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MPEANCIIOBME PEJAKTOPA TEPEBOJA

Hacrosiiasi xuHura — c60pHHK NMepeBOAOB H3OPAHHBIX NOKJIAJO0B,
TIDOYHTAHHRIX Ha 3HAMEHHTOM cemuHape Byp6aku B [lapuxke B
1983—1987 rr. COOpHHK BKJIIOYAeT JOKJAalbl [0 MAaTeMaTHYECKOMY
4HA/JIH3y M TEOMETPHH H JONOJHsAeT BHIUEAHH B H3LATeJbCTBE
«Mup» B 1987 r. c60pPHHK NMEPEBOXOB AOKJIANOB, NMOCBSAIIEHHBIX aJ-
re6pe u Teopud uHcesn («Asre6pa M TeOpHs uUHCEsN C NPHIOKeE-
HUAMHY),

Hayunnifi ypoBeHb craredf, kak OGH4YHO, B ceMHHape Byp6aku
OYeHb BHICOKHY, a KpOME TOrO, 3TH CTATbH BHIACJSAIOTCH BHICOKHM
KaueeTBOM H3JIOXKEHHsl, MPH KOTOPOM HaHGOJblliee BHUMAaHHE yie-
JISIeTCL OCHOBHBIM HAEAM, a4 He TeXHWYEeCKHM ZeTaJlisM. B 3ToM cMH-
cJie ceMHHap Byp6aku mo CBOeMY CTHJIIO TIPOTHBONOJOXKEH H3BECT-
HOMY TPAakKTaTy TOr0 XKe aBTOpa HO 3jeMeHTaM MaTeMaTHkH. TeMul
ctaTell OTpaxaloT HauboJee akTyaldbHbe, GHCTPO Pa3BHBAIOLIHECH
06/1aCTH aHa/JHM3a U TEOMETPHH H AAIOT sICHOe NpeACTaBJeHHe O IO0-
CAeIHHX NOCTHXKEHHAX B 3THX obusacrax. CpedH AOKJAJOB, BKJIO-
YeHHHX B COOPHHK,-— JOKJIaA XHUTUHAHA 06 ypaBHeHHsx SIHra —
Mugsca ¥ TONOJOrHH, N0Ksian AHbapa o HepaBeHCTBax Mopca mo
Burreny, noknan Konna — anre6pul ['eKke W Y3715l — O HOCTPOEHHH
[ X0oHCOM HOBBHIX HHBADHAHTOB Y3JI0B, NOKJaj Bosuias — npobaema
lloTkrn u rumoresa HOBHKOBAa — 0 NPHJIOKEHHH TEOPHH HeJHHEH-
HbIX [u(pdepeHnHanbHBX ypaBHEHHH K npofaeMe OMHCAHHA MOAY-
Jedl puMaHOBHIX NOBepxHocTefdl. B jmoknage Kaprbe obcyxnarorcs
CBA3H MOCTABJIEHHOrO B TpeTbeH npoGseMe [HabGepra Bompoca
O PaBHOCOCTABJIEHHOCTH MHOTOTDAHHHKOB ¢ COBPEMEHHBIMH mpoGJe-
Mamu apubmMeTuks u anrebpanueckoit K-reopuu.

K coxkaJeHHIO, OTpaHHYEHHOCTb 06beMa cOOpPHHKA He MO3BOJIHJIA
pPelaKTOPy BKJIOUHTb B HEr0 BCe HHTepeCHHe AOKJAAR, MPOYHTAH-
Hple Ha ceMHHape Byp6aku. K pagoctn coBerckux MaremaTukOB,
H31aTeJbCTBO «Mup» TJaaHHpyeT nyGJHKALHIO NMEpeBOJOB BCeX JO-
KJ1aJ0oB ceMHHapa Dypfaku, HauWHas ¢ TIpOUYHTAaHHHX B 1988—
1989 yue6roM roxy.

IlpH NmOArOTOBKe PYCCKOTO H3MAHHSA OHIJH clesaHb OTAeJdbHBE
TPHMEYAaHHA W TMOMNOJHEeHH CIHCKH JjuTeparyphl. B 3ToM Ham




6 Hpeducaosue pedaxropa nepesoda

nomorau A. A. Bopouos, B. A. ly6posun u A. B. ITaxuTHOB, KOTO-

BIM MBI BepaxKaeM 6J1aroaapHOCTb. A
C6opHuk GyfeT HHTeDeCeH KaK CTyAeHTaM, TaK H ClelHaATHCTaAM-
MareMaTHKaM, a4 TakKXe MeXaHHKAM H (HU3HKAM-TEOPETHKaM, HC-
MOJMBL3YIONIHM aHAJIH3 H reoMeTpHIO.

22 oktabpsa 1989 .

A. H. Bapuernko

MHAOEKCbHlI MOAMAKTOPOB, AJITEEPbI TEKKE
N TEOPUA Y3JIOB (no Borany [skowcy)!

A. Koun

BBE EHME

B. JI&oHC HauaJ ¢ peuleHHs cielylollell HeB3pauHOH Ha BH[ 3a-
Hauu: HAHTH NOAMHOXecTBO X B R., o6pasoBaHHOe 3HAYEHHSAMH UH-

pexca [M:N] nondakropa N B dakrope M runa II;. On noxasan,
4TO

2={4cosg%; neN, n>3} U4, + oo].

MoOXHO 3aMeTHTb, YTO B €r0 AOKA3aTeNbCTBE eCTECTBEHHO MOSB-
J5IeTCA BO3PACTAOIIAA NOC/IeN0BATENbHOCTD J6m(q), m & N, aare6p
I'exke, accomuuposaHHmX ¢ cucremamu Kokcrepa cummerpuueckux
rpynn u ¢ nepeMerHofl ¢ = C. Jlasee OH BHBOLHT OTCIOAA N0Ka3a-
TeIbCTBO CYIIECTBOBAHHA 3aMeyaTeqbHOrO cjeia Ha o8, (q) =

=|J s, (9). CkoMOuUHHPOBAB STH CjAENB C OMHCAHHEM Y3JIOB B R3
m

Ha OCHOBe Ipynmsl KOC B, npunamiexamum Apruny, AJexcanmepy
1 MapxoBy, OH NOJyYaeT HOBHIH MOJHHOMHAJIBLHBIH HHBApHAHT AJA
y3a08_[21]. 3arem 3710T HHBapuaHT Ghl 0606men Ppeiinom, Uerre-
pom, XoctoM, Jlukopuutem, Mumierrom u OxHeaHy O HHBapHaHT-
HOTO MOJIHHOMA OT JBYX MNepeMEeHHHX, BKJ/IOUAIOMmero B cebs Kak
YacTHBIA cJyuad u moauHoM Asexcanpepa [15].

B stom jpokaage Mbl 6yfeM NOBOJLHO GIH3KO CJAELOBAThH oyTH,
npoiaeHuoMy JIXKOHCOM, a TaKXke NPUCOEeLHHUM 3aMedaTeJbHH pe-
3yabTar OKHeaHy 0 KJIACCHQHUKANHUH MOJOXKHTEJbHBX CJeI0B Ha
Hb(q).

. MHOEKC TIOA®AKTOPA ®AKTOPA THUMA i,

ITycts M — daxrop tuna II;, a Try — eIHHCTBeHHHH caeq Ha M
¢ Try(1)=1. Ilycrb L?(M)— runp6epTOBO NPOCTPAHCTEO, NOJIYUEH-
HOE® MONOJIHEHHEM OTIeJHMOro NpeiarHJbGepToBa npocrpanctBa M
CO cxa/igpHHM npousseleHuem <, »; {x, y>-=Tru(y*x)Vx, y= M.

1) Connes A. Indice des sous facteurs, algébres de Hecke et théorie des
noeuds [D’aprés Vaughan Jones]. — Seminaire Bourbaki: 37e année, 1984—85,
n° 647, Astérisque 133—134, 1986, p. 289—308.

© N. Bourbaki, Société Mathématique de France, 1985




8 A. Konn

IIyctb A — JeBoe peryJsipHoe npeAcTasieHde M B L2(M).
Ax)y=xy VYxeM, y=M.

JIis KaXkAOTO HOPMAJbHOrO MPEeJCTaBJ]eHHs m ¢pakropa M B THJb-
6epTOBOM ﬂpOCTpaHCTBe’.@ clelyloll¥e JBA YCJIOBHS 3KBHBAJEHTHHI:

a) xommytaHt m(M)’ rpynns x(M)— dakrop mnaolll;

b) m 3KBHBAJEHTHO MNOANpPENCTABJEHHIO B KOHEYHOH CyMMeE KO-
mui A

B sTom cayyae 6yaeM rOBOpHTb, 4TO (§, 7t) — NpeACTaBJeHHE KO-
neunoti kparnocru. Kparwocrs dimp (§, ) (uau, Kopoue, dimu(9H))
yIOBJETBOPSieT B O6IIeM Ciydae CJAeAYIOUHM YCAOBHAM:

1) dimy (9, n) = [0, oof, dimy (L2 (M), A)=1;

2) dimy (9, n)=dim, ($’, °') Torna u TOJBKO TOrAa, KOrxa
npencTaBJeHHs] m H ' S5KBHBAJICHTHEI;

3) dimy (@ (9,, nn)) =Y. dimpy (D, %) (ecm«l npsMas cyMma
1 1

0
B (9,, n,) HMeeT KOHeuHyl0 KPATHOCTH J;
1

4) ecan e & (M)’ — MpOEKTOp, a e — OTPAHHUYEHHE 7 HA TPO-
CTPaHCTBO €9, TO

dimy (e9, 7)== Trxm)(e) - dimy (D, n);

5) dimu ($, =) - dimu- ($) =1, rne M — kommyranT = (M).

ITycrb tenepy N = M —noadakrop 8 M tuna II;. Tosopsar, uto
N umeer xoHeunbui undexc B M, ecln orpaHudyeHHe JIEBOTO pery-
JAPHOro mpelcrasjeHus A daxropa M B Li(M) Ha N uMeeT KOHeu-
HYI0 KPATHOCTb, T. €. €CJIH KOMMyTaHT A(N’)— dakrop tana II,.

Onpepnenenne 1. Hugexc [M:N] noadakropa N B M—>310
kpatHocts dimy (L2(M), }).

Npennoxenne 2. a) [Tycre N — nodgaxrop M KoHeuHO20 uH-
dexca. [dasn ramdoeo npedcrasaenus (9, n) KOHe4HOU KPATHOCTU
paxropa M e20 ozparuterue iy HQ N umeeT KOME4HYIO KPATHOCTY,

npu4em
P dimy (9, mty) =[M: N] - dimy (9, n).

b) Hycre N u M re ore, uto u 6 a), a P—nodpaxrop xoreu-
Hoz0 undexca 8 N. Toeda P — nodpaxrop xoneunozo undexca 8 M,
npusem [M:P]l=[M:N][N:P].

c) Mycte N, M, §, ~ Te owe, uro u 6 a). Tozda KoMMYTaHT

n(M)’ — nodgaxrop Koneunozo undexca 8 w(N’), npudem
[ (NY : (M) ]=1[M: N].

CBOMACTBO a) NOJyYaeTcs HeMmOCpPeaCTBEHHO, D) cueayer H3 a),

a ¢) ciepyer u3 cBoficTBa 5) (GyHKuHH pasmepHocTH dimpy.

B s a5t rabbi 0

Hudekcor nodaxropos, arzebpos Texke u Teopusm ysios 9

lIpumepor. o) Ilycre I' — QuckpeTHas rpynna. Paccmorpum xom-
MyTaHT Mr 1paBOro peryJsipHOro mpeicraeieHus [' B rusib6epTo-
Bom npocrpanctse [2(I'). Uto6n Mr 66O DakTOpPOM, HEOGXOLHUMO
U JOCTaTOYHO, YTOOhl KaXKABH HETPHBHAJBHEA KAAcC CONMPSKEHHO-
cru B I' HMes GeckOHeYHyI0 MomHOCTh. Bodsee TOro, B 3TOM cayuae
My — dakrop tuna II,. Ilockoasky asire6pa ¢on Hefimana Mp mo-
poxnena aare6poit CI' rpynnu T, mefictymomeli JeBoi CBEPTKOH B
(T, 1o ans xaxzao# noarpynnel I, < I' KOHewHOTO HHIeKca nozaa-
re6pa ¢on Heiimana N B Mr, nopoxzaennas CI') = CT, -- noagak-
TOp B Mr KOHeUHOrO HHAEKCA, H3OMOPOHHA Mr,, mpudeM

[Mp:N]=1[T: 1.

B) Ilycrb M — paxrop tuna II,, a e<= M — npoekrop. O603Ha-
4uM uepe3 M. daxrop {x = M; xe =ex = x}. 11 Toro utobu M,
6bis n3omopden M;_., HEOGXOAUMO U JOCTATOUPO, UTOGH! TOJIOKH-
TeJIbHO€ BEIECTBEHHOE YHCIO Ao/ (1 — Ao), rlie Ao = Try (e), Jaexadno
B ¢yHAameHraabHo# rpynne M ({41]). Ilyctb torna 6: M, — M;_,—
H30MODP(GH3M; NOJOKHM :

N={x+6(x); x=M,}.

[lo mocrpoennmio N —noacdaxrop B M, mpuuem HemocpeAcTBeHHOE
BruHCAeHHe dimy(L2(M), A) nokasuBaer, uto

(M:NT=ng"+ (1 —20)7".

Tak xak ¢yHnamenranbHas Tpynna rHIEpPKOHEYHOro dakropa R
cosmafiaer ¢ R}, 5Ta KOHCTPYKUHS AaeT cymecrBoBaHHe NOA(DAK-
topa N B R ¢ [R:N]=a npu npousBoJbHOM a == 4.

B o6osHauenuax BBeleHHs 0GbefHHEHHe MPUMepOB a) H B) no-
Ka3BIBaeT, 410

{1, 2,3}U[4, + o[ ==,

Kpowme Toro, pesysprar Tonamana [18] ykasmsaer, uto 2 (\[1, 2] =
={1, 2}, rax uTO Ocraercs ompemesutb % ([2,4], ¢ uero u Haua-
Jace AesiteabHOCTb JKOHCA.

II. KOHCTPYKLIMA OXOHCA

[lyers M, L*(M), Try u A Te e, uTo u BHme. PaccMoTpHM
TaKyi0 H30METpHUYecKyw0 HHBoJouMK J u3 L2(M) B L*(M), uto
JT(x)=x" VxesM.

Has x&=M nycte A’ (x) —omepatop B L2(M) yMHOXKeHHS
cnpasa Ha x: A (x)y=yx Vyes M.




10 A. Koun

Ipu x = M umeem JA (x)"J =1’ (x) Vx = M. Boaee toro, 4’ (M)
paBHO KomMmyTaHTy A (M) B L?*(M) ([14]), TaK uTO .

AMY =2 (My=Jr(M)J.
Ilyere N —mnopanrebpa B M, a ey— onepaTop OpPTOTOHAJBHOTO

IPOEXTHPOBAHHA B L2(M) Ha 3ammikanne N B L2(M). Coraacho mo-
crpoeHuio, Jen/ = ew; kpome toro ([47]), cnpaBensuso

Nipennoxenne 3. a) Ozpanusenue Ey oneparopa ey na nodnpo-
crparcréo M < L2(M)— npoexyun arzebpor on Hedimana M na
nodaaeebpy N,

b) das arboix a,b=N u x= M;

Ey (axb) = aEy (x) b;
¢) Ey(x)&N™ s arobozo x =M™,

B srom ciyuae rosopsT, uto oro6paxkenue Ey : M — N — ycaos-
HOe HOpMaJbHOE OXHJaHHe, accOUHHPOBaHHOe C mnapoit (M, N).
Oneparop ey — npoexrop, npuueM b) mokasmBaer, yTo

(*) exh @ =1 (a)ey Yae= N;
(%%) exh (x)ey =A (Ey (x)) Vxe M.

B uacrocty, ey = A(N). Kpome Toro, umeer mecro.

lIpennoxenne 4. A (N') — arzebpa pon Hetimana, noposcdenHas:

AMY u ey.

Teopema ¢on HefiMana o GUKOMMyTaHTe [IOKa3HBAET, YTO.
AOCTATOYHO BhIBECTH PaBeHCTBO A (M)[){ey} = A (N). Omnako npu
xEMu d(x)ey =eyh(x)

M) L= (x)en) I =(enh (x)) 1 = ey (x) =AM (Ey (x)) 1,

OTKYAa x=FEy(x) 4 x = N.

[Mosoxum M, ==JA(N)'J. Tlpepnoxenne 4 HOoKa3hiBaeT, 4ToO:

M, — asrebpa ¢on Hefimana s L2(M), nopoxjaenHas A(M) u en.

Npennoxenne 5. [Ipednosoncum, 4o N — nodgpaxrop M xowed-
HO20 undexca.

a) My— gaxrop tuna 11, a A(M) umeer xoHeunolli undexc

8 My ¢
(My:A(M)]=[M:N];

. b) Tru, (ey) =[M: N]™";

C) nycts Ep — KAMOMUHECKOE YCA08HOE HOpMALbHOE Oxcudanue:

0as axropa M, nad A (M); Tozda Eyley) = Tra, en) 1;

Hudexcor noddaxropos, aazebpo I'exxe u TEeOpUAR Y3108 11

d) eexTopHoe nodnpoctparcrso s M,, nopomdetnoe AM) u
A(M)exh (M), — unsonioTusnas nodaszebpa, ciabo niortnas e M 1

e) eomomopgusm x= N —exh(x)e M, — usomoppusm w3 N na
npusedernyro arcebpy gon Helimana .

(Ml)e/v = {Z = Ml : eyl = ZBN =Z}.

IIynkr d) Jerxo cjenyer u3 paBeHCTB (+) H (#+). UTO6H KOKa-
3aTh €), HCNOJb3yeM (%) MJs  yCTAHOBJIEHHS TOMOMOPGHOCTH H
d) A8 yCTaHOBJIEHHS CIOPBEKTHBHOCTH. MHBEKTHBHOCTD noJyuaercsi
aBTOMATHYECKH, TaK KaK kaxAu# ¢axrop tuma II; —npocras an-
re6pa. PaBeHcTBO a) cuaenyer u3

My DA (M) =[TA NY' T M (M)] =M (N) A (MY]=[M: N]
(npennoxkenune 2c)).
Hoxaxkewm pasencTBo b). Tak xax Jey =ey, ToO

TI'M, (BN) == TI'A,(N)' (BN).
CaoiicTBO 4 KpaTHOCTH dilMy mokasuBaer, 4To
Tr, vy (ew) = dimy (e, L2 (M)) - dim,, (L* (M) ™' =[M: N7,

HoxaxeM c¢). CoriacHO €) H eXHHCTBEHHOCTH ciepa Tr, na N,
umeem Try, (ey2)=Try () Try (2) Tpu Bcex ze N. IToaromy
npu awobom y=M

Ter (eNEN (y)) = Ter (EN) ' Tr/V (EN (y)) =
=Try, (ey)  Try (y) = Try, (ey) Try, (4).

PapenctBo (+x) nokaseiBaer Temepb, 4TO A J06OTO ye=M BH-
TOJIHEHO COOTHOIUEHHE

Try, (eny) = Try, (eyyey) =Try, (eyEy (4)) = Try, (ey) Try, (@),

T. e uTo Try, (ey) | — mpoexuust E, (e,). O

OcHoBHast upes [[>KOHCA — MOBTOPSATH IPOBEJCHHYI® BHINIE
KOHCTPpYKUHI0O napel M <M, no mape N =M. Tak noayuaercs
BO3pacTaollas MNoC/aefoBaTeJbHOCTh (M), . dakropos tuma II,
U MOC/IEL0BATENbHOCTE (ep,), ., NPOEKTOPOB e, & M, CcBoiicTBa
KOTOPHIX JIETKO BHBOAATCA M3 mpensioxkenus 5. O603Hauum uepes P
¢paxrop tuna II;, nosyuenHuil B3sTHEM HHAYKTHBHOTO Ipejesa BO3-
pacraiomiedl nocaefloBaTebHOCTH (Mm) pen» @ depes Trp — HOpMaJIH-

30BaHHBIA cien Ha P. Torpa cnpasennuBH cJelyIONHe CBOHCTBA:




12 A. Koxn

Ji. Oas mob6oro m M,, uMeer KOHEUHBI WHIeKC B M,
IpHYEM
[Mm+1 My)=[M: N1
—_— p* — 52
em—em—e;n'
Vx = Mm,,].

Js. My, — anre6pa don Heiimana, nopoxpennas M, a1 e,,,.
Js. Ilyers E,, — ycloBHOE OXHAaHHE NS M, ., vag M,,. Torza

Jyo e, M

J3. enx = xe,,

m?

Em_y(X)emy) =ep 1Xeny .y Ve M,,.
Js. Myers v=[M:N]™'. Torna
Em—l (em) =1
Jr. emirlmlmir — Tep, =0,
Jo. emem.ie, — tE, =0,
Jg. ey == e;e;, €CJu , i— ] | = 2.
Jio- [Topaare6pa A, aare6pu P, MOPOXJICHHAS &, ..., &, H

1, KoHeuHoMepna, npuuem £, (4,,,,) < A,.

Ji. Orobpaxenne x—>xe,,, u3 A, B peyuHpOBaHHYIO
ajare6py (A,,,J,])em+1 ={z= A, 128, ,=¢,, 2=2} — H30MOpdH3M.

Jio. Has moboro x & A,, BHNOJHEHO Trp (xe =1 Tr, (x).

m—!—l)

IIl. TEOPEMA OXOHCA

Teopema 6. [Tycro T — nodmuoxcecrso 8 R+, o6pasosarnoe sna-
denusmu undexca [M:N) dan paxropos M u N tuna 11,, N = M.
Tozda

2={4 cos2—jll neN, n>3}U[4, -+ oof.

Jas Toro uto6m goKasaTth, 49TO 2N[1,4] = {4cos®’n/h; n=N,
n>>3}, Hy)KHO TOUHEE H3YUHTH NOJAJre6PH A, B P (B of6o3naue-
Huax pasn. II). Jins kaxgoro mpoekropa e < P umeem Trp(e) =
& [0, 1]; Goaee Toro, ecau e u [ — TaKHe npoekTopH, uTO e<f,
10 Tr, (e)<TrP (f), mpuueM paBeHCTBO BHMOJHSETCS TOABKO npu
e=[. O603HaunmM uepe3 eV | (COOTBETCTBEHHO e Af) HanmeublIHH
OpOEKTOp B P, MpeBOCXOAAWHA H e M [ (COOTBETCTBEHHO Ha-
HOOJIBIUAA U3 NPOEKTOPOB, KOTOPHE MEHbUIE H e U f)y. I1poexTopnl
evf ueA] npunamtexat anre6pe dpon Hefimana, IIOPOXKIEHHOH e B
f, IpuyeM BHIIOJHEHO OCHOBHOE TOXKIeCTBO [46]:

() Trp(eV 1)+ Trp (e A ) =Try () + T, (f).
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BepueMcss K oGo3Hauenuam pasf. II u nosoxum g, =e; ... ey
Vane N.
Ilo nocrpoennio

qn<qn+l VnEN, Jns1={qnV €y, VnEN, quAm-

Kpome Ttoro, tax kKax Am nopoxjaeso 1 4 ey, ..., &5, TO npoek-
TOP gm JIEXKHT B LieHTPe Ay, TAK UTO

Ap= C (1— Im) + (Am)qm'

Tenepb BHYHCIHM PEeKYPPEHTHO no m 3HauenHe Trp(gm). Llen-
TpaJbHOE MECTO — 3TO

Jlemma 7. Ecau G =1, TO Guhep, =ep, 1qm_1.

Hoxkasareascreo. Tak Kak ¢, [KoMMyTupyer ¢ e,.; (mo Jy),
TO €myi1dm—1 < gm A €m,,. Hanee

Im N em1 <em+lqmem+l = Em—l (qm) €my1-
Iostomy, ucnosbsys Jy;, nojydaeMm ¢n,_;<<En_;(Gn). Tak kak
Ena(@m)E Any=C (1 —q,_)+ (Am—l)qm_17 10 Epny (@m) =
=Ai(l— qm-l) + 2,
2€(Ant)a,_, 1 Gm_1 <2<<1 (upepsoxenne 3c),

OTKYAa 2 ==¢m-1. Ilpentoxenne 3c) noxasmBaer, uro 0<<A << I;
COIVIaCHO MOCHIKe JeMMbl, Trp(gm)<< 1, otkyma A << 1. Tak kax
Gm A emyy — 3TO CNEKTPAJIBHBIA NPOEKTOP emi1fmem+1, OTBEUAIOIIHE
COGCTBEHHOMY 3HAUEHHIO 1, TO §m Ay 1 ==e€n 10m_,.

Ceo#icto J,, mokasmsaer, uro Tr, (e, . 4, _,)=1Tr, (Gm_1)s

PaBeHCTBO (%) paeT OPH ¢, 7= | cooTHomeHue
TrP (qln —H) + T TrP (qm—l) = TrP (qm) + TrP (em+1) = TrP (qm) + T. .

Ilycte Tenepp o, =1—Tr,(q,). Umeem a_ [0, 1] u LI
Boaee Ttoro, a, 5= 0 Toraa H TOJBbKO TOTAa, KOrAa qm 7= 1. Ilycts
(Pn) ey — NOCJAENOBATEJNBHOCTE MOJHHOMOB C KO3 hrIHEHTAMU B

Z, onpezxem{eMaﬁ YCJIOBAAMH
P0=O’ Pl= 1’ MRS ] Pn+1 (T):Pn(‘t) —Tpn—l('r)'

Jlemma 8. a) ycre a, >0 npu awbom n<ng u a,=20 npu
a0bom n=ny, np={l, 2,...}. Toeda a,=P,(r) npu awbom

n<n,.
-1
b) Ecau 1:>%, TO ny < oo, 1:=(4cos2—;%) .
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Hoxasareascrgo. IlyHkT a) yxe gokasad., [JJoraxkem b). [Iyctsb
pe=C, 2= 1— 41. MOXKHO [OKa3aTh, uT0 (npH P 7= 0)

P =) - (-F2)")e
Ecin 1> 1/4, 70 f=iR u P,(x)=(¢"—6")/(c —G), rae o=

==(1 4+ B)/2, Tak ut0o P, (1) >0 He MOXKeT ObIThb BHIOJHEHO HPH
moboMm n. JelcTBHTEJBHO,

P,(v)=lo]

n—1 sin 70
sin

, rne 6=Argo.

3nauut, ny < 00, H TaK Kak P () =0, T0o 8=rn/n,, AVir—=1=
—tgh=tg (w/ng) B 4v =1+ tg? (n/ng) — 1/cos? (ny).

Jlemma 8 3aBepliaer NOKa3aTeJbCTBO BKJIOYEHHS
k19
Zc:{4cos2—n-; neN, n>3}U[4, + oo].

Jast Toro 4To6H J0Ka3aTh, uTO % BKJIWOUaer 3HauyeHus 4 cos?(n/n),
ne N, n =3, JIXKOHC HCIOJB30Bas CBOIO KoHCTpyKUHw (pasn. II),
NpHMeHeHHYIO K nape N < M xKoHeuHOMepHHX aJre6p ¢oH HefimaHa

([23]).

IV. AJITEBPbl TEKKE 28, (g) ([19], [8])

ITycte F, — KOHEuHOe NOJie U3 ¢ 3JeMEHTOB U 71— HeHYyJeBoe Ile-
noe gncno. Pacemorpum rpynny G=SL, (F,) marpuu nopsixa n
¢ xo3punuentamu 8 F, u gerepmunanrom 1. Ilycte B < G — noa-

rpynna Bopeas, o6pa3oBaHHAs BepXHeTPEeYyrOJIbHRIMH MAaTpHIIAMH,
O6o03naunM uepes #,(g) anrebpy (oTHOCHTeJBHO CBepTKH Ha (),
cocroamyo u3 GyHkuui f: G—C;, yIOBJeTBOPAOLIHAX YCIOBHIO

fbgd)y=[(g) Vb, =B Vge=aG.

ITyere X ectb G-npocrpaHcrBo X = G/B, cocrosimiee u3 ¢Jaros
B BeKTOpHOM npocrpancrse E = Fg. diemenr F u3 X 3agaercs BO3-
pacralmefl nocjefoBaTenbHOCThI0 (F)) TaKHX JIHHEHHBIX
noAanpocrpancre £, 4to

dimF,':l Vi=0, 1,..., n.

[Tycrb L — xoMmsiekcHOe BekTOpHOe mpocrpaHcrso L =CX. D10
G-moaynp (rak xak G geficrByer Ha MHOXecTBe X). Onpegesnum
asg awboro fe=56,(q) omeparop n(f) =End(L) ¢ marpHue#
7 (e =1 (g 'g2) Vg1, g2=G/B.
Hopwmuposas mepy Xaapa p Ha G Tak, uro pu(B)=1, noaydaeum,
YTO 7T — CTPOroe npejcTaBjeHHe rPYNNH 6,(g), o6pa3 KOTOPOro —

i=0,...,n

Hnoekcor nodgaxropos, aszebper 'exke u Teopus y3io8 15

anre6pa wHBapuantoB rpynnel G B L. IlostoMy m— usomopdusm:
36, (q)—>Endg (L).
Pasaoxenno Bpoa G = U BwB rpynnu G, rpe S, — rpynna
weES,

NOJACTAHOBOK, COOTBETCTBYET eCTeCTBEHHbIH 6asuc (f,)wss, BEKTOP-
HOro mpocTpancrsa b, (q):

ty(g)=1, eciu g <= BwB, {,(g)=0, ecan g & BwB.

[losTomy dimg (78,(¢q))=n!. DBosee TtoOro, mnokasmBaercs, uTO
n(ty) =Ty =Ends(L) onuchBaercsi cooTS8eTcT8UEeM HA MHOXKe-
crBe X, koropoe daary F comnocraBiaseT MHOXECTBO TakHX ¢Jiaros
F’, 910

dim(FiﬂF;)=MOH1HOCTb dt, ..., Jnw{l, ..., i}
Vi, j=0,1, ..., n

Ilycty s; npu i=1, ..., n— 1 — nepecranoska ({, i+ 1). Torza
s; = S§,. Ias npocrorsl 0603naunM T; =T, HeTpyaHO BEIYHCIATH
npousBeleHHe COOTBETCTBHH T, H MOJYUHTH CJedylollee OMHCAHHe
anre6pul #6(g):

Mpenaoxenre 9. Anecebpa F,.(q) nopoxcdaerca t;, i=1, ...
.., n— 1, u Jonyckaer onucanue cOOTHOULEHUAMY

a) &+ Dt —q9)=0, i=1,...,n—1
C) ti+]titi+l=tlti+lti Vlzl, e eey n—Q.

dro onucanue #,(g) COOTBETCTBYeT OMHCAHHIO CHMMeETPHUECKOH
rpynnsl S, xak rpynnel Kokcrepa Ha OcHOBe cuMMeTpH# (s;)

u rpaca Koxcrepa tuna A, ;:

i=l...,n

- o . o .
1 2 2 n-1

Boaee obuo (cp. [19] u [8, ymp. 23, c. 55]), ¢ Kaxkao#i cucreMoH
Kokcrepa (W, S) # xaxabM otobpaxenueM f: S — C, NOCTOSHHBIM
Ha KJaccax CMeXHOCTH B S OTHOCHTeJbHO W, KAHOHHYECKH CBSI3H-
Baercsi Hekoropas aJre6pa. B wuHTepecylomem Hac ciaydae BCe §;
conpaxenn B W =38, Tak 4To Takad dyHkius [ — xoHcraHra. [lo-
35TOMY 06IIas KOHCTPYKIHA HO3BOJseT B 3TOM CJyuae ¢ IpHHHMATh
IPOH3BOJIbHOE 3HaueHHe B (L.




16 A. Koun
Onpenenenne 10. Ilycts n=N. 5 #=0Y, a )
, , e C.
yepes 6,(q) aarebpy wuan C, nopoxmefmyi {£)). 0603Haqygg
CAENYIOMHMH COOTHOIIEHHSIMH: it T
G+t —g=0 Vi=1, ..., n—1;

Lligi =t 1, Vi=1,..., n—2,

Ilpu g=1 aare6pa # (9) ectn r
= pynmnoBasa aare6 -
i o By T L 0 S ekt
no.nynpocTa.n. PH g1, ¢"=1, wim g=0 anrebpa . 7, (q) ue

Corsiacto onpenesnenuro, anre6pel 36,(q) npu ne< N ofpasyor
ggnymns;gylo CHCTEMY aarefp OTHOCHTeJBHO TOMOMOp}HIMA 04 1m:
2(§)—>Hm(q), n < m, OLHO3HAYHO ONpeje/eHHOro YCIOBHEM

pn,m(t]',n):t],m Vi=1, <oy =1,

Onpenenenne 11 O6o3Hayum ye
. €3 HH i -
A&J TI0CIeA0BATeIILROCTH 56, (q). p (@) moycrmmash e

.E(lilo*macao ONpeNle/IeHHI0, b (q) NOpoXKpena oGpasyomumn 1,
i » B JIONYCKACT ONHCAHHSA OYeBHIHHMHU COOTHODIEHHA MU

Jlemma 12. a) Ipednosrosxcum, uro g5 — 1. [oroxmun e =

=751+ Toeoa e, j =N, noposdaror H (9), nputem K, (@)
ONUCHIBALTCA COOTHOWRHUA MY

eg=e, VjieN; e =ee; Vi, j li—j|>1;
€i116i8i4y —te; =¢ie;, e, —71e; VielN,
8 KOTOpbLX r=(2+q+q"‘)".

., b) Hpvn e R cywyecrsyer eOuHCTBeR b AHTUAUREUHBIE UHBO-
OTUBHbLY QHTUABTOMOPPUIM X —> x* aszebpu. 7= (q), TaKOI, 4T0

e;=e, Vi=N.

YTBepX enne a) JoKa3mBaeTcs HENOCPEACTBEHHHM BHYHCJIe-
HHEM, a b) cienyer us HHBADHAHTHOCTH OTNHCAHUSA a).

OTa KOHCTPYKuMS u Teo
peMa [IxoHca npu
pesyJbTary. PHBOISIT X ClepyloieMy

') 3necs v magsee N — {0 1,2 . ), N*= {1, 2 3, ..} —pun. nepes.
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Teopema 13. ([24]). Tycro g=[1, +oo[ U {2/ m=3, 4, ...},
1=024+q¢+q¢ "), a 8, (q) — onucannasn ebuwe arzebpa ¢ unso-
aoyuel xv—x* u3 aemmer 12b.

Tozda

1) Cywecreyer eduncrsennvii caed ¢ na #.,(q), Taxoi, 410
P()=1, a p(re;) =10 () Vie=H(g), VieN.

2) Caed ¢ nosoxurenen (1. e. @(x’x) =0 Vie=#,(q) u
aesoe peeyaaproe npedcrasarenue Hw(q) 8 euavbeprosom npo-
CTPAHCTBe, CBA3AHHOM C @, NOPoONOGeT eunepKOHedHolil GaKTop
Tuna I1;.

3) [Todarzebpa or Heimana 8 M, nopoxcdennas (e1);y —a1O
yodgparxrop N 8 M, npusesn [M:N]=r.

QakTHYIeCKH AOCTATOYHO CPaBHUTb ONHCAHHe () H3 JieM-
MEL 12 ¢ cooTHOWeHHAMH Jg, J7, Js, Jo HA IPOEKTOPH €; U3 KOHCTPYK-
uni xxonca. [1pu 3TOM mosryuaercs HHBOJIOTHBHEIEH TOMOMOP(H3M p
43 #x(g) B P, A DOCTATOYHO NMOJIOXKHTH ¢ = Tr pop. ExHHCTBeH-
HOCTb ¢ MNPH ycaoBHH |) NoJdydaeTcsi HENOCPeACTBEHHO.

Tenepb MH H3J10XHM [Ba 3aMeyaTeNbHHX pedyJbTatra OKHeaHy.

Teopema 14 ([42], [15]). MTycrs g = C, npusem g+ —1, g +
+¢'=R. Hyero v=(2+ g+ ¢)~\. Jas roz0 urobe cywecrso-
810 HETPUBUAAbHOE UHBOAIOTUBHOE npedcTasienue aizebpo. ¢ UH-
goaoyueld (#-(q),*) 6 2urvbepTosom npocTpancrée, Heobx00UMO
u 0ocTaTo4HO, 4T00bL § NPUHAGAEHCAN0 MHONCECTBY

{e2niim; meN, m=>=3}U[l, +oof
(HO]I TPHUBHAJBHBIM IpeacraBJieHHeM T MOHHMAaeTcs Takoe npeacras-
Bienne, uro n(e) = {0, 1} VieN).

Teopema 15 ([42]). a) Ilycrs ¢,z C, g% —1. Tozda na
F6(g) cyuwecTsyer eOURCTBEHKbUL caed Qg 2, TAKOU, 4TO

P (xen,)=29(x) Vxe #.,(9).

b) Mycro g={™™ maeN, m>3}U[l, oo u v=(2+q +
+47)7) z=C.

Has To20 4T0GbL Qg 2 ObIA NOAOKHUTEALHOIM CALEOOM HO UKBOAIO-
TusHoU arzebpe (#«(qg),s), Heobxodumo u docrarouno, 4Tobel z =
&[0, 1], npuuen napa (g, 2) ydosaersopsia caiedyrowum Ycaosuim:

Dg=l, 1+~ '<ez<<ql+9)7 )
2) g=1 u'cyu;ecmyer k=Z, k0, 2=

| — gk !

e Iron

92 Byp6aku
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1 k+1
omijm —q .
(14¢)(1—g¢®"

3) g=e u cywecrsyer k=2, | k|<m—1 ¢ 2=

~-1\—1
(2+g+q )A =7
1/2 | .
/.// - \\
alvag ~o ~

1'/3 » //:////// * \\\ \\\\\\\
1/4 - Pgad \\\\

A

I z
0 1

Kak u B Teopeme 13, 3), AJs KaxJ0ro 3HaueHus (g, 2) moJay-
yaercsa noAgakrop N runepKoHeuHOro ¢akxropa. MHaekc Takux mo-
($axTOpOB KaK (PYHKUHA ¢ H 2 GHJ BHUHC/IeH Benuvem [50].

V. FPYNNbl KOC, Y3/bi U TEOPEMb! ANEKCAHAEPA M MAPKOBA

Iyeth n&= N, a Y, — MHOXeCTBO NOAMHOXecTB B C MOIIHO-
cri n. Crabaum Y, Tonojoruel Kak (paxrop OTKPHTOrO MHOXKeCTBa
Q.o Cn™

Qn={(zi)i=]‘ ey n; 2; 7& zj Vl 7& ]}

N0 AeHCTBHIO TPYNNH MOACTaHOBOK. Ilo onpepeneruio rpynna xoc By,
ectb m; (Y,). Paccmorpum C X [0, 1] kak wacte RP*=C XR u
3a()UKCHPYEM HAUaAJbHYIO TOUKY p B Y,, ckaxem p={1,2,...,n} <
< C. Tenepp nyts p=C(S,, Y,), ¢ (0)=p, MOXKHO HpeACTaBAATH

ce6e kak xocy B K3, o6osHauaeMyo §:
p={k, N=CX]0, 1} z=9@).

/Cx{i}
7
/ 1/ 2 \3 / Cx{0}

3aKoH yMHOXeHH: B Bn,=m,(Y,) cOOTBeTCTByeT reOMeTpHYECKH CO-
eJHHEHHIO ABYX KOC KOHell B KOHel. O603HauuM npu j=1, ...
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«.., n—1 uepes g;& B, snement mi (Y, p), oTBewamomuil KJaaccy
oyTH @j,
BO={k kAL I+ BU{+50 =), =D, 1.
Caenyomu#i pHCYHOK MOKA3BIBAET, 4TO NPH JIOGOM i
gifin18i=giv1&ifis1

i+1

-
/
r/>\
e
Y

:

i+2

/»—- -

iy

NN
\\\\\\\J

K9
e

Ya

\.

~

%\\\\AP\

;

Teopema 16 (Aprun [3]). I'pynna B, npu awbom n nopo-
daerca gy, ..., @iy U OONYCKAET ONUCAHUe COOTHOULeHUAMY

a) gigi=gig Vi, jli—jl>1.
b) £i118:8is1=g:81 8 Vi=1,..., n—2.

Hasosem sayenienuem 8 R?® mo6oe opuentuposannoe OLHOMep-
HOoe C=-moamHOroo6pasne B R3. Hasosem cBsizHoe 3aumenJeHHe y3-
aoM. lns mo6oro ysna L MOXHO HalTH C™-BIOKeHHe [: St— R3,
KOTOpoe OyAeT OPHEHTHPOBAHHBHIM HuddeoMoppusmom S' ma L.
I'naBuas npobsema Teopud y3J0B — 5T0 KJaccHuKanus ¢ TOY-
HOCTbIO [0 H30TONuH BJOXeHHH S! B R3. 3anensenne mMoxHO omu-
CHIBATH €0 NPOEKUHeH Ha MJIOCKOCTh, T. €. OGbeAHHEHHEM TpaHC-
BEpCAJbHO MepeCeKAUIUXCA KPHBHX, HpHUEM [JI KAKAOH TOUKH
TepecedeHus MOXKHO M0Ka3aTh, YTO MPOXOAHT HAL 4eM, O6BLIUHHIM
obpasom.

Y3EN
SaUEIIEHUE

DA
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[ycts g & Bn, a £(g)— COOTBeTCTBYIOLlAas HEePEeCTAHOBKA MHO-
x®ectBa p=={1,2, ..., n}. Bu6epeM TaKo# npeacraBHTe]b @ A1 g,
aro g = C (S, ¥,), npuuem () cCT={z=C, Rez>0} npn
t = S'. Paccmorpum mpsmyio A={(0, s, 0); s=R} B R3. TIlycts
Ry, 6= 8!, — noBopor Ha yroa 6 Boxrpyr ocu A. OTOXKAECTBHM
ct ><S1 C [ONOJHEHHEM B R® 10 A ¢ HoMOINbio oToGpakeHHs P,

p(2, )=Ry(x, y, 0) Vz=x+iye=sC, 06&S.

[MToamHoroo6pasue p(Z), rae Z={(z,8)= C+ X S'; z= ¢(0)}, 6y-
Jer 3alienJieHHeM, CHa0XeHHHM OpHeHTalHed (Bo3HHKAIOUmIeH H3
npoekuHd Ha S'). CBsA3HHE KOMIOHEHTH Z HHAEKCHPYIOTCS I{HKJIAMH
nepectaHoBkH £(g). CorsacHo onpene/eHHIO, KJacc H30TONHH 3a-
uenJeHus p(2) 3aBHCHT TOJBKO OT g & B, Ho He OT BHGOpa .
Mu noayuniu orobpaxenne gr—s=g U3 B, B MHOXeCTBe o KJacCOB
H30TONHH 3anenaeHnii s R3,

Teopema 17 (Anaekcangep 2). Orobpaxenue gi—§ u3 Ouss-

1oHKTHO20 06Bedunerus || B, 8 a — cropwexyus.
1

Has toro wro6u HaliTH g ¢ § = L, focTaTOYHO HAHTH NpsAMYIO A
B R3, He nepecekawyiocss ¢ L ¥ Takylo, 4TOGH yrol MeXay MJO-
ckocTel0 P (x), mpoBeeHHON uepe3s A u x= L, H (pHKCHPOBAaHHOK
nJockocTeio Py, A = Py, 6B Bo3pacTawoniel QyHKIHeH x.

@

Ilpumep.
BosbmeM B KauectBe A 0Ch, NEPIEHAUKYJAPHYKO NJOCKOCTH pH-
CYHKa M mpoxoasmyio uepes a. [Toayuaem L = g, rie g o6o3Hauaer
KOCy:

DO O
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OueBHAHO, 4TO ¢ 3aBHCHT JHIIb OT KJacCa CONPSAIKEHHOCTH g
B B, DBoJee TOro, eciH pacCMOTPeTb eCTECTBEHHOE BKJIOYEHHE

B, B B, (g}—>g}*"), To moayunm (ggxl ) =g Vge=B,;

Teopema 18 ([34], [6]). Ornowenue sxsusarentrocTu gy ~ gy
npu =24, #a || B, nopoxdaercs caedyroujumu obpasyouumu:

a) Ecau g, g, = B, conpaxcenot 8 B,, 10 g, ~ g,.
b) Ecau g= B, 10 ggl, ~ g.

IlostoMy /mo6oe orobpaxenne ¥ wus || B, B HeKoTopoe
n

MHOXKECTBO, YAOBJETBOpAlOLee cooTHoureRusM P (aga™') =1 (),

=] o
¥ (ggni1) =1 (g) npn g = B, ompelensier H3OTOMHYECKHA HHBA-
pHaHT 3ameneHus 8 R2.

IIpn cpaBHenun onucanus aire6pu [exke u3 ompegenenns 10
¢ omucaHWeM ApTHHA rpynmel Koc B, (TeopeMa 16) moayuaem, urto
npu mo6om A e C* cymecTByeT eaMHCTBEHHHE ToMOMOPGH3IM at

3 B, B 46, (g), Takoi, uTo

n,’;(gi)=}uti, i=1,2,....,n—1.

Teneps moGoit cren p, Ha J6_(g) onpemenseT npH KOMIOSHIHE
¢ zt* oro6paxenue Y u3 B, B C, nocrosnuoe Ha J060M Kiacce CO-
npsixKeHHOCTH. [TonoXuUM U, = @,9, rae ar=C, a ¢ — onpeneien-
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Hel JI2KOHCOM cJej H3 TeopeMH 13. Toraa npumenenne 13.1 paer
o (gen ) =2 (757) 0o @) Ves=By
oo (ggrt)) =27 ({35 ) o (+* (@) Vg =B

—A
IToaToMy npu A2=g u O =TT 7 7 o, HMeeM un+1( o (ggn+1 )
=u, (nk(g)) Aas moboro g = B,. 3HauuT, BepHa

Teopema 19 ([21]). [Iycro L — sayenaenue 8 R3, n— yeaoe
4ucao, a g = Bn u § = L. Cyuectayer eduncreennsil norunom Jlo-

pana Vi no 4/q ¢ rKoaghgpuyuenramu 8 7, raxoil, 4To
_(=Va)
VL(q)-—(1+q) 9 (%7 (9)-

IToaundom V. 3aBHCHT JMHIIL OT KJaacca usotonuu L. BoJee Toro,
eciu L uMeeT HeyeTHOe YMCJO CBA3HHIX KOMIIOHEHT, TO V— HOJH-
HoM Jlopana mo g. Hcnoswsyem cumpoant Ly, Lo, L pas o6osHa-
YeHHs 3alleNIeHHH, IPOEKIHH KOTOPHIX Ha HEKOTOPYIO IJIOCKOCTh CO-
BNAJAIOT BHe MaJoro AHCKa, a BHYTPH HEro ONHCHBAIOTCA CIAEAYIO-
LIEMH DHCYHKAaMH:

o ¢

+

KonBe#i mokasaJ, 4TO HOJHMHOMBL AJlekcanfepa A yIOBJeTBO-
PAIOT COOTHOIIEHHIO

A, () —Ae_ O+ (P =) AL ()=

0

TouHo Ttak XKe MNOJHHOMBL I[}KOHCB leOBJIETBOpHIOT COOTHOIIEHHIO
Ve, =V @O+ — ") v (=0,

Caenyomuit pesyabTaT 6uld OZHOBpPeMeHHO moaydeH Ppeiinom,
Herrepom, Xocrom, JIukopumem, Muaierrom 1 Okneany [15]:

Teopema 20 ([15]). Cywecrsyer eduncrsennoe orobpaxcenue P
U3 MHON¥ceCcT8a KAQCCO8 uaoTonuu 3ayenaenuil 8 R 8 muodncecrso
noaunomos Jlopana crenenu o0Hopodnoctu O or x, Y, 2, TAKoE, 4TO

1) xPr, (%, 4, 2) +9PL_(%, 4, 2)+ 2P, (%, y, 2)=0.
1) P (x, y, 2)=1, ecau ysea L tpusuaieH.

Hudexco. nodgaxropos, aszebpoi I'exxe u Teopus ysaos 23.

[TosusoMu P, 06/12a7210T CIeAYIONHMHE CBOHCTBAMH:
1) INonunomn Anexcanpepa — Kouses ecTn

‘

! A =P, (1, —1, 41/2—'4—”2)‘

( 2) Toausomu JIKOHCa ecTb

p Vig)=P, (g, —g7", ¢ —¢7'?).

i o o

3) Ilpu onHOBpeMeHHOH CMeHe OpHEeHTalu#i BCEeX CBS3HHX KOMIO-
: HeHT L noJauHoM P; He H3MeHsieTcs.
| 4) Tipu cmeHe opuentanuu R3

| Py (x, y, =P, (y, x, 2).

5) Ecau L — csasnas cymmal) L; u L,, TO

|
‘: Ppr=P. Py,
' Ipumeper.
a) L= C PI_=yz_1 vty gty
» b) —Qj 222 - g5t y -x %yt

c) 9 =y 5,2 ny_l —xzy_z

d) L= =z ly 2 oyl gty

S,

B uwacrHocrd, P. (a Takxe V.) pas/NHuaeT TPHJIHCTHHK H erc
3epKaJibHOE OTpaxKeHHe.

JWUTEPATYPA

1. Alexander J. W. A lemma on systems of knotted curves, Proc. Nat. Acad..
9 (1923), 93—95.

2. Alexander J. W. Topological invariants of knots and links, Trans. Amer.
Math. Soc., 30 (1928), 275—306.

) To ectb L =1, a Ly — necsisnas cymma Ly u Lo, — ITpum. nepes.




24 A. Konu
3. Artin E. Theorie der Zopie. Hamburg, Abh. 9, p. 47—72.
4. Baxter R. J. Exactly solved nodels in statistical mechanics, Acad. Press.

0w~ o

20.
21,
22.

23.
24.

95,
6.
97.
28,
29,
‘30.

London, 1982, [Mseercs mepesod: Bakcrep P. Ix. Touro peuraeMue 3afav
B CTaTHCTHIECKOH Mexanuke, — M.: Mup, 1985 ]

. Bennequin D. Enterlacements et structures de contact, Thése, Paris, 1982.
. Birman J. Braids, links and mapping class groups, Ann. Math. Studies, 82

1974).
irman J. On the Jones polynomial of the closed 3 braids, Preprint.

. Bourbaki N. Groupes et Algébres de Lie. Chap. 4, 5, 6, no. 1337, Hermann,

Paris, 1960—1972. [Mmeerca nepesoa: Byp6aku H. [pymnu H amre6pumr JIn.—
M.: Mup, 1972.]

. Bratelli O. Inductive limits of finite dimensional C* algebras, Trans. Amer.

Math. Soc., 171 (1972), 195—234.

. Brieskorn E. Sur les groupes de tresses. Sém. Bourbaki, no. 401, 1971—

1972. [Mwmeercs nepesoi: BpuckopH 3. O rpymnax xoc (no B. H. Apaoub-
1y). — MaTtemaTtHka, 1974, 1. 18, Bun. 3., c. 46—59.]

. Bruhat F,, Tits J. Groupes réductifs sur un corps local, Ch. 1. Publ. IHES,

vol. 41 (1972).

. Burau W. Uber Zopfgruppen und gleichsinning verdrillte verkettunger,

Abh. Math. Sem. Hanischen Univ., 11 (1936), 171—178.

. Conway J. H. An enumeration of knots and links, Computational problems

in Abstract Algebra, Pergamon, N. Y. (1970), 329—358.

. Dixmier J. Les algébres d’opérateurs dans I'espace Hilbertien, Deuxiéme

édition, Gauthier-Villars, 1969.

. Freyd P., Yetter D., Hoste J, Lickorish W. B. R., Millett K. and Ocnea-

nu A. A new polynomial invariant of knots and links, Bull. Amer. Math.
Soc., 12, no. 2 (April 1985)..

. Freyd P., Yetter D. A new invariant for knots and links, Preprint, -Sept.

1985.

. Garside F. The braid group and other groups, Quart. J. Math., Oxford, 20

(1969), 235—254.

. Goldman M. On subfactors of type II;, Mich. Math. J, 7 (1960), 167—172.
. Ivahori N. and Matsumoto H. On some Bruhat decomposition and the

structure of the Hecke rings of p-adic Chevalley groups, Publ. IHES,
vol. 25 (1965), 5—48.

Jones V. L’indice des sous-facteurs de type II;, C. R. Ac. Sci. Paris, 286
(1977), 597—598.

Jones V. A polynomial invariant for knots via von Neumann Algebras,
Bull. Amer. Math. Soc., 12 (1985), 103—112.

Jones V. Groupes de tresses, algébres de Hecke et facteurs de type II;,
C. R. Ac. Sci. Paris, 298, Sér. 1, no. 20 (1984).

Jones V. Index for subfactors, Invent. Math,, 72 (1983), 1—25.

Jones V. Braid groups, Hecke algebras and type II, factors, Proc. Japan—
US Coni. (1983), Preprint.

Jones V. Sur la conjugaison des sous-facteurs des facteurs de type II;,
C. R. Ac. Sci. Paris, 286 (1977), 597—598.

Kauifman L. H. A geometric interpretation of the generalized polynomial,
Preprint, 1985.

Kazhdan D., Lusztig G. Representations of Coxeter groups and Hecke al-
gebras, Invent. Math., 53 (1979), 165—184.

Kazhdan D. Lusztig G. Shubert varieties and Poincaré duality, Proc. Symp.
Pure Math.. 36 (1980).

Kosaki H. Extension of Jones’ theory of index to arbitrary factors, Preprint
MSRI. Berkeley, 1985.

Lannes J. Sur linvariant de Kervaire pour les noeuds classiques, Preprint,
Ecole Polytechnique, 1984,

. Murray

Hndexcor nodgpaxropos, aazebpo 'ekxe u Teopus y3a08 25

- Lickorish W. B. R., Millett K. C. A polynomial invariant of oriented links,

Preprint. January 1985.
I(.ickcl)gish W. B. R. Prime knots and tangles, Trans. Math. Soc., 267
1981).

- Tempercey H. N. V., Lieb E. H. Proc. Royal Soc., London (1971), 251—280,
. Markov A. A. Uber die freie Aequivalenz geschlossener Zopfe, Mar. c6., 1

(1935), 73—78.

. Matsumoto H. Analysic harmonique dans les systémes de Tits bornologiques

de type affine, Lecture Notes in Math., Springer, Vol. 590, 1977.

. Morton H. R. The Jones polynomial for unoriented links, Preprint, Univer-

sity of Liverpool, 1985.

. Morton H. R. Threading knot diagrams, Preprint, University of Liverpool.
. Morton H. R. Closed braids representatives for a link and its Jones—Conway-

polynomial, Preprint, 1985.

- Murasugi K. Jones polynomials of special alternating knots, Preprint.
. Murray F., von Neumann J. On rings of operators II, Trans. Amer. Math.

Soc., 41 (1937), 208—248:
., von Neumahn J. On rings of operators IV, Ann. Math.,, 4
(1943), 716—808.

. Ocneanu A. A polynomial invariant for knots. A combinatorial and an algeb-

raic approach, Preprint MSRI, 1984,

. Pimsner M., Popa S. Entropy and index for subfactors, Preprint INCREST,

44,
45.
-46.

47.

48.

49,
50.

l*

3”7
4*,
5%,
6*.

Bucharest, 1983.

Przytycki J. H, Traczyk P. Invariants of links of Conway type, Preprint,.
1985.

Seifert B. The spherical traces for Hecke algebras associated to type II,
factors, Preprint IHES, 1985,

Takesaki M. Theory of operator algebras I, Berlin, Heidelberg, New York,.
Springer, 1979.

Umegaki H. Conditional expectation in an operator algebra I, Tohoku Math.
J., 6 (1954), 358—362.

van Buskirk J. A version of the generalized Jomes polynomial which is-
positive for positive knots, Preprint, University of Oregon, 1985.
Wassermann A. Automorphic actions of compact groups. Thesis, Univer-
sity of Pennsylvania, 1981.

Wgnzl H. On sequences of projections, Preprint, University of Pennsylvania,.
1984,

AONONHUTENIbHASA JIMTEPATYPA

. Reshetikhin N. Yu. Quantized universal envellopping algebras. the Yang—

Baxter equations and invariants of links, I, II. LOMI Preprints E-4-87,
E-17-87, 1988.

* Turaev V. G. The Yang—Bixter equation and invariants of links, LOMI

Preprint E-3-87, 1987.

Jones V_ F. R On knot invariants related to some statistical mechanical
models. Preprint, University of California at Berkeley, 1988, 1—42.
Witten E. Quantum field theory and the Jones polynomial, Princeton,
Preprint TASSNS-83/33.

Hpundensy B. I'. Ksasnxongposs: anre6pr. — AsnreGpa u anauans, 1989, T. 1,.
BHIN. 4.

Peweruxun H. 10.. Ksasurpeyronbusie aire6psl Xompa H HHBapHAHTHL CBSI-
30K. — Aare6pa H aHaJus, T. 1, Ben. 2, ¢, 169—188.




PA3BMEHME MHOTOTPAHHMKOB: K BOMPOCY
O TPETbEWM MPOBJIEME ITMIIbBEPTA 1) ‘

Ilvep Kaproe

BBEAEHME

[apux, 1900 r. B cessu co BcemupHo#i Bhicraskoi Bropod
MeXIYHAPOAHHH MaTeMaTHYeCKHH KOHrpecc coGHpaeT UBeT 3MOXH.
PyxoBoant um Ilyankape. lloknan uib6epTa oxHAaeTCs ¢ OCOGHM
nereprenneM. OH uHTaeTcs YTPOM B cpedy, 8 aBrycra 1900 r.
B sToT medn B [lapuxke cuapHas kapa. ['mipGept mpeacrasiseT
CBOH 3HAMEHHTHIE crnucok M3 23 mpo6aeMm. BmpoueM, H3-3a HeNO-
CTaTKa BPEeMEHH OH, caelys coery [ypBuua # MHHKOBCKOro, orpa-
HHUuHBaeTcs BHIGOPKOH H3 10 npobaeM. Tekcr ero gokjaana MogBHIACA
B 1902 r. Ha HeMelKOM S3bIKe — 3TOT TeKCT BOCHPOH3BeleH B cobpa-
HUM ero COYMHEHHH — H B aHIJMIACKOM HepeBofe B Diouerene Ame-
DHKAaHCKOTO MaTeMaTHYECKOro O6WiecTBa; STOT HepeBOA TMOBTOPeEH
B TPyAax cuMnosuyma 1974 r.

Bor ¢opmynnpoBka TpeTbedl mpo6JeMbl B MOeM NePEBOJE C He-

MEIKOro:

«3. Pasenctso 06wemos 08Yyx TeTpasdpos8 C pPABHLIMI OCHOBQ-
HUAMU U 8BICOTAMU,

B aByx mucbMax Kk [epaunry [aycc BHpa3su/a coxalieHde, uTO
HEKOTOphi€ TeOpeMHl [eOMETPHH TeJ 3aBHCAT OT MeTOAa HCUEpPIB-
BAHHS, T. €., B COBDEMEHHOH TeDMHHOJOIHH, OT aKCHOMEI HenpephiB-
HoctH (uaH akcioMs ApxuMesna). [aycc, B 4acTHOCTH, yHOMSAHYJI
teopemy EBkanga (xuura XII, mpema. 5), coriaacHo KOTOpPOH# [IBe
TpeyroJbHbie MHPaMHABl HAXOAATCS B TOM e OTHOUIEHHH, YTO H HX
ocHOBaHHs. OAHAKO aHAJOTHYHas 3ajaya AJs IJoulajed NJIOCKHX
buryp pelleHa [OJHOCTbIO; [epJMHIY yaaJock NOKa3aTb PaBEHCTBO
06beMOB JBYX CHMMETDHYHHX MHOTOTDAHHHKOB NYTeM Da3GHeHHA
HX Ha uacTH, COBMelllaeMbie lepeMelleHHeM. B To XKe BpeMs MHe
KasKercs, UTO A0KA3aTb TAKHM CHOCOOOM ILHTHPOBAHHYIO BHIIIE TeO-
pemy EBkampa B o6meM cJlyyae HeBO3MOXKHO; 3ajaya COCTOHT B
CTPOTOM [10Ka3aTeJbCTBE HEBO3MOXKHOCTH 5TOro. Mel nmoayuum Ta-

1) Pjerre Cartier. Décomposition des polyédres: Le point sur le troisiéme
probléme de Hilbert. — Seminaire Bourbaki, 37 éme année, 1984—85 n° 646,
Astérisque 133—134, 1986, p. 261—288.

© N. Bourbaki, Société mathématique de Frince, 1985
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Koe LOKa3aTelLCTBO, C/H HAM yAacTcs Kadru dsa rerpasdpa c
O0UHAKOBbIM OCHOBAHUEM U 00UHAKOBOL BBILCOTOU, KOTOpbie Heso3-
MOXMCHO pa36UTb HA KOSPYIHTHbLE TETPAIOPbL it HEBOIMONCHO OONOA-
RUTH KOZDYSHTHOIMU TeTpasdpamu 00 MHO202PAHHUKOS, OAf KOTO-
PoLx 803MO%CHO no006HOe pasbuenue HA KOHZPYIHTHbLE 7"8Tpa9dpbt.» '

Hcropus 5Tofi mpobieMb A0BOJbHO Mo6onuTHa. Eme A0 ny6-
aukauun I'mapGepra Ien pan ee pemenne ([11], [12]) B Tpebye-
MOH I‘HﬂbéepTOILa ¢bopMe; UTO BaxKHee, OH ellle H oTpenenu Hﬂéa-
PHAHT, HOCAIIMH €ro HM¥, — K HHBApHAHTY MEl BEpHeMCH M03Ke
K TOMy e npH ycTHOM cooGuieHHH Fuanbepr He coxpanma 3-10
npoGjieMy B OIDAHHUEHHOM CIHCKe. ITockoabky oHa 6mu1a pemena
A2 K TOMY XK€ OTHOCHJIACh K 3/1eMEHTapHOR TeOMeTpHH, eio npozonl-’-
Ka/¥ HHTepecoBaThCH JHIIL HECKOJbKO mBeﬁuapcxmz JaTCKUX H
pycckux reomerpoB. B 1974 r. xoudepenuus B e Kan’bée (CHLIA)
paccmorpesa mnoJoxeHHe ¢ npobiemamu [uab6epra. [lo NOBOAY
3-# mpo6iaeMbl GHLIO yCTHOE COOGIIEHHEe, HO B ABYX OMyGJHKOBAH-
HBIX ToMax [2] Her HH oJHOH mevaTHOR paGoTH 1O 3TOMY HOBOLY

Tem He menee, naunnas ¢ 1975 r., pasiuuHble 320391 TONOIOIHH
" JlH(b(b?peHuHaﬂbHOﬁ TEOMETPHH NPHBOAHJIHA K PACCMOTPEHHIO KOTO-
MOJIOTH# rpynm JIM ¢ AHCKDETHOH TomoJoruell W BelleCTBEHHbIX AJ-
re6p JIu, paccmaTpuBaeMux Kak aareGpel Hajd NOJEM pALHOHAJb-
HbIX uyHceJ. Te Xe camble IPYNNH NOSBJAAIOTCS B anrebpanueckoi
K-teopuu. HMimeercs BOJHYyIOAS aHAJOTHS ¢ COBDEMEHHBIMH MpoGie-
MamH, CBA3aHHBIMH C KaJHOPOBOYHEIMH [OJSIMH, OHA MO3BOJSET
P ELNOJIOKHTL CYUIECTBOBAHHE HEOXKHAAHHEIX CBS3EH MeXIy apuo-
METHKOH, TONOJIOTHEe! ¥ MaTeMaTHUeCKOH (H3HKO, BRID aXKaeMHX Ha
§3L:Ke UHKJMYECKHX TOMOJIOTHA. B ompesesieHHo# cTenmeHu sToT 0-
Kﬁaia NI:E62‘IITIO) .HHoe, KaK NpOJOJ/IKeHHe MOero HpeabiAylero Ao-

S npunowy nckpenHwie 6aaronapaocts K. -J1. Karauno, K. llem-
aa, 0. Xelosmwoanepy u k. Muanopy 3a m06e3HO TpegocTaBJieH-
Hbie HMH mMaTepHaJbl, a Takke K. Kacceny, XK.-JI. Jlogeo u K. A. Ca
32 paspeuleHHe HUCIOJbL30BATL NMPH NOATOTOBKE 3TOCO nomaﬂ.a‘ 1764
HEONy6/IMKOBAHHbIE 38 MeTKH. .

1. MPEMOAMA: MNOWALAUA M OBLEMbI A0 1900 T.

1.1. EBKJIMA W NA0OIANH NJIOCKHX dburyp

Konen | xuuru u VI xHura «Hauwans EBgauaa mnocesimeHsr
Ilomaznam MmaoCKHX Quryp. Hawano I xuuru mocssmeHo [pH3Ha-
KaM paBeHCTBA TpEYTOJbHHKOB (BepHee FOBODS, KOHIPY3HTHOCTH

') Hmeerca nepesoa: IT. Kaproe. nxanuec

. IL . KHE TOMOJIOTHH: 0030
paGor Kouna, Kapy6u, Jlozes, Kennaena.... — Anre6pa H TeopHs qnpce};xe%a?:g:{x—
J0KEeHHAMH. — M.: Mup, 1987, c. 175—~203. — Hpun. nepes.




o8 II. Kaproe

TPeyroJbHHKOB, €CIH MB Ha3hIBaeM KOHIDY3HTHBIMH ABe (PUTYpH A
U B, 117 KOTOPHIX CYIIECTBYeT mepemelleHne, nepesoasuiee A B B).
Hauunas c npensoxkeHusa 1.34, H3J0KeHHe NOCBSILEHO PAa3JHYHEIM
cayuasiM, B KOTODHX HPO TPeyroJbHHKH HJIH NapaJjielorpaMMBl
MOJKHO CKa3aTh, YTO OHH HMEIOT OXHH M TOT Xe 06beM (cM. Taba. I
B KOHIe CTaTbH). B yacTHOCTH, NpeNJIOKeHHe I.4£ MOXKHO OblJIO GH
nepedpa3supoBaTh KJAACCHUeCKOH (OPMYJHMPOBKOHA: MJIOMAAb Tpe-
yroJbHHKA €CTh NOJOBHHA NPOHM3BENeHHs OCHOBaHHUA Ha BmicoTy. HoO
TpyZHO OBIO OBl HAHTH uTO-HHGYAb OoJiee NPOTHBOpevallee AYXY
EBKJHAA: OH HHWIIE He ONpefe/]sieT IOHATHe IJIOMAAM K AJA Hero
6n10 6bI  HeMBICAHMO [PHOHCHBATD IJOMIAAH 4YHCJOBOe 3HaUe-
HHeECJm npoaHaJaH3upOBaTh AOKa3aTesbcTBa EBKJHAA M TO, 4TO HO-
HUMaeTCst MHOA obwumu noroxcenuamu (uiaun OIl—sTo akcHOMH 06-
mero BHAa, MpuBeleHHHe B «Hayajax» Bciel 3a CIHCKOM reoMer-
PHYECKHMX NOCTYJIATOB), TO NPHXOAMTCA CUHTATh, YTO OH pacCMaTpH-
BaeT OTHOIIEHHE SKBHBAJEHTHOCTH Ha MHOXeCTBe MHOTMOYTOJbHH-
KOB !), KOTOpOe WHTepHpeTHpyercss KaK PaBeHCTBO MJomafed. ITo
OTHOIIEHHE 3KBHBAJEHTHOCTH ?) yAOBJEBOPSeT CJAELYICIUHM yCJIo-
BHSM:

a) KOHI'DY3HTHHC GHUIYDH 3KBHBAJEHTHH (QH %); .

b) ecain ¢urypa A cocrout H3 aByx uacred A’ u A7, a B co-
cToHT u3 B’ B B”, 10 3keuBaaentHocte A’ ¢ B’ 1 A” ¢ B” Baeuer
3a coboii skeuBaJgentHocts A ¢ B (OIl 2); )

¢) B ycjoBHsX b), ecan A skBHBaJeHTHO B, a A’ 3KBHBaJEHTHO
B’, to A” sxBuBaJjeHnTHo B”; i ,

d) ecau ¢urypa A COCTOHT H3 n uacTed, SKBHBAJICHTHHIX A,
a B—u3 n yacTeil, S5KBUBaJeHTHHX B’, TO U3 3KBHBAJEHTHOCTH A
¢ B cienyer axkBHBaJeHTHOCTD A’ ¢ B’

3asepaer [ xkuury reopema Iugazopa: B pAMOYTOJLHOM Tpe-
yroabuuge ABC co cTOpOHaMH a, b, ¢, Tie yroa A npsiMO#d, BHIOJ-
Hsercs paBeHCTBO a? = b2+ c2. DTO paBEHCTBO HHTEDIpEeTHpyeTCH
6yKBaJLHO CJIeLyIOUHM 06pasoM ®): KBalpaT, NOCTPOEHHHIA Ha CTO-
pOHe 4, 3KBHBaJIeHTeH (HIype, cOCTOsMIe#d U3 ABYX KBaApaTOB, PaB-
HBHIX KBaJApaTaM, NOCTPOEHHHM Ha cTOpoHax b u c¢. B rabauue II
BOCIIPOM3BEACHH Da3/HYHbe KOHQHIypalHH, 0GOCHOBHBAIOIIME STY
TeOpeMy NOCPEeACTBOM MaHHMMNYJALHH C MJOuLaAsSMH.

) B peficrBHTeabHOCTH EBKJHA He Jaer oO6llero onpefeqeHHss MHOTOYrOJb-
HHKA4, HO DACCMaTpHBAeT B OCHOBHOM TPEYTOJBHHKH H WeTHPeXYroJbHHKH (Om-
pexeienHs c¢ 19 no 22). i

Z) EBKJIHA He CUMTA] HYXHHM Da3JHuaThb KOHIPYIHTHOCTb QHryp H HX IKBH-
BaJeHTHOCTb (T. €. paBeHcTBO IJIoMajiefl) H HasHBaJd TO H JAPYroe pDaBeHCTBOM
Q)I/II‘};];. H3BecTHo, uTO MaHHNYJSAUHH C NJOUWIAALI0 3aMemlaioT aare6py B KHHIaXx
EBx/Hfa (B YaCTHOCTH, cM. KHHry VI).
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B kHure VI EBKJIHA HCHO/B3yeT pe3yJbTaTh o NpONOpUHSX, HO-
JyueHHBE B KHHIe V; OH CMOXeT H3Y4YHTb OLOGHE H 40KA3aTh Asa
ClefyomuX QyHAaMeHTaJbHHX Pe3yJ/bTaTa:

a) ecau gurypa A’ nogo6Ha dHrype A B OTHOLIEHUH £, TO OTHO-
wenus nowateit A’ u A ects £2; A

b) ecau B mapamjenorpaMme yBeJHYHTh OfHY mapy napaJien-
HBIX CTOPOH B f pas, a APYryl B {' pa3, TO NJOLLadb YBENHYHTCS
B ft’ pas.

IIpu 3TOM MHMOXOJOM NOCPeACTBOM 3KBHBAJIEHTHOCTH MJIOLLA el
NoKa3niBaeTcs H TeopeMa PaJeca.

1.2. Teopus naomageit naockux duryp s XIX s.

B XIX Beke MHOTHe MaTeMATHKH, B TOM YHcJe H Boiisn-oren,
CHOBa OGPATHIHCh K MBICAH DPa3BHTh MOHSTHe MIOMANH, He NpHGe-
rasg K MNOHSITHIO HeNDEPHIBHOCTH. Pe3yabTaThl 3THX HCC/IeI0BAHHH
o6o6mawercss B ri. IV «OcHOBaHHH reoMeTpHH» T'uns6epra [7]
(cm. Takke ponosnHenne III). TlepBHM Jel0M HEOGXOZHMO HeTKO
ONpe/le/HTh NOHATHE MHOrOYroJbHHKA (MIH, CKOpee, MHOTOYTOJbHOM
06/1aCTH) Ha IVIOCKOCTH KaK KOHeyHoe OGbeAHHeHHe TPeyrobHHX
o6Jacrei. ToBopsiT, 4TO MHOrOyroabHHK A Pas6HT Ha MHOIOYIOJb-
HUKH B u C, ecin A = B(J C, npuueM nepeceyenne B[] C ecTb 06b-
€AMHEHHE OTPE3KOB NPSAMEIX; AHAJNOTHYHO H OupelencHHe pasGHe-
HHsI Ha KOHEYHOe YHCJIO MHOIOYTOJbHHKOB.

Onpenenenne 1. IIsa Muoroyroawsnka A H A’ 2K8UBALEHTHOL
OTHOCUTEAbRO pasbuenuil (“zerlegungsgleich”), ecan A moxHO pas-
6ute Ha Tpeyrodbuukd Ti, ..., T,, a A’ —mHa tpeyroapaHKH

4..., T, Tak, uTO KaXAHW TPeyroJbHHK T; KOHIDY3HTEH Tpe-
yromuuky T

Onpenenenne 2. lIBa MHoroyroamHMka A # A’ 5K8UBQAEHTHOL
oTnocureasro donoanenui (“erganzunggleich”), ecau cymecreyior
Z(Ba TAKHX SKBHBAJEHTHHIX OTHOCHTeJbHO pDa3GHEHHHA MHOrOYyroJib-
Huka C u C’, vto C pas6ur va A u B, a C’—wua A’ u B’, npHYeM
B v B’ 5KBHBaJIeHTHH OTHOCHTEJIbHO pa3GHeHHH.

SIcHO, YTO MHOTOYrOJLHHKH, KBHBAJeHTHHE B cMuicde 1, GyayT
S9KBMBAJEHTHH M B CMbicjie 2. O6GpaTHOe BEpHO B BelleCTBEHHOMH
TJIOCKOH reOMETPHH, HO YyiKe B IJIOCKOH [€OMETPHH Haj yIOpI0UeH-
HBIM HeapXUMeJOBHM I0JeM BeDPHO He 6yder. TakuM o6pasom, B Be-
IIECTBEHHOM CJly4ae, KOTOPHIM MBI 31€Chb H OrpAHHUMMCS, HMeeTcs
€AMHCTBEHHOE NOHATHE SKBHBAJEHTHOCTH; OHO YAOBJIETBOPSET BCeM
TpeGoBaHHsM Epkinaa. TIpuMeHAs 3TH cOO6paxkeHHs, MOKHO JOKA-

3aTb 3/leMEHTADHHIMH MeTOAAMHM clefylowuil pesyabrar (EBKIHE,
1. 45): -
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ITycte AB — oTpe3ok, 83aTeui 3a eCunuuy Oaure.. Jas aobozco
MHozoyeoabHUuKa P cywecrsyer npamoyeorvnux ABCD, sxsusarent-
Houl P, npuyem posro ooun ') 2). -

3a enMHHLY IJIOWAJM OpHMeM ILJIOLIALL KBAajgpaTa CO CTOPO-
Ho#t AB. Teneps miomazp YNOMAHYTOTO MHOrOyroJpHHKa P H3Me-
psieTcs B 3THX eJHHHUAX BeJHYUHOH oTHowenHs CB/AB.

1.3. O6o6menne Ha pa3sMEPHOCTH =3

Havnem ¢ HeckoJbKkuX oOIHX KoHcTpyKuuh. Ilycts K — ymops-
JoueHHOe noJe, T — BeKTOpHOe NPOCTPaHCTBO Hajy K KOHeuHOH pas-
MepHOCTH 1, a £ — ad@UHHOE IPOCTPAHCTBO, COOTBETCTBYIONIEE HPO-
ctpaHcTBy nepeHocoB T. Cumnaexc [so, ..., Sp] pasMepHoCTH p B £
onpenessercss p 4+ 1 TOUKAMH Sp, ..., Sp C JHHEHHO He3aBHCHMBIMHU
BEKTOpPaMH ;;;i ‘(mpu 1 <<i<<p). OH cocTOWT U3 TOUeK BHAA

P P
> ¢;s; ¢ TakHMu KoddHuHerTaMu ¢; = 0 u3 K, uto ,-Zo c;=1. llo-
=0 =

AUTOROM ) B E (B pa3sMepHOCTH 3 TOBOPAT n0AU30D UIH MHO202PAH-
HUK) Ha3oBeM obbelHHEHHe KOHEYHOI'O YHCJa CHMIJIEKCOB; MOJHUTOH
HA3HIBAETCH BLLPONCOEHHbIM, €CJIH BCe 3TH CHMILJIEKCH HMeEIT pas-
MEPHOCTbL <. ’

FoBopsT, uto noauron P pasbur ua noaurona Py, ..., P, eciu
P=PU ... UP:, npuueM P;(]1P; —BbpoXIeHHBIH NOJHUTON MpH
i

Has o6ocHOBaHHS HOHATHA o6beMa MOJHUTONA BBOLHTH METPHKY
He o00g3aTeJbHO; [OCTATOYHO n-JAHHeHHOH aHTHCHMMeTDHYecKOH
¢dopmet o Ha T. Ilo ompemeineHuo o6beM 7-cHMIJEKCa paBeH
%lm(vl, ..., 0,)|, rae v, — BexTOp S—o;: ApuueM o6BeM p-CHM-
ILTeKCa NpH p < A noJaraeTcs paBHbIM Hyaw. [loauton P MoOXHO
pa3butb Ha cUMIIERCH Ty, ..., T, ¥ QHCTO aareGpaH4yeCKUMH METO-
JaMH [OKa3hBaercs, 4To CyMMa o6beMoB cHMiexcos Ty, ..., T-
3aBHCHT TOJbKO 0T P. OHa Ha3mBaeTca o6semom P u o6o3Hauaercs
vol(P). Ilpy aTHX ompenZeneHHsX BEINOJHEHH CJeAYIOMHe CBOHCTBA
(Xagsurep [5, ch. 2]):

a) Ecau P u P’—0desa noaurona, ro

(1 vol (P 1 P") + vol (P U P") = vol (P) 4 vol (P).
b) Ecau noauron P gwiposcden, 1o vol (P)=0.

') EBRIHA He CY4HTAN HYXKHHM NOKA3HBATbh €JHHCTBEHHOCTb, KOTOpDas B ero
H3JI0XKEHHH BHITeKajla H3 aKCHOMHI «uejoe Goabiure, wem ero gactb» (OIT 5),

) Tlo-HauMOMY, HMeeTcsi B BHAY ODHEHTHPOBaHHLIA NpPAMOYTOJbHHK., —
ITpun. nepes. i

%) O6mwHOCTL W NPOCTOTA ITOr0 ONPefeJeHHs He OOJXKHH CKDHBATD BCeH
CJIOXXHOCTH Be[YIero X HeMy HCTOPHYeCKOro NyTH (cp. o6cyxieHue y Jlakaroca
[8] Toxpecrsa Diepa F—A + S = 2).
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c) Ecau u—asromopgpusm appunnozo npoctpancrsa E, a ur —
coorsercTeyrouuil asTomopgusm T, To

2) vol (u (P)) =] det (ug) | vol (P)
oaa aobozo noaurona P.

Bepuemcs K eBkamaoBO# reoMerpuu. ITode K 31ech — molde Be-
INECTBEHHBX uHCel, 2 T CHa6XKeHO NOJOXKHTEJbHO ONpefeNeHHHIM"
CKaJIADHBIM Npou3BeneHuaAM. Hopmaausyem @ no |w(ey, ..., en) | =1,
TAe €1, ..., €n— NPOU3BOJBHHH OPTOHOPMHPOBAHHHEA 6asuc T. s
© ecTb ABAa BO3MOXKHHX BEI6ODA, 2 HMEHHO @y H ~—@ COOTBET-
CTBYIOIUKX ABYM BOSMOXHLIM OpHeHTauusam T (uau E). 3ameHus
«TPEYTOJIbHHK» HA «CHMILIEKC», a «MHOTOYTOJBHHK®> Ha <IOJHTON,
MOXKHO MOBTODHTb OmnpefeseHust | © 2 u3 m. 1.2. B cayuae n=3
Cugaep [18] mokasal, uTo ABe 3THX 5KBHBAJEHTHOCTH He COBHA-
Aal0T; Ha NPOHU3BOJLHYIO DAa3MEDHOCTb 3TOT pPe3yabTaT OGOGLIHJH
3uaes ([20], [21]) u Xazmsurep [5].

1.4. TpeTbs npo6aema MuabGepta u HuBapuant Mena

[Tocko/IbKy BCe H3OMETPHH eBK.IHIOBA POCTPAHCTBA HMEIOT fe-
TePMHHAHT +1, TO MO CBOACTBY c) 06BEMOB ABa KOHTPYSHTHHX
NOJHTONA HMEIT OJHHAKOBHE 06beMh. [103TOMy ABa KBHUBAJIEHT-
HbIX IOJIHTONA HMMEIOT OAHH H TOT Ke 06beM. Tperbio mpobaemy
['nab6épra MOXKHO yTOYHHTH TaK:

Jkausanentnst au dea noaurona pas- A
Hotx 06vemog?

Ha stoT Bompoc mpu n=2 orser 6y-

AeT  noaoxcureavhom  (BofisH, okoJ0
1832 r, cm. 1. 1.2).

B pasmepHocTH 3 BaxHH pesyibTaT
Eskauna (XIL. 7) raacut, yro Tpm nupa-
muael ABCA’, BCA’B’, A’B’C’'C, cocTas-
JSI0MHE BMECTE TPEYTrONbHYIO OpPH3MY
ABCA’B’C’ uMeloT paBHBIA 06BeM (cp. ¢
INIOCKHM Ciyuaem 3 I. 4 «Hauwan» EBgau-
xa). Has pokasateabcTBa JocTaTouwHo no- A
Ka3aTh DaBEHCTBO OGBHEMOB ABYX TeTPasi-
pos ABCD w ABCD' npu ycJIoBuH, 4TO Ipsi- ’
Masa DD’ mapannensna miockoctu ABC, a €
310 ciaeayer u3 XII. 5 «Hawans Eswiupa. Omsako mocsennmii pe-
3yabTar nortpeGoBasd (Kak oT EBRAMAA, Tak U or JlexaHgpa,

Hanpumep) !) npHUMeHeHHS MeToZa HCuepnaHus, T. e. 6eCKOHEYHO

') 3aMeuarenpHO, 4TO HeB3Hpas Ha 3aMeTHOE OTJWTHe TOUEK 3DeHHsl, a Tax-
e reorpadHYecKyio H KyJbTYpHYIO OTAAJNEHHOCTb, y Eskmuaa B XIL3 g y Jio
Xysi#t (aBropa KHrafickoro Tpyna III Beka) ynorpeGieHa OfHA H Ta Xe KOH-
CTPYXKUHs (cM. cratbio Barmepa (D. B. Wagner) s Historia Mathematica, 6
(1979), p. 164—188).
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KPaTHO NOBTOPSAIOILEroCs Pa3GHeHHS W NPUMEHEHHS aKCHOMH Ap-

XUMeja. _ .
HeHn nokasaa, uTo 8 cay4ae n =3 momHO HaiTu d8a HesksuBA-

AEHTHBLX noAusopa pasnozo obvema. B obueM ciyvae Gymem roso-
pHTh, YTO AJIA NOJHTONOB Ompelde/eH HHBADHAHT /, MPHHHUMAIOLIHI
3HaYeHHS B HEKOTOPOA KOMMYTaTuBHOH rpymne I', ecin KaXkAOMy
NOJMMTONY P CTaBUTCA B COOTBETCTBHE HEKOTOPHIH 3JeMeHT 3ToH
rpynnsl I (P), npuyem

a) Ecau P u P'— 0sa noaurona, ro

[PNP)+T(PUP)Y=I(P)+1(P).

b) Ecau noauton P geiposdennsid, To I(P)=0.

¢) Ecau P u P’—0dsa noaurona, daa KoTopelx npu HEKOTOPOM
golbope aremenra g epynno. G (nepemewenut) P’ = gP, To
I(Py=1I(P).

Hemenuenno nonyuaem, uro /(P)==1(P’), ecau aBa noaurona P
u P’ sxBuBasienTHH. B pasmepnocru 3 [len noctpousn wepapuant D
CIeAyIOIHM 06pa3om: 0603HAYHM TPYNNy YIrJOB MEXAy NPAMBMH
Ha IJIOCKOCTH !) uepe3s A u nonomHMI‘=R@A; ecad P — noauanp

¢ pe6bpamu Ly, ..., L,, 10
D)= 1L1® 8,

rae |L;] — nauHa oTpeska L; a §; — AByrpaHHHH yros, o6pa3oBaH-
HBIA ABYMS OPHUMBIKAIOMMME K L; rpausimu noausapa P.

Hora3aTe/bcTBO aJAHTHBHOCTH WHBapHauTa JleHa CBOZHTCA
K 3/eMEeHTapHOMY cayualo pasbueHus Terpasipa P=ABCD ua npa:

') Ora rpynma ecrectsenHo otomgecTBagercs ¢ SO, (R /{l; —1}; npn us-
' MEPEHHH YIVIOB B pafiHaHaX ee MOXKHO OTOXJeCTBHTb ¢ R/mZ .
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P'=ABCIl u P”" = ABDI. Pe6po CD pa36u- A
Baercsi Ha ABa: CI wu ID, pByrpauwnnie yrin
npH Hux paBHH 6, otkyzma |CD| = |CI| +
+ [ID]|

[CDI®8=|CI|®6+|ID|® 6.

Pe6po AB-—ofmee M1 Tpex TeTPasaApOB;
YIJIbl mpH HeM paBHH 61 B P, 83 B P’ u 63 B
P”; Tak gak 8, = 8, + 83, To

|AB|®8,=|AB|®6,+| AB| ® §,.

OcranbHbie pe6pa H IByrpaHHEIE YIJIEL B ABYX TeTpasjpax o6mxe !),
nostroMmy D (P)==D(P')+ D(P").

Teneps paccmorpum Ky6 C M npaBHIbHBHIR TeTpasap T pasHbix
o6veMoB. llycrb /— nauna peépa C, a I/ — pauna pedpa T’. Bce
AByrpaHHbIE YIJH B KyGe pDaBHH 7/2, ux 12, orxyna

D(C)=121®§=61®n=0,

TaK KaK IUIOCKHH YroJ & eCcTh HyJb rpynmel A. AHaj0THuHO, D(T)y=
=6/'®8. OpHako B rpymne I'=R @ A paBeHcTBO [® 8 =0 BH-

OJHEHO TOrA2 U TOJIbKO TOrAa, KOTAa § — palHOHaJIbHOe KpaTHOe .
ITpu atoM cos § = 1/3, uto HckIOwaeT panyoHaIbHOCTb §/T, OTKY LA
D(T)=0.

Hoaromy vol(C) == vol(T), #o D(C) D(T) u noausdpet C u T
HE3KBUBAAEHTHOL,

3ameuanue. B rpynne yrios A sjJeMeHTH KOHEUHOro HNOpsAAKA —

STO pallHOHA/bHBIE KPATHBIE NJIOCKOro yraa m. OHH 06pasyioT NMo-

rpynny Ao rpynmer A, usomoppuyw GfZ. Qagroprpynny A/A,

MOJKHO CHHTaTb BEKTODHHIM NDOCTPAHCTBOM Hajg Q, a rpymma I’ =

=R§A H3oMophHa R@(A/Ao). B uwacrHocTH, cymiecTByeT uub-
Q

eKTHBHBIH roMOMOpGu3M A/A; B T', © HMEHHO 3TO CBOHCTBO u He-
NO/Ib30BANIOCL B NPHBELCHHOM BhIlle AOKasaTelbcTse. [TOCKOABKY
B 1900 r. Bce 3TH nNOHATHA GbiaH COBEDLIEHHO HEH3BeCTHHI, A/
UX BBIpaXKeHUs [leny mpHUIIOCH TpHGeraTh K BechMa HeMp IMbIM
CIoCo6aM, KOTOphE UYacTO BOCHPHHMMAJHCh KaK MaJ0y6enn-
TeJbHBE,

') Hnn cMexHse, T.e. IPOTHBONOMOKHHE 1O BeAHIHHE yraa. — Tpun. nepees.

3 Byp6axu




3 II. Kaproe

2. TPYNMbl TONMU34POB

2.1. Teopema Cupaepa (1965)

Kasanock, yto pesyaprar [JeHa 3axphlJ BONPOC OKOHUATEJ]bHO,
u g0 1940 r. daxTHYecKH HaOJI0AaJICs JHIIb HeCylleCTBeHHHH Hpo-
rpecc. MHTepec K 3TOl mpoGJeMe OXKHBHJ, Mo-BHAHMOMY, Xond. Ox-
Homy u3 yueHnkoB Xonda Cuanepy mpeAcTosio AOGHTbcs MPOABH-
XKeHnus B Tperbedl mnpoGiaeMe [miab6epra. OH Havaa pa6Gorath Haj
Heit okoJo 1943 r., u ¥ 1965 r. n0Ka3aJj, HaKOHell, CBOH pe3y./bTar,
KOTOpHIA NpHHec eMy npeMHio [laTcKoro KOpoJIeBCKOro oGulecTBa:

Jlsa noausdpa 3x8UBANEHTHBL TO20Q U TOABKO TO20aQ, Ko20a ux
06vemsl U UHBAPUAHTHL [ena pasHet.

Joka3aTeJbCTBO OHIJIO B IOCJAeACTBHH, B 1968 r., CHIbHO YyHpo-

meHo PleccenoM u ero yuenugaMmu [15], [16]. HJanee mui 6yzeM H3-
Jlarath HX BepcHIo !).

B n. 1.4 MH OnpefeNH/H, YTO HYKHO NOHMMAaThb NOJ HHBApHaH-
ToM noiudapa. Cileayst MCIHTAHHOH TpaJMUKH, BBeAEM (aHAJOTHYHO
rpynnam Burra nau [poreHIMKa) KOMMYTaTHBHyW rpynny & ¢ 06-
pasylomuMu [P] (no o@HOM AJA KaxKAOro MHOTOrpaHHHKA P) H

COOTHOUIEHHSIMH

{3) [PUP]=[P]+[P], ecaim P} P’ — BHPOXKAECHHHH
MHOT'OTPaHHHK,

) [g (P)]=IP], ectu g — nepemelenxne.

HupapuanTh / cO 3HaUeHHAMH B KOMMYTaTHBHOHA rpynme I' OHek-
THBHO COOTBETCTBYIOT romomopduamam ¢ u3 & B I' coraacuo I (P)==
= @ ([P]). B vactHoCcTH, O6bEM u MHBapHaHT [leHa onpefeasIoOT ro-
MOMOP({U3MEL

vol: # >R, D: ?—»R@A-

BoJiee Toro, noJusaApn P ¥ P’ 3kBHBaJIeHTHH TOrja H TOJBKO TOTAQ,
korga [P]==[P’] B rpynne &.

[lycts & — moarpynna P, nopoxjaehHas npusmamu. Onupasics
Ha JOKa3aHHHE LI IJIOCKHX MHOrOIDaHHHKOB De3yJbTATH, MOXKHO
0Ka3aTh, YTO J6as NpH3Ma SKBHBAJeHTHa HEKOTOPOH NpsMOH
npH3Me, B OCHOBaHMH KOTODOH JIeXHT (UKCHDPOBAHHHH KBaApaT cO
cropoHoii 1. 3nauut, 06bemM — 310 H3OMOphH3M Z Ha R, a Teopema
Cuanepa 3KBHBaJeHTHA coBmaleHuio Z u aapa D. BupoueM, paBeH-
CTBO HyJI0 HHBapHaHTa [eHa nNpu3sMbl A0Ka3biBaeTcs Jerko, Io-

1) [TogpoGHoe H3MOZKeHHe 3TON BepcHH MOxHO HaiTH B8 pagore B. I'. Bou-
taackoro [1] H Ca [9]. $I HacTosiTeIbHO PEKOMEHAYI0 O3HAKOMHTBCH CO CTATBAMH
Pleccena [15. 16, 17] k Hionona [23].

[T TR ORI
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sromy D ompelensier romoMopdusm D us3 PIZ 8 RXA. Ha ca-

MOM [1€JI€ MONKO O0KA3AT6 TOYHOCT® ﬂOC./l@dOBaTe./LbHOCTu Heccena

3 oegv/z,i,R@A—LQé/Q»o,

KOTOpasi BJedeT 3a co6oi Teopemy Cupuaepa. [Tog Q}

. R/Q TNOHHMaeTcs
MOLY/Ib K3JEPOBHX JH((epeHnHaloB pacuidpesss R nojs Q (cm.
HanpuMep, Byp6axu H. Aare6pa, ri1. V, § 16), a nop 8 — KaHOHH-

YeCcKHH zmq)_(pepeﬂuna.n 3R B Q'Ryp. Cornacao Katmuo [22], ro-
MOMODHU3M § OHpefeNsercs CcJAedylOmHM 06pasom: Yroa Mexay

NpAMBEIME 6 [peacTaBasercss Napoi MaTpHIL i( Z ) ca?+
—b a

+ 5> =1, unu TaHreHcOM f = b/a (paBHEM oo nmpu a = 0); ompepe-

JAM roMoMopdu3M g 3 A B Qp/p Kak

)] 0(B) =a-dob — b - dea=dot/(1 + ?)

(MB moJaraem dg oo =0). MmeeMm a==cos6, b=-sin, t=1tg8;

IpH M3MEpeHHH 6 B pajinaHaXx BOSHHKAET MCKyLIeHHe 3aITHCHBATH

8o (0) =d6 ¢ yuerom mpaBua
d(cosB)==—sinB-dB, d(sin6) =—cosOds.

9710 o0HOBpemenHO U xopowas anaiozus, u aosyuka. OTMeTHM,

4TO TaHreHc oToxpectsiger A ¢ P'(R), nazereHHHM 3aKoHOM yM-
HOJKEHHS

¢, ') — (¢ + )1 — 1t').
B atux 0603HaueHHAX NOJOKHM

(6) 3(x®0) =x80 = 1_i¢? det

PA 3TOM § — CIODBEKTHBHBIH roMOMOPGH3M K3 R @ A Ha Q(IQ/Q

2.2. loxasatenncTBo Teopemnl Cupaepa

BbifepeM B TpexmepHOM eBKJIHMAOBOM npoctpancrtBe E3 Hauvago
Koopa#HaTt 0. Ilycts h:~—romoTteTs ¢ nentpom B 0 u Ko3h U HeH-
ToM f. Onpefenum JeicTBHe rpynnel R* Ha rpynne & Kak

[A:P], ecan t>0
7 =
@ H:1P] { — [A:P], ecan ¢t < 0.

[Ipu 3ToM o6beM umeer Bec 3, a HHBapuaHTt lena — gec 1:
@®) vol (H£)=1vol (), D(HE) =1tD(F)
3*
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apu & #3 P. Tak kak rOMOTeTHs IIePeBOAMT NPH3MY B NPH3MY, AeH-
crBue R* onyckaercsi Ha #/Z. Bojee TOro, NpOH3BOJIbHHHA TeTpa-
>1p P pas6uBaercst Ha ABa TeTpasipa P’ u P”, KOHIPYSHTHHIX COOT-
BeTCTBeHHO AP u h—¢P (rae { — NpOH3BOJIbLHOE BELIECTBEHHOE YHCJIO
MeXIV HyJeM U elHHHUef), H ABe NpusMH (cM. taba. VI B KoHIe
ctathH). OTcrola

) E=HE+ H_E& (tae &§—u3 P/2Z),

OTKy/la B CBOIO ouepelb HoiayuaeM Ha P/Z CTPYyKTYPY BellleCTBeH-
HOTO BEKTOPHOrO NPOCTPAHCTRA, B KOTOpOoH H:— yMHOXKeHHe Ha f.

s pUKCHPOBAHHHIX YHcen a M b H3 uHTepsaJa |0, 1[ o6osna-
unm uepes T (a, b) kaacc 8 $/Z npousBoabHoro Terpasipa ABCD
C B3aHMHO HepHeHAuKyasipHuMH pe6pamu AB, BC u CD, pauHH
KOTOPHIX ONpeleNsAIoTcs uepes

(10) |ABE=a"'—1, |CDR=b"'—1, {BC|=|AB|-|CD|

cHo, uro
(11) T(a, b)=T (b, a);

KpoMe Toro, reoOMeTpHYECKHE COOGPB}KEHHH MO3BOJISAIOT NIOKa3aTh,
4yTo

(12) T(a, b) +T (ab, ¢)==T (a, ¢) +T (ac, b).

‘ IokaKeM, 4TO CYLIECTBYeT Takoe cemeficTBo 3aementos U(a)
rpynnsl /& (rie a ]0, 1[), uto
(13) T (a, b)=U (a) + U (b)) — U (ad).

Ias sToro paccMorpum B MHoxkectBe Wo=]0, 1[X #/Z xom-
MyTaTHBHEI 3aKOH yMHOXXEeHHS

(14) (a, P)- (b, Q=1ab, P+Q—T (a, b)).

Mo3KHO H0Ka3aTb, uTo Ha Jio6oi aaeMeHT W, MOXKHO COKpauwlaTh,
nostoMy W, morpy:aercsi B CBOIO Ipynny yacTHuX W. 3HauHT, HMe-
eTcs TOYHAs NOCJAeLOBATEIbHOCTh

0—>PIE >W Z-R, 0.

Tak kag rpynna #/Z pneiluMa, 3Ta TOYHad [OCA€L0BATEIbHOCTH
pacllenJsieTcsi; CyIlecTByeT roMOMOpdH3M H3 R’ B W, nesnit 06-
‘paTHHI K & M, 3HAUMT, HMeowwmit BuA a+—>(a, U (a)). Tenepr (13)
caenyer u3 (14).

e

2]
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ITpobaema: cywecreyer au senas kowncrpyxyus U (a)?
B kayectse caenyomero wara nosoxum (aag a >0, b > 0)

(15 =aU (=2 i

(15) G t)=aU (755) +bU (725).

OTKyZa C OYEBHAHOCTBIO CJAEAYIOT COOTHOINEHHUS !
(16) G, b)=G(b, a), G(ha, Mb)=AG (g, b).

Hakoren, reoMerpuueckn mokaseiBaercs, gTo
(17) G b)+Gla+b, c)=G(a, o) +Gla+c, b).
Jas sroro terpasap OABC ¢ B3aHMHO NepmeHNHKYJIS -
pamu OA, OB n OC ¢ |OA|2=bc, |OB|2p=ca, [KOYC]EI—EI;Z ESS-
6HBaeTCA HAa YaCTH ABYMS cnoco6aMu.

Ha ator pas crosctpynpyem no xoumkay G KOMMYTaTHBHOE
KOJIbLO A, nopoxpaennoe R X P/ Z ¢ onepauusmu
(18) (a, P)+ (b, Q=(a+b, P+Q—G(a, b)) (npu a>0, b> 0)
(19) (aa P) * (b» Q)=(ab9 aQ + bP)-
Tenepy / =P/ — upean c HyJleBHM KBagpaToM B A, a A/I uso-
MopdHo nosto R. BuiGepeM romomopduam ¢ u3 R 8 A, JeBuii 06-

paTHui x mpoekuud T u3 A B A// (cm. Byp6akun H. KommyTaTus-
Haf aare6pa, ra. IX), H, clenoBaTenbHO, oTOOpaxenne H us R%

B P/Z, yROBIETBOPSIOIIEE YCAOBUAM

(20 G(a, b)=aH (a) + bH (b) — (a+ b) H (a + b),
(21) H (ab)=H (a) + H (b),

{22) o (a) = (a, aH (a)).

Hakoneun, onpenenum oro6paxenne ¢ u3 A B #/Z rax
{23) () =tga-. (U(sin®a) — H (éin"’a)).

Ocrasnock nokasars, uTo @ — romomopGHu3M. B sToM ciyvae oH mpo-
Aonxkaercss 10 R-muHedHOro otobpakenus @ us3 R@A B P|Z;
k4

.J;EI‘KO oKasniBaeTcs, 410 M oD eCTh TOKAECCTBEHHOE OTOGpaXKeHHe
/Z. Naa sToro 3aMerum, uto BEKTOpHOE npocTpaHcTeo #/Z no-
poxiaercs ssaeMedraMu T (a, b), uHBapHaHT
€Ha KOT J

pOKAeTCH ,b), p ‘ a OpHIX JIErKO

Hrax, mbl goxasamm, yro D unnextusHo. s 3aBepIIeHHs KO-
Kasate/bCcTBa TOWHOCTH mnocJefoBatenvHocTd (J) Hcmoab3yeM Tor
¢axr, uTO JleBHE O6paTHHE K T roMoMop@uaMul Koasna R B A 06-
pasyloT riapHOe OAHOPOAHOE MPOCTPAHCTBO IPYIIBI FOMOMOP(HHIMOB
a3z 0L —
#u3 Ypig B =P/,
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2.3. OTKpbiTHIE IPOGAEMB

Hupapuanr Jena 6uu1 o6o6men XaasurepoMm [5] Ha pasMepHO-
crd  Goabite Tpex. [Iycth E,— eBKJAHAOBO NPOCTPAHCTBO pa3Mep-
HocTH n. [locTpomM, Kak # B nm. 2.1, rpynny &, NOPOXKIAEHHYIO mO-
autonamu B E;. Ecan i — neqoe umcio, 1 <<i<<n—1/2, To uHBaA-
puant [eHa — Xaasurepa D;(P) noaurona P onpefensiercs Kak
cymma 3JeMeHTOB vol(P)®a; ® ... Qa; BAI=R®A® ... ®A
(i coMHOXHTeJdel A) N0 BceM yOHBAOMIMM HOCJAeAOBATEJbHOCTIM
P=Py,oP > ... ©DP;, rie P;—rpaHb pPa3MepHOCTH n— 2; TO-
autona P, a a;— ABYrpaHHHHA yroa B P;_;, orpaHHYeHHHH ABYM:H
rpaHsAMH pasMepHOCTH n— 2j 4 1, comepxamuMica B P;_; ¥ coaep-
KamwuMH P;. TOYHO TaK 3Ke MOXKHO NOJOXKHTb Dg(P)==vol(P).

ITpob.rema: 00Ka3aTs UHBEKTUBHOCTS 20MOMOpUIMA u3 P|L
g A°XA'X ... XAV onpedesennoeo Dy, Dy, ..

Ecau n =3, To at0o Teopema Cupiepa. Ecau n=4, to Heccen
B Gottingen Nachr., 1972, p. 47—53, nokasaJ, KakHM 06pa3oM 3TOT
BOIIPOC CBOAUTCA K cayuaio n==3. Ja1 n = 5 HUuez0 He U38eCTHO.

AnaJlorHyHEe BOIPOCH MOXKHO INOCTAaBHTh W B Clyuyae HeeBKJH-
JOBHIX IDOCTPAHCTB, JUO0 NJIHNTHYECKHX, JH60 THNepOOJHYeCKHX.
Hen paso6pan cayua#i pazMepHOCTH 2, A1 GOJMBLIMX pa3MepHOCTEH
HHYero He W3BeCTHO.

«s Dyn—1yp21.

3. TOMOJIOTMYECKASA MWHTEPMPETALMA

3.1. Pa36uenne noJANTONORB: CAYYAH MapaiJesbHbIX NEPEHOCOB:

IIycte E — adduHHOE NPOCTPAHCTBO Pa3MEpPHOCTH 7, COOTBET-
CTBYyIOIlee BeKTOpHOMy npoctpaHctBy 7. . Havana Mu He Gynem
paccMaTpHBATh HHKAKOH eBK/JIHIOBOH MeTpHKH. OmpefesHM IO aHa-
Jgoru#d ¢ n. 1.4 rpynny II(E), NOPOXKIEHHYIO MOJUTONAMH C COOTHO-
UIeHHAMH

(24) [PUP]=[P]+[P’], ecar PP’ — BLIpOKAEHHHE MOJIHTOMN,
[uP]=[P], eCJIH u — napaJiiesbHEH mepeHocC.

Jrta rpynna npHcnocofaeHa K M3yueHHI0 pa3CHeHHs [OJHTONOB Ha
4acTy, KOTOpPHE paspellaercsi CABUTATh MapaJiiesbHBRIMH [EpEHO-
corem. Kak w B o, 2.2, B II(E) MOXKHO ONpelesiuTe MOMOTETHH.

Xazsurep [B] n Pleccen — Topyn [17] VYTOYHUAH CTPYKTYPY
rpynusl II(£) caenywomum obpasom: II(E) moono cuaboure raxod
CTPYKTYPOL 8eKTOpHOZo npocTpaxcraa Had noiem R, uro II(E) pas-
aaeaercs ¢ npamyo cymmy NNHEYD ... @U*(E), npuuem H:E =
= {g, ecn t = R*, a E= T (E).
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IIpuBeieM OCHOBHHE MOMEHTH J0Ka3aTelbCTBA 3TOTO YTBEPIXK-
HEeHUs.

CHabnuM E CTDYKTYpO# BEKTODPHOTO NPOCTPAHCTBA, BHIGPAB Ha-
yano orcuera 0. [Ipeanosioxum, uro £ pas6uTO B OpSAMYyI0 CyMMy
BEeKTOPHHX Noanpocrpancts £y, ..., E;, u otoxaectsuMm E, X ...

X ... XE; c E npy noMomu GHeKUHH (vy, ..., 0;) —>0;+ ...
... +vi. Ecan Py — noauron B E,, a P, — noauton B Es, ..., TO
npsiMoe npousseienne P X ... X P; 6yaer noJuronom B E. Q6o-

3HauuM yepes Z; moampocTpaHcTBo I[I(E), NOpOxKAeHHOe BCEMH
TaKHMH NOJHTONAMH A/ BCEBO3MOXHHX pasjoxenufi £ B mpamylo
cymmy E; @ ... © E;. Urag,

{25) NE=& 2Z,>...0%,0%,,.,=0,

npuvem Z.—NOATpynna, NopoXjeHHas mHapaJieioronamu (0606-

MIeHHsAMH napaselorpaMMmoB H mapaJdJernenunesoB). [Ipy n =3

HoArpynna &, NnopoxjaeHa NpPH3MaMH. '
Popmyay (9) MoxKHO 0606WHTE TAK:

(26) Hy pvE=HvE + Hef (mod Zy) (ecin § = Z)).

Jlasi 3TOro AOCTaTOWHO OrpaHHUMTBCS CJyuaeM 3JeMeHTa &, ompe-
JeJeHHOTO CHMHOJEKCOM o =]s,,
— %
o8] ¢ O0=s,  Tlomoxum
,—— ’,_- el S .
oy =[S .- .8, 07 =[s; ..., ENE
Tenepp cumnaexc Ao pas-
‘6UBAaeTCA Ha NOJHTONH w,, ),
, Wy, A€ W; 3SKBHBAJIEHTHO

Wy
(OTHOCHTE/IBHO MapaJlJeIbHOIO Ie- Z\ \
’ V4 w, w
pesoca) h,o; X h,o] (mpu 1< 5 9 1

<ign—1), a wy="ho v w,
9KBHMBAJEHTHO (OTHOCHTEJLHO ma-
panjesbHoro nepenoca) Aro. 3Hauut, w; =&, npy I1<<i<n—1,
OTKyZa NoJayuaem (26). 13 3Toro cooTHOMIEHHS BHIBOAMTCA

o

n =2

27  HE=t(mod &,) pns moboro uesoro umcaa (=0,

OTKYyZAa YXKe noJyyaercs
(28) HE=tE(mod Z,,)) (mpu t= Z)

A UedBlX f: MOXHO OrPaHHUMTbCA CIyyaeM 3jeMeHTa §, ompene-
JeHHoro moauronoM Py X ... X P; ortkyma HE==[hP X ...
... X hePi]. Tlpumenns (27) x apdusHOMy npocTpancTsy E;, moay-
yaeM pasJiokKeHHe h¢P; Ha { NOJHTONOB, 3KBHBaJeHTHHX P; (OTHO-
CHTEJbHO NapaJJel]bHOTo NepeHoca), H Ha MOJXUTONH BHAA P; X P;’

’
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COOTBETCTBYIOMAE Pa3JoXKeHusIM F j=E;@E;', OTKyJla ¥ NoJy4aer-
cs (28). .

pu uesnom =0 romoreruss H?! rpynnu II(E) 6yner aBTOoMOp-
¢u3zMoM; OHa WHAyuUHpyeT aBTOoMOopdu3M Z;/Z.,. CoraacHo (28),
a06asi KOMMYTaTHBHas rpynna Z£;/&Z.,, AoNyckaeT OXHO3HAYHOE
geaenue. 3HayUT, TO XKe camoe BepHO U pas II(E), xoTopoe oka3sml-
BaeTcs CHAGKEHHHIM CTPYKTYPOH BEeKTOPHOTO NPOCTPaHCTBA Haj Q.

HokasatenncTBo ¢opmyas (26) noxkaswiBaeT, 4TO OpH JOOOM
pmenoM f>=1 cumnjexc hA:;oc pa3buHBaercs Ha NOJHUTONH ©;, A€ W;
3KBUBaJEHTeH (OTHOCHTEJIbHO NapaJllesbHOTO NepeHoca) NpOH3Be-
xenuo h,_,0; X of. JlBofiHOR MHAyKuHell MO n M ! MOMXHO NOKa-
3aTh, uTo 4% Jqwforo £ u3 I[(E) cymecTsyiOoT Tague 3jeMeHTH §&;
U3 Z; (npu 1 << j < n), uto

29 ne=y ()s

i=1

npd jo6om ueaoMm {=%=0. IIpyruMH cJOBaMH, CYLIeCTBYIOT TaKHe
Q-1uHeHHbIE ONepaTopH ey, ..., e, AehcTBylomue B II(E), uTo

(30) Hi=Y fe, ).

i=]

YuutuBaa H,H¢E = H e, moayuuam e?=ei u ee;=0 npu iFj,

OTKyHa moJyudaeM passoxenue [I(E)=MY(E)S ... P O"(E), rae

e; — npoektop II(E) ma I/ (E). Mu Takxe noayuaem, yro Z;=

= ) T/ (E), a cooTHomenne H&E=1{% cnpaBexauso npu { us
>

IT*(E) u nesoM (uau pauuoHaAbHOM) f5=0.

s 3aBepllienusi noKa3aTeJbcTBAa 3aukcupyem i, ! <<i<{n,
oroxaectsuM I (E) ¢ Z;/Z.y; ¥ paccMOTpHM 0TOGpaxkeHue f—
— H.:E u3 R B IT*(E) npu ¢urcuposanuoM & Ecau £ acCOUHHPOBAHO
¢ noauTtonoM Buxa P X ... X P;, To u3 opmy.an (26) MOIKHO BHI-
BeCTH (UMHTHPYS JIOKas3aTeabcTBO (28)) cymiecTBOBaHHE TaKOTO:
Q-nosuaunefinoro oro6paxenus [ uz R s II¥ (E), uto

Bl e t)=[RPiX ... X Be,P;] (mod Z,,).

Haxkonen, reopemy Paseca M0KHO 0606IIATh, MOKa3aB, YTO eC]AR
P umeer Bupg P’ X P”, o iiP" X P" u P’ X h:P” 3KBUBaNEHTHH
(mocpencTBoM pa3bueHHS H NapadJesbHBEIX [epEeHOCOB) ¢ TOYHOCTHIO
10 CyMME M3JitonoB Buja @ X Q2 X Qs IpyrumMu cnoBaMmH, BeJd-
ypHa (31) 3aBHCHT TOJBKO OT NPOH3BENEHHS {;- ... -I; U [IO3TOMY
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cymectByer Q-auHefiHoe oTOGpaxenne g. u3 R B II{(E), Taxoe, uto
f(t, ..., t)=ge(i- ... -£;) u, B UaCTHOCTH,

(32) G (E)=[mP X ... X Pl =HE (mod Z,,)).

Tenepp CTPYKTYpPY BeIIECTBEHHOrO BEKTOPHOTO NPOCTPAHCTBA HAa
II{(E) mMoxHO oNmpeReJHTb ¢ MOMOILbI0 0TOGpaxkenus (f, &) —» g (),
otkyna H.E="F%.

3.2, Tomonoruyeckas uATepnperauus rpynnet [I(E)

Ha semecrsennom addurroM npoctpanctse E mMoxHO BHOGpath
OAHY M3 [OBYX BO3MOXKHBIX OpHeHTanuH. FIx MOXKHO paccMaTpHBaTh
KaK [Be 06pa3yoiux GECKOHeYHOH NUKJIHYECKOH rPYynnbl, KOTOPYIO

MH o6o3HaunM Or (E). [ToJ0KuM ¢ 5TOr0 MOMEHTa ﬁ(E)=H(E)@

@ Or (E). Eciad ¢ ecTb n-cUMIJieKe ¢ BepWIHHAMH So, Si, ..., Sp,
TO uepes (So, ..., Sy 0603HauuM saement II(E), pasumii [0]®e,

—_— —— —
rie e —opuentanus 6asuca $y5;, 58, ..., S,_iS, npocTpancrea T.
Kom6unaropusie coobpaxeHHs (MIM HEMHOTO TONOJOTHMH) MOKAa3H-
BawoT, u4to rpynna II(E) onpenensercs obpasywomwumu {So, ..., Sa)
1 COOTHOIIEHUSIMHA 1)

n+1 .
13 A

(33) iZO(—l) (Sop +vvs 84y ooy Sy =0,
{34) (Soy -y Spy={a+85y ..., a+s, npu a=T.

ITepeBon Ha roOMOJIOTMYECKHEH S3BIK OCYWIECTBJSETCS Tak. [1ycTh
C.(E)—crannapTanii KoMmiaekc Dinenbepra — Makaeiina: rpynna
Cp(E) cremenu p— 370 cBOGOAHas abeJseBa rpynia, NOPOXKACHHAS
CHMBOJIAMH (Sq¢, ..., Sp), COOTBETCTBYWOIIHMH Habopam u3s p 4 1 To-
yek E; rpanuunmii onepatop 0: Cp(E)— Cp—; (E) onpenensercs Kak

. » p .
(35) asg .-, s,,)—_-i;)(—l)' (S0 < os Sir eny Sp).

T'pynna T nefictByer nepenocamu B C,(E) (amagoruuso dop-
myae (34)). Ilyerb D, (E)— noaxomnaeke C,.(E), NOpPOXIeHHHIH

CHMBOJIAMH (Sp, ..., Sp), AJIS KOTOPHX CYINECTBYeT THIEpIJIOCKOCTb

'} 3xech npuMeHdercs OOGIIENPUHATOE COTJIAllEHHE: YieH S; NOA KPBILKOH
HYXKHO OMYCTHTH,
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B E, copepikauias TOYKH s, Toraa onpeienieHs CaeaylouiHe IpYNNBL
rOMOJIOTHH 1) :

0, ecad p < n;

(36) H, (C. (E)/D. (E)) ={ R(5), conn p—r.

3.3. UnBapuanthl XaaBurepa noaurona

Iycts H — runepnaockocTs B E. BuGepem opueHTanuio e B £
¥ OpHEHTAuuo ey B H. OHH BHAENAOT OXHO #3 ABYX NOJYNPO-
cTpaHCTB, Ha Kotophie M neaur E. Onpereanwm, coraacuo Xaasu-
repy [13], romomopopusm Ry, ¢ u3 II(E) B I1(H): ans noautona P
U3 £ ¥ KaxXao#l ero rpand F pasmepHOCTH n— l, nmapanneasnoét H,
paccMOTPUM (ompeleneHHLH ¢ TOYHOCTBIO A0 NapaJfaelbHOTO nepe-
Hoca) moaHTOn F' B H, mosyuyeHHHH NapajjelbHHM I1€DEHOCOM U3
F, v uucyo ¢, papHoe 1 uau —1 B 3aBHCHMOCTH OT TOr0, HAXOAHUTCH
ad P no 1y Xe cropony ot F, uro u £, ot H, unu ner. Teneph

Ry, £ nepeBoauT [P]®ey B ;t-[F’]®aH, rie cyMMa Gepercs mo:

BCEM TaKUM rpaHsM F pasmepHOcTd n— | noadrona P. 3TOT romo-
mMOp(dH3M He 3aBHCHT OT BHIOODA ODHEHTAUMH ey H k.

O06beM MOXKHO NMOHHMAaTh KaK HE 3aBHCAMIUN OT OpDHEHTAalHH IO-
MopduaM vol,: T (E)— /\"T, nepesopamust {Sp, ..., S,)BU; A ...
... AUy, TAE S;=0; 4+ 8. HMupapuanTn Xaneurepa—>3T0 roMOMOp-
ousmel V(Tn, ..., Tp) 83 II(E) B NPT,; Npu KakA0# GHKCUPOBAK
HOi yOuBalolleft nocnenopateabHoctH I =T,>T, D ... DT,
noanpoctpaHcts T; npocrpanctBa I ¢ dimT; =/ 370 oTOOpaxKeHue
ecTb KOMIO3HLHS REp_ Eppy O °REn_1 E,.
HOANPOCTPaHCTBO £ ¢ HAaNpaBJAIOIIHM NPOCTPAHCTBOM T

B uactHOCTH, ecau P — noauron B £, TO eMy MOXHO NMOCTaBHTD.

B COOTBETCTBHE ceMeficTBo 3jementros V(Ti, ..., T,)([P]) wus

NPT, xoTOpHEe MH OyleM Ha3HBaTh MHBapHantamu XaABHrepa P.
OuepHHa HX CBSI3b C OGOGIIEHHEIMI HHBapHaHTaMu [leHa.

Kak yrtBep:xaaer ¢yHIaMeHTalbHas Teopema, 0sa noaurona P
u P’ umeror odun u 10T sice xaacc 8 I1(E), uau, dpyeumu crosamu,
SKBUBAAECHTHbL OTHOCUTEABHO PA3OUEHLL U NAPAAACALHBIX NepeHo-
cos8 T020a u Toabko To20a, xoz0a ux uxsapuanrs. Xadsuzepa cO-
anaodaror,

Jrta TeopeMa Omnua Qoka3aHa Xaaeurepom u Iaypom [14]
B 1951 r. B cayuyae pasMepHOCTH 2, pacnpocTpaHeHa Ha pa3Mmep-

. 1) Ectn M — xoMMyTaTHBHAaA rpynna, Ha KOTOPoH IefictByer rpynma G, To
uepes M; o6osnrauaerca daxroprpynna M 1o NOATpYNNe, NOPOXKAEHHOHA pasHO-
cTaMu gm—m, Tie m & M, a g = G (rpynna KOHHBAPHAHTOB).

rae E; — apdpunnoe
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HocTb 3 Xaasurepom [13] B 1968 r., 3atem Ha pasmeprocTh 4 Flec-
cenoM (Gottingen Nachr., 1972, p. 47—53). Hakoren, oSmu#t cay-
yali 6wl goxasan Plecceom um Topynom!) (1972 r., ony6aukoBano
8 [17] B 1978 r.) u He3aBucumo Ca [9].

Koneuno Xe, teopemMa O3HauaeT, UTO 3JE€MEHT § u3 ﬁ(E), LSt
KOTOpOro vol.(§)=0 u Ry, £(§) =0 npu 1060# runepmaocKocTH
H < E, obsi3atenbHO paseH HYJ0. B 3Tom BHIe ona Jierko ciepyet
H3 pe3ysnbTaros N. 3.1, €CJaM NPHMEHHTb NPOCTYIO TEOMETPHUECKYIO
KOHCTPYKUHIO, 0000LIeHHYIO €O ciyyasl pa3aMepHOCTH 2, pa3o6paH-
svoro B [1, § 10].

3.4. MHuorooGpa3sus daaros

B cpoefi kuure [9] Ca mocTasu/ BONPOC O CH3UTHAX, T. €. JH-
HefiHbIX COOTHOIICHHSIX MEX]y HHBApHaHTaMH XalBHrepa HEKOTO-
poro nogaurona. Otser aaa [romon [23], KoTOpHH npumeHua Hc-
NOJb30BAHHHHA paHee JIIOCTHIOM CHMIJIMIMAJbHLIA KOMMJEKC, BBe-
JeHHuIA TurcoMm.

Hanee Mbl yXe He 6YAeM CIeNUTL 33 Pa3JduHEM MeXKAY BEKTOD-
HHM H apoUHHHM npocTpaHcTBamu. Htak, nycte T — BemecTren-
HO€ BEKTOPHOE MPOCTPAHCTBO DPa3MEePHOCTH n. PaccMOTpUM CHMIJIH-
ndaabHHA kKomineke @ (T) ¢ BeKTOPHHIMH NOANPOCTPaHCTBAMH T
(orauunnma ot O u T) B KauecTse BEPIUHH; p-CHMILIEKCAMH GYIyT

nocsienoBateabHoCcTd (Vo, Vi, ..., Vp) ¢ VoD ViD ... DV, Huasa
AarHOro nejoro uyucaa ¢ =0 ompegenum nywoxk ALV, na & (T),
TPyNna sHayeHu# KoToporo Ha cummiaekce (Vy, ..., V) ectv ARV,

T. €. g-i1 BHEIIHss CTeleHb NPOCTPaHCTBA V,, paccMaTpHBaeMoOro

KaK BeKTOpHOe npocTpaHcTBo Hax R. JlioGoe BexkTOpHOe mpocTpaH-
CTBO Hax R MOXHO pacCMaTpHBAaTh H KaK NPOCTPAHCTBO Hanx Q)
TaKHM 06Da30M MBI NOJAYYUM APYTOH NYUYOK /\qQ.

[Tyctb V — BeiecTBeHHOE BEKTOPHOE NPOCTPAHCTBO, a Hy(V, Z)
€CTb ¢-si TPYNNa KOrOMOJIOTHE (IAMCKPETHOH) TPynnu V ¢ umeabiMu
Ko3QdunuenTamMmn. Tak Kak (QYHKTOp TOMOJOTHH TPYNN COBMECTHM

¢ HHAYKTHBHHIMH NIPpEAENaMH, a KOTOMOJIOTHH z COBIIaA&I0T C KOro-

MoOJIOrHAMHU TOpa T" = BZ ", TO MOXKHO ONpPEAENHTh KaHOHHUECKMH
usomopbusm H, (V, Z) na A%V, uro cosmagaer c /\gV.
Ilycts Ty —nyuok wa & (T), xotopmit cummaekcy (Vo, ..., Vp)

CTaBHT B COOTBETCTBHE OJHOPOXHHIE ¢-UeNd rpynnu V, (umaue ro-

BOpH, IPYNNYy KOMHBAapHaHTOB Vp B CBOGOAHOH aGeseBoi rpymiue, no-
POXIEHHOH MNOCAENOBATEIBHOCTAMH (Uy, ..., Uq) 3JEMEHTOB V,).

) Tloxoxe, uro B. . BoarAuckuii He 3man o6 3TOM pe3yasraTe; B CBOEH
gaure 1978 r. oM ZeranpHO OMHCHIBaeT cJaydait pasmepHocTedl 2, 3 H 3aMedaer,
410 OOUIHA cay4alt OCTAE€TCH OTKPBITHIM.
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Cka3zaHHoe paHee NI03BOJIALT ONPEACHAHUTL KOMIJIEKC

P Tyl ... «T,«Th ...

NyYKOB Ha CHMIVIHLHA/ABHOM KoMILIekce & (T); ero g-# nyuok romo-
Joruit ectb  AJ.

Hcnosabays olllue TeOpeMB TOMOJOTHYECKOH agre6pw u ¢op-
Myay (36), MOxKHO NOKa3aTb H3OMOp(DH3IM

()~ oot (F D), AL)

3JleCh PasJIoXKEeHHe B NPSAMYI0 CYMMY COOTBETCTByeT B mpooGpase
n

cTpenkn pasaoxenuio I1(T) = P I (7), ONpeNe/EHHOMY BeCOM IO
q=1

OTHOLIEHHUIO K roMoTeTHaM (m. 3.1).
IMpumenenue teopemn Heccena — Topyna nossoasier nonyudth
M3 3TOr0 pesyJbTaTa Ipynnu romoJorus ¢ (T):

(37) H (%@, AY)=H. (9D, AL)
npH { << n— ¢ — 1, mpUyeM 3TH TPYNNH HyJEBHE NPH (F=n — ¢ — 1.

3.5. Bo3BpalleHHe K rpynnam nepememenuii

31eck MBl NPeANnoJIOXKHM, YTO mpocTpaHcTBO T = R” cnabxeHo
(o6rmunoft) kBaapaTHuHOR ¢opmod. Bce mnpeamecrTsyomme romo-
MOpdU3MB GBI KOBAPHAHTHH OTHOCHTEJbHO HEHCTBHS OPTOro-
HassHo# rpynnu O, (R). Boaee toro, no camomy croemy onpenene-
HHIO TpYyNNa noJau3ipoB P, accouunpoBaHHas ¢ R” (cM. m. 2.3),
ecTb rpynna kounsapHantoB O, (R) B II(R*). Ecau nojoxXuts P, =

=5’,,§)Or (R"), ToO MOXHO K TOMY Ke MOJYYHTb H30MOPOHHIM

P, ¢ Hy(0,(R), II(R™). YuursiBas onpexenense II (R"), naHHOe B.
n. 3.4, nonyuaeM u3oMOpduU3M

()  Pa=_ B H OsR®) Ha g (#(R), AR)).

B uacTtHOCTH, pH n =3 rpynna 3 ecTb npsAMas cyMMa rpynnn Zs
NpH3M (Beca 3 OTHOCHTEJNbHO romMoreTHfi) M sapa obbema (Beca 1
OTHOCHUTeJbHO roMmoretufi). Hasee, yacTHHIf cayuall TouHOH nocje-
AOBaTeJbHOCTH, BBefeHHOHA JIrocturom [25], maer Toumyio nocsemo-
BATEJNbHOCTh

o-»nl(Ra)»@nl(zﬁ)—»@nl(m»ks—»o,
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rie P npoGeraer njaockoctd, a D — npamuie B K3 Bce unens — mo-
Ayau Hank rpynmoit O3(R); mepexoas x TOMOJIOTHAM, NOJyYaeM TOY-
HYIO NOCJEN0BATENbHOCTD

0— H, (SO, (R), R3)— #:/Z;—R gg A— H,(SO;(R), R%)—0.

Bce 2Tu paccyxaeHus He 3aBUCAT oT TeopeMhul Cupjepa. OnHako
OHa MO:KeT GHITb Telmepb BHPAaXKeHa B BHIE

H(S03(R), R")=0Qri, H,(S05(R), R’)=0.
Henasmo KaTauHO NOJYYMJ CACAVIOIIHA aHAJOTHUHKIA pe3yJbTaTt:
Hl (§I37 R3) == Q}?/Q’ H2 (513’ Ra) = 01

rae sl; oBosHauaer aare6py Jlu rpynnm SO;(K?), paccmarpuBae-
MYI0 Kak anrebpa Jlu van Q.

3.6. daannTuueckas ¥ runepGOJHUECKast TeOMEeTPHN

Has cheprueckod reOMeTpPHH MOXKHO, pasyMeeTcs, NOCTaBHTH
BONpPOCH, aHaJjJorudusle 3-K npoGiaeme I['mabbepra. Touno Tak xXe
MOXHO DacCMOTPeTh MOJH3APH B NpocTpaHcTee JloGauesckoro H"
pasmepHocTd 7. [Io aHaJOrHH €ro CBA3aHHOH C €BKJHIOBHIM IIpO-
crpancTBoM R” rpynnofi #, MOXHO ONpPENEJHTb H IPYNIH NOJAU3IL-
poe #(S*) u #(H"). O6 31X rpynnax Majo 4TO H3BECTHO, XOTH
Hionon [23] u mpHMEHHJ B 3TOM CJyyae CBOH METOJH, MOJYYHB ABE
TOYHBEIE NOCJEN0BATEIbHOCTH

0— A— H;(SU, (C), Z)L»?(S*”')/Z—L—LR@A»

— H,(SU,(C), £)—0,
0—> B— Hy(SL, (C), Z)"-’-».?(H*”')—D»R@A»

— H,(SL,(C), Z)~ —0.

Fpynne A u B aHyaupyloTcs CTelleHbIO ABOHKH, HHIEKC «—» BO
BTOPOH CTPOYKE 03HAYaeT, YTO PACCMATPHBAIOTCS HEUETHBIE OTHOCH-
TEJIbHO KOMIJIEKCHOTO CONPSIKEHHS 3JeMEHTHI.

Hopmaausyem o6beM cheph S® enunuueii; tenepb o6beM che-
PHYECKOTO TOJM3Jipa onpexesser romomophusm P(S%/Z 8 R/Z;
PacCMOTPEB KOMIIO3ULUIO C FOMOMOPPH3IMOM /, IoJydaeM TOMOMOD-
(%)PB]M H3(SU2(C), Z) B R/Z, sBenensnii Yurepom u CaitMOBOM
30].
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4. NOCNECNOBME: TNAAs B XX B.

4.1. Tomonoruu «1HCKPeTHbIX» rpynn Jiu

[Iycts G —cpsA3nas rpynna JIu, BeIeCTBeHHAS HJHM KOMMJEKC-
Has. Ilycte G®—rta e rpynna ¢ AHCKpeTHOH Tonojoruedl. I'pynns
Koromosiorut Diiienbepra — Makdaeiina H;(G, M) nosBasiorcs B
anreGpanyeckoll K-teopuu, B Teopun cioenuit (cM. Xedisnurep [45])
U B TEODHH DACCJIOECHHA C HHTETPHPYEMOH CBA3HOCTBIO — 4ACTHbLLE
caywau Gviau paccmorpenst 8viule. HamoMHHM, 4TO ¢ TomoJoruue-
CKOH rpynno#i G accCOUMHPOBAHO «KJIacCHOUUHPYIOLIEE» NPOCTpPaH-
cTBO BG, T. e. 6a3a raaHOro G-paccjoeHHs CO CTSITHBAeMBIM TO-
TaJbHBIM NpocTpancTBoM £G. TouHO Tak XKe onpeae/]eHo H KJaaccH-
¢uuupyomee mpocrpanctso BGS. ToxpecrsenHoe otob6paxkenne G
onpefesser HenpephHBHHA romomopousm G® B G, KOTOpHIH onpefe-
JseT HenpephiBHOe oToOpaxXenue BG® B BG, a no3ToMy u roMomop-
bu3M

w;: H,(BG®, M)—H,(BG, M).

Knaccuuecknit pesyabrar (Xonda — Jfinendepra) yTeepxaaer, uTo
H;(BG% M) cosnanaer ¢ H;(G, M), ecin G neficteyer na M Tpu-
BHAJbHO. :

@puanangep [33] u Muanop [35] npeAnoJoxuiau, yTo p; — H30-
Mop¢usm npu Jobom i =0, ecau rpynna kosdpduuuentos M Ko-
HeyHa. EcTecTBEHHO, BHICKa3aHa H THNOTE3a O H30MOpdU3IME LA
AyaNbHHEX TOMOMOP(HU3IMOB

w': H (BG, M) >~ H' (BG®, M).

®pupnaunep chopmyauposan B [33] Apyroit Bapuant, B KOTOpPOM
G saMmemaercsi rPyNNOBOM CXeMOH Haj aare6paHuecKd 3aMKHYTHIM
noJieM k, OTKYRa noJyyaercs (NpU3HAaHHHIN 3aKOHHBIM) H30MOD(H3M

v': H. (BG, M)— H'(BG(k)°, M)

(3zecb BG paccMatpuBaeTcsl Kak CHMIVIHUHA/AbHAas cxema, Hi —
3TaJbHBIE KOTOMOJIOTHH).

HM3BecTHO HECKOIbKO NPHMMEPOB K 3TOH THMOTe3e. Bo-mepBHX,
Munnop [35] nokasan ee nasa paspewumoid rpynnul G; OTBHHUHBA-
HHe JIETKO CBOAHT 3TOT cAyya#l K c/lydyal0 KOMMYTaTHBHOH rpynibL.
3TOT XKe MEeTOA CBOJAMT OOWIMH cayuall THIOTE3H K CAYYai0 OLHO-
CBSI3HOM HEeKOMMYTaTHBHO# rpynnn G. [lpu stux ycaosusix [iomnoH,
IMappu u Ca [32] nedasHo pasobpaiucy co cayuaem | << 2 (HO ¢
11 uckmouenuamu npu G tuna Fa, Ee, E7 unu Eg).
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OTH pesyJbTaTH AOKA3HBAIOTCS C UCMOJB30BaHHEM aarebpante-
ckoit K-teopun. as noas F o603HauuM uepe3 F* ero MyabTHIUIHKA-

TUBHYIO rpynny, a uepe3 K,(F)— cdakrop F @F* no nmoxrpynne,

MOPOKNeHHOH 3aementaMu a ® (1 -—a). Hasecrno (Creitnbepr —
Matuymoro — Myp), uto A NPOCTOH paculeNUMOH OXHOCBS3HOMN
TPYyNnoBOH cxeMbl G u noas F, KaXAbfl 3JeMEHT KOTOPOro siB-
AsfeTcs KBajApaToM (HanpuMep, aireGpaHieckd 3aMKHYTOrO noas),
rpynna myassruniuxaropos Ulypa H,(G(F), Z) usomopdua Ky(F).

Iepeitnem k cayuaio F = C; KOMNJeKCHOE cOnpsiKeHue onpeje-
asier aBromopdusm Ky (C) nopsizka 2, oTkyRa noayuaercs pasJoxe-
Hue K, (C)=K,(C), G K.(C)_ Ha uerHyio u HeueTHyl0 dacTh. [lo
caMoMy cBoeMmy onpenesenuio H»(SLy;(C), Z) cosnanaer ¢ K, (C),
Hionow, Tlappu u Ca nokasaau, uro sxmouenne SU;(C) B SLy(C)
onpenenser usomopdusm') Hy(SUy(C), Z) ma Ko(C)+ (npenpa-
PHTeJBbHBEIH pe3ysbTar cM. B [38]). MaTep (He ony6/MKOBaHO) H3Y-
udy romomoppusm Hy (U (C), Z) B Ho(SUL(C), Z), a Anbnepun
u Jlennnc onpegenuan usomopdusm Ks(H) na Ko(C)*+ (H — 310
TeJIO KBaTepHHOHOB). Ha caeayiomem mmare [37] mokasmBaercs, 4To
AN KOMIAKTHOW OJLHOCBSI3HOH NPOCTOH HEHCK/IIOUMTEeNBbHOH TpYyMMbi
JIn G snoxenne SU,(C) B G, cBA3aHHOE C NPOCTEIM KOPHEM, Ompe-
Reasier usomopdusm Hy(SU,(C), Z) na He(G, Z). Hakonen, npea-
nonoxuMm, uro G — ofHocBA3Has rpynna Jlu. Ecam G — npocras
BEIIECTBEHHAsl (COOTBETCTBEHHO KOMIUIeKCHAas) rpymna Jiu, To
H3(G, Z) wusomopduo Ky(C)+ (coorBercrsenno K,(C)). Tenmeps
npy i << 2 runoresa MHUJIHOPA JIETKO NOKa3HBaeTCs.

HanGosee Bnevarnsiomue pesyabraTel nonyuyedsl CYCAHHHM B
uernipex cratbix [40], [41], [42], [43]. Ouu oTHOCATCA K rpynnam
GL, OxgonuatenbHasi (OPMYJHPOBKA YTBEPKIAET, YTO TOMOMOP-
Gusm p;: H;(BGS, M)~ H,;(BG, M)— 310 u3zomopdu3M npu KoHeu-
Hom M u rpynne G Buga GL,(R) unu GL,(C)), ecau n =i (cra-
GunbHbfl cayuai). Cycaun [41] nokasan csauana craGHABHOCTB:
AJt BceX OECKOHEYHLIX noJel F KaHOHMYeCKHH rOMOMOp(H3M
Hi(GL.(F),Z) B Hi(GLnwi(F), Z) sBaAsieTcss u30MOPHU3MOM NDH
n = i. O6o3nauum npegenbuyw rpynny uyepes H;(GL(F), Z). Bge-
AeM TaKiXKe aHaJIOTHYHOe OGO3HaueHWe IJs KOHewHoro noas [; ko-
s¢p¢uuuentos. Ci0XKHAH 4YacTb [0KA3aTENbCTBA — 3TO CpPaBHeHHe
rpynn H;(GL(F), F;) Aas pasiuuublXx aareSpaudecKd 3aMKHYTHIX
nosie F xapakrepucTuku au6o 0, nu6o p, rae p — npocToe YHCJIO,
He paBHO€ [: OKa3BHIBAETCH, YTO 3TH TPYNINH HE 3aBHCAT OT NoJasf F.
Tenepp Bce cBoauTcs k cayuaw, xoraa F— ajre6paHueckoe 3aMH-
kanue noas [, a on paszoGpan Ksuaienom [39].

') B sToM MecTe NOABAAIOTCA pas6GHEHHS NOMMSIPOB B THNEPGOJIHYECKOM
NPOCTPaHCTBe.
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4.2. TomoNOTHH palHOHAJBHBIX anre6p Jlu

Tepcron onpenenun eomoronuuwecxkud caoii G romomopdusma GO
B G. Ilpoctyio peanusanuio MOXHO NOJY4HTb, PaccMOTPEB pac-

) o
cnoednoe npoussenesne C X G°, rae C—rpynna nyrteii B G ¢ Ha-
G

YaJioM B eAMHHYHOM 3jeMeHte. [Ipu 3ToM BG MOXKHO peasusoBaTh

KaK TOTaJbHOe NPOCTPAHCTBO paccaoenns BG® X EG ¢ 6ason BGP.
BG

3T0 NPOCTPAHCTBO KJAacCHOHUHPYET HHTErPUPYEeMBble CBS3HOCTH Ha
TPUBHAJbHOM DACCJIOCEHHH (KaJuOpOBOYHBIE MOTEHHHANBl NS HyJe-
Boro moJsl). dpyryio Korcrpykumio BG moxHo Hafita B pabore Cyc-
auda [43]. Tlpu mamed KOHCTPYKuuH ciofi G IS rpymnM H AJIS
€e YHHBEPCaJIbHOH HAKPLIBAWIled COBNARAlOT;, MOSTOMY G 3aBHCHT
TOJIEKO OT aJre6pH JIu g rpynnut G, u BMecto BG MoxHO nucaTh Bg.

KaHnonuueckoe oroGpaxenne BGS 8 BG spastiercst (¢ TOUHOCTBIO
JO rOMOTONNH) paccioeHdHeM co coeM Bg. [IpumeHHB cnekTpaJb-
HYI0 mnocjefoBaTebHocTh Ceppa AJd pacCaO€HHH, NONy4aeM, uTO
ranoresa MuJsHopa sKBUBAJEHTHa

H;(Bg, F,)=0 npu npoctoM p u i{>0.

SkpuBanentHas dopmyauposka: H;(Bg, Z) ecTb BeKTOpHOE MpoO-
CTPAHCTBO HaX Q) (OTMETHM aHAJOIHIO C pe3yJabraTaMu m. 3.1, rae
nokasaHo, yto II(£)—sT0 BekTOpHOE mpoctpanctso Hax Q). Kac-
cen u Jloge#t coo6muau MHE CISAYIOMYI0 THNOTE3y (HJIH BOIPOC):

Tpynno H;(Bg, Z) u H; (g, Q) usomoppus das aobozo yeaoeo i = 1.

3necy H.(g,Q) oGosmauaer i-10 rpynny romoJoruii aareGpu Jiu
4, péCCManHBaeMoﬁ Kak aare6pa JIu Han Q u neficTByowe# HyJeM
Ha Q.

BOT Hecko/IbKO (haKTOB B NOAAEPIKKY 3TOH [HIOTE3HL.

a) llpeanonoxum, uto rpynna G HUABNOTEHTHZ U OOHOCBA3HA.
HpocTtpancrso rpynnul G CTATHBAEMO, NO3TOMY TO e CAMOE€ BEPHO
v 1 BG. B stom ciyuae npoctpanctsa Bg u BG® umeioT oixHa-
KOBHIfl TOMOTONHMYeCKHH THN, OTKyAa H;(Bg, Z)=H.(G,Z). Oa-
Hako Xeduiurep [46] onpemennn uzomopdusm H, (G, Z) ua H;(g, Q)
(Apyroe 10Ka3aTesqbeTBO CM. B [44]).

b) Cycaun [43] nokasas, uro!)

K. (C V.:DQ/Z, ecan { ueuetHO;
(L) = Vi, ecJ [ YeTHO,
‘) Cayuait i=1 (rme K{(C) == C*)rpuBHanen, ciyuaii ;= 2 wuzBecTen

yxe ZaBHO.
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rae V;— BeKTOpHOe MPOCTPaHCTBO Hax Q. [IpuMeHHB +--KOHCTPYK-
wuio Kpasiena Kk ynoMsiHyTOMy BHINE DacCHOeHHIO, NOJAyyaeM pac-
cJIoeHHe

(F) (Bg)* —(BG°)* — BG.

PaccMoTpuM TOUHYI TOMOTOMHYECKYIO NOC/IEXOBATENBHOCTD, ACCO-
nuuporannyio ¢ (F) B cayusae, korma G==GL(C)=Ilim GL,(C).

—_—
HsBectno (nepnoauunocts Bortra), uto m;(BG) pasuo Z npu uer-
HOM | W HyJi0 npH HeuyeTHoM. CorsacHo onpenedendio KsuJiiena,
7 ((BG%*)=K;(€). PaccMOTpUM, HaKOHell, FOMOTONHUECKHE rpyn-
nu (Bg)*. EcTb BeckHe OCHOBAaHHS noJaraTh, 4TO 3TO BEKTODHBIE
NpocTpaHcTBa Hal Q; no Teopeme Musnopa — Mypa mi; ((Bg)+) 6y-
AeT MpUMHUTHBHOH yYacTsio H;((Bg)+, Q); mociexuss rpynna papHa
Hi(Bg, Q) cornacHo +-KOHCTPYKUUU. [IpUNAB yKABAHKYIO sbiwe 2u-
noresy, moaydaem H;(Bg, Q)= H:(g, Q). Onrako, coraacuo Jlo-
Zewo — Ksuaieny (cm. mo#i poxnaax Ne 6211), npuMuTHBHAS uacTb
H;(g, Q) usomMoppHaA UHEIHUECKHM romoJorusim HC>- (C) noas C,
paccmarpuBaeMoro kak ajareGpa nax Q. Tenepn, co6pas Bce BMe-
CTe, MOJYYaeM FHIOTETHYECKYIO TOUHYIO NOCJAENOBATENBHOCTD

... —>HC?(Z)—> HC? () Z4 K, (C)— HCE (D) ...

Ecrn 3ameruts, uto HC? (Z) paBno Z uau 0 npu YeTHOM u He-
YeTHOM [, TO MHB (THNOTETHYECKH) ONpelelsieM rpynny CycauHa.

HakoHen, umeeTcs HECKOMbKO OOWIHX pe3yJibTaTOB O rpymnax
romostorufi Hi(g, Q). Ecau g pasuo gl.(R) uau gl.(C), To no uuru-
posaHHLIM pesyabraTtaM Jloges u KBH/JIeHA 3TH T'OMOJOTHH CBS-
3aHbl C UHMKJIHYECKHMH romoJjorusamu. Ouesuano, uto Hy(g, Q) =Q,
a Hy(g, Q=g/lg, dl. PaccmorpeB uacTHHE cayuail pe3yJbTaToB
Kaccenra u Kartauwo, nosayuaem usomopopusm

Hy (3, Q=Qkp/dR, H,@ Q=Q

B cayyae, KOTAa g — npocras pacmenumas aarebpa wag R, mpuuewm
B ciayuae H; He H3omopdHas sl,.

4.3. Ecau noMedrtath...

B nacrosimuii MOMEHT He yaaeTcss ONpeNeNHTb TOMOMOP(OH3M
E; us HC? (C) 8 K;,,(C). Toxoxe, uto npu i = 1 OH CBSI3aH ¢ Au-
Jorapu¢mom. B 3ToM cayuae OH Gbll OBl CBS3aH C BHUYUCJACHHEM
00beMOB TETPa>APOB C NMPAMBIM TPEXTPAHHHM YIJIOM B coepHue-

') Cwm. mpumeuanue ua crp. 27. — [pun. nepes.

4 BypGaku
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ckol reomerpud {cM. [53]); K TOMy Xe (DYHKIHOHAJbHOE ypaBHe-
HHe AJs guiaorapu¢ma moxkeT OHITh NOK33aHO C UCNOJNb30BaHUEM

alJUTHBHOCTH O0OBEMA...

Tabauya 1
Hekotopnie npepnoxenus EBkanpa

1.34. Tpeyroasuuku ABC u BCD B napaanenorpamme ABCD kon-
TPY3HTHH

A
/

c D

1. 35. [TapaanenorpaMmmel ABCD u BCFE 5KBHBaJICHTHH (TPEYrOJb-
auxkd ABE u CDF XOHrpY3HTHB;, OTpe3aeM TpeyroabHuk DGE, 3a-
Tem JpoGasaseM TpeyroasHHk BGC k aBYM TpeyroibHukaM ABE
CDF). ,

A D E F

G

B c

[.37. Tpeyroabvuuku ABC u DBC >ksHBaJjeHTHH, ecau npsamas AD
napaJaJgenasta BC.

E A D F

B ¢

(Tpeyroabuuk ABC — sTo nosoeuHa napaJaaenorpamma AEBC, Tpe-
yroabHHK DBC — 3T0 nososHHa napadadgeqaorpamMma /DBC no 1.34,
a napaaaenorpammnl AEBC u FDBC skBuBasentsn no 1. 35.)
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Tabauya 11

Teopema Mudaropa
"

(a)

(b)
()
(a) (ulnoci)é EBkanna,. (b) cnoco6 Jlexanapa, (c) TPaAMIHOHHHH
KHTauCKHi 1 UHIHACKHE CIOCOB6.

Tabauya I11

Pa36uenue naoumiapei

Tpeyronvuukn ADF u CC’F KOHIDYSHTHLI, TO Xe camoe RJIs Tpe-
yronbuukos ADE n BB’E, nostomy tpeyroabuk ABC 3KBuBaJeH-
TeH npsaMoyroabeuky BB/C'C.

4*




Cryuah poGasnenus

A N
& /]\ o
E D F
3 ' c
Cayuafl yzaJseHus
4
B . E ¢ F D
E e,
D_ _C
D’ c’

(. W — )

/

B B’

Teopema ®aueca: npsamoyroasiuku ABCD u AB’C’D’ akpuBa-
JIEHTHH, ecqd npsamule BD’ u B’D napanjeabHt,

TaGJmua v

Terpasap P = ABCD pas6uBaercs Ha:
TeTpasgp P’ = AB'C'D"; )
terpasap P’ =CC'B"D”;

npusMy BB”IB'C'D’;

npusmy C'B”D"ID’'D.

P’ romoTetdueH P ¢ oTHomenueMm (=
=C’A/CA.

P” romoreTHuen P c oTHomeHueM | —i=
=C'C/CA.
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Kaxpmas w3 unpusm BB”IB'C'D’ u
C’'B"D”ID’D sksuBanenTHa 1/8 Goabuiok
npusamsel I ==AEFBCD. Tetpasaph
P'=AB'C’'D" u P”=CC’B”D"” paBHH
H FTOMOTETHYHH P ¢ oTHomenuem 1/2,
Ecau npuHATH, 4T0 06BEM OXHOPOJAEH
¢ BecoMm 3, T0 vVol(P)=vol(P")=

1
= Vol(P), OTKyia JIerkKo BHIBOAHTCA

vol (P) = - vol (II).

N. B. Eskaua u Jlio Xy3# npogoa-
KUJA Npouecc yMeHbIUEHHS B 2 pasa H
HCIIOJb30BaJH  coofpaXeHue, 3KBHBa-

1 1 1
JeHTHO® popmyne + -+ + ... =

RS
5

KOMMEHTUPOBAHHAS JIUTEPATYPA

M

He NOBTOPSAIO CCHLIOK M3 MOEro Npeanayiiero fokjaaza Ne 6211).

>
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OBOBLUEHHbBIE AKOBMAHbBI, YHHUMNOTEHTHbIE
MOHOAPOMUUN U UTEPUPOBAHHLIE UHTETPAJIbI

[Isep Kaprovel)

' [Tocsawaercs namary
To-Lzai Yena

1. BBEAEHME. MOHATUE MOHOLPOMMHM

1.1. ToHsATHe MOHOXPOMHH NOSBHJOCH B paboTe Pumana, B KOoTOpO#
oH (Bcnen 3a Tayccom m Kymmepom) usyudad 2unepzeomerpu4ecxkoe
Qugppeperyuarsroe ypasuenue. HamomuuM, uto 2unepzeomerpuye-
cruil pad

(M Fla, b 0; =1+ % (@) (6)u2"/(0)nn!

(vn BBeqH oGosnauenue (a).=a(a+1) ... (a —}—:z—- 1)) uMmeer
panuyc cxomumocTH 1 no (KoMmJexcHO#) mepemeHHO# 2. Psax ompe-
IeReH, ecdH ¢ He ABJAeTCS LHeJNHM HENOJOXHTEJIbHBM UYHCJIOM, H
yAOBJETBOPSAET AUPPEepeHINaIbHOMY YPaBHEHHIO

@) 2(1 — 2) D*F + (¢ — (@ + b -+ 1) 2) DF — abF =0

(ver mosoxuan D =d/dz). Pacceuem maockocTb { KOMINIEKCHOH
NepeMeHHON 2, YAaJHB BelECTBEHHbE MHTepBaJb [o=]—o0,0[ u
I, =11, +oo[; moayueHHoe MHOXecTBO & OyleT OXHOCBA3aHO.
Oyukuusa F(a, b; ¢; z) NMporoJaKaeTcs BHE Kpyra CXOAHMOCTH C IIO-
MOLIBIO (3IepOBa) HHTETPAJbHOIO MpeACTaBJECHHS

B Fboc 2= 1
=T@Tr@E 'Tc—>5" S P 1= 1 — ) dt,

0
MMEIOUIero CMHCH npH z u3 Q. [Ipu sToM onpeneiernn F B Q MOXKHO
noayyutb (yHIAMEHTaJbHYIO CHCTEMY pEIIEHUi ruiepreoMerpuue-
cKoro auddepeHHaJbHOr0 YpaBHeRUs BUAA
@ u@=Fq b c 2),
' w=2"°Fl@a—c+1, b—c+1;2—c 2
1) Cartier Pierre. Jacobiennes généralisées, monodromie unipotente et inté-

grales itérées. — Séminair Bourbaki, 10 éme année, 1987—88, n° 687, Astérisque
161162, 1988, p. 31—52.

© N. Bourbaki, Société mathématique de France, 1987
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(mo KpaiHed Mepe, ecaM cpelu uHcead a, b, c—a, c—b, a— b,
¢ — a — b HeT negamx).

1.2. Tlpn BelleCTBEHHOM ! ONpeAeNeHB Mpefesn u, (f =+ i0) =
3 (Z)\w
uz2(2)J -
Gynem mucats u(2). Tax xak wuntepBasn )0, 1[ npumapgexur
oGnacti &, B KOTOPOH u(2) rosomopoua, To npu ¢ u3-]0, 1| sunoI-
HeHO paBeHCTBO u(t +i0)= u(f—i0). Ecan ke ¢ npHHANIEKHUT
HHTepBany Jo uau /), TO BEINOJHEHH COOTHOWIEHHS

5) U+ i0)y=Mu(F— i) gas t < I,
(6) u(t —i0)=Mu({t+i0) naa t=1,,
rae My u M, — Matpunsl pasMepa 2X 2 ¢ KOMIJIEKCHBIMH (IIOCTO-

SAHHBMH) KO3(pdHunHenTami. PakTHYECKH 3TH COOTHOWEHHUS BOCXO-
aat k Kymmepy (1836 r.). Ouu BeiBOAsATCS u3 dopMy.IH

(7) Fa, b, ¢ 2)=AF(@ b;at+b—c+1; 1 —2)+
+ 41— Fc—a, c—b c—a—b+1; 1 —2)

(rie Ay u Ay —nOCTOSIHHLIC) M H3 aHAJNOTMYHOH QOPMYJH, B KOTO-
poit 1 —z sameneno Ha 1/z. Tn GOpMY/IH COPABEAIHBH NPH HEBe-
IIECTBEHHOM Z; OHH CBS3aHBI CO CBOHCTBAMM HMHBAPUAHTHOCTH IH-
NepreoMeTPHYECKOr0 ypaBHEHHs NPH 3aMeHe z Ha 1 —z uau 1/z.
Y Kymmepa monodpomus eunepzeomerpuseckoll dpyHKyuL 86ipaa-
20Cb cooTHoweHuamu (3) u (6), 1. e. marpuyamu My u M,.

= lim u, (t == ie) (rme k=1, 2, a > 0). Bmecro crosbua (
£->0

1.3. «CoppemenHasi» TOuka 3peHHMS BOCXOAMT K PuMaHy, KOTOpHI
Aan oGmne GopMynupoBKH B 1851 r., a npUMeHHJ HX K THIeEpreo-
merpuueckoil pyukuuu B 1857 r. TTonoxum X=C {0, 1}; o6o-

2
o4
uy, Uy £y &% U3, U 4
uy, Uy Ya V1 uy, gy
Puc. 1

3HauHM Yepe3 £ YHUBepCaJbHYIO HAaKpHBalomyio X, a uyepes I'—
QyHZaMeHTaAbHYIO Ipynny, AeHCTBYIOMYIO Ha X Tak, yTo X = X/T.
Tak Kak Q ONHOCBA3HO, MOXHO—H HYXHO — BHGDATh CeUeHHE s:
Q— X xanomnueckodl npoekuuu p: £—X. DT0 nO3BOJUT OTOXKIe-
cteuTh I' ¢ m1 (X, @), rae o — npousBoabHast Touka B Q. Tenepnb 3a-
MeruM, uto I'— cBOGOAHAsS rpynNa ¢ AByMs 06PasyOmIuMH Yo H Vi,
COOTBETCTBYIOIIUMH NeTasM ¢ puc. 1. Tak xak £ soKajabHO romeo-
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mopdHO X, TO OHO fABJAETCS KOMIJEKCHHM aHaJHTHYECKHM MHOTO-
o0pasdeM pasMepHOCTH l, MOSTOMY Ha HEM CYIUECTBYIOT ABe roJo-
mopbusie ¢pyuruuu U, esasusie 8ersu Uy os KOTOPHX COBNAJaloOT

= U,
{1a Q) c u, (rae 2=1,2). [Nonoxum U(z)=(U;(§)). B s7o0it cu-

Tyalus CyuLleCTBYeT Takoe JHHeliHOe npeactasaenue M: —GL:(C),
4TO

(8) Uy =MMU(E) E=X, yeD).

Tak kak I' — cBoGoaHas rpynna, To npeficrapiaenue M onpenensiercs
no matpuuam M(yo) u M(y1), T. e. He no uemy unomy, kax no M,
u M,. Monodpomusn y Pumana swvipasmarace coorrowetuem (8),
OTKyla M BO3HHK T€DMHH npedcrasienue monoopomusmu Ha M.
Herpyauno cBs3aTh MOCTOM TOYKH 3peHHs KyMmmepa H PHM?Ha.
Pa3/MuHbie «BETBH» Uk, y QYHKUUH #, ONpepeNdoTcss GOpMYJIoH

© e (2o =) =w o,

us (2) Us v (2)

e z= Q, a y=T. Ycjopua corjlacoBaHdsi BHBOASATCH H3 COOTHO-
wenuii (5) u (6):

(10) Uy (t 4+ 0) =tyy, (¢ —i0) naa t = Iy
an Uy (t — i0) =tyy, ¢ +i0) pas t =1,

TakuM o6pas3oM, FHllepreoMeTpHYecKas (byHKHHSquI (2)=F(a, b;c; 2)
MHOrO3HauHa, HO ee BETBH, KaK H BETBH GOYHKUME 2% uad log 2, ecTb
JuHelHbie KOMOHHAIHH KOHeuHOro uyucaa Gysxknui. Takue QpyHKOuH
HAa3HBAIOT KOHEYHO onpedeieHHbimu.

1.4. TIpenbiayiliie pe3yabTaThl MOXKHO OBOGIIMTh Ha BCE JHHEHHBIE
auddepennuanbHbie ypaBHeHHH C DaNHOHANBLHBIMH K03t pHI HEH-
taMH. Kak H3BecTHO JIOGOMY CTYAEHTY, JHHeHHOe AHddepenunallb-
HOe ypaBHEHHe CBOJHMTCS K CHCTEMe NI€PBOro NOpPSAKA, KOTOPYIO Mbl
3an{iieM B BHIE

{12 DF (2) =R (2) F (2).
HeuspectHoe 31ech — 3T0 cToabel

F ()
ra=(")
F,(2)
pemennfl, a R(z)— KBaipaTHas MaTpuua nopsiika rn, pauHOHAJIBHO
3aBucsmas ot z. Peeyaapuviii no Pyxcy caysad otBeuaer Iupde-
pennuaabHoll dhopme R(2)dz ¢ noaocaMu Mepeoro nopsiika (B TOM

yncse B ). [Iycts @i, ..., G — KOHEUHHE NOJIOCH, a Ay, ..., Ae—
TAaKHE NOCTOSIHHEIE MATPHIH, 4TO R(2)— A;/(z— a;) He uMeer no-
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moca B z=a;. [lomoxum X =C\{ay, ..., a:}. dysnamenrasn-
Haa rpymna I' mpoctpanctBa X cBoGoaHAa H HMeeT o6pasyiomue
Y1, ..., Y& TAe y; COOTBETCTBYeT ayre, ob6xoisfllefi a; B NOJOXKH-
TeJbHOM HanpasJeddd. B npexcrasnennn morozpomusiMu M (y;)
umeer sun U™ UT' (o6oGwenne ciyuan n=1, 8 xoropom mo-
JayualoTcs QyHKUHHA 24),

Tpamasn 3adava — sBHOe BHIUKCIeHHE MATpHL M (v;), Kak B cay-
4ae runepreomerpuyeckoi dynkuuu. Obparnas 3adawa, usBecTHAs

- KaK 3ajaia Puvada — I'uanbepra, uaum 21-1 npoGaema T'uabbep-

Ta —TI0Ka3aTh, 4YTO M0G0 JIMHeHHOe NpeacTamieHde rpynnm [
€CTb NPEACTABJNCHHE MOHOJAPOMHSIMH DEryJspHOrO B cMeiciae Dykca
ypasHenus Buaa (12). Ona pewena JI. Bupkropom u Ilneiimenem,
a TaKxe B GoJsee obumem Buae Jenunem B [E1].

1.5. PaccMOTpHM Temepb CHCTEMY JHHEHHBIX AupdepeHnHalbEEX
yPaBHEHHUN B BellleCTBEHHOH 06/acTH BHIa

(13) dy, (0)/dt = A(t) - % (0).

Ipouenypa Ilukapa cocrour B nepenucmeannu (I13) B puze unte-
rpaJbHOTO YpaBHEHHS
t

(14) O =%+ A@)x(s) ds
£
OHO peRINAeTCst HTEPALUUAMH: MONOKHM ¥ () =1 (fy) u npr n >0
. t
(15) Xost ) =1 (t0) + | A(5) 2, (5) ds;
fo
npenen y(f) ¢yskuuit y,(f) cymecrsyer u VIOBJETBOPSET ypaBHE-
Haio  (14). Dosee sBHO, pellenne HaxomuTcs B BUIe w(t) =
=U(t, t)x(t); matpuua U(¢, t,) naercs padon Hailcona

16) U, )=y S SA(S,,) .. Als)ds, ... ds,,

n=0

TAe n-KPATHHH HHTErpan Gepercs no obJaacTu fy << s;<C ... S -
< B Rn

1.6. Jlanmo-/laHnnesckuil gaa aHaJoruyHyo GbopMyJay B KOMOJerc-
HOM cayuae [A6]. Jas usBapuantHOCTH PacCMOTPHUM KOMIUIEKCHOE
4HAJIUTHIECKOE MHOroo0pasue X pasmepHocTd | u yHuUBepcadbHOe
HakpHTHe p: X— X mHOrooGpasusi X. HycTe @ = (w;;)— maTpuna
pasMepa nX n H3 roJOMOpOHHX IuddepeHnHaNbHEX tdopm Ha X.
Huddepennnansuoe ypasuenne NPHHAMAaeT BHJ

(17) dF =@ F.
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Ecna zp 1 2, — ABe Touk# u3 X, a o — roqomopdHas auddeperiiu-
21

anbHasg GopMa Ha X, TO KODPEKTHO ONpejeseH HHTerpas ga. Hre:

2
21

PUPOBAHHbLL UHTE2PAA S ®, ... 0, TAE &, ..., &, — FOJOMOD(HHE;
2o
nupdepenuanbinie Gopmu Ha X (unm Ha X), onpemeasieTcsi pe-
KyppeHTHO KakK
21 2t

(18) Voo o a={a.f,

20 20
rae ¢yukuus [ ua X sagaercs Qopmynoi

z

{19) f(z)=§an_l el Q.

20

Bosnee sBHO, BhiGepem nvTh y: [fy, f]—X ¢ KoHmaMu 2, H 2
mofoxEM Yo, =aq; (f)dt. Torza

=

rile 06s1acTh HHTErpUpOBaHUS Ta iKe, 4TO0 M B opmyae Haiicoua.
310 os3nayaer, uto AuddepeHuHaNbHOE YypaBHeHne dF = @F pe-
mwaercsa ¢ nomombio gopmyasl F(z)) = U(z;, 20)F(20), rme mar-
puia U(zy, 20) maercsa Gpopmy.ioi

(20) San Sa,, (s)) .. ay(s)dsy ... dsn

20

21

@1) U, 2=, Sm...m

nz=20 2a
(n MuOXHTeNell ®), rie onpelenenne (20) ofo6LIEHO HA MaTpHU-
Hble QYHKLIHAH.

1.7. YuunorenTroui cayuad —3TO caydad, koraa pax (21) umeer
TOJIbKO KOHEYHOE UYHC/IO HeHYJNeBhX C/araeMhulX. BOT THIHUHBIN
npuMep:

fO oy O }
{22) =
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CoorsercrBylomas Matpuua U onpenessiercss ycaIoBUAMA
21
(23) w;;=0mpui>j, u;=1, u; (2, 2)= S a;..

20

<0y 1pE i< .

Ypasueuue pesosbBeHTH U (22, 20) = U2y, 21) U(21, 20) MOXKHO re-
penvcaTh KaK (yHIaMeHTaJbHOE COOTHOIIEeHHE

22 22

(24) Sal...an=zn: Sal...a,--ilaiﬂ...an;

20 =0 z 2

€ro MOXKHO TaK¥Ke A0KasaTh paBﬁHeHH_eM obaacru HHTErpupoOBaHuA.

1.8. Hurepecesn cayua#t, koraa X — nonoanenne 8 C KoHeunoro noz-

MHOKecTBA {ai, ..., G}, DNpuieM a;=dz/(z—a;). PyHkuus
2
Sa, ... @, TOJOMOp({Ha Ha YHHBepca/lbHON HAKDPHBAIOIWIEH Mpo-
0

cTpaHcrsa X; 510 — noauorapadm L(z|ay, ..., a.), paccMorpen-
Heil yxke Jlanno-HanunesckuM. OH /1€XUT B OCHOBEe pas/OXKeHHs
B PAN «BOCCTAHOBUMBIX» (QYHKIHE DKaJsd; aHATHTHYECKOe NMPOMOJI-
XKeHde mojwaorapu)Ma X ero MOHOAPOMHS HcCJAeNOBafnch DJ0OXOM
u PamakpumnaHnomM, a GoJiee nosuo — dononom [H1].

OO6bsicHuM BX MeTOAM Ha NpHMepe duioeapugpma. PaccMoTpum
MaTpuny u3 AndepeHUIHaNbHBIX QOPM -

0 dz/z 0
(25) o=10 0 dz/(l—2)
0 0 0

OmnpelenuM Ha pacceueHHOH MIOCKOCTH Q (cm. pasa. 1.1) MaTpyrIy
1 logz Li, (2)

(26) u(zy={0 1 logl/(l—2) |,
0 0 1

YAOBJETBOPSAIOWLYIO ypaBHeHUI du = wu. ¥ Jorapudma 6Gepercs
ryaBHas BeTBb, 2 pguyorapudm Lis(2) onpenensercs aHaJHTHUECKHM

NPONOJKEeHHEM Dpsifa . 2"/, CXOAAIIErccs npu |z|<< 1. O6o-

nz=

3HaunM uepes G (L) kommrexcHywo rpynny Jlu MaTpun BHAA

1 a b
(0 1 C), a uepes G(Z)—ee moarpynny, OnpemeseHHYIO Kak
001
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(1 Z(l)y Z(2)

0 1 Z(l)); crenys o6o3saveHusM [lelunsi, MB [IOJOXUJIH

0 0 1
Z (p)=(2ni)?Z. B o6osnayeHusx pasf. 1.3 cymecTyeT KOMMYTa-

THBHAadA guarpaMma
U

X >G(C)
Pl lP' ,
X2 G(C)/G(2)

rze U u V ronomoptdHH, a u—riasHas BeTsb Ues dyukuur U.
Mounoapomusi ZuAorapudMa MOJHOCTbIO ONHCBIBAeTCs 3TOH AHarpam-
MOM; NpeACTaB/eHHe MOHOADOMHSIMH CTAaHOBHTCS IOMOMOD(DH3IMOM
M: T'— G(C) c o6pa3om G(Z). Odra KoHCTpyKIuHs obobuieda [lap-
muubm [C3].

Paccmorpum £ Kak BeKTOpHOe NMPOCTPAHCTBO Haj Q; o603HauuMm

yepes ABC BHelunHe CTeleHH 3TOr0 BEKTOPHOro npocTpaHcTsa. Onpe-
neaum orobpaxenne ¢ u3 G(C) B ARC Kak
1l a b
@7 ¢l 0 1 ¢ |=@u) @b —ac)rl— (i) an@mi)  c.
001

1o oTobpakedue cuyckaercs Ha dakrop G (C)/G(Z) kak otobpa-
xenne © us nero B AHC; oTo6pakenne ®o V u3 C\ {0, 1} 8 ASC
6uis0 ompexesaedo bBJjoxom. Bosee sBHO, 3Hauenne @D B Touke
z<=Q ecTh

(28) OV (2) =

— (@)~ (Liy (2) — Lis (1 — 2) A 1 — (i) " log z A (2mi) ™' log —

1—2z°

Hpes nepexoga k @ wHcmosib3osasach B obileM suie JlionoHoM
s [H1].
2. CBA3b C MWTEPHMPOBAHHBIMM MHTETPAJIAMM

2.1. CucreMaTHUecKd HTEPHPOBAHHBIe HHTerpaJs OBUIH Pa3BUTH
YeHOM; CHHTeTHUECKOe HaJoXeHue 3Toi TeMbr oH Aanx 8 [C2]. Omu-
canue, AaHHOE 3/ech, COAEPKHUT GOJbIIOE KOTHYECTBO HOBBIX MOMEH-
TOB, IIPHYEM HCIIOAb3YeT B OCHOBHOM CHMILIHMIHA/IbHBIE METOLH.
HamoMHHM KOe-4TO H3 CHMIVIHIHAJbHOR Teopuu. s KaKAOro
neqoro n = 0 peanusyeMm cumniesc A" Kak MHOXECTBO TOYEK M3 Rn,
yIOOBJETBOPAIOUINX HepaBeHCTBAM 0 <CH << ... i << 1; yooGHO
BBECTH H36HITOUHBIE KOOPAHHATH fp==0, f,p1 =1 H BJOKHUTbD CHM-
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nrekc A" B R™2 BepluHB cumniexca — 370 TOYKH e; = (0!
In+1=f) ¢ {4 1 xoopAMHATaMH, PAaBHHMH HYMO, H ¢ n+ 1 — i xoop-
AdHATaM¥, PABHBIMH efHHHNE (34eCh [ npoberaer MHOXKeCTsO [n]
neasix yucea (0,1, ..., n)).

O6bekramu Kareropun 9 fBAAIOTCH MHOXKeCTBa [n], a mopdua- .
Mamu — (HeCTporo) Boapacrawuixe otobpaxedus. OtobpaxeHne ¢ -
us [m] B [n] ompenenser apdunuoe otobpaxeHne § u3 A™ B A~
nepeBOAsllee BepUIHHY €; B BEepIIUHY €¢(;). B 4aCTHOCTH, AJs [ H3
[rn] mmetorcs orobpaxkedue rpatu 6. [n— 1]—[n] u oTo6paxkeHue
BelpokAeHus ¢ [n+ 1]—-[n]. Otobpaxenus di =§' uz A*! B A"
U sf = ¢’ u3 A**! B A" OnuCHIBAIOTCSI TaAK:

.y tn)=(t0, “eay ti—l’ ti’ t,:, ..
o byl =, -

Cumnauyuanrstoe mHoxecrso E — 310 KOHTpasapHaHTHHE QYHKTOP
#3 2 B KaTeropHI0O MHOMKECTB; aHAJOTHUHBI ONpele/eHus: CHMILIA-
LUAJbHOH TPYINB, CHMILIMIIHAILHOIO MHOroo6pasud 4 T, 4. MoXHO
onucate E, 3agas mnocnenosaTesbHOCTh MHOXKecTs Eo, Ei E, ...

{29) d’(t,, ..
(30) s'(t, ..

.» t,) (t; moBTOpEH);
v by tivay - oy Baye) (4 OIymIeH).

¢ OTOGpaxeHuaMy rpatu di: E,— Eny ¥ BHpOXKAEHHHA Si: En— Eqqy

npu 0 << i <Cn, YIOBAETBOPSAIOMIKX COOTHOWIEHHSM, KOTOPEIX MLl HE
6yneM 3hech NOBTOPSATb. Kocumniuyuansbroe MHOMCECTB0 — 3TO KO-
BapHaHTHHE (GYHKTOp U3 %; OH ONHUCHIBAETCS NOCAEA0BATENbHOCTHIO
mHoxKecTs EY E!, E2%, ... ¢ oro6GpaxeHusimu rpauu d E'—E" u
BBIPOKIEHHA s EMl - Ermpu 0 << i< n.

2.2. Tlyets X — nuddepeHuupyemMoe MHOrooGpasue, ckaxeM, KJjac-
ca C~. Kuaaccuueckass KOHCTPYKIHS CTABHT B COOTBeTcTBHE X CHM-
naHnHaJbHOe MHOXKecTBO C.(X), KOTOpOe B CTEMeHH 71 COCTOHT K3
MHOXecTBa Cn(X) HenpephisHux oToGpaxenudt A" 8 X (cuneyssp-
HblLX CUMNAEKCO8). MBI HCIIO/AB3YeM reoOMeTpHYECKHH BapHaHT KO-
6ap-KOHCTPYKLHH; KOCHMILJIKIHaJbHOe MHorooGpasune M® (X) co-
CTOMT u3 MHOrooGpasuit M*(X)= X"+2 u oneparopos d’ u s¢, onpe-
deasieMux GopmynaaMu (29) 1 (30) coOTBETCTBEHHO.

Ooa nuddepenunpyemoro Muoroo6pasusi Y 0603HaYHM uYepes
a’ (Y) npoctpaHcTso BHEWHKX AuddepeHnHasbHbIX p-GpopM Ha Y,
a yepes d: a?(Y)—a°+! (Y)— Baewnust guddepernual.

BosBpamtasick K MHOroo6pasuio X, cBsizkeM ¢ HHM OHKOMI-
nekc C (B «ueTsepToM KBagpaute») ¢ C™ "=a™(X***) upx
m=0, nZ=0. Oea auddepednnara — 3To, ¢ OZHOK CTOPOHHI,
BHemHHA Aupdepernnan d, oTobpamawmui C™ ~"=a™ (X"*7)

8 C"" TP=g™ (X"*?), a ¢ apyroit — KOMOHHATOPHBIK AHD"
depermman A uz C™ =a™(X"*?) s C™ "Ml=g"(x""),
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S ‘(d ( by 6par-
epeBOASLIHA K B 3 (=™ (d°)" u (uepes (d’)" u o6osnauen 00Pp
o _ .
ot . ntlg X*? ayuM yepes
abifi 06paa p np oToGpaxennn d' ka X" B X Fl.i)gggnnomeﬂo%a-
I'" accOnHMPOBAHHBIA KOMIIJIEKC. DaeMeHT U3 e ere.
reapHOCTh b = (Mg, By, - - -), TAE u,—aud epennuan opua 1
4 p Ha X"*% ero auddepeHiHas — 3TO MOCAESNOBA
NeHH N ;

(vo, v ) w3 I?*!, onuceiBaemas Gopmyod
v=={Vgy Vi «+-

& n+i di)*
@1) vo=dp+ 2 (=" @Y

naexkcom Yena.

T eKC Ha3bIBaeTCs KOM _—
O e auddepeHnnalbHpe GOPMBl Ha X, 06 4
B oy o . X2 rpe m, W @, — NPOSKIUHH
qpM uyepes @+ § popMy W A", HA 47, TAe T, X% P ot

A
aXp Xy Ha HT. A
HUHO OIIpeAe/IsAeTCH S
pide 121{2}132101\; a (X)p—,uuq)cpepeauﬂanbnaﬂ &;))anyupo;ealligiﬂemﬂ
rebpas. a’ OTOXK
HeHHAdA K ,

; -KOHCTPYKIHSA, NpHME teTch

Ao %ir?nﬁxcomp}f" oﬁ’pasoBaHHmM IIOCJIe,lIOBaTe.JIbH%(;ToﬂMMOI;, » Ko
b

: nom{(:(axmoe {p pasiaraercs B KOHEUHyI CyMMy JI;IIH o o
TOP;EIX X Clnp1, NPHUEM U, OGpamiaercs B HYyJb I )
[0 7)) o n4is v

60JbIIHX 7.

i B X cocrour u3 C™-0TOGPaXEHHH ¥:
i ‘I_(I)pcl)]CT—E?C;Bo(;bi{ng Tlfg MHOro0GpasKe, HO KacaTenb;x;n:xz ;; PX
l;‘x;ygn’ y BEKTOp MOMKHO onpeﬂe.ma;l;l Kffogamn;go%a((;;af zgcarenbuuﬁ

b
CaTenbﬁoeXpacchézi?z (?)—){(H(()Haigmy OmpeneaeHo KacaTeanoeH:?II::
oD MpocTy T80 K #X B y. 3HAUUT, BHEUIHAA nudepeHnn: b
o HpOCTpaH(; PX — 3T0 AHTHCHMMETpHYECKAH nonmuHeHHBa
%aﬁ (EEEM(?)(\? Elj , Zp) OT 3/1eMeHTOB &t ---» E, MpOCTPaHCT
YHK R TT

g — otodpaxe-
6pasHe, a ¢ — OTOOP
— audbhepeHIEPYyEMOE MHOro0 e
H};IC;(I:)CS C”ﬂu(ap(g&l B X; cBsiKeM C HHM orcjlﬁpi{fegggﬂi HqTo
:H})I? 3ananHoe dopmyaoir @(s) (t)=(p(f1,at).¢x egVﬂeM roaoi)mb,
TaKoe’ o6parubiii 06pa3 D*o p-qyopMo?x ® e'q)o“ e Lo
410 @ — (hopMma (caaboro) Kiracca C>=, eciH ic KOMIII)JIeKC e
o0 nepb MOXKHO ONPERCTHUT
6¥?;‘§()Kﬁzﬁcaqg) @Iea'%?X)—*a' (S) Bcerza Oymer COBMECTHMO
a , :
e ety onyuaeM onpeleneHne QyHKuuH
M cayyae p==0 MH TOJaY eane Dymaur?
‘(cngﬁg:g;‘“znaccz C> na PX; ee ,ump(bepa(}}}?uag (p;gEuHouana
1(#X) ectp He UTO HHOE, KaK BapHauusd v,
tll?(p) B CMbIC/I€ BAPHALHOHHOr0 HCYACICHHS.
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2.4. Hrepuposannoui untezpanr— sro roMmomMopbusm / kommiekca
Yena I B koMnaekc ge Pama npocTpaHcTBa FPX.

aa mo6oro ieqaoro n =0 paccMoTpum oTobpaxenns A, H3
PXXA* B X™2 nepesopsmee (v, 1, ..., ta) B TOuky (y(0),
v(2), ..., v(ta), (1)) MHOroo6pasus M"(X)= X"+2, Cjerka 06.
o6wKB MOAX0n H3 pasn. 2.3, MOXHO onpenequte auddepennas-
Hue popuul Ha PX X A*. Bynem cuutath usBecTHod npouenypy 4ac-
THIHOTO HHTErPUDOBAHHA (WJIH B3ATHS NMPIMOro o6pa3sa), conocrae-
Ag0Wyi0  nadodepeHnrasbHOE  opme A crenmenn n+p "a

SXA" p-bopmy A= S A ua S. Tak kak B8 X MOKHO oto6pa-
An
KaTb (HacTosHE) MHOroo6pasus S, 3ta npoueaypa o6obmaercs
Ha auddepernnalibunie GOpME Ha PX X A~
YCTb Tenepb u==(ug, 1, ...)— sjeMedr uz TP, Has kaxporo
n=0 Ha XX A" onpenenena nudoepeHnnanbas popma K,

crenedd n + p. [onoxum [ ()= Z S h.u,; ecan psix cxomures,
nz=0 An

TO 3T0 — p-dopma Ha PX, Eciu sjement v=dp4 Ay u3 Ir+!

ompeneser 1o gpopmyae (31), o al(p)y=1(v).

Bostee nmpusbiuen caeaywomui BapHAHT. 3ajaguM n augpdepen-
UHATBHEIX QOPM &y, ..., a, CTemeHn | HAa X H MOSOKHM we==1X
XX ... Xa, X1, a Um =0 0pu mstn. Mu noJiyyaeM 3Je-
MeHT p u3 I'% /(u) 6ymer dymkumedl kaacca C* ua #X, 3Hauenue

KOTOpo# B y Uen o6oswayan \ o ... a,. Scwmo, uto HTEPHPOBAHHbIE

¥
HHTErpanbl u3 pasf. 1.6 — vacTHm#l cayyai stofi KOHCTPYKIIHH.

2.5. @UKCHpPYeM [Be TOYKH a u b na X, O6osnauum uepes P, X
IPOCTPAHCTBO NyTel C HAYaJOM a H KOHUOM b. [pemmectsyomue
OlpefeneHuss MOKHO MOAUDHUUHPOBAaTh, NOJNYYHB KOMIJeke Uena
I', , u HTepHpoBaHAH uurerpan [, : I',  —a’ (#,, ;X). ®yHna-
MeHTalbHasi TeopeMa Yena [Cl] yreepxnaer, uto kozomosozui
Komnaexca I‘;, p COBNAOAIOT C CUHSYAAPHOIMU KO2OMOAOUAML npo-
cTpancrea nyred Pa »X, no kpaiinei mepe ecau X — KomnakrTHoe
odnocsasnoe miozoobpasue. B HaCTHOCTH, IIPH q == b [OAyyaoTCH
KOrOMOJIOTHH NPOCTPAHCTBA HeTelb MHOrooGpasus X.

2.6. [lpyrag o6Jacthb NpHJIOKeHHA KacaeTcs ONpefeNeHHsT MHO20-
BHAYHbLL PYHRKYUL Yepe3 HTepUPOBAHHBE HHTerpaanl. Ecan a n b —
ABe TOUKH U3 X, TO 0G603HauMM uepes II, ,X MHOKeCTBO JHHEHAHO
CBASHEIX KOMNOHEHT NPOCTpaHcTBa P »X; B uacTHOCTH, I, o X —
3T0 (yHRaMeHTaJbHAs TpYINa m (X, a) npocrpancta X. Ha camom
A€le MOXHO OmpelleauTb (aKTOPHPOCTpaHcTO LIX IPOCTPaHCTBA

5 Byp6akam
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#X, nakpuisaiomee X X X co caoem g, s X Haz)n( TOYKOH a(a,Ml:))}K:g
XX X (rpynnoup Ilyankape X). OTmeTdB H2 A TOUKY . MOKHO
peannsopaTh X — yHHBEpCAAbHOE HAKDHITHE X —xak I‘IOI[MX
pasue B IIX, TouHee, o6belnHeHHE IIs, oX, roe b gpoﬁerae’r .

[Tycts Tenepb p == (Mo, Wi, ...)—>3JjeMmeHT u3 I’ ’;1+1§H§1rma cnc;r(aa;a_pi
in — U depeHLHalbHaT ¢opMa CTeneHu 71 HA Xn+2, ?Il}([amr;é "
¢dynguus Ha PX; OHa omycKaercs IO ¢yukuud F Ha raa
TOTbKO TOT/A, KOTAA ee orpaHnuenue Ha Po, sX JIOKa/TbHO noacTT0 1HHO
np# (HKCHPOBAHHBIX & H b. B m:ubcbepenunanbnou tdhopue
cLIBaeTcsd KaK CHCTeMa ypaBHEHHH

(32) dp, + 2 (=" @) B =0.

B ciyyae xoria HEOGXOAHMO COCHUHTATDH maddepennuan dF, dop-
Myasl (31) H (32) MOXHO CKOMGHHHPOBATb: dl(p)=1(v), rae

(33) v = (=17 (") Bt = (@) Basr
3adukcupoBaB TOUKY a Ha X, QYHKIHIO F MOXHO OrpaHHUHThb [0

dyukuan F #a X — yHuBepcaJbHOHA wakpuBalome#i X. d1o GyAer
MHO203HauHan pyrkyus na X, COOT8eTCT8YI0UAR .

mud. Tlyctb @ = (0i) —
9.7. Hacrano BpeMsi BE€DHYTbCS K MOHOLDO

marpuna pasmepa m X m H3 Jud@epeHIHaNbHEIX I-QOpJFEfm)Ig.
PaccMoTpuM CHCTeMy AH(@epeHIHaNbHEIX YpaBHEHUH = oF,
uau, 6oJee sIBHO,

m
(34) dF,= Y, o, F; upa 1 <i<<m.
j=1
Iapansesvtbul neperoc BEIpaXKaeTcs GopMyI0H
(35) Uy)= Z Sm ... ® (n vHOXHTEJEH ©),
nz=0 vy

i . 1.6). HOpyramm
foe Y — MPOH3BOJbHLIH IyTh (060CWEHHE pa3d
C?IOBavM[fI, %Toﬁpameﬁae v—>U@y)=(U; () 53 X B GL,(C)

sagano mnocpeacTsoM dopmyan Uy =1 Qy), toe Qy=(y 0
Q;; 1, - ..) — 3JEMEHT H3 I'°, npuuem
36 Q.= Ziu I1><m”1><mi‘i2>< o X, XL

N S /

YcioBHe HHTErPHPYEMOCTH CHCTeMbl (34) 3amHCHIBA€TCs Kaac-
cHYECKH B Buie do — o A @=0, ulH, TOUHee,

(37) d(l]i/ _— kz‘ Wip A Op; = 0.
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Huisi Toro yto6ul Matpuna U(y) Ansi NyTH ¢ QHKCHPOBAHHBIMH KOH-
IaMH @ ¥ b 3aBucesa TOJbKO OT KJacca rOMOTONHM [y] mytu v, He-
06X0LHMO H AOCTATOYHO, YTOOH GOpMH Q;j , YAOBJIETBOPSAMAH YCJIO-
Buo (32). IlpocToe BEIYHC/IEHNE MOKA3HIBAET, UTO 9T0 IKBUBANCHTHO
ycarosuw uxnrezpupyemocry (37). Ecau oHO BLITOJHEHO, TO MOC/E BhHI-
Gopa (MKCHPOBAHHON TOUKH @ npedcrasiexue MOHOOpomusmu M-
7 (X, @)= GLm (C) Oaerca popmyaost M([y])=U(y).

2.8. Beenem aaredpy A, =C(Ty, ..., T,) n0oJUHOMOB OT HEKOMMY-
THPYIOWIAX HepeMeHHnX T1, ..., Tp. HauMeHnbllee BekTOpHOE mnoOJ-
npocTpancTso Ap, comepxkaiiee nepemensme Ty, ..., T, u crabuin-

HO€ OTHOCHTENIBbHO CKOGKH [u,v]= uv — vu, HasHBaercst cBOGOA-
HOH a/are6poit Jlu &, CymecTsyeT roMomopdusm aarebp c: A, —
— A, ® Ay, xapakTepHsyeMmuii cBofictBoM c(T;)= T/ ®14+1®T,,
upuiem £, COCTOMT H3 3JEMEHTOB u H3 A, co CBOHCTBOM c(u)=
=u® 14 1@ u. Paccmorpum takike anre6py A,=C((Ty, ..., To)>
(opManbHHX pagoB or Ty, ..., Tp, m 3aMuKaHHe .?p ajreGphE
Ju £, B A,; £, XapakTepuayercs aHaJOrHYHO F) (060 BceM
3TOM cM. Byp6aku [A2, ra. 2]).

Iyets ay, ..., a,— anddeperunavusie 1-popmu Ha X, u IyCTh
@ ==Tio, + ... + T,0p. Bosspamasich k GopMyJe mapaiienbHOro
nepexoca (35), MB IPHXOAUM K ONpeleJeHHIO (GOPMATbHOrO psia

(38) U=y (S“fl"'“in)'Tf,'“Ti'

n

n=201i, .., i, \Y
Tlyets pyy ooy By Bmits oo or Bman cyTe l-gopmum Ha X. Huas
KaKJAOro NyTH Y BHIOJHEHO YCJOBHE <«IEePETacOBLIBAHHUAY
E —
(39) S By oo “’mS Bmgy oo Ppyn = Z S “’6(1) T !“l'a(m+n)7
v v G v

rie o npoGeraeT MHOXKECTBO TeX NEPECTAHOBOK H3 Smin, KOTODHE
BO3pacCTaioT Ha MHTepsaniax [l,m] u [m+ 1, m + n]. Teomerpuue-
CKH 5TO OTBeyaeT pasbuenuio A™ X A" Ha CHMIUIEKCH. DTOro yxe
AOCTaTOUHO [JIsi 0GocHOBaHKs cooTHomerus ¢c(U(y))=U(y)®U (y),

o6o3Hadatoutero, 4to psn log U(y) aexur B anrebpe Jiu &, (06
stoM cM. [C4]).

3. MHTEPSIIOAMS: TEOPUS XOAMA

3.1. Haunem ¢ neckonbkux o6osuauenudt, [Tycts X — riagkoe (T. e.
fe3 OCOGHX TOYEK) KOMILIEKCHOe ajare6panueckoe MHOroo6pasme, a
d — ero KOMIIEKCHAas Pa3MePHOCTb. BBeleM pasiHyHbE MPOCTPAH-
cTBa Ju(ppepediHanibHEX POpM: :

5#
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a*(X) — nuddepennuanbibie ¢popmu cremenu n') kaacca C%;
Q" (X) — roJomopdube nuddepeHnuaabHbe (GOPMEI CTENEHHA 17}
FPa™ (X) — ¢opMbi, JIOKaJbHO pas/OKEMHE B KOHEUHYIO CyMMy
dopM BEHAa @A, rAe G roJoMopdHa cTeneHs p, a § eCTb c™-
dopMa CTeneHud n — p; )
aP 9 (X) — GOpMH, JOKANbHO PAa3J/IOKHUMHE B CYMMY YJIEHOB fa A B,
rae [ CP-dyHKu®s, @ ronomopdua cremexd p, a f rosomopdHa
crenend q2).

EcrtectBenHo, X MOXHO 3aMeHHTb HA J000e €ro OTKPpHITOE NOA-
MHOMKECTBO, MO3TOMY ONpefeNeHb nyuxu a*, Q" Fra", a@*9. Ecau
& — opuH ¥3 3THX NYYKOB (3a uckJiouennem Q"), ro H (X, F)=10
npu Jo6oM ueaom i > 0.

3.2, JI1s TaKHX MPOCTPAHCTB, KaK X, CYLLECTBYIOT TOXAECTBa MeXAY

CHHIY/IAPHEIMH KOTOMOJOrHAMH U KOromosorusmu Hexa u ne Pawma.
n

TloaToMy MOMKHO CYUHTATh, YTO Hé=H"(X, C) — 310 n- rpynna Ko-

romoviorufi KoMmJiekca ge Pama a’ (X). FMeercs yGuBaiomas Io-

C/1e0BaTeNbHOCTb MOAKOMILIEKCOB
@(X)=Fa X)DFaX)>...dFaX)> FPrlgo () o ...

" o I
O6o03uaunm uepes FPHE o6pa3 B Hc_ n-ik rpynmmel KOroMoJOrHH
noxkomnJekca FPa’ (X) xomnaekca a’ (X); Toraa uMeercs yGhiBaro-
mAas Nocae0BaTeNbHOCTb NOANPOCTPAHCTB

HEi=F'HES F'HED ... D FPHED
S FPHEES L o FPHES F*MHE=0,

KOTOpast HasmBaercs ¢uavTpayuel Xodma xoromosoruii MHOrooG-
pasus X.

Ho u3 teMMb J101b60 JI€rko ciaepyer, 4yTo g-st rpynna Koromong-

. . q
ruii kKommuekca FPa’ (X)/F’ +1lg° (X) oroxnecrBaserca ¢ H (X,.Q )
(koromogioruaMa myuka QF). K3 ¢mipTpau#H KOMIJeKca & (X)
noakoMnJjekcamMe FPa” (X) BbIBOXHTCA CINEKTpaJgbHas INOCJenoBa-
TeJbHOCTD N
EP "=H(X, @)=H""(X; C).

3.3. IlpennosoxuM, uto X — npoexrugroe mHo2o00pasie, a NOTOMY
KoMmnakTHO. M3 Teopud XOAXKa rapMOHHYECKHX (OPM cjeayer, uTo
YnoMARYTAs CHeKTPAAbHAS NOCAe008ATEAbHOCTb BbLPONOALTCA HG
yposue E,. Vinaue rosops, 0603naunm depes H? (X, C) (aaum npo-

1y B pemecrseHHOM cMHcae. — [Tpun. nepes. _
2) Eeam u— KOMIJIEKCHOe WHCIO (HiH GYHKIHS, HIH ¢dopMa), TO uepes &
0603gagaeTcs KOMIJIEKCHO CONpPsKEHHOe K U.
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cro Hp. 9) noanpoctpanctso B H2YY, o6pasosannoe kiaccamu koro-
MOJIOTHH, NpPEACTaBjeHHBMH (opMaMH u3 a” 9. MOXHO OTOXKie-
ctBuTh HP 9 ¢ HI(X, QP). Bosiee TOro, BHNOJHEHE COOTHOIIEHHS

(40) HE¢= &G H” 1,
ptg=n
(41) FPHE= B H" ",
rzp
(42) H"?=H"" wpn p+q=n.

Jlenuub BHIPA3HJ 3TH CBOACTBA CIOBaMH «(HJIbTpanHust XOMKa Onpe-

nenser crpyxtypy Xodma eecan ma Hi». Vs npeabaymux top-
MYJl BHIBOAHTCSH paBeHCTBO

9) H” " = FPHE 0 FPHE,

n0sTOMy pasaoikenue HG B cymmy H”? omnosnaumo ompepenser-
ca Quabrpanselt Xoaxa.

3.4. Doabmoe pocrukenne Hdeanus [E2] orHocurcs k cayuaro wue-
KOMNAKTHOLX QA2e6pau4ecKux mHo2006pasuil.

I[Ipeanonoxum, yto X — nono/fHenne K AuBH30py D ¢ HOpMaJib-
HbHIMH [lepeceyeHHSIMH B [JIa[[KOM NPOEKTHBHOM MHOroo6pasuu X.
B HecKOJIbKHX HHTepecHBIX cayuasx X BO3HHKAET €CTeCTBEHHO; AJS
TIPOU3BOJILHOrO X €ro CymecTBOBaHHe CAeAyeT U3 TeOpeMH XHpO-
HakKu O pa3pellleHHH OCOGeHHOCTeH.

[losAcHEM npeiMoNOKEHHE O HOPMAAbHLLX Nepecedenusx: cyuie-
cTByeT yGhIBaOmlas NOCAENOBATEbHOCTh XoD X, D ... D X, an-
reGpaHyecKHX TOIAMHOroo6pasuii B X, rize X,=X, X, =D, X,
HMEeT KOMIJIEKCHYI0 pasMepHOCTb d — j W, KpOMe TOoro, BO BCeX
Toukax X, \ X, ==X, MOXHO HafTH TaKyio JOKaJbHYIO roJoMopdh-
HYIO CHCTeMY KOOPAHHAT 21, ..., 24 Ha X, yT0O D B OKPeCTHOCTH x
3agaercs ypaBHeHHeM 2p ... 2, =0(.

HJist BEHIYUMCJTeHHsT KOroMOJIOrdi MHOrooGpasus X HcHoJib3yercs
CIeKTpaabHas NocaefoBaTeJbHOCTh Jlepe BKAOuenus X s X. Ias
3TOro HeoOXOAHMMO paccMOTperh nyyok R9j,C ua X: cjaoli 3TOro
Myyka B TOUKe X U3 X ecTb MHAYKTHBHHE Npenea rpynn H9(XNU,C),
rie U npoGeraer OTKpEITHIe OKPeCTHOCTH TOYKH x B X. DTH NyukH
BBIYUCAAIOTCA COrJIacHO IHIOTe3e O HOPMAaJbHEX IepecedeHusix, TaK
KakK B Touxke u3 X, napa (X, X) Bemer ceGa kak mapa (C4 C* X
X C4r) B HauaJe KoopauHat B C4.

Henunb BBeJ QUITpanmo audQepeHnHaIbHHX HOPM MO UX Be-
caM. [Ias KaXOro 1eaoro s u3 npoMexytka 0 << s << onpefenuM
noanpoctpancts0 Wsina®(X) B a*(X) caenyromuM o6pasom: 3TO
au@depennuaibuue GopMu cTeneHn 7 Ha X, KOTOpHE B TOYKe X
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13 X, JOKaJAbHO 3aMHCHIBAIOTCS KaK

dz; dz;
1 S
(44) o= E a, ;A Ao A .
, A 2
l<11<...<isgr 1 s
roe GopMH @, , CTeleHH n— s JeKaT B Kaacce C® B OKpecT-
Lo g
HOCTH TOUKH X B X, a CHCTeMa KOOPJAHHAT 2i, ..., 24 Ta XKe, UTI0°

H BhIIIE.

Hakoren, o6o3mauuM uepes Wi,,HC NOAIPOCTPAHCTBO B HE,
06pasoBaHHOe KJaccaMH KOTOMOJIOTHH C MpPEACTaBHTENAMH H3.
Weina"(X). Becosas quarstpayus 8 HE — 370 BO3pacramollas No-
C/1€0BATENbHOCTb NOJANPOCTPAHCTB

(45) 0 W HEC WopHEC ... €W HEC WoHG = HE.

V10610 nonoxuts WiHE=0 npu t <n n W:HG=H¢ npu t > 2n.
Kawouesoll MOMEHT — 3TO TO, UYTO APOCTPAHCTSA W:HT 3aBHCAT
ToIbKO OT X, a He OT BjaoXKeHuss X B [JafKOe KOMIAKTHOe MHOro0G-
pasue X.

3.5. [logmToXHM CHTyauuio. Byzem mucats HZ smectro H' (X, Z);
aHaJOrKYHO BBedeM Ho.

a) HZz — KOMMYTATUBHAA 2PYNNA KOHEXHO20 TUNA;

b) HS moxcro orooucdecreurs ¢ Q ®zH%, a HE—c¢ C ®zHZ.
Kpome Toro, Ha H ompeneneHa guastpayus Xodsxa, T.e. yboi-
saow4as TOCJAEN0BaTebHOCTD NOANPOCTPAHCTB FPHE (upu p us Z),
A 8ecosas QuasTpayuf, T. €. 803paCTAIOU4AR NOCAEA0BaTE/IbHOCTE
nopnpoctparcts W HE (mpu r u3 Z). BrinosHeHsl cieayiolmne
CBOWCTBA:

¢) Cywecrsyror Takue noonpocrpancrea W H & BeKTOPHO20 NPOCT~
parcrea HS nad Q, wro W, HE=C ®q W, HS (Becosas QpupTpauus
oupene]eHa Haj [0JeM DalHOHAJbHBIX YHCEJ);

d) noaosmum Gry HE= W HY/ W . HE; cnabOun 970 npoctpan~
cT80 uastpayuell, onpedereHnol 06pasamu nOONPOCT PAHCTE FPHEN.
NW.HE roeda GrY HE ¢ aroil guasrpayueii ecro ctpykrypa Xod-
Ha geca r 8 cmoicae pasf. 3.3.

VimeHHO 3TH cBoiicTBa [enwHb ¥ BHOpPaJ B KayecTBe AKCHOM
cmewannoll cTpykTypot Xooxa.

3.6. CoraacHo csofictey d) u3 pa3g. 3.5, IpOCTpaHCTBO Gry HS
pasJjaraercsd B IPSIMYIO CYMMY MOANPOCTPAHCTB Hp, ; (masg p+q==r).

TlosToMy pasMepHOCTs A" npocTpaHctBa HE paBHa ), hp 4, THE
P, q
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hp, ¢ — pa3MepHOCTs Hp, ;. B uHTepecylomux Hac cayuasx Aj, , =0,
KpoMe KaK npu p<<{n, ¢<<n u p+q>n. Ecax rpynna Gr¥ HE
HE paBHa HYJIO, TO rOBOPAT, YyTO BEC 7 BXOAHT B IPYNIY KOroOMO-
Joruit HE = H" (X, C); BXOLKTb MOTYT TOJIbKO B€Ca 2, N+ 1, ..., n,
Bec n cootserctByer o6pasy W.H% romomopthu3mMa orpaHKyeHus
3 H"(X, C) 8 H*(X, C).

Ipeanonoxum, yto X=P!(C), a D={0, oo}, 1. e. X =C".
O6o3nauum yepes Z(—1) cvemannyo cTpykTypy Xoaxana H{(C*, C).
BriGopom B KauecTBe $asmca KJaacca KOroMmoJsoruii dzfz 310 mpoct-
paHCTBO otoxpectBasiercs ¢ C, otkyna Z (—1)C=C. Lenoyucuen-
Hble KJacChl KOrQMOJOrH# — 3TO leJiele KpaTHbe dz/2miz, OTKyxa
caenyert, uto Z(—1), = (2mi)~' Z. Hakonen, 3 Z(—1) BXOZHT TOJBKO
BEC 2, W Z(—1)c=0, W,Z(—1)c=C, npusen ! ,=C. Ipyrumun
cloBaMu, Z(—1) — wucras crpykrypa seca 2 runa (1, .

4. OBOBLLEHHBIE AKOBMAHbI

4.1. Ilycte X — KOMIaKTHAsA PHMAaHOBA NOBEPXHOCTb poga g. Ot-

MeTHM TOYKY a ua X u 6asuc oy, ..., ag npocrpancrsa Q!(X) ro-

Jomophubx 1-popM Ha X. Ilycth, HaKOHen, X — yHHBepcaJ/ibHOE Ha-

kputHe X oTHocHTenbHO 4. OmpefelinM oOToGpaxeHHe (o u3 X B
z 4

Cé popmyaoit §,(2) =(S a, ..., S Gg |5 TYCTh A — MHOMKECTBO
a a

BEKTOPOB U3 C¢ Bupa (S Apy ovesy Sczg), rae y— meras, npoxons-
Y Y

mas yepe3 a. XOpOIIO H3BECTHO, YyTO A — usomopdHas Z2€ puc-
kper#as noarpynna B C¢. fAxobuan J(X)— 310 KOMIIEKCHEIR TOp
C¢€/A, npuueM MOIKHO NOCTPOUTb KOMMYTATHBHYIO AHArpaMMy

~ 0,

X% ce

’

| p
v 4

¢
X—=71(X)
aHAJIOTKYHYIO AuarpaMme pasa. 1.8.

4.2. MoxHO feficTBOBaTh 00Jiee o0mo u GoJsee WHBAPHAHTHO, Ompe-
nexuB Mmuozoobpasue Aavbanese Alb(X) raafkoOro NpPOEKTHBHOrO
anre6panyeckoro MHOrooGpasus X.

Crauana o6o3HayuM depe3 FPV* mOANPOCTPAHCTBO CONMpPSIKEH-
Horo K V mpoctpanctBa V* optoronadbHoe F!™PV, rae BekTopHOe
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NPOCTPaKCTBO V cHaGkeHO yOhBaloUle QuAbTpanuel mOANPOCTpaH-

cteamu FPV. Takum o6pasoM B V* noaywaercs yGuBamouas ¢uib- .
TpauHs, NpHYeM NpocTpaHcTBO QrPV* = FPV*/Fr+/* nBoficTBEHHO .

npocrpanctBy Grr”V = F PV/F™"*'V. Ananoruunbie cornamenus
MBI IPHMEM H OTHOCHTEJbHO Bo3pacTtawued puiprpanns (W,V), o 7.

[TosToMy MOKHO OmNpenesauTh ABOHCTBEHHYI0 K CMEIaHHOR CTPYyK-

type Xomxa CTPYKTYPY.
Ha mnpoctpatcre H'(X,C) cduabtpanus Xomxa ONHCHBaeTCS

KaK
FPHY(X, Cy=H'(X, C), F'H'(X, C)=Q'(X), FH'(X, C)=0.

[Tosromy Ha rpymme romosorait H,=H(X,C), nsoificTBeHHOIL
Kk H (X, C), nmeerca ¢punbrpanus Xoaxa

H =F'H > FH >FH =0.
Tenepb MHOroo6pasue AsbGaHese onpexnesieHo popmyaoi
Alb (X) = H, (X, Z2\H, (X, C)/F°H, (X, C);

npoctparerBo H, (X, C)/F°H,(X, C) oToxaecTBASAETCS ¢ CONpPSKEH-

gaM Q' (X)" x npoctpadcrBy Q!(X). Bubepem GasucHyio TOuKy @

Ha X; o603HaunM uepe3 X yHuBepcaJbHYIO HakpuBawomyw X. Onpe-

ZenuM oToGpakenue §, u3 X B Q' (X)" dpopmyaod (§,(2), 0)y=
2

= S o mpu o u3 Q!(X); 3TOT HHTerpaJ KOppEKTHO ONmpejelieH, TaK

a
Kak do =0. Tlepexon K dakropam ompegejseT OTOGPAKEHHE Qa
13 X B Alb (X) = H (X, Z)\ Q! (X)*.
4.3. HanomuuM Koe-uto u3 Teopuu Maavyesa HUAbROTEHTHOIX
epynn'). Tlpeanonoxum noka, yto X — pupdepeHuupyemMoe MHOrO-
o0pasue; OTMETHM TOUKY a U noaoxuM = (X;a). IIycts n KO-
HEYHO MOPOKAEHA — 3TO BHIIOJHEHO B CAyYyade KOMILIEKCHOrO aJres-
pPanyeckoro MHoroo6pasus.

[Tycte Cnu—rpynnoBast ajire6pa m ¢ KOMIVIEKCHHIMH KO3(du-

LIHEHTaMH, 06Pa30BAHHAS KOHEUHHIMH CyMMaMu . agzg. Conpsken-
I3

Hoe K Cm MpOCTPaHCTBO OTOXKAECTBJAsieTCS ¢ NpOCTpaHCTBOM F ()
KOMIIEKCHBIX QYHKIHH Ha x. [lycts J — aBycropoHuuit uaean B Cx,

onpenenseMbl COOTHOIIEHHEM a,=0, orkysa Cn//=C; nycrth.
P g ) y y

g
J°=Cn, J'==J, J2=1J.], ...—cTenenu uneana J. [ia mo6oro
estoro s == 0 o6osHaunM gepes F () OPTOrOHAJbHOE AONOJHEHHE

1) Cum. Ksuanen [D3]
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K I°*! B F (%), T. e. MHOXKECTBO TaKHX oToGpaxKenuit j us n 8 C,
YTO
F,(1—g) ... 1—gh=0

npu go, ..., s & n. MH Onpenenusn BO3pacTaioUIyi0 NOCAEAOBA-
TenpHOCT Fo(m) noanpoctpanctB B F (n); 0603HAUMM Uepe3
F () ee npene.

Ecmu m—>st0 rpynmna Z7, 1o Fs(n) COCTOUT U3 OrpaHHUYEHH
Ha Z" NOJHHOMOB CTeNeHH <<s Ha R~ a F « () — npoctpaHcTBO
NONHHOMHAJNbHEX DYHKIHE Ha M.

B ofuieM ciyyae HasOBeM yrunoTenTHoiM ') NuHeHHOe NpecTaB-

Jienne o: n— GL(V), rae V — KOHeyHOMepHOe JIHHelHOe MPOCTpaH-

creo Hapg C, ecaw onepatop ly — o(g) HUIBNOTEHTeH AAs MIO6Oro
g=n. Tenepp Fo(n) cOCTOUT U3 KOSPPUIHUEHTOB YHHIOTEHTHHIX
npeacrasienufl n. Kak o6uyHO, F (1) ® F (1) OTORKIECTBASIETCSH C
NOANpOCTPaHCTBOM & (X ) Tak, uto fi & f, mepexoaut B GyHKUHIO
(&1, 82)—>f1(g1)f2(g2). Temeppr MOKHO mnOKasaTh, uT0 F oo (m)—
nonaarebpa 8 F (n) (c ymuoxenrem (fife) (¢)="11(g)f2(g)), npu-
YeM CYIIECTBYeT TakOH roMOMOPGH3M ¢ H3 Fw(n) B Fu(n)®
® Fowo(m), uto cf(g1, g2) =[(8182) npu f & Fw(m), g1, g2 43 m

HpyraMu cioBamu, Fw(n)— 3TO 6uaazebpa B cMbicie byp6aku
(nekoTOpHe roBopsT <anre6pa Xongas). O60sHaunm yepes G (C)
MHO2KeCTBO roMoMopdusmoB ajire6pn F »(n) 8 C; Gaaromaps Ko-
npousseneHuio ¢, Ha Gw(C) MOKHO ompenemntb yMHOXeHue, Ipe-
Bpamalomee ero B rpynny. PakTHUECKH 3TO MHOMKECTBO KOMIJIEKC-
HHX TOYeK apPUHHOH rpynnoBofi cxeMmbl G, onpenenenHoil Hag Q;
3HAYHT, MOXKHO DAacCMOTpeTh U MOArpynny Ge(Q) paunnoHasbHEX
TOYEK.

Ilpu xaxpom nerom s==0 F (%) — KOHEYHOMEDPHOE BEKTOPHOE
IPOCTPaHCTBO ¢yHKuuE Ha (; ABOHCTBEHHOE K HeMy IPOCTPAHCTBO
oroxaectsaserca ¢ Cn/Jst!. Eciun g —r1ouka u3 G (C), T0 OTO-
Gpaxenue [r—>F(g) uz Fs(n) B C ompenenser saement ys(g) u3
Cn/Is+!. Orobpaxkenne gr—sys(g)—romomopdusmM u3 Go(C) B
MyabTanIEKaTEBHYI0 rpynnmy (Cm/Js+!)* xoHeyHOMepHOH afreGph
Hap C; o6pas ys; — yHuUNoTeHTHas adhduHHas aare6panyeckas CPyI-
na Gs(C). Tak kak xaxanit saemedt u3 Gs(C) umeer Bun 1 + 4,
rae u u3 J/Js+! (& nosTOMY HHJDBIOTEHTEH), TO KOPPEKTHO Olpeje-
JIEHBl 3KCNOHEHUHAJNbHOEe H JorapHQMHyeckoe oTOOpaikenus. [lo-
3TOMY CYIIeCTBYeT Takas nojanre6pa Jlu g¢s; anare6pel Cm/Js+! (co

"CKOOKOH [u, U] == uv — vu), YTO SKCNOHEHTa OTOKIECTBJASET §s C

G;s(C); sicHo, ut0 gs— 310 adre6pa JIH KOMILIEKCHOH rpymnbl JI
Gs(C). B npefictButeabnocTy Gs MOKHO paccMaTpHBaTh Kak

1) 3aecy MOSABASIOTCH YHHIOOTEHTHbIE MOHOXPOMHH®» H3 Ha3BAaHHA CTaTbH.
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FpYHIOBYIO cXeMy Hax Q, oTKyaa MOyaeTcs pauHoHaIbHAT dopma
87 amre6psl JIu gs ¢ gs=C ®ogt.

Tpymna G, (C) — npoekrusunii npegen rpynn G (C), a ee an-

re6pa JIn g, —mpepen g;. OGosHauuM uepe3 Mpgolno ...
yOHBAOMKA UeHTpabHBH pAA AAA rpynns n, a depes G, D

o> 0MG, o ...— pas rpynns G, =G, (C); oﬁosuaqum TaKiKe gepes
Plng I'g,> ... yOnBaOWKA HEHTpadbHbIA psia aareSpol JIH ..
HimewoTcsi H30MOpH3IME

G, (C) =G T°*'G,, g, =10./"g,,
G /r't'e, =(*wyr't'a) 2 C =r'g. /s,

Momoxum G, (Z) = n/T°"'n. CyllecTByeT ecTecTBEHHHH COMOMOP-

¢u3m u3 G (Z) B G,(C), sapo KOTOpPOro — KoHeuHash MOArpyIa

G (Z2), a 06pa3—-ﬂHCerTHaﬂ nom‘pynna B G;(C). B uacrHocTa,
G (D)=H((X; Z), a G (C)=H,(X; C).

4.4. OnumeM SBHO CBA3H MEXAY rpynnamid Gs H HTepHPOBAHHHEIMH
VHTerpanamu, noayuennnle Yenom v Crosaunacon.
OrMerum B X rtouky a. OnpefennuMm c/eAYOIHH BapHAHT KOMII-

gekca UYena I'". O6o03Hauum uepes MZ(X) nasg Jao6oro IeJoro
yucsaa n >0 nogMHoroo6pasue a X X" X a MHorooGpasus M (X)=
= X"*% noayuaeM CHMIJHIHAJbHOE MHOroofpasue Mz (X). Komn-
apekc I', — pakrop kommiekca I'; npw ueqom p=>0 3JeMeHT H3.

I'Z — 310 nocae0BaTeABHOCTD (Bn)y =00 B KOTOPOH Un — AU EpeH-
nuaspHas Gopma creneHd n- p Ha a X X" X a. Juddepesnuax
d+A ua T2 8 Th™ yxe onucan dpopmy.oi (31) us pasg. 2.2.
O6osnauum uepes BsI'Z pas netoro s >0 noanpocrpancrso I'G,
00pa3oBaHHOE IIOCJEAOBATEABHOCTAMHU (u,,)n>0 ¢ u,=0 opu n>s.

[TosyuaeTcs mOAKOMIJIEKC lea B I';. HTax, HpOCTpaHCTBO H°(T,)
@uabTpoBano obpasamu B;H'(T.) rpynn koromosoruit H(Bsla).

Tenepo urepuposarnsil unrezpas onpedeaser npu atobom s=0
uzomopgpusm uz BoHO(T'y) wa Fs(m).

4.5. BepueMmcs k caywaw raagkoro aareGpanueckoro MHoOroobpa-
3us X; OydeM cuHTaTh, UTO OHO JaHO B BHAe X \D, KaK 4 B pasz. 3.4,
rie guBu3op D uMeeT HopMadbHBe nepeceueHud. I'osopsrt, uro aug-
(epeHnnanbHas HopMa CTENEHH 11 HMEET Ao2apugmuqeckue ocoden-
HOCTU, eciiu OHa JeXHUT B Wia"(X). Bo BBeaeHHHX BHIIe 0603Ha-

YeHUsX 3JeMeHT p==(o, W, ...) 43 [ umeer Jsorapudmuyeckue
OCOGEHHOCTH, €C/IH U, €CTb KOHeyHas cyMMma ¢opm suaa 1Xw X ...
o X0 X1, rie @, ..., ®, AMeOT JorapudMHuecKde OCOGEHHO-

cri. Tak Mbl nmonyyaem noakommiexke I, B I',. 3ror xoMmn-
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JIEKC MOKHO emle # NPOGHIbTpOBaTh moaxoMmmiexcamu BTN

nr, log = =B, fog" Ilepexonsi K KOrOMOJIOTHSIM, MOJyYaeM MpO-
CTPaHCTBO H (T, log)> (PHIBTPOBAHHOE O00Pa3aMH KOrOMOJIOTH#H
H® (BT, 1oq), OO03HAuaeMumu B.H (T, | ).

HokaszaTteapcTBo UeHa u Cromnurca npeobpasyercs Tak, YyToObL
J0Ka3aTbh, YTO urepupoaarmmu unTe2pas onpedenser U3oMopPuU3M
us BH° (T 1og) Ha F ()1

4.6. [lonyueHHHE pe3y/bTaT — KJOUEBOH M5 ONpepefeHus CMe-
wannotl cTpyxkType. Xodwa Ha = m; (X, a). CHauasa oua Guaa 1o-

‘CTPOeHa MOpFaHOM [D2] ¢ ucnoap3oBaHMEM METOAOB PaLHOHAJb-

HBIX FOMOTONKH, Pa3BHTHX HM BMeCTe C CYJIJIHBaHOM MeToJ HTepH-
POBaHHHX HHTErpaJsos NprHajgaexur Xeiny [F3].

Ilpu uenom n =0 mHOroo6pasue X" — nononHeHne K AHBH3OPY
C HOpMAaJIbHEIMH MepeceueHnsiMH B X" 3HayHT, Ha JEQPepeHHalb-
HHX (opmax k/aacca C® Ha X" MOKHO oONpelesHTh (GHILTPALHUIO
Xoaxa H Becosyio Ouabtpauxioo. M3 HUX NOCIen0BATENBHO noJ1y-
qafoTes ¢uabTpauud F u W nal) Ha BT, Ha H(T, ;)

a, log? s” a, log?
0
u Ha BH(T, ). [IpuHsB BO BHMMaHHe M30OMOP(H3M H3 HpeAH-

AYIIero pasjena, IPHXOJHM K ONpeleJeHHIO CMEIIaHHOH CTPYKTYpH
Xopika Ha & ().

Haxkonen, nepenecem, kak B pasa. 4.2, stu duabtpauuu F u W
Ha conpskeHHoe K ¥ s(n) npoctpanctso Cx/Js+! ¢ moMowso ABO-
CTBEHHOCTH, 3aTeM HWHIAyUHDyeM HX Ha HOANPOCTPAHCTBE §s U3
Can/ls+!. HUrag, Ha ascebpe JIu §s KOMNAEKCHOU HUAGNOTEHTHOLL

epynnot JTu Gs(C) nocrpoena cmewiannan crpykrypa Xodxa.

4.7. ®uaprpanun F u W Ha gs coBMecTHMBI co cko6Ko# Jiu (B oue-

BHJIHOM cMmbic/ie). [losTomy ux MOXHO nepenectn c¢ aare6p Jiu Ha
rpynnsl. [ToxBITO(KEM AOCTHIHYTOE:

a) Oasa kascdo2o ueaozo s = 0 nocrpoena apgunnas zpynnoead
cxema Gs Hao nosem Q;

b) nocrpoena 6o3spacratouias nocaedosareavrocts (W,Gy), o
2pynnogelx nodcxem 8 Gs;

c) epynna Gs(C) komnaexkcroix Towek u3 Gs— 0OHOCBA3HAA
HUABNOTEHTHAS KOMNACKCHAA 2pynna JIu;, nosTomy IKCNOHEHYUANb-
Hoe 0oTobpasceHue OCYW,eCTBARLT U3OMOPPUIM KOMRAEKCHO20 aAHA-
AuTudeckozo mroeoobpasus gs Ha Gs(C);

d) ¢axropepynna Gs(Z) epynnee w(X;a) no nodepynne

1
T°"'n (X; @) — HUABNOTEHTHAS KOHEUHO NOPONCOCHHAS ZPYnna; OHA

'y Ormetmy, aro H°(T,)=H(P, ,X)={byuxumn ma =, (P, ,x)}=
= {byekuun Ha n; (X, a)}. — Hpun. nepes.
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orobpasxcaerca 8 Gs(C) eomopgusmom ¢ koneunoim adpom u Ouc-
KperHoim 06pas3om;

e) noctpoena ybuisarowas nociedosarersrocrs (F PGy)y=o KOM--
==

naekcuoix nodepynn Ju 8 G5 (C).

pynna =m;(X;a) cHaGkena cMemanHof crpykTypoli Xomxa
MUMEHHO B 3TOM cMHCJ€e. To Ke MOMKHO cHelaTh K €O cTaplUUMU
FOMOTONKYECKUMH rpynnaMu m;(X; a)—c TeMu ynpoueHdsiMd, yTO:
3TO KOMMYTaTHBHBIE IPYNNB KOHEYHOrO THNA, ¥ NOTOMY K HHM IpH-
MeHHMBbl onpenenenns [eawHs u3 pasa. 3.5; 3to cpenaHo w Mop-
ranom [D2], u XeiiwoM [F2], y ka:KI0ro cBOMM MeTOLOM.

YxakeMm takxe, uto Xein u Llykep [F5] nanu xapakrepusanuio-
cMemaHHO# cTPYKRTYpH Xoaka Ha m(X;a) Ha s3HKe «BapHaumi
CMeUIaHHHX CTPYKTyp XOMkKa». DTO TeMa BakKHA .AJs H3YUEHHT
«MOJYJAeis.

4.8. O6uwee onpedesetue muoeoobpasuii Aivbanese pano XeitHOM
u Llykepom B [F5]. ITosoxum

A]-bs (X) =G (Z)\Gs (C)/FOGS (C)-

3aMeTuM, UTO  KOMIJIEKCHOe  aHAJIUTHUECKOe  MHOroo6pasue
Gs(C) /F°G;(C) onHocssi3Ho, a dartop rpymnsl G (Z) = n/T* .
no ee (KOHeYHOH) NOArpynne KpyyeHHs peHCTBYeT CBOGOAHO H
crporo Ha G (C)/F'G,(C). Ecain X — rnagkoe DpoeKTHBHOE MHO-
rooGpasue, To MHOroo6paske Alb (X), onpegesentoe B pasa. 4.2, no-
Jyyaercsa Kak YacTHHIH cayyall npu s == 1.

[Tosokenne cuIbHO yNpoLLaeTcs B clydyae, KOTZa Bce roJoMopd-
Hble AuddepeHnuanbHuie 1-dopMbl Ha X HydeBne (Q!(X)=0);
TaK NMOJYYaercs, HanpuMmep, eca# X — JONOJHEHHe B IPOEKTHBHOM'
npocrpacre P4(C) x runepnoBepXHOCTH ¢ HODMAJbHEIMH Nepe-
ceueHHsiMK (Cay¥a#t, noapo6HO u3yueHHH Aomoto u Kono [Gl, G4,
G6]).

Ipennonoxum, yro, meficTsurenbHo, Q! (X)==0. Toraa F°G;==0,.

OTKyZa
Alb, (X) = G, (£)\G; (C).

Hawm nyxHO onucath aare6py JIu g;. O6osmauum QP (X log D)
npocrpancTeo Q7 (X)) Wypar (X) rosomopdubix nuddepeHiinalbHEX
¢opM creneHu p Ha X ¢ JOrapu@MUUECKHMH OCOGEHHOCTAMH BIOJb.
D. 9tn ¢popMel 3aMKHYTH, OTKyZa NOJIyyaeM roMOMOpGhH3M

¢,: QF (X log D)— HP (X, C),

KOTOphIil GHEKTHBEH NpPH p = | U HHBEKTHBEH OpH p = 2. BHellHee
npoussefieHde (QOpM oOmpegelser JAHHeHHOe OTOGpaKeHHe O, H3:
NQN(XlogD) B QXlogD); OTOKZECTBHB CONpSKEHHOE K
Q! (X log D) mpocrparctso ¢ Hy = H,(X, C), noayuaem, uto conps-
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XKeHHOe K Oy oroOpaxkeHue mepesogur Q2(XlogD)* BA2H; 060-
3HauyuM ero o6pas yepes R, PaccmMoTphM cBOGOXHYIO ajire6py Jlu
& (H:), TOCTPOEHHYIO IO BEKTOPHOMY NpocTpaHcTBY Hi; OHa ecre-
CTBEHHO rpajyHpoBaHa NOANpOcTpaHcTBaMKU £, (H1); uMeeM

Ly(H)=0, Z\(H)=H, Z%,(H)= A%*H,.

Tenepb g; oroxdecrsanercs ¢ gaxropom & (H1) no udeary, nopoxc-
Betmomy R, + gg.{.[ (Hl) .

Tak kxak H; u Q!'(XlogD) neofictBennr, B Q!'(Xlog D)® H,
HMeeTcs KaHOHHYeckas auQepennuanbaas gopma. Ee MOKHO uH-
TEPNPETUPOBATh KaK TrOJOMOPGHYI aHbQepeHuHaNIbHYI0 (HOpMY
¢ Koapuiiuentamu B airebpe JIu gs, IpUUeM g BIOKEHA B ACCOLHA-
THBAYI0 ajare6py Cxn/Js+l. Torna @s ynOBJIETBOPSIET VCJOBHIO HHTe-
rPUPYEMOCTH do, + ©; A ®; =0 O6Jaarogapsa onpeneneHuo R, Te-
Hepb MOXKHO HadaTh NPUBHIYHYIO HIDY:

a) paccmoTpers yrusepcasvtyro xaxpuisarowyro X muo2006pa-
3ua X otHocureasHo a;

b) ecau y—nyre 8 X ¢ HawaiOM @ u KOHUOM b, BolMUCAUTL NA-

paaseavusiil neperoc ¢ nomouipro pada Ug(y) = Z S @ ... Qg
n=0y

¢) .ycaosue unrezpupyemocru dog + o; A ©; =0 2apanTupyer, 410
Us(y) sasucur auwe or coorsercrayowed rouxu u3 X, orkyoa no-
Ayuaem eosromopgroe orobpaxcenue Us uz X 8 Cn/Js+

d) orobpaxenue Us npunumaer snauenus 8 Gs(C) uonpedeasser
(nepexodam k gaxropam) eosomopgroe orobpancenue us uz X 8 ezo
muozoobpasue Arvbanese Albs(X)= Gs(Z)Gs(C).

[lo noBory KOHCTPYKUHH B o6meM cJjiyuae, korga Q!(X)— ue
HyJib, OTOILIeM K pabote Xeitna u Llykepa [F5].

4.9. TlpepocraBsisieM YHTaTeNI0 H3YYHTb B KauyecTBe HJLIIOCTPALKH
cayyait X = P1(C) u BOCCTaHOBHTb B 3TOM YaCTHOM CJAy4ae KOH-
CTpYKuuH pasa. 1.8

Kono noapo6Ho u3yusJ cayua#, xorga X ecTh JONOJHEHHE K KO-
HeyHOMY ceMeficTBy runepmiockoctefi B P4(C). I[Ipeanosoxum, B
yacTHOCTH, 4T0 X — MHOXecTBO BekTopoB B U4 ¢ nomapro Hecosna-
JAOIHEME KOOpDAHHATAMH; MO ONpeaeeHH0, m;(X)— 3To rpynma
koc. VayuendHe nHHeHHHX TnpeAcTaBJeHuH, CBA3aHHEIX C MOHOAPO-
mMHell Ha X, mO3BOJSeT BOCCTAHOBHTb M OGOGIIHTbL HEKOTOpHIE pe-
ayabTathl [lxkoHca (cM. [G4], [G5] u [G6]). 3a nHenMeHneM MecTa
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HEPABEHCTBA MOPCA (no Burtteny)

T'u Aneap ')

0.1. ITOT HOKJAl NOJIKeH PAacCMATPHBATBLCH KakK g8edenue B Tpen-
JoxenHse BuTTeHoM B ero menaBHux cratbax [22] n [23] ™e-
TOAB. MBI WIJIIOCTPHPYeM 3TH HOBHE HJeH Ha NPOCTOM, HO NOy4YH-
TeJIbHOM IpHMepe: Zaaum (caenys [22]) amajnTHuecKoe IO cBOei
IPHPOJle 10KA3aTeJbCTBO K/IACCHUECKHX HepaseHcTB Mopca misi Be-
IECTBEHHO3HAYHOH (JYHKUHA C HeBHIPOXKJEHHHIMH KDHTHYECKHMH
TOYKaMH Ha rJIaJKOM KOMIAKTHOM MHOrooGpasuu. UuraTesb MOXer
YOeNHTLCS CaM B €CTECTBHHOCTH H 5JIeTaHTHOCTH NPHMEHSIEMOro Me-
ToAa. OH 3aC/]yKHBAaeT BHHMAHHS elle H [OTOMY, YTO BO3MOXKHEI
MHOTOUHC/ICHHBIE HHBIE €ro NPHMeHEeHHs (H OGOGLIeHHs), KOTOpHe
MBIl O6CYIHM KOPOTKO B § 5.

02. B § 1 Mb HAarmOMHHM, YTO TaKOe HepaBEHCTBA Mopca, B § 2
o6cyauM Merod BurreHa, coGerBenHo ke OKa3aTeJbCTBY MIOCBsILEH
§ 4 B § 3 mMu onumeM npuuuHH, Mo6yanBmMe BaTTeHa K YTOUHe-
HHIO HepaseHCTB Mopca nyTeMm BBeJleHHS TeOMETPHUECKOH MOJenH
ISt DEJIOUHCIeHHBX KOrOMOJIOTHE IVIafIkOr0 KOMIAKTHOr'O MHOTI006-
pasuss M. Dta Mojleb CTPOHTCH NO PHMAHOBOR CTPYKTYpe H MOp-
coBcko# Pynkunu Ha M. B § 5, Kpome HecKONBKHX JAPYrHX NpUMeHe-
HHH MeTOLa BuTTena, MH eille M OueHb KpaTko MOKa¥KeM, Kak (B Ha-
CTOAIIHE MOMEHT [HIIOTeTHYECKOe) 060GIIeHH e Ha cIyuall GecKoHeu-
HOMEpHLIX MHOrooGpasHii NPHBOJHMT K “PellleHHI0 HEKOTOPHX 3ajay
O HapyIIeHHOA CHMMETPHH B CyNepCHMMETPHYHHX MOJLEJSIX KBAHTO-
BOH TEOPHH [OJIA; K TOMY Ke MMEHHO 3TH 3a4aud GbiIH IJaBHOM
MOTHBHDOBKOH BHTTena B paGore [22].

0.3. Cunraio CBOMM [0JIOM BHPA3HTDL 6narogaproctb M. Bepub 3a
ussoxenne [9], [10] u [18], a rakxke JI. Byre se Momsemo,
T. ®sky, JK. Jlomony, V. Chéctpanay u s ocobemnoctu A, Konny
3a Gecelbl IO TeMe 3TOro AOKJaja.

1. HEPABEHCTBA MOPCA

I.1. Ilycte M ecte C*-mudpdepenunpyemoe CBsi3HOE KOMIAKTHOE
MHOrooGpasue, 17— ero pa3mepHocThb, a A: M — R — pyHKIHSA KIac-

') Hennjart Guy. Les inégalités de Morse. — Séminaire Bourbaki, 36e année,
1983/84, n° 617, Astérisque 121—122, 1985, p. 43—861.
© N. Bourbaki, Société mathématique de France, 1983
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ca C> Ha HeMm. KpHTHueckas Touka QYHKUHH A — 3TO TOuka H3 M,
B KOTOpO# obpamaercs B 0 audppepennnan dh sTolt pyHxuuu. B kpu-
THYECKOH TOUKE P MOXKHO ollpelelHTb leccHaH Hh, GyHkuuu h —
CHMMeTpPHYeCKYI0 GHJIHHeHHYI0 (OpMY Ha KacaTeJbHOM K M B Tou-
Ke A npocrpaHctse Tp(M); B JIOKaJbHEIX KOOPAHHATAX XI, ..., Xn
B OKDECTHOCTH TOUKH p B M MannuaafIhp B 6a3nce IPOCTPAHCTBA
T,(M), o6pa3oBaHHOM e — 3TO W(p). I'oBopsr, uro KpH-
THYeCKasi TOUYKa p QYHKUHH A Hesoiposwdenna, ecnun Hh, — oGpatu-
Masi GuiuHednast popma Ha T,(M); undexcom KPHTHUECKOH TOUKH p
HasmBaercsl HHIeKC ¢opMH Hh, oGo3Hawaemuii A(p). Hamomanm
3HaMeHHTYIO JemMmy Mopca [20, c. 6].

Jlemma 1.1. Ilycte p— Hesoiposcdennas Kpuru4seckas ToO4Ka
pynxyuu h; nososcum A =2 (p). Toeda 8 nexoropoit okpecrroctu U
TO4KU P CYUWECTEYeT TAKASL AOKAAbHAA CUCTeMd KOOPOUHAT
X1y «eey Xn, 4T0 %:(p)==0 npu i=1, ..., n, npusem na U swinoa-
HeHo HepagetcTeo h=h(p) —x}— ... — x4+ + ... + 2

B uwacTHOCTH, siCHO, YTO HeBHIDOXKJAeHHAasi KPHTHUECKass TOYKa
u3ojqHpoBaHa. Byaem rosoputb, uto A -— hynkyus Mopca ua M,
eC/Ii BCe ee KDHTHYeCKHe TOYKH HeBHIDOXKJAEHHH. B 3Tom cayyae
MHOXecTBO C KPHTHUECKHX TOUEK KOHeuHO. F3BeCTHO, uTO AJIs JIIO-
6oro penoro k>0 MHOXecTBO (pyHKuuiA Mopca Ha M IJOTHO B
npocrpancrse ¥ ¢QyHkuH# Kaacca C* u3 M B R, paccmarpusaeMnix
¢ C*-ronosiorueit [20, c. 37].

1.2. HaunHag c¢ 3TOoro Mecra, NpelanoJiOXKum, uTo M — (hyHKyus
Mopca ua M. 3adpukcupyem nose K. O6o3naunm uepes m; OpH ne-
JIOM { YHCJIO KDHTHYECKHX TOUeK (YHKUHH A ¢ HHIEKCOM i, a uepe3
b; o6o3nauuM i-e uxcso Bertu MHorooGpasuss M orHOocHTenbHO K,
T. & b; = dimg H:(M, K), rie H;(M, K) ectb - rpynna cuuryJsp-
HHX roMoJjiordéi mjiss M c xoapouuuentamu B K. Hepasencrsa
Mopca MOXKHO BEIpa3HTb TaK:

m0>b0,
my — my < by — by,
My — my -+ my = by — by 4 by,

M= it .. (=1 my=by— b+ ... + (1),

[Tocrennsisi crpouka BHIpaxkaer 3HJepOBY XapaKTepHCTHKY M uepes
gucia Mopca m;. IToaoxus

PH)= D, b, a M{t)y= Y, mit’,
i=0 i=0

6 DBypGakm
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lepenHuieM 3TH HEpPABEHCTBA KaK YCJOBHS CYIIECTBOBAHHsI TaKOrIo

HOJIHHOMAa @ C peJBIMH [OJOXKHTEJIbHBIMH KO3(pQHIHEHTaMH, uTO

M@O—-PH=01+9Q0).

1.3. 3T HepaBeHcTBa JAlOT MHOTO HH(POpPMAIHH O TOMOJIOTHSX MHO-
roo6pasusi M. B uacTHOCTH, HMeeTCs CJIeAyIOMHA KpHTepHH:

Mopcosckutl npuntun AakyH: OPeLNOJOXHM, uT0 mmir = 0
a5 Jo6oro pedoro i Torpa Q({)==0, a M(f)= P({) He3aBHCHMO
or noas K. B uwacrHoctH, rpynna H;(M, Z)— cBoGoaHHE Z-MOLYJIb
paHra m..

Kpacusoe npHMeHeHHe 3TOro NpHHIMNA — BHYHCIeHHe B [12] ro-
moJioruii P (C). Brbepem BeliecTseHHEE !{:Ic.na A <M< onh < Ay

Paccmorpum oyHKUHWL f(20, ..., zn)=_;0}»i|zi P Ha cpepe S=

n
= {(zo, L 2Z)E C”l Dz = } Srta dyHKUHSA CcHyckaercs Ha
i=0

dpaxrop P*(C) npocrpancrsa S — moayuaercs ¢ynxuus Mopca i
C KPUTHYECKHMH TOYKAMH TOJBKO YeTHOro HHAeKca. DakTHUECKH
touka (0, ..., 0, 1,0, ..., 0) ¢ exuHHuel HA [-M MeCTe — 3TO elHH-
CTBeHHasi KpHTHUYecKas TOuka HHAexca 2i. [Toatomy b,~=Q opH He-
YeTHOM { H b; = | npu uetHOM ¢, [ << 2n.

1.4. Eme onun cnoco6G copmysnnposaTh HepaseHcTBa Mopca — 3T0
CKa3aTh, UTO CYHIECTBYeT KOMIJIEKC E  BeKTOPHHIX IIPOCTPAaHCTB
N
Haj K
0—>E—-E'—- ... »E">0

¢ dimg E* =m,, dim H*(E")=b,. IlokasarenncTso Burtrena naer
(8 cayuae K=R unau CX) takoii KOMIJeKC, CKOHCTDPYHPOBAHHBIH
no h u KOMIJIeKcy JudipepeEnuanbHuHx popm Ha M. [lostomy ¢daxk-
THUECKH pPeub HIET O KOMILIEKCE, «BHUHCJSIOUIEM» He CHHIYJsSpHLIe
rOMOJIOTHH, a KOroMmoJioTHH ae Pama. IlpuunnHa uHTepeca K 3TOMY
METOAY 3aKJI04aercsi B TOM, 4YTO, [I0 KOHTPACTy C KJIACCHYECKHMH
MeTOJaMH J0Ka3aTeJbCTBA, OH HMeeT aHAJMTHUECKYIO, a He TONOJIO-
rHYecKyIo WiH reomerpuueckywo ([20], [12], [13]) npupony. B wacr-
HOCTH, €r0 MOXHO IPHMEHHTb B CJIydYasix, KOrjJa CTaphle MEeTOJH He
cpabarusailor (cp. § 5). Hrax, paccmorpum o¢yHkmuio Mopca £

Ha M u oGosHayuM uepes by = dim Hpg (M) pasmepHOCTb {-ro mpo-
CTpPaHCTBA KOrOMOJIOTH KoMmJekca ne Pama wMHoroobpasus M
(komnaexcrHo3naurolx JuDDepeHnHaJbHEX HOPM)

0—> S0 (M) —2 £ (M) — ... —2» 52" (M) — 0.

1.5. Ecin M cna6XeHO PHMaHOBOH CTPYKTYPOH (a 3TO MOXKHO Npela-

noJiaraTh BCeraa), TO TeopHs XOAXKa [O3BOJsieT BHUYHCJ/IHTL b;. H3-
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BECTHO, YTO €CJH BBECTH CONPSKeHHHH k d omepatop d* u .amia-
CHaH A== dd*4-d*d, TO HOJKOMIJEKC rapMOHHUECKHX ¢opm Ker A
(sa koropoM nupdepennmuans 4 okashBaercs HYJIEBBIM) HMeeT B
CTeleHH [ pas3MepHOCTb b;. B peficTBHTeNbHOCTH JamjacHan A —
3TO 3JUIMNTHYECKHHA omepaTop Ha &£ (M), u ecan pPaccMoTpeTh ero
KaK (HeOrpaHHYEHHBIH) CaMOCONpPsKEeHHH OnepaTop Ha npocrpas-
crBe SfL, (M) ceuennit pacciioeHus: fuddepeHnHaIbHEX ¢bopMm ¢ uH-
TErpHPYEMEIM KBajpaToM (OTHOCHTENLHO PHMAHOBOH METPHKH Ha
M), 10 510 GyneT MOJNOKHTENBHHE omepartop ¢ JHCKPETHHIM CIex-
TPOM; ero coGCTBeHHHIe 3HaueHHs 0 <A, << Ay ... cTpeMsiTCs K Gec-
KOHEYHOCTH. 3HauHT, eclH (PHKCHPOBATL BellleCTBEHHOe UHCIO A,
TO HOAKOMIJIEKC ¢ (M), MOpPOXKAEHHHN COGCTBEHHBIMH BEKTOpaMH,
OTBeYAIOIHMH COGCTBEHHBIM 3HaueHHsiM <CA (H3BEeCTHO, YTO 5TH
BEKTODHl NpHHAMIeRAT ¢ (M) ), 6yler KOMIIEKCOM KOHeUHOMEpHEIX
BEKTOPHBIX [DOCTPAHCTB C KOTOMOJOrHAMH, H30MOpQHEMH Ker A.

1.6. OcnoBras uiess Burrena — Hcrmosibsosath A s BO3MYIIEeHUSA
Inpoepennuana d KoMmiekca ¢ (M)—a 3HAUMT, H JamiacHaHA
A — pus moJyYeHHs oIepPaTOpPa CO CHEKTPOM IPOCTOH CTPYKTYpHI,
OIHAKO MO3BOJIIOMEr0 BHUHCINTL Hpg (M).

3amewanue. Sta uiest — OOHUHAS AJIH MaTeMATHUECKOH )26} 8
KH — NOSIBHJIACh TaKXKe y HEKOTOpHIX MaremartnkoB ([28], [29]).
Ilycrs ¢ — BemecTBenHH# mapamerp. [TonoXHM Teneps

dt = e-ht deht;

0603HauuM uepes d] CONpsUKeHHHH K d, omepaTop d; = ettd e,
IyCTb . .
Ay=(d, +d)?=d,d, + d,d,.

Tak xe kak u A, omepaTop A;— 3JUIHNTHYECKUIH OIepaTop; ecad
paccmMaTpHBaTh ero Kak (HeOrpaHHYEHHHH) CaMOCONpsizKEeHHbIH Olie-
patop B S, (M), TO OH GyleT HOMOKHTEJLHEIM olepaTopoM ¢ AHC-
KDEeTHBIM CIekTpoM. Tak kaK d: moJyuaercss U3 d CONpSKEHHEM
C [OMOWbIO (YHKUHH e, TO KOTOMOJIOTHH KoMIJexkca ¢ (M)
¢ audoepennnanom d—rTe Xe, uto H ¢ REddepenunasom ds; mo-
sTomy Ker A u Ker A w3oMopdub. 3HauuT, HepaBeHCTBA Mopca BH-
TEKaIOT U3 CJeyIOIero pesyJbTaTa: :

Teopema 1.6 (Burren). ITycte A — docrarouno Gossuwioe seuje-
creernoe uucao. Toeda Oas docrarouno Goasuux t oneparop A.
umeer npu AOGOM [ POBHO m; HE3ABUCUMbIX COBCTEERHBLY BEKTOPOS,
0T8e4AWUX COOCT8eRHbIM 3HaAYeHuan < A.

6*
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2. NMPHUHLMILI PABOTbI METOLA

2.1. B srom pasjense MH XOTHM H3JOXKHTb [10CJEI0BATENBHOCTD:
paccyXIeHul, KOTOphle NpHBenu BHTTeHa K Toli Teopeme. [lycrn’
o < ¢ (M). HUmeem
do=do++tdhra, ;
OTKyZna -
Ao =Aw 4+ 2| dh P o+ (Go,

rie G ectb £%(M)-nuHefiHEIE omepaTtop, 3alaHHHN 3HIOMOpPhH3-
MOM BEKTOPHOro paccioeHdssi A(M), KOTOpPHIA MH ONHIIEM B
pasa. 4.1. Takum 06pa3oM MH NOJNYUYHJH «CYNepHO3HIHIO» Jallja-
cuaHa Ha M ¢ «IOTeHUIHAJOM», [VIaBHAaf YacTb KOTOPOro — 3TO
12|dn|% Tlpu ¢, crpemsimeMcsi K GeCKOHEUHOCTH, 3TOT NOTeHHHAJ
BEJIHK BCIOAY, KpOMe KpHTHUeCKHX To4eK A. [losTomy cofcTeHHHE
BEKTOPH onepaTopa A; HMeIOT TeHJEHHHIO KOHIEHTDHPOBATbCH B
OKPEeCTHOCTH 3THX KPHTHUeCKHX ToueK. PakTHueckd CIpaBelJsIHBa
claepyiolas JemMMa, JoKazaHHast B pash. 4.2.

Jlemma 2.1. ITycre K—3amxryroe nodmuoxcecrso 8 M, He co-
Oepocauiee xputugeckux Todex. Toeda cyujecTsyeT TAKAR NOCTOAH-
Has ¢, sasucauias ot M, K, h u A, 4to npu t =1 u @ = ¢ (M)
¢ ycrosuem MA@ =A@, A << A, 66IN0AHERO HEPABGEHCTBO

@ <@ o
K M

(crkaanproe npoussedetue UHOYYUPOBAHO pPUMAHOBOL CTPYKTYpPOL
Ha M, unteepupoganue gedercs no pumMarosoil mepe).

2.2, MH OpHXOJHM K H3YUEHHIO A; B OKDECTHOCTH KPDHTHYECKHX TO-
yeK, TOUHee, K H3YUeHHIO COGCTBEHHHIX BEKTOPOB, CKOHIEHTPHPOBAH-
HHIX OKOJIO 3THX Touek. [lycTb p — KpuTHueckas TOYKa, [— ee HH-
nexc. BuiGepem B T, (M) oproroHa/IbHHE OTHOCHTENbHO PHMAaHOBOH
MeTpHKH (a3Hc, B KoTopoM Hh, AnaroHajusyercs ¢ COGCTBeHHBIMH
3HAYEHHSIMH Ay, ..., An, €PBHE [ U3 KOTOPHIX OTpHmaTesbHH. Pac-
CMOTPUM B OKPecTHOCTH p HOPMAJbHYID CHCTeMy KQODJAHHAT
(%1, ..., Xn), aCCONHHPOBAHHYIO C 3THM Ga3ucoM. Temepb MOXKHO A
IpelCTaBHTb B BHJIE

h=h(p)+ ;_:1 Ax2/2 + m,

rie 1 HMeeT HyJb TPeTbero NOPsillKa B p; 3HAUHT, omepaTop A; MaJo
OTJHYAETCS OT

Z (—% + A% — MiK,-) = Z (H, —K,),
i

fua]
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Ife omepatop K; KOMMyTHDyeT ¢ yMHOMeHHeM Ha QYHKIHH, Lepe-
BONMT dXx; B —dX; W OCTaBJsieT HHBADHAHTHHIMH dX; NpH =i
4
OGosHaunm 3TOT omepaTop uepes A; PacCMOTPHM ero Kak orepa-
Top B &#1:(R™). F7cJIH paccyXkaaTb 3BDHCTHYECKH, TO COGCTBEeHHEIE
3HaueHHst A, W A] JOMKHB HMETb OJHO H TO e YaCTHOEe NpPH Je-
JeHHH Ha f. Ha camom jaese Teopusi BO3MYImeHHH 103BOJIsieT ([25],
[27]) BHpasuTb coGCTBeHHBIe 3HAUEHHS A, u A} Kak (ysknmm
OT £, 5TH COGCTBeHHBIe 3HAueHHs! 06afal0T ACHMITOTHYECKHM pas-

ay Q. o
JOXKeHHeM BHAa | (ao +T + t—§ —+ .. ) [TepBuift wien sroro

passiokeHHsi (T. e. KOSQQHUHEHT ) AJSE 7-TO COGCTBEHHOrO 3HAYe-
HHst A; COBIAjaer C COOTBETCTBYIOIMHUM KO3MD(HMHEHTOM LIS 7-TO
COGCTBEHHOrO 3HAYeHHS MPSMOH CyMME! A} 1O pPa3HHIM KPHTHUECKHM

TouKam [25]. B § 4 mu 060(,:HyeM 3TY JIOKaJIM3amHIO0 B KPHTHUECKHX
TOUKax (mepexol oT A, K A}) Tak Ha3HBaeMHM METOJOM <«YaKOB-

KH» H CPDaBHHM COGCTBEHHEIE 3HAUYEHHs, J0Ka3aB 3THM Teopemy. Te-
[Iepb 2Ke IPOAOJKHUM 3BPHCTHUYECKOE 00bsCHEHHE J0Ka3aTeJbCTBA.

2.3. CnmexTp A] COCYHTaTb JIerKO, TaK KaK 5TOT oneparop ectb

CymMMa OMepaTopos, AeHCTBYIONIUX TOJEKO NO OJHOH NepeMeHHOH.
Oneparopu f; 1 K; KOMMYTHPYIOT, H oneparop H; Jierko CBOAHTCS

K ONepaTopy — —— + x? B L2(R), xoTopHit xopolo H3secTen: 310

FaMHJ/JIbTOHHAH rapMOHHYECKOro OCLHHJLIATOpA,; ero co0CTBeHHbBIE 3Ha-

UCHHA ~— HEeUEeTHRhIE IOJIOJKHTENbHEIe YHCJa H COOCTBeHHOe 3Haue-
—-x%2

HHe ] oTBeuaeT QyHKHHH o [Tosromy co6cTBeHHEle 3HAUEHHS

A} HMeIOT BHI

t[iZZ‘,l (A +2N) A | — x,.a,.],

rae NieN, a & = +1. Kosddunuenr npu ¢ moxer oOpaTHTbCS
B 0 ymmb npu N; =0, e;=sgnl;, rae i=1, ..., n. Tenepb Jerko
BHAETb, YTO COOTBETCTBYIOMIHH COGCTBEHHHIH BEKTOP POMOPLHO-
HaJjleH :
n
~| A, |x2/2
IIe 1%/ dxi A ... Adx.

fam]

B uacruocth, sto [-popma. IlepeHocs sToT pesyasTar Ha As ME
nosyyaeM, 4TO B )OpMax cTemeHH [ omepaTop A; HMeeT B TOUHOCTH
m; He3aBHCHMBIX COGCTBeHHBIX BEKTOPOB, OTBEUAIOMIHX COGCTBEH-
HBIM 3HAYEHHSM, He CTPeMSIUMCS K GeCKOHEYHOCTH C DOCTOM f.
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CorJlacHO aCHMITOTHYECKHM Pas3J/IoXKEeHHAM, 3TH coO6¢cTBeHHEIE 3Haue-
HHA OrpaHHAYEHKl, YTO U IPHBOJHUT K TEODEME.

3ameuanue 1. B cayyae KOrjia B OKPeCTHOCTAX KPHTHYECKHX TO-

ueK (YHKUHA A KBaJpaTHYHA, a MeTPHKA €BKJ/HI0OBA, MOXHO (CM.
pasi. 4.5) AoKa3aTb 3SKCIOHEHHHa/IbHOEe yOnBaHHe 3THX COOCTBEH-
HEIX 3HAuYeHHH, B YaCTHOCTH HX ACHMITOTHYeCKOe DasJjoKeHHE eCThb
0 Bo BCcex mopsakax. [To-BHAHMOMY, TO Xe caMoOe BHIIOJHEHO H B
o6iieM ciyuae (u4TO BJeueT 3a co0O¥ TPUMEeHHMOCTh TeopeMH 1.6
aas1 npouasosbHoro A > Q): acuMITOTHYeCKOe DPasJsoXeHHe BBIUHC-
JisieTcsl Ha caMOM JeJie II0 JIOKAJbHBIM JaHHEIM B OKPECTHOCTH KpH-
THYeCKOH TOUKH; ecju OB OHO He ofpamaJjocs B 0, TO 3TO O3Ha-
4aJio GHl, YTO [0 JIOKAJbHEIM AaHHEIM MOXHO ONpeleJHThb, BHOCHT JIH
KpHTHYeCKad TOYKA BKJAaJd B KOTOMOJIOTHH M, HJIH HeT.

3amevanue 2. O6o3Hauum uepe3 T, (M) OOANPOCTPAHCTBO B
p Y

T.(M) pa3mepHOCTH [, NOPOXKIeHHOe KacaTeJbHHIMH BeKTOpaMH

d

Se— s -++» 5 HA 9TOM INOANDPOCTPAHCTBE ACCONHHPOBAHHAS C
1 1

Hh, xBagpaTHyHasi opma OTPHIATENLHO ONpejeseHa; TOorka pac-

CMOTpDeHHAsi HaMH BHIUe coOcTBeHHast Mt A; [-popma NpHUHHMaET

a a
HEeHyJIeBO€ 3HAYEHHEe Ha -a—xl—/\ A -5;1—; 3TO 3ajaeT OpHEHTaAUHIO
T, (M).
3. BO3BPALLIEHHME K TEOMETPUMA

3.1. Tlpexkne yeM MBI B '§ 4 NpHAAAHM CTPOroCTb pacCyXKIAeHHAM H3
§ 2, nornipoGyeM NPOJOJIKHUTbL HX (BMecTe ¢ BuTTeHOM) ellle pagblue,
TOUHEE, BHIYHCJAHTL JAeHCTBHe d: Ha [IOCTPOEHHOM HAaMH KOMILJIEKCe.
AcumnroTHyecKoe pa3/oiKeHWe, KaK MH yXe BHIENH, HaM 3Jech He
CMOXeT HHYeM [OMOYb. BHTTeH B 3TOM MeCTe HCIOJb3yeT GoJiee
TouHE# NoAX0A. Onpenenss A;, ME HaJOXUJIH Ha A NOTeHIHaJ, KO-
TOPHI BeJHK BCIOAY, KPOMe KpPHTHUecKHX Touek A. Co6GCTBeHHBIE
BEKTOPH (T. €. «COCTOSIHHSI») C HAaHMEHBIIHMH COGCTBEHHEIMH 3Ha-
YeHHUSIMH B HEKOTODOM CMEICJIe HAXOHATCS B AMaX MOTeHIIHAaJa, Kak
B JOBywWKax. IIo3TOMY MOXHO CHPOCHTb, MOXKeT JH TakoH oG-
CTBEHHHIH BEKTOD MPOHTH «nojA 6apbepoM» ¢ MOMONILIO TYHHEJb-
Horo agexra U3 OJHOH SIMH NOTeHLHaJa B Apyryw. ['oBops TouHO,

3TO CBOJHUTCS K ONpejeseHHIO HHTerpana [ = S {0, dm) HpH {—-co,
rie @ — cOOCTBEHHEIH BEKTOp !), COCPEAOTOUEHHHH OKOJIO KPHTHYE-

1) Tounee, nuHeliHas KOMGHHAUHS COGCTBEHHHIX BEKTOPOB C MaJbIMH oG-
CTBEHHEIMH 3HauYeHMsaMH. — [Tpum. nepes.
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CKOH TOUKH p HHAekca /-1, a 1— OKOJIO TOUKH ¢ HHIAEeKCa Y.
B pafore [22] BuTTeH HaMeTWJ 1Ba METOAA H3YUEHHsI 3TOTO TYH-
HeJBHOTO 3 deKTa, OIMH — KBA3HKJIACCHUCCKHH (METON anmpoKCH-
manun BKB), 1pyro# — 6osee coBpeMeHHHIH (METOX MHCTAHTOHOB).
3T0 naer ABAa CrOCO6a BHIYHCAEHHS YIOMSIHYTOTO MHTErpaJja; HHXKe
MBI HX KpaTKO O6GpHCyeM.

3.2. B MeTONle HHCTaHTOHOB [OpOXIeRHasi d,, d; u A, chHcTeMa pac-

CMaTpHBAETCS KAaK KBAHTOBAHHUE JIarpaHKeBON MEXaHHUeCKOH cHcTe-
MBl Ha M; pUMaHOBA METPHKA BXOJHT B BHIPAXKEHHE /s KHHETHYe-
CKOH 3HepruM, a QyHKUHS A — B BHpaXKeHHe 111 NOTEHIHAJbHOM.
Ecin mpHHe6peub B JarpaHkHaHe CHCTEMH BCEMH UJIEHAMH, KpoMe
IVIaBHBEIX, IPH {—- 00, TO MOJIYYAETCsl APYTOH JarpaHXKHaH, KOTOPHi

8 (m,v)eT (M) paBen Z (w, v)=—;—(lv]2+z2|dhm ). Tpaekro-

pHH TYHHEJHDOBaHUS MHUHHMH3HDYIOT AeHCTBHE, aCCOLMHPOBaHHOE
C JIarPaHXHAHOM, TaK YTO Jerko BHIeTh, UTO OHH COBNAJAIOT C HH-
TerpaJibHEIMH TPAeKTOPUSIMH BEKTOPHOTrO IoJisi —grad A, coeHHSIO-
INEMH p ¢ ¢. Bxnaj B maTerpas / BAOJb TakOH TPAEKTOPHH MOXKHO
OLLEHHTb Kak e~ (P~k@) (neranu cm. [22, p. 19]).

3.3. B merone annpokcumanun BKB [7] ycranasinusaercsi, yto npu
yOLIBAHHH @ H 1 KaK e~ OKOJO COOTBETCTBYIOIIHX KPHTHUECKHX TO-
Yex BkJIal B {®, diM) MakKCHMaJieH BAOJIb TPAEKTOPHH BEKTOPHOI'C
noJist § = —grad(h), a 8 npoTHBHOM ciyyae npeHeGpexxum. Takum
06pasoM, 3ajaya CBOAHMTCS K CJIydYalo pa3MepHOCTH 1, oTKyna moJy-
yaeTcs TO XKe BEpaxenue s [. Ec/H TpaeKTOpHs, COENHHSIOMAN
P C ¢, €AMHCTBEHHA, TO, B YaCTHOCTH, HoJyuaercsd, uto d:h oTJaHUHO
OT HyJs. SICHO, UTO 3TH pacCyXJeHHS TPYAHO cAelaTb CTPOTHMH;
HeCMOTpPS Ha 3TO, MOXHO OXHJAAThb, YTO pa3paGoTaHHHE NIPH H3yde-
HHH [OTEHHHAJIOB C HECKOJbKHMH SIMAMH METOABl OKaXKyTCs [10Je3-
HBIMH B 3TOM caydae ([26] u ocoGenno [27]). Bosee cepbesnas
TPYAHOCTb — TO, YTO BKJaJAH Da3JHYHHIX TPAEKTOPUH MOryT pasJiH-
4yaTbCsA [0 3HAKy, TAK YTO HX cymMMa OyZeT npeHeOpexkuMma 10
cpaBHeHHIO c?) e~f, oxHaKo GyleT OTHYHAa oT HyJs. Kak GH To
HH Obl10, Merod BKD nosmo/sfier CieldTh 33 3THMH 3HAKaMH, 3TO
npuBeno Butrena x MoJesH KoromoJioru#i MHoroo6pasust M, Koro-
PYIO MHl ¥ OIHUIIEM,

3.4. Orpannuumcs curyauueii oGIIEro NMOJIOXKEHHS, B KOTOPOH AJst
JI06O# KPUTHYECKOH TOUKH p HHAekca [+ 1 U ¢ uHAekca [ OTTaJKH-
Bawmee MHOrooGpasue W,(p) (T. e. oGbelnHeHHe TpaekTOpHil E,

) PaccMoTpenHe TYHHENbEHX NEPeXONOR MEeXJY TOYKaMH ¢ HeCOCeIHHMH
HHIEKCAMH He HYXKHO, TaK KaK [NOJXKHO OHTh BHNOJHeHO deg w = degmn -1.—
IIpum. nepes.

?) Tounee, ¢ e~ @@= __ mpuu nepes.
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HCXOJASIIHX H3 p; 3TO mnorpyxeHHoe B M mpocrpasctso R+l ero

KacaTeJbHOe HpPOCTPAaHCTBO B p—3T0 7T, (M)) u npursrasaioinee
mHOroo6pasue Ws(g) (oOpenHHeHHe TPaeKTOPHH, OKAHUHBAIOMHXCS

B §) IiepeceKaloTCst TPaHCBepca/bHO. Torla MHOXKecrtso @ TpaexTo-
puit £ B W.(p)N Ws(g) xoHeuHo. BHGepem A/t KaXKNo#l KpUTHUe-
‘CKOl TOUKH r opHeHTauuio W,(r) (coryacHO 3ameuandio 2 H3
pasi. 2.3, 4js 3TOro MOXKHO BHIOpaTh BellecTBEHHHH cOGCTBEHHHH
BexTop !) omeparopa A; € MaJHIM COGCTBEHHEIM 3HAuUeHHEM, OTBe-
yajomufi r). Ilyetb ¢ @, a v kKacaercs @ B Touke p. OpHeHTanHA
W.(p) Raer opHeHTAlHIO OPTOrOHaJbLHOrO NONOJHeHHSI Kv B T, (M);
CABHHEM ee BIOJb @ — IOJNYYHM OpHEHTAUHI0 JoNojHenus K T (M)
~ B ¢, KOTOPYI0O MOXKHO CpaBHHTb ¢ opHeHtamuedi W,.(g). Ilosoxkum

n(p)=-+1 uag —1 B 3aBHCHMOCTH OT TOrO, COBHAJAIOT 3TH JBe

opHeHTalHH HJH HeT. OOO3HAUHM CyMMY > n (p) uepes n(p, q).
=D

Sameyanue. Yncio n(p, g) MOKHO HHTEPIPETHPOBATL TAKXKe KAk
HHJEKC [epecedeHHs «IOAHHMAIOMEHCS CPephl» CO «CHyCcKaloueHcs
coepoit» pyuxuun A [19, c. 34].

3.5. Tenepb BBelleM KOMIJIEKC CBOGOAHHX Z-MOayJed

a a 3
0>E'— E!'— ... — E" 0,
rae Ef cHaGxkeHO 6a3HCOM e; HHIEKCHPOBAHHLEIM MHOXKECTBOM KpH-
‘THYECKHX TOUYEeK ¢ HMHJAeKca i, IpHYeM [PH HHIEKCe TOUKH ¢, pPas-
HOM i,

d(e) = n(p, 9,

p— KPDHTHYECKAs TOYKa
Mp)=i+1

MoxHo npeacras/sith ceGe (o KpakHeH Mepe IIpH OpHEHTHPYEMOM
M), uTO KOromOJIOrHH 3TOro KOMILJIEKCAa H30MODGHHE CHHIYJISPHBIM
KOTrOMOJIOTHSIM MHOroo6pasus M, HJiH, HHauYe [OBOPs, UTO IPH OPH-
eHtupyemom M H(E") u H'(M, Z)— usomopoHnie Z-MOyId IIpH
i=0, ..., n

Sameuanue 1. Sta runoTe3a BepHA BO BCeX OPOCTHX NpPHMepax.

3ameuanue 2. «IBOHCTBEHHBIM» KOMIJIEKC

a4 - a’
0—>E'—E" !5 .. — E—0,
Thae

V4
9" (e;) = n(p, 9) &
g — KDHTHYECcKass ToYKa
Mag)=i-1

1) Cwu. mpuM. mepeB. Ha crp, 86. — [Tpum. nepes.
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npu HHAeKce p, paBHOM I, BeldeH B [16]; Tam, Kak 3To H FOJIKHO
OBITb, OH CBSA3HIBAETCH C CHHTYJISIDHHIMH IOMOJIOTHAMH M.

3amewanye 3. Ecin M He ODHEHTHPOBAHO, TO NPEeJHAYIIAs MOLEJD.
HOJIXKHA JaBaThb KOrOMOJIOTHH ¢ Kosdduuuerramu s Z /27.

4. BOKA3ATENIbCTBO TEOPEMbI 1.6

4.1. Ban A;. OGosnauum uepes VA rpaguest h, a uepes c(&) ome-
PauHIo BHYTPEHHEro YMHOXKEHHS Ha BeKTOpHoe moje E. Hmeem
dt = d + ¢ dh /\,
OTKYJa
d;=d" 4+ tc (Vh),
Ar=A+E|dh+ G,

rae G of%(M)-mnefino, 3ajaercst 3HAOMOPHH3IMOM pacciIoeHHT
audpdepennraJbHbx GopM Ha M H JONyCKaeT cJeAyiOLlee OIH-
caHHe:

G=Ah+2S,

rae S — anpdepennupopanre 0 (M)-anre6pu £ (M), coBnagam-
ee B CTeNeHH | ¢ SHAOMODP(HUIMOM KacaTeJbHOIO PaccJOeHHS K M,
[OJIyYEHHBIM MDH OTOX/ECTBJICHHH B KaXAOH TouKe x & M BTOpOi
KOBApHAHTHOH MPOH3BONHOM A ¢ suiomopduamom T3 (M). B uacr-

HOCTH, $iCHO, 4TO S H  — OrpaHHYeHHHE ONePATOPH B S1: (M).

4.2, NlokasateancTBo JeMmsl 2.1. Tlycth g— cOGCTBeHHHI BEKTOP-
Asst Ar ¢ coGCTBeHHBIM 3HaueHHeM A, rie A << A. Toraa

Ag+2|dhfPg=—1Gg + g,
OTKyJa HHTerpHpoBatHeM 0 M mosyuaem

j cae. ey +1antien<cici+afigr.

Tak Kak |dh| orpannueHo cHH3y Ha K NOJIOKHTeIbHEIM UHCJOM &,
noJiyyaeMm

—1 (1G] A
S|g|2<8 I(T'i‘t—z Slgl2,
K M
OTKyJa H CllelyeT yTBepKAeHHe JeMMHL.

3ameuanue. Tlofyyaercss TakXKe CyweCTBOBaHHe TAKOH HOCTOSH-

HO# ¢ > 0, uTo S(Ag, g)<c-tSIgF npu ¢ 2= 1.
M
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4.3. TTpucTynuM Tenepb K L0Ka3aTesJbcTBY TeopeMbl. OHO ecTecTBeH-
HEM O0pas3om pasfuBaercs Ha ABa wara. Ha nepsoM mare moka-
3pIBaeTCs, 4TO B KaXJOH creneHd [ IpH GOJbUIUX { CYLIeCTBYyeT IO
MeHblIei Mepe m; He3aBHCHMEIX COOCTBEHHHIX BeKTOpPoB A: ¢ €00-
CTBeHHEIMH 3HaueHHsMH <CA. Ha BTOpOoM J0Ka3BIBaercs, UuTO
ocTaJsibHEIE COGCTBEHHbIE 3HAYEHHS CTPeMATCs K 6eCKOHEUHOCTH BMe-
cre ¢ f. MajoKende KaXKJOro H3 STHX WIATOB CHJIbHO MPOSICHSETCH
IpH [pEINOJIOKEeHHH, YTO B KaXJOW KDHTHYECKOW TOUKE [ MOXKHO
BHIOpATb JOKaJbHEE KOODIHHATH, B KOTOPHX (PYHKIHS A 3aNHCH-
n

Baercd B Bule A(p) + :Z A,x%2 (kaxk B pasi. 2.2), a MeTpHKa CTa-
=1

HOBHTCS eBKJIHAOBOH. MBI 6yleM Ha3HBaTb Takol cayuafi eBKIHAO-
BBIM H pa3fepeM [JeTaJbHO HMEHHO ero. B atom ciyuae MH (akTH-
yecKH JOKaxXem Teopemy 1.6 ¢ npoussosbHeiM A > 0. IlousTtHo,
YTo NPH 3aJaHHOM R MOXHO Ha#WTH DUMaHOBY MeTPHKY H KOOpAH-
HaTH OKOJIO KPHTHUECKHX TOUeK, yIOBJIETBOPAIOIIHE STOMY YC/IOBHIO.

4.4. TlepBHil lIar OCHOBAH Ha NpHHUMIe MHHEMakca [21, T. 4, ¢. 76
u 78]. Hanomuum 3TOT npHHUHI. B rumb6eproBOoM mpocTpaHCTBe J6
paccMaTpHBaeTcst (HeOrpaHHYEHHEIH) CaMOCONPsKEHHHIH omepa-
Top 7, ynosaersopsiomuit yeaosuio (T, vy = —M|pl|? npu nexo-
Topo#t noctosinHof M. CBsiXKeM ¢ HHM 3aMKHYTYIO 3DMHTOBY (OpMy
Qr, oro6paxaiomyo P B (TP, > (ee obsactb oOnpeieseHus
Dom(Qr) comep:kut o6nacTh onpelejeHHs I, HO MOxkeT OHITb H
Goabuie). [IpenmosoxumM, yro T HMeeT AHCKPETHBIH CHEKTP; 3aHy-
MepyeM COOCTBEeHHHE 3HAUEHHst B BO3DACTAIONIeM HOpsiAKe ')

<< <., .

[Tpu 3THX NpeANOJIOKEHHAX

Ay = sup inf Qr (¥),
F \peF-‘-nDom(QT)
ll=1

rie BepxHssi rpaHb Gepercs [0 NOANpOCTpaHCTBaM F mpocTpaH-
cTBa 56 pa3mepHOCTH He GoJblue 7 — l.

3ameuanue 1. MoxHo 3amenutb Dom(Qr) Ha Dom(T).

3amewanue 2. BrpaxXeHue B MpaBoH YacTH OpPeJIBIAyLIEr0 Hepa-
BEHCTBA HA3HIBAETCH 71-M XapaKTepHCTHUECKHM 3HaueHHeM ¢op-

MBIl Q7.

4.5. 3aUKCHPYeM UETHYI0 NOJOXHTENbHYI C®-QYHKIHIO @, KOTO-
pas parHa Hydio BHe [—2, +2] u emumune B [—I, 1]. [Tosoxum

1y C vuetoMm xpaTHOCTH. — [Tpum. nepes.
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ps(x) = (p(§x), B > 0. BepueMcst K 0603HaueHusiM pasf. 2.2 B6IH3H
KPUTHYECKOH TOUKM p HHAeKca [, hbepeM HocTaTouHO GoJblioe B
H PacCMOTPHM [-PODMY @¢ , C HOCHTEJIEM OKOJIO p:

Rl —tA, (22
wt,p=if_ll(e ! ‘lx’/2cp3(xi))dx1/\ .o Adxy.

B eBkaHI0BOM ciayyae A; JefCTByeT Ha @ B TOYHOCTH Kak A/,

© TaK YTO COCUHTAThb S<A‘m" p, ©¢, p) COBCEM IIPOCTO — 3TO [IPOH3BE-

AeHHe MHTerpaJios o x; THIHYHHI HHTErpaJs — 3T

+o0

—tx? —_ rr ’
S e [— @595 + 2txpz05 4 (%42 — 1) (I —o3)]dx;
—00
r /5

TaK Kak @y, §5 0 1 — @} o00pamaioTcs B HYJb B OKPECTHOCTH
HyJIs, TPHBHA/bHAS OLEHKa JaeT CyIecTBOBaHHe Takoro p > 0, uro-

S <At(')t, p? cot, p> < e—ﬁt S (mt, p? mt, p>'

Ilpu coorsercrByiomem BHGOpe B HOCHTeJNH GOPM @, AJIS pas-
JIHYHBIX KPHTHYECKHX TOUeK HHJeKca [ He NepecekaloTcs; 0603HAYHM
F, moanpocrpanctso B S£4, (M), nopoxiaeHHoe @, ,. Ilo npuanEny
MHHHMaKCa NepBhe m, COOCTBEHHBIX 3HAUCHUH At'B st} (M) sxcmo-
HeHIHAaJIbHO YOBIBAIOT [0 /! AeHCTBHTEJ]bHO, AJsi JIOGOro MOALIpO-
crpaictBa F mpocrpanctsa o4, (M) pasmeprocty <Km; —1 mpo-
crpaictso FL (1 Dom (Qp) (1 F; He paBHO HyJO, [HO3TOMY Am () <
< e ®, ecan yepes Am, () 0603HAUHTL m-e COGCTBEHHOE 3HaueHHe Ay
B &#!,(M). B HeeBkJHIOBOM cayuae A, BEIpakaeTcss KaK cyMMa A;
C JONOJIHHTRJIBHHIMH UYJIEHAMH BHJAa

i d ; o
q(x)mj—> b(x)a'i—’ tZI;\'iI-C(x)’ L‘I)\.le(x),

r,u.e“a(x), d(x) o6pamaiorcst B 0 B p, a ¢(x) HUMeeT HyJ b [0 MeHb-
wefd Mepe 3-ro mopsaxka B p. Mcnonbsys 3ameHy mepemeHHBIX
X=—x 4,/1‘ H YeTHOCTH (, HAXOAHM, UTO

S <Atmf, p? (Dt, p> < A S <(Dt, p.: &)t, p>

IpH HEeKOTOpOA noctosinHok A’ > 0. IIpumeHsi, Kak paHee, IPHH-
KO ijﬂnmaxca, BHIBOLMM HEPaBEHCTBO Am, (f) << A’, uro 3aBepuiaer
[epBH# wiar.
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3ameuanue. Jlyumni sH60p wr, , TO3BONsET 3aMenuTs A’ Ha A’[+/t,

4TO JoKa3hBaer TeopeMy 1.3 npu npoHussossHOM A > 0.

4.6. Bropo# sran Tpebyer GoJbllied OCTOPOXKHOCTH: HYXHO JdOKa-

3aTb (C HCHOJIb30BaHHWEM [IPHHNHNA MHHHMakca), 4TO IOpH Ie-
Jom r >0 XapaxkTepUCTHUECKOe 3HaueHHe POPMH Q; Ha SEL:(M)
C HOMepoM m,,; NPEeBOCXOAHT yf IIPH HEKOTOPOM BLIGOpe NOCTOSH-
ot y > 0. [TosToMy HYXKHO CBeCTH BHIUHCJeHHe (J; K BHUHCJEHHIO
B OKPEeCTHOCTSX KPHTHUECKHX TOYeK. 3Jechb HCIOJb3YeTcst NOAXOZ,
coob6uiennu#t MHe KonHoMm. OG6JiacTb olipejelieHHst Q:— IpOCTpaH-
ctBo HY (A M) tagux ¢opM b & (M), uro noroxku d u d*y
TakXKe npuHaanexar Sfr:(M). Ha sTom MHOxkecTBe '

) Q)= (9P +1VP+2IdRRI P+ GV, B).

M

Jnst KaxaoH KPpUTHUECKOH TOUKH p BhHIGepeM OKpeCcTHOCTb V,, omnpe-
AeJeHHYI0 B 0003HaueHUsiX pasfd. 2.2 yciaoBHeM |x;|<< a, 'le KOH-
cranty o >0 MH MoXeM BHIOpaTh CKOJb YroAHO MaJioH; Hpeano-
JIOXKHUM, B YaCTHOCTH, UTO V, He mepecexalorcs. [losoxum
V0=M\ U Vp.
rel

Tlnan pefictBHA 3akmaiouaercsi B pa3bueHHH unTerpaja (+) mo M
B CYMMY HHTerpayioB 0 Vo H V, H B BHUHC/JIEHHH 3THX HHTErpaJios.

Tounee, ¢ 5TOr0 MOMEHTa MH 3a(dHKCHpyeM neJyoe r == 0 u orpa-
HHYAMCS H3yueHHeM Q, Ha Sf7:(M). COOTBETCTBYIOMHUA HHTerpas
mo V=V, unu V="V, onpenensier KBaJpaTHUHYI0 ¢popmy Q v Ha
S#1:(V) c obaacteio ompenenenuss H!'(A7V). Mu poxaxkeM, 4TO
ecit V="V, uau V =1V,, npuuem HHAEKC p He paBeH 7, TO IepBoe
XapaKTepHCTHYeCKOe 3HaueHHe (¢ v IPH GOJIbLIAX { MPEBOCXOAHT y!
npu HekoTopoM y >0, a npu V =V}, rile HHIeKC p ecTb r, TAKHM
cBOHicTBOM 06JajlaeT BTOpPOe XapakKTepHCTHYecKOe 3HaueHue, OT-
ciofa BHIBOAUTCS, UTO (m, -+ 1)-e xapaKTepHCTHHUeCKOe 3HaueHHe Q
Ha 7. (M) yHOBJETBOpsieT TOMYy e YCJIOBHIO, YTO 3aBEpPLIHT BTO-
poH 1mar.

4.7. Paccyxkpenns H3 pas3f. 4.2 noxashBaloT TpeGyeMHH pe3yJbTaT
s Qyv,. Ilyetb p — kpuTHUeckast Touka uHJeKca [. Jlia u3yuge-

r
Has  Qy, v, B S£1:(V,) MBH BepHeMCH K eBKJHJAOBY C/Iyyalo (CM. B

pasa. 4.10 ykazaHus Aasa obmero ciayuasi) #H 0G03HAUeHHSM
pasn. 2.2. Ilycrs $ = A (A, V.); MoxHO 3anHcaTh { B BHAe

b= ; fr (x) dxy,
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rie cyMma pacnpocTpaHsiercss Ha moamHoxectBa /< {l, ..., n}
MOILHOCTH 7, a %; 0603HaYaer x; A ... Axi, mpr I={iy, ..., i},
ii<<lpg<< ... <<i,. Tenepbp uHTerpan Qi v, () BHIpaXkaeTcs Kak

cymma (mo /) mHrerpajioB & ;:

=5 2|

Vp ]

of 7
ox n

i

C (a2 — ihel) |, |2] dx, ... dx

rie ef=—1, ecmu ie/l, n efl=+1, eciin i & /.

4.8. M3yuynM cHayasa ciyya# pasmepHoctH 1. O6o3Hauum uepes /y
uutepBan ]—a,a[ = R; paccmorpum B L2(J;) KBaApaTHUHYIO
¢opmy

+a

Keh= { OF P+ @ —01FP dx

-

¢ obaacteio onpenesienus H'(/y). OGo3Haunm depes w(¢f) u pa(f)
nepBsoe H BTOpOe XapaKTepHCTHUecKHe 3Hauenus K.
Jlemma. CyujecTsyroT Taxue nocrosnuse p, ¢ > 0, 410
) =—o,
1y () = ot

das docrarouro Goasiioeo t.

Hoxasareascreo. [oxaxem cHauana BTOpoe HepaseHcTso. [ns
feL2(I,) nonoxum Uf (X)=1t""*f(X/+/%); npu sTom nomyuaercsa
H3omeTpuueckuii usomoppusm L?(/,) na L? ({oy7)- Nlycts g=U f;
Tenepb

+a /T
) Ke(h=t { (g’ P+2—1lgpnax.
—aT
TlonoxuM B = +/n/2. Torza /
@ | ter+we—nigpax>
B<IX|<av?

>@-0n | lerax
B<IXI<avT
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C JIpyrod CTOpOHHI,

@ | ugr+w—nlgndx> | (gP—lgpax.
1XI<8 lxi<p
+8
OnHaxo KBaJpaTHuHas ¢popMa g r—> S |g”PdX cBsizana c sagaveR
-8 .
Hefimana Ha [g. W3BecTHO, uTO IepBoe COGCTBEHHOe 3HAUeHHE CO-
OTBETCTBYIOIIEro oneparopa Hynaesoe (COOCTBEHHHH BEKTOp — IIO-
crosiHHas (GyHKuus), a BTOpoe ecTb m?/4p2 ITostoMmy, eciin g opTo-
roHajlbHa KOHCTaHTaM Ha [g, TO

+8 2 +8
@ {gr—lgpax=(g—1) | 1aPax.
—B =8

U3 (2), (3), (4) BriBOAUTCH HEPaBEHCTBO
+a

(5). K(h=t@@—1 { 1UfPax

—a
pas oyakuuu f ¢ Uf, oproroHajbeoi KOHCTaHTam, H, CJlelOBa-
TeJIbHO,

wa (f) =1 (B2 —1).

OneHxa cHH3y Ass pi(f) Telepb BHTEKaeT H3 HepaBeHCTBA TeMIla
[21, 1. 4, c. 84], npuMeHeHHOro, HampHMep, X (YHKHHH BHIA
og (x) e~**2 npu nopxoasimem B.

4.9. BepHeMcst K H3YUYeHHIO HHTerpajos Fj. CaMOCOHpH}KeHHHI/:I,
oliepaTop, CBSI3aHHHIA C olpeleseHHOH F; KBaJpaTHUHOH (OpPMOH
Ha L?(V,), coBnajaer ¢ 3aMHIKaHHEM CYIeCTBEHHO CaMOCOIpSKeH-
HOro oneparopa

i21® ...919D,;,91® ... ®1,
mn | e— i e

i~1 uxenos

rae D; : NeACTBYeT TOJbKO [0 [epeMeHHOH X; H HeNOCpPeACTBEHHO
CBsI3aH ¢ KBaJApaTHYHOHA Qopmoi K: u3 pasl. 4.8. [Ipumenum tenepsb
pesy/bTaTh M3 pasi. 4.8. Bo3MoxXHO aBa coyyas:.

a) WM CyllecTBYeT Leloe i, Takoe, uTo giA, < 0, 4TO MPOHCXO-

AUT B TOUHOCTH KOTJla HHJEKC p He DaBeH r WJIH HHIEKC p paBeH r,
Ho [s= {1, ..., r}. Torna HCHO/NbL30BAHHE [IEPBOrO HEPaBEHCTB&
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JeMMHl U3 pa3d. 4.8 paer
®) Fiz@t—o) {11 Pdy ... d,
V

P
¢ OCTOstHHEIME p’ H o’ > 0;

b) mim xe scerma efh, >0, T. e. p uMeer uwHZekc i, a [ =
={l, ..., r}; HepasenctBo (6) crpaBeaJHBO, eCc/H f; OPTOrOHANBHO
OJHOMepHOMY noanpocTpaHcTsy 8 L2(V)).

Cayvyau a) u b) nawor Tpebyemylo HHpOpMauHO 0 XapakTepH-
CTHYECKHX 3HaueHHAX Q, v,

4.10. 3aMeuanus

1. Touno Tak Xe MOXHO NOCTYNAaTh H B HeeBKJHIOBOM ciyuae;
[IPH 3TOM [PH BHUYHC/IEHHH Q;, v, (p) B pa3n. 4.7 HYXKHO YYHTHBATb
AOLOJIHHTE/bHbE WIEHB, BOSHHKAIOIIHE H3-32 HENJIOCKOCTH METPHKH
B OKPeCTHOCTH p. OLHaKO 3TH uJIeHbl He BHI3HIBAIOT IPOGJEM, Tak
KaK OHH CyTb 0(1).

2. B [18] moxmo HaHTH NOAXON, HENOCPENCTBEHHO AAMONIHI
B eBKJIHJOBOM cJyuae HepaBeHCTBO b; << my;. B [25] nokasamo, uto
ACHMITOTHYECKHE pPa3JjioXeHHsS 7n-X COGCTBEHHEIX 3HAYEHHE AV

pGEBCA; (rze A, — omepartop Ha A, (R™) cosmapawT B mepsom rmo-

psinke. OGa sTHX mOAXOfa GJHXKe HALIEro K MeToAy BHTTeHa. IIpo-
MexyTouHbil Mexay [18] m [25] moaxox ¢ ucmosb3oBaHHeM onepa-
Topa d, -+ d; 6bu1 coobmer MHe Byre ne Mousenem.

5. APYTUE TNPUIIOMEHIAS

5.1. OGo6mennrie Hepasencrsa Mopca [22, I1]. Paccmorpum kom-
HaKTHOe NH((epeHnHpyeMoe MHOroo6pasue M n ¢yHKuuio A Ha M
gnacca C*, HO He GyAeM GOJiblue NIPENNONAaraTh, UTO h — dyuguus
Mopca, a TOJBKO Y4TO KpHTHUECKHE TOUKH A 00pa3yloT NOJMHOT006-
pasne N B M (He o6s3aTesbHO CBsI3HOE), KOTOpOE HeBRIPOXKAEHHO
B TOM CMBICJIe, YTO B KaXK[OH TOUKe H3 N paHr MAaTPHUUH reccHaHa
h coBmajaer ¢ paHroM HOpMaJNbHOrO paccioenus k N. B stom cay-
Yae NoJy4aloTCs HepaBeHCTBa, CBA3LIBalOmUe b; ¢ my=dim H!(N, 9),
rae ¢ — paccioeHne OpHeHTamHH OTPHIATENLHOH YacTH HOpMaJib-
HOro paccioeHda k N. MHTeplpeTHPYeTCs 5TO NOCPEACTBOM BO3MY-
HIeHHs: d ¢ NOMOIBIO e~**, kak u B pasf. 1.6. [Toxka3uBsaercs, uTO
AN GOJBINHX ¢ MaJiHle COGCTBEHHbie 3HAUeHHS A; COOTBETCTTYIOT
COGCTBEHHBIM BEKTOPAM, KOHUEHTPHDYIOIIMMCS B OKPECTHOCTH MOJ-

MHOrooGpasuss N, MO3TOMY OHH CBSI3aHH CO CIeKTPOM JalJjacHa-
Ha N.
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5.2. Bektopunie moas [22, IH]. Ilycrb M — npudpdepernupyemoe
mHOroo6pasue, a X — BekTopHoe noJsie Ha M. OGo3nauum uepes ¢ (X).
BHYTpeHHee YMHOXeHHe Ha X, a depes Zx — auddepeHnrposaHue-
JIn na xommiexce & (M) mudpdepeHunanpiux ¢opm Ha M. Tloso-
KuM dx =d+ c(X); umeem d% =%, CHaGAEM BeKTOpHOe NOA-
npocrpaHcTBo Sx (M) = £ (M), cocrosmee u3 GopM, aHHYJHpYe-
Mhx Px, nudpdepennnanom dx. O6o3nauum yepes Hx (M) xoromo-
Joruu nonayueHsoro xKommJekca. IIpu s==0 xoromosorun Hyx (M)
i Hsx (M) uzomopdun. IIpeanonoxum, uto M KoMnakTHO, CHabAHUM
ero pHMaHOBOH CTPYKTYypOH# HBBeaeM Dy=dy+d; Hy=D%.
Usyuast crekrp Hsx OpH S$—- oo METOJaMu, HOXOXKHMH Ha H3JIOXKEH-
HEe 31echb (Ha 3TOT pa3 «IOTeHHaM» — 3T0 s2|X |2, H coGcTBeHHBIE
BEKTODH KOHIEHTPHPYIOTCH OKoso Hyse#t X), Burrem BHpasun:
n

3ilJIepoBy XapaKTepHCTHKY M | paBHYIO iZ(— l)i dim Hex (M) npm

=]

IPOHU3BOJILHOM S) yepe3 peJinle UHCJa, NIPDHNUCAHHHE CBA3HBIM KOM-

noHedtaM MHOroo6pasus Hynxeft monst X. B cayuae xorma myau X
H30JHPOBAHH, [OJyyaeTcst KJaccHueckas teopema Xomda.

5.3. Bexropusie moss: puManoB cayyaii [22, IHI]. [Ipeamonoxkum
Tenepb, 4t0 X mMOpoxkKjJaer rpynny H3OMeTpHH PHMaHOBOH CTPYK-
TypH Ha M. B stoMm ciayuae X Ha3HBalOT BeKTODHBIM NoJjeM Kwui-
nuara. Torna H,=ddy + didy. O6o3nauum uepes N MHOXeCTBO

HyJeil X, uepesby— cymmy uucesq Bertw mHoxectBa N ¢ UETHHIME
HOMepaMH, a uepe3 by C HeueTHHMH. [Tos0XHM TakXKe

bf= Y dimHYM), bx= 2, dimH%M).

i ueTHO i HeyeTHO
Torma
+ + - -
by =bx, by =bx.

Tenmepb npelnosioXuM eme, 4TO M YETHOMEPHO H OpPHEHTHpPYEMO.
Torpa npu meficTBuH onepaTopa * KOMIUIeKe Je Pama pas6usaercs
Ha YEeTHYI0O H HeueTHYI0 uyacTH S£+(M) n o~ (M). Dpwmuros orne-
paTop

QX ___eiul4dx + e—m/fid}

Heyered. Ero MoxHo 3amacaTth Kak Qf + Qx, roe Q} oTobpaxkaer
T (M) B ¢~ (M), a Qx oro6paxaer &£~ (M) B £F (M). Uumexe Qix
HEe 3aBHCHT OT § H paBeH carnatype M. Kpome Toro, Q% = H, -+
+2iZ ;. Tlpn >TOM mOJyuyaeTcs TeopeMa O HelOABHXKHHIX TOUKAaX
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({2, 11, § 6] wmn [6, III § 6]), 8 KoTopo# curmatypa M BEpa-
XKaeTcs yepe3 N. :

5.4. Heckonbko sameuanuii. 1. ficHo, uTo yTeepx Aenus pasy. 5.1—5.3
JOIYCKAIOT A0KA3aTe1bCTBA, aHAJOTHYHble NPHBEJEHHHIM B § 4. As-
TOP HACTOSIHIEro HOKJIAafa TAKHX AOKA3aTeJbCTB He MHCaJl.

2. BurTeH yKashiBaJs, YTO HaMeYeHHHle HM JOKA3aTeJbCTBA STHX.
PesyJ/IbTaToB — BApPHAHTH J0KA3aTeJbCTB, OCHOBAHHHX HA TeOpeMe
06 uupexce [5], [6]. HHTepecHO GHiI0O OB CPaBHHTb €ro MeTOL
¢ meroloM H3 [3] (B wacTHOCTH, cM. KOMMenTapwil Kk [1]).

3. B [9], [10] paccmarpuBaercsi ciyuait AeHCTBHS KOMNAKTHOH
rpyonsl Jlu T Ha KoMmakTHOM AHMOepeHmEpyeMOM MHOroo6pa-
3un M. OGosHaunm yepe3 X* BeKTOpHOe IOJie, MOJYYeHHOE H3 Hefi-
crusl Ha M snementa X aureGpu Jlu. Tenepb H _on;x+ (M) paCCMdT-'
PHBaeTCs KAaK SKBHBADHAHTHOE KOJIbHO KoromoJoru#t X. Koucrpys-
PYIOTC 3KBUBADHAHTHBIE XAPAKTEDHCTHUECKHE KJACCH, YTO NpPHBO-
AT K TeOpeMe O HENOABHUXKHEIX TOYKAX H K TeOpeMe 06 HHIEKCE

(cp. [11]).

5.5. Cynepcummerpus [22, § I, § IV], [24]. B xomrekcre nepa-
BeHcTB Mopca noJoXKHM

Q=d+d,
Q2 = i (d - d‘)y
H =A.
Torga
1)) R=Q=H u QQ, + QQ,=0.
B konTexcre pasa. 5.3 nosoxuM
Q1 = Qx,
Q, = e“'“/“dx + eiu/4d},
H= Hx,
P = 2l'gx.
Torga
QG=H+P,
(ID) Qi=H-—P,
Q1Q2 + Q2Q1 =0.

B kaXJOM H3 5THX 1BYX C/1yuyaeB HMeeTCs THJIbGEPTOBO NPOCTpaH-
CTBO J6, Pa3sioXKeHHOe B NPSIMYI0 CyMMY UeTHON H HEUeTHOR yacTell

x
%: U CHAGXKeHHOEe SDMHTOBHIMH OIepatopamu cumMmerpun Q,, Q,:
i 2
" —>6 U omepatopoM raMHJbTOHHAHA H. Kpafine ympomas,
MOZKHO CKa3aTb, YTO CyNE€DCHMMETPHUHAS KBAaHTOBAS MeXaHHKA —

7 Byp6axn
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310 u3yuende curyapusl I u II (To, uTO OmepaTOpOB CHMMETPHH
ABa—Q; H Qp, OTBeuaeT MHPY C OJHOMEeDHHIMH IDPOCTPAaHCTBOM H

BpeMeHeM. CuTyaunsa [ oTBeuaeT HepesSTHBHCTCKOH MexaHuke, I —.

PeNIITHBHCTCKOH ). .

BaxHuIfl BONPOC B 3aflayax HAPYIIEHHOH CHMMETPHH — HMEIOTCS
JIH BeKTOPH A & J6, ylAoBJjersopsiomte Qi = Qi =0, Ecau aa, to
B TeOpUH CYIIECTBYIOT 6030HH H (epMHOHH paBHHX Macc. EcJsin Her,
TO CHMMETPHS «CIIOHTAHHO HapylleHas. CyllecTBOBaHHE TaKHX BeK-
TOPOB MOXKHO NpOBepsATb, H3yuas mmmexc H = (Q} + Q3)/2. Mo-
Jesid, HHTepecylomue BuTTena, aHa/IorHuHH pocTpaHcTBaM SE* (M),
HO pHMaHOBO MHoOroo6pasue M GeckOHeUHOMepHO — OOBIYHO 3TO
IPOCTPAHCTBO NleTeslb PHMaHOBAa MHOTooOpasust B (Ha 3TOT pas Ko-
HeuHoMepHoro). Ilocse 3KCTpamosisiuHH CBOHX MeTOJOB Ha Gecko-
HeYHOMepHHIH ciyyalt BHTTeH HpHullles K BHBOIY, 4TO B OIlpefeJieH-
HEIX CylNepCHMMEeTPHYHBIX MOJeJ/iiX He IPOHCXOAMT CIOHTAHHOIO Ha-
pYLIeHHsi CHMMeTpPHH.

5.6. Foaomopdubie HepaBencTsa Mopca [23]. Ecau X — ronomopd-
Hoe BEKTODHOe [I0Jle Ha KOMIAKTHOM KOMIUJIEKCHOM MHOroo6pa-
3un M, To mnoJyueHHas Atbefl H Borrom roxoMmoppHas ¢opmyna
Jlepwena BHpaxkaer uucna Yepua M uepe3 Hyam 0X [2]. Ecum
M — xaJepoBo MHOrooGpasHe, nose X nopoxjaer neHCTBHe OKDYX-
Hoctd S! wa M, npuuem X HMeeT HyJb Ha M, To popmyaa Jlepiena
o6o6uieHa BHTTeHOM O CHCTeMH HepaBeHCTB, aHAJOTHYHHIX Hepa-
BercrBaM Mopca.

5.7. HepaBencrBa Mopca aasa caoenuin [14]. K stomy pesyabTarty,
nonyyeHHoMy KOHHOM, HeNDHMEHHME KJIACCHYECKHE METOAL, HO
IIpHMEeHHM OTKPHITHH BHUTTeHOM aHa/JHTHUECKHH NOAXOJ.

[Tyctb M — koMnakTHOe MHOroobpasHe co C/IOGHHEM H HHBApH-
AHTHOW NIpH TOJOHOMHH TPaHcBepcaJbHOH Mepoii A. Bribpas puma-
HOBY METPHKY BJOJIb CJIO€B, [OJY4YHM [lojle THJIbOepTOBHIX
NPOCTPAHCTB, 06pa30BaHHOe rapMOHHUYECKHMH R-(pOPMAMH C HHTEIPH-
pyeMhiM KBaJpaTOM. MOXHO NOKa3aTh, UTO CYIUECTBYeT TaKas H3-
MepHMasi TpaHCBepcaJb I K CJOSM.C KOHEUHOH TpaHCBepCaJbHOH
mepoit, uto nose L2(T\F) (rae F—ciuoii M) u3mepuMO H30MODP(-
HO [OJI0 rapMOHHuecKHx k-(opM. TpaHcBepcaabHas mepa T He 3a-
BHCHT OT BHIGOpa HE 7, HH PHMaHOBOH MeTPHKH. DTO BellleCTBEHHOE
NOJNIOXKHUTEIbHOE YHCJIO Ha3nBaeTcs k-M uHciaoM Derru cioenna u
of6ozHavaercs by.

[ycrs A — ¢yHkuus kJacca C® Ha M, h: M— R. Hawa peabp —
NoJIyu4HTh Teopuio Mopca 80oab caoes. Lns o6imero A KpUTHYECKHE
TOYKH BJOJb CJOeB 06pa3ylT 3aMKHYTOe IOAMHOroobpasHe, KOTO-
poe, goobuje 2080psa, He TpaHcBepcasbHO cijosiM. ITosTomy HeBO3-
MOXHO H36eXaTh NOSBJIEHHS BHPOMXKJIEHHHX KDHTHUECKHX TOUEK.
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Onnako Ha kaXAOH CBSI3HOH KOMIOHEHTEe MHOXKECTBA TPAHCBEPCAJb-
HOCTH 3TOr0 MHOroOGpa3usi HHAEKC NocTosiHeH. CrpynnupoBaB cBsi3-
Hble KOMIOHEHTH ¢ (QHKCHDOBAHHHIM HHIEKCOM 2 M BHIUHC/IHB HX
TPaHCBePCaJbHYIO Mepy, MOJIy4HM k-e¢ uHcJI0 Mopca cioeHus — Be-
LIeCTBERHOE NOJIOXKHTENbHOE unc/o. B [14] nokasamo (mo xpaiimei
Mepe B KODa3MEPHOCTH <I95) CYINeCTBOBAHHE TaKOro IOJHHOMA'
Q(f) c BelleCTBEHHHIMH [IOJIOXKHTEJIbHEIMH KO3D(HUIHEHTAMH, 4TO

Emitt =Zbitt + (1 + ) Q ().
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Pa6ora BurTena o roloMopdHhx HepaBeHcTBax Mopea, ymomuHaBmascs
8 Noknaje, ony6ankosaHa s [1*]. B paGore JK.-Il. Heman [2*] meroz Barrena
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fpAMeHeH B KOMINIEKCHO-aHAJIHTHYECKOH CHTYAaUWH: J0Ka3aHo, 9TO AJAA KOMNAaKT-
HOro KOMIIEKCHOro MHOrooGpasus X¢, roJoMopgHoro paccioenst E wag X u
SPMHTOBA JHHEAHOro rojoMopduoro paccioesnss F Hak X pasMepHOCTH KOroMo-
Jsorafi A%(X, E* ® F) pacTyT npu k— oo ne GHcrpee, ueM c-k°. Cratha Xeandepa
n Hlécrpanma [3*] comepKHT noJaHOE AOKA3aTeNbCTBO TOTO, YTO KBA3HKJAACCHUE-
CKHA _KOMIUVIeKC BurTena usomopdeH Komniaekcy Mopca jgannod QyHKUMH.

ITocne BhiXoma paGoTh BaTTena kaaccuueckuin Xommiaeke Mopca raaxkon
‘hyHKiMM Ha KOMMAKTHOM MHOTOOGDa3HH, H3BECTHHH 1O CyllecTBY elle Mopcey H
aKTHBHO H3ydaBlHiics B AHddepeHNHaNbHOM TONOJIOIHH, YACTO HA3HBAOT KOMI-
Jiekcom Burrena. [Toa TakHM Ha3BaHHeM 3TOT OGBeKT 0606LIadci B HHUKJIE paGoT
®népa, MOCTPOHBHIErO TeOPHIO Mopca st MepecedeHH JarpaHKeBHX MHOroo6pa-
3u#, cM. [4%].

Keasuknaccuuecknfi xomniexc BHTTeHa paccMOTPeH ¢ TOUKH 3peHHs Caydafi-
HBIX TPOLECCOB H YyPaBHEHHA TeIJIONPOBOZHOCTH B paGore DBuemio [5*], a B [6*]
ITHM CIOCOGOM HOKAa3aHH H peayAbTaTH [eman.

B pa6orax Hosuxosa [7*], Hosuxosa u Illy6uHa [8*] paccMoTpeH BHTTEHOB-
cxkuit AuddepernHan B OPOCTPAHCTBAX AHDdEPEHNHAIbHHX GOPM ¢ KO3 dHIHEeH-
TaMH B IJIOCKOM DPAcCJOEHHH, ONpeAeseMOM npeicTaBJeHHeM (yHAaMeHTaIbHOH
rpynnel. [Todyuaioress admaforu HepaBeHCTB Mopca, BKJIIOUAIOUHE TOMOJOTHH C
JIOKaJbHEIMH KO3 dHIHeHTaAMHU.

AHanornunblii AHOQEPEHIHAT MOMKHO PaccMOTPeTh, B3fB BMeCTo AuddepeH-
THA/a MOPCOBCKOH (YHKIHH NPOH3BOJBHYIO 3aMKHYTYIO, HO He TouHyio l-dopmy.
Paccyxenns BuTTeHa AaloT ¥ 34€Ch ONEHKY CHH3Y AJA YHC/IA KPHATHYECKHX TO-
gex ([9*], cM. Takxke [7*]). CooTBercTBylomue 9uciaa DeTTH MOXKHO BBHIYHCIATH
gepe3 cko6ku Maceu [7*].




AETEPMUHAHTHBLIE PACCNIOEHMSA,
PEFYNAPU3OBAHHBLIE AETEPMHUHAHTBI U MEPLI
-~ HA MPOCTPAHCTBAX MOAYJEA
KOMIMNEKCHbIX KPUBbLIX

JKan-Benya Bocr!)

Henasho, 6naronapst pa6oram Keuuaiena ([44]) u BenaBnna —
Kunxuuka ([7], [8]) o HerepmuHanTe omnepatopa 0 Ha pHMAHO-
BOH NOBEPXHOCTH, OBLIa yCTAHOBJEHa 3aMeyaTeJbHas CBA3b MEXIY
«Teopiieit ctpyH no IloasxoBy» u ajare6panueckoil reoMeTpued npo-
CTPAaHCTB MOJAYyJefl KOMIJIEKCHBHX KPHBHIX. MB HaMepeBaeMcs ONHU-
caTth ee B 3TOM JOKJaJe.

0.1. CTpyHHble TEOPHH — 3TO KBAHTOBLIE TEODHH NPOTAXKEHHBIX 00b-
eKTOB, paspabaThBaeMbie B TeueHHe ABYX Jecstujaeruil. B orauune
OT KBaHTOBEIX TeOpHH OOHIYHBIX NOJIEH OHH ONHCHIBAIOT HE TOYed-
Hbie O0BEKTH, a& «CTPYHBI», T. €. O0BEKTH IIDOCTPAHCTBEHHO OJHO-
MEpHEe. _ :

CrpyHHBe MoJenu OBJIM BBeleHH B HauaJe CeMHIECATHIX TOLOB
KakK (peHOMEHOJOTHYECKHe MOAEJNH CHJbHHX B3aHMONEHACTBHA MEXIY
aJlpoHaMH (T. €. silepHBIX CHJ Ha paccTosisMH ~ 10~1% cm). K co-
JKaJeHMIO, 3TH MOJAEJH JHUbL o4YeHb Ipy00 BOCNPOH3BOAAT AEeHCTBH-
TEJbHOCTh ¥ OGHapYXKWBAIOT NPH3HaKd He(PH3HUHOCTH, & HMeEHHO,
HX MaTeMaTHYeCKOe INOCTPOEHHE H3BECTHO TOJBKO AJs pa3MepHo-
crei D mnpocTpaHCTBa — BpeMEeHH, OTJIMYHBIX OT 4: D =26 n4s
o6biuHOE (6030HHOMA) MofAeau, D = 10 Aad MopeseH, o6JadamOHX
tbepMHOHHEIMH CTeNeHAMH CcBOGOAH. Bnoc/aeacTBHH CTpYHHBIE MO-
Head GblJH NpeJJOXKeHH B KaueCTBE TeODHH 3JEMEeHTapHBIX 9acTHIl,
BKJAI0OYas noJs SIura — Mujsica ¥ rpaBUTaLHOHHOe ToJe (B TaKOM
cyuae eCTeCTBEHHBIM MacliTaboM 3THX MoJelefl CAYXKHT [TaHKOB-
ckas gauHa ~ 10—32 ¢cm).

B 1981 r. IloaskoB npennoxua nepeOpMyJHDOBKY TEOPHH
CTPYH, NOCTABJSIOMIYIO HOBOE NMOHHMAHHE KPHTHYECKHX DPa3MepHO-
creft 26 w 10. 3ta nepedopMy/HPOBKa BHISAB/AAET HOBHE CTEHCHMH:
cBOGOJK CTPYHBL, ydYeT KOTODHX [eslaeT BO3MOXKHBIM INOCTPOEHHE
BEPOSTHOCTHEIX CTPYHHBIX MOJelel B pasMepHOCTAX, CTPOTO MeHb-
WHX KpHTHueckux (Hanpumep, 4). OnHako OGHYHO NpHMeHSEMASE

1) Bost Jean-Benoit. Fibrés déterminants, déterminants regularisés et mesu-
res sur les espaces de morui-s des courbes complexes. — Séminaire Bourbaki,
39 éme année. 1986—87, n° 676, Astérisque 152—153, 1987, p. 113—149.

& N. Bourbaki, Société mathématique de France;, 1987
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8 HacTosilee BpeMs NPOLUEAYPa YCTPaHEHHs JHIIHHX H3MEpEHHi
COCTOHT B <«KOMHakTH(HuKauun» D —4 usmepenuit B xyxe Kaay-
sl — Kaefina. B 2Tofl KOHCTPYKLMH B HIrpy BCTYNAOT HEKOTOphie
3-MepHBHle KOMIUIEKCHHE MHOroo6pashsi — TaK Ha3hiBaeMble MHOIO-
obpasus Kaanabu — fly. :

Kpome Toro, orkpnitue B 1984 r. 3amegaTeqbHBIX CBOHCTB (OT-
CYTCTBHS <2HOMAaJHH») HEKOTODHX CyNEpCHMMETPHUYHBIX CTPYHHBIX
monenell ¢ kKaaubposounnimu rpynnamu SO(32) u Eg X Eg BH3BaJIO
3HAYUTEJbHHH BCIVIECK HHTEpeca K 3THM TEODHSIM, KOTODHIE M0 JIXKH Bl
TNPHBECTH, KaK CYHTAIOT HEKOTOPhiE, K €AMHOMY OMHCAHHIO pa3/Hu-
HbIX DYHOAMEHTAJbHBIX B3aHMOJAEHCTBHE,

BmecTe ¢ TeM CTpyHHBIe TEODHH MOPOXKAAIOT HHTEPECHHIE NPO-
GJ1eMBl CTATHCTHYECKONA MEXAHHKH H MOTYT GHITb CBSi3aHBl C XpPOMO-
JUHAMAKOH B IPEJeJbHOM ciydyae «5eCKOHEYHOTO 4HCJIa [BETOBY
(uto oTBeuaer kaaubpoBouHoi rpynne SU(N), N — oo).

3a JONOJHUTENbHHIMH CBeJ€HHSMH H HCTODHYECKHM O630DOM IO
TEOPHH CTPYH MOXKHO 06paTutbcss k cOOpPHHKam crared [50] u
[62], a Takxke kK [40]. Co «cTpyHO¥ [loMAKOBa» MOXKHO O3HAKO-
MHTbCS, NMOMHMO OpHTHHA/bHEIX cTaTell [lorskosa ([42], [43]),
no padoram [21] u [1].

Ho6aByuM, uTo CTPYHHBIE MOJE/IH MOXKHO DPAacCMATPHBATh KAK MO-
JeIH TEOpHH MOJsl B pa3MepHocTH 2. B pmelcTBHTENbHOCTH ONHCHI-
BaeMble [aJjiee MaTeMaTHYeCKHe CDeACTBA MNPUMEHSIOTCS TaKkKe H
K KBaHTOBaHHIO Takux moaed (cm. [22], [3], [30]). '

0.2. CaenyeT NOOYEPKHYTb, YTO B HacToswell paboTe 3aTPOHYT
JIMIIb BeCbMa CHeNHaJbHBH pasfes] MaTeMaTHKH, HMEIOIHH OTHO-
lueHre K Teopuu cTpyH. Ha camoMm Jese oHa cBfisaHa He TOJbKO
€ aare6panyecKoil TeOMeTpHel KPHBHIX, HO TaKXe C TeopHei onepa-
TOPHBEIX a/Arebp, C «CynepMaTeMaTHKOH», ¢ H3Y4eHHEM GECKOHeYHO-
MepHBIX aire6p Jlu u ux npeacraeieHuil, ¢ Teopuell MOAYAAPHEIX
$opM, ¢ UeJOUHCICHHBIMH KBAADATHUHBIMH (GOPMaMH H KOHEYHBIMH
TPyNnaMy, ¢ reoMeTpHed KOMIJIEKCHbIX MHOToO0Opas3Hii pa3MepHO-
creft 2 1 3... . Kpome TOro, TEOpHH CTPYH H ABYMepHbIX KBAHTOBAH-
HBHIX TOJeH MNO3BOJNHJIH OGHapYXKHTb MOPOH HEOXKHMIAHHBIE CBS3H
MEeXIy STRMI Pas/nuHbIMH OOjactsaMu (cM., HanpuMep, [51], [32]
u [22]).

B uacTHOCTH, MB NPHBOAHM TOJbKO DPe3yJbTaThl, KacaloLIHecs
6030HHOH CTPYHEl, M HE 3aTparuBaeM BONDPOCOB «CYIEPFeOMeTPHH,
BO3HHKAIOUIMX MDY DPACNPOCTPAHEHHH 3THX Pe3yJAbTaTOB Ha Cymep-
CHMMETDHYHEIE CTPYHHBIE MogeaHu (cM. [34]).

0.3. B mepBoii uwacTH paboTH B ONpaBlaHHE ONpele/eHHS <MepHl
[lonsixoBa» Ha mpocTpaHCTBe MOIyJieH KOMIIEKCHBIX adrefpaHnue-
CKHX KPHBBIX LAaHHOTO POfa BKDATLEe BBOASTCS HEKOTOPHIE NOHSTHS
Teopuu cTpyH «no IloaskoBy». K 3ToMy onpeneseHHio NPHXOASAT,
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onepupysd (popMasbHO (DYHKUHOHAJIbLHHIMH HHTErpajamMu H MepaMu

Ha OeCKOHEUHOMepHhHX MHOroo6pa3usax, TOYHHIH MaTeMaTHYecKHH -
CMHC/I KOTOPHX ocTaercs HescHBIM (pasi. 1.1 m 1.4). Tem He MeHee *

«mepe [lonsixkoBa» yHaeTcsi NpHAATb CTPOTHE CMEICJ;, OHa BHIpa-
JKaeTcs yepe3 «JeTepPMHUHAHTH» HEKOTOPHIX SJJIHNTHUECKHX THbde-
pPeHIHAJbHEX ONEpaTOpPOB HAa KOMNAKTHHIX INOBEPXHOCTAX, OIpele-
JisseMble C TOMOMIIbIO A3€Ta-PeryasapH3alHH.

Bropas wacTb, HezapHcuMasd OT IE€PBOH, HOCHT YHCTO MaTEMAaTH-
yeckHll xapakTep. B Hell onucaHb HEKOTOPHE pe3yJbTaTH H3 paboT
Keusnena, BucMio u Ppusia o AeTepMUHAHTHBEIX pacc/J0O€HHAX c06-
CTBEHHBIX TVIaJKHX CEeMEHCTB roJOMOP(HBIX KPHBHIX, HX MeTDHKax
H KDMBH3HaX. ' '

B Tperbeii yacTH MH NPHMEHSAEM ITH pesybTaThl AJIf OTOXIe-
cTBJeHHsi MepHl [lo/1sikoBa ¢ MepoH, ompelessieMOH «4YHCTO aJure6-
panyecku» (reopema DBenasuHa u KHuKHHKA,..). lanee npeicras-
JeHH HeKkOoTopble cBofictea MepH [JoasfkoBa — c/aedCTBHA 3TOroO
OTOXKIECTBJAEHHS (ABHBIE (OPMYJH I/ MaJoro poAa, acHMNTOTH-

YyecKoe NOBeJeHHE B OKPECTHOCTH A p — JMp).

1. MEPA TIONSKOBA HA 4, (CM. [1], [36] u [16])
1.1. Heckoabko cj0B 0 Teopan GO30HMBLIX CTPYH

1.1.1. CrpyHa, NpOCTPAHCTBEHHO OJHOMEPHHH OODLEKT, ONHCHBaET
B NPOCTPaHCTBE—BPEMEHH NOBEPXHOCTb, KOTOpas B KaxJoH TOuKe
of/1ajlaeT KacaTeJbHHIM BpPeMeHHU-NOJOOHBIM ¥ KacaTeJbHHM IPO-
CTPaHCTBEHHO-NMOAOGHHM HaNpaBJeHHsSMH. JTa IOBEDPXHOCTb Mapa-

MeTpH3yeTcsd [MepeMeHHBIMH (0,T), ONpelle/leHHBIMH B IoJoce

[0, 1] X R. Touku 3TOfi MOBEPXHOCTH 3aJalOTCH CBOMMH KOODAHHA-
TaMu x (0, T)=%;(0, )y, <p_, B D-MepHOM mpocTpaHCTBe—Bpe-
=
MeHH MHHKOBCKOTO, T. €. B R?, cHaGXeHHOM CHMMETPHYHOH GHJIH-
HellHOH dopMoH
D1

X-y=—=x 4+ i;1 Xy Yis

ax , dx

5+ W %' =-5- COOTBETCTBEHHO BpEMEHH- H TPO-
CTpaHCTBEHHO-NOJOOHL. [HHaMHKa CTDYHH oOmpejesasercid ¢ MO-
mouipio Jeficteus Ham6y —I'oTo, nponopnHOHaJIbHOrO IJIOIIALH

3TOH NOBEPXHOCTH B [IPOCTPAHCTBE—BPEMEHH:
, S do dx A/ Gr e —

D10 nefictBHe — ecTecTBeHHOe oOoOuleHHe Ha OJHOMepHHIE 00b-

BEKTODH X =

(%.%) (x7.%7).

SNG =

exThl JedcTBHS cBOGOLHON YacTHOB MAaccCH 1, NPONOPUHOHAJbHOIO:
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AJUHE €€ TPACKTOPHH B NPOCTPAHCTBE—BPEMEHH:
SQ=—mS ’\/—x. xdv,

1.1.2. Tlo mocTpoeHuio AeicTBHe Sy He 3aBHCHT OT BeIOOpa mapa-
MeTpoB (0, T). DTa HHBAPHAHTHOCTbL NOJOGHA KaTHGPOBOYHOH HH-
BapHaHTHOCTH B 3JEKTPOJAHHAMHKe, YTO HIPaeT pelNaiollyio poJb
NpH KBAaHTOBaHHH TeopHH. [locielHee MOXKeT GHTb BBINIOJHEHO B
raMUJIbTOHOBOM (DOpMaJU3Me NOCPEACTBOM OJHOH H3 CJEAYIOMIHX
npoueayp:

«hHRcauus KaJHOPOBKH»: HAKJIaJKWBalOTCS CBA3H, BRIEAAIOIIHE

'He3aBHCHMbIe JHHAMHYECKHE NMEpEeMEHHLIE, B KOTOPHX [aMHJbTOHOBO

KBaHTOBaHHE YyXKe He BhI3HIBA€T 3aTpYAHeHHA (KBaHTOBaHHE B Op-
TOTOHAJbHOH KaJHODOBKE CBETOBOI'O KOHYCA);

KBaHTOBaHHe «no ['ynra — BJaénepys: BBOAHTCS NPOCTPAHCTBO /B
KBAHTOBHIX COCTOSIHHE, OTBedamllee MOJHOMY IIPOCTPAHCTBY KJac-
cHYecKHX (a3, HOpMa Ha KOTODOM €Iie He sBJAAeTCSA I0JOXKHTEIbHO
onpefeaeHHON. [IpocTPaHCTBO (PH3HYECKHX COCTOAHHH — 3TO MOANPO-
CTPaHCTBO B J#, BbICEKaeMO€ SIpaMH «CBfA3ed», paccMaTpHBAaeMBIX
KaK KBaHTOBHIE ONEPaTOPH. DTH ONepaTOpH MOPOXKAAIOT MpelCcTaB-
Jenne GecKOHeYHOMepHOH aare6pm JIn — aare6pu Bupacopo.

JlopeHneBa KOBapHaHTHOCTb NPH NMEPBOM MNOAXOJAe H yCTpaHeHHe
(bu3MYeCKUX COCTOSHHE C OTPHHATeJbHON HOPMOH NDH BTOPOM BHI-
HY2KJ 20T BBECTH B KBaHTOBYIO TEOPHIO GO30HHLIX CTPYH HedH3Hue-
CKHE XapaKTepPHCTHKH: pasMmepHocTb D =26 u TaxuoHHoe (T. e.
€ MHHUMOH MaccoH) OCHOBHOE COCTOSIHHE.

1.1.3. Onnwiem Tenepb KBaHTOBaHHe «no [losasikoBy» 6030HHOH
cTpyHb. OHO BHINOJHSETCS B eBKJHIOBOM NPOCTPaHCTBE—BPEMEHH
U HCchnoJab3yeT QYHKUHOHAJbHHEe HHTerpaanl, BBefeHHbe DeiiH-
MaHOM.

Esxnunosa Bepcus neficteus Ham6y — [0To — 310 yHKIHOHA
HA NMPOCTPAHCTBE (OCTATOUHO PEryasipHBX) OToGpaKeHHi X moBepx-
woctdi M B D-MepHOe €BKIAMAOBO nIpocTpaHcTBo (T. e. B R?, cHab-
XKEHHOe OGBIYHBEIM CKaJApHBIM nponsaen‘éﬂuem‘«‘-»).

Swo (9 = 5r | dAs
M

3nech dA. oBosHayaeT SJI€MEHT IJOMAaAW Ha M, HHIynHpOBaHHBH
oto6paxenuem x u3 ‘M B R2, 1. e. mepy Ha M, 3anucCHBaeMyio
B JIOKaJbHOM CHCTeMe KOOpAMHAT (X, X2) Kak

dA, =[l18.x [Pl 9o [F — (01 x.09%)°]'2 dxy dxs.

[TofsKOB MCXOOHT H3 CJeAYOlIero HaGnoneHHs, NpHHALlexa-
wero Bpuuky — u Beyuna — Xosy u [lesepy — 3yMHuHo.
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Ecau x— mocratouso peryasipuoe orobpaxenne us M B R?
H g — DHMaHOBA MeTpPUKa Ha M, NOJOXHM

D
1 :
(1.1.1) S(g %) =7 S [Z”in IIZ] dA,
M Li=i
rae V, I+ll # dA 0603HaualOT IpaJueHT, HOPMY H 3JeMeHT IIouLaLH,

cBsizaHHbe ¢ MeTpuko# g. C TOYHOCTBIO 10 MHOXHTens |/2ma’
S (g, X)— He 9TO HHOE, KaK SHEeprusi OTOGpaKeHHs X PUMAHOBA MHO-
roo6pasust (M, g) B eBKIHIOBO NpocTpanHcTEO R2. MoXHO mpoBe-
PHTb, 4TO ¢pynxyuonaa detictsus S(g, x) «Kaaccuuecku 3K8UBAACH-
ren» JefctBuio Hamb6y —To1o Swye(x): ecau puddepesnuan
S(g, x) no g pasen HyJI0, TO S(g, x) = Sye (X).

Heiicteue S(g, x) obnanaeTr TpeMs THNAMH CHMMETPHH:

1) Husapuantrocrs npu Osuocerusx 8 e8Kaund080M NPOCTPAH-
cree—spemenu, Ecan T npunapiexut rpynne RP X O (D) — noay-
NpsAMOMY NPOH3BeJEHHIO TPYNN BpaleHHH H TpaHcasnu#i B R2, 1o

S(g, x)=S(g, Tx).

2) HusapuantHocts K penapamerpusayusm. Ias mo6oro mud-
teomopduzma f: M —>M

S(g, x)=S(g, ["x).

3) Hnsapuantnocre Beias, uiu KonpOPMHAA UHBAPUAHTHOCT®.
Has o060k ¢ = C> (M, R)

S(g, x) =S (e%g, x).

Il1si KBAaHTOBaHMS KJIaCCHUECKOH TEOpHH, ompelesseMoi Ield-
crBueM S(g, x), ITonsikoB paccmaTpuBaer (DYHKHHOHAJIbHLIH HHTe-
rpaJ

(1.1.2) S DgDxe—S(& »

B 570M «HaHBHOM» BHIDAXKEHHH 06./aCTbi0 HHTETPUDOBAHMSA CJY-
XKHT NPOH3BENeHHE NpOCTpaHcTBa A ef BCcex METPHK g Ha M u mpo-
cTpaHcTBa & oTo6paxennt M B R2, a DgDx obosHayaeT Mepy
Ha 3TOM MpPOH3BEJEHUH. :

C artoro mecta Mul NpeAnoJaraeM, yto M — KOMNaKTHas CBs3-
Has OpHEHTHpYeMas MOBePXHOCTb poAa p. DYHKHHOHAJbHHIH HHTe-
rpaa (1.1.2) npexacraBasieT Torja BKJAaj IOPsiiKa p B CTaTHCTHYE-
CKylo cymMmy CTPYHH [JoaskoBa. OH onHCHBaeT B3aHMOAEHCTBHE
«BaKyyM-—BaKyyM», OOYCJOBJEHHOE DOXKAEHHEM H YHHUTOMXKEHHEM
3aMKHYTHIX CTpyH. Kpome TOro, mei nosaraem 1/2za’ =1.

"B ‘neHCTBUTENBHOCTH, NMOCKOJIbKY S WHBAPHAHTHO OTHOCHTENBHO
cuMMeTpHi 2) u 3), a KJacCHUeCKHe CTENEHH CBOGOAH CTPYHH OJH-
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HETBOPAIOTCA (PAKTONPOCTPAHCTBOM NPOCTPaHCTBa A et X & 10 5TuM
CHMMETDHUSIM, LNS1 KBAHTOBAHHS KJACCHYECKOH TEODHM HYXKHO IO-
CTPOHTb Ha TakOM (AaKTOPNPOCTPAHCTBE HEKYI0 <«ECTECTBEHHYIO
Mepy», 0 KOTOPOH W MHTerpuposartbh S. B To ke BpeMs, ecin mepa

Dx «TpaHCAALHOHHO HHBaDHAHTHa» Ha &, TO HHTErpaJ S Dxe~S&x

JIETKO BBLIYHCJAETCS: ITOT HMHTErpaj rayccoB BBHAY KBaJpaTHUHO-
cTH S 1o x,

Hrak, peur uaeT o nocrpoeHuu ecrecTBeHHOH Mephl DgDx Ha
Met X &, oTnpaBasack oT KOTOpoH uHTerpupoBanuem DgDxe—SE »
Mo x MOJNYYHUM Mepy Ha Hef, COTIacOBaHHYIO ¢ AefiCTBHEM TpyNINHl
Auddeomoppusmos u npeobpasosanufl Befias. U3 Takolt mepn pak-
TOpH3anHed NOJYYHM MEDY Ha NpPOCTPAHCTBe OPGHT NPOCTPAHCTBA
HAet no JeiicTBHIO 3THX rpynn. [locieAHee OTOXKIECTBJISETCH C
IIPOCTPAHCTBOM 4, MOAyJleH DHMaHOBHIX NOBEPXHOCTER pOAa p
(cM. pasz. 1.3).

DTy nporpaMmy MOXKHO PeaH30BaTh eCTECTBEHHHIM 06pa3oM
TOJILKO B KPHTHYECKOH pasMepHocTd D =26 (cm. paszn. 1.6). Kpome
TOT'O, BO3HHKZIOIasl TAKHM cnoco6om Mepa [losasikoBa Ha A, uMeer
GeckoHeUHHH 06beM. 3TO CBOHCTBO OTpaKaeT HaJHYyHE TAaXHOHOB
B T€ODHH GO30HHKIX CTPYH. ’

1.2. KoHeuHOMepHAST MOIEJb

B 3ToM pasflese MH OnHieM KOHEYHOMEPHYIO MOJesb GecKoHed-
HOMeDHOH NpOoG6JeMHb, KOTOPYIO HaM INpeICTOHT H3yyaTb, H HpOBe-
JeM Ha 3TOH MOJENH CTPOroe NMOCTPOEHHE «(aKTOpMEpPHI».

Ham cnoco6 noctpoenust u3BecTeH B KBAHTOBOH TEOPHH MOJS
NOA Ha3zpaHHeM KOHCTPykiHH Danfeesa — [Tonora.

1.2.1. Cozaawenusn u o603nauenus. B 5TOM pasfiele MHOTOOGpa3us
u rpynnsl JIH NpenNoJaralTCs OTIEHUMBIMH, N1aPaKOMIAKTHBIMH
H KOHEYHOMEPHRIMH.

Ecru  F — BellecTBeHHOE BEKTOPHOE MNPOCTPAHCTBO KOHEUHOH
pasmepHocTH m, To uepe3 | A\|(F*) o6o3Hauaercs 1-MepHOe Belle-
CTBEHHOE BEKTODHOE INPOCTPAaHCTBO MJOTHOCTEH Ha F, T. €. mpo-
CTDAHCTBO TAaKHX BEHIECTBEHHO3HAUYHHIX (YHKUMHA O . HA MHO-
xecrBe $(F) Gasucos B F, uro o(TB)=|detT |c(B) mas Bcex

B=%(F) u T =GL(F). Ecau (v, ..., v,) — 6asuc B F, To uepes
JogA oo AD, I‘1 o6o3HavaeTcs Takasd IJOTHOCTbL o, 4To o (v, ...
ceny Up)=1, R

Bcesikasi TouHas NOCAEJ0BATENbHOCT

. T
0 i N~1
0—>Fy— ... >F,—F; .1~ ... —>Fy—>0




108 X.-b. boct

BeUIeCTBEHHBX KOHEYHOMEDHBIX BEKTODHLIX IPOCTPAHCTB 3aJaeT Ka-
HOHMYECKHH H30MODGHH3M

[N/2] (N —=1)/2]
(1.2.0) I: @)mmj)z gg LA (Foyen)s

onpeAessieMHH CJAEAYIOMAM 06pasoM: ecid B; I8 KaxAaoro [ —

6asuc aonoaHeHus kK kerT; B F;, a (vm, ceey Uy ki) — Gasuc B Fy,
[’y / 4

noayueHHbifi o6venunenueM B u T;_(B]_)), 10

N2l
[(@ |Uz;, tA L. Av?f'kzlrl):
7=0

N =1)21

= |02i+1,1/\ coe NUgj41,

-1
=0 I

2f+1

Ecan E - BelllecTBeHHOe BEKTOPHOe pacc/oeHHe Kiaacca C™ Ham
C>=-mHorooGpasremM M, TO MOXKHO eCTECTBEHHO OIpeIeJHTb JHHEH-
Hoe (TpuBMasiusyemoe) paccaoenne | A |E}. [losoxureabroe ce-

yenue | A\|T*M 3anaer mMepy Ha M.

1.2.2. Tlycts V — mHoOroob6pasne kJjacca C=, (G — BellecTBeHHAS
rpynna J1u u

VXG->V: (v, g)—>v-g

—co6cTBeHoe C>-peiictBie G Ha V, Takoe, 4To $aKTOpIpPOCTPaH-
ctBo V/G ob6Jjajaer CTPYKTYpoH MHOroobpasus, a KaHOHHYECKOe
otob6paxenne V—V /G —cybmepcusa (3TO Tak, €CJAH ¥ TOJBKO eCJH
{(v,v-h), veV, h= G} — noamuoroo6pasue 8 V X V, u 310 ycio-
BHE omnpefeJsieT CTPYKTYpy MHorooGpasusi Ha V/G omHO3HaYHO.
[Tycrb, kpome TOro, E — BelnecTBeHHOe KOHEYHOMEPHOE MNPO-
CTPaHCTBO, Ha KoTopoM ( JefcTByeT cnpaBa JuHEHHHIMH Npeobpa-

30BaHUAMH
EXG—>F: (x, )—>x+ A,

H nycTb Q — orobGpaxenue kjaacca C*® u3 V B 06.acTb NOJOXKH-
TeJbHO OIlpefeleHHHX KBaJpaTHYHEX ¢opM Ha E. (O6o3Hauum
Q(v) (x) uepes Q(v,x).) ‘
[Tycts, BakoHen, A ¥ H —oro6paXeHHs kJjaacca C® co 3Haue-
HUAMH >0
At V| AE*: v Ay,

H: V| Al(LieG),

U pu ectb C®-ceuenne | A|(TV)* sciogy >0.
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[Tpennonoxum, 4to Q, A 1 H yAOBJETBOPSIOT CJIEAYIOWIUM YCJIO-
BHSIM COTJIACOBAHHOCTH C AeHcTBHeM G Ha V u E:

(i) nna Bcex (v, x, HEVXEXG Q(v-h, x-)=Q (v, x);

(ii) zas Bcex vV A, HHBapHAHTHO OTHOCHTEJbHO Jefi-
cTBHs Ha £ noarpynmnel

Ky={h=sG|v - h=r1}.

1.2.3. TTo 3THM JaHHBLIM MOXXHO KaHOHHYECKH ONpPeNe/UTb NOJOKH-
TeabHyI0 C™-miotTHOCTE Ha V/G, «uHTErpHpys Baoab £ ¢ mocae-

Ayouel ¢akropusanued no AedctBuio G» maotHocts Ha E XV

BHOA
o (x, v) =€) 2} (x) p (v),

no MeHbmed wmepe, ecau A, W H(v) G-3KBHBapuauTHH, a [ ()
G-vuHBapHaHTHa, T. €. ecau JAelictBue g &G Ha V nepeBORHT A,
B A, mnpucoepuHenHoe nAeficteue Ad(¢”") Ha LieG nepesoauT
H(v) 8 H(vg), a neiicrene g Ha TV, mepeoms T,V B T, V,
npeo6pasyer p(v) B 1 (vg).

SIBHOM BuJe N0ycTh Tt V/G u v =V TakoBH, uTO T =0,
[TpooGpaa t npu oTobpaxkenuu (E X V)/G—V/G, [(x, v)]—[v],
OTOXAECTBJACTCA ¢ GakTopom E/K,. Kaxiw# saemeHT || us
[ A l(Lie K,)* 3afaeT uHBapHaHTHYIO Mepy Ha KOMIaKTHoI rpymme K,
(37y Mepy MHl Toxe 0603HauHM |®|) u, BBHAY K,-MHHBapHaHTHOCTH
Ay, «TpaHCBEpcaJbHYyI0O Mepy» A,/lo| Ha E/K,. MoXHO TakKxke

ONpeneJuThb S e-UAQw 3 (x) kak saement u3 | A |[(LieKy)

EiK,
dopmyJoh
| emee i, @ = | dmeeniylo) ()]l
E/K, E/K,

Huaue rosops,

E K

E/K,
C Apyrofi CTOpOHH, pPacCMOTPHUM TOYHYIO MOCJEJOBATEIbHOCTD
(12.9)  0—LieK, s Lie G- T,V —% T V(G —0,
The oy — AudPepennyan oTo6paxkenus g—>v-g B ¢IHHULE, a Py —

mubdepeHnuan KaHOHHYECKOH npoekuud V—V/G B Touke v. ITa
TOYHas MNOCJeI0BaTEIbHOCTh KAHOHHYECKH ompejessieT H30MOppH3M
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IpOCTPAHCTB NJOTHOCTeH (cM. 1.2.1):
It | ANTV/G) =] Al(Lie Ko)" @ | AIT,V) @ [I Al(Lie G
ITonoxkum Torga

(1.2.3) v(v)=1,,[ { e“"z"?‘”""xv(w@u(o)@H(v)"‘]-
E/K,

dro saement us |A|(T.V/G)* kortopuit npu G-3KBHBapHAaHTHLIX
A ¥ H(v) u G-uHBapHaHTHOH (V) 3aBHCHT TOJBKO OT KJacca T
Toukn v B V/G H, paccMaTpuBaeMH#l kak (QYHKIHS OT v, 3ajaer
noJoxuTebHOe C™-cedenne paccaoenns || (TV/G)*. '

Bosee o6mo, ecan v(v) 3aBUCHT TOJBKO OT T, MH roBOpUM, YTO
IJIOTHOCTb ¢ cnyckaercs Ha V/G.

1.2.4. 3amevanus (tpusnaibuee). Ecau rpynna G NOpOXKJAeHa MOA-
MHOXeCcTBOM P, TO ¢ onyckaercs Ha V/G Torga u TOJbKO TOT' 14,
Korfa v(v-h)y=v(v) aas Beex (v,h)= VX P.

Kpowme Toro, ecin G — cob6cTBeHHAs 3aMKHyTas noAarpynna rpyn-
o Jlu G’ u ecau mefictBHe G Ha V npomoaxaercss Ha G’ TakuM
©o6pasom, uro Aas Beex (v,g’)& VX G’ Bumoansiercss v(v-g)=
=v(v), T0 ¢ cnyckaercs Ha V/G 10 NJIOTHOCTH, HHBapHAHTHOH OT-
'HOCHTEJbHO npaBoro fekcteus G'/G. '

1.2.5. OcobeHHO HHTepeceH cayudail, korga A, H u §n 3ajawTcs
MeTpHkamu Ha E, LieG u TV. o

[lycts, TakuM o6pasom, 3afaHbl NS KaXKAOro v e V CKaJsgpHoe
npoussefenne { - , - ), Ha E ucKaaspHOe npouspenenned - , - >,
Ha Lie G, riaiko 3aBucsmMe OT v, a TakXKe DHMaHOBAa MeTpHKa
{+, > Ha TV. Tlo 3tuM MeTpHKaM CJAeAyOWUMH (OPMYIaMH
OnpelesAIoTCs MIOTHOCTH A (v), H (v) u u(v):

(1.2.4) A(@)(xy, ..., X, =

= (@m) " [det (%0, £)), <1, ] = dim E),

(1.2.5) H(v) (e, ..., )=
= (20) %" [det ((e;, &), _, i<d” (@=dimG),
(1.26) p(@ (v, ..., v)= S

=dim V).

= (2:1:)_”2 [det (o, Uj>)1 <i, igl]”2 (1

[Tonyyaem Torma rayccos MHTerpaJ

(1.2.7) €72, () = (det 7)™,
E
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rae T, o6oaHauaer TakoH 3nmoMOpPdH3M E, CHMMETPHUHHH OTHO-
cUTENBHO (-, - )y, 4T0 Q (v, X) =(Tyx, X),.

C npyroi#i cTopoHHl, e€cJH BHOpaTh 6asucH (¢, ..., @) B Lie K,
(B, ..., $,) B T (V/G) u 0603HaunTs uepes ¥, ..., P, npoob-
pase ¥, B av(LieG)"' (=kera}), TO

LA A ®p(0)® H() ' =
= (2m)* 7" [det’ o}a, - det ((%;, b,),) X

I<i, ign

X det (@ Podo)arscn) 10N ADLT,

rie det’ oaHauaerT onpejAeJHTENb OrpaHHYEHHS Ha JONOJHEHHE
K S1py.
Takum ob6pasom,

(1.2.8) v (0)=(2m)"* ™" (det T,)”""* [ {loin.. e I"l]_1 X
K‘D

X [det’ aja, - det (($,, ¥,),) - det ((@,, 9.),) 7 ][0, A ... A%, |7 .

1.3. Hexoropnie CBeAeHHS O KOMNAKTHHIX PHMAHOBBIX [IOBEPXHOCTAX

B sToM pasgene cobpaHB HEKOTOPHE KJAACCHUECKHE PE3YJbTaTH
O KOMIIZKTHRIX pHMaHOBbIX IIOBEPpXHOCTAX. 3a JONOJIHUTE/IbHBIMA
NOApPOGHOCTAMH O NPOCTPAHCTBAaxX MOAyJeH 7, u A, MOXHO obpa-
THTbCS K crathe [10] ¥ cchaKam B Hell.

1.3.1. O6osnauenun u onpedesenus. anee Bciogy M oGosHauaer
CBAI3HYI0O ODHEHTHPOBAHHYIO NOBEPXHOCTb poAa p =1, 3alaHHYIO
pa3 u HaBcerda. [loMuMo 3TOrO:

Diff+ —rpynna coxpassiomux opHeHTanuio gHpdeomopdus-

MoB M;
Diffo— noarpynna B Diff+(M) anpdeomopdusmMoB, roMOTONHBIX
eMHHIE;
W =C>(M,R).
I'pynna Diff+ ecrecTBenHO IeficTByeT Ha #° (cnpasa):
(1.3.1) o-f:=fo=9f, o= ¥, [<Diff*.

310 meficTBHE COXpaHSAET CTPYKTYpY aALHTHBHOH rpynns Ha #° u
[103BOASET ONpPEAesUTh NOJYynpsAMoe npouasefeHue #° X Diff* u ero
noarpyriny G = # X Diif,.

Met 06o3HaYaeT NMPOCTPAHCTBO DPHMaHOBHIX METpPHK KJaacca C%
Ha M. llonynpsimoe npousBefeHue #°X Diff+, a 3uauur, u ero
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noarpynnel #° u Diff+ nefictBytor cnpasa Ha Jet:
(1.3.2) g (@ N:=F (%)

Kpome Toro, nas Bcsakof puMaHOBO# nosepxHocTH X M 0603Ha-
9HM 9epes @x, WM elle Npolle o, roJoMopdHOe JHHEHHOe paccJoe-
uue popm tuna (1, 0).

Has ronomopdHoro BekTopHOro paccioeus E uan X onpeneien
«onepatop 9 ¢ koahpduuneHTamu B E>

dg: C*(M, F) —>C>(M, E ® &).
B JoKaJAbHBIX TPHUBHAJH3YIOIIHX KOOpAHHATAX (%, 2) Ha E

(1.3.3) e =2 ® dz.

Ecan S ects C-ananutaueckoe MHOrooGpasue, a m: X—S —
«roJIOMOp(HOe CEeMEHCTBO KOMNAKTHHX DPHMaHOBHIX NOBEpXHOCTEH,
napameTpusoBanHoe S», T. €. X ectb C-aHajquTHYeCKOE MHOrooGpa-
3He, a ;m— COGCTBEHHAsA TOJOMOp(HAas cybMepchsi!) ¢ l-MepHHIMH
cosiMH, Mbl OGo3HauaeM uepe3 TX|S kacaTeabnoe roJomopduoe
nogpaccaoedne B TX, 06pasoBaHHOE BEKTOPAaMH, KacaTeJbHBLIMH
K CJI0AM ;. DTO pacc/OeHHe JHHeHHOoe, ero o6paTHOE — pacc/oeHHe
«BEPTHKAJbHBIX TOJOMODGHHX Au(QepeHuHatbHEX (OpM» — MH
0603HaUaEM Oy .

1.3.2. HanoMHuM cBfi3b MeXJy DHMaHOBHIMH METPHKAMH H KOMII-
JEKCHBIMH CTPYKTYpaMu Ha M.

[Tycte g — HekoTopasi C*-pumaHoBa metpuka Ha M. [To «Teo-
peMe 00 H30TepMHYECKHX KOODAHHATaX» BCsKas Touka W3 M o6.a-
JLaeT OKDeCTHOCTbIO %4, Ha KOTODOH MOXKHO BBECTH TaKHE JOKaJb-
Hoie C™-KOOpAHHATH (X, Y), ODHEHTHPOBaHHEE MOJOXKHTENbHO, H
Takywo C®-QYHKUHIO 1, 4yTO HA B

(1.3.9) g=e%(dx ® dx + dy ® dy).

[TpeoGpasoBaHusa mepexola MexAy KOMIJIEKCHHIMH KapTaMu Ha M
Bufia (%, x - iy) SBAAIOTCA FOJOMOPOHBIMH. DTH KapThi 3aAaloT,
TakKHM 00pa3oM, CTPYKTYpy rojomopdHolt Kpusoit Ha M.

HpyruMHu c/joBaMH, BCAKas I[IOYTH-KOMILIEKCHAast CTPYKTypa B
KOMIIJIEKCHOH pa3sMepHOCTH | MHTerpupyema.

O6patho, mpocToe paccyxieHue (pasOHeHHe eJUHMIHL...) NOKa-
3HIBa€T, YTO BCAKAS KOMILJIEKCHasl CTPYKTypa Ha M, coBmecTHMasi
¢ ee opueHTanuelf 1 C°-CTPYKTYpOH, MOPOKAAET YKa3aHHEIM CIOCO-
6om C>-pumaHOBy MeTpuky Ha M. Bosee Toro;, nBe Takue mer-

') To ecTs cOGCTBeHHHI TIMafKHii MOPGHIM B CMBICJe AHANHTHYECKOH Treo-
MeTpHu.

Herepuunantroie paccaoenus, pezyaspusosanmsie derepmunanTol 113

PUKH g M g’ 3ajaloTcsd OJHOM M TOH Xe KOMIUIEKCHORH €TDYKTYpOH,
€C/IH H TOJMbKO ecH g’ =e®%g 1as HekoTopol ¢ & C= (M, R).

CiienoBaTe/lbHO, MHOXECTBO KOMIWIEKCHBMX CTPYKTYp Ha M, co-
BMECTHMbIX C €€ OpHEeHTamHed H TIJIaJKOCTbIO, OTOXKAECTBJSETCS
€ NPOCTPAHCTBOM OpGHT et /W . '

Kak Tonbko M cHaGXKeHO TaKOH KOMIVIEKCHOH CTpPYKTYpoOH,
MOXHO ONpeleJuTh Ly-ckanisipHoe mnpousBefieHHe Ha C= (M, wpy)
(cootBercTBernHO C*™ (M, ®y)) bopmydamMu

{1.3.5) (e, co2)=-;;- Smgl\é)l (COOTBQTCTBGHHO (@, ©y) =
M
= -;;- S 6)1 /\(02) .
M

Ecau g — pumaHOBa MeTpHKa Ha M, COBMecTHMast ¢ STOH KOMIJIEKC-

HOH CTPYKTYpO#H, a V, |-l u dA osHaualoT rpamuent, Hopmy u sJe-
MEHT IJI0l1anH, aCCOUMHPOBaHHbIE C g, TO I Kax o feC> (M, R)
(1.3.6) {1vFEdA=4 6, op,

m

rie 0 osHauaer KommoHeHTy Tuna (1,0) omepaTopa d. dTo paBeH-
CTBO YCTAHABJHBAET, B YaCTHOCTH, HHBADHAHTHOCTb Belsd AJaA Hefi-
¢TBua [lonsikoBa.

1.3.3. B atoM paszgese cunTaem p > 1.

Hazosem nosepxnocroro Taiixmionrrepa pona p CBA3HYIO KOM-
HAaKTHYI0 DHMaHOBY NOBEpXHOCTb X poma p, CHaGKeHHYI cOXpa-
HAIIHM OpHEHTauHI0 JHPbheoMoppuaMom ¢: M X, 3afaHHEIM ¢
TOYHOCTBIO [0 TOMOTONHH. MHOXKeCTBO KJIaccOB M30MOpdu3Ma IO-
BepxHocTel Tafxmiossiepa oToXIecTBasiercs ¢ (DAKTOPIpPOCTPaH-
ctBoM  MAet/H° X Diffy u Moxer OHTb CHa6XKeHO eCTECTBEHHOMN
CTPYKTYypO# (C-aHaJHTHUECKOTO MHOrOOGDa3Hs; 3TO — npOCTPAHCTEO
Tadxmworrepa T . OHO H30OMOP(MHO CTArHBAEMON OrpaHHYEHHOH 06-
JIaCTH rosoMopgHocTH B C¥-3,

Heficteue Diff+ ma et npu nepexole Kk ¢akTopy 3afaeT meii-
crBHe MoOyasprod epynne. Taidxmiorsepa T,:= Difi+/Diff, ua
T . Kpome Toro, 310 peficTsue rosomopduo u cobereenno (I, cuab-
J¥aeTcs NUCKPETHOH TONMOJOrHeH ). .

®akropnpoctpancteo 7 ,/I', oToxamectasercs c JMet/# X

X Diff* — MHOXeCcTBOM KJ1acCOB H30MOpP(H3Ma CBS3HBIX KOMIAKT-
HEIX DHMaHOBHIX NIOBEDXHOCTEH DOJa p; 3TO — NPOCTPAHCTEO MOOY-
seti CBSI3HBIX KOMIAKTHHIX PHMaHOBLIX IOBEpPXHOCTeH poja p, 06o-
3Havaemoe A, Kak dakrop 7, no co6cteeHHOMY AelicTBHIO I'p 3TO

8 BypBaxu
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HOpMaJbHOE C-aHaauTHyeckoe [IPOCTPAHCTBO, Ha CaMOM JeJ/ie OHO
KOMIIJICKCHO€ KBA3HIIDOEKTHBHOE MHorooﬁpasue. :

MOXKHO NOCTPOMTb yHusepcasvuyro Kpusyro Tadxmwoarepa, T. e.°

roJioMop(QHOe ceMeHCTBO KOMIIAQKTHBIX PHMAHOBHIX MOBEPXHOCTEH
wCp—T,

1 Tako#i aupdeomoppusm @: 7, X M—&,, uto:
i) caenpymouias AHarpaMma KOMMYT4THBHA:

g

p P
Prx /
%

(oTciofa ciefyer, uTO AN KaxkJA0ro s 7 , = (s)— KOMIaxkTHas
PHMaHOBa NMOBEPXHOCTb POAa p); :

il) BJs KaXaoro s & J p NOBEPXHOCTb ! (s), cHabXKeHHas AHP-
peomoppusmom D (s, - ): M—m~!(s), ectb noBepxHocTsh TalixmioJ-
Jepa U3 Kjacca H3OMOp(pH3Ma s.

Ipynna T, mefictByer Ha ¥, mpeBpamas s B [',-3KBHBapHaHT-
Hoe oTOOpaKeHHe.

BrinuileM TOYHYIO MNOC/JeNOBATENbLHOCTb [OJIOMOPGHBIX BEKTOD-
HHX pacc/JOeHHH

0T (@17 ,) <o TG, —> xTT, —0.

BasiTieM mnpsiMoro o6pasa OTHOCHTEJNbHO m 3Ta TOYHasA NOCJe[0Ba-
TeJbHOCTb HHAYUHPYET MOp(U3M NYUKOB

ROH‘J’B‘Tg—p —-> Rln.T (?p lg-p)'

[Tywok R°nw'TT , OTOXKAECTBJIAETCA C MNyd4kKOoM cedeHuit T ,,
a nyuwk RnT(€,|7 , 7"0KaJbHO CBOOOAEH C KOrOMOJOrHAMH

H'(n™1(s), Tn~1(s)) B KauecTBe cJost Hal S.
Onpepgensemoe TakuM obpasom orobpaxcenue Kodaupsr —
Cnencepa

(1.3.7) KS: TT,—R'nT (§,|7 ),
(1.3.8) KSy: T T ,— H' (w71 (s), Tn"'(s))

— usoMoppu3M. [TpuMensas Ryaau3auxio H AeodcTseHHocTb Ceppa,
noJjyvyaeM H30MOp(pHU3IM

(13.9 KS': T3 ,— H'(n~' (s), ©®2).
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1.3.4. B o108 TpeTbedi YacCTH MH NEDEUHCAHM CJIEAYIOLIHE pe3y.ib-
TaTHI.

Ilyers  (ai, ..., a», by, ..., by)— KaHOHHuUecKHii 6asuc B
H\(M; Z), 1. e Gasuc, B KOTOpoM (opMma NepecedeHuir ( - , - )
HMeeT BHA :

(ai, a]') = 0; (bb bj) = O; (a'l, bj) = 6“'.

C momompio 3Toro 6ashca MOXHO OTOXJIecTBHTs H(M;Z) c
Z%. [eiicteue Diff+ ma H\(M; Z) TpuBHaJbHO NpH OrpaHHuEHHH
Ha Diffy u samaer mopdusm rpynn T'y—Sp(2p; Z). ITockoabky
Sp(2p; Z) nefictByer Ha moaymiockocTd 3urens 9, (T. . Ha MHO-
HKecTBe CHMMETPHYHBIX KOMIIEKCHBIX p X pP-MATDHI C IOJOMKHTEb-
HO ONpeJeJIeHHOR MHHUMOH 9acTbio), MH noayuaem JAeficteue I,
Ha €. ‘

Has Beskoro s @ (s, -) nepesoaur Gasuc (a, ..., Qp, by, oo by)

B KaHOHuWueckHii Gasuc (a,(s),/..., "a,(s), b,(s), ..., b,(s))

B H(n7!(s); Z). Cymecrsyer exnncTaennbiit 6asuc (@, (s), . . ., o, (s))

8 H'(z™Y)(s), o -1,,), Taxo#, uro ®,;(s) =9,;. Orobpaxenue
a;(s)

S+ (@;(s), ..., ©,(s) —3T0 rosoMopdHbIfi penep B BEKTOPHOM
PAcCI0eHHH R"n,mcpwp. 3anagum roJoMopgHOe O0TOGpakKeHue

Q: T ,—#,, uasusaeMmoe oTobpascetuem nepuodos, monaaras

Q=(Qk, l)lgk,lgp; g2l?.,l (S)= S W (S).
bk(S)

OTto6paxeHHe NEPHOJOB 3KBHBADHAHTHO MO OTHOLIEHWIO K Aefl-
ctBuO ', Ha' T, u Ha H,. Kpome Toro, UMeloT MecTO GHIHHEHHEe
COOTHOIleHHs Pumana

(1.3.10) 37 | ac@nra9=1ma, 0.
a”l s

Haxkonen, usoMoppusm KS; mepesonur dQ, (s) B o, (s) ® o, (s).
1.3.5. Cayuaii p=1. Caerka 3nbynorpe6nﬁﬁ 00603HauUECHUAMH, N0
Jaraem

T1={r=C|lmt >0} ]

Ty =PSL(2; Z), nefictByer Ha I | 0POGHO-IHHEHHO.

[TpocTpancTBO T OTOXKAeCTBJAseTcS ¢ ¢aktopoM Met/#° X
X Diff;, rae Diff; —rpynna mubdeomopdusmos mnoeepxHoctn M,
uaaynupyromux —+Id- na m (M) (Diff, comepxur Diffy xak mon-
rpynny uujekca 2), a I'; otoxAecreasercs ¢ Diff+/Diff,.

8*




116 X.-B. Bocr

®dakTopnpocTpaHcTBo 7 1/T'; OTOXKAECTBAAECTCA C NPOCTPAHCTBOM

monyJed A, CBSI3HHIX KOMIIAKTHBIX DPHMAaHOBEIX TIOBEPXHOCTEH.
poia 1 (3aaMnTHYECKHX KPHBHIX). BBeleM Hal I | «yHHBepcalb- -

HYIO 3JUTHOTHYECKYIO KPHBYIO»
a: C=(T  XC)~—>T,
(=, 2)] 1,

rie ~ oTtoxaectsaser (1,2) ¢ (v,z24+m-n1), (mneszZ
OtoGpaxenue Kozaups — CneHcepa, oTBegaloliee Ji;, — H30MOD-
¢uam; cooTBeTcTRYOW M H3oMOpDUIM KS,: T T —>H’ (n7! (1), 0¥)=
= H*(C/Z 4 1Z, ®® nepeeoauT dtv B dz®2. :

Hanee mMu nogaaraem Diff =Diff,, ecam p > 1, Diif = Diff,,
ecad p = I.

1.3.6. B >ToM 'pa3gese MH YKaXeM CBfi3b MeXIy ABYMS ONHCa-
HUSIMHM KacaTeJbHOrO NMPOCTPAHCTBa K NpocTpaHcTBy TaHxmiogiaepa,
nosyyeHHEMH H3 H3omopousma Koazauph — Cnencepa, ¢ oJHOH
CTOPOHH, M MyTeM OTOXKIECTBJEHHS 3TOr0 IpPOCTPAHCTBA C
Met /W X Diff — ¢ apyroi,

[Tycts 3amaHa C™-pHMaHOBa MeTpHKa g Ha M. Ora MeTpHKa
3afiaeT rojJoMopdHyio cTpykrypy Ha M (cm. 1.3.2). IlocTpoennyio
TAKUM 06pa3oM ToJoMopdHYI0 KpHBYIO o6o3Hauum yepes X. Toxk-
JecrBeHHOe oToGpaxeHue M-—X 3aJaeT noBepXHOCTh TaHXMIoJ-
Jepa poAa p; 0603HaUHM uYepes s ee kJacc B T p. ‘

[lycts Ny — BekTOpHOE moipacciaoenne B STTpM (pacciaoenue
kBajJipaTHyHbX (opM Ha TeM), caofi kotoporo Hald x < M — npo-
CTPAHCTBO KBaJAPaTHYHHX (POPM €O CJEAOM HYJb OTHOCHTEJBHO Zx-
3T0 moApaccaoeHHe 3aBHCHT TOJbKO OT KOMIJIEKCHOH CTPYKTYpHL,
KaK u nojpaccioenne Cg B S*TpM, NOPOXK/IEHHOE BCIOLY HEHYJEBHIM

ceyeHueM g. Kpome ToOrO,
1.3.11) STeM=Cgs® N,.

HIMeIoT MecTO cielylomHue H30MOp(HU3IMbl BelleCTBEHHEIX BEKTOD-
HBIx paccloeHuft Hagl M (z==x + iy 0603HauaeT JOKaJbHYIO roJo-
mopHyO KoopAauHaTy; a =+ ip=C):

~ g 1 a Jd \.
Re: TcX —»TeM, Re(ag-)=5 (o5 +B5,);
Re: éi;N, Re(@dz’)=nqa(dx® dx —dy ® dy) +
4+ B (dx ® dy + dy @ dx).

" Merpuka ¢ Ha TerM npu usomoppusme Re: TcX —> TeM nepe-
XOAHT B 3pMHTOBY MeTpHKY Ha T'X u 3ajaet, TakuM 06pasoM, H30-
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moppusmM I' X ~TeX =@, a noc/le TEH30DHOTO YMHOXKeHHS — H30-
MOp(H3M KOMILIEKCHBIX JIHHEHHBIX pacc/JoeHHH
I TeX ® 6 — &
Dojee sBHO, ecaun z==x 4 iy — JOKa/JIbHaf KOOpPJHHATa, TaK YTO -
g uMmeet Bua (1.3.4), T0
' F) - 1 _
- — — o0 2
1(a02®dz) 7 evadzt.

O6o3HauyuM uyepe3 p IPOEKIHIO HA BTOpOe cJaraemoe B pasJo-
KeHuu B npamyio cymmy C% (M, S2T*§M)=C°° (M, C,) (M, Ng),
BuTekaiomem u3 (1.3.11). dajee, noJoxxum

Py C* (M, T M)—C> (M, ST M),
§r—>p(Leg),
rae L osHauaer mpousBoAHyI0 Jin. Mu nuwleM B majibHedmem TX

BMecTo T'cX. OueHb NMpocToe JIOKaJ/ bHOEe BHUYHC/IEHHE MNOKAa3HBAeT,
yTO CJAeAyIoas JHarpaMMa KOMMYTaTHBHA:

Cc> M, TX) 2™ c= (M, TX ® &)

lRe 14 Reo/
C™ (M, TeM) &, C* (M, N)

[MpocTpancTBO Het siBAdeTcs MHoroo6pasHem Ppeme — Ha ca-
MoM el 370 o6acth B C* (M, S*TyM) — u kaHoHHueckoe 0TOGpa-
XKeHHe

I: Met — Met[W X Diff ~T,

IudepeHIpyeMO B HaaJexalleM CMEHCIE.. . KacaTeabHoe mpo-
crpanctBo Toet k JMet B g oroxpectsasiercs ¢ C (M, ST M).

KacateabHoe oto6pamxenue T Il mepesomut C>=(M,Cg) B Hyab.
Kpome TOro, KOMMyTaTHBHA CJelylOllas AHarpaMma:

(X, TX ® &) —> H' (X, TX)
i2ReoI TKSS
oo Tgn )
T, Met o C” M, N) =TT,

rie mop$usM B BepXHEH CTPOKE — KOMIO3HUIHsS KaHOHHYECKOTO OTO-

6paxenus C* (X, TX®a) na C*(X, TX ® ®)/0C” (X, TX) c uso-
moppuamom oanbo.
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Anre6pu JIu rpynnu Jlu — dpeme Diff, #° u #° X Diff oro-

®aecTBasAwTes ¢ C(M, TeM), C°M,R) u C°M, RX

X C* (M, TRM) COOTBETCTBEHHO.

Heiicreue #° X Diff ma Met nuddepenuupyeMo. OGosnauum
uepes A, nuddepennna] B efHHHLE OTOGDaXKEHHHA y+—>g -y U3
W X Diff B Aet.

Crabuauzatop K MeTpukn g B #° X Diff oroxaectBasercs
HOCPEACTBOM KaHOHHUECKOro otobpaxeHus  #° X Diff — Diff ¢
rpynnoit Aut X rosomopdrbix audppeomoppusmos X us Diff. Dta
rpynna B HeHCTBHTEJbHOCTH TPHBHaJbHa, Kak u H®(X, TX), ecau
p > 1; ona sBaserca Z /2Z-pacliipeHHeM KOMIJIEKCHOTO TOPa, H30-
mopdroro X, ecau p = 1.

C noMompio NpelbiAyIIHX Pe3yJbTaTOB JIETKO IIPOBEPAETCS KOM-
MYTaTHBHOCTL CJe[ylolleldl IHarpaMMEel, B KOTOPOH CTPOKH TOYHH:

a
0>H (X, TX) S C®(X.TX) —2%C®(X.TX®a) > H'(X,TX)>0
zl zl%Re leReoI zTKSS

‘ Pg Tgll
0 »> Lie Aut (X) & Lie Diff — C*°M,N) = TT, >0

| e r

A T .
0> Lie# —>Lie#®LieDifi % T,set 5 1,9, >0
|
Lie ( X Diff)
(1.3.12)

1.4. B s10M pasnese MH NpuMeHseM (OpMALbHO KOHCTPYKuuio 1.2
K 6eckoHeuHOMEpHOH 3aJaye, OMHCaHHOH B KoHe 1.1,

1.4.1. Tlonoxum V = Met u G = #° X Diff. [TpumeM sa E daxrop-
npoctpancTBo C® (M, RP) no peiictBuio Tpancasuuit RP: E =
=C*(M, RP)/RP. T'pynna G o6aajnaer AeiicTsHeM Ha V, 3ajaHHBEIM
¢opmyJoit (1.3.2), u feficTBHeM Ha E, HHAYUUPOBAHHEIM C IOMOLIbIO
aeiicteua Diff na C= (M, R?) komnosnuusamu. ®akrop V/G otoxme-
CTBJAETCA C MPOCTpaHCcTBOM TalxMmioanepa 7 .

Ha npocTtpancrse et MOXKHO ONpeNeNHTh €CTECTBEHHYIO pHMa-
HOBY METDHKY, CHalxas KacaTeJlbHOe NPOCTpaHCcTBO [gMet =
=~ C=(M, S2T*M) cKa/nspHBIM NpoOH3BeleHHeM N0 (opMyae

(T, T=5 (GO (T (), T () dA ),
M

rie dA osHayaer 3JeMeHT MJONMaAM Ha M, acCOUMHPOBAaHHHI C g,
L . L]
a G(t)— ckansgpHOe NPOH3BEACHHE Ha ®2TtM, HEAYUHPOBAHHOE
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CKaJAPHEIM npoussefiennem g(¢) Ha T:M; B Goisee SBHOM BuJe:
COu®0, 'RV)=g" (t)u, &) g @) (v, v'),

rae g’(f)— ckalspHoe NpOH3BEJeHHE Ha T7M, IBOWCTBeHHOe CKa--

JAApHOMY mnpousBefeHHI0 g (!) Ha T:M. IlpuMeM 3a p mosoxuTeab-
HYI0 NJIOTHOCTb Ha .Aef, OTBEYAIOWIYI0 3TOH PHMAHOBOH MeTpHKe
(cM. (1.2.6)).

Hanee, kaxnas g&.Aet 3an0aeT eCTECTBEHHOE CKaJdApPHOE MPOH3-
Begenue Ha Lie #°=C* (M, R), Lie Diff = C* (M, TgM) u C* (M,RP)
no dopmyiam

((p, \p)gz

(v, W)= \gO @O, w®)dAW), v, w=C>(M, TeM);

R R

D

(%, 9)g= | [Z %0, (t)] dA), v, y=C™(M, RP).
M Li=1

Mbi oGosHauaeM uepes |-l HOPMH, OTBevalOMe CKAMAPHHIM MpPO-
uH3BedeHusAM ( - , - )g.

[Ipsimasi cymma MeTpuk ( - , - ) Ha Lie#” u LieDiff mocras-
JseT MeTpHKy Ha Lie G == Lie #° & Lie Diff u TeM caMbIM mi0THOCTD
H(g) na Lie G (cm. (1.2.5)).

Metpuka ( -, - )g Ha C*(M, RP) 3ajaer mJIOTHOCTb Ag, g Ha
C=(M, R?) no dopmyde, ananoruynoit (1.2.4). Cua6aum rpynny R?
Meposi JleGera L. Mepu Ag ¢ H L ONpenensiioT «TpaHCBepCaJbHYIO
Mepy» Ag=1»Ao, ¢/L Ha ¢aktopmpocTpanctee E = C= (M, R?2)/R?,
Ecau otoxnectsuth E ¢ 0pTOroHaJbHBIM fOnOJHeRHEM B C® (M, R?)
K noAnpocTpaHcTsy R? NOCTOSHHBIX OTOGpaxKEHHH H €CJH 7»;—-
MJIOTHOCTb Ha E, HHAYHMPOBaHHAsf CKa/JfAPHBIM [POH3BEIEHHEM
( -, + )g OrpaHHYEHHHM Ha 3TO OPTOTOHAJbHOE NOMNOJHEHHE, TO
HMeeT MECTO COOTHOUIEHHE

_ D2 D ./
A= @0 I 110 A,

Jlerko BuAEeTh, 4TO l|1||2g—He 9TO HHOE, KaK mjaomair M B Met-

pHKe g.
Hakoxern, noaoxum (cm. 1.1.1):

D
Qg X =28(g, B=>" \ v PdA.
i=

1

K
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MoxKHO npoBepHTb, 4TO RefcTBHe H4 'y Ha E oCTaBjasieT MJOT-
HOCTb Ay HHBapHauHTHOH (cM. [36], moGaBaenue). dtum AOKa3Hl~.
BaeTci CHOpaBeAJHBOCTL YcjoBHs ii) u3 pasa. 1.2.2. Ycaosue i)
TakXke BHIOJHEHO BBHAY HHBApHAHTHOCTH AeHCTBHS S NpH pena-
paMeTpu3auuax H npeoGpaszoBaHusax Beitns.

1.4.2. Onepatop Tg IPOCTO BhpaxKaercsi B TepMHHAX MNOJIOXKHTENb-
HOTO JIallslacHaHa Ag, CBSI3aHHOIO C g

T ([x]) = (Agxy, - .., Agxp).

Haxoaum Toraa, o6osnauasi yepes det’A ompenenurendb JanjacHa-
Ha, OrpaHHYeHHOr0 HAa OPTOrOHAJbHOE MNONOJHEHHe K KOHCTaHTaM:

(1.4.1) S e RN (0=l Iy S e Ty M)t (x) =
E E
=111 (det’ &)~

3To paBeHCTBO 3aHHMaer MecTo paBeHcrea (1.2.7).

Nyers (@, ..., ) —6asuc B LieX,, (¢, ..., ¥,) — 6a3nc
B To T, u (%, -, b,) —mpooGpassl ¢, (npu T,II) B ker 4.
C yuetom (1.4.1) dopmyna (1.2.8) npunuMaer Bup, ‘

det'a, 7172 -
142 vio=eo* P[] T flan el X

I ]
det ((i:i, ‘7’1)3)
det (97, 9s)g)
Hanee, nagensas LieDiff, Lie#° @ LieDiff, Tget u ero moa-

npoctpanctBo C®(M, N) ckajapHHIMH Npou3BEeAeHHAMH (- , *)g,
nojyd4aeM B 0003HadeHHAX AHarpamMmu (1.3.12)

-1

12
x[det’A;Ag~ ] [ A oo A, -

prypr,=Id u p'p=Id,

Toraa Kak Ag, orpaHuueHHoe Ha Lie #° =LKker pr,, aABJAsS€TCH H30-
MeTpHe#. DTo CJERYeT, ¢ OAHOH CTOPOHHI — H3 TOr0, 4TO P; — NPO-
obpasu Y; (npH Tgl'IlCco (M, N)) B kerP;, a c gpyro#i —H3 pa-
BEHCTBA

(1.4.3) det’ PP,= det’ A;Ag.

" Takum o6pasom, Mepa v cIfyckaercs Ha 7 p, a Teopus cTpyH [lo-
JITKOBA KBAHTYeTCs, €CJAH H TOJbKO eCJaH LJs1 Bcex g clelyioliee
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BHIpaXKeHHe 3aBHCHT TOJIBKO 0T 06pasa g B 7 ,:

’ —-—D - - -
(1.4.4) [ 24!} [det’ pep . det (B B)) 7
L il £ 2 det (9 9o)g)

ITockosibKy BCsl MpEAMAyIiasi KOHCTPYKUHS SKBHBADHAHTHA OTHOCH-
TesbHO AefictBHs Diff,, aTo HMeer MecTo, ecoiH u TOAbKO ecsH 3TO
BhpaXKeHHe 3aBHUCHT JIHIIb OT #°-OpGUTH g, H B TAKOM CJydae Mepa,
BO3HHKaAOIlass Ha J ,, — Mepa IloasikoBa — coxpansercs nop HAeii-
cteueM I', (cm. pasa. 1.2.4).

Uto6u npuaaTe CTPOrHH CMHCA QYHKIHOHAAbHBIM HHTErpaJsam,
HJIH, 9TO TO XK€ caMoe, — AETEPMUHAHTAM OIIePATOPOB B BHIPAXKEHHH
(1.4.4), MBl coOupaeMcs NDHMEHHTb «A3€Ta-DETYJIAPH3ALMIO> (CM.
[45], [28]). (C ¢usHueckol TOUKH 3peHHS 5TOT MeTOn ycTpassier
«GeCKOHEYHble 4J/IeHH», KOTOPHE B JeHCTBHTENBHOCTH MOXKHO KOM-
NEHCHPOBATh KOHTDY/IEHAMH, JIOKaJbHHIMH Ha M (cm. [1] =n
(1.5.4)). Mu yBuIHM TOTAa, YTO NPU TaKOH CTPOrof HHTepIIpeTa-
und (1.4.4) ycnoBHe HHBADHAHTHOCTH OTHOCHTEJBHO #° BHIOJIHAET-
Cd, €CJH H TOJbKO ecad [ paBHO KPHTHYECKOH pasMepHOCTH 26.

1.5. Peryaspr3oBaHHbie JeTEPMHUHAHTH

L.5.1. Ilyctb M — gomnakTHoe d-MepHOe C®-MHOro06pasue, CHaG-
XCHHOe DHMAHOBOH METPHKO# g, a E — KOHeYHOMEpHOe BEeKTOpHOe
C~-pacciioenne Hag M, cHa6XenHoe Merpukoit { - , - > C Io-
MOIIBIO 3THX METPDHK MOMKHO ONpEAeNHTb CKaAspHOE NPOH3BEACHHE
ABYX cedeHuit £ Hax M, s, u s; no popmyae

(510 s = { (50 (0), 2 (0w (),

M

rae p(x) o6osnadaer aneMeHT o6beMa Ha M, 3a1aBaeMblli pHMaHO-
Boi MerpHKOA g. Baarojaps 3TOMY CKaJsipHOMY NpOH3BEeEHHIO
MOXHO MOCTPOHTh THABGEPTOBO HPOCTPAHCTBO L, (M, E) Lycede-
Hu#t £ nag M.

Hyers P — sanuntudeckuét auddepeHuualpubii onepatop no-
paaka p (>0), neficrByomuit Ha C~-cedenns E uag M. IIpeanoso-
XKHM, 4TO P nojoXuTes]eH, T. €. 4TO LA Kaxjaoro C®-ceueHHA s
paccaoenuss E

(s, Ps)=0.

Kak neorpaunuennslfi oneparop Ha L,(M, E) c o6s1acTbio olpenee-
HAsA npocrpaHctBom C(M, E) rnapkux ceuenusi E Hag M, P cy-
IIeCTBEHHO caMoconpsxeH. CNEKTp ero 3aMHKaHAs sBJseTCA 3a-
MKHYTHM JHCKDETHHM MHOXECTBOM NOJOXKHTENbHEX BEIIeCTBEHHBIX
4uceJl, KOHeYHOH KpaTHOCTH kaxaoe. OGosHaunMm uepes {An}, oy
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NOC/IER0BATENBHOCTE COGCTBEHHHX 3HaueHH#t P B nopsiike Bospa-

CTaHHs C MIOBTOPEHHSAMH COIVIACHO HX KPaTHOCTSIM.

1.5.2. Pezyanpusosantoiii OeTepmunanr onepatopa P, orpaHdyeH-

Horo Ha (ker P)+, 1. e. det’ P, MOXHO onpefenuts CJAEIYIOUIHM CIIO-
coGOM, H3BECTHHM IIOA HasBaHHeM O03era-peeyaspusayuu (Pait —
3uurep [45]).

3ameTHM, yTO POpMaILHO

%(Z ;s) =— Z log An.

.An #=0 t=0 }‘n *0
Ho psan Hupuxue
Cr= Z AzS,
A, =0

cxopdawuiics npu Res> d/p, onpenenser rosomopbHyio GyHKIHIO
Ha NOJYIJOCKOCTH H 06Jajaer MepoMOPOHHM NPOJOAMEHHEM HA
Bce C, ronomopdpunM B 0 (Cunu [46], [24]). B neficTBHTENBHOCTH
MOKHO BBHIYHCIHTD Cp, OTHPABJIAsCH OT O, (f) :=tracee~*P (f = R‘+),

¢ noMoIlkio npeo6pasoBaHus MesunHa:

(151 Lo () =37y | 0 () — dimker P+ a1,
0

nocKoabKy [B,(s)— dimker P] skcnoneHuuaanHo y6mBaeT, xorga f
CTPEMHTCA K -0, M ob6JallaeT aCHMNTOTHUECKHM pPa3fioXeHHEM
B oKpecTHOCTH (:

(1.5.2) 8p(t) ~ D ati-dr (1 —0,).
ieN
3T0 npHBOAHT K onpefenenuio det” P papeHCTBOM
det’ P==exp [— %5 0)].
1.5.3. Mpumep 1. Eciu M —okpyxHocTs R/IZ pnvuwml [ u P =
= —d?/dx?— cxansipHH#i Jalacuad Ha M, 1o cnektp P cOCTOHT

u3 0 (mpocroe cobcrreHHoe 3HaueHHe) n (2nn/l)2, n = N* (aBoiune
co6cTBeHHBle 3HadeHUd ). CaeloBaTenbHo,

> 2 —2s ! 2s
=) 2(F) =2(3) t@s),
n=1 .
rie § o6o3naugaer [3era-oyHkuuio Pumana. Tak kak

¢ (0) = —  log (2m),
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noaydaeM

’ 2N\
det (— dxz)_z.
Honaras B 1ot popmyae [ = 2n, Bugum, uTo A3era-peryaspusanHs
IIpHAAeT PACXOASAIEMYCA NPOH3BeAeHHIO ool =1.2.3.4 ... snaye-
HHe 1/ 2.

Hpumep 2. Korna M ecTb 2-MepHH# TOp, CHAGMKEHHLIE MIOCKON
PHMAaHOBOH METDHKOH, a P — CKa/IApHHH JalacHal HA M, TO Ep—
A3eTa-QyHKUUS DmiuTeliHa, Y KOTOPOH NPOH3BOAHAS B HyJe paercs
«epBo# NpenenbHod dopmysoi Kporekepa» (cwm., HanpuMmep, [47,
¢. 73—75]). Ecim M wusomerpuuno darropy C/0Z + otZ, rie
C =~ R? ‘maneneso o6niuHOM MeTpHKOH, ©,1T<=C* u Imt >0, na-
XOIHUM

(1.5.3) det/ P=AIm|n(x)f,

rie A =|o|lmt— njiowagy M, a n— byaruua Henexkddpa;
N (v) =exp (wit/12) [ (1 — exp 2minv)).
n=|\

1.5.4. Pynkuus 6p(f) BHUMCIseICS HHTerpHpOBaHHeM CJeia AP &
p:(x,y) onmepatopa e—*’ no puaromamum B MX M. Koraa ¢ cTpe-
MuTcsa K 0 (B R:_), p:(x,x) o6nagaeT acHMIOTOTHYECKHM pasioxke-
HHEM '

pr(x, x)=" 2, ti-dire, (x),
ieN

TAe OnepaTophl e, GeCKOHeYHO AHGdepeHHUPYeMH H BHUHCISIOTCS
00 yHHBEPCAJbHHM JIOKAJbHEM HOpMysaM depe3 NOJHHE CHMBO P
H MEeTpHUKH Ha M u E.

Ilycrs, manpumep, M — KoMnakTHas pHMaHOBa TOBEPXHOCTh H
E — rosomop¢noe BexTopHOe paccioenne Han M paura r. CHa6xum
TcM (ronomopdHOe KacaTeJbHOe PACCIOCHHE K M) u E spmuro-
BuMHA MeTpHKaMu |-l u ||-||I. Merpuka ||-|| 3anaer pumanosy mer-
puxy Ha M W 5pMHTOBY METDPHKY B PacC/IOeHHH o GopM Thoa (0, 1)
Ha M. Paccmotpum omepatop «0 ¢ ko3¢poduuHeHTaMu B E»

Og: C*(M, E)—>C®(M, E ®.&).

Bnaropapa merpukau [|-]| u [|-]I” Moxuo onpesenuts Ls-cransipsoe
npouseenende ( + , - ) Ha C*(M,E) u C*(M,E®®), a 3atem
H (hOpMaJIbHO CONPSIKEHHHIH OnepaTop

dr: C* (M, E ® &) —C= (M, E),
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XapaKTepHSyeMHﬁ TOXKAECCTBOM
52‘ (Sy t) = (S’ aEt)'

[Tpoussenenue P=0r0r SBIAETCS MNONOMKHTENLHBIM 3JIHNTHIE-
CKMM ONepaTopoM BTOoporo mopsinka. CJjejl Ha AHAroHa J H sApa pr
olepatopa e~ HMeeT clexyiolliee pasjoxeHnue npu f->0. (CM.
[24], § 4.8):

(1.5.4) tracep; (x, X)=#A+%Cl TeM, |- 1)+

+zeE N )+00,

rae A —3JeMeHT IJOIAaAd Ha M, accOUMHpDOBAHHEIA C PMMAaHOBOH
MeTpuko#, a ¢;( + , + )—nepBasg «dpopma YepHa» 5pMHTOBA Bek-
TOpHOrO paccjioeHus (cM. § 2.4).

1.5.5. KpoMe Toro, AJsl BCSKOTo BellleCTBeHHOro A > 0
(1.5.5) det! (WP) = A*P @ det’ (P).

Baaropapsa ¢opmyaam (1.5.1) u (1.5.2) moaysaem cilegymolnee Bhl-
paxenne Aas §p(0):
Zp (0) =a, — dimker P.

Takum o6pa3oM, koria P —onepatop Jdz0g, PAcCMOTPeHHHH B
npeasiAylieM ab3ane, HMeeM

(1.5.6) 2 (0) = {es TM), (M) + 5 (1 (B), [M])— k0 (M, E) =
=== D+3LE—RM, B,

rae p osHauaeT pox M. B uacTHOCTH, ecaum E — TpHBHAJBHOE Dac-
cloenue uiH paccioenne TcM, L, (0) Bbipaxaerca B BURe GYHKUHH

OT p.
1.6. Kondopmuas aHomanus 1 mepa [loaskoBa

BepHemcsi K 06o3HaueHHAM pa3f. 1.3 u 1/.4.* Baaromaps Asera-
peryJispH3anid AerepMHHaHTH det’ A, u det’P UMeT Telepb

TouHBIA cMbicH. CieloBatespHO, Gaarofaps ¢opmy.am (1.42) #
(1.4.3), v(g)—TOXKe KODDEKTHO OIpeleJeHHBIH NOJOXKUTEILHBIA
anement B | AT .

1.6.1. Tlo dopmyae (1.3.6) BHAMM, 9TO
(1.6.1) det’ Ay = det’ 4 (5°9),.
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B a2ToM paBeHcTBe A, HAeHACTByer Ha BeliecTBEeHHEHIE CKaJIsipHble

$yHKIHH, a 0°0 — HA KOMILIEKCHHIE CKaJspHble QYHKUHH. YYHTH-
Basi (1.5.5) u (1.5.6), mosryuaem

det’ Ag det’ (9*9),
A ST

(1.6.2)

rae C, — KOHCTaHTa, 3aBHCAIAS TOJABKO OT p. (HMugexc g npu
9°3 wHanomuuaer, 4r0 J° 3aBHCHT OT BHOOpa g, a He TOJBKO OT
KOMIJIEKCHOH CTPYKTYDH, OlpefelsieMol g.)

Ilockoabxy B mumarpamme (1.3.8) usomopdusm (1/2)Re ymHo-
aeT HOPMH Ha 1/2, a nsomopduam 2Reo/—wua 1/4/2, scHo, uto
‘COGCTBEHHBIE 3HAYEHHs OIlepaTopa PLP, (meficTByiomero Ha Bele-
CTBEHHOM TH/JIbOEDPTOBOM NDPOCTPAHCTBE) CYTh COGCTBEHHBIE 3HAaye-
HHSA onepaTopa 20rxdrx (AeHCTBYIOLIETO HA KOMIIEKCHOM rHAB6Ep-
TOBOM IPOCTPAHCTBE) C KPATHOCTHIO ABA.

Takam oGpasom, ecau (O, ..., D;/2) — 6a3Hc KOMIJIEKCHOTO
BekTopHOro mpocrpanctea  H°(X, TcX), (¥, ..., ¥,p) — Gasnc
KOMIIJICKCHOrO ~ BeKTOpHOro npocrpanctBa H'(X,TX) u ecan
Oy, ..., Wrjp) — npoobpaset ¥, B C=(X, TX ® &), opToronanbame
K 06pasy Orx, H €C/IH NOJOKHTD

((pl, ce, tpk)=(CD1, e, (Dm, o, ..., Cﬁm)
u
(b ooy b)=(¥,, ..., Voo Wio ooy W),

TIOJy9HM TOrAa, yuuteiBass (1.5.5) u (1.5.6), uro

s e det (B )
(1.83)  det’ PPy —gorio—any =
=C:, [D (g: CD], ceey (Dk/r; th [RRR) ~lIfl’/2)]2’
Tae
(16.4) D(g @, ..., Oups Wy, ..., W) —
—_ det @'i’ lfr)
= det’ (era rx)g d—etg((_%,_af)gg)l

. ’
U rpe CD—KOHCTaHTa, 3aBHCAIIAA TOJBKO OT p.

1.6.2. dopmyarsr koHpopmubx aromarud. [lyere p=C*(M, R) u

g =erg. Tlycte R ectb 2-popMa KpHBH3HDI paccnoenusa TcX, cHab-

HEeHHOr0 MeTPHKOH g. Ecin z=x 4+ {y — roaomMopdHas JoKalbHAA
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KoOpAHHATA Ha X H ecn g =e¥(dx ® dx + dy ® dy), T0 R=2030%

(cm. (2.4.1)). . , o
IIpeo6GpasoBaHue Bupakenu# (1.6.2) u (1.6.3) npu 3amene mer-

HKH g Ha METPUKY g’ Aaercs CIeAYIOLIHMH dopmysamu, Ha3HBae-
Eammugqbopmyﬂamu KoHgopmHoix anomarud (cMm. [42], [1],  [21]
u § 2.6): :

det/ @)y _ o det’ @9),

(1'6'5); Il e
(1.6.6) D(g,; (D], ey (Dk/2; Iyl; L ] ~lI“’l‘/?)’z'
o =eBL@oD (g @y, ..., D ¥y, ..., Urp),
rge
1 —
167 . L, p)=m7§[aoAap+2pR1.

1.6.3. Y3 -¢opmyan (1.6.5) u (1.6.6) BHTekaer, ut0 BEHpaXKeHHE
(1.4.4) yyggiox{aeTc;i Ha exp [(13——123) L{g, p)}, KOrfa g 3ame-

HseTcd Ha g’

Hrak, v(g) 3aBHCHT JHIIDb OT OpOUTH g HOJ JdedcTBHEM #°, eCiHt
H ToJbKO ecad D =26. U Jerko Bujerh, 4r0 8 3T0M cayxae v(g)
sasucur auws or N(g)=T , u sadaer crpozo nosoHUTeAbHOE
C>-cenenue | N\ |(TRT ,), uHeapuanThoe oTHocuresbno I'p (cM.
§ 1.4.2 u Teopemy 2.1).

Jt10 cedeHue onpeneisier Mepy Ha I , — mepy [oaaxosa, KOTO-
pyilo MH ofo3HauaeM pp. Tak kak pp I'p-HHBapHAHTHA, €e MOKHO
OTOXKAECTBHTb C Mepoi Ha A .

1.6.4. Mepa [loasaxosa na . Y13 pesyavratoB pa3a. 1.3.5 u dop-
mya (1.5.3), (1.5.5) u (1.5.6) serko mosyuaercsi cieayioliee BhIpa-
xKenue aaa MepH [lonsikosa Ha Iy (cMm. [41]):

1 - 48 i dt AdT
(1.6.8) b =g 1m0 ™I (@) ™ 5o

[1paBas "acTb 3TOro paBeHCTBA HHBApHAHTHA OTHOCHTEJBHO Aeki-
crBist PSLs(Z), Tak Kak vy Z-NepHOJHYHA H YAOBJeTBOpsieT DYHK-

QUOHaJbHOMY ypaBHeHHIO 1 (—1/t) = /%[l 1 (x).

1.6.5. Mepa ITorsaxosa wa T p, p > 1. Koraa p>1, ¥, u HY (X, TXY
TpuBHaJbHH H r/2 = 3p — 3. [lnotHocTh [lonskoBa B Touke H3 T p,
mpeJcTasisfieMOl MeTpHKOH g, o6aanaer, TakuM o6pa3oM, cjaeayio-
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1AM BhipaxeHHeM (B o6o3Hauenusix 1.6.1):
det” (3*),
2
(R

-~13
(1.6.9) c;,'[ ] det’ (97x91x), det (F;, W)),) X

XIW A Ay s AT AL AT,

npu_oroxpectsaeHud H'(X,TX) c¢ T,7 , orobpaxenuem KSs.

Ilo Teopeme 06 yHHQOpMH3AUMH KaXkjaasi CBA3HAS KOMIOAKTHAS
pUMaHOBA MOBEPXHOCTb POAA p => 1 06J1aiaeT eAHHCTBEHHOH MeTpH-
KO MOCTOSIHHOH KpuBH3HH —1. Korga MeTpHKAa ¢ YAOBJETBOPSET
STOMy yCJIOBHIO, NpeNBAyliee BHpaXKeHHe Npeobpasyercs B

(1.6.10) Cy [det’ (6*3) )" det’ (3740 7x), dW° 2,

Tae d#°P obosHauaer mepy Beins — [NeTepcoHa Ha T p (em. [10]).

PerynspusoBannsle AerepMHHAHTHI, durypupyomue B (1.6.10),
MOXHO BHPA3HTb 4epe3 3HAYEHHs B LIeJBIX TOUKAX A3eTa-OYHKUHH
Ceapbepra ¢yxcosodi rpymns I' < PSLy (R), mast KoTopoi X =~{ze
&C|Imz>0}/T, u ee npoussogume. TakHe BHDaKEHHS [03BO-
JISIOT M3y4aThb ACHMIOTOTHYECKOE MOBEJEHHE Up «HA GECKOHEYHOCTH
B JM,» (cm. [23], [20], [5], [16], [48]).

2. BETEPMUHAHTHBIE PACCJIOEHMS
N PETYNAPU3OBAHHBIE OETEPMMHAHTBI

2.1. JlerepmunantHOe paccuoenue ([44], [12])

Ilyers Py — sanmntuueckuil puddepeHnHa bHBIA onepaTop Ha
KOMIIAKTHOM MHOroo6pasuu Xo, AeACTBYIOIIHHA Ha ceYeHHS BEKTOp-
HOTO paccyioeHust Eo H CO 3HAUGHHSAMH B CEUEHHsIX BEKTOPHOrO pac-
cnoennsa Fo. Onepatop Py UMeeT HHIEKC: €ro AAPO H KOsApO KOHEeY-

HOMepHH. MOXHO TeM CaMbiM ONpefe/uTs  |-MepHOe BEKTOpHOE Ipo-
CTPAHCTBO

DET Py = (A“%ker Py)* ® (A% coker Py),
(d=dim ker Py; d’= dim coker Py).

MoxHo npencrasaat cebe DET Py kak AyaabHOE K «MaKCHMaJb-
HOH BHeIUHEH CTENeHH» <«HHJEKCa» omepatopa Py, OIpeaeasieMoro
Kak ¢opMaabHas pasHocTb ker Py— coker Py,

Hyers n: X — S — nokaibHO TpHBHATbHOE C®-paccioeH e ¢ KOM-
MaKkTHBIMH CJIOAMH, NyceTb E W F — BexkTopHEe C*-paccioeHus Haj
X, nnyets P==(P;) _, ectb C®-ceMeliCTBO SJIHITHIECKHX omepa-

TOPOB Ha CJ0SX m:

Py C*(a™!(s), E)—>C™ (n"I{(s), F).




128 - X.-b. Bocr

CemeifictBo BekTopHBEIX HpoctpaHcTB (DET Py) _ o oGaamaer ecre-
CTBEHHOH CTPYKTYypo#l JuHeliHOoro C®-pacciaoeHds. DTo JHHeHHOe
paccioeHHe Hal S, Ha3HBaeMoOe OeTepMUHAHTHbIM PACCAOCHUEM Ce--
MmeficrBa P, MH o6o3raaum DET P.

2.2. JleTepMHHAHTHOE PacclOeHHe omeparopa @ Ha TroJoOMOpP(hHOM
ceMeficTBe KOMIAKTHHIX PUMAHOBBIX I0BEPXHOCTEH

B 3TOM ZAOKJajge MBI HHTEpECyeMCs CJAeRYIOINHM 4JacTHHIM IIpH-
MepOM CeMeHCTBa 3J/JHNTHYECKHX ONEePAaTOPOB: paccaOeHHe I
X — S —roJjioMopdpHOe ceMeficTBO KOMNAKTHEIX PHMAHOBHIX NOBEpX-
"Hoctel (cM. pasn. 1.3.1); E — rosoMopgHOe BeKTODHOE PACCJOeHHe
HaL X u F=E @ By s P — ceMeficTBO onepaToposdg, ;: C* (=~ (s),
E)—>C”(n7'(s), E ® &x|s). Ml 0603HauUM 3TO  CeMEHCTBO oOre-
paTopoB 0.

B Ttako# cuTyanud neTrepMuHaHTHOe paccaoeHue DET Jdp obaa-
JaeT ecTeCTBeHHOH TroJoMop¢HOH CTPYKTYpoH (COBMECTHMOH ¢
C®-CTPYKTYpOH), KOTOPYIO MOMKHO 0XapaKTepH30BaTb CJAEAYIOLIHMH
CBOHCTBaMHU.

i) Cozaacosannocry ¢ 3amenoii 6asvi. Iyers m: X — S — roJo-
mop¢dHOe ceMeHCTBO KOMIAKTHHX DHMAaHOBHIX NOBepXxHocTeH, E —
roIoMop¢HOe BeKTOpHOe paccjoenne Hax X, S’ — KOMNJIeKCHO-aHa-
JHTHYeCKOe MHoroobpasue H f: S’— S —rosomopdroe otobpaxke-
aue. [Tonoxnm

X =XXs8={@x seX XS |nx)=] ()}
‘ X —>S, | XX,
(x, sY—s", (x, §)r—>x.

Toraa n': X’ — S’ — rosoMopdHOe ceMeHCTBO KOMMAKTHHIX fpaAMa-
HOBHIX nomepxHocrtedt. Ciaolil n'~! (s’) oroxmectrasercs ¢ n~! (f (s)),

a DETZ?}.E, g—C DETgE‘f(S,). TosomopdHEe CTPYKTYpH Ha

DET;p ® DETEE TAKOBBI, YTO 3TH H30MOp(U3MH 3aJalOT H30-
MOp$hH3M TOJOMOPOHBIX AHHEHAHBIX paccJOeHHH ’
DET 0@g =~ " DET 0.
ii) CoeracosantocTs ¢ 2040MOpPHOL CcTPYKTYpol npambix cbpa-
s0s. Ilpeanonoxnm, uro pasmepHoctw Hhls u h' mpocTpaHCTs
kerdg, s> H (™' (s), E) u cokerdg ;=H! (n~!(s), E) He 3aBuCAT

or s=S. Ilyukn Rz E u R'mnE Ha S B 3TOM cJyuae JOKaJbHO
CBOGOAHH H OTOXKAECTBJSIOTCS C NYYKAMH TOJOMOP(HBIX CEyeHHH

rosoMopdHEX BekTOpHEIX paccaoeHuéi Ey u E;, mag S co caosamu
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H®(n™!(s), E) m H'(n"'(s), E) _Ham s=S coorsercrsenno. ['oJo-
mopouasi crpykrypa Ha DET dg TakoBa, 910 u30oMOpdH3M ce-
MeHCTB BeKTOPHHX NPOCTPaHCTB (¢ 6a3of S)
DETdz = (A™E) ® (AME)

SABJAETCS H30MOPGOU3MOM rosIoMOPdHBIX JHHEHHHIX PacCAOeHHH.

iii) Co2aac08aHHOCTO ¢ KOPOTKUMU TO4HbLMU NOCAEO0BATEALHO-
cramu paccaoeruld. Tlycts 0 —- E| — Eg— E3—0 — TOYHas N0CaA€a0-
BaTeJbHOCTb TOJOMOPGHBIX BEKTOPHHIX paccioeHuii Haa X. [as
BCceX S & S AJHHHAA TOYHAs NOC/AeJ0BaTe/IbHOCTb KOTOMOJIOTHH, ac-
CONMMPOBAHHASl C 3TOH TOYHOH IIOC/JEJOBaTEbHOCTHIO BEKTOPHBIX
paccJOeHHH, orpaHHdeHHOH Ha n'(s), 3amaeT u30MOpOHH3IM

DET 95, ,~ DETdg, , ® DET 0¢

3, s°
l'oomopHbIE CTPYKTYPH Ha DET??EL., i=1, 2, 3, TaKOBH, 4YTO 3TH

#30MOpQH3MH 327al0T H30MOpP()U3M ToJOMOpHEIX JHHEAHBIX pac-
cJ0eHH# _ _ _
DET dg, > DET 9, ® DET Ok,.

[TonATHe NETEPMUHAHTHOTO pAacCJOeHHs IE€pPBOHAYaJbHO ObLIO
BBEJEHO B paMkax ajareGpauueckoit reomerpuu ([49}, [31]).
B gacTHocTH, ecsH rojoMopdHoe cemefictBO ni: X —S KOMNAKTHHX
PHUMaHOBBIX NOBEPXHOCTEH sABJSETCS B AeACTBUTENbHOCTH COGCTBEH-
HBIM MOP(H3MOM KOMIIAKTHBIX ajre6paHyecKHX MHOTOOOpas3ui H
ecii E — anre6pandeckoe BeKTOPHOE paccloedHe Hax X, TO
DETd; o6/1afaer KaHOHHUECKOR CTPYKTYpO# a/ireGpaHdecKoro Ju-
HEHHOT0 pPACC/IOEHHsl, COBMECTHMOH ¢ €ro roJloMopdHOH CTPYKTY-
poii. (IlpexynpexnaeM, 4TO «F€OMETPHUECKOE» ONpeleJieHHe JeTep-
MHHaHTHOro paccioenuss (kak B [49] m [31]) u «dusudecroes
(mpHBeleHHOE 3/ieCb) PA3NHYAIOTCS «3HAKOM».

det Rn E ~ (DET 95)".)

[ToHsiTHE NEeTEeDMHHAHTHOTO paccjoeHus AuddepeHnupyemoro: ce-
MeficTBa 3JJMIOTHYECKHX ONePaTOPOB IOSBHJIOCH B JHTEpaTtype CO-
BCeM HeAaBHO (M KaK pa3 B CBS3H C H3yYeHHeM aHOMAJHH; CM.

[41).
2.3. Metpuka Ksuaaena

BepHemcsa K 0603HaueHHAM pasa. 2.1.

[Tycts cou n'(s) cHaGXKeHH PHMaHOBOH METPHKOH, rJajfKo 3a-
BHCsimieHl OT s (T. . BepTHKaJbHOe KacaTeabHoe pacciaoenne TX|S
cHa6Keno C™®-MeTpHKO#l), H NycTb BEKTOpHBIe paccaoenna E u F
cHabGxeHn (C*°-MeTpHKaMH.

Torpa a1 Bcex S& S BBOLIATCA CKa/lfApHBE [OPOH3BEeJEHHSA
(-, -) "Ha C°(x!(s),E) u C°(n'(s),F), orpaHHuEeHHs KOTO-

9 Byp6akru
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PHIX 3aJal0T CKaJsApHHIEe NPOH3BelAeHHs Ha ker P; W Ha coker Ps ~
== (im Ps)*. DTH CKajspHHE NPOM3BElCHHS ONDEAENSIOT (NyTeM

TEH30PHOTO YMHOXEHH:...) CKaJfApHOe INpou3Beienne Ha DET Ps. .

B sBHOM BHAe HopMma || - ., oTBeuaromas atomy CKaJIApHOMY MpO-
H3BEJCHHIO, 3ajaeTcs caeaylowest dopmyaof, rxe (v, ..., vg) u
(@, ..., wa)) o603HaualOT Gasuchl B ker Ps u coker P, = (im Pg)L:

det (w,, w)) _, . o

f@in oo no) ' @@ A ... Awa) = det ((v;,

Ushi<r, s <d

KpoMe T10r0, KOPpeKTHO onpefelieH CONpsKeHHbIH onepatop Pj.
BooG6uie roBops, W3-3a «CKauKOB» pasMepHOCTH ker P [IDH H3Me-
HeHM# s MeTpHKa || - ||, Ha pacciioenun DET P He aBasercs HH

TafAKOH, HH Jaxe HenpepHBHOH. OJIHAKO HMEET MECTO CAeAyIoLast

Teopema 2.1 (Keunnen; [44], [12]). Merpuxa Ksuasena, onpede-
aseman na DET Ps gopmyroii

@.3.1) e llg=(det' PPy - |,

asaserca C*-merpuxoii na DET P.

B ¢dopumyne (2.3.1) det’ osmawaer merepmuuanT, onpexessieMbii
€ NOMOIIbIO A3eTa-peryasipusanuu (cm. § 1.5).

24. Tycte F — ronoMop¢Hoe BekTOpHOE paccioenne nag C-amaju-
THIECKYM MHOroo6pasueM. s m06of 3pMHTOBOH meTpuku | ||
Ha F CymiecTByer eNMHCTBeHHAsl YHHTapHAs CBA3HOCTb V Ha F, co-
BMeCTHMas ¢ ronoMopdHOH cTpyKTypoil Ha F (T. e. Takas, YTO KOM-
nonexra V tuna (0, 1) coBnamaer ¢ dr). C noMolupio 3Toil CBA3HO-
ctd H Qopmyan UHepna — Belins AJ51 XapaKTePHCTHYECKHX KJACCOB
MoxHO cBa3ath ¢ (F, ||-|) samxnyrsie aupdepennnanbuse dopms,
npeicTapisdiomue B koromosorusix Jle Fama ero kiaccu Uepwa,
xapakrep YepHa u pox Tonna: «popmn Yepua» c;(F, |- ), «dpopma
xapakrepa Hepuas Ch(F, [|-ll) u «dopma Tomma» Td(F, ||-]).

Korna F — sunefinoe paccioende, KpHBH3HA V SABJASETCH (1,1)-
dopMo#, onpenenseMolt JokalbHO N0 dhopMye

(2.4.1) R=00log| s P,

rAe s o6o3Havaer HeHy/eBOe ToJOMOpQHOe ceueHHe F, W MH IO-
Jyyaem
1

242) o1 =—5R,
(243)  Ch(F, |- l= Y a0 -

k=0

244 TAF - D=1+5cF - D) +opelf - 12 +....
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2.5. JlokaabHas Teopema Pumana — Poxa — lporenauxa

Ecan o — nupdepenunanbias dopma, ME 0603HAyaeM yepes
o'®) ee KOMIIOHEHTY CTelleHH XK.

Teopema 2.2, [Iycre n: X—S — 20n0moproe cemeticr8o xom-
NAKTHOLX PUMAHOBLLX nosepxnocTeli, a E — 2onomopdroe sexroproe
paccaoenue #ad X. Iycre |-||r —2aa0kasn spmurosa merpuxa Ha
Komnaexchom aunednom paccaoeruun T=TX|S (l|-lr 3adaer
C®-cemelicT80 pUMAHOBbIX MeTpurx Ha caoax m) u |-z — eradkan
spmurosa merpuxa Ha E. Ilycre || -|lo — metpuxka Ksuisisena na

DET 9z, onpedenennas ¢ nomowybto 3srux merpux. Tozda umeer
MecTo pasencrso IHPpdepernuabHEX GopM Ha S:

25.1) ¢@ET3 Il - l)=— | {Ch(&, Il I Td(T, I - I}
Xis

B sroit dopmyae S 03HauaeT HHTerpupoBaHue AnddepeHn-
Xx7s
aJbHBEX GOPM BAOJb CI0EB M. ,
Korga E —uHefiHoe pacciaoende, 3ta QopMyJa ¢ ydeToM
(2.4.3) u (2.4.4) npuHHMaET BHI

(252) ¢ @ET3 - lo=— { [fFa@i 1+

Xi S
Fga @l e (B - g+ e &1 197

Koromosioruueckufi BapHaHT TeopeMH 2.2, T. e. paBEHCTBO
(2.5.1) ¢ TouHOCTRIO A0 TOYHHIX AuddepeHmHaIbHHX (HOpM, Hemo-
CPEICTBEHHO CJAeAYeT H3 TeopeMH AThbH — 3uHrepa 06 HHIeKce MJs
cemefictB. Korpa n— anare6pandeckui MOp¢H3M KOMIJIEKCHEIX KBa-
3UNPOEKTHBHHIX MHOroo6pasuii, a E — anre6panyeckoe BeKTOpHOE
paccaoenne Haj X, OH BHITEKaeT TaKXe H3 TeopeMn Pumana —
Poxa — I'porennnka (KoTOpasi JOCTaBJseT B AeHCTBHTEILHOCTH 6o-
Jlee TOYHOE DABEHCTBO, CIpaBeMJHBOE B pAllHOHAJIbLHOH rpynne Hxoy
MHOroo6pasusa S; samerum, yro ¢;(det Rn.E)=c,(Rn.E)).

Gopmyna (2.5.1) 6m1a ycraHoBaexna KeuaaesHom ([44]), korapa
X — nponsBeneHne 6a3zpl S Ha KOMIAKTHYI) PHMaHOBY NIOBEPXHOCTH
Xo, a n=1prq: Xo X S— S, u benaBuuuiM u Kuunxuugom ([7], [8]),
gorna E=T®". B #efiCTBATe/BbHOCTH 3TH aBTOPHl PACCMATpPHBAJH
crenHaJ bHbIE METPHKH. ’

Bucmio u ®pux [oxazanu yTBepXKAeHHe, aHAJOTHYHOE Teope-
me 2.2, pas C~-cemedictB oneparopoB [Hupaxa ([12]); ux moxasa-
TEJIbCTBO HCIOJb3yeT BEPOSTHOCTHBIE METOAH, PAa3BHTHe BHCMIO 1
[0Ka3aTe/JbCTBA JOKAJbHOH TeopeMH 06 WHIeKce AJad CeMeHCTB

g*
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([11]). MoxHo A0Ka3aTb TeopeMy 2.2, HauHHAs C HX pe3yJabTaTa,

coenrHeHHOTO ¢ hopMy0i KOHGOPMHEX AHOMAJHH — NPSMEIM CJael-

crBueM (1.5.4).

Teopemn, ananoruudne TeopeMme 2.2 ¢ X Buma XX S, Ho ¢ Xy

NPOH3BOJBHON KOMIJIEKCHOH pa3MepHOCTH, GBI AoKasaHH J[lo-
HaapaconoM ({17]) u JKuste u Cyae ([25]). Ilocrnenusis pabora
MOTHBHDOBaHa 0606IeHHEM HA BHICIIHE PAa3MEPHOCTH <HCYHC/ICHHS
Ha apHdMeTHIeCKHX MOBEPXHOCTAX», DPAa3BHTOr0 Apake/oBHM H
danpTuarcoM. OTMETHM MO 3TOMY HOBOAY, Y4TO MHOTHe 06OGLLEHHS
pe3yJbTaTOB H MeTOAOB, ONHCAHHEIX B 3TOM JOKJajAe, TECHO CBs-
3aHH C KOHCTPYKIHSAMH <«B CJI0SX Haj oo» B HMCUHC/AEHHH Apakesosa
u PaspTHHrca Ha apudMeTHYecKHX NOBepxHocTax (cMm. [33], [6],

[3]. 130]).

2.6. [TokaxeMm Tenmepb, Kak (OpMYy.In KOHGOPMHBIX aHOMAJMH

{1.6.5) u (1.6.6) MOXHO BBHIBECTH H3 TeopeMHl 2.2. ITo KoKazaTesb-
CTBO MNpOSCHSET CBSI3H MEXAy DAas/HYHBIMH BHAAMH AHOMAaJH#i B
2-MepHO# TeopHH moJs (cM. [2]), ¢ OXHOH CTODPOHBI, H MEeXAY «iAeli-
crerueM JluyBuaasis (1.6.7) H BTOpHYHBIMH KnaccaMu Borta u Uepua
(cM. [14] u [25])—c apyro#. B Hem, B uacrHOCTH, 3HaueHHe 26
KPDHTHYECKOH pPa3MepHOCTH I[OfBJsIeTCS Kak oOTpa)KeHHe Ko3ddu-
uaenra 1/12 B dopmyae miaa poaa Toxana (2.4.4): 26/2=12+ 1

yers X, — KoMOakTHas pHMaHOBAa MNOBEPXHOCTb, a | « | —
9pMHTOBa MeTpHKa Ha T Xo; 3Ta MeTPHKA 3afaeT 3PMHUTOBY MeT-

puky Ha TcX§"(ne=7Z). C nOMOMBIO 5THX METPHK CTPOHTCS

merpuka Keuasena || - ||, , Ha npoctpanctee DET 5”,,. dopmyaa
' 0
KOH(GOPMHBIX aHOMaJIHH yKa3blBaeT OTHOLIEHHE MEXAY MeTpHKaMH
Ksuanena || - MQ,O Hi - “Q,l Ha 3TOM IPOCTPAaHCTBE, INOJyYeHHBIMH
H3 ABYX 3DMHTOBHIX MeTpuK | - [, u || - [, Ha T X,
NMpeanoxenne 2.3. ([43], [1]1). Ecau ||-1, = éfll-llo, TO

(RN 6n(n4+1)+1 -
26.1) 2t=exp| ———— { (fR+07 A3 |,

I ”Q,O 12mi 3

20e R obosrnauaer (1,1)-(opmy xpususust 20a0mop@rozo paccaoe-
nus TX, nadeaeunozo merpuxod ||-llo (cm. (2.4.1)).

Qopmyasl (1.6.5) u (1.6.6) caepyior u3 (2.6.1) cn=0un=1.
(3amerumM, uTt0 L,-cKaaspHOe NpOH3BeleHHe Ha coker d He 3aBHCHT
oT MeTpukH Ha TX; cMm. pa3a. 1.3.2.)

Ecau npumenuts TeopeMy 2.2, B3siB B KauecTBe E paccioenne T4,
cHaGxeHHOe MeTpHKOH |-z, MONy4eHHOH TEH30DHHM YMHOXKEHHEM
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u3 {{-llr, To
= . 6n(n+1)+1
@262 ¢ (DETapm, | - flg)=—2LEDFL {0 7.y,
b 1]

Bubepem Ttenepy F&C® (X, X C, R) Tak, uto6H QyHKHHA
fs=F(-,s) saBucean TosbKO oT [s|, fo=1, a f,=Ff. Ilpean-
Ayumias (bO(%MYJIa, NpHMEHEHHAs K TPHBHAJBHOMY cemeiicTBy S ==C,
X=Xy XC, n=pr, u k merpuke || - |=ef|| - |, ua T, npespa-
maeTcd mocJje HEeCcJ0XKHOrO0 BHIYHUCJICHHA B

2.63) 0,3,logll - lg, s =0, {L‘%ﬂj (F,R + 0F, A a“fs)} ,

0

rae || - llg,s — MeTpuKa Ksuanena Ha DET d,~, noayuessas ¢ mo-

MOUILIO METPHKH els Il -l #Ha X,. Tak kak f; u || - llp, s 3aBucsT
TOJMbKO OT | 8|, dopmyaa (2.6.3) BuieueT 3a coboit (2.6.1).

3. MEPA TIONAKOBA U M3OMOPDU3IM MAMCDOPAA

3.1. Ilyctp ;1: X —S — roslomopdHOe ceMefCTBO KOMIAKTHHIX pPHMa-
HOBBIX mnosepxHocted. CHa6aum T ==TX|S 3pMuTOBOE MerpH-
KOH H PaCCMOTPHM JeTepMHHaHTHHEe pacciaoennaDET s u DET dy,
HajJeleHHHe MeTpHKaMH KsuaaeHa |-|lo, mocTpoeHHHMu 1o 3TO#
MeTphke Ha T u TpaBHaAbHOH MeTpHKe ([|1]l=1) ua TpusBuaibHOM
paccioenun O.

®opmyna (2.6.2) c n=0 u n==1 naer cienyolliee PaBEHCTBO:

Teopema 3.1 (BenaBun — Kuuxunk [7], [8]).
¢t (DET Or, [ - llg==13¢, (DET 0, | - lip).

3.2. C npyrof#t cTopoHH, ecIH X H S KBA3HNPOEKTHBHH H €CJIH 1t —
anreGpavueckuii MOpGH3M, TO BBHIUHCIEHHEM, aHAJOTHYHHM OpeNkl-
AyuieMy BbiBogy dopmy.asl (2.6.2), Ho, Hcnoab3ys Teopemy Puma-
Ha — Poxa —I'porenanka BMecTo TeopeMHl 2.2, NOJYYHM, 4TO AJs
HEKOTODOr0 HaTypaJbHOro N JIHHeHAHHE paccJ0eHHs (DETGT)®N

<A 13N
1 (DET00)® H30MOpQHH Kak agareGpaHyecKHe pacCAOeHHs.
MoKHO ycTaHOBHTb GoJiee TOUHBIH PE3yJabTAT, IPHHSAB BO BHHMAa-
HMe ONpeesIeHHYI0 <«KEeCTKOCTb» IIpOCTpaHCTBA MoayJied .

Teopema 3.2. Ilycre p—yenoe ==2. Kaxdomy 2oromoppromy
cemetictey w. X—>S CBA3HbIX KOMNAKTHOLIX PUMAHOBLLX NOBEPX-
HOCTeld poda p MONHO CONOCTABUTL U3OMOPQUIM AUHEUHBLY
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paccaoenuil _ _
My: DET3rxys ~ (DET35)® %,

npu4em Tax, 4To

i) sadanue pasuoix My coesracosano ¢ 3amenod 6asei; Opyeumu
crosamu, 8 0603naterusx pasn. 2.2 caedyrouan duazpamma Auner-
HbLX 2020MOPHBIX paccaoeruli HAO S’ KommyTaTUBHA:

- My —
DET 0rx-|s = (DET aax,)® 3

U U

" = My = 913
[*DET 0rx1s ——f (DET 0oy)

(6 aroii Juazpamme 6epTuUKGAbHbIE CTPEAKU — U30MOPPUIMbL, ONU-
canubie 8 paszd. 2,2i)). '

ii) Ecau n— ancebpauneckuii mopousm KOMNAEKCHbIX _KB8a3iL-
npoexTusHsLx muHo2006pasui, a snauwur, DET 0rxs u DET Ooy 06-
4a0arT CTpYKTYpol arzebpauuecKux AUHElHbIX paccioeruli Had S,
To M, — areebpauueckuti uzomoppusm.

Sadanue raxkoeo cemetcrea {M,} mo. Hazvisaem H30MOpHU3IMOM
Mawmdopaa.

Ecau {M;} u {M;}—— dsa usomopgpuszma Mamgopda, To cyuje-
creyer rakoe A & C*, 40 M) == AMqy 912 scex m.

Sta ¢opmysHpOBKAa BHTeKaeT H3 TteopemMsl Mamdopma ([39],
Teop. 5.10) 06 aare6paHdHOCTH BepcasbHBEIX nepopManuii KOMINAKT-
HBIX TOJIOMOPGHEIX KPMBHX H H3 TOrO, UTO OGDATHMHE peryjasipHHE
¢yHKuHME HA npoctpaHcTBax MoOAmyJefi A, NOCTOSIHHH (HOCJEIHee
cleayer M3 sIBHOTO OMMCaHUA JMAp, ecian p=1 uau 2, u U3 coobpa-
KeHu#, HCnoab3yomux KoMnaktudukanuio Carake npu p = 3; cm.
J0Ka3aTeJbCTBO TeopeMHl 3.3).

3.3. Kak caeacrBue teopeMH 3.1 mosyuaercsi cieaylomuii 3ameda-
TeqbHBA pesyabrat (Befiinucon, Hdpuudennn; cM. [7], [8]):

Teopema 3.3. ITycto p —yeroe =2, u nycro {M,} — usomopgpusm
Mamgopda dan pumanossix nosepxrocreil poda p.
Cyujectsyer raxas roncratra C =R, 410 daa a06020 2040-

Mmopgrozo cemedcrsa n: X—S C8ABHHIX KOMNAKTHOIX DUMAHOBHLX
nosepxnocrel poda p w aobol spmurosot merpuxu ||-||r va T :=
= TX|S usomopdusm Mampopda ydosiersopser Toxdecrey

I Mz llg = ClI€ llgs

20e uepes ||-|lq o6o3nauena merpuxa Ksuaiena, onpedesennas ¢ no-
mowppro |- 7 (cm. § 3.1).
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3ckus doxasareavcrea. 3 Teopemm 3.1 caemyer, 4To A Jo-
Goro cemedicTBa mi: X —S u qmo6Goit Merpuku |- [l; cymecrtByer Ta-
Kas ¢oyHkuus ¢ < C* (S, R’;), 970

IMElo=elill, u 80logp=0.

®opmyna koHPOpMHHX aHoMauu# (2.6.1) ¢ n=01u n =1 4 coraa-
COBaHHOCTL H30oMOpdH3Ma Mamdopra ¢ 3ameHol 6a3bl HOKA3H-
BAIOT, YTO @{S) 3aBHUCHT JIMIUb OT KJacca n—!(s) B \,.

Ecan p > 3, orciona cienyer, 94T0 ¢ 3aBHCHT TOJIBKO OT p: MJIO-
pucyGrapmonnyeckas GyBKUHS Ha F ,, HHBADHAHTHAS OTHOCHTEIbHO
T'p, nocrosinHa, Tak Kax uepes moGhle ABe TOUKH B A, IPOXOIHT
mosHast Kpusasi (eM. [27]). 310 Tak B cuay ciaexyomero dakra:
nycrs A, — komnakTuduxauus A, noaydeHHass 3aMHKaHHeM A,

BJIOKEHHOTO IIDH NOMOINH sKOGHEBa OTOGpa)eHHss B KoMOakTHGH-
kanuo CaTake MPOCTPAHCTBA MOAYJeH MOAPH30BAHHEIX (IVIABHBIM
cnoco6oM) p-MepHEIX abesieBbIX MHOroo6pasufi; Toraa ./I?p—npoex-
THBHOe MHOTrooGpasue, H M, — A, uMeeT KopasMepHOCTb =2 B
M,.
Koraa p=2, nna 3aBeplieHHs A0Ka3aTeJbCTBa HEOGXOLHMO
pacrnosiaraTb BepXHe#d OLEHKO# Ha POCT ¢ HAa GECKOHEUYHOCTH B Jo.
Takyio oleHKY MOXHO MOJNYYHTH H3 BbpaXKeHm# I DEryJIspH30-
BaHHBIX J€TEPMHHAHTOB B TepMuHax Aasera-¢yuruuu Ceasbepra
(cm. § 1.6.4 u [48]).

3.4.1. 3amMeTHM, 4TO 3aJaHHe T[JAJAKOH NOJOKHUTEJNbHOH TMJIOTHOCTH
Ha (-aHaqHTHUECKOM MHOroo6pasuu Z paBHOCHJLHO 3aJaHHIO  3p-
MHTOBOH METDHKH B JIUHEHHOM DAaCC/I0€HHH ®z IOJOMOP(HBIX nug-
(epeHnuanbHbX ¢opm crenend dimc Z; Takasd MeTpHKa onpeessier
NJIOTHOCTE | MO JIOKaJbHOH dopmyle

—_2 _
p=l{sf""[sA35]
rjae s 0603HaqaeT HEHYyJEBOE I‘OJIOMOpClJHOQ cedeHue wyz.

3.4.2. llpeanonoxum temepb, 4T0 p >> 1, © PACCMOTPHM YHHBep-
ca/bHYIO KpHBYIO Tafixmionnepa n: &, —> 7 ,. MeioT MecTo otoXze-
CTBJ/IEHHS

I): DET 0gy, = (APEY,
) ,
I,: DET 07‘gpl 7, 5 A% Tch o m‘g-p,
rxe depes E o6osmaueno rosomopdHoe BEKTOpHOe paccjloeHue paH-

ra p Ham J, co ciaoem H(a—!(s),®) Hag s, myd0K rosoMOpQHBIX
CEUeHHH KOTOPOTO OTOXKIECTBJSETCS C R"n'wgp |7, OToxpectBie-

HHe [, BHITeKaeT H3 TOro, 4T0 R"nﬂgp KaHOHHYECKH TPHUBHAJLHO
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H no pBoiictBeHHoctH Ceppa R‘n_dgpz(R"n_wgp,gp)‘_ OroxpaecTB-
JenHe [; BHTekaeT H3 obpallieHHss B HYJb R"n,Tgplgp H H30MOp-.

¢dusma Kogaupu — Crencepa.
Hsomopdpusm Mamdopaa {M,} 3amaer rorma, 6aarogapsi 0To-
KIECTBACHUAM [1 U [2, H30MOPGH3IM

M: 0g, 2 (AP E)® 3

Paccaoenne E Hageasercd eCTecTBeHHOH TIJIagKO# 3pMHTOBOMH
METPHKOH, OmnpefejeHHOH Ha KaxaoMm ciaoe E; = HO(n!(s), w) mo
¢opmyse (1.3.5); oHa coBmagaer Takke ¢ Lo-CKaJsipHHIM NPOH3Be-
JIeHHeM, onpefesaseMbM C TOMOILIbIO NPOH3BOJBHOH 3PMHTOBOH Met-
pHKH Ha T¢,|J , u AyasbHOM METDHKH HA @y ,| 7 ,. ITa 5pPMHTOBA
Merpuka Ha E 3apgaer 3pMHTOBY MeTpHky ||| Ha A? E. SIBHHM 06-
pa3oM, B o603HaueHHAX pasa. 1.3.4

o, ) A ... Ao, () P=det((@;(s), ®; (), <, ; <, = detImQ(s).
[ycts ||« I — spMuTOBa MeTpHKa Ha (/\"‘E)® 1
crenedbs MeTpHKH | -]
Crnenyiomas TeopeMa YyTBepXKJaeT, 4To Mepa [loasikoBa HMeeT
«ajare6paHuecKyo» NPHPOAY.

— «TpHHajuartas

Teopema 3.4. Mepa I[loasxosa pp Ha T, cosnadaer, ¢ TO%-
HOCTbI0 00 NOCTOAHHO20 MHONCUTEAR, C Mepoi wHa T ,, onpedeasne-

Mol meTpukoll na O noayuennot uz metpuxu || - |f na (AP E)® 18
npu usomopusme M.

Ota TeopemMa — cjaeACTBHE TeopeMH 3.3 H TOro o6CTOATENbCTBA,
gto BHpaXenHe (1.6.9) nas nnorHoctu [TonsikoBa B TOuKE $ HA T,
MOXHO 3anHcaTh B ClIelylomed gopMe (o & OF |y {0}):

[lo @A ... Aa,(s) Flr (@ @A ... Ao, (S))-I)Hfz]—wx

X' @ londl

Csa3b yHcna 13 B teopeme Pumana — Poxa — I'porenauka, npu-
MEHeHHOA K TDHBHAJbHOMY DAaCC/IOEHHIO H OTHOCHTE/JILHOMY Kaca-
TeJTbHOMY PacClOEHHIO ceMeHCTBAa KPHBHIX, C KPHTHUECKOH pasMmep-
HOCTRIO 26=27<13, no-BHAHMOMY, 6bla cHayajJa He3aBHCHMO IOJ-
meueHa AnbBapecoM ([2]) u Marunmm ([32]), a 3aTem 3aHOBO OT-
KphiTa ¥ HHTepIpeTHpOBaHa ApyruMmu aBtopamu ([7], [15], [13]).

3.6. Ilyctb Mp— KOMIAKTHGUKALUA A, CTAGHJALHHIMH KPHUBBLIMH.
Hurtepnperandsa Mepsl [loasikoBa nocpeicrBoM usoMopdusma Mawm-
dopra no3sosdeT ONHCaTb ee NOBEJEHHE B OKPECTHOCTH JHBH30Da

Ha GeckoHeuHoCTH A= 4, — M,.
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PacemorpuM, npocrotH pajd, crabuibHyio kpHBywo C poma p
C eJMHCTBEHHOH NBOHHOH TOYKOH H Ge3 HETPUBHAJIbHHIX ABTOMOP-
¢usmos. Kuaacc [C] kpupo#t C B M, —rJaaakas Touka B H,; nu-
Bu30p A B okpectHoctH [C] raaaxuii, u [C] uMeer Takylo oxpect-
HOoCTe U B M, 49t0 OotObpaxenue 7 ,—>T /T, =M, sABaAserca
HAKPHITHEM HAaA 9{ M YTO CymieCTByeT yHHBepCaJbHas cTaGU/bHAsS
KpuBas ;. X — @ uang .

Hcnoansys Teopemy Mamdopaa ([39, th. 5.10]) u Tteopuio ne-
¢opManui crabHIbHLEIX KPDUBHIX, MOXKHO [OKa3aTh, 4TO H30MOPGH3M
Mawmdopaa

13 o
Way— A (/\pn.(ﬂxm—A)®
npogoJkaercs g0 usomopdusma
0y 2 (AP mox12)® " ® O (—24).

Orclona BBIBOAMTCA, 4TO ecau (wy, ..., @W3p—3) — JOKAJbHHE KOOP-
JHHAaTHL B OKpecTHOCTH [C], B KOTOpHX A 3agaercsi ypaBHEHHeM
wy=0, To Mepa [loasiKOBa B 3THX KOODAMHATAX HMeEeT BHI
(f, g > 0 cyrv C*-pyHknun)

pp=lw [ f(@, ..., ©,_3)|dwA ...

. /\dw3p_3/\dz¢':1 A .. /\d@3p_3 l,
ecan C NMpHUBOANMA;

—4 —11—13
pp={|w | [logl@ 7] gy, ..., W3p—3) +
—4 —-1}—13 _
+o(]w | [log]wll ] )}ldwlf\.../\dwap_a/\dwll\.../\dwg,,_al,
ecau C HenpHBOAHMA. =
Kpome Toro, MOXHO cBsI3aTh <«BHYETH> [(0, Ws, ..., Wap—3) H g

¢ mepamu [losiAkoBa Ha nMpocTpaHCTBaxX MOAYJEH, OTBEYAIOLIHX KPH-
BHIM, BO3HHKAIOWHM NpU HOopMasuzanud C («daxTopH3anmuss).

3.7. Mepa IloasikoBa Ha 7, u T ([9], [35], [37])
3.7.1. Oas mobok Q& 7, u mobux (g, b) = C? X C? nosoxam
0[:](0, Q) = Z exp [nif (n + @) Q (n 4 a) + 2nit (n + a) b].
nezP ’

OGosnauum uepes [ BexTOpHOe paccioeHue HAZ T, cO ClOEM
H%(xt—!(s), ®%) Hax s, My4oK roJoMopdHHIX CedeHHH KOTOPOro OTOX-
ZectBasiercst ¢ R° “J’%p, 7y
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3.7.2. Mepa Ioarsxosa na T ,. HMeer MecTo <aire6panuyeckHits
u3oMopdpu3M

(3.7.1) (DET 05, )*" > 0,

(B mefictButensHocTu rpynna ITukapa Pic(#,) ¢yuxropa Moxy.ed
uzoMopdua Z/10Z u umeer A, B KadectBe oGpasyiomei; cm. [39].)
ITOT H30MOP(}H3M MOKHO ONHCATh SBHO C NOMOMBIO TeTa-OyHKLHA.
Tlonoxum

f2: %2—)0,
Q)—é 6[81/2?(0’9 ]
[81. Szl]{:o,zl}z 82/2j )
g =2

dto Sp(4, Z)-monyaspuas cdopma crefienn 10 Ha s, o6pamai-

7 O
masicd B HyJIb TOJIBKO Ha AHBH30pe D — op6ure {( ! ) Imt >
Ty

>0, Imv, > 0} mop AefictBHeM Sp (4, Z). DroT AMBH30D CAYKHT

JONOJIHeHHEM K 06pa3y J » npu oTOGpaXKeHUH MEepHOAOB Q: T g—
— 6. 1somopduam (3.7.1) 3agaercss Toria xak

(DET 35)® "’ >~ (A2H® " - O,
f2(Q) (@1 A ©)® " — 1.
C npyroil CTOPOHH, HMEET MECTO H30MOPPU3M

(DET 00,)°° > (A*B)®° =+ (DET dr¢.| 7, > A3F,

®3 2 2
(@, A0,)" " >0 Aoa, A 0l

Hsomoppusm Mambopia mosyyaercsi TeH3OPHHIM yMBOMKEHHEM
ABYX NpeARAyIAX H30MOp(HHU3MOB:
(DET 01, | 7,) =~ A%F <= (DET9)® ® &~ (A2B)® ",
of A @@, Ao —>f, (Q) (o, A ®,)"3.
[TockoabKy AyanbHHI H30MOpdH3IM Konaupu — Cnencepa otoxne-

crBisier dRij U @0;, HaxoauM, 4T0 Mepa [loJskoBa Ha F, mpomop-
IHOHAaJbHA

(detIm Q)™ £, (Q) |‘2| II ag; A 1148, ]
i<y iy

3.7.3. Mepa [Toaskosana T 5. Jluneiinoe pacciaoenne (DET drg, | 7)) @
® (DET dgga)® > AF® (APBH®*  obaagaer roJioMoppHEM
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ceueHHeM
s = (O] A DZAGIA 0,0, A 0,0 A 0,0,) ® (@, Ay A 033)"4.
Ilyets H — RMBH30p rHNep3//IHNTHYECKHX KPHBHIX Ha T3 JuBuzop

HyJeHd s cosmajaer ¢ H.
C npyroit cTopoHsl, 0TO6paxkKeHHe

fs: #3—C,
e— ] 0[81/2](0, Q)
e, & e {0, 1} 89/2
g-ep =27

— MoxyJasipHas ¢opma 18 creneHs, KOTOpas B KOMMOO3HLHH C OTO-
GpaiKeHHeM NePHOAOB Q: T 3—56; umeer amsusop 2H (cm. [29]).
CaenoBatenbno, 8" = f30 Q (0, A @y A ag)!8 — rosomopgHoe I's-3KBHBA-
puanTHOe ceuenne (A3E)®" ¢ JuBU30poM 2H,

Taknm o6pasom, s"-s~2 — rogomopoHoe cevenune (AE)®* ®
® (A°F)® % Bciony nenynemoe u Is-skeuBapuantHoe. [Tonyuaem,
9T0 KBajpat H3oMopduama Mamdopaa onucHBaeTcs Kak

(DET dr¢,15)° 22 (A°F)®* =3 (DET 35y, )®® o (AT D®®
(@ A 0 A 02 A 0,0, A 0,0, A @30, ) > f5 (Q) (0, A 0, A 0,)%,
H, cTajo Gurb, Mepa [losskoBa Ha I3 NPONOPIHOHAAbHA
(detIm Q)™ f, (@) ‘ T 49 A IT - dﬁ,,' :

I<ig<i< I<igy

HoGapuM, ato MOpPO30B NPEAIOKH/I BHpAaXKeHHe B TepPMHUHAX
Teta-GyuKuuA A1 MepH [lonsikoBa Ha T4, B KOTOpOM Yy4acTByeT
coorHowenre IlorTku, omucmBaomee pacnosnoxenue obpaza T,
B 64 pu 0TOGpaXKeHHH nepuofoB ([37]).

YnomsHeM, HakoHel, «sABHOE» ONHCAHHE H30MOpH3Ma Mawu-
¢dopra, npunagiexainee Befdnuncony u Manumy ([6], cM. Takxe
[33]).

Sl Gnaropapen AapBapecy-Toms, K.-®. Apsu, T. )Koauképy,
B. Hxynua, I'. Mypy, ®. Hembcony, M. 3unrepy, K. Cyae u
K. Baga 3a cocrosiBmHecss oGCyXIeHHS MO TeMe 3TOrO LOKJAZA.
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DONONHUTENBHAS NUTEPATYPA

(CocraButean A. A. Boponos)

Usaa0Kenne RadibHellero paspuThs (UIHKH, CBA3AHHOX C 3aTPOHYTHIMH 3/€Ch
Bonpocam, saHano 6u ofbeM 1o MeHbllell Mepe ORHOrO AOKJAaja Ha ceMHHape
Byp6aku (B aCTHOCTH, CM. IOKJIaZA K, Taseugackoro [1*]), mosroMy MH KOC-
HeMcsi TOJBKO HEKOTOPHX MAaTeMaTHIeCKHX BOMPOCOB. YNoMsHyTas B IOKJIale
JK.-B. Bocra JoOKaJbHast TeopeMa Pumana—Poxa—T poTeHauka sBJsfercs c_COBpe-
MEHHOf TOUKH 3pEHHs JHIIb <METPHYECKOH CTODOHMOi» TEODeMH Pumana—Poxa—
Jeauns [2*], yrBepxiamilefi, 9T0 B YCJIOBHSX Da3d. 25 u 3.1 npu rkE =1

’ HMeeT MeCTO KaHOHHYecKas H3oMerpus

(det R%,E)® 2 Q® (det R%,0)® 2 =(E, EQ Tx|s)

DPMHTOBHIX JHHEHHHX DACCJIOEHHH Ha S, rze IpMHUTOBA CTPYKTYypa B JEBOH HacTH

IOJMyueHa NepeMHOKeHHeM MeTDHK KsHisieHa, a {,) B NPaBOi 4acTH ecTb CHapH-

paune Beiin—[emuus ([2*], [6]), craBsmee B cOOTBeTCTBHE Hape SPMHTOBHX

JHHEAHHX pacclioeHHfl Ha X SPMHTOBO JHHeflHOe pacciioenHe Ha S ¢ METPHKOH

tuna Apakenosa—[emuns. CymectsyloT TaKie ApyrHe JOKaJIbHEE BapHAHTH

reopemu Pumana—Poxa—I'porenjnxa, OCHOBAHHbIE Ha H3YHRHHH neficreusa (B xyxe

[32}, (3%}, [4*]) seprurajBHHX BEKTOPHHX noJei cemeficrea 7 Ha Gaze S — cM. pa-

Gotw [4%], [6*] nas cemeficTBa DHMAHOBHIX nosepxHoctefi # [6*] Aus ceMelicTBa

KOMILTEKCHHX MHOroo6pasuil NPOH3BOJBHOH Da3MEpHOCTH. O6o6uienue  Teope-

Mu 2.0 #a HOCTenHHAi caysadi Ouao mnoayweno K. Buemio, A XKufte u

K. Cyne [7*].
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YPABHEHUA SHTA — MUJIICA U TOMONOIrUS
YETbIPEXMEPHbBIX MHOTIOOEPA3UM
(no Odonanbacony)!)

H. Ox. Xuryun

§ 1. OCHOBHOW PE3YMLTAT

(1.1) Teopema (Homnaabvacon [8]). Mycre X — komnaxruoe 21a6-
KOe 00HOCB8A3HOE OPUEHTUPOBAHHOE “eTbipexmepHoe MHO2006pasue,
raxoe, 410 opma nepecevenus Q na epynne xozomorozuii H2(X, Z)
noaoxutressro onpedesena. To20a cywecTsyer yeiowucienusii 6a-
suc epynno. H?(X, Z), 8 xoropom gopma Q sanuceisaercs s sude

Qlu, y=uw2+ ... 42
DTOT pesyJbTaT CJELyeT COMOCTABHTb C TAKOH TeopeMoi:

(1.2) Teopema (@Ppunman [9]). ITycto Q — npoussoavkas yHumo-
Oyasapras xsadparuunas gopma nad Z. Toeda cyujectsyer xom-
naxKTHOe OOHOCBA3HOE TONOAO2UYECKOE 4eTbipexmepHoe MH02006pa-
3ue X, 018 KOTOPO20 (OpMA nepecedenus KA O8YMEPHBLX KO20MOAO-
euax H*(X, Z) axsusasrentna gopme Q.

ITockoabky uMeercsi AOCTATOYHO MHOTO HESKBHBAJEHTHHX 3Ha-
KOONpeJe/ieHHRX yHUMOAYAsApHuEX ¢opm (cMm. [17]), sicHo, yTo Teo-
pema JloHaJsbICcOHA HAKJAaNHBAET JKeCTKHe OrpPaHHYEHHS] HAa TONOJO-
TUIO [VIaJKHX YeThIpeXMepHHIX MHOroobGpasHil.

(1.3) Hokasareascrso Tteopemor (1.1). Tlyers r==rank H*(X, Z
u2n=3{us H*(X, Z)|Q (4, u) = 1}. JokazareabCTBo COCTOHT B
IIOCTPOeHHH OPHEHTHPOBAHHOTO KOGOPAH3MA MeXAY MHOrooGpasneM
X H cymMMoHl n 3K3eMIUIAPOB KOMIIEKCHOH NPOEKTHBHOH MJIOCKO-
crd CP? (310 nenaerca B § 3—7). IIpennonoxum, 4T0 Ha p 3K3eM-
nasipax CP? opueHTanusi HHAyHHpPYeTCs KOMIUIEKCHOH CTPYKTYpoH,
a oCTaJbHHe ¢ =N — p HaJeJleHH NPOTHBOIOJNOXHOH OpHeHTal e,
Toraa ans 3aBepllieHHsl JOKAa3aTeJbCTBA pacCyXIaeM ClaeAyIOLIEM
obpaszoM:

(i) Tlockombky curHaTypa HHBapHaHTHaA 1pH KobopaH3Max,
HMeeM .
- r=SignX=(p—¢q)SignCPl=p—g<n.

) Hitchin Nigel J. The Yang — Mills equations and the topology of 4-ma-
nifolds [after Simon K. Donaldson}. — Séminaire Bourbaki; 35e année, 1982/83,
n° 606, Astérisque 105—106, 1983, p. 167—178.

© N. Bourbaki, Société mathématique de France, 1983
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(i) IMyers {x£x, ..., £x,}={usH* X, Z)|Qu, uy=1}

Torpa Q(x;, x)) = Z, "o, coraacHo HepaseHcTBy Komm — llpapuas .
{Q(x;, x,)| <1 mpu i==j. CaenosarenbHo, {x, ..., X,} —opTo™

HOPMHDOBaHHasl cucTeMa sjaemenTtoB rpynnet H2(X, Z); B wactHo-
CTH, N <_T.

(iii) s (i) u (ii) caenyer, aro n=r u {x, ..., x,} — opTO-
HOPMHPOBaHHHA 6asHC TpyNnH  BEmECTBEHHBIX KOroMOJOrHM

n
H?*(X, R). Hanee, ecin ues H*(X, Z), To u=z Qu, x;)x; =
. fom]
=z21 u;x;, ree u; <=2, Tak uto cucrema {x, ..., X,} Ha camoM

npeJjie ob6pasyeT OpTOHOPMHpPOBAHHBIA 6asuc IEJOYHCAEHHBIX KOrO-

modioruii H?(X, Z). B stoM Gasuce Q(u, u)= Y. ul.
fom]

§ 2. NOATOTOBUTENbHLIK MATEPUAN

(2.1) ITycts X — 4YeTHpexMepHoe OPHEHTHPOBAHHOE PUMAHOBO MHO-
roo6pasue. BHemHss 2-dopma a < Q? HaspiBaerca Q8TOOYAAbHOL
(cOOTBETCTBEHHO AHTUABTOOYAAbHOU), eCu o == % (COOTBETCTBeH-
HO @ = —=a), rae #! Q2— 02— oneparop Xoxxa. ‘

IMycts G — xomnakrtHast rpynna Jlu u P —raaBHoe G-paccioe-
gue Haj X. Cesisgoct# A Ha paccaoedun P comocrasisiercs ee
kpuBu3Ha. F(A)= Q2(g), rae uyepes g 0603HaueHO BEKTOPHOe pac-
CJIO€HHe, aCCOUHUPOBaHHOe ¢ P mocpencTBOM npucoeJHHeHHOTO npel-
crabaeHus. [Ias o60ro BeKTOPHOTO paccioeHHs V, accouHHpOBaH-
Horo ¢ P, cBsisHOCTb A onpefensier AHb(depeHUHaNbHHH onepaTop
dy: QP (V)—> Qe+ (V). Merpuka Ha X onpefdeiaser GopmajabHO CO-
Ipsi2KeHHBIA OnepaTop da: Q7Y (V) = Q7 (V). Toxzectso daF(A)=
=0, cnpaBeAJHBOe [IJs BCeX CBA3HOCTeH, Ha3hbIBaeTCsl TOMOAECTEOM
Boanku. ¥pasrnenus Avea — Munsica 3anHCchBAIOTCS B BHIAE OJHOTO
cootromennss d,F (A)=0.

CesizHOCTD A Ha IJIaBHOM pacc/joeHnd P HashBaercsi asrody-
asvnoi, ecan F(A)==F(A).B stom cayusaed,F (A)=xd+F (A) =
= xd F(A) =0 B cuay toxlecrBa DBbsiHKH, Tak 4yTO aBTOJyaJb-
Has CBSI3HOCTb aBTOMATHYeCKH YAOBJETBOPsieT ypasHeHHsM fHra —
Muaaca:

YpaBHeHns1 jlHra — Muajca ONDHCHBAIOT KPHTHYECKHE TOYKH
dyHkuHoHana (uaHu Odedcrsus) fHra — Musnca:

IIF(A)|2L,=S|F(A) Bdu.
X
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B cayyae KOMOAaKTHOTO MHOrooGpasusi X aBTOAyasbHEIE CB3HOCTH

OCTaBJSIOT aGCOMIOTHHI MuHHMyM JAeficteus. Ecau G =SU(2),

TO, KaK cilelyer H3 TeopeMu UepHa — Befis, MHHHMAaJIbHOE 3Have-
Hue paBHO —8n2cy(P), rie cy(P) o6osHauaer BTOpO# k/aacc HepHa
4CCOLHUPOBAHHOTO C P BEKTOPHOro pacC/loeHHus paHra 2.

dyskuuonan JHra — Muica u ypaBHenns SIHra — Musica
WHBADHAHTHH OTHOCHTE/NbHO 3a) KOH(PODMHHX NpeoGpasoBaHufl MeT-
puxd X U b) apToMOpGH3MOB IIaBHOrO paccioeHus P (Tak Ha3H-
BaeMHX KaJHOPOBOUHKIX NPeoGpa3oBaHHUM).

(2.2) TeppoHayaqbHO pAa3BHTHE MAaTeMaTHYECKOH TEODHH aBTOAY-
aJbHEIX CBS3HOCTe#, BHI3BaHHOe IOBHIIIEHHHIM HHTEPECOM CO CTO-
POHH (DH3HKOB-TEOPETHKOB, OHJIO COCPeloTOyeHO Ha cayyae X==S*
B 3TOoM cayuae 0Kas3a/och BO3MOXKHHM C HCIIOJb30BaHHEM TBHCTOP-
Horo moxxoxa IleHpoysa— Yopla [6] mnepedopmynupoBaTh npo-
6eMy B TepMHHAX TOJOMOPQHHX BEKTODHHIX pacc/ioeHH# Ha KOMI-
JIEKCHOM NpOeKTHBHOM mpocrtpaHcTe CP3.

B HejaBHee BpeMsi HayaJoCh H3ydeHHe yPaBHEHHH aBTOJyaJb-
HOCTH Ha GoJiee OOHIMX YeThlpexMepHHX MHoroo6pasusx. Tpu cie-
JAYOmHAX (aKTopa AAaJH HMIYJbC 3TOMY HanpaslleHHIO:

(2.3) Ecau X — K3JepoBO MHOroo6pasue, TO IPOCTPAHCTBO aHTHAB-
TOAyanbHHEX 2-(popM Q®> coBnajaer ¢ NPOCTPAHCTBOM MPHMHTHBHBIX
2-¢popm THna (1, 1): Q? = QfF'. Orciofa ciefyer, 4TO BEKTOpHOE
paccIOeHHe C aHTHABTONYaJbHOR CBA3HOCTHIO aBTOMATHYECKH 06aa-
ZIaet roaomop®HO# cTpykTypoit (cM. [3]) H, 6oaee TOro, cTaGH/IBHO
B cMucae Mamoopaa u Taxemoro (em. [8], [11]). O6paTame yT-
BepKJeHHs! BHICKA3BIBAJHCh B BHJe TUNOTE3; B psle YaCTHHX CIy-
yaep oHH Jokasanu ([13], [8]).

(2.4) Tlporpeccy TeopHH aBTOLYaJNbHBIX CBJ3HOCTEH CIIOCOGCTBOBA-
a4 dyHIaMedTasbHEe pedyasTath YaenGex ({[20], [21]). Onuum
H3 HHX SBJseTCs TeopeMma o6 ycTpaHHMOH OCOGEHHOCTH:

Ecau A — C8A3HOCTb C KOHeurbim OelicTeuem HA TPUBLAALHOM
SU(2)-paccroenun #ad npokoaorsim wapom BN\ {0}, asrodyais-
H@S OTHOCUTEAbHO HeKOTOPOl 2Aa0Kol pumanosoii merpuxu na B,
70 cyuwecTsyer asTomopdusm paccaoenus g: B\ {0}—SU(2), ra-
xoi, uro ceastocte g(A) umeer 2sadxoe npodoiscerue HA 8echb
wap B*.

(2.5) CyulecrpoBaHHe aBTOAYadbHLIX CBSI3HOCTEH B OUeHb obmux
TpelNoJoXeHUusX rapanTHpyercst Teopemoli Tay6ea [19]:

Mycro X — uervipexmeproe KOMNAKTHOE OPUEHTUPOBAHKOE pu-
MAHOBO MHO2006pA3UE C NOAONCUTEAbRO Onpedenennol gopmot ne-
peceuenun Q, u nycre P —zaasnoe SU(2)-paccaoenue Hao X ¢

10 BypSaku
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2(P)<<0. Toeda P OJdonyckaer HenpusoOumyr a8TodYyasbrYylo
CB8A3HOCTS.

Koncrpykuus Tay6caonupaercs na TeOpeMy o HesTBHOH YHKIHH,
HCHOJB3YIOMYI0 LP-OeHKH Ha KpuBH3HY. CielyeT 3aMeTHTb, 4TO
aHTHaBTOAyaJabHBIE TapMOHHYECKHE 2-QOPME MOTYT GHITH NpensT-
CTBHEM K CYHIECTBOBAHHIO aBTOAYAJbHEIX CBS3HOCTEH, KAK BHHO H3
paccMoTpeHHs NpOEKTHBHOR maockocTH CP? ¢ npoTHBONOJIOXKHOM
opHenranuedl. Ha CP? Her craGuibHEX paccaoeHufl padra 2 ¢
¢(P)==1, 1, C1em0BaTeJbHO, IO II. (2.3), HeT H aHTHABTOAYAJbHHX
cesA3Hocredl. CHTyauus Teopemn Tay6ca sBasercs OTNPaBHOH TOUKOMH
nas TeopeMmul [onaabcona.

(2.6) OnnueM npuMep aBTOAyaJbHOH CBSI3HOCTH. Bosbmem X =R+
u G=SU(2). Ilycts x o6o3nauaer KBAaTEDHHOHHYIO KOODPAHHATY
B R*~ H. Ecau nHTepnpernpoBarts saementn u3 Im H xax npeo6-
pasoBaHusi rpynnel SU(2), T0 omHomWHCTaHTOHHOe [7] pelleHHe
YPaBHEHH! aBTOAYaJbHOCTH MOXHO 3alHCATh B BHIe

A=Im (i rw).

AMdx A dz
RS FI

Umeem

F(4)= I F (A I, = 8%,

(2.7) Npennoxenne. [Tycre A — asrodyarvnasn SU(2)-csasnocte
nHa R* ¢ Odeicrsuem 8n2 Toeda, ¢ TouHOCTIO Ao KQAubpo8ouHo2o
npeo6pasosanun u cosuza 8 R*, csssmocrs A cosnadaer c Ay Ous
HeKoTopo20 3HaxeHus b e R.

Hoxasareavcrso. B cuny xoHhopMHOK HHBAPHAHTHOCTH CTepeorpa-
¢uueckast npoeKuus NO3BOJsSET paccmMaTpuBaTh A Kak CBS3HOCTH
Ha S*\ {x}. ITo Teopeme 06 yCTpaHHMO#H OCOBEHHOCTH 3Ta CBS3HOCTH
AOMyCKaeT MNPOJAOJIKeHHe IO CBA3HOCTH Ha paccioeHuu P— S¢
Ocranoch cocaatecs Ha oGyl U3 paGot [3] (§ 9), [2] uau [6].

§ 3. MPOCTPAHCTBO MOAYNEN

(3.1) B nokasatennctBe Teopemn (1.1} koGopausm MOenHpyercs
Ha MpOCTpaHCTBe MOJyJeHd aBTOAyaJbHBIX CBS3HOCTEH, K ONHCAHHIO
CTPYKTYPhl KOTOPOrO MH Teleph NepexoAuM.

ITycte X Takoe xe, kak u B TeopeMe (1.1). Byaem cuurats, uro
X cHa6xeHO puMaHOBOH MeTpuKOM. ITycTh P — raaBHOe SU(2)-pac-
Croerne Ha X ¢ ¢;(P)==—1. Hcrno/b3yst KOBapHaHTHYIO NPOH3BOL-
HYIO, CBSI3aHHYIO C IIDOU3BOJIBHOH riaikof cBsisHOCThIO Ay Ha P,

MOXHO omnpelesuTbh npoctpancrBa CoGosesa Lf (V), cocrosmue H3
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.ceYeHHHA TPOU3BOJBHOTO AaCCONHHPOBAHHOrO BEKTOPHOTO paccoe-
HUA V. .
O603HauuM yepe3 & addHHHOe NPOCTPAHCTBO CBA3HOCTEH Ha
P, ormuuanomuxcs ot Ay Ha saement u3 L2 (Q'(g)), u nycte § obo-
3Hayaer rpynny L2-cedeHu#l aCCONHMHPOBAHHOrO paccioeHHst PXaqG

(= End V naa Hexoroporo ToyHoro npeicrasienns). Torna & SIB-
Jsiercsi 6aHaxopoi rpynno# Jiu KaaHGpPOBOYHBIX Npeo6pasoBaHuUH,
JefcTBylomed raaikuM ob6pasom Ha ¢ no HpaBHay g(A)=AT
—(dag)g-!. Ilycte # o6o3HauaeT (PakTOPNPOCTPAHCTBO MO JeH-
.CTBHIO KaJHO6POBOYHOH TpYNNH, p: & —~JB — eCTECTBEHHYIO MpoeK-
nuio u p(A)=I[A].

(3.2) HamomHuM, uyTO CBA3HOCTH Ha P Ha3blBaeTCs npusodumuoﬁ,
ecJqH ee TpylIa TOJOHOMHH SBJAseTCS COOCTBeHHOH MOArpynmod B
SU(2). Tak kak X OAHOCBS3HO H P TOMOJOrHYECKH HETPHBHAJBHO,
peAyknHs BO3MOXKHa Todpko k moarpymme U(1)c SU(2). Ilyers
T's — % o6o3Hayaer NMOATPYNNY KOBAPDHAHTHO NOCTOSHHHIX CeYeHHH
.OTHOCHTebHO cBsizHocTH A. Torga cBsizHoCTb A NpPUBOJAHMA B TOM
H TOJBKO ToM cayuae, ecad ['q = U(l). KnaccH 3KBHBaJIEeHTHOCTH
HenpUBOAHMEX CBSI3HOCTeH 06pasylOT OTKPHTOE [0JMHOXKeCTBO
B A

(3.3) Mpennoxenue. (i) & — xaycdopposo npocTpancrso & ax-

TOPTONOAO2UL.
(ii) #* — b6anaxoso MHO2006pA3ue, KAPTAMU KOTOPO20O CAYHAT

Ccpessl 0elicTausn Kaiubposourol epynno. § suda
TA,3={A+ ald,a=0, lla[ng < s}.

(iii) p: p~!(FB*)—> B* —enasnoe §/{+=1}-paccroenue co ceas-
HOCTb10, 300a8aemoli OnpedeseHHbLMU Bbillle CPE3AMU.

(iv) Ecau csasmocts A npusoduma, epynna T4 dedcrayer na T 4
u orobpancenue T4 /T 41— B ABAACTCA  20MEOMOPPUIMOM  HaQ
okpecTHocTs Touky |A]|= B, 2aad0Kkum 8He MHONECTEA HenoOBuUiC-
HOLX TOUEK.

Jloka3aresbcT8o0 TNOAYHAETCS CTAHZAPTHRIMH MeTOAaMH  (CM.
[3], [12], [14]), Hcnoab3yOmHMH TeopeMb 06 OOpaTHOH W HesB-
#o# (yHKNNAX B 6aHaXOBHIX NPOCTPAHCTBAX.

(3.4) TlycTe A < % — NOANPOCTPAHCTBO KJAACCOB 3KBHBAIEHTHOCTH
apTOJyaabHHX CBs3HOCTell Ha P. Bylem HasmBaTb A NPOCTpaH-
crBoM Moayaefl. Ecan cBasHocTh A & $¢ peAyuHpYyercs K CBA3HOCTH
Ha raasHom U (1)-paccioennu Q < P, To ee kKjaaCC 3KBHBaJIeHTHO-
CTH, C y4YeToM OIHOCBsI3HOCTH X, OJIHO3HAYHO ONpefeNseTcs. KpH-
pu3HOl F(A)e Q2 Ecam cessHocTh A aBTOlyasbHa, TO KPHBH3HA

10*
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F(A) sBnsiercsi aBTORyaJbHOH M, CJI€/OBATENBbHO, apMOHHYECKOH
2-popmoit. Kak caenyer us teopuu Xomxa, F(A) B sToM cayuae
OHO3HAYHO ONpeJesisieTcs CBOHM KJacCOM KOrOMOJIOTHH 2mic;(Q).
Penykuust k U(1) KoppekTHO ompefefeHa 1O MOAY.IO rpynnsl Beii-
Jf, Tak uTo kaAacc [A] & A 3aBucHT ToIBKO OT = ¢ (Q). ITockoabpky
¢c2(P)=—c¢1(Q)?=—1, B A uMeeTcs n BHIeJeHHbHX TOYEK, npex-
CTAaB/AIIINAX NPHUBOAUMEIE aBTOAYaJbHblE CBA3HOCTH, e n HMeeT
TOT XKe CMHCH uTo ¥ B I. (1.3): 2n=H#{u =H*(X, Z)|Q (1, u)=
=1}. Hs n. (2.5) creayer, uto B A HMeIOTCH TakKe HeTpHBOJAH-
Mble CBS3HOCTH.

(3.5) AsrozmyanbHas cBA3HOCTE A Ha P onpefessieT 3JAHNTHYeCKUIL
KoMIiexke [3]

@ () 4 i g) A 2 (g,

rie di o603HayaeT NMPOEKUHIO d4 HAa AHTHABTOLYya/bHbIE 2-dopMuL.

Ilyere H% (0 << p << 2) — cootBercTaymomue rapMoHHYECKHe Tpo-
crpancrBa. Torna no teopeMe ATbi — 3uHrepa o6 HHIekCe (CM.
[3]) umeeMm

2

D (=1 dim H5 =8| ¢, (P) | — 5 (x (X) — Sign (X)) —5.

p=0

(3.6) Mpennoxenne. [Tycro A — asrodyaronas ceaswocrTs na P,
u & >0 docrarouno maso. Tozda cywecrsyer oxpectrocts U nyas
BH “4., 0= Uc HY, u 22a0x0e orobpaxcenue ¢: U—> H%rakoe, uro:
(i) ecau cessnocts A nenpusoduma, oxpecTnocTe Kidcca
[Ale A Jugpeomoppna ¢~ (0) = Hi;
(if) ecau ceasmocts A npusoduma, oKpecTHoCTe Kidcca
[Al= A dupdeomopipna ¢—'(0) /Ta.

Hoxasaressvcrso. CpsizHocts A 4@ aBToAyanbHa TOTHAa H TOJBKO
TOTAa, KOrAa

®(A+a)=F_(A+a)=di (@) = [a, ] = 0 = L3 (22 (g)).

Ilpu orpanuuennn Ha cpes T4 , npousBognas DD, oTo6paxenns @
B Touke A naer ¢penroabmos omeparop da: kerda(c= L3(Q! (9) —
— L3(Q (), crenosarenbHo, @ camo dpexroabmoso ([1], [18]).
Ilocne npumenenus noxkajbHOro AuddeoMopdusma M MoKeT GHTD
npencrasiedo B Bule O (x)=(DD,)x 4 @(x). MeToa HOKaszaTeab-
CTBA aHAJIOTHYEH MeTOJaM, NPUMeHseMEM B TEOPHH MOIYyJell KoMI-
JeKCHHX cTpykTyp [10].
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(3.7) Us (3.5) u (3.6) caenpyer, uTO ecqH CBA3HOCT A HeMpHBO-
auMa u H% =0, To A — raankoe nATHMEPHOE MHoroofpasue B
okpectHocTH ToukH [A]. Mimeercs yacTHHE ciyyal, KOrfa 310 BEpHO
IJIsl BCeX HENPHBOAHMEX CBs3HocTell A. D710 cayuyail, Korma BBejeH-
Hasi Ha X MeTpHKa aBTOLYya/ibHA C NOJIOXKHTe/IbHOH CKaJSADHOH KpH-
Bu3HOH (cM. [3]). 3ameruM, YTO ecau CBsI3HOCTL A mpuUBOgHMA, TO'
4 nefictByer Ha H4 KOMIJIEKCHHIM YMHOMeHHEM (HamOMHHM, 4TO
b1(X)=0). TakuM o6paszomM, ecin H3 =0, TOo mo Teopeme 06 HH-
Jexce ¢ yyeroMm ycaoBust dim Hi=dimTa=1, noJaydaeM H30MOP-
busm  HYy/Ta=C¥/S".
§ 4. KNMMOYEBOW PE3YJIbTAT

(4.1) BaxHHM Ja51 NOHHMaHHs [JI06anbHOH CTPYKTYpHl IpOCTpaH-
CTBa MOAyJeH sBJseTCS Caeayloliee yTBepKleHHe (CM. TakXe [15]):

(4.2) Npexnnoxenue. [Tycrs A; = S — nocaedos8aressHoCcTs ABTOOY-
asvuovix ceasnocred na P. Toeda u3 mee mMoxcHo 8svideautrs nodno-
CAe008ATEAbHOCTb, O KOTOPOLU B8biNOAHAETCA 00HO u3 caedyiouyux
08Yx Ycao8ui:

(i). CeasrocTu A; MOMHO 3QMeHUTL HQA KAAUGPOBOUHO IKBUSA-
AeHTHble 8:A3HOCTU A; = ¢, cxodawuecs 8 C®-Tonosoeuu K Heko-
TOpOL C8A3HOCTU Asw HQ P, TAK 4TO Oif KAQCCO8 KAAUGPOBOUHOU
IKBUBANEHTHOCTU UMEEM CXOOUMOCTb [E i [As] = A.

(i) Cywecrsyror Touka x = X u Tpusuaiusayuu p; paAcCAOCHUS
P|K Ha donoarenuu K npoussorsrozo eeode3u4ecxo20 wapa ¢ yex-
TpoM 8 X, Taxue, 4To p;A, — b (TpusuUAAbLHAA NAOCKAA CBA3HOCTDH)
8 C=(K).

Ilokazareasvcrso. Ham nonamobsitcs fBe JeMMBL.

(4.3) Jlemma. [Tycre Oawer rkorcraurer L,C >0, u nycre {fi} —
nocAe008ATEeAbHOCTL UHTe2pUpYeMbix Pynkyul na X, npuuem [; =

=20u S fiduw <<L. Toeda cywectsyror no0nocaedo8aTesbHOCTb, KO-

X

HeyHoe MHoxecTso Touex {xy, ..., xi} X u cueTHoe mHoxcecTso

{Ba} eeolesuuecxux wapos 8 X, Taxue, 4TO WAPbL NOALOBUHHOZO

paduyca noxpeisaror X \ {xy, ..., x;} u limsup S fidu <C Oan
B Ba

2106020 a.

Joxasareasctso 3neMeHTAapHO: TOYKH X; BEIILEJSIOTCS TeM CBOH-
CTBOM, YTO KaXJasl H3 HHX He MoXeT GHTb BKJAIOYeHa B wmap B,
. c
anst kotoporo limsup \ f;du < 5.
B
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(4.4) Jlemma. [lycrs h;— nocaedosaresvrocrs merpux na B*, do-

CTATO4HO 6.aU3KAR 8 e8KAUO0B0U MeTPUKe u CX00AAACA K KAKOLU-TO
MeTpuke ho 8 Tonosoeuuw C*®(B*). IIycro A; — nocaedosaressrocts

CBABHOCTEL HA TPUBUAALHOM paccaoenut Had B*, u kaxcdas cess-
HocTe A; asTodyarsna oTHocuTerbHo merpuxu h;. To2da cyuwectsyer
Takaa Kowcrawra C (He 3asucawas or h; u A;), uro ecau

S|F(Az) Pdu < C, T0 Haidderca nocaedosaresvwocre A;, cocros-
Be

WA us C8A3HOCTEl, KAAUBPOBOUHO IKBUBALEHTHLIX YACHAM HEKOTO-
poi nodnocaedosarenvnocru ceasHocted A;, u cxodawascs 8

1 = Y
c= (3 34) K C8A3HOCTU Aw, QABTOOYAALHOL OTHOCUTEABHO MeT-
PUKU Ao,

Hokasareavcreo cnepyer us teopemu (1.3) paGotu [21].

(4.5) Yro6u moayuuth (4.2), cHauasna PaccMOTPHM TeOAe3HYECKYIO
CHCTEMY KOOpIWHAT y Ha reojesudeckoM mape B— X panuyca r,
T. e. Audpdeomopdusm x: Bf— B wu3 epkmumoBa wmapa paauyca r
Ha B. TlepeHoCs MeTPUKY h Ha eJWHHUHHI eBKJIMOB IIap nocpen-
CTBOM IH(pdeoMOphH3MA ¥ H PACTAKEHHS], HONYYHM METPHKY

hy=x"h ("x)="2(5z1 +r°0 (lyF))dyidyi-

BeiGepeM panuyc r HaCTONBKO MaJibM, YToGH MeTpuKa r—2A, Ha B*
YAOBJIETBOPSA YCJIOBHIO GJIH30CTH K €BKJAMJOBON MeTPHKe, Kak
B (opmyaupoBke JeMMul (4.4). B cury xondopMHo# wHBapHaHTHO-
CTH KaxJasi H3 CBA3HOCTeH A; aBTOAyaJbHa OTHOCHTENBLHO #,.
Teneps B emme (4.3) BoseMeM koHCTaHTY C H3 (4.4); MONOKHM

f:=|F(A:))|2 n L =28xn2 Torza no semme (4.4) Ha KaXioM mape
5 B, HeKOTOpas MOANOC/IENOBATENBHOCTD (TOCTe MPHMEHeHHs Ka-

JMHOPOBOYHHX Npeo6pasoBaHHit) HMeer mpeden Ao (c). Ilepexons
K RHaroHasbHOA MOAMOCAEI0OBATENbHOCTH, MOXKHO XOGHTHCS CXOLH-
MOCTH OLHOBPeMEHHO AJs BCEX o

Tenepp 3aMeTHM, YTO BO3HHKAIOUIHE B 3TOM paccyXAeHHH Ka-
JHOPOBOYHEE NpeoGpa3oBaHHsl He COIMACOBAHE MeXAy co6Goi mus
pasHuX o. [lo3TOMY B JIOKaJBHRIX KOOpIHHATAX HMEEM MaTpHIbL

cesisHocTelt A;(a)— Ao (o), cxonsmuecs B C*° (-12— Ba), 1 QYHKIHH
nepexoia g;(a, f): %Ban%BB»SU@), TaKHe, 49TO

(4.6) A;(@)=—dg, (@ B)g:(e )"+ gi(a, B A (B) g: (e B)".

W3 xomnaktaoctn SU(2) cregyer paBHOMepHast orpaHHYeHHOCTh
TI0C/Ie0BATENBHOCTH dg: B (4.6), H3 KOTOpO# BEITeKaeT CylIecTBO-
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BaHH€ PaBHOMEDHO CXOAfAIEHCs MOANOCAEeNOBaTeNbHOCTH. [loBTOp-
Hoe npHMeHeHHe (4.6) Aaer cxopumoctb B kaacce C®, a BHGOp
AHAaroHaJbHOA NOANOC/AEeI0BATENBHOCTH NMO3BOJISET HOJNYUYHTH CXOLH-
MOCTb OXHOBPEMEeHHO [/ BCex nap (a, B):

(Ai ((l), & ((l, 6)) - (Aoo ((l), g ((l, B))

OTH JaHHHE ONpeleJsioT aBTOAYaJbHYIO CBASHOCTb Ha paccioe-
mun Q manm X\ {xi, ..., x}. Hdanee, ecin K< X\ {xy, ..., X} —

. 1
KOMNaKT, T0 MHAYKHHeH NO uncay Wapos - B,, nokpuiaiomux K

(cM. [21], m. 3), MoxHO moayunTh H3omopdH3MH p;: Q|K— P|K,
Takue, 4TO p:Ai»Aw B C* (K).

(4.7) Ilycts Bj— manbifi NPOKOJOTHA wWap ¢ HEHTPOM B TOUKE

x; (1<j<<I). Tockoabky S,F(A'i)lzdug8ﬁ2, no Jaemme dary

i .

HMeeM S | F (A,) Pdu << 8n%. CieoBarensHo, o TeopeMe o6 ycrpa-
5]

HHMOH OCOGEHHOCTH (CM. n. (2.4)) cBsizHOCTb A W paccioenne Q

npogonxaiorcs Ha Bce X. [lo onpenenennio HaGopa Touek x; HMeeM

lim SIF(/L)]de. > C{2 npas mo6oro mapa Bj.  CaeposatesbHo,
BI
i
eCsIy map B’l HZOCTATOYHO MaJl, NoJdyyaeM

§17 a0 rdw <tim {17 (3)pdu.

4 I4
B, B
i i

B

(4.8) C nmpyro#l CTOPOHH, MOCKOJbKY BCe pacCMaTpHBaeMHe CBS3-
HOCTH aBTOAyaJbHH, IOAHHTerpajbHHE BLHIPaXKeHHs B MOCJeLHEM
HepaBeHCTBe CoBnajaioT ¢ ¢popmamu YepHa. CoeropaTesbHO, HHTe-
rpajibl MOXHO BHIYHCAHTBE IO MOAYJIO 8n?Z, 3aMeHHB HX Ha HHTe-
rpajasl mo rpasuue ot gopm YepHa — Cafimonca. M3 paBHOMepHO#H
CXOJAHMOCTH Ha rpaHuue 0B; nonyyaem

S | F(A,) Pdp =lim S | F (4, P du mod 872Z.

’ BI

B i

(4.9) Tenmepb, yunTbiBas HepaBeHCTBA SIF(AN) Pdu>=0 =

4
B
i
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7

3y
HBl JJUIIBb OABa Cﬂy‘laﬂl
() [=0 win
(if) lim SIF(A}) Pdp=8x u S|F(A°°) Rdu < 8a2,
B’ X

i

OTKYyJa CellyeT, uTo () TPHBHAJABHO U CBA3HOCTh A miockas. Ilpen-
JoxeHue (4.2) mokasamo.

(4.10) Vs npennoXeHus BHAHO, 4TO AaBTOAyajbHas CBSI3HOCTH Ha
P moxeT BHPOXKIATbCH JHWBb 3a CYeT COCPENOTOYEHHS KPHBH3HEI
B OKDECTHOCTH OJHOH TOYKA. TaKOH THN BHIPOMKIEHHS MOKHO IPO-
HJLTIOCTPHPOBAaTh NMPHMepPOM HHCTaHTOHa Ay B n. (2.6) mpu A—0.

§ 5. TPAHULLA NPOCTPAHCTBA MOAYNEA A&

(5.1) Mycrp B: R— R —xkoukooGpasnasi QyHKuHs, anmpPOKCHMH-
pyloumiast HHAMKATOD OTPe3Ka ¥;_,.,, H Maxopupyemas uM. BpexeMm

(hyHKLHIO
Ra(x, )= B(d(x, o)s)|F (4) Pdp,,

X

rre d(x,y) oGosHauaer reole3nYyecKoe pacCTosiHHe Ha X, W Ho-
JOXKHM

(5.2) A(A) =K 'min{s|3x: R4(x, s) =4n?},

Fle HOPMHPOBOYHAs KoHCTaHTa K mHoabupaercs TakuM o6pasom,
4TOOH MJsi HHCTaHTOHA A; BHNOJHSMOCH paBeHCTBO A (A;)= 1. [o-
HaJbJCOH HCMOJB3YeT 3Ty YHOGHYIO, XOTS H B3STYI0 C MOTOJKA
PYHKUHIO Kak Mepy KOHHEHTPAUWH KDHBH3HH: eCaH B 3aMeHHTb
WHIMKATOPOM ¥ ..y, TO A(A) okaxercs paBHHM pajuyCy Hawu-
MeHbIIETo wapa, COAepXkalllero MNOJOBHHY HeHcTBHsS. Bo BCAkOM
cayyae map paauyca A(A) colepKHT Gosbllle NOJOBHHH AeHCTBHS,
1 NO3TOMY N0 npepnoxendio (4.2) A(A;)—-0 ans mo6oi mocaeno-
BaTeNbHOCTH [A:] = M, He colepXKamelt cXOAAMHUXCSA NOANOCAEAOBA~
TesibHOCTER. Takum obpasom, A(A) MoXKer CAYXKHUTb Mepoit ylaJjeH-
HocTH Kaacca [A] oT rpaHRuHL

(5.3) Mpennoxenne. Cyujecrayer raxoe A > 0, 410 da1 nw0boll as-
T0dyaabrol ceasnocTu A na P ¢ nepasencreom A (A) << hg MURUMYM
8 gopmyae (5.2) Oocruzaercs 8 eduncrgennoii touxe x(A)e< X.

SlF(ﬁi)de,QSnZ, u3 nn. (4.7), (4.8) nmosyvyaeM, 4YTO BO3MOXK-
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Hoxazareavcrso. BosbMeM Mannlii reofe3dyeCKHH wap paiuy-
ca r C UEHTPOM B TOYKE MHUHUMYyMa X [/5 JaHHOH cBssHoctH A H,
KaK B N. (4.5), mepeHeceM MeTPHKY H CBSI3HOCTb HA €BKJHJOB Iap
paauyca r/A(A). i kaXpo#l NOCIE€A0BATENLHOCTH CBS3HOCTEH
¢ ycnosueM A(A)—-0 nepeHeceHHHe TaKuM o6pa3soM CBS3HOCTH A;
YAOBJIETBOPSIOT YCAOBHIO A(A;)=1, u, npumenss (4.4), (4.2), no-
JyyaeM NOANOCJIENOBATENbHOCT, CXOAAMYIOCS K aBTOAyaJbHOH
cesigdoctH Ha R* M3 knaccudukauun (2.7) u BH6Opa HOPMHPOBOU-
HOH KOHCTaHTH cJielyeT, YTo IpelenbHas CBSI3HOCTh COBHAJAeT C
uHcrantooM A, Tak xak A(A;)=1, u3 npegnoxenus (4.2) cae-
AyeT, 4TO CXOAMTCs JAl06as NOANOCAEAOBATENBHOCTb, H, CJeA0Ba-
TeJbHO, Npelen eauHctseH. Hrak, A4;— A, ecaum A(A;)—0. Ho
OyHKuust Ra, HMMeeT eNHHCTBEHHHI HEBBIDOXAEHHHHA MUHHMYM;
C/IeI0BAaTENbHO, NSl AOCTATOYHO Masoro A(A) To XKe BepHO M Aas
R3. YuuTHBas, 4TO JIOOble IBa MHHHMyMa AJs NAaHHOH CBSI3HO-
CTH A NOJKHH OHTb OTAeJeHBl APYT OT Apyra paccTosiHueM He 60-
aee 2)(A), nockoabKy map paguyca A(A) ¢ HeHTPOM B KaXKAOM H3
HUX JIO/JXKeH collepXaTh 60Jiee NOJOBHHH JHeHCTBHS, U3 €NHHCTBEH-
HOCTH MHHHUMyMa AJisi R4 BHBOAHM eJHMHCTBEHHOCTb MHHHMMyMa
s Ra.

3aMeTHM, 4TO B 3TOM JOKa3aTeJbCTBE CYLIECTBEHHO HCIIOJb30Ba-
JIACh CBS3HOCTh NPOCTPAHCTBA MOAyJel.

(5.4) Tlycte My, = {[Al = AL (A) <Ay} u p: My, —X X (0, Ag) —
npoexkuus, onpenenseHHas popmyaoi p(A)=(x(A4), A (4)).

(5.5) NMpenaoxenne. (i) A \ A, KOMRAKTHO.

(i) A», — eaadxoe muozo06pasue.
(iii) Mpoexyus p ssasnerca eradxum HAKPLITUEM.

Hoxrasareavcreo. (i) YTBepXIeHHe 3ITOr0 NYHKTa Hemocpel-
CTBEHHO CJellyeT H3 npelJoxeHus (4.2).

(ii) Koraa A(A)—0, mo mnpeanoxennio (4.2) [A]—=b B
C=(X\B(x(A),r)). IIpumensis meron Tay6ca [19], MoxHO IoKa-
3aTh, uto H%=10. Tenepnb yTBepXKeHHe ciaenyetr U3 m. (3.6).

(iif) TIpoekuus p raagkas, Tak Kak MHHEMYM OQYHKHHH R4
HeBHpOXJeHHbA. To, 4yTO p— co6CTBEHHOe OTOGpaxKeHHe, caelyeT
u3 npentoxenus (4.2). Ocraercs NpoBepHTh, uTO AUDepeHnHas p
ABJasercss usomoppusMoM. O6paTHoe oToGpa)eHHe Jaer TeopeMa
Tay6ca o HesiBHOH YHKUHH.

(5.6) TNpennoxenne. lIpoexyun p asaserca dupdeomopdusmon.

Hokasareasvcrgo. 1o HauboJee TeXHHUECKAd YaCTb JOKa3arelb-
crBa [loHa/ib[COHA, B KOTOPOM HCHOJBL3YIOTCH [OBOJBHO TOHKHE
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OlCHKH KPUBHU3HBL. Hies saxmouaeTcs B TOM, uTOGHl [10KA3aTh, YTO

JoGhie JiBe aBTOAyaJbHHe CBA3HOCTH A, B ¢ x(A) = x(B) ® gocra-.

TOYHO MaJso¥ BeauyHHOH A(A)==3A(B) Moryt 6HTb COeIHHEHH KO-
porkum nmyTtem B A (cM. [8]).

§ 6. BOBMYLLEHHUE TPOCTPAHCTBA MOAYIEM &

6.1) Ecin Ha==0 115 BCex aBTOAyalbHHIX CBS3HOCTeH, TO A
TM1aJKO Ha JOMOJIHEHHH K n(Q) TOYKaM, COOTBETCTBYIOUIUM IIpHEBO-
JAHMBIM CBASHOCTAM. B o6meM cilyyae 3TO MoXeT GHTh HeBepHO,

2
H Toria B JA colepXHrcid noamuoxecrso K, Ha KoTopoM Has~= 0
(mo npepnoxenuio (5.5) K xomnaxkTHo). UTOGH NOJYUHTE riafkoe
MHOroo6pasHe, Hy>KHO NOIIEBEJHTh A .

(6.2) Bosmymenne A4 B OKDECTHOCTH NPHBOIHMHIX CBA3HOCTEH
CTPOUTCSA OYEBHAHBHIM OOPAa30M: KOHEYHOMEepHOe OTOGpaxKeHHe @ ()
B pasnoxennd @ (x)=(DD,)x+ ¢(x) 3aMeHseTCs HA GJIH3KOE OTO-
GpakeHHe C CIODBEKTHBHHM JAuddepenunasom. Torza, kak B
n.  (3.6), okpectHocTb Toukm [A] craHoBHTCA aMddeomopdHOl
C3/S! — konycy nan CP2 Tenepp 6ylem npegmoaarats, yto K —
< AN B

(6.3) Tak xak rpynna §/{=1} AefictByer Ha 6aHAXOBHIX MPOCTpPaH-
crBax L3(Q% @) n LE(Q (9)), na & onpeje/ieHsl BEKTOpPHbIE pac-
cloendst &* < &2 ¢ HoDMaMH H CBSA3HOCTSIMH HA HHX, aCCOIHHPOBAH-
Hble ¢ rnaBHEIM & /{+1}-paccroennem p—' (%*) nan %* mocpeicTBOM
ykasaHHoro je#ictBHs. CymecTByeT KaHOHHUeCKoe ceyende @ —
= F_(A) paccnoenus &2, u Ttpebyercs HaiiTH BO3MYIleHHE O &
e C>(%*, &?), Takoe, 410 BO3MYymeHHOe ceuenne D -+ o HEBHIPOXK-
JeHHO BO BCEX TOYKAX, B KOTODPHX OHO OGPAallaeTcs B HY.Ib.

(6.4) Mpennoxenue. Cywecrsyer ceuwenue o & C=(%*, &%) ¢ nocu-
Teaem 8 okpectHocTu komnaxra K, raxoe, uro (® -+ o)—!(0)—
2aa0Koe naTuMepHoe mHozo006pasue.

Hoxazareavcrso. Vicnoab3ys KoHeuHsie MOKPHTHA K OTKDBITHIM
MHOXECTBaMH T4 ., MOCTPOMM MIBa OTKPHITEIX MHOXxecTBa Uj, U,

anasa xotopeix K <U; u U, U, Ilycts ¢ — orpannueHHoe ceye-
uue & c Hocutrenem B U, Torga MHOXKECTBO K={[A] (S

= L—ll [N(D 4 o) (A) IlL2 < R} KOMNakTHO. UTO6u yGefuThCS B 3TOM,
3

n0KpoeM U, KOHEUHEIM MHOXKECTBOM cpe3oB T, ,; TOrZa HAa KaKIOM
- 1 .
u3 Hux nmeem @ (A)=dja+ - [a, a] 4+ o (A), npuiem diaa=0
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H ﬂallL'2<s. Ua Li-oneHok Ha o(A4), a n (D4 o) (A) nonyzaem
3

Li-ouenxy Ha (di + d%)a, 3 KOTOpo#t B CHJy SJMHITHIHOCTH cJe-
myer Li-ouenka Ha a. Ilockoaeky Baomenne LI L3 kommakTho,
noaydaeMm TpeGyemoe yTeepxpuense. Takum obpasoM, ecau @ + o
HMeeT TOJBKO  HeBHPOXKAeHHHe HyaH B U, TO TO XKe BepHO A
Bcex cevenndi © + ¢’, 6ruskux K ® + ¢ B TONONOrHM paBHOMePHOMH
CXOAHMOCTH CeYyeHHs CO CBOHM JH(pdepeHnHaJOM HA KOMIAKTHLIX
NOAMHOXeCTBAX.

Jlerko BHIeTb, YTO MPOCTPAHCTBO TAKHX HEBHPOKIEHHHX BO3MY-
meHu# naotHo. [eficTtBuTenbHO, BO3BMeM B OKPeCTHOCTH KaXIOoH
TOYKH Cp€3, Ha KOTOPOM HMeeTCs! pa3soxeHHe O 4+ o =L 4 ¢, rle
L — snHe#iHOe, a @ — KOHEYHOMepHOe OTOOpaKeHHs. IMoabsysice
KOMIAKTHOCTBIO, BHIGepeM KOHEeYHOe NOAMOKPHTHE H MOANPABHM
D + ¢ BHYHTaHHEM DeryJsPHOrO 3HAYEHHS ¢, MOMHOXKEHHOTO Ha
MOAXOMSMYI0 KOUK0OGpasHylo dyHkuuio. ITo Teopeme Capna Takue
BO3MYIEHHS] MOTYT GHTb CAeNaHH CKOJb YTOAHO GJH3KHMH B HOpMe
L x cesennio @ -+ o.

Tenepy 3amerum, uto camo ceyeHue @ BHe U, obpamaercs
B HyJb HEBHIPOXKIEHHHM 06pasoM. ITo noka3aHHOMY BHIlle MH MO-
XKeM BHIOPaTh BO3MYilaloilee CeyeHHe ¢ TaK, 4To6H @ o HMes o
JHIIbL HEeBRIDOXKJeHHBE HYJH Ha U; (MO CBOMCTBY MJIOTHOCTH) H Ha

U \U, (mo cpoiticTBy OTKpHTOCTH, mpuMeHeHHOMY K U, \ U).
CaefoBaTenbHo, cevenne @ + ¢ HeBHPOXKAEHHO BCIOLY. I10I0XKHM
M= (D + 0)~'(0). B cary HaI0XEHHOrO Bhlle 3TO MATHMEPHOE
MHOrooGpasue, 0cO60e MHOXKECTBO KOTOPOTO COCTOHT JHUIb H3
n ¢paxropoco6ennocret suaa C3/S! u xpaii KOTOPOTO ecTeCTBEHHHM
obpasoM oToxKIecTeasieTcs ¢ X.

§ 7. OPUEHTUPYEMOCTb MHOIOOBPA3UA O

(7.1) 3pece HyxHo paccmatpuBaTh kuace llTudeas — Yurun
w; (kerV(® 4 0)) Ha wMmHOroo6pasun JMA°N&'. Or ocobennocrei
MOXHO H3GaBHThCA C MOMOIILIO KanHOPOBOYHHIX npeoGpasoBaHHME,
TOXJECTBEHHRIX B 3aJaHHoH Toyke xo = X. [TockoabKy Ha &¢ 3TH
npeobpasoBaHus JAeHCTBYIOT 6e3 HEMOABHXHHX TOYEK, MOJyYaeM
oro6paxenne Gaxropusaunu % "> %. Hag & oHo ompemensier
raaBHoe SO(3)-pacc/ioenue, mosToMy opHeHTHpyeMocTb T.4° ()| %B*
SKBHBAJIEHTHA OPHEHTHPYEMOCTH mpoobpasa n~! (M) F*).

(7.2) Tlpu orpanHuyeHHn Ha JIOGOe KOMIAKTHOE MOAMHOXKeCTBO ¥ <
Ca'(A°NF*) BekTOopHOe paccioenne ker V(M + o) ompenesser
HekoTOpHii 3jeMeHT rpynnsl KO(Y). 3tor sJjeMeHT sfBaseTcs Kaac-
com mulekca [5] cemeiicTBa dpenroseMosx onepatopos diy + di 4+
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< (Vo) A. PaccMotpenne nedpopmaunu da -+ di 4 ¢ (Vo) A, 0,

NOKa3bBaeT, YTO KJIAaCC WHIEKCAa He 3aBHCHT OT ¢. I1oCKOJIBKY ro- -
Momop¢pusM w; nponyckaercs yepes KO, n.a peuieHuss Bompoca °

06 OpHEHTHPYEMOCTH J0CTaTouHO paccmorpers kaace ind (di +

4+ d7) = KO (Y) aas cayuas, korga Y — netsisi. [TocKOIbKY B 3TOM
cayyae HHAEKC onpejeneH AJs BCeX KJaccOB CBsISHOCTEH ¢ TOy-
HOCTbIO JO KaJHODOBOWHOH 3KBHUBAJEHTHOCTH, NeTyio Y MOXHO Jle-

dopmuposats B F.

(7.3) Ecau rpynna SU(2) Baoxena B SU(3) crangapTHEM 0o6pa-
30M, TO paccCJjoeHHe ajure6p Jlu g~ cootBetcTByIomelt SU (3)-cBA3HO-
cte A umeer pacmenJende Buna g=gPHRAV, rae V — koMmmaexc-
HOe pacCaoeHHe paHra 2, a R — TpHBHaJbHOE OZHOMEPHOE Paccoe-
Hue, UPHYeM BCe TPH NOAPACCJAOCHHS HHBAPHAHTHH OTHOCHTEIBLHO

cBsisHocTH. ClefoBaTenbHo, @, (ind (d% +d7))=w, (ind (d;;l— d;))

TaK 4TO NETJI0 Y MOXHO JedopMHpPOBATb B NPOCTPAHCTBe %3 Kaac-
coB 3kBHBaJieHTHOCTH SU (3)-cBsA3HOCTEIL.

(7.4) Npennoxenue. m, (%) =0.

Hoxasaresvcrso. Tak kak rpynna &, xaau6posousnx SU(3)-
npeofpa3cBaHHi, COXPaHSIOMHUX Xg, LeHCTByeT CBOGOAHO, HMeeM
.9 (923) 2 719 (%,). TnaBHOe pacciioeHHe P TPUBHAJIbHO HA HOTOJHEHHH
K Toyke. CJeloBaTe bHO, OHO H IOJABHO TPHBHAJIBHO HA IBYMEDHOM
ocrose X. M3 Toro, yto np(SU(3)) =0, caeayer, uro a06oii 3Je-
MeHT rpynnsl &, MOXHO NpoXedOPMHPOBATL TAKHM 06pa30M, 4TOGH
OH NpH OTPaHHYeHHH Ha ABYMEDHHH OCTOB [aBaJ TOXKIEeCTBEHHOEe
orobpaxeHnne. CrsrHBaHMe B TOYKY [ByMepHOro ocroBa X naer
cpepy S* T'omoTonuueckuit TUR rpynnu &, Ha cdepe S* He 3aBUCHT
0T ¢3(P) (cM. [4]), Tak 4TO 3ajaya CBOAMTCS K CJIyYai0 TPHBHAJb-
Horo paccuoedus. Ho n,(SU(3))=0, nosromy rpynna %, cssisHa.

Hrak, H9 B* — opuenTHpyeMOe MHOrooGpasde. Brieusanue B
MecTax IIPOKOJIOB TPAHHIH OKPECTHOCTH (paKTOPOCOGEHHOCTH AaeT
ko6opau3M Teopemnl (1.1).

§ 8. MPUMEPHI

(8.1) Tlycte X = S* — ciepa ¢ kaHOHHYecKol Merpuko#. Torna Jio-
fas aBTOAyasbHAs CBA3HOCTE Ha P kanHOpPOBOYHO 3KBHBaJIEHTHA
cBA3HOCTH [*4, rxe f: S*— HP! — kxondopMHoe oTo6paxenne 0 A —
KaHOHHYeCKasl CBS3HOCTb Ha KBaTEeDHHOHHOM paccaoeHHH Xonoda.
[Tockoabky H30MerpHH MHoroo6pasuss HP! coxpamsior A, npo-
cTpaHcTBo MoAyJsed coemagaer ¢ SO(5, 1) /SO(5), 1. e. aBasiercs
TATHMEPHBIM MHNepOOMHYeCKHM NMPOCTpaHCTBOM. 1o wap BS, umero-
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wuiE S* B KauecTBe rpaHHubl. MMeercss MHOro crnoco60B JOKa3aTb
sto (cm. HampuMmep, [2], [3], [6]).

(8:2) Ilycre X =CP? c kaHOHHYeCKOH MeTpHkoH. B HexoMmak?-
HO# KOMmOHeHTe A M06asi CBA3HOCTb KaJUGPOBOYHO SKBHBAJIEHTHA
cpasdocty Buia f*4, rae f: CP*—HP? — oro6paxenue, ¢ Toy-
Hoctpio Jo Jeictsus SU(3) ma CP? skpuBasenTHOe OTOGpaKeHHIO

ajz + w

@, w)r—>(z, m) as|0; 1),

3anHCaHHOMY B apQHUHHHX KoopAMHaTaX. [Ipn a =0 31a dopmy.a
3ajaer CranaaprTHoe BJaoxeHHe CP?c< HP?, u coorsercrayromas
CBA3HOCTh NpHBOAHMa. IIpoctpancTBo MoayJaell — konye nag C P2
B KOTODOM a B CYIIHOCTH H3MepSICT PacCTOSHHEe JO BepPUIHHH. TO
Ouiio poxas3aHo J[oHaJNbACOHOM (He Ony6/JHKOBaHO) C HCNOJb30Ba-
HHeM aare6panyeCKOfi TreOMeTPHH MHOroo6pasus ¢uaros Fi, a
Takxe MeTola [leHpoysa — Yopaa.
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b A

Y3Jibl U KOHTAKTHBIE CTPYKTYPhI
B PASBMEPHOCTHM 3 (no Janusnio Berwekeny)')

Adpuan Jyadu

0. OB30OP

B mpouuiom Beke Jlap6y moKasas, uTO CHMIJIEKTHYECKHE CTPYK-
TYpBbl Ha YeTHOMEDHHX MHOro00pasusix, TaKk XKe KaK KOHTAKTHbIE Ha
HEUETHOMEPHEIX, HE HMEIOT JIOKAJIbHHX HHBADHAHTOB (T. . JIOKAJb-
HO H3oMopoub). B 1953 r. Uepn chopmyanposada npobJaeMy KJjac-
CHQHKAUHK 3THX CTPYKTYp HA NaHHOM MHOTOOGpa3HH.

B 1959 r. I'pe#t nokasaa, uro 06a THNa CTPYKTYP Ha KOMIIaKT-
HBIX MHOTOOODAa3sHAx CTalUJbHK, T. €. KaXXAKH KJaace H30MOpdH3Ma
OTKPHIT. JIyT B CcBoe# Muccepraunn (1971 r.) mokasad, uTo B KaX-
JOM TrOMOTONHYECKOM KJacCe IOJIeH AByMepHBIX NJOcKocTeli B S3
HMEETCs1 KOHTaKTHas CTPykrypa. Jlyrn u MapTuHe Nokasanas, uTo
KaxXJ0e OpHEHTHPOBAaHHOE TpPEXMepHOe MHOTOOOpasHe HeCeT KOH-
TaKTHYI0 CTPYKTYPY. IIpyroe XOKasaTeabcTBO 3TOro dakra npuHAa-
Jexut Tépcrony u Bunkenbukemiepy.

[Tornoe pemenne BOnpoca 0 KIacCHOHKALAH CHMIIEKTHYECKHUX
M KOHTaKTHBIX CTPYKTYP Ha OTKDPBITBIX MHOTOOGPA3HAX MpPHHAL/Te-
xut I'pomony. B ceoedt auccepraumu (1969 r.) OH KJaCCH()pHLHPO-
BaJ 3TH CTPYKTYPH C TOYHOCTBIO AO roMOTONHH. ApHoabA # [pomos
NOCTABH/IH BONPOC O KJIACCHPHKANHH 3THX CTPYKTYP C TOUHOCTHIO
A0 nHpGeoMOpdHIMA; B YACTHOCTH, OHH ChOPMYIHPOBAJIH BONPOC
O CyUIeCTBOBaHHH Ha R” 3K30THYECKHX KOHTAKTHBIX (IPH HEueTHOM
n) ¥ CHAMIIEKTHYECKHX (IIPH YeTHOM 1) cTpykTyp. Hexkorophie kan-
ARAATHL HA POJIb IK30THYECKOH KOHTAKTHOH CTPYKTYPH Ha R3 Gbuiu
IpeAJIOKEHbl, B YaCTHOCTH, JPJIAHACCOHOM (CM. DHCYHOK HA C. 162).
Haunsap Denneken B cmoeii Anccepranun (Hosi6pbp 1982 r.) noka-
3aJ, 4TO CHTyanusi, H306paxeHHas Ha 9TOM PHCYHKe, HeBO3MOXKHA
AJIsi CTaHAAPTHOH KOHTAKTHOH CTPYKTYpPH. JTO yTBEDXKIeHHe OCHO-
BaHO Ha HepaseHcTBe T(y) < 0, BHINOJHEHHOM NJSI BCSKOH He3ays-
JIEHHOH J1eXKaHADOBOH KPUBOH ¥y, T. e. KDHBOH, KaCaTeJbHOH K KOH-
TaKTHOMY INOJ/II0 MJIOCKOCTeH. ['HnoTesa o CymecTBOBaHHH Taxoro
HepaBeHCTBA NpHHAMJEXHT TepCTOHY, a ero HemosHoe NOKA3aTesb-
CTBO METOAOM, OTJHUHBIM OT Meroaa Benuexena, 6uio mpeaoxeHo

Y Douady Adrien. Noeuds et structures de contact en dimension 3. —
{D’aprés Daniel Bennequin], — Seminair Bourbaki, 35éme année, 1982/83, n° 604.
Astérisque 105—106, 1983, p. 129—148.
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s 1981 r. DpaauacconoM. [Toxoxu#i pesysabTaT OB aHOHCHDPOBAH
rakxe DaHamGeproM, KaKk H TeopemMa 0 C°-3aMKHYTOCTH IPYII CHM-
IIEKTHYECKHX H KOHTAKTHhIX Au(¢peoMOpPH3IMOB KOMIAKTHOTO MHO-
rooGpasus (TeM CaMblM IIOJy4eH OTBET Ha BOIPOC, MOCTaBJeHHHHA
Apuosnaom u I'pomosbiM). Bosee CHIbHOE HEPABEHCTBO Bennekena
MpeACTaB/sieT H CaMOCTOSATEbHbIH HHTEpPeC B TEODHU y3JIOB.

DToT JOKJak NOCBSALIEH B OCHOBHOM De3yJIbTaTaM, H3/JOXKEHHBIM
B QuccepTanuH BenHekeHa.

1. KOHTAKTHbIE CTPYKTYPbl (B PA3MEPHOCTWU 3)

[Tycrs M —rtpexmepHoe Muoroo6pasue. Cucrema IIpagpa F,
WIH eaadxoe noie naockocTetl, Ha M —>3T10 riajikoe oToGpaKeHue,
comocTapJsmolee KaxXao# Touke m & M maockocth Fr, Jgexamymo
B kacareabHoM npocrpaHcrtse TmM. Ecau F TpaHCBepCa/bHO OpH-
eHTHpyeMa, TO OHa SiBJAETCH AXPOM auddhepeHnHalbHOR 1-(hOpMBEI a.
[lose F sBasiercs KacaTejbHBIM K JBYMEpHOMY CJOEHHIO TOrAa H
TOJIbKO TOTAa, Korza a Ada=0 (teopema Ppobennyca). I'osopsr,
uro F — KOHTAKTHAS CTPYKTYpPa, eCJaH, HAmpoTHB, 3-popMa G Ada
OT/iHYHA OT HyJd B KaXxoH Touke u3 M. D10 CBOMCTBO 3aBHCHT
TOJNBKO OT MoJisi F ¥ He 3aBHCHT OT BhiGOpa (opMmbl a. [oBOpsAT, 4TO
o — KOHTAKTHAS opma, ecan F = Ker a — KOHTaKkTHas CTPYKTYpa,
T. e. ecai a A da He paBHO 0 HH B ONHOH TOUKE. '

Mpumepei. 1) CTand0apTHas KOHTAKTHAR CTPYKTYPA Fo na R3
omnpene/siercs ypaBHeHHEM dz + xdy —ydx =0 HIH, B NUJIHHIDH-
yeCKHX KOOpAHHATaX, dz -+ p*de = 0.

2) Ha tpexmepuoii chepe S° BioxeHHOH B C? Kak elunHHUHAfA
cepa, KOHTaKTHasi CTPYKTypa F, olpeleJsercs Kak IOJe AByMep-
HBIX TJIOCKOCTeH, OPTOTOHAJBbHBIX CJI0siM paccuaoendss Xonda. Opy-
IHMH CJIOBaMH, KaXJ0# TOYKE /7 OTBEYaeT IVIOCKOCTh, OPTOrOHAJb-
Has i-m, B TmS2

3) TIycts (1, 4o, Pr P2)— H (g, p) — TaKas riankas QyHKuua
na R* wro pO0H[dp; + pdH[Op, >0, nas scex p=0, u mycTb
E=R. Torna M={(q, py=R' — (0 X R) | H (g, p) = E} —rn1anxoe
TpexmepHOe MHOTOOoOpasue, a ¢popMa JInysuaas A = pidq, + pdq.
onpeneJsieT Ha M KOHTaKTHYIO (OPMY. Stor mpumep MNOsACHAET, IO-
yeMy KOHT4KTHBIE CTPYKTYPbl H3y4alOTCs B MEXaHHKE.

TosopsT, uto Ae cacreMsl [Ipadda F u F' Ha M (uan Ha ABYX
muoroo6pasusix M 1 M’) usomopgroet, ecid CyllecTByeT LHdeo-

moppusm M (Ha M’), KOTOpHH MEpPeBOLHUT F
B F’.

Hpumepet. 1) KonraxrHasi CTPYKTypa Fo
saflannad na R® ypasmenueM dz = xdy, H30-
mopdHa CTaHAApTHOH CTPYKTYpe, IpHueM H30-
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MOp(H3M OCylIecTBJIsIeTCst AnddeoMopdHIMOM  (x, ¥, 2)—>(2y, X,
z—i: xy). Co CBOACTBaMH CTPYKTYpHI Fo IPHXOAHUTCH HMETb AeJ0 BCA-
KHH pa3 MpH IONbITKe NOCTABHTh CBOIO MaIUHHY y TpOTyapa (x—
TaHTeHC yIJla MeXJYy aBTOMOGHJIEM H TPOTYapoM, y H Z— KOOpIH-
HATH 3ajHero 0aMnepa MalIUHK). -

2) Ilycts moe 5% MOXHO JOKa3aTh, YTO KOHTaKTHAs CTPYKTY-
pa, HHayuHpoBaHHas Ha S®— {mo}, H3oMOpdHa CcTampapTHON
(cm. [4]).

3) Hast KaxA0H KOHTaKTHOH CTPYKTYpHl F Ha TpeXMEepHOM MHO-
roo6pasun M u pus 110608 TOYKH m & M CymecTsyer Takas OKpecT-
Hocts U rtoukn m, uro F|U H30MOpdHA CTaHAAPTHOH KOHTAKTHORK
crpykrype Ha R® (Teopema [lap6y).

OnuE 43 sipKHX pesy/bTaTOB AHCCepTaunn DBennekena — cyme-
CTBOBAHHE KOHTAaKTHOH CTPYKTYPHl Ha ﬁi KOTOpas He H30MOpdHa
CTaHAapPTHOH CTPYKTYpe. ’

[Tycts M — tpexmepnoe MHOrooGpasse, F-—cucrema [ldadoa
B M n V—Bnoxennass 8 M nosepxuoctb. Kpuruueckoi Toukoi 1o-
BEPXHOCTH V OTHOCHTeJbHO F Ha3blBAeTCs BeAKas Takas TOUKA
meV, uro TmV = Fn, Ecin A — MHOXeCTBO KDHTHUECKHX TOUYEK
10 F mugynupyer ma V—A riaagkoe mojie HalpaBJeHHH, T. e. B
V — A BosnnKaer ofHOMepHOe caoenne Fy. Ecin V opuenTHpoBana
TO CJIOH Fy—3TO TPaeKTOPHH TaKOr0 BeKTOpHOro mnoas n(F V)’
uto n(F, V)| 6=a|V, rae o oGosnauaer 2-popmy OpHEHTHI;le:
mymwo V. ’

Ha R3 (kak n Ha ero OTKpHITHIX NOAMHOXKECTBAX, LU(HeoMopd-
HbIX R?¥) MOXHO MOCTPOMTB TAKyl0 KOHTAKTHYIO CTpyKTypy F H Ta-
KOH BJOXEHHbIH AHCK V, uro cioenne Fy Ha V—A Oyxer uMeTb
3aMKHYTHIH C/I0H. DeHHeKeH [0Kasas, 4TO 3TO HEBO3MOXKHO A
CTAHAapTHOH CTPYKTYpHl Fo; caenoBaTenbHO, F He nsomophua Fo.

2. KOHTAKTHBIE CTPYKTYPbI, OMPEAENAIOLLME HA BNOMKEHHbIX
ANCKAX 3AMKHYTBIE KPUBLIE

qunyroumﬁ IpuMep NOpHHALIeXHT DpJaHACCOHY: 1-popMma a==
= p sin pd@ + cos pdz — 310 KOHTakTHass ¢opMa Ha R?® (B8 nu-
JHHAPHYECKHX KOOpAHHaTax). [efctsutenbno, aAda={(1 4+
+ sin p cos pfp) dx Ady Adz. Cioenne, BO3HHKaOLlee Ha mapabo-
(J:Ionlzéezz = p?, HMeeT BUJ, H306paKeHHHH Ha BEPXHEM DHCYHKe Ha

Bor eme olaun npumep: nycth cucrema [ldadda F 3azaHa Ha
R®  dopmoit B = (zp* — p¥) do + dz. Tor,aa(b %)%)\ dz=(£p2—— 22)
dxNdyAdz. Jas xaxkgoro ¢ =R o6osHaumM uepes P, napaGo-
Joax z==20?4-c. dopma P — 3T0 KOHTaKTHaA popMa Ha KaxIoH
M3 KoMnoHeHT cBassoctH U, u U_ mHoxecTBa R® — Pj, mpmuem
Kaxmoe u3 MHoxecTs U: anddeomopduo RS

11 Byp6axn
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®opma, uHLyuHpoBaHHas Ha P, pasra 4pdp —(p* 4 cp®)do.
Ee exHHCTBEHHAs KPHTHYECKAs] TU4Ka — 3TO BepillHHA MapaboJIOHJa
P, a cioeune Fp 3ajaercsi ypaBHEHHEM 4dp = (cp + p*)dy. Ilpu
¢ << 0 OHO HMeeT BHI, NPeICTaBJEHHBIH Ha pHC. HA C. 163. B uacT-
HOCTH, OKPYXHOCTb p? <4 ¢ = 0 sABJAAETCS 3aMKHYTbIM C/10€M CJO€-
HHSA.

[Tocseanuii npEMEp MMeeT B XeHCTBHTEIBHOCTH JI0BOJbLHO OOLIHH
xapakrep. ITycts U — oTkphiToe noamHoxecrso R® u § — andoe-
pennHajbHas 1-QopMa na U, Bciony oTvinuHas oT Hyas. OGO3HauHM
yepes @ opMy obbeMa dx A dy A dz, onipeneanm ¢yukuuio h: U— R
ycaosnem P Adf=~he, npeanosoxuM, uro 0 — peryJaspHoe
3Hauenue h, u nodoxum V(A)=A~1(A). Torna ¢popma § onpenesser

wa U — V(0) xourakrHyio CTpyKrypy F.
[Ipeamosoxum, yro B V(0) mmeercsd edHH-
CTBeHHAs KDHTHYECKass TOUKa do OTHOCHTE/b-
Ho F. O6o3smaunM uepe3 I' kpHBylO, COCTOfI-
Y0 M3 TOYEK @y, TAe @) — KpHTHUeCKas Tou-
ka V(A). Brunc/eHHe NOKa3HBAET, YTO QYHK-
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uus divny(F, V(A)) npHHHMaeT HyJeBoe 3HaYeHHe B TOUKE dg, HO ee
NpOH3BOJHAA BAOJAb I' OTJIHYHAE OT HYJs. ECIH TPaekTOpHH NOJsA
HAKPYYUBAIOTCS Ha do, TO CceMeHCTBO Fyp, mpelcrasJasier cob6o# 6u-
dypkannio Xonda, H, cael0BaTEIbHO, TIPH OTPHNATE/bHHX HJU INIpH
NOJOXKHTEJNbHBIX 3HaueHHAX Napamerpa A noae n(F, V(L)) unmeer
3aMkHyThe TpaexkropnH. Cymecrsyer Takasi okpecTHocts U/ U
TOYKH @, 4T0 U’ — V(0) COCTOMT U3 ABYX KOMIIOHEHT CBSI3HOCTH,
Kaxnas u3 KOTOpuix Anddeomopdna RS, mpuuem pas A, GIH3KHX
K Hyao, V(A) U’ — BAoxKeHHblH THCK.

3. UHBAPUAHTEl KPUBLIX, KACAIOWLMUXCA F

[Tycts F — cucrema [ldadda na R3. Buibepem 1-dpopmy o, 3a-
nawouyio F (1. e. F=Kera). OTuM MH 3aJaJHM TPaHCBEpPCaJbHYIO
opuentanuio F u tem cambiM opuentupyem F. Kpusas y kaacca C!
HashiBaercsa xacaressuoll K F, unn F-zopuszouraronoil (Hau aexcan-
Oposoii kpusoil), ecau T,y = F, B Kaxao# touke x =vy. Ecan F—
KOHTAKTHasd CTPYKTYypa, TO KaKAYI0 KPHBYIO MOXHO (C°-alpOKCHMH-
poBaTh F-ropH30HTa/JbHEIMH KPHBHMH.

11*
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[lycth £ — HenmpepbiBHOe BEKTOPHOe mnoJde Ha R3, He uUMemoee
HyJled M NpHHHMalIlee 3HadeHue B F. ECJaH y — OpHEHTHPOBaHHAsA
F-ropusoHTajbHasi KpHBasi, TO ee YHUCIOM Bpawerus B F uaswl-
BaeTCs CTeneHb OTOOpaXKeHHs X+ yroa (&(x), Try), AeHCTBy0OIEro
u3 y B Sl O6osnauenue: pr(y), HiIn mpocto u(y). ITO uHCJIO He
33BHCHT OT BHOOpa NOJIsa §, Y4aCTBYIOILEro B OIIpeleseHHH.

[Tycts y ¥ y'— OBe OpHEHTHPOBaHHBIE HeMepeceKalouluecs BJO-
xkenuole B R3 xpusnie. O603uaunm uepes L(y,y’) Hx xoagduyuent
3ayenienus, T. e. (MOCYHTAHHOE C HaJJEXAIUMH 3HAKAMH) YHCJIO
TO4YeK IepeCedyeHHs KpHBOH 7y’ C NOTpyxkKeHHOH KOMNAaKTHOH OpHeH-
THPOBAHHO! NOBEPXHOCTLIO V, rpanunefl koropo#l sisjsiercsi y. SIcHo,
ut0 Ly, y)=L (v, ¥).

Ilycte 9 — OpHeHTHpoOBaHHasi F-ropH3oHTanbuas Kpusasa. OGo-
3HAYUM vyepe3 ¢y -+ &v KpHBYIO, TNOJY4eHHYIO MaJbiM CABHTOM v
BAOJbL OPHEHTHPYIOUINX HOpMaJiell B paclpenesnennu F. HasoseM xo-
agpuyuenTom camosayenienus Kpuso#d y B F uuciao L(y,y -+ ev).
OG603HauHM ero yepes Tr(y) WIH APOCTO T(y).

Ecan F—cranzapTHasi KOHTaKTHast CTpykrypa Ha R3, uam, Go-
Jee ofmum obpasoM, o = dz+tudx -+ vdy — popma [ldadda, TO
3HaueHHe YHcesJ u(y) H T(y) MOXKHO <«IPOYHTATE» NO IPOEKIHH
w(y) KpUBOH y Ha IJIOCKOCTh (X,Yy). A HMeHHO, p(y)— 3TO HHCJIO
BpameHHs MOTPYXeHHOH IIOCKOH KpHBOH mn(y), a t(y)— 3TO 4HCJIO
TOYEK CaMollepeceueHHs] KPUBOH r(y), MOACUHTAHHHIX CO 3HAKaMH,
YKa3aHHBLIMH Ha CJEAYIOlLleM pHCYHKe:

XX

-1

4. MHBAPUAHTbHl KPMBOW, TPAHCBEPCAJIbHOW F

[ycts F —cucrema Idadpda na RE BuGepem 1-dpopmy o Taxk,
yro F=Kera, ¥ pacCMOTpHM OpHeHTHpoBahHyI0 C!-KpHBYIO 7%.
KpuBasi y Ha3blBaercsl NOAONUTeAbHOL (COOTBETCTBEHHO OTPuya-
TeAbHOU), eCJAH OTpAHMUYEHHE o Ha Yy — HOJIOXKHTe/bHAast (COOTBET-
CTBEHHO OTpHIaTeJbHasA) B KaX/JOH TOUKe opMa.

CHoBa 0603HauuM uepe3 £ HempepHIBHCE BeKTOpHOe noJse Ha R3,
He HMelollee HyJeH H DpHHHMAalOuee 3HaueHHs B F. [las Tpancsep-
caJpHOH F KpuBOH y 0003HauuM uepe3 [r(y) uHcao L(y,y -+ ef).
STO YHCJO TOXe He 3aBHCHT OT BHIOOpA E.

Hpumep. Tlycts V ectb C-anaanTHYeCKass KpPUBAA B OKPECTHO-
cri 0= (C? wuMeoliasi B HyJe H30JHPOBaHHYIO 0COGEHHOCTb. Pac-

[P,

Wi v w o
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CMOTPHM TpexMepHYIO chepy S® ¢ meHTpoM B HyJe H JOCTATOUHO

MajleHbKHM paaHycom. Beemem Ha S3 KOHTaKTHYIO cTpyxTypy Fo,
OpPTOTOHAJBHYIO CJ0SIM paccjoenuss Xomnda, 1 o603HauuM uepes m
upcno MusHopa 6cobeHHOCTH. PaceMoTpuMm KpHBVIO y == V(]SS2

‘Toraa

I, (yy=m—1 [1, prop. 5.7.1].

Mpennoxkenue 1 ([1, 3.5.8}). IHycro F — xonrakruas ctpyKkrypa,
npusem aAda >0, u nYCTo y— OPUBHTUPOBAHHAA KPUBAS, KACAIO-

wasca F. Toeda y + ev —orpuyaresbHas kpusas, y — v — noao-
HCUTCABHAR KpUBas U

Le(yv+ev)=1,(v)+ny), Ly—ev)y=1(y)—p(y).

[Tycts V — OpHeHTHDOBaHHAsi NOBEPXHOCTb H o — H30JHDOBAH-
Haf KPHTHUCCKAs TOYKAa NOBepXHOCTH V oTHOCHTedbHOo F. Hudexc
i{o) onpeneJsiercss KaK HHAEKC OCOOOH TOYKH o BEKTOPHOTrO MOJs
Ny, F; CKpY4erHoul undexc i(a) onpenessieTcss Kak i(a), ecn# OpH-
entauun ToV u Fg COBIajaloT, H Kak —i(a) B NPOTHBHOM cJyuade.

Mpennoxenne 2 ([1, th. 4.4.4)). [Iycro y — opuenruposarnas
NOAOHCUTEAGHAR KPUBAR, V — TAKAS BAONEHHAS OPUSHTUPOBAHHASA
nosepxuocts, uro OV =vy. Iycrte a,, ..., O — USCAUPOBAHHDLE
Kpuruyeckue Touxku V oTrocuresvHo F. Toeda

Ir(y)=— 2, 1(a)).

Sameuanue. Ira dopmyaa avajorugHa gopmyie [lyankape aas
3#/IepOBOH XapaKTepHCTUKH V

2 (V)= 2 i(a).

5. KOChI

PacCMOTpHM CTaHAAPTHYI0 KOHTAKTHYIO CTPYKTYpY Fo&ga R3,
safgaHnyio ¢opmoli p?d + dz. ExHHHuUHAsS OKpyXHOCTH S!'==
==(cos 2nt, sin 2a¢, 0) Gyner B 3TOH CTPYKTYpe NOJIOKHTENbHOH KPH-
BON. Jamxuyrold xocord Mbl OYyIeM HA3BIBATb BCAKYIO BJIOXKEHHYIO
OpHEHTHPOBAHHYIO KPHBYIO, He mepecekamomyo ocb 0z, BLOJIb KOTO-
poii 8’ ==d0/dt > 0. O6o3naunm uepe3 A MOJHOTOpHE, 00pa3OBaH-
Hoe ToukaMH H3 R3, ynanednsiMu ot S! He GoJgee, ueM Ha 1/4, H ue-
pes T (A)~— MHOXeCTBO 3aMKHYTHIX KOC, COfep:Kalmuxcsa B A U yxos-
JIETBOPSIIOMUX HepaBeHCTBY dp? + dz? << (1/4)d6% Bce szamkHyThHE
xocH u3 T (A) nojoxurenbuwie. M BCe MOJOKHTEIbHbIE 3AMKHYTHE
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KOCHI M30TONHBEI B KJIacCe MOJOXKHTEJbHHX 3aMKHYTHIX KOC 3JeMeH-
tam u3 T (A4). .

ConocTasuM 3aMKHYTOH KOCe y CJelyloUife HHBADHAHTLL: YUCAC

Huted n(y)—3TO0 Ccrellenb npoekuuu y—S!, u aseebpauueckyro
Oauny c(y)— 3TO YUCJIO TOYEK CaMollepeCeyeHHs NPOEKIHH KPHBOH y
Ha MJOCKOCTh (X, Y), NOACYHTAHHHX C YKa3aHHLIMH B § 3 3HaKaMH.

Mpepnoxenne 3. [JycTv y — 3AMKHYTAs NOAOHUTEAbHAS KOCA.
Toeda
Ir,(Y) =c(v) — n(y).

Hokasateabcrso, PaccMOTpUM pajgHasibHOE OTHOCHTENBHO ocH 02
noje r (wanpumep, r{x,y,2)={(x,y,0)) H HeHyaesoe moJje § CO
3HaueHusMH B Fo (nampumep, &(x,y,2)=(1,0,y)). Toraa c(y)=
=L(y, y+er), a L(y, yv+er)—L(y, v+ ef)— 310 crenesr oTo-
Gpaxenns x—syroa (E(x),r(x)), pasHasa n(y).

Teopema 1. Kamdas noroxcuressnas oTHocureavno Fy kpusas
HU30TONHA 8 KAACCE NOAONCUTEABHOIX KPUBHLX NOAONCUTEALHOU 3aAMK-
HYTOU KOCe.

Hoxaszareavcrso. [Tyctb I' — oprieHTHPOBaHHAS KOMIIAKTHAsA KpH-
Basg ¥ . I'— R3 — BJoXen#e, NOJOKHTENbHOE OTHOCHTEAbHO Fj, 06-
pa3s KOTOpOro— Kpupasi y. MOXKHO cyMTaTbh, 4TO y He nepecekaer
och 0z, uro mospoJsier 3amucath v Kak t—>{(p(t), 0(¢), 2(¢)), rae
0’ ¥ 2’ MOTyT IIPHHHMAThb HYyJeBble 3HAUEHHS JHUIOL B KOHEYHOM YH-
cae touek kpHBOH . MOXHO CuHTaTh TaKxKe, 4TO NPOEKHHS y Ha
unauaip S' X R = {(6, 2)} — 3To norpyxenre ¢ TpaHCBepCcaIbLHEIMH
nepeceyeHusiMi. Ecan 0 << 0, o 2/ = 0. PaccMOTpHM CBSI3HBIE KOM-
noHeHTH KpuBo# I', 3anasuble ycaosueM {f=T'|2'(f)= 0}, u obo-
3HauyuM uepe3 Iy, ..., [r(y Te K3 HHX, KOTOPble COAEPKAT TOYKH,
B KoTophix 6 < 0. MBI mOCTpOHM TaKOe MOJOXHTEeJNbHOE EJOXeHHE
u: t—>{p1(2), 0:1(¢), 2:(¢)) kpusoit T' B R3, He 3anemaromee och 02
M H30TOMHOE ; CPElH MOJOXKHTEJNbHHIX BJOXeHHH (He 006534TesIbHC
He mepeceKawomux och 02), uto 2, ({) ==2(f) u k(y1)=k(y)— L

3710 nenaercd B ABa ara.

Ulae 1, nodeoroguresvnoui. [locmoTpaM H3 ocu 0z Ha NPOEKIHIO:
kpuBoit Ha nuanuap S'X R. Ilepeceuenus oGpasa uHTepBalja /i B
touke, rae 0’ <C 0, ¢ npoekuuell ayru [ OTHOCATCA K OZHOMY H3

Tpex THIOB: ) "
Y 2@ 20,

Tun 1: @¢)>0 un 3’(t—’)> 0K
Tun 2: () <0 n S8 <20,

el (tl) el (t) ’
2’ (t) 2’ (1)
e/ (t/) > e/ (t)

Tun 3: € () <0
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(4epes { obosHaueHa TOYKa HHTepBaJa /;, a uepes ! — uHTeppasa
I’). YersepThil ciiyuaii, korxa 8 (') > 0 u ;:—g%— < ‘;:‘(?, HEBO3MO-
¥eH (B CHJY NOJIOXHTEJbHOCTH KPHBOH ). “

M3MenHM KPHBYIO ¥ B OKDECTHOCTH TOUeK { W ! B COOTBETCTBHH
€O CAeLYIOIUM DHCYHKOM: )

J! J! J I
IN AL IN L 7 2
>\ / // /5 J /" 7
T TR Z ™mn3

IT0 MOXKHO CAeslaTh TAK, 4TO B TeX TOYKAX, e 0" =0, Gyzer Bh-
TOJIHEHO ¥ paBeHCTBO p’ = (.

Olaz 2, ocnosmod. Kaxpas CBSA3HAS KOMIIOHEHTa MHOXKeCTBa
Tex t& /), B KOTOpbix 8" << 0, —3T0 Ayra, KOTOPYIO MOKHO Aedop-
MHPOBATL B COOTBETCTBHM CO CJEAYIOIIHM DHCYHKOM TaK, 4TO OHa
oGofiner och 0z 1 He Gyoer nepeceKaThCs C 7.

* 0z y
J

Taxas nedopManns He yMenbiuaer 2+ xy’ — x'y. TlockonbKy 3TH
AedOopMaLUH NPOUCXOAAT B HENEPeCeKAIOMHXCS CJ0AX, 3aKJIOUeH-
HBIX MEX]Y TODH3OHTA/bHBIMH IVIOCKOCTSIMH, BCE€ OHH MOTYT GHITh
BBIIOJIHEHBI OHOBPEMEeHHO.

B pesysabrate npHMeneHus 5THX onepanui Z(y) pas mbl gedop-
MHDYEM y B 3aMKHYTYIO KOCY.

6. MOBEPXHOCTM MAPKOBA

OGosnaunm uepes A nosnoropue B R3 ¢ ocbio S, uyepes A —
ciaoesne A Ha  MIOCKOCTH 0 = cfe, OpHEHTHpPOBAaHHOE (opMOH
drndz, n uepes P caoenne R3— 4 wua cepbl ¢ meHTpaMu Ha
ocu 0z, mpoxonsmue yepes OKPYKHOCTH S, OpHEeHTHPOBAaHHOE Ta-
KHM 06pasom, uto dx A dy > 0 ma ocu 0z.

Onpenenenve. IlycTs y — samrnyTas xoca, coaepxamanca B A.
Hosepxnoctoro Mapkosa ¢ kpaem Y, coryacHo BeHHekeHy, Haswl-
BAeTCsA KOMIAKTHAS OPHEHTHPOBAaHHAs MOBEPXHOCTb V C Kpaem 7y,
He MMeromasi KOMNOHeHT 0e3 Kpas H yNOBJETBOPSIOILAs CAeyio-
UIMM YCJIOBHAM:
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MI1. VN(R®— A)— obpennHeHre KOHEYHOTO UYHCJIA CJAOEB CJQe-
Hust P (¢ opHeHTauHed, HACTeAyeMOH H3 CJIOeHHS P, MJH NPOTHBO-
NOJIOKHON OpHeHTanuei). :

M2. V umeer BHYTPH A TOJbKO H3OJHPOBAHHBE HEBLIPOKIEH-
Hbhie KPHTHUECKHE TOUKH OTHOCHTENBHO 4, NpHuYeM BCe 3TH TOUKH
Hupekca —1.

M3. 3nauenuss O B 3THX KPHTHUYECKHX TOUKaX MOMNAPHO pas-
JIHYHBIL.

EcaH y NONIOXKHATebHa OTHOCHTEJbHO CTAHLAPTHOH KOHTAKTHOM
CTPYKTYpHl Fo 1 ecaii V — OpHEHTHPOBAHHASI IOBEPXHOCTD C KPaeM v,
YAOBJETBOpsIOAsA YCJI0BUIO M1, TO CyMMBl HHIEKCOB ee KpHTHYe-
CKHX TOUYEK OTHOCHTEJNBHO MOJs mJaockocrel Fo u M, pacnojioxeH-
HeIX B A, onuHakoBbl. To XKe OTHOCHTCS H K CyMMaM CKpYYeHHBIX
HHAEKCOB. B MeHCTBHTENLHOCTH CYLIECTBYeT FOMOTONMS, CBS3HIBAIO-
mas noJas nJaockoctet M u Fy B kaacce ndaddosnix cucrem B A,
TpaHCBepCaJbHBIX Kpaw V[ A.

His Kax 0K KOMIAKTHOH OpDHEHTHPOBAHHOH KPHBOH 7, BJIOXKEH-
Hoit B R3, ofosmaunm uepes x(y) HaHGOJBILYIO 3HAEpPOBY Xapakre-
PHCTHKY . BMIOXeHHBIX B R3 opHeHTHpPOBaHHBIX KOMNaKTHBIX NOBEpX-
docrel V ¢ xpaeM y, He HMEIIIHX 3aMKHYTHX KOMOCHEHT.

Teopema 2 ([1], 6.3.0). ITycts y — s3amxnyras xoca e A. Cyuse-
cT8yeT nosepxnocte Maprosa V ¢ xpaem vy, daz xoropoil y (V)=
=x(v)-

Jlemma 1. ITycte V — nosepxrocts ¢ kpaem y. Cywecrsyer no-
gepxHocry V', ugoronwas V 8 kaacce nosepxunocreii ¢ Kpaem y u
yoosaeTsopsowsas yciosuo M1,

Horasarerbcrso. MoxHO CuHTath, uTO V TpaHCBepcasbHa
ocu 02, ¥ B OKPECTHOCTH KaXKJOH H3 TOYeK nepeceuenus ¢ 0z OHa
cosnajgaer co ciaoem cuaoenus P. [lyctb § — BekropHoe noje Ha R3,
pPaBHOE HYJIO B OKPECTHOCTH Yy H coBmajgaiomee Ha R®—A ¢ na-
Npap/eBHEeM MEPHAHAHOB CJI0EB CJ0eHHS P, BeAYHMIHX OT TOUYKH
ocu 0z k S Casurast V Baosb moJst §, ME OJTYYHM noBepxHocTL V.

Hoxasareascreo reopemor 2. Bo-nepBuix, y(y) > —o0, Tak Kak
BCETJa CYLIeCTBYeT OPHMEHTHPOBaHHAs NOBEPXHOCTb V ¢ Kpaem 7,
H % (y) OrpaHHYeHA UYHCJOM CBSI3HBIX KOMIOHEHT kpuBo# y. Cuaego-
BaTEJIbHO, CYyImeCTBYeT Takash ODHEHTHPOBAHHAs MOBEPXHOCTh V Ge3

3aMKHYTHX KOMIIOHEHT, uTo dV=y u g (V)=
==y (y). MoxXHO cyuTath, yt0 V yn@OBJETBO-
psieT cIenyiouleMy YCJOBHIO OGIIero noJoxe-
HAS: BHYTPH A y V HMeIOTCS TOJIBKO HEBH-
pOXIeHHhEe KpHTHYECKHe OTHOCHTENBhHO cJIoe-
HHS1 A TOYKH, IIPHYEM 3HAYeHHs yria O BO
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BCEX 3THX TOYKAX NONAapHO pasyuuHbl. Mpl 6yneM YHHUTOXKATb KpH-
THYECKHEe TOUKH HHAEKCa | C NOMOLIbIO MIepecTpoer, He YMEHbIIAK0-
KX 3UJepOBY XapakKTepHCTHKY V. A nockobky y (V) MakcuMaJb-
Ha, 3Ta 3{/1epOBa XaPAKTEPHCTHKA BOOOLIE He OYAET MEHAThCA HIPH
nepecTpoikax.

[Mycrs 6 = SY; noaoxum Ho=V 1 M,. Torna Hy-— 3T0 opHeH-
THPOBAHHAS KPHBas ¢ KpaeM (OpHEHTAUHs 3aJZaHa TakuM o6pa3zom,
4YTO TOUKH 0Hy, NpHHALJIeXKallHe y, UMeEIT 3Hak —1), BO3MOKHC
UMeIoLast O4Hy H30JHPOBAHHYIO TOYKY CEAJIOBOTO THIA, H306palKeH-
HYIO Ha CJIelyIOIleM PHCYHKE:

Hasosem soxonom xpusoil H g roMeoMOp(hHYIO OKPYKHOCTH CBSI3HYIO
KOMIIOHEHTY (JIOKOH hepsoeo tuna) uau J | {a}, roe o — KpHTHYE-
C€Kast Touka, a J—cBsisHas KoMmmnoHexnta 8 Hy— {a} (JOKOH 8TO-

poeo Tuna).

ITycts C — sokon kpuBO# H,, He coiepxawmuil B My APYrux
KOMIOHEHT KpuBoH Hy. Onpemeanm nepecTpoiixy, otBeqarmyo C,
B COOTBETCTBHH CO CJAEAYIOIIHM 4YepTeXROM:

T O Q4 ao
“" "’h

Tvn [ Tl

Dra nepecrtpoiika yuunuroxaer C u yseauunsaer (V) ua 2. O6o-
3HauyMM uepe3 E. KOMIO3HIHIO 3TOH nepecTpolK# C NOC/EAYIOIIHM
oTOpachbiBaHHEeM BO3HHKAIOUIHX 33MKHYTHIX KOMIIOHeHT. B meficrau-
TeJIbHOCTH NPH NepecTPodKe BO3HHKaeT He (osiee OAHON 3aMKHYTOH
KOMIIOHEHTHI, IPHYEM ee 3HJepOBa XAPaKTEPHCTHKA HE IPEeBOCXOLHT
asyx. Ilosatromy ot6pachiBa€HHe 3TOH KOMIIOHEHTH He I[IPHBOIHUT
K ymenbiuenuio y (V).

PaccMOTpHM CBSI3HYIO KOMIIOHEHTY KpHBOH Hp, KOHIEBasi TOYKA
KOTODOH NpHHAAJNEMHUT KPHBOH y. DTa TOUKAE OTPULATENBHO OPHEH-
THpPOBaHa, 3HAUYHT, JAHHAS KOMHIOHEHTa COXEPXHT H KOHIEBYIO
TOYKY C HOJIOXKHTEJNLHOH OpHeHTanHed. JTa KOHLUEBAs TOUKA JEXKHT
Ha OMgy. Ecin Hg He COREDKHT H30JHPOBAHHBIX TOYEK, TO KaXK-
JblH JIOKOH COAEDIKHT BHYTDH HEKOTOpLIE ADYrHe JOKOHH KpUBOH H.
Hosromy Joxonnl Cy, ..., Cr KpuBo# Hp MOXKHO 3aHYMepoBaTh Ta-
KuM 06pasom, uTobu C; cogepxaJ 10abKo Te C;, 4J5 KOTOPhIX | <C .
Onpenennm Eq Kak KOMIO3HUHIO onepauuii Ec, ..., Ec,.
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lyerb @i, ..., o — KpUTHYECKHe TOYKH HHAEKCA — | NOBEPXHO~

cTH V OTHOCHTEJbHO CaoeHus A, a 0, ..., 8, — cooTBeTCTBYIOIHE:
snavenuss 0. Ilosepxmocrs V/, noayuennas mnocsie nepecTpoex.

Egq , ..., Ep,, Oosbille He COTEDPKHT JOKOHOB BTOporo tuna. Toraa
V' He CONepKHT KPHTHUECKHX TOUEK HHIeKca 1, nbo Kaxpas Takas
TOYKa OTBEYaeT J#HOO DOXKIEHHIO, JHOO HCUEIHOBEHHIO JIOKOHA nep-
BOTO THIA. HO JOKOH He MOXKeT HCuYesHyTh, He NOPOAYB 3aMKHYTOR
KOMIOHEeHTH V, a poxjeHHe JIOKOHA NPOHCXOLHT TOJABKO B pe3yJb-
TaTe NePECTPOHKH BTOPOTO THIA, TAK 4TO MOBEPXHOCTb V'’ AeficTBH-
TEJbHO He COAEPKHT TOUEK HHAeKCa 1.

7. HEPABEHCTBO BEHHEKEHA W ErO CNEACTBUA

Ilycrb B R® 3amana crammapTaast KoHTakTHas cTpykrypa Fy.
OcHoBHO# pe3yabrar Bennexkena — 310 Clenyiouiee HEpPaBEHCTBO:

Teopema 3 ([1, th. E]). MMycre v — HeKoTopas Fo-noioxcureno-
Haa kpusas. Toeda —y, (v) == Ir,(v).

CaenoBaTesibHO, 3Q(eKTHBHO BHIYHCJ/ISIEM blii HHBapuaHT [r,(y)
OKashiBaeTCsl HUXHell rpaHuued Bennuunsl —y (y). Ecau y ceasHa, to
—x(y)=2g(y)— 1, rie g(y)— poa; Takum ofpasoM, noJayuaercs
OrpanuyeHHe CHH3Y Ha DOX yaJa g(y), T. e. Ha er0 CJAOKHOCTb.

Ocnosnasn semma ([1, th, G]). Hycre Y — 3AMKHYTAR KOCA, CO-
depmawasca 6 A, a V — nosepxnocre Mapkosa ¢ Kkpaem y. Obosna-
“um uepe3 st (COOTBETCTBEHHO S™) 4UCLO KOMNOHEHT ( Rs—A)NV,
OpUEHTAUUA KOTOPbLX COBNAOAET (COOTBETCTEEHHO HPOTUSONONONC-
Ha) opuenTayuy caoenus P. 060sHauum uepes a+ {coorsercTgeHHO
a~) 4ucao Kputuueckux T04ex V 8 A oTHOCUTeAvHO croenus A,
OpuerTayua KOTOPbIX Co8radaeT (COOTBETCTBEHHO NMPOTUBONOAONC-
na) opuentayuu M. Toeda s— << a-,

Beigod reopemor 3 uz aemmer. Tlyets V — rakas HOBEPXHOCTh.
Mapkosa ¢ xpaem v, uro ¥ (V) =1 (y) (V moctpoena B Teopeme 2).
Torna y (V)= ). o) u lr(y) = — D, i(a;), roe a; — KpHTHYECKHE
TOUKH V oTHOcHTeqbHO F, (npemaoxeune 2). ITycTs t(V)y=y++"
Hlr(v)==1"41", rae ¥ u I’ (cooTseTcTsento ¥’ u {”) o6osHauaT
CyMMEI, OTBEYAIOLIKE TeM TOUKaM a;, KOTOpHe Jexar B R® — A4 (co-
orsercTBeHHO B A). KpuTuueckue Touku, nexamue 5 R — A4, cocpe-

AoToyeHbl Ha oCH 0z, U BCe HMMeEIT HHAEKC 1.

[ostomy y' =st+s— u ['=—gs++s—. Jlas

. BbIYMCJIEHHS] BHYTpH A 3aMeHHM pacrmpese-

JeHHe Fy Ha A, rOMOTONHOEe eMy B KJacce

! npad¢hoBnXx cHCTEM, TPaHCBEPCANBHBIX Kpalo

\OJ nosepxuoctd V1 A. O60o3naunm uepes a, KpH-

Y3460 u KOHTAKTHOIE CTPYKTYPbL 8 pasmeprocTu 3 171

THYECKHE TOYKH NOBEPXHOCTH V OTHOCHTeqbHO A, Jexamue B A. Bece
OHH HMeWT HHAeKC —1; moaTomy y” = Z i(a;) =—qg"—q ul"=
= — Z?(a;)=a+ —a~. 3HauuT, ¥+ [=2(s"—a")<<0, yro H
Tpe6oBaJoCh.

Canenctene 1 ([1, th. 5.5.1, cor. 5.5.2]). Mycre y—3samknyras
xoca u3 n Hured, umernwans aszebpaudeckyro Oauny c. Tozda
—xWM=lcl—n.

B uactrocTu, ecau y Hesaysasera, To |c| << n.

Hoxasarerscrso. Moxno cuntath, uro y <= A. Toraa [(y)=c¢—
—n << —y(y). CHMMETpHS OTHOCHTEJbHO HJOCKOCTH (X, Y) MEHseT
3HaK ¢ H He MeHsieT HH 7, HA X (y). [ToaToMy BepHO U HEpaBeHCTBO
—c—n << —y(y). 3naunt, [c|—n<< —y(y)-

Cneacteue 2 ([1, th D, Cl). Hycre vy ecte Fy-zopusonrasvHas
xpusasn. Toeda
: TW<—xW)—lep®l

B uactnoctu, ecau y Hesaysaena, To t(y) < 0.

HokasareasscTso. s BCAKOH OPHEHTHDOBAHHOH KpHBOH 1 069-
3HAYHM yepe3 7 TY XK€ KPUBYIO C IPOTHBOINOJOKHON OpHeHTauHei.
Torna ’

T, (W W)= +ev)=1 (v+&v)7) < —x ()

Te, (V) — 1 (V) =1 (v — &v) < —x (¥)-
Takum o6pasom, 7 (v) +|p (v) |<< —% (¥).

Caexcteue 3 ([1, th. A]). Iycre V — saoxennoui 8 R® duck.
Bexroproe noae ny, , He umeeT 3AMKHYToLX TPAEKTOPuLL.

JlefiCTBHTE/NBHO, TaKasi TPaeKTOpPHs y Owvia OBl He3ay3deHHOH
Fy-ropH30HTaJabHOR KPHBOK C t(y)=0.

Cnencreue 4. KontaxTroie cTpyxTypol, onucannsie 8 § 2, ne uso-
MOpHbL CTAROAPTHOU KOHRTAKTHOU CTPYKTYPpeE.

Oun pgaxe He MOryt OniTh BJOXKeHH B R3® co crammaprHoil
KOHTAKTHOH CTPYKTYpOH.

8. ABA (UMW YETLIPE) TPA®A MOBEPXHOCTHM MAPKOBA

Ilycts y—3aMkKHyTas Koca, a V -—noBepxHOCTh Mapgosa

¢ kpaem y. O603HauHM 4epe3 Yy, ..., V- KOMHOHeHTm3KpHBoﬁ v,
a yepes Py, ..., Py— gommoHeHTn nosepxHoctH V((R3—A4), as-
JAIIHeCs CI0AMH CJI0eHHs P; nyCTb pi, ..., Ps — HX Kpasd, &y, ...
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., Oa— KpHTHUecKHe ToukH V(14 oTHoCHTeNbHO .# H V— 3aMKHY-
Tas OPHEHTHPOBAHHAs TNOBEPXHOCTb, NOJYUeHHAs HPHKJIEHBAHHEM
K V anckos Ay, ..., A, BLOJb KPHBBIX ¥y, ...
pe3 81, ..., O, 01, ..., O UEHTPH AHCKOB Ay, ..., A, Py, ..., Ps
H MOJNIOXKHM e(w:) H e(®;) PaBHBIMH =1 B 34BHCHMOCTH OT TOTO,
COBIAJeT JIM B 3TOH TOYKE OpHeHTauus V ¢ opuedrauueds A niau P.
TlonoxuM e(8;) = —1 aasg scex i=1, ..., r.

Has xaxporo j==1, ..., a oGosnaunm uepes C; (coorser-
cteenno Cj) BXOXsAHIYI0 (COOTBETCTBEHHO BHIXOJAILYIO) cenmapaT-
pucy mnoas Wy ., B Touke a,. Bce BBejeHHBIE OGDBEKTH MOXKHO
n306pasnTh Ha V HOCpeAcTBOM ABYX rpadoB, ABOHCTBEHHBIX ApYT
LpYTy B CMBICJIe IBOMCTBEHHOCTH ITyaHkape: '

rpacda G+ ¢ BepUIHHAMH, OTBEYAIOUIHMH TeM TOYKAM ®;, AJS KO-
TOpbIX €(w;) = 1, # ¢ pe6pamu, OTBEYAIOWHMH KPHBEM C];

rpadpa G- ¢ BepIUMHAMH, OTBEYAIOIHMH TOUKAM w; € &(w;) = —I
H TOUKaM §;, 1 ¢ peGpamu, orsevaomuMu C; .

Kaxabn#i H3 3Tux rpagoB — obbeluHeHHE HBYX NOATPadoOB:
G"=GIiUGY, G~ = GiUG:. A umenno, G{ (coorsercraenno G)
NOJIy4aercs, ecau OCTaBHTh B G* TOJIbKO Te Bepmuus u peGpa Cj,
AJsl KOTOPHIX & (a;) = 41 (cooTsercTBenHo —1). AHanoruuno onpe-
neaswoTes GL u GZ.

Wsobpaxkas rpadb, Mb 6yaeM MNpHAepXUBATHCH CJeLYIOUIHX
0603HaueHHH (CM. DUCYHOK):

(z)i (MﬂAi) wy [177/73 Pl) Wy 2.7} Pf.) C{ CI
e(wi}=—1 E(wp =+1

(CTpesikH yKasbIBAlOT HANpapJeHHe MOJS
Ny 4 3HAKH £ OKOJIO TOYEK o YKa3HBAKOT
3HayeHHd &(ay).)

Msbl Gynem saHuMarbes rpadoM G, ¥

, yr. O603HaunM ue-
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KoToporo s - r BepiidH H a— pebep. OCHOBHasl jeMMa BLITeKaeT
H3 CJEAYIOLIEro YTBEPKACHHSI.

Npennoxenne 4 ([1, th. H]). I'pagp G= Hre umeer nu odnoil
c8sa3Holl KomnoHnenTor X, 8ce sepuutinsl KOTOPOU Goiau 6ol Towxkamu
®; U koropas Guaa 6o. Jepesom (T. e. CTA2UBAeMbIM 2PADOM).

Boi600 0cno8noii aemmbr u3 npedioncenus 4. TIpeanogoxum,
aTo s~ > a”. Tlockomsky %(GZ)=r+s~ —a~, mnoayuaM, uTo
%x(GZ) > r. diinepoBa XapakTepucTHKa nepeBa paBHa 1, a silJe-
poBa XapakTepHCTHKa rpadoB, He SIBJASIOLUINXCA AEpPEeBOM, HENOoJIO-

XKHTeJbHa. [TosTomMy u3 HepaBenctsa ¥, (GZ)>r caenyert, yro G-
HMeer GoJlee r KOMIOHEHT, SBJAIOMHXCA AepeBbsiMU. [lockoabKy
YHCJO BEpPMHH §; paBHO r, Halgercs Takas KOMIIOHeHTa, BCe Bep-
IIHHB KOTOPOH — TOYKH ®;, 4TO H TpebOBAJOCH.

CaMo0 Xe OpeAsaoxKenHe 4 NOKa3blBaeTCs HHAYKUHMEH DO YHCAY
BepiIHH X C HCHOOJb30OBaHHEM CJENYIOIIHX TPeX JeMM. ‘

Hasosem npocroi sucaweii sepuunoii rpacda (G_ BHCAUYIO Bep-
wHHY (T. €. BEpPUIMHY, H3 KOTODOH BBIXOJAHT OAHO pebpo), KOoTOpas
u3o6paxeHna Ha CJaelyIOLIeM PHCYHKe:

+

Jlemma 1. ITycre o:—sucsuas sepwuna ecpagda G-, ie
e{l, ..., s}.Toeda cyujecreyer xoca y’, usoronsas vy, u nosepx-
nocre Mapkosa V' ¢ kpaem v’, usoronnas V 8 Kaacce nosepxnocreil,
yOosaersoparouux ycrosusm M1 u M2, takue, 410 6 epaghe G-,
nocrpoennom no V' u usomopgprom G-, sepuwuna ®; cTaner npo-
croll.

Jlemma 2. [Tycro o; — npocras sucAxas Sepuluna epaga GZ.
Toeda cywecTsyroT TaKkue xoca y; u nosepxnocts Maprosa y’
c kpaem vy, Ougpeomopgrasn V, uro coorsercrsyrowuil epap G-
umeer komnowenty X', nosyuennyro us X ydaseruem BepuuUHbl ©;
u svixodaueeo u3 Hee pebpa.

3ameuanue. Koca y' He o6sa3aTeqbHO GyleT H3OTONHOH KoCe v,
HO 3TO OGCTOATENBCTBO HaC He OyJeT CMYIIaTh.
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Jlemma 3. I'pagp GZ ne umeer KOMNOHeHT, COCTORUUX U3 e0un-
CTBEHHOL TOUKU ®;.

Hoxasareavcreo aemmor 1. Ilycts oy, ...
TOYKH, JexKaluue Ha pebpax rpada G—, BHIXOAALIAX H3 BEPIUHHE ®,
3aHYMepOBaHHbIE TAKHM O0pasoM, YTO 3HaueHHe yrja 0.so3pacraer
€ pocroM HOMepa (CM. pHCYHOK HHXKe). [TyCTb &(ag)=—1, g(oy) =
= ... =eg(ax)=1 ¥ O, ..., 0, — 3HaueHns yraa 0, oTBedaiolne
TOYKAM dyg, ..., Og. MBI noxaxeM KaK MOXHO YMEHBIIUTh YHCJO TO-
ek ag, ..., O, €CJIH B == 2.

[Tycts J < 8! — ayra okpyXHOCTH S! ¢ yriIoBO# KOOpAHHATOH 0.
Haszosem nepecopodxoii B A, orsevatomeir J, o6pas W BiIoXKeHHS
J X0, 11— A, coxpaHsiiomero 3HaueHHs yraa 0 u yAOBJETBOPSIO-
mero ycaoBuio W 0A =J X{0,1}. [Tocrpoum mo ayre [0;—e,
8, 4 ¢] neperopozky W, creanl xoTOpoil Ha mosepxHoCTAx V U Ms
n300paxkeHsl HA CJelylOleM pHCYHKeE:

/‘\il A -’11./

6, 81<B8<8, 8,

[Tocne napgexanien W30TONHH MOXKHO CUHTaTh, 4YTOo W HMeeT
g JXT < A=S8"}XM,. Ilycts N — okpecr-
wocTe W, He comepXamas TOYeK wj, H ¢ —
TakoH paHpdeoMoppHsM A BHAa (B, m)—

—(8’, m), uro

ecin 0 J=[0, —e, 6, +¢], T0 0/ =86;

ecai 0=0, u m= A — N gexur no Ty
xKe cTopory oT W, uto a;, To 6" > (6, + 6,)/2;

, Qg — KPHTHHCCKHE'
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ecan 0=0, n me= A— N JeXHT N0 Ty Xe CTOpoHy oT N,

aTo a,, TO O < (8; + 6,)/2.
[Monoxum V' =@ (V). Toraa ciaoenne Ay- HMeeT BHA, H306pa-
KEeHHHH Ha CJAelYIOoeM PHCYHKe:

Takum o6pasoM, jnupdeoMopdH3IM ¢ yMeHnbllaeT YHCJIQ0 2 Ha
eJHHHIY, 4TO H Tpe6OBAJIOCh.

Hoxasareavcrso semmor 2. TIyCTh ap H o — KpHTHUECKHE TOYKH
Ha pebpax rpata (G—, BHIXOASIIHX H3 BepIIHHH ®; a By 0 6, — co-
OTBETCTBYIOLHE 3HAYEHHS YIJIOBOH KoOpAHHaTH 0. OGO3HauyHM ye-
pes E o6aacts B V, orpannuennyoCo u C, a 4epes o U o —
KOHIIeBble TOYKH 3ITHX pelep, H300paxKeHHHe Ha cnenyfomeM pH-
CYHKe:

Momoxum E = E () A. H3menenne nepecevenns E ¢ MyC H3MeHe-
HUeM O H306paxeHo B BHAE CJEAYIONLEr0 «MyJbTQHIBMAR:

@ ]

8=8¢ e (8,8 §=84 8e (91,8) 8=8,
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8=8,

§=6y+¢e - Beibyte,8r-¢)

TS

8=0,-¢ 8=8, 8 (8,,8y)

Ilycts T — TaKoe 3aMKHYTOe MOAMHOKECTBO B A, He mepecexaio-
Imeecst ¢ V, KOTOpOe Jaer MOKA3aHHBIH BbHIMIe «MYAbTPHIABM> .

Ilycts ¢ —Takoe coxpausiomee opHeHTa-
uuio BiaoxeHde S!'— {u, p’, "} B cebs, uTo

i Y, wy=", u), rae p”" ={n”, u}h
Y COBmajaeT ¢ TOXK/JECTBEHHHIM OToGpake-

rrs

Y3461 u KOHTAKTHbIE CTPYKTYPbL 8 PABMEPHOCTU 3 177

HHeM Ha wuHTepBase (u, w”), mpuuem Pu”, w)=@”’, p’) u
¥ (A;)=A;. Toctpoum BJoxenue ¥ muoxectBa A—7T B cebs,
KOTOpOe COXpaHfAeT 3HAaYeHHe KOOpAHHATH O, coBmamaeT ¢ Toxie-
cTBeHHbIM Ha E W 3ajaer Ha Kpae A otoGpaxenue (8, A) —= (8, ¥ (1)).
O6pasy W orBeuaeT «My/ibTOHIBM>, H30GpaKeHHbIH B IeHTpe ¢. 176.

(O6paz W4 —3T0 3aMKHYTBHIE AHCK Ge3 3aUITPUXOBAHHBIX 30H H
NYHKTHDHBIX JIMHHA.)

O6pas VA npu puddeomopdusme W umeer Bux V() A, rae
V” — noBepxHocTb MapxkoBa, u cyuiecTByeT ruddeoMmopdusm W:
V—V”, copnagaomuii ¢ ¥ na V(1 A. Pacemotpum B V" caenyio-
myio kpusyio I':

Baoxum B A guck D Takum oGpasom, uto D) V7 =T B cooTseT-
CTBHH €O CJAEAYIOIHM «MYJbTQHILMOM>:

8= 90 65(80,81) 8=61

[Noasepruys V” mepecTpofike, KOTOPYIO 3aiaeT AMCK [, Mbl OJY-
YMM [OBEPXHOCTb, COCTOAILYI0 H3 JABYX CBA3HBIX KoMOoHeHT. OaHa
u3 uHX cdepa, comepxamas P, u P}, a apyras — IOBEpXHOCTDb
Mapkosa V’, xoropyio # TpeGoBaJOCh OCTPOUTD.

12 Byp6aku




178 A. IDyadu

,Ho)rcasaTe/Lbcmo aemmol 3. TlpeAnosoXuM NPOTHBHOE (CM. pH-
CYHOK): .

Iyetb Ao, A1, ..., M —3HaueHus wWwmpoT napasnenedt po, pi, ...
., P B OA. Toraa B unreppate S!'— {Ao} DOMKHB BLITONHATHLCS
HepaBeHcTBA Ay > Ay > ... > A, < A,. IlpoTuBOpeune.
HMTax, 10Ka3aTe bCTBO T€OPEMBl 3 3aKOHUEHO.

9. OTKPbITHIE BOMPOCH!

uBonpoc 1 (B cBasu co ciaenctBueM 3). Jan caxol AU KOHTAKT-
ol crpyxtypo. F na R3, ne usomopgnoii Fy, naiiderca taxott sio-
HerHol OUCK V, 4TO Y NOAA My, F €CT6 BAMKHYTAR TPAEKTOPUR?

_Hlycers F-—koHtakTHas cTpyktypa Ha R3. OGosmaunm yepes
Diff(Rs, F) rpynny auddeomopdusmos, coxpansomux F. C no-
MOIIbIO CAEACTBUS 3 MOXKHO IOKa3aTh, 4TO Jaxe eciu F = F,, rpyn-
na Diff (R% F) me naorua B Diff, (R3) B C'-ronosoruu ([1, 2.3.5]).

Bonpoc 2. Samxryra au epynna Diff (R, F) & Diff (R3) & C%ro-
nozozuu?

Bonpoc 3. (3apmava Tépcrona o Benmocuneauoit memn). Kaaccu-
uyuposare Fo-2opusontarsusie Kpussie 8 23,

Bonpoc 4. [Tycre B ects 1-gpopma obuwezo nosomenus s R3,
a V —nosepxrocrte, cocroauias us todex, g xoTopoix P AdE=0.
OnucaTe KOHTAKTHbLE CTPYKTYpoi, 3a0aHHbIE
gopmoil P 8 c8aA3HBIX KOMNOHEHTAx OonoaHe-
rua & V.

Bonpoc 5. PaccMoTpum cTaHOQpTHYIO KOH-
TAKTHY!O CTpYyxTYypy Ha R+l Cywecrsyer au
TaK0e BACIKCeHHOe MHoz2o06pasue VXS!, ede

Y3abi u KOHTAKTHbIE CTPYKTYPbL 8 pa3meprocTy 3 179

V komnaxtHo u umeer pasmepnocté n, uto sce V X {t} — nonapno
He3ayensennbie 1eXarOpossb. noOmHo2000pa3ua?

Bonpoc 6. (Apuousi, [poMoB). PaccmoTpum CTAHOAPTHYIO KOH-
TaKTHYr0 CcTpykTypy 8 R2"+\. Bepro au, 4T0 HU OOHO KOMRAKTHOE
aexandposo mHo2000pasue He npoeyupyeTci 8 CUMNAEKTUHECKOe
npocrpanctso xapaxtepuctux R 6es camonepecesenui? :

Bonpoc 7. ITycte F — KOHTAKTHAA (COOTBETCTBEHHO CUMNAEKTU-
yeckan) crpykrypa 8 R™ u n neuerno (coorsercrsenno uetno). by-
Oer au epynna Diff (R7, F) C%3amxuyroii 8 Diff (R")? byder au ee
sameucanue cosnadare c¢ Diff, (R?) (coorsercrsenno Diff (R”, w),
20e o — opma 0b6vema)?

Bonpoc 8. [Tycts < S3=0B*—«pusas, rtpanceepcarorasn
x Fo. O6o3nauum uepes ' (y) Haubossliyro 3ireposy XapaxKrepu-
CTUKY BAONEHHOL OPUEHTUPOBAKHOU nosepxnocTu V < B* c xpaem
v. Bepro au, uro —y’ (v) = IF, (v)? -

10. KOHTAKTHBIE CTPYKTYPbl B S?

O6o3nauum uepes & MHOXKeECTBO H3OMODQHBIX OpHEHTHPOBAH-
HEIX KOHTAKTHHIX cTpykTyp B S3 Teopema craGuabnoctu I'pes (cM.
§ 0) u Teopema Cepda, yrsepxuaiowmas csssocTs Diffy (S%), mo-
KA3bIBAIOT, 4TO ¥ — 3TO. TaKXe H MHOXKeCTBO CBS3HBIX KOMIIOHEHT
IpOCTPAHCTBA BCEX KOHTAKTHHIX CTPYKTYp B S° B MHuOxecTBe ¥
MOXHO ONpele/JHTh ONepalHuIo CBA3HOr0 CyMMHUPOBAHHA.

Coraacso JIyTiy, eCTecTBeHHOe 0TOGpaxKeHne § B MHOXecCTBo F
KJIACCOB FOMOTOIMHE MoJel MJIOCKoCcTedl B S° AB/seTcH CIOpPBEKHUEH.
U3 cuaegcreus 3 TeopeMbl 3 BHITeKaeT, 4YTO OHO He HHBEKTHBHO.
A wuMeHHo, a1s Kaxjoro n >0 koHrakTHas ¢opma Bapera @,
3amanuas popMyJoH

o =cos (5 + 2an (& + 7)) (x,dx, — xdx) +

-+ sin (—Z— + 2mn (x5 4 xi)) (xdx, — x,dxg)

ompelenseT KOHTAKTHYIO CTPYKTYPY, FOMOTONHYIO CTaHAapTHOH B
KJacce JABYMEpHHIX pacupejeseHuii, HO He H3OMODQHYIO €H.

[Tycts F — goHTakTHas CTpykTypa B S% Ecau y ectb F-nos10XH-
TeJbHA® KpUBAA, TO MOXKHO HaliTH NoJHOTOpue A C OCbIO y M Ta-
KuMH KoopiauHaTamu (p, 6, @), uro F 3amaercs B A dopmoit a =
= p2d6 4 do. [Tepecrpoiixa JIyTya C 0CbIO y — 3TO 3aMeHa o BHY-
Tpu A ua dopmy u(p)dé + v(p)de, rae (u,v): R—KR?—xpusas

12*
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Ha MJOCKOCTH, H306pa)KeHHa${ HA CJeAYIOlleM DHCYHKe:

Av h
——
—— /
N 7
-1

ITlycts T —BaoxeHnHbi# B S® TOp, 3ajanumit (B HEKOTOpO#
OKpecTHOCTH N) ypasHeHuem h =c, h: N— R. Ilyctb kOHTakTHas
CTpyKTypa B N 3anana ¢opmoit o = hd8 + de. [Tepectpoiixa Jyrya
¢ ocero T—310 samena a B N Ha dopmy u(h)do + v(h)dg, rae
KpuBas (u,v) 3ajaHa CJaeLYyIOIIHM 06pa3oM:

AV | X
e
¢

= - -
u k/ “u

Bonpoc 9. a) Bcakas au xkouTaxkTHA cTpYyKTYpa 8 S® asasercs
pesyavTarom nocaedosareavHsix nepecrpoex Jlyrya crandaprroll
CTPYKTYpbi?

b) Moxcto au cuurare ocu 3TuX nepectTpoex (xpussie u Topbi)
nonapHo HenepecexarOWUMUCH U, TAKUM 00pA30M, BBINOAHATS BCE
nepecTpoltixu 0OHOBPEMEHHO?

¢) Koeda dsa nabopa oceii (kpusbix u TOpos) npusodar & uso-
MODPDHOIM KOHTAKTHOIM CTPYKTYPaAM?

* B *

«Myaprduabm»> uzobpaxaeT noBepxHocTs MapkoBa aas Hesays-

JIEHHOTO 3aBHTKA @

3TOT MyabThHUILM 2 (COOTBeTCTBEHHO 3) pasa,
MOXHO  VBHJAETb [OBepxXHOCThL Mapxkosa

IIpocmatpuBasg

Y3abl u KOHTAGKTHbLE CTPYKTYPHL 8 pa3meprocTu 3 18F
IIPDOCTOro 3anellVIeHus @) (COOTBGTCTBGHHO TPUJIHCTHHKA
JIMTEPATYPA
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6*. TaGauunkos C. JI. HuBapuaut nogmuoroo6pasus, TpaHCBepcasbHOrO pacnpe-
IeJIeHH10, YCnexX# MaT. Hayk, 43, Ne 3 (1988), 193—194.
7* Tabausukos C. JI. Buuuclenne uHBapHanTa BeHHekeHa JieXXaHAPoBolt KpH-
ggﬁ S(;) reoMeTpun ee ¢ponra, Pyuku. awan u ero npur, 22, Ne 3 (1988),

S2JJIMNTUYHECKUE 3AOAUM,
PUMAHOBbI MOBEPXHOCTH

U CUMIMNEKTUHECKME CTPYKTYPbI!)
(no M. Tpomosy)

Hanusne Bennexen

1. CUMIJIEKTUHECKME FMBKOCTb M ECTKOCTb
1.1. KanoHnueckde npeobpa3oBanus

1.1.1. Cumnaextuseckas CTPYKTYPa ® Ha TJIAAKOM MHOrooGpasum
W — 310 3amxuyran 2-¢opma Ha W, KoTopas HHAYLHPYET HA KaXK-
JOM KacaTeJbHOM NpOCTpaHCTBe K W CHMIIEKTHYECKYI0 GujanHef-
HYi0O GopMy (T. €. HEBEIPOXKJAEHHYIO KOCOCHMMeTpHueCKyio (hopMmy)
(cM. [1], [2]). Tlapa (W, ®) (uau npocTo W) HasbiBaeTcs cumnaex-

Tusecxum mHozoobpasuem. CTaugapTHee NpuMepH —3T0 R
wg=dx Ady, x3JepoBb MHOroo0pa3usi, KOKacaTejJbHOe paccloe-
e T*V raaggoro MHOTOOGpa3us. Obuiee o603HaueHne CHMIJIEKTH-
yeckofi GopMul B 3THX OpHMepax ®o. OrofpaxeHue CHMIJIEKTHYE-
ckux muorooGpasuit f: (W, @’)—-(W, ®) Ha3bBaeTCa cuMniexTUde-
CKUM, eciid [*o = @'

Cumniextudeckuéi gudpdeomoppusm OxHOH OTKPHTOH 06JacTH
u3 W Ha ApYryi0 Ha3bIBAETCH KAHOHUECKUM npeobpasosaruen.

1.1.2. HeBO3MOXHO mnepevyHCJUTh BCe 3aJauM TeOMETpHH, aJrebpH
4 aHAJMH32, KOTOPBiE CBOASNTCA K CHMILJIEKTHUECKOH TeOMETpHH (CM..
[31, [4]). B [5] mpuBoauTCa Caenymomiuil NepeueHb OPOrpaMM, OCy-
UleCTBJISEMbIX B COBPEMEHHOH MaTeMaTuke: ajareGpamsanus, 6ypba-
KH3AI U4, KOMIUIeKCH(DUKALHS, Cyleph3anisa, CHMIJIEKTH3ALHA. ..

HecoMmHenHO, uTo nocJte KJ1accHyeckoll mexaHuku (Jlarpanx, Ta-
MHJbTOH, ...) © KBAaHTOBON MexaHHkH ([lupak, ...) Teopus Juueii-
HBIX ypaBHeHHH B UYAaCTHBIX [POH3BOAHBIX OKa3aJa HauboJbliee:
BJHsIHHE Ha pa3BUTHE CHMILIeKTHuYecKof reoMerpuu (Macsos, Xep-
MaHAep, ...).

Padorsl JIu u KapraHa no GeckoHeudnlM rpynmaM npeo0paso-
BaHHHA YKA3HBAlOT Ha (PyHZAMeHTaJbHBIH XxapakTep INOHATHH CHM-
maektHueckof crpyktypel. CkaxeMm, 4To (mceBao)rpymnna Rudgpeo-
Mop¢pusmoB MHorooGpasust X npumutusHa, ecan X JONyCKaeT
TOJBbKO CJEAYIOIHEe HHBApHAHTHbE pa3GHeHus: TpUBHAJbHOe (eAMH-

!} Bennequin Daniel. Problémes elliptiques, surfaces de Riemann et struc-
tures symplectiques (d’aprés M. Gromov).— Séminaire Bourbaki, 38 &me an-
neé, 1985/86, n° 657, Astérisque 145—146, 1987, p. 111—136.

© N. Baurbaki, Société mathématique de France, 1986
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4*. TlonrepoBuu JI. B. CH/BHO ONTHYECKHE JarpaHiKeBbl 6
samerx, 45, Ne 2 (1989), 95—109. P unorooGpasus,  Mar.
5*. Bialy M, Polterovich L. Lagrangian singularities of invariant tori of Ha-
;rgitoréogystems with two degrees of freedom, Invent. Math, 37 (1989),
6*. Tabaunnkos C. JL VyBapHaHT HOAMHOrOoOpasHs, TPAMCBEPCAJBHO cnpe-
LEJICHH0, YCIIeXH Mar. Hayk, 43, Ne 3 (19881)), 193——%)94. P T pacipe
7*. Tabaunukos C. JI. Bhluncaenne unBapuanta BeHHekeHa JIEXXAHJPOBOH KpH-

ggﬁ 5%) TeOMeTpHH ee ¢ponra, PyHKN. aHaL H ero npui., 22, Ne 3 (1988),

2JJIMNTUYHECKUE 3A LAY,
PUMAHOBbI MOBEPXHOCTH

U CUMIMNEKTUHECKME CTPYKTYPbI')
(no M. Tpomosy)

Hanusre Bennexen

1. CAMINJIEKTUHECKME [MBKOCTb M KECTKOCTb
1.1. KaHonnueckue npeoGpa3zoBanus

1.1.1. Cumnaexruueckan CTPYKTYpa ® HaA TJALKOM MHOrooGpasuuw
W — 310 3amxnyran 2-bopma Ha W, KoTOpas HHAYHHPVET HA KaXK-
JOM KacaTeJbHOM INPOCTpaHCTBe K W CHMINICKTHUECKYI0 OHJIuHEH-
HYIl0 ¢opMy (T. €. HEeBLHIDOXIEHHYID KOCOCHMMETPHUYECKYIO ¢opMy)
(em. [1], [2]). ITapa (W, ®) (uau npocto W) HasbiBaercs cumnaex-

Tuseckum muoeoobpasuem. CTaHgapTHbEe NPHMEDBI — 3TO R ¢
wg==dx Ady, K31epOBbl MHOroo6pasus, KOKAacaTeJhHOe paccioe-
uue T*V raagkoro mrorooGpasusi. Ob6umee ofo3HaueHHe CHMIJIEKTH-
yecko#l GopMBl B 3THX OpuMepax @o. OToOpakeHHe CHMILIEKTHUE-
ckux MuorooGpasuii f: (W, @)= (W, ®) HasniBaeTcs cuMnaexrTu4e-
cxum, ecau ffo = @'

Cumnaextuyeckull pudpdeomopdusmM OAHOA OTKPHITOHR 0O6JaCTH
u3 W Ha ApYTYyI0 Ha3bIBAETCH KAHOHUHECKUM npeobpasosganuem.

1.1.2. HeBo3MOXHO HepeuyncauTb BCe 3aJaUH TeOMETpHH, aJreOphr
4 aHAJH3a, KOTODbIE CBOJSATCH K CHMIJIEKTHUECKOH FeOMETPHH (CM.
[31, [4])- B [5] npuBoauTCH ciexylolnuil HepeuyeHp OPOrpaMM, ocy-
WeCTBJASEMEIX B COBpeMEeHHOH MaTemarTuke: ajareGpausanusd, 6ypba-
KH3AI K4, KOMIUIEKCH(DHUKANHSA, Cylepu3alus, CHMIIEKTH3ALHS. ..

HecomHenHO, uTO moCJe KjaaccHueckol MexaHukn (Jlarpanx, Ia-
MUJbTOH, ...) © KBaHTOBOH MexaHHkH ([lupak, ...) TEOpHA JIHHEH-
HBIX YpaBHeHHH B YAaCTHHIX IPOH3BOAHBIX OKasajia HaHboJjbluee
BJHMSHUE Ha pasBUTHe CHMIUIeKTHueckoi reomerpuu (Macuaos, Xep-
MaHAep, ...).

PaGorsl Jlu u Kaprana mo GeckoHeYHHM IpyInaM mpeo6paso-
BaHHH yKa3nBalOT Ha (YHAAMEHTaJbHLIH XapaKTep NOHSATHA CHM-
maexkTHueckofl crpykTyphl. CkaxkeM, uro (mnceBpo)rpynma audgeo-
mMop(u3MOB MHOroob6pasust X npumutusHa, ecau X JAOUyCKaeT
TOJILKO CJEAYIOllHE HHBAapHAaHTHBE pa3s0HeHus: TpUBUAJbHOe (eAHH-

) Bennequin Daniel. Problémes elliptiques, surfaces de Riemann et struc-
tures symplectiques (d’aprés M. Gromov).— Séminaire Bourbaki, 38 éme an-
neé, 1985/86, n® 657, Astérisque 145—146, 1987, p. 111—136.

© N. Baurbaki, Société mathématique de France, 1986:
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CTBeHHas yYacTb pasbueHus —camo X) HJIH TOXKIECTBeHHoe (pas-
Ouenne X Ha oTAenbHble TOUKH). KaxeTcs, CIHCOK NpHMHTHBHBIX
GeckoHeuHOMepHbIX (nceBno) rpynn Jlu ucuepnbipaercs CJAefyIOIMHMM
rpynmnamu:

D — Bce Jokadbubie auddeomopdusMbl MHOrooGpasus X;
O — jokajbHble KHDGEOMOPOHIMEI, COXpaHSIOLIHE tdbopmy o6beMa
Q ua X;
€O — kOHPOPMHO coxpaHsiomue o6beM JOKAJIbHbIE duddeomop-
busmul; *Q=cQ, c=R; _
© — KaHOHHYeCKHe [PeoBpasoBAHUS CHMIJIEKTHIECKOM CTPYKTYPH
o Ha X; .
€% — koH}OpMHO KaHOHHUECKHe NMpeoGpasopanus: [*o=co, c=R;
@ — KkOHTaKTHble IPe06pA30BAHHS KOHTAKTHOMN CTPYKTYpH Ha X;

(kontaxTras crpyktypa F Ha X —3T0 Takoe mose KacaTeJbHHX
K X runepnJockocreff, 4To AJs Ji060H 3ajaloliell ero JIOKaJbHO
l-popmbl o orpannucHie do Ha KaxXjaoe F. JaeT CHMILTEKTHUECKYIO
dopMmy. Ilpumep: Fy sagana B R2"+! ypapHennem xdy 4+ 2 =0 (cm.
(1], [6]). |

(B KOMILIEKCHO-aHAJUTHYECKOM CJyuae CGHOpMYJHPOBAHHOE
BbIllle YTBEDKAEHHE O MIOJHOTE CIHCKA (IICeBJO) IPYII IPHMHUTUBHBIX
JudpdeomopdhusmMoB aBaseTcst Teopemoél I'mitiemuHa, KsuajeHa u
‘Crepubepra [7].)

1.1.3. Jloxanbuas CUMILIEKTHYECKas eOMEeTpHsA (KaK M KOHTAKTHAas)
06safgaerT CBOHCTBOM 2uGKOCTW. THUNHUHBIA UpuMeD — CJAeAyIouas
-Teopema [uBeHTans: eciu Y u Z — POCTKH NOAMHOroo6pasuii CHM-
IJIeKTHYeCKOro MHorooGpasus (W, ), a f— pocrok aucpdeomop-
¢usma Y B Z, KOTOpHIfi IepeBOAMT OrpaHHueHHe ®©|; GOPMH ®©
B |y, TO [ mpojo/xKaercs 40 POCTKA KAHOHHYECKOTO NpeoGpasoBa-
uust W. Caencrsue (teopema [apOy): snokaJbHO BCsikas GopMma o
H30MopdHa cTaHAapTHOH dopMe w,.

B mpoTHBOMOJOXKHOCTD PHMAHOBOK TEOMETDHH B CHMILIEKTHUYE-
‘CKOH HeT JIOKAJbHEIX HHBAPHAHTOB NMOAMHOr006pasuii.

B To ke Bpems CuMIIEXKTHYECKON reOMeTpHH NPHCYILA TOMOAO-

-2UHECKAR MEeCTKOCTb: YCJIOBHE COXpaHeHHS @ 3aMkHyro B CP%-rtomo-
JIOTHH.

Teopema A (I'pomos — DunawGepr). Tycre (W,0) — cumnaex-
TuvecKoe MHocoobpasue u f—ezo dupgpeomopusm. Ecau f, — no-
€22008ATEAbHOCTL CUMNACKTULECKUX Oudheomopdusmos mHo20006-
pasus W, xoropas cxodurca k [ & tonoaoceuu CP-cxodumoctu Ha

KOMNAKTAX, TO [ TOXe COXPAHSET CUMNACKTUYECKYto CTPYKTYPY.
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Jrta Teopema Oblia BLICKA3aHA B KaYeCTBE THIOTE3El W B 3HAUH-
TeJbHOH Mepe JOKa3aHa (HO He omy6uuKOBaHa) DunalbGeprom [8]-
Honnoe poxasaresnCrBo 6vlI0 noJydeHo ['poMosmiM [9, 10].

[IpeanosoxuM, 4TO MBl OPHHAMH CJAeAyIOIMu#E pesyabrar [po-
mosa [10]:

Jlemma. ITycre (W?", @) — cumnaexTuneckoe muozoobpasue. To-
20a eduncrsennold (ncesdo)epynnoii duggeomoppusmos, codepica-
weld ® u orauunoi or Hee, asaserca D (epynna, COXPARAOWAR
obvem o").

([lokasaTeqbCTBO HCHOJB3YeT JHHEHHYIO aure6py W TeopeMmy
Hsma — Mozepa.)

Torpa psns JAoKasarte]bCTBAa TEOPeMB A J0OCTATOYHO MOKAa3aTh,
u4TO CyuecTByeT AuddeoMopdusM ¢ KOMMAKTHHIM HOCHTEJEM, CO-
XpaHAIKHA ©", KOTOPHE Helb3A CKOJIb YrOZHO TOYHO HPHGJIH3IHTDH
B C%-TronoJsioruH cUMmJeKTHUECKUMH AubdeoMopdusmamu (6eaycaos-
HO, B IpeANOJIOXKEeHHH, 4T0 1 > 1).

Mtuorue yacTHble cyyan GblJH H3BeCTHH M A0 paGoThl ['pomosa.
Hanpumep, B cayuae, xorna W —rtop T2°, Opman [ll] noxasad,
94TO pe3yJabTaT CJenyer H3 TeopeMbl Konan — llenaepa o HenoaBUK-
HBX toukax [12], [13].

['poMoB JoKasas TakXKe KOHTAKTHBIH BapuaHT TeopeMbl A: ycio-
BHE COXpaHeHHs KOHTAaKTHOH CTpyKrypn CO%-3amkryro. ITockoabky
aHaJIOT JIeMMbI COXPaHseT CHJIY H B KOHTAKTHOM CJyyae (HYXHO
samenuts (W,®) nHa (M,F), ©®—nHa @ nu O—wna D), 3nech TOXKe
HYXHO TOJbKO YCTAHOBHUTH, YTO KOHTAKTHHe IHDdeomopdusMH He
C’nnoTHH cpenn Bcex aupdeomopdusmos. (B pasmeprocTu 3 3TOT
peayJabTat caexyer [14] u3 H3yueHHs IM106a/bHBIX CBOHCTB JeXKaH-
apoBeix kpuBnix B (R3, Fo) (cm. [14], [15]).)

1.1.4. Ecim B ycjoBHH TeopeMEl A 3aMeHHTb QODMYy @ Ha puMa-
HOBY METDUKY g, TO TeOpeMa C(TaHeT OUeBHAHOH, HOO MeTpHKa
onpejesieTcsi paccTosiHHeM M HaobGopor. To XKe BepHO u AJs 3a-
MeHbl ® Ha Qopmy obbema Q@ — o6beM onpefensiercd mepoi. B ciay-
yagx g uwid Q teopema A [0Ka3blBaercs JOKAJbHBIMH DAcCMOTpe-
HuaMH. CoBceM HHaue OGCTOUT [0 B ciayuae o UJIH F, Tag Kak
IpH 3TOM He HCOOJNb3YeTCA TO, YTO MOXKHO OnJIO OB HasBaTh «To-
OJIOTHYECKOK» CHMILIEKTHUECKOH (MJIH KOHTAKTHOH) CTPYKTYpOH.
(HanmpoTuB, HecOMHEHHO CYINECTBYeT MOHSTHE CHMIJIEKTHYECKOTO
2omeomophusma.) ’

Has nokasatenbcTBa TeOpeMbl A NPHXOAMTCS HCOONB30BATH CY-
IeCTBeHHO Ijo6ajpHble pe3yabTaThl. OHH BKJIOUAIOTCA B PSR TH-
nores, Beicka3aHawiXx B. M. ApHoasaoM B xoHne 50-X rofioB B CBSI3H
C H3yYeHHeM IeDHOJHYECKHX TOUEK KaHOHHYECKHX MpeobpasoBaHuil
[16] (cm. § 4).
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1.1.5. [lytp, ncnonb3oBaHHHN ['DOMOBHIM AJ5 Z0KAa3aTeJbCTBA CHM-
MJIEKTHYECKON HECTKOCTH, BKIIOUaeT B ceOa H3yueHHe rosoMopHHX
KDUBBIX NIOYTH-KOMIIEKCHHX CTPYKTYp. Ha 3toM nyrn oTkpHBaloTCcs
riy0oKHe CBA3SH CHMILJIEKTHUECKOH TeOMeTPHH C HEeJMHeHHBIMH 3.-

JIMOTHYECKHMH 3ajnayamy. Baxnocts paGorht [poMoBa — Kak B

CHMIJIEKTHYECKHX, TAK H B aHAJHTHYECKHX pe3yibrarax. OHa mnpu-
BOJHUT K IM00AJbHOH reOMeTpHUYecKOH TEOpHH YDaBHEHHH B YaCTHBIX
IPOH3BOAHBIX, MOJOOHO TOMY KakK TEODHUA NHHAMHYECKHX CHCTEM SB-

JsieTcst r06aJbHOH reoMeTpHueCKoi Teopuell OGLIKHOBEHHBIX AHG-

depeHIIHANbHBX YpaBHEHUM.

1.2. JlarpaHxesnl KOHCTPYKIHH

1.2.1. B nauase 70-x ronoB I'pomoB [17] nokasas, yto raoGauapHas
‘CHMIUIEKTHYECKAs ¥ KOHTAaKTHas TOMNOJIOTHH 06.1aJalT CBOHCTBOM
ru6kocty. [IpuunHa Tu6OKOCTH — B H30GHJIHH JarpaHKeBbIX [OTPY-
xenud. Ecau (W, ®)-— CHMIJIeKTHYECKOe MHOroo6pasue, TO MOTpy-
XKenne [: V—> W Hasbpaercs aaepaumceseim, ecau dimV =
=(1/2)dimW u [*o =0. Coraacio BeiincTefiny, OKpecTHOCTb V
B W cumniexkrHueck# u3oMopdHA OKPECTHOCTH HYJEBOTO CedeHHS V
B T*V. I'padukn samkHyToix auddepeHunaibunix l-dopm Ha V B
T*V aBasiorcs JarpaHxeBHME NOAMHcroo6pasusmu s T*V. Caeno-
BaTeJbHO, HedopMallMd Jarpanxkesa norpyxeuus [: V-—W Jjo-
KaJabHO TnapaMerpu3yioTcs $ysxnusamu Ha V. C Apyro#i CTOPOHSEL,
ectn (W, 0) u (W, 0')— 1Ba CUMNJIEKTHYECKHX MHOroo6pasusi, TO
Jubdeomophusm W’ ma W 6yleT CHMIJIEKTHUECKHM, €CJH ero rpa-
¢ux — narpaHxeso noimuorooGpasue B (W' X W, o’ — ). Tak na
CIeHe NMOABIAITCS NMPOH3BOAALIKE GYHKIINM,

1.2.2. JlarpaH:KeBel NOrpyXeHUs YAOBJIETBOPAIOT H-mpuHnuny (Teo-
pema I'pomosa — Jluca ([10], [18])): mepexoa K CTpysiM mepBOro
mopsAjAKa fApjaAsfercd ¢Ja00H TOMOTONHYECKOH SKBHBAJEHTHOCTHIO
MeXXAYy TPOCTPAHCTBOM JarpaHkeBniX norpyxenust V 8 W (8 C*-ro-
MOJIOTHH) W IPOCTPAHCTBOM HENPEPLIBHBIX II0CJ0AHO-HHBEKTHBH BIX
OTOOpaXeHHd KacaTeJbHOro paccioedns TV B TW, jarpaHxesnix
Ha KaXJIOM CJoe H TAKHX, YTO KJacC KOroMmoJoruafi GopMel @ aHHY-
Jupyercss ofpasaMH LMKJIOB U3 V (TOT Ke H-NpHHUHI NpPHMEHHM
K H30TPONHHBIM NorpyxeHuam: dim V < (1/2)dim W, f*¢ =0 —u ro-
PHU3OHTA/IbHBIM TIOTDYXKEHHSIM OTHOCHTEJbHO KOHTAKTHOH CTpyK-
TYpHI).

M. TpomoB ycTaHOBHI H-OPHHLUKI JJIS CHMIJIEKTHUECKHX TOTPY-
KeHuii B kopasmepHOcTH 4: ecad (W, @) u (W, o) — cuMniexTuye-
Ckue MHOroo6pasus, (@o, fo): (TW’, W)—(TW, W)— rnagguit mop-
($U3M BeKTOPHEIX pacc/oeHui, IPHUEM (g CHMIJEKTHYECKOEe Ha KaXK-
aoM cjoe, a fu xoromoaoruiHo o H dim W >=dim W’ +4 (a

ecau W orkpbiro, To dim W > dim W’ + 2), to cymecTsyer Takoe
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cuMIjIekTHUeckoe norpyxenue fi: W — W, uro (Dfy, f1) romoTtonuo
(9o, fo). Bosee Toro, ecan fo— BaOKeHHe, TO W [, MOXKHO CHENaTh
Biaoxenuem (cM. [10]). (B xauecrse cieAcTBus mosyuaem Teopemy
Thiutepa: BCe CHMIIEKTHUECKHE CTPYKTYPHI € HEJBIMH MEepPHOAAMH
([ol=H*(W,Z)) uHAYUHDYIOTCH NOCPEACTBOM CHMILIEKTHUECKHX
norpyxenuit W B (CP", wp).)

1.2.3. 'u6xocTh BbipaXKaercs, KpOMe TOrO, TEOpEMO# CyILecTBOBA-
HHS CHMIUIEKTHYECKOA CTPYKTYpHl HAa OTKDHITBIX MHOroOGpasusix:
ecid W OTKDHITO W CTPYKTYpHAasi TpyNNa KacaTeJbHOro paccJoe-
Huss TW pelymHpyercs K CHMIIEKTHYeCKOH, To Ha W cymecTByer
CUMILIEKTHYECKAasA CTPYKTYpa, OTBeYalolas 3TOH pelyKIIUH.

YcuoBusl CYIeCTBOBAHHUS CHMILIEKTHYECKHX CTPYKTYD Ha 3aMKHY-
THIX MHOroo0pasusix MaJ/Jo NOHSTHH (cM. § 4), Ja ¥ TpUMepOB cUMII-
JIEKTUYECKHX MHOroo6pasuit HemHOro (cm., ofimaxo, [10], [19]).
He nocraTouHo Takxke NpHMEPOB JarpaHKeBHX saoxcenuil. Bot xa-
paKTepHbH OOWMH pe3yJbTaT: eCaM V QONyCKaeT JarpaH:KeBo IoO-
rpyxeHne B R2% 1o VX S! gomyckaeT JarpaHXeBO BJIOXKEHHE B
R2n+2 (em. [10]).

1.3. TonoaoriuecKHe COOTHORIEHUS HEONPENEACHHOCTH

1.3.1. OGosHaunm uepes B2%(R) OTKpHITHI eBKIHAOB map paguy-
ca R B R% ¢ uHAyNHPOBAaHHOH CHMIIIEKTHYECKON CTPYKTYPOH @o.

Teopema B (I'pomos). He cywectsyer cumniexTuueckozo 840-
wenus B™*2(R)) 6 B?(R,) X B*(R,), ecau R,> R,.

OToT pesyJbTaT He CJAEAYeT IIPOCTO M3 CpaBHEeHHs OGbeMOB

ag ! (B* (R)) X B (Ry)) m ag™! (B™+2(Ry)).

Caencteue. Ecau n=1, 10 uucaa R, u Rs— cumniexrusecxue
unsapuantol Guducka B?(R))X B?(R;) (cuuraem, uTo Ry = R)).

HeicTBuTebHO, R\R; paBHO 0GbeMy U NOTOMY COXpaHseTcs
CHMILIeXTHUeCKuMHE JuddeoMopduImMaMu, a R COXpaHSeTCA B COOT-
BeTCTBHE C TeopeMmoii B.

CoorHolwenus HeompejpesaeHHOCTH TeifisenGepra (B ¢opmymu-
poske I'. Beilnsl) 03Ha4AIOT CHMIJIEKTHUECKYIO HHBAPHAHTHOCTH 06b-
ema o6aactu B R?* (cm. [20]). Kakosn cirenctsusi TeopeMn B B
CIEKTPAJbHOH TEOPHW JHHEHHHX AudGepeHNHaIbHHX ONepaTopoB?

1.3.2. Jlpyroe COOTHOILEHHE HEONpeNeJeHHOCTH M3MepsieT IJIOTHOCTh
CUMIJIEKTHYECKOH YIAKOBKH 11apoB B ApyroM wwape. Chopmyaupyem
3TOT pe3yJbTaT B cayyae R4

Teopema B’ (TI'pomos). ITycre d = 1 — yeaoe uucao. Ecau

_v2
rgvd"*——_l_s ’
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TO HEBO3MONCHO CcumniextTuiecku gaomute d(d-+3)/2 wapos
B*(r) 8 B*(R) Tak, 41006, OHU NONAPHO He NEPeCceKaucs. :

B uacrroctu, ass aByX wapos r*<C R*/4. 10 B 4 pasa xyxe
‘OHEeHKH r* = R*/16, npoucreramoulesi U3 eBKJIUAOBOH T€OMETPHH, HO
B 2 pasa Jyulle oOmeHKH r*=C R*Y/2 u3 coolpaxkenuli obbeMma.
B uacrHOCTH, e€BKJAHIOBO MOJyLIApHE CHMIJEKTHYECKH He H30-
MopdHO wapy toro xe o6bema. [lo paGotu I'pomoBa He GuIIO H3-
'BECTHO NpPHUMEPOB OTKPHTHX OGsacreii B R2", uMeOmuX paBHBIH
00beM, HO He H30MOD(HBIX CHMIJIEKTHYECKH.

st naté wapos reopeMa B’ naer HepasercTBo r < «\/2/5 R.

Ynpaxcrenue: nokaxHTe 3TO HepaBeHCTBO B €BKJIHIAOBOH reo-
METpHH.

1.3.3. Teopema A cJaexayer us teopemsl B. B coorsercTsuu ¢ jgeM-
moit 1.1.3 nmoctatouHo npeAbsaBuTb AnpdeomopdHsM C KOMIAKTHBIM
HocurteseM mpocrpaHcTBa R2?"+2 (n > 1), coxpaHsioumuii o% H OT-

npapasiowni wap B**2(R{) B obaacts B*(R{/2) X B (2R)).
1.4. HoJioxHTe/IbHBIE MOUTH-KOMILIEKCHBIE CTPYKTYPHI

1.4.1. TpoMoB H3BJE€KaeT CHMINIEKTHUCCKYIO KeCTKOCTb H3 XOpOILO
H3BECTHOH KECTKOCTH (PYHKUHH KOMIJIEKCHOTO [1epeMEHHOTO.

Komnaexcnas cTpyxTypa Ha BeKTOPHOM paccjoeHHHd F — 3T0 3H-
JomopdusMm F, KBaapaT KOToporo paseH —Il. KoMniekCHas CTpyk-
Typa HAa F—3TO CTPYKTYpa KOMILJIEKCHOTO BEKTOPHOI'O IPOCTpaH-
CTBa B KaxXIoM cjoe. [TouTu-comniexcuaa cTpyxTypa Ha MHOrooG-
pasun W — 3To KOMILJIEKCHAas CTPYKTypa Ha KacaTeJbHOM paccJ/oe-
ung TW. Ecau (F, ®) — CHMIUIEKTHYECKOE BEKTOpPHOE pacc/oeHHe,
TO NMOYTH-KOMILJIEKCHAS cTpykTypa J: F— F noaowurerona (OTHO-
CHTeJbHO ®), ecidu o{u,Ju)>0 aJas pcex HeHYJEBHX BEKTOPOB
‘HEeKOTOpOTO cJos pacciaoenuss F. Ckaxewm, uro J noduunena o, ecan
J nosoXHTeJsbHA M SBJASETCS CHMIIEKTHUECKHM aBTOMOPGH3IMOM.
‘Torpa o(u,Ju)—3To eBKJIHAOBA MeTpuka B F; TOYTH-KOMILIEKC-
HHE CTPYKTYpH, NOAUHHEHHble ®, 006pa3ylOT HemycToe CTATHBaeMoe
popnpocrpanctso B End F; To XKe BepHO AJf NOJOXHUTEJbHHIX J
(cm. [9]; TpomoB HasniBaeT MOJOKHUTENBHBIE CTPYKTYPHl PYUHBIMH,
a NOJUYHHEHHbIe — KaJUOPOBAHHBIMA).

Ilycts (W, J)— nouTu-KOMIOJIeKCHOe MHOrooGpasue; ecau J He
YAOBJETBOPSAET HEKOTOPHIM YCJIOBHAM HHTErPHPYEMOCTH, TO He CY-
WEeCTBYeT ToJOMOPQHBIX OTOGpazKeHHH H3 OTKPHITHIX MOAMHO-
xeers W B C; HanpoTHB, CYIECTBYeT GOJIbIIOE UHCJIO TrOJOMOpd-
HbIX OTOOpaxeHu#l U3 OTKPHTHX noamHoxkecrs C B W ([21]).
Ecanr X — puMaHOBa NMOBEPXHOCTb, MElL HA30BEM 20A0MOPPHbIM OTO-
6paxenuem X B W (nau pewlenuem CTpYKTypsl J) BCAKOe oTOGpaxKe-
uue f: X— W wnacca Cl, takoe, uto JoDf=Dfoi. Mb Ha3oBeM
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KomnrekcHod Kpusod (WId 20A0MOPPHOL KPUBOL, WY UHTE2DAAOM
CTPYKTYpH J) BCSKOE OpPHEHTHDOBAHHOe IOFPYXKEHHOE [ByMepHOe
noamHoroo6pasue X B W, Kaxaas xacaTe/JbHas MJOCKOCTb KOTO-
POro sBJASETCH KOMILJIEKCHOHR mnpsiMoll crpykrypbl J. Ecam X BJo-
JKeHOo, MBI 6YJeM rOBOPHTb O IV1aAKo#H KpHBOM.

1.4.2. Paccmorpum 3aMKHYTOE CHMILIEKTHYECKOE MHOroOGpasue
4
(W3", @), u myctb bopMa ) HMeeT LeJbie EPHOAE MO BCeM
chepuyeckuM KJjaaccam romosoruéi B Wo. CraGpuM mnpousseleHue
2n+2 . Q2 ‘Ol % —_ 4
W = §2X W, cuMmeKTHUeCKOH CTPYKTYpOil 0 =@, + w;, TAe
wo — CTaHAApTHAs CTPYKTypa B S? ¢ mepuonoMm 1.

Teopema C (I'pomoB). [Tycts J — noroxcuressuas oTHOCUTEABHO
® noutu-xomnaexcrnas crpyxrypa Ha W. Toeda kawdas touxa
(2, w)e W npunadrexur obpasy 2osomopdrozo oTobparenus us
S2 8 W, eomoroeunnomy S?X w 8 W. Ecau n=1, to na W cywe-
CTBYET CADEHUE, CAOU KOTOPO20 — KOMNAEKCHbLe KPUBble, USOTONHbLE
S2Xwes W.

1.4.3. Komnaekcrass ncesdonaocxocts — 3T0  IOYTH-KOMILIEKCHAS
ctpykTypa J Ha CP?, mnojoxurelbHas OTHOCHTEbHO CTAHAAPTHON
CTPYKTYPH ®o. Ha3oBem nceponpsmoil (COOTBETCTBEHHO HCEBAOKO-
HHKO#H) HHTerpas J, TOMOJIOTHYHBIE HpSIMON (COOTBETCTBEHHO KO-
HHMKe) CTaHIapTHOH KOMILIEKCHOH CTpykTyphi Jo Ha CP2,

Teopema C’ (I'pomoB). Bce ncesdonpamosie — 3To 8A0MCeHHbIE
cgpepoi, usoronnvie CP' CP? Yepes dse touku CP2npoxodur odna
ncegoonpamasn u 0se nceslonpamole NepeceKaroTcs 6 eOUHCTBEeHHOL
Touke. Hepes 5 rouex (me aemauwyux na o0Hou nceddonpamoil) npo-
Xxo0ur odna ncesdoxonuxa. Ecau nuxaxue 3 usz 5 touex e aexar
Ha ncesdonpamoll, To 3T@ NCeBOOKOHUKA — BAOXNCEHHAS CPepa, u30-
TOnHas crandaprtrol KoHuxe 8 CP2.

Yepes d{d + 3)/2 Touek 8 obuem noaoxcenuu npoxodur eiad-
Kas xomnaexcnan xpusas (0aa J) poda (d—1)(d—2)/2.

1.4.4. Teopema B caenyer u3 reopemb C. JleficTBUTeIbHO, €CAH €CTh
CHMILIEKTHYECKOE BJoXKeHue B = B2"+2(R) B B%(R,) X B?*(R,), 10
CYLIeCTBYeT H CHMIJIEKTHYECKOe BJOXKeHue f: B— W =82 X T
€ TaKo# $opMoK ® = @) + @, 9T0 0y (S?) =nR? Ilycrb R’ < R; mo-
aoxum B’ = B2n+2(R’). IlepeHeceM NOCPEICTBOM f CTaHAAPTHYIO
KOMILJIEKCHYIO CTPYKTYpY Jo ¥3 B’ B f(B’) w pacmpocTpaHUM ee Ha
Bce W (BcaencTBue CTATHBAEMOCTH [POCTPAHCTBA CTPYKTYp) Kak
MOJIOKHUTENbHYIO TOYTH-KOMILIEKCHYI0 Crpyxrypy J. Teopema C
(nmocsie uaMeHeHMs MmacmTaGa) Aaer pelneHue Y CTPYKTYpul J, To-
mosordunoe S%X w, mnpoxoasinee uyepes obpas (2, w) uentpa O
wapa B. Tlpu stoMm @[Y]==aR:. Paccmorpum X=fYYUf(B))—
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3T0 KOMIIJIEKCHAsd AdHaJIHTHYeCKass KpHBaa B BI, npoxopgsimas 4de-

pes O. [losTomy ee miomanb He MeHbule, uem :(R)? (cm. [22]).

Ho muomans X paBHaA S(no (BuptuHarep) —cm. [22]. 3raunuT,
X
S w0y = o< = an.
X YNF(B) Y

Caenoratenabto, Ry = R’. Ho R’ << R 6w.10 BHGpPAHO NPOH3BOJLHO,

Tak yTo Ry = R.
AHaJor#gro BHIBOAUTCS Teopema B’ u3 reopemnl C'.

2. MONOXUTESIbHBIE INNAMATHUYECKME OTHOLLEHUA

2.1. CTporo 3iJUNTHYECKHE 3a8a4H B Pa3MEPHOCTH 4

2.1.1. Tlyets U — geThipexMepHOe BelllecCTBEHHOE ODHUEHTHPOBAHHOE
IPOCTPAHCTBO, @ Q — rpaccMaHuaH, COCTABJIEHHBIH U3 ero JByMmep-
HbIX OPHEHTHPOBAHHBIX NoAmpocTpaHcTs. Eciu ¢ & Q, To Kacareb-
Hoe mpoctpaHctBo T,Q oTtoxuectasercs ¢ Hom (g, U/q). Ilostomy
MHoroo6pasde Q HajejJeHO KOH(OpPMHOM CTPYKTypoHd THIA

(++4+——) (umenHo, ecan ! < T4Q, To HepaBencro det/>0 He
3aBucuT OT BbiGopa GasucoB B ¢ u U/q, COTIacOBaHHHIX C OpHEH-
Tanueit).

Saauntuueckoll no8epxHOCTHIO TUNA -+ (Tuna —) HA3BIBAETCH
3aMKHyTOe CBsi3HOe ABYyMepHOe mofMHoroo6Gpasue B Q, KacartelbHoe
IPOCTPAHCTBO KOTOPOTO B KAXKJOH TOUKE JIEKHT B [OJOKHTEIbHOM
(OTpHUATEJbHOM) KOHYyCe ONHCAHHOH Bbille KOHQOPMHOH CTPYK-
TYpH Ha Q.

Hanpumep, coepa P!(J), coCTapjeHHAss U3 KOMIJIEKCHBIX NpPA-
MBIX HeKOTOpOH xoMmJekcHOH cTpyxTypH / Ha U, — 3//1unTudyeckKas
IOBEpXHOCTb. Ee THII 3aBHCHT OT TOTO, onpejessier J [NOJOXKHTeb-
HYIO WJ¥ OTpHILAaTeJbHYIO opHeHTanuo U.

[IpocTpanCTBO BCeX KOMILIEKCHBIX CTPykryp J B U Hmeer pas-
meprocTh 8 (¥ usomopodro S2X R6).ITosTomy MHOXKecTBa NpOex-
THBHEIX Opsmbix P (J) of6pasyloT 6-mapaMeTpHueCKoe CEMeiCTBO.
Ecau E — 3/daTHYECKAs NOBEPXHOCTb, TO 4epe3 KaXKAYI0 ee TouU-
KY € IPOXOIHUT efHHCTBeHHas npsimada P (J), kacaiomasca E.

Kaxpas koudopmuaa crpyxkrypa tuma (+-+-+4) B U sanaer
usomopdpusm Q = S? X S2 OmnepaTop 3Be3floukH XOxXKa ompejesser
pasioxende N2U Ha Ay u /A (aBrosya/ibHble Hn aHTHABTOLYaJb~
HBle 2-BeKTOpHI), IPHYEM Kak10e IPOCTPaHCTBO A TpexmepHo. OGo-
3mauuM uepe3 S. cohepusauun npocrpaHcTB /.. MsMeHenwe opuen-
Tanuy 2-IIOCKOCTH 3allaeT aHTHNOJAAJbHYIO MHBOJIOIMIO S—, 2 nepe-
X0J K OPTOTOHAJbHOMY JOMOJHEHHIO — aHTHIOAAMbHYI0 MHBOIIOLHKIO
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S,. HMamenenne opueHrauud U OpuBOAMT K TOMY, 4TO Cepnl S,
u S_ MeHAWTCA MecTaMH. KommiekcHas crpykrypa J ma U, corJa-
CoBaHHAas C OpHEeHTauued ¥ KOHQOPMHOH CTPYKTYpOH, onpejensier
npsmyo P (J), napamieastyo chepe S.. Cohepa S_ mapamerpusyer
TaKHe COr/JaCOBaHHbie KOMILJEKCHBIE CTPYKTYPH J. _

Kaxpas 3/qunTHdeckas UOBEPXHOCTb Tula -+ (THmA —) dAB-
J5leTCs TpaguKoM CTATHBaeMoro orobpaxenus S, (S-) B S_ (S,).

[lycts E — saiMnTHYecKas HOBEPXHOCTb. Torga B KaKAOH TH-
nepmockoctd B U JIeXHT eAMHCTBeHHast 2-miockocts u3 E. [me
2-nyockoctd B U, npuHapaexaiuue £, UMelOT TOJOXKHTEJLHLIE HJIH
oTpullaTebHHN HHIEKC nepeceyeHHs B 3aBHCUMOCTH OT TOTO, KaKOH
Tan, + win —, uMeeT £ (cm. [23]).

2.1.2. Ilycte W — opueHTHPOBaHHOe YeThHpeXMepHOe MHOTooOpasue.
‘O6o3HaunM yepe3 (G NpOCTPAHCTBO PACCJOEHHS CO cjoeM Q, acco-
HEpOBaHHOe ¢ TW.

Jaauntuyeckoe ornowenue E (tuna +) wa W — 31u noamHoro-
o0pasde kopasMmepHocTH 2 B (J, KOTOpoe TpaHCBEDPCAJbHO Mepece-
KaeT KaXJplfi cJ0H MO 3JJIHMNTHYECKOM NOBEPXHOCTH (THIA —=).
[Tycte W o6najlaer CHMIIEKTHYECKOH CTPYKTYPOH ®; Mbl CKaXeM,
4T0 E noAoMuresbHo (OTHOCHTENBHO ®), €CIH  I[OJOXKHTEJIbHO
ODHEHTHpYET KaXAblH 3jeMeHT £,

Hanpumep, koMmiekcHbie npsiMble MOYTH-KOMIJIEKCHOH CTpPYK-
Typel B W 06pasyioT 3JIHNTHYECKOE OTHOLIEHME,

[Tycts X — opueHTHpoBaHHas moBepxHOCTh. HasoBeMm pewenuen
E Bcsxoe auddepennupyemoe otobpakenue f: X — W, nas koro-
poro oro6paxenue A2 Df nepeBoautr /A\?TX B KoHyC Haj E B mpo-
crpancree /N\?TW. Haszosem unreepasom E BCAKOe MNOrpyXKeHHOE
OpDHEHTHPOBAHHOE JABYMepHoe nojiMHoroo6pasve X B W, xacatelb-
Hble IJIOCKOCTH KOTOpOTro NpHHaAgexar E.

2.1.3. Tlyerb 2= x 4 iy npoGeraer oTKpHTOE MOAMHOXKecTBO A=C,
M NyCcTb @ ==y~ v — QyHRIHA OT 2. ¥YpaBHeHue Kown — Pumana
Jw =0 (1. e u, =v;, u’y=—v;) onpelensieT 3JJANTUYECKOE OT-
Homenue B AXC, AJIs KOTOPOrO HHTErpajbHBIMU TIOBEPXHOCTSMHE
cayxKat rpaduky roJoMopdHHX QYHKIHA.

Anasoruuno, rpaduku mnCeBAOTOJIOMOPOHEX (YHKIHH, H3Yy4YaB-
muxcs Bepcom n Bekya (cm. [24], [25]), cayxar uHTerpanamu
3JUTHNTHYECKHX OTHOUIeHHH. .

JlaBpentbeB (cM. [26], [27]) BBea cucreMm autdepennualsb-
HBIX ypaBHeHHH HAa KOMIJIEKCHble (QYHKUMM B A, onpejefsiouiue
0o0IKe 3//IMNITHYECKHE OTHOIUNEHHA; OH HA3BBaJ HX CTPOTO JUIHITH-
qecxm)vm cucteMaMu (cM. [28], re Teopus H3JOXKeHa TeOMeTpH-
YeCKH).
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OTMeTHM, YTO ypaBHEHHE BTOPOTO NOPSJIKA
/ 4 /4 4 U4
F (% Y 95 @ @pr Orys @) =0,

B KOTOpOe He BXOJAHT CaMma byHKuuA ¢ (HanpuMep, ypaBHEHHE MH-
HHMAaJIbHOMH TOBEPXHOCTH B K3), orHOCHTCA K H3yuaeMoMy maccy
J0CcTaTOYHO MOJIOZKHTh q>x—v cpy——u ¥ TOrZa ypaBHEHHA U,

4
= vy H f(x y, U, 0, ux, u, v x, )—O3allaIOT nonMHorooépasne

kopasmepHocTH 2 B R4 X Q

2.1.4. lllanupo u JIaBpeH'rbeB nepeHecyu GOJbIIYIO 4actTb pe3yJb-
tarop PrMaHa Ha HeJuHeHHBle 3JJIMOTHYECKHE CHCTeMB; [pomoB
HalueJ rjo0ajbHple aHaJOTH HX Pe3y/bTaToB:

Teopema D (J/laBpenTbeB). (Dta Teopema ofobuiaer TeopeMy
Pumana psisi OgHOCBA3HEIX 06JacTell Ha KOMIIIEKCHOH MJIOCKOCTH.)
ITycte A u A — 0B8e OTHOCUTEAbHO KOMNAKTHbIE 00HOCB8A3HbLIE 00-
aactu 8 C ¢ eaaokumu epanuyamu vy u y’'. Ilycre E — asauntuye-
ckoe oTnouienue 8 AX A, codepmawjee 0as kamedold Touxu (2, w)
BEPTUKAALHYIO U 20PUSOHTAAbRYI0 RAOCKOCTU. [lycTe OaHol Tpu ToU-
xu, aexawue na y Xy, Nputem ux npoexyuu Kax Ha vy, TaK U Ha
v’ nonapro pasausner. Toeda cyuiecTsyer eOuHCTBeHHbid OUCK, 18-
AROWULCA UHTeepasom E, epanuya KoTopozo colepicuT 3T Tpu
Touku U KoTopbild Tparceepcasren sepTurasam A u eopusontaram A.

B [9] sTa teopema o6Gobliaercsa Ha ciaydal, KOTJa anpuopu He
3aJaHbl BepTHKAJbHOE H TODH3OHTAJbLHOE HHTErpaJbHHE CJAOEHHS
oTHOWeHHSA E.

Teopema E (I'poMoB) (oGoOmatomas Teopemy Pumana Ha cay-
yaji 3aMKHYTHIX OJHOCBSI3HHIX IOBepxHOCTell). Bsedem Ha MH02006-
pasur W = 82X §% CTAHOAPTHYIO CUMNAEKTUHECKYIO CTPYKTYPY
® = g + wo, 20 uHTeepar opmor wy no S? pasen 1, u paccmor-
pum Ha W 344UNTUHECKOE OTHOULEHUE, NOAONUTEABHOE OTHOCUTEAb-
Ho @.

Aasn xaxcood napet nosoxcuresvHsix qucea (a,b) cywecrsyer
eradxuii unreepaa E, eomorozuunewi a[S?X 114 b6[1 X S?]. 3ror
uxTeepas — nogepxHocTs poda (a—1) (b—1).

Mnoeoobpasue W OonycxaeT napy TPaHCBepCarsHbiX CAOCHUL,
cAOU KOTOpbLX — uKTeepaaot E, usoronnyrw nape caoerul, cocTas-
AEHHOIX U3 BePTUKAABHLIX U 20PUSOHTAAbHBLY CA0EB.

B [9] comep:kuTca TakXKe oGoGIieHue 3TOro pesyJbTaTa Ha CJIy-
yail npousseJeHus S? Ha JByMepHYIO IOBEpXHOCTb.

OtMerum eme, uto Teopema C’ pacmpocTpaHsiercsi Ha 3JUIHNITH-
yeCKHe OTHOLICHH:, MOJOXHTEbHBE OTHOCHTENbHO (QOpPMH o Ha

CpP2

.
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2.2. CTporo 3AAHNTHUECKHE 3a1a9H B PA3MEPHOCTH >4

2.2.1. B pa3mepHocTH 4 CHMIJIeKTHUeCKasl CTpyKTypa o Ha W wuc-
I0JIb3YETCA TOJLKO AJS TOro, 4TOGK FapaHTHPOBATH XOpOlliee IoBe-
JeHde B IeJOM pelleHHE 3JIMNTHYECKOrO oTHoweHus E. B crapumux
pasMepHOCTHX Jesio OGCTOHT MHaue, ¥ OZHHM H3 JocTuxeHu#t I'po- .
MOBa SIBJsSETCA BBeJeHHe VAOOHOIO NOHATHS 3JJIHITUYHOCTH (OT
JBYX He3aBHCHMHIX IepeMeHHHX) B ciayuae dim W > 4, koropoe mo-
3BOJISIET HCHOJIb30BATh CUMILIEKTHYECKYIO CTPYKTYpPY OpU H3VUEHHH
CHTyaUMH B JIMHEAHOM NPUOGJIHKEHHH.

OGosnauyuM 4epe3 (o, IpacCMaHHaH OPHEHTUPOBAHHHX AByMep-
HbIX MOJIPOCTPAHCTB B OPHEHTHDOBAHHOM BeIleCTBeHHOM 2n -+ 2-
MepHOM BekTOpHOM mpoctpaHcTBe U (Q2. Auddeomopden raapxoi
KBaJipHKe KOMILJIEKTHOH pa3MepHOCTH 2n B CP**?), Mycrs o —
cUMIIekTHYeCcKasi CTpykTypa B U H Q+ — mogmHoroo6pasue cumm-
JIEKTHYECKHMX IMIOCKOCTeH (¢ HajJexalllefi opueHTanumelt) B Q.
B kaxnao#i Touke g Q+ 3anaHa xoHdopMHas CTPYKTypa Tula
(2n, 2n): snement ! =T,Q =Hom(qg, U/g) JaexuT B NOJOKHUTENb-
HOM koHyce Ci, ecou [ OTBeuaeT CHMILIEKTHYECKOMY BJIOMKEHHIO,
coxpaHsawleMy opreHTanuioo. MHbBIME CIOBAMH, HY2KHO BMeCTO Olpe-
Jeautenas paccMorpers ndadduan:

t=c}, ecan Pif (lowol) > 0.

CgaxeM, YTO 3aMKHYTOe CBSI3HOE NMOJMHOrooGpasue BelecTBeH-
HOH KopasMmepHoCTH 21 B QF — n0oA0ocuTesbHoe OTHOCUTEAbHO ®
aaaunTuxecKoe MHo2000pasue, eCu KaXXAbA ero xacaTeJbHLIHA Bek-
TOp JIEeXKHT B [OJOXHTeIbHOM KoHyce. Ecau £ — nosoxurtesbHOe
3JUIMNTHYECKOE MHOTOOGpasHe, TO IS KaxKAOH TOUKH e & E mpo-
cTpaHcTBO T E ABJAeTCA CHMIJIEKTHUECKHM IOANPOCTPAHCTBOM pas-
MepHOCTH 21 B ¢*® U/q. Hanpumep, npsiMbie KOMILIEKCHOR CTPYK-
Typbl Ha U, DOJOXKHTEJbHOM OTHOCUTENBHO ®, 0GpasylT MHOToo6-
pasue CP”" koTopoe sBJAseTCH HOJOXKHUTEIbHBIM 3JIJHITHIECKHM B Q.

2.2.2, Jlemma. Bce noaoscurenrsnsie 3aiunTuseckue noomuozoobpa-
3US OTHOCUTEABHO ® UB0TONHbL Opye Opyey 8 xaacce Takux noo-
MHoeo0bpasuil.

Hoea Odoxasareascrea. BriGepeM XKOMIJIEKCHYIO CTPYKTYDPY Jo,
noOuUHeRHYi0 ®, H 0603HAUHM eBKJHAOBY MeTpHKY w( - ,Jo) uepes
g, A ToxMHOroo0pasne B Q+, cocraB/ieHHOe 143 KOMIJICKCHBIX TPAMBIX
cTpykTypH J,, — uepes P Ha mroroo6pasun Qg =Q*\ P, asy-
MepHOE TAaBTOJOrHYeCKOE pacCJoeHHe O TPHBHAJLHO, TaK KAk P
ompefenseT KJaacc TOMOJOTHE QF, OBOHCTBeHHBIH KJjaccy I#Jepa

paccaoenus 0. Ilycts s — Henysesoe ceuenne 8 ma Qo . O6o3naunm
uepes G, rae g Qf, CHMMETPHWI0O MJOCKOCTH ¢ OTHOCHTEJNbHO

13 BypbBaku
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npsimoit s(g). Toraa xomnosunus Joo G, 3ajaer BeKTOpHOE moJe
Ha Qg . [ToTok 3TOTO Mo perparupyer QF Ha NPOU3BOJBHO - MAJIYIO
OKpecTHOCTb Py B Q+ 1 coXpaHsAeT KOH(GODMHYIO CTPYKTYpY. '

B orsinume or cayvas n=1 (r. e. dim W=14), Boo6me rosopH,
He CYHIECTBYET KOMIIEKCHOH CTPYKTYDHI, AJsI KOTOPOH NPOEKTHBHOE
NPOCTPAHCTBO KOMIWIEKCHRIX HNPSIMEIX KacaJgock OH E B 3aJaHHON
Touke ¢ & E; HO BCceraa Hallercst KOMMNJIEKCHAS CTPYKTypa, NOAYH-
HeHHasl ®, A/ KOTOPOH e Grla GBl KOMIJIEKCHOH NPSMOY, H 3TOTO
yxe AOCTaTOYHO.

2.2.3. Ilyctp (W, ®) ectb 2n + 2-MepHOe CHMIJIEKTHUECKOE MHOTO-
obpasue, a G (cooTBercrseHHo G*)— pacc/oenue co caoeM Q (co-
OTBETCTBEHHO Q*), accouuMpOBaHHOE C KacaTebHHM. Ompeelnm
NOAOHUTEAbHOC 3AAUNTUYECKOE OTHOWEHUe (1.3.0.) Ha W Kak moa-
MHOrooGpasue Kopa3MepHOCTH 2n B G+, TpaHCBepCaJbHOE CJOAM
H BBICEKalOllee HA HHUX NOJIOKHTeJbHHE 3JIHOTHYECKHE NOAMHOTO-
o6pasusi. Kak u B Pa3MepHOCTH 4, ONpenenfioTcs pewlenus W uH-
Te2pa/b, OTHOUIEHHUS.

2.2.4. Tlycts E—1.3.0. OTHOCHTE/bHO IJIafKOH CTPYKTYPH ® Ha
W22, Tlpu usyueHHH pelleHH) oTHoumrerus E Buga (X2, @) YAOGHO
paccMoTpeTh pacuupenroe ¢pasogoe npocrparcreo X X W. Ha mem
TOXKe MOXHO 3ajaTh M.3.0. E OTHOCHTe/NbHO QOPMH ®g -+ ®, KOTO-
Poe B KaXJOH TOUKe (2, W) COMEPKHT NOAMHOT006pasue Eu M MHO-
XKecTBO rpadukos romomopdusmo 7T.X co 3HaueHHEM B NJOCKO-
ctd Ew (T. e. 1-cTpyH pemenuii oTHowerus E). OTHHEe pemenust E
BHAa X OTOX[IECTBASOTCA ¢ uHTerpatami £. 3To yao6HO, TaK Kak
NP TAKOM PACCMOTpEeHHH BCe CTAHOBUTCS IJaLKHM.

2.2.5. Bor eme oAHA YAOGHAs KOHCTPYKIHA: paccmoTrpuM Hanx G+
pacciioerne H+, caoli xoroporo Hax Toukoh ¢=QF, x=W, co-
CTOUT M3 KOMIVIEKCHHIX CTPYKTYP Ha T.W, nojuuHeHHHX r, &S
KOTOPHIX ¢ — KOMIUIeKCHas npsamasi. Ciou H+ cTATHBaeMH, N03TOMY
MOXHO a priori BeOparh IMaakoe cederne J Hag E. 3Ta KOHCTPYK-
LU BBOAUT HA MHOXECTBEe MHTErpaJioB E KOMIJIEKCHYK CTPYKTYDY.

Bousee toro, ecitn W koMnakrHO, TO MOXHO BBecTH Ha W TaKyIo
PHMaHOBY METDHUKY g, 4YTO AJsl HeKOTOpoH KoHcTaHTH C >0 wu
A1 mobux Touek x& W u e< E; miomaxs napaJJenorpamma,
HaTAHYTOrO Ha BeKTOPH (u,v) M3 T,W, nexamue B e, He opeBoc-
XOAHUT BeMHuuHH Cox(u, v).

2.2.6. Tnagkoe NOJMOXKUTE/NbHOE 3JIHITHUECKOE OTHOLICHHE Zonyc-
KaeT «OPOU3BOAHYIO», T. €. NOJOKHUTENbHOE 3/HNTHYECKOe OTHOIIE-
uue E) ma MHOroo6pasuu E (KOTOpOe SIBJISETCS CHMIIEKTHUYECKUM
MHOrooGpasueM pDasMEPHOCTH 4n - 2): Hapx Toukok esFE, ED
COCTOHT H3 rpa(UKOB COXPAHAUMX OPHEHTAIHNIO OTOGD AXKEeHHH e =
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= T.W B T.Ex. KacaTeabHble IIOCKOCTH MHTErPAJIOB OTHOIICHUS E
o6pasyioT uHTerpagan EV),

2.2.7. K pocTkaM pelleHHH I.3.0. NPUMEHUMH KJAACCHUECKHE TeO-
PeMHl 06 /JIMATHYECKAX YPABHEHHSX B YaCTHHX MPOM3BOAHEX. Ha-.
npumep, npuryun maxcumyma (Xond, Bepc) (cm. [29]), mpunyun
Kapaemana: B TepMumax pacuiupeRHOro (asosoro IpOCTpPaHCTBA
9TO O3HAYAeT, UTO €CJIM DellleHHe HMeeT KacaHUe GecKOHEUHOTO MO-
pAaxa ¢ ropusoHTasbio X)Xw B Touke (2, W), TO OHO cOBHmajaer
C TOPH3OHTAJbIO B HEKOTOPOH OKPECTHOCTH TOUKH (2, w). B uwacrHo-
CTH, OCOGEHHOCTH pelleHHH E H30JHPOBAHHbIE.

CoxpaHAIOTCA TaKXKe U pesyJ/bTaTHl 0 peeyaaproctu (tuma Iyr-
Juca — HupenGepra) (cm. [30]): HenpeprBHOCTD pemenns no ['é/b-
Aepy BJIedeT IMIaJKOCTh (B caydae INIafKocTH E); HO reoMerpuue-
CKHe MeTOAH ['DOMOBA yCTaHABIMBAIOT 3TH pe3yJ/bTaTH OpsAMO [o-
CPeICTBOM nepexolia Kk E¢).

2.3. AnpuopHbie TONOJIOrHYECKHE OLUEHKH B PA3MePHOCTH 4

23.1. Mu co6upaeMcsi BOCHONb30BATBCS 0606MeHHEM ¢dyHRaMeR-
TaJbHOTO HaGMoferns Jlediiena: uHIeKc mepeceveHHs ABYX IJIO-
CKOCTeH, npuHaadexamux E,, pasen + 1.

[Iycte E — 3iJHNTHYECKOE OTHONIEHHe THHA -+ Ha OpHEHTUPO-
BaHHOM MHoroo6pasui W. Torma msa pocrka umterpasoB X u Y
MOI'yT HMETb TOJIBKO KOHeuHH nopsaaok kacanus (Kapaeman), u
STOT NOP5 0K MOKHO BBIYHC/IUTD KAK YHCJIO TOYEK, HA KOTODHE pac-
NajaeTcs TOUKA HepecevyeHHs! mocje MaJjoro liesesieHHs (B HOAXO-
OAINHX KOMINIEKCHO-aHAJIUTHYECKUX KOOPAHHATAX KACAHHE 71-TO IO-
pAdKa 3ajaercs ypaBHeHHeM

w==2"+4 O (27+]),

2.3.2. Kpome Ttoro, ecn f: X— W — raankoe pemeHne E, HMelo-
wee 0coGerHocTh B 0 & X, TO MOXKHO MaJbiM IIeBeJeHHeM B OKpecT-
HoctH f(0) samenuts E Ha E’ Tak, 4To HafifeTcs GIH3KOe peilleHHe
f'* X— W orsowenns E’, aBasiomeecs norpyxenuem. (3to JocTH-

Taercd NpUMEHEHHEM TEOpPeMHl TPAHCBEPCAJbHOCTH K MEPBOH HeHy-
JeBoH cTpye.)

2.3.3. Ilycrb X — 3aMKHYTHi WHTerpas oTHOWeHus E B W4 Ecuu
upc/o diiepa HopMaJsbHOro paccaoenus N x X B W OTPUIIATEIbHO
(opuentanua N onpefesnsieTcsa opHeHTaUUsIMHE X W), to B oxpecr-

HOCTH X HeT WHTEerpajos, OTJHYHEIX OT HEro caMoro (CM. 3ameua-
Hue 2.3.1).

2.3.4. Tlycrs E — 3//1nTHYECKOE OTHOLIGHHE THIA -+ Ha opueHTH-
poBanHOM MHOrooG6pasuu W* Cormaceo 2.1.1, W nonyckaer mouTu-
KOMIIEKCHYIO CTPYKTYPY J, Il KOTOPOH 3JJHNTHYECKOE OTHOLIEHHE

13*
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Komn — Pumana P, wusoronHo E. O603HauuM uepe3 ¢; NepBHH
knacc YepHa JAByMepHOro KoMIjeKcHoro paccaoenus (TW,J).
[IpeanomoxuM, uto X —norpyxensas B W moeepxHocTh, 1 0603HA-
uyuM uepe3 ¢ =c;[X] ee uncao UepHa, a uepes v — uucsao JiHjaepa
ee HopMaJbHOro paccioerus B W. llpeanosoxum, uto X Haxoaurcs
B 06lleM NOJIOXeHHH OTHOcHTeNbHO J. Torfa cymecTBylOT 4eThipe
THIa TOYeK, B KOTODHX KacaTeJbHOe NpOCTpaHCTBO K X smJjsercs
KOMIJIEKCHOH IpAMOH CTPYKTYPH J, uic/a KOTODHX MEH 0G03HAYUM
uepes e*, e—, h*, h—. 3HaK 4 HAM — oOTBeyaeT 3a TO, COBHAjJaeT
opueHTauua X ¢ KOMIJIEKCHOH WJH HeT, a GYKBH ¢ U 7 YKa3HBAIWOT
Ha TO, C KAKHM 3HaKoM: -+ muau —, nepecekaiorcsi B G o6pa3 Kaca-
TeJbHOTO TayccoBa oTo6paxeHHs mnosepxHocTH X M MHOroo6pa-
sne Py

OGosHauuM uyepe3 < SHUJEPOBY XapaKTEPHCTHKY MOBEpXHOCTH X.
Dopmyass Jesu (cMm. [14]) raacar:

x+v=et+e —hnt —hn",
c=et —e~—ht +H".

CaenoBarenbso, ecin X sBJAsercs uHTerpajdgom FE, To, 3amenss E
Ha Py, MBI nostyuum gopmyay 64s pooa:

X+v=c.
Orciona caeayer Takoél pesysbTaT O PeryJspHOCTH:

2.3.5. Jlemma. I[Iycre E — nexoropoe n. 3. 0. OTHOCUTEABHO CTAHOAPT-
Hotl crpyxkrypor wo Ha CP? u f: X — CP? — rakoe pewenue E, uro
X — samxnyroe muozoobpasue u [ [X]~f [X]=1. Toeda | ss-
Aserca eaoscenuem, X —cgepa S? u [ peayasapHo 20MOTONHO 840-
acenuro CP' < CP2

JelcTBHTENBHO, [OC/Ae LieBeleHHA £ MH MOJYYHM HOBOE OTHO-
mwenue £’ u ero pemenne f/, roMOTONHOe f, KOTOpoe GyAeT MOTpyxKe-
HHeM C NpOCTHIMH ABOHHEIMH TOUKaMH. [IpH 3TOM YHCJIO IBOHHEIX
ToueK ' paBHO mopsAKy ocoGeHHocTel f. Eciu ¢, v, ¥ — 3To uucio
Yepra f/, yncso Diislepa HOpMAJLHOTO PACC/IOEHHs M 3iJepoBa Xa-
pakrepucTHka X, a § —uucsao ABo#HEIX Touek [’ (X), To

=X X=X~ X)=v+25
X+ v=c=3.

"

Orcroza caenyer, uto ¥ << 2, a v = 1. [Toatomy 6 =0 (J/ — Broxe-
Hue), v=1 4 3y =2 (X —cdepa).

2.3.6. AHAJIOTHYHO JOKASEIBAETCS, YTO PEIIEHHA II.3.0. OTHOCHTEJb-
HO @ B S2X V2, romodoruynsie S23 v, ABIRIOTCA BJOXKEHHEIMH
cepaMu, peryaspHo roMoTonHEME S2 X v,
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2.4. PYHKUKOHAJAbHbIA aHAAK3

2.4.1. lycts (W, ©)— saMkHyTOE 271 - 2-MepHOE CHMIJIEKTHUECKOE
mHoroo6pasue. Paccmorpum MHoroo6pasue Ppeme F aBymMepHBbIX
3aMKHYTHIX NOTPYXKEHHbIX MOAMHOro00pasuii ¢ HOpMaJbHBIMH Nepe-
ceuenusiMud B W (momyckaloTcst KpaTHEIE NepecedeHHs, HO 3ampeie-
HH KacaHus). F aApnderca py«noim MHoroobpasueMm @Dpemlre B KaTe-
ropun Hsma — Mosepa (BBeAeHHBIM [aMusabToHOM —cM. [31], me-
TOLbl 3TOH paboTh O6yAyT CBOGOJHO HCHOJb30BaThCA B AaJdbHel-
meMm). dpyrum pyuHsIM MHOrooGpasuem Ppeie siBJaseTcs MHOOO6-
pasue & Bcex NOJOXKHTENbHHIX 3JJAHNTHUYECKHX OTHOINEHHH OTHOCH-
TeJIbHO ®. MH 6yAeM H3yuaTh MHOTOoGpasue .4, cOCTABJIEHHOE HU3
nap (X, E), Xe¥F, E<&, rae X asaserca uuTerpagom E.

W3 (MHKpPOJOKAIbHOH) ru6KOCTH & HeMeAJeHHO CJeAyeT, uYTO
npoexuus pryi: A —F gBJIACTCS pYy4HolM PACCAOGHUEM HaJ CBOUM
o6pa3oM (3TOT 06pa3 COCTOMT H3 NOTPYXEHHBIX CHMHOJEKTHYEecKHX
nosepxHOCTefl ¢ HOpMaJbHEIM IHepeceueHdeM). 3HAuuT, A ABJAgETCA
PYYHBIM HogMHOroo6pasueM 8 & X &.

Sameuanue. Ecn paspelluTs KacaHHsS (KaK # APYrHe THIbL 0OCO-
GeHHOCTeft) B onpeleteHun &, TO A TOxKe OyAeT PYYHBIM [HOIMHO-
roo6pasueM B ¥ X &. OnHako 4] HAWHKX Hedell JOCTATOYHO H Ta-
KOro &, Kax OIpeJeneHO Bhlllle. '

2.4.2. Teopema F. lpoexyus A: M —& sneanerca pyuroim ped-
2046MOBbLM oneparopoM, undexc roropoeo 8 rouke (Xo, Eo)e= A

pasen
2v + ny,

2de v —uucao 3Jdaepa HOpmaavHO20 paccaoerus N MH02006pasus
Xo 8 W, a y— stdaeposa xapaxrepucruka X (2n 4 2==dim W).

Hokazaresvcrgo. KacatesbHoe mpocTpancTBo K & B Eo pacna-
gaetcss B OpsAMylo cymmy &o (310 medopmanuu E, MOCTOSHHEE HA
noaMHoroo6pasuu Xo < Eo, COCTOAINEM M3 KacaTeJbHBIX IJIOCKOCTeH
k Xo) n I'(M) (nmpocTpaHcTBa raajgkux cedeHu#t paccaoenuss M Haz
X, mosyueHHOro orpaHuueHHeM Ha X, HOPMaJbHOLO PacCAOEHHS
K Ey, B G). KacareapHoe mpocrpaHcTBo K A B (Xo, E¢) pacnagaercs
B CBOIO ouepelb B NpAMYy0 cyMmy &, u I'(V) (npocrpaHcTsa raaf-
KUX CeueHHH HopMmaJbHoro paccjoerusi x Xo 8 W). KacareabHoe
orobpaxenue T(x, gyA TOXKIECTBEHHO Ha CJaraeMux &, a Ha BTO-
PEIX CJaraeMBIX CONOCTaBJseT BapHauMM Xy BapHALMIO KacaTesb-
HBIX [JIOCKOCTEH.

B neficTBUTENLHOCTH DOCPEJCTBOM CBA3HOCTH Ha 1 G HETPYZHO
OTOXKJECTBHTb OKpeCTHOCTb £y B & ¢ Eo X T(M), a OKPEeCTHOCTb

(Xo, Eo) B M —c & X T(N). Ilpu sToM A 3anumercsa kak (@, A),
rae ¢ — nuddeomoppusm okpectHocte O B &y Ha OkpecTHOCTh 0




198 . Bertexen

B & a A 6yIer Heaunelnoim Ougpeperyuaivroim 0nepaTopom
nepsozo nopadka (B cMmeicae [lane). 3To no3BoJsseT UCHOJMB3OBATD,
6e3 Beskux Moaudurauul, noaxon ['aMHIbTOHAa K TAKHM OHNEpaTo-
pam —cm. [31]. -

[Myctb x=X, @ leE;—rTouka B X, Jexallas HaL X
(r. e. T,X,). O6o3naunm uepes V; mpocrpaHctBo T;(Ep),; Torma
upoctpanctso M, oroxpectBaserca ¢ T,Q./V, a T,Q;—

¢ Hom (T Xy, Ny)=TxX,®N,. TTocne 5THX OTOXKAECTBJIECHHH CHM-
Boa olx, &) oneparopa TxA = T(x, gy {A) o ) B TOuKE (x,5)=TX,

npespamaercs B moppusm N, B T:X,® N,/V,, KOTOpHii mnepeso-
our 0=N, B E®OmodV;. Dnemenr £®0O mumeer pasr |1
B Hom (T X,, N,) (ecnn, KoHeuHo, §5%=0 u 6540), a V, cocraBjeno
H3 3JeMeHToB paHra 2 (MaH 0) — 3To caenmyeT H3 3JJIMOTHYHOCTH.
[Tosromy o (x, &) uRbekTHBHO npu &==0. Ho dimN,=dimM,=
= 2n. 3Hauur, TxA— sasaunruveckuil oneparop u A (a 3HAUHT,
A A) ¢penroabMoB. _

BrigucieHne uugekca TA usBJekaercs u3 JemMmu 2.2.2; E, H30-
TOINHO B KJacCe I 3.0. HNOYTH-KOMIUVIEKCHOH CTpPYKType, AJs KOTO-
polt pe3ysbTaT cAeAyeT H3 TeopeMbl PuMama—Poxa—ATbu—Xupie-
6pyxa.

[Tpumenssa reopemy F K cayualo, koraa W — pacmuperHoe da-
3oBoe npocrparcteo X X W (dim W’ =2n), a Xo—rpaduk pe-
uresnd { oTHomeHus £ Ha W', MBI HaxOoAHM, YTO MHIEKC DaBeH

2¢ + ny,

rae ¢—uuciao Yepua c1(f*(TW’),J’) [X] ans HexkoTOpo#H mOYTH-
KOMIJIEKCHOH CTPYKTYpH J/, romoTonHOA E’.

2.4.3. Oas ncesnonpambuix B (CP2 E) unaekc A paseH 4; 1Js HCeB-
noo6pasyomux B (S2X V2, E) unmekc paseH 2.

B arux cayuasx TA cropsexTusso.

JelcTsUTeNnbHO, CONpAXEHHHY oOmepaTop K TA HMeeT TOT XKe
BHJ, uTo u TA, HO npu 3amere N Ha N’ uncjao dijepa v/ = —v—
—x << 0. U3 sameuanua 2.3.3 caenyer, 9ro kos2po TA paBHO HYJIO.

Kak nokaszan I'amuabToH, B 3TOM Ciydyae NpHUMEHHMA TeopeMa
tana Hama — Mosepa o «mocrosiHHOM panres; A Jonyckaer Jo-
KaJbHbie cedyeHnsl. B wacTHocTH, B caydyae ncesgonpsaMeix B CP?
A—!'(E)— ueTHlpexMepHOe MHOrooGpasHe, eCAl TOAbKO OHO He ny-
cro. B cayyae 1ceBZoo6pasyolMX JIMHEHYaTOH IOBEPXHOCTH
A-1(E)— zByMepHOe MHOroo6pasue, TOXe ecau OHo He nycro. I'po-
MOB HCKJIOYaeT 3TY aJbTepHaTHBY, JOKazaBs, 4To A — cobcraentoe:
oToOpaxkeHMe.
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3, FEOMETPUS UHTETPASIbHBIX MOBEPXHOCTEM
3.1. Meron,

3.1.1. B ofmeM caydae HeT OCHOBAaHHH OXHAATb KOMIAKTHOCTH pe-
IIeHUS MOJOXKHUTEJNbHOTO 3JIHNTHYECKOrO OTHOILIEeHHs, Aaxke IpH
YCJIOBHM OrpaHHYEHHOCTH IVIOWAAX M NpH (UKCanuM Kaacca roMo- '
JIOTHH, NpeJcTaB/seMoro pelleHHeM. TO XOpOLIO BUAHO HA IpUMepe
KOHHK Ha KOMIIJIEKCHOH IJIOCKOCTH: CeMeHCTBO HEBHIDOXKAEHHBIX KO-
HHK Xy =e¢ (KOTOphle MOXKHO NapaMeTPU3HPOBaTh CONOCTABJIEHHEM
z+~>(2,8/z), ueM onpefenserca orob6paxenne CP! 8 CP?) «cxo-
aurcsi» npd e—0 x ofpenuHeHumo npaAMEX Xx==0 1 y=0. Uro6u
mapaMeTpU30BaTbh 3TOT npefes, TpeGyloTcs yxe Ase chepu. Mu
BCTpeuaeMcsi ¢ 06pa3oBaHHEM «Iy3hIpeH» — sBJeHHeM, OOHApYKeH-
gbiM CakcoM ¥ YieH6eK [32] npH usyueHHH FapMOHHYeCKHX OTOOpa-
JKeHHH NOBEPXHOCTH B PHMAHOBO MHOroo6pasHe. JTo sBJEHHE HMeeT
GoJbllIoe 3HAYEHHE B HeJIHHEHHOM aHaJu3e.

Oaunako I['poMOBY yZAa/och NPOKOHTDPOJIHDOBATH YTPATy KOM-
MaKTHOCTH; HallpuMep:

Teopema G (Ipomos). ITycre (W?2", 0)— 3amMKHYTOe CumnieKTu-
weckoe mrozoobpasue u E,— nocaedosaressnocts n.s.o., cxo0s-
waaca 6 Ce-ronosoceut ¥ n.0.3. Ew. [lycte Oas xasedoeo k < o
fe: (X, wo)—> W — pewenue E;, 20e X — samxnyroe muozoobpasue,
npuvemn niowyadu fr(X) oepanuuens. Toeda cyujecTeyer KoHeuroe
mHuooicecreo towex F < X, pewenue fo: X — W oTrowenus Ewx u ra-
Kaa nodnociedos8aTeAbHOCT fkm nocaedosaressnocru f,, 410 fkm

cxodurca k fo 6He F (C®-pasnomepro ua xomnaxrax). Kpome
1020, 2paguxu orobpancenuil f, cxodarca 6 merpuxe Xaycdopppa
m

8 XX W x o6vedunenuro epagura Xo 0T0OpANERUA [o U KOHEUHOZ0

YucAQ 3aMKHYTOLX mHoscecTs suda x; X g1(S?%), ede i F u g

S?2—> W — pewenue Ew Bosee Toeo, ecau x,&F u |, (xl) He
m

CX00UTCA K fo{(X1), TO OTOBPAdCEHUE g1 — He NOCTOARHOE.

3.1.2. CkaxeM, 4To ABYMEpHHIA KJIacC FOMOJIOFHH CHUMIIEKTHYECKOTO
MHOTQO0pa3us npocT, ecJd OH He SBJSETCH CyMMOH JIBYX KJAacCOB,
Ha KaxAOM M3 KOTOPHX © > (. ECJH HHTepecoBaThCsS TOJBKO De-
HIeHUSIMHU . 3. 0., KJIacC TOMOJIOTHHA KOTOPHIX NPOCT, TO TeopeMa KoM-
aKTHOCTH MMeeT TakKoH BUI:

Teopema H (Tpomos). [Tycre (W2, ©)— 3aMKRYyTOE CUMNAEKTU-
weckoe muo2oo6pasue, a e Hy(W; Z)— npocroi xaacc 2omorozuid,
u E, — nocaedosareisrocTs M. 3.0., koropas C®-cxodurca K n.3.o0.
Ew. Iycre 0an xamdozo k<< oo fr: S?— W — pewenue Ep, 0as
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xoropozo [[e(S?)] == a. Tozda CywieCcTeyer TAKAA nociedosdTens-
HOCTb Quppeomoppusmos hy: S? — S2, uro Hekoropas nodnociedo-
B8ATEABHOCTS NOCAe008ATENBHOCTU [4o By cx0OuTC 8 C>-tonosoeun
K pewenuro fo: S?— W ornowenus E...

B coeannennu ¢ amaausom pasz. 2.4 sra TeopeMa BJIUET 33 CO-
Goit Teopemy C u uyacTb TeopeMu C’, Kacalomyiocs NCeponp AMBIX,
4 3Ha4KT, # TeopeMn B, B’ u A. [lns nokasaTesnbcra ocrTasmedics

4acTH TeopeMn C’ ¥ Teopemm E HY>KHO BOCIOJ/Ib30BATbCSl Teope-
mo# G.

3.1.3. Teopemnt G u H creayor U3 KoMmakTHOCTH «KACM-KPUBHIX>».
Iiycts X — samkuyras NOBEpXHOCTL H I'— KoHeuHoe MHOXKeCTBO
IPOCTHIX 3aAMKHYTHIX [ONAPHO HENepeCeKalomuxes KPUBHX y; Ha X.
Kacn-kpusoii C(X,T) HasmBaercs KOMILIEKC, [OJYYEHHBIR CTAIH-
BaHUEM KaxX[JOH U3 KDUBHX y; B TOUKY. ITOT KOMIVIEKC MOKHO IO-
JYUUTh TaKXKe CKJICHBAHHEM KOHEUHOIO MHOXKeCTBa 3aMKHYTHX MO-
BepXHOCTed Y; mo KoHeuHOMy MHOXKECTBY TOueK. Kacnudaivuoe
pewerue m.s.0, E Ha W— 310 0TOGpaxenue C(X,T) 8 W, asasio-
Ineecs pellenneM £ Ha KaXJIOA U3 MOBepXHOCTel Y;.

Teopema K (T'pomoB). B npednosomenusx Teopems. G cyuje-
£T8YeT 00HOMepHOe nodmuozoobpasue T'— X, xacnudaisnoe peue-
nue fo: C(X,T)— W oTnowenus E. u Taxas nociedosaresbHOCT
Quppeomoppusmos hy: X — X, uro HeKkoTopas nodnociedosarens-
HOCTb noCAed08aTeAsHOCTU frohy cxo0UTCA K fo C=-pasromepno
Ha xomnaxrax uz X\T. Kpome To20, 06pass oTobpascenuii aroi
nodnocaedosaressnocru cxodarca e merpuke Xaycdopppa x 06-
pasy f.

3.1.4. [lokasarenbcTBO Befercs CACAYIOmHEM 06pasoM: Hocie nepe-
NlapaMeTpusanuu X U BHJEJICHHS NOANOC/EI0BATETbHOCTH fr MoxHO
HaliTH Takwe Koabua A; X, uro X = X — U A, oro6paxaercs
NOCPeJCTBOM fr Ha NOBEPXHOCTb C MeHbIIUM paluycoM HHBEKTHB-
HocTH. [locsie sToro us X’ ynaasiercs HNOoJXoJslee KOHEUHOEe MHO-
KeCTBO Pj, 4TO NO3BOJIseT BHOPATh HOANOC/Ae10BaTENbHOCTh MeT-
PUK g, Ha X" =X'\UP,, cxomsmuxcs o MOJyJII0 nepenapa-
MeTpusanuu X” u A4 KOTOpHX f Gymer PaBHOCTENEHHO Henpephis-
HCH TIOC/IeI0BATENbHOCTBIO.

3aTeM mpeflesl MOANOCeIOBATENbHOCTH HaXOJUTCHA N0 TeopeMe
AcxonH, U I0Ka3aTeqbCTBO 3aKAHUHBaeTCH NpOJLO/IKeHHEeM 0TO6pa-
JKeHUH B TOURH P;.

Kaiouesoe Mecto — pasHocTenennas HeNpepHBHOCTh, U 3Jech
UCIOMB3yeTCA MOAXOAAINNE BapHAHT AeMMbl lllsapya. 310 — onHo
H3 HauboJlee HHTEPECHHX MecT pabotn [9].
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4. OT MYAHKAPE M BUPKIOMA K PUMAHY M TUNbBEPTY

4.1. Hesagoaro 1o cmeptu [Iyaukape chopmyaupoBa B xauecrse
THHOTE3Rl «OJHY FeOMETPHYECKYIO TeopeMy» [33]: «¥YKe N0BOIbHO
AaBHO # JIOKa3a/l CYIIeCTBOBAHHE MEPHOIHYECKOTO PeINCHHS B 3a-
Aaue Tpex Te/l. ITOT PesyJbTaT OCTABJAET YYBCTBO HEKOTOPOTo He-’
YAOBJIETBODEHUS, TaK KAK M3 CYWIECTBOBAHHA pelleHHUs onpepeseH-
HOro Tuna A/ MaJbHX 3Ha4€HAH Macc emie Heslb3s CHENaTb 3aKJIO-
YeHHA O ciyuae GOJbIIMX MacC, O TOM, KAKHAMH OyIdyT pellleHds u
Koraa OHH Hcue3aioT. PasMblaas o6 srtom, s mpuumlen x BHIBOLY,
4TO OTBET Ha 3TOT BONDPOC 3ABHCHT OT TOTO, BepHA MJIH HeT OLHA
TEOMETpHYECKasl TeopeMa, POPMYJHPOBKAa KOTOPOH B clyyae ABYX
CTeneHell CBOGOAB upe3BBIYANHO MPOCTa». Dopmy.TupoBKa TEODEMH:
BCAKHE IHQP(eoMOphN3M KOJIbIA, U30TONHHIY TOXJECTBEHHOMY, CO-
XpaHAOMINA IIOWAlb K <«IOBOPAYUBAIOLIMIL FPaHHYHBIE OKDPYXKHO-
CTH B MPOTHBOIOJIOXKHEIE CTOPOHBI®, MMeeT He MeHee ABYX Helo-
IBUXHHEIX TOYEK.

B 1913 r,, mocie cmeprn [lyankape, reomerpuueckoe moxasa-
TEIbCTBO 3TOH TeOpeMH GbLIO MOJayuYeHO Bupxrogom [34].

B «Hosnix merogax» [35] [Tyankape noxasa., xax ucmoabso-
BaTb KDUTHYECKHE TOUKH MDPOM3BOIAINUX (DYHKIHUM KaHOHHYECKUX
Mpeo6pa3OBaHui i HAXOXKAEHHS HX HEMONBUKHLIX TOYEK HIN HX
IEpHONMYECKHX TOYEK (NEePHOAMYECKHX pemleHHi BTOPOrO THHA).
OTH MeToAn o06o6maanch Bupkrogom [36], a nosxe — ApHoib-
zoM [16], xoropsii cdopmyauposa FHNOOTE3H, 06o6Lialomue Teo-
pemy Ilyamkape—Bupkropa Ha clydait mpeo6pasoBaHUii Tpo-
crpanctsa I*T” u topa T?% Kowan u Lennep [12], [13] mokasanm
ST THIOTE3H, HCNOJ/b3Ysl BAPHANMOHHOE HCunc/eHHe. Kak samerus
BefincTeliH, X MeTO1 OCHOBaH Ha paccMoTpeHun GecKOHeYHOMepPHOH
npoussoAdmedt ¢yrkuuu; lanepon [37) noKasaJ, Kak peryuupo-
BaTb 3T0 pacCyxk/eHHe K KOHEUHOMEDPHOMY cAyualo, u HPUMeHUT
STOT METOJ X 3ajaue O JarPaHKEBHX NePeCedeHrsIX TOPOB B KOKA-

CaTeqbHOM paccaoeHHH T*T”. Drta 3ajaua GHJIa BOOCJAENCTBHH MHOJ-
HOCTBIO pelleHa.

Teopema L (Jlaynen6ax — Cukopas [38], Xodep [39]). Mycre
V — samxnyroe n-mepnoe muozoobpasue (oTomcdecreasemoe ¢ ny-
AEBbLM CEUCHUEM B8 CB0eM KOKACATEAbHOM pdaccioeruy T* V), u
nycro @:, t &[0, 1], — eamussronosa usoronus T*V ¢ xomnaxTom
HocuTepem (T. e. @: 3Q0QHO 2AMUALTOHOBLIM BEKTOPHOLM no.em,
OnpedeneHnbin ceMeliiCTBOM 2AMULbTORUAHOS ht, 3a8ucawux ot gpe-
MERU, ¢ KOMNAKTHoLMu Hocureadmu). Tozda e (V)NV codepocur
ne menviue, uem C(V), rouex, 2de C(V)— munumarvroe wuc.io Kpu-
TULECKUX To4eK, KOTOpbie MOJCeT UMETs 2AQOKAR UBMEPUMAR (YHK~
uus na sexroprom paccaocernuu E ¢ 6aszoi V, o2paruderue KOTOPOLE
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Ha kaodsul caoll coenadaeT 8He HeKoTOpOl OKpPeCTHOCTH HYAS C He-
soiposcdertol K8aopaTudrol Gopmoi. )

B HepaBHelt paGore CHKOpaBa IIOKa3aHO, KakK HCIOJNb30BATh
npousBoAsIKe QYHKIMH MJIs HAXOXKAEHHS HENOJABHKHEIX TOUEK.

4.2. OTH MeTOAb NO3BOJHIH IOJy4aTb OLEHKH [IJ/si uHCJa Hemno-
NBHKHBIX TOUeK KAHOHMYECKHUX NpeoOpa3oBaHUR B CJAydasx MpOeEK-
tuBHBEIX npoctpaHers CP* [40], nosepxnoctedr ([41], [42]) u maxe
B CJayuae NPOM3BOJDbHOTO CHMILJIEKTHUECKOrO MHOroo6pasus, ecJH
TOJBKO FaMHJbTOHOBa H30TonHs CO-mana [43] (mocnenHuii pesyib-
TaT, BIPOYEM, HeNOCPEACTBEHHO CJelyeT u3 Teopembl L)..

Panee 3uuambepr [44] nmoayuusa JoKasaTeJbCTBO B Ciaydyae mo-
BepXHOCTeH, caefys nyTH, HameueHHomy [lyankape B [35]. H umesn-
HO Ha 3TOM NyTH GLUIK [OJYYeHH €ro THIOTe3H O XecTKOCTH. O-
Hako HauGoJlee OGUIME pe3yJbTaT O HeNOABHXKHBIX TOYKAx MpuHAZ-
Jqexur I'pomony:

Teopema M (I'poMoB). [Tycre (W?", @)— 3amKnyTOE Ccumniex-
Tuuecxoe MHo2006pasue, a @i, t < [0, 1],— eamussronosa uszoronus
W. Tozda @i 0643aTeAbHO uMeeT HenodBuiCHble TOUKU.

dra Teopema AokasaHa B [9] B npeanoJoxeHud, uto [®] aHHY-
Jaupyer coepHueckHe AByMepHHe Xaacchl romoJorufl. Oumenox Ha
YHCJIO HENOABUKHEIX TOUEK B HACTOsIIee BpeMs HET.

4.3. Ilna goxasaTeabcTBa Teopembl M I'poMoB pacnpocTpaHsieT Teo-
pHIO INCeBAOTOJOMOP(QHHX KPHBHIX HAa PHMAHOBbI NOBEPXHOCTH C
KpaeM. JTO TaKXke HeOOXOIHMO sl HeJHHEHHOTO OGOOILIEeHHSA pe-
3yabTaTa 0 KOH(ODPMHOM IpeicTaB/ieHHH (Teopema D).

[ycts E—m.3.0. Ha CHMIUIEKTHYeCKOM MHoroo6pasuu (W, ).
ITorpyvxeHHoe JlarpaHxeBo NOAMHoroob6pasue V < W HasbiBaercs
oprozonaibheim K E, ecld cyllecTByeT Takas okpecTHOCTb U MHO-
roo6pasuss V B W u Taxas ee HHBOJIONHUS T, YTO MHOXKECTBO HeIO-
JBHXKHHX Touek 1 coBmagaeT ¢ V u A2Dt nepesoaur E B E, rie
E — MHOXKeCTBO KacaTeJbHHX 2-miockocTeli Kk W, KoTopnle BXOISAT
B E, HO ¢ npoTusonoA0xcHol OpHeHTanHel.

Ecau V saMKHYTO M opToroHaibHo E, To pewenus E ¢ kpaenm,
rexawjum 8 'V, f1 (X, 0X)—~ (W, V), o61azaoT cBOMCTBaMH, NOXO-
AKHMH Ha CBOHCTBA 3aMKHYThix pellleHH#i E. PyHKIMOHAJbHHHA aHa-
43 u3 pasd. 2.4 pacmpocTpaHsieTCA M Ha 3TOT CJIydaH; MHAEKC CO-
oTBeTcTBylolero oneparopa ®pearoabma A B Touke (Xo,Jo) paBeH

u + ny,

THe pu — wucso Macaosa xpusoil 9y = V [45].
PesybTaThl 0 KOMNAKTHOCTH HOJYYAalOTCS HOCPEACTBOM Iepe-
xofla x «ay6mio» X + X, T. e. ckaeuBanuo (X, 0X) c coboit o Kparo.
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[pOoMOB mHOJMYYMJ TaKXKe OUYeHb CHUJbHHH HeJUHEAHHH aHaJor
aasrepraruss. Ppedeosvma (cm. [9]):

Teopema N (I'pomoB). I[Tycre V — samxnyToe nozpysicennoe ide-
pansceso nodmnozoobpasue 8 (C" wo). To2da cywsecrsyer (oTaud-
Houl oT Touku) 2oaomopgpreul duck (D? SU)—~(C=, V).

Caencrsue. Kaace [wo)= H2(C", V; R) orauuen or nyas.

[TorpyxenHoe JarpanxeBo noAMHoroo6pasue V B R2” Hasm-
BaeTcs TOuHuim, ecau dopma JluyBuaas xdy Touna Ha V. B kaue-
CTBe CJIEICTBUA IIOJTy4aeM OTCYTCTBHE BJIOXKEHHBIX TOYHEIX 3aMKHY-
THIX JarpaHXkeBHX noAMHoroo6pasuii B R%:, Hampumep, He cylie-
CTBYeT 3aMKHYTHX BJIOXKEHHHIX TOYHHIX OJHOCBS3HHIX JarpaHmxeBHX
noamuoroo6pasuit 8 R2?%, tem cammm I'pomos cnpasasiercs ¢ mo-
cJIeJlHHM OCTABUIHMCSI COMHHTENbHHM cayuyaem S3 B RS,

4.4. TeopeMa N mnoATBepXKJAaeT yAMBHTEJNbHYI0O HHTYHIHIO Pumana
[46]; xak wHaYe MHTEpPHpPETHPOBATH TO, YTO FOBOPHT PuMaH o paH-
HHEIX, HEOOXOAUMEIX A/ 3aJaHUA aHAJATHUecKOH (YHKUHMH B JHCKe:

«Onpeaenenre QyHKIHE MOXKET GHITH NPOH3BEAEHO H TAaKHM 00-
pasoM, YToGH 3aaHO OHJIO B KaXJAOH TOYKe CBOe ypaBHEHHUE, CBH-
3BIBAOUIEe 3HAYEHUS ABYX NepeMeHHHX, H NPH JIBUXeHHH TOUKH IO
TpaHUIle 3TO ypaBHEHHe MOXKeT HeNpepHBHO H3MeHsTbci. He we-
KJII0YAIOTCS W HHBIE BO3MOXKHOCTH: Da3fenuM, HallpHMep, TPaHHIY
Ha n yacTed M KaXJo# TOUKe U3 OJHOH 4aCTH comocTaBuM n— 1 TO-
YeK M3 IPYTHX yacTeli — N0 OAHOHM K3 KaXKJOH 4acTH, a 3aTeM CBS-
KeM 3HaueHHS [BYX INlepeMeHHHIX B 3THX 7 TOYXaxX YpaBHEHHIMH,
H3MEHSIOLUMHUCS HeNpepHIBHO NDH HM3MeHeHHH [0J0XKeHHA 3THX n
BHIOpaHHEX TOYeK. JTH YCJAOBHS, COBOKYNHOCTb KOTOPHIX o6pasyer
HenpepLIBHOE MHOXKECTBO M KOTOPHIe BEIPA)KaloTcs IOCPEJCTBOM
ypaBHeHHH, CBA3HBAIOINNX NPOH3BOJAbHbIE (YHKIHH, SABJISAIOTCH, BO-
obllle roBOps,, HEOOXOAMMHIMH H JOCTAaTOYHBIMH YCJIOBHAMH JJA
onpefeneHuss (YHKIHH, BCIOLY HENpepHIBHOR B JaHHON 06JacTH,
TOJBKO IpU JagabHeHIleM OrpaHUYEHUH, MMEHHO pH Jo6aB/eHHH
paBeHCTB, CBASHBAIOMMX BXOAsAILIMNE NPOU3BOJbHEE NOCTOSHHEE, TaK
KaK, OYeBHJHO, H3JIOXKeHHas TeODHs He JaeT BO3MOXKHOCTH BBIYHC-
JIUTh 3TH HOCTOSIHHLIES.

4.5. Oas pokasateabctBa TeopeMel M I'pomor o6o6laerT Teope-
my N, sameruB npocrparcreo C" muoroo6pasuem WX C; 3aTem
OH NOKa3HBaeT, KaK, HCXOAS U3 TaMUJIbTOHOBOH H3oronun W Ges
HeNOJBMAKHEIX TOYEK, MOCTPOHThH JarpaHXkeBo NOAMHOrooGpasue B
W X WX C, nporusopeuamee cIeACTBHIO TeopeMu N (HyXHO HOA-
XO#AUEM 06pa3oM CKJIeHTb rpaduK usoTonum c rpadukoM obpar-
HO# wm3oronuu). s 3HAKOMCTBA C 3TOM KOHCTPYKIHEH YHUTATEJIO
peKOMeHAyeTcsl NOCTPOUTb TOUHHI JarpaHxkes Top I? B (C2, ckJeu-
Bast rpaHK TOXAeCTBEHHOTO OToGpaxeHHd KoJbla C TIpadHKOM
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OTOODAXKEHUs, YHOBJAETBOPSAIONIErO YCJOBHIO T€OMETPHUECKOH Teo-
pemu [lyankape.

4.6. T'pomoB nokasas, 3To TeopeMa N BJleueT CyIeCTBOBAHHE 3K30-
THYECKOH CHMIJIEKTHYECKOR CTPYKTYpPH B R2%. Usyuas cdepsl, Bio-
XKeHHHe B CTPOTO HCEBIOBHNYK/be o61actu B £, 'poMoB Aokasad
TaKXe CyIleCTBOBAHHE SK30TUYECKHX KOHTAKTHHIX CTPYKTyp B R27+!
(cryusait n=1cm. B [14]).

B aToM MecTe NpOSIBAsiETCA BaXKHOe Dasiuuke MeXAy CHMIIEK-
THYECKHMH M KOHTAKTHBIMHU CTPYKTYPAMH: KaK KaXkeTCs, H3MeHeHHe
CTPYKTYPH ¢ HA KOMIOAKTHOM MHOXKECTBE He CHOCOGHO CAenaTh ee
5K30THYECKOH, B TO BPeMS KaK B KOHTAKTHOM cCJydYae LOCTaTOYHO
M3MeHeHHs Ha KOMIaKTe. '

Hanpumep, 'pomo nokasai, ucnoansys Teopemy E, caenpymwollee:

Teopema O (T'pomos). ITycte (W* @)— ceasnoe orkpsiToe cum-
naexTusecKoe mroeoobpasue, 0is koropoeo [w] annyaupyer my(W).
Ecan cywecreyior xomnaxtnsie muomectsa KW u Ky — R* u
Juppeomoppusm f: W\ K- R\ K,, das xoropozo f*foo =, 10
(W*, ©) cumnaexrusecku usomoppro (R4, wy).

4.7. I'poMOB 10Ka3aJ MHOTO JPYrHX KpacCHEBIX TeopeM B pabore
[9], OLHAKO 5 XO4y yKas3aTb HAa BaxXHHA pe3yabTaT, MOJYYeHHBIHR
Hysoit Makayg¢ c ucnoabzoBanuem [9]: :

Teopema (Maxaydd [47]). Cywecrsyer samxnyroe 8-meproe
muozocbpasue Y u 2aadkoe cemeiicT8o cummniexTudecKux CTPYKTYp
oy, t & R, Ha nem, daa koropozo

(1) ¢opmor o u ©_, uppeomopdun. s scex k= 7,

(‘1.1') 8ce popMoL 0r, R = Z, Kozomosozuunel dpye dpyey;

(iii) Oan aoboix k,I=N, k=1, dopmo. v u o, xe dugppeo-
MoppnaL,

4.8. 3ameuanue. B [47] nokasaHo, 4TO MHOTOO6pasHe KOMIMJIEKC-
HBIX KDHBBHIX IIOJIOXHTEJbHON INOYTH-KOMILIEKCHON CTPYKTYPH, Je-
XamHKX B (UKCHPOBAHHOM Kjacce FOMOJOTHH, caMo oGJaajaeT cra-
OHJIbHOH [OYTH-KOMIUIEKCHOH CTPYKTYpOH. [To-BuauMoMy, 13 Hccae-
AOBAHHA II. 3. 0., NPOAGJNAHHOrO B § 2, caeayer, uto MHOroo6pasue
PELIeHHH 1. 3. 0. B (UKCHPOBAHHOM KJIACCe TOMOJIOLHME 06JaJaeT Ka-
HOHHYEeCKOH CHMIIEKTHYeCKOR CTPYKTypoit. He MoxeT au 5T0 Ha-

6J1I0AeHHe HOCJYKHUTh HCTOYHHKOM HOBHIX HNDHMEPOB CHMIIEKTHYe-
CKHX MHOT0OGpasuif?
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: HTPOMUA, TOMONOTUA
U MONYANTEBPAMYECKAS TEOMETPUA ')
(no U. MompuHy)

M. I'pomos

1. BbIYMCAMUTESILHOE. OMPEAESIEHUE TOMOJIOMMHECKOW 3HTPOMNMM

1.1. Jurponus pasbuenus II muoxecrBa X Ha N NOJAMHOXKECTB
onpenesasierca kak entIl =log V. .

pHasor:xelvx nepeceuenuem 1ByX pasbuennii (o6osnauaercs ILNII:)
MHOXKecTBa X ero pas6HeHHe, cocTosilliee U3 NOMApHBIX mepecede-
aui saementos II; u Il . -

HOas pas6uennsi Il MHOXKeCTBa X u oro6paxeHus g: Y—~X 06
paTHmil o6pas II (pas6uenue IIg MHOXKecTBa Y) onpegenm:)Tc;IO;(q:(;

q, T

BUAHEIM oGpasoM. Ecan f—oro6paxenue u3 X B ce0s, o f‘_.f
paccmoTpetb o6paTHEE 06pasu Il OTHOCHTEJLHO HTEpALHH fo =

P=fof, ..., f'=Fof "', TMonoxnm
| H‘:Hr\ﬂ'r\_“r\ﬂfi_

ITycts ent(Il; f i) =i"lent (II'),. AHasoruuHo AJst OTOGpaXKeHHs
y [ ! o ;
g: Y — X onpegensercs ent (IIY; f, i) =i""ent(IT'),.

1.2. Tlyctb X — Ky6uuecKHli MHOIOTPaHHHK, T. €. TOHOJIOI‘I/I‘IECKé)ae
NpoCTPaHCTBO, pasbuToe Ha Ky6u [1 TaKuM o6pas3oM, 4TO ABA xg 2
MOTYT IlepeceKaTbCsi JIHLIb IIO o6mwelt rpann. O603HAYUM qepa I
pa36uenve X Ha OTKpHTHIE Ky6e (T. e. KyOH 0e3 I‘paHI/IlEbI,T e
OTKpHTHE KaK NOAMHOXecTBa B X KyGH) IOJH3APAILHOH ce }ngM
trypu Ha X. Ilycts II(j)— usmespuenue II, nonyuenHoe nen

Kaxgoro Kyb6a [J Ha jdimDOJII/IHaKOBbIX noaky6oB. Tenepb or;(pene-
JHM TOnoJdo2uveckyro aurponuto entf orto6paxenus f: X ~ X kax
HHXKHIOW Tpadb yucesa i =0, 06/1aJa0MHX CJAeAYIOMHUM CBOHCTBOM:

(P) Cyuwecrsyer cxoib y200HO Goabvuwioe yenoe k=0 (3as8uca-
ujee ot h), Taxoe, 410

lim sup ent (I1 (j); %, )< hk
i-» o0 .
danscex j=1,2,... .

i i fter
! v M. Entropy, homology and §em1algebra1c ogeome’cry [
Y. Yt))m(c}ili-gir.lo— Séminaire ]ggurbaki, 38 éme année, 1985—86, n° 663, Astérisque
145—146, 1987, p. 225—240.

© N. Bourbaki, Scciété mathématique de France, 1986
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. DHTPOMUSA, TOMONIOTUA
U NMONYAJITEBPAMYECKAS TEOMETPUA )
(no U. MompuHy)

M. I'pomos

1. BbIYMCIMUTENLHOE OMPEAEJIEHUE TOMOJIOMMHECKOW 3HTPOMWUM

1.1. Surponus pasbuenusi Il MHOXecTBa X na N HOAMHOXECTB
onpenensierca kak entII =log N. .
pHasor:xeM nepeceuenuem ABYX pasbuennit (o6osmauaercs ILNI,)
MHoXKecTBA X ero pasGHeHHe, cCOCTOsillee M3 NONAPHHX Mepecede-
muit saementos II; u Il . _
s pas6uenus II MEOxKecTBa X U OTOGpaXeHHH g: Y—~X o6
paTHbi#t o6pas II (pas6uenne Il; MHOXECTBA Y))( onpegeniiTc;llo;qg
o
BHAHEIM 00pasom. Eciu f—oTo6paxenue U3 A B Ce0d, A
paccmoTpetb 06paTHHE 06pash Il OTHOCHTENBHO HTEpALHH fr I=

P=fof, ..., fi=f°fi—l. TTosoxuM
H1=Hf\ﬂff'\ f'\ﬂfi.

Ilycte ent(IL; f i)=i“ent(H‘)g. AHaJOrH4HO [J5 OTOOpaXKEeHUS
s [ ) o ;
g: Y — X ompegensierca ent(I1|Y; f, i) =1 tent (IT).

1.2. Tlycts X — KyOuuecKHii MHOTOI'DaHHHK, T. €. Tononornqecxgae
IIpOCTpaHCTBO, pa3buroe Ha KyGu U TaKuM 06pasoM, 4YTO 1113: Ig 2
MOTYT HepeceKaTbCsl JHIIb MO OGIed TPaHH. O6o3nauuM 4 pa z
pas6uenue X Ha OTKpHTHE KyOb (T. €. KyOH 6e3 rpaHMUE, e
OTKpHTHE KaK NOAMHOXecTBa B X KyObi) MOJH3IpaJbHOH c;fgeM
typel Ha X. Ilycrs II(j)— nsmeabuenne II, moayuennoe Ael

Kaxjgoro Kyba [ Ha jdimDOJJ,I/IHaKOBHX noaky6os. Tenepsb or)l(pene-
JUM TonoAo2uueckyro shrponuto entf orobpaxenus f: X — KaK
HUIKHIOK TpaHb uncesa A >0, o6/1afaolux cjaelyommM CBOHCTEOM:

(P) Cywecrsyer ckois yeoOHo Goasuioe yeroe k=0 (3asucsa-
ujee ot h), Taxoe, 4T0
lim sup ent (I1 (j); i, PES:
I 3
Oan scex j=1,2,... .

i i fter
! M. Entropy, homology and semialgebraic ngeometry a
Y. Yt))mcciiggir.m—‘: Séminaire ]ggurbaki, 38 &me année, 1985—86, n° 663, Astérisque
145—146, 1987, p. 225—240.
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Touno Tak xe onpegensiercs u entf|Y aaa kamzoro mpocrpan-
cTBa Y c oro6paxenuem Y — X.

1o omnpelefleHde OGOCHOBHIBAeTCH caefyomel mpocToff Teo-

peMoH:

1.3. TonoaorA4eckas KHBAPHAHTHOCTD suTponuu. Ecau X xomnaxr-
Ko, a [ Henpepvisro, To entf me sasucur or CTpYKTYps: {Kybuye-
ckoeo) noausdpa wa X. To e camoe 8EpHO U Oas cayuas Henpe-
poisroeo orobpascenus 8 X KoMnaxTHoO20 npocrpancrea Y. Bosee
T020, ecau X koneunomepno, a Y — komnaxrroe nodmuovcecreo 8 X,
UKBAPUAHTHOE OTHOCUTEeAbHO f, TO entf|Y sasucur auws or ¥ u

[: Y=Y, no ne or eaomenus Y—X npu ycaosuu, 4ro .| Henpe-
poiero na Y.

1.4. 3ameuanue. Paccmorpum CTaHAapTHOe pasbuerre II; npo-
CTpaHcTBa R" Ha eAWHWYHEBIE KyObl — IDaHH LeIOUHCIEHEHIX Mepe-
HOCOB ky6a {0<<xi<<1, i=1, ..., n}=Rn, OHTpONuUs, onpele-
aeHHas Ilst, He GyZeT TONMOJIOrHYeCKu HHBADHAaHTHOH Ha BceM 'R~
OnHako OHa WHBapHAHTHA Ha KaXKIOM KOMIAKTHOM NOAMHOXKE-
crBe ¥, ecan f(Y) Y u f HenpeprBHO Ha Y. Taxum obpasoM, mo-
Jydaercs WHBaDHAHTHAS SHTPONHS A5 HEMpephBHbIX oTobpaxenuit
B Ce6sl MPOM3BOJILHBIX KOHEYHOMEPHHIX KOMIAKTHBIX npocTpaHcTs Y,
MOCKOJIbKY Y 0TOGpaxaeTcsi B HekoTOpoe R~

1.4°. Nipumepn. (A) PaccMorpum amueftnoe oro6paxenue f: R7—-
—~ R v onpenenum CHEeXTPaJbHHHN paguyc

Rad f=lim| I mpr 71— sup IIf ().

OGosHaunm uepes A f= AfD ATD ... @® A.f noanywo suem-
HIOIO cTemeHb f. Jlerko mnokasmBaercsi, uro 3HTpONHA (AJA CTaH-

AapTHOTO pasGHerus R") yAOBJIETBOPSET paBeHCTBY
entf|Y =Ilog Rad A, f
AJ5 - KaxIOTO HEMyCTOrO OPAHHYEHHOTO OTKPHITOTO NOAMHOMe-
crea Y B Rn,
(B) Tlycts f— supomopdusm Topa T"=R#/Z", Jlerko Bugers,
41O
entf=entf|Y

A5 HAKPHIBAIOLIErO JHHEHHOTO OTOGpaxenus j: R7— R® y mo6oro
HEMyCTOro OrpaHHYeHHOr0 OTKPHITOTO NOAMHOXecTBa Y — R~ Ha
(A) creayer, uto

entf=1log Radf,,

rle [, — HHAYNHPOBAHHKIA 3HAOMOP(H3M BelleCTBEHHHX TOMOJNOMUH
H,(T").
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(C) Hast xaxmoro zo40mopgrozo otobpaxenus f: CP"—» Cp*
entf=log Radf,. (%)
Bouxee toro, entf|Y =entf aaa kaxpgoro nogmuoxkectBa ¥ — cpr,

JONOJHEHHE MO0 KOTOpOro HENJOTHO | HHBApHAHTHO OTHOCH-

TeabHO [. Hampumep, ecam f ma CP! 3amana noJmHOMOM fo Ha
C!' < CP! crenenn d > 0, 1o entf Y =logd nas Y={zi<r}<=C
NpH yCJIOBUH, uTo |f(2)|=r npu |2|>7.
Ormerum, uto Radf, paBeH TOmoOJIOrMUECKOH cTereHH deg f mas
Kax0ro HEenpepuBHOrO otoGpaxenus CP" B cebst npu degf > 0.
HokasatenbeTBO (%) COCTOMT U3 ZBYX L1aros. [Tepsriit — noxa-
3aTh, YTO

(C1) entf > log deg .
Bropoi#t — uro T
(C2) entf <log* degf,

rie o6osHauenue logtt = max {0, log f} BBOAMTCH, YTOGH OXBATHTH
caydaii deg =0.

[lepsoe HepaBeHCTBO — HeMe[JIeHHOE CJeACTBHE TeopeMB Mu-
ciopenya u [Ipxutnuku (cm. [4]):

1.5. Teopema. ITyctv | ecte C'-2aadkoe oTobpasiceHue KOMNAKTHOZ0
mrozoo6pasus X e cebs, npuuem npoobpas f='(x) cocrour us wne
Mmenee dem d Towek OAfL B8Cex X U3 NOOMHONECT8A NOAHOL Mepoy
8 X. Tozda ent f = log d.

Bropoe nepasenctso (C2) caenyer us (oueBnaHOH) omneHKH
Vol 'y << const - ¢f

Anst 2n-MepHOTO Oo6beMa rpaduros Iy < CP" X CP" urepaunit |
(cm. 2.4).

1.6. 3aemenrapune cBoiicTBa IHTPONUHU

IlpyuBenennnll HUXKe cnHCOK (akToB Aaer npeacras/eHye 0 3Ha-
9eHHH SHTPONMHM B AHHaMHKe oToGpaxeHHH. J[OKAa3aTeJbCTBA 3THX
$aKTOB COBEpINEHHO NPpAMOJIMHEHHEL

(i) Has mo6bix ABYX noaMHOMXKecTB X

entf|Y,UY,=maxentf|Y,.

i=1,2

(i) Ecatu Yy Yy, To ent f|Y, < entf|Ys.

(iif) PaccMoTpuM nBa HenpephBHHIX O0TOOpaxeHHs B Ce6si KOM-
aKTHEX MPOCTPAHCTB fi: X;i—X; mpu i=1, 2. Tyctb F: X; — X5 —
'HeIlpepHBHOE OTOGpaxeHHe, KOMMYTHpYIOmiee ¢ fi Ecmu F— oto-

14 Byp6aku
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6paxkenHe Ha, To entf; =entf, Ecam npoo6pas F~'(x) ana xax-
noro x & X, xoHeueH, TO ent f; << ent fo.

(iv) IIpennmosoxum, uro HempepeBHOe oToGpamenme f: X—X,

TOXKJEeCTBEHHO Ha 3aMKHYTOM nojaMHoxecTBe Xo— X, a Ha JonoJ-
HerHu Q =X\ X, sABasfercs OJyXJaOWIUM, T. €. KaxJasd TOYKa
x & Q uMeeT TaKyn OKpecTHOCTb U, 4TO mpH JOCTAaTOYHO GOJBUIHX i
fi{(U) ue nepecekaerca ¢ U. Toraa entf==0 npu ycaosuu, uto X
KOMIaKTHO.

NMpumepn. (a) Ilycrs f— nunefinoe otoGpaxende us R? B cebs
C ABYMs BeILeCTBEHHBHIMH COOGCTBEHHBIMH 3HAUeHHsIMH, OTJMYHHIMH
or 1. Takoe oro6paxkeHHe — 6ayxKJalllee BHe Hayaja KOODIAH-
HaT, oJHako entf|Y MoxKer GHTb HOJNOXKHTEJbHOH HA OrpaHMUYECHHBIX
noamHoxecrsax Y B R? (cMm. pasa. 1.4.A). Tenepnr pacumpum | 1o
NPOEKTHBHOrO OTOOpaxKeHHs [ HpOeKTHBHOH mJockoctn P?>5 R?
B ce6s. ITo oTo6paKeHHe | ocTaB/feT HeNOIBHXKHEIMH, KpoMe Ha-
yaja KoopAuHaT B R? elle JBe TOYKM Ha NPOEKTHBHOH NpsSMOH
Pl = P2\R2, cooTBercTByOUmHEe ABYM COGCTBEHHHM HOANPOCTDaH-
crBaM | (ecaum COGCTBeHHEIe 3HAYeHHs COBNAJalT, TO [ ToxAe-
ctBeHHO Ha P'). Kak u f, { — 6ayxpaomee oro6paxkeHde BHE MHO-
JKecTBa HeNOABMXKHHX Touek. Tak kKak P? KomnakTHO, To entf=0
cornacHo (iv) (cp. ¢ (C2)). Ormerum, uto entf|Ys=entf|Y maa
Y < R2 < P?, npuuem suTponus B R? ompeleneHHas CTaHJapTHEIM
pasbuerneM R? Ha «KyGH», AeHCTBHTEJIbHO 3aBHCHT OT pas30ueHHA
¥ TONOJIOTMYECKH HeHHBapHAHTHA.

(b) Paccmorpum otobpaxenne f: R2— R? sanannoe B nossip-
HbIX KOOpAMHaTaX Kak [: (o, 0)—(Ap, d0) npu Hekoropom A > 1
u nesqoM d. SIcHo, uTo 3TO OoTOGpaxeHHe NpoJoJKaeTcs A0 Hempe-
PHIBHOTO OTOGpaxeHus f oAHOTOUeyHOH KoMnakTHdukauun R2 (1. e.
S2 > R?) B ce6sa. Oro6paxerne [ — 6ayXaaiollee BHe ABYX OUeBUA-
HEIX HeNOABHKHBIX Touek. [losromy entf =0 u f mapymaer Hepa-
BeHcTBo ent > log|deg| mpu |d|=2 (3Zech degf=4d), a Takxe
Teopﬁmy 1.5. [Ipuunsa 3TOMY — HeryIagkoCTh [ B HagaJjle KOOpAMHAT
0= R2

2. SHTPOMUA U POCT OBBEMA

2.1. [lyerb X —raajkoe puMaHOBO MHOroo6pasue (HampHMep, HOA-
mHoroo6pasue B R"), a f: X—X ecrb C'-rmaaxoe oroGpaxeHue.
J1a [-mepHOTro noamHOoroo6pasus Y < X monoxum

log vol (f |Y)=lim sup {~' log Vol (I'u |Y),
{—» o0

rpe I‘fz|YCY><X o6o3Hauaer rpacduk (-fi wrepauum f Ha Y, a
Vol — 310 [-MepHLI PEMAaHOB 00beM.
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Ormerum, uro log Vol MoxHO orpaHuuuTh HOpMO# Auddepen-
guaaa Df: T(X)—T(X):

log Vol (f |Y) <log* || D If,

rae || DF == supll DF 17, (1) .

B sToM HepaBeHcTBe MOXHO (CueBHAHO) 3amenutb [Df| Ha
Rad Df, rue!)

def
Rad Df = lim sup || Df* [/*.
i-»o0

OrmeruM, uto Rad Df << ||Dfll, npuuem Raddf (B ornmume or
IDfll) He 3aBmcur oT BHIGOpa puMaHOBOH Mmerpuxd Ha X (ecau X —
KOMHZKT).

2.2, Teopema Hommmuna. Ilycre [— orobpaxenue komnaxTrozo
C®-mrozoobpasus X e cebsa crenenu 2aadxocru C', a Yo X —
xomnaxtroe CT-noOmrozoobpasue. Tozda ?)

log Vol (f |Y) <ent (f|¥) + log™ (Rad Dfy"". (*)
B uacrrocru, ecau f u Y kaacca C®, 1o
log Vol (V) <<ent(f|Y) <entf. (#2)

2.3 CaenctBue (cayyad C=-otoGpaxernudl B runmorese Illy6a o6 3m-
tponun). Ecau | xaacca C>, To

entf>log Radf,, (%)

20e Rad f, — cnextpassnoui paduyc undyyuposannozo orobpaice-
Husa seuiecrgennoly eomoroeui |2 H, (X)— H (X).

HoxasareavcTeo. PaccMOTPUM nape 3aMKHYTHX (GOpPM @, H w,
Ha X X X npam degw, 4 degwp,=dim X. 3amerum, gro Radf,=

S w; X Wy

rft

= Rad f*= sup limsup

1/i
<l Ut
wy, W i->oo = h?})i}lp (VOI I‘fi)

3ameuaHue. SIcHO, uTO cnekTpaibHHE paauyc f, Ha H; orpanu-
YeH pOCTOM oO6beMa [-CHMIIEKCOB (PHKCHPOBaHHOH TPHAHTYAALNH V'
IpH HTepanHsax oTo6paKeHHus f.

2.3.A. Ilpumep. Eciu f— 6ayxpaollee oToGpaxeHHe BHE MHOXKE-
CTBa HeNOJABUXHHX Touek [ (cM. 1.6(IV)), To Kaxmoe co6cTBeHHOR
3HaueHHe A oToOpaxenus f, na H,(X) ynaosiaersopser |A| < 1.

1} 3zecy u nanee Dfi = D(f) — pum, nepes.
? 1 — pasmeprocTs Y. — [Tpum. nepes.

14*
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2.4. Bepxnss oneHka pJs dHTPonHu. 3a HECKOJBKO MECSIeB [0 TOrO,
Kak Momnaun nosyuusa ceofi pesyasrar, IHenxon Heioxays [6] 06~

HapyXuJ cjaefymollee o6paTHoe K (#+) yTBepiKIeHHe, Kacamoueecs

C?-oro6paxenuil B ce6d KOMIAKTHHIX MHOrOOGpasuil:
ent f <<suplog Vol (f|Y),
Y

rge sup Oeperca INO BceM KOMIAKTHHM C®-NIOAMHOTO0Gpa3usiM
Yo X. Panee ®enukc I[IpXKHTHUKH [OKas3al aHAJMOTHYHOE HEPaBEH-
CTBO A5 Anpdeomopdusmos [P].

2.5. MoaynenpepbiBHocT, 3HTpONUM. Mcnoabsys (#s#s) H CBOW OC-
HOBHYIO JeMMmy (cM. 3.4), oMAMH nokasbiBaeT, uTo

limsupentf; entf,
>0

BBINOJIHEHO AJA kKaxporo C-rmapkoro npu f<[0,1] cemeficTBa
C=-oTo6paxenufi fr: X— X wxoMnakTHoro MuorooGpasus X.

Npumep paspbiBHOCTH 3HTponud. PaccMOTpUM OTOGpaXKeHue [i:
z+—> {1 — )22 egunvunoro aucxa B C B cebs npu vt [0, 1]. Torma
entfo=2 (cm. 1.4.C), a entf, =0 npr v >0, Tax xax npua v >0
oTo6paxkenue [, — OayXKpamoliee BHe HEeHTpa THCKA.

2.6. Hepasencrso Homauna (=) wueyayumaemo. Huig ngokasaTelr-

CTBa HOCTATOYHO pAacCMOTpeTh rpaguk (OYHKUEM y=x " °sin x '

B Kavecrse Y < R2 310 mopmuoroobpazue C7-riagxo npu nwoboM r

# &g > 0. PaccMOTpHM INpOeKTHBHOe OTOGpaiKeHue [ m3 P2DOR? s

cefst, MOTy4eHHOe NPOJOJIKeHHEeM JIHHEHHOro oTobpakeHus (x, y)—

—>(x/2,2y) uz R2 B cebs. Torma pauna fi(Y) Oymer npumepHo
2

pasna 2'° = (Rad Df)’'"*°, B 1o Bpems kax entf=0. YcTpemus
& K HYJIO, NMOJYYHM HeyJayumaeMocTb (+). Ecaum Bac HHTepecywT Y
knacca €, a f— kaacca C7, TO BaM HYXKHO JKIUb U3MEHHUTb [VIzf-
KYIO CTPYKTYPY Ha P2

2.7. Heckoabio 3amewaHuii 06 ucTopuu Bonpoca. CoOTBETCTBHE
MeX[1y SHTpOnHe# u Tonosoruell GbLIO OTKpHTO [HuuHalyprom [1],
3aMeTHBIUIHM, YTO OTOGpaKeHHe IepeHoCa 3a eNMHHYHOe BpeMs [!
reGHe3HYeCKOro IIOTOKA Ha KOMIIAKTHOM PUMAHOBOM MHOTO0Gpasnu
ynosnersopser entf' >0, ecan ¢yHzamenranvuas rpynma m (V)
HMeeT 2KCIOHEeHIHMAJbHBIA POCT. DTOT pe3yJabTaT NOJyHaeTcs IIpH
paccMOTpeHUN YHHBepcaJbHOH HakphiBawouiell fjaf V U NpEMeideHnd
cJeyIOLIero NpocToro (rakTa K acCOIHHPOBAHHOMY HAKDHITHIO Ka-
CATENBHOTO pacc/loeHus V:

(A) Hycte X— X — nakpoitue 'asya xoneunozo (Kybuueckoeo)
xomnaiexca X. Iycrte orobpasenue {2 X — X nodsumaerca o He-
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npepovisrozo orobpascenusn f: X — X, Ecau KoMnaxTHoe nodmunoxce-
creo Y — X npoexrupyercs na X, 10

entf|Y =entf,

20e ent] soviuucaserca npu uHOYYUPOBAHKOU KYOU1ecKol CTpYKTYpe.
na' X.

OTMeTuM, uTO M3 HepaBeHCTBa MomzauHa (%x) Takxke ciaenyer
ent f! > 0 npu yciaoBHH, yT0 V raagko kaacca C® (IO0Ka3aTenbCTBO
JuraGypra 3aBHCHT JHIIb OT HENPEpLIBHOCTH TI'eOLE3HYECKOTo IIO-
Toka). Ha caMom gene nepaBeHcTBO entf! > 0 clenyer U3 (==)
Bag mo6oro C*-rmagkoro V, Ha KOTOPOM JiBe TOUKH 06Ilero noJo-
JKEHHS COEAHHSAITCS No KpadHefi Mepe C* reolie3sHUeCKHMH cerMmes-
TaMH JJHHB <CA Jaa Bcex A== 1 npu HekoropoM C > 1. Takas
HUXKHAA OIIEHKA [AJI UHCJIA TeOfe3HYECKHX CerMEHTOB YAOBJETBOD -
eTcsl, HalpuMep, OIS ONHOCBA3HLIX MHorooOpaszuit V, uuciaa Bertu
b; mpocTpaHCTBA INeTeNb KOTODHIX pAacTyT 3SKCIOHEHIHAJbHO IpH
i=12 ... (cMm. {2]).

(B) Manuunr [3] [HxoKasaj, 4YTO CHEKTpaNbHHA DPafHYyC fa
H{X)— H,(X) naer oueHky (CHH3Y)

entf > log Rad f,| H, (X)

JJISE KaXKJOTO HENPEpPhIBHOTO OTOGpaKeHH KOMIIAKTHOTO Nmoauszapa X
(mns 5TOTO HYXKHO NpHUMeHHTh (A) K MaKCHMaJbHOMY afeseBy Ha-
kpuitHio X — X), a Muciopesuy u [Ipxkutuuxu [5] yTouHHIH 3TO
HEPABEHCTBO [J5 INIPOCTPAHCTB X, TOMOTOIHYECKH SKBHBAJEHTHHIX
n-TOpY:

entf >log Rad f, =log Rad A f, | H, (X).

(C) Iy6 BHIBHHYJ THNOTE3y, UYTO HEPaBeHCTBO entf >
= log Radf, ynoBaerBopsierca pas Cl-oTobpaxeHHH MOGBX MHOTO-
obpasufi (a1 KoutpnpuMepa B CO-cayuae cMm. 1.6). B Hacrosmu#
MOMEHT 3Ta THIOTe3a YCTAHOBJEHa (IOMHMO CJy4as TOpOB) AJd
C'-oto6paxenusi chep S* (no 1.5) u aas C®-oTobpaxeHu# IIs
mo6bix X MoMAUHOM B (#xx).

3. CBEAEHME TEOPEMbl MOMIMHA K AJITEBPAMHECKOM JNIEMME

3.1. Cn-pasmep mnoaMHorooGpasuit. 3agukcupyeMm uemnoe [ = 1,2,...
u onpenenuM Cr-pasmep nopMHoxecTBa Y R™ Kak HHXHIOI IDaHb
yncen S>>0, mas KoTopHX cywlectsyer C(7-oTo6paXKeHHEe eZMHHY-
Horo [-ky6a B R" (0Gosmauum ero h: [0, 1}' —R"), o6pas kotoporo
copepxur Y, a I|D,h]|<<s. 3necy Dh — BekTOp, 06pa30BaHHBIN KOM-
NOHEHTAMH YaCTHEIX IPOU3BOJAHHX A mnopsika 1,2, ..., 7, a IOX
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HOpMOH# UMeercsl B BHLY cympemyM mo x & [0, 1}%
I DAl = sup | DA (x) |1

3amedanue. Bmecro [0, [}/ MOXKHO HCIIO/NB30BATL TPOU3BOJNBHOE
CTaHjapTHOe [-MepHOe MHOroof6pasue (HANpHMEp, eJUHHYHBLIH map

B R' unm coepy S, uto maer sksusamentHoe mo CyLIecTBY oIpe-
nenenue Cr-pasmepa.

3.2. OueBHufizo, uto C’-pasMepP MOHOTOHHO pacTeT NpH pocTe 7 WJIH
yBequuehud Y < R"” u uwro C'-pasmep orpanmumpaer IMaMeTp H
[-MepHuIfl 06BeM (T. e. Xaycnopdosy Mepy) Y:

Cl-pasmep Y > max ((Vol Y)'”, "' Diam Y).

Ilpu I u n, paBuEX egunuue, C’-pasMep ragxofl ayre Y B R” co-
BHajaer ¢ aauHo# Y. B To Bpems kak C2-pasMep Takoro Y orTseuaer
B H3BECTHOM CMECJe TOTAJbHOH KpHBH3HE Y, 0 TeOMETPHYECKOM
cmbicie Cr-pasMepa npH max(r, {)'>= 2 ckaszaTb 4TO-HUGYAbL TOUHOE
3aTpPYHUTEJIBHO.

Eciu nogmuoxkectso Y < R” umeer Cr-pasmep <1, a f: Rr—>Rm
ectb CT-oTo6paXeHHe, TO IO LENHOMY npasuay o6pas Y! oro6paxe-
HUA f|y yAOBJIETBOPSET HEPABEHCTBY

C’-pasmep Y’ < const| D,f|, ' (1)

Tl¢ yHUBEpCalbHasA KOHCTAHTA 3aBHCHT JIMUIbL OT r, m ¥ h. PakrTu-
geck# (1) ocraercss cnpaBefUIHBHIM, eClH f ONpeNeseHO TOJMLKO Ha
okpectHoctd UDY, UcR" cogsepxamedt o6pas COOTBETCTBYIO-
mero oTo6paxenus h: [0, 11— R~ Ecau Cr-pasmep (Y)<<el-'/2,
TO TORHUTCA e-OKpecTHOCTh U, MogMHOXKecTBa Y.

Kaxnoe nopmuoxecrso Y < R® Cr-pasmepa <CS MoxHO pas-
6utb Ha j' nopMHOXKecTB ¢ Cr-pasmepom <S/j nas no6oro j=
=12, .... laa sroro pocratouno paséuts ky6 [0, 1" ma J’
xy6os [0, ;'] u mcnombsoBath (0ueBmAHOR) MacmTaGHOE npeoGpa-
soBante [0, 1}' — [0, j"l]',u..nﬂ KaXJoro Ky6a pasGueHus.

3.3. AuareGpauueckasn aemma. Tycrs ¥ < [0, 1]* = R® — mnoscecrso
06ugux Hyaed noaunomos py, ..., p, 8 [0, 1]*, npusem dimY = 1.
HAaa mobozo r=1, 2, - cyusecTsyror yeaoe N,, sasucauee

def
ToAbKO OT n, r u deg¥ =, deg p;, u C"-orobpasenus hy: [0, 1]* —
fax]

—>Y (npu v=1,..., Ny, obpaser koropmx noxposaror Y, a
1 DA, 1 npu v=1, ..., Ny. Boazee roeo,

(1) xaxcdoe hy— arzebpauseckoe crenenu <d', 2de d’ 3asucur
ToAbK0 OT 1, deg Y u n (1. e. epagux hy 8 [0, 1] X R= napamerpu-
8YETCA HEKOTOPbLMU NOAUKOMAMU CYMMAPHOL cTenenu <d')

k4
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(il) xaxdoe hy — sewecrsenno-anaruruteckul dupdeomoppusm
enytpennocru [0, 1}' na ee obpas, npusem obpaser [0, 1]! nepece-
KQIOTCA TOABKO no epanuyam kybos. ITo osHauaer, 4TO ecau
hy (x)="hyv(y), TO x u y nrexar wa epanuye [0, 1]' Oaa awboix
v, v =1, ..., N

Hoxasatenscreo 3Toro dakra 6yger navo B 4. [as noayueHus
HEKOTODOTO NPEACTABJEHHS UATATeNb MOXKET DACCMOTDETb THIep-
Gony xy =¢e B KBampare {0 <<x <!, 0 <<y << 1} R? npu manom
NOJOXKHTeNbHOM &, HanpuMep & = 0.0001, u nouckats A, npu r =2
HN=6. :

3.4. Ocnopnaa Jaemma. ITycre Y — npoussoassoe nodmuoxcectso
epapura Ty = R'T™ 5[0, 1 X R™ C"-oro6pasxenus g: [0, 1]' —R™
agurcupyem noroxuresvroe uucao e l. Toeda Y moxcro pas-

6ure na N<<Ce™'(1+0,g)"" nodmuonecrs C'-pazmepa <<
<< CeDiamY, 2de 0,g obosnauaer sexrop, obpasosastoili 4acT-
Hoimu npoussodnoimu g nopadka r, a C== C (I, m, r)— ynusepcaro-
HAA NOCTOAHHAA,

Hoxasareascrso. ITocae 3amenn g(x) —ag(rx)+ b Mb Moxem
cuurats, uro Y [0, 11 X[1/3, 2/3]", a diamY =1. Teneps
HCIIOJIB3Ysl pa3GHeHHs moAMHoxecTBa C'-pasmepa < | Ha jl qacred
C’-pasmepa <{j~!, MH cBogEM aeMMy K cayuaio e=1. [locae
9TOr0 MOXHO 3adHKcHpOBaThL MaJoe 6 > 0, Hanpumep 8 = (m -1+
-+ r)—m+l+', U NOJOXKHUTh £ HAUMEHLIIHM LeJbIM C k>6_lll 0,8 ll”r.
Teneps nokpoem [0, 1] o6pasamu addHHHBIX OTOGPAXKEHHA Ay:
0, 1" >0, 1} Buma Ay(x)=~%"'x+a, B uncae £" T. e v=
=1, ..., £". Komnosumus goA,: [0, 1'>R™ ynoBaersopser
10,(g@oA) <<k~ "10,gll D10 cBOZHT  JeMMy K cJaydalo, KOTAa
0:gll<< 8. (OTMeTHM, YTO HMEHHO Ha 3TOM INAry MhH NOJAYyYaeM
GONIbUIMA BHIMIPHIN NPH GOJBILIHX 7.)

Teneps BBeneM B paccMorpenue moauHoM Tefsopa as g cre-
NeHH r— 1 B HEKOTOpOH TouKe xo < [0, 1] dT0 noauHOMHabHOE
oro6paxenue p: [0, 1]!—>R™ crenenn (xaxzoro Moxoma) r—1,
yrosaersopsiomee (npi [[0,g]|<< 6" u ManoMm §)

0; (p— I3 st i=0, 1, ..., r
no TeopeMe 06 ocTaTouHOM usieHe B dopme Teitnopa.

[Ipumennm Temeph aJareGpaHueckyio JeMMy K dacTH Y, rpa-
¢bHKa p, Jexamell B eguHHUHOM KyGe [0, l]l+m. Mu noayuaem
Ny oro6pakennit hy: [0, 1]'—[0, 11" X [0, 11" ¢ || DA, '< 1, mok-
poiBatomux Y, OGosanauuMm uyepes A, ¥ A, KOMIOHEHTH H,, OTHO-
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camueca x [0, 1]1 u [0, 1]™ COOTBETCTBEHHO, H 34METHM, uTO
hy=poh,, nockoavky Im h, =Tp. 3amenum hy=1(hy, poh,) ‘Ha

h;=(5v, gohy). Tak kax lp—gll<<1/3, o6pas W COBEPKHUT
name Y. Hrtak, mp ouennan Dk xax

1D <D |+ 1D (1 — B < 14| Do (9 — g) o ) |
Tak kaxk | Dk, (<1, a D, (p — g) | <r/3, no IENHOMY TNIpaBHJIY
MBbl TTOJy4aeM
”D,h;u<C(l, m, r),

4TO H sABJAETCA OUEHKO! C’-pasMepa o6pasos h;, v=1,..., N,To-
KpHBalollux Y.

3.5. OcHoBHoe caepcrBue. PaccmoTpum OTKPBITOE NOOMHOMECTE0
UcR™ u orobpamenue f: U—R™ giacca C, ITycre Yoo U —
nodunoxcecreo Cr-pasmepa <1, npuuen Yo ydaseno or epanuym
OU muooxcecrsa U, a umenno dist (Yo, OU)= /1. Toz2da nepeceye-
uue Y, obpasa f(Y,) = R™ ¢ xamdoim xybom 0= R™ gesuuuns 1
(1. e. Auamerpa A/m) moxcno pasburs na NC DI+ 1 noo-
mroxcecrs Cr-pasmepa <1, 2de C’ — nexoropas nocroannan, C' =
=C'(l,m,r). :

Hoxasareascrso. Ilyets h: [0, 1]/ — Rm — oro6paxenne c
DA< 1, mokpuiBatomee Y,. Corsnacho IENHOMY IIPABHJY, KOMIO-
sHuuA ') g=foh ynosnersopser |D,gl<< C” (I, m, r) D:fll, Tax uro
OCHOBHad JeMMa npuMenuMa k ¥ =T,(([0, I X 0) < [0, 1 x
X R™ Tax xak Y oro6paxaerca Ha Y, npu mpoexnuu [0, 114X
X R™—R™, nokpurue Y nogMuoXecTBaMu C,-pasmepa <<1 (oGec-
NeYeHHOe IeMMOH) HHIYNHDYET HCKOMOe NOKpHTHe Y.

Samedwanue. BaXkHHM YacTHBIM cayuaeM OyneT cayyald JHHeH-
HOro oTo6paXKeHUs [, KOTOPOTO B AEHCTBHTENLHOCTH 6yner yXe no-
CTaTOYHO AJA JJOKA3aTeNbCTBA TeopeMH Mompauna.

3.6. [Ipennonoxum, urto f oro6paxaer U B ceba, npuueM
dist (f (U), dU) = +/T. Toraa caencrsne 3.5 IPHMEHHMO H K 49aCTAM
Y, C-pa3mepa <1, cymecTBoBaHHe KOTOPDHX yTBepxKpaaercs B 3.5.
Hupykuna mo i=1,2, ... npusogur & CIEAYIOMEMY 3aKJI0YEHHIO.

Hycre O, ..., O; — npoussosshme Ky6s. seauuuno, 1 nycro
O] — npoobpas [0, ornocureasto i-ii urepayuu ' orobpascenus |,
a Y, — obpas nepecevenusn Y, OiN0yN ... N 0Oj; orsocureasso f.

1) Ee cymecrBoBanme rapautHpyercs ypajemsocteio Y, or dU. — Mpunm.
nepes.
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Toz0a Y; moxno -pas6urs na N;<(C'|D.f 1"+ 1) nodmsuoncecra
C’-pasmepa <1, B uacruocru,

vol Vi < (CTI D, f 1M + 1), (+)

3.7. Oyenra daa Vol fi(Y,). Ilycts IT — orpannuenue CTaHAAPTHOTO
KyGHUYECKOro pasGHEHHS e NpOCTpaHcTBA R™ ma paccMoTpeHHoe
Bhiite Muoxectso U. Torza B o6o3Hauenusx 1.1 us (*) BBIBOmHTCSH

i"'log vol f* (Yo) sent(@|Yo f, i) + 11 - log| D,f l4c, (=)
rae c=c(l,m,r).

3.8. lokasarteabcTBo TeopeMni Hompuna. B NEPBYIO oYepens 3ame-
TEM, YTO NOCTATOYHO PAaCCMaTPHBATHL cayuai oTO6paxenui f: U—-U,
YAOBJIETBODSIIOIIAX TPEANONOKEHHAM 3.6, TIOCKOJIBKY KaXJoe MHO-
roo6pasue X norpyxaercs p HekoTopoe R™, a xampaoe oTobpaxe-
Hie X—X npopmonxaercs Ha TPYGuaTyi0 OKpecTHoCTh U/ — Rm
NOAMHOroo6pasus X ¢ HopMaJbHOM npoexuuet U— X. Bonee 1oro,
MacmtaGHoe npeo6paszoBanue U B Aol OpH HEKoTOopoM Ap == 1" mo-
3BOJISI€T HOGHUTBCA CKOJb YTOLHO GOJBIIOro: sHaveHusa dist(X, oU).
___3arteM paccMoTpHM (neperopmupoBaHuEIe) oTobpaxkeHusa f;:
jU~jU mpu j=1,2, ..., onpenenseMue kak fj(x)=jf(j-'x), n
3aMEeTHM, YTO

(i) N0:fill== j=r+11la,flI;

(ii) pasbuenue n MHOXKecTBa jU na emmupumble Ky6H cooTBET-
CTBYeT pa3bueHHIO n(j) MHOXecTBa U Ha J-Ky6H;

(ili) mHOXectBO [Y, MOXeT GbiTh pas6uto na j’ uyacrest Cr-pas-
Mepa <|.

Ho no onpepenenuo entf| Y, ans xaxmoro e > Q CylIecTByeT
Takoe uejoe k, 4to

ent (w(7)|Yo; f%, i)<<kentf|Y, 4 ke

AJs MoGOro j ¥ JOCTaTOUHO GOJIBLIOTO ; (saBHCAmIErO OT jt u k).
9TO0 IKBHBaJEHTHO

ent (n| Yo ff, i) <<kentf|Yo-+ ke.
Teneps BuGepem j mocTaTouso Gosbmum AN JOCTHIKEHHsI
IDfFr <1 +2) D5,

YTO BO3MOXKHO mo (i). IIpuMeHHB (##) K f* ¥ pas6uenno jY, ua
j* Hacreft Cr-pasmepa <1 (em. (iii)), MH 3akmouaem, yto

i“logf"Volf’“<Yo)<kentf|Yo+z/rlogllDf’“ll+ke(1 +4) e
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IS JocTaTouHo Goabmiux i. [TonoXuUM [— 0o H 3aMeTHM, UYTO
lim sup i~ ' log Vol 4 (v) = k lim sup i~ ' log Vol f* ()
i-»o0 i-»o0

IJs KaXAoro KOMNaKTHOro noAmHorooépasusa Y < X. [Tostomy

limsupi™ ' log Vol P (Vo) <<entf| Yo+ k_lr log | DR || +¢ (1 -+ —rl-) +¢/k.

i=poo
[MoaoxuM Tenepb k£ — oo, a ¢—0. Mu noaysaem
lim sup i~ 'log Vol f* (Yo) < entf| Yo+ 4/rlog™ Rad Df
=>oo

s Bcex noaMmHoxkectB Yo <= X ¢ C’-pasamepom =<Cl. Tak Kak mpo-
H3BOJIbHOE KOMIIAKTHOE /-MepHoe NOoAMHOroo6pasHe Y MOXeT ObiTh
NOKpHTO KOHeUHHIM yHc/IoM yacrefi C'-pasmepa <Cl1, 310 HepaBeH-
CTBO OCTaeTcs COpaBedJHBHIM AJsA Jmo6oro Y.

Ilns pokasaTedbcTBa HepaBeHcTBa HMomuuna (#) u3 2.2 jpocra-
TOYHO NOACTAaBHTH 06beM rpadHka I‘fj‘Y BMecTo 06BmeMa obpasa

Fi(Y) (Mb Hcnogb3oBaaH rpaukH, a He o6pasbl B OCHOBHOM HJA
Toro, 4ToOH H36eXaTh NpobJeM KpaTHOCTH AJA HHBEKTHBHHX OTO-

Gpaxenuit). aa 3TOrO 3aMeTHM, YTO FfilY=Fi (Tq)Y), rme
F: (y, x)—>(y, f (x)), npuuement f| Y = ent f| (T'1a|Y). [1osTOoMy mop-
CTaHOBKAa F BMeCTO [ B HEPABEHCTBO NIPUBOAHT K HepaBeHCTBY HoM-
auHa (x) Zagf.

3.9. C"-3HTPONHSA H NOAYHeNpPepuBHOCTb. [IycTh gy, &1, -- ., &it
[o, l]-LRm—oTo6pa>KeHHﬂ knacca C'. B srom cJaywsae Habop
oro6paxennit Ay, ..., hy: [0, 1’ =[O0, 1¥, o6pasm koTopmx mOK-
puBatot [0, 1)}, masumBaercss e-nokpurTHeM, ecau ||D.A,lSe #
D, (g;°h)I<<e nas moboro j=0,...,imwv=1,..., N. Iycts
ent, (go,. . ., 8;) = log N, rie N — MHHHMAaJ/BHOE BO3MOXKHOE IJIA &-
HOKpHITHA. 3aMETHM, 4TO

ent, < entg < ent, + log I

npu k-l <8 << e mpu mobom k=1,2, ... .

IMaaee, ecan {hy} ecTb e-NOKPHITHE AAA Lo, ..., Gir A {Auv} €CTH
e-IIOKpBITHE a5 KOMINO3HUHE gjohy mpH j=1, ..., i, v=I, ..., N,
TO Ay © Apy — TaKKE e-TOKPHITHE AAA Zo, ..., §i ECHH TOJBKO 8o,

rie eo ==egg(/, m, r) > 0 — yHHBepCaJbHas NOCTOSIHHAA.
Teneps paccmoTpum Cr-oToGpaxenue f: X—X Jasi rialkoro

KoMIaKTHOoro moimuoroo6pasus X < R™; myers g: [0, 11 —-X

. uMeer raagkocts C'. Torza nmpeaen

lirinsupi_'entg(g, fog, ..., Fog}
- 00
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He SaBHCHT OT & >0, cOrJIacHO NpelllecTByOmEeMy 06CyX e HHIO
Oun nasniBaerca CT-3xrponuei ent”(f|g). Scno, uro '

ent’ (f*| g) = kent” (f| g)

LA mo6oro k=1,2, ... r :

JI060M r:?l, 9 .7 npuiem ent’(f| g) =>entf|g (0, 1) npu -
Tenepr nostoxum

enty (, i) =supi”'ent, (g, fog, ..., f'og),

T/le BEPXHAA rpaHb Gepercs No BceM g ¢ |D,gl|<< 1. Ecan
?;}Hiez}eréuoro Bhillle &9 == go(/, m, ), TO oqum\Ho, 4T0 npsnmneggg)e(
ent, (f, i+ <<+ /)™' (E ent, (F, ) + f ent, (F, f)).

IlosToMy npu & <C ey cymectByer npegen
ent”’ (f) = lim ent, (, i),
i-»oo

KOTOPHIfl He 3aBHCHT OT & H NOJYHENpephIBeH 1o f-
Ecnu f: C*-rnanko 3aBucut ot t < [0, 1], To

. ¥ r.
l1r£1 L sup ent” ' . L ent" f,.
3aMeTHM Takxe, 4TO
ent” (f) > sup ent’ (f| g),
e

rae sup Gepercsi no Bcem C'-oro6paxenuam g: |0, 1}t —X.

P Sameuanue. FMeercs cilefyomas Tononornueckas BepcHs ent’: L.
accMoTpuM Bee Y < X ¢ C"-pasMepoM <C1 H nosoxuM

s(j, &, i)=s1}3p ent (= ()| Y; f%, i)

(cp. ¢ 1.2). Onpenenum

top - lim inf li 1. i [
r m lim Sup s (], k, l).

top!f > s1}1'p entf|Y, -

rie Y npo6eraer Bce CT-noAMHOrO06pasus X pasmepHoctH [. Kpome
TOTO,

top! f < top” f =ent

npu moboM r=1, ... 0 I<n=dimX.
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Tenepb MOXHO NDHMEHHTh coobpaxenus 3 0. 3.4—3.8 Hemno-
cpenctsenHo K C'-3uTponuu (6e3 nepexofa K o0beMaM) M MOJTYYHTD

r !
ent’ (f1 g) <entf| g ([0, 1]) + - log " Rad Df
aas mo6oro Cr-otobpaxenus g: [0, 111 — X uan
ent” ! f<toptf+ 71 log* Rad Df.

B uactHocTH, ecau [ C®-riagkoe, TO
entf=Iliment"" X

npy n=dimX, a noayHenpeprBHOCTb ent”" BJjeyeT NOJYyHENpe-
pHEBHOCTD ernt f.

4, NOKA3ATEJIbCTBO AJIFEBPAMHECKOWM JIEMMbI

4.1. JoxaxeM CHauasia JIeMMy AJA TaKdX anreGpauyeckux KPHUBBIX
8 (X, y)-TIOCKOCTH, NPOEKIHA KOTOPHX Ha OCb X KOHEYHOJHCTHA.
Takas xpuBas Y Moxer, O4eBHIHO, OnTh pasbura Ha N < d* cer-
MEHTOB C B3aHMHOOAHO3HAUHLIMH HIPOEKUUAMH HAa OChb X. DTHM MBI
peAynnpyeM 3afiauy K ciIydaio, Korna Y —rpaduk Tako# oJHO3HAY-
golt Gynkumn y ==y (x) (mpu x &[0, 1]), uto ||y (x) H=Sgply(x)l<

<.

= Teneps pazobbem [0, 1] Ha MeHblIHe OTpE3KH TOYKaMH, B KOTO-
pHx npousBopHas y  dymkuuu y obpamaerci B ==1. Ilomendem
POMH x W y Ha TeX oTpesKax, rie |y’|=> 1, H cBelleM JIeMMy X Cay-
qalo pynxmun y=y(x) ¢ lly’l<<1. 310 noxasHBaer JemMMy IpH
r==1, Tak kak oro6paxenue x—>(x,y(x)) nepesogur [0,1] B
MHOXecTBO Y ¢ || D ||<1/2, i OueBHAHoe pa3bueHHe Ha [ABa
1/2-noanintepBana gact {|{D| < 1.

[lpu r = 2 npennonoxum ')

17 1<y, 1y I1<t, ..., |47Vt

u pasoGbem [0, 1] mHyasmu mpoussomroit yr+D (x). Torna y(” (x) mo-
HOTOHHA HAa KAaXAOM NoJbiHTepBaje (Ha KoTopoM yU+D He MeHser
3HaKa) M OUYEBHMJHO, YTO 3aKaua CBOAHTCA X CAydawm, KOraa y(x)
NOJIOKHUTENbHA 1 MOHOTOHHO yGniBaer Ha [0, 1]. 9Ta MOHOTOHHOCTD
u omenka [y—b<< 1]| BaexyT 3a coboit y» (x) << 2¢~ mpu x< 10, 1].
Tenepb NpsAMOe BHUYHCIEHHE NOKA3biBaeT, UTO QYHKUHA 2(x)=y(x?)
YIOBJIETBOPSIET HEPABEHCTBAM

|29)< 10" mpu i=1, ..., r,

1y Jlanee AOKa3aTeNbCTBO NPOBOAHTCH HEAyKnued mo r.— [Tpus. nepes.
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u oToGpaxenHe x+—>(x, 2(x)) BMecTe C HOTNOJHHTENbHHM pasGue-
HueM Ha 107 cerMeHTOB AaeT N0Ka3aTeJbCTBO aareGpauyeckoi JeM-
MH I IJIOCKHX KPHBHX Y.

4.2. Tenepb npexamodoxum, uro Y —xpuBags B [0, 1]"<=R*=
=R X R*'.Mbl MOXeM IpPeNNOIOKHTb, UTO npoexuus ¥ Ha R xo-
HeuHonuctHa. Torga Y —rpaduk n— 1 anrebpanveckux QyHKiuH
yi(x), ya(x), ..., Yn(x). [IpeanosoRKuM NO HHAYKUUH, 9TO DYHK-
IHH Y1, ..., Yn—g HMEIOT OTPAHHYEHHbBIE IPON3BOLHEIE NOPAAKOB <7
Hcnoabsyem Ty e 3aMEHy NepPeMeHHBIX X ~~ x (), 4To u BhIlle, I
JOCTHXKEHHS OTPAHHYEHHOCTH MNPOHSBONHHX Y,—. Torma sce ¢yHk-
may 2z;(t) =y (x(t)), i=1, ..., n— 1, UMeIOT OrpaHUYEHHHIE NPO-
H3BOAHBE {Ha HEKOTODHIX NOJBIHTEPBAJNaX), YTO, OUEBHIAHO, BJEUeT
3a cofolt anrebpanyeckyro JeMMy Ajas Y.

4.3. PaccMorpuM  IVIaAXKyi0 BEKTOPHO3HAUHYIO  aare6panyeckyro
-byHKIHIO [ IepeMeHHBIX, CKaXeM Yy ==y (xy, ..., x;}. IlycTb Kommo-
‘HeHTbl Y4aCTHHIX NPOH3BOAHHIX NOpAfKAa <Ir MO NepBeIM [— | Zepe-
‘MEHHBIM OTpaHHYeHH No MoAyaio emuuuunelf. BygeM nckaTh 3aMeHy
TIepeMeHHOH x;, 06ecleuHBaIOIyI0 NOJOOHYIO OLEHKY AJS BCeX 4acT-
HHX NpOM3BOAHBIX. MHAYKUHSA IO S NO3BOJSAET NPEANOJIOXKUTH, U4TO
JacTHble NPOH3BOAHHE NOPSAAKOB < S < r Ho x; orpauuyenn. O6o-
3Ha4HM 4epe3 F = (%, ..., X;) BEKTODHO3HAUHYIO (YHKIHIO, KOM-
HOHEHTH KOTODOX — YaCTHHE MPOH3BOAHHE NOPANKOB <Ti; NO X,
Tae

t
Zi,=r, a ;s
j=t

Tlyers §y, ..., Jy — KOMIIOHERTH §; HHAYKIHS NO YHCAY KOMIIO-
HEHT [03BOJISIET NPEeANOJIOKHUTE, YTO ;
9y | <1 mpu v=1 M—1<N
axl = p v=1, ..., - < .
3atem AJAs kKaxporo (GUKCHPOBaHHOro 3HaueHHs x; [0, 1] pac-
CMOTPHM MHOKeCTBO MakcuMyMos S (x;) < x; X [0, 1}*"'=]o, 11"
g
cpyHKunnl—&i‘—l NEepPeMEHHHX X, ..., X;_;. Temnepb, OYEBHIHO,
1

cymecrsyeT pasbuenue [0, 1] Ha TMOZHHTEpBAJB, CKaxeM Ha [,
H oJHO3HauHHe ajreGpanueckne GyHKUHH Sg: [, — [0, 1)'', Takue,
uTo (a) 4uciao TNonHHTepBaJdoB U degs, orpaHHYHBAOTCA MO
deg 7u; (b) s (x)=S(x;) naa Bscex kB u x; <=1, Onpesenum
Se: 110, I]I_IX[—I, 1] Kax §p x> (sp(xr), Tm(x(x)))) u
TPHMEHHM KOHCTPYKUHIO NPEALIAYINEro padnena K Kaxaod QyHKIHH
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4’y (x,) ;
5. (x;). OTO OrpaHHYHT NPOUIBOJHHE — TpE i= I, ...,rm
xl .
0 4
aioboMm R, 4To yxe Oe3 Tpyna HGaeT OUEHKY HJdA 3"
' 1

4.4. Tenepr JdoKaXeM aare6pamyeckyio JeMMy HHAYKIHeH 0o [ =
=dimY pna anre6pauyeckoro MHoxectBa Y [0, 1]%. Mu 6ynem
paccMaTpuBaTh Takoe Y Kak rpaduk aare6panueckoro oTo6paxkeHus
y: [0, 1]*— [0, 1], TlpeAnonoxuM, yTO [/ KaXKAOrO (UKCHPO-
BaHHOro sHauenus x:& [0, 1] cymecTByer Takas saMeHa mepeMeH-
HBIX X1, ..., Xi—1, YTO B HOBBIX IIlepeMEHHHX UYACTHbE [IPOU3BOLHbBIE
KaXJoH BeTBH y OrPaHHYEHHl YHHBEDPCAJBHOH MNOCTOSHHOH. Dojee
TOro, Mbl NPEANIOJNOXKHM, 4TO 3Ta 3aMeHa [epeMEeHHbIX KYCOUYHO-ajl-
re6panuHa no Y. JTO NPUBOAUT HAC K CHTYALHH HpEXBIAYIIEro pas-
Aena. Tak xax HcIob30BaHHHE B 4.1 KOHCTPYKIHH KYyCOuHO-aJre6-
pauuHBl AJA ceMeHcTB QyHKuuH anreGpaHuecky 3aBHCAIIHMX OT Ha-
paMeTpoB, TO HHAYKUHA NEHCTBHTENbHO BO3MOXHZ, YTO H JOKAa3hi-
BaeT ajare6paHuecKyio JeMMY.

4.5. O1H Xe caMBle apryMeHTH Jal0T (IoJy)aare6paHueckoe Kie-
TOYHoe pasbGHeHHe NPOH3BOJNBHOTO nMO.AYaszebpaudeck0eo MHoNCe~
créa Y, npudueM KJeTKH MOTYT OHTb Da3GHTH Ha CHMIJEKCH (ode-
BUAHLIM 06pasoM) C CoOXpaHeHHeM KOHTPOJS Hal YaCTHLIMH TPOH3-
BOAHBIMH, a YHC/IO CHMILJIEKCOB OrpaHudnsaercs mno deg Y.

HanoMuum, uto noamuoxectBo Y < R” nasniBaerca noayasze6-
pauteckum, eCld OHO NPEACTAaBHMO B BHIE KOHEUHOrO OGbeRMHEeHH]
CBOHX NONAPHO HeNepeceKalOLUXCA NOAMHoXecTB Yy, ..., Y, rie
Kaxnoe Y;— CBA3HAA KOMIOHEHTA DA3HOCTH aareGpaHuyecKHX MHO-
xects Yi < A/\B;. CymMMa cTeneHell NOJHHOMOB, OTpeENAIONMHKX
Bce A; u B;, HasbBaeTcsa CTeNeHbio Y.

HapuM Tenepb TOUHBIH BapHAHT NpEeALIAYLIEr0 3aMeYaHHA.

Jlemma o Tpuanryasiuun. Cywecrsyer raxkas nocrossnas C =
= C(n,r), 4r0 KaMDoe KOMNAKTHOE noayarzebpauteckoe NOOMHO-
aecreo Y < R" moswer Goire Tpuaneyauposano na N < (diamY)»X
X(degY + 1)¢ cumnaexcos, npusem 0ia xamdozo 3AMKHYTO20
k-cumnaexca Tpuaneyaauyuu A< Y cyuwecrsyer eomeomopdusm ha
npasuavroeo cumniexca A* <= R* ¢ eOunuunoim pebpom na A, ra-
Kotl, 4r0 ha — arcebpauneckuii moppusm crenenu << (degY + 1)€
(. e. epagux ha—nodmuosxcecTso arzeGpauteckozo MHONCECTEA
pasmeproctu k u crenenu <<(degY + 1)€), peeyaapnoui seute-
CTBEHHO-QHAAUTUYeCKUL BRYTPU Kaxcdoiu epanu A. (30ecv cr080
«peeyaapruill> 03HA4aeT Heobpaujerue 8 0 Aupepenyuara ha Ha
Heryaesolx BexkTopax.) bosaee roeo, DA< 1 dan scex A. (Ko-
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HEUHO e, TOALKO 3TO HepABenCT80 npudaer 3TOd TPUAHZYAAYUU
Hacroauwuil usrepec.)

U3 s10fi 1eMMB B paccyXAeHU#l § 3 mosyuaeM cieACTBHe:

Teopema o Tpuanryasiunn. [Tycrs f — raxoe oro6pancenue g cebs
0TKpoitoco nodmuomecrsa U R™ xaacca C', uro ||D,fll<< co.
Hycrs Y = U —Komnaxrroe noayarzebpauteckoe nodmuoncectso.
Tozda cyuiecrsyer nocaedosareavtocts tpuaneyasyuii T; muoxce-
<r8a Y, 8 xoropoul Tiyy — usmessvuenue T; npu i =1, 2, ..., npudem

(a) aucao N; cumnaexcos T; yoosaersopser HepasexcTsy

limsupi~'log Ny entf| ¥ + - log* Rad D,
20e |=dimY (ecau Y umsapuantno nod deicrsuen f, T0 3T0 He-
PABeHCT80, 04esuOHO, 8AedeT 3a coboil

log Rad f,| #, (¥) Sentf | Y + - log* Rad Df;

(b) Oasn rkamdozo k-cumnaexca A tpuaneyasyuu T; cyujecrgyer
aneebpauveckuli eomeomopusm h: A% — A crenenu =d,;, yoosaer-

sopaowuil | D, (o h)|<e; npu scex j<<i, 20e
i~'logd;—0 npu i — o

u e;—0. (310 yrsepowdenue smecre ¢ (a) yrounasor (»x) 8 2.2.)
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MPOBJIEMA LLUOTTKM
U TMMNOTE3A HOBUKOBA 1)

Apro Bosuav

§ 1. BBEAEHME

Kaaccuueckas ¢opMmyaupoBka npobGiaemn IloTtku 3Byuur cie-
AyomwuM obpasoM. ITycrs C — KOMNaKTHasi pUMAaHOBA NOBEPXHOCTh
poZa g. Bubepem cumniektuueckuil 6asuc (Vi) 1o TPYITIBL FOMO-

gorut H,(C, Z) (370 03HaYaer, 4TO V;: Vi gz =— Vi g-Vi=1 &

Yi-v;=0 naa |i —j|+ g) u Kakoi-HHOyAp Gaszuc (i, ..., Og)

npoctpancrsa roJoMopdHux 1-¢opM Ha C. [To 9TUM HaHHBIM MOXK-
HO OTPENENHTE MATPUY nepuodos Q, HMEIIYI0 g CTPOK H 2g CTO6-

LOB, 0 popmyne Q;; = \ ;.

i

ByneM mucath Q=(g|t) ¢ Marpuuamu o, v u3 M, (C). MoxHo
€JHHCTBeHHHM 00pa3oM BrIGpaTh 6as3HC (w;) Tak, 4TOGLl MaTpHLa &
crana enunuynoi. [Ipu Takom BHGOpe Matpuua 1< Mg (C) 3apu-
cuT TosbKO OT C ¥ OoT 6asuca (y;). M3 GuIHHEHAHBIX COOTHOLIEHUH
Pumana caexyer, uTo MaTpHma T CHMMETDHUYHA H YTO €€ MHHMas
9actk Imt HeBHIpOXAEHHA H NOJOXHTENbHO onpefeneHa. Takum
gﬁpasom, MaTpHLUa T ONpelessieT TOUKY BepXHel NOAYNAOCKOCTU
ueeas

Hy={i =M, (C)|t="r, Im1 > 0},
1
ABJSIOMIEACA OTKPHITHIM NOAMHOXecTBOM B C2
HbIM oftHopoaHoMy mpocrpancTBy U(g)/Sp (2g).
PumaHoBa NOBEPXHOCTb POZJa g 3aBUCHT OT 3¢ — 3 MapaMeTpoB
(8t g == 2). D10 YHCHO CTPOrO MeHblIE pa3MepHOCTH 06aacTi 3u-
rejisi, €C/Ii TOJBKO g == 4, NO3TOMY MAaTpHIE NEPHONOB NOJKHH
YOOBJETBOPATh HETPUBHAJbHEIM coOTHoIIeHUsiM. [Ipo6aema I[lorT-
KH COCTOUT B SIBHOM ONpEJeJeHHH 3THX COOTHOINEHHH.
Ira npobsieMa monycKaeT NPOCTOH II€PEBOJ, HA TeOMETPHUYECKHH
A3BIK. [ Aa8HONOAAPUS0BAHKbIM abeseBbim MHO20006pA3UeM HA3bI-
Baercs mapa. (4, ©), cocrosmias u3 KOMIJIEKCHoro Topa A u rumep-

glg+1)
, H30Mopo-

) 1_) Beauvi[le Ar.naud..Le probléme de Schottky et la conjecture de Novikov
\Serlrg;lalﬁel 2Bourbak1, 39 éme année, 1986—87. n° 675, Astérisque 152—153, 1987,
p. 101—112,

© N. Bourbaki, Société mathématique de France, 1987
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HoBepxHOCTH O B TOope A, onpene/eHHOd C TOYHOCTHIO A0 CHABHra;
Tpebyercsi, KpOMe TOro, 4To0bl JUBH30p © Obi1 OGHJIBHEIM, HO He [0-
IycKaJ JHHEHHHX IeBeleHnH, 1. e. dimg H° (A, o, (@)) =1.

Kaxpo#t MaTtpuue < Hg COOTBETCTBYyeT TIJ1aBHONOJSADH30BaH-
HOe abeneBo MHorooGpasue (Aq, ©;), KOHCTPYKIHIO KOTOPOTO MBI
cefiuac onuineM. [Tosoxum 4, = C8/L,, rae L,= 2% @ 1Z% — noa-
Hasg pewmerka B (€, onpeleneHHas Martphue# t. OnpenesuM Ha
‘Ce X Hg ronoMopduyo GOyHKIHIO O caenyowuM o6pasoM:

(1) 0(z, 1)= Zg exp ni (mrm -+ 2'mz2).

meZ

Ecau matpuua v (HKCHpoBaHa, OyJeM COKpAlIeHHO NMHCaTh 0(2) =
= 0(2, t). a5 NPOH3BOJBHEX p, § & Z& uMeeM

8 (z + p + 1) =0 (2) exp mi (— ‘grg — 2'¢2),

OTKYZla CJIENyeT, UTO AHBH30p (QYHKUHH 0 HHBADHAHTEH OTHOCHTEJb-
HO CABHIOB Ha TOUKH pemierkd L, B C¢€ u mosromy onpenenser LH-
BH30p O, Ha MHOrooGpa3uu A. B Teopuu rera-GyHKUHA KOKa3H-
Baercd, 4TO TakUM 006pa3oM NOJYYalOTCA BCe C TOUHOCTBIO [0 H30-
Mop(u3Ma rJaBHONOJNAPH30BaHHLIE abeseBbl MHOrooGpasusd; Gofee
TOrO, JBE MATPHUIK T ¥ 1/ NOPOXKIAAIOT H30MOp(HEIE IIaBHOIOJSADH-
30BaHHHEe abejseBHl MHOrooOpasusA TolKa H TOJbKO TOrja, Koriaa
.CyILIeCTBYeT 3JIeMeHT y CHMIJIeKkTHuecKo# rpymns I'e = Sp(2g, Z),
Takol, uto v = yv (melfictBHe I’y Ha Hg onpenendercd cleqyOLIUM
a b
06pa3oM: eclH Yy = c 4 TRea b, ¢, d— martpuus U3 Mg(Z),

To yt=(at+ b) (ct+ d)~'). Mnave rosopsa, amaiauTHYeCKOE (daK-
TopnpocTpaHcTBo Ag == Hg/T; siBAsieTcA npocTpancrsom modyred
IJIaBHOTIOJIIDH3OBAHHBIX abe/eBbiX MHOrooGpasuii pasMepHOCTH g.

Ecsp Tenepb MAaTpHila t ABJAACTCA MaTpHuedA NepHOJOB DHMAaHO-
‘Bolt noBepxHocTH C, To IJIaBHONOJSpH30BaHHOe abeneBo MHOrool-
pasue (A, ©;) ecTb He uTO HHOe, KaK Axobuan JC xpuBOH C. C reo-
MeTpHueckoll TouxkH 3penus JC mapaMeTpH3yeT AMBH30DH cTenex: 0
Ha kpuBo¥ C MO MORYJIIO JHHEHHOH SKBHBaJEHTHOCTH. Ecau BH-
‘6paTh NPOU3BOJIbHKIE JHBH30p A cTemenn g— ! ma C, TO MHOXe-
CTBO KJ1acCOB AUBH30DOB BHAA pP;+ ... + pg—1— A N0 BceM ToOU-
KaM p; & C cocraBjsier TeTa-IuBH30p Ha sxobuane JC. TakuMm 06-
‘pasom, npoGaema [IIoTTKH COCTOHT B TOM, 4TOOH OXapakTepH30BaTh
AKOOMAHBEl CpEAH BCEeX IVIABHONOJISIPH3OBAHHEIX abeleBbiX MHOIM00G-
pasui, WM, ADYTHMH CJIOBaMH, ONKCATb B [IPOCTPAHCTBE MoxyJel Ag
noaMHoroo6pasue 1) Jg AK06HaHOB.

) Ecnu ycnoBHTbCA BK/OUATH B Jg NPOH3BENeHHs KOHETHOro 9HCJa sKoGHa-
HOB — a M BCerfa HMEHHO TaK H GyXeM mocTynats, —TO MHorootpasue Jg cra-
HOBHTCH 3aMKHYTHM LOAMHoroo6pasmeM B A, paamepmoctH 3g —3.

15 Byp6akse
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§ 2. AHAJIMTUYECKMIA noaxos

IlepBonayanbro paGoTa Han npo6aemoit ILloTTKH Benach B ama-
JAHTHYCCKOM KJIOYe: NeNaJHCh NONBTKH HaNHCaTh YpPaBHEHHH, 3a-
Aawouwye nogMHoroodpasue Jgo B Ag, uepes MOAyMApHHE thopMu Ha
Hg. Teopus Tera-GyHKUHE Haer HEKOTOpble H3 STHX ¢dopM, Hanpu-
MeD TaK Ha3HBaeMHE TeTa-KOHCTAHTbL:

® o[?)@= 3 eonilat et p+ 26+ pa=

n=2Z8
. 1.
=exp i (‘pvp + 2'pg) 0 (¢ + p) (p, g 32“) .

TeTa-KOHCTAHTH ABJAITCA MOAYIAPHBLIMHU dopmamu Beca 1/2
AJsA TOArPYNNE KOHEYHOTO HHAEKCAa TIpynnsl Iy, 0603Hauaemoi
I¢(4,8). Urysa [I1] mokasan, u4To omm ompemensor [pOeKTHBHEIE:
KOOpAHHATH Ha (aktope Hg/T'¢(4, 8). CaenoBaTenbHo, BCAKOE 3a-
MKHyTO€ NOJAMHOr00GpasHe 3aBELOMO ZOJIKHO NPEACTABIATbCH KaK
MHOXEeCTBO HyJlel MHOTOUJIEHOB OT TETA-KOHCTAHT, 3a4a4a COCTOHT
B 9()()eKTHBHOM ONpENE/NEHHH STHX MHOIOYJeHOB B clydae NOEMHO-
roo6pasusa Jg.

IlepBEifi pesynbTaT B 3TOM HamnpaBiaeHuH npuHaaaexur orr-
KH, KOTOpPH#A B 1888 I. mpembaBHJ MHOTOWIEH WIECTHAALATOH CTe-
NIeHH OT TeTa-KOHCTAHT, HHBAPHAHTHHIH OTHOCHTEAbHO [y, OTJHUHBINL
OT HyJf Ha A4 M DaBHHH TOXKIECTBEHHO HYJIO HA J, [S]. IMo-Bupu-
MoMmy, ILIOTTKH cuHTa] caMo COG60H PasyMelIUMCA, YTO 3TOT MHO-
FOUJIEH ONpeAeNnseT B TOYHOCTH J4, XOTA Ha CaMOM Jeje 3TO GbUIO
AOKa3aHO TOJILKO COoBCeM HemaBHo Hrysoi ([I2], cm. takxke [F]).

B 1909 r. Illortku u IOur [S—J]| nanm cacremaTHueckuii me-
TOA TIOJYYEHHS MHOTOUJIEHOB OT TeTa-KOHCTAHT, 0GPAIAMIIHXCH B
HyJb Ha Jg, H3 TOXKIECTB, KOTOPHM YHOBJETBODHIOT OGMIHE TeTa-
KOHCTaHTH B Pa3MepHOCTH g — | (coornowenus IHortku — IOQura
ABJAIOTCA NPOCTHIMU CHeACTBHSIMH TEODHH MHOrooGpasuil Ilpuma,
cM. [M]). Iyets S, o6osnauaer noaMHoroo6pasue B Ag, onpege-~
JE€HHOE BCEMH YPAaBHEHHSMH, KOTOPHE NOJy4alOTCH TAKHM CIIOCO-
Gom. Ban ['eeMen HeTaBHO HoKa3aJ, uTo J, sBAseTCH HellpHBOLUMOM
KomnoHeHTO! S¢[vG]. JlokasatenncTBo mpoBoxuTCs HHAYKuHe# mnor
g ¢ HcrnoibsoBanueM koMnaktHukanuu Catake Az MHOOOGpAsUT
Mozy/e# Ag, B KOTOPOH MOXHO YCTaHOBHTb CBA3b MeXAy TpaHH-
uelt 0Sy MHOrooGpasus Sy B Az u MHOrOOGpasueM Sg—1 MeHbIDeH
Pa3MepHOCTH.

K coxanenno, ypasHeHHs S; He BHIHCHBAIOTCH ABHO, IO~
CKOJIbKY He H3BECTHA NOJIHAA CHCTEMa TOXHECTB, KOTOPhIM YHOBJET-
BODPAIOT TE€TA-KOHCTAHTH. KpoMe Toro, He H3BecTHO, KakKue elie KOM~
MOHEHTH! (BO3MOXHO) NPHCYTCTBYIOT B Sg.

§ 3. TEOMETPUYECKMH NOLXO[

Heckoabko HHag TOYKA 3DEHHdA 3aKJI0YacTCd B TOM, yTOGH HC-
KaTb reOMETPHYECCKHE XapaKTEepH3alHHu HKOﬁPlaHOB, KOTOpHIE MOT'yT
IIDHBECTH K 6ojiee HIU MeHee SBHHIM YpaBHECHHUSM. yHOMﬂHeM, He
3aJ€pXKHBAACh Ha 3TOM, YTO TaKHE XapakKTepH3allHH HMEIOT IIpH-

JIOXKEHHA B APYTHX obaacTax anreﬁpanqecxoﬁ TEOMETPHH, HANpH-

Mep B BONPOCaX pAIHOHAJbHOCTH TPEXMEPHHX aJre6panyecKux
MHoroo6pasuii (cM. [M— B]).

(A) Ocobennocru dususopa ©

[Iycts C — kpuBas poaa g ¥ (/C, 8) — ee sako6uaH. SIBHOe onu-
capue nuMBH30pa @, manHHoe B § 1, mosBsoader 3anmapaMeTpH30BaTh
ocoboe MHOXeCTBO Sing ® cneuHaJbHbIMH AusH3opaMH Ha C (Teo-

pema PuMana 06 ocoGeHHOCTAX); OTCIOAA ciaenyert, yto dim Sing ©>=

= g — 4. O6oznayuM dgepes HE,, wuru mpocTo Mgy, NOEMHOTO-

-06pasue B Ag, 00pa30BaHHOE IJ1ABHONOJIAPH30BAHHBIME ale/eBHIMH
MHoroo6pasusamu (A, ®) c dim Sing 8 == g — 4. Kak nokasanu An-
JdpeoTtd ¥ Maiiep [A — M], AiKoGHAHH 3aNOJHAIT HENPHBOLHMYIO
KOMIIOHEHTY B Mg—y. OHH TaKKe NPEAJOKUIH ¢ TeOpEeTHYECKOH
‘TOYUKH 3PEHHS ABHYIO NpOLEAypY BhiBOJA YPaBHeHHH A°¢_4 B TEPMH-
HaX TeTa-KOHCTAHT ¥ HX BTOPHIX NPOH3BOJLHHX, XOTH IPAaKTHYECKOE
TpHMeHeHHe 3TOH NpOleAyphl NpeAcTaBJasiercsl O4eHb TPYXHOBHIIOJ-
HUMBIM.

MHuoxecTBo N g~y HMEET JpyTHe KOMIIOHEHTHI, OTJIHUHLEIE OT KOM-
ToHeHTH AKoGHaHoB. [Ing pona 4 MHOXKecTBO Ay ABAAeTCA 00BbENH-
HenneM J, H HEIPHBOJHMOIO AHBH30DA ﬂnup, COCTOSIIETO H3 [1ABHO-
THOJSAPH30BaHHBIX abeJeBHX MHOroo6pasHfi, Ha KOTOPBIX TETa-KOH-
.cTaHTa obpaltaercs B Hyap [B]. B cayuae poga 5 MHoXecTBO A%
.COCTOHT yXKe H3 NATH KOMIOHEHT, KOTOpH€ MOXHO ABHO ONHCATh
(cm. [Do], [D2]). Has poma g =6 umeerca HEKOTODH# CNHCOK
KOMIOHEHT N°g—s [D2], HO HeT HHKAKHX rapaHTHH ero IOJHOTHI.

(B) ITpusodumocre nepecewenui © ) O, u Tpucekyuue

Hpeefi storo moaxona Mu o6a3ann pabotre [We], B xoropo#
JaA [0Kas3aTelbCTBa TeopeMH TopenaH HCHOJb30BaloCh CHEAYIo-
mee coobpaxkenue (cM. takxke [D1]). ITyets C— KpHBas, (JC, 8)—
‘ee axoBHaH, p U ¢ — ABe pasauunbie ToukH kpuped C. M3 aBHOro
‘OIHCaHUA TeTa-AUBH30DA JIETKO BHBIBOAHTCS NPHBOLHMOCTb INlepece-
gyenus O () ©,—,. Boaee TouHo, HMeem !)

{3) 8N06,_;=8,.,UBs_,,
KaKOBbl Obl HH GLIH TOYKH p, ¢, r, < C ¢ yCJIOBHEM p 5= q.

Y Jlns mo60ro raIaBHONONAPH3OBAHHOrO afeneBa MHOrooGpasus (A, ©) u
J060% TouxkM ¢ #3 A uepes Oy ofosHawaeTcs cABHEr O - g auBH30pa 6.

16*
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Ilycte Temepb (A, ®)— npou3BoJbHOE TJIABHOOJIAPH30BAHHOE:

abesneBo MHOTOOGpasHe; YTOGH H3GeXaTb GaHAIbHBIX YCI0XKHEHUH
GyneM mpeAnoJsarath, 4To MHOroo6pasue (A, ) nenpusodumo, T. e
He ABNAETCA NPOH3BEAEHHEM [BYX IIABHONOJSIPH3OBAHHBIX abene-
BBIX MHOT0OGpasHil MOJNOXKUTENbHOH pasMepHOCTH. [lyeTh a, x, y—

pasnuuHble HEHyJeBble TOYKH MHOrooGpasusi A. IIycThb BHINOJHEHO
yCJIOBHE

@ oN8, =6,Ue,.

ITocMOTPHM Ha 5Ty CHTyanmio HecKOJbKO C Apyroi CTODOHBI.
[Tycrs P: A-—» P¥ (rznr.e N =28 — |)— mopduam, accomuupoBaHHbl
C JHHEHHOH cucteMolt |20|; ero o6pasoM sBjgeTCS MHO2000pasue
Kymmepa — Buprunzepa K(A, ©), usomopdroe ¢pakropy A/{=£1}.
Ilyers §—rtouka A, Takas, uro 2 =x4y. Jlerko BI/II[eTb—‘ITO'
BK/IIOUeHHe (4) 5KBHBAJIEHTHO CllefyiOlleMy CBOHCTBY: ’

(5) Touxu $ (), $(C—a), 9 —x) s P¥

AeHAT HA OOHOU npaAMOL.

uB cuny (3), 3TO CBONACTBO BHIMOJHAETCH IS FKOGHAaHA KpH-
BOK C, ecM a=p—gq, x=p—r, =p—qg—r+s, rie p, g
r, s —Touxk# C. CaefoBaTeNbHO, KYMMEPOBO MHOTO06pasHe AKOGHA-
Ha JONyCKaeT YeTHpeXMepHOE CeMeHACTBO TPHUCEKYHIMX. DTO CBOM-
CTBO COBEPIIEHHO HCKJIIOUHTENbHO; HA CaAMOM Jejle He HYXXHO GbiTh

O0JBITHM ONTHUMHCTOM, UT '
, 066l CHOPMYJHDPOBATD CJAEAVIO -
o dopmynup AYIOIYI0 TH

Funoresa o Tpucekymeit. [Tycro (A, ©)— nepasaonumoe 2ias-
HONOAAPU308ARKOe abeiredo muozoobpasue. Ecau xymmeposo mHo-
eoobpasue K (A, ®) donyckaer tpucexyuyyio, ro (A, ®)— axobuan.

BoT HEeCKOJbBKO apryMeHTOB B NOJB3y 5To# (b opMyJIHpPOBKH.
MHoto cosmectHo ¢ MeGappoM [B— D] 6uito mokasawo, 4To cyie-
CTBOBaHMe TpHCEKYIleH y MHorooGpasus K(A, ©) BieueT 3a co6oir
HepaBeHcTBO dim Sing © >> g —4; oTcwAa o MeHblmedl Mepe Bbi-
TEKAET, 4TO Jg ABNAETCA HENPHBOAMMON KOMIIOHEHTOM MHOMKECTBA
BCEX IVIABHONOJISIPH30BAHHBIX abeleBhiX MHOT00GasH, 0612 KA 0LIHX.
TpuCeKymiell. Onupasicb Ha 3ToT pesyabrat, Ile6app Hokasan YT-.
BepXK/ieHHe TUNOTe3h B TOM cjyyae, Koria napa (A, ®) ssasercs
MHorooGpasuem Ilpuma [D3]. 3To moaHOCTBIO HOKAa3HBaeT THIlo-
Te3y AN pasmepHocTed 4 H 5. C ADYroH CTOPOHBI, MBI LIO3HAKO-
MHMCA B § 4 ¢ 10Ka3aTeNbCTBOM THNoTess HopHKoBA KoTopas fiB—
JAeTCH UHOUHATe3HMAJbHHM BAapPHAHTOM THIIOTE3hl o TpHCeKyLLel

Hakonen, MoxHO 0C1a6uTh rHNOTe3y, nonpo6oBas oxapamepm:
30BaTh ﬂxoﬁnagu TeM CBOHCTBOM, YTO Ha HHX HMeETCS JOCTATOUHO-
Gosbllioe CceMeHCTBO TPHCEKYUIHX. Pe3yisTaThi B 3TOM HanpasJe-
HHH Obl1H TMosydeHnl [annunrom [G]; mosxe oHH GbLTH YAyUUIeHbE
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Beastepcom [W2]. Cefivac i chopMyaHpyio KpHTepHit Beabrepca,
KOTOpHIt GyfeT HrpaTh KJIIOUYEBYIO POJb B NeOMETPHUECKOM J0Ka3a-
reabeTBe runore3sl Hosukosa B § 4. [Tycts (A, ©)— I1aBHONOIADH-
30BaHHOE abeneBo MHOTooGpasue, B IycTh ¢, §, v — pasaHIHbIE TOU-
ki A. ByzeM mnpeanosarats, yto MHOrooGpasue (A, ®) Hepasio-
®KuMo. [Tonoxum

(6) Vapy=ZSAlDEC+a), $C+B) bE+Y)

AEHAT HA OOHOL NpPAMOL}.

Mu yxe BHAENH, UYTO €CHH A=JC, a=0, p=qg—p, vy=
—r—p, TO MHOXeCTBO Vg, p,y ComepxuT KpuByw (C+p—q—
—r)/2 (ua caMom Hejle HMeeT MecTo paBeHcTBO). OGpaTHo, Bess-
Tepc JoKashiBaeT, uTo yciaopue dim Vg, g,y == 1 CIpaBeNlIHBO TONBKO
B TOM cayuae, ecau (A, ©)— AKoGuaH. YNoMfAHEM TakkKe LpYrok
pesyabTaT BeabTepca, KOTOpbi TOXe ONHPAETCs Ha METOX lan-
HHUHTa: eCJIH KyMMeposo MuorooGpasue K(A,®) nonyckaer Hempe-
pHBHOe ceMeficTBO TpHCeKywux H dim Sing® << g —4, TO0 mapa
(A, 8) aBasierca AKOOHAHOM [W—1].

(C) Apyeue merodot

B ‘CBSI3K ¢ THIoTe30d 0 TpHCeKyIme# chopMmyaupyeM onHy G.us-
KYI0O K Hell 3ajady: XapaKTepusyer JH AKOGHAHBl CYIIECTBOBaHHE
B A NOIMHOTOOGDA3Hs, KJAacC KoroMoJoruit xoroporo B H*(4, Z)
coBmanaer ¢ ©2/2? OrseT u3BecTeH TonbkO AaA g =4 [R]. O6cyx-
JeHUe pasaHYHbIX BOTPOCOB M THIOTe3 O JHHefiHOH chcreme |28,
CBSI3aHHHIX C TEM, UTO H3JI0XKEHOo BhIlle, MOXHO HaHTH B paGoTre
[vG—vG]. CoseplueHHO Jpyrofi NOAXOJ, H3BECTHHH ¢ KOHIA
XIX B. B OCHOBaHHHIA Ha IHO(epeHIHaIbHO-TEOMETPHIECKUX CO0G-
pa)KeHHAX, UCIOJb3YeT ClAeLyIolee CBOACTBO TeTa-AHBH30pA HA AKO-
GuaHe; QUBH30P O JOKAJbHO IPEACTABJAETCS B BHIE THINEPIOBEpX-
noctd B C¢ HBaXAH TPAHCAALHOHHOrO THHA. [IpH COOTBETCTBYIO-
LIHX YCJOBHAX HEBHIPOXKIEHHOCTH 3TO CBOHCTBO XapakKTEpH3yeT
qaKobuanbl. K coXajenuio, NpeicTaBiseTcsd TPYAHOH 3ajaued nepe-
BECTH 3TOT Pe3y/bTAaT HA fA3HK ajre6panyeckodl M€OMETPHUH; B Yact-
HOCTH, HESiCHO, KaK H3 HEro NOJyuYHTh ypaBHeHHs Jg B Ag. Hanoxe-
HHe CBA3aHHBIX C STHM IHOAXOZOM BONPOCOB MoxHO HahTH B [L].

§ 4. TMNOTE3A HOBMKOBA

B panbHelineM GyAeT Npeinoaarathes, YTO IVIABHONOJAPH30BAH-
Hoe abeneBo MHOrooGpasue (A, ®) acCOMHHPOBAHO ¢ MaTpHUEH T
us Hg, 5TO IIO3BONSET FOBOPHTb O TeTa-PyHKIMH MHOrooGpasus A.
Byner HCHOMb30BaTbCA TakKXKe caeiylowui (Gakr: B IPOCTPAHCTBE
TeTa-GyHKuud nopsika 2 cymecTsyer GasHc (bo, ---» HN)
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= 08 ;
(N=2 1), ymonersopsomuii coornowenuso Pumana

™ Ble+u)bz—w=23 ¥ (@) v ()

Aas seex Z, ue=CP% Mopdusm $: CfsCV+!
, . : —C"™", onpenenennui
g;zrgfvunﬂmn Pi, TIPH ¢as<T0pPI33HHPI HHAynupyeT MOpQ)}Il)slvliI w-HEEiE
» ACCOLUMPOBAHKEIA C JIMHeHHOR cHcTeMol |28, .

(A) Popmyauposka

s 3{é%nxh?g}ix{?:ﬁo;?g;iimngeperOpmmepoaaB cBoiictBa (4) u (5)
, CIeNUANH3ANMIO B Cayya

@, X, y 6eCKOHEYHO GJH3KH K K 7). 0 onpeacmm
, ymo. Ecnu a = Ty(4), T

nepeceuetine ©()Oa ypaBHEHHAMH O = D0 = 0.( T)o’m(; ocr;plfxléce?;‘x

’

Cyusecrsyer nenyaesoti sexro
p a < T4(A), u cyuwecrsyror
®) dsa Henynesoix cewenusn uz HO(O\0, O ), npougse-

derue Koropsix (asisoueec 0
0 (20))) pasro nyusw. meeca  saemenrom H° (O 8,

nox’ggé{m}xe KaK Jl0Ka3hBa/ach 9KBHBAJEHTHOCTb CBOHCTB (4) u (5)
aercsl, uto (8) sKkBHBaJeHTHO TaKOMY CBOHCTBY: ’

g
ga g cyg;ecreytoT NOCTOAANRbIe 8eKTOPHBIE noad D,
© 2 3, ¢ Dy =0, Takue, yro dan HEeKoTopoU xoncraurbl
d=C umeer mecro pasencrso

i >
(3 !+ Dt —DiDs — d) % (0) =o.

HeH;feogMyna (7) nosBoaser mepenucars sto PaBEHCTBO Kax ypae-
Hewue & ;a}:(Tqu;x TPOHSBOJHEIX. Y106HO M0Nb30BATHCS GHAMHEHHEIM
epea P06 oGosmamacrcn sxaomne i el onepatop 2 C%
3HAYeHHe NpU u =0 %
+u)0(2—u)), roe n G p(0et
, OApa3syMeBaeTcs, Yo i
MeHHOl u. U3 (7) noayuaem ’ £ nefierayer o nepe-

(10) P|8-8=0<= Pt (0) =0,

TaK 4TO (9) ISKBHBAJIEHTHO YPABHEHHIO B YaCTHLIX IIPOU3BOAHBIX
i

(11) (?D?+D§—DlD3—d)'e-6=0.

o I;IeeTcnomHoe BEITHC/IEHHE NIOKa3HIBAeT, 4TO (GYHKUHsi O yAOBJIET-
3 pe ypaBHeHuI0 (11) Toraa u Toabko TOrZa, Xoria (yHKousA
#4=Dilog® ynosnersopser YpaBHeHHIO

1
(12) Dy (5 Diu+ 4uDu — Do) + D=0,
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d1o HeauHefiHOE YpaBHEHHE, HasHBaeMoe ypasHenuem Kadomye-
ga — Ierguawsusu (K — IT), urpaer GyHIaMeHTaNbHYIO PoJb B pa-
GoTaxX SMOHCKOH IIKOJbI, B KOTOPHIX OHO CBSI3BIBAETCA C HEKOTOPBIMH
npeAcTaBIeHHAMA aQOHHHBIX aare6p Jlu. B cBA3H ¢ HEJOCTAaTKOM
MecTa, Mbl He GyneM YIJIy6naTbcs B 5TO HalpaBjeHHe H OTHPABHM
uETepecymuxcs K padore [V]. _

BosBpamasch k AKOGHaHAM, 3aMETHM, 9TO AOCTATOYHO YCTpe-
MHTb p, ¢, I, S K KaKOH-TO OZHOH TOUKe xkpuBo#t C, 4yToOHl H3 BKJIO-
qenud 0 () Op—qg < Op—r U Bs—g NOJIYIHTD (8). CnegoBatesbHo, TETa-
yukuus sko6HaHa YHOBJAETBOPAET ypaBHEHHIO K —TII. O6parxoe
yTBepxAeHHE, CHOPMYJIHPOBAHHOE B KaueCTBe TIHMOTE3H Hosuko-
BHIM, 6510 AoKazano IIIxoTof [Sh]:

Teopema. [Tycrs (A, ©)— HepasL0HuMOE 2AABHONOAAPUSOBARROE
abeneso muozoobpasue. IIpednonoscum, 4TO eeo TeTa-QYHKUUR
ydosaersopser ypasnernuwo K—II. Tozda (A, ©®) sasaserca axo-
6uanom.

Ap6apeano u [le KoHunHH HeZaBHO NPEeIJOXKHIH Gosiee reomer-
puueckoe K Gojiee TPOCTOE AOKA3aTeJbCTBO STOro pe3yabTara
[A—D], 4 EMEHHO Ha 3TOM MBI Teleph OCTAHOBHMCA.

(B) Amaauruneckui sapuant kpurepus Beavrepca

Kpurepuii Besnbrepca (6) coxpaHsfeT CMBICA TakkKe B TOM CJIy-
yae, KOrAa TOUKH o, B, Y CTAHOBATCA GECKOHEUHO GJIH3KHMH K HYJIO.
B sToM cayuae OH (OpMyJHpYeTcs caenyomum o6pasom. Ilycts
Y — HHGQHHHTE3HMAJBHBIH POCTOK KPHBOH B A nopsanka 2 (1. e. mOA-
cxema pauub 3) B Touke 0. ITosoxuMm

Vy={§ = A| cywecrsyer npamas | 8 PY, raxas,
uro T4+Y =¥ ().

B [W2] BeabpTepc HOKa3HBaeT, 4TO (A, ®)— AKoOHAH, €CIIH TOJILKO

dimVy>=1.

Jlerko BHAeThb, 4T0 Y omnpeaeasiercsl AByMs BEKTODHBIMH MOJIAMH
D,, D, ua A no npasuay: Qyukuud f Ha A, onpele/leHHaA B OKPECT-
HOCTH HauaJa KOOpAMHAT, o6pallaeTcs B HyJb HA Y TOraa 4 TOJIBLKO
TOTHA, KOTAA

TakuM o6pasoM, Vy ABJAAETCS MHOXKECTBOM TOUEK § = A, [a4 KOTO-
n N2 A o

pEx ToukE $ (), D9 () u (Di+D;)$ () nexar ma onnodi mps-

Moii. OTcIofa JIETKO CJeAYeT, UTO KacaTeJbHOe NpOCTpaHcTBo K Vy

B Hauyajle KOOpAHHAT Topoxnaercs BekropoM D;. CaeloBaTenbHO,

B OKDECTHOCTM HadaJa KOOpAMHAaT Vy #ABJseTcss JHGO pPOCTKOM
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TaJkOH KpuBO# BHxa Spec(C [¢] /%), au6o raagxon KpHBOi. B mo-
caeqHeM caydae Vy B OKPeCTHOCTH HauyaJa KOODIHHAT HMeeT pas-
JoXeHHe B QOPMaJbHHI psx BHAA :

i>1

rie D, =C% D, 0,
. Hs onpenenenus Vy BuBOmuM, uToO CYWECTBYIOT PAAH a(t), b (1)
H c(f) BC[[t]], Takue, uTo uMeeT mecToO pPaBeHCTBO

14 a®bD®) +60Db (D O) +c) (D +B5a) % (D ) =o.

[IpupaBuuBas Hymo CBOGOIHELI WieH, a 3ateM Kosdduument
IIDH MepBOH CTemeHH f, NOJYYHM COOTHOLIEHHS a(0)=c(0)=0,
b(0)c’(0)5~0. denennem ua b(ty n 3amenoi napaMerpa ¢ MH MO-
HEM CBECTH JeJ0 K CJIy4awm, Korxa b(f)== 1, ¢(f)=—t. Paccmar-
PHBas Tenepb KO3 QHUUMEHTH PH f H 2, nonyynm @’ (0) = a” (0) =0,
Dy =Dy, Dy==D, (30ech U HUXKe MBI OTOXKJeCTBJIsIeM BeKTOPHl D;
¢ MOCTOSHHBIMH BeKTODHLIMH MOJAsIMH Ha (€). YpasHenue (14) npu-
o6peTaer BHJ

(15) @@ (D) + Db (D €) — t (D} + D) (D () —o.

Has mo6o# byHkuuu f ma C8, amanutHueckok B OKPeCTHOCTH

Haya/a KOODIHHAT, PA3JOKEHHE B P Teitnopa anst f(D(¢)) umeer
BHI

(16) FD @)= s; A (0),

rie A; — nuddepennuanbune OIEPATOPH € MOCTOSHHBIMH KO3 -
uuentamu Ha C¢, onpesensemue hopmy.oi

s s
D! D,p
(17) As == Z s ?p—' .
sl+...+sp=s

TTosoxum 52=D?+D2 H a(t)=Za,-ti. B stux , 0603Hauenusnx
(>3

NPHPaBHHBAHUE HYJIO Ko:a(bcbuuueﬂlra npu £ B (15) maer
(18) (AIAS - K2As—1 + Z;% a;A, i) $ (0) =0.

Hrak, Mn moxem nepeopMyIHPOBaTH KpHTepHii BeabTepca cie-
AYIOIIHM 06pa30M: AJIst TOrO YTOGH FJ1aBHONOJISIPH3OBaHHOe aGejieB0
MHorooGpasue (A4, ®) 6bu10 AKOGUaHOM, HeOGXOAHMO H JOCTATOYHO,
YTOGH CYIIECTBOBAJNH MOCTOSHHBIE BEKTOpHBle moast Dy, Dy, ... ¢
D150 u ckansps as, a,, -+, TaKHe, YTO ypapHeHHe (18) cmpa-
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BEMIUBO 1Js1 JoGoro s. B cuay (10) mMoxHO Takke 3aMeHHTHb (18)
Ha ypaBHeHHe BHJA

(19) (AIAS - Z'j2As—l +i§:3 aiAs._i) ’ 8.-0=0.

O6GosHauum uepes P (Dy, ..., Dg a, ..., a,) (2), wam mpocro
Ps(2), neByio gacts (19). Umeem Py=P =P, =0 u

(20) Ps(3)=(—5 D —Di+ DiDs + )6 -s.

YpaBuenue P3(2)=0 ecTb He 4TO HHOe, Kak ypaBHenue K — II
B ¢popme (11). Takum o6pasom, ypaBHeHue K — I osHauaer, uro
Vy colepXHT B HauaJe KOODAMHAT HH(DHHHTE3HMAabHHI POCTOK
FJ1afKOH KpHBOH mopsiaka 3.

(C) Pedyxyusa no modyaro (8, D,6)

Hocratouno noxasath Ciefyiomlee yTBepKaeHHe: eCHH Cylile-
CTBYIOT NOCTOSIHHbie BEeKTOpHHe moas Dy, ..., D, na ¢ ¢ ycao-
BueM D; 50 § KOHCTaHTH 43, ..., (s_j, TAKHE, 4TO Pi(2)= ...
-.. =Ps_1(2)=0, To MOXHO mono6path Ds U as; TakuM 06pasoM,
4T06H Ps 06paiaJncs B HyJb. :

PacnuiteM $BHO 3aBHCHMOCTb P; OT HepemeHHHX Ds; H as.
Himeem

(21) Ps(2)="P3(2) +20(2) DiD8 (2) — 2 (D18 (2)) (DB (2)) + ab (2)%,
rae Pi(2)=Ps(Dy, ..., Ds—y, O; as, ..., as_1, 0) (2).

Ecan P; paBen Hyao, TO ¢yHKuus P2 NPHHAAJEXKUT Hueasy
®, D\8). Ouenr BaxubiM HaGMogeHneM paGoTH [A — D] sasasercs

0
o6paTHoe yTBepxkieHue: ecau Ps < (9, DiB), 1o cyLIecTByeT Takoe
IOCTOSIHHOe BekTopHoe mosie Dy Ha C® u Takoe KOMIJIeKCHOe

qUCIO0 G5, UTO Pg(Dy, ..., Dg a, ..., a)=0.
©2) 0—>O04(8) —> 04 (20) — T (26) — 0,
(3) 0~ T (6) > Us (26) > Uanep, (26) — .

TIpoctparctso H°(®, Oy (8)) nopoxmaercs orpaﬂnqenuxg\m Ha
© "HacTHHIX NPOH3BOAHHX (yHKuuu 6. Ilo KOHCTPYKIHH P; onpe-
ZenseT cedeHue myuka (4 (20), o6pamarnmeecst B Hysb Ha O[] Op,.
Torma us (23) caenyer cymecTBopanue nupdeperuuposanus Dy,
TAKOrO, 4To ymKkums Pg+ 20D,D.0 — 2 (D\6) (D) obpamaercst B
HyJb Ha O, 3aTeM u3 (22) caenyeT cymecTBOBaHHE KOHCTAHTHI as,
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rako#t, aro PJ 4 20D;DH— 2 (D18) (D) + a8* =0, OTKYZAa H BHITE-
KaeT TpebyeMoe yTBepKIEHHE. :
OcTajaoch YCTaHOBHTDL HMILJIHKAIHIO

(24) Py= ... =P, =0=Pr= (0, D).

Xots Bce npeAbAyllee — GHCTast adare6pa, Ha CerOAHSIIHUH JeHb
MB He yMeeM JOKashiBaTh (24) HHadye, KaK C IpHBJeUeHHEM JO-
BOJIbHO JeJHKATHOH TPAHCUEHIEeHTHOH TEeXHHKH, KOTopas Gblja He-
o6xoguMa H B JokasaTeqabcTBe llnoTe. ApGapeaso B paGore [A)
yKa3nBaeT ajare6paHueckui MOAXOJ K JOKa3aTeJbCTBY (24), 0AHAKO
AJ1s1 3TOro mnoAXOXAa INpHXOAHMTCS HAKAAXBIBATH JOHOJNHHTEJBHEE
ycaoBas Ha (A, ©), KOTOpHe, MO-BHAMMOMY, TPYAHO HCKJIIOUHTb.

Hpess TpaHCUEHIEHTHOrO JOKa3aTeJbCTBA COCTOMT B TOM, UTO6LE
YCTaHOBHUTh (OJiee CHJIbHOe YTBepKIAeHHe: ecId P3= ... =P, =0,
To Ha (¢ cymecTsyer rosoMopdHass (GYHKUHS ¢, YAOBAETBOPSIO-
mas ypaBHeHHIO

(25) (D19)8 — ¢ (DB) = P§,
a TaKKe
(26) D (g/8) = P4/6".

(D) Cywecrsosanue 10KaabHbix peulerill

[Tycts U— oTkpHToe MHoXecTBo B (€, Ha xoropoM 8 u D&
He 00pamalTcs B HY/JIb OXHOBpeMeHHO. MH ceffiuac NnokaxeM, UTG
(26) nomyckaeT JIOKAaJbHOe pellleHHe B OKPECTHOCTH KaXI0M TOU-
KH 2o 43 U. 310 oueBHAHO, ecaH 8(2)5=0, TaKk KaK B 3TOM Cayyae
byuknns P3/8" rosomoppHa B 25, mosTomy paccMOTpHM cJayuai,
korna 8(z0)=0 (u, caenoBarempHo, D;0(2)50). MH MoxeMm
npeanoJaararb, 4to 290=0 # D, =0/02;. [logrotoBureabHas Teo-
pema BefiepuITpacca no3soJsieT B OKPeCTHOCTH HyJ/S 3alHCaTh

(27) 8@ =@ —b@, ..., 2.))2(2),

npuaeM b (0) =0, h(0)5~0. Hasee pasnoxum Po/8* B psix mo cre-
neHsaMm (2;— b):

(28) PP = Y (z—b) ' Hi(z, ..., za)
i>-2

Hocratouno nokasath, uyto Ko3(pduuuentr H_, paseH HyJ0; TOTAa
HCKOMO€ pellleHHe OYAeT HMeTb BHJI

H.
z: i+2 i
q)_hi>_2(zl—b) P
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Paccmotpum auddepennuannusii oneparop
(29) r=o (% D!+ D} — DiDs + 4D (D} log 6) ;).

JLOBOJILHO TOHKHe BHIYHMCJIEHHS, HCIOJbL3YIOIIHe MpPeXnoJa0KeH e
Py= ... = P;.; =0, IpHBOAAT K paBeHCTBYy I (P2/92) =0. C gpy-
TOH CTOPOHH, moJsApHyI0 uacte ['(H;(2;—b)!) aas i=—I,—2
MOKHO JIETKO BHYHCJHTb. YuuTHBas (27), mosydaem

(30 T(H-1@@—b Y=
= —8h(0)* H_, (2 —b)~ '+ rojgoMopdHas gacTs,

B TO BpeMsl KaK NOJspHast yacTb I'(H_p(2;— b)—2) TauHCTBeHHBIM
obpasom wucyesaeT. Tak kak [ — rosomoppusii onepaTop H

I (P5/6*) =0, orciopa sakmouaem, aro H_, = 0.
(E) Taobaausayus

Paccmorpum C-auHefiHHE romomopdusm Dy: 8-'Cy— 0-20,.
OGosnaunm wepes A ero siapo u uepes J ero o6pas. Torza nMeem
TOYHYIO IOCJIEeI0BATENBHOCTD KOMOMOJIOTHH:

31) H(U, 07'00) 2> (U, 9)—H' (U, #).

CymecTBOBaHHe JOKAJIbHEIX pellleHHH ypaBHeHusi (26), MOKa3aHHOe
BHIle, O3HAuaeT, YTO CeUeHHe Pg/B2 nyuKa 80y [IpHHA LJIeXKHT
rpynne ceuenudt HO(U, J); Tpe6yercs AOKa3aThb, YTO OHO HA CAMOM
zeqie colepXuTcs B o6pase Di.

HmMeeT MeCTO TOUHAS NOCJeZ0BATENBHOCTD

0> — Oy 2> 0y —0,

XOTOpas HRaer OTOXAeCTBJeHHe rpymnu H'(U, #) c smpom romo-
mopdusma Dy: H'(U,Oy)— H' (U, Oy). HerpyaHoe BHUYHC/IeHHE NO-
Ka3pBaeT, YTO SAPO PABHO HYJIO, eCJH TOAbKO D, B o6ulell Touke
TpaHCBepcaabHO K (8[10p), 4, @ 3TO CBOACTBO 3KBHBaJEeHTHO YT-
BePXKIEHHIO O TOM, YTO MHOr0OGpasHe

2={2=C*|D8(z) =0 nas scex n=Nj}

#uMeeT pasMepHOcTb <<g — 3. Ecam 310 Tak, 10 m3 (31) cuaemyer,
9TO CYIIECTBYeT rosioMop¢dHoe pelllende (26) B U; mo Teopeme I'ap-
TOICa 3TO pellleHHe NPOMO/KAETCS O TOJOMOPGHOrO pelleHHS @
80 BceM mpocrpaHcTse C#, uTO 3aBeplllaeT JOKA34TebCTBO TOpEMEI
B 3TOM cJyuae.

Hrak, Haml meTOX NOKa3aTe/MbCTBA MPHBEJ HAC K HCKIKOUHTETb-
HoMy cayuaw dimZ =g—2 (3TOT cayualt AefICTBHTENTbHO MOXKeT
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peasu3oBatbesi). B 3ToM cayuae HImora ¢ momombio J0BOSLHO
TOHKHX PAacCyXKIeHMH, MCNOAb3YyOIHX ypaBHeHHe K —II, crpour
riapkoe pasaytae A MHoroo6pasust A, Ha KoTopoe noJde D) npoos-
J)KaeTcss IO BEKTOPHOLO HOJAs C XKeJaeMbIM CBOHCTBOM TpaHCBep-
CaJbHOCTH. TOrZa H3JI0XKeHHOe BHIIE KOTOMOJIOTHYECKOe H0Ka3a-
TeJbCTBO, IPHMEHeHHOe K A, IIO3BOJIAeT HOJY4HTh pe3yabTaT H B
ITOM cayuae.

[A]

[A—D]

[A—M]
(B]
[B—D]
[D 1]
[D 2]
[D 3]
[Do]
[F]
[G]
[vG]
[vG—vG]
(r1]
If 2]
L]
(M]
[M-B]

[R]
(8]
[s—J]
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BBEAEHWUE B KBAHTOBOE BOCCTAHOBIJIEHMUE
(no 3kano u Bopocy) ! :

Dpedepux bam

Croponnee Ougppepenyuaroroe ucuucarenue dKajas— TO CHCTe-
MaTHYECKHA METOJ H3YYeHHs! MPOH3BOJA B NPOLECCE CYMMHPOBAHHS
mo Bopemio pacxoasmuxcs psagoB. ITOT MeTOA NPHMEHHM K AOBOJb-
HO GoJblIOMYy Kjaaccy (OpPMa/bHBIX PSJOB— K TaK Ha3HBaeMbIM
BOCCTAHOBUMbIM GYHKUHUSIM. I3 MHOrOUHC/IEHHHX 33144, K KOTOPhIM
MOXeT OHTb NpUMeHeHa 3Ta Teopus (cp., Hampumep, [1], [2],
[3]), onHa ocobenHO HHTepecyeT MeHs: peub HIeT O FHIOTe3ax Bo-
poca [4] 0 «TOYHOM MOJYKJIACCHYECKOM MeToAe» (COLLIIOCH HA IOJ-
rOTaBJHBaeMyIO K IeYaTH CTaThio DKaJs, aHOHCHPOBAHHYIO B Ilep-
BOH U3 crareii [1], a TakXe Ha pykomucH u HepopMaJbHHe CO0G-
IeHHS...).

1. HAYAJIA CTOPOHHErO AUDDEPEHLIMANBHOINO UCUYMUCIIEHMUS

1.1. Tpu «moaenu» BOCCTAHOBUMO# QYHKUHH
PaccmotpuM ¢opMabHEH psin

(1) f@=DX a.z™" (a,&0)
n >l
-npeobpasosanue bopeas kKoTOpOro

{2) Q=2 a" Y (n—1)!

n>l

‘CXOMHUTCS B OKPECTHOCTH HAya/ja KOODAHHAT H HEOZPAHULEHHO npo-
Qoaxcaerca Ha C (nmpuyeM CHHIYJISPHOCTAMH GYAYT TOJNBKO TOUKH
BeTBJIEHHSI: Cp. OTCTYIJIEHHEe HHKe).

B sTom cayuae MOXHO onpegesHTh cymMMy psza (1) ¢ momolrsio
UHTerpaJbHOl popmysanl

o

@) fe)={e " o@a
; ,

') Pham Frédéric. Introduction 4 la résurgence quantique (d’aprés Ecall
<t Voros). — Séminaire Bourbaki, 38 éme année 198586, n° 656, Astérisque
145—146, 1987, p. 103—110.

© N. Bourbaki, Société mathématique de France, 1985.
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(eciu @ BO3pacTaeT Ha GECKOHEYHOCTH MeJeHHee HEKOTOPOH 3KC-
TOHeHTHI) . PAKTHYECKH, eC/IH MyTb HHTErPHPOBAHHS B (3)— 3710 ayw
C apryMeHTOM 0, He NONAjalOIIHA B TOYKH BETBJIEHHS @, TO HHTe-

rpan (3) aHaJHTHYEH B NOJYIJOCKOCTH — O —% <Argz<

< —04 —; . BpamenneM Jiyua uHTerpupoBanus B (3) moxHoO onpe;-

ACJMATb LeJoe CeMeHCTBO AHAMHTHYECKHX B DA3JHYHHX CEKTOpax
GYHKIHA (C CyMMapHBIM pacKpHTHeM CeKTOPOB =>2m: HANpHMep,.
€C/H Y @ eCTh JIMIb OfHA TOYKA BETBJEHHS, TO NOAYYAETCH CeKTOp
c yriom 3m). OTH CEKTOPH NepPeKpPHBAIOTCH, TAK UYTO IO TeopeMe:
Komn pasHocTb ABYX OnpeneteHH# f, COOTBETCTBYIOIUHX COCEIHHM
CEKTOpaM, €CTb CYMMa HHTerpaJjioB BHAA

@) fo@={ e o@a

Ty

(cp. pHCYHOK, Tlle ® — TOYKa BeTBJEHHS ).

Qo--—" Cals

Ecan npeanonoxuTs, 4TO0 o — JOrapudMHuecKasi TOYKA BETBJICHHS
QT e

(5) 9 @) =57 Pa € — ©) Log(t — 0) + o E — @)

(Tie @o H Po rOMOMOPGHHH B OKpecTHOCTH 0), TO CABHIOM NepeMeH-
HOH MHTETDHPOBAHHUS HHTerpas (4) NpUBOAMTCS K BHAY

(6) fo @) =e™{ ™%, @) .
0

Hrak, MH BHAMM, YTO NMPOH3BOJ, BHOCHMHH B NpOIECCE CYMMHpO--
BaHus no bopesio,—3T0 3KCNOHeHUHANBLHO MaJHH UY/leH, LOMHO-
XeHHBIH Ha MHTErpaj TOro JKe THma, 410 U (3), Iie ¢ 3aMeHHJACh.
Ha ee CUH2SYAAPHYIO 4aCTb @, (M3 ypaBHeHus (5)).

B NeACTBHTENBHOCTH He OdeHb YAOGHO 3anpeliaTb Yy ¢ CHHTY-
JAPHOCTH BHIA, OTJAHYHOTO OT JOrapH(PMHUECKHX TOYEK BeTBJEHHS..
[ostomy y ¢ nmonyckaworest eme u npocreie noarocs. I[Ipu sToM
CHHIYJ/ISIDHAA 44CTh ¢ B IIPOCTOM MOJIOCE eCTh

(2ni) res, @ - 6,




240 &b, dan

rae & —3to «MuxpodpyHkuus upaka», KoTopywo Hajgo cele npen-
CTaBJATb KaK NpeoGpasoBaHHe Bopens or 1:

o0

1= S 628 () dz.

0

Pesromupyem: Mb paccMoTpesu 3 BuAa «pYHKuMi», cOCTaB/IAI0-
IIHX 110 JKAMO «3 MOOEAU 8OCCTAHOBUMOL PYHKLUL>:

1) ¢opmarsras modess, T. e. MH paccMaTpuBaeM (hopMasbHbE
PALH

f@= Z a,2"" (oTMeTbTe NpHCYTCTBHe uJeHa a),

npgo6pasoBaHHﬂ Bopeas a¢6 4 ¢(£) kOTOpHIX MOABIAIOTCA BO BTO-
pOH MOJeJH,

2) cseprounas Mmodenb, B KOTODOH pacCMATPHBAIOTCS TaKHe
DyHKUHH aod -+ @(§), 4TO @ — pPOCTOK B HyJe HeOrpaHHYEHO npo-
JoJKaeMolt ro.nouopq)noiix q)ymmnn (cp. oTCTymI/IeHHe HUXKe) , TAKOH,
UTO eJHMHCTBEeHHHe ee OCOGEHHOCTH — 3TO JorapudMuyecKue TOUKH
BETBJICHHS, HA KOTOphle MOIYT HaKJaIbBaTbCs HPOCTHIE HOJIOCH;

3) cexropuarbuas modesd; ee 3JeMeHTH — 3TO HAGOPHl ONpefie-
JIEHHBIX B CEKTOpaX INIOCKOCTH 2z (yHKUHH — npeoGpasoBaHuil Jlan-
Jaca (3) ¢yrkuui tuna 2.

OtTMeTuM, 4TO 8 Npunyune popmarsHas modeab CoOOEPHCUT BCHO
ungopmayuro o Gynkyuu, HO Ha NpaxTHKe paBoTaTh NPHXOAMUTCS
€O CBepTOYHOM MoJesbio. Kaxknas H3 Tpex Mopeseil oGpasyer aJ-
re6py, o603HayaeMyo A;, B KOTOPOH 3aKOHOM YMHOXKEHHsS CAYKHT
YMHOXeHHe s chayuyass ¢opMaJibHOH H CeKTOPHAJLHOR Moxeld H
CBepPTKa AJS MOJeJH 2).

N.B. MoxXHO TakXe ONpefeNHTb GOJbliiHe ajreGpu, ueM A,
paspelluB NOJIOCH NOPAAKa >>1 HJIH JaXKe paccMaTpHBAas MHKPO-

e(i)yHKU,HH C BEeTBJIEHHSIMH B HauaJ/ie KOOpJAUHAT,

1.2. Croponune nudpdepennuposanus

C kaxapM yncaoM o & C* (T. e. KOMIJIEKCHOH MJIOCKOCTH IMepe-
MeHHO# §!)) Okaap ceasan 0T06pa>KeHHe A u3 A B ce6s, KOTOpOE

-OKasniBaercsl Aup(epeHIHpOBaHAEM 3TOH anare6pul. JT0 OTOGpaxKe-

HHE COOTBETCTBYeT, IpyGO roBOPs, «B3ATHIO CHHIYJSPHOH 4acTH»
B CBEePTOYHOH MOJeaH (T. e. IepexXony OT @ K @, B ypaBHeHHH (5)).

‘OfHaKO0 HeOGXOAHMO INPHHATH NPENOCTOPOKHOCTH NpDH YTOYHEHHH

OyTH aHaJHTHYECKOTO NPOJOJIXKeHHs, BHOpanHoro B (5) mns ompe-

JeJeHHus @,. 'oBops TouHee:

1) C suguHYTHM HyJaeM. — [Ipum. nepes.
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1) eciu coexuHAOWHA O ¢ ® OTPE3OK NPAmMOU HE COLEPKHT
OTJHYHHX OT ® CHHIYJASpHOCTeH ¢, TO Ay, — 3TO CHHIyJsipHAs
Y4acTh IIPOJOKeHHOH BAOJb 3TOTO OTpe3Ka GQYHKIHH ©;

2) ec/H XKe 3TOT OTPe30K COJEepIKHT HHHE CHHIYJIAPHOCTH, TO
060fileM HMX BCEMH BO3MOXKHBIMH crnocobGamMu (T. e. cmpaBa HJH
cJleBa, HO He NOBOpAuyHBas Ha3al) H olpexelHM A,@ KaK B3BelleH-
HYI0 CYMMY CHHTYJISIpPHBIX YacTel B « pAa3/IMUYHBIX OnNpeleseHHH ¢
¢ Becamu plg!/(p—+ g+ 1)!, The p (4 COOTBETCTBEHHO ¢)— YHCJO
06X0/I0B CHHTY/JISPHBIX TOUEK CIIPaBa (COOTBETCTBEHHO CJIeBa).

Croponuue nuddepennnposanus A, a priori He yaoBJeTBOpPSIOT
HHK4KHM COOTHOLIeHHSM: IOpOXKAeHHas HMH aJre6pa cBoGOZHa
(c obpasyromuMu (Ay),cs).

OcHOBHas HIes CTOPOHHE20 Jufeperyuanrbrozo ucHucrenus —
NBITaTbCs. PEKOHCTPYHPOBATh BOCCTAHOBHMYIO (DYHKIIHIO IIO COOTHO-
LIeHHSIM HAa ee CTOPOHHHe NPOH3BOJAHHIE (YpPABHEHUSM B0CCTAHOBAE-
Hus). B KauecTBe HHIDeAHEHTOB MAJS 3TOTO IOJIE3HH 80CCTAHO8U-
Mble MOHOMbL, T. €. CIlelHaJIbHHE BOCCTaHOBUMBIE (DYHKUHH, YIOB-
JIETBOPSIOIIHe NPOCTHM ypaBHEHHSM BOCCTaHOBJIEHHS.

OTc'rynneHHe 006 aHAJNTHUYECKOM IpONOJIKEHHH

Onpenenenue. ByneM rOBOpHTb, 4TO POCTOK AHAJHTHYECKOH QYHK-
LHH HEOZPAHUHEHHO Nnpodoaxcaem (IDKaab B 3TOM cJydae TOBOPHT:
«IPOAOJIKAaeM Bclogly Ge3 pa3pe3oB»), ec/IH PH e€ro aHaJHTHYeCKOM
nponomkenuy Ha Bce C BCTpevaloTCs TOMBKO H3OJHPOBAHHLIE Ipe-
HATCTBHSA, T. €.

€CJH aHAJHTHYeCKOe IMpOROJIKeHHe BROJAb NYTH A BCTpeudeT
[pensTCTBHe B KOHUE @ IYTH A, TO BO3MOXKHO NpOJOJIKeHHe BAOJb
nyTeH, o6XoAAIIHX ®, Ha BCIO YHHBEPCAJbHYIO HAKDHBAKOIIYIO He-
KOTOPOTO IPOKOJIOTOrO AHCKA ¢ LEHTPOM B & !).

B nasnbHefilleM BaXXHYIO poJb 6ynyT HIpaTh NpHMepH HeOrpaHH-
YeHHO NPOAOJKAeMbX QYHKUHH.

Hpumep 1. I'unepaasunTtuyeckas QyHKuus p(q)——x/ W (q),
W <=Clql.
q
Npumep 2. IlepsooGpasHas 2(g)= S p(¢’)dq" npepbinymied
0
GyHKIHH.

Npumep 3. O6patHas Gymxuus ¢(2) x GYHKuUH H3 OpegHAy-
mero npumepa (B npennosoxeHus, yrto O He ABasgercs KopHeM W).
Kax u p(q), dyHKuus z(g) BeTBUTCS B KOPHAX ¢y, ..., §v IO-
auHoMa W, kotopee MH OyAeM NpeAnoJaraTb NpOCTHMH. MHOXe-

'} Dro onpeneseHHe HECKOJLKO Oojiee OTrpaHHUHTeNbHO, 9UeM oNpefelleRHe:
xans.

16 Byp6aku
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€TBO £y NpeleNbHHX 3HauYeHHH 2(g) B TOYKAX BeTBACHHS MOIKHO
TIOPOJHTDL € MOMOUIBIO v ero 3;IeMeHTOB

95

o, =S p(q)dq" (nyTu mHTerpmpoBaHus [IPOH3BOJILHEI,
0

HanpuMep OTpesKH),
dlepeHOCs UX Ha pewerky nepuodos

Q== Zj Z(!)ii, (!),',=2((!), —_ (01).

‘OtMeTuM, uTo Q (a mosTomy u Q) B o6wewm cayuae naorno B C,
9TO He MeIlaeT QYHKUHM ¢(2) GHTb HeOrpaHHYeHHO OpomoJIKaeMoH
“C TOYKAMH BETBJAEHHT B Ly H MEPHOJHYHOR (B CMHICJIe, KOTOpHI
-HYXHO ellle YTOYHHTb) C pellleTKOH MepHOAOB Q!

2, TOYHbLIA NONYKNACCUYECKMM METOA
:2.1. AnnpoxcuMauu# GU3NKOB

Paccvorpum onHOMepHOe crauuomapHoe ypaeHemue Ilpesun-
Tepa

(1) — B

HFV@—E%@=0

(¢ — mpocTpaHcTBEeHHAasA KOOpAMHATA, V(g)— noTeHnmuaabHAs ¢byHk-
1us, £ — sHeprust u h— nocrosiHHas Ilnanka).

B Toit Mepe, B kako# uMMIyJbC p(q)=x/E—V(q) MeHsieTCs
“«MeJJICHHO» MDH H3MeHeHHH ¢, T. e. omepatopn d/dq u p(q)
'«NIOYTH» KOMMYTHDYIOT, ypaBHeHHEe (1) «IpHG/IHMXKeHHO» pasnaraer-
'Cq B Ba YpaBHEHHS IIepPBOTrO IOPsAKa

d ey
{1y drvex=in” (@) g,
pellleHHs

q
wizexp(-l_—iﬁ— 1 Sp(q’)dq’)

1]

KOTOpHIX OCLH/IHPYIOT TaM, rae £ > V(g), mpuueM oCHHMIAUHF
‘CTAHOBATCS Bce 0oJee OLICTPHIMH NIDH yMeHbIIEHHH OCTOSHHON A

(AMEHHO IJIMHA BOJIHBI 3THX OCHHJIISIHE ONpefensieT «MeIJeHHOCTb
H3MeHeHHsI» p(q)).
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Hoayxaaccuseckas annpoxcumayus uad annpoxcumainus BKB
(Bentuean, Kpamep, Bpuiioen) cocToUT B HOACTaHOBKe

q
[ﬂJiKW=%exp( +in”! S p(q) dq,)»
@) i ’

Tre @s =n§0 by (g) 1",

B ypaBHeHHe (l). IIpn 3TOM MH moJydYaeM peKyppeHTHYIO CHCTEMY
JHHeHHHX 1 depeHnnaIbHBIX ypaBHeHHH [IepDBOTO NopsaaKa («ypas-
HeHHH NepeHOCa») C CHHIYJIAPDHOCTAMH B «TO%KAX NOSOPOTA®, T. €.
B TOYKaX BeTBJeHHS (QyHKuMH p (MM HyIsx ¢yHkuud V(¢)— E).

IIpu 3TOM HeOGXOAHMMO CIPABHThCA C ABYMS TPYIHOCTSIMH:

1) npu obmeMm g bopMaJabHbie PAAN @+ HE CXOLATCH,;

2) xakuM 06pasOM <«IOPOU3BOJAHTbL COIJIACOBAHHE®» B TOUKAaX MO-
BOpOTa?

OTMeTHM, 4TO B KOMIVIEKCHOH OKpDECTHOCTH TOYKH I[IOBOpOTa:
CKJajbiBaeTcs NPHUYYNJIHBAS CHTyanus: ecau V — aHaJHTHUYeCKas
¢dysKuHs, TO JI060e pelllenne P (g) ypasHeHHs [llpenuHrepa anaju-
THYHO BCIOAY; B TO XKe BpeMs aNnpokcHMaunus (2)— 3To npous-
BelleHHe IBYX WJ/IeHOB, KaxKABH H3 KOTOPHIX BETBHTCH B TOUKe IIO-
Boporal

2.2. ®opMaabHbIE IPUTOTOBJEHHS

Bynem Tenepb paccmaTpuBaTh NepeMeHHHE KaK KOMIJIEKCHBIE W
npuMeM caeaylonine 0603HaUYeHHS:
nyctb W=V — E — OJIHHOM CTelleHH v C IIPOCTHIMH KOpHSIMH

g1, 2 ..., qv, OTIHUHBIMH OT 0. ITosoxkHM
q

@) e@=\w@"dq (=i{pdq).
0

# x = 2/h, TaK 4TO

) IiKW =q.et® ()2

(9+ — opMasbHHA pal N0 x~!, KO3hGHUHEHTH KOTOPOro — aHaJH-
THYecKHe QYHKIHH ¢, BeTBSIIHeCS B TOUKAX NOBOPOTA).
YpaBHeHHsI NepeHOca MOXKHO IlepemHcaTh (GOpMaJbHO KaK

() 9,0.=0.(9, ¥,
rme py =), pr () " — popmadpHEI psx mo x| ¢ aHaAHTHYeC-
n=0

KHMH 10 ¢ (Ha aByaucTHoM Hakputan C=C\{q,, ..., g4}
ko3 unmenTamMu, B TO BpeMs KaK p_— 3TO Apyroe OmpeneneHHe

16*
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TOH Ke QYHKUHH (NOJYYeHHOe H3 0, AHAIHTHUECKHM IIPOLOJIKe-
HHeM KO03(hdHuHueHToB). .

OTH ypaBHeHHS HHTETPHUDYIOTCH IM06aJbHO Ha YHHBepCaJbHOH

HakphiBaiomelt C, mpHYeM MOXHO IOKa3aThb, YTO Ha JII06OM OTKPHI-

‘TOM OJHOCBSI3HOM MOAMHOXecTBe C «C OZHHM KOHLOMS CYIIECTBYET
‘©[IHHCTBeHHOe (OPMaJIbHOE pellleHHe @y (COOTBETCTBEHHO (_) ypas-
HeHus (5), yAOB/IeTBOpSIONIEe YCJIOBHIO HA aCHMITOTHKY:

(6) lim @x/(ip)~'? =1
G>oo

(kax ¢opManbHEH pAA MO x~!, T. e. BCe K03()DHUHEHTH KOMKHBI
‘CTPEMHATBCA K HYJIO, KPOMe [ePBOro, KOTOPHIfl JOJ/IKEH CTPEeMHThCS
x ).

Jlnsi H3yueHHs NPOH3BO/A IPH MONYYECHHH pellleHHS STHM CIO-
c060M yNOGHO pacceub IVIOCKOCTb Vv PaspesaMH, COeXHHSIOMHMH
"TOYKH MOBOPOTa ¢ OGECKOHEYHOCThbIO. [IpH 3TOM moayuaercs oT-
KpPHITO@ ONHOCBA3HOE MHOXECTBO «C v KOHIAMH», Ha KOTODOM OIpe-
Je/leHBl v QYHKUHA @4 (U COOTBeTCTBEHHO v QYHKUHH @_), IO OA-
HOH [1JI KaXAOTO BHIGOPA KOHIA, yYaCTBYIONIEr0 B ACHMIITOTHKE
(6). OrHomeHHe ABYX TaKuHX (YHKIHH, OTBEYAIOLIMX CMEXHBIM
KOHIaM, — 3T0 «pyHKIESA Bopoca»

-1
Vi =exp{ 0. (g, nag=Cllx]],
¢
Tae C;—HeorpaHHYeHHHH NyTh, HAYWHHA BAOAb ABYX Geperos pas-
pesa, KOTOpHH pasjesseT paccMaTPHUBaeMble KOHI[HL.

'2.3. KBanToBoe BoccTaHOBJEHHNE

2.3.0. Teopema. Pyuxyuu Bopoca V,(x), ..., Ve(x), a raxoce
pyrKYUU @+, PACCMATPUBAEMbIE KAK pynkyuu or x npu gurcupo-
BAHHOM g — 3TO B0CCTAHOBUMblE PyHKyuu 0T X (8 gopmarbroil
UL CEKTOPUAALHOL MoOeal).

23.1. Ypasnenus soccranosrenus 04s .. 3adurcupyeM g=qy %
20=2(qo).

EnuHCTBeHHble HeHy/leBhe CTODOHHHe IIPOH3BOAMEHE @ (go, -) CO-
OTBETCTBYIOT ONHCAHHBIM HHIKe 3HAUEHHSM CONPAKEHHOH K X Mepe-
menHo#t §. [Iposenem U3 TOukH g, MyTh Ay Tak, uto 2(g) mpoGeraer
OTPe30K NpSIMOH, KOTAa g mpoGeraer Ag. [IpM HeKOTOPHX 3HAUEHHSAX
Ha4yaJIbHOrO HAanpaBJ/JeHHs HYyTb A 3aKaHUYHMBAETCS B TOYKE IIOBO-
pora ¢:; Tenepb npeoGpasosanne Bopens ot @, (m oT @_) HMeeT
ocoGernocTs B —E(Ao) (cooTBercTBeHHO E(Ao)), rme

£ (A) =SW”2=m—zo, 0=Q,
Mo

Beedenue 8 keantosoe soccranosaenue 245

Bosee Toro, A, _ @, — 3T0 OYHKUHS «THOA @_», NOJyYeHHAs H3
Py AaHAJHTHYECKHM IIPOJOJXKeHHeM (IO mepeMeHHOH ¢!), BAOJbL
OyTH Ag (CM. DHCYHOK)

nt
IYTe J\.n

{anasnornyno g A_, | ®_)-
BuiBoa. s KaxKAoro OIpene/NeHHs @i, ¢~ HMEIOTCS YpaBHeHHUS
BOCCTAaHOBJICHHS BHIA

8 {Azo—(ﬁcp'f- = P:)- (X) P,
® Bezrra®- = P (£) P

20e Ko3puluenTo. 80CCTAHOBALHUR P; (x) — payuonaissroie pynk-
yuuw or Vyi(x), ..., Vu(x).

- 2.3.2. Ypasnenus soccranosaenus oaa V;(x). Ecan W 6.1H30K K no-

JHHOMY ¢¥— 1, TO V; MOXKHO ecTeCTBeHHO IPOHyMepOBaTb HHIeEK-
com j& Z /vZ (TaK Kak ¢; GJIH3KH K KODHAM H3 eJUHHIB MOpAA-
¥a v). EnuHCTBeHHBIe HeHYJIeBHe CTODOHHHe IIPOH3BOLHBIE — 3TO

[_ VieWige -+ Vi ]n
ViV iee Vi

VietVigo - Vi ]n
VieViez Vo0

1
AnmijVi - + —Vi

n

©)

1

(i~ ], w0y =2(w; — 0;), 0603HaYeHHS Te XKe, YTO B OTCTYIJIEHHH).

MHoXecTBO panHoHaJbHHX ¢GyHkuuA or Vi, ..., V, aBasercs
CTAGHJIBHBIM OTHOCHTEJIbHO AeHCTBHA CTOPOHHHX NPOH3BOAHHIX H 00-
pasyer aJareGpy BOCCTaHOBJIeHHS, aaeebpy Bopoca.

2.4. KomMmmeHTapuH

Ecau paccmaTpuBaTh @+ (g, X) B CeKTOpHATLHOH MOAEJH, TO 3TO —
HacTosllHe (PYHKUHH, TOJOMOpPQHHe B ceXTopax ILJIOCKOCTH X, 120-
sopauusaowuxcs npu usmenenuu g. O6paTHO, ecjiH 3aQHKCHPOBATDL
Arg x, To Mu GyfeM HMeTb feso ¢ Ha6opoMm GYHKHHH @i, §—, KOTO-
pHe roJoMop@HE B fuYeHKax IVIOCKOCTH 4, pa3jie/IeHHbIX «JIHHAAMH
Crokca». AHanuTHueckOe NPOLOJIKeHHe 3THX (QYHKUMH H3 ONHOH
AYeHKH B JPYIylo — 3TO JHHeHHHe KOMOHHAIMH ¢ KO3 QHIHEeHTaMU
B aareGpe Bopoca ®dyHKkuHE @4, ¢— B HOBOH sueifike. 3HAUHT, ypaB-
HeHHS BOCCTAHOBJEHHUS II03BOJIAIOT HAM [0 KOMOHHAIIMH YHCTO
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bopmasbHEIX 06bEKTOB pash. 2.2 MOCTPOHTh HACTOSILIHe I06aIbHEE
pewenns ypasHenns Ilpexunrepa. To, uTo 3T HeTHHHHe pelleHms
He BETBATCA B TOUYKaAX IIOBOPOTA, — 3TO K TOMY Xe H KJI0YeBOH ap-
TYMEHT 1/ JOKa3aTelbCTBA pesyabrarta pasa 2.3.1. (Cp. [4,
§ 6Db]). Touro Tax e ypaBHeHHS BOCCTAHOBJeHHS § 2.3.2 CJIeAyIoT
U3 TONOJIOTHYeCKHX apryMeHToB Bopoca ([3, § 3]), Bcerxa mo mo-
aymo teopemun 2.3.0, Kotropas y Bopoca 6B.a rHmoTe3od. DKaJdb
0GOCHOBAJ 3Ty TEOPEMY, MOCTPOHB TOYHO (DYHKUMH @+ KaK (cxoms-
mpecs) GecKOHeYHbie CyMMEl CHEUHaJbHHX (QYHKUHH, HA onpegeJse-
HHS] KOTODHIX €ro HalpaBHJ/IH CBONCTBA BOCCTaHOBJeHHA. Ha caMom
JeJie CTPYKTypa BOCCTAHOBHMOCTH 3HAUHTEJNBHO oJdee 6OraTta, uem
TO, YTO A CMOT ONHCaTh 3Aech. OHa JaeT HAYa/J 0 MHOTOYMCJeHHBM
bopmynaM A7 peKOHCTPYKUHH Q. [lepBOHATa/MbHO, 4O H3YUYEHHST
«KBaHTOBOTO BOCCTAHOBJIEHHS», DKa/b H3YYyaJ «BOCCTAHOBJICHHE MO
YPaBHEHHIO», HJIM BOCCTAHOBJIEHHE IO NMepeMeHHOH NupdepeHnHab-
HOro ypaBHeHHs (y Hero peub NITa O NEpeMEeHHON 2z, KOTOPOH OH
OTJaBaJ/l NpEeANOYTEeHHe IO CPABHEHHIO C ¢).
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KpouMe Toro, megaBHo DKaji0 ¢ NMOMONIBIO TEOPHH BOCCTAHOBHMHX (VHKIHIT
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