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INPEIVCJIOBUE

TepmuaoMm k-TKaHb B reOMETPUU 0003HAYAIOT COBOKYITHOCTD Kk TV KuX cjaoenuil. /IBa-TKaHU mMm
CeTH KPUBBIX, — U3BECTHBIN U XOPOIIO U3yUIEHHBIN 00BbEKT B KJIACCHIECKON muddepeHnnaabHoil reo-
Merpun. VM mocssieHo 60JIbIoe KOIUIecTBO paboT, B KOTOPBIX PacCMAaTPUBAJINACH UX METPUUYECKUE,
addunHabIe U TpOoeKTUBHBIE cBoficTBa. B 1927 romy mosBuInch craTrbu ykKe U3BECTHOTO B TO BPEMS
reomerpa B. Busike u ero yuennka T. Tomcena (cum. [Bsi-2], [Tm-1]), mocssiteHHBIE HOBOMY BOIIPOCY
nuddepeHnnaIbHOl TeOMETPUN — FeOMeTPHUH TPpU-TKaHeil. B nx paborax Tpu-TKaHN PACCMATPUBAJINCH
C TOYHOCTBIO JI0 JIOKAJIBbHBIX M deoMopdu3MoB. DT0 HanboJiee MMPOKOe OTHOIIEHNE SKBUBAJIEHTHO-
CTH, IIPU KOTOPOM COXPAHSIETCS JIAIIb UHINIEHTHOCTD TOYEK U JIMHUIN, 00Pa3yomnuX TPU-TKAHD.

O06bsicauM mogpobree. PaccMorpuM B HEKOTOPO# obactu X JIByMEPHOTO apudpMeTHIECKOro Mpo-
CTPAHCTBA CJIOEHUE A IVIAJKUX KpuBbIX. OUeBUIHO, CYIIECTBYET TAKOU JIOKAJIBHBIN uddepeomMopdusm
obnactu X B obnacts X' adpduHHOI IIOCKOCTH, IIPH KOTOPOM CJIOCHHE A IepeiiieT B CeMelcTBO
napaJjuiebHbIX MpaMbix B X', CeTh, 06pa3oBaHHas JByMs CJIOCHUSAME IVIQJIKUX KPUBBIX B obsactu X,
TaK)Ke MOXKET OBITb IepeBe/IeHa MOAXOMANINM JIOKAJIbHBIM TuddeoMopdu3MoM B J1Ba cemeiicTBa
rapaJiIeJIbHBIX IPSIMbIX. TakuM 00pa3soM, OJIHO WJIH JBa TJIAJIKUX CJIOEHUsS] KPUBBIX SIBJIAIOTCS JIOKAJIb-
HO TPUBHAJBHBIMUA OOBEKTAMU, €CJIU OTHOIIEHNE SKBUBAJIEHTHOCTA — JIOKAJIBHBIN muddeomopdusm.

Paccmorpum Temeps B obstactu X Tpu-TKaHb W, 00pa30BaHHYI TpeMsl TJIAJKUMU CJIOEHHSIMU
KPUBBIX, HAXOAAINMUCS B OOIEM IOJIO2KEHUU. 1AaKOil OOBEKT y2Ke He SBJISEeTCH JIOKAJIHHO TPHUBU-
aJIbHBIM, TaK KakK 00JiajlaeT JIOKAJbHBIM HHBapuaHTOM. JlelicTrBuTe/ibHO, IycTh [D — IPOM3BOJIbHAS
touka obsactu X. IIpoBemem depe3 nee Tpu smmanu Tkanum W u Bo3bMeEM Ha
OJIHOW M3 3TUX JMHUI TOUKY B, nocrarouno 6im3kyio K Touxke D. ITposoms L &
Jimann TKauu W, mocrpouM nocseposarenbio rouku C, F, H, E, G, cMm. puc. 1. D H
Touku G u H, Boobmie roBops, He JiexKaT Ha ONHOM THHHU TPEThero ceMeiicTBa B
Tpu-TKaHu W, T.e. n3obparkeHHas Ha puc. 1 mecTuyroyibHas KOHMUTypaIus

(nm, xkopoue, dburypa) He 3ambikaercsa. Ho CymecTBYIOT TPU-TKAHH, HA KO- A C r
TOPBIX 3aMBIKAIOTCS 6C€ IMIECTUYTOJbHbIE (DUTYPHI B HEKOTOPON OKPECTHOCTHU
Touku A, T.e. g nux Touku G u H Bcerpa Jjiexkar Ha OJHON JIMHUHM TPEThE- Puc. 1

ro cemeiicrBa. Takue TpU-TKaAHU HA3BIBAIOTCA UWECTNUY20NDHBLMY WA MKAHA-
mu H. Hanpumep, mecTuyroabHyo TpU-TKaHb 00Pa3yioT TPU ceMeiicTBa MapaJule/bHbIX IPIMbIX Ha
aPUHHON TITOCKOCTH.
3aMeuaTeIbHO, YTO BEPHO U 0OpaTHOe: BCAKas IIECTUYrOJIbHA TPU-TKAHb HA IIJIOCKOCTU
JIOKAJILHO — aucpdpeoMopdHa TPHU-TKAHH, O0OPA30BAHHON TpeMsi ceMeificTBaMu MMapasiIelbHbIX
[psAIMBIX. DTO BIEPBBIE JoKa3aj ToMmceH B
[Tm-1], eM. Takxke kuury [Ba-1], c. 19. X3
Tpu-TKaHIM TOCBAIIEHO OOJIBITOE YUCJIO <

p*
pabor B. Busmike, ero y4eHuKoB u cOTpyI- \ X;k
HUKOB, oIyosmmKoBaHHBIX B 30-x m 40-x ro-

Jlax, a Takke KHUTa <«leoMeTpusi TKaHeit» 5 .
(1938), mammcanHasi BIsiliike COBMECTHO ¢ \/Xz
I". Bosiom (|[BB-1]). B cBomx patorax Bsmke

Xy \

OTMEUYAET CBsI3b TEOPUM TKaHel CO MHOI'H-
MJ pa3jieJlaAMH T€OMETPUU, B YACTHOCTH, C X,
MPOEKTUBHOI reoMerpueii. Ha mpoekTuBHOM
IJIOCKOCTH P? eCTeCTBEHHO pPACCMATPUBATD
TPU-TKaHU, 0Opa30BaHHbBIE TPEMsI OJHOIAPA~
METPUYIECKUMU ceMeiicTBaMu HpsMbix. [lycte W — rtakast Tpu-Tkanb. OG03HAYUM COCTABIIAIONIIE
ee ceMeiicTBa ), a ormbaromue cemeiictB — depes X, a = 1,2,3. Uepe3 npousBo/IbHYIO TOYKY P
HEKOTOPOit o6macTi D mnockoct P? MPOXOIUT 10 OHOMN HPAMOIl U3 KazKI0ro ceMeiicTa Ao (puc. 2).

Puc. 2 Puc. 3



4 IIpenucaosue

IIpu xKoppenaTusHOM npeobpazosanuu K : P? — P?* cemeiicTsa A, nepexonsaT B Tpu juaun X, Ha
JBoiicTBen oI IockocTH P2* | a Touke p coorsercrByer npsamas p* (puc. 3). IIpsmble nexoaHoil TpH-
trann W npu xKoppessiimu K 1epeiiyT B Iy9YKH IPsSMbIX Ha IUIOCKOCTH P2*| eHTPBI KOTOPBIX JIEXKAT
Ha jguHAax X . IIpu sToM HMeeT MecTo 3aMedaTesbHbIH BaKT: I TOro, YTOOBI IPAMOINHERHAS TPH-
TKaHb W ObljIa IIeCTUYTOJIbHOM, HEOOXOIMMO | JIOCTATOYHO, YTOOBI BCe TPU JIMHUA X IIPUHA, IJIeKAIN
OJIHOIl M TOil »Ke KPUBOI TPETHhEro IOpsJiKa. JTa M3BecTHas Teopema ['pada—3ayspa BeITEKAET U3
reopembl 1T1aJist 0 MIIOCKUX KPUBBIX TpeThero nopsiaka (cm. [Ba-1], c. 26).

Vike B mepBbIX paboTax, MOCBAIEHHBIX TPU-TKAHIM, ODHAPYKUJIACH CBI3b ITOrO pasjesia reo-
Merpun ¢ aarebpoit. B 1928 r. 6puta omy6imkosana patora K. Peiimemeticrepa [P-1], a B 1932 1. —
pabora X. Kneccepa [KH-1|, B KOTOpPBIX GBIIO TIOKA3aHO, KAK € MOMOIIBIO IPOU3BOJIBHON KOHETHOI
rpynmbsl G IOCTPOUTDH TaK HA3BIBAEMYIO NOAHYI0 TPU-TKAHD, 00JIQIAIONTYI0 BCEMH HHITAIEHTHOCTHBIMEI
CBOMCTBAMU TPU-TKAHU. A IMEHHO, PACCMOTPUM JieKapToB KBajipaT X = G X G, 3JIeMeHThI KOTOPOTO —
napsl (z,y) — Ha30BeM Moukamu noanot mpu-mranu. [logmuoxkecrsa touek Buna (z,b), (a,y) u
{(z,y) | -y = ¢} muoxkecTBa X, rie a, b, ¢ — NOCTOSIHHBIE, & T, Y — [IePeMeHHbIe 3IeMeHTHI Ipymibl G,
HA30BeM AUHUAMY STON TKaHW. OYEeBHIHO, YTO Uepe3 KarKJYI0 TOUKY ITOJTHOM TPU-TKAHM IIPOXOISAT
TPU JINHUY, TPUHAJJIEXKAIIIE DATNIHBIM CEMEeHCTBaM, a BCIKUE JIBe JIUHUH, TPUHAJIEIKAIIIE PA3HBIM
ceMeiicTBaM, IepeceKaloTCsi TOJLKO B OJHOI TOUKe. Teopusl MOJHBIX TKaHell Pa3sBUBAETCs IMOJI00HO
Teopur abCTPAKTHBIX [IPOEKTUBHBIX IsIocKocTed, cM. [[In-1], Toabpko BMecTo KoHbuUryparmit Jesapra
u [lanma, paccMarpuBaeMblX HA MPOEKTUBHBIX IJIOCKOCTSIX, 3/1€Ch BO3HUKAIOT MHbBIE KOH(MUTYPAIUH,
KOTODBIE Tellepb Ha3bBaoT guzypamu Petidemeticmepa u Tomcena (nompobHOCTH CM. B ryiase 2).

IMosaaee Box B padore [Bous-3| 3amermii, 9T0 MOJHBIE TPU-TKAHU MOYKHO CTPOUTH C IIOMOIIBIO
CPYyHIIONIOB 6ojiee OOIIEro BUJA, U€M IPYIIIbI, & UMEHHO, C HOMOIIBI0 keasuzpynn. OH paccMOTpes
HA TOJTHON TPU-TKAHU HEKOTOPBIE HOBbIE KOH(DUTYPAIMY, KOTOPBIE TElEePh HA3BIBAIOT (huzypamu Boaa
(cM. raBy 2), ¥ YCTAHOBWJI, YTO OHU CBH3AHBI C YCJOBUSIMU <«OCJABJIEHHO» acCOUUATUBHOCTH B
KBa3UrPYIIIIE.

Okazajock, 9TO ec/iu Ha, JByMEPHOI T€OMETPUYIECKOM TPU-TKAHU, OOPA30BAHHOI TPEMsI CeMeicTBa-
MU TJIQJIKAX KPUBBIX, 3aMBIKAIOTCS BCE JOCTATOYHO MaJjible KOH(MUTYPAIUU KAKOTO-JTO0 OIHOTO THIIA
(Peitnemeiicrepa, Tomcena niam Bosa), To 9Ta TKaHb SKBUBAJEHTHA TAPAJLIESHLHON TKaHN. Takum obpa-
30M, Ha IJIOCKOCTHU BCE TUIIBI TKAHEH, OIIpe/IesIsieMble 3aMbIKaHIeM KOHMUTYpaIUil KAKOro-I100 OTHOTO
THIA, IKBUBAJECHTHBL. DTO 00CTOATEHCTBO CTUMYJIMPOBAJIO U3YY€HNEe MHOIOMEPHBIX TPU-TKAHEH, JJIst
KOTODPBIX YKA3aHHBIE KJIACCHI SIBJISIIOTCS PA3JIMIHBIMHU.

Jpyrum cTUMYJIOM JIIst U3y 9IeHNs] MHOTOMEDHBIX TPHU-TKAHEH HOCTYKIJIa UX CBA3b € PA3TUIHBIMA
aJiredOpanvdecKuMu CTPYKTYPaMH, B IIEPBYIO OUepe/ib ¢ KBasurpynmnamu. 11o cyTu, Tpu-TKaHb 1 KBa3ur-
pytma — ajrebpandeckasi 1 TeOMETPUIECKasi HHTEPIIPETAIINH OJJHOIO U TOrO Ke 00beKTa — (DYHKITUI
JIBYX TIepeMeHHbIX. Teopusi KBasurpymnn u Jjyn Obuta nocrpoera B.JI. Bemoycoebim, cm. [B-2]-[B-5].
3HadueHne 3TON TEOPHH, a, CJIETOBATEIBHO, U TEOPUH TPU-TKAHEH, CYIIECTBEHHO BO3POCJIO MOCJE TOTO,
KaK MHOTOYHUCJIEHHBIE HEaCCOIMATUBHBIE CTPYKTYPhI ObLIM OOHAPYKEHBI B PA3JIMYHBIX pasfesax dpu-
3UKH, cM., Haupumep, [Ca-1], [Bar-1], [Ks|, [He-1], [HeC-1|, [Mux-1|. B 1953 roxy mosiBmiach cTarbs
AN. Mansnesa [M-1], B KOTOPO#i GBIJIO IIOJIOKEHO HAYAJIO CUCTEMATHIECKUM HCCIIEOBAHUAM aHAIU-
THYECKUX KBAa3UTPYIII U JIyH, OJU3KAX B TOM WJIM MHOM CMBbICJIe K rpymnnaM Jlu, Ho, BooOIie roBops,
HE aCcCOIMATUBHBIM. VX mcciieoBaHie BO3MOXKHO KaK ajreOpandecKuMU, TaK U TeOMETPUIECKUME
Meronamu. Kak yBUANT duTaTesb, MOIIHBIE METOJbl COBpEeMEHHOH jmddepeHITnaIbHOl TeOMETPUI
[TO3BOJISIOT TVIyOOKO HMPOHUKHYTH B CTPYKTYPY TaKUX OOBEKTOB, OIMCATH UX CBOMCTBA, IIPOBECTH
KJIacCHPUKAIMIO U T. II.

[TepBbie pabOTHI IO TEOPUU MHOTOMEPHBIX TPU-TKaHel, 00pa30BAHHBIX CJIOEHUSIMU OJIMHAKOBOM pa3-
MEPHOCTH, TPUHAJJIEXKAT BoJTy, KOTOPBIN PacCMOTPeN TPU-TKAHHN HA YeThIPEXMEPHOM MHOT000pa3uH,
u C.C. YepHny, KoTOpPBIH BBeJI JuddepeHnuaibabie HHBAPUAHTH MHOTOMEPHON TPU-TKaHU, 00pa30BaH-
HOIl Ha 2r-MEPHOM MHOr0O0pa3uu TpeMs r-MepHbIME ciaoenusmu, cM. [Boa-1], [9-1].

[Tocste aTux paboT J0JIr0e BpeMst He TIOSBIISIIIOCH IIyOJIMKAINI, [TOCBATIEHHBIX TEOPUU MHOTOMEPHBIX
Tpu-TKaHeil. VIx n3ydenne ObLI0 TPOJIOJIZKEHO JUIIE ¢ KOHIA 60-x romos. B 1969 rony nosgsuiack cTarbs
M.A. Akusnca [A-2]|, 3a KoTOpOil HocaenOBasIa Goblast cepust paboT, KaK €ro caMoro, Tak U ero
y4eHukoB. [IpuMepHo ¢ 3TOro BpeMeHu 1moJi pyKoBOICTBOM AKuBHCa B MOCKOBCKOM HHCTUTYTE CTAJIH
U CIUIABOB HadWHAET PaboTaTh IeOMETPUYECKHl CeMHUHAp, HA KOTOPOM OOCYKIAIOTCS BasKHeHIme
1pobJIEMbI TEOPUH TKAHEI!.
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Bnaromaps ycumusim apyroro asropa sroit kauru — A.M. Illesrexosa ¢ 1981 roma B u3maTeibcTBe
KaJmHUHCKOrO TOCYIapCTBEHHOIO TEJArOTHIecKoro mHCTUTyTa (HbiHe TBEpCKO#l rocyiapCTBEeHHBIH
YHUBEPCUTET) HAYMHAET PErYJISIPHO BBIXOIUTH cOOpHUK crarell « TKaHu M KBasurpyunbl». B pesysib-
TaTe aBTOPHI HAKONMIM OOJIBIION MaTepUaJ IO TEOPUU MHOTOMEPHBIX TpU-TKaHel. B mpemraraemoit
MOHOI'PaA(PUH U3JIATar0TCs OCHOBHBIE BOIIPOCHI 9TOM TEOPUU M HEKOTOPBIE €€ IIPUJIOXKEHUSI.

Yro0bI KHUTA HE MMOJIYyJIUIACH TAXKEJIOBECHOM, Mbl IPUBOJMM YaCTh PE3Y/IHTATOB 0€3 JI0KA3aTe b
CTBa, 0 HEKOTOPBIX COODIAEM JIUIb B OMOIHOrpauIecKNX TPUMEIAHUAX.

Kuura npennassadena Jjisi CTYJIEHTOB CTapIINX KyPCOB U ACIIUPAHTOB YHUBEPCUTETOB U I1€/1arOru-
9eCKUX HHCTUTYTOB, CIEIUATA3UPYIONIXCS 110 quddepeHninaIbHOM TeOMETPHUN, & TAKXKE JIJTsT HAY THBIX
paborHUKOB U mpenogaBareseil. [Ipenmosaraercs, 9ro YuTaTe b 3HAKOM C OCHOBAMU COBPEMEHHOI
b depeHIuaIbHOl NeOMETPUH, B YACTHOCTHU, C TEH30PHBIMU METOJaMU, METOJOM BHEITHUX (POPM U
TOIBUKHOTO penepa Dy Kaprana, KOTOpbIE sIBISIOTCS OCHOBHBIMU B 3TOi Teopuun. [loaTomy mHOTHE
nousiTust TuddepeHIraabHON TeOMETPUE MBI TOJBKO KPATKO TOSICHSIEM B TEKCTE, a WHOTJIA ITPUBOIIM
u Ge3 mosicHeHuii. B kadecrse crnpaBouHoii smTepaTypbl pekomengyem kuuru [KH-1], [Ct-1], [B-1],
[Ka-1].

Bce paccmarpuBaemble B KHUTe (DYHKINN, BEKTOPHBIE U TEH30pPHBIE TOJIA, auddepeHinaabHbe
(OPMBI IIPEJIIIOJIATAI0TCs JOCTATOYHOE KOJIMIeCTBO pa3 auddepenimpyembivu. Bee mepemeHHbIe 1Ipe/i-
[OJIATAIOTCS BEIeCTBEHHBIME (XOTsl BO MHOIMX CJLydasiX 9TO HE UCKJIIOYAET BO3MOYKHOCTH II€PEX0/ia K
KOMILIEKCHBIM HepeMeHHbIM). [losToMy, Hampumep, st 0603HAYEHUsT OJIHOM JIMHEHHON IPYIIIBI MBI
ucnosnbsyeMm cumbos GL(n), a ve GL(n, R) nau GL(n,C), KaK 3T0 OPUHSATO.

Kuura cocrour u3z Bocbmu riiaB; naparpadsl 1 GOpMYJIbI HyMEPYIOTCS OTJIEIHHO B KaXK IO riase.
Kazxkasi riaBa cOIpoBOXKIaeTcsi HADOPOM 3aJad U IPUMEYaHUsIMA HCTOPUYECKOTO Xapakrepa. K
TEKCTY KHUTU [PUJIATAETCs TOCTATOYHO IOJIHBIA CIMCOK JIMTEPATYPHI, yKa3arTejlb ODO3HAYEHUN u
[IPEIMETHBINA YKA3aTeb.

B ryraBe 1 mano ompejiesieHne MHOrOMEPHOU Tpu-TKaHu W Ha IJIaJKOM MHOIOOOpasuu pasMepHO-
CTU 27 1 PACCMOTPEHBI CBI3aHHBIE C HEIl OCHOBHBIE T€OMETPpUYIECKHEe MOHATHsI. HallIeHbl CTPYKTYPHBIE
YPaBHEHUST TPU-TKAHU, ONPEJIEJIEHbI ee TeH30Phl KPYyYeHUsI U KPUBU3HBI, PACCMOTPEHBI X CBOWUCTBA.
B repMmHax 3THX TE€H30pOB OXapaKTEPU30BaHBI I'PYIIIOBLIE U IapaJiie/in3yemMble TKaHu. Vcciemona-
HBI CBOWCTBA CBA3HOCTH UepHAa M JIpDYTUX CBI3HOCTEH, MHBAPUAHTHO MPUCOEIMHEHHBIX K TPU-TKAHU.
BBejieHbl OHATHS TOJATKAHN, HOPMAJBHON MOJATKAHU, (PaKTOP-TKAHM, YKAa3aHbl TEH30PHBIE YCJIOBUSI
X CYIIECTBOBAHMUSI.

B riaBe 2 ypaBuenune tpu-tkanu W paccmarpuBaeTcs Kak OMHApHAs OMepars — KOODINHATHA
KBa3uIrpyIiia 9TOM TKaHU. B TepMHUHaAX KOOp;LI/IHaTHOI‘/JI KBa3UT'PYIIIIbl OIIMCaHbl YCJIOBUSA 3aMbIKaHNA
Pa3/IMIHBIX KOH(MUIYpaIuili Ha MOJHOW TPU-TKAHW W BBEJIEHBI KJIACCHI TKaHel, HA KOTOPBIX 3aMBIKa-
10TCsI KOH(DUTYPAIIH KaKOro-JI100 OHOro Buja. [10Ka3aHo,9T0 KaXK bl U3 TAKUX KJIACCOB XapaKTe-
pU3yeTcsi ONpeJleJIEHHBIM TOXKJIECTBOM B KOODJIUHATHBIX JIylIaX TKAHU.

s rajkoii tokaibuoit ynst Q () BBoguTes nonsitue W-anrebpst (asrebpor Akusuca), 06001ma-
forree ousitue ajredpol JIu. C rpu-tkanbio W cBazano paccioenne W-aiarebp, KOTOpOe 3Ty TKAHD
OTIPE/JIEISIET OJTHO3HATHO.

BBogurcst moHsTHE KAHOHUIECKUX KOOP/IMHAT JIOKAJBHON aHAJIUTHIECKON JIYIIbl, U C UX ITOMOIIBIO
JJIst mocJiesineil 0b6obiaioress HeKoTophle cBoiicrBa rpynn Jlu. Ilokasano, uro moarkamsm TkaHu W
COOTBETCTBYIOT IIOJKBA3UTPYIIIBI COOTBETCTBYIOIIEH Pa3MEPHOCTHA KOOPIAMHATHON KBA3UTPYIIIIbI ITON
TKAHU.

B riraBe 3 paccMaTpuBaOTCS TPAHCBEPCATHHO-TEO/IE3NIECKIE U M30KJINHHBIE TPU-TKAHU, HAWIEHBI
WX CTPYKTYPHBbIE YDABHEHUs] U TEH30PHbIE XapaKTePUCTUKU. [lepBble XapaKTepusyTcs TeM, 9TO UX
KOODAMHATHBIE JIyIbI 00/IaJAI0T MAKCAMAIbHBIM KOJIMIeCTBOM OFHOMepHLIX noyt. [llectuyronbubie
TPU-TKAHU 00Pa3yioT COOCTBEHHBIH OJIKIACC B 9TOM KJIacce TKAHEMH, U JJIs HUX YKa3aHHbIE TOJIYIIbI
SIBJIIOTCA TpynmnamMu. Jloka3aHo, 9TO M30K/IMHHASL ¥ OJHOBPEMEHHO TPaHCBEPCAJbHO-TEOIe3NIecKast
TPU-TKAHb 9KBUBAJIEHTHA IDACCMAHOBOI TKaHU (HOPOXKJIAEeMOil Ha MHOroOOpa3ud HPSIMBIX IIPOEK-
TUBHOI'O IIPOCTPAHCTBA TPOHKOH rumepnosepxHocTeii). 'paccMaHOBA TKAHB SIBJISIETCS AA2€0paUMECKOT
(mopoxkgaronye ee IUNepIOBEPXHOCTH IIPUHAJIIEXKAT OJHOM KyOUKe), eCj U TOJILKO €CJIU OHA O
HOBPEMEHHO M3OKJWHHAS W IIECTUYTOJIbHAS. DTU yTBEDPKJEHUs JTAIOT pelleHne mpodJeM TrpaccMa-
HU3YEMOCTH U aJIrebpam3yeMOCTH Jijisi MHOI'OMEPHBIX Tpu-TKaHeil. [lokaszaHo, 4TO Tpu-TKaHW Ha]
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KOMMYTATHUBHBIMI ACCOIMATUBHBIMUA yHUTAJIBHBIMU aJreOpaMu €CTh W30K/JIMHHBIE TKAHU C HYJIEBBIM
TEH30POM KDYy JeHHUSI.

B riiaBe 4 paccmaTpuBaroTcs JiBa BayKHEHIINX COOCTBEHHBIX ITOJIKJIACCA IECTUYTOJIbHBIX TKAHeH —
TkaHu bosia u MydaHr, B KOOpAMHATHBIX JIYIIaX KOTOPBIX BBIIOJIHSIIOTCS TOXKIecTBa bosta i Mydanr
cooTBeTCTBeHHO. HafifieHpl CTPyKTypHBIE YDABHEHUS U JIAHA TEH30PHAS XaPAKTEPUCTUKA TAKUX TKAa-
neit. [Tokazano, 4To Ha 6a3e TpeTbero cjaoeHus TKaHneil Bosa cymecTByeT CTpyKTypa CUMMETPUIECKOTO
IIPOCTPAHCTBA, ONMCaHBbI CBOicTBa mocjenuero. Jlokazano, aro W-anrebpa Ttkanu Boja siisiercs
ayrebpoit Bosa. Onucan ki1acc n30KIMHABIX TKaHEeH Bosta n mpoBenena kiraccudukaius mecTuMEPHBIX
TKaHeit Boura.

Tkauu Mydanr obpa3yroT COOCTBEHHBIN IOIKIACC B KJacce TKaHeit Bojia um Jijisi HEX TEH30D
KPUBU3HBI BbIpaXKaeTcsi depe3 TeH30p kKpydeHus. [lokazano, uro kacarenbHas W-ajarebpa TkaHeit
Mydanr ssisierca anarebpoit MasbiieBa. /loka3piBaercsi, 9T0 MpOM3BOJIbHAS TKaHb MydaHr Moxker
OBITH peasm3oBana Kak G-TKaHb Ha HeKOoTopoit rpymre Jlu. Haliiersr ypaBHeHUsT HETPYIIIIOBOI TKAHH
MydaHr MUHUMAIBLHON pa3MEPHOCTH.

B rnaBe 5 paccMmaTpuBarTCs TKaHU € 3aMKHYTON G-CTpyKTypoit. JlokasbiBaeTcs, 9T0O TKAHU Ia-
pajutenusyemble, rpymmnosbie, Mydanr, Boja u mectuyrosbabie 06/1a1a10T 3aMKHYTON G-CTPYKTYPOit
KJ1accoB 1, 2, 2, 3 1 4 COOTBETCTBEHHO. DTH KJIACCHI TKAHEN XapaKTepPU3yIOTCsl TeM, YTO KAHOHUIECKUE
Pa3JIoXKeHUsT MX KOOPJMHATHBIX JIYII OLPEJIEJISIIOTCS JIZKETAMH COOTBETCTBYIOIIUX MTOPSIIKOB.

Jlajiee paccMaTPUBAIOTCS TOXKIECTBA B KOOPAMHATHBIX JIyax TKaHu W, puBoAdInre 3aMKHY TOCTH
ompejiesisieMoit €0 G-cTpyKTypbl. [lokazano, 4T0 TAKOBBIME SIBJISIETCS BCE TOXKJECTBA CO CJIOBAME
JUIMHBL 4, COJepyKalllie OT OJHOI'O JI0 YeThIpeX ITePeMEeHHBIX. BBOIUTCs MOHSTHE TOXKIECTBA IIOPSII-
Ka k C OIHON MepeMeHHOW W YKa3bIBAIOTCs YCJIOBHUsl, DU KOTOPBIX OHH IIPUBOISIT K 3aMKHYTOCTHU
G-CcTpyKTypBbI, OnpeesseMoit Tkaubio W.

B ryiaBe 6 naiiieHa aHaJuTHYECKAsT XapaKTEPUCTHKA TKaHeH, JOMYCKAIOIINX I'PYIILY aBTOMOpPdu3-
MOB; OITMCAHBbI aBTOMOP(U3MbI I'PDACCMAHOBBIX TKaHeil. HaiilleHbl CTpYKTYpHBIE ypaBHEHUsI TKaHWU,
JIOIyCKAOMIENl TPAH3UTUBHYIO TPYIIy aBTOMOPMU3MOB, omucaHbl ee cBoiicrBa. HaiieHo ypaBHeHue
KPUBOJMHEHHON TPU-TKAHM, JOMYCKAIONIEH OHOIapAMETPUIECKOe CEMEHCTBO aBTOMOP(MU3MOB.

B ruaBe 7 BBOZATCA TEH30PHI, IPUHAJJIEXKAIUE UYeTBepTOU nuddepeHInasbHOl OKPECTHOCTH
TKAHU U OIPEJIEJISIIONNe IJIABHYI0 YaCTh aCCOIMAHTOB KOOPIUHATHON JIynbl TKaHu. C UX MOMOIIBIO
OIHMChIBaETCS KacarenbHas Wi anrebpa Tkanu. Paccmorpenbl Tkanu F, B KOODJAMHATHBIX JIyIax
KOTOPBIX BBIMIOJIHAETCST TOXKJIECTBO JIACTUIHOCTH, TKAHU C KOBAPHAHTHO IMOCTOSHHBIMHU TEH30PaMU
KPUBHU3HBI U Kpyd4eHus. [IpeijioxKeH moiaxos K KJaccupUKaIluu KPUBOJUHENHHBIX TKaHeil, OIMCAHO
CTpOeHNe TKaHeil, y KOTOPbIX paBHA HYJIIO OJHA M3 KOBAPUAHTHBIX IIPOU3BOJIHBIX KpuBU3HBL. Jlana
TEH30PHAsI XapPAKTEPUCTUKA TKAHE, ONPEeIesieMbIX JIMHEHHBIM IruddOepeHnalIbHbIM YPABHEHHEM
[IEPBOr'0 NOpsIKa U ypaBHeHHeM Pukkaru.

B riaBe 8 pesysbraThl TEOPUU MHOIOMEDHBIX TPU-TKaHE MePEeHOCSTCsI Ha d-TKaHU KOpPa3MepHO-
cru 7. Ocoboe BHMMaHWE yJeJIEHO IpobJeMaM T'PACCMAHU3YEMOCTH W AJredpam3yeMOCTH, a TaKKe
nmpobsemMe panra d-TKaHH.

E.B. @epanonros u I'.A. TojcTuxuna Jir06€3HO CONJIACUINCH HAIIUCATH JT0OABJIEHNS, TIOCBSIIIEHHBIE
COOTBETCTBEHHO IIPUJIOKEHUSIM TEOPUU TPU-TKAHEH K HEKOTOPBIM 3ajadaM MaTeMaTUIecKOl (husnku
¥ K TEOPUU TKaHel, 0OPa30BAHHBIX CJIOCHUSME PA3HBIX PAa3MEPHOCTEMH.

B zakmogenue BeipaxkaeMm cepaednyio npusnarenbHocTh B.B. T'oababepry, ¢ KoTopbiM MbI 06Cy K-
JaJIi Pa3/InIHble acleKThl 3TOH KHUTK B mporecce paborer Has meit, B.®. Kupudenko u B.B. Tu-
MOIIIEHKO, KOTOPbIE BHUMATE/IFHO ITPOYUTAJINA PYKOIUCh W CAEJIAJA MHOIO IOJIE3HBIX 3aMEYaHUil, a
takxke JI.B. Tompmmreitn, B.B. Jlazapesoit u JI.M. IlumkakoBoii 3a G0JIBIIYIO TOMOIIH B TOITOTOBKE
pyxonucu ¥ nedatu u E.B. KopmeroBoit 3a TiarepHOe U3TOTOBJIEHNE PUCYHKOB.



I'masa 1
TPU-TKAHUU N CBA3AHHBIE C HUMUA
TEOMETPUYECKUE CTPYKTVYPHI

§1.1. G-cTpYKTYpbI, PaCCJIO€HUS U CJIOEHUS

1. IIycte X — muddepenmnupyemoe n-mepaoe MHOroobpasme kiacca C*, s > 3, p — ero mpoms-
BOJIbHAsA TOUKA, 1, = T,(X) — KacaTeabHOe IpocTpaHcTBO K X B Totuke p. OG03HAYINM cHMBOIAMH X

. 0
(u,v,w, ... = 1,2, ...,n) JoKaIbHBIE KOODIUHATHI B HEKOTOPOIl OKpecTHOCTU U TOYKH P, CUMBOJIOM ——
€X
u dr" — HaTypaJbHBI 0a3UC BEKTOPHBIX MOJIEH M COOTBETCTBYIONMI Koba3uc auddepeHnuaabHbIX
~ O . .
dopm Ha U. 11 Tpou3BOILHOIO perepa €, = JZZW JIBOVCTBEHHBIN Oa3uc obpasyooT quddepeniu-
xr

aJIbHbIe (POPMBI
w" = zydx?, (L.1)

rje I u x¥ — B3auMHO oOpaTHble MaTpHIBl. Basuc u Kobasuc cBsizaHbl yciosueM w(e,) = 0¥, rie
0y — cumBos Kponekepa.

O6osuaauM R, (X) MHOXKeCTBO BCEX PelepoB B KacaTelbHoM mpocrpaHcTse 1,. O6benumenune
R(X) = U R,(X) nasuiBaercs paccaoenuem penepos Ha Muoroobpasuu X . Ono npeacrasiser coboit

pEX
6 Cs—l 2 =dimX u

MHOT000pasue KJjacca pasmeprocTH n + n° (n = dim X) ¢ JOKaJIbHBIME KOODIMHATAMHA XY, X
KOTOpbIE HA3LIBAIOTCSA COOTBETCTBEHHO IVIABHBIMM U BTOPUYHLIMU IIaPAMETPAMA.

@opmbl w", onpexesgembie pasencTBoM (1.1), 3aBucaT TONBKO OT auddEPEHIUAIOB TJIABHBIX
apaMeTpOB U OIPEJIEICHBI Ha PACCIOCHUN perepoB MHOroodpasust X . IuddepeHnupys ux BHEITHIM
00paz3oM, TIOJIyYUM BHEIIHUE KBaJIPATUIHbIE YPABHEHUS

u
v

dw" = W' ANwy, (1.2)

rie d — cuMBOJI BHellHero JuddepeHnupoBanust, A — CHMBOJI BHEIIHEro yMHOXKeHHs. POpMBI w,;
cosiepaKaT, Kpome JuddepeHInaioB IIaBHbIX IapaMeTpOB, eie u JuddepeHnaibl BTOPUIHBIX apa-
MeTPOB, OIIPeJIeJISIIOIINX II0JIOYKEHNE Pellepa e, B KacaTeJbHOM IpocTpancTBe 1. PUKCHDYs TOUKY P
Ha X, T.e. nojarag w* = 0, noayuum ¢opmel 7T, = w1v‘|w OIIpeJIe IAIoNINe NTHPUHUTEZNMATHHOE
IepeMellieHne perepa B IPOCTPaHCTBe 1)

w—()"

0ey = Tpey. (1.3)

3mech § obosnavaer auddepeHITNPOBAHNE I0 BTOPUIHBIM MapaMeTpaM T, a (hOpPMBI Ty ABIISIOTCS

UMHBAPUAHTHBIME (DOPMaMU [IOJIHON JimHeitnol rpybl GL(n), KoTopast jeficTByeT B IPOCTPAHCTBE T,.
OHU yIOBJIETBOPAIOT CTPYKTYPHBIM YPABHEHUSIM STO TPYIIIILL:

omy =m, AT, (1.4)
Ha muoroo6pasuu R(X) ypasaenusm (1.4) orsedaror cooTHOmeHus 60jiee 0OIIero BUaa:

dwy = wy Awg +w” Aw,, (1.5)

vw?

nepexozsine B ypasaerns (1.4) npun w® = 0. Ypasrenus (1.5) mosyvatorcst u3 ypasnennii (1.2) ¢
MIOMOIIHIO CTAHJAPTHOM mporieyphl JuddepEeHITUATBEHOTO TIPOJIOIKEHYs, T. €. BHENTHero JauddepeH-
[UPOBAHNUs U IpUMeHeHus: jJeMMbl KapraHa.

Bameru™, 910 GOpMBI W, W, Wi, JOMYCKAIOT IJI06aIbHOE OUpPeesIeH e Ha PACCIIOCHHUIX PEllepoB
COOTBETCTBYIOIIEro Nopsiyka (cM., HanpuMmep, [JIn-2]). Ho mist nasjbHeRero sTo HeCyImecTBeHHO, Tak
KaK paccMaTpuBaeMble B KHUIE IPOBIEMBI UMEIOT, B OCHOBHOM, JIOKAJIbHBIH XapakTep.
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Hanee Baxknoe 3Hadenue Oymer umerhb mouarue G-ctpykrypol. [lycte G — HEKOTOpasi p-mepHast
HoArpyIma mojHoii smmeitnoit rpymst GL(n), p < n?. G-crpykrypoit X¢ na mMuoroo6pasuu X Ha-
3BIBAETCS IOJIPACCIOEHNE PACCIOEHUS PEIIEPOB C TeM 2Ke 6a30BbIM MHOrooOpas3ueM X U CTPYKTYPHOIT
rpyumoi G.

Hanpumep, cedenne X — R(X) 3amaeT B KaxKI0M KacaTeJIbHOM IpocTpaHcTse T, K MHOrooGpa-
suio X omnmu perep. Tem cambim Ha X omnpejesnena G-CTpyKTypa €O CTPYKTypHOi rpynnoit G = e.
Omna Ha3bIBAETCS €-CMPYKmypod.

Ecsin B kagecTBe cTpyKTYypHOi Ipymibl G B3saTh OPTOroHa bHYI0 rpymiy O(n), To coorBeTCTBYIO-
mas O(n)-crpyKTypa Ha3BIBAETC PUMAH080U cmpykmypol Ha MHOroobpasuu X .

[Iycrs wa X 3amano r-mepHoe pacupejenenne A, u myctb (G — Trpymma JIMHEHHBIX Tpeobpas3o-
BaHUil mpocTpaHcTBa 1}, OCTABJSIOMNX WHBAPHAHTHBIM HOAIpocTpaHcTBo A,. CooTBeTCTBYIOIIAsI
G-cTpykrypa X g HazbiBaeTcs ngadposots cmpyxmypoti. Apyrue npumepbl G-CTPYKTYP MOXKHO HAWTH
B [Cr-1], a TakKe jajee B 910} KHHUTE.

Haitnem crpykryphuble ypaBHeHusi G-CTPYKTypbl camoro obriero Buja. OOO3HAYNM WHBApPUAHT-
weie (opmbl rpynnel JIu G gepes 0. OHU yHOBIETBOPSIOT M3BECTHBIM CTPYKTYDPHBIM YPABHEHUSIM
Maypepa—Kaprama:

o™ = c3.,0° N O, (1.6)

e o, 3,7, ... = 1,2, ..., p, C3, — CTPYKTYPHBIil T€H30D TPYIIIbI G. OH KOCOCHMMETPUYIEH 110 HIKHIM
uHJeKcaM 3 U Y U yIOBJIETBOPseT TOXKaecTBy fAKobu:

e o e e o
CpyCos + Cscep + Cipee, = 0.

Tak kak rpynmna G siBasercs noarpyunoii rpynust GL(n), To uasapuanTHble $HOpMBI T mOCIIEHE

BBIPAYKAKOTCsT Yepe3 MHBapuaHTHbIE (popMbl ¢ rpymmsl G:

Ty = Cpa0%, (L.7)

v

npudeM Ko3hQUIUEHTH! ¢, JOIKHBL ObITh mocrosgHubMU. CoorHomenus (1.7) BLITOJIHSIOTCH HIPH
pUKCHPOBAHHBIX IVIABHBIX I1apamerpax, T.e. npu w = 0. Beuay storo Ha X BBIIOJIHSIIOTCS ypaB-

HeHudg
u

_ fe ~u
v = Cua0 t a

vw

W, (1.8)
6.

w.

rie 0% — HEKOTOpPbhIe HOBBIE (b epeHuabHbIe (DOPMBbI, YIOBJIETBOPSIONINE YCIOBUIO 0% ‘wwzo =
Toxcrasisist pasnoxenne (1.8) B (1.2), nomyunm cmpykmyproe ypasherus G-cmpyxmypo, Xg:

dw" = cj W' No® + al W’ Aw?. (1.9)

Benwaunner ay, = 6ﬁ}w] 00pas3yoT nepsuti cmpykmyproili 0bsexm paccMarpuBaeMoil G-CTPYKTYDBHI.

2. Pacciioenus: periepoB u G-CTPYKTYPbI IIPEICTABJISAIOT cO00I YaCcTHBIE BUJbI CTPYKTYPhI Hojiee
O0ITero TUIa, HA3BIBAEMOU PACCTIOEHUEM.

Paccaoenuem xaacca C® nasviBaercs tpoiika A = (X, B, ), rue X u B — muoroo6pasus kiacca C*
pa3MepHOCTE! 1 U ' COOTBETCTBEHHO, a m: X — B — mpoektnus X #Ha B. Ilpum stom:

a) uis Kaxk ot Touky b ms B muoxkectso m ' (b) u3 X sBaserca (n — 7)-MepHBIM TIOJIMHOTO00ODA-
sueMm B X, nuddeomMopdHBIM HEKOTOPOMY MHOT000Opasuio F', Ha3bIBAEMOMY MUNOGHIM CAOEM;

6) qust Kaxkaoro b uz B cymecrByer okpectHocTh U B B Takasi, 9T0 HOIAMHOT000pasue ot (Up)
b deomopdHO npsimomy mpousseieHuto U, X F. 9T0 03HAYAET, YTO PACCTIOEHUE SIBJISIETCSI JIOKAJIBHO
TPUBUAJBHBIM.

Mruoroobpasue X Ha3BIBACTCS NPOCMPAHCINEOM PACCAOEHUA A WU €TI0 MOMAALHLM NPOCTPAH-

cmeom, B — ero 6asot, 7' (b) Lef Fy — caoem 3Toro paccioenus. Jepes KaxkIyio TOUKY p Ha X
[IPOXOJIUT €IUHCTBEHHBII cj1oii F}, pacciaoenus A, upuaem b = 7(p).

[Ipocrefimm  paccioeHUeM  SIBJISIETCST  CMAHOAPMHOE MPUBUAABHOE DACCAOEHUE, T.€. TPOKa
(B x F, B, w), tne ™ — ecrectbentas npoekius B x ' — B. Ha paccioenun penepos R(X) u Ha
G-crpykrype X 6aszoit Gymer MmHOroOGpasme X, a crpyKTypHoil rpymmoit — rpymna GL(n) wim,
coorBeTcTBeHHO, rpynna G. Eme onun npumep — xacameavioe paccaoenue T(X) = |J T, , B Koropom

X

J4S
CJI0EM ABJISIETCA KacaTeabHoe npocTpancTso Tp,. pyrue npumepst moxkuo nafitu B [KH-1] u [Ct-1].
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B kacarenbroM npocrpancTse 1), IPOU3BOJIBHON TOYKH P N-MEPHOI'O TOTAJIBHOIO IIPOCTPAHCTBA X
paccioenus A = (X, B,7) oupeleseHo IOIIPOCTPAHCTBO TI/) KOPa3MepHOCTH 71, KacaTeabHoe K
ciioio Fy, poxoisineMy depe3 TouKy p. B Hekoropoit okpectHoctrn U TOYKHU p BhIOEPEM JIOKAJIBHBIM
penep e;,¢eq (6,7 =1,2,...,7;a=7r+ 1,7+ 2,...,n) Tak, 9T00bl BEKTOPLI €, JIEKAJIU B Tpf. Coorser-
CTBYIONIHII CONPSIKEHHBIH Koperep o6pa3oBa GopMaMu w',w®, TakKe JOKAJBHO OIIPEeIeHHbIME B
okpecrroct U, npudeM w'(e,) = 0, T.e. cion Fj paccoenust A MpecTaBIAI0T OO0l HHTErpaIbHbIe
MHOroo6pasus cucreMsl nhaddoBLIX ypasHeHnit w! = 0. DTa cEcTeMa BIOTHE HATErPUpPyeMa, TaK KakK
gepes KaxK1yio ToYKy b u3 U mpoxouT e nHCTBEHHBII ci0it F},. [loaToMy, corytacHo m3BeCTHOI Teopeme
®pobenuyca (cm. [Ba-1|), srenmue muddepenmuants GpopM w' BhIpazKaioTess uepe3 3TH wKe (hOPMBI:

dw' = W AWl (1.10)

O6parHo: Besikast cucTeMa ¢hopM w', onpetesieHHbIX B U 1 yI0BIETBOPSIONINX yPABHEHIIM BIJIa (1.10),
3agaer B U paccioenne KOpa3MepHOCTH 7. 3aMeTuM, 9To hopMbI w' 3a/IaHbl Ha PACCIOEHUH PelepoB
R(B) 6a3pr B paccioenus A, a ypasuenus (1.10) GyayT cTpyKTYPHBIMY ypaBHEHUSIME Ga3bI.

B ajanTupoBaHHBIX JIOKAJILHBIX KOODJAMHATAX PACCJIOEHUE A 3a/1a€TCsl yPABHEHUSIMUA

Fl(x“) = ¢’ = const, rank (g%) =7r, +=1,...,7, u=1,...,n.

Huddepentmpys, HaiieM COOTBETCTBYIONmME GOPMBI W'

IF"
ox"
Vpasuernus (1.10) B 3Tom cayuaae npumyT Bu dw’ = 0.

TloBopsit, uro Ha C°-MHOrO0Opasun X 3aJaHO CAOEHUE N KOPA3MEPHOCMAU T, €CJIH:

a) depes Kaxkyio Touky p u3 X npoxoxur C°-nonMHOroobpasue (Cjioit) KopasMepHOCTH T

6) y ka0t TOYKM p U3 X CYIIECTBYET Takasi OKpeCTHOCTh U, B KOTOpO# Cjionm 06pa3yloT Tpu-
BUAJIBHOE paccioenue ¢ (n — r)-MepHoii 6a3oii. Takum 06pa3oM, JIOKAIBHO BCIKOE CJIOCHUE ABJISETCS
PACCTIOEHIEM, XOTs B IIEJIOM TAKOBBIM OBITH He 0DsI3aHO.

Ciioenne, BooOIIe ToBOpsi, He nMeeT Oa3bl. Hampumep, upparmoHaibaas 0OMOTKa Topa 06pasyer
CJIOEHHe, HO HE PACC/IOeHME, TaK Kak i Hee 0a3bl He cymiecTByeT. OJHAKO B JIOCTATOYHO MAJIOMN
OKPECTHOCTU CJIOCHHE OIIPE/JIE/IeT PACCIOeHue, 6a30if KOTOPOro CIYKHUT MHOroobpaswme cjoen. llo-
9TOMY MOYKHO TOBOPHUTH O JIOKAJbHON Gaze cjoenus. Jlomyckas HEKOTOPYIO BOJLHOCTH DEYH, ITY
JIOKAJIbHYIO 0a3y MBI OyZeM Ha3bIBATH IPOCTO 0A30i1 CIIOEHUS.

W' =dFt = dz®.

§ 1.2. Tpu-TKkaHp Ha rJIaAKOM MHOTOOOpa3uu

1. Onpenenenne. [Iycte X — C*®-riajkoe MHOrobpasue pasmeprnoctu 2r, r > 1, s > 3. T'oBopsr,
gyro Ha X 3ajaHa Tpu-tkaHb W = (X, \,), a = 1,2,3, ecom:

a) Ha X 3aJlaHbI TPU CJIOCHUSA )\, KOPA3MEPHOCTH T

6) B KaxKz0#f TOYKe p MHOroobpasus X TpU NPOXOMSANIUX 4Yepe3 Hee CJI0s HAXOIAATCA B ODIIeM
[TOJIOZKEHWH, T.€. KayKJble JIBa M3 TPEX KACATEJIbHBIX K ITHUM CJIOSIM IIPOCTPAHCTB TPAHCBEPCATHHBI
(UMeIoT HyJIEBOE TIEPECevYeHNe ).

V kaxoii Toukn p rpu-tkanu W= (X, \,) 1) CyIIIeCTBYeT OKPECTHOCTh U, B KOTOPOIl CJI0eHUs Ay
SIBJISIIOTCSL  pacCIoeHusiMu. 1109TOMY € JIOKAJIBHOM TOYKYM 3PEHUs] MOXKHO CYUTATh, 9TO TPHU-TKAHD
obpazoBana TpeMms paccioeHusMu. Ix 6a3br obosuaunm X, .

IIpumep 0. Paccvorpum B addummom mpocrpanctse A%" Tpum ceMmeiicTBa MapasIe bHBIX
7-MEPHBIX ILJIOCKOCTel, HaXOsImuxcss B obimem mnojiokennn. OHU 0Opa3ylOT TPHU-TKAHb, KOTOPAsi
HA3bIBAETCS NAPaAresvrot mranvlo. ObozHaunm ee cumBosiom Wy.

IIpumep 1. Iycrs X, (o = 1,2,3) — Tpu miajkue IuoeproOBEPXHOCTH B [POEKTUBHOM IIPO-
crpanctee P™T! p — mexoropas npsMas, nepecekaromas uxX (HO He Kacaomagcd) B TOUKAX T, Y
u z coorserctBenno. Ha rpaccmanosom muoroobpasmn G(1,7 + 1) mpsamerx mpocrpamcrsa Prt!

1) Tax MBI TrHTIEM JIJIST KPATKOCTH BMECTO CJIOB «y KayKJIOH TOYKMA p MHOroobpasusi X, HECYIIEro TpHU-
TKaub W ».
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(dimG(l,7 + 1) = 2r) B OKpecTHOCTH HPSAMOIl P BO3HHMKAET TPU-TKAHD, CJIOAMH KOTODOI CJIyzKaT
CBSI3KM MPSMBIX C BEPIIMHAMU, JIEKAIUMA Ha IIOBEPXHOCTAX X,. Takas TPU-TKAHb HA3BIBAETCS
epacemanosots u obosnadaercs GW. I'paccmManoBa TpU-TKaHb ONpEesieHa CYIECTBEHHO JIOKAJIBHO,
TaK KaK TOJIBKO O JOCTATOYHO OJIU3KUX K P MPSIMBIX MOYKHO YTBEPXKIAThH, YTO OHHU, KaK W IIpsiMasl P,
TPAHCBEPCAJIBHBI TOBEPXHOCTIM X . [101poOHO IrpaccMaHOBBI TKAaHU U3ydaroTcs B § 3 ryiaBbl 3.

ITpumep 2. I'paccmanoBa Tpu-TKaHb Ha3bIBaeTCs anzebpauyeckoli u obosnadaerca AW, eciam
OIIPEIEJIAIONINE €€ TUIIEPIIOBEPXHOCTU X o, IPUHAJIEZKAT OTHON U TO 2Ke KyOUIecKOi IMIIeproBepxXHO-
crr. OTMETHM CJIe/lyOIIUe CIeUAJIbHbIE CIyIan: 2a) IOBEPXHOCTH X 4 SIBJISIOTCS MHIIEPIIIIOCKOCTSIMU;
26) X| — runepmiaockocTb, Xo u X3 NPUHA/IEXRKAT OJHOM TUIEPIOBEPXHOCTH BTOPOIO TIOPSIIKA.

Ha tpu-tkarm W MOXKHO BBECTH €CTECTBEHHYIO CHCTEMY JIOKAJbHBIX KoopjaumHaT. Kak yxke
OTMEYAJIOCH, CJIOCHUST A, OOIIEr0o TOJIOXKEHUsI, 00pa3yoline TPU-TKAHb, OIPEIEISIIOT PACCIOCHUS B
nekotopoit okpecraoctu U Touku p muoroodopasust X . Ilosromy MoKkHO cunTaTh, YTO OKpeCTHOCTH U
mubdeomopdra  mpsiMomy npomsBeseHHI0  0a3  KaKuX-1u0O JBYX  ee paCCJ'IOGHI/II/I HaIpuMep,
U ~ X x Xy. Torga mobas Touka p u3 U nosydaer KoopuHaTs! p(a’ ,y]) rne ' u y/ — JnoKaJIbLHBIE
KoopauHaThl Ha 0azax X u Xg COOTBETCTBEHHO (MHIEKCHI 4,7, k,{,m U T.J. 3JeCh U BCIOAY Jajiee
npoberatot saaderust ot 1 1o 7.) Taxum o6pasom, cion epsoro u Broporo croenntt Tkann W sagatorcs
B OerCTHOCTI/I U ypaBHeHI/IHMI/I x" = const n y" = const. Tperpe cioenne Tkann W sanaercs ypasue-
masvm fi(z!, ... 2", y!, ..., y") = const, mm, kopoue, f (27, y*) = c’, rae f' — rnamxue dymxmum. Tak
KaK CJIOM TKAHU HAXOJSITCS B OOIIEM ITOJIOXKEHUH, TO B Kax{,aoﬁ Touke obsiacTu U BBIIIOJIHEHBI YCIOBUSI:

det(af>7é0 det( );Ao (1.11)
Bekroprosnaunyio dynxmmo f¢(x7, y*) nasemator dynryuet mranu W, a ypasuenne

T= [y, (1.12)

wm, Kopoue, z = f(x,y) — ypaBHeHHeM 5TOH TkaHHU. leomerpuueckuii cmbics ypasHeHust (1.12)
COCTOUT B TOM, YTO OHO CBSI3BIBAET IIAPAMETPHI T,y U Z TPEX CJI0EB TKAHU, IIPOXOJIAIINX YePe3 TOUKY
p(xt, y?) obmactu U.

3aMeTuM, UTO €C/IM B KadecTBe 0A30BBIX B3ATh JAPYTUE JIBA CJIOCHUS — A\| U A3, WIA A3 U Ag, TO
ypaBHeHne TKaHU 3alumercs B uge y = f ' (z, 2) mm x = ~! f(z,y) coorercTBemHo.

Oyukiun f?, 3a7aHAble B PA3HBIX KOOPAMHATHBIX OKPECTHOCTSX, €CTeCTBEHHO COIIACOBAHDLI Ha
[epeceveHnsIX, OJHAKO OTCIO/Ia He CJIE/IyeT, YTO CYIIECTBYET TJI00AIBHO OllpeIeIeHHas (DYHKITUST TKAHHU.

IIpumep 3. Iycrs G(-) — rpyuna JIu pasmeprocru r, X — npsimoe npoussesenne G X G. Yepes
[IPOU3BOJIBHYIO TOUKY (a, b) m3 X mpoxogar tpu ciost: {(z,y): z =a}, {(z,y): y=b}tu{(z,y): v -y=
= a- b}, KOTOpbIE, 0OYEBUIHO, HAXOAATCS B 001eM noJsioxkenuu. [Tosromy ciioenust = const, y = const
u -y = const obpasyior Ha X TPU-TKaHb, KOTOPYIO HA3BIBAIOT 2PYnnosotl mranbvio U 0DO3HATAIOT
W (G). YpaBHeHue 9T0l TKaHN UMeeT BUJ Z = X - .

2. Vpasuenue (1.12) Tpu-TKaHU OLPEIEIEHO HE OIHOZHAUHO, & ¢ TOYHOCTBLIO JI0 AOKAALHHIL Jud-

Ppeomoppuszmos BuIA B B B
T=Ji(z), y=Dly), zZ=J32), (1.13)

O3HAYAIONIUX I1IPEOOPa30BaHue JIOKAJIbHBIX KOOpAUHAT Ha Oazax X, cjaoeHuii \,. Ho ypaBHeHu-
am (1.13) MoxnO mpumath u japyroit cmbict. Pacemorpum mapsany ¢ Txambio W= (X, \,) eme n
TpU-TKaHb W = ()N( Aa ) TOi YK€ Pa3MEpPHOCTHL. Obosznaanm TIOKAIbHBIC KOODIUHATHI Ha 6azax X
cioennit A, gepes Z¢, §', 3! 1 3alMIIeM ypaBHEeHHe TKAMM W B Buge 3 =f (7, 9*), nmm

= f(T,7). (1.14)

Torna ypasrenusi (1.13) 3a1a10T JIOKAIBHO OMEKTUBHBIE OTOOparKeHUsl CIOeHU A\, Ha A,. Ecam npu
3TOM OTOOPaXKeHHH! COXPaHAeTCs HHIUACHTHOCTD, T. €. BCAKHE TPHU CJI0d TKaHu W, mpoxondmue depes
OZHY TOYKY, IepexomdaT B TPHU cJIog TKaHu W, Takxke IpOXOfdInue depe3 OAHy TOUKY, To dbynknum f

n f CBSI3aHBI COOTHOIIIEHUEM _
F(I(x), Ja(y)) = Js(f (. y)) (1.15)

(«0bpa3 nponsBeieHNsl paBeH MPOU3BEIEHUI0 00Pa30B» ).
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Onpenenenne. /Ise tpu-tkanu W u W OJIMHAKOBO} PA3MEPHOCTH HA3BIBAIOTCH IKGUGAAECHIHDI-
MU, eCJIU CYIIECTBYET TPOHKa J = (Ji, Ja, J3) noxameabix nuddeomopdusmos J,: X, — X, Taknx,
yro dbyukiuu f u f 9TuX TKaHeil ynoBieTBOpAoT yciaosuo (1.15).

B Teopun kBasurpynn tpoiika Guekimii J,, yaosiaersopsiomux yeaosuto (1.15), HasbiBaeTcs uso-
monuet. K 5ToMy MOHSITHIO MBI BEpHEMCsI B TJI. 2.

B uwacTtHOCTH, TpU-TKaHM, SKBUBAJEHTHBIE PACCMOTPEHBIM BBIIIE MAapasIe/IbHOM, rPACCMAHOBON 1
ayrebpanIeckoll TKAHSIM, HA3bIBAIOTCS COOTBETCTBEHHO NGPAAACAUSYEMBIMU, 2PACCMAHUIYEMBIMY T
anzebpausyemvimu. [lapajuiein3yeMble TKAHU HA3BIBAIOT TAKXKE PE2YAAPHBIMU.

Tpoitka mokambuerx auddeomopdusmos suma (1.13) mopoxaaer mokambubli muddeomopdusm
¢: X — X, npu KoTopom Touka p(z, y) mepexomut B TouKy p(Ji (), Jo(y)). Cnpasenmuso u obpaTHoe:
BCAKHU# JIoKaabHbI nuddeomopdusm ¢: X — X, mpu KoTopoM ciion TKaHu W nepexomaT B COOTBeT-
CTBYyIOIIME cjiou TKaHu W U COXpaHsIeTCsl MHIWIEHTHOCTh CJIOEB, IMOPOXKIAET TPONKY OTOOparKeHuit
sujia (1.13), meficteytomux Ha 6azax paccaoenmit Tkanu W.

3. Iommuoroobpaszue X pasmeproctu 2p MHOroobpasusi X, Hecyiero Tpu-TKaunb W, Ha3biBa-
eTCA MPAHCEEPCANLHBIM MHO2000PaA3UEM HITH MPAHCEEPCAALHOT NOGEPTHOCBIO ITOH TKAHU, €CJIHd
y Kaxzoil Touku p m3 X cymecTByeT Taxkad okpectHocts U B X, B KoTopoit mmorootpasme X
repeceKaeT KaXkIplit ciroit Tkauu W, mmeroniuii ¢ X xors 661 07HY OOIIYIO TOUKY, IO IOIMHOT000PA3UIO
pPa3MepHOCTH p.

Boobmie rosopsi, Tkanb W He 06JiajiaeT TpaHCBEPCAJBHBIMEU IOIMHOr000pasusaMu. JIoKaJbHbIE
YCJIOBHSI CYIIECTBOBAHUSI MOCIETHUX O0DCYKIAOTCA B §9. 3/1eCh Ke Mbl OTMETHM JIHIIb CJIEJTY IOt
O4eBH/IHBIH (DAKT: HA BCAKOM TPAHCBEPCATLHOM MHOrooGpasuu (ec/im oHo cymecTByer) cjion TKanu W
BBICEKAIOT HEKOTOPYIO TpU-TKaHb W, 06pa30BaHHYIO CJIOSIMU PA3MEPHOCTHU p. DTa TPU-TKAHb HA3bIBa-
ercst nodmxamvlo TkaHu W.

Hanpuwmep, epaccmanosv. mrany GW , onpejesieHHbIe TPOWKON TIUIeprioBepxHocTeit X, Mpoek-
TuBHOTO TIpocTpancTia PT! (em. mpumep 1), umerom epaccmaross. nodmraru 1060t pasmepHocma.
HeiicTBuTeIbHO, IyCTh KaK W B OpuMepe 1, mpsiMasi p IepecekaeT runeproBepxHocTH X,. LIpo-
uzBosbHOe (p + 1)-mepnoe mpocrpancrso PP B P™F! npoxonsmiee uepes mpamyio p, mepecexaer
IHIIEPHIOBEPXHOCTH X, 1O HOBEPXHOCTAM pasMepHOCTH p. C IOMOIIBIO MOCIEHIX B Prt! apasormamno
OIIpeielisieTCsi rpaccMaHoBa Tpu-TKanb GW | siBjstromasicst moATKaHbio Tkauu GW.

Oupenesnum renepb npsmoe npoudsedenue mpu-mranetd Wy = (X, )1\,1) u Wy = (X, é\a) dim X =

= 2ry, dim Xy = 2ry. Ilycte citon .7;-'@ Tkaun W) mepecekaioTcss B Touke p; m3 X|, a CJIOHU j;-'a

def
rkanu Wo — B Touke py u3 Xo. Torga uepes Touky p = (pi, pe) upsimoro npoussegnenus X; X Xo = X
def .
OPOXOJIAT TPU T-MEPHBIX CJIOS .71-' a X .g: o = Fo, npudeMm 7 = r; + r9. I3 onpeneseHuii Tpu-TKaHU U

[IPSIMOT'O TIPOU3BEJIEHUSI CJIEJIYeT, YTO CJION JF, HAXOISATCS B 00IIeM mojioxKeHuu. [loaToMy B 101X0150-
et OKPECTHOCTH TOYKN P MHOToOOpasust X ompeaeseHa TPU-TKAaHb, KOTOpas HA3BIBAETCS TPSIMBIM
npousBegenneM TKaueit Wi u Wy n obosuauaerca W x Wo.

Bamernm, 4T0 mopMHOroobpasusi Buga (pr, Xo) u (X, ps) mHoroobpasuss X = X; x Xo Oymyr
TPAHCBEPCATLHBIMHI OIMHOTO00PA3UAMI TTOCTPOEHHOM Tpu-TKaHu W.

[Momymupsimoe poussejienne TKaHel u GhaKTOP-TKAHL OYIyT ONpejesieHbl B § 9.

§ 1.3. 'eomeTpusa KacaTeJIbHOT'O IIPOCTPAHCTBA MHOTOMEPHOI TPU-TKAHU

1. IIyctb w, a = 1, 2,3, — yimneiinas popma Co 3HAYECHUSMEU B T-MEPHOM IIPOCTPAHCTBE, KOTOPAst
(0%

ompenesiena B obsactu U mHOroobpasust X u aHHyJIApyeTcs Ha pacciaoeHun A, Tkauu W. Coorser-
CTBYIOIINE KOOpJAHHATHBIE POpMbI 0003HaUMM w'. Tak Kak Kaxk/asl mapa CIOeHHI Ay, Ag Ipu o # 3

(o7
HaXoAUTCA B 0obmieM mosioxkenuu Ha X, 10 cucrema ¢opm {w, ag} npu « # (3 GyJieT He3aBUCUMOIA.
«

Bribepem B KauecTBe OA3UCHBIX (HDOPMBI WHW. Torma dopMbl w OYIAYT UX JIUHEHHBIMI KOMOUHAITASIMUA:
2 3

w = Aw + Buw,
3 1 2
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upudeM (r X r)-marpunpl A u B 3aBucaT or jiokaibHbIX KoopauHat B U. ITocKo/IbKy 911 COOTHOIIEHN S
pa3penuMbl OTHOCUTEJIHLHO ulj u w, To MaTpuiibl A u B HeBbIpoXKIeHHBE. [Ipu 3aMenHe JIOKAJIbHBIX
2
KoopauHaT Ha 6aszax cioenmit 1o dopmynam (1.13) HopMbl w YMHOXKAIOTCA HA HEBLIPOXKJICHHYIO
«@
marpuiy. IlosTomy momycrtrma 3ameHa Aul) — —LiJ7 Bw — —w, B pe3ysbTaTe KOTOPOIl IIPEbIIyIIEe
2 2

ypaBHEeHUe IIPUMeT CUMMETPUYHBIH BUI;:
wtwt+w=0. (1.16)
1 2 3

ITycTs, xak obbraHo, T, 0O03Ha4YaeT KacaTelIbHOE IIPOCTPAHCTBO K MHOroo0Opasmio X B TOUKE P;
KacaTeJIbHbIE IIPOCTPAHCTBA K cjiosM F, Tkanu W B aTolt TOUKe 0603Ha4mMM cumBoJioM 1T'),. PaccMorpum
[0

B TOYKe p TpH penepa e;, ¢ = 1,2, ... 7, rakux, uro ¢; € T'p,. Torga B cuity oupenesienns opM w UMEIOT
« «@ « (0%
MECTO PaBEHCTBA

w'(ej) =0. (1.17)
Kpowme Toro, mosioxxum } ) ) _

w'(e;) = w'(ej) = w'le;) = 4.
ITpumensist nasee pasencrsa (1.16) u (1.17), maxomum, aro upu («, 8) = (1,2),(2,3), (3, 1) BbIIOMHA-
I0TCSI COOTHOIIEHNST

%i(gj) = —gi(gj) = —0;. (1.18)

OTCIOA& BbIT€KaeT, 9TO Oa3ucHbIe BEKTODPHI €; YJIOBJIETBOPAIOT PaBEHCTBaM
«

e, +e +e =0, (1.19)
1 2 3
a TMTPOM3BOJILHBIN BeKTOp & U3 T}, 3aIMCBIBACTCA B OJHON W3 CICAYIONHX (POPM:
{=w (£)gz W (f)?z w (E)gz W (5)51 W (5)9 w (é)gz (1.20)

Bynem canrars, uro muddepennnanbnoe ypapHeHne TKaHu Beerla sammucbisaercs B suze (1.16),
Torja basucHbie (POPMBI W’ OMPEIETIEHBI C TOYHOCTBIO JI0 TPeOoOPA30BAHMIA
«

O = Ajw!, det(A]) £ 0, (1.21)

«

He u3MeHsomuX Buj ypasHenuii (1.16). Ilpu sTom 6asucHble BEKTOPBI €; HPeOOPa3yIOTCS TaKKe
«
COTJIACOBAHHO:

« (o3
Takum obpazom, rpymma JOMYyCTUMBIX TPeoOpa30BaHUN pemepa {?Z gj} npocTpaHcTBa 1), coCTONT

A0 ., Lo
U3 MATPHILBHJR | () 4 | B uzomopdua noyHol smuelnoit rpymune GL(r). Beugy aroro na 2r-mepaom

MHOroobpasuu X, HecyIieM Tpu-TKaub W, onpenesnena G-crpyKTypa co crpyKTypHoii rpyumoii GL(r).
Hazosem ee Gyy-cmpyxmypoti. Ilocrpoennoe pacciioeHue ajalTHPOBAHHBIX PEIEPOB, CBI3aHHBIX C
Tpu-TKaubo W, obosnaunm cumsosom R(W).

2. PaccMOoTpuM TpHu BEKTODA 1) = n’gi, Na € f(Z):p. OHu JiezkaT B OJHOM JIByMEPHOM IIOJIIPOCTPAH-

crBe, Tak Kak B cuity (1.19) Beinosnsiercs paBeHcTBo 1)) + 72 + 13 = 0. HazoBeM 210 mogupocrpancrso
MPAHCEEPCANLHUM JJIsT TPOHKH HpocTpaHcTB 1. OHO BIIOJIHE ONpeessieTcs: GMBEKTOPOM
(o7

H=mAn=mnAn=nAn,
KOTODPBIN HA30BEM MPAHCEEPCAAbHBM Ousekmopom Tpu-TKanu W. OdeBuHO, Yepe3 MPOU3BOJIbLHBIH
BEKTOp 7] IpoCcTpaHcTBa 1), NPOXOJUT eAMHCTBEeHHOE JIByMepHOe TPaHCBepCaJbHOe MOIIPOCTPAHCTBO.
«

CiietoBaTeIbHO, CEMECTBO TPAHCBEPCAIBHBIX IMOJIIPOCTPAHCTB B TOYKE p 3aBUCHT OT r — | mapa-
MEeTPOB.
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BameTnM, UTO ecyi Ha TPH-TKAHEU W CyIIecTByeT [ByMepHAs TPAHCBEPCAIbHAS IIOBEPXHOCTH V2
(cMm. §2), To KacaTeJbHBIE IIPOCTPAHCTBA K Hell OyJAyT TPAHCBEPCAJIBHBIMH IIPOCTPAHCTBAMU ITOM
TKAHU.

TpancBepcaabHbIe TOAMPOCTPAHCTBA MOTYT OBITH OIpPEJETEeHbI U JAPYTUM criocoboMm. PacemoTpum
aBa ciost F u Fo tkanu W, npoxojsinue depes ToUKy p, Fi € A, Fo € Ao. Ciioerue A3 orpejessier
B HEKOTOpoil okpectHocTn U, OuekTuBHOe oTOOpakeHme @o: F| — Fa, IPU KOTOPOM TOUYKH ¢ U
©12(q), ¢ € F| nexar Ha OJHOM M TOM Ke cjioe Tperbero cioenusi. O6ozHaumM (p12). = dpie o
AHATOrUYHO OIPENEIISIIOTCST OTOOPAKEHNST Y3 U (Pag)s IpU MOOBIX o, = 1,2, 3, a # .

Ilpengmoxxenne 1.1. Tparceepcanavhole noONPOCMPAHCMBa UHBGPUAHMHDL  OMHOCUNEADHO
omobpastceruti (Pag)s-

O oka3aTeJbCTBO OpoOBeaeM st orToOpaxkeHusi (¢19).. IlyCTh TpH-TKaHb 3aJlaHA yDABHEHUEM
z = f(z,y), @ m b — mapamerpbl cmoe F| u Fy coorBercrBerHo. Torma Touku ¢ u @io(q)
umeror KoopjuHatel (a,y) u (x,b) coorBercrBeHHO. Tak Kak 9TH TOYKH JIEXKAT HA OJHOM
cnoe Tperbero cjoenusi, o f(a,y) = f(x,b) — ypasuenme orobpaxkenus 9. Ilpomuddepen-
[pPOBaB, HaXoauM JeiicTBue omeparopa (pi19)«(a,y): 8—y(a, Y)ne = a—x(x,b)&, e 1o € Jl“q,
& € 12“¢12(q). B Ttouke p = (a,b) mnomyuaem: ?(a, b)ne = %(a,b)fl. TocsieiHee  pABEHCTBO
MoxkHO 3ammcatb B Bume df(a,b)(n) = df(a,b)(§), tne n = (0,1m9) € ?q, &= (£,0) € j;Wl?(Q)’
i df (a, b)(n — &) = 0. Do 03HATAET, ITO BEKTOP 1) — & KACAETCsI CIIOST TPe-

TBErO CJIOEHUsI, TaK KaK ITOT CJIOH olpejessiercs ypaBaenueM f = const.

Beuy storo orobparkenue (pi9)s NpejcraBisier coboil IPOEKTUPOBAHKE
IIPOCTPAHCTBA Iljp Ha IIPOCTPAHCTBO 721,) ITapaJiyIeJIbHO IIPOCTPAHCTBY Zg’p

(puc. 4). ‘ ‘
Haiee, B cuny (1.20) nmeem: n = (0,12) = —7]’?2-, &= (£,0) = flgi.

T

T, T

Puc. 4
Tak kKak pa3HOCTh TUX BEKTOPOB KACAETCS CJIOSI TPEThEro CJAOEHUs, TO

515/,» + niflai = ai(?i + gi). Orciona maxomum &' = n' U, cienoBaTeIbHO,
(@12)*(—ni?i) = nigi uin, kopoue, (¢12)«(—n1) = 1. Takum o6pazom, GuBekTOp 7| A 7)o HHBADUAHTEH

oTHOCUTENIHHO Juddepennuana orobpakenus pio. M

W3 npuBeneHHBIX PACCYkKJIEHUI BBITEKAET HEYTO OOJIbIIEe, & MMEHHO, YTO BCIKOE JIBYMEDHOE
HOJIPOCTPAHCTBO B T}, MHBAPHAHTHOE OTHOCHTEJILHO IPeobpazoBanuii (¢qs3)«, OyIeT TpaHcBepcalb-
weiM. [ToaTomy chopmynupoBannoe B ripejioxkennn 1.1 cBOCTBO TpaHCBEPCAIBHBIX MOIIPOCTPAHCTB
SIBJISIETCS] XaPAKTEPUCTUIECCKUM, U €r0 MOYKHO B34Th B KAYECTBE OINPEJICJICHHUSI.

U3 npenyoxkennst 1.1 BoITEKaeT eIe OJHO BaxKHOe cjaeicTBre. Kak oTMeYeHO BBINIE, KacaTeTbHbIE
IIPOCTPAHCTBA KO BCSIKOW JIByMEPHON TpaHCBepCabHOM moBepxHOCTH V TKaHu W SIBISIOTCS TpaHC-
BepPCaJbHBIMA MTOAPOCTPAHCTBAME ITOM TKaHU. [[0CKOJBKY MOC/IeIHIEe NHBAPUAHTHBI OTHOCUTEIBHO
0TOOpazKeHus (Pag)s, TO U CAMA MPAIHCEEPCANLHAA NOBEPTHOCTL V UHBAPUAHIHA OMHOCUMENLHO
npeodpasosanull Pqaga.

3. C TpoiiKoil r-MEepHBIX KACATEJLHBIX TIOJIPOCTPAHCTB Zp npocTpaHcTBa 1}, CBA3aHO OJHOIIApa-

MeTpHuveckKoe ceMeCTBO T-MEPHBIX IIOAIIPOCTPAHCTB, OIIpEJEJICHHbIX BEKTOPpaMU
1 2 2 3 3 1
G=8e—ea=8a—gea=8a—¢ca,
e €'+ €2 + €3 = 0. Dru moAIpPOCTPAHCTBA HA3OBEM U0KAUMHBLMAU 110 OTHOMICHIIO K HPOCTPAH-

ctBaM 1'p, a P-BEKTODPHI z = £ A &g A ... A &y — usokaunnvsmu r-eexmopamy, TKarn W. B gacTHOCTH,
(0%

M30KJIMHHBIMI By/IyT KacaTeqbHble mpoctpanctsa T, K cioam Tkanm (€1 =0, £ =0+ =0).
[e3

TpancBepcasbHOE 2-TIPOCTPAHCTBO, OIpeIesisieMoe ouBekTopoM H = 1 A 19, TiepecekaeT M30KINH-
HOE 7-TIPOCTPAHCTBO, OIpeaeIdeMoe T-BeKTOPOM Z, HO HpaMoil 2) { ¢ HAIpaBJIAIOIINM BEKTOPOM

£E= ni(élgi - 52?7;),

2) 3xech J1st y106cTBa MBI IIEPEXOMM HA «TOYEUYHO-BEKTOPHYIO» TEPMUHOJIOIHIO.
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Tak Kak & = £'my — €21 = n*¢;. MHOKeCTBO BCeX TAKHMX HPSIMBIX /, IMIPOXOMSIIUX depe3 TOUKY P,
obpasyer komyc, obozmatuM ero Cp(2,r). DTOT KOHyC, KaK BUANO U3 €ro ompeeaeHus, Hecer (r — 1)-
napamMeTpuiecKoe CeMeHCTBO JBYMEPHBIX IJIOCKUX OOpa3ymoluX — TPAHCBEPCATBHBIX 2-IJIOCKOCTEH
U OJIHOMAPAMETPUIECKOE CEMENCTBO I~-MEPHBIX MJIOCKUX 00pa3yoNiX — U30KJIUHHBIX 7-TLIOCKOCTEH.
Cremosarensuo, dim Cp(2,r) =7+ 1.

PaccmoTpnm KacaTepHOe BeKTOpHOe pocTpaHcTBo 1),. Ero npoexmueusayueti PT), Ha3bBaeTcsa
IIPOEKTUBHOE ITPOCTPAHCTBO, HOTyJaromeecs u3 1, dakTopusanueii 10 OTHONIEHUIO KOJJIMHEAPHOCTH
BEKTOPOB M IIPEJCTABJISIONIEE COOOH MHOMXKECTBO NPSAMBIX, IMPOXOJAIINAX 4Yepe3 TOYKy p. Ilpm mpo-
extusm3anun kouyc C,(2,7) nmepeiiner B muoroo6pasue Sy(1l,r — 1) pasmeprocru r, KoTopoe Hecer
(r — 1)-napamerpuueckoe ceMeHCcTBO MPSIMOJMHERHBIX 00Pa3yIONINX, COOTBETCTBYIONUX JIBYMEPHBIM
TpaHCcBepCaIbHBIM 06pasyommM Konyca Cy,(2, 1), n ogHonapaMerpudeckoe cemeiicrso (r — 1)-mepHbIx
IJTOCKAX 0OPa3yIoInX, COOTBETCTBYIOIINX €0 7"-MePHBIM U30KJIMHHBIM obpa3yforuM. [Ipu aTtom obpa-
3YIOIIHe OJHOTO M TOTO Ke ceMeficTBa MHOroobpasust Sp(l,r — 1) He mepecekarorcss Mexmy coboii, a
obpasyrolue pa3HBIX CeMeiicTB mepecekaforcst B Touke. CiemoBarenbHo, MHOToobpasue Sp(1, 7 — 1)
IpeJicTaBIsIeT COBOM PeaTm3aIio IPOM3BEICHIS TPOEKTHBHBIX npoctpancts P! u P™~! B mpoexTus-
HoM npocrpancrse PT, pasmepnocru 2r — 1. Takue MHOroo6pa3us Ha3BIBAIOTCA MHO2000PA3UAMU
Ceepe [XII-1]. ITostomy komyc Cp(2, r), MOCTPOEHHDIH B KACATEILHOM IIPOCTPAHCTBE 1), K MHOr0OOpa-
suto X, HecymeMy Tpu-Tkanb W, HazoBem xonycom Cezpe.

IIpu r = 2 momywsaem dim PT, = 3, xomyc Cerpe C,(2,2) GymeT KOHycOM BTOPOrO HODSIKa K
HECET J[Ba JIByTapaMeTPUIeCKIX CeMefiCcTBa MIOCKUX JBYMEPHBIX obpasytomux. Muoroobpasue Cerpe
S(1,1) 6yner nuneitaaToii TIOBEPXHOCTHIO BTOPOro nopgaaka. OmHo ceMeiicTBO NpaMOIMHEHHBIX 0Opa-
3YIONUX 9TOW MOBEPXHOCTH COOTBETCTBYET TPAHCBEPCAJILHBIM OMBEKTOpaM Tpu-TKanu W, a apyroe
CeMeliCTBO — ee M30KJIMHHBIM OUBEKTOPaM.

§ 1.4. CTpyKTypHble YPaBHEHUSI MHOTOMEPHOIl TPU-TKAHU
1. Ilycrh, Kak U BbIIIE, CJIOEHUST A\, TPU-TKaHU W 3a/JaHbl BIIOJHE WHTEIPUPYEMBIMU CACTEMaMU
dopm Hbadda w', a = 1,2, 3, koropsie HopmupoBaub! yeaosueM (1.16). YeroBus nosnoit uaTerpupy-
«@
eMOCTH KaxKJI0# n3 cucreM 3anumeM B Buje (1.10):

dw® = Wi A cozi;, (1.22)

[e3 [e3%

rae hopMbl c&); coziepkaT auddepeHIaIbl TapaMeTPOB, ONPEIe/ISONNX CEMEHCTBO PEnepoB B 00-

nactu U. Juddepennupys BremanM obpa3oM ypashenus (1.16) u nonbsyscs ypasuenusamu (1.22),

IIOJLy IUM: ) ‘ ‘ ) ) ‘
ciﬂ /\ciJ; +c§ﬂ /\agé +c§ﬂ /\cg; =0.

Uckimouas orcioga ¢ nomoinsio (1.16), nanpumep, dopmbl cg’, IpUJIeM K PaBEHCTBaM

j i i j i iy

w A (Wi —wh) +w A (W —wh) =0. 1.23

1 (13 3J) 2 (2] 33) ( )

U3 sTux cooTHOMmeHHH cieyer, uTo bopmMbl wh — Wi I Wi — W', a 3HAYNT, N UX pasHOCTH W) — W)
1 3 2 3 1 2

OyIyT IJIaBHBIMU Ha MHOTOOOpasuu X, T.e. sIBJISIFOTCs JIMHEWHBIMA KOMOWHAIUSIMU Oa3UCHBIX (hOopM

Wi r wh
i 2

i i ik
W, — W, = a;.wW a..W .
2 ¥ A v L 97k
Ilepemnumiem 3Tu paBeHCTBa WHAYE:
i ik i i kdef
W, —a;.W =W, — W = W
17 IR o) 9IFg
Orcrona ) - . ) -
7 7 1 T, 7
Wi =wjtapwt, Wi =w;t+aget (1.24)
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B pesyJibrare ypasaerus (1.23) npuHUMAOT CJIeyOmuil BUI:
j j T AN k i g k
(ulz +tw )/\(cgj wj)—clz[Jk]ul) A"+ afpe’ AW (1.25)

OTU COOTHOIIEHUST JOJIZKHBI BBIIIOJIHATHCA TOXKIECTBEHHO Ha BCEM I\/IHOI‘OO6pa31/II/I X. (jJIe,HOBa‘TeJH)HO7
OHU BBITIOJTHAIOTCA U Ha CJIOAX TPETHETO CJIOEHUA, KOTOPbIE ONIPEAC/IAIOTCA YPABHCHUAMN w' = 07 njin
3

(em. (1.16)), CT)Z + (.5)’ = 0. Ionaras B (1.25) ulﬂ + uQJ’ = 0, mpugeM K paBeHCTBAM ‘llfjk] + %fjk] =0.

O6o3Ha9nM def

i o _ i def 4
k] = TG0k T Gk

B pesysbrare nepBbie JBe cepun ypasaennii (1.22), npencrapisionye coboil yeJa0Bre HHTErPUPYEMOCTH
cucreMbl GpopM w' U W', TPUMYT BUJL:
1 2

dulﬂ = Li;j /\w; + a;‘-kalﬂ' /\ule, dagi = %}j /\w;'- - a;-kc;j /\cgk, (1.26)

1€ BEeJINYNHBI a;k KOCOCUMMETPHUYHBI 110 HH2KHUM HWHJIEKCaM. C10KUB 3TH YpaBHeHUdA, IIOJIyIUM

ypaBHeHNs S
d%)ﬂ :%ﬂ A W] —|—a§-kc§)] /\(uljk —uQ)k), (1.27)

73 KOTOPBIX BBITEKAET WHTETPUPYEMOCTh U TpeTheil cepun opm cézi.
2. Muddepennupys ypasaenus (1.26) BHemHUM 00pa30M, IPUJIEM K YPABHEHUSIM:
i i j kE_ o m i j k 6 _
Qj/\cij Vajk/\ci) /\cij 2ajkam£/\olJ /\cij /\ci) =0, (1.28)
Q;ij+Va§-kij/\wk—Qa;’}ﬁan/\wj/\wk/\we:0, '
2 2 2 2 2 2
riue o0O3HaAYEHO ) _ _
Q; = dw;- —w;-“ A wi,
a V — muddepeHnuaabHblil OlIepaTop, onpeiesisieMblii hopMyIoit

;def ; ; :
1 g 1 m 3 1 m K3 m
Vaj, = dajy, + ajjwy, — ap,wi* — as,wi'
Hoxkaxkem, 4910 OPMBI Vaék SABJIAIOTCA JIMHEHHBIMA KOMOMHAIMAME  (HOPM ciﬂ n w', a
2

KBaJparuinele dopmbl (2 — JMHEHHBIMI KOMOMHAIWMAMM BHEIIHUX NIPOM3BeJeHHil 9THX Qopm.
IIpeamnosnoxkum nmpoTuBHOE — HOPMBI Valy n (2} comepKar He TOIBKO KoMOUHAIMI GA3HCHBIX (HOPM.
Torna oHM MMEOT BUI:

i =i 0 ~i ¢ i
Vajk —ajMulJ +Cljk@(§1 +®jk’
Q; = bjkl"luk A bi)g + b;kfci)k A Lé)l + b}k)e(gk A LAQ}K + @]k A Cldk + @;k A Lgk + @2‘, (129)
o o~ . . . .
upuieM gopmet O, 0, ©% 1 O} He cosepxar Gasuchble Gopmbl ciﬂ u w'. Koabunmentst ajyy, %y,
2

u HOpMBI @;k, BXOJISAMIAE B 9TH DA3JI0KCHHA, OyIyT KOCOCHMMETPUIHBIMHU 110 WHAeKcaMm j u k, a

i ~.
KO3 dunuentst by, u bjy, — KOCOCUMMETPUIHBIMU 1O HHJEKCaM k u . Brocs sru pasnoxenus B
ypasuenus (1.28), moyduM ciieayionme ToxKIeCTBa:

—i . . . b ) . . . b )

(bjre = Tine = 253 0me)w” A" Aw” + (Vg — Gpe)w’ AW Aw'+
er;kéul)j /\(‘5) /\(42) - (@jk+@;k)/\olﬂ /\ai) f@;-k/\ulﬂ /\cQ«J +0; /\olﬂ =0,

Tiwi oo moi N G koA b (pi i\ GoA kAL

(OSke + Qe Qajkame)‘g AN hw (Do ‘ljkz)(g ANWE AW+

Bz: Wi AWk AWt — (0%, — el /\wj/\wk—@i- Al AwF 4+ 0% Aw! = 0.
+Oimey N I S i) 5 % ik N AW O A
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==Y i i i
Tak xkak ¢dopmbI @jk, 0,1, © e B O} me conepxar GasucCHBIE POPMBIL w' 7 o, TO BCe CJIaraeMble,
BXOJAIINE B TOXK/IECTBA, JINHEWHO He3aBucHMbI. Crie10BaTeIbHO, KazK10€e U3 HUX paBHO Hyo. OTciona
— ~ i )
— 7 — 7 — [
HaXOJIUM, BO-TIEPBBIX, UTO ij =0 i = S} k= 0, ©; = 0. IIpupapHuBas K HyJIIO CIaraeMble, cojep-
xarume 6asucHbie (HOPMBI ciﬂ A ci)k Awt u ulﬂ AWk A wf, OpuaeM K PaBEHCTBAM:
2 2 2

bipe =0, by =0, @y = bk @owe = bijjn- (1.30)

Haxkomern, paccmarpuBasi cjaraeMble, COIEPKAIINE TPON3BEICHIS ai)j A uljk A\ cluf W AWk AWt , HOJIy-
2 2 2
9YUM COOTHOIIICHUS

ke + 205,001 = 0, afjpg — 2a[5,a])g = 0.
C Jipyroit CTOPOHBI, aJbTEPHUPYST BBIPAYKEHUS JIJIsI E;M u E; we 13 (1.30), mpreM K paBeHCTBaM

)

ik = Yjjen> Okg = bjjka-

Uckaiodas n3 3TUX U MPEIBIIYIIIX PABEHCTB BEJTUTHHDI E; e A 53- ko> TIOYIUM €IMHCTBEHHYIO CEPHIO
COOTHOIIIEHUIA:

Dlje) = 20050y (1.31)
B pesymnbrare cucrema (1.29) — nepsoe muddepennuanbioe npojosrkenue ypasaenauint (1.26) —
IpHUMET BUI; A . A L,
dwj — wj Awj, = bjppw” A", (1.32)
. . P ,
Vai, = b’ + bimeys (1.33)

IIPUYEM BXOJSAIINE CIO/IA BEJIUIUHBI at g A b; ¢ CBA3AHDBI COOTHOIICHUAMMU (1.31).

VYpasuenus (1.26), (1.32) u (1.33) siBisttorcst ocHOBHBIME b epEHINATIBHBIME Y PABHEHUSIMA
npousBosbHON Tpu-TKann W = (X, \,). B nux 3akiouena Bes urdopMarys 0 CTPOCHUN TPU-TKAHEHH,
1 MBI Oy/ieM 06pamaThCs K HUM Ha IPOTSKEHNH Beelt KHuru. Ypasuenus (1.26) u (1.32) nasbiBarorcs
CMPYKMYPHOLMU YPaBHEHUAMY TPU-TKaHT W .

DopMbI ci)i, uQﬂ u wh, BXOJIAINME B CTPYKTYDHBIE yDAaBHEHHs, 3ABUCAT OT [JIABHBIX APAMETPOB —
JIOKAJIbHBIX KOOPJIMHAT HA MHOT00Opa3ny X 1 OT BTOPMYHBIX HAPAMETPOB, OIPEJIEJISTIONIIX TOJIOKEHIEe
[OJIBUKHOIO Perepa {?i, gl} DurcupyeM IVIABHBIE TIADAMETPBI, OLPEJIEIISIIOIIe I0JIOXKEHNEe TOUKU P

u3 X, [OJIOXKUB LiJl = o;i = 0. Torna ypasrenus (1.32) nepeiinyT B ciemyromme:

i _k i
57Tj—7Tj AT,

e (popMBbI 71';- ¥ CUMBOJI § UMEIOT TOT K€ CMBIC]T, 9T0 1 B § 1.

leomerpudeckuii cmbica dpopm T COCTOUT B TOM, YTO OHU OLPEIEJISIOT COITIACOBAHHbIE nHbUHI-

Te3UMaJIbHbIE IPe0OPa30BaHUA PelepoB e;, & = 1,2, 3, B KacaTeJbHOM IpocTpaHcTse 1)
«
be; =mle;.
al [ a]
Orciofia BeITEKAET, ITO (DOPMBI 7r§- ABJIAIOTCA HHBapuaHTHbIME opmamu rpymisl GL(r) — crpykryp-
HOll rpynubl onpejenentoil B § 3 Gy -crpyKTypbl. POpMbL ) MOXKHO BBIDA3UTh Yepe3 BeuvHHbL A}
(cM. §2), onpegessiionmue Ipeobpa3oBaHus PEIEPOB, IPUCOSIMHEHHBIX K TOYKe P, U uX auddepeniy-
i
anpr dA% (em., manpumep, [JIx-1], c. 65). ,
22 K3
U3 ypasuenuit (1.33) ciemyer, 910 npu (PUKCHPOBAHHBIX [JIABHBIX IIAPAMETPAX BEJIUYUHBI @i
VIOBJIETBOPSIOT YPABHEHUSIM
T 7 m _1 7 m 7 m o __
Vsajy, = dayy, + ajpmy, — apmit —ab, mt = 0.
OTH ypaBHEHWS MMOKA3BIBAIOT, YTO BEJIMIUHBI aé-k 06pasyioT TeH3op orHocuresbHO rpymnsl GL(r)
JIOTIYCTUMBIX ITPeo0pa30BaHmii 3 alTHPOBAHHBIX periepoB Tpu-TKauu W. PaccmarpuBas muddepen-
[UaJIbHbIE IPOJIOJKeHns ypasHeHuit (1.32), Koropble OyLyT MOJIYUeHbl B CIIELYOIEM IIyHKTe (ypaBHe-
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mus (1.36)), MOYKHO JIOKa3aTh, 9TO BeJTMHUHBI b’ i ¢ TAKZKE 00pasyIoT TeH30p. DTU TeH30PbI HA3bIBAIOTCH
COOTBETCTBEHHO MEH30POM KPYHEHUA U MEHIOPOM KPpUSU3Hb, mpu-mraru W. Mbl 6ymem obo3HaYaThH
X Takzke OoJjiee KpaTKo: a u b.

3- Cﬂe/:LyIOIILI/Ie TeoOpeMBbI IMOKa3bIBaIOT, 9YTO TEH30PHbIE II0JIA KPY4YeHUd U KPUBU3HLI OJITHO3HAYHO
ompeiesistior Tpu-tkaab W = (X, \,).

Teopema 1.2. Ecau mpu-mxanu W u W, zadanmvie na mmnozoobpasuaxr X uw X odunaxosot
PASMEPHOCTIU, FKEUCAACHINHDL, TO 6 COOMEEMCMEYIOWUT PENEPAT UT TERIOPbL Qg U Ajp, Uiy u by
cosnadarom. .
O Crpyxrypuble ypaBuenust Tkanu W umetor suz (1.26), (1.32). CrpykrypHble ypaBHeHusi Tkanu W
3AIUINEM AHAJOTHIHBIM 00Pa30M:

A" = NG+ T AGE, dB' =8 AT -3 A D"
1 1 1 1 2 2 2 2

A} = G NG + V@™ NG

[Iyctb orobpaxkenue ¢: X — X MIEPEBOJIUT TPU-TKAHL W B 9KBUBAJEHTHYIO €fi TPU-TKAHbL Vj[/7
T. €. IePeBOIUT KaxKJ0e U3 CIOCHU \,, 00pa3yIoluX TPU-TKaHb W, B COOTBETCTBYIOMmEe CI0CHHE Ao
Tkaan W. 9TO 03HAYAET, UYTO MapaMeTpPhl CJIOCHUS A, BBIPAXKAIOTCA Yepes HapaMeprI CJIOEHUS /\
Orcioza, B CBOIO O04Yepeib, BLITEKAET, UTO Ga3ucHbIe (POPMBI 9TUX CJIOeHUi w' U @' CBA3aHLI COOTHO-
HIeHusAMU BUIa « @

:A;wj, a=1,2,3

(03

(cMm. §2). Ho rak kax hopMbl &', Kax u HOPMBI w', YIOBIETBOPSIOT yPABHCHUSIM (1.16), To /113 =
(03 «@

= Aé = A; = A; TTocsie momycTumoit 3aMenbr hopm Az-wj — w' (em. (1.21)) npesbityTIe ypaBHeHHsT
IPUMYT B “ “

8

wt =" (1.34)

—~ R

Huddepennupys BremanM o6pasom ypasnenns (1. 34) ¥ TOJIB3ysICh CTPYKTYPHBIMY yPABHEHUSIMU

Tkaneit W u W, nony4anm:
N ~i i Goa R VN B NS Y SRR R
w A (@) — wj) + (@, ajk)ul) Nw =0, W A (@) —wj) — (@ ajk)ag /\ag =0.

Orciona BumHO, 9TO (DOPMBI &; — wj BBIPAXKAIOTCA vepe3 OasucHble hopMbI ciﬂ n w’, T.e. MOXKHO
2

IIOJIOZKUTDH k

~1 o\
w; —wj; = Aj kw —l—u]kw

TloncraBnsist 3TU pasyioxKeHus B NOCIETHIE YDABHEHNUS, HaI/I,ZLeM qro N =0 e L = =0, w = w], al ik =
= a]k CpasuuBas tenepn ypasuenus (1.32) rkaneit W u W TTOJTY IUM bJM = b]M |

Bouiee cymecrBennoe 3nadenue uMeer obparnoe yreepkaenue. [lycrs, kak u B § 3, cumsosiom R(WV)
0003HAYEHO pacC/IOeHHe aJIalTHPOBAHHBIX perepos TKaun W. o

Teopema 1.3. Ilycmov danw dse mpu-mxarnu W = (X, A\o) u W = (X, Ao), u nyemo cywecmeyrom
Aoxaavrol dugdipeomopdusm p: X — X u makue ceuenus 6 paccAOCHUAT adanmuposaHHvLT PEnepos
ROW) u R(W), umo 6 coomsemcmsyowus moukax sHavenus men3opos a u b cosnadarom:

a;"k(]?) = a;‘k(@(p>)v bé‘ké(p) = i’?u(@(?))'

Tozda mpu-mrxanu W u W sxeusarernmmo..

U IlpeamomozKuM, 9TO CTPYKTYPHbIe ypapHeHus Tpu-TKaneit W u W zamucanbl Kak u B Teopeme 1.2,
pUYeM, B COOTBETCTBUH C YCJIOBHEM JIOKA3BIBAEMOI TEOPEMBI, peIephl BRIOPAHBI TaK, 9TO @ = a, b = b.
Pacemorpum Ha tpsimom npoussenernn R(W) x R(W) cucremy ypaBHeHUi

cizi = &;JZ, W= @ =wl (1.35)
2
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B cuny crpykrypubIX ypaBHeHuit Tpu-trkaneit Wou W sta CHCTeMa BIIOJIHE HHTErpUpyeMa, U, ClIeo-
BaTeJIbHO, OlpejieisieT HekoTopoe orobpazkenue P : R(W) — R(W ) D10 0TOOpaYKEHUE OIPEJIEIEHO
€JIMHCTBEHHBIM 00Pa30M 110 3aJ[aHHOI ape COOTBETCTBYIONMX TOYEK Py U ¢(pg) U Mape COOTBETCTBY-
IOMUX AANTUPOBAHHDIX PENEPOB B 9THX TOYKaxX. llepBblie nBa ypaBHEHUs CHCTEMBI (1.35) zamator
orobpazxenue p: X — X, KOTOpOe, 09€BH/HO, IEPEBOANUT CJI0M TKanu W (HAIOMHUM, 9TO UX ypaBHe-
HUA ulﬂ =0, (.éﬂ =0, ci)l + uQ.J’ = 0) B coorercrBytomue ciou Tkanu W. Ilostomy Tpu-tkanu W u W
sxBuBasieHTHBL. W

4. TIpoguddepennuposas BHemHUM obpasom ypaprenus (1.32) u (1.33), mosyuum BHelrHue
YPABHEHUST

(Vb pgakmw + b]kpaém w™) A wk A oé/ =0, (1.36)
. ) I
(Vbljieiny = Bt @ome™) A " + (Vbjpge + bingp0hme™) A" = Bjram” Aw™
rje 0603HauEHO ) 4
Bgl'lc[m = a’;jbilm - (L b]Zm + a]k pfm (137)

i i
U3 ypasaenuit (1.36) cmemyer, aro (opmbl Vbjkz ABJISIIOTCS TJIABHBIMEA Ha MHOroobOpasmu X. Mx
pazsoxKeHnus 1o 60a3uCHBIM (opMaM 3AIHUIIEM B BHUJIE:

Vb, = Cikem& +§jk1€m°‘2} . (1.38)

Toncrasasst B ypasaenus: (1.36), HaiieM KOHEUHBIE COOTHOIIEHUS, CBSA3BIBAIOIINE BEJININHDI ?:

— (i (A i i
= (?].Mm) ne= (gjkfm) C BeJMMHHAME ajy U bl ,

S iktelm] = Vipe@hmr Cifem) = ~Vjip @ (1.39)
ﬁjk]me - gfjmk]m = Bjktm- (1.40)

Jpyrux cooTHOIEHU, CBA3bIBAIONINX a, b, ¢, ¢, HeT. /leiicTBUTEHLHO, OHU MOTJIN OBl IMOJIYIUThCS ITPU
2

nuddepenruposannu ypasaeruit (1.31), Ho HETPYIHO IPOBEPUTH, YTO MOJLY YAIONIHECs TAKUM 00pa30M
YDaBHEHUS TOXKJIECTBEHHO yJoBjeTBopsiiorcd B cuiy (1.39) u (1.40).
IMpomoimxkas ypauenus (1.38), MOXKHO MOKa3aTh, 9TO BEJUUUHBI ¢, g U BCe IOCJIeyIoIue, Io-

JIy9JaroIuecs pu JajbHemmx audepeHnuaabHbIX TPOIOKEHUIX, TAKXKE SBJISIIOTCS TEH30DAMHU.
HazoBem ux, Kak u TeH30pHI @ U b, ocHo6HvIMY Mmen3opamy, Tpu-TKauun W. OHU CBA3aHBI JIOBOJIHLHO
CJIOXKHBIMH COOTHOIIEHNSIMHY, HalineHHbIMU B padore [III-11], koropsie MBI 371€Ch He IIPUBOJUM.

B npomonnenne x teopeme 1.3 3amerum, 4dto ecnu Tpu-tkanu W u W sKBUBaJIEHTHBI, TO B COOT-
BETCTBYIONINX Pellepax COBIAIAIOT HE TOJIBKO UX TEH30PbI KPYUeHUs U KPUBU3HBI @ U b, HO TaKXKe U
TEH30DbI ? g, U BCe JIpyrue OCHOBHBIE TEH30DHI.

5. Ilycts 7 = 1, 10 ectp Tpu-TKamp W obpa3oBana TpeMsi CeMeCTBAMHU KPUBBIX HA JIBYMEPHOM
muoroobpazun. B atom Cquae BCE WHJIEKCHI TPUHUMAIOT TOJBKO 3HadYeHume 1, W IO03TOMY
KOCOCI/IMMGTpI/I‘{HbII/I TEH30p aj), TO)K,ELGCTBGHHO PaBEH HYJIIO, TaK KAaK COCTOUT U3 €JIUHCTBEHHOMN
Kommonentst aly. Ilomoxus b111 =b, w = w, 21 = wy, W} = w, uz (1.26), (1.32), (1.36) momyanm
CTPYKTYPHBIE yPaBHEHUS KpI/IBOJII/IHeI/IHOI/I TPU-TKAHU:

doi =wi Aw, dwy =wyAw, dw=>bwi Awy, VbAwiAwys=0,

e Vb = db — 2bw. DTu ypaBHEHUs] COBHAJAIOT C YPaBHEHWsIMHU, [OJTydeHHbIMH B [Bi-1], a exun-
CTBEHHAs] KOMIIOHEHTA TEH30Pa KPUBU3HBI SIBJISIETCST 0MHOCUMENLHUM UHBAPUAHMOM U COBIIAIAET C
BBEJIEHHOIN TaM K€ Kpusudholi TKAHMU.

6. IIpenmnoxenue 1.4. [Ipu donycmumoti samene dopm no gopmyaam (1.21) ocrosnvie mensopos
MKAHU NPEoBPA3YIOMCA MO MEHZOPHOMY 3AKOHY, G POPMDBL w} npeobpasyromes max:

dA, — Ajwh + Ak = 0. (1.41)
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O IIponuddepennuposas pasercrsa (1.21) upu « = 1,2 BHemHuM 00pa3oM U BOCIOJL30BABIIUCH
CTPYKTYpHBIMEU ypaBHeHusiME (1.26), IpumeM K paBeHCTBaM:

i i,k k~i j Job A d Ak =i j k_
(dA} KW; —&-Ajwk)/\ci} + (Agay, — Aj AR aj,k,)ul) Aw =0,

i Ai K k~i G (ATl AT AR J AWk =
(dAj EW; + Ajwk?) /\(3) (Aéajk A] Ak a]’k’)cg /\%} 0.

3 mepBoro ypaBHEHUsI CJIEJIYET, YTO BbIPaXKeHUsI B CKOOKAX 3aBUCSIT TOJIBKO OT (hopM aiﬂ, a "3 BTO-
pOro — 9TO OHM 3aBUCAT TOJBKO OT w'. Clie1oBaTEILHO, 3T BhIPaXKeHUsI paBHbI Hy 0. [IpupaBunBas
2

N i

HYJIIO BTOPYIO CKOOKY, IIOJIy MM TEH30PHBL 3aKOH Ipe0Opa30BaHus J/Isl BEJUIUH A%y, & IPUPABHUBAL
2 (]

HYJIIO BTOPYIO CKOOKyY, mosyanm (1.41). Tenszopublil 3akoH npeobpa3oBaHus JJisd BEJIUMIUH bjke TIOJTy-

qurcst npu BHemHeM auddepenimposannn ypasrenuii (1.41). W

§ 1.5. ITapasyiesiu3zyemble U IpynIoBble TPU-TKAHU

1. B sTom maparpade paccMaTpuBarOTCs JBa CIIENUAIBHBIX KJIACCA TPHU-TKaHel, KOTOphle XapaK-
Tepu3yTCcst 0OpalleHneM B HyJIb T€H30POB KPUBHU3HBI U KpydeHus. HamomumMm, 9T0 mapaJuiesnnsye-
MBIMHU MBI Ha3BaJM B § 1 TPU-TKAHU, SKBUBAJCHTHBIE TTAPAJIIETIHHBIM.

Teopema 1.5. Tpu-mxano W sasasemces napaateaudyemots moeda u moavko moezda, xozda ee
MEHZOPVL KPYHEHUSA U KPUBUIHBL PAGHDBL HYAI.

O IIycrs Tpu-tkans W skBuBasenTHa TKauu Wy, 06pa30BaHHON TpeMs ceMeiicTBAMU HMaPaJIeTbHBIX
miockocreil B adduunom mpocrpancrse A%, IpucoeamnnM K KazkJoil Touke p mpocTpaHcTsa A"
ahPuHHBI pemep {?i, g,-} TaK, YTOOBI €ro BEKTOPBI €i JIEYKAJIU B ILJIOCKOCTH IIEPBOIO CJIOEHUSI, BEK-

TOPBHI €; — B IIJIOCKOCTU BTOPOT'O CJI0EHUSI, BEKTOPBI ?i + €; — B IJTOCKOCTH TPETHETo cjaoenus Tkanu Wy,
2 2

IPOXOAANINX Yepe3 TOYKY P. Tor,zga MOZKHO IIOJIO2KUTDH

dp:ul)gi—u;?i, (1.42)

U IJIOCKUE CJIOEHUSI, COCTABJISIFOINE TPU-TKaHb Wy, OyAyT 3aaBaThCs CUCTEMAMY yPABHEHMH

Ww=0, =0 w+w=0.
1 2 1 2

Tak Kak IJIOCKOCTH HEPBOTO CJIOEHUS MAPAJLIEBHBI MEXKTy COOOM, TaK¥)Ke KaK U ILJIOCKOCTH BTOPOTO
CJIOEHUSI, TO BBIOIHSIOTCS COOTHOIIIEHUS

d?z wicj, dgl Wi, (1.43)

B CHJIy KOTOPBIX L 4 L .
dle + ) = 5@ +@7)(e; +¢5) + 5@ — &) (e; —¢))-

1 2 2 1 2
Ho Tak Kax IIJIOCKOCTH TPETHEro CJIOCHH:A TaKKe IapaJlle/IbHBI MKy co00M, a KasKJas U3 CUCTEM
BEKTOPOB ?Z— —e; " ?i + e; TMHENTHO HE3ABUCHUMA, TO U3 TIOCJIEIHUX PABEHCTB BBHITEKAET, YTO w{ — ~f. =0.
2 2
Tlomoxxum )
_j  ~jdef
W =w = w

Bceaencrsue sroro ypasuenust (1.43) npumyr Bu:
e e
d?l fwi%, dgl fwigj.

Huddepennupys Bruemnum obpasom ypasuenus (1.42) u nocsiennue, HalijileM ypaBHEHHs CTPYKTY Db
napaJlIe/In3yeMO TpU-TKaHU:

dcizl = ciﬂ A ws, dcéﬂ :uQﬂ Aws,  dw) = wi Awg. (1.44)

CpaBuuBas 31u ypaBHeHus ¢ ypaHenuamu (1.26) u (1.32), ybexxnaemcs, 4To Jjisi pacCMaTpPUBAeMOii
rxann Wo afy =0 m by, = 0.
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O6paTHO, ec/iu TEH30pbl KPYYEHWs W KPUBHU3HBI HEKOTODPOH Tpu-TKaHu W paBHBI HyJIO, TO ee
crpykrypuble ypasaenus (1.26) u (1.32) umeror Bug (1.44), T e. upeacraBigoT oGOl CTPYKTYpPHBIE
ypaBHeHus1 2r-MepHoro adp@UHHOTO MPOCTPAHCTBA, B KOTOPOM (DUKCUPOBAHBI TPH CEMEHCTBA TapaJl-
JIEJIbHBIX 7-IIJIOCKOCTEIA: ciﬂ =0, aéﬁ =0, ciﬂ + c;i = 0. IToaromy Tkaus W sKkBHUBaJeHTHA TAPAJICTHLHON

TKaHU, TO €CThb sBJisieTcs mapasureausyemoir.

2. IIycre W(G) — rpymioBas TPU-TKaHb, OIpe/eJIeHHas Ha npaMoM npoussenennn X = G X G,
rje G(-) — r-meprag rpymmna Jlu ¢ exnanneii e (cm. npumep 3 B § 2). Iomoxum G = (G, e) C X, Gy =
= (e,G) C X, upuyem onepanuio B rpymue (G| ocraBum Ty ke, uro u B rpynne G, a B Gy BBeueMm
CONpsizKeHHyI0 oneparuio (o) o dbopmyse x oy =y - x. Torga na npsamom upousseiennn X = G X G
BOBHHUKAET CTPYKTYpa TPYIIIBI C OepaIueil « X »:

(z,9) X (u,v) = (z-u,yov) = (z u,v-y).

Scno, uro rpynmbl Gy u Gy SABAAOTCA TOArPYTIaMu TPyl X (X ), & €CTeCTBEHHBIE BJIOYKEHUST
i1: G(-) = X(x), i1(z) = (z,e) n ig: G(o) = X(x), ia(x) = (e, x), ABIAIOTCH U30MOPOUIMAMHI HA
06pasbl G| u G9 COOTBETCTBEHHO.

Pacemorpum nasiee cioit F3 TPETHEro CJIOEHUSI, TPOXOSIIHI epe3 TouKy (e, e). CormacHo ompe-
nenennio (cM. §2), oH o6pa3oBaH TakuMu TOUKaMmu (z,y) u3 X, Il KOTOPBIX BBIOJHSETCS YCJIOBHE
z -y = e. [lo onpenesnennio onepaiyu (o) uveem

(z-y) =yt =2 oy ™. (1.45)

OTcroia BbITEKAET, BO-MIEPBBIX, YTO CJI0 JF3 ABJIsA€TCA NOArpynnoi rpynmbt X (X ), Tak kak (z, 77 ")
x(y,y N =(x -y (yox)™") = (z-y,(z-y)""). Obosnaunm sty rpymmny Gj. Cion txann W (G),
POXOJIsIIe Yepe3 TOUKy (a, b), NpescTaBisor coboit cMexxHble Kiaacchl Buna (a,b)Gy = {(az,b)},
(a,b)Gy = {(a, xb)}, (a,b)G3 = {(az,z~'b)}.

Bo-Bropsix, cioii Fj siBisiercs: rpadukoM 6uekTusHOro oroopaxkenust O: Gi(-) — Go(0), O(z, e) =
= (e,z7"), xoropoe B cuy (1.45) Gyner msomopdusmom. Uzomopdusmom Gyer Takske oTobparkeHne
@: G(-) = G(0), p(x) = x~". Ouesmano, uato © =iy o poij .

O6o3HaurM Ga3uCHBIC JIEBOMHBAPUAHTHBIC TI0JIS M JIyaJbHBIH Ga3uC JIEBOMHBAPUAHTHBIX (POPM
na rpymie G(-) COOTBETCTBEHHO HWepes €; W w', W MyCTh iy — CTPYKTYDHBI TEH30D STOM TDYIIIbL.
HamoMHUM, 9TO CTPYKTYPHBIHl TEH30D ONpeJIeIseTcs TIOCPeICTEOM KOMMYTaTOpa B KacaTeJbHON aji-
rebpe Jlu rpynmst G(-): [e;e;] = ;kek. ITosroMmy, B cuily OIpe/jiesieHusl COPsizKeHHOH oneparun (o)

[OJIy9aeM, 9TO CTPYKTYPHBIM Ten3opoM rpymibl G(o) (B Tex ke koopauHarax!) Gyger TeH30D fc;'»k

(cM. dopmyast (2.33) rasst 2). O6ozHaunM 6as3uc n Kobasuc Ha X B cooTBercTBUn ¢ hopmystamu (1.18)
CIIEJLYIOIIIM 0OPA30M:

diy(er) = ei, dig(es) =ei, (i) (W) =, (iy)" (W) = —w'

(311ech, Kak 0OBIYHO, depes (i 1)* 0003HAYEHO AHTHYBJIEUEHUE, OIIPE/IEIeMOe 0TOOPasKeHIEM (ifl)).
B pesysbrare crpykTypHble ypasHenust Maypepa—Kaprana rpynmer X (X) sanumryrest Tax:

dulji = cz»kci)j /\cijk, dagi = —cgkcgj /\ugk. (1.46)

ITokazkeM, uro ypasaenus (1.46) sBJIsIOTCS B TO K€ BpeMsl CTPYKTYPHBIME yPABHEHUSIMU PACCMATPU-

Baemoii rpyumnosoit Tpu-tkanu W (G). st aT0ro cieiyer nmpoBepuTh, YTO CJIOEHUS TKAHU 33JIaI0TCsI

BIIOJIHE MHTEI'PUPYEMBIMHU CUCTEMaMU ciﬂ =0,0'=0m ulﬂ 4+ w' = 0. 115 1nepBBIX JBYX CJIOEHHI 9TOT
2 2

dakT oueBmuygen. Ciion TPETHErO CJIOCHUsI, KAK CJIEJYET U3 BBIIIECKA3AHHOTO, SIBJSIIOTCS CMEXKHBIME
KJjaaccamu 1o rpymme (3, KoTopas siBjisiercss rpadukoM orobpaxkenusi O. Ilosromy muddepenim-
aJIbHble YDaBHEHUSI TPETHEIO CJIOEHUS OLpeessioTcs auddepeHuasoM 3Toro orobparkenus. 113

npeab Ly mux hOPMYJI MOy IaeM:
0" = (i; ) o p* 03, (1.47)

OTKYyIa ) )
9*(%11) = ai;l, (1.48)
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Tak Kak p*(w') = —w’. C gpyroit CTOPOHBI, ec/I Ha BCEX I'PYIIAX OTOMK/CCTBUTH JOKATbHBIE KOOD-
JMHATHI, TO MOJIyduM iy = iy = Id, O(x) = 27!, ©*(w') = —w’, u ypasnenus (1.48), onpesesiomnue
2 2

TpeThbe CJIOeHHe TKaHu, npuMyT BuJ w' + w? = 0. DTumM noKkazano, uro ypasuenus (1.46) sBiasrorcs
1 2

CTPYKTYPHBIMH YPaBHEHUSIMH PaccMaTpUBaeMoii rpymmosoii Tpu-tkann W (G). CpaBunBast ypasHe-
nug (1.46) ¢ ypasnennamu (1.26), naxomum, uro wj = 0, aj, = ;.. Ioacrasmaa wj = 0 B (1.32),
i
nostyum bl = 0.
JokazkeM Teriepb 06paTHOE: eCJIM TEH30D KPUBU3HBI HEKOTOPOI Tpu-TKaHu W TOXKIeCTBEHHO PABEH
. P
HYJIIO, TO 9Ta TKaHb sBJIAETCS IPYIIIOBOl TKambio. B camom nese, ecom bl , = 0, To ypapnenns (1.32)

u (1.33) upunumaror Bu: ) .
dw! = Wk A wj, (1.49)

Va};, = 0. (1.50)

TTokaxkeM, 9TO € IOMOIIBIO JOIMYCTUMOro npeobpaszosanus (1.21) dbopMbl w’ MOrYT GBITH OJIHOBPEMEH-

et
HO IPHUBEIEHBI K Hy/O Ha MHOroobpasum X. eiicrBuresnbuo, eciu wl = 0, 1o u3 (1.41) nosyuaem
COOTHOIIIEHUST

J
dA; — ffwf =0.

B cuiy (1.49) sra cucrema BunosiHe unrerpupyema. CiiefoBaTesIbHO, BEIHMYUHDI A;, olpejessgeMble
HOCJIeIHAMU YPABHEHUSAMHU, CYIIECTBYIOT, U B HOBOM Kobazuce {w', @'} dopmbl @; OyIyT PABHBI HYJIIO.
12

Torna ypasaenus (1.50) mator daﬁ = 0, T.e. KOMIIOHEHTBHI T€H30Pa KPYYEHUs CTAHOBATCS MOCTOSTH-
upiMu. Ypasaenus (1.26) npu sTom coBuagaor ¢ ypasaenusamu (1.46), B cuity 4ero paccMarpuBaeMast
TPU-TKAHBb SBJISETCS IPYIIIOBON TKaHbIO. TakuM 0O6pa3oM, JoKa3aHa

Teopema 1.6. Tpu-mrxanv W asasemcs epynnooti mozda u moavko moeda, xo2da ee mMeH30p
KPUBU3HbL bé'ke PABEH HYAO.

3amernm, 9TO Ha TPYNIOBOH TKaHu cooTHomeHus (1.31) npuaMMArOT BU

A Qe + Qg3 A + Ay, = 0,

TO €CThb COBIAJAIOT C TOXKJeCTBaMH KOO, KOTOPBIM Y/IOBJIETBOPSIIOT CTPYKTYDHBIE IIOCTOSIHHBIE
rpymmst JIu (em. §1). Beumy sroro, coorromenust (1.31), BbInosHsIFOMeECsT Ha BCsIKOM Tpu-Tkanun W,
Ha30BeM 0000weHHbLMU modcdecmeamu SKobu.

W3 Teopemer 1.6 BEITEKAET CIEACTBHE: MPu-mrans W asasemea napasresudyemotc mozoa uw moso-
K0 mozda, k0206 OHA IKEUBAAEHMHG 2PYNNOBOT MKGHU, NOPOAHCOEHHOT KOMMYMAMUSHOT 2pYynnod.

3. Bajava 0 HAXOXKJIEHNH MOJKJIACCA TTAPAJUIETN3YeMbIX (PEryJIsSPHBIX) TKaHEH B 3aJaHHOM KJIacce
TKaHel sIBJIsIeTCsI OJIHOM M3 KiaccuuecKnx 3a1a4 quddepennnanbroii reomerpun, cM. [Ba-1], [AITI-12],
[VII-5]. Hanpumep, ecsin Tpu-TKaHb HA IIIIOCKOCTH 0OPA30BaHA TPEMsI CeMEHCTBAME MPSIMBIX, YCJIOBHE
PEryJISIDHOCTH CJIJIyIolee: IpsIMble TKAHU JOJI?KHBI IIPHHA/JIe’KaTh OJIHOMY KyOHUeCKOMY CeMeilCcTBY
([Ba-1, c. 26-27]). B uacTHOCTH, PETYISIPHBIME OY/IyT TKAHHU, 0OPA30BAHHBIE TPEMSI Iy IKAMHE [IPSIMBIX
u Tpemda ceMelicTBaMu ITapaJiJiIeJIbHBIX IIPAMBIX.

Heobxomumoe u jocraTodnoe ycjaoBue peryisipHoctu jaer teopema 1.5. Ho mpupasuuBas Hysio
TEH30pPbI KPYUEHUST U KPUBUIHBI, MBI IIOJIYIUM BEChbMa CJIOKHYIO CUCTeMY JuddepeHITnaIbHBIX YPaB-
HEHUIl TPETHEro MOPSIKA B YACTHBIX IIPOM3BOJHBIX OTHOCHTEJIBHO (hyHKImm TKanu. Ecim ke Buj
GbYHKIME M3BECTEH, TO Ha MPAKTUKE TOT HYTh HPUBOIUT K CHCTEMEe ajredpandecKux Uu (DyHK-
[IMOHAJIBHBIX ypaBHeHHuil. PaccMorpuM, Hampumep, KPyroBble TKaHH, TO €CTh TKaHH, 0O0Pa30BaHHbBIE
My9YKaMH OKPYKHOCTEH. DTO CJIEAYIOMUHA 110 CJIOKHOCTH (32 TPSMOIMHEHHBIME TKAHSAMM) KJIACC
3-TkaHell, 00pa30BaHHBIX ajrebpandecKuMu KpuBbiMu. B Hadase 50-x rooB nporuioro Beka B. Bosim-
Ke TIPEJIJIOKUIT HANTH BCe peryJisipHble KPYroBble TKaHW. [Ipe/IOyKEHHBI MM CIIOCOO HAXOXKJICHUSI
PEryJIsipHBIX TKaHEH, CBSI3aHHBIN ¢ MPAMBIM I1€PE0OPOM BCEX CIIydaeB OOpAIleHUsl B HYJIb KPUBHU3HEI
TKaHU, IPUBOJAT K HEODO3PUMBIM BBIYHCJIEHUSIM, KOTOpPbIEe HH OJMH U3 aBTOPOB, MX IPUMEHUBIINX,
HE CyMeJI JIOBECTH JI0 KOHIA B JIOCTATOYHON Mepe MOAPOOHO U IIPO3PATHO.

VKaykeM IPOCTOE TeOMETPUYIECKOe HEOOXOMMOE YCJIOBHE PEryJISIPHOCTH TKAHM.

ITycrs Tpu-Tkaubp W samana ypasaenuneMm (1.12) B mHexoropoit obiactu U, rje BBIIOJHEHO yCJIO-
Bue (1.11) TpanceepcasbHOCTH ci10eB TKaHu. O6sacth D onpesesieHus] CJIOEHUH A,, 00pa3yOImx
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TKaHb W, BoobIme roBopsi, mupe obsactu U. Bue obmactu U ciion TKauum MOTYyT He OBITH TPAHCBED-
CAJIbHBIMU, TO €CTh MOTYT KAaCaThCs JPYT JIPYyTa.

Onpenenenune. Touka M obsiactu D Ha3bIBaeTCsS 2paHUYHOT, €CJIM B Hell KacalTCs JBa CJIOs
tkanun W. Ipanuyett T, Tpu-tkamum W HazoBeM IajiKoe MOAMHOrooOpasue, B TOYKAX KOTOPOTO
KacaloTCs CJION CJOCHUR Ag M Ay, rie o, 8,7y =1,2,3, a # B # .

Bo3MmoxkHBI cliejryonme BapuaHThl: 1) mapaMeTphbl CJIOEB TKAHU, KACAIOIIUXCS JPYT ApPyra BIOJb
rpanuipl I'y,, 32aBUCAT OT TOYKM KACaHUs; 2) 9T HapaMeTPbl HOCTOSHHDBL; 3) apaMeTPhl CJIOEB OIHOIO
CJIOEHUST TIOCTOSTHHBI, & TapaMEeTPBI CJI0EB JIPYTOr0 MEHSIIOTCS.

B nepBom ciryuae rpanuity I',, OyieM Ha3bIBaTh epanuyed nepeozo poda.

Bo BTopom ciydae rpanuiia npecraBiseT coboit 0Oy 9acTh ABYX CJI0eB. Takue rpaHuilsl OymeM
HA3BIBATH 2PAHUUAMYU 6MOP0o20 Poda.

B Tperbem cirywae TpaHHIa €CTh TOJMHOr00Opa3ne HEKOTOPOTO CJIOS CIIOEHUS \g, OTHOAOIIee CIon
cioerns A\, (unu Haobopor). Takne rpannner GyzeM HA3BIBATD 2PAHULAMU MPEMbELO POJA.

I'panunsr I'y, MOryT mMeTh OOIIYIO YACTb — NAPAOOAUMECKYIO 2PAHUYY, KOTOPas TaKKe MOXKET
MIPUHAIEXKATb K OJHOMY U3 TPeX YKa3aHHBIX THIIOB.

Teopema 7 (o rpanunax peryisgpHoii Tkaum). [Tyems mpu-mrane W asasemcs pezyaaprod,
mo2da 8CAKGA HENAPADONUNMECKAA 2DAHUYA IMOT MKAHU ABAAEMNCA CAOEM IMOT MKAHU.

O Iycts tpu-tkanb W siBiIsieTCsi PeryssipHOil. DTO O3HAYAET, 9TO B OKPECTHOCTU ITPOU3BOJIBLHOM
Touku u3 objacru U JIOKaJIbHBIE KOOPAUHATHI (Z,Yy) MOXKHO BbIODATh TaK, YTO YDABHEHHUS TKa-
uu W npumyT BUJ Z = X + Y, a CJIOEHUSA \,, 0Opa3yioliue TKaHb, OyIyT 3aJaBATbCS YPABHEHUSIMU
x = const, y = const, x +y = const. Tax kak 3aMena mapamMerpos poussoautcs 1o dopmymnam (1.13),
B IIPOM3BOJILHBIX JIOKAJBHBIX KOODJMHATAX YpPABHEHUsI pPeryssipHOil Tkanu W HOMKHBI UMETHh BUJ

J3(z) = Ji(x) + Jo(y) nam F(Ji(x) + Jo(y))
= 1(x 9 )

rie Ji, Jo, Jsm B = Jy ' nokaubusie quddeomopdusmbr. IIpu 9T0M cI0M TKAHK OyIayT 3a/1aBaTbCs
ypaBHEeHUAMH X = const, y = const, z = const.

[Iycte D — makcumasbHast obyiactb onpepenenus: Gyakmuu F, D D U. IlockosbKy nepemMeHHbie
(X,y) SIBJIAIOTCS JIOKAJLHBIMA KOODAUHATAMU U B 0bJacTu D, TO CJIOM NMEPBLIX JABYX CeMeicTB (X =
= const u y = const) He MoryT umerhb rpanuiy B D. Orcioza BbiTekaer, 4To B objactu D He Moxer
OBITH TTApabOIMIeCKuX IpaHull Tkanu W.

B To xe Bpems rpanunnt I'y u 'y onpenensiorcs ypaBuenusmu det (g—i) =0 u det (21;) =0,
aJ,

nm det ( 83:) =0 u det (%g]j) = 0 COOTBETCTBEHHO. DT YyPaBHEHUsI UMEIOT PEIleHus T = const u

Yy = const COOTBETCTBEHHO, YTO U JioKa3biBaeT yTBepxaenue. W

C nomompio Teopembl 0 rpanunax B [[[1-40| 6puta pemena ykasaHHas Beie npobsema Birsimke
O PEryJISIPHBIX KPYIOBBIX TKaHsiX, a B [JI[1I-12] HaiifieHbl BCe MPOEKTUBHO Pa3IMIHbIE TPHAHIYJISINA
IJIOCKOCTH, TTOJIYYAIOIHIecs TTPOEKTHPOBAHUEM PETyJISPHBIX TPU-TKAHEH, BBICEKAEMBIX HA HEBBIPOXK-
JIEHHOM KyOMYIeCKO ITOBEPXHOCTH TPEeMsl IIyJIKaMU IJIOCKOCTEl, OCH KOTOPBIX JIeXKaT Ha, 3TOH MOBepX-
HOCTH.

B [JIII-10] reopema o rpanunax obobmiena mist (n + 1)-TKamHeil, 9TO MO3BOIMIO ABTOPAM OLHCATH
HEKOTODBIE KJIACCHI PEryJISipHbIX 4-TKaHel, o0pa30BaHHBIX IyukaMu cdep (perieHne OJHON M3 mpo-
6ueM, copmynupoanubix B. Bustiike, M. [Ba-1], c. 112).

§ 1.6. BorunciieHue TeH30pOB Kpy4YeHUsl 1 KPUBU3HbI TPU-TKAHU

[Tokazkem, Kak HAWTH ypaBHEHUsI CTPYKTYPbI TPU-TKAHU W U BBIYUCIUTDH €€ T€H30DPbl KPUBU3HbI
U KPyJeHWUsl, eCcJIM 9Ta TKaHb 3aJ[aHa B HeKoTopoit obnactu U ypasaernsimu (1.12):

i pif g ok
2= [ y").
Ilpu sToM mpemmonaraercs, uro dbyuKomn f° mpuHamtexar kiaccy C°, rme s > 3. Hamommmm, uro
Becroty B obsactu U Beosmsercs yciaosue (1.11):

det(af);«éO dt(af ) #0,
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a CIOCHHUS Ao, 06pa3yfonme TPH-TKaHb, ONPEICIAIOTCH CICAYIOMUME ypaBHEHHAME: Aj : 2 = cf,
Aoyt =ch, A3t fi(z',y¥) = ¢, te ¢}, — mocrosiHbIe.
[Tosmoxxum

?i_afi % of
j_axj’ j_ayj'

B~ACI/IJIy yeqosuii (1.11) marpurst (?;) u (f;) obparmvbl. O6o3uaumMM OGpPATHEIE UM MATPHIBL (5) 1
(9;) coorsercTBeHHO.
Huddepeniuposanue ypasuennii (1.12) naer:
dz' = Fda? + fidy. (1.51)
TTooxkum P o
w' = fidat, Wt = fidy’, (1.52)
TOI/Ia CJIOEHUs TKAHU OYJIyT ONpeIeIsAThCst yPABHEHUSME

Ww=0 w=0w+w=0.
1 2 1 2

Dopwmbl ci)l u cé)z JOJIKHBI  YJIOBJIETBOPATH CTPYKTYPHBIM yPABHEHWSM TKAHU, [MOJIyIE€HHBIM B §4.

Tpomuddepeniupyem 31u HOPMbI BHEITHUM 00pa30M, IpUHUMAas BO BHMMaHue ypasHenus (1.52) u
MIOJIyYeHHbBIE U3 HUX yPaBHEHUS

dr' =g, dy' =g (1.53)
B pesynbrare mosyunm: _ ) o
dw® = —dw' =T w? A Wk, (1.54)
1 2 1 2
rae ani
i, = 7W§§§2@. (1.55)

Coorromtennst (1.54) MOXKHO 3aIiCaTh TAKXKe B CJIEIYIOMEM BUJIE:

; j ik ik i G Ak ; j ik ik i G oAk
dulﬂ = ulﬂ A ( chi) JrF;kaQu )+ Ffjk:](“l')j AW, duQJ’ = uQﬂ A (sz“l’ + F;kcéz ) — Ffjk]céﬂ A"
ITosozxmm _ .
aj, = —Thy (1.56)
I/I . . k . k)
wj = }wciz + F;kcg , (1.57)

TOrJIA IIOCJIEHIE KBAJIPATHIHbe COOTHOLIeHUsI npuMyT Buz (1.26), TO ecrb Mbl HOJyYaeM IIEPBYIO
CEepUIO0 CTPYKTYPHBIX ypasHeHuil Tpu-rkanu. Kak supno u3 (1.56), mensop kpyuenus evipastcaemcs
uepes wacmmvie NPou3sodrvie 6Mopoeo nopadka om gyrruud [, sadarowur mpu-mrans W.

Yr06bI HANTH BEIpazKeHNe sl TEH30pa KpuBU3HBL, ipoauddepeniupyem pasencrsa (1.57). Iloms-
3ysick pasercTBamu (1.54) u (1.57), Haiinem:

- - ary; ary,; ; or ar
7 k T k m k. m k i k ¢ m k m m k
dwj—wj/\wk—(a 2 dx —l—a,,fdy )/\ul) +I‘ij‘£mul) /\w —i—(aind 8 )/\w+
+F}k(7F§m)uljz/\c§) (Fejw +F]€w )/\( kw +F w™).

TIpeoGpasyem 310 Boipazkenue ¢ nomoribio (1.53), (1.54) u (1.57). B pesyabraTe mosryum:

dw;—Wf/\w]i:bzklw /\OJ _|-A klw /\w —I—Bklw /\(U (158)

e

7 ark] ~m + ar]f —m

ikl = T gy 9o + 5w +Fl ke —F§ -T; mel ks + T L7 b (1.59)
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%8 . .

A Oy , , o, ,

K2 — J m ¥ m K3 — J m ¥ m

ikt = g 90~ Vigm Uiy Biw = (* By 90 mermko-
HerrocpecrBenHo ipoBepsieTcsi, 4TO A; Kl = JZ w = 0 (cm. 3amaay 1.23), B cuiny 4ero pasencTsa (1.58)

COBIIAJLyT CO BTOPOIl cepueil CTpyKTypHBIX ypasHenuii (1.32) Tpu-TKanu.
Ecnu B Boipaxenue (1.59) s TeH3opa KPUBHU3HBI TKAHU [OJICTABUTDL 3HAYEHHE BEJIMIUH I‘;k
u3 (1.55), To mocse mpeobpa3oBaHUil Oy IUM CIEAYIONYI0 hOPMYJLY:

. anz 83fb _ _ i 62]”) . anp o
i -n _ n \=m=p % ~m>n _ i m—=n
gkl — <8xm8ynayp g] ammaxnayp g] )gk g[ + ka 8ym8yn g] 9 FpZ or " ox" gj gk+

+ Dy L7y = T4 7. (1.60)

Kak BujHO, men30p Kpususmbl 6bpadicaemes “epe3 wacmmove npou3soonve mpemvezo nopadka om
dynxyut £, sadarowux mpu-mrane W.
Jpyrue BbIpazkeHUs Jjisi TEH30pa KPUBU3HBI TKAHU JIAaHBI B ynpakHenusax 1.11, 1.12, 1.22.
Anbreprupyst coorromenus (1.60) 0 HUKHEM HHIEKCAM, IIOJIyIUM PABEHCTBA

bk = Telkm — Tkl

B cuny o6oznadennit (1.56) 9TH COOTHOIIEHNS COBIAJLYT ¢ cooTHOMmeHUAME (1.31), CBA3BIBAIONMHE
TEH30Pbl KPYUeHUs ¥ KPUBU3HBI TKAHH.

§ 1.7. Kanonu4deckasi CBA3HOCTh UepHa Ha TPU-TKAHU

Tpu-tkanp W = (X, \,) nopoxjaer na muoroobpasuu X uHapuanTHbie abdUHHbIE CBA3HOCTH.
Hanudame sTx cBsI3HOCTE#H TO3BOJIAET, KaK OyaeT BUIHO W3 HaJbHEiIero, 3H@GeKTUBHO H3YyIaTh
nuddepeHIaIbHy 0 TeOMETPUIO TPU-TKaHel ODOIIEero BHUa, a TAKXKe CIIeNUAIbHbIE KJIACCHl TKaHEew.

1. Hanomunm omnpenenerne adbbuHHOM CBI3HOCTH Ha IIaKOM MHOroobpasun X (cM. HampuMep,
[A-12], c. 6277, nam [KH-1], . 1, ro1. 2,3).

ITyers R(X) — paccaoenne pemepos Hag X, dimX = n, u w* — dopmbr Ibadda HA 3TOM
pacCJIOeHNH, ONpe/ieieHHbIe Kak B § 1 u yzoBserBopsitonye ypasaerusiM (1.2). @opmbt w? (u, v, w, ... =
=1,2,...,n), BXOusmue B ypasHeHus (1.2), ”HBAPUAHTHO ONPEJIEJIEHBI HA DACCIIOCHAH PENIEPOB BTOPOTO
nopsyka R%(X), koropoe crpomresi anajgormdno paccioennio R(X). Adgpunnasn ceasnocms T na
MHOroobpasunm X 3a1aeTcs Ha PacCIOCHUN RQ(X ) ¢ HOMOIIBI0 UHBAPUAHTHOTO TOPU3OHTAJILHOIO
pacapenenenus A. Iocnemnee onpenensiercs: cucremoit popm Ildadda

O = w! — T, w", (1.61)

KOTODbIE aHHYJIMPYIOTCs Ha pactpesenrennn A. Pacrnpesenenne A nHBapHaHTHO OTHOCUTEIHLHO I'PYIIIIEI
addunHbIX 1peobpazoBanmii, neiictByiomeii Ha paccioennun R(X). Ee opburamu spisiiorcs ciou
3 R(X).

HUckmouast ¢ momonisio ypasHenuit (1.61) dopmbr w¥ u3 coornomenntt (1.2), nosyanM ypaBHeHUsT
dw® =w" AN Oy + R, W’ Aw", (1.62)

u — u
roe Ry, = F[Uw]. VeoBrs THBAPUAHTHOCTH Pacipeieiennss A IPUBOIAT K YPABHEHUSIM

dey =0y NOL + Ry, .w” Aw”. (1.63)

vwz

Dopma IIdbadbda © = (OY) co snavenusamu B anrebpe Jlu gl(n) rpyuust GL(n) naseiBaercs gopmoti
ceaznocmu L.
Bemuunner Ry, u R, , 00pa3yioT TeH30pHBIE II0JIA Ha MHOroobpasuu X U Ha3bIBAIOTCA COOTBET-
CTBEHHO MEH30POM KPYUEeHUA U MEHZ0POM KPUSU3HB, CBA3HOCTH I
O6paTHO, ecill Ha PACCIOEHHH perepoB R (X) samanbt GopmMbl OY, yI0BIETBOPSIIONNE BMECTE C
dopmamu w" ypasrerusm (1.62) u (1.63), To onn onpenensitor Ha X adbdurHy0 CBs3HOCTH I, TEH30DHI

KpPYyUeHHUsl 1 KPUBU3HBI KOTOPO# OynyT RY, u RY, . (meopema Kapmana—/Ianmesa, cm. [E-1], [A-10]).
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Addunnas ceasnocTb AByIseTcs G-CTPYKTYPOlt Ha PACCTIOSHUE PErepoB R*(X) BTOPOTO NOPAJKA.
ITycrs X — nommuoroobpasue muoroobpasus X . Bekropuoe nose £ = (£%), 3agannoe na X, Ha3bIBa-
eTCs NAPANLENLHBM 8 c8a3hocmu T, ecsin ero KoopanHaThl &Y yI0BIETBOPAIOT JuddepeHITHATHLHBIM
YDABHEHUSIM

dg* + 70" =0, (1.64)

KOTOPBIE BBITIOJTHSIIOTCST HA X. Bem X — kpusas (t), To cucrema (1.64) npespaiaercs B cucremy
OOBIKHOBEHHBIX /i depeHnnaIbHbIX yPaBHEHUIT 1 MMeeT eJMHCTBeHHOe pentenue (1) npu 3aJaHHbIX
HauasbHbIX yeaoBusx & = £(0). B arom ciydyae roopsiT Takxke, 9to BekTOp £(t) mosydeH mapasi-
JIQJIbHBIM [I€PEHOCOM BeKTOopa &) BioJb Kpuboil (t), a ypasaenus (1.64) Ha3bIBAIOT ypaBHEHUIMU
MapaJIIeIbHOTO TIEPEHOCA.

Junusa (t) naspiBaercs 2eodesuyeckoli 6 ceaznocmu I') ecin Ha y(t) cymecTByer napaJuiebHOE
BEKTOpHOE T10Jie, KacaresabHoe K ¥(t). Koopaunarsl kacarenproro Bekropa £(t) reofie3mdeckoii JIuHuu
VJOBJIETBOPSAIOT YPABHEHUAM

g™ + €70 = ¢, (1.65)

rme © — "ekoropas dopma [Idadda.
Buemmmne kBagpaTuaHbie (GOPMBI
u U v w u u w z
Q=R W' AW, QU=R; w’Aw
Bxozsmme B ypasaerus (1.62) u (1.63), HaspBAOTCST GopMamu KPYHEHUA U KPUSUSHLL CBsi3HOCTH [ 1
UMEIOT CJIeJIYIONIMI reoMeTpudeckuil cmbici. Hamomuum, 910 pasBepTkoil nmpocTpancTia adOuHHOMN
ceaznoctu I wa adbdunnoe npocrpancrso A, dim A = n, nazbiBaercsa cemeiicTBo penepos {e,} B A,

MOJTyI€HHOe WHTEerPUPOBaHUEM cucTeMbl ypasuenunii [Idadda

P2
dp = w'e,, de, =0e, "l
BJIOTb HeKoTOpoit Kpusoit (t). Ilycrs V2 — mekoropas jsymepmas P Ps
oBepXHOCTh B X, £ M 1) — JiBa BEKTOPHBIX TOJIS 3TOI moBepxHocTu. Pac-
cMoTpnM Ha V2 Mauiblit KpHBOJIMHEHHBIH TapaIeorpaMM | = ppipspop N

(puc. 5), 06pazoBaHHbII MHTErPAIbHBIMU KPUBBIMU HOJIEH £ U 1), CTOPOHBI
Pp1 U ppy KOTOPOro paBHBI At 1 AS COOTBETCTBEHHO. Puc. 5

3amvrayTasg JuHus { Tpu pas3BepTke B addUHHOE MPOCTPAHCTBO MEPEXOAUT B JIMHUIO £, BOOOIIE
roBOpsI, HE 3aMKHYTYIO, a 0Opa30BaBIIHiics 3a30p Ap ¢ TOYHOCTHIO JIO MAJBIX TPETHErO IMOPSIKA
BBIUHCJISIETCS 110 (DOPMYJIe:

Ap = 2R, £'n" At Ase,. (1.66)

vw

Touno Tak ke ¢ nomonipio dopm Y onenusaercsd (C TOYHOCTHIO JO TPETHErO IIOPSIJIKA MAJIOCTH)
pasHocTb Ae, MeXKIy 0a3HCHBIMU BEKTOpAMU €, KacaTelbHoro mnpocrpancrsa 1,(X) u Bekropamu,
KOTODBIE MOIYYAIOTCS U3 HUX HPH HapasIeJbHOM TIEPEHOCE BIOJIb 3aMKHyTOro myTu £ Ha V2

Ae, = Ry, .£"1n° At Ase,. (1.67)

uwz

OrMmeTnMm erie, 4To ecin Ha MHOToOOpasun X 3ajaHa G-CTPyKTypa CO CTPYKTYpHO# rpymmoi G,
To, KaK ykazaHo B §1, dopmer w! umeror Bux (1.8). Ecim stu dbopmbr BMmecre ¢ dopmamu wh
yaoBiersopsior ypaHenusM (1.62) u (1.63), To oHu ompeneiisior Ha X CBA3HOCTb, HA3BIBAEMYIO
G-cBsisHoctbio. Hanpumep, eciin G = O(n) — oproroHanbHas rpyiia, 1o wi = O, ruie O = —QY —
KOCOCUMMETPUYHBIE (POPMBI, U ONPEJIEITEMasi UMU CBIZHOCTb HA3BIBACTCS PUMAHOB0T C8AZHOCMBIO.

2. Ilycts Ha Mmuoroo6pasun X pasmepHoctu 2r 3ajaHa Tpu-TKaab W. CpaBHUBast ee CTPYKTYpPHBIE
ypasaerns (1.26) u (1.32) ¢ ypaBrerusimu (1.62) u (1.63), Haxomum, 4To GHOPMBIL

i
o wi 0
oY = (wz’wz)’ @u _
12 0 w?

J
ompeieisioT apPUHHYIO CBSI3HOCTb Ha (Fy/-CTPYKTYype, IpucoeInHeHHol K Tpu-TKauu W . OHa Ha3bI-
BaeTcs ceazkocmuio depna m obosuagaercs 1.

Vpasuenus (1.33) u (1.38) nokasbiBaior, uro nuddepennuaabHblii oneparop V, BBeIeHHbIA B §4
1. 1, SBJII€TCS OMEPATOPOM KOBAPUAHTHOTO JudDEpEeHIMPOBaHNs OTHOCUTEIBHO CBA3HOCTH epHa.
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U3 ypasuenuit (1.26) u (1.32) BuIHO, 4TO TEH30pPbI KPy4YeHUs M KPUBHU3HBI CBA3HOCTH I’ MMeOT

cjenyrolee CTpoeHue: 1,
0 5 Vjke (0 0)
_ 1

" at. 0 0 O U *gbjke 0 00

va: 6 0/’ 0 _ 4t ; vaz: 1.,
ik <0 0> 0 Sl
00 1

T 9 Yike 0

(1.68)

BoisicHuM reomMeTprdeckue CBOWCTBa CBA3HOCTH UepHa.

ITommuOr006pasne Y mpocrpancrsa ad@UHHON CBASHOCTH X HA3BIBACTCS AGMONGPANNEAOHDIM
[KH-1, 1. 2, cTp. 57], ecm s060e napasuiesbaoe mojie § BAoJIb Jar0boii Kpusoii y(t), v(t) C Y, obianaer
CJIEJTYTOIIM CBOMICTBOM: €CJIM XOTs B OJTHOU TOYKE BEKTOD MO £ KacaeTcs Y, TO BCE BEKTOPHI oI &
KacaroTcsd Y.

IIycts Y] u Yy — nBa mommuoroobpasust 8 X, p; € Y], pe € Yo — JBe NPOU3BOJIbHBIE TOYKN HA HUX,
{ — IpOoU3BOJIbHAS IVIaJKasd KPUBasi, COeIUHIoNas 3T Toukn. ITommuoroobpasus Y| u Yy HasbIBaloTCs
napastesvroimy B X, ecan Jiroboi BeKTOp &), KaCATEIbHBIN K Y] B TOUKE pj, IPU MapasIeIbHOM
mepeHoce BJOJb £ MEPEeXOUT B BEKTOP 9, KACATEJbHBIA K Yo B Touke pg. OUYeBUIHO, UTO €CJin J1Ba
IO IMHOT000pa3HsT TapaAJIETbHBI MEXK Ty cOOOM, TO KarKJi0e U3 HUX aBTOMAPAJLIETHHO.

IIpennoxenue 1.8. Kaowcdwodi caot mpu-mranu W = (x,A,) ABAAEMCA ABMONAPAALCADHBIM
nodmmnozoobpasuem 6 X omuocumenrvro céasnocmu Hepua. Jhobve dea caos u3 odnoz20 croenus
NAPAALEALHDL MEHCIY COOOU.

[0 3anuimeM ypaBHEHHs IapaJIeJIbHOIO IIEPEHOCa, IIPOU3BOJILHOIO BeKTOpa & = ﬁ'gi — 536131-7 e £ =

= w'(€), B cBasnoctn ' (em. (1.20)). Tak kax dopmbl ceazHocTH YepHa MMEIOT yKa3aHbIH BhbIIie
e

crienuaJibHbI BUJ, TO ypasHeHus: (1.64) napajulelbHOrO MepeHoca NI 9TOH CBS3HOCTH 3allUIILYTCS
TaK:

déf + €lwi =0, dgl+ Euwi =0. (1.69)

ITycTh B HAUATBHON TOUKE Py BEKTOP &) KACAETCS CJIOS CJIOEHUS A, TPOXO/ISINETO Y€Pe3 3Ty TOUKY,
torga (£])o = 0. Tak kak nepsast cepust ypapnennii (1.69) siBsteTcss 0AHOPO/HOI OTHOCHTENBHO &}, TO,
MHTErpupys 9Ty cucreMy BIosb moboro mytn p(t) (p(0) = po,0 <t < 1), Mot momyunm (£]);—; = 0.
DTO 3HAYUT, UTO IIPU NAPAJLIETLHOM MIEPEHOCE BJIOJb JIO00TO IIyTH BEKTOPaA &), KACATEIHHOTO K CJIOI0
MIEPBOTO CJIOEHUS |, CHOBA IOJIy9aeTCsT BEKTOD, KACATEIBHBIA K CJIOI0 3TOrO CJI0eHus. Tak Kak BeK-
Top & u KpuBas p(t) GBI BEIGPAHBI MPOU3BOJIBHO, TO OTCIO/A TIOIYIAEM, ITO CJIOW MEPBOTO CJIOEHHS,
upoxogiue depe3 Touku p(0) u p(l), napasuiesbHbl Mexxy coboil , CiieoBaTEebHO, KAXKI0€ U3 HUX
ABJIAETCA aBTONAPAJLICTBHBIM. JIJIsl CJI0EB BTOPOTO CIOCHHSA YTBEPIKICHAE OKA3bIBACTCA AaHAJIOTHIHO.

Tak xak u3 ypasaenus (1.61) caexyer, aro

(&} + &) + (6] + g)wi =0,

a BeKTOp &, KacaTeJbHBIN K c10aM JF3 TPEThEro CJIOeHus, ompejessercs yciopuem &i + fé =0, To
[IPE/IbIIYIIee YTBEPKIEHNE OCTAETCS BEPHBIM U i TpeTbero cjaoenus 3. M

W3 npengoxxenns 1.8 mosmy4daercs, B YaCTHOCTH, YTO JII00As 7'-IJIOCKOCTD IapaJIIeIbHO IEPEHOCUTCS
BJIOJIb CJI0sT Fo,. DTO O3HAUAET CJIE/IYTOINEE: eC/I Te0/Ie3MIecKast INHIS KacaeTcs ¢ios F,, B HEKOTOPOTO
TOYKe P, TO OHA KACaeTCsd ero B KaXKJ0il TOYKe, TO eCTh IIPUHAJIEKHUT TOMY cJIok0. JlokazaHo

ITpengmoxkenne 1.9. Caou mranu W aeaaomes 6noane 2€00e3uMeckumy, noomHo2000pa3uimu
MHo2000pa3us X omuocumenvHo ceasnocmu Yepra.

CsszHocTh Uepna uHynupyer adguHHBbIE CBSI3HOCTH Ha cjiosx Tpu-Tkanu W. Ha ciiosix mepsoro
CJIOEHUST \| BBITIOJTHSIIOTCST YPABHEHUS ciﬂ =0, B cuty vero ypastenus (1.26) u (1.32) npuaMMAarOT BUI;:

d(gi = cgj /\w§ — aék%)j /\uQ)k, dwj- = w;? /\w,i. (1.70)

Toumo Tax »Ke Ha CJIOSIX BTOPOI'0 CJIOCHUA AQ UHAYITUPOBaHHAA CBA3HOCTH 33a/Ja€TCAd YPaBHCHUAMU

dai)i = uljj /\wj- +a§-koijj /\uljk, dw§ = wf A Wi (1.71)
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Hakomer, Ha caosgXx TpeThero CJIOeHUsI A3, KOTOPBIE OMPEIECISIOTCS YPABHEHUSIMA (.iﬂ +w =0,
2
CTPYKTYPHBIE YPaBHEHUA WHIYIIUPOBAHHON CBA3HOCTH UMEIOT B/

j i A i GoA Lk j koa i i koot
d(.fl :ulﬂ A wj Jra;kulﬂ /\oIJ ,dwi =wi Awy — ;-W]ci; /\ulj . (1.72)

U3 ypasrenwnii (1.70)—(1.72) BbiTekaer

IIpennoxkenune 1.10. Caou nepewx deyxr caoeruti mranu W ABAANOMCA NOBEPTHOCMAMY GO-
COMOMH020 NAPAALCAUSMA OTMHOCUMEALHO c8a3nocmy depra. Caou mpemvezo caoenus o0baadarom
amum c60ticmeom mozda U MoAvKO Mo20a, k0204 MEHI0P KPUBUSHDL MEAHU YOOBAEMEOPAET, YCAOSUIO
b;[ké] =0, m. e. cummempuuer No I8YM NOCAEIHUM HUHCHUM UHOEKCAM.

N3 ypasuenuit (1.70)—(1.72) ciemyer TakKe, 9TO TEH30PbI KPYIEHUST BCEX TPEX WHILYITMPOBAHHBIX
cBszHOCTEH Ha cyosax Fi, Fo, F3, NPOXOAAIIMX UYepe3 TOUKY p U3 X, OJMHAKOBBI B 3TOH TOYKE U
COBIIAJAIOT C TEH30POM KpydeHus: TKaHu W.

B cuity crienuduaeckoro crpoenusi TeH30pOB KPyUeHHs U KPUBU3HBL cBa3HocTr Uepna (cm. (1.68))

cucrema (1.66) mpunuMaer BuT:
Ap = Apy + Apg,

rie o o
Ap; = Qa;kgfn{c At As &, Apo = —Qa;kggng At As 2 (1.73)

a cucrema (1.67) pacuazaercsd Ha JBe IIOJCUCTEMbIL:
i ek 0 kgl
A‘fj = %o (Emy — m162) At As €,

; (1.74)
Agj = bjp( Ins — niés) At As S

HpI/I 3TOM HpegnonaraeTc;{, 9710 BeKTOpr f " 7’] 3aHI/IcaHbI, KaK " BbIIJ_Ie, B Cnegylomeﬁ doopMe:
§=€1gi—£g§i, = ME ki

Orciofia BBITEKAIOT CJIEAYIONINE CBONCTBA CBA3HOCTH JepHa.

(A) Tlycrs € € Ty, 1. e. mByMepHas miomaaka & A 1) HEePEceKaeT KacaTeJbHOe OIIPOCTPaHCTBO T
K caioio Fi. Torma & = 0 nus dopmyar (1.73) nomywsaem Ap; = 0. 10 03HaUAET, ITO BEKTOP Ap JIEKAT
B mojmpocTpaHcTBe T]. AHAJIOrMYHO HAXOIWM, 9TO €CJIM JByMepHas IUIomajka £ A 1) mepecekaer
IO/ITPOCTPAHCTBO Th, TO TaMm ke JiexKuT u BekTop Ap. Eciau nBymepras mromanka £ A 1) mepecekaer
06a noanpocrpancrea 11 u Ty, o Ap = 0.

(B) Ecu £ € T5, n € T3, 10 & + & =0, nf + 04 =0, u us popmyn (1.62) crenyer, aro Ap; +
+ Aps =0, T.e. Ap € Tj3.

CeoiicrBa (A) u (B) monHOCTBIO XapakTepu3yioT TeH30p KpydeHus cBasHoctu Uepua. B camom
JleJie, HETPY/IHO TIPOBEPHUTD, UTO B CHJIy 3TUX CBOHCTB TeH3op al, umeer Buj (1.68).

O6parunmcst Teneps K opmymam (1.74).

(Ay) Tpexme BCEro 3aMETHM, YTO BEKTOPBI A(c;i BBIPAZKAIOTCA TOTBKO {EPE3 BEKTOPHI € (a =
= 1,2, 3), u Kaxk1asi U3 TUX CUCTEM BEKTOPOB IIPe0bpa3yeTcst OJMHAKOBO IPU NAPAJUIEIbHOM IIEPEHOCE
BJIOJIb 3aMKHYTOT'O KOHTYyDa £.

(B1) Ecm £ € Ty, p € T1, 10 & — nt = 0, n m3 popmyn (1.73) nomyaaem A?i = qu; = 0. AnaJo-
TUYHBIA pe3ysibTar mosyantcs, ecan & € Ty, n € Th.

O6patrno, ecau s cBa3Hocru I', cTpyKTypHble ypaBHeHUs KOTOpOil 3anucanbl B Buze (1.62),
(1.63), BemossioTcs cBoiicTsa (A1) u (B]), To ee Tenzop kpusu3Hb! nMeeT By (1.68). CiieoBaTessHo,
ceoticmea (Ar) u (B]) noanocmvro Tapaxmepusyom cmpoerue men3opa KpususHo, céasnocmu depra.

§ 1.8. /Ipyrue cBI3HOCTH, MPUCOEJUHEHHbIE K TPU-TKAHU

1. Hepasnonpasue cjoenuii A, Tpu-tkanu W = (X, \,) 0o orHOmenuo K cBazuoctu I' oObsic-
HSETCs TeM, 4TO ee CTPyKTypHble ypasHerus (1.26) u (1.32) HeCHMMETPUYHBI OTHOCUTEIHLHO CUCTEM
dopm w’, 3amaromux 3u cyaoenns. [Ipu BeIBOE CTPYKTYPHBIX ypaBHEHUH 38 6a3UCHDBIE OBLIN TPUHITHI

«
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dopmbr clu’ 7 W', TO €CTH CJIOEHUsI A\| U A9 UTPAJIH POJIb KOOPJIMHATHBIX CJIO€HUI Ha MHOroobopasum X .
2
Ecin ke B KadecTBe 6a3ucHbIX HopM B3siTh GOpMbL w' 1 w' ( # () U MOBTOPUTH JJIsl HUX BHIYUCJIEHHS],
a B

[IPOBEJIEHHBIE B § 4, TO MOIyJaTcs CJAEIYIOIIne YPaBHEHUS:

dw' = w! A w}—i— a}kw]/\wk,

« af af’a
dw' =W A w? — a’wl AWk,
B B aﬁj aﬁjk 3 (175)
do(f,j(ﬂ: B/\wk+ bjkzw /\ag

KOTOPBIE ABJIAIOTCA CTPYKTYPHBIMI YPaBHEHIAME HEKOTOPoit cBsasHocTn I g. ITpn sTom cBasmocTs o
coBaiaeT co cBsa3uocTbio Yepna I'. O603HaUMM OlEpaTop KOBapUAHTHOrO JaudepeHImpoBatus B

af .
ceasnoctu I'yg wepes V. Torma nysa tensopa aﬁZ JIOJIZKHBI BBILIOJIHSITHCS YPaBHEHUS
Bk
o i
Vaaﬁjk = abﬁ[jlak]w + b [jk]ew (176)

aHaJIOrnIHble ypaBHeHusiM (1.33).
ITomensiem mecramu B ypasuenusx (1.75) mmgexcsl o u U CpABHHM IIOJIy9Y€HHBIE YPABHEHUS C
ypasaerusimu (1.75). B pesysbrare HaI?I,ueM7 910

i i 0l i i
Wi = Wy, k=" 0k bipe=— 0%
ap’  pa’ aﬁj Gt o pa’
Taxum obpasom, ceasnoctu L'y u g, oTimruatores HecymeCTBeHHo
Yro6bl HaliTh cBsa3b Mexy dopmamu W' = wi, wh, wh, 3amerum, uro u3 ypasuenuii (1.27) ¢

i = S g
noMompio cooTHomenni (1.16) moIyIaroTes CIIeIyoNme paBeHCTBA:

dw' = Wl A (Wb — 2a%,w") — alyw! A WP
=@ AW i) T s N
Kpowme roro, ypasuenus (1.26) MOryT ObITH [IE€pEIUCAHBI B BHJE
d¢1u1 = ciﬂ A (wj + Qa}kcluk) - a;kciﬂ A ci)k, dw = L«Q)] A (Wi — 2a]kf,§) )+ a;-kaQﬂ /\(.42}k.

[Tosromy mutst cBsizrOCTH ['93 mMeeMm:

dwizwj/\w;+a§kwj/\wk, dwi:wj/\w;—az»kwj/\wk, (1.77)
2 2 23 2 2 3 3 23 3 3
rjie 0603HAYEHO )
wj = w - 2a (1.78)
23 it

st cBsznocTr ['3) aHAJIOTMYHO HAXOIMM:

dw' = W A wh + ai»kwj AWl dw' =W AW — ai»kwj AWk, (1.79)
3 3 317 I3 3 1 1 317 IR 1
Tie _ . -
i 4 7
W —ijrQajkulJ . (1.80)

Kak Buano u3 mocjieHIX paBeHCTB, TEH30PHI KpyUeHns Tpex cBasuocteit Mg, T'og u ['3; paBHBI MexK Iy
CO0OA.

Yrob6bI HANTH TEH30p KPUBHU3HBI CBA3HOCTHU 93, mpoanddepeHnumpyeM BHEITHIM 00pa3oM ¢op-
MBI %3 Ucnonbsyst ypasrenust (1.26), (1.32) u (1.33), mpuaem K paBeHCTBaM:

j koo VA k j j koAt j koAt j koo L
d%; = w; Awy, — 2(agpw; — ajpwp) A W + (Dl — Qbfjlk\fl)cf A W' — Qbfjg]kcg A w + Qa;ma@%} A W'
C momormpio (1.78) HaxomuM:

J/\wk—w /\wk—l—Qa kwé/\w —Qagkw /\w —|—4a]kafn4a§)k/\c§/.

23 23
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Beramras 9TH COOTHOIIEHHS U3 MIPEIbLYIINX, IPHIEM K YPABHEHHAM
dw’ MAws =bh wF Aw® —2(bF 0+ 3amal, )W A w?
$ T sk Lk 5 Pl [k Imle))% 5 "

k

Ecau Teneps uckmoduntsb GhopMb ulJ ¢ ToMoIbio cootHomenuit (1.16) 1 BOCIIONB30BATHCS COOTHOIITE-

M (1.31), TO OKOHYATETHLHO HOJIY IHM:

i koA 0
d%] w; /\wk bﬁdjag /\ag . (1.81)
Orcrosia ciiejryer, 94To ) )
23?33'1@4 = b%ej- (1.82)

AnajlornaupiM 00pa30M HaIeM ypaBHEHUsT

d(ﬁ] wj /\w,C fbgjkw /\w (1.83)

i pi
Sbljke = byjp- (1.84)
Takum obpazoMm, mensopv, kpususnvs ceasnocmet Iog u '3y noayuwaromes us mensopa KpusudHot

ceaznocmu o Kpye0601 nepecmano8rkoli HUNCHUL UHOEKCOS.
PesynbraTst aToro myukTa cBesenns B Tabsmry 1.1.

Tabauma 1.1
CBSI3HOCTD Flg F23 F31 FQI Fgg F13
Tenzop kpydeHust aé & aé & aé k|~ a§ & —aé- k —aé k
Tenzop KpuBU3HBI ;"kz }'dj b;}jk bﬂk —b',‘ékj — };jf

Hasee, nonnsysice dopmynamu (1.76), (1.82) u (1.84), naiinem kosapuanTHble auddepeHiumaib
TEH30pa KPYyUIeHUsl OTHOCUTEIBHO cBs3HOCTEH 93 1 I'sq:

% i i 14 % L el i i 14 7 14

Hpyrue casnoctn I’y onmceIBaIOTCA aHATOTHIHO.
*

2. BeezneMm emme oiHy — CPEeIHIO CBA3HOCTHL [, CUMMETPUYHYIO IO OTHOLIEHUIO KO BCEM TPEM
cioeHusM A\, Tkaau W. Tlomoxum

P
Wi = g(%}+%§+gflz). (1.86)
Yanteas (1.78) n (1.80), naitmem:
P ¥ i (ko k
AR S L A
e 9
wi =) — 3w’ — o), (1.87)
g{; =W} — ga;k((g —w ).

B pesynbrare ypasaenust (1.26) u (1.27) npumyT B cBsisHOCTH [ cUMMeTPUYHBIH BH/L:

. . 1.
dw' = W NG+ = 1ka/\(2k—c§)k),

1 J 3 J
, | K
duQﬁ :aéﬂ Awi + = 3 kaj A (3 —w ), (1.88)

, | A
= ? i J g
d(é) W Awj+ 3 g /\(ci) (42))
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Haiinem Temeph KoBapuaHTHBIN auddepeHIual TeH30pa KPyIeHUsI B CBSI3HOCTH I‘ B cuny ompe-
* 12 23 31
JleJieHnst 9Tod cBa3HOCTH V = S(V + V + V). Ilostomy, moas3ysice dopmymamu (1.33) u (1.85),

IIOJIY 9a€eM: § |
Vaj, = 5| Gy = b’ + Oliue = Vg + Gfijarg) — Moo’

Ecnn uckimounrs u3 HpaBOﬁ YJaCTH II0CJIeJ0BaTEJIBHO (bOprI (,é}é, L«lje, Cé)e Ipyu IIOMOIINA ypaBHeHI/Iﬁ

(1.16), To mosyuuM Tpu BbIpazkeHus Jjisi hopMm Vaé k&

i i ¢ Ti ¢ Ji ¢ 7 ¢ _ i ¢ Ti ¢
Vi = binew” = Uik = brane — bogns” = biguw” — Ouess (1.89)

* *
i 7 i i
rjie 0003HaYEHO bJM = bjké — b[jk[]‘ Temnzop bJM VIOBJIETBOPSIET COOTHOIIEHUTO

* .

biikg = O, (1.90)

*
koTopoe nosrydaercst u3 (1.31). Samernm, 4T0, B OTIIMYME OT TEH30DA bike, TEH30D b)), HE CBA3AM C

TEH30POM KpYy4YeHUA alk HUKAKNMH KOHEYHbIMU COOTHOIIICHUAMU.

Haiizem najee cTpyKTypHbBIE ypaBHEHHS, KOTOPBIM YJIOBJIETBOPSIOT (POPMBI w . Indbdepennupys
ypasHenns (1.86) u mosb3ysich (1.26), (1.81), (1.83), momayunm:

Lo ¢ ik ¢ Pk ¢
—(b%,w” Aw bl AW+ bl wt A .
( el s + kg% < 0k Li’)

/\wk)+ ’

; 1
di’ =
W 3( /\wk+2 Awk+317 @ 3

J FUNT 3 23
Ipu sToM u3 coornomenwuit (1.87) caemyer, 1ro

4 . .
Awh + WP Awi) = :)f/\(jﬁc §(aﬂa§ng+a?}aink)(ci)k/\c2«)

1
AN
3( wk+231 23 319 731

EURANT
Kpowme Toro, B cuiy (1.31) .
b;‘ke = b;ke + 2a7[?ka|im\e]-
Vcronb3yst 9TH COOTHOINIEHUS, HAXO/MM:

* * Jo * * 1 3
dw} — wi Nwy, = (bkew /\w +bew /\w eré ke /\w) 3 ;M(olj /\cg

CrwP AWt + P AWY),
2 3 3 (1

rje 0003HaYEHO 9
7 _ m i m i m 1
Ay = g(ajkame + agjag,, — agpy,;)- (1.92)

Vpasuenus (1.88) u (1.91) upexcrasisiior coboii crpyKTypHBIE ypaBHeHus cpeueil casuoctu I
3. Ham monamobaTces B JaabHERNIeM CBA3HOCTH €IIe OJIHOTO BHJIA, ITOPOXKJIEHHBIE TKaHbo W =
= (X, A\q) Ha MHOroO6pasun X . Iomokum

127_w -+ aly(w k—cé)k). (1.93)

Torna ypasaernst (1.26) u (1.27) sanuniyrest B Buje:

dw® = W AGE 4 abpw? AwP, dw = /\w —a kwj /\w dw' = W AGDE. (1.94)
1 (I 2 2 12 3 30 12!

O603HaYNM CBA3HOCTD, ONpeIesIsgeMylo Ha MHorobpasun X dopmavu o, cumsosom I'ys.
1

27’
Hapsany co cBa3HOCTBIO F]Q BBEJIEM €IMe CBA3HOCTHU F23 u F31, orpe/iesisieMble COOTBETCTBEHHO

dopmanmu ' ' - , , -
~i __ i ~
b = wj +aj” Wi = wj — Qi (1.95)
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Hua ceasuocru Tys ypasuenus (1.26) u (1.27) npumyr Bu:
dw? = W A &;-, dw? = Wi A &7;- + a;'-kwj AP dwt =W A &7;- - a;'-kwj A WP,
1 1 23 2 2 23 2 3 3 3 23 2 3
Js cBs3nocTu I'gp —
dw = W A @; — aékwj AP, dwt =W A Z}é, dw' = Wl A Q; + a;kwj AwP.
1 1 31 3 1 2 2 31 3 3 31 3 1

st ceasnocreit 'y g, Tax ke Kak u Jyig cBa3HocTeil 'y, MOXKHO IIOCTPOUTH CPEHIO CBA3HOCTD,
ompejiesisieMyo hopMamMu . .
~i ~i o ~io o~
w; = =(w; +w; +w;).
J 3(12j 237 313)
N

[MTpumenssa dbopmysst (1.93) u (1.95), ybeaumcst, 910 &3» = (L; Takum obpazom, ceaznocmsv I asasemes

cpeduets u no omHoweHu0 % ceA3HocmAM L'ag.
*

Bce nocrpoennste cssnoctr — [og, T'ag, I' mpunameskar mytuxy ceasuocreit I'(IW), onpeznense-

MoMy opMaMu .
o, 0
u_ (Y5 Y
O, = (0 @§> : (1.96)
rie i i i
C¥ :wj+ajk(pcizk+q(§)k), (1.97)

u, v=12,..,2r, a pu ¢ — IOCTOTHHLIE.

IIpocTo mpoBepsieTcst, 9TO 6¢e CAOU MKAHU 6YOYM 6N0AHE 200€3UMECKUMU OTNHOCUMEAbHO A10601
u3 ceasnocmet; nywka I'(W). IlokazkeM, KpoOMe TOIO, UTO 6Ce IMU CEAIHOCTU UMEIOM HG CAOAT MKAHU
0dnu u me oice zeodesuneckue AunuL. B caMoM Jiesie, B CHILy yKa3aHHOIO CTPOEHHs MAaTpuIis ¢popm O
ypaBHeHus reojieandeckux (1.65) pa3obbiorcs Ha JiBe cepuu:

déi + ¢lei = o¢],  de¢j +¢)e’ = o,
OTKYya CJIeAYIOT TaKxKe ypaBHEHUI . . )
del + €01 = ¢l

i .
C yuerom (1.97) u BCIIEACTBUE KOCOCUMMETPUIHOCTH TEH30DA @ e Oy daeM:

€y + §wj +qaj§iés = 081, dé + &w +pajéy =08, d&s + Gwj+ (q— pajéié :(?géé)
Haiiniem, Hanpumep, ypaBHEHHsI IeOJIE3UUECKUX Ha CJIOSIX NEPBOro cjoeHust. s 3Toro nooxuMm B
nocrenunx pasencrsax ¢ = 0. Torma Bce ypasrenus (1.98) cBemyrest K 0QHOI cHCTEME:

g + Euwl = 08, (1.99)

DTU COOTHOIIEHUsI HE 3aBUCAT OT BeJuduH p u ¢. Clie1oBaTeIbHO, BCE CBSI3HOCTU YKA3aHHOTO IIyYKa
UMEIOT Ha, CJIOAX U3 A\| OJHU U T€ XK€ T'e0/Ie3NIeCKUe JIMHUM.

4. Mbl yBuauM B HaJbHENIIEM, YTO BCE OCHOBHBIE THIIBI TPU-TKAHEH XapaKTEPHU3YIOTCs OCOOBIM
CTPOEHHMEM TEH30pa KPyUeHUs U, B OCOOEHHOCTH, TeH30pa KPUBU3HBI. [109TOMY BasKHO MMETH Pa3/io-
2KeHUe TeH30Pa KPUBU3HBI B CYMMY HE3aBUCHUMBIX KOMIIOHEHT.

O603HaYNM KOCOCUMMETPUIHBIE YACTU TEH30PA KPUBU3HBI CJIEIYIONIM 00pa30M:

bjge = Clbé‘ke’ b = _gé‘kf7 by = g§k5~ (1.100)

TeH30pr a;kz KOCOCI/IMMeTpI/I‘{HbI II0 MHJIEKCaM j nu k n y,HOBJIeTBOpHIOT C.He‘ﬂyIOH_II/H\/I yCﬂOBHﬂl\’I:
(e
7 1 7 i 7 _ i
kg = Ofjney  Gjke + Lo + Ujke = 301 (1.101)

"
Bsenem mastee TeH30pBI a; x¢ IO bopmymam
(0%
* i i
ey = Qg — bl 1.102
ajkl ajkl 7KL ( )
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DTU TEH30DBI, KAK U TEH30DbI a§ 4o¢» KOCOCHMMETPHIHBI [0 HHIeKcaM j u k u B cuiay (1.101) ymosier-
BOPSIIOT COOTHOIIIEHUSIM ¢ .. .. . ..
7 _ () 1 ? —
ajrg =0, Qe + Djke T Ajke = 0. (1.103)

_ )
Terzopst af jkg) ABTAIOTCA KOBAPHAHTHBIME HPOU3BOTHBIMI TEH30DA KDY TeHIsT a;- , OTHOCHTEJIBHO CpeJ-
(e *

Heit csizHoctn I (3aa9a 1.19).
PaccMOTpuM JIETKO ITPOBEPSIEMOE TOXKJECTBO:
: : 2 : 2, : 2, : :
bike = ik + 5 (bfjme = Ofkag) + 5 (=bfarnis) — bejw)) + 3 O5ka = blres) + e
IepBoe ciaraemoe 3aMeHUM ¢ oMoIIb0 dhopmyssl (1.31), a Tpu cieayromux — ¢ nomorbio (1.102).
B pesysbrare mosryamm:

i m i 2 % *; * i
bike = 2004 + g(ﬁlljke T Qe + gjke) + bjkey- (1.104)

DTO U €CTb UCKOMOE Pa3JIoKeHHe TeH30pa b;- ke
Taxum 00pa3zoM, TEH30p KPUBU3HBI b IIPEJICTABIIEH B BUAJIE CYMMbI CJIAra€MbIX TPEX THUIIOB: IEPBOE
BbIpazKaeTcd Yepe3 TeH30p KPY4eHUsd, BTOPOoe BbIpazKaeTcd TOJIbKO Yepe3 KOBapUaHTHbIE IIPOU3BO/IHbIE
*

TeH30pa KPy4eHNsI OTHOCUTEIHLHO CpejHeil cBsi3HOCTH ') a TpeThe He 3aBUCHUT OT TE€H30pPa KPYUIEHUs.
Orciona ciemyer, 910 JuPPeperyuarvnas 0KPecTHOCTG MPEembe2o NoPA0Ka MpPu-mKaHy onpedens-
eMeA 3a0aHUCM NOAA MEH3OPG KDYUEHUA U CUMMEMPUNHOT 4ACTU MEH3OPA KPUBUSHDL.

®opmymna (1.104) mO3BOJIAET BHECTH CYMECTBEHHOE JIOMO/IHeHne B Teopemy 1.3 00 9KBUBajIEHTHO-
cru Tpu-TKaHeil. B cuity pasencrsa (1.104), das sxsusasenmmnocmu mranetd W u W docmamouro

% ~ o i
COE’I’LG&@H’UA}Z UL MEH30POB KPYUEHUA ajk u ajk U CUMMEMPUYHBIT HACTNEU UL MEH30POE KPUBU3HDL bjk(
)
U bj Kt

§ 1.9. IloaTKaHM MHOTOMEPHBIX TPU-TKAHEN

Hamommmm (cu. §2), aTo mogTkanb MHoromepuoit Tpu-tkann W = (X, \,) BbicekaeTcs ee CIOAME
Ha TPaHCBEPCAJIbHOI nosepxHocTu X pasMepHoctu 2p, 1 < p < 7, T.e. Ha HOIMHOroo6pasuu B X,
UMEIOIIEM p-MEPHOE IlepecevdeHre ¢ KaXK/[bIM U3 TeX CJI0eB TKaHu W, Koropble uMmeror ¢ X XoTsi Obl
oziHy 001iyto TouKy. Takue TpaHCBepCcaIbHbIE HOJMHOr000pa3ust CyeCTBYIOT He HA BCKON TPHU-TKAHU.
B srom maparpade HailleHbl YCJIOBHS HX CYIECTBOBAHUS, IIOIYIEHbI CTPYKTYDHbIE YPABHEHUSA TPU-
TKaHH, COJEpPIKalleil MoaTKanb. JJaHo TakKe onpejieieHre HOPMAJIBHON MOITKAH.

B §3 MBI onpejiesiiin 1By MepHBIE TPAHCBEPCAJbHBIE MOAIPOCTPAHCTBA B KACATEIILHOM IIPOCTPAH-
cree T}, Touxku p muoroobpasus X . HamoMmmuMm, 9T0 TpaHCcBepcaIbHOE MOAIPOCTPAHCTBO MIEPECEKAET
Ka’sKJI0€ U3 KaCATEJbHBIX [IPOCTPAHCTB Za’p K CJIOSIM TKaHH, IPOXOZSAIIIM Yepe3 TOUKY P, 10 OJHOMED-
HBIM TIO/[ITPOCTPAHCTBAM, MOPOZKIEHHBIM BeKTopaMu & = & ¢, €i € z: p COOTBETCTBEHHO. AHAJIOHYIHO

«
OIIPEIEJIAIOTCH 2p-MepHvle MPanceepcarvrvie nodnpocmparncmea B 1), HOpox/aeMble BEKTOPaMU

§a:fzei, a = l,2,...,p.
o a

TpanceepcasbHOE 2p-MepHOE TOIIPOCTPAHCTBO IMEPECEKAET KACATeIbHBIE TPOCTPAHCTBA Za}, K CJIO-

M TKauu W 1o p-MepHBIM MMOJIIPOCTPAHCTBAM, HATSHYTHIM Ha BEKTOPHI .

st 2p-MepHBIX TPAHCBEPCAJIBHBIX IOIIIPOCTPAHCTE CIIPABEITIHBO npoé/:moxeﬁne 1.1: oHu Takxke
MHBApUAHTHLI OTHOCHTEJBHO IpeobpasoBanuil (p.g)*. Orciona cieayer, 9to 2p-mepoie mpanceep-
canvrvie nodmnozoobpasus mrarny W uneapuanmmovl, 0mmocumensro npeobpasosaruti ©q 3, HOCKOIbKY
KacaTesbHbIe IPOCTPAHCTBA K HEM OyIyT TPaHCBEPCAILHBLIMH MOJIPOCTPAHCTBAMHU 3To# TKamu. M3
HOC/IeHET0 OOCTOATEILCTBA BBITEKAeT, UTO ypapHeHms Bioxkenus i: X — X TpaHCBepcaJbHOIO
nonMHEOroobpasus X B MHOrooOpasue X, Hecyiee TpU-TKaHb W, 3aIIUCHIBAETCS CIIEAYIONUM 00PA30M:

V=60t wi=gier, (1.105)
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TJIe Jepe3 ?a n ©% obozHavenbl GOPMBI, 0OPA3YIONHE KOPEIEP Ha TPAHCBEPCATBHOM MOIAMHOT000pa-
2

aun X. Cisron momrkanu W, BbicekaeMoii Ha TOAMHOroobpasun X cjosmu TKaHu W, OlIpeensorcs
YPABHEHUSIMU

(?azo, (;)a:0, (T)a—&—(;)a:O. (1.106)
Bamernm, uro ypasHerus (1.106) 1o Buy COBIAJAIOT ¢ YPABHEHUSIMHU, OIPEJEIISTIONTIMI CJIOSHUS]
tkann W. CremoBaresbHO, GhOpPMBI CT)a u (5)“ JIOJZKHBIL yJIOBJIETBOPSTH CTPYKTYPHBIM yPaBHEHUSAM

Buia (1.26) u (1.32):
de" :(?b AOF + abcc?b N s,

, N (1.107)
dO* =" A O — 20" A OF,
2 2 2 2

dOg = 05 A O +'z§gcd@c A (;)d. (1.108)

C zpyroii croponsl, BMecte ¢ ypaBHenusMu (1.105) 102KHBL BBIIOJHATHCA U uX JuddepeHiuaibHbie
cnencreug. duddepeniypys 911 ypaBHeHus] BHEIIHUM 0Opa30M U MOJb3Yysch ypasHeHusamu (1.26),
(1.105) u (1.107), mpraem K cucreme

(V& — £00) A O + (§al, — a5,£0€5)0" A O =0,
(V& — 600) N O — (&g, — ajp&ly)0" N O =0,

rae obosmadgeno VE! = dE&l + féwj. W3 monydeHHBIX KBaJpPAaTUYHBIX YPABHEHUN CJIEYET, UTO
BBIDAYKEHUsT B CKODKAX PABHBI HYJIIO. DTO JAET YPABHEHUS

Ve, =65, (1.109)
al el = glag. (1.110)

Tkanp W nnaynupyer na MHOroodpasuu X addunHyI0 CBAZHOCTH f, ompesengemyio dpopmamvu O,
BXOJAIIUME B CcTpyKTypHble ypasuenus (1.107). Ceasuocrs I' cormacoBana co cesiznoctbio Yepna T,
omnpenesleHHOl Ha MHOroodopasmm X, B TOM CMEBICJIE, YTO HapaJUIeILHBIH IepeHoC BEKTOpa Ha
MHOroobpa3uu X OTHOCUTEJHHO CBsi3HOCTH [’ COBIIafaeT ¢ napaJuiesibHbIM IIEPEHOCOM TOIO YK€ BEKTOpa
oTHOcUTeIbHO cBasHocTH . B caMoM zeste, mapaJuiesibHOe BeKTOPHOE HOoJIe 1) ¢ KOOPAUHATAMHI 7] Ha

MHOroo0Opas3uu X ONpeJIessieTcsl yPaBHEHUSIMUI *

di* + 7708 =0, a=12. (1.111)

Koopaunarsl BEKTOPOB 9TOro 1MOJS B pelepe e;, CBA3AHHOM ¢ MHOrooopaszmeMm X, BHIYUC/IAIOTCHA B
(0%

cuny (1.105) o dopmynam 1’ = £4*. Juddepennupyst 5Tu paBeHCTBa U HOJIb3YsCh COOTHOIICHH-
(e «
mu (1.109), nosyanm ypaBHeHUst

KOTOpBIE MOKA3EIBAIOT, YTO BEKTOPHOE IOJIe 1) ABJISAETCA HapaslleJbHBIM U B CBA3HOCTH epHa Ha X.
Ortcroza HemocpeICTBEHHO CllelyeT, 9T0 TpaHcBepcaabHoe HoaMHoroobpasue X Muoroobpasus X apiid-
€TCsI BIIOJTHE T'e0/Ie3UTIECKUM TIOJMHOTro0bpasnueM B 3Toit cBsi3noctu. Ho Torma ciion noprkann W siBiis-
I0TCA IepecedeHneM BIIOJIHE Ie0e3N9eCKIX HOIMHOroo0pasuii: ciioes TKanu W n ee TpaHcBepcaabHOTO
nommuoroobpasust X. CnemoBarenbro, cion TKaHu W TakKe sIBJISIOTCS BIIOJHE TE€OIE3UIECKUMUI
[TOJIMHOTO00PA3USIMH.

Jlerko ycraHaB/IMBaeTCs, YTO IOJIYUEHHBbIE PE3Y/IbTATHI CIPABE/JIUBDI JIJIsI JII0DO0M U3 CBSI3HOCTEMN
nyuka I'(W). Uraxk, noxkasana

Teopema 1.11. Tpanceepcanvrvie nodmnozoobpasus mpu-mranu W = (X, A,) asaatomes enoare
2e00e3uUnMecKuUMU NOIMHO2000PASUAMU OMHOCUMENLHO 6cex ceasnocmet nywka I'(W), onpedeasemozo
amoti mranvlo Ha mHozoobpasuu X. Iodmrans W mxanu W, evicexaemasn caoamu nocaeduets na

DOM A Awxvirvrue A M T1Tenevor
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MPAHCEEPCAALHOM TOOMHO02000DA3 UL )N(, COCNOUM, U3 BNOAMHE 2€00€3UMECKUT NOOMH02006pa3UT 0Mm-
HOCUMEALHO IMUT C6AZHOCTNET.

Teopema 1.11 00bsicHsiET, ITOYEMY TPAHCBEPCAJIbHBIE IIOBEPXHOCTU TPHU-TKAHU HA3BIBAIOT TaKKe
MPAHCEEPCANLHO-2E00E3UNECKUMA.

Haitnem HEeoOxomuMBble U HOCTATOYHBIE YCIOBUS CYIECTBOBAHUS TPAHCBEPCAJIBHBIX MOBEPXHOCTEH
tpu-TKaHu. IIponuddepennuporas ypasrenus (1.109) u Bocmnosb3oBaBmmcs coorrHommenusivu (1.26)
u (1.108), mocsie HECTOXKHBIX TPEOOPA3OBAHUI MPUIEM K DABEHCTBAM

Ve €55 = Eibfea (1.112)

Cootnomenms (1.110) u (1.112) mpescrapasaior coboil yciopuss naTerpupyeMoct cucremsr (1.105),
(1.109), oupenesnsioreii noBepxuoctb X . Ciie0BaTe/bHO, UX BBIIOJHEHHE HEOOXOAUMO U JIOCTATOTHO
JUIS CYIIECTBOBAHUS PACCIOCHUST HA X, OJHAM U3 CJIOEB KOTOPOTO SIBJISETCS IIOAMHOrooOpasue X .

B wacrroctu, npu p = 1 coornormenus (1.110) yaoBiaerBopsioTcs TOXKASCTBEHHO, TaK Kak npu p = |
TeH30p KpyueHus: paseH Hyato (cM. §4), a coorromenust (1.112) npuHIMa0OT BHI:

L EEREE = €D, (1.113)

Bekrop &', yAOBJIETBOPSIOMHIL 9TOMY COOTHONIEHHIO, HA3BIBACTCSI COOCIMGEHHLIM BEKMOPOM TEH-
7
3opa by,. N
Vpasuenust monrkanu W tkanu W 3HAYATENBHO YIIPOCTATCs, €CIU MEPEHTH K CEMENCTBY PEIepoB,
aJIanTHPOBAHHBIX K moaTkann W. 13 ypasrennit (1.20) u (1.109) BBITEKAIOT COOTHOIIEHMsI

£ = 0"(Ehes) — 9" (i),

KOTOpBIE ITOKa3bIBAIOT, YTO BEKTOPHI 52?2 u 5251 obpasyor Ha MHOroobpazuum X perep, JAyaJbHBII

KOperepy (T)a, 0% OrpaEmymM CeMeidcTBO penepoB Ha X, IMOMECTHE BEKTODPHI €, B KaCATEJbHOE
2 a

npocTpancTso 1’y K cito1o Fj, TKauu W. 910 ceMeiicTBO PenepoB alallTHPOBaHO K BJIozKeHuIo 1: X — X,
« «

samanromy ypasrermamu (1.105). B pesymprare momyumm €8 = 68, €4 =0 (u,v,w,... = p+1,...,7), m
ypasaerns (1.105) npuMyT cieayromuii Bus;:
0 =w* O'=w w'=w"=0.
1 1 2 2 1 2
Kpome Toro, u3 coornormennti (1.110) u (1.112), cBA3BIBAIOINX TEH30PHI KPUBU3HBI U KPYIEHUsI
Tkaneit W u W, mocimenyior paBeHCTBA
~a __ _a Ja _ 1a u (T
Uhe = Gher  bped = bhear  Gap =0, by =0, (1.114)
KOTOPBIE BBIMOJHAIOTCA HAa MHOroobpasun X .

ITpeamooKum, 9TO TEH30PbI KPyUeHusl U KpUBU3HBI TKanu W npusesiensl K Buy (1.114) Ha Bcem
muoroobpasuu X . Torma ypasaenust crpyKrypsl (1.107) sroii TKaHu pa3obblOTCs HA JBE CEPUU:

dw® = W' AWl +a?koﬂ AWk,
1 | 1 1 (1.115)
a __ 1 a a  j k .
dw® = w' Awj' — ajw’ Aw”,

2 2 2 2

dul)“ = ciJ” Aw, +u11“ ANwg + Qagvai)“ /\alj” + aﬁwci}“ /\ai;“’,
(1.116)

u __ v u a u u a v u v w
duQJ =y /\wv—&—cg /\wa—Qaaqu) /\cé) ~ Gy /\“2) .

B pesysbrare nposesennoit kanonusanuu coorHomenus (1.109) nmpumyr Bu:

wp=0¢, wi=0 (modulju,c;“).



§1.9. IlogrKaHy MHOINOMEDHBIX TPU-TKaHEH 35

OTCIO,ZL&, B 9aCTHOCTH, CJEOYyET, YTO Ha MHOI‘OO6pa3I/II/I X JOJIZKHBI BBIIIOJTHATHCA YPaBHEHNA
U _ yu , v u o, v
wa - )‘av(‘i} +/”Lav°; . (1117)

Ypasuenus (1.116) u (1.117) nokassiBaior, 9To0 cucTeMa w* = w' = 0, oLpeeNAIIIAs TPAHCBED-
_ 1 2
CaJIbHYIO TI0BEPXHOCTh X, BIIOJIHE MHTerpupyema. Ilpu srom GasucHble GHOPMBI Li)a, cg“ MHOT006pa-

3usg X yIOBJIETBOPSAIOT YPABHEHUAM

dw® = W’ Awi + afw® AW,
: ool 1.118)
a__, b a a b c (
dw® = w’ ANwy — ap.w’ A WS,
2 2 2

KOTOPBIE TI0JIydaioTcst u3 ypasaenuit (1.115) upu uIJ“ = (,2«)“ =0.

Bxoagamue croma GpopMbl w;j' CBA3aHBI COOTHOIMEHUSIMHI
dwg:wg/\w‘curbgcdcif/\cgd, (1.119)

nosyvamomumuca u3 ypasaenuii (1.108) upu ul.)“ = (.5)" = 0. Vpasuenus (1.118) u (1.119) aBasiorcs

CTPYKTYPHBIMH yPABHEHUAMU ITOATKAHU W B aIanTUPOBAHHOM DeIepe.
Teneps MBI MOXKEM JIOIOJHUTH PE3yJILTATHI HEPBOro maparpada, BBelsd MOHATHE (DAKTOP-TKAHU
U TOJIyIPSIMOIO HpoM3BeJieHUsl TKaHeil. YpasHenusi (1.116), KOTOPBIM YIOBJIETBODSIOT (DOPMBI ulju

u w', He MpeJCTaBJISIOT co0oM, BOOOINE TOBOPs, CTPYKTYPHBbIE ypaBHEHUsT KaKoW-mnbo Tkanu. OHu
OTIPEJIENIAIOT TPU-TKAHBb TOTJIA W TOJBKO TOIJIA, KOTJIa B HUX OTCYTCTBYIOT CJIAraeMble, COJIEPIKAIINE
dopmbI oija n w%, T.e. KOrJaa Ha TKAHU VW BBITOJIHSIIOTCS COOTHOIIEHUST

2

wy =0, ay; =0 (1.120)

a

(mrpu sToM yurens! pasercrsa (1.114) u (1.117)). Tpu-Tkans, oupenensemas ypapaenusmu (1.116) npu
yenosusx (1.120), sagana #a daxTop-MHOroobpasun X/ X . Hazoseu ee Paxmop-mranvio 1 0603HATNM
cmvsosiom W/W, a Tkanb W HasoBeM B 3TOM CTydae Hopmaavrot nodmranvio. Utax, yeaosua (1.120)
He0b6x00UMbL U JOCTMAMOUHYL 028 M020, UMobbL nodmxamns W 6viia nopmasvnot nodmxanvto mxaru W
u cywecmsosana gaxmop-mrarnv W/W.

Huddepenrupyst coorromenns (1.120), momyanm:
aij =00 Bafip =0, b

aij av]c

:0,

OTKyZa
U _ Lu _ Lu _
baij = byia = byai = 0. (1.121)
B pesynpraTe eIMHCTBEHHBIMH OTJIMYHBIME OT HyJIA KOMIIOHEHTAMH TEH30pa KPHBH3HBI C BEPXHUM
MHIEKCOM ¥ OyIlyT BEeJIHYUHEL b, ..
AHaJIOTHYHO yCTAHABIMBAETCS, ITO €C/IN Ha MHOrooopasun X HMeIOT MECTO COOTHOIIEHUSI
Y

u

0, =0, wi = Xoyw” + i, (1.122)

TO OHO paccjauBaercsd Ha TPaHCBepCaJsbHbIE IIOJMHOI006pa3us pasMepHocTy 2(r — p), Hecylue Hoj-

Tkann TKaan W. O603HAYMM 3TH IOATKAHN w.
Ecmm ma Muoroobpasun X suimosaatoTcs ypasaenns (1.120), (1.121) u (1.122), To 6y/1em ToBOpHTS,

qro TKaHb W mpezcrasiisier coboit noaynpamoe npoussedenue noarkaneit W u W.
B ciydae, xorna na Tkanu W BBIIOJIHSIOTCS COOTHOIIEHUST

ag, =0, wy =0, (1.123)
TO UMEIT MECTO paBEHCTBA
zij = Ziu = gvi =0 (1124)

9k
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u cymectsyer dakrop-rkaubs W/W, a noarkans W 6yjer HOpMAJILHOIL.
Ecmm ke ofHOBpeMeHHO BRITOMHAOTC ypaprenns (1.120), (1.121) u (1.123), (1.124), o trams W

MIPeCTaBIIIeT CODOit npamoe npoussederue TKaHei Wn W, TaK KaK B 9TOM cjiydae ypasaenus (1.26),
(1.32), (1.33) u BCce moOCJEMYIONTIHE, TOIYUYAIOIIUECS IPU IPOJIOJZKEHNH, PACTIAIAIOTCS HA JIBe HE3ABH-
CHAMBIE CEPUH:

dci)“ = oijb Awy + agcci)b A oij‘:, dulju = ci;” ANwy + a}jwai)” A cijw,

dw® = WP Awf — alw? Aw®, dw' = w’ Awd — a¥,w’ AW,
2 2 2 2 2 2 2 2

dwp = wp Awd + bgcduljc A Lgd, dwy = wy A wy + bngci)w A o;z.

TpI/I—TKaHI/I, HE nMeromnue HOpMaJIbHBIX HO,ILTKE%HG‘I‘/JI, Ha30BEeM Npocmovimu MraHAMU.

3AIAYN

1.1. Hajizmre rpannnsl o61acTy ONPEIEICHAs W yPaBHEHNE TPHU-TKAHW, O6pa3OBaHHON HA ILJIOC-
KOCTH:

a) TpeMsl IIy4KaMU [PAMbIX;

6) IyYKOM OPSAMBIX ¢ BepuinHoii B Touke O U KacaTeJIbHbIMU K HEKOTOPOI OKPYKHOCTH € IIEHTPOM
B O;

B) TpeMsl JIIMITHIECKIMH [IyIKaMH OKPY?KHOCTeli ¢ BepmmHamu B Toukax (A, B), (B, C), (C, A)
(em. [Bar-1));

') JeKapTOBOii CETHIO U CEMEHCTBOM KOHIEHTPUYECKUX OKDPYKHOCTEIH;

1) IPSAMBIME Y = CONSt, IIyIKOM HPSIMBIX, IPOXOJSIIAX Y€Pe3 HAYAJI0 KOODJHMHAT, U napabosimye-
CKHUM ITy9IKOM OKPYKHOCTe# ¢ BeprmuHoil B O, JUHUEN TEHTPa KOTOPOIO CIYXKUT OCh Y;

€) Iy 9KOM IPSIMbBIX ¢ BEPIIUHOM B TOUKe O, CeMefCTBOM KOHIIEHTPUYECKUX OKPYKHOCTEI € IIEHTPOM
B Touke O, U runepboJMuecKiM IIyYKOM OKpyzKHOcTeil ¢ Bepruunamu B Toukax (1,0) u (—1,0);

K) Tpems cemeiicrBamu PAMbIX Ay (g )x + Bo(ua)y + Co(ue) =0, a = 1,2,3, tne Ay, Ba, Co
— rIaJKue (PYHKIMA TAPAMETPA Uy

3) JIEKApPTOBOI CETHIO M JUIMITUYECKUM ITYIKOM OKPYKHOCTeH ¢ BepimuHamu B Toukax (1,1) u
(—=1,=1).

1) TpeMs IIyYKaMU OKPYKHOCTell, IPUHAJJICIKAIIUMU OJ[HOI CBS3Ke;

K) TpeMs TUIepOOJUIECKUME IIyYKAMU OKPYYKHOCTEH, COMEpKAIMMA OBILYI0 MHUMYIO OKDYZK-
HOCTb, TIPAYEM B KaXKJIOM U3 IyYKOB €CTh OKPY?KHOCTH, OPTOIOHAJIbHAST BCEM OKPYKHOCTSIM JIBYX
JIDYTUX IIyIKOB;

JI) JBYMS JUIANTAYECKUME ¥ OJHMM THIEPOOJINIECKUM IIyIKAMU OKPYKHOCTEH, COepKaIiMu
OOIIYI0 OKPY?KHOCTH, TPUIEM B KaXKJIOM U3 IIYIKOE €CTh OKPY?KHOCTH, OPTOTOHAJbHAS BCEM OKPY7K-
HOCTSIM JIBYX JPYTIHX IIyYKOB;

M) TpeMs IyYKaMU OKDYKHOCTEil, JiBa U3 KOTODPBIX OPTOIOHAJLHBI, IPUYEM B KaxKJOM U3 THUX
JIBYX IIYYKOB €CTb OJ[HA OKPYYKHOCTb, IPUHAJJIEXKAIIAS TPEThEMY IIYUKY;

H) JIBYMsl OPTOTOHAJIBHBIMU [APAOOJINIECKUME Iy YKAMU OKPY2KHOCTell ¢ o0lLIell BepIIuHOi U ru-
1epOOIMYeCKUM [y 9KOM OKPY2KHOCTEH, 0J[HA U3 BepIiuH (OKPYKHOCTEl HYJIEBOrO Pajuyca) KOTOPOro
COBIIQIaeT C ODIIel BEePITUHON MapaboInIecKuX My IKOB;

0) ABYM# JUIMITHYECKUMU Iy IKaMu OKpyzkHOcTeit ¢ Bepmunamu A, B u B, C, u runep6oJudecKum
Iy9KOM OKpy2KHOCTel ¢ BeprmmmHamu A u C;

) AByMs HapaboMYeCKUMU IIyYKAMHU OKPYKHOCTEH M SJUIMITHYECKHM IIyYKOM OKDYKHOCTEI,
BEPIIUHBI KOTOPOT'O COBIAJIAIOT € BEPUINHAMU MapabOIMIeCKUX M1y IKOB;

P) 2JUIMOTHYECKUM IIyIKOM OKPY2KHOCTel ¢ BepiuHamu A u B, rumepboinIecKuM Iy YKOM OKDY K-
Hocreit ¢ BepumHamMu B u C' u mapabosimdecKuM MydKOM OKPYKHOCTEH ¢ BepimuHOil A u 6a3ucHoit
OKPYXKHOCTBIO S, npoxojsiieii yepes Touku A, B u C.

B kaximom u3 ciaydaes a)—p) Haiigure rpanunpl [y (eMm. 1. 3 §5). JokaxKure, 4T0 TKAHU ¥)-D)
SIBJISIFOTCSL PETYIISIPHBIME (IAPAJIIeIN3yeMbIMH ).



I'n. 1. Bagaun 37

1.2. MHOXKeCTBO BCeX MPSAMBIX ILIOCKOCTH, TAHT€HIINAJIbHBIE KOOPJANHATH KOTOPBIX CBSI3aHBI OJI-
HODOJHBIM ajredOpanvecKuM ypaBHEHUEM TPeTheil CTelleHd, HA3bIBAETCs KPUBOM TPETHEro KJiacca.
JlokaxkuTe, 9TO TOCIETHSAS 00Pa3yeT TPU-TKAHbD.

1.3. JlokaxxuTe, 9TO COBOKYITHOCTH KacaTeJIbHBIX K TPEXapPOYHON TMITOIMKJIION/IE

x =a(2cost +cos2t), y=a(2sint— sin2t),

€CThb KpUBas TPETHEro Kjacca.

1.4. Jlokakurte, 9TO TKAHU, yKa3aHHbIE B 3ajat4e 1.1, SBISIOTCS PEryJISPHBIMU, IPUBEJIS C TTOMO-
IIBIO JIOIYCTUMBIX TPe0Opa30BaHUil NX YpaBHEHUsI K BUIY Z = & + ¥.

1.5. Jlokaxkute, 9TO TPU-TKAHB, 3aJaHHAS HA [JIOCKOCTHU yPABHEHUEM

Aujusugz + Biusus + Bouyusz + Bsujug + Ciuy + Coug + Cyuz + D =0,

rine A, By, ..., D — HOCTOsIHHBIE, SIBJISIETCS PETYIISPHOIA.

Hoxkazxkure yrBepxkaenus 1.6-1.8.

1.6. YpaBHeHHIs HapaJIeIn3yeMoll TKaH IPHBOAATCA K BUAY 2° = x + 1.

1.7. Ecau tkanp W gaBiisteTcst IpssMBIM TPOU3BEICHUEM JIBYX TKAHEH, TO e YPaBHEHHS MOTYT OBITH
sanmucansl B Buge z = f1(z,y), w = fo(u,v).

1.8. Jlokaxkure, 9TO TPU-TKAHb, 33/ [aHHAS yPABHEHUSIMU

2 =2l 4yl 2=l (ah y") + ozt yl), i=2,3, ...,

SABJISIETCST TOJIYIIPSIMBIM TTPOU3BEIEHUEM JBYX MAaPAJLICTU3yEeMbIX TKAHEH.

1.9. Haitgure dpopmsl w; 1 1IepBBlit CTPYKTYPHBIN TEH30DP e-CTPYKTYPHI 1 HihaddoBoil CTpyKTypBHI.

1.10. C nomMoInp0 CTPYKTYPHBIX YPABHEHUI JIOKAYKUTE CJIEJIYIONINE YTBEPKICHUS:

a) ec/iu KPUBU3HA JIByMEPHON TPU-TKAHU PABHA HYJIIO, TO 3T4 TKAHb PEryJIsiPHAS;

6) ecau pyHKIUM cme, Bxojgye B ypapaenus (1.38) HEeKOTOPOii JAByMEpHOl TPU-TKAHU, PABHDBI

HYJIIO, TO ¥ KPUBU3HA 9TOM TKAHU paBHA HYJIO, T.€. TKAHb PEryJisipHasi.
1.11. Tlomesysice dopmymoit (1.60), mosyuuTe cieayromue BbIpaXKeHWUs [JIsl KPUBU3HBI b
JIBYMEpHO! TpH-TKaHMU, 33J[@HHOIN ypaBHeHUeM z = f(x,y):

1 o fe 1 <fzyy Joay | Soafay fzyfyy)
_ . 1 i = _— - —= —_— — — .
b fefy axay(nfy)’ b fafy fu fe " fa% f;

B wacraOCTH, €ciim KpUBU3HA TKAHW PaBHA HYJIIO, TO ONpEessionias ee (pyHKIus f yIoBIeTBOPSIET

yeaosuro Cen-Pobepa [Br-1|: 5 f
0xdy <ln fT,) =0

BeiBeaure orciona pesyiabrarsl ynpaxkueruii 1.5 u 1.10 a).
1.12. Ilycre nBymepHasi Tpu-TKaHb 3ajaHa ypasueHueM W (up,ug,us3) = 0. Torma ee xpususHa
BBIUHCJISIETCS 110 (DOPMYJIe:

b= Aoz + A3 + Ay,

e

A Waaﬁ Waﬁﬁ Waﬁ (Wﬁﬁ o Waa
af

- Wi w2

- ) aii 2172737
WiWs  WoW5  WaWp ) b

a udepes Wy, Wag, Wog, 0003HaUEHBI COOTBETCTBYIOIINE YaCTHBIE NPONU3BOJHBIE (DYHKINH
W (u1, ug, ug). Ionb3ysich naiinenuoii ¢hbopMyIIoil, BBIYUCAUTE KPUBU3HY TPU-TKAHH, PACCMOTDEHHON B
yipakHeHuu 1.5.

1.13. Haiture CTPYyKTypHBIE yPABHEHUS W TEH30PHI KPYUEHUs] U KPUBU3HBI NMECTUMEPHON TpU-
TKaHU, 338/J]aHHOI ypaBHEHUAMUI

A=zl vyl — (@24 H)dyd, =24t P =2 40 (1.125)
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Pemenne. B coorsercreum ¢ (1.52) mosmoxKum:

: D gl — adydda® — P (o + y2)da?,
Lé)1 — dy' — BPPdy? — (2 + y?)dy, (1.126)
leQ — d, Li}3 — 4P, LgQ — dy?, %}3 — .

IIpomud depennupyem BHenHIM 00pa3oM (GOPMBI clul u oéﬂ (1,4, k = 1,2,3) u upeobpazyem 1oLy Y€HHbIE

BhIpaxkeHust ¢ yderoM (1.126). B pesysibrare moiayIuM CTPYKTYPHBIE YDABHEHUSI:

dw —w A w) —l—w Awl + (2* )w /\w

dw —w /\w2+w /\w3 (2 )w /\(“5)’ (1.127)
dw dw = dw? =0,

i 2

wy = 2w’ +y'w’ = 2’dy’ + yda’ = d(a’y’), (1128
1.128
w3 = y?’dy + acgdx + (x2 + yQ)(dgc3 + dy3) = d(x2x3) + d(y2y3) + 9cQaZy3 + dex3

Cpasuusas ¢ ypasuenusivu (1.26) nepsble aa u3 ypasuennit (1.127), maxomum, urto w] = 0, aly, =

=al;=0,al; = §(x3 —43). Cpasuusas ¢ (1.26) mociemame wersipe n3 ypasrenuit (1.127), naiiem,
970 w,% = wz =0, a? = ag = 0. Buemmnee nuddepennnposanne dpopm wj naer cieyromnuii pesynsrar:

dwy =0, dw} :aIJQ/\LSS —ci)S/\uQJQ, dw} = dwj = 0.
CpaBHI/IBaH ¢ ypaBHeHI/IHMI/I (1.32), HaiizieM eJMHCTBEHHbIE HEHYJIEBble KOMIIOHEHTBI TEH30pa KpH-
BU3HBIL: b 393 = 1, b332 = —1. OTMeTnM, 9TO BBINOJHSETCS YCIOBUE b;'(ke) = 0, T.e. TEH30P KPUBUIHBI
SIBJISIETCSI KOCOCUMMETPUIHBIM 110 JIBYM ITOCJIEIHUM HUKHUAM HHIIEKCAM.

1.14. Ilycre rpynma G ABsSeTCS TPSAMBIM IIPOU3BEIEHUEM IBYX U30MOPQHBIX 7'-MEPHBIX TDYIIIT
JIu G| u Gy, a monrpynna G5 B G ectb rpaduk mekoroporo msomopdusma n3 G B Gy. Hokaxure,
qT0:

a) Tpu-TKaub W, obpazosantas Ha G cMexKHbIME Kjaccamu 110 noarpyumnaMm Gy, Go, G3, aBisiercs
I'PYUIIOBO TKAaHBIO;

6) BCsIKasl IPYIIOBAas TKAHb MOYKET ObITh OILIPEJIeJIeHA TAKUM CIIOCOGOM;

B) noarpyumna G Gy/eT HOpMAaJIBHO TOrJa U TOJBKO TOL/a, KOrja TKaHb W napaJuiesnsyema.

Jokaxkure yTBEpKIAEHUS, CPOPMYJINPOBAHHBIE B yrpakHeHusx 1.15-1.17.

1.15. Ioxe & = (&1, ¢)) napastensno na tpu-tkann W = (X, \,) oTHOCHTEIBHO ceaznoctu g
TOT/Ia ¥ TOJIBKO TOTJIA, KOT/Ia KOOD/IMHATHI 51 u §2 V/I0BJIETBOPSIOT COOTHOIIEHUSM bt I 55 1= =0, bj M§2 =
= 0. Eciiu Ha MHOro0o6pasuu X CyIIecTByeT 1 HE3aBUCUMbBIX [apaJLIe/IbHbIX BEKTOPHBIX II0JIEH U TOJIBKO
B 9TOM CJIy4yae Tpu-TKaub W 6yjer rpynnoBoi.

1.16. Uzoknunanbie r-BeKTOPLI €] A ... A&, e & = §lei — §Qei, IapaJLieibHbI B CBSI3HOCTH UepHa.

2

Onn 6ymyT napaJureSbHBI TAK¥Ke OTHOCHTEJHHO JII000M CBa3HOCTH Ha X, mMarpura $hopM KOTOPOii
nMeeT KBasuamaroHasbHbI Bu (1.96).

1.17. Cnou tkaru W BIISIIOTCS aBTOMAPAJIIETLHBIME [TOIMHOTI000PA3UIMIA OTHOCUTEIBHO KAXK IO
u3 cesasHocTell myuka I'(W) (em. (1.97)).

1.18. BekTopHoe noJie £ = ({ 1, 52) 3aJaHHOe HAa MHOroobpa3un X , HecyieM Tpu-Tkanb W, HazoBeMm
ce2peanbHbiM, eCITU B KaxK 1ol Touke p u3 X BekTop &(p) npunauexkur Kouycy Cerpe, ompeeseHHOMY
B 9TOM Touke. /lokaxkure, ITO:

a) moJie § cerpeajibHOE TOIJIA M TOJBKO TOTZA, KO fg = )\ff;

6) BCsiKOE cerpeasibHOE TIoJIe & onpejiensieT Ha X eIMHCTBEHHOE PACIpe/Ie/IeHNe IBYMEPHBIX TPaHC-
BEPCAJIbHBIX OJIIPOCTPAHCTB, cojepkariee &;

B) eciu cerpeasbhoe noste & = (i, Aé!) mapasuiesbHo BI0IbL KpuBoit 7, To Al, = const.
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s
1.19. /Tokaxxute, 9TO TEH30PHI g’ jke (cM.(1.102)) sBIAIOTCS KOBAPHAHTHBIMU IIPOU3BOAHBIMU TEH-

*
30pa KpydeHust a§  OTHOCHTEJIbHO cpejneil ceaznocru I
1.20. Haiiiure TeH30pbI KPYUEHUST M KPUBUZHBI CJIEIYIOMINX YE€THIPEXMEPHBIX TPU-TKAHEH:
a) 2 =ale 4yl 4+ %$2y26—2y27 2= 2?4
12 129
b) 21:x211$x73y22’ ’ "y
ry +2x " +xy

JlokazkuTe, 9TO TEH30p KPYyIEHUS STUX TKAHEH yI0BJIETBOPSIET TOXKIAECTBY FKOOM, & TEH30p KPUBU3HBI
CHAMMETPUYEH 10 HIXKHUM HHJICKCAM. o
1.21. JTokaxkwure, uTo KoMMyTaTop & BeKTOpHBIX nosedt £(&',&€") u n(n', n'), 33 JaHHBIX Ha MHOTO-
12 12

obpasuu X, necymem tpu-tkanb W = (X, A\, ), Bbraucisercs o dbopmysie
§=8n—n&+2a5,8n7, & =0 -0’ — 2458 "
1 1 1 11 2 2 2 22
Yxkazaunue. Kommyrarop noseit £(£%) u n(n®) na muaoroodpasuu acbdUHHON CBA3HOCTH BLIPAKACTCSI
B BUJE . . .
[n]* = &y — "6 — ApeEn”,

rae Aff. — TeH30p KpydeHHs CBA3HOCTH, & U 7)j — KOBapHaHTHBIE POM3BOAHbIE oT {% u n® (cM.,
Hanpumep, [KH-1], c. 131).
1.22. Jlokaxure, 9T0 B KOba3uce

Liﬂ? = da’, uQﬂ' = Pjdy’, (1.129)

rie o003HaYEeHO ) =
i
Pj - gkf' ’

TE€H30P KPUBU3HbI TKaAHU MOXKET OBLITH 3alllCaH B BHJIE:

ST )P (1.130)

gkl — aym L aym
(mHOTOMepHOE 0606mIeHNe hopmynbl Cen-Pobepa).
Vkazaunue. Kobazuc ulﬂ = dx*, cg’ = Pjdy’ cBa3an ¢ cuMMeTpPUIHBIM Kobasucom

iV g it Fir g g
01} :fjdiU]y 021 :fj dy’,
—/
paccMOTpeHHBIM B § 6, MmaTpuueil nepexoza f:
i _ Y g ir _ Y
w' = fiw, W =fw
1 1 2 2

CrieioBaTeIbHO, KOMIIOHEHTHI TEH30Pa KPUBU3HBI B COOTBETCTBYIOMINX 0a3UcaX CBA3AHBI CJIeAYOIIUME
COOTHOIIEHUSIMU: , I
i _ —j =k =l 7
bl = fi gj/gk/gl/bjkb
NpUYeM BBIPAYKEHUS JIJIs b;’,k,l, nauo dopmyuoit (1.59) wimm (1.60). ITompoGHBIE BEIMHUCIEHUST CM.
B [III-32].
1.23. Jlokakure, 91O
i i
i __ar[kjfm_ 7 m.o_ % __arj[k’Vm_Fi ™ =0
jkl = T gpm 94 lemt k]j — Y kLT Ty 9p) mled jk] =

(obosnaveHns cM. B §6).
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ITPUMEYAHUA

1.1.Y Tepmun «Tpu-TKaHb» npuHazyexut Baswxe [BB-1|, repmun «kBasurpynunay — Mydane
[My-1].

1.2. Kax gokaszan Jrogyp [dro-1], nuddepennuaabHo-reomerpuiecKkast 5K BUBAJEHTHOCTD TJIAIKAX
TpHU-TKaHEH BBITEKAET U3 MX TOINOJOIMIECKON SKBUBAJEHTHOCTH.

1.4. Iuddepenimaibibie ypaBHEHNsT MHOTOMEDPHOH TPU-TKAHU BIIEPBbIE ObLIN IOy IeHbl depHom
[9-1]; B Gosee obospumoit u ymobuolt dopme (1.26), (1.32) — Axusucom [A-2]. VIx mMoxkHO cun-
TATh TAKYKE CTPYKTYPHBIMU yPABHEHUSIMU KOOPJMHATHONW KBA3UTPYIIIBI 19 TKAHU, 00OOMIAIONIMMU
CTPYKTypHBIe ypasHeHus Maypepa-Kaprana rpynnst JIu. TepMUHBI «TeH30p KPy49eHHS» H «TEH30D
KPUBU3HBI» BBeJeHbI B [A-2].

Teopema 1.2 nokasana asropamu B [AIIl-6]. O6partHoe yTBepxkzaeHue (Teopema 1.3) BrepBbie
[PUBEJIEHO B ITON KHHUTE.

CTpyKTypHBIE YDABHEHUSI AByMEDHOHl TpHU-TKaHU BhiBeAeHbI baswwke B |[Ba-1|. Tam ke BBemeH
TEPMUH «KPUBHU3HA TKAHU».

Juddepenmanbibie ypaBHEeHUS MHOIOMEPHON TPU-TKAHUA B KOHTPABAPUAHTHOH (DOpMe HailIeHbI
B [AII-13)].

1.5. [Tapasrem3yeMble U TPYTIIOBBIE TPU-TKAHA PACCMATPUBAINCH B [U-1] Kak TKanM, Ha KOTOPBIX
BhIOsHsIOTCs yeaosust 3ambikaaus (T) u (R) (B [U-1] oHM HA3BIBAIOTCS COOTBETCTBEHHO YCJIOBUSIMA
(D) u (P)). Hokazareascrso TeopeM 1.4 u 1.5 takske umeercs B [U-1], oxHako B 60siee TpoMO3KOi HO
MeHee TeOMeTPUYHOM dhopMe, 4eM B § 5 9Toil KHUTH.

1.6. ®opmyunt (1.56), (1.60) ayis BbIMUCIEHUS] TEH30POB KPYUYeHUsl M KPUBU3HBI TKAHU I10JIy Y€HbI
B [AIlI-1], xorst 6am3Kue K HUM BbIpaxkeHusi nmerorcs B [U-1]. @opmyna (1.130) maiinena s [II1-32].
Dopmyia J1jisl BBIYUCIEHUS KPUBU3HBI JBYMEPHOI TpU-TKaHM, 3aauuoil ypasaenuem W (uy, ug, uz) =0
(em. 3agaqy (1.12)), umeerca B [Bar-1].

1.7. Kanonnueckast adbdunnas csa3HocTh I Ha Tpu-TKaHu onpeneneHa B [A-2]; Gosee momxpoGHO
ee cpoiicra paccmarpusatores B [AIT-6], [AIIT-12]. Ceasnoctbio Yepna ee Hazsan Kuxkasa B [Ku-1].

*

1.8. Csasnocru, pacemorpennsie B § 8, uccienosanuch B [AIll-4]. Cpenusas csasuocts I onpese-
gena B [AITl-2| B cBssu ¢ usydenuem tkaneit Mydanr.

1.9. TonsTus noarkanu u dbaktop-Tkanu O6butn BBenenbl B [[11-3], u Gosee merasbHO paccMaTpu-
pasuch B [AITL-7], [AIII-10].

1.10. Tkanu ¢ cuMMeTPUIHBIM TeH30pOoM KpuBusHbl usydanauck B [[II-4], [To-1], [To-2]. Tkann,
ykasauuble B 3amade 1.20, pacemarpuBamchk Toacmuzunoti B [To-1], [To-2].

1) Homep «m.n» obosnauaer npumedanue K §n ri. m.



T'nmasa 2

AJITEBPANYECKUNE CTPYKTVYPBI, CBA3AHHBIE C
TPU-TKAHAMN

§ 2.1. KBa3urpymiibl 1 JIyIbl

1. C Tpu-TKaHSMM HEIOCPEICTBEHHO CBSI3aHBI HEKOTOPBIE ajredbpandeckue CTPYKTYPbI, B TEPBYIO
ovepesb KBa3UTPYIIIBI U JIYIIBI.

Hamomaum, gro rpynmony, () ¢ GuHapHOI orepariueii

def
gz, y) = z-y

Ha3bIBAETCA K6a3U2pynnoti, eCcju IPH JIOObIX @, b, ¢ n3 () OMHO3HAYHO PA3PENINMbI yPaBHEHUS

ay=c¢, zb=c (2.1)

Ksasgurpynmna ¢ enunureit Ha3piBaeTcs Aynotd. B sryne, BooOIe ToBOpsi, HE BBITOJIHIETCS aCCOIMATUB-
HOCTb Z(yz) = (zy)z. AccolmaTuBHAas JIyNa SABJISETCI 2PYnnod.

N3BecTHBIN TpUMEDP HEACCOIUATUBHOM JIyTIbl — MHOYKECTBO HEHYJIEBBIX OKTAB OTHOCUTEILHO OIlepa-
1y ymMHOXKeHus (cM., Haupumep, [[To-1], ¢. 307). Ipyrue konedHOMepHbIe ajireOphl ¢ JAeJeHIeM — I10Jist
JIeHCTBUTENHHBIX M KOMILIEKCHBIX UHCEJI, TEJO0 KBATEPHUOHOB — OyAyT (OTHOCHTENBHO YMHOYKEHHUsI)
ACCOIUATUBHBIMU JIyIIAMU, T. €. TpyTIamMu. MHOXKeCTBO TOUEK Ha IPSAMOii ¢ oneparmeii « - y = 2, e y —
cepeimHa OTPe3Ka Tz, OyJIeT KBa3UrpYIIoi, HO HE JIYIIOi.

Tpexbasucroti Keaszuzpynnoli Ha3bIBaeTCI TPOHKa MHOXKecTB X, Xo, X3 BMecTe ¢ omeparmeit
q: X1 X X9 — X3, OTHOCHTEILHO KOTOPOIi paspemumbl ypasHenust (2.1). TpexfasucHyo KBa3urpymiry
Gyznem obosHavath ¢ = (-, X, ), @ = 1,2, 3, nin, kopoue, ¢(-). 3aMeTnM, 9TO HOHSTHE €IUHUIBI UMEET
CMBICJT TOJIBKO B OJTHODA3UCHON KBa3UTPYTIIIE.

MmuoxkectBa X, BXOJSIINE B ONpeJeeHe TPeXOa3UCHOW KBA3UTPYIIIIbI, PABHOMOIIHBI, TAK KaK
nepBoe u3 coorHornenuii (2.1) npu GUKCHPOBAHHOM Y YCTAHABIMBAET B3AUMHO OJHO3HAUHOE COOTBET-
crBue Mexy X| u X3, a Bropoe pu (PUKCUPOBAHHOM & — Mexky Xo u X3.

OTHOIIIEHNEM SKBUBAJIEHTHOCTU B TEOPUU KBAZUTPYIIIL SIBJISIETCS U30MONUA, OO0DINAIONIAs TIOHATHE
n30MOpPGU3Ma TPYIIIL. _

Jpe kpasurpymmet ¢ = (-, Xo) 1 ¢ = (o, Xo) HASBIBAIOTCS U30MONHDBLMU, €CITH CYIIECTBYET TPOiKa
J = (Ji, Jo, J3) 6uextusHbIx orobpaxkenuit J,: X, — X, (a0 = 1,2, 3) Takux, 910 Jyist JO0BIX T U Y,
z € X1, y € Xy, BBIIOJTHIETCS COOTHOIIEHUE:

Ji(z) o Jo(y) = Js(z - y). (2.2)

Tpoiika J = (J,) Ha3BIBAETCS USOMONUHECKUM OMOGPANHCEHUEM YITH U30MOonuel KBA3UIPYIIIbL ¢(-) Ha
KBa3uUrpyiiy ¢(o). DTo olpeiejieHue COXPAHSIET CBOI CMBICJ U B CJIydae, KOLJA OJHA U3 KBA3UIPYIII
q(+), g(o) nnm obe BMecre OYIYT ONHOOA3UCHBIMU KBA3UI'PYIIIAMU.

Nszoronust J = (J,), HasbIBaeTCs pe2yaaproli, €CJOU OJHO U3 OTOOpaxKkeHWi J, SIBJSETCS TOXK-
JleCTBEHHBIM. B wacrnoctu, nzoronus suga (Ji, Jo, id) HasbiBaercs 2aaeholi uszomonued. Vzoronms
J = (Ja), tue J; = Jy = J3, aBisiercsa uzoMophu3MoM.

EcrecTBeHHBIM 00pa30M OIPEIEIAETCST KOMITO3UIUST N30 TOINA:

J.j:(J1~<71,J2'<72,J3'<73)~

Ipu sToM moppasyMesacrcst aesoe aeiicrsuc: (J - J)(z) = J(J(z)).

Nzoronuu o6pazyroT HanboJiee MUPOKUl KJIacC 0TOOpasKeHUi, TIepeBOISIINX KBA3UTPYIIIY CHOBA
B KBa3UIPYyUILy. DTO BBITEKAET U3 JIETKO IIPOBEPSIEMOr0 YTBEPXKIEHU: 000N IPYIIIONI, U30TOIHbII
KBa3WUIPYIIle, caM sBjsercs KBasurpynuoit. Vusivmu cioBamu, nycrs ¢ = (-, X,) — Tpexbasuchas
KBa3Urpymma, ( — HEKOTOpoe MHOXKECTBO, Ju: X, — ( — 6uekrnuu. Onpenenum Ha () oneparuio (o)
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pasencTsoM (2.2). Torga rpynmouns (o) Gymer KBa3UIPYIIIOi, H30TONHOM NCXOAHON KBasurpyiiie q(-).
B gacrnocru, ecim J3 = id, o X3 = Q u kBasurpynma Xs3(0) OyIeT 24a6HbM U0MONOM KBAZUTPYIIIIHL
q = ( y Xa)

2. OTMeTrM HEKOTOPbIE CBONCTBA M30TOIIMIA.

IIpennoxenune 2.1. Hsomonus mpexbasucroti keasuepynno, ¢ = (-, X,) na odnobasuchyio kea-
auepynny Q(o) npedcmasasem coboli KOMNOZUUWIO 2AG6HOT UBOMONUL U U3OMOPHUIMA.
O O6osznauum paccmarpuBaemyio uzoronuto J = (J,), Tak 910 Jyo: X, — @, U ILyCTh BBINOJHEHO
coorromenue (2.2). Oupenesum Ha X3 HOBYIO ONEPAIUIO X PABEHCTBOM:

J3_1J1(m) X JS_IJQ(y) =z-y, z€X,yeXyz yeXs.
Baugy (2.2) BBINOJIHSIETCSI COOTHOIIEHUE
Iy V(@) x I (y) = @y = T (3 ) = T3 (i) 0 Je(y)),

I3 KOTOPOT'O CJIEJIyeT, YTO Tpoiika orobpaskenuit J ! = (J5 Y Jy 1, Jy 1) kBasurpymsl (o) Ha X3(x)
sByIseTCst m3oMopdusmom. ITosromy kommosummst J ! - J nMeer Buj

T T = g Iy gy id),

T. €. IPEJICTAaBIAeT CODOM TIABHYIO N30TONHIO KBASUIPYIbI ¢(-) Ha KBasurpymry X3(x ). loxasbisae-
MOe YTBepsKJIeHIe BBITeKaeT U3 ouesmtHOro pasenctsa J = J(J~!-J). B

IIpengoxxenne 2.2. [Tyemo g = (-, Xo) — mpexbasuchas keazuepynna. Besakaa napa snemenmos
a ub, ac€ Xy, be Xy, onpedeasem ayny Xs3(o), 2aasnouzomontyro q.
0O HeiictBuresnsno, paccmorpuMm omekmmu Ry, : X| — X3 u L, : X9 — X3, onpezensieMble COOTBET-
cTBeHHO paBeHcTBamu: Ry(x) = x - b (mpasblit casur) u L,(y) = a -y (aeswiit cusur). O6o3nawmM
u= Rp(x), v=La(y), u,v € X3. Ha muoxkecrBe X3 onpeeiumMm HOBYIO OLEPAIMIO O, TIOJIOKUB

wov=ux-y=R, " (u) L ' (v). (2.3)

Kak Buguo u3 (2.3), kBasurpynna X3(0) sIBASETCA [VIABHBIM H30TOIOM KBazurpymmsl ¢ = (-, X,),
npraeM u3oronust ¢(-) — X3(o) mmeer Bun (Ry, Lq, id).

IMokazkeMm, uro X3(0) — syna c exununeit e = a - b. Umeem:

a

uoe=Ry'(u)-Ly'(e) =x-b=nu, eov=Ry'(e) L' (v) =a-y=v. W

Kak BumHO, omepammsi o 3aBucuT OT BbIOOpa sieMeHToB a u b. Jlyma Xj(o) HasbBaercs
LP-usomonom xeasuzpynno, q(-) n oboznadaercs £(a,b). 3nadenne L P-U30TONOB BBISCHIETCS B CJIe-
JIYIOIIEM YTBEPKICHUH.

Ipennoxkenue 2.3. Jhobot zaasnviii uzomon xeasuepynnos ¢ = (-, X)), asasowuiics aynot,
oydem ee L P-uzomonom.

O IDycre rnaBhas uzoronus ¢(-) — Qo) umeer vux (Ji, Jo,id), Tak uro Q = X3 u s 100X T
u3 X| u y u3 Xy BBITOJHSIETCS COOTHOIIEHIE

Ji(z)o Jo(y) =z -y. (2.4)

Iycrs e — epummma aymbt Q (o). O6osnamny J; ' (e) = a, J; ' (e) = b. Us pasencts Ji (a) o Jo(y) = a -y
u Ji(a) = e Boitekaer, uro Jo(y) = a -y, 1.e. Jo = L,. Ananornano naxomum, uro J; = Ry,. B

M3oronmyeckoe orobpazkenue kBazurpymnst ¢(-, X, ) Ha ceba HazpiBaeTcst asmomonueti. Ecim A =
= (Ay, A9, A3) — aBroronus, T0 Jyis J000it mapel (x,y) u3 X| X Xo BBIIOJHAETCS COOTHOLICHUE

A(z) - Ag(y) = As(z - y)- (2.5)

Hexkotopsie cBoiicTBa aBTOTONNN PACCMOTPEHBI B ryiase 6.

3. Kak y»ke oTMedasioch, acCONMATUBHAS JIyTa dABJseTCs rpymmnoi. Mex iy rpynmaMu m JrymmaMu
00I1Iero BHJIa MMEIOTCs KJIACCHI JIYI, B KOTOPBIX BBIIOJIHEHO OCTIabJIEHHOE YCJIOBUAE ACCOIUATUBHOCTH
(cM. Taba. 2.1). DTH KIACCHI JIyIl UIPAIOT GOJIBIILYIO POJIb B TEOPUU TPHU-TKAHE.
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MHOKeCTBO JIyTl, B KOTOPBIX BBITOJHSIETCS HEKOTOPOE TOXKJIECTBO S, HA3BIBAETCS MH02000DA3UCM
ayn u obosnavaercsa V (S). Hanpumep, rpynmst 06pas3yoT MHOTOOGPA3He JIYIL, OPeIeIsSIeMOe TOXK e
cTBOM accoruaTuBuocT (x-y) -2z =2 - (y - 2).

B Tabaume 2.1 mepeduncieHsl Apyrue HamboJiee BayKHBIE MHOTO0Opa3usi JYI U COOTBETCTBYIOIIHE
UM TOXKJIECTBA.

Bropoe-tisitoe ToxkmecTBa 0000mMAIOT TOXKAECTBO accormaTuBHOCTH. OHU CBSA3aHBI MEXKy COOOI
HEKOTOPBIMH COOTHOIIEHUSIMHU, 9aCTh W3 KOTOPBIX OYEBUHA: HAIPUMED, U3 AJbTePHATUBHOCTH WJIH
9JIACTUYHOCTH BBITEKAET MOHOACCOIMATHUBHOCTE. JIpyrue, MeHee OueBH IHBIE COOTHOIIIEHUS OYIyT pac-
CMOTPEHBI B yIPaXKHEHUX U CJISAYIONHX maparpadax.

Tabsmma 2.1
Muoroo6pasue Jrym ‘ TOXKIECTBO B JIyTIe
KomMyTaTuBHBIE JTyTIBI T y=y-x
MoHOACCOIMATHBHBIE JIyTIBI v’ x=gx-2°
IIpaBoaJIbTepHATUBHBIE JIYIIBI -y’ =(x-y)y
JleBoasbrepHATHBHBIE JIyIIBI ?oy=x-(z y)
AJlbTepHaTUBHBIE JIyIIbI w2 oy=x-(x-y), x> = y)y
DJIaCTHIHBIE JIYTIbI (x-y)-z=z-(y-x)
Jlesbie synnr Bosa (x-(y-x) z=z-(y-(x-2))
[Tpassie aynsr Bosa z-((y-2)-y)y=Ux-y)-2)-y
Jlyner Mydanr (z-y)-(z-z)=x-((y-2)-x)

Mno2006pasus Ayn He UHBAPUAHMMHDL, 8000ULE 2080DA, OMHOCUMEAOHO USOTNONUL. DTO O3HATAET,
9TO €CJTM B HEKOTOPOit JyTie () BBIMOMHAETCS TOXKIECTBO S, TO OHO MOYKET HE BBITTOJTHATHCSA B €€ N30TO-
max. Hanpumep, Kak mnokasbiBaer 3aga4a 2.10, MHOroobpasue KOMMYTATHUBHBIX JIYII HE MHBAPUAHTHO
OTHOCHUTEJILHO U30TOIINU.

C apyroii cTopoHbI, ClipaBeljiiBa TeopeMa AJIbepTa: ecau HEKOMOPAs KEa3Uu2pynna u3omonHa
epynne, mo ona eti udomopdra, u, caedosamenvro, cama Aeasemcs epynnoti.3) U3 reopembr AJ-
6epTa BBITEKAET, YTO MHOTOO0Opa3ne rPpyIll HHBAPUAHTHO OTHOCUTEIBHO m3oTomnu. OKa3bIBAETCs, ITO
CYIIECTBYIOT U JAPYrue MHOroo0pa3us Jiyll, 00J1a1arolpe 3TuM cBoiictBoM. Ompeiessonme ux TOXK 1e-
CTBa HA3BIBAIOTCS YHUBEPCANbHbuMU. OCHOBHAS 3ajlada, CBsI3aHHAS C YHUBEPCAJIBHBIMU TOXKJIECTBAMU,
GOpMyIUPYeTCsT TaK: BBISCHAUTH, ABJISIETCS JU JAHHOE TOXKIECTBO S YHUBEPCAJILHBIM, & €CIN HET,
TO yKa3aTh MaKCUMaJbHOE MHBAPUAHTHOE OTHOCUTEIbHO M30TOIUHU IIOJIMHOI000pasne MHOroo0pas3ust
V(S). Kak Mbl yBuzmMm B §3, KaXKJIOMY yHHUBEPCAJIBHOMY TOXKJIECTBY OTBEYAET HEKOTOPBIH KJIACC
TpHU-TKaHeil. TO JaeT BOZMOKHOCTh, B YACTHOCTH, JOKA3aTh YHUBEPCAJBHOCTH TOXKAecTB Mydanr u
Bouaa.

B nmanpreiiem Touka, 0603HaYAIONAST YMHOXKEHIE B KBA3UTPYIIE WX JIyIie, OyIeT, KaK MPaBUIo,
OILyCKAThCs, €CJIM 9TO He IPUBOIUT K HEJI0PA3yMEHUIO.

§ 2.2. Koudwurypaiyyu Ha MOJHBIX TPU-TKAHSIX

1. B upempuiymieil riiaBe paccMaTpUBaJIUCh TPU-TKAHU, 0OPa30BaHHBIE IJIQJIKUMK CJIOEHUSIMU Ha
muddepeHImpyeMoM MEHOTO0Opa3uu pa3MeprHocTu 2r. Takue TKaHU MBI OyIeM Ha3bIBATH 2€0MEMPUYE-
ckumu. B arom nmaparpade Mbl pacCMOTPHUM TAK HA3BIBAEMBIE NOAHBIE MPU-MKGHU, KOTOPBIE 00JIaIAI0T
UHYUOCHMHOCTNHBLMY, C80TCTNGAMU TEOMETPUYECKUX TKaHe# (TO eCTh CBOHCTBAMM, CBA3AHHBIMU C
[IEPECEeUCHNEM UX CJIOEB), HO HE UMEIOT, BOOOIIE TOBODs, Juddepeniyuanibio-2eomempuseckoti cmpyx-
mypot.

Paccmorpum MHOKECTBO X, 3JIEMEHTBI KOTOPOI'O HA30BEM TOYKAMU, U TPU MHOXKECTBA (UM ceMeii-
cTBa) Ay, @ = 1,2, 3, 371eMeHTbI KOTOPBIX Oy/IeM HA3BIBATD JIMHUSIMU HJIU CJIOSIMU.

Onpenenenune. MuoxkectBa X, A, 06pasyor noanyio mpu-mrans W = (X, A,), ecau ux sie-
MEHTBI CBSI3aHBI OMMOUWEHUEM UHUUIEHMHOCTU, KOTOPOE YIOBJIETBOPSET CJECIYIOIMINM aKCHOMAM.

3) JloKa3aTe bCcTBO ITOM TEOPEMbI MMEETCH B KHUTE [B-3], c. 17.
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Al. Kaotcdas mouka muootcecmea X UuHUUOEHMHA 6 MOYHOCTIU MPEM NUHUSAM, NPUHGONEHCAULUM
DABAUNHDIM CEMETCMBAM A, .

A2. Jlse aunuu, 634moie U3 pasHblr CeMetcms, unyudenmus, 00HoU U Mmoavko 00rnot movke ud X.

Orcioma ciieyeT CrpaBeyInBOCTh CJIEAYIONEro Y TBEPIKICHUS.

A3. Jlse aunuu, npunadiescausue 00HOMY CEMETCMBY Ag, HE UMEIOM 0OUWUT MOYER.

DjieMeHTBI MHOXKECTB X U A, OyzmeM 0003HaYaTh, KAK MMPABUJIO, MAJBIMU JATHHCKUMEU OYKBaMHU.
Ecnu Touka p vHIUAEHTHA JIMHUU X, TO OY/IEM TOBOPUTD, YTO P JIEYKUT HA T WU X MPOXOJUT Yepe3 P.
Eciu Touku p u ¢ jiexkar Ha OJIHO JIMHUK ceMeficTBa A, TO Oy/IeM IUCATH PAg.

Ha reomerpudeckoii TKaHU BCerja BBIMOTHAETCA akcnoma Al, HO akcroMa A2 MOXKeT U He BBITOJI-
HATbCs (HApuMep, TPU-TKaHb u3 3a1aun 1.1 (r)). C apyroii cropoHbl, Ha HAPaJJIEJbHO TPU-TKAHU
W), 06pa30BaHHON TpeMsl ceMeiicTBaME r-MepPHBIX IUIOCKOCTeil B adbduuaOM mpocrpancrse A, Bbi-
MOJTHSIIOTCS BCE AKCHOMBI [TOJTHOW TPU-TKAHM.

Ilomuass tpu-tkamb W = (X, \,) ompeneisier MmecTb OTOOPaXKEHHH (g : Aa X Ag — Ay, Le
a, B, 7y=1,2,3, a# B #7, 1 qup(Ta,xg) = Ty, €CIU JMHAA Lo, T3, T (Ta € Ao, @ = 1,2, 3) nepece-
KaloTCs B 0fHOH Touke. Tak Kak 3TH 0TOOPasKeHUs OJHOZHATHO PA3PEIINMbI OTHOCUTEIBHO To U T3,
TO OHU SIBJISIIOTCS] TPEXOA3MCHBIMU KBA3UTPYIIIAMI U HA3BIBAIOTCSA KOOPOUHAMHHMU KEA3ULPYNNAMU
ostHON Tpu-TKanu W.

HermocpeicrBenHO u3 Ompe/iesieHnsl IOJTHON TPU-TKAHU BBITEKAET, YTO MHOYKECTBA TOYEK, TPUHA/T-
JIeYKaIlye JBYM Pa3JInIHbIM JIMHASIM TON TKAHU, PABHOMOIIHBIL; 60JIee TOro, ¢ IOMOIIBIO JINHUI TKAHH
MEXK/Iy HUMU yCTAHABJIUBAaETCH OMEKTHUBHOE coorTBeTcTBHE. [IOCKOIBKY KaXKasi TOUYKA MHOXKECTBa X
SIBJISIETCS TIePeCeUeHeM JIBYX JIMHUI, HAPUMED, JIUHWIA £ U To, TIE X1 € Al, Tg € Ag, TO MHOXKECTBO X
OMEKTUBHO IIPSIMOMY IIPOU3BEIEHUIO A| X Ao, X ~ A X Ao. Ilpm sTOM sMHHEM mepBoro cemeficTsa
COOTBETCTBYET MHOXKECTBa nap Buja (a, y), e a — HGUKCHPOBAHHBIN 3JIEMEHT U3 Aj, a y Upoberaer Bce
MHOXKECTBO Ag. JIMHUU BTOPOro cemeiicTBa COOTBETCTBYET MHOXKECTBO Iap Bua (&, b), JIMHUM TPEThero
ceMmeiicTBa — MHOXKECTBO Tap (&, y) Takux, 910 ¢1o(x,y) = const. AHAJOIUIHBIM OOPA30M IIOJIHASI
TPH-TKaHb KOOPIUMHATH3UPYETCA C IOMOIIBIO JTI000i U3 KBASUIPYIII o 3.

Bce koopauHaTHBIE KBA3UTPYIIIBI TOJIHOM TpU-TKaHU W MOryT OBITH HOJYYEHbI U3 OJHON, HAIIPHU-
mep, u3 2. Ecmn qio(x, y) = z, 10 qo1 (2, y) = qi2(y, @), q32(2,y) = q23(y, 2) =, qi3(7, 2) = qz1(2, ) =
= y. KBasurpymbl ¢i3 u g3 HA3BIBAIOTCS COOTBETCTBEHHO NPaAgotl U AEG0T 00paMHbLMYU KEA3UPYNNa-
MU JJIS KBA3UTPYTIIBL 12 13 = Gy W 32 = ~1g19. Oneparus B KBazurpyIIe quI 0003HAYAELTCST TAKIKE
3HAKOM \, a B KBa3UTpyIIe gy — 3HaKOM /, Tak uto qi3(7, z) = z\z, ¢32(2, y) = z/y. Hepexon or
OJTHO¥ KOOD/IMHATHOM KBa3UT'PYIIILI K IPYTOil Ha3bIBaeTcs napacmpoduedi. B nanpueiimem garie Bcero
B Ka4ecTBe OCHOBHOW WCIOJIB3YeTCsI KBA3UTPYIIA ¢jo, KOTOPYIO Oy/ieM 0003HAYATH TakKe OYKBOIi ¢,
a OIepaIiio B Hell 0003HAYATL TOUKOIA.

ObparHO, BesgKas TpexOasucHas KBasurpymma q: X; X Xo — X3 OJHO3HAYHO OILpEIessieT HEKO-
TOpyIO TMOJIHYIO Tpu-TKaub W Ha npamom mpousBesennn X = X X Xo. Jlunusamu nepBoro cemeii-
cTBa 9TOI TKaHU OyayT IOAMHOMXKeCTBa To4eK Buzaa (a,y) u3 X, rue a — (DUKCUPOBAHHBIN 3JI€MEHT

u3 X, JUHUSMU BTOPOTO CeMefCTBA — HOAMHOXKECTBA
(0a)  (ba) Touek Buya (z,b), rae b — dbukcupoBaHHbIH IIEMEHT
(c;a)  wmHOXKecTBA Xo, a JIMHUSIMH TPETHETO ceMelcTBa —

allc|a b napbl BuAa (x,y), Ui KOTOPLIX BBIIOJIHEHO YCJIOBHE
vl Te la (a,b) (b,b) (ch) T y=coaece X3. Tak KaKk B KBa3UTPYIIIE ¢ OJIHO-
3HAYHO pa3penmmbl ypaBHenus (2.1), To Jyisd nocrpo-
clfa b |c (ac) (b,c) €HHOIl TPU-TKAHU BBIOJHAIOTCA akcuombl Al m A2.
(c,c) Ucxonast kBazurpyiiia ¢ OyaeT KOOpIMHATHON KBa3u-

TPYNIOI 19 ITOI TKAHU.
Puc. 6 Puc. 7 Takum obpazom, co 8cAKOU NOAHOTU MPU-MKQ-

noto W ceasanv ee kK0opounammuie £6a3uzpynnot o g3,
U 06paMMO, BCAKAA MPETOAZUCHASL KEA3ULDYNNG ¢ NOPOAHCOAEM NOAHYIO MPU-MKAHD, 0L KOMOPOT
OHA ABAALNCA KOOPIUHAMHOU KEa3UDYNNOU.
Paccmorpum, Hanpumep, KBaA3UTPYIIITY ¢, COCTOSAIILYIO U3 TPEX JIEMEHTOB, TaOJIUIA YMHOXKEHUST KO-
Topoit npusesiena Ha puc. 6. CooTBeTCTBYIOIIAs TPU-TKAHb N300paskena Ha puc. 7. Ee cion cojepxkar
110 TPU TOYKH.
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B cuny ykazaHHOrO COOTBETCTBUS M€Ky KBA3UTPYIIIAMU U MOJHBIMU TPHU-TKAHSIMHU U30TOMNIE-
CKO€e TTpeobpa30BaHne KOOPINHATHON KBA3UTPYIIIBI BJIeYeT 3a coDoil mpeo0pa3oBaHme COOTBETCTBYIO-
nieil TpU-TKaHU, Takzke HasbiBaeMoe uzomonuet. CoorHomenue (2.2), KOTopoe oupeesiseT u30ToImuYe-
CKOe IpeobpasoBaHie KOOPIUHATHON KBASUIPYNIEl ¢ TPH-TKaHK W B KOOpAMHATHYIO KBa3UIDYIIILY ¢
Tpu-TKaan W, o3Ha"aer, 4To TpU JUHUM TKaHu W, Ipoxonginye depes olHy TOUYKY, HepeXoJIsaT B TPH
JguHuu TKanu W, Takzke IPOXOISIINE Yepe3 OJHY TOUKY. HM30monus ABAAEMCA OMHOWEHUEM IKEUBA-
AEHMHOCTIIU MG MHOHCECTNEE NOAHVT MPu-mKanet. HanoMHNM, 9T0 OTHOIIIEHNE SKBUBAJIEHTHOCTH JIJIst
reOMEeTPUIECKUX TPU-TKaHel ObLIo onpesesreHo B § 2 1. 1. OpHako B HeM 0ToOparKeHus J,, sBJISJIICD
JoKaabHbIMI TuddeomopduszMamu, HO He 00A3aTETLHO OUEKINAME B IIEJIOM.

2. Knaccuduramnus Tpu-TKaHeil, KaK MOJHBIX, TAK U T€OMETPUIECKIX, TECHO CBSA3aHA C YCAOBUMA-
MU 3AaMBIKAHUA KOHPUTYpannii, 00pa30BaHHBIX TOYKAME U CJIOAMHU TKanu. Huke paccMOoTpUBaiOTCS
HamboJIee BayKHBIE W3 3TUX KoHUrypanuii (kopoue, Guryp).

Ha puc. 8 uzobpazkeHa wecmuyzoavras Kongueypayus wiu durypa H (HAIIOMHAM, 9TO CJIOU IIep-
BOI'O, BTOPOI'O U TPETHEr0 CEMEeNCTB TKaHU M300PasKatoTcsi COOTBETCTBEHHO
BEPTUKAJILHBIMU, FOPU3OHTAILHBIMY M HAKJIOHHBIMU JiuausiMu ). [Tomygaercs I f
sra durypa ciemyromuM obpasoM. [lycrs p — npousBoJibHAST TOYKA MHOYKE- v=ts \
crBa X . Yepes nee npoxoggar tpu junun tkanu W = (X, \,). Bosbmem na \
OJTHOH M3 HUX TOYKY ¢ W IMOCTPOUM IOCJIEIOBATEIFHO TOYKY b, ¢, d, €, f, Kak \
7 yKazaHo Ha puc. 8. VIx cyiecTBOBaHNE BBHITEKAET U3 OIPEIETCHUS TOJTHON
TpU-TKaHU. JInHUS cemeiicTBa A3, IPOXOAAIIAs Yepe3 TOUKY f, HE IPOXOJINT,
BOOOITe TOBOPsi, depe3 a. Eciam ke Todkm a u [ jexKar Ha OIHON JIMHUAU
TPEThEro ceMelicTBa, TO IOBOPAT, 4To mecTuyrosbHas durypa (abedef) 3a- —
MBIKAETCS. = b

3anmineM ycjaoBue 3aMblkaHusg (GUrypbl H ¢ [TOMOIIBIO OIeparyun T=T1 T=Ty Y=Y
YMHOXKEHUsI B KOOpJMHATHOI KBazurpyie ¢. OOO3HAYUM JIMHUHU IIE€PBBIX Puc. 8
JBYX ceMmeiicTs, obpasyomux durypy H, depes i, To, T3 U Y|, Y2, Y3, KaK
yKa3aHo Ha puc. 8. PaBenctso z = ¢(x,y) = xy B KOOPAUHATHON KBA3UI'PYIIIE ¢ O3HAYAET, UTO JINHUS
Z TPEThEro ceMeiicTBa MPOXOIUT Yepe3 TOUKY IepeceveHusl JIMHUN T U y IEPBOTO U BTOPOI'O CEMEHCTB.
Tlosromy 3amkHyTOI purype H, n300pakeHHOI Ha PUC. 8, OTBEUAIOT PABEHCTBA

Y=Y2 D) a

T1Y2 = Toy1,
T1Y3 = Tays = T3Y1, (2.6)
T2Ys = X3Y2,

BBIIIOJIHAEMBIE B KOOpﬂHHaTHOI;'I KBa3urpyIriie q. yCJIOBI/IH (26) 3allUChIBaIOTCA MHOI/Ia B BHU/1€ UMILJIN-
Kalyu
T1Y2 = To
_ o = ToYy3 = T3y,
T1Y3 = T2Y2 = T3Y1
KOTOpAasl HA3bIBAETCs TAKIKE YCA08HbM Mmovtcdecmsom [B-3].
Ha cnemyromux mectun pucyHKax m300pazkeHbI JIPYrue OCHOBHBIE (PUTYPBI, PSIIOM C KOTOPBIMU
3allMCaHbl COOTBETCTBYIOINE yCJIOBUA 3aMbIKaHUA.

Queypa Tomcerna T Queypa Petidemeticmepa R: Jlesas pueypa Boaa By:
U3 Yy Yy
Y3
Ua AN Y3
Y2
Y2
Y T i) T3 Y1 T 1Ty T3 1Ty Yi|xq To 3|

Puc. 9 Puc. 10 Puc. 11
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oY1 = T1Y2, oY1 = x1Y2, Z1Y2 = T2Y1,
T3Y1 = T1Y3, 2.7 T = 319, T1Ys = ToYs3,
3Y1 = T1Y3 (2.7) 1Yl = T3Y2 (2.58) 194 = T2Y3 (2.9)
ToY3 = L3Y2 T1Ys = T2Y3, T2Y2 = T3Y1,
T3Y4 = T4Y3. ToYs = T3Y3.
Ipasas pueypa Bora B Cpednan pueypa Boaa Byy,: Queypa E:

Y3 Yy Yy
Yo Y3 U3

Y2
U1 Ty o X3 Ty 7 S
Y1

Ty Lol 1T3 T4

Yizry  lwg T3 124

Puc. 12 Puc. 13 Puc. 14

Ty = Ty, T1Yo = T3Y4, Ty = Ty,

T1Y3 = Ty, (2.10) Ty = ToYo = T3y3 = Tays, (2.11) T1Y3 = T3Y1,
T3Yo = T4Y1, Ty = T4Y3. T3Yo = T4Y1, (2.12)

T3Y3 = T4y Toy3 = T1Y4,

TaY3 = T3Y4.

TkaHu, HA KOTOPBIX 3aMBIKAIOTCA BCe (DUTYPHI OMHOTO U3 YKA3AHHBIX BBIIIE TUIIOB, HA3BIBAIOTCH,
coorBercTBenHo, Tkausvmu H,T, R, By, B, B, .

W3 pucynkoB 8-14 Buano, uro burypsl H, By, B,, B,, u E gBIAI0OTCS YaCTHBIMHU CJIYIasIMU
dburypsl R u moJsydaroTcs n3 Hee HAJOXKEHWEeM JIOMOJHUTEeIbHBIX ycjosuit. Hampumep, durypa By
nostygaercs u3 urypsl R, m3o0parkennoit Ha puc. 10, ecim B Heil COBMECTUTD JBA CPEIHUX BEPTU-
KaJIbHBIX CJIOsI, T.€. IOJIOKUTh Lo = T3. KCIM HOJIOXKUTH eIe u Yo = Y3, TO mnojaydum ¢urypy H.
Anajiormunbiv obpasom urypa H moxkeT ObITh HoJydeHa us duryp By, B,, By, u E, a Takxke us
durypst T', eciu B MOCJeIHENH TPU BHYTPEHHNE JIUHUU IIPOXO/ISIT U€PE3 OJHY TOUKY.

Cas3b Mexay Kjaccamu 1 u R BBISICHSIETCS B CJIEYIOIIEM yYTBEPIKIEHUN.

Teopema 2.4. Beakaa mpu-mrans T asasemea mranvio R.

0 [eiicTrBuTe bHO, IIyCTh Ha MOJHONW Tpu-TKanm W 3ambikaiorcs Bce durypsl 1. Jokaxkem,
910 Ha Heil 3ambikatorcss u Gurypsl R. Paccmorpum wa TRamm W mpousBosbHYIO GUrypy
R = (abedefgh) (puc. 15) u nokarkeM, 4TO OHA 3aMBIKAETCS, T. €. TOUKHA [

k e f U ¢ JIe’KaT Ha OJHON JINHUU TPEThEro ceMeicTBa (9TO yCJIOBUE MbI JOr0-
N
m \_  BOPWJINCbH 3aIlUCBIBAThL B Buje f39).
i g IToctpoum touku n, k, £, m Tak, Kak MOKa3aHO Ha puc. 15, u paccMo-

rpum jBe burypsl T: T = (oankeh) u Ty = (obefmd). Tlockonbky onu
JIOJIZKHBI 3aMBIKAThCs, TO BBIMOJHSIOTCS yciaoBust nlk u €2m. Paccmo-
a TpuM Tenepsb urypy T = (¢mnk fg). Tak kak ona 0bs3aHa 3aMbIKATHCH,
TO BbINOJIHsIETCs yejoBue f3g. CiieoBaTesibHO, 3aMBIKAETCsI U (PUTYypa

d 1 R=(abcdefgn). m
I FEme ommna BakHBIN KJlacc Tpu-TKaHell 00pa3yloT TaK HA3BIBAEMBbIE
m mxarnu M nim mranu Mydane, Ha KOTOPBIX 3aMBIKatOTCst (hUryps Bosa
Puc. 15 Bcex Tpex Tunos: By, B, u B,,. Cienyolias TeopeMa «MAHUMU3UPYET»

9TO OIpeJiesIeHNE.
Teopema 2.5. Ecau nwa mpu-mxanu W samvikaromes dueypo. Boaa xaxux-aubo dsyr munos, mo

3AMBIKAIOMCSA PuUypovl U MPemve20 muna.

O Tokaxkem, mampumep, aro By&B, = B,,. Ilpeanomoxum, aro Ha Tpu-TKaHun W 3aMBIKAIOTCS

Bce durypsl By u B,. Paccmorpum upoussosbhyio durypy B, = (abcdefgh) (puc. 16) u mo-

KaxkeM, 4YTO OHa TOXKe 3aMbIKaeTCs, T.e. BbinoJiHsiercss ycjoBue b3 f. Ilocrpomm mocsenoBaTe/ibHO
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Touku n,k,m,f,0,p. Toukn d, k,£, m,a,n,o,g obpasywor ¢urypy B,, mosromy ndo. Ilyctb s —
TOuKa Iepecedenns JuHuii ef u on. Touku h,e,g,m,p,s,o,f obpasyior urypy B,, a Tak Kak
OHA JIOJIZKHA 3aMblkarbes, To pls. Hamee, Touku b,n,s, f,c, k,p, g

obpasytor urypy By, nmosromy b3f. CiemoBareibHO, 3aMblkaeTcs & b _n
durypa By, = (abedefgh). R \\ N
W3 upegplaymux pacCyKJIeHUN BBITEKAET, YTO pPACCMOTPEH- e 7 S
HbIE YCJIOBHS 3aMBIKQHUSI CBSA3AHBI  CJEAYIONUMHA —UMILIAKa- |4 i | \\
ASTMI: C ! N
. /" By h AN
T—R—M-—B, —H R—FE—H gl P 0
N\ By
B sakmiouenme zamerum, uro dburypsr boma By, B, u B, l
(puc. 11-13) npejacraBisior coboil OHY U TY Ke KOH(MDUI'YPAIUIO, HO Puc. 16

[0 PA3HOMY PACIIOJIOKEHHYIO OTHOCUTEJBHO CEMENCTB \,, 00pasyio-

X TPpU-TKaHb. [loaTomy npaBusibHee 66110 Ob1 0603HAYUTD UX By, B, B;,, COOTHECS ¢ KOOPINHATHOMN
127712712

KBa3UrPyIIoit qjo. Ecu nepeiitTn, HanpuMep, K KOOPINHATHOW KBA3UTPYIIIE G392, TO HAKJTOHHBIE JIHHUU

CJIEIyeT CANTATD JIMHUSIMHA IEPBOTO CEMEICTBa, & BEPTUKAJBHbIE — JUHUSMHA TPEThero cemeiicrsa. 11o-

aToMmy urypa gm COBITQIACT ¢ PUTYPOit g ¢, T. €. ¢ GUrypoit By 1711 KOOPANHATHON KBA3UTPYIIIIHI ¢39.

Amnayioruuno, durypa B, coBnajaer ¢ dburypoit B,., Tak 4To
32 13

B,, & B, < B,. (2.13)
12 32 13

§ 2.3. ToxxkmecTBa B KOOPJMHATHBIX JIyIIaX U YCJOBUS 3aMbIKAHUS

1. Coorunomenus (2.6)—(2.12), upegcrasisiomue coboil yeJIOBUS 3aMbIKAHUS PA3JIMUHBIX KOHMU-
rypanuii Ha nosHoit Tpu-Tranu W = (X, \,), upuaumaror 6ojiee IpOCTON BU, €CJIU BMECTO KOODJIH-
HATHOM KBasurpynnsl ¢(-): Aj X A9 — A3 ucrosb3oBars ee L P-U30TOIbI, KOTOPbIE HA3BIBAIOTCS KOOP-
dunammvimu aynamu mranu W. Coraacuo §1, LP-usoron £(a,b)(o) onpexnemnsiercst bopmysoi (2.3):

uov:R,jl(u)-Lgl(v) =Y,

rae u,v € A3, a €E A\, bE X, u=2x-b, v =a-y. DIEeMEHT 1 0 v CTPOUTCS Ha TKAHU W TaK, KaK
nokasaHo Ha puc. 17. Takum o6paszom, ¢ Kax ot Toukoit p = (a, b) Tpu-rkanu W cBsizaHa ee KOOp,1u-
HarHas syna (a, b), koTopyio Gymem obosuadars Takke £;,. Ilockonbky L P-M30TOIbI [JIABHOM30TOIHEL
KOODJIUHATHON KBasurpymie ¢(-), TO OHU [JIABHOM3OTOLHBI JApYr apyry. U3 upemioxenunii 2.1-2.2

BBITEKAET, 9TO mpu-mxanu W coomseemcmeyem Kaacc 6CeT 24G6HO-UOMONHLT MeHcOY cobotl ayn.
IIpeamonokumM, 9TO JEMEHTHI U W U KO-

opauHaTHO# Jiynbl £(a,b) KOMMYTUDYIOT, T. €. Y r=a uev

uov = v ou. [loctrpoum ¢ momompio puc. 17 \

npousBesieHns o v u v o u (puc. 18). Cpas- v uev AN

HuBas pucyHkn 10 n 18, MBI BUiIM, 9TO yCJIO- T=a z \ N

BHE % OV = ¥ O U SKBUBAJIEHTHO 3aMBIKAHIIO A

Hekoropoii duryps 1. B 3aBucumocTn oT pac- p=(a,b) u e

ITOJIOYKEHUS JIMHUN % W U OTHOCHTEJIBHO TOY- y=b b

KU p, noay4daiorcs Gburypst T, n300parkeHHbIe ¢ 7 L

Ha pucynkax 18-20. v v
Puc. 17 Puc. 18

IIpeamosokumM Terepb, 9TO KOOP TUHATHAS
ayna £(a,b) asiagercsa komMmyTarusHoil. Torma Ha paccmarpuBaeMoil Tpu-TKanu W 3aMbIKAIOTCS BCe-
BO3MOXKHBIE (DUTYPBI 1, paCHOJIOKEHHBIE OTHOCUTEJIBHO JIMHUNA T = a U Yy = b Tak, KaK IIOKa3aHO
na pucynkax 18-20. Hazosem ux xoopdunamuvimu Gueypamu, C6A3GHHOIMUY ¢ KOOPOUHAMHOUT AYNOT
l(a,b). Mensis a u b, nonyuum Bce durypel T na tpu-tkanu W. Orcioma ciemyer, 4To noAnas
mpu-mranv W asasemea mranwvto T mozda u moavko moezda, ko2da 6ce ee K0OPAUHAMHDLE AYNDL
oYoym KoMMYMaMUEHHLMU.
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Bosbmenm B uyne f(a,b) Tpu HPOM3BOJBHBIX 3JIEMEHTA U, U, M W W IOCTPOMM IPOU3BE/ICHUS
(uov)ow u uo (vow) (puc. 21). PaBeHCTBO TUX NPOU3BEJEHNH, KAK BUJIHO U3 CPABHEHUs PHCYH-

V U p ue(vow)
\\ u \\
N
\ |P
< w U U
N N < uo(vow)
v \\ N w
N AN z
N D)
N
P u b

Puc. 19 Puc. 20 Puc. 21 Puc. 22

KoB 21 u 11, BeJleT K 3aMBIKAHUIO HEKOTOPOi urypsr K.

Ecin B syne £(a,b) BblIOJIHSIETCS TOXKIECTBO accomuaruBHOCTH % © (v o w) = (u o v) 0 w, TO
HA TKAHW 3aMBIKAIOTCsI BCEBO3MOXKHBIE KOOpJuHATHBIE durypsl R, cazanabie ¢ Jynoil £(a,b) (cm.
zagaqy 2.16). Mensig a u b, IpugeM K 3aKJII0UEHUIO, YTO NOAHAA MPu-mrans W asasemes mranvio R
moeda u MoavbKko mozda, Ko2da 6ce ee KOOPOUHAMMKBIE AYNGL AGAAIOMCA ACCOUUGMUBHHMU AYTNAMU,
m. e. 2PYNNaMu.

CpasuuBas puc. 11, 12, 14, 8 ¢ puc. 21, maxomum, uro durypsl By, B,., E n H mnosydaiorcs
u3 Gurypsl R COOTBETCTBEHHO TIpU 4 = ¥, ¥ = W, ¥ = W U ¥ = v = w. VIM OTBEYAIOT TOXKJIECTBA
wow=uo(uov),uov’ = (uowv)ow, (uowv)ou=wuo (vou)u u’ou=uou® cCOOTBETCTBEHHO.

Hasee, B §2 mokazano, 4to TKaub 1 sBisercsa TKaubio R. CiieoBaTeslbHO, B €6 KOODMHATHBIX
JIyIIaX BBIIOJJIHAETCA KpOMe TOXKJ/IeCTBa KOMMYTAaTUBHOCTH €II1€ 1 TOXK/IECTBO aCCOUMATUBHOCTH. TaKI/IM
obpazoM, koopdurammoie Aynsv, mrany T AGAAIOMCA AOEAECBBMU 2PYNNAMU.

Yrob6b!I HANTH TOXKIECTBO, COOTBETCTBYIOIIEe durype B,,, BBeIeM IIepEMEHHBIE U, U, W 2z TaK, KaK
ykazano Ha puc. 22. C moMorImso puc. 17 moayduM clieLyonme paBeHCTBA:

uow =nuv, Z0U =", Vow =zZow.

U3 aByx mepBbIX HaxoiuM, 910 w = u\v, z = v/u. [oxcTaBisa B TOC/EHEe, IOJYdIUM HCKOMOE
TOXKJICCTBO:

vo (u\v) = (v/u) ow. (2.14)

Cormocrapiisis IOJIydeHHbIe pe3yabrarThl ¢ Tabymieil 2.1 (c. 43), HIpuXoauM K CJIeLyIONIEeMY YTBEPKIe-
HUIO.

Teopema 2.6. [oanas mpu-mrarv W asasemcea mranvro R, T, By, B., M, E, H wiu B,, moada
U MOoALKO moeda, Ko2da éce ee KOOPOUHAMMHBLE AYNDL OYIYM COOMBEMCMBEHHO 2PYNNAMU, GOEAEEDLMU
2pYnNamu, Ae60ANMEPHAMUCHBIMU, NPAGOGALMEPHAMUBHBIMU, GADTNEPHATNUCHBIMU, IAACTNULHLMU,
MOHOACCOUUAMUBHBLMU AYNAMU, UAL AYNAMU ¢ Mmodcdecmeom (2.14).

2. B mpenpiaymiem myHKTe pacCMOTPEHBI TPU-TKAHU, BO BCEX KOOPJMHATHBIX JIYIIaX KOTOPBIX BbI-
HOJIHSIETCsT HEKOTOpoe ToxKaecTBo S. O6osnatnm W (S) kiace TkaHell, KOOpAUHATHBIE JIyIIbl KOTOPBIX
npunajiexkar Maoroobpasuwo V(S) (cm. §1).

Homycrum, 910 TOXKIAECTBO S yHEUBEpCAJIbHO. [IOCKOIBKY BCe KOODJWMHATHBIE JIYIIBI TPHU-TKAHU
U30TOIHBL APYT JIPYLY, TO moJydaeM, 4ro Tkanb W npunaijexur kiuaccy W (S), eciu xors Obl B
OJTHOI KOOPJIMHATHOM JIyTIe BBITOJTHSETCS TOXKIECTBO S.

DT0 He BBIIOJIHAETCSI, €CJIU TOXKIECTBO S He siBjiseTcsi yHUBepcaabHbIM. OIHAKO B TAKOM CJIydae,
IIOCKOJIbKY BCE KOODJHMHATHbIEC JIyIbl TKaHH W H30TOIHEI, JOJIZKHO CyIIECTBOBATH YyHHUBEPCAJILHOE
TOXKJECTBO S, XapakTepusywoiee MHOroobpa3ue iyt Tkaau W. OHO HAXOIUTCS CJIEIYIONUM 00pa30M.
Tak xax Tkaub W npunagexut kaaccy W (S), To Ha Heli 3aMBIKAIOTCs Bee GUIYDHL S, OIpeIeJIeHHBIM
06pa3oM CBsI3aHHBIE C KOODIMHATHBIMHA JIyIIaMi (Mbl HA3BAJHU UX B 1. 1 KOOPAUHATHBIMU (DUTYPaAMH).
PacceMorpim ipomrssosbayto Gurypy S, He sBJIAIONTyIocs KoopAuHaTHO is iyt £(a, b). Eit orseda-
et B ytyne £(a, b) HEKOTOPOe HOBOE TOXKIECTBO S, KOTOpOe yzKe OyjieT yHUBepCaTbHbIM. [leficTBHTeTBHO,
€CJIM TOXKJECTBO S BBINOJHAETCS XOTsi 661 B OnHOMN Jjyte £(a,b), To Ha TKaHu W GyJyT 3aMBIKATHCSI
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BCEBO3MOXKHBIE (DUTYPHI S, U MOITOMY TOXKJIECTBO S BBIIOJHSETCH BO BCEX KOODJIUHATHBIX JIYIIaX
TKaHU. ~

Taxum 00pa30M TOTyIaeM CJIeY O AJITOPUTM [IJTsi HAXO0XK IEHNs YHUBEPCAJIHHOTO TOXKIECTBA S,
COOTBeTCTBYIOMmero ToxkAecTBy S. Ha puc. 23 gepes S obosnatdena HeKOTOpas KOOpAUHATHAS QUTypa,
CBsI3aHHAsI C KOOPJUHATHON JIyTOM fp(o)~7 yepes S — Takas ke (PUrypa, HO PACIIOJIOXKEHHAsI IIPOU3-
BOJIBHO OTHOCHUTEJIbHO To4UKH p. Purypa S Oymer KOOPAUHATHON I HEKOTOPO# APYToil KOOPIMHATHON
aymnet {5(0). 13 ompenmesenust LP-u3oroma, KoTopoe ObLIO AAHO
B § 1, umeem ciemyroniee paBeHCTBO (cM. puc. 23):

USVU=x-y=uow.

Tlonarass w = wot, ¥ = s o v, HEpeNUIIEM 3TO PABEHCTBO B BUJIE

T3 = (U/t) o (s\V), (2.15)

rje, Kak U Bblie, camBosiaMu / u \ 0603HaueHbl 06paTHbIE Olepa-
1y K onepanuu (o). Puc. 23

durype S orBeuaer B ayte £5(0) TozkmecTBo S. UTOGBI MOy IHTE COOTBETCTBYIOINIEE TOKIECTBO B
ayme £,(0), claemyeT KaxKk10e Ipou3BeieHre U O U, BXOJSIIIEe B TOXKIECTBO S, IPeodpasoBaTh ¢ HOMOIIBIO
pasencTBa (2.15). [ToaydyeHHoe TakuM 06pa30M TOKJIECTBO HABBIBACTCS NPOU3BOJHDIM OT TOXKIECTBA S
U CONEPZKUT, IIOMUMO II€PEMEHHDIX, BXOAAINX B UCXOIHOE TOXKIECTBO S, ele aBe IIepeMEeHHbIe: S 1 T.

HampuMep, TOXKIECTBY MOHOACCOIMATHBHOCTH U° 0 U = 1 0 u? OTBEYAET IIPOU3BOIHOE TOXKIECTBO

(u/tos\u)/tos\u=u/tos\(u/tos\u) (2.16)

C TpeMsl IEPEMEHHBIMU: U, S U t. ~

Kpome npoussonsoro roxxzecrsa S Ha MHOroobpasuu Jjyn V(S) MOryT CyliecrBoBaTh U JApyrue
YHUBEPCAJIbHBIE TOXKJIECTBA, HE COJEPIKAIIIE OOPATHBIX OIEPAINIT M 3aBUCHIINNE OT MEHDLIIEr0 YHCJIa
[IepEMEHHBIX, YeM IIPOM3BOIHOE TOXKIECTBO. Taknme yHUBEDPCAJIbHBIE TOXK/IECTBA CBA3AHBI YK€ HE C
[IPOU3BOJIBHON, a ¢ HEKOTOpOU noayxoopdunammot durypoit S. JlokazaTenbCcTBO yHUBEPCATHHOCTH
OCHOBaHO HA TOM, YTO U3 3aMBIKAHUS IIOJIyKOODINHATHBIX DUTYD S, CBA3AHHBIX C OTHONU U3 KOOP/IU-
HATHBIX JIYII TKAHU, BLITEKAET 3aMbIKanue Bcex duryp S.

Teopema 2.7. Toowcdecmso accouuamueHocmu I € JiRN
m h s
(uov)ow =wuo (vow) (2.17) 9
n a b
ABAAEMNCA YHUBEPCANLHBIM. R
O Ilycre B syne @ BbinosHserca Toxiaecrso (2.17). Oboznagum o d
6ykBoit W Tpu-TKaHb, /IJIst KOTOPO#i 3Ta Jiya OyIeT 0IHOM 13 KOOp- ny ay ¢
JUHATHBIX JIyT £,. Tak Kak oHa accOIWaTHBHA, TO B COOTBETCTBUH ~ b~
c 1. 1 Ha TKaEn W 3aMBIKalOTCA BCe CBA3aHHBIE C JIyHOil £, Koopan- 01 LA Sa
HaTHble hurypsr R. P

Paccmorpum  temeps Ha TKanu W o mpousBoJibHYIO DuUrypY
R = (abcdefgh) (puc. 24). JTokazkeM, 9TO OHA TAKXKE 3aMbIKACTCH,
TO €CTh ee TOYKU f U ¢ JieKaT Ha OJHON JUHUM TpeTbero cemeiicTsa. [locTpouM mocseoBaTeIbHO
touku ¢, m,o,n,ni,or,a,d, by, c;, kKak nokazano Ha puc. 24. Tak kak koopjuHaTHBbIE hurypsr R
3aMBIKAIOTCsI, TO 3amblikaerca u durypa Ry = (efmhajoinid;), T.e. BbIIOIHIETCA yCaoBUE @13d).
Pacemorpum nasiee koopaunaruyio dburypy Rg = (anodainioid;). Tak kak oHa TOXKe 3aMBIKAETCs,
T0 n3o. I3 3ambikanus eme oaHol koopauuarHoit durypel R = (bnocbinjojci) cueayer ycuaoBue
b13¢i. Hakownen, u3 3ambikanus KoopuHaTHoil dburypst Ry = (f¢mgbinioicy) nonydaem yenosue f3g.
CuaenoBatesibHO, 3aMbikaercst u dburypa R = (abedefgh).

Urax, Ha paccMarpuBaeMoii Tkanu W saMbikaioTes Bee durypbl R. CieoBareabHo, Bee ee KOop-
JIMHATHBIE JIyIIbI OyAyT rpynnaMu. Tak Kak ¢ TOYHOCTHIO JO M30MOPGU3IMa KOOPAUHATHBIME JIyTIAMU
UCYEPIIBIBAIOTCS BCE BO3MOYKHBIE M30TOIIBI JIyNbl () (Teopema 2.1), To mosrydaercsi, 9To Jr0oH H30ToI
ACCOIUATUBHOMN JIyIbI TAKXKe sIBJISIETCS accOlUaTUBHON Jymoit. Ho 370 m o3HagaeT, 94TO TOXKIECTBO
accoruaTuBHOCTH yHUBEpcabHo. M

Puc. 24
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Teopema 2.8. JIynwvi, 6 komopux svinoanaemcsa mootcdecmeo T’

T:

uo (vow)=wo (uow),

(2.18)

U MOALKO MAKUE AYNBL AGASOMCA KOMMYMamuehumu epynnamu. Toorcdecmneo (2.18) ynusepcanvho.

r=a

O C onuoii cropousl, ToxkaecTBo (2.18)

uo(vow) my ¢
N f o BBITEKAET U3 TOXKIECTB KOMMYTATUBHO-
N m S3 N <5 cru u accoruarusHoctu. ObparHo, ec-
N \\\ S~ @ s B (2.18) mosoxkuTh w = £, TO TOJIY-
\\\ 0 < - ~< 7 c YAETCsl TOXKJIECTBO KOMMYTATUBHOCTH, B
SO\ S cuity Koroporo u3 (2.18) ciemyer acco-
vo(uow) r—a \\\ I 11 IUATUBHOCTD. llepBasi 9acTb TEOpeMbl

w s g s JIOKa3aHa.
p y=b P : ~cp IIpeaioioxKuM Tenepb, 4TO B KO-
U v y=b  OPJMHATHOW JIyTe ¢, HexoTOpoO# TpH-
TKaHu W  BBINOJHSAETCS  TOXKJIECTBO
Puc. 25 Puc. 26

(2.18). Emy oTBevaer mOJyKOOD/IMHAT-
nas ¢uryp T (u3obparkenHas Ha puc. 25), y KOTOPOH, B OTJIMYUE OT PACCMOTDPEHHBIX BBIIIE KOODIH-
HaTHBIX GuUryp 7', TOJbKO O/lHA CTOPOHA JIEXKHUT Ha NIPSAMON T = a.

Paccmorpum renepsb npoussosbhayio durypy Tomcena T = (abedef), 0Opa3soBaHHYIO JIMHUSIMU
rkaau W (puc. 26), u JOKaxkeM, YTO OHA 3aMBIKAETCS, T.€. TOYKU b U e JiesKaT Ha OJHON JIMHUU
TPETBhEro cemMeicrsa.

[TocTpoum mocsegoBaTeILHO TOUYKY M, 01, {1, 11, KAK IIOKA3aHO Ha PHUC. 26, 1 paccMOTpuM burypy
T = (o1gni 41 fmy). Tak Kak OHA [OJYKOODAUHATHASL, TO BBILIOJIHSIETCS YCIOBHUE 1M 131 .

Jlajiee 1TOCTPOUM TOYKH 1My, 09,f9, My U PACCMOTPUM IMOJIYKOOPIAUHATHYIO durypy 1o =
= (09dngloamy). VI3 ee 3aMbIKaHUsl CJIEIYET, YTO BBIIOJIHIETCS YCJIOBUE Mo3ng. I1oCTPOUB TOUKY ¢y,
MbI IIOJIyYUM elle OJHY noJjykoopauHaruyio burypy — T3 = (ogccilofm), oTKyma ciemyer, 9To
my3cy.

Paccmorpum, makoern, nojykoopiunatayio durypy Ty = (mgobeilofmy). U3 ee 3amMblkanus Bbl-
BoguM, yto b3 f. CienoBarensno, durypa T = (abedef) 3ambikaercs, a IOCKOJIbKY OHA ObLIa B3siTa
[IPOM3BOJIBHO, TO IOJIYYAETCsl 9TO Ha pacCMaTpUBAeMOl TKaHU 3aMbIKaroTcs Bee purypsl 1. Ilosromy
BCE KOOD/IMHATHBIE JIYIIbl PACCMATPUBAEMON TPHU-TKAHU SIBJISIOTCA abeJIeBbIMUM T'DYIIIaAMU, U B HUX
BBIIOJTHSAETCS TOXK1ecTBO (2.18). Ho 910 1 o3navaer, uro oHo yHuHBepcaasHo. M

Teopema 2.9. Tpu-mranv W asasemcs mranvio By mozda u moavko moeda, xozda 6 ee koopdu-
HAMHDOIT AYNAT BHINOAHAEMCA Ae80e moscdecmeo Boaa

(uo(wowu))ov=uo(wo (uow)).

(2.19)

Jlesoe mooicdecmso Boaa yHusepcarvHo.
O IlpeamosnoxKuM, ITO B KOOpAUHATHOMN jayne ¢, Tkanu W Bbmmosmsgercs ToxaecTso (2.19). Coorset-
CTBYIOIAsi 9TOMY TOXKJECTBY HOJyKoopauHaTHas durypa by = (abedf ghaibicid) figih)) nzobpaxkena

g
f
o o (0 7 b
wo(uov) h au (’LU (7;)‘ U)) 05 N
! N ) d_~ c
g1 7 | > a
1 ? 4 C
N I (uo(weu))ov ! AN
! by ale — =" |
hq a1\ ¢ AN SN
p=(a.b) ! S Nga
w e dy ue(wou) p=(a,b) iz
Puc. 27 Puc. 28 Puc. 29

Ha puc. 27 (6e3 NyHKTUPHOW JMHUM aaj). JacTHBIME CJIydasiMu 3TOH (UTYDBI SIBISIFOTCS JIEBBIE
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durypet Bona Bj, u By, n3obpaxxennsie Ha pucynkax 28 u 11. Qurypa Bj HOIyTaeTcs, eCIu MOIOXKHATH
wou=e, By —upn w = e, rae e — eINHAIA JYIIBL {}.

JokaxkeM cHadasa, 9TO U3 3aMbIKAHUS [IOJIYKOOPANHATHEIX (uryp Bj, BHI KOTOPLIX H300paKeH
Ha puc. 28, ciemyeT 3aMBIKaHne IOIyKOOpAuHaTHbIX buryp By = (abeda’b'¢’d"), Bun xoTopsIx m306pa-
KeH Ha puc. 29. /leficTBUTENBHO, IIOCTPOUM TOYKH af, by, c|, Kak nokazano Ha puc. 29. Ilomydum
nostykoopuHaTHyo burypy B, = (abcdaibicip), u3 3ambikaHus KoTopoit caexyer cle. Bosuukaer
nosykoopaunarnass durypa B, = (a'b'd'd'a1bicip), 3ambikanume xoTopoit maer b'3¢/, uro u Tpebosa-
JIOCh.

Tenmepp mokakeM, dYTOo Ha TKaHE W 3aMBIKAIOTCS NOJIyKOOpAMHATHLIE urypel B =
= (abedaybycidy), Bug koTopbix nzobpaxken na puc. 30. [Tocrpoum mnocsienosarensuo Touku f, g, h u
f1, 91, by (puc. 30). Cormacuo npeipiiyiemy ab3saiy sambikaercs durypa Bj = (gfahg fiaihy), 1o
maer glg;. Iomyumiace mosryKoOpauHAT-
uag durypa by = (bedf ghbicid figihy). Tax o o
Kak OHa 00sA3aHa 3aMblKaTbesd, To b3c, To 9 T d "~
ectb durypa B] = (abcdaibicidy) Takxke | n a b a b ¢
3aMBIKAETCS. N |

Hakonern, paccmorpum nHa TKanum W o fi d o~ ! b d C
npousBosbHyo burypy By = (abeda’t'd'd’) 7
(puc. 31). Iocrpous touku di, aj, by, ¢ ldl c N dl\\\:cl
KaK II0Ka3aHO Ha puc. 31, MOIyInM HOJIYKO- D D
opaunatHyto dhurypy B = (abedabieidy). Puc. 30 Puc. 31
B cuny npempiaymero ab3ara oHa 3aMbIKa-
ercst, To ecrb cley. Iomyunnace nomykoopauuarnas urypa By = (a't/dd'aibicid;). Tak kak ona
3aMbikaercst, To b'3¢/, n npousposbHas durypa By = (abeda’t/'d'd") Takxke 3aMKHYIACH.

Urax, na paccmarpuBaemoit Tkanu W 3ambikaioTcs Bee JieBble dburypbl Boja, To ecTh 9T0 TKaHb
Boura.

Ob6paTHO, PeIIoIoKUM, YTO TKaHb W siBJIsleTCst JIeBOii TKaHbIO BoJia, TO ecTh Ha Hell 3aMBIKAIOTCS
Bece urypot By. JokaxkeM, 4ro Ha Heil 3ambikaioTcs u Bee burypsl Buga by = (abedf ghaibieid; figihy)
(puc. 27, 6e3 myHKTUPHOI JunuK aai). JeiicrBuressHo, durypa by = (abedf ghaibieid; figihy) «cxie-
eHa» u3 JByX JeBbix buryp Bosa: (abedaibieid)) u (afgha;figihy). Tak kak Ha TRanu W Bce
sesble (urypor Bosa 3ambikatorcs, 1o ala; u ¢3b. Takum obpaszom, Bece dburypsl Buga by (He TOJIBKO
nosykoopauHaTable!) 3ampikatorcs. Wl

AHaJIOruYHO JTIOKA3BIBAETCS

Teopema 2.10. B xoopdunamuuxr aynaxr mxanett B, u moavbko maxuxr mraHetd 6bnoAHACMCA
npasoe mootcdecmso Boaa

B,: wo((vow)ow)=((uowv)ow)ouw. (2.20)

IIpasoe mootcdecmeo Boaa yrusepcansvho.
Hamomaum, aro Tkaubo Mydasnr Mbl Ha3BaJu B § 2 TKaHb, Ha KOTOPOIi 3aMbIKaoTCs (pUrypbl bosa
BCeX Tpex TUMoB. M3 roceIHux IByX TEOPEM, TeOpeMbl 2.5 1 3a7a4 2.8,

2.9 BbITEKAET (w/u)j(u/w)
Teopema 2.11. B xoopdunammwsix aynax mranetd Mypane u moavko
maxux mranet svinosnaemcs moostcdecmseo Mydgare \\
\
M: (uow)o(wou)=wuo((vow)ou). (2.21) w
v \
Tootcdecmeo Mydpare yrusepcasvHo.
Teopema 2.12. B xoopdunamunr aynax mxaret B, u moavko 6 " wo (uov) /w)
HUL GHINOAHACINCA MOACIECTNEO P
Bn: wo ((uov)\w) = (w/v) o (u\w). (2.22) Puc. 32

IMmo mootcdecmeo YHUBEPCANLHO.

O Ha tpu-rxanu B, 3aMbIKatoTcs Bce GUrypbl By, B YaCTHOCTH, CBA3AHHBIE C JIyOil £}, I0JIyKOOPIU-
HatHble Gurypsl B,,, n3obpaxennsie Ha puc. 32. VIm coorBercTByer ToXKIecTBO (2.22), KOTOpOE IIpU
U = e COBHAJAET € TOXKIECTBOM (2.14). DT0 JOKA3BIBAET MEPBYIO YaCTh TEOPEMBIL.
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[Ipexnmonoxkum Tenepb, 9TO Ha TPHU-TKaHU W 3aMBIKAIOTCS TOJIBLKO IIOJIYKOOpAMHATHBLIE (Du-
rypbl By,, CB3aHHBIC C KOOPJMHATHOH JIynoii £, ¥ JIOKayKeM, ITO Ha STOH TKAHH 3aMbIKAIOTCA BCE
takue urypsl. Pacemorpum nponssosbHyto Gurypy B, = (abedaibicidy),
a b n3obpaxkennyo Ha puc. 33. llocrpouB Tourum do, o, as, by, Kax TmOKa-
\ 3aHO Ha 3TOM PHCYHKe, TOIydINM MOJyKoopaumHaTHyio durypy Bl =
\ = (aribicidiagbecods), KOTOpasi 10 YCJIOBHIO TEOPEMBl 3aMBIKAETCS, Tak
aro by3by. W3 3amblKaHuss Apyroil IMOJyKOOPJAMHATHOW (DUTYPDI Bfn =
= (abedagbocads) caemyer b3be. Tlosb3ysich ONpeieIeHNeM TPU-TKAHU, HAXO-
\ JUM, 9TO TOYKH b, by, by JIe:KaT Ha OXHON JUHUU TPETHErO CEeMelCcTBa, T.e.
) C1 o\ durypa B,, = (abcdabicid;) 3ambikaercs. Takum o6pa3oM, U3 3aMbIKAHU
a by  momykoopauHaTHBIX (uryp B, ciemyer 3ambikanue Bcex uryp B,,. Cie-
JIOBATEJBLHO, TOXKJIECTBO (2.22), COOTBETCTBYIOIIEE IIOJYKOOPJAUHATHOMN (hu-
) ¢y TYDE By, aBasiercsa yuusepcajibubiv. Wl
D JIylbl, B KOTOPBIX BBIIOJIHAETCS TOXKIECTBO By, HA3BIBAIOTCS CPEJHUMU
Puc. 33 aynamu Boaa.
HamomuanMm, uto syt kaxkjgoro us kjaaccoB R, T, By, B., M, B,, Kpome
HaJiJICHHBIX YHUBEPCAIBHBIX TOXKAECTB (2.17)—(2.22) cymecTByer ere 0HO —
npoussoanoe. Hanpumep, B KOOpAMHATHBIX JIyIIaX TKaHU By BHIOJIHAETCS YHUBEPCAIbHOE TOXKIECTBO,
ITPOM3BO/IHOE OT TOMKIECTBA JICBOH AIbTePHATHBHOCTH u° 0 v = u o (u o v). Ho oHO comeputr yre
4 mepeMeHHbIe U OOpaTHBIE OIEPAIUH, IIOITOMY BBIIJISIIUT 3HAYUTEHLHO CJIOXKHEE, YeM TOXKJIECTBO
Bomna By (2.19). Hna traneit H upousBomuoe Toxiectso umeer suj (2.16), mia tkadeir E oHO
[TOJIy9aeTCsl OIMMCAHHBIM BBIIIE CIIOCOOOM M3 TOXKIECTBA, JACTUYHOCTH. BOIpPOC O TOM, CYIIECTBYIOT
Jn i TKaHeit H u E yHuMBepcajibHBIE TOXKJECTBa 0oJiee IPOCThIe, YeM YKa3aHHbIE IIPOU3BOJIHBIE
TOXKJIECTBA, OCTAETCSI OTKPBITHIM.

a by
1 \

§ 2.4. JlokasbHBIE TVIa/IKWE JIyIbl M UX KacaTeJIbHbIe ajredopbl

1. JIjns uzydeHusl MHOTOMEPHBIX IE€OMETPUYECKUX TPU-TKAHEH HAM MOHAJIOOUTCS MOHITHE JIO-
KAJIbHOM TUIQJIKOW KBA3UTPYIIbI, KOTOPOE COOTHOCUTCS € airebpamdecKuM MOHSITHEM KBa3UTPYIIIHI,
BBEJICHHBIM B § 1, Tak ke, KaK MOHITHE JIOKAJIBHOM Pyl JIM COOTHOCUTCS € TIOHATHEM TPYIIIEL.

PaccMoTpuM TpHU IVIQIKHUX 7-MEPHBIX MHOroobpasus X, Y, Z (KOTopble, B 9aCTHOCTH, MOLYT W
coBrasarh). Liankoe orobpakenue q: X X Y — Z Ha3bIBaeTCs A0KAAGHOT 24a0%K0T K6a3u2pynnot
(kopoue, JIOKAJIbHON KBA3UIPYIIOH), €CJId OHO SABJSIETCs JOKaAbHbIM juddeomopdusmom a) mpu
dbukcuposansom x u 6) upu dbukcupoBanHoM y. CoryiacHO ITOMY OILIpeJIeJIeHUIO ypaBHenue z = ¢(x, y)
JIOKAJIbHO OJIHOBHAYHO Pa3pPEIINMO KaK OTHOCUTEILHO IIEPEMEHHOM T, TaK U OTHOCHTEJILHO IIepeMeH-
HO# Y.

Jlokaavrotli enadkoti aynoti HasbiBaeTcs r-MepHoe audddepeHmpyeMoe MHOToobpasue ) ¢ buk-
CHpOBaHHOl TOUKOIl e, ee okpecrHocTbio U n dyukuumeii ¢: U x U — @, Takoil 410 &) ¢ ABJsI€TCS
JIOKAJIBHOH ruIajikoii Keasurpynmoii u 6) ¢(x, e) = ¢(e,x) = x aua moboro x u3 U. DyeMeHT e HA3bI-
BaeTCsd €JIUHULIEH.

OrobpazkeHne ¢ HA3LIBAETCS YMHOMCEHUEM U ODO3HAUAETCS TOUKONW U JPYTUMU 3HAKAMU, KaK 9TO
IPUHATO B ajrebpandeckoil Teopun: z = ¢(x,y) = = - y. Takzke npumensiorcs obozuadenusd ¢(-), Q(+).

Ha JrokasibabIe IyIa/IKHe KBA3UTPYIIIbI U JIYIbl 6e3 TPy/Ja MepeHOCATCS Te MOHSTHS U TeOPEMBI,
KOTOpBIE ObLIN paccMOTpeHbl B § 1, § 2 11 asirebpandyecKux KBa3UTPYII U JIYII, TOJBKO BCEMY CKa3aH-
HOMY CJIeJIyeT OPUIABATE JOKAJILHBIH cMbici. Tak, uzoronueii J = (J,,) JokagbHOl KBazurpymuisl ¢(-)
HA JIOKAJIBHYIO KBA3UrPyLILy ¢(0) HA3bIBAETCs TPOIKA JIOKAJIbHBIX AuddeoMopdu3MoB, yI0BIeTBOPSI-
FOIUX yeIoBuio (2.2).

JlokanbHOM rajakoit kBasurpymme ¢: X X Y — Z COOTBETCTBYeT reoMeTpudecKas Tpu-TkKanb W,
obpaszoBaHHas Ha OPAMOM IpousBenenun X X Y cjaoenusimu & = const, y = const u ¢(x,y) = const.
ITpu srom dyukuums g(x, y) asisercs dbyuxuueit Tkanu (em. (1.12)). Bee kondurypamnuu, paccMoTpeH-
HbIE HA IIOJIHOW TPU-TKAHU, MOXKHO PACCMATPUBATH U HA TEOMETPUYIECKON TKAHHU, TOJBKO UX CJIE/LyeT
Oparh JIOCTATOYHO MAJIBIMU.
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B cuity upesyioxkennst 2.1 Jyis BCAKOM JIOKaJIbHON Tyiajikoil kasurpynmnsl g: X X X9 — X3 (Mbl
OyaeMm ee obozuagaTh Takke (-, Xo), @ = 1,2, 3) ¢ nomormipio okaabubix auddeomopdu3Mos

u=q(z,b), v=qlay), z=z (2.23)

3alaHHBIX Ha MHOroobpasuu X3, MOKHO moctpoutb LP-uzoron X;3(-), onepanus B KOTOPOM OLpe/ie-
astercst mo dopmyste (2.3). Touxka g(a, b) = e Oyner euHUIEH JOKATBHOI Ty1aaKoi aymbl X3(+).

2. PaccmoTpuM JIOKaIbHYIO Taajakyio ayny Q(-) kiaacca C¢, rue s > 3, u BBesieM B okpecraoctu U
ee eJIMHUIBI € KOOPJMHATHI TaK, YTOOBI TOUKA € MMeJIa HyJeBble KoopauHaThl. [lyctb © u v — TOUKHM
u3 okpectroctu U, Torja KoopuHaThl (u - v)! npousseieHns u - v GyyT TIaIKuMu BYHKIEAMIA OT
KOODMHAT COMHOXKHUTeNel u 1 v. Tak Kak eIuHHUIa e IMeeT HyJIeBble KOOPJAUHATHI, TO BBULY YCJIOBHIA
u-e=1u,e-v=uov dopmyna Teitsopa misa GYyHKIUNA U - U UMEET BUI:

u~v:u—&—v—l—A(u,v)—&—%M(u,u,v)—f—%N(u,v,v)—i—o(pB). (2.24)

Bnech mabop koopmHat (u') TOUKH u Jymb () 0GOZHAYMEH TeM ¥Ke CUMBOJOM U (KAK MBI YBHJIAM B
JaTbHeHIeM, 9TO COTJalmenne He TPUBOAUT K Hernopasymennsm). Kpowme toro, p = max(||uf), [[v]),
[[u]| = maxw?, [Jo]| = maxo’,

7 K]

i i gk i i, ko€ TR I
A'(u,v) = Njpwv®,  M'(u,u,v) = plu’u™v",  N(u,v,v) = vjuvios,
2 ; 3 ; 3 j
i O (u-v) iy, = 9°(u-v)" - 3 (u-v)" (2.25)
ik = o ok v ke = 5o 7 v Vike = S5 ok 1 :
oo lu=v=0" T guloutou’ lu=v=0" T 90700 00" lu=v=0
Muorowrenam M (u,u,v) u N(u,v,v) OIHO3HAYHO COOTBETCTBYIOT TpPUJINHEHHBIE (HOPMBI
M (u,v,w) nu N(u,v,w) OT mepeMeHHbIX u’, v* W w', TMEPBasi U3 KOTOPBIX CUMMETPUYIHA 110 U U U,
a BTOpas — 110 U U W.
JIoKaIbHBIE KOOPAMHATEL U’ B JIOKAJBHO Jy1e () OUpeesIeHbl ¢ TOTHOCTBIO JI0 IIPe0bpasoBaHmil
BUJIA

ut =~ (u?), (2.26)
F'He -/ a i, -/ -/
u'(0) =0, Z| =4¥, det(y!)#0. (2.27)
ou’ 10

i
MozKHO IpOBEpUTS, UTO IPH TaKUX HPEOOPasoBaHmAX KOI(DOUIMEHTEI \Y) U3MEHSIOTCH 110 pOopMyIam

N = A g AR N AT R
Gkt = Vi Vi Ve Njk T VikY5 Ve
!’

rjie 7y, — Marpuia, obparHas MaTpuue ;i , u
2 i

i/ o i/ o i,
Yk = oo 1o’ Yik = Vij-

Kak Bugmo, Besimannb )\;-  TEH30p He 00pa3yIoT, HO W3 HIX MOYKHO IMOCTPOUTDL TEH30D
alyp = N — Al (2.28)
Bsuy sToro kococummerpuinas hopma
A(u,v) = A(u,v) — A(v, u) (2.29)

OT IIEpeMEHHBIX ¥ W v IIPeJIcCTaBisieT coboil Owimneitnyio dynkiuio na npocrpamctse 1, X T, co
gaavenusmu B T, rae T, — KacaTeJbHOE IPOCTPAHCTBO K Jjiyne Q(+) B equHuie e.

Touno Tax xke u3 Gopm M u N (cm. (2.25)), KOTOpbIe He HHBAPUAHTHBI OTHOCUTEJIBHO JIOILy CTUMBIX
npeobpasoBaHUAX KOOPIUHAT B ()(+), CTPOUTCS MHBapMaHTHAsI TPHJIMHEHast hopma

B(u,v,w) = M(u,v,w) — N(u,v,w) + AA(u,v), w) — A(u, A(v, w)). (2.30)
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AJtbrepHUPYSI 9TO PABEHCTBO 10 IEPEMEHHBIM U, ¥, W U YIUThIBast cuMMeTpuio (hopm M u N | moJryamm
COOTHOIIIEHHE

B(u,v,w) + B(v,w,u) + B(w, u,v) — B(v,u,w) — B(w,v,u) — B(u,w,v) =
= A(A(u,v),w) + A(A(v,w),u) + A(A(w, u), v),

KOTOpPOE MO2KHO II€pEeIrucaThb B BHUIE

alt B(u,v,w) = % alt A(A(u,v),w). (2.31)

Takum obpazom, To0Ka3aHa

Teopema 2.13. B xacameavrom npocmpancmee Tp aokaavrol 2aadkol ayno Q(-) unsapuarm-
HoLM 06pasom onpedenenvi buaunetinan u mpuaunetnas gopmve A(u,v) v B(u,v,w), ceazanmovie
meotedy coboti coommoweruem (2.31).

Koopaunarer BekTopa B(u, v, w) MOIyT OBITH 3AUCAHBL CIEAYIONUM 0OPa30M:

B'(u,v,w) = ;,dujvkwé,
rze B cuiy (2.30) u (2.25) BesmyuHbI 5; 1-¢ BPIPaXKaroTcd 4epe3 K03 UIUEHTH! TeHIOPOBCKOIO PasJIo-

Kenwms (2.24): ) ) ) ) )
Bike = MWike — Vike T NjkAe — Mgt - (2.32)

ITpu jomycTuMbix peobpasoBanmsx Koopunar B U, Bemmanubl (3, TpeobpasyioTes M0 TeH30PHOMY
3aKOHY.
3. Borscuum asrebparrdeckmit embicst popm A(u, v) u B(u, v, w). O6osnauum ~'z w 27! nesbrit n

IIPaBbIil 06PATHBIE 3JIEMEHTHI 15t daeMenta & u3 Q(+), Tak uro ~lz -z =z -7 =e.
Paccmorpum B synie Q(+) aebill 4 npasvill KOMMYMamopot:
ar(u,v) = "Ho-u)(u-v), ap(u,v) = (u-v)(v-u), (2.33)

a TaK¥Ke ee .Ae6uili U Npasvlill accouuamopol:
Be(u,v,w) = _l(u c(v-w)(u-v) - w), Brlu,v,w) = ((u-v) w)(u-(v- w))_l. (2.34)

Teopema 2.14. C mounocmwvio 00 6eCKOHEUHO MAAVLT SHLCULUT NOPAOKOE KOMMYMAMOPYL U ACCO-
yuamopss ayns, Q(+) cosnadarom ¢ onpedesernvimu evitue Popmamu A(u, v) v Bu, v, w), m. e. umerom
MECTO COOMMHOULEHUS,

a(u,v) = A(u,v) + 0(p?),  a(u,v) = A(u,v) + O(p?); (2.35)

Be(u,v,w) = B(u,v,w) +O0(p*), Br(u,v,w) = B(u,v,w) + O(p°). (2.36)

1

2 m 27! wepes snement 2z B myne Q(-). Tak xaxk ~'zz = e,

[0 Cragasia BeIpa3zuM 0OpaTHBIE 9JIEMEHThI
10 u3 dopmyisl (2.24) noaygaem:

1 1

=2 A(T'2,2) - §N(_ z,2,2) 4 o(p®).

1

3aMeHsisl B IPaBOil 9acTU ~ 'z € IIOMOIIbBIO 9TOM »Ke (POPMYJIbI, IIPUJIEM K PABEHCTBY

= 24+ Az, 2) +0(z,2,2) + o(p®), (2.37)
e )
o(z,2,2) = _E(M(Z’ z,2) — N(z,2,2)) — AMA(z, 2), 2). (2.38)
AHAJIOrHYHO BBIUACIIAETCA W NPABBL OOPATHBII 9I€MEHT:
2l = 2+ Az, 2) + 7(2, 2, 2) + o(p?), (2.39)
rae |
T(2,2,2) = Q(M(z,z, z) — N(z,2,2)) — Az, A(z, 2)).
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Hasee, Tak kak u3 (2.24) caemyer
w-v=v+u+ Av,u) + o(p?),
To B cuity (2.37) umeeM:
Tw-u)=—v—u—Awv,u)+Av+u,v+u)+0(p?) = —v-u+ Alu+v,u+v)+o0(p?). (2.40)
Tenepb BBIUACIUM KOMMYTATOD (U, v). Tloab3ysics dopmymamu (2.24) u (2.40), Haxogum:
e, 0) = (0 ) + (- 0) + A (0 w), 0 0) + 0(p) =
= —v-ut+Autv,u+v)+u-v+A—v—uu+v)+o0(p’) =
=u-v—v-u+o(p?) = Au,v) — A(v,u) + o(p?) = A(u,v) + o(p?).

Touno Tak e JoKasbiBaeTcs u Bropas dopmyia (2.35).
st nokazaresibeTBa cooTHOMIEHUT (2.36) BBIYUCINM CHAUaJIa Ipo3BeaeHus (4 - v) - w u u - (v - w).
JBaxk el npumMensig hopmyity (2.26), mosryan:

(w-v)-w=t+A+M+N + Mu,v,w)+AA(u,v),w) + o(p°), 241)
w-(v-w)=t+A+ M+ N+ N(u,v,w) + Alu, Av, w)) + o(p°), .
rue ~
t=u+v+w, A=A(u,v)+ A(u,w)—l—A(v,w),
M = %(M(u,u,v) + M(u,u,w) + M(v,v,w)), N= E(N(u,v,v) + N(u,w,w) + N(v, w,w)).
C nomompio dhopmyiibl (2.37) HAXOIUM:
- (-w))=—u-(v-w)+ At +At+A) + ot t,t) + o(p).

Tomnb3ysick manee dopmysoit (2.24), nmeem:

Be(u,v,w) = ""(u- (v-w)((u-v)-w)=—u-(v-w)+ At + A, t+A)+
+o(t,t,t)+(u-v)~w+A(—t—7\+A(t,t),t+7\)+1M(t,t,t)—
1

=—u-(v-w)+ (u-v) w+o(ttt)+ AAL1), )+2M(t t,t) —

LN(#,,) + 0(p?) =

%N(t t,t) + o(p?).
Orciona ¢ ydaerom (2.38) moirygaem:

Be(u,v,w) = (u-v)-w—u-(v-w)+o(p®).
SaMeHsisl ciaraeMble B [IPaBOil 4acTu ¢ HOMOIIBLIO (2.41), HPUXOAUM K BBIPAKEHUIO:

Be(u, v, w) = M(u,v,w) — N(u,v,w) + AA(u, v, w)) — Au, A(v,w)) + o(p3).

B cuity (2.30) ara popmyiia coBnagaer ¢ nepsbiM u3 cooraomenuii (2.36). Touno Tak ke 10Ka3bIBACTCA
u Bropoe coorrorrenne (2.36). W

4. PaccMOTpeHHbBIE B TIPEBIIYIIEM [IYHKTE KOMMYTATOPBI U aCCOIUATOPHI JIyNbl Q(+) MO3BOJIAIOT
OIIPEIC/IUTH B KACATEILHOM IIPOCTPAHCTBE T, 3TOM JIyIIbl GUHAPHYIO U TEPHAPHYIO OLEPAIMU, KOTOPBIE
HA3BIBAIOTCS COOTBETCTBEHHO KOMMYMUPOSAHUEM U ACCOUUUPOSAHUCM.

IMycrs u(t) u v(t) — nBe rIaaKKe JUHUK Ha Jyle (), Ipoxosiiye Yyepe3 TouKy e. [lapamerpusyem
o1u simHnn TaK, 9rodsl u(0) = v(0) = e, n 06o3HAUNM KacaTebHbIE BEKTOPHI K HUM B TOUKE € OyKBaMu
& u n. Hanomuum, 910 HAGOP KOOPAMHAT BEKTOPA MbI JOTOBOPUJIUCH 0003HAYATH TEM K€ CHMBOJIOM,
9TO U caM BEKTOp. TOor/a MOy IuM:

. u(t) . v(t)
E=lim——=, n=lim—=.
t—0 t t—0 t

Paccmorpum Ha Q) emme JBe jmHuu:

ac(t) = ae(u(t), v(t)), ar(t) = ar(u(t), v(t)),
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rJe Qe U Q — KOMMYTATOPBI JIynbl (). DTn JMHHE TakzKe MPOXOAAT 4depe3 Touky e upu ¢ = 0.
Paccmorpum gasee Te 4acTH 9THX JIMHUI, Ha KOTODPBIX ¢ > 0, M BBeJeM Ha HUX HOBBIH IAPAMETD,
TIOJIOKUB t = 4/S.

Teopema 2.15. Jlunuu ap(v/s) u ar(y/s) umerom 6 moure e odun u mom oice Kacamesvbrvil

sexmop ¢ = A(£, 7).
O B cury dopmya (2.33)

ap = Au(t),v(t)) + o(t?), a, = A(u(t), v(t)) + o(t?).

IIosTomy

¢ = 1im @) gy @ O5) i L), o(t) + o) = A(E,n). @

s—0 S s—0 S t—02

BekTop ¢ HA3BIBAETCST KOMMYMAMOPOM BEKTOPOB & U 1) u obosHavaercs [€, n]. Takum obpaszom,

[€.m] = A&, m). (2.42)

Kommyrarop [€, 1], paccMarpuBaeMblii Kak dbyHKIUS JBYX BEKTOPHBIX apryMeHTOB & U 1), eCTh GuHap-
Hasl ollepalnus B KacaTeJbHOM IpoctpaHcTse Te synsl Q(+). Dra oneparyst 1 HA3bIBAETCS. KOMMYTUDPO-
BaHueM (MHOTa KOMMYTATOPOM ).

Sameuanne. Kax BUIHO, OJHUM U TEM K€ TEPMUHOM «KOMMYTATOpP» Ha3biBaioT dyukimu (2.33),
onpejieJieHHble Ha Jyne @, u dbyHkumo [£,7], oupeieNeHHyI0 B KACATEIHHOM MPOCTPAHCTBE ITOM
ayusl. Ho 970 He mpuBomut k myrtanure. Kak Mbl yBUIUM fajiee, aHAJOTUIHAS CUTYyaIus OyAeT U ¢
aCCOIMATOPOM.

U3 (2.42) cnepyer, uro onepainust KOMMYTUPOBaHNs OUIMHENRHA U KOCOCUMMETPUIHA!

&) = =& 7] (2.43)

Paccmorpum masee Ha syne Q(-) Tpu ruagxue jsunuu u(t), v(t) u w(t), napaMerpu30BaHbIe TaK,
aro u(0) = v(0) = w(0) = e. O6o3HaUNM KacaTeJbHbIE BEKTOPBI K HUM B TOYKe e OykBamu &, 1, (:

v w(t)
¢=lm== n=lm=7= ¢=lm=".

ITocTponM errie JiBe JIMHAH, TAKXKe [IPOXOJAIIIE Yepe3 TOUKY €:
Be(t) = Be(u(t), v(t), w®)),  Br(t) = Br(u(t), v(t), w(t)).
Beemem Ha HEX HOBBII MapaMmerp, MOJOXKUB t = s1/3,
Teopema 2.16. JTunuu (¢(s'/3) u B,.(s1/3) umerom 6 mouxe e odun u mom oice xacamenvrwii

sexmop © = B(£,1,().
O B cuy (2.36) nmeem

Be(t) = B(u(t), v(t), w(t)) + o(t®), () = Bu(t),v(t), w(t)) + ot),
TIosTomy
e = lim (B(u(t), o(t), w(t)) + o(t?)) = B(&,1,¢). W

Bekrop © HazoBeM accoyuamopom BeKTopos &, 1, ¢ u oboznaunm (&, 7, ¢). 3 npeapuiymeit dop-

MYJIbl UMEEM:
(& n.¢) = B, Q). (2.44)

TpusnHeitHasi olepanusi, onpejessieMas acCOIMATOPOM B KacaTeJabHOM mpoctpaHcTse T syubl Q(-),
HA3BIBAETCSI ACCOIMUPOBAHNEM (MHOTA acCOIUATOPOM ).
U3 coornomenus (2.30) ciemyer, 910 Onepanuu KOMMYTUPOBAHUS U ACCOIMUPOBAHUS CBA3AHBI

COOTHOIIIEHUEM
alt(§,n,¢) = J(€,n,C), (2.45)

rie

J(&n, ¢) = [[& nl, €] + [[n, €, €] + [[€, €] ml-
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Pasencreo (2.45) mpencraBisier co0oi 3ammcaHHOE B JIpyruX 0003HadYeHMsX coorHormenue (1.31),
KOTOPOE MBI Ha3BaJIu ODOOIEHHBIM TOXKIECTBOM SIKOOM.

Onpenenenne. W-arzebpoti uau anzebpol Axusuca Ha3vi8aemMcsa AUHETHOE NPOCMPAHCMBEO, 8
Komopom onpedesenv, dee noauaunelinve onepayuu: bunapras [€,n] u meprapras (€,1,C), npuvem
NEPBGA U3 HUT KOCOCUMMEMPULHA U IMU ONEPAUUL CBA3AHDL 0000ULeHHbLM Modicdecmeom SKkobu.

Uraxk, nokaszana

Teopema 2.17. Kacameavrnoe npocmpancmeo T, esaadkoti aynv Q(-) sasasemcs W-anzebpoti
OMHOCUMEALHO ONEPAUUT, KOMMYMUPOBAHUSA U ACCOUUUPOSaHUs. Ima W -anzebpa nasvisaemces xaca-
menavroti x ayne Q.

B wacrHocru, eciu syna Q(-) sBisierca rpynnoii Jlu, To ee accounaropst Sy u (., OlpeeeHHbIe
dopmysnamu (2.36), TOKIECTBEHHO paBHBI eJuHHIE. B 9TOM ciydae omepanusi acCOIUUPOBAHUS B
npocrpancrse T, cranoBurcst Tpusuasibhoil, T.e. (£,7,() = 0 musa mobsix BekTopos &, 1, ¢ u3 Ty;
ToxKecTBO (2.45) mpespaiaercst B Toxaectso Axobu J(E, 1, () = 0, a kacareabnast W-anrebpa Jry-
bl Q(-) — B anrebpy Jlu.

§ 2.5. KacareigbHbie ajrebpbl MHOTOMEPHOI TPU-TKAHU

Paccmorpum riaikyio tpu-tkanb W = (X, A,), dimX = 2r, o, 8,7 = 1, 2, 3, u o6o3nauum, Kak u
BBIIIIE, Oa3y CI0EHUS A\, cUMBOJIOM X, . Tpu-Tkams W mopoxgaer 6 JIOKAIbHBIX TVIAJKIX KBA3UTDYIII
dop: Xa X Xg — X, (o, B,y pa3mutinel), mpudeM 0TOOparkeHNe (o3 CTABUT B COOTBETCTBUE CJIOIM Fq
u3 Ao 1 F U3 \g, HepeceKalonuMcs B TOUKe p MHOroobpasusa X, cioit Fry u3 A\, Tak:Ke IPOXOAInil
4yepe3 p. I'Majxue KBasurpynnsl ¢,3 Ha3bIBAIOTCA KOODJMHATHBIME KBA3WI'DYIIIAMH TpH-TKaHH W.
Kak u B ciryyae noJiHO# Tpu-TKaHU, OHU OyIyT napacTpodaMu KOOPIMHATHON KBA3UTPYIIIILL ¢ = q1o.

Mezxny mapacrpodaMu ¢.g reomerpudeckoil pu-tkamn W = (X, \,) u casuoctamu I'y 3, BBe-
JennbiMu B §8 1. 1, mMeeTcs ecrecTBeHHOE cOOTBETCTBHE I'og +— ¢og, TaK KaK mapactpody ¢ag
OTBEYaET BLIOOP HOopM c&ﬂ u cg’ B KadecTBe 0a3mCHBIX Ha MHOTOOOpasmm X Tpu-TKamu. Ilosromy

Tabsinnie 1.1 Ha c. 29 MOXXHO IPUIATH UHOM CMBICJI, COOTHEC IIPUBEJEHHbIE TaM TeH30pbl TKaHu W ¢
napacTpodaMu gng, T. €. ¢ Pa3IMIHBIMU KOODJIMHATH3AMUAMI 9TOH TKAHU.

Bynem cuntarh B qasbHeiineM, 9To TKaHb W KOOPANHATU3UPOBAHA, C TOMOIIILIO KBA3UTPYIIIIHI 19,
T. e. MHOroob6pasue X JiokajbHO auddeomopdHo mpsiMmoMy npousseernio 6a3 X| u Xy cjaoeHuit A
141 )\2.

ITo anaJsioruu ¢ mMOJHOM TPU-TKAHBIO, B OKpecTHOCTH TOYKHU p = (a, b) MmHOroobpaszus X (a € X, b €
€ Xo) olpeesnM JOKAJIbHYIO KoopauHaTHyIo Jjyiy £(a, b), onepaiys B KOTOPOil OIpeIessaeTcs, KaK u
B §3 muius mosiHO# Tpu-TKaHu, dopmyioil (2.3). Dra omepanus MOxKeT ObITH

3AINCAHA TAKYKE B BUJE a
A\
-1 -1
uowv=gq(" q(u,b),q" (a,v)). (2.46)

B coorBercrBum ¢ §4 B KacareJbHOM MNpOCTpaHCTBE T, KOODIWMHAT- 0 o

N . a=
uoit syunt £(a,b) onpenenena W-anrebpa, KOTOPYIO HA30BEM KaCAMeAbHOU
W -aneebpoi mpu-mxanu W 6 mouxe p = (a,b). Paccioenue srux anrebp a
Ha30BeM kacameavholi W -anzebpoti mpu-mxaru W. p(0,0)

Haiiem cBsizb MexKJIy Te€H30paMu KpPydeHUsI U KPUBU3HBI TPU-TKaHu W y=0 N
BBEJICHHBIME B TIVI.1, U KOMMYTATODAMHU W AaCCOIMATOPAME €€ JIOKAJbHBIX Puc. 34

W-anrebp. st aToro Tpu-tkaunb W B OKpPECTHOCTH TOUKU P ITapaMeTPU3yeM

crieruaJibHbIM obpazoM. Ciron Fi u Fy NEPBBIX IABYX CJIOEHHUIA, TPOXOISIINIE Y€PE3 TOUKY P, 313 IM
ypapaerusMu £ = 0 u y = 0, a BCIKUM JIBYM CJIOSIM TKAHU, [TEPECEKAIOIIMMCsI Ha cjiosx JF| u Fo, IPUITH-
nIeM OJJMHAKOBOE 3HadeHue napamerpa (puc. 34). Torna byuxius z = f(x,y) Tkauu W, onpenesieHnast
B HekoTopoil okpecrroctu Touku p(0,0), ynosraersopsier yciaosuam f(0,y) =y, f(x,0) = z. Beugy
9TOr0 KOOpJMHATHAS KBa3urpyia ¢ Tkanu W cranosurcs aynoii ¢ eqununeii e(0,0...0) u coBuamaer
¢ koopuHarHoii aynoii £(0,0). Byaem HasbiBaTh onucanHyio napaMerpusanuio cmandapmrot. Cran-
JlapTHas TTapaMeTpPU3alisa COXPAHIETCS MPU TAKUX COMVIACOBAHHBIX MPEeOOPA30BAHUAX JIOKAJIHHBIX
Koop mHaT Ha 0azax X,, IPU KOTOPBIX €JUHHIA € JIyIbl COXPAHSIET CBOM HYJIEBBIE KOOD/IMHATBHI.
HazoBem Takme mpeobpasoBanusi dONYCMuUMBLMU.
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B kacarenpmnom mpocrpamcrse 1), (X) x MHoroobpasmio X IOIycTHMBIE IPeOOPa30BAHUS KOODIH-
A0
HAT WHAYIUAPYIOT JIMHEHHbIe MPeoOpPA30BAHUS BUIA 0 A/ OCTaBIAIONINE MHBAPHAHTHLIMI IO

npocrpancTsa T, KacaTeJbHbIE K CIOSIM TKaHH W, HPOXOAANIMM 4epe3 TOYKy p. DTH Ipeodpa-
zoBanus obpasytor rpyuiny G = GL(r), koropas (cm. §3 1. 1) gBisierca CTPYKTYPHOH IPyIIIOit
Gy -CTPYKTypBI, ONpeeNsaeMoil Tpu-Tkaubio W aa muOrootpasmn X. OHN MHAYIUPYIOT TAKXKE JIH-
HelfHbIe TpeobpasoBaHus B KacaTeabHoM npoctpanctse T, x yme £(0, 0) B equnmne e. Beumy sToro see
TEH30PBI, CBA3aHHBIE C TPU-TKAHBIO, MOYKHO PACCMATPUBATH KAK TEH30DPBI B 7-MEPHOM HPOCTPAHCTBE
T.; TEH30pHBIE MOJIA — KaK II0JIS B PACCAOCHUH, 6a30i KOTOPOTO ABJISETC MHOrooOpasue X pasmep-
HOCTH 27, a CJIOSIMA — T-MepHbIE JITHEHHbIE IIPOCTPAHCTBA, KacaTeJIbHbIe K KOOPAMHATHBIM JIyTIaM.

Urak, nycrs Tpu-tkanb W napamerpusosana B okpecraoctu touku p = (0,0) crammaprHbiM
obpazom. Torma pasmoxenue bynkiun tranu z = f(x,y) B pang Teisopa (¢ TogHOCTHIO 0
obo3nadeHus nepeMeHHbIx) umeer Buj (2.24). Ilosb3ysich MM, BBIYUCIUM B TOYKE P HPOU3BOIHBIE
GyHKIMU f 10 TPETHETO MOPSIKa BKJIIOYHTEIBHO. VMeeM:

of i Of i i s o~ s

ot T BT/J
- -
OF i O
oz’ oy* kg oz" oy’
a OCTaJIbHbIE TIPOU3BO/HBIE PABHBI HYJIIO.
[Moxcrasisas HaiijeHHble 3HAYEHUs NPOM3BOAHBIX B (opmyinr (1.55) u (1. 56), maiimem, uro B
TOYKE P

pp (2.47)

i
= . s —_— = . s
:u’JkZ 92 aykayz jke

U = = Ao afe = =g

orkyza B cuity (2.28) cielyer, 4ro B 9TOH TOUYKE

Takum obpazom, mensop kpyuerus mpu-mranu W moavko 4ucao6vimM MHOACUMENEM OMAULGEMCS,
i . .
Om MEN30PA Oy, ONPEJEAAIOULEL0 KOMMYMATOP €€ AOKANHOT KOOPOURAMHOT AYnbL £(0,0).
"3 dopmynnr (1.49) ¢ yaerom (2.47) nosydaeMm cieyromiee BbIPDAXKEHUE JIJIg TEH30Pa KPUBU3HDI
Tkanu W B TOUKe p: ) . ) ) .
7 _ X2 3 m oy m o\ 1
Vike = Vije — Bjke + AjiAem — AijAme- (2.49)

CpasruBas ¢ (2.32), HAXOAUM, UTO

bire = —Bijes (2.50)

T.€. MEH30P KPusudhov, mranu W moavko 3HAKOM U PACTOAOAHCEHUEM UHIEKCO8 OMAUMGEMCA OM
i
men3opa [3jy,, onpedeanrowezo accoyuamop aynvl £(0,0).
O6osnaunm a(&,n) u b(€,n, () nonmwmmneiinbie GOpPMBI, OIpeIeIgeMble TEH30PAMEU KDPYYEHUS U
KPUBU3HBI TpU-TKaHU. Torma mpeablIyinme COOTHONIEHUs] TEPENUIITYTCsT B BUJIE:

al€n) = —3 A€M, bE ) = —Bn,€C). (2.51)

BBuay sToro oneparun B KacarenbHoit W-airedpe mpuMyT CIeIyONUI BUT:

(€, n] = —2a(&,n), (§&n,¢) =—b(n,§, Q).

Cremyromas TeopeMa TaeT HEeOOXOIWMble TEH30PHBIE YCJIOBHUST MPUHAIIEKHOCTH Tpu-TKanum W K
OHOMY U3 OCHOBHBIX KJIACCOB, CBA3AHHBIX C YCIOBUSIMU 3aMbBIKAHIUSI.

Teopema 2.18. FEcau na mpu-mranu W 6bnoanero Ycio8ue 3amMukaHus, yKa3anHoe 8 nepeom
cmoabue mabauyos 2.2, Mo meH30pvl KPYUEHUS U KPUBUIHBL IMOT, MKAHY YJ0BACMEODAIOM, YCAOBUAM,
YKA3aHHBLM 60 BTMOPOM €€ CTMOADUE.

O Homyuanm, HanpuMmep, cooTHomenue st Tkaau By. CorsiacHo Teopeme 2.6, B KOOPIUHATHBIX JIYIIaX
9TOI TKAHU BBIIOJIHIETCS TOXKJIECTBO JIeBOi ajbrepHaruBHocTd u o (u o v) = (uowu) owv. C mpyroit
croponbl, u3 dopmyist (2.36) cieayer, 4ro

“Hwo (uow)((uou)ov) = Blu,u,v) + o(p’).
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B cmty JieBoit asJbTEpHATHBHOCTH Ji€Basi YaCTh TOIO PABEHCTBA OOPAIAETCS B HYJIb, YTO JIAET
coorromrenne B(u,u,v) = 0. U3 (2.51) maxomum, uro b(u,u,v) = 0; mociie JuHEAPU3AIMN HMEEM

b(u, v, w) +b(v,u,w) =0. W

Tabaumna 2.2
| Veosue 3aMblkanns | YC/I0Busl HA TEH30pBL a 1 b |
T a=0,0=0
R b=0
By b(u, v, w) = —b(v, u, w)
B, b(u, v, w) = —b(w, v, u)
B, b(u, v, w) = —b(u, w, v)
M b=alth
H b(u, u,u) =0

JloKaxkeM JIOCTATOYHOCTD MPUBEICHHBIX B TaDJIUIE T€H30PHBIX ycjoBuit st kiaccoB 1 u R. Ilo
teopeme 1.3 coornomienusi a = 0, b = 0 xapakTepusyior mapaJsenn3yeMble TPU-TKAHU, HA KOTOPBIX,
OYEBH/IHO, 3aMBIKAIOTCSI BCE IIEPEUHCJEHHbIEe BbIe (Gurypsl, B ToM uucie u duryper 1. Ciegmo-
BaTEJIBHO, KAGCC 2eomempudeckur mxranetd T cosnadaem ¢ KAGCCOM NAPAAAECAUYEMBIT MKAHET U
rapaxmepusyemces yceaosuem a = b = 0.

Coornomenne b = 0, Kak okazaHo B Teopeme 1.4, xapakTepusyeT rpymnmnosbie Tpu-TKamu. Coryiacuo
OTIPEJIEJIEHUIO TPYIIIOBOI TKAHU, JJAHHOMY B § 2, ee KOOpJMHATHAsI KBA3UIPYyIa ecTh rpymma Jlu G.
U3 reopembr AsGepra (c. 43) BBITEKAET, YTO BCE KOODMHATHBIE JIYIIbI TPYIIIOBON TPU-TKAHU TAKIKE
SIBJITFOTCS TPYIIIAMK, TTOCKOJBKY OHM WM30TOIHBI KOOpauHATHOW rpymnme G. B cuiny Teopembr 2.6
rpyHIoBasi TPU-TKaHb sBiisieTcd TKaubio R. Ilosromy xkaacc epynnoswx zeomempuueckuxr mikanet
cosnadaem ¢ xaaccom mraneld R u xapaxmepusyemea menszopnowm yeaosuem b = 0.

JlocTaToYHOCTDh TEH30PHBIX YCJIOBUil jyist TKaHeil Bosa u MydaHnr Oyer jgoka3aHa B CJIELYIOIINX
raBax.

§ 2.6. Kanonunyeckune KOOpAMHATHI B JIOKAJIBHON aHAJMTUIECKOM JIyIie

1. Xopolro u3BecTHO, KaKyi0 BaXKHYIO POJIb UI'PAIOT B T€OpUU IpyIil JIu KaHOHMIEeCKUe KOOPIuHA-
Tel. B 3TMX KOOpAMHATAX

a) BCdKasd OJHOIApAMeTPHYEecKas HOArpymna rpyunbl Jlu 3ajaercsd JUHEHHbIMA ypaBHEHUSIMHU,
[IpuYeM [PU YMHOYKEHUU 3JIEMEHTOB B 3TOH MOJIPYIIEe X KOOPAMHATHI CKJIAIBIBAIOTCS;

6) psin Teiiopa Ipou3BeIeHNS U - U BIOJHE ONPEJIENSIETCsI CTPYKTYPHBIM TEH30POM T'PYIIIEL, T. €.
BCE WIEHBI Psijia BBIPAXKAIOTCS TOJILKO Yepe3 ee KommyTaTop [uv] (dopmyna Kamubemma—Xaycaopda);

B) BeaKuil aBroMopdusM rpynnsl Jlu, 3anicadublii B KAHOHUYECKUX KOODMHATAX, SBJISETCH JIM-
HEWHBIM TTpeoOpa30BaHIEM.

B omsmmume or rpynm Jlu, B IPOM3BOJIBHOMN JIOKAJIBHON aHAIMTHIECKON Jyre ()(-), He CyIecTByer,
BOOOIIE TOBOPSsI, OJHOIAPAMETPUYECKHUX IOATPYIII, U Jayke NoJiyl. Her B Heili U HETPUBHAJIBHBIX
aBroMopdu3MoB. Tem He MeHee, U B JIOKAJLHOW aHAJUTHIECKON JIyIle MOXKHO BBECTH KAQHOHUYECKUE
KOOP/IMHATBI, KOTOPbIE 00JIaaI0T CBONCTBAME, AHAJIOTHIHBIMY [IEPEUNCIEHHBIM BBIIIIE.

Urak, mycrs Q(-) — JIOKaJbHast aHAJIMTUYECKAs! JIylla Pa3MEpHOCTH T ¢ efuHMIed e. Boibepem
JIOKaJIbHBIE KOOP/INHATHI B HEKOTOPOIl OKPECTHOCTH €JIUHUIIE TaK, YTOOBI KOOPAUHATHI [TOCJIE THE ObLIN
PABHbBI HYJIIO.

Kak u B §4 ymHOXKeHMe B BBHIOPAHHBIX KOODJAMHATAX 3aluiieM B Buile w = u - v = f(u,v), a
pasnioxkenue dyukiun f B psy Teitjopa — B Bue

oo
w-v=f(u,v) = ZA(u, v), (2.52)
s=1 °
ryie A(u, v) — OJIHOPOJIHBIl MHOTOYJIEH CTEIeHH S OT JIOKAIBHBIX KoopuHat u’ u v'.
S

B cuny pasencrs f(u,0) = f(0,u) = u muorowrens! A(u,v) yJA0BIETBOPSAIOT yCIOBHIAM
S

11\(u,v) =u+v, A0,v)=Au,0)=0, s=2, (2.53)

S S
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U3 KOTOPBIX CJEAYET, YTO UX MOXKHO 3aIllCaTh B BHIE!:
s—1
1

Q(u,v) = Zms_j}c‘k(u,...,u,v,...,v), (2.54)
k=1 '

rme A (u,...,u,0,...,v) — OJHOPOIHBIA MHOIOUJIEH CTEIEHU § — kK OTHOCUTEJLHO U U CTEIeHH k OTHO-
s—k,k

CHUTEJIBHO U. 3aMEeTHM, 4T0 0003HAUEHHs B PA3JIoKeHuH (2.52) HECKOJIBKO OTINYAIOTCS OT AHAJIOTUIHBIX
oboznauenuii B dhopmysie (2.24), KoTopas COAEPKUT UYJIEHBI TOJILKO JI0 TPETHEro HOPSIKA.

Paccmorpum Ha Jiyne () eme OiHy CHCTEMY aHAJMTHYECKUX KOODJIMHAT U', M IIyCTh yMHOYKEHUE B
HUX 3anucbiBaercs B uje W = f(u, V). Crapble 1 HOBbIE IIEPEMEHHbBIE CBA3AHBI COOTHOIIEHU M

w=@), v=10), w=A(d) (2.55)

rJie ¥ — JIOKaJbHbIH auddeomopdusm, yrosaersopsitomuii yeaosuto (0) = 0. 1o ycroBue o3Hauaer,
9TO €IUHUIA € COXPaHsieT CBOM HyJIEBbIE KOOPIAWHATHI, BBULY 4ero psia Teitopa GpyHKIun f Takzxke
obsagaer cpoiicrBamu (2.53), a pasioxeHue Jyisd 7Y C TOYHOCTHIO 0 HEBBIPOXKJIEHHOI'O JIMHEHHOrO

IpeodpPa30BaHUsT UMEET BUJT o
(@) =a+ ) P(a), (2.56)
s=2

rie Ps(W) — ofHOPO/HBII MHOTOYWIEH CTEIIeHH S.
Omnpenenenne. Jlokarvrvie xoopdumnamos. ' 6 ayne Q, onpedeaennvie 6 nexomopoli oxpecm-
nocmu U edunuuve e(0), naswsatomes kanonuueckumu, ecau 0as 6caxozo u u3 U swvmnoansemcs

paserHcmaeo ~
(@, w) = 2. (2.57)

Do ornpeiesienne 0600IAET MOHITHE KAHOHIIECKIX KOODUHAT B rpyiie JIu, Tak Kak JiJisl TIOCJIeTHUX
cooTHoIeHue (2.57) BBITOJIHAETCS.

Teopema 2.19. B okpecmuocmu eduHuyb, 8CAKOT AOKAADHOU GHAAUMUYECKOT AYNDL MONHCHO
66ECTNU KAHOHUYECKUE KOOPAUHAMDL, NPUMEM, € TOYHOCMBIO 00 AUHETH020 NPeobpa3osanus, edun-
CMBEHHBIM 00DA3OM. _

O B cury (2.55) dynkiun f u f cBsi3aHbl MKy coBOii COOTHOIIEHNEM

V(£ (@, 0)) = f(v(w), y(©))-
Orciona, yuursiBas (2.57), naxomum:

V(2u) = f(y(@), v (@) = fa(y(w)), (2.58)

rie fq — orpanuuenue f Ha JUATOHAJIb.
U3 (2.52) crenmyer, 4T0

fa(u) = 2u+) " Aa(u), (2.59)
s=2

rie Ag(u) obosnauaer A(u, v)|y—y. Hopcrabusst (2.56) u (2.59) B paBeHcTBa (2.58) 1 OIyCKast «TUIIBILY»
HaJL U, TTOJIYaHM: ®
2u + Po(2u) + P3(2u)

+..=
=2[u+ Py(u) + P3(u) +...] + 1\2d(u + Py(u) + Py(u) +...) + A3d(u + Py(u) + Py(u) +...) + ...

IIpupaBHUBas MHOIOYIEHBI OIMHAKOBON CTEIIEHN U YYUTHIBAS MX OJHOPOMHOCTH, HAXOIUM:
4Py (u) = 2Py (u) + Aqg(u),
2
8P (u) = 2P3(u) + 24 (u, Po(u)) + Ad(u),
3

i1+iog=k i1+ig+iz=k
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Orcrona syist Muoro4wsieHoB Py (u) upu k > 2 nosydaercs peKyppeHTHOe COOTHOIIECHUE:

k
R@=4Y E AP Pw, o P 0)]| (2.60)

s=21414...+is=k
—1

rae A = (Qk — 2) , a1y, 19, ..., i — HaTypaJbHble yncia. [loap3ysdach uM, mosrydaeM, HAITPUMED:
1 1
Py(u) = 5Aa(u), Py(u) = ¢ [, Aw) + Aa(w)],
2 9 6 2 2 3

u 1. ;1. Takum o6pasoM, ecan psj (2.56) cXoauTes, TO e JMHCTBEHHOCTh DYHKIHK y(u) OUeBH/HA.
Jokaxkem cxoquMocThb psija (2.56). g sroro HamoMuuM, 910 K03(DHOUIMEHTHI /]} TEHJIOPOBCKOTO

pa3JIoKeHNsI BCSKOI BEIeCTBEHHON aHAJuTHIeCKOl GyHKImu f(u) yIOBIETBOPAIOT HEPABEHCTBAM
Kommn:

IAll < MR™F, (2.61)
[IpUYeM HOPMAa ||1}€X|| OIIpeIeJIAeTC s KaK supl% Ha exuHnIHON cdepe ||u|| =1, a M u R — HeKoTOpbIE
nocrosirabie. [Ipu sTom ecm f(u) — BekTOpHas (BYHKIHS BEKTOPHOTO aprymenta u = (u'), TO /]}(u)

OyIyT BEKTOPO3HAYHBIMU (DOpMAMU OT II€PEMEHHBIX U'.
O6parHo, ecim BbIIOMHEHBI ycuosust (2.61), To psi, cocrabiieHHbIH M3 HOpM ||All, cxomures.

Ciie10BaTEIBHO, CXOJUTCH U DAL /O\(u) + /IX(u) + /3\(u) + ... (cm., manpumep, [IIs-1], c. 129).
Tepeiiem Tereps K I0KA3aTEIBCTBY CXOIUMOCTH Psiia (2.56). HaM Hy»KHO j10Ka3aTh CyIecTBOBa-
HUE TAKUX MOCTOSHHBIX N M p, 9TO BBIIOJHAIOTCS HEPABEHCTBA,
1Pl < N~ (2.62)
Tax kak psz (2.59) cxomurcsa K GyHKIMU fg, TO CyIIECTBYIOT Takue mocroguubie M u R, 4ro g
MHOTOYJIEHOB /k\, BXOJAIIUX B pasJsoxkenue (2.59), soinosnsiorcs Hepasencrsa (2.61). ITokaxkem, uro

ycsiosue (2.62) GyzieT BBIIIOJIHEHO, eCJIU HOJIOKUTh
p<N<2R*M™". (2.63)

HokazarenbcrBo nposeneM nsayknueil mo k. Ilpm k = 1 nmeem Pj(u) = w, mostomy ||Pi|| =1 un
|Pi]l < Np~! B cuy (2.63). IIpeamnonoxmm Tenepn, 9To HepaBeHCTBa (2.62) BBITOTHSIOTCS TS BCeX
HATYDAJbHBIX 1HCesI, MeHbIUX k, u JoKkarxeM ero jgist k. I3 (2.60) nveem:

1P < A3 TN IR IR+ 5 AU WPl LRl ot I 1)
i1+io=k i1 +ig+iz=k
(2.64)

KoJmm4aecTBo craraeMbiX B IIEPBOIL CyMMe CIIPaBa PABHO YHCIIy CHOCOGOB 3aIMCU YUCJIa K B BUJIE CyMMBbI
JIBYX HATYPAJbHBIX dncesl (C yIeToM TOpsKa), T. e. k — 1. KommuecTBo ciaraeMbIx BO BTOPO# CyMMe
paBHO wmCTy paséuenwit jis uncia k Ha 3 caraeMbix, mosromy ono pasto Cf . Clieyroniue cyMMbl
comepar Cp_,, ..., CF=l craraempix. Tak xax Kawpif u3 WHIEKCOB i1, ig,... Membite k, TO 1m0
npenosoxennio uaaykmmn | P;_|| < Np~%. B cuiy sToro us HepasencTsa (2.64) citeyer HepaBeHCTBO

MA, (4 N? 9 N° w1 N*
3sech yuareHo, 9to iy + i9 = k, 4] + ig + i3 = k,.... [IpaBasg gacrs npeobpasyercst K BUJLY:
k—1 k—1 _
A MNE (145 ] = ok R (14 2 1] 2p - 2) 7

U3 (2.63) crenyer MN < 2R?, BButy 4ero mosydaem:

1Pl < Rp™* [(1+ NR™)F —1] (28 —2) 7"
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Kaxk BuznHO n3 (2.59), H/1\|| = 2, Tak uro mepasenctso (2.61) mpu k = 1 maer 2 < MR~'. Ucnoms3ysa
HepaBeHCTBO (2.63), HAX0UM, UTO

NR "< 2RM™ ' < 1.

TIosTomy
(I+NRH"' =1 _ N14+(U+NRH+(U+NR Y +...+(1+NRH -1
A R 14+2+42% 4. 4287
u ||Py|| < Rp™* - NR™!' = Np~*, 1o ectb Mbr npumm x (2.62). B
Pazyioxkenne (2.52), 3anucanHoe B KAHOHUIECKUX KOODIUHATAX, HAZBIBACTCA KAHOHUYECKUM DA3-

aoorcenuem aynv, Q(+). Muorowienor A, BXozsinue B KAHOHMYECKOE DA3JIOKEHUE, YJIOBJIETBOPSIOT
S
COOTHOIIIEHUAM

<

==

/S\(u, u) =0, (2.65)

KOTOpBIE TIOJdyvatoTcst u3 (2.52), ecau IOJOXKHUTD % = U ¥ BOCIOJB30BATHCS OIPEIeeHIEM
KAHOHUYECKUX KOOp uHAT. Vcmonb3ys cooTHomenus (2.54), mepenumieMm MOC/AEIHUE DPABEHCTBA B

pas3BepHyTO#l (hopme: .l

— — P —
Alwu) =0, Afwu)+ Afw,u) =0, ..., > CEA (u,u) = 0. (2.66)

s

p=1,p+q=s
ITepBoe u3 paBeHCTB O3Ha4YaeT, 4To dopmMa A = 1A1 KOCOCHUMMETPUYHA.
2 ,

B koopaunaTHOit popMe COOTHOIIEHUS (2.66)'I/IMGIOT CJIE Ty IOIIMIT BT
s—1

Z Cg[fxqi(jlj?"‘jpkp-#l'“karq) =0. (267)
p=Lpt+g=s

2. V2Ke 0TMEYAJIOCH, YTO KAHOHUYECKUE KOOPIUHATHI B JIylie () OIPeIeIEHbl C TOYHOCTHIO JI0 HEBBI-
POXKJIEHHOT'O JInHEHOrO IIpeobpaszoBanusi. [Ipu Takux npeobpazoBanusix popMbl A | ompejessitoniue
D.q

KAHOHUYECKOE PAa3JIoyKeHMe, MEHSIFOTCS 110 TeH30pHOMYy 3akoHy. CJiejoBaTejibHO, OHM WHBAaPHUAHTHO
OIIpejieJIeHbl B KacaresbHOM mpocTtpaHcTBe T, K jymne (). C mx momomnibio BBejneM B 1, JIMHEWHbBIE
omeparuu: oJHy OMHAPHYIO, /IB€ TEPHAPHBIX U T. J., ONPEIEIUB IPOU3BEICHN BEKTOPOB &1,€9,. .. KaK

3HadeHus popm:
1/,\1(51152)1 21\1(51152,53), ]5/}1(51,527-..,£p+q). (2.68)

Dru onepanyu He sIBJISIOTCS HE3ABUCUMBIMHE, & CBA3aHbI MKy co0oii coorHomenusmu (2.66). Kpome
TOT'0 OHU YIOBJIETBOPSIIOT YCJIOBUAM CUMMeTpUN: (DOPMBI A | KaK sICHO U3 UX ONPEJIEJIEHUST, CAMMETPH Y-
HBI TI0 P TEPBBIM U 110 ¢ MTOCJIETHAM APTyMEHTAM. Pa

Onpenenenune. COBOKYITHOCTD OIepaIiuit 13/\ npu p + g < k #HazoBeM kacameavholi Ag-anzebpot

s

Aynol (), & COBOKYIIHOCTH BCEX TAKUX olieparuii (T. e. pu JiobbIX k) — kacameavrolti A-anrzebpoti smot
AYNDL.

Bunaphas oneparnus B KacarejibHON A-ajirebpe Jiymbl () COBIAJIAET ¢ IMOJIOBUHON ee KOMMYTATOPA,
BBEJIGHHOIO B §4, a accormuarop 3To# JIyIbl BbIpaykaercsd depe3 ee omepainuun B ee A-ajrebpe
CJIETY FOIIM 00pPa30M:

(&1, &, &) = 2/}1(51,52,63) - {\2(51,52753) + 1/‘\1(11\1(51,52)y€3)) - {\J((ﬁly 1/}1(52753))-

C moMOIIbI0 KAHOHUIECKUX KOOPJIMHAT €CTECTBEHHBIM 00Pa30M OIMPEJIEIsieTCsl SKCIIOHEHITUATBHOE
0TOOparKeHne OKPECTHOCTHU HYJIsI KACATEJILHOTO ITPOCTPAHCTBA T, K aHAJTUTUIECKOH JiyTie () B 9Ty JIyIy:
expu = (u'), rie (u') — KaHOHMYECKHE KOOPUHATHI B (.

B nocsreyronux yTBEpKIACHUAX I€PEUNCICHHbIE B Hadaje naparpada CBOHCTBA KAHOHUYIECKUX
KOODJIMHAT I'PYIIbI JIM nepeHocsTcs Ha aHAJIUTHIECKUE JIYIIbL.

Teopema 2.20. Becakas 00HONAPAMEMPUNECKAA NOOAYNA AOKAADHOUT AHAAUMUMECKOT AYNDL 360a-
EMCA 8 KAHOHUNCCKUT KOOPOUHAMAT AUHETHBIMU YDAEGHEHUAMU.

O TIycrb, Kak u BbIIe, yMHOXKEHNE B Jiylie () 3amnchiBaeTcs B Buge w = f(u,v), a eJUHATA € UMeeT
HyJsieBble KoopquHaThl. [Ipeamnonoxum, aro u(t),t € I C R — nojgiyna, npuiem Npou3BeIeHIe TOYeK
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u(t) m u(s) mmeer mapamerp 7 = 7(t, s), 7 € C¥. Torja mist MOOBIX JIOMYCTUMBIX ¢ U § U3 HHTepBasa |
BBILIOJIHSIETCS yCIIOBHE
fu(t), u(s)) = u(r(t, 5)). (2.69)

Iycrs u(0) = e. Ionaras B (2.69) t = 0, 3arem s = 0, moyunm 7(0, s) = s, 7(¢,0) = t. llosTomy psiz
Teiinopa dbyakuuu 7(t, s) uMmeer BUIL

T(t,s) =t + s+ po(t,s) + us(t,s) + ..., (2.70)
rue f1;(t, $) — OJHOPOIHBIA MHOrOWIEH cTeleHu i or nepeMeHHblx ¢ u s. Ilomaras B (2.69) t = s,
HOyHaeH f(u(t), u(t)) = u(r(t,1)).

IIpe /o oKuM Terepb, ITO KOOPAMHATHI U’ TOUKH U SABJSIOTCH KaHOHMYecKuMH. Torja B cuity ux
OIIPE/IeJIeHUs TIPE/IbILYIIee PABEHCTBO JIaeT
2u*(t) = u'(7(t,1)). (2.71)
Tax kax u'(0) = 0, To psy Teitiopa dynkuu u'(t) umeer Bus
ul(t) = it + &5t + .. (2.72)

Kpowme Toro, u3 (2.70) ciemyer
7(t,t) = 2t + pot® 4 pst® + ...,

TJIE [49, j43, . .. — HEKOTOPBIE MTOCTOTHHBIE. [lo/CcTaBIsgs 9T pa3/IoKeHus B (2.71)7 OJIY IAM:
(o] oo o
2) &t =) (t+d mit)'e
k=1 k=1 j=2

CpaBHI/IBaH KOS(b@I/IHI/IeHTBI HpI/I OIMHAKOBBIX CTEIIeHAX t7 HpI/IXOﬂI/IM K COOTHOIIIEHUAM
285 = pok] + 465,
285 = psz&i +4peds + 85,

26, = ] + (G o+ (g + 2

OTcrona moCIeI0BaTeIbHO HAXOUM, UTO BeKTOPBI {4, £, ... Ko/UmMHeapHbl BeKTOpy £}, UTO U JOKa3bl-
BaeT Teopemy. ll

Teopema 2.21. Ilycmov Q — A0KGADHAA GHAAUMUMECKAS AYNG, OMHECEHHAA K KAHOHUNECKUM
woopdunamam ut,ut(t) = £t — xpueas na Q, npoxodswas wepes edunuuy e. Jlunua u(t) 6ydem
odnonapamempuneckoti nodaynoti 6 () moada u Mmoavko Mozda, K020a KACAMENDHOE NPOCTNPAHCMEO K
Hetl 8 mouke e, onpedeasemoe exmopom &, asasemca nodarzebpotls xacamesvrotd A-anrzebpv amot
AYNDL.
0 Tax kak KoopauHATHI u' KaHomuwdeckue, To (ymnkiuu u'(t) ymosiaersopsior yciosuio (2.69),
KOTOPOE, €CJIU BOCIIOJIb30BATLCs pasJioxkenueM (2.52) u npeaplayineli TeopeMoit, HpuMer BUI:

(t+9)E+ gAa(©)Fs + LAa(E)ts + ... = 7(s, D),
2,1 1,2

rae & — BeKTOp ¢ Koopmumatamu &', u 1A1 (£,€) =0 B cuy (2.66). D10 cooTHOILIEHUE JTOJZKHO

YAOBJIETBOPATHCA TOXKJIECTBEHHO OTHOCUTEJIBHO IIePEMEHHBIX S U t, YTO BO3MOXKHO B TOM M TOJIBKO
TOM CJIydae, ecjin KaxKIblii 3 BekTopoB Ag4(§) KosumHeapeH BeKTOPY &, T.€. €CJM BBIIOJHSIFOTCS
pa

A(6EO=AE AER. (2.73)

P,

COOTHONICHU A

VYesoBue (2.73) B TOYHOCTH 03HAYAET, UTO OJHOMEPHOE HOJIIPOCTPAHCTBO, ONPeesieMOe BEKTOPOM &,
SIBJISIETCS TI0/1aJIrebpoit oTHOCUTENIbHO oreparuun A u3 KacaresbHOi A-asre6pst jyns (). l
Bekrop &, y/oBierBopsitoluit yesosuio (2.73), Ha3bIBaeTCs coOGCMEeHHbIM 6EKMOPoM Mmenzopa A .

pq
ITosTomy u3 Teopemsr 2.21 nosryaaem
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CaencrBue. Junus u(t) 6ydem nodaynot mozda u moavko moeda, x020a KacameasvHovill 6exmMop
K Hel 68 MOouKe € ABAALMCA COOCNBEHHBIM BEKMOPOM OAdA 1106020 U3 men3opos A .

Pq
[TpeanoioKuM, 9TO BCe BEJIMYMHBI A, BXOAdAIue B ypasHenus (2.73), paBubl mymmo. Torma u3s

. p.q .
coorHomernus: (2.69) caemyer f(u(t),u(s)) = (t + s)&*, re. nomryna u(t) cTaHOBUTCS TPYNION, a
napaMerp ¢ IpeBpAIaeTcsi B KAHOHUIECKH mapamerp 3Toil rpymnmbl. OGpaTHO: MPEIIOoNIOKAM, ITO
u(t) — moArpyia, u BBeJeM Ha Hell KaHoHM4IecKuil mapamerp ycjaosueM u'(t) = t€*. Torma B pasioxe-

uun byakunn f(u(t), u(s)) Bee ciaraemble, KpoMe mepBoro, paBHb HyIw0: Ay (€) = 0. Dro o3HAUAET,
p.a
YTO NPOU3BEJCHUE JIIOOLIX BEKTOPOB M3 OJHOMEPHOIO KACATEIBLHOIO IPOCTPAHCTBA, OIPEIEIISIeMOro

BEKTOPOM &, OTHOCUTEJIbHO J1000# u3 omeparuit A pasHo Hysmo. I1o oOIEenpuHATON TEPMUHOIOIUU
P
BCEBO3MOXKHBIE ITPOU3BEJIEHUs] JIEMEHTOB n3 ajirebpbl A 00pa3yroT Tak Ha3bIBAEMYIO ITPOU3BOJIHYIO

asrebpy. IlosToMy U3 BLINMECKA3aHHOTO BHITEKAET

Teopema 2.22. Odnonapamempuieckas nodayna A0KAAGHOT GHAAUMUNECKOT Ayl () ABAAENCA
nodzpynnotll mozda u Moavko moezda, ko2da Kacameavrullh 6ekmop K Hetl 6 moywke e bydem cobemeen-
HOM BEKMOPOM € COOCTNEEHHBIM YUCAOM, DGBHLLM HYAO O0AA KadHcdozo u3 menszopos A. [pyeumu

CA08aMU, IMOM 6eKMOpP nopodtcdaem 6 kacamesvroli A-arzebpe aynovi Q oﬁﬁomepﬁym’no&anee@ny,
npouseodnan A-anzebpa om Komopol pasha HYso.

3amMerum, 4To B ajiredbpe JIu 10100HBIM CBOMCTBOM 00J1a/1aeT BCAKAs OJHOMEpPHAasl Ioja/aredpa.

W3 TeopeMbl 2.22 BbITEKaET, 4TO aHasumuveckas ayna Q obaadaem makcumaibHO G03MONCHBIM
KOAUUECTNBOM 00HOMAPAMEMPULECKUT TOOAYN 0204 U MOALKO Mo20a, Ko2da kaxcdvl eexmop £ ee
xacamenvroli A-anzebpol onpedeasem odnomeprnyro nodaszebpy. Ecau, xpome moeo, das xasrcdol us
amux nodaszebp NPoudsodHas nodans2edpa MPUBUGALHA, U TOALKO 8 IMOM CAyuae, Ayna Q obaadaem
MAKCUMANOHBM KOAUMECTEOM 0OHONADAMEMPUYECKUT TLODZDYNN.

CroJib 2K€ HECJIOXKHO JIOKA3BIBAIOTCS CJIeIyoNue yrBepxKiaeHus 2.23-2.25.

Teopema 2.23. Jlokaavhas anasumuveckas ayna Q 004a0aem MEKCUMAALHOIM KOAUMECTLEOM
odHonapamempuseckur nodepynn mozda u MoAvko moz2da, k0204 6 Hel UMEEM MECMO ACCOUUATNUGE-
HOCTL cmeneHel ¢ HAMYPAALHMU NOKA3AMEAAMU, M. €. Oaf mobvix m,n € N u aobo2o T € Q

GUINOAHAEIMCA PABEHCTBO M. " = :Cm+n

Teopema 2.24. ITycmov QQ — A0KAALHAA GHAAUMUMECKAA AYNG, OMHECEHHAA K KAHOHUMECKUM
xoopdurnamam. FEcau ¢ € Aut Q, ¢ € C¥, mo ¢ — aunetinoe npeobpasosanue.

Teopema 2.25. Jlugppeomoppusm ¢: Q — Q naokaavhol anasumuveckol aynve QQ mozda u
MOALKO M0200 ABAAEMCH ABTMOMOPPUIMOM IMOT Aynbl, Kozda p(e) = e u npoudeodroe omobpasicerue
dple asasemesn agmomopdusmom kacamesvrols A-aszebpo aynv Q.

B 3ak/IioueHne 3aMeTHM, YTO KAHOHHYECKHE KOOPJMHATEI MOTYT GBITH BBegensl n B CF-rmagkmx
aynax, k < oo. B srom ciyuae coornomenus (2.65)—(2.67) coxpansiior cBo#i cMbica npu s < k.
Onu MOryT GBITH TIOJYYeHBI MOCJIEI0BATENBHON KaHOHN3anueldl psiga (2.52) ¢ HOMOIIBIO IOy CTHMBIX
npeobpasoBanuii, coxpaugiomux yeaosus (2.53). 3a nogpobrocTsamu orcbutaeM duraresid K [A-1].

§ 2.7. Asrebpauveckue cBoiicTBa cBsi3HOCTH UepHa

CooTBeTcTBIE MEXKJly TPU-TKAHSMU W KBa3UTPYIIIAMU IO3BOJISET MHTEPIPETHPOBATL CBOMCTBA
cBst3HOCTH UepHAa ¢ OMONIBIO KOOPAMHATHBIX KBA3UTPYII M JIyll TKaHW. Tax, B § 5 ycTaHOBJIEHO, 9TO
TEH30Pbl KPYYEHHsl W KPUBU3HBI TKaHu W CBS3aHbI COOTBETCTBEHHO C KOMMYTATOPAMH M ACCOIHA-
TOpaMM €€ KOOPJIMHATHBIX JIyIl. B HacTosieM naparpade Mbl OIIMCBIBAEM € TOMOIIBI0 KOOP/IMHATHBIX
JIYTI TApaJLICIbHBIHA IIEPEHOC B CBA3HOCTH UepHa M yCTaAHABIMBAEM COOTBETCTBHE MEXK/Ly IIOJTKAHSMU
U [IOJIKBA3UTPYIIIAMHU.

IMycrs, kak u B § 2 r1. 1, rpu-trans W = (X, \,) 3amana ypasuenueM z = f(x,y), a IPOU3BOJIHHOE
BekTOpHOE TToJ1e & B U 3amuchiBaeTcst B BUIE

€ =¢Ele; — Ehep = ey — Eey = ey — Eley,
2 1 3 2 1 3
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IIpUYeM BEKTODBI €; KaCcaIOTCsl CJIOSI CJIOEHUSI Ay, & KOODJMHATHI £, CBA3aHbI COOTHOIIEHUSIMA
«@

G+6+8=
af afi

Hamomuum, uro B §6 1. 1 BBeueHbl cienyomue 0603HAYEHUS: f et fz = ., a MaTpHIBL G
z

u g; OysyT OOpaTHBIMH J11s1 f ;u f; COOTBETCTBEHHO.
JlemMma 2.26. Bexmophoe noae & napasseavho 6 ceaznocmu deprna moeda u moavko moezda, xo2da
e2o0 Koopduramui &4, ydosaremseopaom ypasHeHuo

i 0 ~kpj m - 0 ke m
fkw(gffé)dx +fk%7m(g?§gx)dy =0. (2.74)

O B cuny cuenududaeckoro crpoenust ¢hopMbl cBsiznocru Uepra (§7 . 1) koopauHatsl £, mapad-
JIEJTBHOTO TI0JIsT € YAOBIETBOPSIIOT TIPW PA3HBIX (v OTHOM W TOMH K€ CHCTeMEe yPaBHEHUIH

dgl, + wigl = 0. (2.75)
C nomompio dhopmyn u3 §6 1. 1 93170 ypaBHEeHnEe mpeodpa3yeTcs K BULY:
i I rr i
dge, (Wgyd T ooy Y )€ 0,
nimn oF oF
i k ~k k =k
dei, - (L2 ghda + Ty )ei =o0. (2.76)

PaCCMOTpI/IM COOTHOIIIEHU A i ) .

CBSI3BIBAIONINE KOMIIOHEHTHI 0OpaTHBIX MaTpur,. uddepennupysa mepsoe mo y™, Bropoe mo z™
TIOJTY M o
Of i ak —
oy™7I

off - _ 09 %

Beugy sToro ypashenus (2.76) mepenuiryrest Tak:

d 0G) gym 798, 1 m\ei _ g
g + fka +fkaym Y §a ’

nJjm

(2 + i et aam + (§§%+f;§gm)dym:o_

C yuerom coornorenuii (2.77) nocjesHue paBeHCTBA IIPUMYT BUJL:
~k aga
f k:( ] oz m

orkyza ciemyer (2.74). B
Hazosem BekTOpHOE 1OJTE €, KACATEIHHOE K CJIOSM IIEPBOTO CJIOCHUS, 8EPTMUKAADHBIM, & KACATE b
HOE K CJIOSIM BTOPOTO — 20pu3oHmanvhoim. VI3 stemmbr 2.26 mosrydaem
CiuencrBue. Bepmuxaasvhoe noae £ = —§§eli b6ydem napasnresvrvim 6 cesznocmu depra 8004
1

b e1)dam + T3 ?3%+ay & )dy™ =0,

B8EPTMUKAALHO20 CAOA 0200 U MOALKO Mo2da, k0204 €20 KOOPOUHAML 55 umerom eud
) o
g=al, (2.78)
Ox
a eopusonmanvhoe eexmopnoe nose & = je; Gydem napaitesvrvm 6004b 20PUSOHMAALHOZO CAOR
2 2
nPU YCA0BUU ‘ of
& ==, (2.79)
1 15,0
Y
2A M A Axvecie A M T1Tenexor
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2de ¢i u Ccy — nocmoanmvLe.
O [JeiicTBUTeabHO, HA CJIO€ IEPBOTO CJIOEHUSI BBIIOIHSIIOTC ypaBHEHHs £° = const, II03TOMy Ha HeM
ycJoBre napasuiesbaoctu (2.74) npu a = 2 paer:

Trd(@ied) =o.

CortacHo OIpe/leIleHnIo TPH-TKAHN B 00JIACTH ee PEry/IsAPHOCTH BBIIOJHsATCs yeaosue det (Fp) #
2 0, 103TOMY U3 HOCJEIHUX COOTHOIIEHUI BLITEKAET, U4TO g? 1 = ¢}. Orcrona, HoIb3ysICh PaBeHCTEA-
Mmu (2.77), nomyqaaem (2.78). CoorHomenust (2.79) BoiBongrcs anajorundsuo. W

Papencrsa (2.78) m (2.79) moayvaT HAMISTHYI TEOMETPUIECKYIO) WHTEPIIPETAINIO, eCJIn
BBECTH CTaHJAPTHYIO mapamerpusamuioo (cM. §5). Ilyers p — mpomsposibHas Touka obmacta U
MHOrooOpasust X, Hecyriero Tpu-tTkanb W. Cjion 1epBbIX JABYX CJIOCHUN 3TON TKAHU, MPOXOJLAIINE
Jepes p, 33aMM COOTBeTcTBeHHO ypasHenuavu ' = 0 u y' = 0. Ha mux pasenctsa (2.78) u (2.79)
PUHUMAIOT BH/T iy ‘ of 4
60,9 = L 0.9d, €@.0) = L(@,0d. (2.80)

ox Oy

Honycrum, aro napamerpusanust crangaprHas. Torna f(z,y) = x - y — yMHOXKEHHE B KOODIMHATHON
ayme £(0,0) =4, L,(y) =z -y u Ry(z) = -y — capuru B £, mo3TOMY

(0,9 = (By)] g %(w — (L,).

y=0"

ITpu sTOM IEpBOE COOTHOIIEHNE HAMCAHO B IIPEAIOJIOXKEHNHN, UTO JIyla £, nefictByer Ha ciaoe ¢ = 0, n
KacaTebHOe MPOCTPAHCTBO T, K Hell B €MHUIE € OTOXKIECTBICHO ¢ KACATEIbHBIM ITPOCTPAHCTBOM T
Kk aromy cioro B Toure p(0,0). Tak kax Ry(e) =y, 10 (Ry).|,: Te — T, n nepsoe u3 pasencrs (2.80)

e ?(O,y) = (Ry)*|e(§(0, 0)), ?(0, 0)eT =T.. (2.81)

AHAOrMIHO HAXOAWUM, 9TO Ha, coe Yy = () BBIOHSIETCS COOTHOIIEHUE
g(x,O) = (Lf)*|e(§(0’0))’ g(O, 0)eT, =T.. (2.82)

Takum obpazom, cripaBeinBa
Teopema 2.27. Bceakoe gepmukranvhoe 8ekmopHoe noae £, napasieavhoe 6004 6EPMUKAALHO20
1

caos mxarnu W, sanucwsaemes 6 sude (2.81), a 2opusonmanvhoe noae £, napanreavroe 60046 20pu-
2

30HMANHO20 cA0A, — 6 sude (2.28), 2de L, u R, — cdeueu 6 koopdunamnot syne €, mranu W.
IMockosbky cion © =0 u y = 0 tkanu W nHecyT cTpykrypy ee koopaunarHoit jyust £(0,0), To
OTpaHUYEHHE CBA3HOCTH epHa Ha HUX MOXKHO PACCMATPUBATH Kak ad@UHHYIO CBA3HOCTH Ha JIyIe
£(0,0). D10 yTBEpKIEHUE CIIPABEJINBO U JJIsl JIIOOOH W3 CBA3HOCTEH, IPUCOEMHEHHON K TPU-TKAHU
(cm. §§ 7,8 ru1. 1). Bes orpanndenust o61HOCTH MOXKHO cuuTaTh, 9T0 £(0, 0) — nponssosbHast JJOKaIbHAS
AHAJIMTUYECKAS JIYTa, MO9TOMY YKa3aHHbIE CBSI3HOCTH OIPEIE/IEHbl Ha BCAKON Takoil Jryre.
Hawubosiee wHTEpecHBIMU JJIsi HAC SIBJSIIOTCS CBSI3HOCTH, WHJYIHUPYyeMble CBSI3HOCTHIO epna
HA CJIOSX MepBbIX JByX cyoennit Tkauu. O6oznHaumm unx 'y m I'e coorsercrBenno. CTpyKTypHBIE
ypasrenus cassuocreit I'1 u Ty mosyuaiorcea u3 crpykryprbix ypasaenuit (1.26), (1.32) cBaznoctn
Yepna mipu ulﬁ =0 wm uQﬂ =0
1

i _ K Q.
;= Wi Awg;

I'y: dw? + Wi AWl = —ai-kwj /\wk, dw
2 2 J IR 2 J

(2.83)

AR ST RN R A RN - i koA
IDY dai; +ai) /\w]—ajkulj /\ulj , dwi = wi Awy.

Ceszaoctu '] u 'y umeroT HysieByI0 KpUBH3HY W, CJIEOBATEIHHO, ODJIAJIAIOT AOCONMOMHBIM NAPAL-

aeausmom. Ecim W aBnsiercss rpynnoBofl TKaHbiO, TO (OPMBI wj; MOIYT OBITh IIPHBEJIEHBI K HYJIIO
i

(em. §5 . 1), BestmamHbI @jj, CTAHOBSITCH IOCTOSAHHBIMIL, & YPABHEHHS (2.83) mepexosAaT B ypaBHEHUsI

Maypepa—Kaprana rpymmsr JIu. Ilocsrentne sBasiioTcs B TO 2Ke BpeMsi CTPYKTYPHBIMA yPABHEHUSMEI

O/IHO U3 KaHoHU4YecKux cBasnocreit Kaprana, npucoenuuennsix K rpyuie Jlu. [lostomy ceasnocmu I'y

u Ty, sosnukarowue na 2aadkoti ayne Q, asasomes 0606uLeHUeM 2PYNNosuT ceaznocmet Kapmana.
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Hazosem ux xanonuveckumu ceaznocmamu wa ayne Q. I3 reopemsr 2.27 BBITEKAET, UTO MAPAJLIIETb-
HBIE TIOJIS B 9TUX CBA3HOCTSX IOJIYyYAIOTCs KaK NHBAPUAHTHBIE TI0JIsi HA rpyIe JIu: BeKTop, 3a aHHbIi
B eamHUIE Jymbl (), pasHocurcst o Heil muddepennmansamu casuroB. OmHako, ecau jayma () He
SIBJISIETCsI TPYIIIOiL, TO 9THU TOJIsI, BCJIEJCTBUE OTCY TCTBUS ACCOIMATUBHOCTH, He Oy/1yT NHBAPUAHTHBIMUI
OTHOCUTEJILHO CJIBUTOB.

WsBecTHO, 9TO reojesnyveckue JUHUU IPYIIIOBBIX CBsi3HOCTeN Kaprana siBJISIFOTCsT OJTHOTIApAMETPH-
geckuMu noarpynnamu. OHAKO reo/ie3nveckue KaHoHn4IecKux cestsHocreil ') u 'y aTum cBoiicTBOM
He 00/18/1a10T, IIOCKOJIbKY, KaK II0Ka3aHO B § 6, B JIyIle HeT, BOOOIIE TOBOPSI, HOArPYII (1 JaxKe HOIJIYIL).
B cBsizu ¢ sTMM 06CTOSITEILCTBOM BO3HHMKAET BOIIPOC: €CJIM B Jiylle () eCTh OJIHOIapaMeTpUIecKast
oIy IIa, OyIeT JIM OHa Te0/e3UIecKoil oTHocuTe IbHO cBsa3HocTel ') u I'y? OkasbiBaercs, BepHa

Teopema 2.28. Bceakaa 00HONAPAMEMPUYECKASL NOOAYNG AOKAALHOU GHAAUMUYNECKOT AYynvt €
ABAACNCA 2€00€3UHECKOT OMHOCUMENDHO KAHOHUNECKUL C8A3Hocmet Ha Q).

O JlokazareabCTBO MPOBEIEM, HAIIpUMED, 1 cBa3noctu 1'1. Obosnadnm depes W Tpu-TKaHb, st
KOTOpOil Jiyna () Oymer KoopjuHaTHOW Jymoii. Ilycrs sTa TKaHb IMapaMeTpU30BAHA OIMUCAHHBIM
BBIIIIE€ CTAHIAPTHBIM CIOocoboM. Torma yc/ioBre mapaJuielbHOCTH BEKTOPHOro mojsd & = & Ha jyme @

sanuceiBaercss B Buge (2.81) nim (2.80). Ilpennosoxum najsee, aro y(t) — nomiyna B (). Beegem
Ha () KaHOHMYecKue KoopauHaThl. 1o Teopeme 2.20 ypasHeHust nomiaynst y(t) npumyT Bug y'(t) = a't.
JokaxkeM, 49TO OHa OyIeT TIeoNe3UdecKoil, T.e. Ha Hell CyIIeCTByeT IapaJjuleIbHOe IIoJIe BHIA

&= )\(t)ddit = A(t)a". Iloxncrasnss & B ypasuenus (2.80), moaydaem

. o fl .

Alt)a = @(0, at)cj. (2.84)
Orciona moxkuo wmaiitu dyukuuio A(t). g 9Toro a0crarodHo mokKas3aTh, 4YTO IIpaBas YacTb
npornopruonainbaa Bekropy a(a’). HefictBurennio, kanHoHnveckoe pasyoxenue Gynkimu z = f(x,y)

uMeeT BUJ,
fey) =z+y+...,

BBUJY Y€TO g .
5.:-(0,0) = id.

[osromy, nonaras B (2.84) t = 0, noaydaem A(0)a’ = ci, u ypasuenus (2.84) upumyT Bu

A = A(0)2L (0, at)a?.
ox’
IIpeoGpasyeM npaByio 4acTh, 3aMeHuB DYHKIMO [ ee KAHOHUIEeCKUM pasjoxkenueM (2.52)—(2.54):

1AB(a, at,at,at)+ ... =

| =

—gi (0,at)(a) =a +11,\1(a’ at) + %1A,2(a’ at, at) +
= Lo 13
=atgt 1/,\Q(a,a,a)jt st 1/’\3(a,a,a,a)+...

31ech 1A1 (a,a) = 0 B cuity KOCOCUMMETPUIHOCTH (DOPMBI /2\, cM. (2.66). ITo Teopeme 2.21 BekTOp @

ABJISIETCsI COOCTBEHHBIM BEKTOPOM KaxKI0it 13 dopm A, nosromy B cuity obozHadenuii (2.73) okoHua-
P.q

TEJILHO TIOJIYIAeM: o
ox

1

_ 19
(0,at)(a) =a+ 5! l)‘\2a+ 5

BAa+...
1,3

CieroBaTelIbHO, -
A(t) = \0) (1 +3 ;tsl)\) n
5:2 . S

leosie3nteckoe CBOMICTBO O/THONIAPAMETPUYECKIX TIOJJIYI BBITEKAET TaKXKe U3 JPYrux, bosee odbImmx
coobpazkennit. OCHOBHYIO POJIb 3/1€Ch UI'PAET COOTBETCTBUE MEK/Ly MOTKAHIMU U TIOKBA3UT DY IIIIAMHU.
O603HaYNM, KaK 1 B § 5, JIOKAJIbHYIO KOODJMHATHYO KBasurpymny tpu-tkaau W = (X, A, ) 6yKBoit ¢,
q: X1 X X9 — X3, rne X, — 6a3za ciaoenus \,,« = 1,2,3, dimX, = r.

Q%
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Teopema 2.29. 2p-meproti nodmxraru 1% mpu-mxanyu W coomeemcmeyem 6 A0KkaAbHOT K00pIu-

HAMHOU K6a3upYnne q HEKOMopPas p-mepras nodkeaduzpynna q. Obpammno: ecau cywecmsyem nodx-
6a3UPYNNG § PA3MEPHOCTNY P 6 K6a3uzpynne ¢, p < r = dimq, mo ona onpedessem na mpu-mrany W
2p-MePHYIO0 NOOMKAHD.
O Cornacuo §2 ri. 1 nmoarkasb 1% pasMepHoCTH 2p BbiceKaeTcst ciosmu Tpu-Tkanu W = (X, A,) Ha
2p-MepHOM TpPaHCBEPCAJILHOM IToaMHOroobpasmn X muoroobpasus X. Te ciom m3 cioenus A, Ko-
TOpPbIE BHICEKAIOT MOATKaHb W B HeKoTOpoii okpectHocT U 13 X, 06pasyloT p-MepHOe IOJIPaCCIoe-
HEE Ay B Aq. O6o3HaumM 6asy cioenust Ao CUMBOJIOM X .

PaccmoTpuM [1Ba €101 TKaHHI W OJTMH U3 )\1, BTODPOI1 U3 )\2 Onu nepecekaloTcss B HEKOTOPOIT TOUKe
mHOroobpasus X . IIpoxonsamuit wepes Hee CJI0l TPETbero CIOeHMs IPUHAICXKAT MHOr000pas3uio by 3.
CiienoBaTe/IbHO, Cy’KeHHe ¢ KOODJMHATHOM KBA3UIPYIIbI ¢ HA MHOXKeCTBO X| X Xy jeficTByer u3
X x X9 B X3 u gBasieTcs, TAKUM 00pa30M, JIOKAJIHHON MOJIKBA3UTPYIIION B q.

Obparno, mycThb JOKajbHass KOODJMHATHASA KBa3UIDYIIIa q&): X1 X X9 — X3 rpu-tkanu W =
= (X,N)\a) UMeeT TOJKBA3UIPYIIy ¢ pasmepHocTu p, ¢: X1 X Xg — X3, Xo C X,. HomvmorooGpa-
3uio0 X, OTBEYaeT Ha CJIOCHUH A, p-MEPHOE MOAPACCIOeHHe, KOTOpoe 0003HAYNM A,. PaccMorpum Ha
muOroobpasuu X mogMuoroobpasme X, oOpa3oBaHHOE TOYKAMH IepecedeHHs BCEBO3MOXKHLIX CIIOCB
u3 A\ 1 Ag. Tak kak dimA, = p, 1o dimX = 2p, a HOCKOIBKY ypaBHeHHE I| - Ty = I3, Za € Aa,
B KBa3WIDYyIIle ¢ OJHO3HAYHO Pa3pelIuMo, TO MHOroobpasume X IepeceKaioT TOJIBKO CJIOM U3 Aq,
HO HHKaKWe IpyTHe CJIOM U3 A,. [anee, mockompky dimX = 2p, a dimA, = p, TO KaxKApIi ciroit
u3 )\, mepecekaer X 1o MHOroobpasmio pasmeproctu p. CiemoBaresbHo, X — TpaHCBEPCAJIBHOE
noaMuoroobpasme B X u ciaon TKauu W BbicekatoT Ha HeM moaTKaHb. Ml _

YcTaHOBHM TeIleph COOTBETCTBHE MEKIy HOATKaHAME U Iojrynamu. [Iycts X — 2p-mepnoe Tpamnc-
BepcaJibHOE TIOIMHOT006pasne B X, p — npousBosibHast Touka u3 X . C TOUKOM p cBsi3aHA KOOPIMHATHAS
nyna £y (o) Tkann W, nponssejienne u o v B KOTOPOIl onpe/iesiseTcs, Kak nokasano Ha puc. 17 (c. 47).
Ecma cmon w m v m3 A3 mepecekaloT TpaHCBepCaJbHYIO IIOBEPXHOCTh X, TO M UX IPOU3BEICHUE
u o v obnasaer 3TuM cpoiicrBoM. Taxkum obpasoM ompenessercs p-MepHas KOOPIUHATHAA Jyna £,
MTO/ITKAHU W, BLICEKAEMOI Ha MHOT000pa3uu X cnosmu tkann W. 13 IpuseeHHBIX paccykIeHuit
BBITEKAeT, uTO £, — TOJTyNa JTyIsl .

Cueyroriee ipetozkenne 06001maer reopemy 2.28.

Teopema 2.30. p-mepras nodAYNG AOKGALHOU GHAAUMUYECKOT AYynvt Q) ABAAEMCA 6NoAHe 2eode-

BUMECKUM NOOMHO2000DA3UEM OMHOCUMENLHO KanoHuveckur ceaznocmed 'y u Ty na Q.
O O6osznaunMm Gyksoit W Tpu-TKaHb, 1jisi KOTOPOii Jymna Q) siBasercs koopuHaTHoi symoit £(0,0).
Cornacuo mnpegyioxkernto 1.9 u teopeme 1.11 ciom tkanu W, ee TpaHCBepcajibHBIE MOBEPXHOCTH,
a 3HAYUT — U TIEPECEUeHHs [TOCIETHUX CO CJIOSIMU TKAHU W — SIBJISIIOTCS BITOJIHE T€0JI€3MIECKUMHU I10/T-
MHOIro00pa3usiMi OTHOCUTEJIBHO cBsi3HOCTH Uepra. OTCIOIa Ceayer, YTO 3TH XKe IepecedeHust OyIyT
BIIOJTHE TeOIe3NIECKUMU TOMHOI000pa3usIMI U OTHOCUTENBHO cBsi3nocTeit I') u [y, mHaympoBaHabIx
csisHOCTBIO UepHa Ha ciosix Tkauu W. Ilpemmosnoxum temeps, uro B okpectHoctun Touku p(0,0)
rTpu-TKanb W mapamerpusoBaHa cTaHgapTHbIM crocoboM (§5 ri. 2). Toryma ee ropu3oHTAIBHbI U
BEPTHUKAJILHBIN CJION, IIPOXOAIINE Yepe3 TOUKY P, HeCYT CTPYKTypy Koopauuaruoit jyust £(0,0) = Q,
npudeM cBsi3HOCTH '] m I'9 cTAHOBSATCH KAHOHUYECKMMU CBSI3HOCTSIMU Ha (), a yKa3aHHbIE BIIOJIHE
reosie3nYecKne MoIMHOr000pa3usi, BhICEKAeMble Ha TOPU30HTAJIHLHOM W BEPTHKAJBHOM CJIOSX TKAHH,
[IPEBPAIIAIOTCS B p-MepHBIE oIy ibl JIyTbl (). OTciona BeITeKaeT TpedyeMblil pesysbrar. Teopema 2.28
nosy4aaercs npu p = 1. H

3AJIAYN

2.1. Ecsn uzoronus J = (J,) ayust Q(+) ¢ equnuiieii e Ha jiyiy @(O) ¢ eIMHUTIEN € YIOBIETBOPSIET
yeqosuto Ji(e) = Jao(e) = €, To J — nzomopdusm.

2.2. B moboit myne ~!(z7!) = (Tla)7! = 2.

JIyna Q(-) HasbiBaercst o6paTuMoii (I P-j1ymoit), ecyin B Hell BBINOIHSOTCS TOXKIECTBA 00PATUMOCTH

CIIpaBa U OOPATUMOCTHU CJIEBA:

(zy)y™' =z, la(zy) =y (2.85)
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2.3. Hoxkaxwure ciemyromue cBoiictsa I P-iyt:

1) pemeHI/Ie ypaBHeHI/IH ar = b umeer Bux x = ~'ab, a ypasrenus yb = ¢ — Bug y = cb~;
2) x (x=1) = 1("l2) = a3
3) (o)~ =y
4) L' =Ly, Ry'=Ry.
OmnpenennM B siyne (Q orobpaskenune I: QQ — @ pasencrsom I(x) = 2~ '. Torma mas IP-myn

BBIIIOJIHSAIOTCS €IIe CJIEYIOIue CBONCTBA:

5) IR, =L, ILJ =R

6) ecim A = (A,) — aBroronus B (), To aBroronusimu Oymyr u ([A1, A3, Ag), (A3, TAsl, Ay),
(Ao, TASI, TAT), (IAs, Ay, IAsT), (IAsI, IA I, TAST).

Hoxazxkem, nanpumep, aro (IA(I, Az, As) — aBroronusi. 13 onpenesenns: aproromun (2.5) mme-
em Aj(z~") - Ag(zy) = As(y), orxyma (Aj(z~"))~" = As(zy) - Ay '(y). C apyroii cropomsi, ucrosms-
3ys (2.85) 1 CBOHCTBO 3), HAXOIUM:

(TAT)(2)As(y) = (Ai(z") " As(y) = (Ao(ay) - A5 ' (y))As(y) = As(ay),

49TO U TPebOBAJIOCH JI0KA3ATh.
2.4. JleBas (upaBas) ayna Bosa: a) anbrepuarnsra cieBa (cripasa); 6) oGpaTuMa ciieBa (crpasa).
Vkaszanue. [lonoxnre B ToXKIecTBe By B cilydae a) y = € , B ciaydae 6) y = 'z
2.5. Jlyna Mydanr: a) snactuuna; 6) obpaTuMma Cupasa W CJIeBa, T.e. sBiasgercs I P-jymoit; B)
aJIbTePHATHBHA CIIPaBa U CJIEBA.
Vkasanue x 6). Ilonoxure B Toxxaectse Mydanr (cvm. Tabmmty 2.1 ma c. 43) y = 27!, sarem
y = ~'z u Bocmonb3yiiTeCh 3IACTHIHOCTBIO.
VYkazanue K B). [Hosoxure B ToxkzecrBe MydaHr z = & wiu COOTBETCTBEHHO Y = X U BOCIOJIb-
3yHTECh 3JIACTUYHOCTBIO.
2.6. B nyne Mydanr umMeoTcs aBTOTOIINH BUJIA:
) (Lvayv_Il/yRy)S
6) (Ly, IL,'I, LyR,), (IR Ry, LyRy),
B) (LyRy, L, ULy, (R ,LyR,, R,), tyie, kax u Bbune, [(z) =z~ .
yKa3aHI/I${ a) cielyeT HEeNOCDPEeICTBEHHO u3 ToxkzecrBa Mydanr; 6) ciaemyer u3 3amaa 2.5 u
2.3 (5); B) caeayer u3 3a1a9u 2.3 (6).

2.7. B 1yne MydaHr BLITOJIHAIOTCS CJIEAYIOIINE TOXK- 1]2]3]4]5]6 615[2]3]4]!
JecTBa: 111]12(3[|4|5|6 3|1[2[3[|4]|5]6
2012|3[4|1|6[5 4|2|3[4]1]6]|5
My:a(y-xz) = (zy-x)z; My: (22 y)z = 2(z - yx). 3[3(a]6]5]1]2 6|3]al6|5[1]2
411 213 5 5
Kaxknpie nBa ns tpex toxaecrs: M, M| n Mo skBuBa- 1 |6 Sp4jt]s|6)2|3
51561234 1156 1]2]3 |4
JIEHTHBIL.

VYkazaunue. Ucnoabsyiire 3amaay 2.6 B). Giolslzlal4ll 2l6]5[2]3[4]1

2.8. Jlyma Mydanr sBisieTcs mpaBoil u JieBoit JIyToit Puc. 35 Puc. 36

Boura.

Ykazanue. JleBoe ToxxkaecrBo Bosa BoiTekaer u3 ToxkaecTBa M| 1 9JIaCTUIHOCTH.

2.9. IlpaBoasnbrepHaTuBHas JeBas (JIe€BoaJbTepHATHBHAS TpaBasi) Jayma Bosa ects gyna Mydanr.
Ecmu myna @) siBiisiercs ogHOBpeMeHHO U TIpaBOi U JieBoi jynoit Bosa, To ona myma Mydamnr.

2.10. IIpoBepbre, UTO TabsIMIA YMHOXKEHUSI, IIPUBEJIEHHAsT Ha pHC. 36, onpenesser LP-uzororr
£(6, 3)(o) koMMyTaTHBHOI Jymbl Q(-), TabauUIla YMHOXKEHWsI KOTOPOi naHa Ha puc. 35. SBisiercst
ayna Q(-) rpyumoii?

2.11. Ecam onHO ceMelcTBO A, nosiHOd Tpu-tkanun W = (X, A, ) coepKut n JuHMi, TO MHOXKe-
ctBO X CONEPIKUT N’ TOUEK.

2.12. Ecit e — eumma aymst (, To e GyieT JIeBoii e uHuIel B IpaBoii o6paTHol KBasurpyme Q!
U TIPpaBOil €JIMHUIIECH B JIEBOIl 0OpaTHON KBAa3UTPYIIIIE _IQ (CM. c. 44).

2.13. B&B,, = B,, B.&B,, = By.

2.14. Hanumure pou3BO/IHOE TOXKECTBO OT TOXKIECTBA 3IACTHIHOCTH (2y)x = (yx) u HocTpoiTe
COOTBETCTBYIONIYIO (DUTYDPY HA TPU-TKAHH.
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2.15. N3obpasure kKoopamHATHBIE (DUTYPBI, COOTBETCTBYIOIINE TOXKIECTBY ACCONMATUBHOCTHA WU
JIEBOMY TOXKJeCTBY BoJia IpU pa3/udHbIX MOJOKEHUAX JIUHUH U, U, W OTHOCUTEIHHO JUHUY € (KaK 3TO
crenano Ha puc. 20-22 st burypsr T'). Kakue Toxkectsa orBedaror stuM durypam?

2.16. Tlocrpoiite ¢ momommpio puc. 17 (c. 47) smementer z~ !, ~'z, (2= )~ ~1(~la), z/y, y\z.
Kaxue dburypsi oredator Toxkaecrsam ' = ~la, (™) =2, ~1(7lg) = 2?

2.17. [okaxkure, 9T0 TKaHum B, XapakKTepu3ylTCSd TaKKe yHUBEPCAJIBHBIM TOXKIECTBOM
(w/v) o (u\w) = (w/(uov))ow.

2.18. Tlocrpoiite dhurypy, cooTBeTCTBYIONYIO TOXKAeCTBY (y 0 2) o & = (y o x) o z. Byzser sam 3ro
TOXKJIECTBO YHUBEPCAJIHHBIM 7

2.19. Jlokaxkwure, uro TKauu By un B, XapakTepu3ylOTCSd YHUBEPCAJbHBIMHU TOXKIECTBAMU
(vo(u\v))ow=wvo (u\(vow)) u ((wov)/w)ov=uo ((v/w)ov) COOTBETCTBEHHO.

Vkazanune. CM. J0Ka3aTEIbCTBO TEOPEMbI 2.9.

2.20. Jlokaxure, uto Toxkaectsa - = ~lx, ~!(7!z) = z BemoMHmOTCH B KOOPIUHATHBIX JTyTIAX
TKanet H u TOJIBKO B HUX.

2.21. Tlocrpoiire dburypsi, coorsercrpyiomme Toxkaectsam (ry)y~ ' = x, ~'z(xy) = y. Jokaxure,
9TO COOTBETCTBYIOIINE yCJIOBUsT 3aMBIKAHUS XapaKTePU3YIOT TKaHu B, u By cOOTBETCTBEHHO.

2.22. B KoOpIHHATHBIX JTyTaX TKauu B,, Bbimosmsercs Toxaectso (zy) ! = (Tly)(~!z). O6parmo:
€CJIN TO TOXKJECTBO BBIIIOJIHSIETCSI B KOOPMHATHBIX JIyllaX HEKOTOpoil Tpu-tkanu W, to Tpu-rkanb W
ABJISIETCS TKAHbIO B,,,.

Vikaszanme. 13 330aHHOr0 TOXKIECTBA BBITEKAET TOXKIECTBO = | = ~lz, To ecth paccmarpu-
BaeMasg TKaHb sBjgercd TKanbio H (3amada 2.20). O603Ha9UM KOHMUIYDAIMIO, COOTBETCTBYIONLYIO
3aJJaHHOMY TOXKJIeCcTBY, depe3 F. Ucmonb3ys ycmoBus 3amblkanua F' u H, noKa)kuTe 3aMbIKaHHIE
[IPOU3BOJIBHOU GuUrypsl By,.

2.23. B koopguHATHBIX JIynmax TKanei By, B,, u E BbBINIOJHAIOTCI COOTBETCTBEHHO TOXKIECTBA
™ () = 2™y py™ -y =z - y™T w ™ (y2™) = (x™y)x". JafiTe reoMeTpUYECKOe JIOKAZATE b
crBO (eM. §5 mur. 7).

2.24. ToxpecTBo S yHHUBEpPCAJIBLHO TOTJA U TOJBKO TOTJA, KOTJA OHO SKBUBAJEHTHO CBOEMY IIPO-
U3BOIHOMY TOXKJIECTBY.

2.25. Jlokaxxurte Teopemy 2.6 aHAJTUTUIECKH, BHIBEISI €€ HEITOCPEJICTBEHHO U3 YCJIOBHUI 3aMbIKAHMS
(2.6)—(2.12).

VYkazaunue. Bocnomnbayittecs dopmysoit (2.3).

2.26. B TpexmepHoOil jTyne, 3aJJaHHON yPaBHEHUSIMU

d=alay S (@2, =il P =ad 4 (2.86)

-1

BBITIOJTHACTCS TOXKJIECTBO SJIACTHIHOCTH, HO HE BBIIOJIHAIOTCS TOXAecTBa By n B,

Ykasauue. CpaBHuUTe IepBble KOODAMHATHI Tpoussenenuit (xy)z, z(yz), z(yy), (xy)y, z(xy),
(zz)y.

2.27. Tpu-rkanb, oupezesnsgemas ypasuenusamu (2.86), spisiercs TKaubio F, T.e. Ha Heil 3aMblKa-
1orcs Bee burypsl E (puc. 14 na c. 46).

Pemenue. Ypasuenus (2.86) zamator ymHOxkeHue (-) B KOODJAMHATHON KBABUIDYIIIE ¢ DPac-
cMarpuBaeMoit Tkauu. IosTomy yesosust (2.12), o3HavaroNMe 3aMbIKaHNe IIPOU3BOJIBbHON dburyps F,
npuanMaoT Buj {(2.87)—(2.89)}=-(2.90), rue

zs +yi =2} + 13,
2y +yi =+,
3., .3 _ .3, 3 (2.87)
Ty + Y3 = Z7 + Yy,
3 +ys = x4 + s
75+ yi = af + 3,

23 +y3 = 2t + i,

92, 9 2, 9
T3+ Yy = Ty + i,
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xy +y1 (@5 + yD)zsyt = =) +ys — (2] + y3)aiys,
w:‘s +yl — (@3 +yD)adyl = @ + i — (2 + )y, (2.89)
wz +y3 (@5 + 3)2dys = o1 + s — (2] + y)aivi, '
zy+yy — (23 + 5)73ys = @y +yl — (¢f + 1) ziuis

vi+ 93 = a3 + v,

i+ Y3 = @3 + v, (2.90)

1 1 2, 2,33 | 1 2, ,9\,.3,3
zy+y3 — (@1 +y3)ways = x3 +ys — (@5 + yi) a3y
IlepBoe u3 pasencrs (2.90) mosyuaercsa u3 cucremsl (2.87), eciiu K 11epBOMY YDABHEHUIO IPUOABUTH
[ocJle/iHee M BbIUECTb Tperbe. TOYHO Tak ke nojydaercss u Bropoe ypasrenue (2.90) ¢ HOMOIIBIO
cucrembl (2.88). CocraBuB Takyio ke KOMOMHAIMIO M3 ypaBHenwii (2.89), mpuiieM K CJeLyioIeMmy
PaBeHCTBY: 1,1 9, .9\ 3 3 9 .9y 3 3 9 .9\ 3 3
zy+y3 — (@7 +ya)ziys + (21 +yp)ziyy — (2 + y1)zgy) =
1 1 2 2\,.3,.3 2 2\,.3,,3 2 2Y,.3,,3
= @3+ yy — (23 + y1)woyy + (23 + y3)woy5 — (23 + y3)w3ys.
Jokaxkem, 4T0 3TO ypaBHEHHE COBLIaJ@eT ¢ TperbuM ypasHenueM (2. 90). Paccmorpum pasHocTb
(obosHaunm ee P) aTux ypaBHEHHUIA:

P = (23 + y;)z3ys + (xﬁ +y5)atys — (2] + yi)aiyi + (25 + zif)xiyf—
5 6 8

76 1
2, 9.3 3 9, 9.3 3 2, 9\ 33 9, 9.3 3
- (5514 + 1123)9043/3 - (5532 + 2{11)51”22/1 + ($32 + ?423)5U2y3 - (5”53 + 982)5533&'

I'pynnupyst ciaraembie, OTMEUEHHBIE OIMHAKOBLIM HOMEPOM CHU3Y, HOJIY IHM:

P = zai(yi — v3) + y3u3 (w3 — o) + 2523 (3 — i) + vty (¢] — 23)+
+ 2373y — ) + vavs (o} — 23) + yiyd (aF — 21) + afad (v — ui)-
U3 (2.87) u (2.88) Haxomum:
v — s =2 — a3,
oy —xy =iy —y — (25 +u5 — o) = 2 — a3,
Yo —yi = w3 +yi — ) — (23 +y3 — i) = vy

w

_ .3 3
—Y3 =T — T3-

B pesynbrare Boipakenune P mpuMer BUL (mf — x%)R, rie

23, 9 9 23, 23 93 93

R = zizi + yiys — 575 — yiyi — 2323 + yys — vivi + @i
IIpeo6pasyeM HEKOTODBIE CJAraeMble, BXOJSIIME B MOCJETHIOID CYyMMY, ¢ OMOIIBIO ypasHeHnit (2.87)
u (2.88):

viay

9, 92 9,3, 3 3 2, o3 _ 9,3, 3 3
(x5 +y5 —yi) (x5 +yo —y7) = (25 + 23)2] — 21(25 + 25 — 27) =
29, 9.3 2,3, 3 2, (3, .3 2. 3.
= —(23 + 23)7] — 27(25 + 23) + (23 + 23) (x5 + 25) + 2777;
9 3 9, 9 9,3, 3 3 93, 92,3 3 3,9 9 9y, 3 3y,
ysy3 = (x5 +yy — 1) (@3 +yy — o)) = 2325 + 23(y7 — 27) +25(y7 — 27) + (yi —27) (Y] — 27);
3 3

N/ 3, 3 9 9, 92,3 2 9\ 3 9 9N/ 33y,
ysyh = (a5 +yi — a})(25 + yi — 2}) = 28af + 23 (y) — 2t) + (vi — 21)2s + (yf — 2D (Y} — 2});

2

yavs = (x5 +y5 — 27) (@5 + 13 — 2}) = (25 + 25 + yi — 227) (25 + 2§ + ¢} — 227) =
=[5+ 23) + (f — 27) — 2]][(23 + 23) + (y} —2)) —af =
= (25 + 23) (w3 + 23) + (i — 21) (23 + 23) — 7 (25 + 23)+
+ (@3 + 23) () — 7)) + (i — 2D (i — o)) — 27 (y) — ) — (a5 + 2d)at — (y] — 22} + 2iad.

TloncraBnsist Bce B R, mociie npeodbpaszopanust HaiigeM, uro R = 0. Orcioma P = 0 u yTBep:KieHue
JIOKA3aHO.
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O6o3naunm Tpu-TKaub F, onpenensemyio ypasuenumu (2.86), cumsosiom Ey. Kak 6b110 mokasamo,
9Ta TKaHb He SIBJISIETCS JIEBOW WM IpaBoil TKanbio Bosa, a ciemoBaresibHo — u TKaHbio Mydanr.

2.28. Ilycrb z(t) = ta — oxHOmapaMeTpryecKas HOJIYIA B JIOKAJIBHON aHAIUTUYECKON Jyie (@),
)\ — CODCTBEHHBIE THCIA BEKTOPA ¢ OTHOCUTEIHHO (DOPMBI A (em. (2.73)). Hdokaxure, 910 4ncaa A

p.q
CBH3aHbI yciaoBugaMn s—1

CP A =0.
P
p=1,p+q=s
Yxkaszauune. Bocrnonsayiirech pasercTBoM (2.67).
2.29. Ecoin siyna @ 06J1a71a€T MaKCUMAJIBHBIM KOJMYECTBOM JIBYMEPHBIX IOJJIYIL, TO €6 yPABHEHUSI
MOI'YT OBITH 3ALIMCAHBI B BH/IE
2= A, y)z + pz, )y,

e Az, y), p(z,y) € R, Mz, x) + p(x,x) =2, x,y € R".

Vkazanwue. IlpeasapurenbHo JoKaykuTe, UYTO KacarejibHas A-ajarebpa paccMaTpuBaeMoit
JIynbl () XapaKTepU3yeTcsi COOTHOIIEHUSIMIU:

i sy i i
1{\q~ ) - 5(j])\J2--~]p)kl---kq + uj]...jp(h...kq—l(skq)'
’ j1...jpk1...kq

2.30. Jlyma @) siBjisieTcsi MOHOACCOIMATHBHON TOI/a W TOJBKO TOIJIA, KOrja Ko3(hQUIMEHTHl ee

KAHOHUYECKOTO PA3JIOKEHUs CBI3AHDI YCAOBUSIMHU:
s—1

q _ op
3 22\, =0
plg! pg

p=1l,p+g=s

2.31. Eciu B JIOKQJIbHOI aHAIUTUYIECKON Jiylle () BBINOJIHSETCS TOXKJIECTBO IIPaBoii (J1eBOit) aib-
TEPHATUBHOCTH, TO B Heil BBIIOJIHAETCA U TOXKJECTBO aCCOIMATUBHOCTHU CTEIEHEN.
2.32. Haiigure Busx popm A KaHOHMYIECKOrO Pa3J/IOXKEHUsI aHAJMTUIECKON JIyIibl (), 0bJjiaarorei

MAKCAMAJIbHBIM KOJIMYECTBOM OHONAPAMETPUYECKUX MOMJIYIL (B 9aCTHOCTH, MOATPYIII).

Pemewnmne. IIpeamosoxknm, 9T0 JOKAIbHBIE KOOPJAUHATHI B JIyIe () SBJISAIOTCS KAHOHUIECKUMU.
VYesoBue Teopembl 2.21 npuBoauT K coorHoueHusM (2. 73), KOTOPBIE JOJZKHBI YIOBJIETBOPATHCS
npu JioObIX a. Ilostomy Benumumubl A GyayT cuMMeTpudHbIMEA (opMamu cremenu p + q — 1

P
oTHOCUTENBHO a: A = A (a,a...a). Honcrasusas B (2.73), noaydaem

Pa pa
A(a,a...a) = A(a,a...qa)-a,
P Pg

OTKY/Ia CJIEJYIOT COOTHOIIEHUsI HA KOOPAUHATHI (hopMm A :

p.q
AZ ~~jp+q) = )\(.7

. 5t
o ¢ gt Irta=1 Cipta)”

ObpaTHO, U3 TMOCJIETHUX COOTHOIIEHUIN JIETKO BBITEKAET, YTO KAXKIBI BEKTOP ¢ KACATEIbHOI
A-ayire6pet Jiynibl () onpeessieT OJHOMEPHYIO ToAaareopy.
B CJIy4dae, eCJI BCe OJ[HOIlapaMeTpUYeCKHue IIO/JIYyIbl ABJIAIOTCA I'DylIlaMH, TO BCE CO6CTB€HHLI€
TUCJIA )\ PaBHBI HYJIIO, 1 MBI IIPUXOINM K YCJIOBUSIM
Al =0.
pq(]l---jp+q)
2.33. JlokaxkuTe, 9YTO B JIOKAJBHON AHAJUTUIECKON Jyme () MOTYT ObITh BBEJIEHBI KAHOHUYECKHE
KOOp/ZIMHATHI, YJIOBJIETBOPAIONINE YCJIOBUIO

flx,ox)=(140)z, o#0,-1,
rue x € Q, f(z,y) = -y — ymMHOXKeHue B Q.

2.34. Bce BBenennble B 3ayade 2.33 cUCTEeMbl KAHOHMYECKUX KOOPJIMHAT, COOTBETCTBYIONIUE DPa3-
JINYHBIM 3HAYEHUSIM O, COBIIQJAI0T TO/A ¥ TOJBKO TOIJA, KOIIa Jiyna () MOHOACCOIMATHBHA.
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2.35. BekTopnoe noJie £ mapaJuresibHO Ha CJIOSX TPETHETO CIoeHus TKaHu W Torma u TOJbKO TOra,
KOIJIa er0 KOODJAMHATHI YJI0BJIETBOPAIOT ypaBHeHI/IE{M

n __ k _ Fm n Nk _ Sk
Fﬂepm_gk;fm7Q gm n7Pan_5m i .
2.36. Ilyctp syma () oTHeceHa K KAHOHWYECKMM KoopAuHaraM. JIunusi z' = a't Oyumer reomesu-
YECKOH OTHOCHUTEJIbHO KAHOHMYECKUX CBI3HOCTEH Ha () TOrJa M TOJBKO TOria, Korjga BekTop (a)

SIBJISIETCSI COOCTBEHHBIM BEKTOPOM TeH30poB A, A, ..., 1A ..., ubo tensopoB A, A,
1271 8 2,131

i i i
2.37. Hoxaxure, 910 KO3(MDPUIUEHTHI Hjpe X Ve KAHOHUYECKOTO Pa3JIOKEHUHA KOOPJIMHATHON
JIYIIbI Zp Tpu-TKaHu W ciemyommM 00pa3oM BhIPAXKAKTC 9epe3 TEH30D KPUBUBHBI ITON TKAHMU:

i 1. 4 2
Hjke = = 5b(ke) T 3 (bmkm + bjg) + (au%m + afpaj,,),

i 1, 4 i 2 m. i m i (2:91)
Ve :§b(jke) + g(b[kj]e + b)) + g(aejakm + ag;ag,y,)

(mpejosiaraeTcst, 9To KAHOHMYECKOe PA3JIOXKeHHe 3anucato B Buje (2.24)).
O Us ycrosuit kanonusamuu (2.67) npu s = 2, 3 uMeeM:

i i i _
Gk =0 Yk T Bre =0
Hasee uz dopmyiist (2.49) ¢ yueroMm KOCOCUMMETPUYHOCTU BEJIMINH )\é & TOTy9aeM:

bijkie = Vikgle + A0 Akim = AkjAmes Ok = —Higig T Ajedkm = Ak Aimg
(ko) = V(jke) ~ H(jke):

M3 IIocJjieJHero COOTHOmeHusda C yquOM yCJIOBI/Iﬁ KaHOHU3aallul UMeeM
i i
30Gke) = Vo) = ~H(jke)-

Hanee, B CHIy CHMMETPUYHOCTH BEJIMIIH Wik 1O MHIEKCAM j M k M CUMMETPUYIHOCTH BEJTMINH Vike
10 MHJeKcaM k ¥ £ ClpaBeIjIuBbl TOXKIECTBA,

i 2 i i 2, i
Hike = ko) + 3 Wkt + ki) Vike = Viro T 3k + Viar)-

[oncrapias B NpaBble YACTH Hall/[CHHbIC BHIPAXKEHNsT, pmeM K (2.91).

2.38. Ecymn Tpu-TKaHb W ssasercs HoATKaHbio TKaHu W, To KacaTebHasT W- ajrebpa TKaHU W
Oyzer momasrebpoit coorsercrsylomeii W-amrebpol Tkamm W. Ecmm xe W- HOPMAaJIbHAsT MOJATKAHD
(em. §9 1. 1), To ee W-ainrebpsl 6yayT umeanamu W-airedp.

2.39. Ilycts V' — r-MepHOe ryajikoe mojMHOroobpasme MHOroobpasmusa X. Jlokaxkure, 4TO TpH-
tkaub W = (X, \y) uaaynupyer Ha V' JIOKaIbHYIO UdeMNOMEHMHYI0 K8a3u2pynny, N30TOIHYIO OJIHON
13 KOODPJIMHATHBIX KBA3UTPYII TKanu W.

ITPUMEYAHUA

2.1. B stom maparpade MbI coobIIIaeM JIUITbL OCHOBHBIE (DAKTHI M3 AJTreOpamvIecKoil TEOPUH JIYII.
Bouiee 1107po6HO 06 3TOM MOXKHO IpounTtarh B kHurax [B-2], [Bp-2], [[Id-1], o6zopax [BP-2], [T-1],
crarbe [An-1]. CaMu TepMHUHBI «JIyla», <«KBAa3UIPYIIIA», <«[JIABHBIA M30TON» BBejieHbI Aabepmom
[As-1], [An-2]. Cuenuduka HAIErO H3JI0KEHUsI COCTOUT B TOM, UTO MBI PACCMATPUBAEM, B OCHOBHOM,
Tpex6asuCHble KBA3UTPYIIILI. TOMOJIOrIYeCKUe U AHAJIUTUIECKUE KBA3UIPYIIIBL U JIYIIbl U3YYAIUCh B
[X-1]—[X-3], [XIII-1].

TepMUH «yHUBEPCATBHOE TOXKIECTBO» BBezeH B [BP-1].

2.2. TloyiHble TPU-TKAHU HA3BIBAIOT TaKxKe Tpu-cerTsmMu. CTporoe omnpejeieHue moHON TPU-TKaHN
nauo Iuxxepmom [[Iu-1], xorst nousitue k-ceru Gouio yxe y Tomcena B 1929 r. Ayen ynorpebiser
B [An-1] TepmuH <anrefpanveckas TKaHb». Ero UCHONB30BAIN PaHee W aBTOPHI ITO KHUTH, OIHAKO,
IIOCKOJIBKY 3TOT TE€PMUH yIIOTPEO/IseTcd eme u it 0003HAUYEHHs TPU-TKAHEH, OlpeIesisieMblX Kyou-
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YECKMMU I'UIEPIOBEPXHOCTAME (CM. TVI. 3), TO OH ObLI 3aMEHEH Ha TePMUH <«abCTpakTHas TKaHb». B
9TOI KHHTe MBI ymoTpedisieM (oJiee yIaTHBIN TEPMUH <IIOJHASI TKaHb», caemyst pabore [ATo-11].

TepMuHBI «KOOpAMHATHAsT KBAa3UIPYIIay» U <«KOOPJMHATHAsI JIylla» IIOSBUJIUACH BIIEPBBIE, IIO-
BujmMomy, B [B-2].

CBsA3b MeXJy KOHMUIYpAIMsSMUA Ha TPU-TKAHU U AJreOpanIecKUMU CBOWCTBAMHU KBA3UTPYII W
JIyTI BIIEPBBIE UCCJIEIOBAJINCH, HAYUHAS C JIBJIIATHIX TOJ0B, OCHOBATEJISIMIA TeOpUn TKaHeil — basawke,
Boaom, Petidemeticmepom. O630p paboT 9TOro mepruoa UMeeTcs B COBMECTHOM MoHorpadun Baswke
u Boaa [BB-1].

Cucremarnyueckoe WM3JI0XKeHHe MaTepuaja Broporo naparpada (uckiodas koHdwurypanuio F)
Brepsble nano Auyeaom B [An-1]. CoorsercrByromue yciaosust 3aMmblkanus (2.6)—(2.11) sanucansl B
[A1-1] HEMHOrO TO-UHOMY, B BH/Ie YCJIOBHBIX TOXKIECTB (CM. § 2 9T0# ry1aBbl). MBI 2Ke 3aIuchiBaeM UX B
CHMMETPUIHON (hopMe, TaK KaK Ha CAMOM JieJie 6e3pa3/InIHO, ¢ KAKOW CTOPOHBI 3aMBIKAIOTCS (DUTYPHI.

@uryper E paccmarpusanuce B [B-4, ton. 4] u [IIIITI-2].

2.3. TloHsiTHe yHUBEPCAJIBHOIO TOXKJECTBAa BBEJEHO B [B-3|, NPOM3BOAHOrO TOXKIECTBA — IO-
BugmMomy, B [[1-1]. Crioco6 1oty dennst Ipou3BOAHOIO TOXKAecTBa (6€3 ynoTpeb/IeHus 9TOro TepMUHa,)
omucad B [B-4] ¢ nomompio rpados. Teopema 2.7 BoiTekaer u3 TeopeMbl Aabepma, chopMyIupOBAHHON
B KoHIle § 1. [IpuBenennoe B § 3 reomeTpuyeckoe J0Ka3aTeIbCTBO TeopeMbl 2.7 npunajjexur [llecma-
K060

ToxecrBo (2.18) momyueno Aueaom [An-2|, toxaecrso (2.22) — Beaoycosvim [B-3], npnuem
YHUBEPCAIBHOCTD MOCETHETO JoKasaHa B [B-3] Becbma mempocro anreGpamtecknm cmocobom. He-
[OJIb3YeMBIIl HaMK [IPOCTOH reoMeTpudeckuii moaxon obocaosad B [[IIII-1], rae Takum o6pazom GbLIn
noJstyueHsl ToxkaecTsa (2.18)—(2.20), (2.22).

2.4. Kacarenpnas W-amrebpa K soxasibnoit C3-riajkoit jyme onpenesena Axusucom B [A-8].
Tepmun «anrebpa Axusucas npemnoxuan [IImpambar n Xoppmar B [XII-1] .

2.6. Kak nokasan Maavuyes B [M-1], KaHOHHYIECKHE KOODMHATHI B JIOKAJBHON AHAJIATHIECKOI
AJIbTEPHATUBHON JIyIe BBOJATCS TakK Ke, KaK U B rpymnne JIu, mOoCKONIbKY B TAKUX JIYIaxX B KayKJIOM
HAIPABJICHUY Y€Pe3 eIUHUILY IPOXOAUT OIHOIIapaMerpudeckas moiarpymma (B [M-1] syua nassiBaercs
aJIbTEPHATHUBHOI, ecJiu B Hell J1r06ast 1apa 3J1eMEeHTOB [OPOXKIAeT ACCOMUATUBHYTO TIOJUTYyILy ). Kysvmun
06OOIINII TIOHSITHE KAHOHUYECKUX KOODJMHAT JIsl JIYIl C accolaTuBHOCTBHIO creneneit [K-3|. Eme
panbiie B [A-1] KaHOHMYECKIE KOOPAMHATBL ObLIU OIpeIesIeHbl AKu6ucom Jjisi IPOU3BOJILHOI JIOKAJIb-
HOI aHAJIMTUYECKON JIyIbl KaK Ipejiel HEKOTOPOI OCJIeI0OBATEIbHOCTH, OIIPE/ICJICHHON PEKYyPPEHTHOM
obpasom. Jrogyp u [owcetin B [ro-1] mokaszamnm, 4To CyIecTBOBaHNE KAHOHUIECKUX KOOD/MHAT B JIyTIe
HEIOCPE/ICTBEHHO BbITeKaeT u3 TeopeMbl Cmephbepza [C1-2|, HpuyueM NpH MUHUMAJBHBIX HPEJIIONIO-
JKEHUSAX O TJIajKocTH. JokasarenbcTBo TeopeMsl 2.19 B3sTo 3 [AIIL-9)].

2.7. Asre6panteckue cBoiictBa cBsisHOCTH YepHa pacemarpusasa Hado [H-1|, [H-3]. B wactHOCTH,
JgemmMa 2.26 nokasana uM B 6ojiee obImeit popme.

K zamagam. 3amaay 2.22 MOXKHO PEIINTH TAKXKe AHAJATHIECKU, PA3JIOKUB 00€ IaCTU TOXKJIECTBA
B psj ¢ moMoInsio (2.37) u (2.29) u BOCIIOIB30BABIIICH TeOPeMOit 4.4.

N neMIoTeHTHBIE KBAa3UIPYIIBI, ONpeessieMble TPU-TKaHbo (cM. 3amady 2.39), paccMmarpubasa
Toacmuzuna B [To-4] n [To-5].



I'masa 3

TPAHCBEPCAJIBHO-TEOAESNYECKUNE 1N N30OKJIMHHBIE
TPU-TKAHN

§ 3.1. TpancBepcajibHO-T€OJe3UYECKNE U IIIECTUYTOJIbHbIE TPU-TKAHU

1. ITycrs Ha MHOrOOOpasun X s3anana Tpu-tkanb W = (X, A, ). Torga, kak 6bL10 TIOKa3aHO B § 3
1. 1, B Kaxk/J10it TOUKe p MHOroobpasmss X CyHmecTByeT r-lapaMeTpHIecKoe CeMeifiCTBO TpaHCBep-
CAJIBHBIX JIByMEPHBIX TOJIIPOCTPAHCTB, MMEPECEKAIOIINX KACATEIbHbIE TTPOCTPAHCTBA K CJIOSIM TKAHH,
MPOXOJISAIIMM Y€epe3 TOUKY P, 0 OJHOMEPHBIM HOIpocTpancTBaM. HamoMHuM, 910 6a3UCHBIE BEKTO-
pBI €, 9TUX TOJIIPOCTPAHCTB MbI 3AIIUCHIBAJIN B BUJE &, = figi.

B COOTBETCTBUU C OIpeJeNeHHeM, TaHHBIM B IL3 §2 r1. 1, mBymepras moBepxHOcTh V2 Ha X
HA3BIBAETCS TPAHCBEPCAIBHON, eCJIn OHa B KayKJIOM CBOEH TOUKE KACaeTCss HEKOTOPOrO TPAHCBEPCAb-
HOI'O HoApocTpancTBa. TpaHcBepcaibHas IIOBEPXHOCTD [EPECEKAeT CJIOU TKAHU, ¢ KOTOPHIMU UMEEeT
ofIIye TOUKY, IO OAHOMEPHLIM IOAMHOr00Opa3HaIM I HHBAPHANTHA OTHOCATEILHO OTOOPAKEHUN ©o 3.
Ee ypasuenus (B ciydae, eciu oHa cymectByer) umeror Bug (1.105) mpu p = 1:

cizi =¢loy, cézi =£'0,. (3.1)

®opwusl IIpadda O u Oy 0bpasyior kKobazuc Ha V2. Cirou mepBoro ciaoennsi \; Tkaun W nepecekaor

TpaHCBEpCATLHYI0 HoBepXHOCTh V2 10 smHnaM O = 0 u, B cury (3.1), KacaroTcst BEKTOPOB &| =

= 5’?1-. Cuon coernst \g mepecexaior V2 mo mummsm Oy = 0, KacarommMcss BeKTOpos & = e, a
2

cJion cJIoeHus A3 — 10 JmHusIM O] + 09 = 0, KacaromumMcsi BEKTOpOB &3 = 51?. OTH Tpu cemeicTBa

JUHUIIT 06Pa3yIoT Ha TpaHCBEpCATbHOI mosepxHocTH V2 Kpmpommmeinyo Tpu-tkams W2 = (V2 ),
AL = Aalye — nBymephyto mogrkanb TRarn W= (X, A\,).

Bmecre ¢ ypaprenusivm (3.1) Ha mosepxHocTm V° BBIIONHSIOTCS W ux guddepeHnnanbHbe
crencreust. JuddepeHimpyst 9Tn ypaBHEHHs BHEITHAM OOPa30M, MpuxoanM K ypabHeHusm (1.107)
u (1.109), koropsle npu p = | UIPUHUMAIOT CJIEYIOMIMIT BUJL:

d§' + fwj =¢£'0, (3.2)
dO; =01 N0, dOy= 0Oy A0O; (3.3)

31mech © — mHekoropasi popma [Ibadda.
B coorBercrBHn ¢ Teopemoii 1.11 TpaHCBepcasbHAs OBEPXHOCTH V2 SIBJISIETCsI BIIOJIHE IeOJ€3H-
“9eCKOil TIOBEPXHOCTBIO MHOroob6pasust X B J060it m3 cBsisHOCTEH, onpesensiembrx dhopmamu (1.97),

U MIEPECEKAET CJION TPU-TKaHU W TI0 reoie3nIecKuM JIMHASIM.
Buemnee muddepennuposanue cucremst (3.2), (3.3) upuBoaUT K ypaBHEHUSIM

dO® = bO; A O9, (34)
nosrygatommmest u3 (1.108) mpu p = 1, u coorromernusm (1.113):
bl €58 = be', (3.5)

O3HAYAIOMIAM, 9TO BeKTOP & ABIAETCA COBCTBEHHBIM BEKTOPOM TEH30Pa KPUBU3HBI.
IMpomuddepennupyem rerepb ypasuenus (3.5), mob3ysich coornomenuavu (1.38), (3.1), (3.2)
U ypaBHEHUEM

db — 2b0 = 10 + ¢9O9,
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KOTOpOe ToJIydaeTcs npu auddepeHInaj bHOM TPOIO/IKEHNN Y PABHEHU ST (3.4). Torma moryanm:
¢ inmEl €™ = a1, i €M = o€ (3.6)

TakuM 06pa3oM, BeKTOp & sIBJIsieTCsl COBCTBEHHBIM BEKTOPOM H IS KOBADHAHTHBIX IIPON3BOIHBIX
renzopa kpususHbl. Jduddepennupys (3.6), mosmyduM Ieblil psiji AHAJOTHYHBIX COOTHONIEHUI J1Jist
KOBapPUAHTHBIX ITPOU3BOIHBIX CJIEIYIONINX MOPAIKOB. JJokazana

Teopema 3.1. Kacameavtovie sexmopo, x aunusm mraru W2 = (V2 \L), evicexaemoti na mparc-
sepcanvroli noseprrocmu V2 caoamu mpu-mraru W = (X, Aa), 6ydym cobemeenmbimu 6eKMOPAMU
MEH30PA KPUBU3HBL IMOT MKAHYU U BCET €20 KOBAPUAHMMHHLL NPOUZBOOHBLL.

OrmeTuM, 9TO 9Ta TeopeMa SKBUBAJIEHTHA CJIEJACTBHUIO U3 TeopeMbl 2.21. 3amMeTuM ere, 9T0 ypas-
nenus (3.3) u (3.4) npeacTaBiAOT OGO ypaBHeHust cTpyKTypbl TKamn W2, a esmuuna b Gyser ee
KPUBU3HOL.

2. Onpenenenue. Tpu-tkann W = (X, \,) HasbIBaeTCI MPAHCEEPCANLHO-2€00e3UNMECKOl, ecn
KasK/Iasl ee TPAHCBEPCAIbHAS ILIOCKOCTh KACAETCA HEKOTOPOI TPAHCBEPCAIBHOI HOBEPXHOCTH V2.

W3 onpenenenust ciejyer, 9To depe3 KazK/JIyl0 TOYKY MHOroo0Opa3us, HECYIIEro TPAHCBEPCAIHHO-
reoJIe3MYEeCKyI0 TKaHb, IPoXoauT (1 + 1)-nmapamMerpudueckoe ceMeilcTBO JIByMEPHBIX TPAHCBEPCAJILHO-
reofie3amvyeckux mnosepxuocreil. [IpumepoM TpaHCBEPCATIBHO-NEOE3NIECKON TKAHU SIBJISIETCS TPACCMAa-
nosa Tkanb GW. [eiicreurensno (cM. m 3 §2 mr 1), smoboe JByMepHOE MOIIPOCTPAHCTBO P2
npoeKkTuBHOTO mpocTpancTa PTH! mepecexaer rumeprnosepxnocTn X, OIpe/IeIsIONIHE TPACCMAHOBY
TKaub GW, 10 TpeM KPHBBIM, C HOMOINIBIO KOTOPBIX B ILIOCKOCTH P? ompezensieTcss TpaccMaHOBa,
Tpu-TKaub GW, siBjisifomasicst moaTkanbio Tkanun GW. Bcero depes mpousBOJIbHYIO IPSIMYIO P, IIepe-
CEKAOIIYI0 THIIEPHOBEPXHOCTH X, mpoxoauT oo’ T! nBymepHbIx mommpocrpancTs. Jlexkamue B HIX
[JIOCKUE TIOJIST TIPSIMBIX SIBJISIFOTCSI TPAHCBEPCAJIbHO-IE0JIe3MIeCKUMHE TOBEepXHOCTAMY TKaHu GW .

CorytacHo ompejiesieHnIo, TPpU-TKaHb W Oy[eT TpaHCBEpCAIbHO-T€OIe3NIECKON TOIJIa U TOJIBKO
Torya, Korga ypasaenus (3.5), (3.6) u uM 1moq0GHBIE YIOBIETBOPAIOTCS TOXKAECTBEHHO. JIjisi 9TOrO
JIOCTATOYHO, YTOOBI TOXKIECTBEHHO YIOBJIETBOPSIIUCH TOJIBKO ypaBHeHUd (3.5), MOCKOJIBKY OCTAJIbHBIE
SIBJISIIOTCS UX JDDEPEHITUATBHBIME CIeACTBUAMU. HO 9TH yCI0BUS BBITOJIHSIIOTCS, €CJIU MHOYKUTEJH b,
BXOJAIIMI B ypaBHenus (3.5), 6yi1eT 0JHOPOJIHBIM MHOTOYJIEHOM BTOPOH CTEIEHU OTHOCATEJILHO IIepe-
MEHHBIX &%

b=0b;E¢, by = by (3.7)
Torna ypasuenus (3.5) npuHUMAIOT B
ke €M = Ebrge”.
Tak Kak 9TO TOXKJECTBa OTHOCUTENILHO £, TO MOJIydaloTCs pABEHCTBA
bz(ju) = 5fjbk4). (3.8)

O6paTHO, IycTh BBIIOJHSIOTCS cooTHomeHust (3.8), rme b;; = bj;. CBepHYB 9TH paBeHCTBa C
KOOpJIMHATaMu BeKTopa &, B cuity obosHauenuit (3.7) mpumem k (3.5). Takum o6pasom, BeKTOp &
OKa3BbIBAETCST COOCTBEHHBIM BEKTOPOM TE€H30pa KPUBU3HBL B cmiy (3.5) cucrema (3.1), onpemessirormast
TPAHCBEPCAJIBHO-T'€0/IE3NTIECKUE TIOBEPXHOCTU TKAHU, OKA3bIBAETCS BIIOJHE MHTEerpupyemoil. Tak kak
BEKTOD & ABJISIETCs IPOU3BOJIBHBIM, a KOJIJIMHEAPHDBIE BEKTOPHI & OIPEIE/ISIOT OIHO U TO YK€ pPeIleHue,
TO MOJIyYa€eM, 9TO BepHa

Teopema 3.2. /Tas mozo, umobu mpu-mrans W = (X, A,) 6vuia mparcsepcasvro-zeodesuseckod,
HEoBLoOUMO U JOCTNATMOUHO, 4MOObL CUMMEMPUUHAA HACTMb €e MEN3OPa KPUBu3Hs umesa 6ud (3.8).

3aMeTuM, YTO BEJIMYUHBI bry MOXKHO BBIPDA3UTH dYepe3 TEH30p KpUBHU3HLL. JlefcTBUTENBHO,
cBepThiBag (3.8) 110 MHIEKCAM i U j, MOJLYIUM:

3 .
bre = ) 2;‘1@@)- (3.9)

i i
BenomunM Terepb, MTO TEH30PBI Ay, U bl ONPEJIENIOT COOTBETCTBEHHO OUHADHYIO H T€PHAPHYIO
omnepaiy B Kacaresbnoil W-asrebpe tpu-tranun W (em. §5 it 2):

[fv 77] = —QQ(f, 77)7 (57 UB C) = _b(nv 57 C)
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TosTomy coorHomenus (3.8) MOryT ObITh 3aIMCAHBI CJIELYIOMIMM 00PA30OM:

(£,6,6) = =€b(&,€).

Tax kak, kpome toro, [£,€&] = 0, To Teopema 3.2 B Tepmunax W-anre6pbl HOPMYIMPYETCs CIIELYIO-
M obpazom: mpu-mrans W 6ydem mpanceepcanvho-zeodesuueckots mozda u moavko mozda, xo20a
8 KACAMEAbHOM NPOCMPaHCMEE KaHcI0l KoopIuHamHol aynve £, MKGHU NPOU3EOALHLIL eekmop &
nopoostcdaem 00HOMEPHYIO Nodanzebpy omHoCumesvHo mepraphot onepavuu W -aszebpul amot mranu
6 mouke p.

Ee o/1HO XapakTeprucTrieckoe CBONCTBO TPaHCBEPCAJIBHO-TE0IE3NIECKON TPU-TKAHN BBITEKAET U3
pe3ynbraros § 7 rir. 2. Tam ycranosieno (reopema 2.29 u jasee), 9YT0 TPAHCBEPCAIBHBIM IOBEPXHOCTSIM
TKAHU OTBEYAIOT MMOJIyIbI €€ KOOPJIMHATHBIX JIYIl. 1aK KaK TPaHCBEPCAJbHO-T€OIe3NIecKasi TKAHb
HECeT MAaKCUMAJIbHO BO3MOYKHOE UHCJIO0 TPAHCBEPCAJIbHBIX JIByMEPHBIX IIOBEPXHOCTE, TO BEPHA

Teopema 3.3. /laa mozo, wmobv, mpu-mxrarns W = (X, A,) 6viia mparceepcasvro-zeodesuseckot,
HeobT00UMO U Jdocmamouro, wmobwv, 6ce ee KoOPOUHAMHBIE AYNLL 00AA0GAYU MAKCUMANOHBM KOAUE-
CMBOM 0OHONAPAMEMPULECKUL NOOAYN.

3. U3 dopmynst (3.7) BugHO, 9TO KpUBU3HA b OOPAIIAETCS B HYJIb HA TE€X TIOBEPXHOCTSIX V2, s
KOTOPBIX OIPEIEIAONNN UX BEKTOD & YAOBIETBOPSET YPABHEHUIO

bi;€'€? = 0.

IIpe/IIooKuM Terephb, ITo Ha, M000il N3 TPAHCBEPCATLHBIX MOBEPXHOCTEH JByMepHAs TKaHb W2
ABJIIeTC MIeCTUyTroabHo#. Torma mocseaHee ypaBHEHHE Y/IOBJIETBOPSAETCs IIPU JIO0OM £, UTO JaeT
b;; = 0. Beuxy sroro coorHomenns (3.8) IPHHIMAIOT BHL

b ey = 0. (3.10)

OueBnyiao u o6parHoe: paBeHcTBa (3.10) IPUBOIAT K IIECTHYTOJBHOCTH HOTKAHE Ha BCEX TPAHC-
BEPCATBLHBIX MTOBEPXHOCTSAX V2.

Kaxk mokaszano B riase 2 (cM. tabmuiy 2.2 Ha ¢. 59), yeaosue (3.10) HE0OXOAMMO 11T TOTO, ITOOHI
Tpu-TKaHb W Oblia mectuyrosbHOi. Vcmoas3ys pe3ysbrarsl 3TOro maparpada, JokaxkeM o0paTHoe
YTBEPXKICHUE: ECAU CUMMEMPUYHAAL “YACTND MEH30PA KPUSU3HbL Hexomopol mpu-mxany W pasna
HYA10, MO IMA MEAHD ABAAEMCA UWECTMUY20NDHOY.

B camom gene, mycts coornomennst (3.10) Bemmosnmsiorca. Kak Toibpko 49TO OBLIO HOKa3aHO,
TKaHb W B 9TOM ciydae OyIeT TpaHCBEPCAJIBHO-T€0JIE3NYECKOl, U BCe ee TPAHCBEPCAJIbHBIE [I0BEPX-
HocTi V2 HeCyT MeCTHyroibHbIe TKAHH, COCTABICHHbIC U3 Te0Ie3NIeCKNX JTINHMIL.

PaccMoTprM IPOU3BOJIBHYIO JOCTATOYHO MAJIYIO HIECTUYTOJIBHYIO GUrypy (pips - .. p7) € IEHTPOM P,
obpazoBanHyio cyogMu TKanu W (puc. 37) u nposeseM 4depe3 Tod-

Ky p reojie3mvecKue JIyau ppi, ppe, --., pp7. llycts £ — KacaTesb- P2 P1
HBII BEKTOP K TE0JIE3UIECKOMY JIYIy ppi. DTOT BEKTOD OIpPeJIesis-

€T B KacaTelbHOM IpoCTpaHcTBe 1), TPaHCBEpCAJLHBIN OHBEKTOD > D Pe, {77
H =& N &, KOTODBIii, B CBOIO O4Yepeib, ompeesseT Ha X HEKOTO- PN

PYIO TpaHCBepCaIbHYIO moBepxHocTh V2. IIpn 9TOM Teoe3nyecKuii

JIyd pp| JIEXKHUT Ha HOBEPXHOCTH V2, TaK KAK OHA SIBJISETCS BIIOJIHE P P5

reojie3nIeckoit Ha MHoroobpasuu X (§7 rui. 2). Puc. 37

ITosepxHOCTh V? MHBApHAHTHA OTHOCHTEILHO OTOOPAIKEHNIS (P19,

YCTAHABJINBAEMOIO CJOSMHU TPEThero cjaoeHus TKanu W, npudeM po = @io(p1). Ilosromy Touka po
TaksKe JIEKHUT Ha mosepxHoctd V2. ClieoBaTebHO, W BECh I€OIE3WUeCKHil Iyd ppy IPUHAIICHKAT
nosepxHocTH V2,

AHAJIOTMYHO JIOKA3BIBAETCS, UTO HA HOBEPXHOCTH V> JIEKAT H TOUKH D3, P4, ..., P7, & BMECTE C
HAMHM — ¥ OIpEJeseMble UMHU Te0[e3ndecKue Jy9Iu pps, pp4, ..., pp7. lIpm sToM Jyum pp; u pps
[IPpUHAJJIEXKAT OJIHON reojie3mdeckoil tuann. To Ke caMoe MOXKHO CKa3aTh O Jydax pps U Pps, & TAKXKe
pp3, PPe 1 pp7. 1109TOMY BCE TOUKH Pi, Po,..., P7 JI€KAT Ha MOBepXHOCTH V2.

Wrak, moka3aHo, 9TO BEPINUHBI BCAKON IMECTUYTOJILHON (DUTYyphbl, 0Opa30BAHHON CJIOSIMU pac-
cMaTpuBaeMoii TKaHn W, JIeskaT Ha HEKOTOPOIT ee TPAHCBEPCATLHOI TIOBEPXHOCTH V2 1 SIBIISTIOTCS TI0-
STOMY BEpIIMHAMY MIECTHYTOJIbHO# hurypsl Tkarn W2 na nosepxuoctu V2. Ho, mockoIbKy TKaHb W2
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SIBJISIETCs TIIECTUYTOJBHON, TO HA Heil Bce MeCTHyTroJbHble DUrypbl 3ambikaiorcs. CiemoBaTesbHO,
MIECTUYTOJbHON Oy/ieT u Tpu-TKaub W.

[TosrygyeHHble B 9TOM IIyHKTE PE3YJIBTATHI O0bEIUHSIET CJIETYOIIAsT

Teopema 3.4. Ha mnozomepnot mpu-mranu W = (X, A\y) pasnocusvho, caedyrouyue ymeeporc-
denus:

a) mpu-mxano W asasemes wecmuyzoronoti;

6) mpu-mxane W asasemes mpanceepcasvro-zeodesunweckol u 6ce ee deymeprvie NOIMKAHY A6-
AFNOMCA WECTNUY20NDHDLMU;

8) men3op Kpususnv, mranu W ydosaemeopsem ycaosuio (3.10);

2) 8 KACAMEAbHOM MPOCMPAHCMEE ka0l K00pouHAMHOU AYynv £, MKEGHU NPOU3BOALHVLT 6eK-
mop & nopootcdaem odnomepHyro nodarzebpy omuocumenvro mepuaprot onepayuu W-arzebpu, a9mot
MKAHU 8 MOUKE D,

d) ece Koopdunammwvie aynv, mpu-mranu W monoaccoyuamueol;

e) ace koopdunammovie aynv. mpu-mraru W 062a0a10m MaKCuUMasoHbLM KOAUHECTREOM 00HONAPG-
MEMPUNECKUT NOJ2PYNN.

§ 3.2. I30K/JIMHHBIE TPU-TKAHU

1. B §3 1. 1 nokazaHo, 9TO ¢ KaxKJIOil TOYKOI MHOroobpasusi X pasMepHOCTH 27, Ha KOTOPOM
zagana tpu-tkanb W = (X, \,), CBA3aHO OJHOIAPAMETPUYIECKOE CEMEHCTBO M30KJIMHHBIX I'~MEPHBIX
MIOJIIIPOCTPAHCTB, OIPEIEISIEMbIX BEKTOPAMU

Ci:CIeQi_Cgele (3.11)

Omnpenenenne. [logmuoroodopasue V" pazmepuoctu 7 MHOT00Opa3ust X HA3BIBACTCS U30KAUHHOU
noseprrocmuto mpu-mearu W = (X, \,), ecam oHO B KaxKJ0#l CBOell TOUKe KacaeTcsi HEKOTOPOH
U30KJIMHHON 7-MEePHO! IIJIOCKOCTU ITOU TKAHU.

dAcuo, uro cnon Tramum W dABAAIOTCH ee M3OKJIMHHBIME MOBepxHOCTsiMu. Hailimem ycioBus, mpu
KOTOPBIX TPHU-TKaHb W [I0IIycKaeT M30KJIUHHYIO IOBEPXHOCTH V' OTJIMYHYIO OT CJIOEB ITOI TKAHHU.

KacaresibHbiit BeKTOp £ K M30KJIMHHOI IIOBEPXHOCTHU OyJIeT JIMHEHONH KoMOuHalueh BeKTopoB (;,

zanucannbix B Buge (3.11): 4 o 9
{=0'¢G=0"(C ¢ = ¢ 612')~

C apyroii CTOpPOHbI, KacaTebHBINA BEKTOP K MHOr0ooOpasuio X zanucsiBaerca B e (1.20). CpaBuusas
9TH JIBa BBIPAXKEHUSI, HAXO/INM, UYTO HA M30KJIUHHON MOBEPXHOCTU V' BBINOJIHAIOTCH YPaBHEHUS

Wt = Cl@)z7 Wt = CQGZ'
1 2
Hckmouas orciofna hopMbl O, moIyInM ypaBHeHHs MoBepXHOCTH V' B BHje

c;i + Aulﬂ =0, (3.12)

roe A = —¢?: ¢l
Huddepeniupyst BHemHEnM 00pas3oM ypasHeHust (3.12), mpujieM K COOTHOIIEHUSIM:

dA A ulji — (X2 - )\)a;kci;j A Li;’f =0.
Orcroza citestyer, uro Ha mopepxuocTu V' muddepennman dA Oyer uHeiiHOM KOMOMHAIIIEH 6A3UCHBIX

dopm ulﬂ. Hamee, Tak KakK MOBEPXHOCTH V" He dBJISIETCS CJIOEM TEPBOrO, BTOPOTO WJIH TPETHETO

ciioennii Tkaau W, 1o A # 0, 00, | 1 MOXKHO TTOJIOKUTH

dA L
m == ak(‘i} . (3.13)

BBI/Iﬂy 9TOr'0 Npeabrayniee KBaJpaTuIHOE€ YpaBHECHUE IIPUMET BU/L

(af) — Skaz) &’ Aw' =0.
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Ha moBepxaocTr V' OHO JOMKHO BBIMOTHATLCS TOXKIecTBEeHHO. Crte10BaTe/IbHO, B TOYKAX MOBEPX-
HocTr V" BBIIOJIHSIOTCS COOTHOIIEHUS

aé-k = a[jéi]‘ (3.14)

Takum obpazom, ecau Ha Mmnozo00paszuu X mpu-mranu W cywecmsyem uU30KAUHHGA NOBEPT-
nocms V', mo 6 kaosicdotli ee mouke menszop xkpyuenus umeem eud (3.14).

SameruM, uro upu r = 2 rer3op kpydenus Tkanu W ( He 06g3aTe/IbHO M30KJIMHHON) BCET A MOXKHO
zanucars B Buge (3.14). Iosromy Mbl B nanbHeiinieM GyueM pasiandyarh ciaydan r = 2 u r > 2.

2. Paccmorpum Tenepb Tpu-TKaHb W, TeH30p Kpydenus Koropoil umeer Buj (3.14). YpasHenus
cTpyKTypbl (1.26) Takoll TKAHU 3AIUIIYyTCA TaK:

dc;)i :ci)j /\wé—!—ajcijj/\ciji, dagi :(AQJj AW} —aj(gj/\cgi. (3.15)

Huddepenupyst ypasaerns (3.15) BHemHIM 00pa3oM, IPHUJEM K CHCTeMe BHEIIHUX yDaBHEHWH

TpeTbeil CTelleHn:

QAW —Vaj A Aw' =0, Q' Aw! +Va; Aw! Aw' =0, (3.16)
| 1 1 T 2 2

e ; i koA k
Q) = dw; —w; ANwy, Va; =da; — apwy. (3.17)

U3 ypasrenwuii (3.16) caemxyer, uro ¢hopMbL Q; u V; BBIpasKaroTcs uepe3 Oa3ucHbIe:
Va,; = pjk(fk + qjkcé)k, (3.18)
Qf = béuoi)k A %;4. (3.19)
Tozcrapisist 9T pasnoxkeHus B ypasHeHus (3.16), HOIyIUM COOTHOIIECHNUST
binge = 4eii0hys  bljan = Peidiy (3.20)

a mpu r > 2 elre u COOTHOIIEHUsT
Djk = Pkjs  Qjk = qkj- (3.21)

Onpenenenue. Tkanb W, depe3 KaxKIyi0 TOUYKY KOTOPO IPOXOJIUAT OIHOIAPAMETPUIECKOE Ce-
MeWCTBO M30KJIMHHBIX IIOBEPXHOCTEN, HA3BIBAETCH U3OKAUHHOU MPU-MKAHDBIO.

[Tpumepom U3OKIIMHHONI TPU-TKAHU siBJIsI€TCs TpaccManoBa Tkaub GW. JleficTBuTEIBHO, ITyCTh KaK
u Boiie (eM. 11. 3 §1.2), p ecTb NIpOU3BOJIbHAS IPsIMAas IPOEKTUBHOIO IIPOCTPAHCTBA, P! nepecekaro-
Iasi TUIEPIOBEPXHOCTH X, OIpeeIsronue rpaccManoBy Tkaub G W . IIpousBosibHast CBsi3Ka TPSMBIX
¢ BepmmHOil S Ha HPSAMOIl P HEpeCceKaeT BCAKYIO ABYMEPHYIO ILIOCKOCTh P2, IIPOXOSIIyio wepe3
MPSIMYIO P, TIO IyYKY MPsIMBIX ¢ BepinuHoii S. Kak ormedeno B mpemsayiinem naparpade, ImaI0cKoe moJjie
IPSIMBIX B INIOCKOCTH P2 eCTh TpaHCBEPCATILHO-Te0Ie3NYeCcKast IIOBEPXHOCTD MPACCMAHOBOI TKaun GW .
Takum 00pa3oM, B CHILy OIIPEJIEJICHNs] M30KJINHHON IOBEPXHOCTU IIOJIYYAETCsI, UTO JII0OAs CBI3KA
OPSIMBIX C BEPIIMHON Ha HPSIMOIl P eCTh M30KJIMHHAS MOBEpXHOCTH TKanu GW (mpoxossimias depes
PSIMYIO p — TOYKY Ha TPACCMAHOBOM MHOroo0pasuu npsiMbix). CiieoBaTesbHO, rPacCMaHOBa TKAHb
ABJACTCA N30KJINHHOMN.

Teopema 3.5. Jlas moeo, wmobv mrans W = (X, A\y), dimX > 4, 6viia usokaunnot, neobrodumo
u docmamouno, 4mobv, ee MeH30p KPYUeHUs umes cneyuaavroe cmpoenue (3.14).

U Eciu gepe3 Touky p MHOroobpasust X IPOXOAUT XOTs ObI O/IHA M30KJIMHHAS IOBEPXHOCTD, TO, KAK
ObLIIO JIOKA3aHO BBIIIE, TEH30D KPYUeHUsI TKAHU UMEEeT B 9TOi Touke crpoenue (3.14).

O6parHno, myctb Ten30p kpydenus tkanu W umeer sug (3.14). Torga upu r > 2 Ha TKAHU BBIIOJIHS-
1o1cst u coorHomenust (3.21). Pacemorpum Ha X cucremy ypasrerwuii (3.12) u (3.13). Ona BrosiHe nHTe-
rpupyeMa B cuity ypasaenuii (3.14) u (3.21) u, ciemoBaresbro, onpegenser (r + 1)-mapamerpudeckoe
ceMeiicTBO M30KJIMHHBIX oBepxHOCTel. [Ipu 31oM depes Kaxk iyio TOUKY MHOroobpasusi X IPOXOIUT
OJIHOIIAPAMETPUIECKOE CEMEHCTBO N30KJIMHHBIX ITIOBEPXHOCTEN, OIIpe e IsieMbIX Pa3/JIMIHBIMU 3HAYEHU-
simu napamerpa A. Takum obpasom, Tpu-tkaib W = (X, \,) siBisiercst uzokaunsoi. W
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Obparumcst Terreps K ciydaio r = 2. Kak ObL10 CKa3aHO BbINIe, NPpU T = 2 TEH30P KPYYEHUS
pon3BobHON TKanum W Bcerga MoxkeT ObITh 3ammcan B Buje (3.14), oxsako coorHomenus (3.21),
BOODIIE TOBOPSI, HE BBIMOJHSIOTCA. [losToMy ipu r = 2 moJtygaercst

Teopema 3.6. Ilycmv na wemvipexmeprom muozoobpasuu X 3adana mpu-mrans W, npuvem
men3op Kpyswerus amot mraru sanucar 6 sude (3.14). Txano W 6ydem uzoxaurnol mozda u moavko
moezda, K02da KOBAPUAHMHYLE NPOUBOIHVLE KOBEKNOPA U CUMMEMPULHDL.

3. Haitnem nanbosiee obmuii BuI TeH30pa KPUBU3HBI N30KINHHON Tpr-TKaHN. Bocmoab3yemces JIerko
[IPOBEPSIEMBIM TOXKIECTBOM

) ) 1. 1., ) 4 . 9 .
bike = Vijrey + 3 VLjnge + 3 Vi + Yleng; + 3 Vijima + 3 Ofutass)- (3.22)
IMoncTaBass Ciofa BLIPAXKeHNs IS aJlbTePHIPOBAHHLIX UacTell TeHzopa bl o U3 (3.20), mosryunm:

Vike = bijrey + gpjkfsé - gpkz(;; - gpejcsi 3 qk0p — 3 Qred; + 3 qe;0},-

IHosoxxkum majiee

Pjk = bjl‘k - bﬁk» qjk = b?k - b?'k» (3.23)

rue blk, bj ks bjk — HEKOTOpBIe CHMMETPUYHbIE TeH30phI. B pesysbraTe BhIpazkeHue Jyis bl ke TIPAMET
BUJL:

Ve = szké) - (b Gk T b(gk: + b(ﬂc)fsé) + b}kéé + b%j(slic + biéé;'
BseneMm Tenepb CUMMETPUYHBINA TEH30D
e = bjre) — (b(jk + b(]k + b 1)5)- (3.24)
TOI‘,ZLa OKOHYaTEJIbHO HOJIy‘{aeM:
Bie = @lyg + L8 + B, 01 + b0 (3.25)

Onwnn u3 TeH30poB by,), a = 1,2, 3, MOXKHO ONpeenTh, HAJOXKUB Ha TEH30D a; 1o¢ JSOIIOJIHUTEILHOE
yCJI0BUE

alyy = 0. (3.26)

B camom jiesie, cBeprbiBas coorHomenue (3.24) 1o unjgekcam i u j u yaurbiBag (3.26), umeem:

i 1
bike = g(r +2)(big + by + by)-

Orciona ¢ omompio (3.23) maiizem, Harpumep, Terzop by -

: 1
bl = e 2 biney — 3 Pk + awe)-

OG6paTHO, JIErKO IPOBEPUTH, YTO U3 MOCIEJHAX PABEHCTB CJIEIyIOT cooTHOMEHus (3.26).

TaxkumM 06pa30oM, TEH30p KPUBU3HBI W30KJIMHHON TPU-TKAHM MOXKHO HPEJICTaBUTH B Buje (3.25),
rie aé k¢ — CHEMMETDHYHBIN TEH30D, yAOBJIeTBOp:IOmuil ycaosuio (3.26).

Coorromenns (3.14) u (3.25) momyckaoT TaxyKe WHTEPIPETAIMIO B TEPMIHAX KACATETHHBIX
W-anrebp Tkamm. 3ameTum, BO-TIEPBBIX, UTO TEH30D a’ % BUIR (3.14) yznoBiieTBOpsieT TOXKIECTBY
Axobu. CremnoBaTesibHO, 0MmHOCUMENbHO OUHAPHOT onepayuy Kacamesvrvie W -anzebpor u3okAunHol
mpu-mranu seasomes aszeopamu Ju. Hasnee, coornomenue (3.14) 5KBUBAJIEHTHO PABEHCTBY

(&, n] = a(n)§ — a()n, (3.27)

e a(§) = a;£' — ckangpHag juHeitHas dopma. U3 coorHomenus (3.27) 0UeBUIHO, UTO KOMMYMAMOP
6 racameavhorr W-arzebpax u3okisunnol mpu-mraHy yoo8ACmMEOPAEM MAK HA3BBAEMOT AKCUOME
naockocmels: abvie dsa sexmopa W -anzeGpu, onpedeastom dsymephyio (auesy) nodanzetpy.

[MosHoe onucanune anrebpsl JIu M30KIMHHON TPU-TKAHM U COOTBETCTBYIOINIEH rpynmbl Jlu mano

B [TIII-1].
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B cuay (3.25) acconuarop B kacareabHbIx W-anrebpax U30KJINHHON TPU-TKAHU 3alIUCHIBACTCSH TAK:

(&n.¢) =—a(&n,¢) — b (&) —b*(n, Q)¢ — b (¢, O, (3.28)

rJie

i _ i gjok L
a'(§,n,¢) = TWISE/NG
— CHUMMeTpUYHAs TpUINHelHas opMa ¢ HYJIEBLIM CJIeI0M co 3HadenusMmu B W-aiarebpe, a

(& m) = b5 (a=1,2,3)

— CHUMMeTpUYHBLIE CKaJIAPHbIe OuanHeiiHbe POPMEI.

U3 reopeM, JOKA3aHHBIX B 3TOM U HPEJBIIYIIEM IIYHKTAX, BHITEKAECT, YTO YKA3AHHBIN BBIIIE CITe-
nndUIecKnii B, KOMMYTATOpa M acCOIUATOPa SBJISETCA HEOOXOIUMBIM M JIOCTATOYHBLIM YCIOBUEM
M30KJIMHHOCTA MHOTOMEPHOU Tpu-TKaHu. [losTomy BepHa

Teopema 3.7. Tpu-mxans W = (X, ),) 6ydem usokaunnol mozda u moavko moezda, %o20a
Kommymamop u accoyuamop ee W-anzebpv, umerom eud (3.27) u (3.28).

4. Kak 11oka3aHo BbIIIe, BCsIKas IPACCMAHOBA TKAHb SIBJISIETCS OJHOBPEMEHHO N30KJIMHHON 1 TPaHC-
BepCaJIbHO-Ie0 1e3UYECKOil. BO3HIKaeT BOIIPOC: CyIIECTBYIOT JIU TKaHW, OTJIMYHBIE OT I'PACCMAHOBBIX,
KOTOpPBIE TakKe 006Ja1aoT 3TuM cBoiicTBoM? Kak Oyjer mokazaHo jajiee, OTBET Ha 3TOT BOIPOC
OTpULATEIbHBIA.

[Iycts W — npomnsBosbHas N30KJINHHAS TKAHB, He 00S3aTEIbHO IPACCMAHOBA.

Teopema 3.8. Jlas mozo wmobv, U30OKAUHHAA MPU-MKAHD OBLAG TPAHCEEPCANLHO-2e00e3UuNecKot,
HEOOTO00UMO U JOCMATNOUHO, HMOoOYbL €€ MEH30P KPUSUHL, MO2 ObMb 3anucak 6 sude:

Blre = b 108 + 02,08 + 3,00, (3.29)

1 32 3
ede b, b; u by, — cummempuyrvie MEHIOPLL.
O CorsacHo Teopeme 3.2 TPAHCBEPCATBHO-TEOIE3NIECKasT TPU-TKAHb XapaKTEPU3YeTCsl TEeM, UTO €€
TeH30p KpuBu3Hbl umeer crpoenue (3.8). Ho, ¢ npyroii croponst, u3 dopmyuist (3.25), oupenesnsormeit

BH/I, TEH30Pa KPUBU3HBI U30K/JIMHHON TPU-TKAHU, CJIEILYET, ITO
i
b(JM) - aﬂkf + (b(Jk + b(Jk + b(Jk)(Sf)'

. i " .
I/IS ITUX ﬂByX yCJIOBI/II/I BbIT€KaeT, 9TO TE€H30D ajke nMeeT CliellMaJIbHBIN BUJI:

i _ i
aﬂd = a(jkdz).

Ucnonbsys yeaosue (3.26), naxomum:
agpe = (1 + 2)are =0,

_ i "
T. . aye = 0 1, cesoparenbuo, aj,, = 0. Beujty 5TOro TeH30p KPUBH3HLI pacCMaTPUBAEMOll TPH-TKAHN
nmeer Bug (3.29). B
U3 dbopmyn (3.27), (3.29) cuaemyer, yro KOMMyTaTop u accouuarop B W-anrebpe tpu-rkanu W,
KOTOpas OJHOBPEMEHHO SIBJISETCS W30KJIMHHOW M TPAHCBEPCAJILHO-TE€OJE3MUECKOM, 3aIMCHIBAIOTCS

CJIe 1Y IOIIM 06pa3OM: [57 7’]] = a(’l])f - a(g)nv

(&m,¢) = =b"(&n)¢ = b (0, Q)€ —b°(C, E)m, (3.30)

rue a(§) — nuueitnas, a b*(£,n) — cummerpuuHble OuiauHeliHble ckajsapHble GopMbl. [osToMy KOM-
MyTaTop B W-ajirebpe Takoil TKAHU yI0BJIETBOPSAET AKCUOME 2-IIJIOCKOCTEMH, & aCCOIUATOP — AKCHOME
3-ILJIOCKOCTE]A.

B nasbmeiiniem nam norpebyiores auddepennuaibabie IpogoizKenns ypasaenuii (3.18) u (3.19)
B IIPE/IIOJIOXKEHNHT, YTO TPU-TKAHD SABJISIETCS OJHOBPEMEHHO M30K/JIMHHONW M TPAHCBEPCATHHO-TE0IE3H-

veckoit. dnddepenupyst stu ypaBaenus: npu ycaosusx (3.21) u (3.29), momyamm:
(Vpjk +p]kagw YA w + (Vg — ¢y A w + (b]kag + bejak + bkzaj) ANw" =0,
A

[0Vl + 5kv% + 81Vb}, — (b6t + b 5k + by Jam (W™ = w™)] A uIJ

=0.

w
2
w
2
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3necs V — omeparop KOBapuaHTHOTO nuddepeHImpoBanus B CBI3HOCTH [ |o.
VcKI09MM U3 9THX yPaBHEHHIT BEJIMYHUHbI P;j M ¢;j C IIOMOIIBIO COOTHOIIEHN (3.23) 1 MOI0KIM

[e]
o « « 4 4
Torma mosly9um ypaBHEHUS

Vbjl-k/\ci)k—i-Vb?k/\og Vbjk(w tw )+3a(jb2e)ci)k/\u2/ =0, (3.31)

((wblk + 5kv% - 51% ) f=0. (3.32)

ma

CaepHyB TOC/I€HEE 110 UHIEKCAM © U J, IPUIEM K yDABHEHUIO

(Vble + VO, + VB ) A W =0. (3.33)

[e]
W3 ypasrenuii (3.32) u (3.33) cremyer, 1To dhopMbl VI, sSIBIISIOTCS INIABHBIMI Ha MHOT000pa3uu X,
TaK 9TO MOYKHO IMOJIO?KHTh

Vbo‘ = b”kw b%kcgk, a=123. (3.34)

Ucnonbsysa panee coornomenus (3.31) u (3.33), MOXKHO IOKa3aTh, YTO TEH30PbI, BXOJMIINE B [IPABbIE
qacTu pasiaoxkenuit (3.34), cuMMerpHdHBI O BCeM HHiekcaM. lloxcrapisist pasmnoxenus (3.34) B
(3.32), maitzem, uro lQ)fj =0, blﬂC = 0. Tlosromy 1pu « = 1,2 pazsnoxenus: (3.34) 5KBUBAJEHTHBI
KBAJPATUIHBIM YDABHEHUAM

o 1 . o 9 X
Vbl Aw =0, Vb Awl =0, (3.35)

a IIpu & = 3 U3 HUX BBLITEKAeT ypaBHEHUE

Vb Aw' A =0, (3.36)

§ 3.3. I'paccmaHOBBI TPU-TKAHU

1. Kak 0ObLIO MOKAa3aHO BBIIIE, I'PACCMAHOBBI TPU-TKAHU SIBJISIIOTCS OJTHOBPEMEHHO M30KJIUHHbI-
MM ¥ TpPaHCBepcajbHO-Teogesndeckumu. CIie10BATETbHO, TAKOBBIMY SIBJISIIOTCS M 9KBUBAJIEHTHBIE WM
I'paCcCMaHU3yeMbl€ TKaHU. I/IHI)HVII/I CJIOBaMU, BEpHa

Teopema 3.9. Bceakxaa 2paccmanusyemas mpu-mratd AGAAELMCS 00OHOBPEMENHO U3OKAUHHOU U
MPAHCBEPCANDHO-2€00e3UMECKOT.

Kitace rpaccMaHOBBIX TKaHeil JOCTATOYHO MTUPOK, TaK KAK TVIAJIKHE THIIEPIOBEPXHOCTH X, OIpe-
JIeJISIONINEe IPACCMAHOBY TPU-TKaHb W, BoOOIIE ToBOps, MPOM3BOJILHEL [locieHee 06CTOATENIHCTBO
[I03BOJISIET HAXOAWUTH B KJIACCE I'PACCMAHOBBIX TPU-TKaHEH pasHoOOpa3Hble MPUMEPHI, HILIIOCTPUPYIO-
yie MHOIUE MOHSITUSI U PE3YJILTAThI ODIIEeHl TeOpUN TPU-TKAHEH.

ITycrs, kKak u B ruase 1, cumBosiom G(1,7 + 1) 0603HaUEHO rpaccMaHOBO MHOrooGpasue HMpPsSIMbIX
npoekTuBHOro mpocrpancrsa PTT!. Omo GuexTuBHO oTOGpakaercss Ha KOMIAKTHOE ajreGpar-
Jeckoe MHOroobpasme ) pasMepHOCTH 2r MPOEKTHBHOrO mnpocrpancrsa PN, rne N = Cf o — 1,
KOTOpOe 3ajiaeTcs cieyromum obpaszom. Ilyers x(z%) m y(y*) — ase Touxkm npocrpanctsa P!,
u, v, w,...=0,1,...,r + 1. MEHOpPBI BTOPOTO MOPSATKA MATPUITHI

<x0 2 xr+1>

0o ,1 +1

Yoy oy”

HA3BIBAIOTCS NANKKEPOSHMU Koopduhamamu npamol p = [z, y]. Ux Bcero C? +4 9, TMOTOMY OHHM OIIpe-

JIeJTSIIOT TOUKY B IIPOEKTUBHOM npocrpanctse PN pasmeproctu N = C’f o — 1. Takum obpasom ycra-
HaBJIMBaETCsl 0TOOparkeHne rpaccManoBa MHoroobpasust G(1,r + 1) 8 PY | HasbiBaeMoe n.atokkeposvum
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saootcenuem. [IITIOKKepOBBI KOODIMHATHI MPSMON HE SBJIAIOTCA HE3ABUCHUMBIMU, & CBI3aHBI MEXKILY
co0oii cepueil KBaJPATHIHBIX COOTHONIEHU, KOTOPBIE TI0JIyYalOTCA U3 OYEBUIHBIX PABEHCTB BHA

u

g

SRRSO

z

< 8 R
€ g g
S NS
SRS
S NS
g g g

(rme Bce MHIEKCHI U, U, W, Z PA3JIMYHbI), €CJIU JIeBble YacTH PACKpBITh 10 TeopeMe Jlamiaca. Ilosy-
YeHHbIe TAKIM 00pa30M COOTHOMeHns 1 onpeensior B PV mmoroobpasue () (mogpobHble cBeIeHns o
TAKUX MHOT000Opa3usX MOXKHO Haiitu, Hanpumep, B [XII-1]).

Ilycrs p u ¢ — aBe npsMble npoctpancTsa P74 nepecexaromuecst B Touke . OHE OHpEIEIAIOT
IUTOCKWI IIyY0K, KOTOPOMY COOTBETCTBYET IpPsSMOJIMHEHHas oOpasyromas MmHorooopasust ). Cesska
HPSIMBIX, TPOXOMAIIAX depe3 Touky « u3 P!, orobpaxaercss B IIOCKYIO T-MEPHYIO 0GPa3yIOILyio
Ha (), & IJIOCKOE T0JIe MPSMBIX IIEPEXO/UT B JIBYMEPHYIO IJIOCKYIO 0Opa3yIoILyo.

Paccemorpum B P7H! MHOKeCTBO IPSIMBIX, MEPECEKAIONIX HEKOTOPYIO (DUKCHPOBAHHYIO MIPSIMYIO P.
1o muOKecTBO (0603HAUMM ero K) mpencrasisier coboit mHOroobpasme pasmeproctu r + 1. Ono
COJIEPYKUT OJHOMAPAMETPAIECKOE CEMENCTBO CBS30K MPSIMBIX, BEPIIMHAMHU KOTOPBIX CJIy?KAaT TOY-
KU OpsiMoii p, u Hecer (r — l)-napamerpuyueckoe ceMefCTBO IUIOCKHUX HOJIEll, HOCUTEJSIMU KOTOPBIX
SIBJISIIOTCSL JIByMEPHBIE IIJIOCKOCTH, IPOXOJsInue dYepe3 p. BBuiy sroro muoxkectBy K oTBedaer Ha
MHOT00Opa3uu () KOHyC ¢ BEPIIUHONW B TOUKE P, HECYITUH OJHONAPAMETPUIECKOE CEMEHCTBO 7'~-MEPHBIX
u r — l-mapameTpudeckoe ceMeiCTBO JBYMEPHBIX IJIOCKUX 00pa3yoonux. DTOT KOHYC HA3BIBACTCS KO-
mycoM Cerpe u oboznataercs cuMBosoM Cp(2,r) (em. §3 rr. 1). Ou mpexcrasiser coboit mepecedenne
MHOroo6pasust {) co CBOUM KacaTeJIbHBIM IPocTpaHcTBoM T, (€2).

Paccmorpum B pocrpanctse PTH! rinaaxyio runepnosepxuocts X . Ona onpeesser paccioenue
HeKoTOpoit obiactu D rpacemanosa muorootpasus G (1,7 + 1) Ha CBI3KH IPAMBIX, BEPIIUHBI KOTOPBIX
sezkar Ha X. Ha MHOroobpasuu §2 KaxkKJIOMy CJIOI0 OTBEYaeT ILJIOCKasl r-MepHasi 00pa3yomiasi.

Tpu runepnosepxnoctu X, o = 1,2, 3, npocrpancrsa P™! zamator ma G(1,r + 1) rpaccmanosy
tpu-tkaab GW. CoorBercrBytomuit o6pa3 uHa () cOCTOMT U3 TpeX T-IAPAMETPUIECKUX CEMEUCTB
IUIOCKHUX T-MEPHBIX 00Pa3yIoIiX.

Koopaunarnast kBaszurpymmna tpu-tkaan GW nonydaercs ciempyiomum obpasom. Ilycts pg — nps-
Magl, TIepeceKaronast TUIEPIIOBEPXHOCTH X, B TOUKAX (. 108 BCIKAs IpAMasd P, mepecekaromast X |
n X9 B TOUKAX x| U X9, JOCTATOUHO OJIM3KUX COOTBETCTBEHHO K (] W @9, LEpeceveT U THIIEPIIO-
BepXHOCTb X3 B HEKOTOPOit Touke 3. [locrpoennoe Takum obpazom auddepeHImpyeMoe n JOKAIbHO
obparumoe otobpaxkenme ¢q: Xi X X9 — X3 mpescTaBisieT coOOi JIOKAJTbHYIO TU(DDEPEHITUPYEMYIO
KBAa3UI'PYIILy — KOOPJAWHATHYIO KBa3urpymmy Tpu-tkanu GW.

2. Haiinem muddepenruanpubie ypasaenns tpu-tkann GW. Ortrecem mpocrpamcrso PTH! x
nonsmkaOoMy penepy {A,} (u,v,w,z,... =0,1,...,7 + 1), ypaBHeHus: nHGUHATE3UMAIBHBIX [EPEMe-
MEHUH KOTOPOro UMEIOT BUJI,

dA, =0 A,, (3.37)
a dopwmsl Ildbadda OF yrnoBreTBOpAIOT ypaBHEHUSIM CTPYKTYPbI IPOCKTHBHOIO IIPOCTPAHCTBA!
do; =0, Aoy, (3.38)

(M., Hanpumep, [A-10]).

Cosmectum Touku Ay m A,y| TOABMIKHOIO peIepa ¢ TEKYIIUMH TOYKAMHU Z| U L9 THUIEPIIO-
Bepxuocreit X1 u Xy coorsercrsenno, a Touku A;(i,j,k,... = 1,2,...,r) nomectum B (r — 1)-mMeproe
repecevdenre TUMepIIOCKOCTel, KacaTeJbHbix K X] u X9 B moukax Ag u A,;i. Torma ypasuenus
rurneprosepxHocreil X u Xo 3alUIIyTCsl COOTBETCTBEHHO B BUJIE

eyt'=0, ©%,=0, (3.39)

a dopmbr OF, OF 41 OymyT 6asucabpivm opmanm rpacemanosa MHoroobpasus G(1,7 + 1).
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Haiinem ypaBHeHnmne runeproBepxXHOCTH X3, ONMMCHIBAEMOM TOUKOM x3. Tak Kak 3Ta TOUKA JIEIKUT
Ha npsMoit AgA,;| u He coBmagaeT HU ¢ OJHON U3 TO4YeK Ag, A,y1, TO pernep MOXKHO HOPMUPOBATD
yenosueM x3 = Ag + Apyy. duddepeniupyst ato coorHorenne ¢ nomompo (3.37), HaiigeM, 4To

0 _ .
drs = ©OyAy + @r+1Ar+1 + (0 +06,,)A;.
HckmoanB oTciofia TOUKY Ar+1, TIOJIy9YM PaBEHCTBO

drs = O/ x5 + (00 — OI1]) Ag + (O + OL, ) A;.

Tak Kax TOUKa T3 OLUCBIBAET T~MEPHYIO OBEPXHOCTD, a (hopmbl Of + O 4| /IMHEHO He3aBUCUMBbI,
TO popmMa @8 — @:I% JIOJIZKHA OBITH UX JIMHEHHOW KOMOMHAIIMEH:

0 — 07t = a;(0) + 0%, ). (3.40)

DTO U eCThb ypaBHEHNE I'MIIEPIIOBEPXHOCTH X3 B PACCMAaTPUBAEMOM peIlepe.
Cas3ku npsaMbIx, 06padyiomux Tpu-TKanb GW Ha rpaccmanoBom muoroobpaszuu G(1,r + 1), B 1o-
CTPOEHHOM perepe BBIIEJISIIOTCS YPABHEHUSIMUI

0j=0, ©,,=0, ©j+6, =0.

Tlosromy dopmbr @0 = w , ©F L1 —quJ OyayT OasucCHBIMU (DOpMaMU T'PaCcCMaHOBOM Tpu-TKaunu GW.
3. Haitnem CprKTyprIe ypaBrenust Tpu-TKanu GW. U3 ypasuenwuii (3.38) maxomum:
de} = @8 A O) + @g A @;, d@r+1 = G):"' A @1“ + @r+1 A @l (3.41)
Kak Bugno u3z ypasuenus (3.40), dopmbr @8 u @:ﬂ MOT'YT OBITH IIPEJCTABJIEHBI B BUJIE:
0)=0+4a,0) O/t =0-q06l,,, (3.42)
rie © — nekoropasi dopma Idadda. Brocst s1u Bhipaxkenus B (3.41), nosyanmM ypaBHeHUs]
dO) = O Aw! + ;0,03 ANOF, dOL,, =0, Awl—a;0,0),  AOF (3.43)
rae ) , ,
i _ 0t i
w; =0} —0;0. (3.44)

CpasuuBas ypasuenusi (3.43) co crpykrypubiMu ypasaenuamu (1.26), (1.32) npousBosibHOIl
TPHU-TKAHU, MBI BUAUM, 970 (HOpMBI w siBisorca dopmavu cBsasuoctu TKaau GW, a ee TeH3op

J
KPY4eHUs] UMeeT BH/L , ,
@l = a0y (3.45)

Kak 06bu10 mokazano B §2, cueruduyueckuil BHJ TEH30pa KPYYEHHUsI, OIIPEJEJIEHHOrO (hopMy-
Jioit (3.45), xapakrepusyer npu r > 2 U30KJIUHHBIE TPU-TKAHU. DTO COOTBETCTBYET TOMY (DAKTy, 9TO
rpaccManoBa TkaHb GW sBiisieTcs M30KIMHHOA.

4. Yrobbl HATH TEH30p KPUBU3HBI TpU-TKAHU GW | BBIYHUCIIM ACHMIITOTHIECKUE (POPMBI THITEPIIO-
BepxHocTelt X,,. duddepennupys aenHnM o6pasom ypasHenust (3.39) u npumensis semmy Kaprana,
BBIpA3UM (HOPMBI @f“ u 0! wepes Gasucubie bopmbl O}, o' 41 MHOTOOOpasus mpsmbix G(1,r + 1):

ot =bvl6f, ©Y=-u0! . (3.46)

IIpu 3TOM BEJIMYHUHEBI bz!j u bg VIIOBJIETBOPAIOT yCJIOBUSIM b1 = b;l, bgj = b?i. Tak Kax

d*Ag = () Ao+ (L) A+ 000 Ay, Ay = () A + (L)TA + 08,00 A,

1O popMBI 1 _ bi]@é(_)]’ b bQ @z+1@

SABJIAIOTCS aCUMIITOTUYeCKUMEU dpopMaMu runeprnopepxaocreit X| u X9 cOOTBETCTBEHHO.
Huddepenupys saemuuM obpazom ypasuenue (3.40), npuaeM K KBaAPATUIHOMY YDPABHEHUIO

(Va; + 07 — 0/ A (0 + 07, ,) =0,
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rae Va; = da; — ang . Orcroma ciemayer, ITO

Va; + 0% — 0/ = b, (6] + 01, ), (3.47)
IpUIeM BeJTUINHBI bf-j VAOBJETBOPSIOT YCJIOBUIO CHMMETPHUU bfj = bj’l C yuerom (3.46) mociennue
DPaBEHCTBA 3AIUITYTCH TAK: | o X 5

3

7} ABJIAIOTCS KOO UIMEHTAME ACHMITOTUIECKON POPMBI IHIIEPIOBEPX-

3aMeTnM, 9YTO BeJIMIUHBI b
Hoctu X3 (3a7a4a 3.1). _

Hpomuddepennupyem Tenepb GopMbl w), ONPEIEICHHBIE PABEHCTBOM (3.44), u BoCcmOJBL3yEMCs
ypasuenusimu (3.38), (3.42), (3.44), (3.47). B pesysibrare nupuieM K ypaBHEHHSIM

dwi = 0N O +OF N O + 07T AL, —61dO, dO = -b}05 AO,,.

Orciona B cuity (3.44) n (3.46) mosryamm:
dw' — Wk Awh = (b],,07 + bj; 07 + byydi)OF A OF .

CpasuuBas 3tu ypasaenus ¢ ypapuerusMu (1.30) OPOM3BOJIBHON TPU-TKAHM, HAXOIUM CJIEILYIOIIEE
BBIpakKeHue JJIsi TeH30pa KpuBu3HbI TKanu GW:

bire = b0} + b7, 01 + b} 64, (3.49)

Kak Bugmo, Tenzop Kpususabl umeer Bui (3.29), 94TO XapaKTepuU3yeT TPAHCBEPCAJbLHO-I'e0/e3H-
JecKue TPU-TKaHU. JTO COOTBETCTBYET TOMY (hbakTy, UTo rpaccMaHoBa TKaHb GW sBjsiercsi TpaHc-
BEPCAJIbHO-TE€0/IE3NYECKO.

5. Brirmie MbI TOKa3a/IM, 9TO TPAHCBEPCAJIHHBIM U U30K/JIMHHBIM TTOBEPXHOCTSIM I'PACCMAHOBOM TPU-
TKAHU OTBEYAIOT COOTBETCTBEHHO JIBYMEPHBIE ILJIOCKUE TIOJI TPIMbBIX U CBA3KU HPAMBIX. [lokaxkeM,
KaK HaliTH TPAHCBepCaJbHbIE M M30K/IMHHBIE [IOBEPXHOCTU I'PAcCMaHoBOil Tkanu GW B mocTpoeHHOM
penepe.

VYpasrenust (3.1), onpeensionue TpaHCBEPCAIbHbBIE JBYMEPHBIE TOBEPXHOCTH V2, mis rpaccma-
HoBOIt Tpu-TKanu GW npumyT Bu

6=E01 O, =6y,
npudem BekTop & yoBaeTsopsier ypasHerusM (3.3):
g + gwi = £'e.
ITosTomy B mpocTpancTe P!

dAg = O0Ag + O1(£'4;), dAr41 =0T 1A +05(E'4y),

d(E'A;) = O(E'A;) + €100 A0 + O] A1),

B cumity 9THX ypaBHEHHWIl [ByMepHas ILIOCKOCTh 7, olpejenenHas Toukamu Ag, A,.p1, £'A;, ocra-
€TCsl HEelOJIBUKHON MPH Mpeobpa3oBaHusaX perepa. Takum o6pasoM, TpaHCBEpCaIbHbBIE TOBEPXHOCTU
rpaccManoBoi Tpu-TKaHu GW npescTaBisiior coboil TI0CKMe MoJist TPsIMbIX. HanoMHUM, 9TO uepe3
upsamyio AgA,1 npoxomur (r — 1)-napamMerpudeckoe ceMeicTBO IIJI0CKOCTEl 7.

V3okimuHbIe IOBepXHOCTU V7 TpHU-TKAHU Olpeesiorcs ypasuerusyu (3.12) u (3.13). dyst rpac-

cManoBoit Tkann GW mveem w' = Of, w' = ©! |, nosromy ¢ yuerom (3.40) ypasnenus (3.12) u (3.13)
OPUMYT BUJ : 2 4 4

O, + A0y =0, (3.50)

dA+ (6] —Ort]) =0. (3.51)

B cuny stux ypaBHeHwmit

d(Ar1 +AA0) = 071 (A1 + M),
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1O ecTb TOUKA A, 41 + AAg Henoasukua. Crie0BaTE/IbHO, HA TPACCMAHOBOM MHOroobpasuu G(1,r + 1)
ypasaerns (3.50) u (3.51) ompenensior CBA3KY NMPSIMBIX ¢ BepmmHON B Touke A1 + AAg. Takum
00pa3oM, U30KJIUHHBIE TIOBEPXHOCTH I'PACCMaHOBON TKaun GW NpejcTaB/sioT co00# CBA3KU MPAMbBIX.

6. IIpeamosioskum, 910 rpaccManoBa Tpu-TKaab GW | MOpoXKIeHHAas THIEPIOBEPXHOCTIME X o TIPO-
ekTHBHOrO pocTpancTsa PT 1, aiserca mectuyrombroit. Torma ee TeH30p KPUBH3HBI YI0BICTBOPSIET
YCJIOBHUIO béjkf) = 0 (Teopema 3.4). Orcrona, ucrnonb3sys (3.42), mosyuaeM COOTHOIIECHUST

bie + by + by, = 0. (3.52)
B cuny paBencTs (3.52) acUMITOTUIeCKne POPMBI TUTIEPTIOBEpXHOCTEH X, CBI3AHBI YCIOBUEM

b'(& ) +b2(€m) +6°(€,m) = 0. (3.53)

Ecsi rpu-Tkans GW — IecTuyrosbHas, TO IECTUYTOMBHBIME OYIyT U ee ToaTKann W2, BeICeKae-
MbI€ TPAHCBEPCAJIBHBIMHE JIBYMEPHBIMU 1I0CKOCTAME 7. VI3 Teopembl ['pada-3ayspa (cM. npeauciosue)
B 9TOM CJIy4Yae BBITEKAEeT, 9TO JUHUH f,, 110 KOTOPHIM IIPOM3BOJIbHA JIByMEpHAasl ILJIOCKOCTh 7 IIepe-
CeKaeT TUIEPHOBEPXHOCTH X, TPUHAJJIEKAT OIHON KyOmtaeckoit kpuBoit. Takum obpaszom, KarxKiaast
JIBYMepHasl IJIOCKOCTD T, TPOXOJIsIas depe3 npsMyto AgA, 4| wim o6y U3 J0CTaTOIHO OJIM3KAX K
Hell IPSIMBIX, IIEPEeCcEeKaeT IUIePIOBepXHOCTH X, 10 KyOouke. OTCIOHa BBITEKAET, 9YTO U IUIEPIOBEePX-
HocTu X, NPUHAJJIEXKAT OJHON IUIEPIOBEPXHOCTH TPETHErO MOPSIKA.

W3 reopemsr ['pada—3ayspa ciiejryeT Takke u 0OpaTHOE yTBEPXKIEHHE: eCJIM TUIEPIOBEPXHOCTH X o
B P! npumajreskar ommoil rumepky6GuKe, TO ITOPOK IaeMas IME TPAcCMaHoBa Tpu-TKanb G Gymer
mecTuyrobHoil. Ilosromy BepHa

Teopema 3.10. Jlas mozo, wmobv. epaccmarosa mpu-mrars GW bviaa wecmuyeosvhoti, Heob-
T00uUMO U JoCTamMOouHo, “mobv, onpedeasrowue ee 2unepnoseprHocmu X, MPuHadiedHcart, 00Hol
2unepxryouke.

HamomauM, 94T0 TpH-TKaHb, OIMCAHHAS B 9TOI TeopeMe, Ha3bIBAeTCsl ajredpanyeckoil. Tpu-TkaHb,
SKBUBAJIEHTHAsI aJire0panveckoil TKaHW, HA3BIBAETCS azebpausyemots u obosnadaercs AW,

Aurebpandeckrne TPU-TKAHM, y KOTOPBIX ONpPEIessiolas NX T'MIIEPKYOMKa paclalaercs, OymyT
PacCMOTPEHBI B § 2 CJIeyIoleii IJIaBhl.

§ 3.4. IlouTn rpaccMaHOBa CTPYKTYpa, CBA3aHHAS C TPU-TKAHBIO.
ITpobsembl rpaccCMaHU3yEMOCTU U aJIredpan3yeMocTu

1. Kak ObL10 yKaszaHo B Hadaje TPEIbIIyIero mnaparpada, KacareJabHOe TPOCTPAHCTBO K I'pac-
CMaHOBY MHOroo6pasuio ! B Touke p nepecexkaer ero no komycy Cerpe Cp(2,r). Dror daxr maer
OCHOBAHME BBECTH CJIeayIoIee 0b600Ienme.

Paccmorpum mHOroobpasue X pasmepHocTH 2r, r > 2, U 33J]aJluM B KacaTeJbHOM IIPOCTPaHCTBE
T,(X) xaxmoit Touku p u3 X xomyc Cerpe Cp(2,7) ¢ Bepumuoil B Touke p. Bymem cuurars mpu
3ToM, 9To mosie KouycoB Cerpe siByisiercs quddepernupyembiM. uddepeHimaibHo-reoMeTpruiecKyo
CTPYKTYDPY, ompejiesisieMyto Ha X mojiem KouycoB Cerpe, HA30BEM NOYMU 2PACCMAH080T Cmpykmypot
u oboznauum AG(L,r + 1).

Tak kak xouyc Cerpe Cp,(2, 1) HeceT ofHOIApaAMETPUTIECKOE CEMEHCTBO T~-MEPHBIX IIJIOCKUX 06pasy-
omux u (r — 1)-napamerpudeckoe ceMefHCcTBO JBYMEPHBIX IIOCKUX 0OPa3yoIIuX, TO €ro HapaMeTpu-
JecKue ypaBHeHUs B KacaTeJIbHOM npocrpancrse 1, (X ) 3anuchiBaoTCst CIemLyonmM o6pasoM:

! =t;8°, 1i=1,2,...,r, o=1,2.
IIpu srom r-mepHble obpasyromue BblIeasitorcs Ha kKoHyce Cerpe ypasaerusimu s° = %8, a JByMep-
Hble — ypaBHeHUAMH t; = ¢;t (3meck ¢’ u ¢; — nocrosuusie). ITostomy komye Cp(2,r) ocraercs mH-
BapUaHTHBIM 11pu IIpeobpazosanusax rpyisl GL(r) x SL(2), koropas sBisieTcs HOArPYIIION HOJIHOM
muueiinoi rpyunsl GL(2r) npeobpasosanuit 2r-meproro npocrpancrsa 1y, (X). I'pynna GL(r) x SL(2)
SIBJISIETCsI CTPYKTYPHO( TPy TouTH rpaccManoBoii crpykrypsl AG(1,r + 1).

ITourm rpaccMaHOBa CTPYKTypa Ha3bIBAECTCA T-NoAyurmezpupyemoti, ecma Ha X CymecTByer
(r 4+ 1)-napamerpudeckoe ceMelCTBO r~-MEPHBIX MOAMHOroobpa3uii V7', Koropble B KaxK10ii CBoeil TouKe
KacaloTCsl r-MepHbIX oOpasyionmx Konyca Cerpe, IpudeM KaxKias Takas 00pa3ylollas KacaeTcs OJl-
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HOT'O ¥ TOJILKO OJTHOrO MOAMHOr006pa3us V. AHAJIOrMIHbBIM 00pa30M OIPEIETIACTCS 2-NOAYUHMELPU-
PYEMOCTH TIOYTH TPACCMAHOBON CTPYKTYPBI M COOTBETCTBYIOIIIE MOMHOT006pasmst V2.

Ecsin nourn rpaccmanoBa crpykrypa AG(L,r + 1) sBisercs OJHOBPEMEHHO - U 2-II0JIyHHTEr-
pupyeMoii, TO OHa Ha3bIBaeTCd unmezpupyemot. IIpu 3TOM OKa3bIBAETCS CIIPABE/JINBON CJIETYIONIAS
TeopeMa, JIOKA3aTeIbCTBO KOTOPOH MOXKHO HaliTh, Hanpumep, B [Mu-1].

Teopema 3.11. Hnmezpupyeman nowmu epaccmanosa cmpykmypa AG(L,r + 1) asanemes so-
KAABHO 2PACCMAHO0B0T, M. €. OKPECMHOCTD KaHcAOT MoKy P MHo2000pasus X, Hecyw,eeo maxyo
cmpyxmypy, donyckaem JdudPepenyupyemoe 0modpadicenue 8 2paccmanoso mmo2o0bpasue 2, npu
KOMOPOM N00MH02000pasusm V' coomeememsyiom r-mepruie niockue 0bpasyrowsue, ¢ noomnozooopa-
suam V2 — deymepnvie naockue o6pazyiousue 2paccmanosa mno2006pasus §).

2. Paccmorpum ternepsb mquddepeniiupyemoe MaEOroobpaszue X pazMepHocTH 21, 7 > 2, Ha KOTOPOM
sajana Tpu-Tkanb W. Torna, kak mokasaHo B §3 L. 1, B KaXK/I0M KacarelbHOM npocrpancTrse Ty, (X)
muoroobpasus X onpenesnsgercs komyc Cerpe Cp(2, r), HEBaApHAHTHO CBI3aHHbIH ¢ TKanbIo. Paccioenne
KOHYCOB 3aJiaeT Ha X II0YTH I'PAcCMaHOBY CTPyKTypy. MTak, BepHa

Teopema 3.12. Tpu-mxanv W = (X, \,), 3adannas na muozoobpasuu X pasmeprocmu 2r (r =
> 2), onpedeasem na Hem noumu 2paccmanosy cmpykmypy AG(1,r 4+ 1).

C apyroii cTOpOHBI, ¢ TPOU3BOJIbHOM TPU-TKaHbI0O W cBsi3aHa Takxke Gy -CTPYyKTypa, CTPYKTYP-
Hag rpynna GL(r) xoTopoil ocTaBiser HHBapHAHTHBIME HognpocTpamcTsa 1, (F,), KacaTeIbHbIE K
ciostM F, TKAHU, IPOXOJISAIIIM depe3 TOUKY p. d1a Gyy-CTpyKTypa 6y/1eT HoJACTPYKTY POt TTOYTH Tpac-
cmanoBoii crpykrypot AG(1, r 4+ 1), crpykrypHoii rpymmoit koropoii ssisiercst rpyrmna GL(r) x SL(2).

Kaxk cireryer n3 mpuBeIeHHBIX BBIIIE ONPEIEICHUN, usdokaunnocms mpu-mranu W pasnocusvha
r-noAyuRmMePUPYeMocmu  coomsememeyrowetd nowmu epacemanosot cmpykmypv, AG(L,r + 1), a
mpanceepcasvras eeodeaunocms mrany W okeusaienmma 2-noiyunmezpupyemocmu mot cmpyr-
mypot.

Umeer MecTo creryromast

Teopema 3.13. /i mozo, umobv, mpu-mxarv W bvwia epacemarusdyemoti, Heobxrodumo u docma-
MOUHO, YMobbL OHA ObIAG 00HOBDEMEHHO UBOKAUHHOT U MPAHCEEPCANHO-2e00€3UMECKOT.

[0 HeobxomuMocTh JIoKa3aHa B § 3, a JOCTATOYHOCTb BbITeKaeT u3 TeopeMbl 3.11, nmpuBeieHHoi B 11. 1.

O/ tHAKO JTOCTATOYHOCTH MOYKHO JIOKA3aTh U HEMOCPEICTBEHHO. JJIst 9TOr0 mocTponM oTobparkeHue
M30KJIMHHO TpaHCBepCAIbHO-Teoje3ndeckoii Tpu-tkann W = (X, \,) B rpaccMaHOBO MHOrooGpasue
G(1,7 + 1) npambx npoekTusHoro mpocrpancrsa PTT!. Ilycrs, xkak u B §3, npocrpancrso P!
OTHECeHO K mpoektusHomy perepy A,, u,v = 0,1, ..., + 1. Torga umeior mecro ypasuenus (3.37),
u BXogsinye B HUX HopMbl OY yIOBJIETBOPSIOT CTPYKTYPHBIM ypasHeHusiM (3.38). IlycTh Texyrmast
upamas B P! onpenenserca Toukamu Ag u A, . Paccmarpusaemoe oToOparkenne 3a1a/ UM ypas-
HEHUSIMU

Gh=u', Ol =u (3.54)

rae hopMbI ciﬂ u Léﬂ — GasucHble opMBI MHOr0OOpasus X, Hecylnero TKaab W. Dtu (opmbl, Kak

[IOKa3aHO B §2, yuoBieTBOpsioT ypasHeHusM (3.15) u BceM ux nudpepeHIaibHbIM CIJIeICTBHIIM,
[IPUBEIEHHBIM TaM Ke.

Huddepeniupyss BremauMm 06pazom  ypaBrenust (3.54) M HOIb3YsCh ypPaBHEHUSAMH CTDPYK-
Typsr (3.15) u (3.38), moayunm:

O) A (0} — 510) — w' + 61arOF) + O5 T AL, =0,

O, A (O —dtert] —wh —5larOF, )+ 02, A6 =0.

(3.55)

Orciona BeiTekaet, B yactrocTr, aro dopysr O u ©F 41 BBIDazKafoTcs gepes Gasucubie opmbr O
u O], crenyomum oGpasom:
r+l _ Yy .o 0 Al
Oy = A0 O =107, (3.56)

[Tonb3ysich srumu ypaBHeHusiMu, u3 (3.37) HAXOIUM:

dAy = ©JAg + O (Aj + NjAri1), dArp1 = O Ary + O) (Aj + pyA).
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Ilosryuennble paBeHCTBa MOKA3LIBAIOT, 4TO ToUKH Ag m A, | omucwisaior B P™t! runeprosepxnocri,
KacaTeJIbHble THIEPINIOCKOCTH K KOTOPBIM OIIPENEJISIOTCS COOTBETCTBEHHO Toukamu Ag, A; + A\jA, 11
u AT+1,AJ' + MjAo.

ITomecTuM Toukm A; pernepa B IepeceveHne YKa3aHHBIX KaCaTeNbHBIX Tumnepriockocreii. Torma
Ai = p; = 0 u ypaBaenus (3.56) npuHUMAOT BHI:

eytt=0, 0%, =0. (3.57)
C yuerom aroro u3 (3.55) ¢ momomnipio semmbl Kaprana (cum. [B-1]) nomygaem:
i i i (0 E\ _ i ok i i i(qrtl E \_ i ok
("')] —wj _6](@0 —akeo) _pjk@()’ @J —(.UJ —5]»(@T+1 +ak@,’.+1) = jk@’!‘-‘rl’ (358)
IpUdIeM BXOJSIINE CIO/Ia BEJIUINHBI pg»k u O’;- , CUMMETDPHYHBEI 10 HMKHUM HHJAEKCaM. Bbramras ns
[epBBIX cOOTHOIIEHNIT (3.58) BTOpBIE, HAXO/MM:

55711 — ©f + an(6F + OF,1)) = jxOF — 31O,

Orciona cieayer, aro dopma Ildadda, crogmas ciesa, OymeT TIaBHO, T.e. BBIPAYXKAETCI Yepe3
6asucubie GOPMBI @’g u 6’; 41+ SaImIIeM ee CJie/TylomuM 06pa3oM:

ortl — 6§ + an(Of + 0%, ) = piOf — 0,0k ,.

IToxcraBiisist 9TO BBIpaXkeHue B IPEAbIAYINEe PABEHCTBO U IPUPABHUBAS HYJIO KOI(DMOUIUEHTHI IPU
HE3aBUCUMBIX (POPMAX, HOJYIUM COOTHOIIEHUS:

pjk:5jpk, ajkzéjak.

AsprepHupys 1o MHIEKCAM j, kK U yIUTHIBAs CHMMETPHIO BETMIUH jp M 0y, OTCIONA BBIBOJMM, “TO
— — (— (—
pu r > 2 BBIIOJHAIOTCS PaBeHCTBa pg = o) = 0, Do = Ojp = 0. IToaTomy mostyvyaem ypaBHEHUST

00 — ©;11 = ar(6f +O7.1). (3.59)
Hasee, noab3ysich ypasaenusamu (3.59) u (3.30), naxomum:
d(Ag+ A1) = OIT (Ao + A1) + (OF + O%, ) (Ak + arAg).

Takum 06pazom, Touka Ag + A1 ] TAKXKE ONMUCHLIBAET THIEPIOBEPXHOCTD, KACATEJHbHAS IIIOCKOCTh K
KOTOPOIi B Tekyteit Touke Ay + A1 onpenensiercss rouramu Ag + Ay, Ag + arAp.
W3 ypasnenwuit (3.59) u (3.54) ciaemyer, 9T0 MOKHO MOJIOKHUTH

0y =06+ akci)k, Ot =0- ak%}k, (3.60)

rae © — mekoropas dopma [dadda. Torma coorromenust (3.58) cBexyTCs K CIIELYIONTIM:
O = w; +4;0. (3.61)

Bumecre ¢ ypasaerusimu (3.57), (3.60) u (3.61) q0sKHBI BBINOJHATHCS 1 UX b depeHImabHble Ceji-
crBust. Tuddepernupyst ypasaenust (3.57) u mosb3ysick seMmoii Kaprana, HaiigeM, 9To BBIIOJHSIOTCS
yDaBHEHHUSI

ortl = ! uljj’ 0% = —b%.u, (3.62)

ij i
71 72
rze b;; u bj; — CHMMeTpUYIHBIE TEH30PEL
Huddepenupys nasnee ypasaenus (3.60) u nosnbdysacs (3.38) u (3.18), upugem K ypaBHEHUIM

de = (qij — bgj)(.cljz /\Oé}j, de = (pij _ bij)cijl /\(gj.

V3 HUX BBITEKAIOT cjreayromue paBeHCTBa:

~ f ~
By

71
Dij — bij = ij i
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e bfj — HEKOTOPBII HOBBI CHMMeTPHUIHBINH TeH30p. 1losromy dbopma dO 3amumiercss Temeph Tak:
dO = —b}w' Aw. (3.63)
1 2

ITpomuddbepennupyem reneps ypasuenuns (3.61). [oub3yscs coornomenusmu (3.38), (3.19), (3.62),
(3.63) u TeM, YTO TEH30D KPUBHU3HLI M30KJIMHHON TPAHCBEPCAJIBHO-I€0Ie3MYECKOll TPU-TKAHU HUMeeT
B (3.29), IpUIEM K COOTHOIIEHUSIM:

(b — bhe)8E + (03 — 03,)05, + (bl — b3y)8% = 0.

pu 7 > 2 orcioma crexyer, aro bf; = b, B pesysbrare yero pasencrsa (3.62) n (3.63) mpumyT BuI:

r+1 j j 3 j
et Zb%jai)j, @9:—1)3].@5], de = —b?julj Nl (3.64)

Pacemorpum cucremy ypaprenuii (3.54), (3.57), (3.60), (3.61) u (3.64). C momompio ypasHeHHit
crpykTypsl (3.15) u (3.38), a Takke coorHomennit (3.35) u (3.36) ycraHaBIMBAETCSI, YTO ITA CUCTEMA
3aMKHYTa OTHOCHATEJIFHO oneparuu BHemHero nuddepentmpoanusi. Ciie10BaTEIbHO, OHA BIIOJIHE WH-
Terpupyema, U omIpeesiseMble €10 GopMbl O YIOBIETBOPAIOT YPABHEHUSAM CTPYKTYPBI TPOEKTUBHOTO
npocrpanctea P!, By sToro mepetdncienube ypaBHEHHs OIPEIENSIOT 0TOOpasKeHne MHOT000pa-
3ust X pasMepHOCTH 27, HEeCYIero M30KJIUHHYIO TPAHCBEPCATHHO-TE€0/IE3NIECKYI0 TpU-TKaHb W, Ha
rpaccmanoBo MEOTO06pasne G(1,r + 1) mpsvbrx mpoexTusHOro poctpanctea P, Toukn Ag, A,
u Ay + A, 1 npocrpancrsa P™! onuceiaroT, Kak 6BII0 OTMEHYEHO BBIIIIE, PHTIEPIOBEPXHOCTH, KOTOPHIE
obosnauensl X, Xo u X3 coorBercrBenno. CucreMbl ypaBHEHU 6)6 =0, @iﬂ =0, @3 + ®i+1 =0
6yayT BHOJMHE HETErpEpyeMbiME B PTH1. Onu ompemessiT CBS3KM IPAMBIX C BEpPIIMHAMHI Ha, THIED-
nosepxuoctax X, Xo u X3 coorsercrBenno. B cuiy ypasuenuit (3.47) aru cBasku OymyT obpasamu
CJIOEB M30KJIMHHOW TPAHCBEPCATHLHO-TE0IE3MIECKO TKaH!, 9TO U Joka3biBaeT Teopemy. l

Tak Kak mecruyrosbHas Tpu-TKanb W = (X, \,) sABJsI€TCsSI TPAHCBEPCAJILHO-TEO/IE3UIECKOM, TO
u3 nocjenHeit TeopeMbl U TeopeMbl 3.10 BeITeKaeT

Teopema 3.14. Jlaa mozo, umobv, mpu-mranv W 6vwia anzebpausdyemoti, Heobxodumo u docma-
MOwHO, 4MobbL 0Ha ObLAG USOKAUNHOT U WECTNUY20ALHOU.

Teopemsr 3.13 u 3.14 maror permenne mpodeM I'DACCMAHM3YEMOCTH U AJredOPam3yeMOCTH TPHU-
TKaHEH.

§ 3.5. N3okiuHHO-Teo/Ie3ndecKne Tpu-Tkanu. Tpu-TKanu HaJ ajirebpamMu

1. BepreMmcst K U30KINHHBIM TPU-TKAHIM U TIOKAXKEM, UTO UX T~-MEPHbIE N30K/INHHBIE TTOBEPXHOCTH
B 00IIEeM CJIydae He sIBJSIOTCS BIIOJIHE T'e0Ie3MIECKUMI OTHOCUTEIbHO cBsa3HocTu Yepna I'. B camom
neste, quddepeHnaibHble YPABHEHUs TeOIe3NIeCKUX JIMHUI B 9TOM CBA3HOCTH, HaiiieHHbIe B § 6 1. 1,
UMEIOT BUI;

¢} + Elwi = 0¢],  d¢h + Gw' = Ogl, (3.65)

rae (&}, &%) — KacaTebHBII BEKTOP K Ie0e3UHIecKOil.
N30kMHHBIE TIOBEPXHOCTH TKAHHU ONPEJIEIISIOTCs ypasuenusamu (3.12) u (3.13):
uQﬁ' + Aciﬂ' =0, (3.66)
dX i
m = Cliul.)l. (367)

PaccmorpuMm Ha m3okjumHHON mosepxHoctun V' ymHmMi0 £. B cuny (3.66) xacaresnbHBIH BeKTOp K £
umeer KoopiuHAThl (€', —AE"). Tlpennonoxum, ato Juuust £ siBasieTcs reojiesndeckoii. Ilojcrapisist
KOODJIMHATHI €€ KacaTeJbHOrO BeKTopa B ypasHenus (3.65), moaydum

dg' + Fwh =0¢",  d(A') + N w) = BN

Orcroma cirexyer, uro d\ = 0, T.e. BeuuuHa A JOJIKHA OBITH IOCTOSHHON Ha M30KJIMHHON IIOBEPX-
voctu V7. Takum 06pasoM, u30kAUHKHbIE NOSEPTHOCTIU MPU-MKAHU OYIYm 6NosHE 2€00€3UMECKUMU 6
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cesznocmu I' mozda u moavko moeda, Koeda onu onpedeasromes ypasherusmu (3.66) npu nocmosn-
Hnom A. Tpu-Tranu, o6JaIa0nme STUM CBOHCTBOM, HA30BEM U30KAUHHO-2€00€3UMECKUMU.

3aMeTuM, 9TO ImapaMeTp A UMeeT IMPOCTON TeéOMETPUYECKUN CMBICI: OH PABeH JIBOHOMY OTHOIIIE-
HUIO YEThIPEX r-TIJIOCKOCTEH, TPU U3 KOTOPBIX KACAIOTCsS CJIOEB TKaHu W, MIPOXOAAIIIX Yepe3 TOYKY P,
a derBepras KacaeTcs U30KJIMHHON nosepxnoctu V7, onpenesnsgemoii ypasuenusmu (3.66) u rakxke
npoxoauT 4epe3 p. Ha M30KIMHHO-re0JIe3nIecKoll TKAHU 9TO JBOWHOE OTHOIIEHUE OYJIEeT TOCTOSHHO
BJIOJTb M30KJIMHHON TIoBepxHOCTH V7.

N3 coorHomenntt (3.67) BhITEKAET NPU3HAK M3O0KJIMHHON T€ONE3NIHOCTH TpU-TKAHu W.

Teopema 3.15. Tpu-mrxanv W bydem usokaunmno-zeodesuseckoti mozda u moavko moezda, ko2da
€e MeH30P KPYUEHUA PABEH HYAIO.
O Eciu TKaHb ABJISETCS U30KJIMHHO-TEOIE3UIECKON, TO HA BCEX €6 M30KJIMHHBIX MTOBEPXHOCTSX BbI-
nosusiercd ypasaenue d\ = 0. Orciona B cuity (3.67) moaygaem a; = 0, a u3 (3.14) ciexyer aj-k =0.

O6parHo, ecim TeH30p KpydeHusi TKaHu W paseH Hyuo, To Beiescrsue (1.26) ypaprenus (3.66)
OyIyT BIIOJIHE WHTErpuUpyeMbl mpu Jobom mocrtosgaaoM . CremoBarenbHo, TKaHb W HM30KIMHHO-
reonesudeckad. W

Ormerum emie, uro u3 ypasuenuii (1.25) upu ajk = 0 BBITEKAIOT COOTHOIIEHUS

Oty = 05 bjge = O- (3.68)

A 310 O3HAYAET, UTO MEHZOP KPUBUSHY USOKAUNHO-200e3UHECKOT MPU-TNKAHU CUMMEMPULEH TLO BCEM
mMpem HUACHUM UHIEKCAM.

2. PaceMOTpuM BOIIPOC O CYIIIECTBOBAHUI N30KJINHHO-T€OIE3NIECKUX TPU-TKaHeil. VIX cTpyKTypHbIe
ypaBHeHHUsI ToJIyvatorcst u3 ypasaerunit (1.26) u (1.32) npu ycsiosun a}k =0

dw' = W AW, dow' =Wl AW, (3.69)
1 1 J 2 2 J

dwj — Wi Awj, = bl AW’ 3.70
Wj — Wi AW = O AW (3.70)

pU9YeM TEH30D b;'. k¢ CHMMETDHYEH II0 HUXKHUM HHJIEKCAM.
Huddepenmnupyss BHeNTHIM 00pa30M IOCTEIHNE yPABHEHUSA, MOJYINM KyOWIECKHe YpPABHEHUS:

Vbl A uljk A o;é =0. (3.71)

Cucrema ypasuenuit (3.69)—(3.71), onpezensiomas U30KJIMHHO-I€OJE3UIECKIE TPU-TKAHM, 3aMKHY-
Ta OTHOCUTEJBHO omnepanuu BHemrHero auddepenrmposanns. Vccaeayem 3Ty CHCTEMY, MOJIb3YsCh
npusnakom Kaprana [B-1], [Dx-1].

VYpasuenust (3.69) u (3.70) cayxar musa onpejeneHust BHemHHX udddepeHnuaIbHbX HopM
duiji, dcgi, dw} W He BIMSIOT HA COBMECTHOCTH CHCTeMbI. 1[09TOMY DAacCMaTpPHBATEH CIIEJLYeT TOJNBKO

noxcucremy (3.71). B meit r? ypapnenmuii na ¢ = é r2(r + 1)(r + 2) xapakrepucrudeckux bopm Vb; e
Tax Kax 3Ta IIOJCHCTeMa He HAKJAJILIBACT YCJOBUIl HA OJHOMEPHBLIC W JIByMEPHBLIC HHTErpPaIbHbBIE
3JIEMEHTBI, TO €e XapaKTePHl Sg M §| PaBHBLI HyJO, sg = §| = 0. PaHTr NOJIApHON CHCTEeMBI ypaBHEHHIA,
nosryuaiomeiics n3 cucrembl (3.71), W cayKamei [UIst ONMPEJEIEHNsT TPEXMEPHOTO HHTETPATHHOTO
S/IeMeHTa, PAaBeH 12, TO eCTh Sy = 7.

C apyroit croponbl, u3 cucrembl (3.71) cuemyer, uTo HOpMBI Vb; k¢ SBIISIIOTCSI JIMHEHHBIMU

KOMOUHAITIAME 6a3uCHEIX opM w' I w:
1 2
Ve = ¢ jkemw™ + ¢ jomw™,
1 1 2 2
HPHIeM TEH30PDI ¢ U ¢ CHMMETPH'IHEI [0 BCEM HIDKHHM HHICKCAM. IMoaromy ux gmcyio
2
1 o
N = " (r+1)(r+2)(r+3).

JlokazareabCTBO CYIMIECTBOBAHUS TPOOJIKIM JIJIsi PA3MEPHOCTH " = 2, TaK Kak B O0IIEM CJIydae
OHO OKAa3bIBAETCH CJIUIIKOM CJI0KHBIM. [Ipu r = 2 cucrema (3.71) comep:KuT BCEro 4eThipe ypaBHEHUsI
u ¢ = 8 xapakrepucrudeckux ¢popM. [losTomy ee xapakrepsl paBHbL: So = s] = 0,80 = s3=4,84 =q —
— 80 — 81 — 89 — s3 = 0. Haiinem unciio Kaprana Q: Q = s; + 259 + 3s3 + 4s4 = 20. Hajinennoe Briie
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qucyio N mapamMeTpoB, OT KOTOPBIX 3aBUCUT HarboJIee OO HHTErPaIbHBIH 9JIEMEHT, TIPU " = 2 TaK¥XKe
pasno 20. Tak kak N = @, To mo npusHaky Kaprana cucrema (3.71) HAXOMUTCS B WHBOJIONAM, T. €.
nMeer pererue. [Ipu 3TOM MPOM3BOJI CYNMIECTBOBaHUS MHTEIPATBHOIO MHOTOOOpPa3uUs ONpPee/isaeTcst
HEHYJIEBBIM CTAPIIAM XapPAKTEPOM S3, U PABEH, CJIEI0BATEILHO, YeThIpeM (DYHKIINAM TPEX apI'yMEHTOB.
3- BOJTI)IIIOQ YqUCJI0 I/IHTepeCHbIX IIpI/IMepOB N30KJIMHHO-I'€0/Ie3NICCKUX TKaHell BO3HUKaeT IIpI/I
U3yYEHUH MKGHET Ha0 KOMMYMAMUSHOMY U GCCOUUATIUSHOMY AA2€0PAMU.
[Tycts A — KOMMyTaTHBHAS U ACCOIUATHBHAS ajirebpa pasMepHOCTH T HaJl 1ToJieM R BerecTBeHHbIX
ances. Obo3HaunM ee GasMCHBIE BEKTOPHI €;,1 = 1,2, ..., r. YMHOXKeHHe B ajnredpe A 3amaamMm Kax
OOBIYHO, yKa3aB [IPOM3BEICHUS ee DA3UCHBIX BEKTOPOB:

eiej = e (3.72)

Bermecrsennbie unciia vfj Ha3BIBAIOTCsI CTPYKTYPHBIMU OCTOSTHHBIMEU aJirebpbl A. [lpu usmenenun
Gasuca B A oHE IpeobpasyloTcs IO TEH30PHOMY 3aKOHY.
VcioBusi KOMMYTATHBHOCTH U ACCOIUATUBHOCTH aJreOphl A paBHOCUIBLHBI COOTBETCTBEHHO COOT-

HOIIECHUAM: & b

VEVek = YVem Yk (3.74)

Bynewm cuurars eme, 9To ajrebpa A siBJisieTcst yHUTAJIBHOM, T. €. UMeeT eauHuily o. I3 ycjioBus o - e; =
= ¢; ¢ nomMoupIo (3.72) nojy4aeM ypaBHEHUS, KOTOPBIM YIAOBJIETBOPAIOT KOOPIAUHATHI 0 €JIUHUIBI O

ik _ ik _ si
Vo = Yo" =05 (3.75)
Henysnesbie aiemenTsl ¢ u b ajarebpbl A HasbIBarOTCs jeaurensymu Hyss, ecaun a - b = 0. Tlocnennee
PABEHCTBO BJIEYET COOTHOIIEHUS o
Lalbh =0
’YJk ’
CBA3BIBAIONINE KOOP/MHATDI 371eMeHTOB a u b. Ecin snemenT a sBjsiercs jesureseM HyJs, TO 3Ta
cHCcTeMa MMeeT HeTPUBHAILHOE perrenue b¥ u panr MaTpHIb! |fy +@’| Menbmme . Econ snement a = a'e;
HE SIBJISIETCS JEJINTEJIEM HyJIs, TO YKa3aHHAsl MaTPUIA OyIeT HEeBBIPOXK JIEHHOM.

Orobpaxenne f: A — A, nyst koroporo npupamenne Af = f(z + Ax) — f(x) Moxer GbITh TIpeJI-
CTaBJICHO B BUIE

Af =g-Ax+ o(Azx),

HasblBaeTcs uddepeniupyeMoil pyHukimeit Han anarebpoit A. Omneparop Ax — ¢ - Azr Ha3bIBaeTCs
muddepenimaiom pyHkimu f 1 0003HaAYaETCS OOBITHBIM 00PA30OM:

df =g -dx. (3.76)

Oyukius g Ha3blBaeTCs pousBoauol dyukiuu f 1o aprymenty x u3 A. Ilpu sToM ucmosb3yores

obbrunbie obosnavenus: g = f'(x) = e
x
ITokaxkem, uTo yciosue quddepennupyeMoctu GYHKIUA f PABHOCUILHO BBHIIIOJHEHHIO CJIE LY FOIINX

yPaBHEHUIl Ha ee KOOpAUHATHI f':

oft _ i aff 4
a7 Wékw ot (3.77)
st mokaszaTenbcTBa paccMOTpuM cooTHorerne (3.76). Iepeiiyist K KOOpAUHATAM, [TOJTY IHUM:
of' ik
) dz? = ;9" dx?,
i .
of" ik
CBepHYB 3TO COOTHOIIEHHE ¢ KOOPJMHATAME €JIMHUIBI o' u yuuTbBag (3.75), HafijeM BeJuuuHbl g':
i af
17

Toxcrasus ux B (3.78), npujeMm K cooTHOmeHusIM (3.77).
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Hocrarounocrs ycesosuit (3.77) mius nuddepentupyemoctu GyHKIUNA f JOKA3BIBAETCS CTOJb YKE
HECJIOXKHO.

Vpasuenus (3.77) obobmiator ussecthble ycsobus Komu—Pumana s GyHKIMNA KOMIUIEKCHOM
IepEeMEeHHOI.

Amnastornano BBoMTCS TIOHATHE (DYHKIUH JBYX U HECKOJIBKHUX IIEPEMEHHBIX HaJl aaredopoit A.

4. Hapuume dyuxiuit, muddepeHnupyemMbix Hal ajgrebpoii A, Mo3BoJIsSeT ONpeIe/UTh IBYMEPHOE
nuddepentmpyemoe Muoroo6pasme AX? man sroit amre6poii. JIOKATLHBIME KOODANHATAME TOYKI
MHOroo6pasus AX? ciy:Kar napsl (, 1) S7I€MEHTOB 13 aarebps A.

CTosib 7K€ eCTeCTBEHHO OIpejessiercss Ha MHOrooopasmn AX? Tpu-TKaHb, KOTOPYIO 00O03Ha-
anm AW?. Ee clioeHnst 3a1210TCs ypPaBHEHHSIMI

x=a, y=b, f(z,y)=c¢, a,bcé€A,

rae f — madbdepentupyemast byHKIII, OMpeIeIeHHas B HEKOTOPoii obmactu D MuOroobpasms AX?
€O 3HaYEHUsIMU B ajrebpe A.
Huddepeniman dbyukuun f(z,y) 3anucpBaeTcs B OObIYHOM BHIE:

af af
dz = =~d = dy.
z ox vt oy y
Tax kak ypaBHeHue TKaHu z = f(z,y) OJHO3HAYHO PA3PEIIMMO OTHOCHTEJIBHO T U Y, TO IIPOU3BO/HBIE
g—f u g—f He 0OpAIAIOTCS B HYJIb U HE sIBJISIIOTCS JeJIUTessiMu HyJist B ajredbpe A. [Tosromy marpuiibt
T Yy
art  oft
—— 1 —— OyJyT HEBBIPOXKJIEHHBIMHU.
ox’ oy
Pacemorpum muddepentmanbabie Gopmb
of of
= —_— = —_— = — .7
w=p5e dz, W p(’)y dy, W pdz, (3.79)

rie p — dyukiums Ha Mporoobpasun AX? co 3madenusmu B anrebpe A, He 06PAMAIONIASCS B HY/Ib I
HE SBJIAIONIASICS JIeJIUuTe/IeM HyJist B obyactu D. 3uadenus GhopM w TakyKe MpUHAJJIEXKaT aaredpe A.
(o7

Otu GOPMBI CBA3AHBI yPABHEHUEM

wH+w+w=0,
1 2 3

i moGble IBe U3 HUX 00pasyior 6asmuc Ha AX2.

M iucpbdeperimaababx OPM HAT KOMMYTATUBHBIME M aCCOIMATHBHBIMU AJTeOpPaMU BBOISITCS
OIlepAIlNU BHEIIHEr0 yMHOXKEHHUsI U BHenIHero audepeHiimpoBanns 10 J00HO TOMY, KaK 3TO JieJia-
erca Juts auddepeHImaIbubix (popM HAJ MMOJEM BeleCcTBeHHBbIX [ncest. JIas dopm mam aaredbpamu
COXPAHSIIOTCS BCE CBONCTBA BHEIIHUX OIEPAINN U BBIIOJIHIIOTCA COOTBETCTBYIONMMNE TeopeMbl. [loaTo-
My CTPYKTypHbIC ypasHenusi Tpu-TKanu AW? HMEIOT TOT ¥Ke BUJI, YTO U CTPYKTYDHBIE yDABHEHHSI
JIBYyMEDHOH TPU-TKAHU HA BENIECTBEHHOMN IJIOCKOCTH:

dv=wAw, dw=bwAw. (3.80)
« « 1 2

3uech w — muddepentmanbias hopma Hag anredpoit A, a b — muddepennupyemast HYHKIUS HA

MHOroobpasun AX?, HazpiBaeMas KpuBH3HOH TKamnm A2,

JIsymeproe MHOrooGpasme AX? mas anreGpoit A JOMyCKaeT Peau3alliio B BIJE BEIECTBEHHOTO
2r-mMepHOro MHOrooOpasusi X, B KOTOPOM JIOIYCTHMbIE IPeoOPa30BaHUsT KOOPIMHAT OIPEJIeIIsSTIOT-
¢ DYHKIMAMHE, YIOBJIETBOPSONUME 0600meHHbIM ypasaenusam Komu-Pumana (3.77). Tlpu sTom
rpu-TKanb AW? peasmsyercst Kak Tpu-TKanb W = (X, Aa), T-MepHBIE CJIOEHHS] KOTODOU SIBJISIOTCSI
BEIECTBEHHBIMI PEAIN3AIISIMI OJHOMEPHBIX caoennii Tranm AW?.

Teopema 3.16. Tpu-mxans W = (X, \,), Asssowasca sewecmeennoll peasusayuet deymep-
noti mpu-mranu, AW? nad accoyuamuenotl, KoMmMymamuenot, u ynumanvhotl areebpoti A, Gydem
UBOKAUHHO-2€00€3UNECKOT MKEAGHDBIO.
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[0 HaiimeM CTpyKTypHBIE YypaBHEHUsI PACCMATPUBAEMON TPU-TKAHM Ha BEIIECTBEHHOM MHOrooOpa-
sun X. Paznoxum Bce Besmuunbl, Bxojgdiue B ypasaenus (3.80), 1o 6asucy ajureGpst A:

w=uw'e;,, w=uw'e, b="le,.
«@ (0%
Toncrasiss B ypasaerns (3.80), momyanm:
wie; = w! Aw'(ej - ex) = w! Awyjpes,  dw'e; = blejw (g €k " e) = b Yjm Ve céjel.

IIpu 5TOM MBI CUHTAEM, ITO GA3UCHBIE BEKTOPHI €; anre6ps! A mocTosHEEI Ha MEOr00Opasmn AX 2, . e.
de; = 0. I3 nocsieTHUX ypaBHEHU CJIEJIYET, ITO

d‘fj = c&ﬂ A 'y;-kwk, dw® = bj'y;m'ygéci}k A cge.

YT0o06b! 5T ypaBHEHUSI TPUHSJIN BUJ CTPYKTYPHBIX YPABHEHU! TPU-TKAHU, BBeIeM (DOPMBI

i ik
Wi =YW

TOI‘ﬂa IIOJIY9IUM CUCTEMY

dw' = w AW, dwl = vjp’yfl’s'ygzbsfk A uQ/. (3.81)

[e% [e3
B cuy acconmarusaocTH areGpsr A (em. (3.74)) umeem:

m

W A, = Y50 AYe™ = 5 (Ve — Yo’ Aw™ = 0.
IMostomy ypasrenust (3.81) cosmamator no dbopme ¢ ypasaenusimu (1.26), (1.32), T.e. npencrapisaior
coboil CTpyKTypHBIE ypaBHeHHs paccmarpuBaemoii tpu-tkamum W = (X, \,) Ha MHOroobpasmm X.
W3 Hux BujiHO, 9TO TEH30D KpydeHusi TKanu W paBeH HYJIIO, aé i = 0. Cornacno Teopeme 3.15 pac-
cMaTpUBAeMasl TPU-TKAHb SIBJISIETCsI M30KJIMHHO-TEO0Ie3MIeCKOil. ie TeH30p KPUBU3HBI OIIPEJIETISeTCsI
dopmyiioit i ]

b;‘kf = W}p%pﬂgebsv

u B cuity (3.73), (3.74) Gymer cummerpudeH 1o HKHUM nHjercaM. Hll

3ATAYN

3.1. Jlokaxkure, 9TO BEJTUIMHBI bfj (cM.(3.47)) obpa3yrorT aCHMITOTHYECKU TeH30D TUIePIIOBEPX-
HocTH X3.

3.2. YUro mpeacraBisoT coOOM reoe3nyecKue JUHIU CBI3HOCTH UepHa IpacCMaHOBOI TPU-TKAHN!

3.3. Haiijiure TpancBepcajbHble U HW30KJIWHHBIE ITOBEPXHOCTH CJIEJYIONUX HETHIPEXMEPHBIX
TpU-TKaHEH:

1)z = ety Ta2y? 2=y

:I1+y1, z2:—xlyl+x2y2, ',132?507 yQ#O,

2) 2!
3) 2 =2 +y16x21 22 =24y
4) 2 = (@' + (@ — P, 2=22+42

IIpoBepbTe, SBJIAIOTCS JIU 3TH TKAHU U3OKJIMHHBIME WA TPAHCBEPCAIBHO-T€0/I€3UIECKIIMHU.

3.4. lokaxure, 4ro rpymna Jlu co crpyKTypHbIM Ten3opoM Buja (3.14) sBisiercss napamerpude-
CKOI I'pyImoil rpymmsl npeobpasosanuii ' = ax + b, 2, z,b € R",a € R.

3.5. IlycTh KOBEKTOD @) HEKOTOPOH M3OKJIUHHON TPU-TKAHU sIBJIsIeTCs HeHyJeBbIM. [lokaxkuTe, 1To
ceMefiCTBO aJIAlTHPOBAHHBIX PEIEPOB ITON TKAHU MOXKHO Cy3UTbh, HaJOXKUB yciosue ap = (1,0...0).
Haiture BU CTPYKTYPHBIX YPABHEHUI M30KJIMHHON TPU-TKAHU B MOJIYIECHHOM perepe.

3.6. [lokaxkuTe, 9YTO TEH30P KPUBUIHBI N30KJINHHON TPU-TKAHU YJIOBJIETBOPSET YCIOBUIO bfj ko) = 0.
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3.7. 'paccmanoBa TpU-TKaHb OYIeT N30KJIMHHO-TE€0IE3UIECKOIM TOTAa U TOJBKO TOT/IA, KOT/Ia OIlpe-
JIeJIAIONINE ee THIePIOBEPXHOCTH X, OYIAyT TUIEPIIOCKOCTSAMHU, [IPUHAJJIEKAIIUMI OJHOMY IIYUKY.
Brisicuute B 3TOM cilytae reoMeTpUUecKuil CMBICJ ITapamMeTpa A, IMOCTOSHHOTO Ha M30KJIUHHBIX IO-
BEPXHOCTSX TAKOW TKaHU.

3.8. Haiitu cTpyKTypHblEe ypaBHEHHS W TEH30DbI KPHUBHU3HBI BEIIECTBEHHBIX PEAIU3ANNA TPHU-
TKaHell HaJ| CJIeYIONIIMHI ajaredpaMu:

a) ayreOpoil KOMILJIEKCHBIX YUCeN ¢ HasucoM e = 1, e9 = 1, i?=—1;
6) asrebpoit aBoitHbIx Ynces ¢ 6asucom e; = 1, e9 = e, e? = 1;
B) asire6poil UIIOPaJIbHBIX Yuces ¢ 6a3ucoM e; = 1,eg =€, e3 = e e, ="l em=0.

B ciemyromux 3asatax mpejosaraeTcs, 9ro aiarebpa A acconmmaTnBHA, KOMMYTATHBHA W YHU-
TaJbHA.

3.9. Ilycts W — BemecrBennasi peanmsarusi Tpu-tkanu AW?, 3anammoit mas amrebpoit A. JTo-
KayKUTe, 9TO BCAKUAU HU7easl pa3sMepHOCTH m ayiredpbl A MOpOXKIAeT paccjioenune Tpu-TKanm W Ha
(r — m)-napamerpuveckoe ceMeificTBO 2m-MepHBIX nojrkaneit. Haiinre yciosust mapasuiesn3yeMocTin
[TOCJIETHUX.

3.10. Jokaxkwure, 9T0 Jjisi MPUBOAUMOiL aiaredpol A = J) @ Jy uMeeT MecTo IBOHHOE paccsioeHne
BelecTBennol peasusamun Tpu-trann AW? ma 2m-mepnbie i 2(r — m)-MepHbIE TIOATKAHH, KOTOPBIE,
B CBOIO OY€PE/Ib, SIBJISIFOTCST BEIIIECTBEHHBIMU PEAJIN3AIMSTMY HEKOTOPBIX TPU-TKaHeil Ha | ajarebpamu J
148 JQ.

3.11. Tomb3ysch 3ajadeii 3.10, BBISICHITE CTPOEHHE BEIECTBEHHON peanm3aruy Tpu-Tramm AW?
HaJI [TOJIyIIPOCTOi ajredbpoit A.

ITPUMEYAHNA

3.1. TpaHCcBepcaIbHO-T€0IE3NIECKIE U M30KJIWHHBIE TPU-TKAHU ompesenensl B [A-2], [A-5]. Tam
ke HafimeHsl coorHotnenust (3.8) u (3.14), xapakrepusyomue 3tu Tkanu. Cayuaii r = 2 B padore [A-5]
6bLT TIpoIyIeH, Ha 9TO obparmi BHuManue B.B. [oavdbepe. Heobxommmoe u 10CTATOYHOE yCJIOBUE
mectuyrosbHocTH (3.10) Brepsble nosydeno Yepnom B [H-1].

Knaccndukarmst 4-MepHBIX N30KJINHHBIX TpU-TKaHel jgaHa B [[0-35].

3.2. C M30KJIMHHBIME TPU-TKAHSIMH CBSI33HO IIPOCTPAHCTBO IIPOEKTHBHOI CBsi3HOCTH, cM. [A-5],
[AITI-3].

3.3. I'paccMaHOBEI TPU-TKAHHK B MIPOEKTHBHOM mpocTpancTse P! onpenerensr Axusucom B [A-3],
3716Ch K€ HaNJIeHbl HEOOXOMMbIE U JIOCTATOYHBbIE TEH30PHBIE NMPU3HAKA IPACCMAHU3YEMOCTU TKAHU
upu 7 > 1.

I'paccmanoBbI Tpu-TKAHU 1IpU = | — 3T0 NpsiMOJIMHEHHBIE TKAHN Ha, JIOCKOCTH. C UX MMOMOIIBIO
peam3yIoTcs TaK Ha3bIBaeMble HOMOI'DAMMBbI U3 BEIDABHEHHBIX TOUeK. [loaToMy mpobiiema rpaccManu-
3yEMOCTH 3/IeCh CBSI3aHA C BOIIPOCOM O TIPEJICTABJIEHNY (DYHKIMU JIBYX TI€PEMEHHBIX HOMOTPAMMOI 13
BBIPABHEHHBIX TOUEK (<«I11pobiieMa anaMopdo3bly ). DTa 3aa9a UMEET JABHIOI UCTOPUIO, U IIOJTHOCTHIO
pemena cosceM HegasHO, cM. [[0JI-1], [ToJI-2].

VYesosue anrebpansyeMocTn TPU-TKaHU TIpH 7 > | Brepsbie nonydeHo Axusucom B [A-3], a npu
r = 1 maerca reopemoii I'pada—3ayspa (cM. npeauciosue).

3.4. Tlouru rpaccMaHOBa CTPYKTYpa Ha TPU-TKaHU onpeneseHa B [A-15] cm. Takzke 0630p [A-19).
[Ipu r = 2 mouru rpaccMaHOBa CTPYKTYPa CTAHOBHUTCS TICEBIOKOH(MOPMHON CTPYKTYPOii, TAK KAK COOT-
BeTcByoIue KoHychl Cerpe 6y1yT KOHycaMu BToporo mopsijaka. C 9Tol TOUYKY 3peHus YeThIpeXMepHbIe
Tpu-TKanu paccmarpusas Kaexoswun [Ki-1], [Ki-2].

3.5. V30KIMHHO-Te0/Ie3NIeCKIEe TPU-TKAHU TIOSIBUJINCH BIEPBBIE 0] HA3BAHUEM MAPATAKTUIECKUX
B [A-2]. Tpu-Trauu Has anrebpamu, 06pasyoNMe BaxKHEHMNH MOJKIACC N30KINHHO-T€0IE3NIECKIX
TKaHel, paceMarpusan Tumowenko [T-1]-[T-7].

YerblpexMepHasl TPU-TKaHb U3 3a1auu 3.6 ykazana Boaom [Boa-1|, u3 3amaa 3.3-3.5 — Toavdbep-
2om. IIpyrume npumepsr cm. B [[o-41].



I'nasa 4
TPU-TKAHNN BOJIA I MY®AHT

§4.1. Tpu-tkanu Boua

1. B §2 r1. 2 6buIn oupejiesieHbl TP KJacca TKaHell Bojia, Ha KOTOPBIX 3aMBIKAIOTCS (PUTYPHI,
n300pakeHHble Ha pucyHkKax 11 — 13. DTu Kjacchl mepexoisiT APYr B JApyra IpHU I[EepeHyMepaluun
CJIOEHUIA, YTO COOTBETCTBYET IEPEXOy OT OIHOIO MapacTpoda KOOPAMHATHON KBA3UTPYIIILI TKAHA K
apyromy. IlosTomy [0CTATOYHO U3YyUUTDH, HAIPUMED, TOJABKO cpegHue Tkanu boaa B,,.

B §5 1. 2 moka3aHo, YTO TEH30p KPUBU3HBI TKaHeil B, YIOBIETBOPSET yCJIOBUIO

(cm. Tabmuny 2.2 Ha c. 59). B cuimy reopembr 3.4 orcrioma cuexyer, uro mxanu Boaa asasomes
WECTNUY20ALHOMU, G, CACO0BATNEALHO, U MPAHCEEPCANDHO-2E00€3UNECKUMU.

Hns nsydennsa TkaHeit B, mcnonbsyeM BMmecTo cBasHocTH Uepna I'jp Apyrylo CBA3HOCTH n3
nyuka (W) cs3nocTeil, npucoeuHeHHbIX K Tpu-Tkansam W (em. §8 rir. 1), a umenHo, cBa3HocTb [,
ompeneseMyio popmaMu — o~ ; ; i

=0 =wi 4 aby (W —WF). (4.2)
J , J J
12 1 2

CTpyKTypHbBIEC ypaBHEHUs CBS3HOCTH 1|9 115 IPOM3BOJIBHOMN TKaHu W HMEIOT BHJ (1.94):
do' =W AT+ ab ! AWF, dwt =W ADE —alw AP, dwt =Wl ADE. 4.3
T 5 ARy > 9 gk 3 3 J (43)
Ipomuddepennupyem BHemHUM 006pa3oM ypabHeHusi (4.2) u 3areM HpeoOpasyeM NPaBYH YacCTh C
nomonpbio coorrommenuii (1.32), (1.33), (4.2) u (4.3). B pesysibrare npujieM K ypaBHEHUSIM
~i  ~k A ~i j koo £ i i i kono b
dw; —wj ANw; = —bz(gj)ul) /\931 + (bfjk}f + ajp g, — a;ma%)cg /\céj , (4.4)

73 KOTOPBIX BUAJIHO, 9TO (hOpMa KPUBU3HBI CBI3HOCTH | |9 IPON3BOILHOM TKAHN W BBIPAXKAETCs TOJIBKO
qepe3 GOpMbI W' TOrJAa U TOJHKO TOILJA, KOTJA TEH30D KPUBU3HBI 3To# TKanu W yIoBjeTBOpsieT
3

yeaosuio (4.1). Orcrona n u3 tperbero ypasHenust (4.3) BbITeKaeT

Teopema 4.1. Veaosue (4.1) na mensop xpususno, mranu W neobxodumo u docmamouno 0asn
mozo, 4mobwv, Gopmovs &; onpedeasau Ha 6a3e X3 mpemuvezo caoerus Mot mKaru aP@urHnyo cess-
HOCMb 0€3 KPYUEHUA.

Takum obpazom, na 6asze X3 mpemvezo caoenus GCAkol mxanu B, dopmoi @; onpedenarom
agpurryro ceaznocmo bes kpyuwenus. Obo3HAUUM ee 7.

C nomomipio cooraomenwuii (4.1) u (1.31) uz (4.4) nosy4aem cTpyKTypHbBIE YDABHEHUS CBA3HOCTH 7

do' =Wl NGj, Dy = O AL = Rjp o AW (4.5)

rne i 1 i om
jke = g (bjkz - 2amjaké) . (4.6)
Benmuaumanr R; ¢ 00Pa3YIOT TeH30p KpuUBHU3HLI R cBa3HOCTH Y. COOTHOIIEHHS R; = —R;- /1> KOTODBIM

JIOJIZKEH YJIOBJIETBOPATH TeH30p R, BbITeKaOT U3 paBeHCTB (4.1) n KOCOCHUMMETPHYHOCTH TEH30Da
i
KDYUeHHs a’y.
H KpUBU3HBI b TKaHm B, W €ro KOBAPDUAHTHBIE HPOM3BOJHBI BJIETBOPSIOT, ITOMHM
Temnzo 3 b tkamu B €ro KOoBapwua € IIPOU3BO, € VIOBJIETBOPSIOT, IIO (o)
cooTHorennit (4.1), eme HeKOTOpBIM yeamosusm. U3 ypasaennit (1.38)

7 1 m 7 m
Vb, = ¢ remw™ + ¢ jheme (4.7)
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B city coorHomteHuit (4.1) momyaaem:
¢ithom =0, ¢jhom = 0. (4.8)
Paccmorpum, kpome Toro, coorronenus (1.39):
¢ sletm) = Vjpe@ims &' jhiem] = ~Vjip@m: (4.9)

CBSI3BIBAIOIIAE TEH30DBI MTPOU3BOJILHON Tpu-TKaHu. Ilponssens B (4.9) KpyroBylo IepeCTAHOBKY WH-
nekcoB k, £, m, MOJIyduM eIle JIBe CePUU PABEHCTB:

S Jl[mk} b;‘@paimk’
) . (4.9

_ 7 p
gmlkl] = ~05mp -

i i P
¢ jtmikle) = Ojpkmes

mqﬁ

i i P
¢ jletmik) = Ojpm ks

CkuazpiBag B KaxaoMm u3 crononos (4.9) u (4.9') uepsble nBa pPaBeHCTBA U BBIYATAS TPETBE, C
yaeroMm (4.8) Hafizem:

i i ; def ;
i _ i _ i P 7 i
?jkém - _g Jjkém = bjpmakZ bkaaZm b p@a k = Cjkem- (410)

TakuM 00pa3oM, K08apUAHMHbIE NPOU3BOIHBIE C1 U Co MEH3OPa KpususHv mrany Boaa B, ewpa-
HCANMCA Yepe3 ee MEH30PbL KPYUEHUA U KPUBUSHbL. DTO O3HAUaeT, uro G-cmpyxmypa, onpedens-
eman mpu-mranvio boaa, aeasemca zamrnymot G-cmpykmypotll xaacca 3 (ogpobHO 3aMKHYTBIE
G-CTPYKTYPBI 00CYKIA0TCs B IUI. 5.)

Kak nokazano B §4 1. 1, TeH30pBI ¢], 9, b U @ cBA3aHBI Takke cepueil coornorenuii (1.40).
Toncrasasst B (1.40) 3Havenust ¢; u co u3 (4.10), mocie npeo6pa3OBaHHﬁ IIPUJIEM K COOTHOIIEHHSIM:

b;pka’gm - Z:pja;gm a’]kbpém - a;kbflm a’ bkfm (41 1)

Wmeercs eme ompa cucreMa paBeHCTB, CBS3BIBAIONNX TeH30DPbI a u b Tkanm Bosma. Mbr obHapyKum
UX, IPEIBAPUTEIHHO JIOKA3aB CJIEAYIONIee YTBEPKICHIE.

Teopema 4.2. baza X3 mpemvezo paccioerus mpu-mrany By, A6AAEMCA AOKAGADHO CUMMEMPU-
YECKUM MPOCMPAHCITEOM.
O HamoMHUM OJTHO M3 ONpEIENEHNit JIOKATBHO cuMMeTprieckoro nmpocrpanctsa ([KH-I|, .2, ¢. 206).
Mmuoroobpazue X ¢ 3ajann0it adpbuHHON ¢BA3HOCTHIO ' Ha3bIBAETCS JIOKAJIHHO CUMMETPUIECKUM TTPO-
CTPAHCTBOM, €CJIH TEH30D KPYUeHUs 9TOH CBSI3HOCTU PAaBEH HYJIIO, & €e TeH30P KPUBU3HBI KOBAPUAHTHO
[IOCTOSTHEH. _
CBSI3HOCTBH 7, KOTOPYIO MBI PAaCCMaTPUBAEM, HE UMeeT KpydeHHsi. BBIAUCIIM TEH30D VR;'- koo TTI€

V — omepatop KOBapuaHTHOT'O ;LI/ch(JpepeHuI/IpOBaHHH B cpssnocTn I U3 (4.6) mmeem:

i1
VRiy = Vb (akzwm + am]VaM) (4.12)
Tensop Vb naiinem u3 (4.7), samensis hopmbl w} ma & ¢ nomompio (4.2). Yaurssast (4.10), mosmy
Vb;ke - — (bjpkamf + b]pmakf + b?kea;m - b;kfaﬁm - békpagnl) (oijm - (gm) : (413)

N " i
Touno Tak ke npeobpasyem Bbipaxkenue (1.33) 11 KOBapUAHTHON HPOM3BOIHON TEH30pa asy-

B cuuy (4.1) oHO tpuMeT BuT;: . ; .

Bamensas w; Ha w; ¢ momompio (4.12), momy«mm:

- i 7 m 1 7 m 7 m Y Y
Vaj, = (—b[jk]e T i Omp — Qe — ajmakz) (011 - ) .

Toxcrapisist HafieHHble 3HaUeHus 1t Va u Vb B (4.12), nocie HeCJIOXKHBIX IIPeobpa3oBaHuil npuiem
K YPaBHEHUSAM:

< Di _ 7 m 7 m i m m 1 m i D D
VRjkl - (bjmpaké - bpmja’kf + bm[kajp + bpkéajm + bjkfamp) ("i) - ('; ) .
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B cuiy (4.11) aTu ypaBHEHUS IPUHAMAIOT IIPOCTOH BUI:

Tenepp MBI MOXKEM yKa3aTb BCE COOTHOIIEHUsI, CBSI3bIBAIONINE TEH30Pbl KPYUeHUsI M KPUBH3HBI
tkanu Bona By,. Juddepennupys aemunM o6pasom ypasaerus (4.15), Mbl mpuieM K mostcdecmseam

Purnvu: ;
Rijpn =0 (4.16)

u mootcdecmeam Buanxu:

—Repm By + B B i + R g Ry + Riom Rppjs = 0 (4.17)
Jutst cesisHocT 7. IlepBoe n3 Hux BbITeKaeT Takzxke u3 (4.6) u (1.31).

Hasnbueiitnee nuddepennupoBanue MoJdyYeHHBIX DABEHCTB B cuily ypaBHenuil (4.15) K HOBBIM
COOTHOIIIEHUSIM He TIPUBOIUT. MOXKHO JI0Ka3aTh TAKKe, 9TO He JJACT HOBBIX COOTHOIIEHUH 1 JuddepeH-
uposanne pasencrs (4.11). CiieoBaTesibHO, BepHA

Teopema 4.3. Cmpyxmyphoie ypasnenus cpednets mrxanu boaa By, mozym 6wmo 3anucanvt 6
sude (4.3), (4.5), npuvem menzop R ewpasicaemes wepes menzopor a u b no gopmyaam (4.6). dmu
menzopu, ydosaemeoparom ugddpeperyuarviom ypasnenua (4.13)—(4.15) u ceazanv mescdy cobot
coommowenuamy (4.11), (4.16), u (4.17).

2. ITokaxkeMm, uro coornouierus (4.1), KOTOPBIM YIOBJIETBOPSIET TEH30D KPUBHU3HLI TKAHU By,
XapaKTEePU3yIOT 9TOT KJIACC TKAHEH.

Teopema 4.4. Tpu-mxans W, mensop kpueushss Komopot ydosaemeopaem coommowenuam (4.1),
AsaAEMCA cpednel mranvio Boaa.

O A. Paccmorpum HekoTopble cBoiicTBa TKanu W, 1yisi KOTOPO BBINOJIHAIOTCS cooTHOreHust (4.1).
Bo-niepsbix, Ha 6a3e X3 cjloeHUsI \3 3TOH TKAHU I'e€0/I€3UYECKIe JINHUU CBSI3HOCTU 7, OTHECEHHbIE K
addunnOMy napamerpy, onpeuessiorca ypasaeausayu (eM. § 7 v 1):

e’ + €05 =0,

rae £ — KOOPJIMHATHI BEKTODA, KACATEILHOIO K I'e0e3muecKoi. I11ycTs x3(t) — HeKoToOpoe pereHne
9TOro ypaBHeHus, rje t — adpdunnbii napamerp. Ha maOroobpasumn X, vecymem tpu-tkaums W, aromy
PEIIeHNI0 OTBeYaeT OJHonapamerpudeckoe cemeiicrBo F3(t) cioes cioenusi A3. Ilepecedenue sToro
ceMecTBa ¢ KaKUM-/TM0O0 C/TOeM U3 TEPBOT0 CJIOCHUSI OIPEJIE/ISIeTCs CUCTEMON ypaBHeHHr T

ulﬂ' =0, d&'+80;=0.

Ho, cornacuo § 7 ri1. 1, uMeHHO Takasi cucTeMa OIpejieiseT Teo/le3nIecKre JIMHUK CBA3HOCTH UepHa Ha
ciosx cjaoenust \i. TOYHO Tak Ke JIOKA3bIBACTCA, 4TO ceMeiicTBo F3(t) mepecekaer 1Mo reoie3udecKum
JINHUSIM U CJIOU CJIOEHUS \o.

Hasee, Tak Kak TpU-TKAHb By, SBJsSETCs MECTHYTOJbHOW U TPAHCBEPCAJIBHO-IEOIe3NIECKOi, TO
BEPIIUHBI JI000I 11ecTuyroyibHON durypsl H, 00pa30BaHHOI ee CJI0SIMU, JieXKaT Ha HEKOTOPOIi JIBYMep-
HO# TpaHCBEPCATLHO-TEOAEe3NIECKON TTOBEPXHOCTH V2 (cm. mokaszarenbeTBo TeopeMbl 3.4). [ocrennssa
repecekaeT cjou, obpasyomue durypy H, mo reome3smdecKuM JUHUSM, KOTOPbIE, B CBOIO OYepeb,
06pasyIoT MmecTHyrospHyio durypy Ha V2.

Honsysich coornomtenusivu (4.1) u ypasnenusvu (3.1) TpancsepcanbHoil osepxnoctu V2, Haxo-
JIUM, 9TO Ha 3TOH IOBEPXHOCTU CTPYKTYypHbIe ypaBHenus (4.3) Tpu-tkanu W NpUHUMAIOT B

dw' = W AT dw' =W AT

i i ~i _ ~k A ~i
¢ ; i x . i dwjfwj/\wk.

Tlostomy cucrema muddepeHInaIbHbIX yPABHEHMIH

J
e

e, de =w
1 2]‘

dp=w'e —w'e, de =w
1; j 2;

1 2; 2 1

BIIOJIHE HHTErPEpyeMa Ha V2, I oIpe/iesser Pa3BepTKy TOil IIOBEPXHOCTH BMECTE C IPICOEIMHEHHBIM
K Heil cemeiicrBoM perepoB B addunnoe mpocrpancTBo A", Ilomydenmsie ypasHenus 1m0 (hopme
COBIIAJAIOT € yPaBHEHUsAMM IapaJuiesbHoil Tpu-tkanu (§5 . 1). CremoBaresbHO, IIPU pasBepTKe

A M A Awxvecie A M T1Ternexor
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B mpocTpancTBo A%" moBepxHOCTh V? mepeiiieT B JBYMEpHYIO IUIOCKOCTH 7, a BbICeKaeMas Ha V2
[ECTUYTOJIbHAST TPU-TKAHD — B HAPAJIIEHHYIO TKAHb HA 7.

[Ipu sTOoM 1IECTHYTOIBHAS (DUTYPA MEPEHIET B MECTUYTOJBHUK C IAPAJIIeIbHBIMUA CTOPOHAMH B
mockocTH 7. Tak Kak JMaroHa N ITOCIIEIHEr0 JeJISITCS B €T0 IIEHTPE TIOIoJIaM, TO I Ha, IIOBEPXHOCTH V2
COOTBETCTBYIOIIAS TOYKA JEJUT IOMOJIaM Ie0JIe3MIeCKre OTPE3KN — JIMArOHAJIM IIEeCTUYTOJIbHON (hu-
rypol H.

B. Paccmorpum cioerme A3 Tkauu W. B cuny Teopembr 4.1 ¢dopmbr &'}; omnpesiesaioT Ha basze X3
sToro cioenns addunmyio ceasHocts . Ilyers Fi u .7-'32 — JIBa IIPOU3BOJIBHBIX CJI0sT U3 A3. Uepes
COOTBETCTBYIOIIUE UM TOYKH xé u x% Ha 6ase X3 MPOXOIUT €JIMHCTBEHHAS Te0/Ie3UYecKasl JIMHUS,
KOTOpOIl oTBeuaeT ceMeHcTBO ciioeB JF3(t) paccioeHmst A3,
npudem t — addunnabit mapamerp. Ilyctb .?’-'31 = Fi(t1),
}"32 = F3(to). Iomoxum Fg = F3(t3), rme t3 = 2ty — t;. To-
rj1a CJIoi ff COOTBETCTBYET CEPEJIMHE Ie0JIE3NIECKOr0 OTPEe3-
Ka xéxg

[Iycth @ — poOU3BOJIbHAS TOYKA CJIOSI .7-"31 (puc. 38). IIpo-
BeseM uepes Hee ciaon F| u Fo U3 mepBOro u BTOPOro CJIOEHU
TKaHU, U 0D03HAYNM dYepe3 b W 0 TOYKHU IepecedeHns UX CO
cJI0eM ]-"g. Touku a, b, 0 Jgexkar Ha OIHON TPAHCBEPCAJILHOI
HoBepxHOCTH V2 paccMaTpuBaeMoii TKAHH, TaK KaK TOYKH a
u b COOTBETCTBYIOT JPYT JAPYLY B OTOOPAXKEHUU (P19, 3aJaHHOM
B okpectHOCTH TOUKH 0 (§ 3 ru1. 1). Tloaromy Toukn a, b, 0 ompe-
JessioT Ha osepxnocTn V2 mectuyrombuyio dburypy (abedef)
¢ ieaTpom o. IIpu atom reonesndeckue ab u ao 6yayT 0oOpasoBa-
HBI TOYKAMHU IIepecetdetns cyoeB ceMeiicTsa F3(t) co ciaosimu Fi
u Fy. Kak 6b110 yka3aHo B . A, Teojie3ndecKne OTPE3KU a0 1
od paBHBI MKy CODOIi, MO3ITOMY TOYKA d JIEZKAT HA CJI0€ fg,
a BMeCTe C Heil Ha 3TOM CJIOe JIEXKUT U TOYKa C.

Puc. 38 BosbMeM Terepn Ha cioe Fi TouKy a, OTIMYHYIO OT a,

U, IIOBTOPUB BCE PACCYXKJEHUsI, IpHaeM K Todkam b u o,

JIEXKAIIUM Ha, CJIOe .7-:%, U K TOYKe ¢, jiexKalneil Ha cjioe .7-'33 Ho

9TH TOYKU BMECTe C TOUKaMH a, b, 0, ¢ 0bpasyior cpeauioio dhurypy Boaa B, (cp. puc. 13 na c. 46),

KOTOpas 3aMbIKAETCS BBHJLYy TOIO, 9TO TOYKH C U ¢’ JIEZKAT Ha OJHOM CJIOE .7-'33 Tax Kak TOYKH a U a’

ObLIM BBHIOpAHBI TPOU3BOJIBHO, TO 3aMbIKaeTcs Jiiobas durypa By,, OolnpeaeaeHHasT CIOSIMA ]—"; u .7-'3?.

Ho rmak xak u cjom ObLIM B3ATHI IPOM3BOJIBHO, TO IMOJIyYaeM, UTO Ha PaCCMATPUBAEMON TPU-TKAHU
3aMbIKaeTcs Jobast purypa B,. B

13 pe3ymbraToB § 2 TII. 2 CirelyeT, 9To IpH MapacTpodui ¢ — ¢ = 39 KOOPAMHATHON KBA3UIPYII-
bl ¢ TKauu W dburypsr B, nepeiinyt B durypo Boma By, a TeH30p KPUBU3HBI b;ké — B TEH30p b}}kj;
npu mapacrpobun ¢ — ¢! = q3 durypsr B,, nepeiiayr B ¢urypsr Bora B,, a Tensop b;kl — B
TEH30p bff j¢- 1109TOMY M3 HOCTIEHElH TEOPEMbI BBITEKACT

Teopema 4.5. Tpu-mxanoe W sasasemes aesoti mranvio Boaa mozda u moavko moezda, xozda
ee MeH30D KPUBU3HBL YOOBALMBOPAECTN, COOMHOULEHUIO bé ke = 0, u asaaemes npasot mranvio Boaa

mozda u MoAvko moezda, Ko20a ee Mmen3op KpusudHv, YJoBAEMBOPAEM, COOMHOUEHUIO sz\k\f) =0.

3. Cummerpuueckasi CTPYKTypa, OIpejliejieHHasi Ha Oaze X3 paccioeHusi A3 TKaHu Bona B,
€CTeCTBEHHBIM 00pa30M IIEPEHOCUTCS Ha CJIOU ee CJIoeHUM A\| 1 Ag. PaccmoTrpum Kakoii-inbo cioit F u3
[IEPBOTO MJIM BTOPOI'O CJIOEHUsI TKAHU B,,. Hepe3 KaxKIyio ero TOYKy MPOXOJNT €IUHCTBEHHBIN CJIOi
CJIOEHUS A3, U TEM CAMBIM OIIPeIeIIseTCs JIOKAJIbHbIN quddeomopdusm X3 — F | KOTOPBII HHAYIUPYET
Ha F CTPYKTYpPY CUMMETPUYIECKOro nmpocrpancTBa. COOTBETCTBYIONAs CBI3HOCTD ONpeiessercs Ha JF
rTemu ke ypasHeHusmu (4.5), 4T0 U CBA3HOCTH 7 HA X3.

Hamee, B §5 1. 2 mokazamo, uato cioii F Tpu-tkanu W JI0KaJbHO M30MOPQEH ee KOOPIMHATHON
aymne (. Tak Kak KOOpAMHATHBIE JIYIIBI TKAHU B, SBISIIOTCS cpeHUMY Jiynamu bBosta, To onmcanHast
CTPYKTYpa CHMMETPHYECKOIO ITPOCTPAHCTBA UHIYIUPYETCS W HA IIPOU3BOJIBHOM JIOKAJBHOW JIyIle
Boma B,,.

st Tkaneit By u B, 10JIy4atoTcsi aHAJIOTTYHbIE 3aKJIFOUEHUSI.
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4. TTokaxkeMm, 9TO KOMNOHEHMBL MEHIOPA KPUSUSHDL R;M CBAZHOCTIU Y MOIHCHO COEAAMB MOCTMO-
AHHBMU HA 8CEM MH020000pa3uy X mpu-mranu By,

Kak u B §4 ri1. 1, o6ozaaanm R(W) PaCCIIoeHne a/[AlTHPOBAHHBIX PENePOB TPH-TKAHM. Basucupivm
dopvamu Ha R(W) Gynyr dopmer ulj cg wj. Pacemorpum Ha R(W) pacupegenenue S, KoTopoe
3aJ1a€TCs COOTHOIIEHUSIMU

@) = Ry, 0", (4.18)

e Ok = —_@tk, B 4
Ilpennoxenne 4.6. Ha pacnpedesenuu S womnonenmo. mensopa Rj, 6ydym nocmosnmvimu.
O Paccmorpum ypasuenue (4.15):

o i _ 7 m i 7 ~m 7 ~m
VR = dRjiy + Rijw,, — Ry pewi” — R ewp — R]km =0.

Tlogcrapmss crona 3uadenus Gopm ZJ; u3 £4.18) u ucnodn3ys (4.17), mosmyaum dR;M =0.1

IIpengoxkenne 4.7. Pacnpedesenue S un6oa10mMusHo.
O Uckmouns u3 (4.18) napamerpst OF!| oy auM 9KBUBAIEHTHYIO CHCTEMY YDaBHEHHIT

BL&! =0, p=12..a (4.19)

(eCTeCTBeHHO7 MbI BBIIINCbIBa€M TOJIbKO HE€3aBUCHMbIC ypaBHeHI/IH). Ecnu CIO/Ja BHECTHU (bOpl\IbI [:}Z

J
3 (4.18), TO MOIYYIMM TOXK/ECTBA D
B, R, = 0. (4.20)

Tak kak Ha pacupeeseHun S BeJIMIUHBI R?M MOCTOSTHHBI, TO Ha S OYyIyT IOCTOSHHBIMU W
BeJIMIUHBL B ;, KOTOpBIE BHIPAZKAIOTCSL epe3 RJ we- TTosToMy mudpdepennuposanne ypasrenuit (4.19)
¢ yderoM (4.19) u (4.5) IpUBOAUT K COOTHOIIEHUSM

B, (Uaf AL+ Rfugk A cge> =0.

Bropoe crnaraemoe, crosiimee B CKoOKax, obpamaercss B Hysb B cuity (4.20), a nmepsoe mpeobpasyercst ¢
nomompio (4.18) K BuIy ,
B!, (Rt RL, — RE.R] )OM AO" =0.

ipq kpq

Ucnonbayst pasencrsa (4.17), nepenuinem 9TH COOTHOIIEHHs! TaK:

B, (RzksRepq +R, ori A e = 0.

SPQ)

B cuny (4.20) nesas gyactb obpaiaercst B Hysb. CiieoaresibHo, 110 Teopeme Ppobennyca (cM., Ha-
npumep, [B-1], [Pk-1]) cucrema (4.19) BriosHe MHTErpUpyeMa, a ONpejiessieMoe el pacrpejesiesue S
nasoiorusHO. M ~

NuBosoruBHOCTL pacnpejiesienns S o3Hadaer, 4ro MHOroobpasue R (W) pacciauBaercs Ha I1OJI-
MHOT00Gpas3ns pasMepHocTH 21 + 12 — a, TIe a — "ucao ypasHennii 5 cucreme (4.19). Tlyers R/ (W) —
omHO M3 dTHX moamMoroobpasuit. HesaBucumbivu dopmamu Ha HeM OyayT (POPMBI ciji, cgi u 9; —

orpanuveHust (popm @; Ha S. DT HOPMBI YIOBIETBOPSIOT CTPYKTYPHBIM ypasHeHusiM (4.3) u (4.5),
i
IIPIYEM BXOJLAIIME B HAX BeIMIUHBL ), OyayT HOCTOSIHHBIMIL.
Qukcupyem TOUKY p MHOrooOpasust X, T.e. IMOJI0KUM ulﬁ = w' =0, u obozHAUNM
2

ni _ i
j|wi:oﬂ:0 =Ty
T 2

Dopwmbl 71'} YJIOBJIETBOPSIOT CTPYKTYPHBIM ypaBHeHusiM rpynubl GL(r) — cranmuoHapHON Ipymiibl

TOYKH P, HOJLyJaIOMUMCs 13 ypaBHenuii (4.5):
i koA i
omy =i A

Kpome Toro, dopmsr 71'], Kak u (GOpPMBI wj, cBazanbl coorHomenusyvu (4.19), upuuem koadbdurm-
€HTBI B;J, BXOJIGIIME B 9TU COOTHOINEHUs, ABJsOTCH nocroguubiMu Ha R'(W). Iosromy mo us-
BECTHOH Teopeme M3 Teopun rpymn Jlu mosydaem, 9ro coorHomenus (4.19) BblIeasoT B TpyIie

GL(r) HEKOTOPYIO OArPYIIILY, KOTOPYIO obo3HadnM 6yksoit H. Takum obpazom, mHozoobpasue R’ (W)

A%
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npedcmasasiem cobol pedykuyuto paccaoerus R(W) adanmuposannvix penepos mpu-mxanu B, %
epynne H.

BorsicanM reomerputecknit ¢cMbIc rpymibl H. JIjist 9T0ro HAIIOMHUM OIIpEIeJICHIE 2PYNnbl 20A0H0-
Mmuy adunroti ceasznocmu. Ilycts p — npomsBosibHAsT TOYKA MHOTO0Opa3usi X, HA KOTOPOM 3ajaHa
addunnast cBsa3noctsb . PaccMoTpuM Bee 3aMKHYTBIE TVIAJIKUE IIyTU ¢ HAYAJIOM U KOHIIOM B TOYKE P.
[Mapasrensusrit nepenoc periepa R(0) Baoss nersm £(t), £(0) = £(1) = p, HOPOXK/IaeT HEBBIPOXKIEHHOE
mmHeiinoe npeobpaszosanue R(0) — R(1) B kacareaprom npocrpamcTse Tp,(X ). MHO2KecTBO Beex Takux
peobpazoBaHuii 06pa3yeT rpyIily, KOTopasl Ha3bIBaeTCs IPYIIIOH TOJIOHOMUU CBsIi3HOCTH ' B TOUKeE p.
Ipynmel TOJOHOMWHM, B3STBIE B PA3HBIX TOYKAX CBA3HOrO MHOroobpasmst X, mzomopdusr [KH-1].
Aurebpa JIu rpynmbl roJIOHOMEUY CBA3HOCTH [ HA3BIBAEGTCS A.A2€0pP0T 2040HOMUY ITOW CBSI3HOCTH.

IIpennoxkenune 4.8. I'pynna H asasemcsa epynnoti 2040HOMUL CEAZHOCTAU 7 .

O IIycts X — anamuTudeckoe MHOrooopasme. Torma aiarebpa rogonoMun h cBasuocTn I, 3aaHHOI
Ha X, MOPOXKIAETCS TEH30POM KPUBU3HBI Rj- ¢ TOM CBAISHOCTH U €r0 KOBAPUAHTHBIMU IIPOM3BOIHBIMA
BCEX IMOPSJIKOB, T. €. JUHEHHBIME [TPEOOPA30BAHUSIME BUJIA

R;-Mxkyz, VmR;Mxkyezm, VanR;Mxkygzmw”,....

[KH-1]. s cessnocTu ¥ umeeMm VR = 0, mosToMy ee ajrebpa TOJOHOMUU h TIOPOKIAETCS TOJIBKO
orepaTopaMu R; = ; e Tyt C momorpio coornontenuit (4.17) jokazwiBaercs, 1To arebpa h, TOPOK-
JeHHas oneparopamu R, coBmagaer ¢ uX JUHEHHOHR 000I0UKON (3amaua 4.2). Beumy sroro asrebpa
FOJIOHOMUY CBAZHOCTH 7 COBIAJAET ¢ aarebpoit Jlu rpymunst H, onpeensiemoii coorHomenusmu (4.18).
CiremoBaresnbro, rpymnna H u sBisiercst Tpynmoit rororomun ¢BsizHoct . W

U3 npoBe/ieHHBIX paccyzKIeHuii BbITeKaeT, 9To ypaBHeHus (4.18) 3a1a10T pejyKIuio paccaoeHus
AJANITUPOBAHHBIX PEIEPOB MHOr006pa3ust X TPHU-TKaHu B, K rpyIiie roJIOHOMUM CBA3HOCTH ~. [Ipes-
noxkennst 4.6-4.8 cocTaB/IAIOT TaK HA3BIBAEMYIO TEOPEMY DeJyKINH, a CJIOU R'(W) — unTErpasbHbBIE
MHOroo0pasusi pacupejienernst S o6pasytor paccaoenue 2oronomuy ([KH-1], . 1, ¢. 87).

5. CrpykrypHble ypaBuenus (4.5) cBsI3HOCTH ¥ B pe3yibrare peJyKiuu K rpynne H upumyr B

dggi:%Jj/\a;, dgj- 25;?/\5};—1—1%;“%1]“/\%/, (4.21)

rie, KaKk M BBIIIE, 9;- = &;—‘5,, R;’ké — mocrosiHHbIe Ha S. ByneM camraTh It OIPEJIeTICHHOCTH, YITO
CBSI3HOCTD 7 PeaIn30BaHa Ha HeKOTOpoM ciioe J mepsoro cioenus. Torga K ypasuenusm (4.21) ciemyer
JI00aBUTH elle ypaBHEHHe z.;)’ = 0. ®opmbr %ﬂ OyayT ryiaBHBIM Ha JF.

B cuiy Toxgecrs (4.16) u (4.17) cucrema (4.21), comepxkainas Kpome puddepennuanbubix Gopm
TOJIBKO MOCTOSIHHBIE, 3aMKHYTa OTHOCUTEJIHHO orepanuu BHemHero jauddepentupoanus. [Toaromy
OHa TIpeJICTaBJIgeT co0oil ypasHenuss Maypepa—Kaprana nekoropoii rpymms! JIu G. I'pynma rosomo-
vun H 6ymer moarpyimoii B G U BBIIEISETCS YPABHEHUSIMI aéﬁ = 0, durcupyomumu ToIKy B ciaoe F.

CriefioBaTenbHO, a0l F, Ha KOMOPOM DEAAUSYEMCA PACCMAMPUBLEMAA KAHOHUYECKAR CAZHOCTID Y
CUMMEMPUHECKO20 NPOCTPAHCINEEG, ABAAEMCA 00HOPOIHbIM npocmpancmeom G H.
Vpasuenus (2.21) H0Ka3bIBAIOT, YTO YMHOXKEHHE B KacaresbHOI anrebpe Jlu rpynust G oupemesis-
i
eTCs ¢ HOMOIIBIO TeH3opa R}y, Ira anredpa MOy IaeTCs CJIeAyIOMIM 00pasoM.
IIycte T — BeKTOpHOE HpOCTpPaHCTBO pasMepHocTH r. Oupemneaum B T TEPHAPHYIO OIEPAIIUIO

<§v R <>a rane <£’ n, C>1 = ;kegi'r]kce, EnCeT. (422)

IIpocrpancrso T BMecTe ¢ omeparyeii (,, ) HasbiBaeTcst mpoinot cucmemot Ju (em. [JIo-1], [MxC-1])
1 06JIaZaeT CIICLYIONUMU CBONCTBAMI:

1) (€,n.¢) =0
2) (&, O+ (0,6,8) + (¢, &n) =0 (4.23)
3) {((¢.0,x). & m) = (G, &), 0, x) + (G, (0, & m), x) + (G0, (. & m))-

CsoiicTBo 1) BbITEKaeT M3 KOCOCHMMETPUMHOCTU TeH30pa Rj;, 10 JIBYM IOCJIE/IHHM HHJEKCAM, a
cBoiicTBa 2) u 3) sKBUBaJIeHTHBI TOXkKAecTBaM (4.16) u (4.17).
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§ p

Ob6oznaammM de ,, auHEltHOE Tpeobpasosanme B 1, ompeenenHoe (GOPMYIOi

den(C) = (¢, & m)- (4.24)

Torya Tperbe coorHomenue (4.23) nepenuiercs: B BU/e:

dg.n (G, 0, x) = (den(C), 0, x) + (¢, den(0), x) + (C, 0, de.n (X))

OHo o3HawaeT, 4TO JIMHEHHbIH omeparop de, sBIsgeTCa Judpepenyuposanuem mpotiHot Cucmemsl
JIu T. Mudbdepenrmposanns suma (4.24) maspsaiorea snympennumu. Tax kak (dey); = R;Mfk ¢
TO IPOCTPAHCTBO, MOPOXKICHHOE BCEMHU BHYTpPeHHUMH b dEPEHIMPOBAHIAMHI, COBIAIACT C OUPEIe-
JIEHHOI1 BbIIe aJiredpoii rosionomun h cessuoctu . Obosuauum g =T @ h, u nyctb x,y € h, &, n € T.
Torma BepHa ciremyiomas

Teopema 4.9. IIpocmpancmeo g ssasemcs aszebpot Jlu ommuocumenvro onepayuy (,), 2de

(r,y) =xoy—yox€h,
(2,8) = —(§,x) =z(§) €T,
(5,77) = dﬁ,n € h.

Aunzebpa g asasemcs xacamenavhots anzebpoti epynno G.

Jlokaz3areabCcTBO ITOrO YTBEPXKJIEHUSI AHAJOIMYHO JIOKA3ATEJLCTBY Oosiee CI0KHOM JiemMMbl 4.20
u3 § 4, T09TOMY MBI €r0 OIIyCKAeM M OCTABJISIEM UUTATENII0 B KAYECTBE YIIPAXKHEHUs. Pa3ndHbie J0Ka-
3aresibeTBa TeopeMbl 4.9. umerorca B kuurax [JIo-1], [Tp-1] u apyrux, HOCBIIEHHBIX CUMMETPUIECKUM
TOCTPAHCTBAM.

Aurebpa g Ha3BIBAETCS YHUBEPCAALHOUT 00040%K0T MPotinot cucmemv. JIu T .

Anrebpa g u ee nmojasrebpa h 00pa3yOT TaK HA3bIBAEMYIO cummempuyeckyro napy. CymecTByer
MHBOJIIOTUBHBINA aBToMOpdu3M 0 : g — ¢ Takoil, uro o(z) = z, o(§) = —§ mua moboro x u3 h u
soboro & u3 T'. IlpocrpancrBa h ul’ IBIAIOTCSH MHBAPUAHTHBIMUE ITOAIIPOCTPAHCTBAMYI HHBOJIOTUBHOTO
oIepaTopa o U COOTBETCTBYIOT €ro COOCTBEHHBIM 3HadeHusM +1, —1.

6. Pacemorpum W-anre6py tpu-Trauu Bosa (eum. §5 o1 2). Ilycrs, kKak u B obimeM ciayvae, 6uHap-
Has onepalius B W-aiaredbpe onpeiessieTcst TEeH30POM KDY IeHHsT a§- &> HO TEDHAPHYIO OIIEPAIIHIO 33,13, TUM
C IIOMOIIBIO TEH30PAa Ré- ke & HE b; 4o~ HAIIOMHNM, 9TO 9TH TEH30DBI CBA3AHLI cOOTHOMmeHIIME (4.6).

Tepuapnast omepanusi, KaK Mbl y»Ke BBISICHWIA B II. D, obpa3yer TpoitHyio cucremy Jlu u
yZoBJIeTBOpsieT cooTHoleHusiM (4.23). BunapHas u TepHapHasi OlEpaIy CBI3aHbl MeXK 1y co60il cooT-
HomeHusiMu (4.11), KOTOpBIE MOC/Ie 3aMEHBI B HUX BEJINUNH b; e HA R; e C IOMoIIBIO (4.6) IpuMyT Br:

% p 1 p P 7 P 7 v P4
Rpjka‘ém - Rplmajk - Rkéma‘pj + Rjémapk + 2 apqajkafm =0,

nJjm

(6,01, &, m) = ([&,m], €. ) = [(n, €, 0), ] + [(£, ¢, 0),m] + %[[5,77][6, 0]] = 0. (4.25)

Onpenenenue. Jluneitnoe npocrpancTso 1’ BMecTe ¢ 33JaHHBIMA HA HEM OMHAPHON M TePHAPHON
onepanusivu [, | u (,, ), yaosiaersopsironumu Toxkaectsam (4.23) u (4.25), HasbiBaercs aazebpot Boaa.

Takum obpasoM, xacameavhwvie W -anzebpv, mpu-mxanu bosa B, asasomcesa aszebpamu Bona
[CM-4].

Cucrema ypasuenuii (4.3), (4.5), (4.14), oupenessiomux Tpu-TKadb Bosa B,,, 3aMKHYTa OTHOCH-
TeJIbHO BHEIIHEro nudbepeHInpOBaHys, €CJIH BbIIOJHeHbI yciaoBus (4.23) u (4.25), xapakrepusyolye
cooreercrByomue W-anrebpor Bosa. CriemoaresibHo, mpu-mxans Boaa By, enoane onpedeasemcs
sadanuem coomsememeyrowuxr W-anszebp Boaa, m. e. noaets menszopos az-k u R;kz, Y006.AEMBOPAIOWUT
coommowenuam (4.23) u (4.25).

7. B zakiouenne ykaykeM JiBe mpoOJeMbl, BO3HUKAIOIINE B Teopun TKameit Boua.

(1) Besikoe M CHMMETPUYECKOE IPOCTPAHCTBO MOXKET OBITH IOJIyUEHO OIMCAHHBIM CIIOCOOOM W3
tkaHu Bona? Eciau Her, TO BBLIEINTH KJIACC TAKUX IIPOCTPAHCTB.

(2) CkoyIbKO HEIKBUBAJIEHTHBIX TKaHeill BoJia MOXKHO IPUCOEUHUTD K 3JAHHON CUMMETPUIECKON
CBSABHOCTH?

[Tokazkem, 9TO 0O€ 33,1891 CBOISTCS K YUCTO ajrebpanyeckoil mpobieme. Ilycrs cBsizHOCTD 7 3318~
Ha ypasHeHusiMu (4.5), mpuduem Tensop R yuosiersopsier ToxaecrsaM Puaun (4.16) u Buanku (4.17).
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Tpu-tkanb B;, BOCCTAHABIMBAETCS C MOMOIIBIO ypaBHeHuii (4.3), comep:Kammx TeH30D aék. Dror
TEH30D YJOBJIETBOPSIET TOJBKO cooTHomeHusM (4.25). TlosToMy 3amaua OTBICKAHWsI TKaHW Bosa 1o
3a7[AHHON CUMMETDPUYECKOH CBSI3HOCTH CBOJIUTCA K HAXOXKIECHWIO TEH30DA KPY4YeHUs ITOH TKAHU U3
ypasHennit (4.25). TeH30p KPUBU3HBI BHIUNCIISETCS 3aTeM U3 CooTHOIIeHuit (4.6).

Takum ob6pazom, yKazaHHbIE TPOOIEMBI BEIYT B CTPYKTYPHYIO Teopuio anredp Bosa, KoTopast moka
HAXOJUTCS B HAYAJBHON cTaaun pa3uTusi, cM. [B3-2] u [BaM-1].

§ 4.2. NIzokauHHBIE Tpu-TKauu bosa

1. V3zokiunnble TKanu Bojia MO3BOJIAIOT C IOMOINBIO KPACHBBIX M IIPOCTBIX [E€OMETPUIECKUX
KOHCTPYKIUI MOJEINPOBATh PA3JINYHbIe CBOMCTBA TKAHEH.

OrmeTnM Tpexkje BCero, 4To IIOCKOJIBKY Jiobasi TKaHb BoJia sIBJIseTcsl MIeCTHYTrOJIbHON TKaHBIO
(cm. §1), To 110 Teopeme 3.14 mzokmHHaz TKaHb BoJa asrebpansyema. Todnee, cupasemiuBa

Teopema 4.10. Kaacc usoxaunnvix mpu-mranets boaa coenadaem ¢ kaaccom epaccmamnosoir mpu-
mxamet, Komopouie noporHciaomcs 2unepniockocmysio u eunepreadpurol.

U Ilycte B,, — wuzokjunHasg TKaHb bosja. Tak kKak oHa aJireOpam3yeMa, a CJIeJ0BATEIbHO,
rpaccMaHu3yeMa, TO €e TEeH30DPbl KPYUYeHUsl 1 KPUBU3HBI MOI'YT ObITh 3anucanbl B Buje (3.45) u (3.49):
ajp = a[jéz], (4.26)

a caMa TKaHb B,, TOpOXKIaeTcs B MPOeKTHBHOM npoctpancTse PTH! Tpema runeprosepxmocTsavm X,
a = 1,2,3, nupuHajyieskamumu oHOM runepky6ruke. CummMerpupyemM Bbipazkerue (4.27) 110 MHEKcaM
k u ¢ u npupasHseM pe3yibrar Hy/o B cuiry (4.1):

1 2 \si 1 2\ i 3 ¢
CBepHyB 9TO PaBEHCTBO CHadaJja 110 UHIEKCAM i U j, a 3aTeM I10 MHJjeKcaM ¢ u £, HaiijgeMm, 9To
2 3 2 3
Tak kak r = dimX, > 2, To oTCI0Ia CIEAYIOT PABEHCTBA
bl +b2,=0, by, =0. (4.28)

Bropasi cepus coorHomenuii (4.28) o3nadaer, 9YT0 aCUMITOTHYECKAs KBaIpaTudHas (hOpMa TUIIEPIIOo-
BepxHOCTH X3 TOXKIECTBEHHO DABHA HYJIIO, CJIEIOBATEIBLHO, 9TA TUIIEPIIOBEPXHOCTD SBJISETCS THUIIED-
IJIOCKOCTBIO. A Tak Kak B CHJIy ajredpan3yeMOCTH PACCMaTPUBAEMO TKAHH BCE TPU THIEPIIOBEPXHO-
ctu X, X9, X3 npuHajIeKaT OJHON TUIepKyOUKe, TO OTCIOJA CJIEJIYET, UTO THUIEPIIOBEPXHOCTH X |
u Xy IpUHAJIIEKAT OIHOI U TOl ¥Ke ruiepKpajpuke () mpocrpancrsa P!

O6paTHO, MPEAITOIOKUM, ITO THIIEPIIOBEPXHOCTh X3 — THIEPILIOCKOCTh, a X| u X9 — objactu
Ha HEKOTOpOil runepksajpuke (). Torma, Bo-1epBbIX, bie = 0. Bo-BTOpBIX, TaK KaK TPOWKA TUIIEPIIO-
BepxHOcTell X, MPUHAJICIKUT OJHON paciaBIeiicss TUIepKyonkKe, TO ompejessieMas UMHA TPACCMaHOBA
TPU-TKaHb OY/IEeT MeCTUYTOJBbHON, U ee TeH30D KPUBU3HBI YIOBJIETBOPSIET YCIOBHIO béj ko) = 0 (Teope-

ma 3.4). 13 storo yesosus u 3 (4.27) ¢ yuerom by, = 0 cieyioT cOOTHOITeHMsT
1 s 2 < _
b0 + b(jx0p) = 0.

CBepHYB UX 10 U j, TOJyIUM

(r+2)(byy + bry) =0,

OTKyZla def

biy = —b2, = by
U3 (4.27) HaXOJIUM TEH30p KPUBU3HBI pAaCCMATPUBACMON TPU-TKAHU:
Ve = bjndy — bje6}.. (4.29)

OH yJI0BJIETBOPSIET YCJIOBUIO bj. (kt) = 0, xapakrepusytomemy cpegane Tkauu boja. B
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2. BrisicanM, Kakoit B nMeer KoHduryparus B mpocrpancTse PT ! coorsercTBytomasn cpemeit
durype BoJia Ha paccmaTpuBaemoii n3okanHHOM TKaHu Bosta. Cpennsis hurypa Bosa B,,, n3obpaxkena
ua puc. 39. CoorBeTcTBy0OIMME TOYKNA KOHGUTyparuu Oyj1eM oTMedaTh TeMH Ke OyKBaMu, 9TO U CJIOU

burypsr B,
Touku runepkBaapuku (), KOTOPOI IPUHAJIEIKAT TUIEPIIOBEPXHOCTH X | U Xo, N300parKaroT CJIOU
[IEPBOr0 W BTOPOTO CJIOEHUIl TKaHU B,,, & TOYKH THIEPILIOCKOCTH X3 — CJIOU TPETHEro CJIOEHUS.

Tak Kak TpeM CJI0siM TKAHH, IIPOXOSIIAM duepe3 onHy Touky, B P'T! coorsercrByior Tpu Toukm
runeprosepxHocreii X, Jexkaliye Ha OJHON npsmoii, To durype B, orsedaer Koudurypamus B, ,
n3obpaxkennas Ha puc. 40. 3ambikanue Gurypst B,,, n300paxkeHHO# Ha puc. 39, COCTOUT B TOM, UTO

&2 Z3
u Yy
21
Y3
U|Y2

x|y g 2y N

Puc. 39 Puc. 40

TOYKH U ¥ v JIexKaT Ha oJjHOM cjioe Z3. Ha konduryparmn B],, 9T0My COOTBETCTBYET COBIAICHIE TOYEK
[epecevYenns ITUIePINIOCKOCTH X3 C IPSIMBIMA XoY4 U T4Yo.

Koudurypanust B, BIOJHE ONpeIeIsSeTcss CBOUMU TOYKAMH X, xg, Z| M Zzy, HAXOISIIUMUCS B
ODITIeM TTOJIOYKEHNUH, U TEJUKOM JIEKUT B TPEXMEPHOM HpOCTpaHCTBe P3, marsHyTOM Ha STH TOYKIL.
ITosroMy Bce JaibHeiime mocrpoenns 6yiem Becti B P, Tlepecedenmst X U P3 0603Ha4NM TeMHn 7Ke
oykBamu X,. B cBs3u ¢ arum puc. 40 B masbHelinem n300pakaeT KOH(MUTIYPAIUIO, PACIOIOKEHHY IO
B TPEXMEpPHOM IIpOCTpancTse P3.

Ob6o3HaYUM 77| JIBYMEPHYIO ILJIOCKOCTh, B KOTOPOU JIeXKAT TOYKHU T, T3, 2], Y3, Y1, & ] — KPUBYIO
BTOPOr'O MOPSIIKA, II0 KOTOPOI 9Ta IJIOCKOCTh IepecekaeT KBaapuky (). Paccmorpum koHyc BTOpOrO
[IOPSIIKA, C BEPIIMHON B TOUKE 29, IIPOXOAAINNI yepe3 ¢i. Ero nepecedenne ¢ KBaJapukoil () — Kpubast
YeTBEPTOrO TOPsIJIKA — PACIAIaeTCs Ha JIBe KPUBbIE BTOPOIO MOPSIIKA, ¢ U qo. LoUKM To, X1, Yo, Y4
JIe’KAT Ha KPUBOH (o; CJIEIOBATEIBLHO, OHU JIE?KAT B OIHON IJIOCKOCTH 9.

HokazkeM, 9TO TOYKa z3 IE€pecevdeHns] MPSIMBIX Loy U X4Yo JIEXKHUT B IiockocTu Xj. B camom
JeJie, IpsiMast Toy4 JIEKUT B ILIOCKOCTHU T3, MPOXOJISINEl 9epe3 TOUKU T, Y3, 22, & MPsIMasi T4lo — B
ILUIOCKOCTH 774, IIPOXOJIAIIEH 94epe3 TOUKHU X4, Y1, 29. LIIIOCKOCTH 73 U T4 IIePeCceKaroTCs 10 IPIMOil 21 29.
Touka z3 siBJIsSIeTCsI TOYKOI IT€peceveHnst IJI0OCKOCTEN Ty, 73, M4, OITOMY OHA JIEXKUT Ha IIPAMOMR 2| Z9
U, CJIe0BATEIbHO, B IUIOCKOCTH X3.

TaxuM o6pa3oM, MBI He TOJIBLKO OIMcan Kondurypamnmio B! B npocrpancrse PT! coorsercrsy-
forryto cpeaneit purype Bosa B, HO U MOJIyYm/IN eIe OJHO, YUCTO KOHCTPYKTUBHOE JIOKA3ATEIHCTBO
3aMBIKAHUS 3TUX (PUTYD HA M30KJIMHHBIX TKaHAX Bosa.

3. Pacemorpum Kacarenbuyio W-anrebpy mzokaunnoit Tkanu Bosa. Tak kak 3Ta TKaHb rpaccMa-
HU3yeMa, TO KoMMyTaTop ee W-aireOpsl 3anucbiBaerca B Buze (3.27):

(€, 1] = a(n)§ — a(é)n.

C yuerom dopmyisl (4.29) acconuarop W-anrebpbl 3aluinercs Tax:

(57 <7 77) = b(<7 77)5 - b(C, 5)77,
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rue Boipaxkenus a(§) u b(€,n) upencraBiagior coboil COOTBETCTBEHHO JIMHEHHYIO U CUMMETPHYHYIO
bumHeHy0 cKajasgpabie hopmbl. OTCI0A BUIHO, UTO JJIst JIIOOBIX BEKTOPOB &, 1), , MPUHAIJIEXKAIIINX
W-anrebpe, BekTopnl [£,n] u (£,7,() BbIpaxKalTcsd B BUJE JIUHEHHON KOMOMHAIMHM TOJBKO IBYX
BEKTOPOB & 7 7). DTO O3HAYAET, 9TO 00€ OMEPAIUN YIOBIETBOPSIOT GKCUOME O8YMEPHHIT NAOCKOCMET
(em. §2 o1 3).

fcHo, 9TO aHAIOTMYHBIM CBOMCTBOM 00JaMal0T Takxke n W-ajarebpbl M30KJIMHHBIX TKaHe Bosa
BT u Bg.

Ecin na mnzoksmunoi#t Tpu-tkann W BBIIOSMHSIOTCS Bee Tpu yeaosus Bona By, B, u By,, To njus
nee by = 0 mpu o = 1,2, 3, BBy 9ero ee TeH30p KPUBU3HBI 0OpaIaeTcs B Hysib. Ho oHOBpeMeHHOE
BBITIOJIHEHNE BCeX Tpex ycyoBuit Bosa xapakrepudyer Tkanun Mydanr, a obpalinenne B HyJIb T€H30Da
KPHUBU3HBL — IPYNNOBbIe TKaHU. Kpome Toro, B cuity ycnosus bg; = 0 Bee Tpu runeprosepxnoctn X,
MTOPOZKTIAIOIIIE PACCMATPUBAEMYIO TPU-TKAHB, CTAHOBSITCS TUITEPILIOCKOCTsIMEU. [losTOMY CcripaBeiinBa

Teopema 4.11. Caedyroujue mpu ymeepiHcoenus pasrHoCUNOHbL:

a) mpu-mxane W asasemcesa udokaunnolt mranvio Mydgare;

6) mpu-mxane W aeasemesa u3okaunnoll 2pynnosot mranvio;

6) mpu-mranv W epacemanusyema u 6ce mpu noporcoaowue ee 2unepnoseprrocmy A6AAOMCs
2UNEPNAOCKOCTNAMU.

3aMeTuM erre, YTO eCJIM TEH30D KPyJYeHUsl M30KJIMHHON TKanu MydaHr OTIndeH oT HyJisl, TO TPH
MOPOZKIAIONINE €€ TUIEPIIOBEPXHOCTH X, HAXOMATCS B OOIIEM MOJIOXKEHWW; €CJIU TOT TEH30P PaBeH
HYJIIO, TO OHU MPUHAJJIEXKAT OIHOMY Ty4Ky. B mocegneM ciiydae TKaHb OyIeT Napajuieu3yeMoii, ee
W-ayire6pbl TPUBHAJIBHBL, & KOOPAMHATHBIE JIYIIbI OYIyT a0eI€BHIMU IPYIITAMH.

4. Bepuemcst K m30KMHHONM TKanu Bojia obIero Bujia u HaiijieM ypaBHEHUsST MUIEPILIOCKOCTH X3
¥ PUNEPKBaJPUKY () B MMOJBUXKHOM perepe, MPUCOSTUHEHHOM K 9TUM [TOBEPXHOCTSIM TaK, KAK YKA3aHO
B §3 1. 3. Tenepn Toukun Ag u A,y 7exkar Ha KBagpuke (), a Touka Ag + A, — Ha mwiockocTn X3
(cMm. pue. 40). Touku A; penepa PacHOJIOKEHBI HA MEPECEUCHUN KACATEJNLHBIX [HIEPIJIOCKOCTEH K
kBaJpuke () B Toukax Ag u A, ). YpaBHEHNs MUIIEPIOBEPXHOCTEH, OMUCHIBAEMBIX TOUKaMu Ag, A, 41
u Ao + Ary1, nmeror Bug (3.39) u (3.40), a ypasrernus (3.46) u (3.47) B cuiy (4.28) sanunuryrcs

CJIETY FOIIM 00pPa30M: , p
o/t =105, ©f =0;0],,,
0 . (4.30)

Va; + 0] — e/t =0.

Kpowme Toro, Beipazkenue (4.7) mjis koBapuaHTHOrO JuddepeHnnana TeH30pa KPUBHU3HBL C YIETOM
dopmyi (4.26), (4.29) u (4.10) npuHEMaeT BHI;

Vbi; = —bijak(uljk - 02)’“). (4.31)
I/ICHOJIBByH YpaBHEHNS IIepeMelIeHusd IIOJBU?KHOTO pellepa, IOJIy9I€eHHbIC B §3 IJI. 37 HaXOJUM:

d(Ag+ Ari1) = O (A + Arr) + (0) + OL, ) (A; + a; Ag).

Takum 06pa3oM, MUIEPIIOCKOCTh X3 onpenersiercs Toukamu Ay + A, u A; + a; Ap, a ee ypaBHenue
B peniepe Ay, A;, A,y UMeeT BUI: ) 1
a;xt — 20+ 2"t = 0.

[Tokaxkem, 9TO THIIEPKBaIPUKA (), KOTOPYIO ONMHUCHIBAIOT TOUKU Ag u A, || HOJABUKHOIO perepa,

OIpeJIe/ISIeTC ypaBHeHueM o o ot
bija'e — 2z 2"t =0.

JeitcTBUTENBHO, JIETKO TMPOBEPSIETCsI, ITO TOUKN Ag U A,y JIeXKaT Ha KBaJpuke (), U OHA Kacaercs
runeprockocreit 7! = 0 u 20 = 0 B 3rux Tourkax. Ocraercs TOKA3ATH HETIOBUKHOCTD KBAIPHKH (Q
[P [EePEMEIIECHUAX pelepa, OnpeenseMblx ypasrenusMu (3.37). Ob6osmatmuM by K0dDdHUIIEnTE
yPaBHEHUS KBAJ[PUKHU, 3AMUCAHHOTO B OTHOPOIHBIX KOODINHATAX:

0 0 -1

(bag)=1 0 by O
-1 0 O
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TOI‘,ZL& ycjioBu€ €€ HEIIOABU?KHOCTHU 3allUIIETCA B BUIE
dbag - bo/fy@g - bﬂ/@@l == pbag.

HemnocpeqcTBEHHBIM BBIYHUC/IEHUEM [IPOBEPSETCs, YTO ITU YCJIOBHsl BBIIOJIHSIIOTCS B CUJLy COOTHOIIE-
uuit (4.30), (4.31), (3.42) u (3.44) npu HEKOTOPHIX 3HAYECHHAX p U O, BXOJAIMX COOTBETCTBEHHO B
IpeIbIIyIIue ypasHeHus u ypasuenus (3.42).

5. Borumcium i M30KJIUHHON TKaHW B, TEH30p KPUBU3HDLI R;M KAHOHUYECKOI CBI3HOCTH 7,
KOTOpasl OIpeJieieHa Ha 6a3e TpeThero cyoenust. Ilozgcrasmsisa B dopmymy (4.6) Bbipaxkenus (4.26) u
(4.29), maiinem: |
ik = g ((bﬂc 35 a]ak) & — (bﬂ +3 aaaé) 5k)

Tax Kak 3TOT TEH30p KOBAPUAHTHO IIOCTOSHEH B CBA3HOCTH 7y, TO ¥ CHMMETPHYHBII TEH30D
gjk = bjk + g 5k

Takxke OyeT KOBAPUAaHTHO IIOCTOSHEH B 9TON CBSI3HOCTH.
IIpeamomoKunM, 4TO TEH30pP ¢;), HEBBIPOXKIeHHBIH. Toria oH olpejesder Ha I'MIEPIIOCKOCTH X3
PUMAHOBY WU NCe8IOPUMAHOBY MEMPUKY, & CBAZHOCTL v OyueT ceaznocmoio Jlesu—Husuma 3roit
— m
merpukn. [lomaras R;jre = giij Lo TOJTY IIM

1
Rijre = Z(Qilgjk — gikgje)-

Takoit BuJ TeH30pa KPUBU3HBI XAPAKTEPUIYET PUMAHOBbL NPOCMPAHCMEA NOCMOARHOT KPUSUSHDL
(M., manpumep, [KH-1]). MoxHo mokazaTh, 91O METPHKa ¢j; UHJIyIUPYETCsl Ha IUIIEPIIOCKOCTH X3
abCoJIIOTOM, KOTOPBIii IIpeJICTaBIsieT coboil nepeceyenue () TUNEPIVIOCKOCTH X3 € THIICPKBAJIPUKON ().
HeBBIPOXK IEHHOCTD TEH30Pa ¢;; COOTBETCTBYET HEBBLIPOXKICHHOCTH KBagpuku () (3amada 4.5).

Kak nokazano B §1, 6a3a X3 tpernero cioenus cpeameit tkann bona B, siBisieTcs cuMMeTputde-
ckuM 1pocTpaHcTBoM. [lokaxkeM, Kak peasnsyeTcs CUMMeETpUYecKas CTPYKTypa Ha X3 B TOM CJIydae,
Korja TKaub W Oy/er u30KJIMHHOM.

PaccmoTpum rEnepmiockocTs X3 U IHNEPKBaIPUKy (), HOPOXKIAIomue B IPOCTPAHCTBEe P+l oory
TKaHb, U IIPEJITOJIOXKUM, 9T0 KBajpuka () = (Q U X3 HeBbIpoKieHHas. [lycTh S — moJiroc runepiuioc-
koctu X3 ornocurensuo Q. Touke p Tpu-Tkamu B, coorsercTByer B mpoctpanctse P’ mpsivast,
repecekaoas KBaJpuKy () B TOYKAX X| M Tg9, & TUIEPIUIOCKOCTH X3 — B TOYKE X3. DTU TOUKH
n300paXKarT CJIOU TKAHU By, , MPOXO/IsIie Yepe3 OJHYy TOYKY. Telepb CIIpDOEKTUPYEM TOYKU T| U T9
u3 moJiroca S Ha runepruiockoctb X3. [lomygaroniumecs mpu 9T0M TOYKA Y| U Yo OYIAYT CHMMETPUIHBI
OTHOCHTEJILHO TOYKH T3 B PUMAHOBOH (MM TICEBIOPUMAHOBOIT) MeTpHKe, onpejiessemoil Ha X3 abeo-
JIIOTOM (. DTO yTBEpKJEHUE BhITEKAET U3 3aja4u 4.6.

6. Kitacc m3oknuuHbIX TKaHeil BoJjia mHTEpeceH ele W MOTOMY, YTO B HENO BXOIST BCE UETHIPEX-
MepHbIe TKaHu Boja. A uMeHHO, BepHa

Teopema 4.12. Beakxas wemvipexmepras mpu-mxranv Boaa asasemes uzoxiunnod.

00 Paccmorpum veTbipexmepHyio TKaib Bosa By,. Tak Kak HHAEKCHI 4, §, k IDHHAMAIOT Terephb TOJILKO
JBa 3HaUeHHs | u 2, TO BCJIeCTBHE KOCOCHMMETPUIHOCTH TEH30POB ay, 1 by, 1o nnjexcam k u £ ux
MOXKHO IIP€JICTABUTHL B BUJIE: , ) . , )
a}d = a[kéz], b;‘ké = bjk(% — bjg(s;;. (4.32)
TlosToMy CTpPyKTypHBIE ypaBHEHHs] YeTbIpEXMEPHON TKaHu BoJia 3anumiyrcst B cieimymoomeil dpopme:
dw® = Wi A wj» + ajwj Awt,
1 1 1 1
Wy ey g (133)

dw' = W’ A Wl +b; (wk/\wi—wi/\wk),
A AN R T G

a nmuddepenrnuainbioe ypasaenue (4.14) mjisa Hee IpuHUMAET BUJL

6.V a; — 8iVar = ((brs = byx) 3% + (bjedh — bued})) (" — ) -
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CaepHeM MOcjIeIHee YPABHEHUE IO WHIEKCAM ¢ U kK W y9TeM, 9TO 252 = 2. B pesysibrare mosyanm
3

Va, = by; (ai)k - QQJ’“) . (4.34)

ypaBHEHUE

Hasee obparumes K coorHomenusM (4.11), KOTOpble CBA3BIBAIOT TE€H30PbI KPYUEHHsI M KPUBHU3HDI
rkanu Bosa. logcrasiss B Hux Bbipaxkenus (4.32), mocsie OpOCTBIX NPEOOPA3OBAHUN IIPUJIEM K
paBeHCTBaM

b[jk] ay = 0.

Ecnu ap = 0, 10 u3 (4.34) crenyer, uro by; = 0, u B 3TOM CiIydae TKanb By, OyaeT mapaiiennsyeMoii.
Ecm xe ay # 0, 10 bjp) = 0, T.e. Tensop bjr cummerpuder. IlockonbKy on mpescrabiger coboit
KOBapUAHTHYIO IIPOU3BOIHYI0 KOBEKTOpa a; (cM. 4.34), To u3 Teopemsl 3.6 ciremyer, 4TO paccMaTpu-
BaeMas YeTbIpexXMepHas TKaHb sBiisercsd n30KJanHHON. Ml

N3 Teopem 4.10 u 4.12 BbITEKAET, UTO BCAKAA YEMBLPETMEPHAA MKAHb Boara sxsusarenmma epac-
CMAHOBOT MPU-MKAHU, ONPEIEAAEMOT 6 MPETMEPHOM NPOEKMUBHOM MPOCMPAHCNGE NAOCKOCTDIO
U K6a0pUKOU. DTO IMO3BOJIAET, B YaCTHOCTHU, KJIACCU(MDUIMPOBATH YeThIpEXMEpPHbIEe TKaHU bBoja 1o
BUIY KBaJpUKU () U ee B3aWNMHOMY PACIIOJIOXKEHUIO C IJIOCKOCTBIO 7, & TaKXKe HallTh ypaBHEHUsI
YeTHIPEXMEPHBIX TKaHell Bojia B HEKOTOPBIX JIOKAJILHBIX KOOpAuHaTaX, M. [M1-2].

§ 4.3. Illectumepusbie Tpu-tkanu BoJia

1. U3 pesysbraroB 1.6 §2 cieayer, uro Heajrebpansyemble TpuU-TKaHu bBoJia ciieyer HUCKaTh
npu r > 3. OpHako Kjaccudukanusi TKaHeil B, TpU IPOU3BOJLHOM T BeCbMa 3aTPYIHUTEJbHA,
TaK KaK CBOJIUTCS K KJIACCH(DUKAIIMUA TEH30POB KPYUEHUsS U KPUBU3HBI, UMEIOIIUX BaJEHTHOCTH 3
u 4 coorBercTBeHHO. TeMm He MeHee, IECTUMEpPHBIE TPHU-TKaHU Doja, Kak ceitgac Oy/eT MOKa3aHo,
MOTYT OBITH OIMCAHBI CPABHUTEIBLHO TPOCTO. B 9TOM maparpade Bce JATUHCKNAE WHAEKCHI TPUHUMAIOT
3Hadenud 1, 2, 3.

Ham 1nonaziobarcss Tak Ha3blBaeMble JUCKPUMHHAHTHBIE TEH30DEL £, U & ik onpepensemble mpu
r = 3 caeayromuM 06pasoM:

Eijk = EUF = 1, ecam mopCcTAHOBKA (z j ]i) JeTHAST;

ij 1 3
Eijk = gidk — —1, ecstm mozmcranoBKA (z ik HedeTHas;

Eijr =&Y k =0, ecst B 9T0i1 MOICTAHOBKE XOTsI ObI JABA MHIEKCA PABHEL
Bemmauner £, n £Y k cst3ambI MexXK1y cobO0il COOTHOIIEHUSIMA

EineE™ =261, E;jmEM'™ = 26F:6%. (4.35)

HOKa}KeM, 9TO TEH30PbI KPYy4Y€HUd U KPUBU3HBI IHeCTI/Il\/IepHOfI TPpU-TKaHU Boua MOoryT OLITE 3aIlu-

CaHbI B CJICJIYIOIIIEM BHUJIEC: i . . .
1 _ 3 i _ ip
aty, = Ejkpa P, Uike = &cepbj . (4.36)

B camoM Jieiie, Tak KaK WHJEKCHI IIPHHIMAIOT BCEIO TPH 3HAUEHUs, TO B CUJLy KOCOCUMMETPUUIHOCTH
TEH30p @’y mMeeT Beero 9 CYIIECTBEHHBIX KOMIOHEHT — CTOJIBHO Ke, CKOJIBKO 1 TEH30P a%. U3 coor-
uorenuii (4.36) Besmaunbl aP* OUpPEAEIAIOTCS OHO3HAYHO. UTOOBI NX HAWTH, HY?KHO CBEPHYTDH [IEPBOE
pasercTso (4.36) ¢ rensopom E¥F u BocnonbzoBaThes nepsbiM paencrBoM (4.35). AHamormdmo, u3
BrOporo pasencrsa (4.36) Bemranmbt b BhipassTes epes bly,.

CrpyKTypHBIe YpaBHEHUS IIECTUMEPHONH TPU-TKaHU BoJjia MOIyvaloTcst U3 CTPYKTYPHBIX ypaBHe-
Huit (1.26), (1.32), ecau B HUX [OJCTABUTH BbIpaxkeHusi (4.36):

dw® = (,iﬂ A wé + Sjkgawcluj A ci)k,

i j i i g k (4.37)

dw' = w A wj — Ejrea” w? Nw",
2 2 2

dw; = Wi A wp + Egemby"wt A (4.38)
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IIpu sToM Temsops! a¥ u by ynosierBopstior nuddepeHnuaibHbIM Y PABHEHISIM:

i — gl P 1 J
Va7 =aw, (bm

birsi,) (clum - QQ/”) : (4.39)

Vb =blw P+ il Epqe ( 2aPI (ci)q - cgq) — aP? (oiﬂ — %ﬂ)) (4.40)

U KOHEYHBIM COOTHOIIEHUSIM
bik = 2€. a”ajk,
bfj pk _];jzk ip bik pj _ bzp ik _ bpk ij (441)
5 a ra p a? = bla bra'’,
KoTopele nostyuarores us (4.14), (4.7), (4.10), (1.31) n (4.11) ¢ yuerom (4.36). Bamernm, 910 UpPU
BbIBOJIe ypasHeHuit (4.39) u (4.40) ciemyer BOCIOIB30BATHCS COOTHONIEHUSIMI

0 ijk ijk, €
V&-jk = —&-jkwl, veEIr =§gY Wy,

KOTODBIE TIPOBEPSIIOTCS HETIOCPEICTBEHHO.

Tenszopst a/ u by’ ') CBSI3AHBI CIIE OHIM BECHMA MPOMOBIKIM COOTHOIICHHEM, KOTOPOE IOy YACTCH

3 (4.17) ¢ nomompio (4.36). OHO HaM He TOHAIOOUTCS, HO JKEJAOI¥E MOI'YT HAWTH €ro CaMoCTOsi-
TEJILHO.

Taxmm o6p3L301\./1.7 HaM y/IaJ0Ch CHU3UTh BaJEHTHOCTH TEH30POB a§ s b; ¢ H& €UHUILY, 3AMEHUB X
tensopamu a/ u by, Koropble TakzKe Gy/1eM Ha3bIBATH TEH30pAMH KPYIeHHUsl 1 KPUBUSHBL JTOT hakT
[I03BOJISIET KJIACCU(MDUITIPOBATE IIIECTUMEPHBIE TPU-TKAHU BoJia, HCIoJIb3ys CIe/Lyolee Ipe/JIoyKeHue.

Jlemma 4.13. Ha wecmumeprnots mpu-mranu Bosa moocro ewibpamd maxoe cemeticmso adan-

MUPOGANHILT PENEPOS, 6 KOTNOPHLT KOMNOHEHMDL MEHZ0PA 4™ NoCTROANMYL.
O Paccmorpum ypasrenus (4.39). Ux Bcero 9, u OHE cOIEpKAT CTOJIBKO Ke (hopMm w . Honaras
da = 0, nonyuaem 9 ypasHenuit ua 9 dbopm w . Ecsin mosyuennas cucrema HGSaBI/ICI/IMa TO Oop-
MBI wj OTIPEJICIIAIOTCS U3 Hee OJ[HO3HATHO U I/IMeeTCH €/IMHCTBEHHOE TI0JI€ PEIEPOB, Y/I0BJIETBOPSIOIEE
3aKJII0MEeHNIo JleMMbl. Ecim 2Ke panr p cucrembl ypaBHeHUH Ha W) MEHBIIE JICBSITH, TO B KaxKI0il TOUKe
Takux perepos cymecrsyer (9 — p)-napamerpudeckoe cemeiicrso. ll

N3 nemmbt 4.13 BbITEKaET, UTO KaaccudUKalns MECTUMEPHBIX TpU-TKaHeil boJia csizana ¢ Kiraccu-
dukanueil 1ByXBaJeHTHBIX KOBAPHAHTHBIX TEH30POB. Pa3/IMyuHbIM, T. €. HE SKBUBaJIEHTHBIM TEH30paM
OTBEYAIOT PA3JIMIHBIE KJIACCHI TKAHEH.

Ecym Terzop a¥ 3a1aH, TO KOMIIOHEHTB TEH30pa b Haxo/ M u3 cootHomenuit (4.41). Tax kax
YHCJIO 3THUX ypaBHeHuil GOJIbIIe YHC/Ia KOMIIOHEHT TeH30pa by g (mocnenuux 27, a ypasuenuii 30), T
SICHO, 9TO He [l BCSKOTO TeH3opa a'/ HaiijieTcs COOTBeTCTBYONas TKanb Boia.

IIpeanonoKuM, 9TO IPH HEKOTOPBIX a® panmr cucrembr (4.41) pasen 27 — p. Torga p KOMIIOHEHT
Ten3opa by’ MOXKHO BBIOPATH POU3BOJILHO, & OCTAJILHBIEC HANLYTC U3 910l cucrembL. IIycrs cemeiicTso
PeIepoB, OTHOCHTEIHHO KOTOPBIX BEJIMYHHBI @'/ IIOCTOAHHDLI, 3aBHCHT OT ¢ IapaMeTpos. Ecim o >
> 0, To BBIOEPEM II0JICEMENCTBO PEIEPOB, OTHOCUTEIBHO KOTOPBIX Oy/IyT IOCTOSTHHBIMU MaKCHMAaJbHOE
9UCJI0 KOMIOHEHT Ten3opa by’ . OcrajbHble — HEIOCTOSHHBIC KOMIOHEHTBI — CTAHYT a0COIIOTHBIME
MHBapUAaHTaMHU, U C UX IIOMOIIBIO ITPOBOJUTCH OKOHUYATEJIbHAs KJIacCuUKAIUs PacCMaTPUBAEMbBIX
TKaHeir bosa.

Mpb! He IPUBOUM IIOJHYIO KJIaCCH(MUKAIMIO IIIECTUMEPHBIX TKaHeil Bosa, a orpaHnauBaeMcs JIUIIb
HEKOTOPBIMU HANOOJIEE BAYKHBIMU CJIy9asMU.

2. Teopema 4.14. Illecmumepras mpu-mraHs Boaa A6AAEMCA UBOKAURHOT, G CACO0BAMEABHO, U
anzebpausyemoti moz0a u moavko mozda, k0204 Men3op a* KoCOCUMMEMPUIEH.
0 Ecan Tenzop a”’ KOCOCUMMETPUYIEH, TO €r0 MOXKHO 3AIUCATDH CJIEIYIONINM 00Pa3oM:

a9 = gl]kak,

IpIYIeM BeJIHHIHHBI () MOLYT OBITH HaliZeHbI IIyTeM CBEPTKH IIOC/IEIHETO PABEHCTBA C TEH30POM &;jp.
Torna Tenzop kpyduenus B cuiy (4.36) u (4.35) upunumaer By

a’;k = gpjkap = g Jkg Qg = 26[J6k]a/£ = 26 G;k]
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Tak kaxk y #Hac r = 3 > 2, TO U3 TeOpeMbl 3.5 CJEJyeT, YTO paccMaTpuBaeMasi TKAHb SIBJISETCS
U30KJIMHHOI.
Ob6parHO, IyCcTh JaHa IIeCTHMEPHAsl M30K/JIMHHAs TKaHb Boma. Torma mo Toit ke Teopeme 3.5 ee
TEH30p KPYUYeHUs 3aIUIIETCs B BUJIE:
aly, = a0l
gk — 4%

CpasuuBas ¢ (4.36), noayaum ‘ ,
(‘:jk:palp = G[J ]lc]

Cseprys 3T0 pasenctso ¢ £/% u Bocmonabsosapmmch coorHomenusvu (4.35), maiigem, aro a®/ =

=3 arEF | 1. e. Tenzop a xococummerpuuer. W

Teopema 4.15. Ecau mensop a9 wecmumepnoti mrany Boaa cummempuyen, U €20 pamne pase
HYAI0 UAU TPEM, TO IMA MKAHD 6y¢?em 2PYNNo6oU, NPUYEM 6 NEPEOM CAYUAE — NAPAAAEAUIYEMOU.
O Ecmu ¥ = 0, To Ten3op Kpy4eHns a’ %), TAKZKE PaBEH HYJIIO, OTKYJla BLITEKAET, YTO I TEH30p KPUBH3-
Hbl obpaiaercs B HyJIb (3aza4a 4.1). CHG,ILOB&TGJII)HO, TaKas TPU-TKAHD SBJISIETCS MTAPAJLIETIN3YEMOIA.

Ilycrs Temepb TeH30p a/ CHMMeTpUYEH M ero paHr paBeH TpeM. Torya IepBoe U3 COOTHOIIE-
muit (4.41) BeaeAcTBUE KOCOCHMMETPUYHOCTH TeH30pa &;jk MPUMET BUJ

bik = 0. (4.42)
Kpowme Toro, ambreprarust coorHomennit (4.39) B cuiy (4.42) maer

bl = 0. (4.43)
C yuaerom coornomtennit (4.42) u (4.43) Bropoe pasencrso (4.41) mepeiizieT B ciemyormee:

by aP" — bl a’? — b7 al? = 0.

CumMerpupyst ero 1o uHgekcaM j u k u yaursiBas (4.43), noaydnm

ik ip _

b a’? = 0. (4.44)

B cmity 3TOrO COOTHOIIEHNsT BTOPOe PaBeHCTBO (4.41) yIOBIeTBOPSIETCST TOXKIECTBEHHO.

Tax kax det(a’?) # 0, To u3 (4.44) HaxomuM b;k = 0. CurefioBaTEIHLHO, TEH30D KPUBU3HBI PACCMATPH-
BaeMoll TKaHW paBeH HYJIIO, U 10 TeopeMe 1.4 oHa siBisieTcs rpynmnoBoi Tkaubo. Ml

3. Takum 0O6pa3oM, HETPUBHAJILHBIE KJIACCHI MIECTUMEPHBIX TKaHeil Bosa ¢ cuMMeTpUYHBIM TeH-
30poM @/ MOTYT TIOSBUTLCA B CIy€ae, KOTJa ero PAHT PaBeH eIUHHUIE M JBYM.

Teopema 4.16. C' mounocmovio do uzomonuu cywecmeyem odHa wecmumephas mrans Boaa c
CUMMEMPUUHILM MeH3opom al parza 1. B A0KaALHOIT K0OPOUNAMAT €€ YpasHeHUus Mo2ym 6bimob
3aNUCAHDL CACIYIOWUM 00PA3OM:

=l byt — (@ + )2ty
2=y yQ, (4.45)
2 =7 + y3.

910 Tkaub F|, paccMorpenHast B 3amadax 26 u 27 . 2.

[0 BribepeM ceMeficTBO pemepoB Ha MHOroobpasmn X Tak, 9ToOBI B KasKI0H TOUKe MATpHIla a/ mvesa
craemyromue KommonenTsr: all = 1, a¥ = 0 mpu oCTATBHBIX 3HAMEHHSX WHIEKCOB. 11oCTaBIM STH
3Havenus B coorHomenus (4.42)—(4.44), KoTopble CBA3BIBAIOT TEH30PbI TKAHU BoJIa ¢ CUMMETPUIECKUM

TerzopoM a/. B pesymnbraTe Haiimzem:
biF =0, b/ =10), b’ =0. (4.46)
HaJtee, Tak Kak Terepb Ejkgajk = &pa'! =0, To ypaBrenns (4.40) npuHUMAOT BAJ:

Vb = bW 4 201 ga (uqu - %ﬂ) . (4.47)
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AJibrepHalus 9TUX ypPABHEHUI 110 MHIEKCAM § M j B CUJLy BTOPOro M3 coorHoinenuii (4.46) npuBomur
K PaBEHCTBAM y y . y
b}c 51qza J = b{f 51qga ¢

. . il 07
Homaras 3peck @ = 1, j = 2,3, momyunm by, =0, rue £ = 2, 3. B pesysbrare KOMIOHEHTH! Ten3opa by
3aINIITYTCS TaK:

’ LY b b by
b =0, (b’)=(b> 0 O, (b/)=( 0> 0 0
bl> 0 0 —b2 0 0

[ozcrasisis Hail/IeHHbIE 3HAYMEHHs] KOMIOHEHT Ten30pos a*’/ u b)) B ypasuenus (1.39) u (4.47), noayanm
yDaBHeHUsI

k_ Lk e e 1m0 _
wh = 50| (ulj Lg) bW =0, k=23,

73 KOTOPBIX B CHJIy HE3ABUCUMOCTH OA3UCHBIX (HOPM uljf — w' BBITEKAET wf =0, b}k = 0. Takum obpa-
2

30M, y Temsopa by} 0CTAalOTCs TOJIBKO JiBE HEHyJIEBbIe KOMIIOHEHTBI, JJIsd KOTOPBIX COOTBETCTBYIOLIUE
ypasHenus (4.47) umeror BUI;:

dby' + b3 (W] — 2wh — wd) — bilwi =0,
?1 ?1( 2 3) 3 2 (4.48)
db3 +b3 (wl —LUQ —2(4)3)—b2 W3 —O
Kpowme Toro, uz ypasuenwuii (4.37) maxomum:
dwy = Wi AW, dwd = wi AW,

DTu ypaBHEHHS TOKA3bIBAIOT, YTO HA PACCMATPUBAEMON TPHU-TKAHU MOXKHO BBIODATH TAKOE IMOJICeMeii-
CTBO DeNepoB, B KOTOPBIX b%l =0, bél = 1. B pesyubrare u3 (4.48) nosyuyaeMm ypaBHEHHs

ws =0, w —wd—2wi=0.

Bumecre ¢ ypasaenuem (4.39), KOToOpoe Tenepb NpUMeT BUJ
I B (w3 —w3)
™™=\t 3 /)

9TO HdaeT: . . . . 1 - -
3 :‘*1}3_w3’ wgz (ws_ws).

1
wy =0, w; —

S
)

IosyueHHble ypaBHEHUsT MOXKHO yrpoctuTh. 13 (4.37) BBITEKAeT ypaBHEHHE dw% = 0, nosromy dop-
MY W] MOXKHO TIDHBECTH K HYJTIO, CY3UB CeMeiCTBO pernepos. OKOHIATETHLHO MOy aeM:

, ‘ , , 1 ,
w=wl=uwl=0 wj=0, w%z—cf“)’—i—uzfg, w§:§(c113—cg3).

Crpykryphble yparenust (4.37), (4.38) npuMyT B paccMaTpUBAEMOM CJIyUae CJIeIYIONHH BUJL:

1

daijlzulJQAwQI—HiJS/\wé—FQci)?/\uljg, dciﬂ:ulﬁAwg—al)Q/\Q, dcifs:gcfs/\Q,
do' = Al + P Awl 20PN, dw? = WP AW — WA, dw3:lw3/\ﬂ (4.49)
2 2 2 2 2 2 2 2 2 22
‘ 1
dwl =wl A Q, dw;f:gﬂ/\wé, dwg—ws/\wz—i—QQ/\wé—i-uljz/\c; —ulfs/\cg,

rae :ciJB —cyS,

U3 ypasuenuii (4.49) caexyer, uro d2 = 0, r.e. dopma ) Gyner nouubM guddepeHnnaaoM.
[Tycts Q = dln . IocaenoBarensuo unrerpupys cucremy (4.49), vaitmem:

W= oy, w? = ¥ 2d, °f3 — 12443, %)3 — o123,
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e u, v, a®, b® — mapamerpsr, npuaem a® — b = 2¢!/2. Tloxcrasiss >Tir GOPMBI B OCTATIBHBIE ypaBHE-

Hua cucreMbl (4.49) U POIOJIZKAST HHTEIPUPOBATD, HAXOUM:

W = p(vdd® +da’), W = p(—vdb® + db),

€

L= o2(a%db? + v*da® + vdu + dw),
uljl = —uda® — (w + a®b*)da® + a*a’da® + da',

V= —udb® — (w + b%a®)db® + b°63db® + db',

&

e w,a?, b%, al, bt — napamMerphbl.
IlepBoe coeHmMe paccMaTpUBAEMON TPHU-TKAHU BBIAEJISAETCA CHCTEMOI ciﬂ = 0, nmepBBIe MHTErPAJIBI

KOTOpOH 3ammmryTcsa B Buie a' = z'. Amajormuymo HaxomuM BTopoe cioemme: b = . Tperne
ompejiesieTes cucTemoit w' + uQﬂ = 0, HUHTErpUpysl KOTOPYIO, IIOJIYUHM:

A+ =2 a4+t =2 al Fb! -2 =2

Hckmouas nepeMennble a' u b’ m3 ypaBHeHmii Tpex HaiiIeHHBIX CJIOGHHMI, IPHJEM K ypaBHEHH-
am (4.45). W

Takum ke crrocoboM [TOKa3bIBAETCS U

Teopema 4.17. [®-4] Vpasnenus wecmumepnold mpu-mranu Boaa ¢ cummempuunovm
menzopom a¥ parea 2 6 HEKOMOPHIT AOKAALHOLT KOOPOUHAMAT MOYM OBIMbL 3ANUCAHYL 6 6UJE:

S gl 8@+ +ol 428 (zQ 4 y262€(m3+y3)) ,
J . y2€2£(z3+y3)y (4.50)
D=4+, £=+l.

4. KnaccuduKkarmys IecTIMepHLIX TKaHel Boja ¢ HeCHMMeTPHIHEIM TeH30pOM a*/ 3aHIMAaeT OvIeHDb
MHOI'O MECTa M II09TOMY B 3TOH KHUI€ HE IPUBOJUTCHA. 3a IOAPOOHOCTSIMU OTCBHLIAEM UYUTATENs] K
paboram B.M. ®enopopoit. Mbl paccMoTpuM Jininb JBe TAKUX TKAHU: OJHY B 9TOM mnaparpade (c
Marpuneii panra 3), u ogay — B §3 1. 7 (¢ marpuieil padra 1).

IIycrs MaTpuna a™ mMmeer ciemyromuil BuI [D-4]:

/~1 0 0
(a¥) = 8 oli (4.51)

(3mech a?® = 1). O6osmaumm Wy COOTBETCTBYIONLYIO TPH-TKAHB BOJTa U BBISCHHM €¢ CTPOCHIE.

IIpeskjie BCero 3aMeTHM, UTO TaK KaK TEH30p a'/ He sBJIgeTcas KOCOCHMMETPHYECKHM, TO IIO
Teopeme 4.14 tranb Wy me m3okamunad. HaiieM KoMIIOHEHTHI ee TeH3opa KpuBu3HBL. [lojmcraBiss
sHavennst u3 (4.51) B coorHomenust (4.41), moaydaem:

3 00 O B 0 0 p - 00 —4
(bzlj) =(0 0 0], (bZQJ) =|-4 0 0], (bgj) =({0 0 0],
00 —4 -p 00 00 O
rae p — mnpousBosbHAs dyHKIms. Ilojgcrapiss najiee 3HaUeHHs 4™ 1 sz B juddepennnaabHbe

ypasuenus (4.39) u (4.40), noay9uM CJIELYIONLYIO CUCTEMY:

1 . . . .
=0 wh=gr(y ). w=2(y ).
wQ—O, wi =2 wl—wl, w2:0,

1 2 1 5 3
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CeMeiicTBO aJanTHPOBAHHBIX PEEpoB Tpu-TKaHu Wy MoXKHO cy3uth, nojoxus p = 0. Torma npempr-
JIyIasi CUCTEMa CBEJETCS K Hojiee mMpOCTOi:

wi=0, wl=0 wl=-2 (uIJQ—aJQ),
w2:0, wr =2 (w —w! , w2:O,
1 2 ¢ 5 3

w? = -2 (%127(5)2), ws =0, wi=0.

ToxcraBus T 3HaUeHUs: HGOPM B CTPYKTYpHBIe ypasHenust (4.37) u (4.38), HaiimeM, uTo mocsenHme
YOBJIETBOPSIOT TOXKJIECTBEHHO, & IEPBBIE IPUMYT BUJ;:

dw' = 203 Aw?,  dw' = =23 A WP,
1 2 2 2 1
2_ o 2 1 2 _ o 2 1
dw” = 2@;} /\(42), d(.g f2u21 /\(.i), (4.52)

dw’ = 2w A <w2 +w3) , dw® = =20 A (wQ +w3> .
1 2 1 2 2 1 2

Cucrema (4.52) comepxkut KpoMme 6a3UCHBIX POPM TOJILKO IIOCTOSIHHBIE U BIIOJIHE UHTEIPUPYEMA.
CreioBaTeIbHO, OHA TIPEJCTABIAET CO00H CTPYKTYPHBIE yPABHEHUST HEKOTOPOH MEeCTUMEPHOI TPy TIITHI
JIn G. Takum 06pa3oM, paccMaTpuBaeMas TPU-TKaHb Wy peanmsyercs Ha OJHOPOIHOM MPOCTPAHCTBE
1, KaK HEKOTOPBIE JPYIHe PACCMOTPEHHBIC BBINIE TKAHU, ABIAeTCA G-TKaHbIO.

ITocTpoum orobpazkenue rpynnsl G B rpylily npeoOpa3oBaHHil TPEXMEPHOTO MPOEKTUBHOIO IIPO-
crpancrsa P2, Tlyers {A,} (u,v,w, ... =0,1,2,3) — noxsuxnoit perep B P3| undunuTesnMaIbube
npeobpa3oBaHsa KOTOPOTO 3alliIIeM CJIeIyIoIuM 00pa3oM:

dA, = oL A,. (4.53)
Dopwmsl Ibadda o) yaoBIETBOPSIOT CTPYKTYPHBIM YPABHEHUSIM [IPOEKTUBHOIO IPOCTPAHCTBA
do, = o, No,,. (4.54)

PacemorpuM mosprpymiry rpynnbl MPOEKTUBHBIX MPEOOPA30BaHU, OCTABJISIIONINX WHBAPUAHTHOMN
HEKOTODYIO JUHeHYaTyIo KBaapuKy (). ObosnaunM a1y noarpymiry O o. OHa ABideTcsd I'PYNIIION IBH-
JKEHUI HeeBKJ/INI0BA IIPOCTPAHCTBA 25>, aBCOIIOTOM KOTOPOTO SIBJISIETCS KBAIPHKA (), I HA3BIBACTCS
ncesdoopmo2onasbHol 2pynnot.

3amuiemM ypaBHEHUs] KBaJIpuKn () B BUJE

(z,2) = gupzz’ =0,

u BeiGepem B P moncemeiictso perepos {A,} Tak, uroGer npsambie AgAj, AgAg, A3A;, AzAg Gbl-
Jiu obpasyromumu KBagpuku (). Kpome Toro, HopMupyeM BepmiuHbl perepoB yciaoBusymu (AgAz) =
= (A14y) = 1. Torga ypaBHeHue KBajpuku () IPUMET BU,

222% + 2'2? =0,

a TOYKH Au 6yﬂyT CBA3aHbI CJEJYIONMMMU COOTHOIICHUSAMMU:

(ApAo) = (A1Ay) = (AgAg) = (A343) =0, (AoAs) = (A14p) = 1,
(AgA1) = (AoA2) = (A341) = (434,) = 0.
Ipomuddepennupyem mocsenHre paBeHCTBA, BOCIOIB30BaBIINCH ypaBHeHusaME (4.53). B pesysbrare
[IOJIy9HM TAaKHe COOTHOIIEHUS Ha (POPMBI 0, :
ol +o3 " =0. (4.55)
Takum obpazoM, rpymmna Oy 9 3aBUCHT OT HMIECTU IIapaMeTPOB, JIMHeRHbIMU KOMOnHAIIAMY Juddepen-
[IHAJIOB KOTOPBIX OY/yT WHBAPUAHTHBIE (DOPMBI 08, 011,0(1), o), 08, og .
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B cuny (4.55) nepusarmonnsie ypapuenns (4.53) npocrpancrsa S° npumyrT Bu:
dAg = o0 Ay + oy Ay + 0} Ay,
dA, J?Ao + U}A1 - U(Q)A;a,
dAy = 09Ag — ol Ay — 0} As,
dAs = —05A; — oV Ay — 09 A3.

(4.53)

CrpykTypHble ypasrenus rpynmsl Ogo (Mm mpocTpancTsa 2S3) MOMyYaTcs U3 CTPYKTYPHBIX ypaB-
Henwuit (4.54) ¢ y4erom coorHomenuit (4.55):

dagzaé/\o?—i—ag/\ag, da%za?/\oé—i—a&/\ag,
dog = (0§ —ol) Aop,  dof = o A(of — al), (4.56)

dog = (o) + o) Nod, dod =0 A () + ).

Henocpezncrsenno mposepsiercs, 4ro ypasrenus (4.52) uepeitmyr B ypasuenus (4.56), eciu

TOJIOXKUTH | 1, 0 9 3 1( 0 1)

2
w 25(01—00)7 W =00, W =301~ (4.57)
Lo o 2 1 3_l,o o o ’

w 25(014'00)» W =00, @ 25(02—00)-

B ypasuenusx (4.57) uaBapuanrabie (opMbl rpynusl G BBIPazKaioTCs Yepe3 MHBAPHAHTHBIE (DOPMBI
rpymibl Og o ¢ IocTOsTHEBIMU KodhdunmenTamu. CreoBaTesbHO, OHU 331a10T n3oMopdusm rpymn G
un Ogo. Nrak, Mbr mosyunsm, uro rpynna (G, Ha KOTOpPOil peasm3yercs Tpu-Tkanb Wy, nzomopdna
IpyIIe IBIKCHNH HEeBK/IMI0BA IPOCTPAHCTBA, 2S%, mosToMy Tpr-TKanb W JOIMyCcKaeT HHTepIpeTa-
[UIO B TEPMUHAX 3TOTO MPOCTPAHCTBA.

VYpaBuenust

W =w =0 (1=1,23)

dukcupylor TouKy p Ha rpynie G. B rpynne Og9 cooTBeTCTBYIOMUE ypaBHEHHA HMEIOT BA:
od=0l=c,=0=0)=02=0. (4.58)

Kaxk BujiHO U3 JepuBanuoHHbIX ypapHenuil (4.53), ypaBrenus (4.58) dbukcupyror penep mpocTpas-
crBa 283, CiresroBaTesbno, ToUKe p Tpymsl G GHEKTHBHO COOTBETCTBYET pelep IpOCTpaHCTBa 2S°.

Ho Tax Kak perep mpocTpascTBa 2S% coCTONT M3 06pa3yOmuX KBapHKI (), TO 1715t €ro huKCAIHIT
JIOCTATOYHO HE YeThIPEX BEpIINUH, 8 TOJBKO TPEX TOUYEK — OJHON BEPINUHBI M JIBYX TOUYEK, JIEIKAIIIX
Ha pebpax. [IeficTBUTEIBHO, JIETKO YOEIUThCS B TOM, 9TO ypapHeHus (4.58) MOJIy9aroTcst U3 yCJaoBHsI
HeroBKHOCTH ToyeK M = Ay, N = A} + As, L = Ay + As:

dAyp=0, d(A1+A43)=0, d(Ay+ A3)=0.

Takum 06pa3oM, MOKHO CUMTATH, YTO TOYKE P rpymibl G OUEKTUBHO COOTBETCTBYET TPOUKA TOYEK
M, N, L va kBajipuke Q.

Haiinem obpaser ciroeB Tkanu Wy npu paccmarpuBaemoM orobpazkennn. Cioit F| IepBOTo CJIOEHUS,
MIPOXOIATINI 9€pe3 TOUKY P, OIPEIEISTeTCsT CHCTEMOI ulﬂ = 0, xoropas ua rpyuie Og 9 IPHHIMAET B

08 — U% =0, 08 =0, O’(l) — 0(1) =0. (4.59)
U3 ypaprenuit (4.53') npu 3TOM 1Oy qaeM:
d(Ag + A1) = (00 + 00) (Ao + A1), d(Ag — A1) = (0 — 09)(Ag — Ay).

Kak Bumno, cioo F) B mpocTpancTse P3 orBedaer HemomsmzkHas obpasyiomas AgA; abeomora @ ¢
ABYMs JIEZKAIIUMA Ha Heil HemoIBMKHBIMU Toukamu Ay + Ay u Ag — Ay

Touno Tak ke yCTaHABIMBAETCs, UTO CJIOI0 JFy BTOPOro CjIOeHUS TKanu Wy, IPOXOAAIEMY depe3
TOUKy p, oTBeuaeT B P3 menoasmkuHas obpasyiomas AgAs abcomora () ¢ ABYyMs HENOIBHKHLIMI
Toukamu Ag + As u Ay — As.
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Curoit F3 TpeTbero cJioeHus: TKaHuU olpejiesigercs ypapHenusaMu w’ + w’ = 0, a na Og9 — cucremoit
5 :
1 1 2 0 0
01=0, oy+05=0, o/ +0y,=0.

Vpasuenus (4.53") B aroMm ciyuae gator d(A; + Ag) = 0. Takum o6pazom, cjioi0 F3 TPETHErO CIIOCHUS
paccMaTpUBaeMoil TKAHI COOTBETCTBYET B IpocTpaHcTse P3 memomsmxmas touxa (A; 4+ Ag). Moo
CUATATDH TaKKe, UTO CJI010 F3 0TBeUaeT mIoCKocTh m = [Ag, A| — Ag, A3], TTOISPHO CONPSIKEHHAS TOUKE
(A} + Ay) OTHOCUTENIBHO KBAAPHUKH (). DTa MIIOCKOCTh MOKET ObITH OIpeesieHa TakKe Toukamu Ag, T’
u S, rue

T:AO+(A] 7A2)+A3 = (AofAl) — (AQ 7A3),

S=A— (A1 — Ag) + A3 = (Ao — A1) + (Ag — 43).

O6pasbl TOYKHU p U TpeX MPOXOJISAINUX depe3 Hee cyioeB F,, TKaHu Wy NpUBOJIAT K KOHMUTY AN
13 BocbMU 00pasyromux KBaJapuku (), ykazanuoil Ha puc. 41. Kak BumHO, 3Ta KOH(MUrypaius BIIOJIHE

P
N.
Ag=Ay[S=Ag—Aft-Agt+ Ay |L=As+As[A)— A —(Ay+Ag) :
i)
A1 AlfAs AS N:A1+A3
N3
&!
Ag+A, A=Ay T=AgtA—Ap+ A3 ‘
29
23
A, AgtAy | Ay AptAs
Puc. 41 Puc. 42

omnpeiesisiercs 3asanueM Tpex ToueK M, L m N. B camom Jiesie, ecim ykazaHHbIE TOYKHU 33JaHBI,
TO U3BECTHO 6 IPOXOAANIUX Yepe3 HUX OOpas3ymIIUX HOBEPXHOCTH ().
JlBe ocraBIinmecsi 0Opa3yroliye HAXOIITCS KaK YeTBEPThIe TapMOHUYE-
ckue. TakuMm obpasom, ecsiu 3aganbl Toukun M, N, L TO OaHO3HAYHO
HaXO/ISITCsI TeOMETPUUIECKUE 06pa3bl, COOTBETCTBYIONIUE CJIOSIM JFp, TKa-
Hu Wy, IPOXOISIUM Yepe3 TOUYKY pP. ITO COOTBETCTBYET TOMY (DaKTYy,
9TO 4Yepe3 TOYKY MHOrooOpas3usi, HECYINEro TPU-TKAHb, [IPOXOJIUT IO
OJIHOMY M TOJIBKO II0 OJIHOMY CJIOKO U3 KarKJOI'0 CJIOEHUS.

Haitinem Ha kBajpuke () KOH(DUIYPAIUIO, OTBEYAOINLYIO CpeIHEi
durype Bosa, mzobpakennoii Ha puc. 42. CiosMm z| U 2z TPETHEro
CJIOEHUST B HAIIEH WHTEPIPETAIINNA COOTBETCTBYIOT JiBe IIocKocTr. OHM
epecekaroT KBJIpUKy () M0 KPUBBIM BTOPOTO MOPSIIKA, KOTOPbIE TaK-
)Ke obozHaumM z; u 2o (puc. 43). Touke p, jexaieil na cioe zj, Ha
puc. 43 oreuaer Tpoiika Todek (A, S, T). Uepe3 HUX LPOXOAAT JiBE
cepun obpasytommux: AAy, SSy, TTy u AAg, SSy, TT;. Ilpu sTom Tpoiika
obpazyrorux AA(, SSy, T'T] cOOTBETCTBYET CJIOI0 X] MEPBOTO CJIOEHUS,

a Tpoiika obpasytomux AAg, SSe, T Ty — cJIOI0 1| BTOPOrO CJIOCHUS. Puc. 43
Tpoiika Touek (A, Si,T}) uzobpaxaer 104Ky N| mepecedeHusl CJIOEB 2o
u x;, a Tpoiika (Ag,Se,To) — Touky Ny = z9 Uy;. Kpusag Broporo nopsiika Ha kKBaiapuke @,

omnpeJiesisieMasi Toukamu As, Sz, T, COOTBETCTBYET CJIOKO 23.

Urak, 9eThIpexyroabHUKY, 00pa30BaHHOMY CJIOSIME |, Y|, L9, Yo TKaHU Wy, COOTBETCTBYET KOHMU-
rypaiusi Ha OBEepXHOCTH (), 0Opa30BaHHAsI TPEMsl KPUBBIMH BTOPOTO TOPSIIKA U TPEeMs YeThbIPeX-
YTOJIbHUKAMU, COCTABJIEHHBIMU U3 00Pa3yOIINX.

YcnoBue 3aMbiKauus B, COCTOUT B TOM, 9YTO YETBIPEXYTOJBHUK X1, Y1, L2, Yo MOXKHO MEPEMENIATH
TaK, YTO €ro BEPIIUHBI CKOJB3AT 1O CJIOSIM 21, 29 U 23. B TTOCTPOEHHOW MHTEPIIPETAIINN 3TO O3HATAET
cJIe/IyIolee: TOJIOYKeHNEe KPUBOHM z3 HA puc. 43 He 3aBUCUT OT BBIOOpPA HUCXOJHON TPOHKU TOUEK
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A, S, T ua KpuBoit z|. YKa3aHHOE CBOWCTBO JIMHEHIATON KBAJIPUKH () CBI3aHO C TEM, UTO €€ MJIOCKUEe
cevueHus z| W 23 OYyIyT COOTBETCTBOBATDH NPYT JAPYry B romosoruu H, ompenessieMoil II0CKOCTHIO
T, COIEepIKAIeil KPUBYIO Z9, U MOJIOCOM P 3TOH II0CKOCTH OTHOCUTEIBHO KBaJApuKu (). Tem cambim
TeOMETPUYECKH JIOKa3bIBaeTCs 3aMmbikanme ¢puryp Boaa B, na tkann Ws.

5. B patore [1-3] Yepn npusogur runoresy ['puddurca o ToM, 9TO BCAKas NIECTHYTOJbHAA
TPHU-TKaHb ajrebpam3yema. Kak MOKa3bIBAIOT PE3Y/IbTATHI HACTOSINErO maparpada, 3Ta rumoresa He
HnoATBepKIaeTcs. JlefcTBITeIbHO, 37eCh JOKA3aH0 CyIecTBOBaHNe TKaHel Bofa, Temsop a”/ KOTOphIX
He siBJisieTcst KococuMmMeTpudabiM. Ho B ety Teopemsr 4.14 Takue TKaHU He OyIyT aaredOpan3yeMbIMU.
Tak kak Bcsgkas TKaHb DoJia siBJIsieTCs IECTUYTOJBHOM, TO T€M CaMbIM JIOKA3aHO CYIIECTBOBaHUE
HeaIredpan3yeMbIX MEeCTUYTOJbHBIX TPU-TKAHEH.

C napyroit croposbl, B §2 1. 5 OyAeT [OKa3aHO, UTO BCsIKAsi YETHIPEXMEDHAS IIECTHYTOTbHAS
TpU-TKaHb ajredbpandyema. Orciona ciemayer, aro runoresa I'puddurca moaTBepKIAETCS JIJIsd I€ThI-
PEXMEPHBIX TPHU-TKaHEeH, HO He MOATBEPXKIAETCS JJIsi TPU-TKaHEl OOJIbIell pa3MEepHOCTH.

§ 4.4. Tpu-tkanu Mydanr

1. HammoMHuM, 9TO TPU-TKAHb HA3BIBAETCS TPU-TKAHBIO MydaHr, eciim B ee KOOPIUHATHBIX JIyIIax
BBITIOJTHSIETCST TOXK AecTBo Mydamr
(w-v) (w-u)=z-(y-2)-x), (4.60)

WK Kakoe-TubO M3 SKBUBAJIEHTHBIX €My TOXK/IECTB, YKa3aHHBIX B 3ajgade 2.7. TeHzop KpuBU3HDLI
rkaau Myddanr ymosierBopsier coorHomenuio b = altb (tabmune 2.2 ma crp. 59). CpaBuusas ero
¢ paserctBoM (1.31), CBA3BIBAIOIIUM TEH30DPbl KPUBU3HBI M KPYUeHHs [POU3BOJBLHOI TPHU-TKAHU,
HAXOJMM, YTO T€H30D KPUBU3HBLI TKanu MydaHr BhIparXKaercs depes3 ee TeH30p KPYJIeHUS:

J

Tak kak kjacc Tkaueii MydaHr coBmamaer ¢ KJacCOM TKaHeil, Ha KOTOPBIX BBIMOJHSIOTCS BCE TPU
ycaoBus 3aMbikanust By, B, u B,,, 10 u3 teopem 4.4 u 4.5 BbiTekaer, aro coomuowenus (4.61) ne
MOABKO HEOOTO0UMDL, HO U JOCTNAMOYHYL 0AA Mo20, wmobv, mpu-mxrans W 6viia mranvio Mydgane.
Beuny (4.61) ypasrenust (1.33) npumyT Buj:
Vay, = 2af}.ap,, (olue — age> , (4.62)
T. €. Yepe3 TeH30D KPYYEHHsl BbIPAYKAIOTCs U ero KOBapuaHTHbIe nponssoanbie. 13 (4.61) u (4.62) BbI-
TEKAET, ITO KOBAPUAHIMHBLE NPOU3BOINBLE A100020 NOPATKA O MEHZOPOS KPYUEHUSA U KPUBUSHBL MKAHU
Mydgpare ewvipasicaromesn wepez men3op Kpyuenus. ITo o3HadaeT, 4To G-cmpykmypa, onpedessemas
mpu-mranvio Mydane, asasemes damrrymots G-cmpykmypot emopozo xaacca (CM. TIaBy 5).
Haiinem crpykrypable ypaBuenusi Tpu-TKauau Mydanr. [Tockonbky OHa SABJIACTCS OJIHOBPEMEHHO

TKaHbIo By, B, u B,,, TO 115 ee OIICaHUA BOCHOIb3yeMCs CBA3HOCTBIO I', cpesHeil 0 OTHOIMEHMIO K
cesisHOCTSIM 19, T'31, Tog (§8 rur. 1). Dra cBsisHOCTD onpesiessiercst popMamu

5 =+ e (- ") (469

(em. (1.87)), yaosierBopsiomuMu CTPyKTYpHbIM ypasHenusaM (1.91). B aux Bxomut TeHzop
*

bike = b;’ké + 207}, Ay,

KOTOpHIil B cuity (4.61) obpamaercss B Hysnb. B pesysbrare cTpyKTypHBle ypaBHeHus: TKaHu Mydanr

[IPUHAMAIOT BHJL; |

dw' = Wl AOE 4 = at Wl A (wk —wk> ,
1 i i T3 %k i 2 3

. . P .

dw' = Wl AOE 4 = at wj/\(wk—wk), 4.64

p p i T3y 3 1 (4.64)
. . A

dw' = Wl AOE 4 = at ! A (wk —wk) :

3 3 i T3 kY T 9
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dwé - wf Agke ( A cé)é + cgk A cgé + (gk A ulje) , (4.65)

rie
) . 9 ) ) .
Alpe = —Afpp = 3 (a}-’,’cafne + agjay,, — aZZafm-) (4.66)

*
— TeH30p KpuBu3HbI cBs3HocTH . K 9TMM ypaBHenusM HyKHO 7006aBuTh erie ypasaenus (4.62),

. %1
KOTOPBIE TIOCIE 3aMEHbI B HUX (DOPM w;- Ha (popMBbI W; C IOMOIIBIO (4.63) npumyT mpocToi By

Vai, = 0. (4.67)

Beuy sroro u3 (4.61) u (4.66) BBITEKAOT ypaBHeHI/Iﬂ 6b§ke = 0 u ypaBuenus
VAJM =0. (4.68)

Hamomumm, aTo MmHOrO0Opasmne X ¢ 3aIaHH0it Ha HeM adPUHHOM CBA3HOCTHIO I Ha3bIBaeT st pedykmue-

HOLM NPOCTNPAHCTNEOM, €CITU TEH30PbI KPYUYeHWs] M KPUBU3HBI CBSI3HOCTU ' KOBAPUAHTHO MMOCTOSIHHBI.

Takum 06pa3omM, MBI MOIYUIUIH, 9TO MHo2006pasue X, wecyuee mpu-mrans Mydane, saeasemcs
*

PEOYKMUGHBLM NPOCTAPAHCTNEOM, G CPEOHAA C6A3HOCMb L' 6ydem e20 KanoHu“eckot C8AZHOCTDIO.
Buemnee nuddepennuposanue ypasuenuii (4.67) u (4.68) npuBoauT K COOTHOIIEHUSIM

pkAgém +aj, ARy, — a]kAp/m =0 (4.69)
1 m 7 m
AkaAL’pq + A mkAJpq + AljmAlpg — Ae]kAmpq 0, (4.70)

CMBICJI KOTOPBIX BBISICHSIETCsI B CJIEIIYIOINEH Teopeme.

Teopema 4.18. Kacameavraa W -anzebpa mpu-mranu Mydane ssasemces anszebpot Maavuesa.
O Coruacuo omnpegeiennto (§5 ri1.2) kacarenbnas W-anrebpa tpu-tkanu W comep:KuT jse ornepa-
nuu — OMHAPHYIO W TEPHAPHYIO, IEPBast U3 KOTOPBIX OIPEIe/sSeTCsl TEH30POM KPYJEHUsI, & BTopas —
TEH30POM KPUBHU3HBI. TaK KaK TE€H30p KPpUBU3HBI TKaHu MydaHr BBIpaXKaeTcsl Yepe3 ee TEH30p KPy-
qgenust, T0 B W-anrebpe Tkann MydaHr nMeeTcst NI OJIHA HE3aBUCUMAsT OIIEPAIIHS:

&, n)" = —2a5,67n". (4.71)

Hamomumm masee, ato anzebpoti Masvuesa Ha3BIBAETCS HEKOMMYTATHUBHAs aaredbpa, B KOTOPOit

BBIIIOJIHSETCS TOXK]IECTBO
[[€,m], 1€, <) = [[[gnl ¢I €] + [[[nc] €] €] + [[[<€] €] ml (4.72)

cum. [Ce-1]. Pacemorpum coorrorenus (4.69). Ecan BrHectn B HuX BbIpasKkeHust (4.66), To npuaeM K
COOTHOIICHUSIM:

p q i P q i p
ajpamqa€k+ ajpaéqakm+ Qjp Qg @iy, + akpamqaﬂ + akpaéq mJ + akpajqaml’ + afp mq Jk + ampafqak]
= apqajkazm. (4.73)
O6o3Ha4nM
i 7 aP
@pom = 0y, 0@y Afpem = a]pakqaem + akpaeq T by, aly + Ty a’,aj,. (4.74)
Torya pasencrsa (4.73) 3anunryTcs B BUJE:
i i i i
Aok + Afekm + Afkem = Ciom- (4.75)

IIpu sTOoM Tenszopbr A’ YAOBJIETBOPAIOT OYEBUIHBIM COOTHOIIEHUAM

i

jkém ajk(m
i _ i i i i

Aj(kem) =0, Aikem = ~Ujem = ~Ljkme = —Dpmjk- (4.76)

HMukiupys pasencrsa (4.75) no uuzekcaMm i, k, ¢, m ¥ CKJIaJbiBas IIOJyY€HHbIE YETBIPE CEPUH
COOTHOIIEHUIH, ¢ yueroM (4.76) IpumeM K COOTHOIIEHUSIM

A;’kém + A;'mék' =0. (4.77)
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Borunras nocsienuue pasencrsa u3 (4.75), mosyaum

Ai

i
itkm = Qjkem>
i ¢ ydaeroMm obozHaderuit (4.74),
aP
ajpaéqakm + akp mq ]f + CLépakq m] + amp ]qaék apqagkafm' (4'78)

DTu cooTHOMmeHUs 6oee 0603PUMEL B BeKTOpHOH dopme. CBepHyB nx ¢ KoopaumuaTamu £, nt, ¢, 6
BeKTOpOB &, 1, (, 0, npuiieM K TOXKIECTBY

(€O + [0 [€CT]] + [ [n [6€]]] + [0 [ [Cnl]] = [[€n][Cel], (4.79)

KOTOpOe HasbiBaercsa mootcdecmeom Cetizaa. Tonmaras B Hem 6 = £, npugem kK toxuecrBy (4.72),
xapakTepusyomeMy aaredpsr Maabinesa. Bl

2. Paccmorpum cucremy ypasaennit (4.64), (4.65), (4.67), onpenensironyto Tpu-tkanb Mydanr.
Bxossimmii B Hee Ten3op @’y yrosreTBopsier coorHomenusmM (4.69), (4.70), (4.72) n Toxectsy Ceiir-
sa (4.79). Ho pasencrsa (4.70) Borrekaior u3 (4.69), Tak kax ypasuenus (4.68) sasisiorcs nuddepen-
[UAIBHBIM cJiejicTBreM ypasHeruit (4.67). TlokaxkeMm, urto cucremsl (4.69) u (4.72) sxpuBaseHTHbl. B
oy cropony ((4.69)=(4.72)) sro 66110 fgoKazano B TeopeMe 4.18. [Tpusesiem obpaTHbe PACCY K IEHHUS.

Coornomtenne (4.79) MoxkeT GBITH BBIBEJEHO U3 COOTHOIIEHNS (4.72) ¢ MOMONIBIO JIMHEAPH3AINH
nocaenuero (cm. [Ce-1]). Hamee, u3 coorHomennii (4.78), sKBuBajeHTHBIX TOXKIecTBy (4.79), cuM-
MeTPUpOBaHMEM M0 WHAeKcaM ¢ m m ToayduM pabeHcTBa (4.77), KoTopble BMecTe ¢ (4.78) mator
coorrorrernus (4.75). Ho mociiegane Tosibko dbopmoit 3amucu otimndatorces ot (4.73) u (4.69), mostomy

3 (4.79) caenyer (4.69).

Urak, cTpykTypHBbIe ypasHeHus: TKanu Mydanr coctost u3 ypasHenuit (4.64), (4.65), (4.67), u
roxkecrsa (4.72). Dra cucreMa 3aMKHYTa OTHOCUTEJIBHO Olepally BHEINHEro JudbdepeHIupoBaHus,
B Pe3yJIbTaTe Yero BepHa CJIeLyomast

Teopema 4.19. Tpu-mxanv Mydgane enoane onpedesaemcs 3a0aHUEM NOASL MEH3OPA KPYUe-

HUA aé-k, ydosaemeoparowezo mostcdecmesy (4.72).
*

Vcnosb3ysi KOBapUaHTHOE IIOCTOSTHCTBO TEH30Pa KPYUYEHHsI OTHOCUTEIBHO CBsI3HOCTH [, mOKaykeM
Gostee CHJIbHOE yTBEPXKJEHWE: mkanv Mydane, kax u 2pynnoéas mKanb, 6NOAHE ONPEIEAAEMCA
nabopom cmpykmyproir  xoncmanwm. Ilycrb R(W) — pacciioenre aJanTUPOBAHHBIX DPEIEPOB
Gw-CTPYKTYDBHI, onipeiensieMoii Tkaubio Mydanr W = (X, A, ) Ha mHOroo6pasun X . HanomuuM, 9ro
CTPYKTYpPHOI rpynnoit Gy -crpyKrypsl aBisiercsd rpyumna GL(r). Bazucusimu dopmamu na R(W) ss-
JII0TCsT (DOPMBI ulﬁ, uQJi, :];, YJIOBJIETBODSIIONINE CTPYKTYPHBIM ypaBuenusm (4.64), (4.65). Paccmorpum

*

una R(W) pacupenesenue S, KOTOpoe 3a/1a€TCsi COOTHOMIEHUAME

= AM ke, (4.80)

rae, kak u B § 1, 0¥ cyrs mapamerper. C momomnipio coornonrenmuii (4.69) u (4.70) TouHO TaK Ke, Kak
u B § 1, JOKa3bIBaETCS, YTO:
E3

i .
a) Ha pacipejeseHuu S KOMIIOHEHTBI T€H30pa G & KPYUCHUS IIOCTOSHHBL;

*
6) pacupesesienne S uaBosoTHBHO Ha R(WW), 1 ero MakCuMasbHBIMUA UHTEIDAIBHBIME MHOT00Opa-
*

3UAMUN 6y)1yT paccioOeHusdA IroJIoOHOMUU, OHpe,ELeJ'[HeMOfI CBA3HOCTBIO F,
*

B) IIPOM3BOJILHOE MAaKCHMAaJbHOe HHTerpajbHoe MHoroobpasue R'(W) pacupenenenus S
HaKpbIBaeT MHOroobpasme X, mostomy Tpu-TKaub Mydanr, onpesenertas Ha X, BIOJHE 33aeTCs
. i ’ .
HaBOPOM HOCTOAHHBIX — 3HavMeHmit Tensopa aj, wa R'(W), T.e. CTPYKTYPHBIM TEH30POM HEKOTOPOIl
asiredbpbl MaJsibiieBa A; " N
r) anrebpa rojionomun h csasHocT I’ IOPOXKIAETCS JIMHEHHBIME IPEOOPA30OBAHUAME BHIA

*
k, ¢
jkéf ’

KOTOPBIE ABJAIOTCA auddepeHnmpoBannsaMu aaredpol MaJsibiesa A.
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*
Paccmorpum I/IHTeI‘paJII)HOG MHoroo6pa3He R'(W) pacupenenenust S. Basucupmvn dbopmavu Ha

OHI/I YIOBJIETBOPSIOT CTPYKTYPHBIM ypaBuenusaM (4.64) u (4.65),

HeM OyyT (hOpPMBI oIJ wia 9’
2
[IpUYeM BXOJISAIIUE B ITH ypaBHeHI/IH BeJIMYMHbI aj  TIOCTOSIHHBI M 0Opa3yIOT CTPYKTYPHBII TEH30D

%

anrebpol Masibiesa A. YKazaHHasi CUCTeMa CTPYKTYPHBIX ypaBHeHuil (0603Ha4nM ee Takxke depes S)

3aMKHYTa OTHOCHTEJIbHO olepanun BHemHero guddepennuposanns. JIefiCTBUTENLHO, BHEIIHEE

nuddepentnuposanue ypasuennii (4.64) u (4.65) upusogut ToIbKO K coorHomenusM (4.80), Tak Kak

ypasaerns (4.67) ma R'(W) obpamatorest B Toxkmectsa. Ho, muddepernupyst coorromenns (4.80),
*

Mbl B cuiy (4.67) Takxke moaydmm Toxkiaectsa. Takum obpasom, cucreMa S HpejacTaBisieT coboil
cTpyKTypHble ypaBHenus (ypasaenus Maypepa—Kaprana) nekoropoii rpyumnst JIu G, a coorHouienus

Ceiiruia (4.78) sKBUBaJIEHTHBI TOXKJIECTBY AKOOH 1JIsi COOTBETCTBYOMEH ajare6pht Jln. .

VYpapuenusi (4.64) MOKasBIBAIOT, YTO MOJCUCTEMA ci)’ = uQﬂ = 0 BmoJsiHe wmHTErpupyema Ha S.

*
CiremoBaresbHo, OHa BbIessieT B (G HEKOTOPYIO HOATpYIIy H, CTpYKTypHBbIE ypaBHEHUsI KOTOPOI

nosygaiorcs u3 (4.65) u uMeroT BuL

ik i
67Tj—7rj AT,

. *Z|
rie T = ws wimyi=0°

Popmbl 7r , KaK 1 (bOPMBI w , 3armcbiBaiorcs B Buge (4.80). Tak kak uMeHHO 5TH

*

*
(HOPMBI MOPOXK AAIOT ONPEJICJICHHYIO BbIIIIe ayiredbpy rojionomun h, To epynna H cosnadaem ¢ epynnoti

2000HO0MUY, ceadHocmuy T
C apyroit CTOpOHBI, CHCTEMA ci)l = aQﬂ = 0 dbukcupyer TouKy Ha MHOrooOpasum X, HECYIIEM TKAHD
*

Myddanr. Cienoaressro, X ectb ofuopojHoe upocrpanctso G/ H.
3. IMokaxem, uto rpymmna G u TKAHb Mydanr M crposiTcst O 3aJJaHHON aJIre6pe MaﬂbueBa

st 9TOTO TIEpeieM OT CBSI3HOCTHU I‘ K CBSA3HOCTH I‘ paccmorpennoit B § 1. @opmbl w] u w ITUX
CBSI3HOCTEH y/IOBJIETBOPSIIOT COOTHOIIEHUSIM

BoiTekaromum u3 (4.2) u (4.63). 3amernnm, 9T0 MOCKONIbKY Ha G BEJIMYUHBL a% ', TIOCTOSIHHBIL, TO HOCJIEI-
Hue ypaBHeHus 0003HaYa0T Ipeobpas3oBanue ba3nca \ HIBAPUAHTHBIX dopm rpymmst G. CpaBHUBast UX C

ypasaerusimMu (4.80), HAXOAUM, UTO PACIPeieIeHne S 3a/1aeTCd B TEPMUHAX CBA3HOCTU r YPaBHEHUSIMUI

2 1 k k
A wef + 3 aj (ulj —u ) (4.81)

TTockoubky Tkanb Mydanr ssisiercs Tkanbio Bosa, ee crpykTypHble ypasHeHusi umeoT Buz (4.3),
(4.5). CrpykrypHble ypaBHeHus rpynibl G OJIyYai0TCd OIPAHUYEHUEM TUX yPABHEHUN Ha paclipe-
k

Jiejierre S U MOTYT OBITh 3AITUCAHBI CJIEIYIONIM 00Pa30M:

= NG+ at, Wl A WF =W AL — T A WP
dw' =w! A0 + ajpw’ AWS, dw' =Wl A — ajpw’ Aw (.89
d€Z —9’“ AL+ RJM (cizk —Hgk) A (cize —ng).

~. . *
3neck ¢ obosnauaer orpannienne popm w; Ha S.

Tenzop KpUBU3HBI Rj- x¢ cBasHOCTH I' A1t TRAHT Mydant BEIparkaeTcs Iepe3 TEeH30D aé o 13 (4.6)
u (4.61) umeem:

;k[ = 6 (a%a’;n@ + a?}a:nk — 20“7;”]0“22) , (483)
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Tak 4To TepHapHas onepanus (4.22)—(4.23), oupezensiomas TpoiHyI0 cucreMy Jlu, BbIpasuTcs yepes
6unapuyio onepaiuio (4.71) anrebpsr Masbiiesa cnegyromHM obGpazon: 1)

dnc(§) = (& Q) = R(§,m,¢) = ( [[&n)¢] = [Incle] = [[¢€lm) - (4.84)

Tpotinas cucrema JIu B 3ToM cirydae obo3navaeTcs TA.

PaccmorpuM mpocTpaHCTBO . .
g=A;1+ Ay +h,

rne Ay u Ay — anrebpbl, uzoMopdHble HaHHOM anrebpe Masbiesa A, a h obo3Hadaer aJjrebpy
BHyTpeHHHX judddepeHnuposannii TpoitHoit cucremsl JIn T4, HOpoKIeHHYIO orepaTopamu dy ¢
(em. 1.5 § 1). Ilyers uzomopdusm ¢ : A — Ay yCTAHOBJIEH TaK, 9TO COOTBETCTBYIOIIUE BEKTOPHI HMEIOT
OJIMHAKOBBIE KOODJMHATHI, U UycTb &1, 1 € Ay, &, 19 € Ag, ,y € h. Oupenesum kommyTaTop (,) B ¢
CJIEJIYIONIIM 00Pa30M:

(guv Ui _Qdfu,ny €eh, v=1,2,

) =

(1‘ gu) (fu, ) = CL’(f,,) €A,
Y)
) =

() =z0y— yoxeh (4.85)

(€ me) = =(m2,&1) = 5 [fl»‘P_l(UQ)] - % [p(&1), me] — 2dg, -

JIemma 4.20. IIpocmpancmeo g omnocumenvho onepayuu (,) obpasyem anzebpy Jlu, xacamenn-
Hyro x epynne G.
0 Eciu cTpyKTypHBIE YpaBHEHUs] HEKOTOPOil rpynmbl JIu 3anucansl B BUIE

1
dw" = 3 Cy w’ Aw,
TO yIsd JOGOH Iapbl MHBAPHAHTHBIX BEKTOPHBLIX mosiell X u Y Ha Heil BLIIOJIHAIOTCS COOTHONIEHUS
dw"(X,Y) =Cp XYY = —(X,Y)", (4.86)

rie (X,Y) — kommyrarop B anre6pe JIu sroit rpynnst. Beraucanm koMMyTaTop rpynisl G, MOIb3ysch
ee crpykTypubiMu ypasaenuamu (4.82). Ilycrs X =& + & + 2z n Y =11 + 7o + Yy — MHBADUAHTHbBIE
BEKTOpPHBIE 11071 Ha (7, JyaJibHble 0a3uCy MHBAPHAHTHBIX (POPM w , w 9’ Torya u3 (4.82) ¢ yaerom
(4.71) n (4.84) mveen: ?

dw'(X,Y) = w? A&+ &+ zom + 12 +y) + ajpw? A€+ &+ am +m+y) =
P P i . i . 1 B 1 B i
= f{yj - 77{%‘ + ajkffng - ajwffg = (y(&) —x(m) — 5 [flvﬁﬂ 1(772)] + 5 [771,@ 1(52)]) ;
) . . . . . . 1 1 i
A" (X, Y) = &y} — nas — alylnf + abnl€h = (y(€2) —2lm) + 5 [p(&)m) = 5 le(n). &) ;
doi(X,Y) = aby; — yj zy + R (Pnf —nf€t) +
+ Ry (51 Mo — M 52) + Rl (Eé“nf - 7755%) + Rl (55775 - 77555) =
= (y © JZ) (I © y) + 2(d§1 7]1) + Q(dél-m);‘ + Q(dfzﬂh);’ + Q(dfzﬂlz); =
= (y ocr—zToy-+ Qdﬁl,m + 2d£1,772 + 2d£2,7ll + 2d§2ﬂh)}'

Boraucaum Teneps kommyrarop (X, Y), nonb3ysics onpegesnenuem (4.85):
(X,Y):(€1+§2+$ 771+772+y):72d§1ﬂ7172d§2,n2+xoy7yoerl[51’9071(772)} §[ (51) ]
— 2,y — (5 [61,67 (0)] = 5 [0(m), €] = 2, ) + ) + () — y(€1) — (&) =
= — (~ye) —2tm) - 3 e, 97 )] + 5 [moe ™ (@)]) =

1) B kuure [JIo-1] Beipaskenue (4.84) mano 6e3 Kosdbdumupenta i
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= — (~u(&) — wlm) + 5 (&), ] = 5 lo(m), &1) -

- (Qdflﬂll + 2d§2ﬂ72 + 2d£1.n2 + 2d£2-m tyox—xo0 y) :

CpaBHuBasi ¢ IPEIBIIYINEH cepueil pABEHCTB, BUUM, YTO KOMMYTATOPBI, BbI-

quCcIIeHHbIe ¢ oMonbio dhopmyi (4.82) u (4.85), yI0BIETBOPSIOT COOTHOIIE- Al Ay ] h
uuio (4.86), T. e. onpegensor ondy u Ty ke ajareopy Jlu. B

Tabsmna ymnoxkenus ajnreOpel g npuse/iena Ha puc. 44. 13 nee sujno, uro A h A
B g ecTb jBe nomajrebper: A +h u Ay + h. COOTBeTCTBonume IO/ PY B ) ; 1
G| n Go BbIensiorcs B rpynne G ypaBHEHUSIMA (421 =0u cij = 0. Kpowme 2 ! 2
TOro, Ha TpU-TKaHu M BIOJHE WHTErpupyeMa CUCTeMa ulﬂ + z,Qu’ = 0, ompe- il a | 4| &
JIEJISIONIAsl CJIOU TpeThero cjoenus. [lockonbKy Gopmbl ul)’ u uQﬂ SIBJISIIOTCS
MHBapUaHTHBIMEA (popMaMu Tpynnbl G, TO cucTeMa ulﬂ + uQﬂ = 0 ompenensier Puc. 44

na GG mekoropyio noarpyuny (3. Kacarenpnas airedpa K Hell BBIJIEIAETCS B g
ypasuenuem & + & = 0. .
Honrpymmst Go, a = 1,2, 3, nepecexkaiorcs o noarpymne H (HAIIOMHUM, YTO OHA BBIIEJIAETCS
ypaBHeHusMu w’ = w* = ), a Tak Kak noarpyuusl G, 3amaiorca Ha rpynie G TeMu xKe ypaBHEHUIMU,
1 2 *

uT0 U cioenust Tkanu Mydanr, Ha MHOroo6pasun X = G/H, To MOJIydaeTcs Cieayomast

Teopema 4.21. I[Tycmv A — nexomopas eewecmseennas r-mepuas anzebpa Masvuesa, h —
anzebpa snympernux duddepenyuposanutl npucoedunennotl x nelt mpotinol cucmemvs JIu, Ay u Ay —
dea usomopdroir oxsemnaspa anrzebpol A, ¢ — usomoppusm us Ay 6 Ay, npunem coomeememeyrousue
8eKMOPYLL UMEM 00UHaAK08be Koopdunamul. Beedem na npocmpancmee g = Ay + A9 + h ecmpyxmypy
anzebpv, JIu no popmyaam (4.85) u obosnawum uepes G coomeememeyrowyro 3mot arzebpe epynny
JIu, dim G = 2r + p, p = dim h. Tozda na odnopodnom npocmpancmee X = G/H, ede H — nodepynna
¢ Kacamenvrotll aneebpoti h, sosnuxaem mpu-mxranv Mydpane paszmeprocmu 2r. Ee caoamu 6ydym
Parxmop-mroz006pasus gGa/gH 2de G, — (r + p)-mepnve nodepynnos 2pynnu G, coomeemcmaey-
wuue nodanzebpam g = A + h, go = Ao + h u duazonarvroti nodanzebpe g3, onpedessemoti na g
ypasuernuamu £ + & = 0, Aaeebpa A b6ydem wacameavrotd W -anzebpoti smoti mranu.

4. CumMeTpuyeckasi CBI3HOCTh 7y, BOZHUKAOMas Ha 6a3e X3 TpeThero CJIOeHUs TpU-TKaHu bBosa
(cm. §1), mpuobperaer B ciyudae Tkanu MydaHr gomoaHuTe/bHbie CBOACTBA.

Teopema 4.22. Ilycmov mpu-mranv Mygane M 3adana, xax u 6 meopeme 4.21, ¢ nomowwio
mpex (r + p)-mepuor nodepynn G, wa epynne Jlu G pasmeprocmu 2r + p. Tozda G/G3 ecmo
CUMMEMPUYECKOE NPOCTPAHCNEO.

[0 PaccmorpuMm B asrebpe g JuHeitHOe peobpa30BaHue 03 TAKOEe, ITO

o3&+ & +2)=—¢ (&) — (&) + 2.

Ucnonbsys dopmynnr (4.85), nuposepsiem, aro o3 — aBromopdusm B ¢ (3amada 4.10). Iockoabky
0? =id, To 03 — unBOMOTHBHBI aBTOMOpdU3M. [lanee, Tax Kak mojaarebpa g; BbLACIACTCS ypaBHe-
aueM & + & = 0, To oHa (1 TOJBKO OHA) MHBAPUAHTHA OTHOCUTENBHO 03: 03(g3) = g3. CemoBaresbHo,
(9,93) — cuMMeTpuuecKast mapa, OTKY/Ia B CHJIy U3BECTHBIX (DAKTOB M3 TEOPUM CHMMETPUIECKHX
IPOCTPAHCTB cieyer, uro G /G5 — cummMerpudeckoe npocTpancTBo. Tak kak noarpynna G3 BbLIes-
erca Ha G ypaBHEHUSIMA aiﬂ + oéﬂ = 0, TO TOYKAMH 3TOr0 CHMMETPHYIECKOTIO IIPOCTPAHCTBA, ABJISIOTCS

cion Tperbero cioenust Tkaau M. CiemoBaTesbHO, 3TO MPOCTPAHCTBO ¢ KAHOHUIECKOH CBSI3HOCTDHIO 7,
paccmorpertoe B §1. W

WNuBosotuBnbiit aBroMmopdu3M o3 ajaredpbl g HOPOXKIAET ABTOMOPGMU3IM T3 COOTBETCTBYIOIIEH
rpyunel G takoii, uro 73(G3) = G3. Kpome Toro, us onpeneienns aBroMopdu3Ma BBITEKAET, ITO
o3(g2) = g1 m 03(g1) = go. Orcroza, B cBOI0O 04epeib, cieayer, uro 73(Ga) = Gy, 13(G1) = Go. Haee,
TIOCKOJIBKY CJIOGHUS A, OOpa3ymoline Tpu-TKaub Mydanr M, paBHOIPaBHBI, TO MOJyYaeM, UTO Ha
rpymre G, TOPOXKIaromeil 3Ty TKaHb, MMEETCsS TPU WHBOJIOTUBHBIX aBTOMOpdu3Ma 74, a = 1,2, 3,
TaKUX, 9T0 To (Go) = Go, Ta(Gg) = G, 0 # a # v. ABTOMOPQHU3MEL T, IOPOKIAIOT CUMMETPHUIECKYIO
rpyuny S3 (BHEmHUX) aBTOMOpPdU3MOB rpymnsl G.

[Tepeunciiennbie cBoiicTBa TKaHeii MydaHr yKa3bIBalOT IIyTh K MX KJIACCU(DUKAIIH.
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§ 4.5. Tpu-tkanu MydaHr MUHIMAJILHOI pa3MepHOCTU

Tpu-tranb Mydanr MUHIMAILHON Pa3MEPHOCTH, HE sIBJISIONIASCS I'PYIIIOBOil, Oy1eT BOCEMIMED-
HOMi, TAK KaK HauMeHbIas Pa3MEePHOCTb HesneBoli anrebper Masbiiesa pasHa dersipeM (cm. [K-2]).
O6o3uaunmM 31y anrebpy A4. B momxopsmem Gaszuce CTPYKTYpHBIA TeH30p ajredbpbl Aq mmeer
CJIEJIYIONIIE HEHYJIEBble KOMIIOHEHTBI:

ajy=a3y =—ay =1, aj,=1. (4.87)

Toacrasngs ux B dhopmysbl (4.61), BelYuc/uM HEHYJIEBbIE KOMIIOHEHTHI TEH30Pa KPUBU3HBI BOCHMU-
MepHO# TKanu Mydanr M:

5?24 = b§41 = 5212 =-2 bgm = 5?42 = bfm =2 (4.88)
U3 (4.61) u (4.66) nomyanm dbopmyay:
A;’kf = bé'u - %a;crza’j’nj'
IlozncraBiisist ciofa 3HaYEHUsT TEH30POB @ U b, HAXOAUM HEHYJIEBbIe KOMIIOHEHTHI T€H30Pa A; we (B 9TOM
naparpade JIaTHHCKUe MHIEKCHI IIPUHUMAIOT 3HadeHus 1,2,3,4):

A}m = Az2124 = A?134 = T3 Azlt41 = Az2142 = A243 =
(4.89)

3 __ A3 _ A3 __ 3 A3 __ A3
A124*A241*A412*7 ’ A142*A214*A421*

W N W W~
WD W W~

U3 coornomtennii (4.61), (4.66) u (4.83) mosydaercs cieyioniee BbIpazKeHHe JJIs TEH30pa Rj- vt
ke = %Aéu - é e (4.90)
s paccmaTpuBaeMoil TKaHU
R}114 = R42124 = R234 = *%v

1 2 3 1
Rip = Rypp = Rygz = 5, (4.90')
OCTaJIbHBIE KOMIIOHEHTBI TEH30Pa, R; ;¢ DABHBI HYJIIO.

Vpasuenus (4.81), Bolaessionue Ha MHOr0OOpa3uu pernepos rpyuny G, B JAHHOM CJLydae UMEIOT
BULIIL: ‘ ‘
1 8 2 8 3 4 8 3 4 34

:)4 — _g €14, J}4 _ _g 924’ :)4 — _g 912 _ g 934’ :}1 _ 9247 &‘)2 _ g 914’

i
a OCTaJIbHBIC dbopwmbr w; papnbl Hymo. Vckmoas napameTpol 6%, nomygaem 13 ypasmennii ma 16

%0
dbopm w;:
1 .3 «2 43 w4 S U X2 w2 42 «3
Wyt 2wy =0, wy—2w; =0, w,=0, w=wy=w3=0, w =wy=w3=0, wy;=0. (4.91)

CuemoBaresnbho, rpyima G, nopoxnaomast Tkaab Mydanr (cm. §4), numeer pasmeprocts 11, u 6azuc-

. PR * *
HBIME (pOpMaMu Ha Heil OyayT (popMbl alﬂ, L«Qﬂ, Wy, Wy, wy. Cranmonapuast noArpyuna H, Bbriensemast
1 2 3

. . * * *
yPpaBHEHUSIMUI clu’ = cé)z = 0, Gyzuer TpexMepHOil, 1 Ha Hell OA3UCHBIME SIBISIOTCS POPMBI Wy, Wy, Wy.

YrobbI mOJIyunTh ypaBHEHUs paccMmarpuBaeMoil Tkaru MydaHr B HEKOTOPBIX JIOKAJBHBIX KOOD-
JIMHATAX, CIeyer 3amucarsh cucreMy (4.64), (4.65) ¢ yderom coornomenuit (4.87) u (4.91), u 3arem
ee npouHTerpupoparhb. OJHAKO IPEXIE ClejlaeM BaykKHOe 3aMedaHue, 000OIaroIiee pe3ysabTarhl § 4,
KOTOPOE TO3BOJISET AJTOPUTMU3UPOBATE IIPOIIE/LyPY PEIIeHHsT TTO00HBIX 3a,/1aH.

Kak crenyer u3 § 4, uzydenne tkaneit MydaHr CymecTBeHHO yIIPOIAET TOT (DAKT, ITO MHOTOOOpa-
3ue X, Hecylllee TPU-TKAHb, sIBJISETCS OIHOPOIAHBIM IipocTparcrBoM G/H. Ilpu stom rpynust G u H
ObLIN OnpeiesieHbl B § 4 BHyTpEHHUM 00pa30M, T. €. B TEPMHUHAX COOTBETCTBYIOMIEH aarebps Masibiiesa.
O mako BoOBce He 0053aTEJILHO BBIOMPATbh MX UMEHHO TakuM obpazoMm. IlojoityT, BooOIIE roBopsi,
sob6bie ase rpyibl G u H takue, yro X = G/H. Ipynna G 10/zKHA YI0BIETBOPATD JIAIIb €IUHCTBEH-

: i
HOMY TPeOOBAHHIO: Ha ONPEJIE/IAEMOM €10 PACCJIOEHUI PENepOB KOMIIOHEHTDI (j; TEH30pa KpYyYeHHs
JIOJIZKHBI OBITH IIOCTOSIHHBIMH. Y paBHEHUsI, BbLIEJIstoNe rpymny (G MakKCHMaJjbHOIl pPa3sMEPHOCTH C
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TAKUM CBOHCTBOM, [OJIy9aIOTCs BHECeHUEeM B ypaBHeHus (4.67) 3HaYeHU 3a/]aHHBIX TIOCTOSHHBIX a; k-
B pesynbrare momydaoTcst ypaBHEHUS

m*i o xm i oxm 92
AR = Qg + QW (4.92)

U3 KOTOPBIX BBITEKAET, YTO (DOPMBI ZD; apysiorcea auddepeniuposanugamu aarebpsr A (B anrebpa-
naeckoM cMmbicsie, Kak 1 Bbime B §§1,4). CiegoBaresbHo, 5TH GOPMBI SIBJISIIOTCS WHBAPHAHTHBIMA
dopmamu npencrasienus rpymnbl Aut M Bcex aBromopdusmoB Jiynbl Mydanr M, st KoTopoit
asrebpa, A siBistercst KacaTesbHOMN asrebpoii. Ha npsimoit cymme g = Aj + Ag + Der A MoKHO BBeCTH
cTpyKTYpy asrebpsl JIu mogobHo TOMy, Kak 3TO cAesaHo B §4, rje MCIoJb30Bajach HE BCs ajarebpa
Der A, a nopanre6bpa BHyTpenunx muddepennuposanuit. daementst suga (0,0,d) uz g, d € Der A,
o6pasytoT nogaiarebpy B g. Tpu-Tkans Mydanr onpeesiena Ha oxHOpoHOM IpocrparcTee X = G/H,
e G u H — rpynmnst Jlu, coorBercTByiomue anredbpam g u Der A.
B paccMaTprBaeMOM UeThIPEXMEPHOM CiIydae ypasHeHus (4.92) mpuHUMAIOT CIeayrormuii Bu;:

x4 L w1 %2 3 %3 %2 3kl
w, =0, w3=w3=0, —w, —wy+w3=0, 2w —wy;=0, 2wy+w,=0. (4.93)

B sroit cuctreme 9 ypasuenwuit Ha 16 dhopm :}; CaenoBaresibHo, rpymna H Oyner cemumepnoii. O60-
3Ha4yuM ee Hry.

Kak yxke ckazamo, BMecTo rpymnnbl H7 MOXKHO B34Th JIO0yIO ee moArpyimy. Hampumep, roautcs
TpexMepHasi HOAIPYIIa, oupeeientas ypasuerusmMu (4.91). OnruMaibHbIl BADHAHT COCTOUT B TOM,
9TOOBI BBIOPATH HOAIPYIILY MUHAMAJBHON Da3MEPHOCTH. YKaxKeM, KaK 3TO CIeJaTb Ha IIPUMepe
paccMaTpUBaeMOi TpU-TKAHU. .

st yrporeHust paccyKaeHnii mepeiizem or cBsasHoctu ' kK cBssnoctu Yepna [, Tak Kak TeH-

30p bJM nMeeT MEHbIIe HeHy.HeBbIX KOMIIOHEHT, Ye€M TEH30D A . Ionb3ysch (bopmynon (4.63),
%1

ces3bIBaomell hbopMbl w; 1 w u yuurbiBag (4.87), uepenuinem cucremy (4.93), onpeessiontyo
rpynny H7, B BUE:

wy =0, wli=wi=0, fwllfw§+w§:2(ci)4fw4),

2
, 4.94
2w —wi = —2( (4.94)

—&

2 —(512), Wi + wj = 2(%)1 —cé)l).

@OpMBI W} YIOBIETBOPSIOT CTPYKTYPHBIM ypauenmsM (1.32), U3 KOTOPBIX, B UaCTHOCTH, C yte-
ToM (4.88) nosryuaem:
dol =Wl Aw),  du? = (W —wd) AW, dwl = wh A (w! —wd),  dwd =wl AP,
dwj = wj A w| —i—wz A wd, dwf = w) /\w%—l—w‘%/\w%.
OTu ypaBHEHUsI TOKa3bIBalOT, UYTo cucrema [ldadda
w=w?=w=wl=wl=uwl=0 (4.95)

BrojtHe uHTerpupyema. CreoBarenbHo, OHa Bbiaenser B H; omHomepryio moarpynmy Hy, u muO-
roobpasume X tranu M Oymer O,HHOpO,ZLHbIM npocrparcreoM Gg/Hy, dim Gy = 9. Nusapuanthoii
dopmoit ma H| byzmer dbopma 71'4 _w4|w’—w’ Kacarenwnasg anrebpa ¢ rpymmsr Gg mmeer BU,
g =A + A+ K, dimh = 1. ’

Brisichum, Kak cesasana ajarebpa h' ¢ mcxomHoit aareGpoit Ay.

J-sa0pom anzebpv, Manvuesa A Ha3BIBaeTCS MHOXKECTBO Takux ( u3 A, JJIsi KOTOPBIX IKOOMaH

J(Emn, Q) =[], ¢+ [[n, <1 &+ [I¢, €] m]

obparaercs B Hysib npu Jo0bix £ u ) uz A. B cuiy coornomennii (4.61) orcioma moaydaeMm zist
oIpeiesIeHrsi KOOP/IMHAT BEKTOpa ( ypaBHEHUs

bjuée =0. (4.96)
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Haiiiem J-s1po paccMarpuBaeMoit anrebpsr Ag. B ey (4.88) m3 (4.96) momyuaem ¢! = ¢? = ¢4 =
=0, tak uTo J-si71po OyJET OJTHOMEPHBIM, ¢ OA3UCHBIM BEKTOPOM €3.

ITycThb Tenepsb 1) — npou3BoJbHLI BekTop U3 Ay. Ilape 7, €3 oTBeuaeT ciieylolee o HOIaPaMeTpHU-
YECKOEe CeMeliCTBO BHYTPEHHUX aBTOMOPGU3MOB TpoiiHoil cucrembr Ty (cM. (4.907)):

000 O

D he 000 O
(Rjk[’] C ) = 000 1 4
000 O

Tak Kak B 9TOH MATDHUIE eMHCTBEHHBIH OTJMYHBIN OT HyJIs SJEMEHT ecTh R}, TO OHa IpejICTaBIsgeT
HCKOMYTO OJIHOMEPHYIO nojanredpy h'.

Banumem ypasrenust Maypepa—Kaprana rpynusr Gg. st storo saecem coortHormennst (4.94) u
(4.95) B cTpyKTypHBIe ypaBHeHus Tpu-Tkanu (1.26) u (2.32). B pesysnbrare nosmyanm:

dw* =0, dw* =0, dw' = 20" AW, dw! = =20 AW, dw® = 2w A Wt dw?® = —20% A Wt
1 Pl 1 | 1 Pl 2 9 | 9 2 2 2 2
dw’ =W AW — 203 AW+ Q, dw® = Wt Awd + 200 AWt = Q, dw3:2w3/\(w4—w4)—9,
i i 4 T ) p 4Ty Ty 4 40 9
(4.97)

riae obosnaueHo ) = uljl Aw?— 4112 Awl.
2 2
[Tonyyennast cucremMa uUMeeT TPEYrOJIBHBIM BUJ. DTO CBSA3aHO C Pa3pelIMMOCTBIO ajrebpbr Ay

(M. 3amaay 4). IlocsieioBaTelbHO HHTETPUPYST, HallleM NHBAPUAHTHBIE (hOPMBI ci)i, agi, wj rpymmbt Go:
4 4 4 4
%4 — dp*, Cé)4 — dg*, uljl — eyl %jl — 2 g, u1)2 — e ap?, u2)2 — 2 g,
. 1 4 . . 4 4 . . 44
ci)“)’ =M (e P wtdp), P =eT (X w+dd), wj = 262 @ Py, (4.98)
2

rae 1

w=— (qupI —pldg® + p*dq' — qldp2) +dr,

|

ap', ¢', T — TmapameTphl.

Coruacuo reopeme 4.21 cioennst Tkanu M upejcrasisior coboit dhaxrop-muoroobpasus ¢Go,/gH) .
Vpasaenus noarpynn Hy u (G, mnosydaiorcs mHTerpupoBanuem cucrembl lldadda ciﬁ = Lgl =0,
ul.)i = wf =0, céﬂ = wg =0, ci)z + (.5)1 = wi = 0, onHaKO MBI MX UCKaTh He Oyzem. IlocTymuMm mporme:
yKazkeM Ha rpymne (g Kakoe-Jmbo BoOCbMUMepHOe TojMHoroobpasue X', TpancsepcalbHOe CMEsKHBIM
kaaccam gHp. Ono Gyner auddeomopdno daxropnpocrpancrsy X = Gy/Hi, a cioenusi TKaHU
OTIPEJIEIIAIOTCST HA HEM CHCTeMaMu u1ﬂ|X, =0, °§}Z|X' =0, (ci)’ + (5)2)|X, =0.

Muoroo6pasue X' onpegennm ypasrenuem dr = 0. Ilepsoe ciiaraemoii TKaHu HaliieM, HHTETpUPYS
cucremy w' = 0 mpm yenosum dr = 0. O6o3Hawas IepBble HHTErPAJILI CHCTEMEI T', B pesyabTaTe
MHTErPUPOBAHUS [TOJIY IUM:

1 1 :
p4 _ {E4, pl _ iCl, pQ — (EQ, 562m (qul —I'IQQ) +p3 — LUB. (499)

WNurerpupoBanne cucreMbl oﬂ! dr—o = 0, onpezensomeii BTopoe cioeHue, J1aerT:
s ldr=

9 o 1 oyt o 9
¢t =y d' =y S=0 5 )+ = (4.100)
a MHTEIPUPOBAHUE CUCTEMBI (ciﬂ + (gi)|d'r:0 = 0 npuBOAUT K ypaBHEHUSIM
e—zﬂﬂpl 4 ez’IqI — Zl, e—z’1p2 +€z’1q2 — 227 _ezfip3 + e—z4q3 — 2'3, p4 + q4 _ Z4. (4101)

HamomHanm, 9TO ypaBHeHWsI TPU-TKAHU (MJIM, 9TO TO K€ CaMoe, ee KOODIMHATHON KBA3UDYIIIIbI)
CBSI3BIBAIOT MMapaMETPhI CJIOEB, MPOXOISAIINX Uepe3 O/Hy TOouKy. [losTomMy ypaBHEHHS paccMaTpuBa-
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eMoit TKaHW MOJyHaroTcs WCKJIodenneM u3 ypasennit (4.99)— (4.101) jmoxkampHbIX KoopauHat pt, q°
muoroo6pazua X', Ilocie uckaoueHus NpuaeM K ypaBHEHHAM

4 4 4 4
lexlefz +y1€2, 22:.%2672 +y262,

3 3 21

, (4.102)
z° = —-x"e +y36

o 1 4
T (@l —atyh), 2 =at oyt

HaiiieM KOOpAMHATHYIO JIyIIy PacCMaTpPUBAEMON TKAHW, €JIUHUIA B KOTOPOIl MMeeT HyJeBble KO-
opzmHaThl. B coorBercrBun ¢ obieil Teopueii (cM. §2 ri. 2) nepeiinem K L P-u30To1y KOOpIMHATHO

KBA3UTPYIIIIBI ¢ OMOIIBIO CJBUIOB, KOTOPBIE, Kak cyeayeT u3 cooTHormenuii (4.102), nMeror Bu:

ul = xle*ﬂ, vl = yley4, u? = :er*"’ﬁ, v = y2694,
W= —zle®, = yle” v ut =2t vt =gt
Tocne 3amenb! epeMeHHbIX ypaBHeHus (4.86) NPUHUMAIOT CJIeYIOMuil BUI:
2= ule_“4 + vle“4, 2= uQe_“4 + eruq,

A (4.103)

o S S +U36—u4_(12 21y,

U vt —uv z:u4+v4.

Msb1 nosyunin  ypaBHEHUsSI YeThbIpeXMepHOil Jjymnbl MydaHr MUHUMAJBHON Pa3MEPHOCTH. IDTH Ke
YPaBHEHMUS OIIPEIeISTIOT BOCBMIMEPHYIO TpU-TKaHb MydaHr B cTaHIapTHON TapaMeTpu3aIiun (CM. 85
. 2).

3AJIAYN

4.1. Ecin TeH30p KpyUueHus: cpejneit Tkanu boJsa paBeH HyJI0, TO OHA sIBSETCS TKaHbIO 1.

Yxkaszanue. Bocnonbsyiirech ypasHenusivu (4.14).

4.2. Ajnrebpandeckuii cmbica coorHomenuii (4.17) cocrour B TOM, 9TO anarebpa, MOPOXKICHHAL
b bepeHTIpPOBaHIAMHA d¢ ,), COBIIIaeT ¢ UX JHHeiHo obonoukoit. JokaxuTe.

4.3. Haiijiure KOHeUHBIE YpaBHEHUsI YETHIPEXMEPHON TpU-TKaHK BoJia mpu ciieiyromemM pacioJio-
JKEHUU KBAJIPUKW U TIJIOCKOCTHU:

a) KBaJIpuka () — oBaJIbHAs U HE IIepeceKaeT IIIOCKOCTD 7; 6) KBaJpuKa () — OBaJbHAS U KACAeTcsd
IJIOCKOCTHU 75 B) KBaJpuKa () — JinHeiiuaras U KacaeTcs IJIOCKOCTH .

Pemenue. Paccmorpum, mampumep, ciaydail a). CorIacHO OIpENEIeHUIO I'PACCMAHOBONH TpU-
TKaHU, €e YPABHEHUsI CBA3BIBAIOT KOOPINHATHI TPEX TOYEK, B KOTOPHIX TEKyIasi npsiMast ¢ mepecekaer
TTIOBEPXHOCTH, OMPEIESIONINEe 9Ty TKaHb. BoioepeM adpOUHHYIO CHCTEMY KOOPIUHAT TaK, ITOOBI TJIOC-
KOCTB 7 OIIpeJIeJIsiach ypapHerusMu 20 = 0, a KBaJpuka () — ypaBHeHHeM

J,‘S _ (.131)2 + ($2)2 +1.

HyCTI) npsiMasi £ Tepecekaer KBa,D;pI/IKy () W TIOCKOCTb 7 COOTBETCTBEHHO B TouKax x(z’ 9, y(yb),
2(2!,2%,0). Torma KoopuHATHI 2 BBHIparXKaIOTCH Yepe3 o' 1 y' cie iy onmM o6pasoMm:

) i3 3
=YY =19, (4.104)
Yy —x

[prYeM KOOPIMHATHI TOYEK T U Y CBA3AHBI MEXK/y CO0OIl elle ypaBHEeHHEM KBaJPHKU Q):
2= @+ @)L =)+ )+ L
[oncrasnsas z° u > B (4.104), oy
i (@)D -y (@) + @)+ 1)
@)+ ) = (@) = ()
B ocTasbHBIX CIIydasx PacCyrKIeHNsT aHAJIOINIHBL.

4.4. JlokaxkuTe, 9TO B TOJIBUYKHOM peIepe, MPUCOSTUHEHHOM K T'PACCMAaHOBON TpuU-TKaHU B,
(cM. § 2 1. 4), ypaBHeHUsI PUNIEPIIOCKOCTH X3 U KBAAPUKH (), IIOPOXKIAIONIUX 3Ty TKAHB, 3alIUCHIBAIOT-
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S Cs B CJIEIYIOIIEM BHJE:
aat — 2%+ 2"t =0, bij:cixj — 22027 = 0.

Ykazanune. [lrockocts X3 onpejensiercs Toukoit Ag + A, u
TOUKAMHU, JIEXKAIIUMHA B [IEPECEYEHNN KACATENbHBIX ILIOCKOCTEH K KBa-
Jgpuke B Toukax Ag m A,;|; ypaBHeHWe KBaJpWKU () HAXOIUTCS W3

T
A m - o B YCJIOBHS CTAIIOHAPHOCTH HOJOOHO TOMY, KaK 3TO ciesaHo B §4 rir. 2.
3 4.5. Kpagpuka @ = @ U X3, sBisoomasicss abCOJIOTOM ILJIOCKO-
ctr X3 (eMm. 1.2 §2), Gyser HeBBIPOXKJIEHHOH TOrya U TOJBKO TOrJA,
T3 KOI'JI3 HEBBIPOXKJIEH TEH30D i = b;j + 5 @i
Prc. 45 4.6. Ilycts ¢ — HEBBIPOXKJIEHHAs KPHWBasi BTOPOrO IOPsiIKa Ha
HcC.

mockoct, AB — ee xopaa, S — moJitoc upsimMoii AB OTHOCHTEILHO
KpuBOit ¢, { — TPOM3BOJIbHAs IpsiMas Ha 1utockocTu. O6o3HAIUM |
U To ee TOYKH [epecedeHus ¢ KpUBoil ¢, x5 — ¢ upsimoit AB, a y| U Yo — IPOEKINHA TOYEK T| U To HA
upsamyo AB u3 nosoca S (puc. 45). Jokazars, uro gsoitabie orHowmenust (A, B;ye, x3) u (A, B; x3,y1)
paBHBI MEXKITy CODOit.

VYkazanue. PaccMoTpuTe IpOEKTHBHOE TPe0Opa3oBaHue MIOCKOCTH, KOTOPOe KPUBYIO ¢ TIEPEBO-
JIUT B OKPYKHOCTh, MpsiMyio AB — B ee JuaMeTp, a TOYKY X3 — B €e IEHTP.

4.7. Hokaxwure, yro rpymma G, onpejeisemMas CTPYKTYPHbIMU ypasHeHusimu (4.52), aBisierca
NPSIMBIM TIPOU3BEIEHUEM JIBYX IPOCTHIX TPEXMEPHBIX IPYIIN, Ka¥KJIasi U3 KOTOPBIX N30MOP(MHA I'PYIIIEe
IPOEKTUBHBIX IIPEe0OPA30BAHUIT TPSIMOIi.

4.8. JlaiiTe reomMeTprUUecKOe I0KA3aTeIbCTBO TOro (hakTa, YTO KpUBas 23, U300paKeHHAs] HA
puc. 43, He 3aBUCHT OT BBIOOPa Tpoiiku Toyek A, S, T Ha KpUBOH 2.

4.9. BriBesure TOK1eCTBO (4.79) M3 ToxKIecTBa (4.72).

4.10. okaxxuTe, 9TO BBEJIEHHOE IIPH JOKA3aTEIbCTBE TeopeMbl 4.22 JnHeiiHOe IIpeobpa3oBaHue o3
SIBJISIETCsI ABTOMOP(U3MOM T'PYIIIIHI §.

4.11. Haiigure B anrebpe g, paccMoTpeHHOI B 3asade 4.10, MHBapHAHTHOE IOIIPOCTPAHCTBO
IpeodpPa3oBaHust g3, COOTBETCTBYIOIIEe COOCTBEHHOMY 3HAYEHHUIO — .

4.12. Ycranosure coorBeTCTBHE MeXKLy cBssHOCTsAME 1yuka Y(W) tpu-rkanu Mydanr u nasapu-
aHTHBIM 6aszucoM Ha rpyuie G, nopoxjaworieil sty Tkaub (cM. §8 rir. 1 u §4 370ii riassl).

4.13. Hokaxwure, uyro anrebpa MasblieBa As, 3aaHHast CTPYKTYPHBIM TeH3opoM (4.87), sBisiercs
Pa3penmmoi.

4.14. J-aapo anrebpbl MasbnieBa A sBjsiercs uiaeajaoM B A.

O Coornomtenue (4.72), xapakrepusyioiree anredpol MasiblieBa, MOXKeT ObITh 3AIUCAHHO B BUJE

J(x,y,x2) = J(x,y,2)e nwm J(z, 2y, z2) = J(x,y, 2)z, (4.105)

e J(z,y,z) — axobuan anrebpol A. JluHeapusaiys £ — & + w HEpBOro M3 THX PABEHCTB C yUe-
ToM (4.105) IPUBOJUT K TOXKJIECTBY

J(x,y,wz) + J(w,y,22) = J(z,y, z)w + J(w, y, 2)z. (4.106)

Ilycrb Tenepsb z u w npunagexar J-sapy, r.e. J(x,y,z) =0 n J(z,y,w) = 0. Torma u3 (4.106)
crenyer J(x,y,wz) = 0, uro u mokassiBaer yreepxieHve. l

4.15. Eco Bexrop (2°) npunaieskur J-aupy anre6pst Masbnesa A, To BayTpenmee auddepentii-
poBaHue Aé Mfk 2¥ anre6per A sBiIsSIeTCsT TaKKe BHYTPEHHIM (b depeHIIpOBAHIEM IPICOeIIHHEHHOI
K A TpoiiHoit cucremsr Jlu.

Ykaszauune. Bocronssyiirecs coornomennem (4.90).

4.16. Haiinure obmumit BuI MaTpUIL Aj- 6 kot u R; M,g’“zf geTbIpexMepHoil anrebpsr Masbiesa Aj.

4.17. Haiigure momycrumoe Ipeobpa3oBaHue II€PEMEHHBIX, NIPU KOTOpoM ypasuenus (4.103)
repeiiyT B ypaBHEHUsI

=l 4yl +ylat 22 = 2% 4 y? 4 o2t

B =28 48 Syt — 2?2y, A=ttty
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4.18. Adapom synsr Mydanr M Ha3bIBaeTCs MHOXKECTBO TAKUX JIEMEHTOB z n3 M, Jisi KOTOPBIX
BBIIIOJIHSAETCS TOXKIeCTBO accolmaruaoctu (xy)z = x(yz) upu mobeix x u y uz M. Jokaxwure, 4ro:
a) sIPO eCcTh accoluaTwBHas nomiayna (T.e. rpynma) B M; 6) kacarenbHast anrebpa Jlu K sapy
JIOKaJIbHOM aHauTraeckoit aymnsl Mydanr M coBnajaer ¢ J-sapoM KacaTebHOM K 3TOi JIyTie aaredpbl
Maunbnesa.

4.19. Perynsiproe npesncrasienne P anre6per Masbiesa A onpegensiercst o dopmyne P(z) =
= [z, a], rje KommyTaTop umeer By (4.71). Tokaxkure, uro obpas J-siapa anrebpsl A4 0pu peryisip-
HOM TIPEJICTABJIEHUH COJEPIKUTCS B aJredpe BHYTpeHHUX AuddepeHninpoBanmii Kak caMoii aareopst Ay,
TaK U ee TPOiHO# cucremsl Jlu.

ITPUMEYAHUA

4.1. HeobxomumocTh BbioHeHust coorHomenuii (4.1) s Tkaneil By, 1 aHAJOTUYHBIX DABEHCTB
st Tkareit By m B, (em. Teopemy 4.5) mokasana B comecTHO# pabote asropos [AIIl-1]. Tocra-
TOYHOCTh ITUX COOTHOIIEHui nokazana B [D-3] Pedoposoti, KoTOpasi CHCTEMATHYECKH UCCIIEIOBATA
MHOTOMEpHBbIE TpU-TKaHu bBosia. B wacTHOCTH, eii NMpUHAJIE)KAT YTBEPIKJICHUS, COJECPIKAIIECT B
Teopemax 4.1-4.3, 4.5, onnako ToxaecTBa buanku ocrasmch BHe ee moJid 3penud. 1loznnee na Hmx
ykazamn Muzees n Cabunun B CBSI3M C UCCIIE0BAHIEM aHAIUTHIECKUX Jyll Boma [CM-2].

CB$I3b JIOKAJIBHO CHMMETPHIECKUX IIPOCTPAHCTB C TPOMHBIMU cucTeMaMu JIu XOpoIio m3BecTHA,
cum., nanpumep, [JIo-1], [Tp-1], [MxC-1]. MbI uccsiegyem cBoiicTBa CUMMETPUYECKOIO IIPOCTPAHCTBA,
CBA3QHHOTO € TKAHBIO By, cienys cxeme, npeaioxennoit s [111-20].

Aure6pa Bosa onpenenena B [CM-2].

4.2. V3okauHHbIE TpU-TKAHU Bosa Brepsble paccmarpusaiuch B [A-3]. Tlogpobrast kiaccuduka-
sl YeThIpeXMepHbIX TKaHel Bosa nposenena Heanosvim [U-1]-[11-4].

4.3. PesynbraThl TpeTbero naparpada moJiydeHbl Bliepbie B paborax @Pedoposoti.

4.4. Coornomenus (4.61), KOTOPBIM YOBJIETBOPSET TEH30D KPUBU3HBI Tpu-TKauu Mydanr, naiie-
Hbl B [AIII-1]. TocTaToYHOCTH STHX COOTHOIIEHHUIT, a Takxke TeopeMbl 4.18 1 4.19 nokasansr B [AIIL-2].
Hpyrue cpoiicrsa Tkaneit Mydaur, ormeuennsie B § 4, nonydenst B [I11-20].

Ces3p Mexy ajiredpamu MasiblieBa ¥ TpoiiHbIMEU ajirebpamu JIu mccienoBajuch MHOTMME aB-
Topamu, cM. 0630p [MxC-1]. CtpykTypa peJyKTUBHOIO IIPOCTPAHCTBA, BO3HUKAIONIErO Ha TPHU-TKAHU
Mydanr, Brepsbie onucana B [I11-20].

4.5. YpaBHeHusi BoCbMUMepHOU Tpu-TKaHu MydaHr HaiiieHbl B §5 TeM XKe CrmocoboM, 4To U B
pabote [A-9]. nTepuperanus 3Tux pe3yJIbTaTOB B TEPMUHAX COOTBETCTBYIOMIEH anrebpel Masbuesa
nmana B [I11-20].



I'nrasa 5
SAMKHYTBIE G-CTPYKTVYPbI, CBA3AHHBIE C TPU-TKAHAMMUA

§ 5.1. BamkHyTbie G-CTPYKTYPbI Ha TJIaIKOM MHOT0O0Opa3nu

1. Corracuo § 1 1. 1., G-crpykrypa X Ha NIaJKOM MHOrooob6pasun X pasMepHOCTH 7 IPEJICTAB-
asieT coboil mojpaccIoerne pacciaoerns pernepos R(X) mepsoro mopsizka, uMmeromee Ty ke 6asy X
U onpeJesisieMoe HeKoTopoil rpyumoi Jlu G — HoArpymioil moHoi JTUHEHHON! TPYIIIbI GL(n). Shve}
nozgpacciaoenne 3anaerca quddepennuanabubivu ypasaeausamu (1.8). Bxoggmue B Hux dopmbr o,

a=1,2,...,p, nupu dpukcupoBaHHO TOUKe p € X MPEICTABISIOT COOOI MHBApUAHTHBIE (DOPMBI TPYII-
el G.
CrpykrypHble ypaBHeHus G-CTpYKTYpPbl X G 3aIlUCBIBAIOTCS B BHJIE:
u __ L u v « u v w
dw" = cy ,w’ Ao + ay,,w’ Aw?, (5.1)
rue w* (u,v,w,z,y,z=1,...,n) — 6a3ucusle ¢popmbl MHOr0O6pasus X, clt, — nocrosuube. Koaddu-

IMEHTHI CY, omnpenessior Biaoxenue rpynnsl G B rpyuny GL(n), a Beamuunsr al,, o6pasyor nepevii
cmpykmypHuts obsexm G-crpykTypbl Xg. OH cBs3aH ¢ quddepeHIaibHOl OKPECTHOCTBIO BTOPOT'O
opsiJIka TOYKU p MHOroobpasust X .

QopMbI 0% YIOBIETBOPSAIOT YPABHEHUSIM

do® = cgwa’g ANo? +w" Aoy, (5.2)

koTopble 11pu w* = 0 npespamaioTcs B crpykTypHble ypasaenus (1.6) rpyuust JIu G.
Huddepeniupys Bremnum obpasom ypasaerus (5.1), mosydum:

u u v w T u v w z __
(Vay, — Coa0m) AW Aw® + 2a3, ar w’ Aw” Aw® =0, (5.3)
rie
u u [T Y u .z a z u
Va’vw - davw T OwCa0 T GyzCuwal + AywCzal - (54)

U3 ypasuenuii (5.3) ciemyer, 90 (hOPMBI, CTOSIIIIE B CKOOKAX, SBJISIOTCS TJIABHBIMH, T. €. BBIPAYKAIOTCS
TOJIBKO 4depe3 Oa3ucHbie hOpMbI w:

Vg, = Coja)Tu] = Gpuww” (5.5)

u _
vw vla|Yw] T Yvwz

Toncrasisst ux B (5.3), HOJYIUM COOTHOIICHUS

aﬁ)wz] + 2af, arx\z] =0, (56)

[vw

KOTOpBIE HA3BIBAIOTCSA mooicdecmeamu Buanxu—Kapmana paccmarpuBaemoit G-cTpyKTypbl. Besman-
HBL Y., BXopsmue B ypaBHerus (5.5), CBsI3aHbI ¢ OKPECTHOCTBIO TPETHEIO IIOPsJIKA TOYKU MHOIO-
obpasus X. Bmecre ¢ BesmauHaMu ay,, OHH 00Pa3yIOT 6mMopoti cmpykmypHuil obsexm G-CTPYKTYDPbI
Xe.

2. Pacemorpum Gostee 1oapobuo coornomenust (5.5). Ilpu dukcuposannoii rouke p € X, T.e. upu
w" = 0, OHK TPUHUMAIOT BHU/T

e}

Vstyw = Clyja)fus

rae 0% = 0% u—g, & cumBOI 0, Kak 1 B § 1 ru1. 1, oGosHauaer nuddepeHImpoBaHne M0 BTOPUIHBIM
rmapaMerpamM.

Kak BunHo u3 mocieIHUX ypaBHEHHH, 3a CYeT BBIOOpA BEJIUYHH a., DOPMBI, CTOAIINE B Ipa-
BOIl YaCTH, MOXKHO IPUBECTH K HYJO. Torma hopMbl cﬁ}l a|031] CTAHOBATCsI TVIABHBIMH, TO €CThb BbI-
paxarorcst depe3 (hopMbl W', a OCTABIIMECs I[IOCIe KAHOHU3AIUU HEHYJIEBble KOMIIOHEHTBI O0bek-
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Ta a,,, 00pa3yIoT TEH30D, KOTOPHII HA3BIBAETCS NEPEbLM CIMPYKMYPHLIM MEH30POM PACCMATPUBAEMOIT
G-cTpykTyphl Xg.

Ecau, xpome Toro, nuneitnas obosouka L' dbopm Cﬁ\aﬂi] COBITQJIACT C JIMHEHHO# oboJiouKoi L
dopm 0, To riasabMEu GyyT U popMbl 0. Beipasus ux yepes dopmbl wh, npuseieM ypassenust (5.2)

K BUIY:
do® = cgvaﬂ ANo? + b, w Aw?. (5.7)

Kak nokaspiBator ypasuenus (5.7), B aroM ciaydae Ha G-cTpykType X BO3HUKAET CBA3HOCTDH, Ha-
3piBaeMasi (G-ceasrnocmovio. G-ctpykrypa X¢ B 9TOM ciydae HasbiBaercs G-cmpyxmypot muna 1,
a BeJIMYMHBI b, 00pa3yioT ee TEeH30p KPUBHU3HBI.

Ecmu ke L' C L, r.e. dimL’ < dimL, To 9acTs dopm 0§ ocraercs JuHeHO He3aBUCHMOI Ha X .
Torya nocieioBaTeIbHBIE TPOJIO/IKEHHs ypaBHeHut (5.2) BBOAAT P HOBBIX DOPM 0¢  , T8 0y -+
KOTOpBIe IpH w" = 0 CHMMeTPUYHBI 10 HUKHUM HHJIEKCAM U ABJISIOTCS BMecTe ¢ dopmamu 0% u 69
HHBapUaHTHBIME dopMamu auddepeHmaIbabX npogokennii G', G, ... crpykrypHoit rpymmnsr G
paccmarpuBaemoiit G-crpykTypol Xg. IIpu 1moc/ieioBaTe/IbHbIX IPOJOJIKeHnsIX ypasaenauil (5.5) BO3-
HUKAIOT HOBbBIE BEJIMYHHDL Gy, ppss Qo vywgugugs - +» CBASAHHBIE € OKPECTHOCTAME Y€TBEPTOTO, IsITOTO
7 T.JI. IOPSIJIKOB TOYKH p MHOroobpasmsi X m obpasyrolnye BMECTe ¢ BEJIMUUHAMHU Gy, Gr,,, TDETHI,
9eTBEPTHI U T. . CTPYKTypHBIE 00beKThl G-cTpyKTypbl X. Ilpm 9TOM BO3MOXKHBI JBE CHTYAIUH.

1) B pesy/braTe KaHOHU3AIMI CTPYKTYPHOTO OOBEKTA Gyyys Uy yis -+ -5 Gy, 6C€ DOPMBL g -
MOT'YT OBITH BbIpasKeHbI Tepe3 basucubie hopMbl w®. B aTom ciydae cTpykTypy X HA3BIBAIOT CMPYK-
mypoti Korewnozo muna s. Iro kacaercs Gopm oy, TPH ¢ < S, TO Ul CTPYKTYPBI THIA § IACTh
3TuX (POPM MJIM BCE OHU MOTYT OKa3aThCsl HE3ABUCHUMBIMH OT GasucHbIX dopm w* mHOroobpasusa X.
Torna dopmsr o7, o7y, 5 ¢ < 8, oupegensor rpynny G, sABIAIONLYIOCS TIPOAOJIZKEHIEM CTPYKTYPHOIL
rpynnbst G cTpyKTYpbl X, U Ha MHOr0OOpa3uu X BO3HUKAET G-ceaznocmy.

2) Ha srobom 1mare mocyie KAHOHU3AIMH CTPYKTYPHOTO 00BeKTa 9acTh hopM 05, 0 s+ v\ 00,
OyZeT ocTaBaThCs HE3aBUCUMOM OT Oa3ucHbIX dopm MHOrooOpasust X. B srom ciygae crpykrypa Xg
HA3BIBAETCS CMPYKMypot 6eCKOHEUH020 MUNG.

Hamnpuwmep, pumanoBa cTpyKTypa 3aJaeTcs Ha MHOroobpa3un X HEBBIPOXKIECHHOU MHBAPUAHTHON
kBagparuaaoil dopmoit g(&, €), rae € € T,(X), u apigercsa G-cIpyKTypoii Tuma 1, Tak Kax Ope/iessaer
VHBAPUAHTHYIO CBSI3HOCTD JleBu—YuBuTa B pacC/IOEHUH PEIepOB IIEPBOIO MOPsiaka Hal X .

Kongopmmras cmpykmypa 3amaercs Ha X HEBBIPOXKJIEHHONW OTHOCUTEIHFHO NHBAPHAHTHON KBajpa-
tugnoit hopmoit g(§, §) u aigerca G-cTpyKTYpoil Tuna 2, TaK KAK OHA OILPEesideT NHBAPUAHTHYIO
CBA3HOCTb TOJBKO HA PACCIOCHUH DPEIEPOB BTOPOI'O IOPsAKa. TOYHO Tak Ke noumu 2paccMarosa
cmpyxkmypa siBisiercst G-CTPpyKTYpoit Tuma 2.

Houmu xKomnaekchas cmpykmypa, onpenenasemMas Ha MEHOroodpasun X 9eTHOH pa3MepHOCTH HOJIEM
addunopa J, yrosiersopsiomero yciaosuio J° = —id, Gyger cTpyKTypoil GECKOHEYIHOro THIIA, TAK
KaK C [OMOIIbI0 KAHOHU3AIUU IIOCJIe0BATEIbHOCTA OCHOBHBIX OOBEKTOB Ha Heil HeJIb3sl ITOCTPOUTH
WHBAPUAHTHYIO CBI3HOCTb.

G-cmpyxmypa, onpedeasemas mpu-mrarnvio W = (X, \y) na mmoeoobpasuu X pasmeprocmu
n = 2r, oydem cmpykmypot muna 1, TaK KaK WHBAPUAHTHbIE CBI3HOCTH HA HeHl OIPEJIEIAIOTCS
B IIOJIPACCJIOEHUM PACCJIOEHUsI PEIEPOB IE€PBOIO IMOPsiKa. DTy CTPYKTYPY Mbl HasBajd B IVI. 1
Gy -CTPYKTYyPOIi.

3. lycrs X¢ — G-crpykrypa tuna 1. Ee crpykrypubie ypasuenus umeror suz (5.1) u (5.7),
rje ay,, — TE€H30D, IOJIyYeHHBI ¢ IIOMOIIbIO KAHOHU3AINY IIEPBOIO CTPYKTYPHOro 00beKTa. Tersop ay,,
HA3BIBAETCS TEH30POM KDydeHHs paccMarpuBaeMoil G-CTPYKTYDHI, a TeH3op bS,, BXomamuil B ypas-
uenus (5.7), — ee TenzopoM KpususHbl. [Ipu koBapuanTHOM JuddeEpEeHINPOBAHUN ITUX TEH30POB B
CBSI3HOCTH, IIOCTPOEHHON Ha, CTPYKTYpPe X, MBI IOJIyYUM JIBE IIOCJIEI0BATEIbHOCTH TEH30POB:

a’ boy.wa_yr 823 (5.8)

V]e.Vg?

OHu CBsA3aHBI C OKPECTHOCTBIO IOPAAKA § CTPYKTYDPBI X G U YAOBIETBOPSIOT 1EJIOMY DSy KOHEUHBIX
coorHorenuit Tuna (5.6).

Onpegnenenne. G-crpykrypa X Tuna 1 naseiaercs samrrymot G-cmpyxmypot kaacca k, ecam
ren3opel (5.8) mopsizika s = k + | sBAsOTCS KOMUTAHTAME TEH30POB NOPSIIKOB § < k. To ecThb, nMeroT
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MECTO COOTHOIIICHUA

u _ U u (o3 u (6% u
avl...vkvk+1 - fvl...vk,+1(avw*buw’av1v2v3’"’bvl...vk_lvavlvg...vk)’ (5 9)
« _ « u a u « u °
bvl...vk - ]:vl...vk (a’vuﬂ bvw’ a’v]vgvy e bvl...'uk7 a’vlvg...vk)7

WHBapUaHTHBIE OTHOCUTEIBHO CTPYKTYpHOU Tpymnnbl (7, B KOTOPBIX IpaBble YaCTH MOJYyJAIOTCS C
ITOMOIIBIO TEH30PHBIX OMEPAIMI HAJ BXOISIIUMHA TY/1a OObEKTaAMMA.

[Tpumepamu 3aMKHYTBIX G-CTPYKTYD SIBJISIFOTCS, MIPEXKJIIE BCETO, NAPAALEAU3YeMvle G-CTPYKTYPBI
(Ha3BIBaEMBbIE TAKIKE A0KAABHO NAOCKUMU), KOTOPBIE XapaKTEePU3YIOTCs YCIOBUIMU

ay, =0, by, =0.

9TO CTPYKTYpPHI Kjacca 1.
G-cTpyKTypa, onpeenseMas r-MepHoit rpymmoit Jlu, 6ymer 3aMKHYTON CTPYKTYpPOIl Kiaacca 2, Tak
kak Js zHee w' = 0, bS, = 0, u oHa ompesesseTcs CTPYKTYPHBIMA YPABHEHUSIMI

do® :cg,yaﬁ/\zﬂ, a,B,y=1,...,m

IIpumep 3aMKHYTON G-CTPYKTYPBI Kjacca 3 JAIOT JIOKAJBHO CAMMETPUYECKHe MPOCTpaHcTBa ad-
dbunHON cBs3HOCTH (B YaCTHOCTH, JIOKAJIBHO CHUMMETPHYECKHE PUMAHOBBI IIPOCTPAHCTBA), KOTOPBIE
OIPEIESIOTCS CTPYKTYPHBIMI Y PABHEHUSIMHE
wu . w u u o _w u U w z u .
dw" =w' Nol, doy =0, Noy, + Ry, W Aw®, VRY,. =0. (5.10)
HoBble npuMeps! 3aMKHYTBIX (G-CTPYKTYP MBI [TOJy9AM IIPU JAJbHEAIIEM NU3y9IeHUH MHOTOMEDHBIX
TpU-TKaHEH.
BamkHyTas G-cTpykTypa Kiacca k omnpenensiercst ypasHenusivu (5.1), (5.7) m ypasHeHusiMu

[Idbadda

u o u Vg1 _ a _ o Vg _
Vag . v, = y.oo, W s=2,k, Vo5 o =0 W, s=3,...,k  (5.11)

Jle TeH3O0PBL Gy 4, v, s Dyy...v, BbIPAZKAIOTCA 10 opMysiaMm (5.9). IIpu sTom TeHzopbl a¥,, b%,,
u (63 u o
Aoy vy -+ 001 og_ s Qoyy...p,, CBASAHBI DATIOM asrebpanvecKux COOTHOIIEHNU
u (e% u (e% u —
(I)w(a'vw’ bvw’ av1v2v3 e bm...vk,] ’ avl...vk) - O’ (512)

rjle MHJEKC w mnpoberaer HEKOTOPOE KOHEYHOE MHOXKECTBO 3Hadenuil. B cucremy (5.12) Bxomar co-
orHomenust (5.6) W aHAJOTMYHBIE COOTHOIMEHUsT TOpsaKoB § < k. Cucrema (5.11), (5.12) momxHa
OBITh 3aMKHYTa OTHOCUTEHHO omepanuu gudOepeHnpoBannsd, T. €. pu ee Aud(epeHImpoBaAHIT He
JIOJIZKHO [OJIY9YaThCsl HOBBIX COOTHOIIEeHU, He Bxoidamux B (5.12).

Hamnpumep, st cCMMMeTPUIECKOro mpocTpancTsa adbuHHOI cBsi3HOCTH cucTeMa ypasHeHnit (5.12)
3aIUCHIBAETCS B BUJIE

RU

v(wz) —

O’ Rﬁfwz] = O’ _Rg)lwv:sRvaa + RZUQUARlevwa + Rglwvng;vwa + RgWQWRgfwwa =0.
(5.13)

DTu ypaBHEHNUS MOy Ial0TCsl IpH BHeltHeM uddepennuposanun ypasaeruii (5.10), a npu quddepen-
muposanuu (5.13) nosydatorcst ToxgecTsa B cuily 1ocieasero u3 ypasuaenuii (5.10). CiesoBaresbHo,
cucrema ypasaenuit (5.10), (5.13) 3aMKHyTa OTHOCHTEJILHO onepanuu BHeIHero quddepeHIupoBaHust.

B obmem cayuae cucrema ypaprenuit (5.1), (5.7), (5.11), (5.12) mpom3sBOIBLHON 3aMKHYTOI
G-cTpyKypbl X 3aMKHYTa OTHOCUTEIBHO ONeparyun BHEMHEro 1uddepeHInpOBaHUs U HE COJEPIKUT
HUKAKHUX BHEIIHUX KBaJIPATHYHBIX ypaBHeHUil, kpome ypasHenuil crpykrypbl (5.1) u (5.7). Takue
CHCTEMBI HA3BIBAIOTCS (POPMAALHO GNOAHE UNHMEZPUPYEMDbLMU. [T HUX clipaBeinBa

Teopema 5.1. Samxuymas G-cmpyxmypa xaacca k onpedeasemca Popmarvho 6nosne urme-
epupyemoti cucmemoti Jugppepenyuarvunx ypasnenud (5.1),(5.7),(5.11),(5.12) u cywecmsyem c
npussosom N nocmosannuz, ede N — wucao nedagucumvx ypasuerutl Igpadga, codepocawuxca 6
cucmeme (5.11).
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§ 5.2. BamkuyTble G-CTPYKTYPHbI, OlipeejisieMble MHOTOMEPHbIMU
TPU-TKaHAMUA

3aMkHyTBIe G-CTPYKTYPBI, ONpeIesisieMble TPU-TKAHSIMU, MIPEJICTABJISIIOT OCOOBI MHTEPEC, B 9acT-
HOCTH, MOTOMY, UTO NPUBOJAAT K KJIaccaM IVIAJKHUX JIVII, SBJSIOMuxcs obobmerneM rpymm Jlun. 3a-
MKHYTOCTh Gy -CTPYKTYPBI OTPayKaeTCsi Ha CTPOEHUH KOOPJIWHATHBIX JIyIl TKaHU W: MX KaHOHHMYe-
CKOE Pa3JIOZKEHHE BIIOJIHE OIPEIeJIsIeTCs JPKETOM KOHEYHOIO MOPsIJIKa, TO €CTh HEPBLIME Kk “JeHAMU.
g kommyTaruBabix rpymn Jlu k = 1. st nekommyTaruBabix rpyni Jlu k = 2, u Bce 4jieHbl UX
KAHOHUYECKOT'O Pa3JIOXKEHUsI BBIPAYKAIOTCA depe3 KoMMyTaTop 1o gopmyine Kamnbeara—Xaycdopda.
AmnajsiorndHoe cTpoeHHe MMeeT W KaHOHUYeCcKoe pasioxkenue s jiyn Mydanr. B macrosimeit rirase
MbI PACCMATPUBAEM TPU-TKAHU, OIIPEJIEISIONIIe 3aMKHY Thie (G-CTPYKTYPhI Hopsijika k = 3,4, a Takxke
HEKOTOpLIe boJsiee 0DIIe Pe3yJIbTaThI.

1. B sTom maparpade Mbl HCIIOJIb3yeM OoJTee JIAKOHIIHYIO — BEKTOPHYIO WU OE3MHIEKCHYIO (hOpMy
3alUCH CTPYKTYDHBIX ypaBHeHnuil Tpu-tkanu W = (X, A,). Ypasuenusa (1.26) u (1.32) sanumem B
BU/IE:

dw=-wAw+awAw, dw=-wAw—awAw, (5.14)
I (I 2 2 2 2
dw = —w/\w—&—bulj/\ag, (5.15)

re w = (w') — BeKTOpHO3HAMHBIE 1-pOPMBI CO 3HAMEHMAME B 7-MEPHOM TPOCTPAHCTBE, W = (w;) —
« (0%
MarpuaHas 1-popMa, a CAMBOJ A O3HAYAET MATPUIHOE BHEIIHEee yMHOKeHne. HarmoMuaum, 910 TeH30p

KpydYeHus a = (a} 1) KOCOCHMMeTpPUeH,
a(§,n) = —a(n, ), (5.16)

H CBA3AH € TEH30pOM KpuBM3HBI b = (b)) cooTHOmenNnEM

alt (b(¢,,¢) — 2a(a(&, n), () = 0. (5.17)
Huddepennmanbabie npogokenns ypasrernunii (5.14) u (5.15), 1.e. ypasuenus (1.33) u (1.38)
3aIiIieM B BUJIE: Vazll)al)+12)cé), Vbzcw+gcé), (5.18)

riae V — omeparop KOBapuaHTHOTO JuddepeHIupoBaHusi B KAaHOHUYECKON cBsi3HocTH I,

ll’: (bfj|e|k])» g: (bfjk]e)v ¢= (f}kem% §= (g;’kém)'

Hanomuum, 910 T€H30PBI € 1 ¢ CBA3AHDI C TEH30PAMHU @ 1 b coorromennsimu (1.39), (1.40).
2

Jlnst euHOOOPA3Nst 3aIMCU BBEJEM IS OCHOBHBIX TEH30POB TKAHU HOBbIE ODO3HAMEHWS: (4 = Co,
b=c3, ¢4 = (? ¢), u Gynem 3anuceBaTh ypasHenus (5.18) GoJiee KpaTKoO Tak:
2

VCQ = alt C3 9, V03 = C4 9, (519)

roe Gyksoit # obosmadena l-dopma (w,w) co suHadenmsMu B 2r-MepHOM mpoctpanctse 1, (X).
12

Huddepennpanbable npojiosKenns ypasaernii (5.19) sanurnyrcs aHAJIOMMIHO:

Ves = csy1 0. (5.20)
Tenzope! ¢s Mbl Ha3BaJ M B IVI. 1 ocHOBHbIME TeH3opamu TKanu W. Tenszop ¢, Tuna (1,s) cBsazan ¢
OKPECTHOCTDHIO MOPSIKA § TOUYKU p MHOrooOpasus X .

OCHOBHBIE TEH30DBI CBSI3aHBI PSIOM aIrebpandeckux cooTHoueHui Tuna (5.12):
pa(co) =0,
p3(ce,c3) =0, (5.21)

st(CQaCSv 763) = 07

TepBoe U3 3TUX COOTHOIIEHUH PABHOCHIIBHO TOXKIecTBY (5.16), Bropoe — Toxmectsy (5.17), a ocrasb-
Hble ToJay4JatoTcst npu guddepennuposarnn ypasHeHuit (5.20), a TakyKe IPEIBIAYIIIX KOHEIHBIX

EM A Axvvrve A M T1Tenevor
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coornomenuti. Coorromenus (5.21) HHBAPUAHTHBI OTHOCUTEJILHO CTPYKTYypHOI rpynnsl G = GL(r)
Gy -CTpYKTypBI, onpefenseMoil Tpu-Tkaubio W ua mHOro0Opasmm X .

2. Ilycts tpu-tkamp W mapamerpm3oBaHa B OKPECTHOCTH TOYKH P CTAHIAPTHBIM CIIOCOOOM
(§5 ru1. 2). Torga MOXKHO CUUTATH, YTO 3HAUEHHUSI Cs(P) OCHOBHBIX T€H30POB TKaHu W B TOUYKe p 3aaHbI
B KacaTeJbHOM HIpocTpancTse Te €MHHIBI e KOOPAUHATHON synel £,. Tak Kak 9TO TEH30pBI THIIA
(1,s), To ouu oupenensitor B T, oneparuu coorBercrByomieii apuocru. TeHzopel ¢ = a u ¢z = b
OLIPEJIeJIIOT OUHAPHYIO M TEPHAPHYIO OIl€pAlluy, KOTOpble BMecTe obpasyior W-amarebpy (§5 rir. 2);
TEH30p ¢4 = (?, g) OIIPEJIENIAET ABE KBATECPHAPHBIC OIEPAIN U T.JI.

Omnpenesnenne. Kacarenpnoe npocrpancrso 1, K KoopauHaTHOM Jiyte ¢, Tpu-Tkanu W BMecte ¢
COBOKYITHOCTBIO OIT€pAIUii JI0 ApHOCTU k BKJIIOUUTEHHO, OIPEJICJIEHHBIX OCHOBHBIME T€H30PAMHU TOM
TKaHU, Ha30BeM kacamenvhoti Wi-aneebpoti mrarnu W B TOUKe P.

C npyroit cTOpOHBI, B KacaTeIbHOM IIpocTpaHcTBe Tp K Jyre £, olpejiesieHa ellle OJIHa HOoCJIeI0Ba-
TEJIbHOCTD aredp, a UMeHHO Aj-asireGpsl 1ol aynbl. HamomuanM (eM. §6 rur. 2), 9To onepanuu B HUX
3aar0Tcs KO3 UIIEHTAMI KaHOHUIECKOT'O PA3JIOXKEHUs JIyIbl £}, IpUYeM HMeeTcs OJ[Ha OUHApHAasI
oreparuu, JBe TepHapHble u T. 1. k — | oneparwuit apaoctu k.

Bunapubie onepanuu B Wo-anrebpe u Ag-ajiredbpe ONpeesIsIFOTCsT COOTBETCTBEHHO TEH30POM G
u dpopmoii /2\ U OTJIMYAITCA TOJBKO 3HaKOM (cM. (2.48)). Onepanuu B Wi-anrebpe u Ajz-anrebpe
OIIPEJIEJISIIOTCsT COOTBETCTBEHHO TEH30pOoM b 1 popMamu 2A1 u 1A OHu Tak:Ke BBIPAXKAIOTCS JAPYT dYepe3

npyra (3ama4da 2.37). OkasblBaercs, 9YTO aHAJOIMMYHBIA (DAKT MMeeT MECTO U IpU JI0ObIX k, T. €. BepHa
Teopema 5.2. IIpu mobvix k kacamenavras Wi-anzebpa mpu-mxanu W 6 mouxe p u Ag-anzebpa
ee Koopounammot Aynsi £y IKEUGAAEHMNDL, M. €. ONEPAYUUY 00HOT A.N2e0DPVL GUPAIICAIOMCA YePe3 one-
payuy dpyeotls u 0bpammo.
O Joka3aTesbCTBO B OJHY CTOPOHY O4eBHIHO. JleiicTBUTEILHO, KaK CJIIyeT U3 pe3ysibTaToB § 6 ri1. 2,
BCe TeH30pbl Tpu-TKauu W, mpunasiexariue auddepeHIuaIbHON OKPECTHOCTH TOPSIKa k, BhIparka-
FOTCsI Yepe3 YacTHBbIe IPOM3BOJIHbIE He Bhime k-ro mopska dbymkmmit z° = fi(z7,y*), samaomux sty
TKaHb B JIOKAJBHBIX KoopauHarax. C Jpyroi CTOPOHbBI, MOXKHO CUATATH, UTO ypasHeHue z = f(x,y)
Olpe/esIsieT OEPAIUIO B KOOPUHATHOM jyte ¢, Tkanu B okpectrocTr Touku p(0,0, ..., 0), a koopan-
HaThl ¢ Kanonumveckue. Paznoxus dynxnmo f(x,y) B pam Teiliopa B OKPECTHOCTH TOUKH P, TIOJIY UM
KaHOHUYECKOe Pa3jiozKeHue Jynbl £p. Ero umeHamu siiisiorcst OpMBI [}’ K03 purmeHTaMu KOTOPhIX

GyyT dacTHBIE Tpou3BosHbE f (B TOUYKe p). A Tak Kak uepe3 HUX BBIPAYKAIOTCS OCHOBHBIE TEH30DBI
Tkanu W, ToO B OJIHy CTOPOHY TeopeMma 5.2 JoKa3aHa.

JlokazaTesbeTBo 06PATHOTO yTBEpKAeHnst MOKHO Haiitn B [[11-11]. MBI ero He IPUBOM, TIOCKOJTh-
Ky OHO CBA3aHO C JJIUMHHBIMK Bhraucjenusamu. W

Teopema 5.2 pacupocTpaHsieT COOTBETCTBUE MEXK Ly TPU-TKAHSIMU U UX KOOPJIMHATHLIMI JIyIaMy Ha,
CBsSI3aHHBIE C HUMM WH(UHATE3NMAJIbLHBIE CTPYKTYPhI — KacaTeJbHble aJrebpbl. B 9acTHOCTH, BBUILY
TeopeMbl 5.1 0UeBHJIHA SKBUBAJIEHTHOCTD JIByX DaHee JOKA3aHHBIX yTBep:KjeHuii: (1) Tpancepcasib-
HBII BeKTOp & ABJISIETCS COOCTBEHHBIM BEKTOPOM TEH30Da b;‘k[ M ero KOBapUAaHTHBIX MPOU3BOJHBIX
(§9 ru1. 1) u (2) reopema 2.21: KacaTebHBINA BEKTOD K OHOIIAPAMETPHYECKOI HOJIYIIE eCTh COOCTBEH-
HBII BEKTOP JJIs1 BCEX TEH30POB lg\g.

B

3. IIpeamnomnoxkum Temepn, 9to Gy -CTPYKTYPAa, OlpeiesisieMasi Tpu-TKaubio W aa MmHOroobpasun X,
OyzeT 3aMKHYTOI CTpyKTypoit Kinacca k. Torma, B coorBeTcTBHU C OOIMIUM OIpEJIEJICHUEM €€ CTPYK-

TYPHBIN TEH30D Cy| TOpsaaka k + 1 Oymer KOMUTAHTOM TEH30POB Co, ... , Ck:
Ck+1 :f(CQ,Cg,...,Ck). (522)
PaccmarpuBaemasi Tpu-TKaHb olpejesisiercs cucreMoil Buemaux ypasuenuii (5.14), (5.15), cucremoii
ypasaennii [Idhabdda (5.20), B koTopoit s = 2,...,k u TeH30D ¢kt BbIpazkaercs 10 dopmyne (5.22),
a Tak»Ke CHCTEMOil aJreOpamvIecKux COOTHOIIEHUT
D, (co,c3,...,c) =0, (5.23)

nostyuenHol uddepennuposarnem ypasaernit (5.14), (5.15) u (5.20). Kpome Toro, 6ymem caurars,
qto B cucremy (5.23) BXOJAT BCe ypaBHEHHs, OJIyUeHHbIe IPH KOBapUaHTHOM JuddepeHnnpoBanun
ypasHeHuil 3Toif cucrembl ¢ npumenenneM dopmya (5.20), Tak UTO ITA CHCTEMA, & BMECTE C Hell u



§5.2. BamkHyTBIE G-CTPYKTYPBHI, OLIpEeIsieMble MHOTOMEPHBIMIA TPU-TKAHIMUI 131

Bes cucrema (5.14), (5.15), (5.20) u (5.23), 3aMKHyTa OTHOCHTEJILHO BHENTHETO (G depeHINPOBAHNS.
Haxkowner, npemnonoxkuM, 9to cucrema (5.23) siBjsiercsi HEIPOTUBOPeUnBoO. BepHa

Teopema 5.3. ITycmv 6 mouxe pg CF+!-mnoeoo6pasus X pasmeprocmu 2r

a) 3a0arbe MPU T-MePHBIE NOONPOCTNPAHCNEE Z (=1, 2,3) xacameavrozo npocmparncmesa Tp,(X),

HATOOAULUECH 68 0OUEM NONOHCEHUU;
6) sexmoprvie penepui €; 6 nooNpPoOCMPaHcmear T CBA3AMDL YCAOBUEM el + gz + ?1 =0(i=12,...

., T) U QONYCKAIOM CORAACOBAHHIE npeo6pa308amm obpasyroujue 2pynny G = GL(r);
6) 6 YKA3annuT 6 nynKme 6) PENepar 3HAMEHUA MEH30POE Cy, cg, ..., &) ydosaemeopsarom woneu-
Hom coommowenuam (5.23).
Tozda 6 Hexkomopoli OKPECTNHOCTNU TMOUKY Py HG MHo2006pasuu X cywecmeyem eduHcmeerHas
mpu-mxarv W, obaadarowasn 3amrxrnymots Gy -cmpyxmypot kaacca k, 0as xomopot:
1) crou mranu, nporodauue wepes mouky py, KACaOMes noonpocmpancme %:;

2) cmpykmypHvie MEN3OPYL Co, ..., Ck 6 TOUKE Py UMEIOT 3A0aHNBE SHAMENUA Cy,...,Ch U 6
YKa3arnol OKPECmHOCIY MoKy Py ydosaemeopsiom coomuowenusm (5.23).
O Pacemorpum cucremy (5.14), (5.15), (5.20) u (5.23) u Gyzem cuntarh B Hell HEM3BECTHBIMU (POPMBI
W, W, W W TEH30DbI Co,...,Ck. TAK Kak 3Ta CUCTeMa 3aMKHYTa OTHOCUTEIHHO OIEPAIUN BHEIIHErO
1 2

nndPEpEHITIPOBAHNs, TO OHA ABJSETCS BIIOJHE WHTEIPUPYEMOH, W IS ONPEJEICHUs €€ PErIeHust
HY>KHO 3HATh 3HAYEHUS HEU3BECTHBIX B TOYKE Py /I HEKOTOPOrO HAYAJILHOTO CEMEHCTBA DPEIepOB,
3a/TAHHOTO B yCJIOBUN TeopeMbl. HaqabHble 3HAMEHNS €Y, .. . , ¢} MICKOMBIX TEH30POB B TOUKE P 3a,1aHbI
B ILyHKTE 8) ycJioBusl TeopeMbl. [Tosoxum (g)| po(Ta) =0, wlp, = 7, Te 7™ = (7;) — cTPyKTYpHBIE POPMBI

rpyunsl GL(r) gomycTuMbix 1peobpa3oBanuii 9TUX PEenepoB. DTH HAYAIbHBIE YCJIOBHs MO3BOJIAIOT
HajiTn exuHCTBeHHOE pemtenne cucreMbl (5.14), (5.15), (5.20) n (5.23) B HEKOTOPOHl OKPECTHOCTH
TOYKHU Pg, T.€. OIPEJE/IUTh B ITOIH OKPECTHOCTU TPHU-TKaHBb, 00JIAIAIONIYI0 YKA3AHHBIMA B YCJIOBUU
Teopembl cBoiicTBamu. M

OrmeTuM, 9TO 3HAYEHUs] TEH30DPOB cg, ey c%, YZIOBJIETBOpSIIONTHE cooTHOMeHusiM (5.23), onpese-
JITIOT KacaTeabHyio Wi-aarebpy uckomoil Tpu-TKanu B Touke po (cM. 1m.2). Beumgy sroro teopemy 5.3
MOXKHO C(OPMYJIUPOBATL TaK: Kacameavhas Wi-aszebpa, 3adannas 6 mouxe py mnozoo0bpasus X
u ydosaemeopaowan Yycrosuam samrnymocmy (5.23), onpedeasem 6 nexomopoti oxpecmmocmu U
mouwky pg mpu-mranv W c damxnymoti Gy -cmpyxmypot xaacca k.

Paccmorpum J1asiee KaHOHUYECKOE Pa3JIOzKEeHHe JIOKAJBHON JIynlbl £, Tpu-TKanu W ¢ 3aMKHYTOIl
Gy -cTpykTypoil Kitacca k. BesrleicTBre 3aMKHY TOCTH TEH30D Cj+] BBIPAYKAECTCS I€PE3 TEH30PHI €9 . . . Ck
o dopmyie (5.22). TuddepeHuupys 370 COOTHOIEHNUE U UCKIIIOYAsl U3 IPABBIX YaCTeil I10JIy 9eHHBIX
PABEHCTB BEJWYHUHBI Cky| C IOMOIIBIO TeX Ke paseHCTB (5.22), HaiijeM BBIDayKE€HHE TEH30pa Ci9
qepe3 TeH30DPBI Cg...Ck. 1Ipomosikasi 3TOT HpoIecc, MbI BBIPA3UM BCE TEH30DPbI ¢s npu § = k + 1
qepe3 TEH30pPHI Co,...,Ck. 1lo Teopeme 5.2 Bce Ko3dbdurmenTH! IQX, /3\ /k\ KAHOHUYIECKOTO PA3JIo-

JKEHUsl JIOKAJIBHOM JIYIBI ¢, BBIPA3ATCA epe3 TEH30PHL Co, ..., Ck, 3aJaHHble B Touke p. Ho mo Toit
’Ke TeopeMe 5.2 TeH30pbl C2(p), ..., ck(p) BbIpaxkarorcsa depes dopmbl A, ..., A. ITosromy nosydaem,
2 k

4910 BCe (opMbl A KaHOHMYECKOIO Pa3JIOKEHUsI BhIpa3siTcs 4depe3 mepsble ee k — 1 dopm A, ..., A.
s 2 k

[Tonydennsrit mpu TOM CTENEHHOH Dsij OYIET CXOAUTHCS B HEKOTOPOU OKPECTHOCTH €IMHUITBI
Jymer £, TAK KaK 3Ta JIyIla SBJISeTCs JIOKAJIBbHOM JIyIIoil TPU-TKaHH, CyIeCTBOBAHIE KOTOPOIl IOKa3aHO
B TeopeMme 5.3.

ITockonbky dopmer IQX,...,JI}, YZIOBJIETBODSIIONIAE YDABHEHNSIM, SKBUBaJEeHTHbIM (5.23), 3a1a10T

JIOKAJIbHYI0 A-ajrebpy B TOUKE p, TO BepHA
Teopema 5.4. Jlokarvhas /k\-cmee6pa snoAHe onpedesiem A0KGALHY0 ayny L, mpu-mranu W c

samxnymot Gy -cmpyxmypot xaacca k, a, caedosamenvro, onpedeasem u camy mpu-mrans W.
OTa TeopeMa sIBJIsieTCsl 000DOIIEHNEM TpeTheil TeopeMbl JIu, 1Mo KOTOpPOil JIoKaJibHasi rpymma JIu
BIIOJIHE OIpeJesIsieTcsi cBoeit anrebpoit Jlu.
W3 Teopembl 5.4 BbITEKaeT, B 9aCTHOCTH, YTO €CJu TpU-TKaHb W ¢ 3aMKHyTO# Gyy-CTpYyKTYpOii
kitacca k siBisiercst k pa3 mudpdepeHnupyemoit, To oHa Oyner u OecKoHedHO nuddepeHITmpyeMoii.
4. TTokaxkeM, 910 3aMKHYTOI Gy -CTPYKTYpOii 00JIaJaI0T TPU-TKAHH, HA KOTOPBIX BBIIIOJHEHO OJTHO
13 YKa3aHHBIX B IUI. 2 KJIACCUYECKUX YCJIOBUN 3aMBIKAHUSI.

=%
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Teopema 5.5. Tpu-mkanu, Ha KOMOPHIT 6HINOAHEHO 00HO U3  YCA0BUT  3AMBIKAHUSA
T,R, M, By, B, By, E, H onpedeastom na mnozoobpasuu X 3samxnymyro Gy -cmpyxmypy. Ipu
amom dasa mranwu T ama ecmpyxmypa 6ydem kaacca 1, das mxanett R u M — xaacca 2, a das mxaned
By, B, B, u E — xaacca 3, oas mranett H — xaacca 4. Kanonuuveckue pasaodcenus, OAs NOKAGADHOLET
ayn Ly, mxanu T 6ydym mpusuaavuvimu, oaa mranet R u M — enoane onpedesaromes ux men3opom
Kpyuenua, oas mranetd By, By, By u E — men3opamu kpyuenus u kpueudhv, 0is mranetd H —
MEHZOPAMU KPYHEHUA, KPUCUIHBL U KOBAPUGHIMHDLMU TPU3EOOHBIMU MEH30PG KPUBUIHDL, 3G0GHHLLMU
6 MouKe P U YOOBALTMBOPAIOUUMUY KOHEUHbIM coomuowenusm muna (5.23).

[0 eiicTBUTEILHO, BBIIOJHEHNE YCI0BUS 1 PaBHOCUIBLHO TapaJiiensyemMoctu Tpu-tkaau W u obpa-
NIEHUIO B HyJIb €e TeH30poB Kpy4uenus u kpusuzubl. Cucrema (5.14), (5.15) npurumaer B 9TOM Ciiydae
BH
dw=—-wAw, dw=-wAw
« [0

7 SIBJSIETCs, KaK HETPY/IHO JI0Ka3aTh, 3aMKHYTOH OTHOCHTEIHHO Olepaliy BHeIIHero mauddepen-
nuposanus. Beugy storo Gy -cTpyKTypa, ompejeiseMast Ha MHOroobpaszmm X paccMaTpuBaeMoi
TKaHbio, OyneT 3aMkHyToil G-cTpykTypoil kiacca 1. Kak y»ke ObLIO JOKa3aHO paHee, JIOKAJIbHBIE
Jiymbl TKaHU T Oy/yT abesIeBbIMU IPYIIIAME, U UX KAHOHHIECKOE PA3JI0KEHUE UMEET BH/I

U-v=u-+0.

Tpu-Tkanb, HA KOTOPO BBHIMIOJIHEHO YCJIOBUE 3aMbIKaHUsI R, XapaKTepu3yeTcs PABEHCTBOM HYJIIO
€e TeH30pa KPUBU3HbBI, B CHJIy Y€ro CUCTeMa CTPYKTYDHBIX ypaBHeHUii cocrouT u3 ypasHenuii (5.14),

a TaKXKe ypaBHEHUS dw = —w A w (5.24)

B KOoTOpOe nepexoaut ypaprenue (5.15) npu b = 0. Ho rorpa ypasrenus (5.18) 3anuchiBaioTcs B BUJIE:

Va = 0. (5.25)

Cucrema (5.14), (5.24), u (5.25) 3amkHyTa OTHOCUTENHHO omepanuu juddepeHnupoBanus. Bauiry
aroro Gy -CTPYKTypa, onpeneiseMas Ha X TPYIIOBON TPU-TKAHBIO, 3aMKHYTa, & TaK Kak TEH30D a
OTIPEJIEJIAETCS OKPECTHOCTHIO BTOPOTO TOPSIKa, TO Kjaace Gy -CTPYKTYphbl paBeH aByMm. KoHednbie
coorHomenus (5.23) CBOAATC B 9TOM CJydae K TOXKAecTBaM ZKoOU, KOTOPBIM YJOBJI€TBOPSET TEH30D
kpyuenust Tkanu R (§5 . 1). Kak yxke 6b110 s10Ka3aH0 panee, JoKajibHble W-ajireGpbl TKaHU OyLyT
anredbpamu Jlu, ee JiokagbHBIE JIynbl — rpynnaMmu JIu, Tak 910 KOI(MMOUINEHTH UX KAHOHIIECKOTO

PA3JIOKEHNAS 1 1
u-v:u+v+§[u,v]+§[[uv]v}+..., (5.26)
onpeiestsioTest Kiaaccudaeckoit dopmystoit Kemnbemna—Xaycaopda (3mecw [u, v] = —2a(u, v) — komMmy-

TATOP B COOTBETCTBYIOIIEH anrebpe JIn).
Tenzop kpuBu3HbI TpU-TKaHu M BbIpazkaercs depes TeH30p Kpydenus 1o ¢popmyite (4.61), mosromy
CTPYKTYPHBIE ypaBHeHus 3Toil Tkanu nmeror Bup (5.14), (5.15), rue

b= (QG?kafmm) = ZJ(a). (5.27)

3
Bsumy sroro koBapuantusiit nuddepeniman Va TeH30pa KPy9IeHU B CBA3HOCTH [ Oy/1€T OTIMIHBIM
*
OT HyJIsI, HO, KaK ObLIO JI0Ka3aHO B §4 1. 4, oH OyIeT paBeH HYJIIO B cpeiHel cBsi3HocTH [
*

Va =0. (5.28)

Beuy sroro cucrema ypasuenuit (5.14), (5.15), rue Tersop b Beipaxkaerca 1o dhopmysie (5.27), 6ymer
3aMKHYTA 10 OTHOIIEHUIO K onepanuu JuddepeHIupoBaHus, U KJIACC OIPeIe/isieMoii €0 G-CTPYKTYPbI
pasen asyM. Tensop a tkanu M ynosjiersopser ToxaectBy Ceiira (4.79), K KOTOPOMY B paccMaTpH-
BAEMOM CJIydae CBOJATCS KOHeuHble cooTHommenus (5.23). Jlokanpuble W-asnreGpsl Tkaru Mydanr
SIBJIAIOTCS ajirebpamu MaJiblieBa, a X JIOKaJIbHbIE JIyIbl — jymamu Mydasr.

Kanonuueckoe pazioxkenne s ayin Mydanr nmeer ot ke Bug (5.26), ato u jyist rpynn Jlu, Tak
KaK ajrebpa MaJiblieBa sIBJISIFOTCSI OUHAPHO-JIUEBBIMU, T.€. JIIOOBIE JBa BEKTOPa B HUX MOPOXKIAIOT
nogayreopy Jlu.
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s traneit Bona By, B, u B,, TeH30D ¢4, CBS3aHHBI C OKPECTHOCTHIO YETBEPTOrO IMOPSIIKA,
BbIpazkaercd depe3 Tenzopbl a u b. s Tkameii B, ’ro Bbipaxkenue umeer suj (4.10). Tak kak
TEH30p b CBsI3aH C OKPECTHOCTHIO TPETHErO MOPSIKA PACCMATpPUBaeMoil TKauu, T0 Gy -CTPYKTypa,
ompesesieMast TKaHbi0 Bosia Ha MHOTOOOpa3uu X, OyJer 3aMKHYTOI CTPYKTYpPOil KJiacca 3.

Mg tkarm Boma B, ¢ HOMOIIBIO TEH30pOB a W b o (bNOpMyJIe (4.6) crpourcst Tenzop R, ko-
TOPBII KOBAPUAHTHO MMOCTOSTHEH OTHOCUTENLHO cBst3nocTr [': VR = 0. Jlokanbubie W-anrebpbl TKaHN
Bona B,,, onpenensembie Terzopamu a u b, sKBUBaJeHTHBI ajireOpam Boja, B KOTOPBIX OIEpaIin
3a/IAI0TCST TeH30paMu @ 1 R u ynosiersopsiior coorHomeHusiM (4.23) n (4.25).

Kak 6pu10 mokazano B §2 1. 2, JOKaJIbHBIE JIYyIIbl TPU-TKaHW DBoja sBisiorcs Jjynamu bBosa.
KosdpdburnuerTsr nx KaHOHUYIECKOTO PA3JIOKEHUs BHIPAKAIOTCS 9€pPe3 TeH30pbI a u b, ubo depe3 TeH-
30pbl @ U R, yIOBIETBOPAONINE YKA3AHHBIM BBINE€ KOHEYHBIM COOTHOIIEHUSIM. 3aMETUM, OJTHAKO, UTO
BOPMYIIBL JJTsT BEIYUCTICHUS KOI(DMDUIUEHTOB KAHOHMIECKOTO PA3JIOXKEHNUsI JIyTbl Bojia, aHaIornaubie
dopmysie Kamvmbemna—Xaycaopda, 10 cux mOp He MTOJIyYeHHbl.

3aMKHYTOCTb G—CTPYKTYPBI, OIpeiesieMoit Tkausmu H , Oblia moKa3aHa Jjisi IPOU3BOJIBHON pa3-
MmepHocTH B padore [[II-11], mis pasmeproctu 4 — B pabore [Bii-3| (311 JoKa3aTe bCcTBA IPUBOISATCH
B §§ 3,4). Kak okazasoch, npu r > | kinacc Gy —cTpykTypsl Jjia TKaneit H pasen gerbipem. [pu r = 1
KJIacc TKaHeit H coBIagaeT ¢ KJraccoM IapaJiie/in3yeMblX TKAHel, a KJIace 3aMKHYTO#M Gy —CTPYKTYPbI
B 9TOM ciiy4dae paseH eaunure. ll

§ 5.3. UerbIpexMepHbI€ IIECTUYTOJbHbIE TPU-TKAHU

1. B aTom maparpade OyaeT mokazaHo, ITO YeThIPEXMEPHBIE TIECTHYTOIbHbIE TPU-TKAHU SBJISTIOTCS
ajrebpan3yeMbIMu, a orpejesisemMasi UMu Gy -CTPYKTypa SBJISETCS 3aMKHYTOM.
Kak 6b1710 yKa3ano B §2 ri1. 3, TeH30p KpPyUeHHUs IETHIPEXMEPHON TKAHU BCETJIa MMEET BHU]]

i i
@jk = [0,
B CHJIy 4ero ee CTpyKTypHble ypasuenus (1.26) sanucbiBaiorca B cieayiomeit dpopme:

dw' = W AW+ a0l AW, dw' =W AWl — ajw! AW (5.29)
1 1 J I I 2 2 J 2 2

(3mech u nasee B ToM naparpade JIATUHCKHE MHIEKCHL 4,7, k, (, ... OIDUHUMAIOT 3HadeHus 1 u 2).
Huddepennupys ypasuenus (5.29) BHemHuM 06pa3oM, IPUIEM K YDABHEHHSIM:

Qé/\uljijajAul)j/\uljizo, Q;/\agj+Vaj/\02«Jj/\cgi:0, (5.30)

rie, Kak u pagee, V — oIeparop KOBapUaHTHOrO nuddepeHupoBains B KAHOHUIECKOH cBsa3nocTu I,
a Q) = dw; — wf A wj, — dopmbl KpuBU3HBL 9T0# cBs3HOCTH. OTCIOMA cieayet, uro ¢opwmsl (1) u Va;
IMEIOT BUJL:

Ol = ;‘M%ukmg‘*, (5.31)
Va; = pjkul)k + qjkuQJk. (5.32)

371ech pji U Gji, B OTJIMYHE OT aHAJOTUYHBIX BEJHIMH B § 2 11 3, BoOOIIE roBOpsl, HE CHMMETPHUYHEI
no uraekcam j u k. Ioxcrasisist atn pasnoxkenns B ypasaenus (5.30), mosyaum:

bfjk]f = q[j\f\(slic]v bfjmk] = p[j\@\élic]‘ (5.33)

[Ipenmonoxum mastee, 9T0 paccMaTpuBaemMasi TpU-TKanb W sBisercs mectuyrosbuoit. Kak Ob110
noka3ano B § 3.1, Takne TKAHU XapaKTePU3yIOTCs yCIOBUEM

b(jrey = 0. (5.34)
C nmomomnpio dopmyi (5.33) u (5.34) Boipakenue (3.22) it TeH30pa KPUBU3HBI IIPUBOJUTCS K BHUJLY

i 1 % 2 i

J
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e 2 1 1 2
1 2
bjr = 3 Pik = 3 ks bj, = —3 Pkt 3 djk- (5.36)

OTCIO,ZL& BbIpAa3UM BEJIMYNHBI p]k n ij3
Djk ik k> 9k Ik Jk-

TTosoxxum

b = —bjy, — by (5.37)

Torna mpemplayIine paBEHCTBA MEPENUITyTCS TaK:

_ gl 3 _ 32 3
Pik = bjp — iy @ik = b — b,

a ypasaerus (5.31) u (5.32) sanumuryTest cieayommM o6pa3om:
dwl — Wk A wh = 2(bfj 00 + b‘f’jmég])%}k A QQ%, (5.38)
Va; = (bl — b?k)ci)k + (b3 — bﬁk)gk. (5.39)

VYpasrenus (5.29), (5.38) u (5.39) npeacrapisiror coboit CTPYKTYPHBIE YDABHEHUS I€THIPEXMEPHBIX
[IECTUYTOJBHBIX TPU-TKAHEH. 3aMeTnM erne, 9To cooTHommenus (1.31), CB3bIBAIONIIE TEH30D KDY IeHUs]
U KPUBU3HBI TPU-TKAHU, JJIsT Y€THIPEXMEPHON TKAHN BBITTOJTHSIIOTCS aBTOMATUIECKH, TAK KAK MHICKCHI
j, k, ¢, 10 KOTOPBIM IIPOU3BOJIMTCS AJIbTEPHUPOBAHNE, IIPUHUMAOT TOJBKO 3HadeHust 1 u 2.

2. Teopema 5.6. Gy -cmpyxkmypa, onpedessemas Ha 4emovipermeprom mroz2o000pasuu X wecmu-
Yeorvhol mpu-mranvio, 6ydem samrnymot G-cmpyxmypot kaacca 4.

O Haiinem nuddepennmanbabie npogoskenns ypasaernii (5.38) u (5.39). Ux sremnee nuddepen-
IIUPOBAHME IIPUBOJIUT K COOTHOIIECHUSIM:

V(b3 + Vi1 0) At A’ =0, (5.40)

V(bjl-;c — b3k) A w + V(b ) A w + (bﬁ(kag) — ajby, — ajbkg)w A (421 =0, (5.41)

[e] o
rjie V obo3HauaeT omeparop KOBApHAHTHOTO judepeHIupoBaHusi B CBI3HOCTU I, ompeessieMoit
dbopmamu ,
S =wi— Lsig (w* — WP
3T % T g YUk 5

(em. §2 i1 3).

o
N3 ypasrennii (5.40) u (5.41) cuemyer, 94TO BBIpAsKEHUST Vi OyayT iMHeHHBIME KOMONHAIMAMN
6a3ucubix Hopm cluk, uQJk. Ilocne AIMHHBIX, HO HECJIOXKHBIX BBIYUCIEHUI TOTYYUM JJIsl HUX CJIeAyIONne
Pa3JIO’KEeHNU !

2 1
Vb]k =— (Cjke 20} ) — %b(ke) a]b£k> IZ Q(Cj[kf] 3 a‘jb[QkZ])‘ge’

{ { (5.42)
1 ¢ 2\, ¢
Vbjk =— (Cj[gk] + 3 ajb[e]c]>u1] — (ngk + 2b ) + b(kl) + 3 aij)(g ,
LJIe Cjge — TEH30D, CBA3AHHBII C OKPECTHOCTHIO Y€TBEPTOIO IIOPS/IKA.
Huddepenimanbuoe nponosrkenue ypapaenuii (5.42) npuseser K ypaBHEHHUIM
Veijk = fz’jkﬂlde + gz‘jkécgl, (5.43)

rie

2 1
Cijre = 2agcife;) + 3 az(C[emk] + Ck[eg]) 5 Cijhae — 3b%ijbllc)g+

8
+3 b[jk](biZ - bw) + 3 (bik - bgk)(b e — b[][]) 25 bke + 2b b[ké alb[]k]alv (5.44)

(5]
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2 1
Cijhe = —2ajCike) — 3 @i(Cjihg + Cpegk) — 5 Cigrae + 3b{, byt

2 2 8
+3 b4y (b7 — b2y) + 3 (bi; = b3;) (blke) — i) + 20l — 2bjybFi 0 + 3 a;bfae.  (5.45)

Kpome Toro, npu guddepennuaibaoM npogospkennn ypaBuenuil (5.42) moydaroTcs ciemyromnme
COOTHOIIEHNU:I Ha TEH30PBI a;, bY) W C;jk:

—;;b + 20;¢ifk + @51k + 263big — 2bj;07, = 0. (5.46)

Pagencrsa (5.44) u (5.45) 1OKA3BIBAIOT, UTO TEH30DHI ?ijk,g u gijkg, CBsI3aHHBIE C OKPECTHOCTHIO

ISITOTO HOPsI/IKA, BBIPAXKAIOTCSL 1€pe3 TeH30DbI a;, bf; U ¢;jk, CBA3AHHbBIE C OKPECTHOCTSIMHI BTOPOIO,
TPETHErO U IETBEPTOTO MOPSIJIKOB. DTO 03HAYAET, 9TO (31 -CTPYKTYPA, OIPEIesieMas IeThIPEXMEPHO
MEeCTUYTOJBHOM TPU-TKAHBIO Ha MHOTOOOpa3uu X, Oy/eT 3aMKHYTO# cTpyKTypoit Kiracca 4.

3. YersIlpexmepHas IIeCTHYTOJIbHAS TPHU-TKAaHBb OIPEJEIeTcs 3aMKHYTO! cucreMoil nuddepen-
uadbHbIX ypasHenuit (5.29), (5.39) u ypasuenuit ldbadda (5.38), (5.42), (5.43), rae TeH30pHI Cijhe

BoIpazkatoresd 110 dpopmynam (5.44), (5.45), koneunbix ypasrenuii (5. 46), a TakyKe KOHEUHBIX ypaBHe-
HUIi, KOTOpBIe ostydatorcs npu nuddepenrposannn ypasaennii (5.43) u (5.46).

UcenenoBanne KOHEIHBIX COOTHOIIEHWI, ONPEIESIIONUX YeTHIPEXMEPHYIO IMECTUYTOJbHYIO TPH-
TKaHb, MO3BOJISIET JIOKA3ATh CJIELYIONIYI0 TEOPEMY.

Teopema 5.7. Beakaa “emupermepras WECTNUYLONOHAA MPU-MKAHD ABAAETNCA USOKAUHHOTU.

0 TlosHOE JOKA3aTENHLCTBO STON TEOPEMBI CJUIIKOM CJIOXKHO U BBIXOJUT 38 PAMKH HACTOSIIEH
kHUrK. [IpuBeseM JIMIIb ero OCHOBHBIE JTAIIBI.

VenosueM M30KJIMHHOCTH YETHIPEXMEPHON TPHU-TKAHW, KaK JOKAa3aHO B Teopeme 3.6, siBJIsieTCs
CHMMeTpPHsI KOBADHAHTHBIX IIPOU3BONHBIX Dji H ¢j, KOBEKTOpa a;. A 3T0 yciosue B cuiy (5.36) u
(5.37) paBHOCUJIBHO CHUMMETPUH TEH30POB b;‘k. JokazkeM, ITO U3 CUMMETPUN OJHOTO U3 ITUX TEH30POB
CJIEJTye€T CUMMETPHSI JIBYX OCTAJBHBIX. JIeACTBUTENLHO, IPEIIONIOKIM, HAIIPUMED, ITO

bl = 0. (5.47)

Torpa n3 (5.37) cremyer, 9ro ) ;

[e]
[Tpomuddepennupyem coornorrenue (5.47) ¢ nomompio oneparopa V. Torma uz (5.42) nosydmm
PABEHCTBA,

1 3
Cilke) = 3% b[ké]‘
Tozcrapisist 5Tu Bbipakenust B (5.46) u yanrbiBas pasercTsa (5.47), (4.48), npujeM K COOTHOIIEHUSAM

bj;bf = 0.

Orciona aubo biw = (0 u Hame yTBepxKJEHUE IOKa3aHO, JINOO bzlj = 0. B nmocnemgnem ciydae wus

ypasuenuit (5.42) cieayer, 4ro
we =0, ajbl, =0
Cike v A50kg .

Orcroma 1u60 b%,d] = 0 u Hame yTBep:KJeHNEe CHOBa JI0Ka3aHO, aubo a; = 0. Ho B mocrennem ciryuae
b = 0 u paccmarpuBaeMasi TPH-TKaHb OyJleT NMapalleu3yeMoii, Tak Kak ee TeH30pbl KpyIeHus n
KPUBHU3HBI PABHBI HYJIIO. DTOT CIydail Mbl HCKJIIOYAEM U3 PACCMOTPEHHH U CIATAEM, 9TO KOBEKTOD G
OTJINYEH OT HYJIs.
Urax, Ten30pnI b‘f]“. ) TPH o = 1,2, 3 mub0o omHOBPEMEHHO OOPAIAIOTCS B HYJIb U TOT/Ia PACCMATPUBA-
eMasl TpU-TKaHb U30KJIMHHASL, JINOO HYU OJUH U3 HUX HEe PaBeH HyJI0. PaccMOTpHUM ITOC/IeIHMI CIIydaii.
(0%

Taxk KaK MHIEKCHl j M k IPUHAMAIOT BCETO JIBa 3HAYEHUs, TO y KaXKJIOI'O U3 TEH30POB b[ k) AMeeTCs
TOJIBKO OJIHa CYIIleCTBEHHasl KOMIIOHEHTa (bﬁQ]), TaK 9TO MOYKHO IIOJIOXKUTH

1 _ 3 2 _ 3
by = Foiry Ojwy = 90- (5.49)
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IIpu s1om B cuity (5.37) Boiosnusiercsa pasenctso f + g + 1 = 0. Touno Taxk ke KOCOCUMMETPHYHBII
TEH30D Cj[k¢], BXOAAIIMIA B ypapHenue (5.46), MOxKeT ObITH IPEJCTaBICH B BHJIE

Cilke) = G5 b?ke]-

Toncrasngs 310 BbIpakenue, a TakxKe Bboipaxkenus (5.49) B coornomenue (5.46) u cokpamas Ha
OTJINIHYIO OT HyJIsl BEJTUINHY bf’j ) Oy IIM:

—a;a; + 2a;¢; + a;c; + 2+ b?j - ng%j =0. (5.50)

AJIBTepHUPYS 3TU PABEHCTBA 110 UHJEKCAM 4 U j 1 ucnosb3ys (5.49), maiigem, 4ro afcy = 0, orkyma
CJIEYIOT PaBEHCTBA 3
¢j =caj, Cjjpe = cably. (5.51)

Beuy sroro coornonienns (5.50) mprHEMAIOT BH:
2 1
(3¢ = Daja; + 2fb;; — 2gb;; = 0.
IMocneauee paBeHcTBO BMecTe ¢ cooTHomenneM (5.37) gaer

L= 3¢)asa; + 63, B2 =

b%j = HA (1 —3c)a;a; + gb%. (5.52)

No|
N —

o
Hagee, muddepennupyst Bropoe u3 coorHomenuit (5.51) ¢ momoipio oneparopa V U UCHOIb3YS

pasencTsa (5.52), MbI IpUIEM K IPOTHBOPEYHUIO, KOTOPOE U IIOKA3BIBAET, 4TO TPU-TKAHEl, Ha KOTOPBIX
XOTsI OBI OJINH U3 TEH30POB b[ol‘, j) OTIMYEH OT HyJIsl, HE CyIIECTBYeT. |

Tak KaK BCsiKast MECTHYTOJbHAS TPU-TKAHD SIBJISETCS TPAHCBEPCATBHO-TEOJIE3MIECKO, & IeThIPeX-
MepHAasl IEeCTUYTOJIbHAsI TKaHb, KAK TOJBKO YTO JOKA3aHO, SBJISIETCS TaKyKe U U30KJIMHHOMN, TO B CUJIY
Teopembl 3.14 3Ta TKaHb OyIeT ajredpam3yeMoii, T.e. IKBUBAJEHTHA YeTBIPEXMEPHON IpacCMaHOBOM
TPH-TKAHH, OIIPE/IEISeMON KyOIIecKoil ITOBEPXHOCTHIO B IIPOEKTHBHOM mpocTpancTse P3. Beumy storo
CIpaBEeJTHBA

Teopema 5.8. Bcakaa 4emuipermepHan WECMUY2ONOHAL MPU-MKEAHD IKEUBAAEHMHA 2PACCMA-
HOBOT MPU-MKAHU, Onpedesiemots Kyou“eckot noeeprHocmyvio mpermeprozo NPoeKmueH 020 npocm-
pancmaa.

B zakmiouenne maparpada BepHEMCST K OIPEJIEIEHUI0 3aMKHYTOW (G-CTPYKTYpPBI, JaHHOMY B § 1.

JlokazaTebCTBO TeopeMbl 5.6 MMO3BOJIsIET PACIIUPUTh U YTOYHUTH ITO MOHsSITHE. B camoMm jere,
3aMKHYTOCTh (G-CTPYKTYPBI, OIPEIEIsIeMOl 9eThIPEXMEPHO MEeCTUYTOJbHON TPU-TKAHBIO, BHITEKAET
U3 TOro aKTa, ITO BCe OCHOBHbIE TEH30PBI 9TOH TKAHU BBIPAXKAIOTCH YePe3 TeH30PBI Gj, bf}, Cijk, KO-
BapHAHTHBIE TPOU3BO/IHBIE KOTOPBIX BBIPAXKAIOTCS depe3 9Th ke TeH30pbl. [losromy G-ctpykrypy Xg
OyJeM Ha3bIBaTh 3aMKHYTON TaKKe M B TOM CJIydae, KOr/ia OIpejie/IeHHbIE Ha Hell TeH30pbl KpYJYeHus,
KPUBU3HBI U UX [TPOU3BOJHBIE BCEX MOPSIKOB BHIPAYKAIOTCS Yepe3 KOHEYHOE YUCJI0 TEH30POB, OIpe/ie-
JIeHHBIX Ha X (.

§ 5.4. 3aMKHYTOCTb CTPYKTYPHbI, OIIpeaeJisieMOii MHOTOMEePHOI
IIEeCTUYTOJbHON TPU-TKAHBIO

[Iposesenntoe B npeaplyineM maparpade JT0Ka3arejbCTBO 3aMKHYTOCTH Gyy-CTPYKTYPBI, OIIpeie-
JIsIeMOI YeTBIPEXMEPHOI MEeCTUYTOJbHON TPU-TKAHBIO, HEJIb3sl PACIPOCTPAHUTEL HA MIECTHYTOJbHBIE
TKaHU JIIOOOI Pa3MEpHOCTH, TaK KaK B PACCYKIEHUSAX CYIIECTBEHHO UCIIOIb3YeTCsl YeThIPEXMEPHOCTD.
C apyroit CTOPOHBI, U3 HOKA3aTEIHCTBA BUIHO, KAKHE BBIUUCIUTEIbHBIC TPYIHOCTH BO3HUKAIOT TP
repexozie K 6oJIbIuM paszmeproctsM. [loaromy B HacTosiiemM maparpade npemiaraerces Ipyroif MeToJy
JIOKa3aTeIbCTBa 3aMKHYTOCTH, KOTOPBIM TOMUTCs J1jis 1000 pasMepHoctu. OH MeHee KOHCTPYKTUBEH
U He TI03BOJISIET HEIIOCPEICTBEHHO BBINMNCATD, KaK B § 3, BCe ypaBHEHMUsI, XapaKTePU3YIOIINe 3aMKHY TYIO
CTPYKTYPY. 3aTO 9TOT METOJ JIOIycKaeT mupokue obobmmenus, cMm. [[II-11].

PaccmorpuM cTpyKTypHBIE ypaBHEHUs IPOU3BOJILHON TPHU-TKaHu, Haiijenubie B §4 . 1:

7 _ 1 m 7 m
Vbike = Cirem@™ + Crm@™ (5.53)
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i _ i D i _ _gi D
Cilklelm] = blpt @ Siklem] = —01p gy (5.54)
i i _ pi
Cliklme — g[jwk]m = Bjkem, (5.55)
e i i 1p i 1P
(2 1 K
Bjkém agkbp€7rz - apkbjfm - a’jpbkém' (556)
IHomoxxum )
— K3 n n
chkem = Xjklmnw + Z]kémn R chkem = ngemnw + Ykemn o (5.57)

Huddepennupyst ypasaenust (5.53) u ucnosnb3ys (5.57), npumgeM K COOTHOIIEHUSIM:

;ké[mn] = Cz'kzpaﬁmv Ysz[mn] = _?ékfpa’ng (5.58)
ij@mn + ijénm = Bgi'krfmn’ (559)

riae . » . . » P p
Bjkﬁmn = bjkﬁbpmn - bpkfbjmn - bjplbkmn - ]kpbémn (560)

Tenzopsr X, Y, % , Z CBSI3aHDI €Ille PsIIOM COOTHOINEHUl, KOTOPbIE TOJIyIaloTCa B pe3ysibTare Iud-

2
depennuposanus pasercrs (5.54) u (5.55) ¢ nomomrpio oneparopa V. Huddepennupys (5.54), naxo-
JIAM: _ _ . . . .
Xikieimin = f}penazm + Ujpebingmy %;[k\ﬂm]n = g;pinazm + 0peblimyns

) ) . . . . (5.61)
Yiktemin = ~Gikpn@em = Vikpblompn  Lintemin = ~Gikpnem ~ VipYlepnim)-
a muddepennuposanne ypasaennit (5.55) naet:
Xiikmen = Zli1emmn = Biremns Zlikmen = Y5iekpmn = Bikemns (5.62)
rJe B " B CyTh KOBapUAHTHBIE MPOU3BOHBIE TEH30PA BJ Kom:
VB]kZm = ?;kémnw + Bjk[mn

2

Teopema 5.9. Gy -cmpykmypa, onpedeasemas MHO2OMEPHOT UWECTNUY20ALHOT MPU-TMKAHDIO
(r > 1), ecmv samrxnymasn G-cmpyrmypa xaacca 4.
O CorutacHo 1J1. 3 MECTHYTOJbHAS TPU-TKAHb XapPaKTEPU3yeTCsl COOTHOIIEHIEM béjke) = 0 na Tensop
KPUBHU3HBL. DTO paBeHCTBO BMecTe ¢ (1.31) maer cooTHOImEHUs:

. . . def ;

ke + biej + bpj = 2(a ;';eamz + akzamg + agja ) = 2Tk (5.63)
Hpaxaer muddepenmupys (5.63) ¢ nomormpo oneparopa V u ucnoabsyst 3arem (5.53) u (5.57),
MOJIy9UM CJIETyFONLYIO CePHIO0 COOTHOIIEHMIA:

i i i _ i i i i _
Xikomn T Xiojmn T Xijkmn = QYnYmijev %jk[mn + %ujmn + %Ejkmn =2

J n J jke>

Vim
1
w YL

Y
5.64
v (5.64)

i i i _ i i i i _
Yomn + Yetjmn + Yijkmn = 2¥n¥m‘]jk£7 ?jkfmn + %kéjmn + %ijmn =2

Urak, Tenzopnr X, Y, ? , Z mecTHyroyibHOM Tpu-TKaHu W ynosiersopsitoT ypasHeHusiM (5.58),

(5.59), (5.61), (5.62) u (5.64). HokazkeM, 9TO U3 HUX yKa3aHHBIE TEH30PbI MOXKHO BLIPA3UTDL UePE3
TEH30pbI a, b, ¢ ¥ ¢, CBA3AHHBIE C OKPECTHOCTBLIO HE BBINIE YE€TBEPTOrO IOpsjKa. 1Ilpu 3TOM MBI He
I 2

OymeM HaxoauTh popmMyasl 41 X, Y, % u Z, Tak KaK OHM HeOObIMalHO IPOMO3KH (KaXK ast 3aHUMAeT
2

HECKOJIbKO CTPAHMUIL). B CBA3M ¢ 9TUM B IOCJIE/IYIOMUX PACCYKICHUAX BMeCTO cucTeMbl (5.58)—(5.64)

Oy/leT paccMATPHBATBHCS COOTBETCTBYIOIIAs €ff IPHCOEJIMHEHHAS OJHODPOJHAS CHCTEMA: MPABBIE da-

CTH pacCMaTPUBAEMBIX yPaBHEHHil, comeprKaliue TeH30pH a, b, €, €, SAMEHUM HYJIAMIL. 3aMKHYTOCTD
2

Gy -CTPpYKTYpPBI OyJeT JoKa3aHa, ecu OyJIeT MOKa3aHo, 9TO MOy YeHHAs TaKUM 00Pa30M OHOPOHAST
CHCTeMa MMeeT TOJIbKO TPUBUAJIBHOE PEIEHNE.
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Cremnaem emme omuao ymporrerune. Hapsity ¢ Tenzopamu X, Y, % u % OymeM paccMaTpUBaTh COOT-

BETCTBYIOIIHE UM TOJTHINHEHHBIE (DOPMBI, HATPUMED:
; i okl
Xaﬁ’755 = X;kﬂrnnggfﬁgfyggnggnz
Pacemorpum npexiie Becero ypasHenue (5.59). Emy orBeuaer oiHOpOJHOE ypaBHeHHe %a,@yga =
= Z o3~es. O003HauMM Z = Z. Torga onHOPOHBIE ypaBHEHNUS, COOTBETCTBYIOIINE [IEPBBIM yDaBHEHU-
am (5.58), (5.61), (5. 64), npuBoAATCA K BHAIY:
onﬁ’y&s = Xaé’yﬁs = Xaﬁ'ysév onﬁ’y&s + Xﬁ’yaés + X'yaﬁés =0 (565)
Il BTOPOro u derseproro ypasuenuit (5.61) u Broporo ypasuenus (5.64) umeem:
Zaﬁ’yéa = Zaé’yﬁs = Lafedys Zaﬁ’yés + Zﬁwaés + Z’yaﬁéa = 0; (566)
Jist Broporo ypasHenust (5.58) u Tperbux ypasnenuit (5.61), (5.64) nmeem:
Yaﬁ’yﬁa = Yapdye = LapByesd, Yaﬁ'y&e + Yﬁ'yoass + Y’yaﬁés = 0; (567)
ypasrenus (5.62) gaior cucremy:
onﬁ’yéa - Xﬁa'yéa = Zaéﬁe'y - Zﬂéaa"yv Yaﬁ'yée - Y’yﬁaée = Lavydfe — Lyadfe- (568)

Paccmorpum cHavasia cucremy (5.65). Tak kax B cuiay nepsoro ypasHenusi (5.61) mensop X
CHMMeTpPHUIEH 10 HHAeKcaM [, §, €, TO HOMOKUM X g5: = Xqa~. Torma u3 Broporo ypasuenus (5.62)
caenyer Xop + Xﬁ’Y + X'ya =0, Xﬁa + on'y + X’Yﬁ = 0, orkyna X(aﬂ) + X(ﬁ’Y) + X(’ya) = 0. Hna
Pa3/IMYHBIX HAOOPOB WHJIEKCOB MMeeM:

Xap) T X(y) + X(70) =0, X(ap) + X(85) + X(50) =0,
X(ay) + X(yo) + X@p) =0, X(96) + X(50) + X(ay) = 0.

Eciu ciiokuTh niepBble TPU PABEHCTBA U BHIYECTh YETBEPTOE, TOJIYIUM

X(ap) + X(yp) + X(ap) = 0. (5.69)
st ipyroro HAOOpa UHIEKCOB UMEEM:

X(ap) + X(y8) + X(ep) = 0.

s neyx mocneamux pasencts noaydaeMm X sg) = X (o), T7ie €, 0, 3 Bce pasmumanbt. [Tostomy X (o5) =
= X(yp5) = X(sp) 1 u3 (5.69) crenyer X(o5) = 0. Orciona, Tak Kak X5 = Xaqgse, MOMydaeM

Xa'yﬂ(Ss = 7Xﬁ’yo¢65- (570)

C noMompo aHAJOrMIHbIX paccykaenuii u3 (5.67) maxomum, 910 TE€H30p Y YIOBJIETBODPSIET YC-
JIOBUIO

Yaogyse = —Y3anrse- (5.71)

Hasee, uz Broporo ypasuenus (5.65) u pasencrsa (5.70) ciezyer, uro
Xa'yﬂés - X’ya,@és = on'yﬁés + Xﬁ'yaée + onﬂ’yée = onﬂ’yés-

TosTomy nepsoe u3 pasercrs (5.68) mpumer ciemayromumii Bu;

Xaﬁ'yzis = Zaé’yaﬂ - Z’yéaaﬂ~ (572)
U3 sroporo pasencrsa (5.67), paserncrsa (5.71) u Broporo pasencrsa (5.68) mosydaem aHATIOTMIHOE
PaBEHCTBO:

Yaﬁ’yée = Zaﬁé’ys - Zﬁaé’y5~ (573)

Tak xax mepsoe paseHcTBO (5.65) maeT Xoq55e = Xaegsy, TO U3 (5.72) cieyeT paBeHCTBO

Zaéﬁew - Zﬁéaa'y = ZiadBye — Z,Béa'ya~



§5.5. Tpu-TKaHu U TOXKAECTBA B JIylax 139

3anuireM ero B BIUIE

Zasplvel = Zpsalre]- (5.74)
Tomo6HbIM crioco6oM u3 Broporo paseHcrsa (5.65) u paseHcrsa (5.72) nosmydanm
Zozﬁ&['ye] = Zﬁaé['ya]- (575)

U3 (5.74) u (5.75) cremyer, 9TO BEJININHBI Z o B[se] CAMMETPUYHDI TI0 EPBLIM TPEM MHJIEKCAM.
Pacemorpum Teneps Bropoe u3 coorHomterunit (5.66). 113 Hero mosyvum paBeHCTBO

Zapise] + Zyapise] T+ Zpyalse] = 0.

Tak Kak BeJMYUHBI Zqgy[5c] CAMMETPHYHBI 110 TIEPBBIM TPEM MHJIEKCaM, TO U3 HOCJIeIHEr0 pa-
BEHCTBA BBITEKACT, UTO Zngy[se] = 0, T.€. BeIUIMHBI Zogy5c CUMMETPUYHBI M 110 HOC/IEHUM JIBYM
WHICKCAM.

Ho Bmecre ¢ nepsbiM coornorterueM (5.66) 910 jaer, 910 Z CUMMETPUYHBL 110 BCEM HHJIEKCAM.
Tosromy u3 Bropoii cepun paBeHcTB (5.66) BBITEKAET, UTO Zapyse =0, au3 (5.72) u (5.73) — Xapyse =
=0nYy5.=0.1

§ 5.5. Tpu-TkaHM M TOXKJECTBA B JIyIlax

1. Kaxkpr1it u3 kiaccos traneii T, R, M, B, H, obsagaronux 3aMKHYTOM Gy -CTPYKTYPOIi, Xapak-
TepU3yeTcss HEKOTOPBIM TOXKIECTBOM B KOODIMHATHBIX JIyIIaX 3TUX TKaHell. Bo3Hukaer ecrecTBeHHBIN
BOIIPOC: KAKHUE eIle TOXKJIECTBA MPUBOMSAT K 3aMKHYTOCTH (G -CTPYKTYPBI?

ITpousBosbHOE TOXKIECTBO B Jyle )(-) 3anuchiBaeTcsi B Buje

S1(u, v, ..., w) = Sa(u,v,...,w). (5.76)

3necs S| mw Sy — cioBa, T.e. TMPOU3BENEHUsT OYKB U, U, ..., W, B KOTOPBIX KAKAM-JIN0OO 0Opa3oM
paccrapyienbl ckobku. [Ipeamonaraercs, ato ciaosa S| u So HE COMEPKAT OOPATHBIX OIEPAITHIA.

B rmagkumx symax MMEIOT CMBICT TOJBKO YPAGHOBEWEHHBIE MOHCIECTNEa, T.e. TaAKHe, 9TO KayKIoe
13 TIePEMEHHBIX BXOJIUT B CJIOBa S| 1 S9 ¢ OJIHOM U TOii Ke KpaTHOCThIO. B camoM Jieie, mycTh € InHUIIA
e Jynsl () uMeer HyseBble KoopauHaThl. Torma (eM. § 6 i, 2) mpousBesieHre U - v B () PACKIIAIBIBAETCS
B psan Teitopa B OKpeCTHOCTH TOYKH € CIEAYIOMUM 00Pa30M:

1 1
u.v_u—f—v—i—/Q\(u,v)—l—52/-\1(u,u,v)+5&(%7),1})—4—.... (5.77)

Bynewm cuanrarh, 94TO 9I€HBI BTOPOTO MOPSIKA ITOTO PA3JIOKEHUS IIPUBEJIEHBI K KAHOHIYECKOMY BULY,
T. €. BBIIOJHsAETCs IepBoe u3 ycuoBuil (2.66). OHO 9KBUBAJIEHTHO KOCOCHMMETPUIHOCTH (GOPMBI A:
2

ZQX(u, v) = —/2\(11, w). (5.78)

Tax Kak NPOU3BOJBLHOE CJIOBO S(U,V, ..., W) IPEJCTABIAET COGON KOMIIOZHIMIO IIPOU3BEICHUN
U - U, TO €ro Pa3JjIo;KeHUE B PdAJ] HAUUHAETCH TaK:

S(u,v...w) =ou+ v+...+yw+ {2},

rae «, 3, ..., — KpPaTHOCTH, C KOTOPBIMU [IE€PEMEHHBIE U, U, ..., W BXOIAAT B .S, 1 CHMBOJIOM 2 0003HA-
YeHbI YJIEHBI BBIIIE [IEPBOIO IOPSIKA.

ITpemosoxKuM, 9To B Jiytie () BBIIOJIHsIETCst TOXKAecTBO (5.76). CpaBHUBAas 4IeHbI HEPBOTO MOPSIJIKA
B pa3jIoXKeHudAxX Iyt S| u So, HAXOAUM, YTO COOTBETCTBYIONINE KPATHOCTH paBHbI. OTCIO/Ia BBITEKAET
TakXKe, 4T0 CJI0Ba S| U Sy UMEIOT OJMHAKOBYIO JumHY: |S|| = |Ss|.

Eciin nopsiiok cjiesioBaHusi IepeMeHHBIX B cjioBax S| u So OIMHAKOBBIA, TO OyJeM T'OBOPHUTH,
qro ToxKIecTBO (5.76) He MMeeT MHBepCHii. YPABHOBEIIEHHOE TOXKJIECTBO 6e3 MHBEPCHUl HAa30BEM
NPABUALHBIM.

Tkanu R, M, B, H xapakTepusyIoTcs MPaBUJIbHBIMU TOXKJIecTBaMU. [IpocTeiitiiee n3 HenmpaBuib-
HBIX — TOXK/IECTBO KOMMYTATHBHOCTH — OIPEE/seT MapalIeJIu3yeMble, T. €. HAnOoJIee MPOCThIe TKAHHU.
Yro ke KacaeTcs JIPYyTrUX TOXKIECTB C WHBEPCUSIMU, TO IIPOCTOE PACCYK/IEHUE OKA3bIBAET, UTO OHH,
KaK IPABUJIO, TAK2Ke MPUBOJIAT K IMAPAJIICTN3yEeMOCTH.
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Paccmorpum, Hampumep, TOXKIECTBa BUIA

Si(cccu.v.)=8(..v...u...)

¢ OfHOM mHBepcueit u <> v. IIpeamosokuM, 9TO epeMeHHbIE U U U BXOAAT ¢ KpaTHocThio 1. Torna,
noJiarast OCTAJIbHBIE IEPEMEHHBIE PABHBIMU €IMHUIIE JIYIIBI, IOy IUM TOKJECTBO KOMMYTATHBHOCTH U,
CJIeJI0BaTENIbHO, IPHUJIEM K Kjaccy TKaneil 1. SIcHO, 94To TOT 2Ke caMblil pe3yJIbTaT OyIeT TOIyIaThbCs U
IpY MeHee CUJIbHBIX [IPEJIIOIOKEHUAX 00 UCXOMHOM TOXKAeCTBe. [109ToMYy Hambo/Iee MHTEPECHBI TKAHH,
OlIpe/IeJIIEMbIE TPABUILHBIME TOXKIECTBAMHU.

V3 paccMOTPEHUsT MCKJIIOUUM TaKhe TOXKJIECTBA, KOTOPHIE CBOJASTCH K SKBUBAJEHTHBIM UM TOXK-
JecTBaM MeHbINeH JIMHBL. JTO JubO COKpaTUMble ToXKIecTBa Buga S| - S = Sy - S, qubo Takue, B
KOTODPBIX CBEIEHUE JIOCTUraeTcs 3aMeHOil mepemenubix. Hampumep, toxmecrso uv - wt = u(v - wit)
SKBUBAJIEHTHO TOXAecTBy (uv)w = u(vw), Ho Toxaectsa u’ - u’ = u - (u - u®) u v’ - v = u(uv) we
9KBHUBAJICHTHDIL.

2. IIpaBUJIbHBIE TOKIECTBA KIACCH(MDUIUPYIOTCA MPEXKIE BCETO 10 JIJTMHE COCTABJISIONX UX CJIOB
U YUCJIYy PA3JIMYHBIX [IEPEMEHHbIX (DaHry).

W3 cyioB mymuHel 3 HanMeHee H3y<9eHO TOXKIECTBO daacTuaHocTd (uv)u = u(vu). OupesesseMslii um
KJIacC TKaHeit F OyjeT paccMaTpuBaThCs B TI. 7.

PaccmorpuM npaBusibHble TOXKjecTBa JauHbl 4. CJIOB JMHBI 4 ¢ 9eThIPbMs DPa3IMIHBIME
[IEPEMEHHBIMU BCEro H:

S1 = (uwv-w)t, So =u(v-wt), Sz = (u-vw)t, S4 = u(vw - t), S5 = (uv)(wt). (5.79)

HaiiieM nx TeHIOpOBCKHE PA3JIOKEHUsST ¢ TOYHOCTHIO JI0 YJIE€HOB TPETHEro MOPsijiKa BKJIIOUHTEIHHO,
ucnons3ys paj (5.75). Obo3HadnM

O =uw + v/ +w! +¢,
0% = wok +wdwh i t? + vTw® 4 0Tt itk
Ok = yivkw + W okt + W wktt + v wt,
@Jl'/ce — Wk + WPt + w b+ iRt + iRt 4wkl (5.80)
05 = WP + uwFw® + utht! + vlwFw + vt withte,

Ei:®l+Alk@ﬂ+ Aj O + A3

Hemnocpencreentbie BoIYUC/IEHNsT TTPUBOAAT K CJIEIYIONEMY PE3yJIbTaTy.
Jlemma 5.10. Jas caos S-S5 umerom mecmo caedyiowue pasaoicenus:

Siu,v,w, ) == + <2AIM + LA )O + {4},

S (u, v, w, t) = ( k@—|—A )@JM—F{‘I},

St (u,v,w,t) ==+ (A 13’“ + pgAp )@JM — ﬁ;kzujvkwe + {4},

Si(u,v,w, t) =2 + (A W + A )@W + Bl whtt + {4},

Si(u, v, w,t) =2 + (2 ﬁkf + A )(ufv’“wf + Ikt + (1,23@4 + 12\ij ) (Wb tt + viwktt) 4+ {4},

(5.81)

2de swvipastcerue 0z 6 0 daemea popmyaots (2.32).
Besikast mapa ciosB u3 cuucka (5.79) maer npasusibHOe TOXKIECTBO bl 4 panra 4. Vmeercs
BCEro H TOXKJIECTB, HE CBOJISIINXCSI K TOXKJIECTBAM MEHbBIIEH JIJIMHBI IyTeM COKPAIIEHUS WJIM 3aMEHbBI

NEPEMEHHbIX: Si=Sh: (wr-w)i=u
Si=81: (w-w)it=u
Se=85: wu(v-wt) = (u-vw)t; (5.82)
S3=255: (u-vw)t = (uv)(wt);
S ) = (uv)(wt)

1 =55 ulvw-t) = (uv)(wt).
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Toub3ysich pazioxenusmu (5.81) u dopmysoit (2.49), Haxomum:
S — S = —bfcjé(ujvsz + w okt +ulwhtt + viwktt) 4 {4},
Si = 84 = —bjj(woFw’ + w0kt + k) + {4},
Sy — St = b?cjl(ujvkté + ulwht’ + vTwhtt) + {4}, (5.83)
Si— St = b};je(ujvkwe —ulwhtt —vIwht’) 4+ {4},
S;— St = b};ﬂ(ujvsz + w okt — viwkth) + {4}.

U3 3TuX paBeHCTB B CHJIYy TEOPEMBI 1.5 HEIMOCPEJICTBEHHO BBITEKAET, UTO TpU-TKanb W, B Koopau-
HATHBIX JIyIIaX KOTOPOIi BBINOJIHAETCH OJHO U3 ToxkaecTB (5.82), ectb TKaub R.

[IpaBuibHBIE TOXKIECTBA AJIMHBI 4 paHra 3 HA3BIBAKOTCS moocdecmeamy muna Boaa. Tlokaxkem,
aro mpu-mrars W, 6 K00pouHammsir AYynax Komopot unoanisemces moostcdecmeo muna Boaa, 6ydem
MKaHLI0 001020 U3 caedyrowuxr munos: By, By, M, nmn R.

JeiicTBUTEIbHO, BCSIKOE TOXKIECTBO TUIa Dojia mosydaercss M3 HEKOTOPOrO TOXKIECTBA JJINHBI
4 panra 4 OTOXJECTBJIEHHEM KaKUX-JIN0O /ABYX M3 Y€THIPEX HE3ABUCUMBIX IepeMeHHbIX. [lycTb,
HAIIpEMED, B KOODJMHATHBIX Jylax TKaHu W BBINONHSETCS mepBoe u3 Toxaects (5.82) mpu u = v.
Torma nepsast u3 dbopmya (5.83) maer

};ﬂ(ujusz + uluF + Qujwkte) =0.

Tak KaK MepeMenmbie U, w, t He3ABHCHMBI, TO OTCIOA cyietyeT by, = 0, u Mbl mpixoauM K TKansM R.
IMomarass B ToM ke mepBoM ToxkzaecTBe (5.80) w = w WM v = ¢, MOJIyYNM H3BECTHBIE TOXKJECTBA
Myddanr (cm. 3amady 2.7). Ilpu u = ¢ nepsoe Toxaecrso (5.82) nepeiijier B Tak Ha3bIBAEMOE IKCTPa~
ToXKIecTBO [PH-2]:
(uv - w)u = u(v - wu).

st mero u3 nepsoro pasencrsa (5.83) umeem:
i gk, € G kL i oGkl i G k0
bjje (W v w" + v w u”) 4 by eu’ v ut + by ul wiut = 0.

OTcrona cIesyloT COOTHOIIEHNUST b};(ﬂ) =0, b};jg + b}}kj = 0. Beruuras u3 nepBoro BTOpOe, IOJIyYUM
biej = bip,;- Taxmm 0Gpasom, Tens3op b MO TMEPBBIM JIBYM HHJIEKCAM CHMMETDHYCH, & IO TIOC/IC/HIM
JIByM — KOCOCHMMETPUY€EH. 3HAYUT, OH PaBEH HYJIIO, I PACCMATPUBACMBII KJIACC TKAHEH COBIIQIAET C
KJaccoM TKaneil .

ITpu y = 2z nepsoe ToxaecTBoO (5.82) NEpeleT B TOXKAECTBO

(uv - v)t = u(v - vt).

Ilpu t = e oTCIOJ]a MOJyYaeTCs TOXKJECTBO NMPABOil aJbTEPHATUBHOCTH, XapaKTEPHU3YIONee MpaBbie
TKaHU Boua.
ITpu w = ¢ u3 nepsoro Toxkaecrsa (5.82) moiaydaeM TOXKIECTBO

(uv - w)w = u(v - ww),

KOTOpOE IIpU U = € TaKXKe JaeT TOXKIECTBO MPaBOil aJbTepHATUBHOCTU. AHAJIM3UPYsI IEPBOE COOTHO-
mrenne (5.83), jerko yGesuTest B TOM, 9TO 00a IOCJIETHUX KJIACCa COBIAJAIOT € KJIACCOM TKaHeil R.

TouHO Tak Ke MEePEeYNCIISIIOTCST TOXKECTBa, MOJIYyJAIONIUecs U3 OCTaIbHBIX ToxkecTB (5.82). Bo
BCEX CJIydasxX MBI IpUjeM K ogHomy u3d KnaccoB M, By, B, wim R. B dacrHocTn, ToXKzaectso B,
HOJIY9UTCA U3 BTOPOro Toxkiaecrsa (5.82) npu v = t; Toxkgecrso By — u3 Tperbero Toxaectsa (5.82)
upu u = v; ToxkaecTBo Mydanr (cm. Tabi. 2.1 na crp. 43) — u3 naroro Toxaecrsa (5.82) npu u = t.

Kpome Toxgects (5.82) mmerorcs emne Apyrue TOXKJIECTBa JJIMHBI 4 u panra 4, CBOmAIIUEcd
3aMEHOI TIePEMEHHBIX K TOXKIECTBY JJIMHBI 3, HAIIPUMED:

(uv - w)t = (uv)(wt).

OJ1HaKO U TaKue TOXKJIECTBA, KaK JIEI'KO IIPOBEPUTH, IIPUBEIYT K TEeM Ke KjaccaM TKaueit By, B, M
wm R.
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[IpaBuibHBIE TOXKIECTBA JJIMHBL 4 ¢ IBYMS PA3JIAIHBIMA IEPEMEHHBIMA IOy YAI0TCH U3 TOXKIECTB
JUAHbL 4 paHra 4 pu OTOXKJIECTBJIEHNN JIBYX HAap IMepeMeHHbIX. JIJIs KaXKI0ro u3 Moy YeHHBIX TaKUM
00pa30oM KJIacCOB TKaHEil JIerKO HAWTU OIMCAHHBIM BBINIE CIIOCOOOM COOTBETCTBYIOIEE TEH30PHOEe
ycnosue. ToxkaecTBa ymHBL 4 panra 2 pacCMaTpPUBAIOTCA B 3a7a9ax 5.2 u 5.3.

PacemoTpuM Teneph TKaHW, ONpeIessieMble TOXKIECTBOM JnHBL 4 panra 1 (T.e. ¢ ofHOI epeMen-
HOI1), ¥ TIOKaXKeM, 4TO OHM OyJyT IIECTUYTOJIbHBIMU.

JeficTBUTEIbHO, OTOXKIECTBIIsAA BCe IIepeMeHHble B JI000M u3 ToxecTs (5.82), mpujeM K coor-
HOIIIEHUSIM bf jke)ujukue = 0, orkyma bl(' ko) = 0. D10 TeH30pHOE PABEHCTBO, KAK MOKA3aHO B IVI. 3,
xapakTepudyeT TKaunu H.

Ob6paTHO, B KOOPIMHATHBIX JIyIIaX TKaHU H BBIIOJIHSIETCS TOXKJIECTBO aCCOIMATUBHOCTU CTEIleHel
u™ -y m+n gna Bcex m,n € Z. ClenoBaTesbHO, B HUX BLITIOJHSIIOTCS W TOXKIECTBA, JITAHEI 4
C OJIHOU IIePEeMEHHOIL.

3. Bce Tkanu, paccMOTpeHHBIE B 9TOM maparpade, SBJISIIOTCS IIeCTHYTOJbHBIMU. UTOOBI TOJTY-
quTh O0JIee MUPOKKME KJIACCHI TKaHeH ¢ 3aMKHYTON Gy/-CTPyKTYypOil, BKodaonue B ceds Tkanu H
obpaTuMCs K TOXKIECTBAM TOPSAIKA k C OIHOI ITepeMeHHOM, 0000IIAIONIM TOXK IECTBO MOHOACCOITAA~
TUBHOCTH.

ITycrs kak u Bbime, Q(-) — anaguTudeckas Jyna, S(u) — ciaoBo jymubl n panra 1 B Q. Ipen-
[OJIOZKUM, YTO IPOU3BeJeHNe « - ¥ B () 3amucano B Buje psaa (5.77), rje 4ieHbl OPAIKA § UMEIOT
B (2.54):

m = u

s—1

1
[S\(u,v) = Zméi\”(u,,u, Uy, 0).
i=1

Torna psan Teitsopa ciosa S(u) 3anmnieTcs ciemayomuM 00pa3oM:

oo [e.°]
1
= E E —— A A .84
Su) = nu+ ( L (s —i)lils—i,i s—i,i(u) + E(u)>’ (5.84)
s=3 “i=1
riae A . — HEKOTOpbIC IeJIbIE TUC/Ia (XapaKTepI/ICTI/IKI/I), 3aBucdnue or CKO60‘IHOI71 CTPYKTYPBI CJIO-

S§—1,7
Ba S(u), a R(u) — KOMHTAHTBHI OT TeX WIEHOB pa3JioxkeHust (5.77), MOPSAIOK KOTOPBIX MEHBIIIE S.
S

Mycrs Si(u) u Sy(u) — aBa ciosBa jymmHbl N panra 1 B Jjyne ). Bymem roBoputTb, 4ro OHE
k .
k-axeusanenmmoe ( Sy (u) ~ Sg(u)), eclII UX TeflIOPOBCKUE PA3JIOXKEeHUs! COBIIAIAIOT ¢ TOYHOCTBIO 110
YJICHOB HOPSJIKa k BKJIIOYUTEIBHO. T0KIecTBO

S Si(u) = Se(u)

k
Ha30BeM mooicdecmseom nopadka k, ecimu Sy(u) ~ So(u).
ITycrs pasnoxkenns cios S(u) u Se(u), COCTABIAIOMINX TOXKAECTBO S, 3amucanbl B Buge (5.84).
Bbrunrast 0HO U3 9THX PABEHCTB U3 JPYTOr0, MOJLY TAM:

Kk
81(0) = o) = 3 (G, b, 0 ) + (k2 (5.85)
i=1 ’

rae vj; = Aj — Ao (pasHocTb xapakrepucTuk ciaoB Si(u) n So(u)).
i .

By,aeM l"OBOpI/ITb, 9T0 COBOKyHHOCTb m TOXKJIECTB HOpSIﬂKa kj
SP(u) = SY(u), p=1,2,...,m,

HMEeT PAHT p, eCTH PAHI' ) HMEeT COOTBETCTBYIOMAs MaTpuna u3 uuces vf; = A} — Af. Jlokazareib-
' .J .J

CTBO CJIEJIYIOIIETO YTBEPKIECHUST Mbl HE TTPUBOJIUM, TAK KAK OHO BBIXOJIUT 38 PAMKU ITON KHUTH.
Teopema 5.11 [III-22] Ecau ¢ xoopdunamuvx aynax anasumuyeckol mpu-mxary W evinoams-
romes k — 1 nesasucumoir mootcdecms nopsadka k, mo Gy -cmpyxmypa, onpedeasemasn 9mot mranvio,
bydem samxnymot G-cmpyxmypot kiacca we sviue 2k.
PaccmoTpum HEKOTOpDBIE YacTHBIE Caydan. EInHCTBEHHOE TOXKIECTBO JJINHBI 3 paHra 1 eCTh TOXK-
JIeCTBO MOHoacconuaTuBHocTu. Emy orBevaror Tkanu H, objaaromiye, KaK y»Ke OTMEYAJIOCh BBIIIIE,
3aMKHYTOU Gyy-CTPYyKTYpOii Kjacca 4. DTOT pe3ysbrar cieiyer u3 reopembl 5.11 npu k = 2.
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ToxecTBa TOPSAIKa 3 TOABISIOTCA TpU N > 5. Hampumep, ciemyromme 2 TOXKIECTBA MOPSIKa 3
HE3aBUCHMBI: - ) . )
Cornacuo Teopeme 5.11 uMm orBevaer 3aMKHyTas Gy -CTPYKTYpa KJIacca He BBIIIE MIECTH.
Toxnecra nopsinka 4 nossasoress npu n > 10. I obuapykenust 31oro (akra MPUILIOCH
npuberny s K omornn BM. Hanpuwmep, cienyromue 3 Toxaectsa (oxH0 faunbt 10, nea — mmwHbr 11)
UMEIOT MOPSIJIOK 4 M HE3aBUCHMBI:

u(u® (u (u(u(uu?))))) = u? (u(u(u(u®(@u))))),
u(u® (u((uwu?) (u(uu?))))) = u?(w(u(w’ ((uluu’)u)))), (5.86)
uu( (@ (u(uu®))) (wa®))) = u®((u® (u((u(uu®))u))u).
Wwm coorBercTByer 3aMkHyTast Gyy-CTPYKTypa KJIacca He BBIIIE BOCHMH.
B 3akmroueHne HAIIOMHUM, 9TO COIJIACHO TeopeMe 5.2 KaHOHMYECKOe Pa3JIoyKeHHe KOOPIMHATHBIX

JIYTI TKaHel, YIOBIETBOPSIONINX YCIOBUIO TeOpeMBbI 5.11, BIOJIHE ompesessieTcs YJaCTHIHON CyMMOI,
coJieprKalieit WIeHbl MopsiJiKa He Bbie 2k.

3AJAYN
5.1. JlokaxkuTe cJie/IyIoniee yTBEPIKICHUE.
Mycrs S(uy,ue, ..., u,) — caoso B ayne @, psan Teitopa xoropoit 3anucan B Buge (5.77). Torma
psn Teitnopa jyist S umeer BT |
n
S(up,ug, ..o un) =g+ g+ b un Y Aui, ug) + {3}, (5.87)

i=1,i<j

rie {3} ofo3HAYAET WIEHBI BBINE BTOPOTO TIOPSIIKA.

JlokazaTesbCTBO NPOBOAUTCs MHIYKIMel o n. Ilpu n = 2 momyaaem dopmymy (5.77), aro naer
6a3y unaykimu. Jlaee, jiroboe cI0BO S BCerja MOXKHO IIPEJICTABUTH B BUJIE ITPOU3BEIEHUS IBYX CJIOB
MeHbIell junbl: S = S - Sy, I KOTOPBIX 110 OPEIIoJoxKenuto uuaykuuu dhopmyna (5.87) BepHa.
IMosromy B cuty (5.77) umeem

S=51+5 +A(SI,SQ) + {3} =(ur +... +up) + (ugs1 + ... +up)+
k n—I1
+ Z ui,uj)—i- Z IQ\(Ui,Uj)—‘rZQX(ul + oo Uk, Ukt —|—+un)+{3}
i=l, 'L<j i=k+1,i<j

Tpyumupys Hasrexkamum ofpa3oM ciaraembie, npujgeM K (5.87).
Caencrue: g ciosa S(u) IJIMHBL 7 ¢ OZHON IIEPEMEHHON % B CHJLy KOCOCUMMETPHIHOCTU
dopmbr A(u, v) noaygaem
2

S(u) = nu+ {3}. (5.88)

5.2. Huxke BblnuCaHbl (C TOYHOCTBHIO 0 MOHOACCOIMATUBHOCTHU) BCE IPABUJILHBIE TOXKIECTBA JIJIH-
HbI 4 panra 2. Jlokaxure, ncnosb3ys (5.83), 9T0 ecay B KOOPIMHATHBIX JIyTaX TKaHU W BBITIOIHSIETCST
KaKOoe-JInb0 M3 ITUX TOXKJIECTB, TO T€H30D KPUBU3HBI TKaHU W yIIOBJIETBOPSIET YCIOBUIO, YKA3AHHOMY
CIIpaBa:

Hi: v’v = u(u-ww), béjk)é =0 Hy: (uv - uw)u = u(v - u?), Qb;c(jé) +b§j|k|€) =0
Hj: (u®v)u = u(u - vu), béjk)é"'sz(jk) =0 Hy: (vu?)u = vu, b(J\k\é) =0

Hs: v*v=u- (u*v), bfjk)e =0 Hg: (wv-u)u = u(vu - u), bj(ké) =0

Hr: (u? - v)u = u(uw - u), béjk)g+b2(jk) =0 Hg: (vu-u)u = vu’, béjlklf) =0;

Hy: u(vu®) = (u - vu)u, b};(ﬂ) + sz‘k‘g) =0; Hyp: u(u-vu) = (u-uv)y, bé(ké) =0;
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Hyy: v’ =4® - uo, béjk)e =0; Hyy: (u-vu)u =uv- u?, b};(jg) - béj|k|g) =0
Hi: (u-w)u=u? - vu, bz(-jk)é — Qbé(jk) =0, Hiyy: (v-u®)u=vu-u?, béjke) =0;
His: u(u%) = u? - uw, béjké) =0; Hig: u(vu-u) =uv- u?, QbZ(je) - b%j\kw) =0
Hiz: u(uv - ) = v -vu, b, = bjip) = 0; Hig: v’ =vu-u?, b =0
Hig: (uv - u)u = uv - u?, b, =0; Hyo: (wv)u =1 (vu), by = 05
Hyp: (vu-u)u = vu - u?, b0y = O Hay: u(u-wv) = u® - uv, bjkye = 0;
Hoz: u(vu?) = uv - u?, b;(k:é) =0; Hyy: u(u - vu) = u? - vu, bfjk)g =0;
Hys: (u-vu)u = u(vu-u), b =0; Hag: (u-uv)u = u(uv - ), bjr, + b =0
Hor: wv - uv = u(v - ww), sz|k\Z) =0, b;-(kg) =0; Hog: uv - uv = u(vu - u), b;(kz) =0, béﬂk\z) =0
Hyg: uv - uv = (v - u)v, gy =0, by =0; Hao: uv-uv = (u-vu)v, by =0, V) = 0;
Hsy: u(v - w) = (uv - u)v, bl('jk)z + bz(jk) =0, Hszo: u(v-uv) = (u-vu)v, bl(jk)@ =0

biutsle) + Yicen) = 05
Hss: u(vu-v) = (uv - u)v, bl(j\k\g) =0 Hsq: u(vu-v) = (u-vu)o, b;;(je) =0,

btk = 0;
Hss: uv - vu = u(v?u), bé(kg) =0, béj‘k|g) =0 Hze: uv - vu = u(v - vu), bé‘(u) =0, béjlklé) =0
Hs7: uv - vu = (uv - v)u, b’éjk)g =0, Hig: uv-vu = (wv®)u, b;‘(ké) =0,
bsimiey = 0 bjik1e) — Yo = 0;

Hsg: u(v”-u) = (uv - v)u, bjirey = O, Hio: u(v*u) = (u-v*)u, Wikt =0,

bjikie) = 0; Vi) = O;
Hyp: u(v - vu) = (uv - v)u, b;(ke) =0; Hyo: u(v-vu) = (u- v2)u, b;-'(k[) =0, b’éjk)g: 0;
Hyz: u® 0" = (u® - v)v, by = 0; Hag: u? - v” = (- w0)v, gy =0, Bjjppe) = 05
Hys: v -v® = u(u-v*), b, =0; Hyg: u® - v* = u(uv - v), 2b50= 0, bjji = O
Hz: (u*v)v = u(uv®), b0 = 0, b0 = O Hag: (u*v)v = u(uv - v), b0 =0, bjpy = 0;
Hyg: (u-uwv)v = u(u-v?), béjk)éz 0, b§j|k|€) =0; Hso: (u-uv)v = u(uv - v), bl(.jk)Z: 0, bl(ﬂk\f) =0.

5.3. Hokaxkure, 4To Kjiacchl H; CBsS3aHBI ¢ W3BECTHBIMU Kilaccamu B, M, m E ciemyronuMm
obpazom:
1) Hy = Hs = Hy = H|y = Hyy = Hoy = H3y = Hy5 = By;
Hy=H7 = Hy = Hig = Hi9g = Hyy = H33 = Hy3 = B,;

2)
3)
6)
8)

9) M C Hyy C B,,,

Hys = Hyg = E; 4) Hiy = By
Hnai=2,3,12,13,16,17 H,; UE = M;

5) Hi5 = By;
7) Hosi i = 6,10,20,23 E C H; C By;
Hna i =27 — 31,34 — 40,42,44,46 — 50 H,; = M,
HynNnBy,=M, HynNnB,=DM.

O Bemmmem u3 tabsunst 2.1 u 3agaqu 2.7 TOXKIECTBA, XapakTepusyomue Tkauu By, B, u M:

By: (u-vuw)w=u(v-uw), By:
M : ulvw - u) = (uv)(uw),

u(vw - v) = (uv - w)v,

M u(w-uw) = (wv - w)w; My : (uwv-w)v = u(v - wv),

(5.89)

1), 2) Pacemorpum, Hanpumep, Tkaru Hg, TEH30p KPUBU3HBI KOTOPBIX Y/IOBJIETBOPSIET COOTHOIIIE-
HUAM b}c(j ot sz‘ ko) Tak kak Bce TKaHu H,; sIBJISIOTCS MIECTUYTOJBHBIME, TO JIJIsi TEH30pa b BBIMOJI-
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HAIOTCA €Ille U COOTHOILICHUI b’(' ko) = 0. Bmecre ¢ npeapLayInMMu OHM JAI0T bé ke = 0, B cuy gero
MMEIOIINEeCc PABEHCTBA YIOBIETBOPSIOTCS TOXK1eCTBeHHO. Ho coorHOmMenns bé ke = 0 xapakrepusyor
TkaHu By (ri1. 4).

O6paTHO, B KOODJMHATHBIX JIylIax BCsIKOH TKaHW By BbImosHsieTcst ToxAecTBo By (em. (5.87)), us
KOTOPOro ToxKaecTBo Hy nonydaercs upu w = u. J[jis OCTaJIbHBIX KJIACCOB, IEPEUUCICHHBIX B 1) u 2),
paccyK/IeHns aHAJIOTMIHBI.

3) Ecoin B Toxxzaecrse Hos (Hog) 0603Ha49MTE vu = w (U0 = w), TO IPHJIEM K TOXKIECTBY JACTUY-
HOCTH.

4), 5) ToxxnectBo H14 yI0OBIETBOPSAETCS B CHILY TOXKJIECTBA IPABOi AJbTEPHATUBHOCTH VU - U = U X
X u?, KOTOpoe CIPaBe/UIHBO B KOODIMHATHBIX JIynax TKanu B,. Orciona BeITeKaeT BKIoueHne B, C
C Hj4. O6paTHO, pacCMOTPUM TKaHb, OIIPEIE/ISIEMYIO TOXKIeCTBOM H 4, U JOKAXKEM, YTO OHA SBJISIETCS
TKaHbiO B,..

ToxnectBsy Hi4 coorBercTByeT urypa, n3obparkeHHas Ha
puc. 46 crutonHeME JinHUAMA. B 9T0# dourype 51Be yactu, Heza-
BHUCHMBIE OJlHA OT JApyroit. Eciim MeHsTH v, TO IpaBasi 9acTh P
OyIeT mepeIBUraThCs BIOJb NTOPU30HTAIBHBIX CJIOeB. [IoCKOIBKY
Ha PAcCMATPUBAEMON TKAHU 3aMbBIKAIOTCH Bce (UTYyPBHI BUIA, N
yKa3aHHOrO Ha puc. 46, TO 3aMBIKAETCS U Takas, y KOTOPOW v
napaJiiesorpamm P 3aMeHeH Ha Jpyroil mapasuiesorpamMm P’ Puc. 46
n300paKeHHbIl IyHKTHPOM. B pe3ynbrare 00pazoBaach 3a-

MKHyTad npasas durypa boma PP’. Orcioga BeITEKaeT, uTo Ha TKauu Hiy 3aMbIKaloTcs Bee pu-
rypol B, To ecTth oHa sBisercd TkKaubio B,.. Urak, Hj4 C B,, 9T0 BMecTe C JIOKa3aHHLIM paHee
ycnoBueM B, C Hyy naer Hiy = B,.

6) Toxnecrso Hy, mampumep, nosydaerca us roxkzaecrsa Mydanr M) upu w = u. C apyroit
CTOPOHBI, TOKIeCTBO Hy IPH yCIOBHE 3IACTHYHOCTH TIpeobpasyercs K Buay u(vu - u) = u(v - u?), aro
Bieder vu - u = v - u>. CieoBarensro, Hy = B, T. €. B KOOPIMHATHBIX JIylIaX TKaHel Ho BBIIOIHIETCS
ToxkIecTBO B,.. BMecre ¢ 31acTHUHOCTBIO 310 maeT MydaHroBocTh (cM. 3a1a4dy 2.9).

7) Paccmorpum, nanpumep, kiaacce Hg. CoorBercrByiolee ycjoBUe HA TEH30P KPUBU3HbBI b;( ko) = 0
xXapakrepusyer TKaHu B,,; sua4uut, Hg C B,,. C 1pyroit CropoHbI, B CHJIy TOXKJECTBA 3JTACTUIHOCTH
nmeeM (uv - u)u = (u - vu)u = u(vu - u), T.e. Toxxaecrso Hg seimonusiercs. Caenosaressno, F C Hg.
JlJist OCTAJIbHBIX KJIACCOB, IIEPEUMCICHHBIX B 7), PACCYKJICHUs AHAJIOTAYHDIL.

8) Paccmorpum, nanpumep kiace Hoz. VI3 cooTHOIEHUiT Ha TEH30D KPUBU3HBI BHITEKAET PABEHCTBO
b = alt b, koropoe xapaxrepusyer tkauu M (§4 rut. 4). CrenoBaressno, Ho; C M. C 1pyroii cTopoHsl,
cormacio teopeme Mydanr [Be-1], mobble nBa ssementa B jyne M IOpOXKIAIOT ACCOIUATHBHYIO
noamyny. B wactaoctu, B siynme M BbeImonHsieTcsa ToxkaecTBO Hoy. B pegynbrare mvmeem Hor = M. B
OCTAJIbHBIX CIIyUYasX PACCYKICHUSA AHAJOTUIHBI.

9) VYciosue bj‘(k@) = 0 xapaxkrepusyer TKaHu B,,. C apyroii croponsbi, BrJitouenue M C Hy;
BBINIOJIHsIETCS B cuity Teopembl Mydanr. B

5.4. Jlokaxure, 9TO TEH30P KPUBU3HBI TPU-TKAHM

N/
7

A4~ ~ 7

/
. - -V

2 =a' 4y +20°0% (g — py®) + 697 (g2 — pa) + 4q(a”)y — Ap(a”)7y,
T JHp S B N )
rae p, q — HOCTOdAHHBIEC, y,ZLOB.HeTBOpHeT yC.HOBI/IHI\/I

bk =0, iy =0.

DTa TKaHb HE SBJSIETCs] N30KJIMHHOM M MOXKET OBITh TJIAJIKO JehopMUpOBaHa B MapasjiesibHyI0 TPU-
TKaub upu p — 0, ¢ — 0.
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ITPUMEYAHUA

5.1. Ilonsarue 3amruyroli G-cTpyKTypbl BBeneHo Axusucom B [A-T|, rme, B 9acTHOCTH, KOHCTA-
THpYyeTCsi, 9T0 Takyio G-CTPYKTYpy WMEIOT CHUMMETPHYECKHe ITPOCTPAHCTBA, & TAKXKe TPU-TKAHU:
rpymmosbie, Mydanr u Boura.

5.2. Beejennsle B [A-7] GopManbHO BIIOJIHE HHTEIPUPYEMBbIE CHCTEMBI [IPEJCTABIISIIOT COBON IacT-
HBII CIydail MCeBIOKJIEPOBBIX CHCTEM BHEIIHNX IudDEpeHITnalbHbIX yPABHEHHH, PACCMOTPEHHBIX
Beckunvim B [Be-1].

5.3. 3a1aua onucaHust JIyll, KAHOHUYIECKOE PA3JIOZKEHNe KOTOPBIX BIIOJIHE OIIPE/IENSIeTCs IEPBLIMU K
wieHamu, crasuiach B papore [XC-1], Ho He B ofmeM ciydae, a TOJBKO I JIyIl CO CTENeHHOM
aCCOIMATUBHOCTHIO.

5.4. Ypasrenus (4.10), osHavamomme 3aMKHYTOCTH G-CTPYKTYDBI, ONpeJesieMoil TKaHbo Booa,
nostygensl Pedoposoti B [P-1].

5.5. Teopema 5.7 mokazana bouy B [Bi-3]. EMy ke npunajjexur u psj APYyruxX pe3ysbTaToB O
YeThIPEXMEPHBIX MIECTUYTONBHBIX TPU-TKaHX, cM. [Br-1], [Bu-2].

5.6. Teopema 5.9 nosyuena Hlesexosvim B [I11-8].

5.7. PegyapraThl 4eTBEpTOro M HATOro naparpadoB, a TaK»Ke HEKOTODBIE JIPYTHe YTBEPXKJIEHUS O
3aMKHYTBIX Gy -crpyKrypax cm. B [III-11], [I1-22].

5.8. Kuaccndukarmst ToxK7IeCTB B Jynax nposoamiack Beaoycoswm [B-1], Penvewem [Pu-1],
[Du-2], Bewmomosvim [Bu-1], [Bu-2].

5.9. Kiaccuduraims ToxK1ecTB nopsizka k ¢ 0nHoil nepeMeHHON B riagkux Jjynax gana B [BII-1],
[BIII-2|. Tam KaxKI0My CJIOBY € OJJHOI MEpEMeHHOH MOCTABJIEHO B COOTBETCTBHUE JIEPEEO, C MOMOIIBIO
KOTOPOTO JIETKO BBIYUCJISIIOTCS XapPaKTEPUCTUKU ITOTO CJIOBA.

5.10. K zamavawm. IllecrumepHsle mectuyroybHble Tpu-TKanu usydaer Hlecmaxosa [[c-2]. Eii
JKe [IPUHAJJIEXKAT Pe3y/Ibrarsl, chopMyupoBannble B 3aj1ade 5.4, cm. [[Ic-2].



I'nrasa 6

ABTOMOP®U3MEI TPU-TKAHEN

§ 6.1. ABTOoTONIMM KBAa3WTPYIII U TPU-TKAHE

1. HanmoMHuM onpejiesieHre M30TONUY KBa3UTPyI, JanHoe B § 1 i 2. JIse TpexOasucHble KBa3u-
rpyunet ¢ = (-, X,) u ¢ = (0,X,), @ = 1,2, 3, Ha3bIBAIOTCA U30TOIHBIMU, €CJIA CYNIECTBYeT TPOHKA
J = (J1, Jo, J3) buekruBHbIxX oTobpakenuit J,: X, — X, Takux, 9ro Juid Jobbix ¢ u3 X u y u3 X

BBITIOJTHACTCA COOTHOIIIEHNE
Ji(x) o Jao(y) = Js(z - y). (6.1)

M3zoTonmyeckoe oToOparkeHne KBa3UIPYIIILI Ha cedsi Ha3bIBaeTCs agmomonuet.
O6o3naunm aroTormio ¢ — ¢ cumsojiom A = (A,),a = 1,2,3. CoracHo onpejueieHuio, s

JIIOOBIX 3JIEMEHTOB T U Y U3 ¢
A(2) - As(y) = As(a - ). 6.2)

Ilepeuncium HEKOTOpbBIE CBONCTBA aBTOTOIIMIA.

Ilpennoxkenue 6.1. Aemomonus énoare onpedeasemcs 3a0aHuUEM KAKUT-AUOO 08YX CEOUT KOM-
noxerm.
O O6osuauum, Kax 00bruno, L, u R, nesblit u npasslii casuru B ¢ = (-, X, ). Torna pasencrso (6.2)

[IEPEIUIIETCS TaK:
(Lay(z) A2)(y) = (A3 L)(y),
rae LAy obosHauaer kommosuuio pyakimii L u Ay. Tak kak y Jjroboe, 1mojrydaeM
Ly (o) A2 = A3 L.

Anajoruyuno HaXoJuM, 9TO

Ray) At = A3 Ry.

Tak Kak ¢ — KBaA3UI'PYIIIa, TO CJABUTH SBJISIOTCS OUEKIIUSIMHA, TIOSTOMY U3 MOCJIEIHUX PABEHCTB MOYKHO
BbIpa3uTh A| wim Ay depes jBe Jpyrue KOMIIOHEHTHI aBroTonun A:

Ar=R,' AR, Ay=L}' A;L,. W (6.3)

-1
As(y) 1(z)

pyroe nokazaTesbCTBO CM. B 3ajade 6.2.

Curemyiomue JBa yTBEPKICHAS OTE€BU/THBI.

IMpennoxenune 6.2. Ilycmv A = (A,) — asmomonus 6 xeasuepynne q = (-, Xo) u nycmo
keasuepynna § = (0, Xo) usomonna q, npusvem uzomonus ¢ — q umeem eud J = (Jy). Toeda 6 q
B03HUKAEM, ABMOMONUA

J VAT = (I AL Iy Ag T, TS As ).

IIpennoxkenue 6.3. Bce asmomonuu kK6a3uzpynnov, ¢ 06pasyom epynny.

I'pymmy aBroTonmMii KBa3urpymnsl ¢ obosHadaior A,.

Hanomuum emie ojiHo ornpejesienue u3 reopun Kasurpyi. Asroronus A = (A, ) HasbiBaeTcs peay-
AAPHOT, €CTN OHA U3 COCTABJIAIONINX €6 OMEKII eCTh TOXKIECTBEHHOE ITpeobpazoBanue. MHOKECTBO
BCEX PeryJIsPHBIX aBTOTONNIl, 1Jist KOTOPbIX Ag = i¢d 0603HaUaETCS A((Z’B ). Cupaseuso

IIpennoxenne 6.4. Mnooswcecmeo A A e2YNAPHBLT asmomonuti obpasyem HOPMAALHYIO NO0-

q
epynny 6 epynne A, ecex asmomonud.

Ilpennoxkenue 6.5. Buexyuu A, 06pasyrousue peeyasapryro asmomonuto A mpexbasuchol xea-
3U2PYNNLL ¢, BLPANHCAIOMCA Heped cisul IMOoT K8a3UuzpYnnoL.
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O Ecuu, naupumep, As = id, To uz (6.3) noaygaem

_ pl _ -l
A = Ry, Ry Ay = Ly 2y La- | (6.4)

Ipemnonoxum tenepb, 9to Q(-) — onHOGA3UCHAS KBA3UIpyNNa ¢ eIUHUIEH, T.e. ayna. IIpasoe,
aesoe u cpednee adpa aynve Q(+) ONPEIEIAIOTCS CIIEIYIONIUM 00pa30oM:

Ny ={a € Ql(ax)y = azy) Vz,y € Q},
Ne = {b € Q[(zy)b = x(yb) Vz,y € Q},
Ny ={c € Q|(zc)y = x(cy) Va,y € Q}.

Herpynmo mokazarb, 94T0 KaKjoe U3 sijiep 3aMKHYTO OTHOCHUTEIHLHO ONepalii YMHOXKeHHus B (.
CrenoBaresibHO, sapa 00pa3yoT MOATPYIILL B Q).
Ipennoxenue 6.6. I'pynnu peeyaspnoxr asmomonut aynv Q(-) ceasanwvt ¢ ee adpamu

caedyrouum 00pas3om: | .
AY) = {(id, Ra, Ra), a€ N,},
AS) = {(Ly,id, L), be Ngb,
3 1
AY = {(R., L, id), c€ Ny}

O Ilycre, manpumep, Az = id. Ionoxum B pasencrse (6.4) z = e u BoibEpeM Yy = ¢ Tak, YTOOLI
Ag(c) = e. Torpa uz (6.4) nonyuaem A} = R, Ay = L:hl(e)' B cuuty onpezenenns (6.1)

Aj(e) - Ag(c) = As(c) = ¢,

a Tax xkak Ay(c) = e, To momyuaem A(e) = ¢, Ag = L.

ITokaskeM Terepsb, 4o ¢ € N,,. [To onpenenenmo asroronun mveem: R.(z) - L7 ! (y) = = - y. IToo-
wus L ! (y) = 2, mepermmenm 310 paBencTso B Buje (7c)z = z(cz), BBUIY 9ero ¢ € Ny,. JIjis ocTambHBIX
Py A(Qa JloKazaTeabeTBo aHagornguo. M

CaencrBue. Jlyna ) donycrkaem HEMPUSUAALHVLE DELYAAPHBIE GBTMOMONUL M020a U MOALKO
moeda, K020a 6 Hel UMEETMCA COOMBEMCMBYIOUWLE HEMPUBUAALHOE AIPO.

YunreiBasg mnpejyioxkenue 6.6, Ha30BeM aBTOTONUU W3 AS) u Ag COOTBETCTBEHHO NPAGHIMU W

Ae6vMu. ABTOTONMH M3 AS) HA30BEM 2AG6HbLMU, ITO COOTBETCTBYET TEPMUHY <«IJIaBHAS U30TOIHU»
(cm. §2 1. 2).

2. Kax ykasano B §2 I/I. 2, MOHATHS H30TONHU M aBTOTONHMH KBA3UTPYII IEPEHOCATCS U Ha
nosiHble TpU-TKaHu. PacemorpuMm nosable Tpu-TKain W = (X, \,) u W = (X, A,). Ipeamonoxum,
YTO WX KOODJMHATHBIE KBA3UIDYIILI ¢ ¥ ¢ W30TOLHBI, npudeM usoronus umeer BuI J = (J,).
Bueknusa J, onpenenena Ha CIOCHHH )., IIO9TOMY Tpo#iKa OmeKmmil 3amaeT oToOpazkenne TKanm W
ua W. Yenosue (6.1) mpu 3TOM O3HAYAET, UTO COXPaHSAETCA HHITMICHTHOCTD CJI0eB: TPH c1og TKanu W,
[IepeceKaroIIuecs: B OJIHON TOYKe, MEPEXOIAT B TPU CJI0s TKaHU W, CHOBA IE€PECEeKAIOIINecs B OHOM
Touke. Takoe mpeobpazoBaHue TKaHEH HA3BIBACTCA TaKKe M30Tonueil. B 1acTHOCTH, aBTOTONNS KOOP-
JIMHATHON KBa3UI'PYIIIBI ¢ TOPOXK/IAET aBTOTOIHIO, T. €. IPeoOpa30Banne B ce0s COOTBETCTBYIOIEN eit
tpu-tkanu W. I'pynny asroronuit Tkanu obo3nadnMm Ay .

Aroromus A = (A,) tpu-trarmm W = (X, \,) mopoxxnaer 6meKTHBHOE IIPe0GPA30OBAHKE ¢ MHO-
xkecrBa X ciaenyromum obpasom: (x Ny) = Ay (z) N As(y), x € A\, y € Ao

[IpeobpazoBanue ¢ HA3BIBAETCS a8MoMopPudmom mpu-mrany W. B qacTtHOCTH, PEry/ispHOil aB-
TOTOIINU COOTBETCTBYET peeyAapHbil asmomopdusm. I'pyrna aBromopdu3mMoB Tpu-TKanu ndoMopdHa
ee IpyIie aBTOTOINI, TO3TOMY OHA 0DO3HAUaeTCst TakkKe Ay .

IIycrs A = (A,) — aBroronus tpu-rkanu W, ¢ — IOpOXKIaeMblil €0 aBroMopdusM, U IIyCTh
p = ¢(p), tme p = (a,b) u p’ = (d/,"). Paccmorpum koopauuarmbie synsl £, u £, . Onepamnus o B £,
3a/1aeTCsl paBeHCTBOM (2.3): 7 R >
wov=ux-y=R, (u) L, (v),

a

a orepanusd e B Ep/ — PaBEHCTBOM
uwev = - y/ _ Rl;l(u/) X L—Il(v/)
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(31ech, Kak u B IJI. 2, TOYKO 0603HAYEHA Ollepallisl B KOOPJIMHATHON KBasurpymne Tkaun). CorsacHo
OIpesIeSIEHU M, IMeeM:

Asz(uov) = Aj(u) - Ag(v) =2’ -/,
Ag(u) = Ag(z - b) = Ay(2) - Ag(b) = 2/ ¥ = o,
A3(v) = Az(a-y) = Ai(a) - Ag(y) =d' -y =/,
o'y =u' v = Aj(u) e As(v)

OTCIO,ZL& BbBITEKaeT paBeHCTBO
Az(uowv) = Asz(u) @ A3(v),

KOTOpOE O3Ha4aeT, 4To Az — n30MOpdu3M KOOPAUHATHOI JIynbl £}, Ha JIyILy £y .

Takum obpazom, asmomopduzm mpu-mraru W undyyupyem udomophudm ee KoopouHamHuLT AYN
8 COOMBEMCMBYIOULULT TMOYKAL.

Kak crnemcrBue mnosydaem, 9TO 6ce Koopdunamuvie Ayns, mpu-mranu W usomopdrv, meocdy
cob0l, ecau IMa MKAHL JONYCKAEM MPAH3UMUBHYI 2pYnnyY aemomopdhusmos. HerpyiHo moka3ars,
9TO CIPABEJIUBO U OOPATHOE YTBEPIKJICHUE: eCAU BCE KOOPOUHAMMHbBLE AYNDL HeKomMOopot mpu-mranu W
UBOMOPPHDBL, MO 0Ha Jonyckaem MPaH3umuUeHyo 2pynny amomop@usmos. Takue TKAHU MBI HA3BI-
BaeM G-TKaHSMM U PACCMATPUBAaEM B § 4 9TOI IJIaBbI.

Jlpyroe cjencTBre COCTOMT B TOM, YTO €CJIM aBTOMOPMU3IM ¢ TpU-TKaHU W OCTaBjIsgeT Ha MeCcTe
TOYKY P, TO OH HHIYIUPYET aBTOMOPMU3M KOOPJAUHATHOM JIyIIbl £

[Tokaxkem, 9TO BEpHO TakKe U OOpPATHOE YTBEDKIECHUE: GCAKUL aA8MOMOPPHUIM KOOPOUHAMHOT
aynat £y, mraru W undyyupyem maxyio asmomonuto smot mrany, npu Komopot mowka p 0Cmaemcs
renodsuoicroti. eficturespHo, myctb A3 — aBromMopdusM synsl £y,. Tak Kak ©30TONNA KOODIHMHATHON
stymbt £, Ha koopamHaTHyo KBasurpyrmy ¢(-) mmeer sui (R, ', L', id), tie p = (a,b) (cm. §3 o 2),
TO, COIVIACHO Ipeioozkenuio 6.2, apromopdusm As (1. e. aBroronus (As, As, Az)) unayuupyer B ¢(-)
aproronuto (A, Ag, As), rue

Al = R;l A3 Ry, Ao = L;l A3 L,. (65)

ITo onpesnenennto aBTOTOIIHI

Aj(a) - As(y) = As(a - y),

rje y — LIPOM3BOJIBbHBIA 3j1eMeHT Broporo ciaoenus Tkanu W. C ydyerom (6.5) mociennee paBeHCTBO
HpI/IMeT BU I |
Ai(a)- Ly (As(a-y)) = Az(a-y).

Tax kax y, a, cjaeoBaTesbHO, a -y 1 Az(a - y) — IPOU3BOJIBHbBIE JIEMEHTBL U3 Ag, TO OTCIOJA [IOJIYIIM
LA](a) L;l =1id, T.e. A](CL) = a.

Touno Tax e ¢ nomorbio (6.5) BeiBogUM, uT0 Ag(b) = b. CiienoBaresnbuo, aproronus (A, Ag, A3)
OCTaBJISIET HEIOJBUKHBIMY CJIOW G U b, T.€. TOUKY UX [€peCedeHrs] P, YTO Mbl U XOTEJH [TOKa3aTh.

[Tosydyennblie pe3ybTaThl OObEIUHSET CJIEILY OIS

Teopema 6.7. Beaxuii asmomopdusm @ noanot mpu-mranu W = (X, \y) undyyupyem uzomop-
dpusm woopduramnot aynv. £, smot mrany na xoopdunammyro syny Ly, p € X. I'pynna Aw(p)
asmomopgpusmos mxanu W, ocmassarouwur nenodsusicroti mowry p, usomoppna epynne Ag, asmo-
MopPusmos Koopdurammoti aynv £, mranu W.

Ipynna Ay (p) HasbiBaercsa 2pynnoti u3omponuu TOUYKHA P.

3. Iyt MHOrOMepHO# reomerpudeckoit Tpu-tkaan W = (X, A, ), 0OpasoBaHHON HA IJIAKOM MHO-
roobpasun X TpeMs CIOSHUSAMH N, HOHATHE aBTOTOINHNU 3aMEHSeTCA MOHATHEM A0KAAbHOU a6Momo-
nuu, 0dpa30BaHHON TpeMs JIOKaJabHbIMU Juddeomopdusmamu Ay : Aq — Ay, YIOBJIETBOPSIIONIUMU
yeaosuio (6.2). Ilpu srom orobpaxkenust A, 3azambl Ha 6a3ax X, COOTBETCTBYIOIIUX CJIOCHUIL A, .
CooTBercTByOMuUil aBTOMOPMU3M ¢ MHOTO0OPA3Us TKAHU SIBJISETCS TAKXKE JIOKAJIBHBIM JruddHeoMop-
dbusmom, npuueM GIU3KAM K TOXKJIECTBEHHOMY IIPEOOPA30BAHUIO (B CHJIY JIOKAJLHOCTU OIIPEJIEJICHUs
reoMeTpudeckoil Tpu-Tkanu). [losToMy mjis reoMeTpudecKux TKaHeil cumsosiom Ay 0603HAUAETCs
CBsI3HAS KOMIIOHEHTA eJMHUIBI (TOXKIECTBEHHOTO MPeobpa30BaHusl) IPYIIIbl aBTOMOPGMU3MOB.
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Cpa3sy BO3HUKAaeT eCTECTBEHHBINH BOIPOC: KAK COOTHOCATCS aBTOMOPMU3MbI Tpu-TKaru W u aBro-
MOPGMU3MBI OIpeiessieMoit eio ¢si3nocTu Uepua? OTBer Jlaer ciieryromast

Teopema 6.8. Jlokaavrovie asmomopdusmo, mpu-mranu W = (X, \y) aeasomea makoice agmo-
Mmopdusmamu coomsememsyrowet ceaznocmu depra. Obpamno, nycmv © — a8MOMOPPHUIM CE8A3-
nocmu Yepra wexomopot mpu-mranu W = (X, A\y), u cywecmeyem mouka p na X makxas, 4mo
dugpeperyuan dpl, nepesodum racamesvhvie naockocmu K caoam mranu W, nporodawum vwepes
MOYKY P, 8 KACAMEABHBIE NAOCKOCTIU K COOMBEMCMEYIOULUM CAOAM, MPOTOOAULUM “epe3 movwky o (p).
Tozda ¢ — asmomopdpuzm mpu-mraru W.
[0 Hamomuauwm, uTo aBToMOpdm3MOoM aduHHON cBasnocTn [, 3amamHoil Ha MHOroobpasum X, Ha-
3BIBaETCA TaKoi muddeomopdu3m 3Toro MHOrooOpasusi, KOTOPBII COXpaHseT 3aKOH MTapaaeIbHOrO
[IePEHECEeHNs], T. €. COXPAHsIeT KOBAPUAHTHBIHN Jud depeHimal OTHOCUTEIHHO 3TOH CBI3HOCTH.

[TepBas gyacTb TEOPEMBI BBITEKAET U3 TOrO (haKTa, 9TO aBTOMOPGU3M TKAHU COXPAHSIET €€ CJIOCHUSI,
HO UMEHHO OHU U OIPEJIEJIAIT KoBapuanTHbii muddepennuan B casunoctu Yepua (cm. §7 it 1).

ObpatHo: mycth aBroMopdusM @ cesa3noctu Hepua tkanu W obsiajiaer CBOMCTBOM, YKA3aHHBIM B
ycaoBuM TeopeMbl. BosbMem Ha X TOUKy p’, BRIOEpEM TJIajKuii myTh s U3 p B P, U IycTb ' = (ps.
O6o3Ha49uM 7 u 7/ MapaJiIebHbIe IIEPEHOCH BJIOJb S U 8 COOTBETCTBEHHO. Tak Kak ¢ — aBToMopdhusM
addunnoii ceaznocTn, To MHEHOE Mpeodpasosamue dpl|,y i Ty (X) — Ty (X) MoxHO 3ammcaTh B
suze dp|, = 7' dp|,7~". Ilo ycoButo Teopemb! TpeoGpa3oBaHue ¢ IePEeBOIHT KACATEIbHBIE TLIOCKOCTH
K CJIOsIM TKAHU B TOYKE P B KACATEIbHbIE INIOCKOCTH K COOTBETCTBYIOIIUM CJIOSIM B Touke p(p). B
CHJTY CBOMCTB CBs3HOCTH UepHa IapaJlie/bHbIe IIEPEHOCH T U 7' II€PEBOJAT KACATEIbHBIE IIJIOCKOCTH
K CJIOSIM TKAaHU CHOBa B KacaTeJIbHbIE IUIOCKOCTH K cjiosM TKauu. Cie/oBaTeIbHO, 3TUM CBOHCTBOM
obramaer u nmpeobpasosamue dy)y .

Urak, npeobpazoBanue dy COXpaHsSeT paclpejesieHne KACATEIbHBIX ILUIOCKOCTEl K CJIOSM TKAHM.
[Tosromy omo coxpansier u camu cyou. Hl

3

W3 Teopembl 6.8 BBITEKAET, YTO BCE OCHOBHBIE TEH30PHbBIE TIOJIS @ ko b; ko> gl jkéms - -+, OIPEJICJICHHbIC

Ha TPpU-TKaHU W, MHBapUaHTHBI OTHOCUTEJ/JIBHO aBTOMOp(l)I/ISMa "2 STOM TKaHH, TO €CTb

doly(t(p)) = tle(p), peX,

rue t(p) — 3HaYeHHE KAKOrO-jin00 U3 IIePeYNCIeHHBIX TeH30PHBIX 1oJeil B Touke p. B wactHocTH, eciu
TOYKa P HEIOJBUKHA OTHOCUTEIBHO (0, TO HOJIydaeM

delp(t(p)) = t(p), (6.6)

T. €. CIIPABEJINBO
ITpengoxkenue 6.9. Ecau asmomoppudm ¢ mpu-mranu W ocmasasem nenodeuscnotc mowky p,
MO 0CHOBHBIE TEH3OPDL IMOT MKAHU, BHIYUCAEHHDBIE 8 MOYKE D, UHBAPUGHIMHDL OTMHOCUMEALHO NPE-

06pa3o6anua Q.
IIycTs B HEKOTOPBIX JIOKAJIBHBIX KoopAuHaTax dy|, = (gpé) Torna ycaosue (6.6) mpuHEMaeT B
ol = AP, VPl ol = biw el . (6.7)

U3 npemyioxkenust 6.9 BBITEKAET, 4TO, BOOOINE TOBOPSI, TPU-TKAHBb HE JOIYCKAET HETPUBHAJIBHBIX
aBTOMODP(hU3MOB, TaK KaK HA BEJUIINHBI go;-, Bxoggamuye B dopmysnt (6.7), mosyuaercs GeckoHedHAs
OCJIEIOBATEIHHOCTD Y PABHEHUIA.

4. PaccMoTpuM aBToTONNK IPACCMAHOBBIX TpU-TKaHeil (M. § 1 rr. 2). Hanomuum, 4ro rpaccManoBa
tranb GW sanaerca na Muoroobpasun X = G(1,7 + 1) npaMbix npoekTusHOro mpocrpancrsa P! ¢
IIOMOIIBIO TPeX IVIaJKuX rumneprosepxuocreit X, o = 1,2, 3. CosiMu 3T0i TKAHU SIBJISTFOTCS CBSI3KU
NPSMBIX ¢ BepIuHaMu Ha X .

ITycrs A = (A,) — HeKOTOpas aBTOTOLMs IPACCMaHOBOi Tpu-TKanu GW, ¢ — cooTBeTCTBYIONIHIA
apromopdusm Mmuoroobpaszus X = G(l,7 + 1). OueBunno, ¢ ectb JsokanbHbll nuddeomopdusm.
IIpeo6pasosanust A, COCTABISIIONINE ABTOTONNIO A, IEHCTBYIOT Ha CJIOEHUSIX Ay, T. €. CBSI3KU TMPSIMBIX
C BepIMHAMH Ha TIOBEPXHOCTH X, TEPEBOJSAT CHOBA B CBSI3KHU NMPSIMBIX ¢ BepimuHamu Ha X,. Cremo-
BaTeabHO, Ipu oTobpazkennn w: PTT! — P! runeprosepxmoctn X, mepexomsaT B ceds.

ITokazkem, 4TO OTOOparKEHUE (P TEPEBOAUT B CeOST A100ble CBIA3KH IPSIMBIX, HE TOJIHKO C BEPITUHAMU
HA TUIEPIOBEPXHOCTX X,. B camMoMm jsieste, Takue CBSI3KH SIBJISIFOTCSI M30KJIMHHBIME [TOBEPXHOCTSIMU
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§ Py p

rpaccmanoBoit Tkanu GW, em. §2 . 3. Onu 3anatorca quddepennuanbapivMu ypasaenusamu (3.12)
u (3.13):
W'+ At =0, - = akwk.
2 1 A=\ 1
C npyroit CTOpOHBI, TOCKOJIBKY IIpeobpas3oBaHue  mnepeBoguT Tpu-Tkaunb GW B cebsi, TO OHO 00si3aHO
nmets Bug (1.21): ‘
@' =AW, det(A}) #0.
[e% «

[Ipu 31X 1peobpa30BaHUAX IPEIBIIYIIIE YPABHEHNS COXPAHSIIOT CBOM BUJI, CJIEI0OBATEIBHO, TPE0D-
pa30BaHUe  [IEPEBOIUT CBA3KY MPSIMBIX B CBA3KH NPAMBIX. VIHBIMU CI0BaMU, (¢ HHIAYIUPYET TOYECTHOE
npeobpasosamue npocrpancrsa P! (o6oznatum ero takxe ). IIoCKOIBKY ¢ HEPEBOIUT IPSMBIE B
[psIMbIE U COXPaHsIeT HHIINEHTHOCTb, TO 00Pa30M ILIOCKOCTH P 3TOM IPe00Pa30BaHUN TAKXKe OyIeT
IJIOCKOCTh. DTO O3HAYALT, UTO (¢ — JINHEHHOe mpeobpasoBanne (KOJIMHEAIHs]).

B cuny nokasmbHOCTH paccMaTpUBaeMbIX MOHATHII, TPEOOPA30BAHUE Y JTOZKHO OBITH JTOCTATOYHO
6JIN3KO K TOXKJIECTBEHHOMY.

CoBokymnHOCTh BCex aBToMopdm3MoB TKanu GW obpasyer MOArpyIMIy TPYMIBI KOJTHHEAI
PGL(r + 1) npoexrusnoro npocrpancrsa P+, Urak, noxazano

ITpengyoxkenne 6.10. Ilycmvy GW — e2paccmarnosa mpu-mrans, onpedessemas 2unepnoseprHo-
emamu X, npoexmuenozo npocmpancmea P™H Ay — epynna asmomopdusmos amoti mxaru. Toeda

a) epynna Aw ecmv nodepynna epynno xoasuneayut PGL(r 4+ 1) npocmpancmea P,

6) noseprrocmu X, UHBAPUAHMIBL OMHOCUMENLHO Npeobpasosanul epynno, Ay .

[Tycrb, Hanpumep, X| u Xo — objiacTé Ha OJHON U TOU Ke T'MIEPKBaJpuKu (), a X3 — rumep-
miockoers B Pl Torma ompenensiemast mmu rpaccmanosa TKamb GW o eCTh M30K/IMHHAS TKAHB
Boss (reopema 4.10). Dra TKaHb JOIYCKAET HETPUBUAILHYIO IPYIILY aBToTOonui Ay, KOTOpas, ecin
CYNTATh IIOCKOCTh X3 OECKOHEYHO Y/IAJIEHHOIl, COBIIAJaeT CO CBA3HOI KOMIIOHEHTOM €UHUIIbI IPYIIIHI
peobpazosamnmii adgdunaoro mpocrpancrsa A™ !, coxpansiomux kBaapuky Q.

VkaxkeM crocob MOCTPOEHUsI T'PACCMAHOBBIX TKaHEHl ¢ HeTpuBHMAajbHONM rpymmoit Jlu asroro-
muit. IIycts G — moarpynmna pasmepnoctu p < 7+ 1 U3 CBA3HON KOMIIOHEHTOH €IMHUILI I'DYIIILI
PGL(r + 1). ®ukcupyem 8 P! 1pn J1aJIKue OBePXHOCTH X, pasmepHocTH (r + 1) — p Takme, 9T0
ompegessemble umu opoursl X, = G(X,) pazmuunsl u dimX, = r. Ilycrs cymecrsyer nupsmas £,
repeceKaroas MoBepXHOCTH X, B TPeX Pa3IMIHbIX TO4UkKaxX A,. Torja B HEKOTOPOHl OKPECTHOCTH
9TOIl IpsIMOI ompejiesieHa rpaccManoBa Tkanb GW. B cuiy nmocrpoenust rpymnmna Ay, Becex aBroTonuii
tkauu GW comepKuT B KadecTBe HOArpyIIbl rpymry G.

Paccmorpum peryiisipHble aBTOTOINEN IPacCMaHOBBIX TKaHeil. [lycTb rpaccmanoBa Tpu-tkanb GW
JIOILYCKAeT PeryssipHbIil aBToMopdusm ¢. CoriacHo oIpe/iesIeHnio, Tpeobpa3oBaHue  OCTABIISAET OJHO
U3 CJIOEHUI TKaHU HermoaBIKHBIM. J[is rpaccmanoBoit Tkanun GW 910 o3HadaeT, 9To KaxKjas TOIKa
OJIHO U3 MOPOXKJIAIONTUX €e TUIepIoBepxHocTeil X, 0CTaeTCs HEIO[BUKHON OTHOCUTEJIBHO COOTBET-
CTBYIOIIETO TIPOEKTUBHOTO TIpeobpasosanus ¢ B P!, Cienoparensho, ata nosepxnocts (mycrs X3)
SIBJISIETCS TUIIEPILIOCKOCTBIO, obo3Ha4unM ee [1.

[IpoexTuBHOE IpeoOpazoBaHie ¢ TOUYEIHO HEHNOJABUYKHON IHIEPIIOCKOCThIO 11 Ha3bIBaeTcss 20Mo-
saoeueti. 11 HaspIBaeTCs JBOIHON IJIOCKOCTHIO TOMOJIOTHU. ['OMOJIOTHH XapaKTEPU3YIOTCS TEM, UTO
[psIMble, COEMHSIONINE COOTBETCTBYIOIINE TOUYKU, MPOXOJIAT Yepe3 HElMmOIBUKHYI0 TOYKY S — IEHTP
romostoruu. M3Becrno, uro niaockoctsb II u mienTp S ompejiesisiior He OJHYy, a OJHOIapaMeTPUIECKOe
cemeiicTBO (Iy4oK) ToMosioruit. 3aaB mapy COOTBETCTBYIONIUX TOUEK, MBI BBIJIEINM B IyUKe €JIH-
CTBEHHYIO TOMOJIOTHIO.

enTp S moxer nexars B I1 (napaboauaeckuit Tun) wiu 661Thb BHe ee. [Tycrs S ¢ I1. Eciu Touky S
cunTaTh GECKOHEUHO V/IAJEHHOMH, a II0CKOCTh 11 3aare ypasaenneM 2"t = 0, To adduHABIM SKBH-
BaJIeHTOM romosiornn 6yser npeobpasosanue 'z" ! = kz"t! k € R\0. B wacrnoctn, npu k = —1 1o-
JIy9IaeTCsd UHBOMOUUOHHAA 20MON0UA, WA CUMMEMPUA OTHOCHTENIbHO 1tockocTn 1. Ho cummerpun
He OyuayT apromopdusmamu TKanu GW, Tak Kak He NPUHAJJIEXKAT CBSI3HON KOMIIOHEHTE €IUHUIIBI.

[Iycrs ¢ — romostorus napabosudeckoro tumna, S € II. Ecim mrockoers 11 yranurs B 6eckoned-
HOCTB, TO ( TIPEJICTABJIsIeT CODOI apAJIe/IbHBIN IIEPEHOC B HAIIPABJICHUN IPSMOI, TPOXOISINE Yepe3
[IEHTP roMoJjioruu S.
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Paccmorpum ne ppyrume runeprnioBepxuoctr X| u Xo Trkanun GW. CoryiacHO BBINIEN3JIO2KEHHOMY,
OHU JIOJIZKHBI OBITh WHBAPUAHTHBI OTHOCUTEJIBHO TOMOJIOTUU (. Tak Kak IIPU TOMOJIOTUU IIPSIMBIE,
MIPOXOIAIIIE Yepe3 IeHTP romosioruu S, mepexonar B cebs, To rumeprnoBepxaoctu X| u Xg OyayT
KOHYCAMU C BepIIMHAMHU B TOUYKeE .S.

Nrak, nokazana

Teopema 6.11. PeeyasapHvimu a8momopPhusmam, 2paccmaros8ots mpu-mraHy Mo2ym 6oims mosb-
KO HEUHBOMOUUOHHBLE 20MOon02uu. 'pacemanosa mpu-mrans GW donycraem pe2ysapnoill a8momop-
Pusm © mozada u MoavKo mozda, k02da 00Ka U3 ONPEJEAAOUUT ee 2UNEPNOBEPTHOCTEL eCTNb HENo-
0BUIHCHAA NAOCKOCTID 20MON02UL P, G 08€ OPY2ue 2UNePnoseprHocmuy 6yoym KoHYCAMU ¢ 6EPULUHAMU
6 yenmpe IMotl 20MOA02UU.

§ 6.2. nduHuresuMmaibHble aBTOMOP@MU3MbI TPU-TKaHEl

1. Paccmorpum BeKTOpHOE 110J1e £, 3a1aHH0€e Ha iaakoM MHoroobpasuu X, dimX = n. Kpusas x(t)

o o o o XL
Ha X Ha3bIBAETCS NHTErpaJIbHOU KPUBOU I10JIsA €, €CJI1 B KazK/IOU €€ TOYKe KacCaTeJIbHbIM BEKTOD E

coBrazaer ¢ BekropoM &(xz(t)). Vurerpanbable KPUBbIE SIBJISIIOTCH PEIICHUSIMU CUCTEMbI OOBIKHOBEH-
HBIX uddepeHIalbHbIX YpaBHeHH

dz" w
W:é" UZI,Q,...,TL.

Yepes Mpou3BOJIBHYIO TOUKY Ly MHOrooOpasusa X IPOXOIUT €AUHCTBEHHOE PEIEHNEe ITOH CHCTEMBI.
OHO 3aIMCHIBACTCS B BHJIC

x(t) = exp(t&)(xo).

C sipyroit cTOpOHBI, HANJIEHHOE PEIeHNe OIPEJIeNISIeT OJHONAPAMETPUYIECKYIO TPYIIILY JOKAJIbHBIX
nudpdbeomopduzmon (casuros) z;: X — X

xo — z¢(x0) = exp(t€) (o).

TTIosTomy BekTOpHOE TOJIE £ HA3BIBAIOT UHPUHUMESZUMAALHOIM Jupdeomopdusmom mrozoobpasus X .
3amMeTnM, 9TO 3aMeHa ITapaMerpa t Ha TPAeKTOPHUSIX IPUBOIUT K YMHOXKEHUIO BEKTOPA £ HA HEKOTOPBIH
MHOXKUTETh. OOpATHO, €CcjiM BMECTO BeKTOpa & B3ATh BEKTOP A, TO MBI MOJIYYHUM TO YK€ CAMOE
cemeiicTBo mrddeoMopdu3MOB, TOJBKO WHAYE TTAPAMETPU30BAHHOE.

Ecman muoroobpasume X meceT HEKOTOPYIO M€OMETPUUIECKYIO CTPYKTYPY, TO MHMUHUTEIUMATIbLHBIE
b deoMopdU3MBI, COXPAHSIOIINE 3Ty CTPYKTYPY, HA3BIBAIOTCS €€ NH(MUHUTE3NMAJIBHBIMI aBTOMOP-
buzmamu.

IMycrs X — caoenue ¢ 6a3oii B u npoekuumeii 7 (cm. §1 ri. 1). Haiinem yciaoBus, npu KOTOPbIX
BekTOpHOe T10Jie § Ha X Oyjer nnbuHUTE3NMAIbHBIM aBroMopdusmoM cioerus (X, B, ), T.e. nepe-
BOJIUT €r0 CJIOM CHOBA B CJIOW TOTO K€ CJIOCHMUS.

Bri6Gepem, kak u B § 1 r1. 1, na Muoroobpasuu X kopenep (w',w®), riae w' — riasable GOPMBI HA
6aze B (i,j=1,2,...,m; a=m+1,...,n). BekropHoe nosie £ 3anuiiem B B

5 = giei + gaeav

rue penep (e;, e,) ABJseTcs AyajbHbIM Koperepy (w’, w®). Bropas komnonenta § = £%e, 1OpOKIaeT
CBUTH BJIIOJIb CJIOsT cjoeHust X, a nepsas & = £'e; — CIABUIM B TPAHCBEPCAJILHOM HAIPABJICHUU K
CJI0IO.

[IycTb BekTOpHOE TOJE € TIepeBoUT CJo# B cioit. Torma oHO AeficTByeT Ha MHOTOOOpa3uu CJIOEB,
T.e. Ha Oaze B. CoorBercrsyiolnee 1ojie Ha B Takxke obosuaunM £. Tak kak 6GasucHble opMbl w'
6a3pr B yAOBJIETBOPSIOT CTPYKTYPHBIM ypaBHeHHAM dw' = w! A w} (em. §1 1. 1), To KoopauHATEL &
BeKTOpa & JOJKHBI YIOBJICTBOPATH YPABHEHUIM

Ve = de’ + Pui = gl (6.8)
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Paccmorpum reneps tpu-tkanb W = (X, A\, ), dimX = 2r, ofpasoBannyo na muorootpazuu X
TPEMsI CJIOEHUSIMU Ay, U HaiijeM nuddepeHIaabHble YpaBHEHNsT BEKTOPHBIX TIOJIEH, OMPeIesIsTIOIINK
ee MH(UHUTE3UMAJIbHBIE aBTOMOP(hU3MbI. BekTropHoe nosie £ Ha X 3ajaauM, Kak u B IyiaBe 1, B Buje

§:§gi_g?i:ggi_ggizg?i_§f§i7 (6.9)

OpHYeM BEKTOPBI e€; Kacaiorcs ciog F, TKamm W, F, € M. IlockoabKy ¢opMmbl w' CBS3aHEI
(03 «

csiosueM (1.16): ; ; i

y (1.16) W 4w+ =0, (6.10)

1 2 3

TO KOODJIMHATHI BEKTOPA & YIOBJIETBOPSAIOT YPABHEHUIO

g+E+¢=0. (6.11)
1 2 3

[Tone ¢ aBnsiercst mHGUHUTE3UMATBLHBIM aBTOMOPGMU3MOM TpU-TKaHU W TOrja M TOJIBKO TOTJA,
KOI'JIa OHO COXPAHSET CJIOEHUST A, ITON TKaHMU, T. €. KarK bl ee CJIOi IIEPEBOJIUT B HEKOTOPBII CJIO TOrO

Ke cioenus. B coorBercrBuu ¢ hbopmyiioii (6.8), KOMIOHEHTBI £ JIOJXKHBI YIOBJIETBOPATH Y PABHEHUIM
«@

g’ + guh = &’ (6.12)
« a @ o @
IIPYU yCJIOBUH, ITO YPABHEHUSI CJIOCHUST )\, 3AIUCAHLI B BUJIE
dwi:wj/\w;,a:l,Q,& (6.13)
« « «

U3 crpyKrypHBIX ypaBHeHuit Tkanu (1.26) caeayer, uro

i ik i i ik
Wy T Wi T apws, Wy = Wi apl

i i E_  k
(i g e T anleT =),

Tosromy ypasuenus (6.12) npuHuMaoT B
d?i + ?' W}

g’ + g w!
2 2

I
—mn

i, 7 i ¢J, k
i ey

;céﬂ + a;'-kgjcgk, (6.14)

win v

de¢’ It Ll —ab & (WF — WF).
§+§ I3 J’“g(l 2)

CkJiajipiBag 9T ypaBHEHUs U UCHOJIb3ysl cooTHomenus (6.11), moswyamm:
i g i g T R R S Y
w! + W + W = —a’, w” —&w"). 6.15
i 5 7 = g 615
3amenum B (6.15) cgj ¢ nomomipio (6.10) u npupaBHgeM K Hy/I10 KO3GDMUIMEHTHI IPU HE3aBUCUMbIX
dopmax ciﬂ u (.éﬂ B pesymrare maiiiem & m £
1 2
i i i ok i i i ck
€ =€ taifh, € =€ —alet
T TR S 7T
Bsenem masee BeTMIHHBI 5;- pPaBEHCTBOM
g; =& — a;-kg +a;k§1“ . (6.16)

Torpa ¢ yuerom (6.11) mosygaem:
% :§;+a;k§k, g;. =¢ _a;kg’“, (6.17)

u nepBble nBa ypasHeHus (6.14) mpuHUMAIOT BUI;:
de' + & wy = (& + 205" 0, dE' + Ewl = (& — 205,67 ), (6.18)
1 1 11 22 2 2

a Tperbe ypasHenue (6.14) Gyzer cienosars u3 Hux. JlokasaHa
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Teopema 6.12. Bexmopnoe noae & = £'e; — fl(lei onpedessem UHPUHUMESUMANDHBIT ABTOMOD-
12 2

Ppusm mpu-mrarnu W mozda u moavko mozda, xo02da e20 xoopduramovs ydosaemsopsarom duddeperiu-
arvhom ypasrenusm (6.18).
2. Kpome Benmunu § u f , B ypasaenus (6.18) Bxomar GyHkimun fl, TaKzKe TMOJJIEYKAINIe OIpe-

nenenuio. llepsoe u3 ypaBHeHI/II/I (6.17) mokasbIBaer, YTO OHU BBIPAYKAIOTCH YePe3 BEKTOD f , €ro
1
KOBAaPHAHTHYIO IPOU3BOAHYIO &) M TEH30D . CutenosaresibHO, BeJMIMHBL {F 00Pa3yIOT TEH30D, Tak
1

9TO KOBaPHUAHTHBIN JuddepeHimalt ngz OymeT KoMOUWHAIMEH IJIaBHBIX (opM clul u aéﬂ
i e m, i i m i ko oei kK
Vf = dﬁ] + fj W — §7nwj = %k%) + gjk"‘é} :

IIpopnddepennupyem BHem MM 00pasoM ypaBHEHHS (6.18) u 3aMeHMM B IIOJIyYE€HHBIX KBaJpa-
TUHBIX ypaBHennsx sesmaunbt d', d€', dw', dw; n daj;, ¢ IOMOIIBIO ypaBHEHNIt (6.18), (1.26), (1.32)
1 2 @

u (1.33). B pesysibraTe mosyunM ypaBHEHUsl, COJEPIKAIUe TOJIbKO TyaBHble (hopMbl. IIpupasHuBast

HYJIFO KO3 DUITUEHTHI IIPU HE3ABUCUMBIX [TPOU3BEJIEHUSIX ul)k A ul)e, cg" A cgé u ci)k A cge, [IOJTY 9UM:
fé‘k = bé‘kzglv 53‘1@ = _bé'Zku; (6.19)
I 2 2 I
. e , P , ,
bk T e — bl + 6affaf € — g€ — aie) + aki& =0,
i ¢ i el m i € il il b g (6.20)
Skt = Plstemed + Ve + Bl + @ik + akely — ai&e =0
B cuiy (6.19) Bopaxkenue st Vﬁ; MIPUMET BUJT;:
Ve = ]kf(ge - ?ktgé)’ (6.21)
a 06a coornomenus (6.20) ¢ momompio (6.19) u (1.31) npeobpasyioTcs K OJUHAKOBOMY BUJLY:
%(6) = bfj|m\k]§m + bfjk]mgm + @, &0+ ap & — afiér, = 0. (6.22)

Bumecre ¢ ypasuenusivmu (6.21) u (6.22) #a Tpu-Tkanu W n0/KHBI BBIIOJIHATHCA U X auddepeH-
uaJibHble ciencTBud. Buemnee auddepeniuposanue ypasaennit (6.21) npuBoIuT K COOTHOITEHUSIM:

‘I’;‘M(f) = Cgkemf +C]k2m£ +b kmfz +blm€£k +bmke§m gszz =0. (6.23)

MoxkHO noKazaTh, uto quddepeHnuposanre cooTHOIeHNH (6.22) npuBeeT K paBeHCTBAM (I)fjk] =0

u <I>M 0w = 0, KoTopbie GyayT cieactsueM cooTHomrenmii (6.23). Urak, r? + 2r semuamm £ ¢, 5;
12

YIOBJIETBOPAIOT cucreMe JjuHelnbix ypasuenuit [dadda (6.18) u (6.21). Kpome Toro, onu cBazanbt
coorHomenuamu (6.22) u (6.23), npencTaBsSIIONUMEU YCJIOBUS IIOJHON WHTErPUPYEMOCTH CHCTEMbI
(6.18), (6.21). Tax Kak STHX COOTHONIEHHIA, BOOOIIE rOBOPH, 3HAYUTEILHO OOJIBINE, TeM IePEMEHHBIX
£, &, f;, To cucrema (6.18), (6.21) gist IPOU3BOJILHON TKAHM HECOBMECTHA, T.€., BOOOIIE rOBODS,
1 2

TPU-TKaHb HE JIOIyCKAET HeTPUBUAIBHBIX MH(PUHATEIUMAILHBIX aBTOMOP(MHU3MOB. AHAJOIMIHBI BbI-
BOJL, 66171 TTOsTy4eH B 1. 1 § 1.

PaccMOTpHM TKaHH, J/Is KOTOPBIX panr cucreMsl (6.21), (6.23) pasen s, mpudem s < 12 + 2r. Torma
cucrema JubdepennuaabHbx ypasHennii (6.18), (6.21) nMeeT HeTpUBHAIBHBIE PEIICHHS, ¥ MHOMKe-
cTBO ee pemennii 3apucut or N = 12 4 2r — s mapamerpoB. KaskjioMy permeHuo (f § ) (B3sITOMY C

TOYHOCTBIO JI0 MHOYKHUTEJIs1) OTBEYaeT OJHOIAPAMETPHIECKOE CEMEHCTBO aBTOMopCbI/BMOB TPU-TKAHH.
TTosTOMYy MHOXKECTBO BCeX aBTOMOPdU3MOB, omnpenesaseMbx cucremoii (6.18), (6.21), sasucur or N
napameTpoB. Hemocpe/ICTBEHHBIM BBIYUCIEHUEM ITPOBEPSETCs, YTO COBOKYITHOCTH DENICHUil CHCTe-
Mbl (6.18) 3aMKHYTa OTHOCHTEJILHO Ollepallii KOMMyTUpoBanus (3a1a4a 6.8). Jlokasana
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Teopema 6.13. Ecau das nexomopotd mpu-mrxanu W = (X, \y), dim X = 2r, pane cucme-
mor (6.22), (6.23) paser s < 12+ 2r, mo cucmema (6.18), (6.21) enoane unmezpupyema, u ee pe-
wenus onpedeasiom 2pynny asmomopdusmos Ay omoti mxanu, saeucaugpo om N =12 +2r — s
napamempos.

3. BersicHUM TeoMeTpUYecKUil CMBICT BEJIMYUH 5]’ Dopmysnt (6.18) ounpenensitor puddepenimal
naduHITe3NMAIBLHOTO aBToMopdu3Ma &: x(t) = exp(t€)(zp). Kak BugHO 13 910i hOpMyIIbl, HAUATBHAST
Touka p = ¢ nosydaercd upu £ = 0. ITosromy, yTo6bI nOJyunTh AUud depeHnnal HHQUHATEINMAb-
Horo asroMopdusma £ B HAUAJILHON TOYKe, HAJO HOJIOKUTH dopmyrnax (6.18) & = 0. B pesynbrare
dopmyast (6.18) npumyT By

déi |p = E;(p) %’j |pv dgi |p = 53(17) ng‘p (6.25)

Kak BugHO 13 9TUX paBeHCTB, AuddepeHma) nHOUHITE3NMATILHONO aBTOMOpdu3Ma & B HaIAIb-
HOI TOYKE €CTb JIMHEHHBIA olepaTop ¢ MaTpuleit

<£§(()p) §§(()p)) '

B cuity coornomennit (6.24) u3 pasencts (6.22) u (6.23) BbITEKaOT paBEHCTBA
:na?}c = ainkf;'n + a§-m£7¢”, " ke = binkef}n + bé‘mele + b;kmg},nv

KOTOPbIe O3HAYAIOT, Y4TO JMHEHHOe Ipeobpa3oBaHme {; ABJsteTcs TudHepeHnpoBaneM TeH30POB aé &
u bjy, (B anreGpamteckom cmbicie, oM. § 1 Tur. 4).

Huddepentupys pasencrsa (6.22) u (6.23), naiinem, ¢ yuerom (6.25), aro oneparop f; (p) Gyner
muddepennupopanneM (TakKe B ajarebpandeckoM CMBICJIE) U JJIsi KOBADHAHTHBIX MPOU3BOIHBIX BCEX
MTOPSIJTKOB T€H30pa KPUBU3HBI. VICIIOIB3Ys TEPMIHOIOIMIO, BBEIEHHYIO B § 2 TUI. 5, MOXKHO CKa3aTh, ITO
onepamop §; (p) asanemes Juddepenyuposaruem 110600 us Wi-aseebp mpu-mranu. IT0 yTBEPKIe-
HUE sBJIsieTCs 00001enneM n3BectHoro ¢axra n3 Teopun rpymi Jlu: econ £ — nHGUHNTE3UMATBHBII
aBroMopduam rpymist JIu, To auddepentuan £ 6yaet auddepeHImpoBaHneM B KacaTeabHON aaredpe
JIu sroit rpymms.

4. Tocnenosarensuo nuddepennupys ypasaenus (6.23) ¢ moMoIbio oneparopa V, IOy YuM Cepun
COOTHOITIEHNH, AHAJIOTUIHBIX COOTHOIIEHnsAM (6.23), coeprKanmx Ipou3BOHbIE TIOPSIKA k TEH30pa
kpuBusnbl, k = 2,3,.... [eomeTpudeckuil cMBICT BCEX ITHX yPABHEHUIl BBISCHSIETCS B CJIEJLyTOMNIEit
TeopeMe. o

Teopema 6.14. ITycmv W = (X, \,) — mnozomepnas mpu-mrans. Bexmoproe noae E(£',E")

Hna X AGAAECMCA UHPGUHUMESUMALOHBM GB8MOMOPPUIMOM mranyu W mozda u moavko moada, %ogda
60046 KaHCAOT, UMMELPAALHOT AUHUY IMO20 NOASL CYWECTMBYEM MAKOE NOAE DENEPO8, 8 KOMOPOM
KoopAuHamss 6exmopa &, UL KOGAPUAHMHbBLE NPOUIGOHBLE f;, a MaKsice KOMNOHEHMbL BCET OCHOGHDIT
men3opos mraru W nocmosrtot.

O Ilycrs & — undunuTe3MMaIbHLI aBroMopdu3Mm Tkanu W. Ob6o3HadnM, Kak U BBIIIE, OJHOIAPAa-
METPUIECKYIO I'DYIIy [pPeo0pasoBaHuil, IMOPOXKIeHHYIO mosieM &, cumBosioMm exp(tf). Pukcupyem
B HEKOTOPOH Touke o u3 X amantupoBanubiii pernep Rg. Torga B KaxK 0l TOYKe WHTErPAJBHOMN
muann 2 (t) moas &, mpoxomsimeil yepes g, BosHukaer penep dexp(t€)(Ry), KOTOpHIil Takke GymeT
aJIalTHPOBAHHBIM periepoMm TKaum W, tak xak {(t) — ee aBromopdmusm. B mocrpoennom perepe
KOOPJMHATEI BeKTOpa & OyJyT IOCTOSHHBI BJIOJb MHTErpajbHON Kpuboil. Ilomcrasisas £ = const,
&' = const u ypapHenus 1

2 W' =¢dt, W' =¢ldt. (6.26)
1 1 2 2

munun x(t) B ypasuenus (6.18), maiigem, aro
wh = ldt. (6.27)

Orpannunsas ypasHenust (6.21) za sunuo 2(t), moaydnm fjl = const.
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Paccmorpum reneps ypasuenue (1.33), KOTOpoMy yIOBJIETBOPsIET TEH30D KpydeHus Tkanu W:
7 m, 4 1 m 7 m o__ 14 yi 7 ¢
dagy, + ajpwy, — Apws” — as,wpt = b[]’\f\k](‘f + b[jk]e“Q’ .

IMoncrasnssa cona 3Havenus: dopm u3 (6.26) u (6.27) n monp3ysick paseHcTBamu (6.22), KOTOPBIM
YJIOBJIETBOPSIIOT KOOPJMHATHI BEKTOPA £, TIOJTY I1M daé x = 0. Touno Tax ke ¢ moMoIbIo paBeHcTs (6.23)
TTOJTy 9AM dbju =0umna

OGparno, mycTh TeH30pE! a] . bJ j;¢ TOCTOSIHHBI Ha HHTErPaJIbHON KpuBOil 2(f) BEKTOPHOIO IIOJIS
£(€%,€%), onpemensiemoit ypasrernsvu (6.26) OTHOCHTEILHO HEKOTOPOTO (hUKCHPOBAHHOTO CeMECTBA

penepos R(t), samanHoro ypasHenusimu (6.27). Ioxcrabass (6.26) u (6.27) B ypasaenus (1.33)
(1.38) 1pu ycsaoBuu, 9TO aék u b;u [IOCTOSIHHBI, TI0JIyduM paBeHcTsa (6.22) u (6.23).

Paccmorpum ypasuenus (6.21). YeaoBus ux unrerpupyemoctu (6.23) BBIIIOJIHEHBI, CJIEI0BATEIBHO,
BEJIMINHBI §; JIOJZKHBIL yJI0BJIETBOPSTh ypaHeHusiM (6.21). Ho Bioab kpusoit x(t) atn ypasHeHUsI
npramvaior B dé} = 0, orkyma &) = const.

Pacemorpum reneps ypasrenns (6.18). Yenosus nx unrerpupyemoctu (6.21) u (6.22) BbIIOTHEHDI,

ciiefioBaTeNIbHO, Beauaunbl £ u €' yuosiaerBopsior ypaBuenusM (6.18), koropbie BIob KpuBoii x(t)
) L 2 ) )
npurnMaior Buy d&' = 0, d¢' = 0. Cnenoarensno, £ = const n £ = const. B
1 2 1 2
Taxum obpasom, ypasHenus (6.22), (6.23) u nocaedyrougue eupasrcarom mom Garm, 4mo mer3op-

HOIE VOAR A%, bj ks - > Onpedeaenmnie na mpu-mrany W, uneapuarmmo, 60oav mpaexmoputi 6exmop-
H020 NOASA & OMHOCUMENDHO 2PYNNDL ABMOMOPPHUIMO8, NOPodIcdenoli amum nosem. 113 reopemsr 6.14
BBITEKAET BaXKHOE

CuaencrBue. Tpu-mrano W = (X, \y) donyckaem N -napamempuseckyio epynny asmomophusmos
moezda u moavko moezda, ko2da Cyuwecmeyem makoe paccaoerue mHo2000pasus X, na N-meprolr
CAOAL KOMOPO20 8 HEKOMOPOM CEMETCMEE PENEPOS KOMNOHEHMBL BCEX OCHOBHBIL MEH30p08 mKany W
NOCMOAHHDL.

5. Haiizlem aBroMOpdU3MbI NapaslIeIM3yeMbIX U I'PYIIOBBIX Tpu-TKaHeil. Ilycrs napannem)Haﬂ
TKaHb 33J1aHa, Kak u B §5 1. 1, B addpunnom npocrpancrse A?" pasmepHOCTH 2r ypaBHEHHSMHE '
= const, y* = const, 2’ + y* = const. ABromopduaMamu 3T0 TKAHU OY/IyT JTUHEHHBIE Hpeo6pa3OBaHI/m
Br/Jia o ) ) o )

' =Alx) + B, 'yt = Aly’ + C"
I TOJIBKO OHH. B JIaHHOM CiTydae rpyIia aBToMOPMU3MOB 3aBHCUT OT 12 + 27, T. e. OT MAKCHMAJIBLHOTO
4qncsa napaMeTpoB. HecioxkHO foka3aTh n 00paTHOE: eCu IpyIia aBTOMOPGU3MOB HEKOTOPOi TpHU-
TKaHU W 3aBHCUT OT MAKCHMAJHLHOTO YHCIA APAMETPOB, TO ITa TKAaHb OYJIET MapaJlie/n3yeMOit
(3amaga 6.5).

IIycrs TpI/I TKaHb W sBJIsieTcst TPYIIOBOiA, T. €. 3ajaHa, KaK U B § 5 V1. 1, HA IPSIMOM IIPOM3BE I€HUH
X =G x G7', rne G — r—wmepnas rpymmna Jlu. Torga B coorBercTBuu ¢ § 5 1. 1 TeH30p KPUBU3HBI bj Iy
paBeH HyJII0, a (HGOPMBbI wJ MOTYT OBITH NPUBEJIEHDI K HYJIIO, B PE3Y/IBTATe 1€r0 TeH30p KPYIeHHs 4y
CTaHeT MOCTOSIHHBIM U COBIAJIET CO CTPYKTYPHBIM TeH30poM rpymmbl G. 13 (6.21) Haxomum B 3TOM
caydae, 9To f; = ¢! = const, a ypasuenus (6.18) npuHUMAIOT BUJI:

J
dg' = (¢ + 205", ' = (¢ — 20 E"), (6.28)
1 1 2 2

rje ulﬂ n w' — wHBapmanTHBIe dopMbl Tpymbl G. Pasencrsa (6.23) mpm 3TOM YI0BIETBOPAIOTCH
2

TOKJIECTBEHHO, a cooTHOLIeHus (6.22) CBeAyTCs K CJIEIyOMIHM:
ajkcm - amkcj + ajmck : (629)

Coornomenus (6.29) o3navaror, 110 JIHeHHbI orepaTop cé- apysgerca quddepeHnupoBaHeM B aareo-
pe JIu g rpymmst G. Kaxiomy pemtennuio ¢ cucremst (6.29) orsevaer pelenne BLOJIHE HHTErPUPYeMoit
cucremst (6.28). B wactnoctn, npu ¢ = 0 CI/ICTeMa (6.28) ompejiensier 2r-napaMeTpUIECcKOe CeMEHCTBO
CJIBUT'OB Ha IPSIMOM [IPOU3BEICHUN X G x G™', COXpaHHIOIINX CIOCHUS Ay ClleJoBATEIBHO, IPYIIIA

BCeX aBTOl\IOpCbI/ISI\IOB prHHOBOI/I TPpHU-TKaHU TPaH3UTHUBHa U 3aBUCUT HE MeHee, 9eM OT 2r IrapaMeTpoB.
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VkaxkeM emne ofHO BaxkHOe pertenue cucreMmbl (6.28). Ussecrno, uyro anrebpa Jlu obuanaer

BHYTpeHHUMU AudDepeHnmpoBaHNSIMI BUIA, aékg’“ , TIIe aék — CTPYKTYpHBI TeH30p airebpsr, &F —

[IOCTOSIHHBIE. DTUM ,ILI/I(l)(bepeHLLI/IpOBaHI/IHM OTBEYal0OT BHYTPDECHHUE a,BTOIVIOp(l)I/I31\H)I BUJIa q)a = a_lxa

coorBercrByomeil rpymint Jlu (cm., nanpumep, [II-1]). B sTom ciayuae ypasuenus (6.28) npunumaior

CJICAYIOIINI BUJT: ; ) K by 3 i . & R
d§ = aj;,(§ +2§ )ul)J, dg = aj (€ —2§ )‘*2)1

B wacrnocTn, nmepsas mojcucrema AOIMycKaeT perieHue £ = 3 &'. EMy oTBevaeT BEeKTOpHOE Tojie &
1

Ha X, y KOTOPOrO TOPU3OHTAJIbHASI COCTABJAMONMAsT 9 = flg WMeeT ITOCTOSHHBIE KOOPJIWHATHI, T. €.

1 44

1

obpasyer MHBAPHAHTHOE BEKTODHOE moje Ha moarpymme G~ mpsmoro mpomssegenns X = G x G~ L.

. 1 .. .
Amnanoruuno, pemennio £ = 5@ BTOPO# TIOJACUCTEMBI COOTBETCTBYeT BeKTOpHoe mojie & ma X,
2

BePTUKAJIbHAS COCTABJAOMAas & = f’? KOTOPOro Oy/leT WHBapUAHTHBIM IOJieM Ha mnoarpymmne G
2 i

. 1. 1 .. .
B X. Pemenne &' = 3 &, &= 5 &' ompenensier BeKTOpHOE T0Jie &, MHBADUAHTHOE HA BCEl rpymme
1 2

X = G x G7!'. B s1oM ciryuae koopauHaTh oA ¢ cBazanbl yeaosueM & + £ = —¢' = 0, mosToMy
1 2 3

BEKTOp & KacaeTcsd CJiosi TpeTbero cioenns TKanu W. nduanTesnmanbable aBTOMOPMOU3IMBI TAKOTO

BHJIa MBI PACCMaTPHUBAEM B CJIEJYIOIEM Iaparpade.

§ 6.3. Perynsapuabie nHdUHNTE3NMATIbBHBIE AaBTOMOP(U3MBI TPU-TKAHE

1. Aproronuio A = (A,) tpu-tkanu W = (X, A\,) Mbl Ha3zBaau B § 1 peryssipHoii, eciu OJHO U3
oTobpaXkeHuii A, ABJISIETCS TOXKJIECTBEHHBIM. DTO O3HAYAET, UTO CJIOU OJIHOTO U3 CJIOEHUIl TKAHU OCTa-
I0TCd HEIIOJABUZKHBIMM. B COOTBETCTBUU C 9TUM OIIp€JIe/IEHUEM I/IH(bI/IHI/ITG3I/II\/I&J'IbeIﬁ aBTOMOpCbI/IBI\’I
TKaHn W HA30BEM NpasoviM, A€6blM WA 2A06HbLM, €CIIH OH TIEPEBOIUT B cebsl CJION TIEPBOrO, BTOPOTO
W TPETHETO CJIOCHUSI COOTBETCTBEHHO.

Paccmorpum, Hanpumep, zaashvili undurumesumasvivts asmomoppusm . Bexrop & xacaercd
CJIOST TPETHETO CII0eHusT, T0ToMy 13 (6.9) momyuaem &' = 0. U3 coornomenwmit (6.11) caexyer &' + &' =

3 12

=0, B cuiny vero u3 (6.18) Haxoum:
i i ekyeo ko kY
(gj - 2ajk§ )(‘*1) ‘H*Q) ) =0,

rae 0003HaAYEHO

Tak xax dpopmbr uljk + W HezaBECHMBI Ha MHOr006pas3u; X, TO MOJIYIAEM:
2

f; = 2a§'k£kv
u ypasuenus (6.18) cBomgTCs K CJIeLy IOMIHAM:
Ve =0. (6.30)
Buemnee nuddepennuposanue ypapaenus (6.30) IPUBOJUT K COOTHOIIEHUSIM
b€’ = 0. (6.31)

[IpoBeass amajgornaHbIe BBITUCACHUS IS MIPABOTO U JIEBOTO WH(MPUHUTEIUMATIBLHBIX aBTOMOP(MU3IMOB,
TIOJTY IUM

IIpennoxxenue 6.15. Bexmoproe noae £ onpedeasem 2aa8HbLl, TPABHITL UAU AEBBIT UHPUHUME-
BUMAALHBLT ABTMOMOPPUM, €CAU OHO YOIOBAETNBOPAEM, COOMBEMCMBEHHO YPAGHEHUAM:

= ggz" ng =0, bj‘szj =0 (6.32)
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E=¢lei, V&' =0, by =0 (6.33)
E=¢ei, VE =0, by =0. (6.34)

CooTHollleHHsI, CTOsIIIIE CIIPaBa, JOIYCKAIOT UHTEPIIPETAINIO B TEDMUHAX KacaTeJIbHbIX W -ajirebp
TkaHu. Kak u B 1. 2, OyeM cuuTaTh, UTO omepanuud kKacareabHoit W-aaredposl Touku p Tkanm W
OlIpeJIeJIeHBbl B KacaTeJIbHOM IpocTpancTse e K elUHHULE KOOpAMHATHOI Jyubl £,. Hazosem mommpo-
CTPAHCTBA, ONpeesieMble YPaBHEHUSIMI

Voe()E =0, blye(p)E =0, bly(p)® =0,

COOTBETCTBEHHO CPEOHUM, NPABLIM U AEGHLM MEPHAPHBIM AOPOM KacaTeJbHON W-ajrebpbl Tpu-
tkaun W B Touke p. O6o3HAYNM 3THU siapa 1uepe3d Jp,, J u Jy; COOTBETCTBEHHO. 3aMETHM, 9TO €CJIH
TKaHb W sBisiercss MydaHI0BOI, TO B CHIIy KOCOCHMMETPUYHOCTH TEH30pa KPUBU3HBI BCE TPU SJIPa
COBIAJIAIOT ¢ J-s7pOM cooTBeTcTBYIOMIEeil ajnrebpsl Masbuesa (cm. §5 it 4).

N3 cka3aHHOTO BBITEKAET, UTO eCcAU & — peeyAApHuLl UHPGUHUMESUMAAOHBLT aA8MOMOPPHUIM
mpu-mranu W, mo eexmop &(p), p € X, npunadaescum coomeemcmseyowemy mephaphomy Aopy
xacameavrnoti W-anazebpor amoti mxanu 6 mouxe p.

O TIlokaxkem, aro kaotcdoe u3d sdep Jn,, J., Jo obpasyem aneebpy JIu ommocumensvho OunapHol
onepayuy [, ], onpedesiemol men3opom Kpy“eHus a;-k.

HeficTBUTEIbHO, IIyCTHh BEKTOPHI &, 1, ( M3 HMPOCTPAHCTBA 1y yIOBIETBOPSIOT, HAIIPAMED, COOT-

Homenusim (6. 31) u (6.30). CBepHYB KOODJIMHATBI 3THUX BEKTOPOB ¢ paseHcrBaMu (1.31), mosmydnm

TOXKIeCTBO SIKOOu!:
[€lnc]] + [n[¢€l) + [ClEn]] = 0.

3aMKHYTOCTD sIJ[pa OTHOCUTEIHHO OIEPAIINY KOMMYTHPOBAHUS BBITEKAET U3 (DOPMYJIbI, TPUBEIEH-
noit B 3ajiade 1.21. CoruiacHo eif KOMMyTaTOp JABYX KOBAPUAHTHO ITIOCTOSIHHBIX BEKTODHBIX ITOJIel £ 1

7) BBIUUCJISIETCS TaK: ; PR
€, n" = —2a5,87n".

Huddepennupys 910 paBeHcTBO ¢ moMmorbio oneparopa V u upumenss (6.30) u (1.33), nosyunm:
Vign" = —(bfﬂe\k]‘*{[ + bfj/c]etgé)fjﬂk-

IlpaBasg dacTb 3TOro paseHcTsa obpaiiaercd B Hyib B cuiy (6.31). CiemoBarenbHO, KOMMYTATOD
BEKTODHBIX 110Jiefi € U 1) TakKe yzoBjeTBopsieT ypapHenuio (6.30), u JokazaresbeTBO 3aKOHYeHO. Jljist
anep J, u Jy jJerko mosydatorcs anajgorundubie yreepxaerusd. ll

[Ipeanosoxkum, aro panr cucreMmbl (6.31) B HeKoTOpOit TouKe p pasen r — s, s > 0, T.e. gaapo J,, B
9710l TOUKe HeTpuBUAJbHO. Torjia B HEKOTOPOil ee okpectHocTH cucrema (6.30) uMeer s HE3aBUCHMBIX
pemenuit £, a = 1,2,..., s, KOTOpbIe ONPEJICIAT S-MEPHYIO IPYTILY AE,?,) JIOKAJIbHBIX PEryJIsipDHBIX aB-
ToMmopduzmoB Tpu-tkanu W. 3 npesjoxenns 6.6 BbITEKaeT, YTO IPyIIa Ag,%,) JIOKAJIbHO U30MOpdHA
CBA3HOII KOMIIOHEHTe eunune Aapa Ny, KoopaunarHoi aynst £, Tkanu W. Kacarenbnas anrebpa JIun
K TpyIIIe A(vf,) (nmu ¥ sipy N,,) coBuagaer ¢ ajurebpoit JIu Jy,.

3aMeTuM, 9YTO BBIOOD TOYKHU P HECYIIECTBEH, TAK KAaK s/Ipa, B3STHIE B PA3HBIX TOYKAX, H30MOPMHEI
(cM. 3amaqy 6.4). AHAJIOTUYHBIE BBHIBOJLI CIIPABEIJIUBBL U B JIBYX OCTAJIbHDBIX CJIydasX.

2. Paccmorpum Gosiee 1moApOoGHO TKaHW, JOIYCKAIONUE HETPHBHAJILHYIO TPYIILY Ag’,) TJIABHBIX
peryispHbix aBromopdusmoB. HezaBucumbie pemenns £, cucrems! (6.31), a = 1,2, ..., s, oupemessiior
pacipejieienne 2s-MePHBIX TPAHCBEPCAJIBHBIX IPOCTPAHCTE. DTO PACIIPE/IEIEHIEe NHBOJIOTHBHO B CUJLY
unrerpupyemoctu ypastaenuit (6.30). Ilycrs V%% — HeKOTOpast HHTErPAIbHAS IIOBEPXHOCTD yKa3aHHOLO
pacupejiesienus (Takue MOBEPXHOCTH Mbl Ha3Baju B rase 1 TpaHcBepcaiabubivu). OGozmaunm W
IIO/ITKAHb, BbiceKaeMyto Ha V2% cioavm Txamn (§9 ) r1. 1). Tak Kak BeKTOpBI &, MapajIeTbHBl B
cBasuoctu Yepna, To (cM. 3amady 1.15) rpu-tkans W Gyler rpymmoBoii, U ee KOOPIAMHATHBIE JIyIIbl
m3oMopdHbI (10 KpaiiHeill Mepe, JIOKAILHO) Aapy J,, KoopauHaTHOI ynsl ¢, Tkann W.

OpHOMApaMeTPUIEeCKUM TOArpyImaM rpymmbl N, COOTBETCTBYIOT Ha Tpu-TKanu W aBymepHbIe
TpaHCBepCaIbHbIe TIOBEPXHOCTH V2, IepeceKalolye c/IoM TOH TKAHH M0 Ieole3mdecKuM uHmsamM (§ 9
. 1). Ilyers £ — ogHa U3 TaKuxX JIMHWIH, JiesKalllasg B HEKOTOPOM Cjioe JF3 TPETLEro CJaoeHus. Tak
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KAK KACATE/IbHBIH OHBEKTOP K HOBEPXHOCTH V2 mMeer Bu §Z?i A &'e;, a KacaTeabHAS IUIOCKOCTH K J3
2
OMPEJIEIAETCH BEKTOPAMH €;, TO KacaTeJIbHBI BEKTOP K JIMHUU UX IIepeceYeHus PABEH —§’($i + Si) =
= &'¢;. CpasauBas ¢ (6.32), Mbl BUAUM, 4TO JuHUs { ABJISIETCH UHTEIPAJLHON JMHUEH BEKTOPHOIO
3

o €.

Mensisi cioii F3, TOJIY9nM, 9TO Yepe3 KazKyI0 TOYKY HOBEPXHOCTH V2 IIPOXOJUT MHTErpPAIbHASI
JmHAST BeKTOpHOTO 10018t . [ToaTroMy moBepxHOCTH V2 MHBApHAHTHA OTHOCHTEILHO HHDUHUTE3NMAIb-
Horo asroMopduama &. To ke camoe Gy/ieT BEPHO 1 ISl TPAHCBEPCAIBHOI TOBepXHOCTH V2° B ciydae,
ecsu cucreMa (6.30) uMeer s HE3ABUCUMBIX DEIICHUIA.

Nrak mokasana

Teopema 6.16. ITycmov £ — 2aa6Hbill unGurumesumarotbili asmomopPusm mpu-mrarnuy W =
= (X, \y). Toeda:

@) UHMEZPAADHBIE AUHUY BEKTMOPHO20 MO § ABAAIOMCHA 2€00€3UMECKUMU OMHOCUMENLHO CEAZHO-
cmu Yepna;

6) mro2006pazue X paccaaueaemca 1o, mpanceepcarbiole nodmmozoobpasua V> pazmeprocmu 2s,
20e 8 — pasmeprocmsd cpedrezo mepraproz0 A0pa J,, W-anreebpo, mrxanu W ;

6) KaoiCOas MPAHCEEPCANDIAA NOGEPTHOCTIL V25 MEAHU CO0EPAHCUN UNMELPAALHBLE AUHUL NOAL &
U NOIMOMY UHBAPUGHIMHAE OMHOCUMENDHO UNPUHUMESUMAADHO20 a6TOMOPPUIMA &;

2) caou mranu W ebicerarom na mpanceepcasviur noseprrocmsax V> epynnosvie mpu-mxan,
KOOPOUHAMHDBIE AYNBL KOMOPBIT U30MOPPHBL cpednemy Adpy Ny, xoopdurammnotl synve mrarny W.

3. OmurieM TpaccMaHOBBI TpU-TKauu W, IOIMycKaonme s-rmapaMeTpruIecKyio TPYIILY PeryJIsspHbIX
apromopdusmos (s > 1). Ilo reopeme 6.11 Takue TKaHU IOPOKIAOTCS B IPOEKTHBHOM [IPOCTPAH-
crBe P"t! rumepmiockocThio X3 m gaByMs THiepkoHycamMu X| i Xo, BEPIIHHBI KOTOPBIX HMEIOT I10
KpaiiHeii Mepe oy 0011y TouKy S. Torjma ojHOIapaMeTpuIecKoe CeMeNCTBO TOMOJIOIHI C IIEHTPOM S
U JIBOWHOII IIJIOCKOCTBIO X3 ¥ OyJ1eT peryJisipHbIM WH(OUHUTE3UMAJIBHBIM aBTOMOP(MU3MOM 3TON TKAHHU.

[Ipeamnonoxum, aTo BepiinHbl KOHYCOB X | 1 Xo uMeroT s-MepHoe nepecedenne A. Tak Kak Kaxkast
TOYKa IIJIOCKOCTH A sIBJIIETCS IEHTPOM OJIHONAPAMETPHIECKOTO ceMeficTBa TOMOJIOruit ¢ JBOHHOMN
IJIOCKOCTBIO X3, TO B 9TOM CJIydae TPyIIna aBTOMOP(U3MOB .AE,?,) 3aBUCHUT OT S + | mapameTpos.

O6osnaunm A’ = AN X3, dimA’ = s — 1. Toukam u3 A’ oTBeuaroT napabojndecKue TOMOJIOTHH,
KOTOpBIE 00PA3yIOT S-MEPHYIO IOATIPYIIILY A( ) 5 AW) Ipymma .AW) SBJISETCsT KOMMYyTaTuBHOM. [leii-
CTBUTEJIBHO, COTVIACHO IPEIJIOKeHnI0 6.6 KOOpAMHATHBIE JIyIbl PACCMATPUBAEMON TPU-TKAHU MMEIOT
HETPUBHUAJIBHBIE siipa [N,,, U30MOPQHbIE I'DYIIIe .A () Viasken ITOJITKAHU, COOTBETCTBYIOIINE STUM
aapaM. [Iycts p — HekoTopas npsiMas B prtl. BCHKaH d-TIJIOCKOCTD, IIPOXOISINAs Yepe3 P, BbICEKAET
Ha rpaccMaHoOBOil Tpu-TKanu W moaTKaHb, KOTOPOI COOTBETCTBYET HEKOTOPAsT ITOJIYIIAa KOOPIMHATHON
aymer {,. Tak Kak dapa dABAAIOTCA TPYNIAMH, TO UM OTBEYAIOT MOATKAHM, OOpPA30BaHHBIE TpEMs
wiockoctamu (reopema 4.11). Ho Takue noarkanu BBICEKAKOTCS IUIOCKOCTSAME, COIEPIKAIIUMU ILI0C-
koctb A. Urtak, siipaM KOOPJMHATHBIX JIyIl COOTBETCTBYIOT HOJTKAHU, BbICeKaeMble (S + 2)-MepHbIMU
IJIOCKOCTSIMH, COMIEPKAIIMA S-MepHy10 IockoeTh A. Beskas ke (s + 1)-mepras mmockoers T/,
npoxozsimas 1epe3 (s — 1)-mepryto mwiockocts A’ mepecekaer xorychl X| u Xo m mmockocth X3
10 $-MEPHBIM IJIOCKOCTSAM, copepxkamum A, T. e. IpUHAJIEKAIUM OJHOMY I1y4uKy. Ilo Teopeme 4.11
COOTBETCTBYIOIIAS TPU-TKAHb OYJIET apaJIIe/In3yeMOil, a ee KOOPIUHATHAS JIYIIa, sIBJISETCST KOMMYTa-
TABHOI I'PYIIION.

Nrak, jtokazaHo

IIpennoxxenune 6.17. I pacwwanoea mpu-mxanv W donycxaem (s + 1)-napamempuueckyio epyn-
NY PELYAAPHOIL AEMOMOPPUIMOE .AW moeda u moavko moeda, Kozda zunepnoseprrocms X3 bydem
2unepnaockocmsvio, a 2unepnoseprrocmu X| u Xo — 2unepKonycamu, ee WUHDL KOMOPHLT UMEIOM, Ne-
pecevenue A pazmeprocmu s. I'pynna peeysaprols a8momopPuamos AW maxoli MKaAHU cocmoum u3
2omono2uli ¢ yenmpamu 6 A u deotinot naockocmvio Xs. Ecau s > 1, mo cywecmeyem (s — 1)-meproe
nepecevenue A = AN X3, mouram xomopozo omeeuarom napaboauveckue 2omonrozuu. Onu 06pasyrom
S-MEPHYIO KOMMYMAMUBHYIO NOJPYNNY 2PYNnvl AV?,
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§ 6.4. G-TkaHN

1. Omnpenenenne. G-TKaHIMHI HA30BEM TPU-TKAHU, JIOITYyCKAIOINE TPAH3UTUBHYIO I'PYIIIY aBTO-
Mopdusmos Ayy. W3 onpesesenns BhITEKaeT, 9To MHOroobpasume X pasMepHOCTH 27, Ha KOTOPOM
zefictyer rpymmna aromopdusmos G-tkanu W, aBiagercs omHOpomHbIM npocrpancrsom G/H | rue
G = Aw — rpynna JIu pasmeprocru 2r + p, H — ee moarpymmna pa3MepHOCTH p.

Corytacuo Teopeme 6.7 KoopauHATHBIE JIyTbl G-TKaH H30MOPMHBI Mex 1y coboii. C apyroit cropo-
HBI, OHU [VIABHOM30TONHBI pyT apyry (§ 1 ro1. 2). B [Bp-1| syusi, usomopdHbIe BeceM CBOMM M30TONAM,
nazpanbl G-ynamu. CirefioBaTesbHo, Koopdunamuoe Ayns, G-mrany asasomea G-aynamu.

[Mox neiicreuem rpynnbl G cion G-Tkanu W JIOJKHBI MEPEXOJUTH TaKXKe B CJIOU ITOH TKa-
au. [losTomy mpomsBosibHast G-TKaHb obpazoBaHa ciejyonmm obpazoMm. Ilycrs rpymnma G umeer
Tpu noarpynnsl Go, o = 1,2,3, pazmepHocTH T + p KaxKjas, MepeceKaromuecs: mo nojrpymmne H
pasmeproctu p. Crosmu tkanu W na omsopomuom upocrpanctse X = G/H OGymyr r-mepHble
dakrop-muoroobpasus ¢G,/gH, tne g € G u, kKak 06b19H0, gG, 03HAYAET CMEXKHBIN KJIACC.

G-TKaHIMU SIBJISIIOTCS M3yYeHHbIE paHee I'pymmnoBble TKanu u TKanu Mydanr. B camom nene,
MHOrOoOOpasue X, Hecylllee IPyHIOBYIO TpU-TKaHb R, ecTb mnpsimoe npouseeienne G = G| X Gfl,
rae G — rpynma JIn pasmeproctn r (§5 . 1). Coosimu TpynmnoBoit TKaHu OyayT cMeXKHbIe KJIacChl
rpynnsl G 110 ee HopMaJIbHBIM noArpynnaM G, G| U 110 HOArPyIIIe, COCTOAIIEH U3 3JIEMEHTOB BUIA
(z,z7"). punantesxuocTs Tkaneit Mydanr knaccy G-TkaHeit BbITeKaeT m3 TeopeMbl 4.21, coracHo
koTopoii Tkaub Mydanr peanusyercs Ha rpymne G UMEHHO TaK, KaK OIMUCAHO BBIIIE.

Tkanu Bosa, paccmorperusie B TiI. 4, He BXOISIT 1eJUKOM B Kiace G-traneit. Hampumep, rpac-
CMaHOBBI TKaHH BoJia, MOPOXKIECHHBIC B IIPOCKTHBHOM mpocrpancrse P’t! rumepriockocreio 7
FUIEPKBAJPUKON (), He JOIMYCKAIOT TPAH3UTUBHYIO TPYyIIy aBToMOpdusmoB. B camom mene, eciu
IJIOCKOCTh 7T YJAJUTh B GECKOHEYHOCTD, a KBAJAPUKY () cuurarh cdepoii B HEKOTOPON MeTpUKe, TO
addunnble npeobpazoBanusi, coxpansmonue cdepy (), IPeacTaBIsaoT cOOOIl BpaIeHNs OTHOCUTEILHO
ee nieaTpa. Ho rpynma Bparenuii geficTByer Ha MHOr0OOOpa3uu MPSIMBIX WHTPAH3UTUBHO.

2. Haitjiem cTpykrypHble ypaBHenust G-Tkanu. Bribepem 6a3nc mHBapuaHTHBIX (HOPM ciﬂ',uQﬂ, o*

w,v, p=1,...p, p =0, vHa ucxonuoit rpynne G Ttak, 4Tobnl noarpymnnsl Gy u (9 BBIIEISIIACH
YPaBHEHUAMU ul)’ =0 u w' = 0 coorsercrBenno. Toryma monrpynmna H BbIesieTcsl YpaBHEHUSIMA
2

(.«Ji
1

=w’ =0, a Tperba (r + p)-mepHast noarpymnma (3 — CHCTeMOit BUIA
2
i i g
Aw' + piw? =0
I 2
C IIOCTOAHHBIMU KOS(b(bI/IHI/IeHTa,I\JI/I )\; n /,(,;, YAOBJIETBOPAIONINMHA YCJIOBUSAM

det(Aé) #0, det(u;‘-) # 0.
Bsenem mOBBIN 6a3mc MHBAPUAHTHBIX (OPM, TIPOBE/IA 3aMEHY )\;uljj — ci)i7 M;ng — cézi. B pesynbraTe
yPaBHEHHSI TPEThE IIOATPYIIILI IIPUBEYTCH K BUJTLY clul + céﬂ =0.
Paccmorpum ypasuenmss Maypepa—Kaprana moka ToJIbKO Jijist (popMm aiﬂ u cgl. B cuny mosHoIM

naTerpupyemoctu cucteM w' = 0 u w’ = 0 oHEU 3anuUNIyTCH TaK:
1 2

i Vi i j j
o' =3¢ Jk 22]’“(5 /\w +e Ry /\alj +C <y ho”
(6.35)

Bce Bxoasmue ciona K09DOUIUEHTHI TOCTOSHHBI U YIOBIETBOPSIOT YCIOBUIM c k) = =0, c Cliky = =0.

wj/\w +e w]/\céj —|—c wj/\a dcé)i:

YcaoBue HHTErPUPYEMOCTH CUCTEMBI (f + UQJ = 0, BbIIEISIOMEN TOAIPYIIILY Gg, HpI/IBO,ZLI/IT K COOT-
HOTIIEHUSIM:

ﬁjk] [Jk] (ljk +c QJk) f;% = ‘23;% = o (6.36)
B coorBercTBuu ¢ mepBbiM paBeHCTBOM (6.36) 0603HATIM
1 i I i def
5 Sk~ Skl = T3 Sik T ElK = Yk (6.37)
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7 TTOJIOZKAM _ - - )
T 1 7 7 3
B pesysbrare ypasaerus (6.35) mpuMyT CJeIyonmit B

dw' = W AW+ a’w’ AWl dwt =W AWl — a’w’ AWk,
J 3 J J
1 1 1 1 2 2 2 2
T. e. COBIAIYT 110 (hopMe co CTPYKTypHbIMHU ypasHeHusME (1.26) Tpu-Tranu. [TosToMy oOHE onpeessoT
_ i

Ha oxHOpoxHOM IpocrpancrBe X = G/H paccmarpuBaemyio G-TKanb. BejauduuHbl ajy, obpasyroT
TEH30D KPyUY€eHUs ITOU TKAHU.

Boisicnum reomerpuieckuii cmbicsa (hopm W}, ONPEJENIeMbIX COOTHOIIECHUSIMU (6.38). Dukcupyem
TEKYIIYIO TOYKY P OAHOPOAHOro npocrpanctsa X = G/H, necymero paccMarpuBaeMyio G-TKaHb, T. €.

IIOJIOZKHUM clul = uQﬂ = 0. Torma ypasuenus (6.38) mepeiinyT B ypaBHeHUsI T = cé-%ﬁ”, rJe CUMBOJIa-

mu 7; u 0% obosnavensl (HopMbl w; U 0 NpHU (UKCHPOBAHHBIX IVIaBHBIX mapamerpax. Hamomuum,
9T0 (OPMBI 7} ONPEENIAIOT COIVIACOBAHHBIE MPEOOPA30BAHUSI PEIEPOB B KACATEJbHBIX POCTPAH-

crBax T, K CJJIOSIM TKaHU, IIPOXOJMAIIUM Yepe3 TOYKY p, U SABJISIOTCS WHBAPUAHTHBIMU (POPMAMU
rpynmbl GL(r, R) — crpykTypHOii rpymisl Gy -CTPYKTYPBI, OlpeesseMoi aToit rpu-Tkaubio. C apy-
roit cropousl, 6% = ¢*(0) Gyuyr unBapuaHTHbIMU opMamMy Ipynubl H , sBIISIONENCs CTaluoHapHOIT
HOAIPYIIION TOYKU p ofHOpoaHoro mpocrpancrsa X. Vrtak, reomerpudeckuii cmpicsa dbopmya (6.38)
COCTOUT B TOM, YTO CTPYKTypHas rpyuna Gy -CTpYKTYpHI, onpeieseMoil (G-TKaHbIO, CY>KaeTcs 110
cranuoHapuoil rpyunst H oxpmoponsoro upocrpancrsa G/H, mecymero sty G-tkanb. Ajnantupo-
BaHHBIE penepbl Takoil Gyy-CTPYKTYPBI CBA3aHBI MEKIY CO00# MpeoOpa3soBaHUSAMU C IMOCTOSHHBIMEI
K03 buImeHTaMm, MOCKOJIBKY OIMPEIEISIOT IePeX0] OT OJHOIO MHBAPUAHTHOrO Oasmca rpymmbl G K
JPYroMy ee WHBApUAHTHOMY Oa3uCy.

3. Haiinem tenzop kpususubl G-TKaHu. BHavajie 3anmineM MMOJHOCTHIO CTPYKTYPHbBIE YDABHEHUSI
rpynnbl G. OHu cocrosiT u3 ypasHenuit (6. 35) u ypaBHEHHUi, KOTOPBIM YJIOBJIETBOPSIIOT HOpMBI 6,
IpUYeM TIOC/IeHIE UMeoT camblii obmuit Bug. C yaerom (6.36) numeem:

i i g i ) i »
T T
dw' = = w AW el w! AW+t w! Ao® 6.39
2 2 57k 2 9Ik 1 sk ’ ( )
1 1 . b = i e 1 . k . .
do” = -c* o' No¥ + = cFw ANw® +E75.w Aw® + = 5w AW + e w! Ao¥ + e w! Nov.
2 3 2 URT T gy S T g ik Y 17y 97v3

KoMIIOHeHTBI CTPYKTYPHOTrO TeH30pa rpynnbl (G, BXOJSIIME B IpaBble 4acTH ypabHeHuit (6.39),
YZIOBJIETBOPSIIOT TOXKAECTBY AKOGH, KOTOpOE BBUJLY CJIOXKHOTO CTPOeHHus cucTeMbl (6.39) pacmnagaercs
Ha HECKOJIBKO CepHil COOTHOIeHMiT. B 9T0i KHUre OHU TIOJIHOCTHIO HE IPUBOJATCS, HO YNTATEb CMOYKET
Haiitu ux, upoguddepennuposas BHemHuM obpaszom cucremy (6.39) (cm. zagaqay 6.11).

Hasee Boraucaum B coorsercrsuu ¢ ¢opmysioit (1.32) pasuocrs dw} — w;? A wy.. Honcrasum cio-
Ja wj u3 (6.38) 1 mpeoGpasyeM MOy IeHHOE BBIPAsKEeHNE ¢ TIOMOIIBIO CTPYKTYPHBIX ypasHeHuit (6.39).
B pesysbrare 10/1y UM BHEIIHIOO KBaPATHIHYIO (hOPMY, COAEPIKAIILY IO BCeBO3MOKHBIE IIPOU3BE/ICHUST
6asucHbIx GopMm w', w', 0*. OHAKO B CHIIY TOXKIECTB ZIKOOH, KOTOPBIM yJIOBJIETBOPSIOT KO3 DUITHEH-

1 ) 2 ) b

Tol ypasaenuii (6.39), Bce ciaraembie, KpoMe b; Mcluk A oé)z, o0parTgaTcs B HyJIb, a TEH30D KPUBU3HEI b; Kt
pUMeT BUJI: _ _ _ _ _ _
bjke = CkeCim ~ €tkCim ~ €jkCme + €jiCme + CjsChp- (6.40)

C nomorpio dopmyiasl (6.40) nosydaercs OAUH HEOXKUJAHHBIA Pe3yJbTAT O IPYIIIOBBIX TKAHSIX.
Kaxk y»ke 0bL10 OTMEYeHO B HadaJje maparpada, IpyImnoBasi TKAHb OMPeJe/IeHa HA MPSIMOM ITPOU3Be-
JEHUN TPYIII, T. €. IpeacTaBisgeT coboit (G-TKaHb, y KOTOPOIi ABe n3 Tpex obpa3yomux ee noarymn G,
ABJIAI0OTCA HOpMabHbiMK B G. @opmysia (6.40) mo3BOJISET YCHIIUTD STOT PE3YJILTAT.

Teopema 6.18. Ilycmv G-mxand 006pa3osana, KK ONUCAHO BbLUE, HAKMOP-MHO2000PA3UAMU
9Go/gH. Ecau xoms 6o, 00na us nodepynn G asasemes Hopmasvrol nodepynnot ¢ G, mo makas
G-mxand A6AAEMCA 2PYNNOBOT MKGHDIO.

6 M A Axveie A M T1lenexor
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0 JlokazaTesrbCTBO JIOCTATOMHO IPOBECTH i OjtHOro M3 v = 1,2, 3, mockosbky Bee noarpynist G,
pasronpasubl. [lycrs, Hanpumep, nofarpynna G, BeljiesieMas yPABHEHUSIMI ciﬂ = 0, aBasiercss HOP-

masapnoii. Torga B cooTBercTBHEM C mM3BeCTHBIM (bakTOM U3 Teopum rpynn JIu ksagparmdnbie dop-
MBI daiﬂ BBIPAXKAIOTCS TOJILKO epe3 (popMbI ciﬂ, BBy "ero u3 (6.39) caemyer, aro

e =0, ¢j, =0. (6.41)

[Moupcrasussa B (6.40), nosxydaem bgm = 0. Kak mokazano B §5 1. 1, 370 T€H30pHOE YCJIOBUE XapaK-
TepusyeT rpyumnosbie Tpu-TKaHu. Ml

[IpoBeienHOe aHAIUTHYIECKOE JOKA3ATEIBCTBO JIOMOJHIM I'eOMETPUIECKUMU PACCYKIEHUSIMU, BbI-
SICHSTIOTITUME CTPOEHHE PacCMOTPeHHOI B TeopeMe 6.18 rpymmosoit G-Tkanu. Bo-nepBbIX, B CHIIY COOT-
Homenuit (6.41) noxrpynma H 6yaer sHopmasasHoit B G u B G,. II0aTOMY 0JJHOPOJHBIE IPOCTPAHCTBA
G/H u G, /H ssnsmiorca rpynnavu. O6o3unaunm ux cuosa G u G,. PacemarpuBaemas G-Tkanb Oyer
obpasoBana cmexkubiMu Kiaaccamu ¢G, Ha G. Ee crpykrypHble ypaBHeHus mosydaiorcs u3 (6.39) c

ydaeroM (6.36) u (6.41):

dot = — 2 ¢t Wi AWk i AWF, dwt = i A J A

RO I T LRI bt U S a0
j Vi j ko k i () j k '

d 2 1y — - A Vi VAYS 24 J Vi A .

gD Z ooy g gl gD Ay

Henocpeacrsenno nposepsieM, IT0 orobpazkenue 9.3: Go — G (eM. §3 . 1), ycranasiusaeMoe
Ha paccMaTpuBaeMoil G-TKaHH CJIOSMH CJIOCHHS ., Oyaer msomopdusmom. OnHako, Kak BHJIHO H3
ypasrenuii (6.42), rpyuna G He sBjgeTCs IPAMBIM IIPOU3BeAeHreM cBoux noarpymn Gy u Go.

C npyroif cTOpOHBI, ypaBHEHUsT TPYIIOBO TKAHW MOTYT OBITH 3alMCaHbl, KaK U B §5 . 1, B

CJIEIYTOIIEM BUIE: ] o ) o .
A’ = @ AGF,  dg' = —cja AT (6.43)

B stom ciiyuae mMuoroobpasme X, Ha KOTOPOM 3aJaHa IPYIIOBasl TPU-TKAaHB, IPEICTABJIAET CODO
npamMoe mpoussefenue rpymr Gy x G, dimG) = 7. O6o3nauum 3Ty rpymmy cumsoiaom G. Cpas-
mmBas cucreMbl (6.42) m (6.43), MBI BEamM, uTo rpymmel G u G, BoOOIIE rOBOPS, He M30MOPGHEL.
Takum 06pa3oM, 00ha U Mma dHce 2PYNNOBas MPU-MKaHb MoAHcem Obimsd pearusosana Kok G-mrans Ha
HEUBOMOPPHBIT MeHCIY cob0l 2pynnax.
Ho nockosbKy 06e cucrembr (6.42) u (6.43) onpeensitor omHy u Ty »Ke Tpu-TKanb W, cyrmecTsyer
JIOIIyCTUMOE IIPeobpa3oBaHue _ o _ o
? = A;“"l)]’ gz = A;céﬂ, (6.44)

CBA3BIBAIOIIEE MEXKJy CODOM aJanTUpOBaHHBIE KOpemepbl R = (r.fi,wi) uR = @Z,wl) TIpu sTom
2 2

BEJIMIIHBI AZ He SBJISIOTCH IOCTOSHHBIMU, TaK Kak rpymisl G u G He u30MOpQHbI IPYyT JPYTY.
CDyHKuI/H/I AZ YZOBIETBOPAIOT ypasHeHusM (1.41):

dA! — Ajwh + Al =0,

B KOTOPBIX w! 1 W% — popMbI cB3HOCTH UepHa OTHOCHTEILHO Koperepos R u R. OopMeI W; paBHBI

—1

Vet
HyTio, a popmbr wj Haxomum u3 (6.38) ¢ yaerowm (6. 41)'
] k
wi= QJk‘f

[ToacTaBiisiss UX B IpeabIAyIee YypaBHEHNE, TOIYIaeM
dA: — A};g?eci/ =0. (6.45)

MozkHO TTPOBEPUTH, YTO B CHJIy TOXKjecTB fAkobOu, HaiineHubx B 3amade 6.11, stu ypaBHeHus OymyT
BIIOJIHE UHTerpupyeMbl. TakumM 06pa3oM, eciy IPyIIIOoBas TpU-TKaHb 3ajaHa ypaBHerusMu (6.42), To
u3 ypasHeHuii (6.45) MBI HAXOJUM BEJMIUHBI A; U ¢ UX TOMOIIBIO peobpasyem ypasHeHust (6.42) B
«KaHOHWUECKMe» ypasHeHwus (6.43).
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Benmmannsr A; CBA3BIBAIOT TAK2KEe KOMIIOHEHTDI TeH30pa pr‘{eHI/IH B pasHbBIX Oasucax. Kak ciemyer
u3 ypasuenuit (6.37) u (6.41), B xopenepe R aj, = —cjy, a w3 ypasnennit (6.43) maxomum, 4To
2

=i _ i .
ajp, = Cj- CoriacHO TEH30PHOMY 3aKOHY Hp606pa30BaHI/I${ nMeeM:

= —AA AL (6.46)

k pq’

rJie MaTpUIA E; SBJISICTCs] 0OPATHOM K MaTpuIle A; 3aMeTuM, ITO XOTsI BEJUIHHBI A; U HE SIBJISTIOTCS
IIOCTOAHHBIMHU, KOMIIOHEHTHI c;- &> Hosmyatornruecs mo dopmyaam (6.46), OymyT, TeM He MeHee, KOHCTAI-
ramu (3amada 6.12).

CymecrsoBanne HenzoMopdHEIX rpynn G u G, onpeiesionmx ogHy U Ty ¥Ke TPYIIIOBYIO TpH-
TKaHb, JOKa3bIiBaeTcd B 3asaxe 6.13.

4. Bepuemcs k obiiemy ciydao u cOPMYIUPYEM IBE OCHOBHBIE 33[a91, BOSHUKAIOIINE B TEOPUU
G-rkaneii: 1) B 33JJaHHOM KJjiacce TpU-TKaHeil BbIIEJUTH Hoakaace G-TKaHeil; 2) BbISICHUTD, sIBJIAETCS
Ju 3ajiaHHas Tpu-Tkaab W G-tranpio? [lyTh K pernennio mepBoiil 3aa9u MOJICKA3BIBAETCS TEM 00-
CTOATETLCTBOM, 9TO Ha (G-TKAHU TOCTOSHHBI KOMIIOHEHTHI BCEX €€ OCHOBHBIX TEH30POB, IMOCKOJIBKY
OHU BBIPAXKAIOTCS 4Yepe3 CTPYKTYPHBII TeH30p ucxoiauoi rpymmbl G. [losTomy, 4T00BI BBIIEIUTD B
sasannoM Kiacce K tkaneit mogknace G-rkaneit, Hy?KHO MOJIO?KHTH B COOTBETCTBYIOMIUX CTPYKTYPHBIX
ypapuenusx (1.26), (1.32) u T. 1. Be1HHbL Ay, b] ko> - - - HocrosHEBIME. 1IpesmmonozkuM, 4To nosryqus-
IAsCS [IPU ITOM CHACTEMA, ypaBHeHI/II/I (oBosHaumM ee ) ) He HAK/IAJbIBAET HOBBIX COOTHOIICHMIl Ha
TEH30PbI TKAHU U (DOPMBI ulj u céj Toryta n3 cucremst ) | 1acth GopM W) BHIPASUTCA UePe3 IIaBHbIe oij

n (,«2} , T. €. Cy3UTCA CeMenCcTBO AJANTUPOBAHHBIX PEIIEPOB TKaHH. CprKTyprIe YpaBHEHUS IPpEACTaB-

JISTIOT CcODOI B 9TOM CJIy4dae CHCTEMY C IOCTOSIHHBIMU KO3(UImeHTaMu, 3aMKHYTYI0 OTHOCUTEIBHO
oneparuu BHerHero nuddepenimpopanusi. OHa onpeesisier rpymiy JIu G, Ha KOTOPOii 1 peaiu3yercst
kiacc K. CraemoBaresbHo, Bech Kiacce K BxoauT B Kiaace G-TKaHeid.

Eciu cucrema Y, IPUBOJNT K HOBBIM COOTHOIIEHUSIM HA TEH30DHI, B CHJILY KOTOPBIX (hOPMBI Liﬂ u L,é}i

BCe K€ OCTAIOTCS HE3aBUCHMBIMU, TO STH COOTHOIIEHUS U BBIJEJSIOT B Kiacce K momkiaacc G-TKaHeid.
B cayuaae, ecsiu cucreMa Y | BJI€9ET COOTHOINEHUS HA (DOPMBI ul)’ 7 w' HE3aBUCHMO OT KaKuxX ObI TO
2

HU OBLIO COOTHOIIIEHU Ha TE€H30pHI, TO B Kjacce J Her G-TKaHeil.

[Tompobusie paccyxienust mpoBoaunck B §5 1. 4, rjae Obuia Haiigena Tpu-tkaab Mydanr mu-
HUMAJIbHOM pasmepHOcTH, U B §3 mi. 4 npu HaxoxjeHun ypasHenuii (6.38) mecTuMepHoil TKanu
Bosa ¢ cuMmmerpuunoit Marpuneii a” pamra 1. CiemoBaTenbHO, IIOCIAEIHSS TKAHb TAKMKE SBIISETCS
G-Tkanblo. G-TKaHbIO OyJeT U IMecTUMepHas TPU-TKaHb Bojia ¢ HecuMMeTpuuHON Mmarpureit (a')
panra 3, paccMorpenHas B 1m.4 §3 1. 4. DTa TKaHb UHTEPECHA TeM, 4TO JJis Hee moarpymmna H
rpusnanbHa (H = e).

OpuH u3 crocobOB pellleHusi BTOPOI 3ajiaun 3akJiodaercs B cieiayromeM. Ilycrs Tpu-tkanb W
samana ypaprHenusimu (1.3). Tloms3sysics dopmymamu §5 1. 1, Halinem ee CTPYKTypHBIE yDaBHEHUsI.
IIpu 3TOM, ITOCKOJIBKY CHCTEMA JIOKAJIBHBIX KOOPJAUHAT (PUKCHPOBaHA, (DOPMBI w; BBIPA3ATCS TOJBKO
4yepes JIoOKaJIbHble KOOPAUHATHI (TJIaBHbIE HapaMeTpbl). B repmunax reopun G-CTpYKTYD 9TO 03HAYALT,
aro Gy -CTPYKTypa, onpejeiisemast TKaubio W, sBiisiercst e-CTpyKTypOi.

Ecin paccmarpuBaemas tpu-tkanb W aBnserca (G-tkambio, To rpymma Jlu G, Ha KoTOpOil OHA
peam3yeTcsi, MOYXKeT ObITh ITOJIyYeHa BBEJECHIEM HOBBIX mapameTpoB. OTcioa cjielyeT KpuTepuii: Tpu-
Tkaub W Oyger G-TKaHbIO, ecju ¢ IOMOIIbio npeobpasosanus (6.44) ee CTpyKTypHBbIE YpaBHEHUsI
MOXKHO IIPUBECTH K TAKOMY BHLY, YTO BCE BXOISINNE B HUX (DYHKITMHU CTAHYT IIOCTOSTHHBIMA. T PyIHOCTH
3aKJ/II0YAETCS B TOM, UTO HET HUKAKMX OOIIHUX COOOPAaKEHUIl, MO3BOJIAIONINX HANTH BEJIMIUHBI A;

§ 6.5. ABToMOpdU3MbI KPUBOJMHEIHBIX TPU-TKAHEN

B stom maparpade Mbl HAXOIMM KOHEYHbIE YPABHEHUSI KPUBOJIUHEHHON TPU-TKAHHU, JOITYCKAIOIIEH
OJIHO- WJIN JBylapaMeTPUYecKoe CeMefiCTBO aBTOMOPQU3MOB.
1. CrpyKTypHBIE ypaBHeHUsl KpuBosnHeHHOH Tkann W nmeror coremyrommii Buf (em. 1. 5 §4 rur. 1):

dwi; =wj Aw, dws =woAw, dw=>bwiAws, Vb=db— 2bw = bjw; + bows. (6.47)

a*
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IIpomomkuB mociegHee ypaBHEHNE, IPUIAEM K yPABHEHUSIM
dby — 3bjw = biwy + biows,  dby — 3bow = bajwi + boows, (6.48)

1 KOHEYHOMY COOTHOIIECHHUIO

big — boy = 2b°. (6.49)

IIpenmonoxkuMm, paccmarpuBaeMasl TKaHb JOIYCKaeT JBylIapaMeTPHYECKOe CEMEHCTBO aBTOMOD-
duzmos. Torma B coorBeTcTBHE ¢ TeopeMoil 6.14 cyimecTByeT ceMefiCTBO aJ[allTUPOBAHHBIX PEIEPOB, B
KOTOPBIX BCE OTHOCUTEJbHBIE HHBAPUAHTEL: b, by, by U T. /1. sSIBJIsAIOTCS TOCTOSHHBIME. B TakoM periepe
U3 MPEJBIAYIIIX (DOPMYJI ITOJIY IaEM:

—2bw = bjwy + bowo, —3bjw = bjjw) + biowe, —3bow = bojwi + boowo.
[Ipenuonoxum, aro b # 0 u Hopmupyem penep yciaosuem b = —1/2, Torga
w = biwy + bowy, (6.50)
Wcekioyas Ipu 3TOM IIPEIIOJIOKEHUN U3 MOCIEJIHUX ypaBHeHUil (hbopMy w, NPHUIEM K PABEHCTBAM:
—3b1 (b1w) + bawe) = briwy + biows,  —3ba(biwi + baws) = bajwi + bogws.

B cuny mesaBucumoctu 6asucHbIX (hopMm OTCIOIA TOSyYaeM, B 9acTHOCTH, bjo = bgy = —3b1by, uTO
uporusopeunt (6.49). CiemoBaresbHO, KPUBU3HA DPACCMATPUBACMON TKAHU PaBHA HYJIO, TO €CTh
TKaHb {ABJISETCH Mapajuienu3yeMoii. B sTom ciydae ee ypaBHeHHUsI NPUBOLATCA K BUILY z = T + ¥,
a aBToMOpGMU3MBI UMEIOT BUI: © — kx +a, y — ky + b, z — kz + a + b. Jokazano

IIpennoxxenue 6.18. Ecau xpusosunetinaa mpu-mrans donyckaem 08Ynapamempuseckoe cemelti-
CMB0 a8MOMOPPHUIMOS, MO OHA ABAALMCHA NAPAAAEAUSYEMOT U 00Aadaem, CAeD08AMEALHO, MPETNA-
pamempuueckum cemeticmeom (epynnoti) asmomopPuamos.

2. Paccmorpum Tereph KpuBoJmHEiHYIO Tpu-TKaHb W, KOTOpas He sIBJISIeTCs HapaJlJIeTn3yeMoil,
HO JIOIIyCKaeT OJHOIIapaMeTputdeckoe ceMmeicTBo aBTroMopdu3MoB. IlycTh, Kak u BbIIE, CeMEHCTBO
aJIalITHPOBAHHBIX KOPEnepoB BBIOpaHO Tak, uro b = —1/2 u nmeer mecro ypasaenue (6.50). B sTom
citydae u3 ypasHeHnst (6.48) naxomum:

db = (bll + Bb%)wl + (b12 + 3b1b2)w2, dby = (bglbg + 3b1b2)w1 + (bQQ + 3()%)(4}2, (6.51)

7 Tak jlajiee. AHAJIOrMIHbIE YPABHEHUsI MOT'YT OBITh TIOJIyYeHbI JJIsi BeJIUIuH by, byo, ...

[IycTb paccmarpuBaemast Tpu-TKaHb W IIOIIyCKaeT OHOMapaMeTpruIecKoe ceMeficTBO aBToMopdu3-
moB. Torma mo Teopeme 6.14 BIOIbL TpaeKTOpHL 3TOTO CEeMECTBa aJANITHPOBAHHBIC pPElepbl TKAHHI
MOXKHO BBIOpATh Tak, 9TO B ITUX pelepax Bce CTPYKTYPHBIE TEH30DPbI TKAHU CTAHYT ITOCTOSTHHBIMU.
CurletoBaTeibHO, HA TPAEKTOPHIX CEMEHCTBa IIpaBble YacTu ypasHenuil (6.51) u UM aHAJIOrMYHBIX
obpamaioTcss B HyJib. A 3HAYNUT, Ha BCEM MHOM0OOpa3nd TKAHHU YKa3aHHbIE IPaBbIe YaCTH [IPOIOPIIH-
oHaJibHBL. [loaTOMY, IpUpaBHUBAST UX HYJIIO, MbI IOJIYIUM AuddepeHnuaIbHOe ypaBHeHe OIHOmapa-
METPUIECKOI'O CeMEeCTBa aBTOMOP(MU3MOB TKAHM.

Jlajiee, TPONOPIMOHAIBLHOCTh IPABLIX dYacTell oO3HavaeT, 4To JuddepeHnuaIbl  (QyHKIUi
bo, bi1, b19, ... IpomopIHOHAJLHBI, Hampumep, dby. CiemoBaTelbHO, MOMKHO CYHUTATh, YTO HAa
MHOIro0oOpa3uy TKAHW BCe 3TU (DYHKIMH 3aBUCAT OT OJHOI IEpeMeHHOMH by :

by =bo(b1), bt =bii(b1), b2 =bia(b1),

u 1. 1. Ho rorma B cuity (6.50) u nepsoro u3 ypasuenwuii (6.51) nepsoe u3 ypasuenuii (6.47) npeobpa-
3yeTCsI CJIEIYIOMIIM 00Pa30M:

db;

dwy = by(b — (b __d
wi = by(b1)wi A wo 2 (b1 )wi A b(or) & 3b1ba(b1)

=wi N\ d@l(bl),

rie 61(b)) — Hekoropas dbyHkuus. VIHTErpupys mocyeiHee ypaBHeHue, HafineM GopMy wy:

w = e gy, (6.52)
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3/ech © — HEKOTOpPAs HOBas NEPEMEHHAs. AHAJIOTHIHO HAXOAAM (HOPMY wo:
wo = e 20D gy, (6.53)
IMoncraBus Haiinenuble 3HadeHus 6a3ucHbXx GopM B Hepsoe ypasaenue (6.51), mosrydnm:
dby = a(by)du + B(by)dv.

Orcroza ciefryer, 9To 9acTHbIe IPOU3BOJHbIE OT hyHKIMHU b) = ¢(u, v) TaKXKe sIBJASIOTCs DYHKIUAME
oT b] .

O6o3naunm yepe3 u = (b, v) u v = @(u, by) nAeByo u npasyio obparable QYHKIUY 1y DYHKIUNA
b = p(u,v). Torga u3 0YeBUAHBIX PABEHCTB

0p 09 _ Op 0y _
Ou 0by ’ Ov 0by
0p op
BBITEKaeT, YTO IIPOU3BOJHLIE ET u Pbr TaK>Ke 3aBUCAT TOJIBKO OT bi. OTcioma, B CBOIO OYepeib,
1 1

cJIeflyeT, 4To _
u=0(b1,v) =pbi1) +q(v), v="5(ubi)=r(u)+sb).

Pentenue 910ii cucreMbl MOXKHO 3anucarh B Buje by = ¢(u + av), rie a — HeKOTOpast II0CTOSHHASL.
Torma Bce dyHKIMU OT mEepeMeHHON by cTaHyT (QYHKIUIMUA OT MEPEMEHHOH U + av, B JACTHOCTH,
GasucHbie (GOPMBI 3AIUIIYTCS B BUJIE:

Wy = 6—0] (u+(w)duy Wy = 6_92(u+m))d?],

rae 0 u @y — yKe HEKOTOpbIE HOBbIE (DYHKITHH.

Teneps Haiifilem ypaBHEHHsT CJIOEHUI PACCMATPUBAEMON TPU-TKAHU. B COOTBETCTBUU C ypaBHEHUsI-
Mmu (1.2) nepBoe cjioeHue 3ajaeTcsl ypaBHEHUEM % = & = const, Bropoe — ypaBHeHUEeM v = y = const,
TpeThe — auddepeHInaabHbIM YpaBHEHUEM

"0 du + dv = 0.

Ob6oznauuMm u + av = p, u — av = q. Tak Kak pyHkuu 0| u 9 3aBuUCAT OT IEpPeMeHOil U + av, TO
nocJie/[Hee YPaBHEHUE MEPENUIeTcsl B BUJIE
5 1
¢*® (dp + dq) + —(dp — dg) = 0.
B 3TOM ypaBHEHNN IIepEeMEHHbIE PA3IEISIOTCS, U IOCIe NHTEIPUPOBAHUS MbI IIOJIY YAeM

u—av+ f(u+av) = z.

[TocTostnnast MHTErpUPOBAHUSA 2 — IIAPAMETP TPEThEro cjoenus Tkanu. VIckiodast u3 ypaBHeHul cjoe-
HUI JIOKaJIbHbIE KOOPJUHATHI U U U, B COOTBETCTBUU C TEOPUEN IIPUJIEM K YPABHEHUIO PACCMATPUBAEMOI

TPHU-TKAHU:
z=x—ay+ f(z+ ay).

ITocste M30TONMYECKOrO NPeoOpasoBaHus ay — —Y yPABHEHHE TKAHU IIpUMeT GoJiee MpPOCTOil BUIL:
z=x+y+ flz —y). (6.54)

Hokazano

Ilpengioxkenne 6.19. Ecau kpusosumelinas mpu-mraHs donyckaem 00HONAGPAMEMPULECKOE Ce-
MEUCMBO ABMOMOPPUIMOB, MO €€ YPABHEHUE 8 HEKOMOPBIT AOKAALHHIL KOOPIUHATAT NPUSOOUMCHA K
sudy (6.54).

Jlerko ykazarb aBTOMOPGU3MBI pACCMATPUBAEMOI'0 KJIACCA TKaHE(, 3a4aHHbIX ypaBHerueM (6.54):
r—x+a,y—y+a, z— z+ 2a. Tpaekropun aBTOMOPGMU3MOB OIPEIEIISIOTCA YPABHEHUSIMUA T —
— y = const.
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3AJIAYN

6.1. Jokaxkure, 9TO I'PYNIBI ABTOMOPMU3MOB H30TONHBIX JiyTl n3oMopdusl ([B-2], c. 26).

6.2. Aproronust A = (A,) BIOJHE ONPEJIEISETCs 33 JaHNeM KAKUX-JIN00 JIBYX CBOMX KOMIIOHEHT.
O Heiicreurensro, mycts A = (Ay, Ag, A3) u A" = (A, A5, A3) — aBroronuu, TOorja u AA-! =
= (id, AYAy l,id) — TakKe aBToTonmsA. [I0CKOJIBbKY /iBe ee KOMIIOHEHTHI SBJISIIOTCS TOXKI€CTBEHHBIMI
npeobpazoBaHusAME, TO u Ay Ay "= id, orxyna Aj = Ay, uro u joxasbiBaer yreepxkienne. H

6.3. [lokaxkure, ITO si/ipa JIyll Oy/IyT U30MOPQHBI COOTBETCTBYIOIIIM TPYIIIAM A(S).

6.4. /lokaxkure, YTO COOTBETCTBYIOIINE SIIPa W30TOMHBIX JIYII U30MOPQHBI.

6.5. Ecau npocrpascTso perennii cucremsl (6.18), (6.21) mMeer MakKCUMAIBHYIO PA3MEPHOCTb, TO
TPHU-TKAHBb [APAJIIETH3YEMA.

6.6. Haiimure yciaoBue, mpu KOTOPOM Oa3UCHBIN BEKTOP €; TMOPOXKIAeT WH(MUHUTEIMMAJIbHBIH
aBTOMOP(U3M TPU-TKAHHU. “

6.7. Banumure CTpYKTypHBIE ypaBHeHUsl Tpu-TKanu W, Ha KOTOpOil Bce OA3UCHBIE BEKTOPBI €
IOPOXKJIAI0T MH(MOUHUTEZUMAIBHBIE aBTOMOPMOU3MBI.

6.8. /lokaxkure, 94T0O MHOXKECTBO BEKTOPHBIX Houieii & = (£ i i), SABJISIIONIAXCS PEIIEHUSIMUA CUCTEMDI

1 2

(6.18), 3aMKHYTO OTHOCHTEILHO OIEPAINN KOMMY TUPOBAHHSL.
O Iyers € = (£,¢") un = (n*,n") — nBa pemenus cucremsl (6.18). B coorsercreum ¢ 3anaqeit 1.21
1 2 1 2

KOODJIMHATHI UX KoMMyTaTopa ¢ = [£, 7] Beraucssirorest o popMyiam:
¢'=&n =&+ 258", =80 -1 — 2a5,.8 0",
1 1 1 11 2 2 2 2 2

Huddepenrupys mocieine ypaBHeHUs U peodpa3ys MOy IeHHbIH Pe3yabTaT ¢ MOMOIIBIO ITUX Ke
ypasHenuii, coornomenuit (6.23) u (1.31), upuzem K ypaBHeHUSIM

VE = (& + 205", VE = (€ = 2058"),
Takke nmeromuM By (6.18). 3xech
5; = fjl‘“??i - ﬂ?fii + b;‘ke(?fgz - 717165) u

6.9. Vpasuenus (6.28) onpeznendor JuHelHOe npecTaBienue rpymnbl G, OIHOPOJHOE B CILydae
cz- = 0.

6.10. IIycrs uaduHUTe3MMANBHBIT aBTOMOpdU3M £ yroBieTsopsier yeiosuto &(p) = 0. Torma au-
HEWHBIH ortepaTop §; saByseTcs auddepeHImpoBaHueM JIJis JTI000T0 13 TEH30POB ¢ g — KOBapUAHTHBIX

MIPOUBBOJIHBIX TEH30Pa KPUBUZHBI b; ko
6.11. Toxectsa SIk06U, KOTOPBIM yAOBIETBOPSIOT KoadduuenTs ypasaenuii (6.39) npu o = 0,
UMEIOT CJIEJTYTONTUI BUT;

7 m
Cke] = 0,

mo
Emls§ ke =0,

7
gm[]2
% m i m % m i m % m
c el —coel, —el e +el epy—el el =0
lmkljﬁ lmjlld lméljk lkaEJ lijZk ’
?mk?jé - ?m(?jk - flfjmgac =0,

CnkGt T Gimht = Cmeh) + SomEik — Cm&l = O,
CnkCes ~ CmiCin + ComHy = 0.
6.12. JlokaxxuTe, 9TO BEJIUINHBI cz. &> openersemsle dhopmynamu (6.46), sIBISIOTCH TOCTOSHHBIMA.
Ykazanue. IIpeaBaputesnbHO IMOKAXKUTE, YTO BEJTUIUHBI gz, Bxoggamue B (opmyianl (6.46),
VAOBJIETBOPSIOT yPABHEHUIM dg; + ﬁig?ﬁ)z = 0. 3arem npomuddepennupyiire pasencrsa (6.46) u

BOCIIOJIB3YHTeCh cooTHOMmeHusiMu (6.45) u Toxxaecreamu Akobu, HafienHbIMEu B 3ajade 6.10.
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6.13. JlokaxkuTe, 9YTO CHCTEMBI dulj =0, dcé) =0umu d? =0, d@ = ? A g OIIPENIEJISAIOT OIHY U TY
JKe JIByMEepHYyIO Tpu-TKaHb. Haiiure npeobpazoBanue, nepeBojsiiee cucreMy (hopm (ci),cg) B CHCTe-
My (@, ).

Ykazaunue. Bocuonbayiirecs ypasuenusmu (6.45).

6.14. KpusosuHeiiHas Tpu-TKaHb, onpenensieMasi ypasHenueM (6.54), Gyaer peryssipHOil Torja u
TOJILKO TOTJIA, KOTJIa 3TO YPAaBHEHUE UMEET BUJI:

1
z:a:—&—y—i—alnch(a(x—y)—i—ﬁ)—i—'y.

[IpuBemure mocsentee ypaBHeHNE TOAXOIANIM U30TOMUIECKIM IIPe0OpPa30BaHIeM K BULY 2 = T + Y.
Vkazauue. Haiiiure kpuBusny tkanu 1o gpopmysie Cen-Pobepa u npupasHsiiiTe ee HyJIIO.

ITPUMEYAHUA

6.1. O6 aproTONMsIX KBA3UTPYIII U JYI CM., Hapumep, [B-2], [B-6], 06 aBroTOnmnsx mMOJHBIX TpH-
tkaueit — [Balll-1], [III-18]. Teopemy 6.8 noxazan Hadv B [H-2]. IIpennoxkenue 6.10 (B Gosee mupoxoM
BapuaHnTe) Jokaszano B [[11-40].

6.2. NndurnTe3nManbHble aBTOTONNN TpHU-TKaHeH n3yaan ['soszdosuy B [['B-1|-[T'B-4|. UM maiinens:
onpegestsirorue coorHomenns: (6.18), (6.21)—(6.23). OauH U3 BasKHBIX PE3yJIbTATOB, NOJIYJEHHBIH B
[['B-2|, HO He OTpazKEeHHBII B IMIECTOH IJIaBe, COCTOMT B TOM, YTO QHAJUTHYECKHE TPU-TKaHU Bosa
JIOIYCKAIOT T-ITAPAMETPIYIECKYTO TPYIITY aBTOMOP(MHU3MOB. DTO BHITEKAET U3 CJIECTBAA K Teopeme 7.9.

6.4. G-nyuwr onpenenensl Bpakom B [Bp-1], M. Takxke ri. X B monorpadum [B-2]. Tnamkue
G-nyubl outn He m3ydvanauch. Ham m3BecTHa Bcero ojiHa pabora 06 anamutudecknx G-iymnax Bosa
[Mx-1].

G-tranu paccMmarpusasu Bapaommu u Impambazr [Balll-1|. Bosee moapobuo stu Tkanu usyda-
sack B [I11-16], [1-18], [JTII-2], [I11-22]. O6 aBToMOphu3Max KpuBOJIUHEHHBIX Tpu-TKaHei cm. [111-38].

K samauam. 3anada 7 B3gra u3 [['B-4], 3amauy 14 cm. B [III-38].
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TEOMETPUSA AUO®DPEPEHIINAJILHO OKPECTHOCTU
YETBEPTOI'O IIOPAJKA TPU-TKAHU

Vemex B M3ydYeHUH T€OMETPUU TKaHeil Ha ypoBHE mud@EpeHInATbHON OKPECTHOCTH TPETHEro
MOPSJIKA JOCTUTHYT OJiarogapst AByM OOCTOSITEIbCTBaM. BO-TIEpBBIX, KaXKIbIil M3 KJIACCOB TKAHEMH,
MepevncaeHHbIX B Tabauie 2.2 Ha ¢. 59, MOXKeT ObITH OXapaKTEePU30BaH OCOOLIM CTPOEHHEM TEH30pPOB
KpYY€HUs ¥ KpUBU3HBL ¢ ¥ b. BO-BTOPBIX, 9T TEH30phI UMEIOT BIIOJIHE OITPEJIEJICHHBIN aaredpandecKuit
CMBICJI: OHU OIIPEJIEJISIFOT COOTBETCTBEHHO IJIABHYIO YaCTh OTKJIOHEHHS OT KOMMYTATUBHOCTA U OT
ACCOLMATHBHOCTH B KoopauHaTHOH Jsyne ¢, Tkanm W (cM. §5 11 2). B pesynbrare Kaxkablil u3
YKa3aHHBIX KJIACCOB UMEET TPU XaPaKTEPUCTUKH: YCJIOBYE 3aMbIKaHUsI KOH(MUTY PAIlUii OIIPeIeIEHHOTO
BHa, OOPA30BAHHBIX CJIOSIMU TKAHU; aJredpandeckoe TOXKJIECTBO; TEH30pHOe paBeHCTBO. Hampumep,
IPYIIIOBbIE TPU-TKAHN XapaKTEPU3YIOTCS TEM, UTO: &) Ha HUX 3aMBIKAIOTCs (hurypsl R; 6) UX KOOpIu-
HATHBIE JIYIIBl ACCOIMATUBHBI; B) UX TEH30D KPUBU3HBI PABEH HYJIO.

Y1066l pa3BUTh AHAJIOTUIHYIO TEOPHUIO B JuMGEpeHIINAIbHON OKPECTHOCTH TIOPSIIIKA § TIPH § > 3,

HY?KHO BO3HHUKaIOIIIUE B 3TOM OKPECTHOCTHU OCHOBHBIE TEH30PbI THIIA s — KOBapHaHTHBIC IIPO-

U3BOJHBIE TOPS/IKA § — 3 TEH30pa KPUBU3HBI b — CBA3aTh € aqreOGpamydecKUMU TOMKICCTBAMU OT
S IIepeMEeHHBIX B KOODJHMHATHBIX Jynax {p. JIpyrumu cioBamu, Hy:KHO HAfiTH Takue Hapbl CJIOB
Si(ui, ug, ..., us) 1 Sa(ur, ug, ..., Us), Ui, U2, ..., Us € £p, ITOOBI IIABHAS TACTbL BBIPAYKEHUA S| ~SQ_1
olpe IeIsiIach TEH30POM, IIpUHa IesKanuM auddepenuaabHoil OKPeCTHOCTH TOpaaKa § TKanu W.

OHaxo B IEJIOM 3Ta, IIpobJIeMa BechMa CJI0XKHA, ee HOJIHOe pellleHne N3BECTHO TOJILKO Iph s = 4. B
HACTOSIIEH IIaBe BBOAATCH TeH30phl L, R 1 M, KazKIblil 13 KOTOPBIX OIIpe/ieliseT, II0I00H0 TeH30paM d
u b, IIABHYIO 9aCTh HEKOTOPOIO MHOTOYWJIEHA, COCTABJIEHHOTO U3 YeThIPEX 3J1eMeHTOB Jiylbl {,,. IIpu-
PABHUBAsA 3TU MHOTOWIEHBI €UHUIE, MBI BLIIEIAEM CIIeNUaIbHbIe KJIACChl TKaHel, B KOOPIMHATHLIX
JIYIaX KOTOPBIX BBLINOJHSETCS COOTBETCTBYIOIIEe TOXKIECTBO C UeTHIPbMs IepeMeHHbIMH. Eciau mpu
3TOM OTOXKJIECTBISATL HEKOTOPBIE TIePeMeHHbIe, TO Oy/IyT IOJydaThcs 6ojlee MIPOKNe KIACCHl TKAHeH.

§ 7.1. BuyTpeHHUe OTOOparkeHWs B KOOP/IMHATHBIX JIyTIaxX

C 1mpousBOJIbHOI JIyIIOil () MHBAPMAHTHO CBsI3aH psijl I'PyIil. Bo-1epBbix, 570 J — CTaluoHapHAas
rpynna exuHunbl. Jlajee, npasble caBuru Ha () XoTst U He 06pa3yloT, BOOOIE IOBOpsi, I'PYIILY, HO
IIOPOZKIAIOT I'PYIIILY, KOTOpyIo 0603Ha4aloT . Touno Tak ke jeBble CABUTU HOPOXKIAIOT Ipymity Lo,
a Te u npyrue BMecte — rpymiy Gg.

Paccmorpum, nanpumep, rpyuny Lg. B ciaydae, ecmm Q — rpynna, orobpazkenne L: Q — Lg
Takoe, uto L(x) = L, ecTb m30MOpdU3M, TaK KaK B CHJILYy ACCOIMATHBHOCTH L., = L, L, . ITockoabKy
B MIPOM3BOJILHOHN JIyIle acCOIMATUBHOCTH, BOOOINE TOBOPsI, HET, TO omepaTop L m30MOppuU3IMOM He
asysgerca u Ly., # LyL,. Ilocneanee yciosue 3anucoiBaercs B Buje {y 7# id, tae Uy y = L;,LLmLy.

Oneparopsl gy 1 75y = R;,LRny [OPOXKIAIOT COOTBETCTBEHHO Ipynnbl ase(Q)) u as,(Q), Has3bl-
BaeMble accoyuanmamuy JIynsl (), mpuaeM asy(Q)) Oymer moarpymmoit B Lg, a as,(Q) — B Rg.

OTKJIOHEHHE OT KOMMYTATHBHOCTH B () Xapaktepusyercs onepatopoM T, = L' R, xKoropsrii Ha-
3BIBACTCA COOCMEENHIM SHYMPEnHUM omobpasiceruem. OTepaTopsl £y y, sy, Ty OCTABIAIOT Ha MecTe
eJIMHMUILY, T. e. npuHa exkar rpytrme J. [lo reopeme Anbepra—Bpaka oHE TOPOXKAAIOT TOATPYIILy J*
SHYMPENHUT NEPECTNANO60K JIYTIBI () — Ty YacTb rpymmsl J, KoTopad aekuT B Gg.

B ciyuae, ecin () — koopauuarHas jtyna £, Tpu-tkanu W (X, A, ), onepatopst £y, U 4, OIpEIe-
JieHbl Ha MHOTOOOpas3uu X . B sToMm nmaparpade Mbl HAXOIUM UX pa3JIoXKeHUsi B psif Teilyiopa 10 4IeHOB
YEeTBEPTOrO IOPSAKA BK/IOUUTEILHO, CIMTasd, ITO yMHOXKeHHUe (-) B jyne £, 3amucano B Buzie (2.52).

Caenys (2.24), njs KpaTKocTH 0603HAUNM 12X = A, 2A1 =M, 1A2 =N, 3/\1 =P, 2A2 =Q, 1A3 = R:
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1 1
w-y=w+y+ Mz y) +5 M@ zy)+ 5Ny y)+
1 1 1
+ 5 P(z,z,z,y) + 1 Qz,x,y,y) + 5 R(z,y,y,y) +{5}. (7.1)
IIpennoxxenue 7.1. B ayne £, umerom mecmo caedyrowue Gopmyani:

(zy)z = K(2,y,2) + M(z,y,2) + AMA(2,y), 2) + Pi(2, 2,9, 2) + Po(2,9, 9, 2) + Qa(w, 9, 2,2) + {(5;},2)

x(yz) = K(x,y,2) + N(x,y,2) + Az, Ay, 2)) + Qi (z, 2,9, 2) + Ri(z, 9,9, 2) + Ro(,y,2,2) + {(E;}é)

e
1
K(z,y,2) =x +y+2+AMa,y) + Mz, 2) + Ay, 2) + 5 (M (2, 2,y) + M(z,2,2) + M(y,y, 2)) +

1 1
+ = (N(x,y,y) + N(z,2,2) + N(y, 2z, 2)) + =(P(z,z,z,y) + P(x,z,x,2) + P(y,y,y,2))+

2 6
+ 1 (Q 2,4, 9) + Q2 2,2) + Q. y 2,) + (R, ,9) + Rl 2,2,2) + Ry, 2,7 2));

Pia,,y,2) = 3 P(a,2,9,2) + M, Az, y), 2) + SAM(,2,1), 2), -
Pa(a,y,2) = 5P,y 2) + M09 + AN, y,1).2),

Qiw,2.y,2) = 3@ 2.y, 9ty M@, Ay, 2), 75
Qal,9,7,2) = 1 QU %,2) + N (A9, 2, 2), |
Ri(w,y,9,2) = 3 R(z,9,52) + N(z 5, Ay, 2)) + 5 A My, y,2),

Ra(2,,2,2) = G R(x,5,%,2) + N2, A, 2), 2) + 3A(x, N(y, 2, 2)).

O Cornacto (7.1) umeem:
1 1
(xy)z =zy+ z + A(zy, 2) + §M(xy,xy, z) + EN(my, z,2)+
1 1 1
+ g Play, ey wy, 2) + 1 Q(wy, vy, 2,2) + £ R(wy, 2,2, 2) + {5}.

IIycts %(x,y) obo3HavYaeT WIEeHbl Nopsijka k pazioxkenuss xy. Craaraemble J0 TPETHETO IMODsIKA

BKJIIOYUTEBHO psijia (Ty)z yxe Haiijensl B §4 1. 2:
1 1
Liay-2) = SM(2,2,5) + SM(2,y,0) + AA(2,9), 2)+
1 1 1 1
+ §M(x,x,z) + §M(y,y,z) + M(z,y,2) + EN(,T, z,2)+ §N(y,z, z).

,ZLTIH CJIaraeMbIX 9€TBEPTOIr'O IIOPAJKa NMECM:

2
+ iQ({(xy), L(zy), 2,2) + éR((llz(xy), 2,2,2)).

L(zy-2) = L(wy) + A(L(ey), ) + N((ay), Lzy), 2) + 3N (A(,9), 2,2) + g P(L(y), Dlay), Llzy), 2)+

Iloncrasiss crona
1 1
L(zy) =x +y, Llzy) = Maz,y), Llzy) = gM(z,2,y) + 5N (2,9, 9),

[OCJIe HECJIOXKHBIX IpeobpaszoBanuii npugeM k dopmynam (7.2). Ipoussenenue x(yz) BLIUUCIACTCS
apajgornyro. W
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2. Onepartopsr £,y U 75, MOXKHO OIIPEICUTE PABCHCTBAMHE
(2y) ey (u) = z(yu), (7.6)
rzy(u)(2y) = (uz)y. (7.7)
Bsenewm eme omepaTop My, PaBEHCTBOM
(Mg (u)y) = (zu)y. (7.8)

Haitnem pasmoxennst njast GyHKImit £y, (1), 75, (W) 1 My, (uw). Ilogpobible BHIMUCTEHTS IPUBEIEM
Itst omepaTopa £, . O6o3HaunM v = £, 4 (u). Cormacuo (7.6) nmeem:

(zy)v = (yu). (7.9)
U3 dbopmya (7.2) u (7.3) momyanm:

(zy)v = K(z,y,v) + M(z,y,v) + AA(z,y),v) + Pi(z, 2,y,0) + Po(2, y, y,v) + Qa(z,y,v,0) + {5},
(7.10)
z(yu) = K(z,y,u) + N(z,y,u) + Az, A(y, u) + Qi(z, 2z, y,u) + Ri(z,y,y,u) + Ro(z, y, u,u) + {5},
(7.11)
rae muorowtensl K, Py, Q1, Ry, Py, Q9, Ro Boruucisiorcs no dopmynam (7.4) u (7.5). Cpasausas B
(7.10) m (7.11) wieHBI IO BTOPOTO MOPSI/IKA BKIIOYHTEIHHO, ITOJLY IHM:

v=u+{2}, v=u+A(z,u—v)+A(y,u—v)+{3}.
C y4JeToM IepBOro paBeHCTBA M3 BTOPOTO CJIELyeT
v=u+ {3}. (7.12)

CpasreHne 4ieHOB TpeThero mnopsiika B (7.10) u (7.11) maet:

o=t 3 (M@, z,u)+ My, y,w) + 5 (N ww) + Ny, ww) = 3 (M(,2,0) + My, y,0)) -

% (N(z,v,0) + N(y,v,0)) + N(z, y,u) + Mz, Ay, u)) = M(2,y,v) — AMA(2,y), v) + {4}.

Tonb3ysich (7.12), orcroza moydaem:
v = ut Nz, y,u) — M(z,5,0) + A, Ay, w) — A, ), 0) + {4},
i, ¢ yaeroM dhopmya (2.30) u (2.51),
v=u+0by,x,u)+ {4}. (7.13)
B cuy (7.13) n3 dbopmyast (7.4) HaxXomuM:

L(K(z,y,u)) = L(K(z,y,v)), L(K(z,y,u)) = L(K(z,y,v)),

rae depes L(K) o6o3HaYeHbl WieHbl MOpsiaKa S, Bxoasdmue B MHorowien K. Ilosromy, cpaBHuBag B

(7.10) 1 (7.11) <IeHBI 0 YETBEPTOrO MOPSIKA BKIOUATEIHHO i yauThBas (7.12) u (7.13), mosydum:

v=u+ Az, u—v)+ Ay, u—2v)+bly,z,u) + Qi(x,z,y,u) + Ri(z,y,y,u) + Re(x,y, u, u)—
— Pi(z,z,u,v) — Po(z,y,y,v) — Qo(z,y, u,v) + {5}.
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IIpeobpasyeM B 9TOM BBIDA’KEHUU WIEHBI BTOPOrO IHOPsJIKa ¢ HOMOMIbIo (7.13), a WwieHbl 4eTBepTOro
nopsizika — ¢ yuerom (7.5). B pesysnbrare naiigem:
v =Llyy(u) =u+b(y,z,u) — Az, b(y, z,u) — Ay, by, z, u)) + % (Qz,z,y,u) — P(z,2,y,u)) -
~ (@ u,w) — Rz, y,u,u) + SR(x,y,y,u) — L Pla,y,y,w) + 5 M@, Ay, w) -
= M A ), w) — M(A(.9),3.u) + N2, Ay w) + N Ay, u),w) = 5N (A, 9), u,u)+
+ A, My, y,u) + 3AG Ny ww) = SAM (z,2,9),u) = SAN (2, ,9),0) + {5}, (7.14)
JlJis OLepaToOpOB T4y U My y IOIYHAIOTCS CIIEIYIONIe BEIPAKCHIUSL:
Toy(u) = u—b(z,u,y) — Az, b(z,u,y)) — Ay, b(z, u,y))+

+3 (Pl zy) = Quuuz,y) + 5 (Pluz,2,y) — R(uz.2,9)) +

1 1
+ 3 QUn 7, ,y) — SR, ,y) + M(u, Al 2), ) + M(A(u, 2), 2, y) -

Ly 1 (7.15)
— 5M(u,u, Az, y)) + 5N(A(u, 2), y,y) = N(u, 2, A(z,y)) — N(u, Az, y), y)+
+ %A(M(u, u, x),y) + %A(N(u, x,T),y) — %A(u, M(z,x,y)—
— SAw N(zy.9)) + {5
May(u) = u—blu,z,y) + Az, b(u, z, y)) + Ab(u, z,y), y)+
L P y) — Rl wy) + 3 Qe wy,9) — Rl .) +
+ -P(x,z,u,y) — 1Q(ac, z,u,y) + M(z, Az, u),y) + M(Alz,u),u,y)—
(7.16)

M (e, 2, Au,y)) + 5N (A, ), 9,9) = Nz, u, Aw, ) = Nz, Aw, ), 5)+
A (2, 2,),9) + S AN (2, u,u), ) -
Az, N(u,y,y)) + {5}

Bripasum onepatopst {y ), T'qy U My, I€pe3 oCHOBHBIC Ten3opbl Tpu-TKanu W. B [III-9] nokazano
Ilpennoxkenue 7.2. Bnauenus 0cHOBHBL MeH30po8 ¢ u ¢ mpu—mranu W 6 mouke p MH02000-
1 2

%A(m, M (u,u,y)—

l\’)\»—‘l\’) >—‘l\3\»—‘l\’)\>—‘l\’)\»—‘;¢

pasus X, HECYWE20 IMY MKAHD, Suparcaomces weped koapduyuenmu, pada Tetinopa (2.52) xoopdu-
namuotll aynv £, mranu W no caedyrowum gopmyaam:

) AT Y Al p Al p i % .
Cikem =ALmje Akjme ‘/2\kp1A2mj€ /;mplAijé"'A A]l+A A

22 279, emp
—AP A AP AD AP AT LAY Ap +A Ap + Al Ap 7.17
k]Q 1pme Qij 1Pke o mkg Pt 9™MPg | k¢ me o tpy km] ( . )
P Ad i AP AQ i AP AG P AG P Ad
2 émqéyé ATnp‘/Q\k:qj;ﬂ AmpAéquj AZqug ‘/Q\ZpquAmk + quAmk/;ﬂ,
i _ _AG p poAd i
gjkﬁm _lj}ikmﬂ 2, Qk]mé + ZQ\pm Agk‘é ‘/QXpZQA]km A my 1jkp ZQ\kjl 2p2m+

+A A§£m+A Aijm+Al Agjﬁ

P AT P
+12\j€1 kap + AJWL klp + A kjp

i q p q P AQ p q P q p q
=+ ‘/2\2]3‘/2\17;1(1‘/2&]@]‘ + ‘/Q\:npjgkqé\ﬂ + ‘/;inpéxéqékj + ‘/QXZpAkqAJm + A ‘/2\jq‘/2\€m ‘/2\;27q‘/2\kj‘/2\€m
(7.18)

Hwmerom mecmo maxotce caedyrowue boaee Kopomrue Popmyant:

i i 1P i P P i % P _ P %
Akmjf Alkmjf—"_ ampbjké—i_ akpbjmé amkbjp2+ a;DEQAIkmj Ak Apm[ Jm Akp[ a]éAkmpv

17’“”” 2.2 2.1
(7 19)
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g;'kém A;c ifm Akjlm+ apmb]ké + apibjkm agm ;'kp - akpAfé'm +a k] pEm + aé] 2kpm + afnjl 2;621)'

(7.20)

Bo BBemenubix B Havaje 3Toro maparpada obo3HaUeHUIX Mmocaeanne GopMyJibl MPUHUMAIOT CJie-
AYIOUIAI BUJ:

—¢z,y,2.1) = (Q = R)(y. 2, 2,) — alblz,y, 2), 1) — a(b(z, y, 1), 2) + b(z,y, a2, 1)) + aly, N(z, z,t))—
N(a ( ,x),2,t) = N(y,a(z,z),t) — N(y, z, a(t, 2));
(.. ) = (@ = ) tr2,2) + alt, o, ) + aly bz ,2)) — bzt 3), 2) + a(M (g b,2),2)—
M(a(z,y),t, z) — M(y,alz,t), z) — M(y, ¢, a(z, 2)).
(7.21)
Orcroma mosrydaem:
—cly, 2 uu) = (Q = R)(z,y,u, u) = 2a(bly, 2, u), u) + a(z, Ny, u,u))—
— N(a(z,y), u,u) — 2N (z,u, a(u,y));
—cly, 2y u) = (@ = RB)(@,y,y,u) — a(bly, 2, y), w) — a(b(y, z,u), y) + by, z, a(y, u))+
+a(z, N(y,y,u)) — N(a(z,y),y,u) — N(z,y,a(u,y)); (7.22)

c(y z,u,u) = (Q = R)(z, 2,y u) + 2a(z, by, @, u)) + a(M(z, 2, y),u) — 2M (a(y, z), z, u)~
— M(z,z,a(y, u));

ey x,uy) = (Q = R) (2,9, y,u) + aly, by, @, u)) + alz, by, y, u)) = by, aly, x), u)+
+a(M(z,y,y),u) — M(a(y, z),y,u) — M(x,y, a(y, u)).

Boipasum u3 arux pasencts pasuoctu Q — R u @ — P u noxcrasum ux B (7.14)—(7.16). Ilo-
cJIe HECJIOXKHBIX TTPeodpa3oBaHuii ¢ yIeTOM COOTHOIIEHUST A = —a MOJIyYuM CJIe/IyIONIee BhIPayKeHue
I ) = ek b ) + e, by, )+ al by )

+ %(f(y, v u, @) + ey, z,u,y) + oy, @ uu) + ey, 2,y u)—
0700 - Sa(b(y,7,y),u) — ga(bly, z, 1), y)+
Sh,aly, w)) — ala, by, W) — 3a(y, by, )~ (7.23)
al, by, 3, v) + 3b(y, aly, ©),u) - §a<x M(y,y,w) — N(y,y, )+
M{(a(, ), y,u) — SN (a(x,v), y,w) + 3 Mz, y,aly, u)~

Nz, y, aly,w) + gmm,y,y) — N(z,3,9)) + {5}

+

I\D\HI\D\'—I\’)\»—‘M

Haznee ¢ momomnipio paserncrs (2.23) u (2.51) Haxomum:

al, by, v, w)) — gale, aly, aly, )
by, al,y),w) + gala(e,y), aly,w) — yalala(z, y), v), v)
by, aly, w) + Ja(a, a(y, aly, )~
gam(a( ), aly,u));
(

so(u.b(y,,9) = sa(u,a(a(z,y),9)).

l\')\r—‘

_%a(m, M(y,y,u) — N(y,y,u)) =
5 M(a(x,y).3,w) = 5N (alz,9).9.v) =

%M(m,y, aly, u)) — %N(x,y,a(y,u)) =

—

2
1
2

%a(u,M(m,y,y) ~N(z,y,y) =

Tozncrasnsgs stu paznocru B (7.23), mocie IPoCThIX IpeobpazoBanuii npugem K dopmyJie:
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lyy(u) = u+ by, z,u) + 1

5 (f(y, x,u,x) + ?(y, x,u,y) + g(y, T, u,u) + g(y, x, Yy, u)+

+a(y, by, z,u)) + a(u, b(y, z,u)) — b(y, a(z,y), u)) +{5}. (7.24)

BosmoxkHO eme ogHO ymnpomenune. TeH3ops a, b, ¢ W ¢ CBA3AHBI COOTHOMICHUAMH (1.39) u (1.40),
2
KOTOPBIE 3alliIlleM B BUJIE:

—g(x, y, 2, t) + (Q:(x, y,t,2) = 2b(x, y, a(z, 1)),
el y, 2 8) = ela,t2,y) = 2(z.aly. 1), 2),
c
2

. 1,2) = ey, 2) — ¢l 2,9, 8) + oy, 7 2,8) = 2albly, 2,1), 2) — a(b(z, 2,), ) + ba(z,y), 1)
(7.25)

C ygerom BTOporo us stux pasencrs ¢opmyia (7.24) nupumer By

lry(u) = u+b(y, z,u) + a(y, by, z,u)) + a(u, by, x,u))+
1
+3 (?(y z,u, ) + ?(y, Y, u, ) + g(y, x,u,u) + g(y, x, y,u)) +{5}. (7.26)
J1J1s1 OIEPATOPOB T4 4 U My, TMOCIIE AHAJOTMYHBIX BBIKJIAIOK HAMIeM:
rpy(w) =u—b(x,u,y) + alz, bz, u,y)) + alu, bz, u,y))—

7.27
- % ((1:(:17, z,y,u) + f(x, u, Y, u) + g(x,u, Y, y) + «23(:6, u, , y)) +{5}; (7.27)

My y(u) =u—b(u, z,y) + by, a(z, uv), y)—

7.28
 etwaa) + ety + ey + e uy) 5y )

Urak, nokazano
IIpennoxkenue 7.3. Lnasnvie wacmu Gynryud Ly, (w), r5,(w) u My, (u) svipasicaromes wepes
men3oput a, b, ¢ u¢mo Popmyaam(7.26)—(7.28).

§ 7.2. Ajsrebpanveckasi XxapakTepuCTHKa KacaTejibHOiT Wy-aiaredopbl
TpU-TKaHU

1. B meacconuaTuBHOI aHATUTHIECKOM Jiyme ()(-) OnepaTopsl £y y, T'q y, Mg,y HE ABISIOTCS, BOOOIIE
rOBOPsI, aBTOMOPMU3MAMHU, TAK YTO, HATIPUMED,

E%y(“ v) # éacy(u) ) gx,y(v)-

Ormpenemum dynkuun L, (U, v), Ry y(u, v), My, (u, v) paBencrsamu:
Loy (1, 0) = =l (- 0)) by (1) - £y (),
Ry (u,v) = I(T:cy(u ) (ray(u) - T2y(v)), (7.29)
My (u,0) = = gy (- 0)) (Mg (1) - Mgy (V)

Eciu, nanpumep, omepaTop £, 6yner asroMopdusmoM B Q, 0 Ly, (u, v) = id.
Jlemma 7.4. Jlas a0bvix x, y, u, v ud Q umeem mecmo pageHcmeo

Loy, v) =Ly y(w) - by y(v) — Ly y(u-v) + {5} (7.30)

Ananoeurnvle pacencmea 6binoAHAOMEA 0Af Ry y (u,v) u My (u,v).

O O6osnaunm U = lyy(u-v), = lyy(u) - £y, (v) 1 pasnokum B psij QYHKIME U U T, TOJIB3YSCH
dopmymamu (7.26) u (7.19). Boranciienusi MOKa3bIBAIOT, 9TO U W U OTJAMYAIOTCS WIEHAME HE HUKE
ISTOrO MOPSIIKA:

v =1u+ {5}. (7.31)
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Hasee, uctionn3ys pasmoxenune (7.1), umeem:
Loy(u,v)=""9-7=-u+7+A("'7,70)+ lM(‘1 a,”'u,7) + N( '7,7,7)+
+ éP(_lﬂ,_l ,'u,7) + -Q("'u, " w,7,7) + R(‘ w,7,7,7) + {5}.

Beipaxkenne jist ' depe3 U Haiiieno B 3ajade 7.1. Iogcrasiss ero B mpeabyiyInyio GopMyIy I

yautbiBas (7.31), 10cse HECTOXKHBIX TPpeobpasoBanHuii moayanm Tpebyembrit pesyssrar. W
Teopema 7.5. IIycmo ¢, — xoopdunammuasn ayna wexomopot mpu-mxaru W. Tozda cnpasedauso

caedyrousue PGopmyavl:

Loyy(u,v) = L(x,y,u,v)+ {5},

R%y(u’ 'U) = R(ma Y, u, U) + {5}7 (732)
Mgy (u,v) = M(z,y,u,v) + {5},

2de L, R, M — noauaunetinve $opmol, 6bpadicaouuecs 4epes 0CHOGHbIE MEH30PbL MKAHU:
L(x,y,u,v) = —g(y, x,u,v) — 2a(u, b(y, x,v)),
R (.. u,) = ez, v,,u) + 2a(v, bz, .9)), (7.33)
M(z,y,u,v) = ?(U, u, Yy, x) + g(u x,v,Y).
O HokazarenbcTBo mpusegeM mjst oneparopa Ly, (u, v). B cury (7.26) umeem:
loy(u) Ly y (V) = Ly y(u) + Loy (v) + Alu + b(y, z,u), v+ by, z,u))+
+ %M(u, u,v) + %N(u, v,v) + éP(u, u, u,v) + iQ(u,u, v,v) + éR(u, v,v,v) + {b} =
= 04 by + A by 7, 0)) + AB( @, 10), ) + Ly (1) + Ll (1),
IJIe CUMBOJI {{() 0003HAYACT HJICHBI YETBEPTOTO MOPSJIKA B Pa3JIOKEHUW (DYHKIUU, CTOAMICH B
ckoOkax. C JApyToil CTOPOHBI, ¢ TOYHOCTBIO JO YI€HOB YETBEPTOrO IOPAIKA BKIIOYNTEIBHO,

lpy(u-v)=u-v+bly,z,u-v)+ %(ﬁz,y(u cv)=u-v+ by, z,u+v+ Alu,v)) + %(&c‘y(u ).

IMoncrasnss Bee 310 B (7.30) v mpuHUMAst BO BHUMAaHUE, 9TO A = —a, TOIyIuM:
Ly (,0) = Dl () + Ly (0)) — Elta (- 0)+
+ A(u, b(y, x,v)) + A(b(y, ¥, u),v) — by, z, A(u,v)) + {3} =
=a(u, by, z,u)) + c(y, x,u,u) + a(v, by, z,v)) + %g(y,x, v,v) —a(u+v,bly, x,u+v))—

g(y,x w+ v, 1+ v) - alu, by, z,v)) — a(bly, z,u), v) — by, 2, alu, v)) + {5} =
(-

m\»—‘ l\')\»—‘

(y, Z, U, V) — g(y, x,v,u) — 2a(u, by, z,v)) + by, , a(u, v)) + {5}.

Ucnonbays (7.25), npuxonum k (7.32). B

Cornacuo (7.32) Tensopsl £, R 1 M uMerOT cieyoiiee TOJIKOBaAHAE B TEDMUHAX KOODJMHATHBIX
Jayn TKaHH W: OHE XapaKTepU3YIOT IVIABHYIO JaCTh OTKJIOHEHHs OHEPATOPOB {g., Ty M Mg, OT
aBTOoMOpdu3Ma.

C momotnpio Ter3opos L, R, M B KacaTebHOM IIPOCTPAHCTBE JIYIBI () BBEJIEM Ollepalii apHocTe 4
AHAJIOTUYHO TOMY, KaK 9T0 ciesaHo i W-anrebpsl B §4 it 2. [lycrs x(t), y(t), u(t), v(t) — ruagkue
JIMHUY Ha (), IPOXOJISIITe Yepe3 eJUHUILY e, IIpruieM apamerp ¢ Beiopan tak, uro z(0) = y(0) = u(0) =
= v(0) = e. Obo3HaUNM KacaTeJbHbIE BEKTOPBI K 9TUM JiHHAM B Touke e &, 1, ¢ u 6. Paccmorpum
eme Tpu suanu L£(t), R(t), M(t), rue, naupumep,

L) =" (o) ey @t), v(#)) (Cue)yiey (W) Loy (0(1))) -
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BBegem Ha HEX HOBBIf mapameTp, moioxkus t = /5. Torga Takmm e crmocoboMm, Kak B TII. 2,
JIOKA3bIBAETCSl, UTO KacaTesbHble BeKTOPbl A, p 1 4 K muausm L(/s), R(Ys) u M({/s) B Touke e
onpeaessiores hbopMyIamu:

A=L(En¢0), p=R(EnCE), p=M(EnCH).

Otn HopMyaBl BBOAAT B KACATEIBHOM IpocTpaHcTse T, Jynsl () Tpu omepanuu apHoctd 4. Dtn
OTIEPAITH CBA3AHbI ¢ OMHAPHOI M TEpHAPHOI ONEpaluAMHE, OIIpeIeIdeMbIMu B W-airebpe TeH30paMu a
u b, cooTHOIIEHUSIME, KOTOPBIE HOJydatoTcs, eciau u3 (7.25) u (7.33) UCKIIOUUTH TEH30PbI cng

L(x,u,v,y) + M(z,y,u,v) + R(v,y, z,u) = 2a(u, b(v, z,y)) — 2a(v, b(u, z,y)),

L(z,y,u,v) — L(z,y,v,u) = 2(b(y, z, a(u,v)) — a(b(y, z,u),v) — a(u, b(y, x,v))),
R(z,y,u,v) — R(z,y,v,u) = 2(b(z, a(u,v),y) — a(b(z,u,y),v) — a(u, b(x,v,y)))
Mz, y,u,v) — M(x,y,v,u) = 2(b(a(v, u), z,y) — a(b(v, z,y), u) — a(v, b(u, x, y)

(7.34)
,
)
Teneps MBI MOXKEM JIATH APYroe ompejesienne Wi-airedbpsl, 60ojiee CHMMETPUYHOE, HEXKeIH § 5 TUI. 2.

Onpenenenune. Ilycts T — BEeKTOpHOE IPOCTPAHCTBO, B KOTOPOM 3a/IaHbl OMHAPHAS, TePHAPHAS
¥ TPU KBaTepHAPHbBIE OIEpalluu, OIpeJieisieMble COOTBETCTBEHHO (hopmamu a, b, L, R, M. Hazosem
(T;a,b, L, R, M) Wy-anzebpoti, ecin GuHAPHAS W TepHAPHAS OIEPAIN CBI3aHBI O0OOIIEHHBIM TOXK-
nmecteoM Zkobu (2.31), u Bce nATH onepanuil yI0BIeTBOPSIOT cooTHOIeHnsAM (7.34).

TakuM 06pa3oM, K Kazk10ii Touke C*-rimagkoro Maoroo6pasnst X, HeCyIero Tpu-TKanb W, mHBapH-
AHTHO IIPUCOEINHsIEeTCs KacaresbHast Wy-ajrebpa yKa3aHHOTO TUIIA. 3aMeTuM, 4To 00e Wy-anrebpbr —
pPACCMOTpEHHAasI 3/1eCh ¥ BO BTOPOIi IVIaBe — 9KBUBAJEHTHBI, T. €. ONEPAINK B OJHON M3 HUX BbIpaXKa-
I0TCSI Yepe3 Olepaly B JAPYroit u 00paTHO.

2. JIymbl, B KOTOPBIX OLEPATOPLI £y, o, ABJIAIOTCA aBTOMOPMHU3MAMH, HA3BIBAIOTCH ACEBIMU CIEUUAND-
HOLMU AYNAMU WA Ag-TTyTiaMu. AHAJIOTHIHO OIIPEIESIOTCS NPABHLE CNEUUAALHBLE AYNbL WA ATy TIBI.
B coorBercTBHEM € THM HA30BEM TKaHHM, BO BCEX KOODPJIUHATHBIX JIyHAX KOTOPBIX BBITOJHSIIOTCS
TOXKJIECTBA

Apr Ly y(u-v) =Ly (u) - £y y(v), (7.35)
A rpy(u-v) =1p(0) - rpy(v), (7.36)
Apt mgy(u-v) =mgy(u)  mgy(v), (7.37)

ransamu Ay, A, u A, coorBercrBerno. TakuM ke 00pazom 0603HaIMM U KOH(MUTIY DAL, COOTBETCTBY-
omue ToxaecrsaM (7.35)—(7.37). Ilosromy MOXKHO cKazaTh, 4T0 TKanamu Ay, A, u A, Ha3BIBAIOTCS
TKAHU, HA KOTOPBIX 3aMbIKaIOTCs Bee Koudurypanuu Ay, A, u A,, COOTBETCTBEHHO.

Omnumem nocrpoenue (Urypol, onpenessieMoit, nanpumep, pasencrsom (7.35). Caauasna crpoum
sseMeHT W = {;,(u), KOTOpBIA sABiseTca pemenueM ypasrenust (zy)w = z(yu). Ero mocrpoenue
n306pakeno Ha puc. 47. Ilpeanonoxum, 910 351eMeHTHI £y (U) = W, Uy (V) = 2, by, (v - v) =t yxe
[IOCTPOEHBI; TOrIa PaBeHCTBO (7.35) PABHOCUIIBHO TOMY, YTO CJIOH W - z U ¢ coBnaaoT (puc. 48). Ecin
BCe TIOCTPOEHUs] COBMECTUTDL Ha OJHOM PUCYHKe, TO MoJyduM Buji burypol Ay. Mbl ee He TIpuBoImM,

Puc. 47 Puc. 48 Puc. 49

TaK KaK OHA I'DOMO3JKA ¥, KDOME TOr0, JaJIblIe He UCIOJIb3yeTcs. AHAJIOIHYHO CTPoATCs urypsr A,
u A,,; IOCTPOEHHE dJIeMeHTa W = T4, (u) IOoKa3aHo Ha puc. 49.
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OroxiectBisist B paseHcTBax (7.35)—(7.37) 4acTh HepeMeHHBIX (B YaCTHOCTH, BCe), Oy1eM Moy 9aTh
HOBBIE TOXKJeCTBa. Ha30BeM WX M COOTBETCTBYIONME UM TKaHU modcdecmeamu U (MKGHAMU) MUNa
Ay, A, A, coorBercrBerHO. CooTBeTCTBYIOINME (DUTYPBI 3aMBIKAHUsI TOJIydaTcs: u3 Guryp Ay, A, u
A, OTOXKIIECTBJIEHHEM HEKOTOPBIX CJI0eB (Kak, Hanpumep, dburyps Bosa nimu durypa H noaygaiorcs
u3 burypsr R, cM. pucyHku B §2.2.

Ha tramax A, (A,, A,,) BBemenuble B nHauate naparpada ¢yuxmun Ly, (u,v) (Ray(u,v)
u Mg, (u,v) COOTBETCTBEHHO) SIBJISIOTCS TOXKIECTBEHHBIME mpeobpaszosamusamu. C ydeToM pa-
BeHCTB (7.33) 9T0 UPUBOAUT K CJELYIOMEMY YTBEPXKICHHIO.

Teopema 7.6. Ocrosnoie mensopor mranetd Ay, A 1 Ay, €8A3GHDL COOMBEMCMBERHO COOMHOULE-
HUAMU:

g(y, x,u,v) — 2a(u, bly, z,v)) =0, -— ?(x, v, 9y, u) + 2a(v, b(x,u,y)) =0,

7.38
?(v, u, Y, ) + g(u, z,v,y) =0. ( )

Beskast rpymnosasi Tkanb (TKaub R) gBiisiercst A-TKaHDIO, HOCKOJIbKY BCE €€ KOODIUHATHBIE JIyIIbI
SBJISIIOTCS TpynnaMu. [Ipumepsl HerpymnmnoBbix A-Tkameit 6yayT npuBenensl B §4. Tam xe Oyer
[IOKA3aHO, YTO TeH30pHbIe cooTHOIeHus (7.38) He sIBIAIOTCS JOCTATOYHBIME Il IIPUHAJJIEZKHOCTH
TKaHU TOMY WJIM MHOMY KJiaccy A-TKaHeil.

§ 7.3. Tpu-TKaHu C JIACTUYHBIMUA KOOPMHATHLIMU JIyIIAMU
1. Tpu-TKaHU, B KOOPAMHATHBIX JIYIAX KOTOPBIX BBIIOJIHAETCS TOXKIECTBO IACTUIHOCTH
E: z(yzx) = (ay)x, (7.39)

Mbl HazBaju TKausmu F. OdeBumHo, uTo TKaHb MydaHr siBjsieTcsi TKaHbIO F| ITOCKOJIBKY ee KOOp-
JWHATHBIE JIYIIBI sABJIAIOTCA Jyrnamu Mydanr, a B OCIeHIX TOXKIECTBO JIACTUIHOCTH BBITOTHSIETCS.
IIpumep nemydanrosoit Tkanu F mpuBeseH B ympaxkKHeHusx 2.26 m 2.27, cMm. Takxke Teopemy 4.16.
Iockonbky u3 (7.39) BbITEKAET TOMKIECTBO MOHOACCOIMATHBHOCTH &2 - & = & - 22, TO BCAKAS
TKaHb F siBiisiercs mrectuyrosibHO. Bosee Toro, BepHa
Teopema 7.7. Beakxas mpu-mranv E ecmb cpeduss mrans Boaa cneyuasvhozo suda: ee meHsopol

KPUBU3HBL U KPYHUEHUA b U a c8A3aHd, COOMHOWEHUEM
b(z,y, a(z,y)) = 0. (7.40)

O Ilepenumenm Toxkmectso (7.39) B sxBHBateHTHOIH dopme: & = £, ,(x). Ilomaras B dopmyie (7.26)
U = T W YIATBHIBas IIOCJIEJHEE TOXKJIECTBO, MOJIY4aeM TPH COOTHOIIEHUS, CBS3BIBAIONINE OCHOBHBIE
TEH30pbI TKaHU F:

b(y,z,x) =0, ?(y, x,x, ) + g(y, x,xz,z) =0, ?(y, y,x,x) + g(y,x, y,x) =0. (7.41)

IlepBoe paBeHCTBO O3HA4YAET, YTO TEH30P KPUBU3HBI KOCOCUMMETPHYEH IO JBYM IOCJIEIHUM HH-
JIEKCaM, a 9TO YCJIOBHUE, KaK Mbl yKe 3HaeM (TeopeMa 4.4), xapakrepusyer cpejanue TKanu bosa By, .
IlepBas gacTh T€OpEMBI JOKA3aHA.

Taxk Kak paccMarpuBaeMasi TPU-TKAHb SABJISETCH TKAHBIO 5, TO KOBApUAHTHBIE IIPOU3BOJIHLIE €€
TeH30pa KPUBU3HBI BBIPAXKAIOTCS Ye€Pe3 TEH30PhI KPYUeHHs 1 KpUBU3HBI 110 dhopmyiiam (4.10), KoTopsie
TepenuineM B 6e3MHIEKCHOI dopMe:

?(a:, y,2,t) = —g(a:, y,z,t) = =b(z,a(z,t),y) + b(z, a(y, 2),t) + b(z, aly, t), 2).

C yueToMm 3TUX COOTHOMLIEHUH BTOpoe u3 paBeHcTs (7.41) ymoBJeTBOpPSeTCsl TOXKIECTBEHHO, & TPEThe
OpUMeT CJIEIYIOMU BUI;

b(y, a(y, z), ) + b(y, aly, ), z) + b(y, a(y, z), z) — b(y, a(y, z),x) = 0.

BBy KOCOCHMMETPUIHOCTH T€H30POB a u b orcroma nosydaem (7.40). W
Kaxk ciencrBue nosydaem, uro G-CTPyKTypa, olpejelisieMasl TKaHbio F, sBJIeTCS 3aMKHYTO
CTPYKTYPO#l TPETHEro KJjacca, HMPUIeM TEH30DbI ¢uc 9TON TKAHW BBIPAXKAIOTCA Ye€pPe3 TEH3OPBI
2
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Kpydenusi 1 KpuBusabl @ u b no dbopmynam (4.10). Takum obpasom, reomerpusi TKaHeil F, Kak u
TKaHeil Boua, OJHOCTBIO olpesieisieTcs: TeH30paMu a 1 b.
Teopema 7.8. B xoopdunamuoix aynax mxawu E evinosnsromes moorcdecmsa euda

(z'y)z™ = 2 (ya™), L,neZ. (7.42)

O Jlnsa marypaabHbIX ¢ 1 n UCHOJb3yeM 00001mennyo nuayKimio. Oboznadnm Fy, Gurypsl Ha TKa-
HU F, COOTBETCTBYIOIIHME TOXKJIE-

crBy (7.42). Toxnaecrsy (7.39) npu x(yx) a -
sroM orBeudaer durypa F = Ej, YT N a2| N a@ R
n3o0pakeHHas Ha puc. H0. N b — \b
CHagasa JOKaxKeM, 9TO B KOOD- (zy)z ! 2 73 : 4 b
JUHATHBIX JIynax {, BLIIOJIHACTCS .
TOKIECTBO \ ‘1 N2 - : C3
LY N
14 _ 0 Y Y T \

z'y)x =z (yx), 7.43 1

@r=aln), (143 FSN Ny NN
KoTOpoe ToJsyudaercd u3 (7.42) upu Puc. 50 Puc. 51

n=1.IIpu £ = 2 u3 (7.43) BeITEKAET
roxectso (z%y)x = x%(yx), koropomy orseuaer durypa oy, nsobpaskennas ma puc. 51. JTokaxkem,
YTO OHA 3AMBIKAETCS, T. €. TOUKU @ U b JieyKaT Ha OJIHOM CJIO€ TPEThero cjioenus: Tkauau W.

IMocrponm TOUKH a9, d3, by, Kak mOKazaHo Ha puc. Hl, m paccmorpum durypy E' =
= (c1dibidgarbocodsaghs). Tak kak ona 3ambikaercs, 1O aedbs. anee paccmorpum durypy
E? = (codsbsdsagbscsdsab), m3 3aMbIKaHmsT KOTOPOii U HoTydaeM adb.

ITpeanosoxkum rerepsb, 410 TokK1ecTBO (7.43) BblnosHsieTcsd upu £ = k, 1 10KaXKeM, 9TO OHO BBIIIOJI-
agercd npu £ = k + 1. Iloctponm B syme £, mocae10BaTeIbHO CeAyIOMTe CION TKann W: 22, 2,k
R aky yx, (2Fy)z = 2F (yz), 2y, (28 FTly)z, 2P (yz). Tlomyunrea dburypa, nsobpakennas Ha
pHC. 52 CIUIONTHBIMHA JIMHUSIMU.

Hy»xmo mokaszats, uto (zF+1y)z = 2%+ (yx), r.e. zk(yx) i+l (yz)
aro a3b. B cuiy npesnosiorkeHust UHIyKIUU 3aMbl- yT ¢ afty
Katorcsa purypsl Eg(, Tak uro c3d. Paccmorpum ¢u- d \|§
rypy E = (ghlscdogab). Tax Kak OHa 3aMbBIKAETCH, ahyx (ghtly)e
10 a3b. CienoBaTesbHO, TOXKIECTBO (7.43) BBIIOIHS- AN <
€TCsl P BCEX HATYPAJIBHBIX L. YNJ ¥ N

Ob6parumcst B obmemy ciaydato. Ilycrs Toxkime- P h s q
crBo (7.42) BbimosnHsiercst npH JIOObIX ¢ W IpH Puc. 52
n = 1,2,...,m. JlokaxeM, ITO 9TO TOXKIECTBO BbI-
noJiasiercss U upu n = m + 1. Pacemorpum mnpous-
BOJILHYTO DUTYDPY Fypyt1, N300parkeHHYI0 Ha pHC. 53 bo[> bl,lf\\ b; N b
CILIONITHBIMY JTUHUSAMU. J[oKaxkeM, 9TO OHa 3aMbIKa- AN RN A
ercsi, T.e. yro a3b. ITocrpoum Toukm d, g u ¢ Kak ]
mokKa3aHo Ha puc. 53. B pesysbrare nosmyunm dburypy :

Erm = (pgedh). Tak Kak 10 OPEIIOIOKEHIIO HHILYK- |
[ OHA 3aMbIKAaeTCs, TO c¢3d. 3aMeTuM JaJjiee, 9To :
TaK KaK TKaHb F daBjsgercs TKanblo H, To B ee KO- |
OPJMHATHBIX JIyIIaX BBLIIOJIHSIETCS TOXKJECTBO acCo- :
IHATUBHOCTU CTEIeHe, KOTOPOe 3AIUIIeTCs B BUJIE |
xt 2™ = 21 . 2™+ Paccmarpusas dburypsi, co- \: ,,,,, A
OTBETCTBYIOIIUE 3TOMY TOXKJIECTBY 1ipu ¢ = 2,3, ..., £, PR 22 1 7l aly
MIPHJIEM K BBIBOLY, ITO b;3d; 1 BCex 4. Puc. 53
Touku a u b Bxouar B dburypy Ey = (dkgmab),
AHAJIOTUYHYIO 1300PaKEeHHO HA PUC. H2, 3aMbIKAHUE
KOTOpO#t yke mokazano. Ilostomy adb, T.e. 3aMmbIKaeTcss paccmarpuBaeMmas burypa Epp,y1. Taknm
06pazoM, TOxK1ecTBO (7.42) BBIOJIHSETCS IPH JIOOBIX HATYPAJBHBIX £ 1 1.

1»2 ;L‘k [
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st orpuniaTebHBIX { 1 1 JOKA3aTEIbCTBO CBOIUTCS K MPEIABIAYIIEMY, TAK KaK B CUJIy YIOMSHYTOMN
BBIIIE aCCONUATHBHOCTH CTeleHell BBITIOMHAIOTC ToxkaecTBa ' = "tz u (z~ )" = (")~ 1. W

Bal\leTI/IIVI, 9TO JOKa3aHHO€ B TeopeMe 7.8 yTBepK/JIeHnue CIpaBeIJInBO U JJId JIIOOBIX ITOJIHBIX
TpH-TKaHefI l;7 IIOCKOJIBKY IVIaJIKOCTh HE IIpEAIojarajaach. B CJIy4dae, €CJIi TKaHb FE saBisiercss reomer-
PHUYECKOIl, pe3yJbTaT MOXKHO yCUJIUTh.

Teopema 7.9. B koopdunamuux aynax anasumuseckold mranu E accoyuamusnor mpotixu ane-

MEHMO8 UNG T, Y, Z, 20€ Y — NPOUZBOALHBIT INEMEHT, AYNDLL, G T U Z NPUHAILEdHCam 00Hol U Mol
oice ee odnonapamempuyeckolt nodepynne.
[l Tak Kax TKanb F gBjsercs H_IeCTI/Iyl"OJII:»HOI';'I7 TO €€ KOOPDANHATHBIC JIYIIbI O6Ha,Z[aIOT MaKCHUMaJIbHBIM
KOJINYECTBOM OZHOLIAPAMETPHYECKUX HOArpyil (TeopeMa 3.4). DjeMeHThI xf u 2", BxOIAIIE B TOXK-
nectso (7.42), npuHA/IEXKAT OAHONAPAMETPUIECKOI MOArPyIIe ¢ JAyUbl £, IPUYEM 9Ta HOArPYIIIA
HOPOXKIAETCS JIEMEHTOM I (JOCTATOYHO GJIM3KUM K eAuHune Jynsl £,). B moarpynne g oqHo3Ha<MHO
paspemumo (J10kasbuo!) ypasHenue ™ = z, modroMy u3 ToxkiecrBa (7.42) BoiTekaer GoJiee obmiee
TOXKJECTBO C ,ILpO6HbIM IIOKa3aTeJIEM:

(Zé/my) zn/m — Zé/m (yzn/m) ]

B cuily HENpepbIBHOCTH yMHOXKEHUsI OTCIOJA BBITEKAET, YTO TOXKIeCTBO (7.42) cupaBeijMBO U NpH
066X neficreurenpabix £ u n. Ho torma zf u a” MOTYT OBITH ABYMsl JIIOOBIMH 3JIEMEHTAMU W3
nonrpynnsl g. M

2. IMockoabky TKaHu E SBIISIIOTCS CpeIHUMU TKaHaMH Bojia, TO KIacCuPUKAIUsl MePBbIX OCHO-
BBIBaETCs Ha Kaaccupuramm BTOphix. Hamnbosee mccaeq0BaHbl N30KIMHHBIE U ITECTHYTOJbHBIE TKa-
" B,,. B mociaeayiomux paccyKaIeHnaX B KaxKJI0M U3 9TUX KJACCOB TKAHEH MbI BBIJIE/ISEM TOIKIACC
TKaHeil F.

Teopema 7.10. Kaacc uszoxsunnnx mxranet E coenadaem c xaaccom udoxiumnnvix mxanet R.
O Ilycre W — uwsokuaHast TKaHb F, Torma B cuty TeopeMbl 7.7 oHa OyIeT M30KJINHHONW TKAHBIO By,

U ee CTPYKTYpHbIE TeH30pbI a u b umeror Bug (4.26) u (4.29):

aék = a[jdi], b;kl = bjkéé — bjgéz, bij = 0yj;-. (7.44)
Bocnosbayemcest coorHomenusiMu (7.36), KOTOpbIE 3anuileM B KOOPAMHATHOI (opme:
békm apg + bpk‘ma + b;qm pk T+ bpqm jk — =0. (7.45)

[Moxpcrasmss ciona 3uadenus a u b uz (7.44), nocsie npeobpaszoBaHuii 1Oy IaeM:
—bjkaqéli) - quakéli + 2b;,a,0% + ijpakéé - bpkaqéji- - bpqakéj» =0.

CaepHyB 110 MHIIEKCAM 4, P, IPUJIEM K paBeHCTBaM bjraq + bjqar = 0, KoTOpbIe 03HAYAIOT, YTO TEH-
30D b, a4 KOCOCUMMeTpHYeH 1o nHjekcaM g u k. OTcioa 1 13 CHMMETPUIHOCTH T€H30pa b, BLITEKAET,
uaTo bira, = 0.

Ecsu xoTs 651 oA U3 BEJIUTIHH ¢, OTJIHTIHA OT Hyms, TO b, = 0 u u3 (7.44) cienyer, uro bj e = 0.
DTO TEH30pHOE PABEHCTBO XapakKTepusyeT TKanu R.

ITycTts Temneps Bce a, pasHBI Hymo. Kak nokasaxo B §3 ri1. 4, TeH30p G, W30KJIMHHON TKaHU B,
yaoBJieTBopsieT auddepeHnnaIbHOMY yPABHEHIIO

Vag = bqg(ai;f - agz)

Iloncrapnsas ciona a, = 0, B cniy He3aBUCHMOCTH 6a3NCHBIX (HOPM w? — w! mosmyanm bge = 0, n, TakUM
1 2

obpaszom, onsaTh npuxoauM K Tkaaasm R. ll

B ciyuae, ecou = 2, Tensopsl a u b tkanu B, Bcerga MoryT ObITh 3anucanbl B Buje (7.44) (cm. 1. 6
§2 1. 4). OTCr0a JIETKO BBIBOJUTCS, UTO YeMbPErMephuir mranelt E, omauunwx om epynnosvir, He
cyuLecmeyem.

3. Ho mecrumepnbie HeTpuBuaJbabe (T.e. Hemydanrosbl) Tpu-TKanu E cymecrsyior. Onma u3
TaKUX TKaHell, Ha3BaHHAsd TKaHbIO F|, paccmorpena B Teopeme 4.16 m 3amagax 2.26, 2.27. Ilpexme
YeM yKa3aTh JIPyTUE IPUMEPHI, HAIIOMHUM, 9TO MIECTUMEDPHbIE TKaHU Bosa By, BKIOJamonme B cedst
KJIACC IIEeCTHMEPHBIX TKaHeil F, KiaccuUIMpyeTCs ¢ HOMOIIbIO TEH30pa @/, Yepe3 KOTOPBIH II0
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dopmysnam (4.36) Bbipazkaercd TeH30p Kpydenus. Ilpu sroMm, corsacuo jemme 4.13, mosie perepos
Ha IIECTHMEPHOII TpHU-TKaHu F MOKeT GBITh BHLIODAHO TaK, UTO KOMIOHEHTHI TeH30pa a’/ cramyT
nocrostHEbIME. Tenzop a'/ ymosmersopster cootromteruam (4.31) m (4.32), ¢ MOMOIIBIO KOTOPHIX BbI-
YUCJIAIOTC KOMIIOHEHTHI TEH30pa KPUBU3HBL. TeH30pbl TKaHW E yI0BIETBOPAIOT, KPOME TOrO, €Ie
cootrorerusm (7.40), koropsie B cury dbopmya (4.36) IPUHUMAIOT BHL;:

(b5 (kpaCema + EmpsCerp) + by (Skps€jmg + Emastinp)) aP =0, (7.46)

The €, — JAUCKPUMHUHAHTHBIH Tensop (cm. §3 rui. 4). ITosromy Juis HAXOXKJIEHHS INECTHMEPHBIX
TKaHell F/ Hy»KHO B KarKJ[0M U3 KJIACCOB IMECTUMEPHBIX TKaHell B, BEIOPaTh ITOIKI/IACC TKAHEH, TEH30DbI
KOTODBIX YIOBJIETBOPSIIOT cooTHOIIEHUsAM (7.46). IIocKOIBbKY TAKMX COOTHOIIEHHUH MHOTO, TO IIepeGpaTh
BCe CJIyYau B JJAHHOW KHHUTe HE TIPEJICTABIIIETCsT BO3MOXKHBIM. OJTHAKO, €CIIU 9TO MPOJEIATh, IOy IATCS
CJIeAYIOMIUNA pe3yabTaT.

Teopema 7.11 [I11-29]. Hempusuarvroir weemumepnonr mranets E ¢ mampuyet (a¥) panea 2
uAu 3 He cywecmsyem.

Tkanb F ¢ cummMerpuanoii Marpureit (a/) pamra 1 — 3710 Tkamb Ej. Paccmorpum Tkanb B, ¢
HECUMMEeTPUYHON MaTpuiein (aij) panra 1 BBICHUM, SIBJISIETCS JIX OHA TKaHbIO .

CeMefiCTBO perepoB Ha MHOTOOGPA3HH TaKOil TKAHN MOYKeT OBITH BBIODAHO Tak, 9To Marpura (a™)
B KaXKJION TO4YKe OyJeT MMETH BUJI;:

- 000
(a?)=1{0 0 1],
00O
T.e. a®® = 1, a ocrampubie a — myma. IogcraBus st 3Hauenns B coorHomenus (4.32) u (7.46),

HajizeM, 4To TeH30p b MMeeT BCEro 3 HEHyJEBBIX KOMIIOHEHTHI: ng, b%Q, b%Q.
IMoxcraBumM HaiijieHHBIe 3HAYeHUsT TeH30pOB B ypasHenus (4.30) u (4.31). B uacrrocru, n3 (4.31)
npn ¢ = 3 U j = 2 NoJydIuM ypaBHEHHE

B cuny mezaBucumocTu 6a3ucHBIX (POPM OTCIONA CJEIYET, HTO be = bgg = 0. B pesysbrare cucre-
Ma (4.30), (4.31) mpumer Bu:

wi=wi=wl=wi=0, wi= %b%Q(uljl — cgl), db¥? = b (w3 — wd). (7.47)

U3 iocTe THEro ypaBHEeHHs BHITEKAET, UTO BeJIMIINHA be> SIBJISeTCs] OTHOCHTETLHBIM HHBAPHAHTOM. Ecm
b%Q = 0, TO TeH30p KPUBU3HBI PABEH HYJIIO U MbI TpuxoauM K TKauaMm R. [Ipeamnosoxum, aro b%Q #0,
U Cy3UM CeMefiCTBO perepos, moJioxKue b2 = 2, Tormaa us (7.47) mveem:

ws —wi =0, W= ai)l - cé)l. (7.48)

C y4eroM TOJIyYeHHBIX YPABHEHUH cucTeMa CTPYKTYPHBIX ypasHenuii (4.37), (4.38) pacemarpusa-
eMoit TKaun BoJta mpuHUMAaeT CJIeIyIOmil BUI:

duljl =0, dci;3:0, dci;zzcizl/\w%+2ai;1/\ci;27¢ijl/\ci137ci)3/\wl,
2

1 3 2 3 a1 L3
duQJ =0, du2) =0, dwj :2%) /\céz —Qulj /\cé), (7.49)
d? ="' AN+ A+ AW — 20N AW
2 2 2 2 2 1 2 2

DTa cucTeMa CONEPHKUT, MTOMUMO (HOPM oiﬂ, w' n w%, TOJIBKO IIOCTOAHHBIE — KOMIIOHEHTBHI TEH30DOB
2

KpydeHus u KpuBu3Hbl. KpoMe TOro, oHa 3aMKHYTa OTHOCUTEJBHO Ollepaluu BHemrHero muddepen-
muposanus. CienoBaresibio, cucreMa (7.49) ompejessier HEKOTOPYIO ceMuMepHyo rpyumy Jlu G,
a COOTBETCTBYMOIAs TKaHb Bosa 6ymer G-tkaubio (cM. §4 1. 6).
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[MocsienoBarenbio unrerpupys ypapuenus (7.49), Haiinem unapuanthbie Gopmbl rpyunst G:
wl = dul, WS = duS, wl = dvl, W = de,
i i 2 2
w% = uw3dv' —v'du® — u'dv® + vidu! + dr,

oyl 7.50
=e 2 du? —wPdo' 4 (v + uPo! —ulvP)du! — rdul, (7.50)
1 q 7 . . .
W' = e 2V dv® —u'dv® + (= — v + o' dv' — rdo'.

CiioeHus TKaHU OMPEEISIOTCS yPABHEHUSIMI

“lui|'r:0 - O, ‘gi|'r:0 - O, “lui|'r:0 + L*in\rzo =0.

Obo3nadast mapaMerpsl cjIoeB z*, y* u z*, B pe3yJsibraTe HHTEIPUPOBAHUS YKA3AHHBIX CHCTEM HaiijieM
YPaBHEHUS CJIOEHUN MCKOMOM TKaHu Bi,:

! , ,
AL: u =2, ule?® —le3:x2, ul :x?’;
Ao: v =y

1 1 . 1 .
Ag: —ul Fol =2t Wl 40?e® —Bule® pulide™ =22, WP 408 =28

[Tocste ucKIIIOYEHN JIOKAIBHBIX KOODAMHAT u' 1 v* IPUJEM K yPABHEHUSAM TKAHU (MJIU ee KOODIAUHAT-

HOIl KBA3UIDYIIbI): ‘
Aol gyl PP

52— xze—w + er—Qzl . 2236—21-1 + (yle . xlyS)e—Qzl.
IIpoBeast n3oTommueckoe mpeobpa3oBaHme
($2 _ ms)e—w R xQ, y2€—2y1 _ ys _ y27
HOJIyYMM ypaBHEHUs KOOpArHaTHO! synsl ¢ exuanneit e(0, 0, 0):
L ——
2=+ er_g”l + (y'a® — xlyS)e_le, (7.51)
O

HenocpencTBenHo mpoBepsieTcst, ITO B ITOU JIyIE BBINOJHAETCS TOXKIECTBO JACTUIHOCTH, HO HE
BoIosiHgeTCs ToKaecTBo Mydanr. ITockonbKy HaiifeHHas TKamb gsisercs G-rtkanbio, 1o (cMm. §4
1. 6) Bce ee KOOPAMHATHBIE JIYIIbl ©U30MOPMHBI U, CJIEI0BATEILHO, TOXKe Oy 1y T ssacTuaabiMu. [losromy
TpU-TKaHb, onpejesnentas ypasaenuamu (7.51), ects Tkanb E. O6o3unauum ee Fo.

Urak, BepHa CJIeIyonas

Teopema 7.12. Cywecmsyem ecezo dee wecmumepnoie nemyparnzoso, mrany E — smo mranu
Boaa E; u Ey, mensop a¥ xomopwix umeem panz 1. Obe mxanu aeasomes G-mranamu.

Hexkoroprble 3ak/mounTe/IbHbIE 3aMedannsd. Bo-TIepBbIX, OTMETHUM, 9TO JIJId TKaHell F mocTtaTodHbie
TEH30PHbBIE YCJIOBUs ele He HaiieHbl. CJI0KHOCTH MPOOJIEMBI CBSI3aHA C TEM ODCTOSITEIBCTBOM, UTO,
B omymaue or Tkaueit T, R, M, B, N30KJIMHHBIX U TPAHCBEPCAJIBHO-T€0JIE3NIECKIX, KOTOPBIE XapaKTe-
pU3YIOTCS TEH30paMU KPUBU3HBI U KPYUY€HUsl, TO €CThb B JuddepeHnalbHOl OKPECTHOCTH HE BbIIIe
TPETHETO TOPsJIKA, XapaKTEPUCTUKA TKaHeill F, KaK 9TO BUJIHO U3 TEOPEMBI 7.7, JIEZKUT B OKPECTHOCTH
10 KpaiiHell Mepe 4eTBepPTOro mnopsijika. B nuddepeHmaibHOl OKPECTHOCTH YeTBEPTOrO MOPSIKA HET
JPYTUX COOTHOIINEHUH, MOMUMO yKa3aHHBIX B 3TOM Iaparpade, CBS3bIBAIOIINX TEH30DPbI KPYUYEHUs!
U KpUBU3HBI TKanu F. B OKpecTHOCTH MATOro MOpsiKa €CTh W JIPYTUE COOTHOICHUsI, HAUJICHHBIC
B [Balll-1].

B saksrouenune ykazkem OIHY OTKPBITYIO Ipobsiemy. I3 Teopembl 7.7 Cjejyer, YToO U3 yCJIOBUs 3a-
MbIKaHUs F BBITEKaeT yCJIOBUE 3aMbIKaHusi B,,. O4eBHIHO, JOJIKHO CYIIECTBOBATH U I'eOMETPUIECKOe
J0Ka3aTeJbCTBO 3TOro pakTa, aHajgormnduoe Teopemam 2.5 n 2.6. Iloka oHO He U3BECTHO.
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§74 HeKOTOpre ClienuaJjibHbI€ KJIaCCbl MHOI'OMEPHBbIX TpI/I-TKaHeﬁ

1. Kak BuHO M3 De3yJIbTATOB IPEIbIAyInero mnaparpada, rue ObLIM, B YaCTHOCTH, HAaNIEHBI
mecTuMepHble HeMyhaHroBbl TKaHU F, mpobjiema CyIecTBOBaHUsI TKAHEH CIEeUaJbHOIO BHUIA pe-
maetcst He npocto. COOCTBEHHO T'OBODsi, €CTh JBA IYTH PEIIUTH 3Ty MPOOJIEMY: TOKA3ATh TEOPEMY
CyIIIECTBOBAHUS WJIU MPUBECTU HETPUBUAIBHBIN mpuMep. JIOKa3aTeabCTBO TEOPEMbl CyIIeCTBOBAHUS
B IIOJABJISIONIEM OOJIBIITUHCTBE CJIYIa€B MPUBOJUT K OYEHDb CJIOXKHBIM TEH30PHBIM COOTHOIIIEHUSIM,
KOTOPbIE IPAKTUIECKU HEBO3MOXKHO IPOAHAIU3UPOBATH (CM., HAIIPUMED, JOKA3ATEJbCTBO CYIIECTBO-
BaHUs U30KJINHHO-Teo/ie3ndecKux TKaHei B § 5 1. 3). IloaTomy jiist J0Ka3aTeIbCTBA CYIIeCTBOBAHMS
HEKOTOPBIX KJIACCOB TKaHeil Mbl CTPOUM COOTBETCTBYIOIIUI IIpUMeD.

IIpu sToM TpHMepBI CjeyeT HCKATh B TAKUX KJACCaX TKaHEW, KOTOPbIE JIOCTATOYHO ITPOCTO
onmchiBaeTcd aHasuTH4YecKu. K rmocieiHuM OTHOCATCS, HAIPUMED, TKAaHU, B KAKOM-TO CMbICJIe Hyin3Kne
K I'DYHIIIOBBIM TKAHSIM.

PaccmoTpum Tpu-TKaHU, TEH30phl KPYyUEHUsT M KPUBU3HBI KOTOPBIX KOBAPUAHTHO MTOCTOSHHBI OT-
HOCHTEJIbHO CBA3HOCTH UepHa:

Val;, =0, Vb, = 0. (7.52)
Crnenyst pabore [[11-3], Takue Tkanu 6ynem obosmauars W V.

B cuy coornomenwuii (7.52) u3 (1.10) mosyduaem bfjk] .= bf Skl = 0, To ecTh TEH30p KPUBU3HBI b

TKaHH WV CUMMETPpHYIEH II0 BCEM HUXKHHUM HNHJ/IEKCaM:

Ve = bijrey- (7.53)

B cuny (7.53) uz 0606uientoro ToxaecTsa KOO M0IydaeM COOTHOIIEHMST
af?ka‘zm‘e] = O, (754)

KOTOPBIE 03HAYAIOT, 9TO OMHOCUMEADHO KOMMYMUPOBAHUS KACAMEABHOE NPOCTPAHCMEO 110001 KOOP-
dunammoti ayno, mearnu WY asasemcs anzebpoti Jlu.

Huddepennupyst ypasaerns (7.52) BHemHUM 06Pa3OM U YIUTBHIBasi CHMMETPHYHOCTH TEH30Da
KPUBU3HbBI, TPUJIEM K COOTHOIIEHUSIM:

i bpg — Gy — @i, =0, (7.55)
biike inpq - b%qbinkf = b%qbémf + bipg ;km’ (7.56)
kb = 0- (7.57)

C yuaerom (7.57) coornomenns (7.55) mpeobpasyiorcs B Cleyomue:

Uk bipg T @ bipg = 0. (7.58)

Tak Kak KOBapHAHTHBIE ITPOM3BOIHBIEC TEH30Pa KPUBU3HBI TKaHu WY paBHbI HYJIIO, TO, B COOTBET-
CTBHH C OIIpeJIeJIEHIEM, olpeieiisieMast €0 G-CTPYKTypa sBJIsIeTcs 3aMKHyTol G-CTPpYyKTypPOil Kiiacca 3.

U3 onpenesienns (7.52) ciepyet, aTo MHEOrooGpasne TKanu WY SB/IsSeTCS JJOKATBLHO PeJlyKTHBHBIM
MIPOCTPAHCTBOM, & COOTBETCTBYIOIIAsl CBA3HOCTH UepHa SIBJISETCS €ro KAHOHUYECKOW CBSI3HOCTBHIO.
Takum o6pa3oM, MHOrooOpa3ne TKAHU sIBJIETCS OJHOPOIHBIM IPOocTpaHcTBOM. OTCIO/a BBITEKAET

Teopema 7.13. Beaxas mxans WY seasemcea G-mxanvio, mo ecmo 044 HEE CYULLCMEYEMm, MaKoe
NOOCEMETCMBO adANMUPOBAHHHLT PENEPOS, 8 KOMOPHLL KOMNOHERMDL MEHI0POE KPUBUSHDL U KPYUEHUA
ABAANOMCA NOCTNOAHHBMU.

[TospobHoe [10Ka3aTeIbCTBO TON TEOPEMBI C OIIMCAHUEM BJIOZKEHUS TKAHU B yKa3aHHOE OJJHOPOJHOE
POCTPaHCTBO npuBeseHo B [[11-3].

2. Paccmorpun uersipexmepHyio TKanb WY, KOTOpas OJHOBPEMEHHO SIBJISETCH H30KJIHHHO-
reo/Ie3HIeCKoit, T0 ecth st Hee aly, = 0. Tlonaras B ypasnenusx (7.55), (7.57) u (7.58) r = 2 a};, = 0,
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HailjleM, 9TO OHHU YJOBJIETBODSAIOTCH TOXKiecTBeHHO. Ilpu r = 2 coornomenus (7.56) upuHuMaioT
CJICAYIOIII BUJT:

(1) (b111)* + bipebiyy =0,

(2)  bin(bin +biie) =0,

(3)  byaa(biag + bae) =0,

(4)  Dblggbhay + (ba0)” =0,

(5)  bi12bhas + blaobiay = O,

(6)  bi12bhas + bisobias = O,

(7) bhoobiiy — 3(biag)” + biasbiay — 3bhasbiay =0,

(8)  Dbaobi1y — 3biasbiay — 2biasbisy =0,

(9)  bhoobiis — bliobiay — 2biasbtay — biyibisy — biiobisy =0,

(10)  bygobian + biasbi 1o — 3binobise — 3bagsbiis = O,

(11) b?QQth - béQQb%ll - (5%12)2 - 2b%22b%12 =0,

(12)  (biae)® + bl 1obias + b3aobiio + blaghiie = O, (7.59)
(13)  bi11bhay — 2b111biay — 3bi19blay =0, .
(14)  b}11b7ay + bi11b3ay — 3bT11b1gy — 3bT19bias = O,

(15)  (b12)” 4 blaobi1o + bi11biag + bi1obiay =0,

(16)  boobtyy — 207 9b509 — 3biasbise =0,

(17) 5%115%22 - Qb%llb%m - 3b%125%12 =0,

(18)  biyibirs + bi11biag — 3b711b11e — 3(bi1e)* =0,

(19) bliobiyy + (B19)” — 267190111 — 2basbtyy — biyobiyy — biioblay =0,
(20)  biiobiyy + biaohiyy = O,

(21)  biiabiia + 2b719b700 + bisobiy =0,

(22)  bigobTiy — biasbiio — 2b712b110 — biashity — boaobiy =0,

(23)  Di1obtay — 2b719b10y — 2biagbios — bij1bags = O,

(24)  Dhoobi1y — 201 19b10y — biagbiay = 0.

IMokaxkeM, 9TO cucrema ypapHeHUH (7.59) UMeeT TOJBKO CIIeyIOIIue PEreHns:

1) b%ll =0, 5522 =0,
2) b%n 750:”9%11 :—b?mvbém =0,
3) b%n =0, béQQ #0= bgm = —b}22~

Heitcrurensno, u3 coornomenuii (2) u (3) cucremsr (7.59) moayuaem 4 Bapuanra:

1) b%n =0, b§22 =0,

2) by £ 0= b = —bija, bgy =0,

3) b1y = 0,bagp # 0 = biyy = —biay,

4) bl #0= bl = —blip,  bagy 7# 0 = bigy = —biay.

B ciayuae 1) u3 coornomennit (1), (4), (6), (7), (10), (12), (13) u (18) cucremsr (7.59) BoiTexaer,
MTO BCe KOMIIOHEHTBI TeH30pa KPHBH3HBI PABHBI HYJTIO, TO ecThb by, = 0. 910 osHavaer, 1ro paccmart-
pHUBaeMasi TKaHb SIBJISIETCS TPYIIIOBOIL.
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B caygae 2) u3 coornomennit (4), (5), (6), (7), (10), (13), (15), (18) u (23) mociemoBATEIBHO

oJIy4aeM ypaBHEHUA:
2 1 2 2 722
b222 - 0’ b122b222 - 07 6122b222 - 0’

b%22 =0, b%lQb%QQ = 2“’%22)2» b%m =0,
b%l? =0, b%n =0, b%lQ =0, ngQb%ll =0.

B cuity nocsieiHuxX COOTHOIIEHMI OCTaBINUECs YPaBHEHHsI CHUCTeMbl (2.1) yI0BJIETBODPSIOTCS TOXKJIE-
cTBeHHO. B pe3ysbprare mosydaeM CJieyIollee pelleHue:

bin #0, bi=0 (i#2, jkl#1). (7.60)
B ciyuae 3) HAXOIUM aHAJIOTMYHOE PeIleHNe:
bygs #0, by =0 (i#1, jk(+#2) (7.61)
B cayuae 4) u3z ypasaenuit (1), (18), (16), (23), (11), (10), (22) u (17) HaiijeM mocse10BATEIBHO
bhas = bi1p = bi1p = bigy = —biy, blgs = bi1 = bioz = biy-

B cmity 3THX cooTHOITeHnit ocietHee ypasaenue (7.59) cucremsr npuamvaet suf (bl,)? = 0. Orcrona
BBITEKAET, UTO BCE KOMIIOHEHTBI TeH30pa KPUBU3HBI PABHBI HYJIIO, & 3TO IPOTHBOPEYNT IIPEJIIIONOKE-
amio b3, # 0, blyy # 0.

TakuM 06pa3oM, MOIyT OBITH JIMIIb JBa KJIaCCa HETPUBHAJIBHBIX (HEIDYNIOBBIX) HM30K/IMHHO-
reosiesmieckux TKameit WY . OueBmiHO, 3TH JIBa KJIacca TeOMETPUYECKH CHMMETPIIHbL. PaceMoTpum,
HAIIpUMeD, NepBbIii Kiace, onpeesnennblii ypapuenuamu (7.60). O6oznauum sty TKanb WY .

B cuiy coorromennit (7.60) cTpyKTYpHBIE YDaBHEHUsI PACCMATPUBAEMOl TPU-TKAHU MMEIOT CJle-

,HyIOH_[I/Iﬁ BILAL: 1 2 1 2 1 2
du)l:wl/\OJQ, dLUQ:OJQ /\wl,

ot = ] N+ A+ B! A, (7.62)
dwd = wh Awl + Wi Awl,
a u3 BrOpoil cepun ypasuenwuit (7.52) mosyqaem Vb?,, = 0 nm
dby; — 3b3 W] + b7 ws = 0. (7.63)
Orcrona BUIHO, 9TO BEJIMINHA, b%ll SBJISIETCST OTHOCUTEIHLHBIM HHBapuaHTOM. [loroxkum b%ll =1, Torma

u3 (7.63) HOJIyYMM COOTHOIIEHUE: ) |
Wy = 3&)1 .

Kak BumHo u3 ypasuenuii (7.62), cemeiicTBO aJalTHPOBAHHBIX PENEPOB TKAHU MOXKHO CY3HTb,

IIOJIO?KUB wll = wé = wg = 0. OcraBiinecst CTpyKTypPHBIE YPABHEHUST TPUMYT BU/I:

dclul =0, d(,«lj2 zclul /\w12,
dy' =0, du®=w' Ao, (7.64)

Ilpennoxenue 7.14. Muozoobpasue mxanu W)Y asasemcs 00nopodnvm npocmpancmeom G/ H,
2de G — namumepnas epynna Ju, H — odnomepras nodzpynna epynnu G.
O Cucrema (7.64) aBisiercs 3aMKHYTON CHCTEMOl ¢ MOCTOAHHBIME KO dunuenrtamu u omnpeuesisier
naruMmepayo rpynmny Jlu G ¢ mHBapumaHTHBIME (OPMAMUI c«l.Ji, c2ui, w%. Mmuoroobpa3sue, HA KOTOPOM

3a/laHa TPHU-TKaHb, SIBJISIETCsl OJHOPOJHBIM mpocrpaHcrBoM G/H, Tie ojHOMepHast moiarpyrnna H
OTIpeieJIeHa CUCTEMOM ulﬂ =0,0'=0.1
2
W3 nepsoro u Tperbero ypasHenuit (7.64) mosyuum:
cijl = dul, w'=dv'.
2
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Torna dw% = du' A dv', orkyna

w? = %( Yo' —v'du') + de, dul)2 = id(ul)2 Adv' + du' A dp.

WMurerpupys mociaeqsee ypaBHEHHE, TIOJIY IAEM:

w2:
1

(u")2dv! +u'de + du®.

o~

B pesysbrare Ha dopmy (,202 TIOJIydaeTcs cJlejiyiolee BHEIHee ypaBHEHUeE:

dy? = — () Adut + vt A dy,

13 KOTOPOT'O HAXOJUM: |
ch = —Z(UI)Qdu1 +v'dyp + dv’.

Temepn maiimem ypaBHEHHsS CIOCHHUII paccMaTpUBaeMoil Tpu-TKanu. llepBoe cioenme 3aaeTcs
CHUCTEMOI oijl = 4112 =0, win
1

du' =0, Z(ul)del + uldp + du® = 0.

MuTerpupys 3Ty cucreMy, mojiydaeM ypPaBHEHUs IIEPBOT'O CJIOEHUS TKAHU W4v:

rae &' — mapaMeTphl IIEPBOrO CJIOEHUS.
YpaBHeHUsT BTOPOT'O CJIOEHUST UMEIOT BH], Lé}l =W’ = 0, wm

dv' =0, —i(vl)Qdu1 +vldp + dv® = 0.

Unrerpupys, MOSy<INM ypaBHEHUsI BTOPOTO CJIOeHHS Tpu-TKanun W, :

1
o=yl =W e 0 =y

3/1eChb y' — IapaMeTphl BTOPOTO CJIOEHUST TKAHU.
Tperbe croenme 3a7aeTcsa CUCTEMON ypaBHEHUIT

w+w =0, w2+w2:0,
I 9 1 2

nJIm
du' +dv' =0, (u')2do' — ! (") 2du' + (u' 4+ vV de + du® + dv® = 0.

|

1
4
HNurerpupoBanue jgaet:

u ol = zl,

’LL2 + 1)2 + (ul +1}1)90 . G(UI)S o Z(UI)QUI o Zul(vl)Q _ 22'
VcKmiovas JOKaIbHbIe KOOPAWHATLI U}, v°, (0 U3 Hail IeHHLIX YpaBHEeHN ! CJIOCHHH, OIYINM YPaBHeHNS
paccMaTpuBaeMoit Tpu-TKan WY :

P 2171 _|_y1,
1 1 . .
22 — _7(x1)3 _ 7(x1)2y1 +x2 +y2.
6 2
Ilocste m3oTONIMYIECKOTO TIPEOOPa3OBaAHMSA
1
xl:ul’ x2:u2—|—7(u1)3, ylzvl, y2=’U2
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YPaBHEHUSI IPUMYT O0Jiee IPOCTON BUI:

1

z ul—l—vl,

2 =u? ot - %vl(ul)Q. (7.69)

Hokazana

Teopema 7.15. C' mounocmvio do uszomonuu cywecmeyem eduncmeennas He2pynnosas 4-x
mepraa mpu-mrany W)Y ¢ K06apUaHmMMO NOCTROANHBIM TMENOPOM KPUGUSHVL U HYACEHLM MEHI0POM
kpyuenus. Muozoobpasue mxanu W, asasemcea odnopodnvim npocmpancmeom G/H, 2de dimG = 5,
dim H = 1. IIpu nodzrodswem svibope napamempos caoerutl ama mxrahd modcem 6vims 3adana Ypas-
neruamu (7.65).

Bamernm, uto corsacuo kimaccudukarmuu B.B. Tombabepra, tkans W, npunajexut xiaccy Ej,
em. [To-35].

3. Ilpengyoxkenune 7.16. Tpu-mrarv W4v Asaaemes A-mxanvio.
OO0 Hamomuuwm, yro Tpu-TKanb W HasbiBaeTcs A-TKAaHBIO, €CJIU B KaXKJIOW ee KOODJMHATHOW JIyTie
BBINOJIHSAOTCH TOXKAecTBa (7.35)—(7.37). IIpoBepuM BBIIOJHEHHE TUX TOXKJIECTB JUIsi PACCMATPH-
BaeMoil KOODJMHATHOH Jymiel, 3a1anHoll ypasHeHusiMu (7.65) (¢ emunauneit e = (0,0)). Ucnonb3ys
ypasuenus (7.65), 1oc/e HECJIOKHBIX BBIUUCJICHUIT HAXOIUM:

logu) =v: ol =aul, o? =l 4+ 2lylal;
regu) =v: o' =ul, v = —zlyluly

Mey(u) =v: ol =ul, o*=u+ 2yl

ITpoBepum, HaNIpEMED, YTO BbIIOJIHsIETCs cooTHOIenue (7.35). Haiinem seByio 4acThb 3T0ro paBeHCTBa,
def
Uy y(uwv) = p |

(uv)l =u' + !,

p
pQ (UI)QUI +$1y1(u1+v1).

No| —

(uwv)? + 2y (uo)! = u? +0? —

Teneps Haiimem npasyto gactb (7.35). Vmeem:

z‘y(u =q: ql :ul, q2 :u2+x1y1u1,
S

—o!, 2=ty

N2l — 2 4o — %(ul)Qvl Yo'yl 40"y = .
Kak BuzHO, JeBast U npaBasi 4acTu ToXKJecTBa (7.35) MOJHOCTBIO COBIAJAIOT, T.€. 9TO TOXKJIECTBO
JIEHCTBUTENBHO BBIIOIHAETCH. Bbinosnenne Toxkaects (7.36) u (7.37) 1oKa3blBaeTCH AHAJOIHIHO.
Taxum o6pa3oM, J0Ka3aHO, YTO KOOpAuHATHAs Jyna (7.65) asiasgerca A-nynoii.

JaJsee 3aMeTnM, 9TO, IIOCKOJIBKY PACCMaTPUBaeMasi TKaHb sBJseTCss G-TKaHBIO, TO ee KOOD/MHAT-
HbIE JIyIBI fBJsgoTCsS G-yynamu u u3oMopdubr apyr Apyry (§4 . 6). CieoBaTesbHO, TOXKIECTBA
(7.35)—(7.37) BBIIOJHSIOTCS B KaXKJI0H 13 9THUX JIYII, TO €CTh Bee oHM siBisitorest A-ymamu. W

4. Ilpennoxkeuune 7.17. Txanv Wf ABAAEMCA CONPAHCEHHO 3AMKEHYMOT MKEAHDBIO.

O Hamomunm, aro jryna () Ha3bIBAETCS CONPSIKEHHO 3aMKHYTOI, €CJIN CJIEyOIIHe KOMIIO3UINH JIEBBIX
U [PABBIX CJBHUIOB

LyoLy,oL;', R;'oR,oR, (7.66)
SIBJISIFOTCsI COOTBETCTBEHHO JIEBBIM U OpaBbiM casuramu, cMm. [HIII-1]. Tkaup W HasbiBaeTcst coupsi-
JKEHHO 3aMKHYTOM, €CJIM BCE €e KOOP/JMHATHBIE JIYIILI SBJISIOTCS COIPSIYKEHHO 3aMKHYTHIMA.

Haitnem neficrsue oneparopa L, o Ly o L;l B KoOpauHATHOH Jyie (7.65). PaccMoTpuM paBeHcTBO
L, o LyoL;"(u) = 2. Ono sxsusasentno coorroutenuio z(yu) = xv. Ucnonssys ypasuenus (7.65), B
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JIEBOH YacCTH! IIOJIydaeM:

(z(yu)' =o' +y' +u',

1 1 1 1
(@()? = —5@') = 220 )+t L) - L)l gt
B mpapoit wactu nmeem:
(zv)! = 2! + 0!, (zv)? = —é(a:l)?’— %(ZI)Q’UI + 2% + 0%

Bripazkast xoopiuHaThl v* Hepes u', HaxoauM JeficTsue oneparopa Ly o Ly o L;I:

vlzyl—i—ul, UQ:yQ“V‘UQ_g(yl)S_*(yl)QU].

Kak Buano, neficTBue orneparopa TOJHOCTHIO COBIAJAECT C YPABHEHUSIME KOODJIWHATHOM JIYITBI
(7.65), a 9TO O3HAUAET, YTO KOMIIO3UIHS JIEBBIX C/IBUTOB SIBJISIETCS JIEBBIM C/IBHTOM.

AH&J’IOFH‘IHBIM O6pa301\/[ JOKa3bIBa€TCA, YTO KOMIIO3UNUA IIPABbIX CABUTI'OB ABJIACTCA IIPAaBbIM CIABH-
rom. Tak Kak Bce KOOpJIMHATHBIE JIyIIbI PACCMATPUBAEMOil TKaHU M30MOPGHBI (CM. Ipeibliyiiee
,HOKa3aTeHbCTBO), TO BCE€ OHU TaK2Ke ABJIAIOTCA COIIPAZKEHHO 3aMKHYTBIMU. |

5. PaCCMOTpI/IM U30KJIMHHbIE TPU-TKaHU VVv

Hanmomunm (CM. IJI. 3), 9TO HU3OKJ/IMHHBIE TKaHU XapaKTEePpU3YyITCs CHQH‘I/Id)I/I‘{eCKI/IM CTpOeHUueEM
TEH30pa KPYIEHUST:
(6haj — &tay). (7.67)

J

Toacrasnsgs B (7.57), mosydaem: ) )
7 _ 11
bjk.eam = bjkma[.

Iloctemaee cOOTHOMIEHTE MOYKHO 3allNCATDH B BHJE:

i
biem def ;

i
gkt _
ZIRE ko

Qg Am

OTKY/Ia , 4
3 7
Djke = Mjpae-

B cuimy cEMMeTpPHYHOCTH T€H30pa KPUBU3HBI [10 HIZKHUM HHJIEKCAM HMEeM:
i _ i
Hjp@e = HjpQk,

OTKYy1a

H}k o M;g def ‘ui.
ak as 7’

U, CJIeJI0BATEIIBHO, _ _
7 1
Uike = 15akap.
IToBropsisi Te ¥Ke PacCyzKJeHns, HafijeM, 1To
i _ i
s = play.
B pesyibrare KOMIIOHEHTBI T€H30Pa KPUBU3HBI BBIMVISISAT TAK:
i i
bike = p'ajaray. (7.68)

Honcrapisist (7.67) u (7.68) B (7.55) m cBopaumBasi 110 WHjEKcaM { U k, NOJIYYIUM DABEHCTBO
m j—
(I =r)pmamajapa, = 0.
MpbI paccMaTpUBaEM MHOTOMEDHBIE TKaHH, T.€. cauTaeM, 9o r > . OcraBisgsg B cTOPOHE TPUBH-
apHbIA cary9ail a; = 0 (TpyInoBbIE TKAHM), IOy THM

"y, = 0. 7.69
ju (7.69)

B cuuy (7.67) u (7.69) coornomenust (7.55) u (7.56) ya0BIE€TBOPSIIOTCST TOXK IECTBEHHO.
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C y4eToM MOJIy9eHHBIX COOTHOIIEHU yPABHEHUS (7.52) CBEIYTCA K YPaBHECHUSIM
Va; =0, Vu'=0, (7.70)

T. €. TeH30DbI a; U (1’ SABJIAIOTCA KOBAPHAHTHO MMOCTOSHHBIMH.
Crpykrypuble ypasaenus (1.26) u (1.32) st paccMaTpuBaeMoil TKAHU OIPUHUMAIOT BUJL:

do® = W AW+ aiw? AW,
1 1 J I 1
i P i
dy' = o' Awj — ajw’ AW, (7.71)
dw’ E A wi = uias kA
wj —wj Awj, = p'ajaraew” Ay

Janee st yUpOIIEHNsl BBIMUCIEHHH Cy3UM CMeMeHCTBO penepoB, HOI0kuB a) = 1, a; = 0
(i,5,k, £ =1,r, 4,7,k ¢ =2,r). Torna uz coornomenus (7.69) nomysaem u! = 0, ' # 0, 1 KOMIOHEHTHI
TEH30POB KPy4YeHUsl U KPUBU3HLI IPUHUMAIOT CJIe Ly IOl BUJL:

aj, =0, at =0, ap #0,  bj, =0, bz =0, by #0. (7.72)

N3 crpykrypHbIX ypabrenuii (7.71) B cuiy (7.72) Hax0omuMm dw} = wf A wj.. TIo Teopeme @pobe-

HUYyCa CUCTEeMa ypaBHeHI/Iﬁ wjl- = 0 Bmosne UHTErpupyeMa, Tak 9TO MOZKHO JaJjiee CYy3UTb ceMemncTBO

AJIAIITHPOBAHHBIX PEIepPOB TKAHU, ITOJIOXKUB w} =00G=1r).

C apyroit croponsl, u3 (7.71) caenayror ypaBHeHUs:

:waw,i:wl.Awf—&—wf/\wi =Wk AWl
J J J k J k

k:?&)

d

DTO 03HAYAET, YTO CHCTEMA wf = 0 Tak>ke BrosiHe nHTErpupyeMa. I103ToMy MOXKHO IOJIOKHUTH wﬁ =0.

TakuM 00pa3oM, HEHYJIEBBIMH OCTAIOTCA TOJBKO (DOPMBI w], KOTOPBIE YAOBIETBOPAIOT CJICIYIOIIUM
CTPYKTYPHBIM YpaBHEHUSAM:

dwf = w{“ A w,iC + Mialakagaizk A cge = /ﬁakagal)k AN c;e = ,uiufl A\ u2)1.

B uTore crpykTypHble ypaBHEHHS pacCMaTPpUBAEMOl TKAHU MPUHUMAIOT BU/T:

d%)l =0, d(gl =0, (7.73)
daiﬁ = u1)1 A w;i + LiJl A ulﬁ, (7.74)
dw' = w! A w? —whA w?, (7.75)

2 2 2 2
dw;i = /ﬁoijl A cé)l. (7.76)

~ C yuerom nposezieHHo# Kanonusanuu ypasuenus (7.70) csopsres K ypapuenusm du' = 0, oTkyza
,ui = const.

Cucrema (7.73)—(7.76) 3aMKHyTa OTHOCHTEJIHHO Ollepaliiy BHeIIHero JuddepeHnupoBaHust U Co-
JIEPXKAT, TOMUMO (DOPM, TOJIBKO TOCTOsTHHBIE. CIIEJIOBATENBHO, USOKAUHHIE MKGHU ¢ KOBAPUGHMHO
NOCTOAHHBLMU MEHIOPAMU KPUSUSHVL U KpYdenun (0bosnavum uz Wy ) cyuecmeyom u A6as0mces
G-mxanamu.

Haiinem Tenepb ypaBHeHHsI COOTBETCTBYIOMIEH KOOPJAMHATHON KBa3UIPyIIbL. VIHTerpupyst ypaBHe-

uust (7.73), monyvaem:
%)1 = du!, cé)l =dv'. (7.77)

B pesynbrare ypasaenust (7.76) npuHUMAIOT BU;:

dwzi = /ﬁdul Adv'.
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Tak xax 4! = const, TO, IPOUHTErPUPOBAB, IOJTYIHM:

5 1

wi = 5pﬁ(uldvl —vldu') + dgag, (7.78)

rjie go2 — HekoTopbie HOBbIe epeMennble. C yuerom (7.77) u (7.78) ocrasimuecst CTpyKTYpHBIE yPaB-
uenust (7.74) u (7.75) npumyT BUI:

dciﬁ + ulﬁ Adu! = %/ﬁuldul Adv' + du' A d<p?,

-~ -~ 1

du2)’ — Léﬂ ANdv! = —i,ugvldvl Adu' + dv' A dcp?,
nim -~ 1 = -~ -~
d(uizl + 3 piuloldu' + @Zdu1> =du' A ulﬂ, (7.79)
d(aéﬁ - %/ﬁulvldvl + @gdvl) = —dv' A céﬁ, (7.80)

Tlosaras B 9TUX ypaBHEHUSIX

tiﬁ-F%/ﬁUlvldul +ap€du1 :?2 ‘g?_%

%

/ﬁulvldvl + Lpgdvl = g ,

IOJIy9IUM ypaBHEHUSA BUIA

d??‘ = du' A q? (7.81)
dgg = —dv' A gz (7.82)

Pemenust ypasuenntit (7.81) u (7.82) umeror Bug:

= 1 >
ul)z =e" du',

> 1 -~
w=e" " dv'.
2
Bozsparascs k mpekHuM 0003HATEHUSIM, Oy IAEM:

Liﬁ = e dul — %;ﬁulvldul - g@gdul, (7.83)

%ﬁ = e_vldqﬁ + %/ﬁulvldvl — gagdvl. (7.84)

Teneps naitiem ypasnenust cioenuii Tkanu Wy . Ilepsoe cioenne 3a1aeTcst cUCTEMOI aizl =0, w' =

= O7
njan ~ 1

du' =0, e dut — §;ﬁu1v1du1 — (p;dul =0.

ITocue NHTErpupoBaHUd ITOJIYyIUM

rae &' (i = 1,7) — mapaMeTphl IEpBOTO CJIOCHHSL.
VpaBHeHus BTOPOro CJIOCHU (42)1 =0, ogi =08 cuny (7.77) u (7.84) npuHMMAIOT BU;

dv' =0, e~ dvt + %;ﬁulvldvl — gagdvl =0.

WMuTerpupys sty cucreMy, HaieM:

) R R

rie y° (i = 1,7) — mapameTpsl BTOPOTO CJIOCHHSI.
Hakonell, ypaBHEHHsI TPETHErO CJIOCHUS UMEIOT BHIL

W' =0, W+ =0,
1 2 1 2
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win
du' +dv' =0, e du — %,tﬁulvldul — <,0’Aidu1 te v dvi 4+ %;ﬁulvldvl — <p§dv1 =0.
Wurerpupys 3Ty cucremy, Haiimem:

1 = -~ -~
UI+U1 :Zl, ez ul—i—vl—i-/fe” (UIUI—UI+U1—2):ZZ,

rie 2° (i = 1,7r) — mapamMeTpsl TPEThero CJIOCHU.

Hckiouast u3 ypaBHEHUil CJI0€HUI JIOKaIbHbIE KoopauHaTsl u’, v, ¢ (i = 1,7, i = 2,r), Haiinem
YPABHEHUSI PACCMATPUBAEMON TKAHU WA €€ KOOPAMHATHON KBA3UI'DYIIIIbL:

2=l 1yl o=V (ezlx€+ e_ylyAi + /ﬁ(xlyl —z' +y' —2)).

[Tocste m3oTOIMYIECKOTO TPEOOPAZOBAHIST

1 et 3 1 ) 3 1 R
T —u, — u’; y —1—v, — — Y z —1—2z, — =2
2

Hafi/IeHHbIe BBIIIE yPABHEHUS IIPUMYT 0oJiee IPOCTOH BUJL:
=l 40!, A :evl(ui—l—vi—l—ulvl). (7.85)

Nrak, mokazana

Teopema 7.18. Cywecmsyem eduncmeeniasn (¢ MouHOCTIVIO 00 USOMONUL) USOKAUHHAAL TMPU-
MEAHD € KOBAPUAHTIHO-NOCTNOAHHILMU MEHIOPAMU KPUSUHYL U KpYUeHuA. Ona asasemea G-mrarnvio,
U e€ YPasHEeNUA 8 HeKOTNOPHLT AOKAALHUT Koopduramax umetom 6ud (7.85).

C apyroii croponsl, ypaBHenust (7.85) sIBJISIFOTCS YPABHEHUSIMU KOODJMHATHOMN JIYIIBI HANIEHHOM
Tpu-TKaHu (¢ equHnaHbM 1eMerToM (0,0, ..., 0)).

Jlerko npoBepuTh, UTO JUIs HaileHHOl TKanu W, mepBble JBa TeH30pHBIX cooTHOMIeHnst (7.38) He
BoInosHs0TCs. Clle0BaTesIbHO, 9Ta TKAHb He sIBJIsieTCs] TKaHbio Ay mim A,.

C apyroit croponbl, Tperbe coorHonenue (7.38) 1yl HAllIeHHON TKaHNA VVOv BhITOJTHsIeTCs. [loka-
KeM, TeM He MeHee, 9TO TKaHb W' He sIBJIsIeTcsl TKAHBIO A,,, TO eCTb B ee KOOPAHHATHBIX JIyIax
ok 1ecTBO (7.37) He BBINOJIHSIETCS.

Haitnem neficrsue omepaTopa my,, B KoopauHaTHO yyme (7.85) sToit Tkamn. PaccMorpum pasen-
CTBO Mgy (u) = v. OHO sKBUBaseHTHO cooTHOmeHUIO x(uy) = (zv)y. Mcnomssys ypasmenus (7.85),
HOJTy 9aeM:

(z(uy) = 2! +u' +y!,  (zluy) =" T (@ + eV (0 + oyt +ulyl) + 2wl +yl)).
C pyroii CTOPOHHI,
(@o)y)' =2' +ol +y!,  ((@o)y) =¥ (¥ (@ + v +2'0') +y' + (@' +o')yh).

Bripazkasa KoopaumHATHI v° depes3 u', HaXOAUM JefCTBHEe ONePATOPa My, y:

> 1 -~ -~ P e o
1}1 :ul, vt = eY (’U,Z—Fyl +ulyl)—|—x1y1 U yz _eu yl(xl _|_ul).

Paccmorpum teneps coornomenue (7.37). HaitmeM seByio 9acTh 9TOro paBeHcTBa, M, , (uv) = p. Ilocie

HECJIOYKHBIX BBIYUCIEHUH TTOJTY IHM:

P = (uv)l —ul o,
P = (wo) + o' + (wo)'yh) +aly! — e 'yt — eyl (2! 4 (uv)!) =
v

_ eyl(e'“l(ug—f—vg—kulul)y;-i- (ul +U1)y1) +aly! el Y _e—ul—vlyl(xl 1! +v1).

Teneps Haiizem npasyio dacTb pasencrsa (7.37). O6osHauuM Mg, (u) = g, My, (v) = s. Nmeem:
¢'=ul, g = (W oy buly) oty — ey ey !+l

s =0, 5= eyl(vg—Hﬁ—Hlel)+a:1y1 —e vy —e‘”lyl(nc1 + o).
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CeroBaTENIBHO,
(gs) =¢' +5' =u! +o,
(gs)' = e (q' + ' +q's") = (¥ (' +y' +u'y) +aly' —e v yi-
_e—ulyl(xl +u1) +€y1(1}2+y?+v1y1) _|_x1y1 . e—ulyl(ml _H)l) _|_ulvl).

Kak BugHO, p # ¢s, T0 ecth paseHcTBo (7.37) He BbmosHsiercs. CiemoBaresbHo, snyna (7.85) He
siBjisieTcsi A,,-JIyIoii, a TKaHb WOv He aBJIsAeTCa TKaHbio A,,. Takum obpa3om, JOKa3aHO, 4TO MeH-
soprwvie coomnowenus (7.38), xapaxmepusyrowue OuBPepeHyuuaIsvbHYIO OKPECTIHOCING YEMEEPMO2o
nopadka A, -mranet, He ABAAOMCA JOCTNAMOUYHBMYU OAA 020, 4MOOBL NPOU3EOALHAA MPU-TNKAHD
ovina Ay, -mranvio.

§ 7.5. O kyaccudukanmuu KpUBOJIUMHENHBIX TPU-TKAHEH

1. Kiaccndukanyuss KpUBOJMHEHHBIX TPU-TKaHEH CYIIECTBEHHO CBsA3aHa ¢ jauddepeHnuaabHoi
OKPECTHOCTBIO 9eTBEPTOro W 60Jjiee BBICOKOTO TIOPSIIKA, TMOCKOJIBKY B TpeThel auddepeHnuaabaoi
OKPECTHOCTHU KJIACCUMDUKAIUSA ABJISAETCS «TPy0Oii»: B 3aBUCUMOCTH OT KPUBHU3HBI b BCE TKAHU JIEJIATCS
Ha peryJsiphble (niau napasuienausyemble, b = 0) u ueperyssipusie (b # 0).

ITycrb crpykTypHble ypaBHeHUs KpuBoJsuHeiiHoi Tpu-Tkanu W sanwmcanbl B Buge (6.47), (6.48).

ITpomoikast ypasaenus (6.48), npumem K ypaBHEHUAM

dbiy — 4b11w = binwi + byjowe,

dbia — 4bjow = bia1wi + bigows, (7.86)
dba1 — 4bg1w = bar1wi + bajows, ’
dboy — 4bgow = bagjwi + begows,

u T. 1. Takum 00pazoM, MOIy9aeTCs MOC/IEI0BATEIbHOCTD (DyHKITHIA:

b, by, by, by, big, oy, boo, ...

Kak Bunno uz ypasaenuit (7.86) 1 UM aHAJOIUIHBIX, 3TU (DYHKIUN SIBJISIIOTCA OTHOCUTEIbHBIMU MHBA~
puanTamu Beca 2,3,4,... COOTBETCTBEHHO OTHOCUTEJBHO JOMMYCTUMBIX MPEeOOpPA30BAHUI, COXPAHSIOIINX
BUJ| CTPYKTYDPHBIX ypaBHenwuii (6.48). Do ‘O3HAYAET CJIEJAyIOIee: ecu Tpu-TKaHb W SKBHBasieHTHA
(u30TONHA) HEKOTOPOIi ApYroil Tpu-TKanu W u CrpyKTypHbIE ypaBHEHHs Obenx TKaHeil 3alucaHbl B
Bugie (6.48), To coorBercrByOKe 6a3UCHBIE (POPMbI CBA3AHBI COOTHOIIEHUAMU

W = Awi, Wy = Aws,
a KPUBU3HaQ b " ee KOBapHaHTHBIE ITPOU3BOAHBIE — COOTHOIICHUAMN
b:Aizb, by :Aisbl, b1 :A74b11,....

ITpu sToMm, ecsiu Tkanb W 3amana ypaBHenueMm z = f(x,y), TO KPUBU3HA b BBIPAXKAETCS Y€PE3 [IPO-
U3BOJHBIE JI0 TPETHErO IOPSJIKA BKIOUNTENbHO 0T (pyHKuuu f(z,y); Beaudubl b; u by BbIPAKAIOTCS
gepes3 IPOU3BOHBIE JI0 YETBEPTOrO MOPSJIKA U T. II.

@ynkiun by u by HE3aBUCHUMBI, HO y2Ke CJIe/IYIONIMe TIPON3BOIHBIE CBI3aHbI cOOTHOIeHneM (6.49).
KoBapuaHTHbBIE TPOM3BOJIHBIE CJIEJYIOIIEr0 MOPSIJIKA TAKYKE CBS3aHbI HEKOTOPBIMU COOTHOIIEHUSIMHU,
HO MBI UX 3JIeCh He IIPUBOIIMU.

W3 orHOCHTE/IBHBIX NHBAPUAHTOB MOXKHO ITIOCTPOUTEH aDCOJIIOTHBIE MHBAPUAHTHI:

C1 = ﬁ, Co = bé Ci1 = E Cl2 = @ Co1 = @ Coo = @
b’ b’ v b v’ v’
OueBnjHo, B quddepeHnuagibHoil OKPECTHOCTH YeTBEPTOTO MOPsiJIKa TKaHb W uMeer /1Ba HE3aBUCHU-
MBIX aDCOJIIOTHBIX HHBAPUAHTA C| U Co. B nuddepennuaibHoit OKpeCTHOCTH MATOTO TMOPSIIKA HE3aBUCH-
MBIX HHBAPUAHTOB OYIET USATh: €|, Co, Cl1, C|2, €292, U T. /1., B T MOEPEHITNATBHOM OKPECTHOCTH MOPSITKA
(s4+3) umeercss 2+34+4+...+(s+1)=1/2s-(s+ 3) He3aBUCUMBIX aOGCONOTHBIX WHBAPUAHTOB.
2. EcrecrBeHHO KJjacCHU(PUIMPOBATH KPUBOJIMHEHHBIE TPU-TKAHU C IIOMOIINBIO PA3JIMIHBIX COOT-
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HOIIIEHNY Ha WHBApWaHTHI. lIpexkie Bcero HEOOXOAMMO PACCMOTPETh TKAHU, JJis KOTOPBIX OJIUH U3
OTHOCHUTEIbHBIX NHBAPUAHTOB PABEH HYJIIO.

Ecin xpuBusna b paBHa HYJII0, TO TKaHb, KaK yKe OBLIO CKAa3aHO, sIBISETCS peryssapHoii. Jlerko
[IpOBEPSIETCsI, YTO ecju 0ba MHBapuaHTa by W by paBHBI HYJIIO, TO TKaHb TaK:Ke OyIeT PeryJisipHOIi.
JeticTBuTeibHO, TOTIA U3 T10CaeaHero ypasuenus (6.47) nonygaem db — 2bw = 0, orkyna 2w = dInb u
dw = 0. Ho Torpa us rperbero ypasuenus (6.47) noaygaem b = 0, TO eCTh TKAHD SIBJISETCS PELYJISIPHOLA.

Zleno, 9To TOWHO TaKOI JKe Pe3yNbTaT MoMydaeTcd, e by = 0 1 biaye = 0, rae () — mymbTa-
WHEKC, cocTodammii n3 mudp 1 m 2.

PaccmoTrpum Tpu-TKaHU, Yy KOTOPBIX OJ/IHA M3 KOBAPUAHTHBIX IIPOU3BO/IHBIX KPUBU3HBI PABHA HYJIIO:

biys+1 =0, (7.87)

rie s + | yrasbiBaer aucio nudp B Mmysnbrunsaekce (1), cocrosiimem Toabko n3 exauauni,. HamomanM, 910
qucyio s + 1 ecTh TMOpSIIOK COOTBETCTBYIONIEH KOBAPUAHTHOI MPOM3BOAHON Kpuu3Hbl b. Ob03HATIM
KJIacC TaKWX TKameh Bpy.

PaccMoTpim oTHOCHTeTBHBIN HHBAPHAHT b 1y.,. Beumy (7.87) ero xopapmanTabii muddepentman
BAIUIIETCS B BUJIE

db<1>;s — (S —+ 2)b<1>;s w = b<1>;3,2w2. (788)

Tak xax byjy,; €CTb OTHOCUTE/ILHBIH HHBAPUAHT, TO KOPerep MOKHO HOPMHUPOBATDL TakK, YTO B 00JIACTH
OIIpeJieJIeHNs] TKAHU OYyJIeT BBIIOJIHATHCS YCJIOBHE

biiys = 1. (7.89)

Torya n3 (7.88) momydmm:
—(5 4+ 2)bg1ysw = b1y, 2 w2, (7.90)

u Bropoe ypasuenue cucrembl (6.47) mact dwy = 0. ITo Teopeme Ilyankape
wy = dv. (7.91)
B pesyubrare ypasaenue (7.90) MOXKHO 3allUCATH CJIELYIONIAM 00PA30OM:
w = vydv. (7.92)
Paccmorpum Tereps mHBapHanT b1y;s—1. B cuy (7.89) u (7.91) on yioB/eTBOpseT ypaBHEHHIO
dbiy.s—1 — (5 + D)b(1y.s—1w = wi + byiyis—1,2dv,
KOTOpOe MOYKHO MepenucaTh B caenyomnieM suje (em. (7.92)):
dbi1y,s—1 = w1 + (...)dv. (7.93)
PaccMOTpUM aHAJIOTHYHOE ypaBHEHUE JJI IIPEIbLIyIeil KOBAPHAHTHOM IIPOU3BOIHOI:
db(1y.s—2 — 8b(1y;5—2w = b(1ys—1w1 + b(1y;s—2, 2dv.
Beuny (7.92) u (7.93) nmeem:
db1y.s—2 = b(1y;s—1db1y;s—1 + Ko_odv = %d(bm);sfl)Q + K_adv. (7.94)

Orcrona BusHO, uro dbyHKIus Ky 9 3aBUCUT TOJBKO OT ONHON mepemenHolt v. Uurerpupys (7.94),
TIOJTY M

1
biiys—2 = §(b<1>:s—1)2 + Ts_2(v). (7.95)
AHaJIOrM4IHO, JI/Ts KOBAPUAHTHON MPOU3BOHON b(1),s_3 TOpAKa (s — 3) mMeem:

dbi1y.s—3 = (5 = 1)bi1y.s—3w + b(1y;s—owi + b(1y;s—30dv =

1 1 .
= (§(b<1>;571)2+ Ts—2(v)) (bityss—1— (- )dv) + (--- )dv = gd(b<1>;571)3+ d(Ts—2(v)b(1y;s—1) + Ks_3dv.



192 T'n. 7. Teomerpus muddepeHnnaj bHONl OKPECTHOCTH Y€TBEPTOTO MOPSIIKA TPU-TKAHI

Orciona BumHO, uro dyHKIUs K, 3 3aBUCAT TOJBKO OT OMHON mepemenHo# v. CiieoBaTeIbHO, IPU
WHTEI'PUPOBAHUN IIOJIYYUTCS ypaBHEHHUE

bitys—s = 1/31(b(1ys—1)° 4+ To—a(v)biiyss—1 + Ts—3(v). (7.96)

Paccyxnas mamee mo MHIAYKIWHM, TPUJIEM K yPABHEHUIO:

s— 1 o
To—o(0)(b1ys—1)" 4 i Toms(0) (b(1yis—1)* >+t Th(0)b(1ys—1+ To ().

(s —3)!
(7.97)
Tenepn MoxkHO HaiiTu dopMmy w u3 Tperbero ypasuenus (6.47), koropoe ¢ nomorpio (7.91)—(7.93)
u (7.97) upeobpasyerca cielyomuM obpa3oM:

1 oo
b= Cms-1"F 5

dw = bwy A dv = bdby,s_1 ANdv =

1 s 1 5—
= <S!(b<1>:s—l) + s L2 () (bie) SR ATC) LT +To(’0))db<1>;s—1 Adv =

1 1 .
= ((S+ ) d(b<1) 1s— 1) s+ + (5_71)!71572(1))61(1)(1}:5—1) ! + ... +TO(U)db(l>:s—l> ANdv =

1 . | o
= (Md(b<l>:s—1) Ty md(Tsd(”)bm}sq) +.o 4+ d(TO(U)b<1>:s—1)> A dv.
Orcrona

1 s+1 1 s—1 1 s—2
W= ((5—&-1)'()(?;9 oo T OV g T )bm;s_l+...+To(v)b<1>;s—1+T(v))dv.

(7.98)
B cuny ypasuenuit (7.93) u (7.987) nepsoe u3z ypasuenuii (6.47) npumer Bu:

1 s 1 s—
dw) = W ANw = db<1>;571 A ((s+l)b<$13 L+ GoT) Tg Q( )b<1>;18_1 + ... —|—T0<’U)b<1>;571 +T(U)>dv

Murerpupys, saxoqum bopMmy wi:

L s s 1
wre ((S+2)!b<+>2s Lt Ts 2 (00710t -+ 5 T0()b 101 + T(0)b(1yss—1 +T1(U)>dv+dt’ (7.99)

rje t — HeKOTOpash HOBas IePEMEeHHas.
CpapruBas ypasaenus (7.99) u (7.93), HaxomuMm, 910

db<1>;5,1 =dt + Kdv.
HO N3 3TOI'0 YypaBHEHUS BbITEKAET, ITO d)yHKLLI/IH K 3aBUCUT TOJIBKO OT HepeMeHHOﬁ V. CJIeﬂOBaTeJIBHO,

bityat = £+ p(o). (7.100)

Haiisiennoe cooTHomenne MoKasblBaeT, YTO NEPEMEHHbIE U U b(1y.s_| dgfu MOTYT OBITh BBIOpAHBI
KaK He3aBUCUMBbIE IIEpEMEHHbIE B HEKOTOPO 06JIaCTU OIIpeje/IeHusl paccMaTpuBaeMoil Tkanu. Torma
ypasHeHue w; = 0 mepBoro cjaoeHust TKaHu VW SKBHBAJIEHTHO CJEAYIOMEMY OObLIKHOBEHHOMY mudde-
PEHIINAILHOMY yDABHEHUIO:

du_ 1 e 1
dv  (s+2)! s!

To_o()u® — ... — To(v)u? — T(v)u — q(v). (7.101)

Bropoe cioenne tkanu W omnpenesnsiercst ypaBaenueMm wo = 0 mim v =const, Tperbe — ypaBHEHHEM
w) + wo = 0 win, BBuay (7.101), ypaBuenuem

du 1 s+2 éTsfg(v)us — = Ty(v)u? — T(v)u — q(v) — 1. (7.102)

dv (s +2)!
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B cayuae s = 0 ypasuenust (7.101) u (7.102) asisiiorcs ypaBHeHUsiME PUKKATH CHEIUAJIBHOIO BUJIA:

du_ L2 g (7.103)

it L q(v) — 1. (7.104)
Ilpu s = | noyvaerca Tak naspiBaemoe ypasuenue Abess. Eciau s npoussosbho, To ypasaenus (7.101)
u (7.102) nazbiBatoTCcst 0600MEHHBIMY ypaBHeHUsIME AGeIst.

AHaOrUIHBI PE3y/NbTAT MOIYIUTCs, €CJIM IPUPABHSATH HYJIO KOBAPDUAHTHYIO HTPOM3BOIHYIO C
MYJIBTHHHIEKCOM, COCTOSIIMM TOJBKO u3 dpsl 2. UTak, moka3zana ciemayommast

Teopema 7.11. Kpusoaunetinas mpu-mrans W, y xomopoti o0ha u3 K08aPUAHMHBLT NPOU3EO0-
HOLT ¢ 00UHAKOBDLMU UHIEKCAMU OM KPUGU3HDL b pasHa HYyA10, IKEUBAACHMHA MKAHY, 00pa3068aHHOT
AUHUAMU U = CONSt U UHMEZPAADHOMU KPUSLMU 06YT 0006wennux ypashernul Abeas euda (7.101)
u (7.102).

3. Pacemorpum Gostee mofipobHO TKaHM TUNIA B, CI0EHNUs! KOTOPBIX 3a71ai0Tcst ypaBHeHusimu (7.103),
v=0mu (7.104).

Cayuait I ¢g(v) =0. Torma cioenus TKaHU 33JAI0TCsI YPABHEHUAME

2
, v = arct
) + T y) g f f
rie x,Yy, 2z — IOCTOSIHHbIe MHTErupoBaHus. UToObI HAWTH ypaBHEHHE TKaHU, CJIeJyeT U3 ITUX ypaB-
HEHUIl WMCKJIIOYUTDH JIOKAJbHBIE KOOpAWHATHI u U v. llocje mpeobpa3oBaHuil MPUIEM K YPABHEHUIO
paccMaTpuBaeMoOil TKaHU:

(v+2),

x4y =—cot(y + 2).

Cayuaai II: q(v) = %aQ. Torna ypasrerus (7.103) u (7.104), onpejesnsioniyue mepBoe U TPEThE

CJIOEHHST, TPUHAMAIOT BUJ: p . p .
u u

7, o 9 53 = g

u +a 2 u” +b 2

rae b = a? + 2. UnrerpupoBanue naer:

éarctgE = —l(v—i—x), %arctg% = —l(v + 2).

HpI/ICOG,HI/IHI/IM ypaBHeHHe BTOpOI‘O CJIOCHUA vV = Y U UCKJIOYUM HIepEeMEHHbIe U U . Ilocne U30MODP-

dusma 23: —x, 2y — 1y, 22 — z IpUJEeM K yPaBHEHUIO PacCMaTPUBACMOI TPU-TKAHU:
tg (z +y) = ctg c(y + 2),
rue ¢ = b/a.
Cayuait III: ¢g(v) = —%aQ. Torna ypasaerne (7.103) mepBoro cjoeHWs! IPUHAMAET BUL
du 1
R R ki
OTKYZIa
u = acoth w. (7.105)
VpaBHEHNE TPETHLETO CJIOEHUHS TIPUMET BHT
g (7.106)
u —a +1 2
[Tonygaem 3 moncay4ast.
Hoxcayuaii Ila: a = /2. Torga ypasnenue (7.106) umeer pemrerne
u=—2_. (7.107)
v+ 2z

M A Axvrvrue A M T1Tenevor
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Tocse uckmoueHns mepeMeHHbIX ¢ u v u3 (7.105) u (7.107) (¢ yueroM ypaBHEHHsI BTOPOIO CJIOCHHS
¥ = y), MBI IOJYYINM yPABHEHUE COOTBETCTBYIONIEH TPU-TKAHMU:

y+ 2z =th(z + y).

Hoxcnywait IIb: a® > 2. Honoxum a’ = 2 + b?. Torna ypasuenue (7.106) npumer Bu

du

1
Zog - 2™

OTKY/Ia
u = beoth W (7.108)

U3 (7.105), (7.108) u v = y MBI TOJIyYaeM CJIeLyIOee YPABHEHUE TKAHMU:
cth(y + z) = the(z + y).

Hoxcanyuwait Ilc: a® < 2. Homoxum a’ = 2 — b2, Toraa ypasuenue (7.106)

duv 12
g a’
nmMeeT penieHune
1 arctg = = —1(1) + 2).
b b 2

CooTBercTByIOIee ypaBHEHNE TKAHU OyIeT
ccot (y + z) = —th c¢(z + ).

3aMeTuM, YTO TPU-TKAHU, COOTBETCTBYIONIME PA3IMIHbIM (GYHKIugM ¢(v), HE SKBUBAJEHTHDL.

4. K muddepeHnuaaibHbIM OKPECTHOCTSIM BBICOKHX IIOPHAIKOB MBI IIPUXOINM, DPACCMATPUBA
TPU-TKAHU, ONpe/iessgeMble TuddepeHnuajIbHbIMA YPABHEHUSIME.

Hudbdepenrnaabnoe ypaBHEeHIE TIEPBOTO MTOPSIIKA

y' = F(z,y) (7.109)
oIpeieisieT TPU-TKaHb W, COCTOSIIYIO U3 CeMefCTB JTUHUM A, :
A1: x =const, Ag: y=-const, A3: f(x,y)= const,

IpIIeM TOCTIe/THee CeMelCTBO COCTOHT W3 WHTerPalbHbIX KpuBbIX ypapnenms (7.109). O6patho,
KaKJlad KPUBOJIMHeHAs TPU-TKaHb W 9KBUBaJleHTHa HEKOTOPOil Tpu-TKanm W, cocroamieil u3 Tpex
BBIINEYKA3AHHBIX CEMEHCTB Ay, IPUIEM CJIOM TPETHErO CJIOCHUs TKaHU W ABJISAIOTCS WHTErPaJIbHBIME
KPHUBBIMI HEKOTOPOT'O OOBIKHOBEHHOTO nud deperIuantbaoro ypasaenus frdx + f,dy = 0.

Hanomuum, uro ypasHenue Tpu-tkanu z = f(x,y) OIPEJEIEHO C TOYHOCTBHIO J0 U30TONUIECKUX
peoOpa30BaHmii, TO €CTh JIOKAJbHBIX AuddeoMopdu3MoB BUIA

z=a(r), y=py), z=70),

OTIPEIEJIAONINX 3aMeHy apaMeTpPOB Ha CJIOCHUSX TKaHW. J[Jist TKaHeit, onpeaenaseMbrx auddepenim-
anbHbIM ypaBHerueM (7.109), mapaMeTpoM TPEThero CJOeHUs ABJISIeTCs IIOCTOSHHAS UHTEIPUPOBAHHUSI.
Taxum obpasom, ypasaenue (7.109) onpeesieHO He OJHO3HAYHO, & C TOYHOCTHIO JIO 3aMEH BUJIA

z=a(x), y=70®), (7.110)

[IEPEBOJAININX JIEeKAPTOBY CeTh T = const, ¥ = const CHOBa B JEKapTOBY ceThb. MHbIMU cjioBaMu,
meopus mranet, 6 PamKrar Komopol Mol NPOBOOUM HAULL PACCYHCOEHUA, YAGBAUBAE ME CEOTUCTNEa
JupPeperuuasvHolL YpasHeHUl, KOMopvle COTPAHAIOMCA NPU USOMONUNECKUL NPEodPA308AHUAL U~
da (7.110). Takoit OIXOT JaeT BO3SMOKHOCTD KIaCCUMUIMPOBATH OOBIKHOBEHHBIE MubdhepeHInaIbHbIE
YPaBHEHUSI C TOYHOCTHIO JIO YKA3aHHON M30TONUU IIPH IOMOIIHM JTu(depeHIIna bHO-IreOMeTPIUIECKAX
MHBAPUAHTOB COOTBETCTBYIOIIEH TPU-TKAHM.
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C apyroii CTOPOHBI, MBI MOJTyYa€M BO3MOXKHOCTb MHTEPIPETHPOBATH CBOICTBa pernenuit audde-
PEHIMATHLHOIO YPABHEHUsI B TEDMUHAX COOTBETCTBYIOIIEH TPU-TKAHHU.

Paccmorpum mamnbosiee mpocToit ciydaii, Korjga Tpu-Tkanb W onpezensiercs: jguHeiHbIM udde-
PEeHIMATHHBIM yPaBHEHIEM IEPBOTO MMOPSIJIKA:

Y +yf(x) =glx), (7.111)

W HaiiJleM NHBAPMAHTHYIO XapaKTEPUCTUKY COOTBETCTBYIOMIErO KJIACCa TKaHEei.
ITycrs, Kak u BbIlle, TPU-TKaHL W 3amaercsd cTpyKTypHbIME ypaBaenusyu (6.47), (6.48), (7.86) u
1. 1. Pacemorpum ypasaenue (7.111). C noMoIibio #u30TONRYIECKOro 1peobpa3oBaHust

f@)dx = dz
OHO IIPUBOJUATCA K BUIY dy + (y + §(7))dz = 0. (7.112)
(0] 0O
IIyCTUB BOJIHY, OOO3HAYUM Wy = (y + g(x))dx, wy = dy. (7,113)

Torma ypasuenue (7.112), onpenessioiiee Tperbe cioerne Tkanu W, npunumaer Buj wi + we = 0, a 3ro
03HAYAET, YTO CTPYKTYPHbIE YDABHEHUs PAcCMaTpUBaeMoi Tpu-tkanu W nosnkabl umersb Bug (6.47).
Tax kak dwy = 0, To u3 (6.47) ciaeayer

w = Awy = Ady. (7.114)
Nmeem:
dwi =dy Ndr =w /\_7“)2, dwy = wy N —22
= "yt (e) Ty g()
CpasauBas ¢ (6.47), HaXOAUM, UTO
—wo —dy
y+g(x)  y+g@) ( )
Hausee, : > ,
dw=—-d————Ndy= L= _Ndy=—I— 0w Aws.
yr9@ YT g Y T g
CpasuuBas ¢ (6.47), HaXOUM, UTO ,
b=—9 (7.116)
(y+g9)°
Ucnonbayst dbopmyast (7.113)—(7.116), nomyuaem:
" N2 i / 7 N2 /
db— 2o = (I ) Ny Sody 2 cer (9 W), 9,
w+9)" (y+9) W+9) (+9 ¥ty Ny+g) (y+9) (y+9)
CpasauBas ¢ (6.48), HAXOZMM KOBAPMAHTHBIE IPOU3BOJHBIE KPUBU3HBL:
" N2 /
pp=—9 3] 9 (7.117)

+9)' (y+g) (y+9)*

Hanee mmeem:

i 4(g)* 4g'dy 3¢ —dy
dby = 3hw = (= —L— + )dz + + _
w+9*' (y+g) (y+9° (+g)'ytyg

" 12 /
—9g g
= + )wl + w9y.
((erg)5 (y+9)° (y+9)°

CpasuuBas renepb ¢ ypasHenusiMu (6.48), mosydaem:

_g// 49/2 ’

w+9° w+g®

by = (7.118)

7k
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Uckimouas u3z ypasuenuit (7.116)—(7.118) nepemennsbie ¢’, ¢’ u T. j1., HOJIyYUM COOTHOIIEHUS, CBA3bI-
BalOIIUE OTHOCUTE/ILHBIE NHBAPUAHTEI PACCMATPUBACMON TKAHU:

bbog — (bo)? =0, by — biby — b* = 0. (7.119)

Uraxk, jgoka3aHO CIemyioliee yTBepKIEHUE: unsapuahmus, mpu-mxanu W, onpedeasemots aunedi-
Howm Jugdpeperyuarviom ypasrneruem (7.111), ydosaemeoparom coomnowernusam (7.119).

O6paTHO, paccMOTPUM TPU-TKaHb W, JjIsi KOTOPOH BBINOJIHSIIOTCs cooTHOMmenus (7.119), u noka-
JKeM, 9TO eil oTBedaeT JuHeitHoe quddepeHIna bHoe YPAaBHEHNE TIEPBOTO MOPSIIKA.

3aMeruM CHaJaJa, 9TO HA JIOOOH TPHU-TKAHW MOYXKHO BBIOpAaTh KOOA3nmc Tak, 4To0bI (hopma wo,
HampuMep, OblIa TOJHBIM Aud depeHmaIom:

wo = dy. (7.120)
Torna dws = 0, u B cuity (6.47) nomydaem:
w = Awy = Ady. (7.121)
Coornommenus (7.119) pasperium, BBens napameTp k:
by = kb, byy = k%b, by = kb +b%, by = kb; + 3b° (7.122)

(mocsieaee BoiTekaer u3 (6.49)). B pesysnbrare us ypasnenuit (6.47)—(6.48) misi paccMarpuBaeMoin
TKAHU HAXOJMM:

db — 2bw = bijw; + kbws,
dby — 3bjw = byywy + (kby + 3b%)ws, (7.123)
dby — 3byw = (kby + b*)w; + k2buwy.

Huddepennupys ¢ nomompio (7.123) pasercTso by = kb, npuiem K ypaBHEHUIO

dk — kw = bw;. (7.124)
U3 (7.124) u (6.47) umeem:
dk Nwy = kw Aw) = —kw) Aw = —kdwy,
wm
dk
dw] = —? A wi.
Orcrona ciresyer, 94ro o — 7%@:’ (7.125)

rje * — Hekoropas HoBag lepemennas. duddepennupys BaemuuM obpaszoM ypasaenus (7.121) c
ydeToM pasencTsa (7.125), mosygum:

dw =dA\Ndy = A\pdz ANdy = — A kw) A ws.

Cpasuusast nanee ¢ (6.47), HaxXomuM, 94TO
b= —kA,. (7.126)

B pesysbrare ypasaenue (7.124) npunumaer By
dk = kAdy + A\ dz.

0
reiona ko = Aer Ky = KA.

Uckmogas A\, naxomum:

ky =k + ko(y), (7.127)
a pasercTBo (7.126) 3amumimercs ciepyonmumM 06pasomM:

b= —kk;.
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TTomoxxum
p=k""1 (7.128)
C nomomipio (7.127) Haxomum, 9TO (i YAOBJIETBOPSET YPABHEHUIO
Hy = —1 — pp(y). (7.129)
Iosoxxkum majiee
oly) = - W
0(y)
Torna omHOpPOIHOE ypaBHEHUE
Ky = —He
MeeT peITieHne
n=c(z)0(y),

a obmiee perenue ypasuenus (7.129) umeer Bu:

=~ %-g@)e.

B pesysbrare B cuiy (7.120), (7.125) u (7.128) ypaBHeHHe TpeThero cioeHust wi + wy = O npuHAMaeT
Bujt, —pdx + dy = 0 win, B cuity TOCTIEIHErO YpaBHEHNS,

e (| a0 @0

Tenepb caesiaeM U30TOIINYIEeCKOe HpeO6pa30BaHI/I€

dy  ~
J o) 7
B pesynbrare ypasaenne (7.130) npumer Bug:
dy + (y + g(x))dx = 0,

TO eCcTh coBHajeT ¢ ypasHenuem (7.112).

Urak, nokazana

Teopema 7.12. OmuocumensvHvie UHBAPUAHMBL KPUBOAUHETHOT MPU-MKAHU, ONPeiessemots Au-
HetHbM QuPPEPeHULANbHOM YPasHeRUEM Nepeo2o nopadka, ceasanv. coomuowernuem (7.119). O6-
DAMHO: €CAU OMHOCUMEALHBIE UHBAPUGHMDL HEKOMOPOT KPUBOAUHEUHOT, MPU-MKAGHU CBA3AHDL COOM-
nowenuem (7.119), mo ama mxranv sxeusarenmna mranu, onpedeaesemots sunetinvm Juddeperyu-
ANOHBIM YPABHEHUEM NEPBO20 NOPAKG.

Cueryroniee yTBEpK/I€HIE TPUBOIUM 0€3 JI0Ka3aTEIHCTBA.

Teopema 7.13 [YII-4|. Hnsapuanmor xpusoaunednot mpu-mraru, onpedeasemots dudgepeniu-
anvHoIM Ypasreruem Puxkamu

2
y = f(x)y” + g(x)y + h(x),
u (C mMmoYHOCTM B0 (90 usomonuu) MONDBKO m(moﬁ mraHu y@oenemeopmom COOMHOWEHUNO

bo9ob — bogby = 0.

3AJIAYN

7.1. Tonb3ysace pazsoxkenuem (7.1), Haliqure nmepsble 4eThipe wieHa psaa Teilopa jijid 3/1eMeHTOB
—1 —1
zux .

Pemenune. Tak kak !

x-x =e, 10 u3 (7.1) nomyuaem:
0="lo+az4+A( 2,2)+ %M(_lac,_1 x,x) + %N(_lx,x,x)—i—

+ 3 P(fle1 z, ! x, )+ iQ(flel x,z,x)+ éR(flx,m, x,z) + {b}.
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U3 (2.37) u (2.38) HAXOMUM PA3/IOMKEHNIe [T ~ ' ¢ TOYHOCTBIO /0 YJIEHOB YeTBEPTOrO TIOPSIKA:

1 1
T=—r+3 b(x, x, x) + {4}.

IloncraBmsist 9TO 3HAMEHWE ~ '@ B CilaraeMble BBINIE MEPBOrO MOPS/KA, BXOISIIAE B IIPEIBILyIIEe
PABEHCTBO, MOJIYINM:
» 1 1 1 1 1

T=-—r+; b(z, z, x) + 3 Q(b(z,z,x),x) + 5 P(z,z,z,z) — i Qz,z,z,x) + 5 R(z,z,z,z) + {5}.
Jnst ! paccyskaenus aHaIOTHIHbL.

7.2. B KoOpAMHATHBIX JIyllaX TKaHu F accoluaTUBHBI TPOWKH 3JIEMEHTOB T, ¥, 2, TJe T — peIleHue
ypasuenus z(yz) = xy.

7.3. Hokaxure, 9T0 TpU-TKaHb, 33JaHHas ypasuenusMu (7.51), sasiserca tkaubio F (T. e. Ha Hell
BBILIOJIHSAETCSI yCJIoBUe 3aMblkanust F), HO He siBiisiercst TKaubio Mydanr.

VYkazanune. Cm. 3amaay 2.27.

ITPUMEYAHUA

7.1. Pesyabrarer 1-2 naparpados nouydens: Hleaexosum B [I1I-15]. Hanbreiinee 06o0meHne STHX
pesynbraros cM. B [II1-22].

7.2. CsoiicrBa accoumanToB Jyibl ) paccmarpusan Cabunun [C-1]. VIx 0bobmienue umeercs
B [III-22].

7.3. CylecTBoBaHUe aHAJIUTHIECKUX HeMY(AHTOBbIX TKaHell F, uiu, 9ro TO e caMoe, — Kjacca
M30TONMIECKA WHBAPUAHTHBIX JJIACTHYIHBIX JIyH, OTJUMIHLIX OT Jyn MydaHr, J0ro IoaBepraioch
comuenmo. IIx cymecrsoBanue (Teopema 7.12) gokasano B [II1-29]. Teopema 7.8 monyvena s [IIIIII-1].

7.4. Pesynbrarer § 4 nomyvenst B [[ITI-1]-[I1IT1-3] u [T1x-3].

7.5. Pesysnbrare! § 5 nosydenst B [YIII-2]-[VII-4], cm. Takxke 0630p [YIII-5].
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d-TKAHN KOPA3MEPHOCTHU r

Hapsany ¢ tpu-tkansyu B auddepeHIma bHoil TeOMeTpUn U3y IaioTCs U ApyThe TUTIB TKamei. Tax,
erme B 1epBbIx paborax B. Buisdike u ero coTpyHUKOB N3yYaJnCh TKAHU, OOPA30OBAHHBIE I€THIPHMSI
u Gojiee ceMefcTBAMM KPHUBBIX Ha ILJIOCKOCTH, & TaKyKe CEeMelCTBAMHU IOBEPXHOCTEH B TPEXMEPHOM
MPOCTPAHCTBE. DTU KOHCTPYKIIUU IMOJIYIUIN Pa3IudIHble MHOTOMEpHBbIe 0000Immenus. B pesysibrare
BO3HUKJIA TEOPUs TKaHell, 00Pa30BAHHBIX d CJIOEHUSIMU KOPA3MEPHOCTH 7" Ha TJIAKOM MHOrooOpasun X
pasmeproctu nr. Takue Tkanu obosunadatorca W (d,n,r). Pagymeercs, mpeanoiaraercs, 9ro Cjoe-
HUS Ao, @ = 1, ..., d, obpasymwoiue d-TKaHb, HAXOJSITCs B ODIEM MOJIOYKeHNN. B yacTHOCTH, TPU-TKAHT
W = (X, ), @ =1,2,3, KOTOpble U3yYaINCh B IPEJBIAYIINX [JaBaX, Tenepb Mbl OyeM 0603HAYATD
cumBosaoM W (3,2, 7).

e txkauu Wi(d,n,r) u Wy(d, n,r), 3amannasle Ha MHOrooOpasusix X| u X9 pasMepHOCTH nr,
Ha3bIBAIOTCS SKBUBAJEHTHBIMH, €CJIN CYIIECTBYET JIOKAJIbHBIN nuddeomopdusm ¢ : X| — Xo, upn
KOTOPOM CJIOM IIEPBO# TKaHU MEPEXOAAT B CJIOU BTOPOH.

Tkaub W(d, n, r) HA3BIBAETCS NAPAALEAUSYEMOU, €CIU OHA FKBUBAJIEHTHA TKAHU, OOPA3OBAHHON B
nr-mMepHoM adOUHHOM TPOCTPAHCTBE CJIOCHUSIME, COCTOSAIUME U3 TTaPAJIIEIbHBIX TIJIOCKOCTEH KOpas3-
mepuocru 7. [pu d < n rkans W (d, n, r) Bcerna napasuvieausyema. [losromy najee Mbl OyJeM cauTaTh,
gro d > n + 1.

B sroit riaBe usydarorcs ocHOBHBIE cBoiicTBa TKaneit W(d, n, ) u CBA3aHHbIE C HUMH I'€OMETDU-
9ecKue CTPYKTYPBI, & TaKXKe CIEeIUaJIbHble THUIBI TKaHel, orpejesiseMble HEeKOTOPhIMU YCIOBUSIMUI
zambikanust. Ocoboe BHNMaHue OyJIET y/IeJaeHo pobaeMaM I'DACCMaHU3yeMOCTH, JIMHEAPU3YEMOCTH U
ajirebpan3yeMocTu d-TKaHell, a TakxKe MpobJjieMe paHra.

MHorue BOIIPOCHI, pacCMaTpUBAaeMble B HACTOSIIEN ryiaBe, 0000IMAIOT COJEPIKAHUE IIPEIBIILY X
rnaB. [losroMy wsjioxkeHume B 3TOil IjiaBe OoJjiee JiakOHHYHOe. VIHOI/Ia MBI OrPaHUYUBAEMCS 37ECh
JIANIb 0630POM OCHOBHBIX pe3ysbTaToB. CHucreMaTndeckoe U MoIpoOHOe N3JI0KEHNe Teopun d-TKaHeit
quTaTesb MOXKeT Hafitu B kHure [[0-23].

§8.1. (n 4+ 1)-Tkanu HA MHOrOOGpa3nu pa3MepHOCTHA NT

1. Pacemorpum (n + 1)-trkanb W(n + 1, n, r) Ha MHOrOOGpasuu X pasmepHoctu nr. Teopust Takux
TKaHell HanboJiee 6JIM3Ka K TEOPUU TPU-TKaHell, n3ydasleiicss B mpeaplaynmx riaaBax. CoeHus: A,
a=1,...,n+ 1, KopazmepHOCTH T, 00PA3YIOIIKE STy TKAHD, OIPEIEJIAIOTCS BIOJHE HHTETPUPYEMBIMH
cucremamu ypasuennii [Idadda

Ww'=0 i=1,...,r, a=1,....n+ 1L (8.1)

Tax kak uucso 1-dopm, BXOAAIKX B JieBble YaCTU TUX ypaBHeHWi, paBHo (n + 1)r, a pasmepHOCTb
MHOTOOOpasust X paBHa nr, TO GOPMbI w' CBA3AHLI JUHEHHBIMA COOTHOIIEHUSIMU. Tak »Ke, KaK W
«@

B IJiaBe 1, IOKa3bIBAETCH, YTO STU COOTHOIIEHUS ITPUBOIATCH K BUJLY

wtw 4.+ w =0. (8.2)
1 2 n+1

Coorromtenus (8.2) 0CTAIOTCA MHBAPUAHTHLIMU IIPU [IPEOOPAZOBAHUSIX

’%{i = Aéc&)j, det(Aj-) # 0, (8.3)
obpasyromux rpymry G = GL(r) — cmpyxmypnyro epynny mxawu W(n + 1,n,r). Takum obpaszom,
cTpykTypHast rpynna tkaau W(n + 1, n,r) He 3aBucur or n.
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Beuay (8.2) ypasuenus crpykrypbl Tkanu W(n + 1, n,r) npuBongarcsa K Buiy

dw' = wl AW+ g azkwj/\wk, dw'= wI AW, (8.4)
u u J wvl v n+1 n+1 J
vEU
e u, v = 1,...,m, af; — TeH30pbl KPYueHUsl TKAHH, Y/IOBJETBOPSIONIHE COOTHOMEHUSIM
uv
i i i
aly, = ajp;, E a’y, =0. (8.5)
uv vu uv
u,v

i _ i
Kpome Toro, Oymem caurarh, 910 &g = 0. ®opwmbr W} YAOBJIETBOPSIOT CTPYKTYPHBIM ypaBHEHUAM

. b S
dw; = wi ANwy, + vaék%) AW (8.6)

u,v

u omnpemendioT Ha MHoroobpazum X adduaHyo casHOCTL I, aHaIOrmuUHyo cBasHocTH 1 Ha
o i i
TPU-TKaHU, PacCMOTpeHHONW B Ti1. 1. Tenszopsr gy, 1 ubuj“ OyJyT CYIIECTBEHHLIMHA KOMIIOHEHTAMHI
COOTBETCTBEHHO TEH30POB KPYUYEHUsI U KPUBU3HBI 9TON CBSI3HOCTH.
Vpasuenus (8.6) nosyuatorcs npu auddepeHIuaibHOM IpogoszKennn ypasaenuii (8.4). Kpowme
Toro, pu auddepennupoBanuu mosy4darcs ypasuenns [Idbadda

i [ 7 m 1 m l
Va’jk_§ (a’lpp+ amppaii+ aj, app)o’, u#wv, (8.7)
uv uvw uv wu uv vw w
w

1 COOTHOIICHUA

i 1 i i
uvjké - 7(w%vjk’e B 1)7(})11‘@'16)7 w ?é v, (88)
bling =0, (8.9)
bl 42D e =0 (8.10)

Coornomtenns (8.8) OKa3BIBAIOT, YTO TeH30pbI KpuBu3Hb! (1 + 1)-tkanu W(n + 1, n,r) upun > 2
MIOJTHOCTHIO BBIPAXKAIOTCS Y€Pe3 KOBAPUAHTHBIE TIPOU3BOJHBIE €€ TEH30POB KPYUEHMUSI.

Teopema 8.1. Tkano W(n + 1,n,r) 6ydem napasreausyemoti mozda u moavko moeda, kozda ee
MEH30PL KPYUEHUA 00PAULAIOMCA 6 HYAL, M. €. fy;k =0.

O JleiicTBUTENBHO, yCJIOBHE a ;k =0 B cuny (8.7) u (8.8) Bieuer ubv;’d = 0, Tak 9TO CTPYKTypHBIE
ypaBHEHUsI TKAHWU IIPUHUMAIOT BU/I;:
dw® = 7 /\w} dw§ :w;“ /\w,i, a=1,....n+1, 4,j5,k=1,...,r
« (03

A stu ypaBHeHus onpegensior B abdunHOM npocrpancTse A pazmeproctu nr (n + 1)-TkaHb, 06pa-
30BAHHYIO CJOEHUSIMU, COCTOSAIIMMU U3 TIAPAJUIEIbHBIX OAIPOCTPAHCTB KOPA3MEPHOCTH 7 (CpABHUTE
§5 mr. 1). O6parHoe yTBEPKICHUE HEIIOCPEICTBEHHO CJIELyeT u3 Ipeabyrynmx ypasaenuii. H

Hanmomuum, 9To st MHOroMepHo# Tpu-TKanu W (3,2,r), kak cieiyer u3 coorHomenuit (1.31),
(1.33), cummeTpuYHAs YaCTh TEH30Pa KPUBU3HBI HE BLIPAYKAETCS YePe3 KOBAPUAHTHBIE IPOU3BOIHBIE
TEH30pa KPY4EHNUsI, TIO3TOMY YCJIOBHE €€ TapaslIeIu3yeMOCTH 3alUCHIBACTCA B BUJIE

a;k :O, bz]kf) =0.

2. Pacemorpum Ha MEOr00Opasuu X, necymeM (n + 1)-tkans W(n + 1, n, ), nogmuoroobpasue M

pasMepHOCTH k7, IIpeicTaBidromee coboii mepecedenne cinoeB Fo, 1, -..,Fa,, HPUHAJICKAIIIX

CIIOCHHAM Ay, s -+ » A, UCXOMHOI (1 + 1)-Tranm. Ono onpenensercs cucremoit ypasuenuii Ildadda
w' =0,...,0*=0.
Q41 (o7

Cion OCTATIBHBIX CIIOEHHIL: Aq, .|, Aa;s - -+ Aa, BBICEKAIOT Ha MHOrooopasuu M (k + 1)-tkans W (k +
+ 1, k,7), KoTOpast Ha3bIBaeTCs nodmransro ucxonuoit Tkann W(n + 1,n, 7). Dra noarkans 0603Haqa-
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ercs [pt1,Q, ..., agl. B gwacrnocru, econ k = 2, o dimM = 2r u cioenus A
Ha M TpU-TKaHb [au,41, Q, Qg

Pacemorpum Tpu-nioarkass [n + 1, u, v] tkarn W(n + 1, n, r). 13 coorromenwuii (8.3)—(8.9) caemy-
€T, YTO TeH30pbl KPYUYEeHUs] U KPUBU3HBI 3TOH MOITKAHU BLIYUCJISIOTCA 110 (bOpMYyIaM

ant1r Aar» Aay BBICEKAIOT

o= aly, (8.11)

uv

Q o — A Qg+ Qg Q. (8.12)
VW uv uv U

bike =2b5pe— a by, +
uv uv VUV uvuw

Touno Tak ke HAXOIWM, YTO TEH30PbI KPYyYeHHs U KPUBU3HBI HOATKAHU [U,V, W] BBIYUCISIOTCH 110
dbopmyram

E;k = q?vfjk] + ,ﬁjjk] + ﬁufjkr (8.13)

74 ) ) 71 % i 7
bty = b0+ bkt bl —20%,— a b+ a Gt
uvW uv vw wu ww uvw vuw . (8.14)
+(aji—afp)ai,+(aji— af)an,+(ag — aj)al,.
vu’ vw’ " ww vw’ ™ uw’ " uv vu vw T uw

sz IIocJjIe JHErO0 COOTHOIICHUA BBITCKaIOT PpaBEHCTBa

Wik = Liko 5 ko B ko (8.15)
Onpepenenne. (n + 1)-mxane W(n + 1,n,r) nasweaemes wecmuyzoisvonot, ecau 6ce ee mpu-
NOOMKAHYU, ABAANONCA UECTNUY20NDHBLMAU.
Teopema 8.2. Tkano W(n+ 1,n,r) 6ydem wecmuyzoasvnotll, ecat wecmuy2oibHbMU ABAAIOMCA
sce ee mpu-nodmrary (o, B,] npu wexomopom Purcuposarrom .
O TIpexje BCEro HmepeHyMepyeM CJIOEHUs Tak, 9Tobbl nojaydminoch « = n + 1. [lectuyroasHoCTh
noxrkaseit [n + 1, u,v], Kak nokasaHo B § 1 1. 3, IPUBOAUT K YCJIOBHSIM

%

b =0 (8.16)
UVl
Ho B cuiy (8.15) u3 9TOro COOTHOILIEHUs CJIeyer, 9T0 b =0 g obb1x u, v, w. M
uvwW ikl

Teopema 8.2. siByisiercst 0600MeHneM Kiaccnaeckoit Teopembr io6ypape (M. [Ba-1]) mius tkanu
W (4,3, 1), o6pa3oBaHHOIl JByMEPHBIME CJIOCHUSIME HA TPEXMEPHOM MHOIOOODA3UH.

13 Tteopembl 8.2 BbITEKAET

Teopema 8.3. Coommuowenrus (8.16) asamomes 1HeoGLOOUMMUMY U OOCTIAMOUHIMY YCAOBUAMU
wecmuyeonvrocmu (n + 1)-mxanu W(n + 1,n,r).

§8.2. (n + 1)-TkaHu Ha IPacCMaHOBOM MHOroobGpasuu

1. Baxupiii npumep tranu W(n + 1,n,r) MOXHO HOCTPOUTHL HA IPACCMAHOBOM MHOI00Opa-
sun G(n — 1,n +r — 1) moampocrpancTs pasmepsocTn n — | IpoekTHBHOrO mpocTpamcrsa P!
pasmeproctu n + r — 1. Ormerum upexgie Bcero, uro dimG(n — l,n + r — 1) = nr. Paccmor-
puM nasee mogMHOroobpasue B G(n — I,n + r — 1), obpazosannoe (n — l)-mpocTpancTBaMu, mpo-
XOJIANUME  depe3 (DUKCUPOBAHHYIO TOUKY & € Prtr=1 HazoBeM 9TO MOIMHOr00Gpa3ue CBI3KOiL
(n — l)-mogpocrpancts u oboznadum S,. JIerko BuieTb, 9TO CBsA3Ka S, HU30MOpPQHA IPACCMAHOBY
Mmuoroobpasuio G(n —2,n+r —2) u dimS, = (n — 1)r.

U3 cBsazok (n — 1)-noampocTpancTs MOXKHO KOHCTPYUPOBaTh Ha MHOrooOpasuu G(n — 1,n+1r — 1)
CJIOCHMS] M TKAHU KOpasMepHocTH 7. JlelicTBuTenbHO, paccMoTpuM B mpoctpamctse PP 1 riamkoe
ojiMHOroobpasue X pasMEPHOCTH I U MHOXKECTBO CBSI30K S;, BEPIIMHBI KOTOPBIX JiexKaT Ha X.
Ecmm u3 ceasok S, ymamath (n — 1)-nmommpocTpancTsa, Kacarommecs MHorooGpasus X, a Takke
MIOJIIIPOCTPAHCTBA, epecekaorue X 0oJjiee YeM B OJIHOM TOUYKE, TO OCTABIIAECS UX YaCTH S, 00pa3yoT
CJI0OEHME B HEKOTOPOI OTKPBITOi obsiactu D rpaccmanoBa Muoroobpasus G(n — 1,n+r — 1).

Pacemorpum B mpocrparcrse P! mogmuoroobpasust X, o = 1,...,n + 1, pasmeproctu 7,
HaxozsIuecs B obieM nojoxkennu. Kaxoe u3 HEX nopoxJaer B HekoTopoii obiacru D, C G(n —
— 1,n+r — 1) onucanHoe BbIlle CJIOEHUE, a BCE CJIOEHHsI BMeCTe IMOPOXKIAOT (n + |)-TKaHb KOpas-
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n+1
mepHoctu 7 B obnacru D = (] D,. D1y TKanb HazoseM 2paccmanosoti (n + 1)-mranvio u 06030adum
=1
GW(n+1,n,7).
O6osnaunm L rekyiee (n — 1)-nomupocrpancrso rpaccMaHoBoil (n + 1)-tkanu, A, — ero Toukn
mepeceveHnsi ¢ MHOroobpasusiMmu X,. Tak Kak MHOTooOpasusi X, HaXOASITCA B OOIIEM IIOJIOXKEHUU,

TO N U3 ITUX TOYEK, Hanpumep Ap, ..., A,, MOIYT OBITH IPUHATHI 38 BEPIIUHBI IIPOEKTUBHOIO penepa
mofmpocTpancTBa L, a Touka A,+1 — 3& €INHUYHYIO TOUKY, TaK IT0 A, = A1+ As + ... + A,,.
Jonommuy Toukn Ay, w = 1,...,n, 10 moaHOro pemepa mpocrpamcTsa Pt~ r roukamu A;, rae
i=n+2,...,n+r+ 1. YpaBHeHUs IepeMEIIeHNUsT ITOTO Perepa 3aluiieM, Kak 0ObIYHO, B BHJIE
dA, =wlA,, o,pT=1,...,n,n+2,... ,n+r+1, (8.17)
a CTPYKTYPHbIE yPaBHEHHsI, KOTOPBIM YIOBJIETBOPSIOT (DOPMBI W, — B Buze
P — T P
dw? = wl ANwW?. (8.18)

Tax Kak HOJIIPOCTPaHCTBO L He KacaeTcs mojiHoroobpasuit X, To 1-popMbl wf, MOXKHO TIPUHATD
3a 0a3WCHBIE HA ITUX MMOJAMHOI000pPA3UAX, BBUJLY YErO

w? =AW, u#, (8.19)
n
dA, = w'A, + Wl (Ai +> )\ZiAv> : (8.20)
vFEU

31ech 1 Jajiee CyMMUPOBAHUE TI0 MHIEKCAM 4, §, k IIPOM3BOANTCS IO OOBIYHBIM IIPABUIIAM, & TI0 U, U, W —
TOJIBKO B TOM CJIydae, KOIJla Ha 3TO YKA3bIBAET 3HAK CYMMBI.

Bribepem Toukm A; B MOAMPOCTPAHCTBE, KACATEJBHOM K MHOrOOOpa3mio X, i1, OMHUCHIBAEMOMY
TOUKON Aj,41. Torma

dAnp1 = wAni1 + A Y wl, (8.21)
=1

w=)Y w (8.22)

e

npu Jiobom v = 1,2, ... n. Obo3HAUNM TaK¥Ke
n
> wh=—why. (8.23)
u=1

Tax kax Touxa A, omuceiBaer r-mepHoe Maoroobpasue X, 11, To GOpMbI w), | | JTUHEHHO HE3ABUCUMBIL.
B moctpoenHoM perepe cucTeMbl ypaBHEHUH

n

i
D v =
u=1

onpeessior 1 + 1 ciaoennii na rpaccmanosom muorootpasuu G(n — 1,n +r — 1), obpasyomux TKanb
GW(n+ 1,n,r). ®opmer w! GymyT GazucHbIME 715 9T0M TKanw, a (8.19) m (8.23) — ee ocHOBHBIMI
YPDABHEHUSIMH.

2. Haiimem TeH30pBI KpyUeHUs] U KPUBHU3HBI rpaccManoBoii Tkanu GW(n + 1,n,r). IIpoaudde-
peHIupyeM BHeNHAM o0pas3oM ypasHeHust (8.19) u, npumenus jemmy Kaprasa, mosaydanm:

VAL + AWl D (A — AN — AL wd, 4w = AL w, (8.24)
wF#u,v

v — v
IJle U, v, W BCe PasMIHbL U Ay, = Ay ;. B 91X ypaBHenusx

VAL, =d\, —\2.607, 0 =w! —dlw, (8.25)

ui uj i 7 A 7
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a popMBI wn 1 onpesensoTes: bopmyoit (8.23).
Buemnee nuddepennuposanue coornommenuii (8.22) naer ypaBHenue
(W —w!) Awlh = 0.

K3

Ero penienue MO2KHO IIpeJICTaBUTh B BUJIE

wf: nt —HDU n41° (826)
Py =pl D ply=0
u

whtl = Zw (8.27)

rIie

— propuunble Gopmbl [lbabda, He apigONEecs TUHEAHLIME KOMOUHAIMAME Ga3UCHBIX HOPM W' .
®uxcupyem Ha paccMaTpuBaeMoil Tkauu (n — |)-MepHOe TOAIPOCTPAHCTBO L, T. €. ONOXKAM W, =
= 0. Torga ypasaenns (8.24) npumyT Buj

VAo, +m =0, (8.28)
rje, Kak OOBIYHO, Yepe3 & 0DO3HAaYeH CUMBOJI AU MEpeHInpoBaHs 0 BTOPUYHBIM apaMeTpaM,

u 7} = w} (). BeemeM BestmaumbL
\i = n_l > (8.29)

uFv

U3 ypasrennii (8.28) cie/yer, 4To IpK 3aKPEIJIEHHBIX [VIABHBIX [IAPAMETPAX 9TU BEJIMUUHBI YIIOBJIe-
TBOPSAIOT YPaBHEHUSIM

Vshi + 7t =0.
C npyroit croponsl, u3 ypasaenuii (8.17) u (8.27) BeITekaer, 4To
SA; =l Aj+ 7 T1A, L.
U3 nocjieiaux JBYX COOTHOIIEHUH MOIy4aeM PABEHCTBA
8(A; + NAni1) = T/ (A; + NjAnt),

KOTOPBIE TTOKA3bIBAIOT, YTO ILIOCKOCTD 7T, HATSIHYyTas Ha TOYKU A; + A; A, 1|, MHBApUAHTHA.
IMomectum B mwockocrs m Touku A;. Torga Besmauubl A; 06parsaTcs B Hy/Ib, 1 u3 (8.29) mocsemyer

> oA =0. (8.30)

uFv
Popwmel 7T;l+1 Telepb TaKKe 00paTATCd B HyJIb, & (POPMBI w?“ CTaHYT IVIABHBIMU:
. ,
wi"'f‘ — quv]w% (831)
v
Beuy sroro u3s coorromenuii (8.26) u (8.23) maxoaum:
wit =Y (af — piy)wi (8.32)

v

Tenepb MOXKHO HAfTH TEH30PbI KpydeHus u Kpususubl Tkanu GW(n + 1, n,r). Jubdepernuupys
BHEIHUM 00pa3oM ee Ga3ucHble (POPMBI w;,, IOIydaeM:

i i v oA
dw,, = w}, Aw; + w, Aw,,.
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Barem n3 ypasHenwuit (8.22) HaxouM:

u __ u
Wy =w — E Wy -

vFEU

[ToxcraBiisist 9TU BBIpaXkKeHU B IPEABLILYIIHE (DOPMYJIBI U MOJIB3YICh COOTHOIIEHUSIMI (8.18), npuaeM
K ypaBHEHUAM ) ) ) ) ) ) L
dwl, = W) A0+ > (GRAL; + SN Jwl, Aw, (8.33)
v#U

rae 1-popmbl 9; ompeiesisiiores Gpopmysioit (8.25).

Bripakenust 5,’;)\2]4 + 5;')‘& B cury (8.30) yaoBIeTBODSIIOT COOTHOIIEHUsM (8.5) IpeblayIero
naparpada. CienoBaresbto, ypaBaenus (8.33) ABJIMIOTCS YPABHEHUSIMUA CTPYKTYDBI I'DACCMAHOBOI
(n + 1)-Tranu, a ee TEH30pPbI KPYYEHUsT UMEIOT BUJL

a’ =6+ 0. (8.34)
uvjk

Tax Kak 1upu n > 2 TeH30pbl KPYUEHHUs IOJHOCTHIO OLIPeIelIsioT reomerpuio Tkauu Win + 1,n,r)
(M. §1), To BepHa

Teopema 8.4. Tkarno W(n+ 1,n,7) npu n > 2 6ydem epaccmarnusyemoti, m. e. IKGUBAACHMHOU
epacemarosoti meanu GW (n + 1,n,r), mozda u moavko moada, xoeda ee MeHIOPbL KPYUEHUSL UMEIOM
6ud (8.34). ~

Dopmbl 9; (em. (8.25)), sanaror Ha Tkanu GW (n + 1,n,r) abdunnyio ceasnocrs I'. Tak kak u3
NpebIIYIUX YPABHEHU cieyer

; koo j k 1
dwi = wi Awy, + g wi A wy, dw = —wi | Awpth,
u

10, 10JIL3YsACH opmysnamu (8.25), (8.31), u (8.32), naxomum:

do; = 05 N6y + Z((séqjuk + 05, + 0Lpl )Wl A w.

u,v

Orciona 1ojy4aeM BbIpasKeHue Jjisi TEH30POB KPUBU3HBI IpaccManoBoii (n + 1)-rkanu:

(2 . 1 U 1 U 1 U 1 U 1 U 1,V
ubv o 5((66(]]% + 65qp, + 01050) — (0,5 + 05q1, + 64Djy))- (8.35)
JRE

3. PaccmorpuM jasiee mectuyrosbHble rpaceManoBbl Tkann GW(n + 1,n,r). s HuX, coriacHo
OIIPeJIeJIEHUIO, BCe TPU-TIOATKAHU OY/IyT IMECTUYTOJbHBIMA. JTH HOATKAHN BHICEKAIOTCS HA, 21r-MEePHBIX
IepecevIeHnsX cIoeB Fo,, ..., Fao, 4, TPHHAIIEIKAINAX CITOCHAAM Ay, - - -, Aq,,_,, OCTABIITIMACH TPEMs
CIIOEHHUAME Aq,, ;s Aays Ay, - DYJEM CIATATh JJIA OIPOCTOTEI, 4TO ag = [3.

Jls1 rpaccMaHOBO TKaHU, HOPOXKTAeMO MHOT000pa3usaMu X1, ..., X, +| IPOEKTHBHOI'O IPOCTPAaH-
crea Pl ciom Fi, k= 1,...,n — 2, ectb cBasku Si, (n — 1)-MOAIPOCTPAHCTE ¢ BeprIHHAME
B TOYKAX Tk, OPUHAJJIEKAIUX TOoAMHOroobpasusM Xy. Ilpu arom n — 2 cBsa3ku Sy ¢ BepHIMHAMEI

X1, X9, ..., Tn, IEPECEKAIOTCH 10 2r-cBsizke S (n — 1)-moanpocTpaHcTB, BEPHIMHON KOTOPOIl CIIyzKHT
(n — 3)-mrockocTh [71, ..., T, o). Ceaska S npoekrupyer mnpocrpancrso P"1~! ma mpocrpamcrso
P+ nomonnurensuoe K [T, ..., T, _o]. IIpE 3TOM TPOEKTHPOBAHWE MOIIPOCTPAHCTEO L, MpHUHAJI-

nexarmee cpaske S, mepexomur B mpamyio ¢ = w(L) B PTTl a mHoroobpasuam X, C prtr=1
a=mn—1,n,n+ 1, coorsercrayior B P*+! r-mepnbie Muoroo6pasus X, = m(X,). Cienosarensho,
TPH-TKaHb, TOPOXKIaeMas cBA3KaMu S, n3oMopdna rpacemanosoit Tpu-tkann GW (3,2, 1), mopox-
naemoit B poctpancrse P! tpemsi Moroobpasmsvu X,.

Ecin tkans GW(n + l,n,r) Oymer mecTHyrobHON, TO IIECTUYTOJbHBIMU OyIyT BCE e€e Tpu-
TO/ITKAHH, &, CJIeJI0BATeIbHO, N Bee rpaccManoBbl TKanun GW (3,2, r), momyJaronmecs TpOeKTHPOBa-
HUEM U3 IHOJIPOCTPAHCTB [Z1, ..., T,_2|. Ho Kak 6buio mokazano B §3 . 3, mogmuoroobpasus X,
TOPOZK/IAIONIIE TaKHe TPY-TKAHU, TPUHAJJIEZKAT OJIHOM TUIIEPIIOBEPXHOCTH TPeThero nopsijka. Cieo-
BaTeIbHO, U JJIs JTIOOBIX TOYEK T, ..., Ta,,_,, TPHHAJTIEIKAIINX MOAMHOT000pasusaM X, ..., Xq, _,,
npoexnun Muoroobpasuit X, ,, Xa,, Xa,,, (M3 miockoctu [Zq,,...,Tq, _,]) HPHHAJIIEIKAT OJHONL
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KyOM1IecKO! TUIepPIOBEPXHOCTH. JTO MOYXKET ObITh B TOM M TOJBKO B TOM CJIydae, KOI/Ia BCE IIOIMHO-
roo6pazus X1,..., X,4| npocrpancrsa P"T" ! nopoxnaiomue rpacecmanosy trams GW (n + 1,n,7),
[IPUHAJIEXKAT OJIHOMY T'~-MEPHOMY aJirebpandecKoMy MHOrooopasuio mopsijaka n + 1.

Tak Kak 0OpaTHOE yTBEPXKJIEHUE BIIOJIHE OYEBUIHO, TO CIIPABEIIINBA

Teopema 8.5. Jlas moeo, wmobu epaccmanosa mrans GW(n + 1,n,r) 6via wecmuyeoivrot,
He0BT00UMO U DOCTNATNONHO, WIMOGbL CE NOPOHCIAIOULUE €€ T-MePHBLE NoOMHO02006pasus X C PP

a=1,...,n+ 1, npunadaestcaru 00HOMY T-MEPHOMY GAREOPAUMECKOMY MHO2000pa3u0 nopsdka n + 1.

anuireM aHAJUTHIECKHE YCJIOBUSI IMECTHYTOJIBHOCTH TPACCMAHOBON (n + |)-TKaHW ¢ IIOMOIIBIO

TEH30POB KPUBU3HBL b %), €e TpH-TIoATKaHel [n+ 1, u,v] (u,v=1,...,n). B dopmymny (8.12) mus srux
UV

i
TEH30POB BXOJISAT €llle BeJIMIMHbL 4 ;y,, BOSHUKAIOIIME IIPH nuddepeHImpoBaHIN TEH30POB KPY YEHUS.

[Mpomuddepennuposas Boipazkenue (8.34), naiigem:
ugu§k4 = 52()\53'2 + P — 45e) — 5}(‘1}& — Phe + AueAyr) — 52>\5k)\5j~

[Moxcrasisas B (8.12) sTu BeIpakeHus, a Takxke Bbipaxkenus (8.34) u (8.35) Jyist TeH30pOB KPydIeHUS
u xkpusu3Hel Tkanu GW(n + 1, n,r), Hosy4dnM BblparkeHHe JUIsi TEH30POB KPUBU3HLI IPACCMAHOBON
TPU-TKaHHU: . , , ,

ubvg‘ké = 05 (Pke — Pre) + 0pNuje — OpAyje- (8.36)

VYeqoBue mecruyrosnbaoct Tkapn Win + 1,n,7), Kak go0ka3aHo B Teopeme 8.3, 3alUChIBAETCH B
suge (8.16). s rpacemanosoit Tkanu GW(n + 1,n,7) B cuny (8.30) 510 ycioBue HpUHEMAET BU:

6(;(Pkey — Phey + Aujrey — Mojrey) = 0-
Orciofia CiteIyioT paBeHCTBa

(Pke = Pre) + Nuge — Apre = 0. (8.37)

BeIsicHUM reoMeTpuvecKuii CMbICa cooTHoIenuit (8.37). st 9Toro HaiijieM acHMITOTHYECKUE
KBaJpaTHIHble (GOPMBI MOAMHOr000pasuit X, B TOYKAX T, WX NepecedeHusi ¢ TekymmMm (n — 1)-
nomanpocrpancrBoM L. Tlonb3ysich Boipaxkenusvu (8.20) u (8.21) s mepsbix guddepeHnuasios
Touek Ay, m A, 1, HAXOMUM:

d2A, = Z A whw! Ay (mod Ta, (Xu)),

uij*Furu
vFEU
dQAn—H = Z(p’:‘] - pfj)w;Hw;HAy(mod Ta,., (Xnt1))-
vFEU

Bsuay sroro acumnrornyeckue KBaJpaTH4dHble POPMBI mojMHOrooopasuit X, u X, | UMET COOT-
BETCTBEHHO BUJI:

v o_\v i, .7
hu _/\uij("ju(‘du7

h;jz-i-l :(p?j _pfj)w%-i-lwi-flv v # u.

Cuie10BaTEIBHO, TEH30PBI, BXOJAAIME B cooTHOImEHus (8.37), SABJIAIOTCS ACMMIOTOTHYCCKUMU
Ter3zopamu moaMuorooopasuit X, X, u X,1. Jokazana

Teopema 8.6. /las mozo, wmobw, mrans GW(n + 1,n,r), noposcdaemas r-mepromu nodmmo-
eo0bpasusmu Xo, = 1,2, ... ,n+ 1, 6 npocmpancmee P71 6una wecmuyzoavrot, neobrodumo
w docmamouno, wmobvl GCUMNMOMUYECKUE MEH3OPbL NOOMH02000pa3ull X, YI08AEMBOPAAU YCAO-
swo (8.37) npu ecex u u v.

3aMeTuM, 9TO B CHJLy TEOPEMbI 8.5 MOAMHOroobpasust X, HTPUHAJJIERKAT OJHOMY I'-MEPHOMY
anrebpanyeckoMy MHOroo6pasuio nopsiaka 1 + 1. Ilosromy yesosus (8.37) aBIIAIOTCS yCJIOBUSIMUA aJl-
rebpan3yeMocTi KaK CUCTEMBI TOAMHOroobpasuii X, Tak u nopoxjgaemoii umu tkanu GW(n + 1, n, ).
TTosTomy Teopembr 8.5 u 8.6 MOryT OBITH OOBEIUHEHBI B OJIHY.

Teopema 8.7. Caedyrowue ycaosus IK6UBAAECHTIHDL:

1) epacemanosa mrans GW(n + 1, n, 1) asasemea wecmuyzoavrol;

2) cucmema nopostcdarowur ee nodmuozoobpasul X, o =1,2,... ., n+ 1, anreebpausyema;

3) acumnmomuueckue mer3opovl nodmHo2006pasuls X, ydosaemsopsarom coommowenuam (8.37).
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SamerumM ere, uro ecau n = 2, 1o yciaosue (8.37) mepexonut B yciaosue (3.52) miecTHyroJbHOCTH
u anrebpamsyeMocTu rpaccManoBoil Tpu-tkaru GW (3, 2,r).

§8.3. (n 4+ 1)-TKaHU ¥ MOYTH IPACCMAHOBBI CTPYKTYPbI

1. PaccMoTpuM IUTFOKKEPOBO OTOOpaXkeHHe IpaccMaHoBa MHoroobpasuss G(n — l,n +r — 1)
(n — 1)-MepHBIX HOAIPOCTPANCTB MPOEKTUBHOTrO IpocTpancta P! na Todeunoe amrebpamieckoe
muoroo6pasme A(n — 1,n +r — 1) pasmeproctu nr npoexTusHoro npocrpanctsa PV, roe N = C? o
— 1. D10 orobpakeHue CTPOUTCS C IIOMOIIBIO IPACCMAHOBBIX KoopauHat (n — 1)-nopnpocrpancrsa L
B P"~1 xoTOpbIe IpescTaBIsSIOT cO60H MUHOPBI HOPSIKA 1 MATPUIIBL

1 n n+1 n4r
AT A R
................ ,
1 n n+1 n+r
COCTABJICHHOH U3 KOODJIMHAT GA3UCHBIX TOYEK I1,..., T, Hoaupocrpancrsa L (cpasaure ¢ §3 . 3).

I'paccMaHOBBI KOOPIMHATHI CBSA3aHBI PSIIOM KBaJIPATUYHBIX COOTHOIIEHUI, KOTOPBIE M OIPEIENISIOT
vmoroobpasme Q(n — 1,n +r — 1) B mpocrpancrse PN (cm. [XII-1]). TopopaT, 4To 9T0 MHOTOOGpa3He
HECET 2paccmanosy cmpykmypy. s kpaTkocT MBI ero 6yem 0603Ha9aTh mpocTo OyKBoii (). Yzydum
GoJiee JIeTaJbHO CTPOEHHe MHOroobpasus §2.

Ilycrs Ly u Ly — nBa (n — 1)-Mepnbix noampocrpanctsa 8 PP~ K = Ly ( Ly, dim K =n — 2.
Onu nopozkparoT JuHelHbI myaok S (n — 1)-mogmpocrpancets ALy + Lo, KOTOPOMY COOTBETCTBYET
npsamMast Ha MHOrooOpasuu 2. Bee mommpocrpancTBa mydka S MPUHAJIEKAT OJHOMY TPOCTPAHCTBY M
pa3sMepHOCTH 7. DTOT IIYYOK, a, CAeI0BaTE/IbHO, U COOTBETCTBYIOMIAs IIpsiMast Ha ) BIOJIHE OIIpejie-
JgroTCa mapoit moanpocrpancts K u M, K C M.

Pacemorpum cBsizky (n — 1)-noanpocTpaHcTs, T.e. COBOKYHHOCTH Beex (n — l)-nomnpocrpaHcTs,
MPOXOISAINX Yepe3 (PUKCUPOBAHHOE MTOAIPOCTPAHCTBO K pazmMepHOCTH 1 — 2. DTOi CBSI3KEe Ha MHOTO-
o6pasun () cooTBETCTBYeT T-MepHas IIocKast obpasytomast £7. CemeiicrBy (n — 1)-nomupocrpaHcTs,
MIPUHAJIEXKANTUX (DIKCHPOBAHHOMY ITPOCTPAHCTBY M pasMepHOCTH 1, COOTBETCTBYeT Ha ) ITocKast
obpasytorast 17" pazmepHocTu 1. Takum o0pazom, MHOroobpasme () HeCeT IBa CEMEHCTBa ILJIOCKUX
00pazyomx pasMepHOCTel T 1 N.

Ecmn mommpoctrpancTtsa K m M wanmuaentHsl, T.e. K C M, TO COOTBETCTBYIOIINE UM TJIOCKHE
obpazyiomue £ u n" IepeceKaroTCs MO MPIMOit; eCJu Ke OHU He WHIIAJIEHTHDBI, TO obpasyromue &
u " He UMET OOIIUX TOYEK.

PacemoTpuM uKCHpoBaHHOE MOMIIpocTpancTBo L pasmeproctu n — 1 8 P*T"~1 Omo comep-
xkur (n — l)-mapamerpudeckoe cemeiicTBo nozanpocrpancrs K pasmepnocru n — 2. Ilosromy uepes
COOTBETCTBYIOILYIO MOIIPOCTPAaHCTBY L TOUKy p MHOroobpasusi () mpoxoauT cemeiicTBO 0Opasyro-
mux £, 3aBucsiiee ot n — 1 nmapamerpos. C Apyroit cTOPOHBI, Yepe3 MOAIIPOCTPAHCTBO L MPOXOIHUT
(r — 1)-mapamerpuueckoe ceMeiicTBO n-MepHbIX nognpocrpancts M. Tlosromy depe3 TOUKY p IIPOXO-
nut (r — 1)-napamerpudeckoe cemeiicTBo obpazyromux 7". [Ipu srom sr06b1e 1Be obpaszyiomue " u 7",
IPOXOJISAIINE YePe3 TOUKY P, IePEeCeKATCsI 10 mpsiMoit. OTcioma citelyer, 9To Bee IIOCKHe 00pa3yonime
& um n', npoxojdinye Uepe3 TOUKY p, 00pa3yioT KOHYC, KOTOpbIH HasbiBaercs konycom Cezpe u
obosuataercs Cp(r,n). Ero mpoexrmsmsanus ects muoroobpasume Cerpe S(r — 1,n — 1), xoTopoe
HeceT Ha cebe J[Ba ceMeliCTBa IJIOCKMX o0Opasylonmx pasmepHocreil 7 — | uw n — | u npeacrasisier
cO6OI TIPOEKTHBHOE BJIOYKEHIE JEKAPTOBA MPOU3BEICHNs IPOCKTUBHLIX mpoctpancts P71 o P~ g
npocrpancreo P!, Konyc Cerpe sBisiercss mepecedenneM MHOroobpasust ) U ero KacaTeJbHOTO
npoctpancTBa 1,(€)), pasMepHOCTH KOTOPOrO, KaK M MHOroobpasms ), pasBHa nr. B mpocrpaxcTse
Pt7=1 komycy Cerpe Cp(r,n) COOTBETCTBYET COBOKYIHOCTL BCeX (1 — 1)-MEpPHBLIX HOIIPOCTPAHCTB,
repecekamux (GUKCUPOBAHHOE ITOJIIIPOCTPAHCTBO L TaKOil yKe Pa3sMEepHOCTH IO MOIIPOCTPAHCTBAM
pa3mepHOCTH N — 2.

TakuM 06pa3oM, ¢ KarKI0i TOUKOH p asrebpamdeckoro muoroobpasus ) C PN cesasan xonyc Cerpe
Cp(r,n) ¢ BepumHO# p, NpHHAaIIeXKAMIIT ero KacaTelbHOMy IpocTpatcTsy 1), (1), obpasyromue KoTo-
poro aBJsIoTCs o0pasyomumu muoroobpasus 2. Kouye Cp(r, n) B npocrpancrse T, (€2) onpeznensercs
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TapaMeTPHIECKIMH yPaBHEHIAMI
2h=mn,& u=1,...,n, i=n+1,...,n+r (8.38)

Ot ke ypasHeHus 3ajai0T u MHorooopasme Cerpe S(r — 1,n — 1) B IPOEKTHBHOM HPOCTPAHCTBE
Pl = PT,(Q).

2. Tenepb MOXKHO BBECTH MOHATHE MOYTH MPACCMAHOBOM CTPYKTYPBI, YACTHBIM CJIyIaeM KOTOPOI
SIBJISIETCST PACCMOTPEHHAS BBIIIE TPACCMAHOBA CTPYKTypa Ha ajrebpamdeckoMm MHOroobpasuu ).

IIycte X — nuddepennupyemoe MuOrO00Opa3ne pa3MepHOCTH NI, P — €ro MPOU3BOJIbHAS TOYKA
u T,(X) — kacaresbHOE IPOCTPAHCTBO B TOUKe p. B kaxzom mpocrpancrse T,(X) 3amamum KOHyC
Cerpe Cp(r,n) ¢ BepIIHHO B p Tak, ITOOLI mOIydeHHOE Hose Konycos Cerpe 6bu10 qudbepeHnupye-
MBIM.

HuddepernuaabHO-reOMeTPUIECKYI0 CTPYKTYpy Ha X, ompemessieMyio mojieM KouycoB Cerpe,
HA30BEM NOYMY 2paccmanosol cmpykmypot u obosuauum AG(n — 1,n + r — 1). Ee crpykrypHoit
rpyunoii 6yxer noarpyma mnoHoi auneiinoi rpynust GL(nr) npeobpasosanuii npocrpancrsa 1), (X),
ocraBistiolias nHBapuaHTHBIM Kouyc Cp(r,n). 13 ypasuenuit (8.38), onpenensomux xonyc Cerpe,
BUJHO, 9TO 3Ta rpymna usomopdua npoussegernio GL(r) x SL(n). O6ozuauum ee yepes GL(r, n).

Komnyc Cerpe, mpucoemumenmbiii kK Touke p MHoroobpasus X, ompenenser B 1,(M) (n — 1)-
NapamMeTPUHIecKoe CeMelCTBO r-MepPHBIX HofrmpocTpancts &) u (1 — l)-mapamerpuyeckoe ceMeiicTBo
n-MepHBIX noAnpocTpancTs 7, [loutn rpaccmanoBa cTpykTypa AG(n — 1,n + r — 1) HasweiBaeTcs
r-noayurmezpupyemot, eciu Ha X cymecrsyer (r + 1)(n — 1)-napamerpuyeckoe cemMeficTBO MOIMHO-
rooGpasuit V", takux, uro T,(V") = §p Atst moboit Touku p € V', 1 Kax10e moanpocTpancTso " Ka-
CaeTcs OJIHOTO U TOJIBKO OHOrO moaMHoroobpasus V. Touno tak xke crpykrypa AG(n — L,n+r — 1)
HA3BIBACTCS N-noayunmezpupyemod, ecim va X cymecrsyer (n + 1)(r — 1)-napamerpudeckoe cemeii-
CTBO N-MEPHBIX OAMHOro06pasuii V™, raknx, uro T,(V"™) = n™ nya mo6oit Toukn p € V™, u kax0e
IIOIIPOCTPAHCTBO 7" KACAETCS OJHOTO M TOJHLKO OJHOIO IMOJAMHOroobpasus V.

Ecyin nouru rpacemanosa crpykrypa AG(n — 1, n + r — 1) ma muaoroobpasuu X Gyzer oJHOBpEeMeH-
HO 7-TIOJIyUHTETPUPYEMON U N-IIOJIyHHTETPUPYEMOIi, TO OHA Ha3bIBaeTcst unmezpupyemod. [lpu srom
OKAa3bIBAETCSI CIIPABEINBOM CJIEJYIONAsT TEOPEMA: UHMEZPUPYEMAS NOYMU 2DACCMAHOBA CMPYKMYPa
ABAACNCA NOKAADHO 2PACCMAHOB0T, T.€. OKPECTHOCTb KaXKJI0 TOYKH p MHOrooOpa3ust X OIyCKaeT
nmuddepennmupyemoe orobparkenue Ha anrebpamdeckoe MEOroodpasue (n — 1, n + r — 1) mpoekTuBHO-
ro npoctpancrsa P | pu KOTOPOM ero moaMHoroobpasusim V' Gy1yT cOOTBETCTBOBATH ILJIOCKKE 00pa-
gyromue £, a moaMuOroobpasusM V" — mwiockue obpagdyiomue 1" Mmuoroobpasus Q(n — 1,n +r — 1).

3. Pacemorpum (n + 1)-rkans W(n + 1, n,r) #a rnagkom maoroobpasuun X pa3MepHOCTU Nr, U
nyctb T, (X) — xacaTenabHOe IpocTpaHCTBO K X B Touke p. Basucuble dpopmbr a&}i sroit (n + 1)-Tkanu

(u=1...n; ¢ = 1...r), BBeseHHBIe B §1, MOXKHO NPHUHATL 38 KOODJMHATHI B IPOCTPAHCTBE
T,(X). Torma ypaBHeHHsI HOAIPOCTPAHCTB 1, ITOrO IIPOCTPAHCTBA, KACATEJIBHBIX K CJIOSM TKAHH,
POXOJSIIIM Uepe3 TOUKy p, 3anuiryTes B Buze (8.1), riae B cuity (8.2) BBINOIHSIOTCS COOTHOIIEHUSI

n

w'=- E w'.

n+1 u
u=1

Vpasuenust (8.1) u (8.2) GymyT MHBAPMAHTHBI IO OTHOIIEHUIO K CTPYKTypHOil rpynne GL(r) Tkanu
W(n+1,n,7).

IIycts (v, w, Ui, ..., Up—1) — HEKOTOpas HepecTaHoBKa wuces (1,...,n + 1). Pacemorpum B T),(X)
nepecedenre noanpocrpancrs 1y, , k= 1,...,n — 1. Oboznaunm ero T),,. OHO onpenengerca ypaBHe-

HusMu w' = 0, dim T, = 7. TaKUX IIOIIPOCTPAHCTB BCETO C’%_H = in(n + 1). IIpu n = 2 310 UnCsIO
uk

PaBHO TpeM, U IIoAIpocTpancTsa T, COBIHAJAIOT C IOAIPOCTPAHCTBAME T, KACATCILHBIMU K CJIOAM
TKaHU, TPOXOJAIIAM Uepe3 TOUKY p.

B mpocrpanctse T, (X) cymecrsyer enuncrsennsiit konyc Cerpe Cp,(r,n), comepaiuii Bce mo-
upocrpanctsa Ty,. OH onpejeisiercs: napaMeTrpudecKuMu ypasuenusmu (8.38), rue z!, = uli’. B cu-
gy (8.2) u3 aTUX ypaBHEHHU cjeyer, 4To

i

%
w = - 1s
ol gnn-i-
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Tae Nnt1 = — D on_y M- Llognpocrpancrsa T, npuHagmexamue konycy Cerpe, 3amaiorcs Ha HeM
yPaBHEHUSIMU 1), = 0, B KOTOPDLIX HHJEKCDI ), IPUHAMAIOT yKA3AHHBIE BBIIIE 3HATEHHUs. DTHU IIOIIPO-
CTPAHCTBA [IPUHAJJICIKAT CEMEHCTBY r'-MEPHBIX IIIoCKuX obpazytonux & xouyca Cerpe Cp(r, n).

Tak kak cemeiicrso konycos Cerpe C(r,m), 3aJaHHBIX B KacaTeJIbHbIX mpocrpancrsax 1,(X),
olpejieisieT Ha MHOroobpasuu X moduru rpaccMaHoBy crpykrypy AG(n — 1,n+r — 1), To cupa-
BeIJINBA

Teopema 8.8. C (n + l)-mxanvio W(n + 1,n,r) na muozoobpasuu X pasmeprocmu nr unea-
PUAHMHO C8A3AHE NOYMU 2paccmanosa cmpykmypa AG(n — 1,n +r — 1). Ipu amom cmpyxmypras
2pYnna MKAGHU ABAAECTCHA HOPMAALHLIM JeAUMENEM CMPYKMYPHOT 2PYNNbL NOYMU 2PACCMAN0B0T

CIPYKMYDOL.
[Mocsiennee yrBepxkienue ciepyer u3 Toro ¢akra, 4ro CTPYKTYpHOH rpynnoit (n + 1)-rkanu
apiserca rpynna GL(r), a mourm rpaccmanosoit crpykrypel AG(n — l,n 4+ r — 1) — rpynuna

GL(r) x SL(n).

OrMmernmM, 4TO 7-MepHbIe Iockue obpasyongue " kouycos Cerpe Cp(r, n), CBA3aHHBIX C TKAHBIO
W(n 4+ 1,n,7), Ha3BIBAIOT €€ U30KAUHHLLMU NOONPOCMPAHCMNEAMU, & N-MEePHbIE IIOCKHEe 00pasyro-
e 7)™ 9TUX KOHYCOB — MPAHCEEPCaAbHbMU noonpocmparcmeamy Tkaau W(n + 1,n,r).

§ 8.4. TpancBepcaibHO-TeOAe3NYECKNEe U U30KJINHHBbIE (N + 1)-TKaHu

1. Txaub W(n + 1, n, r) Ha3BIBAETCS MPAHCEEPCAALHO-2€00e3UNMECKOT, €CIIA CBSI3aHHAS C HEell TOYTH
rpaccmanoBa crpykrypa AG(n — 1,n + r — 1) sasiercst n-nosyunrerpupyemoii. Tkaas W(n + 1, n,r)
HA3BIBAETCS U30KAUHHOU, ecimn ctpykTypa AG(n — 1,n 4 r — 1) Gymer r-moayuHTErpUPYEMOI.

Paccmorpum cHadasia TpaHcBepcaibHO-Teoge3ndeckue (n + 1)-TKanu u HaiijeM aHaJUTHYeCKue
yCJIOBUsI, KOTOPBIE UX XapaKTepu3yioT. [loymHTerpupyeMoCTh CBA3aHHON C TKAHBIO HMOYTH I'PACCMa-
HOBO# CTPYKTYPBbI O3HAYAET CYIIECTBOBaHWE Ha MHOroobpaszmm X cemelicTBa HMOAMHOrooOpasuii V',
KacaTeJIbHBIX TPAHCBEPCAJIBHBIM IOJIIPOCTPAHCTBAM 7)'". YpaBHEHUsI ITUX IOJIMHOT000PA3Uil NMET
BUJI,

wh=¢€%,, u=1,...,n, i=1,...,r, (8.39)

rae 6, — 1-popmbl, He3aBucuMbie Ha V") a £ — KOOpAMHATHI BEKTOPA, OIPEIEJISIONIEro MOJI0XKEHNE
TPAHCBEPCATIBHOTO MOANpOCcTpancTBa TKauu. Juddepennupyst BHemHEnM ob6pa3oMm ypaprHeHus (8.39)
¢ nomoIpio (opmyir (8.4), moayduM KBaJpaTuuHble YDABHEHUS

(vgi +y afwﬁv> AO, = —Eidf,, (8.40)
vEu
rae
Ve =de' +wj, ay, = ajgleh, (8.41)
U BBIIIOJIHAKOTCA COOTHOIIIEHU A ) . )
aly, = aby,, Y al, =0. (8.42)

Cymmupys ypasaenus (8.40) mo unjexcy u or 1 10 n u ucnonb3ysa ypashenus (8.42), upugem K

YpaBHEHUAM
Ve A (Do 0u) = (D 0u), (8.43)

a(>20u) = (D 0u) no,
u u
rue 8 — mekoropas 1-popma. Ioncrasiss nocseauee Boipaxkenue B (8.43), nojayduM ypaBHeHUre

(Ve — €10) A (Zeu) -0

KOTODPBIC ITIOKa3bIBAIOT, 9YTO
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Tlonb3ysics temmoit Kaprana, orcioma Haxommm:
VE=E0+0"Y b (8.44)
u

Croenunst A\, Tkaru W(n + 1, n, r) Beicekator Ha nognMHorootpasuu V™ (n + 1)-tkane W(n + 1,n, 1)
kopasmeproctu 1. @opmbl 0, OymyT GasucHbiME DopMaMu 3TOi TKaHu, u cjaou ee (n — 1)-mMepHbIX
cJioeHuit onpenensiorcsa ypasuenuamu [lbadda

0. =0, Y 0,=0.

CrpykrypHble ypasHenus Tkauu W(n + 1,n, 1) B cuny (8.4) umeror Bu:

by =0, Aw+ > aby N0, (8.45)
vF#EU

21%:0.

Toncrasisist Beipaxkenust (8.44) u (8.45) B (8.40), nonyunm w = 0 u

puydemM

o'+ a'=¢"a.
uv uv

CyMMupys TI0 % U U, HAXOUM: , ) )
c'=0, a'=¢a. (8.46)

uv uv

Beuty sroro u3 bipaxkenuii (8.44) n (8.41) mocisienyor paBeHCTBA:
Ve = ¢, (8.47)
a® &gk = gl (8.48)
uvjk uv
Teomerpuveckuii cMbICT paBeHCTB (8.47) BBISICHsIET
Teopema 8.9. [lodmnozoobpasus V", onpedersemvie na X ypasrenuamu (8.39), asasomes

enoane zeodesuneckumy 6 ceaznocmu I, onpedeasemot mranvio Wn + 1,n,r).
O O6osHaunM e; penep, AyajabHbI Kopenepy w', cocrosmeMmy u3 GasucHbix Gopm tkanum W(n +
u u

+ 1,n,r), u paccmorpum BekTOpHI &, = £'e;. B cuiy (8.39) a1u BeKTOPHI Kacarorcs MHOroobpasus V",
u

a B cuity (8.47) OHU IEPEHOCSTCS MAPAJLIIEIBHO BIoJb V™. BMecre ¢ HUMU IEPEHOCSTCS TAPAJIIEIHHO
U BCe BEKTODHI Buja c"&y, rae ¢ — mnocrosHuble. Beumy sroro V" dABjseTcs BIOJIHE Ie0Ie3UIECKIM
nogmuoroobpasvem. Ml

U3 reopembr 8.9 cuemyer, uro noamuoroobpasust V™ nepecekaior ciaou (n + 1)-TKamnu, KOTOpbIe
CaMU SIBJIAIOTCS BIIOJIHE NE€0JIE3UIECKIMHE [I0/IMHOroo0pasusamMu Ha X, 110 reojie3amdeckumM JunHusm. [lo-
9TOMY HOJMHOr000pa3us V" HAa3bIBAIOT MPAHCEEPCANDHO-2€00€3UMECKUMU UITH TIPOCTO MPAHCEEPCANL-
Homu noaMHOroobpasuamu tkaan Win + 1,n,r), a caMy TKaHb — MPanceepcasvho-2eode3useckod.

Pacemorpum Tenmeps paseHcTBa (8.48). 3aMerum TpexKie BCEro, UTO OpU 1 = 2 JieBas YacCTh
PaBEHCTBa TOXKJIECTBEHHO OOpaIaercss B Hyjb, TaK KaK TEH30D a§. » Kpyduenus tramu W(3,2,r) ko-
cocuMMeTrpuder 1o uagekcaM j u k. 113 coornomennit (8.41) n (8.46) BHIHO, 9TO B 9TOM CJIydae

a ¢ = 0 u paBenctBo (8.48) obpamaercs B ToxecTBO. [lo3TOMY TIpH 1. = 2 yCJIOBHEe TPaHCBEPCATbHOI
1

reoJIe3MYHOCTY TKAHH BBIPAXKAETCsl Yepe3 ee TeH30p KpuBu3HbI (cpasuute ¢ § 1 rur. 3).

Nrak, cauraeM jasee, uro n > 2. Tak Kak paBeHCTBO (8.48) JI0JI?KHO BBINOJIHATHCST TOK IECTBEHHO
OTHOCHTENIBHO &', TO BeIMUHHBI @, BXONAIIWE B €0 IPaByI0 YaCTb, JOJIKHBI OLITh JIMHEHHBIME
KoMbuHAIISIME £, T. €. “

a = ap”. (8.49)

uv uv

[Moxpcrasisia B (8.47), nojayduM paBeHCTBA

(ajn =0 ar)E'e" =0,
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OTKYJa CJIEIYIOT COOTHOIIEHUSI , ,
ﬁ,?m = 5@&@. (8.50)

Teopema 8.10. Jlas mozo, wmobv. npu n > 2 mxanv W(n + 1,n,r) 6wia mparceepcarvro-
2eodesuneckoti, HeobTrodumo u JdocmamouHo, UMobvl CUMMEMPUYHDBIE HACTIU MEH30PO8 KPYUEHUS
umenu 6ud (8.50).

0 HeobxomuMocTh yCJIOBUS TEOPEMBI JOKa3aHa BhIre. J[OCTATOYHOCTL cjieyer W3 TOro, 4UTO
cucrema ypasaernit [ladda (8.39), (8.47), onpesesirommast TpaHCBEPCATIBHO-T€0/IE3UIECKHE TIOJIMHO-
roo6pasus Tkauu W(n + 1, n,r), 6yzer Buosne unrerpupyemoii B cuiy (8.50). B

2. Tkanr W(n + 1,n,r) HasbBaercd noausdpuueckoli, ecau OHa SBJSIETCH TPAHCBEPCAJBHHO-
reofie3ndeckoii u Bece ee nogrkanu W(n 4+ 1,n, 1), BoicekaeMble HA TPAHCBEPCAIBHBIX HOJAMHOI000pa-
3uax V™, OyayT napasien3yeMbIM.

U3 ypasuenus (8.45) ciemyer, 9TO yCJIOBHE MAPAJIEIU3YEMOCTH TPAHCBEPCAJBHBIX [IOJTKAHEN

sanuceiBaercs B Buje a = 0. Orcroga B cuity (8.49) u (8.50) cie/yer, 94T0 Ha IIOJMIIPUIECKON TKAHN
uv

TeH30pbl a®. . obpaIaoTcs B HyJlb:
1L'l)(']k)
7 _
O6parno, ecim na trkanu W(n + 1, n,r) Bomosneno yciaosue (8.51), To B

cuiry (8.50) ona GyeT TpaHCBEPCAIBHO-TEOIE3UIECKOi, a u3 (8.49) BoITeKAIOT
pasencTBa a = (), BBUIY 4Yero BCe ee TPAHCBEPCAJIbHBIE IOITKAHU MAPAJLIE-
uv

nm3yeMbl. Jlokasama

Teopema 8.11. Jlas moeo, wmobv, mxans Wn+ 1,n,r), n > 2, r >
> 2 6bLAG NOAUIOPUHECKOT, HEOOTOOUMO U OCTAMOUH0, 4Mobb. €€ MEH30PbL
Kkpyserus yoosaemeopasy ycaosuro (8.51).

HasBanue «nosmsapuyeckasi» CBI3aHO C T€M, YTO Ha Takoii (n + 1)-rkanu
3aMbIKaIOTCs (BUTYDPBI, IpecTaBisonue coboit (2n + 2)-37pbl, rpaHgaMu Ko-
TOPBIX CJIy2KaT cjion TKauu. [Ipu n = 3 a1a durypa cTaHOBATCsSI OKTA3POM C
2r-mepubiMu rpafavu. [Ipu n = 3 u r = | MEHOroo6pasue X CcTaHOBUTCA TPEXMEPHBIM M TAKOHW OKTA3P
n3o0paxkeH Ha puc. bd. 31ech rpaHu ade n bef MpUHAIUIE)KAT MEPBOMY CJIOEHUIO TKAHU, TPAHU dce
u abf — BTOpOMY citoenuto, rpauu cbe u daf — Tperbemy cioeHuio, rpanu bae u cdf — dYeTBepTOMY
CJIOEHUIO.

3. PaccMOTpuM N30K/IMHHBIE TKAHH W(n +1,n, 'r). Cssi3aHHas C TAKOI TKAHBIO IIOYTHU I'PACCMAHOBA
crpykrypa AG(n — 1, n+r — 1) moipkua O6bITh r-nosyunTerpupyemoit. CiienoBareabHo, Ha MHOMOOO-
pasun X CyIIecTByeT CeMeiCTBO MOAMHOroo0pasuii V', KacaTeJIbHbIX K U30KJIUHHBIM TOITPOCTPAH-
crBaM &". VIX ypaBHEHUs 3aIUIIyTCS B BUJE

Ww=nb, u=1,...,n; di=1,...,7 (8.52)
u

rae 6 — 1-cbopmbl, HesaBucuMbIe Ha V", a 1), — IapaMeTphl, OIIPeIe/IAONIIe MOJI0KEHIe H30KIHHHOTO
IOIIIPOCTPAHCTBA, TKAHM.

Teopema 8.12. Txanv W(n + 1,n,r) 6ydem usoxaunnot npu n = 3, r > 2, moeda u MoALKO
moezda, K020a KOCOCUMMEMPUYHBIE YACTNU €€ TMEHZ0PO8 KPYUEHUA UMENM CAeOYwull Cneyuasbbill

6uo0: _ '

JlokazaTeabCTBO 9TOI TEOPeMbl IMOIOOHO I0KAa3aTeabCTBY TeopeMbl 8.10, u mosTOMy MBI €ro He
[IPUBOJIUM.

N3 Teopem 8.10 u 8.12 BBITEKAET CJICAYIONIAS BayKHAS

Teopema 8.13. Tkano W(n + 1,n,r) 6ydem epaccmarusyemotli mozda u moavko moeda, kozda
OHG 00HOBPEMEHHO UBOKAUHHAA U MPAHCEEPCANLHO-2€00€3UMECKAA.
O Ipenuosoxum, aro tkaab W(n + 1, n, r) rpaccmanusyema. Torna oHa 9KBUBAJIEHTHA TPACCMAHOBO
tkarn GW (n + 1, n, r), TeH30pbI KpyUueHusi KOTOPOIi, Kak JoKa3aHo B § 2 (cM. opmyity (8.34)), nmeror
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BUT:

BBI/I,Hy 9TOI'O BBINIOJIHAIOTCA COOTHOIIICHM A
7 o v u 7 7 o v 7
afiny = Ay = MOk @y = Mg + A0)0k),

T.€. T€H30PBbl KPYUYeHUs pacCMaTpUBaeMOl TKAaHHU YJIOBJIETBOPSIIOT ycjaoBusaM TeopeM 8.12 m 8.10.

CuienjoBaTesbHO, FPACCMaHU3yeMasl TKAHb OyIeT M30KJIMHHON U TPAHCBEPCAIBHO-I€0IE3UIECKOI.
O6parHo, npeanoyokuM, 9To TKanb W(n + l,m,r) OJHOBpEMEHHO SBJISETCS W30KJIUHHON |

TpaHCBepCaIbHO-reojie3ndeckoil. Tor/ia Ha Heil BoIoHEHBI cooTHomeHns (8.50) u (8.53), B cuity dero

T o 7

U?;ij (]k)+a[Jk]—a(5)+ b[(sk]—(aj+b)5k+(ak bk)5

Ciie1oBaTEILHO, TEH30PBI KPYYEHNs 9TON TKaHu UMeIoT BRI (8.34), a 3Ha4uT, ona rpaccmanusyeMa. Wl
Taxum obpazom, coomnowenus (8.90) u (8.53) npedcmasasrom coboli anasumuyveckue Ycaosus

epacemarnusyemocmu (n + 1)-mranu W(n + 1,n,r).

§ 8.5. d-TkaHuM Ha MHOrOOOpa3WM Pa3zMEepPHOCTH NT

1. B srom maparpade paccmarpusatorcs tkaau W(d,n,r) npu d > n + | #ma muoroobpasuun X
Pa3MEpPHOCTH N7
Caoenust \,, obpasytoume tkaunb W(d,n,r), 3amamumM, Kak u B § 1, BIOJIHE MHTErpUpyeMbIMU

cucremamu ypasuenuit [lpadda )
Ww'=0, 1=1,...,7, (8.54)

[0

HO Telepb MHIEKC « mpoberaer 3HadeHust or 1 10 d. Tak Kak cioeHUsT A\, HaXOIATCs B OOIIEM
[OJIOZKEHUH, TO Jiiobas nojacucreMa w', ..., w' cucremsl (8. 54) Gyaer suneiino nesaBucuMa. [Ipumem
31 Qn
3a GasucHble Ha MHOTOOOpasun X dopmer W', tae u = 1,...,n. Ocrambabie GopmMbr cuctembr (8.54)
u
OyIyT MX JINHEHHBIMU KOMOWHAIHSIMU:
w' = /\w] oc=n+1...d,

led O"U.’U.
u

rJie Bce MaTPHUIIbI )\ i meppIpozkaeHHbIe. C IIOMOIIBIO 3aMeHbI 6a31ca (POPM Ha, CTIOCHUAX A, HOCTIETHHE
YpaBHEHUS HpI/IBO,ILSITCH K BUIY

—wi=w W . W (8.55)
n+1 1 2 n
—w—)\w3+)\wj+ A tw ]—Hu (8.56)
a al’ 1 “an—17n 71
rae a =n+2,...,d. Temeps Bce opMBI W' JOMYCKAIOT JINIIH COTJIACOBAHHLIE MTPEOOPA30BAHIS BIIA
[e%

i
= Ajuw’,
«

[0

obpazyioniue crpykrypuyio rpyuiny GL(r) rkanu W(d,n,r), a Benuansb! (/\;) 00pa3yIoT TEH30PbI
aw

OTHOCHUTEJIFHO 3TUX IpeobpazoBannii. OG03HAYNM yKa3aHHbIE TEH30PbI CUMBOJAMA A U 3aMeTUM, ITO
au
i _ s
a);l 5= 5j.
Kpome HEeBBIPOXKIIEHHOCTH TEH30PbI A yIOBJIETBOPSIOT €Ille JOMOJHUTEIbHBIM YCJIOBUSIM: HEBbI-
au

POKJIECHHBIMU JIOJIXKHBI ObITH UX pasHocT A — A, a Takyke HEKOTOpbIE JIpyrue ux KoMbuHaruu. Bee
au av

9TH yCJIOBUSI CJIEJIYIOT U3 TOTO, 9TO CJIOCHUS \ HAXOISITCS B OOIIEM IIOJIOKEHUH.
(0%
Crpykrypuble ypasuenus Tkaau W (d,n, r) cocroar u3 ypasaenuii (8.4), KOTOpPbIE MPEICTABIISIOT

co0OIt yCIOBUST MHTErPUPYEMOCTH cucTeM ypaBaenuit w' =0, u=1...n,u wll =0, a Takke ycjaoBUit
u n+

HHTerPHIPYEeMOCTH crucTeM ypasHennmit w' = 0, a = n + 2...d, comepxamux auddepeHInais TeH30-
a

poB A. B obmiem Busie Mbl BCe 3TU ypaBHEHUs BLIIUCHIBATL He OyIeM.
au
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2. Paccmorpnm Gosree nogpo6uo 4-tkanb W (4,2, r). Cucrema ypasuennii (8.53), (8.54) st Hee
[IPUHAMAET BUJL
W =uw+uw, —-w'= )\;uﬂ + w?,
3 T2 4 1 2

MIPUYEM HEBBIPOXKACHHBIMU JOKHBI OBITh TEH30PbI )\3‘» u 6; — /\é Tensop A] HA3BIBACTCA 0CHOGHbIM
agpuropom mranu W(4,2,r) u obosnagaercsa 6yksoit A. BbigcHUM ero reoMeTpUIeCKUl CMBICII.
ITycrs p — upousBosibHAas TOUKa MHOroo6pasusa X pasmepHoctu 21, mecymero Tkaub W (4,2,r),
u T,(X) — xacarenbHoe mpocrpaHcTBo K X B 9roil Touke. O6osmaunmm wepes Ty, o = 1,2,3,4,
nogupocrpancTsa npocrpancrsa 1), (X), kacarenbusle K cioaM F,, TKauu W, IPOXOASIIUM Yepe3 p.
Paccmorpum B mpocrpancrse T),(X) pemep €, gi, JyaJbHBIN KOperepy olJi, agﬂ U TaKoi, ITO JE00OI

BexTop & u3 T,(X) 3amucbIBaeTcs B BUzE

£ =w'(©)ei — ' (E)cy

1 2

(cpaBaure ¢ §3 1. 1). Torma ¢; eT, gi €Ty, ¢ + gi €T, N ¢ + gi € Ty, 1 Kaxk1as U3 3TUX CUCTEM
BEKTOPOB 00pa3yer 6a3uc COOTBETCTBYIONIETO MOAIPOCTpaHcTBa Ty .

Tpoitku nopnpocrpancrs {11, Ty, T3} u {11, Ty, T_4} omnpenessior B npocrpanctse 1),(X) ase cu-
CTeMbl TPAaHCBepCaJIbHBIX OuBeKTOpOB. IlycTh £ = §Z?i — TPOUW3BOJIbHBII BeKTOp U3 17. Yepe3 Hero
npoxoaut 6usekTop H = & A &, Tre & = {igi, TPAHCBEPCATIbHBIN K MEPBOI TPOHKE MOMPOCTPAHCTB.
Yepes BekTOp &9 = f’gi npoxomut 6usekrop H' = '& A &, tae & = £'N €, TPAHCBEPCAJIBLHBIN KO
BTOpOIi Tpoiike. BButy aT0ro0 B ipocTpatncTBe 1] onpenensercs JuHeinoe mpeobpazosanue A : 71 — 17,
3aImchIBaeMoe B Bue &8 = A;fj . AHAJIOTUYIHBIN TE€OMETPUYECKUH CMBICJ UMEIOT JINHEHHbIE Mpeodpa-
30BaHWUsl, ornpejessieMbie apduHopoM A 1 B apyrux npocrpaHcTBax Ty, .

Paccmorpum coberennble BekTopbl omeparopa A : Ty — T). Tak kak g mux ‘&) = Ay, To
TpaHcBepcaibHble 6usekTopbl H u H', onpejensieMble COGCTBEHHBLIM BEKTOPOM &|, IPHHAJJIEKAT
OJTHOMY OOINEMY TPAHCBEPCAJIHHOMY HOIIPOCTPAHCTBY Y€TBEPKHU MOMIPOCTPancTB T,. BBumy sroro
OyZeT cripaBeinBa ,

Teopema 8.14. Ocnosnoti afpunop A = () 4-mranu W(4,2,r) 6 xasncdoti moure p € X
onpedeasem aunetnvie onepamopv. Ny : Ty, — Ty, KOMOPBIE KOHCMPYUPYIOMCA ONUCGHHHIM GVIULE
00Pa30M C NOMOULLIO MPAHCEEPCAALHLLT bUBEKMOPO6 amux nodnpocmpancms. CobcmeertbLm GeKmo-
pam onepamopos A, omeewarom obuiue mpaHceePCabHbLE NOONPOCTPAHCMEE OASL YEMBEPKU NOONPO-
cmparnems T,,.

3. Bepuemcs k uzydenuio tkaneit W(d, n,r) obmero Buna. Kaxkmas mojgcucrema ciaoeHuii A, , ...
ci A sToil TKanu obpasyer (n + l)-mogrkamnb Ha MHOroOOpazum X, KOTOPYIO Mbl 00O3HAYUM
[ag, ..., Qpi1]. OBmiee 4meso Takux IOATKAHEH PaBHO Cg“ = d(d _(;)_’_1()('1_ n)
ompeenser B KacareabnoM npocrparctse 1,(X) (cm. §3 sroit rmaser) xonyc Cerpe C(r,n), a Ha
MHOroo6pasun X — 1mouTu rpaccMaHoBy crpyKrypy AG(n — 1,n+r — 1). Takum obpazom, Ha MHO-
roobpasuu X BO3HHUKAET Iejias CHCTeMa MOYTH I'PACCMAHOBBIX CTPYKTYp. Ho Hambosiee mHTEpeCHDIH
caydail yKazaH B CJIEJIYIOIIEM OIIPE/IeJIeHNN.

Ounpenenenne. Tkanb W (d, n, ) Ha3bIBaETCA NOYMU 2PACCMANUIYEMOT, €CIU BCE MOYTH TDAC-
CMaHOBBI CTPYKTYDBI, oupezeisgemblie ee (n + 1)-mojarkansamu, COBIAIAIOT.

U3 reopempr 8.14 cienyer, uro tkaub W (4,2,r) Gymer mouTH IrpaccMaHU3yeMON TOLJA U TOJBKO
TOrIa, KOrja ee ocHOBHOM addunop A Oyaer ckaasapubiM, T.e. A = AE. /lelicTBUTE/IBHO, B 9TOM CJIydae
BCE TPaHCBepCaJbHble OUBEKTOPBI noaTKanu (1,2, 3] GymayT Takke TpaHCBEPCAJIBHBIME OGUBEKTOPAMHU
n ans moarkanu [1,2,4], a, ciaemoBaTenbHO, W IS BCEX OCTAJBHBIX ee Tpu-noaTkaneit [1,3,4] u
[2, 3, 4]. Ho Tpamcsepcasbhble GUBEKTOPBI 06PA3yIOT OIHO U3 CeMEHCTB IIIOCKUX 00Pa3yIOIIUuX KOHYCOB
Cerpe C(2,r), upucoenunenunbix K Tkauu W. [Tosromy u konycer Cerpe, onpenessiempie ipu A = \E
pasjuvHbIMU noaTKaaMu TKanu W (4, 2, 1), coBnagaior Mexy coboii.

B obmem cirydae cupaBe/iinBa CJie Ly omast

Qn 41

. Kaxjass u3 Hux
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Teopema 8.15. JTas mozo, wmobo, mxaro W (d, n,r) 6viaa nowmu epacemanudyemots, Heobrodumo
u docmamouno, wmobwv, ece ee aPPuropovL A OBLAU CKAAADHBMU, M. €. NPONOPUUOHANOHULMU eOUHUY-
nomy appunopy E = (5J)
O ITouru rpaccMaHOBBI CTPYKTYDBI, oupezeisemble Ha MHOoroobpasuu X nsymsd (n + 1)-noxrkansmu
tkanu W (d, n, 1), COBIAZAIOT TOT/Ia ¥ TOJIBKO TOTJIA, KOTJa B KasK 10l Touke p € X COBIAJAIT KOHYCHI
Cerpe, seskammue B KacaTeabHoM IpocrpamcTse 1,(X), onpenensemMble KacaTeIbHBIMI IOIIPOCTPAH-
CTBaAMHU K CJIOSIM 9THX noArkaneit. Pacemorpum va X noarkanu [1,...,n,n+ 1Ju [1,...,n,a]. Kak no-
kazaHo B § 3, konyc Cerpe, onpesensiemsrii B 1), (X)) mepsoii moxrkansio, 3a/1aercs ypasaenueM (8.38).
Touno Tak 2Ke MOXKHO IOKaszarb, uro komyc Cerpe, onpenensiemsiit B 1,(X) BTOpoil HOQTKaHBIO,
38J1a€TCsl yPABHEHUSIMU

2= MiE). (8.57)
Ecmm
a);; = a)&é;, (8.58)
To ypaBHeHust (8.57) IPUHUMAIOT BH/T ' 4
zi = A&’ (8.59)

u ompeiesistior ToT ke kKoryc Cerpe, 4ro u ypasuenus (8.38).
O6partHo, ecain ypapHenus (8.57) onpeesnsitor ToT ke Konyc Cerpe, uto u (8.38), TO TeH30DHI A%
aw

nmeror Bug, (8.58), T. e. MIPONOPIMOHAIBHBL e quHIIHOMY TeH30py. ll
N3 Teopembr 8.15 caemyer, uro Ha modTu rpaccManusyemoit tkanu W(d, n,r) ypasuenus (8.56)
MIPUHUMAIOT BUJT
—Wr =AW A w —|—w (8.60)
a all an—In—1

Tak kak cjaoeHus A\, TKAHU HAXOJSATCS B ODIEM ITOJIOKEHNUU, TO B MATPHUILE

I 1 1

A .
n+2,1 n+2,n—1
b
A 1
d,1 dn—1

cocraByieHHO# n3 Ko durmenTos ypasaennii (8.55) u (8.60), Bce MUHODBI JIFOGOTO TOPSIIKA OTJIMIHBI
OT HYJIsI.

O6o3nauuMm mouTn rpaccmaHunsyemyoo Tkaub W(d,n,r) cumsonom AGW(d,n,r) u paccMor-
PUM CBS3aHHYIO C Heli modru rpaccmaHoBy crpykKrypy AG(n — 1,n +r — 1). Eciu sra crpykry-
pa r-nojyunTerpupyema, 1o tKanb AGW (d,n,r) HasbiBaercsd, Kak U B §4, u30KAUNHOU; €CIU Ke
rpaccmanoBa crpykrypa AG(n — 1,n +r — 1) 6yzer n-nosyunrerpupyemoii, o rkaub AGW (d, n, )
HA3BIBAETCS MPAHCEEPCANLHO-2€00e3UNECKOU.

Tkaub AGW (d, n, r) Ha3bIBaETCH 2PacCMaHU3Yemotl, €Ciii OHA YKBUBAJICHTHA I'PACCMAHOBOM TKAHU
GW (d,n,r), obpazoBaHHOll Ha rpaccManoBoM MHOrooOpasun G(n — 1,n+r — 1) d croernsamu A,
KaxkJioe U3 KOTOPBIX YCTPOEHO Tak, Kak omucaHo B §2. U3 teopembr 8.13 ciemyer, daro mxans
AGW (d,n,r) 6ydem epacemanudyemoti mozda u moavko mozda, kK020a 0HG ABAAECMCH 0OHOBPEMEHHO
UBOKAUHHOT U MPAHCEEPCANLHO-2€00e3UNECKOU.

OnHaxo 3TN ycsoBusi TpaceManusyeMocta st Tkaan AGW (d, n, ) MOXKHO ociaabuTh, Tak Kak
CHPaBE/IUBA CJIE/TYIONAs

Teopema 8.16. [loumu epaccmanusyeman mranws AGW (d,n,r) npu d Z2n+2 ur > 3 6ydem
U3OKAUHHOU.

O 3amnuinem cucreMy ypaBHEHHUIl, ONPeIEIAIONIYIO CI0eHne A\, o TKauu AGW (d, n,r), B Buie

—w = —i—/\w 4o AW (8.61)
n+2 11 nn
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(MBI omycruin 31ech UHAEKC 1+ 2 y KoabdUIMEeHTOB A ¢ cYuTaeM, 9TO A He 00sI3aTeJIbHO DaBEeH
n+2,u n

enuHUIE). YCIOBHE MHTEIPUPYEMOCTH 9TOI cucreMbl B cuily TeopeMbl PpobeHHMyca 3alMChIBAETCS

CJIEJIYIONIIM O00Pa30M: )
dw'i= wIA @1 (8.62)
n+2 n+2

Juddepennupys saermmum o6pazom coornomenus (8.61) u nosb3ysch dopmynavu (8.4), mosrydum
KBaJpPATHYIHbIC YPABHCHHS

_ T B i i G oAk
dnciQ Y, /\wj—l—Zdi\/\% +Zq))1ﬁ,ﬂkﬁ‘j AW”. (8.63)
u u,v

31ech K03 UIMEHTHI A SIBJISIIOTCS OTHOCUTEIbHBIMU UHBAPUAHTAMU, BBUJLY YEro
u

dA = A6 + Z Ajw.

uv v
Toncrasisist atn pasnoxkenust B (8.63), mosyanm:

G == 0 M= 60+ U+ A A
w,v

U3 yenosust (8.62) ciesyer, 4To BTOpOe CJIaraeMoe IPaBoil YacTH JIOJIXKHO UMETh BHJ — w A a rie

n+2
0; = Z'ujkﬁ‘j :
u u
IIpupaBHUBas 9T 1BA BBIPAYKEHUs U UCHONB3Ys (8.62), TIOJyIMM COOTHOIIEHUS
Z()\ 0L+ Xat k)wj /\w = Z)\,ué-kwj AWk,
wuv? ™y Uy’ U v
u,v u,v
CpasuuBas K03(bMUIMEHTBI U UCIIOIb3Yysl cOOTHOIIEeHus (8.5), IpuIeM K paBeHCTBaM
i
()\ ?,‘)ﬂ, = )\ké — )\ 5k+)\ujk 7),‘/;’“] (8.64)
IIpu u = v orciona HAXOIUM:
i

l:[gk AJL[J Ok

C yueToM 3THX paBEHCTB ajbrepHarus coorHomennit (8.64) mo nHmekcam j u k mgaer
i3 si

g}bk] = 'u,b'U[J 5]6]’ (865)

rue | N N
bp=—— A LA =2 )
uvk )\—)\()\uu +)\vvk (uv))

U3 coornomennit (8.65) u reopemer 8.12 ciemyer, uro npu r > 3 (n + |)-mogrkass [1,...,n,n + 1]
tkann AGW (d, n,r) 6ymer nsoksauuHOi. OTCIO/a HEIOCPECTBEHHO BBITEKAET U U30KJIMHHOCTH TKAHU
AGW (d,n,r). R

13 Teopem 8.16 u 8.13 ciemxyer

Teopema 8.17. Ecau npur > 3 ud = n+ 2 mxans W(d, n, r) asasemcs nowmu 2paccmarnusyemoti
U MPAHCEEPCANLHO-2€00€3UMECKOT, MO OHA 2PACCMAHUSYEMA.

4. PaccmorpuMm d-TKaHb KOopasMmepHocTH 1 Ha MHOroobpasmm X pasMepHOCTH 7, T.€. TKaHb
W(d,n,1) upu d > n + 1. Yepes KaxkIAyl0 TOUYKY p ITOH TKAHU HPOXOAUT d €€ CJOEB, [IPUHAIJIE-
JKaIuX pas3jaudHbiM caoenusM. Kaxkmgoe n + 1 u3 d moampocrpancts T,, o = 1,..., d, KacaTeabHBIX
K ciaoenusMm F, TRanum W, mpoxoxsmmMm depe3 Touky p € X, oupenensior kouyc Cerpe Cy(1,n),
KOTOpBIiI HeceT (n — 1)-TapameTpudeckoe ceMefiCTBO OJHOMEPHBIX OOPa3yIOIUX U OJHY N-MEPHYIO
o6pasyolLyo, coBlajaollyio ¢ npocrpancrsoM 1,(X), T.e. mpexcrasiser coboil CBA3KY IPAMBIX C
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IEHTPOM B p, aexkamtyio B 1), (X ). Beuny storo Bce komycst Cerpe, onpeernsaemsle (n + 1)-mogrxamsvm
tkanu W(d, n, 1), coBuagaor Mexry coboii, u 9Ta TKaHb Beerja OyJer IIOYTU MPACCMAHN3YEMOIA.

[Ipenmonoxum gasnee, aro tkaub W(d,n, 1) rpaccmanusyema. DT0O 3HAUUT, YTO OHA JIOIYCKAET
orobpazkeHne Ha IrpaccMaHoBo MHoroobpasue G(n — 1,n), Koropoe npejcrasiser coboii MHOroobpa-
3Ue TUIMEPIIOCKOCTEN B MMPOEKTUBHOM MPOCTPAHCTBE P™, T.e. COmpsizKeHHOE MPOEKTUBHOE MTPOCTPAH-
crBo P™. Kaxzaomy cioro tkarnu W(d, n, 1) coorBercrByer B P™ CBsI3Ka I'MIEPILIOCKOCTEH S, ¢ IEH-
TPOM B HEKOTOPOIl Touke = € P™, a cioenuio A\, (a = 1,...,d) cOOTBETCTByeT OJHOIAPAMETPUIECKOE
CceMeiicTBO CBSI30K S,;, [IEHTPBI KOTOPBIX onucbiBaioT B P" jinauio X, . Takum obpasom, rpaccMaHu3ye-
Mmoit tkaru W (d, n, 1) coorBercrsyer B mpocrpancrse P" tkaub GW (d, n, 1), mopoxgaemas cucreMoit
gmanit Xy, a = 1,...,d. DaemeHTaMM 3TON TKAHW SBJISIOTCS TUIIEPILIOCKOCTH, a €€ CJIOSMH OyIyT
CBSI3KU THIIEPILIOCKOCTEN, IIEHTPhI KOTOPBIX JIeXKAT Ha JIMHUSAX X, .

Paccemorpum koppessinuio > @ P? — P™, KoTopasl [epeBOJIUT I'UIIEPIIOCKOCTH IIpocTpaHcTBa P™
B TOUYKH, a CBf3KU I'MIEPIUIOCKOCTeH — B rumepiuiockoctu. I'pacemanosa tkanb GW(d,n, 1) upu
KOPPEJIANNN > MEPEXOAUT B TKAHb, CJIOCHUSI A, KOTOPO# MpEJCTABJSIOT cOOOi OIHOIApaMeTpuye-
CKHUe ceMeliCcTBa TUIEePIIOCKocTel B mpocrpancTBe P™. Takast TKaHb HA3BIBAETCS 2UNEPTLAOCKOCTVHOTL
d-Tranbio u obosnauaercs LW (d, n, 1). Tkaus W (d, n, 1), 5KBuBajIeHTHASI TUIIEPIIIOCKOCTHOM d-TKaHMU,
HA3BIBAETCS AuHeapudyemotd. IIpu 3ToM OKa3bIBAETCs CIIPABEIINBOM

Teopema 8.18. Tkano W(d,n, 1) 6ydem auneapusyemoli mozda u moavko mozda, koz2da ona
2PACCMAHUYEMA.
[0 JocTaro9HOCTh BBITEKAET W3 MPEIbIAYIINX PaCCyXKJeHui. A HeoOXOIMMOCTH CJeAyeT U3 TOro,
4TO NMPH KOPPEJIATHBHOM IpeobpasoBanmu » | rumepriockoctaas Tkanb LW (d,n, 1) mepexomur B
rpaccmanoBy TKaub GW (d,n,1). B

5. B cBs13u ¢ mpobJieMoii JIMHeapu3yeMOCTH TKaHeH TPeICTABISET WHTEPEC CJIeIYIoast

Teopema 8.19. Beaxas epaccmanusyemas mpu-mrans W(d,2,r) auneapusyema, m.e. donyc-
Kaem omobpasicerue wa d-mxans LW (d,2,1), 06pasosannyio 6 npoexmuerom npocmparcmee p2r
T-NAPAMEMPUIECKUMY CEMETCTNEAMYU T-MEPHHLL NAOCKOCTEU.
O Orobpaxenune W(d,2,7) — LW (d,2,r) nocrpoum B Tpu srana. [Ipexie Bcero, Tak Kak TKaHb
W(d, 2, r) rpaccManu3yema, TO OHA SKBUBAJIEHTHA IpaccManoBoil d-rkanu GW (d, 2, r), KoTopas orpe-
JesisieTcss Ha rpaccManoBoM MHoroo6pasun G(1,7 + 1) mpsmbix mpoekTusHOro mpocrpancTsa Pt
cucremoii runieproBepxaocreit X, a =1,...,d.

Hajiee paccMOTpUM IUIIOKKEPOBO OTOOpazkeHue 7 rpaccManoBa MHoroobpasust G(l,r + 1) ma

2r-mepHoe Todyeunoe muoroobpasme (1,7 + 1) mpoextusroro mpocrpancrsa PV, rme N = E(T +

+1)(r +2) — 1. Tak kax cyosmu rpaccManoBoiil Tkanu GW (d, 2, 1) ABIAIOTCH CBA3KH MPAMBIX, TO Ha
muoroobpasuu (1, r 4+ 1) um orBevaror r-mephble mwiockue obpasyroiue. [Tosromy Ha MHOrOOGpa3UN
Q(l,r 4+ 1) rpaccmanopoit tkaun GW(d,2,r) coorBercrByer Tkaub QW (d,2,r), ciosMu KoTOpOii
SIBJISIFOTCSI T-MEPHBIE IIOCKHe o0pasyrorue MHOoroobpasust (1, r + 1).

Haxkomner, Tperbe oToOparkeHne CTPOUTCs CaeayionuM obpasom. Ilycth p — Touka Ha MHOTO0O-
pasuu (1,7 + 1), asusromasicss ob6pa3oM HeKOTOPO#i npsimoit rpaccmanosoii Tkanu GW(d, 2, 1) upu
orobpaxennu Ilmokkepa, u T,(2) — xacarembnoe moxmpocrpamctso kK (1,7 4+ 1) B Touxe p. Ero
pa3sMepHOCTb, KaK U pasMepHocTh MHOroobpasus (1, + 1), pasna 2r. Pacemorpum 8 PV mexoropoe

r(r—1)
2

extupyeMm Q1,7 + 1) u3 Z na nogupocrpancrso T,(2). IIpu sToM m0CTATOYHO Majas OKPECTHOCTD
U, C (1,7 4+ 1) TouKz p B3aNMHO OJJHO3HAYHO OTOGPA3UTCS HA €€ OKPECTHOCTD B mpocTpancTse T, (€2),
r-MepHbIe IIII0cKHe obpasyiommnue maoroodpasus (1, r + 1) mepeiinyT B r-MepHbIe mrockocTH Ha 15, (€2),
a tkaHb YW (d, 2, 1) nepeiiner B tkanb LW (d, 2, r), 06pa3oBaHHYIO IJIOCKOCTHBIMHA CJIOCHHUSIMU KOPa3-
MEPHOCTH T B IIPOEKTUBHOM npocrparcTse 1), (€2). Takum o6pa3oM, IOC/IEI0BATEILHOCTD JIOKAIBHBIX

muddeomopduamon

momosuuresnsHoe K T),(€2) HOAIPOCTPAHCTBO Z, Pa3MEPHOCTH KOTOPOLO PaBHA — 1, u crpo-

w(d,2,r) — GW(d,2,r) - QW(d,2,r) — LW (d,2,r)

epeBoauT rpaccManusyemyio Tkaub W(d, 2, r) B wiockocrayio tkanb LW (d, 2, 7). B
3ameTuM, 9yTO OOpaTHAS TEOpEMa HEBEpHA, T. €. He BCAKad JuHeapusyeMas Tkanb W(d, 2, 1) saBis-
eTcd PacCMaHU3yeMOIi.
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Teopema 8.19 He BbIIOJHACTCS JIsl IpaccManu3yeMbix Tkaneit W (d, n, r) upu n > 2, Tak Kak cJIogM
TAKOI TKaHK OTBevaloT Ha MHOroobpasun G(n — 1,7+ n — 1) mogmuoroobpasust G(n — 2,n +r — 2),
KOTOPBIM, B CBOIO 09€pe/ib, cCOOTBeTCTBYIOT Ha 2(n — 1,n + r — 1) nommuoroobpasus Q(n — 2,n +r —
— 2), He FABJILIONINECH JIOCKUMU.

§ 8.6. O mpobJyieme aJIredOpamvIHOCT MHOTOMEPHBIX d-TKaHek

1. Tkaub W (d, n,r) HasbiBaercs aa2e6pauneckoli, €cid OHA TPACCMAHU3YEMA U IIOPOXKIAIOIIIE €€
r-MepHBIE OMHOr000pasus X, B IPOEKTUBHOM HpocTpancTtse P! npumaaiexar onHomy aneeb-
pauveckomy mno2000pasuro V' pasmeprocmu v u cmenenu d. Anrebpandeckas d-TKaHb 0003HATAETCS
cumBosiom AW (d, n,r).

Paccmorpum cragasna cayvait n = 2, 1. e. dimX = 2r. I'paccmanosa tkans GW (d, 2, 1) nopox naer-
cst d runeprioepxuocTaMu X, a = 1, ..., d, B mpoexTusrOM npocrpancrse P!, Oma Gyner anre6pan-
9eCKOM, €CJIM BCE TUIEPIOBEPXHOCTH X, IPUHAJIEKAT OJIHOM aJIredpanvdecKoil TuIeproBepxuocTa V,,
crenenu d. Haiijiem yciioBust anredpanvHOCTH CUCTEMBI THIIEPIIOBEPXHOCTEN X B IPOCTPAHCTBE P’"'*‘ii.

myctb ¢ — mpsiMasi, KOTOpasi IepeceKaeT KaXKJIyl0 U3 THUIEPIIOBEPXHOCTEN T, B OIHOI TOUKE.
PaccmoTpum okpectHocTh D mipsimoii £ Ha rpaccManoBoM Muoroo6pasmu G(1,7 + 1). Beegem B PTt!
addunnnie koopammats (y!, ...,y ), momecTus Hauao koopauHaT B TouKy O Ha IPAMOi £ U TPUHSE
3Ty mpsamyio 3a och " . Torma mobast mpsiMast £ 13 OKpecTHOCTH ) MOMKeT GBITh 331aHa Y PaBHEHISIMI

F=miy b 8.66
Y

Koacdbpunuentsr m? u b 6yayT KoopauHATAME IpAMOii £ Ha 2r-MepHOM IPACCMAHOBOM MHOTOOODA3HH
G(1,7 +1), a nupamasg £ umeer mysesbie KoopauuaToi: m' = 0, b’ = 0. Ilycts m = (m!,...,m"), b=
=(b',...,b").

Ipsimast £ = ¢(m, b) € D mepecekaer TUIEPIOBEPXHOCTh X4 B TOUKE X, (M, b), (r + 1)-10 KOOPIH-
HATY KOTODPOH 0003HAYUM 24 = 2Z4(m, b).

Teopema 8.20. Cucmema zunepnoseprnocmeti X, a = 1,...,d, 6ydem aneebpauveckoti, u,
caedosamenvro, noposicdaemasn ero mrans W(d, 2, r) maxoice 6ydem anzebpauseckots mozda u moavko

moeda, xo2da npu AOLT 1, § = 1,2,..., 1T 6UNOAHANOMCA COOMHOUEHUA
d

0 2a

a=1

[0 HeobxoaumocTh. [Ipeamosoxum, ITO BCe TUIEPITOBEPXHOCTH X, NMPUHAJIEKAT aaredpante-
CKOH I'HIIepIOBEPXHOCTH V] cTeneHn d, OUpeiesiseMoil ypaBHEeHIEM

P(yl, e, yr"'l) =0, (8.68)

JIeBast 9acTh KOTOPOTO €CTh MHOTOUJIeH crenenn d. Haiimem Touky mepecevaennss 3Toi ruIeproBepXHO-
cru ¢ upsmoit £. Iloncrasiss B ypasuenue (8.68) koopaunars! y° u3 (8.66), moayduM ypaBHEHIEe

Pim'y™™ + b oy T by ) =0,
KOTOPOE MMEET CTENeHb d M MOXKET OBbITh HEPENUCAHO B BUJIE
1\d 1yd—1
ao(y" T —ar(y" T+ ...+ ag = 0.

KoopauaaTbr z¢ Touek x® OYIyT KOPHSMHU 3TOIO YPABHEHUSI, [IO9TOMY MX CYMMAa BBIPAXKaeTCs depe3
K03 durmenTs ypapaenus 1o (opmyse d
a
E Zo = —.
ap
a=1

Ho xoadunmenT ag He 3aBUCHT OT BeandnH b, a B K03 dUIMEHT a; OHN BXOAAT B HEePBOI CTEIeHH,
[I09TOMY BTODbBIE€ MPOM3BOJHLIE MO b OT MpaBOil YacTH IOCJEIHEr0 PABEHCTBA PAaBHBI HYJIIO, T.e€.
CIpaBe/InBO paBeHcTBO (8.67).

HocraTtounocTh. IIpeamnomoxkum, ITO TUIIEPITOBEPXHOCTD X, OMPEIEIAeTCA YPABHEHNEM

paly',....y ) =0.
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= 2, =24 (m, b) ee TouKM IEpeceYeHUs C IIPAMOIL £ YIOBJIETBOPSET YPABHEHUIO

Torma KoopamHaTa Y
@a(mlz“ +bl . m e + b 24) =0
nuis mo6erx (m, b). JTuddepeHupys 9To TOXK/IECTBO CHaga a o MY, a 3aTeM 1o b’ moryamm:

S e (i Do iz 4 Doa Do g

dy" om’ oyt om’
Opa ;0% 0pa  0zq
. + 68 == =0.
Z dy’ (m’ o s oyt oy
U3 s1tux aByX ypaBHEHHIl HAXOIUM
0za 6‘za
om? “ o

W3 coornomenus (8.67) ciemyer, 4T0 Z Zq JIMHEHO 3aBUCHUT OT b, T.e.

Zza—zpl b2+0( ),

rue p;(m), o(m) — dbyuxiuu Tosbko or m. lajee, BolpakeHue

19(D =4 920 9za al- o
) st e Ly e
(e}

TaKKe JuHeiino 3apucut ot b. ClIe0BaTe/IbHO, BHIPAYKEHHE Y 22 HMEET BTOPYIO CTEIeHb OTHOCHTEIb-
(03
HO b. AHAJIOTMYHO JIOKA3bIBAETCsI, UTO BBIPAXKeHHe » 21 MMeeT CTelleHb ¢ OTHOCUTEJHHO b.

[e3%
Tenepsb paccMoTpuM (DYHKITIIO

A(Gm ) = TI(C = 20 (m, ).

DTO MHOTOUJIEH cTeneHn d OTHOCUTENHHO ¢, KO3 DUIMEHTHI KOTOPOro 3asucat ot m u b. [lepenumem
€ro CJIEIYIOMMIM 00Pa30M:

A(C,m,b) = ¢ — Aj(m, b)¢ 4+ £ Ag(m, b).

Tak kax Y .zl WMeeT cTeneHb ¢ OTHOCUTENHHO b, TO B cwity TOXKecTBa HBIOTOHA [Tt 3JIEeMEHTAPHBIX
(0%
cuMMeTpuieckux GyHKIuii Boipaxenus A,(m, b) Tak:Ke HUMEIOT CTENEHb ¢ OTHOCUTEILHO b.

Baenem HoBBIe TlepeMennbie £ = m'¢ + b’ m myers & = (€',...,¢€"). Uckmouas b uz A(C,m,b),
BBEZIEM HOBYIO (DyHKIIHIO
B(&,¢,m) = A(¢, m, § —m().

Tak xax A4(m,b) — MHOTOWIEH cTeleHn ¢ OTHOCUTEIBHO b, To B(§, (, m) 6yoeT MHOTOWIEHOM CTelle-
au d orHOCUTENHHO & 1 (, KO3 DUIMEHTHI KOTOPOTO SBISIOTCS (PYHKITUIMA OT M.

ITokazkeM, uro ecau touka (&,() upunHaekur runepuosepxuocru X, to B(,{,m) = 0 upu
sgroboM m. JleficTBuTeIHHO,

B(§7 C7 m) = A(C, m, f - mC) = I;I(C - Za(m,f - mC))

Ho z4(m, & — m() ects (1 + 1)-7 Koop/mHATA TOYKH TIepeCeveHNsT TUTEPTIOBEPXHOCTH X, ¢ HPAMOI,
ompenensiemoii ypasuennsivu it = miy"t! + € — m?¢. OdeBumno, 9TO ITA HpAMA IPOXOTAT UEPE3
rouky (&, (). Tak kak Touka (&, () sABJsAETCS TOUKOIl IepecevdeHus TUIEPHOBEPXHOCTU X, U IPAMOii £,
10 24(m, & — m() = ¢, orkyna caenyer, yro B(E, ¢, m) = 0.

Pacemorpum runepniosepxuocts X (m), omnpenensiemyto ypashenuem B(&, (,m) = 0. TlockoabKy
B(&,¢, m) ectb MHOTOWIEH crenenn d ¢ KoadduIimenTamm, 3aBUcAmuMu ot m, 1o X (m) — aarebpan-
Jeckasl THIIePIIOBepXHOCTh crenenu d. Ho Tak Kax mpu JIl060M 7 OHa COIEPKUT FUIIEPIOBEPXHOCTH X o,
KOTOpBIE He 3aBUCAT OT m, To Kosbdunuentsl ypasaerust B(&,(,m) = 0 HeCymeCTBEHHO 3aBUCST
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OT M, W OHO OIPEJENIACT eIUHCTBEHHYIO I'MIEPIOBEPXHOCTh IOPAAKa d, KOTOPOH NPHHAICKAT BCE
rurneprioBepxaoct X,. W

Coornomennto (8.67) MOYKHO IpHIATL MHBAPHAHTHBIA BujL. JleiicteuTenbro, ipu m' = 0 u3 (8.66)
nomydaem 3 = b, Tak 9TO ) )
0" za 0" 2a

by ay'oy’

B wacTtHOCTH, 9TO paBeHCTBO cpaBemnBO s npsamoit £y. Ho vacTabie mpon3BogHbIe

024
Oy 0y’ lyi=0
COBHAIAIOT ¢ Ko dunuentamu b;; aCHMITOTHIECKUX KBAIPATHIHBIX (OPM runeprnosepxuocreit Xq
B TOYKAX WX IlepecedeHus ¢ npsmoit fy. A Tak kak £y — NOpousBOJibHas IpsiMasg u3 objactu D
perynsipuoctu TKanu GW (d, 2,7), TO cupaBesjiuBbl pABEHCTBA
2
0" Za i
o'oY Imi=opi=0

TosTomy coorHomenus (8.67) MOryT ObITH IIEPEIUCAHBI B BUJE PABEHCTB
d
> bg =0, (8.69)
a=1

KOTODBIE U SIBJISIOTCS NHBAPUAHTHBIMU ycJoBusME asrebpandnocru tkann GW(d, 2,r).

I[Ipu d = 3 31O yCnOBHE COBIAJAET C YCJOBHEM AajreOpamvIHOCTH TPACCMAHOBON TPU-TKAHH
GW (3,2, r), naiinenusivu B § 3 1. 3.

2. Haiinem nanee yciosue anrebpamunocru tkanu W(d,n,r) upu d > n + 1. Tak xkak B cuiy
OTIpeJieJIeHUsl 9Ta TKAHb JIOJXKHA OBITh IPACCMAHOBOI, TO OHA ONPEENSIeTCS B MPOEKTHBHOM IPO-
crpamctBe P" ! cucremoit, cocrosimeit 3 d r-MepHBIX moaMHOr006pasmit Xo, o = 1, ..., d. Ilycrs
Ly — momampocTpaHCTBO pa3MepHOCTH T — 1, mepecekarolnee Kaxkjaoe m3 MHOroobpasuit X, B OIHOM
touke 20, m D — HEKOTOpas OKPECTHOCTH TOJIPOCTPAHCTBA Lo HA IPACCMAHOBOM MHOTOOGDA3HH
G(n—1,n+4r —1). BozbMmeM j106bIe 1 — 2 U3 TOUYEK T, MYCTh 3TO Gy T TOYKHI xgl, . xgn#, u 06o-
snaanm z = [2° . ...xgn#] UX JIMHEHHYI0 000/104Ky. PaccMorpuM HekoTOpoe moampocrpascTso P!
JIOTIOTHATENILHOE K Z, U TIPOCKTUPOBAHUE T : pPrtr=I\Z — P! u3 nenrpa Z. Ionoxum £ = (L),
Xa,, = m(Xq,,), m=n—1,...,d, tne L — TOAIPOCTPAHCTBO Pa3MepHOCTH N — |, IpuHasTeKamee
paccmarpubaemoii okpectHoctn D, ¢ — npsimas u X, — CUIEPIIOBEPXHOCTH B Prjl (auciio mocsieHux
pasio d' = d — (n — 2) > 3). Yciopue anrebpansyemocTn rumneprosepxuocteii X, B PT! zamucer-
Baercs B Bujie (8.69), rie a = ayy, 1 bi;™ OyayT KoaPpuIEEHTAMI ACUMITOTUYECKIX KBaAPATHIHbIX
(dOopM rUmepIoOBEePXHOCTEH )?am B TOUYKAX UX IepecevdeHus ¢ npsamoit £. Oun 6ymyT Takxke Koahhum-
eHTaMHI aCUMITOTHYECKIX KBaIPATHIHBIX (hOPM r-MepHBIX MHOrooGpasmit X, mpocrpancrsa P71
B TOYKAX UX IEPEeCedeHhs C MOAIPOCTPAHCTBOM L OTHOCHTEILHO THIEPIIOCKOCTEH &, , KOTOpBIE
ABJIAIOTCH TUHEHHLIMI 00O0JIOYKAMHI IEHTPa IPOEKTHPOBAHUSA Z M KACATEIbHEIX IIOJIIPOCTPANCTB
T(Xa,,) kK MHOrooOpasusiM X,, B TOUKaX Tq,, = Xa,, L, m=n—1,...,d. Ilosromy cupase/msa

Teopema 8.21 Cucmema nodmmozoobpasuti X, , o« =1,...,d, pazmeprocmu r 6 npoexmueHom
npocmparcmee Pl noposicdaeman umu 2paccmarosa mrans GW (d,n,r) 6ydym anzebpause-
CKUMU M0206 U MOoAbKO moz2da, koz2da daa A106020 nodnpocmparcmea L uz D u 1106bx passuvnvls
BHAYEHUT, Oty BHINOAHEHDL YCAOBUSA

d
Qm
E bi;" =0,
m=n—I1
2de b?j’" — K09PUYUEHNDL ACUMMOMUYECKUT KEAOPATMUYHLT POPM GOIUEYKAZAHHDIT MHO2000D0-

suti Xo,, -
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§ 8.7. O nmpobJiieme panra d-TKaHeii

1. IIpo6uemMbl rpaccManu3yemMocTu, ajarefpandHocTy u JuHeapusyemoctu tkaneit W(d, n,r), pac-
CMOTPEHHBIE B JIBYX INpPEIbIAYININX Haparpadax, TECHO CBA3aHBI ¢ IPOOJEMON paHra TKAHU. JTOMY
BOIIPOCY ITOCBSIIIIEHa OOIMUpHas jaureparypa. Mbl He MOXKEM B HACTOMAIIEH KHUTE JATh ITOJTHOE U3JI0-
JKeHue mpodJIeMbl PAHTa M IPUBOIUM JIUIIh KPATKUIL ee 0030p.

Panr tkauu W (d, n, ), 3agannoii Ha Maoroobpasun X pasMepHOCTH N1, OIPEIEJISIeTCs CIIe LY IOIIIM
obpazom. Ha baze X, cioenust Ay, IpUHAJJIEKAIIETO STONH TKAHH, paccMaTpuBaercs r-gopma

Qo =w' AP A. AW, a=1,...d,
(0% [e3 «

KOTOpast HA3BIBAETCS HOPMAALIO CAOEHUA Ny. 3aTEM HA TKAHU CTPOSATCS (DOPMBI
d
OF =S, peX, fE(p) A0, (8.71)
=1

yIoBJIeTBOpSIIONTHe yeaoBuio 3aMkHyTocTH dQF = 0. Ypasmenns QF = 0 Ha3bIBaroTCsS a0eA€6bLMU
ypasnerusamu tkaaa W(d,n,r). MakcumajbHOe 9UCIIO JIMHEHHO HE3ABUCUMBIX abe/IeBbIX ypPaBHEHUH,
KOTODPBbIE MOXKHO IPUCOeIUHUTH K TKauu W (d, n,r), Ha3biBaeTcsd panzom d-mranu.

JTioGast maeliHas koMOuHaIws ypasHeHnii (8.71) ¢ mocTosHEBIMEI KO3 bUIMEHTAMEI TPEICTABIISET
coboii ypasHeHne Toro ke tuina. [losroMmy abenessl ypaBHeHusi TKanu W (d, n, r) obpasyor JuHeiHOe
[IPOCTPAHCTBO HaJI II0JIEM KOHCTaHT, U paHroM tkauu W (d,n,r) Ha3blBaeTCs DPA3MEPHOCTH ITOrO
[IPOCTPAHCTBA.

ITpoGaema parra ngist Tkaneit W (d, n, ) cOCTOUT B OIpe/ieJieHNN BEPXHEH IPAHUIBI PAHTa, OTHIC-
KaHNU TKaHed MaKCHUMaJILHOI'O PaHra U U3YyYEeHUU CBOMCTB 9TUX TKAaHE.

2. g rkaunu W (d,n, 1) kopazmeprocru 1 umeem 2, = w, u ee abejieBbl yPABHEHUSI UMEIOT BHJL

=3 falp)w= 0.

IIpu d = n + | 6asucuble dhopMbl TKaHU CBA3aHbI yejoueM (8.2), koropoe pu r = | jaer Buj
wtw+t...+ w =0
12 n+1
ITosromy B abesieBom ypasuenuu (8.71) rkarmu W(n + 1,n, 1) Bce dbyukuuu f,(p) paBHbl MexIy
coboii. Eciu tkanb W(n + 1,n, 1) He sBasercs napasiennsyemoii, To Ha X He CyIIeCTBYeT TaKoOil

dbyukuun f(p), uro dbopma d
Q=f(p)) w
a=l1

«

OyJeT 3aMKHyTA, U II09TOMY PAaHI' TKaHU paBeH HyJii0. Eciu ke tkaub W(n + 1, n, 1) napauienusyema,
10 u3 TeopeMbl 8.1 ciemyer cymecrBoBanue Takoii dyukuuu f(p), uro dbopma ) Gymer 3aMKHYTOIL.
Iosromy panr nmapasutenusyemoii tkanun W(n + 1, n, 1) pasen exunaune. Jlerko Bujers, 9o 1 06paTHO,
ecsu panr tkaau W(n + 1,n, 1) pasen 1, To ona napaJsuesmsyema.

B pa6ore Yepna u I'puddurca [UI-2| ycranasiampaercs CBA3b MEXKIY JIMHEAPU3YEMOCTHIO U
anrebpanynocteio Tkauu W(d,n,1). B meii mokazano, uro ecau mranv W(d,n, 1) auneapusyema u
ee pane p = 1, mo ona aszebpauveckan, m.e. 6ce €€ CAOU NPUHAOAEHCAM AA2EOPAUYECKOT KPUBOT
cmeneny d 8 dYasvHoOM NPoekmusHom npocmparcmee P™ . ra Teopema BoiTekaer u3 gokazanuoit C.
JIu obparHoit Teopembl AbeJisi, KoTopast (popMmysupyercs ciegyoomuM obpaszoM. [Tyecmv X ... Xg —

anarumuveckue kpusve 6 P, w — e2onomopdprasn dopma na X,, o = 1,...,d, u cywecmsyem
[

2unepnaockocms Lo, xomopas mepecexaem xkadtcdyro kpusyro 6 odnoti mouke. Ecau 6 wnexomopot
oxpecmmocmu eunepnaockocmu Ly evinoansemces ypasnenue Abeas
d

E w(Xy) =0,
«@
a=1
mo ece kpusvie X, npunadsescam odrotl aszebpauieckols kpusot X cmenenu d uw = w|x, , 2de w —
(63
L-popma Ha X .
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3amernM, 9TO TeopeMa 8.21, mOKasaHHad B NpeIblayIneM maparpade, ABIAeTCS MHOTOMEPHBIM
aHAJIOrOM 3TOi Teopemsbl Jlu.
Eme 8 1935 romy Yepuowm (cm.[H-2]) Gbuia HafineHna Tounast rpanuna 7 s parra tkaaun W(d, n, 1),

a UMEHHO, ObLIO JIOKA3aHO, 9TO
p < m(d,n),

1
2(n—1)

rie

w(d,n) = {(d=1)(d—n)+tn—t—1)} (8.72)

=—d+ l(mod(n—1)), 0<t<n—2

Oxaszasoch, 910 1esoe qucsio m(d, n) cBa3aHo ¢ Teopuel anrebpandecknx Kpubbix. OHO TIpeCTABIIsAET
coboii epanuuy Kacmeavnyoso (cm., Hanpumep, [Xr-1], ¢. 442) j1yist pojia g HEBBIPOXK IEHHOH asreGpan-
YEeCKOl KPUBOI crenenn d B IPOEKTUBHOM IpocTpancTBe P". Ajrebpanyeckue KpUBbIE, POJ KOTOPBIX
paser 7(d, n), HazbiBAIOTCH aKcmpemarvhvmu. Tkanu W(d, n, 1), paur KOTOPbIX paBeH TOMY YUCILY,
HA3BIBAIOTCS TKAHAMU MAKCUMAABHOZ0 PAH2a.

Tenepn copmysupyem cieyoliee JI0CTaTOIHOe yeiaoBue ajrebpanynoctu Tkauu W(d, n, 1), no-
kazanHoe B pabore Yepna u I'pudpdurca [UT-2|. Ecau npu n > 3, d = 2n pane mxanu W(d,n, 1)
Makcumanen, m. e. p=m(d,n), mo ona arzebpauseckasn, u 6ce 06PA3YIOULUE €€ CAOEHUS TOPOAHCOGOCA
0010l U Mot dice IKCMPEMANLHOl aszebpauveckols kpueol cmeneny d 6 0YaabHOM NPOEKMUBHOM
npocmpancmee P™*. TIpu n = 3 nokasarenabcTBo 310l TeopeMbl umeercss B kuure [BB-1]. Tam ke
pPACCMOTpEH U ciryvail n = 2.

st moka3aresbCTBa ChOPMYJIUPOBAHHON TEOPEMBI IIpUMeHsieTcs omobpasicenue ITyankape, KoTo-
poe crponTcs ciemyomum obpasom. Ipumem kosdbdumments f¥(p), k= 1,..., p, abenesbix ypasHe-
Huit (8.71) 3a OJHOPOIHBIE KOOPIMHATHI TOUKHA Zy (P) BO BCIIOMOTATENEHOM MPOEKTUBHOM IIPOCTPAH-
cre PP~! pazmepnoctu p — 1, Tax 4ro

za(P) = {fo(p), ... fo(p)}, a=1,....d

Tax xak cpeau GopM w, BXOAAIUX B ypaBHeHus (8.71), mMeercss TOUHO N HE3ABUCUMBIX, TO cpeiu d
(o7

TOYEK 24 (p) Oyser d — n He3aBucHMBIX. [losToMy BosHHKaer oTobpaxkenne X — G(d—n—1,p— 1),
crapsiee B cooTBercTBre Touke p € X mommpocrpancto P1 " "1(p) = z(p) A ... A z4(p) npocrpan-
crBa PP~ Do oTobparkenne n HazpBaeTCs oToGpazkeHneM Ilyankape.

Orobpazkenne [lyankape II03BOJISIET JIETKO JI0Ka3aTh C(POPMYIMPOBAHHYIO BBIIIE TeOpeMy Ipu d =
= 2n. B camom jieste, B 3ToM ciyuae 7(2n,n) = n+ 1 u P7~! = P". Tlostomy orobpasxkenue [lyankape
npuaumaer Bug X — G(n — 1,n) = P™. OuHo craBur B cOOTBeTCTBUE TOUKE p € X TUIEPILNIOCKOCTD
B P", a €010 TKaHW — CBA3KY TUIEPIUIOCKOCTEH, MO3TOMY JMHEAPU3YEMOCTh TKAHU BBITEKAET W3
MIPUHIIAIIA JIBOWCTBEHHOCTH B P™.

OTmeruM, B 9aCTHOCTH, YTO MAKCUMAJIbHBIA paHr Tkanu W (4,2,1), o6pa3oBaHHON YeTHIPHMs
cemeiicTBaMy JIMHUI Ha IUIOCKOCTH, paBeH TpeM. Kaxmas Tkanb W (4,2, 1) MakcuMaiabHOro paHra
crpsiMJisieMa M 9KBUBAJIEHTHA TKaHU, 00pPa30BaHHON KacaTeIbHbBIMU K KPUBO TPeThero KJjacca.

ITpu d > 2n nokazaTenbcTBO TeopeMbl 06 anrebpanasoctu Tkanu W (d, n, 1) 3HAUNTEIBHO CII0XKHEE.
Toapo6uo ono uznoxkeno B padore [Ul-2], a Gonee kparko — B paborax [UI-1] u [Bs-1]. IIpu n +
+ 1 <d<2n,n > 3 makcumaubnbiit paur tkaau W(d, n, 1) pasen 7(d,n) = d — n, upuuem uMeroTCs

NPUMEPBI HEJIMHEAPU3YEMbIX TKAHEH MAaKCHMAJBHOTO PAHTa.

A ‘ Pa Ilpu n = 2, d = 5 npumep Takoil TKaHU NOCTPOeH Bosom erme

iz B 1936 romy (cm. [Bos-2], a takske [Ba-1], c. 124). Tkanu Boma

‘ COCTOSAIT U3 YETBHIPEX IIyIKOB MPSMbBIX, BEPIIHHBI KOTOPHIX HAXO-

P3 T3 JATCS B OOIIEM MOJIOKEHIN HA IIOCKOCTH P2 1 mydka KBaJIpuK,
IPOXOJIAIINX Yepe3 3T BepIuuHbl (puc. 55).

Mmuoromeproe 0000IIIEHIE YKA3aHHOTO BHIMIE puMepa Bosa

Puc. 55 Puc. 56 6b10 paccmorpero B paborax damuano [Hda-1], [da-2], B koro-

PBIX U3y4YajuCh KPUBOJIMHEHHbIE TKAHU HA N-MEPHOM MHOI'000-

pasun. HarmoMuuM, uTo KpuBosmHeliHast d-TKaHb Ha X ™ HA3BIBAETCS YEMBPELY20AbHOT, ECIIU 3aMbIKa-

IOTCSI 9€TBIPEXyTOIbHBbIE (PUTYDDI, 00pa30BaHHbIE JIOOLIME JABYMs CeMefCTBAMI JIMHWIA, COCTABJISIIOIIN-

P2 D1
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mu d-tkasb (puc. 56). B patore [da-1] 66110 oKa3aH0, 9TO 410004 KPUBOAUHETHAHA YEMBPELY20ADHAHA
d-mxanv na mmozoobpasuu X™ npu d = n > 3, d #n + 3 skeusarenmua mranu, 06pa3zo8arroll 8
npoexmueHom npocmpancmsee P" ceaszkamu npamoix. B caywae d = n 4+ 3 maxaa mrans moocem
ObMBb Kpome mo20 IKGUBAAECHMMNA MKAHY, KOmopylo 0bpasyrom 6 P™ n + 2 ceazku npamoix, sepuiu-
ol po (@ =1,...,n 4+ 2) komopwx naxodames 6 obwem nososicenuu, u (n — 1)-napamempuyeckoe
CeMETCMBO PAUUOHAALHVOLL HOPMAALHVOLL KPUBHLT, NPOTOOAUUL “ePe3 MOUKU Pg. DTa TKAHL HA3BI-
BAETCS UCKAIOYUMENDHOT U SIBJISIETCS TKAHBIO MAKCHUMAJILHOIO PAHTa CPEIM BCEX KPUBOJUHEHHBIX
(n + 3)-trauneii. [Ipu n = 2 ucksmounrenpHas TKaHb JlaMHaHO CBOAUTCH K YKA3aHHOW BBIIIE H-TKAHU
BouJra, uzobpakennoit Ha puc. 55.

Ormerum eme, uro tkanu W(2n,n, 1) MakcuMaJIbHOrO paHra TECHO CBA3AHBI C mmeopueli 2unep-
noeeprrocmeti 6 addunnom npocmparcmee AT necywuzr dee cemu nepenoca (cm. [U-3]). Hpu
n = 2 91oil 3aa4eli 3aHUMAJIUCH TAKXKe TaKue u3BecTHble reoMerpsl, Kak Jlu [JIu-1], [Tyankape [[1ua-1],
Yeborapes [16-1], [46-2|, Brark [Br-1|. OcHOBHasi Teopema 37€Cb COCTOUT B TOM, UTO NPAMbBLE,
Kacamenvnvie K aunuAM 00euxr cemeli nepenoca na 2unepnoseprrnocmu V™ npocmpancmea A"
nepecexarom beckorewno yoasennyro eunepnaockocms npocmparcmea AT 6 mowkax, npunadae-
arcauur 00not kpueol cmenenu d = 2n. dTa Teopema, KaK MOKA3aHO UepHOM, JIENKO CJIeyeT u3
chOpMyYIMPOBAHHOI BbIIIE TeopeMbl 00 anrebpanynoctu tkanu W(2n,n, 1).

3. B pabore [UI-3] maercs onenka panra tkaau W (d, n,r) TPOM3BONBHON KOPa3MEPHOCTH T° Ha
MHOrooOpazuu X pasMepHOCTH Nr HPU T < 7, N 2> 2 : 9TOT paHl UMEET TOYHYIO BEPXHIOK TI'DaHUILY

7(d,n,r) Zmax{ (r+wn-1)-0Cr 0} (8.73)
n=0

Tosbadepr B padore [['0-25] gaeT HeCKOIBKO Gosiee YIOOHBIX JIJIsl BBIYUCJEHHs BHIDAYKEHUH dHCIIa
m(d,n,r). B wacTHOCTH, OH IIPEACTABUIL ITO YUCJIO B BUJIE

w(d,n,r):m(d—mﬁ—I)H(d—i—t—l—u(n—l)), (8.74)

pn=1
rie, kak u B dhopmyie (8.72),
t=—-d+ l(mod(n—1)), 0<t<n—2.

DTO BBIPasKeHUE MOYKHO eIle yIPOCTUTD, HOJIarast

t+d—1=a(n-1). (8.75)
Torma dopmymna (8.74) mepenmmercs Tak:

d—rt—1

(r+ Di(n—1)!

PaCCMOTpI/IM HEKOTOpPbIE YaCTHBbIE CJy4dald IIPpEeAbIIYyHINX @Opl\lyﬂ. Tak kak HepBbIﬁ 9JIeH CyM-
Mmbl (8.73) paen d — r(n — 1) — 1, 1o w(d, n, r) = 0 Torga u ToasKo Torga, Korga d < r(n — 1). Haiee,
upu r = 2 dbopmyia (8.74) nepexomut B HopMyILy

1
6(n — 1)!

w(d,n,r) = m=D"a—D)(a=2)...(a—71). (8.76)

w(d,n,2) = d=2t—1)(d+t—n)(d+t—2n—1),
nokazanuyio Yepuom u I'puddurcom B pabore [UI-3]. C nomorpio nogcranosku (8.75) ara dopmyiia
MOYKET OBITh TPEJICTABICHA B BH/IE

m(d,n,2) = (d—2t —1)(n—1)2*(a—1)(a-2),

6(n —1)!
B wacraocTn, npu n + 1 < d < 2n w3 (8.75) caenyer, uro o = 2 u w(d, n, 2)=0. Ilpu r = n = 2 noay4nm
t=0,a=d—-1mn
m(d, 2,2) = ~(d
6
DTO YUCIIO COBIAIAET ¢ MAKCUMAIBLHBIM M€OMETPUIECKIM POJIOM IVIaJIKON anrebpandeckoii moBepxHO-
cru crenenn d B IPOEKTUBHOM IIpoCTpaHcTBe P°.

—1)(d—2)(d - 3). (8.77)
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B paGore [UI'-3| noka3biBaercst TakzKe Cjeyloias reoMerpudeckas Teopema: npu d > 2n+ 1 u
n > 3 npoexmusudayus ecex nopmaret Qo (p) mranu W(d, n,2) makcumarvrozo panea npunadie-
orcum odnomy aunetivamomy mmozoobpasuro Cezpe Sp(1,n — 1) C PT;(X). Tak xak xacareibHbie
nogupocrpanctsa I, (Fy,) = T, K CI08M pacCMaTpUBaeMON TKAHH JBOHCTBEHHBL ee HOpMaJIM 4 (p),
TO 3TO YyTBEPXKJIEHUE PABHOCUJIBHO TOMY, 9TO 6ce nodnpocmpancmea Ty, o =1,...,d, onpedessrom
eduncmeennwill xKonyc Ceepe Cp(2,n) C Tp(X). Caedosamensvro, mrans W(d,n,2) makcumasvroeo
parea npu d = 2n+ 1 u n > 3 6ydem nowmu 2paccmanudyemoti 6 Cmbicae ONPpedeseHus 2PaccMaH-
ayemocmu, danrnozo 6 §5 amot enasv. OHa omnpejesnsier Ha MHOrooOpasuu X I[MOYTH I'PACCMAHOBY
crpykrypy AG(n — 1, n+ 1). JIurta B [JI1-1] pacupocrpanus stor pesyabrar Ha Tkarau W(d, n,r). Um
OBLIO JTOKA3aHO, IT0 kaoicdaa mrans W (d, n,r) makcumarvrozo panea npur =2 uwd>r(n—1) 42
NOWMU 2PACCMAHUSYEMA.

4. Ipobsema panra tkanu W(d,2,r) ma muoroobpasuu X pasmepHOCTH 27 H3ydajach B psije
pabor Tosbabepra. 3amerum, uro u3 dopmyist (8.76) ciegyer oneHka

7(d,2,1) = d—1)(d-2)...(d—r—1). (8.78)

Orcrona Bugno, uro npu d < r + | nmonyqaercsa w(d, 2,r) = 0.

13 ykazaHHOro BhIIe pe3ynbraTa Jlurria ciemyer, uro mians W(d,2,r) makcumaisvhozo parea
bydem nowmu epaccmarudyemoti npur = 2 u d > r + 2. Tak Kak U3 [OCJIEITHUX HEPABEHCTB BBITEKAET,
aro d > 4, To cayuait d = 4 HyKJIaeTcs B OTJEIbHOM H3YYEHHH. DTOT CJIydail paccMaTpUBAETCS
B pabore [['0-18|. B meit goxaseBaercs: 1) ecau mxans W(4,2,r) npu r > 2 donyckaem xomsa 6o
00no abesaeso ypasrerue, mo ona bydem nowmu epaccmarusyemol; 2) mxans W(d,2,2) npu d >
> 4 a8AAEMCA MKAGHDI0 MAKCUMANDHO20 PGHea Mo20a U MOoAbKO mo2da, K020a OMG GA2e0pau3yema
(ax6UBAAEHMHKA AA2E6PAUMECKOT MKAHY).

Kaxk cnenyer us dopmynsr (8.77), nust Tkaneit W (4,2,2) MakCHMAaJIbHBIN DAHT DABEH €IMHUIIE.
Takue TKaHM MOTYT OBITH KaK aaredpam3yeMbIMH, TaK U He ajrebpam3yembiMu. B mociemaem ciaydae
OHU HA3BIBAIOTCH UCKAIOWUMeAbhbtmu. B paborax [To-21], [T0-22] mocrpoen psiji mpuMepoB UCKIIOUM-
resbHbIX TKaneir W (4,2,2). Cpein HUX UMEIOTCs KAK M30KJIUHHBIE, TAK U HE U30KJIMHHbIE 4-TKAHU.
DTu IpuMepHI IPUBEIEHBI B 3a1adax 8.4-8.6.

Bosee monpo6ro pesyabrarer pabor [To-18], [To-21], [[0-22], [[0-25] usmoxkeHbl B BOCbMO#i Iyiase
kuuru [[0-23].

3AJTAYN

8.1. cnonbsys dopmynnt § 1 u §4, J0KaxKHUTe ClielyIole yTBep K IeHHs.
a) Ecnu txans W (n + 1,n,7) — TpancBepcaslbHO-reo/Ie3UeCKasl, TO ee TeH30Pbl KPUBUSHLL b %y,
uUv
YJOBJIETBOPSAIOT YCJIOBHIO

Dakey = 0 b ke

AHAJIOTMYHBIM YCJIOBUSIM YJIOBJIETBOPSIOT ¥ TEH30PbI ugw;ke, BO3HUKAIOIINE DU KOBAPUAHTHOM uch-
depeHIMpoBaH TEH30POB KPYyIeHUST a ; b

b) Tkaubp W(n + 1,n,r) Gyner TpaHCBEPCATBHO-TEOJIE3UIECKOH TOTIA M TOJIBKO TOIJIA, KOIJIA BCE
ee TPU-TIOATKAHN [u, v, n + 1] GymyT TpaHCBEPCAIBHO-TEONE3NIECKUMU.

¢) Besikast mectuyrosbaast Tkanb W(n + 1, n, ) sBisieTCs TpAHCBEPCAITBLHO-TE0Ie3NIECKOi.

8.2. BriBegure crpykrypHble ypaBaenust Tkauu W(n + 1,n, 1), ucnonb3yst crpyKTypHbIE ypaBHE-
Husg TKaH W(n + 1,n,r).

8.3. Hokaxure, uro konyc Cerpe C(r,n) upencrabisier coboil mepecedeHre KOHEUHOIO HYUCIIA
KOHYCOB BTOPOr'O MOPsIJIKA; BBIBEIUTE OTCIONA, uTo KoHychl Cerpe, onpezensgembie ypasuenuamu (8.38)
u (8.59), coBramaroT.
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8.4. Jlokaxkure, uto 4-Tanb W (4,2,2), 3amanmas Ha geTbpexMepHoM MHoroobpasmn X4 ¢ Koop-

muaaramu !, 22, y!, y? ypasnenmamu

Y zl = const, % = const;

Ao yl = const, y2 = const;
A3 ul=a'+y' =const, ul=(a"+
M= (' =y P (R

w =y £ ' — =)@ +9°)
(@ + )y — o)

OyJeT M30KJIMHHON TKAHBIO MAKCUMAJLHOrO panra (pasmoro eaunune). Ee emuncTBeHHOE abesieBO
YpaBHEHHE UMeeT CJIeTyIOmuil BUI;

212 (' — 2") = const;

+ ¢)(y® — ¢)) = const,

arctgy/ (y2 — ¢) (22 + ¢) = const,

1 1 1
—del A dz? + —Qdy1 A dy? — —Qdu3 A duf — ldu}l A dui = 0.
x Y u3 2uy
8.5. Jlokaxkmute, uro 4-tkamb W (4,2,2), 3ajanHag Ha dYeTBIpEXMepHOM MHOrooGpasmm X! c
koopmuaaTamu !, 22, y!', y? ypasnenmsavu

Ai: ! = const, 22 = const;

Ao yl = const, y2 = const;

A3: ué =zl + yl = const, u% = —x1y2 + x2y1 = const;

iz ouh = (ud + clu§)/(x2 +9? + cjul) = const,

2

ul y +C1y —C 1

—ulln “5——"5——| — uz = const,
"+ cx + ¢y

OyeT M3OKJIMHHON TKAHBIO MAKCUMAJILHOTO paHra. Ee enmHCTBEHHOE abeieBO ypaBHEHNE UMEET CJie-
JYIOIIUAI BUJ:
1 1 2 1 1 2 1 1 9 1 . 9

2
" +cx +c Yy +cy —ce u3 + Cou3 Uy

8.6. Jlokaxkure, uro 4-rkanb W (4,2, 2), saxannas na muoroobpasun X* ¢ koopaunaramu !, 22,
) ) p P,

y', v, ypaBHenmsMu

AL: ! = const, z? = const;

Xo: y! = const, y® = const;

A3 oub =2y + %(Jcl)Qy2 =const, ui=a’+1y>— sz'(y*)? = const;

2

M:ouy=—ax' +y' + %(37;1)2?;2 =const, uj=az?—y°— %wl(yQ)Q = const,

Oy/ZeT HeM30KJIMHHOM TKaHbIO MaKCUMAaJIbHOrO paHra. Ee abesieBo ypaBHenue uMmeer CiIeLyiOmuii BUI;:
2dz' A da® 4 2dy' A dy® — dul A dud + duj A dui = 0.

3amMeuanmue. TKaHU, yKa3aHHbIE B 3ajadax 8.4-8.6, He SBJISIIOTCS I'DACCMaHU3yeMbIMHU. Bojiee
OAPOOHO 9TU TKAHU PACCMOTPEHbI B Tiase 8 kuuru [[o0-23].

ITPUMEYAHUA

8.1. Ocuouble ypasuenust Teopuu (n + 1)-tkaneit W(n + 1,n, r) 6bwm noaydenst Ioavdbepzom B
paborax [Lo-1], [T'o-2] u conepkarcs B kuure ['o-23]. Tam ke gokazansl Teopembl 8.1-8.3.

8.2. I'paccmanosst Tkaau GW (n + 1, n, r) nupu n = 2 paccmarpusaucs B pabore [A-3], mpun = 3 —
B [[0-3], mist moGoro n — B pabore [[o-7].
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8.3. 'eomerpryeckoe onpeesIeHne MoYTH TPACCMAHOBOM CTPYKTYPHI Ha, (M MEPEHITAPYEMOM MHO-
roo6pasun ¢ nomompio o kKonycos Cerpe 6buio gano Axusucom B paborax [A-14], [A-18]|. Tam
JKe JIOKazaHa Teopema 8.8. AHaJMTUYIECKOe OIpEeJe/IEHHe MOYTH IPACCMAHOBONM CTPYKTYDBhI MMEETCsI
B paborax [Xu-1], [Mu-1]. Ternsop KpyueHus mouTu rpacCMaHOBOH CTPYKTYPBI BHIYUCIEH B paboTax
[Mu-1], [To-8], upuuem B nocsezneii pabore OH BBIYUCIEH B OOIIEM Derepe.

8.4. TpancsepcanbHo-reojiesnveckue Tkauun W(n + 1, n,r) 6bum onpenenens B [[0-2], a uso-
kimHHble — B [['0-3]. B cBsi3u ¢ Teopumeil HOUTH I'PACCMAHOBBIX CTPYKTYP OHHM PACCMATPUBAJIACH B
[A-14], [A-18]. Hommsapudeckue Tkanu W(n + 1, n,r) 6plam usydenst B [L'o-11] (Tam oHu Ha3bIBarOTCH
(2n + 2)-snpuveckumu).

ITpoGiiema rpaccManusyeMocTn st Tkaneit W (3, 2, r) 6buia pemena B [A-5], a s tkaneit W(n +
+ 1,n,r) — B paborax [A-14], [A-18], [[o-16] (cm. Teopemy 8.13).

8.5. Teopus Traueit W (4, 2, r) 6p1a mocrpoena Ioavdoepeom B [To-12] — [To-15]. Teomerpuueckoe
olpe/JieJieHue 1104TH rpaccManuzyemoctu st Tkanu W(d, n, r) upu d > n + 1 6bwu10 BBeseno Axusucom
B [A-19]. Ho 1o cymiecrBy Takme TKaHU PacCMATPUBAINCH yxke B [A-16], Tam ke naHa ux aHAIM-
THYeCKas XapaKTePUCTUKA. AHAJIUTUYECKH MOYTH IpaccManoBbl Tkanu W (d, 2, r) ObLin onpeneieHnt
B [[0-19]. Teopema 8.16 momomnusier teopemy 8.1.10 06 H30KJIMHHBIX HOYTH [PACCMAHOBBIX TKAHSIX
AGW (d,2,r) u3 [[0-23].

ITpoGauema smHeapusyemocTr Jyist Tkauu W (3,2,1) ceasana ¢ npobsemoil obmieit anamopdossl
B nomorpaduu (cMm. npumedanue 3 K . 3). s tkaneit W(d,n, 1) npobiema smueapusyemoctu
pacemarpuBanack B [Ul-1]. Teopema 8.19 Breprhie moKa3aHa B 9TON KHHUTE.

8.6. IIpobema anrebpansyemoctu d-tkaneit W(d, n, r) 6buna nocrasiena Yeprom u I'puddumeom
B [UI-2|. Ona tkameit W (3, 2, r) ona pemena Axusucom eme B 1974 rony, . [A-3], [A-5]. O Traneit
W (4,2, r) reopema 8.18 6buia nokazana Ioavdbepzom B [[0-17] TeM xe METOJOM, KOTODBIH yKa3aH B § 3
1. 3. DTUM Ke MeToJoM oHa Oblia jokasana Bydom ays tkanu W(d,2,1), d > 4 B ero nuccepranuu
[By-1]. Ho oka3zasock, 4To npu IPOU3BOIBHOM d 9TO JIOKA3ATEIBCTBO CBSI3aHO C JIOBOJIBHO CJIOXKHBIMA
BoraucyaenuaMu. 3arem Byd B [By-2] man suauurennuo 6osiee mpocToe M0Ka3aTeIbCTBO TeopeMbl 8.18,
npuseierHoe B § 6. MeToj|, KOTOpBIM OHO ITPOBOJIATCS, IO CYIIECTBY UCIob3oBam ete JIu u Illegigepc
JIUIsI IOKA3aTe/IbCTBA, YCJIOBUSI arebpan3yeMoCTH Y€TBEPKH KPUBBIX Ha MIJIOCKOCTH, T. €. B cy4ae r = |
nd=4 (em. [JIn-1], [[Hd-1]).

8.7. Tlousrue panra Tkanu Obuio BBeJeno B 1933 rony B pabore Baswke [Biu-3] misa d-trameit
KOpa3MepHOCTH 1 Ha MHOroobpasusix pazmepaoctu 2 u 3. 3arem B 1936 rory 0HO OBLIO PACIIPOCTPAHEHO
Yeprom [U-2] va tranun W(d, n,1). Korga B xonne 70-x ronos Yepn u I'pugume s3amernnu, 910
naiisiennas Jeprom Bepxusas rpanuna panra tkanu W(d,n, 1) cosuagaer ¢ epanuyeis Kacmeavryoso
JIJTsT POJIA § HEBBIPOXKJIEHHON asirebpandeckoil KpuBoit crerenu d, 1o I 'puddume TakKe 3anHTEPECO-
BaJsicst IpobsieMoit panra TKane. Byecre ¢ Yeprom onm omyGimkosasu ceputo crareit [A0-1]-[UT-4],
PE3YJIbTAThl KOTOPBIX U3JIOXKEHBI B 9TOH TJIaBe.

Bonee nmonpobro npobiemy panra traseit W(d,2,r) usygaer loavdbepe (cum. [[o-18]-[To-22],
[To-25], [To-26]). Im ycraHoBieHa TOYHAsI BEPXHssl IDAHUNA JJIsd DAHrA TAKUX TKAHEH M U3y4YeHb
TKaHU MaKCUMaJIbHOI'O paHra.



IIpunoxkenue 1

AJITEBPAMTYECKUM I TEOMETPUYECKUN ACHEKTHI
TEOPUU TPU-TKAHEN, OBPA3OBAHHBIX CJIOEHUAMU
PA3HBIX PABMEPHOCTEN

I'.A. Toncruxuna

Beegenue. B 910M npmiiokeHnu paccMaTpUBaeTCs MHOrOMepHasi Tpu-TKanb W (p, ¢, 1), 0bpaszo-
BaHHAasl TPEMsl CJIOCHUSIMU Pa3MepHOCTel p,q W r Ha TJIaJKOM MHOIOOOpasuu pa3MepHOCTH P + ¢.
Huddepennpanbro-reomerpudeckyio teopuio (p, ¢, 7)-Tkaneii Hadasu passuBarb M.A. AxuBuc n
B.B. Touba6epr [ATo-1], [AT'0-2]. Onu Haimwm crpyKrypHble ypaBaenus tkanu W (p, g, r), onpeenuiu
€e TEeH30Pbl KPYYEHUs] U KPUBU3HBI, BHISCHUIN Te€OMETPUUECKUI CMBICI ODpAaIleHus B HYJb TEH30pa
KpPYUeHUsl U HEKOTOPBIX ero noareH3opos. B [To-4] uccnenopanucs kanaccwl tpu-traneit W(p, g, r) co
CIENUATBHBIM CTPOCHIEM YKA3AHHBIX TEH30POB.

Onnako jyist rpu-rkaau W(p, ¢, ) J0aroe BpeMs He yAaBajioch OGOBIIUTL TaKUe TeOMETPUYECKIE
n asrefpandeckue IOHSATUs Teopnu TKaHedl W (r,r,r), Kak KoHMUrypalums, KOOPJMHATHAS KBa3W-
IPYyIIa ¥ JIyla, acCOUMAaTHBHOCTH U T.1. Jlesgo B ToM, 4TO cjou pasHbIX cioeHuil tkanu W(p,q,r)
MIEPECceKaloTCsl, BOOOIEe TOBOpsA, HE B TOYKE, KaK B CIydae p = ¢ = T, a 1O IIOJAMHOTO00pasusaM
pasHoii pasmeprocTH. Besiescrsue storo ypasaenue z = f(x,y) tpu-tkanu W (p, g, r), onpeessioriee
OGUHAPHYIO OIIEPAIINIO, HE PA3PEIINMO OJJHO3ZHAYHO OTHOCUTEIBHO X U Y, TO €CTh OMHApHAs onepanus f
HE SIBJISETCA KBA3UTPYTIIION.

B [To-14]-[To-16], [ToIII-2], [ToIll-3] Ham y/a10Ch MOCTPOUTH AHAJIOIH YKA3AHHBIX MOHATHH JJIst
rpu-traneit W(p,q,r) npu p = A, ¢ = dm, r = Al + m — |). VlmenHo Takme TKaHH HamboJee
€CTECTBEHHO BO3HUKAIOT B PA3HBIX NPUIOKEHHUsX. JjIsi TKaHell yKa3aHHOIO THUIIA BBEJIEHO MOHATHE
KOOPJIMHATHOM PEIIeTKH, ¢ TIOMOIIBI0 KOTOPOI GBI OIpeie/ieH KOOPINHATHBI MOHOUJT TKAaHU, 0000-
[AKONMH TOHATHE KOOPIMHATHON Jiynbl Tpu-TKaHu W (r,r,r); o606IIeHbl TOHATHS KOHMUTYPAII
PeiinemeiicTepa 1 acconmmaTuBHOCTH; JOKA3AHO, UTO YCIOBHUE 3aMbIKAHUS OO0OITEHHBIX KOHMUTY paItmii
PeiimemeiicTepa Ha TKaHW 3KBHBAJIECHTHO OOOOIIEHHONW ACCOMUATHBHOCTH KOODIWHATHBIX MOHOHUIOB
TKaHU.

B [Tolll-5] u [Tolll-9] komdurypamuu Peiimemeiicrepa n Boma 6buin 0GOOIIEHBI TaKXkKe st
rpu-tkaneit W(p,q,q). Hokazano, B gacruoctu, 4ro TKanb W(p,q,q), Ha KOTOPOI 3aMBIKAIOTCS
006001eHHbIe KOHGUrYypamuu Peiinemeiicrepa nim Bosta, mopoxmaercs eficTBreM JJOKAJIBHON TUIa KO
g-napaMeTpuyecKoil rpymmbl JIM MM COOTBETCTBEHHO KBA3WUIPYHIbl Bosa Ha IJIAJIKOM P-MEPHOM
MHOTOO0OPAa3uH.

§ 1. JlokasibHBII KOOpAMHATHBIN rpynmnons tpu-tkanu W (p, g, )

1. Ypasuenue tpu-rkanu W (p, q,r).

TosopsiT, 9TO JBA TIAJKHUX CI0eHns Ha JuddepeHnupyeMoM MHOrooOpasun M HaxoaaTcs B 00meM
IOJIOYKEHWH, €CJIM MX CJIOM TPAHCBEPCAIBHBI B KaXKJI0# ToUKe MHOroobpasust M.

Ounpenenenne 1. Tpu-mxanvio W(p,q,7) (p < r,q < r) Ha auddepeHnupyeMoM MHOroo6pa-
3un M pasMepHOCTHU p + ¢ HA3BIBAETCsI COBOKYITHOCTb TPEX IVIAJIKUX CJIOEHUU Ai, Ag U A3, CJIOM KOTO-
PBIX UMEIOT COOTBETCTBEHHO pa3MEepHOCTH P, ¢ U T, IpUIeM JIIOObIe JIBa U3 9TUX CJIOCHUN HAXOJATCS B
00I1IEM IIOJIOKECHUM.

IIpennoxkenune 1. ITycms M — mnozoobpasue pazmepHocmu p + ¢, Ha4 KOMOPOM 3a0aHA MPU-
mxano W(p, q,r), u nyemv A — npoussosvras mowka na M. Tozda 6 nexomopoti oxpecmmuocmu U

XM A Awxvrvrie A M Tllenevor
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mowku A cywecmeytom marue aokaivioie koopdunamo, x = (x!, ..., x9), y = (y', ..., yP), wmo caoerus

mranu mo2ym 6umod 3a0aHvl YPaSHEHUAMU

Ar: xz=const, Ag: y=const, A3: z= f(x,y) = const, (1.1)

1

ede z = (21,2, f=(f', o ), A=pH+q—r, f — 2nadkan dynxuus, u pareu mampuy, Tkobu

(%) U (%) MAKCUMAALHDL 8 KaHcdoT movke mHo2o00pasus M.

O Tlycts A — mpousBojibHAsl TOYKA Ha MHOr0OOpasuun M pazMepHOCTH P + ¢, HECYIIEM TPHU-TKAHD
W(p,q,7), Us — ee gocraTodno mMajas oKpecTHOCTb u (Z', ..., 2%y, ..., JP) — HeKOTOpHIE JIOKAIbHDIE
koopauHatel B U,4. Cioenns tpu-tanu W (p, ¢, r) 3agatorca B okpecraoct Uy ypaBHEHUSAME

M AE ) =G, he: SET) =ug, N [SEL ) =4S, (1.2)

rmei,j=1,¢;a,B=1p; =1L, A=p+q—r; uﬁ,ug,ug — IapaMeTphl cJIoeHnil, a GyHknuu ff,
a 3 s

fs' u f; asnmiorca riagkuvu. ITOCKOMBKY CI0M Pa3HBIX CJIOCHMH TPH-TKAHK HAXOJAATCA B OOIIEM

[IOJIOYKEHWUH, TO PAHIM MATpHI] IK0OU

off - ofi oft ofi ofy  Ofy
o’ oy° o ay° o’ ay° L3
ogg ofs |0 | o o |0 | e osf (13
o oy’ 0 oy’ o’ oy’

JIOJIZKHBI OBITH MAaKCHMAJIBHBIME B KaxKJ0il Touke okpectHocTH Uy. OTCIOMA, B YACTHOCTH, CIIELYET,
uyro dynknun fi, fs' onpenensior B Uy nepexon K HEKOTOPHIM HOBBIM JIOKAJILHBIM KOOD/IMHATAM

(x!, . 2%yt L yP): . I . i 5
at = fi(@,y%), v =f3@90). (1.4)

Torma u3 (1.2) nosydaeM, 9T0 B HOBBIX KOOPAUHATAX CJAOEHUS TKAHU 3aAI0TCS CJIEAYIONMMUA yPaB-
HEHUSIMU:

Al 2t =), Aoyt =ud,  As: fg(xl,y"):ug. (L.5)
Takum obpasoM, cjiou mepsBoro u Broporo cjoenuii Tpu-tkanu W(p, ¢, ) crajm KOODIUHATHBIMU.

Oynkmma f = (f¢) B ypasmemnax (1.5) momyuaerca us dbynxmun f3 = ( f§ ) B pe3y/JbTaTe 3aMEHbI
nepeMeHHbIX 110 dopmysiam (1.4), oboznadunm ee

z = f(z,y), (1.6)

. ,z)‘). U3 ycnoBust MakCHMalbHOCTH paHra marpuil (1.3) ciefyer, 4To paHIW MaTpPHUIL

e z = (z

o
of I .
o) " o~ TaK’Ke JIOJKHBI OBITh MAKCHUMAJLHBIMA B KaxKJ10i Touke okpectroctn Uy. M
T Y

Samerum, yro B cumiay (1.5) ypasuenue (1.6) cBs3bIBA€T IApAMETPBI CJIOEB DA3HBIX CJIOCHUI
rpu-tkanu W (p, ¢, ), npoxoigdmux depe3 Touky (z,y) mHOroobpasus M. 31ech nepeMeHHble T =

= (2!,...,29) nwy = (y',...,y?) aBasAIOTCH, C OHOII CTOPOHBI, JIOKAIBHBIMI KOODJMHATAMU Ha M, a
¢ JpyToif — mapamMeTpaMu CJI0€B COOTBETCTBEHHO MEPBOTO M BTOPOTO cjoeHuit Tpu-tranu W(p, q,r).
Ilepemennsie z = (2!, ..., 2") aBnsIOTCA MApaMeTpaMu CJIOEB TPETHEro cioeHns Tpu-TKanu W (p, q, 7).

Ounpenesnenne 2. Ypasuenre (1.6), cBa3biBaoliee napaMeTpsl &, Y U 2 CJIOEB IIEPBOTO, BTOPOIO U
Tperbero cjaoenuit rpu-rkauu W(p, ¢, ), IpOXOAAIIAX Yepe3 OfHy TOYKY MHOrooOpasus M, HazoBeM
ypasnernuem mpu-mearu W(p, q,r). @yuxnuio [ wazosem @ynruyuetd mpu-mrarnu W(p,q,r).

N3 npeyioxkennst 1 o9eBuIHBIM 00PA30M BBITEKAIOT YCJIOBUSI, IPU KOTOPBIX IIPOM3BOIHHAS TJIAIKAST
dynukims suna (1.6) seasiercst bynkuumeit Hekoropoit Tpu-tkanun W(p, ¢, 7). A UMeHHO, CIpaBeInBO

Ilpennoxkenune 2. Ilycmo f: X XY — Z — npousdsosvhas 2aadkas Pynkuyus, 2de X, Y, Z —
omxpoimpie muosicecmsa 6 R4, RP, R coomeememsenno. Ilycms X C X wY C Y maxue omxpvimoie

MHO2HCECTNBA, ¥MO 6 Kaotcdol mouke (x,y) € X XY paneu mampuy dxobu (%) U (Z—ch) MAKCUMAND-

not. Toeda 6 obaacmu X XY mpu caoernus A, Ao u Az euda (1.1) obpasyrom mpu-mrans W(p, q, 1),
a Pynryus f, oepanusennan na mnoorcecmeo X X Y, 6ydem dynxuuetd mpu-mrarnu W(p, q,r).

MuoxkectBo M = X x Y, Ha KoTOopoM cioeHust Af, Ao u A3 Buga (1.1) ob6pasyror Tpu-TKaHb
W (p, q,r), Gynem Ha3BIBATH TAKIKE 00AACTNGI0 ONPEOEAEHUS MPU-TNKGHU.
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3amernmM, uro MHOXKecTBa X C X m Y C ) ABISIOTCS Tak:Ke ODJACTIMU W3MEHEHUs MapaMeT-
POB & U Y COOTBETCTBEHHO IIEPBOIO U BTOPOro cjoeHuil tpu-rkaunu W (p, ¢, ). ObiacTbio u3MeHeHust
napaMerpa z TPEThEro CJIOeHWsl TKaHU OyIeT MHOXKeCTBO Z = {z| z € Z, z = f(z,y),x € X,y € Y},
Tak uto Z C Z. Takum obpazom, MHO)KecTBa X, Y U Z MOXKHO CUIATATh Oa3aMU MEPBOTO, BTOPOrO U
Tperbero cyioenuit rpu-rkanu W(p, q,r).

2. JIokanpHBI# KOOpAUHATHBIN rpynnoun rpu-tkauu W (p, g, r).

Hanomuum, uro B Teopun Tpu-traneit W(r,r,r) cylecrBeHHYyIO POJIb UI'PAET TO 0OCTOATEIBCTBO,
9TO ypaBHEHHME TKaHW PacCMaTPUBAETCs KakK OmHapHas oreparus. Kak OyeT moka3aHo HUXKe, aHAJIO-
PUYHYIO0 TEOPUIO MOYKHO TOCTPOUTH U Jyist Tpu-TKaneir W (p, q,r).

IMycrs Tpu-tkans W(p,q,r) 3amana Ha MHOrooOpasuu M pasMEpHOCTH p + ¢ CJIOCHUIMHU BU-
na (1.1). Bygem canrars, uyro ypasuenue (1.6), rne x € X, y € Y u z € Z oupezensger mperbasuctyio
buHapHYI0 onepayuIo.

Omnpenenenne 3. OyHKINIO

(): XxY—=2Z, z=f(z,y=x-y (1.7)

HA30BEM A0KAALHUIM KOOPOUHAMHbIM 2pynnoudom mpu-maru W (p, q, ).

3ameuanmne. [Ipu p = ¢ = r ypaBHeHUe z = & -y B CUJIy HPEJJIOXKEHUsT | SIBJISIETCS JIOKAJIBHO
OJIHO3HAYHO PA3PEIIUMbIM OTHOCUTEIHHO IEPEMEHHBIX T ¥ I, HOITOMY Ollepalys (-) ABJIsAeTCs TIIAIKON
JoKasbHON KBasurpynmnoi [3]. Hamomunmm, uro mocse/Hsis Ha3bIBAETCsI JIOKAJIBHON KOODMHATHOM
KBasUrpymmoit coorsercraytomeii rpu-tramu W (r, r, r). Husa rpu-traau W (p, ¢, r) pasMepHOCTH MHO-
roobpasuit X, Y u Z, Boobuie rosops, pasjudHbl, IO3TOMY onepanus (-) KBa3UIPYIIIOi, BoobIIe
TOBODsI, HE SIBJISIETCS.

3. dkBuBajsieHTHOCTH Tpu-TKanet W (p, g, r).

ycts W(p,q,7) mw W(p,q,r) — /Be Tpu-TKaHU, 0OPa30BAHHbIE CIOCHUAME Ay U Ay, w = 1,2, 3,
COOTBETCTBEHHO Ha juddepeHnupyeMbix MHOroobpasusax M u M pasmepHocTH p + q.

Omnpenenenne 4. Tpu-rxkann W (p, q,7) u W(p, ¢, 7) HaspIBaloTcs oK6UGAACHMHBLMU, €CTTH CYTITe-
cTByeT JoKaybHbI muddeomopdusm ¢: M — M, npu KOTOpoM citoeHust A1, Ao, A3 Tkanu W (p, q, )
0TOOPAaXKAIOTCSI COOTBETCTBEHHO B CJIOEHUS A[, Ao, A3 Tkaru W (p, ¢, r).

Kak u B Teopun tpu-traneir W(r,r,r), BBeIEHHOE OTHOIIEHUE IKBUBAJECHTHOCTU Ha MHOMKECTBE
rpu-tkaneit W(p, q,r) umeer aoxaavnoli xapakrep. Ilpu jokanbubix auddeomopdusmax coxpams-
I0TCsl JIOKAJIbHBIE CBOlicTBa Tpu-TKaneit W (p, ¢, ), Koropble Mbl OyeM U3ydarb B JaJbHeAeM.

4. VIzoTonusi KOOPAMHATHBIX IPyNNnonaoB Tpu-tkaneit W(p, g, r).

Kak u B Teopuu TKamHeit, 06pa30BaHHBIX CJIOEHUSIMU OJIMHAKOBOM Pa3MEPHOCTH, Mbl PACCMATPUBAEM
KOODJMHATHBIN rpymmons Tkaau W(p, q,r) ¢ TOYHOCTBIO 10 peoOpa3oBaHus U30TOMUK (CM. T 2).

ITepemennbie z, y u z, Bxojsiue B ypasaenue (1.6), momnyckaior npeobpa3oBaHus BUIA

F=a(@), §=B), =) (1.8)

rie «, 3, v — nokanbnble auddeomopdusmel. [Ipu sToMm ypasrenue (1.6) npeobpasyercst K Buy
Z=f@9) =70 fla'(@).57'®).

IIpeobpazosanus (1.8) MoxkHO paccMaTpuBarh JubO Kak 3aMEHY JIOKAJIbHBIX KOODAMHAT Ha 0a3ax

croennit Tkarum W (p, ¢,7), mu60 KaK 0TOOparkeHue KOOPMHATHOTO TPYIIIONIA STOH TKAHH Ha _KOOD-

JUHATHBIA TPYIION HEKOTOpPOi npyroit tkanu W (p,q,r), oupexnesnsemoii ypasuenueMm z = f(Z,%).

Ounpeznestenne 5. Tpoiika jokaibHbIX 6Gueknuii («, [, y) HA3BIBAETC US0MONUUECKUM NPeobpaso-
6aMueM UM u30monuet; n30Tomun Buja («, (3, id) Ha3bIBAIOTCS 2AA6HBIMU.

IIpengyoxxenne 3. Tpu-mxanu W(p,q, 1) u W(p,q,r) sK6USAAEHMHBL 8 MOM U TOALKO MOM
CAYUGE, ECAU UL KOOPIUHAMHBLE 2PYNNOUTbL USOMONHbL, MO ECMb CYWECTNBYEM UOTNONUNECKOE Npe-
obpasosanue, nepesodauwee 00uH u3 HUX 8 dpyaol. .

U eiicTBuTeNbHO, IyCTh CyIIECTBYeT JOKalbHEI auddeomopdmsm ¢: M — M, KoTopi me-
PEBOIUT CJIOEHUsI \,, TKaHU W (p,q,T) B COOTBETCTBYIOIIUE CJIOCHUS A, TKauu W(p,q,r). Torma ¢
uHynupyer JokajabHble ruddeomopdusmbr uga (1.8) Ha 6asax caoenuit. IIpu sToM, Tak Kak cjon,

Q¥
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MIPOXOJIAIIIE YepPe3 ONHY TOUKY, repexondar npu muddeomopdusMe B CJIOM, TAKKE MEPEXOIAIINE B

OJIHY TOYKY, TO ~ _ Tl A
[(@9) =2 =7(2) =v(f(z,9)) = v(fla” (2), 67 (¥)))

Takum 06pa30oM, COMIACHO OIIPEeJIEHHIO 5, TPOHKa JIOKaIbHbIX auddeomopdusmos (a, 3,7) oupe-
JeJIsieT M30TOMMYecKoe 0TobpazkeHne KOOPJUHATHOTO TPyNmonia z = T -y Tpu-Tkann W(p,q,r) na
KOODJMHATHBIA rpynmnons z = -y tpu-tkauu W(p, ¢, 7). s

O6patrno, nycrb KoopauHarHble rpynnouast () u (+) rpu-rxaneit W(p, ¢, ) u W(p, ¢, ) uzoronssi,
[pHYIeM U30TONNUS UMEET BHJL (1.8). Torma ¢ = («, 3) — nokanbHbI HudbdeoMopdusM MHOrOOGPa3Ust
X XY wma X XY, nupuueMm @ 1epeBOJIUT CJAOU TKAHU WA(p,q,r) B CJIOM COOTBETCTBYIOIINX CJIOEHUI
TKaHU IIEPBOT0, BTOPOTO U TPEThero ciaoeruil Tpu-rkanu W(p, ¢, r). CrenoBaresbHO, 9TH TKAHU SKBH-
BasieaTHbI. M

Kak mokaspIBaioT cjejyiomue mpuMepsl, peobpasoBanus Buja (1.8) He coxpaHsior, BooOIIe ro-
BOD#I, YUCJIO [IEPEMEHHbIX B ypasHeHuu tpu-tkanu W(p, q,r).

1. I'pymmon 1 1 ) 1
2= +x°+y

H30TOMIYeCKUM mpeobpasosanuem ! = z! + 2, T = 2? npusomuTes k BuIy
2 =7yl

2. 'pynmon g, ¢
25 = Abx' + BSy?,

rnet=1,q,a=1,p, =1, ¢g> A\, p> )\, aBesmannb Af 1 BS, SBAAIOTCSA TIOCTOSHHBIMHE, OTPeJIeNIAeT
B RPTY rpu-tkans W (p, ¢, ), 06pa3oBaHHyIo TpeMs ceMeificTBAMY NapaJlIe/IbHBIX TIJIOCKOCTE

Ai: 2' =const, Ag: y® =const, Ag: 2& = A§xi + BSy® = const.
Mzoronmaeckum mpeobpazoBarueM

%f _ Afl‘z, .ff; _ xg, g& — Bi o ga _ ya’

e P=At l,q, @ = A+ 1, p, ypaBHueHue 3TOil TKAHN IPUBOIUTCA K BULY
25 =7 + 5.
3. B rpymmonze
= s01($1 4 xQ) + Q/JI(LUB, y17y2)1 22 = s02($1 + xQ) 4 1/12(553, y17 y2)
nocsie m3oToNIUeckoit 3amensr T = @' (x! + 2?), 7% = 2 Yucio HepeMeHHbIX TAKIKE yMEHBIIACTCS:
A= p gl @ty y?), 22 =0F) + vyl y?).

B pasbeiimeM O6ygeM CIUTaTh, YTO IHCIIO IEPEMEHHBIX B YPABHEHNU TKAHU y2Ke «MUHIMU3HPOBa-
HO», U JIOIIyCKAIOTCSI TOJIBKO TAKIe H30TOIIIECKIE IIPE0OPA3OBAHMSI, IPH KOTOPBIX IHCJIO IEPEMEHHBIX
B yPaBHEHWN TKaHWU HE MeHsieTcs (nompobHo 06 atom cM. B [To-15]).

§ 2. Tpu-tkauu W (A, A\m, A(l + m — 1))

1. (n + 1)-TKaHb KOPa3MePHOCTHU A, aCcCOIUMPOBaHHas ¢ Tpu-TKaHbi W (AL, Am, A(l +
+m —1)).
ITycrs ypasuenue (1.6) rpu-tkanu W(p,q,T) B HEKOTODBIX JIOKAJIBHBIX KOODJIMHATAX 3AIUCAHO

B BUJIE )
2 = fEaiy?), @2.1)

Fﬂei:fqv O‘:va lev)\v
A=p+qg—r. (2.2)
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Eciii COBOKYIHOCTD mepeMeHHBIX !, ..., 2%, y', ..., 4P pa3burh KaKnM-THO0 MHBIM CIIOCOOOM Ha pas-
JIMYHBbIE I'PYIIBI, TO TO Ke camoe ypasHeHue (2.1) Gyler oupeeisarb APYyryi0 TKaHb — C JAPYTUM
YUCJIOM CJIOEHHUI U JPYIMMU DPA3MEPHOCTSIMHU CJIOEB. B 9acTHOCTH, €C/in KaXKJylo U3 MEPEMEHHBIX
z', .., 29, y', ..., yP paccmarpusarh B OTJeIbHOCTH, TO Hoyuntes (p + q + |)-TKamnb, obpazoBanHas
p + q croenmsMm KopasmepHoctH 1 m omHmM cioermem (26 = const) KopasMepHOCTH A, KOTOpoOe
SIBJISIETCSI TPETHUM CJIOEHHEM MCXOHOM Tpu-TKanu W (p, ¢, 7). IIpu 310M KaxKplil U3 CJI0€B NepBOro u
BTOPOro cjioenuii ucxoauoit Tpu-rkanu W(p, ¢, r) aBsiercs nepecedenneM COOTBETCTBEHHO ¢ U P CJIOEB
(p+ g+ 1)-tkanu.

Haunbosbuuii unTepec st NpuiIokKeHuil npejcrapigior takue Tkanu W(p, g, r), cjom KOTOPbIX
SIBJISIOTCS TIepecevdeHeM cJIoeB HekoTopoii (n + 1)-rkanu. Hanomuum, uro (n + 1)-TKaHbio Ha3biBaeTCs
TKaHb, 00pa3oBaHHast N + | CIOEHUSAMEI OJMHAKOBON KOPA3MEPHOCTU I HA MHOIOOODPA3UH Pa3MEPHO-
CTH NT, CM. I'JI. 8.

Onpenesienue 6. (n + 1)-TkaHb, 00pasoBaHHYIO Ha MHOrooGpasum M, HecylieM TpH-TKaHb
W(p,q,7), n+ 1 cioenusimMu OJMHAKOBOII KOPA3MEPHOCTH, HA30BEM QCCOUUUPOSAHHOT € 3aJIaHHOM
rpu-tKanbio W (p, g, ), eciiu o0 u3 ciaoenuii (n + 1)-Tkanu coBnajgaer ¢ TpPETbUM CJIOCHUEM UCXOIHON
rpu-tkanu W (p, ¢, ), a KaxKIplil U3 CJIOEB IEPBOrO U BTOPOro cioenuit rpu-rkanu W (p, ¢, 1) asisercs
[epeceveHneM HEKOTOPOro Jucia cjioes (n + 1)-Tkanu.

IIpennoxenune 4. Ecau mpu-mxano W(p,q,r) donyckaem accoyuuposannyro ¢ newo (n + 1)-
MKEAHD KOPAZMEPHOCTIU A, MO CYWECTNEYIOM, MAKUE HAMYPAALHBE YUcAa | U m, 4mo

p=2A, ¢g=m. (2.3)

IIpu amom

r=Al+m-1), n=Il+m. (2.4)

O 3BameruMm, 9ro Bee cioenus (n + 1)-rkanm, acconumpoBanuoii ¢ rpu-rkaubio W(p, q,r), HOJKHBI
UMETH KOPA3MEPHOCTh A = P + ¢ — 7', TIOCKOJIBKY OJIHO M3 €€ CJIOEHUI COBIIAIAeT C TPETHUM CJIOCHUEM
ucxonHoit tpu-traru W (p, q,r). Janee, ecam KasKIblii U3 CJIOEB TIEPBOrO CJIOEHWs (MX KOpasMep-
HocTh ¢) Tpu-TKanu W(p,q,r) Gymer nepecedeHmeM HEKOTOPOro umcia cioes (n + 1)-Tkanu, To ¢
KpaTHO A, TO ecThb ¢ = Am. AHajloru4Ho mnojydaeM p = Al.

W3 pagencrs (2.2) u (2.3) nonyvaem neppoe u3 paseHcts (2.4). Hasee, B cuiy onpenenennst (n + 1)-
TKaHU Pa3MEpHOCTh MHOroobpasusa M nomkHa 661Th An (cM. Bbime). OTciona mojydaeM paBeHCTBO

p+q=An, (2.5)

470 ¢ yaeroM (2.3) maer Bropoe paserctso (2.4). H

Tpu-rkauns W (p,q,r), yuosiaerBopsmomyo yciaosuam (2.3) u (2.4), Oyzem 00603HaYATDH
W (A, Am, A(l +m — 1)), a acconuuposannyio ¢ Heit (n + 1)-tkams — W(n + 1, A).

Tak xax juist Tpu-tKaau W(p, ¢, 1), Boobie roBopst, p # ¢, TO GyieM CIUTATD, JJIsl OIIPEIEIEHHOCTH,
qTo p < ¢, Torma I < m.

ITokaxkem, kak mnocrpoutrb (n + l)-tkase W(n + 1,)), acconuupoBaHHYIO C TPU-TKAHBIO
WAL, Am, A(L+m — 1)),

Cragasia 3amMeTuM, 9TO depe3 KaxKIyio TO4Ky P mMHOroobpa-
3ust M, Hecymero tpu-tkaub W(p, ¢, 1), IPOXOIAT, IOMUMO CJIOS
TPETHETO CJIOEHUS, €Ie 2 MHBAPUAHTHBIM 00PA30M OIPE/IETEHHBIX
TIOMHOT000pa3ust KOPa3MEPHOCTH .

B camom gmene, mycts Fi, Fo u F3 — upoxoxduiue depes P
COOTBETCTBEHHO P-MepHBI (BEPTUKAIBHBIN), ¢-MePHBIi (TOpU30H-
TaJBbHBIA) W r-MepHbI (HAKJIOHHBIN) cjon Tpu-TKanu W(p, q,7),
puc. 57. Cnoit F3 nepecekaer cioun Fi u Fy 1O HEKOTOPBIM IO~
MHOrooOpasusiM, obo3uaunm ux coorsercrenro V u U. Ilpu srom
dimV =r —q, dimU = r — p. [Iycts U — nommuoroo6pasme BEp- Puc. 57
TUKAJIBHBIX cioes Tpu-tkanu W (p, ¢, r), nepecekaromux U, a V —

[IOJIMHOT000PAa31e €€ NOPU3OHTAJIBHBIX CJIOEB, MEPeCeKarIux V.

TToamuoroobpasust U u V' umeror Ha M 0IMHAKOBYIO PA3MEPHOCTD I M OJMHAKOBYIO KOPa3MEPHOCTh
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A — Ty ke, 9TO M HAKJOHHBIH cioit F3 Tpu-Tkanu W (p, ¢, r). Kaxapie 2 n3 mogmmoroobpasmit U, V/
u F3 UMEIOT IepeceveHrne pa3MepHOCTH " — .

Teneps paccmorpum tranb W(Al, Am, A(l +m — 1)) u BBemeM jyig 9TON TKAHU IIOHSATHE KOOD/IH-
HATHOH pelIeTKU.

Ounpenesenne 7. Ilycrs a = (ay, a9, -+ ,a;) — dbukcupoBaHHbIil ylIOpsiZoueHHbIH Habop u3 |
JIOCTATOYHO OJIM3KUX DPA3JIMYHBIX BEPTHKAJIbHBIX cy10eB Tpu-TKaHu W (A, Am,A(l+m — 1)) u b =
= (b1, bg, - ,by) — DUKCHPOBAHHBIN yIIOPSIIOUEHHBIH HAGOP U3 M JOCTATOUHO OJIM3KAX PA3JIUIHBIX
POPHU3OHTAJIBHBIX CJI0eB 910l TKauu. CoBoKymHOCTH (a,b) THX HAGOPOB HA30BEM K0OPIUHAMHOU
pewemxot; Tpu-tranu W (AL, Am, A(l +m — 1)).

3ech U jajee Mbl 0603HAYAEM CJIOM TKAHU W OIPEJIEIAIONIIE UX TapaMeTPhl OHUMU U TEMU YKe
CHMBOJIAMH.

IIpengmoxenne 5. Kaowcdaa xoopdunammuasn pewemxa mpu-mrary W (A, dm, A(l +m — 1)) o0-

Ho3HauHo onpedeasem nexomopyro (n + 1)-mrans xopasmeprocmu A, n =1+ m, accoyuuposanryro ¢
mpu-mrarvio WAL Am, A1 +m — 1)).
O Iycre (a,b) — HexoTopas KoopaumHaTHas perierka Tpu-TKanun W = W (A, Am, A(l + m — 1)),
o6paszoBanHas | BepTUKAILHBIME cJ10sMH a = (as), $ = 1,1, 1 m ropusonTaibubiMu crogmu b = (b,),
i = 1,m, sroit Tpu-Tkanu. Hakmommere ciom TKaum W BBEICEKAaIOT Ha TOPU3OHTATIBHOM cJjoe b,
A-TlapaMeTpHtecKoe ceMeiicTBo mommuoroobpasumit U, pasmeprocTn A(m — 1). Kaxmoe m3 takmx
noxmuoroodpasuit U, oupenesser, Kak ObLIO CKa3aHO BBIIIE, 7'-MEPHOE «BEPTHKAJBLHOE» IIOIMHOIO-
obpazue Uu- IIpu sTom, B cuity criocoba uX OIpe/iesIeHnsI, TOCTPOEHHBIE TAKUM 0Opa30M MHOTroobpa-
3ust Uu 00pa3yIoT CJI0eHnE B HEKOTOPOl OKPECTHOCTU KOOPAMHATHON PENIeTKN Ha MHOroobpasum M.
O6oznauuM 310 ciloenue Uy,.

TouHO TaK»Ke CTPOUTCST «TOPUIOHTATHLHOE» CJIOEHUE Vg — A-TIAPAMETPUIECKOE CEMENCTBO MOIMHO-
roobpasuit V ; pazmepnoctu A\(m — 1). Beero, Takum 06pa3oM, ¢ KOOPJIMHATHOH DeIeTKoil CBsi3aHbl [
TOPU3OHTAJIBHBIX U 11 BEPTUKAJILHBIX CJIOCHUI YKA3aHHOTO THUIIA.

Hasee 3aMeTnM, UTO BePTHKAJBHBIN cjI0il F| mcxoaHoit Tkanu W IiepecekaeT TOpU30HTAJIbHBIE
ciion pemerku B m Toukax. CiiejosaresbHo, ciioif Fi COJEPKUTC B M BePTUKAIBHBIX ciioax U,
MPOXOJIANMUX Yepe3 3Tu TOUYKHU. OQUeBHUIHO, APYIUX OOIIUX TOUYEK Y ITUX BEPTUKAJIBHBIX CJIOEB HET

(HaIIOMHI/Il\l7 9TO BCE€ paCCMOTPEHUA J'[OKaJ[bHI)Ie).

Touno Takke, BCAKUl TOPU3OHTAIBHBIN cjoit Fo mcxomuoit Tkauu W sBisieTcs mepecedenuneM [
TOPU3OHTAIBHBIX CJI0eB V.

Haxomert, | rOpH30HTAIBHBIX CJIOEHHIT Vs, 1M BEPTUKAJBHBIX CJIO€HUI U, 1 TPEThe CJIOSHNE UCXOJI-
Hoit Tkanu W obpasyior (n + 1)-tkanb, rae n = [ + m. JdelictBurensbao, Bcero cuoennii n + 1, Bce onn
MMEIOT OJJMHAKOBYIO PA3MEPHOCTD 7', M KazK/Ible 2 U3 HUX HaXo/AATCs B obieM nojoxennn. O603naqum
sty TKarb W™ (a, b).

ITockoIbKy, KaK ObLIO IIOKA3aHO BEIIIIE, BEPTHKAIbLHbBIE i FOPH30HTAIbHEIC CJIOM TKaHn W aB/saioTcs
nepecedenueM cioes Tkann W (a, b), To ara mocyie s n spasgercs (n + 1)-TKaHbIO, ACCOMMUPOBAHHOM
¢ tpu-tRambio W = WAL, Am, A(l+m —1)). B

Ouesnno, obmacts M onpesenenns TKann W™ (a, b) MOXKeT oKazaThca yrKe, 9eM 0OJACTH OMpe-
nenennst M ucxonuoit tkanu W = W(A, Am, A(l + m — 1)) (manomunM, 9T0 B 06/1aCTH OLPEICICHAS
TKAHU €e CJIOU JIOJIZKHBI HAXOJUTHCS B OOIIEM HOJIOXKEHNN ).

Sameuvanme. [Just tpu-rkanu W(r,r,r) uz (2.2), (2.3) u (2.5) crenyer, uro [ = m = 1,
n =1+ m = 2. [losTromy Koop/uHATHAS pemeTKa Tpu-TKanu W (r, 7, ) obpasoBana OJIHIM BePTUKATb-
HBIM W OJTHAM TOPH3OHTAIBHBIM cjiosmu, a (n + 1)-Tkans W (a,b) aBIsgeTcs TPU-TKaHbIO, IPUYEM B
cuty (2.6) oma coBmasaet ¢ ucxonmoit Tpu-Trambio W(r, v, ).

Haiinem ypasnenue accormuuposannoit (n + 1)-tkamm W™ (a, b). Hamomumm, 9To ypaBHeHIe TKAHMT
CBSI3BIBAET IIAPAMETPHI €€ CJIOEB, IIPOXOJSIIAX Yepe3 OHY TOUKY. .

Iycrs Uy, ..., Uy, Vi, .o, Vi, F3 — citon (n + 1)-tkanm W (a, b), npoxomsamue epes Touxy P € M.
Bnech F3 — maxjonnbli cyoit tpu-tkanu W = W (A, Am, A(l +m — 1)), koTopslil aB/IsgeTCsa cloem
(n + 1)-oro cioenust (n + 1)-tkanu W*(a, b). O6osnaunm, Kak u Bbie, yepes F| u Fy BepTHKAIBHbIIT
¥ TOPU3OHTAJBHBIN cion Tkanu W, mpoxomamiue depe3 P. Ilapamerpsr x, y u z cimoeB Fi, Fo u Fj
cesi3anbl ypasHenueM (1.6) tpu-tranu W: z = f(z,y).
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Ob6oznaamm B, TOYKy mepecevdeHns BEePTHKAJBLHOTO cjof F| ¢ TOPH30HTAJILHBIM ciloeM b, Ko-
opaunaTHoii pemerku (a,b), u Ag — TOUKy IepecedeHus] TOPU3OHTAJIBLHOIO cjiost Fy € Bepru-
KaJIbHBIM CJIOEM G¢ 3Toii pemerku. llycTs u, ¥ vs — napaMerpbl HAKJIOHHBIX CJIOEB TPH-TKaHU
W (A, Am, A(L +m — 1)), npoxoxsmux depes touku B, u A; coorsercrsenno. Torma B cuity (1.6)

nMeeM paBeHCTBa:
up = f(a; br), ooy wm = f(35 bp); (2.7)

vy = fla; y), .., v = flay y). (2.8)

C apyroii cropomsl, u, u by, €CTh MAPAMETDHI BEPTHKAILHOTO Ciosi Uy, & Us M G5 — HApaMeTphl
rOPH30HTAILHOTO 1051 V5. TT03TOMY, 4TO6BI IOy qUTh ypaBHEHHe AcConmpoBanmoi Tkamm W (a, b),
cJlejlyeT MCKIIIOUUTh 13 ypasHenuii (1.6), (2.7) u (2.8) xoopausaTs! & u y Toukn P.

IIpexe, YeM 3T0 JeaTh, OTMETHM, 9TO ypaBHeHus (2.7) u (2.8) GyHKINOHAIBHO HE3ABUCUMBI B
006JIACTH OIPEJIEJICHIST ACCOIMUPOBAHHON TKAHM, ITOCKOJIBKY €€ CJIIOCHUS] HAXOJASTCS B OBIIEM OJIOKe-
Hun. VHBIME CJIOBaMHM, COOTBETCTBYIOIHE MATPUILI SIKOOH JOMKHBI OBITH HEBBIPOXK JCHHBIMIL:

Af¢(x,by)
oz’
det £ 0, (2.9)
AfE(,bm)
oz’
af%(a1,y)
oy~
det £0. (2.10)
Of* (a1, y)
oy~

3aech i = 1,q — nomep cronbua; (&, i) — HOMED crpokn, § = 1, A, p = 1,m, ¢ = Am. Ananoru4mo,
a = 1,p — Homep crosbug; (£, s) — Homep crpoku, s = 1,1, p = Al
Uckmouas u3 ypasuenuii (2.7), (2.8) u (1.6) nepemermsie z = (z!, ..., 27) ny = (y', ..., y*), momy=m

ypasuenue (n + 1)-tkanu W*(a, b) B BuIC

z:f(ul,...,um;vl,...,vl). (2.11)

Cl0eHns 3TOI TKAHN ONPENeIaIOTCS YPABHCHUAMMU:
: uy=C1; .., Upm: U =Cp; Vi:v1=C; ... Vi:uu=0C; X:2z=0C, (2.12)

rae C,i, Cs, C — NOCTOSIHHBIE BEKTODHI.

C apyroit cropousl, ypasaenns (2.7) u (2.8) B cury (2.9) u (2.10) oupeessiorT H30TONAIECKOE
npeobpaszoBanue, pu KoTopoM ypasrerue (1.6) rpu-trkaru W (AL, Am, A(I + m — 1)) npeoGpasyercst K
Buiy (2.11), a ypasrenust (1.1) ee cyioeHuit IPUBOAATCS K BUILY

)\1: Ul 261, ceey um=6m; )\22 V1 251, ceey vl:@; )\32 z=0C. (213)
Jokazana cjeyrontast .

Teopema 6. B obaacmu onpedeaenus (n + 1)-mranu W (a, b), accoyuuposanrol ¢ mpu-
mranvro WA, Am, A(l +m — 1)), cywecmsyrom aokasvroe K0OPIUNAMDL, 6 KOMOPHLT MPU-MKAHD
WAL Am, AL+ m — 1)) u accoyuuposannas ¢ new (n+ 1)-mxano W>(a,b) onpedeasomes odnum
u mem orce ypasnenuem (2.11). B smuzx woopdunamaz caoenusa (n + 1)-mxarnu W>(a,b) sadaromes
ypasnenusamu (2.12), a caoenus mpu-mrarnu W (A, Am, A(l +m — 1)) — ypasnuenuamu (2.13).

Omnpenenenne 8. JIoKalbHbIE KOODIMHATBI (U, ..., Um, V1, .-, V]), B KOTOPBIX TPHU-TKAHD
W (A, Am, A(I +m — 1)) m accommuposanmas ¢ neio (n + 1)-tkans W*(a, b) onpemensiores ofauM 1
TeM ke ypasHenueM (2.11), nazoseMm adanmuposanHvimu. s

Bameuanue. Ypasuenne (2.11) onpenenser (n + 1)-tkans W*(a,b) ¢ ToarnoCTBIO /10 TTPEOGPaA30-
BaHUII BUIA

ull«:&ﬂ(uﬂ)’ n = l,m, 53255(1)5)7 s = l,l, E:/’\}/J(Z)’
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coxpansonux ee ciaoenus (2.12). Ilpu srom ypasaenue (2.11) npeobpasyercs B cieiyromniee:

Z=Fo far @), . @y (@m), By @), oo0r B @) = F(@, ooey Tn, Tty ooy 1),

a ToCIIe IHee ONpeiesIsieT HeKoTopyto (n + 1)-Tkamb, skBuBastenthyio (n + 1)-rkann W>(a,b). C apy-
roit croponsl, ypasaenue (2.11) onpeznenser ucxonuyto tpu-tranb W(A, Am, A(l + m — 1)), nosromy
€ro MOXKHO PacCMaTPHUBATH C TOYHOCTHIO J0 Ipeobpa3oBaHuit OoJsee obIIEro Buma

Uy = o (U, oy Um), s = Bs(vi,...,v), zZ=1(2),

KOTOpPBIE COXPAHAIOT cjoenus (2.13) 3Toii TPH-TKaHH, HO He COXPAHAIOT, BOOOIIE TOBODPS, CIOCHHUs
accoruupoBannoii (n + 1)-rkanu W*(a, b). Orciona, B gacrnoct, crenyet, uro (n + 1)-rkamn W (a, b)
u W*(a,b), ompesenseMble PasHBLIMI KOODJAMHATHBIME permeTkamu (a,b) u (d,b) TpomsBoabHOL
rpu-trarm W (A, Am, A(l +m — 1)), He aBasioTCst, BOOOIIE TOBOPsl, SKBUBAJEHTHBIMUA OTHOCHTETHHO
npeoOpasoBaHuil BTOPOTO THUIIA. .

Bameuanwme. Croenns accorumposannoii (n + 1)-rxkamm W*(a,b) monapHo TpaHcBepcaibHBI B
00J1aCTH, TJIe BBIIOJIHAIOTCS YCJIOBUL:

of 21| of of
e #0, .. Jur # 0, 9, #0, .., 01 # 0. (2.14)
B osroit xe obmactm ypasuenme (2.11) samaer koopamHATHYIO n-KBasurpymmy (n + l)-Tkamm
W*(a,b) [13].
IIpumep. Pacemorpum tpu-rrans W(l, 2, 2), 3agannyo ypaBHeHueM
=gty 4 2 (2.15)

Buech p = 1, ¢ = r = 2. D1a TKaHb 06pPa30BaHa B HEKOTOPOil obmact M C R3 ceMeficTBOM IpsIMBIX

x! = const, 2? = const (BepTuKasbHBIE Ci10U F] ), CEMEfCTBOM IITOCKOCTe 3! = const (ropusoHTa bHBIE

cou F») M ceMeficTBOM JBYMepHBIX ToBepxHocTeii z! = !yl + 2% = const (maxmommbie cion F3).
Haiinem obusiacts onpegenennss M rpu-tranun W(1,2,2), cm. n. 1. Cravana 3amerum, 9TO st

npoussosbHoil Tpu-Tkanu W (A, Am, A(l + m — 1)) ycnoBue MaxcuMaibHOCTH paxra Marpui Sxobu

(%) u (%) HMeeT BH[L rank(%) = rank(%) = \. Orciona B cuy (2.15) mosmysaem rank(y!, 1) =

= rank(z') = 1, nosromy B obmactu M

z! £0. (2.16)

Teneps naiigem (n + 1)-rxans W*(a,b), acconumposanmnyio ¢ rpu-tkanpio W (l,2,2). Uz (2.2),
(2.3) m (2.4) B cury (2.15) mveem: A = 1, m = 2, [ = 1, n = 3, nmostomy (n + 1)-rrkams W*(a,b)
ABJIIETCS 4-TKAHbIO KOPa3MEPHOCTH 1, a Olpeiesdommast ee KoopinHaTHas pemerka (a, b) obpasosama
B obiacTu M onHEM (DUKCHPOBAHHBIM BEPTUKAJIBHLIM CJI0eM @ = (a]) U AByMs (DUKCUPOBAHHBIMU
Pa3IMYHBIMA TOPU30HTAIBHBIME cJtosamu b = (by, be):

RS S 2 _ 2. . _pl. [
ar: T =a;, z°=aj; bi: y =by; by: y' =by

(3mecw al, a?, bl, bl — mocrosmnbie). IIpomsposbHbI Hak/IOHHBIH cioft F3 Tpu-tkanu W (1,2,2)

[epeceKaeT TOPU30HTAIBHBIE TIOCKOCTH b 1 by COOTBETCTBEHHO IO MPSIMBIM
Up: z'ol 4 22 = ul, Us: z'b + 22 = ul, (2.17)
a BePTHKATLHYIO TIPSMYIO @1 TIePeceKaeT B ToUKe Vi, KoopauHaTa y! KoTopoit HaxoauTes u3 ypaBHe st
U R R
a1y +aj =vj. (2.18)

MHOKecTBO BepTHKATLHEIX TpaMbIx Tpu-Tramn W (1, 2, 2), mepecekarommux mpsamyio Uy, obozmauamm U,
a MHOYKECTBO BEPTUKAJBHBIX HPAMBIX, Hepecekarommx Uy, obosnaunm Usy. Ilnockocru Uy u Uy 33712~
forca B obact M C R temn e ypasnenusamu (2.17), uto u npsmbie U} n Uy Ha COTBETCTBYIOMIIX
miockocTsax by u be. lasee, uepe3 TouKy V| MPOXOAUT TOPU3OHTAIbHAS IIJIOCKOCTH UCXOIHON TPU-TKAHN
W(1,2,2), obosraunm ee V|, ona ajaercs Ha M ypasnenuneM (2.18). CorsiacHO olrpe/1e/IeHII0 acCoTiu-
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MPOBAHHON TKAHU w! (a,b), Tpu cemeiicTBa mIockocteit Uq, Usg, Vl (¢ cooTBeTCTBYIONMMU TIAPAMET-
pamu ul, ul, v}) u cemeiicTBo HakTOHHBIX cToeB F3 ¢ mapamerpoM 2!, 06pasyioT B HEKOTOPOIt 0GMIACTH
M C M C R? 4-rkann W! (a,b) Kopa3MepHOCTI/I 1, acconmmpoBanHyto ¢ Tpu-TKaubo W(l,2,2).

Yrobel Haittu ypasuenne 4-tkamm W!(a,b), meobxommmo uckmounts m3 cucrembr (2.15), (2.17),
(2.18) KOOPAUHATHI TOYKI P(Jc1 Lz yl), Jepes KOTopyIo mpoxoasr ciou Uy, Us, V1 u F3. B pesysbrare
[OJIy UM YPABHEHNE

aj(bi = bh)z" — (aib] + af —vi)uj + (aib} + af — vj)uj = 0. (2.19)

IIpu 5T0M B 0671AcTH M JIO/IKHBI BBITOJIHSTHCS YCIOBHSI (2.9) m (2.10), xoropsie ¢ yduerom (2.15),
(2.17) u (2.18) mpuHIMAIOT BH/T

1 1 1
1 #by, ap #0.
Orcioa, B 9aCTHOCTH, CJIELLyeT, 9TO Ipeobpa3oBaHue
151 2 1
~1 _ _apby +ai —v
V= (2.20)
aj (bl - bQ)

SIBJISIETCS JIONYCTUMBIM. DTUM IIpeobpazoBanueM ypasuenue (2.19) upusogurest K Buiy

2l =Tlul + (1 = 9])uld, (2.21)

rue, B ety (2.14), N _ | |
(o # O, (U 7£ l, Uy — Uy 7é 0. (222)

Sameuanmne. Ypasuenue (2.21) He COIEPKUT TAPAMETPOB KOOPAUHATHO! pemmerku (a, b), a moTomy
4-TKaHU, OIpeesdeMble Pa3HbLMU KOOPJIMHATHBIMUA PEIeTKAMU PACCMATPUBAEMONl TPU-TKAHU, SKBU-
BaJIEHTHBI.

2. (m + 1)-tkanu u (I + 1)-Tkanu KopasMepHOCTH A, UHAYIMPYEMbI€ Ha CJIOSIX TPHU-
Tka"Hu W (AL, Am, A(l + m — 1)).
ITycth Yy — HIPOU3BOJIBHBIA TOPU3OHTANBHBI cioit Tpu-tkanu W = W (A, Am, A(l + m — 1)),
oTnmuHEIl oT cioes by, g = 1,m, KoopamHATHOI pemer-
u (a,b), puc. 58. CoriacHo ONpesIeIeHIIO acCOUUPOBAHHOM
(n + 1)-trkamm W*(a,b), cioit yo Gymer mepeceuenmem | ropu-
30HTAJIbHBIX CJIOEB U3 CJIOCHUNl Vg aCCOIMUPOBAHHON TKAHMU.
Cornacuo §1 . 8, ocrambubie m + | cioenwmit acconuupo-
BAHHOI TKaHU (TO €CTb 1M BEPTUKAJIBHBIX CIOCHUI U, U Tpe-
The croenne TKamnm VW) BBICEKAIOT Ha HeM TOJTKAHL TKAHH
W*(a,b), koropas sasercs (m + 1)-rxanbio. O6osnadmm STy

[IOJITKAHD /VL/')‘(b, yo). Jlerko HaiiTu, 9TO Pa3MEPHOCTH CJIOEB
noxrramm W (b, yg) pasra A(m — 1), a KOpa3sMepHOCTb UX Ha
ciioe Yo paBHa A. 3amerTum, 4ro 31a (m + 1)-TKaHb cymecrByer
npu m > 2.

AHaJIOrmIHBIM 06pa30M Ha MPOM3BOJIBHOM BEPTHKAJILHOM
cioe Ty Tpu-TKanu W, OTIIMYHOM OT (PUKCHPOBAHHBIX BEPTH-
KAJIbHBIX CJIOEB df, ..., @] KOOpAMHATHOW pemerku (a,b), upu
| > 2 ropusoHTAIbHBIE W HAKJIOHHBIE CJIOM aCCOIMIPOBAHHOM
(n + 1)-tkanu W*(a, b) BBICEKaOT (I + 1)-Tkanb TakKe Kopas-
MEPHOCTH A\, KOTOPYIO 0O03HAYMUM WA(a, o).

Wrak, 1oKazaHo CjeLyomee

Ipenyoxenune 7. Tpu-mrarno W (A, Am, (I +m — 1)) undyyupyem na ceoem npouszcosvHom
sepmukanvrom (N)-meprom croe zg (I + 1)-mrarno W (a, zo) KOPASMEPHOCTU N, U 1A CE0EM NPOUS-
6OMBHOM 20PU3OHMANLHOM (A)-meprom croe Yy — (m + 1)-mxarns WA (b, yo) xopasmeprocmu .

Bamerum, uro npu A = 1 nosyaaercs tpu-tkanb W(p, ¢, p + ¢ — 1) m unaymmpyemsie eo (p + 1)-
TKaHU W(a, x0) u (g + 1)-Tkann W(b yo) KopasmepHoctu 1, em. [To-15], [ToIll-2].

Puc. 58
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Haitnem ypasuerne (m + 1)-tkarm WA (b, yp) B asanTuposanabx KoopauaaTax. CrIon 9Toit TKaHH,
OPOXOJSAIIE Yepe3 HPOU3BOJIBbHYI0 TOUKY A(r,yp) €10sT Yo, BBICEKACTCS BEPTHKAJBHBIMU CJIOSMHU
Ui, ...;Un, ypaBHeHHS KOTOPBLIX HMEIOT BHJ (2.7), ¥ HAKJOHHBIM cjioeM Fj3, ypaBHEHHE KOTOPOTO

nosydaercs u3 (1.6):
Um+1 = f(x,y0), (2.23)

Crenosarenbio, ypasaerne (m + 1)-tkamm WA (b, yo) mosyuaercs uckiouenneM u3 ypapsennii (2.7)
u (2.23) j0KaIBHON KOOPAMHATHI x. 3aluIleM ero B BH/Ie:

Uyl = fl(ul coey Upny Y0)- (2.24)

Anasnornuno, ypasuenue (I + 1)-Tkanu WA (a,x0) B aJaNTHPOBAHHBIX KOODJMHATAX IIOJIYIAETCsI
UCKJIIOUEHUEM JIOKAJIbHON KOODJAMHATE y U3 ypasHenuii (2.8) u ypaBHenus

v = f(zo; y)- (2.25)

Sanumem pe3y/bTaT B BUJIE:

Vi1 = fa(@o, 1, ey v). (2.26)

3amernM, 9TO H30TONHNIECKUM IIpeobpasoBanneM (2.8) ypasuenue (2.24) (m + 1)-Trann W)‘(b, Y0)
NPUBOAUTCS K BUJLY

Umt1 = [(UL, ooy U V10, -, V10), (2.27)

riie vso = f(as, yo). Anamormano, usorommdeckuM npeobpasosanuem (2.7) ypasnenue (2.26) (I + 1)-
trarn WA (a, o) TpuBOMTCS K BUILY

Vi+1 :f(u01,...,uom;vl,...,vl), (2.28)

rae uo, = f(xo,b,). Orciona cremyer, 4T0 ypaBHEHHs] TKaHeil W(b,y0) m W(a,zg) Moryr 6LITH
nostyuensl u3 ypasaerust (2.11) (n + 1)-Tkann W2 (a,b) puKcamueii B HeM BEKTOPHBIX IIAPAMETPOB Vs
H U, COOTBETCTBEHHO, TO €CTb Vs = Vg, 8 = 1,13 u,, = ug,, 1 = 1, m. Jokasana cieiymomnas

__ Teopema 8. B adanmuposannvx aokasvnolr koopdurnamaz ypasnenus (2.27) u (2.28) mxamned
Wb, y0) u W(a,x0), undyyupyemois na 20pu3oHmMaILHOET U GEPMURLALHOL CAOAL MPU-MKGHLU
WAL, Am, Al +m — 1)), noayuaromea us ypasrenus (2.11) (n + 1)-mxanu W>(a,b), accoyuupo-
sannot ¢ mpu-mranvro W (N, Am, A(l + m — 1)), durcayueis 8 nem coomeememeyOUUT 6EKMOPHDIT
napamempos vy = vg, s = 1,1, uu, = ug,, p=1,m.

Bamernm, aTo B cuty ycnosmit (2.14) ypapnenme (2.27) ompenenseT Takwe KOODAHHATHYIO 1~
Kpasurpymmy (m + 1)-Tramm WA(b, 1), a ypasnenue (2.28) — koopaunaruyto l-xksasurpymmy (I + 1)-
arn W (a, zg).

IIpumep. Pacemorpum tpu-rrans W(l, 2, 2)

2l = xlyl + 22,
JJIst KOTOPOit accouupoBaHHas 4-TKaHb W'(a, b) naiiziena spme, cu. ypasuenue (2.21). 3necn [ = 1,
m =2, nosromy (I + 1)-rxans W'(a, 29) ne cymecrsyer, a (m + 1)-rxans W' (b, yo) sBisiercs Kpupoiu-
HEJHOI TPU-TKAHBIO HA ILIOCKOCTH ' = y(l). Corsacro Teopewme 8, ypasrenne Tpu-tkanu W' (b, yg) mo-
nydaercs u3 ypasaenus (2.21) 4-rkanu W' (a, b) dbukcaunueit napamerpa vy = (v}). Honaras v] = v},
n3 (2.20) nmeem:
L2
~1_ _abtal —vig _
v == T/71 1 = Vyp-
ai(bi — bs)

Honaras namee B ypapmermn (2.21) o) = '17110, nostyaum ypasnenue tpu-rkamn W(b, yo) B BuIE

1~ 1 ~1 . 1
z0 = vju; + (1 —vjg)us.

[Ipeobpazosanue u} = E}Ou}, uy = (1 - 5{0)@ B cuity (2.22) IBASIETCS M30TONUYECKAM. DTUM IIPeos-

pasosanmeM ypasuenne tpu-tkann W (b, yo) npusoaures x suy 2! = 4} + 4}, xoropwrit noxaswisaer,
aro Tkaub W (b, yo) sBnsiercs napastenusyenmoit [10].
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IIpumep. Pacemorpum tpu-trans W(l, 3, 3), 3agannyo ypaBHeHuEM
Z] B :rlyl + ZI’Q
P
Bnech | = 1, m = 3, mosromy (I + 1)-txans W' (a, 29) Takxe e cymectsyer, a (m + 1)-txans W (b, yo)
ecTb 4-TKaHb, 3ajlaHHas Ha IPOM3BOJILHOM TOPH30HTAJILHOM TpexmepHoM cioe y! = yl. Cormacuo

CKazamHOMy BbInTe, ypasnenue 4-tkamu W (b, yg), tme b = (by, by, b3), mosryuaercss HCKIIIOUEHHEM Tia-
pamerpoB z' u3 ypasaenuit (2.7), (2.23), KoTOpble B pACCMATPUBAEMOM CJIydae UMEIOT BH/L:

11 2 11 2
1 z b +x 1 Ty +x .
Uy =—17 3 W= "7 3 i1=1,23,
b, +x Yo+
(3mech u}, ué, ué, u}l — TmapaMeTpbl CeMEHCTB JBYMEPHBIX ITOBEPXHOCTEl, 00pal3yionux 4-TKaHb

W(b,y0)). Orcrona moryaaem:

(b1 = b2) (yo — b3) (i + ugug) + (b — b3)(by — o) (wy s + ugus) + (b1 — ) (b3 — bi) (uiug + uyui) = 0.

O6oznagas u; = u}, Ug = u}l, b; = b%, Yo = y(l) 7 TIoJIarast

hi = (b1 —bo)(yo — b3), ha = (b1 — b3)(b2 — vo), hs = (b1 — vo) (b3 — b2),
3aIUIIeM ypaBHEHNE 4-TKaHH w! (b, yo) B ceayromeM Bue:
hi (’LL]UQ + U3U4) + hQ(U1U3 + U4UQ) + h3(U1U4 + UQU3) =0. (2.29)

3ameTnM, UTO HEKOTOPBIE CBOicTBA T0ii 4-TKanu B. Buisiiike onnceiBaer B [Bii-5]. Bostee mojpo6uo
o meii cm. B [To-15].

3. Koopaunarsiit MmoHounp tpu-tkanu W (A, Am, A(l + m — 1)).
Paccmorpum tpu-rkans W(p, ¢, ), onpezessiemyio riaagkuM rpyimounom (1.6) obuiero Buia

z=flxy) =2y,

e = (2!, ..,29), y= (W', ...,9P), 2= (2',..,2"), A=p+q—7r, A <p < q. Beemem Hexoropyio

HOBYIO aJsirebpandeckyio onepaiwio (o), uzorounyio rpymmounry (1.6).

ITycrs, Kak u BblIe, Ha MHOrOOOpasuun M, HecymeM tpu-tkaub W (p, ¢, 1), 3abukcupoBana Koop-
nuHaTHAs pemerka (a, b), tae a = (aq, ..., a;), b= (b1, ..., b)), I < p, m < q. lycrs M — npoussosibHast
TOYKa MHOroobpasnust M, a T, y U 2 COOTBETCTBEHHO BE€PTHKAJILHBINA, TOPU30HTAIBHBIN N HAKJIOHHBIH
csion tkauu W (p, ¢, r), Ipoxoismue depe3 Touky M, Tak 4ro z = x - y.

Bynewm sanuceisath ypasaenns (2.7) u (2.8) B Buze

u= Rp(z), v=La(y), (2.30)

rie u = (Up, .o, Uy )y 0 = (U1, ..., U]),
Ry: = (U, m); Loz y— (v, ..., 07). (2.31)

Haitnem ycnoBusi, mpu KoTOpbix orobpaxkennss Ry, u L, saBiasiorcs jokaabHO OnekTuBHbIMEU. OTOO-
pakenne Ry, 3aaercs cucreMoii (2.7), KOTopasi COCTOUT U3 A ypaBHEeHHIl (Tak Kak u, = (ub, o uf;),
i =1,m) 1 COIepKUT ¢ mapaMeTpoB BepTHKabHOro ciiog = (x!, x2, ..., £9). Ona mmeer (I0KaIbHO!)
€IMHCTBEHHOE PEIICHUE T, €CJIU ¢ = A U ee Marpuna JdKobu HEBBIPOXKIEHA, TO €CTh BBIIOJIHIETCS
yciosue (2.9).

Awnasiornuno, orobpazkenue L, 3amaercs cucremoii (2.8), koropas coctout u3 Al ypasHeHuil (Tax
Kak vs = (vl,...,v)), s = 1,1) u comep:KuT p mapamerpos ropuzonTagbHOr0 ciog y = (y',y%, ..., yP).
Cucrema (2.8) Gymer UMeTh eJIMHCTBEHHOE DEIleHue ¥, ecau p = Al U IpU 3TOM BBIIOJHAETCS YCIO-
Bue (2.10). U3 pasencrs ¢ = Am u p = Al caexnyer, aro r = A(l +m — 1), nosromy trauns W(p, q,r)

Gyzner tkaubio W (A, Am, A(l + m — 1)).
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Iycrs M = X X Y Takas obiacTh MHOrooOpasust M, HECYIIEro TKaHb WAL Am, Al +m — 1)),
B KaXKJIOi TOYKe KOTOpOil BBIMOHAIOTCA ycosus (2.9) m (2.10), m myers Z ={zz€ Z, z=
= f(z,y), (z,y) € ./\/l} Toraa B obmact Z onpeJesensl obpaTHble GyHKIMN R, 1 L7

Ry (Zx-xZ)— X, =Ry (u), u=(uf ..., tn),
—_——

m

L7 (Zx--x2Z)=Y, y=L7'(v), v=(vi,..., ),
—_——
l
npmaem R, ' (u) - L' (v) = f(a,y) =z € Z.

Tak Kak uy,, Us 1 2z — HakJIOHHBIE citon TKaH W (AL, Am, A(I +m — 1)), To mMeer cMBICT cremyromee

[ Ay A N\ Omnpenenenne 8. Orobpakenne
A
Vl" vy VI" v Ny=gov (o):()\3><---><)\3)><(/\3><~--><)\3)—>/\3,
b }{.?Wl m l
AN, s=uov=Ry'(u)-L;'(v) (2.32)

omnpeie/IeHHOe B HEKOTOPoit obstact M C M, HazoBeM k00p-
durammvim moroudom tpu-tkaru W (A, Am, A(I + m — 1))
1 0003HAMMM fi(q5)(0).

TeomerpudecKkuii cMbICT omepalun (0) 3aKII0YAeTCH B
by B\LBl ciepyiomeM. Ilycrs u = (ug, ..., Uy,) — IPOU3BOJILHBIA Ha-
60p M JOCTATOYHO OJIM3KHUX Pa3JIMIHBIX HaKIOHHBIX CJIO-
eB B objlactu M wHOroobpasusi M, HecyIero TKaHb

Puc. 59 WX, Am, A1+ m — 1)), Cuoit uy,, p = 1, m, mepecexaer
TOPU3OHTAJILHBIN CJI0M bu KOOPAMHATHOI PEIIeTKNA (a, b) 10 HEKOTOPOMY ITOJIMHOI000PA3UI0 U, pas-
mepaoctu A(m — 1). D1 nogmuoroobpasus u3006parKenbl Ha pUC. 59 IyHKTUPHBIMU KPYKKAME CIIPABA.
ITockoubky dim M = A(l +m), To m nogmuoroodbpasuit U, pasmeproctu A(m — 1) pomyckaior xHa M
(yrokasibHO!) TpaHCBEpCALHBIN BEPTUKAJILHBIA ol 2 pazmeprocTu p = Al (Ha puc. 59 on uzobpazkeH
BEPTUKAJILHON IIyHKTUPHON jimHueil cupasa). COracHo OnpeeneHnio 3 KOOPAMHATHOIO IPYIIIOUIA,
mapaMeTpst !, ..., 27 ciog 2 yIOoBIeTBOPSAIOT ypaBHeHuaAM (2.7), a yciopue (2.9) 03HAYAET, YTO STOT
cJI0it OyIeT eIMHCTBEHHBIM, T = R ! (u).

Awnanormano, HaboOpy | IPOM3BOJILHBLIX JIOCTATOYHO OJU3KUX Pa3JIMIHBIX HAKJIOHHBIX CJIOEB U =
= (v1, ..., V) CONMOCTABJISIETCS TOPUIOHTAJBHBIN CJI0M Y, KOTOPBI TPAHCBEPCATIBHO CEYET MOJMHOI000-
pasus Vi = vs Nag, s = 1,1, pasmeprnocru A\(I — 1) (cioii y uzobpazxen wa puc. 59 ropH30HTaan0f/i
[IYHKTUPHOI JiuHueil ceepxy). B cuity yciosus (2.10) ciioii y Gyaer euHCTBeHHBIM, y = L;'(v). Yepes
TOYKY TEpPECeYeHust CJIOEB T W Y INPOXOJUT €IMHCTBEHHBIH HAKJIOHHBIA CJIOH 2 = X - Y TPHU-TKAHU
WAL Am, A(L+m — 1)).

U3 onpenesnenus 8 onepanuu (0) BBITEKAET CJIELYIOMIAs

Teopema 9. Koopdunammoiti moroud i p)(0) CYuecmsyem  monvko oas mpu-mranets suda

a—
£

a; *11 ’ 11

WAL Am, A(L+m — 1)), npuuem 6 maxot obaacmu M mnozoobpasus M, necyweeo amy mxans, 6
Kkomopot evnosnatomes yeaosus (2.9) u (2.10).
Hanpuwmep, st rpu-rkanu W (1,2, 2),; onpeensiemoil ypasHeHueMm

P N
KOOD/IMHATHBIN MOHOMJL fi(q,p)(0) HE CyIIECTBYET, HOCKOJIbKY HI B OJIHOII TOUKe 06JIacTH OIpe/ie/IeHns
9TOI TKAHU He BBINOJHsIETCsT yeaosue (2.9).

Sameuanmue. [Ipu | = m = | tpu-tkaas W (A, Am, A\(I + m — 1)) 6ymer tkansio W (A, A, A), a
ee KOODJMHATHBI MOHOHJ [i(qp)(0) — KOODAMHATHOM JIymoii £(qp)(0) oToit Tkamu. s Tpu-TKamm
WX A A) yenosus (2.9) u (2.10) B cunty Ipeaoxkenus 1 Bpimonnsiores B oot Touke ee obyacT
onpejiesieHns (CM. TakxKe 3aMevaHue Ha c. 227), nosromy M = M.
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Teopema 10. Beaxud koopdunammolli monoud fiqp (o) mpu-mrarnu W (A, Am, Al +m — 1))
2AG6HOUSOMONEN €€ KOOPOUHAMHOMY 2pynnoudy u 3adaemca_6 adanmuposaHHbLT AOKAALHBIT K00POU-
namaz mem oice ypasnenuem (2.11), wmo u (n + 1)-mxano W(a,b), n =1+ m, accoyuuposarmnas c
mpu-mxanvio W (AL, Am, A(l + m — 1)).

O Omeparus (o) B KOODAMHATHOM MOHOUIE fi(qp)(0) Tpu-tkamm W = W (AL, Am, A(l +m — 1))
omnpejiesisiercst ypasHenuem (2.32):

uov:R;I(u)~L;1(v) =x-y=z.
Orcrona carenyer, aro oneparuu (o) u (-) M30TONHBI, IPAYEM H30TOIMS UMEeT BUJL
(Rba La7 Zd)' (.) - (O).

Ara m3oronus 3ajaercs ypasHeHusimu (2.7), (2.8). Kak nokasano B Teopeme 6, ¢ IOMOIIBIO 9THX
npeobpasopanuii ypasHerue (1.6) KoopguHATHOrO rpynmonia Tpu-Tkauu W npusoaurcest K Buy (2.11):

Z = x : y = f(u17 "'YUT”/;U]i "'!Ul)'

U3 (2.32) u (2.11) nmomyvaem ypasHeHHE

2=Uu0U = f(Uly oy Upn; V1, oeey V1),

KoTopoe, corsacuo Teopeme 6, 3amaer takxke (n + l)-TKaHb WA(a, b), accoMUPOBAHHYIO C TPH-
trkauasio W. H
Cunencrsue. Koopdunammovie monoudnt fi(qp)(0) 1) (0) mpu-mxarnu W (A, Am, A\(l + m — 1)),

CBABANHVIE C PAsHHIMU KoopIunammbmu pewemkamu (a,b) u (a,b) smoti mranu, 2Aa6HOU3OMONHYL.
BBeseM aHAJIOr HOHATHS —€UHMIBI Ul KOODIMHATHOIO MOHOMJIA  [i(qp)(C) TPH-TKAHH
W (AL, Am, A(L+m — 1)). Coruacho onpenenenuto 8 moayvaem (cm. puc. 59!):

(z11, 212, -+, Z1m) © (V1, V9, ..., V) = v,
(221, 202, -+, 29m) © (V1, V2, -, V1) = g, (2.33)
(211, 212, -+ > 21m) © (V1, 02, ..., v1) = vi;
(ut,ue, ..., um) o (211, 201, ..., Z11) = Ui,
.('fﬁll,%,...,um)O(Z12,2’22,---yzl2):727 (2.34)
(w1, u2, ..., Um) © (Zim, 22ms -+ - s Zim) = Um,
rae zsy = as - by, Iyctb €5 = (251, ..., Zsm) B €4 = (Z1p, ..y Z1y) COTBETCTBEHHO CTOJIOIBI M CTPOKI
MAaTPUIIBL
21l 291 ... 2l
e | 22 o2
Zim 22l .-+ Zlm

I3 pasencrs (2.33) u (2.34) cuemyer, 9410 €5 0 U = Vg, U O €, = U, MOITOMY HAGOp CTONOLOB € =
= (€}, ..., ;) MATPUIIBI € MOKHO CIATATH AHAJIOTOM JIEBOH €IMHUTIBL, & HAGOD ee CTPOK € = (€, ..., €y ) —
AHAJIOrOM IIPABOIl €IMHUIIB KOOPAMHATHOTO MOHOMJA [i(qp)(0) Tpu-TKamm W (AL Am, A(I +m — 1)).
«IlpaBas expununa» u «jieBad eIUHUIA> KOODIMHATHOIO MOHOHJR [i(q,p)(©), BOOOIIE roBOps, HE COB-
TIAIAIOT.

Onpegnenenne 9. Marpumny e = (zs,), rae 2o, = as - by, s=1,1, p= 1, m Haz0BeM euHUMHbIM
SNEMEHNOM KOOPOUHAMHO020 MOHOUDA [i(qp)(0) TPu-TKaEH W (AL, Am, A(I +m — 1)).

IIpu | = m = | moaydyaeMm eAMHHYHBIN STEMEHT € = 2|| = € = € KOOPAMHATHOI JIymbl £(4)(0)
rpu-tkann W (A, A, A).

IMpumep. Haitziem KoopaumHATHBIN MOHOMI fi(qp)(0) Tpu-Tkanm W(1,2,2), omnpenensemoir
ypaBHEHUEM

zl = xlyl + J:Q.
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B Ilpumepe m. 1 malineno ypaBaenue 4-TKanu Wl(a, b), accoluMUpOBaHHON € TOH TpuU-TKaHbIO. OHO
[IPUBEJIEHO HEKOTOPBIM M30TOIUYECKUM IIpeobpa3oBanueM K Buiy (2.21):

2t =%l + (1 = ohul.

Cornacro Teopewme 10, 910 e ypaBHenue onpeJiesifeT KOOPMHATHBIH MOHOUT, fi(4 ) (0) paccMaTpuBa-
emoit Tpu-tranm W (1,2, 2). O6oznauas B ypasuenun (2.21) z! = 2, o} = v, ul = uy, ué = Uy, BAIUIIEM
€ro B BUJE

z=wvuj + (I = v)ug = (uy,ug) ov. (2.35)

Tenepb HalieM eIUHUTHBIN JEMEHT € KOOpAMHATHOrO MoHomma (2.35). ljgs sroro samuiiem
cucremy (2.33), (2.34), koropast mist paccmarpusaemoii Tpu-tkarun W(1,2,2) B cuy (2.35) umeer
CJICAYIOIIUHI BUI:

(z11, 212) ov = w211 + (1 = v)z12 = v,

(ur,ug) o z11 = zipur + (1 — z11)ug = uy,
(ur, ug) o z12 = z12ug + (1 — z19)ug = ug.

Orcroa nmomydaem 211 = 1, z19 = 0, mosromy

()= (o)

IIpumep. dua rpu-trkanu W (2,2, 3), oupezensemoii ypaBHeHHEM

=2yt a4y (2.36)
A=1,1=2 m =2, nosromy KoopauHarHas pererka (a,b) obpasoBaHa JBYMsI BEPTUKAJIBHBIMU
ciosiMu @ = (a1, G9) U ABYMsI TOPH30HTATIBHBIME oMy b = (by, be). YpasHenus (2.7) u (2.8) umeror
crieytomylt Buz; ul =20} + 22 + b}, ul=2'b] + 2% 403, (2.37)
v} :a}yl +a%+y2, v21 :a;yl +a%—|—y2. ’

Uckovast u3 ypasaennii (2.36), (2.37) nepemenHbie x!, a:Q, yl, yQ, MOJIyYUM ypaBHEHUE KOODJIWHAT-

HOI'O MOHOUJIA 0) B BUJE
H(a,b)() 1 U11 v21 21

1 | 1
Lozyy oz wy
1 1
Iz 29 g
0O 1 1 1

rae
i =aibi +af + b7,z = ajb + af + b,

I i1, 2, 12 i 121 | 2, 12
Zgy = Agby + a3 + by, 299 = agby + a3 + by,
1
_ [ Rl *91
€= 1 1
219 R99

§ 3. O6obmienubie Tpu-TKanu PeliziemeiicTepa

a MaTpHIa

ABJIAETCA € JUHUYIHBIM 3JIEMEHTOM.

1. OGobmenunie koudpurypamuu Peitnemeilicrepa na tpu-rkauu W (AL, Am, A(l + m —
- 1)).

ITocrpoum na rpu-rraau W = W (A, Am, A(l + m — 1)) koudurypanuio, aHajIorudHyo KoHbury-
paruu Peiinemeiicrepa R (cm. puc. 10 Ha c. 45). 3aduxcupyem [ + | goctaTogno GJIU3KUX BEPTUKAIb-
HBIX CcJI0eB T3, S = 1,1+ 1, mepBoro ciioernst u m + | Takke HOCTATOYHO OJMBKUX TOPU3OHTAIBHBIX
cioeB Y, I = 1, m + 1, Broporo cioennst tkamn W. (3meck, Kak 1 BblIe, depe3 Tz U Y 0003HATEHBI
TaKyKe IapaMeTPbl COOTBETCTBYIOMIUX CJI0eB.) Uepes TOUKy IepecedeHUs CIOEB Ty U Yy IPOXOLUT
©IMHCTBEHHBIN HAKJIOHHBIN CJIOH TPETHEro CJIOCHHUH C IIAPAMETPOM Zgy. TOUKY HepecedeHns CJI0eB T4 |



IIpunoxenue 1 239

1 Y1 0003HaIHM depe3 M4+ 1. [locTpoennast konduryparius nzobpakena Ha puc. 60 CIIOMHBIMEI
JIMHUSIMH.

BosbmeMm errie | Mpon3BOJIBHBIX BEPTHUKAJBHBIX CJIOEB Tg. JTHU CJIOU, & TAKXKe HX IE€PECEeUeHUs] C
COOTBETCTBYIOMIUMU HAKJIOHHBIME CJIOAMHE Z¢p _
— muoroobpasus Vyy pasmepuocT A(l — 1) — | Zrimal
obo3nauensl Ha puc. 60 MyHKTUPHBIMU JIMHUA- )
samu. IIpocThie BBIYUCIEHUS TIOKA3BIBAIOT, ITO , ':' Vimt1
JJIsT KayKJI0ro (bUKCHUPOBAHHOIO [t | TOAMHOr0-
obpasnit Vg, s = 1,1, pasmepnocrn A(l — 1)
JIOIYCKAIOT (JIOKAJILHO!) eIMHCTBEHHBIN TPaHC-
BEPCaJIbHO II€PEeCEKAIONINil UX TOPU30HTAJIb-
I (Am)-MepHbrit ciioit §. Ha puc. 60 cion
Yz = 1,m+ 1, obosHa1eHbl ropu30HTAIIb-
HBIMU ITyHKTUPHBIMA JIAHUSIMHU.

Paccmorpum faiee m 1epBLIX CIIOEB Y,

I+1m+1

\ Ml+1m+1

_____ v Rl+1m+1

Ul+1mT

Z1m Rim Rl1m

u=1,m (ma puc. 60 — Bce, KpoMe BepxHe-

ro). Ka/plit u3 HUX mepecekaeT HAKJIOHHBII
CJIOI C COOTBETCTBYIOIIUM HOMEPOM Zi4], IO im
HekoTopoMmy A(m — |)-MepHOMY TIOAMHOT006-
pazuio Ujy1,. Dru nojgMuoroobpasus u3o6pa-
KeHbl Ha puc. 60 TyHKTHUPHBIMHA KDPYKKaMHI
crpasa. [logmuoroobpasus Uy, onpenendaior 21 211 I A1
(srokabHO!) €/IMHCTBEHHBIH TPAHCBEPCAIBHBIN o o T
BepTUKAJIbHBIN (Al)-MepHblit cioit Tjqp. Ilo-

CJIEJTHUI TIEPECEKAETCS C IMMOCTPOECHHBIM BBIIIE

FOPHU30HTAIBHBIM CII0EM ¥, , | B HEKOTOPOil TOUKe M 1m+1, KOTOPas, BoOOIIE TOBOPS, He JIEKHT Ha
CJIOE 24 |m+1, YTO OTMeYeHO Ha puc. 60 IyHKTUPOM.

IIpu | = m = 1 nocrpoennast Kouduryparus coBajaeT ¢ kouduryparmueit Peitnemeiictepa R s
rpu-tkaneit W (r,r,r) (puc. 10), mosromy HazoBeM ee o6obuwernotl Kondueypayuels Petidemeticmepa n
o6ozraunm R(A, Am, A(l +m — 1)).

Eciu T09ku My 11 1 M{ime1 J€XKAT HA OJHOM HAKJIOHHOM CJIO€, TO OyJeM I'OBOPUTDL, 9TO
kongueypauusa Petidemeticmepa R(AN, Am, A(l +m — 1)) samvixaemeas.

Onpepenenne 10. Tpu-tkans W (AL, Am, A(l +m — 1)), Ha KOTOPOIi 3aMBIKAIOTCS BCE JTOCTATOIHO
masbie kouburypanuun R(Al, Am, A(I +m — 1)), nazoBem o6obwernot mpu-mranvio Petidemeticmepa
u obosnaunm W R(AL Am, Al +m — 1)).

ITo anastorun ¢ Teopueit Tpu-rraneit W (r, r, r) yciosue sampikanus kouburyparmit R(A, Am, A(l +
+m — 1)) MOXKHO 3anKCATH B BHUJE TAK HA3BIBAEMOI'O YCA08HO20 MOdHcIecmea, cM. § 2 L. 2:

TN

Ts Yu = Ts '?# = Zsu»
Ts Ymt1 = Ts * Yppg1 = Zsm+1, ¢ = Ti4l  Ym+l = Ti41 Y1 = Zt-lm+1,
LTi4+1 Yy = Ti41 - yﬂ = Zl+1m

es= Ll u=1,m 2z -y=f(z,y) =2 cm 1 2 §1.
O6o6mmennbie kouduryparuu Peiinemeiicrepa 6buin Brepsble onpenesennl B [Tolll-2] mius Tpu-
rkaneit W(p,q,p+q—1).

2. Cepanesuna tpu-rkauu W R(Al, Am, A(l + m — 1)).
U3 onpenenenns xkouduryparmn R(Al, Am, (I +m — 1)) caexyer, aro ma tkamm W R(Al, Am, A(1 +

+m — 1)) nonoxenne cinost My 1m+1M41m+1 He 3aBUCHT OT BLIGOPA BEPTUKAJIBHBIX CJIOEB T, ..., T,

a OIpeJIeIAETCH TOTBKO BEIOOPOM HAKIOHHBIX CIIOCB Zgy, Zem+1, Z+1us S = 1,1, p = 1, m, BXOmAmHIX B
koH(uUrypamuio. Takum 06pa30M, BOZHHKAET 0TOOparKeHre

C: Az XX A3 = A3, Zitimt1 = C(Zsps Zsmt1s Zit1p)s (3.1
— —
Im+Il+m
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tae zsg = f(@s5,yp), %5 = (ZE—H), s=LI+1L,m=1,m+1,&=1\ Dro orobpazkenue GyneMm pac-
cMmaTpuBaTh Kak (Im -+ [ + m)-apHyio onepaiuio Ha 6ase Tperbero ciaoenus Tkanu W R(AL, Am, A(l +
+m—1)).

ITpu | = m = | nosxyuyaem tpu-Trasb WR(A, A, A) (win tkaub R), Juist KOTOpOii ypaBHEHHUE Zgoo =
= C(z11, 219, 291) CBSI3BIBAET Ia-
paMerpbl HAKJIOHHBIX CJIOEB 211,
Z12, 221, %22, BXOIOAINIHMX B IIPO-
v | %2 Zy ~ W3BOJIbHYIO KOHurypamnuio Peii-
JeMelicrepa Ha 3TOH TKaHHU, CM.
puc. 61.

B wacrrOoCTH, TIpU 291 = 219
b > . kouduryparuss R craHoBUTCS
a 1 YU epenmeii xondurypammeii Bosa

Puc. 61 Puc. 62 Puc. 63 B,, (puc. 13 na c. 46). Tpu-rkannb

W (r,r,7), Ha KOTODOIl 3aMbIKa-

IOTCSI BCE JIOCTATOYHO MaJTble KOH(MUrypamun B, Ha3bIBaeTcsa cpeaHeil Tkanbio bosa nimm tkaubio B,

eM. rin. 2. st TRaneit By, dyakms 299 = C(211, 219) onpenenena B.J1. Bemoycoebim B [B-1], cm. Takske
[B-3], n HazBaHa UM cepduesurol mpu-mrany By, (puc. 62).

Onpenenenune 11. Oyukiuio C, onpejie/ieHHYI0 Ha Tpu-TKaHu Peiiemeiicrepa R, Ha30BeM cepo-
UeBUHOT ITOU TKaHU.

Ilpennoxxenue 11. Cepduyesuna C mpu-mxranu Petidemeticmepa R mooicem 6wmos 3anucana 6
sude

299 = C(z11, 212, 221) = 291 0 (211/212), (3.2)

uUIU
200 = C(211, 212, 221) = (221 \ 211) © 212, (3.3)

ede (o) — onepayus 6 Kaxoli-aubo (nesasicro, kaxol) xwoopduramnot ayne L, p)(0) mpu-mranu R, a
anaky / u \ 0603HANAIOM COOMEEMCMBEHHO NPABYI0 U Ae8YI0 obpammvie onepayuy das (o).
[0 Ha Tkanu R paccMoTpuM IIpPOM3BOJIbHYIO KoHUryparmio Peiinemeiicrepa, B KOTOPYIO BXOIAT
HAKJIOHHBIE CIIOU 211, 212, 221, 222 (puc. 63). Ilyctn £(4p)(0) — koopammarTnas Jyma Tpu- TKanu R,
cBsi3aHHAs ¢ (PUKCUPOBAHHBIM BEPTUKAJIBHBIM CJI0EM ¢ U (PUKCUPOBAHHBIM MOPU30HTAJIBHBIM CJI0EM b.
O6o3HauuM Yepe3 u U v TaKue HAKJIOHHBIE CJIOH, UTO U O 21| = 29[, 211 © U = 219, CM. puc. 7. OTcioaa
HAXOJ[VIM:

=291\ 211, v=2z11/212. (3.4)

B cuy 3ambikanusa kouduryparuit Peiinemeiicrepa va tkanu R mmeewm:
UO Zig = 222, 2210V = Z92.

U3 nocsienaux paBeHcTs ¢ yaeroM (3.4) moayqnm (3.2) u (3.3). B

CuaencrBue. Cepduesuna mpu-mranu By, moocem 6vimob 3anucana 6 eude zog = zi9 o (211/212)
uat z99 = (212 \ z11) © 212, cm. [B-3].

Oyuxius C g rpu-tkaau WR(A, Am, A(l + m — 1)) aBusercs, B ¢Bol o4epeb, 0600IIEeHTEM
MIOHSITUST CEP/IIIEBUHBI TPU-TKaHu R.

Ounpenenenne 12. Oyuxkuuio C Buna (3.1) nazosem cepduesunoti mpu-mraru W R(M, Am, A(l +
+m — 1)). Ypasuenue (3.1), cBsa3biBarolnee napamMerpbl HAKJIOHHBIX CJIOEB, BXOJSIIUX B [IPOU3BOJIb-
Hy10 06001mennyio kKouduryparmuio Peitemeiicrepa, Oy/ieM Ha3bIBATH TAKXKE YPABHEHUEM CEPJIIIEBUHBI
tkann WR(Al, Am, A(l + m — 1)).

U3 onpenenenus tkaau WR(A, Am, Al +m — 1)) BBITEKAIOT CJIeAyIONME yTBEPKICHUS.

Teopema 12. Cepduesuna mpu-mxanu W (A, Am, Al + m — 1)) cywecmeyem moeda v moavko
mozda, k0204 IMa MKAGHL AGAAEMCA 0000wWeHHot mpu-mranvlo Petidemeticmepa.

O B oy cropony yTBepzKjeHue j1oka3ano, Tak kak na tkaau W R(Al, Am, A(I +m — 1)) cepauesuna
CYIIECTBYET.

IIpeanonoxum temnepb, uro juist Hekotopoit Tkarau W (A, Am, A(l + m — 1)) cepaiesuna cyie-

crByer. Bepnemcs k puc. 60 u BCmoMHMM, 4TO HaOOpY | BEPTHKAJIBHBIX CJIOEB s COOTBETCTBYET
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Touka M y1m+1, @ HAOOPY | «CABUHYTHIX» BEPTUKAJIBHBIX CJIOEB Ty — TOYKA Ml+lm+1- Ho, caBuras
BEPTUKAJILHBIC CJION, MBI HE MEHHAIN II0JIOXKEHHEe HAKJIOHHBIX CIIO€B Zgu, Zi4+1us Zsm+1. CII€/I0BATEIILHO,
B CHJIy TOTO, UTO CYIIECTBYET CEPIIEBUHA, HE JOTKHO MEHSITHCS IOJOXKEHHUE CIOS Z|4lm+l. DTO
O3HaYaeT, 4T0 TOUKa M| {mi| JOJKHA JIEXKATh HA TOM K€ CJO€ TPeThero CIOCHHs, UTO U TOYKA
M 41m+1, TO ectb Koudurypaiusa R(A, Am, A(l +m — 1)), usobpazkennast una puc. 60, 3ampikaercs. Bl

Teopema 13. Cepduesuna mpu-mxanu WR(M, Am, A\(l + m — 1)) enoane onpedessem roopdu-

HAMHOIG 2pYNNoUd 2mot MmKrAHU.
0 Ha puc. 60 sacduxcupyem [m HaKTOHHBIX CJIOEB, OIPEIEIAEMbIX TapaMeTPaMH Zg, = (zﬁu) Haunee,
BbIOEPEM MIPOU3BOJILHO | BEPTUKAJIBHBIX CJIOEB Tg. LOrga OJHOZHAYHO OUPEAEIATcs (KaK TpaHCBep-
caJlif) M TOPH3OHTAJIBHBIX CJIOEB Y. IIpH 9TOM mHO/IOKeHHe HAKJIOHHOTO CIIOSI Zj4im+1 OYyHET oIpe-
JIeNIATLCA TOJILKO BLIOOPOM [ HAKJIOHHBIX CJIOEB Zgpm4| W 11 HAKJIOHHEIX CJIOEB Zj41y. L1€M CaMbIM,
KOOD/IMHATHBIN MOHOMJL fi(qp)(0) 3a/1aH, & OH B cuy TeopeMbl 10 IJIaBHOM30TONEH KOODIMHATHOMY
rpynmonsy paceMarpusaeMoil Tpu-tkarn WR(A, Am, A(l+m —1)). &

IIpumep 1. IIpocreiimum npumepom Tpu-Tkanu Peiiemeiicrepa R SBJIsieTCS TaK HA3BIBAEMAsd
NAPANIEALHASA TKAHD HA TLIOCKOCTH, 0Opa30BaHHAsl TPEMsl CeMelCTBAMU IapaJlIe/bHBIX ITPIMbIX.
YpaBHeHUe TAKOH TKAHU HEKOTOPBIM U30TOMMYECKUM IIPEe0OPA30BAHUEM ITPUBOIUTCS K BUY 2 = T + Y
(em. 1. 4 § 1, TIpumep 2). Haidiem cepueBuny sToi TKanu. [10b3ysch ypaBHEHAEM TKAHH, HOJIYJaeM
(cm. puc. 61):

Zi1 =21 +y1, 20 =22+Y1, Z2i2=21+Y, 20 =2T2+Yo.

Vckmroyas u3 mocieHuX ypaBHEHUII IEepeMeHHbIE T1, X9, Y[, Y2, HOJYIUM ypaBHEHUE CEPIIEBUHBI:

0 1 1
Izt 20 | =0,
1 z19 299
nJjin
Z9g = Zz12 — Z11 + 221 (3.6)

Ilpumep 2. Haiimem cep/ileBuHy dYeThIpeXMEpHO# cpemneit Tpu-Tkanu bosa B,,, 3amanHoit
YPABHEHUSIMHI 22 4ot
Aol gyl 2= : yl.

r =y

Nmeem (cMm. puc. 62):
2 ol +yi
.| 1 _xtuy
=T TYL AT
Ty — Y

R T B B 9 _ X
Zlg =Xt Yy =Tyt Yy, e =

= Ts

2 2 2 2
1 +Ye X+ Y
1 1 1

1= Y Ty — Y1

1 1 1 2 3+ y5
299 =Tyt Yy, Zyp = 7
T2 — Y2

Uckmovas u3 9Toit cucreMsl nepemennste z; = (z7), y; = (y}), i,j = 1,2, nomyunm ypasrenue cepa-
LeBUHBI B BUJIE
1__1+21 2__2+22
299 = 211 212> 292 = TA1 Z12-

OueBuIHO, YTO ITA CEPALEBUHA U30TOIHA abe/eBoli rpyIie.
IIpumep 3. [Tokaxkem, uro misa Tpu-tranun W (1,2, 2), 3ananuoii ypaBHeHrEM

2=yl 422
cymectByer cepanesnta. CoOTBETCTBYIONAs CUCTeMa ypaBHeHnit nveer Buj (cm. puc. 60):
1 1 1

o2 12 U U R
i = XY XY, Zjg = XYy +TY, 213 = TiY3 + T,

SR IR B R R B TR B
o1 = ToYi T Ty,  Zgg = Tolp + Ty, 2oz = Tl + Tj.
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Ucknrouns nepemennbie x%, z%, xé, x%, yll, y%, yé, IOJIyYUM YDaBHEHUE CEP/IIeBUHBIL:

1 1

Iz 29

1zl 2, =0 (3.7)
1 1

I z3 2o

Cire10BaTeIbHO, B CHILy TEOPEMBI 12, paccMaTpuBaeMas TPU-TKAHD ABJIAETCA 0000MEHHO TPA-TKAHBIO
Peiinemeiicrepa. B [Tolll-2] sra tkaub obosnauena WR(1,2).
IIpumep 4. Tpu-rkans W (1, 3, 3), 3ajannas ypaBHeHIEM
L1, 2
1_ Ty +<x
=1 a0
y +x
TaKKe sABJIAeTca 0000IeHHOol Tpu-TKanbio Pefinemeiicrepa. JelicTBUTEIHHO, UCKIIOYAS U3 yPABHEHUI
1,2 11, 2
1 _ Ty + 1) 1 _ Toy; + %
li = 71 [ 3 26— T 1, 3
Yi + 1 Yi + T2

i = 1,4, nepemennsie !, x%, x?, x%, x%, acg, y!, mpuyeM K ypaBHeHHIO:

1 | 1,1
211 Ro1 Al1791

1 1 1.1
Zlg %92 Z|2%99 (3.8)
22 22l '
13 %23 Z13%93
1 1 1.1
Zl4 Roy R14%94

—
I
L

COJIepIKAIEMy TOJBKO TepeMenHbie z. Ciie/loBaTesIbHO, ypaBHeHue (3.8) sBjsieTcs ypaBHEHHEM Cepi-
nesunbl. B [Tolll-2| sra obobiiennast Tpu-Tkanb Peiinemeiicrepa obosnadena W R(1, 3).

3. ToxkaecTBO 0600IIEHHON acCOIMaTUBHOCTMU.
B reopun rpu-traneit W (r,r,r) yciaoBuio 3aMblKaHus KOH(MUIYpAIMil OLpPEeIeIeHHOr0 BUJA HA
TKAHU COOTBETCTBYET HEKOTOPOE TOXKJECTBO, BBIMOJIHIEMOE B KOOD-
us(vow) JUHATHBIX JIyIIax E(a‘b)(O) TKaHu. Tak, 3aMbIKAHUIO KOHQMUTYPAITHit
Y2 v, N Peiinemeiicrepa na Tkanu R COOTBETCTBYeET, KaK M3BECTHO, TOXK/IE-
Yy ~ CTBO acconmaTuBHOCTH (U 0 v) o w = u o (v o w). CoOTBETCTBYIONIAS
w (uv)ow  burypa R msobpazkema ma puc. 64, rae u; = uowv, v; = v o w,
ujow = (uowv)ow,uov; =uo (vow).
7, - “ Crenyiomast Teopema 000ODIIAET MTOHSITAE ACCOMUATHBHOCTHU JIJIsT
KOODP/IMHATHOIO MOHOMJA, [i(q,p)(0) Tpu-TKamu W R(N, Am, A(I +m —
Y T Nu _ 1))
T Ty Ty Teopema 14. Ilycmo u = (up,ug, ..., Uy) v w = (wy,wy, ...
Puc. 64 co W) — 068G MPOU3BOALHBIT HAOOPA HAKAOHHBIT CAO0EE TKAHU
W (A, Am, A(L4+m — 1)), u nyemo vs, — ewe odun nabop lm Hariom-
woix caoes, s = 1,1, = 1,m. Obosnarum cmporu u cmoabyv, mampuywt (vs,) caedyrouyum obpasom:
v,(f) = (V1p, Vo, Vi), vgm) = (Us1,Vs2, " » Usm). Tpu-mxarne W(A, Am, A(l +m — 1)) 6ydem mxa-
woto WR(A, Am, A(L+ lm — 1)) moeda u moavko moeda, xoeda 6 Kasrcdom ee KOOPIUHAMHOM MOHOUDE
BYINOAHAETNCA CACOYIOWEE MONHCIECMEO:

uO(vgm) ow,vém) ow,- - ,vl(m) ow) = (uovfl),uovél),-u ,uov,(fl))ow. (3.9)

O Badukcupyem Ha tpu-TRaru W = W (A, Am, A(l + m — 1)) kooppunatHyto pemerky (a, b), To ecTsb [
BEPTHUKAJIBLHEIX CJI0EB (¢ U 1M TOPU30HTAIBHEIX caoeB b, s = 1,2,...,1, p = 1,2, ..., m. Ilycrs M(a_b)(o)
— COOTBETCTBYIOIIMI KOOPJMHATHBIA MOHOUI.

st kazkoro uHAekca s = 1,2, ..., | HAKJIOHHBIE CJIOU Vg], Vg9, ---, Vs ITEPECEKAIOT COOTBETCTBYIO-
Hye TOPU30HTAJIbHBIE CJIoU by, by, ..., by, (¢ TeM ke HOMepoM) 1o nogmMuoroobpasuam Uy, Usg, ..., Ui
Kak yxke ormedasioch, CymeCTByeT BEPTHKAJBHBIN CJI0fl Tpu-TKaHu W, TpaHCBepCaJbHBIA ITUM
HOAMHOr000pa3usaM; 0003HAIUM €ro Ts. lorga B coorsercTsun ¢ (1.6)

Ts by = Vg



IIpunoxenue 1 243

Hastee, ciioit wy mepecekaeT BepTUKAJIBHBIN CJION a, 1o moaMmuoroobpasuio Vi, s = 1, 1. Ilomvaoro-
obpazus Vi, Vo, ..., V| 101ycKaloT TpaHCBepCabHbI FOPU30HTAIBHBIN CJIOH by, 11. B cuiy (1.6) umeem

Qs - b1 = ws.

Yepes TOUKy IlepecedeHus CJI0eB by, | U Ts TPOXOAUT HEKOTOPBIN HAKJIOHHBIN CJIOil, 0003HAYNM
ero w. Torma

Vi Vi z
Tg - by = ws.
ym+l N
Cornacuo onpeesiennto oneparuu (o) (puc. 65) w, w, AN
nuMeeM: b
m+1 V’l _ V; 15 -
_ b — wy I Z
(V11, V12, 0y Vi) 0 (W1, Wy, ..oy Wy) = Ty by = WY, Vi Ut
(vo1, V2, ..., Vo, ) o (Wi, Wy, ..., w;) = To-byp1 = W, Y
‘/1"], ‘/lm
................................... , _
(V115 V12, +evs Vi ) O (W1, W, ooy Wy) = Ty b = Ty Ui N
- - - bm Ul m Ul m >
Croit u,, mepecekaeT rOPU30HTAILHEIN CIIOM by, : Uy | Uim
(c TeM zke HOMEpPOM (i) IO momMmHoroobpasuo U,
w =1, m. lomvuaoroobpasus Uy, Uy, ..., U, momyc-
o o - v
KaIOT TPAHCBEPCAJIbHBIN BEPTUKAILHBIN CJIOH a4 |, 1 Y
Y
TaK 49TO b —u Vi) Vi B
+ M e []1 []1
Corsnacuo onpeiesiernto oneparuu (o) (puc. 65) b Uy Uy w N
. 1 1
MEEM:
aq Ty ap x; al“ Ty
S _ def _
(U1, U9, ..., Upy) © (W1, W, ..., W}) = Qi1 * Y+l = 2 Puc. 65
Hnsa kaxpgoro muzmexca p = 1,2,..,m ciaou vy, Vo, ..., Uy, HEPECEKAIOT COOTBETCTBYIOIIIE
BEPTUKAJILHBIE CJIOU G, dg, ..., a; (C Te€M Ke HOMEPOM) II0 MOAMHOroobpasusm V) wr Vo ooy Vi Ot

MOZMHOT000PAa3HA JIOMYCKAIOT TPAHCBEPCATbHBIN TOPH30HTAIBHEIN cirolt y,. CienoBarenasbHO,
Qs " Yu = Usy-

Kazxnpiit u3 ciioes y, IepecekaeT BePTUKaJbHDLIA CJIOi a;4] B HEKOTOPO# TOYKe, Yepe3 KOTOPYIO
ITPOXOJUT HAKJIOHHBIH CJION Uy, TAK 9TO Uy, = Q41 - Y. 1Ipm 3TOM, COTTIACHO ONpeiesIeHnIo omepa-
1 (o) 6yayT BLIIOJHATHCA PABEHCTBA

(ur, ug, ooy Um) © (V11, V21, -0, V1) = Qg1 - Y1 = T,
(w1, ug, ..., um) © (Vi2, V22, ..., Vi2) = Q+1 - Y2 = Ug,

(wr, ug, ...s Um) © (Vim, Vamys ooy Utm) = Qg1 Ym = U

Croli W, mepecekaeT COOTBETCTBYIOMINI BEPTUKAJIBHBIA CJI0# as; (C TeM e HOMEpOM §) IO
nojMHOroobpasuto Vi, s = 1,1. Tlommuoroobpasust Vi, Vo, ...,V momyckatoT TpaHCBepCabHBII
TOPU3OHTAJIBHBIHN CIIOH Yy, 41. [To3TOMY _
Qs * Ym+1 = Wg.

Hamnee, cioit U, mepecekaeT TOPU3OHTAMBHBIHN ciloit b, mo mogmuoroobpasmio U, 1= 1, m. IlycTs
Zj4+] — BEPTUKAJbBHBINA CJIOU, TpaHCBEPCAJIbHbBIN nogMuoroodbpasusm Uy, Uo, ..., U, Toraa

T4l - bu = Uy.

TTo onpenenennuto oneparyu (o) UMeeM:
def ~

(Hlvﬂ27 "'yﬂ’rn) © (w17 W2, -y wl) = Ti41 - b’m—i—l = Z.
ITocTpoeHHBIE HAKJIOHHBIE CJIOM Z W Z Ha TPOM3BOJIbHOHN Tpu-Tkanum W (A, Am, A(l + m — 1)),
BOOOIIle TOBOpsi, He COBHANAIOT. Ecaum Z = Z, TO, ¢ OJHOH CTOPOHBI, 3aMBIKAeTCsi OBOOIIEeHHAST
koHburypanus Pefinemeiicrepa, m3obpaskeHHass Ha puC. 65, MOITOMY TKAHb SIBJISIETCS] TKAHBIO
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WR(A, Am, A(l +m — 1). C npyroit CTOpOHbI, UCKJIIOYas HEPEMEHHBIE ¢ Y€PTOli U3 II0JIy YeHHBIX BBIIIE
pasencTs, upugeM K (3.9). B

IIpu m =1 = 1 Toxuecrso (3.9) obparaercss B OObIYHOE TOXKJIECTBO ACCOIUATUBHOCTH, IIOITOMY
HazoBeM (3.9) mootcdecmeom 0606werHol aCCOUUAMUEHOCTIU.

Omnpenenenne 13. Koopaumarnbii MOHOU fi(qp)(0) Tpu-TKamu W (AL, Am, A(I +m — 1)), B ko-
TOPOM BBIIIOJIHSETCST TOXKECTBO (3.9), HA30BEM GCCOUUAMUBHBLM.

IIpumep. Paccmorpum 06006mmenHy 0 Tpu-Tkanb Peitnemeiicrepa WR(1,2):

2l = xlyl + 22
B cuny Teopembl 14 KaxKabIit KOOPAMHATHDBINA MOHOW/T 3TOM TKAHU sIBJSETCS acconuaTuBHbIM. B [Ipume-
pe 1.3 § 2 ypaBHeHNE KOODMHATHOIO MOHOM/IA PACCMATPUBAEMOIl TPU-TKAHN 3aIUCaHo B Bue (2.35):

z=wvu; + (1 —v)ug = (u1,ug) ov.
SuauuT, ypaBaenue (2.35) onpeieser acCOIUATABHBI MOHOUI,

4. T'pynnosas (n+ 1)-tkaub, nuugynupyemas Tpu-tkaubio W R(Al, Am, A(l+ m — 1)).

Hamomunm (eM. §5 ru. 1), uto rpynnosast Tpu-TKab W (r, 7, 1) MOPOXKIAETCS r-MEPHO# TPy ot
JIn G(%), ¢ = a * b, ma mpsimom mpomssesiernu M = G x G~!, e G~! — rpynma c oneparmeit (o),
aob=>bxa (31ech MBI BBOAUM Jpyrue 00O3HAYEHUS JJisi TPYIIIOBBIX ONEpAIMil, TaK Kak 0003Ha-
YeHus, ucroab3yembie B §5 . 1, yxe 3anarel). Ha muoroo6pasuu M pasmeproctu 2r ¢ ornepai-
eit (), (,9) o (a,b) = (z*a,yob), ectb Tpu r-mepuwie moarpymme: Gy = (e, G7'), Gy = (G,e) u
G3 ={(z,0(2))| z € G, O(x) € G~', O(z) = 27"}, (31ech e — equmuna rpymmsr G, a © — aHTUA30-
mopbusm G — G~!). Cioenus rpynmoBoii Tpu-TKanu onpeensiorcs Ha M = G x G~ cvmexxubivu
rutaccamu 1o oarpynnam G, Gy, G3 u 3amaiorcs ypaBueHusymu a = const, b = const, ¢ = a * b = const
COOTBETCTBEHHO.

IMokaxkeM, uT0 ¢ 0600mIeHHOl Tpu-TKanbIo Peiinemeiicrepa W R(AL, Am, A(I +m — 1)) rakxe cBs-
3aHa HEKOTOpas rpynna Jlu. .

Teopema 15. (n + 1)-mxans W*(a,b), accoyuuposannas c obobuwennoti mpu-mxanvio Peii-

demeticmepa WR(A, Am, A1 + m — 1)), asasemea 2pynnosotc mramnvio, nopostcdaemots Hexkomopot
A-meproti epynnotd Jlu G.
O Cuavana manomuum [[o-11], uro (n + l)-TKaHb HA3BIBAETCs I'PYIIIOBON, €CJIU €€ KOODIMHATHAS
n-kBasurpynmna (xorst 6el ofHa) siBasercs n-rpynnoii. CormacHo [To-11] rpynmosas (n + 1)-TkaHb
KOPa3MEPHOCTHU A XapaKTePU3yeTcs TeM, 4To Jiobasd ee Tpu-noaTkanb W (A, A, \) sBisiercsa rpynnoBoit
TKAHBIO, TOPOXKIAEMOI A\-MepHOit rpynmoii Jlu, mpuaeM KOOPJAMHATHDBIE TPYIITHI PA3JIAIHBIX TPHU-TIOJI-
TKaHeill n30MOpQHBI. YPaBHEHUSI KOODAMHATHBIX KBAa3UIpyn Tpu-oarkaneii W(A, A\, A) npoussosib-
HOil (n + 1)-TKaHM KOPa3MEPHOCTH A IOJIyYalOTCs U3 YPABHEHHs ee KOODJMHATHON 7-KBAa3UI'PYIIIbI
duxcarnmeii B Hem xkakux-mu6o n — 2 (A-mepHbIx) napamerpos [[o-11].

Tenepn pacemoTpum npoussosbiyto Tpu-TKanb W = W (A, Am, A(I +m — 1)) u accorumuposaniyro
cueo (n + 1)-tkans W2 (a, b). KoopmaaThas n-KBa3urpyIa mocJieHeii 3a1aercs ypasternnem (2.11).
Dukcupyst 10-Pa3HOMY B 9TOM YDaBHEHHHM KaKue-nbo n — 2 mapamerpa (OHHM COJep:KaT HIDKHUM
unjekc 0), HOIyduM TP THIA HOATKAHeH KOPa3MEPHOCTH A:

z = f(UOI, LRES) UO;LflaUlv uou+lv ceey UOV*lvuiua u()l/+17 vy UOms V105 --+s UZO) = f(u,y) (uua UV), H # v,
_ - (3.10)
Z:f(uolv"'vu()m; ’Ul(),...,'Usfl(),%,vs+10,...,'Utfl(),ﬂ,ij,l(),...,'Ul()) Ef(s.t)(vsvvt)y S?ét, (311)
2= f(U01, ey UOp—15 Upss U0+ 15 s UOm3 V10 -5 Vs—105 Vs Vs 105 -+ V10) = f(8) (Upa Vs ) (3.12)

Tpu-noarkanu (n + 1)-tkann W (a, b), onpenensiembre ypasrenusavu (3.10), (3.11) u (3.12), obozna-
qum cooTsercTento W, ), Wiy 1 Wi, o).

ITycts Tenepnb Tpu-TKanb W gasisercs o6obmennoil Tpu-rkanbio Peiiemeiicrepa. [Tokaxkem, 9To
Tpu-TKanb W, ) B 9TOM cilydae ABJIAeTCs TPYNNoOBOii. JIjis 9TOro J0cTaTouHO MOKA3aTh, YTO TKAHD
W) obmanaer cepinesunoii. B cooTBeTcTBHN ¢ ompeJieieHHeM Cep/IIeBUHBI BO3bMEM JIBa «BEePTH-
KaJIBbHBIX» CJIOS Uy, Uy W JIBA «TOPU3OHTATBHBIX> CJOS Uy, Uyg TPU-TKaHH W, ) (371ech HHIEKCDI
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w1 v dukcuposansl). Yepes Touxy M;; = w,; N U, IPOXOAUT €TUHCTBEHHBI «HAKIOHHDIN» CIIOMN U;j,
1,7 = 1, 2. Ilo onpeneennio TKaH W(#,l,) MeeM:

ﬂi]’ = f(u,l/)(uui’ Uz/j)~ (3.13)

Haitnem ypapnenne cepauesunnl Tpu-TKanm W, ), CBa3bIBalomee mapaMeTpsl u;;. Jaa aToro pac-
cmorpuM Ha TkaHu W kordwurypamuio R(A, Am, A(l +m — 1)), comepzKaniyo ropu30HTaIbHBIE CJIOU
Y1 =01, ..., Ym = by, Ym+1 = Yo U BEPTUKATBHBIE CJION, TPOXOJATINE depe3 TOUKH M;;, 0003HATINM 3TH
CJION COOTBETCTBEHHO Zjj, 4, j = 1, 2. OcranbHble BepTUKAJIbHbIE CJIOM BbIOEpeM IIpou3BoJibHO. epes
TOYKHU T;; bu, 25 Nb, W x;5 N Yo TPOXOIAT HAKIOHHBEIE CJIOM TKaHU WNC rmapamMeTpaMu T;; - bm
Tij - by 1 x5 - Yo coorsercrrenno. Cormacuo onpesenermio (m + 1)-txkanm W2 (b, yg), 9T1 mapaMeTpsr
SIBJISTIOTCS TAK Ke MapaMeTPAMU BbIJIEJIEHHBIX CJIOEB Uy, Uy; U Usj, TIPH 9TOM X531 - by = 29 - by = Uy,
Z1j 'b,, = SUQJ‘ 'by = Up; B T4 - Yo = 171]

st pacemarpusaemoii koudurypanun R(A, Am, A(l + m — 1)), B KOTOPYI0 BXOIAT CIIOH Uy; =
=25 - by, Uy; = X5 - by U Uy; = 245 - Yo, YPABHEHUE CEPJIEBHHEI MOXKET OBITH 3AIIMCAHO B BUIE

D (257, Upi, v, i) = 0, (3.14)

S

IJle MHJEKCHI [t U UV (PUKCHPOBAHBI, 2z — BXOJMANME B KOH(DUIYDAIMIO HAKJIOHHBIE CJIOM (IIOMIMO
BBLIEJIEHHBIX CIIOEB Uy, Uy; A Uij). OUKCHDYS mapaMeTpHl zy; U UCKIOYas U3 ypasmennit (3.13) u

(3.14) mapaMeTpBI Uy; U Uy, ITOTYyIAM ypaBHEHNE CEDPAIEBUHBI TKAHM W(uv) B BHIE
D () (Wr1, Upg, gy, Ugg) = 0.

Ho econ Tpu-Trams W, ,) J0MycKaeT cepIeBuHy, TO OHa ABJIFETCA TKAHBIO [T, a 3HAYHUT, IPYIIIOBOIL.

IIpoBozis anasormnble paccyzkenns 1 rpu-tkaneit W, ) 1 W, s), Halizem, 1o oun Taxzxe ss-
gsmiorcs rpynmosbivm. CrieloBaTesbHO, TPyTmoBoit 6yaet u (n + 1)-txans W2 (a, b). Cormacuo [15] ona
HOPOKIAETCA HEeKOTOPoit A-mepnoii rpymmoi# JIu G, npuieM KoopAMHATHEIE IPYIIEI TPU-HOATKaHei
tamn W™ (a, b) nsomopdust rpyme G. W

B uacraocTH, pu | = m = | nomyuaem Tpu-TKaHb Peiiziemeiicrepa R KOpasMepHOCTH A, TO €CTh
TPYNIOBYIO TPH-TKaHb. g nee n = | +m = 2, mosromy accorumposanHas ¢ Heo (n + 1)-TKamb
W*(a,b) 6ymer Tpu-TKaHbIO, TIPEYEM, KaK MOKA3aHO BLIMe (cM. 3aMedanme Ha c. 230), oHa COBIaTaeT
C MCXOTHON TPHU-TKAHBIO, & MOTOMY SIBJISIETCS TPYIIIOBOIA.

Caencreue. Kak sujmo us onpesiesienus rpymiosoit (n + 1)-Tkanu (cM. Bbime), mobast TOATKAHD
TAaKOi TKaHK TaKKe sB/siercs rpynnosoit. Cornacuo 1. 2 §2, (m + 1)-tkans W (b, yo) u (I + 1)-rxamns
W(a, z0), magymupyemsie Tpu-tkansio W (AL Am, A(l +m — 1)), ABISIOTCS HOATKAHSME aCCOLUU-
posannoiit Tkami (n 4 1)-rkamn W*(a,b). Cnenosarensno, ecm (n 4 1)-rkans W*(a,b) ssisercs
TPYIIOBO, TO IPYNIOBBIMI OY/IyT TaKzKe TKAH! WA(b,y9) m W(a, 7). OTciona BLITEKAET, 9TO TKAHI
WA(b,y0) m W(a, zg), maaymupyemble na ciogx tpu-tkann WR(A, Am, A(Il + m — 1)), apaaorcs
IPYTITIOBBIMA TKAHSIM.

IIpumep. B [To-16] nokazano, aro ecau tpu-tkanb W (A, Am, A(I +m — 1)) sBisiercst 060611eHHOI
Tpu-TKanbio Peiiniemeiicrepa, a ceaszannbie ¢ neio tpu-trkanu W, ), Wiy 1 W, ) nopoxmaores
abesieBoit rpymmoit JIu, To KOHEYHBbIE YPABHEHNST TAKOHW TKAHU TPUBOJATCS K BUJLY

F =R i 19

rne p=1,m, s = 1,1, &,n,( = I, \, a nocrosHHbIE gva VIOBJETBOPSIOT COOTHOIIEHUSIM
& _ A€ £ AC _ ~§ ¢ 3.16
gnC gCn’ g ognp giplgno' ( : )

Tokaxkem, uro B ciaydaax 1) I =m =1, 2) A = | sra TKanb gBiserca 0GOOIIEHHONW TPHU-TKAHLIO
Peiinemeiicrepa.
1. Tpu | = m = | ypasuenus (3.15) nupuHAMAaOT BUI

£ = Cf;(xnyc +ab 4yt (3.17)
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u oupezenaoT Tpu-TKaub W (A, A, A). C Apyroit cTOpOHBI, 9TH ypaBHEHUsI OIPEJIEJISIOT JIyIly C €lId-
aureit e = (0, ...,0), koropas B cury (3.16) siBisieTcst KOMMYTATUBHON W ACCOIMATHBHOMN, & MOTOMY
sBJIsieTcsd rpynnoit, obosnaunm ee G(-). CrenoBaresbHo, paccMarpuBaeMas Tpu-TKadb W (A, A, A) —
CPYNIOBAasi U, 3HAYNT, ABJISETCS TKAHBIO K.

D1oT (hakT MOXKHO ycTraHOBUTH nHade. CorsiacHo TeopeMe 12, Tpu-TKaHb R XapakKTepu3yercsl CyIie-
CTBOBaHUEM cep/IeBuHbl. [[oKazkeM, 9To Jjid TPU-TKaHU, 3aJaHHol ypaBaenuamu (3.17), cepaesuna
CYIIECTBYeT U 33/Ia€TCs YPABHEHUSIMU

13 ¢ 3 § _ € ¢ 3 §
C’ncz?1 Zoo + 27 + 259 = CUCZ?QZQI + 25y + 25, (3.18)

Ihe 2;; — MapaMeTPhl HAKJIOHHBIX CJIOEB, BXOASINUX B IPOH3BOJBHYIO KOHbUrypanmo R, z;; = ; X
X yj, 4,7 = 1,2. JleficTBUTENBHO, COMIACHO IpeyIozKeHuIo 11, ceparieBuHa IPOU3BOJILHOI TpU-TKaHN R,
nopoxkgaemoii rpynunoit G(+), oupezessercsa ypasaenuem (3.2):

290 = C(211, 212, 221) = 221 - (211/212),
rje / — upasasi obparHas onepaist st (-). 3anumiem ypasHenue (3.2) B Buje zi1/219 = 291/299 U
06o3HaunM 211/219 = 291/299 = v, TOrHA
Z12 = 2110V, 222 =221V

Orciona cregyer, 9To
290 (211 - v) = (221 - 0) - 210. (3.19)

B cmy KOMMYTATHBHOCTH U ACCONMATUBHOCTH OMEPATIUH (-) TOJTy TaeM:
299 - (211 -v) = (222 - 211) - v
(221 -v) - z12 = (v - 201) - 212 = v~ (201 - 212) = (221 - 212) - ¥
Orciona ¢ yaerom (3.19) umeeM 21 - 299 = 219 - 2o1. VI3 mocsieanero ypasuenus B cuiy (3.17) mosyuaem

YDABHEHHsI CEp/UIEBUHBI PACCMATPUBACMON TpU-TKaHu B BHje (3.18), 910 n TPeGOBAJIOCH LOKA3ATD.
2. ITpu A = | cucrema (3.15) cocrouT M3 OJHOIO ypaBHEHUs BUJIA

z—ZCmy—l—Zm—i—Zy (3.20)

us Hog

rme p = 1,m, m=gq, s= 1,1, | =p. PaccMoTpuM aBa BO3MOXKHBLIX Tofciydas: 1) rank(C) = p;
us
2) rank(C) =p— 1.
ns

1) Iycrs rank( ) D, | C |# 0 u (~) — obparnas marpuna mis (C). B arom ciaygae uzoronmie-
ts ts
CKIM Hpeo6pa30BaHI/IeM

x—ZCx-i-l §:y+zq’, Tt té
s s ts s

us K st

ypastenue (3.20) mpuBOAUTCS K BUIY

7= a+ Zgg, (3.21)
s Ss o s

F,ZLGC—I—ZCC p=p+1,4q.

st S;Lt

) Ecan xors Ob1 onpa m3 BenuunH (' He paBHA HYJIO, TO, TOJiarast Zfl = > Cz, upusejeM
m p+ P T
ypasuenue (3.21) Kk Bumy o
Z=xy+..+ry+ T . (3.22)
1 Pp p+1

zZ= :fy + ...+ 7. (3.23)
1
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2) Ilycre rank(C) = p — 1. B arom ciryvae u3oTonmyeckuM npeobpasoBaHueM

ws
P=Yon F=Yn 7-Y
a 1 P p

pa

rue a = 1,p — 1, ypasuenue (3.20) upuBomurcs K BULY
Z=TYy+..+ T ¥ +T+7. (3.24)
1 p=lp—1 P p

Vpasuenus (3.22), (3.23) u (3.24) nosnyuennt Hamu apyrum cnocobom B [Tolll-2], rme juisa kaxKmoit
U3 3TUX TpU-TKaHeil Halifena ceppnesuna. CiieIoBATENIBHO, 3T TKAHU SBJISIOTCS ODOOGIEHHBIMEI
TrausMu Peitiemeitcrepa. Ilo Teopeme 15 accomumpoBaiias ¢ KazK10# u3 sTux TKaneit (n + 1)-Tkanb
W2 (a,b) u unpynupyembie Ha ux cioax (m + 1)-txamm WA(b, yo) n (14 1)-rrarmm W (a, 2q) assiorcsa
IPYIIOBLIMYA TKAHIMHU.

3ameuanme. C apyroit croponsbl, corjacHo Teopun dusndeckux crpykryp HO.U. Kynakosa,
eum. [Ky-1], [KyB-1|, ypasuenns (3.22), (3.23) u (3.24) oupenessiior HEKOTOpBIE KJIACCH TaK Ha3bIBae-
MBIX OGMHAPHBIX (DUBUIECKUX CTPYKTYD. DTH Kjacchl Haiinensl panee I.I. Muxaitmaenko B [Mux-1].
O06 SKBHUBAJEHTHOCTU HEKOTOPBLIX MOHATHHA TEOPHHM TPHU-TKaHEd W Teopuu (PU3UIECKUX CTPYKTYP
cM. B [To-15], [Tolll-2], [ToIlI-3|. TamM, B 4aCTHOCTH, HOKA3BIBAETCsI, YTO KOODJMHATHBINA IDYIIIONT
0606mennoii Tkanu Peiinemeiicrepa W(p, q,p + ¢ — 1) u TosbpKo Takoil TkaHu onpeessier GUHAPHYIO
dusnveckyto crpykrypy panra (p+ l,q + 1), a noHATHE CepAlEBUHBI TKAHU AHAJIOTUYHO MOHSTUIO
«(EeHOMEHOJIOTTYEeCKN UHBapHAHTHAas (popMa (DUUIECKOTO 3aKOHAS.

§ 4. Tpu-Tkanu, onpeaessiembie rpynnamMu JIu npeobpa3zoBaHmii

1. Onpenenenue rpu-rkanu GW (p, g, q).
[Iycrs rpynma Jlu G pazmepHOCTH ¢ JIEHCTBYeT Ha IVIAJIKOM P-MEPHOM MHOTO0Opasnu Y, TO eCTh
3a/1aHa TIajKasi (DYHKIUS BUIA

f: GXxY =Y, z=f(avy), (4.1)

YAOBJIETBOPLAOIIasd YCJIOBUAM:

fley) =y, (4.2)
fla, f(by)) = fpla.b), y), (4.3)

rjie e — eaununa rpynnst G, a ¢(a, b) — oneparus B rpymie G [Lop-1]. Caenyst [Ba-1], 6yiem Ha3bBaTh
rpyuny G napaMerpudeckoil rpyumoil rpynust Jlu upeobpasosanuii (4.1). Ypasuenue (4.1), paccmar-
pUBaEMOE ¢ TOYHOCTDHIO JI0 U30TOMUYECKUX IIPEOOPA30BaHuii, ONPEIEIICT TPU-TKAHL, 06Pa30BAHHYIO
CIIOCHUSIMU

Al: a=const, Ago: y=const, A3: z= f(a,y)= const Y ——g %

BN

Pa3MepHOCTel COOTBETCTBEHHO P, ¢ U ¢ Ha IIPSIMOM Ipou3Bege- 7 I
i M = G X Y. Ob6ozuauum sty tkanb GW (p, q, q).

<
Ql

2. O6001mennbie kKoHduUrypaimuu PeilinemeiicTepa Ha
Tpu-tkaau GW (p, q, q).

Broisicuum reomerpudeckuit cmpica yciaosuii (4.2) u (4.3).
LIt 9TOr0 paccCMOTPUM BEPTUKAILHBINA CJIOU MEPBOTO CJIOCHUS Y
rkaau GW (p, q, q), oupejieisieMblil I1apaMeTpOM €, U TOPU30H- c
TaJIbHbIN CJI0H BTOPOTO CJI0eHHsI ¢ TIapaMeTpoM Y. depes TouKy T,
ux nepecedennsi O MPOXOIUT HAKJIOHHBIN CJIO TPETHEro CJI0e- BlU(y,y" )N
HUd, OlpelesseMblil, B cuiy (4.2), TakKe IIapAMETPOM ¥, CM. € a b c=p(a;b)
puc. 66. Bo3zbmewm erre /1Ba MpON3BOIBHBIX BEPTUKAIBLHBIX CJIOST
¢ napamerpamu a u b. OHE OIIPeeISTIOT TPeTU BEPTUKAJIBHBII
CJION C ITapaMeTpoM C = go(a, b). IlycTh HAKJIOHHBIA CJIO Y IIEPECEeKAeT BEPTUKAJBHBIH CJIOH @ B HEKO-

s

Puc. 66
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Topoii Touke A. Hepe3 A NpoOXOIUT eJIUHCTBEHHBINH MOPU30OHTAJNLHBIA cJioit i, ipu atom y = f(a,y’)).
Cuoit ' nepecedeT BepTHKaJbLHBINA CJIoif € B HekoTopoii Touke P. HakjoHHBIH ciioif, Ipoxomsinuii
gepe3 TOUKy P, GyJeT onpenensiThbCs TaK:Ke IapaMeTpoM y'. DTOT CJIoil IepecedeT BepTHKAIbHBII
cyoit b B HeKoTopoit Touke B. Yepes B MpoXoAUT eIMHCTBEHHBINH TOPH3OHTAILHBIN C10i ¥/, ipn 9TOM
y = f(b,y"). Cnoit 3" mepecewer BepTmkambHBIN coit ¢ B Touke C. HakmoHHBIN ci10if, mpoxons-
muit gepes C, onpeensiercss mapamerpoM f(c, y”), KoTopeiit B cuity cpoiicra (4.3) TakKe paBeH y:
y = f(a, f(b,y")) = f(c,y"). Dro ozmauaer, aro Touku A u C jexkaT HA OIHOM HAKJIOHHOM CJIOE.

Jlasee, ecam MBI IPOBEJIEM AHAJOTHYHOE IIOCTPOEHHE, HAYAE C JAPYTOTO FOPHU3OHTAJIBHOTO CJIOS 7,
TO ToTyunM HOBBIe Toukn A m C, KOTOpble Takske OyIyT JexKaTh Ha OJHOM HAKJIOHHOM CJIOE, CM.
puc. 66. Kondburyparmus APBCAPBC na tpu-tkanu GW (p, q,q) ananornuna koudurypamun Peii-
nemeiicrepa R na tpu-rkanu W (r,r,r), cm. puc. 10. O6o3nauum sty xoudurypamuio R.(1, 1). Takum
006pPa30M, BEPHO CJIEIYIOIIEe

IIpengoxxenue 16. Ha mpu-mrxanu GW (p, q, q) 3amvikaromes ece (mo ecmuv 0as m060x a, b, y, )
kongueypauuu Re(1,1), ceasannvie ¢ sepmukasvhvim cioem e.

O6osmaunm Ry (1, 1) anagsoruduyo KOHQUIYPALIUIO, CBA3AHHYIO C NPOU3SOALH M BEPTHKAIBHBIM
cnoeM xy. HeTpyaHo nmokasarh, HCHOIb3Ysl T€OMETPUYECKUN METOJI J0Ka3aTeIbCTBA, IPUMEHEHHBIH B
pabore [[IIII-1], uro cupaseuBo

IIpennoxxenue 17. Ha mpu-mxarnu GW (p, q, q) samwvikaromes sce xongueypayuu Ry (1, 1), cea-
BAHHDIE C NPOUBEBONLHVM BEPTMUKGALHYLM CAOEM T().

Tenepn paccmorpum ypashenue (4.1) B npeuosioxkenuu, 9ro dbyHKIMs [ SABIAETCA TJIAJIKONH U
JIOKAJILHO PETYJISPHON TI0 KaXKIOMY U3 apryMEHTOB, a (G — MPOU3BOILHOE MHOTOOOpA3Ne, He sABJISIOIIe-
ecst, BooOie rosopst, rpymmoii JIu. Torna ypasaenne (4.1) 3amaer npoussosbHyto Tpu-tkaub W(p, q, q),
Ha Kotopoil durypst Ry, (1,1), Boobme rosops, ne sambikaiorest, To ecth Touku C u C jexar Ha
PA3HBIX BEPTUKAJIBHBIX CJIOSX.

Sadukcupyem Ha TKanu W(p, q,q) NpOM3BOJBHBII BEPTUKAJBHBINA CJIOil () ¥ BO3bMEM €Ile J[Ba
BEPTUKAJBHBIX CJIOsI @ ¥ b, JIOCTATOYHO GJIM3KUX K CJIOK X(, (cM. puc. 66, Ha KoTopoM e = x(). Ha
CJI0€ Xy BOZbMEM MPOU3BOJIbHYIO TouKy O u mocrpoum Touku A, P u B Tak, Kak MoKa3aHo Ha puc. 66.
Hax/oHHBIH €JI0#1 Yy ¥ TOPU3OHTAIBLHBIN cj10#l Y HepeceKkaroTcsl 1O MOJMHOT000Pa3NIo pa3sMEpHOCTH
q — p, kKoropoe obozuaaum U (y, y").

IIpennoxenue 18. Ecau na mpu-mxarnu W(p, q, q) 0as 4106020 Gukcuposannozo 6epmukaisbhozo
CAOA T U NPOUSBONDHVIT GEPIMUKAAOHBIT CA0EE 4 U b, d0CTNAmMOUHO GAUSKUT K CA0I0 T, CYULLCMEYem,
eduncmeernbili 6epmuKasbHbill caoli, mpanceepcarvhvl ecem nodmmozoobpasusm U(y,y") (mo ecmo
npu Abom y), mo na mrozoobpasuu G- eosnukaem cmpykmypa epynno, Ju ¢ edurnuyed xg, ¢ MKaHL
W(p, q,q) 6ydem mxanvro GW (p,q,q).

O Ilycre cymecTByeT e JMHCTBEHHBII BepTHKAIbHBIA cyoil  Tkauu W (p, ¢, q), TpaHCBEPCAIBHBII BceM
noxmuoroodpasusm U (y, y”') npu ycmosuu, uro Touka O npoberaer BepTUKAIBHBIN ci10ii zg. Cuoii x
IepecekaeT TOPU3OHTAILHBIN CI0i Yy B TOUKe, KOTOpas, ¢ APYTOil CTOPOHBI, JIEXKUT HA HAKJIOHHOM
cioe y, upoxojsiieM 4epe3 Touky A. Cuenosaresnbno, na tkanu W (p, ¢, q) 3aMbIKaroTcs KOHMUIY-
pamuu, n3obpaxkeHHble Ha puc. 66, a 3HAYUT, JJIsi ee KOOPIMHATHOIO I'PYIIIONa f BBIIOJHAETCS

PaBEHCTBO
y=fx,y") = fla, [~ (@0, f(b,y")))- (4.4)

[TockonbKy ciI0it & He 3aBUCHT OT ¥, & OIIPEMEJISIETCS TOJBKO BBIOOPOM cjioeB a u b, To Ha Oaze GG
nepsoro cioernst tpu-tkauu W (p, ¢, q) Bo3HWKaeT OuHapHas omeparusi, obozHaunM ee p(a,b) = x.
TTokazkeM, uTo MHOXkKecTBO G ¢ omepanueil @ sapiasierca rpynmnoil. Kak suano ns puc. 66, ypasHenue
P(a,b) = x JOKAJBHO OJHO3HAYHO DPA3PENINMO OTHOCUTEIbHO ¢ u b (1jsi dukcupoBaHHBIX b U X
cJI0ft @ TOTydaeTcs KaK BepTHKaIbHas TpaHCBepcasb mojmuoroobpasmit y N f~ ! (xzg, f(b,y")) mpu
Jo6om Yy, a 11t (PUKCUPOBAHHBIX @ U & CJIOH b €CTh BepTHKAJbHASI TPAHCBEPCAJIb II0MHOI000pa3uii
y" 0 f(zo, f~'(a,y)) Takxke npu mo6om y”). Tlosromy P — ksasurpymnma. Jamee, us pasencrsa (4.4)
cienyer, uro P(a, xg) = a, p(xg, b) = b. Tak Kak cjaou a u b MOryT OGBITH BHIGPAHBI IIPOU3BOJILHO, TO
Ty — €IMHUIA, & P — JIyIIa.

Tenepn mokazkem, 4To Jiyna @ accormumarusua: p(p(a,b),c) = p(a,®(b, ¢)). B camom nene, s
JIOOBIX BEPTUKAJIBHBIX CJIOEB @, b, ¢ ¥ Jyis OPOU3BOJIBHOIO IOPU3OHTAILHOrO cjiod Yy B cuiny (4.4)
nMeeM:
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F@@(a,b),0),y") = f(@(a,b), f~ (o, fle,y")) = fla, =" (xo, f(b f~" (z0, fle,y"))))) =
= f(a, [~ (zo, f(@(b,0),y"))) = [(@(a, (b, 0)),y")-

Takum obpazom, MHO)KeCTBO (G ¢ omepanueil P sABJISeTCs TPYIIIOii.
Monoxum § = f(xg,y), Torna ypasuenue z = f(a,y) rpu-tkanu W (p, ¢, q) nupeobpasyercst K BUILy

2= fla,y) = f(a, f~ (20, 9)) = fla, D). (4.5)

DTO ypaBHEHHE OIpeJesieT TPHU-TKAHD W(p,q, q), ’xsuBanenTHyo TKanum W(p,q,q), mbo TKaHb
W (p, ¢, q) B HOBBIX JIOKAJILHBIX KoOpAuHAaTaX, cM. 1. 4 § 1. TTokaxkem, uro dyHKIms [ yI0OBIETBOPSET
yenosusim (4.2) u (4.3). B camom nere, B cuity (4.4) u (4.5) umeem:

N f(!Eo,’g):f($0,f_1($0,®):§,
F@(a.0),7) = f(@la.b), ' (x0.9) = f(Pla.b)y) = o
= f(av f_l(x()v f(b7 y))) = f(a’ f_l(xOv f(b7 f_l(x()v g)))) = f(a’v f(b7 17))
CrenoBaTe/ibHO, f — rpynna Jlu mpeobpazoBaHuit, mpudeM ee MapaMeTpPUIeCKONl IPYIIIOH SBISETCH

rpymna G ¢ oneparueii @. Coryacuo onpezesnenuio (cm. 1. 4 § 1), mopoxKgaemast 3Toi rpyIoi npeobpa-
zoBanuit rpu-rkanb W(p, ¢, q) 6yner tkansio GW (p,q,q). B

IMocenpee yTBEPKICHAE MOXKHO YCUJIHMTH. 1LyCTh, KaK W BbI- P Y1y Am+1
mie, o, @ U b — IPOM3BOJIBHBIE BEPTHKAJBHBLIE CJIOW TPH-TKAHH By Uit
W(p,q,q). Paccmorpum m = [q/p] HAKJIOHHBIX CJIOEB ITOH TKa- Y71 O
HU C HapaMerpamu ¥, 4 = 1,m, cu. puc. 67. Iogmuoroo6pasus RN YnJAn 1
Uy, y1)s s U(Ym. Yl,) JOIYCKAIOT XOTsI GBI OQUH TPAHCBEPCAIb- B, o Un
HBI BepTUKAJILHBIA cioit Tkanu W (p,q,q). Ho m + 1 muoroo6- Ym :

pasuii TaKoro BUJA yXKe HE MMEIOT, BOOOIIE TOBOPS, BEPTHKAJIb-
HOI TpancBepcasn (371ech u gasee nojmuoroodpasne U (yz, yy) s
KpaTkocTH obosnadeno Uy, = 1,m + 1).

Omnpenenenne 14. Koudurypanuo, o6pa3oBaHHYIO BEPTHU- Py Y1l A
KaJbHBIMA CJIOSIMA Xg, G U b M <«IIapajuieJIorpaMMaMi» BUJIA B, 1 U,
ApPpBrUg, tne = 1, m 4+ 1, mazosem obobuenroti xongdueyparu- Y1 T~
et Petidemeticmepa tuna Ry (1, m). To b a

3ameuanmne. [Toustue 0606menHoi Kouduryparuu Peiigemeii- Puc. 67

crepa tuna R(A, Am,A(l + m — 1)) ompeneneno B 1. 3.1 s

rpu-tkanu W(p,q,r) = W(Al, Am, A\(l + m — 1)), cm. puc. 60. Takas Tkanb Gyzer Tkanbio R(p,q, q)
B TOM U TOJIbKO TOM cijydae, ecsiu | = 1, upu arom A = p, ¢ = mp. Ha rpu-tranu W (p, mp, mp)
0606menuble KoHburypaimu Peiinemeiicrepa R(p, mp, mp) sBIASIOTCH TaKKe KOH(MUIYPAIMAME TUIIA

R, (1, m).

Ounpenenenne 15. Eciu na tpu-tkanu W (p, q,q) cymecTByer eIuHCTBEHHBIH BEPTUKAJBLHBIN
CIJIOM, TpPaHCBEepCANbHEIN M + 1 mogmuoroodpasusm suna Uy, & = 1, m + 1, To 6ymem roBopuTh, ITO
Ha Tpu-TKann W (p, ¢, q) samwraromea xordurypamun R (1, m).

ITycrs ma tpu-tramm W(p, q, q) 3ambikaiorcs 6ce Koudurypamuu Ry, (1, m), cBga3annbe ¢ BepTH-
KaJIbHBIM CJI0e€M To. Bo3bMeM JIpyroil BepTUKAJIbHBIN CJIOH T(, OTJIMIHBIN OT CJIOS T, ¥ TIOCTPOUM KOH-
durypanuio Rz, (1, m), casannyio ¢ stuMm cioeM. IIpuMeHssa reoMeTpUIeCKUil METOJL TOKA3aTEILCTBA
paborer [IITII-1] u ucnonas3ys 3ambikanne koudurypamuit Ry (1, m), monyuum, uro KonduUrypanusa
Rz, (1, m) Takxe 3ambikaerca. Torna, B cuy npemoxenus 18, tpu-tkaub W(p, ¢, ¢) GymeT TKaHbIO
GW (p, ¢, q). Takum ob6pasom, cupaBejuBa

Teopema 19. Ecau na mpu-mxanu W(p, q,q) samwraromes sce xongueypayuu Ry (1,m), cea-
BAHHBIE C HEKOMOPDBIM GEPTNUKAALHBLM CAOEM T(, TO Ha Hell 3aMbIKAI0MCA 6Ce KOHPUYPAUUL MaK020
suda (Mo ecmv npu AO6UT Tg), U MAKGA MKEGHL Asasemea mranvio GW (p, q, q).
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3. Cepauesuna rpu-tkauu GW (p, q, q).
ITo ananornu ¢ BBeACHHBIM B 1I. 2 § 3 moHsiTHeM cepateButbl Tpu-TKann W R(A, Am, A(l +m — 1))
ompeJieJuM IoHsATHE cepteBunbl TKanu GW (p, ¢, q).

ITponssosbaas kouduryparmust Ry, (1, m) comepxur 2(m + 1)
Ypny, ~ HAKJIOHHDBIX CJIOEB, IIAPAMETPBI KOTOPBIX OGOZHAMHM 211, 212, -,
v | 2 Zomit Zlmy Zlm+1; 221, 2925 «-s 22ms Z2m+1, CM. puc. 68. Ecim kondu-
rypanus 3aMBIKAeTCsI, TO 3TH HapaMeTpPhl CBI3aHBl HEKOTOPLIMI
> Ym COOTHOIIICHUAMU
lm Zom
DP (211, 2125 +r Z1ms Zlmt 15 2215 222, oy 22ms 2omg1) = 0, (4.6)
CYIIECTBEHHOE YHUCJIO KOTOPBIX OYJIET YCTAHOBJICHO HUZKE.
U3 coornomenuii (4.6) 4acTh MAPAMETPOB 211, ..y Zlm, Zlm-t1;
291y ey 29m, Z9m+1 MOJKHO BBIDA3UTD U€PE3 OCTAJIbHBIE TAPAMETPHL.
) 1 zil Aty GyHKIMO, HESIBHO 3a/MaHHy0 cucreMoit (4.6), Ha3oBeM cepd-
0 Ty Lo

yesunott mpu-mranu GW (p, q,q). Ypasuenus (4.6) takxke Gyem
Puc. 68 HA3bIBATH yPABHEHUsIMUA cep/eBuHbl Tpu-Tkanu GW (p, q, q).
Teopema 20. Ypasrerus cepduyesunv. mpu-mraru GW(p, q, q), onpedeasemot epynnot Jlu npe-
obpasosanut f: G xY =Y, z= f(a,y), mozym 6oimv 3anucanv, 8 eude

OP (211, 212, ooy Zlms Zim1) = @ (201, 292, vy 22m), 22m+1),

rie ©f — MHBapUAHTHL IPyLIIbl Hpeobpasosanuii, p = 1,2, ..., (m+ 1)p — ¢, m = [¢/p].
O Ilycrs B HEKOTOPBIX JIOKAJIBHBIX KOOpAUHATAaX ypasHenue tpu-tkanu GW (p, ¢, q¢) umeer Bus

2 = fo(al,y), (4.7)

A — are afre
rne i = 1,q, a,0 = 1, p, upuuem p < ¢q. CorsacHo npeIoKeHuio 1, paHru MaTpHUIL (8fi ) u (a—fﬁ)
a Y
SBJIAIOTCA MaKCUMAJIBLHBIMU B KaxkJ10 Touke objiactu onpenenenus Tpu-tkanu GW (p, g, q), mosromy

rank(%ﬁj) = rank(%) =p.

Tak kak p < g, TO
q=mp+pi, (4.8)

rne m € N, m = [q/p], p1 € Zo, p1 < p.
Ha tkaru GW (p, ¢, q) paccmorpuM Kordurypamuio Ry, (1, m) (puc. 68). Tak kak oHa 3aMBIKAETCS,
TO BBIOTHSIOTCS PABEHCTBA

211 = f(z, ), zo1 = f(x2, Y1),
................................ 49
2tm = f(21,Ym), zom = f(22, Ym), (4.9)
Zimt1 = f(T1, Yma1), 2om+1 = [(T2, Yma1),
rJie £| — TPOM3BOJIBHBIA BepTUKAJbHBIA cioii Tkaru GW (p, q,q), a T9 — ee BEPTUKAJIBHBIN CJIOM,
TpaHCBEpCAIBbHBIN noaMHEOr000pasusM Uy, ..., Up,, Unt1 (pa3MepHOCTH ¢ — p), KOTOPBIE BBICEKAIOTCSI
Ha TOPU3OHTAJBHBIX CIOAX Y|, -..; Ym, Ym+! TPU-TKAHU COOTBETCTBYIOIINMH HAKJIOHHBIME CJIOSMU
291y «oey Z22m, Z2m+1, CM. puc. 67. CoryacHo ompejenenuio 15, cioit £o9 — €JIMHCTBEHHBIN, TOITOMY
9f* (z2,y1)
oz
@
MaTpura Skoonm A = of* (2, ym) , cocrosiiiag u3 (m + 1)p crpok u g crosbIoB, UMeeT MaK-
N oz
Of " (w9, Ym+1)
oz

cuMmasbHBIA panr. U3 pasencrsa (4.8) caenyer, uro q < (m + 1)p, suaunut, rankA = ¢q. OduesuHO,
9T0 JyIst Joboro 'y panr marpunsl fAxobu (0f%(x1,yz)/0x}) cucremsl ypasnennii ziz = f(21, yg),
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o =1,m+ 1, rakxke pasen ¢. Vckiniouas u3 ypapaenuii (4.9) mepeMeHHble £] U T, MOJYIUM JBE CEPUU
uo (m+ 1)p — ¢ = p — p| ypaBHeHuii B KaxK0ii:

+1 1 1
Zif:n«kl :fp1+ (Z1172127'-'721m7z1m+17"'yszranr]yylini'-'7ym7ym+1)7
p1+2 2 1 p
Zl»,ln+1 _fp1+ (21172127'-'721m7z1m+17"'yzlfranrlvylini"'7ym7ym+1)7
p _ 1 p1 .
21 = JP(2115 212, oo Zlmo 2l 10 o0 21> Y1 Y25 o0 YUmos Ymt 1)
Z101+1 _ fpl-‘rl(z Py 2 2l P )
Qm_;jél - 21 225 «++5 2m>» 2m+17 ey 2m+1v ?Jl,yQ, ~-~7ym7 ym-i-l y
p — 2 1 p
ZQ»,1n+1 _fp]+ (22172227"'722m7z2m+17"'VZQ;nJ’,lvylini"'7ym7ym+1)7
p — 1 Pi
Zo i1 = FP(221, 202, s 22m 2oy 15 -0 Zomp g 10 Yl Y2 oes Yy Yt 1)-
.. p1+1 P .
BI)IpaBI/IB "3 KazKJI0u CUCTEMBbI IIepeMEHHbIC ym+1, ceey ym+1, IIOJTy9YuM:
— 1 p
y:;LJ’,] - Spp(ylny’ sty ymy ym+ly b} y,,i+1, 2115 2125 ++5 Zlms Zlm+1)7
— 1 p
Yt = P (Y1 Y2 oo Yrns Y1 o1 Yo 13 2215 222 -0 22m 22mt 1)

rae p = p1 + 1, p. Orciona ciienyor paBeHCTBa

1 p —
L)Dp(yly Y2, ooy Ym ym+17 LR y,mll+17 Z11s R12s o3 Rlms Z]m+1) -

(4.10)
P 1 1
- ()0 (yla Yo, ooy Yms ym+17 weey ym+]7 2215 R22y ++vy R2my» ZQerl)'

B cmy 3ambikanus Ha TRanun GW (p, ¢, q) koudurypanuit R, (1, m), (cm. puc. 68), pasencrsa (4.10)
JIOJIZKHDBI BBIIOJIHATHCS TOKJIECTBEHHO OTHOCUTEJILHO IEPEMEHHBIX Y1, Y2, - -+, Ym+1 U COAEPIKATH TOJBLKO
[EPEMEHHBIE 211, 212, -y Zlm-1, 2215 292 ---y Z22m1; ITO U €CTh cepauesuna tpu-rkanu GW (p, q, q).

C apyroit croponsl, GYHKIUN ¢f CBA3BIBAIOT HEPEMEHHbIE Zop U UX 00Pa3bl 2|y, HOJLyYaeMble
caesytomum npeobpasosanuem rpymnst G: 21z = f(z1, (f 7' (w0, 207)), T = 1,m+ 1, cm. puc. 68.
Cure1oBaTesbHO, P SABJISIOTCH WHBADUAHTAMU PACCMATPHBAEMOIl IDYIIIBLI IIPpeoOpa3oBaHuii (HAIIOM-
HUM (cM., HampuMmep, [Ba-1]) 4To mHBapmAHTOM IpyNIBI TPEOGPa3OBaHUIT HA3BIBAETCsS (DYHKIWMS OT
[IEPEMEHHBIX, KOTOPasl COXPAHIETC IIPU BCEX JOIyCTUMBIX I1peobpazopanusx). Hll

IIpumep 1. Paccmorpum rpu-tkans GW (1, ¢, q), nopoxiaeMyio g-MepHOil Ipynnoii npeobpaszo-
Banuii ma npsamoii. Mzsectro [Top-1], uro MakcumasbHas pasMepHOCTb rpyuibl Jlu, gomyckaroreit
OJIHOMEpHOE IpejcTaBienue, pasaa TpeM. Cienoarennno, tkanu GW (1, ¢, q) cymecrByior TOJIBKO
npu ¢ = 1,2,3 u onpenensiorcs COOTBETCTBEHHO I'DYIIION MapaJLIeIbHBIX MEPEHOCOB, addUHHON U
[IPOEKTUBHON rpymmaMu Ha npsmoii [[op-1]:

1) ¢=1 GW(L,1,1): z=y+a; 2) ¢=2, GW(1,2,2): z=a'y+ a%
1 2

3) q=3, GW(1,3,3): »=2Y+t2
y+a

00603HAYNB B 9TUX YPABHEHUSIX ¢ = X, TOJYYUM YPABHEHUsI TPU-TKAHEH, KOTOPBIE PACCMOTPEHBI B II. 2
§ 3, TJIe I KasKI0i U3 HUX HaiiIeHO YpaBHEHUE CEPJIIIEeBUHBI. 3aIHINeM MOCIeHAE B BUJIE PABEHCTBA
WHBAPUAHTOB COOTBETCTBYIOIIEH IPYIITBI TPeOOPA3OBAHMIA.
1. Jna rpu-rkanu GW(1, 1, 1), onpenensemoii ypaBHenuem z = a + Yy, ypaBHEHHE €€ CepJIIIEBU-
HBI (3.6) JIErKO IPUBOJUTCS K BUJLY
Z19 — Z11 = 292 — 291.

3/ech HHBApUAHT — BEJIMYHHA OTPE3KA.
2. Ypasuenue cepanesuns! (3.7) rpu-tkanu GW (1,2, 2) sKBUBAJIEHTHO PABEHCTBY

Zig — 211 _ %92 — 291

Z13 — 211 223 — 221

Sﬂer WHBapUaHT — IIPOCTOE OTHOIIIEHUE TPpeX TOYEK.
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3. Cepauennna (3.8) Tpu-tkanun GW (1, 3, 3) npuBojuTcs K BUILY

(211 — 2z12) (213 — 214) __ (221 — 292) (223 — 224)
(z11 — z13) (212 — 214) (21 — 293) (200 — 204) "
a MHBAPUAHTOM SIBJIAETCS CJIOXKHOE OTHOIICHUE YeTBIPeX TOYeK.
B paccMOTpeHHBIX BbIIe npuMepax p = |, MosToMy 9uC/Io ¢/p — 1es10e, 1 IMEETCs OJIMH NHBAPUAHT
(onHo ypasHeHue cep/iesutnl). [IpusejieM npuMep, Korjla ¢ He KPaTHO p.

IIpumep 2. dusa tpu-tkanu GW (2, 3, 3), onpeessieMoil IpyIIION JBUKEHU

2! = y'sina’® 4+ y®cosa® + a',
22 _ _ 1 3 2 o 3 2
Yy cosa’ + y“sina’ + a“,
p=2,qg=3, m=[3/2] = |, nosTOMY YMCJIO MHBAPUAHTOB U, COOTBETCTBEHHO, yPABHEHNUI! CEP/IIIEBIHBI

pasto (m+ 1)p—q = (1 +1)2 — 3 = 1. [Tocse BbIUUCIEHN TOIYIUM CJIEIYIOIEE yPABHEHNUE:
1 1 \2 2 2\2 1 1\2 2 22
(211 — 219)” + (211 — 212)" = (221 — 222)" + (21 — 22)"-
3/eCch MHBAPDUAHT — JIMHA OTPE3KA.

4. Tpu-Tkanu, nmopoxjgaemvbie aPUHHON U IPOEKTUBHOU IpynnaMu Ha IJIOCKOCTH.
Paccmorpum tpu-tkans GW (2, 6,6), onpenensiemyio adbdunnoii rpymmoi G Ha IIOCKOCTH:

1,1 2,2 3
Z a'y +a‘y:+a’,
{22 aty! 5,2 6 (4.11)
=a'y +a’y +a.

Teopema 21. Adppunras epynna Ha naockocmu 0baadaem 08YMsA YEMBPETTNOYEUHHMY UHBAPU-

AMMaAMU.
O Cucrema (4.11) comepxur 6 mapamerpos a’, i = 1,2, ...,6. UT06B WX UCKIIOUATH, 3aduKCHpyem
2 12

Ha IVIOCKOCTH 4 IIPOM3BOJIbHBIC TOUKHU Y = (y}“ yz), 1=1,2,3,4,n H&ﬁ,ﬂGM ux 00paspl 25 = (2, #2):
1 2

z——ayu—i—ayu—ka ﬁ—ayu—i—a 2+ ab.

Nckimroyas u3 nocsieiHeil cucTeMbl IapaMeTpsl a’, TOJIyYUM YpPaBHEHUS

1.1 .2 2 1 2
2oy oyl 212 yi oy 1
1 1 1
Zg Yy Yy L|_ 0 z5 Yo Yy 1| _ 0
O A T R 2 1 2 =Y
K 3R
zg Yy Yi 1 zi Yy yi 1
KOTOPBIE MOYKHO 3aIIACATH B CJIEIYIONEM BUJIE:
o9 12 1,2 12
y21 y% 1 z21 z% 1 y? y% 1 zgf z% 1
y3 y3 1| |z & 1 I ye yo 1|z oz 1] T
1 2 1 - 1 2 1 =10 1 2 1 - 1 2 1 = 12-
vy i oY K
le y% 1 221 z% 1 y? y% 1 z% z% 1
yr yi 1 2y 2z 1 ys Yi 1 2y zp 1
s W3 3Tux paBeHCTB BUIHO, 9TO BeJIMIUHBL [, [o SIBJISIFOTCS MHBAPUAHTA~
Mu paccmarpuBaemoii addunnoit rpynmnsl. l
Ys IIpuBenem reomerpuveckoe JI0Ka3aTeIbCTBO TeopeMbl 21.
Y s C TpeMst TOIKaAMHM IIJTOCKOCTH, He JIEXKAIITAMA Ha OTHOM MpsIMOil, HEBO3-
MOKHO CBSI3aTh HUKAKOro adbDUHOro HHBapuanTa. 3adUKCUpyeM Ha TLIOC-
d KOCTHU YI€TBIPEe TOUKH Y|, Yo, Y3 U Y4. LIyCTh Y5 — TOUIKA II€pECeTEHUsT TUAr0-
Puc. 69 HaJsleil Y1ys U YoYs IETHIPEXYroJbHUKA (Y1Yoysy4), cM. puc. 69. O6ozHaunM

4yepes S93 IIOMIAIL TPEYTOIbHUKA C BepIIUHAMHI Y1, Yo, Y3, depes Siaq —
ILJIOIAb TPEeyTOMbHAKA C BEpIIUHAMH ¥, Y2, Y4 U Tak gajee. OTHomeHne mwiomaeil Sios u S193 3THX
TPEyTOJLHUKOB fABJsgeTcs adbUHHBIM THBAPUAHTOM, TaK KaK OHO PABHO OTHONICHHIO MX OCHOBAHMIL:
Sizs _ yiys
Sz yiys
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Amnayiornano HaxoauM erne Tpu adGUHHBIX THBAPUAHTA:

Sis _ Yoys Sz _ Yays S35 _ YsYs
Sioa yoys’  Seae  yay2’ S Yy

., S S
Hckimodas u3 9TuX ypaBHEHUH S)o5 U Ss345, HOIyIUM JBa HHBApHAHTA: — = = [}, 213 = [, koropbie

15
. Shos S234
coBIIaIaIoT ¢ HaiigeHHbIMU Bbie. l

Teneps maiinem cepauesuny tpu-tkamn GW (2, 6,6). Ilycts, kak u Bbime, 2z — 00Pa3Bl TOUYEK Y,
7i=1,2,3,4, npu HeKoTOpoM Habope mapamerpos al,...,a’, a Zp — 0Dpashl TeX Ke TOYEK Yy NPH
JpyToM Habope mapaMeTpoB. Torma moJydInM pPaBEeHCTBA

S(yi,y2,y3) _ S(z1,20,23)  S(yi,ys,ys) _ S(z1, 23, 24)
Sy, y2,ys)  S(z1,20,20)"  S(y2, s, va)  S(z2,23,21)°
Sy, ye,y3) _ S(z1,20,23) Sy, ys,y4) _ S(Z1,723,%4)

(y:
Sy, ye,ya)  S(z1,22,74)"  S(y2,ys,y4)  S(Z2,23,71)

Vcknrouass W3 TOCTETHNX yPaBHEHMII TepeMeHHbIe ¥, HalieM ypaBHEHHUS CEP/AIECBHHBI TPH-TKAHH

GW (2,6,6) B Buze

S(z1,22,23) _ S(Z1,22,23)  S(z1,23,24) _ S(Z1,%3,%4)

S(z1,20,24)  S(Z1,%0,24)"  S(20,23,24)  S(Z9,%3,%4)

PaccMOTpuM rpyIily IPOEKTUBHBIX Ipeo0pa3oBaHmil IJIOCKOCTH:
pz* = a%yﬁ, @, B=123. (4.12)

Teopema 22. Ilpoexmuernas epynna npeodpasosaHull NAOCKOCTU UMEEM 06804 NAMUMOUEWHDLT
UHBAPUAHMNA.
[0 IlycTh Ha IIOCKOCTH 3aJlaHa JIEKAPTOBa IPSMOYTOJIbHAsI cucTeMa KoopauHat. C 4eThIpbMs TOUKAME
IJIOCKOCTH, HUKAKNE TPU M3 KOTOPBIX HE JIeXKAT Ha, OJHON IPAMOIl, HEBOSMOXKHO CBS3aTh HUKAKOI
[IPOEKTUBHBIN MHBAPUAHT, HE paBHbI —|. 3aduKkcupyeMm Ha IJIOCKOCTH
IATh TOYEK Y, @ = 1,2,3,4,5. Ilycre Sj93 — mI0ma p TpeyroabHIKA
C BEpIIMHAMU Y|, Yo, Y3 U Tak jaJjee. [lokarkem, 4TO BbIpaKeHUe

S193S495 _
Si123S195
SIBJISIETCS TIPOEKTUBHBIM MHBAPUAHTOM.

O6o3HaunM yribl Ipu Bepiuuhe yo: o) = (¢, a), ay = (d,a), ag =
= (¢,b), cau = (d,b), cm. puc. 70. Ilycrs hy u hy — nepueHAUKYIAPHI,
OIyIEHHbIE U3 TOYKH Y| HA TPSAMBIE Yoy3 U Yols COOTBETCTBEHHO, Ng
u hy — TepIeHIuKYIsIPhI, ONYIIEHHBIE Ha T€ YK€ TPSIMbBIE U3 TOYKH Y4.
Kak Bummo u3 puc. 70, cipaBeyinBo paBeHCTBO

Si235125 _ hihs
Si3S195  hghs’

I =

Haxonst BeicoTwl hi, ho, h3, hg 13 COOTBETCTBYIONNX MPIMOYTOJBHBIX TPEYTOJLHUKOB ¥ TIOJICTABJISS
UX B MIOCJIEJIHEE PABEHCTBO, TTOJTYINM:
7, = S1935495 _ sin(c, a) sin(d, b)'
S4235125 sin(d, a) sin(c, b)

BBIpa)KeHI/Ie ClIpaBa ABJIFAETCHA, KaK U3BECTHO, IPOEKTUBHBIM NHBapUaHTOM
YeTBEPKU IIPAMBIX a, b, C, d7 IIO3TOMY Il — HpOGKTHBHBIfI nHBapUuaHT.

AnajornunbsiM 00pa3oM HaiijileM elle OJWH NPOeKTHBHBII MHBAPUAHT, CBA3aHHBIA C TOYKOH ¥o:
T, — S1235594

S523S194
TOYKAMH, BBIPAsKaIOTCs depe3 HaiiJleHHble Ba naBapuanTa Z; u Zo. W

Haiiiem cep/iieBrHy TpHU-TKaHHU, OlIpeiesieMoil ypasaernsmu (4.12). Dra TKaHb 06pa3oBaHa Tpe-
Ms CJIOCHUSIMH pasMmepHocTeii 2, 8 u 8 ma MHOroobpasum G X Y pasmepnoctu 10, obozHaunMm ee

CJIOZ2KHBIM OTHOIIIEHUEM

Mozxkno IIOKa3aTh, 9TO Apyrue mHBapuaHTBhI, CBA3aHHBIEC C DPaCCMaTPUBACMbIMU IIATHIO
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GW (2,8,8). dns touek yg, 7= 1,2,3,4,5, n ux o6pasos 27 Ipn HEKOTOPOM HaGOpe IapamMeTpos a2,

a, 8 =1,2,3, umeem paBeHCTBa

Si2sSios _ SizsS. Sigs54 _ S12sS:
1935135 _ Sz _ 139501 _ SisSo _ (4.13)
Si93S1as  Sa23Sios S523S124  S523514

!
rae Sios = S(Y1, Y2, y3), Slog = S(21, 29, 23) u TaK naee. B
IIycrs Zp — 00Opasbl Tex e TOYEK Yp HpH JpyroM Habope mapamerpos. O6osHaunMm Sy m,p, =
= S(Zn,, Zny» Zpy)s By 7 Mo 7 fiz- Torma moayanM anaoruvHble paBeHCTBA

S1935495 _ S123845 S1935524 _ S1235504
= = =7 —22 = =
S423S125 54233125 55235124 55235124

Uckmouas u3 ypasHenuii (4.13) u (4.14) nepemennsle Yy, Haiinem cepanesuny tpu-Tkann GW (2,8, 8)
B BUJIE

(4.14)

el ral ! 7 al el ! !

S1935495 _ S1235495 S1235504 _ S1235594
el el - ! 7 » el el - ! ! -
S193S195  S43S195 Ss03S104  S5235104

B [To-15|, [Tolll-6] 3Tn pesyabTaThl OOOOIIEHBI JJIsT MHOTOMEDHBIX TPU-TKAHEH, ONMpPEIETeHHBIX
IIPOEKTUBHON I'PYIIIONA IIPOU3BOJILHON Pa3MEpPHOCTH.

5. Cepanuesuna rpu-rkanu GW (p, mp, mp).
IIpengoxkenne 23. Vpasrerue cepduyesunve mpu-mrary GW (p, mp, mp) u moavko maxot mxanu
MOdHcem Bl 3aNUCAHO 6 GUOE

(2117 2125 eey Zlm)/zlm+1 = (22132227 L) ZQm)/Z2m+17 (415)

ede (/) — npasasa obpamnas onepayus ois onepayuu (0) 6 KOOPOUHAMHOM MOHOUOE [(qp)(0) Mpu-
mxaru GW (p, mp, mp).
O Cuagasa TIOKazKeM, 9T0 KOODJMHATHBIN MOHOUJT [i(q p)(0) Tpu-TKanm W (p, ,q) cymecTByeT TOIbKO
B CJIydae, eCJIl IUCII0 ¢ KPATHO P, TO €CTh ¢ = mp. JlefCTBUTENBHO, COTTIACHO TeopeMe 9 KOOPINHATHBIIH
MOHOU/I CyIIECTBYET TOJBLKO Jyist Tpu-Tkaneit Buga W (AL, Am, A(l +m — 1)). s rpu-rkanu W (p, q, q)
umeeM ¢ = Am = A(l +m — 1). Orcioga caenyer, uyro | = 1, mosromy p = Al = A u ¢ = Am = mp.
B sTOM Citydae KOOpJMHATHAS PEIIeTKa 06Pa30BaHa OJHUM BEPTUKAJBLHBIM CJIOEM ¢ U 1717 TOPU3OHTA/Ib-
HBIME CJI0AME by, by, ..., by,. Cormacno onpejiesiennio 8, KOOPJAMHATHBIN MOHOUI [i(qp)(0) TPU-TKaH:
W (p, mp, mp) ectb GunapHas onepanust 2z = (U1, Ug, --., Uy, ) © U, CM. puc. 59.

Haiinem ypasuenue cepuuesunbl tpu-tkanu GW (p, mp, mp). Iycrs na puc. 68 zg = a, y; =

= b1, ..., Ym = by. Torma o oupenesennio oneparuu (o) umeeM: (211, 212, .-y Z1m) © U = Zim41 H
(291, 292, -y Z9m) © U = 291 1. VICKIIIOUAS] U3 9TUX PABEHCTB LAPAMETD ¥, HOJLyYUM YyDABHEHHUE CEepJIile-
BUHBI paccMarpuBaeMoil Tpu-Tkanu B Buje (4.15). Yucsio naBapuanTos Buna (211, 219, -, 21m )/ Z1m+1

(u ypasHenuii cepesunnt) pasao p. H

B uacrHoctn, ipu p = | nosyuaem tpu-tranb GW (1, m,m) (wm GW (1, q, q)), 1is Bcex KiIaccos
KOTOPOIi cepiiesuna 3amucana B suge (4.15), cm. upumep 1 m. 3.

ITpu m = | nosmyuaercsa rpynnoBas Tpu-tKaub W(p,p,p) (rkanb (R)), mopoxaaeMasi p-MepHON
rpyunoit G. CeppuieBrHa Takoil TKAHU OLpeJIeJIsleTcsl ypaBHEHUEM 211/z19 = 2o1/z99. 3aMeTUM, 9ITO
HOCJIE/IHEE PABEHCTBO HEIIOCPEJICTBEHHO CEyeT U3 3aMblkanusd duryp R, cm. puc. 63.

§ 5. Tpu-TKaHm, orpeessgeMble KBasurpyiiiamu BoJia nmpeobpa3zoBanmii

1. Oupexnenenue tpu-rkauu Bj(p, q, q).

ITyere Q(x) — sokanbHas guddepeHiypyeMasi g¢-MepHas Kpasurpylma, Y — IVIQJIKoe
p-MepHoe MHOrooOpasue, (p < ¢), U Ha HpAMOM npousselenunu @ X Y 3amana riaakas QyHKIUs
f: QxY =Y, z=f(a,vy), (5.1)

Takas, 4TO 5 o
1) B kaxk0it Touke MHOXKecTBa (Q X Y panru marpur dxobu (8—f> u (a—f) MaKCUMAaJIbHBI;
a Y
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2) mist obbix y € Y 1 a,b € () BBINOJIHSIETCS yCIOBHUE

fla, f7H0 f(a,y))) = flaxby), (5.2)

e f7': QxY —Y,y= f"!a,z). Torna Gyaem rosoputsb, uro dbynxmus f onpejenser deticmeue
KBasurpymnnel @Q(*) Ha MHOroo6pasun Y mo mpasuiy (5.2).

IIpennoxenune 24. Ecau ksasuepynna Q(*) deticmseyem na mnozo0bpasun Y no npasuay (5.2),
mo ona uzomonna ae6ot ayne Boaa.
O Paccmorpum tpu-tkanb W (p, g, q), obpaszoBanHyio Ha MHOroobpasuun M = @) X Y tpems cjioeHusIME

Al a=const, Xo: y=-const, A3: z= f(a,y)= const

pasMepHOCTell cooTBeTCTBEHHO P, ¢ U ¢. Ha Tkanu W (p, ¢, ¢) BO3bMEM J[Ba IIPOU3BOJIbHBIX JOCTATOUTHO
0JIM3KUX BEPTUKAJIHHBIX CJIOS ¢ U b, BEDTUKAJIBHBIA CJION ¢ = @ * b ¥ TPOU3BOJILHBII TOPU30HTAIbHBII
cyoii y (puc. 71). Touky nepecedenusi rOPU30HTAIBLHOIO CJIOS Y U BEPTUKAJILHOTO CJIOZ @ 0003HaIuM A.
Yepes A NpOXOIUT eIMHCTBEHHBIA HAKJIOHHBIA CJIOH f (a, y) droT cioit
HepeceKaeT BePTHKAIBHEIN cyIolt b B HekoTopoil Touke B. Yepes B npo- B
XOJIUT €IMHCTBEHHBIN ropu3onTaIbHb ciioit £~ (b, f(a, y)), KoTopslii, B
CBOIO OYepejlb, IIePeCceKaeT BEPTUKAJIBHBIN CJI0i ¢ B HEKOTOPOit Touke C'.
Yepes C' MPOXOUT eIMHCTBEHAbI HAaKTOHHBI cytoit f(a, f~1(b, f(a,y))).
C apyroit CTOPOHBI, CJIOH Y IMEpPeceKaeT BePTUKAJIbHBINA CJIONH ¢ B HEKOTO-
poit Touke, obozuaunM ee D. Uepe3 D mpoxoanuT eIMHCTBEHHBIN HAKIOH- B
Hblit cioit f(c,y). Pasencrso (5.2) osnagaer, uro touru C u D jexar Ha I )
OJTHOM HAKJIOHHOM CJIOE. b a c

Ecnu nposectn anaioruaHoe MocTpoeHue, HauaB € JIPyroro ropu3oH- Puc. 71
TAJILHOTO CJIOS ¥, TO Tosiydarcss HoBble TOYKH C' U D, KOTOpbIE TakKe
JIe’KaT Ha OJ[HOM HAKJIOHHOM CJIO€ B CHJLy TOrO ke pasencrsa (5.2). B
pesyabraTe nomydaercs xkonduryparus ABCDABCD, uzobpaxkennas na puc. 71. Ona amagormana
U3BECTHOI JieBoit Komdurypanuun bosa B; Ha Tpu-TKanu, oOPa30BAHHON CJIOCHUSIMHU OJIMHAKOBOM
pasmeprocTu (cMm. puc. 11).

Taxkum o6pazom, ToxkaecTtBy (5.2) COOTBETCTBYeT ycjoBue 3aMblkaHus Ha Tpu-Tkanu W (p,q,q)
KoHbUrypanuii, n306paxkeHHbIX Ha puc. 71. Mcmonb3yst 9To yeaoBue, 10KaKeM, 9To KBasurpyiia Q ()
SIBJISIETCS JIEBOJUCTPUOYTUBHOM, TO €CTDH BBIIOJIHSI-

Ql
<

|
]

eTcs TOXKJEeCTBO » B . (axb)*(axc)
% Cc “B|B AlA
ax*(bxc)=(axb)x*(axc). m
\JC B “2|D
[Iycts @, b, ¢ — TpoOu3BOIBHBIE BEPTUKAJIb- Y

-l
N
2

wple ciaou Tpu-tkanu W(p,q,q) u a xb, a * ¢, 7
bxc, ax(bx*c), (a*b)x(a*c) — BepruKaJbHbIE e Nz
cJjiou, ompejesdeMble COOTBETCTBYIOIIUMU IIPOU3-
BeZlenusaME B KBasurpyuie Q(x), puc. 72. Iycrs “D
Yy — IPOU3BOJIbHBII TOPU30HTAJIBHBINA CJION TKaHU
Wi(p,q,q); A, B, C — T0YKHU IilepeceveHns TOro
CJIOSI CO CJIOSIMU @G, b, ¢ COOTBETCTBEHHO W 24, ZB,
Z¢ — HAKJIOHHBIE CJION, TPOXO/IAIINeE depe3 yKa3aHHble Toukn. HaKkIOHHBIH ClI0it 2o epecekaeT BepTu-
KAJIbHBIH CJ10it b B HEKOTOPOIl TOUKe 6; gepes3 MOCIEIHIOI IIPOXOANT €IUHCTBEHHBI TOPU30HTAJIBHBIN
ciioii (0603HAYMM €ro ), KOTOPBI IepeceKaeT BePTUKAJIBHBII CJ10ii b * ¢ B TOUKe B. Dra Touka B CuLy
pasencTBa (5.2) JI€KNUT HA HAKJIOHHOM cJIoe zp. [losydaeM «I1apajiiesiorpaMms BCCB, ceazbiBaronmit
ciaoun b, cu b * c.

<

c b bxc a ax(bxc) axb axc

Puc. 72

_ Anasioruuno crpoutes «mapastesorpamyy ACCA, ca3bIBatomuii cion a, ¢ u a * ¢; 371ech Touku A

u A=7ynN(axc) s cuy Toro xe paseHcTsa (5.2) JexKaT Ha OJHOM HAKJIOHHOM CJIOE 24.
Hanee obosnaunm D =y Nan B = zp Na. llycrs 3 — ropu3oHTAIBHBI CJIOMH, IPOXOISIINI Yepe3
touky B, u mycrs D = § N (ax* (bxc)). B cuny pasencrsa (5.2) toukn D u D jexar Ha oJHOM
HaKJIOHHOM cJioe, 0603Ha4mM ero zp. «Ilapammenorpamv» DBBD cBa3biBaeT BepTHKAJIbHBIE CIION d,
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b cuax (bx*c). Ha naknonnom ciioe zp sexur Touka D =7 N (a * b), HOCKOIBbKY «I1apajlIelorpamMm»
DCCD cesizbiBaer ciion a, b u a * b. _

Tereps paccmoTpuM <«mapastenorpamy» AB BA, tie A = N (a * b). On casbiBaeT cioun a, b u
a * b, mosTOMy TouKa A J1e:KuT Ha cioe z4. Ha 3ToM ke ciloe, KaK IOKA3aHO BbIIIE, JIEXKUT U TOUKA
A, 03TOMY TIapaMeTp HAKJIOHHOIO CJIOH = paBeH flaxb, f~%axc, f(a*b,7))). Haxnonusrii coit,

npoxossinmii yepes Touky D, onpezessiercst napamerpoM f(a x (b ¢),y). Tak kak Touku D u D snexar
Ha OJTHOM HAaKJIOHHOM CJIO€, TIOJIy4aeM PaBEHCTBO

flaxb, fYaxe flaxb7))) = flax (bxc), 7).

C mpyroit croponsl, B cuity paseHcTBa (5.2)

f(a*b,ffl(a*c,f(a*b,g}))) = f((a*b)* (ax*c),y),

TIO3TOMY

flax(bxc),y) = f((axb)*(axc),y).

Tax Kax ¢J0il § — NPOU3BOJILHBIA (IIOCKOJILKY IIPOU3BOJILHO OBLI BBIOPAH CJIOH Y, CM. puc. 72), TO OT-
crofia caegryer paBeHcTBo @ * (b* ¢) = (a x b) * (a * ¢). Tem cambIM CBOWCTBO JIEBOH JUCTPUOYTUBHOCTU
JIOKa3aHO.

AHAJIOrMYHO OKA3BIBAIOTCS CBOMCTBA JIeBOIT 06pATUMOCTH @ * (@ * b) = b U UIEMIIOTEHTOCTH @ * @ =
=a.

Taxum 06pazomM, ecsiu KBasurpyia @ (*) meficrByer na MHOroo6pazuu Y 1o npasuiy (5.2), To ona
SIBJISIETCST UJIEMITOTEHTO, TeBoobpaTnmMoit u esomuctpubyrusnoit. Cormacuo [AT-1|, myma, nzoromHast
KBa3WUIPYIIIIEe ¢ TAKUMU CBOMCTBAMH, sIBJIsI€TCA JieBoi jiynoi Bosa. M

Onpenenenue 16. Inmagkoe neiicteue f: @Q X Y — Y jokanpHOI quddepeHnmupyemMoii KBa3u-
rpyunsl Boaa @Q(*) Ha riagkoM MHOroobpasuu Y, onpejensemoe npasuioMm (5.2), HA30BeM K6a3u-
epynnot Boaa npeobpasosarudi. Ksasurpynny Bosa (%) Mbl OyaeM Ha3bIBATb NApaMemMpuseckot
Keazuzpynnol KBa3urpyunsl bosa npeobpa3zoBanuii.

Ounpenenenne 17. Tpu-traus W (p, q, q), oupenensgemyto KBazurpynnoii Bosa npeobpazosanuii,
Ha30BeM 0600uwenhol Ae6ot mranvio Boaa n obosunaunm By (p, q, q).

CoryacHo omnpezesennio 3, KBasurpyima boja mpeobpaszosanuii f: Q X Y — Y sasisercs Jio-
KaJIbHBIM KOODJIMHATHBIM TPYIIIONIOM TPU-TKaHU Bi(p, ¢, ¢), MBI OyJIeM 3alliCHIBATH €€ TAK¥KE B BUJE
z = a-y. Ypasuenue (5.1) tkanu B(p, ¢, q) Oymem paccMarpuBaThb ¢ TOYHOCTBIO JI0 U30TOIMUIECKUX
npeobpazosanuii Buja (1.8).

Ipennoxenune 25. Keazuzpynna Boaa npeobpazosanuti f uzomonna 2pynnoudy f~1, xomopoui
makoice asaaemcs keazuepynnott Boaa npeobpasosarud.

O Ilycrs Bi(p, g, ¢) — TpU-TKaHb, IOPOK 1aeMast KBasurpynmoi Bosa npeobpasosanmii f: Q@ XY — Y.
Onpenenum Ha MuHOroo6pasun M = @ X Y Toueunoe orobpaxkenue ¢,(A) = B, cm. puc. 73. 3nech

a — UKCUPOBaHHBIA BepTUKAJIBHBI caoit Tkanu Bj(p, q,q), A — Ipou3BoJibHAs TOYKA MHOI000-

pasusi M, b 1 y4 — COOTBETCTBEHHO BEPTUKAJIBHBIN M NOPU30HTAJIBHBIN CJIOM TKAHU, IPOXOJISAIINE

yepe3 TOYKy A, z — HAKJIOHHBIN CJIOH, IPOXOJANMi Yepe3 TOUKYy IepecedeHust CJIOeB a U YA, U,
HakoHell, B = z N (a*b).

Zas Z [Mockosibky Ha MuOTOOOpasuun M = @ X Y rToukm

Ya A A u B umetor cuenywonme koopauHatet A = (b,ya),

UA) B=(axb f(axbz)), tne z = f(a,ya), To orobpare-
y A HEE (P, MOYKHO 3aITICAThH TAKXKE B BUIE
B\D

b b axb @a: (boya) = (axb, f~ (axb, fla,ya))).

Puc. 73 U3 onpesiesieHnst OnepaIum p, CJIEILYeT, YTO JJis KarKI0H
Touku A € b ee 06pas p,(A) nexur Ha ciioe a * b, u st Kaxk o roukn A’ € yq — pq(A4’) € z. lycrs
Ternepb TOYKa A mepeMeraeTcs Mo HaKJIOHHOMY CJIOIO z 4. Lloc/equmii nepecekaeT BepTUKAJIBHBIN CJIOH
@ B HEKOTOPO# TOYKe, 4epe3 KOTOPYIO IPOXOJUT €IMHCTBEHHBII MOPU30HTAJIBHBIN CJIO#, 0003HAINM
ero y, cM. puc. 73. Tak kak B cuiry paserctsa (5.2) B =y N (a*b), 10 ¢, (A’) € y nag moboit Toukn A’
CJIOSL 2 4.
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Takum 06pa3oM, IpH OTOOPAKEHUN , BEPTUKAJLHBIE CJIOM TKAHHW IEPEXOIAT B BEPTUKAIbHBIE
con 3TOi Ke TKaHu: b — @ * b, & TOPU3OHTAIbHBIE W HAKJIOHHBIE CJIOM TKAHU MEHSIOTCS MECTAMH:
Yya — 2, za — y, te 2 = f(a,ya), y = f'(a,za) (mapamerp a bukcuposam).

C zapyroit CTOPOHBI, OCTIE/(HIE YPABHEHUSI OIIPEIE/IAIOT U30TONNYecKoe peobpasosanue (v, 3, 7),

€ T ~ _
i a:b—axb=b, B:ya— fla,ya) =7, 7: 24 — f (a,24) =

IIpu sTom ypasHerue z4 = f(b, y4), CBA3BIBAOIIEE TAPAMETPHI CJI0EB TpU-TKaHu Bj(p, ¢, ¢), TpOX0Is-
mpX 4epe3 Npou3BOJIbHYI0 TOuky A € M, B cuity pasencrsa (5.2) npeobpasyercs K BUILY

T=fYaza)=y=faxbz)=f(axb, fla,ya) = F'(5,9) = fb,9). (5.3)

Orciofia citefryer, 9T0 KOOPINHATHBII TPYIIION] f Tpu-tkanu B;(p, ¢, ¢) ©30TONEH IPYNIIONITY fE .
Teneps nokazkeM, 4ro byHKIMs f yI0BIETBOPIeT TOXKIECTBY (5.2):

f@ 7', f@9) = fa=b,y), (5.4)

TO ecTb f sIBiIsieTcsl KBasurpyumoil Bosa npeobpasoBanmii. B camom jieste, B CHILy HIE€MIIOTEHTHOCTH
U JIeBOI 06paTHMOCTH orepanuu (*) uMeeM:

G=axa=a, axb=ax(axb)=b. (5.5)
Tak Kak 10 onpeaeernnio f(b,§) = f~'(a* b, z), To ¢ yuerom (5.5) nomyuaenm:

. f@xb,3) = f((a*a) (ax0),7) = flax(axb),7) = f(b2),
f@ 7', f@ ) = f@ (g,f”(a, 2))) = (5.6)
= f(@ f~'(boya)) = @, flaxbya)) = f~ (a, f(a*bya)).

TockobKy Ha TKauu Bi(p, q, q) 3amblkaoTcst KoHbUrypaun, n300paKeHnble Ha puc. 71, To umeem

PaBEHCTBO
F N a, flaxbya)) = f (b, 2).

Orciona B cuity (5.6) momydaem (5.4). W

Bepno Takke obpaTHOE yTBEDKICHUE.

Ipennoxenue 26. Eciu Q(x) — npoussosvras aokasvhas JuPPepenyupyemas x6a3uzpynna,
f: QXY =Y — pokasvhod eaadkuti epynnoud u 8 oxkpecmHocmu 1106020 GUKCUPOBAHHO20 INEMEH-
ma ag mmooicecmea @ epynnoud z = f(a,y) uzomonuueckum npeobpazosaruem

a: a—ayxa=a, B:y— fla,y)=y, 7: zaffl(ao,z):g

npusodumea x sudy z = f~(a,7), mo f aeasemcs weasuepynnoti Boaa npeobpazosanuii ¢ napamem-
puneckol xkeasuepynnolt Q(x).
[ TloxcraBisisti BhIpaskKeHust

Z=fYao.z) = f (a0, fla, ), f @) =f "(ao*a, flag,y))

B ypasuenne z = f~ (@, ), HOTy<InM PaBEHCTBO

Fao, fla,y)) = f~'(ao * a, f(ao, y)) = 7.

Orcrona vaxomum: f(a,y) = f(ao,¥), f(ao,y) = flag * a,7). Uckimouast y u3 nociejHell cucreMbl,
nostyanM paseHcTBo (5.2) B B

f(CLO, f_l(a’v f(a()fy))) = f(ao * a’??)'

CaenopatesbHo, [ — KBasurpynna Boua npeobpasosanuii ¢ napaMerpuyeckoil ksasurpymnmnoit Q(x). l

Bameuanue. Ilpu p = ¢ rpymmomast f u f~! aBisiorcs ksasurpynmamu, f-! HazseiBaeTcs
napacrpodom f, cm. §2.2. B paccmarpusaemom ciydae (p < ¢) rpyumouabl f: Q XY — Y u
f~1:Q x Y — Y raxxke MOxkKHO Ha3bIBaTh napacrpodamu. 13 Ipemiokenns 25 ciemLyer, 4To Iapac-
tpod f~! kBazurpymmsr Bosa nmpeobpazoBanuii f ompesesser Ha TOM ke MHOroobpasun M = Q x Y

O M A Awxveie A M T1lenexor
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TPU-TKAHb El(p,q,q), 9KBHBATeHTHYIO TKauu Bi(p, q,q). Ilpm sTom orobpaxkenme ¢,: M — M,
nepesogsiiee cjaou Tkauu Bi(p, ¢, q) B ciaou tkanu Bi(p, ¢, q), ABJjiseTCs BHY TPEHHUM aBTOMODPMU3MOM
tamn By(p, q, q). C Apyroii cTOpPOHBI, 0TOOpazKenue ¢, onpee/ser H30ToMmo napacrpodos f u L.
B pa6ore [TollI-10] ¢ nomoinpio aBroMopdu3MOB ¢, HAWIEHbl CTPYKTYPHbIE YDABHEHUsI TPU-TKAHU
By(p, ¢, q) 1 101y9eHbl COOTHOIEHUSI HA KOMIOHEHTBI €€ TeH30Pa KPUBU3HDI.

2. JIokajpHble cuMMeTpun Ha Tpu-tkauu Bi(p, q, q).

IIpengioxxenue 27. Basa nepeozo caoerus mpu-mranu Bi(p, ¢, q) ABAAEMCA A0KAALHO CUMMEM-
PUHECKUM NPOCTPAHCTNEOM.
O Ilycrs Bi(p, q,q) — Tpu-TKaHb, ompejeseMasi Kasurpymmoii Bosia nmpeobpasopanuii f: Q X Y —
— Y ¢ napamerpuueckoil kBasurpymmoit Q(*). C apyroif cTopoHbBI, MHOXKeCTBO () siBjsieTcst 6a3oi
[IepPBOTO CJIOeHUsI A Tpu-TKaHu Bi(p, ¢, q). Crenyst [CM-4], onpesenum Ha @ cemeiictso dyHKIMA S,
Takux, 910 S, (b) = a * b s mobbix a € Q u b € U, C Q, rae U, — J0CTATOUHO MaJiasi OKPECTHOCTh
Toukn a. Tak Kak omeparyst (*) MIEMIOTEHTHA, JeBOOOpATHMA M JIEBOJUCTPUOYTUBHA, TO COTJIACHO
[CM-4] dynknum S, ABIAIOTCS JTOKAJBHBIMUA CAMMETDHSIMHI, & MHOTOO6pasue {Q), S, } 6y1er JoKaibHO
cummeTpudeckuM rpocrpancrsoM. Hl

Bameuanne. Kaxnas byukuus S, (To ecTb 1pu 11060M @ € Q) UHAYIUPYET Ha TIEPBOM CJIOEHUN |
tpu-Tkauu Bj(p, q, q) orobpaxkenne b — S,(b), tae a, b u S (b) = a * b — napaMerpsl BEPTUKAIBHBIX
CJI0EB TKAHU. DTO OTOOparKeHUe TaKKe SIBIISEeTCs JIOKAJIHHON CHMMeTpHel, 0003HAUYNM ee TaKkkKe Sg,
Sa: A1 — A1. 3ameruM, uro B cmity paBeHcrBa (5.2) BepTukasbHbI cioil S,(b) = a % b Tpu-TKaHuU
Bi(p, q, q) Moxer GbITH [OJYUYEH KaK BEPTUKAJIbHASA TPAHCBEPCAIb (¢ — P)-MEPHBIX MOAMHOro00pa3uii
U(A) = z Ny upu ycioBuu, 4ro cjioil a GpukcupoBad, a Touka A npoberaer BepTUKAJBHBIN CJION b,
cM. puc. 73. Byjaem rosoputsb, 4ro cioit S, (b) = a * b cuMMmerpuden o0 b OTHOCUTENILHO CJIOs G.

3. O6o6uieHHbIe JieBble KoHGurypanuu Bosaa Ha tpu-rkanu W (p, q, q).

Paccmorpum npousBosibHy10 Tpu-TKanb W (p, ¢, q), 00pa3soBaHHYIO CJIOCHUSAMU Pa3MEPHOCTEH P, ¢
u g, npuieM p < q. PukcupyeMm JiBa JOCTATOMHO OJIM3KMX BEPTUKAJIBHBIX CJIOSA ¢ U b ITOH TKAHMU.
BospmeMm Ha csi0e @ TpOM3BOIBHYIO TOUKYy A m mocrpomm Toukm B m C Tak, Kak MOKa3aHO Ha
puc. 71. Tlpoegem 4wepes A ropusoHTaMBHBIA caoii (0603HAUMM ero y), a depe3s C' — HAKJIOHHBIH
caioit, ero obozuadmm z. Cion y U z nepecekaloTcs 1o (¢ — p)-MEPHOMY MOJMHOTO0OPA3UIO, KOTOPOE
o6ozraunm U (y).

IIpennoxkenue 28. Ecau na mxanu W(p, q, q) 0as 410661z docmamouno 6AUSKUT GePMUKAALHDOIL

caoes a u b cywecmsyem eduncmeentuil GepMUKaAbHL CA0T, MPANCEEPCALLNHILL BCeM DOCTMAMOWHO
bauskum nodmmozoobpazusm U(y), mo mrans W(p,q,q) asasemes mranvio Bi(p, q,q).
O [omycTum, 4TO CyIIECTBYeT €IMHCTBEHHBI BEPTHKAJIBHBIA CI0H (0603HAYMM €ro ), TpaHC-
BepcasbHbBIl BeeM TogMHOr00Opasmam U(y) mpu ycrosum, 9To Tovka A mpoberaer BepTHKAJbHBIH
cioit a tpu-tkanu W(p,q,q). Cioiti T nepecekaeT TOPU3OHTANLHBIA CJIOH Yy B TOYKE, KOTODad,
C JIpyroil CTOPOHBI, JIEKUT Ha CjIoe 2z, npoxonsdimem dvepe3d Touky C. Cre/loBaTesbHO, Ha TKAaHH
W (p, q,q) 3aMbIKaloTCsi KOH(UrYpaIuu, n300pasKeHHble Ha PUC. 71, a 3HAYUT, JJIs €6 KOOPMHATHOTO
rpynnou/ia f BBIIOAHAETCA TOXKIeCTBO (5.2):

fla, f7H(0, fla,y))) = f(a,y).

TockombKy cjion a U b BEIOPaHBI TPOU3BOJILHO, TO Ha TEpBOM cjoennn TKanu W (p, q,q) BO3HMKaeT
GunapHast oneparus , Takas, 910 p(a, b) = x.

IMokaxkem, uTo ypapuenue ¢(a,b) = T JIOKAJBHO OJHOZHAMHO Pa3peINMO OTHOCHTEIBHO Iepe-
MEHHBIX a U b, TO eCTb (¢ — Kpasurpynna. JlefcTBUTeNIbHO, I (PUKCHPOBAHHBIX BEPTHKAJIBLHBIX
CJIOEE a U T CJIOH b OHOZHAYMHO ONpEeNsieTcst KaK BepTHKAJbHas TPAHCBEPCANb MOJIMHOT000pa3uii
fla,y) N f~Ya, f(z,y)) npu mo6om y. Temeps 3adukcupyem mapamerpsl b u z, a pasenctso (5.2)
3alMIIeM B BHJIE PABHOCHILHON €My CUCTeMbl ypaBHEHHIA:

fla,y) = f(0,9),  fla,y) = f(z,y).

Orciofia citeyeT, 9To JJisl JIIOOBIX ¢ U Y BEPTUKAJBHBIN CJIOH @ TPAHCBEPCAJIEH ITOJIMHOTO0ODA3USIM
yN f(b,g) myN f(z,y), a 3HAIUT, ONPEIESISITCsT OJHOBHATHO. TaKuM 06Pa30M, OIEPAIHst ( SIBIISIETCSI
KBa3UI'PYIIION, a IPyIIon f, COrJIacHO ompejesennto 16, Oyaer kBasurpyimoii boJa mpeobpasoBanuii
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(c mapamerpudeckoit kBasurpyumnoit ¢). Ciemosarensuo, Tpu-tkanb W (p, g, q), onpejeisemas Irpyii-
nowngoM f, siBistercs TKaubio Bi(p, q,q). B

Ipemtoxkenne 28 MOXKHO yCHJIUTD. IlycTh, Kak ¥ BBIIIE, @ U b — IPOU3BOJLHBIE JTIOCTATOYHO OJIN3-
Kue BepTHKaJjibHble cyou Tpu-tKanu W(p, q, q). Pacemorpum m = [¢/p] Takzke HocTaToqHO GJIUBKUX
FOPU3OHTAJBHBIX CJIOEB STON TKAHH C HapaMeTpaMu Y,

w = 1,m. Kaxnpiit us uux oupenensier ciaoun A,B,, B,C, B Crni |

(puc. 74) m coorBercTByIOMmEe moaMHOroobpasue U(y,). Ha LU(y )

mHOroobpasun M = @ X Y pasmepHOCTH ¢ + P CYIIECTBYET Yl Sy (s

p-MepHBIil BepTuKaJabHblil cioit Tkanu W(p, ¢, q), TpaHcsep- B,, A c, :’

canpHbIil oamuOro06pasusM U(yr), ..., U(ym). Ho m + 1 Uy,

muoroobpasuit U(yy), i = 1,m + 1, yxxe me umeror, BoobIe Yy £ A

TOBOpsI, OOIMEl TpaHCBepCasn, SBIAIONEHCST BEePTUKATILHBIM An f‘

cnoem trauu W(p, q, q), cM. puc. 74. I
Onpenenenune 18. Koudurypanuto, 06pa3soBaHHYO IBY- B, C, I

Msl BEPTUKAJBHBIMU CJIOIMU @ U b U «mMapajiielorpaMMaMu» 1 Uly,)

Buga ApBpCrU(yg), = 1,m+ 1, nazoBeM obobwennot se- m \'\‘ !

601 konpueypayuets Boaa n obosuaunm By(1, m). Ay ‘r
Onpenenenune 19. Bynem roBoputh, 4T0 KOHDUIYpaA- b a ¢

uus Bi(l,m) samwvikaemes, eciu CymecTByer eIUHCTBEHHBLI Puc. 74

BepTHUKAJIBHBIA cioit Tpu-Tkanun W (p, g, ¢), TpaHCBEpCATbHBIH
BCEM JOCTATOUHO Ou3KkuM moaMuoroobpasusM U(yg), T = 1, m + 1, Bxoggmum B 9Ty KOH(GUIYypaIuio.
Teopema 29. Ecau na mpu-mxraru W(p, q,q) samvikaromes sce xongueypayuu Bi(1,m), mo ona
asasemes mranvio Bi(p, q, q).
O Ha tranu W (p, ¢, ¢) paccMOTpuM Hpou3BosbHYI0 Kordurypamnuio Bi(1,m), ecm. puc. 74. Homycrum,
9TO OHA 3aMBIKAETCdA, TO €CTh CYIIEeCTBYeT eJMHCTBEHHBIN BEPTUKAJBHBIN CJIONH €, TPaHCBEPCAJIbHBIN
BceM nogmuorootpasusam U (Y1), ..., U(Ym+1)- IlycTb y — Hpou3BosIbHbL TOPH30HTAJIBHBIN CJI0i TKAHH,
OTJIMYHBINA OT CJI0eB Y, @ = 1,m 4 1. Dror cioil nepecekaeT BepTHUKAIBLHEIA CIOH ¢ B HEKOTOPOIl
touke D. [Tocrponm, kax u Beie, Touku A =a Ny, B=bNzu C = a N7y, rie z — HAKJIOHHBIN CJIOM,
IPOXOJISATINIL Yepe3 TOUKY A, a J — NrOpU30OHTAJBHBIN CJI0#, mpoxosimumii yepe3 Touky B. Touku C'u D
Gy/IyT J1eXKaTh HA OJJHOM HAKJIOHHOM cJioe (0BO3HAUUM €ro Z), IIOCKOJIBbKY Ha PACCMATPUBAEMOl TKaHN
W (p, ¢, q) 3ambikatorca 6ce kKoudurypauu By(1, m), a sHagur, 3aMbikaeTcs J100ast 13 KOHGUrypanuii,

B KOTOPYIO BXOJIHUT IOPU3OHTAIBHBIN CJIOI § M KaKue-1ubo 1M rOPU30HTAILHBIX CIIOEB Ui, --., Y, U3
Habopa Y1, -y Ym, Ym+1- 1IPDH 3TOM BEPTHUKAJIBHBIN CJION ¢ OyJIeT TpPaHCBEPCAJIEH IOAMHOI000PA3UIM
Uym,), - Ulyg,, ), U(y), vae U(y) = y N Z. Tax xax ropusoHTAIBHbIN CJI0# 3 BBIOPAH IIPOM3BOJIBHO,

TO BEPTUKAJBHBIA €JI0#i ¢ OyeT Tpancsepcaset BeeM mnoamuoroobpasusm U(y) mia moboro y. Coemno-
BaresbHO, B cuity IIpemioxkenus 28, rpu-tkaub W (p, q, q) sBaserca tkaubio Bi(p,q,q). B
3ameuanmue. YpaBHeHHEe ¢ = @ * b, C OJHOI CTOPOHBI, OIIPeeIsieT IapaMeTPUIECKYI0 KBa3U-T'PYII-
1y KBasurpyminl Bosa npeobpasosanuii (5.1), a ¢ Apyroil CTOPOHbBI, CBA3BIBAET IAPAMETDLL G, b U ¢
BEPTUKAJILHBIX CJIOEB COOTBETCTBYIONIEH Tpu-TKanu Bi(p, ¢, q), BXOAAIMUX B IPOU3BOJILHYIO KOHMDUIY-
pamuto B;(1,m) (puc. 74). B wactHocTn, npu ¢ = p tpu-tKaHb Bj(p, ¢, q) CTAHOBUTCSI JIEBOH TKAHBIO
Bona B;, 00pa3zoBaHHON CIOCHUSAME OJMHAKOBOI pasmepHocTH, a koudurypamusa Bi(l,m) — nesoit
koudurypanueit Bona (puc. 11 na c. 45), tak kak m = [¢/p] = 1. g KOOpIUHATHON KBA3UTPYIIIIbI
z = f(a,y) Tkaum B; cymecTsyer JieBas obpaTHas Ksasurpynna a = | f(z,y), Koropas, coriacto [9],
OIIpeJIesIsieT CPEJIHIOI TKaHb Bona Bj,. I[Ipu 3ToM BepTHKaj bHBIE CJIOM TKaHU /) CTAHOBSATCS Ha-
KJIOHHBIMU CJIOSIMU TKAHU B,,, HAKJIOHHBIE CJIOM TKaHW B; — BEPTUKAJBLHBIMU CJIOSMU TKaHU By, a
TOPU30HTAJIHHBIE CJION TKAHU B; — rOpU30HTAIBHBIME CJIOSIME TKaHU B, . I[losromy i06as jgeBas kon-
durypanus Boaa (B;) Ha Tkanu Bj, onpe/ensieMoit Kasurpynnoii f, 6yuer cpeaneii kordwurypanueit
Bona (B,,) (puc. 13) ma Tkamu B,,, onpeaensemoit kpasurpymmoit ~! f. CiiesoBaTeIbHO, ypaBHEHIe
¢ = axb Oymer cBA3BIBATH MapaMerpbl HAKJIOHHBIX CJIOEB TKAHU B,,, BXOAAMNX B KOH(MUIYPAIIIO
(Bm), a 3Haunut, OyJieT ypaBHEHHEM CEepJIEeBUHBI TKaHU B, cM. 1.2 §3. Tlostomy onepamuio (*)
Ha [IEPBOM CJIOEHWM TKaHW B; Tak»Ke MOXKHO Ha3bIBATh cepduesuHotl 3Toil TKanu. B obiiem ciydae
(p < ¢) xoopauuaTHbL rpymons f rpu-tkanu By(p, ¢, ¢) KBa3urpyIoii, BoobIie roBopsi, He sBJIsIeTCH,
3HAYUT, HEBO3MOXKHO OJTHO3HAYHO OIPEJICJINTH IPYIIION - f ¥ COOTBETCTBYIONLYIO TKaHb B,,. Tem He
MeHee, [IOCKOJIbKY YPaBHEHHE ¢ = @ * b CBsI3bIBAET IIapaMeTPhl BEPTUKAJIBHBIX CJI0eB TKauu Bi(p, ¢, q),

%
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BXOJIAIINUX B IPOU3BOJIbHYIO KoHburyparmio Bj(1,m), To onepaimio (*) Ha II€PBOM CJIOEHUU TKAHU
Bi(p, ¢, q) MOXKHO Tak»Ke Ha3bIBaTh cepduesunoti Tkauu Bi(p, q, q).

Omnpenenenne 20. ITapamerpudecKyio KBa3urpyniy ¢ = a * b KBasurpynnsl Bosia npeobpaszoBa-
uuit (5.1) Gyzem HasbIBaTH cepduesunoli COOTBETCTBYONIEN Tpu-TKanu By (p, q, q).

4. ToxxecTBO 00001IIeHHOII AJILTE€PHATUBHOCTU.

Pacecmorpum tpu-trans W (p, ¢, q), s KOTOPOil 4UCIO ¢ KpaTHO P, TO ecTh ¢ = mp. g rta-
KOl TKaHU, KaK MOKa3aHo B 1. 5 §4, cyImecTByeT KOODAWMHATHBIA MOHOW, u(a‘b)(o) C onepauei

z = (uf, ..., Upy) © v, cM. puc. 75. Haifimem ToxKzmecTBO B
5 |ar KOODJIMHATHBIX MOHOUAAX TKauu W (p, mp, mp), coorser-
~ CTBYIOIIlee 3aMBIKAHUIO Ha 9TOH TKaHU OOOOIIEHHBIX JIe-

~< | BbIxX Kouburypanuii Bosa By(1, m).

Sadukcupyem Ha tpu-tkanu W (p, mp, mp), omuu
BEPTUKAJBHBI CJIOH @ W M TOPU3OHTAJBHBIX CJIOCB
Ym T, bi,bo, ..., by (puc. 75). Cormacuo n. 5 §4, sru cjioun 06-
2 WUn <\ pasyioT KOOpAMHATHYIO perierky Tkanu W (p, mp, mp).
L, NIt Ilycte wp, u9, ..., Uy W U — IMIPOU3BOJIBHBIE IOCTATOY-
HO OJIM3KHe HAKJIOHHBIE CJIoM Tpu-TKanu W(p, mp, mp).
Cnoit uy, 1t = 1,m, [IepeceKaeT COOTBETCTBYIONIMIA (¢ TeM
7K€ HOMEPOM) TOPH30HTAJILHBIN CJION b, o HekoTOpOMYy
n noamuoroobpasmio Uy, U, = u, Nb,, dimU, =q¢—p =

. I\, =p(m—1). 1_£o,zLMHoroo6pa3Hﬂ UU] yUsg, ..., Up, ,ILOH}’CKaIOUT
b, ¥ f €JINHCTBEHHbBI TPAHCBEPCAJIBHBIN BEPTUKAJBHBIN CJION,
obosnaunm ero x. Torma f(x,b,) =z - b, = uy,.
a x z HaxkJonnblii cj10it v IepecekaeT BepTUKAJIBHBIN CJION a
Puc. 75 B HEKOTOPOI Touke A, depe3 KOTOPYIO TPOXO/IAT TOPU30H-
TaJdbHbIA CJI0i, obo3naduM ero y. Torna f(a,y) =a-y =
= v. HakJIOHHBIT CJIOi, TPOXOIAIINI Yepe3 TOUKY Tepe-
CEeYeHUd CJI0EB T U Y, 0603HaInM z. COrJIACHO OIPEJIeICHHIO onepaiun (o) uMeeM:

NS4

2
/
/
/

<

3

(ul,uQ,...,um) V=T Y =2

Cioit z mepecekaeT BepTUKAJbHBINA CJIOH a B HEKOTOPOi TOYKE A, 4Jepe3 KOTOPYIO IIPOXOJIUT
POPUBOHTAJIBHBIA CJION 7, Tak 4To a -y = z. O603HauuM M = x Ny U mycTh 2z — HAKJIOHHBIA CJIOM,
npoxofsrmuit gepe3 touky M. Torma, kak BugHO U3 puc. 75,

(ul,u2, ...,um) ocz=x -y =2,
U C Yy9YEeTOM IPEJIBIIYIINX PABEHCTB MOJTy9aeM:
Z = (ug, ug, .o, Upm) © (w1, Ug, .oy Uy ) © V). (5.7)

Jaee, HAKIOHHBII CJIOH U, IePEeCeKaeT BePTUKAILHDIHA €0l @ B HEKOTOPOI TOYKe, 9epe3 KOTOPYIO
ITPOXOJIUT TOPH3OHTAIBHBIN CIO# ¥, 4 = 1, m, Tak 41O @ - Yp = Upy- Caou y1,vo, ..., Ym IEPECEKAIOT
BEPTHUKAJBHBIN CJIOU & COOTBETCTBEHHO B TouKax Mi, Mo, ..., M,,, depe3 KazKIyio U3 KOTOPBIX IIPOXO-
JIUT HAKJIOHHBIN CJIOH, O003HAYUM STHU CJIOU U|, UY, ..., Uy,. LOTIA T - Y = Uy ¥ COTJIACHO OIPEIETICHUIO
onepanuu (o) MMeeM:

(U1, U, ooy Upy) O UL =Ty, ey (UL, U,y ey Uppy) © Uy, = Uy

Cnoit U, mepecexaeT TOPU3OHTAIBHLIN C/I0i b, 10 IOAMHOTr00OPa3HIO qu n= 1, m. Dt moaAMHOTO-
00pasust JIOMYCKAIT TPAHCBEPCAJIbHBIN BepTUKAJIBHBIN CJIO T, KOTOPBII IIepecekaeT rOpU30HTAIbHBII
caioit y B Touke M. ITosTomy T - b, = u,.Obo3na4uM uYepe3 Z HAKJIOHHBIN CJIOH, NPOXOASIMI depe3
TOYKY M. Tora 110 OIPEIEICHIIO OIIePAIAI (o)

(Uy, Wy vy Up) OV = Z.
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C yueToM NpeAbLIyIUX PABEHCTB [I0JIydaeM:
Z = ((u1, U9, «oe, Upy) © Uty (U1, Uy ooy Uy ) O U, vevy (U, Uy wevy Uy ) © Uy ) O V. (5.8)

HakJionHbBIE CJIOM Z ¥ Z COBIAJIAIOT TOTJA M TOJBKO TOra, Korja Ha TKanu W (p, ¢, ) 3aMbIKaioTcs
06061ennble koudurypanuun Bi(1,m), cM. puc. 75. C npyroii CTOpOHBI, PABEHCTBO Z = Z € y9IE€TOM
Boipazkenuit (5.7) u (5.8) npuHUMaeT BUJL

(U eves U ) O ULy weey (Uly ey Upy) O Upyy) OV = (Ufy ey Up ) © (Ul ovy Upyy) O V). (5.9)

JHokazaHa

Teopema 30. I[Iycmv uj,Ug, ..., Up U U — NPOUSEOALHDIE HAKAOHHDBIE CAOU MPU-TKAHU
W (p, mp, mp). Trarno W(p, mp, mp) 6ydem mxanvio Bi(p, mp, mp) mozda u moavko moeda, xozda 6
Kascdom ee Koopounammom monoude fi(qp) (o) svinoansemca mosicdecmeo (5.9).

ITIpu m = 1 ToxkmectBo (5.9) obparmaercss B TOXK/JECTBO JIEBOH AJbTEPHATHBHOCTU (U O U) O v =
= u o (u o v), KOTOpPOe, KaK U3BECTHO, BBINOJIHIETCA B KOODAMHATHBIX Jylax TpU-TKanu Bosa By,
00pa30BAHHOM CJI0EHUAME OAUHAKOBOM pazmeprocTu. [Tosromy nazosem (5.9) mootcdecrneom obo6usen-
HOT AALMEPHAMUSHOCTNAL.

Omnpenenenne 21. KoopauHaTHbIl MOHOUT fi(4 ) (0) Tpu-TKamu W (p, mp, mp), B KOTOPOM BBbI-
HOJTHSIETCS. TOXKJIECTBO (5.9), HAB0BEM GALMEPHAMUBHDIM.

IIpumep 1. Iokaxkewm, uro tpu-rkanb W (2, 3, 3), oupezensemas ypaBHEHUSIMU

al +y1 —a3y2(a2+y2),

iy (5.10)

—N

N W
o
(|

siBJIsieTCs 0000IIeHHOM JsieBoil TKaubio Bosa Bj(2, 3, 3). st 9T0ro 10CTaTovHO MOKA3aTh, YTO yPAaB-
Henus (5.10) 3az7a0T JeficTBre HEKOTOPOIT TpexIapaMeTpudeckoii KBasurpyunsl Bosa Ha JByMepHOM
MHOTr000pPa3ud, TO €CTh BBIIOJHAETCS TOXKIECTBO (5.2):

fla, f71 (0, f(a,y)) = fley).

Hatimem ypaBHeHWsI KBasuUrpyuisl ¢ = a % b. s aroro samumem ToxkaectBo (5.2) B BHJe JIBYX

P flay) = F0,9). fley) = fa.5). (510

Hast rpu-trann (5.10) nmeem:
al +y1 _ a3y2(a2 +y2) _ bl _’_yl _ b3§2(b2 _,_y?)y a2 +y2 _ b2 _’_y27
Cl +y1 _ CSyQ(CQ +y2) — (1,1 +y1 _ GSyQ(QQ +@2), CQ +y2 — a2 +y2

Uckmrovaa y = @1,§2) U3 IocjegHeil CUCTeMBl, IIOJyYUM YPaBHEHHsI, KOTOPble YJOBJIETBOPSIIOTCH
TOXKJIECTBEHHO OTHOCHTENIBHO i = (i, yQ) B TOM U TOJIbKO TOM CJIy4dae, €CJIM BBIIIOJIHAIOTCS PAaBEHCTBA

ch=2a' —b' — (a® - *)(a®(a® — b%) + a3(a® — b?)),
¢ = 2a’> - v?, (5.12)
A =2d° — 1P,

Tem cambIM Jl0Ka3aHO, 4To ypasHenust (5.10) onpenensor KBasurpyny BoJa npeobpasoBanuii ¢ ma-
pamerpuyeckoil keasurpynmoii Bona (5.12). CremoBaresbHO, paccMaTpuBaeMast TPU-TKAHb sIBJISIETCSI
06001TIeHHO JieBoii TKaHbIO Boma By(2, 3, 3).

Cornacuo Ipemioxenuto 24, napamerpudeckag kpazurpynna (5.12) mo/KHa ObITh MIAEMIOTEHT-
HOI1, JIeBOOOPATUMOI U JIEBOJUCTPUOYTUBHOM, a M30TOIHAs eil jyma — JjeBoii jynoit Boga. B srom
MOXKHO yOeIUThCsI HEIoCpeICTBeHHO nposepkoil. MoxkHo nmokasars takxke (cMm. [To-7]), uro xKBaszu-
rpymma (5.12) sBisiercst cep/IeBHHOI U3BeCTHOI cpeaeil Tkaun Boma [D-6]:

w! =u! + ol =20 (W + %), w?=u?+0%, W =+ P

DTa TpU-TKaHb ABJISIETCS 24aCMuyhot, cM. §3 . 7.
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ITpumep 2. PaccMoTpuM Jpyryio IMIECTUMEPHYIO 3JACTUYHYIO TPU-TKAHL Fg, OMpPEIeIsaeMyto
ypasHerusimu (§ 3 rur. 7)
1 1 1 2 2 2 —2z! 3,1 1,3y,—2z! 3 3 3
= 4y, =z +ye ™ +(@y —xy)e T, =z+y".
ITocKOBKY 3TaCTHYHBIE TKAHU 00pa3yloT COOCTBEHHBIN moakiIace TKaneh By, [III-12]|, To sTa Tkanb
sBJISIETCs CpejiHell TKaHbio Bosa. V3oronmdeckum rnpeobpazoBanuem

3 2

1 . : 1
:1726296 +171.Z‘ — 22, y27y1y3*>y2’ 22622 3,1 2

+ 27z —z

YPaBHEHUS TKaHU Fo TPUBOJATCA K BUILY

=gl 4yl
2= (@22 + (@ )y + - ), (5.13)
23 =%+ y3.

Haiiiem sieByto o6paTHy0 KBa3UrpyILy 1ist KBasurpymsl (5.13), 3aTeM mepeoGo3HaIMM II€peMeH-
mele: ' — 2, 2' — a', y* — —y'. B pesysnbTare mosyunM ypaBHEHUS

2l =al +y!,
22 = (92 —aPa)e?' + 12 + ad(al + 2y"), (5.14)
2 =a’+ y3.

OTu ypaBHEHUs, C OJHONW CTOPOHBI, ONPEIEJISIIOT IECTUMEPHYIO JIEBYIO TKaHb Boja, a, ¢ apyroit cro-
POHBI, 3aJIa10T JIefiCTBAE HEKOTOPOIl TpexIapaMeTpudecKoil KBasurpymibl Bosta Q(x) Ha TpexMepHOM
MHOrOOOpasum Y .

Haiinem ypaBHeHHMs IapaMeTpUYeCKOl KBAa3UIPyHIbl ¢ = a * b. Jjus sToro samuimem paBeH-
crea (5.11) ¢ yuerom (5.14) W WCKIIOYUM W3 TOJTY9eHHON cucTeMmbl mepemenubie y' u 7', ITocre
BBIYHC/ICHUN Oy InM:

o
Il

1 2(11 _ bl
2 = q?(e=Aa' =t | 2al=bhy g2, (5.15)
3 =2a% — 3.

Coruacuo onpenenennto 20, 9T Ke ypaBHEHUsI 33[AI0T CepAIeBUHy JeBoil Tkauu Boua (5.14).
Paccmorpum nepeble JiBa ypasaennii (5.14):

Jo . +y1
; 5.16
{ zzz(aQ—a%l)erl+y2+a3(a1+2y1). ( )

Kax BuiHO, B IIPABYIO YacTh HE BXOJUT IepeMennas y°. 1o o3nauaer, uto ypasuenus (5.16) ompee-
asmor rpymmons f: Q@ xY — Y, e Y = {(y',4*)}, Y C Y. HenocpeacTBenmoii IPOBEPKOi MOKHO
yOeUTHCsI, ITO JJIsT ITOTO IPYNIIONIa paBeHCTBa (5.2) YIOBIETBOPSIIOTCS TOXKIAECTBEHHO B cmity (5.15).
D10 3uaunT, uro ypasHenus (5.16) 3amaior geiicTBre TpexnapaMeTpuyecKoi kpazurpyibl Bosa (5.15)

Ha, aByMepHoii miockoctn Y. Crenosarensno, ypasnenns (5.16) ompeessior o600MEHHYIO JIEBYIO
Tkanb Boaa Bj(2,3,3) na narumeprnom mMuOroobpasuu @ X Y.
IIpumep 3. [Ijist KOOPAMHATHONW KBA3UTPYIIIIBI MECTUMEPHON Tpu-TKauu By, (cm. [D-6]):
3 3 b ,

Zl :.’L‘1+y1€_2€z , 2’2:3726_262 +y2—2€zly3, 23:$3+y3
yPaBHEHHUSI JIEBOH 0OPATHOM KBA3UTPYIIIIHI HEKOTOPHIM U30TOMNYIECKAM MTPEOOPA30BAHUEM IIPUBOJIATCS
K BUJLY ,
al + yl e—a‘ ,

3

2 =a?+ (y? — alyP)e”, (5.17)
2 =a’+ y3.

w
I
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DTu ypaBHEHUs, C OJHOIM CTOPOHBI, OIIPE/IEJISIIOT MIECTUMEPHYIO JIEBYIO TKaHb BoJa, a, ¢ Ipyroit cTopo-
HBI, 33/IaI0T HA TPEXMEPHOM MHOroobpaszun Y mAeficTBHEe TpeXmapaMeTPUTIecKO JeBON KBAa3UTPYIIILI
Boaa Q(*): .

el =al + (al — bt~

e =a?+ (a? — b2)e” Y — (a' — bl)(a® — b)e?, (5.18)

3 =2a% — 3.

HemnocpencrBennoit mpoBepKoil yoekmaeMcst, 9TO YPaBHEHUS
22 =a+ (yQ _ alyS)eagy £ 19
3 3 3 ( : )
z2=a’+y°.

3a7a10T  JieficTBUe  TpeXmapaMeTpuyeckoil  Kpasurpymmsl  (5.18) Ha  JIByMepHOil  ILTOCKOCTH
Y={("y)}YcCY.

Ypasuenus (5.19) onpenensior Takxke 0600mIeHHYI0 JIeByIo TKanb Bosa By(2, 3, 3) Ha naTumepHoMm
MHOroobpasuu Q X Y.

IIpumep 4. s mectumMepHO# cpeaeit Tkanu Bosa By, (eM. (4.50)):

3 ‘ 3 ; ;
S =l g 49028 2= a? 42, B ogd gy
ypaBHeHUs JieBoil TKaHu Bojia Bj, ompejessieMoil jieBoii 06paTHOM KBA3UTPYIIIOi, MOI'YT OBITH IpU-
BEJIEHBI K BUJLY :
d=al + (yl . y3a2)e—a”
3

22 =a® +ye?, (5.20)
2 =a’+ y3.

Vpasuenus (5.20) onpenendoT TakKe JEHCTBUE HEKOTOPOH TpeXIapaMeTpUYecKOil JIeBOil KBasu-
rpyunsl Bosa Q(*) Ha TpexmepHOM MHOroo6pasum Y. YpaBueHus Kasurpyuubl Q(*) (cepaimeBuHbl
Tkauu (5.20)) HAXOMSITCS HEMOCPEICTBEHHBIMY BBIUUCIEHUSIMA U UMEIOT BUJL

3

3

. 3

Cl al +(a1 —bl)eb —(G,Q—b2)(a3—b3)€7a ,
2 =a2+ (a — b)Y, (5.21)
3 =2d° - b3,

Kak n BbIII€, MO?KHO IIOKa3aThb, 9YTO YpaBHEHUA

J=al 4y — a2y3)e_“3, £ 99
iy (5.22)

3aja0T AeiicTre Kpasurpymbt (5.21) ma asymepnoit miockocru Y = {(y',4*)}, Y C Y. Ypasue-
nus (5.22) onpezessior Takxke 0606IIeHHYIO JIeByIO TKaub Bosa B (2, 3, 3).

Sameuanme. ljisi paccMOTPEHHBIX Bbimie Tpu-Tkanei B(2,3,3) p = 2, ¢ = 3, 10 ecth ¢ He
KpaTHO p. [ToaTOMY KOODTHHATHBIN MOHOUJ fi(4 p)(©) /Il TAKMX TKaHell He CYIIeCTBYeT.

Ilpumeuanue. V3ydennmem KBa3urpymni MpeodOpa30oBAHUl W WX (DU3MIECKUMU TPUIOKEHUSIMI
sannmasch AV Baramun [Bar-1], A.J1. Hecrepos [He-1] u apyrue, cm. 06 arom B [JITIC-1], [To-15].
O6061enne Teopun rpymi Jlu mpeobpasoBanuii fjist sy Mydanr u Bosia nauaro B paborax I[1.0. Mu-
xeeBa [Mx-2|, [Mx-4], KOTOpBIil paccMaTpuBaj KBAa3UIPYIILY IpeoOpa3oBaHuil Kak ceMeiicTBO npeos-
Pa30BaHUil TJIAIKOr0 MHOTOOGpa3usi, HE 3aMKHYTOE, BOOOINE rOBOPSI, OTHOCUTEIHLHO KOMIO3UIUU. Mbl
OTIpEJIe/IMIIN KBA3UIpyIly Boja npeobpa3oBanuil Kak deficmeue JIOKAJIBHONU IVIQJIKONW KBA3UTPYIIIIbI
Bosia Ha riagkoM MHOroo6pasuu. 9To MO3BOJIAIO NPUBJIEYDb K U3yUeHHIO KBasurpynn BoJa npeobpa-
30BaHUiT METO/IBI Teopun Tpu-TKaHeil, cM. Takxke [Tolll-9], [ToIll-10], [To-15].
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TEOMETPUA TKAHEN I MATEMATUYECKAS ®U3UKA

E.B. ®epamnoaTros

HecmoTpsa Ha MHOTOUMC/IEHHDBIE U TTyOOKME CBSI3UM T€OpUU TKaHEH ¢ ajrebpandeckoil u nuddepen-
[HAJIBHOM TeoMeTpueil, Teopueil HeaCCOIUATUBHBIX CTPYKTYP, J0 MOCJEIHEr0 BPEMEHH MPAKTHIECKH
OTCYTCTBOBaJIN Kakue ObI TO HU ObLIO (pU3MTIECKHe MPUIOKEHNsI. B 3TOM pazjesie Mbl paccMaTpH-
BaeM jiBa npuioeHus. OJHO BO3HHMKAET MPU MU3YUEHUU T'EOMETPHUH XapPAKTEPUCTUK Ha PEIICHUSIX
cucrem quddepennnanbHbIX ypaBaenuii rugpoguaamudeckoro Tuna (Kwibsn [Ki-1], [Ki-2], Pepanon-
ToB [De-1]-[Pe-4]), Apyroe — IpU MOCTPOCHNH UHBAPHAHTOB BOJIHOBBIX cucTeM (Bask, ®epamnoHTos

[BD-3)).

§ 1. FeOMeTpHﬂ TKaHell 1 CUCTEMbI rmapoavnHaMMNI€eCKOro Tuiia

Cucmemamy, 2udpoduramMuveckozo muna Ha3bIBAIOTCH KBa3W/IMHEHHBbIE cuCcTeMbl nuddepeHIm-
AJbHBIX yPABHEHU MTEPBOTO MOPSIIKA

up +vi(uul, =0, u= (u', ...,u™), (1)

rue t — BpeMms, & — OjHOMepHas KoopauHata, u'(x,t), ¢ = 1,...,n — HCKOMble (DYHKIWH, IIPUIEM

9JIeMEHTHI MaTpupl (v}) npeanonaraorcs He 3aBucsinuMu oT ¢, x. Cucremsl Buga (1), Kak npasuio,

BO3HMKAIOT B 33a9aX rasoBol JNMHAMUKH, XUMIYeCKOll KHHeTHKHU, MeTojie ycpeHeHns Yu3eMa, 1 T. 1.
(em., manpumep, [11-2]). Pemenus u’(z,t) cucremsr (1) ymo6HO npejicTaB/sTh cebe Kak JByMepHbIE
IOBEPXHOCTH N-MepHOro mpocrpanctsa R™(u', ..., u™), mapaMerpusoBanHble KOOPAMHATAME T, t. DTH
HHTErpaJbHble MHOIOOGPA3Us MOTYT NEPECceKAThCs 10 KPUBBIM, KOTOPbIE HA3BIBAIOTCA XapPaKTePUCTH-
KaMH.

O6osnaunm A’ (u) coBCTBEHHbIE YHC/IA MATPHIB! V) (1) U IIPEIIOIOAKIIM, 9TO BCE OHM BEIIECTBEHHBI
U Pa3JMIHBL, T.e. cucteMa (1) siBisiercst cmpozo 2unepbosuseckot. Torma XapakKTEPUCTUKY 3aA0TCsT
ypasuerusamu dr — N'dt = 0 u 06pa3yloT Ha KaryKJOM PEIIeHHH CHCTEeMbI 7 OHOTIAPAMETPHICCKIX
ceMeiCTB KPHUBBIX, T.e€. N-TKaHb. 110CKOIbKY A’ IBHO 3aBHCHT OT U, CBOfICTBA 3TOH TKAHU 3aBUCAT,
BOOOIIE TOBOPS, OT BLIOPAHHOIO PEMIEHUs, TAK 9TO N-TKAHU U3 XAPAKTEPUCTUK HA PAHBIX PEIIEHUIX
cuctembl (1) MOTYT OKa3aThCsl HEIKBUBAJICHTHBIMU.

Bosuukaer ecTecTBeHHAs 3a/a9a: BBIEINTH U3 BCETO ceMeficTBa permennit cucremsl (1) Te perme-
HUs, Ha KOTOPBIX TKAHb M3 XapaKTEPUCTHK YCTPOEHA HAMOOJIee <«IIPOCTO» — HAIPUMEp, ABJSCTCH
mectuyroabHoi. [lepsrie pesysnbraTsl B 9ToM Hanpassiernn npuaaexar Kwmen [Kia-1], [Ka-2], rme
reoMeTpHsl XapaKTEPUCTUK n3ydaiach MerogoM sHemHux dopm Kaprana. Taxk, B [Ki-2| Haiigensr Bee
pelleHnsl ypaBHEHUH OJHOMEPHOTO HEM39HTPOIMYECKOrO TEYEHUs MOTUTPOITHOTO Ta3a:

pt +upy + puy =0,

Ut + Uy pi:Oy
p
Pt + upz + ypuz =0

(p — WIOTHOCTB, ¥ — CKOPOCTb, P — JIABJEHHE, Y = const — II0Ka3aTelb IIOJUTPOIIbI), Ha KOTOPBIX
XapaKTePUCTUKN 00pa3yIoT wWecmuy2oavhyio mrais. OKasaaocsk, uto npu v = —| (ypaBHeHHe ra30B0it
JUHAMWKE TpU Y = — | W3BECTHBI MOJ Ha3BaHWEM <«Ta3 JaIuIbITWHA» ) TPU-TKAHb M3 XapaKTEPUCTHK
SIBJISIETCH IECTUYTOJIBHOI Ha JIIOOOM DENIeHUH, B TO BPeMsl KaK IIPH Y 7 — | pernrenus ¢ mecTuyroiapHoi
TPU-TKAHBIO 00Pa3yIOT KOHEUHOIAPAMETPUIECKOe CeMEHCTBO U XapaKTepHU3yIOTCs JIMHEHHON 3aBucH-
MOCTBIO CKOPOCTH U OT KOODAUHATHL Z: 4 = a(t)x + b(t). DTu pemieHnst U3BECTHBI B Ta30BOH JUHAMUAKE
KaK pellleHnsl ¢ «JmHeiHbIM npodmieM nossi ckopocreit» ([Cu-1], c. 318).
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B nasnbrefineM Mbl OorpaHuduMCs paccMorTpenueM cucreM (1), NPUBOIUMBIX K JUATOHAJBHON
dopme ) ) )

R;+ N (R)R, =0, (2)
IpUYeM JJIsl ONPEIETICHHOCTH OyJIeM CIMTATh, 9TO YNCJIO ypPaBHEHUII cCHCTeMbI paBHO TpeM: ¢ = 1, 2, 3.
Pasymeercs, npusegenue cucrembl (1) K auaroHajbHOoMy BHIY (2) BO3MOXKHO JIMIIL B TOM CJIydae,
KOTJ[a CeTh COOCTBEHHBIX HAIPABJIEHUI MATPUIIHI v} sBJseTCst rojonomuoil. Koopaunarsr R Brounb
COOCTBEHHBIX HAIIPABJIEHUI HA3BIBAIOTCH unsapuanmamu Pumana cucremsr (1). Tpebosanue cyie-
CTBOBaHWsI WHBapHAHTOB Prmana, BOOOINE TOBOpsi, HE SIBJISIETCS MPUHIUIHAIBLHBIM DU U3YIE€HUH
reOMETPUH XaPAKTEPUCTHUK, U MPUHSITO HAMU JIUIID C TEJIbIO YIPOIIEHUS JAJTLHERIINX BBIKJIAI0K.

[TockosbKy cucTema (2) SKBHBAJEHTHA CHCTeMe BHEIMHHUX ypasHenuit dR' A (dx — M\idt) = 0, xa-
pakrepuctuku dr — \dt = 0 ABIAIOTCA JTMHUSAME ypOBHSI mHBapuanToB Pumana: R' = const. Ilpn
N3yYEeHUN TeOMETPUN XapaKTEPUCTUK HANOO0JIee eCTECTBEHHBIMU IIPE/ICTABIIAIOTCS CIEAYIONIIE 3a/[atH.

1. Onucarp Bce cucreMbl (2) U3 Tpex ypaBHEHUIl, y KOTOPBIX XaPAKTEPUCTUKU O0OPa3yroT MIECTH-
YTOJBHYIO TPU-TKAHb Ha JIIOOOM DEIIeHUN.

2. Hnst cucremsl (2), He monaBINeil B IIE€PBBI KJIacc, HANTU BCE PEIIEHUs C LIeCTHYIOJbHOI Tpu-
TKaHBIO U3 XaPAKTEPUCTUK (B 0OIIEM CJlydae 3TU PeIleHns Oy/IyT 3aBUCETh JIUIIb OT KOHETHOIO THCJIA
[apaMeTpoB).

[lepen TeMm, KaK nepeiiTu K 0OCYKIEHUIO ITUX 3324, Ja/ UM HEOOXOMMbIE OIIPE/IeICHIS.

Onpepenenne 1. Cucrema (2) Ha3bBaeTCst €400 HeAuHedHOU, eCIn Jist JIOOT0 i BBHIIOJHEHO
yenosue ON'/OR! = 0. Cinabast HeJMHEHHOCTH TECHO CBsS3aHa C TAKMM XOPOIIO M3BECTHBIM B (DU3HKE
sIBJIEHMEM OLIPOKU/BIBAHMs (IPaJMeHTHas Karacrpoda), XapaKTePHbIM JJisi CUCTEM I'HIPOJAUHAMUYE-
ckoro tuma. OKa3pIBAETCs, UTO YCJIOBUE CJIabO0l HEJMHEHHOCTH MPENsiTCTBYET OMPOKWJIBIBAHUIO, W
pemenust RY(x,t), sBJIstiomuecs 0JHO3HAYHLIMU (YHKIMAMI B HAYa bHBIT MOMeHT Bpemenu t = 0,
OCTAIOTCsI TAKOBBIMHU B miponiecce Beeit sposrroruu ([PC-1]).

Onpenesnenne 2. Cucrema (2) HABBIBACTCA NOAY2AMUALIMOHOBOT, €CIII

AN O\’ d
) (Ji) = a-(i.), 0 = —,
MV N TANE OR’

JUIsT JII000I TPOMKU MHJIEKCOB © # j # k # 1. YCJIOBHE II0JyraMUIBTOHOBOCTH 9KBUBAICHTHO HAJIMINIO
y CHCTeMBbI TUJIPOJMHAMUIECKOTO THIIA GECKOHEYHOro uncia 3akoHoB coxpanenusi ([II-1]).

Teopema ([De-1], [De-2]). Jaa mozo wmobv, Mpu-mranv U3 TAPAKMEPUCTIUK ObLAG WECTNU-
Yy20aon0T na m0bom pewenuu cucmemst (2), neobrodumo u docmamouro, wmobsv. cucmema (2) viia
00HOBPEMEHHO CAADO HEAUHETHOT U NOAY2AMUALMOHOEOT.

0 Cruavayia HECKOJIBKO CJIOB O TE€XHHKe HCCJen0BaHusl. 1I0CKOIbKY XapaKTePUCTHKHU 33al0TCsl yPaB-
Henusivu dx — N'dt =0, i = 1,2, 3, ynobuo BeecTr 1-dpopMbI

wh= (A = X)) (dz — Adt), w? = (A= X)(dz — Ndt).

Torja XapakKTepPUCTUKN IIEPBOI0, BTOPOIO0 W TPETHEr0 CEMENCTB 3allMIIyTCsl COOTBETCTBEHHO B BUJE
wl =0, w2:0, wh+w? =0.

Haiinem opMmy CBI3HOCTH pacCMATPUBAEMON TPHU-TKAHH, T. €. TaKyio 1-popMy w, ITO
dw! :w/\wl, dw?® = w A w?

(CM. 84 1uI. 1). HenocpencTBenmbie BLIUNCTIEHNSA TPUBOIAT K CIEAYIONIEMY PE3yabTaTy:
w= (RLON" + RZ0N? + R39;0%) dt + 0y In(A' — A1) (A — N3)dR'+

+ 9y In(A? — AN (A2 = A3)dR? + 93 In(A* — AN — NH)dR?. 3)

Veaosue mrectuyrosbHocTn umeer B dw = 0. Tpebyst, 4T0OBI 3TO yCI0BHE BBIIOIHAJIOCH TOXK 1€~
CTBEHHO B CWJIy ypaBHeHwuii (2), T.e. TPU-TKaHb U3 XapaKTEPUCTUK OblLia IIECTUYTOJILHON Ha JII06OM
DEIIeHUH CUCTEMBI, IIOJIYUYNM YTBePXK/ieHre chopMyInpoBanHoii Boirte Teopembl. Wl

Kak BuanM, yciioBre MIeCTHYTOIBHOCTH OKA3aI0Ch HEIIOCPEICTBEHHO CBS3AHHBIM C TAKIMH IHCTO
Ka9€CTBEHHBIMU (DU3MIECKAMU OHATHAMHI, KAK HEBO3SMOXKHOCTD I'DAINEHTHON KATACTPOMBI U HAIIINE
0OECKOHEYHOr0 YHCJIa 3AKOHOB COXPAHEHMUS.
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3ameuanmne. s cucrem, He IpUBOAUMBIX K MHBapuaHTam Pumana, anajgor chOpMyIMpOBaHHON
TeopeMbl Obl1 ycranosiieH B [@e-1], [@Pe-2]. Tam ke GbLIO IOKA3AHO, YTO BCAKAsi CI1a00 HeJIMHEHHAsS
[OJTyraMIJIBTOHOBA CHCTeMa (2) U3 TpexX ypaBHEHUIl JIMHeApU3YeTCs IMOAXO/ANINM IpeodpasoBaHueM
tuna Beknynaa [B-1].

st pertieHnst BTopoii 3a1a4n HeOOXOIMMO IPUCOEMHUTH K ypasHeHnsM (2) nuddepeHiaibayo
cBs3b dw = 0, rjie w Bbrancasiercs mo Gopmysie (3), U Mcciae0BaTh Ha COBMECTHOCTD HOJIY YMBIILYOCH
HEOIIPE/IeJIEHHYIO CHCTEMY. DTa mporeaypa OyZeT NPOMIIIOCTPHPOBAHA HIKE Ha IIPUMEPE CHCTEMbI
ypasHeHuil xpomarorpadun. 3amMerum, 9To JuIsl ypaBHeHHil xpoMarorpadun (1 B HEKOTOPBIX JPYTHX
CJlydasix) HHTerPUPOBAHUE COOTBETCTBYIONIEl HEOIPEIeIEHHOM CHCTEMbI TaKIKe OIMPAECTCS HA OJIMH 13
KJIACCHYECKUX PE3yJIbTaTOB TeOPUH TKaHell, a mMeHHO, Ha Teopemy ['pada—3ayspa (cum. IIpeauciosue).

TpexKOMIIOHEHTHasl CHUCTeMa ypaBHeHmil xpomarorpaduu B WHBapuaHTax PuMaHa wuMeer

caenytoruit Bug [11-2]: Rilt i RI(RIRQRS)RI -0
R} + R*(R'R’R*)R% =0, (4)
R} + R*(R'R’R*)R3 = 0.

Dra cucrema He 00J1aJ[aeT CBOMCTBOM C€J1aboii HEJIMHEHHOCTHU, XOTsl U SIBJISIETCS [TOJIyTaMIJIBTOHOBOIA.
Hokaxkem, caenyst [Pe-4], uro ee pereHus, HeCyIue MECTUYTONBHYIO TPU-TKAHb U3 XapaKTEPUCTHK,
CYIIECTBYIOT C IIPOU3BOJIOM B 9 MOCTOSHHBIX U TAPAMETPUIYIOTCS aIredpandecKUMu KPUBBIMU TPeTheil
crenern. HecsioxKHBIE BBIYUCIEHUST TIOKA3BIBAIOT, UTO yeaosne dw = 0 myst cucrembr (4) mpuBoauT K
g depeHnnaIbHON CBI3U )
7]

—~ _In(R'R*R?) =0,

0z0t
4). C R'R’R?

KOTOPYIO HY?KHO HpucoenuHuTb K ypaBHerusiM (4). CiieoBaresbHO, IPOM3BEIEHUE MOXKEeT
6bITH 3amucano B Bue RIRZR? = ¢/ (t)/f/(z), tie ¢(t) u f(x) — HekoTOpBIe hyHKITII OTHOTO ATy MeH-
Ta, KOTOpbIe OyyT HANEHBI [T032Ke, a MITPUX O3Ha4YaeT 1uddepeHInpoBaHne 0 COOTBETCTBYIOMIEMY
aprymenty. Iloncrasnsas B (4) Beipazkenue aua R'R?R3 | uveem:

1/ (t) + R'RL/ f'(x) = 0.

Tepeiimem kK HOBbIM HezaBUCHUMBIM HepemeHHbiM T = @(t), X = f(x). B pesysbrare mosydum tpu
HE3aBUCUMBIX YPABHCHHS

RS+ R'R% =0,

obliee pereHne KOTOPbIX UMeeT BU/I

g'(R) =X - R'T, (5)

rie g'(R') — Tpu mpomsBosibHBIe (DYHKIHM oHOrO aprymenta. Ciie0BaTebHO, B HepeMeHHbx 1)
X xapakrtepuctuku R’ = const sBIAIOTCA NPAMBIME JUHAAMHA. 1I0CKOJILKY HAC MHTEpecyloT pe-
MEeHnsT C MIECTUYTOJbHOW TPU-TKAHBIO U3 XapPaKTEPHUCTUK, MBI MOXKEM BOCIIOJIB30BATHCS TEOPEMOit
I'pacda—3ayspa, coriacHO KOTOPOU BCSIKasi MPsIMOJIMHEHHAS MECTHYTOJbHAS TPU-TKAHb 00Pa30BaHA
MPSMBIMU, TIPUHAJIEKAIIUMI aJredpandeckoil KpUBOi TpeThero Kjiacca. Jpyrumu cjaoBamwu, Cyie-
crByer MHOrO4YIeH Pj(u,v) Tperbeil cTerneHn or ABYX HEPEMEHHBIX, KOTOPOMY YZOBJIETBOPSIOT KO3(]-
dbunpenTol npaMbix (5), 06pa3yoOMUX TKAHD:

PR, g (RY)) = 0.
Benovunaas, uto g'(RY) = X — R'T, noayanm, ato R SBAATOTCA KOPHAMHI yPABHEHNS TPEThell CTereHn
P;(R,X —RT)=0.
Bossparmasch K crapbIM KOOpAUHATAM t, T, TIOJIYIUM
P3(R, f(z) — Re(t)) = 0. (6)

TakuM 006pa3oM, perteHnst cucreMbl (4) ¢ MEeCTUYrONbHON TPU-TKAHBIO M3 XaPAKTEPUCTUK SIBJISTIOTCS
KOpHsIMM MHOrowieHa (6) Tperbeil crenennu orHocutTeabHo R. @yuxkuuu ¢(t) u f(x) oupemessorcst



IIpunoxenune 2 267

u3 yenosus cornacosanusa R'R2R3 = ¢/ (t)/f'(z). B camowm nere, mo Teopeme Buera u3 (6) moryaaem
BBIPAsKEHUE

3 2
1p2p3 . fo+af +bf+c
R'R?R} = L *9 :
0" +ap” + Be+y

rje HOCTOsHHbIE a, b, ¢, «, (3, 7 Bblpaxkarorca depe3 Koaddunuentor muorowiena Pj(u,v). OyHK-
mn @(t) u f(x) MoryT GbITH HANHZEHBI OTCIOJA [I0CJIE OYEBHUIHOTO PA3e/IeHHs IePEMEHHbIX.
N-KOMIOHEHTHAsI CUCTEMa YpaBHEHUi XxpoMaTorpadun Ipu n > 3 UMeeT BUJ

R} +Ri<ﬁRk>R; =0.

k=1

IIponieypa, aHajiormdHast TOJIBKO YTO OIUCAHHONM, IO3BOJISIET IMOCTPOUTH €€ TOYHBbIE pEeNIeHus,
BBIJIeJIsIeMbIe TDDEPEHITHATBHON CBA3BIO

o Tooe)
5057 10 (;ER ) =0.

DT0 ycaoBHE TAKXKE NMEET BIOJIHE KOHKPETHBI IeOMEeTPUYECKUil CMBICJI. A MMEHHO, OHO O3HAYAET,

9TO Ha COOTBETCTBYIONIMX DEIICHUSAX T-TKAHb M3 XapaKTEPUCTUK MMEET MAKCHMAJbHBIH paHr 7 =
n—1)(n—-2

= % (|Pe-4], cm. Taxxke . 8).

§2 I/IHTel"pI/IpOBaHI/Ie cj1abo HeJIMHeIHbIX IMOJIYyraMMJIbTOHOBBIX CHUCTEM
rmapoanHaMNIeCKOro Tmiila MeToJJaMml Teopuunu TKaHel

3ajiaua U3ydeHusT FeOMETPUU XAPAKTEPUCTUK JJIs CUCTEM THJIPOJIMHAMUYECKOTO THUIIA TIPU UHUCIIE
ypaBHEHUiT n > 3 IpeJicTaBIsieTcss 6ojiee HTEPECHOM, YeM ITpU 1 = 3, MOCKOJIBKY IIPU N > 3 Y N-TKAHU
U3 KPUBBIX HA ILIOCKOCTH IOSIBJISIETCS] HOBBIY HETPUBUAJIBHBINA TOMOJOTAYECKUN WHBAPUAHT — PAHT,

MaKCHMaJIbHOE 3HAYEHUE KOTOPOIO HE IPEBOCXOIUT §(n — 1)(n —2). Ina n = 3 uonarue paHra He
JIaeT HUYIEro HOBOrO, T.K. TKAHMW PaHra 1 — 9TO B TOYHOCTH IECTHYTOJIbHBIE TKAHH; OJ[HAKO, y’Ke
¢ n = 4 ucnosb3oBaHUME paHra NPUBOJUT K HETPUBHAJIBHBIM pesdyibraram. B gacrHOocTH, B [De-3]
YZIaJIOCh SIBHO IIPOMHTErPUPOBATH BCe cJabo HeJMHEHHbIE [0JIyraMUIBTOHOBBIE CUCTEMBI IIPH JIHO6OM
qucJe ypaBHEHUMN.

HamoMH#M, 9T0 MBI paCCMATPUBAEM JHATOHAIBHBIE CHCTEMBI

R+ N(R)R. =0, i=1,..,n,

coberpennbie ncaa A (R) KOTOPBIX YIOBIETBOPSIOT CJIEIYIONIHM yCIOBHSIM:
1) 0;A" = 0 st mo6oro 4 (cirabast HeMHERHOCTD);
N O\ . . ., ;
2) Ok ( ﬁ) =0, (m> st 110601 TPOiiKuU ¢ # j # k # i (110JIyraMHIBTOHOBOCTD ).
Ipu n =2 u A\, \? # const Besikast c1a60 HeJIMHERHAS OIYTAMIIBTOHOBAS CHCTEMA, IPHBOIATCS
K BHJLY

R+ R?R! =0, R}+R'R?=0. (7)

TTomo6HbIE CHCTEMBI BOZHUKAIOT B TEOPUU MHUHHUMAJBLHBIX IIOBEPXHOCTEH TPEXMEPHOIO EBKJIUI0BA
[POCTPAHCTBA, B ra30BOH juHamuke (Tak HasbiBaeMblil raz Yamibiruaa) u 1. 1. OOiee perienue
cucrembl (7) 3anuceiBaercs GOpPMyJIaMU

R! R?
§d¢ £dg
Jﬁ(&) + Jf2(§) = x + const,
R! R? ()

de &
J MG J fo(e L eomst
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rae dyukuun f1(€), fo(€) 1 KOHCTAHTBI B IPABBIX YacTaX (8) SBJIMIOTCS IPOU3BOJILHBIME. BbhIpazkas u3
srux bopmyn R', R? kax dbynkmun x, t, momyamm obiiee permerue cucteMbl (7), 9TO MOYKHO ITPOBEPUTH
HenocpeacTBeHHbIM nuddepentuposanueM (8) mo z u 1o t. IIpu BeiGope

3aj1a49a oThICKaHns Besmans R' n R? kak (byHKIWmit OT = 1 ¢ IpeBpAIAeTCs B KJIACCHIECKYIO TPOGIeMy
obparrenns ZIkoOn, BOSHIKAIONLYIO, HAIIPUMED, IIPHU TOCTPOEHNN KOHETHO30HHBIX PEIeHUN ypasHeHu.s
Kopmeseza—de @Ppusa (Kn®). @yukiust U(z, t), onpenensieMast hbopMyJioii

5
U(z,t) =Y E* = 2(R'(x,t) + R*(x,1)),
s=1

YJOBJIETBOPSET HeJIMHEHMHOMY ypaBHEHUIO

AU; + Upae — 6UU, + 2> E°U, =0,

KOTOPOE € TOYHOCTBIO JI0 TIepeHOPMUPOBKH coBnaiaeT ¢ ypapHeHueM Kn®. Pemenus Knd, nosy4ae-
Mble TAKUM 00pa30M, HOCAT HA3BAHWE «IIBY30HHBIX» (CM., Hampumep, |An6-1]).

st mocTpoenns: n-30HHBIX perrenuil ypaBaenunst Kni® paccMoTpuM n-KOMIIOHEHTHOE 0000IeHre
cucrems! (7):

R + (ZR’C_RZ)R;;:Q i=1,.n (7
k=1

Hecioxkno ybequThes B TOM, UITO 9Ta CHCTEMA SABJISETCS CJIab0 HeIMHEHHON! U MIOoJIyraMUILTOHOBOM.
Ee ofrmee pemtenne gaercs dopmysnamu, anajgornausivu (8) (em. [De-3)):

B RY e
(¢ de J £ dg _ "
) R T T et
B s BY ss
(¢ de §"de 9)
=1 t
[+ | ey oot
[ ¢de J §dg _ ¢ i—n—3 .0
] f1(£)+m+ fn(f) const, n s ey Uy
rue bdyuxiuu fi(§), ..., fn(§), & TakKe KOHCTAHTHI B IPAaBBIX YacTaX (9) SBJISIOTCH IIPOU3BOJILHBIMI.

Brioupas
2n+1

I - &9,

s=1

MBI OIIATH HPHUEM K mpobseme obpamienust Akobu u pemenuto ypapaeans Kad:

2n+1 n

Uz, t)= Y E°*—2) RF(zt).

k=1
DTO U eCTh TaK Ha3bIBAEMbIE N-30HHDLIE penieHusd. HOCKOJIBKy B Teopun KIL(D IIEpEeMCEHHbBIE RZ UMEerT

CMBICJT HYJIel coOCTBeHHON (DyHKIMM 1) acconuupoBanuoro orneparopa Illpenuarepa ( - % +U ) P =
X

= Ev, paccmarpuBaeMas ciabo HesmHefinas cucrema (7') omucbiBaer 3BoJonuio Hyseil -QyHKuuu
Jutst norernuana U(x, t), 9BOJIOIMOHUPYIONIEro B cuiy ypasHerus Kiud.
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esb naparpada — nosayaurs GopMysibl, anasorudnbie (9), mis 1060l ¢1abo HeJuHeHHON noJTy-
TAMUJIBTOHOBON CHCTEMBI. DTU (DOPMYJIBI BCETIA UMEIOT CJIEIYIONIYIO ODIIYI0 CTPYKTYPY:

R! R"
r 1 f n
©1(§)dg @1 (§)dg _
JThe T ) TR TRt
R! | R"
[ ob(€)de o5 (E)de _ (10)
I Thie Tt | Thig TTeomst
R"l j(€)de i 7 (€)de
©; ©; .
RAAN-E o R il > — =3, ...
I re T TR Tt IE8eem

rae dyakuun fi(€), ..., fn(§) u xoucranTel B mpasbix 4yacTax (10) MoryT GbITH BBIOpAHBI IIPOU3-
BOJIbHO, B TO Bpem# Kak bYHKIHH ¢} ({) OTNpeenaioTcs pacCMaTPUBAeMOil CHCTEMOM I ABIAIOTCH
(buKCcUpoBaHHBIMU. B PacCMOTPEHHOM BBIIIE TPUMEPE MBI UMEJTH cp}(g) = &7, Bamerum, UTO
BBUJLY Tpom3BosibHOCTH byHKImME f1(£), ..., fn(§) BCerga MOXKHO JOGUTHCST TOTO, YTOOBI JUIsT JIFOGOTO

i = 1,...,n BBIIOJNHATIOCH ycioBue ¢!, = |, B pesysibrare uero mnociejHsisi crpoka (10) mpumer Bug

R! R™

dg _dg
Jfl(f) + ...+ an(g) = const.

IIpu Takoit HopmupoBkKe ocrapiuecs n(n — 1) byHkiwpn goj- (&) ommoro aprymenta (i =1,...,n, j =
=1,...,(n—1)) yKe 0JHOZHATHO OIIPEJIEIAIOTCS PACCMATPUBAEMON CHCTEMOI.

[Monnoe pasmenenue nepemeHHbix, Habaogaemoe B (10), 00bsACHIETCS HEKOTOPBIMHU ITPOCTHIMU
CBOMCTBAMU TKAHU U3 XaPAKTEPUCTUK, K U3YIEHUIO KOTOPBIX MBI ceiiuac mepexoaum. Jjist qampaeifimmx
mesieii N-TKaHb W3 XapakTepucTuk dr — Ndt = 0 (mwm e R' = const) okasbiBaeTcst ymoOHBIM
JIOTIOJTHUTE 10 (n + 2)-TKaHU, NPUCOEJUHUB 2 OHOIAPAMETPUYECKUX CeMefiCTBa KPUBBIX & = COnst,

t = const — JMHUM YPOBHSI HE3ABUCUMBIX IEPEMEHHBIX. BBIYMC/IUM PAHT 3TOH TKAHU, T.€. YUCIO
JINHEHO HE3aBUCHUMbBIX aDeJIeBbIX yDABHEHUI BHUIA
1
dA" + ...+ dA" + df(t) + dg(z) =0, (11)

rje dbynximun AY MOCTOSHHBI BJIOJIbL XapaKTEPUCTUK i-To cemeiicTsa, a ¢(x) u f(t) MOCTOSHHBI BJIOJb
JuHWit t = const m © = const COOTBETCTBEHHO. Y €JIab0 HEJMHEWHBIX IMOJIYyTaMIJIBTOHOBBIX CHCTEM
HMeeTCsl eCTEeCTBEHHBI KIace ByHKIH A’, MOCTOSHHBIX BIOJIb XapaKTEPUCTHK, — TAK HA3LIBACMbIC
06001eHHbIe (DYHKITUNA TOKA.

Omnpenenenne 3. Ilycts BY(R)(dx — A'dt) — uwHTerpaj paccMaTpHBAEMOl CHCTEMBI, KOTODBIi
obpalaercs B HyJlb BIOJIb XaPAKTEPUCTUKU -I'0 ceMeficTBa (HAIIOMHIM, 9YTO UHTErPAJIOM HA3BIBAETCS
1-bopma, 3amMKHyTas Ha JoO6OM permennn cucTembl). Torma dbynkmmsa A, ompemesseMas COOTHO-
IIIEHIEM

dA" = BY(R)(dx — \'dt),

SIBJISIETCS TIOCTOSTHHOM BJIOJIb XapaKTEPUCTUK i-I'0 CeMeficTBa M Ha3bIBaeTCs 0600wennol dymnryued
moxa. Pasymeercs, A® Gymer 3aBUCETH OT BLIOPAHHOIO PEITEHNS.

Hectoxmo mokazaTh, uto nnTerpaas B (dz — \'dt), obpamaiomuecs B Hy/b BI0Jb XapaKTEPUCTHK,
CYMIECTBYIOT TOJILKO y C1ab0 HEeJMHEHHBIX MOJyTaMIILTOHOBLIX cucreM. OyHKin B! aBjigiorcs mpu
9TOM PeIeHUsIMU IePeOIPeIeIEeHHON CUCTEMbI

) . 9:\! . o
dB' = B> 9% _dRI 4 ddR’ (12)
X=X
JF#i
(¢" — HeompeeIeHHBIE TTADAMETPBI ), KOTOPasi, KaK JIETKO IIPOBEPHUTD, SBJISACTCA COBMECTHOI. 3aMeTM,

uro Bmecte ¢ Bi(dr — \'dt) murerpasom Gyiner m Jmoboe Bhipazkenne suga ¢'(RY)BY(dx — \idt),
rae ¢'(R') — npoussosbHas dbyHKIUs aprymenta R
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[Torpobyem HafiTH Kak MOXHO 6osbiie abeseBbix cooTHomenwit (11), Beibupas B KadecTse A’
06o0renHble dyHKIMN ToKa 1 canrtas f(t) u g(x) muneiinsivm: f(t) = at, g(x) = bx. ToncraBiss
dA" = B*(dz — \'dt) B (11), nmosryamum

BY(dz — \'dt) + ... + B"(dz — \"dt) + adt + bdx = 0,
otkyna Y. B = —b, 3 Bi\ = a. Huddepentupys sTu cooTHOmEHNs € yIETOM (12), Haiizem siBHOE
BbIpazkeHue it Ko UIueHTos ¢ j
i ;i OiX
c' = —ZB /.
— A =N
J#i
B pesyabrare Mbl mpunIH K 3aMKHYTOH JIMHEHHONH cuCTEMe

dA" = B'(dx — \'dt), i=1,..,n,

X X 9:\! . R ) (13)
dB'=B"Y 2~ _dR’ — B2~ |dR".

Hecnoxuast mpoBepka MOKa3bIBAET, YTO IIPH YCIOBUU CJIAOON HEJMHEHHOCTH U M0JIyTaMUJIBTOHOBOCTH
cucrema (13) 3aMKHYTa OTHOCHTENHHO omepain BHemmHero juddepennuposannst. Ciem0BaTeIbHO,
OHA OIpEJIeNIAeT N JUHEHHO HE3aBUCUMBIX HAODOPOB OOODIMEHHBIX (DYHKIMI TOKA, CBSI3AHHBIX COOT-
HomenneM Y B? = const, YB'\! = const. TemM caMbIM TIOJIyYeHO 7 JHHEHHO HE3ABUCHMBIX abeIeBBIX

COOTHOLHeHI/IZIU/I suza (11), T. €. BepHa

Teopema ([®@e-3]). Pane (n + 2)-mkanu, 06pa3osarnol Tapakmepucmukamy, U AUHUAMY T =
= const, t = const na obwem peweHuu A1000U CAAOO HEAUHETUHOT NOAY2AMUALTMOHOBOT CUCTLEMDL,
pasen n.

3ameuanne. CTporo roBops, IPUBEICHHBIE BBIIIE PACCYKJICHNS JAIOT JIUIIL ONEHKY JJIs PAHTa,
MOCKOJIBKY MBI MOTJIM GBI TIOJIYYHTBH JIOTOJHHUTENbHBIE cooTHOmenust Buma (11), oTkazaBmmen ot
BEIOOpa B KadecTe A’ 0606mIeHHbIX byHKIHET TOKa, a Takxke OT JuHeitHocTn Besmunn f(t) u g(x).
Ha camom ziesie 3TOro He MPOUCXOIUT, W Ha OOIIEM PElIeHnr PAHT B TOYHOCTH PABEH 11, XOTS U MOXKET
«IIOJICKAKMBATB» HA OTJEJIBbHO B3STHIX PEIICHUSIX.

st uaTerpupoBanus ¢aabo HEJIMHEHHBIX MOyTaMUJIBTOHOBBIX CHCTEM BblbepeM 6azuc (A;’-, B;lv)7

j=1,..,n, u3 n JuHeHO HE3aBUCUMBIX pellleHuil JuHEeHHON cucTeMmbl (13), HOPMUPOBAB MX TAKUM
06pa3oM, ITOGBI JUIsl IEPBOrO PelIeHns! BBIIOIHUICH COOTHOIeHus: » ., B = 1, Y " BiA' = 0, re.
dA} + ... + dAT = da; (14))
JIJIs BTOPOTO BBIIOJIHSUINCH cooTHOMIeHust Yy By =0, Y BiA' = —1, T.e.
dAY + ... + dAY = dt; (149)

a Ha OCTABIINXCs (N — 2)-X PEIIeHNsIX BBIIOIHINCH COOTHOIIEHNST Y ;. B;» =>7 B;: ANi=0,7=3,..,n,
T. €.
|
dAj + ...+ dA} =0. (143)

ITockompky s00ble aBe 0000IIEeHHBIE (DYHKIUU TOKA, OTBEHYAIONINe (-My CeMefiCTBY XapaKTepUCTHK,
OTIIMYAIOTCS MHOXKHUTEIeM @' (R'), 3aBUCAIIUM JIMIIL OT COOTBETCTBYIOIIEro nHBapuanra Pumana R,
nMeeM:

dAL = pL(R)dAL, j=1,..n— L (15)

IomuepkueMm, uro dyrKImu ©'(R") ogrosHauHO onpenessiorest cucremoii (13). TlockonbKy Ha pere-
HUAX BBINOJHSIOTCSA COOTHOIIEHUST

dR' A (dz — Ndt) =0, dAL A (dw — Ndt) =0,

To ynKkImsa Toka A’ 3aBucuT TOABLKO OT R, T. €. Ha 000M pereHnn dA®, MOYKHO TIPEJICTABUTD B BUJIE
; dR'
dA;, = ——,
fi(R")
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rie fi(RY) zaBucar ot seibopa pemenns. Coornomenns (15) mepenummyTes B BHIe
_eRYR |
7 T s iy =L.,n—1,
fi(R")
nocsie dero uarerpuposanue (14) npusogur k dopmysam (10) qyist ofriero pemienus, OpudeM IO
rocrpoenuio @b = 1.
IIpumep. dns cirabo HETMHENRHON TOJIYraMUILTOHOBOW CHCTEMBbI

P+ <ZR’“ - Ri>R; =0, i=1,...n
k=1

nuHeitHas cucrema (13) mmeer BU

dA' = Bi(dx — XN'dt), X\ =) RF-R,

1. Pemenne (A%, B}) 910il cHCTEMBI, YI0BJIETBOPSIONIEE YCIOBHIO ZB} =1, ZB{'/\Z' = 0, maer
(Ri)nfl v ¢
i k
Hk#(R — R
2. Pemenne (A}, BY), ynosiaersopsiomee yeaosuo » Bi =0, Y BiX' = —1, naer
(R/L)n72
7 k
Hk#(R — RM
3. Pemenust (A;-, B;), V/IOBJIETBOPSIIOTINE YCJIOBUSM ZB} =0, ZB;)J =0, gaor
()" ; Z
i ok
Hk#(R — RN

Ot Pe3y/IbTaThbl OCHOBAaHbI Ha TOXK/IECTBAX

dA} = (dx — \idt).

dAL = (dx — \idt).

AL = (dz — Ndt), j=3,..n

O mpu s=1,...,n—1,

l npu s=mn,
Z Hk¢ Rk) =

ZR}g npu s=n+ 1.

JIerko mpoBepUTDH, 9TO B JAHHOM CJIydae
dA; = (R)"dA;,, j=1,..,n—1,

T.e. p;(R') = (R')"7. lloncranoska sTux BhIpazkennii 5 (10) saer obimee perenne paccMaTpuBaeMoit
CHCTEMBI.

§ 3. O panre TkaHM M WHBAPUAHTAX BOJIHOBBIX CHCTEM

B srom naparpade mbl ciaenyem pabore [B®-3|. Haunem ¢ npocreiimux npumepos.

IIpumep 1. IlpencraBum cebe JiBe OJHOMEDPHBIE BOJIHBI C UMIyJIbcaMu ki, ko W 3aKOHAMM
nucniepenn w (ky), we(ky), KoTOpBIE, B3aMMOAEHCTBYs APYI C APYrOM, IPEBPAIIAIOTCS B JIBE HOBbIE
BOJIHBI ¢ uMIryiabcaMmu ks, k4 u 3akonamu jpuctepcuit ws(ks), wa(ka). YcioBusi COXpaHeHUsT UMILYJIbCA
U SHEPIrUU 3aIIUCHIBAIOTCS B BHUJIE

ki + ke = ks + ka, wi(kr) + walke) = ws(ks) + wa(ka), (16)

I OIpENeIsioT B deThpexMepHOM mpocrpancte RY ¢ xoopmumaramu ki, ko, k3, k4 JAByMepHYIO
MOBEPXHOCTD, HA3BIBAEMYIO PE30HAHCHBIM MHOT00OpasueMm. IIpemosokum, 910 Ha PE30OHAHCHOM MHO-
roo0pa3uy BBIMIOJHSIETCSI JIOTIOJTHUTEIHHOE COOTHOIIEHUE

o1(k1) + pa(ke) = p3(k3) + pa(ka), (17)
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KOTOpOE He TIPEJICTABIMO B BHJIE JINHEHHON KoMOuHamn ypasaennii (16), .e. ¢;(k;) # ak; + bw;(k;),
rie a u b — mocrosianble. Coorrorenue (17) MOXKHO HHTEPIPETHPOBATH KAaK JIOIOJHATEILHBI 3aKOH
COXpaHeHMsI BOJHOBOH CHCTEMBI, T.e. ee MHBAPUAHT. BayKHOCTb M3ydYeHUs] MHBAPUAHTOB BOJHOBBIX
cucTeM HeonHOKpaTHO nogdepkusaercst B [31I-1], [3I1I-2]. CorsnacHo Teopun TKaHeH HaJIXIHE JONOJI-
HHUTENbHOTO cooTHomenns (17) o3Hadaer, 9T0 4-TKaHb M3 KPUBBIX, OIPEJIEICHHAS HA PE30HAHCHOM
muOroobpasun (16) ypasuenusimu k; = const (i = 1,2, 3,4), umeer panr 3. 3aMeTum, 9TO TOCKOIBKY
MaKCHMAJIbHO BO3MOXKHOE 3HAUEHHe paHra 4-TKaHM KPUBBIX HA IUIOCKOCTU PABHO TPEM, Y PacCMar-
pPHBaEMON BOJIHOBOH CHCTEMBI CYIIECTBYET He 0oJiee OJHOIO JIONOJHUTEIBHOIO MHBApHAHTA. TakuMm
06pa3oM, 3a/1ada OINCAHIS PE3OHAHCHBIX MHOrooOpasnii (16), JOIyCKaiomux JOIOMHATE/IbHbIA HHBa-
puanT (17), — 310 3amaua onncanus 4-TKaHell KPUBBIX MaKCUMaJIbHOrO panra 3. Ee perenne xopomio
M3BECTHO: BCsIKasi 4-TKaHb MAKCHMAJBHOIO PAHra 3 sIBJISIeTCsl CIIPSIMIISIEMOi 1 06pa3oBaHa MPsIMBIMY,
[IPUHAJJIEKAIIME airedpandecKoil KpuBoit deTeproro Kiacca [Bi-1].

ITpumep 2. PaccMoTpum Jise jaByMepHBIe BOJIHBI ¢ uMitysibcamu ki 1 ko (ki, ko — BexTopn! n3 R?)
u 3akoHamu jucnepenn wi(ky), wo(ke), KOTOpBIE, B3ANMOEHCTBYSI APYT € APYIOM, IIPEBPAIIAIOTCS B
OJIHY BOJIHY C MIMIIYJIBCOM K M 3aKOHOM jucrepcenst w(k):

ki + ko =k, wl(kl) + wg(k‘g) = w(k) (18)

Vpasuenus (18) ompeessior B mecTHMepHOM npocTpancTse RS Tpexmepryro mopepxnocts M3, Hazbi-
BaeMyIO Pe30HAHCHBIM MHOroobpasmem. Y pasuenus k| = const, kg = const, k = const onpemensier na
pesonancroM MHOroobpasun M? 1BymapaMeTpIdaecKoe ceMeicTBO KPUBBIX. DTH ceMeiicTBa 06pasyioT
KpuBoJMHElHY0 Tpu-TKaub W. Tkann takoro tuna nsydamuchk B [BB-1], [Boa-2| u [H3-2]. 3amernm,
9TO TKaHb W aBTOMATHYECKHM UMEET DAHr 3, MOCKOJBbKY KaxKjoe u3 ypashenuii (18) npezgcrasisger
coboit abesieBO ypaBHEHUE, (DUTYPUPYIOINIEE B ONPEIEICHIN PAHTA.

Kax B pumepe 1, 3aKOHOM COXpaHEHUST HA30BEM JIOMOJHUTETLHOE COOTHOIIEHNE BUIA

o1(k1) + po(ke) = @(k), (19)

KOTOPOE TOKJIECTBEHHO BBITIOJTHSICTCA HA PE3OHAHCHOM MHOTOOOpasuu M3, 0JHAKO He HpeICTABIMO
B BUJIe JMHeHON KoMOuHanuu coorHomenuit (18), ¢;(k;) # ak; + bw;(k;). C reomerpudeckoii ToIKN
SpeHHsl HAJIWYUe JONOJIHUTEJLHOro coorTHommeHus (19) osmaudaer, 4To padr tpu-tkanu W crporo
GOJIbIE TpeX, MPUYEM 9HCJIO JIONOJHUTENLHBIX cooTHOmeHui (19) B TOYHOCTH paBHO paHTy 3TOM
TKAHH.

3asa4a 0 paHre TPU-TKAHU KPUBBIX B IPOCTPAHCTBE MOAPOGHO MCCiIe0Banach B paborax Bosamxke
n Basnnbepepa [BB-1], Hasuposa [H3-2|. IlonyueHHOe mMu ommcaHume TpU-TKAHEH MaKCHMAIBLHOTO
paHTa MO3BOJISIET JIATH TOJHYIO KJIACCH(MDUKAIMIO PE30HAHCHBIX MHOrooGpasmii (18), momyckaromumx
JronosiHATeIbHBIe nHBapuaHThl (19), cm. [BO-3].

st BOTHOBO#M CHCTEMBI ODOIINEro BUIA MMeEeTCs d T-MEPHBIX BOJH ¢ mMmyabcamu k; € R™, 1, ...,d,
u 3akoHaMu jucnepenu w;(k;). PesonancHoe MHOTOOGpa3Me 3a/1a€TCsT yPABHEHUSIMU
ki+..+kq=0, wl(k1)+...+wd(kd) =0 (20)
_ o dr
u oupegenser (dr —r — 1)-MepHyIo 1OBepXHOCTb B mpocTpancTBe R ¢ koopmunaramu ki, ..., kq.

Paccmorpum ma  pe3oHaHcHOM MHOTOOOpa3um d-TKaHb, CJOW 1-TO CJIOCHUS KOTOPOW 3a1al0TCs
ypaBHeHusiMu k; = const. Dra TKaHb aBTOMATHYECKN UMeeT PaHr r + |, Tak Kak Bce ypasHeHus (20)
SIBJISTFOTCS abejieBbIMU. Hajimane 01O THUTETBHOIO MHBAPUAHTA

e1(k1) + ... + a(ka) =0

03HAYAET, UTO PAHT MOCTPOEHHON TKaHU cTporo Gombine 7 + 1. Takum obpasom, B camoii obmieit
ITIOCTAHOBKE 3aJ1a49a OIUCAHUSI BOJHOBBIX CHCTEM C JOIOJHUTEbHBIMU WHBAPUAHTAMU CBOJMTCH K
OIMCAHUIO d-TKaHeH M3 MTOBEPXHOCTEN KOPA3MEPHOCTH I Ha MHOr00Opasnm pa3MepHocTH dr —r — | u
pasra, crporo 6oJibitero r + 1. IIpumepsr 1 u 2 nosryuyarorcst coorsercrBeHHo npu d =4, r =1 u d = 3,
r = 2. [loguepkHeM, 9T0 Jjis APYrUX 3HAYEHUN d ¥ T U PA3MEPHOCTH MHOIrOOOpa3usi TKAHM, PABHOI
dr —r — 1, 3amagya o panre BOoOIIEe HE UCCIEI0BATIACD.

Konkpernbie mpuMepbl pe30HAHCHBIX MHOTOOOPA3MUil C IOMOJTHATEIbHBIMI HHBAPUAHTAMHE, & TAKIKE
ob6cyxkenne psiyia GU3NIECKuX npuioykeHnit umerorcs B [BD-3].
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A = (A}, Ay, A3) — aBrOTOLMS TPU-TKAHU UM KBA3UT'DYIIIbL
A" — adduHHOE TPOCTPAHCTBO PA3MEPHOCTH 11

A, — rpylia aBTOTONN KBA3UIPYIIILL ¢

Aw — rpyuna asroronuii (mim aproMmopdu3moB) Tpu-Tkanu W
AW — ayrebpamsyemasi TKaHb

AW? — iBymMepHasi TpU-TKaHb HaJ aarebpoii A

AX? — nBymeproe MHOroObpasme Has aarebpoit A

AG(r,n) — nodru rpaccMaHoBa CTPYKTypa

AGW (d,n,r) — nouru rpaccMaHu3yeMast d-TKaHb

Aw (p) — rpyuna usorponun touku p tpu-tkanu W, T.e. rpynma asromopdusmos Tkanu W, ocras-
JISTIOIIUX HEMOJBUYKHON TOYKY P

a= (aé ) — TEH30D KPydeHHsI TPH-TKaHH

a ! ik — TEH30p KPyUeHUsl CBA3HOCTH I'y 3, IPUCOCIUHEHHON K TPU-TKAHU
«

ﬁ)ljk — ren3op Kpydenus tkanu Wn + 1,n,7)

Q, Q — KOMMYTATOPBI JIyTIbI

b=( ;‘k@) — TEH30p KPUBHU3HLI TPHU-TKAHI
* *

bﬁZ jkes bt jk¢ — TEH30PBI KPUBU3HBI CBA3HOCTEl FB, I', mpucoeMHEHHBIX K TPU-TKAHU
« «

b ijkg — rTeH30p KpuBusHbl TKanu W(n + 1, n,r)

UBUZ — neBag urypa Bosa, Tak:Ke KJtacc JIeBbIX TKaHeir Bosa

B, — npaBaga durypa Bona, Takxke Kiacc npaBbIx TKaHeil Boia
B,, — cpenusis durypa Bosa, Takxke kiracc cpegaux Traneir bosa
Be, By — TpaBBIl U JIEBBIIl ACCOIUATOPHI JIYIIbI

Cjp — CTPYKTYPHBIf Tensop rpynust (airedpst) Jln

C(r,n) — xonyc Cerpe

DerA — anrebpa nuddepentuposanuit aaredpsr A

0 — cumMBOJ b DEPEHITUPOBAHNUSI TI0 BTOPUIHBIM TAPAMETPAM

E — durypa, onpeessiemMast TOXK/IECTBOM JIACTHIHOCTH, TaKKe KJIaCC TKaHel, Ha KOTOPBIX 3aMbIKa-
foTcs Bce hurypst E

€ — eIMHUIA JIyIbl (IPYIIIbI)

€; — KacCaTeJIbHble BEKTOPbI K CJIOIO CJIOCHUA Aa TPpU-TKaHU
«

gk, €ijk — JAUCKPUMHHAHTHDLIE TEH30PI

Fo — coi Tpu- Win d-TKaHU, TPUHAJIEXKAIUN CTIOCHUIO A,

G — rpyuna JIn

GL(n) — nosHas JuHeHAs TPyIIIa

G(r,n) — rpaccMaHOBO MHOr0OGpa3ue T-MEepHBIX IIOIIPOCTPAHCTB IPOEKTUBHOIO IIpOcTpaHcTBa PT
GW — rpaccMaHOBa TKaHb

Gw — G-CTpyKTypa, IpUCOeIuHEeHHAas] K TpU-TKaHu W

I' — casmocTs Uepna Tpu-TKaHN

—~ %
Fﬁ, I;}, I' — unBapuanTHbIe adPUHHBIE CBSI3HOCTHU, IPUCOEINHEHHBIE K TPU-TKAHU
« «

~(W) — ny4ok addHUHHBIX CBA3HOCTEH, IPUCOCIMHEHHBIX K TpU-TKaHu W

H — mecruyronbHast puUrypa, Tak¥Ke KJIace MeCTUYTOJbHBIX TPU-TKaHEeH

H?P — TpancBepCaIbHEIT 2p-BEKTOD TPH-TKAHI

I = (I}, I, I;) — n3oronusi Tpu-TKaHeH, KBA3UTPYIII

Jo, Iy Jyw — JI€BOE, IpaBOE U CpeaHee siapa KacareabHoit W-aarebphbl Tpu-TKaHN
Ly, £(a,b) — KoOpAMHATHAS JIy[IA TPU-TKAHU, CBA3AHHAs ¢ TOYKON p = (a, b)
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{(a,b) — LP-n30TON KBA3UTPYIIIIBI
LW (d,n,r) — nuneapusyemasi d-TKaHb
L, — nesblii ¢asur B Jyne (rpymime)
Aq — CJIO€HHE TKaHU
/S&, pAq — JIEHBI TEHJIOPOBCKOTO PA3JI0KEHUs TPOU3BEJICHUS TY B JIYIIE
A= ()\;) — ocHoBHO#T addunHOD 4-TKAHI
M — roxectBo Mydanr, Takxke Kiracc Tpu-Tkaneit Mydanr
Ny, N,., N,;,, — JieBoe, IpaBoe U CPEJHEE sA/IPa JIYIIBI
Oi,ﬁ afl
V, V, V, V — oneparopsl KOBapumaHTHOTO audHEpPEeHITUPOBAHNsT OTHOCATEIFHO WHBAPUAHTHBIX
CBSI3HOCTEH, IPUCOEINHEHHBIX K TPU-TKAHU
Vs — omeparop KoBapuaHTHOTO JudHepeHInpoBaHns 110 BTOPUIHBIM apaMeTpam
O(n) — oproroHajbHas IpyIIa
P™ — mIpoeKTUBHOE TPOCTPAHCTBO PA3MEPHOCTH 71
7t — MHBAPUAHTHDBIE (POPMBI TTOJTHOM JIMHEHHOM TPy IIITHI
m(d,n) — rpanuna Kacresbayoso
m(d,n, ) — TOUHAs BepXHsid rpaHua Jjisi padra tkaau W(d, n,r)
q = (-, Xo) — TpexbasucHas KBa3urpymnma
(-) — kBasurpymma
— JIyIla, KBA3UTPyIIa, I'PYIIIOn]
w= (w;) — dopmbl ceazaocTr YepHa
w= (c&)’) — Gasucuble GOPMBI CJIOCHUS A\, TPU- WA d-TKAHH

—~.

QO

i

; — dopmer ceazHOCTH [0 8

SRR

— durypa Pelinemeiicrepa, TakxKe KJIACC IPyNIIOBBIX Tpu-TKaHeil (Tkaneii R)
R(X) — pacciioenue penepos MuOrootpasus X

R(W) — pacciioenue aJjaliTHPOBAHHBIX perepoB Tpu-TKanu W

R, — upasblii cBur B Jyne (rpyrie)

S(r,n) — muoroobpasue Cerpe P" x P" — pProtrtn

SL(n) — cuenuajibHast JiuHeHAs IPYIIIA

T, — KacaTeJIbHOEe MIPOCTPAHCTBO K JIYIIE B €IUHUIIE €

T — durypa Tomcena, Tak»Ke KJIacc Mapalieu3yeMbIX (PEeryssapHbIX) TPU-TKaHe
T,(X) — KacaTelbHOE IPOCTPAHCTBO K MHOr00Opasuio X B TOUKE P

V2, V2 — rpancBepcabHbIE MOBEPXHOCTH TPU-TKAHI

W(d,n,r) — d-Tkaub KOpa3MepHOCTHU I HA MHOIOOOpa3Uu Pa3MEPHOCTU Nr

W = (X, \,) — tpu-TKanp W, obpasoBanHas Ha MHOr0OGpa3un X CJIOCHUSIME Aq
Wy — Tpu-TKanb, 06pazoBaHHasl TPEMs ceMefiCTBaMU MapasljIe/IbHbIX ILJIOCKOCTEH
Yo — OTODDPaAKEHUE, OLPEIEIISIEMOE CIOIMHU CJIOCHHA Ay, Y 7 «, 3 Ha TPH-TKaHU
X — muddepennupyemoe MmHOTOOOpa3NE

X, — a) 6a3a cnoeHnst \y; 6) TUIEPIOBEPXHOCTH, OIPEJIEIISIONIe IPACCMAHOBY TKAHb
(X, B, ™) — pacciioeHHOe IIPOCTPAHCTBO ¢ 6a30ii B u npoeknueii 7 : X — B

X¢ — G-crpykrypa Ha MHOTOOOpazun X

A — CHMBOJI BHEIITHETO YMHOYKEHUSI

[,] — xommyTaTop

(,,) — acconuarop

<,,> — TepHapHagd onepaliusi

/ m \ — mpaBasi u JeBast OGPATHBIE OIIEPAIA B KBA3UTPYIIIIE

[, B,7] — Tpu-nOATKAHB d-TKAHU
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KBa3urpymnmna Tpu-Tkanu, 44

KOOPJAWHATHBIA MOHOU,

aJIbTepHATUBHBIN, 261
aCCOIMATUBHBIN, 244

— rpu-tkaru W (AL, Am, A(l +m — 1)), 236
KOODJIMHATHI

— ILmokkepa, 82

— aJlanTupoBaHuble, 231

KpUBas

— asirebpandeckasi, 219

— — YeTBepTOro Kjacca, 272

— Kybudeckas, 86

— palMoHaJIbHasT HOpMaJbHasd, 221

— TpeTbero Kjacca, 37

KPUBU3Ha KPUBOJIMHEWHON TpU-TKaHH, 18

JIOKaJIbHas 6a3a cjaoeHus, 9
sayna, 41

— A-nyna, 185

— G-nyna, 160

— Mydanr, 43

— aJbTepHaTuBHAsA, 43

— KaHOHUYECKOe pasJiokeHue, 62
— KOMMYTaTHBHas, 43

— KOOpJWHATHAas TPU-TKaHu, 47
— neBas Boma, 43

— JIeBOAJIbTEPHATUBHAS, 43

— JIOKaJIbHAs TJIaJKast, H2

— MOHoOaccoluaTuBHasgd, 43

— obpaTtumasi, 68

— mpaBag boua, 43

— IpaBoaJibTepHATUBHAS, 43

— CONIpPSI?KEHHO 3aMKHyTas, 185
— cnenuaJjbHast, 175

— aJractuvHas, 43

MHOTOOOpazue, 7

— Cerpe, 14

— aJyirebpandeckoe, 205

— rpaccMaHoBoO, 9

— nuddepennupyemoe Haz aaredpoit, 92

— UHTerpaJjbHOe, 9

— Jym, 43

— — WHBApUAHTHOE OTHOCUTEJIbHO m3oTonuu, 43
— pe3oHaHcHoe, 271

00001IeHHas

— koudurypamnusi  Peiinemeiicrepa  Tuma
R(ALAm, A(l+m — 1)), 239

— JieBast Koudurypanus Bosa, 259

— Tpu-TKaHb Peiligemeiicrepa, 239

— dyurnusa Toka, 269

OKTaBbI, 41

omneparop IlIpenunurepa, 268

oTobparkeHue

— Ilyankape, 220

— cobcTBeHHOE BHyTpeHHee, 168

— 9KCIIOHEHIAJJIbHOE, 62

napa cuMmmerpudeckas, 101
rapaMeTpu3alys CTaHIapTHas, 57
napacrpodust, 44
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napaMeTpbI — MHAyTIUpoBaHHas, 27

— BTOpUYHBIE, T — KAHOHUYECKAsT

— TJIaBHBIE, 7 — — PEYKTUBHOTO IIPOCTPAHCTBa, 115
OBEPXHOCTH — — Ha Jjyue, 67

— M30KJIMHHAs, 78 — npoekTuBHasi, 94

— MHUHUMaJIbHAas, 267 — puMaHOBa, 25

— TpaHCBepCaJIbHO-reosie3nIecKasd, 34 — cpemHss, 29

MO/INPYIIIa OJHOTIApaMeTpuIecKasi, 59 Cep/illeBUHA TPU-TKAHU

nomtyna, 59 — Bi(p,q,q), 260

— JByMepHas, 72 — GW(p, q,q), 250

— ojHOmapaMeTrpudeckasd, 62 — WR(AL, Am, Al +m — 1)), 240
oJIMHOTOOOpa3ue cucreMa

— aBToHapaJlIeJbHoe, 26 — IHJAPOJMHAMUYECKOro ThIa, 264
— BIIOJIHE Teojie3uveckoe, 26 — — TOJIyTaMUJILTOHOBA, 265

— IapaJiesbHoe, 26 — — cuabo HeuHeliHas, 265
MOIIPOCTPAHCTBO — — crporo runepbosimueckasi, 264
— U30KJIHMHHOE, 13 — TCEBJOK3J1epoBa, 146

— TpaHcBepcaJsibHoe, 12 — ypaBHeHnit xpomarorpadun, 267
HOJTKaHb, 11 — dopMaIbHO BIIOJIHE WHTErpupyemasi, 128
— (n 4+ 1)-txkanun, 200 cioenue, 9

— HOpMaJibHast, 35 CIIo

MOJIYyIIPSAMOE IPOU3BeJeHne TKaHei, 11 — THIOBOII paccioeHust, 8
npeobpazoBanue bekiynma, 266 — rxanu, 10

npobsema CcOOCTBEHHBIN BEKTOp TeH30pa, 63

— aJsrebpaunsyemoctH, 36

— rpaccMaHu3yeMocTH, 86
IPOU3BOAHAS KOBapUAHTHAs, 32
MIPOCTPAHCTBO

— KacaTeJbHOE K Jiyle, 57

— JIOKaQJIbHO pelyKTuBHOE, 181
— oxHOpoaHOoe, 100

— IIOCTOSIHHOW KpUBU3HBI, 105
— paccyoenus, 8

— — TOTaJIbHOE, 8

— peaykTusHOe, 115

— cuMMeTrpudeckoe, 96

CTallMOHAapHAs I'PyIIa eJIUHUIbI, 168
CTPYKTypa

— G-cTpykTypa, 8

— — 2-nonyunrerpupyemasi, 87

— — e-CTPYKTypa, 8

— — n-noJsiyuHTerpupyemas, 207

— — r-noJiyuHTerpupyemasi, 86

— — beckoHevyHOTO THMIA, 127

— — 3aMKHyTad, 127

— — uHTerpupyemasi, 87

— — KOHeYHOro tura, 127

— — koudopmHuast, 127

— — JIOK&JIbHO I'paccMaHoBa, 87

— — JIOKQJIBHO TIIOCKas (mapasienusyemast), 128
— — IIOYTH I'DAcCMaHOBa, 86

— — IOYTHU KOMILJIEKCHas, 127

paHr

— d-tkanm, 219

— TOXKJIecTBa, 140
acripejiesienue, 8

p— roI];))H30HTaJ1bH0e, 24 — — ndaddosa, 8

— WHBOJIIOTHBHOE, 158 — — PUMaHOBa, 8

paccioeHne, 8 — — Tuna 1, 127

— rosonomun, 100 — — Tuna 2, 127

— KacarejibHOe, 8 — G'w-crpykrypa, 12

— JIOKATBHO TPUBHATBHOE, 8 — Gunapuas dusndeckas paura (p + 1,q + 1), 247

— penepos, 7 — rpaccManoBa, 206
— — BTOPOTO HOpsJIKa, 25 CTPYKTypHasd IpyIiia
— CTaHJApTHOE TPpUBHAJIbHOE, 8 — (n+ 1)-rxanu, 199

— G-cTpyKTYypHI, 8
CBSI3HOCTH — Gw-cTpyKTypHI, 12
— G-cBSABHOCTD, 25 CTPYKTYDHBIE€ ypaBHEHUS
— Tag, 28 — G-crpyKryphl, 8
—Tap, 31 — (n + 1)-Txanmu, 200
— (n 4+ 1)-txanm, 200 — rpymust Oy, 112
— JleBu—Yusura, 105 — rpynns! JIu, 8

— YepHa, 25 — IOJIHOU JIMHEWHO# rpynmnsl, 7
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— Tpu-TKauHu, 16
CTPYKTYPHBI

— 00beKT G-CTPYKTYpPHI, 8
— TEeH30p

— — G-crpykTyphl, 127

— — rpymmnst Jlu, 8

TEH30p

— acuMnToTuvyeckuii, 93

— IOUCKPUMUHAHTHBIHN, 106
— KPHUBHU3HBI TPU-TKaHU, 17
— Kpyd4eHus Tpu-TKaHu, 17
TEH30DbI

— KpYyYeHHUs ¥ KPUBU3HBI
— — (n+ 1)-Tranun, 200

— — G-crpykTypsI, 127

— — addunnoit cBa3HOCTH, 24
— — Tpu-TKaHu, 17

— OCHOBHBIE TPU-TKaHH, 18
TeopeMa

— Abess, 219

— AunGepra, 43

— Anbepra—bpaka, 168

— I'pada—3ayspa, 86

— Kaprana—J/lanresa, 24

— pexyknuu, 100

TKAHU KOPA3MEPHOCTU A\, HWHAYIIUPYEMBIE HA CJIOSX

tpu-tkaau W (A, Am, A(l +m — 1)), 233

TKaHb
— (n + 1)-tkans, 199

— — aCCoOIMUpPOBaHHAA C TPpU-TKaHBIO

W (AL, Am, A(L+m — 1)), 229
— — rpaccmanunsyemasi, 204
— — rpaccMmaHoBa, 202
— — rpynmnosad, 244
— — napaJnenusyemast, 200
— — mosmdapudeckas, 210
— — mectuyroJybHasgd, 201
— (G-TKanb, 160
— W (4,2,2) uckimrounrenbHasi, 222
— d-TKaHb, 211
— — aJjrebpandeckasi, 216
— — rpaccmanusdyemas, 213
— — U30KJIMHHAasA, 213
— — UCKJIIOUHTEJIbHas, 221
— — Kopa3MmepHocTH 1, 214, 219
— — MaKCUMaJIbHOTO paHnra, 220
— — mapaJuenusyemast, 199
— — NIOYTHU rpaccMaHmu3zyeMasi, 212

— — TpaHCBepCaJIbHO-reojie3nydecKas, 213

— N-TKaHb U3 XapaKTEePUCTHK, 264

— 4-TKaHb MaKCUMAJBHOIO paHra 3, 272

— obobenHast jesast boua, 256
TOXKIECTBO

— Ay, Ay A, 175

— T, 50

— Buankn, 97

— buaskun-Kaprana, 126

— Boma

— — JeBoe, 43

— — mpaBoe, 43

— Mydasnr, 43

— Puyun, 97

— Ceiirua, 116

— Sxobu, 8

— — 060b6menHoe, 21

— aJIBTEPHATUBHOCTH, H8

— aCCOIMATHUBHOCTHU CTeIleHel, 72
— JIEBOH1 aJIbTepHATUBHOCTH, 43
— MOHOACCOIIMaTUBHOCTH, 43

— 000bIIEHHOMI

— — aJbTepHaTUBHOCTH, 261

— — accormaTuBHOCTH, 244

— nopsizika k, 142

— mpaBuyIbHOe, 139

— IIPaBOil aJIbTEePHATUBHOCTH, 43
— npousBogHoe, 49

— TwHma
- Aév A?"v Ama 176
— — Boua, 141

— yHHUBepcaJbHOe, 43

— ypaBHOBellleHHOe, 139

— ycJioBHOE, 45

— 3KcTpa, 141

— 3JIaCTUYIHOCTH, 43
TpaHCBePCAJIbHAs ITIOBEPXHOCTD, 11
TpaHCBEePCAJIbHBIN 6uBEKTOP, 12
TPU-TIOATKaHb, 201

TPU-TKAHU KBUBaJIEHTHbIE, 11
TpU-TKaHb, 9

— A-Tkanb, 185

— Ay, Ar, A, 175

— GW(p,q,q), 247

— Wi(p,q,r), 225

— WV, 181

— Bona

— — JieBad, By, 46

— — mnpaBasd, By, 46

— — cpensssi, By, 46

— — veTbIpexMepHas, 123

— — mectuMepHas, 106

— Mydamnr, 46

— — MHHHUMAaJBHOI pa3MepHocTH, 120
— Peitnemeiicrepa, R, 46

— Tomcena, T, 46

— abcrpakTHas, 74

— aJsirebpansyemast, 11

— ayrebpandeckast, 10

— reoMerpuyeckas, 43

— rpaccMaHusyemas, 11

— rpaccMaHoBa, 10

— rpynnosas, 10

— 13 XapaKTEPUCTUK, 264

— M3OKJIMHHAS, 79

— HM3OKJIMHHO-Teojie3ndeckasi, 90
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— KpuBoJnHEiHAsA (IByMepHasn), 18
— HaJ1 aarebpoit, 92

— mapaJuiesibHas, 9

— mnapaJjuresmsyemast, 11

— naparakTrdeckasd, 94

— nosiHas, 43

— npocrad, 36

— npsiMoJiuHeHHas1, 94

— CONIPSI?KEHHO 3aMKHYyTasd, 185

— tuna Ag, Ay, Am, 176

— TPaHCBEPCAJIBLHO-Teo/Ie3ndecKasd, 76
— 4eTbIpeXMepHas IeCTHyroJibHas, 133
— mectuyroybHas, H, 46

— aJtactuvHad, F, 46

TpoitHasa cucrema Jlu, 100

yHHUBepcajbHas 000JI04UKa TPOHHON cucreMbl Jlu,
101

ypaBHEHMe

— AbGens , 219

— Kopresera—ne Ppusza, 268

— Idbadda, 9

— abesneBo d-tkanm, 219

— accouunpoBanHoii (n + 1)-rkanu, 230

— TKaHu, 10

— rpu-tkaru W(p, q,r), 226

ypaBHEHHUsI

— cepauesunsl Tpu-Tranu GW(p, g, q), 250

— CTPYKTYPBI IPOEKTUBHOIO IIPOCTPAHCTBA, 83

ycnosue Cen-Pobepa, 37

yCJIOBHS 3aMbIKaHus, 45

dakTop-mHOrOOOpasme, 35
daxTop-TKaHb, 11

curypa

— Ap, Ar, A, 175

— FE, 46

— (koudwurypanus), 45

— Boma

— — nesas (By), 45

— — npasas (B,), 46

— — cpenusas (Bp,), 46

— Peitnemeiicrepa (R), 45

— Tomcena (T'), 45

— KoopauHaTHasA, 47

— oKTapapudeckasd, 210

— oy apuyeckast, 210

— IOJIyKOOpIuHaTHad, 49

— tumna Ag, Ay, Am, 176

— mecruyroabHas (H), 45

dopma cBszHOCTH, 24

dopmyna Kemnbemma—Xaycaopda, 132
dOpMBI KpyUeHHsT M KPUBU3HBI CBSI3HOCTH, 25
dyHKIIS

— HaJ aarebpoit nuddepennupyemast, 91
— rpu-tkaru W(p, q,r), 226

XapaKTEePUCTUKA CHUCTEMBI IuddepeHInaTbHbIX
ypaBHeHwmii, 264

AJPO
— Jiymbl, 148

— — Mydanr, 125

— Tepuapuoe W-anrebpsr, 158
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