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0 HEPA3PELUMMOCTN ANTEBPAMYECKUX YPABHEHUMN
B PAAUKANIAX U TEOPUU TPYNN

B. I'. 3BATUH

Boponexcckuii eocyoapcmeentblii yHusepcumem

ON NONSOLVABILITY
OF ALGEBRAIC EQUATIONS IN RADICALS
AND THE GROUP THEORY

V. G. ZVYAGIN

Some ideas and results of group theory are
explained and the way to reduce the problem of
solvability in radicals of algebraic equation of
n-th degree by one variable to some results of
the group theory is shown. An example of how
such equation can be solved using them is pre-
sented.

JaHbl Hekomopble NOHAMUA U pe3ynbmamsl
meopuu 2pynn U NOKA3aHO, KAaKuM 06pa3om
npo6siema paspewiumocmu 8 paduKkanax anzeb-
pauyeckozo ypasHeHus n-ii cmeneHu CBA3aHA
C meopueli epynn u pewiaemcs ¢ ee NOMOWbIO.

B kypce cpenHeii IKOJIbI TOAPOOHO U3yJaloT ajireopau-
YecKUe YpaBHEHUs C OOHUM HEU3BECTHBIM 1-11 1 2-if cTe-
reHei. [Tpu 3TOM OKa3bIBaeTCs, YTO JUISI pEUICHUS TaKUX
YPAaBHEHUI CYLUECTBYIOT 0o0LIMe (HOPMYJIbI, BbIpaKarolue
KOpPHU ypaBHEHUS Yepe3 ero Ko3(hGUIIMEHTHl ¢ TOMOIIBIO
apudMeTUYEeCKHUX onepaluii 1 paauKaaoB (11 ypaBHEHU
2-ii cteneHn). IlomoGHoro TrIa (opMyJibl ObLIM YCTAHOB-
neHsl eiie B X VI Beke u uist ypaBHeHmit 3-i (JIxx. KapnaHo)
u 4-it (JI. ®eppapu) creneHeii. JJoaroe BpemMs MaTeMaTUKU
MBITAJIUCh HAWTU METOJH PElIeHMSI B pamuKajax OOIIero
ypaBHeHUs 5-i1 ctenenu. OpHako B 1824 romy HOpBEXKCKMI
mateMaTuK Hunbc [eHpuk AGenb mokKasaa CIeAyIoIIyio
Teopemy: Obujee areebpaureckoe ypagHeHue ¢ 0OHUM Hel3ee-
CMHbIM cmeneHu Gvliie 4-1i Hepaspeuwumo 6 padukalax, mo
ecmb He cyujecmayem (opmynvl, bipaicaioulell KopHu ooujeco
YpasHeHus cmenenu ovlile 4-1i epe3 Koagguuyuenmot ¢ LOMO-
WbI0 ONepayuil CA0NCeHUs., BLIMUMAHUS, YMHONCEHUs, Oene-
HUs1, 8038e0€HUsl 8 HAMYPAAbHYIO CMeneHb U U3eAeHeHUsl KOp-
Hell HamypanbHOU cmeneHu.

Lleab cTaTbk — MTO3HAKOMUTD YUTATENS C PSIOM TTOHS -
THIA ¥ pe3yJIbTaTOB TEOPUH IPYIIIT ¥ TIOKA3aTh, KAKUM 00pa-
30M TpobJieMa pa3pelIMMOCTH B paarKajax ajareopanye-
CKOTO YpaBHEHUsI n-i CTETIEHW OT OIHOTO HEU3BECTHOIO
CBOIMTCS K HEKOTOPOi1 TpobieMe B TEOPUM TPYIII Y KAKUM
00pa3oM OHa TaM pelaeTcs.

Ipynnoii Ha3pIBaeTCsI MHOXeCTBO G
2JIEMEHTOB IIPOM3BOJIbHOM MPUPOMAbI, B KOTOPOM J1000i1
ynopsinoueHHo! nape (a, b) 271eMeHTOB 3TOr0 MHOXKECTBa
TOCTaBJIEH B COOTBETCTBUE TPETUI 3JIEMEHT, KOTOPBIA MbI
OyneM 0603HaYaTh CUMBOJIOM a [b, U IpU STOM Tpe/roia-
raloTCs BHITTOJTHEHHBIMHU CJICIYIOIINE YCTOBUS:

1) a b k) = (a [b) [t mrst mOOKIX a, b, c 0 G;

2) B G CylIeCTBYET TaKOil 3JIEMEHT e, Ha3bIBacMbIit
eIMHULIEH TpynIibl G, IJ11 KOToporo a L& = e [h = a myis mo-
6oro snemenTa a 0 G;
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3) st mo6oro 3aeMeHTa a [ G cyllecTBYeT TaKOoM 3J1e-
MeHT a”' B G, Ha3bIBaeMblii OOPATHBIM K BJIEMEHTY a, IS
koroporoa ' =a ' h=e.

MHOXeCTBO BeIIeCTBEHHBIX YMCe/I C OOBIYHOM omnepa-
LIMEe CIIOXKEHUS YUCeNl, MHOXKECTBO BEIIECTBEHHBIX UKCe,
OTJIMYHBIX OT HYJISI, C OTepaleil yMHOXEHUS Yuce — BCe
5TO MPOCTEUIIINE MPUMEPHI TPYTIII.

Mbsl nogpobHee obcynuM OoJjiee BaxKHBIN UIST TEMBI
9TOU CTaTbM MpUMEP TPYIIIbl, IpUYEM BHavaje B OOLIei
CUTYyallMH, a 3aT€M U B YACTHOM CUTYallMU, B KOTOPOI OH U
OyZeT UCTIONb30BaH HUXE.

IlIycts Xu Y — nBa MHOXeCTBa IPOuU3-
BOJIbHOM Mpupobl. OToOpaxkeHue ¢p: X — Y HasbiBaeTcs
83AUMHO OOHO3HAYHBIM OMOOPAdCeHUEM, ECITU TSI KAXKIO0TO
y 0O YcyiectByeT enMHCTBEHHbIN X [1 X, Takoii, yTo §(x) = y.

Ilycte M — npousBojibHOe MHOXeCTBO. I1poun3Boib-
HOE B3aMMHO OJHO3HAYHOE OTOOpaxkeHue MHoxecTBa M
Ha cebsl Ha3bIBaeTCs MpeodpazoBaHeM MHOXecTBa M.

Bo MHOXecTBe mpeodpa3zoBaHuii MHOXeCTBa M MOXHO
BBECTU ONepalvIio MPOU3BeNeHUS TPeodpa3oBaHuii, a UMEH-
HO nycThb ¢, §,: M — M — nBa npeoO6pa3oBaHUs MHO-
xecTBa M, Torna mpousBeneHue npeodpasoBaHuil ¢, 0h,:
M — M onpenensercs tak: (¢, 0d,)(m) = ¢,(d,(m)),
m O M, To ecTb cHauaJia ieslaercsi mpeodpasosaHue ¢, , 3a-
teM ¢,. [lepBoe ycioBue onpeneneHus 1 BBIMOTHEHO, ITO-
ckombky [(¢, 0b,) TdsJ(m) = ¢,(d,(d5(m))) u [¢, T(¢, O
b)) 1(m) = &,(d,(p5(m))) mnst mo6oro m 0 M. Cnenosa-
tenbHO, (¢, 0p,) Ob; = ¢, L(d, 0b;). Ponb enuHuLE! B ye-
JIOBMHM 2 3TOTO OMpeeIeHUs UTPAaeT TOXIECTBEHHOE OTO-
OpaxeHue MHOxXecTBa M Ha ce0s1. Ml HakoHell, TOCKOJIbKY
npeobpazoBaHue ¢: M — M ecTb B3aUMHO OJHO3HAYHOE
oToOpaxkeHrne MHOXecTBa M Ha cebsl, TO CYILIEeCTBYET 00-
paTHOe oToOpaxeHue ¢~': M —= M, KOTOpOe TaKXKe ABJIsA-
eTcsl MpeoOpa3oBaHUEM U KOTOPOE €CTh OOPATHBIN JIEMEHT
1711 ¢ BO MHOXECTBE Bcex Mpeodpa3zoBaHMil MHOXeCTBa
M B ce0s1.

PaccMoTpuM Tenepp 4acTHBIN cityyaid, koraa M = {1,
2, ..., n} — MHOXECTBO MEPBBIX # HATYpaIbHBIX yuce. [Toa-
CTaHOBKOI n-1i cTeneHu OyaeM Ha3blBaTh JiloOoe Mpeodpa-
30BaHMEe MHOXecTBa M B cebs. Takum obOpazom, mpous-
BOJIbHYIO TIOJCTAHOBKY M-W CTEIIEHU MOXHO 3aIucarb B

Op 2 .. ndH ,
Buae [ 0, rae i, — obpa3 aJeMeHTa m IpU

Oi, i, .. 0,0
IaHHOM ITOJACTaHOBKE. 3aMETHUM, YTO IOPSIIOK CTOJIOIIOB B
MOJICTAaHOBKE HeBaxkeH. BaxxHO ToJIBKO, 4TO m oTOOpaxka-
€TCA B i,.

MHoXecTBO BceX MOACTAHOBOK #-Ii CTeNIeHU 0003Ha-
YaT cuMBoJIoM S,. Bo MHOXecTBe .S, aHAJIOTUYHO TOMY,
Kak 3TO C/IeJIaHO B CJIyyae MPOU3BOJILHOIO MHOXeCTBa M,
BBOAMTCS OIlepalnsi YMHOXEHUs ABYX ITOJCTAHOBOK, a
MMEHHO IOl YMHOXEHIEM JIBYX ITOJCTAaHOBOK OyHeM I10-

HUMaTh MOCJIe0BaTeIbHOE BBIMOTHEHNE TIepBOI TTOACTa-
HOBKH, a 3aTe€M BTOpPOi (TO €CTh, IPYTUMU CJIOBaMU, KOM-
MO3ULMIO 3TUX MOACTaHOBOK). MHOXecTBO S, ¢ 3Toif
ornepaiiueit siBsieTcs rpymnmoii.

JIBa ajeMeHTa rpynmbl G Ha3bIBalOTCS MePeCTaHOBOY-
HBIMU WJIX KOMMYTUPYIOIMMU, eciiv a [b = b (. Ecnu Bce
5JIEMEHTBI TPYIITBI KOMMYTUPYIOT MEXIy cO0O0ii, TO Takast
IpyIIa Ha3bIBACTCS KOMMYTATUBHOM MJIN a0eJIeBOIA.

KoMmyTtatuBHble Tpymnribl — Haubojee H3yYeHHbIE
00BEKTHI B TeOpuH Ipynil. OgHAKO UMeeTCs OOJIbIIIOe YMC-
JIO BaXKHBIX JJ151 TPUJIOXKEHUI 1 HEKOMMYTAaTUBHBIX TPYIIII.
B yactHOCTH, Tpynna S, mpu 1 = 3 ABIETCA HEKOMMYTa-
TUBHOM.

B Teopuu rpyrin npeacTaBisiioT MHTEPEC He MPOU3BOJIbHbIE
MOJAMHOXECTBA TPYIIBI, a MMOAMHOXECTBA, Ha3bIBaeMbIe
MOATPYNIaMU W YYUTHIBAIOIINAE Ty OIMepaluio, KOTopas
orpejesieHa B TPyTIIe.

IMonmHoxecTBO H rpyniibl G Ha3bIBa-
eTcst nodepynnoii, ecni H caMo sIBJIsieTcs TpyIIoif OTHOCH-
TETBHO TOM Xe orepalny, KoTopas 3anaHa B G.

OnuuieM B rpynne S, BaXHYIO JJIs1 HAC TIOATPYIIITY.

Ilyctp yucna 1, 2, ..., n 3anIMcaHbI B CTPOKY B HEKOTO-
POM Npou3BoIbHOM nopsiake. CKaxeM, 4To Iapa 4ucel i, j
o0pa3yeT MHBEPCUIO B 3TOI CTpoKe, eciu i < j, HO j BCTpe-
YyaeTcs B CTPOKE paHblie, yeM i. Yuciio MHBepCUil XxapakTe-
pU3yeT OeCNopsAoK B JAHHOW CTPOKE MO OTHOIIEHUIO K
OOBIYHOMY MOPSIAKY umcen 1, 2, ..., a.

O O
[ToncraHoska [J _l 2 _n (OHa-
di, 1y IO

3bIBACTCS YeMmHOll, €CJIN YMCIIO MHBEPCUIA B HUXKHEI CTPOKe
YEeTHO.

MHOXecTBO YETHBIX MOACTAHOBOK I'PYIIIIH .5, 0003Ha-
yaeTcss CUMBOJIOM A,. JIerko npoBepuTsh, 4TO A, — MOA-
rpymnmna rpynmst S,, npuyeM pu # = 4 3T0 HEKOMMYTaTUB-
Hasg noarpynmna. A, Takxke Ha3blBalOT 3HAKOIEPEMEHHOMN
TPYIMIION CTENIEHU A.

Cpenu Bcex TOATPYII MTPOU3BOJILHOM IpyIIibl G BbIIe-
JITIOTCSI HOpMaJIbHBIE TIOATPYITITHL. JlagrM nux ompeneieHue.

IIycte @ — mpou3BOJIbHBIN 371eMeHT rpyrmnbl G. s
mo6oro snemenTa g 0 G anemenT g [ (' Ha3bIBaeTcH co-
MPSCKEHHBIM K 2JIEMEHTY d.

IMoarpynna H rpynnsl G Ha3bIBaeTCst
HOPMAAbHOUL, ECIIA OHA C KaXIbIM CBOUM 3JIEMEHTOM @ CO-
JIEPKUT BCE CONMpPSKEHHBIE 31eMeHThl gag ', g 0 G.

B wactHOCTH, A, SABJISIETCS HOPMATBHOI MOATPYIIION
BS

ne
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Hike onychIBaeTCst Kitacc TPYIII, GIM3KUX K KOMMYTaTUB-
HBIM. Pa3permnmMbIMK TPYIIIBI M3 3TOTO KiTacca Ha3bIBaIOTCS
ITOTOMY, YTO BO3MOXXHOCTb PEIITUTh ajredpandeckoe ypaB-
HEeHUE B paauKaax, Kak YBUIUM HIKe, 3aBUCUT OT pa3pe-
ITMMOCTY HEKOTOPOIA TPYIIITHI.

BHauaje 3aMeTHM, YTO CTEIIEHb KOMMYTaTUBHOCTHU
JBYX 9JIEMEHTOB TIDPYIIIBI MOXHO H3MEPHUTh C ITOMOIIBIO
npousBenenud a [b ™! [b™!, KoTopoe paBHO eIMHULIE TOT-
JIa ¥ TOJIBKO TOTJa, KOIIa 3JIEMEHTHI @ 1 b TiepecTaHOBOY -
HBL DneMeHT a 0b Oa™' 0b™' HasbIBaeTCS KOMMYTaTOPOM
3JIEMEHTOB a U b.

Kommymanmom K(G) epynnot G Ha3bl-
BaeTCsI MHOXECTBO BCEBO3MOXHBIX MPOU3BEIEHHIT KOHEY-
HOTO YKcjia KOMMYTATOPOB Tpymibl G.

HecnoxHo npoBepUTh, YTO KOMMYTAHT TPYIIIIbI SIBJISI-
€TCsl HOpMaJIbHOM MOATPYIINON TPYIIITHL.

Hrak, nycte G — HekoTopas rpyna u K(G) — ee KoM-
MyTaHT. KommyTaHT K(G) cam siBisieTcs rpyniioi, 1 B HeM
Takke MOXHO paccMoTpeTb kKoMMyTaHT K(K(G)). B mony-
YEeHHOU TPYIIIe CHOBA MOXHO PacCMOTPETh KOMMYTAaHT U

T.4a. Ipynny K(K(...(K(G))...)) OyneM ajs KpaTKOCTU 000-
— s

3HauaTb K(G). Takum obpasom, K., ,(G) = K(K(G)).

Ipynna G HasbiBaeTcsl paspewumoll,
ecnu uernouka rpymi G, K(G), K,(G), K,(G), ... 3aKkaHYMBa-
€TCSI TP HEKOTOPOM KOHEYHOM # AMHUYHOM TPYIIION, TO
€CTb IIpU HEKOTOpoM 7 noaydaeM K (G) = {e}.

KoHeuHo, n106ast KoMMyTaTUBHasI TpyIiNna pa3pelin-
Ma, TaK Kak eciiu G — KOMMYTaTUBHas IpyrIia, TO yXe Ha
nepBoM 1mare K(G) = {e}. Taxxke rpynmna G pa3peniuma, ec-
JIA e KOMMYTaHT KOMMYTaTUBEH, TaK KaK B 9TOM cliyJae
Ky(G) = {e}.

HMmeeT MecTo clieayromninii BaXKHbIN (DakT.

Ecau epynna G nexkommymamuena u He
umeem HOPMAbHbIX nodepynn, omauunsix om {e} u G, mo ona
Hepaspewuma.

Tak kax rpynmna G HEKOMMYTaTUBHA,
1o KoMMyTaHT K(G) # {e}. Tak kak K(G) — HOpMaJIbHas
noarpyimna B G, To no ycioBuio TeopeMbl K(G) = G. Cneno-
BaTeJIbHO, B Lieniouke G, K(G), K,(G), ... Bce TPYIIIBI COB-
nanatoT ¢ G u, ciaenoBaTebHO, 3Ta 1IeMoYKa HUKOTrIa He
3aKaHYMBAETCS eAMHUYHOM TPYIINOii, TO eCTh rpyIia G He-
paspeuiuma. TeopeMa 1okasaHa.

OTMeTUM TaKKe CICTYIOIINIA Pe3yJIbTaT.

Beskas nodepynna paspewumoii epynnoi
paspeuiuma.

[Tyctb rpynmna G paspemnma. Torna
CYIIECTBYET 1, Takoe, yto noArpynmna K, (G) sisnsercs eam-
HuuHoit. Eciu H — noarpynma rpynnsl G, To K(H) conep-

xurcst B K(G), K,(H) conepxutcst B K,(G) n .n. Torna
K,(H) comepxurcs B K,(G) M, cleqoBaTeslbHO, SIBISIETCS
eauHuYHO rpynmnoii. [Toatomy nmoarpymnna H paspeliimnma.
Teopema mokazaHa.

IIpocToii aHaIU3 MOKa3bIBAET, YTO 3HAKOIIEPEMEHHASI
rpyImna As CTerneHu 5 He coAepKUT HOPMaJIbHBIX ITOATPYII,
KpOMe eMUHUIHOM TOATPYIITBI U Bcei Tpymibl. [ToaToMy
u3 TeopeMbl 1 1 Toro ¢axTa, 4To A; — HEKOMMYTaTHBHasI
rpyIna, cJaefyerT, 4To A; — Hepa3pelurMasi IpyIna.

ToBopsit, uto epynna G, usomopdra
epynne G,, V 3aIIUCBIBAIOT 3TO B CUMBOJaxX Tak: G, = G,, ec-
JIM cylIecTByeT oTobpaxenue ¢: G, —= G,, obnanaolee
CJIEAYIONUMU JIBYMSI CBOMCTBAMU:

1) & — B3aMHO OJTHO3HAYHOE OTOOPAKEHNUE;

2) ¢(a, th,) = ¢(a,) Ob(a,) s Beex a,, a, O G,.

C TOYKHU 3pEHUST TECOPUHU TPYIII NU30MOPGHBIE TPYIIITHI
00JTamaroT OMHUMY U TEMU Xe CBOMCTBAMM, U TIO3TOMY B
TEOPUU TPYIIT N30OMOPQHBIE TPYIIITHI HE pa3TNIatoTCs.

Jlerko BUETb, UTO IPyMIa .S, TP 7 = 5 CONEPXKUT MO~
rpymiy, n3oMopdHyo rpynmne A;. B camom gmene, Takoii
MOArPYMIO SBJsIETCS, HATPUMED, MOArpyINa, coaepxa-
11ast BCe MOACTAaHOBKHU BUAA

0 0
D_l 2 3 4 5 6 .. ng
Qi, i, i3 iy is 6 ... n0O

C YETHBIM YUCJIOM UHBEPCUM B CTPOKE i}, Iy, I3, iy, Is.

W3 atoro ¢akra u TeopeM 1 u 2 ciemyer pe3yabTart, Ha
KOTOPOM OCHOBAHO YTBEPKJIEHWE O HEPA3PEUIMMOCTU all-
reOpanyeckyx ypaBHEHUM CTeIEeHU # = 5 B paauKajax.

Ipu n = 5 epynna S, nepaspewruma.

AJredbpanyeckM ypaBHEHMEM C OTHUM HEU3BECTHBIM CTe-
MEeHU 7 Ha3bIBaeTCs ypaBHEHUE BUAA

bX"+bx" '+ .. +b,_x+b =0, (1)

rae by, b, ..., b, — K03 HULUEHTHI 3TOT0 YypaBHEHMSI, IPHU-
yeMm b, # 0.

Ecnu npenmnonoxurb, 4To Bce KOAGUIIMEHTH YpaB-
HeHus (1) — BellleCTBEHHBIE YMCJIa, U ITOMbITaThCSI UCKATh
penieHue ypaBHeHUs (1) BO MHOXKeCTBE BEIIIECTBEHHBIX YU~
ceJl, TO XOPOILIO U3BECTHO, YTO 3Ta MOMBITKA OKAXETCS HE-
ynauHoii. Tak, HanpuMep, ypasHeHue x> + 1 = 0 He uMeeT
NeMCTBUTEbHBIX KOpHEi. [TombITKa HaiiTK perieHre 3Toro
ypaBHEHMUS B 0oJiee IMPOKOM MHOXKECTBE, YeM MHOXECTBO
BEIIECTBEHHBIX YMCEJT, TPUBOIUT K ITOHATHIO KOMIUIEKCHO-
ro uucina. [lepeiinem K onpenaeaecHuIo 3TOro MMOHSTHS.

PaccMOTpUM BCEBO3MOXHbBIE YIOPSAOUYEHHBIE Taphl
NeMCTBUTEBHBIX YMCEII, TO €CTh TIaphl Buaa (a, b), tie a u
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b — nericTBuTebHBIE yncia. Ha MHOXeCTBe TaKuXx Iap oIl-
penesuM JBe ornepaiuy — CJIOXEeHUe U YMHOXEHUE:

(a,0) t(c,d)=(atc,btd),
(a, b) Uc, d) = (ac - bd, ad + bc).

MHOXeCTBO BCEBO3MOXKHBIX yIops-
JOYCHHBLIX ITap JEACTBUTEbHBIX YUCET C YKazaHHbIMU BbI-
e ornepanuaMM CIOXCHUSA W YMHOXCHMS Ha3bIBACTCS
MHONHCECMEBOM KOMNAEKCHBIX YUCe.

[Tonoxum i = (0, 1) u oroxnectBum napy (a, 0) ¢ neii-
CTBUTEIBHBIM 4uciioM a. Torma (a, b) = (a, 0) + (0, b) =
=(a, 0) + (b, 0) 0O, 1), uTo MO3BOJSIET 3anKcaTb KOM-
iekcHoe uucio (a, b) B Bume a + bi. Dta dhopma 3ammcu
KOMIUIEKCHOTO YHMCJIa Ha3bIBaeTCsl aJire0bpanyecKoil U siB-
JIeTCs OMHOM M3 HanboJiee YacTo UCTIOIb3yeMBbIX.

Ecin Ha TiockocTy 3apMKCUpPOBaTh HEKOTOPYIO Mpsi-
MOYTOJIBHYIO CUCTeMY KOOPAMHAT, TO KaXX710€ KOMILIEKC-
HOe 4ucio a + bi MOXXHO OTOXIECTBUTb C TOUKON 3TOM
TUTOCKOCTH ¢ KoopauHatamu (a, b). Ecnu npoussenaeHo Ta-
KO€ OTOXIECTBJIEHWE, TO TaKasl TJIOCKOCTh Ha3bIBaeTCS
KOMILJIEKCHOM TJTIOCKOCTBIO.

)IEUTCC OTMETHUM, YTO BO MHO2KECTBC KOMINIJICKCHbIX YN -
CCJI OIMPEACJICHDBI HE TOJIBKO OIn€palu CJI0OXKECHHUA U YMHO-
XKEHUA, HO 1 06paTHBIG K HUM OII€palilud BBIYUTAHUA U J1€-
JICHUA Ha Yucjia, OTJIMYHBIC OT HYJIA.

Crenyioliast TeopemMa 1 00yCJIOBIMBAaeT B 3HAUUTEb-
HOIi CTeTeHU TO 3HaUeHUe, KOTOPOe UMEIOT KOMIUIEKCHbIE
yyciaa B MaTeMaTHKe.

Besikoe ancebpauueckoe ypaenenue, mo
ecmb ypasHeHue 8uoa

b +b7 '+..+b_z=a, (2)

2de a u gce b,— Komnaexcrnvie wucaa, n =1 u by # 0, umeem no
KpaiiHeil mepe 00HO peuieHue 80 MHOMNCECHBEe KOMNACKCHbIX
yucen.

DTa TeopeMa MHOTJa Ha3bIBaeTCsl OCHOBHOI Teope-
MOH aiTeOphl KOMITIIEKCHBIX uncenn. OHa ObUTa JoKa3aHa
B 1799 rony Hemenikum matematukom K.®@. layccom.

Ha camom nene, u3 TeopeMbl 4 HECTIOXHO CIIEIYET, YTO
ypaBHeHue (2) UMeeT 7 pellleHUi, Cpeay KOTOPbIX, IIpaBaa,
MOTYT ObITh MoOBTOpsitolrecss. OMHaAKO MMeEeTCs TOJIbKO
KOHEYHOE YMCJIO KOMIUIEKCHBIX YWCEN a, IJIi KOTOPBIX
ypaBHeHUe (2) uMeeT MoBTopsitonrecs peieHus. st Bcex
OCTaJIbHBIX 3HAYEHMI a ypaBHEHUE (2) UMEET 1 pa3IMIHbIX
PeLIeHN 2, 2y, «..s -

PaccMoTpuM ciieyIonyo MHOTO3HauHY10 (YHKIIMIO: Kax-
ITIOW TOYKE @ MOCTaBUM B COOTBETCTBUE Z(a@) — MHOXECTBO
peleHuit ypaBHeHuUs (2). MBI yXXe 3HaeM, 4TO eCJii KO3-

uuuents! by, by, ..., b,_, pukcuposaHsl, TO z(a) COCTOUT
POBHO U3 71 pa3IMYHbIX KOMIUIEKCHBIX Ycen Z,(a), Z,(a), ...
.., Z,(@) I71s1 BceX KOMIUIEKCHBIX YHCET @, 33 UCKITIOUEHUEM
KOHEYHOTO YKCJIa TAKUX YKcel. B aToM KOHeUHOM MHOXe-
cTBe “Tutoxux” umucen a pyHKuus z(a) UMeeT MeHbIIIE, YeM
1 3HAYCHUI.

Wrtak, mycTh z(a) — MHOro3HayHasi (pyHKIIMSI, pacCCMO-
TpeHHast Bblle. 3ahrKCUpyeM B HEKOTOPOil TOUKE g, OTHO
13 3HaUYeHU N z; yHKUNU z(a,), ¥ TycTb C — HEMpepbIBHAS
KpYBasi, UAYIIasl U3 TOYKU d, B HEKOTOPYIO TOUKY &, (puc. 1).
Bynewm nBuratbest mo KpuBoit C, BRIOMpast 1Sl Kaxk 101 TOY-
KU a, nexaiieit Ha C, oqHO U3 3HaYeHU I QyHKLIMM Z(a) Tak,
YTOOBI BHIOMpaeMble 3HAUEHUS U3MEHSUTUCh HEMTPEPHIBHO
TIpY IBVDKEHUU TOYKHM a 1O KpuBoii C, HAaYMHas co 3HaJe-
Hus z;. [Ipy 3TOM, KOTIa Mbl IOCTUTHEM TOUYKH 4, TIONTy-
4YMM BIIOJIHE OIIpelieNIeHHOe 3HaueHue w; [ z(a,). Ckaxem,
4TO W; — 3HaUeHUe Z(a,), ONpeleIEHHOE MO HEMTPEPBIBHOC-
TU BAOJIb KpUBO¥ C NpHU yCIOBUMU UCXOOHOTO BbIOOpA Z; [
O z(a,). Ecnu takum 06pa3oM BbIOpaTb 3Ha4eHUS (DYHK-
umu z(a) A Bcex Touek KpuBoit C 1 3aTeM U300pa3uTh Ha
TUTOCKOCTH Z, TO JOJIKHA TOJIYUYUThCSI HETpephIBHASI KPY-
Basi, KOTOpast HAYMHAETCS B TOUKE 7, M OKAHYMBAETCS B TOY-
Ke w,. DTa KpuBas SIBJSIETCS OAHUM M3 HEMPEPbIBHBIX 00-
pazoB kpuBoit C ripu oTobpaxeHuu z = z(a).

B neiicTBUTEILHOCTU MPU OMpeaeIeHUM TaKOM OaHO-
3HAYHO BETBM MHOTO3HAYHON (YHKIIMU Mbl MOXEM
CTOJIKHYTBLCSI C TaKO# HEMPHUSATHOCTBIO, UTO B HEKOTOPBIX
TOYKax HapyliaeTcsl OMHO3HAYHOCTh BbIOOpa oOpa3a st
dyukimu z(a). Touku, B KOTOPBIX HApyIIaeTcsl OMHO3HAY-
HOCTh BBIOOpPA HETIPEPBIBHBIX 00pa30B KPUBLIX, Oy1eM Ha-
3pIBaTh TOYKAMU HEOTHO3HAYHOCTU HaHHOW (YHKIIVH.
Hmxe MBI Oymem paccMmaTpuBaTh IS JaHHOK (DyHKIIMK
TOJIBKO T€ KPUBBIE, KOTOPBIC HE TIPOXOIAT Yepe3 3T TOUKU
HEOAHO3HAYHOCTH TaHHOM (PYHKIIMH.

0z,

a, C 1

Puc. 1
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Nrak, mycTh TOuKa a, He SIBJSIETCS] TOYKON HEOMHO-
3HAYHOCTU MHOTO3HAYHOU DYyHKIINHU Z(@) U TIYCTh Z;, 25, --.
..., %, — Bce 3HaueHus1 GyHKUUN z(a) B Touke a,. Paccmor-
PYIM HEKOTOPYIO HEMPEPbIBHYIO KpUBYIO C, HAUMHAIOIILYIO-
Csl M KOHYAIOILYIOCS] B TOUKE g, U HE MPOXOISILYIO Yepe3
TOYKM HEOJHO3HAYHOCTU (byHKLMHU Z(a). Eciu mis1 kaxmo-
ro 3HayeHus z; O z(q,) ompenenuM HOBOEe 3HauyeHUE
%, U z(a) mo HenpepbiBHOCTH BiOMb KpuBoi C, TO TIpH
STOI KOHCTPYKIIMM Pa3HbIM 3HAYEHUSIM Z; OTBEYAIOT pa3-
JIMYHbIE 3HAYEHUS Z; (puUC. 2).

Puc. 2

Takum 06pa3oM, KpuBoii C COOTBETCTBYET HEKOTOPast
MOJICTAHOBKA

01 2 i nU

gl 2 -~ 1 .. ng

Oi, iy . 0 ... 0,0
onpenensgeMas MpeoOpa3soBAHUAMU 3HAYEHUN Z,, 2y, -, Z,-

[Ipu atom ecnu KpuBoii C COOTBETCTBYET MOACTAHOBKA g,
TO KpuBoii C~' COOTBETCTBYET MOICTAHOBKA &', U €ciu
kpuBbIM C, u C, (C KOHLIAMH B TOYKE d,) COOTBETCTBYIOT
ITOJICTAHOBKHU g, U &,, TOo KpuBoil C,C, COOTBETCTBYET MO~
CTaHOBKa g, &; -

Takum oGpa3oM, eclii pacCMOTPETbh BCEBO3MOXKHbIE
KpUBbIE, HAUMHAIOLLMECSA U KOHYAIOLIMECH B TOYKE g, TO
COOTBETCTBYIOIIIME UM MOJICTAHOBKM OyIyT 0Opa30BbIBaTh
HEKOTOPYIO IPYIITY MOICTAHOBOK 3HAYEHMIA 7(a,).

MoxHO noka3aTb, YTO TPYIIbl MOACTAHOBOK 3Haye-
HU z(a,) IJIs1 BCeX TOUEK a,, [UIS KOTOPBIX OHa OIpenee-
Ha, U30MOP(MHBI MEXIYy CO00il U ABISIOTCS (haKTUIECKU
O/IHOM M TOW Xe TPYIoil. DTy rpynmy OyaeM Ha3biBaTh
rpynmnoii [asya MHOro3HauHoit hbyHKIMM z(a).

ToBopsT, 4TO MHOTrO3HAYHAS (PYHKIIMUS /(Z) BEIpaXKaeTcst
B paauKaiax, €CJii OHa MOXET ObITh MOJy4YeHa U3 QYHKIIMU
f(2) =z mocTOSTHHBIX (PYHKILINI g(Z) = ¢ (¢ — IPOU3BOJIb-
Hoe (UKCUPOBAHHOE KOMILJIEKCHOE YKCJIO) C TMOMOIIbIO
orepaluii CJI0XEHUsI, BBIUMTAHUS, YMHOXEHUSI, AeJICHUSI,
BO3BEICHUS B HATYypaJbHYIO CTETICHb U M3BJIEYCHUS] KOP-
Hell HaTypaJlbHOU CTEMEHU.

OkasbIBaeTcsl, UMEET MECTO CIeMYIOInii (hyHIaMeH-
TaJIbHBIN B 3TOU Teopuu HakT:

Ecau muoeoznaunas gynkyus h(z) evipa-
Jcaemces 8 paduxanax, mo epynna larya pynxyuu h(z) paspe-
wuma.

PaccmoTpum ypaBHEeHUME
32 -252 +60z-a=0. 3)

ByneM cuutaTh, 9TO B 3TOM ypaBHEHHMU a SIBJISIETCS Tapa-
METPOM, 1 TSI KaXKI0TO KOMILJICKCHOTO 3HaUeHUS a OyIeM
HMCKaTh BCE KOMIUIEKCHBIE KOPHU Z(@) 3TOTO YpaBHEHUS.
Mpui yxke 3HaeM, 4yTo ypaBHeHHMe (3) (KaK 1 KaXkIIoe ypaBHe-
HUeE 5-11 cTeleHn) UMeeT IISITh KOpHEeil, HEKOTOPhIE U3 KO-
TOPBIX MOTYT COBMANATh.

HecnoxHo yb6enuThbcsi, YTO MOBTOPSIOIMIMECS KOPHU
ypaBHEHUS (3) MOTYT OBITh UMb 1T @ = +38 1 a = £16,
TIPU OCTAJBHBIX 3HAUCHUSIX @ QYHKUMS z(a) TpUHUMAET
TISITh Pa3IMYHBIX 3HAYeHW. TaknuM 00pa3om, rpyrira noj-
CTaHOBOK 3Ha4€HWN Z(a) SIBISICTCST TIOATPYIIION TPYIIITHI
S;. Ha camoMm nerne okasbIBaeTcsi, OHa COBIAAAET CO BCEi
rpynnoii S;!

Hrak, rpynna lanya s GyHKuum z(a), COOTBETCTBY-
IolIel ypaBHEHUIO (3), — 3To rpymia S; BceX MOACTAaHOBOK
5-i1 creneHM, KoTopas Hepaspelnma. Takum oOpasoM,
(yHKuMS 7(a) He BeIpaxaeTcsl B paAuKauax, OCKOJbKY B
MTPOTMBHOM CJIy4ae COOTBETCTBYyIOILasl eil rpynma lamya
JIOJIXKHA OBITH pa3perMoii.

Hanee, paccMaTtpuBas ypaBHEHHE

(35 -252+60z-a)z" =0, n>5, 4)

1 3ameyast, yTo rpynna lanya g dyakuum z,(a), cooTBeT-
CTBYIOIIEH JIEBOI YacTH ypaBHeHUs (4), COBMAIAET C TPYII-
noit Tamya, cooTBeTcTBYIOIIEH (yHKIIMU Z(a), BHIpaXKaio-
et KopHu ypaBHeHMs (3) dyepe3 mapaMeTp a, TO €CTb C
TPYIIOi S5 BCex MepecTaHOBOK S5-I CTENeHU, KOTOpas He-
paspeniuma, JejaeM Takxke 3akiaioueHue, 4To (yHKIMS
z,(a) He BbIpaxaeTcs B paauKaax.

Ortcrona cienyeT

Ilpu n = 5 obwee aneebpauueckoe
YpagHeHue cmeneHu n

b"+ bz '+ .. +b,_z+b,=0, b=O0,

3BATUH B.T. O HEPA3PEWMWMOCTU ANTEBPAUYECKUX YPABHEHWWA B PALUKAJIAX U TEOPWUMW TPYNN
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¢ KOMNAEKCHbIMU KOI(DUuyuenmamu, Hepaspewumo 8 pa-
dukanax, mo ecms He cyujecmayem Qopmyavl, bipajicaroujeil
KOPHU 9M020 YPasHeHus 4epe3 KO3 uyueHmsl ¢ NOMOUbIO
onepauuil CA0NCeHUs, BbIMUMAHUSA, YMHOJCEHUs, OeaeHUs,
6036e0eHUsi 8 HAMYPAAbHYIO CIENneHb U U361eUeHUs KopHell
HamMypanvHol cmenexu.

B camom nene, eciu ObI Takas (popmysia CyIIecTBOBa-
J1a, TO, TOACTaBUB B Hee KO3 GUIMEHTH ypaBHeHUS (3)
s n = 5 win KoaddulmeHTsl ypaBHeHus (4) s n > 5,
MBI TTOTYYMJIU OBbl, UTO B IIEPBOM ciaydae (pyHKIM Z(a), a BO
BTOpOM ciy4ae GhyHKUUS Z,(a) BbIpaXalnch Obl B paluKa-
Jlax, 4TO, KaK Mbl BBISICHWIM BbIlII€, HEBO3MOXHO.

Tem unTaTensiM, KOTOpbIE 3aMHTEPECOBATIMCH MaTEePH -
aJIoM, U3JI0KEHHBIM B JAaHHOM CTaThe, peKOMEHIyeM Mpo-
IIOJKUTH 3HAKOMCTBO C 3TOM TeMaTHKOI 1o KHuraM [1—3].

1. Anexcees B.b. Teopema AbGens B 3amavyax u pemreHusx. M.: Hay-
Ka, 1976. 208 c.

2. llocmnuxoe M. M. Teopust [anya. M.: @usmatrus, 1963. 124 c.

3. Yebomapes H.I! OcHoBbl Teopuu lanya. M.: OHTU-TTTMU,
1934. 221 c.

Peuyenzenm cmamou 1.b. CUMOHEHKO

Buktop puropbesuny 3BAMMH, OA0KTOp GU3MKO-MaTEMA-
TUYeCKUX Hayk, npodeccop, 3aB. kadenpoi anredbpbl 1
TOMOJIOrMYeCcKNUX MeTo40B aHanm3a BopoHexXckoro rocy-
[apCcTBEHHOro yHuBepcuteta. O61acTb Hay4YHbIX MHTEpe-
COB — HEJIMHENHbIN PYHKUNOHANBHbIN aHann3, TONoaorn-
yeckme wun anrebpanyeckue MeToAbl aHanmM3a Uu  Ux
NPWIOXEHUs K HeNIMHENHbIM NpobiemMaM ypaBHEeHWI B Ha-
CTHbIX NPOM3BOAHbIX. ABTOP 60nee 100 HayyHbIX CTaTen B
OTEYECTBEHHbIX 1 3apYBEXHbIX XXypHanax.
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