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V1crnp111s:i npenoAaBaH111s:i 

MaTeMaTw-1ecKoro aHan1113a, 

Ha4111Has:i c ero 111306peTeH111s:i 

HblOTOHOM, 111306111nosana KPYTblMll1 

nosopornM111. K cepeA111He XX seKa 

TP8A111L..1,1110HHble 1113no>1<eH111s:i crnn111 

oTnll148Tb nonHoe 111cKn104eH111e 

scex reoMeTp1114ecK111x noHs:irnVI 111 

npeACTasneH111VI, c OAHOVI CTOpOHbl, 

111 nonHblVI OTpblB OT cp1113111Kll1 111 scex 

np111no>1<eH111VI, c ApyroVI. 

npeAnaraeM851 KH111ra 3H8MeHyeT 

so3spall.\eH111e npenoAaBaH111s:i 

M8TeMaTll1Kll1 K ecTeCTBeHHOH8Y4-

HOMY nOAXOAY. Ans:! KOTOporo 

xapaKTepHbl s:isHas:i reoMeTp1114-

HOCTb 111 nps:iMoe npeACTaBneH111e 

M8TeM8Tll1Kll1 KaK 48CTll1 cp1113111Kll1, 

HenocpeACTBeHHO npll1fOAHOVI Ans:! 

MHOf04111CneHHblX np111no>1<eH111VI 

KaK B ecTeCTB03HaHll1111, TaK 111 

s 111H>KeHepHOM Aene. 

3TO B03Bp8Ll.\eH111e M8TeM8Tll1Kll1 

B pycno ecTeCTBeHHblX HayK 

np0111CXOA111T ceVl4aC 111 Ha ypOBHe 

HOBblX Hay4HblX 111ccneAOB8Hll1VI, a 

ero npos:isneH111e B npenoAaBaH111111 

AaBHO cTano a6con10TH0 

He06XOA111MblM. 

B. JI!. ApHonba 
aKa.QeM111K PAH 



no11 6AM6EPI 
W110Mo CTEPH6EPI 

KYPC MATEMATlllKlll 
A1151 

CTYAEHTOB-~1'131'1KOB 

TOM I 

lllaBbl 1-11 

TIEPEBO,!J; c AHr JIHHCKoro 
K. <I>.-M. H., ,!J;Oll,. JI. TI. KOTOBOH (M<I>Tll) 

no,n; PE,!J;AKll,HEH 
K. <I>.-M. H., ,!J;Oll,. E. B. MAHKOBA (MI'Y) 

MOCK BA 
2006 



Y,Ll;K 51 lll3AaH111e ocyu..iecTsJleHo np111 nOAAep>t<Ke 

WeHTpaJl bHOro a3pOr111APOAlllHaM 111 YecKoro 
lllHCTlllTYTa 111MeH111 H. E. :>KyKoscKoro, 
AWpeKTOp B. r. ,QMWTpwea 

Ill 

cDOHA3 «KHVlrA-HAVKA-KVnbTYPA», 
AlllpeKTop B. 6. ct>111Jlwnnoa 

BaM6epr II., CTeptt6epr Ill. 
Kypc MaTeMannra .n,m1 cTy.n,eHTOB-<l>H3HKOB. ToM I, rJiaBhl 1-11. 
IIepeB. c attrn. JI. II. KoToBoii rro.n, pe,n;. E. B. MaiiKOBa. 
- M.: ct>A3llC, 2006. 592 c.(1-xvm, 1-574) 

ISBN 5-7036-0109-6 

Paul Bamberg & Shlomo Sternberg 
A Course in Mathematics for Students of Physics 

© Cambridge University Press 1988 (Vol.1) 

lfa,n;aTeJibCTBO <1>A3MC 
123557 MocKBa, IlpeCHeHCKHii BaJI, 42-44 

e-mail: publisher@phasis.ru http:/ /www.phasis.ru 

Tm10rpa¢m1 «HayKa» AKa,r:i;eMH3,!J;aTii;eHTpa PAH 
121099 MocKBa r-99, llly6HHCKHH nep., 6 

3aKa3 N~ 3638 

ISBN 5-7036-0109-6 © <I>A3HC, 2006 



OrJiaBJieHHe TOMa I 

IIpe,!J,BCJIOBHe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . VII 

OT H3,D;aTeJUI pyccKoro nepeBo,n;a .......................................... XVII 

fJiasa 1. JIHBeihu.Ie npeo6pa30Bamu1 DJIOCKOCTH . . . . . . . . . . . . . . . . . . . . . . . . . . 1 
1.1. A<f>qmHHhle rrJiocKOCTH n BeKTOpHbie rrpocTpaHCTBa . . . . . . . . . . . . . . . . . 1 
1.2. BeKTOpHhle rrpocTpaHCTBa n nx a<f><f>nHHhie rrpocTpaHCTBa . . . . . . . . . . 10 
1.3. <l>yHKIJ;HH H a<f><f>nHHhle cPYHKIJ;HH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 
1.4. EBKJIH,ll;OBhl n a<f><PnHHbie rrpeo6pa3oBaHHH . . . . . . . . . . . . . . . . . . . . . . . . . 23 
1.5. J11rneliHb1e rrpeo6pa3oBaHHH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 
1.6. MaTpnu;a mrneti:Horo rrpeo6pa3oBaHHH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 
1.7. YMHO)f(eHne MaTpnu; . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 
1.8. AJire6pa MaTpnu; . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 
1.9. IlJIOIIJ;a,ll;H H orrpe,n;eJIHTeJIH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 
1.10. 06paTHhle MaTpHIJ;bl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 
1.11. CnHryJIHpHbie MaTpHIJ;bI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 
1.12. )J:ByMepHhle BeKTOpHbie rrpocTpaHCTBa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 
)]:06asJiemi:e: <f>yH,n;aMeHTaJibHaH TeopeMa acPcPHHHOH reoMeTpHH . . . . . . . . . . 60 
Pe310Me.................................................................. 64 
3a,n;aqn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 

fJiasa 2. Co6cTBeHHhle BeKTOphl H co6cTBeHHhle 3Ha'lemm . . . . . . . . . . . . . . . . 77 
2.1. KoH<f>opMHhle JIHHeliHbie rrpeo6pa3oBamrn . . . . . . . . . . . . . . . . . . . . . . . . . . 77 
2.2. Co6cTBeHHhre BeKTOphl n co6cTBeHHhJe 3Ha'leHHH.................... 82 
2.3. Ilpou;eccbI MapKoBa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 
Pe310Me . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 
3a,n;aqn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 

fJiasa 3. JIHBeihu.Ie ,!1,Bcpcpepe~aJibBhle ypasuemm ua DJIOCKOCTH . . . . . . . 115 
3.1. <l>yHKIJ;HH MaTpHIJ; . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 
3.2. 9KCfIOHeHTa OT MaTpHIJ;bl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119 
3.3. BhI'IHCJieHne 3KCIIOHeHThI oT MaTpHIJ;hI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127 
3.4. )J:ncpcpepeHIJ;HaJibHbie ypaBHeHHH H cPa30Bbie nopTpeThl . . . . . . . . . . . . . 135 
3.5. IlpHMeHeHHH .n;n<f><f>epeHIJ;HaJibHbIX ypaBH€HHH . . . . . . . . . . . . . . . . . . . . . . 142 



IV OrJiaBJieHire TOMa I 

Pe3IOMe ............................................. .' . . . . . . . . . . . . . . . . . . . . 155 
3a,n;a'IH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156 

rnaBa 4. CKamipHble llpOll3Be,n;eHWI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165 
4.1. CKa.m1pHhre npoH3Be,n;eHmI B eBKJIH,IJ;OBOM npocTpaHCTBe . . . . . . . . . . . . 165 
4.2. Tipol!eCC fpaMa-IlIMH,IJ;Ta . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171 
4.3. Kua,n;paTH'IHhie <PopMbI H CHMMeTpH'IHhre MaTpHI!hI . . . . . . . . . . . . . . . . . 181 
4.4. HopMaJihHhie KOJie6aHHH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189 
4.5. HopMaJihHhie MO.z:lhI B MHOroMepHOM npocTpaHCTBe . . . . . . . . . . . . . . . . . . 195 
4.6. CneI!HaJihHaH TeopHH OTHOCHTeJibHOCTH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 205 
4. 7. fpynna TiyaHKape H rpynna faJIHJieH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 218 
4.8. lIMIIYJihC, 3HeprHH H Macca . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222 
4.9. AHTHCHMMeTpH'IHhie <PopMhI........................................ 230 
Pe3IOMe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 232 
3a,n;a'IH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233 

rnaBa 5. ,Ll;:e:<i><i>epe~aJll>HOe HC'IHCJieHD:e Ha IIJIOCKOCTH . . . . . . . . . . . . . . . . . 243 
BBe,n;eHHe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243 
5.1. «0» 60JihIIIHe H «O» MaJihle......................................... 247 
5.2. ,Ii;H<P<PepeHI!HaJihHOe HC'IHCJI€HHe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254 
5.3. TipnMepbl Ha I!€IIHOe npaBHJIO . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 262 
5.4. qaCTHbie IIpOH3BO,IJ;Hbie H ,n;n<P<PepeHI!HaJibHbie cPOPMhl . . . . . . . . . . . . . . 27 4 
5.5. TipoH3BO,IJ;Hbie TIO HanpaBJI€HHIO . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285 
5.6. Orrepa!IHH nepeHoca . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 291 
Pe3IOMe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 299 
3a,n;a'IH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 299 

rnaBa 6. TeopeMhl MHOl'OMepuoro ,n;:e:<i><i>epe~aJll>HOl'O HC'IHCJieHWI . . . . . . 305 
6.1. TeopeMa o cpe,n;HeM 3Ha'leHHH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 305 
6.2. TipoH3BO.z:IHhie BhlCIIIHX nopH,n;KoB H <PopMyJia Teii:Jiopa . . . . . . . . . . . . . . 310 
6.3. MaKCHMYM H MHHHMYM ............................................. 314 
6.4. TeopeMa 06 o6paTHOii: cPYHKI!HH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 321 
6.5. TioBe,n;eHHe cPYHKI!HH B6JIH3H KPHTH'leCKOii: TO'IKH................... 336 
Pe3IOMe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339 
3a,n;a'IH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339 

rnaBa 7. ~<i><i>epeH~aJibHble <i>opMLI H KpHBOJIHHeiiuhle HHTerpaJihl..... 347 
BBe,n;eHne . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 347 
7.1. OpHeHTHpoBaHHhre TpaeKTOpHH..................................... 351 
7.2. KpHBOJIHHeii:Hbie HHTerpaJibI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 355 
7.3. To'IHhre .z:IHcPcl>epeHI!HaJihHhie cl>opMhI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 362 
7.4. 3aMKHYThie .z:IHcPcPepeHI!HaJibHhie <PopMbI . . . . . . . . . . . . . . . . . . . . . . . . . . . 366 
7.5. TiepeHOC .L\HcPcl>epeHI!HaJibHOH cPOPMbI H HHTerpHpOBaHHe . . . . . . . . . . . 368 
7.6. A6coJIIOTHbiii: KpHBOJIHHeii:Hbiii: HHTerpan. ,Ii;JIHHa KPHBOii:............ 370 
Pe3IOMe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 373 
3a,n;a'IH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 373 

rnaBa 8. ,Ll;BOHHble HHTerpaJihl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 379 
8.1. BHeIIIHHH npoH3BO,n;HaH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 379 



OrJiaBJiemre TOMa I V 

8.2. 2-¢opMhl . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 386 
8.3. 1-IHTerpupoBamre 2-¢opM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 388 
8.4. OpueHTau;u:H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 397 
8.5. IIepeHoc u uHTerpupoBaHue 2-¢opM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 401 
8.6. 2-¢opMhl B TpexMepHOM rrpOCTpaHCTBe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 411 
8. 7. Pa3JIR"'llle Me)K,Izy 2-¢opMaMR u rrJIOTHOCT:HMll . . . . . . . . . . . . . . . . . . . . . . 413 
8.8. <I>opMyJia fpuHa Ha llJIOCKOCTll . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 415 
Pe3IOMe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 425 
3a,n;a"'lll . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 426 

fmma 9. fayCCOBa OlITHICa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 433 
9.1. 0rrTll"'l€CKlle TeOpllll . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 433 
9.2. MaTpll"'IHhre MeTOAhI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 438 
9.3. MeTOA raMllJlhTOHa B rayccoBoil: OlITllKe . . . . . . . . . . . . . . . . . . . . . . . . . . . . 451 
9.4. IIpuHu;urr <I>epMa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 455 
9.5. OT rayccoBoil: OITTllKll K JIRHeil:Hoil: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 458 
Pe3IOMe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 468 
3a,IJ;a"'lu . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 468 

fJiaBa 10. BeKTOpHhle rrpocTpaHcTBa H JIHHeiiHhle npeo6pa30BaHH:H . . . . . . . . 4 75 
BBe,IJ;eHue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 475 
10.1. CBoil:cTBa BeKTOpHhIX rrpocTpaHCTB . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 476 
10.2. ,11,yaJihHOe rrpocTpaHCTBO . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 479 
10.3. IIo,IJ;rrpocTpaHCTBa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 480 
10.4. Pa3MepHoCTb u 683HC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 482 
10.5. ,11,yaJibHbIH 683llC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 491 
10.6. <I>aKTOprrpocTpaHCTBO . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 493 
10.7. JiuHeHHbie OT06pa,)K€Hli:H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 502 
10.8. Pe,IJ;YKD;ll:H no CTpoKaM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 506 
10.9. JioKaJibHa:H CTPYKTypa AllcP<PepeHu;upyeMoro oTo6pa)KeHH:H . . . . . . . . 517 
10.10. Corrp:H:iKeHHOe OTOOpa)KeHue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 526 
Pe3IOMe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 531 
3a,IJ;a"'IH . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 532 

fJiaBa 11. Orrpe,IJ;eJIHTeJIH................................................. 547 
BBe,IJ;eHue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 547 
11.1. AKCllOMbI ,IJ;JI:H orrpe,IJ;eJiuTeJieil: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 549 
11.2. 3aKOH yMHmKeHR:H u ,IJ;pyrue cJie,IJ;CTBH:H aKcllOM . . . . . . . . . . . . . . . . . . . . 557 
11.3. Cyrn;eCTBOBaHue orrpe,IJ;eJiuTeJI:H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 560 
Pe3IOMe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 562 
3a,n;a"'lu . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 562 

PeKoMeH,IJ;YeMa:H JIHTepaTypa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 565 

Ilpe,IJ;MeTHhlii yKa3aTeJib . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 569 



Ilpe,n;HCJIOBHe 

B 3TOH KHHre H3JiaraeTCH Kypc MaTeMaTHKH, KOTOphIH MhI ITpe­

ITo,n;aBaJIH B fapBap,n;e B Te'feHHe BOChMH JieT. Kypc ITpe,n;Ha3Ha'feH 

,ll;JIH cTy,n;eHTOB, HHTepecyIOID;HXCH cPH3HKOH H HMeIOID;HX xopornyro 

ITO,D;rOTOBKY ITO MaTeMaTH'feCKOMY aHaJIH3Y cPYHKllHH O,ll;HOH ITepe­

MeHHOH. IIoJie3HO HeKoTopoe 3HaKOMCTBO c JIHHeiiHoii anre6pott, HO 

3TO He o6H3aTeJihHO. BoJihIIIHHCTBO Harnnx cTy,n;eHTOB o,n;HoBpeMeH­

HO c 3THM KypCOM H3y'faIOT CJIO)KHhie KypcbI ITO cPH3HKe, TaK 'ITO 

OHM MOryT coe,n;HHHTh H3JiaraeMbie 3,D;eCh CBe,n;eHHH co CBOHMH <l:>n-

3H'feCKHMH 3HaHHHMH. TaKoe coBMem;eHHe ITOJie3Ho, HO He o6H3a­

TeJihHO. OcHOBHOe co,n;ep*aHne Harnero. Kypca - TeopHH H cPH3H'fe­

CKHe ITPHJIO)KeHHH JIHHeHHOH anre6pb1 H MaTeMaTH'feCKOro aHaJIH3a 

cPYHKllHH HeCKOJihKHX ITepeMeHHhIX, BKJIIO'faH BHeIIIHee HC'fHCJieHHe. 

Harn ITe,n;arorn'feCKHH MeTo,n; - H3JIO)KeHHe ITO «c1mpann», T. e. MhI 

paccMaTpHBaeM O,D;HY H Ty )Ke TeMy HeCKOJihKO pa3, B03Bpam;aHCh K 

Heii Ha BCe 6oJiee BhICOKOM ypoBHe, O,ll;HOBpeMeHHO pacrnHp5151 o6Jiac­

TH ee ITpHMeHeHHH. TaKoe ITOCTpoeHHe MhI ITpe,n;ITO'fHTaeM «ITpHMO­

JIHHeiiHoMy» CTporoMy JIOrH'feCKOMY ITOpH,n;Ky. Ha,n;eeMCH, 'ITO ITPH 

3TOM Mhl H36e)KHM JIOrH'feCKHX OIIIH60K THITa «ITOpO'IHOro Kpyra», 

HO 'faCTO 6y,n;eM Ha'fHHaTh c ITpOCToro CJiy'faH Toro HJIH HHOro ITO­

HHTHH, a 3aTeM B03Bpam;aThC51 K HeMy )J;JIH o6o6m;eHHH, ,n;eJiaH 3TO 

TOJihKO ITOCJie 03HaKOMJieHH51 c po,n;CTBeHHhIMH ITOHHTHHMH H, KaK 

cJie,n;cTBHe, ITpno6peTeHHH 6oJiee rnnpoKoro B3rJIH,n;a Ha ITpe,n;MeT. 

TaKoii ITo,n;xo,n; Tpe6yeT OT cTy,n;eHTOB OITpe,n;eJieHHoro ,n;oBepHH H Tep­

ITeHHH. Ho Mhl Ha,n;eeMCH, 'ITO, B KOHlle KOHllOB, OHH 6y,n;yT B03Ha­

rpa)K,ll;eHhl 6oJiee rJiy6oKHM HHTYHTHBHhIM ITOHHMaHHeM ITpe,n;MeTa 

B lleJIOM. 



VIII II pe,n;ncJioBne 

Terrepb paccKaMeM o co,n;epMamnr KHn:rn: 6oJiee ,n;eTaJihHO. ll;eJih 

rrepBblX 'IeTbipex rJiaB - II03HaKOMHTb 'IHTaTeJIB c aJire6poii H aHa­

JIH30M KBa,n;paTHhIX MaTpHu;. TaKHM o6pa3oM, H3Y'IHB 3TH rJiaBhI, 

CTy,n;eHT ,Il;OJI)KeH Hay'IHTbC5I ,n;yMaTh 0 MaTpHu;ax KaK 0 caMOCT05I­

TeJihHhIX ofrheKTax, a He rrpOCTO KaK 0 Ha6ope 'IHCeJI, BhlCTpoeHHblX 

rro KBa,n;paTy. B 3THX rJiaBax MhI paccMaTpHBaeM IIO'ITH HCKJIIO'IH­

TeJihHO MaTpHIJ;hl 2 x 2, KOr,n;a caMbie CJIO)KHble Bbl'IHCJieHH5I CBO,Il;5ITC5I 

K pemeHHIO KBa,n;paTHhIX ypaBHeHH:ti. Ho KaM,n;hIH pa3 MhI cpopMyJIH­

pyeM pe3yJihTaThI, HMe5I B BH,Il;Y MaTpHIJ;hl 6oJiee BhICOKoro rropB,n;Ka. 

I'JiaBa 1 Ha'IHHaeTcB c o6bBCHeHn:B cBa3n: 3aKoHa YMHOMeHHa 

MaTpHu; 2 x 2 H reoMeTpHH rrp5IMhIX JIHHHH Ha IIJIOCKOCTH. ,11,aJiee 

H3JiaraeTCB aJire6pa MaTpttu; 2 x 2, o6cyM,n;aeTc5I ,n;eTepMHHaHT Hero 

OTHOIIIeHHe K IIJIOCKOCTH H opHeHTaIJ;HH. MLI BBO,Il;HM orrpe,n;eJieHHe 

a6cTpaKTHOro BeKTOpHoro rrpOCTpaHCTBa B o6ru;eM cJiy'Iae, o6b5ICH5I­

eM IIOH5ITHe 6a3HCa H 3aMeHbl 6a3HCa B O,Il;HOMepHOM H ,n;ByMepHOM 

BeKTOpHOM rrpocTpaHCTBe. 

B rJiaBe 2 MhI o6cy)K,Il;aeM KOHcpopMHYIO JIHHe:ti:HyIO reoMeTpHIO 

Ha IIJIOCKOCTH, T.e. reoMeTpHIO JIHHHH H yrJIOB H RX CB5I3h c orrpe­

,n;eJieHHOI'O BH,n;a MaTpttu;aMn: 2 x 2. KpoMe Toro, BBo,n;aTc.a rroH.aTn:a 

co6cTBeHHhIX 3Ha'IeHHH H co6CTBeHHhIX BeKTOpOB, CTOJih BaMHhie B 

KBaHTOBOH MexaHn:Ke. MLI rroJIL3yeMca 3THMH rroHRTHBMn:, 'IT06L1 rro­

cTpOHTh aJiropn:TM BhI'IHCJieHHB cTerreHeii MaTpHIJ;hI. B Ka'!eCTBe rrpH­

Mepa, r,n;e 3TO rrpHMeH.HeTC5I, o6cy)K,Il;aIOTC5I OCHOBHbie CBOHCTBa u;erreii 

MapKoBa. 

0cHOBHa5I 3a,n;a'Ia rJiaBhl 3 - IIOKa3aTh, 'ITO CHCTeMa o,n;Hopo,n;­

HhIX JIHHeHHhIX ,n;ncpcpepeHIJ;IiaJihHhIX ypaBHeHRH c IIOCT05IHHhIMii K0-

3cpcpHu;HeHTaMH MOMeT 6LITh 3arrn:caHa B BH,n;e du/ dt = Au, r,n;e A 
- MaTpnu;a, a u - BeKTOp, H 'ITO pemeHn:e 3TOH CiiCTeMhl n:MeeT Bli,II; 

eAtuo, r,n;e uo 3a,n;aeTC5I Ha'IaJihHhIMii ycJIOBH5IMH. IlpH 3TOM, KOHe'I­

HO, Tpe6yeTC5I o6b5ICHHTh, 'ITO 03Ha'IaeT 3KCIIOHeHTa, B IIOKa3aTeJie 

KOTOpOH CTOHT MaTpnu;a. KpoMe Toro, OIIHCbIBaeTC5I Ka'IeCTBeHHOe 

IIOBe,n;eHn:e pemeHHH B Heo,n;Hopo,n;HOM CJiy'Iae, B TOM 'IHCJie o6cyM­

,n;aeTC5I BBJieHn:e pe3oHaHca. 

I'JiaBa 4 IIOCBBIIJ;eHa H3y'IeHHIO CKaJI5IpHblX rrpOH3Be,n;eHn:H Ii KBa,n;­

paTR'IHhIX cpopM. B Heii HMeeTCB MHoro cpn:3H'IeCKHx rrpHJIOMeHnii, B 

TOM 'IHCJie o6cyM,n;eHHe HOpMaJihHhIX cpopM H ,n;eTaJihHOe H3JIOMeHHe 

crreu;HaJihHOH Teopnn: OTHOCRTeJihHOCTii. 



II pe.n;ucJIOBHe IX 

B rJiaBax 5 u 6 H3JIO:/KeHhI ocHOBHhre ITOJio:/KeHrrH ,n;mp<Pepemi;rr­

aJihHoro rrcqrrcJieHHH. 

B rJiaBe 5 oITpe,n;eJIHeTcH ,n;rr<P<PepeHIJ;HaJI oTo6pa:/KeHrrH o,n;Ho­

ro BeKTOpHoro ITpocTpaHCTBa Ha ,n;pyroe, o6cy:/K,Il;aIOTCH ero ocHOB­

Hhre CBOHCTBa, B qacTHOCTH, ITpaBHJIO ,n;u<P<Pepemi;upoBaHHH KOMIT0-

3HD;HH. B KaqecTBe <Pu3rrqecKrrx ITpHJIO:/KeHrrii paccMaTprrBaIOTCH 3a­

,z:i;aqa KeITJiepa u ITpu6Jirr:/KeHue BopHa. Mhr ,n;aeM OITpe,n;eJieHHH qacT­

Hoii ITpmi3BO,IJ;HOH H ITPOH3BO,Il;HOH ITO HaITpaBJieHHIO, OITpe,n;eJIHeM JIH­

HeHHhie ,n;rr<P<PepeHu;rraJihHhre <PopMhI. 

B rJiaBe 6 ITpo,n;oJI:/KaeTCH H3JIO:/KeHrre ,n;rr<P<PepeHD;HaJihHOro rrc­

qrrcJieHrrH. Mhr ITpe,n;cTaBJIHeM B BeKTOpHoii <PopMe TeopeMy o cpe,n;­

HeM 3HaqeHrrrr, <PopMyJiy TeiiJiopa rr TeopeMy 06 o6paTHOM oTo6pa­

:/KeHrrrr. 06cy:/K,IJ;aeM ITOBe,n;eHHe KpHTHqeCKHX TOqeK H MHO:/KHTeJIH 

JlarpaH:/Ka. 

fJiaBhl 7 H 8 3HaKOMHT qrrTaTeJIH c HHTerpaJibHhIM rrcqrrcJieHrreM. 

fJiaBa 7 ITOCBHrri;eHa rr3yqeHHIO JIHHeHHhIX ,n;mp<PepeHD;HaJihHhIX 

<PopM rr rrx HHTerpaJIOB. Oco6oe BHHMaHrre y,n;eJieHo 3aMeHe ITepeMeH­

HhIX. KpoMe Toro, o6cy)K,IJ;aIOTCH rr ,n;pyrrre o,n;HoMepHhre HHTerpaJihr, 

HaITpH:Mep, ;::r;mrna ,n;yrrr. 

fJiaBa 8 ITOCBHIIJ;eHa rr3yqeHHIO BHeIIIHHX <PopM BTOpoii CTeITeHH 

H COOTBeTCTByIOIIJ;HX HM ,IJ;ByMepHblX HHTerpaJIOB. BBo;::r;HTCH ITOHHTHe 

BHellIHeii ITPOH3BO,Il;HOH H ITo;::r;qepKHBaeTCH HHBaprraHTHOCTh OTHOCH­

TeJibHO 3aMeHhl ITepeMeHHhIX. ,IT,OKa3hIBaeTCH ,IJ;ByMepHblH BapuaHT 

TeopeMhI CToKca, T. e. TeopeMa fpirna. PaccMaTprrBaIOTCH ITOBepx­

HOCTHhre HHTerpaJibl B TpexMepHOM ITpOCTpaHCTBe. 

B rJiaBe 9 pe3yJihTaThI ITepBhIX BOChMH rnaB HCITOJih3YIOTCH ITPH 

ITOCTpoeHHH cPH3HqeCKOH TeOpHH - OITTHKH. BcH rJiaBa ITOCBHIIJ;eHa 

ITPHJIO:/KeHHHM, H ee MO)KHO OITyCTHTh 6e3 yrri;ep6a ;::r;JI5I ITOHHMaHH5I 

ITOCJie,n;yrorri;ero MaTeprraJia. 

B rJiaBe 10 MhI B03Bparri;aeMcH Ha3a,n; H ,n;oKa3hrnaeM ocHOBHhre 

CBOHCTBa KOHeqHOMepHbIX BeKTOpHblX ITpOCTpaHCTB H HX JIHHeHHhIX 

ITpeo6pa30BaHrrii. 06hlqHo 3TO HeITocpe,n;cTBeHHoe o6o6rri;eHrre pe3yJih­

TaTOB, ITOJiyqeHHhlX B ITepBbIX qeThipex rJiaBax B ,IJ;ByMepHOM CJiyqae. 

Ho ITprr 3TOM ;::r;aH HOBhiii aJiroprrTM pe,n;yKD;HH MaTpHD;hI ITO cTpoKaM. 

BBO,Il;HTCH ;::r;Ba HOBbIX ITOHHTHH - ,IJ;yaJihHOe ITpOCTpaHCTBO H <PaK­

TOpITpocTpaHCTBO ( B HaqaJie Kypca HX 6hIJIO TPYAHO OITpe,n;eJIHTh). 

B ,IJ;aJihHeiirneM 3TH ITOH5ITHH OKa:/KYTC5I qpe3BhrqaiiHo Ba:/KHhIMH. 



x II pe,n;HCJIOBHe 

fJiaBa 11 IIOCB.HIIJ;eHa CBOifcTBaM ,n;eTepMHHaHTOB MaTp~m; n x n. 
TeMa paccMOTpeHa aKCHOMaTw1ecKH, IIOK83aHhI ocHOBHhie BbiqHCJIH­

TeJibHbie aJirOpHTMbl. 

fJiaBbl 12-14 3HaKOM.HT qHTaTemI c MaTeMaTHKOH <f>opMbI, T. e. c 

aJire6paHqecKOH TOIIOJIOrHeH. 

B rJiaBe 12 MhI Haq1rnaeM H3yqeHHe 3JieKTpHqecKHX u;erre:H. IlpH 

3TOM paccMaTpHBaIOTC.H ,n;Ba acrreKTa. Bo-rrepBbIX, H3yqaroTc.H «rrpo­

Bo,n;a» u;errH, T. e. KaK coe,n;HH.HIOTC.H Me)K.n;y co6o:H p83JIHqHbie BeTBH. 

Ha MaTeMaTHqecKoM .H3hIKe 3TO H83brnaeTC.H TOIIOJIOrHe:H o,n;HoMep­

HhIX KOMIIJieKCOB. Bo-BTOphIX, MhI H3yqaeM peaKD;HIO u;errH B u;eJioM, 

eCJIH HaM H3BeCTHO IIOBe,n;eHHe OT,ll;eJibHhIX BeTBeH, B qacTHOCTH H3-

MeHeHHe MOIIJ;HOCTH H 3HeprHH. Mb1 rrpHBO,ll;HM HeCKOJihKO rrpHMepoB 

u;erreii, HHTepeCHhIX c <i>H3HqecKOH TOqKH 3peHH.H. 

B rJiaBe 13 MhI rrpo,n;oJI)KaeM H3yqeHHe u;erre:H. I1ccJie.n;yeM Kpae­

Bhie 3a,n;aqH, CB.H3aHHbie c eMKOCTHhIMH u;err.HMH, H rrpHMeH.HeM H3JIO­

)KeHHhie MeTO,ll;hI ,ll;JI.H perneHH.H p.H,n;a KJiaccHqecKHX 3a,n;aq 3JieKTpo­

CTaTHKH, BKJIIOqarorn;Hx rrpOBO,ll;HHKH. 

B rJiaBe 14 MhI KpaTKO rroK83hIBaeM, KaK pe3yJihTaTbI, rroJiyqeH­

Hhie B rJiaBax 12 H 13 B O,ll;HOMepHOM CJiyqae, o6o6rn;aIOTC.H Ha cJiyqaft 

6oJibIIIero qHCJia H3MepeHHH. 

fJiaBbl 15-18 IIOCB.HIIJ;eHbl p83pa6oTKe BHeIIIHero ,n;H<f><f>epeHD;H­

aJihHOro HCqHCJieHH.H, paccMaTpHBaeMoro KaK HerrpepbIBHa.H BepCH.H 

,ll;HCKpeTHOH TeOpHH KOMIIJieKCOB. 

B rJiaBe 15 H3JiaraIOTC.H OCHOBHbie CBe,n;eHH.H 0 BHeIIIHeM HCqHc­

JieHHH: BHeIIIH.H.H anre6pa, k-<f>opMbI, 3aMeHa rrepeMeHHhIX, BHeIIIH.H.H 

rrpOH3BO,ll;Ha.H H TeopeMa CToKca. 

fJiaBa 16 rrocB.HIIJ;eHa 3JieKTpocTaTHKe. Mhl paccMaTpHBaeM ,n;H-

3JieKTpHqecKHe CBOHCTBa BaKyyMa KaK HerrpepbIBHhIH aHaJIOr eMKO­

CTH u;errH, rrpHqeM 3TH ,ll;H3JieKTpHqeCKHe CBOHCTBa orrpe,n;eJI.HIOT eB­

KJIH,ll;OBY reoMeTpHIO B TpexMepHOM CJiyqae. l13JiaraeM OCHOBHbie IIO­

JIO)KeHH.H TeOpHH IIOTeHD;HaJIOB. 

B rJiaBe 17 MhI rrpo,n;OJI)KaeM H3yqeHHe BHernHero ,n;H<f><f>epeHu;H­

aJihHOro HCqHcJieHH.H. OcHOBHhie TeMhI: BeKTOpHhie rroJI.H H rroTOKH, 

BHyTpeHHHe rrpOH3Be,n;eHH.H H rrpOH3BO,ll;Hbie J1H. IloJiyqeHHhie pe3yJib­

TaTbl rrpHMeHeHbl ,ll;Jl.H perneHH.H 3a,n;aq MarHHTOCTaTHKH. 

fJiaBa 18 3aKaHqHBaeT H3yqeHHe BHernHero HCqHcJieHH.H yrJiy6-

JieHHhIM o6cy)K,ll;eHHeM o6rn;ero cJiyqa.H 3Be3,n;Horo orrepaTopa. 



Ilpe,n;HCJIOBHe XI 

rJiaBy 19 MO)KHO cq1-1TaTb KYJihMJrnan;IIeH Bcero Kypca. B HeH pe-

3YJibTaThI, IIOJiyqeHHhie B rrpe,II;bl~In;IIX rJiaBax, rrpIIMemIIOTCH ,II;JIH 

HCCJie,II;OBaHIIH ypaBHeHIIH MaKCBeJIJia II CBH3aHHhIX c HHMH BOJIHO­

BhIX ypaBHeHIIH. 

rJiaBhI 20 II 21 HIIKaK He CBH3aHhI C rJiaBaMII 9-19, II IIX MO)KHO 

qIITaTh He3aBIICIIMO. 06hiqHo OHII He BKJIIOqaIOTCH B Harn ro,n;OBOH 

Kypc. A BOT rJiaBhI 1-9, 20 II 21 MoryT cocTaBIITh caMOCTOHTeJihHhIH 

KpaTKHH Kypc MaTeMaTIIKH. 

MaTepIIaJI rJiaBhI 20 rrpe,n;cTaBJIHeT co6oif OTHOCIITeJihHO cTaH­

,n;apTHOe H3JIO)KeHIIe TeOpIIII <PYHKD;IIH KOMIIJieKCHOro rrepeMeHHOro, 

KOTOpoe BIIOJIHe ,II;OCTYIIHO ,II;JIH CTy,n;eHTOB, rro,n;rOTOBJieHHhIX K qTe­

HIIIO 3TOH KHIIrII. 

B rJiaBe 21 o6cy)K.II;aIOTCH rrpocTeifrrrne acrreKThI acIIMIITOTIIK. 

B rJiaBe 22 IIOKa3aHo, KaK, cJie~H II.II;eHM Bopa II KapaTeo,n;opII, 

BHeIIIHee IICqIICJieHIIe MO)KHO IICIIOJih30BaTb B KJiaccIIqecKOH TepMO­

,II;HHaMHKe. 

BoJihIIIIIHCTBO MaTeMaTIIKOB II Bee <Pn3IIKII, pe3yJihTaThI KOTOphIX 

rrpe,n;cTaBJieHhI B 3TOH KHIIre, pa6oTaJIII B rrepBOM ,n;eCHTIIJieTIIII ,II;Ba­

,n;n;aToro BeKa. 9To 3HaqIIT, qTO II3JIO)KeHHOMY MaTepIIaJIY y)Ke no 

KpaifHeH Mepe 90 JieT. ll, TeM He Mettee, OH ein;e He BOIIIeJI B HaIIIH 

aJieMeHTapHhie KypchI MaTeMaTIIKII, xoTH 66JihIIIaH ero qacTh ( 3a IIC­

KJIIOqeHIIeM, MO)KeT 6hITh, TeopIIII n;erreif) ,II;OJI)KHa II3yqaThCH COBpe­

MeHHhIMII <l:>II3IIKaMII, qTo OHII II ,n;eJiaIOT Ha orrpe,n;eJieHHOM 3Tarre CBO­

eif KapbepbI. IlpIIqIIHhI 3Toro, B 3HaqIITeJihHOH Mepe, IICTOpIIqecKIIe. 

Y. raMIIJihTOHY (1805-1865) 6bIJIO oqeBII,II;HO, qTo Bein;eCTBeHHhIX II 

KOMIIJieKCHhIX qIICeJI He,n;ocTaToqHO ,II;JIH rJiy6oro II3yqeHII51 reoMeT­

pIIqecKoro aHaJIII3a, qTo B ,n;eKapTOBOH reoMeTpIIII ,II;By- II TpexMep­

Horo rrpOCTpaHCTBa B03HIIKaeT )KeJiaHIIe paccMaTpIIBaTh qIIcJia rra­

paMII H TpOHKaMII, KaK caMOCTOHTeJihHbie o6'heKThI c co6CTBeHHhI­

MII aJire6paIIqecKIIMII CBOHCTBaMII. ,ll;JIH 3TOro OH pa3pa60TaJI aJI­

re6py KBaTepHIIOHOB, KOTopaH 6bma oqeHh rrorryJIHpHa B AttrJIIIII B 

cepe,II;IIHe ,n;eBHTHa,n;n;aToro BeKa. 0,n;HaKO, TeopIIH IIMeJia pH.II; II3'b-

51HOB: KBaTepHIIOHhI 6oJiee ecTeCTBeHHhI B rrpOCTpaHCTBe qeTbipex, 

a He Tpex II3MepeHIIH. reoMeTpIIH Tpex II3MepeHIIH B03HIIKaJia KaK 

qacTh 6oJiee o6in;eif KOHCTPYKD;IIII, a He KaK caMOCTOHTeJihHaH TeopIIH. 

KpoMe Toro, KBaTepHIIOHhI IIMeJIII CJIIIIIIKOM CJIO)Kttyro anre6paIIqe­

CKYIO CTPYKTYPY· HarrpIIMep, oqeHh rpoM03.II;KOH 6hma CBH3h Me)K~ 
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YMHO)KeHlfeM KBaTepHIIOHOB II reoMeTpWieCKIIMII IIOCTpOeHIIRMII B 

TpexMepHOM rrpOCTpaHCTBe. (KoHeqHo, rrepBbIH He)l;OCTaTOK cerO)l;HR 

cqn:TaJICR 6hI He oqeHb cepbe3HbIM, HO BMeCTO Hero B03HIIKJIO 6hI 

,n;pyroe B03pa)KeHn:e: Teopn:R 02paHU"ieHa qeTblpbMR II3MepeHII5IMM.) 

B Kom1e KOHllOB, Be'K:mopHa.R aA2e6pa B TpexMepHOM rrpocTpaHCTBe 

c ee CKaJIRpHbIM n: BeKTOpHblM rrp01I3Be,n;eHII5IMII 6hIJia oqlIIIIeHa OT 

Teopn:n: KBaTepHIIOHOB. Ee o6'he,n;n:Hmm c Heo6xo,n;1IMhIM1I ,n;mpcpepeH­

llMaJihHhIMM orrepa111IRMII, B pe3yJibTaTe qero II05IBMJIC5I 6e'K:mopH'blU 

aHaAU3, OKOHqaTeJihHO pa3pa6oTaHHbIH ,n;)K. f1I66coM (1839-1903) II 

o6Hapo,n;oBaHHbIH MM B CBOeH 3HaMeHIITOH Kmi:re «9JieMeHTbl BeKTOp­

HOI'O aHaJIII3a», OKa3aBmei1 CIIJibHOe BJIIIRHIIe Ha )l;aJibHeiimee pa3BII­

TIIe HayKII. 

l'haK, BeKTOpHhIH aHaJIII3 c ero orrepaI11IRMII grad, div, curl II T. ,n;. 
CTaJI CTaH,z:i;apTHbIM 5I3hIKOM II3JIO)KeHII5I reoMeTp1IqecK1IX 3aKOHOB 

cp1I3MKII. 0,z:i;HaKo, HeCMOTp5I Ha TO, qTo BeKTOpHblll aHaJIII3 rrpeKpac­

HO OIIIIChIBaeT reoMeTpmo TpexMepHoro rrpocTpaHCTBa, OH TO)Ke IIMe­

eT pR,z:i; cy111ecTBeHHhIX He,z:i;ocTaTKOB. IIepBhIH - II Ha1IMeHee cepbe3-

HhIH - COCTOIIT B TOM, qTo B HeM He rrpocMaTplIBaeTCR oqeHb Ba)KHOe 

e,z:i;n:HCTBO: HarrplIMep, He 5ICHO, qTo cpyH,IJ;aMeHTaJibHaR TeopeMa 1IC­

q1IcJieH1I5I o,z:i;Ha - ceiiqac ee Ha3hIBaIOT 06111ei1 TeopeMoii CToKca, a 

TeopeMbl fplIHa, raycca II KJiacc1IqecKa5I TeopeMa CTOKCa 5IBJI5IIOTC5I 

ee qacTHhIMII cJiyqaRMII. B paMKax BeKTOpHoro aHaJIII3a MhI He MO­

)KeM 3TO YBII,IJ;eTh. BoJiee cepbe3HhIH He,z:i;ocTaTOK cocTOIIT B TOM, qTo 

cpyH,z:i;aMeHTaJibHhie orrepaTOphI (Harrp1IMep, grad, div) rrpe,z:i;rroJiara­

IOT eBKJIII,IJ;OBY cTpyKTYPY rrpocTpciHCTBa, T. e. rro,z:i;pa3yMeBaIOT Tpex­

MepHoe rrpOCTpaHCTBO II op1IeHTaI11IIO (HaIIpHMep, curl). 9To 3HaqlIT, 

qTo TeOp1I5I pa6oTaeT TOJibKO B TpexMepHOM OplieHTIIpOBaHHOM eB­

KJIII,Il;OBOM rrpOCTpaHCTBe. IlplI 3TOM B03HIIKaeT e111e O,IJ;Ha rrpo6Jie­

Ma - rrpH rrpOII3BOJihHOM II3MeHeHIIII KOOp,IJ;HHaT orrepaTOpbI Be,IJ;yT 

ce65I HerrpHRTHO, HX Bbipa)KeHIIR B HeopTOI'OHaJibHhIX KOOp,IJ;IIHaTax 

oqeHh rpoM03,Il;KIIe. Y)Ke A. IIyaHKape (1854-1912) B cBon:x cpyH­

,z:i;aMeHTaJihHhIX HayqHbIX II cp1IJIOCOcpCKIIX pa6oTax, rrpe,z:i;meCTBOBaB­

illHX TeOplIII OTHOCIITeJibHOCTII, rro,z:i;qepKIIBaJI Heo6XO,Il;HMOCTb ,z:i;eJiaTh 

pa3JI1Iq1Ie Me)K,Il;y «TOIIOJIOrHqecKHMII» 3aKOHaMH reoMeTplIH II qm31I­

KII, T. e. 3aKOHaMII, KOTOpbie 3aBIIC5IT TOJihKO OT ,IJ;IIcpcpepeHllliaJlbHOH 

cTpyKTYPhI rrpocTpaHCTBa H rro3TOMY MHBap1IaHTHhI OTHOCIITeJibHO 

rJia,IJ;KIIX rrpeo6pa30BaHIIH, II 3aKOHaMII, 3aBHCRIIIMMII OT reoMeTplI-
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qecKoii cTpJKTJPhI, HarrpHMep, OT IIOHRTHR paccTORHHR. TeopHR OT­

HOCHTeJibHOCTH OKa3aJia orpOMHOe BJIHRHHe Ha pa3BHTHe MaTeMaTH­

KII rJiaBHbIM o6pa30M IIOTOMJ, qTo OHa rroorn,pRJia H3yqeHHe TeOpHH 

MHoroMepHbIX rrpOCTpaHCTB, KOTOpaR yMe cyrn,ecTBOBaJia B MaTeMa­

THqecKOH JIMTepaType, HO He cqMTaJiaCh BaMHOH ,11,JIR M3yqeHHR reo­

MeTpHH. KpoMe Toro, Heo6xo,IJ,HMO 6hIJIO MCCJie,IJ,oBaTb rrpoH3BOJihHhie 

M3MeHeHHR Koop,II,HHaT. BeKTOpHhiii aHaJIM3 He Mor perrrnTh ::>TH ,IJ,Be 

3a,IJ,aqH H II03TOMY II03,IJ,Hee ero ,11,0IIOJIHMJIM me'H30p'H'bl.M a'HMU30.M. 

Ho H TeH30pHbIH aHaJIH3 c ero o6HJIHeM HH,IJ,eKCOB TOMe HMeeT MHOro 

cepbe3HbIX He,IJ,OCTaTKOB. fJiaBHbIH H3'bRH COCTOHT B TOM, qTo HeBe­

pORTHO TPY,IJ,HO CKa3aTh, KaKMe orrepau;tttt MMeIOT o6rn,ee reoMeTpttqe­

cKoe 3HaqeHHe, a KaKHe CBR3aHhl TOJibKO c ,IJ,aHHOH CMCTeMoii KOOp,IJ,H­

HaT. TaKHM o6pa3oM, TeH30pHhiii aHaJIH3 oqeHh xoporn ,II,JIR BhiqHc­

JieHHii, HO TPJ,IJ,HO CKa3aTh, qT6 HMeHHO BbiqHcJIReTcR. BcR pa6oTa, 

HaqaTaR ern,e faMHJlbTOHOM H HarrpaBJieHHaR Ha C03,IJ,aHMe MaTeMa­

TMqecKoro arrrrapaTa, B KOTOpOM o6'beKTbl MMeIOT reoMeTpttqeCKMH 

CMbICJI, OKa3aJiaCb HarrpaCHOH. ,Il;JIR Toro, qT06hI 3aCTaBHTb TeOpHIO 

pa6oTaTb, Heo6XO,IJ,HMO 6bIJIO BBeCTM a¢¢ttHHJIO CBR3b - ,11,0BOJib­

HO H3orn,peHHJIO reoMeTpttqecKyro KOHCTpyKu;ttro. Ho ,IJ,aMe c TaKoii 

KOHCTpyKu;Heii reoMeTpHqecKoe 3HaqeHHe orrepau;ttii He CTaJIO rrpo-

3paqHhIM. Ilo cyrn,eCTBY MHTJMTMBHO RCHbIH BeKTOpHblH aHaJIH3 TaK 

M He 6hIJI BbITecHeH TeH30pHblM aHaJIH30M H3 rrporpaMM HaqaJibHOro 

JHHBepcHTeTCKoro o6yqeHHR. 

MaTeMaTMKH B OCHOBHOM yMe corJiaCMJIMCh, a cPH3HKH rrocTerreH­

HO rrpHBbIKalOT K TOMJ, qTo caMbIM y,IJ,06HhIM arrrrapaTOM ,11,JIR reo­

MeTpHqecKoro aHaJIM3a RBJIReTCR BHernHee ,11,McPcPepeHTI;HaJibHOe MC­

qMCJieHHe fpaccMaHa H KapTaHa. Ero rrpeHMyrn,ecTBO cocTOMT B TOM, 

qTo HapR,II,y c rrpOCTbIMM M qeTKHMH rrpaBHJiaMM BblqMCJieHHR Bee 

o6'heKThI MMeIOT rrpo3paqHhiii reoMeTpHqecKMii CMhICJI. BHernttee MC­

qHcJieHHe pa6oTaeT rrpH Jiro6oM qttcJie H3MepeHHii, xoporno ce6R Be­

,II,eT rrpH OTo6paMeHHRX M H3MeHeHHRX CMCTeMhl KOOp,IJ,HHaT, o6Jia,II,a­

eT cyrn,ecTBeHHbIM e,IJ,MHCTBOM OCHOBHbIX TeopeM M qeTKO pa3JIIIqaeT 

«TorroJiorttqecKIIe» II «MeTp1IqecK1Ie» cBoiicTBa. B paMKax BtternHe­

ro aHaJIII3a reoMeTpliqecKHe 3aKOHbI cPII31IKII rrplIHIIMaIOT rrpoCTJIO II 

3JieraHTHJIO ¢opMy. "lJTo6bI 3TO rrpo,II,eMOHCTp1IpOBaTb, IIOJie3HO rrplI­

BeCTII Ta6JI1Iu;y, B3RTJIO II3 KHIIrM «Kypc MaTeMaT1IqecKOH cPII3HKII», 

HarrttcaHHJIO T1IppttHrOM. 
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Ta6nmi;a 1. JlcTop:u:si 3an:u:c:u: ypaBHeH:u::H MaKCBeJIJia. 

KoHcTaHThI c, µo, H to rronoMeHhI paBHhIMH 1. 

0,n;Hopo,n;Hoe ypaaHeH:u:e I Heo,n;Hopo,n;Hoe ypaBHeH:u:e 

CaMaH paHHHH cpopMa 

8Bx + EJBy + EJBz _ 0 
EJx 8y EJz -
8Ez _ aEy _ -B· 

EJ EJz - x 
aJix _ 8Ez _ -B· a EJx - y 
o'fv _ 8Ex _ -B· 
ax 8y - z 

8Ex + 8Ey + 8Ez - p 
EJx OJJ EJz -

BB. _ 8Bv _ · + E. 
EJ az - Jx x 

a'!Jx - BB. - J. + E 
oz ox - y y 

'!!!JL 8Bx _ · E. 
ax - 8y - Jz + z 

KoHeIJ; XIX BeKa 

V·B=O 
v x E= -B 

dF=O 

V·E=p 
VxB=j+E 

Ha'IaJIO XX BeKa 

F /3a - Jf3 ,a-

Cepe,n;HHa XX BeKa 

5F=J 

B 1844 ro,n;y r. fpaccMaH (1809-1877) orry6JIHKOBaJI KHHry «Aus­

dehnungslehre». MaTeMaTH'IecKoe coo6IIJ;ecTBO He OIJ;eHHJIO 3TY pa-

6oTy H Be,ll;YIIJ;He HeMeIJ;KHe MaTeMaTHKH Toro BpeMeHH rrpoHrHo­

pHpOBaJIH ee. <l>aKTH'IeCKH, fpaccMaH TaK HHKor,n;a H He IIOJIY'IHJI 

MeCTO B YHHBepCHTeTe; BCJO CBOJO )KlI3Hb OH rrperro,n;aBaJI MaTeMa­

THKY B IIlKOJie. 0,n;HaKO, IIOXOMe, 'ITO OH IIpoMHJI C'IaCTJIHBYIO H 

IIJIO,ll;OTBOPHYIO )KlI3Hb. y fpaccMaHa 6bma 6oJibillaH ceMbH H OH 

C'IHTaJICH rrpH3HaHHblM 3KCIIepTOM 110 caHCKpHTCKOH JIHTepaType. 

B KOHIJ;e MH3HH OH rrorrpo6osan eIIJ;e pa3 BhmycTHTh HOBoe H3,n;a­

HHe «Ausdehnungslehre», HO OHO TaKMe He HMeno ycrrexa. ToJib-
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KO HeMHOrife M3 MaTeMaTMKOB Toro BpeMeHM ou;eHMJIM ero pa6oTy. 

Cpe,n;M HMX 6hIJI K. Me6Myc (1825-1908). TeM He Mettee, B KHMre 

«Ausdehnungslehre» BnepBbie nOHBMJIMCh KJIIoqeBhie B COBpeMeHHOii 

MaTeMaTMKe nOHHTMH M 6oJihIIIMHCTBO anre6paMqecKMX CTpyKTyp, 

MCnOJih3yeMhIX B 3TOii KHM:re. B Heii 6hIJIM onpe.n;eneHbI: BeKTOpttoe 

npocTpaHCTBO, BHeIIIHHH anre6pa, BHeIIIHee M BHyTpeHHee npOM3Be­

,ri;eHMe, TeopeMa CToKca B o6o6rn;eHHOii <PopMe. 

B HacToRrn;ee BpeMR o6rn;enpM3HaHo, qTo 9. KapTaH (1869-1951) 
RBJIHeTCH KpyntteiiIIIMM cneu;MaJIMCTOM no reoMeTpMM B XX BeKe. Ero 

paHHMe pa60ThI, OTHOCRIII;MeCR K rpynnaM JIM M )J;McP<i>epeH:a;HaJihHhIM 

ypaBHeHMRM B qacTHhIX npoM3BO)J;HhIX, MMerorn;Me orpOMHOe 3HaqeHMe 

)J;JIH COBpeMeHHOii MaTeMaTMKH, TO)Ke CHaqana He 6bIJIM nOHRThI. Ho 

B 1920 ro.n;y OHM CTaJIM M3BeCTHhI IIIMpOKOMy Kpyry yqeHhIX. K aTo­

MY BpeMeHM TeopMR rpynn JIM Haqana MrpaTh KJI10qeBy10 poJih B 

MaTeMaTHKe M cPH3HKe, H r. BeiiJib 3aHOBO npe,ri;cTaBMJI HX B CBOMX 

cTaThRX. B ttacToRrn;ee BpeMR pa60ThI KapTaHa no ocHOBHhIM y3-

JiaM M CBR3RM ( H3BeCTHhie no.n; o6rn;MM Ha3BaHMeM «KaJIM6poBoqHbie 

TeopMM») HBJIRIOTCR ocHoBoii Teopirn aJieMeHTapHhIX 'IaCTttu;. B 1922 
ro.n;y KapTaH ony6nttKOBaJI KHMry «JieK:a;MH no HHTerpanbHhIM MHBa­

pttaHTaM», r.n;e IlOKa3aJI, 'ITO M306peTeHHOe HM BHeIIIHee )J;M<P<PepeH­

:a;MaJihHOe MCqHCJieHMe HBJIHeTCR rtt6KHM HHCTpyMeHTOM He TOJihKO 

)J;JIR reOMeTpMM, HO M )J;JIR BapMaD;MOHHOrO MCqHCJieHHR c IIIMpOKHM 

KpyroM cPH3MqecKMX npHJIO)KeHMii. KaK y)Ke 6bIJIO CKa3aHo, nptt3Ha­

HMe npMIIIJIO He Cpa3y, HO cerO)J;H.H M cPM3HKH, M MaTeMaTMKH cqnTa­

IOT, 'ITO BH€IIIHee MCqHCJI€HHe n03BOJIH€T HaMJiyqIIIMM o6pa30M <Pop­

MYJIHpOBaTb reoMeTpMqecKMe 3aKOHhI cPH3HKM. 1I HaM Ka)KeTcR, qTo 

npMIIIJia nopa 3aMeHHTh HM B€KTOpHoe MCqMcJieHHe B nporpaMMax 

Ha'IaJihHoro yttHBepcH'l'eTcKoro o6yqeHHR. 

Heo6xo,ri;MMO nOHCHMTh, no'IeMy B KHHre TaK MHOro BHMMaHml 

y,ri;eJieHO TOOpMM 3JieKTpHqecKHX u;eneii, XOT.H o6hrqHO 3Ta TeMa He 

BXO)J;MT B yqe6Hbie nporpaMMhl no MaTeMaTMKe. Ilpe)K)J;e Bcero, 3TO 

onpaB,ri;aHO c ne.n;arorMqecKOH TOqKM 3peHMR. ,[.l;aHHaR TeMa BCe­

r.n;a ttpaBttTC.H cTy,ri;ettTaM. Otta no3BOJI.HeT Ha oqeHh npM3eMJieHHOM 

ypoBHe BBeCTM noH.HTH}l )J;yaJihHOrO npocTpaHCTBa H <PaKTOpnpo­

CTpaHCTBa. llHaqe 3TM nOH.HTHR Ka)KyTCH CTy,ri;eHTaM CJIMIIIKOM a6-

CTpaKTHhIMM H n03TOMY Tpy.n;tto BocnpHHMMaIOTC.H HMM. KpoMe Toro, 

B )J;MCKpeTHOM, anre6paM'I€CKOM no.n;xo.n;e K TeopMH u;eneii TeopeMa 
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CToKca IIOHBJI5IeTCH, rro cy:rn;ecTBy, KaK ecTeCTBeHHoe orrpe,n;eJiemi:e, 

qTo rro3BOnHeT rroHHTh ponh orrepaTopa d n TeopeMhI CToKca rrpn 

¢opMynnpoBKe BHelliHero ncqncneHllH. KoHeqHo, ecTb 6onee rny-

6oKne, qmnoco<l>cKne rrpnqnHhI, rroqeMy MhI rrpllHHnn pellieHne rro­

.r:i;po6Ho paccKa3aTh o Teopnn u;erreit Y)l(e rroqTll cTo neT, KaK mo,n;n 

)J;yMaIOT, qTo CllnhI, y.r:i;ep)l(llBaIO:rn;ne MaKpOCKOIJllqecKne Tena, llMe­

IOT aneKTpnqecKyIO rrpnpo.r:i;y. TaKnM o6pa3oM, rrOHHTne TBep,n;oro 

Tena ll OTCIO)J;a eBKnll,Il;OBa reoMeTpllH BbITeKaIOT ll3 aneKTpOCTaTH­

Kll (KoHeqHo, B HepenHTllBllCTCKOM rrp:H6nn)l(eHllll, KOI')J;a IIOHHTHH 

TBep.r:i;oro Tena n reoMeTpllH EBKnn.r:i;a nMeIOT CMhICn). <l>n3nqecKne 

nccne.r:i;oBaHllH KaK rrpe.r:i;enhHO MaJihIX o6'beKTOB (aneMeHTapHbIX qa­

CTHD;), TaK ll rrpe.r:i;enbHO 6onhllillX ( KOCMOnOI'llH) 3aHOBO CTaBHT cPYH­

,n;aMeHTaJibHbie BOrrpochI o reoMeTpHH rrpocTpaHCTBa n BpeMeHn. Mb1 

rronaraeM, qTo pa3yMHO y)l(e B caMOM Haqane n3yqeHHH MaTeMaTnKn 

.r:i;aTb cTy.r:i;eHTaM rrpe.r:i;cTaBneHnH o CBH3ll reoMeTpnn n <l>H3llKll. Be3 

COMHeHllH, CTOpOHHHKll KOMIIbIOTepoB ll pH.r:i;a COBpeMeHHbIX Teopnii: 

B <l>n3llKe 3a)J;a)J;JT BOIIpOCbl 0 )J;llCKpeTHOCTll, rrpOTllBOIIOCTaBnHe­

MOii: HerrpepblBHOMY xapaKTepy rrpocTpaHCTBa ll BpeMeHll ( rrpo6ne­

Ma, 110,Il;HHTaH PnMaHOM B ero .r:i;nccepTan;nn 06 ocHoBax reoMeTpnn). 

Ha.r:i;eeMcH, qTo Hallie o6cy)l()J;eHne MO)l(eT 6hITh rrone3Ho TeM, KTO B 

6y.r:i;y:rn;eM CTaHeT pelliaTb 3TY rrpo6neMy. 

Halli Kypc MaTeMaTllKM qnTaeTcH B TeqeHne o.r:i;Horo ro.r:i;a, n rro-

3TOMY Mbl BbIHY)l(,Il;eHbl 6bIJill orrycTMTb HeKOTOpbie Ba)l(Hbl€ TeMbl. 

Mb1 He o6cy)l(.r:i;aeM 6ecKoHeqHoMepHbie BeKTOpHhie rrpocTpaHCTBa, 

B qaCTHOCTM, rMnh6epTOBbl rrpocTpaHCTBa; He ,n;aeM orrpe.r:i;enemrn ll 

He n3yqaeM a6cTpaKTHbie .r:i;mp<l>epeHn;npyeMbie MHoroo6pa3llH M nx 

CBoii:cTBa. Halli OIIhIT rroKa3an, qTo aTH TeMhI cnnlliKOM cno)l(HhI .r:i;na 

cTy.r:i;eHTOB, n ycnnnH, KOTOpb1e Heo6xo.r:i;nMo 3aTpaTllTh Ha nx o6'b­

HCHeHne, nyqllie 11:crronh30BaTb 110-.r:i;pyroMy. KoHeqHo, B KHnre eCTh 

MeCTa, r.r:i;e HaM 11pllXO,Il;MTCH KOMIIeHCllpOBaTb OTCYTCTBlle 3TllX IIO­

HHTllH. 0.r:i;HaKo, 6onee cephe3HO TO, qTo B KHMI'€ HeT no.r:i;po6Horo 

o6cy)l()J;eHnH rapMoHnqecKoro aHann3a <I>yphe, KnaccnqecKoii Mexa­

HllKll n Teopnn BepoHTHOCTeii:. Mb1 TOnhKO cnerKa KacaeMCH 3TllX 

TeM, He .r:i;aBaH rro.r:i;po6Horo ll3nO)l(eHnH. Hae MO)l(eT ll3BllHllTh TOnhKO 

TO, qTo KaM)J;aH M3 'aTllX TeM 110Tpe6oBana 6b1 ceMeCTpOBOI'O Kypca, 

a llX rro.r:i;po6Hoe ll3nO)l(eHMe Ha COBpeMeHHOM ypOBHe nerKO Haii:Tll. 

B Komi;e KHnrn rrpnBO,Il;llTCH crrncoK peKoMeH.r:i;yeMoii: nnTepaTyph1. 
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HaM ITpHHTHO ITOOJiaro,n;apHTh ITpo<l>eccopa ,Il,aHH3Jia fopo<l><Pa, 

Trn;aTeJibHO ITpoqHTaBIIJero pyKoITHCh, 3a MHoroqHcJieHHhle ncITpaB­

JieHHH H ITOJie3Hhie ITpe,n;Jio:lli:eHHH. Mb1 HCKpeHHe 6Jiaro,n;apHM ,Il,:>KHH 

MoppHC 3a OTJIHqHoe KaqeCTBO Ha6opa, 3a TO, qTO OHa BHHMaTeJihHO 

COITpOBO:>K,IJ;aJia ITpOH3BO,IJ;CTBO KHHrH Ha ITPOTH:>KeHHH BOCbMH JieT -

c caMoro HaqaJia ITpoeKTa ,n;o ero 3aBepmeHHH. 

OT 113,n;aTeJu1 pyccKoro nepeno,n;a 

Ern;e BOCeMh JieT ITOTpe6oBaJIOCh ,n;JIH Bhixo,n;a B cBeT pyccKoro 

BapHaHTa 3Toii KHHrH, BhIIIOJIHeHHoro THITOrpa<l>cKHM cIToco6oM. Ha 

ITYTH pyccKoro H3,n;aHHH OKa3aJIOCh MHoro ITpeITHTCTBHii. HeBhIIIOJI­

HeHHe PoccHiiCKHM <l>oH,n;oM cPYH,IJ;aMeHTaJihHhIX HCCJie,n;oBaHHii CBOHX 

ycTaBHbIX o6H3aHHOCTeii ITO cPHHaHCHpOBaHHlO H3,IJ;aHHH BbmrpaBIIIHX 

KOHKypc ITpOH3Be,n;eHHii (ITpoeKT N~98-01-14152), ITOCJie,n;cTBHH ITpe­

CTYITHoro ,n;e<l>oJITa aBrycTa 1998 ro,n;a, - 3TH H ,n;pyrHe cPHHaHCOBhie 

Tpy,n;HOCTH 6bIJIH ITpeo,n;oJieHbI 6Jiaro,n;apH 3HTY3Ha3MY Tex, KTO pa6o­

TaJI Ha,n; pyccKHM ITepeBO,Il;OM ,IJ;BYXTOMHHKa. 

0,n;HaKO He TOJibKO cPHHaHCOBbie ITp06JieMhI CHH:>KaJIH CKOpOCTb 

ITO,IJ;rOTOBKH pyccKoro H3,IJ;aHHH. 0Ka3aJIOCh, qTO aHrJIHHCKHH opHrH­

HaJI co,n;ep:>KHT H3pH,IJ;HOe KOJIHqeCTBO HeToqHOCTeii H OIIJH60K. Ilo-
3TOMY Heo6xo,n;HMO oco6o OTMeTHTb Tpy,n; ITepeBo,n;qHKa H pe,n;aKTO­

poB, KOTOpbie ITpOBeJIM Trn;aTeJihHYID pa6oTy ITO a,n;aIITaIJ;MH ,n;aHHOro 

Kypca K ITpaKTHKe pOCCHHCKoro o6pa30BaTeJihHOrO ITpo:u;ecca. qaCTb 

OIIIH6oK 6hwa Haii,n;eHa JI. II. KoToBoii y:>Ke ITPH ITepeBo,n;e. MHorHe 

HeToqHoCTH H OIIIH6KH ycTpaHeHhI E. B. MaiiKOBhIM ITPH ero CKpy­

ITyJie3HOM pe,n;aKTHpoBaHHH ITepBoro TOMa. HeKOTOphie HCITpaBJieHHH 

B ITepBhiii TOM BHec H pe,n;aKTOp BToporo TOMa A.H . .5IKHBqHK; ero 

:>Ke Tpy,n;aMH B CITHCKe peKOMeH,n;yeMOH JIHTepaTyphI YKa3aHhI TeITepb 

TOqHbie 6H6JIHOrpa<l>HqecKHe ,n;aHHhie ITOCJie,IJ;HHX H3,IJ;aHHH. 



XVIII OT H3,LJ;aTemi: pyccKoro rrepeBo.n;a 

TeM He Mettee, He HCKmoqeHo, qTo Ham yBaJKaeMhlil: qHTaTeJih 

3aMeTHT B KHHre OT,n;enhHhie orreqaTKH, HeToqHocTH, onm6KH. H xo­

TH Koe-KTO cqHTaeT, qTo He cne.n;yeT ycTpaHHTb orreqaTKH, qT06bI 

He JIHlllaTh qnTaTeJIH y,n;oBOJlbCTBHH HaxO,ll;HTb OIIIH6Kn*' Mbl BCe )Ke 

IIOCTOHHHO Be,II,eM pa6oTy no yToqHeHHlO TeKCTa KHHrH H 6y,n;eM rrpH-

3HaTeJihHbI qJITaTeJIHM 3a COOTBeTCTBYIOiilHe 3aMe11aHHH (Halli a.n;pec: 

publisher©phasis. ru). 

MocKBa, Mali 2006 

*CM., Hanpirnep: «3a,a;a'IH ApHOJib,IJ,a» (M.: <l>A3HC, 2000, c. X). 



rJiaBa 1 

JlHHeHHbie rrpeo6pa30BaHHH 

IIJIOCKOCTH 

B rJiaBe 1 MbI paccKa3hlBaeM o CB513H 3aKoHa yMHOMemrn 

MaTpHIJ, 2 x 2 c reoMeTpue:H rrp51MbIX Ha IIJIOCKOCTH. lfaJia­

rneM a.nre6py MaTpm.1, 2 x 2, M3yqaeM onpe,n;eJIMTeJib H ero 

CB513b c IIJIOIIJ,a,II,hIO H opueHTaIJ,Me:H. BBo,n;HM nOHHTHe a6-

CTpaKTHoro BeKTOpHoro rrpOCTpaHCTBa B o6IIJ,eM CJiyqae, 

ofrMICH51€M IIOH51TH51 6a3HCa H 3aMeHbI 6a3uca B CJiyqae 

O,II,HOMepHoro H ,II,ByMepHoro BeKTOpHoro rrpocTpaHCTBa. 

1.1. A<f><f>HHHhie nJiocKOCTH 

II BeKTOpHbie npocTpaHCTBa 

EBKJIH,II,OBa rrJiocKocTb, 3HaKoMaR H3 IIIKOJibHoii rrJiaHnMeTpnu, B03-

HHKJia Ha paHHeM 3Tane pa3BHTH51 MaTeMaTHKH. <l>H3HqecKHe 3KCIIe­

pMMeHTbI Ha CTOJie HJIH IIIKOJibHOH ,lJ,OCKe JierKO ):1,eMOHCTpnpyIOT ee 

cBoiiCTBa. BJiaro,l.l,apR HCIIOJib30Bamno JIHHeiiKH H TpattcnopTupa MbI 

rrpHBbIKaeM cqnTaTb «,l.l,JIHHY» H «yroJI» TaKHMH )!(€ <PyH,n;aMeHTa.llh­

HbIMH IIOH51TH51MH, KaK «ToqKa» H «IIp51Ma51». 3aHHMa51Cb qHCTOH Ma­

TeMaTHKOH HJIH ee npHJIO)K€HH51MH K cPH3HKe H ,l.l,pyrHM )J,HCIJ,HIIJIH­

HaM, MbI qacTO paccMaTpHBaeM IIJIOCKOCTH, ,Il,JIR KOTOpbIX npRMbie 

onpe,II,eJieHbI, HO HeT o6IIJ,ero onpe,II,eJieHHH ,II,JIHHhI, HJIH KOr,l.l,a 06b1q­

Hoe eBKJIH,IT,OBO orrpe,rr,eJieHHe ,lJ,JIHHbI He pa6oTaeT. TaKaR IIJIOCKOCTh 

MOMeT 6bITb H306pa)KeHa Ha JIHCTe 6yMarM, HO cPH3HqecKoe paCCT051-

HHe M€)K,l.I,Y ,l.l,BYM51 TOqKaMH, H3MepeHHOe JIHHeHKOH, HJIH yroJI M€)K,l.I,Y 



2 Dmaa 1. JlttHeHHbie rrpeo6pa3oBaHHH IIJIOCKOCTH 

,11,BYMR rrpRMbIMH, H3MepeHHbIH TpaHCIIOpTHpOM, M02KeT He HMeTh HH­

KaKoro CMbICJia. 

B KaqecTBe rrpHMepa rrpHBe.n,eM IIJIOCKOCTh, r.n,e rpaqmqecKH H3o6-

pa2KaeTCR ,11,BH2KeHHe qacTHIJ;hI B,11,0Jih OCH x (pHc. 1.1). ToqKH PH Q 
Ha 3TOH IIJIOCKOCTH rrpe.n,cTaBJIRIOT ¢H3HqecKOe IIOHRTHe co6btmu.R, 

orrpe.n,eJIReMoro MeCTOM H BpeMeHeM. J1HHHR l T02Ke HMeeT <l>H3Hqe­

CKHH CMbICJI; OHa COOTBeTCTByeT ,11,BH2KeHHIO qacTHIJ;hI, Ha KOTopyIO He 

.n,eiicTByeT HHKaKaR CHJia. Mb1 Mo2KeM cpaBHHBaTh ,11,JIHHhI OTpe3KOB 

B,11,0Jib OCH t (BpeMeHHbie HHTepBaJibl) H.irn B,11,0Jib OCH x (paCCTORHHR). 

0.n,HaKO H3MepeHHOe JIHHeHKOH paCCTORHHe Me2K.n.y TOqKaMH pH Q 
JIHIIIeHo BCRKoro cl>H3HqecKoro CMbICJia. ToqHo TaK 2Ke He HMeeT cl>H-

3HqecKoro CMbICJia Haqano KOOp,11,HHaT TaKOH IIJIOCKOCTH, T. e. TOqKa 

rrepeceqeHHR oceli. 

x 

PHc. 1.1 

TaKo:ii: CHTyan;HH ( H MHOrHM .n,pyrHM «.n,ByMepHhIM» CHTyan;HRM) 

COOTBeTCTByeT MaTeMaTHqecKOe IIOHRTHe aeucm6Ume.1lib'HOU aefxfiutt­

'H,OU n.11,oc?Cocmu, T. e. TaKOH IIJIOCKOCTH, KOTOpaR rrpe.n,cTaBJIReT MHoro 

.n,ByMepHhIX CHTyan;H:ii:. To'l/,?CU Ha acl>cl>HHHO:ii: rrnocKOCTH o6o3HaqaeM 

3arnaBHhIMH naTHHCKHMH 6yKBaMH P, Q H T . .n,., a rrpRMhie JIHHHH, 

B ,11,aJibHeHIIIeM Ha3hIBaeMhie rrpOCTO np.R.M'bl.MU, CTpoqHbIMH 6yKBaMH 

l, m H T . .n,. Cne.n.y5I ,II,eKapTy, cqHTaeM, qTo acl>cl>HHHYIO rrnocKOCTh 

o6pa3yeT MH02KeCTBO Bcex nap .n,eiicTBHTeJibHhIX qHcen. ToqKa Ha Ta­

KOH nnocKOCTH - yrrop51.n,oqeHHaR rrapa .n,e:HcTBHTeJihHhIX qHcen, o6o-

3HaqaeMa5I [~] . 9TH qHcna Ha3hrna10T ?Coopauttama.Mu ToqKH. TaKyIO 



1.1. A¢¢HHHhie IIJIOCKOCTH H BeKTOpHhJe rrpocTpaHCTBa 3 

IIJIOCKOCTh H830BeM AJR.2 (pHC. 1.2). 3,n;ecb A roBOpHT HaM, qTo nJioc­

KOCTh a<l>q>HHHaH, H Mbl He BbI)];eJrneM Ha Hell HaqaJia KOOp,ll;HHaT. 

ByKBa JR cooTBeTCTByeT MHO)KeCTBY ,n;eticTBHTeJibHhIX qHceJI, a Bepx­

HHH HH,n;eKc ,n;Ba yK83hIBaeT, qTo MhI paccMaTpHBaeM naphI ,n;eticTBH­

TeJihHhIX qHceJI. (KaK 06b1qHo, H306pa)KaH IIJIOCKOCTb Ha 6yMare, Mbl 

OTKJla,ll;hIBaeM x 110 ropH30HTaJibHOll OCH, a y orrpe,n;eJieHHOro BH,ll;a -

BepTHKaJibHO BBepx B,ll;OJib rreprreH,ll;HKYJIHpHOll OCH. 0,n;HaKo, B Ha­

CTOHIIIHll MOMeHT IIOHHTHH «rrepneH,ll;HKYJIHpHOCTH» HJIH BeJIHqHHbl 

yr.ITa He orrpe,n;eJieHhl. c 0,ll;HHaKOBbIM ycrrexoM MO)KHO OTKJla,ll;hIBaTh 

x H y B,ll;OJib mo6h1x1 oceti.) IlpHMaH - aTo orrpe,n;eJieHHoro BM,n;a 

MHO)KeCTBO ToqeK. Mb1 rrpe,n;rroJiaraeM, qTo B pe3yJihTaTe n3yqeHMH 

reoMeTpHM qHTaTeJih 3HaKOM c rrpHMbIMH H, B qacTHOCTH, 3HaeT, KaK 

OIIHCbIBaIOTCH rrpHMbie B aHaJIHTHqecKOll reoMeTpHH. 

y 

x 

Pnc. 1.2 

IlpHMhie Ha a<P<l>HHHOH rrJIOCKOCTM AJR.2 MoryT OIIHCbIBaTbCH rro­

p83HOMy. HarrpHMep, ypaBHemrnM, KOTopoMy y,n;oBJieTBOpHIOT Bce 

TOqKH, Jie)Ka111Me Ha rrpHMOH, 

l = { [:]I ax+ by= c}. 
<l>opMyJiy CJie,n;yeT qHTaTb TaK: «l - 3TO MHO)KeCTBO TOqeK [:] ' 

KOOp,l];HHaTbl KOTOpbIX y,n;oBJieTBOpHIOT ypaBHeHHIO ax + by = C». 

Ilpe,n;noJiaraeTCH rrpn 3TOM, qTo a H b O,ll;HOBpeMeHHO He paBHHIOTCH 

HYJIIO. 

TaKoti crroco6 OIIHCaHHH rrpHMOii He oqeHh y,n;o6eH, rroToMy qTo 

rrapaMeTpbl rrpHMOH a, b, c He orrpe,n;eJIHIOTCH rrpHMOii O,ll;H03HaqHO. 

1 He rrapaJIJieJibHhIX ,rwyr ,n;pyry. - IlpUM. pea. 



4 fJiaBa 1. JI1rneii:Hbie npeo6pa30Bamrn: IlJIOCKOCTH 

HarrpnMep, <l>opMyJihI 

{ [:] I ax + by = c} H { [:] I 3ax + 3by = 3c} 
orrpe,n;em110T o,n;Hy H TY )Ke rrpRMyIO. Boo6m;e rrapaMeTphI ra, rb, re 
rrpn r -# 0 orrnchrnaIOT TY )Ke rrpHMyIO, 'ITO H a, b, c. 

BTopoil crroco6 3a,n;aHH51 rrpHMOH COCTOHT B TOM, 'ITO Ha IIJIOCKO-

CTH A~2 
Bh16npa10TC5I ,n;Be pa3JIH'IHhre TO'IKH Po= [:~], P1 = [:~], 

H qepe3 HHX rrpoBO,IJ;51T rrpRMyro. Tor,n;a TO'IKH, Jie)Kam;ne Ha TaKoil 

rrp51MOH, orrpe,n;eJI51IOTC51 cPOPMYJIOtt 

[
x] = [xo + t(x1 - xo)] 
Y Yo+ t(y1 - Yo) ' 

r,a;e rrapaMeTp t - JII06oe ,n;ettCTBHTeJibHOe 'IHCJIO. cho OIIll:CaHHe IIp51-

MOH eIIIe 6oJiee rpoM03,ll;KO, 'IeM rrpe,a;hI,ll;yII1ee: MhI MO)KeM 3aMeHHTh 

Bb16paHHbre TO'IKH P0 H P1 JII06o:H ,a;pyroil rrapoil TO'IeK, rrpnHa,n;Jie­

)Kam;nx 3TOH rrp51MOH. 

EcTb 6oJiee y,n;o6HhIH crroco6 orrncaHH51 rrpHMOH ( «,IJ;HHaMH'Ie­

CKHH» B OTJIH'IHe OT «CTaTH'IecKoro» orrncaHH51). MbI 3a,n;aeM TO'IKY 

Ha rrpHMOil: H «HarrpaBJIHIOm;n:ll BeKTOp rrp51MOil». TaKHM o6pa3oM, 

Ha6op TO'IeK, orrpe,n;eJIReMbIX no <PopMyJie { [ :~] + t ( ~) I t E ~}, 
r,n;e ( ~) -# (~) - 3a,n;aHHbIH BeKTOp, H eCTb rrp51MMI. (IIpe,a;cTaBHM 

ce6e qacTHizy, ,Il;BH)Ky!IzyIOCH B,IJ;OJib 3TOH TpaeKTOpHH c BeKTOpOM 

CKOpOCTH ( ~) ' HaxO,IJ;HBIIIyIOCH B TO'IKe [ :~] B HyJieBOH MOMeHT 

BpeMeHH). 3,n;ecb ,ll;JIH OlIHCaHHH rrpHMOH MbI HCIIOJih3yeM qeTbipe rra­

paMeTpa. Ilpn 3TOM MO)KHO yMHO)KHTh ( ~) Ha He paBHhIH HYJIIO 

CKaJIHP H rroJiy'IHTh TY )Ke rrpHMYIO ( 3To 6y,n;eT ,IJ;BH)KeHne c ,n;pyro:H 

CKOpOCTbIO) HJIH MO)KeM C,IJ;BHHYTb Ha'IaJibHYIO TO'IKY [ :~] B,Il;OJib 

rrpHMo:H. B 3TOM cJiyqae Mbr HMeeM ,n;Ba H36brTO'IHhIX rrapaMeTpa. 



1.1. Acpqmtttthre 11J1ocKOCTH H BeKTOPHhie rrpocTpaHCTBa 5 

KoHe'!Ho, 3Ta <f>opMyJia rrepexo,n;RT B <f>opMyJiy, rroJiy'IeHHYIO BTO­

pbIM crroco6oM, 

U = X1 - Xo, 

v = Yl -y1. 

Hy, a Terrepb orrmneM qeTBepThiii, rrpRBhI'IHhiii crroco6 3a,n;aHmr rrp.SI­

Moii. B HeM HeT H36bITO'IHbIX rrapaMeTpOB, ero Hey,n;o6CTBO COCTOHT 

B oTcyTcTBHH e,n;1rnoo6pa3R.SI 3aIIHCH ,n;JI.SI pa3JIH'IHhIX rrp.SIMhIX. EcJIH 

a H b - mo6b1e ,n;eiiCTBHTeJibHhie 'IHCJia, TO Ha6op TO'IeK 

3a,n;aeT rrp.SIMyro, rrepeceKaIOnzyIO OCh y B TO'IKe [~] H HMeronzyIO «yr­

JIOBOii» K03<f><f>m1,HeHT a, T. e. ,n;mr BCex TO'IeK rrp.SIMOii yBeJIH'IeHHe x 
Ha e,n;RHHII,y BJie'IeT 3a co6oii yBeJIH'IeHHe y Ha BeJIH'IHHY a. Ilp.SI­

Ma.SI 3a,n;aeTC.SI rrpOCThIM ypaBHeHHeM, rrapaMeTpbI a H b orrpe,n;eJI.SIIOT 

reoMeTpH'IeCKHe cBoiicTBa rrp.SIMoii. Ho He Bee np.SIMbie MoryT 6h1Th 

3a,n;atthI TaKHM o6pa30M. Heo6xo,n;HMO ,n;o6aBHTh rrp.SIMhie, rrapanJieJih­

Hhie OCH y: 

CJie,n;y.SI CTporofi JIOrHKe, MhI ,n;omKHhI rrpHH.SITh o,n;HH H3 3THX 

qeThrpex cnoco6oB orrHcaHH.SI 3a onpeaMenue np.SIMofi. HanpHMep, 

cJie,n;yeT CKa3aTh: no orrpe,n;eJieHHIO, rrp.SIMa.SI l - 3To Ha6op TO'IeK 

Ha IIJIOCKOCTH AIR.2 , 

r,n;e TPH rrapaMeTpa a, b H c - ,n;eiicTBHTeJihHhie 1IHCJia, rrpH'IeM a 
II b o,n;HoBpeMeHHO He paBHhI HYJIIO. Terrepb HaM CJie,n;oBaJIO 6hI ,n;o­
Ka3aTh, 'ITO 3TOT )Ke Ha6op TO'IeK MO)KeT 6bITh IIOJIJ1IeH II B Tpex 

,n;pyrHx crroco6ax orrHcaHH.SI. Ho 3,n;ech MhI He cTatteM yrJiy6JI.SIThC.SI B 

JIOI'H'IeCKHe TOHKOCTH, KOTOphre MmKHO peaJIH30BaTb B paMKax 3Jie­

MeHTapHOH aHaJIHTH'IeCKOH reoMeTpHH. 



6 rJiasa 1. J11rneMHhle rrpeo6p830BaHH.H IIJIOCKOCTH 

Ba)lrno rroMHHTh, qTo B acl>qmHHOH rrJIOCKOCTH He BhI.IJ;eJieHo Ha­

qa.JIO KOOp.IJ;HHaT, H 6eCCMbICJieHHO CKJia)l;bIBaTb TOqKH Ha Ta.KOH IIJIOC-

KOCTH. ToqKa [~] He HMeeT oco6oro 3HaqeHHH, H MhI ycTOHM rrepe.n; 

co6Jia3HOM CKJia)l;bIBaTb ToqKH [~] H [~]' cyMMHPYH HX KOOP.IJ;HHa­

TbI. 0,n;HaKo, cyrn;ecTByeT 6JIH3Koe IIOHHTHe .IJ;ByMepHoro ee-x:mopuow 
npocmpaucmea, r.n;e orrepan,HH cJio)KeHHH orrpe,n;eJieHa. Mbr rrocTpOHM 

BeKTOpHoe rrpocTpaHCTBO H3 acl>cl>HHHOH IIJIOCKOCTH, BBO)l;H )l;JIH JIIO--6oH rrapbr ee ToqeK BeKTOp CMern;eHHH PQ, Ta.KOH, qTo «XBOCT» BeKTo-

pa Haxo,n;HTCH B ToqKe P, aero «rOJIOBa» - B TOqKe Q (pHc. 1.3). Ta­

KHe BeKTOpbI 6y.n;eM o6o3HaqaTb )KHPHhIMH CTpoqHhIMH JiaTHHCKHMH 

6yKBaMH v, w H T . .n;. BeKTOP v orrpe,n;eJIHeTcH rrapoH ,n;eHCTBHTeJih-

HhIX qHceJI, HarrpHMep, v = (~) . (3aMeTHM, qTo )l;JIH BeKTOpOB MhI 

HCIIOJih3yeM Kpymhre CK06KH ( ) , a )l;JIH ToqeK - KBa.n;paTHhre [ ]) . 

s 

p p 

PHc. 1.3 PHc. 1.4 

HarrpHMep, BeKTOp v = (~) cJie.n;yeT IIOHHMaTh KaK cMern;eHHe, 

KOTOpoe rrepeBO)l;HT TOqKy [~] B TOqKy [~]' TOqKy [ -~ ] B TOqKy 

[~]' H Boo6rn;e, rrpOH3BOJihHYIO TOqKy p = [:] B TOqKy Q = [:: ;J. 
TaKHM o6pa30M, BeKTOp v orrpe,n;eJIHeT HeKoe rrpeo6pa30BaHHe a<P­

cPHHHOH IIJIOCKOCTH, a HMeHHO, )KeCTKyIO TpaHCJIHIJ,HIO BCeH IIJIOCKO­

CTH. EcJIH p - JII06aH TOqKa acl>cl>HHHOH IIJIOCKOCTH, TO CMern;eHHYIO 



1.1. AcpcpnHHhie IIJIOCKOCTM n BeKTOpHhie rrpocTpaHCTBa 7 

TOqKy Q o6o3HaqaeM p "+" v: 3HaK "+" o6o3HaqaeT ,n;eiiCTBHe BeK­

TOpa Ha ToqKH. TaKHM o6pa3oM, BeKTop v rrepeso,n;HT TO'IKY P B 

ToqKy Q = P "+" v. B Koop,n;HHaTHoit <PopMe ::>To Bh1rm1,n;HT TaK: 

ecnHP= [:] HV= (~),TOP"+"v= [:::]. 
Mb1 cTaBHM KaBhiqKH BOKpyr 3HaKa "+", rroTOMY qTo B ::>TOM cny­

qae orrepau;mI rrpOH3BO,IJ;HTCB Ha,IJ; o6'beKTaMH pa3nHqHOR rrpHpO,IJ;hI, 

Ha,IJ; TO':IKaMH H BeKTOpaMH, H II03TOMY OTnHqaeTCB OT o6biqHoii rrpo­

u;e,n;ypbl cno)KeHHH. ,D;anee, ,n;nH mo6oii rrapbr ToqeK P H Q orrpe,n;enHM 

e,n;HHCTBeHHbIR BeKTOp v = Q "-" p TaKoii, 'ITO 

P"+" v= Q. 

BoKpyr 3HaKa MHHyc MhI TO)Ke cTaBHM KaBbiqKH, IIOTOMY qTo 3,n;ecb 

TO)Ke yqacTBYlOT o6'heKThI pa3Horo po,n;a - H3 rraphI ToqeK rronyqaeT­

CH seKTop. HapttcosaB HeCKOnhKO rrpHMepos Ha 6yMare B KneToqKy, 

Bbl MO)KeTe caMOCTOHTenhHO y6e,n;HTbCH, qTo ,n;se rrapbI ToqeK p' Q H 

R, S orrpe,n;enHIDT o,n;HH H TOT )Ke seKTOp ( T. e. Q "-" P = S "-" R) 
---t ---+ 

Tor,n;a H TOnhKO Tor,n;a, Kor,n;a BeKTOphI PQ HRS HBnHlOTCH rrpoTHBO-

rrono)KHhIMH CTopoHaMH rrapannenorpaMMa (pttc. 1.4). IIo::iToMy qac­

TO roBOpHT, qTo BeKTOp orrpe,n;eJIHeTCB BenH':IHHOH H HarrpaBneHHeM. 

Ho 3,n;ecb Mbl He 6y,n;eM BBO)J;HTb IIOHHTHH BenHqHHbl H HarrpasneHHH 

BCK~::Il::::.:: ::~:ttH=:,:~:::TH(:)~ V = w 
HBnHeTCH BeKTOp 

(
a+c) u+v= b+d . 

3aMeTHM, qTo 

P "+" (u + v) = (P "+" u) "+" v, (1.1) 

TaK KaK, ecnH u = (~), v =(~)Hp=[~], TOH neBaH, H rrpa-

[
a+c+x] BaH qacTH paBeHCTBa (1.1) orrpe,n;eJI5IlOT TOqKy b + d + y . <I>opMy-

na (1.1) 03HaqaeT, qTo CMeru;eHHe, COOTBeTCTBylOru;ee u + v, MO)KeT 

6hITh rronyqeHo rrocne,n;osaTenhHhIM rrpHMeHeHHeM orrepau;Hii cMeru;e­

HHH u H v. IlpH ::>TOM 3aMeTHM, qTo u + v = v + u. Mbl MO)KeM 



10 fJiaBa 1. JlHHeHHhie npeo6pa3oBaHH.H ITJIOCKOCTH 

B o6o3Ha'Iemrnx Me)K,lzy JR2 H AJR2
. ,LI;eJio B TOM, 'ITO B npocTpaHCTBe 

JR2 
TO'!Ka (~) HMeeT oco6oe 3Ha'!eHHe (HeiiTpaJibHhIH 3JieMeHT), H 

HMeeT CMhICJI CJIO)KeHHe AByx BeKTopoB. B rrpocTpaHCTBe AJR2 
HH'Iero 

3TOro HeT. 

1.2. BeKTOpHbie npocTpaHCTBa 
H HX acpcpHHHbie npocTpaHCTBa 

JierKO npoBepHTh, 'ITO orrepau;mI CJIO)KeHHH BeKTOpOB B rrpOCTpaHCT­

Be JR2 H orrepau;HH yMHO)KeHHH BeKTOpOB Ha ,n;eHCTBHTeJihHhie 'IHCJia 

y,n;oBJieTBOpHIOT CJie,lJ;YIOiu;HM aKCHOMaM. 

CJio)KeHHe aeKTopoa 
Accou,uamumwcm'b c.1io:J1Cenu.R: (u + v) + w = u + (v + w). 
KoMMymamuenocm'b c.1to:J1Ce'ltu.R: u + v = v + u. 
Cyw,ecmeoeanue nyfieeo20 3J1,eMenma: cyru;ecTByeT TaKoii BeKTop 0, 
'ITO 0 + v = v ,ll;JIH BCex BeKTOpOB v. 
Cyw,ecmeoeanue npomueonofio:J1Cno20 3J1,EMenma: ,ll;JIH JII06oro BeK­

Topa v cyru;ecTByeT -v TaKoii, 'ITO v + (-v) = 0. 

YMHo)KeHHe aeKTopoa Ha ,u.eiicTBHTeJihHbie q11cJia 
Ceoucmeo 'l/,UCJl,a 1: lv = v ,ll;JIH JII06oro v. 
Accou,uamuenocm'b u ducmpu6ymuenocm'b YM'lto:J1Cenu.R na 'l/,UCfio: 
,ll;JIH JII06hlx ,n;eiiCTBHTeJibHbIX 'IHCeJI r H s H JII06bIX BeKTOpOB u H v 

(rs)v = r(sv), 

( r + s )v = rv + sv, 

r( u + v) = ru + rv. 

9TH aKCHOMbI H3BeCTHbI KaK aKCHOMhI 6e'K:mopno20 npocmpan­

cmea. Ilo orrpe,n;eJieHHIO, BeKTOpHOe rrpocTpaHCTBO - 3TO TaKoe MHO­

)KeCTBO v o6'beKTOB, Ha3bIBaeMbIX BeKTOpaMH u, v HT. ,n;., B KOTOpoM 

BBe,n;eHbl orrepau;HH CJIO)KeHHH, 03Ha'IaIOru;aH, 'ITO K~Oii nape BeK­

TOpOB u H v COOTBeTCTByeT TpeTHH BeKTOP u + v' H orrepau;HH YMHO­

)KeHHH TaKaH, 'ITO Ka)K,ll;OMY ,n;eiiCTBHTeJibHOMy 'IHCJIY t H Ka)K,ll;OMY 

BeKTOpy v COOTBeTCTByeT BeKTOp tv. IlpH 3TOM ,ll;OJI)KHbI BbIIIOJIHHTb­

CH Bhimerrepe'IHCJieHHhie aKCHOMbI. 
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llTaK, Mhl IIOKa3a.JIH, 'ITO JR2 5IBJrneTC5I BeKTOpHbIM rrpocTpaH­

CTBOM. B Ka'leCTBe BToporo rrpnMepa paccMoTpHM rrpocTpaHCTBO JR3
, 

B KOTOpOM BeKTOp 5IBJI5IeTC5I TpHIIJieTOM, COCT05Irn;HM H3 ,n;efiCTBH-

TeJihHhIX 'IHCeJI: 

Cno:>KeHne BeKTOpoB rrpoH3BO,Il;HTC5I cno:>KeHHeM KOMIIOHeHT, KaK H B 

rrpocTpaHCTBe JR2
: 

IlpocTpaHCTBO JR3 - 3TO 3HaKOMOe HaM TpexMepHoe rrpocTpaH­

CTBO BeKTOpOB. IloH5ITHe pa3MepHOCTH rrpocTpaHCTBa Mhl o6cy,n;n:M 

rro3,n;Hee. 

Bee ,n;eficTBHTeJihHhie 'IHcna To:>Ke MO:>KHO paccMaTpn:BaTh KaK 

BeKTOpHoe rrpocTpaHCTBO JR = JR 1 ' B KOTOpOM rrpou;e,n;ypaMH CJIO:>Ke­

HH5I n: yMHO:>KeHH5I 5IBJI5IIOTC5I o6hI'IHhie orrepau;n:H cno:>KeHH5I n: YMHO­

:>KeHH5I '!Hcen. Kor,n;a MhI orrpe,n;enHM IIOH5ITHe pa3MepHOCTH rrpo­

CTpaHCTBa, CTaHeT 5ICHO, 'ITO JR1 - 3TO rrpHMep O,Il;HOMepHoro BeK­

TOpHoro rrpocTpattcTBa. 

B Ka'leCTBe ,n;pyroro rrpnMepa BeKTOpttoro rrpocTpaHCTBa pac­

CMOTpHM MHO:>KeCTBO Bcex rronn:HOMOB. Mb1 yMeeM CKJia,Il;hIBaTh rro­

JIHHOMhI, rrpocTO CKJia,Il;hIBa5I Ko3<Pqmu;HeHTbI rrpH o,n;n:ttaKOBhIX CTe­

rreH5IX x, ttarrpHMep: 

(1 + 3x + 7x2
) + (2 - x2 + x4 

- x6
) = 3 + 3x + 6x2 + x 4 

- x6
, 

MbI yMeeM yMHO:>KaTh rroJIHHOMhI Ha ,n;efiCTBHTeJihHOe 'ln:cno: 

7(1+3x + 3x2
) = 7 + 21x + 21x2

. 

JlerKO rrpoBepHTh, 'ITO B 3TOM CJiy'lae BCe aKCHOMhI BeKTOpttoro rrpo­

CTpaHCTBa TO:>Ke BhIIIOJIH5IIOTC5I. ,LI;a.rree, MO:>KHO paCCMaTpHBaTh rrpo­

CTpaHCTBO rroJIHHOMOB He BhIIIIe 3a,n;attttofi CTerrettn:. Harrpn:Mep, Han:-

6onee o6rn;n:fi BH,ll; IIOJIHHOMa He BhIIIIe BTopoii CTerreHH TaKOB: 

P = ax2 + bx + c. 
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CyMMa ,n;Byx rroJIHHOMOB 

paBHa 

HarrpnMep, ecJIH 

Pi= 3x2 + 2x + 1, P2 = 7x2 
- lOx + 2, 

TO 

Pi + P2 = 10x2 
- Bx + 3. 

MHo)KeCTBO Bcex IIOJIHHOMOB CTerreHH He BhIIIle ,n;Byx TaK)Ke .HB­

JI.HeTC.H BeKTOpHbIM rrpocTpaHCTBOM. 3aMeTHM, 'ITO OHO IIOXO)Ke Ha 

JR.3 ' B TOM CMhICJie, 'ITO rrpe,n;h1,n;ym;Me paBeHCTBa MO)KHO 3aTIMCaTb B 

BH,n;e 

B ,n;aJihHeft1I1eM MhI em;e BepHeMc.H K 3TOMY Borrpocy. 

Ilpe,n;noJio)KHM, 'ITO 3aaatto BeKTOpHoe rrpocTpaHcTBO V; HanpM­

Mep, 3TO MO)KeT 6bITh JR.i, JR.2 HJIM JR.3 . A</><fiutttt'bt.M npocmpattcmeo.M, 
accorr;nMpoBaHHhIM c V, MhI Ha3hIBaeM MHO)KeCTBO A, cocTo.Hm;ee 113 

To'IeK P, Q, 11 T. ,n;., npn 3TOM orreparr;n.H "+" 03Ha'IaeT, 'ITO Ka)K,n;oft 

TO'!Ke P E A 11 KaM,ll;OMY BeKTopy v E V B a<PqmHHOM npocTpaHCTBe 

A cooTBeTCTByeT ,n;pyra.H TO'!Ka, o6o3Ha'IaeMa.H P "+" v. IlpM 3TOM 

,ll;OJI)l(Hbl BbIIIOJIH.HTbC.H CJie,n;y10m;11e aKCHOMbI. 

Acco'4uamuettocm'b: (P "+" u) "+" v = P "+" (u + v) ,n;JI.H P E A 
H u,v EV. 
«HyJt'b» aeucmeyem 'IW'K: mo;JtCaecmeettttoe omo6pa;JtCettue: 
P "+" 0 = P ,n;JI.H mo6o:li TO'IKH P E A. 
Tpatt3umuettocm'b: ,n;JI.H 3a,n;aHHhix P 11 Q E A cym;ecTByeT v E V 
TaKOH, 'ITO p "+" V = Q. 
To"tttocm'b: ecJIH ,n;JI.H JI106o::li TO'IKH P BhIIIOJIH.HeTc.H P "+" u 

p "+" V, TO U = V. 

KoM6MHHPY.H ,n;Be rrocJie,n;HMX aKCMOMhI, MO)KHO CKa3aTh, 'ITO ,n;JI.H 

mo6hIX 3a,n;aHHbIX TO'IeK p H Q cym;ecTByeT e,n;MHCTBeHHhIM BeKTOp 
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v TaKOH, "'ITO p "+" v = Q. llHor,n;a 3TO y,n;o6HO 3aIIHCbIBaTb KaK 

v=Q"-" P. 
KoH~err~HH BeKTOpHoro rrpocTpaHCTBa H acco~HHpoBaHHoro c 

HHM a<P<PttHHOro rrpocTpaHCTBa rrpHBJieKaeT BHHMaHHe cPH3HKOB Ha 

rrpoTH)KeHHH Tpex CToJieTHH. Ha"'!aJIOCh 3TO e~e c HhlOTOHOBCKOH Me­

xaHHKH, 3aTeM rrpO)l;OJI)KaJIOCb B crre~HaJibHOH TeOpHH OTHOCHT€J1bHO­

CTH H B KBaHTOBOH MexaHHKe. II;eJib 3TOH rJiaBhl - HCCJ1€,ll;YH Ha HH­

TYHTHBHOM ypoBHe rrpOCTOH cJiy"'laH ,ll;ByMepHoro
2 

B€KTOpHoro rrpo­

CTpaHCTBa JR.2 ' rrpo,n;eMOHCTpHpOBaTh KJ1l0"'!€Bble H)l;eH, Heo6xo,n;HMbie 

)l;JIH H3y"'!eHHH TaKHX CTPYKTYP· Ha"'IHeM, o,n;HaKo, c o,n;HoMepHoro 

CJIY"'laH, KOH~err~HH KOTOporo HaCTOJibKO 0"9:€BH)l;Ha, "'ITO rro,n;po6Hoe 

o6cy)K,ll;€HHe M0)K€T IIOKa3aThCH CJIHillKOM rre,n;aHTH"'!HbIM. 0,n;HaKO 

CTOHT IIOCTapaTbCH. 

BeKTOpHoe rrpocTpaHCTBO V Ha3hrnaeTcH oih-1,0.Meptt'bt.M, ecJIH OHO 

y,n;oBJieTBOpHeT cJie,n;yro~HM ABYM ycJIOBHHM: (i) B HeM cy~eCTByeT 
B€KT0p v # O; H (ii) eCJIH v # 0, TO JIJ06oii: B€KT0p u E v MO)K€T 

6bITb 3aIIHCaH KaK u = rv' r,n;e r - H€KOTOpoe ,n;e:HCTBHT€J1bHOe 

"'IHCJIO. 3aMeTHM, "'ITO "'IHCJIO r e,n;HHCTB€HHoe: eCJIH riv = r2v' TO 

o6H3aTeJibHO ri = r2. ,11,e:HCTBHT€J1hHO, paBeHCTBO riv = r2v MO)KHO 

rrepeIIHCaTb B BH)l;e 

(r1 - r2)v = 0. 

EcJIH ri - r2 # 0, Tor,n;a, BBO.n;H o6o3Ha"'!eHHe s = (r1 - r2)-1, HMeeM 

T. e. v = 0, "'ITO rrpoTHBOpe"'IHT Ha"'!aJibHOMY rrpe,n;rroJIO)K€HHlO v # 0. 
(IlpoBepbTe caMOCTOHT€J1bHO, KaKyro H3 aKCHOM B€KTOpHoro rrpo­

CTpaHCTBa Mbl HCIIOJ1b30BaJIH Ha Ka)K,r:t;OM 3Tarre paccy)K,r:t;€HHH.) 

llTaK, ecJIH BhI6paTb B O,ll;HOMepHOM rrpocTpaHCTBe BeKTOp v # 0, 
TO )l;JIH Ka)K,r:t;Oro BeKTOpa u MO)KHO YKa3aTb Be~eCTB€HHOe "'IHCJIO r' 

u ---t r TaKoe, "'ITO u = rv. 

EcJIH u1 =riv H u2 = r2v, TO u1 + u2 = (r1 + r2)v. TaKHM o6-

pa3oM, BeKTopy u1 + u2 cooTBeTCTByeT "'IHCJIO ri + r2· AHanorH"'IHO, 

2MbI ,ll;a,D;HM CTporoe orrpe,n;eJieHHe TepMHHa «,!I.ByMepHbIH» B p83,n;eJie 1.12, 
TepMHHa «O,ll;HOMepHbIH» Ha CJ1e,n;y10rn;eii: CTpaHmi;e, a o6rn;ee IIOHHTHe p83MepHO­
CTH BeKTOpHOl'O rrpOCTpaHCTBa - B rJiaBe 10. - IlpUM. peiJ. 
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ecJIH u = rv Ht - mo6oe .n;e:HcTBHTeJibHoe "IHCJIO, TO tu= (tr)v, T. e. 

BeKTOpy tu COOTBeTCTByeT qHCJIO tr. lhax, Ka)K,II;hIH BeKTOp COOT­

BeTCTByeT Bell!eCTBeHHOMy "IHCJiy, H BeKTOpHbie orrepal!HH COOTBeT­

CTBYIOT orrepa!IHHM B rrpocTpaHCTBe IR1 . B 9TOM cJiyqae MhI roBo­

pHM, "ITO HMeeTCH U30.MO'fXfJU3M O.D;HOMepHOro BeKTOpHoro rrpocTpaH­

CTBa V c rrpocTpaHCTBOM IR 1 . TaKoe corrocTaBJieHne rrpocTpaHCTBa V 
rrpocTpaHCTBY IR 1 3aBHCHT OT Bb16opa BeKTopa v. Bh16op BeKTopa v 
Ha3hIBaeTCH BhI60pOM 6aauca v' a "IHCJIO r' cml3aHHOe c u COOTHO­

meHHeM u = rv' Ha3bIBaeTCH KOOpfJ;HHaToii BeKTOpa u OTHOCHTeJihHO 

6a3HCa v. Ilpe.n;rrOJIO)KHM, "ITO Mbl BbI6paJIH .n;pyro:H 6a3HC v'. 3.n;ecb 

v' = av, r.n;e a - .n;eiiCTBHTeJihHOe "IHCJIO, He paBHoe Hymo. EcJIH 

u = rv, To 

II03TOMY 

u = r'v', 

TaKHM o6pa30M, H3MeHeHHe 6a3nca rrocpe.n;cTBOM 3aMeHhI v Ha av 
BhI3hIBaeT 3aMeHy Koop.n;nHaThI JII06oro BeKTopa r Ha a-1r. Bb16op 

6a3HCa B O.D;HOMepHOM rrpocTpaHCTBe O"!eHh IIOXO)K Ha BhI6op CHC­

TeMhI e.n;nHmi; .D;JIH cPH3H"!ecKoii BeJIH"IHHhI. EcJIH o.n;nH KHJiorpaMM 

( e.n;HHHIIY MaCCbI) Mbl 3aMeHHM Ha HOBYIO e.n;HHIIIIY MaCChI - O.D;HH 

rpaMM, TO Bee TeJia, paBHbIH 1.3 Kr, CTaHeT paBHhIM 1300 r. 0TJIH"!He 

COCTOHT B TOM, "ITO .D;JIH MHOrHX o6bI"IHhIX cPH3H"!eCKHX BeJIH"IHH H3-

Mepemrn o6'beKTOB rrpOH3BO.D;HTCH c IIOMOll!blO IIOJIO)KHTeJibHhIX ( HJIH 

HyJieBhix) 3Ha"!eHHH. BeccMbICJieHHo roBopHTh, "ITO TeJio HMeeT OT­

PHI!aTeJihHhIH o6'heM, Macey H T . .n;. EcTh HCKJIIO"!eHne TOJihKO B Teo­

pnH 3JieKTpH"IeCTBa, r.n;e 3JieKTpH"IeCKHH 3apH.n; MO)KeT 6bITh IIOJIO­

)KHTeJibHhIM H OTPHI!aTeJihHbIM. HarrpHMep, Mhl MO)KeM rrpe.n;cTaBHTh 

ce6e CHTYaI!HIO, Kor.n;a B Ka"!eCTBe e.n;HHHI!bl H3MepeHH51 BbI6paH 3a­

p51.D; aJieKTpoHa. B TaKoM 6a3HCe aJieKTpOH 6y.n;eT HMeTh 3apH.n; + 1, a 

He -1.602191x10-19 KJI, r.n;e KYJIOH (KJI) - cTaH.n;apTHaH e.n;HHHI!a, 

T. e. 6a3HC, rrpHH51ThIH Me)K.n;yHapO,D;HhIM corJiameHHeM. 

IlycTh A - a<P<PttHHOe rrpocTpaHCTBO, accoI!HHpoBaHHoe c o.n;Ho­

MepHhIM BeKTOpHbIM rrpocTpaHCTBOM V. EcJIH MhI Bbl6epeM TO"IKY 

0 B A, TO Ka)K,II;aH TO"!Ka P orrpe.n;eJIHeT BeKTop u = P "-" 0. Ec­

JIH B rrpOCTpaHCTBe v BhI6epeM 6a3HC v' TO KaM.D;OH TO"IKe p 6y.n;eT 

COOTBeTCTBOBaTb "IHCJIO x(P), 

P = 0 "+" x(P)v. 
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3HaqeHHe x(P) Ha3oBeM Koop,n;1rnaTofi ToqKn P. Terreph y Hae ecTb 

,n;Be B03MO:iKHOCTll: MO:iKHO B3HTb TOqKy 0 B KaqeCTBe Haqa.rra KOOp­

,Il;HHaT, ll Tor,n;a cqnTaTh ,n;pyrne TOqKll BeKTOpaMn; JIH6o BbI6paTb 

6a3HC B rrpocTpaHCTBe v' ll TOr,n;a OTO)l(,Il;eCTBllTb BeKTOpbI c qncna­

Mll. Ecnn MbI 3aMeHHM 6a3nc v Ha av, TO x rrepe:H,n;eT B x' cornacHo 

cl>opMyne 

x'(P) = a-1x(P). 

Ecnn, KpoMe Toro, MhI 3aMeHHM Haqano 0 Ha O', r,n;e O' = 0 "+" w, 
To rronyqnM 

P "-" O' = (P "-" 0) -w. 

Ecnn w = bv, TO 3TO paBHOCHJihHO 3aMeHe x' Ha x" no cpopMyne 

x"(P) = a-1x(P) - b. 

CpaBHHM BhIIIIerrpnBe,n;eHHhie paccy:iK,n;eHHH c Kom.1;err:u.nefi a6co­

JIIOTHoro BpeMeHn, BBe,n;eHHOH HhIOTOHOM. HbIOTOH rrnca.rr: 

A6coJIIOTHoe, ncTHHHoe, MaTeMaTnqecKoe BpeMH HJIH ,n;nn­

TeJibHOCTb Te'IeT paBHOMepHO B COOTBeTCTBllH co CBO­

efi BHyTpeHHeH rrpnpo,n;o:H, He3aBHCllMO OT KaKHX-Jin6o 

BHernHnx ycnoBnfi. 0THOCHTeJibHoe, Ka:iKy111.eecH, 06b1q­

Hoe BpeMH eCTb HeKOTOpaH Mepa ,ll;JlllTeJibHOCTH, ll3Me­

peHHaH rrocpe,n;CTBOM ,Il;Bll)KeHHH (HarrpnMep, ,ZJ;Bll:iKeHHH 

cTpeJIKH qacoB). Otto 06b1qHo ncrroJih3yeTcH BMeCTO nc­

THHHoro BpeMeHH. 

B Harne:H TepMnHonorirn MhICJih HhIOTOHa MO)KHO H3JIO)KHTh TaK: 

eCTb IIOHHTlle a6COJIIOTHOro BpeMeHH, H MHO)KeCTBO BCex a6coJIIOT­

HbIX BpeMeH o6na,n;aeT CTpyKTypo:H O,J];HOMepHoro acpcpllHHOrO rrpo­

CTpaHCTBa. M,n;eH rJia,n;Koro n paBHOMepHoro TeqeHHH BpeMeHn ,n;eJia­

eT MaTeMaTnqecKn TOqHbIM YTBep:iK,n;eHne, qTo ,ZJ;JIH MHO)KeCTBa a6-

COJIIOTHhlX BpeMeH B O,Il;HOMepHOM BeKTOpHOM rrpocTpaHCTBe v cy-

111.ecTByeT orrepa:u.nH "+". MMeHHO 3Ta rrocTynnpoBaHHaH orrepaIJ;nH 

II03BOJIHeT HaM cpaBHHBaTb pa3JIH'IHhie HHTepBa.JihI BpeMeHn. Hhlo­

TOH pa3JinqaeT HCTHHHoe n 06h1qHoe BpeMH. B Harne:H ,n;rrcKyccnn 3TO 

COOTBeTCTByeT CTerreHll npOH3BOJlbHOCTll rrpn orrpe,n;eJieHHH KOOp,n;H­

HaT Ha acpcpHHHOH rrpHMOH. 
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,Il,aBaii:Te c,n;eJiaeM He60JihlliYIO rray3y R ern;e pa3 06,n;yMaeM 3TOT 

a6eTpaKTHhIH rroeTyJiaT HhIOTOHa, KOTOpbIH .HBJI.HeTe.H KpaeyroJib­

HhIM KaMHeM B cpR3RKe ,n;Byx rroeJie,n;HHX eToJieTn:fi. K8JK,Il.bIH R3 Hae 

HMeeT eo6eTBeHHOe rreRXOJiorwi:eeKoe BOerrpH.HTRe BpeMeHR. Hallie 

rreRXOJIOrnqeeKOe BpeM.H BO MHOrHX OTHOllieHH.HX OTJIHqaeTe.H OT a6-

eoJIIOTHoro BpeMeHR HhIOTOHa. OeHOBHoe OTJIRqne B TOM, qTo ,Il;JI.H 

Hae BpeMH HMeeT orrpe,n;eJieHHoe HarrpaBJiemm. By,n;yrn;ee B KaKO:fi­

TO eTerreHR HeH3BeeTHO H rro,n;Bep)KeHO HalliHM )KeJiaHHHM H Hallie­

MY BMelliaTeJiheTBy. Bo MHornx eBporre:fiCKRX .H3hIKax, HarrpnMep, 6y­

,n;yrn;ee BpeM.H YKa3hIBaeTe.H eJioBaMH, Bhipa)KaIOrn;RMR :aceJiaHHe RJIH 

Heo6xo,n;HMOeTh (rro-aHrJin:fieKR I will go - .H xoqy H,l:J;TR RJIR rro­

cppamzy3eKR j'irai - .H ,n;OJI)KeH n,n;Tn). A BOT rrpolliJIOe B KaKo:fi-To 

eTerreHH MhI 3HaeM H rroMHRM. 0,n;HaKo 3aKOHhI HhIOTOHa He 3aBReHT 

OT R3MeHeHR.H HarrpaBJieHRH BpeMemr. EeJIR 6b1 MhI rrpoKpyTRJIR KR­

HocpRJihM HblOTOHOBeKOH IIJiaHeTapHOH eReTeMbI (BO Beex OTHOllieHH­

.HX peaJibHOH) B o6paTHOM HarrpaBJieHRH, TO He o6Hapy2KHJIH 6hI rrpo­

THBOpeqn:fi e 3aKoHaMR HbIOTOHa. BTopoe eyrn;eeTBeHHOe OTJinqne B 

TOM, qTo rreRXOJiornqeeKoe BpeM.H He TeqeT rJia,ll;KO H paBHOMepHO, no 

Kpaii:He:fi Mepe TaK, KaK 3TO rrponexo,n;RT e HblOTOHOBeKHM a6eoJIIOT­

HbIM BpeMeHeM. y Hae eeTb orrpe,n;eJieHHbie cp11311qeCKHe cPYHKIJHH, 

IIOBTOp.HIOill;Ree.H rrep1rn,n;11qeeKR, KOTOpbie rro6y)K,Il;aIOT Hae BBeeTR 

IIOH.HTRe BpeMeHH6ro HHTepBana: qepe3 orrpe,n;eJieHHbIH rrpoMe)KyTOK 

BpeMeHH rroeJie e,n;hI Mbl OII.HTb XOTHM eeTh. Ho BeJIHqRHa TaKoro rrpo­

Me)KyTKa eRJibHO MeH.HeTe.H, OHa orrpe,n;eJI.HeTe.H ypOBHeM eaxapa B 

KpOBH, KOTOpbIH, B eBOIO oqepe,n;h, 3aBReRT OT Toro, qTO Mbl C'be­

JIH, qTo ,n;eJiaJIH, OT Halliero rre11xoJior11qeeKoro eoeTO.HHH.H B IIeJIOM 

n T. ,n;. KpoMe Toro, eHJihHO MeH.HeTe.H rrenxoJiornqeeKoe BoerrpH.HTHe 

BpeMeHHhIX RHTepBaJIOB. BpeM.H JieTHT 6h1eTpo, Kor,n;a HaM RHTepee­

HO, ll Mbl YBJieqeHbI TeM, qTo ,z:i;eJiaeM, H Hao6opoT, OHO THHeTe.H oqeHb 

Me,n;JieHHO, eeJIH HaM eKyqHo. ll TeM He MeHee, OKa3bIBaeTe.H, qTO Halli 

BHyTpeHHHH pRTM KaK-TO KOppeJinpyeT e rrepRO,l];HqHOeTblO Mllpa BO­

Kpyr Hae. ll3 eaMbIX ,n;peBHllX HCTOqHHKOB Mbl 3HaeM, qTo H3MepeHRe 

BHelliHero BpeMeHH ,l];JI.H Be,n;eHR.H KaJieH,n;ap.H llJIH ,l];JI.H HayqHbIX IIe­

Jiell: Beer,n;a oCHOBhIBaJIOCh Ha Bparn;eHRR He6ecHhIX Ten. B KaqeeTBe 

CTaH,z:i;apTa BpeMeHH6ro HHTepBaJia eyTOK o6biqHo neIIOJib30BaJIH Bll­

,Il;llMOe Bparn;eHRe CoJIH1Ia, T. e. RHTepBaJihI Me:ac,n;y rroeJie,n;oBaTeJihHhI­

MH rrpoxo)K,n;eHR.HMR ConHIJeM 3eHRTa. ErnrrT.HHe pa3,l:J;eJIRJIH eyTKR 
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Ha 24 paBHbIX ITpOMe)KyTKa (24 qaca), a rpeKH ,n;eJIHJIH ITepHO,IJ;bl OT 

BOCXo,n;a ,n;o 3aKaTa COJIHn;a Ha ,II;BeHa,n;u;aTb O,Il;HHaKOBbIX qacoB, aHa­

JIOrH'IHO ,n;eJIHJIH HO'IHbie ITepHO,Il;hl. 9TH BpeMeHHbie HHTepBaJibl OT­

Me'IaJIHCb c ITOMOlll;hIO pa3HbIX ITpH6opoB, HaITpHMep, c ITOMOlll;bIO BO­

,IJ;HHbIX qacoB, a ,n;HeM c ITOMOlll;hIO coJIHe'!HhIX qacoB. Te, KTO ITPHHHJI 

rpeqecKyIO CHCTeMy, ,IJ;OJI)KHbl 6bIJIH o6opy,n;oBaTh BO,IJ;HHbie 'IaChl CITe­

ll;HaJibHbIM KOMITeHCHpyIOrn;HM ITpHCITOC06JieHHeM, 'IT06b1 MO,IJ;HcpHn;H­

poBaTb BpeMeHHbie HHTepBaJibl B COOTBeTCTBHH co BpeMeHeM ro,n;a. 

(,Ll,JIHTeJibHOCTb KaJieH,n;apHoro, HJill COJIHe'!HOro, ,IJ;HH B Te'!eHHe ro,n;a 

HeITOCTOHHHa H3-3a HepaBHOMepHOCTH ,IJ;BH)KeHHH CoJIHn;a Ha He6ec­

HOii ccpepe. IlpocTeiirnaH, OTHOCHTeJihHO TO'!HaH Mepa BpeMeHH -

3TO 3Be3,IJ;HhIH ,n;eHh. OH oITpe,n;eJIHeTCH ITO Bparn;eHHIO 3eMJIH BOKpyr 

CBOeii OCH ll H3MepHeTCH Ha6JIIO,IJ;eHHeM 3a KaKOH-TO cpHKCHpOBaHHOH 

3Be3,n;oii: ITepHO,IJ; Me)K,n;y ,II;BYMH ITOCJie,n;oBaTeJihHbIMll ITpOXO)K,Il;eHH­

HMH cpHKCllpOBaHHOH 3Be3,IJ;bl OITpe,n;eJieHHOrO MepH,n;HaHa Ha3hIBaIOT 

3Be3,IJ;HhIM ,n;HeM. KaJieH,n;apHhiii ,n;eHh B cpe,n;HeM Ha '!eTb1pe MHHYThI 

,II;JIHHHee 3Be3,IJ;HOrO ,IJ;HH.) 

CaMbie ITepBbie qacb1, ITO-BH,IJ;HMoMy, ITOHBHJIHCh B EBpoITe B Tpn­

Ha,n;u;aToM BeKe, HO OHH 6bIJIH O'IeHh HeTO'IHhIMH. IlepBhiii KPYITHhiii 

mar B ,n;eJie ycoBeprneHCTBOBaHHH qacoB 6blJI c,n;eJiaH B XVII BeKe, 

KOr,n;a faJIHJieii o6Hapy)KHJI, 'ITO ITepHO,Il; KOJie6aHHH MaHTHHKa (H3-

MepeHHbIH, HaITpHMep, ITO HOpMaJihHOMY cep,n;e'IHOMY ITYJibcy) ITOCTO­

HHeH. Ho faJIHJieii, ITOXO)Ke, MaJIO HCITOJib30BaJI 3TO OTKpbITHe Ha 

ITpaKTHKe H TOJibKO H306peJI He60JibIIIOH ITpH6op ,II;JIH Bpaqeii, 'IT0-

6bI H3MepHTb ITYJihC y ITan;HeHTOB. 0,n;HaKO rOBOpHT, 'ITO ero ChIH 

HCITOJih30BaJI MaHTHHK ,Il;JIH C03,IJ;aHHH qacoB. Bo BCHKOM CJiyqae, c 

3TOro BpeMeHH ycoBepIIIeHCTBOBaHHe MexaHH'IeCKHX qacoB ITpOHCXO­

,IJ;HJIO cTpeMHTeJibHO. TaKHM o6pa3oM, BO BpeMeHa HhIOTOHa y)Ke cy­

rn;ecTBOBaJI MeTO,IJ;, corJiaCHO KOTOpOMy, B ITpHHll;HITe, MO)KHO 6bIJIO 

,n;eJIHTh BpeMH Ha ITpOH3BOJihHO MaJihie paBHhie HHTepBaJihI. CJie,n;y­

eT OTMeTHTh, 'ITO HaITpaBJieHHe fl;BH)KeHHH CTpeJIOK MexaHH'IeCKHX 

qacoB COBeprneHHO ycJIOBHO, ll OHO JierKO o6paTHMO. IlpocTOH 3aMe­

HOH 3y6'IaTOH ITepe,n;a'IH Mbl MO)KeM 3aCTaBHTb CTpeJIKH Bparn;aThCH B 

rrpOTHBOITOJIO)KHOM HaITpaBJieHHH. llHTepecHO ITOcpaHTa3HpOBaTb Ha 

TeMy: KaK pa3BHTHe MexaHH'IeCKHX qacoB CBH3aHO c HbIOTOHOBCKOH 

KOHll;eITn;Heii BpeMeHH? 
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1. 3. <l>yHKD;HH H a<t><l>HHHble cPYHKD;HH 

B HeCKOJihKHX cne.rry10rn.nx rraparpa<Pax MhI 6y,n;eM paccMaTpHBaTh 

Te oTo6pa:JKeHH.H AIR2 Ha cefor, rrpn KOTOphIX rrpRMbre JIHHHH rrpeo6-

pa3yIOTCH B rrpHMhie JIHHHH. HaqHeM c o6rn.ero o6cy)K,ll;eHHH rroHHTHM 

«OT06pa:JKeHHH» HJIH «cPYHKIJ;Hll». 

IIycTh W n X - HeKOTOpbre MHO:JKeCTBa. IIpaBHJIO f : W ---+ 

x, corJiaCHO KOTOpOMY :meMeHTY w MHO:JKeCTBa w COOTBeTCTByeT 

9.JieMeHT f ( w) E X, Ha3hIBaeTCH <fiynr1:u,ueu ( nJin omo6pa:>1Cenue.M, 
'K:apmou, onepamopo.M), nepeBO,ll;.Hll1,eM MHO:JKeCTBO w B MHO:JKeCTBO 

X. MHo:JKecTBO W Ha3hIBaeTc.H o6Aacm'b'lo onpeoeAenu.Ft f. Ecnn A -
IIO,ll;MHO:JKeCTBO w, TO f(A) o603HaqaeT ITO,ll;MHO:JKeCTBO x, COCTO.Hll1,ee 

113 9.JieMeHTOB f ( w), r.n;e w E A: 

f(A) = {f(w) I w EA}. 

MHo:JKeCTBO f(W) Ha3hIBaeTC.H o6pa30M f, OHO .HBJIHeTc.H rro,n;MHO:JKe­

CTBOM X. 
HarrpnMep, .n;orrycTnM, qTo f - 9TO oTo6pa:JKeHne IR2 Ha ce6.a, 

orrpe,n;eJIHeMoe paBeHCTBOM f(P) = p "+" v, r.n;e v - cPHKCllpOBaH­

HhIM BeKTop. Tor.n;a f (A) rroJiyqaeTc.H H3 A rrepeHocoM A Ha BeKTOp 

v. Ee.JIM A= l = {P +tu} - rrp.HMa.a, TO f(l) = {P + v +tu} -
.n;pyra.a rrpHMa.H (pnc. 1. 7). 

Pnc. 1.7 

9To oqeHh o6rn.ee n Morn.Hoe orrpe,n;eJieHne cPYHKn;nn. YTOT{HHM, 

qTo cqnTaTh pe3yJibTaTOM .n;e:iicTBHR cPYHKIJ;llll. HarrpnMep, HeB03-

MO:JKHO nMeTh cPYHKIJ;HIO f : IR ---+ IR, 06na.n;a10rn.y10 CBOMCTBaMn: 
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f (1) = 2 M f (1) = 3, HO BCe 6y,n;eT B rropa,n;Ke, ecJIM ,Il;JI51 cPYHKD;MM 

f : JR~ JR2 
Mhl 6y,n;eM MMeTh f(l) = (~). 

CJie,n;yeT 3HaTh cTaH,n;apTHYID TepMMHOJiormo, Kaca101u;y10ca 06-

JiaCTM orrpe,n;eJieHM51 M o6pa3a cPYHKIJ;HM f. 
1. EcJin: ,n;Ba pa3JmqHhIX 3JieMeHTa w1, w2 E W Bcer,n;a oTo6-

paMalOTC51 B pa3JIHqHhie ToqK:n X1, x2 E x' TO f Ha3bIBa­

lOT U'ttlie?CmU6'1-t'bl.M OT06paMeHn:eM. ~yr:nMH CJIOBaMM, f 
MH'beKTMBHO, ecJIH H3 paBeHCTBa f(w1) = f(w2) CJie,n;yeT, 

qTo W1 = Wz. 

2. EcJIM o6pa3 f(W) COCTaBJI51eT Bee MHOMeCTBO x, TO f 
Ha3hrnaeTc51 c10pz;e?CmU6'tt'bl.M (n:Hor,n;a roBopaT, 'ITO f 5IB­
JrneTC51 OTo6paMeH:neM Ha X). ~yr:nM:n CJIOBaM:n, ecJin: 

ypaBHeH:ne f(w) = x n:MeeT no ?CpauHeu .Mepe odHo perne­

H:ne ,Il;JI51 KaM,n;oro x E x' TO f CIOp'beKTHBHO. 

3. EcJin: oTo6paMettn:e f :n MH'beKTHBHO, n crop'beKTHBHo, TO 

OHO Ha3bIBaeTC51 6ue?CmU6'tt'bl.M. ~yrHMH CJIOBaMH, f Ha-

3hIBaeTC51 6:neKTHBHhIM, ecm1 ypaBHemi:e f ( w) = x HMeeT 

edUHCm6e'tt'ttoe perneHne w ,n;na KaM,n;oro 3JieMeHTa x E X. 
B 3TOM cJiyqae cy~ecTByeT o6pamHa.R Q:>yttKu;na 1-1 : 

x ~ w' KOTopa51 OTo6paMaeT Ka)K,Il;hIH 3JieMeHT x E x B 

e,n;:nHCTBeHHhIH w' ,Il;JI51 KOToporo f ( w) = x. 

9TH CBOHCTBa OT06pa)KeHHH rrpOHJIJIIOCTpHpOBaHbl Ha p:nc. 1.8. 
Bo MHOrHX CJiyqa51x Mhl MOMeM OIIHCaTh cPYHKIJ;HH c IIOMO~bIO 

Q:>opMyJI. Cy~ecTByeT ,n;Ba crroco6a 3arrnc:n cooTBeTCTBYIO~:nx Q:>op­

MyJI. HarrpnMep, onepau;HID B03Be,n;eHH51 B KBa,n;paT F : JR ~ JR MhI 

MOMeM 3annchrnaTh KaK F(x) = x2 HJIH 

F: x 1-+ x2
. 

Ilpn n106o:H Q:>opMe 3arrnc:n x - HeMo:H CHMBOJI. Ta Me Q:>yHKIJ;H51 

MOMeT 3alIHChIBaThC51 KaK 

F(t) = t2 

HJIH 
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(a) w W1 X = f(W) 

W2 
f x 

(b) w f 

WI 

W2 f 

W2 
(c) w f x 

XI 

W2 
X2 f 

Puc. 1.8. (a) 0To6pa)f(eHue crop'beKTllBHO, HO He HH'beKTllBHO. HeBo3-

MO)f(HO orrpe,r:i;eJillTb f-1 ( x). (b) 0To6pa)f(eHIIe llH'beKTllBHO, HO He 

cIDp'heKTllBHO. HeT orrpe,r:i;eJieHHH ,D;JIH 1-1(x3). (c) 0T06p~eHue 6u­

eKTllBHO. 1-1(x1) = W1 ll 1-1(x2) = W2. 

<I>opMyJia ,D;JIH ornrcaHllH cPYHKIJ;llll MO)f(eT co,r:i;ep)f(aTb HeCKOJibKO 

~rncJieHHbIX apryMeHTOB, HarrpuMep, 

G(x, y) = 2x + 3y HJIH G: (x, y) 1-+ 2x + 3y. 

TaKaH cPYHKIJ;llH G yrropH,lJ;O"l!eHHYIO rrapy "l!HCeJI ( x, y) rrepeBO,ll;llT B 

2x +3y. 
Orrpe,r:i;eJIHM ein;e o,r:i;Ho IIOHHTHe, OTHOCRIIJ;eecH K cPYHKIJ;llHM -

'ICO.Mnoau'4U10. IIycTh W, X, Y, Z - HeKOTOpbie MHO)f(eCTBa, u ,r:i;orry­

CTHM, "l!TO y Hae eCTb cPYHKl.J;llll 

f: w----+ x, 
g:X---+Y, 
h: y----+ z. 
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PaccMoTpHM cPYHKu;1uo, KOTOpMI 6epeT w E W, .n.eikTnyeT Ha 3TOT 

3JieMeHT rrocpe.n.cTBOM f' B pe3yJihTaTe 'Jero IIOJiy'laeTCH 3JieMeHT 

f ( w) MHO::>KeCTBa x; 3aTeM Ha 3TOT 3JieMeHT f ( w) .n.e:HCTByeT g' rrpo­

H3BO~ 3JieMeHT MHO::>KeCTBa Y. TaKyro cPYHKD;HIO o6o3Ha'IHM go f 
H Ha30BeM ee 1w.Mno3u'tl,ueu g c f. Kopo'le: (g o !) ( w) = g(f ( w)). 
3aMeTHM, 'ITO KOMII03HD;HH 

hogof :W-+Z 

( CHa'JaJia .n.e:HCTByeT f' IIOTOM g' IIOTOM h) COBIIa,JJ;aeT c OT06pa::>Ke­

HHHMH h 0 (g 0 f) H (h 0 g) 0 f. TaKHM o6pa30M, ,JJ;JIH KOMII03HD;HH 

BhIIIOJIHHeTcH TaKo:H ::>Ke «accou;naTHBHhIH 3aKOH», KaK n ,JJ;JIH yMHO­

::>KeHHH .n.e:HCTBHTeJihHhIX 'IHCeJI. 

Terrepb paccMoTpHM cPYHKD;HH, orrpe,n,eJieHHhie Ha a<P<l:>nHHhIX 

rrpHMhIX, IIJIOCKOCTHX n BeKTopHhIX rrpocTpaHCTBax. Ha'IHeM c o.n.Ho­

MepHhIX rrpnMepoB, KOTOpbie, KOH€'1HO, O'leHb Ba::>KHhI, HO rrpH 3TOM 

.n.ocTaTO'IHO rrpoCThI ,}J;JIH H3y'leHHH. 

IlycTh A - a<l:><l:>HHHaH rrpHMMI, H3o6pa::>KeHHaH Ha pnc. 1.9. MhI 

MO::>KeM BbI6paTb HeKOTOpoe Ha'laJIO H HarrpaBJieHHe H rrpHIIHCaTh 

KOOp,JJ;HHaTy Ka)K,ll,OH TO'IKe Ha 3TOH rrpHMOH. 

p R Q 

P:ac. 1.9 

Ha MaTeMaTH'leCKOM H3hIKe 3TO 3Ha'IHT, 'ITO MhI BhI6panH Ha'laJIO 

KOOp,JJ;HHaT 0 Ha rrpHMOH A H 6a3n:c v B rrpocTpaHCTBe V, KaK 3TO 

c.n.eJiaHo B rrpe,n,hr.n.yru;eM rraparpa<l:>e. TaKHM o6pa3oM, MhI rrocTpOHJIH 

a<P<l:>HHHYIO KOOp,lI,HHaTHYIO cPYHKD;MIO 

x:A-+R 

KoHe'IHO, Ha rrpHMOH cyru;ecTByeT MHoro B03MO::>KHhIX a<P<l:>HHHhIX KO­

op)J.HHaTHhIX cPYHKD;HH, KOTOphie MO::>KHO IIOCTpOHTh B 3aBHCHMOCTH 

OT Bh16opa Ha'lana Koop,JJ;HHaT H e)J.HHHD;hI H3MepeHHH. MbI Ha3hrnaeM 

x '/\,OOpaU'l-t,amttou cPYHKD;HeH, IIOTOMY 'ITO OHa o6paTHMa: 3HaH x(P), 
MO::>KHO noccTaHOBHTh P. 3aMeTHM, 'ITO x coxpaHHeT «HHTeprroJIHD;H­

OHHoe CBOHCTBO» )1.eHCTBHTeJihHOii a<l:><l:>HHHOH rrpHMOH: eCJIH 

R = (1 - t)P + tQ, 
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TO 

x(R) = (1 - t)x(P) + tx(Q). 

B "!aCTHOCTH, ec;rn R - cpe,lI,mrn: TO"!Ka oTpe3Ka PQ, TO 

1 1 
x(R) = 2x(P) + 2x(Q). 

Bb1, BepmITHo, HHKOr,lI,a paHbIIIe He )J,JMaJIH 06 x KaK o cfiYH'K:U,UU. 

Bbl He MO)f(eTe Ha1rncaTh ,lI,Jrn Hee <PopMyJiy. 0,lI,HaKo 6e3 aToii cPYHK­

IJ;HH HeB03M0)KH0 n3yqaTb cPH3HKy, IIOTOMy qTO HMeHHO OHa II03BO­

mi:eT BaM 3aIIHCbIBaTb ,lI,pyrHe cPYHKIJ;HH Ha rrp.HMOM B BH,lI,e <PopMyJI. 

HarrpHMep, CHJia, ,lI,eiicTBy101:u;a.H Ha qacTHIJ;y, KOTopa.H HaXO,lI,HTC.H Ha 

rrp.HMOM, .HBJI.HeTCH cPYHKIJ;Heii IIOJIO)KeHH.H qaCTHIJ;bl 

f: A-+ JR; 

rrpHqeM Bbl He MO)KeTe HaIIHCaTb cPOPMYJIY ,lI,Jl.H f' HO MO)KeTe BBeCTH 

acPcPHHHYIO KOOp,lI,HHaTy 

H cPYHKIJ;HIO F : JR ---+JR, rrocJie qero HarrHcaTh 

J(P) = F(x(P)) = (F o x)(P). 

llMeHHO TaKa.H KOMII03HIJ;H.H, HarrpHMep, cPopMyJia «CHJia = sin X», H 

rrpHMeHHeTC.H ,lI,JI.H rrpe,lI,CTaBJieHH.H cPYHKIJ;HH Ha rrp.HMOM. 

BpeM.H - 3To TO)f(e acPcPHHHa.H rrp.HMaH, TOqKaMH KOTopoii .SIBJI.H­

IOTC.H «MrHoBeHH.H». A<PcPHHHa.H KOOp,lI,HHaTHa.H cPYHKIJ;HH t : A ---+JR 
rrpnrrncbrnaeT Ka)K,lI,OMY MrHoBeHHIO "IHCJIO. qT06h1 y3HaTh t, Mbl 

CMOTpHM Ha qacbI. qaCbl, OTCqHTbIBaroi:u;ne BpeMH c pa3HOM CKOpo­

CTbIO, ,lI,aIOT pa3JIHqHbl€ cPYHKD;llH t, HO JII06bl€ «xopornne» qaCbl rrpo­

ll3BO,lI,HT a<P<PnHHyro cPYHK:u;nro. B TO )Ke BpeMH rrJioxne qacb1, HarrpH­

Mep, qaCbl, y KOTOphlX ,lI,JIHHa MaHTHHKa MeH.H€TC.H c TeMrrepaTypoii, 

rrpOll3B€)J,yT Hea<PcPHHHYIO cPYHKIJ;HIO. 

,Il;Bll)K€Hlle qacTHIJ;bl no 1Ip5IMOM JIHHHll orrpe,lI,€JIH€T 3aBHCHMOCTb 

O,lI,HOM ,lI,€MCTBHT€JibHOii acPcPHHHoii rrpHMOM At ( epe.MR) OT ,n;pyroii 

,lI,eMCTBHTeJibHOM a<P<PnHHoii rrpHMOii Ax ( npocmpaHcmeo). TaKaH 

cPYHKIJ;HH f : At ---+ Ax Ka)K,lI,OMY MOMeHTY BpeMeHH E CTaBHT B 

cooTBeTCTBHe ToqKy P Ha rrpHMoii, TaK "ITO P = f(E). Mb1 He MO­

)K€M 3arrHcaTb <PopMyJiy ,lI,JIH f, rroToMy "ITO E H P He HBJIHIOTCH 
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qifcJiaMH. Ilo:::>TOMy, eCJIH Mhl XOTHM HMeTh ¢opMyJiy ,n;mI orrncaHH.51 

,ll;BH)KeHirn qacTHll,bI, TO ,ll;OJI)KHbl BBeCTH a¢¢HHHbie KOOp,ll;HHaTHbie 

cPYHKll,HH t H x. IlocJie :::>Toro MO)KHO HaITHCaTb 

x(P) = F(t(E)), 

r,n;e F : R ---+ R MO)KeT 6bITh npe,n;cTaBJieHa ¢opMyJioii: THna, ttanpH­

Mep, F(a) = xo + v0a + ~aa2 . 

1.4. EnKJIH,ll;OBhI H a<P<l>HHHbie 
rrpeo6pa3onaHH.H 

0To6pa)KeHHe f : JR2 ---+ JR2 H83bIBaeTC.51 eB'l\,J/,Uaoe'bt.M npeo6p83oBa­

HHeM, ecJIH OHO coxpaH.51eT paCCT0.51HHe. 9To 3HaqHT, qTO paCCT0.51HHe 

Me)K,n;y ,n;ByM.51 mo6bIMH ToqKaMH P1 = [~~] H P2 = [~~] paBH.51eTC.51 

paccT0.51HHIO Me)K,n;y f(P1) H f(P2). EcJIH MhI Bhip83HM f qepe3 ,n;Be 

cPYHKll,HH </J : JR2 
--+ JR H 'ljJ : JR2 ---+ JR TaK, qTO 

f [x] = [<P(x,.y)] 
y 'ljJ(x,y) ' 

TO H3 ycJIOBH.51 coxpaHeHH.51 paccT0.51HH.51 TIOJiyqHM paBeHCTBO 

KOTopoe ,n;OJI)KHO BhIIIOJIH.51ThC.51 ,ll;JI.51 Bcex 3HaqeHHii: x1, YI, x2, Y2. 

Mo)KHO C"'IHTaTh, "'ITO eBKJIH,ll;OBa reoMeTpH.51 H3y"'laeT CBoii:CTBa 

Tex IIO,ll;MHO)KeCTB IIJIOCKOCTH, KOTOpbie HHBapHaHTHbl IIpH JII060M 

eBKJIH,ll;OBOM rrpeo6p830BaHHH. HarrpHMep, ecJIH A - OKPY)KHOCTh 

H f - eBKJIH,ll;OBO rrpeo6p83oBaHHe, TO f (A) - TO)Ke oKpy)KHOCTh. 

EcJIH l - np.51Ma.51, TO f (l) - TO)Ke rrp.51Ma.51. lfa orrpe,n;eJiemrn 51CHO, 

"'ITO eCJIH f H g - eBKJIH,ll;OBbl rrpeo6p830BaHH.51, TO KOMIT03Hll,H.51 g 0 f 
TO)Ke 6y,n;eT eBKJIH,ll;OBbIM npeo6p830BaHHeM. 

0To6pa)KeHHe f : JR2 ---+ JR2 H83hrnaeTC.51 a<fxfiu'Htt'bt.M npeo6p83o­

BaHHeM, ecJIH OHO nepeBo,n;HT rrp.51Mhie B rrp.51Mhie. TaKHM o6pa30M, 

,ll;JI.51 Jiro6oii: rrp.51MOii: l o6p83 f (l) - TO)Ke rrp.51Ma.51. HarrpHMep, nycTh 

rrpeo6p83oBaHHe f 3a,n;aeTC.5I KaK 

f [x] = [2x + y + 1] . 
y y-x+5 



24 fJiaBa 1. JlHHeifHhle npeo6pa30BaHH51 TIJIOCKOCTH 

CaMoe o6m,ee Bb1pa)Kem1e ,n;Jrn rrp.HMoii Ha rrnocKOCTH 3arr11cbrnaeTC.H 

ypaBHeHHeM 

ax+ by+ c = 0. 

fI03TOMy 

f(l)={[:]lw=2x+y+l, z=y-x+5 11 ax+by+c=o}. 

MbI MO)KeM pemRTb ypaBHeHH.H 

w = 2x +y+ 1, 

z=y-x+5 

)l;Jl.H x Hy, Bblpa3HB HX qepe3 w Hz: 

1 1 
x = 3(w - 1) - 3(z - 5), 

1 2 
y = -(w - 1) + -(z - 5) 3 3 . 

Tor,n;a ycnoBHe 

ax+by+c=O 

MO)KHO rreperr11caTb B BH,n;e 

a [!(w - 1) - !(z - 5)] + b [!(w - 1) + ~(z - 5)] + c = 0 
3 3 3 3 ' 

HJIH HHaqe: 

1 (2 1 ) 4 11 -(a+b)w+ -b--a z+c+-a--b=O. 
3 3 3 3 3 

,ll;pyrllMH CJIOBaMn, 

f(A)= { [:]lew+gz+h=O}, 
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r,IJ,e 
1 2 1 4 11 

e = 3(a + b), g = 3b- 3a, H h = c + 3a - 3 b. 

MhI BH,IJ,HM, 'ITO B pe3yJihTaTe oTo6pa)KeHH51 f rroJiy'IHJiaCh CHOBa 

rrp51Ma51. 

3aMeTHM, 'ITO f H3 9TOro rrpHMepa He 51BJI51eTC51 eBKJIH,IJ,OBhIM 

rrpeo6pa3oBaHHeM. A¢qmHHa51 reoMeTpH51 H3y'IaeT Te CBoitcTBa rro,IJ,­

MHO)KeCTB IIJIOCKOCTH, KOTOphie HHBapHaHTHhl rrpH Bcex B3aHMHO­

O,IJ,H03Ha'IHhIX a¢<i:umHhIX rrpeo6pa3oBaHH51x. TaKHM o6pa3oM, ec­

JIH A - oKpy)KHOCTh, TO f(A) He o6513aHa 6bITh OKpy)KHOCThIO (rro3,IJ,­

Hee Mhl YBH,Il,HM, 'ITO 9TO Bcer,IJ,a 9JIJIHIIC). 

Ilpe,IJ,IIOJIO)KHM, 'ITO f H eCTh TaKoe a¢¢HHHOe npeo6pa3oBaHHe. 

Tor,IJ,a, no onpe,IJ,eJieHHIO, f npeo6pa3yeT np51Mhie B np51Mhie H no­

CKOJibKY pa3JIH'IHbie TO'IKH rrepeXO,Il,JIT B pa3JIH'IHbie TO'IKH, TO na­

PaJIJieJibHhie np51Mbie rrepexo,IJ,51T B rrapaJIJieJihHhie rrp51Mhie. Ilo9TOMY 

rrpeo6pa3oBaHHe f rrepeBO,IJ,HT rrapaJIJieJiorpaMMhI B rrapaJIJieJiorpaM­

MbI. TaKHM o6pa3oM, B a¢¢HHHOit reoMeTpHH cyrn;ecTByeT rroH51THe 

rrapaJIJieJiorpaMMa - pHC. 1.10, HO HeT IIOH51THH np51MoyroJihHHKa H 

KBa,IJ,paTa - pHC. 1.11. 

-f----t f---f 
PHc. 1.10 PHC. 1.11 

1. 5. J111HeHHb1e npeo6pa3oBaHMSI 

IlpOCTeHIIIHM CJiy'IaeM a¢¢HHHhIX (H eBKJIH,IJ,OBhIX) rrpeo6pa30BaHHH 

51BJI51IOTC5I mpaHC.!t.FtU,UU 

c IIOMOIIl;hIO TpaHCJI51IJ;HH JI106y10 TO'IKY rrpocTpaHCTBa MO)KHO rre­

peMeCTHTh B JII06y10 ,I1,pyry10. Ilpe)K,Il,e 'IeM nepexO,IJ,HTh K ,Il,aJibHefi:­

IIIeMy, ,IJ,aBaitTe orpaHH'IHMC51 a¢¢HHHhIMH rrpeo6pa30BaHH51MH, rrpH 
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KOTOpbIX O,D;Ha TOqKa, CKa:~KeM [~], H€I10,ll;BH)KHa, T. e. rnJ t-t rnJ · 
IlpoH3BO,ll;R TpaHCJrn:u;mo, MbI CMO)K€M H3 3TOi1: TOqKH rrepeiiTH B JII0-

6yro ,n;pyryro. 

IlyCTb f - B3aHMHO-O,ll;H03HaqHoe a<f><l>HHHOe rrpeo6pa30BaHHe, 

rrpH KOTopoM ttaqaJihHaJI ToqKa 0 = [ ~] Herro,n;BH)KHa. Teneph mo-

6yro TOqKy p = [~] MO)KHO 3a,n;aBaTb c IlOMOIIJ;bIO Be-x:mopa noJW­

~ettU.R v = (:), TaK qTo P = 0 "+" v. B ,D;aJihHeiimeM MhI 6y,n;eM 

orrycKaTh o6o3HaqeHHe [ ], TeM caMhIM He 6y,n;eM pa3JrnqaTh AJR2 H JR2 . 

lfa Toro, qTo f rrpeo6pa3yeT rrapaJIJieJiorpaMM B rrapaJIJieJiorpaMM, 

HeMe,n;JieHHO CJie,n;yeT, qTo eCJIH BeKTOp IIOJIO)K€HHR TOqKH Q ecTh 

v + w' TO BeKTOp IlOJIO)KeHHR f ( Q) 6y,n;eT f ( v) + f ( w). Ilo3TOMY 

J(v + w) = f(v) + f(w) rrpH v-/= w. (1.2) 

PHC. 1.12 

PHC. 1.13 
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Terreph MO)J{HO rroKa.3aTh, qTo rrpeo6pa.3oBami:e f coxpamieT OT­

HoIIIemre ,n,mrn oTpe3KOB Ha mo6oii: rrpRMoii:. EcJn1 rrapaJIJieJiorpaMM 

HaTRHYT Ha BeKTOpbI w' v' v + w H 2v' TO H3 pHC. 1.12, 1.13 BH,ll,HO, 

qTO 

f (2v) = 2f(v), 

Ii ypaBHeHHe (1.2) BblIIOJIHReTCR rrpH v = W. IloBTOpRR Te )Ke apry­

MeHThI, IIOJiyqaeM 

f(nv) = nf(v) 

,ll,JIR mo6oro u;enoro qHcna n ~ 0. ITpoBO,ll,R TaKoe )Ke paccy)J{,ll,eHRe 

)J,JIR BeKTOpa (1/m)v, B pe3yJihTaTe IIOJiyqRM 

J(av) = af(v) 

,ll,JIR mo6oro pau;noml.JihHoro qncna a ~ 0. 
lb paccMoTpeHRR rrapannenorpaMMa c BepIIIHHaMH 0, w, -v+w, 

-V BH)J,HM, qTo 

f(-v) = - f(v), 

Il03TOMy 

f(av) = af(v) 

)J,JIR mo6oro pau;HOHaJihHOrO qncna a, IIOJIO)J{HTeJibHOrO If OTpnu;a­

TeJihHOro, H ,ll,JIR Bcex v. 

EcnH MhI npean0Jto:>1eu.M, qTo f - HerrpepbIBHOe rrpeo6pa.3oBaHHe, 

TO rronyqHM, qTo 

f (av) = af (v) 

,n,JIR Bcex Beiu;ecTBeHHhIX qHcen a. Ho OKa.3hrnaeTcR, TaKoe rrpe.n;rrono­

)J{emre H3JIHIIIHe. ,ll,eiiCTBHTeJJbHO, H3 CBOHCTB CHCTeMhI Beiu;ecTBeH­

HbIX qHceJI H H3 Toro, qTo f rrpeo6pa.3yeT rrpRMYIO Ha IlJIOCKOCTH B 

,n,pyry10 rrpRMy10, cne.n;yeT, qTo f - HerrpepbIBHoe rrpeo6pa.3oBaHHe. 

9To 3HaqHT, qTo paBeHCTBO f (av) = af (v) crrpaBe)J,JIHBO ,ll,JIR Bcex 

Beiu;ecTBeHHhIX qHceJI a H Bcex BeKTOpOB v. ,Il,OKa.3aTeJibCTBO 3Toro 

YTB€p)J{,ll,€HHH H€CKOJihKO HCKyCCTBeHHO, Mhl rrpHBe.n;eM ero B ,n;o6aB­

JieHirn B KOHTI;e 3TOii rnaBhI. A ceiiqac orpaHHqHMCR TOJihKO TeMH a<P­

qmHHhIMH rrpeo6pa.3oBaHHRMH, )J,JIR KOTOpbIX ycJIOBHe f(av) = af (v) 
BhIIIOJIHReTCR rrpH Bcex Beiu;ecTBeHHhIX qncnax a, XOTR, KaK y)J{e 6bIJIO 
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CKa3aHo, 3,lI,eCh HeT HHKaKoro orpaHHqeHH.H. ,Il,JI.H TaKHX rrpeo6pa30-

Bami:it f HMeeM TO)J:(,lI,eCTBO 

J(av + bw) = af(v) + bf(w), (1.3) 

crrpaBe,lI,JIHBOe ,lI,Jl.H mo6hIX BeIIJgCTBeHHblX qHceJI a, b H ,lI,Jl.H mo6hIX 

B€KTOPOB v, w B rrpocTpaHCTBe .IR2. 

0To6pa1KeHHe f : 1R2 --+ JR2 , y,r:i;oBJI€TBOp.HIOI11ee ycJIOBHIO (1.3), 
Ha3hIBaeTc.H Jl,U'/-teutt'bt.M rrpeo6pa3oBaHHeM IIJIOCKOCTH. TaKHM o6pa-

30M, H3yqeHne a<fXj)Utt'H'btX rrpeo6pa30BaHllll JR2 ' rrpn KOTOpbIX cPHK­

cnpoBaHo HaqaJIQ KOOp,lI,HHaT, Mbl CBeJIH K n3yqeHHIO JIHHeitHblX rrpe­

o6pa30BaHHit BeKTOpHoro rrpocTpaHCTBa JR2. 

Ilo orrpe,r:i;eJieHnIO, JII06oe oTo6pa)KeHHe JR2 --+ JR2, y,r:i;oBJieTBOp.HI0-

111ee ycJIOBHIO (1.3), JIHHeittto. Ho He Ka)K,ll;Oe JIHHeitHoe rrpeo6pa3oBa­

HHe .HBJI.HeTc.H B3aHMHO-O,lI,H03HaqHhIM. HarrpnMep, rrpeo6pa3oBamie, 

KOTOpoe OT06pa1KaeT Ka1K,ll,blll BeKTOp npOCTpaHCTBa JR2 B HyJieBOit 

BeKTOp: 

JIHHeittto, HO He B3aHMHO-O,lI,H03HaqHo. 

EcJIH f - JIHHeaHoe rrpeo6pa3oBaHHe, TO 

f(v + tw) = f(v) + tf(w). 

EcJIH f, KpoMe Toro, B3aHMHO-O,lI,H03HaqHo, TO H3 ycJIOBH.H w # 
0 cJie,LI,yeT, qro f ( w) # 0. TaKHM o6pa30M, f rrpeo6pa3yeT rrp.H­

MYIO {v + tw I t E ~} B rrp.HMYIO {f(v) + tf(w) I t E ~}, T. e. 

f Bcer,r:i;a rrp.HMhie rrpeo6pa3yeT B rrp.HMhie. CJie,r:i;oBaTeJibHO, JII06oe 

B3aHMHO-O,lI,H03Haqttoe JIHHeiiHoe rrpeo6pa30BaHHe .HBJI.HeTC.H a<P<PnH­

HbIM rrpeo6pa30BaHHeM. B3au.Mno-oiJno3tta"inoe JIHHeitHoe rrpeo6pa-

30BaHne Ha3hIBaeTc.H pe2y./l,Jf,ptt'bt.M HJIH necun2y./l,Jf,ptt'bi.M. J1ntteitHoe 

rrpeo6pa30BaHHe, ne .HBJI.HIOI11eec.H B3aHMHO-O,lI,H03HaqHbIM, Ha3bIBaeT­

C.H cun2y./l,Jf,ptt'bt.M. Mb1 y1Ke BH,lI,eJin, qTo JII06oe peryJI.HpHoe JintteitHoe 

rrpeo6pa3oBaHHe .HBJI.HeTC.H a<P<PnHHblM. IloKa1KeM, qTo CHHryJI.HpHbie 

rrpeo6pa30BaHH.H rrepeBO,lI,.HT BCIO IIJIOCKOCTb B rrp.HMYIO HJIH B HaqaJib­

HYIO TOqKy. 

QqeBH,lI,HO, qTo eCJIH f H g - JIHHellHbie rrpeo6pa30BaHH.H (pe­

ryJI.HpHbie HJIH HeT), TO g 0 f - TO)Ke JIHHeitHoe rrpeo6pa30BaHHe. 
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,II,eitCTBHTeJibHO, IIOCKOJihKY f JIHHei1Ho, TO (g 0 f) (av + bw) 

g(af(v) + bf(w)), H rrocK6JihKY g JIRHeittto, 3TO Bhrpa:a<:eHRe pas­

HO ag 0 f ( v) + bg 0 f ( w)' H3 qero cne,rryeT JlRHeHHOCTh g 0 f. 
l'ITaK, no orrpe,n;enemno, rrpeo6pa30BaHRe f JIRHei1Ho, ecnR ycno­

BRe (1.3) Bhlll0JIH.H€TC.H )J;JI.H Bcex nap BeKTOpOB v H w H ,Il;Jl.H Bcex 

selll,eCTBeHHhIX '!Reen a H b. AcpqmHHoe rrpeo6pa3osaHRe - 3TO 

B3aHMHO-O,D;H03Ha'IHOe OTo6paMemrn rrpocTpaHCTBa JR.2 B ce6.H, rre­

peBO,lJ;.Hlll,ee rrp.HMhre B rrp.HMhre. J1106oe acpcpRHHoe 11peo6pa30Bam1e 

MOMeT 6bITh 3aIIRCaHO KaK peryn.HpHoe JIHHeitHoe rrpeo6pa30BaHRe c 

rrocne,rryIOill,eit TpaHcJI.HD;Heit, T. e. ,n;n.H n106oro acpcpRHHoro rrpeo6pa-

30BaHR.H f BhIIIOJIH.HeTC.H 

J(w) = l(w) + v, 

r,n;e l - peryn.HpHoe JIHHeii:Hoe rrpeo6pa30BaHRe. BepHo H o6paTHOe 

YTBep)J{,D;eHHe: eCJIH rrpeo6pa30BaHHe f HMeeT TaKOH BH,Il;, TO OHO 

acpcpHHHO. 

1.6. MaTpHu,a JIHHe:H:Horo npeo6pa3oBaHH5l 

ITycTb f : JR2 ---+ JR2 - JIHHffilHoe rrpeo6pa3oBaHHe. Ha IIJIOCKOCTH 

KaM)J;hIH BeKTOp (:) MOMHO 3aIIHCaTb B BH,n;e 

(:) = x (~) + y (~)' 

f (:) = xf (~) +yf (~) · 
IlocJie)J;H.H.H cpopMyJia IIOKa3bIBaeT, 'ITO rrpeo6pa30BaHHe f IIOJIHO­

CThIO orrpe,n;eJI.HeTC.H TeM, BO 'ITO OHO rrepeBO,lJ;HT 6a3HCHhie BeKTOpbI 

(~) H (~). Ilpe,n;rroJIO)J{HM, 'ITO f (~) = (~) Hf(~) (~). 
Tor,n;a f rroJIHOCThIO orrpe,n;en.HeTC.H 'IeTbiphMH 'IHCJiaMH a, b, c H d 

f (x) = (ax + by) . 
y ex+ dy 
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3arrmrreM 3TH qHcJia B ¢opMe KBa,n;paTHOM .MampUV/bt 

Mat(!)=(~ ~), 

r,n;e rrepBhIM cToJI6eu; ecTh o6pa3 BeKTopa ( ~) , a BTopofi - o6pa3 

BeKTopa ( ~) . Tor,n,a o6pa3 mo6ofi TOqKif ( ~) 3a,n;aeTCR ¢opMyJio:ti: 

(
a b) (x) (ax + by) 
c d y - ex+ dy ' 

(1.4) 

rrpHqeM COOTHOIIIeHHe (1.4) paccMaTpHBaeTC5I KaK orrpe,n;eJieHHe YMHO­

)KeHH5I MaTpHu;. Otto rroKa3hIBaeT, KaK BeKTOp (:) yMHO)KaTh Ha 

MaTpMu;y ( ~ ~) , qTo6hI rroJiyqMTh ,n,pyro:ti: BeKTop. CorJiaCHO 3TO­

MY rrpaBHJIY ,ll;JI5I rroJiyqeHH5I Ka)K,ll;OM KOMITOHeHThI BeKTOpa Ha,n;o 

«YMHO)KHTh CTpOKY Ha CTOJI6eu;». Ilo.n;po6ttee, BepXH5I5I KOMIIOHeHTa 

ax+by BeKTopa crrpaBa B (1.4) rroJiyqeHa yMHO)KeHMeM BepxHefi cTpo-

KH MaTpHD;hI (a, b) Ha CTOJI6eu; ( ~) ' amworMqHO rroJiyqeHa HH)KH5I5I 

KOMIIOHeHTa. 

HarrpMMep, rryCTh Re ecTh rroBopoT Ha rrJIOCKOCTH rrpoTHB qacoBofi 

cTpeJIKM Ha yroJI 0. Tor.n;a (pMc. 1.14) 

Re (1) = (c?s ()) 
0 smO 

G) 
PHC. 1.14 
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Ro(~) = ( ~~~/) , 
a noBopoT Ro 11MeeT MaTp11u;y 

(
cos () - sin ()) 

sin () cos () · 

06p83 mo6oii TOqK11 (:) 11MeeT B11,IJ; 

(~~~: ~~~n/) (:) = (:~~::; ::~~~). 
<l>opMyJia (1.4) IlOK83bIBaeT COOTBeTCTBl1e Me)l{,n;y J111HeHHhIMl1 npeo6-

p830BaHl151Ml1 11 MaTp11:u;aM11, T. e. MaTp111Ihl 2 x 2 MO)l{HO OTO)l{,Il;eCT­

Bl1Th c J111HeHHbIMl1 npeo6p830BaHl151Ml1 npOCTpaHCTBa ~.2. 

1.7. YMHOLKeHne MaTpnu; 

,11,onycT11M, qTo F - JI11HeiiHoe npeo6pa30Batt11e, KOTopoMy coOTBeT­

CTByeT MaTp11:u;a ( ~ ~) , a JI11ttell:tt0My npeo6pa30BaH1110 G cooTBeT-

CTByeT MaTp11:u;a (; ~) . Mhr 3HaeM, qTo rrpeo6pa30Batt11e F o G 

TO)l{e Jil1HeHHO 11 eMy COOTBeTCTByeT MaTp11:u;a, B KOTOpOH nepBbIH 

CTOJI6e:u; paBeH 

p 0 G (1) = F (e) = (a b) (e) = (ae + bg) 
0 g c d g ce + dg ' 

a BTOpoii CTOJI6e:u; paBeH 

p G (0) = F (!)=(a b) (!) = (af + bh) 0 
1 h c d h cf + dh · 

Mhr onpe,n;eJI11M YMHO)l{eH11e MaTp11:u; TaK, qTo6hr 11x npOH3Be,n;ett11e co­

OTBeTCTBOBaJIO KOMil0311l11111 Jil1HeHHhIX npeo6pa30BaH11ii: (MatF) x 

(Mat G) = Mat F o G. J.haK, npaB11Jio yMHO)l{eH11R MaTpH:u; TaKoBo: 

(a b) (e !) _ (ae + bg af + bh) 
c d g h - ce + dg cf + dh · 
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Ka)K,JJ;hiii 3JieMeHT MaTpMIJ,hI-rrpoM3Be,JJ;emu.1 rroJiy"tfaeTcR yMHO)KeHM­

eM TOH MJIM MHOH CTpOKM rrepBoii MaTpMII,hl Ha HeKOTOpblH CTOJI6e11, 

BTOpoii. 

HarrpMMep, ecJIM Re ecTh rroBopoT rrpoTMB -qacoBoii cTpeJIKM Ha 

yroJI 0, a R</> ecTh aHanorM"tfHhiii rroBopoT Ha yroJI </J, TO Re · R</> = 

Re+</> H 

(
cos 0 - sin 0) (cos <P - sin <P) 
sin 0 cos 0 x sin </J cos <P 

= (cos 0 cos <P - sin 0 sin <P - cos 0 sin <P - sin 0 cos <P) 
sin 0 cos </J + cos 0 sin <P cos 0 cos </J - sin 0 sin <P · 

CpaBHeHMe 3Toro Bhipa)KeHMR c MaTpM11,eii Re+</> 

(
cos(O + </J) 
sin(O + </J) 

- sin(O + <P)) 
cos(O+</J) 

,JJ;aeT CTaH,JJ;apTHbie TpMrOHOMeTpM"t!eCKMe cpopMyJihl ,JJ;JIR cos(O + <P) H 

sin( 0 + <P). TaKMM o6pa30M, y)Ke HeT Heo6xo,JJ;MMOCTM IIOMHMTh cpop­

MYJihl ,JJ;JIR CMHyca M KOCMHyca cyMMhI yrJioB. Bh1 MO)KeTe rroJiyqMTh 

MX M3 6oJiee o6:rn;ero rrpaBMJia yMHO)KeHMR MaTpMII,. 

3aMeTMM, "tfTO, Boo6:rn;e rOBOpR, YMHO)KeHMe MaTpMII, ne KOMMyTa­

TMBHO. HarrpMMep, 

10) 
15 ' 

a rrpOM3Be,JJ;eHMe 3TMX )Ke MaTpMII, B o6paTHOM rropR,JJ;Ke ,JJ;aeT ,JJ;pyroii 

pe3yJihTaT: 

(,Il;Ba IIOBOpOTa B rrpOCTpaHCTBe IR2 KOMMY™PYIOT M€)K,]J;y co6oii, 

IIOTOMY "tfTO He B~HO, Ha KaKOM yroJI Mhl IIOBOpa"t!MBaeM CHaqana. 

Ho B o6w,e.M cJiy-qae KOMMyTaTMBHOCTM HeT.) 

B Ka"tfeCTBe ,JJ;pyroro rrpMMepa yMHO)KeHMR MaTpMIJ, ,JJ;OKa)KeM 

YTBep)K,JJ;eHMe o pa3JIO)KeHMM MaTpMIJ,hI B rrpoM3Be,JJ;eHMe Tpex MaT­

pMIJ,. Ilo3)Ke 3TO yTBep)K,!J;€HMe HaM rrpMrO,JJ;MTCR. Mb1 ,JJ;OKa)KeM, "tfTO 
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mo6aH MaTpHu;a ( ~ ~) IIpH a f:. 0 MO:JKeT 6bITh 3aIIHCaHa KaK 

TpOHHOe rrpoH3Be,n;eHHe B BH,n;e 

(~ ~) = (~ ~) (~ ~) (~ ~). (1.5) 

qT06hI 3TO ,IJ;OKa3aTh, Mhl rrpOCTO rrpe,r:t;JIO)KHM crroco6 BhI'IHCJieHHH 

KOHCTaHT y, r, s, x. CHa'IaJia YMHO:JKHM ,n;Be MaTpHil,hI, CTOHID;He 

B (1.5) crrpaBa. IloJiyqaeM: 

MbI xoTHM, 'IT06b1 BhIIIOJIHHJIOCh paBeHCTBo 

IlpwpaBHHeM COOTBeTCTBYIOID;He 3JieMeHThl MaTpHII, crrpaBa H CJieBa. 

CHa'IMa rroJiyqaeM a = r, H no HameMy rrpe,n;rroJio:JKeHHIO a f:. 0, 
r f:. 0. ,D,Mee, HMeeM b = rx H, cJie,n;oBaTeJihHO, x = b/r = b/a 
(HarroMHHM, 'ITO a f:. 0). AHaJIOrH'IHO, c = ry, rro3TOMY y = c/r = 
c/a. l1 HaKOHeu;, d = rxy + s, H, CJie,r:t;OBaTeJihHO, 

s = d - rxy = d - r(b/r)(c/r) = d - (bc)/a. 

AHaJIOrH'IHoe pa3JIO:JKeHHe MaTpHil,hI, Ba:JKHoe rrpw H3y'IeHHH cHcTeM 

JIHH3, HMeeT BH,n; 

(~ ~) = (~ i) (~ ~) (~ ~). 
9To pa3JIO)K€HHe, B03MO:JKHOe ,r:t;JIH JII06o:H MaTpHil,hI IIpH c f:. 0, ,n;o­

Ka3hIBaeTCH CTOJih :JKe rrpocTo: ,n;ocTaTO'IHO BhIIIOJIHHTh YMHO:JKeHHe B 

npaBOH qaCTH cpopMyJihI H rrpwpaBHHTh COOTBeTCTBYIOID;He 3JieMeHThI 

B o6ewx qacTHX paBeHCTBa. 
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1.8. AJire6pa MaTpH:u; 

IlycTh F H G - JIHHell:Hhie rrpeo6pa3oBaHH.H B rrpocTpaHCTBe JR.2 . 

Orrpe,r:i;eJIHM HX cyMMY paBeHCTBOM: 

(F + G)(v) = F(v) + G(v). 

3aMeTHM, 'ITO 

(F + G)(av + bw) = F(av + bw) + G(av + bw) 

= aF(v) + bF(w) + aG(v) + bG(w) 

= a(F(v) + G(v)) + b(F(v) + G(v)) 
= a(F + G)(v) + b(F + G)(w). 

TaKHM o6pa3oM, cyMMa rrpeo6pa3oBaHHH F + G ecTh TO)f(e JIHHeliHoe 

rrpeo6pa30BaHHe. QqeBH,ll;HO, 'ITO TaKa.H orrepa:a;H.H CJIO)f(eHH.H o6Jia,r:i;a­

eT CBOHCTBaMH acco:a;HaTHBHOCTH, KOMMyTaTHBHOCTH, HyJieBoe rrpe­

o6pa30BaHHe HMeeT BH,ll; 0 ( v) = 0 )J;JI.H Bcex v, ycJIOBHe ( - F) ( v) = 
- F ( v) orrpe,r:i;eJI.HeT rrpoTHBOIIOJIO)f(HOe K F rrpeo6pa30BaHHe ( - F), 
T. e. ( - F) + F = 0, r,r:i;e 0 o6o3HaqaeT HyJieBoe JIHHeliHoe rrpeo6pa-

30BaHHe. 

EcJIH H - TpeThe JIHHell:Hoe rrpeo6pa3oBaHHe, TO KOMII03HII;H.H, 

rrpe,r:i;cTaBJI.HIOIII;a.H rrpOH3Be,r:i;eHHe MaTpH:a;, o6Jia,r:i;aeT CBOHCTBOM: 

Ho (F + G)(v) = H[(F + G)(v)] 

= H[F(v) + G(v)] 

= H[F(v)] + H[G(v)] 

=(Ho F)(v) +(Ho G)(v), 

crrpaBe)J;JIHBbIM )J;JI.H Bcex v. 9To MO)f(HO 3aIIHCaTb KpaTKO 

Ho (F+ G) = HoF+ H oG. 

AHanorH'IHO, 

(F+G) oH = FoH +GoH. 

9To 3Ha'IHT, 'ITO YMHO)f(eHHe MaTpHII; )J;HCTpH6yTHBHO no OTHOIIIeHHIO 

K BBe,n;eHHOH orrepa:a;HH CJIO)f(eHH.H. 
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lfa onpe,n;eJieHIHI cyMMhI mrneiiHhIX npeo6p83oBaHHH Henocpe,n;­

CTBeHHO CJie,n;yeT, qTo ecJIH HMeIOTC51 MaTpHI1,hI F HG: 

Mat(F) = (~ ~) H Mat(G) = (~ ~), 
TO )1;JI51 MaTpHI1,hI npeo6p83oBaHH51 F + G HMeeM 

Mat(F+G) = (~:; ~:{) =Mat(F)+Mat(G). 

~yrHMH CJIOBaMH, npH CJI02K€HHH MaTpHu; MbI CKJia,ll;bIBaeM HX COT­

BeTCTByIOru;He aJieMeHThI. MaTpHuy M02KHO yMH02KaTh Ha qHcJio: Ha-

(
a b) (2a 2b) npHMep, 2 c d = 2c 2d . 3aMeTHM, qTo 

2 (a b) = (2a 2b) = (2 0) (a b) . 
cd 2c2d 02 cd 

l·lTaK, MhI onpe,n;eJIHJIH cJio2KeHHe H yMH02KeHHe MaTpHII, 2 x 2; 
npaBHJia CJI02K€HH51 H yMH02KeHH51 MaTpHII, TOqHo TaKHe 2Ke, KaK 6oJib­

IIIHHCTBO H3BeCTHhIX npaBHJI CJI02K€HH51 H yMH02KeHH51 qifceJI. TaKHM 

o6p830M, 

0 CJI02KeHHe accou;HaTHBHO, KOMMyTaTHBHO, cyru;ecTBYIOT HyJieBOe 

H npOTHBOIIOJI02KHOe npeo6p830BaHH5I; 

0 yMH02K€HHe MaTpHII, accou;HaTHBHO, )1;HCTpH6yTHBHO TIO OTHO­

III€HHIO K CJI02KeHHIO, cyru;ecTByeT €,lJ.HHHqHa51 MaTpHII,a (~ ~) . 3 

0,n;HaKo, y MaTpHI1, eCTb ,n;Ba cyru;eCTBeHHbIX CBOHCTBa, OTJIHqaroru;He 

HX OT qHceJI. 

1. YMHo2KeHHe MaTpHII, He KOMMyTaTHBHO. 

2. IlpOH3Be,n;eHHe ,n;syx HeHyJieBhIX MaTpHII, M02KeT paBH51Tb­

C51 HYJIIO, TaK qTo 3aKOH coKparu;eHH51 npH yMH02KeHHH 

MaTpHII, pa6oTaeT He scer,n;a: 

(~ ~) x (~ ~) = (~ ~). 
311MeeTcH B sn,ey, 'ITO yMHO:lKeHne mo6oil: MaTpm:i;hr M Ha MaTpmzy (~ ~) 

(n cJiesa, n cnpasa) ,n;aeT M. - IlpUM. pea. 
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ll TeM He MeHee, BO MHOrMX OTHOIIIemrn:x c JIIIHeHHbIMII rrpeo6pa30-

BaHil51MII MO)KHO pa6oTaTb TaK )Ke, KaK II c 'IIICJiaMII. 

Terrepb paccMoTpIIM JIIIHeiiHhre rrpeo6pa30BaHI1R He B JR2 , a B BeK­

TopHOM rrpocTpaHCTBe JR3 . BeKTOpbr rrpocTpaHCTBa JR3 OITIICbIBaIOTCR 

cron6~aMH m . Cy~eCTByroT TPH 6aaHCHhlX BeKTOpa G) , m 
H G). Ham5<mee o6~ee nHHeilHoe npeo6paaosaime B npoCTpattcrse 

JR3 OIIIICbIBaeTC51 MaTpilu;eii 3 x 3: 

r)J;e rrepBbIH CTOJI6eu; 51BJI51eTC51 o6pa30M rrepBoro 6a3IICHoro BeKTOpa 

G) H T. II· <I>opMyna yMHo.reHHH TaKHX M"11>1U\ HMeeT •HH 

("ll ai2 "") ell bi2 b") ell c12 C13) 
a21 a22 a23 x b21 b22 b23 = C21 c22 C23 

a31 a32 a33 b31 b32 b33 C31 C32 C33 

r)J;e )J;Jl51 JII06bIX i, j, rrpIIHIIMaIOru;Ilx 3Ha'leHil51 1, 2, 3, 3JieMeHT pe-

3JJibTIIPYIOiu;eH MaTpIIIJ;bI paBeH 

Cij = ai1 bij + ai2b2j + ai3b3j. 

TaKIIM o6pa30M, KaK II B JR2 , .D;JIR rroJiy'leHIIR JII06oro aJieMeHTa rrpo­

Il3Be)J;eHIIR Ha)J;O CTpOKY rrepBOH MaTpIIIJ;bI YMHO)KaTb Ha CTOJI6eu; BTO­

poii. HanpIIMep, rrycTb i = 2 II j = 3. Tor)J;a HarrI1caHHaR BbIIIIe 

<i>opMyJia ycJIOBHO Il306pa)KeHa Ha pIIC. 1.15. 
IlpII CJIO)KeHIIII MaTpIIIJ; 3 x 3 MaTpil'IHbIH 3JieMeHT pe3JJibTI1py­

IOru;eii MaTpIIIJ;bI paBeH CJMMe COOTBeTCTBJIOiu;IIX MaTpil'IHbIX 3Jie­

MeHTOB. IlpII 3TOM coxpaH51IOTC51 Bee CBOHCTBa, KOTOpbIMII o6Jia)J;aIOT 

MaTpIIIJ;bl 2 x 2: accou;IlaTIIBHOCTb II KOMMyTaTIIBHOCTb )J;Jl51 CJIO)Ke­

HIIR; accou;I1aTI1BHOCTb II )J;IICTpH6yTIIBHOCTb ITO OTHOIIIeHIIIO K CJIO­

)KeHIIIO - .D;JIR yMHO)KeHIIR. 



1.9. IlJiom;a.n;u H onpe,n;eJIHTeJIH 37 

( 
~ 

l b1a 

b23 

baa 

I 

a21 a22 a23 Cz3 

• _I 

Puc. 1.15 

AHa.JIOrH'IHO, MhI MO)KeM paccMaTpnBaTh MaTpHIJ;hI 4 x 4, 5 x 5 H 

soo6iu;e MaTpHD;hI n x n. 
Mo)KHO yMHO)KifTh BeKTOp B rrpocTpaHCTBe IR.3 Ha MaTpnu;y 3 x 3: 

(
a b c) (x) (ax+ by+ cz) 
d e ! y = dx + ey + ! z , 
g h i z gx + hy + iz 

B o6iu;eM CJiyqae MO)KHO YMHO)KifTh BeKTOp B rrpocTpaHCTBe IR.n Ha 

MaTpnu;y n x n. 

1. 9. IIJio:m;a,n;11 H orrpe,n;eJIHTeJIH 

OmITh BepHeMC.H K IIJIOCKOCTH. IlycTh f - HecnHryJI.HpHoe JIHHefiHoe 

rrpeo6pa30BaHne IIJIOCKOCTH. IloCKOJihKY f ( v + tw) = f ( v) + t f ( w)' 
rrpeo6pa30BaHne f rrp.HMhie rrepeBO,IJ;HT B rrp.HMhie, cJie,n;oBaTeJihHO, 

f .HBJI.HeTC.H a<l:><l:>HHHhIM rrpeo6pa30BaHHeM H KBa,n,paThl rrepeBO,IJ;HT B 

rrapa.JIJieJiorpaMMhI. ,Il;a.Jiee, rryCTh Dv - e,n;HHH'IHhIH KBa,n,paT, JieBhIH 

HH)KHHH yroJI KOTOporo HaXO,IJ;IfTC.H B v (pnc. 1.16): 

Dv = { V + S ( ~) + t ( ~) I 0 ~ S < 1, 0 ~ t < 1} 

= {v + w I w E Do}. 

B pe3yJihTaTe rrpeo6pa3oBaHH.H f rroJiyqaeTc.H o6pa3 KBa,n,pa­

Ta Dv, o6o3Ha'!aeMhIH f (Dv), KOTOphIH MO)KeT 6hITh rroJiy'IeH 
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1 

1----

0 1 0 1 

Pttc. 1.16 Pttc. 1.17 

TpaHCJIHIJ;Heii o6pa3a f(Do) KBa):U)aTa Do: 

f(Dv) = {f(v) + f(w) I w E Do} 

= {f(v) + u I u E f(Do)}. 

9TO 3HaqHT, qTO f (Dv) HMeeT TY )Ke caMyIO IIJIOID;a,n;h, qTQ H f (Do). 
QqeBH,lJ;HO, qTo TO )Ke caMoe crrpaBe,l:i;JIHBO He TOJibKO ,l:i;JIH e,n;HHHqHo­

ro KBa,i:i;paTa, HO H ,l:i;JIH KBa,n;paTa JII06oro pa3Mepa. C ,i:i;pyroii cTopo­

HhI, MO)KHO pa3,n;eJIHTb e,n;HHHqHblH KBa):q)aT Ha qeTbipe KOHrpy3HT­

HbIX KBa,i:i;paTa (pttc. 1.17). CooTBeTCTByIOm;He 06pa3b1 TO)Ke 6y.n;yT 

KOHrpyaHTHhI H CJIO)KeHHhie BMecTe o6pa3yIOT o6pa3 Do, T. e. o6pa3 

Ka)K,l:i;oro H3 HHX HMeeT IIJIOID;a.n;h, paBHYIO * x (!(Do)) (pHC. 1.18). 

PHc. 1.18 

Ilpo,n;OJI)KHB ,n;eJieHHe KBa):q)aTOB ,l:i;aJlbIIIe, MO)KHO c,n;eJiaTh BbIBO,l:i;, 

qTo ,l:i;JIH KBa,n;paTa D, ,l:i;JIHHa cTopoHhI KoToporo 1/2k, OTHOIIIeHHe 

IIJIOID;a,l:i;h f (D) 
IIJIOID;a,n;b D 
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eCTh qncJio, He 3aBncHrn;ee OT D (nJIH OT BeJIH'IHHhI 2k). 06o3Ha'IHM 

3TO 'IHCJIO Ar(!), T. e. 

Ar(!) = rrJiorn;a,n;h f (D). 
ITJIOIIJ;a,l];b D 

IlycTh D - HeKoTopoe «xopornee» rro,n;MH02KeCTBO Ha IIJIOCKO­

CTH (pnc. 1.19), T. e. ITO,ll;MH02KeCTBO, KOTOpoe MO)KHO c mo6oii CTerre­

HbIO TO'IHOCTH arrrrpOKCHMHpOBaTh o6'he,IJ;HHeHHeM OIIHCaHHhIX Bhlllle 

KBa,n;paTHKOB (pnc. 1.20). (CTporo rOBOpH, CJie,ll;OBaJIO 6hI arrrrpOKCH­

MHpOBaTb D H3HYTPH n cHapy2KH. EcJIH MhI M02KeM IIOKpbITh rpa­

ttmzy MH02KeCTBa D KOHe'IHhIM o6'he,n;nHettneM KBa,n;paTHKOB CKOJih 

yro,n;HO MaJIOH CYMMapHOH IIJIOIIJ;a,n;H, TO o6nzyIO IIJIOIIJ;a,n;b HX o6pa-

30B TO)Ke MO)KHO c,n;eJiaTb CKOJih yro,n;HO MaJIOH. MMeHHO TaKHe an­

rrpOKCHMaII;HH HaM Heo6xo,n;HMbI, H HMeHHO HX B03MO)KHOCTb rro,n;pa-

3yMeBaeTC51 HalllHM TepMHHOM «xopornee» MH02KeCTB04 ). ,Ll;JIH TaKHX 

MHO)KeCTB TaK2Ke 6y,n;eT BblIIOJIH51TbC515 paBeHCTBO 

rrJiorn;a,n;h f (D) =Ar(!). 
rrJiorn;a,n;h D 

Pnc. 1.19 Pnc. 1.20 

MTaK, Ar(!) ecTb K03cpqmu;neHT, IIOKa3hIBaIOrn;nii, KaK H3MeHH­

eTcH 1morn;a,n;h B pe3yJihTaTe rrpeo6pa30BaHHH f. EcJIH f n g - ,n;Ba 

4
3,11;ecb aBTOpbI <t>aKTIPieCKH rrpe,lI,IIOJiaraIOT 3HaKOMCTBO 'lHTaTemI c IIOH.HTH­

eM IIJIOI.IJ;a,!l;M ,!l;JI.H AOBOJibHO mHpOKoro KJiacca IIO,!l;MHo:>KeCTB IlJIOCKOCTH, Ha3bI­

BaeMbIX «H3MepKMbIMH rro ./Kop,11;aHy», HJIH «KBa,!l;PnpyeMbIMH». MMeHHo TaKne 

MHo:>KeCTBa aBTOpbI Ha3blBaIOT «XOpOillHMK». qHTaTeJib ,!l;OJI:lKeH TaK:iKe 3HaTb IIO­

H.HTHe «rpaHHJ:J;bl MHO:>KeCTBa» H ee rrpocTettmHe CBOi!:CTBa. - IlpUM. pea. 
5
IIpn oqesn,11;HOM ycJIOBHH, 'ITO (rrJIO~a,!l;b D) =I= 0. - JlpUM. pea. 
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Hec1rnrym1pHbIX mrne:HHbIX rrpeo6pa3oBamrn, TO 

IIJIOIII;a,n;h (! o g) (0) IIJIOIII;a,n;b f o g(O) IIJIOIII;a,n;h g(O) 
~~~~-'-~"""'--'----'-= x ~~~~~-

IIJIOIII;a,n;h 0 rrnoru;a,n;b g(D) IIJIOIII;a,n;h 0 

H, cne,n;oBaTeJihHO, 

Ar(! o g) =(Ar(!)) x (Ar(g)). 

Terrepb BhrqHCJIHM Kooi<f>qmrweHThI Ar(!) ,Il;JI51 HeCKOJihKHX JIH­

HeliHhrx rrpeo6pa30BaHHH crreIJ;HaJibHOro BH,n;a, a 3aTeM HCIIOJ1b3yeM 

rronyqeHHbie pe3yJihTaTbI, qT06bI rronyqHTb 3TOT Kooi<f><f>m.i;HeHT B 06-

ru;eM cnyqae. 3aMeTHM, qTQ Ar(!) = rrnoru;a,n;h [f (Do)] = rrnoru;a,n;H 

o6pa3a e,n;HHHqHoro KBa,n;paTa B pe3yJihTaTe ,n;e:HCTBH51 rrpeo6pa3oBa­

HH51 f .6 

CJiyqaii la. Ilpeo6pa3oBaHHe f 3a,z:i;aeTC5l MaTpHu;eii 

F = (!) = ( ~ ~) ' r > 0, s > 0. 

Tor,n;a, KaK BH,Il;HO H3 pHCYHKa l.21(a), Ar(!) =rs. 

G) 
PHc. 1.21(a) 

CJiyqaii lb. IIpeo6pa3oBaHHe f 3a,n;aeTc5l MaTpHu;e:H 

F = (r 0) 
0 s ' 

r < 0, s > 0. 

Tor,n;a (pHc. 1.21(b)) Ar(!)= jrsj. 

6Ecm1 rrp:amITh, 'ITO rnmrn;a,n;h e,n;:aHR'IHoro KBa,n;paTa Do pasHa e,n;:aHmi;e. -
Ilp'U.M. pea. 
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P11c. l.21(b) 

Ifa paccMoTpettHH 3THX ,r:i;Byx cJiyqaeB BH)l;HO, qTQ Ar(!) = lrsl 
)l;JIH mo6ofi ,r:i;11arottaJibHOfi MaTpm_i;hr F. 

CJiy<IaH 2a. Ilpeo6pa.3oBattHe f 3a,r:i;aeTC5I MaTpm.i;efi F = ( ~ ~) . 

f 

P11c. l.22(a) 

3arrITpHXOBaHHbIH TpeyroJihHHK (cM. pHc. l.22(a)) c BepmHHaMH 

( ~) ' ( ~) ' ( 
1 i x) MO)KHO IIOJiyqHTb H3 3amTpHXOBaHHOro Tpe-

yrOJibHHKa c BepIDHHaMH (~)' (~)' ( ~) TpaHCJI51IJ;Hefi, rrp116aBJI5151 

K Ka)K)l;OH BepmHHe BeKTOp ( ~) . Ilo3TOMY o6pa.3 e)l;HHHqttoro rra­

PaJIJieJiorpaMMa HMeeT Ty )Ke IIJIOIIJ;a)l;h, qTo H caM e,r:i;HHHqHbIH rra­

panJieJiorpaMM. cho 3HaqHT, qTo rrpH TaKOM npe06'[Ja308a'HUU Cd8U2a 

IIJIOIIJ;a)l;b tte H3Mett51eTC51 H Koa<P<P11r.i;11eHT Ar(!) = 1. 

CJiyqm 2b. Ilpeo6pa.30Batt11e f 3a,r:i;aeTcH MaTpHr.i;efi F = (~ ~). 
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f 

Prrc. l.22(b) 

ll B 3TOM cnyqae ,n;Ba 3amTpRXOBaHHbIX TpeyroJibHRKa RMeIOT 

o,n;rrttaKoByIO rm0111a,n;h, T. e. Ko3<PQ:mu,rreHT Ar(!) = l. 
Terreph rroroBoprrM o CBH3R Me:>K,n;y CBOHCTBaMrr JIRHelittoro rrpe­

o6pa3oBaHRH rr orrpe,n;enrrTeJieM ero MaTpRI!hI. 

Onpeae.tiume.11,e.u MaTpRI!hI F = ( ~ ~) Ha3hIBaeTca qncno 

DetF =ad- be. (1.6) 

,II;oKa:>KeM Ba:>KHYIO <PopMyny: 

Ar(!) = jDet Fl, (1. 7) 

r,n;e F o6o3HaqaeT MaTPRIIY rrpeo6pa3oBaHRR f. "lfro6h1 ,IJ;OKa3aTb 3TY 

<PopMyJiy, BOCIIOJih3yeMCR Ba:>KHbIM CBOHCTBOM orrpe,n;eJIRTeJieH: 

Det(F o G) = (Det F) x (Det G). 

0Ho rrpoBepaeTCH rrpoCThIM YMHo:>KeHReM: ecJIR G = (: ~),TO 

Det(F o G) = Det (ae + bg af + bh) 
ce+dg cf +dh 

= (ae + bg)(cf + dh) - (af + bh)(ce + dg) 

=(ad - bc)(eh - f g) = (Det F) x (Det G). 

IlpRHRMM BO BHRMaHRe ,IJ;Ba rrpaBRJia, 

Ar(f o g) = (Ar(f) x Ar(g)) n Det(F o G) = (Det F) x (Det G), 
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nonyqaeM, 'ITO cpopMyna 

I Ar(!) = IDet Fl j 

Beptta ,n;mi: mo6oro npeo6pa3oBamrn:, KOTopoe MO)KHO 3am1caTh KaK 

KOMII03Iru;mo npeo6pa30Bamiii, ,1I,JI51 KOTopbIX y)Ke npoBepeHa ee 

cnpaBe,n;mrnocTh. B pa3,n;ene 1.7 MhI ,n;oKa3aJIH, 'ITO ecnn a i- 0, 
MO)KHO 3anncaTb (cM. (1.5)): 

TaKRM o6pa30M, cpopMyna ,1I,OKa3aHa ,n;JI51 Bcex a i- 0. Ecnn a = 0, 
Mbl MO)KeM .n;eii:CTBOBaTb ,11,BYM51 crroco6aMR: 

1. Henocpe,n;cTBeHHoii: rrpoBepKoii:: Ar(~ ~)=JbcJ=IDet(~ ~)I· 
,il,oKa3aTeJibCTBa npe.n;ocTaBJI51eM 'IHTaTemo 7. 

2. BocnoJih30BaTbC51 HerrpephIBHOCTbI08: 3aMeTHM, 'ITO H Ar(/) n 

Det F - ttenpephIBHhie cpyttKu;mr Ko3cpcpnu;HeHTOB MaTpHIJ;hI F 
( T. e. eCJIH Mbl MaJIO H3MeH51eM 3TH K03cpcpnu;neHThI, TO 3Ha'le­

Hirn Ar(!) H Det F TO)Ke H3MeH51IOTC51 Mano.) EcnH MaTpHu;a 

( ~ ~) HeCHHryn51pHa, TO ,11,Jl51 ,ll;OCTaTO'IHO MaJibIX e MaTpHu;a 

( ~ ~) TO)Ke H€CHHryn51pHa. ,il,anee, IIOCKOJlbKY Mbl 3HaeM, 'ITO 

paBeHCTBO 

BbIIIOJIH51eTC51 ,ll;Jl51 Bcex e, 6mf3KHX K Hymo, TO OHO BepHO rrpH 

e = 0. 

7 
JlerKoe AOKa3aTeJibCTBO: eCJIH c = 0, TO npeo6pa3oBaHHe CHHI'YJIHpHo, eCJIH 

(0 b) (0 b) (1 d/c) )Ke c =I 0, To c d = c 0 x 0 1 . - IlpuM. pea. 

8CJieµyK>~ee paccy)!(,n;eHne ncnoJih3yeT He onpe,n;eJieHHhie paHee IIOHHTHH 

HenpepbIBHOH 3aBHCHMOCTH OT napaMeTpa HeCKOJibKHX o6'beKTOB: npeo6pa30Ba,­

HHH, ero MaTpHD;bl H cpyHKIJ;HH OT HHX. - IlpuM. peiJ. 



44 rJiaBa 1. J1HHe:HHbie rrpeo6pa30BaHHH IIJIOCKOCTH 

Ilepe:H,n;eM K BhI.HCHeHHIO reoMeTpMqecKoro CMhICJia 3HaKa Det F, ec­

JIH Det F i- 0. ( CMbICJI Mo,zzym1 3Toro onpe,n;eJIMT€JI.H MhI y)Ke 06-

cy,n;MJIH.) CMhICJI 3HaKa Det F Jiyqme Bcero nOKa3aTh Ha npMMe-

pe (pMc. 1. 23). TI peo6pa30BaHMe ( ~ _ ~) - 3TO oTproKeHMe IIJIOC­

KOCTH OTHOCHT€JihHO OCH X. 

y ,.,; .. --:.."':'..\ 
I : I 
\ /I ' ~---··· / .... _ ... 

x 

'.i\ 

PMc. 1.23 

Pe3yJihTaToM OTpa)KeHH.H .HBJI.HeTc.H H3MeHeHn:e HanpaBJieHH.H Bpa­

liI€HH.H IIpOTHB qacOBOH CTpeJIKH Ha BpaliI€HHe IIO qacoBOH CTpeJI­

Ke. TaKHM o6pa30M, TOT <f:>aKT, qTo onpe,n;eJIMTeJih 0Tpm1aTeJieH, 

03HaqaeT H3M€H€HHe OpMeHTaII,HH IIJIOCKOCTH Ha IIpOTHBOIIOJIO)KHOe, 

CM. pHC. 1.23. 
B KaqecTBe HJIJIIOCTpau,MH ,n;aBaifTe paccMoTpMM eBKJIH)J;OBo JIH­

HeifHoe npeo6pa30BaHMe IIJIOCKOCTH, o6o3HaqaeMoe F. IlocKOJihKY 

BeKTop F (~) MMeeT e,n;HHMqHyro )J;JIHHy, TO )J;JI.H HeKoToporo yrJia 

(} MO)KHO HaIIHCaTh 

F (1) = (c?s B) . 
0 Slll (} 

TaK KaK F ( ~) TO)Ke HMeeT e,n;MHHqHyro )J;JIHHy, n: OH nepneH,n;MKY­

JI.HpeH BeKTOpy ( ~~: :) ' y Hae eCTb ,n;Be B03MO)KHOCTH: 

F (0) = (- sin B) 
1 cos(} 

HJIH F (0) = ( sin(}) . 
1 - cos(} 
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B nepBOM cJiyqae MhI HMeeM ,n;eJio c noBopoToM Ha yroJI (}: 

( 
cos (} - sin (} ) 
sin(} cos(} 

H DetP = 1. 

( 
cos (} sin (} ) 

Bo BTopoM cJiyqae npeo6pa3oBaHHe P = . (} (} , ,ZI;JI.H KO-
sm -cos 

TOporo Det P = - 1, .HBJI.HeTC.H ompa:>1eettue.M OTHOCHTeJibHO BeKTopa 

( cos(} 12) ,ll,e:lkTBHTeJibHO, H3 TpHrOHOMeTpHqecKHX cPOPMYJI CJie­
sin (} /2 · 

,ZI;YeT, qTO 

(
cos(} sin(} ) (cos(} /2) _ (cos(} /2) 
sin(} - cos(} sin(} /2 - sin(} /2 · 

(
cos ()/2) 

Ilo3TOMY BeKTOp sin(} 12 nocJie npeo6pa3oBaHH.H P ocTaeTC.H Ha 

MecTe H np.HMa.H, npoBe,n;eHHa.H H3 HaqaJia B,ZI;OJib 3TOro BeKTOpa, OTo6-

pa)KaeTC.H caMa B ce6.H. ,ll,anee Po P = ( ~ ~) , T. e. npeo6pa30BaHHe 

F ,n;e:AcTBHTeJibHO .HBJI.HeTc.H oTpa)KeHHeM. 

1.10. 06paTHbie MaTplUJ;bl 

IIycTh P = ( ~ ~) - mo6a.H MaTpmi,a nop.H,n;Ka 2 x 2. 

MaTpH11,a G Ha3hrnaeTC.H o6paTHOH K F, ecJIH GP PG 

(~ ~)· 
EcJIH Det F = 0, TO MaTpH11,a F He HMeeT o6paTHoH:, nocKOJihKY 

(Det P) · (Det G) = Det (~ ~) = 1 -::j; 0. EcJIH )Ke Det P -::j; 0, 

To MhI HaH:,n;eM o6paTHyro K P MaTpHey G c noMOIIJ,hIO cJie,n;y10111,ero 

IlOCTpOeHH.H. 

Onpe,n;eJIHM MaTpHey pa corJiacHo <PopMyJie 

pa= ( d -b). 
-c a 
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Henocpe,n;cTBeHHOe YMHO)KeHne IIOKa3hIBaeT, 'ITO 

Fa F = F pa = (Det F 0 ) = D t F (1 
0 DetF e O ~). 

Ilo3TOMY HCHO, 'ITO B KaqecTBe MaTpnu;h1, o6paTHOH K F, MO)KHO 

B3HTb 
G = (DetF)-1 Fa. 

TaKHM o6pa3oM, MhI ,n;oKa3aJIH TeopeMy: MaTpnu;a F nMeeT o6paT­

HYID Tor,n;a n TOJihKO Tor,n;a, Kor.n;a Det F =f. 0. B 3TOM cJiyqae ,Il;JIH 

o6paTHOii: MaTpnu;h1 p-l cnpaBe,n;JinBa <i:>opMyJia 

p-l = ( d(Det F)-
1 

-c(Det F)-1 
-b(Det F)-1 ) 

a(DetF)-1 (1.8) 

HaM cJie,n;yeT nOHHTh reoMeTpnqecKnii: CMhICJI F-1; 3Ta MaTpnu;a 

«YHH'ITO)KaeT» ,n;eii:CTBne MaTpnu;h1 F. EcJin CHa'IaJia MhI npon3Be,n;eM 

onepau;mo F' a IIOTOM p- l' TO BepHeMCH B HCXO,Il;HOe COCTOHHne9 ' no-

CKOJlbKY F p- l = ( ~ ~) - COOTBeTCTByeT TO)K,Il;eCTBeHHOMy OT06-

pa)KeHHIO. 

3aMeTnM, 'ITO ecJin F CHHI'YJIHpHa, TO OHa He nMeeT o6paTHoii: 

MaTpnu;hr, rroToMy 'ITO ,n;JIH mo6oii: MaTpnu;hr F, nMeIOII1eli o6paTHyro, 
n3 Fv = Fw cJie,n;yeT p-l Fv = F-1 Fw, T. e. v = w. 

ToT <i:>aKT, 'ITO ycJioBne ycJIOBnH Det F = 0 cooTBeTCTByeT CHH­

ryJIHPHOCTH F, MO)KHO nHTepnpeTnpoBaTh B TepMnHax IIJIOII1a,n;eli. 

,Il;eliCTBHTeJibHO, nyCTh rrapaJIJieJiorpaMM HMeeT 0,IJ;HY BepIIIHHY B Ha-

qaJie n cTopoHhl, rrapaJIJieJihHhie BeKTOpaM ( ~) n ( ! ) . IIapaJIJieJio­

rpaMM nMeeT IIJIOII1a,LJ;h, He paBHYIO HYJIIO, ecJin 3Tn BeKTOpa He Jie­

)KaT Ha 0,ll;HOH npHMOH, npoXO,ll;Hll1eH qepe3 Ha'IaJIO. 9To 3Ha'InT, 'ITO 

Det ( ~ ! ) =f. 0, noToMy 'ITO IDet ( ~ ! ) I paBeH nJioll1a,n;n 3Toro 

napaJIJieJiorpaMMa. B 3TOM cJiyqae cyll1eCTByeT o6paTHaH MaTpnu;a, 

H MbI MO)KeM HanncaTb 

9
3.n;ecb H HHOr.n;a ,ll;aJiee aBTOphl He .n;eJiaIOT pa3JIWIHH Me.lK,Lzy JIHHeHHbIM npe­

o6pa30BaHHeM H ero MaTpHu;eH:. - IlpUM. pea. 
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To )Ke caMoe MO)KHO ttami:caTb no-,n;pyroMy: (~) = e (~) + g (~) 

H (~) = f ( ~) + h (~). A :no 3HaqnT, qTo .mo6oll: BeKTop Ha 

TIJIOCKOCTH MO)KeT 6hITh rrpe,n;cTaBJieH KaK JIHHell:Ha5I KOM6irna1III5I 

BeKTOpOB ( ~) H ( ~) ' r.n;e e, f' g II h - rrpocTO qilcJia. 

BcrroMHIIM (CM. rraparpaQ:> 1.1), qTo BeKTopa u II v Ha3hlBaIOTC5I 

AU'tieil'tto 3a6UCUM'bt.Mu, ecJIII cyIIIeCTBYIOT BeIIIeCTBeHHhre qilcJia r II 

s, He paBHhie HYJIIO, TaKI1e, qTo 

ru+sv = 0. 

EcJIII BeKTOpbr u, v He 5IBJI5IIOTC5I JIIIHell:Ho 3aBIICIIMhIMII, TO IIX Ha-

3bIBaIOT J/,U'H,eU'tiO 'tte3a6UCU.M'bt.MU. 

IlycTb u = (~) II v = (:). BeKTopa u II v JIIIHeii:Ho He3aBIICil­

MhI Tor.n;a II TOJlbKO TOr,n;a, Kor.n;a MaTPIIIIa 

M = (: ~) 
Hec1rnryJIRptta. ,l1,ell:cTBI1TeJibHO, MaTpI11Ia M rrepeBO.II;IIT e,n;HHHqHhie 

BeKTopa ( ~) H ( ~) B u H v cooTBeTCTBeHHO. TaKIIM o6pa3oM, u 

II v 6y.n;yT Jie)KaTb Ha O,II;HOH np5IMOH (a 3TO II 03HaqaeT IIX JIHHeHHYIO 

3aBIICIIMOCTh) Tor.n;a H TOJihKO Tor.n;a, Kor.n;a MaTpI11Ia M rrpeo6pa3y­

eT e,n;nHnqHbIH KBa,n;paT B BblpO)K,IJ,eHHbIH rrapaJIJieJiorpaMM HyJieBOH 

ITJIOIIIa.n;H, T. e. rrpII ycJIOBIIII, qTo Det M = 0. 
Ilpe.n;rroJIO)KllM, qTo u ll v JIHHeHHO He3aBllCIIMhI, ll Mb! HMeeM 

MaTPHIIY M, orrpe,n;eJieHHYIO BhIIIIe. IlycTh w ecTb JI1060Il: BeKTOp Ha 

ITJIOCKOCTH JR2 . IlocKOJibKY M HecI1HryJI5IpHa, To Mhl MO)KeM rrocTpo­

IITh o6paTHYIO MaTPHIIY M-1 n B35ITh BeKTop M-1w. 9TOT BeKTop 

orrpe,n;eJieH Ha IlJIOCKOCTII JR2 n, CJie,II;OBaTeJibHO, MO)KHO HarrncaTb 

YMHO)KaeM o6e qacTH 3Toro ypaBHeHH5I Ha M II rroJiyqaeM 

MM-1w=w=aM(~) +bM(n =au+bv. 
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TaKRM o6pa3oM, ecmi: u H v JIRHeil:Ho He3aBRCHMhr, TO mo6oil: BeK­

TOp Ha IIJIOCKOCTH MO)KeT 6bITh 3aIIRCaH KaK JIHHeil:Ha.H KOM6RHau;R5I 

3THX BeKTOpOB. 06paTHO, ,n;orrycTHM, 'ITO mo6oil: BeKTOp Ha IIJIOCKO­

CTH MO)KHO 3aIIRCaTh B BR,IJ;e JIHHeil:Hoil: KOM6HHaD;HH BeKTOpOB u H v. 

QqeBH,IJ;HO, 'ITO u H v He MoryT Jie)KaTb Ha O,IJ;HOil: rrp51MOil:, rrpOXO,IJ;51-

ru;eil: qepe3 Ha'IaJIO, TaK KaK 3TO 03Ha'IaJIO 6hr, 'ITO mo6oil: BeKTOp Ha 

IIJIOCKOCTR Jie)KRT Ha Toil: )Ke rrp51MOil:. TaKRM o6pa3oM, 

BeKTOpbl u H v JIHHeil:HO He3aBRCRMbl Tor,n;a H TOJibKO 

TOr,n;a, Kor,n;a mo6oil: BeKTOp Ha IIJIOCKOCTR MO)KeT 6bITb 

rrpe,n;cTaBJieH KaK JIRHeil:Ha51 KOM6RHaD;H.H u R v. 

,Il;orrycTRM, 'ITO F - MaTpnu;a, a u 1 H u2 - ,n;Ba JIRHeil:Ho He3aBRCH­

MhIX BeKTOpa. IlapaJIJieJiorpaMM, IIOCTpoeHHhiil: Ha BeKTOpax U1 H u2' 

RMeeT HeHyJieByro rrJioru;a,n;h, cJie,n;oBaTeJihHO, F(u1) H F(u2) 6y,n;yT 

JIRHeil:Ho He3aBRCRMhI Tor,n;a R TOJihKO Tor,n;a, Kor,n;a Det F -j. 0. 
Ilo,n;bITO)KRM CKa3aHHOe. 

Bee YTBep)K,n;eHR51, rrpRBe,n;eHHhJe HR)Ke, 3KBRBaJieHTHhI. 

1. MaTpRu;a F = ( ~ ~) RMeeT o6paTHyro. 

2. DetF -j. 0. 

3. BeKTOpbr ( ~) R (~) He Jie)KaT Ha o,n;Hoil: rrp51Moil:, rrpoxo,n;Rru;eil: 

qepe3 Ha'IaJIO Koop,n;irnaT. 

4. Jlro6oil: BeKTOp Ha IIJIOCKOCTH MO)KHQ 3arrncaTh B BR,IJ;e JIRHeil:-

HOH KOM6RHau;RH (~) H (~)· 
5. ,Il;JI.H HeKOTOpoii: rrapbI BeKTOpOB U1' Uz COOTBeTCTByroru;ne BeK­

TOpa F(u1) R F(u2) JIRHeii:Ho He3aBRCRMhL 

6. ,Il;Jrn J1,106ou rrapbl JIRHeHHO He3aBRCHMbIX BeKTOpOB V1' V2 BeK­

TOpa F(v1) R F(v2) JIRHeii:Ho He3aBRCHMhI. 

7. F - HecnHryJIRpHa51 MaTp11u;a. 

,Il;aBaii:Te RCIIOJib3YeM 3TR pe3yJibTaThI ,IJ;JI.H HJIJIIOCTpaII,HH p51,n;a 

IIOJIO)KeHHH H3 a<fxjjU'l-i'l-WU 2eo.Mempuu. ,Il;JI51 Ha'!aJia OTMeTRM, 'ITO B 
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paMKax acpcpHHHOfi reoMeTpHH He HMeeT CMbICJia He TOJibKO )J;JIHHa 

0Tpe3Ka, HO ll OTHOCHTeJibHbie )J;JIHHbl ,ll;BYX 0Tpe3KOB, He Jie)KaIIJ;HX 

Ha O)J;HOif rrpRMOif. ,LI;eiiCTBHTeJibHO, ecJIH u ll v - )];Ba JIHHeHHO He3a­

BHCHMbIX BeKTOpa, TO cy:rn;ecTByeT e,ri;HHCTBeHHOe JIHHeHHOe rrpeo6pa-

30BaHHe f' KOTOpoe BbIIIOJIHReT orrepau;HH: u f-+ ru ll v f-+ SV' r.ri;e 

r H s - mo6h1e qHcJia, He paBHhie Hymo. TaKHM o6pa3oM, rro,ri;6HpaR 

s / r, MhI MO)KeM c,ri;eJiaTh mo6b1M OTHomeHHe )J;JIHH f ( u) H f ( v). 

c .ri;pyroii CTOpOHbI, OTHOIIIeHHe )J;JIHH 0Tpe3KOB, Jie)Ka:rn;Hx Ha o.ri;­

HOH rrpRMOH, B acpcpHHHOH reoMeTpllll HMeeT CMbICJI. ,Ll;eiiCTBHTeJibHO, 

pa3 TpaHCJIRIIHH coxpaHRIOT )J;JIHHy, Mbl MO)KeM rrpe.ri;rroJIO)KHTb, qTo 

rrpRMaR l Hee o6pa3 f(l) rrpoxo,ri;RT qepe3 Haqano. TaK KaK Bpa:rn;eHHR 

TO)Ke coxpaHRIOT ,ll;JIHHy, TO Mbl MO)KeM c,ri;eJiaTb IIOBOpOT ll cqHTaTh, 

qTQ f (l) = l. Ho Tor.ri;a, ecJIH 0 -=fa u E l, o6pa3 f(u) TO)Ke Jie)KHT Ha 

rrpRMOH l, II03TOMY f(u) = cu, r.ri;e c - IIOCTORHHblH K03cpcpH1IHeHT. 

CJie,ri;oBaTeJibHO, f (v) = CV )];JIB JII06oro BeKTOpa v c l. cho 3Ha­

qHT, qTo f H3MeHReT )J;JIHHbl BCex 0Tpe3KOB Ha rrpRMOH l O)J;HHaKOBO, 

yMHO)KaR HX Ha lcl-
CJie.ri;yeT TaK)Ke OTMeTHTh, qTo )J;JIH 3a)];aHHhIX TpeyroJibHHKOB 

~1 ll ~2 cy:rn;ecTByeT acpcpHHHOe rrpeo6pa30BaHHe f' )J;JIH KOTOpo­

ro !(~1) = ~2· Ha caMOM ,ri;eJie, c rroMOIIl;hlO TpaHcmi:u;n:ii o,ri;Hy H3 

BepIIIHH TpeyroJihHHKa ~1 MO)KHO IIOMeCTHTb B Haqano. IlycTb KOH­

llhl BeKTopoB u1 H v 1 Hax:O)J;HTCH B ,ri;Byx .ri;pyrHx BepmHHax. BeKTopa 

U1 H V} JIHHeHHO He3aBHCHMbI, II03TOMY BepmHHbl TpeyroJibHHKa 0, 
u 1 , v1 He Jie)KaT Ha o,ri;Hoii rrpHMOfi. AHanorHqHo MO)KHO cqn:TaTh, 

qTo Bepmn:HaMH TpeyroJihHHKa ~2 RBJIHIOTCH ToqKn: 0, u2, V2. Ho 

TOr,ri;a cy:rn;eCTByeT e,ri;HHCTBeHHOe JIHHeHHOe rrpeo6pa30BaHHe f' )J;JIH 

KOToporo f (u1) = u2 H f(v1) = v2. Terreph MbI MO)KeM ccpopMyJin:po­

BaTh TeOpeMy: aj/,JI, A'/06020 mpey20A'b'H,U'/W mpu npJl.M'bte, coeauttJl'I0-

'14Ue 6epw,utt'bt co cpeattu.Mu mo"l'K:a.Mu npomu6onoAO;JICtt'btX cmopott, 

nepece'K:a'/OmCJl 6 oattou ffiO"l'K:e. 

IloHHTHe cpe,ri;Heii TOqKH B paMKax acpcpllHHOH reoMeTpHH cy­

:rn;ecTByeT, II03TOMy yTBep)K,ri;eHn:e, qTo 3TH TPH rrpHMbie rrepeceKa­

IOTCH B O)];HOH (o6:rn;eii) TOqKe, HMeeT CMbICJI. qT06bI ao'K:a3am'b 3TY 

TeopeMy, )];OCTaTOqHo paccMOTpeTb O)J;HH TpeyrOJibHHK, IIOTOMY qTO 

Mbl MO)KeM HaHTH acpcpHHHOe rrpeo6pa30BaHHe, rrepeBo)];R:rn;ee O)J;HH 

TpeyrOJibHHK B .ri;pyrofi. Ilo3TOMy, eCJIH TeopeMa crrpaBe)J;JIHBa )J;JIH 

O)J;HOro TpeyrOJibHHKa, TO OHa 6y,ri;eT crrpaBe)J;JIHBOH ll )J;JIH JII06oro 
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,n;pyroro. TeopeMa oqeBH,II;Ha ,n;m1 paBHOCTopoHHHX TpeyroJihHHKOB. 

Ilo3TOMY MO)KHO cqHTaTh, qTO OHa ,Il;OKa3aHa H B o6rn;eM CJiyqae. 

1.11. CMttryJI.apHbie MaTpMIJ;hI 

,Il;aBall.Te pa36epeMca, qTo rrp0Hcxo,n;1n, Kor,n;a Det F 
cJiyqae B03M0)KHbI ,II;Ba BapHaHTa: 

0. B 3TOM 

EcJIH F - HyJieBaa MaTpHu,a, To Ka)K,II;hIH BeKTop oHa oTo6pa)KaeT 

B 0, Bea IIJIOCKOCTh CT.HrHBaeTca B HaqaJihHYIO ToqKy. B ,n;pyroM 

cJiyqae, Kor,n;a F - He HyJieBaa MaTpHu,a, HO Det F = 0, crrpaBe,II;JIHBhI 

CJie,n;yrorn;He YTBep)K,II;eHH51. 

1. Cyrn;ecTByeT TaKaa rrpaMaa l, qTo F(u) E l ,II;JI.H Ka)K,Il;oro BeK­

Topa u Ha IIJIOCKOCTH JR2. BoJiee Toro, Ka)K,Il;hIH BeKTOp v E l 
.HBJI.HeTca o6pa30M HeKoToporo u E JR2, T. e. v = F(u). ,Il;pyrH­

MH cJioBaMH, MaTpHu,a F CT.HrHBaeT IIJIOCKOCTh B rrpaMyIO l. 

2. Cyrn;ecTByeT TaKaa rrpaMaa k, qTo F(w) = 0 Tor,n;a H TOJihKO 

Tor,n;a, Kor,n;a w E k. ,IJ;pyrHMH cJioBaMH, MaTpHu,a F CT.HrHBaeT 

rrp.HMYIO k B HaqaJihHYIO TOqKy H He rrepeBO,II;HT B 0 HH O,Il;HOro 

BeKTOpa, He rrpHHa,n;Jie)Karn;ero rrp.HMOH k. 

,Il;oKa)KeM yTBep)K,n;enHe 1. IlycTh 

c1 = (~) = F ((~)) H c2 = (~) = F ((~)) 

06pa3yroT ,n;Ba CTOJI6u,a MaTpHIJ,hI F = ( ~ ~) . 
IlocKOJihKY F - HeHyJieBa.H MaTpHu,a, c1 H c2 He MoryT o,n;Ho­

BpeMeHHO 6hITh paBHhIMH 0. c ,n;pyroll. CTOpOHhI, eCJIH C1 H C2 He 

Jie)KaT Ha O,Il;HOH rrp.HMOH, TO H3 YTBep)K,II;eHHH 2 H 3 rrpe,II;hI,II;ylll;ero 

rraparpacpa cJie,n;yeT, qTo Det F -/= 0, qTo rrpoTHBopeqHT Hcxo,n;HoMy 

rrpe,n;rroJIO)KeHHIO. TaKHM o6pa3oM, c1 H c2 Jie)KaT Ha o,n;Holl. rrpaMoll.. 
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0603HaqHM ee l. Jlro6oii BeKTOp u E JR2 MO)KHO rrpe,n;cTaBHTh B BH,Il,e 

no3TOMY F(u) = xc1 + yc2 Jie)KHT Ha Toii )Ke rrp51MOii l. 
Ecnn c1 =I- 0, TO nro6oii BeKTop v E l paBeH v = xc1, r,n;e x -

HeKOTopoe qncno. Cne,n;oBaTeJihHO, v = F ( ( ~)). Ecnn )Ke c2 =I- 0, 

TO v = yc2 H BeKTop v = F ((~)). TaKHM o6pa30M, MhI ,Il,OKa3aJIH 

yTBep)K,Il,eHHe 1. 
Terreph ,n;oKa)KeM yTBep)K,n;ettne 2. IlycTh b1 H b2 - rrepBhiii H 

BTOpoii CTOJI6II;bl MaTpHII;hl pa' T. e. 

IlocKOJihKY Det pa = Det F = 0 H H3 (7) MhI 3HaeM, qTO b1 H b2 
JIHHeiiHo 3aBHCHMhI. KpoMe Toro, OHH He MoryT 6hITh O,Il,HOBpeMeHHO 

paBHhI 0, T. K. MhI rrpe,n;rroJIO)KHJIH, qTo ncxo,n;HM MaTpnu;a F =I= 0. 
3HaqnT, 3TH BeKTOpa rropO)K,Il,aIOT rrpRMyIO, KOTOpyro Mhl o603HaqHM 

k. IlpocToe Bh1qncneHHe rroKa3brnaeT, qTo Fb1 = Fb2 = 0. Cne­

,n;oBaTeJihHO, Ka)K,Il;hiii BeKTop w E k y,n;oBJieTBOpReT cooTHomeHHIO 

Fw=O. 

06paTHo, rrycTh BeKTop w = (:) y,n;oBneTBOpReT ycJIOBHIO 

Fw = 0, H nycTh XOT51 6h1 o,n;Ho M3 qnceJI a, b He paBHO HyJiro. Tor,n;a 

KOOp,Il,HHaThl BeKTOpa w y,n;oBJieTBOpRIOT ypaBHeHHIO ax+ by = 0, 
KOTopoe, oqeBH,n;tto, 3a,n;aeT rrpRMyro k. EcJIH )Ke a= b = 0, TO xoTR 

6b1 o,n;Ho n:3 qn:ceJI c, d He paBHo HYJIIO, H BhIIIOJIHReTCR paBeHCTBO 

ex+ dy = 0, qTo CHOBa RBJIReTcR ypaBHeHn:eM rrpRMOii k. B o6on:x 

cnyqaRx MhI rroJiyqnJIH w E k, qTo H ,n;oKa3hrnaeT yTBep)K,Il;eHHe 2. 
06o3Haqn:M Im(F) IIO,Il,MHO)KeCTBO JR2 ' COCTORIII;ee H3 Bcex 3Jie­

MeHTOB BM,IJ,a F(u). 3arrn:meM 3TO CHMBOJIHqecKn: 

Im(F) = {v Iv= F(u) ,n;JIR HeKoToporo u}. 
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AHa.rronPrno orrpe.n;emieM «H.n;po OTo6p8,)Kemrn F», o6o3Ha'laH 

ero CHMBOJIOM Ker(F). TaK MbI 6y.n;eM o6o3Ha'laTb MHO)KeCTBO BeK­
TopoB, KOTOpbie rrpeo6pa3oBaHne F rrepeBO,IJ;HT B 0. 3arrmneM 3TO 

cPOPMYJIOll:: 

Ker(F) = {w I f(w) = O}. 

TaKM o6pa30M, B 3aBHCHMOCTH OT K03cPcPllll,lleHTOB MaTpHIJ;bI F cy­
II!eCTByeT Tpll B03MO)KHOCTll. 

1. Det Fi- 0. Tor.n;a Im(F) = JR2 u Ker(F) = {O}. 

2. Det F = 0, HO F - HeHyJieBa5I MaTp1rn;a. Tor.n;a Im(F) = l 
eCTb np5IMM H Ker(F) = k TO)Ke rrp5IMM. ~yrHMH CJIOBaMn, 
Im(F) H Ker(F) o6pa3yIOT O.n;HOMepHbie BeKTOpHbie rrpocTpaH­
CTBa (puc. 1.24). 

3. F - HyJieBM MaTpnu;a. Tor.n;a Im(F) = {O} H Ker(F) = JR2. 

EcJin paccMaTpHBaTb { 0} KaK BeKTOpHoe rrpocTpaHCTBO HyJieBoii 
pa3M€pHOCTH, TO MO)KHO HarrucaTb 061IIee Bbipa)KeHHe 

pa3MepHOCTb Im(F) + pa3MepHOCTb Ker(F) = 2. 

Crreu;11aJihHbie CJIY"IIDI CHHrym:1pHbIX rrpeo6pa3oBaHHii. Cell:­
qac Mb! ll3Y'lllM H€CKOJibKO qaCTHbIX CJiyqaeB CHHryJI5IpHbIX JlllH€H­

HbIX rrpeo6pa30BaHHH. 

Puc. 1.24 

1. IIpoeKa;uu. By.n;eM Ha3bIBaTb rrpeo6pa3oBaHue p npoer.;u,ueu, ecJIH 

OHO o6Jia.n;aeT CBOHCTBOM: 

ecJIH v eCTb B€KTOP ll3 o6pa3a p, TO p( v) = v. 
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,Il,JIH rrpOH3BOJibHOro CHHrymrpHoro rrpeo6p830BaHHH f : IR.2 ---> IR.2 

MO)KHO 6hmo 6b1 JIHIIIh CK83aTh, qTO rrpH v E Im(!) BeKTOp f(v) 
JI€)KHT Ha TOH)!{€ rrpHMOH, qTo H v, T. e. f(v) =av ,Ll;JIH HeKOTOporo 

qHcJia a. EcJIH w - rrpoH3BOJihHhiii BeKTop, TO v = p(w) rrpHHa,n;Jie­

)KHT o6p83y p H 

(po p)(w) = p(v) = v = p(w). 

0TcIO,n;a CJie,n;yeT, qTo p 0 p = p, H II03TOMy MaTpHu;a p' rrpe,n;cTaBJIH­

IOIII,aH rrpoeKJJ;HIO, y,n;oBJieTBopHeT ycJIOBHIO P2 = P. TaKHM o6p83oM, 

(: ~) (: ~) = ( :: : ~~ ~~: ~~) = (: ~) . 
Il03TOMY ab + bd = b, H ,Ll;JIH b # 0 IIOJiyqaeM a + d = l. ,II,anee, 

ae + ed = e, ,Ll;JIH e # 0 CHOBa rroJiyqaeM a + d = l. B cJiyqae, Kor,n;a 

b = 0 n e = 0, MhI nMeeM a2 = a, d2 = d n Det P = ad = 0, T. e. 

JIH6o a = 1, d = 0 JIH6o a = 0, d = 1, JIH6o P = 0. IIoaToMy, KpoMe 

cJiyqaH P = 0, c.riea P, o6o3HaqaeMhiii Tr P = a+ d, ,n;oJI)KeH 6bITh 

paBeH 1. 
l-fTaK, HeHyJieBaH ( CHHryJIHpHaH) rrpoeKJJ;HH p y,n;OBJieTBOpHeT 

ycJioBHIO p o p = p; MaTpnu;a P y,n;oBJieTBOpHeT ycJIOBHIO P2 = P 
H HMeeT HyJieBoii orrpe,n;eJIHTeJib (ad - be = 0) H e,n;HHHqHblM CJie,n; 

(a+d=l). 
06paTHo, rrpe,n;rroJIO)KHM, qTo ad - be = 0 H a + d = l. Tor,n;a 

ab+bd = (a+d)b = b n ae+ed = e, KpoMe Toro, a2+bc = a2+ad =an 
be+d2 = d. TaKHM o6p83oM, P 2 = P n p ecTh rrpoeKJJ;HH Ha rrpHMyIO. 

B o6rn:.eM cJiyqae 6y,n;eM H83bIBaTh orrepaTop p npoer.:'4ueu, ecJIH 

p op = p. Tor,n;a y Hae ecTh TPH B03MO)KHOCTH. 

1. P HeCHHryJIHpHa. B 3TOM cJiyqae o6e qacTn ypaBHeHHH P 2 = P 
MO)KHO YMHO:>KHTb Ha p-l H IIOJiyqHTb 

p = (~ ~). 
B 3TOM CJiyqae Tr P = 2 = dim(Im(P)), r,n;e dim o6o3HaqaeT 

p83MepHOCTb. 

2. P CHHryJIHpHa, HO He paBHa HYJIIO. Mb1 y:>Ke paccMoTpeJin 3TOT 

CJiyqaii paHhIIIe. 3,n;ecb p OT06pa)KaeT IR.2 Ha IIpHMYIO H Tr p = 
1 = dim(Im(P)). 
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3. p = ( ~ ~) ' Il03TOMY p CT51I'IIBaeT BCIO IIJIOCKOCTh B Ha"'IaJib-

HYIO TO"'IKY H Th p = 0 = dim(Im(P)). 

Bo Bcex Tpex CJIY"'IMX BhIIIOJIH51eTC51 paBeHCTBO Th P = dim(Im(P)). 

2. HHJihITOTeHTbI. ,Ll;JI51 rrpoH3BOJihHOH CHHryJI51pHofi MaTpmJ;hI 

orrpe,n;eneHhI ,n;Be rrp51Mhie Im(F) H Ker(F). PaccMoTpHM "'IaCTHhIH 

cJiy-qafi, a HMeHHO, rrpeo6pa3oBaHne n, ,IJ;JI51 KOToporo rrp51Mhie ero 

o6pa3a H ero 51,IJ;pa COBIIa,IJ;aIOT. ,Ll;eHCTBY51 rrpeo6pa30BaHH€M n Ha 

rrpOH3BOJihHhlH B€KTOp w, IIOJiy"'IaeM B€KTOp v = n(w), KOTOpbIH 

rrpHHa,IJ;JI€)KHT O,IJ;HOBp€M€HHO o6pa3y H 51,IJ;py rrpeo6pa30BaHH51 n. 
0Tc10,n;a cJie,n;yeT, "'ITO n(v) = no n(w) = 0. TaKHM o6pa3oM, rrpe­

o6pa3oBaHne n 0 n CT51rHBaeT BCIO IIJIOCKOCTh B Ha"lJ:aJihHYIO TO"'IKY 

H MaTpHIJ;a N, orrpe,n;eJI51IOIIJ;a51 n, y,n;oBJieTBOp51eT ycJIOBHIO N 2 = 0. 
Il03TOMY 

(
a b) (a b) = (a2 + be ab + bd) = (0 0) 
e d e d ae + ed be + d2 0 0 · 

B "'IaCTHOCTH ab + bd = 0 H ae + ed = 0, II03TOMY ecJIH b i= 0 HJIH 

e i= 0, TO a + d = 0. EcJIH b = e = 0, TO a2 = d2 = 0 H N = ( ~ ~) . 
B JI1060M cny-qae MaTpHIJ;a N HMeeT HyJieBofi cne,n;. II o6paTHO, ecJIH 

Th N = a + d = 0 H Det N = ad - be = 0, TO N 2 = 0. 
By,n;eM Ha3hlBaTh MaTpney 'HUA'bnomeHmoM, ecJIH Nk = 0 ,IJ;JI51 

HeKoToporo k. Y TaKofi MaTpHIJ;hI Heo6xo,n;nMo Det N = 0, T. K. 

Det(N)k = (Det N)k. lITaK, ad - be= 0 n, cJie,n;oBaTeJihHO, 

(
a b)

2 
= ((a+ d)a 

e d (a+d)e 

Tor,n;a 

(a+d)b) 
(a+d)d · 

cha MaTpHIJ;a CTaHOBHTC51 HYJI€BOH, eCJIH a + d = 0. Ho B 3TOM 

cJiy-qae y)Ke N 2 = 0. TaKHM o6pa30M, Ha IIJIOCKOCTH MaTpHIJ;a N 
51BJ151€TC51 HHJihIIOT€HTOM Tor,n;a H TOJihKO Tor,n;a, Kor,n;a BhIIIOJIH51€TC51 

ycJIOBHe N 2 = 0, a OHO BhIIIOJIH51eTc51 Tor,n;a H TOJihKO Tor,n;a, Kor,n;a 

Det N = 0 n Th N = 0. 
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1.12. ,Il;nyMepHbie BeKTOpHbie rrpocTpaHCTBa 

BeKTOpHOe rrpocTpaHCTBO v Ha3hIBaeTCR a6y.Meptt'bt.M, ecmi: B v Mbl 

MO)KeM HaHTH TaKHe ,11.Ba BeKTOpa u1 H u2, qTo Ka)K,11.hlH v Ev MO)KHO 

e,n.HHCTBeHHbIM crroco6oM rrpe,n.cTaBHTb B BH,11.e 

«E,11.HHCTBeHHOCTb» 03HaqaeT, qTo ecJIH 

TO Heo6xo,n.HMO BhlIIOJIHRIOTCR paBeHCTBa 

y IIOpR,n.oqeHHaR rrapa BeKTOpOB u 1, u2' 06na,n.a10m,aR OIIHCaHHhIM 

CBOHCTBOM, Ha3hIBaeTCR 6a3uco.M BeKTopttoro rrpocTpaHCTBa V. Bh1-

6op 6a3HCa orrpe,n.enReT OTo6pa)KeHHe L = Lu1 ,u2 BeKTOpttoro rrpo­

CTpattcTBa v Ha IIJIOCKOCTh IR.2 

v __!::....,, IR.2 

TaKoe, qTo ecnH 

Tipe,n.rronaraeMaR e,n.HHCTBeHHOCTh rapaHTHpyeT, qTo oTo6pa)KeHHe L 
O,ll.H03HaqHo orrpe,n.eneHO, KOMIIOHeHThl ai H a2 IIOJIHOCThIO orrpe,n.e­

JIRIOTCR BeKTopoM v. 0To6pa)KettHe L cIOp'heKTHBHo: rrpH n106h1x 

3a,n.aHHhIX (~~) ,11.JIR v = aiu1 + a2u2 paBeHCTBO L(v) = (~~) 
y,n.oBJieTBOpReTCR oqeBH,11.HhIM o6pa3oM10 . 

0TMeTHM tteKOTOphie CBOHCTBa oTo6pa)KeHHR L. 
EcnH v = ai u1 + a2u2 H w = bi u1 + b2u2, TO 

10
CJie,LIOBaJio 6b1 ern;e oTMeTHTh HH'beKTHBHOCTh 0To6pru1<:eHH.H L. - JlpUM. pea. 
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H, eJie~oBaTeJibHO, 

L(v + w) = L(v) + L(w). 

Amurnrw-rno, 

L(rv) = rL(v) 

~JI.H mo6oro Bern;eeTBeHHoro 'IHeJia r H mo6oro BeKTopa v B npoeT­

paHeTBe V. 
11Me.H B BH,Lzy Bee 3TH eBoiieTBa, MbI roBopHM, 'ITO L - uao.Mop<fi-

1-tae11 OTo6pa)KeHHe (HJIH uao.Mop<fiua.M) rrpoeTpaHeTBa V Ha R2. 9To 

II03BOJI51eT HaM Bee eBoiieTBa H orrepa!IHH BeKTOpHoro rrpoeTpaHeTBa 

v OTO)K~eeTBHTb e eOOTBeTeTBYIOIIl;HMH eBOHeTBaMH H orrepa!IH.HMH 

B R2 - TaK )Ke, KaK B o~HoMepHOM eJiyqae eBoiieTBa BeKTOpHoro 

rrpoeTpaHeTBa MbI rrepeHeeJIH Ha R1. KoHe'IHO, KaK H B o~HOMepHOM 
eJiyqae, H30MopQ:>H3M L 3aBHeHT OT BbI6opa 6a3Hea. TaKHM o6pa3oM, 

BbI6op 6a3Hea {u1, u2} eeTb ~yMepHbIH aHaJIOr «BbI6opa e~HHHI! 
H3MepeHH.H». Hae 6y.zzyT HHTepeeoBaTb TOJibKO Te eBoiieTBa, KOTOpbie 

He 3aBHe.HT OT BbI6opa 6a3Hea H HMelOT HeTHHHO reoMeTpH'IeeKylO 

rrpHpo.n,y. 

,Ll;aBaiiTe KopoTKO H3Y'IHM, KaK H3MeHaeTe.H L rrpH 3aMeHe 6a3H­

ea. CHaqaJia paeeMoTpHM, KaK, 3Ha.H L, MO)KHO BoeeTaHOBHTb 6a3He 

{u1, u2}. ,LI;eiieTBHTeJibHO, 

TaKHM o6pa30M, aaaattue 6aauca pa6tt031-t,a"l.tt0 aaaattU'l-0 U30.Mop<fiua­

.Ma, L : V ~ R2. Bb16paB L, MbI MO)KeM H3 3THX ypaBHeHHii IIOJIY'IHTb 

6a3HeHbie BeKTopa u1 H u2. IIoeKOJibKY JII06oii BeKTop B R2 MO)KeT 

6bITb O~H03Ha'IHO 3aIIHeaH B BH~e JIHHeiiHOH KOM6HHa!IHH BeKTOpOB 

(~) H (~) H rroeKOJibKY L - H30MopQ:>Hoe OT06pa)KeHHe, TO Ka)K­

~bIH BeKTOp B v MO)KeT 6bITb O~H03Ha'IHO 3arrHeaH B BH~e JIHHeHHOH 

11 B MaTeMaTHKe TepMHH «H30Mop¢n3M» 03Ha'IaeT B3aHMHO o,ll;H03Ha'IHOe (6n­

eKTHBHoe) oTo6proKeHue, coxpaHSIIOIIJ,ee Bee OTHOCS!IIJ,Hecsi K ,ll;eJiy CTPYKTYPhI. 

,ll;Jisi BeKTOpHbIX rrpocTpaHCTB V H W Mbl roBopHM, 'ITO oTo6proKeHHe L rrpo­

CTpaHCTBa v Haw .srnmreTC.H H30Mop¢H3MOM, eCJIH OHO JIHHeii:Ho, HH'beKTHBHO H 

CIOp'beKTHBHO (T. e. 6ueKTHBHO). 
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KOM6imau;1u1 BeKTopoB ui, u2. TaKHM o6pa30M, H30MOPcPH3M, CBR-

3aHHhIH c {u1, u2}, oqeBH,n;Ho, ecTb L. 
Jlutteilttibt.M npeo6paaoeattue.M F : V ---+ V Ha3bIBaeTCR oTo6pa)Ke­

HHe, y,n;oBJI€TBOpRIOIIJ;ee 3HaKOMOMY TO)K,ll;€CTBY 

F(au + bv) = aF(u) + bF(v). 

Bb16paB 6a3HC B npocTpaHCTBe V, onpe,n;eJIRIOIIJ;HH oTo6pa)KeHHe L : 
v --t JR2' Mbl MO)K€M onpe,n;eJIHTb JIHH€HHOe npeo6pa30BaHHe npo­

CTpaHCTBa IR2 CJI€,ll;YIOIIJ;HM o6pa30M: 

3.n;ech L-1 : IR2 
--t v, F : v --t v H L v --t JR2. chy CHTyau;mo 

nyqme Bcero BH,n;eTb Ha .n;ttarpaMMe: 

IIpeo6pa3oBaHHe LF L-1 : IR2 ---+ JR2, cooTBeTCTByroiu;ee HH)Ktte:H JIH­

HHH, nonyqaeTCR nocJie Tpex nocne,n;oBaTeJibHbIX npeo6pa30BaHHH: 

BBepx no JieBOH JIHHHH ,n;HarpaMMbI, BnpaBo no Bepxtte:H JIHHHH H 

BHH3 no npaBoit JIHH€HHOe npeo6pa30BaHHe JR2 
--t IR2 3a,n;aeTC51 MaT­

pttu;e:H. TaKHM o6pa30M, Bh16paB 6a3HC L, MbI onpe.n;enReM cooTBeT­

CTBy10iu;y10 MaTpHu;y npeo6pa3oBaHHR F 

,IJ,JIR n106oro JIHHe:Httoro onepaTopa F: V---+ V. EcnH G: V---+ V -
,IJ,pyroe JIHHeiittoe npeo6pa3oBaHHe, TO 

II03TOMy 

,IXpyrHMH CJIOBaMH, KOMTI03HIJ;HH JIHHeHHbIX npeo6pa30BaHHH co­
OTBeTCTByeT yMHO)KeHHe HX MaTpttu;. AttanorHqHbIH BhIBo,n; MO)KHO 
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c.n,enaTh .n,m1 cno:m:emrn: mrneii:HhIX rrpeo6pa30BaHnii:. TaKnM o6pa-

30M, anre6pa JIHHeii:HhIX rrpeo6pa3oBaHnii: .n,ByMepHoro BeKTOpHoro 

rrpocTpaHCTBa rrpeo6pa3yeTCH B anre6py MaTpnu; 2 x 2. 
IIpocTpaHcTBO IR2 HBJIHeTcH BeKTOpHhIM rrpocTpaHCTBOM. 0Ho 

llMeeT «eCTeCTBeHHhIH» 6a3HC, COCTOHIIJ;llH ll3 BeKTOpOB ( ~) ll ( ~) . 
Ecnn f : IR2 -+ IR2 - JIHHeii:Hoe rrpeo6pa3oBaHne, TO, IIOJih3YHCh 

513hIKOM rrpe,IJ,bl):zyllJ;llX rraparpaQ:>oB, COOTBeTCTBYIOIIJ;aH ecTeCTBeHHO­

MY 6a3ncy MaTpnu;a - aTo F. 0To6pa)KeHne L : IR2 -+ IR2, coOTBeT­

CTBy10ru;ee aToMy 6a3ncy - rrpocTo TO)K,IJ,eCTBeHHOe oTo6pa)KeHne I. 
TaKHM o6pa30M, CBH3h Me)K):zy f n F cne;zyeT 3arrncaTh B Bn,IJ,e 

F = Mat1(f). 

Cne;zyH cTporoii: nornKe, HaM cne,IJ,OBaJIO 6hr c caMoro Ha"!ana ncrroJih-

30BaTh o6o3Ha"IeHne Mat1(f) BMeCTO F, HO aTo 6hmo 6h1 CJillllIKOM 

rpoM03,Il,KO. c HaCTOHIIJ;ero MOMeHTa, BJia,n;eH IIOHHTlleM JIHHeii:Horo 

rrpeo6pa30BaHHH IIpOll3BOJihHOI'O BeKTOpHOI'O rrpocTpaHCTBa, Mb! He 

6y,IJ,eM ,IJ,eJiaTb pa3Jill"Ille Me)K;zy 6oJiblllllMH H MaJihIMll 6yKBaMH B 

CK06Kax. 

IIpnBH3Ka MatL(F) K F 3aBncnT OT Bb16opa 6a3nca. ,fl;aBaii:Te 

rrocMOTpnM, "ITO rrpon30ii:,IJ,eT, ecnn 6a3HC n3MeHHTh. IIpe.n,rroJio)KHM, 

"ITO y HaC eCTb ,LI;Ba 6a3nca. cho 3Ha"IHT, "ITO HaM 3a,LI;aHbI ,IJ,Ba ll30-

MOpQ:>H3Ma: L : V -+ IR2 n M : V -+ IR2. PaccMoTpHM MaTpnu;y 

B = M L-1 : JR2 -+ IR2, 06na,n;a10ru;y10 cBoiicTBOM 

M=BL. 

v 

;/~ 

MaTpnu;a B Ha3hIBaeTCH «MaTpnu;eii: 3aMeHhI 6a3nca» (ycTaHaB­

JIHBaeT CBH3h Me)K,n;y 6a3ncaMn L n M). 9To ,n;ByMepHhIH aHanor 

MHO)KHTeJIH 1000, Ha KOTOpbIH Mhl ,Il,OJI)KHbl yMHO)KaTb "IllCJieHHh!e 

3Ha"IeHHH Mace rrpn rrepexo,n;e OT KllJIOrpaMMOB K rpaMMaM B HOBOH 



59 

cncTeMe e,n;nmm;. I1TaK, IIOBTOp.HeM: L(v) n M(v) - 3TO ,n;Be TO'IKH 

B JR.2' COOTBeTCTBYIOIIJ,He 0,Il;HOH ll TOH 2Ke TO'IKe v B rrpocTpaHCTBe v 
,n;m1 ,n;Byx p83JIH'IHhIX 683ncoB L n M. '.:hn ,n;Be TO'IKM B JR.2 cBR3aHhI 

Me2K,n;y co6o:ti: MaTpm1e:ti: 3aMeHhI 683nca: 

M(v) = BL(v). 

MaTpm1a B 3a,n;aeT JI30Mop<l>n3M JR.2 --+ JR.2 (3To KOMII03HllHR 

,Il;BYX ll3Mopcl>n3MOB), T. e. OHa He CHHryJIRpHa. (5IcHO, 'ITO ecJIH Mbl 

nMeeM H30Mopcl>n3M L n ,n;aHa JII06aR HecnttryJIRpHaR MaTpn11a B, 
TO M02KHO orrpe,n;eJIJITh M = BL, rrpn 3TOM MaTpn11a M - 3TO 

ll30Mop<l>n3M v --+ JR.2. I1TaK, KOJlb CKOpO Mbl BbI6pann 683HC, T. e. 
nMeeM oTo6pa2KeHne L : V --+ JR.2, TO MH02KeCTBO ,n;pyrnx 6a3HCOB 

B rrpocTpaHCTBe v rrapaMeTpn3yeTC51 MH02KeCTBOM Bcex o6paTHMblX 

MaTpn11 2 x 2, o603Ha'IeHHhIX y Hae B.) 
IlycTh F : V --+ V - HeKoTopoe JIHHe:ti:Hoe rrpeo6p83oBattne. 

Tor,n;a MatL(F) = LFL-1 n MatM(F) = MFM-1 . 

CJie,n;yroIIJ,aR BhIKJia,n;Ka rrpHBO,Il;HT K Ba2Ktto:ti: cl>opMyJie: 

II03TOMY 

cha <l>opMyJia IIOK83bIBaeT, KaK ,Il;Be MaTpllllhI O,Il;HOrO H TOI'O 2Ke 
rrpeo6pa3oBaHnR CBR3aHbI B p83HhIX 683ncax Me2K,n;y co6o:ti:, ecJIH MhI 

3HaeM MaTpney 3aMeHhI 683nca B. 
~JIR 3a,n;attttoro JinHe:ti:ttoro rrpeo6p83oBaHR51 F : V --+ V M02K­

HO 6bt6pam'b TaKoii 6a3HC L, 'ITO MatL(F) nMeeT Han6oJiee y,n;o6-
tty10 cl>opMy. HarrpnMep, ,n;orrycTnM, 'ITO F : V --+ V CTRrnBaeT Bee 

rrpocTpaHCTBO v B rrpRMYIO ll 3TY rrpHMYIO rrpeo6p83yeT B TO'IKY 0. 
~yrnMn CJIOBaMn, rrycTh ImF = Ker F. Bo3bMeM BeKTop u2, tte 

rrpntta,n;Jie2KaIIJ,n:ti: Ker F; o6o3Ha'IHM u1 = F(u2), TaK 'ITO u1 =/:: 0, 
a F(u1) = 0. BeKTopa u1 n u2 Bh16epeM B Ka'IeCTBe 683nca. Tor,n;a 

LFL-1 (~) = LF(u1) = L(O) = (~) 11: LFL-1 (~) = LF(u2) = 

L(u1) = (~). Ilpn TaKOM BhI6ope 6a3nca MaTpn11a rrpeo6pa3oBaHHR 
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F HMeeT cJieAYIOIIl;Hii BH,n;: 

MatL(F) = (~ ~) . (1.9) 

B xo,n;e 3THX paccy)K,Il;eHHH mrqTo He MernaeT HaM paccMoTpeTh 

CJiyqaii, Kor,n;a BeKTOpHOe rrpOCTpaHCTBO v ecTb ffi.2. 11crroJih3YH CTaH­

,n;apTHhlH 6a3nc, MhI 3a,n;ann JinHeiiHoe rrpeo6pa3oBaHHe B Bn,n;e MaT­

pnIJ,hI. ,lJ;pyrnMH CJIOBaMH, Kor,n;a B rraparpacpax 1.5 H 1.6 Mbl IIHCaJIH 

F, Ha caMoM ,n;eJie cJie,n;oBano rrncaTh Mat1(F). HarrpnMep, rrycTb 

N - HeHyJieBaH HHJihIIOTeHTHaH MaTptt:u;a. Tor,n;a N = Mat1(F), r,n;e 

F - JinHefiHoe rrpeo6pa3oBaHne ffi.2 c Ker F = Im F. (9To 3HaqnT, 

qTo N ecTh MaTpn:u;a JIHHeiiHoro rrpeo6pa30BaHnH F B cTaH,n;apTHOM 

6a3nce.) IIpe,n;hIAYrn;He paccy)K,Il;eHHH rro3BOJIHIOT HaM HafiTH ,n;pyro:H 

6a3HC L, ,n;JIH KOToporo BhIIIOJIHHeTCH (1.9). <I>opMyJia 3aMeHhI 6a3nca 

( rrepexo,n;HM OT 6a3nca L K 6a3Hcy J) ,n;aeT HaM 

(1.10) 

11TaK, MbI ,ll;OKa3aJIH CJieAYIOrn;ee: 3a,n;aB JII06yIO HeHyJieByIO HHJibIIO­

TeHTHYIO MaTpney N, MO)KHO HaiiTH TaKyIO o6paTHMYIO MaTpney B, 
qTo BhIIIOJIHHeTCH (1.10). B cJieAYIOrn;e:H rnaBe MhI ern;e K 3TOMy Bep­

HeMCH (B qacTHOCTH, paccMOTpHM, KaK rroJiyqHTh B). 
Ba)KHhie cpn3nqecKne rrpHJIO)KeHHH pe3yJihTaToB 3Toii rJiaBhI H3-

JIO)KeHhI B rJiaBe 9. B Heii Mbl IIOKaMeM, KaK rayccoBa OIITHKa CBO­

,ll;HTCH K H3yqeHHIO MaTpn:u; 2 x 2. 0,n;HaKo, 6oJihIIIYIO qacTh rJiaBhI 9 
MO)KHO qnTaTb, TOJibKO 3HaH MaTepnan rJiaBbl 1. 

,ll;o6aBJieHHe: cpyH,n;aMeHTaJihHaSI TeopeMa 
acpcpHHHOH reoMeTpHH 

Mb1 xoTnM ,n;oKa3aTb cJieAYIOrn;ee: 

Ilycm'b f - a<fxfiw-1,1-we npeo6paaoeaHue ffi.2 , yaoeJ1,emeo­

p.R:iow,ee ycJIOBHIO f ( ~) = ( ~) . To2aa f Jl,Utteii,Ho. 

,lJ;JIH ,n;oKa3aTeJibCTBa 3TOH TeopeMhI c,n;eJiaeM pH,n; yrrporn;ettn:H. 3a­

MeTnM, qTo eCJIH g - o6paTHMOe JIHHeHHOe rrpeo6pa30BaHne, TO g 0 f 



mrneiiHO TOr,II,a If TOJlbKO TOr,II,a, KOr,II,a f JlMHeHHO. IlyCTb BeKTopa 

f ( ~) If f ( ~) He 'Jie)l<:aT Ha O,II,HOH rrpHMOH, rrpOXO,II,5IIIl;eii qepe3 Ha­

qaJio KOOp,II,HHaT, T. e. OHM JIMHeHHO He3aBMCMMbI, M, CJie,II,OBaTeJibHO, 

Mbl MO)J(eM IIOCTpOHTb JIMH€HHOe rrpeo6pa3oBaHMe g' o6ecrreqlfBaIO-

~ee paBeHCTBa g 0 f (~) = (~) If g 0 f ((~)) = (~). TaKMM 

o6pa30M, c yqeTOM 3aMeHbl f Ha g 0 f HaM ,II,OCTaToqHo ,II,OKa3aTb 

cJie,lJ;YIO~ee: 

Ilycm'b f - a<fxfiu'H:l-£oe npeo6pa3oem-me, ydoeJ1,emeopR-

Wt«ee YCJ1,06URM f ((~)) = (~)' f ((~)) = (~) u 

f ( ( ~)) = ( ~) . To2da f - mo;)!Cdecmeettttoe npeo6pa-

3oeattue. 

,401w3ameA'bcmeo. lfa rraparpacpa 1.5 MhI 3HaeM, qTo f ((~)) = 

f ((~))+! ((~)) = (~) + (~) = G). (IIo cy~ecTBy, MhI ,II,OKa3aJIM, 

qTO f ( (:)) = (:) ,II,JIH JII06bIX paII,MOHaJibHbIX qifceJI r If s.) 

TaKMM o6pa3oM, f rrepeBO,II,MT OCH x, y M rrpHMYIO x = y, rrpoxo­

,II,H~yro qepe3 ToqKM ( ~) M ( ~) , B caMMX ce6H. 

lITaK, ,II,JIH JII06oro Be~ecTBeHHoro qifcJia a 

r,II,e <P - HeKOTOpaH cpyHKII,MH. (Mbl XOTMM ,II,OKa3aTh, qTo </>(a) = 

a ,II,JIH Bcex a.) AHanomqHo f ((~)) = (1/i~b)) ,II,JIH HeKOTopoii 

cPYHKII,MM 1/1. IIocKOJihKY 

f ((~)) = f ((~)) + f ((~))' 
Mbl MMeeM 

f ((~)) = (~~~D. 
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Mb1 YTBep)K,Il;aeM, qTo 1/; II ¢ - o,n;tta II Ta Me cPYHK:o;mr. ,Il;ell.cTBII­

TeJihHo, B03hMeM rrpRMyro x = a (pIIc. 1.25). Otta rrapamieJJbHa ocII 

y II, CJie,IJ;OBaTeJihHO, ee o6pa3 IIpII rrpeo6pa30BaHIIII f ,IJ;OJI)KeH 6bITh 

rrapaJrneJieH ocII y, T. e. o6pa3 ,n;oJIMeH 6bITh x =¢(a). IlpRMaR x =a 

rrepeceKaeT rrpRMYIO x = y B ToqKe (:) , a rrpRMaR x = ¢(a) rrepe-

ceKaeT rrpRMYIO x = y B ToqKe ( :~: ~) . CJ1e,n;oBaTeJ1hHO, 

f ((:)) = (:~:D, 
T. e. ¢(a)= 1/;(a) ,IJ;JIR Bcex a. 

PIIc. 1.25 

¢(a+ b) =¢(a)+ ¢(b). 

BocrroJJh3yeMcR apryMeHTaMII II3 rraparpa<Pa 1.2 II ,n;oKaMeM y,n;II­

BIITeJihHOe paBeHCTBO 

¢(ab)= ¢(a)¢(b). 

,Il;eiICTBIITeJihHO, ,n;aBaiITe IIOCMOTplIM Ha pIIC. 1.26. IlpRMaR, co­

e,n;IIH5IIOI:o;a5I ToqKII ( ~) II ( ~) ' rrapaJJJieJibHa rrpRMOH, coe,n;IIHRIO-

i:o;ell. ToqKII (:) II ( ~) . TaKIIM o6pa3oM, 3HaqeHIIe ab MOMeT 6bITh 



(~) (~) (~) 
P11c. 1.26 

rronyqeHo rpaqmqecKH c noMOI11,hIO napanneJihHhIX H rrepeceKaIOI1J,HX­

cH rrpHMhIX. Ilo3TOMy, p11cyH aHanor11qHy10 ,n;HarpaMMY ,ll;JIH ( <;f>~a)) 

H ( <;f>~b)) , Mhl IlOJiyqHM 

OTKy,n;a cne,n;yeT, qTo 

<;b(ab) = <;b(a)<;b(b). 

BeI11,eCTBeHHOe q11cno x rroJI02KHTeJihHO Tor,n;a n TOJihKO Tor,n;a, Kor,n;a 

x = y2 npn HeKOTOpOM IIOJIO)KHTeJibHOM y. Ilo3TOMY <;f>(x) = <;f>(y2 ) = 
<;b(y )2

' H H3 HepaBeHCTBa x > 0 cne,n;yeT, qTQ 4>( x) > 0. lhaK, H3 

a - b > 0 BhITeKaeT, qTo <;f>(a) - <;b(b) > o. l1 eCJIH r < a < s, TO 

<;b(r) < <;b(a) < <;b(s). ,Ll;JIH n106oro Bel11,eCTBeHHoro qncna a Mbl M02KeM 

HafiTH pau;noHaJibHble qncna r H s' y,n;oBJieTBOpHIOI11,He ycJIOBHIO r < 
a < s, c,n;eJiaB BennqnHy s - r CKOJlb yro,n;HO MaJIOH. 0,n;HaKO, ,ll;JIH 

paU,HOHaJihHbIX qnceJI <;l>(r) = r H <;b(s) = s. 0TCIO,ll;a 

r < <;b(a) < s. 

Cne,n;oBaTeJihHO, la - <;i>(a)I < s - r. IlocKOJihKY qncno s - r M02KeT 

6bITh Bb16paHO CKOJih yro,n;HO MaJihIM, TO ,ll;JIH Bcex Bel11,eCTBeHHhIX 

'fHCeJI BbIIlOJIHHeTCH <;b(a) =a. 9THM 3aKaHqnnaeTCH Harne ,ll;OKa3a­

TeJihCTBO. 
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Pe3IOMe 

A. Ilpeo6pa30Baiuu1 IIJIOCKOCTH 
II poq1uaB STY rJiaBy, Bbl ,n;omKHbI ycBOHTb orrpe,n;eJieHHB acl>qmHHoro 

rrpeo6p83oBaHHB, JIHHefiHoro rrpeo6p83oBaHHB H eBKJIH,ZJ;OBa rrpeo6pa-

30BaHHB. 

Bbl ,n;oJI:>KHhl yMeTb orrpe,n;eJIBTb reoMeTpHqecKHe CBOHCTBa, KO­

TOpbie coxpaH51IOTC51 IIpH a<P<i>HHHbIX rrpeo6p830BaHH51X, H CBOHCTBa, 

KOTOpbie coxpaH51IOTC51 IIpH eBKJIH,ZJ;OBbIX npeo6p830BaHH51X. 

B. AJire6pa MaTpmi; 
Bb1 ,n;oJI:>KHbl yMeTb CKJia,n;hlBaTb H YMHO:>KaTb KBa,n;paTHbie MaTpH­

IJ;bl 0,ZJ;HHaKOBOro paHra, BblqHCJ151Tb orrpe,n;eJIHT€JIH MaTpHIJ; 2 x 2 H 

IIHCaTb o6paTHYIO MaTpHey ,IJ;JI51 o6paTHM0ll MaTpHIJ;bl 2 x 2. 

C. MaTpHIJ;hI H JIHHeiiHhie rrpeo6pa30BaHHSI 
llMeB ,IJ;OCTaToqHyIO HHcPOpMaIJ;HIO 0 JIHHe:fiHOM rrpeo6pa3oBaHHH 

IIJIOCKOCTH, Bbl ,IJ;OJI)KHbl yMeTb IIHCaTb MaTpHey 2 x 2, orrpe,n;eJI51-

IOIIJ;YIO 3TO rrpeo6p830BaHHe. 

Bb1 ,n;oJI:>KHbl rroHHMaTb CB513b Me:>K,n;y yMHO:>KeHHeM MaTpHIJ; H 

KOMII03HIJ;Heii JIHH€HHblX rrpeo6p830BaHHH H yMeTb IIOJib30BaTbC51 

3TOH CB513bIO. 

Bb1 ,n;oJI:>KHhl yMeTb onpe,n;eJIBTb MaTpHIJ;bI 2 x 2, KOTOpbie rrpe,n;­

CTaBJIBIOT qacTHbie cJiyqaH rrpeo6p830BaHHH ( rrpeo6p830BaHH51 Bpa­

IIJ;€HH51, OTpa:>KeHH51, rrpoeKIJ;HH, HHJibIIOTeHTHble rrpeo6p830BaHH51). 

1.1. HmKe rrpHBO~TCH HeCKOJihKO TeopeM eBKJIH,lJ;OBOH reoMeTpHH rrJioc­

KOCTH. Pa36epHTeCb, KaKHe H3 HHX crrpaBe,n;JIHBhl ,lJ;Jl51 aifxfiU'H,'H,OU reo­

MeTpHH IIJIOCKOCTH. 

(a) Bee Me,n;HaHhl TpeyroJihHHKa rrepeceKaIOTCH B o,n;Hoit ToqKe H 

,n;eJI51TC51 3TOH TQqKQH B OTHOIIIeHHH 2 : 1 ( cqHTa51 OT BepIIIHHhl 

yma). 

(b) )l,JIHHhl 6HcCeKTpHC paBH06e,n;peHHOro TpeyroJihHHKa paBHhl. 

( c) )l,HarOHaJIH poM6a B3aHMHO rreprreH,lJ;HKYJIHpHbl. 

(d) )l,HaroHaJIH rrapaJIJieJiorpaMMa B TOqKe rrepeceqeHHH ,n;eJIHTCH 

IIOIIOJiaM. 
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( e) IlycTh PQ R n P' Q' R' - ,z:i;Ba TaKnx TpeyroJihHHKa, 'ITO rrapaJI­
JieJihHhl CJie,z:i;yro:rn;ne Tpn rraphI rrpHMhIX: PQ n P' Q', QR n Q' R', 
PR n P' R'. Tor,z:i;a Tpn rrpHMhie PP', QQ' n RR' Jin6o rrapaJI­

JieJihHhl ,z:i;pyr ,z:i;pyry, JIH6o rrepeceKaIOTCH B O,ll;HOH TO'IKe. 

1.2. (a) IlycTh A..1 n A..2 - a¢¢nHHhle rrpHMhie, x - a¢¢nHHaH KOOp­
,z:i;nHaTa Ha A..1, a y - a¢¢nHHaH Koop,z:i;nHaTa Ha A..2 . .ll,aJiee, 

rrycTh f : A..1 -+ A2 - aifxj)u'l-t'l-toe OTo6pa)KeHne, a cooTBeTcTBy­

ro:rn;aH eMy <l>YHKllHH F: IR-+ IR TaKOBa, 'ITO ecJin Q = f (P), TO 
y(Q) = Fox(P). IloKa)KnTe, 'ITO Han6oJiee 06IT1nii BH,11; <l>YHKllHH 

F ecTh F(a) = ra + s. 

(b) IlycTh x' = ax + b, y' = cy + d, r,z:i;e x' n y' HOBhie a<P-
¢1rnHhie Koop,z:i;1rnaThI Ha A..1 u A..2 cooTBeTCTBeHHo, H rrycTh 

y(Q) = F o x(P), r,z:i;e F(a) = ra + s. IloJiy'IHTe ¢opMyJiy ,LJ;JIH 
TaKOii ¢YHKI1HH F'(/3), 'IT06h1 y'(Q) = F' o x'(P). 

1.3. <l>yHKllHIO u : IR2 -+ IR Ha3oBeM aifxj)u'l-t'l-tou, ecJIH oHa a¢¢uHHa 
,11;JIH Ka)K,ll;OH rrpHMOH B ITJIOCKOCTH H ,ll;JIH JII06oro rrapaJIJieJiorpaMMa, 
H306pa)KeHHOro Ha pnc. 1.27, BhIITOJIHHeTCH paBeHCTBO u(P)+u(R) = 
u(Q) + u(S). IlycTh u: IR2 -+ IR - a¢¢uHHaH <l>YHKllHH H H3BecTHhI 

CJie,lJ;YIOITIHe ee 3Ha'IeHHH: Um= 3, U [~] = 8, U [~1] = 9. 

s 

Q 

P11:c. 1.27 

(a) IloJiy'IHTh ¢opMyJiy ,ll;JIH u [:] . 

(b) HapncoBaTh IR2 n rroKa3aTh rrpHMhie u = const. 

1.4 . .ll,JIH JIHHeiiHoro rrpeo6pa30BaHHH, rrpe,z:i;cTaBJieHHOro Ka)K,ll;OH H3 MaT­

pn11, cJie,z:i;yro:rn;nx HH)Ke, ITOJIJ'IHTh o6pa3 rrpHMoyroJihHHKa ABDE, 
H3o6pa)KeHHoro Ha pnc. 1.28. Bhl'IHCJIHTh orrpe,z:i;eJinTeJIH rrpeo6pa3o­
BaHnii H rrpOBepHTh, 'ITO OHM rrpaBHJihHO rrpe,z:i;cKa3blBaIOT ITJIO:rn;a,z:i;n 
H opueHTallHH o6pa30B rrpHMoyroJihHHKa. 

(a) Bpa:rn;eHue R"';2 = ( ~ -1 ) 0 . 
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D c B 

E 0 A 

Pn:c. 1.28 

(b) Bpam;eHne R1';4 = )2 ( 1 -1 ) 
1 1 . 

(c) «l1CKruKeHne» D2 = G 1~2). 
( d) IIpeo6pa3oBaHne JlopeHI.i;a L2 = G~ ! 
(e) C~Bnr Si= G ~). 

/ ( 1/2 1/2) (f) C~nr Si = -l/2 312 . 

(g) 0TpruKeHne Mo = G ~ 1). 

(h) 0Tpa2KeHne M,.,;4 = (~ ~). 

( 1.) II p (1/2 1/2) poeKIJ;H.H 7r/4 = l/2 l/2 . 

3/4) 
5/4 . 

(j) HnJihIIOTeHTHoe npeo6pa30Bam1e No = ( ~ ~) . 

(
-1/2 (k) HnJihIIOTeHTHoe npeo6pa3oBaHne N7r/4 = _ 112 

1/2) 1/2 . 

1.5. AJire6pan'leCKH BhI'IHCJinTe npoH3Be~eHH.H MaTpnu;, onpe~eJieHHhIX 
B npe~hIµym;eM ynpa2KHeHnn, n ~aiiTe reoMeTpn'IecKyro HHTepnpe­
Tau;nro noJiy'leHHhIX npeo6pa3oBaHnii: 

(a) R7r/4R7r;2, 

(b) s?, 



(c) R"';2Mo, 

(d) p;/4' 

(e) N;14 . 
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1.6. ,Ll;JISI Ka)K,ll;Oil H3 CJieA)'IOID,HX MaTpmi; BhiqHCJIHTe o6paTHYIO MaTpmzy 

H .n;ailTe reoMeTpHqecKylO HHTepnpeTaIJ;HIO IIOJiyqeHHOro pe3yJihTaTa: 

1. 7. ,Ll;JISI Ka)K,ll;Oil H3 CJieA)'IOID,HX MaTpHIJ;, HMelOID,HX HyJieBoti onpe,n;eJIH­

TeJih, Hail,n;HTe o6pa3 (Im) H si:.n;po (Ker): 

- (1/2 1/2) 
(a) P"';4 - 1/2 1/2 ' 

(b) (
-1/2 1/2) 

N"'/4 = -1/2 1/2 ' 

(c) A= ( -i _; ). 
1.8. B naparpa<l>e 1. 7 ,n;oKa3aHo pa3JIO)KeHHe MaTpHIJ;hI B npoH3Be,n;eHHe 

Tpex MHO)KHTeJieil. Ilpe,n;cTaBbTe MaTpHey 

1.9. Haii,rr.HTe npoii;eA)'py, npe,n;cTaBJisi:10iey10 Jiro6y10 MaTpHey ( ac db) 
IIpH c =J 0 B BH,n;e IIpOH3Be,n;eHHSI 

(1 y) (0 !) (1 x) 
01 eO 01· 
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c IIOMOIII;hlO 3TOii: rrpou;e,.nyphl pa3JIO:>KHTe MaTpnuy 

rrpoH3Be,ll;eHHe Tpex MHO:>KHTeJietl:. 

(
-12 
-4 

26) 
-8 B 

1.10. ~oKa:>KnTe, qTo Ar(~ !) = jnet (~ !) I: 
(a) rryTeM rrpaMoii rrpoBepKn (ttatl:,11;nTe o6pa3 KBa,11;paTa); 

(b) HCIIOJih3YH pa3JIO:>KeHHe H3 rrpe,ll;hlflYIII;ero yrrpa:>KHeHHH, KOTOpoe 

crrpaBe,ll;JIHBO ,11;a:>Ke rrpn a= 0. 

1.11. IlocTpOHTe Ma TPHIJ;hl 2 x 2' KOTOphie rrpe,ll;CTaBJIHIOT CJie,.nyrom;ne rrpe­

o6pa30BaHHH IIJIOCKOCTH: 

(a) rrpeo6pa3oBaHHe P, y,11;0BJieTBoparom;ee ycJIOBHIO P 2 = P, KOTO­

poe BCIO IIJIOCKOCTh OT06pa:>KaeT Ha rrpaMyIO y = 2x, a rrpxMyIO 

y = - 2x OTo6pa:>KaeT B HaqaJio KOOp,ll;HHaT; 

(b) rrpeo6pa30BaHHe C,ll;BHra s' KOTOpoe Ka:>K,.nyIO ToqKy IIpHMOtl: y = 
2x oTo6pa:>KaeT B ce6a, och y OTo6pa:>KaeT B rrpxMyro y = -x H 

y,11;0BJieTBopaeT ycJIOBHIO (S - 1)2 = O; 

( c) rrpeo6pa30BaHHe, rrepeBO,ll;Hm;ee G) B G)' a ( - ~) B ( ~n; 
( d) HHJihIIOTeHTHoe rrpeo6pa3oBaHne N, y,11;0BJieTBoparom;ee ycJio­

BHIO N 2 = 0, MH KOToporo rrpxMax y = 3x HBJIHeTca O,ll;HOBpe­

MeHHO o6pa30M H H,ll;pOM. 

1.12. Ynpa:>KHeHne Ha yMHO:>KeHne MaTpnu; 3 x 3. Bo3hMHTe ,11;Be MaTpHIJ;hI 

1 0) 
0 1 ' 
0 0 

1.13. lfaBeCTHO, qTo onpe,11;eJIHTeJih MaTpHIJ;hI 3 x 3 paBeH: 

= a11a22a33 - a11a23a32 - a12a21a33 

+ a12a23a31 + a13a21a32 - a13a22a31. 
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.ll,OK8.)KHTe, 'ITO 

Det(F o G) = DetF x DetG. 

1.14. IloKa:~KHTe, 'ITO ecJIH MaTpHu;a 

y,n;oBJieTBOpHeT YCJIOBHHM a11 =I= 0 H a11a22-a12a21 =I= 0, TO ee MO)KHO 
3aIIHCaTh B BH,n;e rrpOH3Be,n;eHHH Tpex MaTpHu; 

0 
1 

Y32 

0 0) (1 X12 
f 0 0 1 
0 g 0 0 

1.15. B rrpocTpaHcTBe JR3 MhI MO)KeM orrpe,n;eJIHTh Vol F ,n;JIH mo6oro 
necHHryJIHpnoro JIHHeil:Horo rrpeo6p83oBaHHH F TaK 2Ke, KaK MhI 
orrpe,n;eJIHJIH Ar Ha IIJIOCKOCTH. TaKHM o6p83oM, 

Vol F = o6'beM F(D) 
o6'heMD 

,D;JIH mo6oii: o6JiacTH D. KpoMe Toro, 

Vol(F o G) = VolF x VolG 

H Vol F = o6'beM F(D), r,n;e D - e,n;HHH'IHhIH Ky6. ,lI;oK8.)KHTe, 'ITO 

VolF = \DetF\. 

1.16. PaccMoTpHTe a¢qmnnoe rrpeo6p83oBaHHe, KOTopoe 'lie ocTaBJIHeT Ha­
'IaJIO KOOp,n;1rnaT Ha MeCTe: 

r,n;e A - a¢¢HHHoe rrpeo6p830BaHHe, ocTaBJIHIOIIIee Ha'IaJIO Koop,n;H­
HaT Ha MeCTe. IloKruKHTe, 'ITO TaKoe rrpeo6p830Balme M02KeT 6hITb 
rrpe,n;cTaBJieHo MaTpHu;eii: 3 x 3: 
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r,n;e A - MaTpm1a 2 x 2, rrpH ycJIOBHH, qTo BeKTop Ha IIJIOCKOCTH 

(:) npe~cTaMHeT"" TpexKoMnoueHTHhlM BeKTOpoM G). ,1\mra­

)KHTe cJie,n;y10n1He yTBep)K,ll;eHH.H. 

(a) TaKa.H MaTpm1a 3 x 3 HMeeT orrpe,n;eJIHTeJih, paBHhIH Det A. 

(b) Kor,.. """' MaTpuna 3 x 3 ~e•CTByeT ua seKTOp G) , TJ>eT"" 

KOMIIOHeHTa pe3yJihTHPYIDII1ero BeKTOpa paBHa 1. 

(c) MaTpHIJbI T(a, b) = (~ ~ ~), rrpe,n;cTaBJI.HIDII1He qHCThie 

0 0 1 
TpaHCJI.HllHH, y,n;oBJieTBOp.HIOT 3aKOHY 

T(a, b)T(c, d) = T(a + c, b + d). 

8To yrrpaJKHem1e MO)KeT 6hITb HHTeprrpen1poBaHo reoMeTpH"<Ie­

CKH. PaccMoTpHM acpqmHHYIO IIJIOCKOCTb KaK IIJIOCKOCTb z = 1 B 

rrpocTpaHCTBe JR3 • fpyrrrry acpcpHHHbIX rrpeo6pa30BaHHH 3TOH IIJIOC­

KOCTH OTmK,n;eCTBHM c rpyrrrroii: JIHHeii:HbIX rrpeo6pa30BaHHii B rrpoCT-

paHCTBe lll.3 . To~ey G) Ha nnocKOCTII z = I OTO>K;<eCTBHM c nP"­

Moif, coe,n;HH.SIIOII1eii 3TY ToqKy c HaqaJioM KOOp,Il;HHaT. JI106rui Toq­

Ka Ha IIJIOCKOCTH orrpe,n;em1eT e,n;HHCTBeHHYIO TaKyro rrp.HMyro. EcJIH 

rrp.HMruI, rrpoBe,n;eHHruI H3 HaqaJibHOii TOqKH, rrepeceKaeT IIJIOCKOCTb 

z = 1, TO OHa rrepeceKaeT ee B e,n;HHCTBeHHOii: TOqKe (pHC. 1.29). 
TaKHM o6pa30M, MbI MO)KeM roBopHTh, qTo Ka)K,Il;oif ToqKe Ha Harnett 

acpcpHHHOii: IIJIOCKOCTH COOTBeTCTByeT rrp.HMruI B rrpOCTpaHCTBe JR3 ' 

BbIXO,Il;.HII1ruI H3 HaqaJibHOii: TQqKH H rrepeceKaIOII1ruI IIJIOCKOCTb z = 1. 
TaKa.H reoMeTpHqecKrui HHTeprrpeTallH.H II03BOJI.HeT HaM rro,n;oii:TH K 

orrpe,n;eJieHHIO IIOH.HTH.H rrepcrreKTHBbI: ,n;Be IIJIOCKHe cpHrypbl B rrpo­

CTpaHCTBe JR3 (He co,n;ep)KaIIIHe Haqano) rrepcrreKTHBHO COBrra,n;aIOT, 

eCJIH OHH orrpe,n;eJI.HIOT O,Il;HO H TO )Ke ceMeiiCTBO rrp.HMbIX, BbIXO,Il;.H­

IIIHX H3 Haqana KOop,n;HHaT (pHC. 1.30). 
8To II03BOJI.HeT HaM paCCMOTpeTb HOByIO reoMeTpHIO, B KOTOpoif 

«TOqKH» - 3TO rrp.HMbie B rrpocTpaHCTBe JR3 ' rrpOXO,Il;.Hil1He qepe3 Ha­

qano; Mbl He Tpe6yeM, qTo6bI rrp.HMruI rrepeceKaJia IIJIOCKOCTb z = 1. 
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PRC. 1.29 PRC. 1.30 

HoBbie «TO'IKR», KOTOpb1e MbI .n;o6aBHJIH, cooTBeTCTBJIOT TeM rrpH­

MbIM B rrpocTpaHCTBe JR3 ' KOTOpbie Jie)KaT B IIJIOCKOCTH z = 0 H 

npOXOMT qepe3 HaqaJlbHYID ro~y. IlyCTb m # m -roqKa 

rrpocTpaHCTBa JR3 , Jie)Kam;aH B ITJIOCKOCTR z = 0. ByKBOH P o6o-

3Ha'IRM rrpHMJIO, rrpoxo.n;Hm;yIO qepe3 Ha'IaJibHJIO TO'IKY II TO'IKY 

( ~) , T. e. P - aro OM• H3 HfilllHX <HOBhTX> roqeK. Tru<HM o6p830M, 

p ~ { ( ~) !ER} c roqKH 3pem.a npocTp8'1CTBa JR 
3

, r11e p HBJl>l­

eTC51 rrpHMOH, Mb! MO)K€M arrrrpoKCHMHpOBaTb p ceMeHCTBOM rrp51MbIX 

Pe, rrpoxo.n;Hm;11x qepe3 Ha'IaJibHYIO TO'IKY (p11c. 1.31) 11 3a,ll;aBaeMbIX 

cPOPMYJIOH 

B HeKOTopoM CMbICJie Pe --+ P rrpR(:/-;) 0. Ho Pe rrepeceKaeT rrJioc­

KOCTb z = 1 rrp11 t = l/€ B TO'IKe bi€ . 

To'IKll rrpHMbIX Pe, rrp11tta.n;Jie)Kam;11e a<P<PHHHOH rrJIOCKOCTll, CTpe­

MHTCH K 6ecKOH€'IHOCTll rrpH € --+ 0 B orrpe.n;eJieHHOM HarrpaBJieHHH, 
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zbl-~ 
. ! .·· ... ·· 

x 

y 

P:uc. 1.31 

3a,n;aBaeMbIM BeKTOpOM ( ~) . Ilo3TOMY 6y,n;eM cq:uTaTh, qTQ HOBaJI 

«ToqKa» p - 3TO TQqKa, Jie)Karn;aJI Ha 6eCKOHeqHQCTM B a<t><t>:uHHOti 

IIJIOCKOCTH. IloHHTMe 0 TaKMX 6eCKOHeqHQ y,n;aJieHHbIX TQqKax 6hIJIO 

BrrepBbie BBe,n;eHO B IIHTHa,n;u;aTOM If rneCTHa,n;u;aTOM BeKax xy,IJ;O)KHlf­

KaMM If reoMeTpaMM, :u3yqaBIIIHMH rrepcrreKTMBy. 

l'lTaK, MbI orrpe,n;eJIMJIH HOBOe rrpOCTpaHCTBO JP>2
' Ha3hIBaeMoe npo­

e?CmU61WU n.tWC'ICOCm'b10. «ToqKa» B rrpOCTpaHCTBe JP>2 - 3TO rrpHMaH, 

rrpose,n;eHHaJI M3 HaqaJihHOii ToqK:u B rrpocTpaHCTBe ~3 . ,Ll;asattTe Te­

rreph IIOCMOTpMM, KaK orrpe,n;eJIMTb «IIpHMYIO» B JP>2 . c TOqKM 3pe­

HMH rrpocTpaHCTBa ~3 
«IIPHMaJI» Ha a<t><l>MHHOti IIJIOCKOCTH z = 1 

COCTOHT H3 rrpHMbIX, IIpOXO,IJ;HIIJ;MX qepe3 HaqaJio KOOp,IJ;MHaT If rrepe­

CeKaIOrn;:ux IIJIOCKOCTb z = 1 BO BCeB03MO)KHbIX TOqKax HeKOTOpoii 

IIpHMOii (p:uc. 1.32). 

P:uc. 1.32 
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TaKoe ceMeliCTBO rrp.HMhIX o6pa3yeT rrnocKOCTh B rrpocTpaHCT­

Be JR3. ~yrHMH CJIOBaMH, c TOqKH 3peHH.H rrpocTpaHCTBa JR3' rrp.H­

Ma.H Ha a<Pqm:HHOH IIJIOCKOCTH eCTb JIHHH.H rrepeceqeHH.H IIJIOCKOCTH B 

rrpOCTpaHCTBe JR3' rrpoxo,n;.H:rn;eli qepe3 HaqaJibHYIO TQqKy, H IIJIOCKO­

CTH z = l. Terrepb .HCHO, qTo .n;enaTh ,n;anhrne. MbI orrycKaeM ycno­

BHe rrepeceqeHH.H IIJIOCKOCTeli H orrpe,n;eJI.HeM «IIp.HMYIO» Ha JP>2 KaK 

IIJIOCKOCTb B rrpOCTpaHCTBe JR3' rrpoxo,n;.H:rn;yIO qepe3 HaqaJibHYIO Toq­

Ky. Cy:rn;ecTByeT TOJihKO o,n;Ha rrnocKOCTh B rrpocTpaHCTBe JR3, rrpo­

xo,n;.H:rn;a.H qepe3 Haqano H He rrepeceKaro:rn;a.H rrnocKOCTh z = 1. 9To 

IIJIOCKOCTh z = 0. HaM ocTaJIOCh .n;o6aBHTh K MHO)KeCTBY rrp.HMhIX 

Ha a<P<PHHHOH rrnocKOCTH «6ecKoHeqHo y.n;aneHHyro rrp.HMYIO». ToqKa 

p rrpHHa,n;Jie)KHT «IIp.HMOii» l, eCJIH rrp.HMa.H, rrpoBe,n;eHHa.H H3 Haqa­

Jia, Jie)KHT B IIJIOCKOCTH, rrpoxo,n;.H:rn;eli qepe3 3TO Haqano. ,Il;Be pa3-

Hbie «ToqKH» P H Q ( T. e. ,n;Be pa3Hhie rrp.HMhie, rrpoBe,n;eHHhie qepe3 

Haqano) orrpe,n;eJI.HIOT e,n;HHCTBeHHYIO IIJIOCKOCTh, rrpoxo,n;.H:rn;yIO qepe3 

Haqano, T. e. ,II;Be pa3JIHqHbie «TOqKH» orrpe,n;eJI.HIOT e,n;HHCTBeHHYIO 

«IIp.HMYIO». ,Il;Be pa3JIHqHbie IIJIOCKOCTH, rrpoxo,n;.H:rn;He qepe3 Haqano 

B rrpocTpaHCTBe JR3, rrepeceKaIOTC.H rro rrp.HMoli, rrpoxo,n;.H:rn;eli qepe3 

Haqano. TaKHM o6pa3oM, ,n;Be pa3Hhie «IIp.HMhie» Ha rrnocKOCTH JP>2 

Bcer.n;a rrepeceKaIOTC.H B «ToqKe». (3aMeTHM, qTo 3,n;ecb rrpo.HBJI.HeTC.H 

pa3JIHqHe c a<P<l>HHHOH reoMeTpHeli, r.n;e ,II;Be rrp.HMbie MOryT 6hITb rra­

panJieJibHbI. ,Il;Be rrapanneJihHhie rrp.HMhie, rrpHHa,n;Jie)Ka:rn;He acl>cPHH­

Holi IIJIOCKOCTH, rrepeceKaIOTC.H «Ha 6eCKOHeqHOCTH» B rrpoeKTHBHOH 

IIJIOCKOCTH.) 

BhlBO,D;bI: n106a.H «ToqKa» Ha rrnocKOCTH JP>2 - 3TO rrp.HMa.H, rrpoxo­

,II;.HID;a.H qepe3 Haqano B rrpocTpaHCTBe JR3; JII06a.H «rrp.HMa.H>> Ha rrnoc­

KOCTH JP>2 - 3TO IIJIOCKOCTb, rrpoxo,n;.H:rn;a.H qepe3 HaqaJIQ B rrpocTpaH­

CTBe JR3; ,II;Be pa3JIHqHbie «IIp.HMbie» rrepeceKaIOTC.H B e,n;HHCTBeHHOii 

«TOqKe». 

J1106a.H o6paTHMa.H MaTpHn;a 3 x 3, .n;eliCTBY.H B rrpocTpaHCTBe 

JR3, rrepeBO,II;HT rrp.HMbie, rrpoxo,n;.H:rn;He qepe3 Haqano, B rrp.HMhie, TO­

)Ke rrpoxo,n;.H:rn;He qepe3 Haqano; rrepeBO,II;HT IIJIOCKOCTH, co.n;ep)Ka:rn;He 

Haqano, B IIJIOCKOCTH, TO)Ke co.n;ep)Ka:rn;He HaqaJio. 

1.17. (a) IloKa)KHTe, qTo mo6aH o6paTHMaH MaTpHIIa 3 x 3 orrpe,n;eJrn­
eT B3aHMH0-0,ll;H03HaqHoe rrpeo6pa30BaHHe rrpoeKTHBHOH IIJIOC­
KOCTH lP'2' rrepeBOf);HIIIee «IIpHMbie» B «IIpHMbie». 
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(b) IloKa)KHTe, qTo ,rr;Be 06paTHMh1e MaTpHIJ;hI A H B TpeTbero rro­

pH,rr;Ka orrpe,rr;eJIHIOT 0,lJ;HO H TO )Ke rrpeo6pa3oBaHHe IIJIOCKOCTH 

lP'2 Tor,rr;a H TOJihKO Tor,rr;a, Kor,rr;a A = cB ,n;JIH Beni;ecTBeHHoro 

qHcJia c, He paBHoro HYJIIO. 

1.18. TpH BeKTopa u, v H w B rrpocTpaHCTBe JR3 Ha3hIBaIOTCH JIHHeii:Ho 

He3aBHCHMhIMH, eCJIH ypaBHeHHe 

au+bv+cw = 0 

He MO)KeT BhIIIOJIHHThCH, ecJIH TOJihKO He BCe qncJia a, b, c paBHhl 

HYJIIO. IloKa)KHTe, qTo ecJIH u, v H w JIHHeitHo He3aBHCHMhI, TO cy­

ni;ecTByeT e,rr;HHCTBeHHM o6paTHMaH MaTpmi;a A TpeThero rropH,rr;Ka, 

,n;JI51 KOTOpOii: 

( 06o6ni;eHHe 3Tott TeopeMhI ,rr;JIH Jiro6oro KOHeqHoMepHoro BeKTOpHo­

ro rrpocTpaHCTBa 6y,rr;eT ,lJ;OKa3aHO II03)f(e.) 

1.19. (a) IlycTh P1, P2, P3 - pa3JIHqHbie «ToqKH» Ha IIJIOCKOCTH lP'2 , orrpe­

,rr;eJIHeMhie rrpHMhIMH, npOXO,l1;51IIJ;HMH qepe3 HaqaJihHYIO ToqKy, H 

BeKTOpaMH m , m li m COOTBOTCTBeHHO. fiyCTb Q,, Q,, 

Q3 - TPH JII06h1e ,n;pyrne pa3JIHqHbie «TOqKH» lP'2 . IloKa)f(HTe, 

qTo cyni;ecTByeT o6paTHMaH MaTpmi;a 3 x 3, KoTopaH rrpeo6pa-

3yeT ToqKy Q1 B P1, Q2 B P2 H Q3 B P3. 

(b) IlyCTh Q1, Q2, Q3, Q4 - «TOqKH» Ha IlJIOCKOCTH JP'2 , H3 KOTOpbIX 

HHKaKne TPH He Jie)f(aT Ha o,rr;Hoii: rrpHMOii:. IlycTh R1, R2 , R3 , 

R4 - ,n;pyroii: Ha6op qeThrpex «ToqeK», H3 KOTOphIX HHKaKne TPH 

He Jie)KaT Ha o,n;aott npHMOH. IlOKa)KHTe, qTo cyni;eCTByeT TaKaH 

MaTpmi;a 3 x 3, KOTopaH rrpeo6pa3yeT Q1 B P1, Q2 B P2, Q3 B 

P3 H Q4 B P4. 

( c) ,Il,oKa2KHTe cPYH,n;aMeHTaJihHYIO TeopeMy rrpoeKTHBHOii: reoMeT­

pHH: JII06oe B3aHMHO-O,lJ;H03HaqHoe rrpeo6pa3oBaHHe IIJIOCKOCTH 

lP'2 , rrepeBO,D;51IIJ;ee «IIpHMhie» B «IIpHMhie», ocyni;eCTBJIHeTC51 MaT­

pmi;ett 3 x 3. (IIo,rr;CKa3Ka: CBC,lJ;HTe BCe K cPYH,n;aMeHTaJihHOii: Teo­

peMe acl:>cPHHHOA reoMeTpHH, ,lJ;OKa3aHHOii: B rrpHJIO)f(eHHH K 3T01i: 

rnaBe.) 
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1.20. B Ka'leCTBe HJIJIIOCTpa~H rrp11MeHeHH5I yrrpa:>1rneHH5I 1.19(b) ,n;oKa­

)KHTe TeopeMy <l>aHo (p11c. 1.33). IlycTb A, B, C, D - '!eTblpe TO'IKH, 

H3 KOTOpbIX HHKaKHe TPH He Jie)KaT Ha 0,n;HOfi rrp5IMOii, H rryCTb p -
TO'!Ka rrepeceqeHH51 rrp5.!MhIX AB H CD, Q - TO'!Ka rrepeceqeHH51 

AC H BD, R - TO'!Ka rrepece'leHH51 AD HBC. Tor,n;a P, Q HR tte 
Jie)KaT Ha O,IJ;HOH rrp5IMOii. (IIo,n;CKa3Ka: paCCMOTpHTe qaCTHhlii cJiy­

qaii, HarrpHMep, rrycTb A, B, C - TPH BepmHHhI paBHOCTopoHHero 

TpeyroJibHHKa, a D - ero 11eHTp.) 

R 

D 

p 

PHc. 1.33 
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Co6cTBeHHbie BeKTOpbI 

H co6cTBeHHbie 3HaqeHH51 

Bo BTopofi rJiaBe MhI o6cy,u,HM KOHcPOPMHYIO JIHHefiHyro 

reoMeTpHIO Ha IIJIOCKOCTH, T. e. reoMeTpHIO IIp51MhIX, yr­

JIOB H HX CB513h c MaTpm:i;aMH 2 x 2 011peµ;eJieHHOro BH)J,a. 

06cy)J,HM oqeHh B8.)KHhie ,ll,J151 KBaHTOBOfi MexaHHKH IIOH51-

TH51 co6CTBeHHhIX BeKTOpOB H co6cTBeHHhIX 3HaqeHHfi1 . 

c IIOMOIII,hlO 3THX IIOH51THH IIOJiyqHM aJiropHTM BhlqHc­

JieHH51 cTe11eHefi MaTpHD;hI. B KaqecTBe 11pHJimKeHH5I H3y­

qHM ocHOBHhie csoficTBa n;eneii MapKosa. 

2.1. Kottcl>opMHbie JUIHeHHhie npeo6pa3oBaHH.H 

MhI paccMoTpHM TaKHe JIHHeiiHhie 11peo6pa30BaHH5I f npocTpaHCTBa 

JR2, KOTOphie 

(1) coxpaH51IOT yroJI, 

(2) coxpaH51IOT opHeHTan;Hro, T. e. Det F > 0, 

r.n,e F - MaTpHn;a, npe)J,cTaBJI51IOIIJ,a51 f. 3aMeTHM, qTO ecJIH f H g -
,ll,Ba TaKHX 11peo6pa30BaHH5I, TO HX KOMII03HIJ;H51 g 0 f o6Jia.n,aeT TeMH 

)Ke CBOHCTBaMH. 

1 
KoHe'IHO, 3TH IIOHHTHH He MeHee BIDKHbl B CaMbIX pa3JIH'IHbIX pa3~eJiax 

MaTeMaTHKH H ee npHJIO)KeHHHx. - Ilpu.M. pea. 
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,Il;onycTHM, "ITO f coxpami:eT yroJI H opHeHTa:a;mo (pHc. 2.1). Mh1 

MO)KeM HaHTH TaKOH TIOBOpOT r -0' "ITO r -0 0 f nepeBO,LI,HT ( ~) B 

TO"IKY Ha noJIO)KHTeJihHOil: OCH x. Ho pa3 npeo6pa3oBaHHe r _9 of 

coxpaH.HeT ymhI H Det(r -O of) > 0, TO r -O of ( (~)) HaxO,LJ,HTC.H 

Ha llOJIO)KHTeJihHOH OCH y. 

PHc. 2.1 

iG) 
\ 

\ 
\ 
\ 
\ 
\ 
\ 
I 
I 
I 
I 
I 
I 
I 

TaKHM o6pa3oM, MaTpH:a;a, npe,n,cTaBJI.H101n;a.H r -e o f, HMeeT BH,LJ,: 

r,n,e r > 0, s > 0. TaK KaK r -e o f coxpaH.HeT yrJihI, rrpaMa.H, H,LI,y­

i:u;aa B,LI,OJih BeKTopa (i), nepexo,n,HT B ce6a. EcJIH MhI roBopHM, "ITO 

( ~ ~) ( i) Jl€)KHT Ha npaMoit, 3a,n,aHHOH BeKTOpOM ( i) ' 3TO 3Ha­

"IHT, "ITO r = s. CJie,n,oBaTeJihHO, 

Ilo:::iTOMY MaTpH:u;a, rrpe,n,cTaBJISlOI:a;M f' HMeeT BH,Ll, 

- sin 0) = ( r cos 0 
cosO r sinO 

-rsinO) =(a 
rcosO b 

-b) 
·a ' 

r,n,e a = r cos 0, b = r sin 0. 5IcHo, "ITO JI106aa TaKaa MaTpH:a;a y,n,oB­

JieTBOp.HeT ycJIOBHID Det F = a2 + b2 = r2 > 0. 
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06paTHoe yTBep)K)l;em1e: mo6aa HeHyJieBaH MaTpini.a ( ab -ab) 
coxpaHH€T yroJI H opHeHTan;mo, ITOTOMY qTO B3HB 

( a -b) a2 + b2 f= 0, 
b a ' 

M02KHO ITOJIO)KHTb r 2 = a2 + b2 H ITOTOM Haii:TH TaKoii: yroJI (}, rrpH 

KOTOpOM 
cos(}= ar-1, sin(}= br-1, 

IIOCKOJibKY as: r H sin2 e+cos2 (} = (a2 +b2 )/r2 = 1. CJie,n;oBaTeJibHO, 

MaTpmi.a rrpHHHMaeT BH,1.1; 

(
ab -ab)= (rcosO 

r sin(} 
-rsinO) 

r cos(} · 

llTaK, B o6rn,eM cJiyqae MaTpnn;a 

coxpaHReT yroJI n opHeHTan;mo, rrpnqeM 

Qqem1,n;Ho, qTo rrpOH3Be,n;emre ,n;Byx TaKHX MaTpHn; .n;aeT MaTpIIn;y 

TaKoro 2Ke BH,n;a. KpoMe Toro, 3aMeTHM, qTo 

(a -b) (a' 
b a b' 

-b') (aa' - bb' 
a' - ba' +ab' 

-(ba' +ab')) 
aa' - bb' 

(a' -b') (a -b) 
- b' a' b a ' 

T. e. B 3TOM cJiyqae rrpoH3Be,n;eHne MaTpHn; KOMMyTaTHBHO. BoJiee To­

ro, rrpH HettyJieBhIX 3Haqemrnx a H b cyrn,eCTByeT o6paTHaR MaTpHn;a 

( T. K. orrpe,n;eJIHT€Jih MaTpHD;hI paBeH a2 + b2). HaKotten;, ecJIIJ MhI cJio-

2KIIM ,IJ;Be MaTpHil;bl 

-b') 
a' (

a+a' 
b+b' 

-(b + b')) 
a+a' ' 
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TO cy.M.Ma 6y.n;eT orrn:Th MaTpM:u;eli nrna ( ~ -! ) . 9To 3aMeqaTeJib­

ttoe CBOHCTBO He CJie.n;yeT rrpRMO M3 orrpe.n;eneHMR. MaTpMey nrna 

( ~ -! ) 6y.n;eM Ha3bIBaTb 'IW'tufiop.M'HOU. (IlpM 3TOM Mbl .n;orrycKa­

eM B03MO)KHOCTh, 'ITO a = b = 0. TaKMM o6pa3oM, HeHyJieBhIMM 

KOHQ:>opMHblMH MaTpM:u;aMM Ha3bIBaIOTCR TaKMe MaTpMIJ;bI, KOTOpbie 

coxpaHRIOT yroJI H opMeHTaIJ;MIO.) 

HTaK, MhI .n;oKa3aJIM, 'ITO MHO)KeCTBO Bcex KOHQ:>opMHhIX MaT­

pM:u; 3aMKHYTO OTHOCMTeJibHO orrepa:u;Mii CJIO)KeHMR H yMHO)KeHMR. 

,IJ;JIR TaKMX MaTpM:u; YMHO)KeHMe RBJIReTCR KOMMyTaTMBHOll orrepa:u;M­

eii. Ka)K,Il;aR HeHyJieBaR KOHQ:>opMHaR MaTpM:u;a MMeeT 06paTHy10. 9To 

3Ha'IMT, 'ITO IIOBe.n;eHMe KOHQ:>opMHbIX MaTpM:u; BO MHOrOM IIOXO)Ke Ha 

IIOBe.n;eHMe 'IHCeJI. 

JI106y10 KOHQ:>opMHYIO MaTpMey MO)KHO 3aIIMCaTb B BM,IJ;e 

-1) 0 . 

3aMeTMM, 'ITO ( ~ - ~) eCTb IIOBOpOT Ha .n;eBRHOCTO rpa.n;ycoB H 'ITO 

(0 -1) 2 

= (-1 0) = - (1 0) 1 0 0 -1 0 1 . 

(0 -1) 
1 0 . 

Tor.n;a 

(
a -b) . b a =all+ b1, 

r.n;e 

i2 =-JI. 
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,IJ;pyrHMH CJIOBaMH, MHO:>KeCTBO KOHcpOpMHbIX MaTpml; MO:>KHO OTO)K­

,n;ecTBJIHTb c MHO:>KeCTBOM KOMIIJieKCHblX qHCeJI. 

06b1qHoe npe,n;cTaBJieHHe KOMIIJieKCHOro qHCJia B BH,n;e TOqKH 

Ha IIJIOCKOCTH ecTb rrpOCTO OTO)K,Il;eCTBJieHHe KOMIIJieKCHOrO qHCJia 

c o6p830M TOqKH ( ~) rrpH rrpeo6p830Bamm, 3a,n;aBaeMOM MaTpH-

11;eii ( ~ -~). ,II;mr KOHcpOpMHbIX MaTpHll; TOqKa ( ~) orrpe,n;eJIHeT 

MaTpHey ( ab -ab). 
J1erKO BblqHCJIHTb n-IO CTerreHb KOHcpopMHOH MaTpHll;bl. ,Il;eiiCTBH­

T€JibHO, eCJIH Mbl 3aIIHIIIeM 

A= (a -b) = (r 0) (c~s(} -sin(}) 
b a 0 r sm (} cos (} ' 

TO, yqHTbIBaH, qTo ( ~ ~) KOMMyTHpyeT co BC€MH MaTpHll;aMH 2 x 2, 

rroJiyqHM 

An= (ro O)n (c~s () 
r smO 

- sinO)n = (rn 
cos() 0 

0) (cos n() 
rn sin n() 

- sin nO) 
cosn() · 

(
rcos() 
rsinO 

-rsinB)n 

rcosB (
rn cosn() 
rn sin n() 

-rnsinnB) 
rncosne . 

Ha H3hIKe KOMrrJieKCHhIX qHceJI 3TO 3HaqHT, qTo ecJIH 

z = r( cos()+ i sine), 

TO 

zn = rn( cos nB + i sin nO); 

3TO paBeHCTBO M3BeCTHO KaK TeopeMa MyaBpa. 

,IJ;pyroii crroco6 BhiqHcJieHHH MaTpMll;hI An coCTOHT B rrpHMeHeHHH 

6HHOMHaJibHOH cpopMyJihl. YqMTbIBaH, qTO 

(~ -1) 
0 ' 
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BbiqMCJI.HeM 

-1) +~n(n-l)an-2b2 (0 
0 2 1 =an(~ ~)+nan-lb(~ 

Ho ( ~ - ~) 
2 

= ( - ~ _ ~) , II03TOMY 

An= (an_(~) an-2b2 + (~) an-4b4 + ... ) (~ ~) 

+ ((~)an-lb-(~) an-3b3 + ... ) (~ -~). 
B cJie,Jzyrom;eM rraparpa<Pe MhI rroKa:>KeM rrpou;e,Jzypy BhrqncJieHH.H cTe­

rreHeil rrpOH3BOJibHOH MaTpHD;bl 2 x 2 (He ofol3aTeJihHO KOHcPOPMHoil). 

,Il;JI51 3Toro IIOTpe6yeTC51 IIOH.HTHe co6cTBeHHhIX 3HaqeHHH, nrparom;ee 

KJIIOqeByIO pOJib B KBaHTOBOH MexaHHKe. 

2. 2. Co6cTBeHHhie neKTOphI 

M co6cTBeHHhie 3HaqeHM5l 

IlycTh F - JIHHeilHoe rrpeo6pa3oBaHne. 3a)l.a)l.HM Borrpoc: MO:>KeT JIH 

OHO rrepeBeCTH rrp51MYIO, rrpoXO)l..HID;YIO qepe3 HaqaJibHYIO TOqKy, B 

ce651? (Hn O)l.HH HeTpHBHaJihHblll IIOBOpOT He o6Jia)l.aeT TaKHM CBOH­

CTBOM, a BOT Jiro6oe HeHyJieBoe cnHryJIRpHoe rrpeo6pa3oBaHne rrepe­

BO)l.HT CBOH o6pa3 B ce651.) 

EcJIH v - HeHyJieBoil BeKTop, Jie:>Kam;Hil Ha TaKoil rrp.HMoil, TO 

)l.OJI:>KHO BhIIIOJIH51TbC51 paBeHCTBO 

F(v) =.Xv, 

r)l.e A - Bem;ecTBeHHoe qRCJIO. EcJIH 3TO ypaBHeHne BhIIIOJIH51eTc51 

)l.JI51 HeKoToporo v # 0, TO A Ha3hrnaeTC51 co6cmBe'l-t'l-t'bt.M 3'1-ta"-te'l-tue.M 

rrpeo6pa30BaHH51 f' COOTBeTCTByIOID;HM co6cm6e'/-t'/-tO.MY 6e-x;mopy v. 
IlocJie)l.Hee ypaBHeHHe MO:>KHO rreperrncaTh B BH)l.e 

[F - .X (~ ~)] v = 0. 
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TaK KaK BeKTOp v He paBeH Hymo, MhI rronyqaeM paBeHCTBO 

Det (F - A(~ ~)) = 0, 

rrpe,n;cTaBmnom.ee co6o:H ypaBHemrn OTHOCHTeJihHO A. 

HJIH 

IIoJIMHOM 

P(X) = X 2 
- (a+ d)X +(ad - be) 

Ha3bIBaeTC5I xapa'J\,mepuemU"l,Ee'J\,U.M nOJl,U'l-tO.MO.M MaTpHIJ.bl ( ~ ~) ' a 

ypaBHem1e 

Ha3hIBaeTC5I xapa'J\,mepuemU"l,EC'J\,U.M ypa6'1-tE'l-tUe.M. 9To ypaBHeHHe 6y­

,n;eT HMeTh BeI11,eCTBeHHhie KOpHH 

1 
A= -z[(a + d) ± J{(a + d)2 - 4(ad - be)}] 

1 
= 2[(a + d) ± J{(a - d)2 + 4be}] 

Tor,n;a n TOJihKO Tor,n;a, Kor,n;a 

(a-d)2 +4be2:0. 

B 3TOM cnyqae MhI M02KeM npoBepHTh, qTo 

(
a - A b ) (d - A) = O 

e d- A -e 
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(
a-.X b )( b )=o 

c d - .X -(a - .X) . 

ITo3TOMy, eCJIH ( d-=-cA) HJIH (-(ab- .x)) He paBHhl Hymo, TO OHH 

5IBJI5IIOTC5I co6CTBeHHhIMH BeKTOpaMH; OHH Jie)KaT Ha O,Il;HOH rrpRMOH, 

IIOCKOJihKY 

Det(d_:-c.X -(ab-.x)) =-Det(a~.X d~.x) =0. 

EcnH )Ke OHH o6a paBHhI HYJIIO, TO a = .X, b = c = 0 H d = .X, II03TOMY 

F = .XlI, 

H Ka)K,Il;blH ( HeHyJieBOH) BeKTOp Ha IIJIOCKOCTH 5IBJI5IeTC5I co6cTBeHHhIM 

BeKTOpOM. 

PaccMoTpHM B03MO)KHhie BapHaHThI co6cTBeHHhIX 3Ha'IeHHH JIH­

HeiiHhIX rrpeo6pa30BaHHH. 

CJiyqaii 1. XapaxTep11cT11qecKoe yprurneHHe HMeeT pa3JIHq­
Hhie aeru;ecTBeHHbie KOpHH. B cnyqae, Kor.n;a (a - d)

2 + 4bc > 0, 
cy:rn;ecTBYIOT ,n;Ba pa3J/,U"i'H,'btX Be:rn;ecTBeHHhIX co6CTBeHHhIX 3Ha'IeHH5I 

.\1 H .\2. Tor.n;a F =I .\JI H, cne,n;oBaTeJihHO, ecTh TOJihKO ,n;Be rrpR­

Mhie, rrpoxo,n;R:rn;He qepe3 Ha'IaJIO KOOP,Il;HHaT H He MeHRIO:rn;HeCR rrpH 

TaKOM rrpeo6pa30BaHHH, Ka)K,Il;aR H3 KOTOpbIX 3a,n;aeTC5I co6cTBeHHhIM 

BeKTopoM v1 = (~~) HJIH v2 = (~~). Mb1 MO)KeM 3arrttcaTh 

H 

B =(xi 
Yl 



2.2. Co6cTBeHHhie BeKTOphI H co6cTBeHHhie 3Ha'Iemui 85 

Otta ttec1rnry;rn:ptta, rroToMy 'ITO BeKTOphI (:~) H (:~) rrpRtta,n;ne­

:>1caT p83HhIM rrpHMhIM. Tor,n;a ypaBtteHRe ,n;nH co6cTBeHHhIX BeKTopoB 

MO)KHO 3aIIHCaTh B BH,n;e 

FB=BA, 

(
A1 

r,n;e A= 0 ~2) ' HJIH, OKOH'IaTeJibHO, 

06paTttoe YTBep)K,n;ettRe: ecnR F = BAB-1 
rrpR A = ( ~1 ~2), TO 

F [B (~)] = BAB-
1
B (~)=BA(~)= BA1 (~) = AiB (~), 

TaK 'ITO rrepBhIH cTon6eu, MaTpRU,hI B HBJIHeTCH co6cTBeHHhIM BeK­

TopoM rrpeo6p83oBaHHH F, cooTBeTCTBYIOlll,HM co6CTBeHHOMY 3Ha'Ie­

HHIO A1, H BTopoi1 cTon6eu, - co6cTBeHHhii1 BeKTOp ,n;nH co6cTBettttoro 

3Ha'IeHHH A2. 

CJiyqaii 2. Xapai<:Tep:u:cT:u:qecKoe ypaBHeH:u:e :U:MeeT KpaTHhIH 
Bem;ecTBeHHhIH KopeHb. B cnyqae, Kor,n;a (a - d)2 + 4bc = 0 H 

rronRHOM P(X) = 0 RMeeT ,n;Ba o,n;RHaKOBhIX KOpHH A, CRTyau,RH 

tteMttoro CJIO)Kttee. PaccMoTpHM ,n;Be MaTpHU,hI 

(~ ~) H (~ ~). 
,Il;nH 3THX MaTpHU, xapaKTepHCTH'IeCKHH IIOJIHHOM P(X) = X 2 HMe­

eT ,n;Ba paBHhIX KOpHH A = 0. Ka)K,Il;hIH ttettyneBoi1 BeKTOp Ha rrnoc­

KOCTH HBJIHeTCH co6cTBeHHhIM BeKTOpOM rrepBOH MaTpHU,hI, H TOJib-

KO BeKTOpbI . ( ~) 6y,n;yT co6CTBeHHbIMH BeKTOpaMH BTOpoi1. 3aMe­

THM, o,n;HaKo, 'ITO o6e MaTpHU,bI y,n;OBJieTBOpHIOT ypaBHeHHIO F 2 = 0, 
KOTopoe MO)KHO 3arrRcaTh KaK P(F) = 0, T. e. MhI 3aMeHHeM F 
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(KaK 6y,n;TO 3TO 'IHCJIO) Ha ero xapaKTepHCTH'IeCKHH IIOJIHHOM H IIOJiy­

'IaeM HOJih. B o6:rn;eM cJiy'Iae aTo yTBep:>K,n;eHHe Ha3hIBaeTC.H TeopeMoii 

faMHJihTOHa-KaJIH. 

Ec.11,u P(X) - xapa'K:mepucmu"ieC'K:UU no.11,uHo.M .Mampuu,'bt F, mo 

P(F) = 0, 

T.e. 

B cJiy'Iae MaTpHll 2 x 2 3Ta TeopeMa rrpoBep.HeTc.H BhI'IHCJieHHeM. 

,Ll;eiiCTBHTeJibHO, 

( ~ ! ) 2 = ( ~~ : ~~ ~t: !~) ' 
(a + d) (a b) = (a2 + ad ab + bd) 

e d ea+ed ad+d2 

(ad - be) (ol 01) = (ad -0 be 0 ) 
ad- be ' 

II03TOMY 

EcJIH rroJIHHOM P(X) HMeeT KpaTHhIH KopeHh, TO 

P(X) = (X - .A)2
, 

CJie,n;oBaTeJibHO, 

IlpH 3TOM cy:rn;eCTBYIOT ,IJ;Be B03MOiKHOCTH 
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MJIM 

F- A(~ ~) # 0. 

IlycTb (:~) - co6cTBeHHhIM BeKTOp rrpeo6p33oBaHMR F, a HeHy-

( xY22) JieBo:ii BeKTop 1-1,e RBJIReTCR co6cTBeHHhIM BeKTopoM F. Tor,n;a 

BeKTOp 

6y,n;eT co6cTBeHHhIM BeKTopoM F, rroToMy qTo ( F - ( ~ ~)) 
2 

= 0, 

If OH ,Il;OJI)KeH 6bITb rrporropu;HOHaJieH BeKTopy (:~). ,II.e:iicTBHTeJihHO, 

YMHO)KaR (:~) Ha COOTBeTCTBYIOiu;YIO HeHyJieByIO KOHCTaHTy, MO)KHO 

IIOJiyqHTb 

[ F - A ( ~ ~)] ( :~) ( :~) . 
H B 3TOM cJiyqae MaTpHu;a B = (xi x

2
) HeCHHryJIRpHa, a rrpe,n;b1-

Y1 Y2 
,n;yiu;ee ypaBHeHHe MO)KHO 3aIIHCaTb B BH,n;e 

06paTHOe YTBep)K,Il;eHHe: JII06aR MaTpHu;a BH,n;a 

F = B (~ ~) B-
1 

o6Jia,n;aeT CBOMCTBOM [F - A(~ ~)] 
2 

= 0, HO rrpH 3TOM 

F- A (ol 0) .....L 0 1 -r ' 

'-ITO MO)KHO JierKO rrpoBepHTb. 
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CJiyqaii 3. KoMnJieKCHbie KOpH:u. I-lHor,n;a HaM rrpttxo,n;ttTC.H pa6o­

TaTb c rrpeo6p830BaHmIMH, He HMerorn;HMH Bern;eCTBeHHblX co6CTBeH­

HbIX 3HaqeHHH H co6cTBeHHbIX BeKTopoB. Hatt6onee oqeBH.LJ;Hbre rrpli­

MepbI TaKHX rrpeo6pa30Bam1H:: IIOBOpOTbl Ha yroJI, He KpaTHblH 7r; 
KOHcPOPMHOe rrpeo6p830BaHHe, KOTOpoe COCTOHT H3 IIOBOpOTa IIJIOC­

KOCTH H IIOCJie,n;yrorn;ero O.LJ;HOpO,n;Horo «pacT.5DKeHM.H~. 

,ll;aBaii:Te IIOCMOTpHM, qTo IIOJiyqHTC.H, eCJIH Mbl IIOIIbITaeMC.H HaH­

TH co6CTBeHHbie 3HaqeHH.H H co6CTBeHHbie BeKTOpbl KOHcPOPMHOH 

MaTplil1hI
2 

XapaKTepttCTHqecKoe ypaBHeHtte 3TOH MaTplil1hI HMeeT Bli.D; 

,II;anee rronyqaeM 

(.\ _ x)2 = -y2, 

.\- x = ±iy 

.\ = x ±iy. 

B rraparpa<Pe 2.1 MhI OTMeTHJIH, qTo KOHcPOPMHa.H MaTpttl1a 

( ~ -~ ) MOMeT 6hITb rrpttMeHeHa )l;Jl.H rrpe,n;cTaBJiemrn: KOMIIJieKc­

HOro qttcna x + iy. Ceii:qac MbI BH,il;HM, qTo 3TO KOMrrJieKcHoe qlicJio 

.HBJI.HeTC.H co6cTBeHHhIM 3HaqeHtteM MaTpH1lhI. Bonee Toro, ,n;n.a mo-

6o:H: rrapbl KOMIIJieKCHO corrp.aMeHHbIX qliceJI x + iy' x - iy cyrn;eCTByeT 

Bern;eCTBeHHa.H KOHcpopMHa.H MaTplil1a, .D;JI.H KOTOpoH: 3TH qlicJia .HB­

JI.HIOTC.H co6cTBeHHhIMH 3HaqeHH.HMH. KoHeqHo, MhI He MOMeM ,n;aTb 

reoMeTpliqecKylO MHTeprrpeTal1HIO KOMIIJieKCHbIX co6CTBeHHblX 3Ha­

qeHHH, IIOTOMY qTO COOTBeTCTBylOrn;He co6CTBeHHbie BeKTOpbl HMelOT 

KOMIIJieKCHbie KOMIIOHeHTbl H He MOryT paccMaTpliBaTbC.H KaK BeKTO­

pbl Ha Bern;ecTBeHHOH IIJIOCKOCTH. 

2B Aa.JibHeiiIIIeM npe.n;noJiaraeTcH, qTo y =I 0. - IlpUM. pea. 
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IloKa)KeM, 'ITO mo6M MaTpm.i;a F c co6cTBeHHhIMH 3Ha'leHH5IMH 

x ± iy MO)KeT 6hITh 3a1rncatta B cpopMe 

C= (~ -n I 
J(o-x;asamM'bcmeo. PaccMoTpHM MaTpnuy G = F - xll. CorJiactto 

TeopeMe faMHJibTOHa-K::mH, HMeeM 

(F - xll)2 + y2ll = 0. 

TaKHM o6pa3oM, 
c2 = -y2JI. 

Bo3bMeM npOH3BOJihHhIH BeKTop v 1 # 0 H onpe,II,eJIHM HOBhIH BeKTop 

v2 no cpopMyJie 
-ic V2 = y V1. 

Tor,II,a 

G -1c2 V2 = y V1 = -yv1, 

a no onpe,II,eJieHHIO BeKTopa v2 

Gv1 = yv2. 

IlycTh B - MaTpn:u;a co CTOJI6:u;aMH v1 H v2. Tor,II,a v1 = B (~) H 

v2 = B (~), H, cJie,II,oBaTeJihtto, 

GB(~)= yB (~) n GB(~)= -yB (~), 

nrnToMy GB = B ( ~ -~ ) . Y MHO)KM 3TH cooTHoIIIeHHH Ha B-1, 

noJiyqaeM, 'ITO G = B (~ -~ ) B-1. I-fraK, MaTpnuy F MO)KHO 

3anncaTh B BH,II,e 

F = xll + B (~ -~ ) B-1 = B(xll)B-1 + B (~ -~ ) B-1 

=B[xll+(~ -~)JB-1, 
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a TaK KaK B(xlI) = (xlI)B, To 

F=B(~ -y) B-1 
x , 

'ITO H Tpe60BaJIOCh ,IJ,OKa3aTb. 

HarrpHMep, ,II,JUI rrpocTOThI BhI6epeM v1 = B ( ~) , XOTH MO)KHO 

6b1JI0 6h1 C,II,eJiaTh H ,II,pyroll: Bh16op. Tor,II,a 

v2 = y-1
Gv1 = y-1c (~), 

T. K. Gv1 = YV2. cho 3Ha'IHT, 'ITO V1 (rrepBhIH CTOJI6eII MaTpHI1hI B) 

paBeH ( ~) , a BTOpoll: CTOJI6eII 3TOH MaTPHI1hI V2 - 3TO rrepBbIH 

cToJI6eII MaTPHI1hI G, ,II,eJieHHhIH Ha y. 

Ilo,II,Be,IJ,eM HTOr: ecJIH F = ( ~ ~) HMeeT co6cTBeHHhie 3Ha'Ie­

HH.H, paBHhie x ± iy, rrpH'IeM y i- 0, To F = BCB-1 , r,II,e 

B = (1 (a - x)/y) 
0 c/y 

A MaTpHI1a G = F - xlI y,II,oBJieTBOp5.!eT ypaBHeHHIO G2 = -y2JI. 

(7 -10) B Ka'IeCTBe rrpHMepa paccMoTpHM MaTpHIIY F = 
2 

_ 1 , HMe-

lOIIIYIO Tr F = 6 H Det F = 13. XapaKTepHCTH'IecKoe ypaBHeHHe 

>.2 - 6>. + 13 = 0 HMeeT KOpHH 

>. = 6 ± J(36 - 52) = 3 ± 2i. 
2 

TaKHM o6pa3oM, x = 3, y = 2. MaTPHI1a 

G = F - 31I = ( 4 
-lO) 2 -4 , 

KaK H O)KH,Il,aJIOCh, y,IJ,OBJieTBOp5.!eT ypaBHeHHIO G2 = -41I. l.JT06h1 

ITOJIY'IHTh BTOpoll: CTOJI6eII MaTpH1lhI B, HaM CJie,II,yeT rrepBhIH CTOJI6eII 

G pa3,IJ,eJIHTh Hay: 

~ (~) = (i). 



2.2. Co6cTBeHHhle BeKTOphl M co6cTBeHHhie 3HaqeHm1 91 

CJie,n,oBaTeJihHO, B = ( ~ ~) H 

F = BCB-
1 

= (~ ~) (~ -2 
3 ) (~ -2) 1 . 

CTerreHH MaTpHu;. Ilpe,n,rroJIO)KHM, qTo HaM 3a,n,atta MaTpttu;a F, H 

Mbl XOTHM Bbl'lllCJillTb pn ,l],JIH pa3HhlX 3Ha'leHHii n ( llJill ,l.l,JIH O'leHh 

6oJiblIIHX n). B cJie,l.l,YIOIIIeM rraparpa<Pe Mhl ,n,a,n,HM rrpttMep, Kor,n,a 

B03HHKaeT TaKaH rrpo6JieMa. 

CJiyqaii 1. ProJIHqHhie Ber:u;ecTBeHHhie KOpHH. EcJIH 

Tor,n,a O'leBH,l.l,HO, 'ITO 

9To 3Ha'IHT, 'ITO Bbl'lllCJieHHe CTerreHeii ,l.l,HarOHaJibHOH MaTpllIJ;bl CBO­

,l.l,llTCH K BhI'IHCJieHHIO cTerreHeii BeIIIeCTBeHHhIX 'IHCeJI. EcJIH 

F = BAB-1 , 

TO 

ll TOr,n,a ITO llH,l.l,YKIJ;llll 

CJiyqaif: 2. PaBHhie Ber:u;ecTBeHHhie KopHH. PaccMoTpHM MaT­

pmzy 

(~ ~) = (~ ~) + (~ ~). 
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MaTp1m;a ( ~ ~) KOMMYTRpyeT co BCeMM MaTpRu;aMM 2 x 2. ,lJ,aJiee 

MhI MMeeM 

( 0 1)
2 

0 0 = o, 
II03TOMY MO)KHO BOCIIOJih30BaThC51 <PopMyJIOH 6MHOMa: 

((~ ~) + (~ ~)) n 

(). 0) n + (). 0) n-l (0 1) 
o>. no>. 00' 

T. K. Bee OCTaJihHhie 'IJI€HhI B 6HHOMHaJihHOM pa3JIO)K€HHH paBHhl 

Hymo. CJie,n;oBaTeJihHO, 

(~ ~) n 

Ilo3TOMY eCJIH 

TO 

CJiyqaii 3. KoMrrJieKCHbie KOpHH. IlycTh, HaKoHeu;, 

F = Bes-1 

' 
-y) 

x 

r,n;e en Bhl'IHCJI51€TC51 O,Il;HHM H3 ,Il;BYX M€TO,II;OB, H3JIO)K€HHhIX B KOHIJ;e 

rraparpa<l>a 2.1. 
lfraK, BhI'IMCJIMB co6cTBeHHhie 3Ha'IeHMH MaTpMIJ;hI F M Hali,n;H 

MaTpHu;y B 3aMeHhI 6a3Mca, MhI rroJiyqaeM rrpocTo:H: MeTo,n; BhI'IHC­

JieHH51 CTerreHeH MaTpHIJ;hl F' KOTOphIH rrpHM€HlIM BO BCex CJiy'IaHX 
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(pa3Hbie Bern;eCTBeHHbie co6CTBeHHbie 3HaqemuI, ,n;Ba o.n;irnaKOBbIX Be­

rn;ecTBeHHblX IIJIII ,n;Ba KOMIIJieKCHO-COIIpH)KeHHbIX co6cTBeHHbIX 3Ha­

qeHIIH). 

Ha caMOM ,n;eJie ,Il;JIH ,n;Byx rrocJie,n;HIIX cJiyqaeB y Hae HeT Heo6xo­

,Il;IIMOCTII BhiqIICJIHTh B: ecJIII co6cTBeHHhie 3HaqeHIIH Bern;ecTBeHHhI II 

paBHhI, TO MaTpil:u;a N = (F - .X.Il) y,n;oBJieTBOpHeT ycJIOBIIIO N 2 = 0, 
CJie,n;oBaTeJibHO, IICIIOJib3YH cPOPMYJIY 6I1HOMa, IIOJiyqaeM 

I Fn = (.X.Il + Nt = _x.nn + n.x.n-1 N.1 
,Il.JIH KOMIIJieKCHO-COIIpH)KeHHbIX co6CTBeHHbIX 3HaqeHIIH x ± iy 

IIMeeM paBeHCTBO 

F - xll = yH, r.n;e H 2 = -Il. 

CJie,n;oBaTeJihHO, 

Fn = (xll + yHt = xnll + nxn-1yH + ( ~) xn-2y2 H 2 + ... 

= (xn-(~) xn-2y2 + .. )1 + ( (7) xn-ly-(~) xn-3y3+·. )H. 

2.3. IIpo:u;eccbI MapKoBa 

B 3TOM rraparpa¢e MhI rroKa)KeM, KaK yMHO)KeHI1e MaTpH:u; rrpI1MeHH­

eTCH B BepOHTHOCTHbIX 3a,n;aqax. IlpII 3TOM Mbl He co6I1paeMCH IIM­

caTb rro.n;po6Hoe BBe,n;eHMe B TeopMIO BepoHTHOCTeit. Mb1 rrpocTo rrpM­

se,n;eM ocHOBHhie rroJIO)KeHIIH 3TOH TeopI1I1. Ka)K,Il;OMY «co6hITMIO» A, 
B II T . .n;. CTaBIITCH B cooTBeTCTBMe «BepoHTHOCTh co6hITIIH» - Bern;e­

CTBeHHoe qMCJIO p(A), p(B) II T • .n;., TaK qTo BbIIIOJIHeHhl HeKOTOpbie 

YCJIOBMH: 

0 :S p(A) :S 1, 0 :S p(B) :S 1, 

B COOTBeTCTBMII c orrpe,n;eJieHHbIMM rrpaBI1JiaMI1: 

• BepOHTHOCTb ,Il;OCTOBepHoro co6hITIIH paBHa 1; 

• BepoHTHOCTh HeB03MO)KHOro co6hITIIH paBHa O; 
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• ecJIH co6bITHe A M02K€T rrpoH30HTH k B3aHMHo HCKJIIO'IaIOIIIHMH 

crroco6aMH Ai, ... , Ak, 'ITO MhI 3arrHChrnaeM KaK 

TO 

p(A) = p(Ai) + · · · + p(Ak)· 

B '!aCTHOCTH, ecJIH Ac o6o3Ha'!aeT «,r:t;OIIOJIHHT€JihHOe co6hITHe», 

03Ha'IaIOIIIee, 'ITO co6hITHe A He rrpoH3oll:,n;eT, TO AU Ac ,n;ocTOBepHo 

( co6bITH€ A JIH6o rrpOH30H,r:t;eT, JIH6o H€T)' ll A n Ac = 0' II03TOMY 

p(A) + p(Ac) = l. KpoMe Toro, rrpHM€H5!€TCR IIOHRTH€ «YCJIOBHOH 

B€pORTHOCTH»: 

p(BJA) - ycJioBHaR BepORTHOCTh co6bITHR B rrpH 3a.r:t;aHHOM A. 

TaKHM o6pa3oM, ecJIH co6hITHe A 3Ha'IHT, 'ITO «cero,r:t;HR H,r:t;eT ,r:t;02K,r:t;h», 

a co6hITHe B 3Ha'IHT, 'ITO «3aBTpa 6y,n;eT RCHO», TO p(BJA) ecTh Be­

poRTHOCTh Toro, 'ITO 3aBTpa 6y,n;eT RCHO, €CJIH H3B€CTHO, 'ITO cerO,IJ;HR 

H,r:t;eT ,n;o)K)J;h. Tor,n;a y Hae ecTh rrpaBHJio 

p (An B) = p(BJA)p(A), 

T. e. BepoRTHOCTh ,r:t;Byx co6bITHH A H B paBHa rrpoH3Be,r:t;eHHIO ycJioB­

HOH BepoRTHOCTH co6bITIIR B rrpH 3a,r:t;aHHOM A Ha BepoRTHOCTh co-

6hITHR A. 
B qacTHOCTH, ecJIH Ai, ... , Ak - B3aHMHO RCKJIIO'IaIOIIIHe ,n;pyr 

,n;pyra co6bITIIR, AinAj = 0, H co6hITRe B Mo2KeT rrpoII30HTH TOJihKO 

rrpn ycJIOBRH, 'ITO rrpoH30H,r:t;eT o,n;Ho R3 co6bITHH Ai, To: 

B = (B n Ai) u ... u (B n Ak)' 

Tor,n;a 

p(B) = p (B n Ai)+ ... + p (B n Ak)' 

CJI€,IJ;OBaT€JihHO, 

p(B) = p(BJAi)p(Ai) + · · · + p(BJAk)p(Ak)· 
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Terrepb paeeMOTpHM eHeTeMy, KOTOprui: MO)KeT HaxO,IJ;HTbe5I B o,n;­
HOM H3 ,n;syx eoeTOBHHii. HarrpHMep, rrpH6op BhIKJIIO'IeH mm BKJIIO­

qeH; HJIH Hrpa B 6a,n;MHHTOH: eoeT05IHHe 1 03HaqaeT enTya:u;HIO, Kor,n;a 

IlO,IJ;aeT rrepBbIH HrpoK, a B eoeT05IHHH 2 rro,n;aeT BTOpoii HrpoK. IlpH 

3TOM O,IJ;HH «Illar» eOOTBeTeTsyeT rrepexo,n;y rro,n;aqn OT O,IJ;HOro HrpoKa 

K ,n;pyroMy. TaKHM o6pa3oM, so speMB nrphI B 6a,n;MHHTOH eHeTeMa 

MO)KeT HaXO,IJ;HTbe5I B O,IJ;HOM eoeT05IHHH ( HrpoK IlOJIY'IHJI O'IKO H rrpo­

,IJ;OJI)KaeT rro,n;asaTh)' IIOTOM nponexo,n;HT nepexo,n; H3 O,IJ;HOro eoeT05I­

HH5I B ,IJ;pyroe (HrpoK rrponrpaJI O'IKO, H rro,n;aqa rrepexo,n;HT K npoTHB­

HHKY). 11TaK, rryeTh no,n;aeT rrepBhIH HrpoK, e sepoBTHOeThIO 0.8 OH 

MO)KeT BhmrpaTb O'IKO, a e sepoBTHOeThIO 0.2 MO)KeT ero rrponrpaTb. 

Kor,n;a rro,n;aeT BTopoii nrpoK, TO OH BhmrphrnaeT O'IKO e BepOBTHO­

eThIO 0.7, a rrponrphrnaeT e sepoBTHOeThIO 0.3. B peaJihHOH Hrpe ,IJ;JIB 

Ka)K,IJ;Oro HrpoKa sepoBTHOeTb BhmrpaTh O'IKO 3aBHeHT OT MHO)KeeT­

Ba <i>aKTOpOB (OT ero )KeJiaHH5I rro6e,n;HTh, OT eTerreHH ero yeTaJIOeTH, 

,n;eMopaJIH3al1HFI H T. ,n;.). MhI )Ke e,n;eJiaeM pa,n;HKaJihHOe yrrpoIIIaIO­

IIIee rrpe,n;rroJIO)KeHHe: pa3BHTHe Hrphl 3aBHeHT TOJihKO OT Toro, KTO B 

,n;aHHhIH MOMeHT rro,n;aeT, H HM OT qero ,n;pyroro. Bee rrepeqneJieHHhie 

BhIIIle sep05ITHOeTH MO)KHO opraHH30BaTb B MaTPHIIY 

(
0.8 0.3) 
0.2 0.7 . 

TaKHM o6pa3oM, 0.8 eeTh yeJIOBHaB Bepo.HTHOCTh eneTeMe HaxO,IJ;HTh­

eB B eOeTO.HHHH 1 nOc.J/,e lliara, eeJIH ao BhlI10JIHeHH5I lliara OHa HaxO,IJ;H­

Jiaeh TaK)Ke B eoeT05IHHH 1; 0.2 eeTb yeJIOBHaB Bep05ITHOeTh eHeTeMe 

HaxO,IJ;HTheB B eoeT05IHHH 2 rroeJie lliara, eeJIH ,n;o Hero OHa 6bIJia B 

eoeTOBHHH 1. 
Boo6IIIe, B eJiyqae ,n;neKpeTHoro speMeHH H eTal1HOHapHoii eHeTe­

MhI e ,n;syMB eoeTOBHHBMH rrpolleee MapKosa - 3TO rrpolleee, Kor,n;a 

eoeT05IHH5I MOryT H3MeH5IThe5I B ,IJ;HeKpeTHbie MOMeHThl BpeMeHH, a 

sepOBTHOeTb nepexo,n;a H3 O,IJ;HOro eoeT05IHH5I B ,n;pyroe 3aBHeHT TOJlh­

KO OT eoeT05IHH5I eaMOH eHeTeMbl H He 3aBHeHT OT npolliJIOH HeTOpHH 

eHeTeMhl HOT speMeHH rrepexo,n;a Me)K,n;y eoeT05IHH5IMH. TaKHM o6pa-

30M, see orrpe,n;eJIBeTe5I TOJlhKO qeThlpbM5I «Bep05ITHOeT5IMH rrepexo­

,.a;a», KOTOpbie MoryT 6hITh opraHH30BaHhl B MaTPHIIY 
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r,n;e 

a = BepOHTHOCTb rrepexo,n;a H3 COCTOHHHH 1 B COCTOHHHe 1; 
b = BepOHTHOCTb rrepexo,n;a H3 COCTOHHHH 2 B COCTOHHHe 1; 
c = BepoHTHOCTb rrepexo,n;a H3 COCTOHHHH 1 B COCTOHHHe 2; 
d = BepOHTHOCTb rrepexo,n;a H3 COCTOHHHH 2 B COCT0.51.HHe 2. 

Ilpe,n;rroJimKHM, 'ITO Mbl He 3HaeM, B KaKOM COCTOHHHH HaXO,ll;HTCH 

CHCTeMa B ,n;aHHbIH MOMeHT BpeMeHH. 3HaeM TOJibKO, 'ITO c Bepo­

HTHOCTblO p CHCTeMa Haxo,n;HTCH B COCTOHHHH 1 H c BepOHTHOCTbIO 

q = 1 - p B cocTO.HHHH 2. TaKoe pacrrpe,n;eneHtte Bepo.aTHOCTeii Mo-

)KeT 6bITh rrpe,n;cTaBJieHo BeKTopoM v = (:) . Ilocne o,n;ttoro mara, 

cornacHo 3aKotty ,n;JI.a ycJioBHOfi Bepo.aTHOCTH, Mhl rroJirrneM 

{

Bepo.aTHOCTb 6bITb } {Bepo.HTHOCTb rrepe- } {BepoHTHOCTb} 

B COCTOHHHH 1 = xo,n;a H3 COCTO.HHHH 1 x 6bITb B 

IIOCJie O,ll;HOrO mara B COCTOHHHe 1 COCTOHHHH 1 

{

BepoHTHOCTb rrepe- } {BepoHTHOCTb} 

+ xo,n;a H3 COCTOHHHH 2 x 6bITb B = ap + bq. 
B COCTOHHHe 1 COCTOHHHH 2 

AHaJIOrH'IHO, BepoHTHOCTb HaxO,n;HTbCH B COCTOHHHH 2 IIOCJie BbIIIOJI­

HeHHH o,n;ttoro mara paBHa 

cp+dq. 

,[WyrHMH CJIOBaMH, HOBbIH B€KTOp BepOHTHOCTH paBeH 

(ap + bq) = (a b) (p) = Av. 
cp+dq c d q 

,Il,aBafiTe rrpOHJIJIIOCTpHpyeM 3TO Ha rrpHMepe Hrpbl B 6a,n;MHHTOH. 

Ilpe,n;rroJIO)KHM, MhI 3HaeM, 'ITO rrepBbIH HrpoK Ha<JttHaeT Hrpy. BeK-

TOp Vo = (~) 5IBJI5I€TCH B€KTOpOM BepOHTHOCTH B Ha'IaJie HrpbI. 

IlocJie rrepBOH rro,n;a'IH B€KTOp Bepo.HTHOCTH CTaHOBHTCH 

A (
0.8 

V1 = Vo= 0.2 
0.3) (1) - (0.8) 
0.7 0 - 0.2 . 
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ITocJie BTopoH: rro,n;a'IH OH paBeH 

v3 = Av2 = (0.8 0.3) (0. 7) = (0.65) = A3v0 0.2 0. 7 0.3 0.35 

H TaK ,n;anee. B pe3yJihTaTe n maroB rrmrnm1eTc.a MaTpHu;a An. 
l1HTYHIJ;H5I Il03BOJI.HeT c,n;eJiaTh BhIBO,LI;, 'ITO IlOCJie 60JihillOro 'IHCJia 

maroB BeKTOp Bepo.aTHOCTH npaKTH'leCKH He 6y,n;eT 3am1CeTb OT Ha­

'laJihHOrO COCTO.HHH.H, T. e. Bepo.aTHOCTh Toro, 'ITO rrepBhIH HrpoK IIO­

,n;aeT, 'IT06hI BhrnrpaTh II.HTHa,n;u;aTOe O'IKO, Bp.a,n; JIM CHJihHO 3aBHCHT 

OT Toro, KTO rro,n;aBaJI B rrepBblH pa3. 9Ta rHIIOTe3a IIO)l;TBep:>K,n;aeTC.H 

Bhl'IHCJieHHeM. ,lJ,eHCTBHTeJihHO, 

A2 = (0.8 0.3) (0.8 0.3) = (0.7 0.55) 
0.2 0.7 0.2 0.7 0.3 0.45 

A4 = (0.7 0.55)
2 

= (0.63 0.56) 
0.3 0.45 0.37 0.44 

AB = (0.63 0.56) 
2 

= (0.602 0.598) 
0.37 0.44 0.398 0.402 

A 16 = (0.602 0.598) 
2 

= (0.600006 0.599994) 
0.398 0.402 0.399994 0.400006 . 

Terreph MO:>KHO rrpe,n;rroJIO:>KHTh, 'ITO 

lim An = (0.6 0.6) 
n->oo 0.4 0.4 · 

B o6iu;eM cJiyqae JierKo IIOKa3aTh, 'ITO ecJIH b H c o,n;HoBpeMeHHO 

ue paBHhI 0 HJIH 1, TO limn__.00 An cyiu;ecTByeT. Ha,n;o TOJibKO HaHTH 

co6cTBeHHhie 3Ha'leHH.a H co6cTBeHHhie BeKTOpbI MaTpHIJ;hI A. Y'IH­

Tbrna.a, 'ITO a+ c = 1, b + d = 1, MO:>KHO HaIIHCaTb 

A= (1- c b ) . 
c l-b 
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TaK KaK Tr A = 2 - (b + e) n Det A = 1 - b - e +be - be = 1 - ( b + e), 

xapaKTepHCTWieCKOe ypaBHeHHe HMeeT BH,IJ; 

..\
2 

- f2 - (b + e))..\ + 1 - (b + e) = 0, 

HJIIl 

(..\ - 1)(..\ - (1 - b - e)) = 0. 

lfa 3Toro ypaBHeHHH IIOJiyqaeM co6CTB€HHbie 3HaqeHMH ..\1 = 1, ..\2 = 
1 - (b + c). 3aMeTMM, qTQ l..X2I :::; 1, r.n;e paBeHCTBO BbIIIOJIHHeTCH 

TOJibKO eCJIIl b = e = 0 HJIIl b = e = 1. 
Co6cTBeHHhie BeKTOpbI nerKo rroJiyqaroTCH ns paccMOTpemrn MaT­

pm:J;hI 

A_ ..\ill= (1- e b ) _ (1 0) = (-e b). 
e 1 - b 0 1 e -b 

5!.n;po 3TOM CMHrynHpHOM MaTpllIJ;bI rrporropIJ;HOHaJibHO co6CTB€HHOMY 

BeKTopy, cooTBeTCTByIOIIJ;eMy ..\1 = 1. HopMnpyeM 3TOT BeKTop TaK, 

qT06b1 ero KOMIIOHeHThI B cyMMe ,n;aBaJIM 1. B pe3yJihTaTe rronyqaeM 

06pas A - ..\1lI nporropIJ;MOHaJieH co6cTBeHHOMY BeKTopy, cooTBeT­

CTBYIOIIJ;eMy ..\2' KOTOpbIM y.n;o6Ho BbI6paTb B BH,n;e V2 = ( -i) . 
OrrepaIJ;MH A MO)KeT 6bITh HarnH,n;Ho rrpe,n;cTaBJieHa qepe3 3TH 

co6CTB€HHbie 3HaqeHHH H co6CTB€HHbie BeKTOpbr. IlpoBe,n;eM 0Tpe30K 

rrpHMoit, coe,n;HHHIOIIJ;Mit TOqKM ( ~) H ( ~) . Tor.n;a KOHeIJ; BeKTopa 

V1 Jl€)KHT Ha HeM. J1106oit B€KTOp, KOHeIJ; KOToporo Jie)KHT Ha 3TOM 

0Tpe3Ke, MO)K€T 6hITb 3aIIHCaH B BH,n;e v = V1 +a (-i). yqHThIBaH, 

qTo Av1 = v1 n A (-i) = ..\2 (-i), rronyqaeM (pnc. 2.2) 

Av = v1 + a..\2 ( -i) , 
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G) (~) 

(~) 

PHc. 2.2 

HJIH ,LI,ml IlpOH3BOJibHOH CTeneHH n 

lb Toro, 'ITO i>-2 I < 1, O'leBH,ll,HO, CJie,eyeT, 'ITO, neaaBUCU.MO om 

mo20, 'IW'ICU.M 6'btA na"taA'btt'btil Be'/Cmop v, limAnv = v1. 
Bb1pa3HM MaTpHny A HBHhIM o6p83oM qepe3 ,LI,HaroHanhHyro. ,l.I,.rrH 

3TOro 3arrmneM A = BAB-1, r,LI,e 

B _ (b/(b + c) -1) 
- c/(b+c) 1 ' 

B-1 _ ( 1 1 ) 
- -c/(b + c) b/(b + c) ' 

Y 'IHTbIBa.H, 'ITO 

IIOJIY'IHM 

lim An= (b/(b + c) 
n--+oo c/(b + c) 

_ (b/(b + c) 
- c/(b + c) 

-11) (o1 o) ( 1 1 ) 
0 -c/(b + c) b/(b + c) 

-i)(~ ~)=b~c(~ ~)· 
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TaKRM o6pa3oM, ecJIR v = ( :) rrp11 p + q = 1, TO 

lim An (p) = (b/(b + c)) . 
n-+oo q c/(b + c) 

llTaK, ecJIR A - cToxacT11qecKa.H MaTpmi;a 2 x 2, T. e. A = ( ~ ~) 
c ycJIOBReM a 2::: 0, b ;::: 0, c ;::: 0, d ;::: 0, a+ c = 1, b + d = 1, TO ee 

co6CTBeHHbie 3HaqeHRH paBHbl 1 R 1 - (b + c), a COOTBeTCTByIOrn;Re 

C06CTBeHHbie BeKTOpbl 3a,ll;aIOTCH CTOJI6IJ;aMR (~j~~: ~o R (-~) 
COOTBeTCTBeHHO. EcJIR BCe BXO.IJ;Hrn;Re B MaTpRu;y rrapaMeTpbI CTporo 

IIOJIO)KRTeJibHhI, TO IIOBTOpHoe .ri;eiicTBRe A 3aCTaBJIHeT CRCTeMy CTpe-

MRTbCH K rrpe.ri;eJibHOMY COCTOHHRIO ( ~j ~: : ~ j) . Ilepexo.ri; OT COCTOH­

HRH B .ri;aHHbIH MOMeHT K 3TOMY rrpe.ri;eJibHOMY COCTOHHRIO ocyrn;ecTB­

JIHeTCH yMHO)KeHReM Ha .X2 rrpR Ka)K.IJ;OM mare. BepHeMcH K 11rpe B 

6a,n;MRHTOH. B 3TOM cJiyqae MaTp11u;a A = (~:~ ~:~), .X2 = 0.5 R 

rrpe.ri;eJibHOe COCTOHHRe (~:~). 9To 3Haq11T, qTo IIOCJie p03birpbillia 

6oJibmoro q11cJia oqKoB rrepBhiii 11rpoK RMeJI 60% rro.z:i;aq. 

IlycTh Terrepb MaTp11u;a A = ( ~ ~) - cToxacT11qecKa.H 11 He 

y.ri;oBJieTBOpHeT ycJIOBRHM cTporoi:t rroJIO)KRTeJibHOCTR. QqeBR.IJ;HO, 

qTo 

An= { Il, ecJIR n - qeTHoe q11cJio, 

A, ecJIR n - HeqeTHoe q11cJio. 

CMhICJI MaTpRIJ;hI A oqeBR.IJ;eH. 0Ha rrpe.ri;cTaBJIHeT 6e3ycJIOBHhiii ne­

pexo.ri; B .ri;pyroe cocTOHHRe. B 3TOM cJiyqae HeT rrpe.ri;eJia An rrp11 

n --t 00. (0.ri;HaKO, B HeKOTOpOM «ycpe.ri;HeHHOM» CMbICJie Mbl O)KR­

.ri;aeM, qTo CRCTeMa rrpOBO.IJ;RT B Ka)K.IJ;OM COCTOHHRR IIOJIOBRHY Bpe­

MeHR.) 

HecJIO)KHO c.ri;eJiaTh o6o6rn;eHRe Ha cJiyqai:t rrpou;eccoB MapKoBa 

.IJ;JIH CRCTeM c 60JiblliRM q11CJIOM COCTOHHRH. Ilpou;ecCbl c TpeMH co­

CTO.HHRHMR OIIRCbIBaIOTCH MaTpRu;aMR 3 x 3 R T • .ri;. IlapaMeTpbI Ka)K­

.ri;oro CTOJI6u;a .IJ;OJI)KHbl 6bITb HeOTpRu;aTeJibHbIMR R B cyMMe .ri;aIOT 1. 
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TaKoBa, HarrpHMep, eToxacTHqeeKrui MaTpHu;a 3 x 3 

(

0.5 0 0.1) 
A= 0.3 0.6 O . 

0.2 0.4 0.9 

c HeKOTOphIMH rrorrpaBKaMH eoxpamnoTe51 Ba)l(Hble eBolieTBa MaTpHu; 

2 x 2. HarrpHMep, MaTpHu;a 

(~:~ ~:~ ~ ~) 
0 0 0 1 
0 0 1 0 

rrpe,u;eTaBJrneT eHeTeMy, B KOTopoli HeB03MO)l(Hhl rrepexo,u;hl H3 rrep­

BhIX ,ll;BYX eoeTOS:IHHH B ,u;Ba rroeJie)l;HHe H Hao6opoT. BeKTOp sepOS:IT­

HOeTH, orpaHHqeHHhlH rrepBhlMH ,ll;BYMS:I eoeT051HH51MH, HMeeT rrpe,u;eJI. 

BeKTOp, orpaHHqeHHhIH ,ll;BYMS:I rroeJie,u;HHMH eoeT051HH51MH ( T. e. rrep­

Bhre ,u;Be KOMIIOHeThl paBHhl 0) rrpe,u;eJia rrpH n -+ 00 He HMeeT, H 

ero BeJIHqHHa 3aBHeHT OT qeTHOeTH n. HeTpy,u;Ho IIOH51Th, KaK Bee 

3TO 6y,u;eT 3ByqaTh Ha 513hIKe MaTpHqHhIX 3JieMeHTOB MaTpHIJ;hI A. 3a 

HeKmoqeHHeM 3THX eJiyqaeB n-MepHru! MaTpHu;a ,u;aeT TO )Ke eaMoe, 

qTo H ,u;ByMepHrui. MaTpHu;a HMeeT eo6eTBeHHoe 3HaqeHHe, pasHoe 

1, eOOTBeTeTBYIOIIJ;HH eo6eTBeHHhlH BeKTOp orrpe,u;eJIS:leT rrpe,u;eJihHOe 

eoeTOS:IHHe. Bee ,u;pyrHe eo6eTBeHHhre 3HaqeHH51 MeHhrne e,u;HHHIJ;hI, H 

limn_.00 An 51BJI51eTe51 eHHryJI51pHoli MaTpHu;eli, rrpeo6pa3y10ru;eli mo-

6oii: BeKTOp BepOS:ITHOeTH B eo6eTBeHHhlH BeKTOp, eOOTBeTeTBYIOIIJ;HH 

.X = 1. 

Pe3IOMe 

A. KompopMHhie MaTpHIJ;hI 
8hl ll03HaKOMHJIHeh B 3TOH rJiaBe e orrpe,u;eJieHHeM KOHcPoPMHOH MaT­

PHIJ;hl H e reoMeTpHqeeKOH HHTeprrpeTau;Heii: rrpeo6pa30BaHH51, KOTO­

poe oHa rrpe,u;eTasm1eT. 

Bhl ,u;oJI)l(HhI yMeTh yeTaHOBHTh H rrpHMeHS:ITh H30Mop<l>H3M Me)K-

11..Y KOH<l>opMHhlMH MaTpHu;aMH H KOMIIJieKeHhlMH qHeJiaMH. 
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B. Co6cTBeHHhie 3HaqeHHR H co6cTBeHHhie BeKTOphI 
Bbl )l;OJDKHhl yMeTb mi:caTb xapaKTepHCTH'lecKoe ypaBHeHHe MaTpH-

11,hl 2 x 2 H HCIIOJib30BaTb ero )l;JIH orrpe,ri;eJieHHH co6cTBeHHblX 3Ha­

'!eHHH MaTpHIJ,bl; yMeTb IIOJiy'laTb COOCTBeHHhle BeKTOpbl, COOTBeT­

CTBYIOIIJ,He BeIIJ,eCTBeHHhlM co6C'rBeHHblM 3Ha'leHHHM MaTpHIJ,bl 2 x 2, 
yMeTb orrHCbIBaTb .n;elicTBHe MaTpHIJ,bl Ha H3b1Ke co6cTBeHHhlX 3Ha'!e­

HHH H co6cTBeHHhIX BeKTOpoB. 

C. Ilo,a;o6ue MaTpH:u; 
,Ll,nH ,ri;aHHOH MaTpHIJ,bl A (2 x 2) Bbl ,IJ;OJI)KHbl yMeTb rrocTpOHTb TaKyIO 

MaTpHu,y B, 'ITO A = BCB-1, r,ri;e C ,ri;HaroHaJibHa, eCJIH A HMeeT 

pa3Hhie BeIIJ,eCTBeHHble co6CTBeHHble 3Ha'leH1rn; c KOH<i:>OpMHa, ecJIH 

A HMeeT KOMIIJieKcHo-corrpH)KeHHble co6cTBeHHh1e 3Ha'leHHH H C = 

( ~ ~) , ecJIH A HMeeT ,ri;Ba paBHblX co6cTBeHHhIX 3Ha'leHHH, Ho rrpH 

3TOM A =/= >.Il. B Ka:iK,ll;OM cnyqae BhI ,ri;OJI)KHbI ,ri;aTb reoMeTpHqecKyIO 

HHTeprrpeTaIJ,HIO cToJI6IJ,oB MaTpHIJ,hl B. 

D. Ilpo.qecchI MapKoBa 
BhI ,ll;OJI)KHhl yMeTb ttarrHcaTb MaTpHu,y n x n, rrpe,ri;cTaBJIHIOIII,yIO 

rrpoIJ,ecc MapKOBa )l;JIH n cocTOSIHHH. 

,Ll,JIH MaTpHIJ;bl A (2 x 2), rrpe,ri;cTaBJIHIOIIJ,eli npoIJ,ecc MapKoBa, Bbl 

)l;OJI)KHbl yMeTh CBH3bIBaTh co6cTBeHHhie 3Ha'leHHH H co6CTBeHHbie 

BeKTOpbl c IIOBe,ri;eHHeM BepOHTHOCTeH ,ll;BYX COCTOHHHH. 

2.1. PaccMoTpHM ,n;Be KoH<i>opMHbie MaTpHI1,hl 

(a) HanHmHTe KOMIIJieKCHhle 'IHCJia z 1 H z2, cooTBeTCTByroru;He 3THM 

MaTpHu;aM. 

(b) Bhlpa3HTe MaTpHI1,hl F1 H F2 B BH,n;e npoH3Be,n;eHHH 'IHCJia Ha 

e,n;HHH'IHYIO MaTpHey H Ha MaTpHey IIOBOpOTa. lfcIIOJib3YH TO)l{­

,n;ecTBO eiO = cos 8 + i sin 8' 3aIIHillHTe z1 H Z2 B IIOJUipHbIX KOOp­

,n;HHaTaX z = reiO. 
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(c) Bb1qHcJIHTe F1-
1, noTOM BhlqHCJIHTe z11, ,IJ;OMH02Ka.a qHcJIHTeJib 

n 3HaMeHaTeJib Ha conp.a2KeHHOe qncJio a - bi. CpaBHHTe noJiy­

qeHHbie pe3yJibTaTbl. 

(d) Bb1qHcJIHTe F1F2 H F2F1. IloTOM BhlqHcJIHTe z1z2 H cpaBHHTe 

pe3yJihTaThl. 

2.2. IlpoBephTe TeopeMy MyaBpa Ha npHMepe ,IJ;Byx KOHcPOPMHhlx MaTpHn; 

F1 H F2 H3 nepBoro ynpa2KHeHn.a, T. e. Bb1qHcJIHTe Ff H F~. 

2 3 ( ) II R ( 
0.8 -0.6) 

• . a OKa2KHTe, qTo MaTpHn;a = 0.6 0.8 npe,IJ;CTaBJIHeT no-

2.4. 

BOpOT npoTHB qacoBo:lt cTpeJIKH npH6JIH3HTeJihHO Ha 37°. Bhl-

qHCJIHTe R-1. 

(b) MaTpnn;a S = (~ i) npe,IJ;CTaBJIHeT C,IJ;BHr B,IJ;OJih OCH x. Bhl­

qHCJIHTe 3-l H ,IJ;a:ltTe reoMeTpHqecKyIO HHTepnpeTan;HIO pe3yJib­

TaTa. 

( c) BhlqHcJIHTe A = RS R-1 n ,IJ;aliTe reoMeTpHqecKyIO HHTep­

npeTan;HIO pe3yJihTaTa. To 2Ke caMoe c,IJ;eJiaitTe ,JJ.JI.a A-1, B = 
Rs- 1 R-1 H s-1 . 

MaTpHey F = ( =~ 18) 8 npnBe,IJ;HTe K ,IJ;HarOHaJibHOMY BH,IJ;Y co-

rJiaCHO npon;e,IJ;Ype: 

(a) HanHmHTe xapaKTepHCTHqecKHli noJIHHOM P(>-.), npnpaBH.aliTe 

ero K HYJIIO H Haii:,IJ;HTe co6cTBeHHhle 3HaqeHH.a MaTpHn;hl F. 
(OTBeT: >-.1 = 2, >-.2 = -1.) 

(b) IlpoBepbTe, qTQ B COOTBeTCTBHH C TeOpeMOH raMHJibTOHa-K:::WH 

P(F) = 0. 

( c) ,Il;JI.a Ka)K,ll;oro co6cTBeHHoro 3HaqeHH.a noJiyqHTe co6cTBeHHbie 

BeKTOpbI. IlycTh ,JJ.JIH Ka)K,IJ;oro co6cTBeHHOro BeKTopa y = 1. 

( d) IlocTpOitTe MaTpHn;hl B H s-1 TaK, qT06hl F = BAB-1. 

2.5. MaTpHey JiopeHIJ,eBa npeo6pa3oBaHH.a L2 = (~J! ~j!) npHBe,IJ;HTe 

K ,IJ;HaroHaJihHOMY BH,IJ;Y, 3anHcaB ee KaK £ 2 = BAB- 1
, r,IJ;e B ecTb 

MaTpHn;a Bparu;eHH.a, a A ,IJ;HaroHaJibHa. ,Il;aitTe reoMeTpHqecKy10 HH­

TepnpeTan;HIO pe3yJihTaTa. 

2.6. IloJiyqJl:Te TaKyro o6paTHMYIO MaTpHey B H TaKyro ,IJ;HaroHaJibHYIO 

MaTpHey D, qTo6h1 BhlilOJIH.aJioch paBeHcTBO 

B ( _i -~) s-1 = D. 
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2.7. MaTpnu;a F = ( =~ ~) HMeeT paBHhie co6cTBeHHhie 3Ha'leHHH. 

IlpHBe,n;HTe ee K ,n;narOHaJihHOMY BH,n;y, CJie,n;ysi: rrpou;e,n;ype: 

(a) HarrnmnTe xapaKTepHCTH'leCKHii rroJIHHOM P(>..) H Haii,n;nTe co6-
CTBeHHb1e 3Ha'leHHH; 

(b) rrony'IHTe co6cTBeHHhiii BeKTop MaTpHD;hI F B <f>opMe ( ~1) ; 
(c) rrocTpoiiTe MaTpnu;y G = F - >..IT. IloKaJKHTe, 'ITO H3 TeopeMbI 

raMHJibTOHa-KaJIH CJie,n;yeT ypaBHeHHe G2 = 0. IloJiy'IHTe MPO 
H o6pa3 MaTPHllhl G; 

( d) rrony'IHTe BeKTop ( ~2) , TaKoii, 'ITO G ( x1
2
) = ( x1

1
) . IIocTpoii­

Te MaTpHD;bl B H B-1 TaK, 'IT06hI BblilOJIHHJIOCb paBeHCTBO 

F=B(~ l)B-1
. 

2.8. ,lJ;narOHaJIH3YHTe MaTpHu;y 

F = ( 3/5 
-4/5 

1/5) 
7/5 , 

HMeroiu;yro paBHhie co6cTBeHHbie 3Ha'leHHH. IIony'IHTe o6pa3 H M­
po MaTpHD;hI G = F - >..IT, ,n;aiiTe reoMeTpnqecKyro HHTeprrpeTau;nro 
rrpeo6pa30BaHHHF. 

2.9. IlycTh A ecTh MaTpn11a c co6cTBeHHhIMH 3Ha'leHHHMH >..1 > >..2 > 0. 

(a) ,lJ;HaroHaJIH3YH MaTpHu;y A, orrmrrHTe rrpou;e,n;ypy BhI'IHCJie­
HHH MaTpHllhI Gn = >..1n An. IloKa)KHTe, 'ITO MaTpn11a F = 
limn._00 Gn CHHrynsi:pHa. 

(b) IIpo,n;enaiiTe aTy rrpo11e,n;ypy ,n;nsi: MaTpHllhl A= ( ~ -~), BhI­

'IHCJIHH HBHO MaTpHllhI Gn HF. Haii,n;HTe co6cTBeHHhle 3Ha'leHHH 
H co6cTBeHHhie BeKTOph1 MaTPHllhI A, si:,n;po H o6pa3 rrpeo6pa3o­
BaHHH F H CBH)KHTe Hx c co6cTBeHHhlMH BeKTopaMH MaTpHllhl A. 

2.10. ,LJ;nsi: nro6oii MaTPHllhl A cne,n; (Tr A) orrpe,n;ensi:eTcH KaK cyMMa MaT­
PH'IHhIX aneMeHTOB, CTOHlllHX Ha rnaBHoi!: ,n;HaroHaJIH. TaKHM o6pa-

30M, ecJIH A = ( ~ ~), To Tr A = a + d. 

(a) ,lJ;oKa)KHTe, 'ITO ,n;nsi: ,n;Byx MaTPHII A H B (2 x 2) Tr (AB) = 
Tr (BA), ,n;a*e ecJIH A H B He KOMMYTHPYIOT ,n;pyr c ,n;pyroM. 
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(b) ,ll,oKa)l{HTe, 'ITO Tr A paseH cyMMe co6cTBeHHhIX 3Ha'leHHit MaT­

pmi;h1 A. ,ll,oKa,)l{HTe, 'ITO ecJIH A= SBs-1 , To Tr A= Tr B. 

(c) licrroJih3Y.H pe3yJihTaT rryHKTa (a), ,l:i;OKa,)l{HTe, 'ITO 

Tr (ABC)= Tr (BCA) =Tr (CAB). 

2 .11. MaTpmzy F = ( ~ = ~) , HMerouzyro KOMIIJieKcHo-corrpa)l{eHHhie co6-

CTBeHHhle 3Ha'!eHH.H, 3arrHmHTe B <PopMe F = BC B-1, cJie,lJ;Y.H rrpo­

ii;e,lJ;Ype, OIIHCaHHOit HmI<e. 

(a) Hail:)J;HTe co6cTBeHHhie 3Ha'!eHH.H MaTpHIJ;hI F. 

(b) IlocTpOil:Te KOHcPOPMHYIO MaTpHey c' HMeIODzyIO Te )Ke co6-

CTBeHHhie 3Ha'leHHa, 'ITO HF. 

( c) IlocTpoH:Te MaTpHey B B BH)J;e ( ~ ~) . 

2.12. IlycTb A= ( i -~). IlocTpoil:Te TaKyro KOHcPOPMHYIO MaTpHey C 

H TaKyIO MaTpHey C,l:i;BHra s, 'ITOObl A= scs- 1• 

2.13. IlycTb F = (~ ~) - MaTpHii;a c pa3JIH'IHhIMH seIIJ;eCTBeHHhIMH 

co6CTBeHHhIMH 3Ha'leHH.HMH A1 H -A2, H rrycTh 

(a) IloKa)l{HTe, 'ITO H = F - xll y)J;oBJieTsopaeT ypastteHHIO 

H2 = y2Il. 

(b) IloKa)l{HTe, 'ITO MaTpHii;a s = ( ~ ; ) HMeeT Te )Ke co6cTBeH­

Hbie 3Ha'!eHH.H, 'ITO H F. 

(c) IlocTpoil:Te MaTpHey B, y KoTopoit rrepBbIH CTOJI6eii; (~). IlpH 

H = B (oy Yo) B-1 H 3TOM )J;OJl)l{Hbl BbIIIOJIH.HTbC.H YCJIOBH.H 

F = B (: ;) B-1. 

(d) IlocTpoH:Te TaKyro MaTpHey R, '!To6bl BhIIIOJIH.HJIOCh paseHCTBO 
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,ll;oKa:>KHTe, qTo BR ( ~) H BR ( ~) .HBJI.HIOTC.H co6cTBeHHhIMH 

BeKTopaMH MaTpHllbl F. 

2.14. IlycTh F eCTh MaTpH11a 2 x 2 c pa3JIHqHhIMH Be111ecTBeHHhIMH co6-

CTBeHHhIMH 3HaqeHH.HMH >.1 H >.2 . Orrpe,n;eJIHM 

,ll;oKa:>KHTe cJie,n;y10111He CBOHCTBa P1 H P2: 

(a) P1 H P2 .HBJI.HIOTC.H rrpoeKllH.HMH: P'f = P1, P? = P2; 

(b) P1P2 = P2P1 = O; 
(c) F = >.1P1 + >.2P2; 
(d) Fn = >.f P1 + >.~P2. 

( e) BbiqHCJIHTe P1 H P2 )l;JI.H cJiyqa» F = ( _ ~ _ ~) . BocrroJih30-

BaBmHch 3THM pe3yJihTaToM, BhlqHCJIHTe F 7 . 

2.15. IlycTh F - MaTpH11a 2 x 2, xapaKTepHcTHqecKoe ypaBHeHHe KOTopott 

HMeeT KOpHH >. = x ± iy. Mm1rno rreperrHCaTb 3TO B IIOJI.HpHbIX KOOp­

,ll;HHaTa:x x ± iy = re±iO, r,n;e r = J(x2 + y2) H e±iO =cos()± isinO. 
EcJIH F - Kott<l>opMHa.H MaTpH11a, TO oHa rroBopaquBaeT IIJIOCKOCTh 

Ha yroJI () H o,n;ttopo,n;Ho pacT.HrHBaeT ee c Koa<l><l>HI1HeHTOM r. B aToii 

3a,n;aqe tteT tteo6xo,n;HMOCTH Tpe6oBaTh KOHcPOPMHOCTh MaTpHllhI F. 

(a) IloKa)KHTe, qTo MaTpH11a Fn rrporrop11uoHaJibHa e,n;HHHqHoii 

MaTpu11e ,ll;JI.H 11eJihIX qHceJI n Tor,n;a H TOJihKO Tor,n;a, Kor,n;a 

nO = m7r ,ll;JI.H 11eJioro qucJia m. B 3TOM cJiyqae 

(Ilo,n;cKa3Ka: F = BCB- 1 , r,n;e C - Kottcl>opMHa.H MaTpH11a.) 

(b) 3arrnmuTe MaTPHIIY F = (-~ -~) B BH,n;e BCB- 1
. Ha:tt,n;u­

Te Ha:HMeHhmee qHcJio n, ,n;JI.H KOTOporo Fn rrporrop11HOHaJibHa 

e,n;HHHqHOH MaTpH11e. IlpoBepbTe OTBeT rrp.HMbIM BhlqHcJieHHeM. 

( C) IloKa)KHTe, qTO 3TOT OTBeT COOTBeTCTByeT TeopeMe raMHJibTO­

Ha-KaJIH. 

( d) IloJiyquTe «KBa,n;paTHhIH KopeHh» MaTpHllhI G = ( -; - ~~) , 
T. e. ttaii,n;HTe TaKy10 MaTPHIIY A, qTo6hl BhIIIOJIH.HJIOCh ycJIOBHe 
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A2 = G. HaIIOMHHaeM ¢opMyJihI: 

() 1 
cos2 

2 = 2(1 +cos()), sin2 ~ = ~(1- cosO). 
2 2 
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2.16. KoMII03HTop-Mo,n;epHHCT AJie A. TopH3 co3,n;aeT MY3hlKaJihHhle rrpo­

H3Be,n;eHH.H H3 ,n;Byx HOT, cJie.n;y.a TeopHH rrpou;eccoB MapKoBa. 

1. Ecmr (n - 1)-.a HOTa eCTh <I>a, Tor.n;a Bepo.HTHOCTh Pn Toro, 'ITO n-.a 
HOTa To:lKe <I>a, 6y,n;eT paBHa 3/ 4, a BepO.HTHOCTb qn Toro, 'ITO n-.H 
HOTa CoJih, paBHa 1/ 4. 

2. EcJIH (n - 1)-.a HOTa eCTh CoJih, TO Bepo.HTHOCTh Pn Toro, 'ITO n-.a 
HOTa <I>a, paBHa 1/2, a Bepo.HTHOCTh qn Toro, 'ITO n-.H HOTa CoJih, 

T02Ke paBHa 1/2. 

(a) IIocTpo:lhe MaTpmzy A (2 x 2), KOTOpa.H rrpeo6pa3yeT Bepo.HTHO-

CTH (Pn-l) B BepO.HTHOCTH (Pn). 
qn-1 qn 

(b) .ll:orrycTHM, 'ITO nepBa.H HOTa eCTb <I>a. c IlOMOID;bIO MaTpHIJ;bI 
A Haii,n;HTe, qeMy paBHa Bepo.HTHOCTh TpeTbeii HOTe T02Ke 6hITh 
<l>a. 

( c) IloJiy'IHTe co6CTBeHHhle 3Ha'IeHH.H H COOTBeTCTByrom;He co6-
CTBeHHbie BeKTOphl MaTpHIJ;b! A. 

(d) ,z:i:orrycTHM, 'ITO rrepBa.H HOTa eCTb <I>a. 9To 3Ha'IHT, 'ITO 

(~:) G). 
IloKa2KHTe Ha ,n;HarpaMMe IIOCJief);OBaTeJibHOCTb BeKTOpOB 

H IIOJIY'IHTe npe,n;eJI :3TOii IIOCJief);OBaTeJibHOCTH, HHTeprrpeTHPY.H 
ero qepe3 co6cTBeHHhle 3Ha'IeHH.H MaTpHIJ;hI A. 

2.17. 0,n;HH CTy,n;eHT, ycrremHO H3y'IaBmHii TeOpHIO BepO.HTHOCTeii H YBJie­

KaBIDHHC.H cPYT60JIOM, npHf];YMaJI Hrpy co CJief];YIOID;HMH rrpaBHJiaMH. 

1. EcJIH B ( n - 1 )-ii p8.3 HeKOTOphl:l\ HrpoK ,n;aJI nae .n;pyroMy HrpoKy, TO 

B n-:l\ p8.3 OH ,n;eJiaeT nae c BepO.HTHOCTbIO Pn = 1/6 H Be,n;eT M.H'I CaM 

c BepO.HTHOCTbIO qn = 5/6. 

3HerrepeBOAHMruI Hrpa cJioB: aleatory - cJiyqail:HbIH. - llpUM. peiJ. 
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2. Ecmi: B (n-1)-ii: pa3 HrpoK IIOBeJI M51q caM, TO Bep051THOCTh IIaca Ha 

n-M xo.zzy paBHa Pn = 2 /3, a BepoHTHOCTh caMOCTOHTeJihHOro IIpoxo.n;a 

paBHa Qn = 1/3. 

(a) IIocTpoii:Te MaTpHey A, KOTopaH IIpeo6pa3yeT BepoHTHOCTH 

(Pn-l) B BepOHTHOCTH (Pn). 
~-1 ~ 

(b) ,ll,JIH MaTpH~ A Haii:,n;HTe co6cTBeHHhle 3Haqemrn H COOTBeT­

CTByrom;He HM co6CTBeHHhle BeKTOphI. IloKa:lKHTe Ha ,n;HarpaMMe, 

KaK A .n;eiicTByeT Ha co6CTBeHHhle BeKTOphI. 

( c) HHKTO He 3HaeT, qTO KaIIHTaH c,n;eJiaeT, IIOJiyqHB M5[q B IIepBhIH 

pa3. 0,n;HaKo, BH,n;eo3aIIHCh Hrphl IIOKa3aJia, qTo IIpH BTOpOM 

xo.n;e B IIOJIOBHHe CJiyqaeB OH OT,D;aBaJI IIac, a B .n;pyroil: IIOJIOBHHe 

cJiyqaeB BeJI MHq caM. KaKOBhI BepoaTHOCTH (:~) ,D;JI.H IIepBoro 

xo.n;a? 

2.18. Ilpo¢eccop KoHcTaHTHH Baii:ec MHoro JieT qHTaeT Kypc «CToxacTH­

qecKHe MeTO,ll;hI B KJiaccnqecKoii: apxeoJiorHH». BceM H3BeCTHO, qTo 

Baii:ec IIO,n;6npaeT 3K3aMeHa~HOHHhie BOilpochI, BhITaCKHBaH pa3HO­

~BeTHhle mapHKH H3 .n;peBHerpeqecKHX ypH, CTOHIIJ;HX B ero Ka6nHe­

Te, HO co,n;ep:lKaHHe ypH OH .n;ep:lKHT B ceKpeTe. 0,n;HaKo, aHaJIH3Hpya 

BOIIpOChI Bail:eca, 3a,n;aHHhle HM Ha BhIIIYCKHhIX 3K3aMeHax B TeqeHHe 

MHOrHX JieT, a BCe OHH xpaH51TC51 B 6n6JIHOTeKe JlaMOHTa, CTy,n;eHThI 

Bhl.HCHHJIH CJie.zzyrom;ee: 

1. EcJIH Ha BhIIIYCKHOM 3K3aMeHe B (N -1)-M ro.zzy IIpo¢eccop CIIpamn­

BaJI o CTaTyax, TO Ha BhIIIYCKHOM 3K3aMeHe N-ro ro,n;a Bepo.HTHOCTh 

IIOJiyqHTh BOIIpoc 0 CTaTy.Hx paBHHJiaCh 1/2, H Bepo.HTHOCTh IIOJIY­

qHTh BOIIpoc 0 KepaMHKe TO:lKe paBH.HJiaCh 1/2; 

2. EcJIH Ha BhIIIYCKHOM 3K3aMeHe B (N -1)-M ro.zzy IIpo¢eccop 3a,n;aBaJI 

BOnpoc 0 KepaMHKe, TO B N-M ro.zzy BOIIpoc 0 CTaTy.Hx Ha BhIIIYCKHOM 

3K3aMeHe MO:lKHO 6bIJIO noJiyqHTh c BepO.HTHOCThlO 1/4, a BOIIpoc 0 

KepaMHKe - c BepOHTHOCThlO 3/4. 

(a) HaIIHmHTe MaTpney M, npeo6pa3yroieyro pacIIpe,n;eJieHne Bepo-

.HTHOcTeil: BOIIpOCOB 0 CTaTy.Hx H 0 KepaMHKe (PN-l) B pac­
QN-1 

npe,n;eJieHHe BepoHTHOCTeii BOilpOCOB Ha BhIIIYCKHhIX 3K3aMeHax 

cJie.zzyrom;ero ro.n;a ( ~;) . 
(b) Ha:li,n;HTe co6cTBeHHhle 3HaqeHH.H H co6cTBeHHhie BeKTOphI MaT­

pH~I M H 3aIIHillHTe ee B ¢opMe sns-1 , r,n;e D - ,n;HarOHaJih­

Ha51 MaTpH~a. 
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(c) 3axo,1I,SI perym1pHo B KaforneT Baiieca, CTy,n;eHThI, HaKOHeII, no­

HHJIH MeTo,n; npo<l>eccopa. Y Baiieca 6b1JIO ,n;Be ypHhl, HO OH 110Jih-

30BaJIC.H HMH ,n;BIDK,lJ;bl: O,n;HH pa3 ,n;JI5! cefo1, 11pe,n;BapHTeJibHO, 

a IlOTOM e:rn;e pa3 ,Il;Jl.ff OKOHqaTeJibHOrO 3K3aMeHaJWOHHOro B0-

11poca, TaK 'ITO MaTpH11a M 11pe,n;cTaBJIHeT co6oii d6a mara Map­

KOBCKoro 11po11ecca. )J,HaroHaJIH3YH MaTpHey M, Haii,n;HTe ,n;Be 

B03MO)f{Hble MaTpHIIhI N ,n;JIH od-itozo mara npo11ecca. 

2.19. )J,)f{OH H lIJib5! HrpaIOT B MH'I, KOTOpbIH MO)f{eT 6hITb JIH6o B JIYHKe 

H, JIH6o B JiyHKe Y. ~OH npe,n;rroqHTaeT MH'i B JIYHKe H, a lIJihH -

B JIYHKe Y. )J,)f{OH 110Jiy'laeT xo,n;. EcJIH MH'l Jie)KHT B H, OH He 

,n;eJiaeT HH'iero. Ho ecJIH MH'l OKa3blBaeTCH B Y, TO OH nh1TaeTc.a 

nepeKaTHTb ero B H. cho He TaK npocTO. BepoHTHOCTb Toro, 'ITO 

)J,)f{OHY y,n;aeTC5! nepeKaTHTb MH'l, paBHa 2/3, HO c BepO.HTHOCTblO 

1/3 MH'l cKaTbIBaeTCH o6paTHO B JIYHKY Y. Kor,n;a lIJihH noJiy'laeT 

xo,n;, OH HH'lero He ,n;eJiaeT, ecJIH M.H'l Jie)KHT B JIYHKe y' ll IlblTaeTC.H 

nepeKaTHTh, ecJIH MH'l Haxo,n;HTC.H B H. lIJih.H HrpaeT xy)f{e ~oHa, 

ll BepoHTHOCTb y,n;aqH paBHa TOJibKO 1/2. 

(a) MH'l Jie)KHT B JIYHKe Y H nrpaeT ~OH. qeMy paBHa BepoHT­

HOCTh MH'IY 6h1Th B JIYffKe H nocJie 6mopo20 xo,n;a ,Ll;)KoHa? 

(b) ~OH n:rpaJI n pa3, a lIJib5! ( n-1) pa3. qeMy paBHa BepoHTHOCTb 

Toro, 'ITO nocJie n-ro xo,n;a ~oHa M.H'l OKIDKeTCH B H? 

(c) ,L1;011ycTHM, 'ITO Hrpa npo,n;oJI)KaeTCH «O'leHb ,n;oJiro». Bhl CMOT­

pHTe Ha Hrpy nocJie xo,n;a lIJihH. qeMy paBHa BepoHTHOCTh YBH­

,n;eTh MH'l B JIYHKe H? CKOJibKO Ha,n;o c,n;eJiaTh xo,n;oB, ecJIH Mhl 

XOTHM 6b1Tb yBepeHHblMH B 3TOH BeJIH'IHHe BepO.HTHOCTH c TO'l­

HOCTbIO ,Il;O 0.001? 

2.20. BaHK pa3pa6oTaJI npaBHJia, corJiacHo KOTOpbIM o'Iepe,n;h B OKHO He 

,n;OJI)f{Ha 6hITh ,n;JIHHHee ,n;Byx 'leJioBeK. EcJIH noHBJI.HeTCH TpeTHH KJIH­

eHT, TO BCe Tpoe conpOBO)K,Il;aIOTC5! B Ka6HHeT MeHe,11,)Kepa H o6cJiy)KH­

BaIOTC.H 110 BblCIIIeMy pa3pH,n;y. Ilepe,n; OKHOM HeT HHKaKOH O'Iepe,n;n:. 

BoJiee Toro, BOopy)KeHHhlH oxpaHHHK Ha Bxo,n;e B 6aHK He nponycKa­

eT 6oJiee O,Il;HOro KJIHeHTa B MHHYTY ( HMeHHO CTOJibKO BpeMeHH Tpe-

6yeTC5! ,n;JIH TID;aTeJihHOH npoBepKH KJIHeHTa). B pe3yJihTaTe ,lJ;JIHHa 

o'Iepe,n;H B OKHO onpe,n;eJIHeTCH npo11eccoM MapKoBa, onnchrnaro:rn;nM, 

'ITO npOHCXO,n;HT B Te'leHne O,Il;HOH MHHYThl. 

1. EcJin: HeT O'Iepe,n;n, TO c BepoHTHOCThIO 1/2 KJineHT noHBHTCH B Te­

'leHHe O,Il;HOH MHHYThl H c BepOHTHOCThlO 1/2 He 1105!BHTC5!. 

2. Ilepe,n; OKHOM CTOHT O,Il;HH qeJioBeK. c BepOHTHOCThlO 1/6 3TOro KJIH­

eHTa o6cJiy)KaT, H OH yii,n;eT; c BepOHTHOCTbIO 1/3 110.HBHTCH BTOpoii 

KJIHeHT ll c BepoHTHOCTblO 1/2 HH'lero He H3MeHHTC5!. 
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3. Ilepe,n; OKHOM B oqepe,n;H ,n;Ba qeJIOBeKa. c BepO.HTHOCTbIO 1/6 O,Jl;HO­
ro KJIHeHTa o6cJiy)f(aT, H OH yii,n;eT; c Bepo.HTHOCTbIO 1/6 IlO.HBHTC.H 
TpeTnii KJIHeHT, n Bee Tpoe yH,n;yT B Ka6nHeT MeHe,ll;)f(epa, H c Bepo­

.HTHOCThJO 2/3 HHqero He H3MeHHTC.H. 

(a) IlocTpoiiTe MaTpmzy M, npeo6pa3yronzy10 pacnpe,n;eJieHne Bepo-

>ITHOCTeO (E) B MOMeHT t B pacnpe)\eneuue sep0>ITHOCTeO B 

MOMeHT (t + 1). 
(b) Kor,n;a 6aHK OTKph1BaeTC.H B 9 qacoB yTpa, P1 = 1. KaKOBO 

pacnpeAeneeue sepoHTHOCTeO (E) ••pe3 T]>H MUHY™? 

( c) IloJiyqHTe co6CTBeHHhie 3Haqemrn H co6CTBeHHbie BeKTOpbl MaT­

pHI~bl M. 

( d) Kruroe 6yAeT pacnpe)\eneune BepoHTHOCTeO (~) nocne MHornx 

qacoB pa6oTbl 6aHKa? O~eHHTe, qepe3 KaKoe BpeM.H Bepo.HTHO­

CTH Pl, p2 H p3 6y,n;yT coBna,n;aTh c npe,n;eJihHhIMH 3HaqeHH.HMH c 
TOqHOCTbIO ,Jl;O 0.001. 

( e) CKoJihKO, B cpe,n;HeM, noceTHTeJieii o6cJiy)f(HBaeTc.H B TeqeHMe 
o,n;Hoii MHHYThI? CKOJihKO KJIHeHTOB npMrJiamaroTc.H B Ka6MHeT 

MeHe,ll;)f(epa? 

Mo,n;eJib 9peHQ>ecTa. IIpe,n;noJIO:>KHM, "tJ:TO y Hae eCTh ,n;Ba HID;H­

Ka H N rnapoB. IIycTh i mapoB Jie:>KaT B rrepBOM HID;HKe H N - i 
BO BTopoM. CocToHHHe CHCTeMhI orrpe,n;eJIHeTCH n,eJihIM "tJ:HCJIOM i, T. e. 

cHcTeMa HMeeT n + 1 cocTOHHHe: i = 0, i = 1, ... , i = N. B Ka:>K,Ll;hiii 

BpeMeHHOH HHTepBaJI H3 O,Ll;HOI'O 5IID;HKa BhIHHMaIOT map ( c BepoHT­

HOCThIO 1/ N) H nepeKJia,n;hrnaIOT ero B ,n;pyroii. TaKHM o6pa3oM, i 
rrpHHHMaeT 3Ha"tJ:eHHH i - 1 HJIH i + 1, B 3aBHCHMOCTH OT Toro, 6e­

PYT map H3 rrepBoro HID;HKa HJIH KJia,n;yT B Hero. BepoHTHOCTH TaKHX 

rrepexo,n;OB paBHhl iN-1 H (N - i)N-1 COOTBeTCTBeHHO. lfraK, 

·N-1 Pi-1,i = i , 

Pi+l,i = (N - i)N-1
, 

Pi,i = 0, j # i ± 1. 
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HanpHMep, ecJIH N = 4, TO MaTpmi;a 5 x 5 paBHa 

0 1/4 0 0 0 
1 0 1/2 0 0 

P= 0 3/4 0 3/4 0 
0 0 1/2 0 1 
0 0 0 1/4 0 

3aMeTHM, 'ITO p npeo6pa3yeT COCTOHHHe c qeTHblM i B COCTOHHHe c 

He'IeTHhIM i H Hao6opoT. A npeo6pa3oBaHHe P2 nepeBO,ll;HT qeTHbre 

COCTOHHHH B '!eTHbie H He'IeTHhie COCTOHHHH B He'!eTHbie, TaK KaK 

MaTpmi;a P 2 HMeeT BH,ll; 

Pi-2,i = i(i - l)N-2 , 

Pi,i = [i(N - i + 1) + (N - i)(i + l)]N-2
, 

Pi+2,i = (N - i)(N - i - l)N-2 , 

Pi,i = 0, j -:/= i - ±2, i. 

B cnyqae, Kor,n;a N = 4, cooTBeTCTBJIOIIJ;aH MaTpmi;a paBHa 

p2 = 

1/4 0 
0 5/8 

3/4 0 
0 3/8 
0 0 

1/8 0 
0 3/8 

3/4 0 
0 5/8 

1/8 0 

0 
0 

3/4 
0 

1/4 

TaK KaK P 2 ocyni;ecTBJIHeT nepeXO,ll;bl TOJibKO MeJK,n;y COCTOHHHHMH c 

O,ll;HHaKOBOH 'IeTHOCTbIO, MOJKHO paccMaTpHBaTb OT,n;eJibHO COCTOHHHH 

c 'IeTHbIMH 3Ha'IeHHHMH i = 0, 2, 4, ... H c He'IeTHbIMH i = 1, 3, 5, ... 
9To 3Ha'IHT, 'ITO H3 BbIIlHCaHHOH MaTpHIJ,bl MOJKHO BbI,ll;eJIHTb qeTHO­

qeTHbie II03HIJ,HH H He'!eTHO-He'IeTHbie B ,ll;Be OT,n;eJibHbie MaTpHII,bl 

(

1/4 1/8 0 ) 
Q = 3/4 3/4 1/4 

0 1/8 3/4 
- (5/8 3/8) 

H R- 3/8 5/8 . 

2.21. (a) A= MaTp•""' Q noKruKHTe, 'ITO G) ""'""''"" co6cTseHHhlM 

BeKTOpOM, COOTBeTCTBYIOIIJHM co6CTBeHHOMY 3Ha'leHHIO 1; ~JUI 
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MaTpH~I R IIOKa)KHTe, qTo ( ~) .HBJI.HeTc.H co6cTBeHHhIM BeKTO­

poM, COOTBeTCTBYIOI.D;HM co6CTBeHHOMY 3HaqeHHIO 1. 

(b) IloBTOpHTe npe~m;ee y11pru1rneHHe M.H CJiyqa.H N = 5. Ilo-= 7 :=:=(0·~:::~HMA~=~= 
•~• Be<=p nporrop~oH>ReH (~o) . 

( c) ,ll;oKaJKHTe B o6m;eM cJiyqae, qTo «qeTHhie» H «HeqeTHhie» co6-

CTBeHHhle BeKTOpbI M.H co6CTBeHHOro 3HaqeHH.H 1 nponop~o­

HaJibHbl BeKTopy, r,n;e aJieMeHTbl CTOJI6u;a cyTh qeTHhle H HeqeT­

Hhie 6HHOMHaJibHbie Koa<P<Pmi;HeHTbl COOTBeTCTBeHHO c qeTHbIMH 

H HeqeTHbIMH HOMepaMH. ,ll;pyrHMH CJIOBaMH, ,ll;OKaJKHTe, qTo 

(~) 
(~) 
(~) 

qeTHbie 

co6CTBeHHbie BeKTOpbI 

2.22. "lfocJia <l>H6oHaqqH. 

H 

(~) 
(~) 
(~) 

HeqeTHhle 

co6cTBeHHh1e BeKTOpb1. 

llHCJIOBa.H IIOCJie,n;oBaTeJibHOCTb 0, 1, 1, 2, 3, 5, 8, 13... Ha3bIBaeTC.H 

IIOCJie,n;oBaTeJibHOCTblO <l>H60Haqqff. 9TH qffCJia 110.HBJI.HIOTC.H IIpH 

H3yqeHHH MHOrHX HHTepeCHbIX tPH3HqecKHX H MaTeMaTHqecKHX 3a­

,n;aq, OT pocTa pacTeHHii ,n;o MexaHHKH He6eCHblX TeJI (CM. HanpHMep 

KHHry D'Arcy Thompson On Growth and Form). PeKyppeHTHa.H 

<PopMyJia M.H 3TOii IIOCJie,ll;OBaTeJibHOCTH HMeeT BH,ll; 

Xn+2 = Xn+I + Xn, Xo = 0, XI = 1. 

(a) Bb1qHCJIHTe OTHomeHHe Xn+if xn M.H n OT 1,n;o 8. llMeeT JIH aTa 

IIOCJie,n;oBaTeJibHOCTb npe,n;eJI? 

(b) Haii,n;HTe TaKyro MaTpHu;y A, qT06b1 BhlIIOJIH.HJIOCh paBeHCTBO 

(Xn+2) = A (Xn+I) . 
Xn+l Xn 
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c IIOMOIIl;blo MaTpHIJ;hl A Bhlpa3HTe ( ~=:~) qepe3 ( ~~) • 
( c) IloJiy'IHTe HBHOe Bbipa,)KeHHe .rr..rrn Xn qepe3 X1 H Xo. (IIo,rr;cKa3Ka: 

rrpHBe,rr;HTe MaTpmzy A K ,rr;HaroHaJibHOMY BH,rr;y.) 

(d) IlOKa,)KHTe, 'ITO cym;ecTByeT rrpe,rr;eJI lira Xn+i/Xn H Bbl'IHCJIHTe 
n-+oo 

ero. 

( e) llcrrOJib3YH BeJIH'IHHY 3TOro rrpe,rr;eJia, 'ITO MO:>KHO CKa3aTb 0 6ec­

KOHe'IHOii ,u;po6H 

1 
1 + --------? 

1 
1+------

1 
1+----

1 
l+--1+ ... 

(f) Cym;ecTBYIOT JIH TaKHe xo H x1, 'ITO lira Xn+i/Xn OTJIH'IaeTCH 
n-+oo 

OT 3Ha'IeHHH, IIOJiy'IeHHOro B yrrpa:>KHeHHH ( d)? 



fJiana 3 

J111HeHHble ,n;11cl>cl>epeHn;HaJibHbie 

ypaBHeHH~ Ha IlJlOCKOCTH 

OcHOBHa.H u;eJib 3TOH rJiaBhI - o6'h.HCHHTb, 'ITO CHCTeMa 

O)J,HOpO)J,HbIX ,n;m}><PepeHII,Ha.JlbHblX ypaBHeHHH c IIOCTO.HH­

HbIMH Koa<P<Pmi,HeHTaMH MO)f(eT 6bITb 3aIIHCaHa B <PopMe 

du/ d t = Au, r,n;e A - MaTpHIJ,a H u - BeKTop, H 'ITO pe­

rneHHe 3Toro ypaBHeHmI HMeeT BH,ll; eAtuo, r.rr,e uo orrpe­

,n;em1eTC.H Ha'la.JibHblMH ycJIOBH.HMlL IlpH 3TOM, KOHe'IHO, 

Ha)I,O o6'b.HCHHTb, 'ITO TaKOe 3KCIIOHeHTa, IIOKa3aTeJieM KO­

TOpoi:t .HBJI.HeTc.H MaTpHu;a. KpoMe Toro, o6cy)f{)J,aeTc.H Ka­

qecTBeHttoe IIOBe)I,eHHe perneHHH B HeO)J,HOpO)I,HOM cJiyqae, 

B TOM 'IHCJie .HBJieHHe pe30Hattca. 

06cy)f{)J,a.H TeopeMy faMHJibTOHa-KaJIH, Mbl Y*e BCTpe'Ia.JIHCb c MaT­

pH'IHblM rroJIHHOMOM. B o6III,eM cJiyqae, rrycTb Q(X) - mo6oit rroJIH­

HOM. EcJIH 

Q(X) = anXn + an-ixn-l + · · · + aiX + ao, 

TO MO)f(HO orrpe.rr,eJIHTb MaTpHey Q(F) KaK 

Q(F) = anFn + an-lpn-l + · · · + aiF + ao. 

MbI MO)f(eM rrepeMHO)f(HTb .rr,Ba rroJIHHOMa H rroJiy'IHTb TpeTHH IIOJIH­

HOM: (Q1Q2)(X) = Qi(X)Q2(X). AHa.JIOrH'IHO, )I,JI.H MaTpHII, 

(Q1Q2)(F) = Qi(F)Q2(F). 
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3,n;ecb He B03HHKaeT rrpo6JieMbl H3-3a HeKOMMyTaTHBHOCTH MaTpnq­

HOro YMHO>KeHmI, TaK KaK CTerreHH <l>HKCHpOBaHHOH MaTpHIJ;bl Bcer,n;a 

KOMMY™PYIOT ,n;pyr c ,n;pyroM B cooTBeTCTBHH c accon;HaTHBHhIM 3a-

KOH OM: 

pk pl= pk+l =pl pk, 

AHanornqHo, 

(Q1 + Qz)(F) = Q1(F) + Qz(F). 

Kopoqe roBopH, rrpH BhiqncneHHH MaTpnqHoro IIOJIHHOMa ,n;eikTBYIOT 

o6blqHhie 3aKOHhI anre6pb1. 

Mhl xoTHM rrepe:HTH K H3yqeHmo <l>YHKD;HH OT MaTpnu; 6onee 06-

ru;ero BH,n;a. c 3TOH u;eJibIO c,n;enaeM He6oJibIDOe OTKJIOHeHHe H rroro­

BOpHM 0 CTeneHHblX pH,n;ax. 

Bhipa,)KeHHe BH,n;a 

r,n;e Koa<P<l>Hu;neHThl ai, i = 0, 1, ... - Beru;ecTBeHHhie qHcna, a X -
HeKn:H CHMBOJI, Ha3hIBaeTc.H tfiopMM'b'lt'btM cmene'lt'lt'b/,.M, p.FtOOM. Cno­

)KeHne CTerreHHbIX pH,D,OB rrpoH3BO,LI,HTCH no npaBHJIY 

(ao + a1X + azX2 + · · ·) + (bo + biX + bzX2 + · · ·) 
= (ao + bo) + (a1 + bi)X + (a2 + bz)X2 + · · · , 

T. e. Mbl CKJla,LI,bIBaeM Koa<P<Pnu;neHThl rrpM O,D,HHaKOBbIX CTeneHHX 

x. ,ll,JIH yMHO)KeHHH CTerreHHbIX pH,LI,OB BOCilOJlh3yeMCH rrpaBHJIOM 

Xk xt = xk+l. Tor,n;a, co6Hpa.H qJieHbl c 0,lJ,HHaKOBblMH CTerreHHMH 

x' rronyqaeM 

(ao + aiX + azX2 + · · · )(bo + biX + bzX2 + · · ·) 
= aobo + (a1bo + aob1)X + (a2bo + aib1 + aob2)X2 + · · · . 

TaKHM o6pa3oM, HarrpnMep, 

(1 + x + x 2 + ... )(1 + x + x 2 + ... ) = 1 + 2x + 3X2 + .... 

JierKo rrpoBepHTh, qTo 06h1qHhie CBOHCTBa CJIO)KeHHH n YMHO)KeHHH 

IIOJIHHOMOB coxpaHHIOTCH H ,LI,JIH CTerreHHhlX pH,LI,OB. 
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IlycTh t - mo6oe BeIIJ;eCTBeHHOe 'IHCJIO. Ilo OITpe,n;eJieHHIO, <}>op­

Ma.JlbHbIH CTeITeHHOii p.H,ll; ,ll;JI.H exp (tX) HMeeT BH,ll; 

Tor,n;a 

exp(sX)exp(tX) = (i+sX + ; 1s
2

X
2
+· · )0+tX + ; 1t

2
X

2
+· ·) 

1 
= 1 + (s + t)X + 

2
! (s2 + 2st + t

2
)X

2 + ... , 

r,n;e K03<}><}>HIJ.HeHT ITpH xn OITpe,n;eJI.HeTC.H <}>opMyJIO:ii 

KoTopa.H, ITO <}>opMyJie 6HHoMa HhIOToHa, paBHa ITpocTo (1/n!)(s+tr. 

TaK KaK ITO oITpe,n;eJiemno 

1 1 
1 + (s + t)X + -,(s + t)2 

X
2 + 31 (s + t)

3 X 3 
+···=exp (s + t)X, 

2. . 

TO MO)J{HO c,n;eJiaTb BbIBO,ll;, 'ITO paBeHCTBO 

exp (sX) exp (tX) =exp (s + t)X (3.2) 

BblIIOJIH.HeTC.H TO)J{,ll;eCTBeHHO ,ll;Jl.H <}>opMa.JibHbIX CTeITeHHblX p.H,ll;OB. 

B OTJIH'!He OT ITOJIHHOMOB, Mbl B o6rn,eM CJiyqae He MO)J{eM Bbl'IHC­

JIHTb R(X) ,ll;JIH KaKoro-HH6y,n;h 'IHCJia r HJIH MaTpHIJ.bI F. ,LJ;e:HcTBH­

TeJibHO, eCJIH B <}>opMa.JibHblii CTeITeHHOH p51,n; 

BMeCTO CHMBOJia x ITO,lJ;CTaBHTb Bern,ecTB€HHoe 'IHCJIO r' TO ITOJIY'IHTC51 

6eCKOH€'IHa51 cyMMa 

KOTOpa51 B TaKOM BH,n;e He HMeeT CMblCJia. 0,n;HH CITOco6 ITpH,n;aTb 

TaKoii cyMMe CMbICJI CBO)l.HTC51 K o6pe38.HHIO 6eCKOH€'IHOrO p.H)l.a Ha 
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KaKoM-TO eJiaraeMoM. Mo)KeT OKa3aThe.H, qTo TaKa.H KOHeqHa.H eyMMa 

He 6y,n;eT eHJihHO 3aBHeeTh OT MeeTa o6phrna p.H,n;a, eeJIH Mhl oeTaBHM 

,n;oeTaToqHoe KOJIHqeeTBO eJiaraeMhIX. BeJI11q11Hy, 110JiyqeHHy10 KaK 

«IIpe,n;eJihHoe 3HaqeHHe» KOHeqHoii eyMMhl, o6o3Haq11M R(r). 06'h.He­

HHM 3TY 11pou;e,n;ypy 6oJiee aKKypaTHO. IlyeTh H3 6eeKOHeqHoii eyMMhl 

MhI oeTaBHJIH M eJiaraeMhIX. 06o3Haq11M RM ( r) eooTBeTeTBy10nzy10 

KOHe'IHYIO eyMMy: 

RM (r) = ao +air+ a2r2 + · · · + aMrM. 

MbI i5y,n;eM rOBOpHTh, 'ITO eTeIIeHHOit p.H,11; R(X) cxoaumCR,IJ;JI.H ,n;aHHO­

ro 'IHeJia r' eeJIH IIpH eKOJih yro,n;Ho MaJIOM IIOJIO)KHTeJihHOM c MO)KHO 

Ha:HTH ,n;oeTaToqHo 6oJihIIIOe q11eJio Mo, TaKoe, 'ITO ,Il;JI.H JI106h1x u;eJihlX 

M 11 N, OOJihIIIHX Mo, BhIIIOJIH.HeTe.H HepaBeHeTBO 

,IJPyrHMH eJioBaMH, eeJIH MhI y'ITeM ,n;oeTaTO'IHO 6oJihIIIOe 'IHeJio eJia­

raeMhIX, TO Bee 3Ha'IeHH.H RM ( r) 6y,n;yT OTJIH'IaThe.H Ha MaJioe 3Ha­

'IeH11e c. qeM 6oJihIIIe 'IJieHOB MhI Y'IHThrnaeM, TeM 6JIH)Ke KOHe'IHa.H 

eyMMa RM ( r) K 11pe,n;eJihHOMY 3Ha'IeHHIO, o6o3Ha'IaeMOMY R( r) 1 . 

To'IHO TaKoe )Ke 011pe,n;eJieH11e MO)KHO BBeeTH ,Il;JI.H MaTp11u;. ,ll,JI.H 

JII06oit MaTpHIJ;hI F KOHe'IHa.H eyMMa 

RM(F) =ao+a1F+···+aMFM 

HMeeT eMhieJI. Pa3HoeTh RM (F) - RN (F) - TO)Ke MaTp11u;a. Tor,n;a 

yeJIOBHe 

IRM (F) - RN (F)I < c 

03Ha'IaeT, 'ITO Bee MaTpH'IHhie 3JieMeHThI MaTpHIJ;bI RM (F) - RN (F) 
110 MO,IJ;yJIIO MeHhIIIe c. lITaK, MhI roBopHM, 'ITO R(X) exo,n;11Te.H ,Il;JI.H 

1 
ABTOpbI rrpo.HBJIHIOT 3,n;ecb HeK0Topy10 HerrocJie,n;oBaTeJibHOCTb. Ilpe,ll;IIOJio­

)KlfB B Ha"IaJie KHHrH, "ITO "IHTaTeJIH BJI8,ll,eIOT O,ll;HOMepHbIM MaTeMaTH"IeCKHM 

aHaJIH30M, 6bIJIO 6bl ecTeCTBeHHO C"IHTaTb, "ITO OHH 3HaIOT IIOH.HTHe rrpe,n;eJia "IHC­

JIOBOH rrocJie,n;oBaTeJibHOCTH. Tor,n;a cyMMY R(r) p.H,n;a MO)KHO orrpe,n;eJIHTb KaK 

lim RM (r), ecJIH, KOHe"IHO, 3TOT rrpe,n;eJI cyrn;ecTByeT. Paccy)K,n;emrn aBTopoB 
M--+oo 

3,D;eCb He"IeTKHM o6pa30M HCIIOJib3YIOT «KpHTepHii: KOIIIH>> ( TeopeMy 0 paBHO­

CHJibHOCTH CXO,ll;HMOCTH IIOCJie,D;OBaTeJibHOCTH Hee cPYHAaMeHTaJibHOCTH). KcTaTH, 

rrpe,ll;eJI IIOCJie,ll;OBaTeJibHOCTH "IHCeJI (H MaTPmi;!) y)Ke HCIIOJib30BaJIC.H aBTOpaMH 

B rJiaBe 2. - IIpUM. pea. 
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MaTpHIJ;bI F, ecJIH rrpH mo6oM c > 0 cyui;ecTByeT TaKoe 3HaqeHHe 

Mo, qTo ycJioBHe IRM ( F) - RN ( F) I < c BbIIIOJIH.HeTc.H ,ll,JI.H Bcex M 
H N, 66JibIIIHx M0 . B 3TOM cJiyqae KIDK)l.biit MaTpHqHbiit 3JieMeHT 

RM ( F) cTpeMHTC.H K rrpe,r:i;eJibHOMY 3Haqettmo2 . TaKHM o6pa3oM, MbI 

IIOJiyqaeM MaTpmzy rrpe,r:i;eJibHblX 3HaqeHHit MaTpHqHblX 3JieMeHTOB, 

KOTopyro o6o3HaqaeM R( F). 
QqesH,r:i;Ho, qTO ecJIH R1 (X), R2(X) H R3(X) - cpopMaJibHbie 

CTerreHHbie p.H)J;bI, )J;JI.H KOTOpbIX crrpaBe)J;JIHBO paBeHCTBO 

H, ecJIH Bee TPH CTerreHHbIX p.H,r:i;a cxo,r:i;.HTC.H ,ll,JI.H MaTpHIJ;bI F, TO 

Attanomqtto )J;JI.H cJio)KeHH.H: ecJIH Ri(X) + R2(X) = R3(X), H Bee 

p.H)J;bI4 cxo,r:i;.HTC.H ,ll,JI.H MaTpHIJ;bI F, To Ri(F) + R2(F) = R3(F). 

3.2. 9KCilOHeHTa OT MaTpHD;hl 

MbI y)Ke BBeJIH cpopMyJioit (3.1) cpopMaJibHbiit cTerreHHOit p.H,r:i; )J;JI.H 

3KCIIOHeHIJ;HaJibHOit cpyHKIJ;HH H IIOKa3aJIH, qTo ,ll,JI.H Hee BbIIIOJIH.HeTC.H 

paBeHCTBO (3.2). Ceifqac )J;OKa)KeM, 'ITO cTerrettHoii p.H,r:i; )J;JI.H exp (tX) 
6y,r:i;eT CXO)J;HTbC.H B cJiyqae, Kor,r:i;a CHMBOJI x 3aMeH.HeTC51 MaTpH:u;eit 

2 x 2, o6o3HaqaeMoit 6yKBOit A. B Ka'IeCTBe rrepBoro rnara rrpoBe,r:i;eM 

)J;OKa3aTeJibCTBO Toro, 'ITO p.H,r:i; CXO)J;HTC.H a6coJIIOTH05 ' eCJIH BM€CTO 

X rro,r:i;cTaBHTb rrpOH3BOJibHOe Beni;ecTBeHHoe qlfcJio k. PaccMoTpHM 

CTerreHHOii p.H,r:i; 

1 2 1 3 
exp y = 1 + y + 2! y + 3! y + · · · , (3.3) 

2
3To CJie.zzyeT H3 yrroMHHYTOI'O B rrpe)J.bI)zyIIJ;eM rrpHMe'IaHlm KpHTepHH 

Kornn. - IlpuM. pea. 
3

BpH,n; Jill CTOHT Ha3blBaTb O'IeBH,lJ;HblM YTBep:lK,ll;eHHe, HBJIHIO:m;eecg CJie,n;cTBH­

eM o,n;Ho:li: TOHKO:li: TeopeMbl A6eJIH. - IlpUM. pea. 
4

3,n;ech ,n;ocTaTO'IHO rrpe,n;rroJIO:lKHTh cxo,n;HMOCTh rrepBbIX ,n;Byx pH,n;oB. - IlpUM. 
pea. 

5
roBOpHT, 'ITO pH,n; CXO,ll;HTCH a6cO.ft10ffl'ltO, OCJIH CXO,ll;HTCH ,n;pyro:li: pH,n;, COCTaB­

JieHHbl:li: H3 Mo,n;yJieit cJiaraeMhIX rrepBoro pH,n;a. B 3TOM CJiy<Iae rrepBblit PHA TO:lKe 

CXO,n;HTCH. - IlpUM. pea. 
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r.n;e y = ltkl. IlpH IIOJIO)KHTeJibHbIX 3Ha'leHHHX y Bee CJiaraeMbie 3Toro 

pH,r:i;a rroJIO)KHTeJihHhI. EcJIH MhI IIOKa)KeM, 'ITO pH,r:i; (3.3) cxo,r:i;HTCH, 

6y,r:i;eT ,ll;OKa3aHa a6CO/l,'/Ofi1ta.R. CXO,ll;HMOCTb pH,r:i;a )l;JIH exp tk. 
,ll;JIH )l;OKa3aTeJihCTBa CXO,ll;HMOCTH pH,r:i;a (3.3) IIOKa)KeM, 'ITO <l>par­

MeHT r m,n' IIOJiy'laIOrn;HHCH rrpH CJMMHpoBaHHH 'IJieHOB c HOMepaMH 

OT m ,r:i;o (m + n), MO)KeT 6bITb CKOJib yro,r:i;HO MaJibIM, eCJIH Bb16paHO 

,ll;OCTaTO'IHOe 60JibIIIOe 3Ha'leHHe m. 9To JierKO c,r:i;eJiaTh, cpaBHHBaH 

cl>parMeHT 

_ 1 m 1 m+l 1 m+2 
rm,n-m!y +m!(m+l)y +m!(m+l)(m+2)y +··· 

1 + ym+n 
m!(m+l)···(m+n) 

c reoMeTpHqecKoii rrporpeccweii 

1 1 1 1 
Sm n = -ym + --ym+l + ---ym+2 + ... + ---ym+n. 

' m! m!m m!m2 m!mn 

QqeBH,ll;HO, 'ITO rm,n < Sm,n ,ll;JIH Bcex m. CyMMy Sm,n reoMeTpwqe­

CKOH rrporpeCCHH MO)KHO Bbl'IHCJIHTb HBHO: 

r,r:i;e 
ym 1 

Sm=- · 
m! 1-y/m 

Tm,n <Sm. 

Ilpe,r:i;rroJIO)KHM, 'ITO MbI Bb16paJIH m > 2y. B 3TOM cJiyqae 

1 < 1 = 2. 
l-y/m 1-1/2 

Tor,r:i;a Sm < 2ym /m!. K~hIH pa3, yBeJIH'IHBM m Ha e,r:i;HHmzy, 

Mbl YMHO)KaeM Sm Ha MHO)KHTeJib, MeHbIIIHii 1/2. QqeBH)l;HO, 'ITO 
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BbI6paB ,Il;OCTaToqHo 6oJihIIIOe 3HaqeHJie m, MO:>KHO c,n;eJiaTb BeJIHqirny 

Sm CKOJih yro,n;Ho MaJIOH. A TaK KaK Tm,n <Sm, TOH 3HaqeHHe Tm,n 

MO:>KeT 6bITh c,n;enaHo CKOJih yro,n;Ho MaJihIM. A sTo 03HaqaeT, qTo p.a,n; 

1 1 
exptk = 1+tk+ 1 (tk)2 + 

3
, (tk)3 + · · · 

2. . 

cxo,n;HTC.H a6coJIIOTHO. Me:>K,n;y npoqHM, xopomo H3BeCTHoe ,n;oKa3a­

TeJihCTBO a6coJIIOTHOH CXO,Il;HMOCTH CTeneHHoro p.a,n;a 

c yqeToM ou;eHKH npe,n;ena 

OCHOBbIBaeTC.H Ha Tex :>Ke apryMeHTax, KOTOpbie Mbl TOJibKO qTO HC­
nOJib30BaJIH6 . 

IIepeii,n;eM Teneph K MaTpHqHoMy cnyqaro. Bo3hMeM MaTpH:u;y 

A = ( ~ ~) , B KoTopoii Ka:>K,Il;hIH sneMeHT no Mo,n;ynro MeHhme, qeM 

k/2. MaTpHqHhie sneMeHThI MaTpHIJ;hl A 2 = ( ~ ~) ( ~ ~) cocTO.HT 

H3 ,n;Byx cnaraeMbIX, npHqeM STH cnaraeMbie no MO,Il;YJIIO MeHhme, 

qeM (k/2)2 = k 2 /4. TaKHM o6pa3oM, MaTpHqHble sneMeHThI A 2 no 
MO,Il;YJIIO MeHbIIIe, qeM k 2 /2. JierKO nOKa3aTb, qTO Bee MaTpH'IHbie 

sneMeHThl A 3 no Mo,n;ynro MeHbIIIe, 'IeM k3 /2, H ,n;anee, no HH,Il;YKIJ;HH, 
3/1,e.Mettm'bt .Mampu'4'bt Am no MO,Il;YJIIO MeHbIIIe, qeM km /2. Tenepb, 

eCJIH Mbl 6y,n;eM cyMMHpOBaTb p.a,n; 

t2 t3 
exp(tA) = l[ + tA + 

2
!A

2 
+ 

3
!A

3 
+ · · · , 

TO Bee cnaraeMbie B 'IeThipex MaTpHqHhIX sneMeHTax nonyqa101I1eiic.a 

MaTpHIJ;bl MeHhIIIe, qeM COOTBeTCTBYIOIIIHe CJiaraeMble p.a,n;a 

k t 2 k2 t3 k3 
1 + t- + -- + -- + ... 

2 2! 2 3! 2 . 

6B pyccKOH3bl'IHOit Jl:UTepaType IlOCJie~:uii np:ueM COCTaBJIHeT co,n;ep:>KaH:ue 
np:u3HaKa )J;anaM6epa. - Ilpu.M. pea. 
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Ifa 3Toro cJie.rzyeT, 'ITO .n;JI.H JIIo6oro Bern;ecTBeHttoro 'IHCJia t If JII0-

6oH: MaTpMIJ,hI A (2 x 2) p.H.n; exp (tA) cxo.n;MTC.H. McnoJih3Y.H Te )Ke 

apryMeHTbl, 3aMeHHB TOJibKO k/2 Ha k/n, MO)KHO TIOKa3aTh, 'ITO 3KC­

IlOHeHIJ,MaJibHbIH p.H.n; cxo.n;MTC.H M B cJiyqae, Kor.n;a MaTpttu,a A MMeeT 

pa3Mep n x n. 
MTaK, )l;JI.H 3KcnoHeHIJ,MaJihHOH cPYHKIJ,MM OT MaTpMIJ,hI MhI noJiy­

'IMJIM cPYH)l;aMeHTaJibHOe TO)K)l;eCTBO 

exp (s + t)A =exp (sA) exp (tA). 

Bbl MO)KeTe cnpocMTh: a KaK o6cTOHT .n;eJio c TO)K)l;eCTBOM 

? 

exp (A+ B) = (expA)(expB), 

r.n;e A M B - npoM3BOJibHhle MaTpMIJ,bI? qTo6b1 noH.HTh, 'ITO npottc­

xo.n;MT B 3TOM cJiyqae, pa3JIO)KlfM B PM o6e qacTM 3Toro paBeHCTBa: 

M 

I 
exp(A + B) = Il+ A+ B + "2(A + B)2 

+ · · · 

1 
= Il +A+ B + "2(A2 +AB+ BA+ B 2

) + ... 

(expA)(expB)= (n+A+~A2 +···) (n+B+~B2 +···) 

= Il + A+ B + ( ~ A2 +AB + ~ B 2
) + · .. , 

r.n;e MHOrOTO'IM.H o6o3Ha'laIOT CJiaraeMbie 6oJiee BbICOKMX CTeneHeH no 

A M B. Ecmf MhI cpaBHMM cJiaraeMble BTopo:ti cTeneHM B 3TMX .n;Byx 

Bblpa)KeHM.HX, TO YBM)l;MM, 'ITO OHM paBHbl mo.11:b'/W npM ycJIOBMH 

~(AB+ BA)= AB, 

T. e. eCJIH 

AB=BA. 

MTaK, ecJIM MaTpMIJ,hI A M B He KOMMY™PYIOT, TO HeT ocHoBaHMii 

O)Klf)l;aTb, 'ITO BbITIOJIH.HeTC.H TO)K,ZJ;eCTBO 

exp (A+ B) = (exp A)(exp B), 
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H Ha caMOM ,11,eJie OHO He BCer,11,a BepHo. PaccMOTpHM KOHKpeTHbIH 
npnMep. Bo3hMeM MaTp~m,y 

A=(~ ~). 
B 3TOM cJiyqae A 2 = 0 M, cJie,11,0BaTeJihHO, Bee cJiaraeMbie 6oJiee 
BbICOKHX cTeneHeii: B pa3JI02KeHHH exp A paBHbI Hymo. IloJiyqaeM 

npocTyIO <PopMyJiy: 

expA=lI+A= (~ ~). 

Bo3bMeM Tenepb ,11,pyryro MaTpncy B = ( ~ ~) , ,11,JI51 KOTopoii: T02Ke 

B 2 = 0. Tor,11,a 

exp B =II+ B = G ~) . 
A Tenepb nepeMH02KHM ,11,Be noJiy'IMBmnecH MaTpnu;b1: 

(expA)(expB) = (~ i) G ~) = G i). 
C ,Jl,pyroii: cTopoHhI, A+B = (~ ~) H, COOTBeTCTBeHHO, (A+B) 2 = 

(~ ~). OTCI0,11,a noJiyqaeM, 'ITO 

1 1 1 
exp(A + B) =II+ (A+ B) +-II+ 1(A + B) + 41 II + .. · 

2 3. . 

= (i + _.!. + _.!. + .. ·) II+ (i + _.!. + _.!. + .. ·) (A+ B). 
2! 4! 3! 5! 

MH02KHTeJIH B cKo6Kax M02KHO ynpocTHTb 7 

1 1 1 -1 
1 + 2! + 4! + ... = 2(e + e ) 

7
8TO ,D;eJiaeTCH c llCilOJib30BaHReM TOlK,D;eCTB 

1 1 1 
1+-+-+-+···=expl=e 

1! 2! 3! ' 
1 1 1 ( ) -1 1--+---+···=exp-1 =e 
1! 2! 3! . 
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1 1 1 1 -1 
1 + 3! + 5! + 7! + .. · = 2(e - e ). 

0KOHqaTeJibHO, rronyqaeM, <JTO 

1 (e + e-1 e e-1
) exp(A + B) = -

2 
_1 - _ 1 =/= (expA)(expB). e-e e+e 

CrrpaaeMHBOCTb cPoPMYJibI 

exp(s + t)A = exp(sA)exp(tA) 

CB5I3aHa c TeM, qTo MaTpHIJ;bl sA H tA KOMMYTHpyIOT. 

IloKa3aB, <JTO exp(tA) orrpe.n;en5IeTC5I CTerreHHbIM p5I,ll;OM, Mbl Te­

rrepb o6o6IIJ;HM Ha MaTpH'IHhiii cnyqaii xopomo H3BecTHYIO <i>opMyny 

d 
dt[exp(tk)] = kexp(tk). (3.4) 

Orrpe.n;eJIHM rrpoH3BO,ll;HYIO <i>YHKIJ;HH exp( tA) rro BeIIJ;eCTBeHHoli rre­
peMeHHOH t cne.n;yIOIIJ;HM o6pa30M 

d
d [exp(tA)] = lim -h

1 
[exp((t + h)A) - exp(tA)]. 

t h-+0 

Ilpe.n;en B rrpaBOH 'laCTH paBeHCTBa 03Ha'laeT MaTpHey, 3JieMeHTbl 

KOTopoli 5IBJI5IIOTC5I rrpe.n;enaMH COOTBeTCTBYIOIIJ;HX 3JieMeHTOB 3aBH­
C5IIIJ;eii OT t MaTpHIJ;bl, CT05IIIJ;eii rro.n; 3HaKOM lim. IlocKOJibKY 

h-+O 

exp((t + h)A) = exp(hA) exp(tA), 

d
d [exp(tA)] = lim _hl [exp(hA) - JI] exp(tA). 
t h-->O 

B To LKe apeMH 

h2A2 h3A3 
exp(hA) - JI= hA + -- + -- + .. · 

2! 3! ' 

1 hA2 h2 A3 

-(exp(hA)-JI) =A+-+-+··· 
h 2! 3! 
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. 1 
hm -h[exp(hA) - Il] = A.8 
h-+O 

d 
dt [exp(tA)] = Aexp(tA). 

9Ta <l:>opMyJia noxmKa Ha (3.4), HO cnpaBa no,ri;p83yMeBaeTCH MaT-
pH'IHOe YMHo:>KeHHe. 

( xy
0
o) ... Bbr6epeM Ha nJIOCKOCTH <l:>11Kc11poBaHHhrti BeKTOp v 0 = ... 

onpe,ri;eJIHM 3aBHCHIIl,Hti OT BpeMeHH BeKTOp v(t) <l:>opMyJIOH 

v(t) = exp(tA)vo, r,ri;e A= ( ~ ~) . 

Onpe,ri;eJIHM npoH3BO,rI;HYIO no BpeMeHH v(t) BeKTOpa v(t): 

v(t) = lim _hl [v(t + h) - v(t)J. 
h-+O 

EcJIH v(t) = (~gj), TO npOH3BO,L\HaH 3Toro BeKTopa no BpeMeHH, 

(
±(t)) O'leBH,L\HO, MO)l(eT 6hITb 3anHCaHa B BH,L\e v(t) = y(t) . TaK KaK 

Vo - nOCTOHHHhifi BeKTOp, TO 

T.e. 

v(t) = lim -h
1 

[exp((t + h)A) - exp(tA)]vo, 
h-+0 

v(t) = _!!__ exp(tA)vo. 
dt 

v(t) = Aexp(tA)vo = Av(t). 

lfraK, Mhl nOK83aJIH, 'ITO v( t) y,L\OBJieTBOpHeT ,ri;n<l:><l:>epeHIWaJibHOMY 
ypaBHeHHIO 

v(t) = Av(t), v(O) =Vo. 

83,n;ech cJie,n;oBaJio coCJiaThC.H Ha TeopeMy o ITO'lJieHHOM rrepexo,n;e K rrpe,n;eJiy, 

KOTOpa.H Tpe6yeT rrpoBepKH HeKOTOpbIX ycJIOBH:i!:, Harrpu:Mep, paBHOMepHo:i!: cxo­

,!J;HMOCTH p.a,n;a (::no IIOH.HTHe aBTOpbi ,n;a)Ke He yrrOMHHaIOT). - IlpUM. pea. 
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3a1rncaB, KaK H Bhirne, v(t) = (:~:D, rroJiy'laeM 

T.e. 

(
x(t)) (a b) (x(t)) 
y(t) = c d y(t) ' 

x(t) = ax(t) + by(t), 

y(t) = cx(t) + dy(t). 

(~~!D = exp(tA) (:~) 
,n;aeT perneHHe cucme.M:bt AU'H.eU'H.'btX iJu<fxjjepettU,UaA'b'H'btX ypaB'H.e'H.UU 

nep6020 nopRih\,a, Harr11caHHofi Bb1rne. 

JierKO ,LJ;OKa3aTb, 'ITO .11,106oe perneHHe .n;mp<l:>epeHIJ;HaJibHOI'O ypaB­

HeHH.H v(t) = Av(t) HMeeT BH,LJ; v(t) = exp(tA)vo. ,Il;JI.H ,LJ;OKa3aTeJib­

CTBa B03bMeM BeKTop w(t) = exp(-tA)v(t). Tor,r:i;a9 

w(t) = :t (exp(-tA))v(t) + exp(-tA)v(t). 

B TO *e BpeM.H 

d 
-exp(-tA) = -Aexp(-tA) 
dt . 

H, KpOMe Toro, 
v(t) = Av(t). 

CJie,r:i;oBaTeJibHO, 

w(t) = -Aexp(-tA)v(t) + exp(-tA)Av(t) = 0, 

TaK KaK MaTpHU.bI AH exp(-tA) KOMMYTHPYIDT. lfa 3TOro cJie,n;yeT, 

'ITO w - IIOCTO.HHHblfi BeKTOp (o603Ha'!eHHblfi vo), H Mbl IIOJiyqaeM 

vo = exp(-tA)v(t) 

9CJie.izyiom;rui .n;an:ee Bb!KJI~Ka HCIIOJib3yeT ynOMHHaBmyrocg paHee cPOPMYJIY 
.n;:u¢¢epeHn;HpOBaHHH nepeMeHHOrO BeKTOpa w(t), 3~aHHOro KaK o6pa3 .n;pyroro 
rrepeMeHHOro BeKTOpa v(t) npH rrpeo6pa30BaHHH, TaK)f{e 3aBHCJUIJ;eM OT t. -
IlpUM. pea. 
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mm: 
v(t) = exp(tA)vo. 

l-haK, Mbl IIOK83aJIH, qTo IIOCJie,Il;HHH <i>opMyJia c 3KCIIOHeHTOH 

exp ( tA) orrpe,n;eJIHeT o6UJ,ee pewenue cncTeMbI ,n;n<P<l>epem:i;naJihHhIX 

ypaBHeHHii c IIOCTOHHHhIMH Koa<P<Pm:J;HeHTaMH. Ilo3TOMY Ba,)KHO 06-

cy,n;HTh pa3JIHqHbie MeTO,Il;hl Bbl''IHCJieHHH exp(tA). 

3.3. Bh1qHcJieHHe 3KcnoHeHThI OT MaTpnu;h1 

Ilpe,n;rroJimKHM, qTo MaTpHIJ;hI F HG CBH3aHbI Me)l(,[ly co6o:li cooTHO-

rneHHeM 

Tor,n;a rrpn mo6oM k 

H H3 pa3JIO)KeHHH exp(tA) B CTerreHHOH pH,Il; CJie,n;yeT, qTO 

exp(tF) = Bexp(tG)B-1 . 

CJiyqaii 1. MaTp11u;a F HMeeT pa3Hhie Beiu;ecTBeHHhie co6-

CTBeHHbie 3Ha'leHHH. Mb1 y)Ke HayqnJIHCh rrpHBO,Il;HTh MaTpnu;y 

2 x 2 K ,n;naroHaJibHOMY BH)zy. ,I.l;orrycTHM, qTo MaTpnu;a F nMeeT pa.3-

Hhie Beiu;ecTBeHHhie co6cTBeHHh1e 3HaqeHHH >.1 H >.2. Tor,n;a MO)KHO 

3anncaTh, qTo npn HeKoTopo:li MaTpnu;e B 

(~1 ~2) n = (~r ~2)' 
H H3 pa3JIO)KeHHH 3KCIIOHeHIJ;HaJihHOH cPYHKIJ;HH B CTerreHHOH pH,Il; 

Tor,n;a 

(
e>-1t 

exp(tF) = B 
0 

0) B-1 
e>-2t · 
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Ilp1rne,ri;eM KOHKpeTHhifi npuMep. XapaKTepucTM'IeCKMfi noJIMHOM 

MaTpMIJ;bl F = (-~ _:) MMeeT BRA >.2 - 2>. - 3 = 0, OTKy,ri;a 

noJiyqaeM co6cTBeHHhie 3HaqeHMH >.1 = 3, >.2 = -1. PaccMaTpMBaH 

(F - 3II) = ( _: _:)' Hafi,ri;eM co6cTBeHHbie BeKTOpbI V1 = (-i) 
(H,ri;po MaTpHIJ;hl F - 3II) u v2 = (-~) (o6pa3 MaTpHIJ;hI F - 3II). 

TaKHM o6pa3oM, MO)KHO B3HTh 

( 1 -1) 
B = -1 2 ' 

u 3anucaTh MaTpuey F B Bu,ri;e 

( 
2e3t - e-1 

exp(tF) = -2e3t + 2e-t 
e3t _ e-t ) 

-e3t + 2e-t . 

Bb16paB BeKTop v 0, onpe,ri;eJIHIOIIi;Mfi 'Ha"1.a.11:b'H:bte yc.rtoBuR, T. e. 3Ha­

'IeHne v B MOMeHT t = 0, MhI MO)KeM HanucaTh qacTHoe pememrn 

ypaBHeHH51 v(t) = Fv(t). IlycTb, HanpMMep, Vo= G). Tor,z:i;a 

(1) ( 3e3t - 2e-t ) 
v(t) = exp(tF) 1 = -3e3t + 4e-t . 

,lJ,mp<i>epeHii;HpOBaHMe 3TOro BeKTOpa ,z:i;aeT 

. ( 9e3t + 2e-t ) 
v(t) = -9e3t - 4e-t . 
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Ilp.HMbIM Bbl'lHCJieHHeM JierKO rrpoBep.HeTC.H paBeHCTBO 

( 
7 4) ( 3e3t - 2e-t ) ( 9e3t + 2e-t ) 

Fv(t) = -8 -5 -3e3t + 4e-t = -9e3t - 4e-t ' 

T. e. crrpaBe)J,JIHBOCTh ypaBHeHH.H v = Fv. 

CJiyqaii 2. O,n;uHaKOBble co6cTBeHHhle 3Ha~eHHSI. MeT0,11,, orrH­

caHHhIH BhIIIIe, pa6oTaeT, KOr)J,a F HMeeT pa3'/-l,'bte co6cTBeHHhJe 3Ha­

qeHH.H. ,Il;orrycTHM Terrepb, 'ITO F HMeeT )1,Ba O)J,JrnaKOBhIX co6cTBeH-

HhIX 3Ha'!eHH.H >... Tor)J,a Jm6o F = ( ~ ~) , Kor)J,a MO)KHO rr11caTh 

(
e>.t O ) ( >.. 1 ) 

exp(tF) = O e>-t , JI1160 F=B O >.. B-1
. 

(

>..t 
IlycTb B IIOKa3aTeJie 3KCIIOHeHTbl CTOHT MaTp11n;a 0 

qaJia rrpeo6p83yeM ee K BH,11,y 

(
>..t t) (0 t) 0 >..t = >..tlI + 0 0 . 

EcJIH MaTpHD;hI C 11 D KOMMyT11py10T, To, KaK MhI 3HaeM, 

exp(C + D) = (expC)(expD). 

ITocKOJihKY >.JI KOMMYTHpyeT c JI106oii MaTp11n;eii, MhI HMeeM 

(
)..t t) (0 t) exp 0 >..t = exp( >..tlI) exp 0 0 . 

( 0 t) 2 

(0 0) u B TO )Ke BpeM.H 
0 0 

= 
0 0 

, TI03TOMY cTeneHHOH p.H,11, )1,JI.H 

COOTBeTCTBy10rn;e:H 3KCTIOHeHTbI CBO)J,HTC.H K 

exp ( ~ ~) t = ( ~ ~) + ( ~ ~) + cJiaraeMhJe, paBHble HYJIIO, 

T. e. exp (~ ~) = (~ D 11, cJie)J,oBaTeJibHO, 
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MTaK, MbI IIOJIY'IHJIH, 'ITO 

eCJIH F = B (>. 1
) B-1 

0 >. ' TO (
e>.t te>-t) -1 

exp(tF) = B 
0 

e>.t B . 

B Ka'IeCTBe rrpHMepa paccMoTpHM CHCTeMy ypaBHeHHH 

x = x+y, 

y = -x+3y. 

MaTpliii;a F = ( _ i ~) HMeeT xapaKTepHCTH'IecKoe ypaBHeHHe 

>.2 - 4>. + 4 = 0, HMeIOIIJ;ee ,n;Ba paBHbIX Kopm1 >. = 2. PaccMaTpMBa.H 

(F - 2Il) = ( =i i), rroJiyqaeM co6cTBeHHbIH BeKTop v1 = G) H 

BeKTOp V2 = (~)' ,n;mI KOTOporo (F - 2Il)v2 = V1. 0TCIO,n;a 

F=G ~)(~ ~)(-i ~)· 
(

2t t ) (e2t te2t) 
IlocKOJibKY exp 0 2t = 0 e2t ' Mb! HMeeM 

(
1 o) (e2t te2t) ( 1 o) 

exp(tF) = 1 1 0 e2t -1 1 

HJIH 

exp(tF) = -((1 t)e2t 

-te2t 
te2t ) 

(1 + t)e2t · 

EcJIH, HarrpHMep, MbI XOTHM HaHTH pernettue Harnett CHCTeMbI ,n;mpcpe­

peHIJ;HaJibHblX ypaBHem1H: c tta'IaJibHbIMH ycJIOBH.HMH xo = 2, Yo = 1, 
TO CJie,n;yeT IIOCTpOHTb BeKTOp 

(
2) _ (2e2t - te2t) 

exp( tF) 1 - e2t - te2t . 

JierKo rrpoBepHTb, 'ITO 

x = 4e2t - e2t - 2te2t = x + y, 
y = 2e2t - e2t - 2te2t = -x + 3y. 
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Ha caMOM ,n;eJie B cJiyqae paBHhIX co6cTBeHHhIX 3HaqeHMiI >. Heo6a:-

3aTeJibHO 3arrMChIBaTb MaTpmzy F B BM,rt;e F = B ( ~ ~) B-1 . Co­

macHo TeopeMe I'aMHJlbTOHa-K3JIH (F- >.JI) 2 =0, II03T0MY MaTpMu;a 

G = F - >.JI HBJIHeTca: HMJihIIOTeHTOM. IlocKoJihKY >.JI M G KOMMYTH­

pyroT, M3 paseHcTsa F = G + >.JI cJie,rt;yeT: 

exp(tF) = exp(>.til) exp(tG). 

Ho exp( tG) JierKo BhI'IHCJia:eTca: pa3Jio2KeHiieM B cTerreHHoiI pa:,n;: 

exp(tG) =JI+ tG, 

IIOCKOJlhKY ( tG)2 H Bee IIOCJie,rt;yIOID;He CJiaraeMbie pa:,n;a paBHbl HYJIIO. 

CJie,n;osaTeJibHO, 

B rrpe,rt;hr,rt;yru;eM rrpMMepe, r,n;e F = ( _ ~ ~) , rroJiyqaeM 

H 

G=F-2JI= (-l 
1
) 

-1 1 

'ITO H CJie,rt;OBaJIO O)KM,rt;aTb. 

CJiyqaii 3. KoMnJieKCHo-conpsnKeHHhie co6cTBeHHbie 3Haqe­
HHSI. PaHee MhI ,rt;OKa3aJIH, qTo ecJIM MaTpMu;a F MMeeT KOMIIJieKCHO­

corrpa:2KeHHbie co6cTseHHhie 3Ha'leHMH a± i/3, TO ee M02KHO rrpe,n;cTa-

HHTh B <f>opMe F = BCB-1
, r,n;e C = (~ -~) - KoH<f>opMHaH 

MaTpmi;a. Ilepe,n; HaMH CTOHT 3a,n;aqa IIOJIY'IHTb 3KCIIOHeHTy, B IIOKa­

: 1aTeJie KOTOpoii CTOHT c. 
3aMeTMM, 'ITO KOH<f>opMHaH MaTpMu;a c M02KeT 6bITb 3aIIMCaHa B 

(0 -1) HH)l,e C = aJI + f3J, r,n;e J = 
1 0 

. MaTpMu;a J y,n;osJieTsopa:eT 
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ypaBHemuo J 2 = - ll n cooTBeTCTByeT KOMIIJieKcHoMy qRcny i. TaK 

KaK all H (3J KOMMYTRpy10T, MhI HMeeM paseHCTBO 

exp(tC) =exp( tall) exp(t(3J), 

r,n:e 

(
e°'t O ) 

exp( tall) = 0 e°'t . 

qT06b1 BhlqHCJIHTh exp(t(3J), BOCIIOJih3yeMC51 pa3JIO:>KeHHeM B CTe­

IIeHHOH p51,n:: 

1 1 1 
exp(tf3J) = ll + tf3J + 

21 
(tf3J)2 + 

31 
(tf3J) 3 + 

4
! (tf3J) 4 + · · · . 

IIocKOJihKY J 2 = -ll, J3 = -J, J 4 = ll, J 5 = J HT. ,n;., rronyqaeM 

1 1 1 
exp(tf3J) = ll + tf3J - -(tf3)2ll - -(tf3)3 J + -(t(3)4ll + ... 

2! 3! 4! 

= (i - (t/3)2 + (t/3)4 + ... ) ll + (t(3 - (t/3)3 + ... ) J. 
2! 4! 3! 

BocrroJih3yeMCH TeM, qTo KoacpcpmweHT rrpR MaTpmi;e ll B rrocne,n:­

HeM Bhipa:>KeHHH - CTerreHHOH p51,ll; ,ll;J151 cos (3t, a K09cpcpHIJ;HeHT rrpH 

MaTpmi;e J - cTerreHHOti pH,n: ,ll;JIH sin/3t. Cne,n:osaTeJihHO, MO:>KHO 3a­

rrncaTh 

. ( cos (3t - sin (3t ) 
exp(tf3J) = cosf3t ll + smf3t J = sin/3t cosj3t . 

IlonyqeHHa51 MaTpmi;a 51BJI51eTC51 MaTpmi;eti spani;eHH51, 3aBHC51IIJ;eti OT 

BpeMeHH. 0TO:>K,ll;eCTBJI5151 MaTpHizy J c KOMIIJieKCHhIM qucJIOM i, Mhl 

MO:>KeM rronyqHTh H3BeCTHYIO cpopMyJiy 

eif3t = cos /3t + i sin f3t. 

llTaK, eCJIH C = (~ -~),TO 

(
e°'t 0 ) (cos f3t - sin /3t ) 

exp( tC) = 0 e°'t sin f3t cos /3t · 
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l1 ecm1 F = BC B-1, TO exp( tF) MO){{HO BhrqHCJIHTh no <l>opMyJie 

exp(tF) = B exp(tC)B-1 . 

B KaqecTse rrpHMepa B03hMeM MaTpHuy ( ~ ~~) . XapaKTepH­

CTHqecKoe ypaBHeHHe 3Toli MaTpm~hI .X 2 + 2.X + 5 = 0 HMeeT KOP­

HH .X = -1 ± 2i. Tor)l;a F = BCB-1, r)l;e C = (-; =i) -
KOH<l>opMHa.H MaTpHu;a. KaK orrHcaHo B rraparpa<l>e 2.2, B KaqecTBe 

rrepsoro CTOJI6u;a MaTpHD;bl B MO){{HO B3.HTb ( ~) ' TOr)l;a BTOpOH 

cToJI6en; B paBH.HeTc.H rrepsoMy cToJI6uy F - a][, )l;eJieHHOMy Ha (3, 

T. e. CTOJI6uy ~ ( 
3 

; 
2

) = ( n . CJie)l;OBaTeJihHO, B = ( ~ i) H 

F = ( ~ i) ( -~ = i) ( ~ -i). BocrrOJib30BaBIDHCb H3JIO)KeH-

HOH Bhrme rrpou;e)l;Ypoli, BhrqHcJIHM exp(tC): 

exp(tC) = ( e~t e~t) ( ~~~ ~~ -~~~ ~~) . 
(1 2) (1 -2) lfa paBeHCTBa exp( tF) = 

0 1 
exp( tC) 

0 1 
, rrepeMHO){{a.H 

MaTpHD;hI, rroJiyqaeM 

(tF) = (e-t(cos2t+2sin2t) -5ctsin2t ) 
exp e-tsin2t e-t(cos2t-2sin2t) · 

Mo){{eTe caMOCTO.HTeJihHO nposepHTh, qTo 

d 
dt exp(tF) = Fexp(tF). 

11 B 3TOM CJiyqae HeT tteo6XO)l;HMOCTH .HBHO BhIIIHCbIBaTh p83JIO­

>Kemie Ha MHO){{HTeJIH F = BCB-1. ITycTb F HMeeT co6cTBeHHhie 
·maqeHH.H a±i(3, TaK qTo xapaKTepHCTHqecKoe ypaBHeHHe HMeeT BH)l; 

( ~Ol'JiaCHO TeopeMe faMHJibTOHa-K3JIH 

(F - ali)2 + (32][ = 0, 
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rroaToMy MaTpH11,a G = F - o:Il, cJie,n; KOTopoii paBeH Hymo, y,n;oBJieT­
BOp.HeT ypaBHeHHIO G2 = -/32Il. lfa paBeHCTBa F = o:Il+G rroJiy'laeM, 
'ITO 

exp(tF) = exp(o:tll) exp(tG). 

9KCIIOHeHTy, B IIOKa3aTeJie KOTopoii CTOHT tG' 3arrmneM B BH,z:t;e pH,z:t;a 

t2G2 t3G3 t4G4 
exp(tG) =Il+tG+ 21 + 3! + 7 + .... 

l1crroJih3YH ypaBHeHHe G2 = -/32Il, rroJiyqaeM 

/32t2 /33t3G /34t4 
exp(tG) = ][ +tG- 2!][-~ + 41Il + ·· ·. 

Kmcpqm1weHT rrpH MaTpH11,e ][ - aTo CTerreHHOH pH,z:t; ,z:t;JIH cos /3t, a 
Koacpqmu;HeHT rrpH MaTpH11,e G paBeH 

t - /32t3 + /34t5 = ~ (/3t - /33t3 + /35t5 + ... ) = sin f3t 
3! 5! /3 3! 5! /3 . 

CJie,z:t;oBaTeJihHO, 

exp(tG) = cos{3t ][ + [(sin/3t)/f3]G, 

(
eat O) 

exp(tF) = 
0 

eat exp(tG). 

(3 -10) Bo3Bpa111,aHch K MaTpH11,e F = 
2 

_
5 

, ,z:t;JIH KOTopo:H a= -1, 

(4 -10) f3 = 2, rrocTpOHM MaTpHey G = F + ][ = 
2 

_
4 

, HMe10:cey10 cJie,z:t;, 

paBHhIH HYJIIO H y,n;oBJieTBOpH10:cey10 ypaBHeHHIO G2 = -4Il. Tor,n;a 

(
cos 2t 0 ) 1 . (4 -10) 

exp( tG) = 0 cos 2t + 2 sm 2t 2 -4 ' 

(tG) = (cos 2t + 2 sin 2t -5 sin 2t ) 
exp sin 2t cos 2t - 2 sin 2t · 

( 
-t 0) 

°YMHO:>KHB IIOCJie,z:t;Hee paBeHCTBO Ha exp(o:tll) = e 0 e-t ' IIOJiy-

'IHM paHee BhI'IHCJieHHYIO exp( tF)' HO 3aTpaTHB ropa3,z:t;O M€HbIIIe 
YCHJIHii. 
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3.4. ~HcpcpepeHIJ;Ha.JlbHbie ypaBHeHH» 

H cpa30Bbie nopTpeThI 

MbI yMe IIOKa33.JIH, "ITO ,n;mp<l:>epeHIJ;HaJlhHOe ypaBHeHHe v(t) = Av 

c Ha"IaJibHhIM ycJIOBHeM v(O) =Vo HMeeT e,n;HHCTBeHHOe pemeHHe 

v(t) = exp(tA)vo. 

9To pemeHHe v(t) orrpe,n;emi:eT cPYHKIJ;HIO OT 6pe.Me'HU B ,D;ByMepHOM 

BeKTOpHOM rrpocTpaHCTBe. IIocKOJihKY exp(tA) orrpe,n;eJieHa KaK ,IJ;JIH 

IIOJIO)f(HTeJibHbIX t, TaK H ,Il;JIH OTpHu;aTeJihHhIX, o6JiaCTb orrpe.n;eJieHHH 

BeKTOpHOH cPYHKIJ;HH v(t) - BCH Beni;ecTBeHHa51 OCb: -00 < t < 00. 

lfao6paMaH Ha rpa<l:>HKe IIOJIOMeHHe KOHIJ;a BeKTopa v ,11.JlH Bcex 3Ha­

qeHHH t, MhI IIOJiyqaeM uttmeepa.11.'b'HY'IO r.;puBy'IO ,Il;HcP<PepeHIJ;HaJlbHOro 

ypaBHeHHH (pHC. 3.1). 9Ta KpHBaH H306paMaeT TpaeKTOpmo qacTH­

IJ;hI, ,11.BHMyru;eliCH B IIJIOCKOCTH, BeKTOp v(t) = Av(t) KacaeTCH TpaeK­

TOpHH H H306paMaeT CKOpOCTb qaCTHIJ;bI B MOMeHT BpeMeHH t. qepe3 

KaM,n;yIO TO"IKY IIJIOCKOCTH rrpOX0,11.HT e,11.HHCTBeHHOe pemeHHe ypaB­

Hemrn, a rrpeo6pa30Bam1e exp(tA) 3a,qaeT )l;BHMeHHe no 3Toli KpHBOH 

B 3aBHCHMOCTH OT BpeMeHH t. 

y 

PHc. 3.1 

HapHCOBaB ceMelicTBO HHTerpaJihHhIX KpHBhIX, MhI MOMeM co-

3,n;aTb <}ia306'blU nopmpem, OTpaMaIOIIJ;HH BaMHbie CBOHCTBa peme­

HHii ,n;H<P<PepeHIJ;HaJihHoro ypaBHeHHH. XoTH MaTpHIJ;hI A, 3a.n;a10ni;He 
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.n;:m:P<l>epemi;1m.JibHOe ypaBHemre v(t) = Av, MoryT 6hITb eaMbIMH 

pa3HbIMH, HO OHH ITOpO)K,Il;aIOT orpaHHqeHHOe q11eJIO pa3JIHqHbIX mu­
no6 <l>a3oBbIX ITOpTpeTOB. CKa)KeM KOHKpeTHee: eeJIH MaTpHIJ;hI A 
H F - eoITp.H)KeHHhie, T. e. A = BF s-1, TO HHTerpaJibHble KpH­

Bbie ypaBHeHH.H v(t) = Av ITOJiyqaroTe.H H3 peUieHHH ypaBHeHH.H 

w(t) = Fw JIHHeHHbIM ITpeo6pa30BaHHeM v(t) = Bw(t). ,Ll;OKa3a­

TeJibeTBO oqeHb ITpOeToe: MaTpHri;a B He 3aBHeHT OT BpeMeHH, IT03To­

MY v(t) = Bw(t). Cne,n;oBaTeJihHO, eeJIH w(t) = Fw, TO 

v = Bw = BFw = BFB-1v =Av. 

TaKHM o6pa3oM, eeJIH A H F - eoITp.H)KeHHbre MaTpHIJ;hI, TO <l>a3o­

Bhre ITOpTpeTbl ,Il;Jl.H ypaBHeHH.H v(t) =Av, ITO eyrri;eeTBy, eOBITa,Il;aIOT 

e <l>a30BbIMH ITOpTpeTaMH w(t) = Fw. Ilo3TOMY MO)KHO (e TOqHo­

eTbIO .n;o JIHHeHHOro ITpeo6pa30BaHH.H) OITpe,n;eJIHTb <l>a30Bhie ITOpTpe­

ThI, paeeMaTpHBa.H pa3JIHqHbie B03MO)KHbie eo6eTBeHHble 3HaqeHH.H 

MaTpHIJ;hI A. 
CHaqana oTMeTHM, qTo eenH v 0 - eo6eTBeHHhIH BeKTOp A, eooT­

BeTeTBJIOIIJ;HH eo6eTBeHHOMY 3HaqeHHIO >., TO 

v(t) = exp(tA)vo = [ 1 + tA + ;! (tA) 2 + · · ·] vo 

[ 
1 2 ] >.t = 1 + t>. + 
2
! (t>.) + · · · v0 = e v0 . 

B 3TOM enyqae HHTerpaJibHa.a KPHBa.a ITpe,n;eTaBJI.HeT eo6o:B ITp.aMyro, 

ITpoxo.n;.arri;yro qepe3 Haqano KOOp,Il;HHaT ITO HaITpaBJieHHIO BeKTOpa Vo. 

EeJIH >. ITOJIO)KHTeJihHO, TO e poeTOM t KOHeri; BeKTopa v(t) 3KeIToHeH­

IJ;HaJihHO y.n;an.aeTe.H OT Haqana Koop,n;11HaT. EeJIH )Ke >. oTpHri;aTeJibHO, 

TO qaeTHIJ;a, ,Il;BH)Kyrri;a.ae.a ITO 3aKOHY v(t), ITPH t --+ +oo 3KeITOHeHIJ;H­

aJibHO ITpH6JIH)KaeTe.a K Haqany Koop,n;HHaT. HaKoHeri;, Kor.n;a >. = 0, 
v(t) = vo .n;n.a Beex t. Ilo3TOMY Bee ToqKH Ha ITp.HMo:il, ITpoxo.n;.arri;e:B 

qepe3 Haqano KOOp,Il;HHaT H Vo, oeTaIOTe.H HeITO,Il;BH)KHbIMH. 

TeITepb MhI MO)KeM ITepeq11eJIHTh Bee B03MO)KHhre enyqa11. 

Cnyqafi 1. MaTpH:u;a A rrporrop:u;HoHaJihHa e~HHH'<IHOH MaT­
pmi;e. 

la. A = (~ ~), exp(tA) = (~ ~). Ilo3TOMY Bee ToqKH HeITo­

,Il;BH)KHbI. 
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(.\ 0) (eµ 0) u lb. A= 
0 

A , exp(tA) = 
0 

eµ . Ka)K,II,hrn: BeKTop HBJrneTCH 

co6cTBeHHbIM, Il03TOMY BCe HHTerpaJibHbie KpHBble - 3TO npHMbie 

JIHHHH, npoxo,II,HITIHe qepe3 Ha'IaJIO KOOp,II,HHaT. EcJIH ,\ > 0, TO npH 

t --+ +oo Ka)K,II,aH TO'IKa TIJIOCKOCTH ::>KcnoHeHI.J;HaJihHO y,II,aJIHeTCH OT 

Ha'IaJia KOOp,II,HHaT (pHC. 3.2(a)); eCJilf A< 0, TO TO'IKH ,ll,Blf)KYTCH B 

o6paTHOM HarrpaBJieHHH, K Ha'IaJIY KOOp,II,HHaT (pHC. 3.2(b)). 

PHc. 3.2(a). ,\ > 0 PHc. 3.2(b). ,\ < 0 

CJiyqaii 2. MaTp1rn;a A HMeeT pa3Hhie Be:rn;ecTBeHHhie co6-

CTBeHHhie 3HaqeHHSI .\1 H .\2. Tor.n;a 

2a • .\1 If .\2 noJIO)KHTeJihHhI H .\1 > .\2. B qacTHOM cJiyqae, ecJIH 

B =JI, HHTerpaJihHbie KpHBbie H3o6pa)KeHhI Ha pHc. 3.3(a). OcH x H 

y HBJIHlOTCH lfHTerpaJibHbIMH KpHBbIMH. )l,aJiee, IIOCKOJlhKY pemeHHH 

3a,II,aIOTCH <t>opMyJiaMH 

(:) = (:~:::~) 
H .\1 -.\2 > 0, OTHomemrn x/y = eC>.i-A2 )t pacTeT rrpH t--+ +oo, a 

npH t--+ -00 KPHBbie BXO,II,HT B Ha'IaJIO KOOp,II,HHaT, KaCaHCb OCH y. 
B cJiyqae npOH3BOJihHOH MaTpHD;hI B rrycTh v1 H v2 - co6cTBeH­

Hhie BeKTOphI MaTpHIJ;hI A. IlpHMhie, H,ll;YITIHe B,II,OJih BeKTopoB v1 If 

v2, HBJIHIOTCH HHTerpaJihHhIMH KpHBhIMH. IlocKOJihKY .\1 > .\2, .n;py­

rHe lfHTerpaJibHhie KpHBhie CTaHOBHTCH IIO'ITH rrapaJIJieJibHbIMH V1 
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(
>.1 0) 

PHc. 3.3(a). A= 0 >.
2 (

>.1 
PHc. 3.3(b). A= B O 

rrpH t --+ +oo H KaCaIOTCH V2 rrpH t --+ -oo, KaK 3TO IIOKa3aHO Ha 

pHc. 3.3(b). 

2b. >.1 H >.2 OTpHu;aTeJibHbI H l>-11 < l>-21. 9TOT CJiyqaif rroxmK Ha 

CJiyqaif 2a, HO Bee CTpeJIKH HarrpaBJI€HbI B rrpOTHBOITOJIO)KHYIO CTO­

poHy. IlpH t--+ +oo BCe HHTerpaJibHbie KpHBbie ,11.BH)l{YTC.H K Haqany 

KOOp,11.HHaT. 

2c. >.1 rroJIO)J(HTeJihHO, a >.2 oTpHu;aTeJihHO. B qacTHOM cJiyqae, Kor,n.a 

B = JI, OCH x H y orr.HTh .HBJI.HIOTC.H HHTerpaJibHhIMH KpHBhIMH. C 
pocToM t 3HaqeHHe lxl pacTeT, a 3HaqeHue IYI y6hrnaeT. 

~yrHe HHTerpaJibHbie KpHBbie CTp€M.HTC.H K OCH x rrpH t --+ +oo 
H KOCH y rrpH t--+ -oo, KaK 3TO IIOKa3aHO Ha pHC. 3.4(a). 

B cJiyqae npoH3BOJihHOH MaTpHIJ;hI B rrycTh BeKTop v 1 cooTBeT­

CTByeT co6CTBeHHOMY 3HaqeHHIO >.1 > 0, a BeKTOp V2 - co6CTB€H­

HOMY 3HaqeHHIO >.2 < 0. ToqKH, pacrrOJIO)l{eHHhre Ha rrp.HMoii, rrpo­

xo,n.mu;eii qepe3 V1' Y,11.aJI.HIOTC.H OT Haqana KOOp,11.HHaT, a TQqKH Ha 

rrp.HMOH, IIOp0)1{,ll.€HHOH BeKTOpOM V2' ,ll;BH)l{YTC.H K Haqany KOOp,ll;H­

HaT. KpHBhre perneHHH CTpeM.HTC.H K rrp.aMoii, rrpoxo,n;mr1eii qepe3 v 1 , 

rrpH t --+ oo, H K rrp.aMoii, rrpoxo,n..aru;eii qepe3 v2, rrpH t --+ -oo, KaK 

3TO H306pa)l{€HO Ha pHC. 3.4(b). 

2d. >.1 rroJIO)J(HTeJibHO, >.2 paBHO HYJIIO. B qacTHOM cJiyqae, Kor,n.a 

B = JI, Koop,n.HHaTa y Ha K~OM pemeHHH He 3aBHCHT OT speMeHH. 

ToqKH OCH y Herro,n.BH)l{Hhr. lIHTerpaJibHhIMH KpHBbIMH .HBJI.HIOTc.a 
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( ) (
>.1 0) -1 PHc. 3.4 b . A = B 
0 

).
2 

B 

rrpHMhie, rrapa.rrJieJihHhie OCH x. IlpH t --t +oo TO'IKH y.n;a.rrHIOTCH OT 

OCH y, a rrpH t --t -00 npH6JJH)KalOTCH K Hett (pHC. 3.5(a)). 

----­
PHc. 3.5(b). A= B (~1 ~) B-1 

B cJiy'Iae npoH3BOJihHOH MaTpmJ,hI B, rrycTh BeKTOp v1 cooT­

BeTCTByeT co6CTBeHHOMY 3Ha'IeHHIO >.1 > 0, a V2 - co6CTBeHHOMY 

:ma'IeHHIO >.2 = 0. IlpHMbie, rrpoxo,n;HIIJ,He 'Iepe3 Ha'Ia.TIO KOOp.IJ;HHaT 
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B.IJ;OJib BeKTOpa V2, COCT051T H3 HeITO.IJ;BH)KHbIX TO'leK. HHTerpaJibHbI­

MH KpHBbIMH 51BJI51IOTC51 rrpRMbie, rrapanneJibHbie BeKTopy v1. To'IKH 

y,n;an51IOTC51 OT rrp51Moit, rrpoxo,n;51m;eit 'lepe3 v2, rrpH t --+ oo H rrpH-

6JIH)KaIOTC51 K Heit rrpH t --t -oo (pHC 3.5(b)). 

2e. >.1 OTpHu;aTeJibHO, >.2 paBHO HYJIIO. Bee CTpenKH HMeIOT HarrpaB­

neHHe, rrpOTHBOITOJIO)KHOe rrpe,IJ;bI,IJ;yIIJ;eMy CJiy'laIO. IlpH t --t +oo 

BC51 ITJIOCKOCTb rrpoeKTHpyeTC51 Ha rrp.aMyIO, rrpoxo.IJ;51m;yIO qepe3 BeK­

TOp V2. 

CJiy"Iaii 3. Co6cTBeHHhie 3HaqeH1u1 MaTpHIJ;hI A paBHhI, HO 

A¥= >.n. IlpH 3TOM A= B ( ~ ~) B-1
, exp(tA) = Be>-1 

( ~ ~) B-1
. 

B 3TOM cnyqae rrpeo6pa30BaHHe A HMeeT TOJibKO O.IJ;HH co6cTBeHHbiit 

BeKTOp V1. 

3a. >. > 0. EcnH B = Il, TO co6cTBeHHbiit BeKTOp v1 Jie)KHT Ha 

ocH x. Ocb x 51BJIReTC51 HHTerpanbHOit KpHBoii. Ha n1060M pemeHHH 

rrpH t --+ +oo lxl CTaHOBHTC51 MHOro 6oJibIIIe IYI; cooTBeTCTBeHHO 

HHTerpaJibHbie KpHBbie, 3a,n;aBaeMbie cpopMynoii 

CTaHOB51TC51 «ITO'ITH rrapanneJibHbIMH» OCH x (pHC. 3.6(a)). IlpH t --t 

-oo 3HaK x rrpoTHBOIIOJIO)KeH 3HaKy y. Bee KpHBhle rrepeceKaIOT OCb 

y rrpH t = -xo/Yo· 

PHc. 3.6(a). A= (~ ~) PHc. 3.6(b). A= B (~ ~) B-1 
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B cJiyqae rrpOH3BOJihHO:ii MaTpHIJ;hI B HHTerpaJihHOH KpHBOH 51B­

JI51eTc£ rrp51Ma51, rrpoxo,rr,.m.u;a£ qepe3 Haqano KOOp,LI.HHaT B,LI.OJih BeKTO­

pa V1. IlpH t ---t 00 Bee ,LI.PyrHe KpHBhie CTaHOB51TC51 «rrapaJIJieJihHbl­

MH» 3TOii IIp51MOH, IIpHqeM rrepeceKaIOTC51 OHH B HaqaJie KOOp,[1.HHaT. 

3b. >. < 0. CTpeJIKH MeH51IOT HarrpaBJieHHe Ha rrpoTHBOIIOJIO)KHOe no 

cpaBHeHHIO c rrpe,LI.bl,LI.ylIJ;HM CJiyqaeM. 

3c. >. = 0. B qacTHOM cJiyqae, Kor,LI.a B = JI, ocb x cocTOHT H3 

HeIIO,ll.BH)KHbIX ToqeK. lfHTerpaJibHhlMH KpHBblMH 51BJ151IOTC51 rrp51Mbie, 

rrapaJIJieJibHbie 3TOH OCH. ,.QJI5I rrpOH3BOJibHOro 3HaqeHH51 t cPYHKIJ;H51 

exp(tA) 51BJI51eTC51 rrpeo6pa30BaHReM C,ll.BRra (cM. pRC. 3.7(a)) . 

•· ·•· ·•· •· ·•· ·•· ·•· ·•· ·• 

PRC. 3.7(a). A= (~ ~), 

exp(tA) = (~ n 

•• 
.. .<' 

... 
... ... 

•• 

PRc. 3.7(b). A= B (~ ~) B-1 

B cJiyqae rrpoR3BOJihHoii MaTpRIJ;hI B rrp51Ma51, rrpoxo,L1.51IIJ;M qe­

pe3 HaqaJio KOOp,[1.HHaT B,LI.OJib BeKTOpa V1' OCTaeTC51 HeIIO,ll.BH)K­

HOH. Bee TOqKR IIJIOCKOCTR C,ll.BRraIOTC51 rrapanJieJihHO 3Toii rrp51MOH 

(pHC. 3. 7(b) ). 

CJiyqaii 4. MaTpe:u;a A HMeeT KOMIIJieKcHo-corrpsi:>KeHHbie 

co6CTBeHHhie 3Ha"<IeHHSI a± i{3. B 3TOM cJiyqae co6cTBeHHhie 

BeKTOphl OTCYTCTBYIOT. 

4a. a = 0. B qacTHOM cJiyqae, KOr,LI.a B = JI, RHTerpaJihHhIMH KpR­

BbIMH 6y,LI.yT OKPY)KHOCTH c n;eHTpoM B Haqane Koop,LI.RHaT. 0,LI.HO H3 
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perneHHii - tterro,II,BH)KHOe Ha11a.rro Koop,r:i;HHaT (pHc. 3.8(a)). IIpeo6-

pa3oBaHHe exp(tA) 51BJrneTC51 Bparn;eHHeM: 

ex ( tA) = (c~s {3t - sin {3t) . 
p sm {3t cos {3t 

PerneHHR - rrepHo,r:i;H11ecKHe c rrepHo,r:i;oM 211" / {3. 

(
0 -{3) PHc. 3.8(a). A= {3 

0 
, (

0 -{3) -1 PHC. 3.8(b). A= B {3 0 B 

ex ( tA) = ( c~s {3t - sin {3t) 
p sm {3t cos {3t 

B o6rn;eM cJiy11ae HHTerpa.rrbHhie KpHBbie RBJIRIOTCR 3JIJIHrrcaMH. 

PerneHHR - rrepHo,r:i;H11ecKHe c rrepHo,r:i;oM 211" / {3 (pHc. 3.8(b)). 

4b. a > 0. llHTerpa.rrbHbie KpHBble - 3TO CIIHpa.JIH, 3aKpy11eHHbie 

rrpOTHB 11acosoii CTpeJIKH (pHC. 3.9(a), (b)). IlpH t ---+ +oo TOqKH 

y,n;a.JI51IOTC51 OT Ha11a.rra KOOp,ll;HHaT, a rrpH t ---+ -oo rrpH6JIH)KaIOTC51 K 

He My. 

4c. a < 0. To )Ke caMoe, qTo H B rrpe,r:i;hl,n;yrn;eM cJiyqae, HO crrHpa.JIH 

3aKpy11HsaIOTCR K :u;eHTPY rrpH t ---+ +oo. 

3. 5. IT pHMettett1u1 ,n;n<Pcl>epett:u;na.rrhHhIX 

ypaBHeHHH 

Ha pHc. 3.10 H3o6pa)KeHa cpH3H"!ecKa51 cHcTeMa, rrose,n;eHHe KOTO­

poii OIIHCbIBaeTC51 ,D;HcpcpepeHIIHa.JlbHbIM ypaBHeHHeM TOJibKO "ITO pac­

CMOTpeHHOrO THIIa. 
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_ (o: -/3) _ ad (cos (3t - sin (3t) 
Pwc. 3.9(a). A - /3 o: , exp(tA) - e sin/3t cos {3t 

Pwc. 3.9(b). A= B (~ -:) B-1 

x 

M u 

Pwc. 3.10 
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Macca M ,ll;BH)KeTC.H no,n; ,n;eiicTBHeM npy)KHHhI, co3,n;arorn;eii: cmiy 

-kx, nponopu;noml.TibHYIO CMern;eHHIO x; JIHHeHHbIH 6y<l>ep C03,ll;aeT 

CHJIY - zu, nponopu;HOHaJibHYIO CKOpoCTH u, c KOTOpoii: ,ll;BH)KeTC.H 

3Ta Macca. BTopoii: 3aKOH HhIOTOHa rosopnT, "ITO M it = -kx - zu, 
r,n;e CKopocTh onpe,n;eJieHa KaK x = u. Cocro.HHHe CHCTeMhI noJIHO-

CThIO OTIHCbIBaeTC.H BeKTOpOM w = ( ~) ' KOMTIOHeHTaMH KOTOporo 

.HBJI.HIOTC.H noJIO)KeHHe H cKopocTh Macchi M. IIocKOJihKY 

x=u, 
. k z 
u=-Mx- Mu, 

MO)KHO HaTIHCaTb ,n;n<l><l>epeHD;llaJibHOe ypaBHeHHe 

r,n;e 

w=Aw, 

2 k 
wo= M' 

z 
r= M. 

,lJ,BH)KeHne cncTeMhI onpe,n;emieTC.H co6cTBeHHhIMH 3Ha"leHH.HMH 

MaTpHD;hI A. XapaKTepHCTH"leCKoe ypaBHeHne MaTpHD;hI HMeeT BH,ll; 

pernaH KoTopoe, noJiy"laeM cJie,n;yrorn;He co6cTBeHHbie 3Ha"leHH.H: 

,\ = -r ± Jr2 - 4w5 
2 . 

TaKHM o6pa30M, cyrn;ecTBYIOT qeThipe B03MO)KHOCTH. 

1. EcJIH r = 0 ( OTCYTCTByeT TpeHHe)' TO ,\ = ±iwo. TaKa.H CHCTe­

Ma ,ll;BH)KeTC.H, ne aamyxQ.R,, COBeprna.H KOJie6aHH.H OKOJIO TIOJIO)KeHHH 

paBHOBecH.H ( OCU,U.!1./1,R,mop 6e3 aamyxanuR). <I>a30BbIH nopTpeT COOT­

BeTCTByeT cJiyqaro 4a H3 npe,n;h1,n;yrn;ero naparpa<t>a. KpHBhIMH perne­

HH.H HBJI.HIOTC.H 3JIJIHTIChI B nJIOCKOCTH xu (pnc. 3.ll(a)). YpasHeHHe 

,ll;Jl.H Ka)K,n;oro H3 3JIJIHTICOB HMeeT BH,ll; !kx2 + !Mu2 = const, "ITO 

03Ha"laeT coxpaHeHHe 3HeprHH. IlepHo,n; ,n;BH)KeHH.H paBeH 27r /wo. 
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u u 

x x 

PHc. 3.ll(a) PHc. 3.ll(b) 

2. EcJIH r > 0 H npH 3TOM r 2 - 4w5 < 0, TO co6cTBeHHbie 

3Haqemrn: paBHhI 

TaKaH CHCTeMa Ha3hIBaeTCH ocv,u.11.11.R,mopo.M c aamyxa'IO'lt1iUMU 'IWJ1,e-
6a:HU.ff,,M,U. <l>a30BbIH nopTpeT COOTBeTCTByeT CJiyqa10 4c. llHTerpaJib­

HbIMH KpHBbIMH HBJIHIOTCH CUHpaJIH, 3aKpyqHBaIO:rn;HeCH K Haqany 

KOOp,ll;HHaT (pHC. 3.11 (b)). 

3. EcJIH r 2 = 4w5, TO xapaKTepHCTHqecKoe ypaBHeHHe HMeeT 

,n;Ba O,n;HHaKOBhIX KopHH .X = -r /2. TaKyIO cHcTeMy Ha3hIBaIOT oc­
v,u.11.11.R,mopoM c -x;pumu"teC'X:UM aamyxa'Hue.M, ero cPa30BhIH nopTpeT 

COOTBeTCTByeT CJiyqaIO 3b (pHC. 3.11 ( c)). 

3anmneM HBHO MaTpHey 

0TCIO,ll;a BH,ll;HO, qTo W1 = ( _; /2) - O,ll;HH H3 co6CTBeHHhIX BeKTO­

(>OB MaTpHIJ;hI A. 9To 3HaqHT, qTo ecJIH 



146 rJiaBa 3. Jl1rneHHbie ~mp¢epeHIJ,HaJibHbie ypaBHemrn ... 

u 

x 

PHc. 3.ll(c) PHc. 3.ll(d) 

TO B rrpou;ecce ,ll;BH:>KeHH.H OTHOmeHHe KOOp,ll;HHaT x H u OCTaeTC.H 

IIOCTO.HHHbIM. 

4. EcJrn r 2 > 4w5' TO xapaKTepHCTHqecKoe ypaBHeHHe HMeeT 

OTpHu;aTeJihHbie Beiu;ecTBeHHbie KOpHH 

>. = -r/2 ± Jr2/4-w5. 

TaKoe rroBe,n;eHHe cHcTeMhI Ha3hrnaeTc.H anepuoau..,,ec-x:u.M aamyxattu­
e.M; ero cPa30BbIH rropTpeT COOTBeTCTByeT CJiyqaIO 2b (pHC. 3.ll(d)). 

qT06hI Jiyqme IIOH.HTb 3TH qeTbipe THIIa ,ll;BH:>KeHH.H, ,n;aBaHTe ,ll;Jl.H 

Ka:>K,n;oro H3 3THX CJiyqaeB Ha:H,n;eM H HapHcyeM 3aBHCHMOCTb KOOp­

,ll;HHaTbl x OT BpeMeHH t. 
CJiyqaii 1. Oc~HJIJIHTop 6e3 3aTyxaHH.H. Mb1 HMeeM: 

A= ( 0 2 
-Wo 

CJie,n;oBaTeJibHO, 

exp( 0 2 
-WO ~) 

( 

-1/2 
- Wo 

0 

) ( ) ( 

1~ O 0 wo w0 
w6/2 -wo 0 0 

0 ) ( coswot sinw0t) (w6/
2 

w612 -sinwot coswot o ~1/2) . Wo 
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0Tcro,n;a 3aBHCHMOCTb x OT t HMeeT BH,ll; 

x = mcoswot + nsinwot, 

r,n;e m H n orrpe,n;em110Tc5I H3 Ha'laJihHhIX ycJIOBHH. BBe,n;eM napaMeTP 

p, y,n;oBJieTBOp51IOIIJ;HH paBeHCTBY 

m2 + n2 = p2 

H orrpe,n;eJIHM </> H3 COOTHOIDeHHH 

m = psin</>, n = pcos<f>. 

Tor,n;a MO)KHO HarrMcaTb 

x(t) = pcos(wot + </>). 

Ta.Ka51 KPMBa51 rrpe,n;cTaBJI51eT co6ofi CMHycoM,n;y c 11acTOTofi wo. <l>a3a 

</> H aMIIJIMTy,n;a p 3aBMC51T OT Ha'laJihHhIX ycJIOBHH (pMc. 3.12). 

PMc. 3.12 

CJiy'IaH 2. Oc:a;HJIJISITop c 3aTyxruow;HMH KOJie6aHHSIMH. HaM 

H3BeCTHO, 'ITO B 3TOM CJiy11ae 

ex (tA) = B e cosw1 
( 

-rt t 
p e-rt sinw1t 

r,n;e 

W1 = ~J4w5 - I'2 . 

TaKHM o6pa3oM, 3aBHCHMOCTh x OT t HMeeT BH,n; 
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A .... .... ....... 

t 

Pttc. 3.13 

r,n;e p H ¢ 3aBHC.HT OT Ha'IaJibHhIX ycJioBHit fpaqmKOM 3Toii 3a­

BHCHMOCTH .HBJI.HeTc.H .9'X:cnotte'H'4UM'b'Ho aamyxa10wp,R cuttycouaa 
(pttc. 3.13). 

CJiyqaH 3 H 4. 3,n;ech y rpa<l>RKa x(t) He cym;ecTByeT CHHycott,n;aJih­

Hoii cocTaBJI.HIOIIJ;eii B TpaeKTOpHH, KOOp,lJ;HHaTa x 3KCIIOHeHii;ttaJibHO 

3aTyxaeT co BpeMeHeM t H MO)KeT nepeceKaTh JIHHHIO x = 0 He 6oJib­

rne O,ll;HOro pa3a (pHC. 3.14 H 3.15). 

x x 

0 t 0 t 

Pttc. 3.14 PHC. 3.15 

BbIHy:>K,n;eHHble KOJie6aHH.SI. QqeHh qacTo ,n;tt<l><l>epem:i;ttaJihHhJe 

ypaBHeHH.H, B03HHKaIOm;He npH perneHHH <l>tt3H'IeCKHX 3a,n;aq, .HBJI.H-
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IOTC.H tteoattopoi}H,'bt.Mu ypaBHeHH.HMH THIIa 

v-Av = b(t), 

r,n;e b(t) He paBH.HeTC.H TO)K,ll;€CTB€HHO Hymo. qT06hI IIOH.HTh, KaK 

110.HBJIHeTC.H 'lJieH b(t), paccMOTpHM yrrpaBJI.HeMhIH OCIJ;HJIJI.HTOp: Ha 

Macey M IIOMHMO rrpy)JrnHhI H 6yci>epa ,n;eiicTByeT BHemH.H.H BhIHY)K­

,n;a10111,rui: CHJia F(t) (pHc. 3.16). 

F(t) 
M 

PHc. 3.16 

Tor,n;a ypaBHeHH.H x = u H mu = -kx - Zu + F(t) MO)KHO 

3aIIHCaTh B cl>opMe 

qT06bI IIOJIY'lHTh pemeHHe HeO)l;HOpO)l;HOI'O ypaBHeHH.H v-Av = b(t), 
0606111,HM MeTO)l;, Ha3hIBaeMblH Bapuau,ueu nocmO.R'H'H'btX. 9TOT Me­

TO)l; xopomo H3BeCTeH )l;JI.H pemeHH.H mrneiiHhIX ,n;Hci>cl>epeHIJ;HaJib­

HhIX ypaBHeHHH OT o,n;HoH: nepeMeHHo:H. B cJiyqae o,n;Ho:H HeH3BeCTHOH 

cPYHKIJ;HH )l;JI.H pemeHH.H ypaBHeHH.H 

x - kx = b(t) 

IIOJ1h3YIOTC.H TeM, 'ITO cPYHKIJ;H.H ekt .HBJI.HeTC.H pemeHHeM O)l;HOpo,n;Horo 

ypaBHeHH.H x - kx = 0. Tor,n;a pemeHHe Heo,n;Hopo,n;Horo ypaBHeHH.H 

MO)KHO HCKaTh B BH,n;e x(t) = ektu(t). IIo,n;cTaBJI.H.H 3TO Bhipa)KeHHe B 

HeO)l;HOpO)l;HOe ypaBHeHHe x - kx = b( t)' IIOJiyqaeM 

u(t) = e-ktb(t). 
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lIHTerpHpy}l 3TO paBeHCTBO IIO BpeMeHH, rroJirrneM B Ka'!eCTBe O,IJ;HO­

ro H3 pemeHH:tl: 

HJIH 

t 

u(t) = J e-ksb(s) ds, 

0 

t 

x(t) = ektu(t) = ekt J e-ksb(s) ds 

0 

t 

x(t) = J ek(t-s)b(s) ds. 

0 

cho peIIIeHHe IIOJiy'IeHO .lVI}l Ha'IaJibHOro ycJIOBH}l x(O) = 0. qT06hI 

IIOJIY'IHTb pemeHHe ,lJ;Jl}l rrpOH3BOJibHOro Ha'IaJibHOro YCJIOBH}l Xo, Mhl 

rrpOCTO ,n;o6aBJI}leM COOTBeTCTByrom;ee pemeHHe O,IJ;Hopo,n;Horo ypaBHe­

HH}l ektx0 . Tor,n;a pemeHHe ypaBHeHH}l x - kx = b(t) c Ha'IaJihHhIM 

ycJIOBHeM x(O) = Xo MO)l<.HO 3aIIHCaTb B BH,n;e 

t 

x(t) = J ek(t-s)b(s) ds + ektxo. 

0 

9TOT MeTO,ll. MO)l{HO rrpHMeHHTb H ,lJ;Jl}l pemeHH}l BeKTOpHoro ypaB­

HeHH}l v-Av = b(t). ,Il;e:tl:CTBHTeJibHO, <i>YHKI!H}l exp(tA)vo ,HBJI}leTC,H 

pemeHHeM o,n;Hopo,n;Horo ypasHeHH}l v - Av = 0. MbI MO)l{eM 3aMe­

HHTh IIOCTORHHbI:tl: BeKTOp Vo Ha <l>YHKI!HIO w(t) H HCKaTb pemeHHe 

Heo,n;Hopo,n;Horo ypasHeHH}l B BH,n;e v(t) = exp(tA)w(t). IIo,n;cTaHOBKa 

3TO:tl: <l>YHKI!HH ,n;aeT 

Aexp(tA)w(t) + exp(tA)w(t) - Aexp(tA)w(t) = b(t). 

0TCIO,IJ;a CJie,n;yeT, 'ITO 

w(t) = exp(-tA)b(t). 

lIHTerpHpysi: no BpeMeHH, IlOJiyqaeM, KaK O)l.HO H3 pemeHHH, 

t 

w(t) = j exp(-sA)b(s) ds. 

0 
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v(t) = exp(tA)w(t), 

t 

v(t) = J exp[(t - s)A]b(s) ds. 

0 

O"'!eBH,ZJ;HO, 3To perneHHe y,n;oBJieTBOp.HeT ycJIOBHIO v(O) = (~). qTo-

6hl noJiy"'IHTb perneHHe c npOH3BOJibHbIMH Ha"'!aJibHhIMH ycJIOBH.HMH, 

,n;o6aBHM o6rn;ee perneHHe o,n;Hopo,n;Horo ypaBHeHH51. Tor,n;a noJiy"<IaeM 

B€KTOpHyIO <}>yHKIJ;HIO 

t 

v(t) = j exp[(t - s)A]b(s) ds + exp(tA)v0 , 

0 

KOTOpa.H y,n;oBJI€TBOp.HeT ycJIOBHIO v(O) = Vo. 
B y"<Ie6HHKax no <}>H3HKe npH o6cy)l{,Ll;eHHH OCIJ;HJIJI5ITOpa c Bhl­

Hy)K,n;a10rn;ett CHJIOtt o6bI"'IHO paCCMaTpHBaIOT B Ka"'!eCTBe <i>YHKIJ;HH 

b(t) CHHycoH,n;y c nocTO.HHHott -qacToToii w. HanpHMep, 

b(t) = (sin wt+ cos wt). 
3coswt 

Tor,n;a b(t) y,n;oBJieTBOp5IeT ypaBHeHHIO b = -w2b. B 3TOM cJiy-qae 

Mbl M0)1(€M B o6rn;eM perneHHH, noJiy"<IeHHOM BbIIIIe, npoBeCTH HHTe­

rpHpoBaHHe no "'!aCT5IM. IlpHMeHHM TOT )1(€ TpIOK, KOTOpbifi HCnOJib-

3YIOT ,D;JI51 BhI"'IHCJieHH.H Heonpe,n;eJieHHoro HHTerpaJia J e-ks sins ds: 
rrpOHHTerpHpyeM ,n;Ba pa3a no "'!aCTHM H IlOJIY"'IHM ypaBHeHHe ,Ll;JIH 

HeH3BeCTHOro HHTerpaJia. IlyCTb 

t 

v = J exp[(t - s)A]b(s) ds. 

0 

11HTerpHpyeM o,n;HH pa3 no "<IaCT5IM n, npe,n;rroJiara.H, "'ITO A - HeCHH­

ryJIHpHa.H MaTpHIJ;a, IlOJiy"<IaeM 

t 

v = [-exp[(t- s)A]A-1 b(s)]~ + J exp[(t- s)A]A-
1
b(s)ds. 

0 
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Ern;e p83 HHTerpnpyeM no qacTHM: 

v = [- exp[(t - s)A]A-1 b(s)]~ - [exp(t - s)A-2b{s)J: 

t 

+ J exp[(t- s)AJA-2b(s)ds. 

0 

3aMeHHB b Ha -w2b, BH,lJ;HM, 'ITO IIOCJie,r:i;HHH 'IJieH paBeH -A-2w2v. 

llTaK, 

HJIH 

(A2 +w2
J)v = - [exp[(t - s)A] [b{s) + Ab{s)JJ:. 

KpoMe cJiyqaa, Kor.z:i;a A HMeeT co6cTBeHHhie 3Ha'IeHHH ±iw ( Tor.z:i;a 
MaTpHu;a (A2 + w2Jr) CHHryJrnpHa), o6e qacTH IIOCJie,n;Hero paBeHCTBa 

YMHO)l(aeM Ha (A2+w2lf)-1 H IIOJiy'IaeM pemeHHe ypaBHeHHH B HBHOM 

BH,D;e 

v = -(A2 +w2JI)-1 [b{t) + Ab(t) - exp(tA) (b(O) + Ab(o))]. 

qJieH, co.zi;ep*arn;Hli exp(tA), o6ecrre'IHBaeT BhIIIOJIHeHHe Ha'IaJihHoro 

ycJIOBHH v(O) = o. EcJIH r > 0, TO yMHO)l(eHHe Ha exp(tA) rrpHBO,r:i;HT 

K TOMy, 'ITO Jiro6o:H BeKTOp cTpeMHTCH K HYJIIO rrpH t --t +oo. TaKHM 
o6p830M, rrpH 6oJihlliHX 3Ha'IeHHHX t ::ITOT "IJieH MO)l(HO orryCTHTh H 
MhI rroJiyqaeM ycma'ltoBuBweec.Ft pemeHHe: 
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Tor.n;a 

9Ta rrpoBepKa IIOK83blBaeT, qTO pe3yJibTaT rrpaBHJibHbIH, ,z:i;a)Ke eCJIH 

MaTpHu;a A CHHrym1pHa! 

HarrpHMep, MbI XOTHM HaHTH pemeHHe ,ll;JI.H 

(~) _ (-1 -2) (x) = (sin3t). 
y 2 -1 y cos3t 

A= ( ~l =i), b(t) = (~~~~~) 
H b(t) = -32b(t), T. e. w = 3. Tor,z:i;a 

2 2 - (-1 -2) (-1 -2) (9 A + w Il - 2 -1 2 -1 + O 

(A2 + 2n)-1 = _.!_ (6 -4) = _.!_ (3 -2) 
w 52 4 6 26 2 3 

H 

[ ( 
3 cos 3t ) (- sin 3t - 2 cos 3t)] 
-3sin3t + 2sin3t- cos3t 

( 
cos 3t - sin 3t ) 1 (sin 3t - 5 cos 3t) 

- cos 3t - sin 3t = - 26 5 sin 3t + cos 3t · 

9To eCTb ycTaHOBHBllleec.H pellleHHe HCXO,ll;Horo ,z:i;mp<l>epeHIJ;HaJibHOro 

ypaBHeHH.H. 3aMeTHM, qTo KOMIIOHeHTbl BeKTOpa v(t) - OII.HTb CHHy­

COH,ll;aJibHbie <l>YHKIJ;HH OT t c TOH )Ke qacTOTOH, qTo H BbIHY)K,ll;aIOIIJ;Hll 

qJieH. 0,z:i;HaKO, aMIIJIHTJ,ll;bl KOMIIOHeHT v H COOTBeTCTBYIOIIJ;He <l>83bl 

(rroJIO)KeHHe rpe6Heli H BIIa,ll;HH BOJIHbI) H3MeHHJIHCb. 

PaccMOTpHM ycTaHOBHBllleec.H pellleHHe ,ll;JI.H <l:>H3HqecKoli cncTe­

MbI, OIIHCaHHOH B HaqaJie rraparpa<l:>a, c CHHYCOH,lJ;aJibHOH BbIHY)K,ll;a­

IOIIJ;eH cnJioli. IIycTb 

b(t) = ( . 0 t) . smw 
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Tor,n;a 

2 _ (-w6 -r ) 
A-r2r2 2· wo -wo 

,IJ;a.nee, 

2 2 _ (w
2 

- w6 -r ) 
A + w JI - r 2 r2 + 2 2 w0 w -w0 

H 

Ilo3TOMY 

H Mhl IIOJiyqaeM cpopMyJiy ,IJ;JI5.! ycTaHOBHBmerocH IIOBe,n;eHHH CHCTeMbI 

( 
2 2 -1 . 1 

- A + w JI) (b(t) + Ab(t)) = - ( 2 2) 2 r 2 2 W -Wo + W 

(r 2 
+ w

2 
- w6 r ) ( ( O ) ( sin wt ) ) 

x -fw6 w2 -w6 wcoswt + -fsinwt · 

TaKHM o6pa3oM, 3aKOH ,n;BH2KeHH5.! orrpe,n;eJI5.!eTC5.! cl>opMyJioif 

x(t)=-( 2 2~2 2 2 [wfcoswt+(w2 -w6)sinwt] 
w -w0 +r w 

= psin(wt +cf>), 

r,n;e 

1 
p- cf>=arcsin(-fw/ p) = arccos(w6 - w2)/ p. 

- J(w2 - w5)2 + f2w2' 

3aMeTHM, qTo eCJIH f MaJIO, TO ,IJ;JI5.! 3HaqeHH5.! W, 6JIH3KOrO K WQ, B 

aMIIJIHTy,n;e II05.!BJI5.!eTC5.! 60JihlliOH MH02KHTeJih. 9To 5.!BJieHHe Ha3bIBa­

eTC5.! peaottattco.M (puc. 3.17). 

06paTHTe TaK2Ke BHHMaHHe, KaK H3MeH5.!eTC5.! <fia,306'btU ca6U2 cf> OT 

HYJIH rrpH MaJihIX 3HaqeHH5.!X w 2 ,n;o -7r /2 ,n;JIH w 2 = w6. ,il;JIH 60JihmHx 

3HaqeHHH w 2 cPa30BhIH C,IJ;BHr paBeH arccos(-1) = -7r (pHC. 3.18). 
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Wo w 

PHc. 3.17. Pe3oHaHcHaH KpHBaH PHc. 3.18. <l>a30BblH C.LJ;BHr 

Pe310Me 

A. 9KcrroHeHTa oT MaTpHII;hI 
lfayqHB 3TY rJiaBy, Bbl .LJ;OJI)KHbl HayqHTbCH Bblpa:>KaTb 3KCTIOHeHIJ;H­

aJibHYIO <l>YHKII,HIO exp tX B BH.LJ;e ¢opMaJibHOro CTeneHHOro pH.ri;a, 

yMeTb BblqHCJIHTb 3TY <l>YHKII,HIO B Tex CJiyqaHx, Kor.ri;a CTeneHH MaT­

pHII,bl x HMeIOT npocTyIO ¢opMy. 

Bb1 .ri;oJI:>KHbl yMeTb o6'bHCHHTb CMblCJI npoH3BO.LJ;HOH (d/dt)etX H 

TIOKa3aTb, qTO OHa paBHa x etX. 

B. JluHeHHhie ,zi;u<i><i>epeHII;HaJihHbie yprumeHH.SI 
Bbl .ri;oJI:>KHbl yMeTb noKa3aTb, qTo Bee pemeHHH ypaBHeHHH v =Av 
HMeIOT BM.LI; v = eAtvo. 

Bbl .ri;oJI:>KHbl yMeTb Bb1qHCJIHTb eAt .LJ;JIH JI106o:H MaTpHII,bl A (2 x 2) 
a pemaTb ypaBHeHHe v =Av c 3a,r:i;aHHbIMH HaqaJibHblMH ycJIOBHHMH. 

Bb1qHCJIHB co6cTBeHHb1e 3HaqeHHH MaTpHII,bl A (2 x 2), Bbl .LJ;OJI:>K­

Hbl yMeTb pHCOBaTb ¢a30BblH nopTpeT, npe.ri;cTaBJIHIOIII,HH HHTe­

l'PaJibHbie KPHBbie .LJ;JIH ypaBHeHHH v =Av. 

C. Heo,zi;Hopo,ri;Hhie yprumeHH.SI H rapMoHuqecKHH oca;HJIJI.SITop 
Bbl .LJ;OJI:>KHbl yMeTb npeo6pa30BbIBaTb ,r:i;H¢¢epeHII,HaJibHoe ypaBHe­

HHe BToporo nopH,r:i;Ka, onHCbIBaIOIII,ee ocn,HJIJIHTop, K BH.LJ;Y v - Av= 
b, r.ri;e A - MaTpHn,a 2 x 2 H b - BeKTop, 3aBHCHIII,Hli OT BpeMeHH. 

Bbl .LJ;OJI:>KHbl yMeTb pemaTb 3TO ypaBHeHHe H CBH3bIBaTb pemeHHe 

c TIOBe,n:.eHHeM OCII,HJIJIHTOpa npH HaJIHqHH 3aTyXaHHH H pe3oHaHca. 
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3.1. (a) HarrHmHTe pa3JIO:>KeHHe B CTerreHHOH p.H,ll; ,ll;JI.H (1 - x)-1 H ,ll;JI.H 
(1 - x)- 2 • 

(b) IlepeMHO:>KhTe ,n;sa IIOJiy':IeHHbIX p.H,n;a H cpaBHHTe pe3yJibTaT c 
pa3JIO:>KeHHeM B CTerreHHOH p.H,ll; (1 - X)-3 . 

(
1/4 1/4) 2 I n 3.2. (a) IlycTb F = 
114 114 

. ,Il;oKa:>KHTe, 'ITO F = F 2 H F = 

F/2n-1. licrroJih3Y.H aTOT pe3yJihTaT, IIOJIY'IHTe pa3JIO:>KeHHe s 

p.a,n; MaTPHIIhl (JI-F)- 1. IloJiy'IHTe o6paTHYIO MaTpHey rrp.HMhIM 
Bbl'IHCJieHHeM H cpaBHHTe pe3yJihTaTbl. 

(
3/2 1/2)-l (b) BhI'IHCJIHTe MaTpHey, o6paTHYIO l/

2 312 
, 3arrHcas ee s 

BH,ll;e (JI+ P)-1
, r,n;e p - rrpoeKIIH.H c;; ~;;), H BOCIIOJib30-

BaBmHCb pa3JIO:>KeHHeM B p.H,ll; MaTpHIIbl (1 + X)- 1 . 06paTHTe 
BHHMaHHe Ha TO, 'ITO p.a,n; pacXO,ll;HTC.H, HeCMOTp.H Ha cy111ecTBO­
BaHHe o6paTHOH MaTpHIIbl. 

(
-1/2 1/2) 3.3. (a) ,Il;JI.a MaTpHIIhl N7r;4 = _

112 
l/

2 
crrpase,n;JIHBO ycJIOBHe 

N;14 = 0. licrroJib3Y.H aTo, Bhl'IHCJIHTe F(t) = exp(tN7r;4) H 

rrposepbTe, 'ITO F'(t) = N7r;4F(t). 

(
1/2 1/2) 2 (b) MaTpH11a P7r;4 = l/

2 
l/

2 
y,n;osJieTBop.aeT ycJIOBHIO P1r14 = 

P7r;4. BhI'IHCJIHTe G(t) = exp(tP7r;4), socrroJib3osasmHCh aTHM 
csoliCTBOM, H rrposepbTe, 'ITO G~14 = P7r;4G(t). 

3.4. IlyCTb MaTpH11a p y,n;osJieTBOp.HeT ypasHeHHIO P 2 = 3P. 

(a) KaKHe co6cTBeHHbie 3Ha':IeHH.H HMeeT P? IlpHse,n;HTe csoH apry­
MeHThI. 

(b) licrrOJib3Y.H pa3JIO:>KeHHe aKCIIOHeHTbl B CTerreHHOH p.a,n;, IIOKa:>KH­
Te, 'ITO exp( tP) MO:>KeT 6bITb 3a1rncaHa B BH,n;e 

exp(tP) =JI+ g(t)P. 

HaH,ll;HTe .HBHoe Bbipa:>KeHHe ,ll;JI.H <PYHKIIHH g(t). 

3.5. ,II;orrycTHM, 'ITO B eCTb MaTpH11a 2 x 2 c O,ll;HHaKOBhIMH co6cTBeHHhIMH 
3Ha':IeHH.HMH A. 

(a) IloKa:>KHTe, 'ITO MaTpH11a N = B - A.JI .HBJI.HeTc.a HHJihIIOTeHTOM, 
T.e. N 2 = 0. 
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(b) 3armcaB B = N + >.JI H BOCIIOJih30BaBmHch pa3JIO)KeHneM 3KC­
noHeHThI B CTeIIeHHOi!: p51,n;, IIOKa)KHTe, qTo 

exp( tB) = (II + tN) exp( t>.II). 

3.6. BocnoJib30BaBmucb pe3yJihTaTOM 3a,u;aqu 3.5, pemnTe cncTeMy ypaB­
HeHni!: 

x = x(t) - y(t), 
iJ = x(t) + 3y(t) 

c IIpoH3BOJibHbIMH HaqaJibHbIMH ycJIOBH51MH (:~). 
3.7. Bb!qucJiuTe -exp(tA) AJI51 CJie,n;yIOIIIHX MaTpnu; H npoBepbTe, qTo 

(d/dt) exp(tA) = Aexp(tA): 

(a) A= ( =~ ~). 
(b) A = ( = ~ ; ) . (Ilo,n;cKa3Ka: A = 21I + N, r,n;e N - HHJihIIOTeHT­

HM MaTpuu;a.) 

(c) A= G =~). 
3.8. IlycTb A - MaTpnu;a 2 x 2, nMeroru;M ,n;Ba pa3HhIX Beru;ecTBeHHhIX 

co6CTBeHHbIX 3HaqeHH51 >.i H >.2, COOTBeTCTBYIOIIIHe COOCTBeHHbIM 

BeKTOpaM vi H V2. 

(a) IloKa)KHTe, qTO MaTpnu;a Pi = (A - >.21I)/(>.i - >.2) 3a,lJ;aeT 
IIpoeKIJ;HIO Ha IIp51MyIO, 3a,l1;aBaeMyIO co6CTBeHHbIM BeKTOpOM Vi: 
P[ =Pi, o6pa3 Pi ecTb >.vi, a 51,n;po Pi eCTh >.v2. 

(b) IloKa)KHTe, qTo MaTpnu;a P2 = (A - >.i!I)/(>.2 - >.i) 3a,n;aeT 
IIpoeKIJ;HIO Ha IIp51MyIO, 3a,lJ;aBaeMyIO V2. IloKa)KHTe, qTO 

( c) licIIOJib3Y51 pa3JIO)KeHne 3KCIIOHeHTbl B CTeIIeHHOi!: p51,n;, IIOKa)KH-

exp(t>.iPi + t>.2P2) = e.\it Pi + e.\2 t P2. 

(d) BocnoJih30BaBmHCh 3THM pe3yJihTaToM, pemnTe cncTeMy ypaB­
HeHni!: 

x(t) = -4x(t) + 5y(t), 
iJ(t) = -2x(t) + 3y(t) 
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e npOH3BOJihHbIM Ha'laJibHhIM yeJIOBHeM ( :~) . 
3.9. IlyeTh A - MaTpttu;a 2 x 2, y KOTopoii eJie~ paBeH HYJIIO H onpe~e­

JIHTeJib paBeH 1. 

(a) HanHIIIHTe xapaKTepHeTH'leCKoe ypaBHeHHe MaTpIIu;hI A. qTo 
MO:>KHO CKa3aTh o MaTpIIu;e A 2 B 3TOM eJiyqae? 

(b) lleIIOJih3YH pa3JIO:>KeHIIe exp( tA) B eTeneHHOH pH~, IlOJIY'IHTe 

cPOPMYJIY 
exp(tA) = F(t)IT + G(t)A, 

r~e MaTpIIIJ;hI F(t) II G(t) eo~ep:>KaT TpHroHoMeTpH'leCKIIe cPYHK­
IJ;IIII OT t. 

(e) KpIIBoii peIIIeHIIH ypaBHeHIIH v = Av c Ha'laJihHhIM ycJioBIIeM 
v = Vo HBJIHeTeH 3JIJIHilC, H306pa:>KeHHbIH Ha pile. 3.19. ,ll,oKa­
:>KIITe, 'ITO Bee xop~hI, eoe~IIHHIOIIJ;He exp(tA)v0 e exp(-tA)v0 

napaJIJieJihHhI Avo, II 'ITO epe~HHH TO'IKa Ka~oii xop~hI Jie:>KIIT 
Ha ~HaMeTpe 3JIJIHnea, Ha KOTOpOM Jie:>KHT BeKTOp Vo. 

PRC. 3.19 

3.10. ,ll,onyeTHM, 'ITO MaTpIIu;a G IIMeeT eJie~, paBHhIH HYJIIO II onpe~eJIII­
TeJih, paBHhIH -{32. 

(a) qeMy paBHHeTCH G 2 (npHMeHHTe TeOpeMy raMHJibTOHa-K3JIH)? 

(b) llenOJib3YH pa3JIO:>KeHHe 3KeIIOHeHTbI B CTeneHHOH PH~, IIOKa:>KH-
Te, 'ITO MaTpIIu;a exp G+exp( -G) nponopu;HOHaJihHa e~IIHH'IHOH 



159 

MaTp1m;e. Haii,LI,HTe TaKyro cPYHiill,HIO f, qTo6hI BhIIIOJIHHJIOCh pa­
BeHCTBO 

exp( G) + exp( -G) = f (,B)IL 

( c) y MHO)KHB 3TO TO)K,LI,eCTBO Ha exp G H rrpHMeHHB TeopeMy ra­
MHJihTOHa-KaJIH, IIOKa)KHTe, qTQ Det(exp(G)) = 1, H IIOJiyqHTe 
Bhipa)KeHHe ,LI,JIH CJie,n;a MaTpHIIhI exp G. 

( d) IlycTh F = .X.II + G. licrrOJih3JH pe3yJihTaThI, rroJiyqeHHhie Bh1me, 
rroKa)KHTe, qTo Det(expF) = exp(Tr F). 

3.11. ,Il.JIH Ka)K,ll,OH CHCTeMhl ,ll,HcPcl>epeHIIHaJihHhIX ypaBHeHHii, rrpe,n;cTaB­
JieHHhlX HH)Ke, Haii,ll,HTe, KaKoii H3 <Pa30BhIX rropTpeTOB, fIOJiyqeHHhIX 
B rraparpa<l>e 3.4 (cJiyqaH l(a)-4(c)), HaHJiyqmHM o6pa30M OIIHChIBa­
eT rrone,n;eHHe o6fllero pemeHHH. PemHTe 3TH CHCTeMhI ,ll;JIH HaqaJih-

Horo ycJIOBHH (~~) = (i) rrpH t = 0. 

(a) x = -4y, 
iJ = x - 4y; 

(b) x = x -2y, 
iJ = -2x + 4yx - 4y; 

(c) x = 4x- 5y, 
iJ = 4x - 4y; 

(d) x = 2x+ y, 
iJ = -x + 4y; 

(e) x = x - 5y, 
iJ = 2x - 5y; 

(f) x=-2x+4y, 
iJ = -x + 2y. 

3.12. PemHTe CHCTeMhI ypaBHeHHii, rrpHBe,n;eHHhie HH)Ke, c HaqaJihHhIMH 

ycJIOBHHMH ( ~~ ) = ( -.i) . B Ka)K,ll,OM cJiyqae orrpe.n;eJIHTe, KaKoii: 

qJa30BhIH IIOpTpeT HaHJiyqmHM o6pa30M rrpe.n;cTaBJIHeT o6fllee peme­
HHe CHCTeMhI. 

(a) x = 3y, 
iJ = x - 2y; 

(b) x = -x + y, 
y = -5x + 3y; 

(c) x = 3x + y, 
iJ = -x + y; 
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(d) x = -5x+4y, 
iJ =-Bx+ 7y; 

(e) :i; = -4x - 2y, 
iJ = 5x + 2y; 

(f) x = x + 2y, 
iJ = 2x - 4y. 

3.13. 06o6m;HB Ha CJiy'!aii: MaTpHIJ;bl 3 x 3 TO, 'ITO BaM H3BeCTHO 0 Bbl­

'IHCJieHHH H npHMeHeHHH 3KCIIOHeHThI, B IIOKa3aTeJie KOTOpoii: CTOHT 

MaTpHIJ;a 2 x 2, pellIHTe CHCTeMy ,z:t;HcPcl>epeHIJ;MaJibHhIX ypaBHeHHH 

x=y, 

iJ = z, 
z = -6x - Uy - 6z 

' """'""WMH ycrroB .. MH ( ~) ( _ ~) IlPH t ~ o. (IlpUMeqrurne 

B03HHKHeT 1Ip06JieMa Bbl'IHCJieHHH o6paTHOH MaTpHIJ;bl 3 X 3. cho 

M02KHO c,z:t;eJiaTb «B Jio6», ecJIH paccMOTpeTh 3a,z:t;a'Iy pemeHHH Tpex 

CHCTeM JIHHeii:HbIX ypaBHeHH:il:.) . 

3.14. 06o6m;HB H3BeCTHYIO TeXHHKy, pellIHTe CHCTeMy ypaBHeHHH 

x = x+y-z, 

iJ = -x + 5y + z, 

z = - 2x + 2y + 4z 

cua .. ~bHWMH JCHOBHmlli m 0) npu t ~ 0 

3.15. BBe,z:t;.H BeJIH'IHHY v = x, npeo6pa3y:il:Te ,z:t;H<l><PepeHIJ;HaJihHOe ypaBHe­

HHe BToporo IIOp.H,z:t;Ka 

x+4x+5x = o 
B CHCTeMy ypaBHeHHii: nepBoro IIOpH,1],Ka. PellIHTe 3TY CHCTeMy ,ll,JIH 

npOH3BOJibHbIX Ha'IaJibHblX ycJIOBH:il: ( ~~) . 
3.16. (a) ,Il,H<P<l>epeHIJ;HaJibHOe ypaBHeHHe ,z:t;JIH rapMOHH'!eCKoro OCIJ;HJIJIH­

TOpa c KpHTH'IeCKHM 3aTyxaHHeM ( e,z:t;HHHIJ;bl Bb16paHhl TaK, 'ITO 

w2 = 1) HMeeT BH,ll, 

x + 2± +x = 0. 
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PemHTe aTo ypaBHeHHe MaTpH'IHhIM MeTo,n;oM, BBO~ v = :i; B Ka­

qecTBe HOBOH nepeMeHHOH. 3anHillHTe pemeHHe ,n;mr Ha'IaJihHhIX 

ycJIOBHfi ( ~) ( ~o) H ( ~) ( ~), HapHcyfiTe cPB30Bhie 

nopTpeTbl aTHX H ,n;pyrHX pemeHHH. IlOKa:lKHTe, 'ITO Ka:lK,n;oe H3 

paBeHCTB x = 0 HJIH v = 0 MO:iKeT BhIIlOJIH.HTbC.H He 60JihITie, 'IeM 
B o,n;Hofi TO'IKe. 

(b) EcTh ,n;pyrofi cnoco6 pemeHH.H aToro ypaBHeHH.H. CHa'IaJia HIIzyT­

c.H pemeHH.H ypaBHeHH.H i+2±+(1-c2)x = 0 IlpH c > 0, 'ITO npH­

BO,ll;HT K MaTpHu;e c pa3HhIMH BeID;eCTBeHHhIMH co6CTBeHHhIMH 

3Ha'IeHH.HMH, a 3aTeM paccMaTpHBaeTC.H npe,n;eJihHhIH nepexo,n; 

c ---+ 0. ( <l>H3H'IeCKH aTO COOTBeTCTByeT HCilOJlh30BaHHIO CJierKa 

ocJia6JieHHOH npy:iKHHhI.) BhmOJIHHTe BCIO npou;e,n;ypy ,n;JI.H Ha-

'IaJihHhIX ycJIOBHH ( ~o) H ( ~). IloKa:lKHTe, 'ITO npOH30ii:,n;eT c 

cPB30BhlMH nopTpeTaMH npH c---+ 0. 

( c) Ellie o,n;HH cnoco6 pemeHH.H Toro :iKe ypaBHeHH.H. CHa'IaJia pema­

eTc.H ypaBHeHHe x+ 2±+ ( 1 +c2)x = 0, 'ITO npHBO,ll;HT K MaTpHn;e C 
KOMTIJieKCHO-COilp.H:iKeHHhlMH co6cTBeHHbIMH 3Ha'IeHH.HMH, IlOCJie 

aToro c---+ 0. IIpo,n;eJiaii:Te BhI'IHCJieHH.H ,n;JI.H Ha'IaJibHhIX ycJIOBHii: 

( ~o) H ( ~) , Hapncyii:Te cPB30Bhle nopTpeThI pemeHHii: H no­

Ka:iKHTe, 'ITO npOHCXO,ll;HT c cPB30BhlMH nopTpeTaMH npH c---+ 0. 

3.17. PaccMoTpHM cPYHKD;HIO costx. 

(a) PB3JIO:lKHTe cPYHKD;HIO B ¢opMaJihHhiii CTeneHHofi p.H,n; H noKa­
:lKHTe, 'ITO 

d2 
dt2 (cos tx) = -x2 

cos tx 

H 

d 
dt (costx) = 0 npn t = 0. 

(b) IlycTh (~) = -B (:), r,n;e MaTpHu;a B nMeeT KBa,n;paTHhifi 

KopeHh A (T. e. A2 = B). IloKa:iKHTe, 'ITO cos(tA) (:~~D ecTh 

pemeHne ,n;H¢¢epeHD;HaJihHoro ypaBHeHH.H BToporo nop.H,n;Ka 
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c Ha'faJihHblMH ycJIOBHHMH v(O) =Vo H dv/dt(O) = 0.10 

( 
5/2 -3/2) (c) IIycTb B = _312 512 . Hali)J.HTe TaKyro MaTpney A, Ko-

TopaH HMeeT IIOJIO)KHTeJibHbie co6CTBeHHbie 3Ha'femrn H y,ll.OB­

JieTBOpHeT ypaBHeHHIO A 2 = B. (YKa3aHne: )J.HaroHaJIH3YliTe 
MaTpHey B.) 

( d) ,ll,nH rrocTpoeHHoli TaKHM o6pa3oM MaTpHIJ;hI A BhI'fHCJIHTe 
cos(tA). (YKa3aHHe: MaTpHIJ;a A y)Ke rrpnBe)J.eHa K )J.HaroHaJib­

HOMy BH,lJ.Y. BocrroJih3yliTeCh TOH )Ke rrpoIJ;e)J.ypoli, 'ITO H )J.JIH 
Bbl'fHCJieHHH exp(tA).) 

( e) McrroJih3YliTe rronyqeHHhie Bhlme pe3yJihTaThI )J.JIH pemeHHH cHc­
TeMbI ypaBHeHHH 

.. 5 3 
x = -2x+ 2y, 
.. 3 5 
y = -x - -y 

2 2 
c Ha'faJibHbIMH ycJIOBHHMH 

±(0) = y(O) = 0, x(O) = xo, y(O) =Yo· 

3.18. PaccMoTpHM cncTeMy ,ll.n¢¢epeHIJ;HaJibHhIX ypaBHeHnli 

± = 4/3x -y 

y = 9x + /3, 

r)J.e /3 - BeIIJ;eCTBeHHbIH rrapaMeTp. 

(a) PemHTe CHCTeMy c rrpoH3BOJihHhIMH Ha'faJihHhIMH ycnoBHHMH 

IIpH j3 = 0. 

(b) Hali)J.HTe )J.Ba KpHTH'feCKHX 3HaqeHHH napaMeTpa /31 < 0 H 

/32 > 0, npH KOTOpbIX MeHHeTCH xapaKTep pemeHHH. 06cy)J.H­

Te CJiy'faH /3 = /31 H /3 = /32. 

( c) HapncyliTe ¢a30Bhle nopTpeTh!, KOTOpb1e Ka'feCTBeHHO orrHChi­

BaIOT npHpO,lJ.Y pemeHHH ,ll.JIH /3 < /31 ' /31 < /3 < /32 H /3 > /32. 

3.19. IlycTb A= (-; -~). 
10 

ABTOphl HMe10T B BRAY, 'ITO MaTpmi;a cos(tA) ,z:i;omKHa 6bITh rrony'leHa KaK 

CYMMa <t>opMaJibHOro CTerreHHOrO px,z:i;a ,L\Jl5i cos tx' r,z:i;e BMeCTO 'IHCJia x IlO,L\CTaBJie­

Ha MaTpmi;a A. Pa3yMeeTcx, Heo6xo,z:i;HMO y6e,z:i;HThC5i B cxo,z:i;HMOCTH rrony'leHHOro 

px,z:i;a. (MmKHO ,z:i;oKa3aTh, 'ITO OH CXO,L\HTC5i ,L\JI5i Bcex t npH n106oi!: MaTpmi;e A.) 
CM. TaK)Ke YKa3aHH5i aBTopoB K 3a,z:i;aqe 3.17 ( d). - Ilpu.M. pea. 



3a,n,a'ln 163 

(a) Haii:,n,nTe TaKne MaTpnu;h1 DnB, 'IT06b1 BhIIIOJIHHJIOCh COOTHO­
meHne A= BDB- 1 (D - ,n,naroHaJihHa). 

(b) IlocTpoii:Te pemeHne ,n,mp¢epeHu;naJihHOro ypaBHeHHH v = Av 

,11,JIH IIpOH3BOJibHblX Ha'laJihHbIX ycJIOBHH Vo= (~~) npn t = 0. 

(c) Hapncyii:Te cPa30BhIH nopTpeT pemeHHH ypaBHeHHH v = Av. 
IloJiy'IHTe o6pa3 H H,11,PO MaTpHu;hI 

F = lim exp(At), 
t-oo 

o6'hHCHHTe HX 3Ha'leHHH B CBH3H c cPa30BhIMH nopTpeTaMH. 

(d) Bb16paB npo6Hoe pemeHHe B BH,n,e v = exp(At)w, noJiy'IHTe 

pemeHHe ,n,H¢¢epeHu;HaJihHOro ypaBHeHHH v - Av = (;) . 

3.20. (a) BBe,n,H u = :i: B Ka'leCTBe HOBOH nepeMeHHoi1, npeo6pa3yi1Te 

x + 2± - 3x = 3 sin 2t + 2 cos 2t 

K ypaBHeHHIO BH,ll,a 

(~)-A(:) =h(t). 

(b) PernHTe 3TO ypaBHeHHe c Ha'laJihHhIMH ycJIOBHHMH x(O) = 0, 
u(O) = 0, BOCIIOJih30BaBIIIHCb pe3yJibTaTaMH, IIOJiyqeHHblMH B 
naparpa¢e 3.4. 

3.21. Kor,n,a K He3aTyxa10iu;eMy OCI1HJIJIHTopy npHJIO)KeHa BhIHY)K,ll,a10iu;aH 
CHJia, qacTOTa KOTOpoii: paBHa co6cTBeHHOH qaCTOTe OCllHJIJIHTOpa, 
06b1'1Hhle MeTO,ll,hI perneHHH He pa6oTaIOT. B 3TOM cJiyqae OHM He 
,n,aIOT ycTaHOBHBIIIerocH perneHHH. 0,n,HaKo, Mbl IIOJIY'IHJIH cPOPMYJIY 

t 

v(t) = j exp((t - s)A]b(s)ds, 

0 

KOTOpaH npeKpaCHO pa6oTaeT. c IIOMOJIIhIO 3TOH cPOPMYJihl IIOJIY'IHTe 
perneHHe ypaBHeHHH 

,11,JIH Ha'laJihHbIX ycJIOBHH x(O) = 0, u(O) = 0. 



CKaJI.HpHbie rrpon3Be,n;eHH.H 

fJiaBa 4 IIOCB.HIIJ;eHa 1nyqeHHIO CKaJI.HpHbIX IIpOH3Be.n;eHHH 

H KBa.n;paTHqHhIX cpopM. B He:H MHoro cpH3HqecKHX rrpH­

JIO:>KeHHii, B TOM qHcJie o6cy:>K.n;eHHe HOpMaJihHblX MO,Il; H 

no.n;po6Hoe H3JIO:>KeHHe CIIeU,HaJihHOH Teop1m OTHOCHTeJih­

HOCTH. 

4 .1. CKa.JucpHhie rrpoH3Be,n;eHH.H 

B eBKJIH,l];OBOM rrpocTpaHCTBe 

KaK BhI rroMHHTe, Ha acpcpHHHOH IIJIOCKOCTH MhI pacrroJiaraeM oqeHh 

orpaHHqeHHblM IIOH.HTHeM ,IJ;JIHHhI: Mhl MO:>KeM cpaBHHBaTb ,IJ;JIHHbl 

0Tpe3KOB Ha rrapanJieJibHhIX IIp.HMblX, HO ,IJ;JI.H IIp.HMblX, KOTOpbie He 

napanJieJihHhI, 3TO c.n;eJiaTh HeJih3.H. HanpHMep, MO:>KHO roBopHTh, 

•1To Ha pHc. 4.1 ,IJ;JIHHa oTpe3Ka QR (HJIH Q' R') B .n;Ba pa3a 6oJihme 

J~JIHHhI oTpe3Ka PQ, HO MhI He HMeeM npaBa cpaBHHBaTh ,IJ;JIHHhI 

oTpe3KOB PQ' H PQ. 
EB-x;.11,udoBa n.11,oc-x;ocm'b - 3TO acpqmHHa.H IIJIOCKOCTh, r.n;e orrpe.n;e­

JleHa <fiYH%tJ,U,R, paccmO,R,'/i,U,R,, KOTOpa.H Ka)K,Il;OH nape ToqeK IIPHIIHCbl­

RaeT HeoTpHn,aTeJihHoe Bern;ecTBeHHOe 'IHCJIO D(P, Q), Ha3hIBaeMoe 

paccmORHUe.M Me)K,Il;y 3THMH TOqKaMH. 9Ta cpyHKU,H.H paCCTO.HHH.H 

COBMeCTHMa c orpaHHqeHHbIM IIOH.HTHeM ,IJ;JIHHbl B acpcpHHHOR reo­

MeTpHH, HanpHMep, Ha pHc. 4.1 D(Q', R') = 2D(P, Q). KpoMe T0-

1·0, OHa II03BOJI.HeT cpaBHHBaTh ,Il;JIHHbl HerrapanJieJibHhIX 0Tpe3KOB, 

TaKHX KaK PQ H PQ'. Ha eBKJIH,IJ;OBo:H IIJIOCKOCTH JR2 paccTO.HHHe 
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y 

x 

Pnc. 4.1 Pnc. 4.2 

Me:>K.zzy ,ll;BYM51 TOqKaMH orrpe,n;eJrneTC51 xoporno H3BeCTHOH cPOPMYJIOH 

E6'K:Auao6'btM npeo6paao6a'l-tue.M f : JR2 
-t JR2 Ha3hrnaeTc51 a<l><l>HHHoe 

rrpeo6pa30BaHne, coxpaH51IOiu;ee cPYHKD;HIO paccT051HH51, T. e. y,n;oBJie­

TBOp5IIOrn;ee ycJIOBHIO D(j(P), f(Q)) = D(P, Q). 
06paTHM BHHMaHne Ha BeKTOpHoe rrpOCTpaHCTBO CMern;eHHH Ha 

eBKJIH,ll;OBo:ll IIJIOCKOCTH. Mb1 Bn,n;nM, qTo <l>YHKD;H51 paccT051HH51 rro3-

BOJI51eT orrpe,n;eJIHTb ,ll;JIHHY Ka)K,ll;oro BeKTOpa. ,11.e:llCTBHTeJibHO, ,ll;JIH­

Ha BeKTOpa - 3TO rrpOCTO paCCT051HHe OT ero «rOJIOBhI» ,ll;O «XBO­

CTa». ,11.JIHHY BeKTOpa v 6y,n;eM o603HaqaTh llvll · QqeBH,ll;HO, qTo ecJIH 

v = (~),To llvll = y'x
2 + y2 

(pnc. 4.2). 

Boo6rn;e roBOp51, JIHHeHHhie rrpeo6pa3oBaHH51 BeKTOpHoro rrpo­

cTpaHCTBa JR2 He coxpaH51IOT ,ll;JIHHhl BeKTOpOB. JlnHeHHbie rrpeo6pa-

30BaHH51, coxpaH51IOiu;He ,ll;JIHHy, Ha3hIBaIOTC51 opm0201-taA'b'J-t'bt.M,U npe­
o6paao6a'HU.R.MU. cho MOryT 6bITb Bparn;eHH51 BOKpyr HaqaJia KOOp­

,ll;HHaT HJIH OTpa:>KeHH51 OTHOCHTeJihHO IIp51MhIX, rrpOXO,ll;51Iu;HX qepe3 

HaqaJio KOOp,n;nHaT. 

IIocKOJihKY eBKJin,n;oBo rrpeo6pa3oBaHne IIJIOCKOCTH coxpaH51eT 

,ll;JIHHhI, TO OHO Ka:>K,ll;bIH TpeyroJibHHK rrepeBO,ll;HT B KOHrpy3HTHhIH 

TpeyroJibHHK (pnc. 4.3) H, CJie,n;oBaTeJibHO, coxpaH51eT He TOJibKO 

,ll;JIHHhI, HO n y2A'bt. B qacTHOCTH, B eBKJIH,ll;OBo:ll reoMeTpnn rrpn­

o6peTaeT CMbICJI IIOH51Tlle «rreprreH,ll;HKYJI51pHOCTH» (3TO IIOH51Tlle He 

orrpe,n;eJieHo B a<P<l>nHHOH reoMeTpnn). Mw 6y,n;eM roBopnTh, qTo ,n;Ba 

BeKTopa v n w nepneHau'K:yARp'H'bt nJin opmo20HaA'b'l-t'bt .n;pyr .n;pyry, 
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Q 

J(R) 

PHc. 4.3 

ecJIH ,LJ;JIH TpeyroJibHHKa, KOTOpbIH OHR orrpe,n;eJIHlOT, crrpaBe,LJ;JIHBa 

TeopeMa Ilmparopa, T. e. llvll2 + llwll2 = llv - wll2 (p11c. 4.4). 

v 

P11c. 4.4 P11c. 4.5 

Terrepb, 11MeH IIOHHTHH ,LJ;JIHHhI 11 yrJia B eBKJIH,LJ;OBOM rrpocTpattcT­

Be, MhI MO)KeM orrpe,n;eJIHTh C'/W.fl.fl,pttoe npouaeeaettue ,n;Byx BeKTOpoB. 

IlycTh ,n;atthI ,LJ;Ba BeKTopa, v = (:) 11 v' = ( :: ) . Hx CKaJIHpttoe 

npo113Be,n;ettHe, o6o3HaqaeMoe (v, v'), orrpe,n;eJIHeTCH paBeHCTBOM 

(v, v') = llvll · llv'JJ cos 0, 

r,n;e () - yroJI Me)K,LJ;y 3THMH BeKTOpaMH. 
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feoMeTpWieCKH 3TO MO)KHO HCTOJIKOBaTh TaK (pHC. 4.5): MhI 6e­

peM rrpoeKIJ;HIO BeKTOpa v' Ha IIpRMyIO, Ha KOTOpoii pacrrOJIO)KeH BeK­

TOp v. 3aTeM Mbl YMHO)KaeM IIOJiyqeHHYIO rrpoeKIJ;HIO Ha ,n;mrny BeK­

TOpa v. BepeM 3TO rrpoH3Be,n;eHHe co 3HaKoM IIJIIOC, ecJIH HarrpaBJieHHe 

crrpoeKTHpOBaHHOro BeKTOpa COBrra,n;aeT c HarrpaBJieHHeM BeKTOpa v' 
H co 3HaKOM MHHyc, eCJIH rrpoeKIJ;HH HMeeT rrpOTHBOIIOJIO)KHOe Ha­

rrpaBJieHHe. IlocKOJihKY CKaJIHpHoe rrpOH3Be,n;eHHe orrpe,n;eJieHO B Tep­

MHHax eBKJIH,IJ;OBOH reoMeTpHH IIJIOCKOCTH, TO mo6oe JIHHeHHOe rrpe­

o6pa30BaHHe, coxpaHHIOIIJ;ee ,IJ;JIHHy, ,Il;OJI)KHO coxpaHHTb H CKaJIHpHoe 

rrpOH3Be,n;eHHe, T. e. JIHHeHHOe rrpeo6pa30BaHHe, coxpaHHIOIIJ;ee ,IJ;JIHHY 

BeKTOpOB H yroJI Me)K,Il;y HHMH, coxpam1eT CKaJIHpHoe rrpOH3Be,n;e­

HHe 3THX BeKTOpOB. ~yrHMH CJIOBaMH, eCJIH eCTb opTOrOHaJihHOe 

rrpeo6pa3oBaHne M, TO (Mv, Mv') = (v, v') ,IJ;JIH JII06o:H rrapbI BeK­

TopoB v' H v. Hn-*e MhI rrpnBe,n;eM anre6paHqecKoe ,n;oKa3aTeJibCTBO 

3TOrO YTBep)K,Il;eHml. 06paTHO, IIOCKOJibKY (v, v) = !lvll 2
' TO JII06oe 

rrpeo6pa3oBaHHe M, coxpaHRIOIIJ;ee CKaJIRpHoe rrpoH3Be,n;eHne mo6hIX 

BeKTOpOB v' H v' HBJIHeTCH OpTOrOHaJihHbIM. 

,Ll;orrycTHM, qTo MhI 3a<PnKCHpOBaJIH BeKTOp v. PaccMOTpHM 

(v, v') KaK <PYHKIJ;HIO BeKTopa v'. MbI yTBep)K,Il;aeM, qTO (v, v') HB­

JIReTCH JIHHeHHOH <PYHKIJ;HeH OT v', T. e. (v, av'+ bw') = a(v, v') + 
b(v, w') a.11,.R, ./l,'/06'btX "lUCM a H b H a.11,Jl, Jl,'/06'btX 6e'K:mopo6 V

1 
H W

1
• 

CaMhIH rrpocTo:H crroco6 ,n;oKa3aTh 3TO cocTOHT B cJie,n;yroiu;eM. CHa-

qana pacCMOTpHM qaCTHhIH cJiyqaii, KOr,n;a BeKTOp v = ( ~) Jie)KHT 

Ha ocn x. Tor,n;a ,IJ;JIH BeKTopa v' = ( :; ) CKaJIRpHoe rrpoH3Be,n;eHne 

(v, v') = ex'. QqeBH,ll;HO, qTo 3TO Bbipa)KeHHe 3aBHCHT JIHHeHHO OT 

v', qTo ,n;OKa3hIBaeT Harne yTBep)K,Il;eHne B qacTHOM cJiyqae. Terrepb 

rrycTh y Hae BeKTOp v rrpoH3BOJieH. Mo-*HO HaiiTH rrpeo6pa3oBa­

HHe Bpaiu;eHHH M, COBMeiu;aroiu;ee BeKTop v c OChIO x. Ilpn 3TOM 

(v, v') = (Mv, Mv') JIHHeiiHo 3aBHCHT OT Mv' H Mv' JIHHeiiHo 

3aBHCHT OT v', qTo H Tpe6oBaJIOCh ,n;oKa3aTh. C,n;eJiaeM 3TO ,IJ;OKa3a­

TeJihCTBO 6oJiee rro,n;po6Ho. 

(v, av'+ bw') ~ (Mv, M(av' + bw')) <:!j (Mv, aMv' + bMw') 

<;;J a(Mv, Mv')+ b(Mv, Mw') ~ a(v, v') + b(v, w'), 

r,n;e (a) cJie,n;yeT H3 opToroHaJihHOCTH M, (b) - H3 JIHHeHHOCTH M, 
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(c) - ,n;oK83aHo B qacTHOM cJiyqae, 'ITO Mv Jie)lrnT Ha OCH x, (d) 
TaK:>Ke cJie,n;yeT H3 opToroHaJibHOCTH M. TaK KaK CKaJI.HpHoe npoH3-

Be,n;eHHe (v, v') CHMMeTpH'IHO no v H v', TO (v, v') 6y,n;eT JIHHeHHOH 

cPYHKD;HeH v npH cPHKCHpOBaHHOM v'. '.::ho no3BOJI51€T HaM noJiy'IHTh 

cPOPMYJIY )l;Jl51 CKaJI51pHoro npOH3Be,n;eHH51. IlycTh Mhl HMeeM )l;Ba BeK­

TOpa: 

B83HCHhie BeKTopa ( ~) H ( ~) opToroHaJihHhI ,n;pyr ,n;pyry H HMeIOT 

)l;JIHHy, paBHyro e,n;HHHD;e. Tor,n;a 

(v,v') ~ x ((~) ,v) +y ((~) ,v') 

~xx'((~),(~))+ xy' ((~ ),(~)) 
+ yx' ((~ ),(~)) + yy' ((~),(~)) 
~xx'+ yy'. 

06ocHOBaHH51: (a) CJie,n;yeT H3 JIHHeHHOCTH no v, (b) CJie,n;yeT H3 JIH­

H€HHOCTH no v'' ( c) - HCnOJih30BaHhl COOTHOIII€HH51 

((~),(~)) = ((~),(~)) = 1 

((~),(~)) ((~),(~)) =0. 

TaKHM o6p830M, MhI noJiy'IHJIH y,n;o6Hy10 <l>opMyJiy )l;JI.H CKaJI.HpHoro 

11pOH3Be,n;eHH51 ,ll;Byx BeKTOpOB, Jie:>Karn;Hx B O)l;HOH nJIOCKOCTH: 

(v, v') =xx'+ yy'. 

Tlepe'IHCJIHM Ba:>KHhie CBOHCTBa CKaJI51pHoro npOH3Be,n;eHH51 B eBKJIH­

)~OBOM npocTpaHCTBe: 
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1. CMMMeTpirn: (v, v') = (v', v); 

2. JIMHeiiHoCTh: (v, av'+ bw') = a(v, v') + b(v, w'); 

3. IlOJIO)KMTeJibHaH orrpe;:i;eJieHHOCTb: (v, v) 2:: 0 ll (v, v) 0, 
TOJibKO ecJIM v = o. 

BocrroJib30BaBI11Mcb 3TMMM CBOiiCTBaMM, MO)KHO Bbipa3HTb CKaJIHpHoe 

rrpon3Be;:i;eHne qepe3 ,ll;JIMHbI BeKTopoB. PaccMOTpHM TO)K,ll;eCTBO: 

llv-w!l2 = (v-w,v-w). 

CKaJIHpHoe rrpoH3Be;:i;eHne JIMHe.HHo no o6oMM BeKTopaM, rro3TOMY 

llv - wll2 = (v, v) - (v, w) - (w, v) + (w, w). 

TaK KaK (v, v) = llvll 2 , (w, w) = llwll 2 
M (v, w) = (w, v), MbI 

IlOJiy'IaeM 

2(v, w) = llvll2 + llwll2 
- llv -wll 2

· 

CJie;:i;oBaTeJibHO, 

1 
(v, w) = 2{11vll 2 + llwll2 

- llv - wll 2
}. (4.1) 

9Ta cpopMyJia IlOKa3bIBaeT, 'ITO eBKJIM,ll;OBO CKaJIHpHoe rrpOM3Be;:i;eHMe 

orrpe;:i;eJIHeTCR eBKJIM,ll;OBbIM rroHRTMeM ,IJ;JIMHbI. EcJIM MbI HarrnmeM 

(v, w) = llvll · llwll COS 0 ll IlOCMOTpMM Ha pHC. 4.6, TO JBH,IJ;MM, "ITO 

cpopMyJia 4.1 - 3TO rrpoCTO 3aByaJIHpOBaHHaH TeopeMa KOCMHJCOB. 

PMC. 4.6 
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4.2. Ilpou;ecc I'paMa-lliMH,n;Ta 

IlyCTb v - a6cTpaKTHOe ,Il,ByMepHOe BeKTOpHoe rrpocTpaHCTBO. ,II,o­
rrycTHM, qTo B HeM ,IJ,aHO IIOJI02KHT€JibHO orrpe,IJ,eJieHHOe CKami:pHoe 

rrpOll3Be,IJ,eHlle (·, ·)v. ,Ll;pyrnMll CJIOBaMH, .n.orryCTllM, qTO y Hae eCTb 

cPYHKD;mi:, KOTOpaH Ka2K,IJ,OH nape BeKTOpOB V1, V2 ll3 v IIpllIIllCbI­

BaeT Bei:u;ecTB€HHOe qncJIO (v1, v2)v, y,IJ,OBJI€TBOp5IIOIIJ;ee ycJIOBllHM 

CHMMeTpllqHOCTll, 6HJillH€HHOCTll ll IIOJI02KllT€JlbHOH orrpe.n.eneHHO­

CTll. Tor.n.a MhI YTBep)K,Il,aeM, qTo cyi:u;ecTByeT JIHHeHHhIH H30MOp­

cpn3M1 L : V ---+ IR2 TaKoii, qTo 

,Ll;pyrHMll CJIOBaMH, BbI6paB rrpaBllJibHhIH 6a3HC, M02KHO C,IJ,eJiaTb TaK, 

qTo6bI CKaJI5IpHoe rrpOll3Be,IJ,eHne (-,. )v B rrpocTpaHCTBe v BbirJI5I,IJ,€JIO 

TaK 2Ke, KaK eBKJIII,Il,OBO CKaJI5IpHoe npOll3B€,IJ,€Hlle (., . ) B rrpocTpaH­

CTBe IR 2 . ,Ll;nH ,IJ,OKa3aTeJihCTBa 3Toro yTBep2K,Il,€HHH Bb16epeM B rrpo­

CTpaHCTBe V HeHyJieBOH BeKTop w. TaK KaK llwlli = (w, w)v > 0, 
~JIHHa B€KTOpa 

paBHa €,Il,llHHU,e, T. e. 

Terrepb rrycTb u - BeKTOp B rrpocTpaHCTBe V, JIHHe:HHo He3aBncn­

MhIH OT e 1. TaK KaK 3TO rrpocTpaHCTBO ,n;ByMepHo, TO TaKoii BeKTOp 

cyi:u;ecTByeT. IlyCTb 

u2 = u - (u, ei)ve1. 

BeKTOp u2 neprreH,n;HKYJIHpeH ei, T. e. ( u2, ei )v = 0. ,LI;eiicTBHTeJihHO, 

(u2, ei)v = (u - (u, ei)ve1, ei)v 

= (u, ei)v - (u, ei)v(e1, ei)v 

= (u,e1)v - (u,e1)v = 0, 

1HarrOMRHaeM, 'ITO B rraparpa¢e 1.12 Mbl orrpe,!l;eJimm IIOHHTlle ll30MOpqm3-

Ma: L - JinHeii:Hoe, B3aRMHO-O,!J;H03Ha'IHOe, c10pheKTRBHoe rrpeo6pa3oBaHne, n, 
CJ1CAOBaTCJibHo, nMe10~ee o6paTHOe JIRHeii:Hoe rrpeo6pa3oBaHne. 
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TaK KaK ( ei, ei )v = l. KpoMe Toro, u2 f:. 0, TaK KaK B rrpoTHBHOM 

cJiyqae BeKTopa ei H u 6bIJIH 6b1 JIHHe:fiHo 3aBHCHMhI. Orrpe.n;eJIHM 

B€KTOp 
1 

e2 = !lu2llv u 2. 

Tor.n;a (e2,e1)v = (1/llu2llv)(u2,e1)v = 0 H lle2ll = l. Bh16epeM 3TH 
BeKTOphI e 1, e2 B KaqecTBe 6a3HCa B rrpocTpaHCTBe V. Tor.n;a mo6o:fi 

BeKTOp B 3TOM rrpocTpaHCTBe MO)KHO rrpe.n;cTaBHTb B <PopMe 

3aMeTHM, 'ITO x = (v, e1), TaK KaK (e2, ei) = 0 H (e1, e1) l. 
AHaJIOrH'IHO, y = (v, e2)· 

IIycTh 

v1 = x1e1 + y1e2, 

v2 = x2e1 + y2e2. 

Bo3hMeM oTo6pa)KeHHe L: V --t JR.2 B HarneM 6a3Hce 

Tor.n;a 

T. K. (e1, e2)v = (e2, ei)v = 0 H (e1, ei)v = (e2, e2)V = 1. Harne 

YTBep)K.n;eHHe .n;oKa3aHo. 

Orrpe.n;eJIHM eBKJIH.D;OBo cKaJI.HpHoe rrpoH3Be.n;eHHe B rrpocTpaHCTBe 

JR.3 cPOPMYJIO:fi 

Kru< H B l\BYMepHOM CJIY'"'"• eom v = ( ~), ro IM2 = (v, v) •RITTI­

eTc.H KBa.n;paTOM eBKJIH.D;OBOH .D;JIHHhl B€KTOpa v. IlpHBe.n;eHHbie BhIIIIe 



4.2. Ilpon;ecc rpaMa-IllMH,D,Ta 173 

coo6pa)KeHH51 IIOKa3hIBalOT, 'ITO, BOCIIOJih30BaBIIIHCh <l:>opMyJIOH 4.1, 
ITO ,Ll;JIHHe BeKTOpa MO)KHO BOCCTaHOBHTb CKaJI51pHoe rrpoH3Be,n;eHHe: 

1 
(v, w) = 2(1lvJJ2 + JJwJJ2 - JJv - wJJ2). 

TaKHM o6pa3oM, Bparn;eHH51 B TpexMepHOM rrpocTpaHCTBe coxpaHHIOT 

CKaJI51pHoe rrpoH3Be,n;eHHe. B qacTHOCTH, ecJIH HaM ,n;aHhI ,n;aa BeKTOpa 

v H w' TO MO)KHO IIOBepHyTh IIJIOCKOCTh, B KOTOpoli OHH pacrrOJIO)Ke­

HhI, TaK, 'IT06hI OHa COBIIaJia c IIJIOCKOCTblO z = o. ,I:l;JI51 BeKTOpOB B 

TaKOH IIJIOCKOCTH CKaJI51pHoe rrpOH3Be,n;eHHe CBO,Ll;HTC51 K CKaJI51pHOMY 

rrpOH3Be,n;eHHIO B rrpocTpaHcTBe IR.2 . A ,n;JIH TaKHX BeKTopoB MhI y)Ke 

IIOJIY'IHJIH, 'ITO 

(v, w) = llvll . llwJJ cos e, 
H, CJie,n;oBaTeJihHO, 3TO crrpaBe,n;JIHBO ,Ll;JI51 JII06oii rrapbl BeKTOpOB (rro­

CKOJihKY o6e qacTH paBeHCTBa HHBapHaHTHhl OTHOCHTeJibHO Bparn;e­

HHH). 

BeKTOpHoe rrpocTpaHCTBO V Ha3hIBaeTC51 TpexMepHhIM, ecJIH mo-

6hie qeTbipe BeKTOpa mrneliHO 3aBHCHMhI, HO cyrn;ecTBYIOT TpH JIHHeli­

HO He3aBHCHMhIX. 8To 3Ha'IHT, 'ITO ,Ll;JI51 JII06hIX qeTbipex BeKTOpOB V1' 

v2, V3, V4 MO)KHO HaHTH qeThipe 'IHCJia ai, a2, a3, a4, He ace paBHhie 

HYJIIO, rrpH KOTOpbIX BhIIIOJIH51eTC51 paBeHCTBO 

11 rrpH 3TOM cyrn;ecTBYIOT TPH BeKTopa u, v, w TaKHe, 'ITO paBeHCTBO 

au+bv+ cw= 0 

HbIIlOJIH51eTC51 TOJihKO rrpH ycJIOBHH a = b = c = 0. 
,ll,orryCTHM, 'ITO B rrpocTpaHCTBe v eCTb IIOJIO)KHTeJibHO orrpe,n.e­

JieHHOe CKaJI51pHoe rrpOH3Be,n;eHHe (.' • )v. IloBTOpHM IIOCTpOeHHe, rrpH­

Be,n.eHHOe BhIIIIe ,Ll;JI51 ,n;ayMepttoro CJIY'IM. Bb16epeM HeHyJieBoli aeK­

Top. 06o3Ha'IHM ero ei. Bb16epeM ,n;pyroli BeKTop u, JIHHeliHo He3a­

BHCHMhIH c BeKTOpOM ei. IlOJIO)KHM 

u2 = u - (u, ei)ve1, 
1 

e2 = Jlu2Jlv u2. 
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BeKTOphI ei H e2 y,n;oBJieTBOpRIDT ycJIOBHRM 

Mtto)KeCTBO BeKTopoB Bn,n;a xe1 + ye2 H30Mopqmo ~2 
If, cJie,n;oBa­

TeJihHO, o6pa3yeT ,n;ByMepttoe BeKTOpHoe npocTpaHCTBO. Otto He 3a­

rroJIHReT Bee rrpocTpaHCTBO v' TaK KaK B 3TOM MHO)KeCTBe Mhl He 

MO)KeM Ha:iiTH TPH JIHHeiiHo He3aBHCHMhIX BeKTopa. Ta:KHM o6pa3oM, 

B rrpocTpaHCTBe v cy111ecTByeT BeKTOp w' KOTOphIH He.Jib3R 3aIIHCaTh 

B <Pop Me xe1 + ye2. 3HaqHT, BeKTOP 

He paBeH HYJIID. Orrpe,n;eJIHM BeKTOp 

1 

Tor.n;a 

lle1llv = lle2llv = lle3llv = 1, 

( ei, e2)v = ( ei, e3)V = ( e2, e3)v = 0. 

EcJIH v - npoH3BOJihHhIH BeKTop B rrpocTpaHCTBe V, TO MhI YTBep­

)K,LI;aeM, qTo 

,Il;eiiCTBHTeJihHO, BOCIIOJih30BaBIIIHCh TeMH )Ke coo6pa)KeHHRMH, qTo 

H paHhIIIe, IIOJIO)KHM 

Tor.n;a 

Ecm1. npe.n;rroJio)KHTh, qTo V4 =f:. 0, TO MO)KHO ,n;oKa3aTh, qTo BeKTOphI 

ei, e2, e3, V4 JIHHeiiHo He3aBHCHMhL B caMOM ,n;eJie, rrycTh BhIIIOJIHeHo 

pa:BeHCTBO 

aie1 + a2e2 + a3e3 + a4v4 = 0. 

,Il;oMHO)KHM o6e ero qacTH Ha ei, e2 H e3. B pe3JJihTa:Te rroJiyqlfM, 

qTo ai = 0, a2 = 0, a3 = 0. CJie,n;oBaTeJihHo, ecJIH v 4 =f:. 0, To 
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a4 = 0. Ho 3TO rrponrnope'IHT Hcxo,n;ttoMy rrpe,n;rroJIO)KeHHIO, 'ITO 

rrpocTpaHCTBO V TpexMepttoe. 

l'haK, n106o:lf BeKTOp B rrpocTpaHCTBe v MO)K€T 6bITb 3aIIHCaH B 

cpopMe 

To'IHO TaK)Ke, KaK H B ,n;ByMepHOM cnyqae, orrpe,n;enHM oTo6p~eHHe 

L : V ---t JR3 paBeHCTBOM 

L(v) ~ ( ~) , ecnu v ~ xe1 +ye,+ ze3. 

9To OTo6pa)KeHH€ .HBJI.H€TC.H JIHH€MHbIM, B3aHMHO-O,Il;H03Ha'IHbIM OT0-

6p~eHH€M v Ha rrpocTpaHCTBO JR3 H 

(u, v)v =(Lu, Lv)IR3· 

Attanoruqttoe YTBep)K,Il;ettHe MO)KHO ,n;oKa3aTb H ,n;n.H cnyqaeB qe­

Tbipex, II.HTH, ... ' n H3MepeHHH. 

B rrpocTpaHCTBe ]Rn orrpe,n;enuM e6'K',.1tuaoeo C'K',G.11.ftpttoe npouaee­

aettue 

BeKTOpttoe rrpocTpaHCTBO V Ha3bIBaeTc.H n-MeptthIM, ecnH cym;ecT­

ByeT n JIHH€HHO He3aBHCHMbIX BeKTOpOB, rrpu 3TOM n106o:lf tta6op 

H3 n + 1 BeKTOpOB .HBJI.H€TC.H JIHHeMHO 3aBHCHMbIM. 06m;y10 TeOpHIO 

n-MepHbIX BeKTOpHbIX rrpOCTpaHCTB Mbl 6y,n,eM H3y'laTh B rnaBe 10. 
EcnH V - n-Mepttoe rrpocTpaHCTBo, HMe10m;ee IIOJIO)KHTeJibHO orrpe­

,n;eneHttoe CKaJI.HpHoe rrpOH3Be,n;ettHe, TO B HeM MO)KHO HaHTH opmo20-

1ta.lt'b1t'b£U 6aauc ei, .•• 'en, T. e. MO)KHO HaMTH n BeKTOpOB ei, .•. 'en, 
06na,n;a10m;Hx CBOHCTBaMH 
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J1ro6oii BeKTOp v B rrpocTpaHCTBe v MO)KeT 6hITb 3am1caH B cl>opMe 

CooTBeTCTBeHHO orrpe,n;em1eTcH OT06pa*em1e L : V -t ]Rn 

L(v)= CJ 
Tor,n;a 

(v, w)v = (Lv, Lw). 

MTaK, ecJIH y Hae ecTb n He3aBHCHMhIX BeKTopoB v1, ... Vn, To BeKTO­

pbI ei MO)KHO IIOCJie,n;oBaTeJibHO IIOJIY'IHTb c IIOMOIIJ;bIO CJie,n;yrom,ero 

arrropHTMa: 

u2 = v2 - (v2, ei)e1, 

1 
e2 = 1iu2ll u2 , 

U3 = v3 - (v3, ei)e1 - (v3, e2)e2, 

1 
e3 = llu3ll u3, 

H TaK ,n;arree. 9TOT arrropHTM Ha3bIBaeTCH opmmwp.MUp060~'H,OU npo­
v,edypou I']XJ.Ma-IIJ.Mudma. 

IlOKa)KeM Ha'laJIO rrpo:u;e,n;ypbI fpaMa-lliMH,Il;Ta B rrpHMeHeHHH K 

BeKTOpaM V1, v2, V3, V4 rrpocTpaHCTBa JR.4, r,n;e 

(Mbl c,n;eJiaeM TOJlbKO ,n;Ba rrepBblX mara, II03TOMY BeKTOpbl V3, V4 
HaM He rroTpe6yIOTCH.) CKarrHpHoe rrpOH3Be,n;eHHe B rrpocTpaHCTBe 
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JR.4 orrpe,n;emreTCR, KaK 06h1~mo. lIHhIMH CJIOBaMH, MhI rrpe,n;rroJiaraeM, 

'ITO BeKTOpbI 

o6pa3yIOT opTOHOpMHpOBaHHbIH 6a3HC. 

IIepBhIH rnar cocTOHT B rrpeo6pa30BaHHH BeKTopa v1 K e,n;HHH'l­

HOMY BeKTopy: 

1103TOMY 

CJie,IJ;OBaTeJibHO, 

( 
1/2) 1 1/2 

ei = 2v1 = l/2 . 

-1/2 
,11,aJiee, H3 BeKTOpa V2 Bbl'IHTaeM ero rrpoeKu;HIO Ha BeKTOp ei: 

= m- (3/2 + 3/2+ 5/2 _ 3/2) u~~) = m . 
11 HaKoHeu;, rrpeo6pa3yeM BeKTOp w2 B e,n;HHH'IHbIH BeKTOp: 

(w,, w2) = ( ( ~) , ( ~)) = 12 + 12 + 32 + 52 = 36, 
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II03TOMY 

e2=~W2=~(~)· 6 6 3 
5 

B KaqeCTBC Il~Bcp~ 3-CTBM, qTo ( u) ' ( ~)) = 0. 

3aMeTHM, 'ITO mo6oii: BeKTOp v B rrpocTpaHCTBe IR.4 MO)KHO 3a­

IIHCaTb KaK cyMMY BeKTOpa 7rV' KOTOpbIH HBJUieTCH JIHHeii:HOH KOM­

forna1weii: BeKTOpOB ei, e2 (11, CJie.n;oBaTeJihHO, BeKTOpOB V1 H v2), H 

BeKTopa, rreprreH.LJ;HKYJIHpHoro ei H e2. Harrp11Mep, B03bMeM BeKTOp 

V= (-1} 
Orrpe.n;eJIHM BeKTop 7rV cJie.n;y10rn;HM o6pa3oM: 

Mo)KHO rrpoBepHTh, 'ITO BeKTOp 

v-~= (-!)-m (-~) 
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rreprreH,n;MKyJrn:peH BeKTopaM e1 M e2. (9To MO)KHO c,n;eJiaTh rrp.HMOH 

rrpoBepKOH OpToroHaJibHOCTM 3TOro B€KTOpa MCXO,Ll;HhIM 683MCHhIM 

BeKTOpaM V1 M V2, JIM6o OpTOHOpMMpOBaHHOH CMCTeMe BeKTOpOB e1 

M e2.) Mb1 6y,n;eM roBopHTh, 'ITO rrpeo6pa3oBaHMe 7r, rrepeBo,n;.Hrn;ee 

BeKTOp v B 7f'V' eCTh opm020'H.aJt'b'H.a.R. npoe?C'l.J,U.R. Ha rro,n;rrpocTpaHCTBO 

w' HaT.HHYTOe Ha BeKTOpbl V1 M V2. 

B KalfeCTBe BTOporo rrpMMepa rrpHMeHeHM.H rrpou;e,n;yphl rpaMa­

lIIMH,Ll;Ta paCCMOTpHM qeTblpexMepHoe rrpocTpaHCTBO IIOJIHHOMOB 

cTerreHM ~ 3, r,n;e CKaJI.HpHoe rrpoH3Be,n;eHn:e orrpe,n;eJI.HeTC.H <l>opMy-

JIOH 

(f' g) = 1:1 f (t)g(t) dt. 

(ITpoBepbTe, 'ITO 3Ta <l>opMyJia ,n;eiiCTBHT€JlhHO onpe,n;eJI.HeT CKaJI.Hp­

HOe npoH3Be,n;ettn:e!) HalftteM co cTeneHHoro 683n:ca 

(EcJIH 6bI HalfaJIH c ,n;pyrn:x 683HCHhIX 3Jl€M€HTOB, JIM6o c T€MH )K€ 

3J1€M€HTaMM, HO B ,n;pyroM rrop.H,n;Ke, TO MOI'JIH 6bI ITOJIY'fMTh ,n;pyroii 

opToHopMn:poBaHHhIH 683HC.) Cttalfana BhI'fHCJIHM 

H rrpeo6pa3yeM BeKTOp v1 K e,n;HHH'fHOMY B€KTopy: 

3aTeM BhllfHCJIHM 

OTKy,n;a CJie,n;yeT, 'ITO BeKTOp V2 y)Ke opTOI'OHaJieH BeKTopy e1. Ilo­
CKOJihKY 

(v2, v2) = f 1 t 2 dt = 2/3, 
' -1 

TO IIOJiyqaeM e2 = t/~ = J(3fi.)t. 
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Teneph MO)KHO BhPIHCJIHTh BeKTop w 3 : 

W3 = v3 - el(e1, v3) - e2(e2, v3) 

= t - - t dt - - t t dt 2 111 2 3 11 3 

2 -1 2 -1 

2 1 
=t -3· 

H IIOJiyqaeM TpeTHH HOpMHpOBaHHbIH 6a3HCHhlH BeKTOp 

2 1 
t -- !45(2 1) (5 2 

e3 = ri = V 8 t - 3 = V 8 (3t - 1). 

V45 
HaKotteu;, BbiqncJI5IeM BeKTop w 4: 

BeKTOp 

QqeBH,IJ;HO, qTO ,z:i;eiiCTBYR TaKHM o6pa30M, Mbl MO)KeM IIOCTpO­

HTb IIOCJI€,ll.OBaTeJihHOCTb opTOrOHaJibHbIX IIOJIHHOMOB 6oJiee BbICO­

KHX CTerreHeH. 9TH IlOJIHHOMbI, H3BeCTHbI€ KaK IlOJIHHOMbI Jie)KaH.n.­

pa, II051BJI51IOTC51 rrpn pemeHHH 3a.n.aq 3JI€KTpOCTaTHKH B ccpepnqe­

CKHX Koop.n.nttaTax. Ha caMoM .n.eJie, 06h1qtto rrpn pemeHHH cpH3H­

qecKnx 3a.n.aq B€KTOpHbie rrpocTpaHCTBa cpyHKIJ;HH, noJiyqaIOIIJ;HXCR 
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npn perneHHH ,n;n¢¢epeHIJ;HaJihHhIX ypaBHemdi, HMeIOT opToroHaJih­

Hhifi 633.HC, B03HHKaIOlll;Hii ecTeCTBeHHbIM o6pa30M H3 cPH3H1IeCKHX 

coo6p8,)KeHnfi. Ilo3TOMY Ha rrpaKTHKe He TaK y:>K qacTo rrpnxo,n;nTc.H 

rrpn6eraTb K rpOM03,ll.KOH rrpOIJ;e.n.ype I'paMa-liIMH,11.Ta. 

4.3. Kna,LI,paTHqHbie <PopMbI H CHMMeTpHqHbie 

MaTpH:l~bl 

B rraparpa¢ax 4.1 n 4.2 MhI H3Y'IaJIH eB?CAudoB'bt CKaJI.HpHbie rrpon3-

Be,n;eHH.H, o6Jia,n;aIOlll;He TpeM.H CBOHCTBaMn: OHM 6HJIHHeHHbI, CHMMeT­

pH'IHbI H rroJIO:>KHTeJihHO orrpe.n.eJieHbI. Cefiqac MhI 3afiMeMC.H n3yqe­

HHeM «CKaJI.HpHbIX rrpOHH3Be,n;eHHH~ 6oJiee 06lll;ero BH,11.a, Kor,n;a IIOJI0-

)1(.HTeJihHa.H orrpe,n;eJieHHOCTb He o6.H3aTeJibHa. 9TH CKaJI.HpHbJe rrpo­

H3Be,n;eHH.H nrpaIOT Jl;eHTpaJibHYIO pOJib B Teopnn OTHOCHTeJibHOCTH. 

Bo3Bpalll;aeMc.H B rrpocTpaHCTBO JR2 . ,Il;orrycTHM, 'ITO B 3TOM rrpo­

cTpaHCTBe HaM ,n;aHO CKaJI.HpHOe rrpOH3Be,n;eHHe (.' • ) ' KOTOpoe He o6.H-

3aTeJihHO 6y,n;eT IIOJIO:>KHTeJibHO orrpe,n;eJieHHbIM. Ilpn 3TOM MbI IIOJia­

raeM, 'ITO OHO 

6nJIHHefiHo: (v, au+ bw) = a(v, u) + b(v, w) 

H CHMMeTpH'IHO: (u, v) = (v, u) 

)~JI.H BCex BeKTOpOB u, v' w H Bcex Belll;eCTBeHHbIX 'IHCeJI a H b. 
HttTepecHo cpaBHHTh CKaJI.HpHoe rrpon3Be,n;eHHe ( ·, ·) c eBKJIH,11.0BhIM 

CKaJI.HpHbIM rrpOH3Be,ll.eHHeM ( ·, ·). HaqHeM c 3JieMeHTapttofi JieMMhI. 

IIycTb l : JR2 ---+ JR eCTh JIJ:IHefiHoe oTo6pa;>KeHHe. Tor,n;a cylll;eCT­

nyeT e,n;HHCTBeHHbIH BeKTOp w' ,11.Jl.H KOTOporo 

l(v) = (v, w) ,11.JI.H Bcex v H3 JR2
. 

Jl.etiCTBHTeJibHO, l orrpe,n;eJI.HeTC.H MaTp.Hll;efi 1 x 2: (a b)' T. e. 

w=(~)· 
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Tor,z::r;a 

(v, w) = ((:), (~))=ax+ by, 

"ITO Mhl H XOTeJrn: ,z::r;OK83aTh. QqeBH,z::r;Ho, "ITO w - e,z::r;HHCTBeHHbifi 

BeKTop B npocTpaHCTBe IR2 , 06na,z::r;a10111HH TaKHM CBOfiCTBOM. Teneph 

paCCMOTpHM (u, v) KaK <PYHKIJ;HlO v rrpH <PHKCHpOBaHHOM seKTOpe 

u. '.:ho CKaJI5IpHoe rrpOH3Be,z::r;eHHe JIHHeHHO no v' CJie,z::r;oBaTeJibHO, cy­

iu;ecTByeT TaKOfi BeKTOp w' ,z::r;JI5I KOToporo 

(u, v) = (v, w) ,z::r;JI£ Bcex v EV 

BeKTop w 3aBHCHT OT u, noaToMy B aTOM ypaBHeHHH cne,z::r;yeT nHcaTh 

w(u). lhaK, w(u) - 3TO TaKofi BeKTop, ,z::r;JI£ KOToporo eB'/\,j/,uaoBo 

CKaJI5IpHoe npoH3Be,z::r;eHHe c mo6hIM BeKTOpOM v paBHO (u, v). IIycTh 

u1 H u2 - ,z::r;Ba BeKTopa, a HM COOTBeTCTBYIDT w(u1) H w(u2). Tor,z::r;a 

(a) 
(au1 + bu2, v) = (v, au1 + bu2) 

~ a(v, u1) + b(v, u2) 

<;;J a(u1, v) + b(u2, v) 

= a(v, w(u1)) + b(v, w(u2)) 

= (v, aw(u1) + bw(u2)), 

r,z::r;e (a) - CJie.D,CTBHe CHMMeTpHH, (b) - CJie.D,CTBHe 6HJIHHefiHOCTH, 

(c) - cJie,z::r;cTBHe CHMMeTpHH. TaKHM o6p83oM, 

~yrHMH cJioBaMH, w JIHHeHHO 3aBHCHT OT u. Ho Tor,z::r;a M02KHO HanH­

caTh w(u) =Au, r,z::r;e A - JIHHefittoe rrpeo6p830BaHHe. BBo,II,£ npe2K­

HHe o6o3Ha"IeHH£ w(u) =Au, rroJiyqaeM: 

I (u, v) = (v,Au) I 
,z::r;JI5I BCex u H v B npocTpaHCTBe JR2 . ,Il,o 3TOro MOMeHTa Mb! HCUOJib30-

BaJIH TOJihKO 6HJIHHefiHOCTh (u, v), T. e. JIHHefiHOCTh no u npH <PHKCH­

poBaHHOM v H JIHHeHHOCTh no v npH <PHKCHpOBaHHOM u. (3,z::r;ecb, no 



cyrn;ecTBy, HCITOJih30Batta TaK>Ke CHMMeTpH.H ( ·, ·).) CHMMeTpH.H ( ·, ·) 

IT03BOJI.HeT 3aITHCaTh 

(u, v) = (v, u), 

CJie,n;oBaTeJihHO, 

(v, Au) = (u, Av). 

0,n;HaKo, (u, v) = (v, u), IT03TOMY 

(v, Au)= (Av, u) 

,n;JI.H Bcex BeKTopoB u H v B ITpocTpaHCTBe V. IIocMoTpHM, qTo H3 

aToro MO:>KHO IToJiyqHTh ,n;JI.H MaTpHIJ;hI A. 
,ll,JI.H mo6o:H MaTpHIJ;hI B Bhipa:>KeHHe ( Bv, u) JIHtte:Htto B oT,n;eJih­

HOCTH ITO u H ITO v. BocITOJih30BaBIIIHCb ITpe,n;h1,n;yrn;HMH apryMeHTaMH, 

MO:>KHO ITOKa3aTb, 'ITO cyrn;ecTByeT e,n;HHCTBeHHOe JIHHeHHOe ITpeo6pa-

30BaHHe ( o6o3ttaqHM ero BT), KOTOpoe y,n;oBJieTBOp.HeT ycJIOBHIO 

(Bv, u) = (v, BT u) 

,ll;Jl.H Bcex BeKTOpOB u H v B ITpOcTpaHCTBe v. 9TO ITpeo6pa30BaHHe 

Ha3hIBaeTc.H mpaHcnoHupoBa?-t,'H/b/,M ITO OTttomeHHIO K B. Bh1q11cJIHM 

BT, ITPHH.HB o6o3ttaqeHH.H 

Tor,n;a 

(Bv, u) =(ex+ fy)x' + (gx + hy)y' 

= exx' + fyx' + gxy' + hyy' 

= x( ex' + gy') + y(f x' + hy'), 

CJie,n;oBaTeJihHO, 

(
x') (ex'+ gy') 

BT y' = f x' + hy' ' 

IUIH 

~yrHMH CJIOBaMH, TpattcITOHHpoBattHa.H MaTp11u;a BT ITOJiyqaeTC.H 

cnpa:>KeHHeM MaTpHIJ;hI B OTHOCHTeJihHO rJiaBtto:H ,n;11arottaJIH. 
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0Tcro.n;a ,n;Jrn MaTpmi;w A, orrpe.n;emno:ru;eii ttame «CKaJIHpHoe rrpo­

H3Be,n;ettne», cne.n;yeT, qTo 

T. e. MaTpmi;a A cu.MMempU"1,'Ha. 3ttaqnT, A MO)KeT 6bITh 3arrncaHa B 

BH,IJ;e 

Ecnn MhI o6o3HaqnM 

Q(v) = (v, v), 

Tor.n;a, KaK H B rraparpaQ:>e 4.1, MO)KeM rronyqHTb TO)K,IJ;eCTBO 

1 
(u, v) = 2(Q(u) + Q(v) - Q(u - v)), 

H ecnH v = (~)'TO 
Q(v) =(Av, v) = ax2 + 2bxy + cy2

. 

TaKasi <PYHKU,HH Q Ha3bIBaeTcSI 'K:6adpamu"-tnou fj)op.Mou. TaKHM 

o6pa30M, rrpe,IJ;hI)l,y:ru;He Q:>opMyJihI IIOKa3b!BaIOT, qTo KBa.n;paTHqHaf! 

Q:>opMa Q orrpe.n;enf!eT (.' . ) ' H o6paTHO, Ka)K,IJ;Oe CKaJiflpHOe rrpOH3Be­

,n;eHHe orrpe.n;enf!eT KBa,n;paTnqttyro Q:>opMy. 

Ko3Q:>Q:>mi;neHThI a, 2b, c B KBa.n;paTnqHOM rronHHOMe Q(v) orrpe­

.n;enf!IOT MaTpHey A. ,I(pyrHMH cnoBaMH, Q orrpe.n;enHeT A n, cne.n;o­

BaTeJihHO, (-, . ) . 

XapaKTepncTIPieCKHii rronHHOM ,n;nfl MaTpHIJ;hI A HMeeT BH,IJ; 

x2 -(a+c)x+ac-b2
, 

rrpH 3TOM BhlIIOJIHeHO ycnoBHe 

(a+ c)2 
- 4(ac - b2

) = (a - c)2 + 4b2 2".: 0. 

Bbipa)KeHHe (a - c)2 + 4b2 Ha3bIBaeTCf! aucK:pU.MU'Ha'HmOM KBa.n;pa­

THqHoii Q:>opMbI Q. ,I(HCKpHMHHaHT paBeH HYJIIO B TOM H TOJibKO TOM 

cnyqae, ecnn a = c H b = 0. Tor.n;a 

A= (~ ~) =all 



(u, v) = a(u, v). 

B 3TOM cJiy'Iae ( ·, ·) rrporropu;imHaJihHO ( ·, ·). 
Ilpe,n;rroJIO)KHM, 'ITO A HMeeT pa3JIH'IHbie co6cTBeHHhie 3Ha'IeHmI 

>.1 I- >.2, COOTBeTCTBYIOID;He co6CTBeHHhlM BeKTOpaM V1 H V2. ,Il;oKa­

)KeM, 'ITO BeKTOp V1 rrepneH,D,HKYJIBpeH BeKTopy V2, T. e. (v1, v2) = 0. 
9To o'IeHh npocTo: (Av1, v2) = (vi, Av2), T. K. A CHMMeTpH'I­

tta; (>.1v1, v2) = (v1, >.2v2), T. K. v1, v2 - co6cTBeHHhle BeKTOph1; 

>.1(v1, v2) = >.2(v1, v2), T. K. CKaJI5IpHoe rrpOH3Be,n;eHHe JIHHeHHO; 

(v1, v2) = 0, IIOTOMY 'ITO >.1 I- >.2. 
,Il;oKaJKeM o6paTHoe yTBep)K)l.ettue: rrycTh co6cTBeHHhIH BeKTop 

v1 MaTpHllhI A cooTBeTCTByeT co6cTBeHHOMY 3Ha'IeHmo >.1. IlycTh 

BeKTOp V2 He paBeH Hymo H rreprreH,D,HKYJIBpeH Vi, T. e. (v1, v2) = 0. 
Tor,n;a 

(v1, Av2) = (Av1, v2) = >.1(v1, v2) = 0, 

cJie,n;oBaTeJihHo, Av2 rreprreH,D,HKYJIBpeH v1. Ho cyrn;ecTByeT TOJihKO 

O,D,Ha rrpBMaB, rrepneH,D,HKYJIBpHM BeKTOpy V1' H BeKTOp V2 I- 0 Jie­
)KHT Ha Heit 9To 3Ha'IHT, 'ITO Av2 nponopu;uoHaneH v2, T. e. Av2 = 

>.2v2 ,D,JIB HeKoToporo co6cTBeHHoro 3Ha'IeHHB >.2. 
lhaK, MhI ,n;oK83aJIH, 'ITO JI106M CHMMeTpH'IHaB MaTpHu;a A HMe­

eT ,n;Ba opmozottM'b'H/btX co6cTBeHHhIX BeKTopa v1 H v2. YMHO)KHB 

::::;:Ia:~o: ::::Hc;:.T;::::B::::::K(~~pb~,2)M~::eo :;:a(T:lH)X 
Y1 Y2 Y1 

(
x2) u H v2 = y

2 
, BBJIBeTcB MaTpu11eH Bparn;eHHB. 

TaKHM o6pa3oM, MO)KHO 3arrHcaTh A = R (~1 ~2) R-1, r,n;e 

R - MaTpHu;a Bparn;eHHB. ,Il;JIB opToroHaJihHott MaTpHu;h1 M BhIIIOJI­

HBIOTCB cooTHomeHHB ( M v, M v) = ( v, MT M v) = ( v, v) ,D,JIB Bcex 
BeKTopoB v. 0Tcro,n;a cJie,D,yeT, 'ITO MT= M-1, H MhI MO)KeM HarrH­

caTh paBHOCHJibHOe paBeHCTBO: 

Ilpe,n;rrOJIO)KHM, 'ITO Mbl Bb16paJIH co6CTBeHHhie BeKTOpbl TaK, 'ITO 

>.1 > >.2. Tor,n;a co6cTBeHHhIH BeKTop v1, y)Ke rrpeo6pa3oBaHHhIH K 
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e,n;HHH"'IHOH ,ll;JIHHe, OTJIH"'IaeTC.H OT Bcex ,n;pyr11x BeKTOpOB e,n;HHH"'IHOH 

,ll;JIHHhI v TeM, "'ITO Q(v) rrp11H11MaeT MaKCHMaJihHoe 3Ha"'!eH11e. BeK­

Topy V2, T02Ke 11Me10rn;eMy e,n;HHH"'IHYIO ,ll;JIHHy, COOTBeTCTByeT MHHH­

MaJihHoe 3Ha"'!ett11e Q(v), T. e. 

,ll;Jl.H JII06oro BeKTopa v e,ll;HHH"'IHOii ,ll;JIHHbl ( ( v' v) = 1). q T06bI ,z:i;o­

Ka3aTb OlTO yTBep)K,ll;eH11e, 3arrmneM v = v 1 cos 0 + v 2 sin 0 (p11c. 4. 7). 
BeKTOphI v1 11 v2 opToroHaJihHhl 11 HMelOT e,ll;HHH"'IHYID ,ll;JIHHy, cJie­

,n;oBaTeJihHO, 

Vz 

P11c. 4.7 

Tor,z:i;a 

Q(v) =(Av, v) 

= (Av1cos0 + Av2 sin 0, v1cos0 + v2 sin 0) 

= (.A1 v1cos0 + A2v2 sin 0, v1cos0 + v2 sin 0) 

= A1(v1, v1) cos
2 0 + A2(v2, v2) sin2 0 (T. K. (v1, v2) = 0) 

= A1 cos
2 0 + A2 sin2 0 

= A1 - (.A1 - A2) sin2 0. 

Q-qeBH,ll;HO, "'ITO Q(v) HMeeT MaKCHMYM rrp11 sin2 0 = 0, T. e KOr,n;a 

v = ±v1, H rrp11H11MaeT MHHHMaJihHOe 3Ha"'!eHHe rrp11 sin2 0 = 1, T. e. 

Kor,z:i;a v = ±v2. 



Terreph rroH51THo, KaK HapHcoBaTh JIHHHIO Q(v) = (Av, v) = 
const. C IIOMOIIJ;hIO MaTpHIJ;hI Bparn;eHH51 R rrpHBe,n;eM A K ,n;Haro-

HaJihHOMY BH,n;y: 

Tor,n;a 

MaTpHu;a R opToroHaJihHa, II03TOMY RT = R-1 , H MhI rroJiyqaeM 

Q(v) = ( (~1 0) R-1 R-1 ) >.2 v, v . 

EcJIH 3arrHcaTh ( :: ) = R-1 
(:) = R-1

v, TO 

Q(v) = ( (~~ ~:), (~:)) = >.1x'
2 + >.2y'

2
. 

Ecmi: o6a co6cTBeHHhie 3HaqeHH51 >.1 H >.2 rroJIO)KHTeJihHhI, TO JIH­

HHH Q(v) = k - 3TO 3JIJIHIIC rrpH k > 0, HaqaJio KOop,n;nHaT rrpn 

k = 0 :a rrycToe MHO)KeCTBO rrpn k < 0. EcJIH >.1 n >.2 OTpHu;aTeJih­

HhI, TO JIHHH51 6y,n;eT 3JIJIHIICOM rrpH k < 0. EcJIH >.1 H >.2 HMeIOT 

rrpOTHBOIIOJIO)KHbie 3HaKH, TO JIHHH51 Q(v) = k 6y,n;eT rnrrep6oJIOH, 

Bbipo*,n;arorn;eiicH B ,n;se rrp51Mhix rrpn k = 0. BeprrmHhI 3JIJinrrca HJIH 

rHrrep60JihI, B KOTOpbIX paCCT051HHe OT TOqKH Ha KpHBOH ,n;o HaqaJia 

KOop,n;HHaT HMeeT JIOKaJibHbIH 3KCTpeMyM, Jie)KaT Ha IIp51MbIX, 3a,n;a­

saeMbIX co6cTBeHHhIMH seKTopaMH MaTpHIJ;hI A. 

PacCMOTpHM rrpHMep, Kor,n;a A= (~ ~). Tor,n;a 

Q(v) = 9x2 + 4xy + 6y2
. 

Co6cTseHHbie 3HaqeHH51 MaTpHIJ;hI A TaKOBhI: >.1 = 10, >.2 = 5. CooT­

seTCTsyrorn;ne HM co6cTseHHhie seKTOphI: ( ~) n ( -; ) . Mb1 MO)KeM 

(10 0) HarrHcaTh A = R 
0 5 

R-1 , r,n;e MaTpHu;a sparn;eHH51 R pasHa 

1 (2 -1) 
R= J5 1 2 . 
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BBe,n;eM HOBhie Koop,n;irnaThI 

( x') _ R-1 (x) _ __!_ ( 2 1) (x) 
y' - y - V5 -1 2 y ' 

T.e. 

B HOBhlX Koop,n;irnaTax 

x' = ~(2x + y), 

y' = ~(-x + 2y). 

Q(v) = 10x'2 + 5y'
2. 

fpaqmK MHO:>KeCTBa Q(v) = 1, T. e. 

10x'2 + 5y'
2 = 1, 

HBJrn:eTCH 3JIJIIUICOM, y KOTOporo MaJiaH OCb - y'17IO' a 6oJibIUa5I 

paBHa JI75. OcII pacrroJio:>KeHhI B,Il;OJih co6cTBeHHhIX BeKTopoB MaT-

pm~hI A : ( ~) II ( - ~) , CM. pIIC. 4.8. 

V2 

x 

Piie. 4.8 Piie. 4.9 

Ilpe,n;rroJIO:>KIIM, qTo IIOMHMO Bpa~eHIIH, Il3Memuo~ero KOOp,Il;Il­

HaThl, B03MO:>KHO HeOpTOrOHaJibHOe rrpeo6pa30BaHile Bil,n;a: x11 = ax' 
II y11 = f3y'. Tor,n;a, BBe,n;5I HOBhie Koop,n;I1HaThI x11 

II y11
, rronyqIIM 

Q( ) = >.1 112 + >.2 112 
v a2x f32Y . 
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Ecmr -X1 =/= 0, TO MO:>KHO Bbr6paTh a 2 = I-Xii· Tor.n;a -Xi/a2 = ±1. 
AHaJiorwmyro rrpou;e.n;ypy rrpo.n;eJiaeM If .n;mi -X2. Mbr rrpHxo.n;HM K 

cJie.n;yroru;eMy pe3yJihTaTy. 

IlycTh Q - JII06aH KBa.n;paTH'lHaH <l>opMa B rrpocTpaHCTBe JR.2. 
Mbr MO:>KeM HaiiTH TaKHe KOop.n;HHaThI x" H y", .n;m1 KOTopbIX Q 
orrpe.n;eJIHeTCH O,ll;HOii If3 CJie.n;yroru;Hx <l>opMyJI: 

Q(v) = 

x"2 + y"2, 
x"2 , 
0, 
-x"2 
x"2 _ y"2, 
-x"2 _ y"2. 

EcJIH o6e KOOp,ll;HHaThI BXO,ll;HT B cPOPMYJIY co 3HaKOM IIJIIOC, TO Q( v) 

HMeeT MHHHMYM rrpH v = 0 (pHc. 4.9). EcJIH OHR BXO.n;HT co 3HaKOM 

MHHyc, TO Q(v) HMeeT B 3TOit TO'lKe MaKCHMyM. EcJIH o.n;Ha Koop.n;H­

HaTa BXO,lJ;IfT co 3HaKOM IlJIIOC, a .n;pyraH co 3HaKOM MHHyc, TO Q(v) 

He HMeeT Hlf MaKCHMyMa, Hlf MlfHHMyMa, a cea,l/,06Y10 mO"t'K:Y B Ha'laJie 

KOOp,lJ;HHaT, KaK 3TO IlOKa3aHO Ha pHC. 4.10. 

PRC. 4.10 

4.4. HopMaJihHhie KOJie6aH1u1 

TeopHH CBH3aHHhrx ocu;HJIJIHTOpoB HBJIHeTcH o.n;HHM H3 caMbIX Ba:>K­

HbIX npHJIO:>KeHHH pe3yJihTaToB npe.n;hr.n;yru;ero naparpa<Pa. qT06hr 
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3TO rrpo,r:t;eMOHCTpHpOBaTb, paCCMOTpHM MexaHHqecKyIO CHCTeMy, co­

CTO.HIIzyIO H3 ,r:t;BYX He3aTyxarom;nx OCIJ;HJIJI.HTOpOB (pnc. 4.11), KOTO­

pb!e Mhl coe,r:t;HHHM rrpy:amHOH c KOHCTaHTOH yrrpyroCTH k (pnc. 4.12). 
YpaBHeHH.H ,r:t;BH:>KeHH.H, orrpe,r:t;eJI.HeMhre 3aKoHaMH HhIOTOHa, HMeIOT 

BH,r:t; 

HJIH 

m1x1 = -k1x1 - k(x1 - x2), 
m2x2 = -k2x2 - k(x2 - x1), 

T (:~) = -H (~~), 

r-(m1 - 0 -k ) 
k2 + k . 

Pnc. 4.11. HecB.H3aHHhre ocn;HJIJI.HTOpbI 

k 

_..... X1 _..... X2 

Pnc. 4.12. CB.H3aHHhie ocn;HJIJI.HTOpb1 

Harna 3a,n;aqa - rrorrhrTaTbC.H oih-wBpe.Me'/-i1-w ,n;naroHaJIH3HpoBaTh 

MaTpHIJ;hI T H H, qT06b1 «pa3B.H3aTh» ypaBHeHH.H. 

,Il;aBaiiTe o6cy,n;nM o6m;nli cJiyqaif. MbI paccMaTpHBaeM ,n;Be CHM­

MeTpnqHhie MaTpHIJ;hI T H H, rrpnqeM T rroJIO:>KHT€JihHO orrpe,n;eJieHa. 

CHaqana rroKa:>KeM, qTo MO:>KHO HaiiTH rroJIO:>KHTeJihHO orrpe,n;eJieHHYIO 

MaTpHey B, y,n;oBJieTBOp.HIOIIzyIO ypaBHeHHIO 

T=B2• 
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,lJ,eiicTBHTeJihHO, ecmi T ,n;HaromtJihHa, KaK B HameM rrpHMepe, TO 

MO)KHO B3HTb 

( 

1/2 
B= m1 

0 

C ,n;pyroii cTopOHhI, MO)KHO HaiiTH TaKyID MaTpmzy Bpa:rn;eHHH Re, 
'ITO 

IlyCTb .6. = C2 ' r,n;e c IIOJIO)KHTeJihHO orrpe,n;eJieHa. Tor,n;a MaTpH:a;a 

B = ReC RI CHMMeTpH"IHa, rroJIO)KHTeJihHO orrpe,n;eJieHa H y,n;oBJieT­

BopHeT yc.TIOBHIO B 2 = T. 
Terreph orrpe,n;e.TIHM 

w=Bv, 

v = B-1w. 

Tor,n;a v = B-1w, H Harne ypaBHeHHe Tv = -Hv rrpHHHMaeT BH,n; 

HJIH 

Bw= -HB-1w, 

TaK KaK T = B 2 . Terreph rroJiyqaeM 

3aMeTHM, 'ITO A - TO)Ke CHMMeTpH"IHaH MaTpH:u;a. TaKHM o6pa3oM, 

MhI CBeJIH 3a,n;aqy K cJiyqa10, Kor,n;a T = Il. (IlpoHHD;aTeJihHhIH "IHTa­

TeJih, ,ll;OJl)KHO 6bITh, 3aMeTHJI, 'ITO c reoMeTpH"IeCKOH TO"IKH 3peHHH 

Mbl IIpOCTO rrepeIDJIH B CHCTeMy KOOp,ll;HHaT, B KOTOpOH 1'06aapamU'l(,'H,a.R, 
<fiyHroU,U.R,, CBH3aHHaH c T, rrpHBe,n;eHa K HOpMa.TihHOMY BH,ll;Y x 2 + y 2

.) 

qT06bI pemHTb ypaBHeHHe w =-Aw, Haii,n;eM co6CTBeHHble 3Ha­

"IeHHH H co6cTBeHHhie BeKTOphI MaTpHD;hI A. Ilpe,n;rroJIO)KHM, 'ITO 

v 1 - co6cTBeHHhiii BeKTop MaTpHD;hI Ac rroJIO)KHTeJihHhIM co6cTBeH­

HhIM 3Ha"!eHHeM wr. Tor,n;a O"IeBH,ll;HO, 'ITO <i>YHKD;HH 
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.HBJrneTC.H pernemrnM npH npoH3BOJihHOH aMIIJIHTy.n,e pH <):>a3e a. AHa­

JIOrii"'IHO, BTOpo:H co6CTBeHHbIH BeKTOp H co6CTBeHHOe 3Ha"IeHHe .n,a­

.ZJ.YT pcos(w2t +a). 9TH perneHH.H Ha3bIBalOTC.H 'HOp.MM'b'H,'bt.MU 1w.11,e-
6aHUR.MU OCI!HJIJIHPYID1IIeH CHCTeMbI. 

3anHrneM MaTpH:u;y A B BH.n,e 

A= RDR-1 , 

r.n,e D - .n,HaroHaJihHa.H MaTpH:u;a. Tor.n,a, onpe.n,eJIHB BeKTOp u pa­

BeHCTBOM 

w=Ru, 

w = Rii = -RDR-1Ru, 

HJIH 

ii= -Du. 

TaK KaK MaTpH:u;a D .n,HaroHaJihHa, ,ZJ,JI.H K8JK,ZJ,Oii KOMIIOHeHThI BeK­

Topa u IIOJiy-qaeTC.H He3aBHCHMOe ,ZJ,H<):><):>epeHI!HaJibHOe ypaBHeHHe. 

Ilpe.n,noJIO:>KHM, qTo o6a co6cTBeHHhIX 3Ha"IeHH.H MaTpHI!hI A nono­

:>KHTeJihHhI. IlycTb OHH paBHhI wi H w~. Tor.n,a o6IIIee perneHHe ypaB­

HeHH.H 

ii= -Du 

HMeeT BH,ZJ, 

(u1) = (Pl cos(w1t + a1)). 
u2 p2 cos(w2t + a2) 

EcJIH co6cTBeHHbie BeKTOpbI MaTPHI!hI A paBHbI 

TO o6IIIee perneHHe ypaBHeHH.H w =-Aw MO:>KHO 3aIIHCaTb B <):>opMe 

TaKHM o6pa3oM, o6IIIee perneHHe .HBJI.HeTc.H «cynepno3HI!Heii» Hop­

MaJibHhIX KOJie6aHHH. 
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B Ka'-!eCTBe npHMepa paccMoTpHM ,ll.Be odutta'ICOB'bte CB.H3aHHhie 

Me)K.zzy co6ott npy)KHHhI, T. e. npe.n;noJIO)KHM, '-ITO mI = m2 = m, 
k1 = k2. B OTCJTCTBHe CB.H3H Ka)K)J;a.H npy)KHHa 01mch1BaeTc.H ypaB-

HeHHeM 

x = -wax, wo2 = ki/mI = k2/m2. 

IlpH HaJIH'-IHH CB513H IIOJIJ'-laeM CHCTeMy ypaBHeHHtt 

s = k/m 

HJIH 

v =-Av, A = (w5 + s -s ) . 
-s w5 + s 

lfa coo6pa)KeHHtt CHMMeTpHH no.11y'-!aeM, 'ITO co6CTBeHHhie BeKTOpbl 

MaTpHIJ,hI A paBHhI 

( 11) ,ll.Jl.H co6CTBeHHOro 3Ha"'IeHH.H w6 

( 
1

) .n;.11.H co6cTBeHttoro 3Ha"'IeHH.H w6 + 2s. -1 

3TH BeKTOphI 3a,l].aIOT ,ll.Ba BH.n;a HOpMaJihHhIX KOJie6attHil: Harnett CHC­

TeMhl. B nepBOM c.11yqae rnapHKH ,l1.BH)KJTC.H B O,ll.Hy cTopotty, a BO 

BTOpOM - B npoTHBOIIOJJO)KHhlX HanpaBJJeHH.HX (pHC. 4.13). 

PHc. 4.13 

(w6 + 2s)I/2
,...., wo + s/wo, ec.1111 s/wo MaJio. 

06m,ee pernem1e Harnett CHCTeMhI ,l].n:<P<PepeHIJ,HaJihHhIX ypaBHe-

1rnR HMeeT BH,l1. 

XI =PI cos( wot+ aI) + P2 cos(w't + a2), 
x2 =PI cos( wot+ ai) - P2 cos(w't + a2). 
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lfay'IMM qaCTHOe pemeHne Hamett CMCT€MhI, KOr,n:a Mhl HanrnyJm o.n;­
HY rrpyiKMHY M oTrrycTHJIM ee B t = 0. lIHhIMM CJIOBaMM, 3a,n;a.n,MM 

Ha'laJihHble ycJIOBM5l 

x1(0) = C, ±1(0) = 0, 

x2(0) = 0, ±2(0) = 0. 

H3 o6III,ero pemeHMH ,ll,JI.H .n,aHHhIX Ha'laJihHhIX ycJIOBHii rroJiyqaeM 

Pl = P2 = C /2 M a1 = a2 = 0. TaKMM o6pa30M, qacTHOe pemeHne 

MM€€T BH,ll, 

x1 = ~C(coswot + cosw't), 

x2 = ~C(coswot - cosw't). 

BcrroMHMM, 'ITO cos a = ~(eia + e-ia). 0Tc10.n,a MOiKHO IIOJIY'IHTh 

H3B€CTHhie cPOPMYJihI: 

(
a - {3) (a+ {3) cos a + cos f3 = 2 cos -

2
- cos -

2
-

f3 2 . (a - {3) . (a+ {3) cosa -cos = - sm -
2
- sm -

2
- · 

IIo.n,cTaBHB a =wot H f3 = w't, rroJiyqaeM Hame qacTHOe pemeHHe B 

<Pop Me 
x1 = Ccos(w' -wo)tcoswot, 
x2 = -Csin(w' - wo)tsinwot. 

B CJiyqae CJia6oii CB.H3H, T. e. rrpH MaJIOH KOHCTaHTe s, B€JIH'IHHa 

w' - wo MaJia. Ha pHc. 4.14 H3o6paiKeHhI rpa<l>MKH ,l1,BHiK€HHH o6eMx 

rrpyiKHH KaK cPYHKIJ;HM OT BpeMeHM. KoJie6aHHH KaiK.n,oii rrpyiKHHhI 

( c co6cTB€HHOii qacTOToii wo) MO,lJ,YJIMPYIOTCH. BuenuR orrpe.n,eJIHIOTCH 

MO,lJ,YJIHPYIDIII,HMH MHOiKHT€JI5IMH cos(w' - wo)t, sin(w' - wo)t. 9Hep­
rm1 rrepexo.n,MT OT o.n,Hoii rrpyiKHHhI K .n.pyroii. Kor.n,a o.n,Ha rrpyiKMHa 

KOJie6JieTC5l c MaKCHMaJibHOH aMIIJIHTy.n,oii, BTOpaH OT,ll,hIXaeT, H Ha­

o6opoT. 9To 5IBJI€HH€ Ha3hIBaeTC5l peaotta'HCO.M. 

EcJIH rrpyiKHHhI He O,ll,HHaKOBhI, HO OTJIH'IMe HeBeJIHKO ( «HeTO'l­

HM HaCTpOiiKa»)' TO IIOB€,l1,€HH€ CHCT€Mhl 6y.n,eT IIO'ITH TaKHM iKe. 
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PHC. 4.14 

I10-rrpe:>1rneMy Kone6aHHH Ka:~K,n;oli rrpy:>KHHhI MO,n;JJIHpyIOTCH. BTo­

paa rrpy:>KHHa OT,ll;hixaeT '!epe3 orrpe,n;eneHHhie rrpoMe:>KyTKH speMeHH, 

a rrepBaH OCIJ;MJIJIHpyeT ,n;a:>Ke B TO BpeMH, KOr,n;a BTOpaH OCIJ;MJIJIMpy­

eT c MaKCHMaJihHOli aMIIJIHTy,n;o:H. HeTO'IHOCTh «HacTpoliKM» rrpHBO­

,ll;HT K HeIIOJIHOH rrepe,n;a'le 3HeprHH OT rrepsoii rrpy:>KHHbl KO BTOpoit 

Mhl He 6y,n;eM rosopHTh 06 3TOM 6onee rro.n;po6Ho . .IJ;eTanH Hccne.n;o­

BaHHH 3,n;ech rrpoCThI, XOTH H HeCKOJihKO yTOMHTeJibHhI. BhI'IHCJieHne 

co6cTBeHHhIX seKTOpoB H co6cTBeHHhIX 3Ha'leHHii MaTpHIJ;hI A rrpe.n;o­

CTaBHM 'IHTaTeJIIO B Ka'leCTBe yrrpa:>KHeHHH. 

4.5. HopMaJihHhie MO,ll.hI 

B MHOrOMepHOM rrpocTpaHCTBe 

ITycTb V - n-MepHoe BeKTOpHoe rrpocTpaHCTBO c rrono:>KnTeJihHO 

onpe.n;eneHHhIM cKanHpHhIM rrpoH3Be,n;eHHeM. KpoMe Toro, RMeeTCH 

;~pyroe, He o6H3aTeJihHO IIOJIO:>KHTeJibHO orrpe,n;eJieHHOe CKaJIHpHOe 

11poH3Be,n;eHHe (-, ·). ApryMeHThI, H3JIO:>KeHHhie B rraparpa¢e 4.3, rro­

Ka3hIBaIOT, 'ITO cym;ecTsyeT JIHHeliHoe rrpeo6pa3oBaHHe A : V --+ V, 
llpH KOTOpOM 

(u, v) = (Au, v) ,n;nH scex u, v B rrpocTpaHCTBe V, 
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r,n;e A CHMMeTpwrno, T. e. 

(Au, v) = (u, Av). 

,Ll;eliCTBHTeJibHO, H3 rraparpa<i>a 4.2 Mbl 3HaeM, KaK HaHTH H30MOp­

cPH3M V rrpocTpaHCTBa Rn, ~ITo6hr (·, ·) rrpeo6pa30BaJIOCh B eBKJIH­

,n;oso CKaJI.HpHoe rrpo.H3Be,n;eH.He. Tor,n;a 6e3 H3MeHeH.H.H MO:>KHO soc­

IIOJih30BaTbCH apryMeHTaM.H rraparpa<l>a 4.3 M rroKa3aTb, qTo A -
CHMMeTp.HqHa.H MaTpmi;a. 

c IIOMOIIJ;bIO apryMeHTOB rraparpa<i>a 4.3 MO:>KHO IIOKa3aTb, qTO 

MaTpmi;a A MMeeT n B3a.HMHO rreprreH,n;MKYJI.HpHbIX co6cTBeHHhIX BeK­

Topos. ,Ll;eiiCTB.HTeJibHO, paCCMOTp.HM KBa,n;paTHqHyIO cPOPMY 

Q(v) = (v, v) =(Av, v) 

Ha eau'HU"t'HOU c<fiepe 

{vi llvll = 1}. 

9Ta cPYHKIJ;HH HerrpepbIBHa H orpaH.HqeHa. EcJI.H ,Il;JI.H scex MaTp.Hq­

HbIX aJieMeHTOB Aij BhIIIOJIH.HeTC.H HepaseHCTBO IAijl :'.SM, r,n;e M -
HeKOTOpoe qHCJIO, TO ,Il;Jl.H 

Mbl HMeeM llvll 2 

3HaqeHH.HX i H 

0TKy,n;a CJie,n;yeT 

v=CJ 
I: x~ = 1, CJie,n;osaTeJihHO, lxil < 1 rrp.H scex 

IlyCTb v orrpe,n;eJI.HeT TOqKy Ha rrosepXHOCTH e,n;.HHHqHQH c<i>epbr, 

r,n;e Q(v) rrp.HHHMaeT MaKCHMaJibHOe 3HaqeH.He. (B 3TOM MeCTe Mbl 

peaJibHO HCIIOJih3yeM CBOHCTBa CHCTeMbI serri;eCTBeHHbIX q.HceJI, KO­

TOpbre rapaHTHPYIOT, qTQ Ha caMOM ,n;eJie cyrri;eCTByeT TOqKa Ha c<Pe­

pe, r,n;e Q IIpHHHMaeT MaKCHMaJibHoe 3HaqeH.He.) °YTBep:>K,n;aeTC.H, qTO 
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v .HBJrneTC.H co6cTBeHHhIM BeKTopoM MaTpHD;hI A. ,Il;eikTBHTeJihHO, 

orrpe,n;eJIHM BeKTOp w cPOPMYJIOii 

w =Av - (Av, v)v. 

IloKa)l(eM, qTo eCJIH B TQqKe v KBa,n;paTHqHa.H <PopMa Q rrpHHHMaeT 

MaKCRMaJihHoe 3HaqeHRe, TO w = 0. TaK KaK ( v, v) = 1, TO BeKTop 

w rreprreH,r:t;HKYJI.HpeH BeKTOpy v' T. e. 

(w, v) = 0, 

(Av, w) = llwlJ2
. 

Tor,n;a ,r:t;JI.H mo6oro Beru;ecTBeHHoro qRcna s 

llv + swJJ 2 = (v + sw, v + sw) = llvll 2 + s2 Jlwll 2 
= 1 + s2 JJwll 2 

(A(v + sw), v + sw) =(Av, v) + s(Aw, v) + s(Av, w) + s2(Aw, w). 

0,n;HaKo, (Av, w) = (w, Av), cne,n;oBaTeJihHO, 

(A(v + sw), v + sw) =(Av, v) + 2s(Av, w) + s2(Aw, w) 

=(Av, v) + 2sJJwlJ 2 + s2(Aw, w). 

,Il;OMHO)l(liM BeKTOp v +SW Ha qHCJIO, qTo6bI rronyqHTh BeKTOp e,n;R-

HHqHOH ,n;JIHHhI: 
1 

u = llv + swJI (v + sw). 

I3o3bMeM cPYHKD;HIO 

def 1 
f(s) = (Au, u) = llv + swJJ 2 (A(v + sw), v + sw) 

= 1 + s;Jlwll 2 ((Av, v) + 2sJJwll
2 + s2

(Aw, w)). 

')TO Bblpa)l(eHHe rrpe,n;cTaBJI.HeT ,n;R<P<PepeHu;RpyeMyIO cPYHKIJ;liIO rre­

peMeHHOH s. Ila HalIIeMy rrpe,n;rroJIO)l(eHRIO OHa HMeeT MaKCHMYM B 



198 rJiaBa 4. CKamipHbie npOH3Be,U.eHH.K 

TOqKe s = 0, 1103TOMY rrepBaR IIpOH3BO,ll.HaR f'(O) rrpn s = 0 ,ll.OJDKHa 

o6pam,aTbCR B HJJib: f'(O) = 2JlwJJ 2 . 0TcIO,n;a CJie.n;yeT, qTQ w = 0. 
TaKHM o6pa3oM, MhI ,n;0Ka3am1, qTo 

I Av= (Av, v)v. j 

,IJ;pyrnMn cJioBaMH, v RBJIReTCR co6cTBeHHhIM BeKTopoM A ,ll.JIR co6-

CTBeHHoro 3HaqeHmI (Av, v). 06o3HaqnM 3TOT BeKTOp v1, a COOTBeT­

CTBJIOIIl,ee eMy co6cTBeHHOe 3HaqeHne (Av1, v1) = .A1. 

Terrepb paccMoTpHM rrpocTpaHCTBO scex BeKTOpoB z B V, KOTO­

pbie rreprreH,ll.HKYJIRpHbI BeKTopy V1 (pnc. 4.15), T. e. ,ll.JIR Bcex BeKTO­

pOB z ,ll.OJI)f(HO BhIIIOJIHRThCR ycJIOBHe 

(z, vi)= 0. 

,II;m1 TaKHX z MbI HMeeM 

PaccMOTpHM MHO)f(eCTBO Bcex z e,n;nHHqno:H ,ll.JIHHhI, T. e. TaKHX z, ,ll.JIR 

KOTOpbIX crrpase,n;JIHBhl paBeHCTBa 

IJzll = 1, (z, v1) = 0. 

PHc. 4.15 

IlycTh V2 orrpe,n;eJIReT TOqKy, r.n;e Q rrpHHHMaeT MaKCHMaJihHOe 

3naqemre. 3arrmneM 
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lfa Toro, qTo (v2, v1) = 0 H (Av2, v1) = 0, rroJiyqaeM (w2, v1) = 0. 
KaK H paHhme, MhI .n,eJiaeM BhIBOfl., qTo (w2, v2) = 0. Tor.n,a 

HMeeT MaKCHMYM rrpH s = 0 H, CJie.n,oBaTeJibHO, W2 = 0, a BeKTOp V2 

~rnmreTCH co6cTBeHHhIM BeKTOpoM MaTpH1lhI A. 
Mhr MO)l(eM rrpo.n,oJI)l(HTh HamH paccy)K,Il;eHHH: paccMoTpHM BeK­

TOphr z, Yfl.OBJieTBOpHIOIIIHe ycJIOBHIO (z, v1) = (z, V2) = 0 H \\z\\ = 1, 
H TaK .n,anee. Ka)K,Il;hIH p83 Mhr 6y.n,eM Haxo.n,HTh HOBhrli co6cTBeH­

HhIH BeKTop MaTPHI1hI A, rreprreHfl.HKYJIHPHhIH KO BCeM rrpefJ.hifJ.YIIIHM. 

Kor.n,a 3TOT rrpollecc 3aKOH'IHTCH? Kor.n,a MhI Bhr6epeM Bee HeHyneBbre 

BeKTOphr, rreprreHfJ.HKYJIHpHble v1, ... 'Vk· 9To rrpOH30Hfl.eT TOJihKO 

rrpH ycJIOBHH k = n. ,D;e:liCTBHTeJihHO, k He MO)l(eT 6bITh 60Jihme n, TaK 

KaK TOr.n,a BeKTOpbl V1, ... 'Vn+l 6y.n.yT B3aHMHO rreprreHfl.HKYJIHpHbl 

H, cne.n,oBaTeJihHo, JIHHeii:Ho He3aBHCHMhr. Ho 3TO rrpoTHBope'IHT HC­

xo.n,HoMy rrpe.n,IIOJIO)l(eHmo, qTO B rrpocTpaHCTBe v HeT n + 1 JIHHeHHO 

He3aBHCHMhIX BeKTOpOB (Mbl rrpe.n,rroJIO)l(HJIH, qTO rrpocTpaHCTBO v 
n-MepHo). C .n,pyroii: CTOPOHhI, ecJIH k < n, TO ypaBHeHHH 

(vi, w) = 0, 

B rrpocTpaHCTBe Rn o6p83yIOT CHCTeMy k o.n,Hopo.n,HhIX JIHHeHHhIX 

ypaBHeHHii: c n HeH3BeCTHhIMH. TaKHe CHcTeMhI Bcer.n,a HMeIOT pe­

meHHe. B o6IIIeM cJiyqae MhI fl.OKa)l(eM 3To B rJiaBe 10. 3.n,ech MhI 

/~OKa)l(eM cyIIIeCTBOBaHHe BeKTopa w # 0. EcJIH n-KOMIIOHeHTHhrii: 

BeKTop Vk He paBeH HYJIIO, T. e. 

(x~.nl) ' r.n,e Xn # 0, 

TO IIOCJie.n,Hee ypaBHeHHe CHCTeMhl HMeeT BHfl. 
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lfa :3Toro ypaBHemrn: BeKTOp Wn Bbipa3HM qepe3 W1, ... 'Wn-1: 

1 
Wn = --(x1w1 + · · · + Xn-1Wn-1). 

Xn 

ITo,n;cTaHOBKa :3Toro seKTOpa B rrpe,n;hr,n;ym;ee ypaBHettHe ,n;aeT CHCTe­

My k- 1 ypaBHeHHtt c n- 1 HeH3BeCTHbIMIL Ilpou,e,n;ypa MO)l(eT 6hITb 

rrpo,n;OJI)l(eHa. EcJIH n-.H KOMIIOHeHTa .11,106020 H3 BeKTopoB v1, ... , Vk 

He paBHa Hymo, MbI MO)KeM rrpo,n;eJiaTb TO )Ke caMoe - B3.HTb BeKTOp 

Vj c HettyJieBOll n-tt KOMIIOHeHTOtt H IlOJIY'IHTb Wn. EcJIH n-.H KOMIIO­

HeHTa ecex BeKTOpOB V1, ... 'Vn paBHa Hymo, TO perrrettHeM .HBJI.HeTC.H 

BeKTOp 

w=C) 
(Bee nepBbie n - 1 KOMIIOHeHT o6pam;aIOTC.H B 0). 

TaKHM o6pa30M, npo,n;OJI)Ka.H :3TOT aJiropHTM, MbI noJiy'IMM n no­

napHo opTOrOHaJibHbIX co6CTBeHHbIX seKTOPOB. 

HopMaJihHbie KOJie6ruuu1 KaK BOJIHhl 

Ilopa6oTaeM c HHTepeCHbIM npMMepOM B npocTpaHCTBe n M3Mepe­

HHll. ITpe,n;cTaBMM ce6e noCJie,n;osaTeJibHOCTh paBHhrx TO'le'IHhrx Mace, 

r,n;e Ka)K,ll;a.H coe,n;MHeHa c 6JIM)KaHIIIMMH coce,n;KaMH npy)KHHKaMH, 

rrpM'IeM Bee rrpy)KMHKM o,n;MHaKOBbre. Tor,n;a CHJia, ,n;eiicTByrom;a.H Ha 

i-IO TO'le'IHYIO Macey, paBHa 

3arrMIIIeM ypaBHeHM.H HbIOTOHa 

Ilpe,n;IIOJIO)KMM, 'ITO nepBa.H H IlOCJie,n;H.H.H TO'IKM TaK)Ke coe,n;MHeHbI 

npy)KHHKOtt. CttcTeMa H3o6pa)l(eHa Ha pMc. 4.16. 
BBe,n;eM qacToTy w2 = k/m M neperrnrrreM ypaBHeHM.H ,n;BM)KeHH.H 

B <PopMe 

x = -w2Ax, 
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Harna 3a,n;aqa - HaiiTH co6cTBeHHbie 3HatJeHHR H co6cTBeHHbie BeKTO­

pb1 MaTpHIJ;bI A. Ilpe)K)J;e tJeM paccMaTp1rnaTb 06u.i;11:li cJiytJaii, HatJHeM 

c paCCMOTpeHHH CJIY'laR n = 3. lfa paBeHCTBa 

CJle;<yeT, qro ( ~) - co6cTBeHHhlA BeKTOp •roll M•T]lID\bl, COOTBeT­

CTBYIOIIJ;llll co6cTBeHHOMY 3HatJeHHIO 0. Mhl 3HaeM, 'ITO .n;pyrne co6-

'"''HeHHbie BeKTOphl )IOJDKHhl 6h1Tb oprorOHMbHhl ( ~) • !Ionpo6yeM 
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••KTOp ( -i) . Tor~a 

U =~ =D (-D (-D= 3 (-D 
3ttaqyT, BeKrop ( -D H, attarrornqHo, TperHH BeKrop ( _ D H& 

JUIIOTCR co6cTBeHHhIMH BeKTopaMH c co6cTBeHHhIM 3Ha<J:eHeM 3. Ta­

KHM o6pa30M, co6cTB€HHbie 3HaqeHHR paBHbl 0 H 3, rrpHqeM 3HaqeHHe 

3 pea.JIH3Y€TCR ,n;Ba)K,ll;bl. 

IIepeii:,n;eM K CJiyqa10 n = 4: 

Tor,n;a 

( 

2 -1 
-1 2 

A= 0 -1 

-1 0 

KaK H patthrne. KpoMe Toro, 

0 -1) -1 0 
2 -1 . 

-1 2 

OcTaIOrn;HeCR co6cTBeHHhie BeKTOphr ,n;oJI2KHhI 6bITh opToroHa.JihHh! 

3THM ,n.ByM. IIorrpo6yeM BeKTop 
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IIonyqaeM 

Haxo,ll,HM rrocne,[1,HHii: co6cTBeHHbiii: BeKTOp 

(-! 
-1 

-1 
2 

-1 
0 

llTaK, Mbl rronyqHJIH qeThipe co6cTBeHHhlX 3Ha'leHH51: 0, 4 H ,ll,Ba pa3a 

II051BHJIOCb co6cTBeHHOe 3Ha'leHHe 2. 
qT06hI paCCMOTpeTh n-MepHhIH cnyqaii:, 3aMeTHM, 'ITO Harna CH­

CTeMa HHBapHaHTHa OTHOCHTeJibHO IIOBOpOTa, KOr,[l,a rrepBa51 TOqKa 

CTaHOBHTC51 Ha MecTo n-ii:, BTopaH Ha MecTo rrepBoii:, H T. ,[I,. TaKoii: 

IIOBOpOT ocyrn;ecTBJI51eTC51 MaTpm.i;eii 

S= 

0 
0 

0 
1 

1 
0 

0 

0 
1 0 

0 

0 

1 
0 

J1erKo rrpoBepHTh, 'ITO SA = AS. Haii:,ll,eM co6cTBeHHhie BeKTOpbI 

MaTpHIJ;hI S. Ecnn Sw = >..w, TO SAw = ASw = A(>..w) = >..Aw. 
Ilo3TOMy, eCJIH w 51BJI51eTC51 co6cTBeHHbIM BeKTOpOM MaTpHIJ;hl s ,[l,JI5I 

co6cTBeHHoro 3Ha'leHH51 >.., TO Aw - TO)Ke co6cTBeHHhiii: BeKTop c 

TeM )Ke co6cTBeHHbIM 3Ha'lemieM. Htt)Ke MbI rrony'IHM n pa3JIHqHhIX 

co6cTBeHHhIX 3HaqeHHii: MaTpHIJ;hI S. Tor,[l,a ecJIH Sw = >..w, TO BeK­

TOp Aw ,ll,OJI)KeH 6hITh rrporropii;ttoHaneH w, T. e. 6hITh co6cTBeHHhIM 

seKTopoMMaTpHIJ;hl A. 
0Ka)KeTC51, qTo «C06CTBeHHhie 3HaqeHH51» MaTpHIJ;bl s H KOOp,[1,H­

HaTbl «co6cTBeHHhIX BeKTOpOB» 6y,ll,YT KOMIIJieKCHhIMH qHcJiaMH. Be­

rn;ecTBeHHhie H MHHMhie qacTH 3THX BeKTOpOB 6y,ll,YT co6CTBeHHhIMH 

BeKTOpaMH MaTpHIJ;hI A. IlpHBe,ll,eM 3TO ,l1,0Ka3aTeJihCTBO. 
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IlycTh T = e 27ri/n, OTKy,n;a rn = 1. Tor,n;a 

1 
T 

S T2 

s 

T 
T2 

= 

1 

1 
T2 

T4 

76 

7 2(n-1) 

T 
T2 

= =T 

Tn 

1 
T2 

= T2 
T4 

T6 

7 2(n-1) 

1 
T 
T2 

7
n-1 

H TaK ,IJ,a.Jiee. Bee co6cTBeHHhie 3Ha<Iemrn: 1, r, r 2 , ... , Tn-l p83-

JUI<JHhI. TaKHM o6p83oM, KaJK,D;hiii co6cTBeHHhIH BeKTOp MaTp:mJ;hI S 
,n;omKeH 6h1Th co6cTBeHHhIM BeKTopoM MaTpHIJ;hI A. 06o3Ha<JHM 3TH 

«Co6cTBeHHhie BeKTOphI» e1, ... , en. Mb1 3HaeM, 'ITO 

,n;m1 HeKOTOphIX Ak, KOTOphie HaM rrpe,IJ,CTOHT BhI'lHCJIHTh. BTopruI 

Koop,n;HHaTa BeKTopa Aek paBHa 

(-1 2 - 1 0 . . . 0) ( ~.) 
= -1+2Tk - r 2k = (-r-k + 2 - rk)rk = 2(1 - cos(21rk/n))rk. 

0TcIO,n;a cJie,n;yeT, 'ITO k-e co6CTBeHHOe 3Ha<JeHHe paBHO 

Ak = 2(1 - cos(21rk/n)). 
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MhI rroJiyqaeM OAirnaKOBhie co6cTBeHHhie 3Haqemrn: AJIH k II n - k. 
TorAa, CKJiaAhIBM II BhI'IHTM co6cTBeHHhie BeKTOphI AJIH k II n - k, 
MhI MO:>KeM IIOJIJ'IHTh Bern;ecTBeHHhie co6CTBeHHhie BeKTOphI. llTaK, 

BeKTOphI 

1 
cos(27rk/n) 
cos(47rk/n) 
cos(67rk/n) 

0 
sin(27rk/n) 
sin(47rk/n) 
sin(67rk/n) 

HBJIHIOTCH co6cTBeHHhIMH BeKTopaMII AJIH co6cTBeHHoro 3Ha'IeHIIH 

2(1 + cos(27rk/n)). 

EcJIII n = 2m - 'IeTHoe 'IHCJIO, TO BTopo:H CTOJI6e:u; paBeH HJJIIO rrpII 

k = m. Bo Bcex OCTaJihHhIX cJiyqaax co6cTBeHHhie BeKTOphI He paBHhI 

HJJIIO. TaKHM o6pa30M, Ka:>K~IO HOpMaJihHJIO MO~ CHCTeMhI MO:>KHO 

paccMaTpIIBaTh KaK BOJIHY C:>KaTHH ( c1rnyc HJIH KOCHHYC). 

4.6. Cneu;naJibHa.H Teop1u1 OTHocnTeJibHOCTH 

B 3TOM rraparpa<l>e MhI IIOAp06Ho paccMOTpIIM reoMeTpIIIO ABJMep­

ttoro BeKTOpHoro npocTpaHCTBa c KBa~aTH'IHO:ti <l>opMOH Q(v) = 
(v, v), KOTOpM MO:>KeT IIpHHHMaTh KaK IIOJIO:>KIITeJihHhie, TaK H OTpH­

:u;aTeJihHhie 3Ha'IeHIIH. KaK MhI y:>Ke 3HaeM, 3TO rrpocTpaHCTBO MO:>KHO 

HAeHTIIcPII:u;HpoBaTh c JR2 , a KBaApaTll'IHJIO <PopMy Q orrpeAeJIIITh 

COOTHOllieHlleM 

MhI JBHAIIM, 'ITO reoMeTpIIH 3Toro rrpocTpaHCTBa (pIIc. 4.17) 
o6ecrre'IIIBaeT xopolliyro MOAeJih AJIH IIOHIIMaHllH crre:u;IIaJihHO:ti Teo­

p1m OTHocnTeJihHOCTH. CJioBo .MOdM'b MhI rrpIIMeHaeM B cJie~rorn;eM 

CMhICJie. Hallie o6hI'IHoe rrpocTpaHCTBO TpexMepHo. Ilo3TOMy, ec­

Jrn A06aBIITh epe.MR B KaqecTBe donofittumefi'bttozo ua.MepettuR, MhI 

noJiy'IIIM qeThipexMepHoe npocmpattcmeo-epe.MJ1,. B Hallie:H MOAe­

Jrn MhI 6yAeM C'IHTaTh rrpocTpaHCTBO OAHOMepHhIM, II03TOMY Hallie 

npocTpaHCTBO-BpeMH BMecTo 'IeThipexMepHoro 6yAeT ABYMepHhIM. 
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Q=O 

Q=O 

PMc. 4.17 

B 3TOM cJiy-qae MhI CM02KeM HapMCOBaTh Bee reoMeTpM'leCKMe KOH­

CTPYKIJ;HM. Ha caMoM ,ll.eJie, 6oJibIIIruI -qacTb Toro, "ITO 6y,ll.eT CK83atto, 

pa6oTaeT B o6hI"IHOM 'leTbipexMepHOM MMpe, c HeKOTopoil: MO,ll.Mqm­

Ka:u;Meil: HaIIIeil: ,ll.ByMepHOH MO,ll;eJIM. 

IlepBblii IIOCTyJiaT crre:u;MaJibHOH TeOpMM OTHOCMTeJibHOCTH IIO,ll.­

TBep2K,lJ.aeT 3aKoH HhIOTOHa: 'laCTMIJ;hI, Ha KOTOpbre He ,ll.eii:CTBYIOT 

HMKaKMe CMJihr, ,ll.BM2KYTC51 B,ll.OJih rrp51Mhlx JIMHMH. TaKMM o6p83oM, 

reoMeTpM51 HaIIIero rrpOCTpaHCTBa-BpeMeHM cpe,ll.M Bcex B03M02KHbIX 

KpMBhIX BhI,ll.eJrneT rrp51Mhre JIMHMM. HaIIIe rrpocTpaHCTBO-BpeM51 51B­

JI51eTc51 acl>qmHHOH IIJIOCKOCTblO c HeKOTOpblMH ,ll.OIIOJIHMTeJihHbIMH 

reoMeTpM"IeCKMMM cTpyKTypaMM. 

BTopoii: rrocTyJiaT - KOHe"IHruI a6coJIIOTHruI KOHCTaHTa. TaKMM 

o6p830M, B Ka)K,ll.OH TO"IKe rrpocTpaHCTBa-BpeMeHM cyllleCTBYIOT ,ll.Be 

orrpe,lJ.eJieHHhre JIMHMM, M3o6pa2KaIOIIIMe pacrrpocTpatteHMe cBeTa BJie­

BO HJIH BrrpaBO. IlpocTpaHCTBeHHa51 H BpeMeHHM HHBapMaHTHOCTb 

CKOpOCTH CBeTa 03Hal:J:aeT, "ITO rrpM CMeIIIeHMH TO"IKH p B TO"IKY Q 
,ll.Ba CBeTOBblX Jiy'la, rrpOXO,ll.51IIIHe -qepe3 TO"IKY p' rrpeo6p83yIOTC51 B 

,ll.Ba CBeTOBbIX Jiy'la, rrpOX0,ll.51IIIHX -qepe3 TO"IKY Q (pMC. 4.18). 
Mbl 6y,ll.eM MCCJie,ll.OBaTh TaKMe a<P<i>MHHhre rrpeo6p83oBaHM51, KO­

TOphre CBeTOBhre JIY"IM rrepeBO,ll.51T B cBeTOBhre JIY"IM. TpaHCJI51IJ;MM rro­

rra,ll.aIOT B 3TO KaTeropMIO. Ilo3TOMY 3a,ll.al:J:a CBO,ll.MTC51 K M3y'leHMIO JIH­

HeHHbIX rrpeo6p830BaHMii, KOTOpbre coxpaH5IIOT CBeTOBbie JIY"IM, rrpo­

XO,ll.51IIIMe 1lepe3 Ha'laJIO KOOp,lJ.MHaT. llTaK, y Hae eCTb ,ll.Be rrp51Mble 

x =±ct. Tpe6yeTC51 ttaii:TM TaKMe JIMHeiiHhre rrpeo6p83oBaHM51, KOTO­

pbre coxpaH51IOT 3TM rrp51Mhre. ,Il;JI51 ,ll.aJibHeiiIIIMX BhI"IMCJieHMii y,ll.o6Ho 

BBeCTH ecmecmBett'Hibte eauttU'U/bt ,ll.JIHHbl H BpeMeHM, ,ll.JI.H KOTOpbIX 
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PHc. 4.18 

cKopoCTb cBeTa paBHa e,n;HHHn;e. HarrpHMep, MbI Monrn 6b! H3Mep51Tb 

t B ro,n;ax, a x B CBeTOBbIX ro,n;ax. MJIH ecJIH MbI Bbr6epeM HaHoceKyH­

,n;y (10-9 ceKytt,n;) B KaqecTBe e,n;HHHlJ,bI BpeMeHH, TO COOTBeTCTBYIO­

lll,M e,n;HHHll,a ,IJ;JIHHbI, c BeJIHKOJieIIHOH TOqHOCTbIO, 6y,n;eT O,IJ;HH cPyT. 

Ilo3TOMY B KaqecTBe ecTeCTBeHHbIX e,n;HHHll, t M02KHO H3Mep51Tb B Ha­

HOCeKytt,n;ax, ax B cPYTax. 

MTaK, MbI 6y,n;eM H3yqaTb TaKHe JIHHeiiHbre rrpeo6pa3oBaHH51, KO­

TOpb!e coxpaH51IOT H306pa2KeHHYIO Ha pHC. 4.19 cPHrypy, orrpe,n;eJI51e­

MYIO JIHHH51MH x = t H x = -t. 

PHc. 4.19 

IloJiyqHB 3TH JIHHeHHbie rrpeo6pa30BaHH51, Mbl onpedMU.M ece 
npeo6pa3oeattu.R, npocmpancmea-epe.Menu, r.:omop'bte coxpatt.R,Wm np.R,­
Mbl.e Jtunuu u cr.;opocm'b ceema. 

Ha caMOM ,n;eJie, MbI xoTeJIH 6b!, rro Kpaiitteii Mepe BpeMeHHo, 

H<"KJllO'lHTb H3 pacCMOTpeHH51 orrpe,n;eJieHHbie THIIbI rrpeo6pa30BaHHH. 
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HarrpHMep, rrpeo6p830BaHm1 OTpa:>KeHHH 

P11c. 4.20 P11c. 4.21 

H rrpeo6p830BaHHe HHBepCHH (pHC. 4.22). 

P11c. 4.22 

9TH rrpeo6p830BaHHH BCe rrpHMhie x = ±t rrepeBO,Il;HT B x = ±t, 
rrpH 3TOM B03MO:>KHa rrepecTaHOBKa JIHHHfi. Ha p11cyHKax IIOK83aHo, 

KaK 3TH rrpeo6p830BaHHH rrepecTaBJIHIOT '!eTbipe o6JiaCTH Ha IIJIOCKO­

CTH. Ilo3TOMy, YMHO:>KaH Ha O,ll;HO H3 HHX, MO:>KHO c.n;eJiaTh TaK, 'ITOObI 

Heo6xo.n;HMbie HaM rrpeo6p830BaHHH coxpaHHJIH 6hr Ka:>K,ll;YIO H3 3THX 

'IeThipex o6JiacTefi. TaKHM o6p83oM, MhI 6y.n;eM HCKaTh rrpeo6p83o­

BaHHH F, KOTOphre coxpaHHIDT rrpHMhre x = t, x = -t H nepean1010 
06.11,acm'b ( o6JiaCTh a6coJIIDTHoro 6y.n;yrn;ero ): t2 > x 2, t > 0. 

qT06br IIOJIY'IHTb TaKHe rrpeo6p830BaHHH, rrepefi.n;eM K HOBbIM KO­

op.n;HHaTaM, ,ll;JIH KOTOpbIX 3TH rrpHMbie CTaHOBHTCH OCHMH KOOp,ll;HHaT 

(pHC. 4.23): 

R= (i -1) 
1 ' 

R-1 = ~ ( 1 
2 -1 
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q=~(t+x) 

t p = ~(x - t) 

PMc. 4.23 

TaKMM o6p830M, R-1 FR ,n;oJDKHO coxpaHHTb Koop,n;MttaTHbie ocM 

w rroJimKMTeJibHhIH KBa,n;pattT, M rrpeo6p83oBaHMe R-1 FR HBJIHeTCH 

,n;MaroHaJibHOH MaTpMu;eli 

R-1 FR = ( ~ ~) , a > 0, d > 0. 

Bse,n;eM o6o3tta'!eHttH: ad = s2 M a/d = r 2 Bb16pas s > 0, r > 0. 
Tor,n;a 

r,n;e 

HBJIHeTCH rrpeo6p830BaHMeM CMeHhl MacmTa6a H 

L = R (r 0 ) R-1 = ! (r + r-1 r - r-1) . (4.2) 
r 0 r-1 2 r - r-1 r + r-1 

Ilpeo6p83oBaHMe Lr H83hIBaeTCH co6cmeett'H:b£M, npeo6pa3oeattue.M 
Jlopett14a c rrapaMeTpoM r. MbI YTBep)K,ll;aeM, 'ITO ,ll;JIH mo6oli rrapbI 

HCKTOpOB V1, V2 

(4.3) 

)1,etiCTBMTeJibHO, ITO aHaJIOrMM c cPOPMYJIOH ( 4.1) ,ll;JIH CKaJIHpttoro 

11pOM3Be,n;eHMH (·, ·), ,ll;OCTaTO'IHO ,ll;OK83aTb, 'ITO 

Q(v) = Q(Lrv). 
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B HarneM cJiyqae 

Q(v) = t2 - x2 = -4pq 

H, ecJIH v' = Lrv = (;,),TO 

(::) = (r~~q) H Q(v') = -4p'q' = -4pq = Q(v), 

x x' 

t' 

t 

t2 
- x 2 = 1 

Pe3yJibTaT rrpeo6pa30BaHH.H MaCIIITa6a s COCTOHT B TOM, BCe ,Ll;Jlll­

Hbl H BpeM.H yMHO)KaIOTC.H Ha MHO)KHTeJib s. Cyrn;ecTBOBaHHe aTOM­

HhIX "Ia.COB BMeCTe c orrpe,n;eJieHHhIMll crreKTpaJibHbIMll JIHHll.HMH IIO­

Ka3bIBaeT, "ITO rrpHpO,lJ;Hbie .HBJieHH.H He llHBapllaHTHbl OTHOCHTeJibHO 

rrpeo6pa3oBaHH.H S rrpH s =/= 1. 
JlwHe:HHoe rrpeo6pa3oBaHHe A, KOTopoe coxpaH.HeT KBa,n;paTWI­

HYIO cpopMy Q B TOM CMblCJie, "ITO 

Q(Av) = Q(v) ,n;JI.a Bcex v B rrpocTpaHCTBe V, 

Ha3hIBaeTC.H npeo6paaoBa'/-lue.M Hopem1,a. Ta.Koe rrpeo6pa3oBaHHe A 
,Ll;OJI)KHO rrepeBO,Ll;llTh C6emo60U '/Wttyc (Ha3hIBaeMhIH TaK)Ke '/-ly.fl,e6'bl.M, 

1wttyco.M) 
{v I Q(v) = O} 

2
llHBapHaHTHOCTb Q(v) IIpH npeo6pa30BaHHH JiopeHii;a IIpOHJIJIIOCTpHpOBaHa 

Ha pKC. 4.24. - IlpUM. pea. 
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B cefo1, T. e. MHO:>KeCTBO { x = ±t} ,n:oJI:>KHo coxpamIThCH. EcJIH, KpoMe 

Toro, A npeo6p83yeT o6JiaCTh a6comoTHoro 6y,n:yrn;ero B ce6H :>Ke, TO 

OHO HBJIHeTCH co6cTBeHHhIM npeo6p83oBaHHeM Jlopemi;a A = Lr AJIH 
HeKoToporo qHcJia r. 

I1poH3BO.n;H pH,n: npeo6p830BaHHii Jlopemi;a, co6cTBeHHhie npeo6-
p830BaHHH Jlopemi;a MOryT 6hITb HenpepbIBHO CBe,n:eHbl K TO:>K,n:e­

CTBeHHOMy. B 3TOM COCTOHT HX OTJIIfqHe OT ,n:pyrHX npeo6p830BaHHH 

Jlopemi;a. ~eiicTBHTeJihHO, nycTb A(t) ecTb ceMeiicTBO npeo6p83o­

BaHHH Jlopemi;a, y,n:oBJieTBopHrorn;ee ycJIOBHHM A(O) = II, A(l) = 
A. IlycTb v yK83hIBeT TOqKy B o6JiacTH a6coJIJOTHoro 6y,n:yrn;e­

ro. Tor,n:a A(t)v He MO:>KeT nepeceKaTh CBeTOBOii KOHyc, noToMy 

qTo Q(A(t)v) = Q(v) > 0. ~JIH mo6oro npeo6pa3oBaHHH JlopeH-

u,a Det A = ±1, T. K. A, yMHO:>KaeMoe Ha MaTpmzy m1,n:a ( ~ ~) 

11JIH ( ±~ ±~), ecTb co6cTBeHHoe npeo6p83oBaHHe Jlopemi;a H 

Det L = 1 ,n:m1 co6cTBeHHoro npeo6pa3oBaHHH Jlopettii;a L. TaKHM 

o6pa3oM, nocKOJihKY Det A(t) HenpephIBHO H3MeHHeTCH co speMeHeM 

t H Det A(O) = 1, MhI ,n:oJI:>KHhI HMeTh Det A(t) = 1, cJie,n:osaTeJihHO, 
Det A = 1. Ho eCJIH A MO:>KeT 6b1Th HenpepbIBHhIM o6p830M cse,n:eHo 

K TO:>K,n:eCTBeHHOMY npeo6p83oBaHHIO, 3HaqHT, A HBJIHeTCH co6cTBeH­

HhIM npeo6pa3oBattHeM Jlopettii;a. C ,n:pyroii CTOpOHhI, ecJIH A = Lri 
TO TIOJIO:>KHM A(t) = Ltr, TaK qTo A(O) =II H A(l) = A.3 

3 Co6cTBeHHble npeo6pa30BaH1rn cpe)J,H scex npeo6pa30BaHHil: JlopeHn;a MO:lKHO 

oxapaKTepH30BaTb B03MOJKHOCTbIO rrepeBeCTH HX B TOJK,n;eCTBeHHoe oTo6paJKeHHe 
HenpepbIBHhIM H3MeHeHHeM B KJiacce scex npeo6pa3osaHHil: JlopeHn;a. To•rnee, 
)VJH Toro, 'ITOOhl A 6blno co6cTBeHHhIM npeo6pa3oBaHHeM JlopeHa;a, Heo6xo,L1,HMO 

H ,ll,OCTaTO'IHO cyin;eCTBOBaHHe ceMei!:cTsa A(r) rrpeo6pa30BaHHi!: JlopeHn;a, Herrpe­
pbrnHo 3as1:1cHin;ero OTT np1:1 0 :ST :S 1, TaKoro, 'ITO A(O) = ll, A(l) =A. 

)J:oKaJKeM 3TO. Heo6xo)J,HMOCTh ,ll,OKa3bIBaeTcH cosceM npocTo: eCJIH A = Lr, 
TO B Ka'leCTBe A ( T) MOJKHO B3HTh A ( T) = Lr,. . )J:oKaJKeM ,ll,OCTaTO'IHOCTh. 
OycTb v - npoH3BOJihHaH TO'!Ka H3 rrepe,ll,Hei!: o6JiacTH. TiocKOJihKY rrpH scex T 

Q(A(r)v) = Q(v) > 0, TO TO'!Ka A(r)v He MOJKeT nepeceqb CBeTOBO:ll: KOHyc, 
T. c. H np1:1 T = 1 HaxO)J,HTCH BHYTPH rrepe)J,Heli OOJiaCTH. )J:anee, .n;erepMHHaHT 

mo6oro npeo6pa30BaHHH JlopeHn;a paseH + 1 HJIH -1, nocKOJihKY TaKoe npeo6-
pa..'30BaH1:1e MOJKeT 6bITb noJiy'leHO 1:13 co6CTBeHHOro )J,OMHOJKeHHeM Ha MaTpHey 

( ± ~ ± ~ ) . Ho rrocKOJihKY Det A ( 0) = 1, TO H3 coo6paJKeH1:1li HerrpephIBHOCTH 

Dct A(r) = 1, OTKy)J,a Det A= 1. :Ifa 3THX cl>aKTOB cne,L1,yeT, 'ITO A - co6cTBeHHoe 
11pco6pa3osan1:1e JlopeHn;a. - Ilpu.M. pea. 
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Ilpou3Be,r:i;em1e .n;BYX co6cTBeHHhIX rrpeo6p83oBaHHH Jlopem:i;a TO­
)Ke 5IBJI5IeTC5I co6CTBeHHhIM rrpeo6p830BaHHeM Jlopem:i;a. ,Ll;eitCTBll­
TeJibHO, eCJill 

TO 

LrL~ = R ( ~ ~-I) R-1R (r~ ~,-1) R-1
, 

I LrL~ = Lrr1
• I (4.4) 

Y .n;o6Ho o6o3Ha'IllTh r = ea. ll ITOJIO)KllTh 

Tor.n;a 

(4.5) 

EcJill BBeCTll B paccMOTpeHue nrnep6oJiuqecKue <PYHKIJ;llll cosh a = 
1 1 

2(ea. + e-a.), sinha = 2(ea. - e-a.), TO MO)KHO HarmcaTb 

La.= (c?sha sinha). 
smha cosha 

Terrepb no cBoeit 3arrHCH rrpeo6p83oBaHHe JlopeHr:i;a La. oqeHh rroxo)Ke 

Ha rrpeo6p830BaHue Bparr:i;eHH5I Ro: 

La. = ( cosh a sinh a ) 
sinh a cosh a ' 

- sinO) 
cosO · 

IloXO)Klle q,opMyJihl IIOJiy'IaIOTC5I ,ll;Jl5I rrpOll3Be,r:i;eHllH rrpeo6p83oBa­
HllH: 

La.1 . La.2 = £C>.1 +a.2' R RA RA B TO BpeM5I KaK th . .L Lf:f2 = .L Lff1 +82. 

Ilpu ll3MeHeHllll rrapaMeTpa a TO'IKa La.v ,ll;BH)KeTC5I B,ll;OJih rurrep-

6oJihr, 3a llCKJIIO'IeHueM rrorpaHH'IHoro cJiy'la£, Kor.n;a v Jie)KHT Ha 
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cBeTOBOM KoHyce. B 3TOM cnyqae ToqKa L°'v .n;mnKeTC51 K Beprmrne 

CBeToBoro KOHyca HJIH OT Hee (KpoMe v = 0, Kor.n;a L°'v = 0 ,IJ;JI51 Bcex 

a). MMeHHO IT03ToMy <l>YHKIJ;HH sinh, cosh Ha3hIBaIOTC51 2unep60.1tu"{e­
c'ICUM cuHyco.M H 2unep60.1tU"{eC'ICUM '/COcu'l-tyco.M. EcJIH H3MeH51eT~ na­

paMeTp (}, TO ToqKa Rev ,n;BH)KeTc51 no OKPY*HOCTH, KpoMe cJiyqa51 

v = 0, KOr.n;a OHa OCTaeTC51 HeITO,IJ;BH)KHOH. Il03TOMy <l>YHKIJ;HH cos, 

sin Ha3bIBaIOTC51 1Cpy20B'bt.MU. 

EB'/C.ltUOOBO OBU:>tCenue ITJIOCKOCTH - 3TO npeo6pa3oBaHHe BH,n;a 

(:) --+ R (:) + ( ~) , r.n;e R - opmo2ona.ti'bttoe npeo6pa3oBanue; 

.n;pyrHMH CJIOBaMH, eBKJIH,ll;OBO npeo6pa30BaHHe COCTOHT H3 TpaHC­

JI5lll,HH H opToroHaJibHoro npeo6pa3oBaHH51. EBKJIH,n;oBa reoMeTpH51 

H3yqaeT CBOHCTBa IlO,IJ;MHO)KeCTB ITJIOCKOCTH, KOTOpbie HHBapHaHTHhl 

npH Bcex eBKJIM,IJ;OBhIX npeo6pa30Bamrnx. llpeo6pa3oBanue llyan'K:ape 

Ha nnocKOCTH eCTh npeo6pa3oBaHHe BH,n;a (:) --+ L (:) + ( ~) , 
r.n;e L - npeo6pa30BaHlie JlopeHu;a. reoMeTpH51 cnen;HaJibHOH TeOpHH 

OTHOCHTeJibHOCTH H3yqaeT CBOHCTBa, HHBapHaHTHble OTHOCHTeJibHO 

acex npeo6pa3oBaHHH IlyattKape. CBoHCTBO np51MOH l 6hITh napan­

JieJihHOH OCH y He 51BJI5leTC51 eBKJIH,IJ;OBbIM CBOHCTBOM np51MOH l. ,II,e:H­

CTBHTeJihHO, ecJIH l napanneJibHa ocH y, TO Rl He 6y,n;eT napanneJibHa 

y ,IJ;JI51 Bcex Bparu;eHHH R, KpoMe noBopoTOB Ha 0° H 180°. AttanorHq­

tto, CBOHCTBO IIp51MOH 6bITh napanJieJibHOH OCH x He 51BJI51eTC51 CBOH­

CTBOM, KOTopoe orrpe.n;en5leT cneu;HaJibHM TeOpH51 OTHOCHTeJibHOCTH. 

EcJIH l napanJieJihHa x, TO Ll He 6y,n;eT napanJieJihHO:H ocH x .n;JI51 

acex npeo6pa3oBaHHH L, KpoMe TO*,n;ecTBeHHoro. 9To yTBep)K,ll;eHHe 

<>6h1qHo <J>opMyJIHpyeTC51 TaK: «B paMKax cnen;HaJihHOH TeOpHH OTHO­

Cl1TeJihHOCTH IlOH51THe O,IJ;HOBpeMeHHOCTH He HMeeT CMhlCJia». 

ToqHo TaK *e He RMeeT CMhICJia yTBep)K,n;eHne, qTo «qacTHu;a no­

K011TC51». HaM xoTeJIOCh 6b1 CKa3aTh, qTo JIHHH51 x = 0 ( och t) npe.n;­

C'raBJI51IOT qacTnu;y, noK051IeyIOCSI B Haqane Koop,n;HHaT. Ho npeo6pa-

· mBaHne JiopeHu;a Lr nepeBo,n;nT 3TY JIHHHIO B .n;pyry10, npoxo,IJ;51ru;y10 

•1cpe3 Haqano KOOp,IJ;HHaT, H 

L (l)=~(r+r=l)· 
r 0 2 r-r 1 
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TaKMM o6pa30M, rrpeo6pa3oBaHMe Lr rrepeBO,Il;HT och t B rrpHMYIO 

x = vt, r,n;e 
r - r-1 r 2 -1 

v- ----
- r + r- 1 - r 2 + 1 · 

Pe3yJihTaT rroxoM Ha TpaeKTOpMIO qacTMIJ;hI, ,Il;BMMyiu;eH:c.si: c rrocTo­

.HHHOH CKopoCThIO v. Mb1 MOMeM peumTh ypaBHeHMe 

v = (r2 
- 1)/(r2 + 1), 

Bhipa3MB r qepe3 v: 

r = J(l + v)/(1 - v), 

'ITO JierKO rrpoBep.si:eTC.H. IlpH MeJiaHHH Mbl MOMeM HCIIOJib30BaTb v 
B Ka"leCTBe rrapaMeTpa )l;JI.H orrMcaHMH L: orrpe,n;eJIMM 

L(v) =Lr= Le"'' 

r,n;e 

r = J(l + v)/(1 - v) =ea, 

r - r-1 ea - e-a sinha 
v = = = --- = tanha. 

r + r-1 ea+ e-a cosha 

3aMeTHM, 'ITO 

L(v)L(v') = Lrr'' r = J(l + v)/(1 - v), r' = J(l + v')/(1 - v'). 

IlpH 3TOM rrpOH3Be,n;eHMe rr' MO)KHO 3aIIMCaTh B BH)l;e 

TaK qTO 

rr' = [ 1 + lv: vv~' l 1/2 ' 

v +v' 
1----

1 + vv' 

L(v)L(v') = L ( v + v',) . 
1-vv 

(4.6) 

9Ta cpopMyJia rrpe,n;cTaBJI.HeT amwn c.ao~enuR c'ICopocmeu B crreu;M­

aJihHOH TeOpHH OTHOCHTeJihHOCTH. 
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llTaK, Mb! IIOJib3yeMCH TpeMH crroco6aMH rrapaMeTpH3a!IHH O,ll;HO­

ro H Toro )Ke rrpeo6pa3oBaHHH JlopeHI!a: 

Lr= L0 = L(v), 

r,n;e 

r = e0 = J (1 + v) / ( 1 - v). 

B 3aBHCHMOCTH OT Bbl6opa rrapaMeTpH3a!IHH yMHO)KeHne rrpeo6pa3o­

BaHHil: orrpe,n;eJIHeTCH cpopMyJiaMH (4.4), (4.5) H (4.6). 
MbI IIOKa3aJIH, 'ITO JIHHeil:Hhle rrpeo6pa3oBaHHH crreI!HaJibHOH Teo­

pnn OTHOCHTeJibHOCTH coxpaHHIOT KBa,n;paTH'IHYIO cpopMy Q(v). Ho 

MbI eIIIe He ,ll;aJIM cpH3H'lecKoil: HHTeprrpeTau;nn Q(v). IIpnBe,n;eM TaKo:H 

rrpnMep: y Hae eCTb cBeTOBbie JIY'IH H qacbI. PaccMOTpMM (pnc. 4.25) 

TO'IKH t1 H t2 Ha OCH t, KOTOpbie coe,n;MHeHbI c TO'IKOil: ( ! ) CBeTO­

BbIMH Jiy'laMH (rrpHMbIMH, rrapaJIJieJibHbIMH t = x Ht= -x). 

Pnc. 4.25 

t - t1 = x MJIH t1 = t - x, 

t2 - t = x HJIH t2 = t + x, 

TaK 'ITO 

t1t2 = Q(v) ,ll;JIH v = (!). 
I la6Jiro,n;aTeJib Haxo,n;HTCH B TO'IKe ( ~) . Ott rroKOHTCH HJIH ,ll;BM)KeTCH 

c IIOCTOHHHOH CKOpOCTbIO H XO'leT CBH3aTbCH c TO'IKOH v. OH H3Jiy­

•1aeT CBeTOBOil: CMrHaJI B MOMeHT BpeMeHH ti H perHCTpHpyeT BpeMH 
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t2 B03Bparu;eHH.H K HeMy OTpa)KeHHOro CHrmwrn. IlpOH3Be,n;ettHe tit2 

Ha3hIBaeTC.H paccmo.F£1-me.M MU1-t'IW6C'IW20 - HHTepBaJIOM Me)K)l;y ,n;By­

M.H co6hITH.HMH. 0TMeTHM, 'ITO eCJIH v Jie)KHT Ha JIHHHH x = 0, TO 

~:.t: ::~"':::.::~::, ::x:;::·:::TTO::(I) 
TO ti = 0. EcJIH Q(v) < 0, TO ti < 0 H t2 > 0 (pHc. 4.26). 

P:HC. 4.26 

Eru;e o,n;tto Ba)KttOe CBOHCTBO reoMeTpHH rrpocTpaHCTBa MHHKOB­

CKoro. BcrrOMHHM, 'ITO B reoMeTpHH EBKJrn,n;a y Hae eCTh ttepa6ett­

cm6o mpey20J1,'bttu1w 

llu +vii ~ llull + llvll, 

rrpH'IeM paBeHCTBO 6y,n;eT TOJihKO B CJiyqae, Kor,n;a u H v Jie)KaT Ha 

O)l;HOH rrp.HMOH B O)l;HOM HarrpaBJieHHH. 9To rrpoHJIJIIOCTpHpOBaHO Ha 

pHC. 4.27. 

c=a+b, a= llull, b= llvll. 

QqeBH,lJ;HO, 'ITO JIOMaHa.H JIHHH.H )l;JIHHHee rrp.HMOH. 9TO 3Ha'IHT, 

'ITO B reoMeTpHH EBKJIH,n;a rrp.HMa.H JIHHH.H ecTh KpaT'Iaiirnee paccTo­

.HHHe Me)K,n;y ,lJ;BYM.H TO'IKaMH. 

A Terreph paccMOTpHM attaJIOrH'IHYIO ,n;HarpaMMY )l;JI.H rrpocTpaH­

CTBeHHO-BpeMeHHOH reoMeTpHH, Kor,n;a oKpy)KHOCTH 

llA - Pll 2 = a
2 

H llB - Rll 2 = b2 
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p 

Pttc. 4.27 

3aMeHSIIOTCa rmrnp6oJiaMtt Q(A - P) = a2 ll Q(B - R) = b2 

(pttc. 4.28). Ho B 3TOM cJiyqae ,rr,Jia JII06b1x oTpe3KOB l ll m, o6-

pa3yJOII1,lIX JIOMaHyro JillHllJO Me)K,rr,y ToqKaMll P ll R, MhI ttMeeM 

Q(l) < a2 
11 Q(m) < b2

. 

p 

Pttc. 4.28 

3,rr,eCb Q(l) paBHH€TCSI KBa,rr,paTy BpeM€HH6ro 0Tp€3Ka, KOTOpbIH 

110Ka3hIBaJOT qaCbI, ,IJ,Bll)KYII1,ll€CH c IlOCTOHHHOH CKOPOCTblO B,IJ,OJib 

JIHHllll l. 1haK, B 3TOM cJiyqae MhI ttMeeM o6pamHoe HepaBeHcmBo 

rnpeyWA'b'H,U'/W. 

BpeMH, ll3MepeHHoe no qacaM, ,IJ,Bll)KYII1,MMCH c nocTOHHHOH cKo­

pocThJO ll3 ToqKll P B ToqKy R 6y,rr,eT 6oA'bwe, qeM BpeMH, ll3MepeH­

noe no qacaM, ,IJ,Bll)KYII1,llMCH B,IJ,OJib JIJ06o:H JIOMaHOH JlllHllll, coe,rr,tt­

llHrn;e:H ToqKll P ll R. 
chO HBJI€Hll€ Ha3bIBaIOT 3cPcP€KTOM 6Jill3H€IlpB: 6Jill3H€IJ;, ,IJ,Bllra­

KHU.llHCSI B,IJ,OJib JIOMaHOH JillHllll, ( eCJill OH Bbl)KllBeT Ha yxa6ax) 6y­

)~eT MOJIO)Ke ,rr,pyroro 6Jill3Heu;a, KOTOpbIH ,IJ,BllraeTCH c IlOCTOHHHOH 
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cKopocThIO H3 TO'IKH P B TO'IKY R. 9ToT ::i<P<PeKT Ha3hrnaroT TaK­

)Ke napaao11;co.M 6j/,uatteup6. Kotte'IHO, 3)1.eCh HeT HHKaKoro rrapa)J.OK­

ca, Mhl HMeeM rrpOCTO O'leBH)J.HOe cne,n;cTBHe o6paTHOro HepaBeHCTBa 

TpeyrOJihHHKa. 

4.7. rpynna fiyaHKape H rpynna ra.rrHJie.H 

,II,o CHX rrop Mhl OIIHChlBaJIH rrpeo6pa3oBaHHH reoMeTpHH EBKJIH)J.a H 

CII€l!HaJihHOH TeOpHH OTHOCHT€JlhHOCTH B TepMHHax ecTeCTB€HHhIX 

€)1.HHHl!. To'IKH B rrpocTpaHCTBe-BpeMeHH Ha3hIBaJOT co6'btmu.R.Mu. 
0HH OTMe'laIOT, r,n;e H Kor.n.a 'ITO-To rrpoH3omno. EcnH MhI 3aperH­

CTpHpyeM Bee co6hITHH, cny'IHBIDHeca c O)J.HHM qenoBeKoM ( CKruKeM, 

3a 70 JieT) B ceKyH)J.ax H B03hM€M HeCKOJihKO COTeH HJIH ThlCH'I MeT­

poB, TO)Ke H3MepeHHbIX B ceKyH.n.ax4 ' TO Mb! IIOJIY'IHM MHO)K€CTB0 

co6hITHH, rrpOTH)K€HHOCTh KOTOporo B)J.OJih BpeMeHHOH OCH rrpHMep­

HO B 1018 
pa3 6onhme, 'leM B HarrpaBJieHHH rrpocTpaHCTBeHHhIX oce:H 

(pHC. 4.29)5 . 

x 

t 

PHC. 4.29 

4 
ABTOpbI HMeJOT B BH,Izy CBeTOBYJO ceKyH.zzy, T. e. paCCTO~HHe, rrpOXO,ll;HMoe 

CBeTOM 3a 1 ceKyH.zzy. - IlpUM. pea. 
5
Pac'leT aBTOpOB orrrn60'IHhiil:: 70 JieT/1000 MeTpOB ~ 2. 1014 • - IlpUM. pea. 
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I10Jiyq1rn TaKyIO BhITHHYTYIO B,Il;OJih BpeMeHHOH OCH o6JiaCTh, B03-

HHKaeT )KeJiaHHe H3MepHTh paCCTOHHHH B 6oJiee MeJIKHX e,n;HHmi;ax 

(HarrpHMep B MeTpax), qeM Te e,n;HHHll,hI (ceKyH,n;hr), KOTOphre Mhl 

rrpHMeHHJIH ,Il;JIH H3MepeHHH BpeMeHH. KotteqHo, ecJIH e,n;HHHll,a H3-

MepeHHH 6y,n;eT MeHbme, TO 3HaqeHHe H3MepHeMOH BeJIHHHHhI CTaHeT 

6oJibille. IloaTOMY B «06hrqHOH» CHCTeMe e,n;HHHll, rrpocTpaHCTBeHHbie 

paccTO.HHHH 6y,n;yT CHJihHO yBeJIHqeHbI no cpaBHeHHIO c BpeMeHHhIMH 

HHTepBaJiaMH. KottKpeTHO 3TO 3Haq11T, qTo MhI 6y,n;eM paccMaTpHBaTh 

HOBhre rrepeMeHHhre T H X, CBH3aHHhre c ecTeCTBeHHhIMH e,n;HHHll,aMH 

t H x cooTHomeHHHMH T = t H X =ex, T. e. 

(I) (~ ~) (!), 
r,n;e c - 6oJibmoe q11cJio. CBeToBo:ii KOHyc \xi = \ti B HOBo:ii CHCTeMe 

e,n;HHHll, rrpeo6pa3yeTcH B c-1 \XI =\Tl HJIH IXI = c\T\. 
Mhr 6y,n;eM roBopHTh, qTo «B o6hrqHhIX e,n;HHHll,ax cKopocTh cBeTa 

paBtta c». AttanorHqHo, rmrep6oJia t 2 - x 2 = k rrpeo6pa3yeTcH B KpH­

BYIO T 2 - c 2 X 2 = k (pHC. 4.30). «BpeMeHmro,n;o6Hbie mrrep60JihI», 

COOTBeTCTBYIOill,He k > 0, CTaHOBHTCH Mettee KpHBhIMH, rrpH MaJihIX 

3HaqeHHHX x OHH CTaHOBHTCH rroqTH BepTHKaJihHhIMH rrpHMbIMH JIH­

HHHMH. 

Bhrpa3HM rrpeo6pa3oBaHHH Jiopettll,a qepe3 o6hrqHhre e,n;HHHll,hI. 

,Ll;JIH 3Toro rrpo,n;eJiaeM cJie,n;yrolll,ee: B03hMeM TOqKy (I) H ttaii,n;eM 

TOqKy 

Ilo,n;eiicTByeM Ha Hee rrpeo6pa30BaHHeM Jiopettll,a L H rroJiyqHM 

l3b1pa3HM 3TOT HOBhIH BeKTOP qepe3 o6bJqHbie e,n;HHHll,hI, YMHO)KHB 

t'I'O Ha MaTpHll,y ( ~ ~) . B pe3yJihTaTe rroJiyqHM: 
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x 

PRC. 4.30 

ll TaK, B TepMMHax 06b1qHbIX e,n;MHHIJ; rrpeo6pa3oBaHMe JlopeHu;a rre­

peBO,LI;MT BeKTOP ( i) B M ( i) , r.n;e MaTpMu;a M pasHa 

M = (1 0) L (1 ~ ) . 
0 c 0 c 1 

IlycTb L = v:x. flepeMHO)l(MB MaTpMIJ;hI, rroJiyqaeM 

M = ( c~sha c 1 
sinha). 

csmha cosha 

9Ta <PopMyJia crrpase,n;JIMBa ,LI;JI.H mo6oro 3HaqeHM.H a. BepHeMc.H K 

rrpeo6pa30BaHMIO JiopeHu;a L, ,LI;JI.H KOToporo rrapaMeTp a MaJI. Bse­

,n;eM tanh a = sinh a/ cosh a = v / c, r.n;e, rro HarneMy rrpe.n;rroJio)l(e­
HMIO, c - 60Jibllla.H CKOpOCTb, a v - 06b1qHa.H CKOpOCTb, TaK 'ITO 

a - O'IeHb MaJieHhKMH rrapaMeTp. Tor.n;a 

( 
cosha c-1 tanhacosha) 

M = ctanhacosha cosha 

HJIH 

(
1 v/c2

) M = cosha v 1 , 
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r,n;e 

1 
cosha = - (1 - v 2/c2)-112 

(1 - tanh2 a)112 - · 

P83JIO)K€HHe B psi:,n; no MaJIOMY napaMeTpy v2 / c2 ,n;aeT 

1 2 2 
cosha = 1 + 2v /c- + · · · . 

Ilo,n;cTaBHB 3TO p83JIO)K€HHe B cPOPMYJIY ,n;Jisi: M, noJiyqaeM 

( 1 2 2 ) (1 M = 1 + 2v /c + · · · v v/c2
) 

1 ' 

HJIH 

r,n;e 3JieMeHThI MaTpHIJ;hI E HMeIOT nopsi:,n;oK BeJIH"IHHhI c-2 . MaTpHu.a 

G = (1 0) 
v v 1 

H83bIBaeTCSI npeo6paso6a'HUe.M C'K:Opocmu, COOTBeTCTBYIOIII.HM 3Haqe­

HHIO CKOpOCTH, paBHOMY v. 8To npeo6p830BaHHe coxpaHSieT npsi:-

Mbie T = const, T. K. Gv ( i) = ( X ! vT). TaKHM o6p83oM, MhI 

BH,ll;HM, "ITO npeo6p830BaHHSI CKOpOCTH MO)KHO paccMaTpHBaTb KaK 

«rrpe,n;eJibHbIH CJiyqa:H» npeo6p830BaHHH Jlopemi;a IIpH MaJIOM 3Ha­

'leHHM a. 11.HbIMH CJIOBaMH, rrpe,n;noJiaraH o6bI1lHYIO CKOpOCTb MaJIOH 

110 cpaBHeHHIO co CKOpOCTbIO CBeTa, Mbl IIOJiyqaeM, "ITO BpeMeHHIIO­

;~o6HbI€ rHnep60JibI npeBparu.aIOTCSI B BepTHKaJibHhie rrpSIMbie JIHHHH, 

a npeo6p830BaHHSI Jlopem~a CTaHOBSITCSI npeo6p830BaHHSIMH CKOpo­

CTH. 

MHO)KeCTBO rrpeo6p83oBaHHH CKopocTH o6p83yeT rpynny, 3Jie­

MeHThI KOTopo:H o6Jia,n;aIOT CBOHCTBOM Gv1 Gv2 = Gv1 +v2 , "ITO MO)KHO 

JICI'KO rrpoBepHTb. ,Il;JISI 3TOH rpynnbI coxpaHSieTCSI IIOHSITHe O,ll;HOBpe­

MCHHOCTH. 

Ilpeo6p830BaHHSI THrra ( i) -+ Gv ( i) + ( ~) H83bIBaIOTCSI 

n7>eo6pa306a'Hu.R.M,U I'MUJl,€.1£. fiTaK, rrpeo6p830BaHHSI raJIHJI€SI - 3TO 
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KOMII03H~HH TpaHCfl.H~HH H rrpeo6pa30BaHHH CKOpOCTH. ~exaHHKa 

HbIOTOHa OCHOBaHa Ha IIpHH~HIIe OTHOCHTeflhHOCTH fanwneH; ee oc­

HOBHbie IIOHHTHH HHBapwaHTHbI OTHOCHTeflhHO rrpeo6pa30BaHHH fa­

flHfleH. feHHMbHOCTb OTKpbITHH JiopeH~a, IlyaHKape H 9ttmrrTeHHa 

COCTOHna B TOM, qTO OHH IIOHHflH IIpH6flH)l(eHHbIH xapaKTep IIOHH­

THH O,ll;HOBpeMeHHOCTH: 3TO IIOHHTHe crrpaae,n;nHBO TOflbKO Ha MMbIX 

paccTOHHHHX w ,n;nH MMhIX CKopocTeli. A rrpeo6pa3oaaHwe cKopoCTH 

Gv = ( ~ ~) cne.n;yeT paccMaTpwaaTh KaK arrrrpoKCHMa~wIO rrpeo6-

pa3oBaHwli JiopeH~a ( B 06b1qHoli CHCTeMe e,n;HHH~): 

(
1/Jl -v2/c2 

v/ J1 - v2/c2 
v/c

2Jl - v2 /c2 ) 
1/J1 - v2 / c2 . 

4.8. lIMrryJihc, 3Hepr1u1 H Macca 

IJepeXO.IJ; OT rpyIIIIbI fanwneH K rpyrrrre IJyaHKape IIOTpe60BM rre­

peorrpe,n;eneHHH 683IICHhIX IIOHHTuii MexaHIIKH. OcttoBHhie KOHTYPhl 

TaKoli Teopww IlyaHKape H3flO)l(Hfl B o6pa~eHHH K BceMwpHofi BhI­

CTaBKe, rrpoxo.n;warneit B 1904 ro.n;y B CeHT-JlyIIce. Ilocne 3Toro oH H 

pa6oTaarnwli He3aBHCHMO A. 9liHrnTeliH orry6nwKOBMH a 1905 ro.n;y 

cepwIO cPYH.IJ;aMeHTMhHhIX pa6oT. OrrwrneM HeK0Topb1e H,n;eH H3 3THX 

pa6oT. 

B KnaccwqecKoii MexaHwKe cy~eCTBYIOT .n;aa cPYH.IJ;aMeHTMhHhIX 

3aKoHa, HCIIOflh3yeMhIX IIpH w3yqeHHH .IJ;BH)l(eHHH qacTH~, - 3aKOH 

coxpaHeHHH IIMrrynhca H 3aKOH coxpaHeHHH 3HeprIIw. HarrpwMep, MhI 

w3yqaeM CTOflKHOBeHwe .n;ayx qacTH~ A H B. MMrrynhc qacTH~hI A 
.n;o CTOnKHOBeHHH o6o3HaqIIM p A, a rrocne CTOflKHOBeHHH PA, aHMO­

rwqHo .n;m1 qacTH~hI B. 3aKOH coxpaHeHHH IIMrrynhca roaopwT, qTo 

CTonKHOBeHwe Ha3hIBaeTcH yrrpyrwM, ecnw rronHaH KMHeTwqecKa.H 

3HeprHH coxpaHHeTCH. IlpwMep Heyrrpyroro CTOflKHOBeHHH: B pe3ynh­

TaTe CTOflKHOBeHirn .n;ayx qaCTH~ rronyqaeTCH O,IJ;Ha. 06paTHaH CHTY­

a~HH: rryCTb B HaqanbHbIH MOMeHT .n;ae IIOKOH~HeCH qacTH~bI 6bmH 
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CBR3aHhI, TIOTOM npoH30IIIeJI B3pbIB, B pe3yJihTaTe KOTOporo )l;Be qa­

CTHIJ,hl pa3JieTaIOTCR. 9To M0)l(H0 paccMaTpHBaTb KaK npou.ecc, «06-

paTHbIM» CTOJIKHOBeHHIO. EcJIH 6h1 MhI 3anHCaJIH ero Ha nJieHKY H 

npOKPYTHJIH B o6paTHOM HanpaBJieHHH, TO YBH)l;eJIH 6bI CTOJIKHOBe­

HHe ,ll;BYX 'IaCTHII, B pe3yJihTaTe KOTOporo TIOJiyqaeTCR O)l;Ha qacTHIJ,a. 

IloJIHaR KHHeTH'IeCKaR 3HeprHR He coxpaHReTCR - .n;o B3phrna OHa 

6b1Jia paBHa HYJIIO, a CTaJia 6oJihIIIe HYJIR. 9HeprHR, ocB060,n;HBIIIaRCR 

npH B3phrne, npeo6pa30BaJiaCh B KHHeTH'IeCKYIO 3HeprHIO. B o6paT­

HOM npou.ecce Mhl TIOJiaraeM, 'ITO Kor.n;a H3 ,ll;BYX 'IaCTHIJ, TIOJiyqaeTCR 

O)l;Ha, KHHeTH'IeCKaR 3Heprm1 npeo6pa3yeTCR JIH6o B TIOTeHIJ,HaJihHYIO 

3HeprHIO, JIH60 B TeTIJIO. ,Il;m1 HeynpyrHX CTOJIKHOBeHHM BhIIIOJIHReTCR 

3aKOH coxpaHeHHR HMTIYJihCa. A )l;JIR ynpyrttx CTOJIKHOBeHHM, Kor.n;a 

HeT npeo6pa30BaHHR KHHeTH'IeCKOH 3HeprHH B .n;pyrtte cpopMbI 3Hep­

rHH, TIOJIHaR KHHeTH'IeCKaR 3HeprHR TO)Ke coxpaHReTCR: 

r.n;e EA - KHHeTH'IecKaR aHeprHR 'IaCTHIJ,hI A .n;o CTOJIKHOBeHHR, 

E~ - KHHeTH'IeCKaR 3HeprHR TOH )Ke qacTHIJ,hI nocJie CTOJIKHOBeHHR 

H T. )l;. 

0Ka3hIBaeTCR, 'ITO B cneIJ,HaJihHOH Teop1rn OTHOCHTeJihHOCTH 3a­

KOHhI coxpaHeHHR 3HeprHH H HMTIYJihCa BhITIOJIHRIOTCR, KaK H B Mexa­

HHKe HhIOTOHa. qTo Heo6xo,n;HMO H3MeHHTh B onpe,n;eJieHHRX aHeprHH 

H: HMTIYJihca? 

llMnyJihC qacTHIJ,hI B MexaHHKe HbIOToHa paBeH 

p=mv, 

1')l;e v - cKopoCTh ,ll;BH)KyIIJ,elicR qacTHIJ,hI H m - ee .Macca. CKo­

poCTh (H, CJie)l;OBaTeJibHO, HMTIYJihC) RBJIReTCR BeKTOpOM B TpexMep­

HOM npocTpaHCTBe. B Harneli Mo,n;eJIH MhI 6y,n;eM paccMaTpHBaTh ero 

KaK O)l;HOMepHhIH. (,II;pyrHMH CJIOBaMH, Mhl orpaHH'IHMCR paCCMOTpe-

1meM 'IaCTHU., )l;BH)KYIIJ,HXCR B)l;OJih o,n;Hoii: npRMOM. Macey MO)KHO, B 

llpH:HIJ,HTie, H3MepHTh, npo,n;eJiaB CJie.n;yIOIIJ,He 3KCnepHMeHThI. 

1--t> q:::: • • ==t><J-1 

Pttc. 4.31 
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,Il;orrycTHM, y Hae eCTh HeCKOJihKO o6'beKTOB - HarrpHMep, rnapH­

KH, c.n;enaHHhie H3 pa3HhIX MaTepHaJIOB. IlyCTh ,ll,Ba y.n;ep:>KHBaIOTCH 

BMecTe H IIOKO.HTCH. ,Il;anee rrpOHCXO,ll,HT B3pbIB HJIH OTIIYCKaeTCH rrpy­

)KHHa, H rnapHKH pa3JieTaIOTCH B pa3Hbie CTOpOHbI. 0,IJ,HH IIOJieTHT 

BrrpaBo, .n;pyroii BJieBo (pRc. 4.31). EcnR rnapHKH c.n;enaHbI H3 o.n;ttoro 

MaTepHaJia H HMeIOT O,ll,HHaKOBbIH pa3Mep, TO HX ,ll,BH)KeHHe ,ll,OJI)KHO 

6bITh CHMMeTpHqHhIM. HarrpRMep, eCJIH Ha paBHhIX paccTOHHHHX OT 

TOqKH, r.n;e IIOKOHJIHCb rnapHKH, IIOMeCTHTb ,ll,Be OTpa)KaIOrn;He CTeH­

KH, cne.n;yeT O)KH,ll,aTh, qTo IIOCJie OTpa)KeHHH rnapHKH CTOJIKHYTCH B 

TOH )Ke TOqKe. 8TOT 3KCIIepHMeHT MO:>KHO rrpo.n;enaTb H y6e,IJ,HTbCH, 

qTo see 6y,n;eT rrpoRcxo,n;RTb HMeHHO TaK. A Terrepb B03hMeM rnapR­

KH, c.n;enaHHbie H3 O,ll,HOro MaTepHana, HO HMeIOrn;He pa3Hbie pa3MepbI. 

IlycTb rrpaBhiii rnapHK 6y,n;eT 6onhrne. MbI MO:>KeM y6e,n;HTbCH, qTo rro­

cne OTpa:>KeHHH rnapHKH CTOJIKHYTCH rrpaBee u;eHTpa, T. e. MeHblIIHH 

rnapRK npoii,n;eT 6onhrnee paccTOHHHe. ToT :>Ke aKcnepRMeHT MO:>K­

HO rrpo.n;enaTb c rnapHKaMH, c,n;eJiaHHblMH H3 pa3HbIX MaTepHaJIOB. 

HanpHMep, rrycTh rnapRKH RMeIOT O,ll,RHaKOBbrii pa3Mep, HO npaBbiii 

c.n;enaH H3 cBHHU.a, a neBbIH H3 aJIIOMHHHH. B 3TOM cnyqae CTOJIKHO­

BeHRe rrpOH30H,ll,eT crrpaBa OT u;eHTpa. 0,n;HaKO, ecJIH CBHHIJ;OBblH rna­

pHK 6y,ll,eT oqeHb MaJieHbKHH, a aJIIOMHHHeBhlH Toro :>Ke pa3Mepa, TO 

CTOJIKHOBeHHe rrpoH30H,ll,eT nesee u.ettTpa. EcnR y Hae MHoro CBHHIJ;O­

BhIX mapHKOB pa3HblX pa3MepoB, TO cpe,ll,H HHX MO:>KHO HaiiTH TaKoit, 

KOTOpblM 6y,ll,eT TOqHo COOTBeTCTBOBaTb aJIIOMHHHeBOMY mapHKY ( B 

TOM CMbICJie, qTo CTOJIKHOBeHHe 6y,ll,eT rrpOHCXO,ll,HTb B u;eHTpe). 

A Tenepb ,ll,aBaiiTe cpaBHHBaTb CBHHIJ;OBbie mapHKH c Me,ll,HhIMH. 

,Il;orrycTHM, Mbl HamJIH CBHHIJ;OBbIH mapHK, COOTBeTCTBYIOlll;HM aJIIo­

MHHHeBOMy, H Me,ll,HbIH mapHK, COOTBeTCTBYIOlll;HH CBHHIJ;OBOMy. Te­

nepb Mbl MO)KeM cpaBHHTb aJIIOMHHHeBhiit mapHK c Me,Il.HbIM. 8Kc­

rrepnMeHT IIOKa)KeT, qTo OHH cooTBeTCTByIOT ,ll,pyr ,ll,pyry. II 3TO He 

norHqecKnit BbIBO,ll,, a 3a1w'l-t npupoa'bt6. Terrepb MbI MO:>KeM onpeae­
j/,Um'b IIOH.HTHe MaCCbI: ,ll,Ba 06'beKTa HMeIOT oamt.a'l\,06Y'IO .Macey, eCJIH 

B HameM 3KCIIepHMeHTe OHH COOTBeTCTBYIOT ,n;pyr ,ll,pyry. 3aKOH IlpH­

pO,Il.bI, KOTOpbIM Mbl o6cy)K,ll,aeM, II03BOJIHeT KOppeKTHO onpe,ll,eJIHTb 

noH.HTHe MaCCbI. Ecmi A H B HMeIOT o,n;HHaKOBYIO Macey, a Macca B 

6
IloBepHeM Harn np:n6op Ha 180°, T. e. noMemreM MecTaMH npasy10 :n Jiesyro 

CTOpOHbI. 9TOT TIOBOpOT He 0Tp83HTCH Ha CBOHCTBax rnapHKOB COOTBeTCTBOBaTb 

,!J;pyr ,!l;pyry. I1 3TO TO.lfCe 3aKOH npHpO,!J;bI. 
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paBHa Macce C, TO A n C HMeJOT o.n;nHaKOBbie MaccbI. B 3KcrrepnMeH­

Te MO)KHO rrpoBepHTb 3aKOH rrpnpo.n;br: ecJIH mapnK A1 cooTBeTcTByeT 

rnapnKy B1 n mapnK A2 cooTBeTCTByeT B2, To, 3KcrrepnMeHTnpya c 

rrapaMH mapHKOB: A1 n A2 rrpoTHB B1 n B2, MO)KHO y6e.n;HTbC5I, qTo 

A1 n A2 cooTBeTcTBYJOT B1 n B2 (pnc. 4.32). 

• • 
-----a- -o----

Pnc. 4.32 

8KcrrepnMeHTaJibHO MO)KHO TaK)Ke y6e.n;HTbC5I, qTo Macca mapnKa 

nporropu;noHaJibHa ero o6'heMy: ecJin CBHHIJ;OBbrii mapnK c pa.n;nycoM 

r A COOTBeTCTByeT Me,D;HOMY mapnKy c pa.n;nycoM r B' TO CBliHIJ;OBbIH 

mapHK c pa.n;nycoM 3r A 6y,n;eT COOTBeTCTBOBaTb 27 Me,lJ;HbIM mapnKaM 

c pa,n;nycoM r B. 

8To II03BOJI5IeT HaM BBeCTH e,n;HHHu;y MaCCbI: BbI6epeM O,lJ;HH o6'h­

eKT, CKa)KeM CBHHIJ;OBbIH mapnK o6'beMoM 1 cM3. Tor,n;a MbI MO)KeM 

cpaBHHBaTb c HMM ,n;pyrne o6'beKTbI, Macca KOTOpbIX 6y,n;eT KpaTHa m 
(Macce Bb16paHHoro CBHHIJ;OBoro mapnKa). TaKHM o6pa30M, MbI rroJiy­

•rnM qncJieHHOe 3HaqeHne mo6oii MaCCbI. IlepBoHaqaJibHO B MeTpnqe­

<'Koii CHCTeMe e,n;HHHII, 3a e,n;HHHIJ;Y MaCCbl - 1 rpaMM - 6bIJia B35ITa 

Macca 1 Ky6nqecKoro caHTHMeTpa BO,lJ;hI rrpn 4°C. IlocKOJibKY HaM 

('JJO)KHO rrpOBO,lJ;HTb 3KCrrepnMeHThI ITO CTOJIKHOBeHH5IM c BO,lJ;OH rrpn 

·1°C, MhI MOrJIH 6hr orrpe,n;eJIHTh 1 rpaMM KaK Macey Me,n;Horo mapnKa 

1>6'beMOM 0.11 ... cM3. MHTepeCHO OTMeTHTh, qTO BO Bcex OIIHCaHHhIX 

·~KcrrepnMeHTax He 6hIJIO IIOTpe6HOCTH B KaKHX-JIH6o HHCTpyMeHTax 

ll'.IMepeHH5I BpeMeHH. 

BepHeMca K 3aKoHy coxpaHeHli5I liMIIYJihCa. B MexaHnKe Hh10To-

11a, ecJin MhI orrpe,n;eJIHM HMIIYJihC qacTHIJ;hI 

p=mv, 

TO llOJIHhIH HMIIYJibC coxpaH5IeTC5I. (HeTpy,n;Ho IIOKa3aTh, qTo TaKa5I 

<l><>PMYJIHpOBKa 3aKOHa coxpaHeHH5I HMIIYJihCa 5IBJI5IeTC5I cJie,n;cTBHeM 

munero orrpe,n;eJieHH5I Macchr n rrpe,n;rroJIO)KeHH5I, qTo 3aKOHhr rrpnpo­

;u.1 HHBapnaHTHbI OTHOCHTeJihHO rpyrrrrhr rrpeo6pa30BaHHii I'a.ttU.fl,e.R,. 



226 I'JiaBa 4. CKa.rrnpHhJe rrpOH3Be,n;emrn 

CM. Jle'K'.u,uu no <fiuau'K'.e <l>eii:HMaHa, nrnBy 10, r,n;e ,n;aeTC.51 qeTKOe H3-

JIO)K€HHe 3Toro yTBep)K,Il;eHH.51.) B cITeIJ;HaJihHOH TeopHH OTHOCHTeJih­

HOCTH TaKOe OITpe,n;eJieHHe HMITYJibCa He HMeeT CMblCJia, ITOTOMY qTo 

tte u.Meem C.M'btc.1ia c'K'.opocm'b! Be,n;h ITO OITpe,n;eJiemuo CKopocTb paBHa 

dx 
v = dt' 

npH 3TOM ITpe,n;IToJiaraeTC.51, qTo Mbl BhI6paJIH KOOp,lJ;HHaTHbie OCH x 
H t H peIIIHJIH ITapaMeTpH30BaTb ,1J;BH)K€HHe qaCTHIJ;bl BpeMeHeM t. 
llMeHHO IT03TOMY Mbl 3aITHChIBaeM TpaeKTOpmo qacTHIJ;bl c ITOMO­

Iu;bIO cpyHKIJ;HH x ( t). EcJIH MhI c,n;eJiaeM ITpeo6pa30BaHHe JiopeHu;a, 

TO ITOJiyqHM HOBbJe KOOp,lJ;HHaTHbJe OCH t'' x' H, CJie,n;oBaTeJibHO, HO­

BYIO cKopoCTh v'. IIocTaBHM 3a,n;aqy HeMHoro ITO-,n;pyroMy. ,il;oITyCTHM, 

qTo TpaeKTOpH.51 qaCTHI.J;bl OITHCbJBaeTC.51 TpeTbHM Heii:TpaJibHbIM ITa­

paMeTpOM s. HanpHMep, B pOJIH s MoryT 6bITh noKa3aHH.51 HeKHX 

BHyTpeHHHx qacoB, KOTOphie qacTm.i;a HeceT BMecTe c co6oii:. Tor­

,n;a TpaeKTOpH.51 qaCTHIJ;bl Ha ITpOCTpaHCTB€HHO-BpeMeHHOH ITJIOCKOCTH 

,n;aeTC.51 B€KTOpOM 

( 
t(s)) 

u(s) = x(s) . 

B HeKOTOpb1ii: MoMeHT s0 MhI MO)KeM BhJqHCJIHTh KacaTeJihHYIO K aToii 

KPHBOH (pHC. 4.33) 

Tor,n;a B CHCTeMe Koop,n;MHaT t, x cKopoCTh v = dx / dt paBHa 

v = b/a. 

QqeBH,lJ;HO, qTo ,lJ;Jl.51 B€KTOpa 

W= (~) 
OTHOIIIeHHe v = b /a He HMeeT cpH3HqecKoro CMhICJia. EcJIH MhI 3aMe­

HHM W Ha 

w'=Lw 
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x 

t 

PMc. 4.33 

H HarrmneM 

' (a') w = b' ' v' = b' /a', 

TO v' He 6y,n;eT paBHO v, 3a HCKJIIOqeHHeM cnyqaeB, Kor.n;a v = ±1 HJIH 

L =JI. IlpH rrpeo6pa30BaHmi:x Jlopemi;a coxpami:eTC.H o.n;Ho CBOHCTBO 

BeKTOpa w - BeJIHqHHa 

Q(w) = a 2 
- b2

. 

YcJIOBHe Q(w) > 0 3KBHBaJieHTHO ycnoBHIO Jvl < l. IIocKOJihKY 

B Harnett CHCTeMe e)J;HHHIJ; CKOpOCTh CBeTa paBHa 1, 3TO 3HaqnT, qTo 

CKOpOCTh v MeHhIIIe CKOpOCTH CBeTa. 

OrrhIT rrOKa3hIBaeT, qTo Bee qacTHIJ;hI c rroJIO)KHTeJihHOii Maccoii 

f!OKO.H (6y,n;eT orrpe.n;eneHa HH)Ke) )J;BH)KYTC.H co CKOpOCT.HMH, MeHh­

IIIHMH CKOpOCTH CBeTa, T. e. )J;JI.H HHX BCer.n;a Q(w) > 0. 06o3HaqnM 

Q(w) = µ 2 > 0, 

H rrycTh 

b/a = v 

H orrpe,n;eJieHHOM ceKTOpe rrpocTpaHCTBa-BpeMeHH. 3aMeTHM, qTo co­

OTHOIIIeHHe b/a = v He orrpe.n;en.HeT caMn BennqnHhI a, b. (9To -
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OTpaJKem1e Toro cpaKTa, qTo Mhl He KOHKpeTH3HpOBaJIH Harn MHCTH­

qeCKHH rrapaMeTp s ,n;mi KpHBOH u( s).) Terrepb MO)KHO penrnTh ,n;Ba 

ypaBHeHHH a2 - b2 = µ 2 , b/a = v H IIOJiyqHTh 

a= µ 
v11 - v2 ' 

b = µv 
V1=1J2 

,II;JIH ,n;aHHOro ceKTOpa rrpocTpaHCTBa-BpeMeHH. ,Il;JIH MaJihIX 3HaqeHHH 

v MO)KHO BOCIIOJih30BaThCH pa3JIO)KeHHeM B pH,n; TeiiJiopa 

TaK qTo 

1 1 2 
V1=1J2 = 1 + 2v 

. 1 2 
a=µ+ 2µv + · · ·, 

b 
. 1 3 
=µv+-µv +··· 

2 

0TMeTHM, qTo pa3JIO)KeHHe BeJIHqHHhI b oqeHb IIOXO)Ke Hap = 
mv, ec.tiU .M'bl uae-Hmu<f>uu,upye.M µ C m H OT6pOCHM qJieHbI 6oJiee 

BhICOKoro nopH,n;Ka no v. ToqHo TaK )Ke BTopoii qJieH B pa3JIO)Ke­

HHH a IIOXO)K Ha Bbipa)KeHHe ,l.l;JIH KHHeTHqecKOH 3HeprHH B MexaHHKe 

HhIOTOHa. .l-haK, MhI rro,n;ornJIH K B03MO)KHOCTH rrepeorrpe,n;eJIHTh rro­

HHTHH 3HeprHH H HMIIYJihCa. Ka)K,l.l;OMY o6'heKTY cooTBeTCTByeT orrpe­

,n;eJieHHoe 3HaqeHHe BeJIHqHHhI µ. Bo H36e)KaHHe rryTaHHIJ;hI o6o3Ha­

qHM 3TY BeJIHqHHY mo H Ha30BeM ee .Maccou no'K:oR ,n;aHHoro o6'beK­

Ta. EcJIH OKa3hrnaeTCH, qTo o6'beKT rroKOHTCH B HeKoTopoM ceKTope 

rrpocTpaHCTBa-BpeMeHH, TO Macca IIOKOH COBrra,n;aeT ( c TOqHOCThIO ,n;o 

BbI6paHHOH CHCTeMbl e,n;HHHIJ;) c Maccoll IIOKOH, orrpe,n;eJieHHOH BhIIIIe 

3KCIIepHMeHTaJihHO. ,Il;orryCTHM, qTo mo > 0 (Mbl 3TO BCe BpeMH rro.n;­

pa3yMeBaJIH). Tor,n;a ,l.l;JIH ,l.l;BH)KYIIJ;erocH o6'beKTa BBO,l.l;HTCH ee'K:mop 

3Hep2uu-U.Mny.11ibca ( 4-u.Mny.11/bC) 

w= (!) 

Q(w) = E2 - p2 = m5 
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H w eCTh rrpoH3Be,n;eHHe u = du/ ds Ha CKa.rrn:pHbIH MHO)KHTeJih, 

r,n;e u( s) - TpaeKTopm1 o6'heKTa, ,ll;BH)KYIIIeroc.H B rrpocTpaHCTBe­

BpeMeHH. 

B ,n;aHHOM ceKTope rrpocTpaHCTBa-BpeMeHH, r,n;e TpaeKTOpH.H o6'b­

eKTa 3a,n;aeTC.H cPOPMYJIOH 

COOTBeTCTBeHHO 

u(s) = ( i(s)) 
x(s) ' 

Mhl IIOJiy'laeM 
m 0v 

p = vl -v2 ' 
E= mo vl - v2 . 

B qacTHOCTH, eCJIH o6'heKT IIOKOHTC.H, TaK "ITO v = 0, TO 

p=O, E=mo 

B ,n;aHHOH CHCTeMe KOOp,ll;HHaT. 

3aKOH coxpaHeHH.H 3HeprHH-HMIIYJibCa B HOBOH cPOPMYJIHpOBKe 

BhirJI.H,ll;HT KaK 3aKOH coxpaHeHH.H )l;JI.H 6eK;mopo6 B rrpocTpaHCTBe­

ttpeMeHH rrpH mo6oM CTOJIKHOBeHHH: 

(!~) + (!!) = (!~) + (!~) 
9TH ypaBHeHH.H 3a1mcaHbl B ecTeCTBeHHOH CHCTeMe e,n;HHHIJ;, KOr­

;~a CKOpOCTh CBeTa paBHa 1, a v - "IHCJIO. Ilo3TOMY Bbipa)KeHJie 

v1l=V2 HMeeT CMhICJI. EcJIH )Ke MhI 6y,n;eM pa6oTaTh c «IICHXOJIO­

rw1ecKHMH e,n;HHHIJ;aMH», TO v He 6y,n;eT "IHCJIOM, a 6y,n;eT CKOpOCThIO, 

H1>1pa)KeHHoii, HarrpHMep, B cM/ceK. Tor,n;a Bhipa)KeHHe ~ y)Ke 

llC HMeeT CMhICJia. B 3TOM CJiyqae vl - v 2 CJie,n;yeT 3aMeHHTh Ha 

Jl - v 2 / c 2 . CooTBeTCTBeHHO H3MeH.HeTC.H Bhipa)KeHHe )l;JI.H p: 

m 0v 
p-----;:==== - JI -v2/c2 . 
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IlpH Ma.JlbIX 3Ha'IeHHH v Mbl IIOJIY'IHM HhIOTOHOBCKOe BbipaMeHHe )J;JIH 

HMIIYJihca. AHa.rrorH'IHO H3MeHHeTcH <l>opMyJia )J;JIH aHeprHH E: 

E = moc2 
Jl-v2/c2 

,ll;JIH IIOKOHIIJ;eiicH qacTHJ:J;bl Mhl IIOJiyqaeM H3BeCTHyIO cPOPMYJIY 9ii:H-

mTeii:Ha 

E = moc2
. 

4.9. AHTHCHMMeTpIPIHbie <t>opMbI 

B 11pe,n;h1.n;yrn;Hx rraparpa<Pax MhI paccMoTpeJIH ,n;Ba THrra CKa.JIHpHhIX 

rrpoH3Be,n;eHHii: Ha IIJIOCKOCTH. IIepBoe - eBKJIH)J;OBO CKa.JIHpHoe rrpo­

H3Be,n;eHHe, orrpe,n;eJIHeMoe <l>opMyJioii: 

(w, w') =xx'+ yy', w' = (x'). 
y' ' 

BTOpoe - JIOpeHu;eBo CKa.JIHpHoe rrpOH3Be,n;eHHe 

(v, v') = tt' - xx', r.n;e v = ( ! ) H v' = ( ~') . 
06a THIIa CKa.JIHpHblX rrpOH3Be,n;eHHH 6HJIHHeii:HbI, T. e. eCJIH O)J;HH BeK­

TOp 3acPHKCHpOBaTh, TO rrpOH3Be,n;eHHe 6y,n;eT JIHHeii:Hoii: cPYHKIJ;Hefi OT 

,n;pyroro BeKTopa: 

06a CKa.JIHpHbIX rrpOH3B€)];€HHH CHMMeTpH'IHbl: 

(w, w') = (w', w) H (v, v') = (v', v). 

BBe,n;eM TpeTHil: THII rrpoH3Be,n;eHHH MeM.n;y ,n;ByMH BeKTopaMH Ha 

IIJIOCKOCTH, KOTOpblH 6y,n;eT 110-rrpeMHeMy 6HJIHH€HHhIM, HO BMec­

TO CHMMeTpH'IHOCTH o6Jia,n;aeT CBOfiCTBOM aHTHCHMMeTpHH. lIMeHHO, 

orrpe,n;eJIHM CJI€,Il;yIOIIJ;YIO cPYHKIJ;HIO OT )J;BYX BeKTOpOB: 

w(v, v') = qp' - q'p = Det (; ;:) , r.n;e v = (;) H v' = (;:). 
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3.n;ecb BhIIlOJIHHeTCH TO)K,Il;eCTBO 

w(v, v') = -w(v', v), 

KOTOpoe Mhl H Ha3hIBaeM attmucUM.MempU"l.'/iOCm'b10. 

PHc. 4.34 

feoMeTpHqecKHH CMhICJI w(v, v') IIOHHTeH: 3TO OpHeHTHpOBaH­

HaH rrJiorn;a,n;h rrapanJieJiorpaMMa, rrocTpoeHHoro Ha BeKTopax v H v' 
(pHc. 4.30). QqeBH,IJ;HO, qTO <f>YHKIJ;HH w(v, v') 6mrnHefiHa. BeJmqnHa 

w Ha3bIBaeTCH CU.MnAe-x;mu"l.eC'K:U.M CKaJIHpHhIM rrpOH3Be,n;eHHeM. 

J1HHefiHoe rrpeo6pa30BaHHe A Ha3hIBaeTcH cU.MnAe-x;mu"l.ec-x;u.M, 

eCJIH OHO coxpaHHeT CHMIIJieKTHqecKoe CKaJIHpHoe rrpOH3Be,n;eHHe w. 
TaKHM o6pa3oM, A CHMIIJieKTHqHo Tor.n;a H TOJihKO Tor.n;a, Kor.n;a ,IJ;JIH 

mo6h1x v, v' 
w(Av, Av') = w(v, v'). 

MaTpHn;a, CTOJI6n;hr KOTOpofi Av H Av', rroJiyqaeTcH yMHO*eHHeM 

MaTpHIJ;hI A Ha MaTpHn;y (! ::) . 0Tcro.n;a 

w(Av,Av') = Det [A(! ::) ] 

(q q') I = DetA Det p p' = DetAw(v, v ). 

CJie,n;oBaTeJihHO, rrpeo6pa3oBaHHe A HBJIHeTCH CHMrrJieKTHqecKHM 

Tor.n;a H TOJihKO Tor.n;a, Kor.n;a Det A = 1. QqeBH,IJ;Ho, qTo JII06aH 

C:l1MIIJieKTHqecKaH MaTpHn;a HMeeT o6paTHyro, KOTOpaH TaK)l(e CHM­

llJieKTHqHa, H rrpOH3Be,n;eHHe ,IJ;BYX CHMIIJieKTHqecKHX MaTpHIJ; TO­
)Ke Bcer.n;a CHMIIJieKTHqHo. 9To 03HaqaeT, qTO COBOKYIIHOCTh BCex 
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CHMIIJieKTWieCKHX MaTpmi; o6pa3yeT rpyrrrry, Ha3bIBaeMylO (,n;ByMep­

HOH) cu.Mn.!leK:mU"l,ecK:ou ~pynnou. CHMIIJieKTWiecKaH rpyrrrra HrpaeT 

O'IeHb Ba)KHYIO pOJib B OIITHKe, Mbl YBH,Ll;HM 3TO B rJiaBe 9. 

Pe3IOMe 

A. EBKJIH)J,OBO cKruu1pHoe npoH3Be,IJ,eHHe 
ll3y'IHB 3TY rJiaBy, Bbl ,Ll;OJI)KHbl YCBOHTb IIOHHTHe eBKJIH,Ll;OBa CKaJI5Ip­

HOro rrpOH3Be,n;eHH5I H Hay'IHTbCH IIOJib30BaTbC5I ero CBOtl:cTBaMH. 

Bbl ,n;OJI)KHbl yMeTb TpaHCIIOHHpoBaTb MaTpmzy H rrpHMeHHTb 

orrepari;HIO TpaHCIIOHHpOBaHHH B CB5I3H co CKaJIHpHblM rrpOH3Be,n;eHH­

eM H eBKJUi)J,OBbIMH rrpeo6pa30BaHHHMH. 

Bbl ,n;OJI)KHbl 3HaTb, KaK B BeKTOpHOM rrpocTpaHCTBe ,n,Byx H 60-

Jiee H3MepeHHH c eBKJIH,D;OBhlM CKaJI5IpHbIM rrpOH3Be,n;eHHeM rrpHMe­

HHTh rrpori;ecc rpaMa-lliMH,D;Ta ,D;JIH IIOCTpOeHHH OpTOHOpMHpOBaH­

HOrO 6a3HCa H ,D;JIH IIOJiy'IeHHH OpTOrOHaJibHOH rrpoeKIJ;HH BeKTOpa Ha 

rro,n,rrpocTpaHCTBO. 

B. KBa,n;pan1qHwe cpopMbI 
Bbl ,n;oJI)KHbl yMeTb Bhlpa3HTh KBa,n;paTH'IHYIO cpopMy Q(v) qepe3 

cHMMeTpH'IHYID MaTpHey A H CBH3aTh MaKCHMaJibHhle H MHHHMaJib­

Hhre 3Ha'IeHHH Q c co6cTBeHHhlMH BeKTOpaMH H co6cTBeHHblMH 3Ha­

qeHH5IMH A. 
EcnH Ha rrnocKOCTH 3a,n;aHa KBa,n;paTH'IHaa cpopMa Q, TO Bbl 

,D;OJI)KHbl yMeTb BBeCTH TaKHe KOOp,n;HHaTbl x' H y'' B KOTOpblX OHa 

HMeeT BH,Ll; 

Q \ 12 \ ,2 
= AlX + "2Y , 

H BOCIIOJih30BaThCH 3THMH KOOp,D;HHaTaMH ,D;JIH IIOCTpoeHHH rpacpHKa 

Q = const. 

C. CBSI3aHHbie KOJie6aHHSI 
Bbl ,n;oJI)KHbl yMeTb CBeCTH 3a,n;aqy o ,n;Byx CBH3aHHblX ocri;HJIJIHTopax 

K ypaBHeHHIO w =-Aw H Bblpa3HTb HOpMaJibHbre KOJie6aHH5I qepe3 

co6CTBeHHb1e BeKTOpbl H co6cTBeHHble 3Ha'IeHHH A. 

D. JiopeHu;eBO CKa.JISipHoe rrpoH3Be,IJ,eHHe 
Bbl )J,OJI)KHhI yMeTh Bhl'IHCJIHTh nopeHri;eBo CKaJIHpHoe rrpoH3Be,n;eHHe 
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,LJ;BYX BeKTOpOB, onpe,i::i;eJUITh npeo6pa30Bamrn: JlopeHIJ,a, KOTOphie co­

xpaH5IIOT 3TO CK8JrnpHoe IIpOH3Be,i::i;emrn. IlpHMeH5ITh 3TH IIOH5ITH5I B 

cneIJ,HaJihHOH TeOpHH OTHOCHTeJihHOCTH. 

4 .1. (a) Hc110Jih3ya TPH cBofiCTBa CKaJiapttoro npoH3Be,n;emi:a ( CHMMeT­

pH'IHOCTb, JIHHeHHOCTb, IIOJI02KHTeJibHa5I onpe,n;eJieHHOCTb), ,n;o­
Ka2KHTe ttepa6ettcm6o Kowu-lli6apv,a 

(v, w):::; J(v, v)(w, w) 

,IJ;JI5I mo6oil: napbl BeKTOpOB v H w. (YKa3aHHe: paCCMOTpHTe 
CKaJI5IpHoe IlpOH3Be,n;eHHe (v - o:w, v - o:w). 8TOT KBa,n;paTH'I­
HbIH IIOJIHHOM no 0: He M02KeT HMeTb Bem;eCTBeHilbIX KOptteil:, 

KpOMe CJiyqaa v = o:w.) 

(b) ,Il.oKa2KHTe ttepa6ettcm6o mpey20.11,'bttu1w 

Jlv + wll :::; llvl/ + l/wl/, 

r,n;e llvll 2 = (v, v). (YKa3attue: B03Be,IJ;HTe HepaBeHCTBO B KBa,n;­
paT H rrpHMeHHTe 11epaBeHCTBO KomH-IllBapn;a H3 IIYHKTa (a).) 

4.2. (a) Ha nJIOCKOCTH 3a,n;aHhI ,n;Ba BeKTopa v H v'. IloKa2KHTe, 'ITO 

rroBopoT Re 11a yroJI (), ,n;Jia KOToporo 

() (v, v') 
cos = ' J(v, v)(v', v') 

c,n;eJiaeT BeKTOp v nponopn;uottaJihHbIM BeKTopy v'. Hail:,n;HTe 

yroJI Me2K,IJ;Y BeKTOpaMH ( i ) H ( - ~ ). 
(b) B ,n;ByMepttoM rrpocTpaHCTBe-BpeMeHH 3a,n;aHbI ,n;Ba BeKTopa v H 

v'. 06a BeKTOpa JIH6o rrpocTpaHCTBeHHOilO,IJ;06HbI, JIH6o BpeMe­

HHno,n;o6HbI Bnepe,n; HJIH BpeMeHHno,n;o6Hhl Ha3a,n;. IloKa2KHTe, 
'ITO co6cTBeHHoe rrpeo6pa3oBaHHe Jlopettn;a La, ,n;JI5I KOToporo 

{v v'} 
cosho: = ' , 

J{v, v}{v', v'} 

nepeBO,n;HT BeKTOp v B BeKTOp, nponopn;HOHaJihHbIH BeKTopy v'. 
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BocnoJih3yll:Tech 3THM pe3yJihTaTOM H Hatt,n;HTe npeo6pa3oBa­

HHe JlopeHii;a, nepeBo,r~~nn;ee BeKTop ( ~) B BeKTOp, nponopn;H-

OHaJihHhIH BeKTopy ( ~) . 
KaKrui: npo6JieMa B03HHKHeT, ecJIH BeKTOp v - npocTpaHCTBeH­

Hono.n;o6HhIH, a BeKTop v' - BpeMeHHno.n;o6HhIH? EcJIH BeKTop 

v - BpeMeHHITO)l;06HbIH Bnepe.n;, a v' - BpeMeHHilO)l;06HbIH Ha-

3a,n;? EcJIH BeKTOphI v H v' Haxo,n;HTCH Ha CBeTOBOM KOHyce? 

4.3. qT06hI HayqHThCH BhlqHCJIHTh JiopeHn;eBbl CKaJIHpHhle npOH3Be,n;e­

Hirn, nopa6oTall:Te c BeKTOpaMH B ,n;ByMepHOM npocTpaHCTBe-BpeMe­

HH. (IlepBruI KOOp)l;HHaTa COOTBeTCTByeT BpeMeHH t, a BTOpaH OCH x.) 

(a) BhlqHCJIHTe JiopeHn;eBo CKaJIHpHoe npoH3Be,n;eHHe Ka)K)l;oro BeK­

Topa Ha caMoro ce6H { v, v}. B CHCTeMe Koop,n;HHaT x, t H3o6pa-

3HTe Ka)K)l;hIH BeKTOp H pa36epHTeCb, K KaKOMY THITY OH OTHO­

CHTCH: npocTpaHCTBeHHOno.n;o6HhIH, BpeMeHHno.n;o6HbIH Bnepe.n; 

HJIH Ha3a,n;, Jie:lKHT Ha CBeTOBOM KOHyce Brrepe.n; HJIH Ha3a,n;. 

(b) BhlqHCJIHTe JiopeHn;eBhI CKaJIHpHhie rrpOH3Be,n;eHHH {v2, v 3 }, 

{v5, v6} H {v3, v6}· 

(c) Haft,n;HTe BeKTOphl w 1, ... , w 6 , B KOTOpbie rrepexo)l;HT BeKTOphl 

v 1' ... 'v 6 ITO)]; .n;ell:CTBHeM rrpeo6pa30BaHHH JlopeHn;a 

(
5/4 

L2 = 3/4 3/4) 
5/4 . 

lfao6pa3HTe IlOJiyqeHHbie BeKTOpbI B CHCTeMe KOOp)l;HHaT x, t. 
(d) Bh1qHCJIHTe CKaJIHpHhle rrpoH3Be,n;eHHH {w2, w2}, {w6, w6}, 

{w2, w3}, {w5, w6} H {w3, w6}· 0HH )l;OJI:lKHhI coBrra,n;aTh c co­

OTBeTCTBYIOIIJ;HMH CKaJIHpHbIMH rrpOH3Be,n;eHHHMH BeKTOpOB v. 

4.4. IlycTh MaTpHn;a s CHMMeTpHqHa H HMeeT IIOJIO:lKHTeJibHhie co6CTBeH­

Hbie 3HaqeHHH. BBe,n;eM HOBOe CKaJIHpHoe rrpoH3Be,n;eHHe [v, w]s, 

orrpe,n;eJIHeMoe ypaBHeHHeM [v, w] 8 = (Sv, w). 

(a) IloKa:lKHTe, qTO 3TO CKaJIHpHoe rrpOH3Be,n;eHHe CHMMeTpHqHo, 

6HJIHHeHHO H IIOJIO:lKHTeJibHO orrpe,n;eJieHo. 
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(b) IloKa.~KHTe, qTO MaTpHn;a c coxpamieT 3TO CKa.mipHOe npoH3Be­
,n;eHHe (T. e. [Cv, Cw]s = [v, w]s) Tor,n;a H TOJihKO Tor,n;a, Kor,n;a 
crsc = S). 

( c) OnttrnHTe npon;e,n;ypy rrocTpoeHHH MaTpHIJ;hI B, o6Jia,n;aroin;eli 
cJie,n;yIOIIJ;HM CBOHCTBOM: ecJIH v' = B-1v, w' = B-1w, TO 
[v, w]s = (v', w'). 06'MICHHTe KaK, HMea o,a;Hy MaTpttn;y B, 
o6Jia,n;aroin;yro 3THM CBOHCTBOM, MO:>ICHO IIOCTpOHTb MHOro ,n;py­
rHX. 

4.5. IlycTh B rrpe,n;h1,n;yin;eM yrrpa:>IrneHHH S = (~:~ ~:~). 

(a) IloJiyqnTe BeKTOp v' opTOrOHIWibHbIH BeKTOpy w = ( - ~ ), 
,n;Jia CKaJiapHoro rrpoH3Be,n;eHHH, orrpe,n;eJieHHoro MaTpnn;eli S 
TaK, qTo [v, w]s = 0. 

(b) IIocTpoliTe MaTpHn;y B, o6Jia,n;aroin;yro cBolicTBaMH, orrncaHHhI­
MH B 3a,n;aqe 4.4(c). IIpoBepbTe, qTo AJIH BeKTopoB v H w H3 
rryHKTa (a) BhIIIOJIHaeTca paBeHCTBO (B-1v, B-1w) = 0. 

(c) IIocTpoliTe MaTpnn;y opmo201taJ1,'btto20 npoe'K:mupo6attuR P, 
YAOBJieTBOparoin;yro ypaBHeHHIO P 2 = p' qe:ii o6pa3 COCTOHT 

H3 BeKTopoB, rrporropn;noHaJihHhIX BeKTopy w = ( _ ~). IIpo­

BepbTe, qTo ,ll;JIH BCex BeKTOpOB v BbIIIOJIHHeTCH paBeHCTBO 
[w,Pv]s = [w,v]s. 

(d) IIocTpoliTe MaTpHn;y C, KOTopaa coxpaHaeT CKaJIHpHoe rrpon3-
Be,n;eHne, orrpe,n;eJiaeMoe MaTpnn;eli S, H y,n;oBJieTBopaeT ypaBHe-

HHIO C2 = - IL (YKa3aHne: MaTpnn;a R = ( ~ - ~) y,n;oBJieT­

BOpaeT ypaBHeHHIO R2 = - JI H coxpaHaeT o6blqHoe CKaJIHpHoe 
rrpOH3Be,n;eHHe. 

4.6. ,ll;Jiji KBa.n;paTHqHQH cl>opMbl 

Q(v) = 8x2 + 12xy + 17y2 

rrpo,n;eJialiTe cJie,n;yroin;ne orrepan;nn. 

(a) 3arrnrnHTe QB BH,n;e (Av, v), r.n;e A- CHMMeTpHqHaa MaTpHn;a. 

(b) Hali,n;nTe co6cTBeHHhle 3HaqeHHa MaTpHIJ;hI A. 
(c) IIpe,n;cTaBbTe MaTpHn;y AB cl>opMe 

A= Ro (>'1 0) R-1 >.2 (J • 



236 fJiaBa 4. CKam1pHhie rrpoH3Be,n;eHHR 

( d) Haii:,n;HTe TaKHe KOOp,D;HHaThI x' H y', ,IT,JIR KOTOphrx KBa,n;paTHq­

HaR ¢opMa Q rrpHHHMaeT BH,lJ; 

Q(v) = 20x'
2 + 5y'

2
. 

(e) HapHcyii:Te JIHHHIO Q(v) = 20. 0TMeThTe Ha Heii: Koop,n;HHaT­

Hhre OCH x, y H x', y'. 

4.7. (a) Haii,n;HTeco6cTBeHHhie3HaqeHHRA1 HA2 MaTpHIIhIS= (; ~), 
orrpe,n;eJIHTe co6cTBeHHble BeKTOphI V1 H V2, COOTBeTCTBYIOIIIHe 

3THM co6cTBeHHhIM 3HaqeHHRM. 

(b) IIocTpoiiTe TaKyIO MaTpHIIY BpaIIIeHHR R, qT06h1 BhIIIOJIHRJIOCh 

paBeHCTBO S = RAR- 1, r,n;e A - ,n;HarOHaJihHaR MaTPHIIa. 

IlpoBephTe, qTo R Ha caMOM ,n;eJie ocyIIIecTBJIReT rroBopoT! 

( c) Haii,n;HTe HOBble KOOp,lJ;HHaThl x', y'' RBJIRIOIIIHeCR JIHHeHHhIMH 

cPYHKIIHRMH X Hy, ,D;JIR KOTOpbIX 

4.8. (a) Haii,n;HTe co6cTBeHHhie 3HaqeHHR H co6cTBeHHhie BeKTOphI MaT­

PHIIhl 

(b) IIocTpOiiTe MaTpHey BpaIIIeHHR R H ,n;HaroHaJihHYIO MaTpHey 

A, ,D;JIR KOTOphrx BhIIIOJIHReTCR cooTHomettHe A= RAR-1 . 

( c) HapHcyiiTe rpa¢HK ypaBHeHHR 10x2 + 12xy + 10y2 = 24. 

4.9. (a) Haii,n;HTe TaKHe Koop,n;HHaTbI x', y', qT06b1 KBa,n;paTHqHaR 

¢op Ma 

Q(v) = -x2 + 6xy + 7y2 

rrpHHRJia BH,lJ; 

Q(v) = A1x'
2 + A2y'

2
. 

HapHcyiiTe JIHHHIO Q(v) = 40. 

(b) IIycTh x H y Jie)l{aT Ha OKPY)l{HOCTH e,n;HHHqttoro pa,n;Hyca, TaK 

qTo x = cosB, y = sin(}. Haii,n;HTe 3HaqeHHR yrJIOB B, rrpH 

KOTOpblX Q rrpHHHMaeT MaKCHMaJibHOe H MHHHMaJibHOe 3Haqe­

HHe. BhlqHcJIHTe 3TH 3HaqeHHR. KaKoBa CBR3h Me)l{,n;y 3THMH 

pe3yJibTaTaMH H pe3yJibTaTaMH, IIOJiyqeHHbIMH B rrpe,n;bI,D;yIIIeM 

rryHKTe? 
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4.10. IlpefVIOJIO)KHM, 'ITO M H K - cu.M.Mempu'l(,tt'bte MaTpHU,hI 2 x 2. 

(a) IlpHBe,n;HTe npHMep, noKa3hIBaIOill,Hii:, 'ITO M-1 K He ofoI3a­

TeJihHO CHMMeTpH'iHa. 

(b) OnHIDHTe, KaK nocTpOHTh TaKyID CU.M.Mempu""uyw MaTpHuy B, 
'IT06hl BhIIlOJIHHJIOCh paBeHCTBO B 2 = M-1 . IloKa)KHTe, 'ITO 

MaTpHu,a S = BK B CHMMeTpH'IHa, H, cJie,n;oBaTeJihHO, ee MO)K­

HO 3anHcaTb B ¢opMe S = RAR-1
, r,n;e R - MaTpHu,a Bpallle-

HHH, a A= (~l ~J· 
(c) IloKa)KHTe, 'ITO eCJIH A = BR, TO M- 1K = AAA-1 . cho 

,n;oKa3hIBaeT, 'ITO M-1 K HMeeT Belll,eCTBeHHbie co6cTBeHHhie 

3Ha'IeHHH. 

(d) Haii:,n;HTe HOBbie Koop,n;HHaThl x' H y' H3 ycJIOBHH ( xy,') --

A - 1 
( ~) . IloKa)KHTe, 'ITO ecJIH v = ( ~) , To 

(Mv, v) = x'
2 + y 12

, a (Kv, v) = .X1x'
2 + .X2y'

2
. 

(YKa3aHHe: B - CHMMeTpH'IHaH MaTpHu,a, noaToMy (Bv, w) = 
( v, Bw). R - opToroHaJibHaH MaTpHu,a, cJie,n;oBaTeJibHO, 

(Rv, w) = (v, R- 1w).) 

4.11. (a) IloKa)KHTe, 'ITO ecJIH A= ( ~ ~), TO exp(tA) SIBJISieTCH npe­

o6pa30BaHHeM JiopeHu,a. 

(b) B peJISITHBHCTCKoii: MexaHHKe noJIHaH aHeprttH E H HMnyJihc p 
'iaCTHU,hI, HMeIOill,efi Macey m H ,ll;BH)l<Jlll,eHCH B,ll;OJih npHMOH, 

o6pa3yIDT BeKTOp v = ( ! ) , npH 3TOM (v, v) = E 2 
- p2 = m

2
. 

EcJIH 'iaCTHU,a ,ll;BH)KeTcH TaK, 'ITO ee ycKopeHHe Bcer,n;a paBHO a 
c TO'IKH 3peHHH Ha6JIIO,ll;aTeJIH, KOTOpbIH BH,ll;HT 'iaCTHIIY IIOKO­

Hlll,eii:cH B ,n;aHHbIH MOMeHT BpeMeHH, TO E H p CBH3aHhl Me)K,ll;y 

co6oii: ypaBHeHHHMH 

dE 
dr = ap, 

dp 
dr = aE, 

r,n;e T - BpeMH, H3MepeHHOe no 'iaCaM, ,ll;BH)KYill,HMHCH BMeCTe 

c 'iaCTHU,efi. PemHTe 3TY CHcTeMy ypaBHeHHfi c Ha'iaJihHbIMH 

ycJIOBHHMH ( !~ ) npH T = 0 H IlOJIY'iHTe BeKTOp ( :g J ) . 
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4.12. ,II:onycTHM, qTo paCCTO.HHH.H B,n:OJih ,n:Byx B3aHMHO nepneH,n:HKYJI.Hp­

HbIX ocefi Ha IIJIOCKOCTH H3Mep.HIOTC.H B e,n:HHHIJ;ax, KOTOpbie OTJIHqa­

IOTC.H 6oJihIDHM MH01KHTeJieM c. HanpHMep, y Hae ecTh cBepxcKopocT­

Ha.H np.HMa.H ,n:opora. Ee npoeKIJ;H.H Ha och x paBHa 1000 KHJioMeTpaM, 

a npoeKIJ;H.H Ha ocb y TOJihKO 1000 caHTHMeTpaM. Mb1 M01KeM BBeCTH 

HOBhie Koop,n:HHaThI X = x H Y = cy, r,n:e c = 105. Teneph X H3-

Mep.HeTC.H B KHJIOMeTpax, a y B caHTHMeTpax. IlocTpOHTe MaTpHey 

IIOBOpOTa Ha yroJI () B CHCTeMe KOOp,n:HHaT x, y. IloKa1KHTe, qTo ,n:JI.H 

np.HMhIX, qeil: HaKJIOH X/Y nop.H,n:Ka e,n:HHHIJ;hl, MaTpnii;a BpaIIJ;eHH.H 

npeBpaIIJ;aeTC.H B MaTpHey c,n:BHra B npe,n:eJie c---+ 00. 06'b.HCHHTe 3TO 

.HBJieHHe reoMeTpnqecKH, paccMOTpeB, qTo nponcxo,n:HT c OKPY1KHO­

CT.HMH x 2 + y2 = k. (3aMeqaHHe: BhlIIOJIHHB 3TO ynpa1KHeHHe, eIIJ;e 

pa3 npoqnTail:Te B naparpaQ->e 4.3 o6cy1K,n:eHHe npe,n:eJia c---+ oo ,n:JI.H 

npeo6pa30BaHHfi JlopeHii;a.) 

4.13. BhlqHCJIHTe CHMIIJieKTHqecKoe CKaJI.HpHoe npOH3Be,n:eHHe w(vi, v 2 ) 

'AJI.H BeKTOpOB 

IlpoBephTe Henocpe,n:CTBeHHO, qTO 3TO CKaJI.HpHoe npOH3Be,n:eHHe co­

xpaH.HeTC.H npH ,n:efiCTBHH Ha Hero CHMIIJieKTHqeCKOH MaTpHIJ;bl 

A=(-~ -~). 
4.14. PaccMoTpHTe KOHCTPYKIJ;HIO, cocTO.HIIJ;YIO H3 Mace H npy1KHH, H3o6-

pa1KeHHYIO Ha pHC. 4.35. 

PHc. 4.35 

(a) IloKa)KHTe, qTO eCJIH X1 H X2 3a,n:aIOT CMeIIJ;eHH.H Mace Bnpa­

BO OT IIOJIO)KeHH.H paBHOBeCH.H, TO ypaBHeHHe ,n:BH1KeHH.H 3TOH 

CHCTeMbl HMeeT BH,n: 
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(b) IlycTb B - .n;uaroHaJihHa51 MaTpuu;a c IIOJIO:>KHTeJibHhIMH MaT­

pH'IHhIMH 3JieMeHTaMn, y,n;oBJieTBopm01u;a51 ypaBHeHnIO B2 = 
T. IIocTpoiiTe MaTpHey A = B-1 H B-1. Hati,n;11Te ee co6cTBeH­

Hhie 3Ha'leHH51 H co6CTBeHHbie BeKTOpbI, HCIIOJib3YHTe HX ,ll;JI51 

HaXO)K,ll;eHH51 o6IIIero pemeHH51 ypaBHeHH51 w = -Aw. 

( c) 0IIHillHTe HOpMaJibHbie KOJie6aHH51 CHCTeMbI, orrpe,n;eJIHB nx 'la­

CTOTY '!epe3 Wo = yf (K/M) ll OTHOilleHHe x2/x1. 

4.15. PaccMoTpnTe cucTeMy Mace H npy:>KHH, H3o6pa:>KeHHYIO Ha puc. 4.36. 

IlycTh X1 H X2 o603Ha'laIOT CMeru;eHHe Mace BrrpaBO OT IIOJIO:>KeHH51 

paBHOBeCH51. 

Puc. 4.36 

(a) Onpe,n;eJIHTe 'laCTOThI HOpMaJihHhIX KOJie6aHHH Wa H Wb· ,Il;JI51 

Ka)K,ll;oro KOJie6aHH51 IIOJIY'!HTe OTHomeHne x 2 / x 1 . 

(b) IIycTb B Ha'laJihHhIH MOMeHT CMeru;eHH51 Mace paBHhI x 1 = A, 
x 2 = 0, H OHH rroK051TC51. IloTOM nx OTnycKaIOT. HaiiTH Bbipa­

:>KeHmr x 1 ( t) n x 2 ( t), orrpe,n;eJI51IOIIIHe ,ll;aJihHeiimee ,ll;BH:>KeHne 

CHCTeMbI. 

4 .16. qaCTHIJ;a c 4-HMIIYJibCOM ( ! ) rro,n;BepraeTC51 ,n;eHCTBHIO npeo6pa30-

BaHH51 Jlopemi;a L c MaTpuu;eti 

IloKa:>KHTe, 'ITO npu 3TOM cyMMa 3HeprHH n HMIIYJihca yMHO:>KaeT­

C51 Ha r, a HX pa3HOCTb ,n;eJIHTC51 Ha r. 0frh51CHHTe 3TOT pe3yJibTaT B 

TepMHHax co6CTBeHHbIX 3Ha'leHHH H co6cTBeHHbIX BeKTOpOB npeo6-

pa30BaHH51 L. 
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4.17. Macca qacTMlJ.hI paBHa 15 (B rrpoM3BOJihHhIX e,n;MHMU,ax), a ee CKO­
pocTh paBHa U = 12/13 (c = 1). cha 'IaCTMU,a CTaJIKMBaeTC.SI C IIO­

KO.Hrrt;eif:C.H 'IaCTMI~eii, Macca KOTopoii paBHa 6, M OHM o6pa3JIOT O,ll;HY 
qacTuey. 

(a) IlOJIJ'IMTe 4-MMIIJJibCbl ( ! ) Bcex Tpex 'IaCTMI~, yqacTBYIOrrt;MX 

B peaKu,MM. Orrpe,n;eJIMTe Macey M cKopocTh o6pa3oBaBmeii:c.H 
qacTMlJ,bI. 

( 
5/3 -4/3) (b) Bo3bMMTe rrpeo6pa3oBaHMe JlopeHu,a L = _
413 513 

, co-

4 
OTBeTCTByrom;ee cKopoCTM 5c. Orrpe,n;eJIMTe 4-MMITYJihChI Ka)K-

.n;oii: 'IaCTMU,bl ( !: ) B CMCTeMe KOOp,ll;MHaT, ,ll;BM)Kym;eii:C.H co 

4 
CKOpOCTbIO SC. 

4.18. )l,orryCTMM, 'ITO ,n;Be qacTMlJ,bl HMeIOT 4-MMIIYJibCbl W1 

W2 = ( !: ) COOTBeTCTBeHHO, r.n;e 

2 E2 2 
m1 = i - Pi, 2 E2 2 

m2 = 2 -P2· 

(a) HarrMIDHTe JIOpettu,eBo CKaJI.Hpttoe rrpOM3Be,n;ettue 3TMX BeKTO­
poB {w1 , w2 } = m1m2 cosha. IloKa)KMTe, 'ITO v = tanha = 

J cosh2 a - 1/ cosha rrpe,n;cTaBJI.HeT CKOpOCTb O,ll;HOH M3 qacTMU. 
B CHCTeMe ITOKOH ,n;pyroii qacTHII,hI. 

(b) Orrpe,n;eJIMTe cKopocTh v ,n;JI.H ,n;Byx cJiyqaeB: 

M 

W1 = ( ~~) , W2 = ( ~) 

W1 = ( l~) , W2 = ( ~) . 
4.19. B CHCTeMe e,n;MHMU., r.n;e c He paBH.HeTC.H 1, MaTpuu,a rrpeo6pa3oBaHM.H 

Jlopettu,a, .n;eii:cTByrom;a.H Ha 4-MMIIYJihc ( ! ) , paBHa 

L = ( c~sha 
csmha 

(1/c) sinha) 
cosha · 
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(a) IloKa)KHTe, 'ITO Ha 4-HMIIYJibC ( !) ,n;eil:CTByeT MaTpmi;a, 

mpattcnottupoeatttta>i oiTo:lt. 

(b) IloKa)KHTe, 'ITO Ta *e MaTpmi;a L ,n;eiiCTByeT Ha 4-HMIIYJihc, 
ecJIH MhI npe,n;cTaBHM ero B BH,n;e cmpO'K',U, T. e. 

(E',p') = (E,p)L. 

4.20. B cncTeMe e,n;HHHIJ;, r,n;e c = 1, sHeprm1 cpoTOHa paBHa ero HMIIYJihcy, 

T. e. 4-HMIIYJihC cpoToHa paBeH E ( ~) HJIH E ( _ ~) B 3aBHCHMOCTH 

OT HanpaBJieHHH ero ,ll;BH)KeHHH. 

(a) ,LlpnycTHM, 'ITO IIOKOHIIJ;aHCH qaCTHIJ;a c Maccoil: 2m pacna,n;aeT­
CH Ha qaCTHIJ;Y c Maccoii m H cpOTOH. licIIOJib3YH 3aKOH coxpa­

HeHHH 4-HMIIYJibCa, IIOJIY'IHTe CKOpOCTb qacTHIJ;bl c Maccoil: m H 
SHeprmo cpoTOHa. 

(b) licIIOJib3YHTe npeo6pa30BaHHe JiopeHii;a ,ll;JIH OIIHCaHHH 3TOro 
pacna,n;a B cncTeMe Koop,n;1rnaT, r,n;e qacni:ii;a c Maccoii 2m ,ll;BH-

3 
)KeTCH CO CKOpOCTbIO 5. 

4.21. <l>OTOH HMeeT sHeprHIO E'Y; COOTBeTCTBeHHO, B CHCTeMe KOOp,ll;HHaT, 

r,n;e c = 1, 4-HMIIYJibC cpOTOHa paBeH ( ~~). <l>oTOH CTaJIKHBaeTCH c 

HeIIO,ll;BH:>KHOi!: qaCTHIJ;eH (Macca m1), H o6p83yeTCH o,n;tta qacTHIJ;a c 

MaCCOH m2. IloKa:>KHTe, 'ITO 

4.22. IIcnoJib3YH CKMHpHoe npOH3Be,n;ettne (f,g) = f0
00 f(t)g(t)dt, no­

CTpoiiTe opTOHOpMHpOBaHHbIH 6a3HC ,ll;JIH npocTpaHCTBa cpyHKIJ;HH, 
y,n;OBJieTBOpHIOIIJ;HX ,n;ncpcpepeHIJ;HaJibHOMY ypaBHeHHIO 

x + 3± + 2x = 0. 

·l. 23. IIocTpoiiTe opToHopMnpoBaHHbiil: 683HC ,n;JIH no,n;npocTpaHcTBa JR4 , 

onpe,n;eJIHeMoro BeKTOpaMH 
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4.24. B rrpocTpaHCTBe IR2 orrpe,n;eJinTe cKamrpHoe rrpon3ae,n;eHne corJiaCHO 

<l>opMyJie (v1, v2) = 4x1x2 + Y1Y2· IIocTpoii:Te MaTpney P (2 x 2), 
KOTOpa.a ocyI11eCTBJI.HeT opTOrOHaJibHYIO rrpoeKIJ;HIO JII06oro BeKTOpa 

v (no OTHOIIIeHHIO K CKaJI.HpHOMY rrpOH3Be,n;eHHIO, orrpe,n;eJieHHOMY 

BbIIIIe) Ha rrp.aMyIO, rropo)K,Ll;eHHYIO BeKTOpOM ( ~ ) . IloKa::>KMTe, 'ITO 

(Il - P)v opTOrOHaJihHa Pv. 



rJiaBa 5 

~Hcl>cl>epeH:a;HaJihHOe HCqHcJieHHe 

Ha IIJIOCKOCTH 

B rJiaBax 5 H 6 H3JiaraIOTCH ocHOBhI ,n;mp<l>epeHIJ;HaJihHO­

ro HcqHcJieHHH. B rJiaBe 5 Mhl orrpe,n;eJIHM ,n;H<P<l>epeHIJ;H­

aJI OT06pa)KeHHH O,lJ;HOro BeKTOpHoro rrpocTpaHCTBa Ha 

,n;pyroe, o6cy,n;HM ero OCHOBHbie CBOHCTBa, B qacTHOCTH, 

u;errHoe rrpaBHJIO. ,II;a,n;HM rrpHMepbI cPH3HqeCKHX rrpHJIO­

)KeHHR, B qacTHOCTH, ,n;BH1K.eHHe KerrJiepa H rrpH6JIH)Ke­

HHe BopHa. ,II;a,n;HM orrpe,n;eJieHHe qacTHoii rrpoH3BO,n;Ho:H, 

rrpOH3B0,11;HOH no HarrpaBJieHHIO H JIHHeHHhIX ,n;H<P<l>epeH­

D;HaJihHbIX cPOpM. 

Bee,n;enue 

Harna rrepBaH 3a,n;aqa - pa3pa6oTaTh ,n;H<P<l>epeHD;HaJihHOe HcqHcJie-

1rne ,11;JIH qeTbipex THIIOB OTo6pa)KeHHH: 
(i) ]Rl -+JR2, 

(ii) JR2 --+ ]Rl' 

(iii) IR1 
--+ IR1 ' 

(iv) JR2 --+ JR2. 

0To6pa)KeHHH rrepBoro THIIa JR1 --+ JR2 MO)KHO H306pa3HTh, KaK 

KpHBhie Ha IIJIOCKOCTH (pHC. 5.1), cPYHKD;HH IR2 --+ JR1 - KaK IIOBepx­

llOCTH B TpexMepHOM rrpocTpaHCTBe (pHC. 5.2). <l>yHKD;HH JR1 --+ JR1 

·111aKOMh1 qHTaTeJIIO c rrepBoro ro,n;a H3yqeHHH MaTeMaTHqecKoro aHa­

mna. B rJiaBe 1 paccMoTpeHhI AU'/-1,eU'J-(,'/Jte OTo6pa)KeHHH JR2 --+ JR2. 
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JR.I 

p ?J1 
PHC. 5.1. <l>yHKIJ;H.H H3 ~1 B ~2 PHc. 5.2. <l>yHKIJ;H.H H3 ~2 B ~1 

Ceifqac MhI xoTHM pacmHpHTh H3y'leHHe H BKJIIO'IHTh B pac­

CMOTpeHHe HeJIRHeHHbie OT06pa)KeHH.H O)l;HOH IIJIOCKOCTH B ,n;pyryro 

(pnc. 5.3). qT06hI He paccMaTpHBaTb KaM,ll;hiii cJiyqafi OT,n;eJibHO, BBe­

,n;eM HeK0Topb1e e,n;nttoo6pa3Hbie o6o3Ha'leHH.H. B ,n;aJihHeiirneM 6yKBhI 

V, W, Z HT. ,n;. 6y,n;yT o6o3Ha'laTh Jitt6o ~ 1 , JIH6o ~2 . ITo9TOMy, Kor,n;a 

Mbl IIHIUeM 

f :V--+W 

('IHTaiiTe «f oTo6pa)KaeT VB W», HJIH, ,n;pyrHMH cJioBaMH, «f ecTh 

OT06pa)KeHHe H3 v B w »)' TO 9TO 3Ha'IHT, 'ITO paccMaTpHBaeTC.H 

mo6oii H3 'leTbipex CJiyqaeB: v - 9TO ~1 HJIH ~2 ' H w - 9TO ~1 

HJIH ~2 . 

• p • f(p) 

PHc. 5.3 

Ha caMoM ,n;eJie ttamH o6o3Ha'leHH.H H ,n;oKa3aTeJihCTBa 6y,n;yT Ta­

KOBhI, 'ITO II03BOJI.HT MHO)KeCTBaM v' w H T. ,n;. 6hITb rrpocTpaHCTBaMH 

~n' T. e. OHH MOryT 6bITb JII06hIMH KOHe'lHOMepHbIMH Bem;ecTBeHHhl­

MH BeKTOpHbIMH rrpocTpaHCTBaMH HJIH acpcpHHHbIMH rrpOCTpaHCTBa­

MH (9TH rrpocTpaHCTBa MhI 6y,n;eM H3y'IaTb B maBe 10). B 9Toii maBe 
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Mhl rrpo,n;eJiaeM HeKOTOpbie o6:ru;He Bhl'IHCJieHHH, ,ZJ;8.)Ke He HMeH B pac­

rropmKeHHH Bcex cPOPMaJibHbIX orrpe,n;eJieHHH. 

Ctta'lana OTMeTHM <PaKT, BepoHTHO, y)Ke H3BecTHhIH 'IHTaTemo, 

KOTOpbIH cJie.n;yeT H3 rrpocToro o6o6:ru;eHHH ttamero o6cy)K)J;eHHH B 

rJiaBe 1: JIHHeHHOe OTo6pa)KeHHe rrpocTpaHCTBa ]RP B ]Rq orrpe,n;eJIH­

eTCH MaTpm:i;efi, HMeIO:ru;efi q CTpoK H p CTOJI6IJ;OB. lhaK, MaTpHii;a c 2 1 0 ~) A= 4 1 -1 O 
3 0 1 1 

3a,n;aeT JIHHeMHOe 0TOOp8.)KeHHe JR5 B JR.3 : 

1 0 
0 G). 1 G), A 0 = A 0 H T. ,ZJ;. 

0 0 
0 0 

EcJIH 

(1 5 1~} B= 2 4 
3 7 
4 8 12 

T. e. B OTo6pa)KaeT JR3 
-t JR4 , TO BA oTo6p8.)KaeT JR5 

-t JR.4 H, cJie­

;~oBaTeJihHO, HBJIHeTCH MaTpHii;e:H, HMero:ru;e:H 'leTbipe CTPOKH H IIHTb 

CTOJI6ii;oB, rrpH'IeM MaTpH'IHbie 3JieMeHTbl Bhl'IHCJIHIOTCH no o6bI'IHhIM 

upaBHJiaM yMHO)KeHHH MaTpHIJ;. 

BA=(: x } 
B HameM rrpHMepe 

x = (2)(1) + (6)(-1) + (10)(1). 

B 'laCTHOCTH, JIHHeiiHoe oTo6pa)KeHHe ]RP -t JR 1 = JR ( OOhI'IHO Ha­

'. lbIBaeMoe JIHHeHHOH cPYHKIJ;Heii) orrpe,n;eJIHeTCH MaTpHii;efi, y KOTopo:H 
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o,n;Ha cTpoKa H p cToJI6u,os. TaKyro MaTpttny H83hrnaroT seKTopoM­
CTpoKoii. lhaK, I = (1, 2, 3, 4) HBJIHeTCH JIHHeiiHhIM oTo6pa,)KeHHeM 

IR 4 --+ IR, TaK 'ITO 

Pe3yJihTaT ,n;eiicTBHH 3Toro oTo6pa*eHHH Ha npoH3BOJihHhiii seKTop 
3a,lJ;aeTcf! cpopMyJioii 

I (i) ~x+2y+3z+4w. 
EIII,e npnMep: nycTh BeKTop-cTpoKa I 
BeKTOp-CTOJI6eu; 

(a, b, c, d) ,n;eiiCTByeT Ha 

CorJiacHo o6bI'!HhIM npasnJiaM yMHO*eHHf! MaTpttn;, MhI noJiy<JaeM 

O,ll;HH MaTpH'IHhIH 3JieMeHT 

I(v) =ax+ by+ cz + dw. 

EcJIH A : IRP --+ IRq H I : IRq --+ IR, TO I o A : IRP --+ IR onpe,n;eJIHeTCH 

MaTpH'IHhIM yMHO)f(eHHeM: MaTpnu;a 1 x q YMHO)f(aeTcf! Ha MaTpnuy 

q x p. HanpnMep, ecJIH q = 3, p = 5, I= (1, 2, 3), 

A~o 
2 1 

0 1) 1 -1 0 3 
0 1 1 0 

TO 

IA~ (1,2,3) (~ 2 1 0 n ~ (22, 4, 2, 3, 7). 1 -1 0 
. 3 0 1 1 
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Ern;e He6oJihIIIoe HanoM1rnamrn 06 o6o3Ha'lemrn:x M3 rraparpa­

<Pa 4.1. B rrpocTpaHCTBe ~k MhI MMeeM eBKJIM,IJ;OBO cKami:pHoe rrpOH3-

Be,n;eHMe (·, ·) M cooTBeTCTByro:rnyro HOPMY II · II 2: 0, orrpe,n;emi:eMyro 

cPOPMYJIOH 

llvll 2 = (v, v) = x~ + x~ + · · · + x~ 

v=CJ 
HepaBeHCTBO TpeyroJibHMKa yTBepM,n;aeT, "ITO rrpM JII06hIX u H v 

llu +vii ~ llull + llvll-

5.1. «0» 60JibIIIHe H «O» MaJibie 

B O,IJ;HOMepHOM ,n;M<P<PepeHII,MaJihHOM MC"IMCJieHMM roBopMTCR, "ITO 

cPYHKII,H.5! f' 3aBMC5Illl;a.5I OT O,Il;HOH rrepeMeHHOii, MMeeT npouaeoa'Hy'JO 
AB TO"IKe x, ecJIM f orrpe,n;eJieHa B HeKoTopoii oKpecTHOCTH TO"IKH x 
H pa3HOCTHoe OTHOIIIeHMe 

f(x + v) - J(x) 
v 

orrpe,n;eJieHHoe ,IJ;JIR Bcex .n;ocTaTO"IHO MaJihIX v i= 0, HMeeT rrpe,n;eJI A 
rrpM v ---+ 0. Mb1 xoTeJIM 6hI o6o6rn;MTh 3TO orrpe,n;eJieHMe Ha oTo6-

paMeHM.5I f : V ---+ W. IIepBoe rrperrRTCTBMe cocTOMT B TOM, qTo 

,IJ,eJieHMe Ha BeKTOp He MMeeT CMblCJia, H Mbl He MOMeM HCIIOJib30BaTb 

IIOH5ITMe pa3HOCTHoro OTHOIIIeHM.5!. Ilo3TOMY B MHOroMepHOM CJiy'lae 

o6oii,n;eMc.5I 6e3 .n;po6eii: 

f(x + v) - J(x) =Av+ ¢(v). (5.1) 

no orrpe,n;eJieHMIO, A 6y,n;eT rrpOM3BO,IJ;HOH f B TOl:J:Ke x, eCJIH rrorrpaBO'l­

Hblit l:J:JieH ¢(v) CTpeMMTC.5! K Hymo «6bICTpee, qeM V». °YTBepM,n;eHMIO 

B KaBbll:J:Kax MOMHO rrpM,IJ;aTb TO"IHbIH CMblCJI, IIOTpe6oBaB, "IT06bI 

1. 11</>(v)ll = 
0 

im llvll rrpM llvll-+ 0. (5.2) 
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flo~o6Hee: .n;m1 mo6oro 3Haqemrn: E: > 0 cy~ecTByeT TaKasr BeJIH'IH­

Ha 0 > 0, 'ITO 

11¢(v)ll ~ cllvll (5.3) 

.n;m1 Bcex v, y,n;oBJieTBopHIO~HX ycJIOBHIO llvll :=; o. 
B cl>opMyJiax (5.2) H (5.3) BhipaJKeHHe llvll o6o3Ha'!aeT ,Ll.JIHHY 

BeKTOpa v B rrpocTpaHCTBe v' 'ITO CJie.n;yeT OTpa3HTb B o6o3Ha'!e­

HHH, 3arrHcaB llvllv. AHa.rrorH'IHO, llef>(v)ll o6o3Ha"<JaeT ,Ll.JIHHY BeKTopa 

<P(v) B rrpocTpattCTBe W, 'ITO CJie.n;yeT o6o3Ha'!HTh ll<P(v)llw- Tor.n;a 

HepaBeHCTBO (5.3) rrpHo6peTeT BH,LI. 

ll<P(v)llw ~ cllvllv· 

HmKHHe HH,Ll.eKChI ,n;eJiaIOT o6o3Ha'!eHH51 CJIHIIIKOM rpoM03,Ll.KHMH, rro-

3TOMY Mbl He 6y,n;eM HX HCIIOJih30BaTb, a 6y,n;eM IIHCaTb, KaK B cl>op­

MyJiax (5.2) H (5.3). 
HarrpHMep, rrycTh f H, cJie,n;oBaTeJihHO, <P - oTo6paJKeHH51 IR2 Ha 

rrpocTpaHCTBO JR1. HaH6oJiee o6~ee BhipaJKeHHe ,n;JIH BeKTopa v B 

rrpocTpaHCTBe JR2 
HMeeT BH,LI. v = (:) . ,Ll;JI51 THIIOrpacl>cKoro yrrpo­

~emrn 3aIIHIIIeM <P(v) KaK <P(x, y). Tor,n;a llvll = (x2 + y2
)

112 
H 

ll<P(v)ll = l<P(x, y)I. B 3TOM cJiy'Iae ycJIOBHe (5.3) MO)KHO npo'IHTaTh 

CJie.n;yIO~HM o6pa30M: 

,Ll;JIH Jiro6oro 3a,n;attttoro 3Ha'!eHH51 E: > 0 cy~eCTByeT Ta­

Kasr BeJIH'IHHa 0 > 0, 'ITO HepaBeHCTBO 

l<P(x, y)I < c(x2 + y2)1;2 

BhIIIOJIHHeTCH ,n;JIH Bcex x H y, y,n;oBJieTBOpHIO~Hx ycJio-

BHIO 

<l>yHKD;HIO <P : v ~ w' onpe,n;eJieHHYIO B Ma.JIOH OKpeCTHOCTH BO­

Kpyr Ha'!a.rra KOOp,Ll.HHaT, Y,Ll.OBJieTBOpHIOmyIO ycJIOBlUO (5.3), Ha3bl­

BaIOT «"o" Ma.rroe OT v». CHMBOJIH'!eCKH MhI roBopHM «<P ecTh o(v)» 

HJIH, HeCKOJibKO 3JIOYIIOTpe6JI5151 o6o3HaqeHH51MH, IlHIIIeM <P = o(v). 

Terrepb ycnoBHe Toro, qTo A HBJI51eTC51 npOH3BO,LI.HOH cPYHKD;HH f B 

TO'!Ke x, MO)KHO 3aTIHCaTb B BH,LI.e 

f(x + v) - J(x) =Av+ <P(v), 
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r,n;e </>(v) ecTh o(v), mm: <f>(v) =o(v), mm: 6oJiee KpaTKo: 

f(x + v) - f(x) =Av+ o(v). (5.4) 

c TOqKH 3peHH51 JIOrHKM 3TOT BapMaHT 3aIIHCH CJierKa xpoMaeT, HO 

H3 coo6pa:>KeHMH y,n;o6CTBa Mhl 6y,n;eM ero qacTO MCIIOJib30BaTh. qJieH 

o(v) B <t>opMyJie (5.4) Ha caMOM ,n;eJie o6o3HaqaeT «HeKOTOpyro <i:>YHK­

LJ;HIO </>(v), 5IBJI5IIOILJ;YIOC51 o(v)». QqeHh qaCTO OCTaToqHblH qJieH </> 

Hae He 6y,n;eT MHTepecoBaTb, HaM ,ll;OCTaTOqHo 6y,n;eT 3HaTh, qTO OH 

y,n;oBJieTBOp£eT ycJIOBHIO (5.3). MMeHHO II03TOMY y,n;o6Ho He BBO,ll;MTh 

OT,ll;eJibHhIH CHMBOJI ,ll;Jl51 Ka:>K,ll;OH rro,n;o6Hoii <i:>YHKIJ;Mll </>. 

qT06hI rrpoqyBCTBOBaTh IIOH5ITMe o(v), ,n;aBaiiTe ,ll;OKa:>KeM JieMMy: 

Ilpeano.JW;)ICUM, "imo </> : V -t W - .//,U'Heu'Hoe npeo6paao6a'Hue u "tmo 

</>(v) = o(v). To2aa 

(5.5) 

,401w3ame.//,'bCm60. BBM,ll;Y JIHHeiiHOCTH </> ,n;JI£ JI106oro Beiu;ecTBeHHoro 

'lMCJia r cnpaBe,n;JIMBO paBeHCTBO </>(rv) = r<f>(v). ,Il,JI£ JII06oro c > 0 
BbI6epeM TaKoe 8, 'lT06bI BbIIIOJIH5IJIOCh HepaBeHCTBO 11</>(v)ll ::; cllvll, 
Kor,n;a llvll :S 8. Terrepb ,ll;JI£ npOH3BOJihHoro BeKTopa w =I 0 Bhl6epeM 

r = llwll/8 M 3anMmeM 

w = rw'. 

Tor,n;a llw'll = 8, CJie,n;oBaTeJihHO, 

11</>(w)ll = rll</>(w')ll :S rcllw'll = cr8 = cllwll· 

11</>(w)ll :S cllwll 

( O'leBH,lJ;HO, qTo BBM,lJ;Y JIHHeHHOCTM </> 3TO cnpaBe,ll;JIMBO M ,ll;Jl51 w = 0). 
Ho 3TO HepaseHCTBO ,n;oJI:>KHO BhIIIOJIH£ThC£ ,ll;JI£ Bcex c. CJie,n;oBa­

TeJihHO, </> =: 0. 
M3 JieMMhI cJie,n;yeT, qTo eCJIH crrpaBe,n;JIMBO paseHCTBO (5.4), TO 

npmi3BO,n;Ha£ A, CTO£Iu;a£ B HeM, onpe,n;eJieHa o,n;Ho3HaqHo. ,II,e:iicTBM­

·1'(~Jihtto, rrpe,n;rroJIO:>KMM, qTo 

f(x + v) - J(x) =Av+ <f>(v) 
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f(x + v) - f(x) = A'v + ¢/(v), 

r,n;e II <jJ II </J' 51BJUIIOTC51 o(v). Tor,n;a 

(A' - A)v = <f>(v) - <f>'(v). 

Ho MhI YTBep:»<,n;aeM, 'ITO cyMMa mm pa3HOCTh ,n;Byx <PYHKII,IIH, Ka)K­

,n;a51 II3 KOTOphlX eCTh o( v)' TO)Ke 51BJUieTC51 <i>YHKII,IIeii o( v). ,L.I;eii­

CTBIITeJlhHO, )l;Jl51 JII06oro E > 0 MO)KHO HaHTH TaK1Ie 01 > 0 II 02 > 0, 
'IT06hI BhIIIOJIH.HJllICh HepaBeHCTBa 

Terreph, Bh16paB o, paBHoe Ha1IMeHhIIIeMy II3 ,n;Byx 'IIIcen 01 II 02, H3 

ttepaBeHCTBa TpeyrOJlhHHKa Mhl IIOJlyqaeM rrpH llvll < 0 

lief>(v) ± <f>'(v)ll :S ll<f>(v)ll + 11</>'(v)ll :S Ellvll. 

Mb1 rrony'IHJIH, 'ITO JIHHeiittoe rrpeo6pa3oBaHHe A' - A ecTb o(v) 
H, cne,n;oBaTeJihHO, 5IBJ15IeTC5I TO)K,n;ecTBeHHO HyneBhIM, T. e. A = A'. 

IloBTOpMM, 'ITO oTo6pa)KeHHe f, y,n;oBJ1eTBopa10rn;ee ycnoBHIO 

( 5 .4) )l;JI.H HeKOTOporo ( e,n;HHCTBeHHoro) A Ha3hIBaeTC51 au<fxf>epe'H­
u,upye.M'bt.M B TO'IKe x. B 3TOM cJiyqae mrneiittoe rrpeo6pa3oBaHHe A 
Ha3bIBaeTC51 au<fxf>epettu,uaJW.M f B TO'IKe x H o6o3Ha'laeTC51 df x. IIo­
BTOpaeM ern;e pa.3: ,n;tt<P<PepeHII,HaJI f B TO'IKe x eCTh e,n;HHCTBeHHOe 

JIHReiittoe OTo6pa)KeHHe v Ra w' KOTopoe armpoKCHMHpyeT IICTIIH­

HOe II3MeHeH1Ie OT06pa)KeHII51 f B TO'IKe x ,D;JI.H MaJihIX v' 'ITO MO)KeT 

6bITb 3aIIIICaHO KaK 

f(x + v) - f(x) = dfx[v] + o(v). 

,L.I;JI.H Toro, 'IT06hr ,D;OKa3aTb OCHOBHbie TeopeMbl .LJ;IIcP<i>epeHII,IIaJib­

HOro IIC'IIICJieHII.H, HaM Heo6xo,n;1IMO co6paTh CBe,n;eHII.H 0 <i>YRKIIII51X, 

KOTOpbie rrorra,n;aIOT B KaTerop1IIO o( v). ,L.I;JI51 3Toro y.n;o6Ho BBeCTII 

cJie,n;y10rn;1Ie o6o3Ha'leHII.H. 
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Ilo,n;rrpocTpaHCTBO s rrpOCTpaHCTBa v Ha3hIBaeTC5I O'l\,pecmtto­

cm'b'lO HyJrn, ecmr OHO co,n;ep)KHT HeKOTOpbIH mapHK c u.ettTpOM B 

Haqane KOOp,Il;HHaT, T. e. ecJIH ,Il;JI5I HeKOTOporo 8 > 0 OHO co,n;ep)KHT 

MHO)KeCTBO Bcex v, y,n;OBJieTBOp5IIOII1,HX ycJIOBHIO llvll s J. QqeBH,Il;HO, 

qTo rrepeceqeHHe ,n;Byx OKpeCTHOCTeiI TO)Ke 5IBJI5IeTC5I OKpeCTHOCThIO 

( rrpOCTO B03bMeM MeHbillHH H3 ,Il;BYX mapHKOB, OH HaxO,n;HTC5I B rre­

peceqeHHH). ToqHo TaK )Ke MO)KHO roBopHTh 06 OKpecTHOCTH JII06oii 

TQqKH X. cho 6y,n;eT MHO:a<:eCTBO, KOTOpoe co,n;ep)KllT HeKOTOpbIH ma­

pHK BOKpyr TQqKH x, T. e. co,n;ep)KllT MHO)KeCTBO {y I llY - xii s 8}. 
EcJIH A - o6paTHMoe JIHHeiIHoe rrpeo6pa3oBaHHe H3 V B W (V H 

w HMeIOT o,n;nHaKoByIO pa3MepHOCTb)' Tor,n;a MO)KHO HaHTH KOHCTaH­

TbI ki H k2 > 0, ,Il;JI5I KOTOpbIX BbIIIOJIH5IIOTC5I HepaBeHCTBa 

HJIH, rroJIO)KHB w =Av, HepaBeHCTBo 

TaKHM o6pa3oM, o6pa3 rrrapHKa c pa,n;HycoM r co,n;ep)KHTC5I B mapHKe 

c pa,n;HycoM ki r, BHyTpH KOToporo co,n;ep)KHTC5I map HK c pa,n;nycoM 

k21r (pnc. 5.4). B qaCTHOCTH, A rrpeo6pmyeT OKpecTHOCTH B oKpecT­

HOCTH, 3THM )Ke CBOHCTBOM o6Jia,n;aeT A-1 . 

A 

PHC. 5.4 

~aBaiiTe paCCMOTpHM o6ru.Hii CJiyqaif, KOr,n;a pa3MepHOCTll v H 

W He c0Brra,n;a10T. BBe,n;eM o6o3Ha'leHHe o(V, W) ,n;JI5I rrpocTpaHCTBa 
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cPYHKD;HH, rrorra,n;a10I11;HX B KaTeropHIO o(v), T. e. cPYHKIJ;HH </> rrpHHa,n;­

Jie:>KHT o(V, W), eCJIH </> = o(v). BoJiee rro.n;po6tto: </> E o(V, W), eCJIH 

</> orrpe,n;eneHa B HeKOTopo:H OKpeCTHOCTH BOKpyr Ha'laJia KOOp,ll;HHaT 

H y,n;oBJieTBOpHeT ycJIOBHIO (5.3). 
<I>yHKD;HH 'I/; rrpHHa,n;Jie:>KHT KaTeropHH O(v) (cJie,n;yeT 'IHTaTb «'I/; 

eCTb "0" 60JibIIIOe OT V»)' eCJIH OHa orrpe,n;eJieHa B HeKOTOpo:tl: OKpecT­

HOCTH 0 H cym;ecTByeT TaKaH IIOCTOHHHaH k > 0, ,ll;JIH KOTOpo:H Hepa­

BeHCTBO 

ll'l/;(v)ll ::; kllvll 
crrpaBe,n;JIHBO ,n;JIH JII06oro v B 3TOH OKpecTHOCTH. HarrpHMep, JIHHe:H­

Hoe oTo6pa:>KeHHe aBTOMaTH'leCKH HBJIHeTCH O(v). QqeBH,ll;HO, 'ITO 

mo6aa cPYHKu;mr, rrorra,n;aIDm;aa B KaTeropHIO o(v), 3aBe,n;oMo HBJIHeT­

CH O(v). IlycTb O(V, W) o6o3HaqaeT rrpocTpaucTBO Bcex cPYHKD;H:H, 

rrorra,n;arom;Hx B KaTeropHIO O(v), H rrycTh I(V, W) o603Ha'laeT rrpo­

CTpaHCTBO cPYHKD;HH, orrpe,n;eJieHHbIX B6JIH3H 0 H CTpeMHIIl;HXCH K 0 
rrptt v --t 0. Mttaqe roBopa, 

x E I(V, W), ecJIH x orrpe,n;eJieHa B HeKoTopo:H oKpecTHO­

CTH BOKpyr Ha'laJia KOOp,ll;HHaT H ,ll;JIH Ka:>K,n;oro 3Ha'leHHH 

c: > 0 cym;ecTByeT TaKoe 3Ha'leHne 8 > 0, 'ITO 

llx(v)ll < c:, Kor,n;a llvll < 8. 

QqeBH,ll;HO, 'ITO 

o(V, W) c O(V, W) c I(V, W). 

EcJIH, HarrpHMep, MbI B03bMeM V = W = JR.1 H orrpe,n;eJIHM <P(x) = x2 , 

'l/;(x) = X H X(X) = lxl 1
/ 2 , TO 

</> E o(V, W), 

'I/; E O(V, W), HO 'I/; tt- o(V, W) 

H 

x E I(V, W), HO x ¢. O(V, W). 

CJie,n;oBaTeJihHO, BhIIIHCaHHhre BhIIIIe BKJIIO'leHHH - cTporne. 

Bbrrne MbI ,n;oKa3aJIR, 'ITO cyMMa ,n;Byx cPYHKIJ;H:tl:, HBJIHIOID;HXCH 

o(V, W), rro-rrpeMHeMy rrorra,n;aeT B KaTeropHIO o(V, W). AttaJiorH'IHO 
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,Il;OKa3bIBaeTcH, qTo cyMMa ,n;Byx cPYHKIJ;HH, .HBJI.HIOlll;HXC.H O(V, W), 
TaK:>Ke ecTh O(V, W). To :>Ke - ,Il;JI.H I(V, W). 

PaccMoTpHM rroBe,n;ettHe 3THX rrpocTpattcTB rrpH KOMII03HIJ;HH. 

IlyCTb x o603HaqaeT TpeThe rrpocTpaHCTBO. ,l.1,oKa:>KeM CJie.n;yIOru;He 

YTBep:>K,n;ettH.H. 

EcJm 1/J1 E O(V, W) H 1/J2 E O(W, X), TO 'l/J201/J1 E O(V, X). (5.6) 

EcJIH 1/J1 E O(V, W) H 1/J2 E o(W,X), To 'l/J201/J1 E o(V,X). (5.7) 

Ecm1 1/J1 E o(V, W) H 1/J2 E O(W, X), TO 1/J2 o'l/J1 E o(V, X). (5.8) 

,4o'K:aaame.11ibcmeo. EcJIH ll'l/J1(v)ll ::; kl\lvll MH llvll ::; 81 H 

ll'l/J2(w)ll ::; k2ilwll ,Il;Jl.H llwll ::; 82, TO KOMII03HIJ;H.H 1/J2 0 1/J1 6y,n;eT 

orrpe.n;eJieHa )l.JI.H //vii ::; 8, r.n;e 8 eCTb MeHhIIIH:H H3 ,ZJ.Byx rrapaMeTpOB 

81 H 82/k1. ,l.1,JI.H TaKHX v Mhl HMeeM 

qTO ,ZJ.OKa3hIBaeT (5.6). EcJIH 1/J2 E o(W, X), MhI MO:>KeM c.n;enaTh k2 
CKOJib yro,ZJ.HO MaJibIM, BbI6Hpa.H 82 (H, CJie.n;oBaTeJibHO, 8) MaJihIM. 

9To ,ZJ.OKa3hIBaeT yTBep:>K,ZJ.eHHe (5.7). EcJIH 'lj;1 E o(V, W), TO MhI 

MO:>KeM c.n;eJiaTb CKOJih yro,ZJ.HO MaJihIM 3HaqeHHe kl, BbI6HpaH 81 (H, 

CJie)l.OBaTeJibHO, 8) )l.OCTaToqHo MaJibIM, qTo )l.OKa3hIBaeT (5.8). 
EcJIH <P - oTo6pa:>KeHHe H3 V B W H g : V --+ IR. - cPYHKIJ;H.H c Be-

111ecTBeHHhIMH 3HaqeHH.HMH, TO rrpOH3Be.n;eHHe g(v)<fJ(v) HMeeT CMhICJI 

TOJibKO )l.JI.H Tex v, KOTOpbie Jie:>KaT B rrepeceqeHHH o6JiaCT€H orrpe.n;e­

JieHH.H <P H g. TaK rroJiyqaeTc.H cPYHKIJ;H.H g</J, KOTopa.H oT06pa21<:aeT V 
Ha W. 

EcJIH 'ljJ E O(V, W) H g E I(V, IR.), TO g'lj; E o(V, W). (5.9) 

,4o'K:a3ame.tt'bcmeo. MbI 3HaeM, qTO cyru;ecTByeT TaKoe 3HaqeHHe 

k, ,Il;JI.H KOToporo 111/J(v)ll ::; kl/vii B HeKOTOpo:H OKpecTHOCTH BOKpyr 

ttaqaJia KOOp,ZJ.HHaT. 3a.n;aB rrpOH3BOJihHOe 3HaqeHHe E > 0, Bb16epeM 

8 HaCTOJihKO MaJihIM, qT06bI l/g(v)ll ::; c/k )l.JI.H BCex v IIpH YCJIOBHH 

llvll ::; 8. Tor.n;a MH TaKHX v 

//g(v)'lj;(v)ll :S (c/k)ll'l/J(v)ll :S c/lv/I, 
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qTo H ,n;oKa3hIBaeT JTBep)K,n;eHHe (5.9). AHanorwrno ,n;oKa3hIBaIOTCH 

cne.n;yIOrn;He JTBep)K,ll;eHHH. 

EcJIH 'ljJ E I(V, W) H g E O(V, IR), TO g'ljJ E o(V, W). (5.10) 

Ecm1 'ljJ E o(V, W) H g - orpaHHqeHHaH cPYHKIJ;HH H3 V --+ IR, TO 

g'ljJ E o(V, W). (5.11) 

EcJIH oTo6pa)KeHHe 'ljJ H3 V B W, orrpe,n;eJieHHOe B HeKoTopo:H oRpecT­

HOCTH BOKpyr HaqaJia KOOp,Il;HHaT, orpaHHqeHO Hg E o(V, IR), TO 

g'ljJ E o(V, W). (5.12) 

(Kor.n;a Mhl roBOpHM, qTo OTo6pa)KeHHe 'ljJ : v --+ w 02pattU"(,etto, 3TO 

3HaqHT, qTo cyrn;eCTByeT HeKoTopoe IIOJIO)KHT€JlhHOe Bern;ecTB€HHOe 

qHcJio k, TaKoe, qTo 1\1/J(v)\\w S k ,Il;JIH Bcex v H3 V.) 

l'haK, Mhl co6paJIH BCe Heo6xo,n;HMhie JieMMhI, qTo6hI rrpHCTJIIHTh 

K H3J'I€HHIO ,Il;HcPcPepeHn;HaJihHOro HC'IHCJieHHH. 

5. 2. ,LJ;II<f><f>epeHu;IIaJihHOe JicqJicJieHIIe 

IIycTh f : V --+ W orrpe,n;eJieHa B HeKoTopo:H OKpecTHOCTH TOqK.H 

x E V. Orrpe,n;eJieHHe cPYHKIJ;HH \l xf .n;aeTcH cl>opMyJio:H 

\lxf(h) = f(x + h) - f(x). 

0Ha orrpe,n;eJieHa ,Il;JIH BCex 3Ha'IeH.HH h B HeKOTopo:H OKpeCTHOCTH 

0 H IIOKa3hIBaeT .H3MeHeHHe f OTHOCHT€JihHO ee 3Ha'!eHHH B TO'!Ke 

x. <l>yHKIJ;HH f nenpep'brntta B ToqKe x, ecJIH \lxf E I(V, W). ('.:ho 

3Ha'IHT, 'ITO \lxf(h) CTpeM.HTCH K 0 rrpH h--+ 0, TaK 'ITO J(x + h)--+ 
J(x).) HarrOMHHaeM, 'ITO cPYHKIJ;HH f .n;mp¢epeHn;HpyeMa B TO'!Ke x, 

ecJIH cyrn;ecTByeT JI.HHe:HHoe rrpeo6pa3oBaHHe dfx : V --+ W TaKoe, 

'ITO 

\lxf(h) = dfx[h] + o(h). 

9To ypaBH€HHe e,n;HHCTB€HHhIM o6pa30M orrpe,n;eJIHeT JIHH€HHOe rrpe­

o6pa30BaHHe dfx, Ha3hIBaeMoe au<fxjjepett'IJ,UaJl,O.M j B TOqKe X. J1I0-

6aH JIHHe:HHaH <l>YHKIJ;.HH OTHOCHTCH K KaTeropHH O(V, W); cyMMa 
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cPYHKri;1n1 Tlma O(V, W) H cPYHKll,MH THna o(V, W) TO)Ke OTHOCHTC51 

K O(V, W). 0TcIO,n;a MO)KIIO c,n;eJrnTh Bhrno,n;: 

ecJIH f ,n;tt<P<PepeIIn,ttpyeMa B To~1:Ke x, TO \lx f E O(V, W). (5.13) 

(B qacTHOCTH, H3 Toro, qTo O(V, W) C I(V, W), cne,n;yeT, qTo ecJIH 

cPYHKll,H51 f ,n;tt<P<PepeHU,HpyeMa B x, TOr,n;a OHa o6513aTeJihHO Herrpe­

pbIBHa B TOqKe x.) 

Ecmi: f - JIHHeiiHM cPYHKll,H51, T. e. f(x) = Ax, TO \lxf[h] = 
A(x + h) - Ax = Ah. Cne,n;oBaTeJihHO, JIHHeiiHa51 cPYHKU,M51 f (x) = 
Ax ,n;tt<P<PepeHn,HpyeMa Bo Bcex TOqKax. Ee ,n;u<P<PepeHn,ua.rr ,n;aeTC51 

cPOPMYJIOM dfx =AH He 3aBHCHT OT x. 

EcJIH f - ITOCT051HHa.H cPYHKll,H51, TO \lxf = 0 H <PopMyJia (5.4) 
cnpaBe,D;JIHBa npu A = 0. Cne,n;oBaTeJihHO, rrocT051HHa51 <l>YHKD,H51 

,n;u<P<PepeHU,HpyeMa Be3,n;e, H ee npOH3BO,D;Ha51 TO)K,D;eCTBeHHO paBHa 

HYJIIO. 

Tenepb MhI MO)KeM c<PopMyJittpoBaTh H ,LI;OKa3aTh .11paBHJIO BhI­

qucneHM51 ,ZJ;HcPcPepeHU,Ha.Jia cyMMhl ,D;BYX cPYHKU,HM. 

EcnH f u g - ,n;Be <f>yHKU,MH H3 V Ha W, H o6e <f>YHKU,HH ,n;tt<f><f>e­

peHn,ttpyeMhI B TOqKe x, TO ,n;tt<P<PepeHU,Ha.JI cyMMhl paBeH 

d(f + g)x = dfx + dgx. (5.14) 

,4o·ica3ame.11/bCm60. QqeBH,LI;HO, qTO \lxU + g) = \lxf + \lx9· 1'b 
Toro, qTo 

\lxf = dfx + ¢1 H \lx 9 = dgx + ¢2, 

r,n;e ¢1 H ¢2 - cPYHKU,HH THrra o(V, W), cne,n;yeT, qTo 

\lx(f + g) = dj x + dgx + ¢1 + cP2· 

TaK KaK (¢1 + ¢2) E o(V, W), <PopMyna (5.14) ,n;oKa3aHa. 

EcJIM Mhl YMHO)KHM cPYHKu;mo g, 3HaqeHH51 KOTopoii npHHa,n;Jie­

)KaT ~' Ha cPYHKll,MIO f' 3HaqeHH51 KOTOpoii rrpHHa,n;Jie)KaT w' TO no­

JiyqHM cPYHKU,HIO, 3Haqemrn KOTopoii rrpHHa,n;Jie)KaT W. C<f>opMyJiu­

pyeM rrpaBHJIO BbiqHCJieHM51 npOM3BO,D;HOM IIpOM3Be,n;eHM51 cPYHKU,HM. 

Ilpe,n;nono)KHM, qTo f : V --t W u g : V --t ~ ,n;tt<P<Pepettu;ttpyeMhI B 

TOqKe x. Tor,n;a rrpoH3Be,n;eHHe g f TO)Ke ,n;tt<P<PepeHU,llpyeMo B ToqKe 

XH 

d(gf)x[h] = g(x)dfx[h] + (dgx[h])J(x). 
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,401w3ameJ1ibCm60. 

'Vx(gf)[h] = g(x + h)f(x + h) - g(x)f(x) 
= g(x + h)(f(x + h) - f(x)) + (g(x + h) - g(x))f(x) 
= g(x)(f(x + h) - f(x)) + (g(x + h) - g(x))f(x) 

+ (g(x + h) - g(x))(f(x + h) - J(x)) 

= g(x) 'Vx f[h] + (\7x9[h])J(x) + (Vx9[h])(Vxf[h]) 
= g(x)(dfx[h]+o(h)) + (dgx[h])+o(h))f(x)+O(h)o(h), 

TaK KaK f H g ,n;mp¢epemwpyeMhI B TO'lKe x H, cne,n;oBaTeJihHO, o6a 

,n;tt¢¢epemi;ttana 'Vxf H \7x9 cyTh o(h) H3 (5.13). lfa (5.9) cne,n;yeT, 

"ITO rrpOH3Be,n;eHHe ,IJ;BYX cPYHKI1HH THIIa o(h) eCTh cPYHKI1H.H THIIa 

o(h). 06e cPYHKI1HH f Hg orpaHH'leHhl B6JIH3H x, T. e. g(x + h)-g(x) 
Hf (x + h) - f(x) CTpeM.HTC.H K Hymo. IlpOH3Be,n;eHHe orpaHH'leHHOH 

cPYHKI1HH H cPYHKI1HH THIIa o(h) eCTh TO)Ke cPYHKI1H.H THIIa o(h). 
llcrroJih3Y.H 3TO B rrocne,n;HeM paBeHCTBe, rrony-qaeM 

'Vx(gf)[h] = g(x)dfx[h] + (dgx[h])J(x) + o(h), 

'ITO H Tpe60BaJIOCh ,Il;OKa3aTh. 

A Terreph c¢opMynHpyeM o'leHh Ba)KHYIO TeopeMy. 

I(emwe npa6UJto. Ilpe,n;rrono)KHM, "ITO f : V -> W ,n;H¢¢epeHI1H­

pyeMa B TO'lKe x E v H g : w -; x ,n;H<P<PepeHI1HPYeMa B TO'lKe 

y = J(x) E W. Tor,n;a go f : V -> X ,n;H<P<PepeHI1HPYeMa B TO'lKe x 
H ee ,n;tt¢¢epeHI1HaJI orrpe,n;em1eTc.H ¢opMyno:ii: 

I d(g o J)x = (dgf(x)) · (dfx)· I (5.15) 

(B rrpaBOH 'laCTH 3TOro Bhipa)KeHH.H CTOHT KOMII03HI1H.H ,IJ;BYX JIHHe:ii­

HhIX rrpeo6pa30BaHH:ii: dgf(x) : W -> X H dfx : V -> W. B neBo:ii 

'laCTH CTOHT KOMII03HI1H.H g H j.) 
,401w3ameJt'bcm60. 

\7x(9 o J)[h] = g(f(x + h)) - g(f(x)) 

= g(f(x) + Vxf[h]) - g(f(x)) 

= \7 f(x)9[\7xf[h]] 

= dgf(x) [dfx[h]] + dgf(x) [o[h]] + (¢ o ij;)(h), 
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r.n;e </> E o(V, X) (rrpon:cxo,n;n:T OT ocTaTO'lHOro qJieHa B \J J(x)9), a 

'ljJ = \Jxf E O(V, W), 'ITO cJie.n;yeT H3 (5.13). CorJiaCHO (5.8), 3Ta 

KOMII03Hll,mI OTHOCHTC51 K KaTeropHH o(V, X). KpoMe Toro, dgf(x) 
JIHHeiiHa n, cJie,n;oBaTeJibHO, OTHOCHTC51 K KaTeropnn: O(W, X). Ta­

KHM o6pa30M, BTOpoe CJiaraeMoe eCTb KOMI103Hll,H51 3JieMeHTa THIIa 

O(W, X) H 3JieMeHTa Tnrra o(V, W). CornacHo (5.7) 3Ta KOMII03Hll,H51 

HMeeT THII o(V, W). Ilo3TOMY 

\lx(g o f)[h] = (dgf(x) o dfx)[h] + o(h), 

'ITO H Tpe6oBaJIOCh ,IJ;OKa3aTh. 

IlpHMepbl 

IlpHBe,n;eM HeCKOJihKO rrpHMepoB Ha Bhl'lHCJieHHe ,n;mp<PepeHn;Ha­

JIOB H Ha n;errHoe rrpaBHJIO. ,l.t;JI51 cPYHKn;n:ii a : ffi.1 ---> ffi. 1 
.n;n<P<PepeH­

IJ;HaJI dax, Bh1qncJieHHhIH ,IJ;JI51 h E ffi., orrpe,n;eJI51eTC51 yMHO)KeHHeM Ha 

npOH3BO,IJ;HYIO a' ( x)' T. e. 

dax[h] = a'(x)h. 

cho Bbipa)KeHHe 51BJI51eTC51 orrpe,n;eJieHHeM npOH3BO,IJ;HOll a' ( x). Ha­

npHMep, nyCTh a : ffi. 1 ---> ffi. 1 
H {3 : ffi.1 ---> ffi. 1 

HMeIOT Bll,ll; 

a(y) = y2
, {3(x) = 5x3 + 1, 

TaK 'ITO 

a o {3(x) = (5x3 + 1)2 . 

Tor.n;a 

day COOTBeTCTByeT YMHO)KeHHIO Ha 2y' 
df3x COOTBeTCTByeT YMHO)KeHHIO Ha 15x2

' 

d(a 0 f3)x COOTBeTCTByeT YMHO)KeHHIO Ha 2(5x3 + 1)(15x2
). 

B COOTBeTCTBHH c n;errHhIM rrpaBHJIOM daf3(x) o df3x = d(a o f3)x· 
Ilo3TOMY Mhl HMeeM: 

daf3(x) COOTBeTCTByeT YMHO)KeHHIO Ha 2(5x3 + 1), 
daf3(x) 0 df3x COOTBeTCTByeT YMHO)KeHHIO Ha 15x2

' a IIOTOM 

Ha 2(5x3 + 1), HJIH 

daf3(x) 0 df3x COOTBeTCTByeT YMHO)KeHHIO Ha 2(5x3 + 1)(15x2
). 
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Qqemr,n;Ho, qTo 9TH o6o3HaqeHHH )J;OBOJlbHO rpOM03)J;KHe. 06o3Ha­

qeHHH Jleii6Hmi;a MH <i>YHKD;HH O)J;HOH rrepeMeHHOH Jiyqme. 

EcJIH a - <i>YHKD;HH OT y, TO ee rrpoH3BO,n;HaH 3arrHcbrnaeTCH KaK 

I da I 
a = - mrn da = a dy. 

dy 

ITocJie,n;Hee paBeHCTBO IIOKa3hIBaeT, qTo )J;JIH Ka,)K,Il;oro 3HaqeHHH y 

day(h) = a'(y)h. 

,Il;pyrHMH CJIOBaMH, dy HBJIH€TCH qmKTHBHbIM CHMBOJIOM, BM€CTO KO­

TOporo MhI rro,n;cTaBJIHeM 3HaqeHHe h. Tor.n;a 

d(y2) = 2y dy, d(5x3 + 1) = 15x2 dx. 

CorJiacHo u;errHoMy rrpammy, rro,n;cTaBJIHeM 

y = (5x3 +1) H dy = l5x2 dx 

B <t>opMyJiy )J;JIH d(y2 ) H rroJiyqaeM Bbipa)f(eHHe )J;JIH d[(5x3 + 1)2]. B 
o6o3HaqeHHHX Jleii6HHD;a u;errHOe rrpaBHJIO CTaHOBHTCH MexaHHqecKOH 

IIO)J;CTaHOBKOH. 

Mhl, TeM He MeHee, rrpo,n;OJI)KHM BbiqHcJieHHe ,n;pyrnx rrpHMe­

poB B HalIIHX, 6oJiee rpOM03)J;KHX o603HaqeHHHX, Ha,n;eHCb rrpOHCHHTb 

CMbICJI BblIIOJIHHeMbIX orrepau;Hii. 

ITycTh f : JR1 ---+ JR2 H g : JR2 ---+ JR1 orrpe,n;eJieHbI <t>opMyJiaMH 

(
x2+1) 

f(x) = 2x - 1 ' 

qT06b1 BbiqHCJIHTb dfx, 3aMeTHM, qTo 

Vxf[s] = f(x + s) - f(x) 

= (2~s) + ( ~) 

= s ( 
2
;) + o( s). 

TaKHM o6pa3oM, dfx rrpe,n;cTaBJIHeTCH MaTpnu;eii dfx = (
2
2
x). 
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AHaJiorHqHo, 

V(~)g[(:)] =(x+s)
2
(y+t)-x2y 

= x 2t + 2sxy + 2sxt + s2y + s2t 

= ( 2xy, x
2

) ( : ) + o ( (:)) , 

1103TOMY MaTpHu;a ,IJ;JUI dg ( ~ ) HMeeT BH,Il; 

KoMII03HI.J;H51 g o f : JR 1 --+ JR 1 .n;aeTc51 <PopMyJioH: 

go f(x) = (x2 + 1)2(2x - 1), 

d(g 0 nx = 2(x2 +1)(2x)(2x - 1) + 2(x2 +1)2. 

CorJiacHo u;errHoMy npaBHJiy, 3TO Bbipa)KeHHe ,IJ;OJI)KHO 6hITh pas­

HO MaTpHqHOMY npOH3Be,n;eHHIO dgf(x) 0 dfx· ,lI,eifcTBHTeJibHO, 

2 ) ( 2 2 (2x) dgf(x) o dfx = (2(x + 1)(2x - 1 , x + 1) ) 2 

= 2(x2 + 1)(2x - 1)(2x) + 2(x2 + 1)2, 

a 3TO paBH51eTC51 d(g 0 f)x. 
MbI MO)KeM TaK)Ke nocTpOHTh KOMIT03HI.J;HIO 3THX cPYHKI.J;HH B ,n;py­

roM nop51,n;Ke, f o g : JR2 --+ JR2 , onpe.n;em1eMyIO <PopMyJioH: 

fi(x)~ ( (x2y)2 + 1) fog~ y ~ = 2(x2y) - 1 . 

Ilo.n;po6Ho BblqHCJIHM d(f 0 g) ( ~): 

fi(s)~ ((x + s)4(y + t)2 + 1) (x4y2 + 1) 
'l(~)(fog)~t~= 2(x+s)2(y+t)-1 - 2x2y-1 
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_ ((x4 + 4x3s + 6x2s2 + 4xs3 + s4)(y2 + 2yt + t2) - x4y2) 
- 2(x2 + 2xs + s2)(y + t) - 2x2y 

= (2x
4
yt + 4x

3
y
2 
s) 

2x2t + 4xys 

(
x4t2 + 4x3s(2yt + t2) + (6x2s2 + 4xs3 + s4)(y + t)2) 

+ 4xst + s2y + s2t 

= ( 4:;~2 2;:f) G) + 0 (G )) . 
CJie,n;oBaTeJihHO, 

CornacHo u;errHoMy rrpaBttJiy, 3TO ,n;omKHO 6hITh paBHO df g( ( ~)) o 

dg(~)' orrpe,n;eJIHeMoMycpopMyJioli 

KaK M cJie,n;oBaJIO m1rn:,n;aTh, MhI rroJiy'IMJIH TY )Ke MaTpHu;y. 

Eru;e o,n;HH rrpHMep Ha u;errHoe rrpaBHJIO. IlycTh F : JR2 
-t JR2 H 

G : JR2 
-t JR2 3a,n;aHhI ¢opMyJiott 

Bhr'IHCJIHM ,n;HcpcpepeHD;HaJihI oTo6pa)KeHHH F H G B oT,n;eJihHOCTH. 

,Il;m1 oTo6pa)KeHHH F HMeeM 

x Ffi(s)~ = ((x+s)
2
+(y+t))-(x2+y) 

V(y) ~ t ~ (x+s)(y+t) xy 

= (2xs + t) + (s
2

) 
xt + sy st 

= ( 2: ! ) (;) + 0 ( (;)) ' 
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OTKy).l,a 

dF( ~) = ( 
2
: ! ) . 

AttaJIOrH'IHO, ).l,JIR oTo6p8JKemrn G HMeeM 

OTKy).l,a 

(
3y

2 
6xy) 

dG(~) = 2x O . 

KoMrr03HIJ;HR F o G: JR2 
-+ JR2 3a).l,aeTcR <l>opMynoii 

= (9x2y4 + x2) 
3x3y2 . 

Haii).l,eM ).l.HcPcPepemJ,HaJI KOMII03nu;nn F o G. 

\7 ( ~ ) ( F o G) ( ( : ) ) 

-(9(x+s)
2
(y+t)

4
+(x+s)

2
)-(9x

2
y

4
+x

2
) 

- 3(x + s)3 (y + t) 2 3x3y2 

_ (9(2xs)y4 + 9x2 (4y3t) + 2xs) 
- 3(3x2s)y2 + 3x3 (2yt) 

(
9x2(6y2t 2 + 4yt3 + 4t) + 18xs[(y + 1)4 - y4] + 9s2(y + t)4 ) 

+ 3x3t 2 + 3(3xs2 + s3)(y + t)2 + 9x2 s(2yt + t2 ) 

= (18~~~~ 2x 3~~~~
3

) (:) + 0 ((: )) . 

0TCIO).l,a 

d(F o G) x = ( 18xy4 + 2x 36x2y3) . 
( y) 9x2y2 6x3y 
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CorJiacHo u;errHoMy rrpammy, 3TO ,n;om1rno 6bITh paaHo dF a( ( ~)) o 

dG(~)· IlpoBep.HeM: 

(
2(3xy

2
) 1 ) (3y

2 
6xy) 

dF G ( ( ~)) 0 dG ( ~) = x2 3xy2 2x 0 

( 
18xy4 + 2x 36x2y3

) 
= 3x2y2 + 6x2y2 6x3y 

= d(F o G\~)· 

B cJie,n;y10iu;Hx rraparpa<i>ax MhI 3aiiMeMC.H HeKoTophIMH aa)lrnhI­

MH cJie,IJ;CTBH.HMH u;errHoro rrpaBHJia. Ho cHaqana paccMoTpHM eiu;e 

HeCKOJibKO 6oJiee «a6cTpaKTHbIX» rrpHMepoB Ha rrpHMeHeHHe u;errHO­

ro rrpaBHJia H BBe,n;eM HeCKOJibKO o6o3Ha'leHHH. 

5.3. Ilp1:1Mepb1 Ha u;enHoe npaBHJIO 

PaccMoTpHM oTo6pa)KeHHe yMHO)KeHH.H g: ~2 --> ~1 , 3a,IJ;aHHoe <i>op-

g ((: )) = xy. 

EcJIH V = (:) II h = (:),TO 

g(v + h) = (x + r)(y + s) = xy + xs +yr+ rs 

= g(v) + xs +yr+ o(h). 

dgv(h) = XS+ yr, 

a COOTBeTCTBYIOID;a.H MaTpnu;a (c O,IJ;HOH CTpOKOH H ,IJ;BYM.H CTOJI6u;aMn) 

paBHa 

(y, x). 

IlycTh 3a,n;aHo oTo6pa)KeHne f : ~1 --> ~2 . Ero MO)KHO H3o6pa3HTh 

KaK Kpnay10 Ha ITJIOCKOCTH HJIH, 'ITO rrpoiu;e, rrpe,n;cTaBHTh KaK ,n;ae 

aeiu;ecTBeHHhIX <i>YHKD;HH OT O,IJ;HOH Beiu;ecTBeHHOH rrepeMeHHOH, T. e. 

f(t)=(:m). 



Tor.rr.a 

MJHI 
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f(t + h) = (x(t + h)) = (x(t) + x'(t)h + o(h)) 
y(t + h) y(t) + y'(t)h + o(h) ' 

(
x'(t)) f (t + h) - f(t) = h y'(t) + o(h), 

J'(t) _ (x'(t)) 
- y'(t) . 

dgf(t) = (y(t),x(t)) Ha dft = J'(t) = (::m) 
d(g o f)t =(do f)'(t) = x'(t)y(t) + x(t)y'(t). 

263 

Ho (g o f)(t) = x(t)y(t). TaKHM o6p83oM, B 3TOM cnyqae u;errnoe 

rrpaBHJIO MmKHO llCTOJIKOBaTh KaK rrp11MeHeH11e <l>opMyJihl J1eii:6Hllll;a 

)l.JIH rrpOll3BO)l.HOH OT rrpOH3Be,II.eHHH .II.BYX <l>YHKll;llH. 

Ilpe)l()l.e qeM )l.BHraThCH )l.aJibIIIe, y,II.o6Ho BBeCTll HeKOTOpbie HO­

Bhie o6o3HaqeHHH. BMecTo Toro, qTo6hr rr11caTh 

d(xy) = ydx + xdy. 

B 3TOM ypaBHeHHH CHMBOJI dx B rrpaBoii: qacTH cne.rr.yeT IIOHHMaTh KaK 

JIHHeii:ttoe 0To6pa)Kett11e IR2 --+ IR 1: oT06pa)KeH11e, rrpHIIHChIBaroru;ee 

Ka)K,II.OMY BeKTOpy ero rrepnyro KOOp)l.HHaTy. lfraK, 

dx(h) = r, ecn11 h = (:) 

dy(h) = s. 
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B Bhrpa2Kemu1 y dx CHMBOJI y - 3TO ¢yttKri;m1 BeKTopa v, np11rr11cbrna-

10rri;aH BeKTopy v = ( ~) ero BTopyro Koop,n;irnaTy. CJie,n;oBaTeJibHo, 

'1JieHbI THIIa y dx 3aBHC}IT OT rrepeMeHHbIX ,n;Byx THIIOB, OT rrepeMeH­

HOH v' roBoparri;eii: HaM, r,n;e BbI'IHCJI.HeTca npOH3BO,ll;HaH, II OT nepe­

MeHHOH h, aBJI.HIOrri;eii:ca Mepoii: tte60Jihrnoro OTKJIOHeHH.H. CTo.Hrri;ee 

B neBOH 'laCTH ¢opMyJlhl Bhrpa2KeHHe d(xy) eCTb KpaTKa.H 3aIIHCb 

dgv, r,n;e cPYHKIJ;H.H g onpe,n;eJI.HeTC.H ycJIOBHeM g(v) = xy ,n;Jrn BeKTO-

pa v = ( ~) . HcnoJih3Y.H ri;errttoe npaBHJIO no attaJior1111 c nepBbIM 

npHMepoM, Mbl rOBOpHM: 

PaccMoTpHM x KaK cpyttKri;mo1 B rrpocTpaHCTBe JR2, KO­

TOpa.H Ka)K,ll;OMY BeKTopy npHnHCbIBaeT ero nepByIO KO­

op,n;11HaTy. Tor,n;a, no onpe,n;eJieHHIO Ramero oTo6pa2KeHHa 

f, M02KHO ttan11caTh ( x of) ( t) = x( t). CorJiactto ri;enHOMY 

npaBHJiy, d((x 0 f)t = x'(t) dt, cPYHKIJ;H.H x'(t) BbI'IHCJI.H­

eTCH B TOH TO'IKe t, r,n;e Tpe6yeTCH HaHTH ,n;11<P<Pepettri;11-

aJI, dt onpe,n;eJI.HeT MaJioe np11parri;ettHe. CJie,n;oBaTeJihHO, 

KOr,n;a Mbl paccMaTpHBaeM x KaK cPYHKIJ;HIO t, 3a,n;aHHYID 

OT06pa2KeHHeM f' Mbl npOH3BO,ll;HM «3aMeHy» dx = x' dt, 
r,n;e x' 3aBHCHT OT t. AHaJior11qHo, ecJIH MhI paccMaTp1rna­

eM y KaK cPYHKIJ;HIO OT t, 3a,n;asaeMyIO OT06pa2KeHHeM f' 
ri;errnoe npaBHJIO npHIIHCbIBaeT HaM c,n;eJiaTh no,n;cTaHOBKY 

dy = y'dt. 

Tor,n;a M02KHO HanHcaTb 

d(g of)= yx' dt + xy' dt, 

r,n;e cnpaBa BeJIH'1HHbI x, y, x' H y' cne,n;yeT 3aMeHHTb .HBHbIMH cPYHK­

IJ;H.HMH OT t. 
HanpHMep, noJI02KHM x(t) = t + sint, y(t) = e2t. Tor,n;a 

1 Bepo.HTHO, rroJie3HO e1Ile p83 rrpo'I1naTh TO MeCTO B rraparpa¢e 1.3, r,n;e 
rro,n;po6Ho o6cy:lK,n;aeTC.H, KaK KOOp,n;1rnaTy x MO:lKHO paccMaTpHBaTh B Ka'leCTBe 
¢YHKIJ;HH. 
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d(g of)= d((t +sin t)(e2t)) = (e2t(l +cost)+ 2e2t(t +sin t)) dt. 

,ll,aBa:HTe n3o6p83llM n;errnoe rrpaBllJIO Ha ,n;narpaMMe (pnc. 5.5). 
HaM ,n;atthI ,n;Ba ,n;mp<l>epemwpyeMhIX oTo6paJKeHll.H f : V --+ W ll 

g : w --+ z' ll3 KOTOpbIX MO)KHO COCTaBllTh KOMII03lm;mo g 0 f : v --+ 

Z. Ha HeKoTopyIO TO'fKY v B rrpocTpaHCTBe V ,n;eiicTByeM oTo6pa­

)KettneM f ll IIOJiy'faeM f ( v)' IIOTOM ,n;eiiCTByeM OTo6pa)KeHlleM g ll 
rroJiy'faeM g(f(v)). Ilpn Bhl'fllCJiemm ,n;M<P<l>epeHIJ;MaJia d(g o f)v(h) 
Mhl M0)K€M ,lJ;BllraTbC.H IIOCJI€,ll;OBaTeJibHO, cHa'faJia rro,n;eiiCTBOBaB Jill­

HeHHhIM OTo6pa)KeHlleM df v Ha BeKTOp h ll 3aTeM rro,n;eiiCTBOBaB Jlll­

HeHHhIM OTo6pa)KeHMeM dgj(v) Ha IIOJiy'feHHhIH o6p83. 

dgf(v)(dfv(h))= d(g o f)v(h) 

h dfv(h) 

1~1~ 
v~ ~ g(f(v)) 

f f(v) g 

gof 

Pnc. 5.5 

A Terrepb ,n;aBaiiTe BhIIIOJIHMM 6onee CJIO)KHhie BhI'fllCJieHllH c IJ;err­

HhIM rrpaBRJIOM. PaccMOTpMM BeKTOpHhie rrpocTpattcTBa V, W M T. ,n;. 
6oJibIIIoro 'fMCJia M3MepeHnii. Kotte'fHO, <PopMaJihHo roBopH, HaM 6h1 

CJie,ll;OBaJIO OTJIO)KllTh 3Tll Bhl'fllCJieHMH, rroKa He ll3J'feH COOTBeTCTBY­

IOIIIMH p83,n;eJI JillHeiittoii aJire6phI. Ho MhI, TeM He Mettee, peKoMeH­

,n;yeM p83o6paTh nx ceii'Iac. Ha'fHeM c BhrqncJieHM.H rrpoll3Bo,n;ttoii OT 

rrpon3Be,n;eHMH ,n;Byx MaTpMIJ;. IIycTh V ecTh BeKTopttoe rrpocTpaH­

CTBO, o6p83oBattttoe rrapaMM MaTpnn; n x n. BeKTOp B TaKoM rrpocT­

paHCTBe llMeeT Bll,11; 

v=(~), 
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r,n;e A H B - MaTpHII,hI p8.3Mepa n x n. BeKTOphI B 3TOM rrpocTpattCTBe 

CKJia,)];hIBaIOTC.51 H YMHO)KaIOTC.51 Ha CKaJI.Hp IIOKOMIIOHeHTHO. 

I (A +A') 
TO v+v = B+B' 

QqeBH,ll;HO, 'ITO rrpOCTpaHCTBO v HMeeT p8.3MepHOCTh 2n2 . 

IlycTb w o603Ha'IaeT ,n;pyroe BeKTOpHoe rrpocTpaHCTBO MaTpHII, 

p8.3MepoM n x n. Orrpe,n;eJIHM OT06pa)KeH11e g : V -+ W ¢opMyJioii 

g ((~))=AB. 
EcJIH V = ( ~) H h = (;) , TO 

g(v + h) - g(v) =(A+ X)(B + Y) - AB 

= XB+AY +XY = XB +AY +o(h). 

CJie,n;oBaTeJihHO, 

dgv(h) = XB + AY. (5.16) 

B rrpo11,ecce BhI'IHCJieHHii 6y,n;eM ,ll;JI.H y,n;o6cTBa IIOJih30BaThC.H o6o3Ha­

'IeHH.HMH, r,n;e orry111,eHhI HH,n;eKc v H apryMeHT h. Tor,n;a ypaBHeHHe 

(5.16) HMeeT BH,ll; 

d(AB) = (dA)B + A(dB). (5.17) 

B 3THX o6o3Ha'IeHH.HX BeJIH'IHHa AB B JieBoii 'IaCTH ypaBHeHH.H -

3To y,n;o6ttoe o6o3Ha'IeHHe ¢YHKIJ,HH g. BeJIH'IHHa dA crrpaBa eCTh 

IIpOH3BO,)];Ha.H ¢yttKII,HH, KOTopa.H BeKTOpy ( ~) CTaBHT B COOTBeT-

CTBHe MaTpHey A. ~:ha rrpoH3BO,n;Ha.H, BhI'IHCJieHHa.H B TO'IKe ( ~) , 

,ll;JI.H BeKTOpa ( ;) ,n;aeT 3Ha'IeHHe X. TaKHM o6p8.3oM, dA- JIHHeii­

Hoe OT06pa)KeHHe, KOTOpoe Ka)K,ll;OMY BeKTopy (;) CTaBHT B COOT­

BeTCTBHe BeJIH'IHHY x. Ilo3TOMy, HarrpHMep, (dA)B eCTh JIHHeiittoe 
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OT06pa)KeHHe, KOTOpoe BCKTOpy (;) CTaBHT B COOTBCTCTBHe 3Ha­

qeHHe XB. B 3TOM CMhICJie ypaBtteHHe (5.17) ecTh KpaTKaH 3aIIHCh 

ypaBHCHHH (5.16). 
,n;aJiee, rrycTh f o6o3HaqaeT oTo6pa)KeHHe H3 W B V corJiactto 

<l>opMyJie 

f(A)=(~)· 
TaK KaK f - JIHHeiiHoe oTo6paMettHe, TO ero rrpoH3BO,IJ,HaH He 3aBH­

CHT OT A, HBJIHeTCH JIHtteiitthIM oTo6paMeHHeM, H Bh1qHcJieHHe ,n,aeT 

dfA(X) = (~). 

B ,n,H<P<PepeHIJ;HaJihHhIX o6o3Haqettmrx 3To CJie,n,yeT 3arrHcaTh TaK: 

r,n,e OIIHTh dA - JIHHeHHOe OT06pa)KeHHe, KOTOpoe mo6oMy 3JICMCHTY 

x CTaBHT B COOTBCTCTBHe 3HaqeHHe x. 
A Terrepb paccMoTpHM oTo6pa)KeHHe h : W -+ W, onpe,n;eJIHeMoe 

cPOPMYJIOH 

h(A) = A2 . 

QqeBH,Il;HO, qTQ h(A) = g(f(A)) HJIH h = g 0 f. ,n;eiiCTBHe u;errHoro 

rrpaBHJia B 3TOM CJiyqae H306pa)KeHO Ha pHC. 5.6. 

m~ A' 

(1) ~x 
PHc. 5.6 

8To 3HaqHT, qTo 

dhA(Z) = d(gof)A(Z) = dgf(A)(df A(Z)) = dgf(A) ( ~) = ZA+AZ. 
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Mb! Mormr 6h1 3arn1caTh 3TY BhIKJia,n;Ky B «,n;mpcpepemi;nanhHhIX» 

o6o3Haqemrn:x, a nMeHHO, B ypaBHeHnn (5.17) c,n;enaeM «3aMeHhI»: 

A = A n B = A. B pe3yJihTaTe rronyqaeM 

d(A2
) = (dA)A + A(dA). 

( 0TMeTHM ern.e pa3: BCJl€,ll;CTBHe HeKOMMyTaTHBHOH rrpnpO,ll;hl MaT­

pwrnoro yMHOMemu1 ::iTa cpopMyna .n;aeT rrpaBHJihHoe o6o6rn.eHne 

cpopMynhI d(x2 ) = 2xdx. <I>opMyna d(A2 ) = 2AdA HeBepHa!) 

Pa3Jio:>KeHHe BopHa 

PaccMoTpnM oTo6paMeHne (inv), KOTopoe KaM,n;o:ii: o6paTnMo:ii: 

MaTpm1e CTaBHT B COOTBeTCTBHe ee o6paTHyIO, T. e. 

(inv)(A) = A-1 . 

0To6paMeHne ( inv) orrpe,n;eneHo TOJihKO Ha 110,n;MHOMeCTBe W, co­

CT05IIIl.eM H3 Bcex o6paTHMhIX MaTpn11. IlpeanoJta2a.fl, qTo ( inv) ,n;ncp­

cpepeH11npyeMo B o6nacTn orrpe,n;eneHnR, rroKaMeM, KaK BhI'IHCJIRTh 

rrpOM3BO,ll;HYIO ( inv)' MCIIOJih3YR 11e11Hoe rrpaBirno. IlycTh OTo6paMe­

mre f 3a,n;aHo cpopMynoii: 

MJIH, CMMBOJIHqecKH, 

f(A) = (A~1), 

- ( (id) ) f - (inv) · 

HarroMnHaeM, qTo oTo6paMeHne g, KaK n BhIIIIe, orrpe,n;eneHo cpopMy-

no:ii: 

g (~)=AB. 
Tor.n;a (gof)(A) = AA-1 = Il, r.n;e Il- e,n;nHnqHaR MaTpM11a. ,ll;pyrMMH 

CJIOBaMn, KOMII03HllHR go f IIOCTORHHa H, CJie,ll;OBaTeJihHO, d(go f) = 0. 
CornacHo 11enHOMY rrpaBMny, 

d X = ( dA(id)(X) ) = ( X ) 
lf A( ) dA(inv)(X) d(inv)A(X) . 

BocnOJih3yeMCR 11errHhIM npaBIIJIOM ern.e pa3: 
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Y MHO:>KaR 3TO ypaBHemrn cJieBa Ha A - l H pernaR ero OTHOCHTeJibHO 

dA(inv)(X), rroJiyqaeM 

dA(inv)(X) = -A-1 XA- 1. 

B ,n;mp<J>epeHI1HaJihHhIX o6o3Ha'IeHHRX 3Ta rrpo11e,n;ypa 3arrHChrnaeTCR 

cJie,IJ;yIOII1HM o6pa30M. TaK KaK AA-1 =JI, MhI HMeeM d(AA-1 ) = 0. 
3aMeHRR AH A-1 Ha AH BB <J>opMyJie d(AB) = (dA)B + A(dB), 
IIOJiyqaeM 

PernaR 3TO ypaBHeHHe OTHOCHTeJihHO d( A-1), rroJiyqaeM <J>opMyJiy 

(5.18) 

(CooTHorneHHe (5.18) ,n;aeT rrpaBHJihHOe o6o6II1eHHe <J>opMyJihI ,n;mp­

<J>epeHI1HaJia d(l/x) = -(1/x2) dx Ha cJiyqafi MaTpH11.) ,II;a,n;HM 

HeMHOro ,n;pyroe o6'hRCHeHHe <J>opMyJie (5.18). Ilpeµ,rrOJIO:>KHM, 'ITO 

A - o6paTHMaR MaTpH11a, T. e. Det A ::/= 0. Tor,n;a, ecJIH X RBJIReTCR 

MaTpH11efi, 3JieMeHThI KOTopofi ,n;ocTaTO'IHO MaJihI H Det(A + X) ::/= 0, 
TO MaTpH11a A+ X TO:>Ke o6paTHMa. B 3TOM cJiyqae MO:>KHO HarrHcaTh 

EcJIH x ,Il;OCTaTO'IHO MaJia, TO MaTp1111a xA-1 TO:>Ke 6y,n;eT MaJIOH H 

PRA 

6y,n;eT cxo,n;HThCR. Tor,n;a MhI rroJiy'IHM 

(A+x)-1 = [(lI+xA-1)Ai-1 = A-1(JI+xA-1)-1 

= A-1(JI- (XA-1) + (XA-1) 2 - ... ) 

HJIH 

(A+ x)-1 = A-1 - A-1 xA-1 + A-1 xA-1 xA-1 

-A-1xA-1xA-1xA-1 + .... 
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B ¢n3I1'IeCKOH JIHTepaType 9TOT pB,n; Ha3hIBaeTCB 6opnoec""uM paa­
.11,o;JtCettue.M ITO nMeHH H3BeCTHoro ¢n3HKa-TeopeTHKa MaKca Boptta. 

<l>opMyJia (5.18) IToJiy'IaeTCB H3 pa3JIO)KettnB Boptta, ecnn OITYCTHTh 

Bee qJieHhI 6onee BhICOKoro ITOpB,n;Ka MaJIOCTH, qeM X. B ¢n3H'IeCKOH 

JIHTepaType ¢opMyna (5.18) H3BeCTHa KaK nepeoe 6opnoec""oe npu-
6.11,u;JtCettue, Hrpaiorn;ee qpe3BhI'IaHHO Ba)KHYIO pOJih B TeOpHH pacceB­

HH5I. KaK MhI y)Ke ITOKa3aJIH, ttaM He tta,n;o 3HaTh Bee 6opHOBCKoe pa3-

JIO)Kettne ,r:t;JIB ITOJiyqeHHB ITepBoro 6opttoBcKoro ITpn6nmKeHHB. Ero 

MO)KHO ITOJIY'IHTh HeITocpe,n;CTBeHHO H3 u;eITHOro ITpaBHJia. 

C ,n;pyroii cTopotthI, pa3JIO)Kettne Boptta 03Ha'IaeT, 'ITO 

(A+ X)-1 - A-1 = -A-1 XA- 1 + o(X). 

9TO ao'K",a3'bt6aem, 'ITO ¢yHKll;H5I ( inv) ,n;n<l>¢epettu;npyeMa. llMeHHO 

9TO ttaM ITpnmJIOCh npeano.11,o;JtCum'b, Kor,n;a MhI ITpnMeHBJIH u;eITttoe 

ITpaBHJIO. 
IlyCTh B - ITOCTOBHHM MaTpnu;a. PaccMOTpHM OTo6pa)Kettne 

f(A) = ABA-1 . Tor,n;a 

d(ABA- 1 ) = (dA)BA- 1 + AB(dA-1 ) 

= (dA)BA- 1 -ABA-1(dA)A- 1 . 

9To MO)KHO 3aITHCaTh ITO-,n;pyroMy: 

Ilpe,n;IToJIO)KHM, 'ITO t ~ A( t) ecTh tteKoTopaB ,n;n¢¢epettu;npyeMM 

KpHBM B ITpOCTpaHCTBe MaTpnu;. IlycTh 

C(t) = A(t)BA(t)-1
, 

r,n;e B - ITOCTOBHHaB MaTpnu;a. KpoMe Toro, ITpe,n;ITonaraeM, 'ITO A(t) 
o6paTHMa ,r:t;JIB Bcex t. IlpnMeHBB u;eITttoe ITpaBnJio H ITpe,n;h1,n;yrn;ne 

¢opMyJihI, ITOJiyqaeM 

C'(t) = A'(t)BA(t)-1 - A(t)BA(t)A'(t)A(t)-1 . 

,Il;oITyCTHM, 'ITO A(O) = Il H A'(O) = X. Tor,n;a, ITOJiarM t = 0 B 

ITpe,n;h1,n;yrn;eii ¢opMyne, nMeeM 

lc'(O) =XB-Bx.1 
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9To B€ChMa Ba)lrna51 <PopMyJia B MaTeMaTHKe H Q:>H3HKe. IlpaBa51 

qacTh Ha3hIBaeTca 'IWMMymamopo.M MaTpHIJ, X H B H o6o3tta'IaeTc51 

[X,B], T.e. 

[X,B]=XB-BX. 

B Ka'IeCTBe rrpHMepa B03hMeM A(t) = exptX. Tor,n;a 

QqeBH,n;tto, 'ITO A(O) =I H A'(O) = X, rroaToMy MO)l(HO BOCIIOJih30-

BaTbC51 rroJiy'Iettttoii <PopMyJioii. MTaK, MhI HMeeM 

1 
A(t)-1 = (exptX)-1 = exp(-tX) =II- tX + 2t 2X 2 + · · ·, 

II03TOMY 

-1 1 2 2 1 2 2 A(t)BA(t) =(II+ tX + -t X + · · · )B(II - tX + -t X + · · ·) 
2 2 

1 
= B + t(XB - BX)+ 2t 2 (X2 B - 2XBX + BX2 ) + .... 

Co6paB BMecTe qJietthI rropa,n;Ka ,n;Ba H BhIIIIe no t, rroJiyqaeM 

A(t)BA(t)-1 = B + t[X, BJ+ o(t). 

,lJ;BH)KeH:ue Kerniepa 

Mb1 y)l(e BH,II;eJIH, 'ITO 11,errttoe rrpaBHJIO BJie'IeT rrpaBHJio Jleii6tttt11,a 

,II;JI51 rrpOH3BO,II;HOH rrpOH3Be,n;eHH51, rrpH'IeM 3TO BepHO H ,II;JI51 rrpOH3Be­

,n;eHH51 MaTpHIJ,, Kor,n;a orrepaIJ,H51 YMHO)l(eHH51 He o6Jia,n;aeT CBOHCTBOM 

KOMMyTaTHBHOCTH. ,21,aBaiiTe HCIIOJih3yeM TY )!(€ apryMeHTaIJ,HIO ,II;JI51 

BeKTOpttoro rrpoH3Be,n;ettH51 B rrpocTpattcTBe ffi. 3 . ( Ce:ti:qac MhI ttarroM­

HHM 3TO orrpe,n;eJieHHe.) B Ka'IeCTBe cJie,n;cTBHH MhI IIOJIJ'IHM BTopoii 

3aKOH KerrJiepa, oIIHChrna10111,H:tl: ,II;BH)l(eHHe rrJiatteT. 

B TpexMepttoM rrpocTpaHCTBe BeKTopttoe rrpoH3Be,n;ettHe orrpe,n;e­

Jietto cJie,II;ylOJIIHM o6pa3oM: 

(

yr - zq) 
TO v x w = zp - xr . 

xq-yp 
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1fa 3TOro orrpe,n;enemrn: BhITeKaIOT CBOHCTBa seKTOpHoro rrpOH3Be,n;e­

HmI: 

(av) x w = v x (aw)= a(v x w) H v xv= 0. 

Ifa rrepshrx Tpex ypasHeHHH cne,n;yeT, qTo 3HaK « x » ,n;e:BcTsyeT KaK 

3HaK yMHO)KeHHH. Mo)KHO ,n;oKa3aTh, qTo 

d(v x w) = dv x w + v x dw. 

B qacTHOCTH, ecntt v(t) H w(t) - KpHBhre s rrpocTpattcTse JR3 , H ecJIH 

Mhl IIOJIO)KllM 

u(t) = v(t) x w(t), 

TO 

u'(t) = v'(t) x w(t) + v(t) x w'(t). 

,II,orryCTHM, qTo r(t) o6o3HaqaeT IIOJIO)KeHHe qacTHIJ;bl B MOMeHT 

speMeHH t, H rrycTh p(t) o6o3HaqaeT HMIIYJihC 3TOH qacTHIJ;hI B Mo­

MeHT t. Tor,n;a BeKTOp 

µ(t) = p(t) x r(t) 

Ha3hIBaeTC.H y2.11.oa'bt.M .M,O.Me'l-tmOM qaCTHIJ;hI OTHOCHTeJibHO Haqa.rra KO­

op,n;HHaT (s MOMeHT speMeHH t). Ilpe,n;rrOJIQ)KHM, qTO qacTmi;a HMeeT 

Macey m, H Ha Hee .n,eiicTByeT CHJia F(t) = c(t)r(t), ttarrpasnettHa.H 

B)J;OJib seKTopa, H,D;yIIJ;ero OT Haqa.rra KOop,n;HHaT K qaCTHIJ;e. IlocKOJib­

KY r(t), p(t) H F(t) CB.H3aHhI <PopMyJiaMH 

r'(t) = (1/m)p(t) H p'(t) = F(t) = c(t)r(t), 

TO 
µ'(t) = p'(t) x r + p(t) x r'(t) 

= c(t)r(t) x r(t) + (1/m)p(t) x p(t) = 0. 

,IJ,pyrHMll CJIOBaMH, BeKTOp µ )J;OJI)KeH 6bITb IIOCTO.HHHhIM. 9TOT 3a­

KOH Ha3hrnaeTCH 3a'IW'l-tO.M coxpaue'l-tu.R. y2.11.oao20 .MO.Meuma. ,lJ,JIH rrpo­

CTOThI rrpe,n;IIOJIO)KllM, qTo µ =fa 0. lfa orrpe,zi;eneHH.H BeKTOpHoro rrpo­

ll3Be,n;eHH.H nerKo IIOKa3aTh, qTo )J;JI.H JII06bIX seKTOpOB v ll w BbIIIOJI­

H.HeTCH COOTHOllieHHe ( v x w) . w = 0. TaK KaK µ = p( t) x r( t)' Mbl 
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IIOJiyqaeM, qTO µ. r(t) = 0 ,II,JIH BCex 3HaqeHHii t. ,Ll;pyrHMH CJIOBaMH, 

qacTHI.J;a Bcer.n;a ,Il;BHraeTCH B <i>HKCHpOBaHHOH IIJIOCKOCTH, KOTOpaH 

rreprreH,Il;HKYJIHpHa BeKTopy µ. B rrpocTpaHCTBe JR3 rroBepHeM CHCTe­

MY KOOp,Il;HHaT TaK, qT06bI µ 6bIJI HarrpaBJieH B,Il;OJlb OCH z, Tor.n;a 

qacTim;a 6y,n;eT ,Il;BHraTbCH B IIJIOCKOCTll xy. llTaK, 

(
x(t)) 

r(t) = y~) , (
x'(t)) 

Tor.n;a p(t) = y'~t) 

( 
0 ) H µ=m 0 . 

x'(t)y(t) - x(t)y'(t) 

TaKHM o6pa30M, ycJIOBHe coxpaHeHHH µ 3HaqnT, qTo Bbipa)KeHHe 

x'(t)y(t) - x(t)y'(t) IIOCTOHHHO. qT06bI IIOHHTb CMbICJI 3TOro YCJIO­

BHH, HapncyeM TpaeKTOpmo qacT:HIJ;bl B IIJIOCKOCTH xy (pnc. 5.7). 
c ToqHOCTbIO .n;o qJieHOB o( h) o6JiaCTb, orpaHH'leHHaH TpaeKTOpHeii ( ~m ) H BeKTOpOM ( ~~ ~ : ~ ~) , COBna,n;aeT C IlJIOIIJ;a,n;hIO TpeyrOJib-

( 
x( t)) (x(t + h)) 

HllKa, IlOCTpOeHHOI'O Ha BeKTOpax y(t) H y(t + h) 'T. e. c 3TOii 

TO'lHOCTbIO Mbl MO)K€M rrpeHe6peqb IIJIOI~a,n;hIO, 3aIIITpHXOBaHHOH Ha 

pHC. 5.7. 

r(t + h) 

0 

P11c. 5.7 

c TOqHOCTbIO .n;o 3HaKa IIJIOI~a,n;h TpeyrOJibHHKa paBHa 

1 
2(x(t + h)y(t) - x(t)y(t + h)). 
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Ho 

x(t + h) = x(t) + hx'(t) + o(h) H y(t + h) = y(t) + hy'(t) + o(h). 

1 
2(x'(t)y(t) - x(t)y'(t))h + o(h). 

cho 3Ha'IHT, 'ITO CKOpOCTh H3MeHeHH.H ITJIOIIJ,a)l.H, OITHCbIBaeMOH 

pa)l.HycoM-BeKTopoM )l.BH)KyIIJ,eiic.H qacTHIJ;hI, rrocTO.HHHa. TaK cpopMy­

JIHpyeTC.H BTopoU: 3aKOH Kerrnepa. lfcrronh3Y.H u;errHoe rrpaBHJIO, MhI 

BH)l.HM, 'ITO BTopoU: 3aKOH Kerrnepa H TO, 'ITO qacTHu;a )l.BH)KeTC.H B 

cpHKCHpOBaHHOH ITJIOCKOCTH, .HBJI.HeTC.H pe3yJihTaTOM )l.eHCTBH.H CHJihI, 

HarrpaBneHHOH B)l.OJih ee pa)l.Hyca-BeKTopa. ToT cpaKT, 'ITO )l.BH)KeHHe 

IIJiaHeT rrpOHCXO)l.HT B cpHKCHpOBaHHhIX ITJIOCKOCT.HX H 3a paBHhie rrpo­

Me)KyTKH BpeMeHH FIX pa)l.HYChI-BeKTOpbl OITHCbIBaIOT paBHbie ITJIOIIJ,a­

)l.H, orrpe)l.eJI.HeTC.H TeM, 'ITO )l.eHCTBYIOIIJ,a.H Ha HHX CHJia HarrpaBJieHa 

K ConHu;y. lI3JIO)KeHHhIH BhIBO)l. BToporo 3aKoHa Kerrnepa rrpHHa)l.ne­

)KlfT HhlOTOHy. 

5.4. qaCTHbie rrpOH3BO,lJ;Hbie 

H ,z:t;HcpcpepeH:a;HaJihHhie cpopMbl 

B 3TOM rraparpacpe MhI BBe)l.eM rroH.HTH.H H o6o3Ha'IeHH.H, y)l.o6Hhre )l.JI.H 

rrpHMeHeHH.H u;errHoro rrpaBHJia. PaccMOTpHM )l.HcPcpepeHu;HpyeMyro 

cpyHKIJ;HIO f: ~k-+ R HarrpHMep, rrycTh k = 3 H 

Tor)l.a dfv ecTh JIHHeHHOe OTo6pa)KeHHe ~3 -+ ~. Cne)l.OBaTeJihHO, dfv 
MO)KHO paccMaTpHBaTh KaK BeKTOp-cTpoKy. YTBep)K)l.aeTc.H, 'ITO )l.JI.H 

mo6oA roqKu v ~ ( ~) seKTO[>-CTJXlKa onpe11enHeTC>i <J>opMyJroA 
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qT06bI y6e,n;HThC51 B 3TOM, Bhl'IHCJIHM ero ITpOeKIJ;HH Ha Ka:)K)l;hlll H3 

BeKTOPOB G} m H m HOOWHMep, 

f (v+s m )-/(v) = dfv m +o(s) 

= sdfv G) + o(s). 

9To cJie.n;yeT H3 oITpe,n;eJieHH51 df v H H3 Toro cpaKTa, 'ITO ,n;HcpcpepeH­

IJ;HaJI dfv[h] JIHHeeH ITO h. Tor.n;a 

f (v+sG))-1(G)) =f (Ct))-1(G)) 
H ITpe,n;eJI 3TOro Bbipa)KeHH51 ITPH s --t 0 51BJI51eTC51 rrpoH3BO)l;HOll f ITO 

rrepeMeHHOit x ITPH cpHKCHpoBaHHhIX y Hz. OH Ha3hrnaeTC51 "iacm'liou 

npOU360d'liOU f ITO x H o6o3Ha'IaeTC51 {) f I ax. EcJIH 

TO aJieMeHTapttoe BhPIHCJiemi:e .n;aeT 

TaKHM o6pa3oM, 

af 
ax" 
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Aeanornqao, dfv ((!)) ~ H dfv (G)) ~ 
cPYHKI.J;HH f MbI rroJiyqaeM cPOPMYJIY 

(
8f 8f 8f ) 

dfv = Bx (v), By (v), oz (v) . 

Herrocpe,n;cTBeHH851 rrpoBepKa ,D;JI51 f = x 2y3 z4 ,n;aeT TOT )Ke pe3yJih­

TaT. EcTh 6oJiee y,n;o6HbIH crroco6 opraHH3ati;1rn 3TOH HHcPopMau;irn:. 

HarroMHHaeM, 'ITO MhI y)Ke HMeJIH o6o3Ha'leHHe dx ,D;JI5I JIHHe:Htto:H 

cPYHKI.J;HH, rrpHIIHCbIBa101u;e:H Ka)K,ll;OMy BeKTOpy ero rrepByIO KOMIIO­

HeHTy, T. e. dx 3a,n;aeTC5I MaTpHti;e:H 

(1, 0, 0) 

H, aHaJIOrH'IHO, ,ll;JI51 dy H dz - MaTpHti;hl 

(0, 1, 0) H (0, 0, 1). 

Terrepb MO)KHO 3arrHcaTh paBeHCTBO 

(
af of of ) 

dfv = ox (v), 8y (v), 8z (v) 

8f 8f 8f = ox (v)(l, 0, 0) + By (v)(O, 1, 0) + &z (v)(O, 0, 1) 

8f 8f 8f 
df = Bx dx + By dy + Bz dz. 

TaKHM o6pa30M, 

CrrpaBa CTOHT cyMMa Tpex qJieHOB, HBJIHIOiu;HXCH cPYHKIJ;HHMH, YMHO­

)KeHHhIMH Ha dx, dy H dz. TaKaH cyMMa Ha3bIBaeTC51 .l/,U'HeU'HOU ou<fi­
<fiepettu,uaA'b'ltOU <fiop.Mou. CMbICJI 3TOH <PopMhI B TOM, qTo oHa orrpe­

,n;eJI51eT rrpaBHJIO, no KOTOpOMY Ka)K,ll;OH TO'!Ke rrpocTpaHCTBa JR.3 rrpM­

IIHCbIBaeTC51 BeKTOp-cTpOKa. 
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Sho <PopMyJia ecTeCTBeHHa B TOM cMbICJie, 'ITO ecm'I B35ITb <PYHK­

u;nro 

TO 
8f 
8x = l, 8f 

8y :=O, 
8f 
8z :=O, 

H Tor.n;a MbI noJiy'laeM 

df = dx. 

c 3THMH o6o3Ha'leHH5IMH u;enHoe npaBHJIO CB0)1,HTC5I K <PopMaJib­

HbIM no,IJ,CTaHOBKaM. IloKIDKeM, 'ITO MbI HMeeM B BH,IJ,y. PaccMoTpHM 

OTo6pIDKeHHe cp : IR2 
--t IR2, onpe,IJ,eJI5IeMoe <PopMyJioli 

TiycTb f : IR2 
--t IR ecTb HeKM <PYHKJJ;H5I, CKa:)KeM, 

Tor,n,a 

0T06paMeHHe dcp( 0) 6y.n;eT MaTpHn;eli pa3Mepa 2 x 2, CKa)f(eM, 

1:.fro6b1 HaliTH sepxHroro cTpoKy 3TOii MaTpHJJ;bI, MbI ,n,oJIMHhI yMHO­

MHTh ee cJiesa Ha seKTOp (1, 0). Tor.n;a 

(1, 0) (~ ~)=(a, b). 

B aameM cJiy'!ae (1, 0) ecTb dx. CorJiacHo u;enaoMy npaBHJIY, 
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Ho x o </> ( (;)) = r cos(}, cJie,n;oBaTeJibHO, MhI rroJiyqaeM BeKTOp­

cTpoKy 

d(x o </>)Co)= cosOdr - rsinOd(} 

=(cos(}, -rsinO). 

I1TaK, a= cos(}, b = -rsinO. Attanorn'IHO 

(c, d) = (0, l)(~ ~) = dy¢((9)) odcp(o) 

= d(y o </>)(o) = sinOdr + rcos(}d(} = (sinO, rcosO). 

( 
cos (} -r sin(} ) 
sin (} r cos (} · 

Tor,n;a 

df = (3x2 + y2
) dx + (2xy) dy 

d(f o </>) = 3r2 cos(} dr - r3 sin(} d(}. 

B rrpnmi;nrre, corJiactto u,errHOMY rrpasnJiy, M02KHO rrepeMH02KIITh MaT­

pHU,hI ll IIOJIY'IHTb MaTpnu,y ,Il;Jl51 ,n;mpcpepeHU,IIaJia d(f 0 </>): 

2 2 2 . 2 2 . ( cos(} -r sin(} ) (3r cos (} + r sm (}, 2r smOcosO) . (} (} 
sm rcos 

= (3r2 cos0, -r3sin0). 

Kotte'!Ho, 3TO rrpaBHJihHo. O,n;ttaKo, M02KHO c,n;eJiaTh nHa'!e - rro,n;cTa-

BllTh 

B Bblpa2KeHHe 

x = r cos (}, dx = cos (} dr - r sin (} d(}, 

y = r sin (}, dy = sin (} dr + r cos (} d(} 

df = (3x2 + y2
) dx + (2xy) dy, 

rrocJie 3Toro see rrepeMH02KHTh, co6paTb BMecTe K03cpcpnu,neHThI n 
rroJiy'IHTh TO 2Ke caMoe Bb1pa2Kettne ,Il;JI51 d(f o </>). 
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,Il;pyrHMH CJIOBaMH, MOMHO C'IHTaTh, 'ITO OT06paMeHHe </> rrpe­

Bparn;aeT x B cPYHKIJ;HIO r H (}' T. e. x Ha,n;o 3aMeHHTh Ha cPYHKIJ;HIO 

x o </> = r cos(} H BhI'IHCJIHTh ee ,n;H<P<PepeHTI;HaJI. 

"llT06bI rrpo,n;eJiaTb 3TH Bhl'IHCJieHH51, IIOJl€3HO BCIIOMHHTh, 'ITO 

d(gh) = gdh + hdg. 

HarrpHMep, B rrpocTpaHCTBe JR2 

8g 8g 
hdg = h ax dx + h 8y dy. 

Tor.n;a 

d[(gh) 0 </>] = (g 0 </>) d(h 0 </>) + (h 0 </>) d(g 0 </>). 

TaKHM o6pa3oM, B ttarneM rrpHMepe 

r.n;e g = x 2 + y2 H h = x. Tor.n;a f o </> = r 2 · r cos(} H, CJie,n;oBaTeJihHO, 

d(f o </>) = (rcos0)2rdr + r 2 (cos0dr - rsinOdO) 

= 3r2 cos (} dr - r 3 sin() d(}. 

~'.:ha rrpo.u;e.n;ypa JierKo o6o6rn;aeTc51: rrycTb YI, ... , Yl o603Ha'IaJOT 

KOOp,ll;HHaTHbie cPYHKIJ;HH B rrpocTpaHCTBe ]Rl' r,11;e TO'IKa 3a,n;aeTC51 

CTOJI6IJ;OM 

TiycTh f : JR1 
--t JR ecTh ,n;H<P<l>epeHIJ;HpyeMa51 cPYHKIJ;H51. Tor.n;a 

af af 
df = - dy1 + ... + - dyt. 

8y1 8y1 
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Ilpe.n,rroJIO)KHM, 'ITO X1, ... , Xk o603Ha'IaIOT KOOp,lJ.HHaTbl B rrpOCTpaH­
CTBe Rk. IlycTb </> : Rk --t R1 - .n,mp<l>epett:ri;ttpyeMoe oT06pa)KeHRe. 

Orrpe.n,eJIHM </>1 = Y1 o </>, </>2 = Y2 o </> H TaK .n,aJiee. Tor.n.a 

</>(v) = ( </>l~v) ) , r.n,e v = ( ~1 
) . 

</>z(v) Xk 

,Lt:aJiee MO)KHQ HaITHCaTh 

HJIH B 6oJiee rrpOCTOH <i>opMe 

d<f> = 

CorJiactto :ri;errttoMy rrpaBRJiy, 

8f 8f d(f 0 </>) = - 0 </>d</>1 + ... + - 0 </>d</>1, 
8y1 8yz 
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3aKoHqHM 9TOT naparpa<l> ,IJ;OKa3aTeJihCTBOM ,II;BYX TeopeM. 

LlT06hI onpe,rr;eJIHTh qacTHYIO npOH3BO,II;HyIO, Mhl HCnOJih30BaJIH 

,rr;R<P<l>epemwpyeMocTh f B ToqKe p. MmKHO noKa3aTh, qTo cyni;ecT­

BOBaHRe qaCTHhIX npOH3BO,IJ;HhIX no x H no y eui;e He 03HaqaeT ,II;HcP<l>e­

peHU,HpyeMOCTh f B p. ,Il;ocTaTOqHhie ycJIOBH5.I ,II;HcP<l>epeHU,HpyeMOCTH 

f B TOqKe p ,rr;aeT cne,rr;y10ni;a5.1 TeopeMa. 

TeopeMa: Ilycm'b f : ffi.2 
-t ffi. 1 u.Meem ttenpep'bU3'H/bte 'l£acmtt'bte 

of of 
npouaeoatt'bte ax u ay e mo'l£-x;e p. Tozaa f au<fxfiepettu,upye.Ma e 

mo'l£-x;e p. 
,40-x;aaame.11,'bcmeo. EcJIH f ,rr;R<P<l>epeHU,RpyeMa B p, TO JIRHeitHoe 

OTo6pa)KeHHe df p ,II;OJI)KHO HMeTh BH,II; 

df p ((:)) = s ~~ Ip + t ~~ Ip. 

IfraK, ecJIH cyni;ecTBYIOT ~~IP H ~~IP' TO f ,rr;R<P<l>epeHu,RpyeMa B 

TOqKe p TOr,rr;a H TOJihKO Tor,rr;a, KOr,rr;a 

fi(s)~ afl afl 2 1 \Jpf ~ t ~ =s 0x P +t 8Y P +o(IR ,JR). 

3anmneM npRpani;eHRe cPYHKll,HH f B BH,II;e 

\Jp f ((: )) = f(xp + s, Yp + t) - f(xp, Yp) 

= f(xp + s, Yp + t) - f(xp, Yp + t) + f(xp, Yp + t) - f(xp, Yp)· 

Ilo TeopeMe JlarpaH)Ka o cpe,rr;HeM 3HaqeHHH H3 o,rr;HoMepHoro 

,II;HcP<l>epeHU,HaJihHOrO HCqlfcJieHH5.I MO)KHO 3anRcaTh: 

of I J(xp + s, Yp + t) - f(xp, Yp + t) = s!:l 
uX ( xo ) 

Yp+t 

of I J(xp, Yp + t) - f(xp, Yp) = t!:l 
uy (~~) 
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,n;m1 HeKOTOphIX xo H Yo, y,n;oBJieTBOpRIOru;Hx ycJIOBHRM Xp < xo < 
Xp + s H Yp <Yo< Yp + t. Tor,n;a 

TaK 'ITO 

v tfi(s)~ _8 afl -tafl 
p ~ t ~ ax p ay p 

EcJIH II (;)II cTpeMHTCR K HYJIIO, TO BBH,IJ;y tterrpephIBHOCTH cpyHKD;HH 

a f I ax H a f I ay K03cpcpHIJ;HeHThI rrpH s H t TO)Ke CTpeM51TC51 K HYJIIO, 

T. e. OTHOC51TC51 K KaTeropHH J(JR2
' JR1 

). IloCKOJihKY o6e cpyHKIJ;HH s 
H t RBJIRIOTCR O(JR2 , JR1 ), TO Bee Bhipa)KeHHe ecTh o(JR2 , JR1 ), 'ITO H 

Tpe60BaJIOCh ,ll;OK83aTh. 

TeopeMa: llycm'b f : JR2 ~ JR1 du<fxfiepenu,upye.Ma B mo"l'K:e p u u.Me-

a (af) a (af) em nenpep'btB'H'bte C.MeWa'H'H'bte npOU360d'H'bte ay ax U ax ay 
e mo"l'K:e p. To2da 

llHTYHTHBHaR H,IJ;e51, Jie)Karu;a51 B OCHOBe ,ll;OK83aTeJihCTBa 3TOH 

Ba)KHOH TeopeMhI, O'IeHh rrpocTa. Bo3hMeM 'IeThipe TO'fKH (:), 

( x ; s) ' ( y : t) H ( ~ : ; ) . 0HH paCIIOJIO)KeHhI Ha IIJIOCKOCTH 

TaK: 

• ~y:t) • ~~:;j x) x+s • • y y 
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PaccMoTpHM Bhlpa,)Kettwe, cocTaBJieHHOe M3 3HaqeHMH cpyttKllMM f B 

3TMX TOqKax: 

Ero MO)KHO crpymmpoBaTb ,D;BJMR cnoco6aMM: JIM6o 

JIM60 

QqeBII,n;tto, qTO OHM paBHhI. Bhlpa)KeHMe (5.20) paBHO 

li 

EcJIM 6b1 MhI MOrJIM «rrpette6peqb» norrpaBoqHhIMM qJieHaMM o( s), TO 

Mbl 6b1 MMeJIM 

EcJIM Te )Ke onepa11IIII npo,n;eJiaTb c Bhrpa)KeHMeM ( 5 .19), TO noJiyqMM 

ts :x ( ~~) ( ~) + t o( s). 



284 fJiaBa 5. ,Il;ncpcpepeHIJ;HaJlbHOe ncqncJieHne Ha IIJIOCKOCTH 

Pa3,n;emrn rroJiyqeHHbie OTB€Tbl Ha st, rroJiy'IaeM (6e3 yqeTa rrocJie,n;­

HHX, «MaJibIX» CJiaraeMhIX) 

o of o of 
oxoy oyox" 

qT06hI rrpHBe,n;eHHOe paccy)K,Il;eHHe CTaJIO CTporHM, HaM Heo6xo­

,Il;HMO BHHMaTeJihHO HCCJie,n;osaTh rrorrpaBO'IHbie qJieHbI. Mb1 MO)f(eM 

c,n;eJiaTb 3TO c IIOMOIIJ;bIO TeopeMbl 0 cpe,n;HeM 3Ha'IeHHH H3 ,n;mp<Pe­

peHI.J;HaJibHOro HC'IHCJieHH.H cPYHKIJ;HH O,Il;HOH rrepeMeHHOH. IloJIO)f(HM 

<I>yHKIJ;H.H g ,IJ;HcPci>epeHu;HpyeMa 110 y H Bbipa)f(eHHe (5.20) paBHO 

g(y + t) - g(y). 

CorJiacHo TeopeMe o cpe,n;HeM 3Ha'IeHHH 

g(y + t) - g(y) = tg'(y), 

r,n;e fj - HeKOTOpa.H TO'IKa Me)K,Il;y y H y + t. ,Il,anee, 

Ilo rrpe,n;rrOJIO)f(eHHIO TeopeMbl cPYHKIJ;H.H 0 f I oy ,IJ;HcPci>epeHu;HpyeMa. 

Eni;e pa3 socrrOJih3yeMC.H TeopeMoti: o cpe,n;tteM 3Ha'IeHHH 

:yf ((x;s))- :yf ((~)) =s:x (~~) ((~)). 
TaKHM o6pa3oM, Bhipa)f(eHHe (5.20) paBHO 
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a (af) IIo ycJioBmo TeopeMhI cPYHKI!IHI ox [)y HenpephIBHa. IIo::>TOMY 

)l.JI5I mo6oro c > 0 Mo:>KHO HaHTH TaKoe 8 > 0, 'ITO 

TaKHM o6p830M, (5.20) rrpeo6p83yeTCH K 

paBH5IeTC5I 

By,n.eM C'IHTaTh, 'ITO jstj > 0. P83,n.eJIHB rroJiy'IeHHhie pe3yJihTaThI Ha 

st, IlOJiyqaeM HepaseHCTBO 

1:x~~ ((:))- :y~~ ((:))I< r3 , 

r,n.e 

J1eBa5I qaCTb HepaBeHCTBa eCTh npoCTO p83HOCTb Me)K,II,y ,ll.BYMH 'IHC­

JiaMH, OHa He 3aBHCHT OT 8, CJie,n.osaTeJibHO, r3 MO)KeT 6bITh c,n.eJiaHO 

CKOJib yro,n.HO MaJibIM H, Mhl IIOJiy'IaeM paBeHCTBO CMemaHHbIX rrpo-

H3BO)l.HbIX, T. e. 

a of a of 
ax [)y - [)y ox . 

5.5. IlpOH3BO,lJ;Hhie no HanpaBJI€HHIO 

IIycTh I - HHTepBaJI B rrpocTpaHCTBe l~.1, co,n.ep)KaIIIHii 0. Bo3bMeM 

'Y : I ---+ V, ,n.H<P<i>epeHI!HPYeMyro B 0. (KaK o6hI'IHO, B KaqecTBe 

v MO)KHO B35ITh JII06oe BeKTOpHoe rrpOCTpaHCTBO, )l.JIH HarJIH)l.HOCTH 
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rrpe,n;cTaBJI51HTe ce6e cJiyqan V = JR2.) Ilpe,n;rroJI02KHM, 'ITO 'Y(O) = x, 

ll rryCTh 'Y'(O) o603HaqaeT B€KTOp d')'o(l), T. e. 

'Y'(O) = d'Yo(l) = lim[(l/t)('Y(t) - 'Y(O))]. 
t->O 

BeKTop ')'
1 

( 0) Ha3hIBaeTC51 11:acame.11:bH'bt.M 6e11:mopo.M K KpMBOH 'Y B 

TO'IKe t = 0. EcJIM 'Yl - BTOpa51 KpHBa51, ,Ll;JI51 KOTOpOH BhIIIOJIH51IOTC51 

ycJioBM51 ')'1(0) = 'Y(O) M 'YUO) = 'Y'(O) (pHc. 5.8) TO MhI 6y,n;eM 

rOBOpHTb, 'ITO 'Y ll 'Yl KacaIOTC51 rrpH t = 0, MJIM 'ITO OHH COrJiacyIOTC51 

B HyJie c TO'IHOCThIO rrepBoro rrop51,n;Ka. 

PHc. 5.8 

Ecmr 'Y KacaeTC51 'Yl B HyJie, M 'Yl KacaeTc51 ')'2 B HyJie, TO oqeBM,n;­

HO, 'ITO 'Y KacaeTC51 'Y2 B HyJie. ,lJ;pyrMMH CJIOBaMH, MhI orrpe,n;eJIHJIH 

OTHOIIIeHHe 3KBMBaJI€HTHOCTM ,Ll;Jl51 ,n;mpcpepemwpyeMhIX KpMBhIX: ,n;Be 

KpMBhie 3KBMBaJI€HTHhI, eCJIII OHII corJiacyIOTC51 B HyJie c TO'IHOCThIO 

rrepBoro rropR,n;Ka. EcJIH 'Y' ( 0) = v, TO rrapa { x, v} orrpe,n;eJI51eT KJiacc 

3KBHBaJieHTHOCTIL MhI rrpe,n;cTaBJI51eM 3TOT KJiacc 3KBHBaJieHTHOCTH 

KaK B€KTOP v c Ha'laJIOM B TO'IKe x, H Ha3hIBaeM 3TOT B€KTOp 11:a­

came.11:b'l-/,'bt.M, 6e11:mopo.M B TO'IKe x. JI106hie x H v orrpe,n;eJI51IOT HeKo­

TOphrH KJiacc 3KBHBaJieHTHOCTH, IIOTOMY 'ITO BCer.n,a M02KHO B351Tb 

rrp51MYIO JIMHMIO 

'Y(t) = x + tv, 

,n;m1 KOTOpOH BbIIIOJIH51IOTC51 ycJIOBH51 'Y(O) = x H 'Y'(O) = v. 1iHor,n;a 

Mhl 6y,n;eM IIOJib30BaTbC51 rpe'IeCKOH 6yKBOH, HaIIpHM€p, e, ,Ll;JI51 o6o-

3Ha'leHH51 KaCaTeJihHOrO BeKTOpa B TO'IKe X, T. e. e o603HaqaeT rrapy 

X H V. 
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Ilpe.n;noJIO)KHM, qTo v = JR2, Tor.n;a KpHBa.H 1 3a.ri;aeTCH .D;BYMH 

<PYHKIJ,HHMH x 0 1 H y 0 1, 06h1qHo o6o3HaqaeMhIMH x(t) H y(t). 
HanpHMep, 

onpe.n;eJIHIOT KpMBYIO 

x ( t) = t sin t + 1 

y(t) =et 

c HaqaJibHhIMH ycJIOBHHMH 

1(0) = ( i) li 1
1
(0) = ( ~) · 

3aMeTHM, qTO 

d ( x o 1) = d ( t sin t + 1) = (sin t + t cos t) dt 

d(y o 1) = d(et) =et dt. 

ITo-aToMy <PYHKIJ,HH 

1, ( t) = (sin t ~/cost) 

MO:>KeT 6hITh BOCCTaHOBJieHa no Ko-a<P<PttIJ,M€HTaM npH dt B d(x 0 'Y) H 

d(yo1). 
ITycTh <PYHKIJ,HH f : V ~ JR onpe.n;eneHa B HeKOTOP?fi oKpecTHO­

CTH ToqKH p. ,ll,JIH Ka.:>K,r:i;oft KpHBOft '°Y• y.n;oBJieTBopa:10IIJ,efi yCJIOBHID 

1(0) = p, <PYHKIJ,MH f 0 1 onpe.n;eJieHa B6JIH3H 0 B npOCTpaHCTBe JR. 
Ecnn f - .D;H<P<PepeHIJ,HpyeMa.H <PYHKIJ,MH B p H 1 .n;n<P<PepeHIJ,HpyeMa 

B HyJie, TO, COr.JiaCHO IJ,eTIHOMY rrpaBimy, f 0 "I 6y,n;eT (BeIIJ,eCTBeHHOii) 

<PYHKIJ,Heii, .ri;tt<P<Pepem1npyeMoii B uyne, M ee npoH3BO.D;HaH onpe.n;e­

JIHeTCH <PopMyJIOH 

(! o 1)'(0) = dfp('Y'(O)). 

McnoJib3Y51: o6o3HaqeHMH, npHHHThie ,n;JIH .n;H<P<PepeHIJ,MaJihHhIX 

<PopM B npocTpaHCTBe JR2, B Bhlpa.:>KeHHH .D;JIH df 3aMeHHM d( x 01) Ha 
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dx H d('y o 'Y) Hady. HanpnMep, ecJm B3HTh 

f (:) = x2 + y2, 

df = 2xdx + 2ydy, 

d(f o 'Y) = 2(t sin t + l)(sin t + t cost) dt + 2et ·et dt 

= 2 ( t sin t + 1) (sin t + t cos t) dt + 2e2t dt. 

Ko9<l>qrnu;neHT nplI dt paBeH (! o ')')'(t). Ilonara51 t = 0, nonyqaeM 

(! o ')')'(O). 
3aMeTHM, 'ITO (! 0 ')')'(O) 3aBIICHT OT p II 'Y'(O), HO nplI 3TOM 

He Tpe6yeTCH ,11.pyraH IIHcPOpMau;irn 0 KplIBOH 'Y' T. e. 9Ta BeJIII'IHHa 

3aBIICIIT TOJibKO OT KaCaTeJibHOrO BeKTOpa e. 0603Ha'IIIM 3TJ BeJIII­

'IHHJ Def II 6y,n;eM Ha3hIBaTb ee npouseoanou no nanpa6Ae'HU10 e OT 

cPJHKD;HII j. lfraK, 

Def= dfp(v), e = {p, v }. 

HarrpnMep, ecnlI v = ( ~) , TO Def = ~~ (p). IlycTh Ji II h -
,11.Be cPYHKD;IIII, ,IJ;IIcP<PepeHu;IIpyeMbie B TO'!Ke x, II rryCTb f = Ji + f2. 
Kp1IBaH ')' rrpoxo,IJ;IIT qepe3 TO'IKY x, rrplI'IeM ee KacaTeJihHhIH BeKTOp 

B p eCTb e. lfa Kypca ,11.HcPcPepeHD;IIaJibHOro IIC'IIICJieHII51 cPJHKD;HH 

0,11.HOH rrepeMeHHOH Mbl 3HaeM, 'ITO 

(! o 'Y)'(O) = (!1 o 'Y)'(O) +(ho 'Y)'(O). 

Cne,11.0BaTeJibHO, 

AHanorlI'IHO, ecnn MhI B03bMeM h = fih, To ::ineMeHTapHbie BhI'IIIC­

neHHH ,11.aIOT 

(h 0 'Y)'(O) = (!1 0 'Y)'(O)(h 0 'Y)(O) + U1 0 'Y)(O)(h 0 'Y)'(O) 
= (!1 o 'Y)'(O)h(x) + fi(x)(h o ')')'(O), 

TaK KaK (!1 o'Y)(O) = fi('Y(O)) = fi(x) II TO Me caMoe ,n;nH f2. TaKHM 

o6pa30M, Mbl M02KeM 3aIIIICaTh 

I De(fih) = (Defi)h + fi(Deh)· I 
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Ern;e o,n;irn npn:Mep Ha BhI".J:liCJieHHe npoH3BO,Il;HO:ii: no HanpaBJieHHIO. 

IlycTh 1 : JR ---> JR2, r,n;e 

( 
t-1 ) 

1 (t) = t2 + 2t + 2 ' 

Tor,n;a df(~) He= b(O), 1'(0)} onpe,n;emIIOTC5! <l:>opMyJiaMH 

df ( ~ ) = ( 2xy' x
2 + 3y

2
)' e = { ( -; ) ' ( ; ) } . 

0TCIO,Il;a 

DE(!)= df (--,/) ((; )) = (-4, 13) (;) = -4 + 26 = 22. 

IloKa:~KeM, ".J:TO 3TO paBHO (! 01')(0). ,Il;JI5! 3TOro 3aMeTHM, "ITO 

f 01(t) = (t - 1)2(t2 + 2t + 2) + (t2 + 2t + 2)3, 

(! 01)' (t) = 2(t - l)(t2 + 2t + 2) + (t - 1)2(2t + 2) 

+ 3(t2 + 2t + 2)2(2t + 2). 

Cne,n;oBaTeJihHO, 

(! 01)1(0) = 2(-1)(2) + (-1)2(2) + 3(2)2(2) = 22. 

Bhl'1HCJIHM npoH3BO,Il;HYIO no HanpaBJieHHIO OT npOH3Be,n;eHH5! 

,n;Byx cPYHKil;H:ii:. IIycTb g : JR2 
---> JR, r,n;e g ( ( ~)) = x2 - y2. Tor,n;a 

OTo6pa)K€HHe npOH3B€,I1;€HH5! f g : JR2 - JR HM€€T BH,II; 

Jg((~)) = J ((~ )) g ((~ )) = (x2y + y3)(x2 -y2). 

,Il;H<l:><l:>epeHu;HaJibl dg H d(f g) paBHbl 

dg(~) = (2x, -2y) 

d(fg)(~) = (2xy(x2 - y2) + (x2y + y3)(2x), (x2 + 3y2)(x2 -y2) 

+ (x2y + y3)(-2y)). 
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Tor,n;a MbI HMeeM 

DE(f g) = d(f g) (--,}) ((; )) 

= (-4(-3) + 10(-2), 13(-3) + 10(-4)) (;) 

= -8 -158 = -166. 

CorJiactto rrpaBHJIY ,n;H<Pcl>epettu,HpoBaHHR rrpoH3Be,n;eHHR, rrpoH3Bo,n;­

HM DE(f g) ,n;om1rna 6bITb paBHa 

DE(f g) = DE(f)g (-;) + f (-;) DE(g), 

g(-;) =(-1)2-22 =-3, 1(-;) =(-1)22+23 =10 

DE(g) = dg(-_:}) ((; )) = (-2, -4) (;) = -10. 

CJie,n;oBa TeJihHO, 

DE(fg) = 22(-3) + 10(-10) = -166, 

qTo coBrra,n;aeT c pattee rroJiyqeHHbIM pe3yJibTaTOM. MHo:>KeCTBO Kaca­

TeJibHhIX BeKTOpOB B TOqKe x y,n;o6Ho paccMaTplrnaTh KaK BeKTOpHoe 

rrpocTpaHCTBO, Ha3bIBaeMOe -x:acameJl,'b'/-1,'bt.M, rrpocTpaHCTBOM B TOqKe x 

ll o6o3HaqaeMoe TVx. Tor,n;a eCJill e = { x, v} ll "1 = { x, w} - ,n;Ba Ka­

caTeJibHhIX BeKTOpa B TOqKe X, TO HX CYMMa paBHa e+1] = {x, v+w }. 
KpoMe Toro, ecJIH e = {x, v} H a - rrpOH3BOJihHOe B€Ill,€CTBeHHOe 

qHCJIO, TO ae = {x,av}. TaKHM o6pa30M, rrpocTpaHCTBO TVx IIOXO­

:>Ke Ha rrpocTpaHCTBO v' 3a llCKJIIO'IeHHeM Toro, qTo BCe Bbipa:>KeHHR 

HMeIOT HeMoll: HH,n;eKc x. Celiqac 'IHTaTeJIIO 3TH o6o3HaqeHHR MoryT 

IIOKa3aThC5I CJillillKOM rpOM03,ll;KHMH, HO II03)l;Hee CTaHeT RCHO, Ha­

CKOJibKO OHH y,n;o6Hbl. 

EcJIH e = {x, v} ll "1 = {x, w}, TO 

DH.,,f = dfx[v + w] = dfxx[v] + dfx[w] = DEf + D.,,J, 
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CJie,n;oBa TeJibHO, 

AHaJiorwmo, 

I Dad = aD~J · I 

5.6. Onepau;1u1 nepeHoca 

IlycTb ¢ : V --+ W, r,n;e </J(x) = y - ,n;11cpcpepemi;11pyeMaH cPYHKII,mr. 

EcJIH f : W --+ JR orrpe,n;eJieHa B OKpecTHOCTH y, TO cpyHKII,HH J o ¢ 
onpe,n;eJieHa B OKpecTHOCTH x. qT06bI no,n;qepKHYTh ToqKy 3peHH.H, 

KOTOpaH 6y,n;eT 11,eHTpaJibHOM B ::!TOM KHHre, o6o3Haq11M ::!TY cPYHKII,HIO 

¢* f 11 Ha30BeM ee nepe1-wco.M2 cpyHKII,HH f c rroMOIIl,hID ¢. TaKHM 

o6pa30M 1 

¢* f = f 0 ¢, 
(¢* J)(x) = /(¢(x)). 

By,n;eM cq11TaTh cPYHKII,HIO ¢ cp11Kc11poBaHHoii, a f rrepeMeHHoii, TaK 

qTo ¢* rrepeBO,ll;HT Bee cPYHKII,HH Ha npocTpaHCTBe w B cpyHKII,HH Ha 

rrpocTpaHCTBe v (Ha3a,n;). 3aMeTHM, qTo 

¢* (/1 + h) = ¢*Ji + ¢* h 

¢>*(/1/2) =(¢*Ji)(¢/ h), 

CJie,n;oBaTeJihHO, ¢* coxpaH.HeT Bee aJire6pa11qecK11e orrepa11,1111. 

EcJIH, Hanp11Mep, ¢ : JR2 --+ JR2 - 0To6pa)KeH11e, 3a,n;a10III,ee nepe­

xo,n; OT nomipHbIX KOOp,ll;HHaT K ,n;eKapTOBbIM corJiaCHO <l>opMyJie 

2B aHrJUdi:CKOM OpI!nrnarre :na onepan;H.H HMeeT Bblp83HTeJihHOe H83BaHHe 

pullback, 'ITO B 6yKBaJihHOM nepeBo,n;e 03Ha'laeT omcmyn1te~me, omxod Haaaa. 
PyccKHii: TepMHH nepe'ltoc HecKOJihKO MeHee HH¢opMaTHBeH, TaK KaK B HeM HeT 

YK83aHH.H Ha TO, 'ITO o6JiacTb onpe,n;eJieHH.H <PYHKL\HH f IIO,!l; ,n;eii:CTBHeM nepeHoca 

nepeMein;aeTc.H B HanpaBJieHHH, npomuaono1toate'IW.M nepeMein;eHmo TO'leK npn 

OTo6pa)l(eHHH ¢. - IlpU.M. ped. 
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TO MO)KHO Ham-1caTb 

<P*x = r cos e, <fa*y = r sine. 

3,n;ecb HaM XOTeJIOCb 6hI OCTaHOBllTbCH ll o6'bHCHllTb CMbICJI 3TllX 

ypaBHeHllH. y Hae eCTb ,n;Be IIJIOCKOCTll: re ll xy (pllC. 5.9). IIycTb 

OT06pa)K€Hlle <fa Ka)K,1.l;OH TOqKe IIJIOCKOCTll re CTaBllT B COOTB€TCTBlle 

ToqKy Ha IIJIOCKOCTR xy. Mbr paccMaTpRBaeM x KaK cPYHKIJ;llIO Ha 

IIJIOCKOCTll xy: Ka)K,1.l;OH TOqKe IIJIOCKOCTH 3Ta cPYHKIJ;llH CTaBllT B 

COOTBeTCTBlle KOOp,1.l;RHaTy x. 

() y 

</> ...-----... 

D 
r x 

PRC. 5.9 

Tor,n;a <P*x CTaHOBllTCH cPYHKIJ;lleH Ha IIJIOCKOCTH re, T. e. 

<fa*x = r COS e, ll, aHaJIOrllqHO, <fa*y = r sine. 

Terrepb MhI XOTRM orrpe,n;eJIRTh rrepeHoc c rroMOIIJ;hIO <P ,1.l;JIH ,n;n<P­

<l>epeHIJ;llaJihHhIX <PopM. HaqHeM c orrpe,n;eneHHH rrepeHoca ,1.l;JIH 6a-

3RCHhIX <PopM dx R dy. IIo orrpe,n;eneHRro, 

<P*dx = d(<fa*x)= cosedr - rsinede, 

<P*dy = d(<fa*y)= sinedr + rcosede. 

Tor,n;a ,1.l;JIH nro6oit JIRHeitHoit ,1.l;RcPcPepeHIJ;llaJihHoit <PopMbI TRrra 

x2 dx + y2 dy 

MO)KHO orrpe,n;eJillTb 

<P*(x2 dx + y2 dy) = <P*(x2
) · <P* dx + <P*(y2 )<P* dy 

= (r
2 

cos
2 

e)(cos e dr - r sine de) + (r2 
sin

2 
e)(sin e dr + r cos e de) 

= r
2

( cos
3 e + sin

3 
e) dr + r 3

(sin
2 e cos e - cos

2 e sine) de. 
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):4>yrI1MII CJIOBaMII, ,n;m1 ,n;mpcpepeHD;IlaJihHOH cpopMbI 

adx + bdy, 

r,n;e a II b - cpyHKD;IIII, orrpe,n;emi:eM 

I </J*(adx + bdy) = ¢*(a)¢*(dx) + ¢*(b)¢*(dy), I 

r,n;e IIOTOM CJie,n;yeT co6paTb BMeCTe K03cpcpIIIJ;IleHThI IIpII dr II d(). 
3aMeTIIM, qTo eCJIII f - rrpOI13BOJihHaR cpyHKIJ;IIR Ha IIJIOCKOCTII xy, 
TO 

of of 
df = ox dx + oy dy. 

0TKy,n;a, BOCIIOJih30BaBIIIIICh u;errHhIM rrpaBIIJIOM, IIOJiyqaeM 

¢* df = ¢* ( ~~) ¢* dx + ¢* ( ~~) ¢* dy 

= ( ~~ 0 ¢) d( x 0 ¢) + ( ~~ 0 ¢)) d(y 0 ¢) 

= d(f 0 ¢) 

\¢*df=d(¢*f)., 

cha cpOpMyJia CIIpaBe)J;JIIIBa B o6:rn;eM CJiyqae )J;JIR ,ll;IlcpcpepeHIJ;Ilpye­
MhIX OT06pa)KeHIIH ]Rk --+ JRl. 

B KaqecTBe rrpI1Mepa paccMoTpIIM 0To6pa)KettI1e ¢ : JR2 --+ JR3, 

3a,n;attttoe cpopMyJioii 

Tor,n;a ecJIII x, y, z o6o3HaqaJOT Koop,n;I1HaThI B rrpocTpattcTBe JR3, TO 

</J*x = r 2
, 

</J*y = sr, 

</J*z = s2
, 

oTcro,n;a ¢* dx = 2r dr, 

oTcro,n;a ¢* dy = s dr + r ds, 

oTcro,n;a ¢*dz= 2s ds. 
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,Ii;Jrn mo6oii <l>YHKIJ;HH f B rrpocTpaHCTBe JR.3 crrpaBe,IJ;JI:HBa cpop-

of of of 
df = -dx+-dy+-dz 

ox oy oz 

H Mhl MO)KeM BblqHCJIHTb 1>* (di) ,IJ;BYMB crroco6aM:H: BblqHCJIBTb 

d(</>* f) 

HJIH 

</>*(di)= 1>* ( ~~) 1>* dx + 1>* ( ~~) 1>* dy + 1>* ( ~~) 1>* dz. 

Harrp:HMep, rrycTh 

df = -zdx + 2ydy- xdz. 

<P* f = 0 

1>* df = d(</>* f) = 0. 

EcJIH Bh1q11cJIBTh 1>* df Herrocpe,n;cTBeHHO, rroJiyqaeM 

1>* df = -s2 
· 2rdr + 2sr(sdr + rds) - r2 

· 2sds 

= [-s2 
· 2r + 2s2r] dr + [-r2 

· 2s + 2r2s] ds = 0. 

Terrepb IIOHBTHo, KaK rrocTyrraTh B o6ru;eM cJiyqae. EcJIH x1, ... , Xk 

Koop,z:i;RHaThI B rrpocTpaHCTBe JR.k H YI, ... , Yl - Koop,z:i;RHaThI B 

rrpocTpaHCTBe JR.1, TO ,IJ;HcpcpepeHu;HpyeMoe OT06pa)KeHHe 1> : JR.k --t JR.1 

orrpe,z:i;em1eTCB cpopMyJioii 

(

1>1 (v)) 
</>(v) = : ' 

1>1 (v) 
v~CJ 
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Tor.n;a 

Orrepa:u,nH <P* rrepeHocnT cPYHK:U,HH Ha rrpocTpaHCTBe R1 B cPYHK­

:u.nn Ha rrpocTpaHCTBe Rk, cooTBeTCTBeHHO OHa rrepeBo,n;nT JIHHeiiHbie 

.n;n<P<l>epeH:U,HaJibHbie <PopMbI H3 rrpocTpaHCTBa R1 B JIHHeiiHhie .n;n<P­

<PepeH:u,naJibHbie <PopMbI rrpocTpaHCTBa Rk. Ilpn 3TOM rrepeHoc <P* 
coxpaHHeT Bee aJire6panqecKne orrepa:u.nn: CJIO)KeHne n yMHO)KeHne 

,n;Byx cPYHK:U,Hii, cJIO)KeHne ,n;Byx <PopM, YMHO)KeHne cPYHK:U.HH Ha <Pop­

My. Bonee Toro, corJiactto :u.errHoMy rrpaBnny, 

<P* df = d( <P* f) 

,11,JIH JIIo6oii cPYHK:U.HH f B rrpocTpaHCTBe R1. 

Ilpe.n;rroJio)KHM, qTo MbI HMeeM <P : V ---+ W n 'ljJ : W ---+ Z. Mo)KHO 

c,n;eJiaTb KOMII03H:U,HIO ,Il;BYX OTo6pa)KeHHH H rronyqnTb 

'ljJ 0 <P : v --t z. 

Ecnn g - rrpoH3BOJibHaH cPYHK:U.HH Ha rrpocTpaHCTBe Z, TO MO)KHO 

o6pa3oBaTh 

'l/;*g = g 0 'I/;, 

T. e. cPYHK:U,HIO Ha rrpocTpaHCTBe w' H Tor.n;a 

<P*('l/;*g) = (g 0 'I/;) 0 <P 

HBJIHeTcH cPYHK:u,neii Ha rrpocTpaHCTBe V. CornacHo acco:u,naTHBHOMY 

3aKoHy, ,11,JIH KOMII03H:U,HH HMeeM 

(g 0 'ljJ) 0 <P = g 0 ( 'ljJ 0 <P) . 

Cne,11,oBaTeJibHO, 

('I/; 0 <P)*g = <P*('l/;*g), 
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06paTHTe BHHMaHIIe Ha o6paTHhlH rropH,n;OK cpyHKllHH! 

,IT,orrycTHM, 'lTO V = JRk, W = IR1 H Z = Rm. B Ka)K,n;OM H3 rrpo­

cTpaHCTB orrpe,n;eJieHhI Koop,n;HHaThI x 1 , ... , xk; y1 , ... , yl; z 1 , ... , zm 

coOTBeTCTBeHHo. Tor.n;a ecJIH 

,n;HcpcpepeHllHaJibHaH cpopMa B npocTpaHCTBe ]Rm' TO ¢* w 6y,n;eT ,n;Hcp­

cpepeHU,Ha.JibHOH cpopMOH B rrpocTpaHCTBe JRZ' a ¢*1/J*w - ,n;HcpcpepeH­

U,HaJibHOH cpOpMOH B rrpocTpaHCTBe JRk. lfa U,eITHOro rrpaBHJia CJie,n;yeT, 

'lTO 

¢*1/J* df = ¢*(d('lj;* f)) = d(¢*1/J* f) = d[('l/J 0 ¢)* J]. 

OrrepaU,HH ¢* H 1/J* coxpaHHIOT BCe anre6paHqecKHe ,n;eiicTBHH, TO )Ke 

caMOe MO)KHO CKa3aTb H rrpo ( 1/J 0 ¢ )*, 

¢*1/J*(gdf) = (1/J 0 ¢)*(gdf). 

HaH6oJiee o6IU,Hif BH,n; ,n;HcpcpepeHU,HaJihHOH cpopMhI rrpe,n;cTaBJIHeTCH 

cyMMO:ti: 'lJieHOB THIIa g df' T. e. 

CJie,n;oBaTeJibHO, ypaBHeHHe 

I (1/J o ¢)*(w) = ¢*1/J*w I (5.21) 

crrpaBe,n;.TIHBO ,ll;JIH BCex JIHHeHHblX ,n;HcpcpepeHU,HaJibHhIX cpopM. 

IIycTh 'Y : IR ~ V - KpHBaH, rrpoxo,n;HIU,aH qepe3 TO'lKY x, T. e. 

'Y(O) = x, a KPHBaH ¢ o 'Y rrpoxo,n;HT qepe3 ToqKy y. EcJIH 'Y - ,n;Hcp­

cpepeHU,HpyeMaH cpyHKllHH B HyJie, TO ¢ 0 'Y TO)Ke ,n;HcpcpepeHU,HpyeMa 

B HyJie H, corJiaCHO U,eIIHOMY npaBHJiy, 

( c/J O /)' (0) = dc/Jx(/1 (0)). 

IIpaBaH qacTh 3Toro ypaBHeHHH 3aBHCHT TOJibKO OT KacaTeJibHOro 

BeKTOpa e' OTHOCHIU,erocH K KpHBOH 'Y. IIo3TOMy dc/Jx OTo6pa)KaeT 

KaCaTeJibHbie BeKTOpbl B TO'lKe x B KaCaTeJihHhie BeKTOphI B TO'lKe 

¢(x): 
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r,n;e MhI orrpe,n;emum 

d</>xe = { </>(x), d</>x ( v)}' ecm1 e = { x, v}. 

,n::mp<f>epemi;irn.JI d</>x MO)KHO HCTOJIKOBaTb KaK rrpeo6p330BaHHe HH­

cPHHHTe3HMaJibHbIX KpHBhIX, rrpoxo,n;.mn;nx qepe3 TO'IKY x, B HHcPH­

HHTe3HMaJihHbie KpHBhie, rrpoxo,n;HIIJ;He qepe3 </>(x). 
IIycTb Terreph <f>YHKIJ;HR f : W -+ JR ,n;11<f><f>epettri;11pyeMa B </>(x). 

IIo accori;naTHBHOMY 3aKoHy ,Il;JIR KOMII03HIJ;HH HMeeM: 

(</>* f) o / = f o </> o / = f o (</> o 1). 

,LI;n<f><f>epeHIJ;HpyR 3TO ypaBHeHHe rrpH t = 0, llOJiyqaeM 

(5.22) 

9To 3Ha'IHT, 'ITO MbI MO)KeM rrepeHeCTH cPYHKIJ;HIO f H33a,n; c llOMO­

llJ;bIO </> H IlOTOM BbI'IHCJIHTb lipOH3B0,11;HJIO ITO HarrpaBJieHHIO e, HJIH 

Mhl MO)KeM rrpoRTH Brrepe,n; c IIOMOllJ;hIO d</>x H IIOTOM B3RTb rrpoH3B0,11;­

HYIO rro HarrpaBJieHHIO OT f no d</>xe. B o6oax cJiy'IaRx MbI rroJIJ'IHM 

O,Il;HH H TOT )Ke OTBeT. 

IIoJI02KHB e = { x, v}' llOJiy'IeHHOe paBeHCTBO M02KHO rreperrncaTb 

B BH,Il;e 

HJIH, paBHOCHJibHO, 

d(f o </>)x[v] = dfq,(x)[d</>x[v]]. 

IIocJie,n;ttee paBeHCTBO 03Ha'IaeT, 'ITO 

d(f o </>)x = df q,(x) o d</>x, 

a 3TO He 'ITO HHOe, KaK 'laCTHblR CJiyqali ri;errHoro rrpaBHJia. 

B Ka'!eCTBe rrpnMepa Ha rrpaMeHeHne 3Toro paBeHCTBa B03hMeM 

f : W -+ JR n </> : V --+ W, orrpe,n;eJIReMbie <f>opMyJiaMa 
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Tor,IJ,a 

df( ~) = (2xy, x2
), 

d r =(cos(} -rsinO) 
<P( e) sin(} r cos(} ' 

H Mhl IIOJiy'laeM, 'ITO 

D{<P((/;)),d<t>(/;)[vl}(f) = df<t>(/;) o d¢(0)[v] 

= (2(r cos 0)( r sin 0), (r cos 0)2) ( c?s (}(} -r sin(}) ( Vr) 
sm rcos(} ve 

(2 2 (} . (} 2 2 (}) ( Vr cos (} - ver sin(}) 
= r cos sm , r cos . (} + (} 

Vr sm rve cos 

= 2r2 cos(} sin 0( Vr cos(} - rve sin 0) + r 2 cos2 0( Vr sin(} + rve cos 0) 

= 3r2 cos2 (}sin(} Vr + r 3(-2 cos(} sin2 (} + cos3 O)ve. 

Terreph Ha,IJ,o rroK83aTh, 'ITO rrocJie,n;Hee Bhrpa)Kemre paBHO 

,lJ;JIR 3TOro 3aMeTHM, 'ITO 

CJie,IJ,oBaTeJihHO, 

0TCIO,IJ,a, HaKOHe~, IIOJiyqaeM: 

D{(/;),v}(</J* f) = d(</J* /)(/;) (( ~~ )) = 

= 3r2 cos2 (}sin(} Vr + r 3(-2 cos(} sin2 (} + cos3 O)ve. 
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Pe310Me 

A. ,ll;mpcl>epem:J;:uaJibI :u qacTHbie npo:u3BO)J;Hbie 

Bb1 ,ll,OJDKHbI yMeTb ,LI,aBaTb orrpe,LI,eJieHHe ,ll,HcP<l>epeHIJ;HaJia df <l>YHK­

IJ;HH f B TepMHHax «O» H «0». 
Bbl ,ll,OJI)KHbl 3HaTb H yMeTb rrpHMeHHTb rrpaBHJia ,ll,HcP<l>epettu;H­

poBaHHH cyMMbI, rrpoH3B€,ll,€HHH H KOMIT03HIJ;HH cPYHKIJ;HH. 

Bb1 ,ll,OJI)KHbI yMeTb Bblpa)KaTb ,ll,HcP<l>epettu;HaJI cPYHKIJ;HH qepe3 

qaCTHbie rrpOH3BO,ll,Hble H yMeTb CTpOHTb MaTpHu;y, npe,LI,CTaBJIHIOiu;ylO 

,ll,HcP<l>epettu;HaJI cPYHKIJ;HH f : JR2 
--t JR2

. 

B. Ilpeo6pa3oBaH:U» Koop.z:i;:uHaT 

,ll,JIH 3a,LI,aHHoro rrpeo6pa30BaHHH, KOTOpoe BBO,ll,HT HOBble KOOp,ll,HHa­

Tbl Ha IIJIOCKOCTH, Ha,ll,O yMeTb IIOJib30BaTbCH u;errHblM rrpaBHJIOM ,ll,JIH 

Bblpa)KeHHH ,ll,HcP<l>epeHIJ;HaJIOB H qacTHblX rrpoH3BO,ll,HblX B 3THX HO­

BblX KOOp,ll,HHaTax. 

c. Ilp:uMeHeH:U» .z:i;:ucl>cl>epeHIJ;:UaJIOB 

Bbr ,ll,OJI)KHbl 3HaTb, KaK rroJiyqHTb ypaBHeHHe rrpHMOH HJIH IIJIOCKO­

CTH, KaCaTeJibHOH K rpa<l>HKY cPYHKIJ;HH B Bb16paHHOH TOqKe. 

Bb1 ,ll,OJI)KHbl yMeTb IIOJib30BaTbCH u;errHblM rrpaBHJIOM ,ll,JIH perne­

HHH 3a,LI,aq c yqaCTHeM cPYHKIJ;HH OT H€CKOJlbKHX rrepeMeHHbIX. 

5.1. IloKa:>KHTe, qTo eCJIH f : v ~ w ,ll,HcP¢epeH.a;HpyeMa B TQqKe 0: H 

T : W ~ Z JIHHeiitta, TO KOMII03Hu;HH T o f ,z:i;Hcl>cl>epett.a;HpyeMa B 
TQqKe 0: H 

d(T o /)o: =To df o:· 

5.2. IlycTh F : V ~ JR ,ll,HcPcl>epettu;npyeMa B o: H cPYHKU:HH f : JR ~ JR 
HMeeT rrpoH3BO,ll,HYIO Ba= F(a). ,Ll;oKa:>KHTe, qTQ f o F ,z:i;n¢¢epeH­

u;npyeMa B TOqKe a H 

d(f o F)o: = J'(a) dFo:. 

5.3. IlycTh F : V ~ W H G : W ~ V - ttenpephlBHhJe oTo6pa:>K:eHHH, 

npnqeM Go F(v) = v HF o G(w) = w MH Bcex v B npocTpaHCTBe 
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V H ,IJ;mr Bcex w B ITpocTpaHCTBe W. ,ll;oITyCTHM, qTo F ,IJ;HcP¢epeH­

IJ;HpyeMa B ToqKe a, a G ,IJ;HcP¢epemi;ttpyeMa B ToqKe {3 = F(a). 
,ll;oKa:~KHTe, qTO 

5.4. IlycTh cPYHKIJ;HH f : v ---+ JR ,IJ;HcP¢epeHIJ;HpyeMa B TQqKe a. IloKa­

:>KHTe, qTo g = Jn ,IJ;HcP¢epeHIJ;HpyeMa B TOqKe a H qTo 

5.5. IlycTh 'Y : JR ---+ JR2 o6o3HaqaeT Kp1rny10 'Y(t) 

F : JR2 ---+ JR2 - oTo6pa:>KeHtte, r,IJ;e 

(a) Bh1qttcJIHTe BeKTop, KacaTeJihHhiii: K KpHBOii: 'Y ITPH t = 0 H 

t=7r/2. 

(b) Haii:,IJ;HTe ITpOH3BO,IJ;Hyro ITO HaITpaBJieHHIO OTo6pa:>KeHHH F ,IJ;JIH 

Ka:>K,IJ;oro H3 ITOJiyqeHHhIX KaCaTeJihHhIX BeKTOpOB. 

5.6. IlyCTh f : JR2 ---+ JR2 H g : JR2 ---+ JR2 OITpe,IJ;eJI€Hhl ¢opMyJiaMH 

IlpoBephTe u;eITHOe ITpaBHJIO ,IJ;JIH OT06pa:>KeHHH g 0 f : JR2 
---+ JR2 . 

5.7. IlycTh g : V---+ W - OTo6pa:>KeHHe, r,IJ;e g ((~ )) 
>. : JR ---+ v - ITPHMaH JIHHHH 

( 
x2ey ) 

= cosxy ' H 

(a) Haii:,IJ;HTe KacaTeJihHhiii: BeKTop B ToqKe ( -i) ,IJ;JIH KpHBoii: 

g 0 >.. 

(b) IlpoH3BO,IJ;Hyro ITO HaITpaBJieHHIO D ( !i) ,( ~) (g) BhiqHCJIHTe ,IJ;By­

MH cIToco6aMH. 
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5.8. IlycTh </> : V ____, W - 0To6pa:)Kem1e, 3a,n;aBaeMoe cpopMynoii: </> : 

(;) r-> ( ~ ~~~: ) , a cpyHKu;m1 f : W ____, JR orrpe,n;eneHa cpopMynoii: 

f : ( ~) r-> x3 y4
. IlpoBephTe, 'ITO 

,n;m1 BCeX KaCaTeJihHhlX BeKTOpOB e = (o:, v). 

5.9. Orrpe,n;eJIHM oTo6pa)KeHH}I F : JR2 ____, JR2, G : JR2 ____, JR2, f : JR1 ____, JR2 

H g : JR2 ____, JR1 paBeHCTBaMH 

F (( ~ )) = ( x3 ~ y2)' G (( ~ )) = ( 2~~y)' 

f(t) = (t
2 

+ 1 +cost) 
3t + 2 ' 

IlpoBephTe, 'ITO: 

(a) d(FoG)(~) =dFc((~))odG(~) 

(b) d( G o F) ( ~) = dG F( ( ~)) o dF( ~) 

(c) d(g o f)(t) = dgf(t) o dF(t) 

(d) d(f 0 g)(~) = dfg((~)) 0 dg(~)· 

g (( ~ )) = (x3y). 

5.10. IlyCTh cpyHKIJ;ll}I f : JR2 ____, JR ,n;ncpcpepeHu;HpyeMa B HeKoTopoii: 

oKpecTHOCTH ( ~~) H y,n;oBJieTBop}leT ycnoBnIO f (( ~~ )) =I- 0. 

IloKR)KHTe, 'ITO B HeKOTopoii: OKpeCTHOCTll ( ~~ ) OT06pa)KeHHe 

g ( ( ~ ) ) = 1 / f ( ( ~ ) ) ,n;ncpcpepeHu;npyeMo H 'ITO 

dg(~g) = -df(~g); ~ (( ~~ ))r 
5.11. <l>yHKIJ;H}I f orrpe,n;eJieHa Ha IIJIOCKOCTH 'lepe3 acpcpHHHhie KOOp,D;HHa­

Thl x H y cne,n;yIOIIJ;HM o6pa30M: 

f(P) = Jix(P)y(P)i. 
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(a) Henpep'btBtta cPYHKIJ;Ha f B HaqaJie Koop,ri;HHaT Po(x = 0, y = 0) 
HJIH HeT? ,Il;afiTe TQqHhIH OTBeT qepe3 orrpe,ri;eJieHHe HerrpepbIB­

HOCTH. 

(b) J(uifxjjepettu,upye.Ma JIH cPYHKIJ;Ha f B Haqane KOOp)J;HHaT? ,Il;afiTe 

TQqHbIH OTBeT qepe3 orrpe,ri;eJieHHe ,lJ;HcP<i>epeHIJ;HpyeMOCTH. 

5.12. TaK Ha3hrnaeMbie rrapa6oJIHqecKHe Koop,ri;HHaThI Ha IIJIOCKOCTH Bhrpa­

)KaIOTC5I qepe3 ,ri;eKapTOBbI KOOp,lJ;HHaThl x Hy corJiaCHO <l>opMyJie 

( u) = ( J x2 + y2 - x) . 
v Jx2 + y2 +x 

(a) Bhlpa3HTe ( ~~) qepe3 ( ~:), HCIIOJih3Y5I MaTpHIJ;bI 2 x 2, rro­

TOM o6paTHTe ::lTH MaTpHii;bI H Bbipa3HTe ( ~: ) qepe3 ( ~~) . 
(b) IloJiyqHTe o6paTHOe rrpeo6pa30BaHHe KOOp)J;HHaT, Bblpa3HB 

(: ) qepe3 ( ~ ) . Bhlpa3HTe ,ri;H<l><l>epeHIJ;HaJI ( ~: ) qepe3 

( ~~). 
( c) IloKa)KHTe, qTo KpHBhie u = const H v = const 5IBJI5IIOTC5I rra­

pa6oJiaMH, rreprreH)J;HKYJI5IpHhIMH ,ri;pyr ,ri;pyry B TOqKe rrepece­

qeHH5I. HapHcy:iiTe ceMe:iiCTBa aTHX KpHBhIX. 

( d) PaccMOTpHTe cPYHKIJ;HIO f, orrpe,ri;eJieHayro aa IIJIOCKOCTH cl>op­

MyJiofi f(p) = 1/(u(p) + v(p)). Bb1pa3HTe dqf, r,ri;e q - TOqKa 

c KOOp)J;HHaTaMH u = 4 H v = 16, CHaqaJia qepe3 du H dv, a 

IIOTOM qepe3 dx H dy. 

( e) Ilpe,ri;rroJIO)KHM, qTQ TpaeKTOpH5I )J;BH)KyIIJ;e:iiC5I qacTHIJ;bl orrpe­

,ri;eJieHa <l>opMyJiaMH: a : JR --+ JR.2, r,ri;e 

( 
dx ) = ( t2 

+ t) dy o a t3 . 

Bh1qHCJIHTe rrpoH3BO,lJ;Hhle OT x o a, yo a, u o a H v o a rrpu 

t = 2. 

5.13. IlycTh KOOp,ri;HHaTbI Ha IIJIOCKOCTH u H v CB5I3aHbl c ,ri;eKapTOBhIMH 

KOOp)J;HHaTaMH x H y ypaBHeHH5IMH 



303 

(a) BwqHcmne rrpOH3BO~Hyro (MaTpHuy 5lKo6H) aToro rrpeo6pa3o­

BaHHH B ToqKe u = 2, v = 1 (T. e. Bblpa3HTe ( ~~) qepe3 ( ~~) 
B 3TOH TOqKe). 

(b) PaccMOTpHTe cpyHKti;HIO f ( u, v) = u2v3 . B KOOp.IJ;HHaTax x H 

y IIOJiyqHTe ypaBHeHHe KacaTeJibHOH K KPHBOH f ( u, v) = 4 B 

TOqKe u = 2, v = 1 (T. e. x = 4, y = 3). (He IIhITaiiTeCh HCKaTh u 
H v KaK cpyHKti;HH x H y; rrpoCTO HCIIOJih3YHTe u;errHoe rrpaBHJIO.) 

( c) Ilpe,n;IIOJIO)KHM, qTO qacTHti;a .IJ;BHJKeTC.H B.IJ;OJib TpaeKTOpHH 

(x) ( t 3/2) 
y = 3t2 /4 . 

B MOMeHT BpeMeHH t = 2 qacTHu;a rrpoxo,n;HT qepe3 ToqKy 

( ~) = ( ~) . c KaKOH CKOpOCTbIO H3MeHHIOTCH KOOp.IJ;HHaTbI 

u H v, T. e. qeMy paBHhI du/ dt H dv / dt B 3TOT MOMeHT? 

5.14. IlycTh A o6o3HaqaeT acpcpHHHyro IIJIOCKOCTh. ToqKa P0 JieJKHT Ha 

aToii IIJIOCKOCTH. IlocTpoiire cpyHKti;Hro f : A ----> JR, .IJ;JI.H KOTopoii 

f (Po) = 0, TaKyIO, qTo .IJ;JIH rrpoH3BOJibHbIX acpcpHHHhIX KOOp.IJ;HHaT 

s(P), t(P) qacTHhre rrpomBo,n;Hhie (of /os)t H (of /ot)
5 

orrpe,n;eJieHhI 

H paBHhI HYJIIO B TOqKe P0 , HO rrpH 3TOM f He ,n;HcpcpepeHu;HpyeMa 

B P0 . CYKa3aHHe: ecJIH 3aMeHHTh TepMHHhI «.n;ttcpcpepeHu;HpyeMa» 

Ha TepMHH «HerrpepbIBHa» H «qacTHaH rrpOH3BO,IJ;HaH» Ha «rrpe,n;eJI 

cpyHKti;HH OT 0.IJ;HOH rrepeMeHHOH», TO OTBeT 6bIJI 6bI 

f(P) = {o x 2 y 
x4 + y2 

B ~yrHX TQqKax, 

r.n;e x(Po) H y(Po) paBHbI HYJIIO.) 

5.15. ,ll;JIH HeKoToporo KpaTepa BbICOTa Ha,n; ypOBHeM MOpH orrpe.n;eJIHeTC.H 

cpopMyJioii 

z(x, y) = Jx 2 + 4y2 (x, y, z H3MepeHhI B KHJIOMeTpax). 

TeMrrepaTypa no <l>apeHreiiTy Haxo,n;HTCH H3 ypaBHeHmr 

(a) Bbrpa3HTe dz H dT qepe3 dx H dy B ToqKe x = 3, y = 2. 
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(b) IloJiy'IHTe ypaBHeHHe KaCaTeJihHOH IIJIOCKOCTH K KpaTepy B 

TO'IKe X = 3,y = 2. 

( c) B,n;oJih KaKoro HarrpaBJieHH.H TeMrrepaTypa H3MeH.HeTC.H 6b1cTpee 

Bcero B TO'IKe x = 3, y = 2? EcJIH ,Ll;BHraThC.H B,Ll;OJih 3Toro 

HarrpaBJieHH.H, TO c KaKOH CKOpOCTbIO H3MeH.HeTC.H TeMrrepaTypa 

B 3aBHCHMOCTH OT BbICOTbl Ha,n; ypOBHeM MOp.H ( c TO'IHOCTbIO ,n;o 
rpa,n;yca Ha KHJIOMeTp)? 



TeopeMhI MHoroMepttoro 

,n;:ucpcpepettu;:uaJihHoro 

:ucq:ucJieH:u.H 

B 3Toii rJiaBe MhI rrpo.n;om1<:aeM H3yqemrn .n;mpcl>epemi;H­

aJihHoro HCqHcJieHmL IIpHBO)J;HM BeKTOpHbie BapHaHThI 

TeopeMhI o cpe.n;HeM 3HaqeHHH, <l>opMyJihI TeiiJiopa H Teo­

peMhI cyui;ecTBOBaHml o6paTHOH cPYHKD;HH. 06cy)l()J;aeM 

IIOBe,n;eHHe B OKpeCTHOCTH KPHTHqecKOH ToqKH H MHO)KH­

TeJIH JlarpaH)Ka. chy rJiaBy MO)KHO rrpoqHTaTb 6bICTpo, 

He oqeHh BHHKaH B .n;eTaJIH )J;OKa3aTeJibCTB, HO yrrpa)KHe­

HHH Ha.n;o rrpo.n;eJiaTh. 

6.1. TeopeMa o cpe,n;tteM 3HaqeH1n:1 

'.:ho O)J;Ha H3 HeMHOrHX TeopeM, KOTOpbie )J;JIH cPYHKD;HH HeCKOJihKHX 

rrepeMeHHhIX Mhl He CMO)KeM )J;OKa3aTb c TaKoii )Ke CTerreHbIO CTporo­

CTH, KaK 3TO .n;eJiaeTCH )J;JIH cPYHKD;HH, 3aBHCHIIJ;HX TOJihKO OT O)J;HOH 

rrepeMeHHOii. CttaqaJia BCIIOMHHM cl>opMyJIHpOBKY TeopeMhI )J;JIH cJiy­

qaH o.n;ttoii rrepeMeHHOii. YTBep)l()J;aeTCH, qTo ecJIH f - HerrpephIBHO 

)J;HcP<l>epeHn;HpyeMaH cPYHKD;HH Ha HeKOTOpOM 0Tpe3Ke [a, b], TO cy­

ui;ecTByeT ToqKa z, Jie)Kani;aH BHYTPH 3Toro OTpe3Ka, TaKaH, qTo 

f(b) - f(a) = f'(z)(b - a). (6.1) 

3HaqeHHe z B o6ni;eM CJiyqae TPY)J;HO orrpe.n;eJIHTh HBHO, II03TOMY 

o6hrqHo TeopeMa 0 cpe.n;HeM 3HaqeHHH HCIIOJih3YeTCH B HeCKOJihKO 
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HHOM BH,n;e, KaK HepaBeHCTBO: 

EcJIH J'(x) :; m ,n;m1 Bcex x E [a, b], TO f(b) - f(a):; m(b - a). 
(6.2) 

TaK KaK J'(z) :; m, TO 3TO HepaBeHCTBO HeMe,n;JieHHO cJie,n;yeT H3 

TeopeMhI o cpe,n;HeM 3HaqeHHH, c¢opMyJIHpoBaHHOH BhUne. B TO 2Ke 

BpeM.H ero JierKO ,Il;OKa3aTh Herrocpe,n;CTBeHHO c IIOMOID;blO ¢yH,n;aMeH­

TaJibHOH TeopeMbl HHTerpaJibHOrO HCqHcJieHH.H. ,ll;eitCTBHTeJibHO, 

f(b) - f(a) =lb J'(s) ds:; lb mds:; m(b- a). (6.3) 

qT06bI o6o6ru;HTb TeopeMy Ha CJiyqait 60JibIIIero qHcJia H3MepeHHH, 

y,n;o6Ho HeMHoro rreperrHCaTh apryMeHT <l>YHKIJ;HH B (6.3): 

f(b) - f(a) = 11 

:/(a+ t(b- a)) dt = 11 

J'(a + t(b- a))(b- a) dt 

:; (b - a) 11 

J'(a + t(b - a)) dt:; m(b - a). (6.4) 

(3aMeTHM, qTo BTOpoe paBeHCTBO CJie,n;yeT H3 u;errHOro rrpaBHJia.) 

IlpeHMyru;eCTBO 3amrcell: (6.2) HJIH (6.4) no cpaBHeHHIO c (6.1) co­

CTOHT B TOM, qTo HX M02KHO Cpa3y 2Ke pacrrpocTpaHHTb Ha cJiyqait, 

Kor,n;a f .HBJI.HeTC.H OTo6pa2KeHHeM H3 JR B ]Rk. Ilpe,n;IIOJI02KHM, qTo f 
- HMeHHO TaKoe OT06pa2KeHHe: 

(
fi(t)) 

f (t) = : . 

fk(t) 

Tor,n;a f'(t) = limh_,o(l/h)(f(t + h) - f(t)) = dft[l]. 3,n;ecb MhI pac­

cMaTpHBaeM 1 KaK BeKTOp B rrpocTpaHCTBe JR1, ecJIH HCIIOJib30BaTb 

paHee BBe,n;eHHOe o603HaqeHHe. QqeBH,Il;HO, qTO BeKTOp J'(t) onpe,n;e­

JI.H€TC.H ¢opMyJIOit 

(

f{(t)) 
J'(t) = : . 

J~(t) 
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,lJ,Jrn: 3Toro BeKTopa MO)KHO Hairn:caTh paBeHCTBO, aHaJIOrHqHoe (6.4), 
T.e. 

f(b)- J(a) = fo 1 

~f(a+t(b-a)) dt= (fo1 

J'(a + t(b- a)) dt) (b-a). 

(6.5) 
IIo,11, HHTerpa.noM OT BeKTOpHoii ¢YHKIJ;HH g MhI rro,11,pa3yMeBaeM BeK­

Top, KOMIIOHeHTaMH KOTOporo 6y,11,YT HHTerpaJihI OT ero KOMIIOHeHT: 

eCJIH 9 = : , TO Jg(t)dt = : . 
( 

91 ) ( J 91 ( t) dt) 

9k f9k(t)dt 

KoHeqHo, y Hae ecTh orrpe,11,eJiem:i:e HHTerpa.na B BH,l1,e rrpe,n;eJia arr­

rrpoKCHMHpy1mn;eii cyMMbI: 

1
1 n 

9(t) dt = lim (1/n) L 9(i/n). 
0 n->oo 

i=l 

IIocKOJihKY Ka*.n;aa KOMIIOHeHTa 3Toii arrrrpoKCHMHpy1mn;eii cyMMhI 

B€KTOpOB eCTh armpoKCHMHpyrom;aa cyMMa ,l1,JIR HHTerpa.na OT co­

OTBeTCTBYIOm;e:H KOMIIOHeHThl cpyHKIJ;HH, TO o6a orrpe,n;eJieHHR HHTe­

rpa.na ,l1,JIR BeKTOPHOH cpyHKIJ;HH OT 0,11,HOH rrepeMeHHOH COBIIa,1.1,aIOT. 

,lJ,JIR BeKTOpoB cym;ecTByeT HepaBeHCTBO 1lv1 + v2 II S llv1 II + llv2 II· 
AHa.norHqHoe HepaBeHCTBO MO)KHO HarrHcaTh ,1.1,JIR arrrrpoKCHMHpyro­

m;e:H cyMMhI H, rrepexo,1.1,R K rrpe,11,eJiy, Mhl IIOJiyqaeM HepaBeHCTBO ,1.1,JIR 

HHTerpa.na 

Ill g(t) dtll s J Jlg(t)ll dt. 

IIoJIO)KHM 9 = f' H rro,1.1,cTaBHM B (6.5). Tor,1.1,a 

\\J(b) - f(a)\\ S m(b - a), ecJIH l\J'(t)\\ Sm ,1.1,JIR Bcex t E [a, b]. 
(6.6) 

HMeHHO 3,11,ech MO)KHO YBH,1.1,eTh TPY,11,HOCTh, B03HHKarom;y10 rrpH rro­

IIhITKe o6o6m;HTb ( 6.1) Ha cpyHKIJ;HIO, orrpe,1.1,eJieHHYIO B rrpocTpaHCTBe 

JR.k. MbI MO)KeM rrpnMeHHTh (6.1) K Ka*,11,oii KOMIIoHeHTe fj cpyHKIJ;MH 

j. ,lJ,JIR Ka)K,Il,OH KOMIIOHeHTbl MbI IIOJiyqHM 
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0,n;HaKo 3Ha<J:emrn Zj MoryT 6bITb pa3HhIMH ,LI,Jrn pa3HbIX j. Boo6-

ni;e roBop.H, He cyni;eCTByeT TaKoH TO'IKH z, KOTOpa.H IIO,ll,OillJia 6bI 

,ll,JI.H Bcex KOMIIOHeHT fj. Ilo3TOMY aHaJIOrH.H c (6.1) B MHoroMepHOM 

CJiyqae He rrpoXO)J;HT. "lfro KacaeTC.H cPOPMYJibI (6.5), OHa OCTaeTCH 

BepHoH. 

,ll;aBaifTe o6o6ni;HM yTBep)K,ll,eHHe (6.6) Ha cJiyqaif, Kor,LI,a f eCTb 

OTo6pa)KeHHe v --t w' rrpH 3TOM v - He o6.H3aTeJibHO O)J;HoMepHoe 

rrpocTpaHCTBo. MbI y)Ke 3HaeM, 'ITO o6o6ni;eHHeM J'(x) HBJI.HeTC.H dfx· 
IlycTb dfx - JIHHeifHoe rrpeo6pa3oBaHHe. HaM Heo6xo,r:i;HMo rroHHTb, 

'ITO 3Ha'IHT llAll, ecJIH A - JIHHeifHoe rrpeo6pa3oBaHHe H3 VB W. ITo 

orrpe,r:i;eJieHmo, 

HJIH, 'ITO TO )Ke caMoe, 

llAll = max I/Aull 
llull=l 

II Av II 
llAll=~~M· 

Tor.ri;a llAvll ~ llAll · llvll )J;JI.H Bcex v n llAll 6y,r:i;eT HaHMeHbillHM 

'IHCJIOM, o6Jia,r:i;aIOIIJ;HM 3THM CBOHCTBoM1 ' T. e. eCJIH 

llAvll ~ k!lvll )J;JI.H BCex v, TO llAll ~ k. 

EcJin Ai H A2 - ,r:i;Ba JIHHeHHbIX rrpeo6pa3oBaHH.H H3 V H W, To 

(6.7) 

IlyCTb [a, b] o6o3HaqaeT 0Tpe30K rrp.HMOH, coe)J;HHHIOIIJ;eif JII06bie TO'I­

KH a lI b B rrpocTpaHCTBe v (pnc. 6.1). 9To 3Ha'IHT, 'ITO oTpe3oK [a, b] 
COCTOHT H3 Bcex TO'IeK BH)J;a a+t(b-a) )J;JI.H 0 ~ t ~ 1 (ecTeCTBeHHoe 

o6o6ni;eHHe o,r:i;HoMepHbIX o6o3Ha'IeHHif). Mb1 xoTHM ,r:i;oKa3aTb cJie.ri;y-

10ni;ee. Ilpe.ri;rroJio)KHM, 'ITO f : V ---+ W .ri;mp<l>epeHIJ;HpyeMa Bo Bcex 

TO'IKax [a, b], H )J;HcP<l>epeHIJ;HaJI cPYHKIJ;lIH df x .HBJI.HeTC.H HerrpepbIB­

HOH cPYHKIJ;Heif OT x Ha 3TOM 0Tpe3Ke. ,ll;aJiee, rrpe.ri;rroJIO)KlIM, 'ITO 

lldfxll ~ m )J;JI.H Bcex x E [a, b]. 
1qncJio llAll Ha3bIBaIDT twp.Mou JIHHeil:Horo rrpeo6pa3osaHH.H A : V--+ W. -

IIpuM. pea. 
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PRC. 6.1 

Tor)l;a 

llf(b) - f(a)JI S mJJb - aJJ. (6.8) 

,L(ox:aaame.n,'bcmBo. IlycTb h : [O, 1] - [a, b] - OTo6p8.)KeHRe, 3a)l;aH­

Hoe <l:>opMyJioii 

h(t) =a+ t(b - a). 

06o3HaqlfM F = f oh, TaK qTo F(t) = f(a + t(b - a)). Tor)l;a F -
AR<l:><l:>epem:wpyeMoe oTo6pa)KeHRe [O, 1] - WR, corJiactto u;enttoMy 
npaBRJiy, 

dFt = dfh(t) o dht. 

,D;anee, dht[lJ = b - a, 3HaqnT, 

F'(t) = dFt[l] = dfh(t)[b- a]. 

f(b) - J(a) = F(l) - F(O) = fo1 

F'(t) dt = fo 1 

dfh(t)[b - a] dt. 

CJie)l;OBaTeJihHO, 

f(b) - f(a) = A(b - a), (6.9) 

r)l;e A - JIRHeiiHoe npeo6p830BaHRe 

A = fo1 

df h(t) dt. (6.10) 

B <l:>opMyJie (6.10) MbI HHTerpRpyeM cPYHKD;HJO, KOTOpa.5! K8.)K,ll;OMY 

3Haqemuo t npRIIHChrnaeT JIRHeiittoe npeo6p83oBaHRe df h(t). Mb1 MO­

)K€M TOJIKOBaTb 3TH HHTerpaJibl TOqHO TaK )Ke, KaK Mbl TOJIKOBa­

JIH BeKTOpHbJe HHTerpaJibI. HanpnMep, TaK KaK B npocTpaHCTBax 

v H w HM€IOTCH CTaH)l;apTHbJe 683HCbI, TO Ka)K)l;Oe JIHH€HHOe npe­

o6p830BaHHe MO)KHO onpe)l;eJIHTb MaTpnu;eii. lIHTerpaJI OT MaTpH:q­

HOH cPYHKD;HH g, r)l;e g(t) = (9ij(t)), 3a)l;aeTCH MaTpnu;eii, y KOTOpoii 
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ij-ii MaTpH'IHblll 3JieMeHT eCTb HHTerpaJI OT 'IHCJieHHOH cpyHKIIHH 9ij· 

MJIH, KaK H paHbIIIe, HHTerpaJI MO)KHO paccMaTpHBaTh KaK npe,rr,eJI 

OT anrrpoKCHMHpyIOIIIHX cyMM. Tor,r:i;a H3 (6.7) cJie,rr,yeT, 'ITO 

Ill g(t) dtll ~ J ,,g(t)'' dt. 

B qacTHOCTH, BhIIIOJIHHB TaKyro 011eHKY (6.10) II npe,rr,noJIO)KHB, 'ITO 

lldf xii ~ m ,rr,m:c Bcex x E [a, b], MO)KHO c,rr,eJiaTb Bhrno,rr,: 

llAll~m, 

H c yqeTOM CBOHCTB HOpMbl llAll H3 paBeHCTBa (6.9) IIOJiy11aeM cnpa­

Be,IT,JIHBOCTb 011eHKH (6.8). 

6.2. IIpoH3BO,ll;Hhie Bhicrn:ux rrop.H,ll;KOB 

:u Q:>opMyJia TeiiJiopa 

IIycTh f : R2 ---* R - ,rr,HcpcpepeHIIHPYeMaH cpyHKIIHH. EcJIH qacTHhre 

npOH3BO,lI,Hhie E> f I ax H E> f I ay HenpepbIBHO ,IT,HcpcpepeHIIHPYeMbI, TO 

MO)KHO o6pa3oBaTh KOHCTPYKIIHH 

:x (~~), 
E> (E>f) E>y E>y , 

a (af) ax oy ' 
Mbr y)Ke 3HaeM, 11To 

o6o3Ha11aeTcH 

o6o3Ha11aeTcH 

o6o3HaqaeTcH 

a af 
oyax· 

a2f 
ox2 , 

a2 f 
{)y2, 

a2f 
axay· 

AttanorHl'.JHO MO)KHO onpe,rr,eJIHTh 11acTHhie rrpoH3BOfI.Hhie 6oJiee Bhrco­

KHX nopH.IJ;KOB, eCJIH OHM cy111ecTBYIOT, lI IIOJIY'IHTh COOTBeTCTBYIOIIIHe 

paBeHCTBa ,IT,JIH cMeIIIaHHhIX npOH3BOfI.HhIX. HanpHMep, 

:x (:y (~~)) = :y (:x (~~)) = :x (:x (~~)) 
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II TaK ,n;an:ee. 3Ha"<IeHIIe rrpOII3BO,Il,HhIX BToporo II 6onee BbICOKIIX rro­

pH,Il,KOB CBH3aHO c cPOPMYJIOR Telinopa, KOTOpyIO Mbl celi"<J:ac IIOJIY"<IIIM 

II ,Il,OKa)KeM. 

,Il;JIH yrrpoI11,eHIIH o603Ha"<IeHIIH IIOKa CcPOPMYJIIIpyeM ee ,Il,JIH Ha­

"<J:an:a KOOp,Il,IIHaT. Ilpe,n;rroJIQ)KIIM, "'ITO f IIMeeT HerrpephIBHbie rrpo-

II3BO,Il,Hhie rrepBoro II BTOporo rropH,Il,KOB B OKpeCTHOCTII ( ~) . ,Il;JIH 

y,n;o6cTBa MhI 6y,n;eM rrIIcaTh f ( x, y) BMecTO f ( ( ~)) . Tor,n;a 

fl d 
f (x, y) = f(O, 0) +lo dtf(tx, ty) dt 

fl ([)j 8f ) 
= f(O, 0) +lo ax (tx, ty)x + ay (tx, ty)y dt. 

IJycTh 

f 1 M f 1 M fi (x, y) =lo OX (tx, ty) dt II h(x, y) =lo [)y (tx, ty) dt. 

Tor,n;a 

f(x,y) = f(O,O) +xfi(x,y) +yh(x,y), 

r,n;e Ji II fz - ,n;II<P<PepeHI~IIpyeMhie2 cPYHKIWII, IIJIII, 6onee KOMilaKT­

HO, 

f = f(O,O) + xfi + yf2. 

[)j 8f 
Ji (0, 0) = ax (0, 0) II f2(0, 0) = [)y (0, 0). 

Te )Ke caMbie coo6pa)KeHIIH rrpIIMeHIIM ,Il,JIH Ji II h: 

fi(x,y) = fi(O,O) +xf11(x,y) +yfi2(x,y), 

r,n;e 

fl 8f fl [)Ji 
f11(x,y) =lo [):(tx,ty)dt II fi2(x,y) =lo [)y (tx,ty)dt. 

2P8.3yMeeTCH, 3TO Tpe6yeT ,Ll,OK8.3aTeJihCTBa. - flpUM. pea. 
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AHan:orwrno 

h(x, y) = h(O, 0) + xh1 (x, y) + Yh2(x, y). 

f = f(O, 0) + xfi(O, 0) + yf2(0, 0) + x2 Jn+ xy(f12 + h1). 

Ec;rn: f HMeeT HerrpepbIBHb1e3 rrpo113BO,lJ;Hbie BIIJIOTb ,n;o TpeThero rro­

pR,11;Ka, Mbl MO)KeM IIOBTOPHTb IIPOIIe,n;ypy em;e pa3 H IIOJIY'IHTb: 

f = f(O,O) +xfi(O,O) +yf2(0,0) +x2fn(O,O) 

+ xy(f12(0, 0) + h1(0,0)) + y2 h2(0, 0) 

+ x3 !111 + x2y(f112 + fi21 + hn) 

+ xy2(!122 + h12 + h21) + Y3 h22, 

r,n;e Bee <PYHKII)Ui !111, !112, 11 T. ,n;. HerrpephIBHhI. BbI'IHCJIHB BTOpbie 

rrpOH3BO,ll;Hbie OT 06e11x qacTeH 3Toro ypaBHeHHR, IIOJiyqaeM 

f:J2 f 
2fn (0, 0) = ox2 (0, 0), 

8f 
fi2(0, 0) + h1(0,0) = Bxoy (0, 0), 

8j2 
2h2(0, 0) = 8y2 (0, 0). 

llTaK, Mbl ,lJ;OKa3aITH, 'ITO 

(6.11) 

3 ABTOpbI onycKa:10T 3,n;ecb ,n;oKa3aTeJihCTBO HenpepbIBHOCTH, TaK *e, KaK 
HH)f{e B <PopMyJie (6.11) onycKa!OT ou;eHKY OCTaTKa, 3anncaHHOrO Cpa3y KaK 

o (I/ (:) jj3). - IlpUM. pea. 
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01:J:eBH,LJ;HO, "ITO ecmr f HMeeT HerrpephIBHhie rrpOH3BO,ll;Hhie 6onee BhI­

COKHX rropB,ll;KOB, TO 3TY rrpou;e.n;ypy M02KHO rrpO,ll;OJI)KaTb H ,ll;aJibIIIe. 

IloHBTHO TaK2Ke, "ITO IIO,ll;06Hbie coo6pa2KeHH5I rrpHMeHHMhI He TOJih­

KO B JR 2 , HO H B rrpoH3BOJihHOM rrpocTpaHCTBe JR k. HaKOHeu;, Haqano 

KOOp,ll;HHaT ( ~) M02KHO 3aMeHHTh mo6hIM BeKTOpOM u H (:) 3a­

MeHHTh Ha u + v. B pe3yJihTaTe rrpa.n;eM K cne.n;y101u;eii TeopeMe: 

Jlycm'b <fiyttr.:,u,uR f : JRk -+ JR u.Meem ttenpep'btB'H'bte "tacmtt'bte 

npoU360a'H'bte Bn.Jl.Om'b ao nopRar.:,a n + 1. To2aa cyw,ecmByem mar.:,oii, 

no.J1.utto.M Pn, aaBUCRW,Uil om r.:,oopauttam Ber.:,mopa v, "tmo 

Ko::i¢qmu;HeHThI Pn ( v) orrpe.n;eJIBIOTCB rryTeM rrocne.n;oBaTeJihHoro 

,ll;H¢¢epeHu;HpOBaHH5I ITO v 3Toro TO)K,ll;eCTBa H rrocne.n;yroiu;eii IIO,ll;­

CTaHOBKH V = 0.4 

EcnH f : JR2 -+ JR1, TO MaTpHu;a, cocTaBJieHHaSI H3 "laCTHhIX 

IIpOH3BO,ll;HhIX BTOporo rrop5I,ll;Ka, 

EPJ ) f)x[)y (p) 

[)2f 

()y2(p) 

Ha3bIBaeTC5I MaTpHu;eii I'ecce, a COOTBeTCTByroiu;a5I KBa.n;paTH"IHa5I 

¢op Ma Ha3hIBaeTC5I 2eccuatto.M H o6o3Ha"!aeTcB d2 f P" EcnH ¢YHKI.J;H5I 

f H TO"!Ka p 3a¢HKCHpoBaHhI, MaTpHu;y Hp(!) 6y.n;eM o603Ha"laTh 

rrpocTo H. llTaK, ¢opMyny (6.11) M02KHO rreperrHcaTb B ¢opMe 

I 
f(p + v) = f(p) + dfp(v) + 2d2 fp(v) + o(llvll2

), (6.12) 

r.n;e 

(6.13) 

4
MmKHO )1;0Ka3aTb, 'ITO B ycJIOBIUiX 3TO:i!: TeopeMbl BCe qacTHble rrpOH3B0,1J;Hbie 

OT OCTaTKa 0 (llvlln+l) ,n;o nopH,n;Ka n BKJIIO'IHTeJibHO IIpH v = 0 paBHbl HYJIIO. -

IlpUM. pea. 
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feCCliaH d2 j p 5IBJI5leTC5l KBa,IJ;paTH'IHOll cPOPMOii:, H II03TOMY K HeMy 

rrpnMeHnM aHaJIH3, H3JIO)KeHHhiii B nraBe 4. HarrpnMep, ecJin f (P) = 
[x(P)] 2y(P), TO B TO'!Ke x = 2, y = 3 'IaCTHbie rrpOH3B0,1J;Hbie paBHbl 

of of 2 
ox = 2xy = 12, oy = x = 4, 

fP J 
ox2 = 2y = 6, 

o2 f 
oxoy = 2x = 4, 

CJie,n;oBaTeJihHO, ,n;n<P<PepeHI.i;naJI df B TO'!Ke p = (;) orrpe,n;enReTcR 

'IHCJiaMn (12, 4), a reccnaH - MaTpnu;eii: (~ ~). 

6.3. MaKCHMYM H MHHHMYM 

feccHaH Oco6eHHO IIOJie3eH rrpH aHaJIH3e IIOBe,n;eHH5l cPYHKD;HH B 

OKpeCTHOCTH KpHTH'!eCKOll TO'IKH, T. e. TO'IKH, r,n;e df paBeH Hymo. 

EcJin Po = ( ~~ ) - KpnTn'!ecKaR TO'!Ka, TO 

1 
f(Po + v) = f(po) + 2d2 fp(v). 5 

Ecnn KBa,n;paTH'IHM <PopMa d2 fp noA0:>1eumeA'b'HO onpeaeAeHa 

( B 3TOM cJiy'Iae H nMeeT ,n;Ba IIOJIO)KHTeJibHhrx co6cTBeHHhIX 3Ha'!e­

HH5l)' TO H3 cPOPMYJibl Teii:nopa CJie,n;yeT, 'ITO f (Po + v) > f (Po) ,ll;Jl5[ 

,n;ocTaTO'IHO MaJibIX v # 0 H cPYHKD;H5l f HMeeT .MU'HU.MY.M B TO'!Ke Po. 
Ecnn d2 f P ompuv,ameA'b'HO onpeaeJte'Ha (H nMeeT ,n;Ba OTpnu;aTeJih­

Hhrx co6cTBeHHbIX 3Ha'!eHH5l)' TO f (Po + v) < f (Po) H f ,lJ;OCTHraeT 

.Ma11;cu.My.Ma B Po· HaKotteu;, ecnn co6cTBeHHhre 3Ha'!eHH5l H nMeIOT 

5 
ABTOphr orrycTivrn: B 3TO.il: ¢opMyJie ocTaTOK 0 (II ( ~) 11

3

), TaK qTo Harr11:­

caHHOe paBeHCTBO - rrpH6JimKeHHoe, a He TOqHoe. Ilo3TOMy, XOT51 c¢opMyJI11:po­

BaHHb!e B CJie,rzy10ni;eM a63ari;e YTBep)f(,Zl;eHH51 BepHbI, rrpHBe,n;eHHhie paccy)f(,Zl;eHH51 

CJie,rzyeT cq11:TaTb JIHIIIh HaBO,Z1;51IIJ;HMH coo6p~eHH51MH, a He CTpOrHM BhIBO)l;OM 

,Zl;OCTaTOqHbIX ycJIOBHH MaKCHMyMa, MHHHMyMa H ce,n;JIOBOH TOqKH. - IlpuM. pea. 
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P83Hbie 3HaKH, TO d2 f(v) MO)KeT HMeTb H ITOJIO)KHTeJihHhie, H OTpH­

u;aTeJihHhie 3Ha'!eHml. B 3TOM cnyqae TO'!Ka Po HBJIHeTCH ceaJ1,060U 

TO'IKOH cPYHKTI;HH f. Ecnn o,n;Ho HJIH ,n;Ba co6cTBeHHhIX 3Ha'!eHHH H 
paBHhI Hymo, T. e. reccnaH - CHHrynHpHbill, TO 'IT06hI ycTaHOBHTh, 

6y,n;eT JIH cPYHKTI;HH f HMeTh MaKCHMYM HJIH MHHHMYM B TO'!Ke Po, 
Mbl ,II;OJI)KHbI HCCJie,n;oBaTb ITpOH3BO,II;Hbie 6oJiee BbICOKOro ITOpH,n;Ka. 

PaccMoTpHM ITpHMep HCITOJih30BaHHH reccnaHa. Mbr ,n;oJI)KHhI 

HaHTH H KJiaCCHcPHTI;HPOBaTh KpHTH'leCKHe TO'IKH cPYHKTI;HH 

f = 3x2 + 2y3 
- 6xy. 

BhI'IHCJIHM qacTHhie ITpOH3BO,II;Hhie ITO x n ITO y H ITpnpaBHHeM nx K 

Hy mo. 

of '( ) ox = f 1 x, y = 6x - 6y = 0, T.e. X = y, 

of '( ) 2 oy = f 2 x, y = 6y - 6x = 0, T.e. X = y2
. 

Cne,n;oBaTeJibHo, cPYHKTI;HH f HMeeT KpHTH'leCKHe TO'IKH: x = 0, y = 0 
H x = 1, y = 1. qT06bI ITOCTpOHTb reccHaH, Bbl'IHCJIHM qacTHbie 

ITpOH3BO,II;Hbie BTOporo ITOpH,n;Ka: 

Cne,n;oBaTeJihHO, B TO'IKe x = 0, y = 0 MaTpnu;a reccnatta paBHa 

( 6 -6) 
H = -6 0 . 

OITpe,n;em1TeJib aToro reccnaHa oTpnu;aTeJibHhIH, cJie,n;onaTeJibHO, ero 

co6cTBeHHbie 3Ha'!eHHH HMeIOT ITpOTHBOITOJIO)KHbie 3HaKH, H cPYHK­

TI;HH f (x, y) HMeeT B Haqane KOOp,II;HHaT ce,n;JIOBYIO TO'!Ky. qT06bI ITpO­

BepHTb 3TO, 3aMeTHM, 'ITO f HMeeT ITOJIO)KHTeJibHbie 3Ha'leHHH ITpH 

y = 0 H MaJihIX x. A ITPH x = y cPYHKTI;HH HMeeT oTpnu;aTeJihHhie 

3Ha'!eHHH B OKpeCTHOCTH Ha'lana KOOp,II;HHaT. 

B TO'!Ke x = 1, y = 1 MaTpHu;a reccnaHa paBHa 

H= ( 6 
-6 

-6) 12 . 
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Orrpe,n;eJIHTeJih :::>Toro reccnaHa rroJIO)KHTeJieH, rro:::>TOMY co6cTBeHHhie 

3Ha'IeHHH HMeIOT o,n;nHaKOBhIH 3HaK. TaK KaK cJie,n; orrpe,n;eJIHTeJIH 

ITOJIO)KHTeJieH, TO co6CTBeHHbie 3HaqeHHH recc1rnHa ITOJIO)KHTeJibHhI. 

CJie,n;oBaTeJihHO, B TOqKe x = 1, y = 1 cPYHK~HH HMeeT JIOKaJihHhIH 

MHHHMyM. 

Ha acl:>cl:>nHHOH ITJIOCKOCTH .n;ncl:>cl:>epeH~HaJI BToporo rropH,n;Ka d2 f 
o6Jia,n;aeT O,ll;HHM CBOHCTBOM, KOTOpoe He 3aBHCHT OT Bb16opa CHCTe­

Mbl KOOp,lJ;HHaT, a HMeHHO, 'IHCJIO ITOJIO)KHTeJibHhIX, OTpH~aTeJibHhIX 

H HyJieBhIX co6cTBeHHhIX 3HaqeHHH reccnaHa. Ha eBKJIH,ll;OBOH rrJioc­

KOCTH cPYHK~HH f o6Jia,n;aeT ern;e O,ll;HHM CBOHCTBOM, He 3aBHCHIIJ;HM 

OT BbI6opa CHCTeMhl KOOp,lJ;HHaT. qT06bI ITOJiyqHTh ero, cpaBHHM 3Ha­

qeHHe cPYHK~HH, ycpe,n;HeHHOe rro MaJIOH OKPY)KHOCTH BoKpyr TOqKH 

po, co 3HaqeHHeM cPYHK~HH B ToqKe Po (pnc. 6.2). 

Pnc. 6.2 

lfa cPOPMYJihl (6.12) CJie,n;yeT, 'ITO 

1 
!(Po+ v) =!(Po)+ df[v] + 2d2 f(v) + OCTaTOK. 

IIocKOJihKY df[-v] = -df[v], cpe,n;Hee 3HaqeHne df[v] ,n;mi: JII0-

6oti: OKPY)KHOCTH c ~eHTpoM B TOqKe Po paBHO HYJIIO. qT06b1 ycpe,n;-

HHTh ~d2f(v), rroJIO)KHM v = (~~~~:). BocrroJih3yeMCH cl:>opMy­

JIOH (6.13): 

1 2 1 . ( fP J / ox2 fP JI axay ) ( h cos e) 
2d f(v)=2(hcos(),hsm()) a2f /8x8y a2f /8y2 hsin() 

1 2 [a2 
f 2 a

2 
f . a

2 
f . 2 J 

= 2h ox2 cos () + 2 oxoy cos() sm () + {Jy2 sm () . 
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Cpe,n;mre 3Ha'l:emrn: cos2 () H sin2 () Ha OTpe3Ke [O, 27r] paBHhI ~, cpe,n;­

Hee 3Ha'l:eHHe cos() sin() paBHO Hymo. IloaToMy 

CJie,n;oBaTeJihHO, 

BeJIH'l:HHa fP f I ox2 + 82 f I oy2' orrpe,n;eJI.HIOIIJ;a.H «B cpe,n;HeM» IIOBe­

,n;eHHe <l>YHKIJ;HH f rrpH ,Il;BH:>KeHHH OT TO'l:KH Po, Ha3hrnaeTc.H AanAa­

cuatto.M f. ,ll;JI.H JII06oil: CHCTeMbl KOOp,ll;HHaT, noJiy'l:eHHOH Bparn;eHH­

eM CHCTeMhl x' y' JiarrJiaCHaH HMeeT O,Il;HHaKOBOe 3Ha'l:eHHe. IloaTOMY 

ypaBHeHHe 

[)2 f [)2 f 
ox2 + {)y2 = 0, 

Ha3hrnaeMoe ypa6ttettue.M HanJ1,aca, orrHchrnaeT CBOHCTBO <l>YHKIJ;HH 

Ha eBKJIH,ll;OBOH ITJIOCKOCTH, He 3aBHC.Hrn;ee OT BbI6opa CHCTeMbl KO­

op,n;HHaT. He y,n;HBHTeJihHO, "ITO TaKoe ypaBHeHHe qacTo orrHchrnaeT 

<l>YHKIJ;HH, HMeIOrn;He <l>H3H'l:eCKH:il: CMhICJI: aJieKTpH"IeCKHH IIOTeH:u;H­

aJI, TeMrrepaTypa H T . .n;. 
Ilpe)K,ll;e qeM 3aKOH'l:HTh HCCJie,n;oBaHHe BOrrpoca 0 MaKCHMyMe H 

MHHHMyMe <l>YHKIJ;HH Ha IIJIOCKOCTH, paccMoTpHM rrpo6JieMy yCJ1,06-

tto20 ::lKCTpeMyMa: HaHTH MaKCHMYM H MHHHMYM <l>YHKIJ;HH f (p) Ha 

KpHBOH, 3a,n;aHHOH ypaBHeHHeM ypaBHeHHeM g(p) = const. 6 

Heo6xo,n;HMoe ycJIOBHe Toro, "ITO <l>YHKIJ;H.H .n;ocTHraeT ycJIOBHO­

ro ::lKCTpeMyMa B TO'l:Ke Po' HMeeT BH,11;: df Po ( v) = 0 ,Il;JI.H JII06oro 

BeKTopa v, KacaTeJibHOro K KpHBOil: g(p) = const (pHc. 6.3). Ho Ta­

Koil: BeKTOp y,n;oBJieTBOp.HeT ypaBHeHHIO dg( v) = 0. CJie,n;oBaTeJihHO, 

B TO'l:Ke Po, r.n;e ,Il;OCTHraeTC.H MaKCHMYM HJIH MHHHMYM HCCJie,n;yeMOH 

<l>YHKIJ;HH, 3Ha'l:eHHe df PO ,Il;OJl:>KHO 6bITb nponopv,uo'HM'b'HO dgpo' T. e. 

df = .A dg. TaKHM o6pa3oM, rrpo6JieMa ycJIOBHoro aKCTpeMyMa rrpHBe­

Jia Hae K MeTo,n;y, H3BeCTHOMy KaK MeTo,n; .M'HO;)ICUmMeu Ha2patt;)!Ca. 

6B ,ll;a.TlbHeitmeM HCIIOJib3YeTCH, 'ITO f' g ,n;mp<l:>epeHl:t;HpyeMbI, a TaIOKe ycJIO­

BHe, 'ITO dgpo He paBeH TO)l{,ll;eCTBeHHO ttymo. - IlpUM. pea. 
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Po 

g = const 

PHc. 6.3 

PaccMoTpRM cpyHKllRIO f ->-.g, r.n.e A - Heorrpe.n;eneHHhIH cKami:pHbIH 

Ko::i¢<PHllHeHT, Ha3hIBaeMhIH .MttO;)ICumeAe.M Jla2patt;)l(;a. Ecmr B Toq­

Ke Po ,ll;OCTHraeTC51 MaKCHMyM MJIM MHHRMyM, TO B 3TOH TOqKe rrpH 

HeKoTopoM A )l;OJI)KHO BhIIIOJIH51ThC51 paBeHCTBO d(f->-.g) = 0. KpoMe 

ypaBH€HH51 g = const, 3TO .n;aeT e111e ).I.Ba, Ii3 KOTOphIX orrpe.n;eJI51IOT­

C51 HeH3BecTHhre 3HaqeHH51 x, y Ii >-.. qTo6hr BbrnCHHTh, KaKofi 3KC­

TpeMyM ( MaKCHMYM HJIH MliHHMYM) Mhl rronyqHJili ( HJIH HHKaKoro)' 

CHaqana Hafi.n;eM B€KTOp v, )l;Jl51 KOToporo dg(v) = 0. 9TOT B€KTOp 

6y.n;eT KaCaTeJihHhlM K KpHBhIM f = const H g = const B KpHTHqecKOH 

ToqKe PO· 3aTeM paccMoTpHM <PYHKllHIO h = f - >-.g, y KOTopofi, no 

rrocTpoeHHIO, TOqKa Po 6y,n;eT KpHTHqecKofi Ha IIJIOCKOCTH. Haii.n;eM 

HaHnyqIIIee KBa,n;paTHqHoe rrpH6JIH)KeHHe K h B OKpeCTHOCTH 3TOH 

KpHTHqecKoii ToqKH H BhrqHcJIHM ero ,n;n51 HaIIIero BeKTopa v. EcnH 
1 

B€JIHqHHa 2d2h(v) IIOJIO)KHTeJihHa, TO h(p) > h(po) BO Bcex TOqKax 

KpHBoii B6JIH3H po. ,Il;e:iicTBHTeJihHo, 3a.n;a.n;HM KpHBYIO g = 0 rrapa­

MeTpHqecKH: p = p( t)' T. e. Mhl B03bMeM cPYHKllHIO p : JR ---+ JR2 ' )l.J151 

KOTOpOH 

g(p(t)) := 0, p(O) =Po, p'(O) = v. 

(9To BCer.n;a MO)KHO c.n;enaTh, KaK cne.n;yeT H3 TeopeMbl 0 He51BHOH 

cPYHKllHH, KOTopyIO MhI .n;oKa)KeM B cne.n;yro111eM rraparpa¢e.) Tor.n;a 

,Il;anee, 

h 0 p = f 0 p, TaK KaK g 0 p = o. 

(ho p)'(O) = dhp0 (v) = 0, 

(!op)"= (ho p)"(O) = d2 hp0 (v). 
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EcJIH (h 0 p)"(O) > 0, TO f HMeeT MHHHMYM B TQqKe Po Ha JIHHHH 

g = 0. AHaJionrqHo, f HMeeT MaKCHMYM Ha JIHHHH g = 0, ecJIH 

d2h(v) < 0. 
HarrpHMep, MhI xoTHM HaifTH 3KCTpeMyM KBa,n.paTifiHOif cpopMbI 

Q(x, y) = 8x2 
- l2xy + 17y2 

Ha OKPY:iKHOCTH G(x, y) = x
2 + y2 = l. IloJIO:iKHB ,n.HcpcpepeHII;HaJI 

Q - >.G paBHblM Hymo, ITOJiyqaeM 

l6x - 12y - 2>.x = 0, 

-12x + 34y - 2>.y = 0. 

HcKmoqHB H3 3THX ypaBHeHHH >., rroJiyqaeM 

16 - l2(y/x) = -12(x/y) + 34 

HJIH 

(x/y) - (y/x) = 3/2. 

0Tc10,n.a 

2 3 2 x - 2xy-y = 0, 

H, CJie,1].0BaTeJihHO, 

TaKHM o6pa30M, KBa_r:i;paTHqHa51 cpopMa Q MO:iKeT rrpHHHMaTh 3KC­

TpeMaJihHhie 3HaqeHH51 B ToqKax rrepeceqeHH51 rrp51MbIX x = 2y H 

1 
x = - 2y c oKpy:iKHOCThIO x 2 + y2 = 1 (pHc. 6.4), T. e. B TOqKax 

- (2/./5) Pl - ± l/./5 H ( 1/./5) 
P2 = ± _2/./5 · 

HccJie,n.yeM Terrepb, HMeIOTC51 JIM 3KCTpeMyMhI B 3THX ToqKax, H 

KaKHe HMeHHO. BbiqHCJIHM ,n.ttcpcpepem1HaJihI 

dQ = (16x - 12y) dx + (-12x + 34y) dy, 

dG = 2xdx + 2ydy. 
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Pnc. 6.4 

B TO'!Ke P1, r.n;e x = 2y, rroJiyqaeM 

dQ = lOxdx + 5xdy, dG = 2xdx + xdy. 

KaK MhI H O)lm.n;ann, dQ rrporrop11noHaJieH dG c MHO)KHTeJieM ,\ = 5. 

BeKTop v, .n;m1 KOToporo dQ(v) = dG(v) = 0, paBeH ( _;). B 3TOM 

cJiyqae reccnaH KBa,n;paTH'IHoii ¢opMhI Q - 5G paBeH 

( 3 -6) 
H = -6 12 . 

BhI'IHcm:ceM (1, -2) (-~ ~~) ( _;) = 75 H rrpnxo,n;nM K BhIBO.n;y, 

'ITO Q HMeeT .MUHU.MY.M Ha OKPY)KHOCTH B TO'IKe p 1. 

B .n;pyroii KpHTH'IecKoii TO'IKe P2, r.n;e y = - 2x, rroJiyqaeM 

dQ = 40xdx - 80xdy, dG = 2xdx - 4xdy, 

cJie,n;OBaTeJihHO, ,\ = 20. BeKTop, ,n;JIR KoToporo dQ(v) = dG(v) 

0, paBeH ( ~) . BhI'IHCJIHB reccnaH <i>YHKllHH Q - 20G ,Il;JIR 3Toro 

BeKTOpa, IIOJiyqaeM 

3Ha'IHT, Q HMeeT JIOKaJihHhiii MaKCHMYM Ha oKpy)KHOCTH x 2 + y2 = 1 
B TO'IKe P2· 
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6.4. TeopeMa 06 o6paTHoii c}:>yHKI.J,lnt 

IlycTb u H v - BeKTOpHbie npOCTpaHCTBa O,Il;HHaKOBOH pa3MepHOCTH 

H nyCTb f : u -+ v - ,ri;mp<PepeHI.J,HpyeMOe OT06p3.)l(eHHe c ycJIOBHeM 

f (po) = q0 . Mb1 xoTeJIH 6b1 3HaTb, np11 KaKHX ycJIOBH51X cyru;ecTByeT 

TaKoe OT06pa2KeH11e g : V-+ U, 'ITO go f = (id). Ilpe)K,Il;e 'feM ,ri;aTb 

<PopMyJIHpOBKY COOTBeTCTBy10ru;eit TeopeMbI, HCCJie,ri;yeM CHa'faJia p51,IJ; 

He06XO,I!;HMblX orpaHH'feHHH 9TOH npo6JieMbl. 

Ecmr MhI 02KR,IJ;aeM, 'ITO 0To6pa2KeH11e g ToMe ,ri;oJIMHO 6hITh ,ri;11<P­

<PepeH1J,RpyeMbIM, TO corJiaCHO 11,eIIHOMY npaBHJIY 

dgf(p) 0 dfp =(id). 

Tor,ri;a Autteu1-we OTo6pa2KeHHe dfp ,ri;oJI2KHO 6bITh o6paTHMbIM. EcJIH 

9TO TaK, TO cnpaBe,IJ;JIHBa <PopMyJia 

x 

P11c. 6.5 

06cy,ri;nM CJiy'fa:B:, KOr,ri;a df He 51BJI51eTC51 o6paTHMbIM OT06pa2Ke­

HHeM: u = v = JR1 H J(x) = x 2 (p11c. 6.5). B Ha'faJie KOOp,IJ;HHaT 

dfo = 0, 11 B03HHKaeT npo6JieMa c g(y) = VY B6JIH3H y = 0. Ilo cyru;e­

CTBy, B03HHKaIOT TpH pa3HhIX npo6JieMbI. IlpeM,ri;e Bcero, VY He onpe­

,ri;eJieH (B o6JiaCTH Beru;ecTBeHHhIX "!Reen) ,IJ;JI51 y < 0. BoJiee TO'fHO, He 

cyru;ecTByeT TO'fKH y < 0, 51BJI5IIOru;ell:c51 o6pa30M f. Bo-BTOpb1x, KO­

peHb KBa,ri;paTHbIH 113 y onpe,ri;eJieH HeO,IJ;H03Ha'fHO: ,IJ;JI51 ,ri;aHHOrO y > 0 
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cyrn,eCTByeT ,n;Ba 3Haqemrn: x' y,n;OBJieTBOp5IIOII1,HX ypaBHeHHIO x
2 = y. 

II rrocJie,n;Hee: rrpoH3BO,ll;HaR y'Y HeorpaHifqeHHO pacTeT rrpH y _, 0. 
qT06hI o6oiiTH BTOpyIO H3 rrepeqHCJieHHbIX Tpy,n;HOCTeii, rrpo,n;eJiaeM 

CJie,n;yrorn,yro rrpon;e,n;ypy. 

Xo X 

PHC. 6.6 

Ilpe,n;IIOJIO)KHM, qTo MbI B35IJIH HeKOTOpOe 3HaqeHHe Xo # 0, ,ll;JI5I 

KOToporo x5 = YO· ,lJ,JIR orrpe,n;eJieHHOCTH, rrycTb xo > 0. Tor,n;a B 

,n;ocTaToqHo MaJioii oKpecTHOCTH ToqKH y0 (HaCTOJihKO MaJioii, qTo6hI 

He BKJIIOqaTb y = 0) cyrn,eCTByeT e,n;HHCTBeHHaR o6paTHa5I cpyHKI!Irn: 

KBa,n;paTHbIH KOpeHh, y,n;OBJieTBOp5IIOI11,a5I KOHKpeTHOMY Tpe6oBaHHIO: 

3HaqeHH5I cpyHKI!HH ,ll;OJI)KHbI 6hITb ,ll;OCTaToqHO 6JIH3KH K Xo. (B 3TOM 

CJiyqae CJIOBa «,ll;OCTaToqHO 6JIH3KH» 3HaqaT, qTo cpyHKI!H5I He MOa<eT 

6bITh oTpHn;aTeJibHOii. EcJIH MhI BbI6paJIH rroJioa<HTeJihHOe 3Haqemi:e 

KOpHR, TO cpyHKI!H5I orrpe,n;eJieHa O,ll;H03HaqHO (pHC.6.6).) 

MbI MOa<eM He TOJihKO yTBepa<,n;aTb cyrn,ecTBOBaHHe KBa,n;paTHO­

ro KOpHR, HO H ,n;aTb aJirOpHTM ero BbJqifcJieHH5I c JII06oii Harrepe,n; 

3a,n;aHHOH TOqHOCTblO. 3,n;ecb rrpHB0,ll;HTC5I 0,ll;HH H3 B03M0)KHbIX aJI­

rOpHTMOB - MeTo,n; HhIOTOHa, KOTopbIH cpopMyJIHpyeTCR B o6rn,eM 

cJiyqae. 

,LI,orrycTHM, qTo y Hae eCTh OTo6pa)KeHHe f : U _, V c ycJIOBHeM 

f (Po) = qo. IlyCTb 3a,n;aHO HeKOTOpoe 3HaqeHHe q B6JIH3H qo, H Mbl 

XOTHM Ha:HTn TaKoe p B6JIM3H Po, qTo f(p) = q. HaiiTH p - 3To To 

)Ke caMoe, qTo HaiiTH p- PO· lITaK, MhI xoTeJIH 6bI HMeTh paBeHCTBO 

!(Po+ p-po) = q. 
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!(Po+ P - Po) = f(po) + dfpo(P - Po)+ o(p - Po) 
= qo + dfp0 (P - Po)+ o(p - Po). 
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EcJIH onycTHTh ~IJieH o(p - Po), TO nonyqHTC.H npH6Jrn)KeHHoe ypaB­

HeHHe 

q - qo = dfpo(P - Po), 

HJIH, TaK KaK dfpo HMeeT o6paTHOe OT06p~eHHe, 

P =Po+ df~01 (q - qo). 

cho 3HaqHT, qTO MbI ITOJiyqHJIH 

P1 =Po+ df;:;}(q - qo) 

B KaqecTBe npH6JIH)KeHHoro perneHH.H. Tenepb onpe,n;eJIHM 

H HaqtteM Bee cttaqana. Ha cJie,n;yroiu;eM mare nonyqHM 

P2 = P1 + df~/(q - qi), 

H TaK ,n;anee7. B 3TOM H cocTOHT Memoa HMommta. 
BepHeMC.H K paccMoTpeHHOMY Bhirne npHMepy. IlycTh U = V = 

ffi.1 H f (p) = p2 . Tor,n;a df P eCTh yMHO)KeHHe Ha 2p H, cJie,n;oBaTeJihHO, 

df; 1(w) = w/2p. B 3TOM cJiyqae 

1 
PI = Po + -

2 
( q - qo) · 

Po 

HanpHMep, ecJIH B3.HTh Po = 3, TO qo = 9 H q = 10. Tor,n;a 

1 
Pl = 3 + 6(10 - 9) = 3.1666 ... , qi =Pi= 10.02777 ... 

7IlpH BhIIIOJIHeHHH HeKOTOpbIX ycJIOBHi!: IIOCJie,n;oaaTeJibHOCTh p1, p2, ... , BhI­

qHcmi:eMasi: IIO <PopMyJie p;+1 = Pi+ df;/(q - qi), HMeeT IIpe,n;eJI p, KOTOphli!: 

.HBJI.HeTc.sr peIIIeHHeM ypaaHemrn f(p) = q. AaTOphr roaop.srT o6 ::>TOM HmKe, a 
IIYHKTe «Cxo,n;HMOCTh MeTo,n;a HhroToHa». - Ilpu.M. pea. 
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(3aMeTHM, 'ITO Pl ,IJ;aeT 3Ha'IHTeJihHO Jiyqrnee rrptt6JIH)K€HHe ,IJ;JIR JIO, 
'leM Po= 3.) 

CJie,IJ;yroru;ee rrpH6JIH)K€HHe: 

- 1 -
P2 = 3.16 + 

2 
x 

3
_
16 

(10 - 10.027) 

= 3.1622816 ... 

IlpH 3TOM 

q2 = p~ = 10.000024, 

a 'IHCJIO P2 ,IJ;aeT OTBeT c TO'IHOCThIO ,IJ;O 'l€Tb1pex ,IJ;eCRTH'IHhIX 3HaKoB 

( JIO = 3.1622776 ... ). 
PaccMoTpHM eru;e rrpHMep. IlycTb U = V = IR2 H OTo6p~eHHe f 

,IJ;aeTCR <l>opMyJIOH 

Tor,IJ;a df(~) eCTh JIHHe:Httoe rrpeo6pa30BaHHe, MaTpHIJ;a KOTOporo paB­

Ha 

(
3x2 -3y2

) 

2y 2x · 

IIycTh Po = ( ~) . Tor,IJ;a 

(
12 -3) 

dfpo = 2 4 ' 

Bo3bMeM q = (~:~) H 6y,IJ;eM pernaTb ypaBHeHHe f(p) q no 

MeTo,IJ;y HhIOTOHa. Tor,IJ;a 

Pl =Po+ (dfpo)-1(q - qo) 

(
2) 1 ( 4 3) ( 0.5) (2.026) = 1 + 54 -2 12 -0.2 = 0.937 . 
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(
7.493) B pe3yJihTaTe rronyqaeM qi = 
3

. 
796 

, 'ITO y)Ke ,n;ocTaTO'IHO 6mr3KO 

(
2.026643 ... ) 3 

K TO'IHOMY pememuo: p = 0.937510. . . . aMeTHM, 'ITO Ka)K,Il;bIH 

rrocne,n;yroru;Hli mar ::>Toro anropHTMa 03Ha'IaeT BhI'IHCJieHHe 3Ha'Ie­

HHH rrpeo6pa30BaHH.H ( df Pi )-1 B pa3JIH'IHhIX TO'IKax Pi. 
HH)Ke MhI cci>opMynHpyeM MaTeMaTH'IecKyro TeopeMy, cornacHo 

KOTOpoii rrpH HeKOTOpbIX rrpe,n;rIOJIO)KeHH.HX OTHOCHTeJibHO f MeTO,IJ; 

HbIOTOHa ,n;aeT rrocne,n;oBaTeJibHOCTh TO'IeK Pi, KOTopa.a cxo,n;HTC.a K 

pemeHHIO p, KOr,n;a f (p) = q rrpH ycJIOBHH, 'ITO q ,IJ;OCTaTO'IHO 6JIH3KO 

K qo. 
Cyru;ecTByeT ,n;pyroii anropHTM BhI'IHCJieHH.H KBa,n;paTHoro KOpH.a, 

Ha3hIBaeMhIH .Memooo.M Jlu'K:apa. 0,n;HaKo cxo,n;HTC.a OH ropa3,n;o Me,n;­

neHHee MeTo,n;a Hb10T0Ha. CornacHo MeTo,n;y IlHKapa, rronaraeM 

H Tor,n;a 

P1 =Po+ L(q - qo), 

P2 =Pl+ L(q - qi), 

qi= f(p1), 

q2 = f(p2), H TaK ,n;anee. 

HarrpHMep, ,n;n.a f: JR--+ JR c f(p) = p2 , q = 10 H Po 
HMeeM 

Pl= 3.16, Q1 = 10.027, 

KaK H B MeTo,n;e HhIOTOHa. 0 ,n;HaKo 

- 1 -
P2 = 3.16 + 6(-0.027) = 3.162036, 

q2 = 9.9984817 H TaK ,n;anee. 

3 Mbl 

IlpeHMyru;ecTBO MeTo,n;a IlHKapa B TOM, 'ITO L BhI'IHCJI.HeTc.a o,n;HH pa3. 

CpaBHHTeJibHO nerKo ,n;oKa3aTb cxo,n;HMOCTh MeTo,n;oB IlHKapa H 

HbIOTOHa rrpH He6oJibIIIHX orpaHH'IeHH.HX Ha f. IlonyqeHHe xopomeli 

orr;eHKH CKOpOCTH CXO,IJ;HMOCTH MeTo,n;a HbIOTOHa IIOTpe6yeT, KaK Mbl 

YBH,IJ;HM, 6onee CHJihHhrx orpaHH'IeHH.HX Ha f. 
,ll;oKa3aTeJihCTBa CXO,ll;HMOCTH. 3,n;ecb Mbl CcPOPMYJIHpyeM rrpe,n;rro­

JIO)KeHH.H OTHOCHTeJibHO cPYHKII;HH f' KOTOpbre HaM Heo6xo,n;HMbI ,Il;Jl.H 
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,npKa3aTeJihCTBa cxo,n;HMOCTH o6oHx MeTo,n;oB. HarroMHHaeM, qTo Mhr 

Ha3bIBaeM cPYHKIJ;HIO f ,n;mp¢epeHIJ;HpyeMOH B TOqKe p, eCJIH 

f(p
1

) = f(p) + dfp(P1 
- p) + o(p1 

- p). 

'.:ho 3HaqHT, qTo ,ZJ;JI.H JII06oro ,n;aHHOro c MO)KHO HaHTH TaKoe 0' qTo 

(6.14) 

rrpH ycJIOBHH, qTO llP1 
- Pll :S o. BeJIHqHHa o, cTmmi;a.H B 3TOM 

HepaBeHCTBe, MO)K€T 3aBHC€Tb OT TOqKH p. Ilpe,n;IIOJIO)KHM, qTo f 
pa61-tO.MepHO au<fxjJepeHV,Upye.Ma B TOM CMbICJie, qTO ,ZJ;JI.H JII06oro c 

MO)KHO HaHTH TaKOe o, qTO (6.14) BhIIIOJIHH€TCH ,ZJ;JIH BCeX ToqeK pH 

p 1 , rrpHtta,n;Jie)Karri;Hx He6oJihIIIOMY IIIapHKY c ri;ettTpOM B Po· 1lTaK, 

MhI rrpe,n;rroJiaraeM, qTo cyrri;ecTByeT TaKoe a > 0, qTo .IJ;JI.H ,n;attttoro c 

MO)KHO HaHTH TaKOe o, qTo6hI HepaBeHCTBO (6.14) BhIIIOJIHHJIOCb IIpH 

YCJIOBHH: 

llP - Poll :Sa, llP
1 

- Poll :Sa. 

Ilpe,n;rrOJIO)KHM TaK)Ke, qTo dfr;1 paBHOMepHO orpaHHqeHa, T. e. qTo 

cyrri;eCTByeT HeKOTOpa.H IIOCTOHHHaH K' ,ZJ;JIH KOTOpoii 

lldf.;-
1 II < K ,ZJ;JIH Bcex llP - Poll :S a. (6.15) 

KpoMe Toro, 6y,n;eM cqHTaTh, qTo H caMa cPYHKIJ;HH dfp paBHOMeptto 

orpaHHqetta, T.e. qTo 

lldfpll < M .IJ;JIH Bcex llP - Poll :Sa. 

HaKotteri;, .IJ;JIH MeTo,n;a IlHKapa rrpe,n;rroJIO)KHM, qTo df P HerrpepbIBHa 

B TOM CMhICJie, qTO ,ZJ;JIH JII06oro c > 0 cyrri;eCTByeT TaKoe o, qTo 

1 
lldfp - dfp111 :::; 2c, 

ecJIH llP - P
1 II :So, llP - Poll :Sa, llP

1 
- Poll :Sa, 

H HaM IIOTpe6yeTCH TOJihKO cyrri;eCTBOBaHHe ( df Po )-1. 

(6.16) 

Cxo,n;:uMOCTh MeTo,n;a HhloToHa. PaccMOTpHM MeTo,n; HhIOTOHa. 

Ilepexo,n; OT TOqKH Pi K ToqKe Pi+l orrpe,n;eJIHeTcH ¢opMyJioii 

(6.17) 
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,ll;mp<f>epem1;npyeMOCTb f (p) B TO'IKe Pi-1 03Ha'IaeT, 'ITO 

f(Pi) = f (Pi-1 +Pi - Pi-1) 

= f(Pi-1) + df Pi-i (Pi - Pi-1) + o(pi - Pi-i) (6.18) 

PaseHCTBO ( 6.17) MO)KHO rreperrn:caTh B BH,n;e 

OTKy,n;a 3aMeHOH i Ha (i - 1) MrHOB€HHO IlOJiyqaeTC.H, 'ITO cyMMa 

rrepBblX ,n;syx CJiaraeMblX B rrpaBOH qaCTH (6.18) paBHa q, II03TOMY 

H3 (6.18) CJie,n;yeT, 'ITO 

!(pi) - q = o(pi - Pi-1). 

9To 3Ha'!HT, "ITO )];JI.SI mo6oro E > 0 MO)KHO rro,n;o6paTb 6 > 0 TaK, 

'IT06hr IIpH llPi - Pi-1 II < 6 BblIIOJIH.HJIOCb HepaBeHCTBO 

llf(Pi) - qll < sllPi - Pi-111· 

c J'I€TOM paBeHCTBa ( 6.17) H Ol1€HKH ( 6.15) H3 TOJibKO 'ITO HaIIHCaH­

HOH cPOPMJJihI MO)KHO IIOJIJ'IHTb CJI€)J;JIOIIIYIO OI1€HKy: 

llPi+l - Pill~ KsllPi - Pi-111· (6.19) 

B )J;aJibHeihrreM 6y,n;eM C'IHTaTh, 'ITO 'IHCJio E B3.HTO TaKHM, 'ITO 

1 
Ks<-2· 

Ilepeii,n;eM K OI1eHKe cKopocTH cxo,n;HMOCTH MeTo,n;a HhIOTOHa. 

Ilpe)K,n;e scero, 

P1 =Po+ df;}(q - qo), qo = f(po). 

Ilo::iToMy, ecJIH /lq - qoll < 6/ K, To llP - Poll ~ 6. EcJIH 6 < a/2, 
TO'!Ka Pl 6y,n;eT y,n;osJieTBOp.HTh HepaseHCTBY 

1 
llP1 - Poll < 2a. 

IlocKOJihKY P1 JI€)KHT BHYTPH o6JiaCTH orrpe,n;eJieHH.H J, To MO)KHO 

socrrOJih30BaTbC.H aJiropHTMOM (6.17) H rroJiyqHTb P2· Ifa HepaBeH­

CTBa (6.19) CJie,n;yeT, 'ITO 
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cne,n;oBa TeJihHO, 

llP2 - Poll::::; llP2 - Pill+ llP1 - Poll ::::; (~ + 1) ~a::::; a. 

M TaK, ToqKa P2 ornITh Jie)KHT BHYTPH rnap.HKa pa,n;Hyca a H OilHTh 

MO)KHO BOCIIOJib30BaTbC.H anropHTMOM ( 6.17). IloJiy<IaeM 

1 1 
llP3 - P211 :::; 211P2 - Pl 11 ::::; :r» 

H, cne,n;osaTeJihHO, 

H TaK ,n;anee. Ilo HH,IT,YXIJ;HH MO)KHO ,ll;OK83aTh, qTo rrpH BCex i 

llPi - Pi-1!1 :::; 8/2i-l 

llp . - Poll < (!_, + -.
1
- + · · · + 1) ~a< 2 ·~a< a. i - 2i 2i- l 2 - 2 -

IIocne,n;osaTeJihHOCTh ToqeK Pi cxo,n;HTc.a8 K HeKoTopoil: TOqKe p, T. K. 

llp .+k - p·ll < -.
1
- ·(__!_ + -

1
- + ... + ~) 8 < -.1-8 --t 0 i i - 2i-l 2k 2k-l 2 - 2i-l 

IIpH i --t 00. 

HaKoHeIJ;, 

T. e. limi_,00 f (Pi) = q. TaK KaK cPYHKIJ;H.H f HerrpepbIBHa, TO 

J(p) = q. 

E,n;11HCTBeHHOCTb pemeH11.s1. PaccMOTpHM rrpo6neMy e,n;HHCTBeH­

HOCTH pemeHH.a ypaBHeHH.a f(p) = q. 3aMeTHM, qTo senHqHHa K 

8
3.n;ecb aBTOpbl HCIIOJib3yIOT KJiaccHqecKoe Heo6xo,n;HMOe H ,ll;OCTaTQqHoe YCJIO­

BHe cxo,n;HMOCTH, H3BeCTHoe KaK «KPHTepHli Kourn». - Ilpu.M. pea. 
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orrpe,n;emi:eTCH cpyHKii;tteit f. IlpH )K€JiaHHH Mbl MO)K€M BbI6paTh em,e 

MeHhIIIee 3Ha<J:emi:e a, He H3MeHHH rrpH 3TOM K. C,n;eJiaTb 3TO MO)KHO 

3a cqeT Bb16opa & n, cJie,n;oBaTeJibHO, MeHhIIIero 3Ha'!eHMH & / K. B 
qacTHOCTH, rrpe,n;IIOJIO)KHM, 'ITO a BbI6paHO HaCTOJibKO MaJibIM, 'ITO 

(6.14) BbIIIOJIHHeTCH ,ll;JIH mo6oit rrapbl TO'I€K p H p1, H rrptt 3TOM 

cK < 1. Tor,n;a ,ll;JIH mo6oit rraphI TO'!eK 11MeeM 

llP - P111 = ll(dfp)-1(dfp(P - P1))11 :S Klldfp(P - P1)11. 

EcJIH f(p) = f(p1), TO HepaBeHCTBO (6.14) 3Ha'!MT, 'ITO 

lldfp(P1 - P) :S cllP1 - Pll, 

H Tor,n;a, KOM6HHHPYH 3TH ,n;Ba HepaBeHCTBa, IIOJiyqaeM 

llP - P1ll :S cKllP - P1ll, cK < 1. 

'.:ho HepaBeHCTBO crrpaBe,n;JIMBO TOJihKO B cJiyqae llP - p 1 II = 0, T. e. 

p = p 1. TaKHM o6pa3oM, ,n;JIH llP-Poll:::; a MO)KeT 6hrTh TOJihKO o,n;Ho 

ypaBHeHHH peIIIeHne f(p) = q. 
Cxo,n;HMOCTh MeTo,n;a II11Kapa. PaccMOTpHM MeTo,n; I111Kapa. IlycTh 

L = (dfp0 )-
1. Tor,n;a 

Pi+l =Pi+ L(q - f(Pi)) 
=Pi+ L(q - f(Pi-1) + dfp;_ 1 (Pi - Pi-1) + o(pi - Pi-1)), 

KaK n paHhIIIe. Terreph 

CJ1€,ll;OBaTeJibHO, 

llq - f(Pi-1) + dfp;- 1 (Pi - Pi-1)11 = ll(dfp;_ 1 - dfpo)(Pi - Pi-1)11 
c 

:S 2 llPi - Pi-1 II 
rrp11 ycJIOBMM, 'ITO Bb16paHHOe 3Ha'!eHMe a ,n;ocTaTO'IHO MaJio. KpoMe 

Toro, Mbl MO)K€M Bhr6paTb & HaCTOJibKO MaJibIM, 'IT06hl B HepaBeHCTBe 

1 
(6.14) MO)KHO 6hrJio c 3aMeHMTh Ha 2c. Tor,n;a 

llPi+l - Pill :S k (~cllPi - Pi-ill+ ~cllPi - Pi-111) 

:S KcllPi - Pi-111, 
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TaK 'ITO HepaBeHCTBo (6.19), r,n;e c,n;eJiaHa 3aMeHa K = llLll, BhI­

rroJIH.HeTC.H, KaK 11 paHhIIIe. Ha caMOM ,n;eJie MO)KHO BocrroJih30BaThC.H 

TeopeMOH 0 cpe,n;HeM 3Ha'IeHl111, 'IT06bI 113MeHHTh 06ocHOBaH11e Me­

TO,n;a Il11Kapa, H TaKl1M o6pa30M H36e)KaTh HeOO.H3aTeJibHOro rrpe,n;­

IIOJIO)KeHl1.H 0 pa6ttO.MepttOU iJuefx;f>epewu,upye.Mocmu. ,lJ,eHCTBl1TeJibHO, 

paccMOTp11M OT06pa)KeH11e 

h(p) = p + L(q - /(p)), 

r,n;e L = (d/p0 )-
1 . HerrpephIBHOCTh ,n;mp<l>epeHI!HaJia dfp II03BOJI.HeT 

BhI6paTb 3Ha'IeH11e a HaCTOJihKO MaJihIM, 'IT06bI BhIIIOJIH.HJIOCh Hepa-

BeHCTBO 

Tor,n,a, BOCIIOJih30BaBIIIl1Ch TeopeMo:tt o cpe,n;HeM 3Ha"-IeHHH, noJiyqaeM 

11 ,IJ,aJihIIIe MO)KHO paccy)K,n;aTh, KaK 11 paHbIIIe. 

Terreph 06cy,n;11M, rro'IeMy Ha caMOM ,n,eJie MeTo,n; HhloTOHa cxo,n;11T­

C.H ropa3,ll;O 6bICTpee, 'IeM 3TO Bl1,ll;HO 113 ,ll;OKa3aHHhIX BhIIIIe ou;eHOK. 

Ilpe,n;rroJIO)KHM, 'ITO f HMeeT ,n;Be HerrpephIBHhie rrpoH3BO,lJ;Hhie. Tor,n,a 

H3 <PopMyJihI Te:HJiopa cJie,n;yeT, 'ITO 

r,n;e IIOCTO.HHHa.H c orrpe,n;eJI.HeTC.H MaKCl1MYMOM ld211. 9TO HepaBeH­

CTBO 3Ha'IHTeJihHO c11JihHee, qeM (6.14). Bo3BpaID;a.HCh Ha3a,n; K ,n;oKa-

3aTeJihCTBY (6.17) 11 HCIIOJih30BaB 3TO HepaBeHCTBO, IIOJiyqaeM 

EcJIH, Harrp11Mep, MhI Ha'IaJil1 co CTOJih MaJIOro 3Ha'IeH11.H llP1 - Poll, 
'ITO KllP1 - Poll1/2 ~ 1 (11 llP1 - Poll < 1), To 113 rrocJie,n;Hero 

HepaBeHCTBa CJie,n;yeT 

llPi+l - Pi II ~ Kl I Pi - Pi-1II112 
. II Pi - Pi-111 312

. 

Tor.n,a 
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T. e. Mbl IIOJiyqaeM 3KCIIOHeHI1HaJihHYIO CKOpOCTb y6hIBaHmI BMeCTO 

reoMeTpn:qecKoii rrporpeccm1 llPi+l - Pill ~ (c:KrllP1 - Poll, rroJiy­
qarorn;eiicR B MeTo,n;e Iln:Kapa. 

1:lTaK, pe3IOMHpyeM, 'ITO MhI BhIRCHHJIH. Mb1 rroKa3aJIH, 'ITO npn: 

COOTBeTCTBYIOIIl;HX ycJIOBHRX BOKpyr TO'IKH qo = f (Po) cyrn;ecTByeT 

mapn:K B, a BOKpyr TO'IKH Po mapn:K C, TaKn:e, 'ITO ,IJ;JIR Ka)K,Dpii 

TO'IKH q E B cyrn;ecTByeT e,n;n:ttcTBeHHM TO'IKa p E C, ,IJ;JIR KOTopoii 

f (p) = q (pn:c. 6. 7). ,Il;pymMH CJIOBaMH, Mbl orrpe,n;eJIHJIH TaKoe 

oT06pa)Ketttte g: B --t C, 'ITO fog= (id) n: go f = (id). 9 

,ll;HcpcpepeHIJ;HpyeMOCTb pemeHH.H. ,Il;oKa)KeM, 'ITO cPYHKllHR g 

,n;n:<t><t>epettu;n:pyeMa. 3aMeTHM, 'ITO H3 e,IJ;HHCTBeHHOCTH g BbITeKaeT 

ee tterrpepbIBHOCTh. lITaK, rrpe,n;rroJIO)KHM, 'ITO g( q) = p. HapncyeM 

mapn:K c u;ettTpoM B TO'IKe p. A Terrepb BOCIIOJih3yeMCR pe3yJihTa­

TaMn:, y)Ke IIOJiy'IeHHblMM ,IJ;JIR TO'IeK p H q. 9TO 3Ha'IMT, 'ITO cy­

rn;ecTBYIOT mapHK c u;ettTpOM B TO'IKe q, H cPYHKllMR, o6paTHaR K f' 
OTo6pa)KaIOrn;aR ero B mapHK c u;ettTpOM B TO'IKe p. 

.. f 
Po • .. 
G g 

B c 

Pnc. 6.7 

O,n;ttaKo, B cnJiy e,n;MHCTBeHHOCTM, 3Ta o6paTHaR cPYHKllHR ,IJ;OJI)K­

Ha coBrra,n;aTh cg. CJie,IJ;oBaTeJibHO, g oTo6pa)KaeT tte6oJihmoii mapnK 

c 11eHTpOM q B tte60JibIIIOH mapHK c u;ettTpOM p, T. e. OHa HerrpepbIBHa. 

Tor,n;a 

v = J(g(q+v))- f(g(q)) = dfp(g(q+v)-g(q))+o(g(q+v)-g(q)). 

II pn:MeHHM oTo6paMettn:e ( df P )-1 K o6en:M qacTRM aToro paBettcTBa. 

9
IIocJie,JJ;Hee rrpe,JJ;Jio:>KeHHe, 03Haqarorn;ee 6HeKTHBHOCTb OT06pruKeHH.H g, Tpe-

6yeT yToqHeHH.H: ,ll;Jl.11 6HeKTHBHOCTH g CJie,JJ;yeT ero paccMaTpHBaTb KaK OTo6pa­

)f(eHHe g : B ---> C1, r,JJ;e C1 = g(B) - o6pa3 rnapHKa B rrpH oTo6pruKeHHH g, 
KOTOpbIH CO,JJ;ep:lKHTC.H B c, HO He 06.113aTeJibHO 3aIIOJIH.HeT Bee c. - Ilpu.M. pea. 



332 fJiaBa 6. TeopeMbI ... ,n;mpQ>epeHIJHaJihHoro HC'IHCJiemrn: 

B pe3yJibTaTe noJiy'-IHM 

(dfp)-1(v) = g(q + v) - g(q) + o(g(q + v) - g(q)). 

B c1my HenpepbIBHOCTH cPYHKIJ,HH g MbI MO)KeM Bb16paTb v HaCTOJibKO 

1 
MaJibIM, 'ITO lio(g(q +v)- g(q))ll 6y,n;eT MeHhIIIe 2 iig(q +v)- g(q)ll. 
lfa HairncaHHOro BbIIIIe paBeHCTBa CJie,IJ,yeT, '-ITO 

li(dfp)-1 (v)ll + iio(g(q + v) - g(q))il 2: llg(q + v) - g(q)ll, 

OTKy,IJ,a 

llg(q + v) - g(q)ll :=:; 2ll(dfp)-1 (v)ll, 

T. e. g(q + v) - g(q) = O(v). Ho Tor,n;a 

o(g(q + v) - g(q)) = o(O(v)) = o(v). 

CJie,n;oBaTeJibHO, MhI noJiy'-lHJIH, '-ITO 

g(q + v) - g(p) = (dfp)- 1 (v) + o(v), 

T. e. cPYHKIJ;mI g ,IJ,HcPcPepeHn;npyeMa B TO'-!Ke q, H ee npOH3BO,IJ,Ha51 

paBHa 

dgf(p) = (dfp)-1
. 

TeM caMbIM MhI ,n;oK83aJIH cJie,IJ,y101n;y10 TeopeMy10 . 

TeopeMa 06 o6paTHoii Q:>yHKl.J;J·rn:. llycm'b f : U -t V - 1-1,enpe­

p'btBHO au<fxf>epe1-1,u,upye.MM <fiymcu,u.R, 2ae f (po) = Qo, U omo6pa:>1Ce-
1-1,ue df Po o6pamu.Mo. To2aa BO'K:py2 mo'4,e'K: qo u Po cyw,ecmeywm ma­
'K:ue wapu'K:u B u C, '4,mo U.Meemc.R eauncmeennoe omo6pa:>1Cenue 
g : B -t c' aj/,JI, 'K:Omopo20 f 0 g = (id). 9mo omo6pa:>1Ce1-1,ue nenpe­
p'blB'H,O au<fxf>epenu,upye.MO U 

TeopeMa o HeSIBHOH Q:>yHKIJ;HH. ,l.J;aBa:i1Te paccMoTpHM HeKOTOpb1e 

cJie,IJ,CTBH51 TeopeMbI cyI11eCTBOBaHH5I o6paTHOH cPYHKIJ;HH. IIpe,n;noJio­

)KlfM, '-ITO G : IR2 
-t IR1, G(xo, Yo) = 0 n 

8G ay I 0 B TO'-!Ke (xo, Yo). 

10B CB~3ll c <t>opMyJIHPOBKOii. 3TOii. TeopeMbl CM. CHOCKy 9. - llpUM. pea. 
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Peqh 6y;::i;eT H)J;TH o TOM, qT06b1 pemHTh (xoni: 6b1 JIOKaJibHO) ypaB­

HeHHe g(x, y) = 0 OTHOCHTeJibHO y. 
Orrpe;::i;enHM OT06pa)KeHHe f : R2 

---t R2 <l:>opMyno:H 

Tor;::i;a 

df =(a~ 
ax 

a°c) 
ay 

RBmieTCR MaTpmi;e:H, aecHHrynRptto:H B ToqKe ( :~) . Cornactto Teo­

peMe cym;eCTBOBaHHR o6paTHOM cPYHKIJ;HH, MO)KHO HaMTH OT06pa)Ke­

HHe g, ,JJ;JIR KOToporo fog= (id). Tor;::i;a MO)KHO ttarrHcaTb 

fi(u)~ = ( F(u, v)) 
g ~ v ~ H(u,v) 

H ypaBHeHHe f 0 g = (id) rrpeo6pa3yeTCR K BH)J;y 

F(u,v) = u, 

G(F(u, v), H(u, v)) = v. 

IIo;::i;cTaBHB rrepBoe ypaBHeHHe BO BTopoe, 110nyqHM 

G(u,H(u,v)) = v, 

a BbI6paB v = 0 H o603ttaqHB h(u) = H(u, 0), HMeeM 

G(u, h(u)) = 0. 

<J>ytt'l'\,ViUR h( U) au<fxj)epettViUpye.1vta U R8ARemcR eauncmeetttt'bt.M 
pewe1me.M 3mow ypaenettuR. E;::i;1rncTBeHHOCTh H AH<l:><l:>epettu;Hpye­

MOCTb <PYHKIJ;HH h cocTaBJIReT co;::i;ep)KattHe meope.M'bt cyw,ecmeoea­
'H.UR tteRettou ijjytt'K:'UiUU. TaKHM o6pa3oM, TeopeMa cym;ecTBOBaHHR 

HeRBHOM cPYHKIJ;HH OT O)J;HOM rrepeMeHHOM ecTb CAeacmeue TeopeMbI 

cym;eCTBOBaHHR o6paTHOM cPYHKIJ;HH, 3aBHCRm;e:H OT ,JJ;BYX rrepeMeH­

HbIX. C<l:>opMynttpyeM 9TY TeopeMy ern:e pa3. 
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TeopeMa 0 HeSIBHOH <l>YHKD;HH. Ilycm'b G - auifxjjepettu,upye.Ma.n 
<fiytt-x:u,u.n, a./l,Jl, -x:omopou G(xo, Yo) = 0 u (8G/8y)(xo, Yo) # 0. Tozaa 
CYUiieCm6yem eauttcm6e'Htta.n <fiytt'K:'4UR h( X), onpeaeJtetttta.n 66JtU3U 
x = xo, yao6Jtem6op.n10w,a.n ycJto6u.n.M: h(xo) =Yo u G(x, h(x)) = 0. 
<Pytt-x:u,u.n h auifxf>epettu,upye.Ma u h' ( x) = -( ac /ax)/ ( ac / ay). 

Ilpe,n;hI,IIyllzyIO apryMeHTaIJ;HIO MO)KHO ccpopMyJrnpoBaTh no-,n;py­

roMy. IlpocTeHIIIee OT06pa)KeHHe H3 ~2 ---+ ~1 (3a HCKJIIOqeHHeM no­

CT051HHOro OT06pa)KeHH51), KOTOpoe MO)KHO npH.nyMaTh, eCTb npoeK­

IJ;H51 Ha O,ll.HY H3 oceil.: 

7f: ~2 ---+ ~1 7f (( ~ )) = v. 

TiycTb G : ~2 ---+ ~1 - JII06oe HenpepbIBHO ,n;ncpcpepeHn;HpyeMoe 

OT06paMeHHe H npe,n;nOJIO)KHM, qTO dGpo C10p'be'K:mU6'H,O ( qTO B Ha­

IIIeM CJiyqae O,ll.HOMepHOH o6JiaCTH 3HaqeHHH 03HaqaeT dGpo # 0). 
°YTB€p)K,ll.aeTC51, qTO cyru;ecTBYIOT JIOKaJibHbie 3a.Me'H'bt -x:oopauttam, 
T. e. OTo6paMeHH51 g : ~2 ---+ ~2 ' KOTOpbie JIOKaJibHO onpe,n;eJieHhI 

H HMeIOT ,n;ncpcpepeHn;HpyeMbie o6paTHbie OT06paMeHH51, TaK qTO 

Gog= 7r. 

,il;eHCTBHT€JihHO, IlOCKOJihKY dGpo # 0, Mbl MO)K€M CHaqaJia JIHH€HHOH 

3aMeHOH ,n;o6HThC51, qT06hr 8G/8y # 0. Tor,n;a BhIIIIenpnBe,n;eHHhie 

coo6pa)K€HH51 Il03BOJI51IOT ITOCTpOHTb OT06pa)KeHHe g' ,ll.JI51 KOTOporo 

Gog = 7r. TaKHM o6pa3oM, ecJIH ,n;onycKaIOTC51 npoH3BOJihHhie 3aMeHbI 

KOOp,ll.HHaT, TO CaMOe o6ru;ee HenpepbIBHO ,n;ncpcpepeHn;HpyeMoe OT06-

pa)KeHHe, y KOToporo dGp CIOpbeKTHBHO, eCTb npoeKIJ;H51 Ha O,ll.HY H3 

oceii. Ha pnc. 6.8 BhI BH,ll.HTe npnMep cpyHKIJ;HH G(x, y) = (x2 +y2 ) 112 

(n3o6pa)KeHbI JIHHHH g(x, y) = const), KOTopa51 nocJie nepexo,n;a K 

noJI51pHbIM Koop,n;nHaTaM HMeeT BH,ll. Gog((}, r) = r, T. e. 3a,n;aeT npo­

eKIJ;HIO TOqKH ( (}' r) Ha OCb r. 
Tenepb noroBopHM 06 oTo6pa)KeHH51X H3 ~1 B ~2 . TipocTeil.IIIee 

HeTpHBHaJibHOe OT06pa)KeHHe TaKoro BH,ll.a - 3TO OT06pa)KeHHe i, 
KOTOpoe BCTaBJI51eT npOCTpaHCTBO ~1 B ~2 KaK OCb x: 

i: ~1 ---+ ~2 , i(x) = ( ~). 
Mbr yTBep)K,n.aeM, qTo eCJIH G: ~1 ---+ ~2 - JII06oe HenpepbIBHO ,n;ncp­

cpepeHn;npyeMoe OT06pa)KeHHe c ycJIOBHeM dGpo # 0, TO JIOKaJibHO 
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G(x,y) = (x2 +y2)! Gog(O,r)=r 

y r 

x g(()) = (rc~s()) 
R rsmO 
Pnc. 6.8 

MO)KHO Ha:HTH 3aMeHy KOOp,Ll;HHaT, T. e. HerrpepbIBHO .n;mpcpepeHIJ;Hpy­

eMoe oTo6pa)KeHne f, HMerorn;ee .n;n¢cl>epemwpyeMoe o6paTHoe, TaK 

qTO (cM. pnc. 6.9) 

f o G = i. 

y v 
Po 

f )Ill 

... F u 

x 

Pnc. 6.9 

,Il;eitcTBHTeJibHO, CHaqaJia MO)KHO BbIIIOJIHHTb JlHH€HHOe rrpeo6pa-

30BaHHe rrepeMeHHblX Ha IIJIOCKOCTH TaK, qTo6hI B HOBOH COCTOMe 

Koop,n;nHaT oTo6pa)KeHne G nMeJio BH,Ll; 

G(t) = (G1(t)) dG (1) G2(t) ' Po = 0 · 

Terreph orrpe,n;eJIHM F : JR2 -+ JR2 cpopMyJioit 
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Tor.n;a 

dFc(po)=(~ ~) 
H, cJie.n;oBaTeJihHO, F HMeeT ( JIOKaJihHO) tterrpephIBHO .n;mpQ>epemi;H­

pyeMoe o6paTHoe oTo6p8.)KeHHe. lfa orrpe.n;eJieHHH F H i cJie.n;yeT, qTo 

Ilo3TOMy, B3HB J = p-l' IIOJiyqaeM 

i =Jo G. 

l1TaK, lf3MeHHH ClfCTeMy KOOp)J;HHaT, MO)KHO JIOKaJibHO «BbIIIpHMHTh 

mo6y10 KpHBYIO». 

6.5. IloBe,a;eHMe cpyHKIJ;IIII B6JIII31I 

KplITJiqecKOH TQqKJI 

Ilpe.n;rroJIO)KHM, qTo J : IR.2 
-t IR. HMeeT KPHTlfqecKyIO ToqKy B p0 , 

T. e. dJpo = 0. By.n;eM cqHTaTh, qTo MhI y)Ke c.n;eJiaJIH rrpeo6pa3oBaHHe 

Koop.n;HttaT TaK, qTo Terreph Po = 0 B IR.2. ,II;orrycTHM, qTo d2 Jo tteBhI­

po)K)J;etta, T. e. Det(d2 Jo) -=/= 0. ,Il;pymMH CJIOBaMH, rrpe.n;rroJIO)KlfM, 

qTo ClfMMeTplfqHaH MaTplfqHaH cPYHKII;lfH 

HeBhipo)K.n;etta B 0. l13 pe3yJihTaTOB rraparpaQ>a 4.2 MhI 3HaeM, qTo 

MO)KHO ttaiiTH TaKoe JIHHeiittoe rrpeo6pa3oBaHHe Koop.n;HttaT L, qTo 

LH(O)LT MO)KeT 6hITh rrpHHHTh o.n;tty H3 Tpex Q>opM: 

LH(O)LT = 

1 0) 
0 1 ' 

-1 0) 
0 1 ' 

-1 0) 
0 -1 . 
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,Il;orrycni:M, qTo Mhl y:>Ke c,n;enami: mrneiiHoe rrpeo6pa3oBaHHe Koop,n;H­

HaT, H d2 f0 y:>Ke 38.IIHCbIBaeTC.H B BH,n;e O,Il;HOH H3 3THX CTaH,n;apTHbIX 

cpopM. lfa ,n;oKa3aTeJibCTBa pa3JIO:>KeHH.H Teiinopa MhI 3HaeM, qTo 

f(x, y) = f(O) + bn(x, y)x2 + 2b12(x, y)xy + b22(x, y)y2 

= f ( 0 ) + ( x, Y) ( bn bi2 ) ( x) 
b21 b22 y 

= f(O) + (x,y)B (:), 

r,n;e bij - HerrpephIBHhie cpyHKIJ;HH x H y, a MaTpHqHa.H cpyHKIJ;H.H B, 
BbiqHCJieHHa.H B Haqane KOOp,Il;HHaT, paBHa d2 Jo, T. e. 

HJIH 

[J2 f 
bn(O) = Bx2 (0), 

B(O) = H(O) 

MaTpHu;a B CHMMeTpH'IHa. IlpHMeHHM rrpou;e,n;ypy rpaMa-lliMH,n;Ta 

K B(x) ( ~) H B(x) ( ~). lfa HerrpepbIBHOCTH B .HCHO, qTo rrpoH3-

Be,n;eHH.H 

(1, O)B(x) ( ~) , (1, O)B(x) ( ~) , (0, l)B(x) ( ~) 

HerrpephIBHO 38.BHC.HT OT x. Cne,n;oBaTeJihHO, ,n;JI.H x, ,n;ocTaToqHo 6JIH3-

KHX K Hymo, MO)KHO H8.HTH TaKyIO o6paTHMYIO MaTpHey Q(x) (3a­

,n;aHHYIO rrpou;e,n;ypoif rpaMa-lliMH,Il;Ta), qTQ 

B(x) = Q(x)T B(O)Q(x). 

AnropHTM rpaMa-lliMH,n;Ta o6ecrreqHBaeT ,n;HcpcpepeHIJ;HpyeMOCTh 

cpyHKIJ;HH Q(x). TaKHM o6pa3oM, 

f (x) = f (0) + xT Q(x)T H(O)Q(x)x, 

HJIH 

f(x) = f(O) +YT H(O)y, 
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r,n;e 

y = Q(x)x. 

OT06pa.1Kem1e x ~ y, 3a,n;attttoe 3TO:fi <PopMyJioit, o6paTHMO corJiactto 

TeopeMe 06 o6paTHO:fi cPYHKll,HH! BoJiee I10,D;po6tto: rrycTb </> : R2 ---" R2 

orrpe,D;eJieHa <PopMyJio:fi 

</>(x) = Q(x)x. 

Tor,n;a, ,ll,RcP<PepeHll,RPYH rrpOR3Be,D;eHRe, rroJiyqaeM 

d</>o(x) = (dQo(x))O + Q(O)x 

RJIR 

d</>0 = (id) . 

TaKRM o6pa3oM, TeopeMa cy111ecTBOBaHRH o6paTtto:fi cPYHKll,RH rapaH­

THpyeT, qTO </> HMeeT .D;RcP<PepeHll,RpyeMyIO o6paTHYIO 

x = 'l/;(y). 

Ho TOr.D;a ('I/;* J)(y) = J(x), rroaToMy 

'I/;* f(y) = f(O) +YT H(O)y. 

,Il,pyrnMR CJIOBaMH, cPYHKll,RH 'I/;*(! - f (0, 0)) - KBa,n;paTRqHa.H ¢op­

Ma! 1haK, MbI ,1J;OKa3aJIR, 'ITO B6JIH3R JII06oit H€BblpmK,n;eHHO:fi KpR­

TR'IeCKO:fi TO'IKR MO)KHO BBeCTR TaKRe Koop,D;RHaTbl YI, Y2, 'ITO 

r,n;e 

qTO Bb16paTb R3 3TRX Tpex BapRaHTOB, orrpe,D;€JIH€TCH HOpMaJibHO:fi 

¢opMo:fi ('IHCJIOM OTpRll,aTeJibHbIX co6CTBeHHbIX 3Ha'IeHRit) BToporo 

,n;R<P<PepeHll,RaJia d2 
/ 0 . 

cho ,1J;OKa3aTeJibCTBO RMeeT 0611IR:fi xapaKTep, OHO 11pHMeHHMO 

.D;JIH JII06oit pa3MepHOCTR. 1haK, ecJIH 0 - H€Bbip0)K,D;€HHaH KpHTH­

qecKaH TO'!Ka f' TO MO)KHO Ha:fiTH TaKRe KOOp.D;RHaThI, B KOTOpbIX 

f(y) = /(0) + Q(y), 
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r,n;e 

Q(y) = ±yf ±y~ + .... 
qHCJIO 3HaKoB MHHyc B aTo:ii Q:>opMyJie (Ha3brnaeMoe U'/-1,ae-x;co.M Q), 
paBHO 'lHCJIY OTpHu,aTeJibHblX co6CTBeHHblX 3Ha'!eHHH MaTpHll,bl d2 Jo. 
9ToT pe3yJibTaT H3BecTeH KaK Ae.M.Ma Mopca. Mb1 BOCIIOJib3yeMCR 

3TOH JieMMOH rrpH H3y'leHHH aCHMIITOTH'leCKHX HHTerpaJIOB B rJia­

Be 21. 

Pe3IOMe 

A. IIpoH3BO,ZJ;Hbie BbICmHx nop.H,n;KoB 

Bbl AOJI)KHbl yMeTb rrucaTb pa3JIO)KeHHe Te:iiJiopa AJIR Q:>yHKll,HH, 

orrpe,LI.eJieHHOH Ha IIJIOCKOCTH, qepe3 qaCTHble rrpOH3BO,ll.Hbie rrepBO­

ro H BToporo rropR,LI.Ka. 

Bbl ,LI.OJI)KHbl yMeTb rrpHMeHRTb u,errHoe rrpaBHJIO, 'lT06b1 Bblpa-

3HTb 'laCTHbie rrpOH3B0)1.Hbie BTOporo rropR,LI.Ka HJIH ypaBHeHHR B 

qaCTHblX rrpOH3BO,ll.HbIX BTOporo rropR,LI.Ka qepe3 HOBbie KOOp,LI.HHaTbl. 

B. KpHTH'IeCKHe TO'IKH 

Ha,LI.o yMeTb HaxO,LI.HTb KpHTH'leCKHe TO'lKH Q:>yHKll,HH, orrpe,LI.eJieHHO:ii 

Ha IIJIOCKOCTH, H KJiaccuQ:>uu,npoBaTb HX, T. e. orrpe,LI.eJIRTb MaKCHMyM, 

MHHHMYM H ce,LI.JIOBYIO TO'lKH. 

Ha,LI.o yMeTb rrOJib30BaTbCR MeTO,LI.OM MHO)KHTeJie:ii JiarpaH)Ka ,LI.JIR 

HaxO)K,ll.eHHR ycJIOBHbIX KpHTH'leCKHX 3Ha'!eHHH Q:>yHKll,HH HeCKOJib­

KHX rrepeMeHHblX. 

C. 06paTHbie <f>yHKI.J;HH 

Bhl ,LI.OJI)KHbl 3HaTb Q:>opMyJIHpOBKY TeopeMbl cylll,eCTBOBaHHR o6paT­

HOH Q:>yHKll,HH H yMeTb rroJib30BaTbCR e:ii. 

Bhl ,LI.OJI)KHbl yMeTb rrpHMeHRTb MeTO,LI. HbIOTOHa AJIR HaxO)K,ll.eHHR 

rrpH6JIH)KeHHoro perneHHR ypaBHeHHR f (p) = q, r,LI.e f : R2 --+ R2
. 

3a,u;aq:u 

6.1. IlycTh F(x, y) = {O x 3 y 

x2 + y2 

~JUI x = y = O; 

B ~pyrux TO'!Kax. 
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(a) BhlqHCJIHTe aF/ax H aF/ay. HerrpepbIBHbl JIH OHH B (0, O)? 

(b) BbiqHCJIHTe 82 FI axay H 82 FI ayax. HerrpepbIBHhl OHH B (0, 0) 
HJIH HeT? (3aMeqaHHe: eCJIH 3TH rrpOH3BO,Ll;Hbie He HerrpepbIBHbl 

B (0,0), TO HX HeJib3H BhlqHCJIHTb, IIOJiyqaH o6IIIYIO cPOPMYJIY H 

ycTpeMJIHH x H y K HyJiro!) 

(c) IloKB,)KHTe, qTQ a2F/axay(O,O) =f- a2F/ayax(O,O). 
(d) IlpH,UyMaHTe ma,n;KyIO KPHByIO, KOTOpaH rrpoxo,n;HT qepe3 aaqa­

JIO Koop,n;HHaT H orrpe,n;eJIHeTCH <PopMyJiaMH x = X(t), y = Y(t) 
c ycJIOBHeM X(O) = Y(O) = 0 TaK, qT06bI <l>YHKIIHH 

G(t) = F(X(t), Y(t)) 

6bIJia He ,Ll;HcP<l>epeHu;HpyeMa B Haqane KOOp,Ll;HHaT. 

6.2. Ha:li,n;HTe H rrpoKJiaccH<l>HI1HPYHTe Bee KpHTHqecKHe TOqKH <l>YHKIIHH 

F : IR2 ---+ IR, orrpe,n;eJieHHO:li <PopMyJio:li 

F(x, y) = x3 + y3 - 3xy. 

6.3. IlycTb F(x, y) = x2y - 3xy + ~x2 + y2. 

(a) Ha:li,n;HTe ypaBHeHHe IIJIOCKOCTH, KacaTeJibHo:li K cPYHKIJ;HH z = 
F(x, y) B TOqKe x = 2, y = 2, z = 2. 

(b) <l>yHKI1HH F(x, y) HMeeT TpH KpHTHqecKHe ToqKH, ,n;Be H3 KO­

TOphlx Jie:>KaT Ha rrpHMOH x = y. Ha:li,n;HTe 3TH KpHTHqecKHe 

TQqKH H BhlHCHHTe, r,n;e 6y,n;eT MaKCHMyM, MHHHMYM HJIH ce,n;­

JIOBaH TOqKa. 

6.4. <l>yHKI1HH F B rrpocTpaHCTBe IR2 orrpe,n;eJieHa <PopMyJio:li 

F(x,y) = x2 
- 4xy + y2 - 6x-1

. 

(a) IloJiyqHTe ypaBHeHHe IIJIOCKOCTH, KacaTeJibHOH K z = F(x, y) B 

TOqKe X = -1, y = -2. 

(b) Ha:li,n;HTe KpHTHqecKHe TOqKH 3TOH cPYHKI1HH H BbrnCHHTe Hx 

rrpHpo,n;y. 

6.5. Ha:li,n;HTe H rrpoKJiacCHcPHI1HPYHTe Bee KpHTHqecKHe TOqKH cPYHK­

l1HH F(x,y) = y2 + (x2 - 3x)Iogy, orrpe,n;eJieHHOH B BepxHe:li rroJiy­

IIJIOCKOCTH y > 0. 

6.6. IloKa:>KHTe, qTo cPYHKIJ;HH F(x, y) = y(e4x - 1) + 9x2 + 6y2 HMeeT 

KpHTHqecKyIO TQqKy B Haqane KOOp,Ll;HHaT H orrpe,n;eJIHTe rrpHpo,n;y 

3TOH TOqKH. OrrHIDHTe JIHHHH ypoBHH F(x, y) B OKpeCTHOCTH Haqana 

Koop,n;HHaT. HapHcy:liTe rrapy THrrHqHbIX KpHBbIX. OrrHmHTe JIHHHH 

ypoBHH F(x, y) B oKpeCTHOCTH ToqKH x = 0, y = 1 H HapHcy:liTe 

THIIHqHhie KpHBbie. 
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6.7. Haii:rorTe KPHTM'IeCKMe TO'IKH <i>YHKII,HH 

F(x, y) = 5x3 
- 3x2y + 6xy2 

- 4y3 
- 27x + 27y 

H orrpe,n;eJIHTe HX rrpHpo,n;y. (KpHTH'IeCKHe TO'IKH HMelOT ~eJibie KO­

op,n;MHaTbl.) 

6.8. (a) Haii:,n;MTe KpHTM'IeCKMe TO'IKH <i>YHK~HH F(x,y) = xy2 e-(x+y)_ 

(b) Onpe,n;eJIMTe np11po,n;y Tex KpMTH'IeCKHX TO'IeK, KOTOpb1e He Ha­

XO,lJ)ITcsi: B Ha'IaJie KOOp,ll;HHaT. Hap11cyii:Te KaK MO:IKHO TO'IHee 

HeCKOJlbKO KpHBbIX ypoBHSI B6JIH3H Ka:IK,ll;OH TO'IKH. 

( c) EcJIH KpMTM'IecKasi: TO'IKa coBna,n;aeT c Ha'IaJIOM Koop,n;11HaT, TO 

B Heil: reccMaH paBeH HYJIID. Bbisi:CHMTe np11po,n;y KpMTH'IecKoii: 

TO'IKH B Ha'IaJie KOOp,ll;HHaT H HapHcyii:Te HeCKOJibKO KpHBblX 

ypoBHSI B ero OKpeCTHOCTH. 

6.9. IlycTb x H y - o6bl'IHbie a<i><i>HHHble KOoprorHaTHbie <i>YHKII,HH Ha 

nJiocKOCTH. Onpe,n;eJIHM ,n;pyryro napy KooprorHaTHbIX <i>YHK~Hii: B 

npaBOH noJiynJIOCKOCTH ( x > 0): 

u = x2 -y2, v = 2xy. 

(a) Bb1pa3MTe du H dv qepe3 dx H dy. HanMIDMTe MaTpMey, BbI­

pa:1Karoieyro ( ~~) qepe3 ( ~: ) B TO'IKe p c KOOp,ll;HHaTaMH 

x = 2, y = 1, u = 3, v = 4. 

(b) Haii:,n;MTe np116JI11:1KeHHb1e 3Ha'IeHMsi: Koop,n;11HaT x 11 y ,n;Jisi: TaKoii: 

TO'IKH Q, 'ITO u(Q) = 3.5, v(Q) = 4. 

( c) IlycTb </> o6o3Ha'IaeT aJieKTPH'IeCKHH noTeH~HaJI Ha nJIOCKOCTH • 

.JJ:Jisi: Bhl6paHHoii: TO'IKH P(x = 2, y = 1, u = 3, v = 4), 
r,n;e (o<f>/ou) = 2 H o<f>/ov = -1, Bbl'IHCJIHTe o<f>/ox H ocjJ/oy. 
Haii:,n;MTe HanpaBJieHMe, no KOTopoMy <i>YHK~HSI </> H3MeHsi:eTcsi: 

6hICTpee Bcero. 

( d) B TOH :/Ke TO'IKe Bblpa3HTe 82 </>I oyox qepe3 'IaCTHbie npOH3-

BO,n;Hble </> no u H v. KoHe'IHO, OTBeT MO:IKeT BKJIIO'IaTb SIBHblH 

BH,ll; <i>YHK~HH OT X H y. 

6.10. Ilpe,n;noJIO)l{HM, 'ITO KOOp,ll;HHaTbl u H v Bbipa:IKalOTCSI qepe3 x H y 
COrJiaCHO <i>opMyJie 

-sina) (x). 
cos a y 
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IlyCTb f - ,n;Ba:>K,lI,bl ,n;tt¢¢epeHII,HpyeMaJI cPYHKIJ,HH Ha IIJIOCKOCTH. 

IloKa:>KHTe, 'ITO 

02f 02f 02f 02f -+-=-+­ou2 ov2 ox2 oy2" 
6.11. IloJIHpHbie KOOp,n;HHaTbI r, () CBH3aHbl c ,n;eKapTOBbIMH KOOp,n;ttHaTaMH 

COOTHOIIIeHHeM 

(:) = (~~~::). 
Ilpe,n;IIOJIO:>KHM, 'ITO cPYHKIJ,HH f : JR2 --+ JR y,n;OBJieTBOpHeT ypaBHe­

HHIO JiarrJiaca: 

02f 02f 
ox2 + oy2 = o. 

Bbipa3HTe 9TO ypaBHeHHe 'lepe3 rrpoH3BO,lI,Hbie f no r H (). 

6.12. IlyCTb f : JR2 --+ JR - ,lI,Ba:>K,lI,bI ,lI,HcP¢epeHIJ,HpyeMaH cPYHKIJ,HH H 

rryCTb (: ) = ( ~ ~~::) . Bbipa3HTe o2 f I 802 
'lepe3 'laCTHbie rrpo­

H3BO,lI,Hhle f IIO X H y. 

6.13. IlycTb f : JR2 --+ JR - ,n;Ba:>K,n;hl ,lI,HcP¢epeHII,HpyeMaH cPYHKIJ,HH. 

IlycTh, ,n;aJiee, x =/:- 0 H 

(;) = ( a~::utuJ:)) · 
Bbipa3HTe o2 f I ox2 'Iepe3 'laCTHhie rrpOH3BO,lI,Hbie f IIO r H (). 

6.14. ,Ll;aHO, 'ITO Of /ox= f +Of joy. IloKa:>KHTe, 'ITO 

o2 f /ox2 - 02 f /oy2 = f + 2(of /oy). 

6.15. BocrroJih3yeMCH IIOJIHpHbIMH Koop,n;HHaTaMH, ,n;aHHhIMH B yrrpa:>KHe­

HHH 6.11. 

(a) IlycTb cPYHKII,HH f orrpe,n;eJieHa Ha IIJIOCKOCTH. ,Ll;orrycTHM, 'ITO 

B TO'IKe c KOOp,lI,HHaTaMH x = 3, y = 4 'laCTHbie rrpOH3BO,n;Hbie 

paBHbl of /ox= 2 Hof joy= 1. Bhl'IHCJIHTe of /or Hof /o() B 

9TOM TO'lKe. 

(b) Ilpe,n;rroJIO:>KHM, 'ITO f y,n;oBJieTBOpHeT ypaBHeHHIO B 'laCTHhlX 

IlpOH3BO,lI,HbIX 

02 f 1 of 1 02 f 
or2 +-;:or + r2 002 = o. 

Ilpeo6pa3yii:Te ero B ypaBHeHHe, co,n;ep:>KaIIJ,ee TOJibKO 'laCTHhie 

IlpOH3BO,lI,Hbie f IIO X H y. 
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6.16. Ilpe.n;noJIO)KHM, qTO Ha IlJIOCKOCTH onpe,n;eJieHa tPYHKIJ;H5I f' y,n;oBJie­

TBOpH10IIJ;a5I ypaBHeHHIO JianJiaca a2 f I ax2 + a2 f I ay2 = 0. Ilpeo6pa-

3y:l\Te 3TO ypaBHeHHe K KOOpf];HHaTaM, rrpHBe,n;eHHbIM B yrrpa:lKHeHHH 

5.13. B Hero MOryT BO:i1TH a2 j /au2 , a2 j jav2 , a2 j /auav, aj /au, 
a f I av' u H v' HO He f];OJI:lKHbl BXOf);HTb x' y H qacTHbie rrpOH3BOf];Hbie 

no x Hy. 

6.17. IlycTb eCTb OT06pa2KeHHe </>: JR.2 
---+ JR.2 : 

IloKa:lKHTe, qTo ,n;JI5I </> B OKpeCTHOCTH JII06o:l1 ToqKlf MO:lKHO IIOJiyqHTb 

06paTHy10 tPYHKIJ;HIO. Bh1qlfcJIMTe 5IK06MaH o6paTHOro oTo6pa2KeHH5I. 

6.18. B rrpocTpaHCTBe JR.3 paccMoTpHTe rroBepxHOCTh z = F(x, y), r.n;e 

F(x, y) = x2 - 2xy + 2y2 + 3x + 4y. 

(a) IloJiyqMTe ttau/ty"l,w,ee arfxfiuttttoe npu6/tu:>1eettue K F B oKpecT-

HOCTH TOqKlf ( ~) ( ~ ). 
(b) HarrMmMTe ypaBHeHMe IIJIOCKOCTH, KacaTeJibHO:i1 K noBepxHOCTH 

B TOqKe ( ~). 
( c) IloJiyqHTe ypaBHeHHe JIHHHH, rreprreHf);HKYJI5IpHO:i1 K IIOBepxHO­

CTH B 3TOH )Ke ToqKe. 

(d) YpaBHeHHe F(x, y) = 8 orrpe,n;eJI5IeT tPYHKIJ;HIO y = g(x). Bhl­

qHCJIMTe g1 
( 1). 

6.19. B CTaTHCTlfqecKoli MexaHMKe cyIIJ;eCTByeT Ba:lKHa5I rrpo6JieMa. Pac­

CMOTpHM tPH3lfqecKy10 CHCTeMy, KOTOpa5I MO:lKeT HMeTb 3HeprHH + E' 
0 H -E. IlyCTb x o603HaqaeT Bep05ITHOCTb CHCTeMe HMeTh 3HeprH10 

+ E H nycTh y o6o3HaqaeT Bepo5ITHOCTh CHCTeMe MMeTh aHeprH10 - E. 
Tor.n;a Bepo5ITHOCTh CHCTeMe HMeTh HyJieBy10 3HeprHIO paBHa 1-x-y. 
IloJiyqHTe MaKCHMYM 3'Hmponuu s' eCJIH OHa orrpe,n;eJieHa COOTHOme­

HHeM 

S(x, y) = -x log x - y logy - (1 - x - y) log(l - x - y) 

rrpH ycJIOBHH, qTo cpef);H515I 3HeprH5I paBHa Eo, T. e. 

F(x,y) = xE-yE = Eo. 

Pem1ne 3TY 3a,n;aqy, BBef];51 MHO:lKHTeJib JiarpaH:lKa (3. IloKa:lKMTe, qTo 

Bep05ITHOCTb x rrporropIJ;HOHaJibHa e-f3E' a Bep05ITHOCTb y rrporropu;H­

OHaJibHa ef3E. Ha:l\,n;MTe Koa<P<PHu;HeHThI rrporropu;HoHaJihHOCTH. 
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6.20. PaccMoTpHTe cPYHKllHIO a : IR2 ---+ IR2, orrpe,rr;eJieHHYIO cl>opMyJioii 

(a) BbI'IHCJIHTe MaTpHIIY .HKo6HaHa 2 x 2, KOTopa.H rrpe,rr;cTaBJI.H­
eT JIHHeiiHyIO '!aCTb HaHJ1yqmero acl>cPHHHOro rrpH6JimKeHH.H K 

cPYHKI1HH a B6JIH3H TO'IKH (: ) = ( i) . BbI'IHCJIHTe rrpn6JIH-

)KeHHoe 3Ha'!eHne F (( i:i )) , BocrroJih30BaBIIIHCh 3Toii MaTpH-

11eii. 

(b) c IIOMOlllbIO TOH )Ke MaTPHllbl IIOJIY'IHTe rrpH6JIH)KeHHOe perne-

HHe ypaBHeHH.H F ((: )) = (( !:~ )) . 
6.21. IIycTh f(x, y) = Jx2y4 + 9x2. 

(a) IloJiy'IHTe Hau.11,y"lwee aifxfmHHOe npu6.11,u:>1eeHue K 3TOH cPYHK­

IIHH B6JIH3H TO'IKH X = 1, y = 2. 

(b) Bo3bMeM TO'IKY x = 1, y = 2. Ilo KaKoMy HarrpaBJieHHIO cKo­

pocTh H3MeHeHH.H cPYHKllHH f(x, y) MaKCHMaJibHa? 

( c) PerneHHeM cncTeMbI ypaBHeHHii 

f(x, y) = 5, 

x+y=3 

.HBJI.HeTC.H TO'!Ka x = 1, y = 2. IloJiy'IHTe rrpH6JIH)KeHHOe perne­
HHe ypaBHeHH.H 

f(x, y) = 5.34, 

x + y = 3.05, 

HCIIOJib3Y.H HaHJiyqrnee a<P<l>nHHOe rrpH6JIH)KeHHe, IIOJiy'leHHOe 
B rrepBOM rryHKTe. 

6.22. <l>yHKIIHH s Ht orrpe,rr;eJieHbl qepe3 a<l><l>HHHhle Koop,zvrHaTbl cPYHKllHH 
x H y B o6JiaCTH x > 0, y > 0 CJie)J;YIOIIIHMH <l>opMyJiaMH: 

s = xy, t =logy - logx. 

(a) Bhlpa3HTe ,rr;H<Pcl>epeHIIHaJihl ds n dt qepe3 dx n dy B TO'!Ke 

x = 1, y = 2. 
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(b) B ToqKe x = 1, y = 2 3HaqeHna cpyHK~ii: s n t paBHhI s = 2, 
t = log 2 ~ 0.693. McrrOJih3yiiTe MaTpnyzy 5IKo6H B 3TOii TOqKe 

H IIOJiyqnTe rrpn6JIH)KeHHbie 3HaqeHHa KOOp,IJ;HHaT x H y ,D;Jia 

TOqKH, r,n;e s = 2.02 H t = 0. 723. 

( c) IlycTh f - ,IJ;B~hI ,D;Hcpcpepemi;npyeMaa cpyHKIJ,Ha, orrpe,n;e­

JieHHM Ha IIJIOCKOCTH. Bbipa3HTe {) f I ax, {) f I ay H 82 f I ayax 
qepe3 x, y H qacTHbJe rrpOH3BO,IJ;HbJe f 110 s H t. 



~HcpcpepeHa;HaJihHhie cpopMhI 

H KpHBOJIHHeHHhie HHTerpaJihl 

fJiaBhl 7 H 8 51BJI51IOTC51 BBe,n;eHHeM K H3y'leHHIO MHO­

roMepaoro HHTerpaJihHOro HC'lHCJieHH51. fJiaBa 7 IIOCB51-

ll1eHa JIHHeiiHhIM ,n;mp<l:>epeHD;HaJihHhIM <PopMaM H co­

OTBeTCTBYIOII1HM KpHBOJIHHeiiHhIM HHTerpanaM. Oco6oe 

BHHMaHHe y,n;eJieHO 3aMeHe rrepeMeHHhIX B KpHBOmrneii­

HhIX HHTerpanax. 06cy)K,.ll;aIOTC51 HeKOTOpbre ,n;pyrHe o,n;­
HOMepHbie HHTerpaJihI, B qaCTHOCTH, Bhl'lHCJieHHe ,II;JIHHhl 

KpHBOii. 

BBe,n;enne 

B aToii rJiaBe MhI BhrnCHHM reoMeTpH'leCKHii CMhICJI JIHHeiiHhIX ,n;H<P­

<Pepeau;HaJihHhIX <PopM, B qacTHOCTH, o6'heKTOB, KOTOphre rrpe,n;CTOHT 

HHTerpHpOBaTh IIO OpHeHTHpOBaHHhIM TpaeKTOpH51M, B pe3yJihTaTe 

qero rroJiy'laIOTC51 'lHCJia. Ha'!HeM c rrpHMepoB. PaccMOTpHM <PopMy 

1 
w = 2(xdy -ydx). 

IIo orrpe,n;eJieHHIO, aTa <PopMa 3a,n;aeT rrpaBHJio, KOTopoe Ka)K,.ll;oii 

TO'!Ke ( ~) CTaBHT B COOTBeTCTBHe BeKTOp-CTpOKY ! ( -y' x). ,II;a­

Jiee, BeKTOp-cTpOKa IIOHHMaeTC51 KaK JIHHeiiaag cPYHKIJ;HH BeKTOpOB 

aamero rrpocTpaHcTBa. B paccMaTpttBaeMOM cJiyqae BeKTop-cTpoKa 
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!(-y, x) CTaBHT B COOTBeTCTBHe BeKTOpy h = (:) 'IHCJIO 

1 
w(~)[h] = 2(xs - yr), 

KOTOpoe paBHO opHeHTHpOBaHHOii: 1morn;a,n;H TpeyrOJibHHKa c Bepnm-

HaMH B HyJie H B TO'IKax (:)' (:::) (pHC. 7.1). 

x (x+r) 
y+s 

(:) 

y 

PRC. 7.1 

Ilpe,IJ;ITOJIO:>KHM (pHC. 7.2), 'ITO y HaC eCTb KpHBruI a(t) = ( :m). 
Bb16epeM Ha 3TOH KpHBOH TO'IKH Pi H rrycTh hi = Pi+ 1 - Pi. Tor­

,n;a cyMMa L wPi [hi] ,n;acT HaM rroJIHYIO opHeHTHpoBaHHYIO rrJiorn;a,n;h 

H306pa:>KeHHhIX Ha pHC. 7.2 TpeyrOJihHHKOB. 

B rrpe,n;eJie JIOMaHaH JIHHHH, coe,n;HHHIOID;aH TO'IKH Pi, arrrrpoKCH­

MHpyeT KpHByro. Mb1 O:>KH,IJ;aeM, 'ITO 3Ta cyMMa 6y,n;eT CTpeMHThCH 

K rrpe,n;eJiy ~ opHeHTHpOBaHHOH ITJiorn;a,n;H, 3aMeTeHHOH pa,n;HycoM­

BeKTOpOM, ,IJ;BH:>KYID;HMCH B,IJ;OJih Harueft KpHBOH. Mb1 y:>Ke BCTpeqa­

JIHCh c 3THM rroHHTHeM, Kor,n;a H3Y'laJIH BTopoft 3aKOH KerrJiepa. 

BTopoii: rrpHMep. B HeM rrOHBJIHeTcH rroHHTHe cu.1wBow no.Ml. CH­

JIOBoe IIOJie 

w = F dx + G dy + H dz 

B Ka:>K,IJ;OH TO'IKe TpexMepHoro rrpOCTpaHCTBa orrpe,n;eJIHeT JIHHeHHYIO 

cPYHKIJ;HIO c MaTpHI1eH 

(F, G, H). 
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y 

PHc. 7.2 

'.::ha JIHHeitHa.H cPYHKIJ,H.H 3a,n;aeT 3JieMeHT pa6oTbI u1uputtume3u.MaJt,'b­
ttow dBU:>ICe'H.U.Jt, T. e. JIIOOOMY BeKTOpy CMeIII,eHH.H v B TO'!Ke p CTaBHT 

B COOTBeTCTBHe 

(F, G, H) ( ~:) ~ Fv, + Gv, + Hv,. 

Mb1 02KH,n;aeM, 'ITO 3Ta BeJIWIHHa M02KeT 6bITh rrpoHHTerpHposaHa 

B,Il;OJlb mo6oit TpaeKTOpHH r' B pe3yJibTaTe '!ero rroJiy'IaeTC.H Ir w 
- pa60Ta, COBepmeHHa.H rrpH ,Il;BH2KeHHH B,Il;OJlb TpaeKTOpHH f. 3aMe­

THM, 'ITO XOTeJIOCb 6bI yMeTb IlOJiy'IaTb pa6oTy rrpH ,Il;BH2KeHHH B,Il;OJlb 

scex TpaeKTOpHH. Ilpe,n;cTaBHM ce6e ,Il;ByMepHoe rrpOCTpaHCTBO, r,n;e 

,n;eHCTByeT CHJIOBOe IlOJie 

w=Fdx+Gdy. 

PHc. 7.3 

HarrpHMep, Ha pHc. 7.3 H3o6pa2KeHo BJIH.HHHe rpaBHTaIJ,HH rrpH 

,n;BH2KeHHH no rroBepxHOCTH z = f ( x, y). B 3TOM cJiy'Iae CHJIOBoe rroJie 
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rrporrOpIJ;HOHaJihHO 

,II,orrycTHM, qTo y Hae eCTh H,n;eanhHO o6paTHMhIH 3JieKTpnqecKHH aB­

TOM06HJih. (H,n;eanhHO o6paTHMhIH 03HaqaeT, qTO BC5.! 3HeprH5.! TOp­

MO)KeHH5.! B03BpaIIJ;aeTC5.! B aKKYMYJI5.!TOPHYIO 6aTapeIO, rrpH 3TOM He 

yqHThIBaeTc5.! HH corrpoTHBJieHHe Bo3,n;yxa, HH JII06oe ,n;pyroe corrpo­

THBJieHne.) By,n;eM H3Mep5.!Th, CKOJihKO 3HeprHH IIOCTyrraeT B 6aTapeIO 

H CKOJihKO pacxo,n;yeTC5.!. Pa3ttttey Me)K,n;y HaqaJihHhIM u KOHeqHhIM 

rroKa3aHtt5.!MH 6aTapeu o6o3HaquM BF - BI. KpoMe Toro, BBe,n;eM KM­

HeTuqecKyro 3Hepruro aBTOM06HJI5.! B Haqane H B KOHIJ;e rryTH - K E1 
u KE F. H3 3aKOHa coxpatteHtt5.! 3Hepruu cJie,n;yeT, qTo 

qTo paBHO pa6oTe, BhIIIOJIHeHHOH rrpH ,ll;BH)KeHHM. (B 3TOM paccy)K,n;e­

HMM MhI rrpe,n;rroJiaraeM, qTo CMJihI He 3a6UCJim OT CKOpOCTH, T. e. Mhl 

paccMaTpttBaeM TaKoe CHJIOBOe IIOJie, ,ll;JI5.! KOTOporo CHJihI 3aBHC5.!T 

TOJihKO OT rrpocTpaHCTBeHHhIX KOOp,ll;HHaT.) 

0TMeTMM HeKOTOpoe OTJIIfqHe OT MCIIOJih30BaHM5.! IIOH5.!TM5.! CHJihI B 

3aKOHax HhIOTOHa. EcJitt MhI rrycTMJIH KaMeHh KaTHThC5.! rro rroBepxtto­

CTM, TO 3aKOHhI HhIOTOHa npeacK:aa'btBmom, KaK OH 6y,n;eT ,n;BnraThC5.! 

,ll;aJlhIIIe: ,ll;BM)KeHHe KaMH5.! onpe,n;eJI5.!eTC5.! ypaBHeHH5.!MH 

dp =F 
dt ' 

p = mv - MMITYJihC, v - CKOpOCTh. 

Puc. 7.4 

B HarneM o6cy)K)l;eHMH MhI MHTepecyeMC5.! BeJinqnttoii 3Heprnu, nc­

noJih30BaHHoii npH ,n;BH)KeHMH B,ll;OJih ,n;aHHOii KpttBoii. CttJIOBoe noJie 

w rrpmrnChIBaeT 3HeprHH TpaeKTOpM5.!M r. EcJIH w = df' TO ITOJIHa5.! 
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pa6oTa, COBeprneHHaH npH )J;BH2Kemrn: B)J;OJih TpaeKTOpHH, eCTh pa:3-

HOCTh IlOTeHI.J;HaJIOB 

f(Q) - f(P), 

r)J;e pH Q - Ha'laJibHaH H KOHe'IHaH TO'IKH Ramero nyTH (pHC. 7.4). 
Hy a Teneph, HMeH B BH,Jzy Bee 3TH coo6pa2KeHHH, nepeii,n;eM Ha 

MaTeMaTH'leCKHH H3hIK. 

7 .1. OpneHTHpoBaHHhie TpaeKTopHH 

Opue11,mupoemtHoi1 mpae'K:mopueil, Ha ITJIOCKOCTH (HJIM B npocTpan­

CTBe JRk) Mhl 6y)J;eM Ha:3bIBaTh KpHBYIO, Ha KOTOpoii BbI6paHO onpe­

,Il;eJieHHOe HanpaBJieHHe )J;BM2KeHMH. TpaeKTOpHH BH)J;a ri (pHC. 7.5), 
Ha'laJihHaH H KOHe'!HaH TO'IKH KOTOpoii He COBITa)J;alOT, HMeeT onpe)J;e­

JieHHoe Ha<JaJIO (TO<JKa Pa) M onpe)J;eJieHHhIH KOHei.i; (TO'!Ka Pb)· Ilepe­

CTaHOBKa Ha'laJihHOH H KOHe'!HOH TO'leK H3MeHHeT OpHeHTaI.J;MIO KPH­

BOH Ha npOTMBOilOJIO)KHylO. 3aMKHyTaH KpMBaH BH)J;a r2 (pHC. 7.6) 
He HMeeT onpe)J;eJieHHhlX Ha'laJihHOH H KOHe'IHOH TO<JeK. Jiro6aH TO'l­

Ka p MO)KeT 6bITh Ha'laJIOM TpaeKTOpHH H 0,Il;HOBpeMeHHO ee KOHI.J;OM. 

,ll;JIH TaKHX 3aMKHYThIX TpaeKTOpHH, TeM He MeHee, MO)KHO 3a)J;aTb 

HanpaBJieHHe )J;BH2KeHHH, T. e. opHeHTaI.J;HIO. Tor)J;a )J;JIH Jiro6oro cppar­

MeHTa TaKOH TpaeKTOpHH onpe)J;eJIHTCH ero Ha'laJIO H KOHei.i;. 

PHC. 7.5 PHc. 7.6 

<l>H3H<JeCKH 3TO MO)KHO HCTOJIKOBaTh TaK: Mhl HMeeM TpaeKTOpHIO 

)J;BH2KeHHH 'laCTHl.J;hI, npH'IeM H3BeCTHO, qepe3 KaKHe TO'IKH rrpOXO)J;HT 

<JaCTHI.J;a H B KaKOM rropH)J;Ke, HO CKOpOCTh ee )J;BH)KeHHH Mhl He 3HaeM. 

BnoJIHe B03M02KHO, 'ITO KaKHe-To OTpe3KH rryTH rrpoxo,II;HTCH )J;Ba HJIH 

6oJiee pa:3. HarrpHMep, qacTHI.J;a M02KeT npoiiTH )J;Ba pa:3a rro oKpy2K­

HOCTH e)J;HHH'IHOro pa)J;Hyca rrpOTHB <JaCOBOH CTpeJIKH, HJIH (pHC. 7. 7) 
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npo:HTH OT TOqKH Pa ,n;o TOqKH Q, o6paTHO ,n;o ToqKH R H TOJihKO 

noToM K ToqKe P,;. TaKHe TpaeKTOpHH, MO)KeT 6hITh, TPYAHO H3o6-

pa)KaTh KpHBhlMH c COOTBeTCTBJIOIIl;HMH CTpeJIKaMH, HO OHM HMeIOT 

<t>H3HqecKHH CMhICJI H, KaK Mhl CKOpo YBH,IJ;HM, HX JierKO OIIHChIBaTb 

Ha .H3hIKe <t>YHKIJ;HH. 

PHc. 7.7 PHc. 7.8 

3,n;ech Mhl orpaHHqHMC.H paCCMOTpeHHeM TOJihKO 'K:YCO"l'Ho-au<fHpe­
penu,upye.M,'/JtX mpae'K:mopuil - HenpepbIBHhIX KpHBhIX, ,IJ;JI.H KOTOpbIX 

cyrn;eCTBYIOT KacaTeJibHbie BO Bcex TOqKax, 3a HCKJIIOqeHHeM HX KO­

HeqHoro qifcJia (pHc. 7.8). TaKa.H TpaeKTopm1 MO)KeT 6hITh orrHcatta 

KaK o6pa3 0Tpe3Ka Bern;ecTBeHHOH rrp.HMOH rrpH HerrpepbIBHOM OT06-

pa)KeHHH 

a: IR---+ IR2 , 

KOTopoe AH<t><t>epeHIJ;HpyeMO Be3,n;e, KpOMe KOHeqHoro qHCJia ToqeK. 

<I>yHKIJ;H.H a Ha3bIBaeTC.H napa.1vtempuaau,ueil TpaeKTOpHH (pHC. 7.9). 
<l>H3HqeCKH MO)KHO cqHTaTh, qTo <l>YHKIJ;H.H a orrpe,n;eJI.HeT IIOJIO­

)KeHHe qacTHIJ;hI B Ka)K,ll;hIH MOMeHT BpeMeHH. MbI MO)KeM 3a,n;aBaTh 

a, orrpe,n;eJI.H.H rrepeHOC a* KOOp,IJ;HHaTHhIX <l>YHKIJ;HH, T. e. 3aIIHChl­

BaTb <t>opMJJihI, KOTOpbre ,n;aroT qHCJieHHhie 3HaqeHH.H KOOp,IJ;HHaT x 
H y B 3aBHCHMOCTH OT BpeMeHH. HarrpHMep, ecJIH qacTHu;a ,IJ;BH)KeTC.H 

B,IJ;OJih KpyroBofi ,n;yrH c pa,n;HycoM R H3 ToqKH ( ~) B ToqKy ( ~) 
(pHC. 7.10), TO ee TpaeKTOpHIO MO)KHO npe,n;cTaBHTh B <t>opMe 

(
Rcost) 

a:t--+ Rsint' 0:::;2t:::;7r, 

HJIH 

a*x =Reos t, a*y = Rsin t. 

Ka)K,IJ;a.H TpaeKTOpH.H MO)KeT 6bITh napaMeTpH30BaHa rro-pa3HoMy, 
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0 t 

y 

a b 

x 

PHC. 7.9 PHc. 7.10 

rrpwieM Ka)K,LI;hIM crroco6 ¢H3HqecKH 6y,n;eT COOTBeTCTBOBaTh rrpoXO)K­

,n;eHHIO TpaeKTOpHH c pa3JJHqHhIMH CKOpOCT.HMH B pa3Hhie rrpoMe)KyT­

KH speMeHH. HarrpHMep, OTpe3oK rHrrep6oJihI y2 - x2 = 1 OT ToqKH 

(~) ,n;o ToqKH ( ~) (pHC. 7.11) MO)KeT 6bITh rrapaMeTpH30BaH 

CJie,LI;yIOIIIHMH crroco6aMH: 

a*x = t, 
a*x = sinh t, 
a*x = tant, 

a*y=~, 
a*y = cosht 

a*y =sect 

0 ::; t ::; 1, 
0 ::; t ::; arcsinh 1, 
0 ::; 4t ::; 'Tr. 

TpaeKTOpHH, Ha KOTOphIX oT,n;eJihHhie yqacTKH KpHBOM rrpoxo,n;.si:T­

c.si: 6oJiee o,n;ttoro pa3a, y,n;o6Ho 3aIIHChIBaTh B rrapaMeTpHqecKofi <f>op­

Me. HanpHMep, rrapaMeTpH3aI.J;H.H 

a*x =cost, a*y =sin t, 0::; t::; 47r 

orrHchrnaeT rryTh, npoxo,n;HMhIM qacTHn,e:H B,LI;OJih oKpy)KHOCTH e,n;H­

HHqHoro pa,n;Hyca npOTHB qacOBOM CTpeJIKH ,LI;Ba pa3a, a rrapaMeTpH-

3aIJ,H.H 

a* x = sin2 t, a*y = sin2 t, 0 ::; t ::; 37r /2 

OIIHChIBaeT ,Ll;BH)KeHHe no 0Tpe3KY rrp.HMOM OT ToqKH ( ~) Brrepe,n; K 

TOqKe ( i ) ' o6paTHO K ( ~) H IIOTOM eIIIe pa3 Brrepe,n; K TOqKe ( i ) . 
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y y 

G) (~) 
G) 

x (v;) x 

PHC. 7.11 PHC. 7.12 

PHc. 7.13 

B rrpaKTHqecKHX BhiqHcJieHHHX Ka)K)l;hIH ,n;mp<Pepeau;HpyeMbIH 

OTpe30K rryTH rrapaMeTpH3yeTcH oT,n;eJihHO. HarrpHMep, Ha pHc. 7.12 
H306pa)KeH IIYTh, KOTOpbIH MO)KHO rrapaMeTpH30BaTb B BH,n;e: CHaqa:na 

a*x = t, a*y = t, 0:::; t:::; 1, 

a IIOTOM 

a*x = v'2cos(7r/4 - t), a*y = v'2sin(7r/4- t), 0:::; t:::; 7r/4. 

KycoqHo-,n;H<P<l>epem::i;HpyeMhiii rryTh MO)KHO a1mpoKCMMHpoBaTb 

rrocne,n;oBaTeJihHOCThIO BeKTopoB, yno*eHHhIX B)l;OJih Hero (pHc. 7.13). 
Pa3o6heM KpHBYIO Ha oT,n;eJibHbie yqacTKH, paccTaBHB Ha Heil: no xo,n;y 

)l;BH)KeHHH ToqKH Po, P1, P2, ... , PN, r,n;e Po - Haqa:no rryTH, a PN 
- ero KOHeu;. IlpH 3TOM Heo6xo,n;HMO BKJIIQqifTb B 3TO rro,n;pa36HeHHe 
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BCe TO'IKH, r,ri;e KpHBruI He HMeeT KaCaTeJibHO:il. 3aTeM MO)KHO BBeCTH 

BeKTOpbI CM8111,8HIHI 

Bbr6paB TO'IKH Pi .n;ocTaTO'IHO 6JIR3KO, MhI MO)KeM amrpoKCHMH­

poBaTh mo6yro KYCO'IHO-rJia,ri;Kyro TpaeKTOpRro c noMOUJ,hID JIOMaHoii 

JIHHHH, 3a,LJ;aHHOH IlOCJie,LJ;OBaTeJihHOCTbIO BeKTOpOB c mo6o:tt Hanepe,ri; 

3a,ri;aHHoit TO'IHOCThro. CJie,ri;yeT 3aMeTHTh, 'ITO ecTh nyTR, KOTOpbre 

HeJih3H xoporno arrnpOKCHMHpOBaTb TaKHM cnoco6oM, HO OHR He MO­

ryT 6bITb napaMeTpH30BaHhl ,ri;mp<Pepemi;HpyeMbIMH cPYHKIJ;HHMH, H 

Mbl He 6y,ri;eM HX paccMaTpHBaTh. 

7. 2. K pHBOJIHHeiiHhie HHTerpaJihI 

Tenepb onRrneM ecTeCTBeHHhIH crroco6, Kor.n;a 3a,LJ;aHHaH ,ri;H<P<PepeH­

IJ;HaJibHaH <PopMa IIpHIIHCbIBaeT TpaeKTOpHH HeKOTopoe Beni;ecTBeH­

Hoe 'IHCJIO. IlycTh 0Tpe30K nyTH xapaKTepH3yeTCH TO'IKOfi pi c co­

OTBeTCTByIOIIJ;HM BeKTOpOM vi. ~H<P<PepeHIJ;HaJibHaH <Pop Ma w npH­

IIHCbIBaeT 3TOMY OTpe3KY BeIIJ;eCTBeHHoe 'IHCJIO w(Pi)[vi). BhltiHCJIHM 

cyMMY 3THX 'IHCeJI no BCeM OTpe3KaM nyTR: 

N-1 

IN= L w(Pi)[vi]· 
i=O 

8Ta cyMMa O'leHb IlOXO)Ka Ha pHMaHOBCKYIO cyMMY ,Ll;JIH o6bI'IHOrO 

liHTerpaJia. IlycTh 'IHCJIO TO'leK pi pacTeT TaK, 'ITO Bee BeKTopa Vi 

CTpeMHTCH K HyJiro1. BhI'IRCJIHM rrpe.n;eJI cyMMhI IN B 3TOM cJiytiae. 

ECJIH TaKofi npe.n;eJI cyIIJ;ecTsyeT H He 3aBRCHT OT Bb16opa rrocJie,ri;osa­

TeJihHOCTH TO'leK, TO OH Ha3bIBaeTCH -x:puBO,/l,U'HeU'H'bt.M uttme2pa,!1,0M2 

1
Toquee rosopH, CJI€,lIJ'€T Il0Tpe6osaTh, 'lT06.hl CTpeMHJIOCb K Hymo 'lHCJIO, 

pa.BHoe max:i\IVi\I· - llpUM. peiJ. · 
2B pyccKOH3hI'lHO:I!: JIHTepaType TaKHe HHTerpaJI.hl HHa'le Ha3.hlBaIOT 'ICpU60JtU­

'HeU'H'btMU unmeepa.n.a.<1-m emopow poiJa. KoHcTpyKn;HH «a6coJIIOTHoro» HHTerpaJia 

no KpHBOH, paccMaTpHBaeMaH aBTopaMH B KOHn;e 3TOH rJia.B.hl, B pyccKOH3hl'IHOH 

JIHTepaType Ha3.hlBaIOT 'ICpueoJtuneun'btMu unmeepaJta.Mu nepeow poiJa. - IlpUM. 
peiJ. 
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OT ,n;:mp<l>epeHIJ;lla.JihHOH <l>opMbI w ITO ITYTH r. Ero o6o3HaqaIOT Ir w' 
T.e. 

N-1 r w = lim L w(Pi)[vi]· 
Jr i=O 

Mbr ,n;oKa:~KeM cKopo, qTo ,n;;rn KycoqHo-,n;n<P<PepeHii;npyeMhIX ITyTe:H 

HaITHCaHHbIH ITpe,n;eJI cyrri;eCTByeT H He 3aBRCHT OT BhI6opa ToqeK ,n;e­

JieHRH ITYTR. ,II,a,n;nM <l>opMyny ,Il;JIH Ir w, nCITOJih3YH oITepari;nro ITepe­

Hoca ,n;n<P<PepeHIJ;RaJihHOH <PopMhI. 

lfa OITpe,n;eJieHRH cyMMbI ,n;n<P<PepeHIJ;HaJihHbIX <PopM H ITpOR3Be­

,n;eHRH ,n;n<P<PepeHIJ;HaJihHOH <PopMbI Ha Berri;ecTBeHHOe qncJio CJie,n;yIOT 

Tpn oqeBn,Il;HhIX CBOHCTBa KpnBoJinHeHHhIX nHTerpanoB Ir w. 

(1) llHTerpan JinHeeH ITO w, T. e. ecnn w = w1 + w2, To Ir w = 
Irw1 + Irw2. Ecnn w = >..w', TO Irw = >..Irw'. 

(2) EcJIR r COCTOHT H3 ,n;Byx yqacTKOB r1 H r2, TO 

kw = kl w + £2 w. 

'.::ho 3HaqnT, qTo Bcer,n;a MO)KHO pa3,n;eJinTh KycoqHo-,n;n<P<PepeHri;n­

pyeMyro TpaeKTOpRIO Ha ,n;n<P<PepeHri;npyeMbie <l>parMeHThI, KaK 3TO 

ITOKa3aHO Ha pnc. 7.14, H CBeCTH HHTerpnpoBaHne ITO BCe:H KpRBOH K 

BbiqncJieHRIO HHTerpaJIOB ITO 3THM <l>parMeHTaM. 

a 

a a 

Pnc. 7.14 Pnc. 7.15 

(3) EcJIR r OTJinqaeTCH OT r' TOJibKO opneHTari;ne:H, TO 

b 
I .. 

t 
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9TO CJie,IJyeT H3 Toro, 'ITO, H3MeH5UI OpH€HTau;mo f, Mhl MemieM 

HarrpaBJI€HHe BCex BeKTOpOB vi' a IIOCKOJihKY w - JIHHeiiHaH <Pop Ma, 

TO 

IIepeii,n;eM K 3a,n;aqe Haxo)K,ll;emrn 'IHCJieHHoro 3Ha'leHHH KpHBO­

JIHHefiHoro HHTerpana. Rama u;eJih COCTOHT B TOM, 'IT06br CBeCTH 3TY 

3a,n;aqy K Bbl'IHCJI€HHIO o6bI'IHOro HHTerpana ITO rrapaMeTpy, BBe,n;eH­

HOMY B,ll;OJih rryTH HHTerpHpoBaHHH. IIapaMeTpH3au;HH a : JR ----+ JR2 

OT06proKaeT 0Tp€30K Beru;eCTBeHHOH IIpHMOH [a, b] B TpaeKTOpHIO f. 
IIpe,r:i;rroJimKHM, 'ITO TO'IKa a (HmKHHH rpaHHu;a HHTepBana [a, b]) 

oTo6pa:>KaeTCH B Ha'laJihHYIO TO'IKY rryTH Pa, a BepxHHH rpaHHu;a b 
- B KOHe'IHYIO TO'IKY rryTH Pb. PaccMaTpHBaH oT,n;eJibHO rJia,ll;KHe 

yqacTKH Ramero rryTH, 6y,r:i;eM C'IHTaTh, 'ITO a 3a,n;aeTcH ,n;H<l><l>epeH­

u;HpyeMhIMH cPYHKll;HHMH 

a*x = X(t), a*y = Y(t), 

,ll;JIH KOTOpbIX, corJiacHO u;errHOMY rrpaBHJiy, 

a* dx = X'(t) dt, a* dy = Y'(t) dt. 

IlycTh pa36HeHHe IIYTH COOTBeTCTByeT CJie,nyroru;eMy pa36HeHHIO 

oTpe3Ka: 

a = to < ti < · · · < tn = b, 

Bo3hMeM ,r:i;H<l><l>epeHu;HaJihHyro <l>opMy 

w = gdx+hdy. 

Tor,n;a KpHBOJIHHefiHhIH HHTerpan MO:>KeT 6bITh arrrrpoKCHMHpoBaH 
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cyMMOH 

L w(Pi)[a(ti+i) - a(ti)] 
i 

= L {g(Pi) dx[a(tH1) - a(ti)] + h(Pi) dy[a(ti+i) - a(ti)]} 
i 

= L{g(a(ti))[X(tH1) -X(ti)] + h(a(ti))[Y(ti+i) - Y(ti)]}. 
i 

(7.1) 

BcrroMHHM, 'ITO a*w = f dt, r,n;e 

f(t) = g(a(t))X'(t) + h(a(t))Y'(t). 

IlOKa1KeM, 'ITO (rrpR COOTBeTCTBYIOIIJ;Rx rrpe,n;rroJIO)KeHHHX OTHOCH­

TeJibHO a, f Hg) rrpR6JIR)KeHHOe Bbipa)KeHRe (7.1) CTpeMRTCH K 

1b f dt, (7.2) 

Kor,n;a ,ll;JlHHa 0Tpe3KOB pa3foleHHH rryTR CTpeMRTCH K Hymo. llTaK, Mbl 

XOTHM cpaBHHTb (7.1) H (7.2) ,ll;JIH ,n;aHHOro pa36ReHHH H IIOKa3aTb, 

'ITO RX pa3HOCTb CTpeMRTCH K Hymo, Kor,n;a maxi(ti+l -ti) CTpeMHTCH 

K Hymo. Mo)KHO HaIIRCaTh 

rti+l 
Y(ti+i) - Y(ti) =}ti Y'(s) ds. 

Tor,n;a cyMMa (7.1) RMeeT BR,ll; 

L {g(a(ti)) rti+l X'(s) ds + h(a(ti)) 1ti+l Y'(s) ds}' 
i }4 4 

a (7.2) MO)KHO HaIIRCaTb B BH,ll;e 

L itH1 J(s) ds 
i 

= ~ {litHi g(a(s))X'(s) ds + liti+i h(a(s))Y'(s) ds}. 
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Pa3HHU,a Me)K,ey 3THMH Bb1pa)KeHHHMH B TOM, qTo ,n;JIH (7.1) MhI HMe­

eM g(a(ti)) HJIH h(a(ti)), CTOHlll,HMH rrepe.n; 3HaKOM HHTerpana B Ka)K­

,Il;OM cnaraeMOM, a B (7.2) <l>YHKU,HH g(a(s)) H h(a(s)) CTOHT rro.n; 3Ha­

KOM HHTerpana. MHTYHTHBHO .HCHo, qTo ,n;JIH HerrpephIBHhIX <l:>YHK-

11,HH g H h H rJia,Il;KOM OT06pa)KeHHH Q 3Ta pa3HHU,a rrpette6pe)KHMO 

Mana rrpH .n;ocTaToqHo MeJIKOM pa36HeHHH. C.n;enaeM pH,n; rrpe.n;rrono­

)KeHHH, qTo6hI rronyqHTb TOqHylO 011,eHKY pa3HHU,bl Me)K,Izy (7.1) H 

(7.2). (Mo)KHO 6bmo 6h1 c.n;enaTb H 6onee cna6hre rrpe.n;rroJio)KeHirn, 

HO Tor.n;a l10Tpe6oBaJIOCb 6hl 6onee CJIO)KHOe ,Il;OKa3aTeJihCTBO.) 

(i) Ilpe.n;rroJIO)KHM, qTo g H h paBHOMeptto3 HerrpepbIBHhI, T. e. 

qTo ,Il;JIH JII06oro c > 0 cylll,eCTByeT TaKoe 'fl> 0, qTO H3 HepaBeHCTBa 

llP- Qll <'fl cne,eyeT lg(P) - g(Q)I < c H lh(P) - h(Q)I < c. 9TO -

rrpe.n;rroJio)Kettne OTHOCHTeJihHO w. Ilo TeopeMe J1arpaH)Ka o cpe,n;HeM 

3HaqeHHH OHO 6y,n;eT BbIIlOJIHHTbCH (rrpll 17N = c), eCJIH rrpOH3BO,ZJ;Hbie 

dg H dh y,n;oBJieTBopHIOT HepaBeHCTBaM lldgll < N R lldhll < N BO 

BCex TOqKax. 

(ii) ,II;orrycTHM, qTo cylll,eCTByeT TaKaH rrocTOHHHaH M, qTo 

IX'(t)I < M H IY'(t)I < M 

,Il;JIH BCex 3HaqeHHH t. 9To - rrpe.n;rroJIO)KeHHe OTHOCRTeJibHO rryTR Q. 

Ilo TeopeMe 0 cpe,n;HeM 3HaqeHHll MO)KHO HaHTH TaKoe <5 > 0, qTo 

,Il;JIH JII06hIX t' H t" H3 YCJIOBHH 

It' - t"I < <5 

BbITeKaeT HepaBeHCTBO 

la(t') - a(t")I <'fl· 

Pa3,n;eJIRM Beeb rryTh Ha oTpe3KR TaK, qT06b1 ,n;JIH Bcex i BhITIOJIHHJIOCh 

HepaBeHCTBO lti+1-til < <5. CornacHo rrpe.n;rrono)KeHRIO (i), MhI 6y,n;eM 

RMeTb 

jg(a(s)) - g(a(ti))I < c ,n;JIH ti~ s ~ ti+l· 

AHanorHqttyro ou,eHKY MO)KHO rronyqnTh ,n;JIH h. Tor.n;a 

lg( a( ti)) lit;+i X'(t) dt - lit;+i g(a(s))X'(s) dsl 

3
lfaBeCTHO, 'ITO HerrpepbIBHru! Ha KOMIIaKTe <l>YHKl.J;IUI: Bcer.n;a paBHOMepHO 

HerrpepbIBHa. - IlpUM. pea. 
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::; 1iti+i \g(o:(ti)) - g(a(s))i · IX'(s)I ds 

::; cM\ti+1 - ti\· 

fipocyMMHpOBaB :3TH HepaBeHCTBa no BCeM OTpe3KaM ( C rieTOM aHa­

JIOrifqHOH o:u;eHKH ,n;mI qJieHOB c h)' M02KHO ysn:,n;eTh, qTo pa3HOCTb 

Me)K,Izy (7.1) n: (7.2) He 6oJihme, qeM 

L cM\ti+l - til + cM\ti+l - ti\ = 2cM\b - a\. 
i 

Bb16n:paH ,n;JIHHY pa36HeHHH c ,n;ocTaToqHo MaJihIM '5, M02KHO noJiy­

qHTh aTy o:u;eHKY co CKOJih yro,n;Ho MaJio:H seJIHqHHOH c. TeM caMhIM 

)l;OKa3aHo paBeHCTBO Hamero KpHBOJIHHeHHOro HHTerpaJia H onpe,n;e­

JieHHOro HHTerpaJia (7.2). 
IlocKOJihKY f dt = a*w, M02KHO Hann:caTb 

r,n;e npasaH qacTb paseHCTBa pasHa Jieso:H no onpe,n;eJieHHIO. B pe-

h w = 1b a*w. 

B aToM paseHCTBe JieBaH qacTb HMeeT oqeBH,Il;HhIH HHTYHTHBHhIH 

CMbICJI, a npaBaH y,n;o6Ha ,Il;JIH BbiqHCJieHHH. 

IlpHMep. B KaqecTBe npn:MeHeHHH aToro pe3yJihTaTa Bbiqn:cJIHM HH­

TerpaJI I OT 

w = xy dx + x2 dy 

B,Il;OJib ,n;syx pa3JIHqHbIX nyTe:H, coe,n;HHHIOIIJ;HX TOqKy ( ~) c ( ~) . 
IlepBbIH nyTh r 1 H,n;eT B,Il;OJib napa60JibI y = 1-x2 ' a nyTh r 2 - B)l;OJib 

npHMOJIHHeHHOro 0Tpe3Ka, coe,n;HHHIOI:u;ero :3TH TOqKH (cM. pn:c. 7.16). 

,Il;JIH napaMeTpH3aIJ;HH f 1 BBe,n;eM <l>YHKIJ;HIO 

a : t f--t ( 1 ~ t2 ) , 0 ::; t ::; 1, 
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y 

x 

PHc. 7.16 

T.e. 
a*x=t, a*y=l-t2

, 

OTKy,n;a CJie,n;yeT, qTo 

a* dx = dt, a* dy = -2t dt. 

HarrpaBJieHHe ,ll;BlDKeHm1, 3a,n;a10m;ero opHeHTaD;HIO Ha KpHBoii, cooT­
BeTcTByeT yBeJIHqeHHIO napaMeTpa t: HaqaJio KpHBOii - 3TO ToqKa 

a(O) =(~}a ee Kotteu; - ToqKa a(l) = (~ )· 
Tor,n;a 

a*w = t(l - t 2) dt + t 2(-2t dt) = (t - 3t3) dt 

H HHTerpaJI OT w no 3TOii KpHBOit paBeH 

1 1
1 

3 [l 2 3 4] 
1 

w = (t - 3t ) dt = -t - -t = 
r1 o 2 4 o 

T.e. 
(3*x = t, (3*y = 1 - t. 

1 

4 
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CJie,n;oBaTeJihHO, 

{3* dx = dt, {3* dy = -dt 

H 

{3*w = t(l - t) dt + t2 (-dt) = (t - 2t2
) dt. 

Tor,n;a ,Il;JIH 3Toro rryTH rroJiy'laeM 

1 1
1

( 2 [1 2 2 3] 
1 

w = t - 2t ) dt = -t - -t 
r 2 o 2 3 0 

1 
6 

7 .3. ToqHbie ,n;HcpcpepeHa;HaJihHhie cpopMbI 

B rrpe,n;hl,n;ym;eM npHMepe seJIH'IHHa KpHBOJIHHeii:Horo HHTerpana 3a­

BHCHT OT <t>opMbl IIYTH, no KOTOpOMY OH Bbl'IHCmieTCH, IIpH <l:>HKCH­

posaHHOM rroJimKeHHH Ha'laJihHOii: H KOHe'IHOii TO'IKH. B o6m;eM cJiy­

'lae 3TO npaBHJihHO, HO eCTb O)J;HH BaMHbIH 'laCTHbIH CJiy'laii: ,n;H<P<Pe­

peHIJ;HaJibHbIX <t>opM, )J;JIH KOTOpbIX BeJIH'IHHa KpHBOJIHHeii:Horo HH­

Terpana IIOJIHOCTblO onpe,n;eJIHeTCH Ha'laJibHOH H KOHe'IHOH TO'IKaMH 

KpHBOH r. ,Il,orryCTHM, 'ITO ,Il;H<P<l:>epeHIJ;HaJihHaH <l:>opMa W HMeeT BH)J; 

w = df. B 3TOM cJiy'lae 

fr df =lb a*(df) =lb d(a* !). 

CorJiaCHO <l:>yH,n;aMeHTaJihHOii TeopeMe HHTerpaJibHoro HC'IHCJieHHH 

( <PopMyJia HbroTOHa-Jieii:6HHIJ;a) 

1b d(a* f) =a* f(b) - a* J(a). 

0,n;HaKo, a* f(b) = J(a(b)) = f(Pb), r,n;e Pb - KOHe'IHaH TO'IKa rryTH 

r, H aHaJIOrH'IHO a* j(a) = f(Pa)· 0TCIO)J;a CJie,n;yeT BbIBO)J;, 'ITO eCJIH 

Ha'laJIO H KOHeri; IIYTH r, T. e. TO'IKH Pa H Pb, <l:>HKCHpOBaHbI, TO 

HHTerpaJI 

orrpe,n;eJIHeTCH 3THMH TO'IKaMH H He 3aBHCHT OT BbI6opa IIYTH r. 
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llTaK, 9TOT pe3yJibTaT B KOMfornau;1nr c rrpe,r:t;blfIYIIl,HMH Bbl'IHCJie­

HH51MH IIOKa3bIBaeT, 'ITO He mo6a51 .r:i;mp<l;>epettu;HaJibHM <l;>opMa HMe­

eT BH)J; w = df. ,LJ;eikTBHTeJihHO, JierKO HaIIHCaTh tteo6xo.r:t;HMOe )J;JI51 

aToro ycJioBHe: .r:i;orrycTHM, 'ITO 

af of 
w = G dx + H dy = df = ox dx + ay dy. 

IlocKOJihKY CMemaHHhie rrpOH3BO)J;Hbie paBHhI
4

' T. e. 82 f I axoy = 

82 f I ayox' Mbl HMeeM 

ac aH 
f)y ax. 

B BhimerrpHBe,r:t;eHHOM rrpHMepe G = xy H H = x 2 , rroaToMy 

8G 8H 
-=x#-=2x. 
ay ax 

,LJ;mp<l;>epettu;HaJihHa51 <l;>opMa w, KOTopy10 MO)KHO rrpe,r:t;cTaBHTh B BH,r:t;e 

w = df' Ha3bIBaeTC51 mO"t'HOU. 

Cefiqac MhI ,r:i;oKa)KeM, 'ITO Ao-x;a.11ib'HO ycJIOBHe 

8G oH 
= 

8y ax 

.r:i;ocTaTO'!Ho, qT06b1 .r:i;mp<l;>epettu;HaJihHaH <l>opMa w = G dx + H dy 
HMeJia BH)J; w = df )J;JI51 HeKOTOpOH <l;>yttKll;HH f' orrpe.r:t;eJieHHOH c 

TO'IHOCTbIO .r:i;o KOHCTaHTbl. 

Cttaqana 3a<l;>HKCHpyeM TO'IKY Pa, H rryCTh f(Pa) = 0. Terreph 

orrpe,r:t;eJIHM <l;>yttKll;HIO f ITO <l;>opMyJie f(P) = fr W, r,r:t;e f - crreu;H­

aJibHO Bb16paHHM TpaeKTOpHH, coe,r:t;HH51IOIIl,a51 TO'IKH Pa H P. Ko­

tteqtto, K f MO)KHO .r:i;o6aBHTb JI106y10 KOHCTaHTY 6e3 H3MeHeHH51 ee 

.r:t;H<l;><l;>epettu;Hana df. Bb16op TOqKH Pa orrpe.r:t;eJIHeT aTy KOHCTattTy. 

,D;aaa:HTe rrpo.r:t;eJiaeM 9TY rrpou;e.n,ypy B ,r:t;eKapTOBhIX KOOp,r:t;HHaTaX. 

,LJ;orryCTHM, 'ITO 

w = G(x, y) dx + H(x, y) dy. 

4
IlpH ,ll;OIIOJJHHTeJJbHOM ycJJOBHH HerrpepblBHOCTH 3THX rrpOH3BO,ll;HhIX. -

Ilpu.M. peiJ. 
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,lJ;Jrn npocTOThI nycTh Pa coBna,n;aeT c HaqaJIOM Koop,n;HHaT. Cne,n;o­

BaTeJibHO, f ( ( ~)) = 0. B KaqeCTBe r BbI6epeM nyTh, coe,n;Hmno-

u (x) u IIJ;HH HaqaJlo KOOp,IJ;HHaT H ToqKy y npaMOJIHHeHHhIM 0Tpe3KOM 

(pHC. 7.17), KOTOpbIH JierKO napaMeTpH30BaTh: 

(~) 

PHc. 7.17 

IIocKOJihKY 6yKBhI x H y o6o3HaqaIOT y Hae Koop,n;HHaThI 1wtte'l£ttou 
TOqKH ITYTH I', TO ,IJ;Jl51 o603HaqeHH51 nepeMeHHblX HHTerpHpOBaHH51 

HCITOJih3yeM 6yKBhI x H jj. TaKHM o6pa3oM, 

H 

Tor,n;a 

a*x = xt, 

a* dx = xdt, 

a*y = yt, 

a* dy = ydt 

a*w = G(xt, yt)x dt + H(xt, yt)y dt. 

f (P) = 11 

a*w, 

H, CJie,IJ;OBaTeJihHO, <l>opMyJia 

f(x, y) :== 11 

[xG(xt, yt) + yH(xt, yt)] dt (7.3) 
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IT03BOmieT ITOCTpOHTh Q:>yHKIJ;HIO f ITO .n;nQ:>Q:>epeHIJ;HaJlhHOH Q:>opMe w. 
3aMeTHM, 'ITO 3TO MO)KHO c.n;eJiaTh TOJlbKO ITpH ycJIOBHH, 'ITO Q:>yHK­

ll;HH G H H OITpe.n;eJieHhl Ha BCeM ITYTH r. 
,Il;o CHX ITOP Mbl He .n;eJiaJIH HHKaKHX ITpe,IJ;ITOJIO)KeHHH OTHOCH­

TeJihHO Q:>opMhl w, KpOMe Toro, 'ITO OHa ,IJ;OJI)KHa 6bITh OITpe.n;eJieHa 

B,IJ;OJih TpaeKTOpHH HHTerpHpOBaHmI. Ilo3TOMy, B006lll;e roBOpH, Mhl 

He 0)1(.H,IJ;aeM, 'ITO df = w. Ilo3TOMY cefiqac Mhl ,Il;OJI)KHhl c.n;eJiaTh pH,IJ; 

ITpe,n;ITOJIO)KeHHH. ,Il;aBaH:Te BhI'IHCJIHM 8 f / 8x. B oITpe.n;eJieHHH Q:>yHK­

IJ;HH f ITpo.n;HQ:>Q:>epeHIJ;HpyeM ITO x ITO,Il; 3HaKOM HHTerpa.rra
5

: 

8f f1 fl ( 8G 8H ) 
{)x =lo G(xt, yt) dt +lo xt {)x (xt, yr)+ ty {)x (xt, yt) dt. 

TeITeph BOCITOJih3yeMCH TO)K,Il;eCTBOM 

d 8G 8H 
dt (tG(xt, yt)) = G(xt, yt) + tx {)x (xt, yt) + ty {)y (xt, yt). 

lfa Hero cJie.n;yeT: 

fl d 
G(x, y) = [tG(xt, yt)J6 =lo dt (tG(xt, yt)) dt 

f 1 
( 8G 8G ) =lo G(xt, yt) + tx {)x (xt, yt) + ty {)y (xt, yt) dt. 

IIo.n;cTaBHB 3TO Bhrpa)KeHHe B 8 f / 8x, ITOJIY'IHM 

8f f 1 
(8H 8G ) {)x = G(x, y) +lo ty {)x (xt, yt) - {)y (xt, yt) dt. 

Ilpe,n;ITOJIO)KHM, 'ITO B,IJ;OJih Bcero ITYTH 

8G 8H 
8y - 8x · 

8f 8f 
Tor.n;a {)x = G. AHa.rrorH'IHO {)y = H. Ilo3TOMY w dj, T.e . 

.n;nQ:>Q:>epeHIJ;HaJihHaH Q:>opMa w HBJIHeTCH mO"t'HOU. 

5 ,Ll,Jrn 3Toro ,ll;OCTaTO'IHa HerrpepbIBHMI ,n;mp<l:>epeHQlipyeMOCTb IIO,lJ;liHTerpaJib­

HOii cPYHKQlili. - IlpUM. pea. 
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PaccMoTpHM rrpMMep BOCCTaHOBJieHH51 <i>YHKIJ;HH no ee ,n;M<P<Pe­

peHu;HaJIY B 51BHOM BH,LJ;e. IlycTb 

w = 2xy3 dx + 3x2y2 dy. 

IlocKOJihKY w orrpe,n;eJieHa Be3,n;e H 

TO w = df. A Terrepb BhiqHcJIHM f: 

f(x, y) =fol [xG(xt, yt) + yH(xt, yt)] dt, 

f(x, y) =fol (2x2y3 + 3x2y3)t4 dt = x2y3. 

,Il;eiiCTBHTeJihHO, 

7.4. 3aMKHYTbie ,n,1:1<f><f>epeuu;1:1aJihHhie <f>opMhI 

B rrpe,n;h1.n;yiu;eM rraparpa<Pe MhI IIOKa3aJIH, qTo ecJIH w orrpe,n;eJieHa 

B o6JiaCTH R, MMeioiu;eii <PopMy 3Be3,LJ;hI, Bee ToqKH KoTopoii MO)K­

HO coe,n;MHHTh c HeKoTopoii ToqKoii 0, Jie)Kaiu;eii BHYTPH R, OT­

pe3KaMH rrp51MhIX, TaK)Ke Jie)KaIIJ;HMH B R (pMc. 7.18), TO ycJIOBHe 

8G/8y = 8H/8x ,Ll;OCTaTOqHO ,[l;J151 Toro, qTo6hI <l:>opMa w 6bIJia Toq­

HOH. EcJIH o6JiaCTH orrpe,n;eJieHH51 G H H He y,n;oBJieTBOp5IIOT ycJIOBHIO 

3Be3,LJ;HOCTH, TO TaKoii BbIBO,Ll; MO)KeT OKa3aTbC51 HeBepHbIM. 

Harrpn:Mep, 

y x 
w = - 2 2 dx + 2 2 dy 

x +y x +y 

y,n;oBJieTBOp51eT ycJIOBHIO 8G I 8y = 8 HI ax' HO w He orrpe,n;eJieHa B 

TOqKe x = 0, y = 0. B 3TOM cJiyqae B IlJIOCKOCTH c «rrpoKOJIOToii 
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PHc. 7.18 

TO'IKOH» ( ~) He cyrn;ecTByeT cPYHKIJ;HH f' ,II,Jrn KOTOpOH w = df. 
,Il;eHCTBHTeJibHO, eCJIH w - TO'IHa.H <l>opMa, TO HHTerpaJI OT Hee no 

3aMKHYTOMY nyTH ,11,0JI)KeH 6hITh paBeH Hymo. Ho J1erKo noKa3aTb, 

'ITO HHTerpaJI OT HaIIIeH <l>opMbI no OKPY)KHOCTH r e,II,HHH'IHOrO pa­

,II,Hyca c IJ;eHTpoM B HaqaJie KoOp,II,HHaT He paBeH Hymo. Bo3bMeM 

Tor.n.a 

a*x =cost, 

a*dx = - sintdt, 

a*y = sint, 

a* dy = costdt, 

a*w = sin2 t dt + cos2 t dt = dt. 

,Il;H<l><l>epeHIJ;HaJihHaH <Pop Ma w = G dx + H dy, onpe,II,eJieHHaH 

B HeKoTopoti 06J1acnr npocTpaHCTBa ~2 , Ha3brnaeTCH 3a.M'/CHymou, 
ecJIH 8G/8y = 8H/8x. EcJIH 06J1aCTh HMeeT <PopMy 3Be3,II,hI, TO Mbr 

,II,OKa3aJIH, 'ITO 3aMKHyTaH <PopMa HBJIHeTCH TO'IHOH. B o6rn;eM cJ1yqae 

3TO He TaK. 

B nocJ1e.n.yrorn;Hx rJiaBax MhI BepHeMCH K paccMoTpeHHIO 3THX 

H,II,eti, HMeIOrn;Hx Ba)KH€HIIIee 3Ha'leHHe ,11,JIH Teop1rn 3JieKTpOMarHHT­

Horo nOJIH. 
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7. 5. IlepeHOC ,n;Hcf>cf>epeHIJ;HaJihHOH cf>opMhl 

JI HHTerpHpOBaHHe 

IlocKOJihKY orrpe,n;eJiem1e JIHHetiHoro HHTerpa.rra fr w He 3aBHCHT OT 

BhI6opa rrapaMeTpa B,IJ;OJih rryTII f, QqeBH,IJ;HO, qTO qHCJieHHOe 3Haqe­

HHe HHTerpa.rra He 3aBHCHT OT rrapaMeTpH3aIJ;HH. I1oJie3HO rrpo,n;eMOH­

CTpHpoBaTb 3TY He3aBHCllMOCTb B HBHOM BH,n;e. Ilpe,n;rroJIO)KllM, qTO 

IIYTb r rrapaMeTpH30BaH ,IJ;BYM.H crroco6aMH: c IIOMOIIJ;bIO rrepeMeHHblX 

SH t. 

a b s a(b) t 

PHC. 7.19 

Tor,n;a cyru;ecTByeT B3aHMHO-O,ll;H03HaqHoe oTo6pa)KeHHe a oTpe3-

Ka s-rrp.HMOH Ha 0Tpe30K t-rrp.HMOH, KaK 3TO IIOKa3aHo Ha pHC. 7.19. 
CJie,n;oBaTeJibHO, rrapaMeTpH3an;mo IIYTH r MO)KHO 3arrncaTh B Bn,n;e 

P = {3(t) H P = f3(a(s)) = {3 o a(s). 

McrroJih3Y.H rrapaMeTp s, ii;errHoe rrpaBHJIO H <PopMyJiy ,IJ;JIH 3aMeHhI 

rrepeMeHHhlX B o6biqHblX orrpe,n;eJieHHhlX HHTerpa.rrax, BhiqHCJIHM 

f w =lb ({3 o a)*w = fb a*({3*w) = 1a(b) {3*w. 
Jr a la a(a) 

cho B TOqHOCTH COBIIa,n;aeT C TeM, qTO Mbl IIOJiyqllJill 6hI, BbiqHC­

JI.H.H HHTerpa.rr c IIOMOIIJ;bIO napaMeTpa t. c BhlqHCJIHTeJibHOti TOqKH 

3peHH.H 3TO 3HaqHT, qTO HCilOJib30BaHHe pa3HbIX rrapaMeTpH3aIJ;HH 3K­

BHBa.JieHTHO 3aMeHe nepeMeHHhIX B HHTerpa.rre. 

KpHBOJIHHefiHhiti HHTerpa.rr, 3a,n;aHHhifi B o,n;Hoti ITJIOCKOCTH, MO)K­

HO npeo6pa30BaTb B paBHhlti eMy HHTerpa.rr B ,n;pyrofi IlJIOCKOCTH, 

KaK 3TO noKa3aHo Ha pHc. 7.20. CHMBOJI {3 o6o3HaqaeT B3aHMHO­

o,n;H03HaqHoe OTo6pa)KeHHe nyTH r Ha IlJIOCKOCTH A B nyTh {3(r) Ha 
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IIJIOCKOCTH IB\. BbI6paB .n;mpcl:>epeHn;HaJihHYIO cl:>opMy w Ha IIJIOCKOCTH 

IB\, MhI orrpe.n;emi:eM ee rrepeHoc corJiacHo cl:>opMyJie 

a b 

,B*w(P)[v] = w(,B(P))[d,Bp[v]]. 

t 

(3*w A 
f3 o a 

Pnc. 7.20 

r w = r ,B*w. 
J f3(I') lr 

,LJ,eiicTBHTeJihHO, no orrpe.n;eneHHIO Kp1momrneii:Horo HHTerpaJia 

N-1 fr ,B*w = lim t; ,B*w(Pi)[v] 

N-1 

= lim L w(,8(Pi))[d,8pJvilJ· 
i=O 

3aMeTHM, 'ITO rrpH N --t oo BeKTOphI d,B[vi] pacrroJiaraIOTC5I B,ll;OJih 

rryTH ,B(r) Bee 6oJiee 6JIH3KO. Cne,n;oBaTeJihHo, rrocne,n;H5I5I cyMMa B 

npe,n;eJie N --t oo cTaHOBHTC5I HHTerpaJioM J/3(I') w. ,LJ,eil:cTBHTeJibHO, 

eCJIH MbI rrapaMeTpH3yeM f C IIOMOIIIhIO OT06pa)KeHH5I a, TO COrJiaCHO 

n;errHOMY rrpaBHJIY IIOJiy'IHM 

fr ,B*w =lb a*(,B*w) =lb (/3 o a)*w. 

0,n;HaKo, j3oa eCTb rrapaMeTpH3aIJ;H5I IIYTH /](r), II03TOMY IIOCJie,IJ;HHH 

HHTerpaJI paBeH f13(I') w, 'ITO H Tpe6oBaJIOCb ,ll;OKa3aTh. 
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IlpHMep. CMhICJI rrocJie.n.Hero pe3yJihTaTa cocTOHT B TOM, 'ITO .LI.JIH 

BbI'IHCJieHHH HHTerpana MmKHO BBO.LI.HTb mo6y10 y.n.o6HyIO CHCTeMy 

Koop.n.:uHaT. Harrp:uMep, ecJIH MhI xoTHM BhI'IHCJIHTh HHTerpan OT w = 

x dy -y dx ITO IIOJIYOKPY*HOCTH e.n.HHH'IHOro pa.n.:uyca OT TO'IKH ( ~) 

.n.o TO'IKH (-~) Ha IIJIOCKOCTH xy (p:uc. 7.21), 3TY IIOJIYOKPY*HOCTb 

MO)l{HO 3aMeHHTh Ha HarrpaBJieHHhIH 0Tpe30K f B nOJl.R,p'HOU CUCme.Me 

11:oopdunam c IIOMOIIJ;hIO oT06pa)l{eHHH {3 : (;) ~ ( ~ ~~~:) . Tor.n.a 

{3*w = (rcosO)d(rsinO)- (rsinO)d(rcosO) = r2 d0. 

(} y 

7f 

f3 

r 

1 r x 

P:uc. 7.21 

,lJ,JIH 0Tpe3Ka f 3Ha'leHHe r = 1 H II03TOMY 

Ir {3*w = 111" dO = 1r. 

.HcHO, 'ITO BhI'IHCJieHHe f 13(r) w c IIOMOIIJ;hIO rrapaMeTpH3aIJ;HH t ~ 

( ~~~ ! ) .n.aeT TO *e caMoe 3Ha'leHHe HHTerpana. 

7.6. A6coJIIOTHbIH KpHBOJIHHeiiHhiii HHTerpaJI. 

,ll;JIHHa KpHBOH 

,II,o CHX rrop Mhl paccMaTpHBaJIH HarrpaBJieHHhie KpHBOJIHHeHHhie HH­

TerpaJihI, BhI'IHCJIHeMhie B.LI.OJih opuenmupoBa'H'H'btX rryTeH Ha IIJIOCKO­

CTH, r.n.e CKaJIHpHoe rrpOH3Be.n.eHHe MO)l{eT 6hITh He orrpe.n.eJieHo. 
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a Ui 

PHc. 7.22 PHc. 7.23 

EcJIH cKamipHoe ITpOH3Be,n;eHHe oITpe,n;eJIHTh, TO cTaHOBHTCH B03-

MO:>KHhIM OITpe,n;eJieHHe a6CO/l,'/Offi'H020 KpHBOJIHHeliHoro HHTerpana6 

OT if>ytt~'IJ,UU f ITO ITYTH r. LITo6hI OITpe,n;eJIHTb TaKOH HHTerpaJI 

Ir f ds, pa306heM ITYTh r Ha KOpOTKHe 0Tpe3KH c BeKTOpaMH Vi = 
f'iPi+l (pHC. 7.22), ITOCJie 3TOro Bbl'IHCJIHM a/l,U'HY Ka)K,ll;OrO 0Tpe3Ka 

ITO <l>opMyJie ,n;mI CKaJI5IpHoro ITpOH3Be,n;eHH5I Si = llvill = J(vi, Vi)· 
Tor,n;a HHTerpan CHOBa oITpe,n;en5IeTc5I KaK ITpe,n;en cyMMhI 

N-1 

ff ds = lim L f(Pi)si. Jr N->oo 
i=O 

QqeBH,n;HO, 'ITO B 3TOM cnyqae opHeHTaIJ;H5I ITYTH r He HMeeT 3Ha'Ie­

HH5I, TaK KaK ,ll;JIHHa BeKTOpa Vi paBHa ,ll;JIHHe BeKTOpa (-vi)· 
,ll;JI5I Bbl'IHCJieHH5I a6COJIIOTHOro KpHBOJIHHeHHOro HHTerpana y,n;o-

6Ho, KaK H BbIIIIe, ITapaMeTpH30BaTb ITYTb r. IlyCTb 

a*x = X(t), a*y = Y(t), 

OTKy,n;a 

a* df = X'(t) dt, a* dy = Y'(t) dt. 

(
X'(t)) da[ui] = Y'(t) dt[ui]· 

EcJIH MhI HMeeM ,n;eno c o6hI'IHhIM eBKJIH,ll;OBhIM CKaJI5IpHbIM ITpo­

H3Be,n;eHHeM, TO )l;JIHHa 3TOro BeKTOpa paBHa 

6B pyccKOll3bl'IHOii. JilfTepazype TaKHe HHTerpaJibl Ha3blBaIOT ?qJU60J1,U'HeU'H,'b/,­
MU unme2pa.n,a.Mu nepao20 poaa. - JlpUM. pea. 
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IIo orrpe,n;eJieHHIO 

qTo II03BOJIHeT7 HamfcaTb 

9To IIpHBO)l;HT Hae K cpopMyJie BhJqHcJieHHH a6cOJIIOTHOrO KpHBOJIH­

HeHHOro HHTerpana c IIOMO~hIO rrapaMeTpH3a~HH: 

fr f ds =lb a* f(t)JX'(ti) 2 + Y'(ti)2 dt. 

EcJIH f(P) = 1, TO HHTerpaJI Ids orrpe,n;eJIH€T )l;JIHHY KpHBOH r. 
B 6oJiee o6~eM cJiyqae, ecJIH f(P) 3a,n;aeT JIHHeiiHyIO IIJIOTHOCTh 

MaCChl TOHKOH npOBOJIOKH, HMeIO~eii cpopMy KpHBOH r' TO I f ds 
npe,n;cTaBJIHeT IlOJIHYIO Macey npOBOJIOKH. 

EcTh HHTepeCHhIH c ToqKH 3peHMH npHMeHeHHH B cpn3HKe npHMep 

a6cOJIIOTHOro JIHH€HHOro HHTerpana, IlOCTpOeHHOrO c IlOMO~hIO HeeB­

KJIH)l;OBa CKaJIHpHoro npoM3Be,n;eHMH. 9To BhJqncJieHHe co6cmeenno-
20 6pe.Mettu, CBH3aHHOro c MHpOBOH JIHHHeii ,n;BmKy~eHCH qaCTH~hl 

(pnc. 7.24), Kor,n;a nporne,n;rnee BpeMH H3MepHeTCH no qacaM, ,n;BM­

)KY~HMCH BMecTe c qacTHIWH. B 3TOM cJiyqae 3HaqeHHe BpeMeHH t 
B)l;OJih MHpOBOH JIMHHH Bcer,n;a pacTeT. Ero MO)KHO HCITOJih30BaTh B 

KaqeCTBe napaMeTpa H HaITHCaTb 

a*t = t, a*(x) = X(t), 

OTKy,n;a 

a* dt = dt, a*(dx) = X'(t) dt. 

Tor,n;a Aopett'UieBa )l;JIHHa BeKTopa 

7Ha caMoM ,n;eJie ,n;mrna Si seKTOpa v; He o6H3aHa pasHHTbCH llda[ui]ll, H 
rrpasaH qacTh cJie,1.1YIOII1ero paseHCTBa (7.5) He cosrra,n;aeT c rrpasoil: qacTbIO (7.4). 
Ilpas,n;a, rrpH HerrpepbIBHOCTH f ( t) H qacTHhlx rrpoH3BO,ll;HblX X' ( t), Y' ( t) rrpe,n;eJihl 
3THX rrpasbIX qacTeil: Bee :>Ke paBHbl, HO ,Jl;OKa3aTeJibCTBO 3Toro cPaKTa Tpe6yeT 
KpOIIOTJIHBblX OIIeHOK. - IlpUM. pea. 
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x 

a 

t 

t 

PHC. 7.24 

paaHa Jl - X'(t)2 dt[ui]· IlocKOJihKY X'(t) ecTb CKopoCTb qacTH:rl;bl 

v, TO rroJiyqaeM HHTerpan 

t~dt, 

orrpe.n;emuorn;Hii: co6cTBeHHoe apeM.H .n;amKyrn;eii:c.H qacTHIJ;bI. 

Pe3roMe 

A. KpHBOJurneiiHhie HHTerpaJibI 
Bbl .n;omKHbl yMeTb o6'h.HCHHTb CMblCJI JIHHeii:Horo HHTerpana fr w, 
3HaTb ero CBOHCTBa H yMeTb IIOJib30BaTbC.H HMM. 

Bbl .n;om1<Hbl 3HaTb rrpo:ri;e.n;ypy BblqHcJieHH.H JIHHeii:Horo HHTerpa­

Jia c IIOMOID;bIO rrepeHoca .n;mp<l:>epeH:ti;HaJibHOH <t>opMbl, yMeTb BBO­

,ll;HTb COOTBeTCTBYIOIIJ;YIO rrapaMeTpH3a:ti;HIO ,ll;Jl.H 3a,ll;aHHblX TpaeKTO­

pHii: H BblqHCJI.HTb KpHBOJIHHeHHble HHTerpaJibI. 

B. ,ll;mp<l>epeHI.J;HaJihI H ,n;11<P<t>epeHI:i;HaJihHbie <t>opMbl 
,IJ.JI.H 3a,n;aHHOH ,n;H<l:><l:>epeHIJ;HaJibHOH <t>opMbl w' orrpe,n;eJieHHOH Ha 

TIJIOCKOCTH, Bbl ,ll;OJI:>KHbl yMeTb Bbl.HCH.HTb, MO:>KHO JIM rrpe,n;cTaBHTb 

ee KaK .n;H<l:>cpepeHIJ;HaJI <i>YHKIJ;HH f H, eCJIH TaKa.H <i>YHKIJ;H.H cyrn;ecT­

ayeT, yMeTb HaHTH ee. 

7.1. IlycTh w = (ycosxy +ex) dx + (xcosxy + 2y) dy. 
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(a) Bb1qHcJIHTe Ir w B,D,OJih yqacTKa napa6oJibI y = x 2 OT ToqKH 

( ~) ,n,o ( ~ ) . l'.lcnoJih3yiiTe napaMeTpH3a1:i;mo ¢, 3a,n,aBaeMyro 

nepeHOCOM 

(b) BhlqHCJIHTe Ir w, eCJIH r - np.HMa.H JIHHH.H, coe,D,HH.HIOilla.H Ha­

qaJio KOOp,D,HHaT c TOqKoii ( ~) . BbiqHCJIHTe TOT :>Ke HHTerpaJI, 

eCJIH IlYTb f COCTOHT H3 0Tpe3Ka 0 $ X $ 0: B,ll,OJlb OCH X H OT­

pe3Ka x = a, 0 $ y $ /3. 
( c) Haii,n,HTe TaKyro <PYHKIJ,HIO f ( x, y), qT06b1 BhlnOJIH.HJIOCh ycJio­

BHe W = dj. 

7.2. IlycTb CHOBa w = (ycosxy +ex) dx + (x cosxy + 2y) dy. 

(a) BhlqHCJIHTe Ir w B,ll,OJlb yqaCTKa napa60Jibl r' onpe,n,eJieHHOro 

¢opMyJiaMH 

(b) Haii,n,HTe TaKyro <PYHKIJ,HIO f ( x, y), <£T06bl w = df. 

7.3. IIycTb w = ydx - xdy. 

(a) BhlqHCJIHTe Ir w B,ll,OJib IlOJIYOKpy:>KHOCTH r OT TOqKH 

,ll,O TOqKH ( ~) • IlyTh f onpe,n,eJieH ¢opMyJiaMH 

(x) = (-c?st) ,ll,Jl.H 0 :::; t:::; 1r. 
y sm t 

(-01) 

(b) IloKa:>KHTe .HBHO, qTO Bb16paB ,n,pyryro KpHByro, coe,n,HH.HIOIIIYIO 

Te :>Ke ToqKH ( - ~) H ( ~) ' MO:>KHO noJiyqHTb ,n,pyroe 3Haqe­

HHe HHTerpaJia OT TOii :>Ke ¢opMb1. 

7.4. IIycTb w = (15x2y2 
- 3y) dx + (10x3y- 3x) dy. BbiqHCJIHTe Ir w, r,n,e 

f - nyTh OT ( -1, 0) ,ll,O ( 1, Q) B,ll,OJlb IlOJIYOKpy:>KHOCTH x2 + y2 = 1, 
y;::: 0. 
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7.5. (a) BbI'IHCJIHTe Ir w, r,n;e w = dx + 2x dy, r - y'IaCTOK napa6oJibl 

x = 1 - y 2 MeJK,n;y y = -1 Hy = +1, KaK 3TO IIOKa3aHO Ha 

pHC. 7.25. 

(b) Hafi,n;HTe TaKHe KOHCTaHTY a H <l:>YHKD;HIO f' ,n;m1 KOTOpbIX Bbl­

IIOJimieTC51 paBeHCTBO eayw = df. 

y 

1 

-1 

Puc. 7.25 

1 x 

Puc. 7.26 

7.6. (a) IIycTb w = (x2 - 2xy)dx + (y2 - 2xy)dy. BbI'IHCJIHTe frw, 
r,n;e nyTh r IIpOXO,ll;HT B,ll;OJib yqaCTKa napa60Jibl y = x 2 MeJK,n;y 

TO'IKaMH (-1, 1) H (1, 1). 

(b) IlycTb a = 30x2y5 dx + 40x3y4 dy. Haii,n;HTe u;enoe 'IHCJIO n 
H <l:>YHKD;HIO f' ,n;JIH KOTOpbIX BblTIOJIH51eTC51 paBeHCTBO df 
(xyra. 

7.7. IIycTb w = l0y2 dx + 4xy dy. 

(a) Bhl'IHCJIHTe fr w, r,n;e nyTb r npOXO,n;HT no ,n;yre e,n;HHH'IHOrO 

pa,n;Hyca MeJK,n;y TO'IKaMH ( ~) H ( ~). (YKa3aHHe: BBe,n;HTe 

napaMeTp () - CM. pnc. 7.26.) 

(b) Haii,n;HTe TaKoe u;enoe 'IHCJio n n <l:>YHKD;HIO f, 'IT06b1 BhIIIOJI­

HHJIOCh paBeHCTBO XnW = df. 

7.8. (a) IloKaJKHTe, 'ITO ,n;Hq,q,epeHD;HaJihHaH q,opMa 

w = 3xydx + 2xdy 

He 51BJIHeTC51 ,n;H<l:><l:>epeHD;HaJIOM HHKaKOH <l:>YHKD;HH f. 
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(b) Hail:,n,BTe ypaBHeHBe ceMeil:cTBa KpHBhIX, 3aBBCHIIJ;HX OT o,n,aoro 

rrapaMeTpa H 06Jia,n,aIOIIJ;HX CBOil:CTBOM w(v) = 0 ,11,JIH JII06o­

ro BeKTOpa v' KaCaTeJibHOrO K KaKOH-JIH60 H3 3THX KpHBbIX. 

(YKa3aane: ecJIH y = F(x) H v = ( F'~x)), TO Bbl MO)KeTe 

aarrncaTb ,D,H<P<Pepemi;HaJihHoe ypaBaeane )1.JIH F(x).) 

(c) Haii,n,HTe <i>YHKIJ;HH f(x,y) H g(x,y), ,D,JIH KOTOpblx BhIIIOJIHH­

eTCH paBeHCTBO df = gw. (YKa3amre: <i>YHKIJ;HH f ,n,omKHa 
6bITb IIOCTOHHHOH B,11,0Jih KpHBbIX, IIOJiyqeHHbIX B rrpe)1.bl,D,yll1;€M 

ynpa)KH€HHH.) 

7.9. (a) HapncyiiTe rroJiy3JIJIHrrc, 3a,n,aHHbIH ypaBaeaneM B rroJIHpHhlx 

KOOp,11,HHaTaX 

9 
r = ,11,JIH 0 :::; () :::; 7r. 

5 - 4cos0 

BcrrOMHHB, qTo x = rcos() Hy= rsinO, rroKa:>KHTe, qTo 3TOT 

IIOJIY3JIJIHIIC eCTb yqacTOK KPHBOil: 

(x - 4)2 y2 
_;__.2_5_;_. + 9 = 1. 

(b) ,ll;n<P<PepeHIJ;Ha.JlbHYIO <PopMy 

xydy-y2 dx 
w=------

x2 +y2 

Bblpa3HTe B IlOJIHpHbIX KOOp,D,HHaTax qepe3 r' ()' dr H d(). 

( c) BbJqHCJIHTe Ir w' r,n,e nyTh r - IIOJIY3JIJIHITC H3 nepBoro nyHKTa 

3Toro ynpa)l{HeHHH. BocnoJib3YiiTech rrOJIHpHbIMH Koop,n,HHaTa­

MH, r,n,e () - y,n,o6Hhiil: rrapaMeTp. 

( d) BhlqHCJIHTe Ir w B Koop,11.HHaTax x H y. Y ,n,o6ayro rrapaMeTpH-
3an;mo orrpe,n,emi:eT oTo6pa)KeHHe 

t t--t (4 + 5cost) 0:::; t ~'Tr. 
3cost ' 

7.10. (a) IIpe,u;rroJIO)KHM, qTo u H v - KpHBOJIHHeil:Hhle Koop,n,HHaThl B 

o6JiaCTH D Ha rrJiocKoCTH. CooTBeTCTBYIOIIJ;Hii HK06HaH 

Det (8u/8x 8u/8y) 
8v/8x 8v/8y 
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HHr.n.e B o6JiacTH D He o6pam;aeTca B HYJib. IIycTb w - rJia,11.Kaa 

.n.mp¢epeHIJ;HaJibHaa ¢opMa, onpe.n.eJieHHaa B o6JiaCTll: D' a r 
- KpHBaa B 3TOM o6JiaCTH. IloK8.)KHTe, 'ITO fr w HMeeT 0,11.HHa­

KOBoe 3Ha'J:eHHe, eCJIH W Hf Bbipa:>I<aTb qepe3 nepeMeHHhle X, 

y HJIH qepe3 u H v. (IIpe,I1.bI,I1.Ym;aa 3a.n.aqa HBJIHeTCH npHMepOM 

aToro JTBep:>K,11.eHHa.) 

(b) IlyCTb IIYTb f OIIpe,I1.eJieH B IIOJIHpHbIX KOOp,11.HHaTaX COrJiac­

HO ¢opMyJiaM: p = F(O), npH 3TOM F(O) > 0 H F(2n) = F(O). 
IloK8.)KHTe, 'ITO nJiom;a,11.b, 3aKJIIO'IeHHaa BHYTPH 3Toro 3aMKHy­

Toro nyTH, paBHa fr w, r.n.e w = ~p2 d(}. (YKa3aHHe: <I>opMy w 
Bhlpa3HTe B .n.eKapTOBbIX KOOp,11.HHaTaX.) 

7.11. CocTOHHHe ra3a, 3aKJIIO'IeHHoro B Ii;HJIHH.n.p, MO:>KHO npe,n;cTaBHTb 

TO'IKOM Ha IIJIOCKOCTH, r.n.e .n.eKapTOBbIMH KOOp,11.HHaTaMH HBJIHIOTCH p 
(.n.aBJieHtte) H V (o6'beM). KoJIH'IeCTBO TenJia, norJiom;eHHOro ra3oM 

B HeKOTOpOM npmi;ecce, 3a,I1.aHHOM TpaeKTOpHeM f, paBHO Q = fr W, 

r.n;e 

p 

32 
(1,32) 

24 

16 y 

8 

(8,1) 

8 v x 

PHc. 7.27 PHc. 7.28 

(a) BbI'IHCJIHTe Ir w, r.n.e IIYTb r npoX0,11.HT B,11.0Jlb JIOMaHo:tt JIHHHH, 

H3o6pa:>KeHHO:tt Ha pHC. 7.27. JlHHHH IIOCJie,11.0BaTeJihHO C00,11.H­

HHeT ToqKH v = 1, p = 32, 3aTeM v = 1, p = 8 H v = 8, 
P= 1. 
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(b) Bb1qHCJIHTe HHTerpaJI fr, w B,ll;OJib rryTH r', rrpoxo,n;H~eM B)l;OJib 

KpHBoH: PV513 = 32 OT ToqKH V = 1, P = 32 K ToqKe V = 8, 
P= 1. 

( c) HaH:,n;HTe TaKyro cPYHK~ro S, qTo6bl BhIIIOJIHHJIOCb paBettcTBO 

dS =w/PV. 

7.12. (a) lIMeeTCH o,n;ttopo,n;ttaH rrpoBOJIOKa c MaccoH: M, corttyTaH B rro­

JIYOKpyJKHOCTb c pa,n;HycoM R, KaK aTo IIOK83aHo Ha pHc. 7.28. 
HaH:,n;HTe y-ro Koop,n;HttaTy QeHTpa Mace aToH: rrpoBOJIOKH H Bbl­

qHCJIHTe ee MOMeHT HHepQHH OTHOCHTeJibHO OCH x. 

(b) PemHTe TY JKe 3a,n;aqy B cJiyqae, Kor,n;a JIHtteH:HaH IIJIOTHOCTb 

rrpoBOJIOKH rrporrop~OHaJibHa y, HO ee IIOJIHaH Macca IIO­

rrpeJKHeMy paBHa M. 

7.13. 3arrHmHTe B cl>opMe HHTerpaJia ,n;JIHHY KpHBOH y = (x - 2)3 , coe,n;H­

HHIO~eii ToqKH ( - ~) H ( ~) Ha eBKJIH)l;OBOii IIJIOCKOCTH. 

7.14. PaccMoTpHTe ,n;H<l><l>epeH~aJihHyro cl>opMy 

w = 5ydx + 3xdy. 

(a) HaH:,n;HTe TaKHe QeJihle qncJia m H n, ,n;JIH KOTOphlx BblIIOJIHH­

eTCH paBeHCTBO d(xmynw) = o. 
(b) .Il:JIH 3THX QeJiblX qnceJI Haii,ll;HTe TaKyro cPYHKQHIO f, qTo6bl 

BblIIOJIHHJIOCb paBeHCTBO dj = Xmynw. 

( c) 0To6p83HM IIJIOCKOCTb UV Ha IIJIOCKOCTb xy TaK, qTo6bl 

(a) ( a2+13) 
. /3 1---+ /32 + 2a · 

IlepettecnTe <l>opMy w Ha IIJIOCKOCTb UV. 

( d) Bb1qncJIHTe I w B)J;OJib rryTeH r 1 H r 2, coe,n;HHHIO~HX TOqKH 

( ~) H ( ~ ) . IlyTh f 1 COCTOHT H3 ,ll;BYX IIpHMblX 0Tpe3KOB H 

IIpOXO,n;HT qepe3 TOqKy ( ~ ) , a IIYTh f 2 IIpoXO)l;HT IIO ,ll;BYM 

rrpHMblM OTpe3KaM qepe3 ToqKy ( ~) • 
(e) BhlqncJIHTe a6coJIIOTHhiii KpHBOJIHttefi:Hhlii HHTerpaJI fr

1 
llwll ds. 

(B OTBeTe O)l;HH qJieH MOJKHO OCTaBHTb B BH,n;e o6biqHoro orrpe­

,n;eJieHHOrO HHTerpaJia.) 



rJiaBa 8 

~BOHHble HHTerpaJibl 

fJiaBa 8 npo,n;oJI)KaeT H3yqemrn HHTerpaJibHoro Ifcq11c­

Jiettm1. Otta rrocBHrn;etta BHenrnHM 2-cpopMaM H ,n;ByMep­

HbIM HHTerpaJiaM, KOTOpbie HM COOTBeTCTBYIOT. BBO)l;HT­

CH orrpe,n;eJieHHe BHenrneii rrpOH3BO)l;HOH H OTMeqaeTCH ee 

HHBapHaHTHOCTb OTHOCHTeJibHO rrepeHoca. ,II;oKa3bIBaeT­

CH ,n;ByMepttbIH Bap11aHT TeopeMhI CToKca, H3BeCTHhiii KaK 

TeopeMa fpHHa. l1ccJie,n;yroTCH IIOBepXHOCTHbie HHTerpa­

Jlbl B TpexMepHOM rrpOCTpaHCTBe. 

8.1. BttemH.H.H rrpo:u3Bo,n;Ha.H 

Mbr y)Ke 3HaeM, qTo ,n;11cpcpepeHI1HaJI cpyHKI1HH f ,n;aeT HaHJiyqrnee 

JIHHeHHOe rrp116Jn1)KeHHe K rrpnparn;eHHIO 3HaqeHHH cpyHKI1HH rrpH rre­

peMern;eHHH ee apryMeHTa OT ToqKif p K TOqKe p + v. 9To MO)KHO 

3arrttcaTh B cpopMe 

df(P)[v] = J(P + v) - J(P) + o(v), 

r,n;e rrprr v ~ 0 rrorrpaBoqHbifi qJieH o( v) CTpeMHTCH K HyJiro 6hICT­

pee, qeM )l;JIHHa BeKTopa v. Mo)KHO rrpe,n;cTaBJIHTb ce6e, qTo df HB­

JIHeTcH JIHHeHHOH cpyHKl1Hefi, 3HaqeHHe KOTOpofi Ha KOHI1e BeKTOpa 

v orrpe,n;eJIHeTC.H 3HaqeHHHMH caMOH cpyHKI1HH f Ha KOHI1aX 0Tpe3-

Ka, 3a,n;aHHOrO BeKTOpOM v «B rrpe,n;eJie», KOr,n;a v CTaHOBHTCH oqeHb 

MaJibIM. 

BocrroJih30BaBrnttcb attaJIOrlfqHbIM rro.n;xo,n;oM, MO)KHO H3 1-cpopMbI 

T IIOCTpOHTb 2-<fJOp.My dT' KOTOpa.H 6y,n;eT Ha3bIBaTbC}l 8'1-teW'HeU npo­
U380J'HOU OT T. 9Ta 2-cpopMa B Ka)K)l;OH TOqKe p 6y,n;eT 6UJ/,U'HeU'HOU 



380 rJiaBa 8. ,ll;BOil:Hble HHTerpaJibl 

cPYHKIJ,Heil: ,n;Byx BeKTopoB v H w. IfMetttto, BhI6paB TO'IKY P, ynopR­

oo"le'H/Hy10 rrapy B€KTOpOB V H W H 1-<PopMy, Mhl M02K€M IIOJIY'IHTh 

'IHCJIO, rrpOHHTerpHpOBaB T ITO rrapaJIJieJiorpaMMy, IIOCTpOeHHOMy Ha 

BeKTOpax v H w' )J;BHraacb CHa'IaJia «Brrepe.n;» OT p B)J;OJih rrepBO­

ro B€KTOpa v' a B KOHIJ,e IIYTH «Ha3a)J;» B)J;OJih BToporo BeKTOpa w 
(pHC. 8.1). 

p 

PHc. 8.1 PHC. 8.2 

EcJIH BeKTOphI v H w .n;ocTaTO'IHO MaJihI H rroBe,n;ettHe <PopMhI T 

B OKpeCTHOCTH TO'IKH p )J;OCTaTO'IHO xopornee, TO M02KHO 02KH)J;aTh, 

'ITO 3Ha'IeRHe 3TOro HHTerpana 6y,n;eT rrpH6JIH3HT€JihHO 6UJ/,UH,ei1,1w, 

T. e. OHO 6y,n;eT 3aBHC€Th rrpH6JIH3HT€JihHO J/,U'HeU'HO OT v (rrpH cPHK­

CHpOBaHHOM BeKTOpe w) H JIHH€HHO OT w ( rrpH cPHKCHpOBaHHOM v). 
06o3Ha'IHM P(h, k) rrapanJieJiorpaMM, 3a.z:i;attHhiil: BeKTopaMH hv H 

kw (pHc. 8.2). XoTeJIOCh 6b1 orrpe,n;eJIHTh dT(P) <PopMynoil: 

r T = hk dr(P)[v, wj + OCTaTOK, 
}P(h,k) 

(8.1) 

r.z:i;e ( Mhl tta,n,eeMCH) OCTaTO'IHhIH 'IJI€H CTpeMHTCH K tty mo 6hICTpee, 

'I€M h rrpH h ~ 0 ( 3Ha'IeHHe k cPHKCHpOBaHO) H 6bICTpee, 'IeM k rrpH 

k ~ 0 ( 3Ha'IeHHe h cPHKCHpOBaHO) 1 . 

EcnH 2-<PopMa dr(P) cym;ecTByeT, TO otta e,n;HHCTBetttta. ,II,oK83a­

TeJihCTBO rrpaKTH'IeCKH coBrra.z:i;aeT c )J;OK83aTeJihCTBOM YTBep)K)J;ettHa, 

'ITO AH<P<Pepettu,Han cPYHKIJ,HH e,n;HHCTBetteH. Ilpe.n;rrono2KHM, 'ITO 

1
06bI'IHO Tpe6yeTCH 6oJiee CliJibHOe ycJIOBRe: AJ>06h OCTaToK/hk ,n;omKHa CTpe­

MRTbCH K HYJIIO rrpR 0,lJ;HOBpeMeHHOM CTpeMJI€Hlili K HYJIIO o6oax 'IRCeJI h, k (CM. 

pa3,n;eJI 8.8). - ITpUM. peiJ. 
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ypaBHeHiie (8.1) crrpaBe,n;mrno )];JUI )l;BYX pa3HbIX 6:mnrneRHbIX cPYHK­

IJ;HR dr H dr. ITycTb a o6o3Ha'!aeT HX pa3HOCTb. Tor,n;a MhI HMeeM 

0 = hka[v, w] + OCTaTOK. 

Pa3,n;eJIHM 3TO paBeHCTBo Ha hk H ycTpeMHM h K ttymo. Tor.n;a rroJiy-

0 = a[v, w] + -k1 
lim(ocTaToK/h). 
h->O 

Ho OCTaTOK cTpeMHTC.H K Hymo 6hICTpee h, cJie,n;oBaTeJihHO, 

a[v, w] = 0. 9To 3Ha'IHT, 'ITO dr He M02KeT OTJIHqaTbC.H OT dr. 
A Terrepb 3aifMeMc.a rrpo6JieMoii BhI'IHCJieHH.H dr(P) H ,n;oKa3a­

TeJibCTBOM cyi:u;ecTBOBaHH.H 2-<PopMbl. ,lI,JI.H rrpOCTOTbl CHa'!aJia rrpe.n;­

IIOJI02KHM, 'ITO T HMeeT BH)l; f dx' r.n;e f - )l;Ba)K)l;bl )J;HcP<i>epeH:u;Hpy­

eMa.H cPYHKIJ;H.H B oKpeCTHOCTH TOqKH P. B 3TOM Bb1pa2KeHHH dx .HB­

JI.HeTc.a ci>opMOH, KOTOpa.H Ka)K)l;OMY KacaTeJibHOMY BeKTopy rrpHIIH­

CbIBaeT ero x-10 KOMIIOHeHTy. B '!aCTHOCTH, dx[hv] = h dx[v] = hvx, 

ecJIH v = ( ~:). BKJia,IJ; B HHTerpan, rroJiy'IaeMhIH rrpH )J;BH2KeHHH 

(pHC. 8.3) B)l;OJib O)l;HOH CTOpOHbl rrapaJIJieJiorpaMMa, CKa2KeM, OT TO'I­

KH p K TO'!Ke p + hv' IIOJiy'IaeMbIH c IIOMOIIJ;bIO rrapaMeTpH3aIJ;HH 

t --t P + thv, paBeH 

fo 1 

f(P + thv)x'(t) dt = fo1 

f(P + thv) dx[hv] dt 

= hdx[v] fo1 

J(P + thv) dt. 

PHC. 8.3 
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BKJia,n; rrpoTHBOIIOJimKHoii CTOpOHhI OT ToqKH P + hv + kw K 

ToqKe P + kw rroJiyqaeTc.H aHa.rrorHqHo. OH paseH 

-hdx[v] fo 1 

f(P + thv +kw) dt. 

CKJia,n;hlBa.H o6a qJieHa, Mhl rroJiyqaeM 

-hdx[v] fo 1 

[f(P + thv +kw) - j(P + thv)J dt. 

ITocKOJihKY MhI rrpe,n;rroJI02KHJIH, qTo f - ,n;Ba)l(,IJ;hI ,n;mp<Pepemi;Hpye­

Ma.H cPYHKIJ;H.H, TO M02KHo socrrOJih30BaThC.H <PopMyJioii TeiiJiopa 

f(P + thv +kw) - f(P +kw)= df(P+thv)[kw] + O(k2
) 

H 3aIIHCaTh cyMMapHbrB: BKJia,IJ; OT ,n;Byx CTOpOH B BH,n;e 

-h dx[v] fo 1 

df(P+thv) [kw] dt + O(hk2
). 

BbiqHCJieHHe HHTerpa.rra B,IJ;OJih ,n;pyrHx ,n;Byx CTopoH ,n;aeT Bhrpa-

+k dx[w] fo 1 

df(P+tkw) [hv] dt + O(kh2
). 

Co6Hpa.H BMecTe Bee qJieHhI, rroJiyqaeM 

{ T = -hk f
1 

df(P+thv)[w] dt · dx[vJ 
jP(h,k) lo 

+ hk fo 1 

df(P+tkw)[v] dt · dx[w] + O(kh2
) + O(hk2

). 

3,n;ecb df(P+thv) .HBmreTC.H BeKTOpOM-CTpOKOH 

( ~~ (P + thv), ~~ (P + thv)) . 

CorJiacHo HameMy rrpe,n;rroJI02Kemno o cPYHKIJ;HH f, ee qacTHhre rrpo­

H3BO,IJ;Hhre ,n;H<P<PepeHri;npyeMhr. CJie,zi;osaTeJihHO, no TeopeMe o cpe,zi;­

HeM 3HaqeHHH 

~~ (P + thv) = ~~ (P) + O(h), 



8.1. Btternm1H rrpOH3BO,ll;HaH 383 

df(P+thv)[w] = dfp[w] + O(h). 

MHTerpHpoBaHHe 3Toro Bhipa)KeHHH ,n;aeT 

fo1 

df(P+thv)[w] dt = dfp[w] + O(h). 

Ilo,n;cTaBHM 3TO B Harn HHTerpa.rr no KOHTYPY napa.rrnenorpaMMa H 

IIOJiyqRM 

r T = hk(dfp[v] dx[w] - dfp[w] dx[v]) + O(h2 k) + O(hk2
). 

}P(h,k) 

TaKRM o6p83oM, Mhl MO)KeM nonyqnTh Bhlpa)KeHne (8.1), eCJIH nono-

)KHM 

drp[v, w] = dfp[v] dx[w] - dfp[w] dx[v]. 

J13 3TOro Bhlpa)KeHHH BH,II,HO, qTO dT HBJIHeTCH aHTHCHMMeTpHqHoii 

<i>YHKIIHeii CBOHX apryMeHTOB, T.e. dr[w, v] = -dr[v, w]. 
2-<PopMa dT MO)KeT 6bITh 3aIIHCaHa KOpoqe, eCJIH BBeCTH IIOHH­

THe BHeIIIHero IIpOH3Be,n;eHHH ,IJ;BYX 1-<l>opM. Ilo onpe,n;eneHHIO, 3TO 

BHernttee rrpOH3Be,IJ,eHHe paBHO 

(er/\ .\)[v, w] = cr[v].\[w] - cr[w].\[v], 

r,n;e er H ,\ HBJIHIOTCH 1-<PopMaMH, a v H w - BeKTOpaMH. Tor,n;a 

MO)KHO HaIIHCaTh 

drp[v, w] = (dfp /\ dx)[v, w], 

mrn e:m.e Kopoqe 

dT = dj /\ dx. 

lfa orrpe,IJ,eJieHHH BHeIIIHero rrpOH3Be,n;eHHH HCHO, qTo 

A /\CT = -CT /\ A, 

T. e. OHO aHTHCHMMeTpHqHo. B qacTHOCTH, er /\ er = -er /\ er = 0, T. e. 

rrpoH3Be,n;eHHe 1-<PopMhI Ha ce6H paBHO HYJIIO. 

KpoMe Toro, oqeBH,IJ,HO, qTo 

(er+ w) f\ ,\=(er f\ .\) + (w f\ .>.), 
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T. e. BHenrnee npOH3Be.n;emrn .D;HCTpH6yTHBHO TIO OTHOIIIeHH10 K one­

pau;HH CJIO)KeHHa. 

Teneph paccMoTpHM 1-c}lopMy o6~ero BH.n;a: f dx + g dy. Te )Ke 

caMhie coo6pa)KeHHa, npHMeHeHHhie K g dy, .n;a10T 

d(gdy) = dg /\ dy. 

IlocKOJihKY HHTerpan OT w JIHHeeH no w, Mhl noJiy'!aeM 

d(f dx + gdy) = df /\ dx + dg /\ dy. 

'.:ho Bhipa)KeHHe MO)KHO .D;OKa3aTh Henocpe.n;cTBeHHO, HCXO.D;5.! H3 onpe­

.n;enemrn d. Teneph Bhlpa3HM df H dg 'Iepe3 dx H dy: 

IlocKOJihKY dx /\ dx = 0 H dy /\ dy = 0, Mhl HMeeM 

af ag 
dT = ay dy /\ dx + ax dx /\ dy. 

H HaKoHeu;, noCKOJihKY dy /\ dx = -dx /\ dy, noJiy'!aeM 

(
ag af) dr = - - - dx /\ dy. 
ax ay 

B Ka'leCTBe npHMepa B03hMeM 1-c}lopMy 

Tor.n;a 

T = x 2y2 dx + x 3ydy. 

dr = d(x2y2
) /\ dx + d(x3y) /\ dy 

= (2xy2 dx + 2x2ydy) /\ dx + (3x2ydx + x3 dy) /\ dy 

= 2x2 y dy /\ dx + 3x2 y dx /\ dy = x 2 y dx /\ dy. 

B '!aCTHOM cJiy'lae, Kor.n;a 1-c}lopMa T TO'!Ha.5.1, T. e. T = d</>, MhI 

noJiy'!aeM, 'ITO dT = 0. '.:ho BH.D;HO H3 onpe.n;eJieHH51 dr: noCKOJlhKY 

dr[v, w] 51BJI51eTC5.! HaHJIY'IIIIHM mrneHHhIM npH6JIH)KeHHeM K HHTe­

rpany no KOHTYPY napanJieJiorpaMMa J T, H nocKOJihKY HHTerpan 
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OT noJIHoro ,.a;ttcpcpepem1;1rnJia no 3aMKHYTOMy KOHTYPY paBeH HY­

mo, TO d(d<P) = 0. 9TOT pe3yJihTaT MOlKHO ycTaHOBHTh H npHMhIM 

Bhl'IHCJieHHeM: 

IlOTOMY qTo CMernaHHhie qacTHhie rrpOH3BO,ll;Hbie BTOporo rropH,r:t;Ka 

paBHhl. 3aMeTHM, qTo IIOIIYTHO Mhl IIOJiyqHJIH KOpOTKHH BapHaHT 

orrpe,.a;eJieHHH 3aMKHYTOH cpopMbl: cpopMa T HBJIHeTCH 3aMKHYTOH TOr­

,.a;a H TOJibKO Tor,.a;a, KOr,.a;a 

dT =0. 

lfraK, Mhl IIOKa3aJIH, qTo eCJIH f ,.a;ttcpcpepemwpyeMa H x - KO­

op,r:t;HHaTHaH cPYHKIJ;HH, TO d(f dx) = df /\ dx. 1IcrroJih3yeM 3TOT pe-

3YJibTaT )J;JIH )J;OKa3aTeJibCTBa 6oJiee o6IIJ;eii: cPOPMYJihl 

d(jT) = dj /\ T + f dT, 

r,.a;e f - ,.a;ncpcpepeHIJ;HpyeMaH cPYHKIJ;HH, a T - ,.a;ncpcpepeHIJ;HpyeMa.H 

1-<l>opMa. 3arrHcaB T = g dx + h dy, MhI rroJiyqnM f T = (f g) dx + 
(f h) dy H, CJie,IJ;oBaTeJibHO, 

d(fr) = d(f g) /\ dx + d(fh) /\ dy. 

Il03TOMy 

d(f T) = g df /\ dx + f dg /\ dx + h df /\ dy + f dh /\ dy 

H Mhl BH,ll;HM, qTo 

d(fr) = df /\ (gdx + hdy) + J(dg /\ dx + dh /\ dy), 

T.e. 

I d(fr) = df /\ T + f dr. I 
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8.2. 2-cf>opMbl 

IloCKOJihKY o6m;idi BH,Il; l-¢opMhl Ha IIJIOCKOCTH - 3TO Bhipa)KeHHe 

f dx + g dy' TO caMhIH o6m;HH BH,Il; IIpOH3Be,n;eHHR ,IJ;BYX 1-¢opM 6y,n;eT 

HeKOTopo:H cPYHKD;Heii F(x, y), yMHO)KeHHOH Ha dx /\ dy. Ha3oBeM 

TaKoe Bhlpa)KeHHe 2-rfiop.MOU H 6y,n;eM IIHCaTh 

u = F(P) dx /\ dy = F(x, y) dx /\ dy. 

3HaqeHHe 2-¢opMhI B ToqKe P, T. e. F(P) dx /\ dy, MhI 6y,n;eM 

paCCMaTpHBaTh KaK rrpaBHJIO, KOTOpoe K~OH nape BeKTOpOB rrpH­

IIHChIBaeT OIIpe,n;eJieHHoe qJICJIO. 

qT06hI JIY"IIIIe IIOHRTh CMhICJI «IIOCTORHHOH» 2-¢opMhl dx (\ dy, 
Bhl"IHCJIHM ee CHa"IaJia AJIR rrapbl e,n;HHH"IHhlX BeKTOpOB (ex' ey). Ilo 

orrpe,n;eJieHHIO 

dx /\ dy[ex, ey] = dx[ex] dy[ey] - dx[ey] dy[ex] = 1 · 1 - 0 · 0 = 1. 

BoJiee o6m;aR <l>opMyJia: 

dx /\ dy[hex, key] = hk. 

O"IeBH,IJ;Ho, qTo 3TO - rrJiom;a,n;h ( c HeKoTophIM 3HaKoM) IIpRMoyroJih­

HHKa, IIOCTpOeHHOrO Ha BeKTopax hex H key, eCJIH IIJIOIIJ;a,IJ;h rrpR­

MoyroJihHHKa, IIOCTpOeHHOro Ha BeKTOpax ex Hey, rrpHHHMaeTCR 3a 

e,n;HHHD;Y (pHC. 8.4). 

' ' 

hex 

PHC. 8.4 

Mhr MO)KeM BhlqHCJIHTh dx /\ dy ,IJ;JIR mo6oii yrropR,n;oqeHHo:H rraphI 

BeKTopoB (v, w). 3arrHIIIeM v = aex + cey, w = bex + dey. EcJIH 

BBeCTH MaTpHey A 



TO 

8.2. 2-<PopMbl 

dx /\ dy[v, w] = dx[v] dy[w] - dx[w] dy[v] 
= ad - be = Det A. 
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B o6m;eM cnyqae 2-<l;>opMa a srnm1eTCH <l;>yHKIJ;lleii Tpex rrepeMeH­

Hhrx: P, v ll w. ,Ll.JIH <l;>llKCllposaHHOH ToqKll P OHa 6HJillHeiiHa ll aH­

TllCllMMeTpllqHa OTHOCllTeJihHO BeKTopoB v ll w. Ecnll <J' = F dx /\ dy, 
TO 

<J'(P)(v, w) = F(P) Det A, 

r.n;e v, w ll A orrpe.n;eneHhI BhIIIIe. llTaK, Ka)K,ll,oMy rrapannenorpaMMY 

c BepIIIllHOH B TOqKe p 2-<l;>opMa <J'(P) rrpllIIllCbIBaeT rrnom;a,n;h c 

orrpe,n;eJieHHhIM 3HaKOM - OplleHTllpOBaHHYIO IIJIOill;a,IJ;b . 

•• 

ex ex 
dx Ady [ex, ey] = +1 dx.Ady[ey,ex] = -1 

PHc. 8.5 

QqeHb B8,)KH0 IIOMHllTh, qTO BeJillqllHa dx /\ dy ,Il;JIH ,n;aHHOro rra­

pannenorpaMMa 3aBllCHT OT ero opHeHTaIJ;Hll, KOTOpaH orrpe.n;enHeTcH 

rropH,lJ;KOM BeKTOpOB, 3a,IJ;aIOm;Hx ero. ,I.I.mi: opHeHTHpOBaHHOI'O rrpH­

MoyroJihHHKa, COOTBeTCTByIOm;ero BeKTOpaM [ex, ey], dx /\ dy = 1, a 

dy /\ dx = -1. ,Ll.JIH Toro JKe rrpHMoyroJihHHKa, HO c IIpOTHBOIIOJIOiK­

HOH OplleHTau;Heii, COOTBeTCTByIOm;eit rropa,n;Ky [ey, ex]' dx /\ dy = -1 
H dy /\ dx = +1 (cM. pHc. 8.5). B o6m;eM cnyqae, qro6hr rronyqHTb 

2-<l;>opMy T )J;JIH rrapannenorpaMMa, IIOCTpoeHHOI'O Ha BeKTOpax v H 

w' Ha,IJ;O 3a,ri;aTb ero op:HeHTaIJ;HIO, T. e. BbI6paTb, KaKOH BeKTOp 6y,ri;eT 

«IIepBbIM», a IIOCJie 3TOro BhlqHCJIHTb JIH6o T[v, w], JIH60 T[w, v]. 
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8.3. HHTerpupoeaHHe 2-cf>opM 

llTaK, 2-cpopMa r IIpHIUICbIBaeT qlfCJIO KruK,ll;OMY MaJIOMY OpHeH­

THpOBaHHOMY rrapaJIJieJiorpaMMY (nape BeKTOpoB), TOqHo TaK )Ke, 

KaK 1-cpopMa rrpHIIHChIBaeT qlfCJIO KruK,ll;OMY MaJIOMY HarrpaBJieH­

HOMY 0Tpe3KY JIHHHH ( BeKTOPY). Ilo3TOMY Mhl MO)KeM HHTerpHpO­

BaTb 2-cpopMhI rro o6JiacTH R rro.n;o6Ho TOMy, KaK MhI HHTerpHpOBaJIH 

1-cpopMbl ITO rryT.HM. 

y 

x 

Pttc. 8.6 

IlpHCTYIIHM K rrocTpoeHHIO TaKoro HHTerpana. Bo3bMeM rrp.HMO­

yroJihHHK R, optteHTHpoBaHHhlit TaK, KaK IIOKa3aHo Ha pttc. 8.6, pa3-

6ttBaeM ero Ha NxNy MaJieHhKHX rrp.HMoyroJihHHKOB H cocTaBJI.HeM 

pHMaHOBhI cyMMbl 

EcJIH 

TO 

r.n;e 

a= F(x, y) dx /\ dy, 

i 
Xi=a+-(b-a), 

Nx 

j 
Yi=c+-(d-c). 

Ny 
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Terrepb orrpe,n;eJIHM HHTerpaJI OT 2-<f>opMbI r no opHeHTHpoBaHHOii 

o6JiacTH R comactto <f>opMyJie 

lim SNxNy, 
Nx->oo 
Ny->oo 

rrpM ycJIOBHM, qTo rrpe,n;eJI He 3aBMCMT OT xapaKTepa H3MeJibqeHMH 

pa36MeHMH2 . 

,Il;BoiiHoii MHTerpaJI OT F(x, y) dx /\ dy rro o6JiacTM R MO.>KHO BbI­

qMCJIHTb KaK «IIOBTOpHbIH» HHTerpaJI. qT06bI BblqHCJIHTb Bblpa.>Ke­

HHe 

I= 

CHaqaJia rrpocyMMMpyeM no j ,II;JIH Ka.>K,n;oro <f>HKCMpOBaHHOro 3Haqe­

HHH i M rrpe.>K,n;e, qeM cyMMMpoBaTh rro i, ycTpeMMM Ny -t oo. Ilo 

orrpe,n;eJieHHIO o6brqHoro pMMaHOBa HHTerpana OT <f>yHKll;HH O,II;HOM 

rrepeMeHHOM 

CJie,n;oBaTeJibHO, 

b Nx-1

1
d 

I= lim N- a L F(xi, y) dy. 
Nx->oo x . c 

i=O 

PaccMaTpMBaH rrpe,n;eJI 3Toii pMMaHoBoii cyMMbI KaK HHTerpM, 

Mbl MO.>KeM HaIIHCaTb 

2 AaTOphI He ocTaHaamrnaIOTCH Ha aonpoce o TOM, ,ri;JIH KaKHX cJ:>yHKIJ;Hii: F(x, y) 
Han11caHHh1ii: npe,ri;eJI cyiu;ecTayeT. Ha caMOM ,ri;eJie )J;JISI -aToro ,ri;ocTaTo•rno, 'lTOOhI 

F ( x, y) 6blJia HenpephlBHOii: Ha npsiMoyroJihHHKe R. To *e caMoe OTHOCHTCSI K 

paccMaTpHBaeMOMY HH)l(e aonpocy 0 CBe)J;eHHH )J;BOii:Horo HHTerpaJia K IlOBTOpHO­

My. - IlpUM. pea. 
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T. e. Harn ,n;Boil:Ho:H HHTerpa.TI I MhI Bhip83HM qepe3 «noBTOpHhIH» 

HHTerpa.TI, KOTOpbIH MO:>KHO Bbl"IHCJI.HTb MeTo,n;aMH HHTerpa.TibHoro 

HC"IHCJieHH.H cPYHKil;HH o,n;Holi nepeMeHHOH. To"!HO TaK :>Ke MhI MO:>KeM 

cHaqaJia npocyMMHpoBaTh no i, a noToM no j. B pe3yJihTaTe noJiy"IHM 

I= 1d (lb F(x, y) dx) dy. 

IlpH Bhl"IHCJJeHHll HHTerpa.Tia OT 2-<PopMbl T ITO opHeHTHpOBaHHOft 

o6JiaCTH R MhI ,n;oJJ:>KHhI ,n;yMaTb o6 opneHTa:u;HH rrp.sMoyroJJhHHKa. 

EcJIH R opneHTHpoBaH TaK, "ITO x 6y,n;eT «nepBoli» Koop,n;nHaTo:H, a y 
- «BTOpOH», KaK 3TO IIOK83aHO Ha pnc. 8.7(a), Mbl )l;OJI:>KHbl IIHCaTh 

r = F(x, y) dx /\ dy H BhI"IHCJJ.HTh rroBTOpHhift HHTerpa.TI 

lb (1d F(x, y) dy) dx HJIH 1d (lb F(x, y) dx) dy. 

y (a) y (b) 
d 

[]] 
d 

I fR\ I 
c c 

a b x a b x 

x x 
b m b 

~ a a 

c d y c d y 

PHc. 8.7. (a) Koop,n;1rnaTa x - rrepBa.H. (b) Koop,n;nHaTa y - rrepBa.H. 

EcJJH R opneHTHpoBaH TaK, "ITO rrepBoil: Koop,n;nHaTo:H 6y,n;eT y, 
KaK 3TO IIOK83aHO Ha pHC. 8.7(b), Mbl MO:>KeM HaIIHCaTb 

r=G(y,x)dy/\dx (r,n;e G(y,x)=-F(x,y)) 

H Bhl"IHCJI.HTb IIOBTOpHbIH HHTerpa.TI 

lb (1d G(y, x) dy) dx HJJH 1d (lb G(y, x) dx) dy. 
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l13MeHeHHe op11eHTau;1111 rrp.HMoyroJibHHKa R rrpHBO.IJ;HT K H3MeHeHHIO 

atta-x:a HHTerpa.rra. 

B CJiyqae KpHBOJIHHeiiHhlX HHTerpa.rros ITOH.HTHe op11eHTau;1111 ( H 

rroqeMy H3MeH.HeTC.H 3HaK rrpH H3MeHeHHH op11eHTau;1111) HHTYHTHB­

HO .HCHO. (HarrpHMep, .n;m1 CJiyqa51 CHJIOBOrO ITOJI.H KpHBOJIHH€HHbIH 

IrnTerpa.rr ,n;aeT pa6oTy, BbIITOJIHHeMyIO rrpH .IJ;BH)KeHMM B,ll;OJlb rry.TM. 

ITp116op perucTp11pyeT pa3HOCTb aHepruii Es - EA. ITp11 H3MeHeHMH 

HarrpaBJieHM.H ,ll;BH2Kemrn rrp116op 6y,ri;eT ITOKa3bIBaTb H3M€H€HMe 3Hep­

rMH EA - EB.) Ba2KHO HMeTh atta.rror11qttb1ii HHTYHTHBHhiii rrpMMep 

.IJ;JI.H ttamnx ,n;ByMepHbIX HHTerpanos. BoT TaKoii rrpuMep. OpneHTa­

IJ;M.H ITJIOCKOCTH H3M€H.HeTC.H B 3aBHCHMOCTM OT Toro, CMOTpMM MbI Ha 

Hee csepxy MJIH CHH3y. ITpe.n;rroJI02KMM, qTo B TpexMepHOM rrpocTpaH­

CTBe ecTh ITJIOCKOCTb xy rrpn z = 0. Mb1 cMoTpHM Ha 3TY IIJIOCKOCTb 

csepxy H BH.IJ;MM Bpaiu;emre ITO qacOBOH CTpeJIKe. Ho ecJIH CMOTp€Tb Ha 

3TY 2Ke ITJIOCKOCTb CHH3y, TO TO 2Ke caMoe Bpaiu;eHHe Mbl 6y,n;eM BH.IJ;€Tb 

KaK spaiu;eHHe rrpoTHB qacoBoii CTpeJIKH (pnc. 8.8). Mo2KHO CKa3aTb, 

qTo BbI6op opneHTau;1111 ITJIOCKOCTH B TpexMepHOM rrpocTpaHCTBe Tec­

HO CBH3aH c BbI6opoM «CTOpOHbI» 3TOti IIJIOCKOCTH. ,Ll;orrycTHM, qTo 

qepe3 rroBepxHOCTb TeqeT KaKoe-To seiu;ecTBo. HarrpHMep, rrosepx­

HOCTb - 3TO KJieTOqHa.H MeM6paHa, H HaM HHTepeCHO 3HaTb, KaKoe 

KOJIHqecTBO HOHOB rrpoXO.IJ;HT qepe3 Hee. 

Pnc. 8.8 

KotteqHo, HCIIOJib3YH CJIOBO «qepe3», MbI .n;oJI2KHhl c,n;eJiaTh BbI-

6op: rrepexo.n; B KaKOM HarrpaBJI€HHH Mhl cqHTaeM co 3HaKOM «+», a 

B KaKOM - co 3HaKoM «-». I1TaK, .IJ;JIH H3MepeHHH IIOJIHOro IIOTOKa 

qepe3 IIOBepxHOCTb Mbl .IJ;OJI2KHbl 3a,zi;aTb ee OpHeHTaIJ;HIO. l13M€HeHHe 

opHeHTaIJ;HH rrpHBO)l;HT K H3M€H€HHIO 3HaKa IIOTOKa H, COOTB€TCTBeH­

HO, 3HaKa Ramero HHTerpa.rra. 

A6coJIIOTHb1e ,ll;BOHHhie HHTerpaJibI. qacTo Heo6xo,ri;HMO Bhlqnc­

JIHTh a6co.11:10mtt'btU .IJ;BOiiHoii HHTerpan, KOTOpbiii BhlqHCJI.HeTCH no 
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o6JiacTH, He HMe10m;eH: opHeHTaIJ;HH3 . EcJIH, HarrpHMep, <7 o6o3HaqaeT 

IIJIOTHOCTb IIJIOCKOti IIJiaCTHHhI (Macey Ha e,a;HHHIJ;Y IIJIOIIJ;a,LJ;H), HMe­

IOm;eH: <PopMy rrpHMoyroJihHHKa R, TO Macca BceH: rrJiaCTHHhI orrpe,a;e­

JrneTcH ,ll;BOHHhIM HHTerpaJIOM 

M= L<:rdA. 

QqeBH,LJ;Ho, qTo M ,ll,OmKHa 6hITh rroJIO)KHTeJihHhIM qHcJioM, H opn­

eHTaIJ;HH rrpHMoyroJihHHKa R He HMeeT 3HaqeHHH (pHc. 8.9). B 3TOM 

HHTerpane dA MO)KHO cqHTaTh cPYHKIJ;HeH:, KOTOpaH JII060MY MaJIO­

MY rrapaJIJieJiorpaMMY rrpHIIHChIBaeT ero o6b1qHyIO reoMeTpHqecKyIO 

IIJIOIIJ;a,LJ;b, T. e. a6COJIIOTHOe 3HaqeHHe ero OpHeHTHpOBaHHOH IIJiom;a­

,LJ;H. B KaqecTBe KOop,a;HHaT BhI6epeM x H y. Tor,a;a dA = dx dy HJIH 

dA = dy dx, rropH,LJ;OK KOOp,LJ;HHaT He Ba)KeH. 

y 

d 

D c 

a b x 

PHc. 8.9 

A6coJIIOTHhiit HHTerpan JR F ( x, y) dx dy BhiqHCJIHeTCH KaK rro­

BTOpHhiti HHTerprur 

HJIH KaK ld (lb F(x,y)dx) dy. 

Ba)KHO oTMeTHTh, qTo cym;ecTBYIOT ,a;Ba pa3HhIX THrra reoMeTpH­

qecKHX o6'beKTOB: Bbipa)KeHHH THIIa <7 dA, KOTOpbie MO)KHO Ha3hIBaTh 

3B pyccKOH3bl'IHOil JIHTepaType TaKHe HHTerpaJibl Ha3bIBaIOT HHTerpaJiaMH 

nep6ow poiJa. HttrerpaJibl, paccMaTpHBaBIDHecH Bhlme, a pyccKOH3hl'IHOit JIHTe­

paType Ha3brnaroT HHTerpaJiaMH 6mopo20 poaa. - IlpUM. pea. 
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n.11,omttocmR.Mu, rrpM 3TOM MHTerpMpoBaHMe no 06nacn1 R He 3aBMCMT 

OT ee opMeHTan;1rn; M 2-Q:>opMbI T = F dx f\ dy, MHTerpan OT KOTOpbIX 

3aBHCHT OT OpMeHTaIJ;HH. y HHX COBepmeHHO pa3JIHqHbIH ci>M3HqecKMH 

CMbICJI. Ilo3,n;Hee Mbl YBH,ll;HM, qTo OHM I10-pa3HOMY Be.n;yT cefor IlpH 

3aMeHe rrepeMeHHhIX MJIM rrepettoce. 

,ll;BOHHbie HHTerpaJibl no rrpOH3BOJibHOH o6JiaCTH KaK IIO­

BTOpHble HHTerpaJibl. ,Ll,BOHHbie HHTerpaJibl MO)KHO BblqHCJIHTb 

KaK IIOBTOpHble ,ll;JIH mo6oH: o6JiaCTH, orpaHMqeHHOH rrpHMbIMH x = 
const M rpa<i>nKaMn ci>YHKu;nH:, KOTOphie He rrepeceKaIOTCH. Harrpn­

Mep, Ha pnc. 8.10 n3o6pa:>K:eHa o6nacTh, orpaHHqeHHaH cnesa rrpH­

MOH x =a, crrpaBa rrpHMOH x = b, CBepxy JlHHHeH y = </>(x) H CHM3Y 

JIHHHeH y = 1/J(x). 

y 

a x 

PMC. 8.10 

B 3TOM cnyqae crrpase,n;JIMBa cl>opMyna4 : 

{ F(x,y)dxdy =lb ( {<J>(x) F(x,y)) dydx. 
Jn a }1/J(x) 

B KaqecTBe rrpMMepa BhiqHCJIMM MHTerpan I = JR 2xy dx dy no qeT­

sepTM Kpyra, orpaHMqeHHOH rrpHMhIMH x = 0, x = a, y = 0 H .n;yroii 

4
0TCyTCTByJOm;ee y aBTOPOB onpe):\CJieHHe JieBoii 'lacTH 3TOii Q:>opMyJibl MmK­

HO .n;aTb TaK: ,z:\OIIOJIHHM o6JiacTh R AO KOOp,L\HHaTHoro npHMoyroJihHHKa R H 

,L\OOIIpe,L\CJIHM <l>YHKD;HJO F ( x, y) HyJieM BHe R, noJiy'lHM <l>YHKD;HJO F Ha k Tor­

Aa MO:lKHO cBecTH ,[\eJio K npe.n;hl.n;ym;eMy noHHTHIO, onpe,L\eJIHB JR F dx dy KaK 

f.R F dx dy. ,Il;JIH cJie.n;yrom;ero HH:lKe paaeHCTBa ,L\OCTaTO'lHbl HenpepbIBHOCTb 11: 

orpaHH'leHHOCTb Ha R <l>YHKD;HH F H HenpepbIBHOCTb 'ljJ(x) 11: <f>(x). - IlpUM. pea. 
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y y 

a 
d 

x = {3(y) 

c 

a x x 

PHc. 8.11 Pwc. 8.12 

y = Ja2 - x2 (pHC. 8.11). I1HTerpHpyH CHaqaJia ITO y, a ITOTOM ITO x, 
ITOJiyqaeM 

I= [ (f'C•'-•') 2xydy) dx 

= r[xy2Ji(a2-x2) dx = r x(a2 - x2) dx = !a3. 
lo lo 4 

I1Hor,n;a ,Il;BOHHOH HHTerpaJI Jierqe BhlqHCJIHTh, eCJIH H3M€HHTh ITO­

PH,Il;OK HHTerpHpOBaHHH H CHa'IaJia BhIIIOJIHHTb HHTerpHpOBaHHe ITO 

x. HarrpHMep, HHTerpaJI I= fs F(x, y) dx dy no o6JiaCTH S, H3o6pa­

:>KeHHOH Ha pHC. 8.12 (KOTOpbIH COBC€M He rrpOCTO ITOJIY'IHTh, eCJIH 

CHaqaJia rrpoHHTerpHpOBaTb ITO y)' MO:>KeT 6hITb BblqHcJieH TaK:. 

I= id (1/3(y) F(x, y) dx) dy. 
c a(y) 

,ll;a:>Ke ,Il;JIH o6JiacTeil:, He HMeIOl1IHX <PopMy ITpHMoyrOJihHHKa, 

,Il;BOHHOH HHTerpaJI qacTO MO:>KHO Bbl'IHCJIHTh KaK ITOBTOPHhIH HH­

Terpa.JI ITPH o6oHx rropH,n;Kax HHTerpHpoBaHHH. IIpe,n;rroJIO:>KHM, Ha­

rrpHMep, qTo HaM tta,n;o BhrqHcJIHTh I = JR y dx dy ITO o6JiacTH R, 
3aKJIIO'I€HHOH Me)K,Il;y rrapa60JIOH y = x 2 

H ITPHMOH y = x (pHC. 8.13). 

CHaqaJia rrpoHHTerpHpyeM ITO y, a rroToM no x: 

I= fo
1 

(1~ ydy) dx = fo
1 

rny2
[

2 
dx = ~ fo

1 

(x
2 

- x
4

) dx = 1
1

5 . 



y 

1 

Pnc. 8.13 

8.3. lfHTerpHpOBami:e 2-<l>OPM 395 

y 

1---------

1 x 1 x 

Pnc. 8.14 

chy )Ke 06JiaCTb MO)KHO 3aKJIIO'IllTb Me)K.z:ry ITp51MOH X = y ll ITapa-

60JIOH x = Vfj, TOr)l.a cnaqaJia llHTerpnpyeM ITO x, 3aTeM ITO y: 

I=!.' (1.,/ii dx) ydy = f.\.Jii-y)ydy = f.\y312 -y2 )dy = 1~. 
llnor)l.a, 'IT06b1 ll3MeHllTb ITOp51)l.OK nnTerpnpoBaHll£, llMeeT 

CMbICJI paccMaTpllBaTb ITOBTOpHbIH llHTerpaJI KaK )l.Bofinofi. HaITpll-

Mep, llHTerpaJI 

)l.OBOJlbHO CJIO)KHO Bbl'IllCJI51Tb B TaKOM Bll)l.e. 0)1.HaKo, ero MO)KHO 

3aITllCaTb KaK )l.BOHHOH HHTerpaJI 

I= L e-Y
2 

dxdy, 

r)l.e o6JiaCTb R 3aKJIIO'IeHa Me~ ITPHMbIMll x = 0, y = 1 n y = x 
(pnc. 8.14). 

B 3TOM )l.BOHHOM llHTerpaJie ITPOilie cnaqaJia ITpOllHTerpnpoBaTb 

ITO X, a ITOTOM ITO y: 

Tor)l.a 
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3aMeTHM, 'ITO B 3TOM npHMepe HCXO,ll,Hhlfi HHTerpaJI MO>KHO Bbl­
- 2 

'IHCJIHTh no-,ll,pyroMy. BBe,ll,eM nepB006pa3Hy10 cPYHKIJ;HH e Y 

f Y 2 
G(y) =Jo e-t dt, 

TaK 'ITO 

I= fo1 

dx 11 

e-Y
2 

dy = fo1 

(G(l) - G(x)) dx. 

I= [(G(l) - G(x))x]fj - fo1 

x(-G'(x)) dx. 

IlepBhrfi qJieH B npaBofi qacTH paBeHCTBa o6paiu;aeTcH B HYJih Ha 
2 

o6oHx npe,ll,eJiax. TiocKOJihKY G'(x) = e-x , MhI noJiyqaeM 

'ITO COBna,ll,aeT c pe3yJihTaTOM, noJiy'IeHHblM paHee. 

Mttor,ll,a ,ll,JIH BhI'IHCJieHHH HHTerpaJia no x H y tteo6xo,ll,HMO pa3-

,ll,eJIHTh o6JiaCTh HHTerpHpOBaHHH Ha 'IaCTH. 

y 

x 

PHc. 8.15 
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HarrpHMep, 'IT06b1 BhI'IHCJIHTh J F(x, y) dx dy no ceKTopy R, 
H306pa)KeHHOMY Ha pHc. 8.15, pa3,II,eJIHM ero Ha o6JiaCTH Ri H R2· 
Tor,II,a MO)KHO HarrHcaTb 

f F(x, y) dx dy = f F(x, y) dx dy + f F(x, y) dx dy 
h ~ ~ 

H Ka)K,11,hIH HHTerpaJI cBeCTH K rroBTOpHoMy. Cyiu;ecTByeT 6oJiee ecTe­

CTBeHHhIH crroco6 Bbl'IHCJieHH.H 3Toro HHTerpaJia - BBeCTH ITOJI.HpHbie 

Koop,II,HHaTbI. Ba)KHyro rrpo6JieMy 3aMeHbI rrepeMeHHhIX MhI o6cy,II,HM 

B pa3,II,eJie 8.5. 

8.4. OpHeHTau;1u1 

Mb1 y)Ke 3HaeM, 'ITO 3HaK KpHBOJIHHeiiHoro HHTerpaJia 3aBHCHT OT 

opHeHTaD;HH rryTH, a 3HaK HHTerpaJia OT 2-<l>opMbl 3aBHCHT OT OpH­

eHTaII;HH IIJIOCKOCTH. Ha,a;eeMc.H, 'ITO y 'IHTaTeJrn 110.HBHJIOCh HHTYH­

THBHOe oiu;yiu;eHHe Toro, 'ITO 03Ha'!aeT opHeHTaD;H.H. B TO )Ke Bpe­

M.H Mbl IlOHHMaeM, 'ITO Heo6xo,II,HMO ,II,aTb TO'IHOe MaTeMaTH'IeCKOe 

orrpe,II,eJieHHe, 'ITO H 6y,II,eT C,II,eJiaHO B 3TOM pa3,II,eJie. Ilpe)K,II,e 'IeM 

yrJiy6HTbC.H B a6cTpaKTHbie MaTeMaTH'IeCKHe orrpe,II,eJieHH.H, ,II,aBaiiTe 

paccMOTpHM rrpHMep. lifHTYHTHBHO .HCHO, 'ITO Ha ITJIOCKOCTH HMeIOTC.H 

,II,Be B03MO)KHbie opHeHTaD;HH (pHC. 8.16). 

y y 

x x 

PHc. 8.16 

Mb1 He MO)KeM ,II,aTh BHyTpeHHHe xapaKTepHCTHKH 3THX opHeH­

Tau;Hii, HO TO'IHO 3HaeM, 'ITO OHM paatt'bte H 'ITO HX TOJihKO ,II,Be. To 

)Ke caMoe MO)KHO CKa3aTb 0 rrp.HMOfi (pHC. 8.17) HJIH 0 TpexMepHOM 

rrpocTpaHCTBe, r,II,e cyiu;ecTBYIOT rrpaBa.H H JieBa.H CHCTeMbl KOOp,11,HHaT 

(pHC. 8.18). 
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PHC. 8.17 

z z 

y x 

x y 

PHC. 8.18 

CHa"tJ:aJia paccMoTpHM IIJIOCKOCTh, r,n;e HaM H3BeCTHO (pa3,n;eJI 1.9), 
"tJ:TO HeBhipO)K,l1;€HHaH MaTpHu;a A coxpaHHeT opHeHTau;mo HJIH H3Me­

HHeT ee Ha rrpoTHBOIIOJIO)KHYIO B 3aBHCHMOCTH OT 3HaKa Det A. 9To 

,n;aeT HaM KJIIO"tJ: ,D;JIH o6:rn;ero orrpe,n;eJieHHH
5

. 

IlycTb v - a6cTpaKTHOe ,D;ByMepHoe B€KTOpHoe rrpocTpaHCTBO. 

KaK MhI y)Ke BH,n;eJIH B KOHD;e rJiaBhI 1, 3a,n;aHHe 6a3Hca B rrpocTpaH­

CTBe V paBHOCHJihHO 3a,n;aHH10 H30Mop<l;>H3Ma L: V ~ JR2
. EcJIH L H 

L' - ,n;Ba TaKHX 6a3Hca, TO 

L' =BL, 

r,n;e B - HeBb1po)K,Ll;eHHM MaTpHu;a 2 x 2 (pHc. 8.19). 

PHc. 8.19 

Ha30BeM 6a3HChl L H L' noao6tt'bt.MU, eCJIH Det B > 0, H npomUBO­

noJtO:>IC'H'bt.MU, ecJIH Det B < 0. YTBep)K,n;aeTcH, "tJ:TO MHO)KeCTBO Bcex 

6a3HCOB B rrpOCTpaHCTBe v pacrra,n;aeTCH Ha ,D;Ba IIO,Ll;MHO)K€CTBa, KO­

TOpbie o6o3Ha"tJ:HM Fi H F2. Bee 6a3HChI rro,n;MHO)KeCTBa Fi B3aHMHO 

5Ilo3~Hee MhI yBH)J,HM, 'ITO 3TO orrpe~eJieHHe pa6oTaeT B n-MepHoM BeKTOpHOM 

rrpocTpaHCTBe rrpH JIIOOOM n. 
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rro.n;o6HbI, TaK 2Ke, KaK H Bee 683HChI rro,n;MH02KecTBa F2. Ka)K,Il;bIH 6a-

3HC H3 Fi rrpoTHBOIIOJI02KeH Ka)K,Il;OMY 683HCY H3 F2· ,Il;elicTBHTeJihHO, 

Bb16epeM 683Hc Li. IlycTb rro,n;MH02KeCTBO Fi co.n;ep2KHT 683HChI BH,IJ;a 

DetB > 0, 

a rro,n;MH02KeCTBO F2 - 683HChI BH,n;a 

DetB < 0. 

Jlro6oli 683HC rrpHHa,n;Jie2KHT o,n;HoMy H3 3THX rro,n;MH02KeCTB. EcJIH 

,n;Ba 683Hca L H L' rrpHHa,n;Jie2KaT Fi, TO 

L = BLi, L' = B'Li, DetB > 0, DetB' > 0, 

CJie,n;oBaTeJibHO, 

DetB'B-i = DetB'(DetB)-i > 0, 

a 3TO 3HaqHT, qTo L H L' rro,n;o6HhI. EcJIH B 3THX Bbipa2KeHHHX 

Det B < 0 H Det B' < 0, TO 683HChI L H L' rro.n;o6HbI. B cJiyqae, Kor.n;a 

O,Il;HH orrpe,n;eJIHTeJih rroJI02KHTeJieH, a .n;pyroli OTpHu;aTeJieH, 683HChI L 
H L' rrpoTHBOIIOJI02KHhI. lhaK, ecJIH F o6o3HaqaeT MH02KeCTBO Bcex 
683HCOB B rrpOCTpaHCTBe v' TO Mbl HMeeM 

Bh16op opHeHTaIJ;HH B rrpocTpaHCTBe V 03HaqaeT Bh16op o,n;Horo 

H3 3THX IIO,IJ;MH02KeCTB. ,Il;pyrHMH CJIOBaMH, IIO orrpe,n;eJieHHIO OpHeH­

TaIJ;HH B rrpOCTpaHCTBe v - 3TO TaKOe IIO,Il;MH02KeCTBO 683HCOB v' 
qTO JII06hie ,IJ;Ba 683HCa H3 IIO,Il;MH02KeCTBa rro.n;o6HbI, H JII06oli 683HC, 

IIO,Il;OOHbIH 683HCY H3 IIO,IJ;MH02KeCTBa, T02Ke rrpHHa,n;Jie2KHT 3TOMY rro.n;­

MH02KeCTBy. 0TMeTHM, qTo Bb16op 683Hca LB rrpocTpaHCTBe V onpe­
Oe.11.R,em opHeHTaIJ;HIO rrpocTpaHCTBa, T. e. MH02KeCTBO Bcex 683HCOB, 

rro.n;o6HbIX L. lhaK, rrycTh MhI BbI6panH opHeHTau;HIO rrpocTpaHCTBa 

V. Tor.n;a 683HC L' Ha3hIBaeTcH xopowu.M HJIH noAo::HCumeA'b'H'bt.M, ec­

JIH OH rrpHHa,IJ;Jie2KHT BbI6paHHOMY IIO,Il;MH02KeCTBY 683HCOB, H n.!WXU.M 
HJIH ompuu,ameA'b'H'bt.M, ecJIH HeT. TaKHM o6pa30M, pa3 MhI BhI6panH 

opHeHTaIJ;HIO, TO JII06oli 683HC CTaHOBHTCH JIH6o xopOIIIHM, JIH6o IIJIO­

XHM. (KoHeqHo, ,n;pyroli BbI6op OpHeHTaIJ;HH H3MeHHeT 3TY KJiaCCH­

cPHKaIJ;HIO Ha rrpOTHBOIIOJIO)KHyIO.) 
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A w v 
A w 

Ll !M 
v 

lM 
JR.2 JR.2 

JR.2 c 

P:uc. 8.20 Pwc. 8.21 

IlycTh W - ~yroe BeKTOpHoe rrpocTpaHCTBO H rrycTb A: V -t 

w - mmeiiHhIH H30MOp¢H3M, T. e. cyrn;eCTByeT o6paTHoe JIHHeiiHoe 
oTo6proKeHHe A-1 : W -t V (cM. pwc. 8.20). Ilpe.n;rroJIO)KHM, qTo MhI 

Bb16panw opweHTau;mo Ov B rrpocTpaHCTBe V H opweHTau;mo Ow B 
rrpocTpaHCTBe W. IlycTh M E Ow - xopomwii 6a3HC B rrpocTpaHCT­
Be W. Tor.n;a M : W -t JR2, cne.n;oBaTeJihHO, Mo A - H30Mop<l>H3M, 
T. e. 3a,IJ;aeT 6a3HC B rrpOCTpaHCTBe v. lhaK, cyw;ecTBYIOT ,IJ;Be B03-
MO)l{HOCTH - 6a3HC M o A m160 xopomwii, nw6o rrnoxott. ,lJ,aBattTe 

rrocMoTpHM Ha 3TY aJibTepHaTHBY rro-~yroMy. IlycTb L - xopomwtt 
6a3HC B rrpocTpaHCTBe v. 06o3HaqHM 

C = MatL,M(A) = MAL-1 

MaTpwu;a C = MAL -l - 3TO MaTpwu;a rrepexo.n;a OT 6a3Hca MA 
K 6a3wcy L (pwc. 8.21); .n;pyrHMH cnoBaMH, 

MA= CL. 

lfraK, 6a3HC MA 6y.n;eT xopomHM TOr.n;a u TOJihKO TOr.n;a, Kor.n;a 
Det C > 0. Ecnw 6a3HC L 3aMeHHTh Ha L' = B 1L (Det B1 > 0) H 
M 3aMeHHTh Ha M' = B2M (Det B2 > 0), TO 

C' = M'AL'- 1 = B2MAL-1B!1 = B2CB!1. 

Tor.n;a 
DetC' = DetB2DetCDetB11 

HMeeT TOT )Ke 3HaK, qTo H Det C. TaKHM o6pa30M, 3HaK Det C He 
3aBHCHT OT qacTHoro Bbr6opa L E Ov H M E Ow. 

Ecnw Det C > 0, MhI 6y.n;eM roBopHTh, qTo oTo6proKeHHe A co­
xpa'H.Rem opueHmau,u10 ( HJIH IIOJIO)KHTeJihHO). Ecnw )Ke Det C < 0, 
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Mb! roBopHM, lfTO A ua.MettRem opuettma'4U'IO ( HJIH OTpHu;aTeJibHO). 
A A' 

Ilpe.n;rroJIO)KHM, lfTO v ~ w H w --+ z - ,n;Ba JIHHetiHbIX H30MOp-

<PH3Ma, H Mbl BbI6paJIH OpHeHTau;mo BO Beex Tpex rrpocTpaHeTBax. 

Tor.n;a JierKo rrpoBepHTb, lfTO 

o eeJIH AH A' eoxpamnoT opHeHTau;mo, TO A' oA TO)Ke eoxpami:eT 

opHeHTau,mo; 

o eeJIH o6a H30Mop<PH3Ma A H A' Mem1IOT opHeHTan;HIO, TO A' o A 
ee eoxpam1eT; 

0 eeJIH O,ll;HH H30MOP<PH3M eoxpaHHeT opHeHTaIJ;HIO, a .n;pyroii: H3-

MeHHeT, TO A' o A H3MeHHeT opHeHTaD;HIO. 

IlyeTb <P : V -t W - ,n;H<P<PepeHn;HpyeMoe oTo6pa*eHHe. Tor.n;a 

B Ka)K,ll;Ott TOlfKe p E v ,n;H<P<PepeHD;HaJI d</Jp : v -t w - JIHHeii:Hoe 

OTo6pa)KeHHe. Mb1 roBopHM, lfTO <P eoxpaHHeT opHeHTau;HIO, eeJIH B 

Ka)K,ll;Ott TOlfKe ,n;H<P<PepeHIJ;HaJI d</Jp HBJIHeTeH JIHHetiHbIM OT06pa)Ke­

HHeM, eoxpaHHIOIIJ;HM opHeHTaIJ;HIO. (B qaeTHOeTH, Mb! rrpe.n;rroJiaraeM, 

lfTO d</Jp - JIHHeHHbitt H30Mop<PH3M ,ll;JIH Ka)K,ll;O:H TOlfKH p.) 
,LI,o eHX rrop Mbl rrpe.n;rroJiaraJIH, lfTO rrpoeTpaHeTBO v - ,ll;ByMep­

HOe. Ho 3TO He HMeeT 3HalfeHHH. HarrpHMep, eeJIH V - TpexMepttoe 

rrpoeTpaHeTBO, TO Bee orrpe.n;eJieHHH pa6oTaIOT. IIpoeTO tta.n;o 3HaTb, 

lfTO MaTpHu;a 3 x 3 o6paTHMa Tor.n;a H TOJihKO Tor.n;a, Kor.n;a ee orrpe­

.n;eJIHTeJib He paBeH HYJIIO, lfTO JII06b1e TPH JIHHeii:Ho He3aBHeHMbie 

BeKTOpa B TpexMepHOM rrpoeTpaHeTBe v o6pa3yIOT 6a3He, T. e. orrpe­

.n;eJIHIOT H30Mop<PH3M e JR3. Tor.n;a Bee pacey*.n;ettHH, rrpHBe,n;eHHbie B 

KOHu;e rJiaBbI 1, rrpHMeHHMbI H 3.zi;eeb. TaKaH *e eHTyau;HH B n-MepHOM 

rrpoeTpaHeTBe - Tpe6yeTeH orrpe.n;eJieHHe pa3MepHOeTH n H orrpe.n;e­

JIHTeJIH MaTpHD;bl n x n. 9TH BOrrpoebI Mbl 6y.n;eM o6ey)K,ll;aTb B rJia­

Bax 10 H 11. (B rrpoeTpaHeTBe O,ll;HOro H3MepeHHH 6a3HeOM HBJIHeTeH 

HeHyJieBott BeKTOp, MaTpHu;a 1 x 1 - 3TO rrpoeTO lfHeJIO a, KOTOpoe 

paceMaTpHBaeTCH KaK orrpe.n;eJIHTeJih 3TOH MaTpHD;bl.) 

8.5. IIepeHoc H HHTerpHpoeaHHe 2-cpopM 

qT06bI yrrpoeTHTb BbllfHeJieHHe ,ll;BOHHOro HHTerpana, qaeTO BBO,ll;HT­

eH HOBhie, 6oJiee y.n;o6Hhie Koop.n;HttaThI. HarrpHMep, o6JiaeTb W, 
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H306pa)KeHHaH B KOOp.LI;HHaTax x, y Ha pHC. 8.22, CTaHOBHTCH ITpH­

MoyrOJihHHKOM RB CHCTeMe KOOp.LI;HHaT r, (). Ilepexo.n; OT O.LJ;HO:lf CHC­

TeMhl KOOp.LI;HHaT K .n;pyroii ocyrn;eCTBJIHeTCH B 3TOM cnyqae c IIOMO­

rn;hIO H3BeCTHOro ITpeo6pa30BaHHH a, KOTOpoe ,n;aeTCH <i>opMyJiaMH 

a*x = rcosO H a*y = rsinO. 

() y a(C) 
a*T 

D.._~~~~~~• 

A B 

r x 

PHC. 8.22 

Mb1 MO)KeM HCITOJih30BaTh 3TO ITpeo6pa3oBaHHe H cBeCTH ,n;Boii­

HO:lf HHTerpan ITO opHeHTHpoBaHHoii o6nacTH f iv K HHTerpany OT 

2-ci>opMhI B ITJIOCKOCTH r, 0. OITpe,n;eJIHM ITepeHoc 2-ci>opMhI a*r TaK, 

qTQ eCJIH w = a(R), TO 

!iv T = l a*r. 

,D,nH orrpe,n;eneHHH ITepeHoca 2-<l>opMhI MhI pacurnpHM OITpe.n;ene­

HHe ITepeHOCa OT 1-<l>opMbl oqeBH.LJ;HhIM o6pa30M. ,D,JIH 1-ci>opMbl >. Mhl 

oITpe,n;eJIHJIH ITepeHOC a*>. cornacHo <PopMyne 

a* >.(p)[v] = >.(a(p))[da[v]]. 

A TeITeph OITpe,n;eJIHM ITepeHoc 2-ci>opMhI, ITpHMeHHH da K o6oHM 

BeKTopaM apryMeHTa T (pHc. 8.23). TaKHM o6pa30M, ITO oITpe,n;eneHHIO 

a*r(p)[v, w] = r(a(p))[da[v], da[w]]. 

cho OITpe,n;eJieHHe rapaHTHpyeT, qTo, KaK 6y,n;eT .LI;OKa3aHO, cPOp­

MyJia JR a*r = fa(R) T CITpaBe,n;JIHBa .LI;JIH n106oii ITpHMoyroJihHOif 06-

nacTH R, ITPH ycnoBHH, KoHeqHo, qTo a .n;e:<P<PepemwpyeMo, coxpaHH­

eT OpHeHTaII,HIO H o6a HHTerpana cyrn;ecTBYIOT. ,D,JIH .LJ;OKa3aTeJihCTBa 
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T 
do:(w) 

p 

PHC. 8.23 

T 

kw 
p 

PHc. 8.24 

MhI 6y,n;eM aTITIPOKCHMHpoBaTh HHTerpan JR a* T pHMaHoBoii cyMMOii 

TIO 60JihIIIOMY qHcJiy MallhlX Tip.HMOyroJihHHKOB (pHC. 8.24). 

BKJia,rI, B 3TY cyMMY TipHMoyroJihHHKa c BepmttHoii B TOqKe p pa­

BeH a*T(p)[hv, kw]. Ilo HaIIIeMy oTipe,n;eJieHHIO TiepeHoca 2-cpopMhI 

3TO paBHO T(a(p))[da[hv], da[kw]], T. e. 3HaqeHHIO cpopMhl T Ha Tia­

panJieJiorpaMMe, KOTOpbIM HBmieTC.H HaHJiyqIIIHM JIHHeMHhlM TipH6JIH­

)KeHHeM K o6pa3y Tip.HMOyroJibHHKa, TIOCTpOeHHoro Ha BeKTOpax hv 
H kw TIPH Tipeo6pa3oBaHHH a. 

KoHeqHo, o6pa3 Tip.HMoyroJihHHKa TIPH Tipeo6pa3oBaHHH a He .HB­

JI.HeTC.H TOqHbIM TiapanJieJiorpaMMOM (pHC. 8.25) H BeJIHqHHa 

T(a(p))[da(hv), da(kw)] 

He 6y,n;eT TOqHo paBHa HHTerpany OT T TIO o6pa3y rrp.HMoyrOJihHHKa. 

TaKHM o6pa3oM, y Hae B03HHKHYT rrorpeIIIHOCTH ,n;Byx THIIOB: MhI 

3aMeH.HeM o6pa3 rrpaMoyroJihHHKa Ha rrapanJieJiorpaMM ( o6o3HaqHM 

ero P), TaK qTo 

(i) fa(rrpSIMoyr.) 3aMeH.HeM Ha fp, 
H 

(ii) f p 3aMeH.HeM Ha T(a(p))[do:(hv), do:(kw)]. 
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Pnc. 8.25 

EcnH T HenpephIBHa, To norpemHOCTh THna (ii) 6y.n;eT o(hk). EcnH 

T HMeeT paBHOMepHO orpaHH'leHHhie nepBbie npoH3BO)l;Hhie BO BCe:tt 

o6JiaCTH, orpaHH'leHHhie, CKaJKeM, 'lHCJIOM /'i,' TO 

ir(q) - r(a(p))I ~ /'i,(h2 + k2) 112 )l;JI.H mo6oro q B P. 

Tor.n;a norpemHOCTh THna (ii) 6y.n;eT He 6onhme, qeM 

IlorpemHOCTh THna (i) MO)KHO o~eHHTh, ncxo)l;.H H3 <f>opMyJihI Te:ttJio­

pa, 3aMeHHB, HanpnMep, HCKpHBJieHHhI:tt o6pa3 K~O:tt CTOpoHbl Ha 

annpoKCHMHpy10my10 np.HMYIO JIHHHIO. Ilpe.n;noJiara.si:, 'ITO nepBa.H H 

BTOpa.si: npoH3BO,lJ;Hhie a orpaHH'leHhI B o6JiaCTH R, MO)KHO noJiy'l.HTh, 

'ITO norpemHOCTh o~eHHBaeTC.H CBepxy cyMMO:tt CJiaraeMhIX BH)l;a h2k 
H hk2' YMHO)KeHHhIX Ha HeKOTopyIO KOHCTaHTy. 0TcIO.n;a MO)KHO no­

JIY'lHTh o~eHKY 

a*(r(pi))[hv, hw] = 1 r + norpemHOCTh, 
a( npHMoyr.) 

lnorpemHOCThl < C(h2 + k2) 112 x (nno~a.n;h R). 

CyMMHpy.si: no BCeM np.si:MoyroJihH.HKaM, nonyqaeM 

L a*(r(pi))[hv, hw] = 1 T + norpemHOCTh, 
a(R) 
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Ec;m Mb! 6y,n;eM HeorpaHHqeHHO H3MeJibqaTb pa36HeHHe, TO cyMMa 

cJieBa cTpeMHTCH K Jn a*T, a norpemHOCTh cnpaBa cTpeMHTCH K Hy­

mo. 0Tc10.n;a cJie.n;yeT, qTo 

BoJiee aKKypaTHoe ,n;oKa3aTeJibCTBO 3Toro BruKHoro pe3yJihTaTa, 

He Tpe6y10m;ee TaKHX CTporHX orpaHHqeHHii Ha a H 'T' cnpaBe)J,JIHBOO 

)J,JIH Bcex n, qHTaTeJih MO:»<:eT HaiiTH B KHHre Loomis and Sternberg, 

Advanced Calculus, pa3,LJ;eJI 8.11. MbI Boo6m;e peKoMeH.n;yeM ,LJ;JIH H3Y­

qeHHH TeOpHH HHTerpHpoBaHHH rJiaBy 8 3TOH KHHrH ( ee MO)KHO qH­

TaTh He3aBHCHMO OT .n;pyrHx). 

Teneph HeOOXO.n;HMO pa3pa6oTaTb npou;e.n;ypy BhlqHcJieHHH nepe­

Hoca OT 2-<l>opM. IlocKOJibKY JII06aH 2-<l>opMa Ha IIJIOCKOCTH Bblpa­

)KaeTCH B BH,LJ;e IIpOH3Be,n;eHHH ,LJ;BYX 1-<l>opM, CHaqaJia BblqHCJIHeM 

a* (A /\ u), r.n;e A H u o6o3HaqaJOT 1-<f:>opMhI. Ilo onpe,n;eJieHHIO 

a:*(.X/\u)[v,w] = (.X/\u)[da[v],da[w]] 
= .X[da:[v]]u[da[w]] - .X[da[w]]a[da:[v]]. 

c .n;pyroii CTOpOHhI, 

(a:* A/\ a* a)[v, w] = a* .X[v]a:* u[w] - a:* .X[w]a:* u[v]. 

CorJiacHo onpe,n;eJieHHIO nepeHoca ,LJ;JIH 1-<f:>opMhI, a:* .X[v] = .X[da:[v]]. 
0Tc10.n;a cJie.n;yeT, qTo 

j a:*(.X /\a) =a* .X /\ a:*u, I 
T. e. onepau;HH nepeHoca KOMMY™PYeT c BHelIIHHM npoH3Be,n;eHHeM. 

IlOCKOJibKY caMbiii o6m;Hii BH,n; 2-<f:>opMbI Ha IIJIOCKOCTH xy - 3TO 

T = F dx /\ dy, 

Mb! HeMe)J,JleHHO IIOJiyqaeM, qTo 

a*T =(a:* F) d(a*x) /\ d(a*y). 
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Ec;rn, HarrpHMep, a*x = rcosO, a*y = rsinO, TO 

d(a*x) /\ d(a*y) = (cosOdr - rsin(}d()) /\ (sinOdr + rcos(}d(}) 

= r dr /\ dO. 

llTaK, Mbl ycTaHOBHJIH, 'ITO <l>opMyna nepexo.n;a OT .n;eKapTOBhIX 

KOOp,IJ;HHaT K rrom1pHblM HMeeT BH,IJ; 

{(a* F)(r, O)r dr /\ dO = 1 F(x, y) dx /\ dy. 
}R a(R) 

2-<l>opMa r dr f\d(} Ka)K,IJ;OMY MaJI€HbKOMy rrapannenorpaMMY Ha IIJIOC­

KOCTH r, (} CTaBHT B COOTB€TCTBH€ He ero opHeHTHpOBaHHYIO ITJIOIIIa)J;h 

('ITO .n;enaeT dr (\ d(})' a OpHeHTHpOBaHHYIO ITJIOIIIa)J;h ero o6pasa B 

IIJIOCKOCTH xy, IIOJIY'IHBIIIeroc.H B pe3yJihTaTe rrpeo6pa30BaHH.H a. 
Terrepb MhI M02KeM rrony'IHTh <l>opMyny 3aMeHhI rrepeMeHHhIX f];JI.H 

opHeHTHpoBaHHhIX ,IJ,BOHHhIX HHTerpanoB B o6IIIeM cnyqae. ITycTb 

R - opHeHTHposaHHa.H o6nacTh B rrnocKocTH uv, KOTopyID ,IJ;HcP<l>e­

pemi;HpyeMoe rrpeo6pa30BaHHe a rrepeBO,IJ;HT B OpHeHTHpoBaHHYIO 06-

JiaCTh a(R) Ha ITJIOCKOCTH xy (pHC. 8.26). 

v y c T 

D,..._ _____ C a: 

A ,___ ____ ___, B 

u x 

PHC. 8.26 

I1peo6pa30BaHHe a 3a,z:i;aeTC.H c ITOMOIIIhlO rrepeHoca ,IJ;Jl.H KOOp,IJ;H­

HaTHhIX cPYHKIJ;HH X H y: 

a*x = X(u, v), a*y = Y(u, v). 

Tor,z:i;a 

d( 
* ) _ a(a*x) d a(a*x) d _ aX d aX d 

a x - au u + av v - au u + av v, 

* a(a*y) a(a*y) aY aY 
d(a y) = au du+ av dv =au du+ av dv. 



8.5. IlepeHOC H HHTerpHpOBaHHe 2-¢opM 407 

2-<PopMa r Ha IIJIOCKOCTH xy 3aIIHChIBaeTCf! B BH,LI,e 7 = F(x, y) dx A 

dy. IlepeHOC 3TOH 2-<PopMbI paBeH 

a*r =a* F d(a*x) A d(a*y) 

= * F [8(a*x) 8(a*y) _ 8(a*x) 8(a*y)] d d 
a 8u ov 8v 8u u A v, 

HJIH 

* [ax oY ax oY] a r = F(X(u, v), Y(u, v)) ou ov - ov ou du Adv. 

MHO:>KHTeJih B KBa,LI,paTHhIX CK06Kax f!BJif!eTCf! ,LI,eTepMHHaHTOM MaT­

pHIJ;hI 5lKo6H ( R'lw6uatta) J' KOTOpbIH Bbipa:>KaeT da B BbI6paHHhIX 

KOOp,LI,HHaTax, 

J = (8(a*x)/8u 8(a*x)/8v) = (8X/8u 8X/8v) 
8(a*y)/8u 8(a*y)/8v 8Y/8u 8Y/8v · 

CJie,LI,OBaTeJihHO, MhI MO:>KeM HaIIHCaTh 

1 FdxAdy= { a*FDetJduAdv. 
a(R) }R 

9To paBeHCTBO coBeprneHHO ecTeCTBeHHO. IlocKOJihKY Det J f!BJif!eT­

Cf! MHO)KHTeJieM, «IIpeo6pa3yIOIIJ;HM IIJIOIIJ;a,LI,h» ,LI,Jif! JIHHeHHOro IIpe­

o6pa30BaHHf! da, TO Det J du A dv Ka:>K,LI,o:H MaJIOH o6JiaCTH Ha IIJioc­

KOCTH UV CTaBHT B COOTBeTCTBHe opHeHTHpOBaHHYIO IIJIOIIJ;a,LI,b ero 

o6pa3a B IIJIOCKOCTH xy. EcmI IIOpH,LI,OK u H v orrpe,LI,eJif!eTcf! opHeHTa­

:u;irn:H R, a IIOp51,LI,OK x Hy - opHettTa:u;Heii a(R), rrpHqeM a coxpaHf!eT 

OpHeHTa:u;HIO, TO f!K06HaH J 6y,LI,eT HMeTb llOJIO:>KHTeJibHhIH OIIpe,LI,eJIH­

TeJib. H3MeHeHHe IIOp51,LI,Ka u H v (HJIH IIOp5l,LI,Ka x Hy) COOTBeTCTByeT 

H3MeHeHHIO opneHTa:u;nn Ha IIJIOCKOCTH UV (Ha llJIOCKOCTH xy). IlpH 

3TOM CTOJI6IJ;bl HJIH CTpOKH J MeH5lIOTC5l MeCTaMH, qTQ Bhl3bIBaeT H3-

MeHeHHe 3HaKa Det J. 
B KaqecTBe IIpHMepa paccMoTpHM Bh1qncJiettne IIJIOIIJ;a,ll,H opnett­

TnpoBaHHOH o6JiaCTH w' orpattnqeHHOH OCbIO x' IIp5lMOH y = mx' 
nmep6oJio:H x 2 -y2 = 1 n rnIIep6oJioii x

2 - y2 = 4 (pnc. 8.27, 8.28). 

qT06h1 3TO c,LI,eJiaTh, Ham1rneM W = a(R), r,LI,e a*x = ucoshv n 
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a*y = u sinh v. 0To6pIDKeHHe a rrepeBO)J,HT OpHeHTHpoBaHHbIH rrp.H­

MoyroJibHHK R, 3a,u,aHHblH HepaBeHCTBaMH 

1 :::; u :::; 2, 0 :::; v :::; arctanh m, 

B o6nacTb W. HarrpHMep, BepTHKaJibHhiii oTpe3oK rrpHMoii u = 2 
oTo6proKaeTcH B KycoK rHrrep6onbl x 2 - y2 = 4. 

v y 

D c 

iJ 
A B 

1 2 u x 

PHc. 8.27 PHc. 8.28 

IlocKOJlbKY B OpHeHTa~HH o6naCTH w rrepBOH KOOp)J,HHaTOH HB­

JI.HeTCH x, ee 11noru;a,n;h A = fw dx /\ dy. BhmonHHB rrepeHoc, 110-

nyqaeM A = f Ra*(dx /\ dy) = JRDet J du/\ dv. 3)1,ecb a*(dx /\ 
dy) = d(ucoshv)/\d(usinhv) = (coshvdu+sinhvdv)/\(sinhvdu+ 
ucoshvdv) = ucosh2 vdu /\ dv + usinh2 vdv /\du= udu /\ dv, cne­
)J,OBaTeJihHO, 

{ 12 {tanh-
1 

m 3 
A= }Rudu/\dv= 

1 
udu}

0 
dv= 2tanh-

1
m. 

c ,n.pyroli CTOpoHbl, Mbl MO:>KeM Bbl'1HCJIHTb 

Det J = Det (c?sh v u sinh v) = u 
smh v u cosh v 

H 11ony'1HTb TOT >Ke caMbii!: HHTerpa.n: A = JR u du /\ dv. 
Mb1 BHWfM, qTo ceKpeT 11one3HOCTH 11peo6pa30BaHHH KOOpWf­

HaT COCTOHT B TOM, "'ITO rpaHH~ o6nacTH w CTaHOBHTCH o6pa3a­

MH cTopoH 11pHMoyroJibHHKa Ha IIJIOCKOCTH uv. EcnH, HaIIpHMep, W 
- TpeyrOJibHHK, 3aKJII0'1eHHbli!: Me>K.DY OCHMH KOOp)J,HHaT H IlpHMOH 
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v y 

1 
B c 1 

a(D) 

{;\ 

D 
A 

- a(A),a(B) 1 1 u x 

PHc. 8.29 

x + y = 1, TO noJie3HbIM npeo6pa30BaHHeM KOOp,ZJ,HHaT 6y,n,eT Ta­

Koe, KOTOpoe nepeBO,ZI,HT OTpe3KH npHMbIX u = const c <l:>HKCHpo­

BaHHbIM HHTepBaJIOM no v B OTpe3KH x + y = const Me)K,n,y OCHMH 

KOOp,ZJ,HHaT. TaKoe npeo6pa3oBaHHe Koop,n,HHaT OIIHChIBaeTcH <l:>oPMY­

JiaMH: o:*x = uv, o:*y = u(l - v), KOTOph1e o6Jia,n,a10T cBoilcTBOM 

o:*(x + y) = u. qHTaTemo peKoMeH,n,yeTCH npoBepHTh, qTo o: rrpeo6-

pa3yeT KBa,n,paT e,n,HHHqttofi rrJiorn;a,n,H R Ha IIJIOCKOCTH uv B o6JiaCTh 

W. EcJIH B opHeHTaIJ;HH R c,n,eJiaTh v rrepBofi Koop,n,HHaToii, TO opH­

eHTaa;HH o:(R) 6y,n,eT corJiacoBaHa c opHeHTau;Hefi W. lhaK, eCJIH v 
- rrepBaH KOOp,ZI,HHaTa, TO HK06HaH 

J _ (8(o:*x)/8v 8(o:*x)/8u) _ ( u v ) 
- 8(o:*y)/8v 8(o:*y)/8u - -u 1 - v 

HMeeT IIOJIO)KHTeJibHblfi orrpe,n,eJIHTeJih, paBHhlfi u, qTo 110,ZJ,TBep)K,lJ,a­

eT 11pe,n,h1,n,yrn;ee YTBep)K,lJ,eHHe. (EcJIH rrepBofi KOOp,ZI,HHaTofi cqHTaTh 

u, To Det J = -u.) 
llcrrOJib3YeM 3TO npeo6pa30BaHHe ,ZI,JIH BbJqHcJieHHH HHTerpaJia 

Iv 
e-(x+y) 

I= r;:r,;-; dx /\ dy, 
W yXY 

KOTOphlfi ,ZJ,OBOJibHO CJIO)KHO noJiyqHTb KaK IIOBTOpHblfi HHTerpaJI no 

x Hy. Ilepe:tt,n,eM K HOBhIM nepeMeHHbIM. IloJiyqaeM 

* e e e 
( 

-(x+y)) -u -u 1 

o: VXY = Ju2v(l - v) =-;- Jv(l - v) 
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H a*(dx /\ dy) = (udv + vdu) /\ (-udv + (1 - v) du) = udv /\du. 
Tor,n;a Ha IIJIOCKOCTH uv HMeeM 

I= { e-u dv /\du. 
JR y'v(l - v) 

ITopH,n;OK ,n;H<P<PepeHI_\HaJIOB dv /\ du rro,n; 3HaKOM HHTerpana CBH3aH c 

TeM, 'ITO B opHeHTal.\HH R rrepBoii Koop,n;HHaToii HBJIHeTCH v. 0KoH­

qaTeJihHO IIOJiyqaeM 

11 11 dv I = e-u du = (1 - e-1 )7r. 
o o vfv(l -v) 

(ITpH Bhl'IHCJieHHH BTOporo HHTerpana Mbl BOCIIOJib30BaJIHCb <PopMy-

JIOii 

J dv = - arcsin(-2v + 1).) 
vfv(l -v) 

HaKoHel.\, rrepeii,n;eM K 3a,n;aqe 3aMeHhI rrepeMeHHhIX ,n;JIH BbiqHcJie­

HHH a6comomttow ,Il;BOiiHoro HHTerpana I = fw F dx dy. ,Ll;JIH 3Toro 

CHaqana rrpeo6pa3yeM 3TOT HHTerpan B opHeHTHpOBaHHblii ,Il;BOitHOii 

HHTerpan fw F dx /\ dy, cooTBeTCTBYIOII.\Hii opHeHTal.\HH W, ,n;JIH Ko­

Topoli rrepBOH KOOp,Il;HHaTOH HBJIHeTCH x. 

v y 

R 

u x 

PHc. 8.30 

Terreph HarrmneM W KaK a(R) H 3a,n;a,n;HM opHeHTal.\HIO R 

(pHc. 8.30). EcJIH Det J (x, y) rroJIO)KHTeJieH, TO Bb16epeM Ha R 
u,v 

OpHeHTal.\HIO, rrpH KOTOpOH rrepBOH KOOp,n;HHaTOH HBJIHeTCH u. Tor,n;a 

I= J a* F(Det J) du/\ dv = J a* F(Det J) du dv. 
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Ecmi Det J (x, y) 0Tp1m,aTeJieH, TO 3a,LI;a,LI;HM Ha R opHeHTau,mo, 
u,v 

rrpH KOTopoii rrepBoii Koop,u;1rnaToii HBJIHeTCH v. Tor,u;a 

I= J a* F(Det J) dv A du = - J a* F(Det J) dudv. 

(HeO~~HT.) 

B o6oHx cnyqaHx MO)KHO 6paTh a6co.11,1omnoe 3HaqettHe Det J: 

IlpH 3TOM He B03HHKaeT Borrpoca 06 opHeHTaII,HH HJIH 0 IIOpH,a;Ke 

rrepeMeHHhIX HHTerpHpoBaHHH. IIepecTaHOBKa x H y HJIH u H v He 

BJIHHeT Ha a6comoTHoe 3HaqeHHe Det J. 
B rnaBe 15 MhI o6cy,a;HM HHTerpHpoBaHHe <);>opM 6onee BhICOKHX 

CTerretteii. 

8.6. 2-cl>opMbl B TpexMepHOM rrpocTpaHCTBe 

B npe,u;hl,u;ym;eM rraparpa<);>e MhI orrpe,u;eJIHJIH rroHHTHe rrepeHoca AJIH 

2-<);>opM. IlpH 3TOM rrpaBHJia BbiqHcJieHHH oqeHb rrpOCTbie: eCJIH W1 If 

W2 - .!tU'/teUtt'bte ,a;H<);><);>epeHII,HaJibHbie <);>opMbI, TO 

EcJIH f - <);>yttKII,HH H 7 - 2-<);>opMa, TO 

EcJIH 71 H 72 - 2-<);>opMhI, TO 

TaKHM o6pa3oM, rrpH pa6oTe c ,a;H<);><);>epeHII,HaJihHhIMH <);>opMaMH co­

xpaHHIOTCH Bee 06b1qHhie CBOHCTBa anre6paHqecKHX orrepau,Hii. Kpo­

Me Toro, MhI orrpe,u;eJIHJIH JIHHeiitthiii orrepaTop d, rrpeo6pa3yrom;Hii 

1-<);>opMbl B 2-<);>opMbl: 

d(f dg) = df A dg, 
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HJrn B 6oJiee o6m;eM B.H,ll;e: 

d(fw) = df /\w + f dw, 

y,n;oaJieTBOp5IIOill;Hil: ycJIOBHIO 

IlepeHOC </>* KOMMYTHpyeT c orrepaTopoM d B TOM CMbICJie, qTo 

<P*(df) = dcp* f, r,n;e f - cPYHKIWH 

<P*dw = dcp*w, r,n;e w - 1-<PopMa. 

2-<PopMOH B TpexMepHOM rrpOCTpaHCTBe ( B ,n;eKapTOBbIX KOOp,lJ;H­

HaTax x, y, z) Mbl ITO orrpe,n;eJieHHIO 6y,n;eM Ha3bIBaTb Bbip8,)KeHHe 

BH,ll;a 

a dx /\ dy + b dx /\ dz + c dy /\ dz, 

r,n;e a, b H c - cPYHKIJ;HH. EcJIH ,n;atta 1-<PopMa 

w = Adx + Bdy+ Cdz, 

TO rrpaBHJia ,ll;JIH BHerrrneli rrpOH3BO,ll;HOH d If ,ll;JIH BHerrrnero YMHO:>Ke­

HHH ,n;aIOT 

dw = dA /\ dx + dB /\ dy + dC /\ dz 

(
oA oA oA ) 

= ox dx + oy dy + oz dz /\ dx 

(
oB oB oB ) + ox dx+ oy dy+ oz dz /\dy 

(
oc oc oc ) + ox dx+ oy dy+ oz dz /\dz 

= (oB _ oA) dx /\ dy + (oC _ oA) dx /\dz 
ox oy ox oz 

+ (oc _ oB) dy /\dz. 
oy oz 

EcJIH <P : IR.2 --+ IR.3 H T - 2-<PopMa B rrpocTpaHCTBe IR.3, TO cp*T 6y,n;eT 

2-<PopMOH B rrpocTpaHCTBe IR.2. 
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P11c. 8.31 

EcJin: R - HeKoToprui: o6JiacTh B JR2 H MhI Bb16pa.Jin: B Heil opn:eH­

Tan;mo, TO M02KHO Hann:caTh JR</>*T, KOTOpbiii. paCCMaTpHBaeTCH KaK 

HHTerpa.JI OTT no opReHTHpOBaHHOii. IIOBepXHOCTH a(R). 

8. 7. Pa3;u1q11e Me:>K,zzy 
2-cpopMaMH II IIJIOTHOCTSIMll 

BepHeMcH B ,n;ByMepHoe rrpocTpaHCTBO. MbI rroMHHM, 'ITO nepeHoc 

a* T onpe,n;eJieH ,ll;JIH mo6oii. 2-<l>opMbI T. /q>yrHMH CJIOBaMH, eCJIH a 
oTo6pa2KaeT IIJIOCKOCTh uv B IIJIOCKOCTh xy, To 

a*(f dx /\ dy) = (a* J) · (Det J) du/\ dv, (8.2) 

r,n;e HKo6n:aH rrepexo,n;a J onpe,n;eJIHeTcH MaTpn:n;eii. 

a=(~~). 
9Ta Q:>opMyJia BepHa ,ll;JIH mo6oro ,n;n:Q:>Q:>epeHn;n:pyeMoro oTo6pa-

2KeHHH a. KpoMe Toro, MhI ,ll;OK83a.JIR, 'ITO ecJin: a - B3aHMHO­

o,n;Ho3Ha'!Hoe oTo6pa2KeHHe, coxpattJ1,10w,ee opueHma'4U'IO, To 

f a*(T) = f T. 

jR la(R) 
(8.3) 

9ro BepHO ,ll;JIH HHTerpa.JIOB OT 2-Q:>opM, KOr,n;a OpHeHTaIJ;HH HMeeT 

3Ha'!eH11e. Ilpe,n;noJIO)KHM, o,n;HaKo, 'ITO Mbl XOTHM Bbl'IHCJIHTb a6co­

JIIOTHhlii. HHTerpa.JI. Tor,n;a Bb16op opHeHTaIJ;RH He HMeeT 3Ha'!eHRH, 

HO Q:>opMyJia ,ll;JIH 3aMeHhl nepeMeHHbIX HJIH rrepeHOC ,ll;JIH Bblpa2KeHHH 
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f dA HJm: f dx dy He 6y.n;eT COBrra.n;aTh c (8.2). ,[t;aBaii:Te BepHeMC.H 

Ha3a.n;, K ,D;OKa3aTeJihCTBY <i>opMyJihI 3aMeHbI rrepeMeHHhIX. Tor.n;a HH­

Terpan fo:(rrpHMOyr.) Mbl 3aMeH.HJIH Ha 

r(P)[da(hv), da(kw)] 

= J(P) x opHeHTHpOBaHHYIO IIJIOlll;a,D;b rrp.HMOJfOJibHHKa. 

O'IeBH,ll;HO, 'ITO B CJiyqae BbI'IHCJieHHH a6coJIIOTHoro HHTerpana MhI 

,ll;OJI./KHbI 3aMeHHTb OpHeHTHpOBaHHYIO IIJiorn;a.n;h Ha a6coJIIOTHOe 3Ha­

'IeHHe aToii: rmorn;a.n;H. TaKHM o6pa3oM, B <PopMyJie (8.2) Ha.n;o HarrH­

caTb 

a*(fdxdy) = a*f · \DetJ\dudv. (8.4) 

qHTaTeJIIO rrpe.n;JiaraeTC.H rrpoBepHTb B Ka'IeCTBe IIOJ'IHTeJibHOfO 

yrrpaJKHeHmI, 'ITO ecJIH a - B3aHMH0-0,1J;H03Ha'IHOe OTo6pa)KeHHe, 

TO 

f a*(! dx dy) = 1 f dx dy 
jR o:(R) 

He3aBHCHMO OT opHeHTal1Irn:. 

lfraK, 2-<PopMbI T = f dx A dy H IIJIOTHOCTH f dx dy .HBJI.HIOTC.H 

COBeprneHHO pa3HbIMH o6'heKTaMH - rrpH 3aMeHe rrepeMeHHbIX OHM 

rrpeo6pa3JIOTCH rro-pa3HOMy. HarrpHMep, IIJIOTHOCTb MO)KeT 6bITh rro­

JIO)KHTeJibHOii: H OTPHI1aTeJibHOH (rrJioTHOCTh aJieKTpH'IecKoro 3ap.H­

.n;a): eCJIH f 2: 0, TO rrpH 3aMeHe rrepeMeHHblX f dx dy CTaHOBHTC'.il 

a*(!) I Det JJ du dv H a* f · I Det JJ rro-rrpe*HeMy rroJIO:>KHTeJibHa ( ec­

JIH Det J =I 0, 'ITO BbIIIOJIH.HeTc.H rrpH .n;H<i><i>epeHu;HpyeMOCTH a-1 ). 

0.n;HaKo, He HMeeT CMbICJia 3a,D;aBaTb BOIIpOC 0 3HaKe 2-<i>opMbI T, rro­

TOMy 'ITO Det J, BX0,11;.Hlll;HH B (8.2), MO:>KeT 6bITb H IIOJIO:>KHTeJihHbIM, 

H OTpHu;aTeJibHbIM. IlJIOTHOCTH H 2-<i>opMbI COBIIa.n;aroT, TOJibKO eCJIH 

MhI BbI6panH opHettTau;nro H .n;eJiaeM 3aMeHy rrepeMeHHhIX, coxpaHH-

10rn;y10 aTy opneHTawuo (.n;mi: HHX Det J > 0). 
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8.8. «l>opMyJia rpHHa Ha IlJIOCKOCTH 

PaccMaTpHBM KpHBOJIHHeifHhie HHTerpanh1, MhI y)Ke BCTpe<JaJIHCh c 

o6o6m;ettHeM Q:>ytt,n;aMeHTaJihHOii TeopeMhI HHTerpaJibHOI'O HC'IHCJie­

HHH - Q:>opMyJihI HhIOTOHa-Jle:if6Hmi;a, a HMeHHO, c Q:>opMyno:if 

i df = J(B) - J(A), 

r,IJ;e KpHBomrne:ifttasi: TpaKTopna / npoxo,IJ;HT OT TO<JKn A K TO<JKe B 
(pttc. 8.32). 9Ta TeopeMa CBH3hIBaeT HHTerpan OT df ITO O,IJ;HOMep­

HOH o6naCTH ( T. e. no rryTH 'Y) co 3Ha<JeHH.HMH caMoif cpyHKIJ;HH f B 

KOHe'IHbIX TO<JKax TpaeKTOpHH. 

A 

Pttc. 8.32 

AttanorH<JHhIH pe3yJihTaT, CB.H3hIBarom;tt:if ,n;ByMepttyro o6nacTh H 

ee O,IJ;HOMeptthJe rpaHHIJ;hI, H3BecTeH KaK rfiop.My.11,a I'puna. 9Ta Teo­

peMa yTBep)K,I:\aeT, 'ITO ,IJ;Jia n106o:if ,IJ;Hcpcpepettii;ttpyeMo:if 1-cpopMbI T 

H n106o:if optteHTttpoBaHHo:if o6nacTH Ha nnocKOCTH R cnpaBe,n;nHBO 

paBeHCTBO 

r dT = r T. Jn lan 
CneBa 2-Q:>opMa dr HHTerpttpyeTca no o6nacTH R, a cnpaBa 1-cpopMa 

T HHTerpttpyeTca no nyTH 8R, aBJIHIOlll,HMCH 2pattuu,eu o6nacTH R.6 

6 )J,mr Toro, 'ITOObI o6e 'lacTH aToii: ¢opMyJihl cym;ecTsosa.rm, o6JiaCTb R H ee 
rpa.HHI1a 8R ,n;omKHbI y,n;osJieTsop.HTb HeKoTopbIM Tpe6osaHH.HM, HanpuMep, R 
orpaHH'leHa, EJR Kyco'IHO-HenpepbIBHO-,ll;H¢¢epeH11HpyeMa. - llpu.M. peiJ. 
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Opn:eHTau,m1 R oITpe,n;em1eT HaITpaBJieHn:e ,ll;BH)KeHH.51 ITO 8R. HaITpH­

Mep, ecJIH R - KOJihll,eBM o6JiaCTh, opn:eHTHpoBaHHa.51 ITpOTHB qaco­

Bo:ii. CTpeJIKH, KaK ITOK33aHO Ha pn:c. 8.33, TO 8R COCTOHT H3 BHem­

He:ii. OKpy)KHOCTH, ITO KOTOpo:ii. ,ll;BH)KeHHe ITPOHCXO,ll;HT ITPOTHB qaco­

BOH CTpeJIKH, II BHyTpeHHe:ii. OKpy)KHOCTH, ITPOXO,ll;HMOH ITO qacOBOH 

CTpeJIKe. 

8R 

8R 

0 
Pn:c. 8.33 

Ilpe)K.n;e qeM ¢opMaJihHO ,ll;OKa3bIBaTh TeopeMy fpn:Ha, IIMeeT 

CMhICJI ern;e p33 BCITOMHHTb OITpe,n;eJieHHe oITepaTopa d, .n;e:ii.CTBYIOrn;e­

ro Ha 1-<t>opMy. '.:ho ITOMO)KeT ITOH.51Th, ITO'IeMy ,ll;OJI)KHa 6h1Tb TaKa.51 

TeopeMa. Mh1 OITpe,n;eJI.51JIH dT KaK aHTHCHMMeTpII'IHyro 6n:Jin:He:ii.Hyro 

cPYHKll,HIO ITapbI BeKTOpOB v' w' o6Jia,n;arorn;yro CBOHCTBOM 

dT(P)[hv, kw] = j T + ITOrpemHOCTh, 

P(h,k) 

r.n;e P(h, k) ecTh ITapaJIJieJiorpaMM, ITOCTpoeHHhI:ii. Ha BeKTopax hv n: 

kw, ITpn:'IeM ITorpemHOCTh cTpeMHTC.51 K HYJIIO 6hICTpee, 'IeM ITPOH3-

Be,n;eHn:e hk, T. e. 6hICTpee ITJiorn;a.n;n: ITapaJIJieJiorpaMMa. 

PaccMOTpIIM o6JiaCTh, cocT0.5Irn;yro H3 N ITapaJIJieJiorpaMMOB, 

Ka)K,ll;blll 113 KOTOphIX ITOCTpOeH Ha BeKTopax hv H kw (pn:c. 8.34). 
Tor.n;a MhI HMeeM 

N N N 

L dT(Pi)[hv, kw] = ~ j T + L(ITorpemHOCTh)i. 

i=l i=l pi i=l 

B cyMMe KpHBOJIHHe:ii.HhIX HHTerpaJioB ITO KOHTypaM ITapaJIJieJiorpaM­

MOB BKJia,ll;hl OT BHyTpeHHHX CTOpOH, ITpHHa,n;Jie)Karn;n:x O,ll;HOBpeMeH­

HO ,ll;BYM ITapaJIJieJiorpaMMaM, B3aHMHO YHH'ITO)KalOTC.51, TaK KaK OHM 
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Pnc. 8.34 

npoxo,n;BTCB B npoTHBonoJI02KHhIX HanpaBJieHHBX. TaKHM o6p830M, 

ocTaeTcB O,IJ,HH KpHBOJIHHeMHhIH HHTerpan no rpaHnrr,e o6JiaCTH R: 

N N 

L dT(Pi)[hv, kw] = J T + L(norpernHoCTh)i. 

i=l BR i=l 

EcJIH h H k cTpeMBTCB K Hymo, TO cyMMa B JieBo:it qacTH paBeHCTBa 

CTpeMHTCB K JR dT. IlocKOJihKY qncJio N nponoprr,noHaJihHO 1 / hk 
H Ka2K,IJ,hIH nonpaBoqHhIH qJieH cTpeMHTCB K HYJIJO 6hlcTpee, qeM 

hk' cyMMa nonpaBOqHhIX qJieHOB CTpeMHTC51 K HYJIJO npH h H k' 
cTpeMBIII,HXCB K HYJIJO. B pe3yJihTaTe MhI noJiyqaeM 

,I1,JI51 JIJ06o:it o6JiaCTH, COCTOBIII,e:it H3 napaJIJieJiorpaMMOB. 

qT06hI ,IJ,OK83aTh TeopeMy fpHHa 6oJiee CTporo, paCCMOTpHM CHa­

qaJia qacTHhIH cJiyqa:it, Kor,n;a T = G(x, y) dy, H BhiqHCJIHM KpHBO­

JIHHeMHhIH HHTerpan f aR T no KOHTYPY npBMoyroJihHHKa, cTopOHhI 

KOTOporo napaJIJieJihHhI OCBM x H y (pnc. 8.35). 
BKJia,IJ, B HHTerpaJI ,n;aeT TOJihKO CTOpOHa x = a, npOXO,IJ,HMa51 OT 

y = 0 ,IJ,O y = b, H CTOpoHa x = 0, npOXO,IJ,HMaB OT y = b K y = 0. 
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y, 

b 1--------..... 

a x 

Pnc. 8.35 

MmKHO 3armcaTh: 

j T =lb G(a, y) dy + 1° G(O, y) dy 

BR 

=lb (G(a, y) - G(O, y)) dy. 

CorJiacHo cPYH~aMeHTaJihHOH TeopeMe HHTerpaJihHoro HCqHcJieHHH 

IIOCJie~Hee IIO~HTerpaJibHOe Bhlpa,)KeHHe MQ)KHO 3arrttcaTb TaK: 

rac 
G(a, y) - G(O, y) =Jo ax (x, y) dx. 

Ilo3TOMY KpHBOJIHHeHHhIH HHTerpan faR T MO:>KHO 3ami:caTh KaK rro­

BTopHhrii HHTerpaJI 

KOTOpbIH paBeH OpHeHTHpOBaHHOMY ~BOHHOMY HHTerpaJiy 

f aG 
jR ax (x, y) dx /\ dy. 
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AHa.norHqHhie coo6pa2KeHH.H ,IJ;JI.H 1-<l>opMhI F(x, y) dx ,n;aroT 

J F(x, y) dx = la (fob~~ (x, y)) dx Ady 

8R 

r JoF = - Jo (F(x, b) - F(x, 0)) dx = - oy dx Ady. 

R 

CJI02KHB 3TO c rrpe,n;h1,n;yrn;HM pe3yJihTaTOM, rroJiyqaeM 

J JoG oF 
F(x, y) dx + G(x, y) dy = ox (x, y) dx - oy (x, y) dx Ady. 

8R R 

IlocKOJibKY ,IJ;JI.H ,Il;HcPcPepeHll,HaJibHO:ti: 1-<l>opMbl 

T=F(x,y)dx+G(x,y)dy 

BHeillH.H.H rrpOH3BO,IJ;Ha.H paBHa 

oF oG 
dT = - oy (x, y) dx Ady+ ox (x, y) dx Ady, 

TO IIOCJie,n;Hee paBeHCTBO c HHTerpa.naMH 03HaqaeT crrpaBe,IJ;JIHBOCTb 

cl>opMyJihI fpHHa ,IJ;JI.H Koop,n;HHaTHoro rrp.HMoyroJihHHKa R: 

A Terrepb ,IJ;OKaJKeM TeopeMy fpHHa B 6oJiee o6rn;eM cJiyqae, Kor­

,n;a o6JiaCTb Ha IIJIOCKOCTH .HBJI.HeTC.H o6pa30M rrp.HMOyrOJibHHKa rrpH 

rJia,n;KoM 6HeKTHBHOM oTo6pa2KeHHH a. CTpaTerH.H y2Ke 3HaKoMa: MhI 

rrepeHeceM HHTerpa.nbI fa[a(R)] T II fa(R) dT Ha rrJIOCKOCTh st, r,n;e pac­

CMaTpHBaeMa.H o6JiaCTb HHTerpHpOBaHH.H .HBJI.HeTC.H rrp.HMOyrOJihHH­

KOM (pHC. 8.36). 
Mb1 6y,n;eM IIOJih30BaThC.H ycJIOBHeM, qTo o6pa3oM rpaHHIJ;hI 06-

JiaCTH R .HBJI.HeTC.H rpaHHll,a a(R). CJie,n;oBaTeJihHO, 
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t a*T y T 

oR 

~ 
s x 

PRC. 8.36 

O,n;ttaKo, ,n;JIH rrpHMoyroJihHOH o6JiacTM R MhI y:>Ke ,n;OKa3aJIM, qTo 

BoJiee Toro, corJiacHo orrpe,n;eJiettmo rrepettoca, MhI MMeeM 

J dT = J a*(dr). 
a(R) R 

CJie,n;oBaTeJihHO, ,il;JIH ,n;oKa3aTeJihCTBa paBeHcTBa fa[a(R)] T = fa(R) dr 
,n;ocTaToqHo IIOKa3aTh, qTo 

9To JierKO c,n;eJiaTb IIpHMhIM BhJqHcJieHMeM. IlyCTh T = f dx + 
gdy. llcrroJih3YH paBeHCTBa a*(dx) = d(a*x), a*(dy) = d(a*y), rro­

JiyqaeM, qTo a*r =(a* f) d(a*x)+(a*g) d(a*y). ,II;anee, M3 <PopMyJihl 

d(f dh) = df /\ dh MMeeM 

d(a*r) = d(a* !) /\ d(a*x) + d(a*g) /\ d(a*y). 

c ,n;pyroit CTOpOHhI, MhI 3HaeM, qTo 

dr = df /\ dx + dg /\ dy. 

IlpaBMJIO a*(a /\ w) = a*a /\ a*w ,n;aeT HaM 

a*dr = a*(df) /\ a*(dx) + a*(dg) /\ a*(dy), 
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CJie,1.1,oBaTeJibHO, 

a*dr = d(a* !) /\ d(a*x) + d(a*g) /\ d(a*y). 

lfa cpaBH€HHH 3Toro Bhipa)KeHHH c (8.2) rroJiy'laeM To, 'ITO HaM Tpe-

6oBaJIOCh: 

d(a*r) = a*(dr). 

TaKHM o6pa3oM, MhI HMeeM 

i(&R) T = laR a*r = l d(a*r) = l a*(dr) = i(R) dr, 

T. e. <j)opMyJia fpHHa ,Il;OKa3aHa ,1.1,JIH mo6oii o6nacTH, KoTopaH HBJIH­

eTCH o6pa30M rrpHMoyroJihHHKa. 

,Ll;o6aBHM ern.e ,Il,OKa3aTeJibCTBO 3TOH <j)opMyJihI ,1.1,JIH CJiy'laH, Kor­

,1.1,a o6JiaCTh HBJIHeTCH MHoroyroJihHHKoM. Ha IIJiocKoCTH mo6oii MHO­

royroJihHHK MO)KHO pa3JIO)l(HTh Ha TpeyroJihHHKH. ,Ll;eiiCTBHTeJihHO, 

mo6oii MHoroyroJihHHK pa36HBaeTCH Ha BhIIIJKJihie MHoroyroJihHH­

KH (puc. 8.37). A mo6oii BhIIIJKJihiii MHoroyroJihHHK p83JiaraercH Ha 

TpeyroJihHHKH, ecm1 B3HTh To'IKY BHYTPH Hero H coe,1.1,HHHTh 3TY To'l­

KY co BC€MH BepmHHaMH (pHC. 8.38). 

PHC. 8.37 Pttc. 8.38 

EcJIH 6hI MhI 3HaJIH <j)opMyJiy fpHHa ,1.1,JIH TpeyroJihHHKoB, To oHa 

6bIJia 6bI HaM H3B€CTHa ,1.1,JIH Bcex MHoroyroJibHHKOB, TaK KaK HH­

TerpaJihI, BhI'IHCJieHHhie ITO BHyTpeHHHM rpaHHII,aM TpeyroJihHHKoB, 

B3aHMHo yHH'ITo)l(aJOTCH (pHc. 8.39). 
I1TaK, MhI ,1.1,oJI)l(HhI ,1.1,0Ka3aTh TeopeMy ,1.1,JIH TpeyroJihHHKoB. A<P­

cPHHHoe rrpeo6pa3oBaHHe rrepeBo,1.1,HT JIJ06oii TpeyroJihHHK B Tpe­

yroJihHHK. CJie,1.1,oBaTeJihHo, HHBapHaHTHoCTh HHTerpanoB rrpH rJia,1.1,­

KoM (B 'laCTHOCTH, a<j)<j)HHHoM) rrpeo6pa3oBaHHH 03Ha'laeT, 'ITO Teo­

peMy ,1.1,0CTaTo'IHO ,Il,OKa3aTb ,1.1,JIH KaKoro-JIH6o 0,1.1,Horo TpeyroJihHHKa. 
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y 

PHc. 8.39 PHc. 8.40 

lfraK, Ha ITJIOCKOCTH xy paCCMOTpHM TpeyroJibHHK (pHC. 8.40) 

To = { 0 S x S y S 1}. 

Mhl MOMeM paccMoTpeTh qeTb1pexyroJihHHK 

Tc{O S x Sy, c Sy S 1}, 

x 

r,n;e 0 s c < 1. QqeBH,IJ;HO, qTo eCJIH Mhl ,IJ;OKa2KeM TeopeMy fpHHa ,n;m1 

Tc, OHa 6y,n;eT BepHa B ITpe,n;eJihHOM cJiyqae ,II;JIB TpeyroJihHHKa To, 
ITOCKOJibKY KpHBOJIHH€HHbie HHTerpaJibl H HHTerpaJibl ITO ITJIOIIJ;a,n;H 

BHYTPH Mano:H o6JiaCTH ITPH c ~ 0 cTpeMBTCB K Hymo. 06JiaCTh Tc 
,IJ;J15.l c > 0 eCTh o6pa3 ITp5.lMOyroJibHHKa { 0 s u s 1, c s v s 1} Ha 

ITJIOCKOCTH UV' ITOJiyqeHHhIH B pe3yJihTaTe OT06pa2KeHH5.l 

X =UV 

y =V. 

'.:ho oTo6pa2KeHHe HMeeT rJia,n;Koe o6paTHOe 

u = x/y, 

v =y, 

ecJIH y 2': c > 0. CJie,n;oBaTeJihHO, MhI CBeJIH TeopeMy K cJiyqaIO, 

KOTOpbIH yMe ,II;OK83aH, T. e. K o6pa3y ITP5.lMOyroJibHHKa (pHC. 8.41). 

B KaqecTBe HJIJIIOCTpau;HH ITpHMeHeHHB <PopMyJihI fpHHa pac­

CMOTpHM HHTerpaJI OT 1-<PopMbI 

T = x 2 dy 

ITO 3aMKHYTOMY ITYTH 8R (pHc. 8.42), o6pa30BaHHOMY OTpe3KOM ITpB­

Mo:H OT TOqKH ( ~) K TOqKe ( ~) ' ITapa60JIOH y = 1 - x
2 

OT TOqKH 

( ~) K ToqKe ( ~) H 0Tpe3KOM OT TOqKH ( ~) K TOqKe ( ~). 
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v y 

u x 

Pnc. 8.41 

y 

1 

1 x 

Pnc. 8.42 

Ilp.HMOJIHHeHHhie 0Tpe3KH, KaK HeTpy,r:t;HO rrpoBepHTh, He ,r:t;aIOT 

BKJrn,r:t;a B HHTerpan. IlapaMeTpn3y.H rrapa6oJiy 

{3*x=l-t, /3*y=l-(1-t)2 =2t-t2
, O<t<l, 

/3*r = (1 - t)2 (2 - 2t) dt = 2(1 - t)3 dt, 

r T = f 1 2(1 - t)3 dt = !. 
laR lo 2 

Ilo cpopMyJie rpnHa HHTerpan OT dr = 2x dx /\ dy ITO o6JiaCTH R ,r:t;OJI­

:>KeH ,n;aBaTh TO :>Ke caMoe. BbI"IHCJI.HeM 3TOT HHTerpan KaK rroBTOpHhIH 

n rroJiyqaeM 

11 11-x2 11 1 2xdx dy = 2(1 - x 2 )xdx = -, 
0 0 0 2 
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'ITO H CJ1€,IJ;OBa.JIO O)l<H,IJ;aTh. 

<I>opMyJiy fpnHa MO)KHO HCIIOJ1h30BaTh ,n;mI BhI'IHCJieHH51 IIJIOIII;a­

,n;eii qepe3 KpHBOJIHHeHHhie HHTerpa.rrbI. HarrpnMep, ecJin T = x dy, 
TO dr = dx A dy H 

f T = f dx A dy = rrJiorn;a,n;n R, 
laR jR 

rrpe,n;rroJiaraa, 'ITO R oprreHTnpoBaHa rrpoTHB qacoBoii cTpeJIKH. Ko­
He'IHO, mo6aa 1-cpopMa T 1 = x dy + df, r,n;e f - rrpoH3BOJihHaa ,n;rr<P­

cpepemi;npyeMaa cpyHKII;H51, o6Jia,n;aeT 3THM CBOHCTBOM, TaK KaK 

dr' = d(x dy) + d(df) = dx Ady= dr. 

HarrpnMep, Bh16epeM f = -~xy. Tor,n;a rroJiyqaeM 

I 1 1 1 ( 
T = xdy - -xdy- -ydx = - xdy -ydx) 2 2 2 . 

BBo,n;a rroJiapHhre KOop,n;nHaThI corJiacHo cpopMyJiaM7 

a*x = r cos e, a*y = r sinfJ, 

Mhl MO)K€M IIOJIY'IHTh 

1 
a*r' = -r2 df) 

2 ' 

OTKy,n;a cJie,n;yeT xoporno H3BeCTHaa cpopMyJia 

A= -r2 dfJ 1
21!" 1 

0 2 

,IJ;J151 IIJiorn;a,n;n, orpaHH'IeHHOH 3aMKHyToii KpHBOii, 3a,IJ;aHHOii B IIO­

JI5IpHbIX KOop,n;nHaTax. 

7B npaKTn:qecKn:x Bblqn:cJieHHHX CHMBOJI a* qacTO onycKaIOT n: IIHIIIYT npoCTO 

x = rcos8, y = rsin8. 



Pe3IOMe 

B 3aKmoqemre BhlIIIUIIeM ocHOBHh1e <l>opMyJihl aTofi rJiaBhl: 

.X /\ a = -a /\ .X, 

(w1 + w2) /\a= w1 /\a+ w2 /\a, 

d(fw) = df /\w + f dw, 

o:*(.X /\a)= o:* .X /\ a*a, 

a*(r1 + r2) = o:*r1 + a*r2, 

a* dr = da*r, 

425 

f a*r = f r )l;JIH o:, coxpaHH10m;ero opweHTau;mo, 
jR la(R) 

laR T = l dr. 

Pe3IOMe 

A. 2-<l:>opMhI 
,Ll,JIH 3a)l;aHHOH Ha IIJIOCKOCTH ,ll;HcP<l>epeHu;HaJibHOH 1-<l>opMbl T Ha)l;O 

yMeTb )l;aBaTb orrpe)l;eJieHHe ee BHeIIrne:H rrpOH3BO,ll;HOH dr H Bbl'IHC­

JIHTh dr B KOOp,ll;HHaTaX x, y. 
Bbl )l;OJI)KHhl 3HaTh orrpe)l;eJieHHe H yMeTh Bhl'IHCJIHTh HHTerpaJI 

OT 2-<l>opMbl IIO opHeHTHpOBaHHOMY rrpHMOyroJibHHKY Ha IIJIOCKOCTH. 

B. ,ll;BoiiHbie HHTerpaJihI 
Bbl ,ll;OJI)KHbl yMeTb Bhl'IHCJIHTh )l;BOHHble HHTerpaJihl rro 3a)l;aHHhlM 

Ha IIJIOCKOCTH o6JiaCT5IM, CBO,ll;H HX K IIOBTOpHblM HHTerpaJiaM c co­

OTBeTCTBYIOII1;HMH rrpe)l;eJiaMH HHTerpHpOBaHHH; yMeTb H3MeHHTb IIO­

pH,I!;OK HHTerpwpoBaHH51 B IIOBTOpHOM HHTerpane, rrpeo6pa3yH ero K 

,ll;BOHHOMY HHTerpany. 

Bb16paB rrpeo6pa3oBaHHe O,ll;HOfi o6JiacTH Ha IIJIOCKOCTH B ,I1;pyry10, 

Ha)l;O yMeTb Bhl'IHCJIHTh HHTerpaJibl IIO BTOpofi o6JiaCTH c IIOMOII1;hl0 

rrepeHoca. Ha,I1;0 yMeTh HaxO)l;HTh TaKoe rrpeo6pa3oBaHHe, B pe3yJih­

TaTe KOTOporo yrrpom;aeTCH Bhl'IHCJieHHe ,ll;BOHHOro HHTerpaJia. 

C. <l>opMyJia rpHHa 
Ha)l;o 3HaTb <PopMyJiy fpHHa Ha IIJIOCKOCTH H yMeTh rrpHMeHHTh ee. 
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3a,IJ,aqH 

8.1. B Tpex cnyqaxx, rrepe'IHCJieHHbIX HH2Ke, u H v HBJIHIOTCH <i>YHK~H­

HMH Ha ITJIOCKOCTH, a x H y - a<t><t>HHHhie Koop,n;HHaThI. Bhrpa:m­
Te dx /\ dy qepe3 du/\ dv. HapHcyiiTe rpa<i>HKH THITH'IHhIX KpHBhlX 

u = const H v = Const B rrepBOH 'IeTBepTH IIJIOCKOCTH (x, y > 0) H 

rrorrpo6yliTe ,n;aTh reoMeTpH'IeCKYIO HHTeprrpeTa~HIO COOTHOIIIeHHHM 
Me)K,ll;y dx /\ dy H du /\ dv Ha rrpHMepe rrapanJieJiorpaMMa, cTopOHhI 
KOToporo KaCaTeJihHbl K KpHBhIM u = const H v = Const. 

(a) 
(b) 
(c) 

x = ucosv, 
x = ucoshv, 
x = u2 - v2 , 

y = usinv. 
y = usinhv. 
y = 2uv. 

8.2. Bhl'IHCJIHTe HHTerpan J fs x 2 y2 dx dy, r,n;e o6JiaCTh S pacnoJio2KeHa B 
rrepBoii 'IeTBepTH H Haxo,n;HTCH Me)K,ll;y rHrrep6oJiaMH xy = 1, xy = 2 
H rrpaMhIMH JIHHHHMH y = x' y = 4x. 

8.3. (a) l13MeHH5l rropx,n;OK HHTerpHpoBaHH5l, IIOKa2KHTe, 'ITO 

la (ly em(a-x) J(x) dx) dy =la (a - x)em(a-x) J(x) dx, 

r,n;e a H m - IIOCTOHHHhie Ha> o. 
(b) lIOKa2KHTe, 'ITO 

ECJIH ,n;eJiaTh 3TO IIOCJie,n;oBaTeJibHO B ,n;Ba IIIara, TO BaM He 

rrpn,n;eTCH paccMaTpDBaTh TpOHHOH lIHTerpan!! 

8.4. BhI'IDCJIDTe rroBTopHhlii DHTerpan 

11 (11-v2 

sin 7rX ) I= y --
4
-dx 

0 0 x 
dy, 

npe,n;cTaBHB ero KaK ,n;BoiiHoii no cooTBeTCTBYIOUieii o6JiaCTH W. IIo­
CJie 3TOro Bhl'IHCJIHTe HHTerpaJI KaK IIOBTOpHhIH, H3MeHHB rropa,n;oK 

HHTerpnpoBaHHH. HapHcyliTe rpa<i>HK o6JiaCTH W. 

8.5. PaccMoTpHTe oTo6pa2KeHne, orrpe,n;eneHHOe <t>opMyJiaMH 

x = u + v, y = v - u2
. 
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(a) BhPIIICJrn:Te HKo6HaH 3Toro oTo6pa2KeHHH B rrepeMeHHhIX u H v. 

(b) TpeyroJihHHK T Jie2KHT Ha IIJIOCKOCTH uv H HMeeT BepllIHHhI B 

TO'lKax: (0, 0), (2, 0), (0, 2). Hapncy:llTe o6pa3 3TOro TpeyroJih­

HHKa s Ha IIJIOCKOCTH xy. 

( c) Bhl'lHCJIHTe rrJioIII,a,z:i;h S KaK ,Il;BOHHOH HHTerpaJI no o6JiaCTH S 
H KaK ,Il;BOHHOH HHTerpaJI no o6JiaCTH T. 

( d) BhI'lHCJIHTe HHTerpaJI 

!" { dxdy 
} 8 (x-y+1)2 . 

(a) IlycTb s 0003Ha'laeT e,z:i;nHH'lHhlH KBa.z:i;paT Ha IIJIOCKOCTH UV 

(pHc. 8.43). OrrHIIIHTe n HapHcyiiTe o6pa3 S rrpH oTo6pa2KeHHH 

Ha pHcyttKe rroKa2KHTe ¢(A), ¢(B) H ¢(C). 

v 

C B 1----.. 
s 

A 
1 u -1 

Puc. 8.43 

y 

2 

1 

1 x 

(b) BhI'lHCJIHTe HHTerpaJI J J y dx dy no 3TOH o6JiaCTH Ha IIJIOCKOCTH 

xy. 

( c) BbPUICJIHTe 3TOT 2Ke HHTerpaJI, HHTerpnpy.i:i: COOTBeTCTBJIOIIzyIO 

¢YHKIJ,HIO no KBa.z:i;paTy s Ha IlJIOCKOCTH UV. 

(a) BbI'lHCJIHTe HHTerpaJI 

fw (x + 2y) dxdy 

,Il;JI.H TpeyroJihHOH o6JiaCTH w, H3o6pa2KeHHOH Ha pnc. 8.44. 
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y 

1 

1 2 x 

PHC. 8.44 

(b) BhlqncJIHTe :3TOT )Ke HHTerpaJI B nepeMeHHhIX u H v, onpe,n;e­

JieHHhIX ¢opMyJiaMH x = 2uv, y = u - UV. 

8.8. Bb1qncJIHTe HHTerpaJI 

CHaqaJia KaK nOBTOpHblH HHTerpaJI no y H x, a nOTOM B nOJIHpHbIX 

KOOp,LI;HHaTax. 

8.9. (a) Bh1qncJIHTe noBTOpHhifi HHTerpaJI 

(b) I1HTepnpeTnpyii:Te 3TOT HHTerpaJI KaK ABOHHOH no COOTBeT­

CTBYIOilleii: o6JiaCTH Ha nJIOCKOCTH uv. Hapncyii:Te 3TY o6JiaCTh, 

BbIITHCaB B HBHOM BH,LI;e orpaHnqnBaIOII1He KpHBble. (He 6ecno­

KOfiTeCb 3,LI;eCb H B ,LI;aJibHeii:meM, qTO o6JiaCTb He orpaHHqeHa 8 .) 

( c) IloJiyqeHHhIH ABOHHOH RHTerpan ellle pa3 nepem1m1ne KaK no­

BTOpHhifi c ,n;pyrHM nopH,n;KOM HHTerpnpoBaHHH H BblqHCJIHTe 

ero. 

(d) BhIITOJIHHTe B ABOii:HOM HHTerpaJie 3aMeHy nepeMeHHhIX u = 
x2y-3 H v = x- 1y2 . IloJiyqnTe HOBhIH ABOHHOii: HHTerpaJI Ha 

nJioCKOCTH xy. Hapncyii:Te o6JiaCTh HHTerpnpoBaHHH ,LI;JIH 3Toro 

HOBOrO HHTerpaJia. 

(e) Ilpeo6pa3yii:Te noJiyqeHHhIH ,n;Bofittofi HHTerpaJI B noBTOpHhiii: H 

BblqHCJIHTe ero. 

8
3,n;ecb rroHBJI.HeTC.H 'Heco6cmae'H'HibtU )J;BOii:Hoil: HHTerpa.rr. Orrpe,n;eJieHHe 3Toro 

IIOHHTH.H H H3y'leHHe CBOHCTB Heco6CTBeHHbIX HHTerpaJIOB COCTaBJIHeT caMOCTOH­

TeJibHbIH pa3)J;eJI MaTeMaTH'leCKOro aHaJIH3a. - I!pUM. pea. 
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(f) IloKa:~KHTe, 'ITO x Hy 5IBJUIIOTC5I ,u;mp<Pepem:zycpyeMhIMH cPYHK­
IIH5IMH B nepBOii <ieTBepTH ITJIOCKOCTH UV. 

8.10. (a) BhI'IMCJIMTe MHTerpan 

r,u;e Q - nepBa5I <ieTBepTb Kpyra e,u;MHH'IHOrO pa,u;Myca. 9TOT 
HHTerpan npeo6pa3yfiTe B IlOBTOpHhiii no nepeMeHHhlM x H y. 
(A o603HaqaeT o6hI'IHYIO nno111a,u;h Ha ITJIOCKOCTH xy.) 

(b) BBe,u;nTe noJI5IpHhie Koop,u;MHaThI r M () o6hI'IHhIM cnoco6oM H 
npeo6pa3yfiTe ,n,aHHhlH HHTerpan B HHTerpaJI no COOTBeTCTBY­
ro111e:ii o6naCTH Ha ITJIOCKOCTH r(). )J;a:iiTe OITMCaHMe 3TOH o6nac­
TH. (Ilo,u; nJIOCKOCThIO r() IlO,l1,pa3yMeBaeTC5I HOBOe npocTpaH­
CTBO ~2 , r,u;e ,u;eKapTOBhIMM Koop,u;MHaTaMM 5IBJI5IIOTC5I r H B.) 

( c) IIpeo6pa3y:iiTe nony<ieHHhiii HHTerpan B ITOBTOpHhI:ii B nepeMeH­

HhIX r, () H Bhl'IHCJIHTe ero e111e pa3. 

8.11. (a) BhI'IMCJIMTe MHTerpan I= fw 2ydx /\ dy KaK cyMMY ,11,Byx no­
BTOpHhIX HHTerpaJIOB Ha ITJIOCKOCTH xy. 06JiaCTh w (pHC. 8.45) 
orpaHM<ieHa np5IMhIMH y = x /2, y = 2x H rnnep6oJiaMM xy = 2, 
xy = 8. 

v y 

1 2 u x 

PMC. 8.45 

(b) Ha ITJIOCKOCTH uv Haii,u;1ne TaKoii np5IMoyroJihHHK R, 'IT06h1 W 
6hlJia o6pa30M R nocJie npeo6pa30BaHM5I a, 3a,u;aHHoro <l>opMy­

JiaMM: a*x = 2uv, a*y = u/v. 

( c) BbI'IMCJIMTe a* ( 2y dx /\ dy). 

(d) BbI'IHCJIMTe HHTerpaJI I KaK HHTerpan no o6nacTM R. 
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8.12. (a) Bb1qMcJIMTe KpMBOJIMHeii:Hbiii: MHTerpan f[(2y2+3x) dx+2xydy] 
no KpMBOH "'(, M3o6pa2KeHHOH Ha pMC. 8.46, KOTOpruI COCTOMT M3 

np.HMOJIMHeii:HbIX 0Tpe3KOB 0 :::; x :::; 2, 0 :::; y :::; 2 M ,rryrM 

OKPY2KHOCTM x
2 + y2 = 4 npH x ~ 0 My~ 0. 

(b) IlocTpOii:Te TaKoii: ,ll;BOHHOH MHTerpaJI no o6JiaCTM, orpaHMqeH­

HOH KpMBOH "'(' qT06b! OH 6bIJI paBeH KpMBOJIHHeii:HOMY HHTerpa­

Jiy, BbiqHCJieHHOMY B npe,n;hl,rry1IIeM nyHKTe. Bb1qMcJIMTe 3TOT 

,n;BOHHOH HHTerpan, npeo6pa3ya ero K nOJI.HpHbIM KOOp,LJ;MHa­

TaM. 

y 

2 

1 

1 2 x 

Pnc. 8.46 

( c) Haii:,n;HTe cpyHK!IMIO f ( x), 06Jia,n;aI01IIYIO cBoii:cTBOM 

J f(x)[(2y2 + 3x) dx + 2xydy] = 0, 

Kor,n;a HHTerpaJI BblqMCJI.HeTC.H no .11,106ou 3aMKHYTOH KpllBOH Ha 

nJIOCKOCTM. 

8.13. 0,n;MH ll3 cnoco6oB 3aMeHbI nepeMeHHbIX B opHeHTHpOBaHHOM MHTe­

rpane I = fw f dx (\ dy, r,n;e w = </>(S), COCTOHT B TOM, qTo6bI 

BocnoJih30BaTbCH cpopMyJioii: fpHHa M npeo6pa3oBaTb nHTerpan I B 

KpHBOJIHHeHHbIH MHTerpaJI no 3aMKHYTOMY nyTM 8W. 3aTeM npeo6-

pa30BaTb pe3yJihTaT B KpMBOJIMHeii:HbIH HHTerpan Ha nJIOCKOCTM uv, 
e1IIe pa3 npHMeHMTb cpopMyJiy fpMHa n Bbipa3HTb I KaK ,n;Boil:Hoii: 

HHTerpan Ha nJIOCKOCTH uv. BocnOJib3oBaBmncb 3TMM no,n;xo,n;oM, no­

JiyqHTe cpopMyJiy 3aMeHbl nepeMeHHblX ,U:JIH ,n;BOii:Horo HHTerpaJia. 

8.14. IlycTb u M v 6y,rryT cpyHK!IMHMll Ha nJIOCKOCTM, y KOTOpbIX nepBble 

n BTOpbie npOU3BO,LJ;Hbie no x n y HenpepbIBHbI. IlycTb s - CBH3Ha.H 
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o6JiaCTb Ha IlJIOCKOCTH, rpaHHIJY KOTOpoll: o603HaqHM aS. IloKa:~KHTe, 
qTO 

1 [( au av) ( av au) J v- -u- dx+ u- -v- dy 
aS ax ax ay ay 

le r ( a2v a2v ) 
= 2 1 s u axay - v axay dx dy. 

y 

x 

Pnc. 8.47 

5. (a) TOHKa5I IIJiaCTHHa s (pHC. 8.47) HMeeT IIOCT05IHHYI0 IlJIOTHOCTb 

CY ( 3,i::i;ech CY - Macca Ha e,n;HHHIJY nJionra,n;H). MoMeHT HHep:a;HH 

IlJiaCTHHbI OTHOCHTeJibHO OCH x paBeH 

Ix= CY ls y2 dxdy. 

IloKa)l{HTe, qTo Ix =CY fas xy2 dy, r,n;e aS - rpaHH:a;a IlJiaCTH­

HhI, npOXO,IJ;HMaH npOTHB qaCOBOH CTpeJIKH. 

(b) MoMeHT HHep:a;HH IIJiaCTHHbl OTHOCHTeJibHO OCH y paBeH 

Iy =CY ls x2 dxdy. 

Hall:,n;nTe ,n;Be ,n;mp¢epen:a;HaJihHbie ¢opMbI w H T, ,ll;JIH KOTOphrx 

crrpaBe,IJ;JIHBOpaBeHCTBO 

Iy = CY r w = CY r T. 

las las 

( c) MoMeHT HHep:a;HH IIJiaCTHHbl OTHOCHTeJibHO OCH z paBeH 
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Haii,ll;HTe TaKyIO ,ll;Hcpcpepemi;HaJihHYIO cpopMy n, ,II,JUI KOTOpoii 

BhIIIOJimrnTC.H paBeHCTBO Iz = (T fas n. <l>opMy n 3aIIHIDHTe B 

IIOJI.HpHhIX KOOP,ll;HHaTax r H (). 



rayCCOBa OIITHKa 

B rnaBe 9 )l;aH npHMep HCIIOJih30BaHHH pe3yJihTaTOB iiep­

BhIX BOCbMH rJiaB B cPH3H'IeCKOH TeOpHH - OIITHKe. 0Ha 

COCTOHT 1IeJIHKOM H3 IIpHJIO)l{eHHH, Hee nponycK npH 'ITe­

HHH HHKaK He 0Tpa3HTCH Ha IIOHHMaHHH IIOCJie)l;ylOIIIero 

Ma Tep Hana. 

9 .1. OrrT1.P1ecK11e TeopHH 

B HCTOpHH cPH3HKH qacTo cnyqaeTCH, 'ITO cTapaH TeopHH BhITeCHH­

eTCH HOBOii, HO npH 3TOM CTapaH OCTaeTCH cnpaBe)l;JIHBOH, CTaHOBHCb 

JIH6o IIpH6JIH)l{eHHeM K HOBOH, KOTOpoe IIpHrO)l;HO IIpH onpe)l;eJieH­

HbIX orpaHH'IeHHHX, JIH6o qacTHhIM cnyqaeM HOBOH TeopHH. TaK, 

HblOTOHOBCKaH MexaHHKa MO)l{eT paccMaTpHBaThCH KaK npH6JIH)l{e­

HHe K peJIHTHBHCTCKOH MexaHHKe, cnpaBe)l;JIHBOe IIPH CKOpOCTHX, Ma­

JlbIX no cpaBHeHHIO co CKOpOCThlO CBeTa. AHanorH'IHO, HhlOTOHOBCKaH 

MexaHHKa MO)l{eT paCCMaTpHBaTbCH KaK npH6JIH)l{eHHe K KBaHTOBOH 

MexaHHKe, KOr)l;a H3yqaeMbie o6'beKTbl )l;OCTaTO'IHO BeJIHKH. 3aKOHbl 

Kennepa, OIIHChIBaIDIIIHe )l;BH)l{eHHe nnaHeT, HBJIHIOTCH qacTHhIM cny­

qaeM 3aKOHOB HhlOTOHa, KOr)l;a CHJia B3aHMO)l;elicTBHH Me)l{)l;y TenaMH 

o6paTHO IIpOIIOPI1HOHaJihHa KBa)l;paTy pacCTOHHHH Me)l{)l;y HHMH. 3a­

KOHbl Kennepa MO)l{HO TaK*e C'IHTaTh npH6JIH)l{eHHeM K ypaBHeHH­

HM )l;BH)l{eHHH HhlOTOHa, KOr)l;a MhI npeHe6peraeM BJIHHHHeM O)l;HOH 

IIJiaHeTbl Ha )l;BH)l{eHHe )l;pyrHX. 
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pacnpocTpaHeHHH Jiyqa. 9To HBJieHIIe Ha3hIBaeTC.H IIOJIHpH3an;Heli 

CBeTa, H ero MO)KHO Ha6mo,n;aTh, HanpHMep, HCIIOJib3JH cnen;HaJibHbie 

IIOJIHpOH,ZJ;Hbie qrn:JibTpbI. 

f eoMeTpnqecKaH OITTHKa HBJIHeTCH rrpn6JIH)KeHHeM K BOJIHOBOH 

OIITHKe, B KOTOpOM npeHe6peraIOT BOJIHOBOM npHpo,n;oft CBeTa. 9TO 

MO)KHO ,n;eJiaTh, Kor,n;a pa3Mepb1 anepTyp BeJIHKH IIO cpaBHeHHIO 

c ,ll;JIHHOH BOJIHbl CBeTa H Kor,n;a Mbl He HHTepecyeMCH TeM, qTO npo­

HCXO,ZJ;HT B ¢oKycax H B OKpecTHOCTH TeHH. 

J1HHeiIHaH OIITHKa HBJI.HeTCH npH6JIH)KeHHeM K reoMeTpHqecKOM 

onTHKe, Kor,n;a HCCJie,n;yIOTCH MaJibie yrJibI. B paMKax JIHHe:Htto:H on­

THKH ,n;eJiaIOTC51 npH6JIH)KeHHH: sin() ~ ()' tan() ~ ()' cos() ~ 1 H T. ,n;.' 
T. e. OT6pachIBaIOTCH Bee Bbipa)KeHHH, KBa,n;paTHqHbie (H 6oJiee Bbl­

COKHX IIOpH,ZJ;KOB) ITO yrJiaM. HarrpHMep, B reoMeTpHqeCKOH OIITHKe 

cnpaBe,ZJ;JIHB 3aKoH CHeJIJinyca, corJiacHo KOTopoMy, ecJIH cBeT rrpo­

xo,n;nT o6JiaCTb c KO::>¢¢Hu;neHTOM npeJIOMJieHHH n ( OTHOCHTeJibHO 

BaKyyMa) H nona,n;aeT B o6JiaCTb c KO::~<i:><l:>Hn;HeHTOM npeJIOMJieHHH 

n'' TO n sin i = n' sin i'' r,n;e i H i' - yrJihI, KOTOpbie COCTaBJIHeT 

HarrpaBJieHHe pacnpocTpaHeHHH Jiyqa c HOpMaJihIO K IIOBepXHOCTH, 

pa3,n;eJIHIOID;e:H ::>TH o6JiaCTH (pnc. 9.3). B JIHHeiIHoli OIITHKe ::>TOT 3a­

KOH ynpoiu;aeTCH: ni = n' i'' IIOTOMY qTo yrJibl i H i' MaJihI. (9TOT 

npn:6JIH)KeHHhIM 3aKOH 6bIJI H3BecTeH eiu;e IlToJieMeIO.) 

--

n n' 

PHc. 9.3 

Pa3JIHqHe Me)K,n;y reoMeTpHqecKoli onTHKO:H H ee JIHHeiIHhIM npH-

6JIH)KeHHeM Ha3hrnaeTCH ( reoMeTpHqecKoli) a6eppau;Heli. Harrpn:Mep, 



9 .1. OnTH'leCKHe TeopHH 437 

PHc. 9.4. CcpepH'IecKaR a6eppau;HR 

rrycTh rry'loK rrapaJIJieJihHhIX Jiyqeif rra,n;aeT Ha ccpepHqecKoe 3epKano 

(pMc. 9.4). Tru;aTeJihHOe Ha6mo.n,eHMe oTpa)l(eHHhIX Jiyqeif IIOKa3hI­

BaeT, qTO He BCe OHM rrepeceKaIOTCR B O,Il,HOH TQqKe. ToJihKO JiyqM, 

pacrrpocTpaHRIOID;lleCR B6Jill3M ,IJ,llaMeTpa, rrepeceKaIOTCR B6JIH3ll cpo­
Kyca 1 3epKana. B paMKax JIHHeifHoif OIITHKll MhI orpaHwrnBaeMcR 

pacCMOTpeHMeM Jiyqeif, KOTOpbie 6JIM3Kll K .n,naMeTpy, TaK qTO MO)K­

HO CqMTaTh, qTQ OHM rrepeceKaIOTCR B cpoKyce. (cho OTKJIOHeHne OT 

cpoKyca ccpepnqecKoro 3epKaJia Ha3hIBaeTCR ccpepnqecKon a6eppa­

u;:i-i:eii.) 
raycCOBa OIITllKa RBJIReTCR qaCTHhIM CJiyqaeM JlllHeHHOfi OIITllKll, 

KOr.n,a rrpe.n;rroJiaraeTCR, qTO BCe paccMaTpllBaeMbie IIOBepXHOCTll 06-

Jia.n,aIOT Bparu;aTeJihHOH CllMMeTpnen OTHOCllTeJibHO HeKOTOpoif u;eH­

TpaJibHOH OCH. cho QqeHh Ba)KHbIH qaCTHhIH CJiyqaif, IIOTOMY qTQ 

BCe JlllH3bl ll 60JiblllllHCTBO IIOJillpOBaHHbIX 3epKaJI o6Jia,IJ;aIOT 3TllM 

CBOHCTBOM. Harne o6cy)l(.n,eHHe orrTnqecKnx Teopnif n3o6pa)KeHo Ha 

cxeMe: 

1 «cf>oKyc» s ,n;aHHOM cJiyqae pacrroJIO:>KeH s cepe,n;1rne pa,n;n:yca c<j)epbI, rrapaJI­
JieJihHoro HarrpasJieHn:IO Jiyqeii:. - Jlpu.M. pea. 
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I fayccoBa OIITHKa I 

ii CJiy-'Iaii rrpH HaJIHqHH Bpa:rn;aT qacTHhl eJihHOii 

CHMMeTpHH 

I JlHtteiiHa.H orrTHKa I 

:>KeHHe, rrpeHe6peraro:rn;ee a6ep 

I reoMeTpHqecKa.H OITTHKa I 

I1pH6JI H:>KeHHe KOpOTKHX BOJIH, 

raro:rn;ee ,IJ;H<ppaKI.J;Heii, HHTep<P rrpeHe6pe epeH~Heii 

H rroJI.apH3arweii 

I BoJIHOBa.H orrTHKa I 

rii cJiyqaii, KOr,IJ;a He paccMaTp qacTHh HBalOT 

H3JiyqeHHe cBeTa 

J 9JieKTpO,IJ;HHaMHKa MaKcBeJIJia I 

, rrpette6peraro:rn;ee KBaHTOBhIM 

I KBaHTOBa.H aJieKTpO,IJ;HHaMHKa I 

9.2. MaTpH"C.JHhie MeTO,z::t;hI 

B paMKax rayccoBoii orrTHKH MhI H3yqaeM TpaeKTOpHIO CBeToBoro 

Jiyqa, KOr,IJ;a OH rrpOXO,Il;HT qepe3 pa3JIHqHhie rrpeJIOMJI.HIOIIJ;He ITOBepx­

HOCTH OITTHqecKoii CHCTeMhl ( HJIH OTpa:>KaeTC.H OT OTpa:>KalOIIJ;HX rro­

BepxHOCTeii). BBe,IJ;eM CHCTeMy KOOp,IJ;HHaT, B KOTOpoii OCh z ( HarrpaB­

JieHHa.H CJieBa HarrpaBO) COBITa,IJ;aeT c OITTHqecKoii OChlO ( OChlO CHM­

MeTpHH CHCTeMhI). Mbr orpaHHqHMC.H HCCJie,IJ;oBaHHeM KoaKCHaJihHhIX 



9.2. MaTpH'IHhie MeTO,LJ;hI 439 

Jiy'Ieit - Jiy'Ieit, Jie)Ka:rn;Hx B O,Il;HOit nJIOCKOCTH c OnTH'IeCKOit OCbI0
2

. 

B CHJIY Bpa:rn;aTeJibHoit CHMMeTpHH O'IeBH,IJ;HO, 'ITO MO)KHO orpa­

HH'IHThCR H3y'IeHHeM Jiy'Ieit, Jie)Ka:rn;Hx B O,IJ;HOit BbI6paHHOit nJIOC­

KOCTH. TpaeKTOpHR ny'Ia, npoxo,I1;51:rn;ero 'Iepe3 CHCTeMy npenoMJIRIO­

:rn;Hx noBepxHOCTeit, 6y,n;eT npe,n;cTaBJIRTh co6oit nocne,n;oBaTeJihHOCTh 

np51MbIX JIHHHit. Harna 3a,IJ;a'Ia COCTOHT B TOM, 'IT06bI CB513aTb npRMO­

JIHHeitHblit JIY'I, BbIXO,IJ;51II1;Hit H3 CHCTeMhI, c npRMOJIHHeitHbIM JIY'IOM, 

na,n;aIO:rn;HM Ha Hee. ,Il;JIR 3TOro Mbl ,IJ;OJI)KHbl nOJIY'IHTb MeTO,IJ; OIIH­

caHH51 npRMhIX JIHHHit. Bb16epeM qmKCHpoBaHHoe 3Ha'IeHHe z = zo 
H nJIOCKOCTh, nepneH,IJ;HKYJIRPHYIO onTH'IeCKOit OCH, KOTopyIO 6y,n;eM 

Ha3hIBaTh nnocKOCThIO OTC'IeTa. Tor.n;a npRMaR JIHHHR onpe,n;enReTcR 

,IJ;BYM51 napaMeTpaMH: BbICOTOit q Ha,IJ; OCblO z H yrJIOM 0' onpe,n;eJI51-

IOII1;HM HaKJIOH JIHHHH K onTH'IecKoit OCH (pHc. 9.5). Yron 0 6y,n;eM 

H3Mep51Tb B pa,n;HaHax H C'IHTaTh nOJIO)KHTeJibHbIM, ecJIH Bpa:rn;eHHe 

npOTHB 'IaCOBOit CTpeJIKH COBMe:rn;aeT nOJIO)KHTeJihHOe HanpaBJieHHe 

OCH z c HanpaBJieHHeM ny'Ia. Ha Ka)K.n;oit CTa,IJ;HH BhI'IHCJieHHit cne­

.n;yeT BbI6HpaTb y,n;o6HyIO nJIOCKOCTb OTC'IeTa. 

PHC. 9.5 

HanpHMep, ecJIH cBeT na.n;aeT Ha onTH'IecKyIO CHCTeMy cneBa H 

BbIXO,IJ;HT HanpaBO (pHC. 9.6), Mbl ,IJ;OJI)KHbl BbI6paTb O,IJ;HY nJIOCKOCTb 

OTC'IeTa Zi CJieBa OT CHCTeMbl JIHH3 H BTopyIO nJIOCKOCTb OTC"'!eTa z2 
cnpaBa. Jlyq, BXO,IJ;51II1;Hit B CHCTeMy no npRMOit JIHHHH c napaMeTpaMH 

qi H Oi npH z = Zi' BhIXO,IJ;HT H3 CHCTeMbl no npRMOit JIHHHH c 

napaMeTpaMH q2, 02 npH z = z2. Harna 3a,r:i;a'Ia cocTOHT B TOM, 'IT06b1 

,IJ;JI51 JII06oit CHCTeMhl JIHH3 HaitTH CB513b Me)K,IJ;y ( q2' 02) H (qi' Oi). 

2
XOT51 3TO H 51BJrneTC51 yrrpoII1aIOII1HM rrpe,n;rroJIO)KeHHeM, Ha caMOM ,n;eJie MO)K­

HO ,ll;OK83aTh, 'ITO JIHHeHHOCTh 03Ha'laeT H3y'leHii:e IIpOH3BOJihHhIX Jiyqeii:, IIOTOMY 

'ITO HX MO)KHO CBeCTH K KOaKCHaJihHhIM Jiy'laM, rrpoeKTHPY51 Ha ,n;Ba B3aHMHO 

rreprreH,ll;HKYJI51pHhIX HarrpaBJieHH51. 
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PHc. 9.6 

Terrepb Ha,n;o c,n;eJiaTb o"tJ:eHh rrpocToii, HO -qpe3BhI"tJ:aiiHo BaJKHhiii 

mar - rJiaBHhlii B reoMeTpH"tJ:eCKOii OIITHKe If MexaHHKe. 

IlepeMeHHYIO (} 3aMeHHM Ha p = nO, r,n;e n o6o3Ha"tJ:aeT noKa3a­

TeJib rrpeJIOMJieHH.H cpe,n;bI B IIJIOCKOCTlf OTC"tJ:eTa. (B MeXaHHKe 3TO 

COOTBeTCTByeT 3aMeHe CKOpOCTlf Ha lfMIIYJibC.) 

Tor,n;a cBeToBoii JIY"tJ Mo:>KeT 6bITh orrHcaH BeKTopoM (!), If MhI 

,IJ;OJI)KHhI HaiiTH BeKTop (!~) KaK cPYHKIJ;HIO (!~). MbI rrpeHe6pe­

raeM KBa,n;paTH"tJ:HblMlf "tJJieHaMH If "tJJieHaMH 6oJiee BbICOKlfX rropB,n;­

KOB, CJie)l,OBaTeJibHO, B HarneM rrpH6JimKeHlflf (!~) 6y,n;eT mrneiiHOH 

cPYHKIJ;Heii OT (!~), T. e. 

r,n;e M21 - HeKoTopaB MaTpHn;a. fJiaBHhIM pe3yJihTaToM Bh16opa p 
BMeCTO rrepeMeHHOH (} 5IBJI5IeTC5I 

/ Det M21 = L / 

~yrHMlf CJIOBaMH, H3y"tJ:eHHe rayccOBOH OIITlfKlf CBO,Il;lfTC5I K H3y"tJ:e­

HlfIO rpyrrrrbI Bein;ecTBeHHbIX MaTpHn; 2 x 2, HMelOIIJ;lfX orrpe,n;eJIHTeJib, 

paBHblH e,n;HHHIJ;e, T. e. rpyrrrrhI 81(2, JR). l.fro6b1 ,Il;OKa3aTh 3TO yTBep­

)K,IJ;eHHe, 3aMeTHM, "tJTO ecJIH Jiy-q rrocJie,n;oBaTeJibHO rrpoxo,n;HT TPH 

IIJIOCKOCTlf OTC"tJ:eTa z1' z2 If Z3' TO no orrpe,n;eJieHHIO MaTpHn;a rrepe­

xo,n;a 
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TaKHM o6pa30M, eCJIH OIITWJeCKa}l CHCTeMa COCTOHT H3 ,IJ.Byx HJIH 60-

Jiee 6JIOKOB, Mhl ,II.OJIMHhI TOJihKO rrpoBepnTh, 'ITO Det M = 1 B OT­

,n.eJibHOCTH ,II.JI}} KaM,n.oro 6JIOKa. ,Il;JI}l yrrpo:rn;eHH}l H3JIO)KeHH}l rrpe,n.­

IIOJIO)KHM, 'ITO B CHCTeMe HeT 3epKaJI. 

OcHOBHhie rrpou;eccb1 B orrTHKe 

IlpoXOM,IJ.eHne CBeTa qepe3 CHCTeMy JIHH3 MOMHO paccMaTpllBaTb 

KaK COBOKYIIHOCTb OCHOBHhIX OIITH'IeCKHX rrpo:u;eccoB. 

(a) PacnpocTpaHeHne ( TpaHCJIRIJ;ll}l): JIY'I ,z:i;BnMeTC}l no rrp}IMOH MeM­

.n.y ,II.BYMR IIJIOCKOCT}IMH OTC'IeTa, JieMa:rn;HMH B O,IJ.HOH H TOH Me cpe,n.e. 

,Il;JIR OIIHCaHH}l 3TOro npo:u;ecca paCCT05IHHe MeM.n.y ITJIOCKOCT}IMH o6o-
3Ha'IHM t, IlOKa3aTeJib npeJIOMJieHH}l cpe,IJ.bl n. QqeBH,IJ.HO, 'ITO rrpn 

TaKOM ,IJ.BllMemm CBeTOBOrO Jiyqa yrOJI 0, H, CJie,Ll;OBaTeJihHO, p, He 

H3MeH}lIOTC}l: (P2 = P1), n q2 =qi+ (t/n)p1 (pnc. 9.7). 

Pnc. 9.7 

BBe,z:i;eM npnBe,z:i;eHHoe pacCTO}lHlle T = t/n. Tor,n.a 

(!~) = (~ I) (!~), Det (~ I) = 1. 

(b) IlpeJIOMJieHne Ha rpaHn:u;e MeM.n.y ,IJ.BYM}l o6JiaCT5IMH c pa3HhlMH 

IIOKa3aTeJI}lMH npeJIOMJieHmI. IlOKa3aTeJIH rrpeJIOMJiemrn ,IJ.BYX cpe,IJ, 

o6o3Ha'InM ni n n2. EcTecTBeHHO, Ha,n.o Y'IHThIBaTh KpllBH3HY 110-

BepxHOCTH pa.3,IJ.eJia cpe,n.. Bb16npa10TC}l ,IJ,Be IIJIOCKOCTn OTC'IeTa, cJie­

Ba n cnpaBa B6JIH3H OT 3TOH rroBepxHocTn. Ha noBepxHOCTH pa.3,IJ,eJia 

BeJIH'IHHa q He H3MeHReTC}l, a BOT yroJI H, CJie,IJ,OBaTeJibHO, p H3MeH}l­

IOTC}l corJiacHo 3aKoHy CHeJIJinyca ( ero JIHHeapn3npoBaHHOMY Bapn­

aHTy). B 3aKOH CHeJIJinyca BXO,Il,HT HaKJIOH KacaTeJihHOH K noBepx­

HOCTH B TO'IKe, r,n.e rrponcxo,IJ,HT rrpeJIOMJieHne. B HameM rrpn6nnMe­

HHH Mbl npeHe6peraeM KBa,IJ.paTH'IHbIMH 'IJieHaMH B 3TOM HaKJIOHe H 

'IJieHaMH TpeThero H 6onee BhICOKoro nOp}l,IJ.Ka B ypaBHeHHH IIOBepx­

HOCTH. TaKnM o6pa3oM, MhI npe,IJ,nOJiaraeM, 'ITO JIHHHR rrepeceqeHnR 



442 rJiaBa 9. rayCCOBa OIITHKa 

3TOH noBepxHOCTH c Hamett nJIOCKOCTbIO 6y,n;eT napa6oJIOH: 

1 2 
Z - Zi = 2kq . 

Tor.n;a npoH3BO,Il;Ha.a z no q, T. e. z' ( q) = kq, 6y,n;eT tan( 7r /2 - 'ljJ), 
r.n;e 'ljJ - yroJI, H3o6paJKeHHhIH Ha pnc. 9.8. 

.' z 

PHC. 9.8 

~JI.SI MaJibIX yrJIOB 0, T. e. ,}];JI.SI MaJihIX 3Ha'-1€HHH q, yrOJI 'ljJ 6y,n;eT 

6JIH30K K 7r /2, H TOr,n;a tan( 7r /2 - 'ljJ) MO)KHO 3aMeHHTh Ha 7r /2 - 'ljJ, 
eCJIH Mbl rOTOBhl onycTHTh 'IJI€Hhl 6oJiee BhICOKOrO rrop.a,n;Ka no q H 

p. TaKHM o6pa3oM, B rayccoBOM rrpn6JIHm:eHHH 7r /2 - 'ljJ = kq. YroJI 

Mem:,zzy na,n;aIOIII.HM JIJ'IOM H KacaTeJibHOH paBeH ( 7r /2 - ii). lfa Toro, 

'ITO cyMMa BHyTpeHHHX yrJIOB TpeyroJihHHKa paBHa 7r' CJie.n;yeT, 'ITO 

(7r - 'l/J) + Oi + (7r/2 - i1) = 7r HJIH 

ii= Oi + kq. 

AHanorM'IHO noJiy'IaeM 

i2 = 02 + kq, 

r.n;e q = q1 = q2 onpe,n;eJI.HIOT TO'IKY Ha npeJIOMJI.HIOIII.€H IlOBepxHOCTH, 

B KOTopyro na.n;aeT JIJ'-1. IlepBoe ypaBHeHHe YMHO)KHM Ha ni' a BTopoe 

Ha n2. I1crroJih3Y.H npH6JIMm:eHHYIO cPoPMYJIY ,n;Jrn: 3aKoHa CHeJIJrnyca 

niii = n2i2, rroJiy-qaeM 

(!~) = (-~ ~) (;~)' 
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KOHCTaHTa p = (n2 - ni). k H33bIBaeTCH onmU"ieC'/\,OU CU.11,0U rrpeJIOM­

JIHIOIIJ;eii: IIOBepXHOCTH. 

Conpsr>KeHHbie nJiocKocT:u 

liTaK, ,IJ;BH)KeHHe Jiy'la B JII06oii: rayccoBOii: OIITH'leCKOii: CHCTeMe 

Me2K.ri;y ,IJ;ByMH IIJIOCKOCT5IMH OTC'leTa COOTBeTCTByeT MaTpHu,e 

M = ( ~ ~) , r,n;e AD - BC= 1. 

Terrepb M02KHO cocTaBHTh cJioBaph, rrepeBo,IJ;RIII,Hii cBoii:cTBa MaTpHll,hI 

B OIITH'leCKHe CBOHCTBa. 

HarrpHMep, ,IJ;Be rrJIOCKOCTH z1 H z2 H33hIBaIOTCH conpR:JICeH'H:bi­

.Mu, ecJIH ,IJ;JIH JII06oro 3Ha'leHHH qi BCe JIY'IH, BblXO,IJ;HIIJ;He H3 qi' Z1' 

CXO,IJ;5l.TC51 B TO'IKY q2' z2. 9To 3Ha'!HT, 'ITO 3Ha'leHHe q2 He ,IJ;OJI)KHO 

3aBHCeTh OT p 1 , T. e. 'ITO 

B=O. 

ToHK:ue JIHH3bI 

3aMeTHM, 'ITO rrpOH3Be.ri;eHHe ,IJ;Byx MaTpHU, BH,IJ;a (-~ ~) HMe­

eT TOT )Ke BH,IJ;, T. e. 

9To II03BOJIHeT ttarrncaTb ypaBHemrn ,Il;Jl51 TaK H33bIBaeMbIX mO'/-t'/\,UX 

.!lU'l-t3, COCTOHIIJ;HX H3 rrpeJIOMJlHIOIII,HX rrosepxHOCTeii: c npette6pe2KH­

MO MaJihIM paccTOHHHeM Me)K,Il;Y HHMH (pHc. 9.9) 3 . B 3TOM cJiy'lae 

IIJIOCKOCTH OTC'leTa z1 H z2 y,n;o6tto 6paTb COBrra.ri;a10m;HMH c IlJIOCKO­

CThIO JIHH3. IlpH 3TOM c IlJIOCKOCTblO z1 CBH3hIBaIOT JIY'IH, rra,n;a10m;ne 

CJiesa, a c IIJlOCKOCTblO z2 - JIY'IH, BblXO,Ll;HIII,He H3 JIHH3 H pacrrpo­

CTpam110m;HeCH ttanpaso. 

3
Ha pnc. 9.9 rrpeJIOMJIHIOm;He IIOB€pXHOCTH lf3o6paMeHbI He rrapa6oJiaMH, KaK 

,LJ;eJiaJIOCh BhIIIIe, a ,zzyraMH OKPYMHOCTeii:. MoMHO ,LJ;OKa3aTh, 'ITO ypaBHeHne 

OKpy)KHOCTH Pa,LJ;lfYCa R c u;eHTpOM Ha OCH z crrpaBa OT TO'IKH Z1, B KOTOpoii: 3Ta 
2 

OKpyMHOCTb rrepeceKaeT OCb z, c TO'IHOCTblO AO o( q
2

) HMeeT BH,Jl; z - Z1 = iR. 
IIo::iToMy KOHCTaHTa k H3 rrpe,LJ;hI,Izyrn;ero rrocTpoeHnH B 3TOM cJiy'Iae paBHa 1 / R. 
3aMeTHM, 'ITO 'IHCJIO k = 1/ R Ha3hIBaIOT 'KpUBU3ttoil oKpyMHOCTH pa,LJ;nyca R. -
Ilpu.w. pea. 
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z 

PHc. 9.9 

MaTpHu;a ,n;mi: JieBoii rrpenoMJI.morn;eii rroBepxHOCTH paBHa 

CooTBeTCTBeHHO, MaTpHu;a ,n;mi: rrpaBoii rrpenoMmi:rorn;eii rroBepxHOCTH 

paBHa 

(-n1~2n2 ~) 
(3aMeTHM, qTo Ha pHc. 9.9 3HaqeHHe R2 oTpmJ,aTeJihHo.) TiepeMHO­

)KHB 3TH MaTpHD;hI, MbI lIOJiyqaeM MaTpHu;y ,ll;JI.H TOHKOH JIHH3bI 

qHCJIO f Ha3hIBaeTC.H ifio'K:ycH'btM paccmo.n'l-tUe.M AU'l-t3'bt. Mbr 6y,n;eM 

rrpe,n;rroJiaraTh, qTo JIHH3hI HaxO,n;.HTC.H B BaKyyMe, TaK qTQ ni = 1 H 

n2 > 1. EcnH Ri rroJIO)KHTeJibHO, a R2 oTpHn;aTeJibHO (,n;BO.HKOBhIITYK­

JiaH JIRH3a), TO <PoKycHoe pacCTO.HHHe f ITOJIO)KlfTeJibHO, lIOCKOJihKY 

n2 - ni > 0. 

f f 

z 

Pnc. 9.10 
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Bb1qHcJIHM MaTpmzy ,n;JI.H TOHKOH JIHH3hI, 3a,n;aIOnzyIO ,Il;BH)KeHHe 

Jiy'Ia Me)K,Il;y IIJIOCKOCThIO oTcqeTa F1, pac110JIO)KeHHOH cJieBa Ha pac­

CTO.HHHH f OT JIHH3hI, H IIJIOCKOCThIO OTC'IeTa F2, pacnoJIO)KeHHOH 

cnpaBa Ha paCCTO.HHHH f OT Hee (pHC. 9.10): 

(~ {) (-1/~ ~) (~ {) = (-1/~ ~). 
ITJioCKOCTh F1 Ha3hIBaeTCR nepBou <fioK,a.11:ottou n.1wc""ocm'b10. EcJIH 

Jiyq, IIa,n;aIO:rn;Hii Ha JIHH3y, IIpOXO,Il;HT qepe3 3TY IlJIOCKOCTb B TO'IKe 

qi = 0 no,n; yrJIOM Pl, TO BhIXO,Il;.HIIJ;Hii JIY'I HMeeT 11apaMeTpb1 

T. e. BbIXO,Il;.HIIJ;HH JIY'I 11apaJIJieJieH OCH z. 06paTHOe YTBep)K,Il;eHHe: 

eCJIH na,n;aIO:rn;Hii JIY'I napaJIJieJieH OCH z, TO BbIXO,Il;.HIIJ;HH JIY'I HMeeT 

IIapaMeTpbI 

T. e. nepeceKaeT ocb z BO BTopoii cJ:>oKaJihHOii IIJIOCKOCTH. B o6:rn;eM 

cJiyqae, MO)KHO BH,n;eTh, 'ITO P2 He 3aBHCHT OT Pl, cJie,n;oBaTeJibHo, Jiy­

'IH, IIpOXO,Il;.HIIJ;He qepe3 cPHKCHpoBaHHYIO TO'IKY B IIepBOH cPOKaJibHOH 

IIJIOCKOCTH, BhIXO,Il;.HT 113 JIHH3hI 11apanJieJihHhIM IIY'IKOM no,n; o,n;HHM H 

TeM )Ke yrJIOM K OCH z. ,L.l;anee, q2 He 3aBHCHT OT qi, T. e. BCe napaJI­

JieJibHbie ,n;pyr ,n;pyry ,n;o JIHH3bl JIY'IH npOXO,Il;.HT qepe3 o,n;Hy TO'IKY BO 

BTOpOH cPOKaJibHOH IlJIOCKOCTH. 

PaccMoTpHM 11pocToii IIpHMep HCIIOJib30BaHH.H MaTpH'IHOro MeTo­

,n;a cJ:>oKyc11poBKH. ITycTh IIJIOCKOCTh oTc'IeTa z1 Haxo,n;HTC.H cJieBa OT 

TOHKOH JIHH3bl Ha paCCTO.HHHH si, a IlJIOCKOCTb OTC'IeTa z2 Haxo,n;HTC.H 

cnpaBa OT JIHH3hI Ha paccTO.HHHH s2. MaTpmi;a, 3a,n;aIO:rn;a.H ,Il;BH)KeHHe 

Jiyqa Me)K,Il;y 3THMH IlJIOCKOCT.HMH, TaKOBa: 

( 1 s2) ( 1 0) (1 si) = (1- s2/f 
0 1 -1/f 1 0 1 -1/f 

ITJIOCKOCTH 6y,n;yT conp.H)KeHHhIMH, ecJIH BepxHHH npaBbiii MaTpH'I­

HhIH 3JieMeHT paBeH HYJIIO. Mb1 noJiyqaeM xopomo H3BeCTHOe ypaB­

HeHHe TOHKoii JIHH3hI 1 / s i + 1 / s2 = 1 / f. 3anm1ieM ero B BH,n;e 

s1 + s2 - Ps1s2 = 0, r,n;e P = 1/ f. 
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YpaBHeHHe M02KHO pernIITh OTHOCIITeJihHO s2 rrpII ycJIOBIIII, qTo 

s1 =I- 1/ P. TaKIIM o6pa3oM, KpoMe cnyqaH s1 = f, mo6aH rrnocKOCTh 

IIMeeT e.n.IIHCTBeHHYIO corrpH2Ketttty10 rrnocKOCTh. EcnII 2Ke s1 = f, 
T. e. z1 COBIIaf].aeT c rrepBoii cpOKa.JibHOH IIJIOCKOCThIO, TO Bee nyqII, 

rrpOXO,l.l.Hrn;IIe B 3TOH IIJIOCKOCTII qepe3 cpIIKCIIpOBaHHJIO TOqKy q' BbI­

XOfl.HT II3 JIIIH3bI rrapa.rrneJibHbIM rryqKoM. 3ttaqIIT, IIJIOCKOCTb, corrpH­

)KeHHaH rrepBOH cpOKa.JibHOH IIJIOCKOCTII, «Jie)KIIT B 6ecKOHeqHOCTII». 

Atta.rrorIIqHhie paccy)Kfl.eHIIH MO)KHO rrpoBeCTII f!.JIH BTopoii cpoKa.Jih­

HOH IIJIOCKOCTII. 

,Il;JIH s1 =I- f II 3HaqeHIIH s2, COOTBeTCTBy10rn;ero COIIpH2KeHHOH 

IIJIOCKOCTII, yBeJIIIqeHIIe .n.aeTCH ypaBHeHIIeM 

EcnII s1 II s2 rroJIO)KIITeJihHhI ( o6'heKT ttaXOfl.IITCH cneBa OT JIIIH3hI, 

a II3o6pa2KettIIe crrpaBa), TO yBeJIIIqettIIe oTpIIIJ;aTeJihHO. 9To 3HaqIIT, 

qTo II306pa)KeHIIe rrepeBepttyTo. 

YMH02KaH MaTpMIJ;hI, M02KHO rrocTpOIITh MaTpIIu;y f!.JIH n106oii KOM-

6IIttaa;MII TOHKIIX JIIIH3. HarrpIIMep, rrycTh ecTb fl.Be JIIIH3hI c cpoKyc­

HhIMII paCCTOHHIIHMII h II h, pacrrOJIO)KeHHbIMII Ha paCCTOHHIIII l 
.n.pyr OT .n.pyra (pIIc. 9.11). B 3TOM cnyqae f!.JIH rrnocKocTeii oTcqeTa 

z1 (rrepBaH JIIIH3a) H z2 (BTOpaH JIIIH3a) IIOJiyqaeTCH MaTpHu;a 

(-1/f~ ~) (~ {) (-1/f~ ~) 

I 
I 

~ 

( 
1 - l/ h l ) 

- l/fih -1/h -1/fi 1- l/h . 

PIIc. 9.11 

I 
I 

~ .. 
z 
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TeJiecKorr 

QqeHb HHTepecHaH CHTya:o;HH B03HHKaeT c rrapoii JIHH3, Kor,n;a 

l = Ji + h. B 3TOM cJiyqae MaTpH:o;a HMeeT BH,ll; 

( ~ ~)' 
T. e. C = 0. 9To 3Ha'IHT, 'ITO P2 = Dp1, T. e. ttarrpaBJiettHe BhIXOM­

i:o;ero Jiyqa 3aBHCHT TOJihKO OT ttarrpaBJieHHH rra,n;a10i:o;ero JiyTJa. 9To 

YCJIOBHe BbIIIOJIHH€TCH B KOHCTpyKll;HH, KOTOpaH Ha3bIBaeTCH acm­
pOttO.MU"leC'/\,U.M me.11,ec'/\,ono.M. Ott cocTOHT H3 JIHH3hI ( o6r,e'/\,muea) c 

60JibIIIHM IIOJIO)KHTeJibHblM cPOKYCHbIM paCCTOHHHeM Ji H O'/\,y.Jl,J/,pa c 

MaJibIM IIOJIO)KHTeJihHblM <i>oKyCHblM paCCTOHHHeM h' pacrroJIO)K€H­

HhIX Ha paccTOHHHH Ji+ h ,n;pyr OT ,n;pyra (pHc. 9.12). TaKoii TeJie­

CKorr rrpeo6pa3yeT rrapaJIJI€JibHbie JIY'IH, H,ll;YI:o;He OT ,n;aJieKoii 3B€3,ll;hI, 

B rrapanJieJihHhie JIY'IH, rrorra,n;a10i:o;He B rJia3 tta6JI10,n;aTeJIH. 

I 
I 

Z1 

PHC. 9.12 

I 
I 

Z2 

Y2Aoeoe yeeAu"lettue TeJiecKorra paBHo OTHoIIIeHHIO ttaKJiotta 6'bt­

xo0Jiw,e20 Jiy'fa K HaKJIOHy naoa10w,e20 Ay"la, 'ITO paBHH€TCH 

D = 1- __!_ = 1- Ji+ h =_Ji. 
h h h 

9To yBeJIH'I€HHe OTpH:o;aTeJibHO ( o6pa3 rrepeBepttyT)' H ero BeJIH'IHHa 

paBHa OTHOIII€HHIO <PoKyCHoro paCCTOHHHH o&beKTHBa K <i>oKyCHOMY 

paccTOHHHIO OKYJIHpa. 
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06m;1di CJIY"'laH 

3.rr,ecb MhI XOTHM nOKa3aTh, qTo Jl,'I06aJi MaTpHII,a M = ( AC DB) 

c Det M = 1 onuchrnaeT tteKoTopyIO onTuqecKyIO cucTeMy. 

IlycTb cttaqa.rra C =I 0. B ::>TOM cnyqae MaTpuey M MO)KHO rrpe.rr,­

cTaBHTh B BH)J,e rrpoH3Be)1,eHH5! Tpex OIITHqeCKHX MaTpHII,: 

(9.1) 

Herrocpe,IJ.CTBeHttoii rrpoBepKoii MO)KHO y6e,IJ.HThC5I, qTo ::>TO paBeHCTBO 
I-A 1-D 

BbIIIOJlH5IeTC5I rrpH s = 0-' t = -0' H TOJlbKO npu 3THX s, t. 
Ecnu C = 0 (rrpu ::>TOM A =I 0), To, )1,0MHO)KHB MaTpHII,y M cneBa 

Ha (~ ~) (6epeM P =I 0), nonyquM MaTpHII,y 

y KoTopoii neBhrii HH)KHHii aneMeHT - He HYJih, no::>TOMY M' - on­

TuqecKa5! MaTpHII,a, a nocKOJibKY M = ( _
1
p ~) M', TO M - TO)Ke 

OIITHqecKa5! MaTpHII,a. 

rayCCOBO pa3JIO)KeHHe 

lfa <PopMyJihI (9.1) BhITeKaeT, qTo )1,JI5! JII06oii MaTpHII,bI M = 

( ~ ~) c Det M = 1 H C =I 0 cyIII,eCTBYIOT H e,IJ.HHCTBeHHbI qHcna 

s, t TaKue, qTo 

(~ ~) (~ ~) (~ D = (~ ~). 
TaKHM o6pa30M, )1,JI5! JII06oii He TenecKorrnqecKoii orrTuqecKoii cuc­

TeMhI cyIII,eCTByIOT TaK:ne )1,Be IlJlOCKOCTH, qTo MaTpHII,a, OIIHCbIBaIO-

III,a5! )1,BH)KeHHe Jiyqa Me)K,IJ.y HHMH, HMeeT BH)1, ( ~ ~). 9TH IlJIOC­

KOCTH corrp5I)KeHbl Me)K,IJ.y co6oii, H COOTBeTCTByIOIII,ee yBeJiuqeHHe 

paBHO 1. faycc Ha3Ba.JI ux 2J1,aB'H/bt.Mu nJ1,oc1wcm.R.Mu. Ecnu HaqaTb 
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c OIITFJ:qecKOH MaTpHIJ;bl ( ~ ~) Me)J{,LI,y ,Il;BJMH rJiaBHblMH IIJIOCKO­

CTHMH, TO TaK )Ke, KaK H B CJiyqae TOHKHX JIHH3, ,n;mi: mo6oH IIJIOCKO­

CTH MO)J{HO HaHTH conpR)J{eHHJlO. ,Il;JIR 3TOro ,IJ;OCTaTO'IHO HaII:HCaTb 

C = -P = -1/ f. Harrp11Mep, crrpaBa 11 cneBa OT rnaBHhIX IIJIOCKO­

CTeH HaXO,IJ;HTC5I <PoKaJibHbie IIJIOCKOCTH c <PoKyCHbIM paCCTORH:HeM f: 

(~ {) (-i/f ~) (~ {)=(-~If ~). 
I'aycc TaK HHTeprrpeT:HpOBaJI 3TOT pe3JJibTaT. 

BTopaa 
rJiaBHM IIJIOCKOCTb 

Puc. 9.13 

IlyCTb Jiyq ( 6) ' napanJieJibHbIH OCH, BXO,IJ;HT B OIITMqecKylO CH­

CTeMy rrpM z = Z1 (p11c. 9.13). 9TOT nyq rrpMXO,Il;HT KO BTOpOH rJiaB­

HOH IIJIOCKOCTH Ha TOH )Ke BbICOTe, HO c HaKJIOHOM -q/ f (BeKTOp 

(-:1f))H4:>0Kyc11pyeTC5l Ha OCH BO BTOpOH <PoKaJibHOH TO'IKe F2· 

AHanor:H'IHO, JIJ'I, BhIXO,I1;5IIIJ;HH 113 rrepBOH <PoKaJihHOH TO'IKH c JII0-

6b1M HaKJIOHOM B rrepBOH rJiaBHOii IIJIOCKOCTH, rrpeo6pa3yeTC5l B JIJ'I, 
pacrrpocTpaH5llOIIJ;HiiC5I napaJIJieJibHO OCH, H rrp:HXO,Il;HT B z2 Ha TOH )Ke 

BbICOTe, KaKylO OH HMeJI B rrepBOH rJiaBHOH IIJIOCKOCTH. 

llTaK, Mbl BH,Il;HM, 'ITO npO:H3BOJibHa5l He TeJieCKOII:HqecKaH orr­

TH'IeCKaH CMCTeMa MO)J{eT 6hITb OIIHCaHa TpeMH rrapaMeTpaM:H: rro­

JIO)KeH:HeM ,Il;BJX rJiaBHbIX IIJIOCKOCTeii H <t>oKyCHbIM pacCT05IHHeM. 

(Mb1 Y*e 3HaJIH, 'ITO ,n;OJI)J{HO 6bITh TPH He3aBHCHMhIX napaMeTpa 

- TPH 3JieMeHTa MaTp:HIJ;hI 2 x 2, noToMy 'ITO 'IeTBepThiii MaTpH'I­

HhIH 3JieMeHT orrpe,n;eJI5leTC5l H3 ycJIOBHH, qTo orrpe,n;eJIMTeJib MaTpHIJ;bl 

paBeH 1.) 
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EcJIH MhI 3HaeM rroJio)Kemi:e rJiaBHhIX rrJIOCKOcTeii, TO rroJIO)KeHHe 

cPOKaJihHhIX IIJIOCKOCTeii Mhl IIOJiyqaeM H3 paBeHCTB 

EcJIH <PoKaJihHhie IIJIOCKOCTH paccMaTpHBaIOTC.SI KaK IIJIOCKOCTH oT­

cqeTa B OIITH'I€CKOH CHCTeMe, TO H3 orrpe,n;eJieHH.SI cPOKaJihHOH IIJIOC­

KOCTH Mhl 3HaeM, 'ITO OIITH'IeCKa.SI MaTpHu;a ,IJ;OJI)KHa HM€Th HJJih B 

BepxHeM JieBOM H B HH)KHeM rrpaBoM yrJiax. TaKHM o6pa3oM, MaTpH­

u;a pacrrpOCTPaHeHH.SI Jiyqa M€)K,IJ;y ,IJ;BJM.SI cPOKaJihHhIMH IIJIOCKOCT.SIMH 

HMeeT BH,IJ; 

Terreph B03hMeM (pHc. 9.14) ,n;Be ,n;pyrHe IIJIOCKOCTH Y1 H y2, CB.SI3aH­

Hhie C cPOKaJibHhIMH IIJIOCKOCT.SIMH COOTHOIII€HH.SIMH 

Y1 

PMc. 9.14 

MaTpHu;a, cooTBeTCTByroiu;a.si: 3THM rrJIOCKOCT.SIM, 6y,n;eT paBHa 

(1 X2) ( 0 f) (1 X1) = (-X2/f 
0 1 -1/ f 0 0 1 -1/ f 

0Tcro,n;a BH,n;tto, 'ITO IIJIOCKOCTH Y1 H Y2 corrp.si:)KeHhI Tor,n;a H TOJihKO 

TOr,n;a, Kor,n;a X1X2 = f2 
(3TO ypaBHeHHe Ha3b1BaeTC.SI ypaB'He'HUeM 

H'Momo'Ha). Tor,n;a yBeJIH'IeHHe ,n;aeTc.si: <PopMyJioii 



9.3. MeTO,ll; raMHJibTOHa B rayccoBOH OIITHKe 451 

HarrpHMep, rrycTh Y2 Haxo,n;HTC51 crrpaBa OT F2, TaK qTo x2 rroJio-

2KHTeJibHO. Tor,n;a, ecJIH cpoKycHoe paccT051HHe f rroJI02KHTeJibHO, TO 

yBeJIHqeHHe m OTpHD;aTeJibHO, T. e. H306pa2KeHHe OKa3bIBaeTCH rrepe­

BepHyTbIM. 

,Ll;aBa:tl:Te rrepeqHCJIHM IIOJiyqeHHbie pe3yJibTaTbI. IlyCTb 81(2, JR) 
o6o3HaqaeT rpyrrrry MaTpHu; 2 x 2 c orrpe,n;eJIHTeJieM, paBHbIM 1. 
B 3TOM pa3,n;eJie MhI rroKa3aJIH H30MopcpM3M Me2K,n;y 81(2, JR) H CH­

cTeMaMH rayccoBoii OIITHKH. Ka)K,II;a51 MaTpHu;a COOTBeTCTByeT OII­

THqecKo:tl: CHCTeMe. YMH02KeHHe MaTpttu; COOTBeTCTByeT KOMII03HIJ;HH 

OIITHqecKHX CHCTeM. 

A Terrepb rrepe:tl:,n;eM K H3JI02KeHHIO tt,n;e:tl: faMHJibTOHa B caMoli 

rrpOCTOH cpopMe. 

9.3. MeTO,lJ; raMHJibTOHa B raycconoii OIITMKe 

Ilpe,n;rrOJIO)KHM, qTO B Harneli OIITWieCKOH CHCTeMe z1 H z2 - He 

corrp512KeHHhie IIJIOCKOCTH. 9To 3HaqHT, qTo 3JieMeHT B B orrTHqecKoli 

MaTpttu;e He paBeH HYJIIO. Tor,n;a H3 ypaBHeHHH 

q2 = Aq1 +Bpi, 

P2 = Cq1 + Dp1 

MhI M02KeM Bbipa3HTh Pl H P2 qepe3 q1 u q2: 

Pl = (1/ B)(q2 - Aq1), 

P2 = (1/ B)(Dq2 - q1), 

r,n;e MbI BOCIIOJib30BaJIHCb ycJIOBHeM AD - BC = 1. 9TOT pe3yJibTaT 

MO)KHO HHTeprrpeTHpoBaTh reoMeTpHqecKH. BhI6ttpaeM TOqKy q1 Ha 

IIJIOCKOCTH z1 H ToqKy q2 Ha IIJIOCKOCTH z2. Cyi:o;ecTByeT e,n;HHCTBeH­

HhIH Jiyq, coe,n;HHHIOID;HH 3TH TOqKH. (,Ll;JIH corrp5I)K€HHbIX IIJIOCKOCTeH 

3TO He TaK. EcJIH q2 - H3o6pa)KeHHe TOqKH q1, TO HMeeTC51 6ecKoHeq­

HOe qHCJIO Jiyqefi, coe,n;HHHIOIIJ;HX TOqKH Ql H q2, T. e. Bee JiyqH, BhI­

XO,II;51IIJ;He H3 ToqKH Q1, rrorra,n;aIOT B TOqKy q2. EcJIH Q2 He HBJI51eTcH 

H306pa2KeHHeM TQqKH Q1, TO Jiyqefi, coe,n;HHHIOID;HX TOqKH Ql H Q2, He 

cyi:o;ecTByeT.) IlycTh cpyHKIJ;HH W = W(q1, q2) HMeeT BH,n; 
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r,11.e K - rrocTO.HHHa.H. Tor,11.a Pl H P2 Bhrpa2KaIOTC.H B cpopMe 

PI= -(8W/8q1) H P2 = (8W/8q2). 

raMHJihTOH Ha3BaJI 3TY cpyHKII,HIO ffiO"l.€"1.'H.OU xapa?CmepUCffiU'ICOU CHC­

TeMbI. B coBpeMeHHOH cpH3li'lecKoii JIHTepaType n:HOr,lJ.a ee Ha3bIBa­

IOT 3U'ICO'H,a.t/,O.M. Ilpe,1J.IIOJ102KHM, 'ITO MbI BbI6pann: IIJIOCKOCTH z1' z2 

Ii Z3, rrpn:'IeM Hli 0,11.Ha rrapa IIJIOCKOCTeii He .HBJI.HeTC.H corrp.H2KeHHOH. 

IlycTb Z1 < z2 < Z3 Ii z2 He COBIIa,11.aeT c rrpeJIOMJI.HIOru;eii IIOBepXHO­

CTbIO. 06o3Ha'ln:M W21 TO'le'IHYIO xapaKTepn:CTHKY cn:cTeMbI z1 - z2, 

a W32 - CHCTeMbI z2 - z3. YTBep)K,11.aeTc.H, 'ITO TO'le'IHa.H xapaKTepn:­

CTn:Ka CHCTeMbI Z1 - Z3 ( c TO'IHOCTbIO ,11.0 rrp0113BOJibHOH a,1l.,ll.HTHBHOH 

IIOCTO.HHHOH) ,lJ.aeTC.H cpopMyJioii 

rrpn:'IeM JIY'I, pacrrpocTpaH.HIOID;liHC.H 113 TO'IKH qi B TO'IKY q3, rrpoxo­

,11.HT qepe3 TO'IKY q2 = q2 (qi' q3) Ha IIJIOCKOCTH z2. 
qT06br y6e,ll.liTbC.H B crrpaBe,11.JIHBOCTH 3TOH cpopMyJihI, 3aMeTHM, 

'ITO pa3 IIJIOCKOCTb z2 He COBIIa,11.aeT c rrpeJIOMJI.HIOru;eii IIOBepXHOCThIO, 

TO OHa He H3MeH.HeT HarrpaBJieHn:e Jiy'la. Tor,11.a 

A Terrepb rrpn:MeHHM u;errnoe rrpaBn:Jio n: rroJiy'IHM, 'ITO 

l-haK, cpyHKII,li.H w orrpe,11.eJieHa c TO'IHOCTbIO ,11.0 a,1l.,1J.HTHBHOR 110-

CTO.HHHOH. raMHJihTOH 110Ka3aJI, 'ITO rrpn: COOTBeTCTByIOID;eM BbI6ope 

3TOii rrocTO.HHHOii M02KHO C,11.eJiaTh TaK, 'ITO W(q1, q2) 6y,1J.eT onmu"l.e­
c?Cou 0.1/,U'H.OU J/,y"l.a, coeOUtt.mow,ezo ffiO"i'ICU qi U q2. 

IloH.HTn:e onmu"l.ec'X:ou OJ/,U'H'bt orrpe,11.eJI.HeTc.H cJie,lJ.YIOID;HM o6pa-

30M. ,Ii;JI.H 0Tpe3Ka rryTn: l B cpe,11.e c IIOCTO.HHHhIM K03cpcpn:u,n:eHTOM 

rrpeJIOMJieHH.H n orrTH'leCKa.H ,11.JIHHa rryTH paBHa nl. ITycTb nym'b 'Y 
.HBJI.HeTC.H JIOMaHOH JIHHlleii, r,11.e Ka2K,1J.bIH oTpe30K li Jie2KliT B cpe,11.e c 

rrocTO.HHHhIM K03cpcpn:u,n:eHTOM rrpeJIOMJieHn:.H ni. Tor,11.a orrTH'leCKa.H 

,11.JiliHa rryTn: 'Y paBHa 
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,Ll;oKa)KeM TeopeMy faMHJihTOHa B paMKax rayccOBOH OIITHKH. 

B 3TOM rrpH6JIH)KeHHH B rrpOH3B0,11,Hhrx cPYHKIJ;HH W coxpaH.HIOTC.H 

TOJihKO qneHhI, JIHHeiiHhre rro p H Q. TaKHM o6pa3oM, ,11,JI.H BhrqHc­

JieHH.H OIITHqecKOH ,ll;JIHHhl B cPYHKIJ;HH w Mhl ,ll;OJI)l(Hbl yqHThIBaTb 

qJieHhI He BhIIIIe KBa,11,PaTHqHhIX. MTaK, cBeToBoii: nyq, rra,I1,aIOIIJ;Hii Ha 

IIJIOCKOCTh z1, orrpe,I1,eJI.HeTC.H rrapaMeTpaMH (;~)' a nyq, BhIX0,11,.H-

ru;Hii H3 IIJIOCKOCTH z2, - rrapaMeTpaMH (;~). Tor,11,a orrTHqecKa.H 

,11,JlHHa rryTH 
1 

L('y) =Lo+ 2(P2Q2 - P1Q1), 

r.n;e Lo o6o3HaqaeT OIITHqecKyIO ,11,JIHHY B,11,0Jlh OCH CHCTeMbl Me)K,11,Y 

rrnocKOCT.HMH z1 H z2 (p1 =QI = 0 = P2 = Q2)· EcnH MhI ,11,0K~eM 3TY 

cPOPMYJIY, TO rrpe,11,IIOJIO)KHB, qTO z1 H z2 He .HBJI.HIOTC.H corrp.H)KeHHhlMH 

IIJIOCKOCT.HMH, 3HaqeHH.H PI H p2 MO)KHO Bhipa3HTh qepe3 QI H Q2, T. e. 

rro,11,CTaHoBKa PI = (1/ B)(Q2 - AQ1) H P2 = (1/ B)(DQ2 - Qi) B L('y) 
,11,acT Bhrpa)KeHHe ,11,JI.H W, ecJIH rrpHH.HTh K = L0 • 

Ilpe)K,11,e qeM ,11,0Ka3hIBaTh <l>opMyny ,11,JI.H L('y), 3aMeTHM, qTo oHa 

rrpaBHJihHO ce6.H Be,11,eT ,11,JI.H cnyqa51 KOM6HHHpOBaHHOH CHCTeMhI: ecJIH 

Mhl B35IJIH z1, z2 H Z3, TO oqeBH,11,HO, qTo ,11,JIHHa B,11,0Jih OCH CKJia,11,bl­

BaeTC.H: 

Cne,11,0BaTeJihHO, MhI ,11,0JI)l(Hhr ,ll.OKa3aTh <l>opMyJiy B ,ll.Byx cPYH,11.aMeH­

TaJihHhIX cnyqa.Hx. 

(1) EcnH K03cPcPHIJ;HeHT rrpeJIOMJieHH.H n rrocTO.HHeH, d - rrpoeK­

IJ;H.H Jiyqa Ha OCh z' TO B 3TOM cnyqae 

L('y) = n(d2 + (Q2 - Q1)2)1/2 

. d 1 n ( )2 
= n + 2d Q2 - QI 

= nd + ~ rn ( Q2 - QI)] ( Q2 - QI) 

1 
= nd + "2p(Q2 - Qi), 

r,I1,e P2 =PI~ P = ~(Q2 - Qi). 
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(2) IlycTb Terrepb KO::><i>qm:u;MeHT rrpeJIOMJieHM.H CJieBa OT rrpe-

1 
JIOMJI.HIOID;ell: IIOBepxHOCTM z' - z = 2kq2 

paBeH ni, a crrpaBa n2 

(pHC. 9.15). 

z z" 

PMc. 9.15 

Ilpe,n;IIOJIO)l<MM, 'ITO CJieBa OT rrpeJIOMJI.HIOI:u;ell: IIOBepXHOCTM BbI-

6paHa TO'IKa z3, a crrpaBa Z4. EcJIM 6h1 ni paBH.HJIOCb n2, TO orrTM'Ie­

CKa.H ,IJ;JIMHa Me)K,lly 9TMMM TO'IKaMM 6bIJia 6w paBHa n 1 l3 + n2 ( l + [4)' 
r,n;e [3 - ,IJ;JIMHa 0Tpe3Ka CJieBa OT BbI6paHHOH IIJIOCKOCTM, a l + [4 

- ,IJ;JIMHa oTpe3Ka crrpaBa, rrpM'IeM l4 - oTpe3oK crrpaBa OT rrpeJIOM­

JI.H101:u;ell: IIOBepXHOCTM. (Mbl HapMCOBaJIM KapTMHY ,IJ;JI.H k > 0, HO TO 

)Ke caMoe crrpaBe,n;JIMBO M ,IJ;JI.H k < 0.) EcJIM n2 # ni, TO n2l4 6y,n;eT 

,n;pyrMM, HO ero MO)KHO BbI'IMCJIMTb no <PopMyJie CJiy'Ia.H ( 1) Me)K,lly 

TO'IKaMM z M Z4. KpoMe Toro, BJIM.HHMe rrpeJIOMJI.H101:u;ell: rroBepxHOCTM 

rrpMBe,n;eT K 3aMeHe n2l Ha nil B Bbipa)KeHMM ,IJ;JI.H ,IJ;JIMHbI IIYTM, M 

BKJia,n; rrpeJIOMJI.HIOID;ell: IIOBepxHOCTM 6y,n;eT paBeH 

l = (z" - z) cosec fh, 
r,n;e z" HaXO,IJ;MTC.H M3 CMCTeMbI ypaBHeHMH 

1 2 z" - z = -kq" 
2 

q11 = (tan01)(z" - z) + q. 
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QqeBH)J,HO, 'ITO c TO'IHOCTbIO )J,O '!JieHOB 6oJiee BblCOKoro rrop.H)J,Ka 

1 
Mbl MO:IKeM B3.HTb z" = z' = - kq2 + z H cosec 81 3aMeHHTb Ha 1. 

2 
CJie)J,oBaTeJibHO, 

IIOCKOJlbKY Ha rrpeJIOMJI.HIOIIJ;eH IIOBepXHOCTH q2 = qi = q H P2 = 
Pl - Pq, r)J,e P = k(n2 - ni). 1lTaK, Harna cpopMyJia ,1J,OKa3aHa. 

9.4. IlpHH:l.J;Hil ct>epMa 

PaccMOTpHM rrpeJIOMJI.HIOIII,yIO rroBepxHOCTh c OIITH'!ecKo:fi CHJio:fi P = 
(n2 - ni)k, pacrrOJIOLKeHHYIO B HeKOTOpOM z. 3,1],eCh p MOLKeT o6pa­

iu;aTbC.H B HYJih. IlycTb IIJIOCKOCTh z1 Haxo)J,HTC.H cJieBa, a IIJIOCKOCTh 

z2 crrpaBa OT z (pHC. 9.16). Ilpe)J,IIOJIO)KHM, 'ITO K03cpcpHII,HeHTbl rrpe­

JIOMJieHH.H cpe)J,bl Ha yqaCTKax OT z1 )J,O z H OT z )J,O z2 IIOCTO.HHHbl. 

IlycTh qi - TO'!Ka Ha IIJIOCKOCTH z1' q2 - TO'!Ka Ha IIJIOCKOCTH z2 H 

q - TO'!Ka Ha IIJIOCKOCTH z. PaccMoTpHM TpaeKTOp1110, cocTO.HIII,yIO 

113 Tpex yqaCTKOB: JIY'I OT TO'IKH Ql )J,BH:IKeTC.H K TO'!Ke q, BTOpo:fi 

Ql q Q2 

z 

P11c. 9.16 
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y-<IaCTOK - qepe3 rrpeJIOMJUIIOrnyIO IIOBepXHOCTb B TO'IKe q' 11 IIOTOM 

ornITb CBeTOBOH nyq OT q ,11,0 TO'IKl1 Q2. 

IlocKOJlbKY q BhI6paHa rrp0113BOJlbHO, TO, Boo6rn;e rOBOpH, 3Ta Tpa­

eKTOplrn He 6y,IJ,eT OIITl1'IeCKl1M rryTeM. 0,IJ,HaKO OIITl1'IecKaH ,11,Jll1Ha 

3TOH TpaeKTOp1111 

B rayccOBOM rrp116nm1WH1111 COCTOl1T 113 Tpex qneHOB: 

KaK 6hmo noKa3aHO B npe,IJ,bI,IJ,yrn;eM pa3,IJ,ene. B 3TOM Bbipa)KeH1111 

Cne,IJ,oBaTeJlhHO, MhI MO)KeM Han11caTb 

Ilpe,IJ,IIOJ10)K11M, 'ITO MhI cp11Kc11p0Ban11 TO'IKl1 q1 11 Q2. Haii,IJ,eM rro­

J10)KeH11e TO'IKl1 q, KOr,IJ,a L ,IJ,OCT11raeT 3KCTpeMyMa. ):Wyr11M11 cn0Ba­

M11, Mbl XOT11M peIDl1Tb ypaBHeH11e f}£jf}q = 0 ,11,JIH cp11KC11pOBaHHbIX 

3HaqeH11ii q1 11 q2. BhI'Il1CJIHH rrpo113BO,IJ,Hyro rro q OT L 11 yq11ThIBaH, 

'ITO Opifoq = nif d1 11 Op2/0q = -n2/d2, IIOJJyqaeM ypaBHeH11e 

P1 - P2 - Pq = 0. 

Ho 3TO B TO'IHOCTl1 TO )Ke caMoe cooTHomeH11e Me)K,11,Y p1 11 P2, KOTO­

poe orrpe,IJ,eJIHeTCH 113 MaTp11IJ;bI rrpeJJOMJleHl1H B TO'IKe z. 
1-haK, Mbl ,11,0Ka3aJJl1 CJ1e,II,yl01IIl1H cpaKT. <I>11Kc11pyeM TO'IKl1 Ql 11 Q2. 

PaccM0Tp11M TpaeKTop1111, coe,IJ,11HHIOIIIl1e TO'IKl1 Q1 11 q2, cocT0Hrn;11e 

113 ,IJ,BYX 0Tpe3KOB: OT TO'IKl1 Ql ,11,0 q' 11 OT q' ,11,0 q2. lfa BCeX B03M0)K­

HbIX TpaeKTop11ii cBeToBoii nyq pacrrpocTpaHHeTcH B,11,0Jlh TOH, r,IJ,e L 
,IJ,OCTl1raeT 3KCTpeMyMa, T. e. BblIIOJIHHeTCH ycJ10B11e 

f}L =0. 
oq' 
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cho II eCTb 3HaMeHIITbIH IIpHHJ:J;lIII ttau.Me'H'b'Ule20 Bpe.Me'HU <l>epMa 

(B raycCOBOM rrpII6JimKeHHII). ,Ll;aBaifTe IIO,[l,CTaBIIM 

n1 
Pl= -(q - qi) 

d1 

Koa<P<PmweHT rrpH q2 
paBeH nif di + n2f d2 - P. TaKIIM o6pa3oM, 

OIITll'IeCKHH rryTb .M,U'H,U.M,O,Jte'H IlpII ycJIOBIIII 

ni + n2 _ p > 0 
di d2 

II .Ma'K:CU.Ma.!te?t rrpH ycJIOBHH 

ni + n2 _ p < O. 
d1 d2 

EcnH P > 0, TO MbI rronyqaeM MHHHMYM rrpn MaJibIX 3Haqemrn:x 

di H d2 H MaKCHMYM rrpH 6oJibIIIIIX 3Haqemrnx di H d2. CnTyau;mr 

CTaHOBHTCH Heorrpe.rr.eneHHOH, Kor.rr.a 

T. e. Mb! He MO)KeM HaHTll peIIIeHIIe ,[l,JIH q'. '.:ho ycJIOBIIe 03HaqaeT, 

qTo COOTBeTCTBYIOiu;IIe IIJIOCKOCTH HBJIHIOTCH corrpH)KeHHbIMII. lITaK, 

Mb! rronyqaeM MIIHHMYM, eCJIII IlJIOCKOCTb, corrpH)KeHHaH K zi' He Jie­

)KIIT Me)K,Ily zi H z2, H MaKCHMyM B rrpoTHBHOM cnyqae. ToT <PaKT, 

'ITO L .rr,ocTHraeT MHHHMyMa TOJibKO .rr.o rrepBoH: corrpH)KeHHOH Toq­

KII, crrpaBe,II,JIHB II ,[l,JIH rrpOH3BOJibHOH OIITlfqecKOH CllCTeMbI, r.rr.e OH 

H3BecTeH KaK meope.Ma 1w3<fx/Juu,uettmoe Mop3e. 
PaccMoTpHM HHTYIITHBHO HCHbIH rrpIIMep 3Toro HBJieHHH. IlycTb 

CBeT oTpa*aeTCH OT BorttyToro c<PepIIqecKoro 3epKana. Bo3bMeM 

ToqKy Q Ha OCH z BHYTPH c<l>epbI. Jlyq pacrrpocTpaHHeTcH B,ll;OJib 

.rr,IIaMeTpa c<Pepb! II, OTpa)KaHCb, IIOIIa,IJ,aeT B ToqKy Q. QqeBH,[l,HO, 

qTo paCCTOHHHe OT 3epKana .rr.o TOqKII Q 6y.rr.eT JIOKaJibHbIM MHHII­

MYMOM, eCJIH TOqKa Q pacrrOJIO)KeHa M€)K,ll;Y 3€pKaJIOM H u;eHTpoM, B 

rrpOTHBHOM CJiyqae 3TO paCCTOHHHe 6y,II,eT JIOKaJibHbIM MaKCHMYMOM. 
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9. 5. OT raycconoii OIITHKH K JIHHeiiHoii 

qTo rrpoH30ii,n;eT, ecJIH MhI He 6y,n;eM rrpe,n;nonaraTh Hami:qHe Bpaliia­

TeJihHOii CHMMeTpHH OITTlfqecKOH CllCT€MhI, HO rro-rrpe)KHeMy 6y,n;eM 

yqHThIBaTb TOJlbKO qJJeHhI rrepBoro rrop.H,n;Ka ITO yrJiaM H pacCTO.HHH­

.HM? Ilpe)K,Il;e Bcero ,Il;JI.H OITHCaHH.H Jiyqa HaM Heo6xo,n;HMO HM€Tb qe­

Tbipe rrepeM€HHbIX: qx H qy - KOOp,Il;HHaThl ToqKH, B KOTopoii nyq 

rrepeceKaeT rrnocKOCTh, rreprreH,n;HKYJJ.HpHyIO OCH z; ,n;Ba yrJJa Ox H 

Oy, orrpe,n;eJJ.HIOliIHe HarrpaBJieHHe nyqa. HarrpaBJI€HHe B TpexMepHoM 

rrpocTpaHCTBe 3a,n;aeTCH e,n;HHHqHhIM BeKTopoM v = (vx, Vy, Vz). Ec­

JIH HarrpaBJI€Hlle 3TOro B€KTOpa 6JIH3KO K IIOJIO>KHT€JibHOMy HarrpaB­

J1€HHIO OCH z, TO MO>KHO cqHTaTh 1 qTO OH HM€€T BH,11; V =(Ox, Oy, Vz), 

r,n;e Vz = 1 - ~(B; + B;) = 1, rrpH ycJIOBHll, qTo YrJibl Bx H By MaJibl. 

YrJIOBhie rrepeMeHHhie (} 3aMeHHM Hap, onpe,n;eJJH€Mhie ¢opMynaMH 

Px = nBx H Py = nBy. (EcJIH cpe,n;a aHH30Tporrna, aarrpnMep, ,n;JI.H 

HeKOTOpbIX KpHCTaJIJIOB, TO COOTHOlII€HHe Me>K,n;y 0 H p CTaHOBRTe.H 

6onee cJIO)KHhIM. Ho 3,n;ecb MhI He 6y,n;eM paceMaTpHBaTh TaKne cpe­

,Il;hI.) KoHeqHo, Bee rrpoHcxo,n;nT B H€KOTopoii cpHKCRpoBaHHOii rrJioc­

KOCTH, rreprreH,n;HKYJI.HpHoii OCR z. EcnH MhI 6y,n;eM paccMaTpHBaTh 

,Il;Be IIJIOeKOCTH z1 H z2, TO nyqy 6y,n;yT eOOTB€TCTBOBaTb ,Il;Ba B€KTOpa 

,Il;JI.H Ka)K,Il;OH ITJIOCKOeTH eOOTB€TCTB€HHO: 

( 

qxl ) 
u1 = qyl 

Px1 
Pyl 

H 

Harna 3a,n;aqa - HaiiTH eooTHorneHHe Me)K,ll;Y u1 R u2. TioeKOJihKY 

MhI npene6peraeM qJieHaMn rrop.H,n;Ka Bh1rne rrepBoro, MOMHO narrn­

eaTh 

r,n;e M - MaTpmi;a pa3Mepa 4 x 4. 
Harna 3a,n;aqa - ycTaHOBHTh, KaKne MaTpHIJ;bI 4 x 4 B03HHKa­

IOT B JIHHeiiHoii OITTHKe. TiepBaH oqeBH,lJ;HaH MbICJih, qTo 3TO MaTpH­

lJ;hI, y,n;oBJieTBOp.HIOliIHe ycJIOBHIO Det M = 1. 0,n;HaKo 3To He TaK. 

Be3yCJIOBHo, BepHo, qTo Bee orrTnqeeKRe MaTpHIJ;hI ,n;omKHhI HMeTh 

e,n;nHHqHhIH ,n;eTepMHHaHT, HO He BepHo, qTO Bee MaTpHIJ;bI 4 x 4 c 
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e,n;HmPIHhIM ,n;eTepMHHaHTOM MoryT 6hITh MaTpHI!aMH rrpeo6pa30Ba­

HHH B JIHHeHHOH OIITHKe. ,ll,omKHO 6bITb 6onee CTporoe orpaHHqem1e. 

l..J:To6bI o6'h51CHHTh, B qeM COCTOHT 3TO 6onee CTporoe orpami:qem1e, 

BepHeMCH Ha3a,n; H ern;e pa3 CcPOPMYJIHpyeM ycJIOBHe, rrpH KOTOpOM 

MaTPHI!a 2 x 2 HMeeT orrpe,n;ennTenh, paBHhIH e,n;nHHIJ,e. 11ocne ::iToro 

MO)KHO 6y,n;eT BepHyThC51 K COOTBeTCTByrorn;eMy ycJIOBJil() ,ll;Jl51 CJiy<IaH 

qeTbipex rrepeMeHHhIX. 11ycTb Ha IIJIOCKOCTH ,n;aHbI ,n;Ba BeKTopa: 

B pa3,n;ene 4.9 MhI orrpe.n;emrnn aHTHCHMMeTpnqHoe rrpoH3Be,n;eHHe 

w ( w' w') Me)K,ll;y ,ll;ByMR BeKTOpaMH cornaCHO cl>opMyne 

w(w, w') = qp' - q1p. 

I'eoMeTpHqecKHH CMhICJI w(w, w') - 3TO OpH€HTHpOBaHHa51 IIJIO­

rn;a,n;h rrapannenorpaMMa, rrocTpoeHHOro Ha BeKTopax w H w' (CM. 

pMc. 9.17). lfa orrpe,n;eneHHR H H3 reoMeTpHqecKoro CMhICJia cne.n;yeT 

aHTHCHMMeTpHH w: 

w(w, w') = -w(w', w). 

Pttc. 9.17 

MaTptt11,a 2 x 2 coxpaHReT rrnorn;a,n;h H opHeHTa11,Mro Tor.n;a H TOJihKO 

Tor.n;a, Kor.n;a ee orrpe.n;enttTeJih paseH 1, T. e. Det M = 1 Tor.n;a H 

TOJihKO Tor.n;a, Kor.n;a 

w(Mw, Mw') = w(w, w') 
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,n;mr Bcex w H w'. A cefiqac npe,n;noJIO)KHM, 'ITO B 'IeTbipexMepHoM 

rrpocTpaHCTBe eCTh ,IJ;Ba BeKTOpa 

H 

BBe,n;eM no onpe,n;eJieHHlO 

( 

q~ ) 

u'= :t . 
( 

/) I I I I 
W U, U = QxPx - QxPx + QyPy - QyPy· 

IlpOH3Be,n;eHHe w no-npe)KHeMy OCTaeTC51 aHTHCHMMeTpH'IHhIM: 

w(u', u) = -w(u, u'), 

HO reoMeTpH'IeCKHH CMhICJI ero He O'IeHh IlOH51TeH. 

0Ka3hrnaeTc51, 'ITO MaTpHu;a M ( 4 x 4) MO)KeT 6b1Tb MaTpHu;eH: 

npeo6pa30BaHH51 B JIHHeHHOH OilTHKe TOJibKO npH BbIIlOJIHeHHH ycJIO­

BH51 

w(Mu, Mu')= w(u, u') 

,IJ;JI51 Bcex BeKTopoB u H u'. MaTpHIJ,hI TaKoro THna Ha3bIBalOTC51 B qrn-
3H'IecKofi JIHTepaType Jl,U'HeU'H'bt.M,U 'IW'HO'HU"teC'X:UMU npeo6pa3o6a'HUJl,­

.M,U, a B MaTeMaTH'IeCKOH JIHTepaType OHM Ha3hIBaIOTC51 Jl,U'HeU'H'bt.MU 

CUMnfie'X:mU"teC'X:UMU npeo6pa306a'H,UJl,.M,U. 9TH MaTpHIJ,bl (H HX o6o6-

m;eHH51 Ha cJiyqafi 6oJibIIIero 'IHCJia H3MepeHHH) HrpalOT Ba)KHeHIIIJIO 

pOJib B TeopeTH'!eCKOH MexaHHKe H reoMeTpHH. 

CHa'!aJia CcPOPMYJIHpyeM p51,IJ; OCHOBHbIX CBe,n;eHHH OTHOCHTeJibHO 

JIHHeHHbIX CHMIIJI8KTH'!eCKHX npeo6pa30BaHHH B rrpocTpaHCTBe qe­

Tbipex rrepeMeHHblX. Tor,n;a MhI CMO)KeM yBH,n;eTb, 'ITO HaIIIH paccy)K­

,n;eHH51, IIOKa3bIBaIOm;He, 'ITO rayccoBa OTITHKa 3KBHBaJieHTHa rpyrr­

ne 81(2, R), MoryT 6b1Tb HCITOJih30BaHbI ,IJ;JI51 ,n;eMOHCTpau,HH 3KBHBa­

JieHTHOCTH JIHHeH:Hofi onTHKH rpynne Sp( 4, R) - rpynne JIHHefiHbIX 

CHMIIJI8KTH'I8CKHX npeo6pa30BaHHH B rrpocTpaHCTBe 'IeThipex H3Me­

peHHH. 

B o6m;eM cJiyqae nycTb V o6o3HaqaeT BeKTOpHoe ( Bem;ecTBeHHoe 

KOHe'!HOMepHoe) npocTpaHCTBO. BHJIHH€HHa51 <PopMa n B npocTpaH­

CTBe v - 3TO JII06a51 cPYHKU,H51 n : v x v ---+ R, JIHHefiHaH no Ka)K,D;OH 

nepeMeHHOfi npH ycJIOBHH, 'ITO ,n;pyrM cPHKCHpoBaHa, T. e. O(u, v) -
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mrneiiHaR cpyHKl1,Irn v npH cpMKCHpOBaHHOM u M JIMHeiiHaR cpyHKU.MR 

u rrpH cpMKCMpOBaHHOM v. Mbl rOBOpHM, 'ITO n aHTMCHMMeTpH'IHa, 

ecJIM O(u, v) = -O(v, u) .D;JIR Bcex u M v B rrpocTpaHcTBe V. Mb1 

I'OBOpHM1 'ITO f2 HeBblpO)K,ll;eHa, eCJIM IlpH JII060M cpHKCMpOBaHHOM 

u JIMHeiiHaR cpyHKl1,MR n ( u, . ) He TO)K,ll;eCTBeHHblH HYJib ( eCJIM TOJibKO 

caM BeKTOp u He paBeH Hymo). AHTMCMMMeTpM'IHM HeBb1po)K,n;eHHaR 

6MJIMHeiiHaR cpopMa B rrpocTpaHCTBe v Ha3b1BaeTCR CU.MnJte'l\:mU"te­
C'l\:OU tfiop.Mou. BeKTOpHoe rrpocTpaHCTBo, cHa6)KeHHOe .n;aHHOH CMM­

IIJieKTM'!eCKOH cpOpMOH, Ha3bIBaeTCR CU.MnJte'l\:mU"teC'l\:U.M, 6e'X:mOp1-t'bt.M 
npocmpancm6o.M, rOBOpRT, 'ITO OHO MMeeT CU.MnJte'l\:mU"teC'l\:Y10 cmpy'X:­
mypy. IlyCTb v - CMMilJieKTM'leCKOe BeKTOpHoe rrpocTpaHCTBO c CMM­

IIJieKTM'leCKOH cpopMofi n M rrycTb A - JIMHeHHOe rrpeo6pa30BaHMe 

npocTpaHCTBa V B ce6R; Tor.n;a MhI roBopHM, 'ITO A - cu.MnJte'X:mu­
"tec'X:oe npeo6pa3o6anue, ecJIM O(Au, Av) = O(u, v) .LJ;JIR Bcex u M 

v B rrpocTpaHCTBe V. Cyll1,eCTByeT TeopeMa (Guillemin, Sternberg, 

Symplectic Techniques in Physics, Chapter II), yTBep)K.LJ;aJOll1,aR, 'ITO 

Ka)K.n;Oe CMMIIJieKTM'leCKOe BeKTOpHOe rrpOCTpaHCTBO ,Il;OJI)KHO 6hITb 

npocTpaHCTBOM '!eTHoro 'IMCJia M3MepeHMH, M 'ITO Ka)K,n:oe CMMIIJieK­

TM'!eCKOe JIMHeHHOe rrpeo6pa30BaHMe ,Il;OJI)KHO MMeTb ,n:eTepMHHaHT, 

paBHblH e,n;MHMU.e, a 3Ha'IMT, 6hITb o6paTMMbIM. QqeBM,Il;HO, 'ITO rrpeo6-

pa30BaHMe, o6paTHOe K CMMIIJieKTM'!eCKOMY rrpeo6pa30BaHMIO, ,Il;OJI)K­

HO 6bITb CMMIIJieKTM'leCKMM, M 'ITO rrpOM3Be,n:eHMe JII06hIX ABYX CMM­

IIJieKTM'!eCKMX rrpeo6pa30BaHMil TO)Ke .LJ;OJI)KHO 6bITb CMMIIJieKTM'le­

CKMM. MHo)KeCTBO Bcex CMMIIJieKTM'leCKMX JIMHeiiHhIX rrpeo6pa3oBa­

HMil Ha3bIBaeTCR CMMIIJieKTM'leCKOH rpynrro:tt B rrpocTpaHCTBe v M 

o6o3Ha'!aeTcR Sp(V). 
Ilpe.n;rroJIO)KMM, 'ITO v = ~n + ~n. 9To - rrpocTpaHCTBO, B KOTO­

poM BeKTOp MO)KHO 3aIIMCaTb B BM,Il;e 

CMMIIJieKTM'!eCKaR cpopMa n onpe,n:eJIReTCR cpopMyJIOH 

O(u, u') = p · q' - p' · q, 

r,n:e CMMBOJI • o6o3Ha'laeT o6bI'IHOe CKaJIRpHOe rrpOM3Be,n:ettMe B rrpOCT­

paHCTBe ~n. EcJIM MCIIOJih30BaTh 3aIIMCh CKaJIRpHoro npoH3Be,n:eHMR 
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u · u' = q · q' + p · p', TO <f>opMy MO)KHO rrepermcaTh ITO-,n;pyroMy 

n(u, u') = u'. Ju, 

r,n;e J - MaTpHu;a 2n X 2n BH,ll;a ( _ ~ ~) , a ll - e,n;HHH'IHa.H MaTpHu;a 

n x n. IIoBTOpHM: JIHHeiiHoe ITpeo6p830BaHHe T B ITpOcTpaHCTBe V 
CHMIIJieKTH'IHO Tor,n;a H TOJihKO TOr,n;a, Kor,n;a ,ll;JI.H Bcex u H u' BhIIIOJI­

H.HeTC.H paBeHCTBO 

D(Tu, Tu')= D(u, u'). 

'.:ho MO)KHO rrepeITHCaTb B BH,n;e 

TtJTu · u' =Ju· u', 

r,n;e Tt o6o3HaqaeT TpaHCIIOHHpOBaHHYIO MaTpHIJ;Y ( T. e. MaTpHIJ;Y, CO­

rrpmK.eHHyIO K T ITO OTHOIIIeHHIO K CKa.rr.HpHOMY rrpOH3Be,n;eHHIO B rrpo­

CTpaHCTBe V). IIocKOJihKY 3TO paBeHCTBO BhIIIOJIH.HeTCH ,ll;JI.H Bcex u 
H u'' MhI IIOJiyqaeM 

TtJT = J. 

T ( q) = ( Aq + Bp) 
p Cq+Dp ' 

r,n;e A, B, C H D - MaTpHIJ;hI n x n, T. e. 

T= (~ ~). 
Tor,n;a 

r,n;e At o6o3HaqaeT MaTpHu;y, TpaHCITOHHpoBaHHYIO KA, HT. ,n;. YcJio­

BHe rt JT = J ITepeXO,lJ;HT c COBOKYIIHOCTh ycJIOBHH: Ate = ct A, 
Bt D = nt B, H At D - ct B = lL 3aMeTHM, qTO MaTpnu;a r- 1 , KOTO­

pa.H TaK)Ke CHMITJieKTHqHa, HMeeT BH,ll; 
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rrpuqeM BhIIIOJIH.HIOTC.H ycnomrn: 

A Terreph BepHeMC.H K rrpo6neMe ,n;oKa3aTeJihCTBa Toro, qTo rpyrr­

rra JIHHeHHhIX CHMIIJieKTHqecKHX rrpeo6pa30BaHHH ( B rrpocTpaHCTBe 

qeTbipex H3MepeHHH) COBrra,n;aeT c MHO)KeCTBOM Bcex rrpeo6pa30Ba­

HHH B JIHHeii:HOH OIITHKe. KaK H B CJiyqae rayccoBOH OIITHKH, ,IJ;OKa-

3aTeJihCTBO pacrra,n;aeTC.H Ha ,n;Be qacTH. IIepBa.H, cPH3HqecKa.H qacTh 

,ll;OKa3aTeJihCTBa IIOKa3bIBaeT, qTO (B JIHHeii:HOM rrpH6JIH)KeHHH) MaT-

( 
TI 0) , 

pmi;a _ p TI , r,n;e P = pt - CHMMeTpHqHa.H MaTpHu;a, cooTBeT-

CTByeT rrpeJIOMJieHHIO Ha IIOBepxHOCTH pa3,n;ena Me)K,n;y ,Il;BYM.H o6na­

CT.HMH c IIOCTO.HHHhIM K03cPcPHIJ;HeHTOM rrpeJIOMJieHH.H (,n;JI.H Ka)K,ll;OH 

rroBepxHOCTH IIO.HBJI.HeTC.H CBO.H MaTpHu;a P), H qTo MaTpHu;a (~ ~TI) 
COOTBeTCTByeT ,ll;BH)KeHHIO B cpe,n;e c IIOCTO.HHHhIM K03cPcPHIJ;HeHTOM 

rrpenoMJieHH.H, r.n;e d - orrTHqecKa.H ,ll;JIHHa B,Il;OJih ocH. BTopa.H qacTh 

,Il;OKa3aTeJihCTBa (MaTeMaTHqecKa.H) II03BOJI.HeT ,Il;OKa3aTh, qTo JII06a.H 

CHMIIJieKTHqecKa.H MaTpHu;a MO)KeT 6bITh 3aIIHCaHa KaK rrpOH3Be,n;e­

HHe MaTpHIJ; 3TOI'O BH,n;a. 

3,n;ech Mhl He 6y,n;eM 3aHHMaTbC.H MaTeMaTHqecKHM ,IJ;OKa3aTeJih­

CTBOM, KOTOpoe .HBJI.HeTC.H ,Il;OBOJihHO XHTPOYMHhIM o6o6rri;eHHeM .n;o­
Ka3aTeJihCTBa, rrpHBe,n;eHHOro B pa3,n;ene 9.2. qHTaTeJib MO)KeT Haii:TH 

ero B KHHre Guillemin, Sternberg, Symplectic Techniques in Physics, 
CTp. 27-30. ~aBaHTe paCCMOTpHM cPH3HqecKyIO qaCTh 3TOH 3a,n;aqI1. 

HarroMHHM, qTo MhI orrpe,n;en.HeM rra,n;aiorri;Hif nyq 3a,ll;aHHeM ero Ha­

rrpaBJieHH.H v = (vx, Vy, Vz), llvll = v; + v~ + v; = 1, H TOqKoii:, r.n;e 

nyq rrepeceKaeT IIJIOCKOCTh, rrapanJieJibHYIO IIJIOCKOCTH xy H HaXO,Il;.H­

IIJ;YlOC.H B ToqKe z Ha OIITHqecKOH OCH. Tor,n;a 

Vz = (1 - v2 - v2 )
112 = 1 - !(v2 + v2

) + · · · ~ 1 x y 2 x y . 

Mhr rrpe.n;rronaraeM Vx H Vy MaJihIMH H II03TOMY rrpeHe6peraeM KBa,n;­

paTHqHhIMH qJieHaMH. IIycTh 

r,n;e n - K03cPcPHIJ;HeHT rrpenoMJieHH.H. CMerri;eHHe Ha paccTO.HHHe t 
B,IJ;OJih OIITHqecKOH OCH - 3TO c ToqHOCThIO ,n;o KBa,n;paTHqHbIX qJieHOB 
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no Vx H Vy TO )Ke, qTo H CMern;ettHe Ha pacCTOHHHe t B,IJ;OJih BeKTOpa v. 
CJie,n;oBaTeJihHo, 

Tor,n;a MhI HMeeM 

(:~)=(~ ~)(:~), 
r,n;e d = t/n (cM. p11c. 9.18). 

q q = (~:) 

z 

P11c. 9.18 

Terreph rrepeii,n;eM K rrpeJIOMJieHHIO cBeTa. IIpe,n;rroJIO)KRM, qTo 

rrpeJIOMJIHIOIIJ;aH IlOBepXHOCTh KBa,n;paTHqHa H orrpe,n;eJIHeTCH cl>opMy-

JIOH 
I 1 z -z= 2kq·q, 

r,n;e k - CHMMeTpn:qttaH MaTp11u;a 2 x 2. HopMaJih K 3Toii rroBepxttocTH 

B TOqKe q orrpe,n;eJIHeTCH cPOPMYJIOH 

u = (kq,-1). 

( c TOqHOCThIO ,n;o qJieHOB rropH,n;Ka Bhlme nepBoro BeKTOp u HMeeT 

e,n;11tt11qttyIO ,n;Jin:Hy.) IIpoeKu;HH BeKTopa v Ha IIJIOCKOCTh, KacaTeJih­

HYIO K IIOBepXHOCTH B TOqKe q, paBHa 

v - (v · u)u. 
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3arnmreM v = (vx, Vy, 1) = (v, 1), TOr,n;a v · u = kq · v - 1 H 

v - (v · u)u = (v, 1) - (kq · v - l)(kq, -1). 

0TKy,n;a, npeHe6perrui: KBa,n;paTH'IHblM qJieHOM kq . v' noJiyqaeM ,ll;Jl51 

npoeKIJ;HH BblpaJKeHHe 

(v + kq, 0). 

3aKOH CHeJIJIHyca roBopHT, 'ITO n1(v1 -(v1 ·u)u) = n2(v2-(v2·u)u). 
B JIHHeHHOM npH6JimKeHHH H c yqeTOM Toro, 'ITO Pl = nv1 H P2 = 
nv2, noJiyqaeM 

HJIH 

P2 = P1 - Pq, 

r,n;e 

ll TaK, Mhr rroJiy'IHJIH MaTpHey rrpeJIOMJieHHH ( _np ~) . TaKHM o6-

pa3oM, Mbl IlOK83aJIH, 'ITO rpymra npeo6pa30BaHHH JIHH€HHOH OITTHKH 

coBna,n;aeT c rpynnoM: Sp( 4, JR). 
EcTh eru;e o,n;HH 3acJiy)KHBa10ru;HM: BHRMaHHH MOMeHT B rayccoBoM: 

onTHKe. IIpe,n;noJIO)KRM, 'ITO onTR'!ecKaH cncTeMa o6Jia,n;aeT Bparu;a­

TeJihHOH CRMMeTpneM:. Tor,n;a Ha Ka)K,ll;OH npeJIOMJIHIOru;eM: noBepxHo­

CTR MaTpHu;a OITTR'l€CKOH CRJibl p HMeeT BR,ll; p = mll, r,n;e m -
CKaJIHpHbIH Ko3<l>qmu;neHT H Il - e,n;HHR'IHruI MaTpmi;a 2 x 2. O'ie-

BR,n;Ho, 'ITO IlpOR3B€,ll;€HRe TaKRX MaTpRIJ; Ha MaTpHIJ;y BR,ll;a (~ e[[) 
MO)KeT 6bITb 3anncaHO B BR,n;e ( ~: :) . 3aMeTRM, 'ITO Kor,n;a TaKaH 

MaTpHu;a ,n;eHCTByeT Ha BeKTOp 

(~J 
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TO IIOJIY'IllTC}l TO )£(€ caMoe, KOr,n;a MaTpnu;a ( ~ ~) ,n;eii:CTByeT OT­

,n;eJibHO Ha (!:) n (!:). I1TaK, Kor.n;a MhI R3Y'IaJIM rayccoBy 011-

TnKy, TO He o6513aTeJibHO 6bIJIO orpaHM'IllBaTbC}l M3Y'I€HM€M KOaKCM­

aJibHbIX nyqeii:. Mo)f(HO 6bIJIO paccMaTpHBaTh rrpOM3BOJihHhie JIY'IM, 

Pa3JIO)f(llB llX Ha x- ll y-KOMIIOH€HTbI. cho 5IBJI51€TC}l CJI€,Il;CTBM€M rrpll­

H5ITOrO mrneiinoro rrpn6JIM)f(€HM51. 

0cHOBHa51 <PopMyna .n;mr orrTR'IeCKoii: ,Il;JillHhI 

1 
L = La + - (P2 · Q2 - P1 · Q1) 

2 

(r.n;e T€11€pb p M q - B€KTOpb1) ,Il;OKa3blBa€TC51 TaK )£(€, KaK ll B rayc­

COBOM cnyqae, rrpoBep5151, 'ITO rrponcxo,n;MT c 6a3llCHbIMll KOMIIOH€H­

TaMM. HeT CMhICJia rroBTOp51Th 3TO eiu;e pa3. 

,Il,Be IIJIOCKOCTM Ha3blBaIOTC}l H€COIIp51)£(€HHbIMll, €CJIM OIITM'I€CKa51 

MaTpnu;a B, CB513bIBaIOIIJ;a51 nx, necnHryJrnpHa. Tor,n;a MO)f(HO pemnTh 

ypaBH€HM51 

ll 

OTHOCMT€JihHo p 1 M p 2 , KOTOpbie OKa3b1BaIOTC5I paBHhI 

B -lA s-1 Pl= - Q1 + Q2 

Terreph MO)f(HO HarrncaTh 

r.n;e 

(Ilpn BblBO,Il;e 3TOH cPOPMYJibl Mbl llCIIOJib30BaJill TO)f(,Il;€CTBO 



9.5. OT rayccoBoii OIITHKH K JIHHeiittoii 467 

KOTopoe cJie.nyeT H3 ttec1rnrym1pttocTH B H ycJioBHH At D - BtC = JI.) 
IlpHMOe Bbl'IHCJieHHe (c HCTIOJib30BaHHeM 3TOro TO)K,D;eCTBa) ,n;aeT (B 

O"'leBH,ll;HOM CMbICJJe) 

{)L 
-- = P2 H 
8q2 

TaKHM o6pa3oM, 3HaHHe L ,n;aeT B03MO)KHOCTh Bbipa3HTh Pl H P2 
qepe3 qi H q2. 

Mb1 1;(0)KeM Tenepb KopoTKO onHcaTb nepexo,n; K ( HeJIHHeHHOH) 

reoMeTpHqecKoli onTHKe. C<PopMyJJHpyeM ycJIOBHe CHMllJJeKTHqHo­

CTH MaTpHIJ,hI A HeMHoro 110-,n;pyroMy. B 11pocTpaHCTBe ~4 paccMoT­

pHM 2-cPOPMY 

W = dqx /\ dpx + dqy /\ dpy. 

JlHHeliHoe OTo6pa)KeHHe A : ~4 
-t ~4 CHM11JJeKTHqHo Tor,n;a H TOJihKO 

Tor,n;a, Kor,n;a 

A*w = w. 

,Iq>yrHMH cJioBaMH, 11epeHoc <l:>opMbI w B pe3yJJhTaTe ,n;elicTBHH A ,n;aeT 

CHOBa w. Ilo3TOMY ,n;a,n;HM CJie.ny101u;ee 011pe,n;eJieHHe: ,D;HcP<l:>epeHIJ,Hpy­

eMoe OTo6pa)KeHHe </> Ha3bIBaeTCH CU.Mn.11,e-x;mu"leC'X:U.M, eCJIH 

</>*w=w. 

Mb1 He Tpe6yeM 3,n;ecb, qT06h1 </> 6bmo JJHHe:HHo. (B cTapoii JJHTepa­

Type CHMllJieKTHqeCKHe OT06pa)KeHHH Ha3blBaJIHCb -x:att0'/-1,U"leC'X:U.MU 

npeo6paa06attU.R.MU.) raMHJibTOH llOKa3aJI, qTO OT06pa)KeHH51 B reo­

MeTpHqecKOH OllTRKe (OT BXO,D;a ,n;o BbIXO,n;a) HBJJHIOTCH B TOqHOCTH 

CHMllJieKTHqeCKHMH OT06pa)KeHHHMH. KpoMe Toro, OH llOKa3aJI, qTo 

B npe,n;110JIO)KeHHH tte-x:ott2py3'/-f,ffl'H,OCm u CHMllJieKTHqecKoe OTo6pa)Ke­

HHe 011pe,n;eJIHeTcH xapaKTepHCTHqecKoli cPYHKIJ,HeH: L, r,n;e L(q1, q2) 
eCTb onmu"leC'X:aR a.11,utta llYTH, COe,D;HHHIOI1J;ero TOqKH ql H q2. (Ko­

HeqHo, B 3TOM cJiyqae <PopMyJia ,D;JIH L 6y,n;eT ropa3,D;O CJIO)KHee.) 

IlpHMepHO qepe3 ,n;eCHTb JJeT llOCJie HaTIHCaHHH cPYH,D;aMeHTaJib­

HbIX pa6oT 110 OllTHKe raMHJibTOH C,D;eJiaJI llOTpHcaroru;ee Ha6JJIO,D;eHHe: 

TOT )Ke caMbIH <PopMaJIH3M llpHMeHHM H B MexaHHKe ToqeqHblX qa­

CTHIJ,. IlyCTb Ql' ... ' Qn - o6o6ru;eHHbie KOOp,D;HHaTbI CHCTeMbI qacTHIJ,, 

a Pl, ... , Pn - HX o6o6ru;eHHhie HMllYJihChI. BMeCTO OllTHqecKOH OCH z 
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paccMaTp1rnaeTCH BpeMH. Tor.n;a rrpeo6pa3oBaHHe OT Ha':IaJibHblX KO­

op.n;1rnaT H HMIIYJibCOB K KOHe':IHblM Bcer.n;a 6y.n;eT CHMIIJieKTH':leCKHM. 

B XIX BeKe aTo OTKpblTHe rrpHBeno K rpoMa.n;HoMy rrporpeccy B Teo­

peTH':lecKoii: MexaHHKe. A IIO':ITH cToneTHeM rro3)Ke, B 1920 ro.n;y, aHa­

norHH Me)K,Il;Y OIITHKOll H MexaHHKOH, o6ttapy)KeHHM faMHJibTOHOM, 

Cblrpana KJIIO':leByIO pOJib B pa3BHTHH KBaHTOBOH MeXaHHKH. 

Pe3IOMe 

A. MaTplPIHrul cpopMyJIHpoaKa rayccoao:H OIITHKH 

Bbl .n;oJJ)KHhI yMeTb HCIIOJib3oBaTb .n;BYXKOMIIOHeHTHb1fi BeKTop ,11.JIH 

OIIHCaHHH nyqa, rrpoxo.n;Hrn;ero qepe3 IIJIOCKOCTb OTC':leTa. 

Bbl ,1l.OJI)KHhl yMeTb rrony':laTb H HCIIOJih30BaTh MaTpHIJ;bl 2 x 2 
,1l.JIH OIIHCaHHH a<P<PeKTOB pacrrpOCTpaHeHHH, rrpeJIOMJieHHH CBeTa H 

TOHKOH JIHH3bl. 

B. C11cTeMa JIHH3 

Bbl ,1l.OJI)KHbl yMeTb Bbl':IHCJIHTb MaTpHey .n;nH cHcTeMbl rrpenoMJIHIO­

rn;Hx IIOBepXHOCTeH HJIH CHCTeMbl TOHKHX JIHH3 Me)K.n;y ,1l.BYMH IIJIOC­

KOCTHMH OTC':leTa. 

,21,.rrH .n;aHHOH CHCTeMbl JIHH3 Ha.n;o yMeTb Hax:0,1l.HTb rnaBHble H <Po­

KaJibHbie rrnocKOCTH. Ha.n;o yMeTb IIOJib30BaTbCH HMH .n;nH HaXO)K,1l.e­

HHH H306pa)KeHHH o6'beKTa. 

C. raMHJihTOHOBa OIITHKa 

,[J,JIH rayccoBOH OIITH':leCKOH CHCTeMbl Ha.n;o yMeTb Hax:0,1l.HTb TO':Ie':l­

Hbie xapaKTepHCTHKH faMHJibTOHa Me)K.n;y IIJIOCKOCTHMH OTC':leTa H 

HCIIOJib30BaTb HX ,11.JIH orrpe.n;eneHHH TpaeKTOpHH nyqa, coe.n;HHHIOrn;e­

ro ,1l.Be TO':IKH B .n;BYX IIJIOCKOCTHX. 

9.1. Ha pnc. 9.19 H3o6pruKeHbI ¢oKaJihHble H rnaBHhie IIJIOCKOCTH AJIH 
TOHKO:ii: JIHH3bl. Jly<rn, na,n;aIOII1He CJieBa napaJIJieJibHO OCH CHCTeMhI, 

npeJIOMJIHIOTCH H npoXOMT qepe3 ¢oKyc B nnocKOCTH F2 . JlyqH, BhI­

XOM~He H3 ¢oKyca B nnoct<:ocTH F1 , npenoMJIHIOTCH H BhIXO,D;HT na­

PMJieJibHhIMH OCH. rnaBHbie IIJIOCKOCTH H1 H H2 CB513aHhl c ¢oKaJib­

HbIMH nnocKOCTHMH F1 H F2 cooTBeTCTBeHHO. 



469 

(a) C rroMOIIJ;hIO Jiyqa R 1, H3o6pa)l{eHHoro Ha pHcyHKe, orrpe,n;em1-

eTCH noJIO)l{eHHe B nJioCKOCTH z. HapHcyil:Te xo,n; Jiyqa Ri H em;e 

aeyx ,n;pyrHX Jiyqefi. 

(b) Bh1q.1ICJIHTe KOOp,D;MHaThl M3o6pa)l{eHHH H3 11pe,n;h1.zzym;ero nyHK­

Ta c noMOIIJ;hIO ypaBHeHHH HhIOTOHa OTHOCHTeJibHO Jiro6ott H3 

llJIOCKOCTeH:, H3o6pa)l{eHHblX Ha pHC. 9.19. 

( c) IIocTpoiiTe MaTpmzy onTMqecKoii CHCTeMhl Me)l{,lzy IIJIOCKOCTH­

MH Z1 H Z2. c IIOMOIIJ;blO 3T01!: MaTPHllhl orrpe,n;eJIHTe IIOJIO)l{eHHe 

H HaKJIOH Jiyqa R1 , BhIXO.u;Hm;ero H3 JIHH3hl B IIJIOCKOCTH z2. 

lCM 

PMc. 9.19 

9.2. Ha pHc. 9.20 H3o6pa)l{eHa TOJICTaH JIHH3a, c,n;eJiaHHaH H3 cTeKJia c 

rroKa3aTeJieM npeJIOMJieHHH n = 3/2. IIocTpOiiTe MaTPHIIY pacrrpo­

cTpaHeHHH nyqa Me)l{.zzy IIJIOCKOCTHMH OTcqeTa z1 H z2 . Orrpe,n;eJIHTe 

rroJio)l{eHMe <l:>oKaJihHhIX nnocKocTeii F1 H F2 , rnaBHhIX rrnocKocTett 

H1 H H2 H noKa)l{MTe HX Ha pHCYHKe. HapHcyll:Te xo,n; nyqeil: H orrpe­

,n;eJIMTe IIOJIO)l{eHHe H306pa)l{eHHH o6'heKTa, Haxo,n;Hm;erocH CJieBa OT 

z1 Ha paccTOHHHH 1 CM. 11crronh3YH ypaBHeHMe HhroToHa, npoBephTe 

IIOJiyqeHHble pe3yJibTaTbl. 

6CM ----

(,__________,) 
\R\ = 4cM \R\ = 6cM 

PMc. 9.20 
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9.3. IIpe,n;rroJio:>KHM, TITO xo,n; nyqeif cqHTaeTc.a cj;>yH,n;aMeHTaJibHOH xapaK­

TepHCTHKOH CBOHCTB TOHKOii: JIHH3hl, T. e. rrpe,n;IIOJio:>KHM, qTO rrepe­

ceqeHHe nyqa, rrpoxo,n;.a:w;ero qepe3 u;eHTp JIHH3bI, c nyqoM, rrapan­

neJibHbIM OCH cJieBa OT JIHH3hl H rrpoxo,n;.a:rn;HM qepe3 ee <l;>oKyc crrpaBa, 

orrpe,n;en.aeT rrepeceqeHHe Bcex nyqe:ii OT Bb16paHHoro o6'beKTa. 

(a) I1:crroJib3YH 3TO ,n;orry:rn;eHHe, IIOJiyqnTe ypaBHeHHe TOHKOH JIHH-

3bl. PacCMOTpHTe TOJibKO TOT CJiyqaii:, KOr,n;a p, q H f IIOJio:>KH­

TeJibHbI. 

(b) I1:crroJib3YH 3TO ,n;orry:rn;eHHe, ,n;oKa:»rnTe, qTO TOHKaH JIHH3a MO­

)KeT 6bITb OIIHCaHa MaTpnu;eii: 2 x 2 H rroJiyqnTe BH,LI; 3TOH MaT­

PHD;hl. 

9.4. IllapHK pa,n;nyca 6 CM (pHC. 9.21) c,n;eJiaH H3 CTeKJia c IIOKa3aTeJieM 

rrpeJIOMJieHHH n = 3/2. ,Ll,JI.a Jiyqeii:, rrpoxo,n;.a:rn;Hx B6JIH3H ,n;HaMeTpa, 

3TOT map Be;a,eT ce6.a KaK JIHHe:iiHa.a TOJICTaH JIHH3a ( TOJICTaH JIHH3a -

3TO u;nmrn;a.pnqecKa.H cep,n;u;eBHHa, OCbIO KOTOpott HBJIHeTCH ,D;HaMeTp 

mapa). IIocTpoii:Te MaTpHD;bI ;a.m1 3TOii: JIHH3bI Me)K;a.y IIJIOCKOCTHMH 

OTCqeTa Z1 H Z2, Me)K;a.y <l;>oKaJibHbIMH H rJiaBHbIMH IIJIOCKOCTjiMJi. 

IloKa)KHTe 3TH IIJIOCKOCTH Ha pHCYHKe. 

f = 12 CM f :::: 8 CM 

~4CM l 
Puc. 9.21 Puc. 9.22 

9.5. (a) ,LI,n.a CHCTeMbl H3 ;a.BYX co6npaIO:rn;Hx JIHH3, H306pa)KeHHOH Ha 

pHc. 9.22, IIOCTpOii:Te MaTpHey )I.JIH ,Ll;BH)KeHHH Jiyqa Me)K)I.y 

IIJIOCKOCTjiMJI Z1 Ji Z2. 

(b) Haii:,n;nTe rroJio)KeHne <l;>oKaJibHbIX IIJIOCKOCTeii: zi H z~, HCIIOJib-

3y.a ypaBHeHHe TOHKOH JIHH3bl Ji MaTpHey 3TOii: OIITJiqecKoii: CHC­

TleMbl. IIocTpoii:Te MaTpnu;y Me)K;a.y ;a,ByM.a cj;>oKaJibHbIMH rrJioc­

KOCTjiMH. 
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( c) Haii,II,HTe noJimKeHHe rJiaBHhIX nJIOCKOCTeii H 1 H H2 H rrocTpoii­

Te COOTB€TCTByIOmyIO MaTpHey. '.:ho JierKO C,II,eJiaTh, Y'ITH TOT 

cpaKT, 'ITO cpoKycHoe paCCTOHHHe f = 6 CM H Ka:>K,II,aH rJiaB­

HaH IIJIOCKOCTb liaXO,II,HTCH Ha paCCTOHHHH 6 CM OT COOTBeTCTBY­

IO~eii cpoKaJibHOii IIJIOCKOCTH. 06paTHTe BHHMaHHe, 'ITO o6e 

rJiaBlibie IIJIOCKOCTH Jie:>KaT Me:>K,IJ,Y JIHH3aMH, H B 3TOM CJiy'Iae 

Hi Haxo,II,HTCH crrpaBa OT H 2. 

(d) Ha pucyHKe IIOKa:>KHTe noJio:>KeHHe cpoKaJihlihlX H rJiaBHhIX 

IIJIOCKOCTe:fi 3TO:ii CHCT€Mbl. 

( e) IlycTh IIJIOCKOCTb Z3 HaXO,IJ,HTCH Ha paCCTOHHHH 12 CM CJieBa 

OT Z1. qeTblpbMH cnoco6aMH Haii,II,HTe IIJIOCKOCTh, conpsi::>KeH­

HYIO 3TOH: (1) nepeMHO:>KaH MaTpHIIhI, (2) ,IJ,Ba:>K,IJ,bl HCIIOJib3YH 

ypaBHeHHe TOHKoii JIHH3hI, (3) HCIIOJih3YH ypaBHeHHe HhIOTOHa 

X1X2 = f 2 
H (4) pucysi: XO,II, Jiy'IeH. 

9.6. OrrTH'IeCKasi: CHCTeMa COCTOHT H3 ,IJ,BYX TOHKHX JIHH3 c cpoKyCHbIMH 

pacCTOHHHHMH Ji H fz' pacnoJIO:>KeHHhlMH Ha paCCTOHHHH t ,II,pyr OT 

,IJ,pyra (pHc. 9.23). IlepBaH cpOKaJibHaH IIJIOCKOCTb HaXO,II,HTCH CJieBa 

OT rrepBOH JIHH3bl Ha paCCTOHHHH l 1; BTOpasi: <j:>oKaJibHaH IIJIOCKOCTb 

Ha:xO,II,HTCH crrpaBa OT BTOpOH JIHH3hl Ha pacCTOHHHH lz. ,II:oKa:>KHTe, 

'ITO cpoKyCHOe paCCTOHHHe f 3TOH CHCT€Mhl y,II,OBJieTBOpHeT ypaBHe­

HHIO p - t f - h lz = 0. lIMeH B BH,IJ,Y, 'ITO Bee rrapaMeTphl h' l2' f' Ji 
H fz MoryT HM€Th JII06oii 3HaK, orrpe,II,eJIHTe, KaKoii: H3 KOpHeH 3TOrO 

KBa,IJ,paTHOro ypaBHeHHH HMeeT <j:>H3H'IeCKH:ii CMhICJI. 

Pnc. 9.23 

9.7. IlpH,IJ,YMail:Te CHCTeMy TOHKHX JIHH3, OIITH'IeCKaH MaTpHIIa KOTOpOH 

HMeeT BH,IJ, (~ ~). (YKa3aHue: CHCTeMa COCTOHT H3 HeCKOJibKHX 

JIHH3. Mo:>KHO Ha'IaTb c nocTpoeHHH cncTeMhI, MaTpHIIa KoTopoii 

y,II,OBJieTBopsi:eT ypaBHeHMIO M 2 = IL) 



4 72 rJiaBa 9. rayCCOBa OIITHKa 

9.8. Ha p:ac. 9.24 H3o6pa)Ketta orrTH'feCKruI CHCTeMa. B IIJIOCKOCTH z1 rra­

,n,arorn;Hii JIY'f HMeeT KOOp,JJ,HHaTbl ( :: ) = ( ; ) . Hatt,JJ,HTe KOOp,ll,H­

HaTbl Jiyqa, BblXO,lJ,Hrn;ero H3 IIJIOCKOCTH z2. 

4 2 

Z1 f = 1 

PHc. 9.24 

IRI = 6cM IRI = 9CM 

PHc. 9.25 

9.9. Ha pttc. 9.25 H3o6pa)Ketta TOJICTM JIHH3a, c,n,eJiaHHa.H H3 cTeKJia c 

rroKa3aTeJieM rrpeJIOMJiemrn n = 3/2. 

(a) IlocTpoiiTe MaTpHey, COOTBeTCTBYIOIIzyIO,IJ;BH)KeHHIO Jiyqa Me)K­

,n,y IIJIOCKOCT.HMH Zl H Z2. 

(b) Bhl.HCHHTe, KaKoii rra;:i;aroni;ttii JIY'f ( !~ ) BhIXO,JJ,HT H3 CHCTeMbI 

B IIJIOCKOCTH Z2 c KOOp,IJ;HHaTaMH (!~) = ( ~j~). 
9.10. Ha pttc. 9.26 H3o6pa)Ketta co6ttpa10rn;a.H JIHH3a c cpoKyCHhIM paccTo­

.HHHeM f = 10 CM. Otta c,ri;eJiaHa H3 cTeKJia c IIOKa3aTeJieM IIpeJIOM­

JieHH.H n = 1.4. BbIIIYKJihle IIOBepxHoCTH JIHH3hl HMeIOT O,JJ,HHaKOBhlii 

pa,ri;ttyc KpHBH3HhI R. 

(a) Bhl'IHCJIHTe pa,JJ,Hyc KPHBH3HhI R, Haii,ri;HTe 3aBHCHMOCTb TOJI­

rn;HHhl JIHH3hl b OT paCCTO.HHH.H q OT OCH. (YKa3aHHe: b(2) = 0.) 
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{b) Jlyq npoxo,rr;HT qepe3 TO'IKY A, IIOTOM no JIHHHH ACF. IloKa­

JKHTe, 'ITO BpeMH ,ll;BHJKeHHH B)J;OJib 3TO:ii TpaeKTOpHH MHHH­

MaJibHO IIO cpaBHeHHIO c mo6ott TpaeKTOpuett, KOTOpaH npoxo­

)J;HT qepe3 JIHH3Y c ,rr;pyrHMH 3Ha'IeHHHMH Q. 

( c) IloKaJKHTe, 'ITO BpeMH )J;BHJKeHml Jiyqa B)l;OJlb TpaeKTOpHH 

AC B MaKcHMaJibHO no cpaBHeHHIO co BpeMetteM ,rr;BHJKettm1 

no JI106ott TpaeKTopuu, CBH3b1Ba10m;ett TO'IKH A H B. 

(d) HanHIIIHTe <f>yttKIWIO W(QA, QF) )l;JIH IIJIOCKOCTe:li AH F. IloKa­

)KHTe, 'ITO ypaBHeHHH raMHJlbTOHa ,rr;aIOT npaBHJlbHbifi HaKJIOH 

Jiy'Ia, 3a,rr;auuoro napaMeTpaMH QA = 1 H QF = 0. C,rr;eJiaiiTe 

TO JKe ca.Moe ,rr;JIH IIJIOCKOCTett A H B. l'IcnoJib3Yii:Te <f>yuKu;mo 

W (QA, QB) ,rr;JIH onpe,rr;eJieHHH TpaeKTOpHH Jiyqa, npoxo,rr;Hm;ero 

qepe3 AH B. 

.:l A c 
lcM 

2CM 
l_ 

14----30 CM ___ __...._ __ _ 

___ B 

PMc. 9.26 

9.11. IlycTb v 1 = (::) u v1 = (::) o6o3Ha'IaIOT ,rr;Ba Jiy'Ia, BXO,rr;Hm;He 

B npOH3BOJibHYIO rayccoBy OIITH'IeCKYIO CHCTeMy. CHMIIJieKTH'IeCKOe 

CKaJIHpHoe npOH3Be,rr;eHHe 3THX BeKTOpOB onpe,rr;eJIHeTCH <f>opMyJioii: 

(a) IloKaJKHTe, 'ITO 3TO CKaJIHpHoe IIpOH3Be,rr;eHHe coxpaHHeTCH 

IIpH IIpOXOJK)J;eHHH OIITH'IeCKOH CHCTeMbI, T. e. 'ITO w(v2, V2) = 
w(v1, v1). 

(b) IloKaJKHTe, 'ITO w(vi, v1) = 0, ecJIH v1 H v1 o6o3Ha'IaIOT JIY'IH, 

nepeceKa10nwecH Ha OTITH'IeCKO:li OCH. 
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( c) ~orrycTIIM, 'ITO ,D;Ba Jiyqa rrpoxo,rr>IT qepe3 0,D;HY TO'IKY Ql B 

IIJIOCKOCTII OTC'IeTa Z1 c yrJIOM ¢1 Me:>K,n;y HIIMII. EcJIJI 3TII JIY'III 

rrepeceKalOTC51 B corrpH)KeHHOH IIJIOCKOCTJI Z2 c yrJIOM ¢2 Me)K,D;y 

HIIMII, TO 'IeMy paBHO pacCT051HIIe OT OCH Q2? (IIycTb n = 1 B 

IIJIOCKOCT51X Zl II Z2.) 



rJiaBa 10 

BeKTOpHhie npocTpaHCTBa 

II JIHHeHHbie npeo6pa30BaHH.SI 

B rJiaBe 10 MhI B03Bparn;aeMCR Ha3a,n; H ,n;oKa3bIBaeM oc­

HOBHbie CBOHCTBa KOHe"IHOMepHbIX rrpOCTpaHCTB H HX 

JIHHeHHbIX rrpeo6pa30BaHHH. 3.i:i;ecb, rJiaBHbIM o6pa30M, 

o6o6rn;aIOTC51 pe3yJibTaTbI, IIOJiy"leHHbie B rrepBbIX qeThI­

pex rJiaBax ,LJ;JI51 ,n;ByMepHoro rrpocTpaHCTBa. 1faJiaraeTc51 

HOBhIH anropHTM - pe,n;yKu;m1 rro CTpoKaM. BBO,ll;RTCR 

,n;Ba HOBbIX IIOH51TH51: rromITHe corrp51)KeHHOro rrpocTpaH­

CTBa H cl>aKToprrpocTpaHCTBa. (Mx 6bIJIO CJIO)KHO BBeCTH 

paHbIIIe.) 8TH IIOH51TH51 6y,n;yT HrpaTb peIIIaIOrn;yIO pOJib 

B ,LJ;aJibHeHIIIeM1 . 

Bne,n;eHHe 

MbI y)Ke ,n;oBOJihHO rro,n;po6Ho H3Y"IHJIH ,n;ByMepHoe rrpocTpaHCTBO. Ho 

rrpH 3TOM paccMaTpHBaJIHCh TOJihKO ,n;Be KOHKpeTHhie Mo,n;eJIH. BeK­

TOpHoe rrpOCTpaHCTBO v 6hIJIO JIH6o MHO)KeCTBOM rrepeMern;eHHH B 

a<Pcl>HHHOH rrJIOCKOCTH, JIH6o 3TO 6hmo rrpocTpaHCTBO JR2 - MHO)KeCT­

Bo yrropR,n;oqeHHhIX nap Bern;ecTBeHHhIX "IHCeJI. BBo,n;H Koop,n;HHaThI, 

1B rraparpacl>e 10.9 aBTOphI BhIXO,ll;HT 3a rrpe,n;eJihI mrneii:Hoii: anre6pb1 H ,n:oKa-
3bIBaIOT Ba)frnyIO TeopeMy o JIOKaJihHOii: cTpyKType .n;mpcpepemi;HpyeMoro oTo6-
pa2KeHHH. - llpu.M. pea. 
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Mbl MOrJIH OTO)K,ll;eCTBHTb mo6oe ,ll;ByMepttoe rrpocTpaHCTBO c rrpo­

CTpaHCTBOM JR2
' B KOTOpOM JIHHeiittoe rrpeo6pa30BaHHe rrpe,n;cTaBJI5I­

JIOCb MaTpHu;eii 2 x 2. 
Ceiiqac MbI ttaqtteM H3yqeHHe rrpoH3BOJibttoro BeKTopttoro rrpo­

CTpaHCTBa B a6cTpaKTHOM BH,n;e c aKCHOMaTHqecKOH TOqKH 3peHH5I. 

IlpeHMyrn;ecTBO TaKoro rro,n;xo,n;a COCTOHT B TOM, qTQ Mbl CMo:>KeM pac­

CMaTpHBaTb BeKTOpHbie rrpocTpaHCTBa, KOTOpbie He orrpe,n;eJI5IIOTC5I 

HH qepe3 reoMeTpHqecKHe IIOH5ITH5I, HH KaK MHO)KeCTBO Ha6opoB H3 

n Bern;ecTBeHHhIX qHcen. 0Ka)KeTC5I, qTo TaKoe BeKTOpttoe rrpocTpaH­

CTBO, co,n;ep)Karn;ee TOJihKO KOHeqttoe qifCJIO .11,U'HeU'/-W tteaaBUCU.M'btX 

3JieMeHTOB, MO)KeT 6bITb OTO)K,ll;eCTBJieHO c rrpOCTpaHCTBOM !Rn ,ll;J15I 

tteKoToporo u;enoro qifcJia n, TaK qTo B KotteqttoM cqeTe MhI BeptteMC5I 

K H3yqeHHIO rrpocTpaHCTBa !Rn H HCIIOJib30BaHHIO MaTpHu; ,ll;J15I OIIH­

caHH5I JIHHeiitthIX rrpeo6pa3oBaHHii. B rrocne,n;yrorn;eM tta,n;o Bee BpeM5I 

HMeTb B BH,ll;y H3BeCTHYIO ,n;ByMepttyro reoMeTpHqecKylO MO,ll;eJib BeK­

TOpHoro rrpOCTpaHCTBa, qT06bI HaIIOMHHaTb ce6e, qTQ IIOCJie,n;yrorn;He 

aKCHOMhI H orrpe,n;eneHH5I BIIOJIHe pa3yMHhI. O,n;ttaKo, MhI crreu;HaJihHO 

6y,n;eM ,n;aBaTb rrpHMepbl BeKTOpHbIX rrpocTpaHCTB 6e3 reoMeTpHqe­

CKOro co,n;ep*aHH5I. TaKHe BeKTOpHhie rrpocTpaHCTBa 5IBJI5IIOTC5I qa­

CThlO ecTeCTBeHHOro MaTeMaTHqecKoro 5I3hIKa B pa3JIHqHhIX o6Jia­

CT5IX <i>H3HKH, oco6eHHO B 3JieKTpOMarHHTHOH TeOpHH H KBaHTOBOH 

MexaHHKe. 

10.1. CBoiicTBa BeKTOpHhIX rrpocTpaHCTB 

HaqtteM c rroBTopeHH5I octtoBHhIX orrpe,n;enettHii. 

BeKTOpttoe rrpocTpattCTBO V, Httor,n;a Ha3hIBaeMoe JIHHeiitthIM rrpo­

CTpattcTBOM, COCTOHT H3 3JieMeHTOB - BeKTOpOB, ,ll;JIR KOTOpbIX crrpa­

Be,ll;JIHBbl pa,n; aKCHOM. 8TH rrpocTpaHCTBa 6y,n;eM o6o3HaqaTh 3arJiaB­

HhIMH 6yKBaMH, ttarrpMep, V, W*, C1, a HX 3JieMeHThI - CTpoqtthIMH 

6yKBaMH )KHpHbIM mpH<i>ToM, HarrpHMep, v, W2, b1 . 

B BeKTopttoM rrpocTpaHCTBe V BBO,ll;HTC5I rrpaBHJio, cornactto KO­

TopoMy JII06bIM ,ll;BYM 3JieMeHTaM V1 H V2 CTaBHTC5I B COOTBeTCTBHe 

TpeTHH 3JieMeHT v, Ha3bIBaeMhIH HX cy.M.MOU H o603HaqaeMhIH V1 +v2. 

8Ta orrepau;Ha y,n;oBJieTBOp5IeT TeM )Ke aKCHOMaM, qTo H CJIO)KeHHe 

Bern;eCTBeHHhIX qHceJI: 
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KoMMyTaTHBHhI:ii 3aKOH: 

(10.1) 

Accoa;u:aTHBHhI:ii 3aKoH: 

(10.2) 

Cym;ecTBOBaHHe HYJISI: cy:rn;ecTByeT TaKo:i:t 3JieMeHT 0, qTo 

v + 0 = v M.H Bcex v. (10.3) 

Cym;ecTBOBaHHe npoTHBOilOJIO>KHoro: ,IJ;JI.H mo6oro v cy:rn;ecTBy­

eT TaKo:l:i 3JieMeHT -v, qTQ 

-v+v = 0. (10.4) 

B HeKoTophrx cnyqa.Hx cJI02Kem1e orrpe.n;eJrneTc.H rrp.HMO qepe3 CJI0-

2KeHHe Be:rn;eCTBeHHbIX 'iHCeJI, 1103TOMY cpa3y 6hIBaeT .HCHO, 'ITO 3TH 

aKCHOMhI BhIIIOJIH.HIOTC.H. HarrpHMep, B rrpocTpaHCTBe JR2 MhI orrpe.n;e-

JI.HeM 

( :~) + ( ~~) = ( :~ : ~~) . 
AHanorH'IHO, M02KHO paccMaTpHBaTh ,n;ByMepHoe BeKTOpHoe rrpo­

CTpaHCTBO Bcex <i>YHKIJ;HH, orrpe.n;eneHHbIX Ha ,IJ;BYXToqeqHQM MH0-

2KeCTBe {A, B}, r.n;e cJI02Kem1e orrpe.n;en.HeTc.H oT,n;eJihHO ,IJ;JI.H Ka)K,II;oii 

ToqKH, T. e. h = f + g - <i>YHKIJ;H.H, 06na.n;a10:rn;a.H CBOHCTBaMH 

h(A) = f(A) + g(A), 

h(B) = f(B) + g(B). 

B Ka'ieCTBe e:rn;e o.n;Horo rrpHMepa paccMOTpHM rrpocTpaHCTBO Bcex 

HerrpepblBHbIX <i>YHKIJ;HH Ha 0Tpe3Ke [O, 1], r.n;e TaK2Ke CJI02KeHHe onpe­

.n;eJI.HeTC.H OT,n;eJihHO ,IJ;JI.H Ka)K,II;oii TO'IKH. EcnH f H g - 3JieMeHThI 

3TOro npocTpaHCTBa, TO HX cyMMOH 6y.n;eT <i>YHKIJ;H.H h, 3a,n;aBaeMa.H 

<l>opMynoii h(x) = f(x) + g(x). B 3TOM cnyqae Ba2KHO OTMeTHTh, qTQ 

,IJ;JI.H JII06bIX f H g cyMMa h 6y.n;eT TaK2Ke HerrpepbIBHOH <i>YHKIJ;Heii H 

1103TOMY rrpHHa,IJ;Jie2KHT BeKTOpHOMY rrpOCTpaHCTBy . 

.HcHO, 'ITO BO Bcex 3THX rrpHMepax HyJieBOH 3JieMeHT H rrpOTH­

BOIIOJI02KHbIH 3JieMeHT cy:rn;eCTByIOT H e,n;HHCTBeHHbI. '.:ho BepHO )l;Jl.H 
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mo6oro BeKTOpHoro rrpocTpaHCTBa, 'ITO JierKo ,IJ;OKa3hIBaeTCH, HCXO,IJ;H 

H3 rrpHBe,n;eHHhIX aKCHOM. LJ:1ITaTemo rrpe,n;ocTaBJIHeTCH B03MO)KHOCTh 

c,n;eJiaTb 3TO caMOCTOHTeJibHO. 

B BeKTopHoM rrpocTpaHCTBe ,II;OJI)KHa 6bITh orrpe,n;eJieHa ern;e o,n;Ha 

orrepau;ttH: yMHO)KeHHe BeKTopa Ha CKaJIHp. B 3Toil: rJiaBe MhI Bce­

r,n;a 6y,n;eM C'IHTaTh, 'ITO CKaJIHp - Bern;eCTBeHHOe 'IHCJIO. Ilo3TOMY 

BeKTOpHoe rrpocTpaHCTBO 6y,n;eT eew,ecmeeHH'bt,.M, ee'K:mopH'btM npo­

cmpaHcmeoM. Ilo3,n;Hee paCCMOTpHM KOMIIJieKCHhie BeKTOpHbie rrpo­

CTpaHCTBa, B KOTOpbIX 3JieMeHThl MoryT YMHO)KaThCH Ha KOMIIJieKC­

Hhie 'IHCJia. II B 3TOM cJiyqae ,II;OJI)KHhI 6bITh crrpaBe,IJ;JIHBhI aKCHOMhI 

o6hI'IHOro YMHO)KeHHH, a HMeHHO: eCJIH C1 H c2 - CKaJIHphI, a V1 H 

V2 - BeKTOphI, TO crrpaBe,IJ;JIHBhl 

Acco:u;HaTHBHhIH 3aKOH: 

,Ll;HcTpH6yTHBHhie 3aKOHbl: 

(ci + c2)v = c1v + c2v, 

c(v1 + v2) = cv1 + cv2. 

YMHO:>KeHHe Ha 1 ,n;aeT TO:>K,n;ecTBo: 

lv = v ,IJ;JIH Bcex v. 

(10.5) 

(10.6) 

(10.7) 

IIocKOJihKY aKCHOMhI CJIO)KeHHH H YMHO)KeHHH Ha CKaJIHp B BeK­

TOpHoM rrpocTpaHCTBe TO'IHO TaKHe )Ke, KaK H B apmpMeTHKe, TO 

B BeKTOpHOH aJire6pe coxpaHHIOTCH Bee apmpMeTH'IeCKHe CBOHCTBa. 

0HH JierKo ,n;oKa3hIBaIOTCH, ttcxo,n;H H3 aKcHoM. Htt)Ke rrpHBO,II;HTCH rre­

pe'IeHh 3THX cBoil:cTB. IIo,n;yMail:Te H rrocTapail:TeCh ,n;oKa3aTh HX, TaK 

KaK B orrpe,n;eJieHHHX OHH He co,n;ep)KaTCH. 

(a) O·v=O. 
(b) c·O=O. 
(c) (-c)·v=-(c·v)=c·(-v). 
(d) v+v=2v, v+v+v=3v, HT.,n;. 

(e) EcJIH a· v = 0, To JIH6o a= 0, JIH6o v = 0. 
(f) -(v+w)=-v+(-w). 
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10.2. ,IljaJibHOe rrpOCTpaHCTBO 

,ll,Jrn BbI6paHHOro BeKTOpHoro rrpOCTpaHCTBa v MO)KHO pacCMOTpeTb 

MHO)KeCTBO Bcex Jl,U'HeU'H'btX rfiyn'K:'IJ,UU M3 V B JR. Ceii'Iac MhI rroKa)KeM, 

'ITO OHM o6pa3JIOT BeKTOpHOe IIpOCTpaHCTBO, Ha3hIBaeMOe ayaJl,'b'H'bl.M 

npocmpancm6o.M, conpR;)!Ce'H'H'bt.M K rrpocTpaHCTBY V, M o6o3Ha'!ae­

Moe V*. 9JieMeHThI 9Toro rrpocTpaHCTBa 6y,n;eM o6o3Ha'IaTh rpe'Ie­

CKMMM 6yKBaMM )KMpHhIM IIIPMcPTOM M ,n;oroBOpMMC51 IIMCaTb y HMX 

MH,n;eKChI cBepxy, B OTJIM'IMe OT aJieMeHTOB rrpocTpaHCTBa V. TaKMM 

o6pa30M, V1, V2, ... - 9JieMeHThl rrpOCTpaHCTBa v, a o:1
, o:2

' ... -

aJieMeHThI rrpocTpaHCTBa V*. ,ll,eiicTBMe 3JieMeHTa M3 V* Ha aJieMeHT 

M3 V 6y,n;eM o603Ha'IaTh o:[v]. 
CyMMY ,n;Byx aJieMeHTOB npocTpaHCTBa V* orrpe,n;eJIMM KaK ,Il;JI51 

cPYHKIJ;HH, T. e. ,Il;Jl51 JII06oro v E v IIOJIO)KMM ( o:1 + o:2
) [v] = o:1 [v] + 

o:2 [ v]. IlocKOJlhKY CJMMa JIMHeHHbIX cPYHKIJ;MH - TO)Ke JIMHeHHa51 

cPYHKIJ;MH, o:1 + o:2 51BJI51eTC51 aJieMeHTOM rrpocTpaHCTBa V*. JlerKo 

BM,}];eTh, 'ITO BCe aKCMOMbl CJIO)KeHM51 (10.1)-(10.4) BblIIOJIH5IIOTC5I; 

HyJieBbIM aJieMeHTOM V* 6y,n;eT HyJieBa51 cPYHKIJ;M51, KOTopaH, KOHe'IHO, 

JIMHeiiHa. AHaJIOrM'IHO orrpe,n;eJI51eTc51 yMHO)KeHMe Ha CKaJIHp: 

(co:)[v] = c(o:[v]). 

O'IeBM,Il;HO, 'ITO co: - JIMHeiiHaH cPYHKIJ;HH, M 'ITO ,Il;JI51 BBe,n;eHHOii 

TaKMM o6pa30M orrepan;MM YMHO)KeHM51 Ha CKaJI51p BhlIIOJIH5IIOTC51 BCe 

aKCMOMhI JMHO)KeHM51. 

IlpMBe,n;eM HeCKOJlhKO O'IeHh pa3HblX rrpMMepOB orrpe,n;eJieHM51 3Jie­

MeHTOB ,Il;YaJibHOro rrpocTpaHCTBa. 

1. IlyCTb v - ,Il;ByMepHoe rrpOCTpaHCTBO JR2 . 9JieMeHThl 3TO-

ro rrpocTpaHCTBa o6o3Ha'IeHhI v = ( ~) . Tor,n;a MO)KHO C'IMTaTh, 

'ITO 3JieMeHTaMM rrpocTpaHCTBa V* 6y,n;yT BeKTop-cTpOKM. HarrpM­

Mep, o: =(a, b), rrpM'IeM o:[v] = (a, b) ( ~) =ax+ by. 

2. IlyCTh v - rrpocTpaHCTBO Bcex cPYHKIJ;MH MHO)KeCTBa, COCT0-

51IIJ;ero M3 ,n;Byx 9JieMeHTOB {A, B}. Tor,n;a rrpaBMJIO o:A : V ~ JR 
rrpMrrMchrnaeT Ka)K,Il;oMy aJieMeHTY f E V ero 3Ha'IeHMe Ha aJieMeH­

Te A, T.e. o:A[f] = f(A) 6y,n;eT aJieMeHTOM MHO)KeCTBa V*. B 3TOM 

cJiy'Iae o6ID;Mii BM,Il; 3JieMeHTa M3 V* MO)KHO 3arrMcaTh B <l>opMe 

o:[f] = af(A) + bf(B) 
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,n;Jrn rrpoH3BOJihHhIX a H b. B 3TOM rrpHMepe HHTepecHo To, qTo MbI 

H,IJ;eHTHqmu;ttpoBanH Ac aA H B c aB. Bb1proKeHtte aA+bB 6eccMhIC­

neHHO, a Bbipa)KCHHe aaA + baB orrpe,n;en.HeT 3JICMCHT rrpOCTpaHCTBa 

V*. TaKHM o6prooM, MhI rronrrnnH rrpou;e,n;ypy, CB.H3bIBaroiu;yro BeK­

TopHoe rrpocTpaHCTBO c JII06hIM KOHeqHbIM MHO)KCCTBOM TaK, qT06hI 

Bee 3JICMCHTbl MHO)KCCTBa CTaJIH BCKTopaMH. ,ll;n.H 3TOI'O Ha,n;o B351Tb 

,IJ;yMbHOe rrpocTpaHCTBO K rrpOCTPaHCTBY cPYHKD;HH Ha 3TOM MHO)Ke­

CTBe. TaKa.H KOHCTpyKD;H.H OKa3hIBaeTC5I oqeHb IIOJI€3HOH B TeopHH 

aneKTpHqecKHX u;erre:H. 

3. IlyCTb v - rrpocTpaHCTBO ,ll;HcP<l>epettu;HpyeMbIX cPYHKD;HH f(t) 
Ha OTpe3Ke [O, l]. Tor,n;a Bee BhIIIHCaHHhie Htt)Ke OTo6pa)KeHtt.H 6y,n;yT 

aneMeHTaMH rrpocTpaHCTBa V*: 

a : f 1--+ f(O), 

f3: f 1--+ f'(O), 

, : f I-+ fo 1 

f(t) dt, 

~ : f I-+ fo 1 

tf(t) dt, 

c f1-+f(~)+r'(~)+ 1;~
3

tf(t)dt. 

10.3. IIo,n;rrpocTpattcTBa 

1IacTO BCKTOpHoe rrpocTpaHCTBO w 5IBJI5ICTC5I qaCTblO 60JihIIIero BCK­

TOpHoro rrpocTpaHCTBa V, rrpHqeM rrpou;e,n;yphI CJIO)KCHH.H H YMHO)Ke­

HH.H Ha CKan.Hp orrpe,n;eneHbI B HHX O,IJ;HHaKoBo. IIocKOJihKY H3BeCTHo, 

qTO v Y,IJ;OBJICTBOp.HeT BCeM aKCHOMaM BCKTOpHoro rrpocTpaHCTBa, TO 

HeT Heo6xo,n;HMOCTH rrpoBep.HTb HX ,IJ;JI.H w. 1ITo6bI IIOKa3aTh, qTo rro,n;­

rrpocTpaHCTBO w 5IBJI5ICTC5I BCKTOpHblM rrpocTpaHCTBOM, ,ll;OCTaToqHO 

,IJ;OKa3aTb, qTo w 3a.Mr;;'Hymo no OTHOIIIeHHIO K orrepau;tt.HM CJIO)KCHH.H 

H yMHO)KeHtt.H, T. e. qTo cyMMa ,IJ;Byx nro6hIX aneMeHTOB w1, w2 E W, 
paBHa.H W1 + W2, 5IBJI5ICTC5I 3JICMCHTOM w, H ,ll;Jl.H rrpOH3BOJibHOro Be­

ru;ecTBCHHOro qHcna c H nro6oro w E W aneMeHT cw rrpHHa,n;ne)KHT 

W. B qacTHOCTH, HyneBo:H BeKTOp ,IJ;OJI)KeH 6bITh aneMeHTOM W. 
Ha rrpaKTHKe rro,n;rrpocTpaHCTBO 06b1qHo orrpe,n;en.HeTC.H O,IJ;HHM H3 
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,D;Byx MeTO,ll;OB: KOHKpeTH3HpyeTC.H HeKOTOpoe MHO)KeCTBO 3JieMeHTOB 

H3 V, JIH6o MHO)KeCTBO 3JieMeHTOB H3 V*. 

MeTo,a; 1. IlycTh w1, w2, ... , Wk - BeKTOphI B rrpocTpaHCTBe V. 
Tor,n;a MHO)KeCTBO W Bcex JIHHeHHhix KOM6HHa:u;n:H BH,n;a 

k 

W = 2::.: CiWi 

i=l 

o6pa3yeT IIO)I.IIpOCTpaHCTBO rrpocTpaHCTBa v. (KoHe<-IHO, 3TO MO)KeT 

6bITb ll Bee rrpocTpaHCTBO v.) 
MeTo,a; 2. IlycTh o: 1 , o:2 , ... , o:k - 3JieMeHThI V*. Tor,n;a MHO)KeCTBO 

W 3JieMeHTOB v E V, y,n;oBJieTnop.HIOIIJ;HX ycJIOBH.HM 

o:1 [v] = 0, 

o:2 [v] = 0, 

o6pa3yeT rro,n;npOCTpaHCTBO rrpocTpaHCTBa v. '.:ho ,ll;OKa3hIBaeTC.H 

O'IeHh npOCTO. IlycTb W1 ll W2 - ,n;na neKTOpa ll3 MHO)KeCTBa w. 
Tor,n;a ncJie,n;cTBHe JIHHe:ifHOCTH cPYHK:u;n:H o:1

, o:2 , . . . MhI noJiyqaeM 

TaK 'ITO w1 + w2 E W. To'IHO TaK )Ke, ecJIH w E W, TO 

cJie,n;onaTeJihHO, cw E W. TaKHM o6pa3oM, MhI noKa3aJIH, 'ITO MHO­

)KeCTBO w 3aMKHYTO no OTHOIIIeHHIO K orrepa:a;H.HM CJIO)KeHH.H ll YMHO­

)KeHH.H Ha CKaJI.Hp, T. e . .HBJI.HeTC.H rro,n;npocTpaHCTBOM. (KoHe'IHO, 3TO 

MO)KeT 6hITb { 0} - HyJieBoe rro,n;npocTpaHCTBO, COCTO.HIIJ;ee ll3 e,n;nH­

CTBeHHoro 3JieMeHTa - HyJienoro BeKTopa.) 

XopOIIIO H3B€CTHhIH npnMep rrpnMeHeHH.H 3THX ,n;nyx MeTo,n;on ,n;a­

eT IIOCTpOeHHe IIJIOCKOCTH, rrpOXO,ll;.HIIJ;eH qepe3 Ha'IaJIO KOOp,D;HHaT B 

rrpocTpaHCTBe JR3 . CorJiacHo MeTo,n;y 1, nJIOCKOCTh 3a,n;aeTC.H ,D;BYM.H 
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BeKTOpaMII, HarrplIMep, 

m·m IIJIII 

CorJiacHo MeTo.zzy 2, IIJIOCKOCTh orr1IcbrnaeTC5I JIIIHell:HbIM ypaBHeHII­

eM, Harrp1IMep, 

2x - 2y + z = 0, 

KOTOpoe COOTBeTCTByeT a[w] = 0, r.n;e 

a~(2,-2,1) H w~ m 
PaccMOTplIM e1IIe O,Il;IIH rrp1IMep: rrpocTpaHCTBO V o6p830BaHo 

MHO)KeCTBOM IIOJIIIHOMOB, CTerreHb KOTOpbIX :::; 2. 9JieMeHT 3TOro MHO­

)KeCTBa IIMeeT BII,Il; 

f ( t) = a + bt + ct2
. 

CorJiacHo MeTo.zzy 1, B KaqecTBe o,n;HoMepHoro rro,n;rrpocTpaHCTBa W 
MO)KHO paCCMaTplIBaTb rrpocTpaHCTBO Bcex IIOJIIIHOMOB, IIMeIOIIIIIX 

BII,Il; yMHO)KeHHOH Ha mo6y10 KOHCTaHTY cpyHKlllIII 1 - t 2 . CorJiac­

HO MeTO,lzy 2, 3TO )Ke rro,n;rrpOCTpaHCTBO MO)KHQ orrpe,n;eJIIITb ,Il;BYMR 

YCJIOBII5IMII 

f(l) = 0 II f(-1) = 0, 

IIJIII, 6oJiee 3aMaCK1IpOBaHHO, ycJIOBII5IMII 

f'(O) = 0 II 1../3 f(t) dt = 0. 

10.4. Pa3MepHOCTh 11 6a3HC 

LIT06b1 ,Il;BIIraTbCR ,Il;aJihIIIe B II3yqeHIIII BeKTOpHbIX rrpocTpaHCTB, HaM 

Heo6xo,n;IIMbl IIOH5ITII5I JIIIHeHHOH 3aBIICIIMOCTII II JIIIHeHHOH He3a­

BIICIIMOCTII Ha6opa BeKTOpOB. I'oBOp5IT, qTQ MHO)KeCTBO BeKTOpOB 
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{ V1' V2' ... ' Vk} JtUHeU'H,O 3a6UCUMO, ecmr cyrn;eCTBYIOT TaKHe Bern;e­

CTBeHHhie 'IHCJia .X1, .X2, ... , Ak, He Bee paBHhie HYJIIO, 'ITO 

Ecmr 3TO paBeHcTBO BhIIIOJIHHeTCH TOJihKO ,II;JIH .X1 = .X2 = · · · = Ak = 
0, TO TaKoe MHO)l(eCTBO BeKTOpOB /tU'/-1,eU'H,O He3a6UCUMO. 

IlpHBe,n;eM HeCKOJihKO rrpMMepoB, MJIJIIOCTpMpyrorn;rrx 3TM Ba)l(Hhie 

IIOHHTHH. 

1. IlycTh V - rrpocTpaHCTBO ffi.3 . PaccMOTpMM 

BeKTOphr, o6p83yrorn;rre Ha6op { v1, v2, v3}, JIHHeii:Ho 3aBMCMMhI, rro­

TOMY 'ITO 

c ,n;pyroii: CTOpOHhI, Ha6op BeKTOpOB { V1' V2} JIMHeii:HO He3aBMCHM, 

IIOTOMY 'ITO 

QqeBH,IJ;HO, 'ITO pe3yJihTHpyrorn;rrii: BeKTOp paBeH HYJIIO, TOJihKO ecJin 

.X1 = 0 Ii .X2 = 0. 
2. IlycTh V - rrpocTpaHCTBO cPYHKI1Hii: Ha oTpe3Ke [O, 27r]. Pac-

CMOTpHM 

v1 = cos
2 t, . 2 t V2 = Slll , v3 = cos2t. 

9TOT Ha6op JIMHeii:HO 3aBHCHMhIH, IIOTOMY 'ITO V1 - V2 - V3 = 0. 
3. IlycTh V - rrpocTpaHCTBO cPYHKI1Hii: Ha MHO)l(eCTBe {A, B}. 

PaccMoTpnM 

fi(A) = 1, 

h(A) = 2, 

h(A) = -3, 

fi(B) = 2, 

h(B) = -3, 

h(B) = 1. 
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<l>yHKu;IUI 3Toro Ha6opa mrneiiHO 3aBHCHMhI, ITOTOMY qTo f1 +f2+f3 = 
0 ( T. e. Mhl rroJiyqmrn HyJieByIO <i>YHKU,HIO). 

4. IlycTh V - rrpocTpaHCTBO rroJIHHOMOB cTerreHH :S 2. PaccMOT­

pHM cJie.n:y10111,He 3.JieMeHThI rrpocTpaHCTBa V*: 

a: f---+ 1: tf(t) dt, 

/3 : f ---t f' (0). 

HarrHcaB f(t) =A+ Bt + Ct2, MhI rroJiyqHM 

1
2 16 

a[f] = (At+ Bt2 + Ct3) dt = -B 
-2 3 

H 

/3[f] = B. 

C.11e,n;oBaTeJihHO, (a - ~ f3) (f] = 0, H Ha6op BeKTOpoB {a, /3} .JIH-

HeHHO 3aBHCHM. 

lfa rrpHBe,n;eHHhlX rrpHMepoB, BepOHTHO, CTaJIO IlOHHTHhIM, qTo 

cy111,eCTBYIOT CHTyau,HH, KOr,n;a He oqeBH,ll;HO, HB.JIHeTCH Jill HeKOTOpbIH 

Ha6op BeKTOpOB JIHHeHHO 3aBHCHMhIM HJIH HeT. Ilo3TOMY Mhl ,ll;OJl)KHhl 

pa3pa6oTaTh rrpou,e.n:ypy HCCJie,n;oBaHHH 3Toro Borrpoca. 

Mh1 roBopHM, qTo rrpocTpaHCTBO V 1tam.Ft1tymo Ha MHO)KeCTBO 

BeKTOpOB {v1, v2, ... 'vk}, ecJIH v COCTOHT H3 BeKTOpOB, KOTOpbie 

MO)KHO 3aITHCaTh KaK .JIHHeiiHyIO KOM6HHaU,HIO 2:~=1 µivi· (Ha6op 

BeKTOpOB {v1, v2, ... 'vk} MO)KeT 6bITh .JIHHeHHO 3aBHCHMhIM, HO TOr­

,n;a Ko3<i:><i:>Hu,HeHThI µi, µ2, ... , µk orrpe,n;eJieHhI Heo,n;H03HaqHo.) Pac­

CMOTpHM CJie.n:y10111,He rrpHMepbI. 

1. IlycTb v - rrpocTpaHCTBO ffi.3 . QqeBH,]];HO, qTo Ha6op BeKTOpOB 

{G).G).G)} 
uopolK,!(lWT npoCTPaIIC-£BO JR3

, IT OTO My ~TO mo6oli 3RCMCH'f ( ~:) 
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3TOro rrpocTpaHCTBa M0)K€T 6hITb 3aIIHCaH B BM,n;e 

MeHee oqeBM,Il;HO, qTo Ha6op BeKTopoB 

TO)Ke rropO)K,Il;aeT rrpOCTpaHCTBO JR3' a BOT Ha6op 

rrpOCTpaHCTBO JR3 He rropo)K,Il;aeT. 

2. IlycTb v - rrpOCTpaHCTBO cPYHKI!Hll f(t) Ha HHTepBa.rre [O, oo), 

y,n;oBJieTBOpHIOIIIHX ,n;H<P<PepeHI!Ha.JihHOMy ypaBH€HMIO 

f" + 3f' + 2f = 0. 

BeKTOpbI e-t M e-2t rropo)K,Il;aIOT rrpocTpaHCTBO V, rroTOMY qTo o6IIIee 

perneHMe ypaBHeHMH HMeeT BH,Il; 

f(t) = Ae-t + Be-2t. 

3. IlyCTh v - rrpOCTpaHCTBO cPYHKI!Hll BM,n;a f(t) 
Tor.n;a BeKTOphI 

a : f --t f(O), 

f3 : f --t J_
1

1 tf(t) dt 

a[f] =A, 

11 2 
{3[f] = (At+ Bt4

) dt = -B. 
-1 5 

A+ Bt3 . 
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0,ri;HaKo mo6oii 3JieMeHT 'YE V* ,ri;omKeH HM€Th BH,ri; 1[f] = aA + bB, 
5 

r,ri;e a H b - HeK0Toph1e rrocTOHHHhle. TaKHM o6pa30M, / = aa + 2.b{3, 

a H {3 orrpe,ri;eJIHIOT rrpocTpaHCTBO V*. 
IIycTh v1, v2, ... , Vn - KOH€'fHhIH JIHH€HHO He3aBHCHMhIH Ha6op 

B€KTOpOB, rropO)K,IJ;aIOm;nx B€KTOpHoe rrpocTpaHCTBO v. qHCJIO B€K­

TOpOB n Ha3hIBaeTCH pa3Mep1-tOCm'b'tO rrpocTpaHCTBa v. qT06b1 ycTa­

HOBHTh, 'ITO pa3M€pHOCTb orrpe,ri;eJIH€TCH O,IJ;H03Ha'fHO, T. e. 'ITO BC€ 

TaKHe Ha6oph1 ,IJ;JIH ,ri;aHHOro rrpocTpaHCTBa co,ri;ep)KaT O,IJ;HHaKOBOe KO­

JIH'f€CTBO 3JI€M€HTOB, Mhl ,IJ;OJI)KHhl ,IJ;OKa3aTh CJI€,IJ;yIOIIzyIO TeopeMy. 

TeopeMa. Ilycm'b Ha6op 6e'K:mopo6 v1, v2, ... , vk nopo;JtCdaem 
6e'l\,mopHoe npocmpaHcmeo V. To2da /t106ou Ha6op k + 1 eeK:mopoe 
6 :JmoM npocmpaHcmee V /tUHeuHo 3aeucuM. 

TeopeMy 6y,ri;eM ,IJ;OKa3hIBaTh rro HH,IJ;yKI.J;HH: cHaqana rrpoBepHM 

ee ,IJ;JIH k = 1, IIOTOM IIOKa)KeM, 'ITO €CJIH TeopeMa BepHa ,IJ;JIH rrpo­

CTpaHCTBa, HaTHHyToro Ha k - 1 B€KTOp, TO OHa crrpaB€,IJ;JIHBa H ,IJ;JIH 

rrpocTpaHCTBa, HaTHHYTOro Ha k B€KTOpOB. 

ll TaK, rrycTh k = 1. TeopeMa B 3TOM cnyqae yTB€p)K,IJ;aeT, 'ITO 

€CJIH v HaTHHYTO Ha O,IJ;HH B€KTOp v' TO JII06hl€ ,IJ;Ba B€KTOpa B 3TOM 

rrpocTpaHCTB€ v JIHH€HHO 3aBHCHMhl. ,II,eii:CTBHT€JihHO, paCCMOTpFIM 

,ri;Ba TaKFIX BeKTopa w1 n w2. TaK KaK v rropo)K,IJ;aeT rrpocTpaHCTBO V, 
TO cym;eCTBYIOT TaKH€ Bem;ecTB€HHhl€ 'fHCJia µi H µ2, 'ITO W1 =µiv 
H w2 = µ2v. Tor,ri;a O'f€BH,IJ;Ho, 'ITO 

OTKy,ri;a CJI€,IJ;yT JIHH€HHa.H 3aBFICHMOCTb B€KTOpOB W1 H W2. 2 

Terreph npe,ri;rroJio)KHM, 'ITO TeopeMa BepHa ,ri;mi: mo6oro Ha6o­

pa k BeKTopoB B rrpocTpaHCTBe, HaTHHYTOM Ha k - 1 BeKTop. Pac­

CMOTpHM Ha6op k + 1 BeKTOpOB {w1, ... 'Wk+l} B rrpocTpaHCTBe, 

orrpe,ri;eneHHOM BeKTOpaMH v 1, ... , vk. Mhl MO)KeM HarrucaTh w 1 = 
anv1 + ai2V2 + ... + aikvk, IIOTOMY 'ITO B€KTOpbl {vi} IIOpO)K,IJ;a­

IOT rrpocTpaHCTBO V. EcnH w1 = 0, TO rw1 = 0, r,ri;e r # 0, ,ri;aeT 

H€TpllBllaJihHYIO CBH3h M€)K,IJ;y B€KTOpaMH Wi, H Tor,ri;a BC€ ,IJ;OKa3a­

HO. Ilo3TOMY rrpe,ri;rroJIO)KHM, 'ITO w 1 # O. B 3TOM cnyqae MO)KHO 

2
0rrpe,n;eJiemi:e mrneliHOH 3aBHCHMOCTH BeKTOpOB {w1, w2} Tpe6yeT, 'IT06br ITO 

KpaliHeii: Mepe O,D;HO H3 'IHCeJI µi, µz He paBHHJIOCh HYJIIO. Ha cJiyqae µi = µ2 = 0 
aBTOphI He ocTaHaBJIHBaIOTCH. MmKHO rropeKOMeH,n;OBaTb 'IHTaTeJIIO paccMoTpeTh 

ero B Ka<JeCTBe caMOCTOHTeJihHOro (oqeHh rrpocToro) yrrpruKHeHHH. - IlpUM. pea. 
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yrrop51:,r1;oqrrTh BeKTOpbI v1, v2, ... , vk TaK, 'ITO au =I= 0. Tor.n;a 

,ll;aJiee, rryeTh 

MmKHo HarrrreaTb paBeHCTBO 

a31 
AHaJiorH'!Ho, MO)KHO Bbipa3HTh w3--w1 H T . .n;. qepe3 k-1 BeKTOp 

au 
H3 Ha6opa v2, ... , Vk· Ho MhI rrpe.n;rroJio)KHJIH, 'ITO TeopeMa BepHa ,IJ;JI5I 

k - 1 BeKTopoB. Cne.n;oBaTeJihHO, Ha6op k BeKTopoB 

JIHHeii:HO 3aBHeHM. 9To 3Ha'IHT, 'ITO eyru;eCTBYIOT TaKHe KOHeTaHTbl 

A2, ... , Ak+l, He Bee paBHhie HYJIIO, 'ITO 

=0. 

0TeIO.n;a BbITeKaeT, 'ITO Ha6op BeKTOpOB {w1, W2, ... 'Wk+1} JIHHeHHO 

3aBHeHM, 'ITO H Tpe6oB8JIOeb )];OK33aTb. 

Terreph MhI MO)KeM JierKo rroK33aTb, 'ITO pa3MepHoeTb BeKTopHo­

ro rrpoeTpaHeTBa onpe.n;eJieHa O.IJ;H03Ha'!HO. Ilpe.n;rroJIO)KHM, 'ITO y Hae 

eeTb Ha6op JIHHeHHO He3aBHeHMblX BeKTOpOB {v1, ... 'Vk}, Ha KOTO­

pbIH HaT5IHYTO rrpoeTpaHeTBO V. KpoMe Toro, eeTb eru;e o.n;rrH Ha6op 

{w1, ... 'Wn}, Ha KOTOpbIH TO)Ke HaT5IHYTO 3TO rrpoeTpaHeTBO. l-b 
TOJihKO 'ITO ,IJ;OK33aHHOH TeopeMhI ene.n;yeT, 'ITO n :S k. B rrpOTHBHOM 

eJiyqae BeKTOpbI {w1, ... 'Wn} 6y.n;yT mrneii:HO 3aBHeHMbI. c .n;pyroii: 

eTopotthI, no TOH )Ke TeopeMe, k :S n. Httaqe BeKTOpbI { v1, ... , Vk} 
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6y,nyT JI.HHeiiHo 3aB.HC.HMhI. CJie,n;oBaTeJihHO, k = n, .H mo6o:H KOHeq­

Hhrii Ha6op mrneiiHO He3aBHCHMhIX BeKTOpOB, orrpe,n;emnorn;Hx rrpo­

CTpaHCTBO v' co,n;ep)K.HT o,n;1rnaKOBOe qifCJIO 3JieMeHTOB. ::ho qHCJIO H 

Ha3h1Ba€TCH pa3MepHOCThIO rrpocTpaHCTBa v. 
Ha caMOM ,n;eJie B BeKTOpHOM rrpocTpaHCTBe V, HMe10rn;eM pa3-

MepHOCTh n, JII06o:H tta6op n JIHHeHHO He3aBHCHMhIX BeKTOpOB IIO­

po)K,Il;aeT BTO rrpocTpaHCTBO. ,lJ;eiiCTBMTeJihHO, rrycTh { V1, ... , v n} -
Ha6op JI.HHeHHO He3aBHCMMhIX BeKTOpOB B rrpocTpaHCTBe v' H rryCTh 

w - rrpoH3BOJihHhIH BeKTop, He paBHhIH HYJIIO. Mtto)KeCTBO BeKTopoB 

{w, V1, ... 'Vn}, COCTOHrn;ee MX n + 1 3JieMeHTOB, ,Il;OJI)KHO 6hITh JIM­

HeHHO 3aB.HCHMhIM. CJie,n;oBaTeJihHO, cyrn;ecTBYIOT TaK.He rrocTOHHHhre 

Ao, Ai, ... , An, qTo 

B BTOM Bhrpa)KeHMH KOHcTaHTa Ao He MO)KeT 6hITh paBHa HYJIIO, 

TaK KaK HHaqe BeKTOphI {v1, ... 'Vn} 6y,nyT JIMHeHHO 3aBHCMMhI, qTO 

rrpoTHBopeqMT HaqaJihHOMy rrpe,n;rroJIO)KeHHIO. ITo-aTOMY MO)KHO Ha-

ITH Ca Th 
1 

W = - Ao (>.1v1 + · · · + AnVn)· 

TaK.HM o6pa3oM, rrpOH3BOJihHhIH HeHyJieBoii BeKTop w Bhrpa)KeH KaK 

mrneiiHaH KOM6MHaTI;MH BeKTOpOB { V1' ... ' v n}' rropo)K,Il;aIOrn;Mx rrpo­

CTpaHCTBO. 

JlMH€HHO He3aBMCMMhIH Ha6op BeKTOpOB { V1' ... 'v n}' rropO)K,IJ;a­

IOII1;MH BeKTOpHoe rrpocTpaHCTBO V, aanuca'H,'H/btu 6 onpeae.11,e'H,'H,OM no­

pRa'K:e, Ha3hrnaeTcH 6aauco.M rrpocTpaHCTBa V. TaKHM o6pa3oM, Ha-

6ophr {v1, V2, V3, ... , Vn} H {v2, V1, V3, ... 'Vn} HBJIHIOTCH pa3HhlM.H 

6a3.HCaM.H. 

PaccMoTpHM BeKTOphr w1, ..• , Wk (k < n) B n-MepHOM BeKTOp­

HOM rrpocTpaHCTBe v. MbI BCer,n;a MO)KeM HaHTM BeKTOp Wk+l, KOTO­

phIH He rrp1rna,n;Jie)KHT rro,n;rrpocTpaHCTBY { w1, ••. , wk}· Ilpo,n;oJI)KaH 

3TOT rrpo:o;ecc n - k pa3, Mhl IIOJiyqMM 6a3.HC B rrpocTpaHCTBe v, KO­

TOphIH BKJIIOqaeT BeKTOphr w 1 , .•• , Wk· B qacTHOCT.H, ,IJ;JIH ,n;aHHoro 

BeKTOpttoro rrpocTpaHCTBa V c pa3MepHOCThIO n, co,n;ep)Karn;ero rro,n;­

rrpocTpaHCTBO w c pa3MepHOCThIO k, MhI Bcer,n;a MO)KeM nocmpoum'b 

ma'K:OU 6aauc a.11.R V, "{.mo e20 nep6'bte k 6e'K:mOp06 6yaym 003UCOM 

noanpocmpa'H,Cm6a W. cha rrpo:o;e,nypa Ha3bIBaeTCH pacw,upe'H,Ue.M 6a-

3HCa rro,n;rrpocTpaHCTBa W ,n;o 6a3Mca rrpocTpaHCTBa V. 
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IlycTh B rrpocTpaHCTBe V Bb16paH 633HC {e1, ... , en}· Tor,n;a mo-

6o:ti: 3JieMeHT 3TOrO IIpOCTpaHCTBa MO)KeT 6b1Tb eau'licmee'/i'H/bl.M o6-

p330M 3arrncaH KaK JIHHe:ti:Ha}l KOM6nHaD;H}l 633.llCHblX BeKTOpOB: 

LfFICJia X1' ... ' Xn H33bIBalOTC51 'IW.Mno'lie'lima.Mu BeKTOpa v B ,n;aHHOM 

633nce. Lf To6bI IIOK33aTh e,n;HHCTBeHHOCTb TaKoro p33JIO)KeHH51, ,n;o­
nycTHM, 'ITO v MO)KeT 6bITb 3arrncaH rro-,n;pyroMy: 

IloCKOJibKY 633.llCHbie BeKTOpbl JIHHellHO He3aBHCHMbI, TO 

X1 - Yl = X2 - Y2 = · · · = Xn - Yn = 0, 

'ITO H ,Il;OK33bIBaeT e,n;HHCTBeHHOCTb KOMIIOHeHT BeKTOpa v. 

Ifa CK33aHHOro BH,Il;HO, 'ITO c rroMOID;hIO 633nca B rrpocTpaHCTBe V 
MO)KHO onpe,n;eJIHTh H30MopcpFI3M L rrpocTpaHCTBa V c ~n, IIOJIO)KHB 

1 0 
0 1 

Lv1 = 0 Lv2 = 0 H T. ,II;. 

0 0 

06paTHO, ecJIFI L - TaKo:ti: H30Mopcpn3M, TO Ha6op BeKTopoB 

1 0 
0 1 

V1 = L-1 0 V2 = L-1 0 H T. ,II;. 

0 0 

}lBJI}leTC}l 633nCOM rrpocTpaHCTBa V. TaKHM o6p330M, MhI MO)KeM 

OTO)K,Il;eCTBHTb 633.llC { V1, ... , V n} C COOTBeTCTBYIOID;HM H30MOpcpH3-

MOM L TO'IHO TaK )Ke, KaK MhI ,n;eJiam1 B rJiaBe 1 B ,n;ByMepttoM cJiy'lae. 
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IIycTb L : V --t IRn ll L' : V --t ]Rn - ,ll.Ba 6a3uca B O,ll.HOM 

n-MepHOM rrpocTpaHCTBe v. 
v y ~BL 

]Rn ]Rn 
B 

Tor.rr.a B = L' o L -l - JIHHeiiHbIH H30Mop<l>H3M ]Rn __, ]Rn, T. e. 

o6paTHMaR MaTpHIJ;a n X n. cha MaTpHu;a Ha3bIBaeTCR .Mampuu,eu 
aa.Me'H:bt 6aauca. 

IlyCTb v - BeKTOpHoe rrpOCTpaHCTBO pa3MepHOCTll k' a w -
BeKTOpHoe rrpocTpaHCTBO pa3MepHOCTM l, II rrycTb T : V -t W -
JIMHeHHOe rrpeo6pa3oBaHMe. Ilpe,ll.ITOJIQ)KMM, qTo Mb! BbI6paJIH 6a3HCbl 

B rrpocTpaHCTBax Vu W. Tor.rr.a y Hae ecTb H30Mop<l>n3MbI L: V __, 
JRk u M : W __, JR1, H MbI MO)KeM orrpe.rr.emub oTo6pa)KeHue 

MTL- 1 : IRk -t JR1. 

Bbrpa)KeHue MT L-1 MO)KHO paccMaTpuBaTb KaK MaTpuu;y, y KOTO­

poii l cTpoK u k cToJI6u;oB. Mb1 Ha3brnaeM MT L-1 MaTpuu;eii oTo6pa­

)Kemm T OTHOCllTeJibHO 6a3HCOB L HM II o6o3HaqaeM ee MatL,M(T), 

T.e. 

MatL,M(T) = MTL- 1
. 

9Ta CHTyau;HR MO)KeT 6bITb ll306pa)KeHa Ha ,ll.MarpaMMe 

JRk JRl 
MatL,M(T) 

EcJIM MbI Bb16epeM .rr.pyrue 6a3HCbI: L' = PL B rrpocTpaHCTBe V 
II M' = QM B rrpocTpaHCTBe W, TO 

L'-1 = L-lp-1, TaK qTo M'TL'- 1 = QMTL-1P- 1, 

llJill 

MatL',M'(T) = Q(MatL,M(T))P-1, 

T. e. rroJiyqeHa <l>opMyJia ,ll.JIR 3aMeHbl 6a3HCOB, ll3 KOTopoii Bll,ll.HO, KaK 

MaTpHqHoe rrpe.rr.cTaBJieHHe JIHHeiiHoro rrpeo6pa30BaHHR H3MeHReTCR 

rrpH TaKoii 3aMeHe. 
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10. 5. MaJihHhIH 6a3HC 

IlocTpOllB 683llC BeKTOpHoro rrpocTpaHCTBa v' Mhl MO)KeM rrpllcTy­

ITMTh K ITOCTpoeHHIO oya.Jl,b'H,020 003UCTL ,ll;JUI ,ll;yaJibHOro rrpOCTpaHCTBa 

V*. IlycTh {e1,e2, ... ,en} -683n:c B rrpocTpaHCTBe V. Tor.n;a mo6oil 

BeKTOp v E v MO)KeT 6bITb 3amrcaH e,n;HHCTBeHHbIM o6p830M 

IlycTh a - 3JieMeHT ,n;ya.rrhttoro rrpocTpaHCTBa V*. IlocKOJihKY a -
Jl,U'H,EU'H,aJI, cPYHKlW51 B npocTpaHCTBe v' Mbl MMeeM 

9TO 3HaqllT, qTo O'. ITOJIHOCTblO onpe,n;eJI51eTc51 CBOllMll 3HaqeHll51Mll 

Ha 683RCHhIX BeKTopax { e1, e2, ... , en}. BBe,n;eM B npocTpaHCTBe V* 
CllCTeMy BeKTOpOB E1' ... ' En' 3a,n;aBaeMhIX paBeHCTBaMll 

i = j, 

i 1= j. 

"lfro6hI ,ll;OK83aTb JIMHeHHYIO He3aBRCllMOCTb 3TOM CllCTeMbI, paCCMOT­

pHM I:: AiEi. IlpHMemrn 3TY JIHHefiHyIO cPYHKu;mo K ej, nonyqaeM 

n 

2: AiEi[ej} = Aj. 

i=l 

TaKHM o6p830M, ecnH I:: AiEi 51BJI51eTc51 HyneBbIM 3JieMeHTOM B V*, TO 

Aj = 0 ,JJ,JI51 Bcex j. 9To ,JJ,OK83blBaeT, qTo Ha6op BeKTOpoB { E1 , ... , En} 

JIHHeii:Ho He3aBllCllM. 

,lJ;n51 n106oro 3JieMeHTa a E V* MO)KHO Hann:caTb 

QqeBll,JJ,HO, qTO o6e qacTll 3Toro paBeHCTBa RMelOT O):i;RHaKOBOe 3Haqe­

Hlle )J,Jl51 J1106oro 683llCHOro BeKTOpa ej' T. e. 51BJl51IOTC51 O):i;HllM ll TeM 

)Ke 3JieMeHTOM ,n;ya.rrhHoro rrpocTpaHCTBa V*. 9To ,n;oKa3hrnaeT, qTo 

npocTpaHCTBO V* HaT51HYTO Ha BeKTOphI t:1 , ... , En, KOTOpb1e, KpoMe 

Toro, JIHHeii:HO He3aBHCHMhI. ffa 3Toro cne,n;yeT, qTo npocTpaHCTBO V* 
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HMeeT Ty Me pa3MepHOCTh n, H Ha6op BeKTOpOB { €
1 ' ... ' En} 51BJI51-

eTC51 68.3HCOM B rrpocTpaHCTBe V*. 
9TOT 6a3HC MOMHo HCITOJih30BaTh, qTo6h! H,r:r;eHTHq:mu;HpoBaTh V* 

c rrpocTpaHCTBOM .!Rn*. EcJIH MhI pa3JIOMHM 3JieMeHT a E V* no 

,lJ;YaJihHOMJ 68.3HCY 

TO o6HapyMHM, qTo y.n,o6Ho paccMaTpHBaTh 3JieMeHThl Illn* KaK 

BeKTophr-cTpOKH. Tor,r:r;a a oToM,r:r;ecTBJI.HeTC.H c 6e'K',mopo.M-cmpo'K',OU 
(.A1, .A2, ... , .An)· ilpeHMylll,eCTBO TaKoro o6o3HaqeHH.H B TOM, qTo ,r:r;e:ll­

CTBHe a Ha v OITHChIBaeTC.H o6hJqHhIMH rrpaBHJiaMH YMHOMeHH51 MaT­

pHu; 

BaMHO He 3a6hrnaTh, qTo 3Ta TexHHKa rrpHMeHHMa TOJihKO B cJiy'Iae, 

KOr,r:r;a 6a311c, orrpe.n,eJI.HIOiu;HM cooTBeTCTBHe MeM,n;y V* H .!Rn*, .HBJI5I­

eTC51 ,ll;YaJihHhIM K 68.3Hcy, orrpe,r:r;eJI5IIOiu;eMy COOTBeTCTBHe Me2K,n;y v 
H .!Rn. 

Ilpe,r:r;rroJIOMHM, qTo y Hae ecTh n-MepHoe rrpocTpaHCTBO V u 

k-Mepttoe no,r:r;npocTpaHcTBO W. B npocTpaHCTBe V MhI MOMeM BhI-

6paTh TaKOM 68.3HC, 'ITO ero rrepBhie k BeKTOpOB o6pa3yIOT 68.3HC 

no,r:r;npocTpaHCTBa W: 

ilocJie 3TOro ITOCTpOHM ,ll;YaJihHhIM 68.3HC 

{ 1 k. k+l n} a , ... ,a ,a , ... ,a , 

TaK 'ITO 

i[ l { 1, 0: Vj = 
0, 

i =j, 

i =I= j. 

Ilo,n;rrpocTpaHCTBO B V* pa3MepHOCTH n - k, HaT5IHyToe Ha BeK­

TOphI { ak+l, ... , o:n}, Ha3hrnaeTC.H a'HiHy.11,upy10w,uM npocmpaHCm6o.tvt 
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,IJ;JUI w II o6o3HaqaeTe51 w..L. Ee.JIM a E w..L II w E w, TO a[w] = 0, 
T. e. w ..L «aHHYJIHpyeT» rro,n;rrpoeTpaHeTBO w. 0Tero,n;a II rrpoMeXO)K­

,n;eHJie 3Toro TepMMHa. To, qTo MhI paHhIIIe Ha3hIBaJIH MeTo,n;oM 2 
,Il;.7151 OIIJieaHJI51 rro,n;rrpoeTpaHeTBa, no eyrn;eeTBy, 6bIJIO OIIMeaHJieM aH­

HYJIHpyrn;ero rrpoeTpaHeTBa. HarrpHMep, BeKTop (a, b, c) orrpe,n;en.51eT 

O,IJ;HOMepHoe rro,n;rrpoeTpaHeTBO w ..L ,lzyaJihHOrO rrpoeTpaHeTBa JR.3*. 
ilo,n;rrpoeTpaHeTBO w rrpoeTpaHeTBa JR.3' aHHYJIHpoBaHHOe w ..L' 6y­

,n;eT ,n;ByMepHhIM: 3TO rrJioeKOeTh ax+ by+ cz = 0. Ee.JIM MhI BhI6epeM 

,IJ;Ba He3aBJielIMhIX 3.JieMeHTa ,lzyaJihHOro rrpoeTpaHeTBa JR.3*' HaIIplI­

Mep, (a1,b1,c1) II (a2,b2,c2), Tor,n;a rro,n;rrpoeTpaHeTBO JR.3, aHHYJIH­

poBaHHoe IIMII, 6y,n;eT O,Il;HOMepHbIM: 3TO 6y,n;eT rrp51Ma51, 3a,n;aBaeMa5I 

eHeTeMOH ypaBHeHJIH 

a 1 X + bi Y + C1 Z = 0, 

a2X + b2y + C2Z = 0. 

3aMeTHM, qTo aHHYJIHpyrorn;ee rrpoeTpaHeTBO w ..L rro,n;rrpoeTpaHeTBa 

w ~ v He 3aBHelIT OT KOHKpeTHOro Bh16opa 6a3Hea rrpoeTpaHeTBa v. 
Mb1 BBO,IJ;HJIH 6a3HC TOJihKO ,IJ;JIR Toro, 'IT06hl 6b1JI0 y,n;o6Ho BhiqMcJIHTh 

pa3MepHOeTh W ..L. 

iloKa HaM He,n;ocTaeT eJICTeMaTMqeeKOM rrpo:u;e.izyphl BblqMCJieHII51 

pa3MepHOCTH rro,n;rrpocTpaHcTBa, HanmyToro Ha orrpe,n;eJieHHhie 3.Jie­

MeHThI BeKTOpHoro rrpoeTpaHCTBa, IIJIII pa3MepHoeTII rro,n;rrpoeTpaH­

CTBa, aHHYJIHpOBaHHOrO KOHKpeTHhIMII 3.JieMeHTaMJI ,lzyaJihHOro BeK­

TOpHoro rrpocTpaHCTBa. ::hy rrpo:u;e.izypy, KOTopaR Ha3hrnaeTe51 peiJyr;;-
11,Ueu no cmpor;;a.M, MhI omirneM rro3,n;Hee. 

10.6. <I>aKTOprrpocTpaHCTBO 

ilpo,n;OJI)KIIM paccMoTpeHJie n-MepHoro BeKTOpHoro rrpoeTpaHCTBa V, 
co,n;ep)Karn;ero rro,n;rrpocTpaHCTBO W c pa3MepHOCThlO k. 

Ka)KeTCR ecTeeTBeHHhIM, 'ITO ,n;OJI)KHO eyrn;ecTBOBaTh rro,n;rrpo­

cTpaHCTBO c pa3MepHOCThlO n - k, KOTopoe B HeKOTOpOM CMhieJie 

6y,n;eT «pa3HlIII,eH» Me)K,Jzy V M W. TaKoe rro,n;rrpocTpaHcTBO Ha3hI­

BaeTC51 <ftar;;mopnpocmpancmeo.M II o6o3HaqaeTC51 V /W. 0,n;HaKo, ero 

3.JieMeHThI He 6y.izyT 3.JieMeHTaMH rrpocTpaHcTBa V. OHM 51BJI51IOTC51 

MHO)KeCTBaMJI 3.JieMeHTOB rrpoeTpaHeTBa v II Ha3hIBalOTe51 r;;J/,acca.MU 
3r;;eueaAenmnocmu. ilpe)K,n;e qeM ,n;aTh orrpe,n;eJieHJie 3THX KJiaeeoB, 
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HaM eJie,izyeT eHa<JaJia YBH,IJ;eTb, IIO'IeMy 'ITO-TO 6oJiee rrpoeToe He 

6y.n;eT .n;oeTaTO'IHbIM. 

B Ka<JeeTBe KOHKpeTHoro rrpHMepa rrpoeTpaHeTBa V e rro.n;rrpo­

eTpaHeTBOM w paeeMOTpHM IIJIOeKOeTb ~2 H rrp.HMYIO w Ha 3TOH 

IIJIOeKOeTH, KaK 3TO H3o6pa)KeHO Ha pHe. 10.1. «Pa3HOeTbIO» Me)K,lzy 

v H w MOrJIO 6hI 6bITb MHO)KeeTBO 3JieMeHTOB v' He BXO,IJ;.HIIJ;HX B 

W. Ho Be,IJ;b OHH rropo*.n;a10T se10 rrJioeKoeTh. Ha pHe. 10.l BH.IJ;HO, 

'ITO BeKTOpbl V1 H v2, He Jie)Karn,He Ha rrp.HMOH w' rropO)K)l,aIOT BeIO 

IIJIOeKOeTb. 

w 

PHe. 10.l 

Mo*HO rrorrpo6oBaTh rroeTyrrHTh rro-,L1,Pyr0My - B3.HTh k 6a3He­

HhIX BeKTOpOB rro.n;rrpoeTpaHeTBa w H paemHpHTb 3TO MHO)KeeTBO .n;o 
6a3Hea rrpoeTpaHeTBa V. Tor.n;a y Hae .n;o6aBHTe.H n - k 6a3HeHbIX 

BeKTOpoB, He BXO,IJ;.Hil1,HX B W. Bo3HHKaeT rro.n;rrpoeTpaHeTBO HY*HO:ii 

pa3MepHOeTH, HO OHO 3aBHeHT OT BhI6opa 6a3HeHblX BeKTOpOB H rro-

3TOMY «IIJIOXO» orrpe,IJ;eJier'.1farrpHMep, Ha pHe. 10.1 Mbl B3.HJIH W B 

Ka<JeeTBe rrepBoro 6a3HeHoro BeKTOpa. IloeJie 3Toro B Ka<JeeTBe BTO­

poro 6a3HeHoro BeKTOpa MO)KHO 6paTb v1, V2 HJIH V3. IlpH 3TOM Mbl 

Ka)K,Il;hI:ii pa3 6y.n;eM rroJiy<JaTb HOBOe rrpoeTpaHeTBO. EeJIH 6h1 B rrpo­

eTpaHeTBe v 6bIJIO orrpe.n;eJieHO eKaJI.HpHoe rrpOH3Be,IJ;eHHe, TO MO)KHO 

6bIJIO 6b1 Bh16paTh rro.n;rrpoeTpaHeTBo, opToroHaJibHOe K W. Ho y Hae 

HeT eKaJI.HpHoro rrpOH3Be.n;eHH.H, II03TOMY H HeT B03MO)KHOeTH orrpe.n;e­

JIHTb rrpo~e,izypy rrpe,Il;IIO'ITHTeJihHOrO rroJiy'IeHH.H BTOporo 6a3HeHoro 

::iJieMeHTa. 
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Pa60Ta10rn;aH KOHCTpyKIJ;HH .ri;aeT orrpe,r:t;eJieHHe 'K:Aaccoe :J'K:euea­
Aettmttocmu (rro MO)J;yJIIO W) KaK MHO)KeCTB, Ka)K)J;oe H3 KOTOpblX 

COCTOHT H3 BeKTOpOB B rrpocTpaHCTBe v' pa3HOCTb Me)K)J;y KOTOpblMH 

JieMHT B W. KJiacc 3KBHBaJieHTHOCTH BeKTOpa v 6y.ri;eM 0603Ha'IaTb 

qepTo'IKOH Ha.ri; BeKTopoM. TaKHM o6pa30M, v o6o3Ha'IaeT MHOMecT­

BO BeKTOpOB BH,r:t;a v + w' r.ri;e v - 3a,r:t;aHHbIH 3JieMeHT MHO)KeCTBa v' 
a w - rrpOH3BOJlbHbIH 3JieMeHT w. 

w 

PHc. 10.2 

HarrpHMep, Ha pHc. 10.2 BH,r:t;Ho, 'ITO 0 (KJiacc 3KBHBaJieHTHOCTH 

HyJieBoro BeKTopa) eCTb rro.ri;rrpocTpaHCTBO W, T. e. rrpHMaH, rrpoxo­

,r:t;Hrn;aH qepe3 Ha'IaJIO Koop,r:t;HHaT. BeKTOpbI v1 H v2, OTJIH'Iarorn;HecH 

Ha 3JieMeHT rro.ri;rrpocTpaHCTBa W, rrpHHa,r:t;JieMaT o.ri;HoMy H TOMY Me 

KJiaccy 3KBHBaJieHTHOCTH, KOTOpbIH MOMHO o6o3Ha'IaTh v1 HJIH vz. 
9TOT KJiacc 3KBHBaJieHTHOCTH HBJIHeTCH rrpHMOH, He rrpoxo,r:t;Hrn;eil: qe­

pe3 Ha'IaJIO Koop,r:t;HHaT. KJiacc 3KBHBaJieHTHOCTH v3 6y.ri;eT .ri;pyroil: 

rrpHMOH, KOTOpaH TOMe He rrpoXO)J;HT qepe3 Ha'IaJIO KOOp,r:t;HHaT. B 

3TOM cJiyqae KJiaCCbI 3KBHBaJieHTHOCTH COCTaBJIHIOT ceMeHCTBO rrpH­

MbIX, rrapanJieJihHhIX W. B 6oJiee o6rn;eM cJiyqae MhI MOMeM C'IHTaTb 

rro.ri;rrpocTpaHCTBO W k-MepHoil: 2unepnAoc'K:ocm'b103, rrpoxo.ri;Hrn;eil: qe­

pe3 Haqano KOOp,r:t;n:HaT n-MepHoro rrpocTpaHCTBa V. Tor.ri;a KJiaccaMH 

3KBHBaJieHTHOCTH ITO MO)J;yJIIO w 6y,r:t;eT ceMeHCTBO rn:rreprrJIOCKOCTeil:, 

rrapanJieJihHbIX eil:. 

3 B pyccKOH3bl'fHOH MaTeMaTH'feCKOll JIHTepaType TepMHH «rmiepnJIOCKOCTb» 

o6bl'!HO OTHOCHT TOJibKO K cJiy'faIO k = n - 1. - IlpuM. peiJ. 
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qT06hI BB€CTH OITepau;mo CJIO)K€HHH KJiaCCOB 3KBHBaJI€HTHOCTH, 

CHa'laJia paccMOTpHM apmpMeTHKy n;eJibIX 'IHC€JI ITO .MoayJtw 4, c 

KOTopoii 'IHTaTeJib, B03MOMHO, yMe 3HaKOM. B 3TOM cJiyqae eCTh 

'1€Tbipe KJiacca 3KBHBaJieHTHOCTH: 

0 = {O, 4, -4, 8, -8, ... } = {4n}, 

I= {1,5,-3, 9,-7, ... } = {4n + 1}, 

2 = {2,6,-2,10,-6, ... } = {4n+2}, 

3 = {3, 7, -1, 11, -5, ... } = {4n + 3}. 

qT06bI CJIO)KHTh ,n;Ba KJiacca 3KBHBaJI€HTHOCTH, BhI6HpaeM mo6oe u;e­

JIOe 'IHCJIO H3 Ka)K,ll;Oro KJiacca, CKJia,ll;hIBaeM RX H ITOJiy'laeM KJiacC 

3KBHBaJI€HTHOCTH cyMMhI. HaITpHMep, 'IT06hI CJIOMHTh 2 H 3, Bb16H­

paeM 'IHCJIO 6 H3 2 H 'IHCJIO 3 H3 3. CKJia,ll;hIBaeM 3TH 'IHCJia 6+3 = 9 H 

BH,ll;HM, 'ITO cyMMa ITPHHa,n;JieMHT KJiaccy 3KBHBaJI€HTHOCTH I. TaKHM 

o6pa30M, 2 + 3 = I. Jiro6oii .n;pyroii BhI6op, CKaMeM, -2 + ( -1) = -3, 
,n;aeT TOT )1(€ pe3yJihTaT. 3Ha'IHT, ITpOI1e.n;ypa CJIO)K€HHH KJiaCCOB 3K­

BHBaJI€HTHOCTH OITpe,n;eJieHa KoppeKTHO. 

CJio)l(eHHe KJiaccoB 3KBHBaJieHTHOCTH BeKTopoB ITO MO,lJ;YJIIO rro.n;­

ITpocTpaHCTBa W OITpe,n;eJIHeTCH attaJIOrH'IHO. Ilo OITpe,n;eJieHmo, v1 + 
v2 = (v1 + v2), T. e. CKJia,n;hrnaeM JII06h1e ,n;Ba BeKTopa H3 KJiaccoB v1 

H V2 H Haxo,n;HM KJiacc, K KOTOpOMY ITpHHa,n;JI€)l(HT cyMMa. ,II;ony­

CTMM, 'ITO MhI B35IJIH V1 + W1 H3 KJiacca V1 M V2 + W2 M3 KJiacca 

V2, r,n;e W1 H W2 - ITpOH3BOJihHhie 3JI€M€HTbI ITO,ll;ITpOCTpaHCTBa W. 
Tor.n;a cyMMa v1 + v2 ecTh KJiacc 3KBHBaJieHTHOCTH, co.n;epMaID;HH 

(v1 + v2) + (w1 + w2), T. e. KJiacc (v1 + v2) He 3aBHCMT OT Bh16opa 

·~~Wt H W2. 

\ Ilpou;e.n;ypa CJIO)K€HM5I M306paMeHa reoMeTpH'1€CKM Ha pHC. 10.3. 
pyMMa V1 + V2 = V3 He3aBMCHMO OT Toro, KaKyIO ITapy B€KTOpOB 

'....__ V1 M v2 HJIH U1 H U2 - MbI 6paJIH B Ka'leCTBe ITpe,n;cTaBHTeJieii 

KJiaCCOB VI H V2. 

AttaJIOrH'IHO orrpe,n;eJIHM orrepau;mo yMHOMeHHH KJiacca 3KBHBa­

JieHTHOCTH Ha CKaJIHp: cv1 = (c"V1), T. e. YMHOMaH ITpOH3BOJibHhIH 

3JieMeHT H3 KJiacca V1 Ha c, MbI IIOJiy'laeM KJiacc 3KBHBaJI€HTHOCTH 

rrpoH3Be,n;eHHH. Pe3yJihTaT e,n;HHCTBeHHhIH, rroTOMY 'ITO W HBJIHeTCH 

ITO,n;ITpOcTpaHCTBOM. 
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Pttc. 10.3 

HeTpy,n;Ho rrpoBepHTh, "ITO KJiaCCbI 3KBHBaJieHTHOCTH rrpocTpaH­

CTBa v ITO MO,ll;yJIIO w o6pa3yIOT BeKTOpHoe rrpocTpaHCTBO. 9To rrpo­

CTpaHCTBO H Ha3bIBaeTCH ¢a,'Kmopnpocmpa'HCm60.M v /W. 
qT06bI IIOCTpOHTb ,ll;JIH Hero 683HC, B03bMeM 683HC rro,n;rrpocTpaH­

CTBa w H pacurnpHM ero ,n;o 683HCa BO BCeM rrpocTpaHCTBe v. lfTaK, 

rrycTb 683HCHbIMH 3JieMeHTaMH v HBJIRIOTCH BeKTOpbl w1, W2, ... 'Wk 
(3JieMeHTbI W) H vi, v2, ... , Vn-k (He HBJIRIOTCR 3JieMeHTaMH W). 
YTBep:m:,n;aeTCR, "ITO KJiaCCbI 3KBHBaJieHTHOCTH v1, v2, ... , Vn-k o6-

pa3yIOT 683HC ,ll;JIH v /W. qT06bI 3TO ,l1;0Ka3aTb, Mbl ,ll;OJI)KHbl IIOKa-

3aTb, "ITO OHH JIHHeiiHO He3aBHCHMbl H Ha HHX HaTHHYTO rrpocTpaH­

CTBO V/W. 
CHa"IaJia paccMOTpHM rrpo6JieMy JIHHeifHoif He3aBHCHMOCTH. ,Il;o­

rrycTHM, "ITO v1, V2, ... 'Vn-k JIHHeHHO 3aBHCHMbI. Tor,n;a cyIIIeCTBy­

IOT TaKHe KOHCTaHTbI Ai, A2, ... , An-k, "ITO BbIIIOJIHHeTCR paBeHCTBO 

"ITO rrpOTHBope"IHT HarneMy rrpe,n;rrOJIO)KeHHIO 0 JIHHeHHOii He3aBHCH­

MOCTH BeKTOpOB {w1, w2, ... 'Wk; v1, V2, ... 'Vn-k}· 
J1I06oif BeKTOp v E v MO)KHO 3aIIHCaTb KaK cyMMY BeKTOpOB 
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OTKy,n;a CJie,n;yeT, 'ITO 

cho ,1J;OK83bIBaeT, 'ITO KJiaCCbl 3KBHBaJieHTHOCTH V1, v2, ... 'Vn-k IIO-

po)K,lJ;alOT rrpocTpaHCTBO V/W. TaKHM o6p83oM, V1, V2, ... , Vn-k o6-

P83JIOT 683HC v /W H 

dim (V/W) =dim V -dim W 

(3,n;ech H B ,lJ;aJihHetl:meM dim o6o3HaqaeT p83MepHOCTh rrpocTpaH­

CTBa.) 

A Terreph rrpHBe,n;eM HeCKOJihKO rrpHMepoB cl>aKToprrpocTpaHcTB. 

Ilp:uMep 1. IlycTh rrpOCTpaHCTBO v - 3TO JR3 ' a O,lJ;HOMepHOe rro,n;-

npocTPaHCTBO w HaTHHYTO ua BeKTOp ( i) . Bm~phl ( i) , ( ~) 
H m no~aroT npoCTpaHCTBO R3. Ilo=My BeKTOphl m 
H ( ~) Moryr 6h1Tb 6roHCRbIMH BeKTOpaMll <j>aKropnpoCTpaucTBa 

V /W. HarrpHMep, 

CJie,n;oBaTeJihHO, 
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3aMeTHM, Me~ npoqnM, qro BeKTOpbJ ( ~) H ( ~) He M~ 
ryT 6hITh 6a3HCOM V /W. CyMMa 3THX BeKTOpoB .HBJI.HeTC.H ::iJieMeH­

TOM w' II03TOMY OHH He 6y.zzyT JIHHeHHO He3aBHCHMhlMH 3JI€M€HTaMH 

<}JaKToprrpocTpaHCTBa V/W: 

IlpHMep 2. IlyCTh v - rrpocTpaHCTBO IIOJIHHOMOB f(t) CTerreHH:::; 2, 
H rrycTb ,n;ByMepHoe rro,n;rrpOCTPaHCTBO w o6pa3oBaHO IIOJIHHOMaMM, 

y,n;oBJieTBOp.HIOIII,HMH ycJIOBHIO f(l) = 0. Ba3HCHhIMH rroJIHHOMaMH 

W 6y.zzyT f 1 = 1 - t H f 2 = 1 - t 2
. Ba3MCOM <PaKToprrpocTpaHCTBa 

V/W 6y,n;eT KJiacc 3KBHBaJieHTHOCTH I. B 3TOM cJiyqae o6rn.Hfi BM,ll; 

3JI€M€HTa rrpocTpaHCTBa v - 3TO 

f(t) =A+ Bt + Ct2
, 

HJIH, 'ITO TO 2Ke CaMoe, 

f(t) = A+ B + C - B(l - t) - C(l - t2
). 

9To 03Ha'IaeT, 'ITO 

f(t) =(A+ B + C)I. 

EcJIM ::iJieMeHTaMM <}JaKToprrpocTpaHCTBa V /W C'IHTaTh IIJIOCKOCTM, 

TO no,n;npocTpaHCTBO w - 3TO IIJIOCKOCTh f(l) = 0, H KJiacc 3KBHBa­

JI€HTHOCTH mo6ofi cPYHKIJ;HH f ( t) orrpe,n;eJI.HeTC.H 3Ha'IeHH€M f ( 1). 
A Terreph BOCIIOJih3yeMc.H rroH.HTH.HMH ,IzyaJihHOro rrpocTpaHCTBa H 

<}JaKToprrpocTpaHCTBa M rroJiy'IHM O'IeHh Ba2KHhIH pe3yJihTaT. PaHh­

me Mhl o6Hapy2KHJIH, 'ITO eCJIH w .HBJI.HeTC.H rro,n;rrpocTpaHCTBOM v, 
TO aHHYJIMpyrorn.ee rrpOCTpaHCTBO w J_ .HBJI.HeTCSI rro,n;npocTpaHCTBOM 

,IzyaJihHOro rrpocTpaHCTBa V*. Ilpe,n;110JI02KMM, 'ITO o: - 3JieMeHT W J_, 

H paCCMOTpHM ero ,n;efiCTBHe Ha KJiacc 3KBHBaJI€HTHOCTH v. IlocKOJih­

KY o:[w] = 0 ,n;JI.H Bcex w E WM o: JIHHefiHo, TO 

o:[v + w] = o:[v]. 
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8To 3Haq:i,u, qTo O'. HMeeT O)J,HHaKOBoe 3HaqeHHe )J,JUI Jl,'I06ow 3Jie­

MeHTa KJiacca 3KBHBaJieHTHOCTH H II03TOMY MO)KeT paccMaTpirnaThC5I 

KaK JIHHeftHa5I cPYHKll,H5I B npocTpaHCTBe KJiaCCOB 3KBHBaJieHTHOCTH. 

I1 o6paTHOe yTBep)K)J,eHHe: mo6a5I JlHHeHHaH cPYHKll,H5I B v /W MO­

)KeT cqHTaThC.H JIHHeftHoft cPYHKll,He:H B rrpocTpaHCTBe V. Onpe,n;eJIHM 

,B[v] ¢opMynoft 

,B[v] = ,B[v]. 

Tor,n;a ,B[w] = ,B[O] = 0. Cne,n;OBaTeJihHO, ,B .HBJI.HeTcH 3JieMeHTOM 

W .l.. JI03m0My W .l. MO:>teem 6btm'b omo:>1edecme.1teno c dyM'b'H'btM 

npocmpancmeoM <fia11:mopnpocmpancmea V/W. BcrrOMHHM, qTo w.l. 
H v /W HMelOT O)J,HHaKOBYIO pa3MepHOCTh: dim v - dim w. 

AHanorHqHo MO)KHO paccMOTpeTh ¢aKToprrpocTpaHcTBO V* /W .l., 
3JieMeHTaMH KOToporo 5IBJ15IIOTC5I KJiaCChI 3KBHBaJieHTHOCTH ,B' 3Jie­

MeHTbI KOTOphIX, B CBOlO oqepe.n;h, OTJIHqalOTC5I Ha 3JI€M€HThI w .l.' 
T.e. 

Onpe.n;enHM .n;e:HcTBHe ,B Ha BeKTOp w E W cornacHo ¢opMyne 

/3[w] = ,B[w]. 8TO BIIOJIHe 3aKOHHO, IIOTOMY qTQ )J,J15I mo6oro a E w .l. 
MhI HMeeM (,B + a)[w] = ,B[w]. EcnH ,B[w] = 0 )J,JIH Bcex w E W, TO 

,B[w] = 0 )J,JI5I Bcex w E w. A 3TO 3HaqHT, 'ITO ,BE w.l. HJIH 13 = 0. 
Cne,n;oBaTeJihHO, /3 noJIHOCThro orrpe,JJ,eJieHo JIHHeHHOH <PYHKn,Heft, 3a­

,n;aHHOH B rro.n;npOCTpaHCTBe w. 
06paTHOe yTBep)K,n;emie: Ka)K)J.hIH 3JieMeHT 'Y E W* HMeeT BH,n; 

'Y = ,B ,n;n.H HeKOToporo ,B E V*. ,11,e:HcTBHTeJihHo, Bhr6epeM 6a-

3HC W1, ... 'Wk B no.n;npOCTpaHCTBe w H pacnrnpHM ero )J,O 6a3HCa 

W1, ..• 'Wk, v1, ... ) Vn-k rrpocTpaHCTBa v. 
IlyCTb ,B - npOH3BOJihHa5I JlHHeftHa.H cPYHKll,H.H, y,n;oBJI€TBOp5Iro­

lll,a5I ycnoBHIO ,B[wi] = -y[wi] )J,JI.H Bcex i, H rrycTh ,B npHHHMaeT nro-

6hre 3HaqeHmr ,ZJ,JIR Bcex Vj. Tor.n;a ,B = 'Y- JI03m0My M'bt MO:>teeM 

npocmpancmeo ::Jmux 11:.11,accoe 311:euea.n,enm'Hocmu, m. e. <fia11:mop­

npocmpancmeo V* /W .l., omo'11Cdecmeum'b c dyM'b'H'bt.M npocmpan­

cmeo.M W*. 
8TOT pe3yJihTaT MO)KHO H3o6pa3HTb Ha CJie,JJ,ylOlll,eft cxeMe: 

V* /W.l. f- V* f- W.l., 

W---+ V ---+ V /W. 
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3,n;ecb rrpocTpaHCTBa, A)'a.JlbHbie ,n;pyr ,n;pyry, paCIIOJIO)KeHbl O,ll;HO Ha,n; 

,n;pyrHM: V H V* (p83MepHOCTb n), W H V* /W ..L (p83MepHOCTb k), 
v /W H w ..L (p83MepHOCTb n - k). 

Ha 3TOH TeopeMe ocHOBbIBaeTc5I MHoro pe3yJihTaTOB JIHHe.il:Ho:H 

a.rrre6ph1 H ee rrpHMeHeHHH B TeopHH 3JieKTpHqecKHX u,erreit, '-ITO, 

6e3yCJIOBHO, 3aCJIY)KHBaeT 6oJiee Trn;aTeJibHOI'O paCCMOTpeHH5I. 

IlpHBe,n;eM O,ll;HH rrpHMep. IlycTb rrpocTpaHCTBO v o6p830BaHO IIO­

JIHHOMaMH f(t) CTerreHH ~ 2, a ,D;ByMepHoe rro,n;rrpocTpaHCTBO w -
"l.emtt'bt.MU IIOJIHHOMaMJL Tor,n;a <PaKToprrpocTpaHCTBO V /W 6y,n;eT 

O,ll;HOMepHhlM, 683HCHbllI 3JieMeHT, o603HaqaeMbIM ho, - 3TO KJiacc 

3KBHBaJieHTHOCTH cPYHKII,HH f(t) = t. TaKHM o6p83oM, ecJIH f(t) = 
A + Bt + Ct2

, To f = Bho. 
B 3TOM cJiyqae aHHYJIHpyrorn;ee rrpocTpaHCTBO W ..L TO)Ke o,n;Ho­

MepHo. B83HCHhIR 3JieMeHT MO)KeT 6hITh Bh16paH B BH,n;e JIHHeHHoro 

orrepaTopa 

a: f ~ 1:
1 

tf(t) dt. 

IIocKOJihKY 

Jl 2 
t(A + Bt + Ct2

) dt = -B, 
-1 3 

TO a Ha caMOM ,n;eJie aHHymipyeT JII06oli qeTHblH IlOJIHHOM H npH­

IIHCbIBaeT 3Ha<.J.eHHe 2/3 IIOJIHHOMY f(t) = t, KOTOpbIM orrpe,n;eJI5IeT 

6a3HCHhIH 3JieMeHT ho <PaKToprrpocTpaHcTBa V /W. TaKHM o6p83oM, 

3a/2 - 3TO 6a3HCHhlfi 3JieMeHT, A)'a.JlhHhIM Kho. 

Mb1 MO)KeM pacurnpHTh a ,n;o rroJIHoro 6a3HCa V*, ,n;o6aBHB 6a-

3HCHhie 3JieMeHThl 

{31 : f ~ f(O), 

{32 : f ~ ~f"(O), 

,n;elicTBHe KOTOpblX COCTOHT B BbI6ope K03cPcPHII,HeHTOB A ll c COOT­

BeTCTBeHHO, T. e. 

{3i[A + Bt + Ct2
] = A, 

{32 [A + Bt + Ct2
] = C. 
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Knacch1 3KBHBaJieHTHOCTH {31 H {32 , o6pa3yIOIIJ,He 6a3HC V* /W ..l, TaK­

)Ke o6pa3yIOT 6a3HC W*, rrocKOJihKY OHH .HBJUIIOTC.H ,IzyaJihHhIMH 6a-

3HCHhIMH 3JieMeHTaMH )1.Jl.H 6a3HCHhIX 3JieMeHTOB 1 H t2 rro.n.rrpocTpaH­

CTBa '!eTHhIX IIOJIHHOMOB rrpocTpaHCTBa w. 

10. 7. Jlu:HeHHhie OTo6pa)l(eHH}I 

PaccMoTpHM JIHHeHHoe rrpeo6pa3oBaHHe 

A:v~w, 

r.n.e v - BeKTOpHoe rrpocTpaHCTBO pa3MepHOCTH n, aw - rrpOCTpaH­

CTBO pa3MepHocTH k. KaK MhI y)Ke 3HaeM, JIHHeHHOCTh oTo6pa)KeHH.H 

A 03HaqaeT, 'ITO A(c1v1 + c2v2) = ciAv1 + c2Av2. 

C JIHHeHHhIM oTo6pa)KeHHeM A : V ~ W CB.H3aHhI )1.Ba rro.n.rrpo­

CTpaHCTBa: Ri)po AH o6paa A. 
5!)1.po A, B )1.aJihHell:rneM o6o3Ha'IaeMoe Ker A, - 3TO rro orrpe.n.e­

JieHHIO MHO)KeCTBO Bcex TaKHX BeKTopoB v EV, 'ITO Av= 0. IlpoBe­

pHM, 'ITO Ker A HBJIHeTCH rro.n.rrpocTpaHCTBOM rrpocTpaHCTBa V. 3a­

MeTHM, 'ITO ecJIH v1 H v2 rrpHHa)J.Jle)KaT a.n.py A, TO A(civ1 +c2v2) = 

c1Av1 + c2Av2 = 0, OTKy.n.a cne.izyeT, 'ITO c1 v1 + c2v2 E Ker A. 9To 

H 3Ha'IHT, 'ITO .H,II.po A HBJI.HeTCH rro.n.rrpocTpaHCTBOM. 

06pa3 A, B )1.aJihHell:rneM o6o3HaqaeMhIH Im A, - 3TO MHO)KeCTBO 

Bcex BeKTOpoB w E W, KOTOphie HMeIOT BH)J. Av )1.JI.H KaKHX-JIH6o 

v E V. EcJIH w1 H w2 - ,IJ;Ba BeKTopa H3 MHO)KeCTBa Im A, TO 

w1 = Av1 H w2 = Av2 )1.JI.H HeK0Toph1x v1, v2 E V. ITocKOJihKY 

oTo6pa)KeHHe A JIHHell:Ho, MhI HMeeM 

OTKy,n;a BH)J.HO, 'ITO 3JieMeHT c1 W1 + C2W2 .HBJI.HeTC.H 3JieMeHTOM MHO­

)KeCTBa Im A. 9To )1.0Ka3hrnaeT, 'ITO A .HBJIHeTC.H rro.n.rrpocTpaHCTBOM 

rrpocTpaHCTBa W. 
Pa3MepHOCTH rrpocTpaHCTB Ker A H Im A, KaK MhI cell:qac .n.oKa­

)KeM, CB.H3aHhl COOTHOIIIeHHeM 

I dim(ImA) + dim(Ker A)= dim VI (10.8) 
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Pa3MepHOCTh o6pa3a A Ha3hIBaeTCH pa'H.20.M oTo6pa:>KeHHH A, a 

pa3MepHOCTh H,[ij)a A - iJe<Jje-x:mo.M oTo6pa:>KeHHH A. CooTHOIIIeHHe 

(10.8) Ha3hIBaeTCH meope.Mou o paH2e u iJe<fie-x:me. qHTaTeJih y:>Ke 3Ha­

KOM c 3TOM TeopeMOM B 'laCTHOM CJiy'lae rrpeo6pa30BaHHM IIJIOCKOCTH 

B ce6H. BcrroMHHM, 'ITO B 3TOM cJiy'lae 6hIJIO TPH B03MO:>KHOCTH ,LI,JIH 

A : IR2 ---+ JR2: 

1. 06pa30M rrpeo6pa30BaHHH A HBJIHeTCH BCH IIJIOCKOCTh H OTCyT­

CTByeT HeHyJieBOH BeKTOp, KOTOphIM rrpeo6pa3yeTCH B HyJieBOM 

(pattr paBeH 2, ,LI,e<PeKT paBeH O); 

2. A rrpeo6pa3yeT IIJIOCKOCTh B rrpHMyro, a rrpHMYID - B Ha'laJIO 

KOOp,LI,HHaT (paHr paBeH 1, ,LI,e<t>eKT paBeH 1); 

3. A rrepeBO,LI,HT BCID IIJIOCKOCTh B Ha'laJIO Koop,LI,HHaT (paHr paBeH 

0, ,LI,e<PeKT paBeH 2). 

q TOOhI ,LI,ORa3aTh 3TY TeopeMy B o6m.eM cJiy'lae B rrpocTpaHCTBe V, 
BhI6epeM y,LI,o6Hhifi 6a3HC. ,ll,orrycTHM, 'ITO dim V = n H dim(Ker A) = 
k. Bh16epeM 6a3HC u1, u2, ... , Uk ,LI,JIH Ker AH pacmttpHM ero ,LI,O 6a3H­

ca BCero rrpocTpaHCTBa v' 6'bt6pa6 r = n - k BeKTOpOB V1' V2' ... 'Vr. 
,ll,Jrn y,LI,o6CTBa yrropH,LI,01IHM 3TOT 6a3HC B BH)l.e: 

r,LI,e nep6'bte r BeKTopoB He rrpHHa,LI,Jie:>KaT rro,LI,rrpocTpaHCTBY Ker A. 
Terreph Ha,LI,o IIOKa3aTh, 'ITO r BeKTopoB BH,LI,a { Av1, Av2, ... , Avr} 
HBJIHIDTCH 6a3ttcoM Im A. 

CHa'laJia rroKa:>KeM, 'ITO BeKTOphI {Av1, Av2, ... , Avr} JIHHeMHO 

He3aBHCHMhI. Ilpe,LI,IIOJIO:>KHM rrpOTHBHoe: 

r 

L>.iAvi = 0. 
i=l 

IIpeo6pa30BaHHe A JIHHe:HHo, 'ITO 03Ha1IaeT 
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0Tc10.n;a cp83y )Ke eJie.n;yeT, qTo L:;=l AiVi E Ker A. 0,n;HaKo, BeKTO­
pbI {vi} BMeeTe e BeKTOpaMH {ui} o6p83yIOT 683He v. Ilo3TOMY H3 
paBeHeTBa 

r 

L AiVi = u, r.n;e u E Ker A, 
i=l 

eJie.n;yeT, "ITO Bee Ai paBHhl Hymo, H BeKTopa {Av1, Av2, ... , Avr} 
JIHHeiiHO He3aBHeHMbI. 

Terrepb Ha,n;o rroK83aTh, qTo BeKTopa {Av1,Av2, ... ,Avr} rro­
po)K,ll;aIOT Im A. ,n:m1 aToro paeeMoTpHM rrpoH3BOJihHhlii BeKTOp w E 

Im A. Cyru;eeTByeT TaKoii BeKTOp v E V, .n;m1 KOToporo w = Av. 
Tor.n;a MhI MO)KeM HarrtteaTh 

r k 

v = L:aivi + LbjUj· 
i=l j=l 

0,n;HaKo, Bee 683HeHhle BeKTopa Uj rrpHHa,n;Jie)KaT MHO)KeeTBY Ker A, 
3HaqHT, 

w = A ( t, a;v; + ~ b;ui) = t, a;(Av;), 

T. e. JII06oii BeKTOp w MO)KeM 6bITb 3arrHeaH B BH,n;e JIHHeHHOH KOM-

611Ha~HH BeKTOpOB {Av1, Av2, ... , Avr }. 
0Tero.n;a MhI ,n;eJiaeM BhIBO,n;, qTo r BeKTopoB {Av1, Av2, ... , Avr} 

o6p83yIOT 683He ImA. KpoMe Toro, dim(ImA) = r = n - k, r.n;e 
dim V = n H dim(Ker A)= k. TaKHM o6p83oM, dim(ImA) =dim V­
dim(Ker A), qTQ paBHOeHJihHO <f>opMyJie (10.8). 

TeopeMa o paHre H .n;e<f>eKTe ,n;oK83hIBaeT eru;e o,n;HH <f>aKT 06 aH­
HYJI.HTope rro.n;rrpoeTpaHeTBa, o KOTopoM qHTaTeJih, B03MO)KHO, y)Ke 
.n;ora,n;aJie.H. IIpe.n;rroJIO)KHM, qTo { a 1, a 2, ... , an} - 3JieMeHThI npo­

eTpaHeTBa V*. Onpe,n;eJIHM JIHHeiiHoe npeo6p830BaHHe 

A: V --t Rn 

(

al[v]) a 2 [v] 
Av= . . 

an[v] 



10. 7. JlHHefiHhle OT06p8.)KeHJrn: 505 

Ha BeKTOphI {a 1, a 2, ... , an} HaT.sIHyTo rro.n;rrpocTpaHCTBO U .l C 

V*, KoTopoe aHHymipyeT rro.n;rrpocTpaHCTBO Ker A. ,Il,oKa3aHHa51 Ha­

MH TeopeMa roBopnT, 'ITO dim(ImA) = dim V - dim(Ker A). Ho B 

rraparpa¢e 10.4 Mbl IIOKa3aJIH, 'ITO 

dim(U.l) =dim V - dim(Ker A), 

OTKy,n;a CJie.n;yeT, 'ITO 

dim(ImA) = dimU.l. 

Ha 513hIKe MaTpnu; Ka)l(,II;hIH 3JieMeHT ai 51BJI51eTc51 cmpo'K:ou MaTpn­

IJ;hI H dim U .l eCTh pa3MepHOCTh rro.n;rrpocTpaHCTBa V*, HaT51HyToro 

Ha cmpo'K:u MaTpHIJ;hI. B TO)l(e BpeM51 dim(Im A) ecTh pa3MepHOCTh 

rro.n;rrpocTpaHCTBa w' HaT51HYTOro Ha cmoA6U,'bt MaTpHIJ;bl. 06e 3TH 

pa3MepHOCTH paBHbl ( o6o3Ha'IHM HX r)' H 'IHCJIO r Ha3hIBaeTC51 patt­
ZO.M MaTpHIJ;bl. 

IIpe,n;cTaBJieHne CTpOK MaTpnu;h1 KaK aJieMeHTOB ,II;yaJihHOro rrpo­

cTpaHCTBa V* oco6eHHO rroJie3HO ,II;JI51 perneHH51 CHCT€MhI JIHHeHHhIX 

ypaBHeHn:H. HarrpnMep, cncTeMa ypaBHeHn:H 

x+y+z = 0, 

x + 2y + 3z = 0, 

2x + 3y + 4z = 0 

MO)l(eT 6bITh 3arrHcaHa B ¢opMe Av= 0, r.n;e 

A=G ~ n V=G) 
3.n;ecb B cmpo'K:ax MaTpnu;hr A 3arrncaHhI Koa¢¢nu;neHThl K~oro 

ypaBH€HH51. IloCKOJihKY TpeThe ypaBHeHne 51BJI51€TC51 cyMMOH rrepBbIX 

,n;Byx, TO Tpn CTPOKH orrpe,n;eJI5IIOT TOJihKO ,n;ByMepHoe rro.n;rrpocTpaH­

CTBO npocTpaHCTBa V*, paHr MaTpHIJ;hI A paBeH 2, n ee .n;e¢eKT (pa3-

MepHOCTh 51,n;pa) paBeH 3 - 2 = 1. IIoaTOMy Ker A - o,n;HoMepHoe 

rro.n;rrpOCTpaHCTBO, H cyru;ecTByeT O,Il;HOMepHoe rro.n;rrpOCTpaHCTBO pe­

rneHHH ypaBHeHH51 Av = 0. 
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10.8. Pe,uyKa;1u1 no CTpoKaM 

PaccMoTpHM JIHHeiiHoe oTo6pa,)KeHHe 

T:V-tW, 

r,n;e v - BeKTOpHoe rrpocTpaHCTBO p83MepHOCTH m, a w - rrpo­

CTpaHCTBO p83MepHOCTH n. 0To6pa,)KeHHe T HMeeT paHr r. Mh1 y)Ke 

BH,n;emr, 'ITO rrpH Bh16ope 683HCOB ,n;Jrn V H W OTo6pa)KeHHe T rrpe,n;­

CTaBJI.HeTc.H B BH,n;e MaTpHIJ;hI. B Ka'IeCTBe 683Hca rrpocTpaHCTBa V 
Bh16epeM BeKTOphI 

r,n;e rrocJie,n;HHe m - r BeKTopoB .HBJI.HIOTC.H 683HCOM Ker T. Tor,n;a 

Tvr+l = Tvr+2 = · · · = Tvm = 0. 

CJie,n;oBaTeJihHo, BeKTOphl Tv1, Tv2, ... , Tvr .HBJI.HJOTC.H 683HCOM 

Im T. Terreph Bh16epeM BeKTOphI 

... ' 

B Ka'!ecTBe 683nca Im T H pacnrnpHM 3TOT 3TOT Ha6op ,n;o 683nca 

Bcero rrpocTpaHCTBa W. B 3THX 683Hcax MaTpH'IHOe rrpe,n;cTaBJieHHe 

npeo6p830BaHH.H T HMeeT o'IeHh rrpocToii BH,n;: 

(6 ~)} n CTpOK (10.9) 
...______.., 
m CTOJI6IJ;OB 

B JieBOM BepxHeM yrJiy no ,n;naroHaJIH 3TOH MaTpHIJ;hI CTO.HT r e,n;HHHIJ;, 

a Bee ocTaJihHhie MaTpH'IHhie 3JieMeHThI paBHhI HYJIJO. 

°YBhI, o6hI'IHO oTo6pa)KeHne T onMChIBaeTc.H MaTpMIJ;eii A, KOTO­

pa.H npe,n;cTaBJI.HeT ero B ,n;pyrnx, Mettee y,n;o6HhIX 683MCax. Ba,)l(Ha.H 

3a,n;a'Ia - HaiiTH TaKyro 3aMeHy 683HCOB ,ll;JI.H npOCTpaHCTB v H w' KO­

Topoe rrpeo6p83yeT MaTpHey A, 3a,n;aHHy10 B npOH3BOJihHOM 683Hce, 

K Hr. HaH6oJiee 3cpcpeKTHBHO 3Ta 3a,n;a'Ia pernaeTc.H c noMOIIJ;hIO pe­
ay'K:u,uu no cmpo'K:aM, 'ITO, ITO CyIIJ;eCTBy, .HBJI.HeTC.H CHCTeMaTH'IeCKOH 

npo11;e,n;ypo:H perneHH.H JIHHeHHhIX ypaBHeHHH MeTO,ll;OM HCKJIIO'IeHH.H 
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HeH3BeCTHbrx4 . CHaqarra MhI rroKa)KeM rrpou;e,rzypy Ha KOHKpeTHOM 

rrpHMepe, a IIOTOM ofrMICHHM, rroqeMy TaKHM o6pa30M pernaeTC51 3a­

,n;aqa B o6rn;eM cJiyqae. 

Ilpe.n;rroJIO)KHM, qTQ HaM .n;atta MaTpHu;a 

M = (~ ! -~ ~) 
3 0 6 -9 

Ha3oBeM uHde,,,;co.M mo6oil: CTpoKH MaTpHD;hI M, r.n;e He Bee 3JieMeHThI 

paBHhI ttymo, rroJio)KeHHe rrepBoro HeHyJieBoro 3JieMeHTa, Ha3hIBae­

Moro 6edyW,UM 3JieMeHTOM 3TOil: CTpOKH. ,Il;JIH rrepBOM CTpOKH Harneil: 

MaTpHD;hI M HH,IJ;eKc paBeH 2, a Be,rzyrn;Hil: 3JieMeHT paBeH 4. ,Il;JIH Tpe­

Tbeil: CTp0KH HH,IJ;eKc paBeH 1, a Be,rzyrn;Hil: 3JieMeHT paBeH 3. 
B KaqecTBe rrepBoro rnara orrpe,n;eJIHM cTpoKy c MHHHMa.JihHhIM 

HH,IJ;eKCOM, rrepeMeCTHB ee BBepx MaTpHD;bI, rrepecTaBJI5151 CTpOKH, H 

pa3,n;eJIHB ee Ha Be,rzyrn;Hil: 3JieMeHT. ,Il;JIH .n;attHoil: MaTpHD;hI M MhI 

rrepecTaBJIHeM rrepByIO H BTopyro CTpOKH: 

( ~ ! -~ ~) 
3 0 6 -9 

H ,n;eJIHM BepXHIOIO CTpOKY Ha ee Be,Jzyrn;Hii 3JieMeHT: 

( ~ ~ -~ 
3 0 6 

!) . 
-9 

B KaqecTBe BToporo rnara MhI ,IJ;OJI)KHhI «OqHcTHTh» cToJI6eu; rro.n; 

Be,rzyrn;HM 3JieMeHTOM Bepxtteil: cTpOKH. ,Il;JIH 3Toro rrepBaH cTpoKa 

YMHO)KaeTC51 Ha COOTBeTCTBYIOIIJ;HM K03<i:><PHu;HeHT H BhlqHTaeTC51 IIO­

CJie,.n;oBaTeJibHO H3 HH)KHHX CTpoK. B ttarneM cJiyqae MhI yMHO)KaeM 

rrepByIO CTpOKY Ha 3 H BhlqHTaeM H3 TPeTheil: CTpOKH: 

2 
4 

-6 

0 
-4 

6 

1) 8 . 
-12 

4 ,ll,pyroe Ha3BaHHe 3TOH npou;e.zzypbl, npHHHTOe B pycCKOH3bl'IHOH JIHTepaType, 
- MeTO,ll; raycca. - Jlpu.M. pea. 
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Terrepb y MaTpHD;bI ecTh Be.rr,yiu;Hli 3JieMeHT 1 B BepxHeli CTpOKe, 

a Bee ~yrHe CTpOKH HMeeT 6oJiee BhICOKHH HH,l];eKC. ,l.l;arree, rrepe­

,ll;BHraeM CTpoKy co cJie.rr,yIOID;HM rro BeJiwrnHe HH,ll;eKCOM Ha BTopyro 

IT03HD;HIO H ,n;eJIHM ee Ha Be.rr,yiu;Hii 3JieMeHT. B HameM rrpwMepe BTO­

paH CTpoKa y)l(e HMeeT CJie.rr,yroiu;Hli no BeJIHq1rne HH,ll;eKC, II03TOMY 

HaM ocTaeTCH pa3,n;eJIHTh ee Ha Be.rr,ymHli 3JieMeHT 4. B pe3yJihTaTe 

IIOJiyqaeM 

2 
1 

-6 -! _j) 
Terrepb Ha.n;o oqHCTHTb CTOJI6eu;, cooTBeTCTBYIOiu;HH Be.rr,yiu;eMy 3Jie­

MeHTY BTOpoli CTpOKH, YMHO)l(aH BTOpyro CTpOKY Ha COOTBeTCTByro­

Iu;HH Ko-a<P<lmu;HeHT H BhiqHTaH ee H3 .n;pyrwx CTpOK. B HameM cJiyqae 

Mbl YMHO)l(aeM BTOpyro CTpOKy Ha 2 H BbiqHTaeM ee H3 rrepBOH CTpO­

KH, IIOTOM YMHO)l(aeM BTopyro CTPOKY -6 H BhlqHTaeM ee H3 TpeTheH 

CTpOKH. IloJiyqaeM MaTpHu;y 

2 
-1 

0 

-3) 2 . 
0 

(10.10) 

Terrepb rrepBhIH n BTopoli cToJI6D;hI co.n;ep)l(aT no e,n;HHCTBeHHOMY 

HeHyJieBOMY 3JieMeHTy, paBHOMY 1, KOTOpble HBJIHIOTC5I Be.rr,yiu;HMH 

3JieMeHTaMH COOTBeTCTBYIOID;HX CTpOK. 

B o6iu;eM cJiyqae MhI CHOBa nepecTaBJIHJIH 6b1 CTpoKy co cJie.rr,y­

IOID;HM no BeJIHqHHe HH,l];eKCOM Ha TpeTblO Il03HD;HIO H ,n;eJIHJIH 6hI ee 

Ha Be.rr,yiu;Hli 3JieMeHT. ,l.l;arree yMHO)KaJIH 6h1 TpeTbro cTpoKy Ha cooT­

BeTCTByroiu;He K03cPcPHD;HeHThl If BhlqHTaJIH 6bI H3 OCTaJibHhIX CTpOK, 

qT06b1 oqHcTHTh TpeTHH cToJI6eu;. I1 TaK .n;arree. B HameM cJiyqae 

60Jihme HeT HeHyJieBbIX CTpOK, H Mbl IlOJiyqHJIH MaTpnu;y B pe.rr,yu;H­

poBaHHOH <l>opMe. IlepeqHCJIHM CBOHCTBa pe.rr,yu;wpoBaHHOH MaTpH­

D;hI, KOTOpbie MO)KHO YBH,l];eTh H3 (10.10). 

(a) Bee HyJieBhie CTpOKH, ecJIH OHH ecTh, Haxo,n;HTCH BHH3y. 

(b) HeHyJieBhie cTpOKH pacrroJIO)l(eHhI B rropH,n;Ke B03pacTaHHH HH­

.n;eKCOB. 
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( c) Bee 3JieMeHThI cToJI6:a;a, co,n,ep)I<ai:a;ero Be,rcyi:a;Hii 3JieMeHT (OH 

paBeH 1) HeHyJieBoii cTpoKH, paBHhI Hymo, (KpoMe, ecTeCTBeH­

HO, 3Toro Be,.uyi:u;ero 3JieMeHTa) . 

Ka)K,n,aH orrepa:a;HH B rrpo:u;e,.uype pe,rcyKIJ;HH no cTpoKaM MO)KeT 

6bITb IIOJiy'leHa YMHO)KeHHeM C.11,e6a Ha o6paTHMYI0 MaTpH:a;y n x n. 
HarrpHMep, yMHO)KeHHe Harnett MaTpHIJ;hI CJieBa Ha MaTpH:u;y 

rrpHBO,lJ,HT K rrepecTaHOBKe rrepBoii H BTOpOii CTpOK: 

(~ ~ ~) (~ ! -~ 
0 0 1 3 0 6 

y MHO)KeHHe CJieBa Ha MaTpH:a;y 

COOTBeTCTByeT ,n,eneHHIO rrepBoii CTpOKH Ha 2: 

(
1/2 0 0) (2 4 0 

0 1 0 0 4 -4 
0 0 1 3 0 6 j) G 

y MHO)KeHHe CJieBa Ha MaTpH:a;y 

2 0 
4 -4 
0 6 

!) . 
-9 

COOTBeTCTByeT TpexKpaTHOMY Bbl'lHTaHHIO rrepBOfi CTpOKH H3 Tpe­

Tbeii: 

2 0 
4 -4 
0 6 J) G 

2 
4 

-6 

0 1) 
-4 8 . 

6 -12 
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TaKHM o6pa30M, pe,i:zyrwpoBaHHaH rro CTpoKaM MaTpm:i;a B Mo:>KeT 

6hrTh 3am1caHa B BH,l1,e 

HJIH 

B=SM, 

r.n;e s - o6paTHMaH MaTpHri;a n x n. 3aMeTHM, 'ITO IIOCKOJibKY s 
o6paTHMa, dimimB = dimlmM. 

06pa3 II H.n;po pe.n;yri;IIpoBaHHOii MaTpIIIJ;hI B JierKo orrpe,n;eJIIITh. 

QqeBH,n;HO, 'ITO o6pa3 HBJIHeTCH r-MepHhIM rro,n.rrpocTpaHCTBOM, COOT­

BeTCTBYIOIIJ;IIM r HeHyJieBhIM CTpOKaM MaTpIIIJ;hI B H HaTHHYTbIM Ha 

CTOJI6IJ;hl 

1 0 
0 1 
0 0 ... ' 

0 0 

KoTophre co,n.epx<:aT Be.n;yrri;IIe ::iJieMeHThI Bcex HettyJieBhIX cTpoK. Co­

rJiacHo TeopeMe o paHre II ,n;ecj:>eKTe, H.n;po MaTpHIJ;hI B IIMeeT pa.3-

MepHOCTb m - r' paBHYIO 'IIICJIY CTOJI6IJ;OB, KOTOphie He co,n;ep)l(aT 

Be.n;yrri;ux ::iJieMeHTOB. Ba3IIc ,D;JIH Ker B 6y,n;eM IICKaTh cJie.n;yIOIIJ;IIM 

o6pa30M. Bo3hMeM BeKTOphr, IIMeIOrri;IIe 1 B o,n;ttoii II3 m - r rro3H­

IJ;IIii, COOTBeTCTByIOIIJ;IIX CTOJI6ri;aM c HeBe.n;yrri;IIMII 3JieMeHTaMII, II Hy­

JIIO B OCTaJihHhIX m - r - 1 II03IIIJ;IIHX. ,!J,JIH HaxO)l(,ll;eHIIH rrepBhIX r 
KOMIIOHeHT 3THX BeKTOpOB YMHO)l(IIM rrooqepe,l1,HO CTpOKII MaTpIIIJ;bl 

B Ha 3TII BeKTOphI-CToJI6IJ;hl, rrpIIpaBmieM pe3yJibTaTbI K HJJIIO II H3 

IIOJIY'IIIBIIIIIXCH ypaBHeHIIH Haii,n;eM KOMIIOHeHThI, COOTBeTCTBYIOIIJ;He 

Be.n;yIIJ;IIM 3JieMeHTaM CTOJI6IJ;OB. 

HarrpIIMep, oqeBH,IJ.Ho, 'ITO ,11,JIH MaTpIIIJ;hI 

B= G ! -! -D 
6aaucoM Im B arumIDTe» BeKropa ( ~) u ( ! ) . Tperutt n qeree~ 
Thill CTOJI6IJ;bl He co,n;ep)l(aT Be.n;yIIJ;IIX 3JieMeHTOB. Ilo3TOMY 6a3IICHhie 
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BeKTopa Ker B Hrn;eM B cpopMe 

Ilono)KHB Bui = 0, rronyqaeM 

Xi + 2 = 0, X2 - 1 = 0. 

Cne,DpBaTeJibHo, 

Yi - 3 = 0, Y2 + 2 = 0 

H 

Kotte'!Ho, HaM HHTepectto 3HaTb a,n;po H o6pa3 rrepBOHa'Ia.JibHOH 

MaTpHII,bI M, a He pe)l;YII,HpoBaHHOit no cTopoKaM MaTpHII,bI B. Ok 
HaKo, B =SM, r,a;e S - o6pamu.MM MaTpHu;a. Tor,a;a 

lfa ,n;Byx IIOCJie,l];HHX paBeHCTB BH,ll;HO, 'ITO mo6oit BeKTOp H3 .H)l;pa 

0To6pa)Kettm1 B npHHa,n;Jie)KHT a,n;py M. Ilo::iToMy noJty"W6 Rapo B, 
me.M Ca.M'bt.M, .M'bt noJty"lae.M Jtapo M. q To6b1 ttafiTH o6pa3 M, tta,n;o 
o6paTHTh S H no,n;eitcTBOBaTb MaTpHIJ;eit s- i tta o6pa3 B. M TaK, MbI 

HMeeM B =SM, Ker B =Ker M H dimlmB = dimlmM. 
Ilpe,n;IIOJIO)KHM, 'ITO HaM Ha,a;o penIHTb ypaBHeHHe 

Mv=w. 
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IIpo,n;eJiaeM npo~e,n;ypy pe,n;yKWHi no CTpOKaM c o6en:Mn: qacT5IMH 
3Toro ypaBHeHn:5I: 

SMv = Sw mu1 Bv = u, 

r,n;e B - pe,n;y~HpOBaHHa5I no CTpOKaM MaTpH~a, au Sw. 9TO 
ypaBHeHHe HMeeT BH,ll; 

c 0 
2 -n (~~) G:) 0 1 -1 

0 0 0 

0Ho MO)KeT 6hITh HCCJie,n;oBaHo H pemeHo cJie,n;yro~HM o6pa30M. 

1. EcJIH XOT5I 6hI o,n;Ha KOMnOHeHTa BeKTOpa u, COOTBeTCTBYIO~a5I 
HyJieBoii cTpoKe B, OTJIH'!Ha OT HYJI5I, TO ypaBHem1e He HMeeT 

pemeHH5I. 

2. EcJIH BCe KOMnOHeHTbI BeKTOpa u, COOTBeTCTBYIO~He HyJieBhIM 

cTpoKaM B, paBHhI HyJiro, TO 

VO=(~) 
5IBJI5IeTC5I qaCTHbIM pemeHHeM ypaBHeHH5I. 

3. 06~ee pemeHHe ypaBHemrn HMeeT BH,ll; vo + v, r,n;e v E Ker M. 

Pema5I KOHKpeTHYIO 3a,n;aqy, npe)K,n;e qeM rrpoBO,ll;HTh pe,n;yK~HIO 

no cTpOKaM, y,n;o6Ho o6'he,n;HHHTh MaTpHey M H BeKTop w B o,n;Hy 

Ta6JIHey TaK, 'IT06bI npOBO,ll;HTb pe,n;yK~HIO O,ll;HOBpeMeHHO. IlpHBe­

,n;eM rrpHMep. HaM Ha,n;o pemHTh ypaBHeHHe 

Mv=w, 

M= G ~ j D H W= (-!) 
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06'he,n;nH.HeM M H w B Ta6Jimzy 

(

2 4 2 2 0) 
1 3 2 0 -1 
3 1 -2 8 5 

M npOBO,ll;MM pe~KI.J;IUO, IIOJIY'la.H IIOCJie,n;oBaTeJihHO 

G 
2 1 1 -n. 3 2 0 
1 -2 8 

G 
2 1 1 

-D· 1 1 -1 
-5 -5 5 

G 
0 -1 3 -0 1 1 -1 
0 0 0 

TaK MhI noJiyqaeM qacTHOe perneHne Ramero ypaBHeHH.H 

"l.{To6hI Ha:HTH o6rn;ee perneHHe, Mbl ,ll;OJI)KHbl IIOCTpOHTb 6a3HC 

.H,n;pa M. 0,n;HH 6a3HCHhIH BeKTOp HMeeT 1 Ha TpeTbeli no3HIJ,HH H 0 Ha 

~eTBeJYmtt, OH paeeH (-i) . .l\pyrott HMeeT 0 Ha TµeTi.ett fi03RIIHH 

H 1 Ha ~ereeprott, on paeeu (-~). IlooroMY pemeHueM ypaeHeHHH 

Mv = w 6y,IJ;eT 



514 BeKTOpHbie npocTpaHCTBa ... 

r.n;e Al n A2 - rrpon3BOJihHhie Bern;ecTBeHHhie -cmcna. 

0TM€THM xapaKTepHyIO <PopMy perneHmI OTHOCHT€JihHO CTOJI6-

IJ;OB pe.n;yu;npoBaHHOii MaTpnu;w, KOTOphrn He co.n;ep)KaT Be.n;yrn;nx 3Jie­

MeHTOB CTpOK ( B HaIIIeM cnyqae '3TO TpeTnfi H qeTBepTbIH CTOJI6IJ;bl). 

LJacTHoe perneHne ypaBHeHH.H HMeeT HYJIH Ha TpeTbeii n qeTBepTo:ii 

II03HIJ;H.HX. A BOT 6a3HCHhie BeKTopa .H,n;pa M nMeIOT HeHyJieBoii 3Jie­

MeHT ( €,ll;HHHIJ;Y) pOBHO Ha O,ll;HOM H3 3THX II03HIJ;HH. 06rn;ee perneHne 

ypaBH€HH.H MO)KHO 3arrncaTb MHOrHMH crroco6aMH, HO 3TOT BH,ll; -

CaMbIH rrpOCTOfi. 

,II:n.H HecnHryJI.HpHoii KBa,n;paTHo:ii MaTpHIJ;hI A 3Ta TeXHHKa .n;aeT 

3<P<PeKTHBHhlll M€TO,ll; IIOJiyqeHH.H o6paTHOH MaTpHIJ;hl. Ilpeo6pa30Ba­

HHe S, KOTopoe pe.n;yu;HpyeT no CTpoKaM MaTpHu;y AK e,n;nHnqHo:ii, n 

eCTh A-1 . Ilo3TOMY o6paTHa.H MaTpnu;a MO)KeT 6bITh rronyqeHa, ecJIH 

Ka)K,ll;hIH OT,ll;€JihHhlM mar rrpou;e.n;yphl pe.n;yKIJ;HH rrpHM€H.HTh K MaTpH-

::~ ::::b:o::~=M~:::·(M K; MaT~H1)A :~:.:::: 
-1 -1 0 

€,ll;HHHqHyIO MaTpHu;y o6'be,ll;HHHM B O,ll;HY Ta6nnu;y 

2 1 
3 3 

-1 0 

1 0 0) 
0 1 0 . 
0 0 1 

IlepByIO CTpOKY YMHO)KHM Ha - 2 H CJIO)KHM co BTOpofi, IIOTOM rrpH-

6aBJI.H€M rrepByIO CTpOKY K TpeThefi: 

G 
2 1 1 0 n -1 1 -2 1 
1 1 1 0 

y MHO)KHM BTopyIO CTpOKY Ha -1: 

G 
2 1 1 0 n 1 -1 2 -1 
1 1 1 0 
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BTopy10 cTpoKy YMH02KHM Ha - 2 H npH6aBHM K nepBoii:, noToM BhI­

'ITeM BTOpyIO CTpOKY H3 TpeTheii:: 

( ~ ~ -~ -~ 
0 0 2 -1 

2 0) 
~~ ~ . 

(

1 0 3 
0 1 -1 
0 0 1 

-3 2 
2 -1 

-1/2 1/2 
0) 0 . 

1/2 
TpeTbIO cTpoKy YMH02KHM Ha -3 H CJI02KHM c nepBoii:, noToM npH6a­

BHM TpeThlO CTpOKy KO BTopoii:: 

(

1 0 0 
0 1 0 
0 0 1 

-3/2 1/2 -3/2) 
3/2 -1/2 1/2 . 

-1/2 1/2 1/2 

1(-3 1'-3) 
- 3 -1 1 
2 -1 1 1 

BepHeMCR Teneph K cJiyqa10 npRMoyroJibHOii: MaTPHI1hI. BMecTo 

Toro, 'IT06bI BhIIIOJIHRTb pe,LzyKI1HIO no CTpOKaM, Mbl M02KeM BbIIIOJI­

HHTb pe,LzyKI1HIO no CTOJI61laM. Ilpolle,rzypa TO'IHO TaKaR 2Ke, TOJihKO 

CJIOBO «CTpoKa» Ha,r:i;o 3aMeHHTh Ha «CToJI6eI1». B pe3yJihTaTe noJiy­

'IHM MaTpHey 

C=MT, 

r,r:i;e T - o6paTHMaR KBa,r:i;paTHaR MaTpHI1a, a C - MaTpHI1a, pe,rzy­

I1HpoBaHHaH no CTOJI6:u;aM. 0TMeTHM CBOHCTBa MaTpHI1hI, pe,Lzy1IHPO­

BaHHOH ITO CTOJI61laM. 

(a') Bee HyJieBhie CTOJI61lhI MaTpHI1hI C, ecJIH OHM ecTh, pacnoJio-

2K€HhI crrpaBa. 

(b') HeHyJieBbie cToJI61IhI MaTpHI1hI C pacnoJio2KeHhI B nopR,r:i;Ke B03-

pacTaHHR HH,r:i;eKca. (I1H,r:i;eKC HeHyJieBoro CTOJI61la paBeH HOMe­

PY rrepBoro HeHyJieBoro 3JieMeHTa.) 
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( c') Ka)K,11,rui: cTpoKa, co,ngp)Ka:rn;rui: Be,ny:rn;Hii: 9JieMeHT HeHyJieBoro 

CTOJI6u;a, HM€€T Be,ny:rn;Hii: 9JI€M€HT, paBHhIH 1, a BCe OCTaJihHbie 

9JieMeHTbl CTpOKH paBHbl Hymo. 

0TM€THM, 'ITO 

ImC=ImM, 

H r HeHyJieBhlX CTOJI6u;oB MaTpMD;bl c 6y,nyT JIMH€HHO He3aBHCHMhl. 

CJie.n;oBaTeJibHo, OHM o6pa3yIOT 6a3Mc Im M. TaKMM o6pa30M, no.n;­

Be.n;eM HTOrH. 

q T06hI Haii:TH 6a3HC Im M, npHMeHHeTcH pe,nyKD;HH no 

cTon6u;aM. Ba3HCOM HBJIHIOTCH HeHyneBbie cTon6u;h1 no­

JIY'IHBJneii:cH MaTpHD;bl c. 
qT06b1 Haii:TH 6a3HC Ker M, npHMettHeTc51 pe,nyKTI;HH no 

CTpOKaM. IloJiy'IHBIIIHeC51 CTpOKH pe,nyu;HpOBaHHOH MaT­

PHD;bl B = SM .n;aroT CHCTeMy r ypaBHeHHH ,Ll;JI51 Ker B, 
c noMOIII;hIO KOTOphIX 3aTeM H Haxo,n;HTC51 a.n;po M H ero 

6a3HC. 

Mb1 MO)KeM TaK)Ke npo,n;eJiaTb pe,nyKD;HIO H no cTpoKaM, H no 

CTOJI6u;aM. HanpnMep, .n;onycTHM, 'ITO tta,n;o c.n;enaTh pe,nyKu;nro no 

CTOJI6u;aM c MaTpHu;eii:, pe,nyu;npoBaHHOH no CTpOKaM: 

(

1 0 
B = 0 1 

0 0 

2 3) 
-1 2 . 

0 0 

IlepBbIH CTOJI6eu; YMHO)KMM Ha 2 M Bhl'ITeM H3 TpeThero, nOTOM nep­

BbIM CTOJI6eu; YMHO)KHM Ha 3 H BhI'ITeM H3 qeTBepToro. B pe3yJihTaTe 

noJiy'IHM 

(

1 0 
0 1 
0 0 

0 0) 
-1 2 . 

0 0 

Tenepb BTopo:H CTOJI6eu; CJIO)KHM c TpeTbHM, noTOM BTOpoli CTOJI6eu; 

yMHO)KHM Ha 2 H npn6aBHM K 'IeTBepToMy. Ilony'IaeM MaTpHu;y 

(

1 0 
0 1 
0 0 

0 0) 
0 0 . 
0 0 
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B o6m;eM cJiy11ae, ITpoBo)J;H pe.n;yKIJ;llIO ITO cToJI6n;aM c MaTpHn;e:H B, 
pe.n;yu;npoBaHHOH ITO CTpOKaM, MhI ,r:i;eJiaeM TaK, '1T06bI Be.n;ym;HMll 

CTOJI6u;aMll CTaJill ITepBbie r CTOJI6IJ;OB. (B HarneM ITpllMepe 3Toro He 

Ha,r:i;o 6bIJIO ,r:i;eJiaTb.) 3aTeM, YMHO)Ka5I ITepBhie r CTOJI6IJ;OB Ha COOT­

BeTCTBYIOIIl;lle Koa<Pqmn;HeHThl ll Bhl"IllTaH llX H3 OCTaIOm;HXC5I m - r 
CTOJI6IJ;OB, MhI ITOJiyqaeM MaTpney, y KOTOpo:H Ha rJiaBHOH ,r:i;narOHaJill 

CT05IT r e,r:i;HHHIJ;, a OCTaJihHhie 3JieMeHThI paBHhI HYJIIO, T. e. MaTplley 

Bll)J;a ( 10. 9). lhaK, Mhl OITHCaJill a<P<PeKTHBHhIH MeTO)J; ITOJiyqeHll5I 

TaKHX MaTpnu; SH T, qTo MaTpnu;a SMT HMeeT Bll,Il; (10.9). 

10.9. JloKaJibHaR CTPYKTypa 

,n;:u<f><f>epett:u;:upyeMoro oTo6pa)KeHHR 

EcJIH co6paTh BMecTe pe3yJihTaThI ITpe,r:i;hr.n;ym;ero ITaparpa<Pa c pe-

3YJihTaTaMH ITaparpa<Pa 6.3, TO MO)KHO ITOJiyqnTh oqeHh Ba)KHYIO llH­

<l>opMaIJ;llIO o CTPYKType ,r:i;n<P<l>epeHn;npyeMhIX oT06pa.MeHnii. IlycTh 

v ll w - BeKTOpHhie ITpOCTpaHCTBa pa3MepHOCTll m ll n COOTBeT­

CTBeHHO, ll ITYCTh 0- HeKOTOpaH (oTKphrTaH) o6JiaCTh B ITpOCTpaHCT­

Be V. ,Ll;anee, ITpe,r:i;ITOJIO)KllM, qTo f : 0 ----t W - ,r:i;H<P<l>epeHn;npyeMoe 

oTo6pa)KeHne. B Ka)K)J;OM ToqKe p E 0 MhI MO)KeM BhJqncJIHTh ,r:i;n<P­

<PepeHu;nan df p· 9TOT ,r:i;H<P<i>epeHIJ;llaJI 5IBJ15IeTC5I JlllHeMHhIM OT06pa­

)KeHHeM V Ha W, n IT03TOMy MhI MO)KeM Bb1qncJIHTh ero paHr. Ko­
HeqHo, 3TOT paHr MO)KeT 3aBnceTh OT TOqKn p. Ce:Hqac MhI ,r:i;oKa)KeM 

CJie.n;yIOm;yIO TeopeMy. 

TeopeMa o rrocTo.HHHOM paHre. JipeanoJio~u.M, "tmo cy'Uliecm­
eyem ma-x;oe nocmO.R'H'J-We '4MOe "tUC.!tO r, "tmO pa'H2 dj p pa6e'H r a.11.R, 
ecex p E 0. Tozaa aj/,JI, j/,'/06020 x E 0 cy'Uliecmeyem ma-x:oe 63aU.M'HO­

oa'/-to3'/-ta"t'HOe au<fxjJepe'H'4UPYe.MOe omo6pa~e'ttue </>, npeo6pa3y'IO'Uliee 
o-x:pecmHocm'b x e He-x:omopyw o-x:pecmHocm'b e ]Rm, ma-x:oe, "tmo </> 

U.Meem o6pamHoe au<fxjJepe'H'4Upye.Moe. Kpo.Me mow, .MO~'HO Haumu 
ma-x:oe 63aU.M'HO-oa'tto3Ha"t'HOe au<fxjJepe'H'4Upye.Moe omo6pa~eHue 'lj;, 
npeo6pa3y'IO'Uliee o-x:pecmHocm'b J(x) e npocmpancmee W e He-x:omo­
pyw 0-X:pecm'HOCm'b 6 ]Rn, npU"te.M OHO ma-x;~e U.Meem o6pamHOe auifj­

if>epe'H'4UPYe.MOe. !Ipu 3mo.M -x:o.Mno3U'4UOHHoe omo6pa~eHue 

'I/; o Jo </>-1 : ]Rm ----t ]Rn 

.RB.11.R,emc.R J/,U'/-teU'H'bt.M omo6pa~e'HUe.M C .Mampu'4ei1 euaa (10.9). 
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Kopoqe roBopR, 3Ta TeopeMa YTBep)K,n;aeT, 'ITO ,IJ;JIR ,n;mp¢epeH­

u;HpyeMhIX OTo6pa)KeHHH IIOCTORHHOrO paHra BblIIOJIHReTCR OCHOBHaR 

TeopeMa 0 pe,n;yKD;HH no CTpOKaM: Mbl MO)KeM «c,n;eJiaTh TaK.He 3aMeHhl 

nepeMeHHhlX», T. e. HaHTH TaKHe OT06pa)KeHHR </> H 1/J, 'ITO BhlIIOJIHR­

eTCR paBeHCTBO 

Xr 

0 

0 

,4o'K:a3ameJtbcmeo. C,n;eJiaB TpaHCJIRD;HIO B npocTpaHCTBe V, MhI 

MO)KeM C'IHTaTh, 'ITO x = 0. C,n;eJiaB eru;e o,n;Hy TpaHCJIRD;HIO B npocT­

paHCTBe W, MO)KHO npe,n;rroJIO)KHTh, 'ITO f(x) = 0. 11HhIMH cJioBaMH, 

'IT06hI ynpOCTHTb o6o3Ha'leHHR, MO)KHO C'IHTaTh, 'ITO f(O) = 0, H 

MhI HHTepecyeMcR oTo6pa)KeHHRMH f B oKpecTHOCTH 0. IIpo,n;eJiaB 

pe,n;yKD;HIO no CTpOKaM, Mbl MO)KeM npHBeCTH JtUHeuttoe OT06pa)Ke­

HHe dfo K BH,IJ;y (10.9), T. e. Mbl MO)KeM HaHTH o6paTHMbie JIHHeHHbie 

OTo6pa)KeHHR R : W -t IRm H S : V -t IRn, ,IJ;JIR KOTOpbIX 

HMeeT BH,IJ; (10.9). Tor,n;a MO)KHO paccMoTpeTb oTo6pa)KeHHe 

f n 

( i~;) i_=l, .. .,r 
J=l,. . .,r 
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eCTh e,n;1rnHqtta.a MaTpHu;a B 0. CJie,n;oBaTeJihHO, otta o6paTHMa B tteKo­

Topoii oKpecTHOCTH ToqKH 0. PaccMoTpHM oTo6pa)KeHHe g, orrpe,n;e­

JieHHoe B6JIH3H 0 B rrpocTpaHCTBe ]Rm cPOPMYJIOii 

fr 
Xr+l 

Xm 

3,n;ecb rrepBbie r KOMIIOHeHT OT06pa)KeHHH g - 9TO BBe,n;eHHbie BbIIIIe 

cPYHKIJ;HH Ji, ... ' fr, a OCTaJibHbie m - r KOMIIOHeHT paBHhl COOTBeT­

CTBYIOIIJ;HM KOOp,lJ;HHaTaM. 3aMeTHM, qTO MaTpHri;a 

afi r 

OXj CTpOK 

( agi) = 
OXj 1 0 

m-r 
0 CTpOK 

0 1 

r m-r 
CTOJI6IJ;OB CTOJI6IJ;OB 

o6paTHMa B 0 H, CJie,n;oBaTeJibHO, o6paTHMa B OKpeCTHOCTH 0. 
A Terrepb rrpHMeHHM TeopeMy 06 o6paTHoii cPYHKIJ;HH H3 rrapa­

rpa<Pa 6.3 K oTo6paMeHHIO g. Ern;e pa3 paccMOTpeB TO ,n;oKa3aTeJib­

CTBO, Mbl BH,Il;HM, qTo OHO pa6oTaeT ,Il;JIH rrpOH3BOJibHblX KOHeqHQ­

MepHbIX rrpocTpaHCTB. (3aMeTHM TaK)Ke, qTo coxpaHHeTCH H ,11;0Ka3a­

TeJihCTBO TeopeMbl 0 HeHBHOii cPYHKIJ;HH, eCJIH x ll y paccMaTpHBaTb 

KaK BeKTOpttbre rrepeMeHHhre, a ycJioBHe ttepaBeHCTBa ttyJiro rrpoH3-

BO,n;Hoii Og/ay (BMeCTO Hee Terrepb MaTpHIJ;a) CTaHOBHTCH Tpe60Ba­

HHeM o6paTHMOCTH MaTpHIJ;bl.) 

BeptteMCH K Harnett 3a,n;aqe. Mbr MO)KeM HaiiTH o6paTHoe rrpeo6-

pa30BaHHe ,n;JIH g. IlyCTb 
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Tor.n;a 

YI 

Yr 
9r+i(Y) 

9n(Y) 

rrpH HeKOTOpbIX <i>YHKIJ;HHX 9r+l, ... '9n, orrpe,n;eJieHHbIX B rrpocTpaH­

CTBe Rm B oKpecTHOCTH 0. BocrrOJih3JeMCH u;errHhIM rrpaBHJIOM H rro­

JIJ'IHM 

dhq = d(Rf ps-1
) 0 dg~ 1 , r.n;e q = g(Sp ). 

0TCIO,n;a IIOJiy'-laeM, '-ITO B HeKOTOpott OKpecTHOCTH 0 paHr dhq TO:>K­

,n;eCTBeHHO paBeH r. PaccMoTpeB MaTpHu;y 

Kr I 0 r 

(ohi) CTpOK 

ow 09i n-r 
oyi CTpOK 

r n-r 
CTOJI6ll;OB CTOJI6ll;OB 
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Mbl Bll,ll;IIM, 'ITO 3TO MO)KeT CJIJ'IllTbCH, TOJibKO eCJIH BCe qacTHbie 

rrpOII3BO,lJ;Hhie, IIOHBJIHIOIIJ,HeCH B rrpaBOM Hll)KHeM yrJiy, TO)K,ll;eCTBeH­

HO o6pam,aIOTCH B HJJib. 9To 3Ha'IIIT, 'ITO IIOCJie,ll;HIIe n - r KOMIIOHeHT 

OT06pa)KeHirn h 3aBIICHT TOJibKO OT nep6'bLX r KOOp,n;irnaT y, T. e. 

9r+l =9r+1(Y1, ... ,yr,O, ... ,O), IIT.,n;. 

BBe,n;eM rrpeo6pa3oBamre H B rrpocTpaHCTBe ]Rn corJiaCHO <PopMyJie 

H Zr 
Zr+l 

= 
Zr 
Zr+l - 9r+1(z1, ... , Zr, 0, · .. , 0) 

9To rJia,n;Koe OT06pa)l{eHIIe, orrpe,n;eJieHHOe B OKpeCTHOCTll z = 0 
B ]Rn. QqeBH,lJ;HO, 'ITO OHO o6paTI-IMO - o6paTHOe rrpeo6pa3oBaHIIe 

orrpe,n;eJIHeTCH <PopMyJioii 

Tor,n;a 

Wr 
Wr+l + 9r+1{w1, ... , Wr, 0, ... , 0) 

Wn + 9n(w1, ... ,Wr,O, ... ,0) 

Y1 

Yr 
0 

0 

Ilo,n;CTaBIIB orrpe,n;eJiemre h = (Rf s-1) 0 9-1 B H 0 h, IIOJiy'IaeM 

Hoh= (HR) of o (s-19-1). 
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Orrpe,n;emrn: 

'l/J=HoR 

¢ =goS, 

BH,ll;HM, 'ITO 'l/J 0 f 0 ¢-1 
HMeeT Tpe6yeMylO TeopeMoif cPOPMY 

'ITO H Tpe6oBaJIOCb ,ll;OK83aTh. 

Y1 

Yr 
0 

0 

Hau6oJiee Ba)KHOe IIpHMeHeHHe 3TOH TeopeMbl OTHOCHTCH K CJIY­

qaro r = n (ttarrOMHHM, 'ITO n - 3TO pa3MepHOCTh rrpocTpaHCTBa W). 
EcJIH .ri;u<P<Pepem:i;uaJI df P HerrpepbIBeH B HeKoTopoif TO'IKe p u HMe­

eT pattr n, TO YTBep)K.ri;aeTCH, 'ITO OH HMeeT paHr n BO Bcex TO'IKax, 

,ll;OCTaTO'IHO 6JIH3KHX K p. ,Ll;eifCTBHTeJihHO, c IIOMOIIJ;blO pe.ri;yKI:i;HH no 

cTpoKaM Mhr MO)KeM ttaifTH TaKue RH S, qTo Rdfps-1 uMeeT BH,LI, 

(10.9) c r = n. EcJIH q .ri;ocTaTO'IHo 6JIH3KO K p, TO BepxHHif Jie­

BhIH 6JioK MaTpHI:i;hI Rdfps-1 6y,n;eT 6JIH30K K e,n;uttuqHoii: MaTpui:i;e. 

CJie,r:i;oBaTeJibHO, pa3MepttoCTh o6pa3a df q He MeHbIIIe n. IlocKOJihKY 

pa3MepHOCTb 3TOro o6pa3a He MO)KeT 6bITb 60JihIIIe dim w = n, Mbl 

,r:i;eJiaeM BhlBO,ll;, 'ITO paHr .ri;u<P<PepeHI:i;HaJia df q TO)K,ll;eCTBeHHO paBeH 

n ,ll;Jl5I BCex q B HeKOTOpOif OKpeCTHOCTH p. l:fa TeopeMbl 0 IIOCT05IHHOM 

paHre Mbl ,r:i;eJiaeM CJie,ll;YIOIIJ;HH BblBO,lJ,. 

TeopeMa o MHo:>KecTBe perneHHH. IlpeanoJ1,o:J1Cu.M, ""mo f : 
0 -t W - Henpep'bt6'1-t0 aurfajJepeH'IJ,Upye.Moe omo6[Ja:JtCe'/-tUe U 'l/,mO 
dfp cwpaeK:mUBHO B mO'l/,'K:e p, m. e. 'l/,mo JKLH2 dfp JJaBeH dim W. To2-
aa .M'bt .MO:JICe.M Haumu aurfajJepe'l-t'IJ,Upye.M'bte om06[Ja:JtCe'/iU.R,." cp, omo6-
[Ja:JtCa'IOW,ee OK:pecmnocmt> p B Rm, u 'l/J, omo6[Ja:J1Ca10w,ee OK:pecm­
nocm'b f (p) B Rn, ma-x: ""mo o6a omo6[Ja:JtCe'l-tuR U.Mewm nenpep'btBtto­
aurfajJepem1iupye.M'bte o6'{Jam'l-t'bte, npU'l/,e.M cp(p) = 0 6 JR.m, 'l/J(f ( q)) = 
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0 6 :!Rn u .1w1ca.11:b'HO 6'btnOA'HJlemcJl paBe'HcmBo 

¢w'((:J) = 
Xm 

0 

0 

B •wcm'Hocmu, mo"{-x;a x Jl6.11,J1,emcJl pewe'HUe.M ypaB'He'HUJl 

J(x) = f(p) (x 66AU3U p) 

mo2da u moA'b'IW mo2da, -x:o2da 

n/,-1 x = 'P 

0 

0 

Ym+l 

Yn 

npu"{e.M. Bee Ym+1, Ym+2, ... , Yn .11,e:>1Cam 6 o-x:pecm'Hocmu 0. 
Bne,n;eM HecKOJihKO TepMHHOB, qT06b1 c.n;enaTh TeopeMy o MHO­

)KeCTBe perneHHH 6onee KpaTKOfi. IlycTh Hm-n o6o3HaqaeT no,n;npo­

CTpaHCTBO ]Rm' onpe.n;eneHHOe ycJIOBHRMH 

X1 = 0, ... , Xn = 0. 

(3.n;ecb npe.n;rronaraeTcR, qTo n .n;omKHO 6hITh ::; m.) Ilo,n;MHO)KeCTBO 

M m-MepHoro neKTopHoro rrpocTpaHCTBa V Ha3hrnaeTCR nod.M'H02o­

o6pa3ue.M. -x:opa3.Mep'Hocmu n, ecnH OHO o6na.n;aeT cne,nyrorn;HM cno:ti­

CTBOM: OKOJIO Ka)K,IJ;OH TOqKH x E M Mbl MO)KeM HaHTH OKpecT­

HOCTb 0 B rrpocTpaHCTBe V H .n;mp¢epemi;npyeMoe oTo6pa)KeHHe 

<P : 0 ---t ]Rm c ¢(x) = 0, TaK qTo <P B3aHMH0-0,IJ;H03HaqHbIM o6-

pa30M OTo6pa)Ka€T 0 B OKpeCTHOCTb u B6.JIH3H 0, rrpH 3TOM <1>- 1 

.n;n¢¢epemwpyeMo H 

¢(Mn 0) = Un Hm-n· 
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PHc. 10.4 

~yrHMH CJIOBaMH, 9TO ycJIOBHe Ha M 03HaqaeT, qTo B6JIH3H Ka:)K­

,D,Oii TO'-IKH x E M MbI MO)l(eM HaHTH TaKyro nrn,D,Ky10 ,D,ecl>opMaI.J;HIO 

Bceii oKpecTHOCTH, 3a.n;aBaeMy10 oTo6pruKeHHeM </>, qTo M «ynJI01n;a­

eTC.H» H cTaHOBHTC.H KYCKOM rHnepnJIOCKOCTH. HanpHMep, OKpy)l(­

HOCTb x 2 + y 2 = 1 .HBJI.HeTC.H ITO,ll,MHoroo6pa3HeM KOpa3MepHOCTH 1 B 

npocTpaHCTBe JR2 , ITOTOMY '-ITO Mb! MO)l(eM BBeCTll OT06pa)KeHHe 

( 
r2 - 1 ) 

</>(x, y) = arctan(y/x) 

BO Bcex ee TOqKax c x i- 0 ( c ITOCJie,D,YIOII.J;HM C,ll,BHrOM B BepTHKaJibHOM 

HanpaBJieHHll K Haqany KOOp,ll,HHaT o6pa3a). B TOqKax, r,D,e x = 0, 
MbI MO)l(eM noJib30BaTbC.H cPYHKI.J;Heii arctan ( x / y). A BOT nepHMeTp 

KBa,IJ;paTa He .HBJI.HeTC.H ITO,ll,MHOroo6pa3HeM, ITOTOMy qTo He cyiu;ecT­

ByeT rJia,IJ;Koro cnoco6a BbIITp.HMHTb yrJibI. 

IIycTb f : 0 ~ W - HenpephIBHO-,ll,HcPcPepeHn;HpyeMoe oTo6pa­

)KeHHe. ToqKa p E 0 Ha3bIBaeTc.H pe2y;uipnou mo"t'ICOU oTo6pa)l(eHH.H 

f, ecJIH dfp crop'heKTHBHO, T. e. ecJIH paHr dfp paBeH dim W. ToqKa, 

KOTOpa.H He .HBJI.HeTC.H peryJI.HpHOH, Ha3bIBaeTC.H KpHTHqecKOH TOqKoit. 

EcJIH W =JR, TO p 6y.n;eT KpHTHqecKoit ToqKoit npH ycJIOBHH dfp = 0. 
9To corJiacyeTC.H c HamHMH npe,LI,bl,D,YII.J;HMH 0003Ha'-!eHH.HMH. 

ToqKa q E W Ha3bIBaeTC.H pe2yJ1,Rptt'bt.M 3tta"tettue.M, ecJIH Bee 

ToqKH p B 1-1 (q) .HBJI.HIOTC.H peryJI.HpHbIMH ToqKaMH. Tenepb .n;a,n,HM 

eiu;e O,ll,HY cl>opMyJIHpOBKY Hame:ii TeopeMbI. 

EcJIH q - peryJI.HpHoe 3HaqeHHe f, TO 1-1(q) - no.n;MHO­

roo6pa3He. 

IlpHBe.n;eM HeCKOJibKO npHMepoB. 



10.9. J1oKaJihttaH CTPYKTypa .~mpcpepeHIJ;HpyeMoro OTo6paJKeHHH 525 

(a) IlycTb n = 1 H f : !Rm ---t IR1 =JR orrpe,n;eJieHO cPOPMYJIOH 

f ((:J) ~xl+···+x~. 
Tor,n;a df P # 0, ecJIH p # 0. TaKHM o6pa3oM, mo6oe HeHyJieBoe 

3Haqem1e f 6y,n;eT perym1pHhIM 3HaqeHHeM. ,Il,JI.51 c > 0, 1-1 (c) eCTh 

c<t>epa pa,n;nyca JC. 3HaqnT, c<t>epbI 51BJI51IOTC51 rro,n;MHOroo6pa3H.HMH. 

(b) IlycTh M(k) o6o3HaqaeT BeKTopHoe rrpocTpaHCTBO Bcex MaT­

pmJ. k x k, Tor,n;a m = dim V = k2 . IlycTh W = S(R) o6o3HaqaeT 

BeKTOpHoe rrpocTpaHCTBO Bcex CHMMeTpHqHhIX MaTHHIJ; k x k, T. e. 

MaTpHIJ; D, y,n;oBJieTBop.HIOIIJ;HX ycJIOBHIO Dt = D. Tor,n;a 

. 1 
n = dim W = 2 k( k + 1). 

PaccMoTpHM oTo6pa)J(eHHe f: V---+ W, r,n;e f(A) = AAt. JlerKo 

rrpoBepHTh, qTo df A(B) =BAT+ ABt. MbI yTBep:>K,n;aeM, qTo e,n;n­

HnqHa.H MaTpHIJ;a JI .HBJI.HeTC.H peryJI.HpHbIM 3HaqeHneM OTo6pa:>KeHH.H 

f. ,ll,JI.H ,D;OK83aTeJihCTBa 3Toro yTBep:>K,n;eHH.H cJie,n;yeT rrpoBepnTh, qTo 

df A crop'heKTHBHO, ecJIH AAt = JI. ,lJ,pyrnMn CJIOBaMH, rrpH Ka)J(,Ll;OM 

AypaBHeHHe 

OTHocnTeJihHO B ,n;oJI:>KHO nMeTh pemeHne ,n;m1 mo6oit cnMMeTpnqHoli 

MaTpHIJ;hI C. ,II,elicTBHTeJihHO, rrycTh B = CA/2. Tor,n;a 

T.K. 

T.K. 

AAt =At A= JI 

C=Ct. 

I1TaK, MHO:>KeCTBO Bcex OpTOI'OHa.TlhHhIX MaTpHIJ;, T. e. MaTpHIJ;, 

y,n;oBJieTBOp.HIOIIJ;HX ycJIOBHIO AAt = JI, .HBJI.HeTc.H rro,n;MHoroo6pa3HeM 

rrpocTpaHCTBa Bcex MaTpHIJ;. 
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10.10. Conpsi)l(eHHoe 0To6pa)l(ettne 

lfay<rn.si: OT06pa)KeHirn 0,11,HOH a<J:>qrn:HHOH ITJIOCKOCTH B ,n;pyryro, MbI 

rroJib30BaJIHCh rroH.si:THeM rrepeHoca <i>YHKIJ;llH (pullback). BcrroMHHM, 

'ITO rrp11 OTo6pa)KeHHH </J a<J:><J:>11HHOii IIJIOCKOCTH A B ,n;pyryro a<P­

cPHHHYIO IIJIOCKOCTh B ecTeCTBeHHhIM o6pa30M B03HHKaJIO Auttei1:1we 
oT06pa)KeH11e cPYHKI1Hii, orrpe,n;eJieHHhIX Ha ITJIOCKOCTH B, B cPYHK-

1IHH, orrpe,n;eJieHHbie Ha rrJIOCKOCTH A. 9Ta c11Tya1IH.sI 11306pa)KeHa Ha 

p11c. 10.5. IlepeHoc orrpe,n;eJieHHOii Ha ITJIOCKOCTH B <J:>yHKI1HH f, o6o-

3Ha'IaeMhIH </J* f, .sIBJI.sieTc.si: <J:>yHKI1Heii Ha ITJIOCKOCTH A, orrpe,n;eJI.si:e­

Moii COOTHOIIIeHIIeM 

(¢* f)(P) = f(</J(P)). 

</>* 

A 

p (</>* f)(P) = f(</>(P)) 

P11c. 10.5 

IloH.sITHe rrepeHoca MO)KeT 6bITb paCIIIHpeHO Ha cJiyqaii OT06pa)KeHHH 

o,n;Horo BeKTOpHoro rrpocTpaHCTBa V B ,n;pyroe BeKTopHoe rrpocTpaH­

CTBO W. HaM oco6eHHO HHTepeceH rrepeHoc JIHHeiiHhIX cpyHKI1Hii B 

rrpocTpaHCTBe W (T. e. 3JieMeHTOB ,II,yaJihHOro rrpocTpaHCTBa W*), 
B03HHKaIOIIIHii KaK cJie,n;cTBHe Autteutto20 0To6pa)KeH11.si: A rrpocTpaH­

CTBa V B W. B 3TOM cJiyqae rrepeHeceHHOe oT06pa)KeH11e H3 W* B 

V* Ha3hIBaeTc.si: oT06pa)Kem1eM, conpR;J1Cetttt'bl.M K A. Mbr 6y,n;eM o6o-

3Ha'IaTh ero A*. Ero ,n;eiiCTBHe Ha 3JieMeHT /3 E W* orrpe,n;eJI.si:eTc.si: 

<J:>opMyJioii 

(A*{3)[v] = /3[Av]. 

,1J.oKa3aTeJihCTBO Toro, 'ITO TaKHM o6pa30M orrpe,n;eJieHHOe OT06-

pa)KeHHe A* JIHHeiiHo no /3, TO'IHO TaKoe )Ke, KaK ,n;oKa3aTeJibCTBO 
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Toro, 'ITO Boo6rn;e nepeHoc - mrneiiRoe 0To6pa)l(em1e. Ecm1 3JieMeH­

ThI {31 II {32 HBJIHIOTCH 3JieMeHTaMII W*, To 

(A*(c1f31 + c2f32))[v] = (c1f3
1 + c2f3

2
)[Av] 

= cif3
1
[Av] + c2f3

2
[Av] 

= c1A*{31[v] + c2A*{32[v]. 

0Tcro.n;a nonyqaeM paBeRCTBO 

KoTopoe II 03Ha'laeT JIIIHeiiHOCTh A*. 0TMeTIIM, 'ITO II3 JIIIReHHOCTII A 
II {3 cne,n;yeT JIIIHeiiHOCTh cpyRKIJ;HII A* {3 no v, T. e. 'ITO .n;eitcTBIITeJihHO 

A* {3 ttaxo,n;IITCH B rrpocTpaHCTBe V*. 
Ba)l(HO OTMeTHTh, 'ITO conpH*eRRoe oTo6pa*eRHe A* .n;eiiCTByeT 

«B HanpaBJieRHH, rrpoTIIBonoJIO)l(HOM» A. 9To 3Ra'IIIT, 'ITO ecJIII A 
rrpeo6p83yeT BeKTop v E V B BeKTop Av E W, TO corrpH)l(eRRoe 
OTo6pa)l(eHIIe A* npeo6p83yeT BeKTop {3 E W* B BeKTop A* {3 E V*. 
Ha cxeMe 3TO BhirJIH,Il;IIT TaK: 

V*~W*, 
A V--+ W. 

PaccMoTpIIM npIIMep corrpH)l(eHHoro 0To6pa)l(emrn: nycTh V -
TpexMepHoe npocTpaHCTBO qeTHhlX IIOJIIIHOMOB CTeneHH :S 4 lI nycTh 

w - ,n;ByMepHoe rrpocTpaRCTBO H€'1€THbIX IlOJIHHOMOB CTerreHH :S 3. 
Tor.n;a onepaII,IIH .n;mp<PepeHu,IIpoBaHIIH onpe.n;enHeT JIIIHeiittoe oTo6-

pa*eRIIe D H3 V B W: 
D : f t--t f'. 

IIycTh 3JieMeRT npocTpaHCTBa W* TaKoB: 

{3: g 1--t g(l). 

HarrpHMep, {3(t + 2t3) = 1 + 2 = 3. qT06bl BhI'IHCJIIITh D*{3, Boc­

noJib3yeMCH orrpe.n;eneHIIeM 

D*{3[f] = {3[Df]. 
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B HameM cJiyqae Df = f' H /3[Df] = f'(l). 0Tcro.n;a CJie.n;yeT, qTQ D*/3 
- JIHHefittaH cPYHKIJ;mI B rrpocTpaHCTBe v ( 3JieMeHT rrpocTpaHCTBa 

V*): 
D*/3: f -t f'(l). 

Bo3bMeM ,n;pyrofi 3JieMeHT rrpocTpaHCTBa W*: 

Q: g f-+ fo 1 

g(t) dt. 

Tor.n;a 

D*a[f] = a[Df] = fo 1 

f'(t) dt = f(l) - f(O), 

T. e. D* a - JIHHeiiHaH cpyHKIJ;HH 

D*a: ff-+ f(l) - f(O). 

EcJIH BBecTH 6a3HChI B rrpocTpaHCTBax V, W, V* H W*, TO 

OIIHCaHHe corrpH)KeHHOro OT06pa)KeHHH CTaHOBHTCH oco6eHHO rrpo­

CTbIM. Ilpe.n;rroJIO)KHM, qTo v - m-MepHoe rrpocTpaHCTBO c 6a3H­

COM {v1,v2, ... ,vm}· BBe,n;eM )l;yaJihHhifi 6a3HC {a1,a2, ... ,am} B 

)l;yaJihHOM rrpocTpaHCTBe V*. AttanorHqHo, rrycTb { w1, W2, ... , w n} 
H {/31

, /32 ... , 13n} 6y.n;yT 6a3HCaMH rrpocTpaHCTB W H W* cooTBeT­

CTBeHHO. EcJIH A - JIHHeiittoe oTo6pa)KettHe H3 V B W, TO 

n 

Avi = LajiWj, 
j=l 

r.n;e BeJIHqHHhI { ali, a2i, ... , ani} o6pa3yIOT i-fi cmoJt6eu, MaTpHIJ;hI, 

3a)l;aroiu;eii oTo6pa)KeHHe A. Bb1qHCJIHM, KaK A* ,n;eficTByeT Ha 6a3HC­

Hhifi aJieMeHT rrpocTpaHCTBa W*: 

Mbl HMeeM 

j = k, 

JI k, 
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T.e. 

(A*/3k)[vi] = aki· 

:VITaK, MhI MO)KeM Bbipa3HTh A* .Bk qepe3 683HCHhie BeKTopa 

{al, o:2, ... , o:m} B rrpocTpaHCTBe V*: 

n 

A*/3k = Lak1o:z. 
l=l 

BeJIHqHHhI { akt} = { ak1, ak2, ... , akm} o6pa3yIOT k-H. cmoA6eu, MaT­

pHIJ;hI, 3alJ..aron.i;eii OTo6pa)l<:eHne A*, HO OlJ..HOBpeMeHHO OHM HBJIHIOT­

CH k-ii CTpOKoii MaTpm.i;w, 3a,lJ..aron.i;eii A. '.:ho 3HaqnT, qTo MaTpm.i;a 

oTo6pa)Kemrn A* .HBJI.HeTc.H mpm;,cnoHupoem-t'l-tou MaTpnIJ;eii OTo6pa­

)KeHnH A. HarrpHMep, ecJIR V - TpexMepHoe rrpocTpaHcTno, W -
.n;nyMepHoe n A : V - W rrpelJ..CTaBJIHeTCH MaTpHIJ;eii 

A= (an 
a21 

TO corrpH)KeHHoe OTo6pa)KeHne A* : W* - V* 3a.n;aeTcH MaTpRIJ;eii 

(
au az1) 

A*= ai2 a22 . 

al3 az3 

BcrroMHRM, qTo aJieMeHThI .n;yanbHoro rrpocTpaHcTBa MoryT 6bITh 

3arrncaHbI B nn.n;e neKTopon-cTpOK. B HarneM rrpnMepe aneMeHT 

rrpocTpaHCTBa W* MO)KHO 3arrncaTh B nn.n;e .n;nyxKoMrroHeHTHoro 

BeKTOpa-cTpOKR: 

a 3JieMeHT rrpocTpaHCTBa v - KaK TpeXKOMIIOHeHTHbIH BeKTOp­

CTOJI6eIJ;: 

Tor,lJ..a (A*.B)[v] = /3[Av] MOMHO 3aIIRCaTb KaK rrpoR3Be.n;eHRe 
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EcTeCTBeHHoe HCTOJIKOBaHHe 3Toro npoH3Be)l.eHm1: MaTpHu,a A, )l.eii­

CTBY51 cHaqaJia Ha CToJI6eu,, pacrrnJIO)KeHHhrii OT Hee crrpaBa, p;aeT Av, 
Ha KOTOpbIH y)Ke )l.eiiCTByeT /3. c )l.pyroii CTOpOHhI, MO)KHO )l.yMaTh, 

qTo MaTpm.1;a CHaqa.Jia )l.eiicTByeT Ha BeKTOP-CTpoKy, CT051Ill,YIO CJ1,e6a: 

r)l.e (µ1,µ2,µ3) npe)l.cTaBm1eT BeKTop (A*/3) EV*, KOTOphrii rroToM 

)l.eiicTByeT Ha v E V. TaKHM o6pa3oM, ecJIH MhI H3MeHHM o6hrqHhre 

npaBHJia YMHO)KeHH51 MaTpHil, H II03BOJIHM MaTpHI.J;e CHaqa.Jia )l.eHCTBO­

BaTh Ha.JieBO Ha BeKTOp-cTpOKy, TO O,IJ;Ha H Ta )l{e MaTpHil,a 6y)l.eT 

npe)l.cTaBJI51Th A H A*. EcJIH )l{e MhI xoTHM 3anHChIBaTh A* Tpa)l.H­

Il,HOHHO, T. e. B BH)l.e MaTpHU,hI, )l.eiiCTBYIOII.J;eii Ha CTOJI6eil, cnpaBa, TO 

Mhl )l.OJI)KHhI IlHCaTb 

ll MhI BH)l.HM, qTo MaTpHI.J;a, npe)l.cTaBJI51IOIIl,a51 A*, 6y)l.eT TpaHcno­

HHpoBaHHoii MaTpHI.J;eii A. 
llccJie)l.yeM Teneph 51,ll.pO H o6pa3 conp51)KeHHOro oTo6pa)KeHH51 

A*. EcJIH /3 E W* H rrpHHa,IVIe)KHT 51,ll.py A*, TO A*/3[v] = 0 ,IJ;JI51 Bcex 

V E V, T. e. /3[Avj = 0. cho 3HaqHT, qTQ /3 aHHYJIIfpyeT BCe BeKTOpa 

BH)l.a Av. 0Tcro)l.a MO)l{HO c,n;eJiaTh Bhrno.n;, qTo Rapo A* annyJ1,upyem 
o6paa A. 

Ilpe.n;noJIO)KHM, qTo a E V* H npHHa)l.Jie)KHT o6pa3y A*, T. e. 

A*/3 /3 E W*. a = )l.J151 HeKOTOphIX 

Ilpe)l.ITOJIO)KHM, qTo v eCTh 3JieMeHT Ker A. Tor.n;a 

a[v] = A*/3[v] = /3[Av] = 0. 

0TCIO)l.a cJie)l.yeT, qTo o6paa A* annyJ1,upyem Rapo A. 
06'he,IJ;HHHB 3TH pe3yJihTaTbl c o61Il,HMH pe3yJihTaTaMH ,IJ;JI51 )l.y­

a.JihHhIX rrpocTpaHCTB H <PaKTOpllpOCTpaHCTB, )l.OK83aHHhIMH B KOHil,e 

rraparpa<Pa 10.5, Mhl MO)KeM IIOCTpOHTh ,IJ;Be cxeMhI, H306pa)l{aIOIIl,He 
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o6m,yro KapT1rny BeKTOpHblX npocTpaHCTB H JIHHeHHblX npeo6p830-

BaHHH. l'haK, ,II,JUI no.n;npocTpattcTB V H V* Mbl HMeeM 

V* /Im A* f- V* f- Im A*, 

Ker A --+ V --+ V /Ker A. 

cha cxeMa OTpa:>KaeT TOT <PaKT, 'ITO <PaKTopnpocTpaHCTBO V* /Im A 
MO)KeT 6b1Tb H,LI;eHTHcPHIJ;HpoBaHo c conpSI)KeHHblM K Ker A, a o6p83 

A* conpSI)KeH c V /Ker A. 
,Il;JISI no.n;npocTpattcTB W H W* Mbl noJiyqaeM cxeMbl: 

W* /Ker A* f- W* f- Ker A*, 

Im A --+ W --+ W /Im A. 

3.n;ecb W* /Ker A* MO)KeT 6b1Tb H.LI;eHTHcPHIJ;Hposatto c ,LI;yaJibHblM 

Im A, a Ker A* ,LI;yaJibHO KW /Im A. Mttoro'IHCJieHHble npHMepbl 3THX 

COOTHOmeHHH 6y.n;yT HaMH paccMOTpeHbl npn n3yqeHHH TeOpllH 3JieK­

TPH'IeCKHX ii;ene:H. 

Pe3IOMe 

A. BeKTOpHble rrpocTpaHCTBa 
Bb1 .LI;OJI)l{Hbl 3HaTb aKCHOMbl seKTOpHblX npocTpaHCTB n yMeTb npn­

MeHSITb HX. 

,Il;JISI .n;aHHoro 683HCa BeKTOpHoro npocTpaHCTBa Ha,LI;O yMeTb Ha­

XO,LI;llTb ,LI;yaJibHblH 683HC ,LI;JISI ,LI;yaJibHOro npocTpaHCTBa. 

,Il;JISI .n;attttoro no.n;npocTpaHCTBa U BeKTOpttoro npocTpaHCTBa V 
Ha.n;o yMeTb CTpOHTb 683HCbl .n;JISI aHHYJIHpyrom,ero npocTpaHCTBa u l_ 

ll <PaKTOpnpocTpaHCTBa v /U ll llCil0Jlb30BaTb llX. 

B. JlHHeHHbie rrpeo6pa30BaHHSI 
Bbl .n;OJI)l{Hbl yMeTb nHcaTb MaTpney, npe.n;cTaBJIS110m,y10 JIHtte:Httoe 

npeo6p83oBaHHe A : V--+ W B 3a.n;aHHblX 683ncax. 

Bhl .LI;OJI)l{Hbl 3HaTb <PopMyJIHpOBKY TeopeMbl o pattre n .n;e<PeKTe, 

yMeTb .n;oK83bIBaTb H npnMeHSITb ee. 

,Il;JISI .n;aHHOH MaTpHIJ;bI JIHHe:fittoro npeo6p83oBaHHH A tta.n;o yMeTb 

IlOJib30BaTbCH pe.n;yKIJ;He:fi no CTpoKaM .n;JISI onpe.n;eJieHHSI 683HCOB .n;JISI 

Ker An ImA H noJiy'IaTb o6m,ee pemeHHe ypaBHeHHH Av= w. 
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Bbl ,n;oJDKHhI 3HaTh orrpe,n;eJiemfe corrp5DK€HHoro 0To6pa)Kemu1 A* 
.n;m1 mrneii:Horo rrpeo6pa3oBamrn A. Ha.n;o 3HaTh <t>opMyJihI, ,n;oKa3hI­

BaTh H rrpHMeH51Th cooTHorneHH51 Me)K.n;y 51.zi;poM H o6pa30M A, Me)K.n;y 

51.n;pOM H o6pa3oM A*. 

10.1. PaccMoTpHTe II51TIIMepHoe BeKTOpHoe rrpocTpaHCTBO V IIOJIIIHOMOB 

f (t) cTerreHII :S 4. BhrnCHIITe, 6y,n;eT JIM rro.n;rrpocTpaHCTBOM MHO­
)KeCTBO B KaJK.n;OM II3 rrepe'IIICJieHHhIX HII:lKe rrpIIMepoB. EcJIII HeT, 

To ofrMICHIITe, IIO''leMy. EcJIII .n;a, To Haii:,n;IITe 6a3IIC. 

(a) IloJIIIHOMhI y,n;oBJieTBopHIOT ycJioBIIIO f (t) = f (-t). 
(b) IloJIIIHOMbI y,n;oBJieTBOp51IOT ycJIOBIIIO f ( 0) = 1. 

( c) IloJIIIHOMhI y,n;oBJieTBOp51IOT ycJIOBIIIO f ( 1) = f ( -1). 

(d) IloJIIIHOMbI y,n;oBJieTBOp5IIOT ycJIOBIIIO f~1 tf(t) dt = 0. 

10. 2. (a) Haii:,n;IITe 6a3IIC .n;m1 rro.n;rrpocTpaHCTBa JR 3, orrpe,n;eJieHHoro 
ycJIOBIIeM a[v] = 0, r.n;e 

a= (2, -3, 1). 

(b) Haii:,n;IITe 6a3IIC ,Ll;JIH rro.n;rrpocTpaHCTBa JR3 , orrpe,n;eJieHHoro 

ycJIOBIIHMII a[v] = 0 II ,B[v] = 0, r.n;e 

O'. = (2, -3, 1) II ,8=(2,1, -1). 

( c) Haii:,n;IITe 6a3IIC aHHYJIIIpy10rn;ero rrpocTpaHCTBa ,Ll;JIH rro.n;rrpo­

cTpaHCTBa w c JR3' HaTHHYTOro Ha BeKTOpa 

(-D H (_:) 

10.3. (a) IloKa:lKIITe, qTQ MHO:lKeCTBO cPYHK!lIIil: f(t), y,n;OBJieTBOp51IOI!11IX 
ypaBHeHIIIO !" +5f' +6f = 0, 51BJI51eTC51 BeKTOpHbIM rrpOCTpaH­
CTBOM V. 

(b) Bo3hMeM TPII aJieMeHTa rrpocTpaHCTBa V*, .n;yaJihHoro K aToMy 
rrpocTpaHCTBy: 

al: 

0'.2: 

0'.3: 

f 1--t f (0), 

f 1--t !' (0), 

f t--t 1+oo et f(t) dt. 
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Haii.n;iue cooTHomemre Me2K,IJY a 1, a 2 H a 3, IIOKa3hIBarorn:ee, 
qTO OHM JIHH€HHO 3aBHCHMhl. 

( c) B KaqecTBe 6a3Hca rrpocTpattcTBa V Bb16epeM BeKTopa 

v1 = e-2t + e-3t, 

2 -2t -3t 
v2 = e - e . 

Bhlpa3HTe .n;yaJihHhle 6a3HCHhie :-meMeHThl {31 H {32 qepe3 a 1 H 

a 2, onpe,n;eJieHHhie B npe,n;hl.n;yrn;eM rryttKTe. 

10.4. (a) IloKaJKHTe, qTo ecJIH S H T - no.n;npocTpaHcTBa BeKTOpttoro 
rrpOCTpaHCTBa v) TO lfX nepeceqeHHe s n T ( MHO)K€CTBO JJl€­

MeHTOB, o6rn;Hx )l;JI.H S HT) .HBJI.HeTc.H rro.n;npocTpattcTBOM V. 

(b) IloKa)KHTe, qTo S + T (MHO)KeCTBO BeKTopoB, .HBJI.HIOID;HXC.H JIH­

HeiiHhlMH KOM6Jrna11H.HMH BeKTOpOB H3 S H T) 6y,n;eT rro.n;npo­
CTpaHcTBOM v. 

(c) IloKa)KHTe, qTO dim(S + T) = dim(S) + dim(T) - dim(S n T). 
(YKa3aHHe: ttaqHHTe c 6a3Hca SnT H pacmHpbTe ero .n;o 6a3Hca 

S+T.) 

( d) IIperomnoxmM, qro V ecTI> JR', S mmrnyro aa BeKropw ( ! ) 
H m , a T COOIB&reTBCHHO Ha BCKTOphl m H m II~ 
CTpOii:Te 6a3HCbl ,ll;JI.H s n T) s + T H ,ll;JI.H npocTpaHCTBa, aHHY­

JIHpyrorn;ero S + T. 

10.5. IlyCTb w - D0!1IlpoCTpaHCTBO JR3
' HaTHHyroe na BCKTOP ( ! ) . 

(a) Ilo~wre, = e, ~ m . e, 0) o6p'3yroT 6&3Hc 

4>aKTOpnpoCTpaHCTB• JR3 /W. Bhlpa38Te BC><ropa m ' m 
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H ( ~) B BH)\e mrneliHbO< KOM<iHH>Il,B. 3THX 6a3HCHbD< BeKTO­

poB. 

(b) IloKa:>IUITe, 'ITO a= (2,-1,0) H /3 = (4,0, -1), 6y,ey'IH 3Jie­
MeHTaMH .IzyaJibHoro rrpocTpaHCTBa K R3, .HBJI.HIOTC» 683HCOM 
aHHYJIHpyrorn;ero rrpocTpaHCTBa w ..L. ,Il;JI.H w ..L IIOCTpoH:Te 6a-

3HC { e1 ' € 2} qepe3 3JieMeHTbI a H /3' KOTOpbIH 6y,n;eT ,eyaJieH 
683Hcy {el, e2} <i>aKTopnpocTpaHcTBa R3 /W. 

10.6. (a) IlycTb W - rro,n;rrpocTpaHCTBO BeKTOpHoro rrpocTpaHCTBa V. 
IlycTb U - rro,n;rrpocTpaHCTBO W. ,Il;oKa:lKHTe, 'ITO W/U »BJI.H-

V/U 
eTc» rro,n;rrpocTpaHCTBOM V /U H 'ITO W/U ecTeCTBeHHo coBrra-

,n;aeT c V/W. 

(b) IlycTb BeKTOpHoe rrpocTpaHcTBO V ecTb R3, W - ITJIOCKOCTb 

x + y + z = 0, au - np.HMa.H JIHHH.H, orrpe,n;eJieHHa.H BeKTOpOM 

( - ~) . IlORY"ffT" '"'"""' BB.><'••mcoB ,.,,. 3THX HpDCTpaHOTB. 

(c) Pa36epHTecb, 'ITO rrpoHcxo,n;HT B .IzyaJibHOM rrpocTpaHCTBe, T. e. 
rrocTpoH:Te rro,n;rrpocTpaHCTBa V*, KOTOphre 6y,eyT .IzyaJibHbIMH 

HJIH aHHYJIHpyrorn;HMH rrpOCTpaHCTBaMH M.H BCex rrpOCTpaHCTB, 
rrepe'IHcJieHHbIX B rryHKTe (a). CaaqaJia c,n;eJiaH:Te aTo B o6rn;eM 
BH,n;e, a ITOTOM ,ll;JI.H 'IaCTHOrO cJiy'Ia.H, OITHCaHHoro B nyHKTe (b). 

10. 7. PaccMoTpHTe npocTpaHCTBO V, o6pa30BaHHOe <i>YHK~H.HMH BH,ll;a 
f(t) = At+ B/t, 3a,n;aHHhIMH Ha oTpe3Ke [1, 2]. IlycTb 683HCHb1e 
BeKTOpa HMelOT BH,ll; V1 = t H V2 = 1/t. ,Il;Ba aJieMeHTa .IzyaJibHOro 
npocTpaHCTBa V* paBHbI 

/31 
: f(t) -+ f (1), 

/32 
: J(t) -+ f (2). 

Bb1pa3HTe 683HCHbie aJieMeHTbI {a1,a2}, i}ya.tt'b'H'bte K {vi,v2}, B 
BH)l;e JIHHeHHOH KOM6HHa~H {31 H {32. 

Ilpe)K)l;e 'IeM BhIIIOJIH»Tb ynpa:lKHeHH.H 10.8-10.12, nepe'IHTaii:Te na­

parpa<i> 4.2 0 npo~ecce rpaMa-illMH)l;Ta. 

10.8. (a) Haii,n;HTe pa3MepHOCTb npocTpaHCTBa TpHroHoMeTpH'IeCKHX 
IlOJIHHOMOB, HaT.HHyToro Ha 

{1, sin2 x, cos2 x, sin4 x, sin2 x cos2 x, cos4 x }. 
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(b) IlyCTb CKaJlHpHoe rrpoH3Be,n;eHHe B 3TOM rrpocTpaHCTBe paBHO 

1171" (!,g)=- f(x)g(x)dx. 
7r 0 

c y'IeTOM 3Toro orrpe,n;eJieHHH IIOCTpOiiTe OpTOHOpMHpOBaHHbIH 
6a3HC. 

10.9. (a) PaccMOTpHTe BeKTOpttoe rrpocTpaHCTBO He'IeTHhIX rronuHOMOB 
CTerreHH ::::; 3 c 6a3HCOM { t, t 3} H CKaJIHplibIM rrpOH3Be,n;eHHeM 

J; f(t)g(t) dt. IlocTpoiiTe opToroJiaJihHhI:li 6a3HC (ero He Ha,n;o 

HOpMHpoBaTb). 

(b) ,II,na JIHHeiittoro orrepaTopa f : V -+ V, orrpe,n;enettttoro <Pop­
Mynoii f(p(t)) = tp'(t), IIOCTpoiiTe MaTpm:zy A, KOTopaa rrpe,n;­

CTaBJIHeT f B 6a3uce {t, t 3}, H MaTpm:zy A, KOTopaa rrpe,n;cTaB­
naeT f 13 opTOI'OHaJibHOM 6a3HCe, IIOCTpOeJIHOM B rrpe,n;hI,n;yureM 
rryHKTe. 

( c) Tpu aJieMeHTa ,n;yanbttoro K V rrpocTpaHCTBa V* MO:>KHO 3a,n;a Th 

B BH,n;e: a 1[p] = p(l), a 2[p] = p'(O) H a 3[p] = 1; tp(t) dt. 
Ilony'IHTe COOTHOlleHHe Me:>K,n;y a 1' a 2 H a 3' IIOKa3bIBaIOuree 
B HBHOM BH,n;e, 'ITO OHH JIHHeiiHO 3aBHCHMbI. 

10.10. IlycTb v - ,n;ByMepHoe BeKTOpHOe rrpocTpaHCTBO <PYHKIIU:li, HBJIH­

IOIIIHXCH JIHHeiiHhIMH KOM6HHaIJ,HHMH fi = 1 u h = cos2 t. Orrpe­
,n;eJIHM CKMHpHoe rrpoH3Be,n;eHHe B 3TOM rrpocTpaHCTBe (!' g) = 

f
0

11"
12 f(t)g(t) dt. 

(a) IlocTpOiiTe opTOHOpMHpOBaHHbIH 6a3HC ,ll;JIH rrpocTpaHCTBa v. 
2 171"/2 1 2 171"/2 3 

(3aMe'Iattne: - cos2 t dt = - , - cos4 t dt = - . ) 
7ro 27ro 8 

(b) Tpu aJieMeHTa ,n;yMhHOro rrpocTpaHCTBa V* paBHbI: 

r12 
a 1

: f-+ f(7r/2), a 2
: f-+ lo f(t)costdt, 

r12 
a 3

: f-+ lo f(t)sintdt. 

IloKa:>KHTe B HBHOM BH,n;e, 'ITO OHH JIHHeiiHO 3aBHCHMbI. 

10.11. PaccMOTpHTe TpexMepttoe rrpocTpaHCTBO V, 3JieMettTaMH KOTOporo 
6y,n;yT rroJIHHOMhI cTerreHH::::; 2, yMHO:>KeHHbre Ha e-2t. Ba3HCOM 3Toro 

rrpocTpattcTna 6y,n;yT TPH BeKTopa: 

V1 = e-2t, v2 = te-2t, v 3 = t 2e-2t. 
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(a) B 3TOM 6a3nce ttarrnmnTe MaTpnrzy D, rrpe,ll,CTaBJunorrzyro orre­
pa!IHIO ,lJ,HcPcPepeHIIHPOBaHm:I, T. e. 

DJ(t) = J'(t). 

(b) IlocTpoiiTe MaTpHuy D2 + 4D + 41L (B 3TOii MaTpHI!e 6yp;eT 
MHOro HyJieii!) 

(c) 06w,ee pemeane ypaBHeHH.H x + 4± + 4x = e-2t Jie2KHT B BeK­
TOpHoM rrpoCTpaHCTBe v. IloJiyqnTe ero c IIOMOIIIbIO MaTpHI!bI, 
IIOCTpOeHHOH B IIJHKTe (b). 

10.12. BeKTOpaoe rrpocTpaHCTBO pemeanii ypaBHeHH» 

x +3±+ 2x = 0 

o6o3HaqnM qepe3 V. Orrpe,I1,eJIHM CKaJI.Hpttoe rrpoH3Be,ll,eHne B 3TOM 
rrpocTpaHCTBe paBeHCTBOM 

r+= 
(f, g) =Jo f(t)g(t) dt. 

(a) IlycTb f1 = e-2t - rrepBbIH 6a3HCHbIH BeKTOp rrpocTpaHCTBa v. 
IlocTpO:fiTe BTOpo:fi BeKTOp f2, OpTOrOHaJibHbIH K f1. 

(b) B 6a3nce {f1, f2} rrocTpo:fiTe MaTpnrzy D, KOTopa.a rrpe,lJ,CTaB­
JI.HeT orrepa!IHIO ,n.n¢¢epeHI!HPOBaHH.H no t. IlpoBephTe, qTo 
D2 + 3D + 2ll = 0. IlycTh TpH 3JieMeHTa ,11.YaJihHoro rrpocTpaH­
CTBa V* HMeIOT BH,11. 

oi[f] = f(O), 

02[f] = f'(O), 

03[f] = fo+oo f(t) dt. 

( c) OfrMICHHTe H3 o6IIIHX coo6pa2KeHHii, rroqeMy cyIIIeCTBYIOT qnc­
Jia -A1, -A2, A3 (ae Bee paBHbie ayJiro), ,11.JI.H KOTOphrx BhIIIOJIH.H­
eTC.H COOTHOilleHHe 
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( d) c IIOMOlIJ,bIO a1 H Ctz IIOCTpo:iiTe 6a3HC {/31, .82} ,D;Jrn V*' KOTO­

pblH 6y,n;eT dya.!t'b'/i'bt.M K 6a3ncy {f1, fz}, IIOJiy'IeHHOMY B rryHK­

Te (a). 

3. IlyCTb v - 'IeTbipexMepHoe BeKTOpHOe rrpOCTpaHCTBO IlOJIHHOMOB 

cTeneRn ::::; 3 c 6a3HCHbIMH aJieMeHTaMH 1, t, t 2 , t 3 . IlycTb D - .n;mp­

¢epem1naJibHhI:ii orrepaTop, .n;e:iicTBYIOlII,HH B 3TOM rrpocTpaHCTBe: 

D f(t) = f'(t) H rrycTh Ta - orrepaTop TpaHcmm;nn: Taf (t) = f (t+a). 

(a) B 3TOM 6a3nce rrocTpoii:Te MaTpHII,bI DH Tan rroKa)KHTe, 'ITO 

1 1 
T =1I+Da+-D2a2 +-D3a3 

a 2 6 . 

(b) .IT,oKa)KHTe, 'ITO ecJIH v - rrpocTpaHCTBO IlOJIHHOMOB CTerreHH 

::::; n, TO Ta = exp(Da). (YKa3aHne: BCITOMHHTe ¢opMyJiy Teii:­

Jiopa, H Tor.n;a He npn,n;eTC5I CTpOHTb MaTpHIJ,bI.) 

4. IlycTb v - npocTpaHCTBO l-¢opM Ha IIJIOCKOCTH, ,D;Jl5I KOTOpbIX K0-

3cPcPHIJ,HeHTbl npn dx H dy - KBa,n;paTH'IHbie cPYHKIJ,HH. Ba3HCOM Ta­

Koro npocTpaHcTBa V 6y,n;yT x2 dx, xy dx, y2 dx, x 2 dy, xy dy, y2 dy. 
Jlro6a5I Kpirna5I I', Jie)KalII,a5I Ha IIJIOCKOCTH, OIIpe,n;eJI5IeT 3JieMeHT Ctr 

)l;YaJibHoro npocTpaHCTBa V* corJiaCHO ¢opMyJie 

ar[w] =fr w. 

(a) Haii:,D;HTe HeTpHBHaJihHYIO KpHBYIO r' ,D;JI5I KOTOpoii: Ctr 6y,n;eT 

HyJieBhIM aJieMeHTOM V*. 

(b) IloJiy'IHTe 6a3HC ,D;Jl5I rro.n;npocTpaHCTBa v' KOTopoe aHHYJIHpy­

eTC5I 3JieMeHTOM c:tr, r,n;e f - .!t'/000.R, 3aMKHyTa5I KpHBa5I. 

(c) IlycTb r1, fz H f3 - TPH npOU380.!t'b'H/bJ,e 3aMKHYTbie KpHBble 

Ha IIJIOCKOCTH . .IT,oKa)KHTe, 'ITO ar1' ar2 H ar3 JIHHeii:HO 3a­

BHCHMbl. (YKa3aHne: BOCUOJib3YHTeCh TeopeMOH I'pHHa, 'IT06bI 

npeo6pa3oBaTb KpHBOJIHHeHHbie HHTerpaJibl K ,D;BOHHhlM.) 

( d) Ha:ii,D;HTe TaKHe KpHBhie r 1, r 2' ... ' r 6 ( 3TO MoryT 6h1Tb 0Tpe3-

KH rrp5IMbIX JIHHHii:), 'IT06bl ar1' ar2, ... 'ar6 6bIJIH 6a3HCOM 

,n;JI5I V*, ,LzyaJibHhIM K 6a3ncy, ,n;attHoMy B ycJIOBHH 3a,n;aqn. Ha­

rrpnMep, 

{ x 2 dx = 1, 
lr1 

f xydx = 1, 
lr2 

OCTaJibHble { x 2 dx = 0 (j = 2, 3, 4, 5, 6); 
lr1 

ocTaJihHb1e f xy dx = 0 (j = 1, 3, 4, 5, 6). 
lr1 
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10.15. PaccMoTpHTe JIHHeil:Hoe rrpeo6pa3oBaHHe f H3 rrpocTpaHcTBa JR4 B 

rrpocTpaHCTBO JR3' MaTpm.i;a KOTOporo HMeeT BH,n;: 

( ~ ~ ~ _2;). 
0 1 -1 

(a) IloJiy'IHTe 6a3HC .D;JI.H .H,n;pa f H Hail:,n;HTe o6rr.i;ee perneirne ypaB-

HeHH.H 

(b) IlycTh N o6o3Ha'IaeT .H,D;PO f; rrycTh G - <f>aKToprrpocTpaH­

CTBO JR4 / N. IIocTpoil:Te 6a3HC ,D;JI.H G H ofrh.HCHHTe, rro'IeMy rro­

Jiy'IeHHhle 6a3HCHbJe BeKTOpa 6y,n;yT JIHHeil:HO He3aBHCHMbIMH 

aJieMeHTaMH G. 

10.16. PaccMoTpHTe JIHHeil:Hoe rrpeo6pa3oBaHHe f H3 lR4 B JR3, c MaTpHi.i;eil: 

(
2 4 2 2) 
1 3 2 0 . 
3 1 -2 8 

(a) IloJiy'IHTe 6a3HC _H).J;pa f H Hail:,n;HTe o6rr.i;ee perneHHe ypaBHeHH.H 

(b) HarrHIIIHTe 6a3Hc o6pa3a f. 
( c) ,Ll;Ba aJieMeHTa <f>aKToprrpocTpaHCTBa H HMeJOT BH,n;: 

IloKa:>KHTe B .HBHO:il: <f>opMe, 'ITO h1 H h2 .ltU'lteU'ltO aa6UCU.M'bt. 

(YKa3aHHe: BepHHTecb K rrepBoMy rryHKTY aToro yrrpa:>1rneHH.H.) 

10.17. JlHHeil:Hoe rrpeo6pa3oBaHHe f : JR4 --+ JR4 rrpe,n;cTaBJI.HeTc.H MaTpHi.i;eil: 

A-(~ - 2 
1 

0 -1 
2 4 
1 -4 
1 -3 

-!) 6 . 
5 



539 

(a) C noMOlll;bIO pe.izyKIJ;HH no CTpoKaM noJiyqHTe paHr MaTpHIJ;bI A 
H HaH,IJ;HTe 68.3HC a.n;pa 3TOH MaTpHIJ;hl. 0603HaqbTe 3TOT 68.3HC: 

v1, ... , vk, r.n;e k =dim Ker A. 

(b) Hali,n;HTe perneHHH w1, ... , Wk ypaBHeHHH Awi =Vi· 

(c) By.izyT JIR BeKTopa wi, ... , Wk, v 1, ... , Vk 68.3RCOM rrpocTpaH-
CTBa JR4? "tfro 03HaqaeT OTBeT Ha 3TOT Bonpoc ,IJ;JIH npeo6pa30-

BaHHH f? 

( d) Hali,n;HTe 68.3HC Im A H Bbipa3HTe 3TOT 68.3HC qepe3 BeKTopa w i 
H vi. KaK 3TOT pe3yJibTaT cBa3aH c pe3yJibTaTaMH npe,n;b1.izym;e­
ro nyHKTa? 

10.18. HaM .n;atta MaTpRn;a 4 x 4: 

~). 
-3 

(a) C noMOlll;bIO pe.izyKIJ;HR no cTpoKaM noJiyqRTe 68.3HC a.n;pa A H 
68.3HC o6pa3a A. HaH:,n;HTe o6m;ee perneHHe ypaBHeHHH 

(b) IloJiyqRTe 68.3HCHhle BeKTOpa U1 H U2 MH ¢aKTOprrpOCTpaH­

CTBa U ~ JR4 /K"' A. BeKrop ( j) Bh<P"""'-" ~eJ>C3 mmy­

qeHHbie U1 H U2. 

10.19. IlyCTb w - BeKTOpHoe no.n;rrpocTpaHCTBO B IR4, HaTaHyToe Ha BeK­

TOpa 

CKanapHoe npoH3Be,n;eHRe B IR4 - 06b1qttoe eBKJIR.n;OBo. 

(a) IlocTpOHTe opTOHOpMHpOBaHHblH 68.3HC ,IJ;JIH w. 
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(b) 3anmnHTe BeKTOp v ~ ( -D B •Me cyMMhl eeKTOpa H3 

npocTpaHCTBa w H BeKTOpa, OpToroHa.JihHOro K w. 
( c) IlycTh f : 1R4 -+ JR3 onpe.n,eJieHO cPOPMYJIOH 

3anHIDHTe MaTpmzy, npe.n,cTaBJIHIOrnyIO npeo6pa30BaHHe f. 
c noMOIIIhIO pe.n,yKrt;HH no CTpOKaM noJiy'IHTe o6Illee pemeHHe 
ypaBHeHHH 

10.20. c nOMOIIIhIO pe.n,yKrt;HH no CTpOKaM noJiy'IHTe 6a3HC no.n,npocTpaH­

CTBa u E JR5' aHHYJIHPYIOIIIee npOCTpaHCTBO KOTOporo u j_ HaTHHYTO 
Ha BeKTOp-CTpOKH 

o 1 = (1,2,0,-1,2), 

o 2 = (2, 4, 3, 4, 4), 

o 3 =(0,0,1, 2, 1). 

o 4 = (3, 6, 5, 7, 8). 

IloJiy'IHTe o6Illee pemeHHe ,Il,JIH CHCTeMhl JIHHeil:HbIX ypaBHeHHH 

10.21. c nOMOIIIhlO pe.n,yKrt;HH no CTpOKaM noJiy'IHTe MaTpHizy, o6paTHYIO K 

10.22. IlycTh V - npocTpaHCTBO cPYHKrt;H:ii f Ha 1R2, o6Jia.n,aIOIIIHX cBoii:­
CTBOM J(>.x, >.y) = >.3 f(x, y). Ba3HCHhre BeKTopa npocTpaHCTBa V 
HMCIOT BH,IJ, 
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IlyCTb w - rrpOCTpaHCTBO 1-<PopM Ha IIJIOCKOCTH, HBJIHIOIIJ;HXCH 

KBa.z:q>aTHqHhIMH cPYHKIJ;HHMH x Hy. Ba3HC 3Toro rrpocTpaHCTBa HMe­

eT BH,ll; 

w1 = x 2 dx, w2 = xydx, W3 = y 2 dx, 

W4 = x2 dy, W5 = xydy, W6 = y2 dy. 

OrrepaTop d HBJIHeTCH JIHHeiiHhIM rrpeo6pa30BaHHeM H3 VB W. 

(a) HanmIIHTe MaTpIIey, npe,n;cTaBJIHIOieyIO onepaTop d B 3a,n;aH­

HhIX 683HCax. 

(b) IloJiyqIITe 683HC ,ll;JIH o6pa3a d II ,n;JIH <PaKTOpnpocTpaHCTBa 

G = W/(Imd). 

,y 

1 

al 

1 

x 

a2 

-1 

PMc. 10.6 

(c) ,Il;Ba 3JieMeHTa ,n;yaJihHOro npocTpaHCTBa W* o6o3HaqaJOTCH a 1 

II a 2 . IlpIIqeM a 1 npHnHchrnaeT JII06oMy aJieMeHTY w E W 
3HaqeHHe HHTerpaJia fol w, r,n;e a 1 HBJIHeTCH KBa,n;paTOM e,n;H­

HHqHOH ITJiorn;a,n;H 0 :::; x :::; 1, 0 :::; y :::; 1, npoXO,ll;HMbIM npOTHB 

qacOBOH CTpeJIKH, a ,ll;JIH 3JieMeHTa a 2 6epeTCH ,n;pyroii KBa.z:q>aT 

0:::; x:::; 1, -1:::; y:::; 0 (pHC. 10.6). IloJiyqHTe BeKTOpbI-CTpOKH, 

npe,n;cTaBJIHIOrn;He a 1 H a 2 . Haii,n;HTe JIHHeiiHhie KOM6HHaIJ;HH 

a 1 H a 2 , o6pa3yIOrn;He ,ll;YaJibHbIH 683HC ,n;JIH 683HCa npocTpaH­

CTBa G. 

(d) IlyCTb u o603HaqaeT npOCTpaHCTBO 2-<l>opM Ha IlJIOCKOCTH, KO­

TOpbie 3aBHCHT Jtuttei11w OT x Hy. Ba3HCOM aToro npocTpaHCTBa 

HBJIHIOTCH BeKTOpa 

{u1 = xdx /\ dy, u2 = ydx /\ dy}. 
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IlocTpOi!:Te MaTpHey, rrpe,n;cTaBJlHIOIIzyIO orrepaTop d H3 w Bu. 
"lfro HBmreTCH H.n;poM aToro orrepaTopa? 

10.23. IlycTb A - JIHHei!:Hoe rrpeo6p83oBaHHe H3 V B W; H rrycTb A*­
corrpH:>KeHHoe rrpeo6p830BaHHe H3 W* B V*. Ilpe,n;rroJio:>KHM, qTo 

MbI HMeeM rrpoH3BOJibHbre (He OOH3aTeJibHO )I.YaJibHb!e) 683HCb1 ,n;JIH 

V H V*: 683HC {v1, v2, ... , vm} ,l:t;JIH rrpocTpaHCTBa V H 683HC 
{a1,a2, ... ,am} ,n;JIH rrpocTpaHCTBa V*, r,n;e ai[vJ] = Sij· qHC­
Jia Sij o6p83yIOT m x m MaTpHey S. AHanoruqHo y Hae ecT1> 683HCbI 

{w1,w2, ... ,wn} H {{31,{32, ... ,/3n} ,l:t;JIH W H W* COOTBeTCTBeHHO, 

r.n;e /3k[wt] = Tkt· qHcJia Tk1 o6p83yIOT n x n MaTpHey T. (EcJIH 6b1 
MbI Bbr6pann )I.YaJibHbie 683HCbI, TO T H S 6hlJIH 6hl e,n;HHHqHbIMH 

MaTpH11aMH.) 

EcJIH A- MaTpH11a oTo6pa:>KeHHH B 683Hcax {vi} H {wi}, TO KaKoBa 
6y,n;eT A* - MaTpH11a corrpH:>KeHHoro oTo6pa:>KeHHH B 683HCax {/3i} 
H { ai}? 0TBeT Bbip83HTb qepe3 TpaHCIIOHHpOBaHHyro MaTpHey At n 

MaTPHllbI S H T. 

10.24. ,Ll;JIH BeKTOpHoro rrpocTpaHCTBa V, r.n;e orrpe,n;eJieHo CKaJIHpHoe rrpo­

H3Be,n;eHHe (v1, v2), corrpH:>KeHHOe rrpeo6p83oBaHHe A* MH JIHHeii:Ho­
ro rrpeo6p83oBaHHH A : V ---. V To:>Ke 6y,n;eT JIHHei!:HhlM rrpeo6p83o­
BaHHeM A* : V ---> V, orrpe,n;eJIHeMbIM cl>opMyJioi!: 

(a) IloKa:>KHTe, qTo aTo orrpe,n;eJieHHe cJie)I.YeT H3 orrpe,n;eJieHHH A*, 
KaK rrpeo6p83oBaHHH H3 V* B V*, c yqeToM 06b1qHoii: H,n;eHTH­

cPHKaU,HH V* c V, KOTopa5I cJie)I.YeT H3 CKaJI5IpHoro npOH3Be,n;e­
HHH5. 

(b) IloKa:>KHTe, qTo B opmoHOp.Mupo6aHHO.M 683Hce {e1,e2, ... ,en} 
MaTpH11a, rrpe,n;cTaBJIHIOillaH A*, 6y,n;eT TpaHCIIOHHpoBaHHoi!: K 

MaTpH11e A. 

( c) IlycTb 7r o603HaqaeT JlHHei!:HyIO orrepa11H10 OpTOrOHaJibHOro 
rrpoeKTHpOBaHHH H3 v Ha rro.n;rrpocTpaHCTBO w, T. e. )l;JlH JII0-

6oro v E V BeKTop 7rv rrpHHa)l;Jie:>KHT rro.n;rrpocTpaHCTBY W H 
BeKTOp v - 7rV opToroHaJieH aeKTopy 7fV. (Orrepa11HH 7r eCTb 
rrpeo6p83oBaHHe H3 V B V, rrpHqeM Im 7r = W.) IloKa:>KHTe, 
qTQ 7f* ='Tr. 

5
HarrOMHHM, 'ITO yrroMHHyTaH n,n;eHTH<PHKaD;HH 03Ha'laeT, 'ITO KruK,ll;OMy BeK­

TOpy u E V cTaBHTCH B cooTBeTCTBHe JIHHeHHaH cPYHKIJ;HH a E V*, ,n;elicTsyrom;aH 

no ¢opMyJie a(v) = (u, v). - IlpUM. pea. 
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(d) IlycTb v - npocTpaHCTBO IlOJIHHOMOB CTeneHH :S 2, r,r:i;e onpe­

,r:i;eJieHO CKaJI.HpHoe npOH3Be,r:i;eHHe (f, g) = J0
1 

f(t)g(t) dt. Bh16e­

peM 6a3HC V1 = 1, V2 = t, V3 = t 2. (9TOT 6a3HC He opTOHOpMH­
poBaH.) IlycTh A - JIHHeiiHoe npeo6pa30BaHHe, onpe,r:i;eJieHHoe 

<PopMyJioii 

Af(t) = f(t + 1). 

B aTOM 6a3Hce nocTpoiiTe MaTpHey, npe,r:i;cTaBJI.HIOieyIO A*. 

10.25. PaccMoTpHTe JIHHeiiHoe npeo6pa3oBaHHe H3 qeTbipexMepHoro BeK­

TOpHoro npOCTpaHCTBa v B TpexMepHoe BeKTOpHOe npOCTpaHCTBO 

w' KOTOpoe npe,r:i;cTaBJI.HeTC.H MaTpHI1eii 

1 
1 
3 

0 
2 

-2 
~). 

10 

(a) IlycTh M o6o3HaqaeT o6pa3 A. IloKa:>KHTe, qTo BeKTopa m 1 = m H m2 ~ G) o6pa3yroT 6a3uc IlOMPQCTpaucTBa M. 

(b) IlycTh H = W/M. IloKa:>ImTe, qTQ 6a3HC aToro <PaKTopnpo­

CTpaHCTBa COCTOHT H3 0/1HOffi BeKTOpa h, ~ ( ~) ' KOTO­

pbIH .HBJI.HeTC.H KJiaCCOM 3KBHBaJieHTHOCTH, co,r:i;ep:>KaII!HM BCe 

BeKTopa ( ~) + m, r)le m - 3"eMeHT M. fioKruKHTe, 'ITO 

(!) ~ -~h,, T.e ••• .,..,.., TaKoO 3HCMCHT m H3 npocrpau­

CTBa M, qT06b1 BhIITOJIH.HJIOCh paBeHCTBO 
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( c) IlycTh N o6o3HaqaeT .H,Iq)O A. 0,n;n:H 3JieMeHT H3 N paBeH n 1 = 

( -~ ) . HaA;oITe BTOpolt BeKTOp n,, TaK •ro6hl n1 H n, 6w;rn 

6a3n:CoM rrpocTpaHCTBa N. 
YKa3aHn:e: CHaqaJia npose,n;n:Te pe,ri;yKu;mo no cTpoKaM ,n;mi: 

MaTPH<"'1 A, a nOTOM Rll\lITe BeKTOP BH)la (I) · 
(d) IlycTb G o6o3HaqaeT <PaKTopnpocTpaHCTBO V/N. Ba3HCHhre 

-- (0~1) .. g2 = BeKTOpa 3TOro npocTpaHCTBa HMeIOT Bn:,n;: g1 .. 

m Ilo~~, •TO (D ~ 2g1 - 2g2, H Bb~a3HTe m 
qepe3 g1 n: g2. 

(e) IloJiy'In:Te Hecn:Hrym1pHyro 2 x 2 MaTpn:ey C, KOTopax npe,n;­
cTasm1eT A KaK npeo6pa3osaHn:e OT G (c 6a3HCOM g1, g2) KM 
(c 6a3HCOM m1, m2). 

(f) BeKTOp ( ~) B1"pa3HTe qepe3 m1 H m2. (YKa3airne' CAMaD­

Te Te :>Ke onepau;n:n:, KOTOpbre BbIIlOJIH8IOTCa rrpn: pe,ri;yKD;HH no 
CTpOKaM.) IlocJie 3TOrO npn:MeHHTe c-l, T. e. penrn:Te ypaBHe-

HBe Av ~ 0). 3anacaB OTBeT B BH)le v ~ ag1 + bg2 

( ~) + n, rAe n - npoH3BOBbHbrl\ MeMeHT B3 N. 

10.26. IlycTh J* o6o3HaqaeT conpa:>KeHHOe oTo6pa:>KeHn:e ,n;Jia f B npe,n;hl,ri;y­
ru;eii 3a,n;aqe. 0To6pa:>KeHn:e J* asJiaeTca oTo6pa:>KeHn:eM ,ri;yaJihHOro 
rrpocTpaHCTBa W* B ,ll;YaJihHOe npocTpaHCTBO V* n: 3a,n;aeTca cl>op­

MYJIO:li J*f3(v) = {3(fv), r,n;e f3 n: v - npOH3BOJihHhre 3JieMeHThl H3 
W* n: V. EcJin: B3»Th 6a3HChr, ,ll;YaJihHhie K n:cxo,n;HhIM 6a3n:caM B 
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rrpocTpaHCTBax V H W, TO f* rrpe,n;cTaBmieTc.a MaTpmi,eii:, TpaHcrro­

HHpoBaHHOii K A: 

(a) 

(b) 

At - (~ - 0 
3 

2 
1 
2 
2 

-~). 
10 

IloKa)KHTe, qTo o6pa3 J* corrp.a)KeH c rrpocTpaHCTBOM G. IlycTh 

gi H g2 - 3JieMeHThI V*, )1;YaJihHb1e K 91 H 92· Ka)K,Il;bIH CTOJI6eu; 
B MaTpnu;e At Bb1pa3HTe qepe3 gi H g2. 
IloKa)KRTe, qTo .a,n;po f * corrp.a)KeHo c rrpocTpaHCTBOM H. 
IlycTh 3JieMeHT '"'f1 ,n;yaJieH h1, T. e. '"'f1 (h1) = 1. IlycTh /31 -
aJieMeHT W*, BhI6Hparoxu;ttii: rrepByro KOMIIOHeHTY BeKTopa, T. e. 

13' ( ! ) ~a. Bhlp"3HTe 13' .epe3 'Y'· C~MaHTe ro .re '8MOe 

,Il;JI.H /32 
If /33' KOTOpbie BbI6HpaIOT BTOpyro If TpeTbIO KOMIIO­

HeHTbI BeKTOpa COOTBeTCTBeHHO. 

(c) Haii:,n;HTe TaKHe BeKTopa a 1 H a 2 B rrpocTpaHCTBe W*, qTo 

f*a1 = /31, f*a2 = /32. IloKa)KHTe, qTo a 1, a 2 H '"'f1 06pa3yroT 
6a3RC ,Il;JI.H W*. 



rJiaBa 11 

Onpe,n;eJI:uTeJI:u 

fJrnBa 11 IIOCBHill,eHa ,ll,OKa3aTeJibCTBaM OCHOBHbIX CBOHCTB 

orrpe,ll,eJiuTeJieii MaTpuu; n x n. Ctta'fana rrpHBO,ll,HTCH aK­

CHOMhI ,ll,JIH orrpe,ll,eJIHTeJieii, IIOTOM ,ll,aIOTCH MeTO,ll,bl RX 

Bbl'fHCJieHHH. 

BBe,n;ett11e 

B 3TOii rJiaBe MhI o6cy,ll,HM CBOHCTBa orrpe,L1,eJI11TeJieii MaTp11u; pa3Mepa 

n x n. IlycTh A - MaTp11u;a n x n. CToJI6rJ;bI 3TOH MaTpHIJ;hI 6y,L1,eM 

o6o3Ha'faTh Ai, ... , An. ,[I;JIH e,ll,HHH'fHOH MaTpHIJ;hI JI pa3Mepa n x n 
CTOJI6IJ;bl HMeIOT BH,ll,: 

. . . ' II T.,lJ, . 

Tor,L1,a ,ll,JIH rrpo113BOJibHOH MaTpHIJ;hI A 

... ' 

,L1,pyr11M11 cJI0BaM11, Ai HBJIHeTCH o6pa30M Ii, T. e. i-ro BeKTopa cTaH­

,L1,apTttoro 6a311ca B ~n rrp11 oTo6pa)KeHHH A. 
Mbr xoTeJIH 6br orrpe.n;eJIHTb Det A KaK opuettmupoeatt'H/blU 06?>­

e.M napa.!l.liMenuneaa, rrocTpoettttoro Ha BeKTopax Ai, ... , An. Ha­

mH 3HaHHH, lIOJiy'feHHbie B rJiaBax 1 II 4, II03BOJIHIOT roaopHTb, '-ITO 
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3TOT opn:eHTHpOBaHHhIH o6'beM 6y,n;eT nOJIHJIHHeil:HhIM, T. e. JIHHeil:­

HhIM no Ai npn: <l>n:Kcn:poBaHHhIX A2, ... , An, JIHHeil:HhIM no A2 npn: 

<l>n:Kcn:poBaHHhIX Ai, A3, ... , An, n: TaK ,n;aJiee. BcJie,n;cTBHe HaJIHqH.H 

opneHTalJHH MhI O)Kn.n;aeM, qTo Det A aHTHCHMMeTpnqeH no cToJI6-

11aM, T. e. nepecTaHOBKa mo6bJX ,IJ;BYX CTOJI61JOB MaTpHIJhl H3MeH.HeT 

3HaK onpe,n;eJinTeJI.H. Mhl ,IJ;OJI)KHhI ,n;aTh onpe,n;eJieHHe onpe,n;eJin:TeJI.H 

n: ,n;oKa3aTh, qTo OH o6Jia,n;aeT Tpe6yeMhIMH CBOil:CTBaMn:. MaTepHaJI 

H3JiaraeTC.H KJiaccnqeCKH, Haqn:Ha.H c OCHOBHhIX aKCHOM ,Il;Jl.H onpe­

,n;eJIHTeJieil:. Mb1 BhITIHIIIeM OCHOBHhie cBoil:cTBa, KOTOphIMH ,IJ;OJI)KHhI 

o6Jia,n;aTb onpe,n;eJIHTeJIH, H noKa)KeM, qTo 3TH CBOHCTBa 3a,IJ;aIOT ero 

O,Il;H03HaqHo. ,Z:WyrHMH CJIOBaMH, noKa)KeM, qTo CyIIJeCTByeT He 6oJiee, 

qeM O,IJ;Ha <l>YHKIJH.H OT 3JieMeHTOB MaTpHIJhl c Tpe6yeMbIMH CBOHCTBa­

MH. 3aTeM noJiyqn:M npaBHJia BbJqn:cJieHH.H onpe,n;eJIHTeJieil: H noKa­

)KeM, qTo <l>YHKIJH.H, y,n;oBJieTBOp.HIOIIJa.H aKCHOMaM, cyIIJeCTByeT. Ilo­
TOM .n;a,n;n:M .n;pyrn:e onpe,n;eJieHH.H onpe,n;eJIHTeJieil: n: y6e,n;HMC.H, qTo 

Bee onpe,n;eJieHH.H .n;aroT o,n;Hy n: TY )Ke <l>YHKIJHIO. 

B nocJie.n;yIOIIJeM MhI 6y,n;eM paccMaTpHBaTh <l>YHKIJHIO OT MaT­

PHIJ. EcJin: 3Ta <l>YHKIJH.H BhJqn:cJI.HeTC.H ,IJ;JI.H KOHKpeTHOil: MaTpHIJhI A, 
TO nn:meM D(A) HJIH D(Ai, ... , An), qT06h1 no,n;qepKHYTh, qTo 3TO 

<l>YHKIJH.H OT n BeKTopoB Ai, ... , An. EcJin Bee CToJI61JhI, KpoMe k-ro, 

<l>nKCHpOBaHhI, TO Mhl noJiyqn:M <l>YHKIJHIO o,n;Horo CTOJI611a, KOTopyIO 

6y,n;eM o6o3HaqaTh Dk· Hanpn:Mep, 6y,n;eM nHcaTh 

( CTporo roBop.H, B o6o3HaqeHHH Dk MhI ,n;OJI)KHhI oTpa3HTh nocTO.HH-

HHe BeKropH A1 ~ (-D HA3 ~ CD n nncaTb 

HO 3TO o603HaqeHHe CJIHIIIKOM rpOM03,IJ;KO.) 
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11.1. AKCHOMhI ~JUI onpe~eJIHTeJieii 

<I>yttKr:i;iu1 MaTpHu, D Ha3hIBaeTC51 onpeaeJtumeJte.M, ecJIH otta y,n;oBJieT­

Bop51eT CJie,ZI,yIOIIJ;HM ycJIOBH51M. 

Dk(Ak +A~)= Dk(Ak) + Dk(AU, 

Dk(cAk) = cDk(Ak)· 
(11.1) 

,IJ;pyrHMH CJIOBaMH, D JIHHelitta no K8.)K,Il;OMY CTOJI6u.y, Kor.n;a 

.n;pyrHe CTOJI6U,hl <l>HKCHpOBaHbl. 

o EcJIH ,n;Ba coce,n;HHX CTOJI6u,a MaTpHU,hI A paBHhI, TO 

D(A) = 0. (11.2) 

HaKotteu,, 

D(H) = l. (11.3) 

Ilpe.n;rroJio:>KHM, qTo <l>YHKU,H51 D, y,n;oBJieTBOp51IOIIJ;a51 CBOHCTBaM 

(11.1) H (11.2), cyrn;ecTByeT. "l!TO H3 9TOro CJie,ZI,yeT? 

EcJtu oau'H cmoJt6eu, YM'HO:>tCUm'b na 'X:a-x;oe-mo "iUCJtO u npu6a-

6Um'b ew -x; coceatte.My, mo 3tta"iettue <f>yn-x;u,uu D ne U3.Mettumc.R. 

,4o-x;a3ameJt'bCffi60. IlpH6aBHM K (k + 1)-My CTOJI6u.y k-li, YMHO­

)KeHHhIH Ha c. IloJiyqHM 

D(A1, ... , Ak, cAk + Ak+l, Ak+2, ... , An) 

= D(A1, ... , Ak, Ak+l• Ak+2 ... , An) 

+ cD(A1, ... , Aki Ak, Ak+2, ... , An) 

= D(A1, ... , An)· 

3.n;ecb HCITOJih30BaJIHCh ycJioBH51 ( 11.1) H ( 11. 2). HarrpHMep, 

(11.4) 

"l!T06hI ITOJiyqHTb ern;e O,IJ;HO CBOHCTBO orrpe,n;eJIHTeJI51, rrpH6aBHM k-ii 
CTOJI6eu. K (k + 1)-My, rroJiyqHBlliHHC51 (k + 1)-li CTOJI6eu. BblqTeM H3 
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k-ro CTOJI6u;a, ITOTOM ern;e pa3 ITpH6aBHM ITOJiyqeHHhIH k-ii CTOJI6eu; K 

(k + 1)-My. B pe3yJihTaTe ITOJiyqHM: 

D(A) = D(A1, ... , Ak-1, Ak, Ak + Ak+l, Ak+2, ... , An) 

= D(A1, ... , Ak-1, Ak - (Ak + Ak+i), Ak + Ak+l, ... , An) 

= D(A1, ... , Ak-1, -Ak+l, Ak + Ak+l• Ak+2, ... , An) 

= D(A1, ... , Ak-1, -Ak+l, Ak + Ak+l - Ak+l, ... , An) 

= D(A1, ... , Ak-1, -Ak+l, Ak, Ak+2, ... , An) 

= -D(A1, ... , Ak-1, Ak+1, Ak, Ak+2, ... , An). (11.5) 

TaKHM o6pa30M, nepecmatt06'/W a6yx coceanux cmoA6'1J,06 U3.MettRem 

3tta'X: onpeaeAumeAR D(A). 0Tc10.n.a HeMe.n.JieHHo cJie.n.yeT, qTo 

eCJl,U a6a cmoA6v,a .MampU'IJ,'bt A pa6'1i'bt, mo D(A) = 0. (11.6) 

,LI,eiiCTBHTeJihHO, eCJIH y MaTpHD;hl eCTh ,11,Ba 0,11,HHaKOBhIX CTOJI6-

u;a, TO Mhl MO)KeM ITepecTaBJI.HTh COCe,11,HHe CTOJI6D;hl ,11,0 Tex ITOp, ITOKa 

HamH CTOJI6D;hl He CTaHyT p.H,11,0M. IlocJie 3TOro OCTaeTC.H BOCITOJih30-

BaThC.H CBOHCTBaMH (11.2) H (11.5). CchIJIKH Ha CBOHCTBa (11.1) H 

(11.6) ITpHB0,11,.HT Hae K ern;e 0,11,HOMY CJie,11,CTBHIO. 

EcAU Y.M'liO~Um'b oaun cmoA6ev, na "iUCJl,O 

U npU006Um'b ezo 'X: apy20.My cmoA6V,y, 

mo 6eAU"iUtta D(A) ne U3.MettRemcR. 

(11. 7) 

Ilpo,11,0JI)KHM Ham ITPHMep BhJqHcJieHH.H oITpe.n.eJIHTeJI.H. Mh1 ITO-

TeITeph 1-il: cToJI6eu; YMHO)KHM Ha 7 H BhJqTeM H3 3-ro, a 3aTeM 2-ii 

CTOJI6eu; YMHO)KHM Ha 2 H BhJqTeM H3 3-ro: 

ITO CBOHCTBY (11.1). 
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C.n;enaeM ern,e o,n;HH rrpHMep. 

D {1(
34

2 

22

1 -~l)~ 2-ii cToJI6eu; YMHO)KHM Ha 2 

\ 

1

) H BblqTeM H3 1-ro 

= D fi(-0

01 22

1 -~l )~ 1-ii: cToJ16eu; yMHO)KHM Ha 2 

\ ') H CJIO)KHM CO 2-M 

= D ((-! ~ j)) 1-A cronWn rrpH6aBHM K ~MY 
= D { 1(-

0

01 02

1 -~l )~ 2-ii: cTon6eu; YMHO)KHM Ha 4 

\ ') H BblqTeM H3 3-ro 

= D ( ( - ~ ~ j)) BOCITOJib3yeMCHaKCHOMOA (11.l) 

= -9D fi(-0
01 02

1 ~1)~ 3-ii: CTOJI6eu; YMHO)KHM Ha 2 
\ ') H BblqTeM H3 2-ro 

= -9D ( (-! ~ rn MeHHeM MecTaMH 1-h 2-A cmHfin~ 

= 9D (G -! rn BOCilOnL3yeMCH •KCHOMOA (11.1) 

=-9D (G ! D). 
EcJ1H Terreph 11crroJ1b30BaTb aKcHoMy (11.3), TO rroJ1yqaeM 
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3aMeTJiM TaK)Ke, 'ITO H3 (11.7) CJie.zzyeT (.npKa3hIBaeTCH KaK B (11.5)), 
'ITO 

nepecma'l-ta6'K:a aByx Jl,'I06'btX cmoA6'U,06 U3Me'H.Ftem 3'Ha'K: D(A). 
(11.8) 

eCAu cmoA6t1,'bt A AU'Heu'Ho aaBUCUM'bt, mo D(A) = 0. (11.9) 

,Il;eitcTBHTeJihHO, ecJIH AiA1 + · · · + AnAn = 0 H HeKOTopoe 3Ha'ieHHe 

Ai #- 0, TO MO)KHO pa3,n;eJIHTh 3TO cooTHomeHne Ha Ai H rroJiy'IHTh 

Ai - ciA1 - · · · - enAn = 0, Ci = 0. 

IIoaToMy BhI'IHTaHne c1A1 HT. ,n;. H3 i-ro CTOJI6n;a He H3MeHHeT D(A) 
( CJie,IJ;CTBHe (11. 7)) Ii npHBO,Il;HT K MaTpnn;e c HyJieBbIM i-M CTOJI6n;oM. 

Tor,n;a BCJie,n;cTBne (11.1) D(A) = O. B qacTHOCTH, MhI 3HaeM, 'ITO 

mo6b1e n BeKTOpoB BR)J,a 

((i)) 
( c HyJieM B nepBOH CTpOKe) JIHHeHHO 3aBHCHMhI. Ilo3TOMY 

eCAu Bee 3AeMe'Hm'bt Bepx'Heu cmpo'K:u Mampuv,'bt A 

pa6'H'bt HYA'IO, mo D(A) = 0. 
(11.10) 

Ilpe,n;rroJIO)KHM, 'ITO XOTH 6bI O,IJ;HH 3JieMeHT B BepxHeii CTpoKe 

MaTpnn;hI A He paBeH Hymo. IIepecntBJIHH cToJI6IJ;hl, ecJin aTo Ha,n;o, 

Bcer,n;a MO)KHO c,n;eJiaTb TaK, 'ITO nepB'btU CTOJI6en; HMeeT HeHyJieBOH 

3JieMeHT B BepxHeii cTpOKe. CJie,n;oBaTeJihHO, 

D(A) = ±D(B), r,IJ,e bn #- 0. 

Ho Tor,n;a 

D(B) = bnD(B'), 

r,n;e ,IJ;JIH MaTpnn;w B' nepBhIH CTOJI6en; B~ = (1/b11 )B1. 
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y MHO)Ka51 rrepBblH eTOJI6eu, Ha eOOTBeTeTBYIOlll,HM K03cpqmu,HeHT 

H Bbl'IHTa51 H3 oeTaJibHbIX eTOJI6U,OB, MO)KHO e,n;eJiaTh TaK, 'IT06hI Bee 

oeTaJibHhie 3JleMeHTbl B rrepBOH eTpOKe 6bIJIH paBHbl HYJIIO, T. e. 

r,n;e 

D(B') = D(B"), 

1 0 . . . 0 

B" nl 

c 

PaeeMOTpHM D(B") KaK cpyHKU,HIO MaTpHU,hI C. QqeBH,ll;HO, 'ITO aK­

eHOMhI (11.1) H (11.2) y,n;oBJieTBOp5IIOTe51. KpoMe 3Toro, eeJJH 6h1 C 
6hIJia e)l,HHH'IHOH MaTpHu,eit ( n - 1) x ( n - 1), Mbl MOrJIH 6bI, He H3Me­

H5151 3Ha'!eHH51 D(B"), e,n;eJJaTh Bee 3JieMeHTbI rrepBoro eToJ1611,a b~1 , 
b~l H T. ).1,. paBHblMH HYJIIO (yMHO)Ka51 oeTaJibHbie eTOJI6U,bl Ha eooT­

BeTeTBYIOlll,He MHO)KHTeJIH II BhI'IHTM H3 rrepBoro). HarrpnMep, 

D ((~ 
0 0 

rn 
1 0 2-it CTOJI6eu, YMHO)KaeM Ha 2 

0 1 H Bbl'IHTaeM H3 1-ro 

0 0 

~Dm 
0 0 

m 1 0 3-it eToJ16eu; YMHO)KaeM Ha 3 
0 1 H Bbl'IHTaeM H3 1-ro 

0 0 

~D ((~ 
0 0 

rn 
1 0 4-it eTOJI6eu; YMHO)KaeM Ha 4 

0 1 H Bbl'IHTaeM H3 1-ro 

0 0 

~Dm 
0 0 

m 
1 0 
0 1 

0 0 
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,UpyrHMH CJIOBaMH, cPYHK:u;mr 

1 0 . . . 0 

D B" 21 

B" nl 

c 

KaK cPYHKIJ;HR OT c y,n;oBJI€TBOpReT BCeM aKCHOMaM ,Il;JIR orrpe,n;eJIHTe­

JIR MaTpu:u; (n - 1) x (n - 1). CJie,n;oBaTeJihHO, 

D(B") = D(C), 

r.n;e crrpaBa CTOHT D-<PYHKIJ;HR ( ecJIH oHa cyi:u;ecTByeT) ,IJ;JIR MaTpmi; 

(n - 1) x (n - 1). 
Ei:u;e pa3 rroBTOpHB rrpe,n;h1.n;yi:u;ne paccy)K,IJ,eHm1, MhI rrpuxo,n;uM K 

Bhrno.n;y, 'ITO HJin D( C) = 0 ( ecJIH Bee aJieMeHThI B rrepBoii cTpoKe 

paBHhI tty mo) HJIH D ( C) MO)lrno Bhlpa3HTh KaK D-cPYHKIJ;HIO MaTpu:u; 

(n - 2) x (n - 2). l1 TaK MO)KHO crrycKaThC.51, IIOKa He .n;oii,n;eM .n;o 
MaTpu:u; 1 x 1, ,IJ;Jl5I KOTOpblX H3 aKCHOM (11.1) H (11.3) CJie.n;yeT, 'ITO 

D(a) = a(D(l)) =a. 

TaKnM o6pa30M, MhI ,IJ;OKa3aJin, 'ITO D-cPYHKIJ;H5I, ecJIH otta cy­

i:u;ecTByeT, eau'HCm6e'H'Ha, H IIOJIY'IHJIH rrpaBHJIO ,IJ;JIR ee Bhl'IHCJI€HHR. 

HarrpuMep, rrycTh 

Mo)KHO rroKa3aTh, 'ITO D(A) = -D(B), r.n;e 

(

-1 3 

B = 1 4 
2 7 
3 9 

0 4) 2 5 
-4 8 ' 

2 2 
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a )l;aJihrne rroJiy'IaeM, 'ITO D(B) = -D(B"), r,IJ;e 

B" = c~ 
0 0 0) 7 2 9 

-2 13 -4 16 . 
-3 18 2 14 

,It;a.rree, D(B") = D(C), r,IJ;e 

HaKotten,, 

C= (1; 2 1:) -4 
18 2 14 

D(C) = 2D f1(1~ -~ 1~)~ 
\ 18 1 14 

1

) 

= -2D ((-~ ~~ ~rn 
= -2D ((-~ ~~ 3rn 
= -2D ((~~ 3!)) 
=-2·27D((11:27 354)) 

= - 2 . 27D (( 11~27 5 - 34 ~ 11/27 )) 

= -2. 27(5 - 34. 11/27) = 478. 

555 

B cJie,IJ;y101n,eM rraparpa<Pe MhI ,IJ;a,IJ;nM ,IJ;pyroe ,IJ;OK8.3aTeJihCTBO 

e,IJ;llHCTBeHHOCTH D(A) n ,IJ;pyroii: pen,errT ero BhI'IllCJieHmI. Ho ttaM 

eIIJ,e Ha,IJ;o rroKa3aTh, 'ITO D(A), y,IJ;OBJieTBop.HIDIIJ,nii: ycJIOBll.HM (11.1), 
(11.2) H (11.3), cyIIJ,eCTByeT. 

lfa rrpnBe,IJ;eHttoro crroco6a BhI'IMcJieHn.H orrpe,IJ;eJinTeJI.H A MO)KHO 

rroJiy'IttTh Ba)KHOe cJie,IJ;CTBMe. Ilpe,IJ;rrOJIO)KMM, 'ITO MaTpMn,a A MMeeT 
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A= (t ~)' 
r,n;e L ecTb MaTpnu;a k x k, N - MaTpnu;a (n - k) x (n - k) MM -
MaTpnu;a, y KOTOpoii k CTPOK H ( n - k) CTOJI6D;OB. ~yr.HMM CJIOBa­

MH, rrpe,n;rroJIO:>K.HM, 'ITO rrepBhie k CTon6u;oB MaTp.HD;hI A .HMeIOT HYJIM 

B rrocne,n;Hnx n - k rro3.HD;M.HX. B 3TOM cnyqae rrepBbie k cTon6u;oB 

MaTpnu;hr A JI.HHeiiHo 3aBMC.HMhI MJIM JIMHeiiHo He3aB.HC.HMhI Tor,n;a n 

TOJihKO Tor,n;a, Kor,n;a cToJI6D;hI MaTp.HD;hI L mrne:HHo 3aBMC.HMhI MJI.H 

JI.HHeiiHO He3aB.HCHMbI, T. e. IIOCJie,lJ;H.He n - k HyJieBbIX 3JieMeHTOB He 

BJIM.HIOT Ha JI.HHeiiHyro 3aB.HC.HMOCTb HJIH He3aB.HCMMOCTb 3TMX CTOJI6-

D;OB. EcJI.H 3T.H cToJI6D;hI JI.HHeHHO 3aB.HCMMhr, TO 

D(A) = 0 H D(L) = 0. 

EcJI.H :>Ke OHM JI.HHeiiHo He3aB.HCMMhr, TO rrpnMeH.H.H BhIIIIe.H3Jio:>KeHHbrii 

MeTo,n;, MO:>KHO MCIIOJib30BaTb rrepBbie k CTOJI6D;OB H 3aMeH.HTb MaTp.H­

u;y M HyJieBoii MaTpnu;eii, He M3MeH.H.H rrpn 3TOM 3JieMeHThI MaTpnu;hr 

N. B 3TOM cJiyqae 

D ( t ~) = D(L)D(N). (11.11) 

9Ta <PopMyna .HBJI.HeTC.H o6o6ru;eHMeM Ha rrpocTpaHCTBO n .H3Mepe­

H.HH <PopMyJihI BhI'IMCJieHM.H rrnoru;a,n;n rrapannenorpaMMa (pnc. 11.1). 
B ,n;ByMepttoM cnyqae MhI nonyqaeM 

D ( ( ~ ~)) = xv. 

9To Op.HeHT.HpOBaHHa.H IIJioru;a,n;h rrapannenorpaMMa, IIOCTpOeHHOrO 

Ha BeKTOpax ( ~) H ( ~)' rrp.H'ICM OHa paBHa OpMeHTMpOBaHHOH 

rrnoru;a,n;n rrapannenorpaMMa, rrocTpoeHHoro Ha BeKTopax ( ~) .H 

(~). 
B TpexMepHOM cnyqae 
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v 
/ 

/ 
/ 

Ol'-------~G) 

PHc. 11.1 

/ 

/ 
/ 

/ 

a HHTeprrpeTa:u.m1 Ta )Ke caMaH (pnc. 11.2). 

11. 2. 3aKoH yMHO)Kett1u1 

--------;'1 
,;/ ,." I 

,."I ---" I 
~ --,- - - I I 

y '(' ::) __ _;_' __ ..,./ 

0 ',."" 

m x 

PHC. 11.2 

H ,ri;pyrHe CJie,l);CTBH5l aKCHOM 

PaccMOTpHM ellle HeK0Topb1e cJie,n;cTBHH H3 CBoiicTBa (11.8) o rrepe­

cTaHOBKe ,ll.BYX CTOJI6ll,OB orrpe,n.eJIHTeJIH. IlycTb (v1, ... 'Vn) - rrpo­

H3BOJlhHaH rrepecTaHoBKa qHceJI ( 1, ... , n). Bo3bMeM orrpe,n.eJinTeJih 

MaTpHll,hl c rrepecTaBJieHHhIMH CTOJI6ll,aMH 

H 6y,n.eM rrorrapHO rrepecTaBJIHTb HX ,n.o Tex rrop, IIOKa He BepHeMC.H K 

ncxo,n.RoMy rropH,n.Ky. Ha Ka)K,ll.OM mare 6y,n.eM rrpHMeHHTh cBoiicTBO 

(11.8) M rrpn,n.eM K BbIBO,Izy, qTo 

D((Avl' ... 'AvJ) = ±D((A1, ... 'An)), (11.12) 

r,n.e 3HaK + HJIH - He 3aBHCHT OT KOHKpeTHhIX 3HaqeHHH MaTpHq­

HhIX 3JieMeHTOB MaTpMll,hI A. Ecm1 (11.12) npnMeHHTh K e,n.HHHqHoii 

MaTp»:u.e, TO IIOJiyqHM 

(11.13) 
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IlycTh B = (bij) - ,n,pyra.H MaTp1m,a n x n H nycTh 

C=AB. 

CToJI6ll,hI MaTpHll,hI C paBHhI 

,ll;JI.H BhiqHcJieHH.H D(C) MhI MO)KeM cttaqana npttMeHMTh (11.1) K nep­

BOMY CTOJI6u,y c H IIOJiyqHTh cyMMY HeKOTOphIX CJiaraeMhIX; IIOTOM 

MO)KHO rrpo,IJ,eJiaTh TO )Ke caMOe co BTOphIM CTOJI6ll,OM, H TaK ,IJ,aJiee. 

HarrpttMep, B TpexMepttoM cJiyqae 

Tor,IJ,a 

D(C1, C2, C3) 

C1 = buA1 + bi2A2 + bi3A3, 

C2 = bi2A1 + b22A2 + b32A3, 

C3 = bi3A1 + b23A2 + b33A3 

= bnD(A1, C2, C3) + b21D(A2, C2, C3) + b31D(A3, C2, C3) 

= bn{b12D(Ai,A1,C3) + b22D(A1,A2,C3) + b32D(Ai,A3,C3)} 

+ b21 {b12D(A2, Ai, C3) + b22D(A2, A2, C3) + b32D(A2, A3, C3)} 

+ b31 {b12D(A3, Ai, C3) + b22D(A3, A2, C3) + b32D(A3, A3, C3) }. 

Ilpe)K,Il,e qeM ,Il,BHraThC.H )J,aJihIIIe, MO)KHO HCKJIIOqHTh CJiaraeMhie c IIO­

BTOp.HIOill,HMHC.H CTOJI6u,aMH. QqeBH)J,HO, qTo OCTaHyTC.H TOJihKO Bhipa­

)K€HH.H Tima D((A111 , A112 , A113 )), a OHH B CHJIY (11.12) paBHhI ±D(A). 
TaKHM o6pa3oM, B o6Ill,eM cnyqae MhI BH,IJ,HM, qTo 

(11.14) 

r,IJ,e 6epeTC.H cyMMa no BCeM rrepecTaHOBKaM H 3HaK ± COOTB€TCTByeT 

(11.12). 
Ilpe,IJ,IIOJIO)KHM, qTo A = JI. lfa (11.14) cJie,IJ,yeT, qTO C = B H 

(11.15) 

TaKHM o6pa30M, MhI rroJiyqttJIH .HBHhifi BH,Il, D(B), qTo elll,e pa.3 ,IJ,OKa-

3hIBaeT e,z::i;ttHCTBeHHOCTh orrpe;::i;enttTeJI.H, ecJIH OH cylll,eCTByeT. Ecntt 



11.2. 3aKoH YMHO:>Kemrn H )J;pyrne CJie)J;CTBirn aKCHOM 559 

(11.15) IIO,Il;CTaBHTb B (11.14), TO IIOJiyqaeTCH Ba.>KHbIH 3aKOH YMHO­

)K€HH5I orrpe,n;eJIHTeJieii: 

D(AB) = D(A)D(B). (11.16) 

Ka)K,n;hIIi qJieH B (11.15) co.n;ep:>KHT TOJihKO o,n;HH 3JieMeHT H3 Ka:>K­

.n;oii cTpoKH MaTpHIJ;hI B. Ilo3TOMY 

D(B) - Jl,UHeuHM <fiyH'K:'IJ,UR 'IW;J1Cdou cmpor.:,u 

npu <fiur.:,cupoBaHH'btX dpyeux cmpor.:,ax. 
(11.1') 

Bhrne,n;eM eru;e o,n;Ho cBoiicTBO orrpe,n;eJIHTeJIH, CBR3aHHoe c ero 

CTpOKaMH. IlycTb ,Il;Jl51 HeKOTOporo 3HaqeHH5I 1 ::::: i < n MaTpHu;a 

A HMeeT BH,n; 

Ak = Ik, k =f- i, i + 1, 

Ai =Ii+ Ii+1, 

Ai+1 = 0. 

HarrpHMep, ,n;JIH n = 3 H i = 2 y Hae 6bma 6hr MaTpnu;a 

3aMeTHM, qTo B MaTpHu;e AB Bee cTpOKH, KpoMe (i+l)-ii, coBrra,n;aIOT 

co cTpoKaMH MaTpHu;hr B, a (i + 1)-.a cTpoKa 3aMeHeHa Ha i-IO. B 

HaIIIeM rrpHMepe MbI rronyqHJIH 6bI 

KpoMe Toro, D(A) = 0, rroTOMY qTo o,n;HH CTOJI6eu; 3TOH MaTpHIJ;hI 

HyJieBoii. c ITOMOIIJ;hIO rro.n;o6Horo IIOCTpoeHHH MO)KHO rrpHiiTH K BbI­

BO,Il;Y, '-ITO 

ecJ1,u B u.Meem dBe oduHa'K:OB'btX cocedHux cmpor.:,u, mo D(B) = 0. 
(11.2') 
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9TO 3Ha'IHT, 'ITO D(Bt) y,n;oBJieTBopa:eT aKCHOMaM (11.1) H (11.2), rro­

TOMY 'ITO 3aMeHa B Ha TpaHcrroHnpoBaHHYIO MaTpnuy Bt rrpHBO,IJ;HT K 

rrepecTaHOBKe pOJIH cTpOK II CTOJI6U.OB. IIocKOJihKY D(lit) = D(lI) = 1, 
TO cpyHKU.Ha: D(Bt) y,n;oBJieTBop51eT aKCHOMaM (11.1)-(11.3) n BcJie.n;­

CTBHe e,n;HHCTBeHHOCTH orrpe,n;eJIHTeJI51 ,n;om1rna coBrra,n;aTh c D(B). 
,Il;pyrHMH CJIOBaMH, 

(11.17) 

11.3. Cy:m;ecTBOBaHHe orrpe,n;eJIHTeJu1 

Terreph, HaKoHeu., MhI ,n;omKHhI ,IJ;OKa3aTh cyru.ecTBOBaHne orrpe,n;eJIH­

TeJI51, T. e. IIOCTpOHTh cpyHKil,HIO MaTpHU. n x n, KOTOpa51 YAOBJieTBO­

p51eT (11.1), (11.2) H (11.3) 1. 

,Il;JI51 n = 1 rroJIO)KIIM no orrpe,n;eJieHHIO D ( (a)) = a. 

,Il;JI51 n = 2 orrpe,n;eJIHM D ( ( ~ ~)) = ad - be. JierKo rrpo­

BepHTh, 'ITO aKCHOMhl (11.1)-(11.3) B 3TIIX CJiyqa51x BhIIIOJIH51IOT­

C51. Ilpe,n;IIOJIO)KHM, 'ITO cyru.ecTBYIOT orrpe,n;eJIHTeJIH MaTpHU. pa3Mepa 

(n-1) x (n-1). IlycTh A= (aik) - MaTpnu.a n x n. Bo3hMeM HeKOTO­

phIH MaTpH'IHhIH 3JieMeHT aik H3 i-i1 cTpOKH n k-ro cToJI6u.a. Bhr'IepK­

HeM H3 MaTpHil,hI A i-IO CTpoKy n k-ti cToJI6eu.. Terreph paccMoTpHM 

orrpe,n;eJIHTeJih )J;JI51 IIOJIY'IHBIIIeHC51 MaTplIIl,hl ( n - 1) x ( n - 1). 9TOT 

orrpe,n;eJIIITeJih, yMHO)KeHHbIH Ha ( -1 )i+k' Ha3bIBaeTC51 aJ1,2e6pau"ie­
C'/W.M, oonOJl,'H,e'H,Ue.M 3JieMeHTa aik II o6o3HaqaeTC51 Aik· 3HaK (-l)i+k 
pacrrpe,n;eJieH B IIIaxMaTHOM rrop51,IJ;Ke, a HMeHHO: 

+ + 
+ + 

+ + 
+ + 

1 
Ha caMOM ,L1eJie cyrn;ecTBOBamrn TaKoti: <l>YHKIJ;IUI CTaJIO o'leBfl,LIHhIM paHee, 

KOr,[\a 6hIJia IIOJiy'leHa <l>opMyJia (11.15) - HBHOe Bblpa2KeHfle D(B) qepe3 3Jie­

M€HTbl MaTpflIJ;hI B. B 3TOM rraparpa<l>e rrpflBO,LlflTCH HeCKOJibKO ,L1pyrflx Ba2KHhIX 

IIOHHTflH fl <l>opMyJI: aJire6pafl'l€CKfle ,LIOIIOJIH€HflH fl Bbl'lflCJieHfle orrpe,L1eJif1Te­

Jieti: c flX IIOMOIIl;bIO, IIpflC0€,[lflH€HHaH MaTpflu;a, crroco6 HaxO:lK,[\€HflH o6paTHOH 

MaTpflIJ;hI. - Ilpu.M. pea. 



11. 3. Cyrn;ecTBOBamie orrpe,n;emITem1 561 

IlycTh i - HeKoTopoe <i>HKCHpoBaHHoe qHcJio OT 1 ,n;o n. PaccMOT­

pHM cJielJ.YIOrn;JIO <i>YHKIJ;HIO D OT MaTpHIJ;hI A: 

(11.18) 

Ee CTPYKTypa - cyMMa ITpOH3Be,n;eHHH Bcex 3JieMeHTOB i-fi CTpOKH 

Ha HX aJire6paHqecKHe lJ.OITOJIHeHHH. 

PaccMOTpHM 3aBHCHMOCTh D OT 3a,n;aHHoro cToJI6u;a, CKa*eM, OT 

Ak. ,Il;JIH v =/::. k Aiv 3aBHCHT JIHHefiHo OT Ak, a aiv He 3aBHCHT 

OT Hero; lJ.JIH v = k Aik He 3aBHCHT OT Ak, HO aik HBJIHeTCH aJie­

MeHTOM 3Toro CTOJI6u;a, T. e. 3TO CJiaraeMOe TaK)l(e JIHHeHHO 3aBHCHT 

OT CTOJI6u;a Ak. TaKHM o6pmoM, aKCHOMa (11.1) BhIIIOJIHHeTcH. ,Il;a­

Jiee, ITpe,n;ITOJIO)l(HM, qTo ,n;Ba coce,n;HHX CTOJI6u;a Ak H Ak+l paBHhI. 

,Il;JIH v =!= k, k + 1 MhI HMeeM ,n;Ba OlJ.HHaKOBhIX cToJI6u;a B Aiv, T. e. 

Aiv = 0. IlpH BbiqHcJieHHH Aik H Ai,k+l HCITOJih3JIOTCH OlJ.HHaKOBbie 

OITpe,n;em·ITeJIH, HO c ITPOTHBOITOJIO)l(HhIMH 3HaKaMH. CJie,n;oBaTeJihHO, 

Aik = -Ai,k+l, a aik = ai,k+l· TaKHM o6pmoM, D = 0 H BhIIIOJIHHeT­

CH aKCHOMa (11.2). B qacTHOM cJiyqae Av =Iv (v = 1, 2, ... , n) MhI 

HMeeM aiv = 0 lJ.JIH v =!= i H aii = 1, Aii = 1. CJie,n;oBaTeJihHO, D = 1, 
qTo 03HaqaeT BhIIIOJIHeHHe aKCHOMhI (11.3). TaKHM o6pmoM, MhI ,n;o­

Ka3aJIH cyiu;eCTBOBaHHe OITpe,n;eJIHTeJIH MaTpHIJ;bI n x n H BbIIIOJIHeHHe 

<t>opMJJibI (11.18), TaK Ha3bIBaeMOe pa3JIO)l(eHHe OITpe,n;eJIHTeJIH ITO 

3JieMeHTaM i-fi cTpOKH. <l>opMyJiy (11.18) MO)l(HO o6o6iu;HTh. B OITpe­

,n;eJIHTeJie 3aMeHHM i-IO CTpOKY Ha j-IO H pa3JI0)1(HM OITpe,n;eJIHTeJib 

ITO 3TOH HOBOH CTpOKe. ,Il;JIH i =I= j orrpe,n;eJIHTeJih paBeH HJJIIO, a lJ.JlH 

i = j OH paBeH D, T. e. 

j = i, 
j =I= i. 

EcJIH Mbl ITOMeHHeM poJIHMH CTpOKH H CTOJI6IJ;hI, TO ITOJiyqHM 

h= k, 
h =I= k. 

(11.19) 

(11.20) 

CocTaBHM H3 anre6paHqecKHX lJ.OITOJIHeHHit aJieMeHTOB aij MaTpH­

IJ;hI A MaTpHey B = (Aji)· (06paTHM BHHMaHHe, qTo anre6paHqecKoe 

lJ.OITOJIHeHHe 3JieMeHTa aij' CTOHiu;ero Ha ITepeceqeHHH i-it CTpOKH H 

j-ro CTOJI6u;a, HaXOlJ.HTCH Ha ITepeceqeHHH j-it CTpOKH H i-ro CTOJI6u;a.) 
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MaTpnu;a B Ha3brnaeTca rrpncoe,ri;nHeHHoii MaTpnu;eii K MaTpnu;e A. 
Ifa ypaBHeHHa (11.20) cJie,ri;yeT, 'ITO 

AB = BA = D(A)IL 

Mb1 y)Ke ,IJ;OKa3aJIH, 'ITO ecmi: A CHHryJiapHa ( cToJI6u;b1 A JIHHeiiHo 

3aBHCHMb1), TO D(A) = 0. EcJIH )Ke D(A) I= 0, TO rrpe,ri;b1.ri;yru;ee 

ypaBHeHHe .ri;aeT <PopMyJiy ,IJ;Jia A-1
. TaKHM o6pa3oM, Mbl ,IJ;OKa3aJIH, 

'ITO 

.Mampuu,a A o6pamu.Ma 

mov)a u moA'b'IW mo2i.Ja, '/f,02i.Ja D(A) I= 0. 

-1 1 
EC.l/,u D(A) -=/= 0, mo A = D(A) B, 

2de B - .Mampuu,a, npucoedutt.ett.tt.M 'If, .Mampuu,e A. 

(11.21) 

(,LI;Jia n = 2 3TO rrpaBHJIO COBITa,ri;aeT c MeTO,IJ;OM, H3JIO)KeHHblM 

B rJiaBe 1.) IlpH n > 2 3TO rrpaBHJIO He O'!eHb y,ri;o6no, JIY'lllle HC­

ITOJib30BaTb anropHTM, H3JIO)KeHHblR B rJiaBe 10. M TeM He Mettee, 3Ta 

<PopMyJia Ba)KHa c TeopeTH'lecKoii TO'IKH 3penna. HarrpHMep, OHa no­

Ka3hrnaeT, 'ITO Bee 3JieMeHTbl MaTpHIJ;hl A - l HBJIHIOTCa qacTHblM OT 

,ri;eJienna ITOJIHHOMa OT MaTpH'IHhlX 3JieMeHTOB A Ha onpe,ri;eJIHTeJib. 

Pe3IOMe 

A. Orrpe~eJIHTeJIH 
Bb1 ,IJ;OJI)KHbl 3HaTb aKCHOMhl ,IJ;JI51 orrpe,ri;eJIHTe.rreii H rroJib30BaTbca 

3THMH aKCHOMaMH ,Il;JI51 Bbl'IHCJieHH51 orrpe,ri;eJIHTeJieii. 

Bh1 ,IJ;OJI)KHhI yMeTh BbI'IHCJI51Th orrpe,ri;eJinTeJIH c rroMOIIJ;bIO anre6-

panqecKHX ,IJ;OITOJIHeHHH. 

Bb1 ,IJ;OJI)KHhI 3HaTh H yMeTb rrpnMeHHTh MeTo,ri; Bhl'IHCJieHHH 06-

paTHoii MaTpHIJ;bl ,IJ;JIH HeCHHryJIHpHOH KBa,ri;paTHOH MaTpHIJ;bl. 

HarrmrrnTe HeCKOJihKO MaTpnu; pa3Mepa 3 x 3 H 4 x 4 H BhI'IHCJIHTe 

,ri;Jia HHX orrpe,ri;eJIHTeJIH. Bhr yBH,IJ;HTe, 'ITO y)Ke ,IJ;JIH cJiyqaa 4 x 4 
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Bbipa)}<:eHH5I (11.15) H (11.18) CTaHOB5ITC5I O'IeHh rpoM03)i;KHMH (rrpH 

BhI'IHCJieHHH no cpopMyJie (11.15) rrpnxo,n;HTC.s:I BhIIIOJIHHTh 3·4! YMHO­

)KeHHn H 4! - 1 CJIO)KeHHn). A BOT MeTo,ri;, orrncaHHhIR B rraparpacpe 

11.1, BIIOJIHe rrpneMJieM. HmKe ,n;a10Tc.s:I orrpe,n;eJIHTeJIH, ,n;JI.s:I KOTOphIX 

Ha,n;o rrpoBepHTh OTBeThI. 

(a) 

Det (~ 
2 3 

:~) = -2 8 11 
9 13 

10 14 16 

(b) 

Det (i 2 2 

~) = 12 
1 2 
3 4 
3 3 

(c) 

Dm (~ 
1 1 

i) =I 
3 3 
2 3 
2 2 

(d) 

Det (~ 
1 1 

I) 3 5 6 = 72. 
9 25 36 

27 125 216 

11.1. 06o6~ag IIpHMep (b)' IIOKa:>KHTe, qTQ 

c a a ") Det b r2 a a = 
bf(a) - af(b) 

eCJIH a -=f- b, 
b b r3 a b-a 
b b b r4 

r;:i;e f(x) = (ri - x)(r2 - x)(r3 - x)(r4 - x). 
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YKa3aHne: paccMOTpHTe onpe,r:i;eJIHTeJib MaTpttu;h1, BhIIIHCaHHoii: HH-

2Ke, ero 3Ha'IeHHe o6o3Ha'IHM F(x): 

(

r1 -x 
b-x 
b-x 
b-x 

a-x 
r2 - x 
b-x 
b-x 

a-x a-x) a-x a-x 
r3 - x a-x · 
b-x r4 -x 

F ( x) JIHHeii:Ho 3aBHCHT OT x, noTOMY 'ITO MhI M02KeM BhI'IeCTh nepByro 

CTpOKY H3 OCTaJibHhlX, HCKJIIO'IHB x H3 Bcex CTpOK, KpOMe nepBOii:. 

CJie,r:i;oBaTeJibHO, 

F(x)=A+Bx, 

r,r:i;e A H B - HeKOTOphie nocTOHHHhie. Ilpn 3TOM F(a) = f(a) 
H F(b) = f(b). Ham ncxo,r:i;Hhiii: onpe,r:i;eJIHTeJih, o'IeBH,r:i;Ho, paBeH 

F(O) =A. qeMy OH 6y,r:i;eT paBeH npn a= b? 

11.2. 06o6IIIaH IIpHMep (c), IIOKa2KHTe, 'ITO 

1 
a 
y 
y 

1 1) a a 
b b =(a-x)(b-y)(c-z). 

z c 

11.3. 06o6IIIaH IIpHMep (d), IIOKa2KHTe, 'ITO 

(3 
x3 

1 1 
y z 

y2 z2 

y3 z3 

w~) = (y - x)(z - x)(w - x)(z - y)(w -y)(w - z). 

w3 

BhlIIHIIIHTe H ,r:i;oKa2KHTe cooTBeTCTBYIOIIIYIO <PopMyJiy, ecJIH 'IHCJIO 4 
3aMeHHTb Ha n. 

11.4. IloKa2KHTe, 'ITO 

Kor,r:i;a 6y,r:i;eT paBeHCTBO? 

YKa3aHne: BOCIIOJih3Yii:Tecb HHTepnpeTau;neii: I Det I KaK o6'beMa. 

11.5. IJoKa2KHTe, 'ITO eCJIH 0 - OpTOrOHaJibHaH MaTpnu;a (T. e. QQt =JI), 
To DetO = ±1. 

11.6. MaTpnu;a R 6y,r:i;eT MaTpnu;eii: Bpaw,ettu.H,, ecJin RRt = JI n Det R = 
+ 1. IloKa2KHTe, 'ITO BpaIIIeHne B npocTpaHCTBe He'IeTHoro 'IHCJia 

H3MepeHHii: BCer,r:i;a coxpaHHeT HeIIO,Ll;BH2KHblM IIO Kpaii:Heii: Mepe O,Ll;HH 

HeHyJieBoii: BeKTOp, T. e. 'IHCJIO 1 HBJIHeTCH co6CTBeHHbIM 3Ha'IeHHeM 

MaTpHIIbI R. YKa3aHne: paccMOTpHTe onpe,r:i;eJinTeJib Det(R - JI). 



PeKoMeH,n;yeMa~ JIHTepaTypa 

B KOHu;e TOMa Mbl ,n;aeM KOpOTKHH rrepe'IeHb KHHr, He 51BJUIIOID;HH­

CB, KOHe'IHO, 6u6Jmorpaqmeii. cho CKOpee ,ll;OIIOJIHHTeJibHa51 JIHTepa­

Typa, rrone3HaB CTy,n;eHTaM, u3yqa10iu;uM Ham Kypc. KHury LOOMIS 

AND STERNBERG MO:>KHO C'IHTaTb rrapanneJibHhIM yqe6HHKOM, xoTB 

H3JIO)KeHHe MaTepuana 6onee <PopMaJibHO H a6cTpaKTHO, c aKu;eHTOM 

Ha MaTeMaTH'IeCKHe ,n;oKa3aTeJibCTBa. Co,n;ep:>KaHHe, no cyiu;ecTBy, Ta­

Koe :>Ke, KaK H B Hameii KHHre, HO ropa3,IJ;O 60Jibllle BHHMaHH51 y,n;e­

JI51eTC51 <PopMaJihHbIM orrpe,n;eJieHHBM, CTporoii apryMeHTa:QHH H Ma­

TeMaTH'IeCKOH H3mu;peHHOCTH. Bo BTOpOM ToMe MhI HeCKOJihKO pa3 

6y,n;eM OTChIJiaTh 'IHTaTeJIB K 3TOH KHHre 3a ,n;eTaJibHblM ,IJ;OKa3aTeJih­

CTBOM HeKOTOpbIX KJIIO'IeBbIX TeopeM. 

B ,n;aHHoii KHHre O,IJ;HHM H3 rnaBHhIX pa3,n;enoB MaTeMaTHKH BB­

JIBeTCB JIHHeiiHaB anre6pa. Ilo3TOMY MbI peKOMeH,n;yeM KJiaccuqec­

KHH yqe6HHK HALMOS, r,n;e HMeeTCB YKJIOH K pacmupeHHIO KOHe'IHO­

MepHoii Teopuu B HarrpaBJieHHH rHJih6epTOBa rrpocTpaHCTBa. KHura 

LANG o6cy:>K,n;aeT 3TOT rrpe,n;MeT c TO'IKH 3peHHB a6cTpaKTHOH an­

re6pb1, B TO BpeMB KaK B KHHre STRANG aKu;eHT ,n;enaeTCB Ha BhI­

'IHCJIHTeJihHOii TeXHHKe H rrpHJIO:>KeHHBX, KOTOpble Mbl 3,IJ;eCb IIO'ITH 

He paccMaTpHBaeM. qT06hI IIOJIY'IHTb IIOJIHOe rrpe,n;cTaBJieHHe 0 JIH­

HeiiHOH anre6pe, rrpaBHJlbHa51 CTpaTerHB - rrpO'IHTaTb Bee TpH 3TH 

KHHrH. 

B rnaBe 1 MhI o6cy:>K,n;aeM reoMeTpHIO rrpBMhIX. ,Il;anee, ecTeCTBeH­

HhIH IIIar - rrpoeKTHBHaB reoMeTpHB. MbI HeMHoro roBopHM o Heii B 

,n;o6aBJieHHH K rJiaBe 1HB3a,n;aqax 1.16-1.20. B KHHre HARTSHORNE 

,n;aeTC51 BBe,n;eHHe B rrpoeKTHBHYIO reoMeTpHIO. 
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B KOHIJ;e rJiaBbI 2 MhI TOJibKO cJierKa KacaeMc.H TeopHH Bepo.HT­

HOCTeit 9TOT Ba:arnhitt p83,II.eJI He IIOJiyqHJI cepbe3HOro o6cy)K,II.eHH.H, 

qTo .HBJI.HeTc.H 0,11.HHM H3 rnaBHbIX Hanrnx rrpo6eJioB. Xopomee BBe,II.e­

HHe B Teopmo BepO.HTHOCTett 6e3 MaTeMaTHqeCKHX CJIO)KHOCTett qH­

TaTeJib MO)KeT HattTH B Tpex TOMax HOEL, PORT AND STONE. Teo­

pH.H BepO.HTHOTett JierKO rrpHB0,11.HT K ,11.0BOJibHO H30m;peHHOtt MaTe­

MaTHqecKOtt «KYXHe», HarrpHMep, K TeopHH Mepbl H TOHKHM BOrrpo­

CaM <I>ypbe-aHaJIH3a. ,L.I,ocTOHHCTBOM 3THX KHHI' .HBJI.HeTC.H H3JIO)KeHHe 

Ba)KHbIX H,II.ett 6e3 rJiy6oKoro rrorpy)KeHH.H B TPY,II.HYIO MaTeMaTHKy. 

KHHra MORAN y)Ke CJIO)KHee ,II.JI.H qTeHH.H, HO Ha Hee CTOHT rroTpa­

THTb ycHJIH.H. B KHHre KEMENY AND SNELL o6cy)K,II.aIOTc.H KOHeq­

Hhre n;errH MapKoBa, Hee cJie,II.yeT qHTaTb KaK rrpo,II.OJI)KeHHe rJiaBhI 2. 
KHHra DOYLE AND SNELL ,II.aeT KpaTKoe BBe,II.eHHe H B TeopHIO n;erreli 

MapKOBa, H B TeopHIO ceTett, KOTOpbie MbI 6y,II.eM n3yqaTb BO BTopoM 

TOMe. 

B rJiaBe 3 MbI ,II.aeM HaqaJihHhie CBe,II.eHH.H o ,II.mp<l>epeHIJ;HaJihHhIX 

ypaBHeHH.HX. Yqe6HHK HIRSCH AND SMALE 3,11.eCh 6y,II.eT BIIOJIHe ec­

TecTBeHHhIM, TaK KaK HamH ToqKH 3peHH.H ,II.OBOJibHO 6JIH3KH. KHH­

ra BRAUN H3JiaraeT MaTepHaJI 6onee cTaH,II.apTHO. (9KcrroHeHTa OT 

MaTpHIJ;hI IIO.HBJI.HeTC.H TaM TOJihKO Ha c. 321!) 0,II.HaKO, ee CJie,II.yeT 

npoqHTaTh, IIOCKOJihKY B Hett eCTh MHOI'O IIOJI€3HhlX ,II.eTaJiett H npH­

JIO)KeHHtt. KHHra SIMMONS ,II.OBOJibHO Tpa,II.HIJ;HOHHa.H, HOB Hett MHoro 

HHTepeCHOH HCTOpHqecKOH HH<l>OpMaIJ;HH. ,L.l,Be KJiaCcHqecKHe KHHI'H 

APHOJlb,lJ,A oqeHh npH.HTHO qHTaTh. Bo B3aHMO,II.eHCTBHH reoMeTpHH 

H aHaJIH3a BH,II.Ha yBepeHHa.H pyKa KpynHoro cnen;HaJIHCTa B 3TOM 

Bonpoce. 

B rJiaBe 4 ,II.Ba naparpa<l>a IIOCB.HIIJ;eHbl TeOpHH OTHOCHTeJibHOCTH. 

Ha 3TY TeMy MhI peKoMeH,II.yeM TPH KHHrH. Bo-nepBhIX, 6oJibma.H H 

CJIO)KHa.H, 6oraTa.H H,II.e.HMH KHHra MISNER, THORNE AND WHEELER. 

Bo-BTOpbIX, KOpOTKa.H, 3axBaThIBaIOm;a.H, c MHHHMYMOM MaTeMaTH­

KH KHHra TAYLOR AND WHEELER. M, HaKoHen;, KHHra Spacetime, 
Geometry, Cosmology, HanHcaHHa.H BURKE, o6cy)K,II.aeT MaTeMaTH­

qecKHe H,II.eH, KOTOphie Mhl IIhITaeMC.H o6'h.HCHHTb B Hamett KHHre, H 

,II.aeT npeKpacHoe ll3JIO)KeHHe <l>H3HKH OTHOCHTeJihHOCTH. 

,L.l,pyra.H KHHra BURKE BMecTe c KHHraMH FLANDERS H SPIVAK 

MoryT 6bITh peKOMeH,II.OBaHhI KaK napanneJibHOe H ,11.0IIOJIHHTeJihHOe 

qTeHHe. 
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B rJiaBe 6 H rroTOM em,e pa.3 B naparpacpe 10.9 MhI KacaeMca BO­

rrpocoB, OTHOC5III1,HXC5l K Kypcy ,r:t;HcpcpepeHII,HaJihHOH TOIIOJIOrHH. KHH­

ra GUILLEMIN AND POLLACK HarrHcaHa KaK JieKII,HOHHhIH Kypc, B KO­

TopoM, IIOMHMO cpopMMbHOro H3JIO)KeHH5l Teopim, aBTOp HCIIOJib3Y­

eT HHTyHTHBHhIH rro,n;xo,n; H MHoro pHcyHKOB. A BOT KHHra BROCKER 

AND LANDER coBceM ,n;pyraa. B Hell: MHHHMYM o6cy)K,r:t;eHHH, a rJiaB­

HhIM o6pa3oM TO'IHhie cpopMyJIHpOBKH TeopeM H ,r:t;OKa3aTeJihCTB. M, 
KOHe'IHO, ee HerrpOCTO 'IHTaTb. 9TH KHHTH IIOCBRII1,eHbl HeCKOJibKO 

pa3JIH'IHhlM rrpo6JieMaM, H II03TOMY Mbl peKOMeH,n;yeM H3Y'IHTb o6e. 
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