOMEPHO
cxonutcss Ha [a, b] W ero ujeHsl— HenpepuBHEIE (DYHKLHH
Ha [a, b], No3TOMY ero cymMma, KOTOPYIO Mbl 0GO3HAaUMM IOKa
uepes ¢ (x), HenpepriBHas (yHKuMA Ha [a, b]. Ha ocHoBanuu
teopeMbl 2 psax (7) MOXKHO HHTErpUpOBaTh MOYJEHHO H IO-
JIYSHTb PaBHOMEPHO cxolsuufics Ha [a, b] psan

fotyat=fu,yat+Suiyar+... (@<x<o).

IMpumensa teopemy HbioTona—Jlefi6nuna, GyleM HMeTb

X

{0ty dt =3[, (=1, (x)] (10)

%o

Psin cnpaBa B (10) ¢ uneHamu, paBHBIMH (DYHKUHSIM B
KBaJpaTHEIX CKOGKaX, PaBHOMEPHO CXOIMTCS Ha [a, b], psn

-]

Du,(x,) TO YENOBHIO CXOAMTCS, W TaK KaK €ro YJeHH Io-

[}

CTOSIHHBI, TO €ro Hallo pacCMaTPHBaTb KaK PaBHOMEDPHO CXO-
o Y

namufica psa Ha [a, b]; HO Torma pam X u,(x) Takxke cXo-
0

IMTCA M TpHTOM paBHOMepHO Ha [a, b] Kak cymma JHByx
PaBHOMEDHO CXOMSIIMXCS pSAOB; 0OG0O3HAUMM €ro CyMMy ue-
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pe3 S(x). Toraa pasenctBo (10) MokHO mepenucaTb TaK:
X
S(x) =S+ o (t)at.
%o
Ho ¢ynkuns S (x) umeer npousBoAnylo, paBuyo S’ (x)=¢ (x),

H Teopema JOKasaHa.
IMpumep 1. Psn

JUEC L

npu o > 1 paBHOMepHO CXOAHMTCS Ha BceHl JeHCTBHTENbHOMH
ocH no npusHaky Befiepiurpacca moromy, 4to

|n-*cosnx|<<n-* Vx€(—oo, o)
H

®

Zn‘“ <oo (a>1).

Iponuddepenunpyem paa (11) gopmanbho:

—sin x sin 2x sin 3x
P (x)= %=1 T Toem1 30=1 T e (12)

SToT psA CXOAHTCS pPaBHOMEDHO HA (—oo, ©0) YKe IpH
a > 2. Ho torza npu a > 2

S' () =9 (x). (13)

Paccmorpum cayuaii 1 <a<{2. B stom cnyuae mpusHak
Be#tepiutpacca k pafy (12) uenpumenum. Onmako psan (12)
pPaBHOMEDHO CXOINHTCA Ha OTpe3Ke [e, 2m—e]| npH Jo6oM
e>0 (cM. § 9.8, mpumep 4). Tak Kak K TOMy 2Ke CXOAHTCS
Ha 3ToM otpeske u pai (I1), To MOXHO yTBep:KIaTh Ha OC-
HOBaHHH TeOopeMbl 3, YTO HMeeT Mecto paBeHcTBO (13) Ha or-
peske [e, 2n—e], Kak Obl HM GblTO Majo & >0, HO TOrAa,
oueBHAHO, U Ha uuiepBase (0, 2m).

Ecnu yuects, uto unmenn! psza (11) umeior nepuox 2m,
TO MBI JOKasanu, uto npu ycjoBuu | <a<{2 pan (11) sa-
KOHHO JH(depeHHpoBaTh INOYWIEHHO VI BCEX 3HAYEHHH
X € (—oo, 00), HCKJIIOYAst TOUKH X, =2kn (k=0, =1, £2,...).

MMpumep 2. Ilycrs ¢yuruus f,(x) sBIsSeTcs Hempe-
puiBHO#H Ha [0, 1], nunefinodl na kaxaoM u3 orpeskos [0, 1/2n]
u[1/2n, 1/n] u tako#, urto f,(0)=f(1/n)=0, f,(1/2n)=a,,
f.(x)=0 na [l/n, 1], rre a,—mmobasi nOC/e4OBATENBbHOCTD
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uucen (puc. 105). Torza, oueBnamno, lim f,(x)=0 mns Bcex
x€[0, 1], a
1

hgf” (x) dx= I;S%" 2na,x dx —[—Ji: 2no.,, (%——x) dx = g_;z"

QOueBHHO, JaJjiee, YTO

ra= sup |f,(x)—0|=e,,
0<x<!

NO3TOMY MOCJE0BaTeNbHOCTb {f, (X)} paBHOMEPHO CXOAHTCS
TOTAa H TONBKO TOTna, Koraa o, — 0. PaBercTBO
1 1
(hwar—{fwar  Fw=0) (14)
0 0
BBINOJIHSIETCS TOTZA M TOJBKO TOTAA, KOrAa a,,/2n —s 0 (n—so00).
Mpl BUIMM, YTO M3 paBHOMepHO# cxomumoctH f, K f=0
ua [0, 1] (r. e. xorna @, — 0) cnexyer CXOXHMOCTb HHTErpa-
Y qoB (14), uto cornacyercs c Te-
opemoit 2. Ho nocnienoBarenbHoCTh
{f,} MOXer cXonuTbCs HepasHo-
: MepHO, B TO BPEMSI Kak CBOHCTBO
| (14) Bce xe cobmopnaercs, HanpHu-
{ mep, npu ao,=1. 3r0 nokaswBa-
{ €T, YTO PaBHOMEPHasl CXOXHMOCTb
I NOC/Ie[OBATENbHOCTH SIBJASETCS JO-
i
A

@, -

CTaTOYHLIM, HO HE HEOOXOAHMEIM

7 7 2  YCIOBHEM CXOAMMOCTH MOCJEXNO-

in 7 BaTEJIbHOCTH HHTErpajioB K HHTe-

Puc. 105. rpajny or npemeibHod (YHKLHH.

Hanee, npu o, = n nocjefoBareb-

HocTh {f,} HE TONLKO CXONMTCS K HYJIO HEPABHOMEPHO, HO
u cBoiicto (14) me cobmogaercs.

Takum obpasoM, ecnu nocjefoBaresbHOCTh {f,} cxoputes

HEPABHOMEPHO, T0 BOSMOXKHO, HIO NOCIENOBATENBHOCTD HH-

TerpajoB S fn.(x)dx cxomuTcsi K MHTerpajy OT MpenesbHON
a

b
(YHKIMH Sf(x) dx, a BO3MOXHO, UYTO CXOIMTCS K JAPYromy
a

yHCAy (IpH a,=n CXOAuTCs K 1/2, a He K HYJIO) HJIH Xe
He CXOLMTEs BOBCE,
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NMpumep 3. Us pasenctsa (1 —2)~t=1+42+4224,,, (2=pe’®,
p < 1) caegyer, uto

14pe® 1 ;
N R

2(1—pe”)
3 OTHensss NefCTBHTENbLHYI H MHHMYIO 4acTH, MOJYYHM
W1 1—p? _ 1 .
P(p, /=5 T—3pcos 01 p? —i—l-pcose—}—p c0s204-.,., (15)
psin 6

—_—_—— 2 cve
Q, O)= =25 c0s 6157 psin 04p2sin 204 16)
®yuxuus P (p, 0) HasmBaetcs adpom [Tyacconal), a Q (o, 0)—emy
conpaYscenHod PyHKyLed.
Ot PyHKuMM ABJASIOTCS FapDMOHHYECKHMH (YyHKUHMAMH (4Js p < 1),
T. €. yhaoBiaerBopsioT AuddepennnanbHomy ypasHenuio Jlamiaca?) B mo-
NAPHBIX KOOpAHHATAX
02y 1 0u, 1 0%
A”Ea_pa"*'Ea”p‘l'F%’?:O‘ 17)

B camom nene, Kaxanifi ujed papa (15) sBaseTcs rapMOHHYECKOH
dyHKuHE i

(p™ cos ne)‘; =npr=lcosnd, (o"cos nB)p=n (n—1) p?=2cos nfh,

(o™ cos nB)g = —n2p" cos nd,
A (p™ cos nf) =p*~2cos nf [n (n—1)-+n—n2]=0,

Axanorununo A (p" sin n9) =0.

3akonnocTh nousnensoro auddepenunponanns psgos (15) u (16) o6y-
CJIOBJieHa TeM, YTO 3TH PsAb H (opManbHO TNpoAHbbepeHUUpOBaHHbIE
(ommn win ABa pasa) psAL paBHOMepHO cXoasaTcs npu 0<Sp<<pq, rae
Pp—J11060€ TOJIOXKHUTEJIbHOE YHCIO, MeHblee eIHHHI.

3aMeTuM, uTo GYHKUHA 4 (¥, Y), TAe X M y—JeKapTOBH KOOPAH-
HaTHl, Ha3bIBaeTCH 2apMmonudeckold 6 obaacmu Q Touek (X, y), €CIH OHa
yAoBreTBopsieT B 3ToH o6nactu auddepeHHanbHOMY ypaBlieHHIO

0%u , 0%
Au =W+a—y2~=0.

B nmonsipueIx KoopAHHaTax 3To ypaBHeHue HMmeeT BHA (17).

§ 9.10. TepemHoxenue aGCONOTHO CXOASILIUXCS PSAJOB

PaccmoTpuM fBa aGCoOMOTHO CXOASUIMXCS Psija

®

S=k20 uk, 0= Z vl (l)

=0

1) C. [. Iyaccon (1781 —1840) —dpanuysckuit MaTeMaTHK H $nam(.
) I1. C. Jlannac (1749—1827) —¢dpanuysckuii MateMaTHK U QH3HK.
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C JeACTBHTENBHBIMH HJIM KOMIWIEKCHBIMH uneHamu. [lepeny-
mepyem napm (k, ), rae k=0, 1,2, ..., I=0,1, 2, ...,
KakHUM-HHOYb crnocobom

(Rys L)y (Ryy L)y (g L)y v @

3nece BaXHO, YTO KaxkJas yKasaHHasi mapa (k, [) BXOAHT
B TOCJIEOBATeNbHOCTh (2) B KauecTBe ee SJIeMEHTa OAHH pas.
Ona HMeer B 3TOH MOCJIENOBATENbHOCTH ONpPEJENEHHbIH HO-
mep. Jokaxem, uTO

@®
So = 26 Ur Y1, 3)
1=
U TpH 5TOM psA cnpaBa B (3) abCOMIOTHO CXORMTCS.

Takum 00pasoMm, eclH M3 BCEBO3MOXHEIX MpOH3BeleHHH
,U;, B3ITHIX B J1I0OOM MOPAJKE, COCTaBHTb Psill, TO STOT Psl

n abCOJIIOTHO CXONMTCSI M HMEeT CyM-
My, paBHyio So.

V4 > > Urobbl foKa3aTb 3TO yTBepHie-
HHE, COCTaBHM psAAbl H3 MOAyJed

3 |uk| H ]vt l:

@®

z S= Zlukl o= 2|y, 1

7 =
TNonoxum

07 23 ¥ k N "
Puc, 106. Sy= 2 lusl, © § o .

Tapet (%, !) ynmopslouyum cHauazna cJaelyHOIHNM oOpa3om
(e, 1000 0, 0), 0, 1) (1,70, "(1, 0), ©, 2), (1, 2), (2,2
@1, 20),..., torna

So= 11m Sy lim oy = lxm Sy-on)=

No>o No>»
=A1,1_g (luo]"vol"‘luol‘lvil"l'luiI'IUiH"lui|'|vo|+|uo|'!vzl+
Hlug|-|vg |+l ug | | v |+ ta || og [+ 2al - |0g | Feoe - un || 0o ]).
(4"
Oro noKaskiBaeT, YTO CyMMa CNpaBa CTPEMHMTCS NpPH N — o0

K Tpefeny, paBHOMY So, H Tak KaK WIeHE ee HeOTpHIa-
TeJibHble, TO YHCJIO SO ecThb CymMMa psfia

So=|ugl-lvol+|uol |0+ ug|-l0g|4.oc . ()
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Tak KaK ujleHbl 3TOro psija HeOTPHIATelbHble, TO HX MOXKHO
nepecTaBlsiTh KaK YIOJHO, HE H3MEHfAs €ro CXOIHMOCTH H
CyMMH So.

Mbl Zoka3anu Haile yTBepKAeHHE Moka Jjst psgoB (1°).

ITycts Temepn
N

N
Sy= > Uy, On= > Uy
k=0 =0

Kak B (4’) B cuny cxoaumocty psnoB (1) Gyaem umerb
So= lim (Syop)=
N—>w»

= Allim (ugvo 4 ugv; + 10 0 v, 4 oo Fupvy).  (4)

Taxkum obpasoM, cyliecTByer npenesn cnpana B (4) npu N —o0,
paBubiii So. Ho Mul yxe mokasanu, uto psn (5') cxonurcs.
10 NoKasbiBaer, YTo H psl

Uy + U0, +uv, Fuv, 4. ®)
CXOAUTCS M NPUTOM abCOJIOTHO.
B cuny xe (4) cymma storo psita pasua Soi
So=u, +uo, +uo, fuu ..
Mui, TakuMm o6pasoMm, JoKa3aju paBeHCTBO (3) moka s
OJIHOTO ompezesneHHoro cmocob6a Hymepauuu mnap (&, /). Ho
B cuay aGcomoTHOH cxonumocTH psifia (5) paBenctBo (3) co-

XpaHuTCs M NpH JoGoM Apyrom crocobe HyMepaluu.
MMpumep. Pan

PR=1+2+ G+ + .. ®)

abCoJIOTHO CXOAUTCS [Js J00Oro KOMIJIEKCHOTO 3HAYEHHS 2
HJIM, KaK TOBOPSAT, abCOMIOTHO CXONMTCS HA BCell KOMIJIEKC-
HOH mJocKocTH. B 3tom Jerko y6eauTthbesi, €M K psily C
ofmum usenoM |z |*/n! npumenuts nmpusnak danambepa.

Jnsi mobblx ABYX KOMIJIEKCHBIX YuCeJd 4 ¥ U uMeeM (1o-
fICHEHHS] HHXKe)

p@o@=(1+uaty+...) (1+o+5+...)=
S [ RLay RTINS PR AL
v L = e 0) o (1 2000t
+Ll(u3+3ugv+3uvz+va)+...=
=144+ LTyt @)
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Bo BTOPOM pAaBEHCTBE Mbl PaCHOJIOKUAH IIPOU3BEACHHSA
1

%% B Mopsiike, KOTOPHI MOXHO ycMoTperb M3 puc. 107
/A H BOCHOJb30BaJUCh DPaBEHCT-
BoM (3) Ansi abCOJIIOTHO CXO-
4 nsiuuxess psafoB. [lomyuensstit
npu 5ToM psAl, Kak Obuwo J0-
3 KasaHo B ofweM cayuae, a6-
comoTHo cxoputcs. Otaenb-
2 Hble TPYIINbl YIEHOB CXOXsIIe-
rocst psijia 3aKOHHO OOBEIHHHUTD
7 cKoOKaMH, He Hapyuas ero
CXOIHMGCTb. JTO H CHENaHO B

,  TOC/JelyIOmHX PaBeHCTBax.
/7 7 5 4 % Mbl 10Kasany BaKHOE pa-

BEHCTBO
Putov)=yp()p() (8)

IS moOBbIX KomruiekcHbX ¢ M v, O HeMm eme GyaeT HATH peyb
B § 9.13.

Puc. 107.

§ 9.11. CreneHHbie psaabl

Psan Buna
a,+aiz4a,2 a2 ..., N

rle a,—MOCTOSIHHBIE 4YuCJa, a Z—IepeMeHHasi, Has3blBaeTcs
cmenennoim padom. IIpu sToM @, U z MOTYT GBITb KOMILIEKC-
HBIMH, Mbl TaK U OyJeM CUMTaTh B JasbHeHIIeM, HHOTAA TOJIBKO
nepexoisi B 001acTb JeHCTBHTENBHOIO nepeMeHHoro. byksa z
6yler o0003HayaThb, BOOOHIE TOBOPS, KOMILJIEKCHOE IepeMeH-
HOe YHCJIO (TOUKY KOMIJIEKCHOH IIJIOCKOCTH), a 6yKBa x—
JefCTBUTEJIBHOE IEPeMEeHHOe YHCJIO (TOUKY AeACTBUTENBHOM
OCH X).

B Teopun crenmeHHBIX pPSAJOB LEHTPAJbHOE MECTO 3aHH-
MaeT CJIelyiowasi OCHOBHAs TeopeMa.

Teopema 1 (ocuoBuas). Jaa cmenennoco pada (1)
cywecmayem Heompuyameavroe uucao R, koneunoe uau bec-
rorneuroe (0 << R < o0), 06.aadatowyee caredyrouyumu ceoticmeanu:

1) Pa0 cxodumes u npumom abCcOAOMHO 8 OMKPLIMOM
kpyee Komnaexcuotl naockocmu |z| < R u pacxodumcs 8 mou-
kax z ¢ |z|>R.
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2) Yucao R onpedersemcs no gopmyare

1
= T e @)

n—-o

20e 6 3namenamene cmourn eepxuuti npedea (cM. § 2.10).
Mnl nosBosisieM cefe mpu 3TOM CUMTaTh, 4TO

= 00, 1o
<0

o] -

Taxum 06pa3soM, eciy YKa3aHHBIN BepXHUH npenen pasen O,
TO R =00, €Cc/IH e OH paBeH oo, T0 R =0.

OTxpoITHIT KPYT | 2| < R Ha3bIBaeTcs Kpyeom cxodumocmu
cmenentoeo pada. Tlpy R=oo oH mnpeppamaercs BO BCIO
KOMILJIEKCHYIO MJIockocTb. Ilpn R =0 crenmenHo#l psin uMmeer
TOJIBKO OAHY TOYKY CXOAMMOCTH, HMEHHO TOUKy 2=0; R Ha-
spBaloT paduycom cxodumocmu pada (1).

3ameu anue 1. Uncno R, yhoBieTBopsiollee YTBEPHK-
nexuto 1) teopembl 1, OueBHIHO, €IUHCTBEHHO.

3ameuanune 2. Ecan ana crenensoro psaa (1) cyume-

ctByer ofbumbit mpenen lim }/a,[, To on paBen Bepxmemy

n—>w

npeneny Iim }/a,]. Mostomy
n—-»w

. 1

= e——

L]
lim /| a,|
n—>o ]/ n

Yurareab, He O3HAKOMUBIUHICS © MOHATHEM BEPXHErO
npenesia, MOXEeT MPOCAEINTb 33 XONOM HOKAa3aTeJIbCTBA TEO-
pembl 1, MpeanonoxuB, 4YTO AN PacCMaTPUBAEMOTrO CTEIeH-
HOTO pfila YyKa3aHHBIAl mpeen cymecTByer. B sToMm ciyuae
BCIOZY B NPOH3BOJMMEIX HUXKE PAcCyXKIEHHSX HAlIO 3aMEHHTDb
lim na lim.

JokasatrenbcTBo Teopemu 1, Ilyctb umcmo R
onpefensierca 1o ¢opmysae (2). B touke z=0 crenesnoi
pan cxoxurcs. Bymem panee cuurath, urto |z| > 0. Hapsny
c psgom (1) BBexem BTOpO# psll, COCTAaBJEHHBIA W3 ero
MOJy Jef,

las|+lasz|+]a2® [+ ... . (1"

O6muit unen psza (1') oGoswauum uepes
u,=\az"| (n=0,1,2,...). 3)
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CorsnacHo ofoGmenHomy mnpusnaky Kowm cxoiHMoCTH psia
(cM. § 9.4, Teopema 3, B)),

ecn 1im 3/ u, <1, 10 pan (1') cxonurcs,

n—»o

ecom xe lim 3/ u, > 1, 10 psan (1’) pacxogures

n—>o
H TPpH 3TOM N€peMeHHast U, HeorpanHyeHa, HO

fim 3/ u,=1im ¢/ [a,z"|=lim (| 2| /]a,[) =
=|z|Tim §/Ta, ] =LEL.

3hech Mbl BBIHECJM 3a 3HAaK BepXHEro Impejesa KOHEYHOE
yucyo |z| > 0.

M3 ckasaanoro cieayer: ecrv |2| <R, T.e. |z|/[R< 1,
to psl (1) cxomutcsi, a BMeCTe C HHM CXORMTCS H IIPUTOM
abcomoruo psan (1); ecmn xe |2|>R, T.e. |2[/R>1, TO
psia (1') pacxoautcs u ero oOLMil Y4JeH |a,2”| HEOrpaHHYeH,
nosromy ofuwuii unen paga (1) a,2" He CTpeMHTCHS K HYJIO
Npy fA—>oco M JJIS HEro He BHIIOJIHSETCS HEeOGXOXHUMBIH
npusHak (cM. § 9.1). Dro mnokaswiBaer, uro psaAx (1) pacxo-
JATCH.

Hrak, Mbl JoKasajH, 4TO ompelesnseMoe H3 paBeHCTBa (2)
yucjo R obnazaer ciefyioUUM CBOHCTBOM:

ecsu |z2| < R, 1o pag (1) cxomurcst u nputom a6CoONIOTHO,

ecan xe |z|> R, 1o pan (1) pacxoxurtcs.

OcHoBHasi Teopema JIOKasaHa.

By;(eM B Jla/IbHeHIIeM 1A KPATKOCTH oGo3HauaThb yepes o,
8aMKHYTHIH KPYT |2z|< ¢ KOMIJIEKCHOH IJOCKOCTH.

3amMeTHM, YTO CTENEHHOH psA CXOAUTCH Ha OTKPBITOM
Kpyre |2 | <R BooOlIle roBopsi, HepaBHOMepHO. OHAKO BepHa
clefyioluias Teopema.

Teopema 2. Cmenennoii pad (1) abcoarommuo u pasto-
MepHO cxo0umces Ha aobom kpyee 0, ={z:|z| < q}, 2de ¢ < R,
a R—paduyc cxodumocmu pada (1)

JoxkasaTteanbctBo. B camom nene, nycts ¢ < R, Torza
g ecTb NeHCTBHTEJNIbHASA, T. €. JIeXKallas Ha OCH X TOYKa, NpH-
HaJJIexKauas OTKPEITOMY Kpyry cxogumoctH psifia (1). [Tostomy
B 3TOH TOYKE HAlll CTEEHHOH D5 abGCOJMIOTHO CXOAUTCH, T. €.

D |a,9"| < 0.
n=(



§ 9.11. CTENEHHBIE PSIAHI 897

C zpyro#i CTOPOHH, ISt z € 0, MMeeM
la.2*|<la,g"| (n=0,1,2, ...).

Tax kax npaeble yacTH 3THX HEPABEHCTB HE 3aBUCAT OT Z €0,

H psifi, COCTaBJIEHHBIl U3 TNpaBHIX YacTe#, CXOAUTCH, TO 1o

npusnaky Beiiepmrpacca (cm. § 9.8, Teopema 1) creneHmoft

psn (1) cxomutca Ha O, abCOMOTHO H PaBHOMEPHO.
Teopema 3. Cnyvta

S(2)=a,+a;z4az24- ...

CmenenHoeo pada ecmb HenpepuisHAs (YHKYUA HA e20 OmKpbl-
mom Kpyee cxodumocmu |z| < R.

B camoMm JzeJie, usieHB! Hallero psiia—HeNnpephiBHbE (QYHK-
UHH OT 2z, a CaM DSl PaBHOMEPHO CXONMTCH Ha KpyTe O,
g<R. C.nezlosa'renbﬂo, MO H3BECTHOH TeopeMe M3 Teopml
paBHOMEPHO cXoAsuuxcs psifioB (cMm. § 9.8, Teopema 2) cymma
psia S(z) ecTb menmpepeiBHas (YHKIMA Ha Oy, HO TOrla H
Ha BceM Kpyre |z| < R, noromy uro g <R nponssonbno

Jnsi BHIUMCJIEHMSI paZnyca CXONHMOCTH CTENEHHOro psila
B HallleM pacnopsuKeHMH uMeercsi dopmynaa (2), HO YyacTo Ha
npakTHKe INPH BHIYHCIEHHH R yJloOHO OBIBae€T BOCMOJB30-
BaTbcsi mpHusuakoMm [lanamGepa.

[Tycth cymectByer npellen (KOHEUHBIH HJIH GeCKOHEUHBIH)

(4)

An+i
a,,’

lim

n+wo
KOTOpHII MBI MOKa o0o3xauuM uepe3 1/R;. Torma (cMm. (3))

1zl
Ry

H, COMIACHO NPU3HAKY Hanambepa (§ 9.4, teopema 2), ecau
|z2] < Ry, To psax (17), a Bmecte c HuM u psan (1), cxoauTcs,
ecnn ke |z| > Ry, 1o |u,|— oo u psn (1) pacxomurcs. Ho
yucao R ¢ TaKUMH CBOMCTBAMH MOXeT OHITb TOJIbKO €IHHCT-
BEHHBIM, NM03TOMy R;=R (cM. Teopemy l).

Hrax ™Mbl JOKasajM, YTO €caH cyllecTByeT npelen (4),
TO OH paBed 1/R:

. . n+
lim “241 — fim 1802271 |5 i | 9o+t

ns>w Hn n—>m | an2™ | n->o

4 = (5)

rie R—pamuyc cxofuMocTH cTenexHoro psaa (1).

3aMeTHM, YTO MBI OKOJbHBIM NyTeM JOKasalH, UYTO €C/u
npefen (4) (KoHEUYHBIH HIH 6ecxoueqﬂblﬁ) CyILIeCTBYET, TO
oH paBen Bepxmemy mnpefeny lim'y/[a,].

n—->w
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Bameuanue 3. B naweit yuebuoit nutepatype OGBHIYHO
HAYUHAKOT H3JI0XKEHHEe TEODHH CTEMEHHBIX PsJ0B C TEOPEMb
AGens, KoTopasi IJiacHT:

Teopema AGeuns. Ecau cmenennoii psao (1) cxo00umes
8 mouke 2,5=0 Komnaexcuoill naockocmu, mo oH cxo0umcs
abCcontomBo U PABHOMEPHO 8 3amKrymom Kpyee |z|<gq, ede
g— at060e 4ucao, yoosremsopsroujee Hepasencmsam 0 < g<|z,|.

JoxasaTenbcTBO. Dra TeopeMa Telephb yiKe sIBJATETCS
caeficteueM H3 TeopeM 1 m 2. B camom lene, Tak Kak 2,
€CTb TOYKa CXOJAMMOCTH psifia (l) TO |z,] He MoxKeT ObITh
GonpwnM, uyem R. Ilostomy g%l <R, 0<g<|z|<R
g < R. Ho Torna mo teopeme 2 crenennoit pax (1) cxolurcs
Ha Kpyre |z|<(g a0CONIOTHO H PaBHOMEPHO.

I[Ipumepsr.
1+z+22+ , (6)
Lt 3§+... (@>0), ™
I4z24-21224-31284... . 8)

C nomompio dopmysst (2) uan (5) 3akmoyaeMm, yTo paauyc
cxolumoctH psifioB (6) u (7) paBen l; fns psina (8) o pasen O.

Cymma psila (6) (reomerpuueckas HporpeccHs) B OTKPHI-
ToM kpyre |z| <1 paBua (1—z)~%, a ocrartok

@

n@=2 = 10 (1— ).

n+l I

Onnako CXOAMMOCTb Ha YKa3aHHOM Kpyre HepaBHOMEpPHA.
HepaBHOMEPHOCTh CXOAHMOCTH MMEET MECTO YK€ IJs HOJIO-
JKHUTENbHBIX z=x Ha uuTepBane 0 < x < l; HepaBencTso

xn+1

> l—x ©)

NpH Jo60OM 3aJaHHOM 7 HENb3si YAOBJIETBOPHTb IJsI BCEX
YKa3aHHbIX X.

Beap ecau x B3sThb OYeHb OJMH3KHM K 1, TO uuCIHTENb
B npaBoi uwacTH OyZer Toxe Omu30K K 1, a 3Hamenatenn
6MH30K K HYJIO H Apo6b B mpaBoil yacTd (9) MOXKHO, TaKHM
ofpasom, clenath GoJibllell yeM e.

Psan (7) npu a > 1 paBHOMepHO CXOIMTCA Ha 3aMKHYTOM
Kpyre |2 |<1 ero cxomumocrtd, Tak Kak npu |z|<1

|2h-a| < k=" n Fh-o < oo,
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Ecnin a=1, 1o B Toyke z=1, mexameil nHa rpauuue
Kxpyra CXoAMMOCTH, psA (7) pacxoaurcs.
Pan (8) cxomurcs tonbko B TOuke z=0,

§ 9.12. tuddepeHunpocanne M KHTErpupoBaHHe
CTeNEeHHbIX PSINOB

Teopema 1. Paduycot cxodumocmu cmenerroeo psada

a,+az+taz22+ ... (1)
u pada

& +2a,2 +3a,2°+ . .., (@)

NOAYHEHHO20 U3 Heeo opmarvrbim  Ouggheperyuposaruen,
cosnadarom.

3ameuanue Onpelenenne HENPEPHIBHOCTH ¥ IMPOHU3-
BOXHON OT (YHKIHUH KOMIIJICKCHOTO IepeMeHHOTo f(z) Takoe
JKe, Kak H B cayvyae (yHKUHMH OT JeHCTBUTEJbHOH NepeMeH-
noil. Heobxomumo mumb uMeTb B BHAY, 4TO O-OKPECTHOCTb
TOYKH Z, €CTb OTKPBITHI KPYT paiuyca § C IeHTPOM B TOUKE Z,.
Ucxons u3 3toro onpefienenusi, NpoH3BOAHAs OT CTEIEHHOH
(GyHKIMM 2" BblUHCasieTcs no dopmyne (z7) =nz™~1,

HdoxasatenbcTBO TeopeMul 1. byleM cunrath, uro
R ectp pamuyc cxomumoctu psafa (1), a R'—panuyc cxolu-
Moctd psfia (2). JoxaxeMm TeopeMy B NpPEANOJOKEHHH, 4YTO
npeien

lim §/Ta, | = @)

n—>w
KoHeunwll wiau Geckoneuublf cyuiecTByer. Mmeem
1 . —_— . _— . —
—=lim }/|(n+1)a,,,|=lim }/a+1-lim {/Ta,,{|=
R n—>o n—->w n—>o

1 1
1._R——_—_.-E,

cheloBatenbHo, R=R’.

B ofmem cnyuae, kKorna mpesen (3) He CyILeCTByeT, HMEET MeCTO
o —— 1
lim § =—
Jm y/lan =7
H TOrja
l T n/ I T n/ . Y. n T T I l
7= lim 3/n|a,|= lim l/nﬂlgr;n l/la,‘]—l-?=_§.,

ti—» o0 = oo
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Ho- Tpefyercsi oGocHOBaHHe BTOPOTrO paBEHCTBAa— HAaJ0 JXOKa3aTk, 4TO
€| Oy, P, >0 v a,— 1, T0

lim (nB,) =1lim B,. 4
B camoM fiele, CyUIeCTBYeT MOANOC/ENIOBATENLHOCTS {Ny} TaKas, uTo
Tim B, =1im B, =1lim @y, -lim B, =1im (@n,Bn,) < lm (2xB4).  (5)
CylmecTsyeT Takke MOANOCAEN0BATENBHOCTb {f;} TaKas, uTo

hm (aﬂkﬁnk)

i ey =lim f'"}e <limB, (6)

Tim (2pBr) =1lim (ankﬁnk) =

Hs (5) u (6) caenyer (4).

Teopema 2. Cmenennoti pad
[R)=a+az+a,22+ ... (2] <R) ™

30KOHKO hopmarvro Ouggepenyuposame 6 npedesax ezo (om-
Kpoimoeo) Kpyea cxodumocmu |z| < R, m. e. sepra ¢opmyra

' (?)=ai+ 22,2+ 30,22+ ... (2] <R). 8)

JokazaTeabcTBO. 3Ty TeOpPeMY MBI JOKaXKeM TOJIHKO
B NPEANOJIONKEHHH, YTO Z=X €CTb JeHCTBHTENbHAs MepeMeH-
Has, 4YTO JacT HaM BO3MOXKHOCTb CBECTH BONPOC K XOpPOIIO
H3BeCTHOMY (GaKTy U3 TeOpUH ACHCTBUTE/BHBIX PSANOB.

Hrax, crenenno#t psag (7) ans AefCTBUTE/NbHOH NepeMeHHO
HMEEeT BUJL,

f(X)=ay+ax+ax*+... (—R < x<R). (7

3TOT psiL Temepb yiKe UMEET He KPYT, a HHTEpPBAJ CXOLUMOCTH
(—R, R). CoorBercTBYyMOLHH opMasbHO NpoaudbepeHIupo-
BaHHBIH psif MUMeeT BHJ

@ (x)=a; + 2a,x + 3a,x*+ ... )

Ero cymmy Mbl moka o6o3Hauuiu yepe3 ¢ (x). OH cxomutces Ha
uHrepBase (—R, R) Ha OCHOBAaHHH MpPERBIAYWICH TEOPEMbI.
OGa psija, KaK MBI 3HaeM, PaBHOMEDHO CXOASITCH Ha OTpe3Ke
[—a, q], rre ¢ <R. Tlpu 3TOM YJIeHBI BTOPOTO psiia Hempe-
PBIBHBI H SIBJISIOTCA IPOH3BOAHBIMH OT COOTBETCTBYIOIIFX
4jeHoB nepsoro. Ho Torza Ha OCHOBaHHM TEOpeMBI M3 TeO-
puUH paBHOMEPHO CXOAAWMXCsA psfoB (cM. § 9.9, Teopema 3)
BBITOJIHSACTCSA PaBEHCTBO

Q) ={"(x) ©)
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Ha oTpeske[— g, ¢], cllefoBare/bHO, H Ha HHTepBase (— R, R),
noromy 4to ¢ < R NpOU3BOJIBHO.

OrMeTuM, YTO B CHJy JOKa3aHHOH Teopembl 2 psan (1)
8aKOHHO MOYJIEHHO ANG(dEPEeHLHPOBaTh CKOJBKO -yTOAHO pas.
Ha k-M sTane Mbl nosyunM paBeHCTBO

f®()=kla,+k+1)k... 20,24 ...,
cnpaselanBoe AJa BceX z ¢ |2| < R. Ecav noJoxHuTb B HeM
2=0, TO noayuum
[ (0)=kla,
WiIH

(R) .
a, = O k=0,1,2, ...

Orcioza, B Y4CTHOCTH, CJEAYET, UTO pasAoicerue PyHKyuL
f(2) 6 cmenennoii pad (cM. (1)) 6 Hekomopom Kpyee |z| < R
(usu 6 unmepsare (— R < x < R), ecau peus udem o ¢yk-
yuu f(x) OelicmsumensHoeo nepemenHozo X) eOUHCMBEHHO.

Takum o6pasoM, cymmy f(2) creneHHoro psiga (7), umeto-
mero paauyc cxoxumoctd R >0, MOXHO 3amucarb ele cie-
AylomuM o0pasom:

FO=1O+52: 4 L0 4 5 20 (10)

Psin cnpaBsa B (10) nasbiBaercs psadom Tedaopa ¢yrxyuu
f(z) no cmenenan z.

Mut nonyunsu, uto ecau cmenennoid pad (1) umeem paduyc
cxo0umocmu R >0, mo oun sgasemca padom Tedropa ceoeil
cymmot f (2).

Bonpoc 0 nouseHHOM HHTErpUPOBAHHH CTENEHHBIX PSLOB
BO Bcefl ero mnoJIHOTe noTpeGoBas Obl BBeJeHUS KPHUBOJUHEH-
HOTO HHTerpana OT (YHKUUHM KOMIJIEKCHOTO I€peMEHHOTO.
Mel OrpaHHYMMCS pacCMOTPEHHEM 3TOrO BOMpPOCa TOJBKO JJIS
CTENEeHHBIX PAAOB

fx)=a,+ax+ax*+... (11)

OT JeHACTBUTE/bHOH NEepeMeHHOH X (2= X).

. 3apagum cremeHHod psp (11), umerowuit WHTEpBaANM CXoO-
anmoct (— R, R), rae 0 < R<C oo. Yucaa a, Moryt Gwith
NeACTBUTENbHEIME UM KOMILIEKCHBIMH. 3alaiiM (UKCHDPOBaKH-
HYIO TOUKY X, € (— R, R) u nepemenHyio Touky X € (— R, R)
1 noabepem g >0 TaK, 4TOOM!

—R<L—g<xy x<qg<R.
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Crenennoit psin (11) paBHOMEpHO CXOAWTCS Ha OTpesKe
[—g, q], HaxoxmsueMcsi cTpOro BHYTPH HHTEpBajla CXOAH-
MOCTH psifia, H, CJeIOBaTeJbHO, €ro MOXHO MOUJIEHHO HHTe-
rpupoBath (cM. § 9.9, Teopema 2) or X, 10 X

(1 dt=a,(—x)+F (@—a)+ FE@—x)+... (12
N (R < 1, % <R).

B uwactHOoCTH, TpH X, =0 noay4YuM
Sf(t)dt=aox+%x“-|-,,a—;x3+ .e. (—R<x<R). (13)
0

[Tpumep 1. OueBngno, uyToO
-l—_l-l_7,=1—t2+t4—-t°+...

DroT psaAx cxomutcs Ha uHTepBase (— 1, 1) (R =1). [Tostomy,
ecn x€(—1, 1), To 3aKOHHO INOUYJIEHHOE HHTErPHPOBaHHE
3TOr0 psifia OT HyJs N0 X (PSIA paBHOMEPHO CXOIMTCS Ha
Ja060M OTpe3Ke, NpHHAJJeKalleM K HHTEpPBAaJy CXONUMOCTH):

X

3 b 7
f it arctgrmx— 54524 (c1<x<n)
0

[Monyuennslit psf cxoautcs u Hpu x=- 1 (kak pag Jleii6-

Huna). MoxHO Jokasate, 4TO OH cxojputes K arctg 1 =m/4,
1

T. €. %= 1—-3—4-%—%-}— ... (cM. nmamee § 9.14, c. 409).

IMpumep 2. Pan Teitnopa ana dbyskuun e~** uMeer Bux
(cm. § 4.16)

—42 8
[4 t =]_t2+2—l_ﬁ+“.’

npuueM Aasi Hero R =oo. [losTOMy 3TOT psii MOXHO Io-
‘YJIEHHO HHTErpupoBaTh:
X 3 b 7
g XX
Se di=x—Z+sg—7z+t- o
0

T. €. MBI NOJNYYHIH BhIpaXkeHHe HHTerpana [TyaccoHa uepes
CTENeHHOH psAl.
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IMpumep 3. Pan Tefiopa ¢pyHKuMM y=sinXx HMeeT BHA
(cM. § 4.16)

. X3 £
smx=x—§-—|—~5T-—-... .

On cxoputcst Ha Beelt ocu. Otcrona npu x =0 umeeM

sinx __ ] x2 x*

s 14
P _—3—1—*—?—?_"-0- . ( )

sin x
Cuurasi, uto —

x_0=1,, nosiyuaem, uto paBeHCTBO (14)

BepHO u npu x=0. Psix (14) paBHOMEPHO cxopHuTCsl HA MOGOM
KOHEYHOM HHTepBase JefcTBHTeNbHOA ocH. MHTerpupysi stor
CTeNeHHOH pAX, NoJyyaeM:

X

sin ¢ X3 x5 X7
S T dt=i—amr gyt -
0

ITpumep 4. Pax Teitnopa nns GyHKIHMH y=COS x* UMeeT
Bua (cMm. § 4.16) .

x4 XB xl2
2 __ 1 __ .= ————
cos x?=1 21—}—4' 61-!—... .

OH cxoputcst Ha (— oo, 0o0). MIHTerpupys 3ToT CTeneHHOH psif,
nosyuuM uHTerpan ®penens

X

7 o1t X0 x? . x13

Scost dt=x 5'2!—{—9.4] 13-6!+"' .
0

[Mpumep 5. Tak kak

shx, ecmm n=2"k,
chx, ecanm n=2k+4-1,

(sh x)" = {
TO

0, ecau n=2k,
e=0 |\ 1, ecom n=2k41,

nosatromy psa Teliopa ¢yHkuuu sh x sanuiuercss Tak:
X3 X8
shx=x+?+ﬁ+... . (15)

Tak Kaxk STOT CTeneHHOH PSX CXOAMTCS Ha Beell fefiCTBUTENb-
Ho#t ocH (mpuMmeHHTh npu3Hak J[lamambepa); TO MOKHO €ro
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MOUYJIEHHO AH((hepeHIpOBaTh:

cha=l4i4+54+ .. (16)

(psin cnpaBa B (16) paBHOMEPHO CXOXWTCA Ha JOGOM KOHeY-
HOM HHTepBaJe).

§ 9.13. ®ynkuun e?, sinz, cosz
OT KOMILIEKCHOTO TEpPeMEHHOro

dyHkuuu €, sin x, cos x OT AeACTBUTENbHON NEpeMEeHHON X
omnpezeseHbl Ha BCed JEHCTBHTENbHOR ocH (— oo < x < o0o).

Ha § 4.16 Mbl 3HaeM, 4TO STH (QYHKUUH pasJjaraioTtcs B
CTeneHHble DAL

e=ltxth+i+..., )

. x3  xb
Smx=x—§—}—5—!—..., 4}

N c—

X2 x
cosx-—l—ﬁ-}—ﬂ—...,

cxonsimuecss Ha (— oo, o).
Ato ecth psaab Teiiysopa 3THX (QYHKIHA MO CTENEHAM X.
B § 5.3 Obuio naHo onpeneneHxe GYHKUMH €%, rue x—
JiefiCTBUTeNIbHAsT NepeMeHHasi, MocpeicTBoM (opmyJbl Jfiyepa

e’ =cos x+isinx. (2)

IToacraBuM B MpaByio 4acTh (2) BMECTO COS X H SiN X X CTENeH-
Hble psAlbl, TOTAAa MOJYYHUM pasJiokKeHHe e Mo CTemeHs M X

. . 2 -4 . 3 b
em=(1_;_,+;_,_...)+l(x—;‘7+;‘—,—...)=
S IR LR LA

DyHKIMIO €? 718 MOGOT0 KOMIIEKCHOTO 2= X -+ iy ecTe-
CTBEHHO ONpEeJeJHTh CJefylolHM 06pa3oM:

&% = ¥ +iY — p¥pil, )
&4
Orciozta d

S IR SR T R C NI
SN QAN S
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Bo BTOPOM paBeHCTBE Mbl BOCIOJIB30BAJHUCh CBOHCTBOM
(nepeMHOXeHHe aGCOMOTHO CXOASIHUXCS P sI0B), KOTOPOe GbLIO
yxe BbiBeneHo panee (cm. § 9.10, (7).

MBI OTyuMIIH, YTO GYHKIHUS €2 OT KOMIJIEKCHOTO NepeMeH-
HOrO 2z pasjlaraeTcsi B CTEMEHHOH PSAX MO CTeNeHsM 2z

e=l4ir il @)

CXOISIIHMACS K Hell Ha BCeH KOMIIJIEKCHOH IJIOCKOCTH.

Psn (3) ectb psan Tefiopa QyHKuHH €? No CTemeHSIM 2.

Papuyc cxonumoct psga (3) R=oo0, U yxKe H3 0OLUX
CBOHCTB CTeneHHbIX psifoB (cM. § 9.10) caenyer, uto psix (3)
a6COMIOTHO CXOAHUTCS AJIsl JIIoOOrO KOMIJIEKCHOTO Z, MPH 3TOM
OH pPaBHOMEPHO cxoauTcs (K €°) Ha kpyre |z|<Cg Kak 6
HHU OBLIO BEJIMKO IOJIOKHTEJNbHOE YHCJO g.

- DyHKIHH COSZ M Sinz OT KOMIJIEKCHOH NepeMeHHOH 2
€CTECTBEHHO OMpENeNUTh KaK CYMMEI CJIeJYIOLUIHX CTENEHHBIX
PAIO0B:

22 2
COSZ_I_W_*_Tl_.'. N
. 23 2
smz—z——3! -|———5] — e

0O6a 3Tu psila UMEIT pajuyc CXOLHMOCTH R = oo U, TaKHM
o6pasoM, o0e COOTBETCTBYIOUIHe (YHKLUHHM ONpelesNeHbl Ajs
JI0GOTO KOMIJIEKCHOTO 2.

Jlerko nposepsieTcsi cpaBHEHHEM COOTBETCTBYIOUIUX CTENEH-
HBIX PSNOB, YTO

cosz=- y Sing=-—p— 4)

e’.z-l— e—iz elz__p—lz

2
AJ151 JII060TO KOMIIJIEKCHOTO 2.

Tenepp, NO/MB3ysiCb CBOACTBAMH MOKa3aTesbHOH (GYHKIHH
¢* (OT KOMIJIEKCHOTO u), JIErKO moJjy4aeM (opMyJibl

cos (u +v)=cosu-cosv—sinu-sinv,
sin(u+4v)=sinu-cosv+4cosu-sin v,

BepHble /s JIOObIX KOMIVIEKCHBIX U H 0.

311 (popMyJibl, TaKUM 06pa3oM, 0600ILAIOT XOP OLIO H3BECTHLIE
(OpMyJIbl TPHTOHOMETPHH, Il CYUTANOCh, YTO 4 H U — JelCT-
BHTeJIbHble NepeMeHHble. OTMETHM, YTO (PYHKIHH Sinz U cos 2
B KOMIIJIEKCHOH MJIOCKOCTH 00JIafaloT He BCEMH CBOMCTBAMH
0ObYHBIX (QYHKUMA sinx M cos x. B yacTHOCTH, 3TH (QYHKLHU
HEOrPaHHYEHbl Ha KOMIJIEKCHOH MJIOCKOCTH,
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B cuny (4) npu nefcTBHTENBHOM X

e—x_|_ex
2

. s e~¥% —eX .

Smlx=—§.—=tshx—+oo, X — 0o, (6)

CoS ix = =chx— o0, x— o0, 6)

@opmyan (5) u (6), MeXLy MPOUMM, YCTaHABJIHBAIOT CBA3b
MEXIY «KOMIJIEKCHO! TpHUTOHOMeTpuUel» U «rurepOboHIecKoi
TPHUTOHOMETD HEHY.

®yHRUUS z=Inw OT KOMNJEKCHOA mNepevMeHHONH W ompe-
Hensietcsl Kak obparHas QyHKIUS K (QYHKLIHUH

w=¢?, (7)
Ecnn 3anucate w =0 B nokasatesnbHoH ¢opme
w=pe? (o=|w]|>0),
To paBeHcTBO (7) sanuueTcss B BHIE

pell=e'et  (z=x+iy),
OTKyJa
p=e", 0=y—2kn,

x=Inp, y=0+42kn (=0, =1, £2,...).
[Toatomy

z=lnw=x+iy=Inp+i (04 2kn)=In|w|+i Argw=
=In|w|+iargw+i2kn  (k=0, =1, +£2, ...), (8)

rie In|w]| ((w|>0) nonumaercs B obbraHOM cMmbicae. M3 (8)
BHJHO, 4TO Inw (w==0) ecTb MHOro3HauHasi GYHKIMA OT W
BMecTe ¢ Arg w, He3aBMCHMO OT TOro, OYyieT JH W JHEeHCTBH-
TEJNILHBEIM HJIH KOMIJIEKCHBIM.

Hanpumep, ¢ Touku speHust sToft Teopuy (QyHKUHA KoMI-
JIEKCHOTO nepemeHHoro) In 1 paeen omHoMy H3 uHcen 2kmi
(k=0, &1, 422, ...). B neiicTBUTeNbHOM aHasu3e IJIsi Bbl-
paxeHHs In Bbx6upae'rcs CpPeIH 3THX 4YHCeN €JHHCTBEHHO
neiicTButesibHOe yucao 0.

Ho mbl He Gyzem yray6asTbes nasblie B TeOpHio QyHKUuA,
KOMIIJIEKCHOTO TIEPEMeHHOro — 3T0 He Hama 3ajaya. ChenaeM
TOJIbKO 3aMeuaHHe M0 NOoBOAY (OPMY.JIbI

x3

nl4+x=x—2+2—... (—1<x<]).
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Koropas Onuia BbiBefieHa B § 4.16 g nefiCTBHTENBHBIX X.
Ec/iH noficTaBuTh B Psif B NPABOH YacTH BMECTO X KOMILIEKC-
HOe z C

2] <1,

TO P OCTAHEeTCs CXOAsIUMCsl. MOXKHO cKas3aTh, 4TO €ro cyMMa
pasua In(l +2z), Tak Kak Mbl €ro onpelesMJM BhIIE, TOUHEE,
paBHa OHOH U3 OJHO3HAYHLIX BeTBeH MHOrO3HayHOH (YHKIIUH

In(1+2).

@®yHKIUHY KOMIJIEKCHOr0 MEepPeMEeHHOro, pasJaraloliiecs B
crenenHbie panbl (paasl Tefisiopa), Ha3bIBAIOTCS aHAAUMUYECKU-
mu Ppynaxyusmu. OHM H3YyyalOTCs B pasjese MaTEMaTHKH,
Ha3bIBaGMOM TeOPHeH aHaJMTHYeCKMX (QYHKIHH WM TeopHel
(hYHKUHA KOMIJIEKCHOrO IepPeMEeHHOro?).

HaxoHen, oTMeTHM, YTO €cJii B CTeNeHHOM pSiAe IO CTe-
NeHaM u

a,+autaut4 ...

¢ KPYroM CXOIHMOCTH |u| < R nNONOXKHTD U=2z—2, TIae
2,— (HKCHPOBaHHOE YMCJO (BOOOWIE TIOBOPS, KOMILIEKCHOE),
TO MOJYYHM DS

Q+a, (2—2z))+a,(2—2)+ ...,

HAas3HIBAeMBIH creneHHoLm PAOOM 1O CMENeHAM Z2—Z,.
OH cxopHTCs B Kpyre (CXOAMMOCTH) |z —2z,| < R u pag.
XOAHTCH JJISi 2, YAOBJIETBOPSIOIIHX HEPABEHCTBY |z —2,| > R

§ 9.14. Paabl B npUOJHKEHHBIX BbIYHCICHHSAX

B sToM naparpage Mbl OylneM 3aHHMAarbcsl NpHOIHKEHHBEIM
BHUHC/IEHHEM 3HAUEHUH 3JeMEHTapHBIX (QYHKIHH.
Ilpocrefilnas asneMeHTapHas (YHKLHUS —3TO MHOIOUYJIEH

Py () =y - h a0

Briyncsnenne 31Ol GyHKUMH NPH X=X, CBOOIUTCH K MpO-
M3BOACTBY KOHEYHOrO YMCJAa CJOXKEHHMH M YMHOXeHWH. 3Ha-
yeHne 3104 QYHKLUHH B TOYKE X, MOXKET OBITb JIErKO HafileHo
diimoGoii crenenbio TouHocTH. Ecan ucnosnbsosats IBM (aseki-
POHHYIO BBLIMHCJHTENbHYIO MallHHYy), TO 3TO MOXHO cHenafth
BecbMa ObICTpO.

}) Cm. namy kuury «JIuddepennnanbusie ypaBHenusd. Psagu. Kpar-
HHe HHTerpanbl. QyHKUHH KOMILIEKCHOIO IepeMeHHOTON.
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Ipyrue ajeMeHTapHele (QyHKIHH, Takue Kak sinx,
arctg x, ..., Kak Mbl MOKasajH Bblllle, Pa3jaraloTcs B Pl
Teitniopa no crenensimM x.

[TorpemHocTs, KOTOPYIO MBI JONMyCKaeM MpH 3aMeHe (YHK-
uun-‘ (CyMMBl psina), Ha MHorousieH Tefijopa, MOXKHO Y3HaTh,
OLIEHHBAs OCTaTOYHBIA YJIeH psja.

PaccmoTpum cTeneHHo# psin

f@)=cotcxtex*+... (—R<x<R) M

¢ uHTepBanoM cxogumoctd (— R, R). Crporo BHYTpH HHTEp-
Bajia CXOAHMOCTH OH CXOAHMTCSl K f(x)CO CKOpPOCTbIO YObIBaiO-
melfl reoMeTpHYeCKol MPOrpeccHH.

B camom pnene, mycTb g, H q— NPOM3BO/IbHbIE YHCJA,
yaosnerBopsiomue HepapeHcTBaM 0 < g, < ¢ < R. Torna pan
(1) cxoauTcst B TOUKE X=¢ M €ro 4jeHn 00pasyioT OrpaHH-
YeHHYI0 nocsenoBaresabHocTb (lc,g" |<< M, wyn). Tlostomy ans

BCEX X 6['—‘71’ ‘71]
o (3) <M (2,
rie g,/q <1.

Mbi BHIHMM, YTO CTENEHHHIM PSIIOM BHITOAHO MOJIb30BaThCH
JJisl BbIUMCJIEHHS] 3HaueHWH GYHKUMH f(X) B Toukax, Jjexa-
IMX CTPOro BHYTPH HHTEPBaja CXOAHMOCTH.

Ecnu ke TOuKa ¥ eCcTb ONMH H3 KOHIOB HHTepBasa
(—R, R), T0 B 3TOil TOYKE, €CJAH PS4 U CXOAUTCS, TO MeX-
JieHHee, 4eM y6hiBaiolias reoMeTpHyeckas nporpeccHsi. O6bIYHO
HaCTOJILKO MeJJIeHHee, YTO HelLlesecoo6pasHo MOJIb30BAThCS
HENOCPEACTBEHHO cTeneHHHIM psiioM (1) Asns  BbluHC/IEHHS
3HayeHHsd [ B yKa3aHHOH KoHueBOH Touke. Hinxe Mbl npous-
JIIOCTPHPYEM 3TH (aKThl Ha KOHKPETHBIX MpHMepax.

HauneMm c sowuucaenusn wucaa m.

B § 9.12 B npumepe 1 mokasaHo, 4ro

|cax™ | =

arctg x=x-—f;— —|—%5—... (—1<x<)). (2)

B Touke x=1 3ror paA takxke cxoautcs. JlokaxeMm, 4TO
OH cxoautcsi uMeHHo K arctg l=m/4. B § 9.12 3rtoT dakr
Mbl He JOKasbiBaJiH.

PaccMoTpHM TOXAECTBO

xn+

142

1
T == e — (=l (=)
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Hurerpupys sto TO)KlleCTBO Ha [0, 1] nmeem
1

1
—arctg 1=2=\4q x2dx+4 ... (— 1)"§x2"dx+
==

1
+2 1
(—l)n+1S1+ de l‘g-l—'g'_"' +(—l)n2n+l+a’n)

riue

x2n+2

1+x2dx' -

o, =(— 1)+ §

0

Jlerko BHIETh, 4TO
212+ 2 J—
| e, I<Sx dx= 21 3—0, n—oo.

Orciona cjenyer, uTo

arctg 1—

HJIH

) _])k
ﬂ=4‘Z(2k+1' 3)

Myl BHAMM, 4TO 3TOT pSIl CXONHTCA MelJeHHee Jo6GOH
y6biBalollell reOMeTpHYeCKOoH MNpOrpeccHH.

st Toro 4to6bl BHIYKC/HTD YHCJIO Tt G MOMOLLBIO psifa (3),
¢ TouyHocThio N0 107%, Halo B3ATb CTONBKO CJAaraeMelx psifa
(3), utobn octaTok Obl1 MeHblie 10~¢. Tak Kak psa (3) ects
psn JlefiGHuua, TO €ro OCTATOK MeHbIe MOAYJs MEepPBOro €ro
uJieHa
T4 y

|Ra|=

=
4 2 2k+1l <2n+3

R=n+1

Orciona BuaHo, u4to npu n=2.10%, |R,| < 10~¢. Takum
o6pasoM, HYXHO B3ATb JBa MHJUIHOHA CJlaraeMelx psifa (3),
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yTOObl TapaHTHPOBATb 3HaueHHe uHucJA N ¢ TpeGyeMoH TOU-
HOCTBIO.

Bpyunyio Takyio paGoTy BBHIMOJHATh GeccMbicieHHo. Ha
3BM 51y paboTy MOXKHO BBINOJHHTb, HO U Ha DBM sra pa-
Gota OyJeT He IPOHU3BOAUTENbHOH, eCJIH Mbl GYIEM MOJIb30BAThC 5
psioM (3).

YkaxkeMm psag Oosee OBICTPO CXONSAMIMACA K UHCJY I,
C 5TOl 1e/bi0 PACCMOTPHM YHCJIO 0. TaKOe, YTO

tga=1/5.

Torzna
2tga 2/5 5
I—ig®a 1—1/25 12’

2tg2 120
tg 4= 1m0, =115

' n) _ tgda—tg (n/4) 1
tg (4“_T>—1+tg4a-tg(n/4)—2'3"'

tg 20 =

Orciona
4a—%= arctg (1/239),

n = 16a—4arctg (1/239) =16 arctg (1/5) —4 arctg (1/239).

Hcnoab3yst Tenepb psa (2), nosyuaeMm

_1)k (—1)*
“—162 @+ 1) 5%+T 4/;=0W'

ITocnenHue pBa psifa CXOAATCS AOBOJIbHO OGLICTPO (GHICT-
pee yObiBaiolledi N€OMETPHYECKOH NPOrpeccHy).
Jlerko npoBepHTb, YTO OCTAaTOK IMEPBOTO psAla yxKe MNpH
=4 Menbiie 107¢. [lostoMy, BbIUHCJISST YeThIpe CJlaraeMbiX
NepBOro psifia ¥ JBa CJaraeMbliX BTOPOro psifia (C TOYHOCTbIO
IO CeAbMOro 3Haka), B pe3yJbTare MOJYyYUM

n = 3,141592,

npuyeM MnepBble NATH JECATHUHBIX 3HAKOB TOYHBIE.

Buiuucsaenue gorapudmMos. Psan Telnopa aas
¢yHruun y = In (1 4 X) MOXKXHO NOJYYHTb, HHTETPHPYS TOXKIE-
CTBO

1 3

14-x
In(l4x)=
s

=l—x+x2—x24... (x|<]),

23 x3 x4
—%-l-—g—-;-l-no- (4)
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Ipu x=1 paHHB pAA CXOAMTCS H MPHTOM K In 2.
B caMom Zzesie, MHTETPHDPYS TOXIECTBO

= e (D) (1) i
T+x 14+x
no [0, 1], nonyuaem
' In2=1—p+t ...+(—1)nn—jr—l 4B,
rie
A n+1 I
Iﬁnl— §x an+1dx—-¢§—>0 n— oo,

Psan (4) npu x=1, Tak xe Kak u pHAA (3), cXoAuTCH
MeIJIEHHO.
3amensisa B (4) x Ha — X, moJy4yaeM

In(l—x)=—3%%. ©)
k=1
Briunras (5) us (4), umeem
IR P Ity (©)

3710 paBeHCTBO H HCNOJb3YeTcsl AJsl BHIYHCJEHHS Jora-
pHdMOB OT HaTypasbHbIX uucej. Hanpumep, nonaras x=1/3,
noJy4aeM

% 1
ln2=2;W, 7

rie psil COpaBa CXOAMTCS JHaxke ObICTPee TeoMeTpHUYecKon
NPOrpeccHH.

HOna soiupciaenns In2 ¢ tounocteio go 10~% pocraTouno
B3fATh NAThb cjaraemelx psina (7):

In2 ~ 0,693146

(kaxkpoe cJjaraemoe psila BBHIYHC/SEM G© IUECTHIO 3HAKaMH
focse 3ansaToi).

Boo6ie, monaras
1
T 2m4-17?
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m-—HarypajnabHo€ YHCJIO, NOJMYUYHM

I+x m+41
=== "m (8)
ln(m—i—l)—lnm-l—QZ T (2lm+1)2k+1
Ilonaras mnocnenoBarenbio m=2, 3, ..., Haigem In3;

In4, ... . Pan cnpaBa B (8) cxoautcs oueHb GHICTPO.
Buouncanenue kopueit. Pan Te#inopa mias pyHKuuu
f(x)=(1+4x)> mbl noayunsu B § 4.16:

R I A )
k=1

Psin (9) nasniBalot 6unomuarsroim. Msectno, uto pan (9)
npu x =+ 1 He Bceraa CXoIMTCSH, a €C/IH CXOAUTCH, TO MeX-

nenno. [TosToMY, ecM, HampuMep, HAago BeMHCIHTL V2,
TO He pPal{oHabHO BOCHOJB30BaThCA GopmyJioh (9) mpu x =1,
a=1/2. Ho Bor kak MoxHO mnoctynutb. OObiyHO NpeoGpa-
3YIOT MOJKOPEHHOE BhIpaX{eHHE TaK, YTOGLl OHO Majl0 OTJIH-
YaJoch OT €AHHHIIbL:

5 2.25.49 7 50 7 1\1/2
V=V wm=5V 5=5(1+a) -

HJIH
- 7 1 7 1\-v2 7 2 \-1/2
Ve=grmm=5s(—%) =5(l—m) " 0

Haxoxaenne uncen 25 u 49 MOXKHO NPOH3BOAUTB TaK:
BLINHCbIBAEM KBaApaThl HATYPaJbHBIX YHCEN

1, 4, 9, 16, 25, 36, 49, 64, ..., (11)

3aTeM BBbITHCHIBaeM psj uuces, nomydaembix u3 (11) ymuoxe-
HHEM Ha MOAKOPEHHOe BbIpaXKeHHe, B NaHHOM CJIydyae HA [Ba:

2, 8, 18, 32, 50, 72, 98, 128, ... . (12)

B crpokax (11) u (12) mmem uucna Takum o6pasom,
yToObl HX OTHOWIeHHe Oblio 6nu3kuM K epunuue. Cpenu
BBITHCAHHBIX 4HceJ 3T0 U OyAyT uucyaa 49 u 50=2.25,

Ecnu 3TH CTPOKM NPONO/KHTb, TO MOXHO HaWTH ele
6iuskue yucaa 289 u 288, T. e.

5 2-144-289 17 /288 17 1 \-1/2
V2= 14989 T2 2—g'§=1—§(1+m) . (13)
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Tenepr yxe Moxuo wucnosbsoBath psn (9). Hanpumep,
B cuny (13), npu x=1/288 nonyuaem

Voo %i -3(=3)(-3) - (‘%‘H]); (14)

kl 288%

Psan cnpaBa B (14) cxonutcs ouenn Grictpo. Kpome Toro,
OH 3HAKOUYepeAyIomHics, T. €. OCTATOK Psila MEHbIle MORYJIS
nepBoro ujeHa 5TOrO0 OCTATKa.

3anumeM psax (14) B pasBepuyTOM BHIE!

5 17 1 1.3 1.3.5
VQ:E{I—2.288+22-212882 318w T ]f (15)

Tperu#t unen papna (15) menbe 8-10~% < 10~2, mostomy

s 17 1
V2zl—2(1 576)_1414207
-C TOUHBIMH ‘IETHprﬂ 3HAKaMHu.

OrvernM, aro Buuncaenne V2, ucxons ns (10), oueHs
yooOHO, Tak Kak B 3HaMeHaTeje MBI cpasy INoJiyuaeM Cre-
neny 10. Ecan B3iTb TpH MEPBBIX C/araemMbix 3TOTO Psiia,
o V2~ 1,41421. _

IMpumep 1. Beuncaurs 3/'5 ¢ Tounocteio zo 0,01.

Brinumem Ky6bl HaTypasbHBIX 4Hcel

1, 8, 27, 64, 125, 216, ...
H.pal STHX YHCEJ, YMHOXKEHHBIX Ha b,
5, 40, 135, 320, 625, 1080, ... .

Orcrona

3/F ]/527125 ( )1/3_§<< 8 \1s _
Vb= 27125 +125 =z\l+tm) =
5 2.8 258
—§{1+3102 3221104+333]]06 -..},

TpeTu#i ujeH psja

5.82
1o < 0,01,
N03TOMY

f/gz%(l+é%))=l,7l...

¢ TouyHocthio no 0,01.
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§ 9.15. NonsTHe KpaTHOro psaja

Bripaxenue
co oo
> Xa 1)
k=01=0 ke (
rfe a,,— YncsIa (IeHCTBHTENbHbIE MM KOMILIEKCHBIE), 3aBHCA-
mue oT nap uujaekcos k, =0, 1, 2, ..., uaseBaerca 0soil-
k Hoim U 0sykpamueim padom. UYucna ay,
n HasbIBAIOTCH 4AeHamu psada, a uucaa
m n
Spn=2 Da 2
(k,l) mn k=01=0 ki ( )
HACMUYHBIMU (HACMHbIMIL) Cymmany pada
1).
0 m k ()

Ilape! nenbix HEOTPULATENBHEIX HHAEK-
Puc. 108. coB (k, [) MO2KHO paccMaTpHBaTb KaK TOUKH
NJIOCKOCTH C IeJIBIMH HEOTPHLATEbHBIMH
kKoopaunatamu. Torza B yacTHylo cyMmy S,, BXOAAT YneHbI
paga (1) c ungekcamu R, [, COOTBETCTBYIOUUMH TOUKaM (&, [)
npsiMoyronmbuuka [0 <<k <m, 0<CI<n] (puc. 108). B cuny
3TOT0 YacCTHYHBIE CYMMBI S,,, Ha3LIBAIOT €l NPAMOYL0LbHOLMU
qacmuunsimy cymmanu paoa (1). KonnuectBo unenos psiza (1)
B S,, Oyner N=(m-+1)(n+1).
Ilo ompenenenvito psn (1) cxodumca no npamoyeoreHuram
K uncay S, HasdsiBaemMoMy cymmoil pada (1), ecau cyuecTByer
lim §,, =S, 3)

m, n—>w

mn

T. €. ecsiut Juist Jioboro € > 0 mafinercst takoe uncio N (g), uto
I Smn_S I <e

Ans Bcex m, n > N,(e). B srom cayuae numyt
co ®
S= 2 Zakl.
k=01=0

OcranoBuMcsl Ha ciyyae, Korja uieHnl psina (l1)—mue-
oTpHuaTesnbHble YHcaa (a,, == 0). Iomoxum H

A=supS,,. 4)
m, n

Ecin A < oo—KoHeuHOE YHCJIO, TO Ais Jioboro &> 0
Halijercsa napa m,, n, Takasg, 410 A—e < S, <A, a
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BCJIEICTBHE HEOTPHUATENBHOCTH Qp;
Smone < Sppy M, 1> Ny=max (mg, n,).

[Mostomy A—e < S, < A4¢, m, n> N, u cymecTByer
npexnen
lim S,,=

m, n—=>®

Ecan we A = oo, To, oueBuaHo (pu a,,=>01), lim S,,=
m, n=>®

=A=o00. B stom cnyuae numyr

g Zak,=oo.

Pan (1) nasbiBaetcsi a0COAI0MHO CXOOAULUMCS, €CITH CXO-
IuTcs (N0 MPSIMOYTOJBHUKAM) PAX

Kak u B ciyuae oOBYHBIX PsiZiOB, JOKaskIBaercsi, uto abco-
JIOTHO cxoiswuiics psg cxomurcs. JoxasarenbcTBo 6asu-
pyercsi na Kputepun Komm: 0418 moeo umober pad (1) cxo-
Ouacs, Heobxodumo u Oocmamoyro, 4mobet 045 ecikoeo € >0
cyujecmeosaro wucao N (€) makoe, umo

ISmn_Spql <s,

Kaxoesl 66t HuU bolaw m, n, p, g > N (g).

O6ocroBanye Kpurepnss Kol npousBoAHTCS TaK Ke, KaK
W B cjyyae OOBLIYHBIX OJHOKPATHBIX PSIOB.
Hapsny c pamom (1) moxuno paccmarpuBath ellle BhIpa-

XKeHue
3 (Za)

KOTOPOMY €CTeCTBEHHO NpHMHCaTh YHCAO A (€CHH TOJBKO OHO

CYLIECTBYET), MOJyyaeMoe CJIeAYIOMHM o06pasoM: ecau IJis

Kaxporo k=0, 1, ... psa, sak/ioueHHbI B CKOOKH, CXOAUTCS
-

H HMEET CYMMY Ak " pan 2 Ak CXOLAHTCA K YHCAY A, TO
k=0

noJiaraeMm

1= 3 1= 330 ®
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Teopema 1. Ecau pad (1) abcoaromuo cxodumcs, mo
umeem Mmecmo paeeHcrnso

@

® ® / ovj .

HokasartenbctBo. [omyctum cHauana, u4to a,, He-
orpuuartesbubl. I[TycTb seBas vacth (6) paBua uucay S.
st mo6bIX HEOTPULIATEIBHBIX S H A NpH S<m

n m n
Zast<z > a4, <S, )
=0 k=0 I=0

@
OTKyaa paisl X a, (s=0, 1, ...) cxomaTcsa; mosTOMY, €CIH
=0
BO BTOpPOM HepaBeHCTBe B (7) 3adHKCHpOBaTb M H NepeHTH
K Ipeleny npH n— co, MOJYYHM, 4YTO
m

k=0

ana JoGoro m, OTKYAAa cJiedyeT cyllecTBOBaHHe u4ucaa A
(cM. (B)) u TOT (hakT, uro A< S.

C napyro# cTopoHbl, €ciH 4uca0o A KOHEeYHO, TO NpHU JI0-
Obix m, n .

m n m n
Smn =k§) lgoakl< ) <2akl><‘4’

H [OTOMY
S=supS,, <A

m, n

Pasencteo (6) npu a,, >0 nokasamo.
[TycTb Tenmeps a,,— AefiCTBUTE/bHbIE NPOH3BOJIbHbIE YHCIIA.
[Tonosxkum

o =[ Ay (ag, =0), a’=J —ay (2, <0),
H 1 0 (a,<0), # 1 0 (a,>0).

A =al—0ak, |y |=ak+az.

[Tostomy u3 cxofuMocTH psafa X > |a,| caexyer cxoau-
MOCTb PANOB X\ af;, 3,0k C HEOTPHIATE/IbHEIMA UJIEHAMH
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H 1oTOMYy
2= ok — XX aq=
=2 (Zazl)—Z (2 ak't) =3 <Z anz) .
k ] k ] k ]
Hakownen, ecnu a,,=a,,+ iB,,—KoMnsekcuble yucsia u

AR DY) | @y | CXODHTCS, TO CXOAATCS TaKKe Pl 2 |ty |,
> |Bel, The o, u P,,—AeHcTBHTENBHBIE UHCHA; [OSTOMY

22“ht=22“1¢z+i22f’u=
S3 (3 (30) - (F ).

Teopema noxasana mOJHOCTBIO.
[Tpumep 1. HccnenoBarh, npu kakux a >0 cxoaurcs
ABOHHON pax

3 3 (k).
k=11=1

Pemenue. B cuny rteopembt 1 wuccilefoBanHe MOXHO
CBECTH K CXOAMMOCTH OOBIYHBIX (OJHOKPATHBIX) PsJAOB

IZ; (k+1)-*=A, u k§ A,

Kaxk mu 3naem (cMm. § 9.2, Teopema 2), cXOXHMOCTbH mep-
®

Boro psaa Y, (k-[)-* SKBHBaJeHTHa CXOXMMOCTH HecOGCT-
=1
@®

BEHHOIO HHTerpasa S(k-l— Y)~*dy, KOTOpHIA CXOAHTCA TPH
0
o> 1:

A=Y (Do o)y = g ey =
=1

==El—l k=% (> 1).
Haunee,

- -} @®
1 1 1
)Y A”<a_—_lkzl k"°‘=m+k22_a_l LS

®

1 | S
<a_—1+§mx de.
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[Mocnenuuit uurerpan cxomurcs npu a—1>1, T. e. npu
a > 2. TlostoMy ucXoAHBIH ABOHHOH PsiZi CXOAUTCA MO NPAMO-
YTOJIbHHKaM IpH o > 2.

PaccMorpum eme HoBhi Bompoc. Ilycts xBoitno#t paa (1)
cxoaurcss W nputroM abcosmotHo. Ero cymmy S, Tak e Kak
cymMmy S’ psiia, COCTaBJIEHHOTO M3 €ro abCOJIOTHBIX BEJHYHH,
MOXKHO 3alUCaTh B BHAE IPEAENIOB MOCJE0BATE]bHOCTEH

n n n n
S=lim X XY a,=1limS,,, S'=lim %Y |a,|=1imS;,
n»>w 0 0 n—>w n»>o 0 0 n->w
OOBIYHBIX, 3aBHCSIIMX TOJBKO OT ONHOro HHAekca n. Ilocie-
nosarenbHocTAM {S,,}, {Sn,} COOTBETCTBYIOT CXOASIIHECS P SAMbI

S = a4+ (a5 + 41+ Agg) + (Ao + Qs + Ay + A1+ a45) +
+ @+ )+..., (8)
S"=|ag, |4 (| a0 |+ asi|+]a0i )+
+ (| ago |+ |+ g |+ @i [+ )+ .. (9)

C WieHaMH, PaBHBIMH CyMMaM u4Hces, CTOSIIHX B CKOOKax.
Ho B ckofkax BTOpOro psiia CTOSIT HEOTpHLATe/NbHLIE YHCIIA,
MO9TOMY CXOAHMOCTb €ro He M3MEHfeTCsl, €C/IM B HeM CKOOKH
BBIYEPKHY Th:

| ago | +1ago |+ ayi | 4] @os [+ 1ago |+ - -+« (10)
Ho Torna psan
Qoo+ o+ ai+a a5+ - . ., (11)

nosyuenHblfi BoluepkuBaHueM B (8) Bcex ckoGok, abcosOTHO
CXOIHMTCS, CJIENOBATeNbHO, CXOAHTCS, OYEeBHAHO, K S

Mbl  fokasanH, uyTo ecam ABoHHOH psx (1) cxopuTes
K udicay S H npuTOM abCOMIOTHO, TO TNOJIYYEHHBIH H3 HEro
oObiyHbi  (omHOKpaTHuH) pspx (11) cxomutcss Toxe K S H
Toxe abcosmoTHo. Ho unenbl abcomoTHO cxonsuierocsi psja
MOXHO NEpeCcTaBJsATh KaK YroJHO, He Hapylilas €ro CXOoiH-
MOCTH H He H3MEHSAS CYMMHL.

OruM J0KasaHa cieRyrouas

Teopema 2. Ecau unenst Osoiinozo pada (1), cxodsuye-
2oca K uucay S u npumom abCOAOMHO, NepeHymeposams
A106bLm cnocobom (v, Vg, Uy, .. .) NPU NOMOUU 00HO20 UHOEKCA
u cocmagume pad vy+v,+0vy; ..., mo nocaednuti Oydem
cxo0umeca K momy ge wucay S abcoaromro.

JlokaxeM C/IeAYIOIYI0 TeopeMy:
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Teopema 3. Ilyeme 3alanet Osa abcortomno ¢xo0s-

o™ ®

wuxca (00HoKpamubix) pada X uy, %vt U nYcMmo 6Ce603 MOK-
0

Hoie npoussedenus u,v, (k, =0, 1, 2, ...) nepenymepo-
6aHbl: Wy, Wi, Wy, +.. A006LM CROCOOOM NpU NOMOU 00HO020
unoexca. Toeda cnpasediuso paseHcneo

® ® ®
?ukxgvl =%:wk,

ede pad cnpasa abCOAOMHO CXO0UMCS.
@

JNokasatenbcTBo. B camom nene, nycts X |u,|=M
0

x ® o
Xlv,|=N. Ipokinot psn X IZ u,v, abCOMIOTHO CXONUTCS
0 =0 150

NOTOMY, YTO NpH JIOOBIX m, n
m n m n
%;,ukvtl=§|uklx§lvtl<M'N-
TTostomy

n n
Eukav,_-hm Zukxlim Ev,_—lim 2 Zukv,

n—»>w k=0 n»>w =l ns>w k=

rle TocjiefHee PaBEHCTBO CNPABEANHBO B CHJY Npeablayllei
TEOPEMBI.
3ameyanue 1. OrmeruM, uyTO TeopemMa 3 MO CYTH
Aena JokasaHa B § 9.13. 3mech MBI npHBeJH J0Ka3aTelb-
CTBO, HCIOJb3YIOLIEE MOHATHE CXOJHMOCTH JIBOMHOIO psja.
B 3akmioueHne 3amMeTHM, YTO MOXHO paccMaTpHBaTh
n-KpartHele psifbl (n>3)

2 e 2 Qky, ks, ..., ke

k=0 kp=0

3aMeuanue 2. Brime Mbl BBeJIH MOHATHE NPSAMOYTOJb-
HBIX YacTHYHBIX cyMM S,,,, colepxamux N uneHoB psza (1)
(N=(m+1)(n+1)). JloGyio cymmy, coCTOsLLyI0 H3 KOHed-
Horo uucia N charaemblx psaa (1), mpuesiTo TakXke Hasbl-
BaTh YaCTHYHOH CyMMOH 3Toro psaa.

B cayuae kpartHoro psiza (1) yacTHyHBle CYMMBI, COZep-
Xamue N uneHOB psja, KOTophie Mbl OyjaeM oOo3HauaTh
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yepe3 Sp, MOXHO CTPOHTb paslHyHbIMH crocobamu. Hanpu-
Mep, MOXHO B3fiTb YaCTHYIO CYMMY, COIEpPXKalllyl0 YJeHbl
psalla ¢ MHAEKCaMH &, [, OTBeYalOIUMH TOYKaM IJIOCKOCTH
(k, 1), npuHamJexamum Kpyry paaumyca R ¢ LIEHTPOM B Ha-
yajie KoopAaunar (puc. 109)
== =

OtMernM, uto uyucia N H R CBfi3aHbl COOTHOIIEHHEM
N=0(R?) (MOXHO HOKasaTb, YTO KOJIHYECTBO TOueK (R, [)
C IEJIOYHCJEHHEIMH KOOpAMHATAMH, HaXOASLIMXCA B Kpyre
panuyca R, nmponopuHOHaNbHO IVIOWAAH STOTO Kpyra).

s
' QY
(k4 (k%)
. .
0 R k g Mk
Puc. 109. Puc. 110.

Cymma Sp HasmiBaeTcsi kpyeoeod (cgepuueckold) wacmuu-
noti cymmoti pada (1).
Hns n-xpatHoro psiia (n=3) chepHyeckas cymMma HMeer
BHJ,
SR = Z ae

19 ceed kn'
B+ . +RISR?

Ecau B vyacTHyHyl0 CyMMy BKJIOYHTb WwieHnl psafa (1)
¢ unjekcamu (k, I), yIOBJIETBOPSIOUHMH YCJIOBHIO

0<h+I<M (R0, 130),

TO COOTBETCTBYIOIAasi 4YacTHast cymMa Sy =S, (N =0 (M?))
Ha3piBaeTcs mpeyeoavroti (puc. 110) wacmuunod cymmoil
pada (1).

B 3aBHCHMOCTH OT XapakTepa YaCTHYHBIX CYMM MOXHO
ONpeieIiTh pasNHuHBle BHAB cXoZHMocTH psiaa (1) (mo coe-
paM, TpeyrojibHHKaM, H T. I.).

Psan (1) HasbiBaercs cxodaujumcs k uucay S no cpepam, ecau
Ve >0 3N, (e) Takoe, uto npu R > N (e) BHINONHAETCH
HepaBEHCTBO

|Sg—S|<e.
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AnanoryyHo onpenensiercs CXOAMMOCTb MO TpPeYTOJIbHH-
kaM. [lpeacraBisier HHTepec BONpOC O TOM, KaK CBsi3aHbl
Mexay co6ofi pasnuyHble BHAB CXOLHMOCTH KpaTHOro psia
(1), Ho Mbl He 6yleM Ha 3TOM OCTaHaBJIHBATBCA.

3agaumn
1. MccnepoBath, npu kakux o > 0 cxonutcss TpoiHofi (Tpexkpar-

.-_HHﬁ) pan
2} ZE Z (k14 m)=2.

OTseT a> 3.
2. Hccaeposate, npn kakux o > 0 cxomures n-KpaTHRA psg

2 2 (1t oo kg) ™%

k=1 kp=1

OrBeT a >n.
3. Hccaenosath, npH Kakux o > 0 cxoaurcs aBoftHOM psax

2 X+
k=1]=1

OTtBeT a>1.
4. Hccneposats, npH Kakux a, Bi, Ps > 0; cxoautes nsofinoft psa

i i (£Pr 4 Bs)-2,

k=1 1=1

OTtseT: a> ﬂi-lué-
8. Hccnenoarb, npu Kakux o; Bi; ses; B, > 0 cxomurcs n-gpar-
HEA pan

3 e B (W i)

k,=1 kp=1

OTBeT a>2
j=1

§ 9.16. CymmupoBaHHMe psjoB H MocCJel0BaTeJbHOCTEH

Iycte 3apan umcioBol psx
gt ui+u,4 ... ()
H TOCJENOBaTeNbHOCTh €r0 YaCTHYHBIX CYMM

Sp=tgtth 4 oo+t @
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Pan (1) moxeT ObITb CXOASIIMMCA HJIH PacXORAIHUMCS.
[TocnenoBaTenbHOCTD

O =[St Si+ . +S] (1=0,1,...) @

HasbIBAeTCS 10C.2e008aMeAbHOCTIbI0 CPEOHUX apudmemunecKux
nocienosateabioctd  {S,} uau psaga (1). Jlerko mnoacuu-

TaTh, 4TO
n
k
o =Z (1—-——-—) Uy,
* k=0 n+l

Takum 06pa3oM, WIEHH CYMMbI O, OTJIHYalOTCA OT COOT-
BETCTBYIOIIMX WJIEHOB dacTHOH cywmmel psga (1) reM, uro

IocJIeAHHE YMHOXKAEI0TCS Ha 4YHCaa A.krz l—m, MEHBIIHE

equuunel. Ilostomy, ecan mocienoBarenbocTs {S,} pacxo-
IHTCS, TO MOX@T CJYYHTBCS, YTO IOC/IeloBaTeNbHOCTb {0}
BCE 2Ke CXONHUTCH.

Mo onpenenennio psin (1) (uanm nocnenoBarenbHOCTD {S,})
cymmupyemes. memo0om CPeOHUX ApUPMEMULECKUX K 4UCAY O,
ecaM CyIIecTBYeT mpenen

limo, =o0. (4)

n—>®

Teopewma. Ecau pad (1) cxodumes x uucay S, mo on
cymmupyemcs memoOom CpeOHUX apugmemuyeckux U npu-
mom K momy ose qucay S.

HokasateabctBo. [Iycte psax (1) cxomurcsi; Toraa
CyllecTByeT Takoe uHcao M, uro

IS/I<M (f==0, ln 2! "')» (5)

H TaKoe JOCTaTOYHO GoJblloe HATypaJbHOE YHCJIO 1, KOTOpoe
Mbl 6yfeM CcuHTaTh (HKCHPOBAHHLIM (a R, H B jAaJbHelileM
p-TIepEMEHHEIMH), 4TO

1Sps—Sl<e (k=13 ...). ()

Hmeewm, nanee,

S—o,,+p=<8—%2.s,,+k)+

P
k=1

p n
I 1 1
+ (=) S S

k=1
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14

p
1 1 1
=5 2 S=Su+ (5—ipr) BSen—

k=1 k=1

1 n
— 7T & Se

OTKyJa, YYUTHIBasi, 4TO
1 1 nt1
P ntptl pOtrtD’

NOJIYYHM
|8 —0psp| <o ity Mty M<eteote=3e
(p > Py)s

ecii Py, noctatoudo Beauko. CreloBaTenbHO, 0,4, — S
(p— o0) unmu, uto BCE paBHO, 0,— S (j — o), T. €. Teo-
peMa BepHa.

IIpumep 1. PaccMorpum cxonsumufics psig kZOQ"'==2.
3necn -

1 1 1 1

S,=1, Sl-=l+—2-, "’vSn=l+'§+°"+ﬁ=2—2_n"

Orciona
1 Ly !
0= [Sot - +Sul =7 ?:‘0(2_;)=
1 2 1 _
— [2 (n+ 1)—2-+2—,.] =l tEarn 2

(n — o0).

Mpumep 2. Pag 1—1+41—... pacxoaurcsi, HO OH
cymMmupyeTcsi K uncay 1/2 MetoloM cpennx apHMeTHYECKHX.
B camom gene, ans paHHoro psiza S,=1, §;=0,

voy Seu=1, 8;,41=0, ... .

ITosTomy
1 1
O =gmgi[Sot o +Sul=gry 140+ +0+ 1]=
n+1
2ﬂ+1 _’— (n’—’m)’

1 1 1 1
02”+i =m[80+ ...+Sgn+Ssn+i]=2_’(ln———:—])=~2-—)—2-

(n — o0).
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Hapsiny ¢ nocsenoBarenbHOCTBIO {0,} CpelHHX apH@Mme-
THYeCKHX psada (1) MoxHO paccMaTpHBaTh IPOH3BOJIbHbIE
cpednue {t,} psna (1), onpenensieMble paBeHCTBOM

n
tn== E A’kuk' (7)
k=0
rae A, (k=0, 1, ..., n)—npousBosbHas Moc/e0BaTENbHOCTD

JeHCTBHTE/IbHBIX UMCEeJl, BOOGLIE TOBOps, 3aBHCAWLAs OT A.
AtH uucaa MOXHO Oblo Gbi 0603HauuTh uepes A, Ondunako
paiu kpaTkoctH GyleM nHcaTb A, BMecTO A4V,

Ecan Ay = l—,—l—_"f_—i ,TO t,=0,.
Ecan cymectsyer mpenesn
lim¢,=T, 8)

n—>o

TO rosopsAT, uto psx (1) cymmmpyem meromoM cpemHux {t.}
K uucay T.

EcTecTBeHHO BO3HHKaeT BONpPOC, NMPH KaKHX A, cXons-
mufica Kk S pan (1) cymmupyercst mMeronom {¢,} K umcay S.

Uto6bl OTBETHTb Ha STOT BoOmpoc, GyJeM CUHTaTb, YTO
hM=1; Ay=0 npu k=n+1; AA, =k, —h,,,.

Torza

B A= (o—h)+ (e—A) by — ) =ho=1. ()

Hmeer Mecto npeoGpasoBanue AGessi C/EAYyIOWEro BUAA
(cM. Takxke § 9.8):

n n
> apby= 2 (@, —ay+1) By,
k=0 k=0

rae B,=b,+...+b,, a,.,=0.
Toraa

n
t,,=k20 AN, S,, (10)

rie S,—uactuyHble cymmsl psia (1).
Hanee, ucnoabsys (9), umeeM

t,—S= §:3Ax,, (S,—S). (11
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[Tpumenss B (11) HepaBencTBO DByHsiIKOBCKOro, noJyyHm
1/2

|t,,—3|<<$|mkp§03(sk_3)a> =
n 1/2 1 n 1/2
=((n+l)ZIAMI’) (mz?.(&.—&’) . (12)
0

Tenepn, ecau psx (1) cxopurcs k uucay S (cymme psaa),
TO moc/eloBaTesbHOCTD {(S,—S)?} cxonaurcss K HyJmo. Cpea-
HHe apH(dMeTHYeCKHe 3TOH IIOCJe[loBaTesNIbHOCTH, 110 JAOKa-
38HHOMY BBILLE, TaKXe CXOAATCA K HY.JIO.

IMostomy u3 (12) nosyuaem ciefyiomiee yTBepKAeHHe!
ecau wucaa A\, maxoeot, 4mo

EERIDATON 12

mo cxodsuutica pad (1) cymmupyemca memodom cpedHux

{t.} K ceoed cymue.
3ameTuM, 4TO AN CPEAHHX apH(MeTHuUeCKHX {0,} ycJo-
BHe (13) BeimoJiHeHO:

A(1—2) = o515 (n+1)2|( 1) [=

1
=(n+1)2mal.
0

2
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AGenst npeoGpasoBaHue 384

— TeopeMa O CXONMMOCTH CTelleH-
Horo pspa 398

— TeopeMbl O psgax 385

A6comoTHas BeJHYHHA uHcaa 17, 27

AGCOTIOTHO CXOMSIUMACA HHTErpan
253

— — psan 377

ApputuBHOCTH HMHTerpana 230

AxkcnoMaTHuecKHil MeToL 26

Ananutnyeckas ¢ynxuns 407

ApryMeHT (He3aBHCHMasi MNepeMeH-

Hasi) 63
. — KOMILJIEKCHOTO yHcaa 206
ApudmerHueckne JeHcTBHS  HaA
yyucaaMu 22

ApxumenoBo cBolicTBO uncen 24

Acummrora 181

AcuMnToTHuecKoe paBeHcTBO 120

AccounaTHBHBIH 3aKOH CJOXEHHS
uhcen 24

— & yMHOXeHHs uncen 24

BeckoneyHasi
14, 15

Beckoneuno Gonbilas BeauuHHa (mo-
CJIelOBaTeIbHOCTE) 42

— MaJjasg BeJMyHHa (mocJjejoBa-
TeJbHOCTb) 42

DBeckoHneuynbli MHTepBan 28

— mnoJayuHTepBan 28

— mnpepen 42

Bunom HeioTona 48, 161

AeCATHYHAA ﬂp06h

BefilepmrTpacca mMpH3HaK paBHOMep-
HOH cXoinMocTH 382

— Teopema 94, 335

— — 00 OorpaHHYeHHOCTH Hempe-
peiBHO# QyHKuMu 94, 335

— — — DBKCTpeMasbHBIX 3HayeHu-
fX HenpephiBHOH pyHKUUK 94, 335

Bekrop KacarenpHOlt 192

— HopManu 192

— n-MepHBIi, eIMHHuHBIA 297

BexkTop-pynruus 190

BeanuuHa (nocsefoBatebHOCTh) Ge-
cKOHeuHO Gosbuiast 42

— (—) — Manas 42

Bepxuuiit unterpan apGy 247

Bepxusin rpans ToudHas 51, B3

— cymMma [ap6y 245

BiioxeHHBIX OTpesKoB NMpHHUMN 60

BHyTpenusis Toura MHoxecTsa 301,
331

BeinykJaocTe KpuBoit B Touke 177

— — Ha otpe3ke 180

I'apmonuuecku#t psag 378

I'nnep6osa 132

I'naBHbft JuHeliHBI# WJeH npHpa-
menus ¢ysxkuun 142, 309

— creneHHOl ujeH ¢yHKuun 122

I'papuent ¢ynknuu 318

I'panuna MHoxectBa 331

I'panb ToyHas BepxHss 51, B3

— — HuxHaa 52, 53

I'papuk ¢yuruun 65

Hanam6epa
psga 372

Hap6y cymmbr 245

JleicTBUTEIbHAS 4aCTh KOMIVIEKCHO-
ro uncaa 206

JeiicTBHs Hal uMcaaMH apudMme-
THYeCKHe 22

Hecsatuynas apo6p 14, 15

— — OGeckoHeuHas 15

Hupuxne npusnak 259

NPpH3HAK CXOAHMOCTH

— sppo 386

Hubpdepenunan ¢ynkuuun 140, 310

Juddepenuransl BBHICIUHUX MOPAA-
xoB 146, 321
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HuddepenunupoBanue napamerpHye-
CKM 3afaHHBIX QyHKuM# 149

— psanoB 388, 400

HOnuea ayru kpusoit 268

JocTaTouHble YCJIOBHS SKCTpeMyMa
¢yHkIMH 171—174

Jpo6Ho-uHeliHas
Hocth 218

Hpobb npocreiimas 215

Hp palHOHaJIb-

3aBucuMas nepeMeHHast 63
3amena mnepemeHHbx 199
3ameuatesibuble npemesast 116, 117
3amkHyTOE MHOXecTBO 328
3aMbikanue MHOXecTBa 332
3Haku BkJOueHus 10

WHBapuaHTHOCTL  (OPMBI
nuddepenunana 148

Hurerpan [ap6y Bepxuuil 247

— — HUXHHI 247

— HeonpefeaeHnbiid 196
HecoGcTBEHHEI 249, 367
ompesiesieHHbIt 224

OT MOHOTOHHON (YHKUMH 248
— HenpepnBHOH ¢yHKuuN 248
C nepeMeHHHIM BePXHUM mpefe-

Jaom 235

—, cxofsuutcss abcomoTHo 253

Hurerpanbnas cymma Pumana 223

— TeopeMa O cpelHeM 244

HHTerpajbHblf npH3HaK CXORMMO-
cTH psgos 369

HHTerpupoBaHne MppaUHOHANbHBLIX

BhIpaxeHu#t 217

— nofcraHoBko# 119, 241

— no vactam 202, 243, 267

— PpalHOHaJbHBIX BhIpaxeHH# 214

— psazgos 386, 399

— TPHIOHOMETPUYECKHX
Hu# 220

Hurepsan 28

Hurepnonsuuonuelit MHOrouseH Jla-
rpanxa 279

Hppauuonanshoe

nepBoro

BBIpaxe-

ypcao 13, 16

KacatenbHast K xkpuBoit 128, 144
— nJockocts 314
KB281J18paquaa HPPaUHOHANbHOCTD

— Qopma 324
Kpampatypuas ¢opMmyna 282, 285
KBaHTop BceoGunoctn 12

— cymecTBoBaHHS 12

Kone6anne GpyHKIUH Ha MHOXeCTBe

247 -

KoMMyTaTUBHBIA 3aKOH CJ/IOXKEHHSI

yuces 24

— — YMHOXeHHS yuces 24

KomniekcHoe uncio 205

— — conpsikerdHoe 205

KomnekcHo3dHaunast dyukmus 207

Kopenb (Hysb) MHorowiesa 210

Kown BuJ ocTaTouHoro uieHa ¢op-
myanl Teiiopa 162

— KpHTepHil [IJs1 HecoGCTBEHHBIX
HHTerpajnoB 250

— — — nocnefoBaTesbHOCTel 59

— — — psnoB 366

— — — ¢yskuuit 80

— — PpaBHOMepHOH CXOIMMOCTH
380

— NpPH3HAK CXOAMMOCTH psina 373

— TeopeMa o cpeiHeM 152

Kpusas raagkas 184, 191, 265

— 3aMKHyTasi 266

— — HemnpepniBHast 184, 2668, 301

— HemnpepwiBHas 184, 266

-~ njaocKas 184

— caMoHenepeceKalomasicsi 266

— caMonepeceKarouascs 266

— cnpamisieMas 268

KpuBusna xpusoit 273

— —, paiHyc KpHMBH3HH 274

— — , ILeHTDP KPHBH3HH 274

Kpurepuit Kowu ajas HecoGeTBen-
HBIX HHTerpajioB 250

— — cyllecTBOBaHHs mnpefesna 60,
366, 415

K%%% CXOIMMOCTH CTeNeHHOTO psifia

Ky6 292

Jlarpanxa BHJ OCTaTOYHOTO uJeHa
¢opmyael Teilsopa 162

— TeopeMa 0 cpepHeM 152

— ¢yHKousa 362

Jlannaca ypasuenue 391

Jlnnusa yposus 350

JlokanbHeli 3KcTpemym 149, 172

— — OTHOCHTeJbHBIA 358

Jlonutans npasuso 158

JIyu 293

Maxopanra 29, 52

MakcuMym Jokanbubift 148, 336
Macca crepxus 223

Marpuua 19

MrHoBennas ckopocts 126
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Meton MHOXuTeNelt Jlarpanxka 362

— HeonpejeNeHHbIX Ko3(pdHiHeH-
TOB 204

— cymmupoBaHus 421

MunuMyM JokanbHbI 148, 336

Mnmgaﬂ YaCTb KOMIIEKCHOTO YHCJa
20

Mnuorounen 89, 161, 210, 212, 299

— Jlarpauxa 279

— Teitnopa 161

MHoxecTBa 3KBHBaJIeHTHble 29

MmuoxectBo 10

— GeckoHeuHoe 29

— BCIOAYy TNJIOTHoe 38

— 3aMKHyToe 328

— HeorpaHuyeHHoe 29

— HecueTHoe 31

— orpanuuenHoe 29, 328

—, — cBepxy 29

—, — cHu3y 29

— oTkpbiToe 301

— nycroe 10

— cBasHoe 301

— cuerHoe 30

Muoxureneli JlarpaHxka Meron 362

Monyas KoMIJIEKCHOTO umcaa 206

HesaBncuMas nepeMenHas 63

Heo6xonnMoe yciioBHe HHTerpHpye-
MocTH ¢YyHKuuu 228

— — CXOAHMOCTH psa 366

— — SKCTpeMyMa QYHKUHH
363, 377

Hel%répeneneﬂﬂoc'reﬁ packpbiTHe 44,

172,

HenpepriBHasi BekTop-pyHkuus 190

— KpuBas 184, 265

— ¢ynxkuus 85, 298, 333

— 3~ KOMIVIEKCHOTO INepeMeHHOro
404

HenpepbiBHOCTB
uncen 61

HepagenctBo TpeyrosbHuka 27, 269

— uncen 17

H%cqemocn JleHiCTBHTENbHBIX YHCe
1

JLeHCTBUTENBHBIX

HesiBHas ¢pynkuus 71, 343
Huxunit uurerpan dap6y 247
— npefiesl MOC/IEOBATEJILHOCTH 57
Huxuss rpane Tounas 52, 53

— cymma Jlap6y 245

Hopmans x kpuBoit 130, 192

— — noBepxuHocTH 348

Helotona — Jleii6Huna teopema 228

O6nacte 301

— onpegfeneHusi GyHKUuH 63

— CXOmMMOCTH psifia 165

O6pa3 nocpeactsoM ¢yHkuun 64

O6pathHast ¢yHKuus 99

OGpatHble TPHTOHOMeTPHYECKHe
¢ysxkuun 115

OG6benunenue (cyMma) MHoxecTB 11

OGneM Tesa BpallieHHs 264

OnxosHayHas (yHkuus 63

OnHoponnas ¢yHkuus 320

OpnHocropoHnHe mpefenst 83

OxkpecTHoCTh TOukH 28, 78, 290, 292

Onepauust auddepeHnpoBaHuS
123, 302, 309

— wuHTerpupoBanua 196, 224

OpneHTHpoBaHHAs KpuBasi 266

OcTaToyHBIf 4I€H KBalpaTypHO#
¢dopmyanl 283

— — pspa 366

— — dopmysast  Teitmopa B HB-
TerpajbHOil ¢opme 245

——————— Kown 162

——————— JlarpaHnxka

——————— ITeano 163

Oto6paxenue 64, 356

OTpe3ok (uucaoBoii) 28

OTpHuanue yTBepXjeHHs 12

Napa6ona 132

IlepBooGpasnass 195

INepemennast BeaHunHa 10

— 3aBHcHMasn 63

— He3aBucuMas 63

[lepeMecTHTe/IbHBIA (KOMMYTaTHB-
HHI}) 3aKOH cJIOXeHHs 24

— (—) — yMHOXeHus 24

Ilepeceuenne Muoxecte 11, 79

ITnockocts KacartenbHas 314, 348

ITiomanp B NoNsIPHEIX KOOPAMHATAX
263

— KPHBOJHHEHOH ¢uryps 222

— TMOBEPXHOCTH Bpainenus 277

IToBepxHocTe ypoBHA 349

IMogmHOXKecTBO 10

TlopnocienoBaTeILHOCTL 55

INopcranoBku diepa 219

[TokasatenbHass ¢opMa KOMILIEK-
cHoro yucita 208

INTonuuom (Muorousen) 89, 161, 210,
212

ITonHora meHcTBHTENbHBIX uHcea 61

TMonsipuble KOOpAHHATH 72

— —, rpabuk 74



NPEIMETHBIP VKASATEJIb

[Tonsipurle KOOPAHHATH, NJIOWAAb
263

Iopsapok nepemenHoft 119
INMocnenoBarensuocts 19, 32, 879
— OeckoHeyHO GoJibiuas 42
— Manas 42
MOHOTOHHas 19, 45
HeyObiBajomas 19, 45
orpaHuuenHas 19, 29
— cBepxy 19
— cHu3y 19
cTabunusnpyromasca 19, 46
(dyHgameHTanibHasa 59
— ¢ynkuuit (PyHkuHoHanbHas) 379
— —, paBHOMepHO cxoasmascs 379
INpasuao .lonurans 158
Ipenen no nanpasnenuio 208
— nocJefoBaTesibHOocTH 25, 33, 379
— — BepxHuii 57

— KOMIUIEKCHBIX uHcesa 366

— — HHXHUH 57

— ¢yukunn 74, 292

— — caeBa 83

— — cnpaBa 83

— vactuyHeifi 56

IlpeoGpasoBanue AGens 3884

Ipusanak paBHOMepHOH CXOLHMO-

ctH AGens 385

— — Beiteputpacca 382

— — Jlnpuxae 385

cxoaumocTy paja lanamGepa 372

— — HHTerpaabHblii 369

— — Kouwmn

INpupamenue aprymMenra 84

— ¢ynkuun 84, 301

— —, TJaBHHIH JHHefHHIA uieH
140, 309

H%ogasenenue KOMIIJIEKCHBIX YHCeJ
1

— nocJsejoBaTesbHOCTel 39

— cKkaaspHoe 319

— (QyHkuuil 64

Ipoussoanan 123

— GeckoHeyHo Gosbluas 128
BeKkTOp-pyHKUHH 192

B NapaMeTpHuecKoM BHze 149
BHICIIero nopsiaka 145

JaeBas 123

obpaTHoii dynkuuu 137

no HanpasjeHuwo 318

npaBas 123

CyNepno3sHUMH  (QYHKUHHA  OT
¢dynkuun 136, 316

— vyactHas 302

— 9JieMenTapHBIX QpyHKUM# 133, 138

Frerrent

429

]1:{ OCTPRHCTBO n-MepHoe 70
gsmoyronbnnx 392

PaBeHCTBO JeACTBHTENbLHBLIX uucen
PaBHomepHas HenpepbiBHOCTL 101,
333

PaBHoMepHO cXonsuascs  nocue-
JloBaTeIbHOCTL 379

— cxopamuiica psa 381

Panuyc xpususnbn 274

— CXOIHMOCTH CTENeHHOro psja
395

PasHocTe KoMmiekcHEIX uncen 205

— MHOXecTB 12

— mnocaefoBaTeabHocTell 39

— (ynkuunii 64

PaspuiB BTOporo poza 91

— nepBoro poaa 91

PaccrosiHue Mexay Toukamu 28, 291

Pannonanbhas ¢ynkuus 214

Paumonanboe uncao 13, 16

Pumana uHTerpanbHas cyMma 223

Posns TeopeMa o cpennem 150

Psp 165, 365

— OHHOMHa/bHBI 412

— rapMoHHYecKH#i 375

— KpartHblii 414

— Jleit6unna 376

— PpaBHOMepHO cXoAsuumuiica 381

——3; HEOTPHUATE/NbHEIME  YIeHaMH

1

— creneHHol 394

— — cxonsuuiica 395

— —, TeopeMa O cXopuMmocTH 395
—al%xonﬂu.mﬁcs a6coaotHo 377,

—, — N0 TnpsMOYyroJibHHKaM 414
—, — — chepam 420

—, — — TpeyroJbHHKaM 420

— — ycaoBHo 379

— Teiinopa (Makaopena) 164, 401
— ¢ynkuui 381

CBolicTBO ApXHMea BelleCTBEHHBIX
yncesn 24

CucreMa yHKWHHA, 3a1aHHBIX HesiB-
Ho 350

CkaasipHoe mpou3BelieHue 319

CxopocTb MrHoBeHHasi 126

Cioxenune uncen 22

CouyeTaTeqbHBIE  (aCCOLHATHBHEL)
3aKOH CJIOXeHHs 24

— (—) — yMHOXeHHs 22

CnpsiMmnsieMas KpuBas 268



430

Cpennue apudmernueckne 422

Cpenussi ckopocts 126

Cpe3ka JIeACTBUTEJBHBIX yHCesn 22

Crenennan ¢ynkuus 104

Crenenno#t psin 394

Crporo Bospacrawuias ¢pyHkuus 66

— y6biBatomas ¢pyHkuusa 66

Cymma Hap6y 245

— (o6benunenue) muoxects 11

— nocJiefioBaTesbHOCTel 39

— Pumana uHTerpanpHas 223

— papa 164, 365

— —uacrtuyHas 164, 365, 414

—dynkuni 64

CyMMHpOBaHHe PSIIOB H IOC/IeI0Ba-
TeJbHOcTel 421

Cynepnosuuus ¢ynknuit 64

CyliecTBOBaHHE KOPHS apu(pMeTHYe.
cxoro 105

— — mHorouJeHa 210

CXOZMMOCTb HECOGCTBEHHOTO  HH-
Terpana 249

— nocaenosateantoctn 33, 379

— psana 395

— crenenHoro psaaa 395

— — —, Kpyr cxopumocTd 395

CueTHOe MHOXecTBO 30

Ta6anua unTerpasnos 197

— npousBojHbx 133, 138

Teitsiopa muorousen 161

— psan 164

— ¢opmyna 159

Teogema Bonbuano—BeiiepmTpacca
55, 56, 334

— Beiliepiutpacca o paBHOMepHO#R
cxopuMocTH 382

— — 06 orpaHHYeHHOCTH HeMpephIB-
HOlM ¢yHKRuuH 94, 335

— Komu 0 npomMexyTouHbIX 3Haue-
HUAX HenmpephIBHOH ¢yHKuIHH 96

— — — cpejHem 152

— Jlarpanxa o cpegHeM !52

— Helotona—Jlefi6uuna 228, 238

— O CMemaHHBIX Npouspoiubx 303

— — cpefiHeM HHTerpaabhas 244

— — — Poans 150

— CusbBecTpa 341

— depma 150

Teopembl AGenss o psgax 385, 398

TouKa BRIMyKJIOCTH KBepxy 177

— — guusy 177

—MuoxecTBa BHyTpennsas 301, 331

— — rpanuunas 33l

NMPEIMETHBINI YKA3ATEJIb

Touka neperu6a 178

— pasprBa 91

— — BTOporo poxa 91

— — nepaoro poaa 91

— crauunonapHas 172, 338, 359

— ycTpaHumoro paspeBa 91

— n-MepHOro mpocrpanctsa 70, 291

TpHroHoMeTpHYecKasi ¢hopma KOMIl-
JiekcHoro uucsa 208

YMHOXeHHe nOC/ef0BaTeNbHOCTEMH

— psipoB 391

— yncen 22

¥YpaBuenus csasu 358

YcaoBHe  HeoGXOAHMOE HHTEr pH-
pyeMocTH dyHKuun 228

— — CXORMMOCTH psjia 366

®opmysa 6uHoma Hetotona 161

— KBajparypHas 282, 285

— Heiotona— Jleii6nuua 228, 238

— NPSIMOYTOJILHHKOB 282

— Cumncouna 287

— Teitnopa 159, 326, 194

— Tpaneuuit 282

QyHKUHH 5KBHBaJeHTHble 120

Oyuxuus 63

— aHaauTHYeckas 407

— GeckOHeuHO GoJibuiasi 82

— — Manasn 79

— rapMoHHuyecKas 391

— runep6osnueckas 115, 116

— nuddepennnpyemas 141, 309

— KOMIIJIEKCHOTO NepeMeHHoro 404

— KOMILJIEKCHO3HAyHasl OT JeACTBH-
TeJIbHOro mepemexnoro 207

— Jlarpanxa 362

— Jorapudmuyeckas 112

— MHOTHX nepemeHHbIX 69, 290

— MHOrosHaunas 68, 101, 406

— MOHOTOHHas 66

— HeorpaHHueHHasi 66

— HenpepbiBHas 85, 298

— — B Touke 85

— — — — no MHOXecTBy 333

— — — —cJyeBa 90

— — — —cnpaaa 90

— — Ha 32MKHYTOM OTDaHHUEHHOM
mHOXKecTBe 333

— — — MHOXecTBe 94

— HeyerHas 66

— HesiBHas 71, 343

— ofparnas 72, 99



TNMPEOMETHBIM YKA3ATEJIb 431

OyHKuus o6paTHas TPHTOHOMETPH-
yeckas 115

— orpanHueHHas 66

oxHoponHas 320

nepuopuueckas 67

noxkasartesabHas 108

nocrosiHHas 103

npenenbHas 381

paspbiBHass B TouKe 91

paunuoHaibHas 214

cl1oXHas 64

creneHHas 104

cTporo Boapacratomas 66

— y6riBatomas 66

TPHUTOHOMeTpHYecKas 114

yeTHass 66

— 9sieMenTapHas 103, 300

Frrerrrrrrild

LleHTp KpuBH3HBI 274

Yacruunaa cymMmma psga 164, 365,
414

YacTHoe NeHCTBHTEJbHBIX uHcea 23

— nocaefoBateabHocTeil 39

— dynkuuii 64

Uncen akcHoMbl 22

— cBoficTBa 22

Yucsmo, BesHuuHa abcosoTHas 17

JetictBuTeabHOE 13, 16

HppauuoHaiabHoe 13, 16

KoMiekcHoe 205

—, aprymeHt 206

—, JIeficTBuTesnbHas vacTb 206

Frrnd

Yucao  KOMIJIEKCHOE,
yacTs 206

— —, Mogy.ab 206

— —, conpsixeHHoe 206

~— KoHeyHoe (6ecKoHeuHoe) 28

— pauuoHasibHoe 13, 16

— e 48

Yucnosasg ock 18

Unen psapa 365

— — ocTaTouHblif 366

MHHMasn

Ilap 292

dBosbBeHTa 274

SBosoTa Kpusoh 274

Diinepa nofcraHoBka 219
OKBUBaJIEHTHbIC IIPeJIOXKeHHsT 12
— obynkuun 120
DkcTpeMyM JokadbHBlE 146, 336
— OTHOCHTeJIbHBIH (YCJ/IOBHBIH) 358
dnieMeHT MHOXecTBa 10

— — HauGoabwmit 51

— — HauMeHbuui 51

— mocJsefoBaTesqbHOCTH 19, 32
dueMeHTapHast ¢yukuus 103, 300
Quuunc 130

Aamuncoun 330

finpo HMupuxnae 386
— oTkpbiToe 331
— Ilyaccona 391
fAkobuan 351
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