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Fnasa 1
BBEOEHUE

1.1. MaremaTnyeckaqd CMMBOJIMKa

Jlo2uueckue cumeonwi:
YV — nans moboro, moboii;
3 — cyulectByer, HaiineTcs;

. — TaKOMH, YTO;
A— WU
V — WM,

1— cumBon orpunanus;

= — CJIeyeT;

<> — TOrJa 1 TOJNBKO TOraa Wik HEOOXOAUMO H JOCTATOYHO;
= — TOXXJIECTBEHHO PaBHO.
Teopemuxo-mHodICECIMBEHHBIE CUMBOTIBL:
U — 00beIMHEHHE;

M — mepeceueHue;

\ — pasHoCTb;

C — pomnonHeHue;

C — BKJIIOYAETCs, BXOJHUT;

€ — MPHHAJICHKUT;

J — mycTOE MHOXXECTBO.

1.2. 3neMeHTbl TeOpUY MHOXECTB

Ilycte 4, B, C — HEKOTOpBIE MHOXECTBA. Torga Hay HUMU MOXHO
BBITMONHATD CIIEAYIOLIHE ONepanHH.

1. O6nenuHenue MHOXeCTB A U B:

x€eAUB <> xeAvxeB.

2. ITepeceuenne MHOXXecTB A U B:



xeANB <> xeArxeB.

QD

PasHocTs MHOXeCTB A U B.

x€A\B < xeArxeB;

HomonHeHue MHOXecTBa B B MHOXeCTBE A.
x€CpB < BcA, xeArxeB;
eciii BcA, to CaB=A\B.

1.3. CeoiicTBa onepauuvii Hag, MHO)XXeCcTBaMu

ITycrs 4, B, C — HekoTOpble NOAMHOXeCcTBa MHOXkecTBa E. Torma
CIpaBeIHBEI CIICIYIOIIKE CBOMCTBA ONepaLil;

1)

2)

3)

4)
5)
10

AUB=BuUA4
ANB=BNA4
Au(BuC)=(4uB)uC
AN(BNC)=(4nB)nC
AU(BNC)=(4nB)u(4ancC
An(BuC)=(4UB)n(4auC
AVA=4,ANA=4
AVT=A,ANT=2;

— KOMMYTaTUBHOCTD,

— aCCOUHNaTHBHOCTD,

)

)} — JUCTPUOYTHBHOCTE;

— HUJCMIIOTCHTHOCTD,



6) AVE=E ANE=A4;

7) CgCed) =4 — HMHBOJIOLHS;
8) Ce(4 B)=(Ced) N (CeB);

9) CednB)=(Ced) (CeB),

10) AN (Ced) =2,

11) AU (Cgd) =E.

1.4. CtaHpapTHbie MHOXEeCTBa

B mepeueHp CTaHZAPTHBIX MHOXECTB BXOJAT:

N — MHOXXECTBO HaTypaJIbHBIX YHCET,

Z — MHOXXECTBO LIEJIBIX YHCET,;

P — MHOXXECTBO PaLlHOHAIBHBIX YHCET,;

O — MHOXECTBO HppaLMOHATIBHBIX YHCET;

R — MHOXeECTBO IefiCTBUTENBHBIX Yncel, R=P U Q.

1.5. AOconoTHas BesiMumHa Yyicna

Onpeodenenue 1.1. AGcomoTHOH BenmMuuHOM (MomyseM) neiCTBU-
TEJBHOTO YKcla X € R HasbIBaeTCs

| I x,ecad x 20,
X =
—x,ecim x < 0.

Us ONpencICHUs CJICAYET, UTO BBINIOJIHAKOTCA CICAYIOIHUE CBOIICTBA.
1 |x=o0.

2. le = I— x|.
3. —leSxSlxl.
4. Ecmua>0,T0 HepaBEeHCTBO ‘x| < G paBHOCWIBHO HEPABEHCTBY

—as<x<a.

5. VxyeR lx + yl < le + I yl — TepBOE HEPAaBEHCTBO TPEYTOJIBHUKA.

11



Hoxazamenvcmeo. I1o cBo#cTBY 3:

—|x| <x Slxl, —ly| <y Sly|.
CxuanpiBasi 3TH HEPaBEHCTBA, MOTYyYUM
—(|x|+|y|) <x+y< |x|+|yl .
ITo cBolicTBy 4:
|x+y| < lx|+ly| .
6. VxyeR Ix - yl > le —I yI — BTOPOE HEPAaBEHCTBO TPEYTOJIBHUKA.

Hokazamenvcmeo. x =y + (x — y).
ITo cBoticTBY 5!

|x| = |y+(x—y)| < |y|+|x—y| , OTKya

=zl =IA.

1.6. OKpPeCTHOCTb TOYKM

Onpeoenenue 1.2, e-0KpeCTHOCTBIO TOUKH Xy € R Ha3pIBacTCS MHO-
JKECTBO TOYEK X € R , YOBJIETBOPSIOLIUX YCIOBHIO

x—x,| <.

Packpoem 3Hak Moxyns:
—e<X—X,<E,
X, —€<x<Xx,+Eg,
xe (xo —&,X, +8).

Onpeoenenue 1.3. e-OKpecTHOCTBIO TOUKH X € R* (R®) HaspiBaeTCs
MHOKECTBO TOYEK IUIOCKOCTH (MPOCTPAHCTBA), HAXOMAIIUXCS OT TOYKH
Xo Ha PACCTOSTHHH, HE MPEBOCXOIALIEM €.

12



1.7. MNoHusitue pyHKUMMN

ITycts X ¥ Y — HEKOTOpbIE MHOXKECTBA.
Onpeoenenue 1.4. Ecmm xaxpoMy d3JeMeHTY X € X CTaBHUTCA
B COOTBETCTBHE IO HEKOTOPOMY [IPaBHIY €IHWHCTBEHHBIH JJIEMEHT

y € Y, To roBopAT, 4TOo Ha MHOXEcTBe X 3amaHa ¢yHKuus (oToOpaxe-
HHE) CO 3HAYCHUIMH B MHOXKeCTBE V-

fr XY,  y=£x).

MHuoxectBo X Ha3bpiBaeTcs 00JacThl0 onpenesieHus (QYHKIHMH
u obozHagaetrcs Dom(f) unu D(f), MHOXeCTBO Y Ha3bIBa€TCS MHOXECT-
BOM 3HaueHu# QyHkuun u obosHavaercs Im(f) wiu I(f).

Onpeodenenue 1.5. Ecin GyHKUHA [ IEPEBOIUT dJIEMEHT X€X B dJle-
MeHT y € Y, T.e. y = f{x), To y Ha3bIBaIOT 0Opa3oM dJIEMEHTA X, a X Ha3bl-
BalOT npooOpasoM 3nemeHTa y. O6pa3 Bcerna €qUHCTBEHEH.

Onpedenenue 1.6. Komnosuuueit orobpaxenuit > X—-Y u g: T->X
Ha3pIBaeTcs oToOpaxkeHue [ g: T—Y.

Ecmu fu g — 4yucnoBble QYHKLHH, TO UX KOMIIO3ULMIO HAa3bIBAIOT
CIIOXKHOH (YyHKLHEH:

y =fx), x =g(® = y=fgQ)
Ipumep 1.1.y=x*,x =sint = y = sin’t.

Onpedenenue 1.7. Ecni oO6paTHOE COOTBETCTBHE, epeBoadLiee ! B
X aBnsercss GyHKUHUEH, T.€. y KaXKIOTo dJIEMEHTa Y€ Y uMeeTcs eaUHCT-

BeHHBI 1poobpa3 x€X, TO 3TO COOTBETCTBHE HA3bIBAIOT OOpaTHBIM
otobpakeHueM, uiu o6paTHON GyHKIMEH.

1 YX, x=f"@).
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Ob6patHas ¢yHKuus obparima, U obpaTHas QYHKUHA K oGpaTHOM
dyHKLMHK coBmanaer ¢ ucxonHoit byukuueit (f') ™ =7

Ipumep 1.2. PaccMoTpum GYHKIHIO y = x°. Boipasum x: x =i\/; .
OG6patHo#t byHKUHKElH Oy IeT ABNATbCH X = +\/; .
Onpeoenenue 1.8. I'paduxom yuciaoBor GyHKuuM y = f{x) Ha3bIBa-

€TCsl COBOKYNHOCTbB TOYeK IUTockocTH Bua (x , f(x)), rae x € D(f).

I'padukyn B3aMMHO OGpaTHBIX (GYHKUMH CHMMETPHYHBI OTHOCH-
TenbHO buccextpuch I u I KoOpAMHATHBIX YIIIOB.

Onpeodenenue 1.9. UnucnoBas dyHKuus y = f{x) Ha3pIBa€TCA MOHO-
TOHHO Bo3pacTatolueit (yGsIBaroIeit), ecii GonplIeMy 3HaYSHHIO apry-
MEHTa COOTBETCTBYET Ooblliee (MEHbIIee) 3HaYeHHE (YHKIIHH:

Vxi, x2 € D(f) 1 x1>x2 = flxy) > flxy) (mmm flx1) < flxz)).

Onpeodenenue 1.10. YucnoBas dyHKuus y = f{x) Ha3bIBaeTCs Orpa-

HUYEHHOM cBepXy Ha MHOxecTBe 4 < D(f), ecnu Halpercs uucio M
TaKoe, 4TO

Vked fix)y<m.

Onpeodenenue 1.11. Yucnosas GpyHkims y = f(x) Ha3pIBaeTcs orpa-

HUYEHHOH cHHM3y Ha MHoXecTBe A < D(f), ecnu Haiimercs 4ucio m Ta-
KO€, 4TO

Vxed fix)>m.

Onpeodenenue 1.12, Yucnosas yHKuus y = f{x) Ha3sIBaeTCA Orpa-
HU4YEHHOH Ha MHOXecTBe A < D(f), ecniu Haiinercs unciao K Takoe, 4To:

Vx e A )| <K.

Ipumep 1.3. Oynkums y = sinx orpanudena, tak xak |fx)| < 2
Vx € R.

Ipumep 1.4. ®ynxiusa y = 2 — x* orpaHMdeHa CBEPXY, Tak Kak f{x) < 3
Vx € R.

Onpeoenenue 1.13. Ecnu uncnoBas GyHKuus y = f(x) NpuHAMaeT
OJHO M TO X€ 3HayeHHe ¢ Ha MHoxecTBe 4 < D(f), TO roBOpAT, YTO
QyHKLMA TOXIECTBEHHO paBHAa ¢ Ha MHOXeCTBe A, U 0003HA4aIoT

fx)=c.
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1.8. NMpumeHeHne PpyHKLNI B BKOHOMUKE

1.8.1. MNponsBoacTBeHHbIe PyHKUUN

PaccMoTpHM HEKOTOPYIO NPOU3BOACTBEHHYIO CUCTEMY.

Onpeodenenue 1.14. ®ynkuus, BeIpaXxamomas 3aBUICHMOCTh 00beMa
[POM3BOJCTBA OT BEIMYHMHBI 3aTPaueHHBIX PECYpCOB, Ha3bIBAE€TCS MPOMU3-
BOJICTBEHHOM.

CymectByeT Ieloe CceMeHCTBO IPOM3BOJICTBEHHBIX (YHKIHI.
PaccmoTpum npousBozncTBeHHy 0 GyHKuuio (puc. 1.1)

y =f (),
rae x — CyMMapHas BEJIMYHAHA 3aTpaT B CTOUMOCTHOM BBIPDQXXCHUH,
Y — CyMMapHBI{ BBIITYCK B CTOMMOCTHOM BBbIpaKEHHUH.

ITo cBoemy 3xoHOMHUYEeCKOMY cMbichy, x = 0 u y > 0. [IpousBoxct-
BeHHas (QYHKIMS OTPa)kaeT CYLIECTBYIOLIYIO TEXHOJIOTHIO: U3MEHEHHE
TEXHOJIOTHH BeIET K H3MEHEHHIO NIPOM3BOACTBEHHOMN (yHKIHH.

Ecnu npennonoxurth, YTO HMPOM3BOACTBEHHass (GYHKIHS CTPOro
BO3pAcCTaeT, T.€. JI000e yBEeIHYEHHE 3aTpaT BENET K YBEIUYSHHIO BBI-
MyCcKa, TO NpPOHM3BOACTBEHHas (YHKUUS HMeeT 0OOpaTHylo (YHKIHUIO
x =f7'(y), KoTOpas ONpexeNAET BENUIHHY IPOM3BOACTBEHHEIX 3aTpPaT X,
HEOOXONUMBIX I BbITycka obbema ). OTa (YHKUHS Ha3bIBaeTCs
¢ynkuueit 3atpar. Ona 6yneT cTporo Bo3pacTaromeii.

Y Y
. e
”,r’ y=ﬂx) ”,,’
0 X 0 X
Puec. 1.1. Puc. 1.2.
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1.8.2. Kpusble cnpoca v npeanoXeHus.
Touyka paBHOBecus

PaccmoTpum ¢yHKIMIO 3aBUCUMOCTH ciipoca D OT LieHb! Ha ToBap P.
Yem MeHblIIE LIEHa, TeM OOJIBIIE CIPOC MPH MOCTOSHHOM MOKYMaTENbHOM
cnocobHocTH HaceneHus. OOBIYHO 3aBHCUMOCTh D OT P uMeeT BHI HHC-
nagatomeit kpuBoit (puc. 1.3):

D=kP’+c,tnea<0.

D |

0 P
Puc.1.3

PaccmoTpuMm dyHKUMIO mpemioxkeHHs S OT LeHBl Ha ToBap P.
IpennoxeHre pacTeT C yBeJHYEHHEM LEHbI Ha TOBap. 3aBUCHMOCTH
S oT P uMeeT clenyroniuit BUI:

S=P+d raeb>1.
S

Puc. 1.4.
16



[TapameTps! ¢ 1 d — Tak Ha3bIBaeMBble 9K30TCHHbIC BETHYHHBI, OHH
3aBHCAT OT psAna mpuuuH (6narococrosHue oOIIeCTBa, MOIMTHYECKAs
obcraHoBka U T.I.). [lepeMenHBle, BXonfume B (OPMYJbI, MMOIOKH-
TEJBHBI, MO3TOMY Ipaduku (QyHKUHH UMEIOT CMBICH TOJBKO B NEPBO
KOOPIMHATHOH YETBEPTH.

JIns S5KOHOMMKH TNpeNCTaBiIseT MHTEpPeC YCIOBHE PaBHOBECHS, T.€.
KOTJ[a CIIpoC paBeH MpensiokeHuto. Takoe ycoBue 3aaeTcsi ypaBHEHHEM

D(P)=S(P)
H COOTBETCTBYET TOYKE NMEPECCUCHUA KPHUBBIX D u S — 3T0 Tak Ha3bl-

BaeMas Touyka paBHoBecus (Touka M)). lleHa Pj, npu KOTOPOil BBIMOJ-
HseTCs AaHHOE YCIOBHE, Ha3hIBaeTCs pagHoeecHow (puc. 1.5).

D, S D, D, S
M,
M,
0 P, P
Puc. 1.5

ITpn yBenuueHHH G1arOCOCTOSHHUS HACENICHHS, YTO COOTBETCTBYET
POCTy BEJIMYMHEI ¢, TOYKA PaBHOBECHS M| cMemaeTcs BIPaBo, TaK Kak
KpuBas D MoAHMMAeTCs BBEPX; IPH 3TOM IIEHA Ha TOBAap pacTeT IpH
HEH3MEHHON KPUBOH NpeIoKEHUs S.

1.8.3. NayTuHHaa Mmoaenb pbiHKa

PaccmoTpuMm mpocrefiuryro 3amadyy MOHMCKa PaBHOBECHOH IIEHBI
(puc. 1.6). OTo onHa U3 OCHOBHBIX MPOGJIEM PhIHKA, O3Hauaromas (ak-
THYECKHUI TOPT MEXIY NMPOU3BOIUTENEM U MOKYyIaTEeIEM.

ITycTs cHauana neHy P;, Ha3pIBaeT NMPOU3BOIUTEND (B MpocTeHmen
cxeMme OH xe u npojasen). LleHa P; Ha caMOM Jelie BhIIlIe PaBHOBECHOIH
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(ecTecTBEHHO, BCAKHIT POU3BOJUTEND CTPEMHUTCS MOTYYHUTh MaKCUMYyM
BBIFOJBI U3 CBOEro mpousBonacTsa). [lokymarens oueHuBaeT cnpoc D
IpU STOH LIeHe, HaXOAUT €r0 HU3KHM M Ha3bIBaeT CBOIO LieHy P, mpu
KoTOpoit crpoc D, paBeH mpemioxenuto. L{eHa P, HIke paBHOBECHOM
(Bcaxuii mOKymaTeNb CTPEMHTCS KyIHTH JelleBie). B cBoro ouepens
MPOM3BOAMUTENb OLIEHMBAET cnpoc D,, COOTBETCTBYIOIMH LeHe P,
U OIpeJieNseT CBOO IIEHy P, TpH KOTOPOii CIIpOC paBeH NpeaioKeHHIO,
9Ta LieHa BEIIIe PaBHOBECHOH.

D.ST p S
>3 ISR
pl —— T
0 P, PP, P P
Puc. 1.6

[Tpouecc Topra B UTOre NPUBOJAHUT K MPUOIHIKEHHIO K PaBHOBECHOM
IIeHe, T.e. K «CKpY4YHMBaHHIO» crupany (mayture). Eciu paccMaTpuBaTh
MOCJIEIOBATENBHOCTh YHCEN, COCTOSILYIO W3 Ha3biBa€MBIX B IIpoliecce
TOpra LIeH, TO OHa HMeET CBOUM INPeesIoM PaBHOBECHYIO LIEHY Py.

1.9. AnemeHTbI KOMOMHATOPHOro aHanu3a

OcHOBHBIE 3324 KOMOHHATOPHOT'O aHaIn3a — pa3MelIeHue o0b-
€KTOB B COOTBETCTBHH CO CIELIMATBHBIMHU MpaBHUIAMHU U HaXOXACHHE
YyHcia CIocoboB, KOTOPBIMU 3TO MOXHO cxenats. Ecnu npaBuna mpo-
CTBI, TO OCHOBHBIM SBJIIETCSA IMOJCYET YHCJIa BO3MOXHOCTEH IJIS OCYy-
HIECTBICHHUS MCKOMOIO pasMelleHus. Eciu npaBuna TOHKHE WIH 3aITy-
TaHHbIE, TO IJIaBHOM MpoOJieMoi CTAHOBUTCS BOIPOC CYIIECTBOBaHHS
TaKMX pa3MEeLICHUHN 1 HaX0XKIECHUS METOJIOB UX IIOCTPOEHHUS.
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ITycTs aHO MHOXECTBO S MPOU3BOJIBHON IPHPOJIEI.

Onpeodenenue 1.15, PazmemienneM obbeMa k 31eMEHTOB MHOXKECTBA
S Ha3BIBaeTCs YNOPAROYEHHAs BEIOOPKA Kk DJIEMEHTOB M3 MHOXECTBaA S.

Onpeoenenue 1.16. CoueranneM o0beMa k Ha3pIBaeTCAd HEyIops-
JO4eHHas BEIOOpKaA k 3JIEMEHTOB MHOXeCTBa S.

Onpeodenenue 1.17. Pazmewmenue (coueTaHHe) Ha3bIBaeTCs pa3Me-
uieHneM (coueTaHHEM) C IOBTOPEHHEM HIIH C BO3BPALICHHEM, €CIIH dJie-
MEHTHI B HEM MOT'YT [TOBTOPSATHCS.

Ilpumep 1.5. S={a, b, ¢}; n=3, k=2.
aa, ab, ac, ba, bb, bc, ca, cb, cc— pa3MeieHus ¢ IOBTOPEHHEM — 9 IT.;

ab, ac, ba, bc, ca, cb — pa3MenieHus 6e3 MOBTOpeHUs — 6 IIT.;
aa, ab, ac, bb, be, cc — COYeTaHMs C IOBTOPEHHEM — 6 INIT.;
ab, ac, bc — coueTaHus 6e3 MOBTOPeHUs — 3 IIT.

Onpeodenenue 1.18. IlpousBeneHue MEpBBIX 1 HATYPAIbHBIX YHCEN
Ha3bIBaeTcA n-(haKTopualoM u obo3HadaeTcs n!.

n=1.2-3.n.

Hanpuwmep, 4!=1-2-3-4 =24 Ilo onpexnenenuto nonararot 0!=1.

Pa3memenus 6e3 nosropenusi. Yucio pasmeeHuit 6e3 moBTope-
HHi1 U3 1 9]IeMeHTOB 110 7 (06beMa r) oGo3HavaeTcst 4, = (n),.

n-(n-1)...1 n!

(n-r)..1 (n-r)’

A=n(n-1)-(n-2)....(n-r+1)=

Ecmu r=n,10 A =n!.

n

!
"= =pl
A o nl.

Coueranus 6e3 moBTopeHns. Uuciio coyetanuii 6€3 MOBTOpEHUH
3 1 3eMeHToB 1o ¥ (o6bema r) obosnagaercs C, =\, ).

n

r 1
Cr . An - n. = Cn—r.
rt (n—r)ir!

C'=Cl=n, C?=CI=1.
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Pasmemenns ¢ nosropeHuem. KojuyecTBO pasMerieHui ¢ mo-
BTOPEHMEM U3 1 3JIEMEHTOB T10 ¥ (06beMa ¥) PaBHO 7',

Coueranns ¢ noBropeHHeM. Yuciao coyeTaHUH C IOBTOPEHUSIMH
U3 1 3JIEMEHTOB 10 » (0GbeMa r) paBHO
n-1 _ (n+r—1)! T
n+r-1 7 (n—l)'r' — ~n4r-1-

bunom HerotoHna. buaHoMoM HeroTOHa Ha3bIBAIOT BEIpAXKEHHUE BHIA

n

(et y) =(x+y) (x+y).. (e +y).
(x+y)" =COy" +Cly™ x4+ C2yn 2yt ..+ C M e C0x",

HIIN
n
(3 =3 ity
i=0

IIpumep 1.6. (xiy)2 =C? £+ Cyxy + Cix? = y2 £ 2xp +x°.
Ilpumep 1.7.

(xiy)4 =Coy* + Clyx + C2y2x2 £ Clyx® + Cix* = y* +4y°x +

+6y*x* +4x’y +x*.



Faea?2
TEOPUA NPEAENIOB

2.1. Yucnosbie nocnenoBaTesibHOCTU.
Mpepen uncnoBoir nocnepoBaTe/NbHOCTH

Onpeodenenue 2.1. ®yHkuus, 3afaHHas HA MHOXXECTBE HaTypaib-
HBIX YHCEN CO 3HAUYEHHSIMH BO MHOXXECTBE NECHCTBHUTENBHBIX YHCEIN,
Ha3bIBaeTCs YHCIOBOM OCIEN0BATENBHOCTBIO.

Onpeodenenue 2.1'' YucnoBoit mocienoBaTeNbHOCTHIO {an }:=1
Ha3bIBAETCS 3aHyMEPOBaHHOE MHOXKECTBO ACHCTBUTEIBHBIX YHCE].

ay, Az, Az, ..., Ap...

Onpedenenue 2.2. Ynucno A HaspIBaeTcs MpeneaoM YHCIOBOH Io-

0

CNeNOBATENBHOCTH {a, )., €CNM 115 JIOGOTO MONOXKHTENBHOTO &
(Ve > 0) cymectByer Homep N TakoH, 4TO IpU BCceX Homepax n > N
BBITIOJIHAETCH HEPAaBEHCTBO |an —A| <¢. [ocnenoBarenbHOCTH {an }‘::l
Ha3pIBaeTCA cxoxsmeics k unuciy 4. KpaTtko 3To MOXHO 3alMCaTh TaK:

lima, =4.
n—o
Ipumep 2.1.
PaccmoTpum nmocnenoBaTenbHOCTS 1 111 L
Tp 7234987"'9 2n—l
N300pa3um ee noBeneHue rpauyeck.
2
1 .
*
¢ .
0 1 2 3 4 5

W3 nuarpaMMBl BUJHO, YTO C POCTOM K 4WIEHH IOCNIENOBAaTEIbHO-
CTH cTpeMATCs K Hymo. [TokaxeMm, 4TO mpenen 3Toi mociaeroBaTeabHO-
CTH paBeH HYJIIO C IOMOIIBI0 ONpeeNIeHHs peena.
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1 . .
Bo3sMeM B KadecTBE € YHUCIO T0o" Haiinem HOMEp N Tako#, uTo

1
MpH BCEX HOMEpaAX n > N BEHITONTHAETCH HEPaBCHCTBO |an| <—

2

100
1

€= —,
100

L1

2! 7100’

n—-1>log,100,
n>1+log,100.

B kauyectBe N MOXHO B3iTh Clepyromee 3a yuciom 1+log,100

HaTypajJlbHOE YHCIO0. AHAJOrHYHO MOXHO noxobpate Homep N U
Ipou3BoJIbHOTrO € > 0.

o
Onpedenenue 2.3. Yucnopas NMoCIeROBaTEIbHOCTD {an }n=1 umeer

npenen, paBHBI +oo (—©), ecnu mas moboro yucna G > 0 Haitnercs
HoMep N Takoi, YTO MMpH BceX HOMepax n > N BBINOJIHAETCS HEPaBEHCT-
BO a, > G (a, <-G).

Ipumep 2.2. PaccMOTpUM IOCIENOBATEIbHOCTD

{3n }:=o 1,3,9,27..
10 1
.
8 J
a O
4 ]
.
2 -
L 4
0 1 2 3
n
Bossmem G = 1000,
3">1000,
n>1log;1000.
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2.2. MNpepen dyHKunn

ITycts dynkuus y = f(x) omperneneHa B HEKOTOPOH OKPECTHOCTH
TOYKHU d€R 3a uCKIIOYeHHEeM OBITh MOXKET, CaMOH TOYKH a.

Onpedenerue 2.4, Yucno A HaspBaeTcs npeneitoM (YHKIMH
y= f(x) npu x — a, ecnu L moboro € > 0 Hadinerca & > 0 Takoe, 4YTO

IIpU BCEX X, YIOBIETBOPSIOMKX HepaBeHcTBY 0 < lx— a| <&, Oyner BbI-

HOJIHATHCS HEPABEHCTBO | f(x)- A| < g. Kpartko 3170 MOXXHO 3anHcaTh Tak:
lim f(x)=4.
X—a

BrisicHUM, 4TO MpexacTaBiseT coO0H reOMETpHYECKH MOHATHE IMpe-
nena yHkuuu, PackpoeM 3HaKM Moyjs B HEpaBEHCTBaX M3 OHpenene-
HU nipenesia QyHKIHH:

Ix—a|<8, -8<x—-a<$,

a-8<x<a+9d, xe(a—S, a+6).

AHajorn4Ho f(x) € (A —-g A+ 8) .

[eomerpuuecky 310 03HayaeT (puc. 2.1), 4To KaKyro 61 OKPECTHOCTh
To4yku A Ha ocu OY MBI HH B3sJIH, BCETAa HAMETCd OKPECTHOCTh TOYKHU a
Ha ocu OX, KOoTOpyIO QYHKIHS MEPEBOAUT B OKPECTHOCTE ocu OY.

y=f(x)

U

0 a-® a \5+8 )2'

Puc. 2.1.
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2.3. BeckoHeu4Hble npeaen.bl.
OpHoOCTOPOHHUE Npeaenbl

Onpedenenue 2.5. Oynxiys y = f{x) uMmeeT mpenenl nNpu x —>a,
paBHBI# +oo0 (—0), ecmt VM >0 3 & >0 Takoe, 4TO MPH BCeX X, YHOBJIE-
TBOPSIOLIMX |x - a| < 8, BBINOJIHAETCS HEPaBEHCTBO f{x) > M (f(x) <—M).

Onpeodenenue 2.6, Yucno A HazpiBaercs npeznenoM GYHKIUH
y = f{x) ipu x —>a CclIeBa, WIH JICBOCTOPOHHUM HpPENEIOM, €CIU
Ve >0 3 6>0 Takoe, 4TO NMPH BCEX X, YIOBIECTBOPSIOIIHX YCIOBHO
a—x < 8, BBINOJIHACTCS HEPABEHCTRBO |f(x) — A| <e.

Onpeodenenue 2.7. Yucno A HazpiBaercs npenenoM GYHKUIHH
y =f{(x) npu x — a cnpasa, WIH NPaBOCTOPOHHHUM IIpeneoM, eclnu Ve
>0 3 6>0 Takoe, YTO MpH BCeX X, YAOBJIECTBOPSIONIMX HEPaBEHCTBY
X —a <8, BBINOJIHAETCH HEPABEHCTRO |f(x) — 4| <e.

lim f (x) 158)071 }(ILII f (x) — CJIeBa,

x—a-0
Xx<a

lim f (%) um lim f(x) — cmpaBa.

x—>a+ X—a
x>a

OyHKUKA UMeeT Npenel B HEKOTOPO# Touke, paBHBIE HEKOTOPOMY
3HAYEHHIO, TOra M TOJNBKO TOTZa, KOra CYIIECTBYIOT U PaBHBI 3TOMY
e 3HaYCHHUIO 06a OTHOCTOPOHHHUX Npefera.

lim f(x) = lirriof(x) =A< lim f(x) =A

x—a-0

Ipumep 2.3.
1
Haittu npenen yHkupu ¥y =2* mpu x —0.

1 1 1 1

lim 2% = lim2* =0, lim 2% = 11m2" =+
x—0-0 x—0 x—0+0 x=0
x<0 x>0
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Y x—>0-0, x—>0+0,

1
— — -0, — — +o0,

X X
x il 1
2* = 0. 2% — 400,

0 X

[Mpenena dpynxuuu npu x — 0 He cyniecTByeT.

2.4. BeCcKOHEYHO Masblie nu 0eckoHe4yHo OosbLune
¢$yHkUn. Ux ceoiicTea

Onpeodenenue 2.8. Oynkuus o.(x) Ha3plBaeTCs GECKOHEYHO MaloH
(6.M.) dyHKIMEH P X — a, €CNIU ee Npeel IPH X —> a PaBeH HYJIIO.

li_{)n o(x)=0< Vv >0 3 6>0, w1 Beex x, YIOBJIETBOPSFOIIHX
X—a

HEPaBEHCTBY |x - al < 8, GyzeT BBIONHATHCS HEPABEHCTBO Io.(x)l <g.
Onpeoenenue 2.9. Oynxuus P(x) HasbBaeTcs 6eCKOHEYHO OOIB-

woi (6.6.) dyHKUMeH npu x —> a, eclid ee Mpenen NpUX —> a pPaBeH
+00 (—00).

Ipumep 2.4. Oynxuus y(x) = x> npu x - 0 — 6.M., IpH X — +0
—6.0., npu x — 2 He sBisercs HU 6.6. HU O.M.
Teopema 2.1 (o cBsi3n npeaena u GeckoOHeUHO MaJI0il PyHKUMH).
Ecmn dynkums y = f(x) umeer mpenen li_gn S(x)=4, 10 Pa3HOCTh
n—a

Mexnay GyHKuueld M 3HaueHHeM Npenena ecTh QYHKIHI, 6ECKOHEYHO
Majas 0pyu x = a.

Joxazamenvcmeo. HeoGX01uMo MOKa3aTh, YTO
lim f(x) =A< fix) -4 6.m. bynkuus npu x > a.
X—a

Tak kak 1im f(x) =4 , TO
X—a

Ve>0 3 8>0, naa lx - al <& Oyner BHIIOJHATHCA HEPaBEHCTBO

|f(x)-4<e.
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CpaBHHM 3T0 ¢ onpeneeHueM 6. M. QyHKLHH:
Ve>036>0, nus lx - a| < 0 Oyner BEINOJIHATHCA HEPABEHCTBO

|a(x) <€.

CpaBHuBas onpeneneHus npenena QyHKUUH U 0. M. QYHKIMH, BH-
UM, 4TO f{x) — A — 6.M. Ipt x —> a..

Teopema 2.2. Anrebpamueckas CyMMa KOHEYHOro 4ucia Oecko-
HEYHO MaJBIX IMPU X — a@ GyHKIMH ecTh GyHKIMs OeCKOHEUHO Maias
npu x —>a.

Hokazamenvcmeso. Ilycth a(x), B(x), y(x) — 6.M. byHKUMH
IpU X —>a.

Hano nmokasats, uto oux)+P(x)—7v(x) ects 6.M. dyHKUUS mpu
x—a.

Bosemem € > 0, Toraa u §> 0.
Tak kak a(x) —6.M. pu x > a, 3 §, >0, |x—a| <y, Ion(x)|<§;
TaK kaKk B(x) —6.m.mpu x —>a, 3 8,>0, [x—4|< 5, Iﬂ(x)|<§; & (2.1)

Tak Kak y(x) —O6.M. mpu x = a, 3 §; >0,

x—al <8, |y(x)| < %

Bosemem 8 =min(§;, J,, &;), Torma mpu Ix—-al <8 OynyT BHI-
MOJIHATECS BCE TPH HepaBeHCTBa (2.1) OgHOBpeMEHHO.

|a(x) + p(x) - y(x)l < |a(x)| + lﬂ(x)| + ly(x)l < % + § +§ =g.

Hrak, nna Ve > 0 mpl Hanu = min(§,, J,, &;) Takoe, yTo Npu
BCeX |x—a|<§ BhmomHseTcs HepaBeHCTBO |ou(x)+B(x)—y(x)|<&,=
= a(x)+B(x)—y(x) ecTs 6.M. DYHKUHI IPH X —> a .

Teopema 2.3. TlpousBeneHue OECKOHEYHO MaJOH mpu X —a

(YHKLHMH Ha OTPaHHUYEHHYIO B HEKOTOPOI OKPECTHOCTH TOYKH @ (QYHK-
LIMIO €CTh OECKOHEYHO Majlast QyHKLHUS IPU X —> a .

Hokazamenvcmeo. o(x) — 6. M. Ipu X — a QyHKIHS;
f(x) — orpaHH4eHHas B HEKOTOPO# OKPECTHOCTH TOYKH a (YHKIIHS.
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HokaxeM, uto o(x) f{x) — 6. M. byHKIHUSA OpU x —> a .

ITockonbky f{x) — orpaHu4eHHas B HEKOTOPOi OKPECTHOCTH TOYKH a
¢ynxuws, To 3 §, >0 u 3 K Takue, 4TO IPH IPH BCEX X

|x—a|<8; = || <K. (2.2)

BozsMeM npousBonibHOE € > 0 M pacCCMOTPHUM YHCIO % >0,

TaK Kak ox) — 6. M. ipu x — a dyHKUMd, 3 &, > 0 Takoe, 4TO:
|x — g < 8, =>]a(x)| < % . 2.3)

Bo3smem &=min(§,, 9J,), Torma mpu |x - al <8 OymyT BHIION-

HATBCS 00a HepaBeHCTBa (2.2) u (2.3) 0oqHOBPEMEHHO.
€
o) £ =[a {7 ()] < K =e

Hrak, nna Ve > 0 mb! Hat § =min(3,, §,) Takoe, YTO MpH BCexX
X, YIOBIETBODPSIOIIHX Ix - a| <03, BHINOJNHAETCS HEPaBEHCTBO
|a(x) fx)| < &,= a(x) f{x) — 6. M. QyHKUHS IpH X —> a.

Teopema 2.4. TlponsBeeHre KOHEYHOr0 YHUCIa GECKOHEYHO MAJIBIX
0pH x —> a GYHKUMi ecTh QyHKIHs, OECKOHEYHO Majas IpH X —> a .

Teopema 2.5 (0 cBa3H GecKOHeYHO MajIoH H GeckoOHEeYHO 60JIb-
moi ¢pynknuii). Ecnu o(x) — 6. M. npu x — @ dyHkuua 1 a(x) #0B

. 1
HEKOTOpPOH OKPECTHOCTH TOYKH d, TO QYHKIUS ) ectb 6. 6. QyHK-
x

LU IPU X —> @ .

Ecmu B(x) — mpu x — a 6. 6. dyHKuus, To QyHKUHS eCTh

X)
6. M. QYHKUHSA [IPH X —> @ .

2.5. CpaBHeHne 6eCKOHEe4YHO MaJibiX PYHKLUIA

IMycts a(x), PB(x) 6.M. pyskuuu npu x — a . [Ipeanonoxum, 4ro
CYILECTBYET Npeaes UX OTHOIIEHHUs U OH paBeH /.
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lim 22
X—a B(x) :

Torna ecnu:

1. I =1, 1o dyukuuu o(x) u B(x) Ha3BIBaIOTCSA IKBHUBAJICHTHBI-
MH 0.M.;

2. | — ugucno, I#0, To dynkuuu a(x) u P(x) HaseiBaroTcs 6.M.
OIMHAKOBOTO MOPSZIKa;

3. =0, o dyHkuus o(x) HassiBaerca 0.M. Gonee BBICOKOro MO-
panka, ueM B(x);

4, |=zoo, To pyHkuusa P(x) HaseiBaeTcs 6.M. Gojiee BBICOKOTO IO-
panka, ueMm o.(x).

Ipumep 2.5. Y
a(x) =sin(x), p(x)=x,
: 0
. sin(x)
R X

o(x) u B(x) — sxBHUBaNICHTHEIE 0.M. QYHK-
uuu npu x — 0.

IIpumep 2.6. Yy ﬂ
a(x) =x°,
B(x) =x,
e

lim—=limx* =0, ¥
x>0 x x—=0 0

. X

lim — = +o0 |

x=0 x
o(x) — 6.M. dyHkuus Gonee BBICOKOro mopsinka, yeM [(x) mnpu
X— o,
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2.6. OcHOBHbIE TEOpEeMbI O nNpepesnax

Teopema 2.6. (0 npenenbHOM nepexone B paBeHcTBe) Eciu nBe
GYHKIMH TPHHUMAIOTIOT OJUHAKOBBIE 3HAUYEHHS B OKPECTHOCTH HEKO-
TOPO# TOYKH, TO UX MpeNeNbl B 3TOM TOYKE COBMNANAIOT.

f@)=g(@) = lim /() = lim g(x).

Teopema 2.7. (0 mpefelbHOM mepexoae B HepaBeHCTBe) Ecnu
3HaueHus QYHKIUH f{X) B OKPECTHOCTH HEKOTOPOH TOYKH HE NMPEBOCXO-
IAT COOTBETCTBYIOIIMX 3Ha4YeHUi QyHKuMH g(Xx) , TO npenen QyHKIUH
f(x) B 3TOif TOUKE HE MPEBOCXOAMT Npenena QyHKIUH g(x).

f(¥)<g(®) = lim f(x) < lim g(x)

Teopema 2.8. TIpenen NoCcTOSIHHOMN paBeH caMOil MOCTOSHHOM.

lime=c,
X—a

Jokazamenvcmeo. f(x) = ¢, IOKaXeM, YTO lim f(x)=c.
X—a

BossmeM npousBoabHoe € > 0. B kauecTBe & MOXHO B3ATh 1M060€
MOJIOXKHUTENbHOE yucio. Toraa mpu |x - a| <d

le—d=0<e.

Teopema 2.9. OyHkuHS HEe MOXET UMETh IBYX Pa3jIMYHBIX INpene-
JIOB B OJTHOM TOYKE.
Hoxazamenvcmeo. [Ipennonoxum npotuBHoe. I1ycTs

lim f(x)=A4 u lim f(x) =B,

X—a X—a
ITo Teopeme 0 CBsA3M mpezena 1 6ECKOHEYHO MaloH BYHKIHH:
flx) -4 = a(x) —6.M.IpH X > a,
f(x)—=B = B(x) —6.M.TIpH x > a.
f(x)-A= a(x),
J(x)-B = B(x),

B-4=a(x) - B(x).

[Mepexons k mperenaM B OOEMX YacTsIX PAaBEHCTBA NPU X —>a,

umeeMm: B — 4 = 0, 1.e. B = A. IlonmyyaeM npOTHBOpEYHE, NOKA3bIBAIO-
I11ee TEOpeEMY.

BerunTas 3TH paBEHCTBA, MOTYYHM: —{
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Teopema 2.10. Ecnu kaxnoe cnaraeMoe anreOpanveckoil CyMMBI
GbyHKIMH UMeeT mpenen NpU X — a, TO U anrebpanyeckas CyMMa uMme-

€T npenen Npu x —> a, Npu4YeM npenen anredpandeckoil CyMMbl paBeH
anrebpanyeckoi CyMme Mpezenos.

lim(f(x)+g(x)—h(x))= lim f(x)+ lim g(x)— lim A(x) .
X—>a X—a X—a X—a
Hoxazamenscmeo.
Mycrs lim f(x) =4, limg(x)=B, limh(x)=C.
X—a X—a X—a
Tornaa, mo Teopeme o CBSI3H Mpezena u 6.M. QyHKLHH:
+f (x) - 4=a(x),
g(x)— B =p(x), p rae a(x),B(x), y(x) —6.M. ipux —>a.
h(x) —c =y(x),

Cnoxxum anreGpandyecK STH paBeHCTBa:

f6) () = hs) = (4+B - C) = o(x) +B(9) ~1(3),

rae a(x)+ f(x)—y(x) 6.m. ipu x > a.
ITo Teopeme o cBs3M npexena U 6.M. QyHKIHH:
Hm(f(x) +g(x)~h(x)) =4+B-C=
= lim f(x)+ lim g(x)- lim A(x) .
X—a X—a X—=a

Teopema 2.11. Ecnu kaxxablit U3 COMHOXHTENEH MPOU3BENCHUS KO-
HE4YHoro 4uciaa QyHKUWi uMeeT mpenen Npd X — @, TO U NMpOU3Bee-

HHE MMeeT mpenen Npu x — a, MpU4eM [penes NpPOU3BENEHUs paBeH
NPOU3BEICHHUIO MPEETIOB.

lim f(x)- g(x) = lim f(x)- lim g(x).

Cnedcmeue. T10CTOSHHBIH MHOXHTENIb MOXHO BBIHOCHTEH 32 3HaK
npenena.

lime- f(x)=c- lim f(x).

X—a X
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Teopema 2.12. Ecnu dynxuuu flx) u g(x) uMe0T npenen npu
X — a, Ipu4eM li_r)n g(x) #0 | 1o u ux yactHoe MMeeT mpexen MpH
X—a

X — a, IpU4YeM Npeacia 4aCTHOro paBeH 4aCTHOMY IPEACIIOB.

X—a

li #0
x-a g(x) }(l.rf‘l; g(x)’ g (x) :

2.7. NMpusHaku cywecTBoBaHUs npegena

Teopema 2.13 (Teopema o AByX Muauunuonepax). Ecnu dyHkuus
y = f(x) B HEKOTOPO# OKPECTHOCTH TOYKH g 3aKIIOYCHAa MEXAY IBYMs
¢yHkuuaMu y=@(x) U y=y(x), T.e. BBIIOJHAETCI HEPABEHCTBO

0(x) < f(x)Sy(x) Vx, npuueM 5TH GYHKIMH HMEIOT OXMHAKOBBIH

mpeneN MpU X —> a, TO CymecTByeT npexen GyHKUMH y = f(x) npu
X — a , paBHEIH 3TOMY ke 3HaueHuIo (puc. 2.2).

o(x) < f(x) < y(x),
limo(x) = limy(x)=4= lim f(x)=4.

Puc. 2.2
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Teopema 2.14. Ecnu ¢yHkums y = f(X) MOHOTOHHO BO3pacTeT
(yObIBaeT) B HEKOTOPOM OKPECTHOCTH TOYKH @ M OTPaHHuYEHa CBEpXY
(cHM3Y), TO OHA UMeeT Mpeaes IpH X —> a.

2.8. 3ameuaresbHblie Npeaesnbl

Teopema 2.15. Tlpenen orHoLIeHHs CHUHyca MaJloll DyTH K caMo#
Iyre, BBHID@KEHHON B paguaHaX, NPH CTPEMIICHHH BEJIMYHMHBI TYT'H K
HYJIIO PaBEH €IHHHULIE.

. sinx
lim =1.

x—=0 x

1 n
Teopema 2.16. Tlpenen mnocnemoBaTeNbHOCTH (1+—) npu

n— oo paBeH £=2,71.

1
n -

lim| 1+ =¢ lim(l+a) =£,

n—o n a—0

2.9. PackpbiTue HeonpepeneHHocTen

B npocreiimmx ciy4asx npenensl BEIMUCIAIOTCS ¢ TOMOMIIBIO TEO-
peM o mpepenax.

WHorna BO3HHMKAIOT CUTyallMH, KOTA HE YHAETCS BBIYMCIUTH IIpe-
IleNl C MOMOUIBIO TeOpeM. B 3THX cilydasx roBopsT, 4TO MOSy4eHa HEOll-
PEOENEeHHOCTbD.

Bunsl HeonpeneneHHOCTEH:

2|2 ol -l bk

HpOHCCC HaxXO0XACHHUA IIpeacia B 3TOM CJIydya€ Ha3pIBaeTCsd pac-
KPBITHEM HECONIPEACICHHOCTH.

Ilpumep 2.6.
2 —
lim* =2 | Q| S i GG+ o 42) =4,
x22 x—2 0 x—2 (x-2) x—2
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IIpumep 2.7. lim

V+x-41-x =[o]=

x—0 x 0
i Wl+x =V1-x)W1+x +4/1-x)
= |lm P~
x—0 x(W1+x +41-x)
2x

2lim
x—0

1
—_— =1,
Vl+x++/1-x

Mpumep 2.8. 1im 8~ = [%] = lim 3 i L 1

x=0 x x=0 x x-0coSx

x=0 x(y/1+ x ++4/1—x)

ITpumep 2.9. lim =3

> = = lim
x>0 2x° +4x -6

2

Q0

3x2 3—-1-*-%
x'=7x+2 | x x* 3
LA_6
x x*

2.10. HenpepbiBHbIE NPOLEHTbI

(DOpMYHa CJIOXXHBIX NPOLICHTOB UMECT BHUN

_ Y
Q—QO(I-*_IOOJ )

rae O — cyMMa BKJIAJIOB 0 HCTEYESHHH /1 TIEPUOJIOB,
Qo — nepBOHAYaILHBIN BKIAL,
P — TMPOLICHT HAaYKCJICHUS 32 [IEPHOJ.
(Ananoruynsie GOpPMYJBI HCIIONB3YIOT B JeMorpadUyeckux pacyerax

NpUpOCTa HACCJICHHA H B SKOHOMHUYCCKHUX IIPOrHO3axX YBCIHYCHHA Ba-
JIOBOT'O HANTMOHAJIBHOI'O HpO)IyKTa.)

ITycts nepBonauyanbHeil neno3ut (Jp momeneH B GaHK HOX p =
100% ronoBsIX, Yepe3 rox CyMMa COCTaBHUT

1
Q=Qo(1+%j =20,

HPCHHOJ'IO)KI/IM, YTO 4Yepes Mmojroga CyeT 3aKphIT C PE3YJIbTaTOM
1y 3
= 1 +—_|=— R
0 Qo( 2) ~0s

¥ 3Ta CyMMa BHOBb IIOMEIIEHa B KaUeCTBE NEMNO3UTa B TOM e OaH-
Ke. B KkoHIe roga n1eno3ut 6yaer CoCTaBlIATh
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2
0,= Qo(l + %J =2,250,.

Bynem yMeHbIIaTh CPOK pa3MEILEHHs IeMo3uTa B GaHKe MpH YCIIo-
BHH €r0 MOCIEYIOUIEr0 Pa3MEIeHHS [TOCIIe U3BATHS.

ITpu exexBapTaabHOM HOBTOPEHHH STHX ONEpalHuil AEMO3KUT B KOH-
1€ roJ1a COCTaBUT

4
O, = Qo(l + %J =2,440,.

HpPI CXKEMECAYHOM MOBTOPCHHUH 3THUX onepaunifl JCIIO3UT B KOHILIC
roxa CoCTtaBUT

12
Q|2=Qo(1+’15) =2,610,.

Hpﬂ C€XKCOHCBHOM IMOBTOPCHHUU 3THUX onepauuifl ACIO3UT B KOHIC
roma COCTaBHUT

1 365
Q365 = QO(I +%J = 2,714Q0 .

HpPI C)XKECUACHOM IOBTOPCHHUH 3THUX onepaum‘fl JACIIO3UT B KOHILIC I'0-
Ja COCTaBUT

8720

H T.AO. HOCHGHOB&TGHLHOCTL 3HaYCHHI YBCIHUCHHA NEPBOHAYAJIBHOI'O

BKJIazga
9 = S (1 + l)
(0 n

HMEET NpeJeN NPH n—»co , paBHbIi e.
Joxon, KOTOpBI#f MOXXHO TOJYYHTh NPH HENPEPHIBHOM HCIOJNIB30-
BaHHH NPOLIEHTOB Ha IPOLICHTHI, MOXET COCTaBHTh B rof He Oornee yeM

8720
Os720 = Qo(1 "'_1_) =2,7180,

n=l

1imgﬂ-é‘—Q—°100% = (e =1)100% ~ 172%.

n—o
0

Ecnu p — nponeHT HauuCIeHUs U rof pa3buT Ha n 4acTeil, To yepes
{ IeT CyMMa JIeN03UTa JOCTUTHET BETHYUHE]
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Qn=Qo(1+l_(§)";) =Q0(1+"%) =0, (1+%]r )

P
e r=—o-.
A€ =100

n
Ecnu BBECTH HOBYIO NEPEMEHHYIO M = — , TO IPH N—»00 => M —>0,
r

m n
lim O, = lim O, (1+iJ =0pe".
n—wo m—c m

Pacuers!, BBINONIHEHHBIE IO 3TOH (hopMyJie, Ha3bIBAalOT BHIYKCIIE-
HUSMH 110 HENIPEPBIBHBIM MIPOLIEHTaM.

IIpumep 2.10. Temn uadnsuuu cocraBnser 1% B neHs. Ha ckonbko
YMEHBIIUTCS NepBOHavaIbHas cymma O, yepes nojarona?

182
1\ 1 Y00 oo o 0
= ]-— = l-— = ==L
0 Qo( 100] (0} ( 100) Ope 82

WHnaMsa yMEHBIIMT HadyalbHYIO CYMMY IIPUMEPHO B ILECTH pas.



lnasa 3
HEMNPEPbLIBHOCTb ®YHKLIUA

3.1. HenpepbIBHOCTb QYHKLUU B TOHKE

ITycts dyHnkuus y = f{x) omnpeneneHa B HEKOTOPOH OKPECTHOCTH
TOYKH Xj.

Onpeodenenue 3.1. ®yHkuus y = f{x) Ha3bIBa€TCA HEMPEPHIBHOM
B TOYKE X,, ecnu ans jmoboro €>0 Haiimercs & >0 Takoe, yTto mpH
BCEX X, YJOBJIETBOPSIOIIHUX HEPAaBEHCTBY |x—x0|<8, OyZmeT BBINOJN-
HATHCS HEPABEHCTBO

If(x)“‘f(xo)l <E.

Onpeodenenue 3.2. ®yHKuus y = f{x) Ha3pIBa€TCs HEMPEPBHIBHON Ha
MHOXecTBe 4 < R, eciy OHa HenpephIBHA B KaXKI0H TOYKE MHOXKECTBa A.
CpaBHuBas ompeznenenue 3.1 ¢ onpeneneHueM mnpenena QyHKLIUH,
MOXHO MOJy4UTh, YTO GyHKUHMS y = f{x) HenpepbIBHA B TOYKE Xo TOTAa
Y TOJIBKO TOTZa, KOTAa ee Mpenes PU X — Xo PaBeH 3HaYeHHIO QYHKLIHH

B 9TOM TOYKe:
lim £(x) = f(x,).

Onpedenenue 3.3. TpupanieHneM apryMeHTa Ha3bIBaeTCs Pa3HOCTh
JIBYX 3Ha4eHHWH mnepeMeHHON x M obOo3Hauaerca Ax. [Ipupamenuem
GYHKLMH, COOTBETCTBYIOLIMM JaHHOMY MpPUpPAIIEHHIO apryMeHTa,
Ha3bIBAaeTCS Pa3sHOCTh BYX 3HAU€HHH (DYHKUHH OT COOTBETCTBYIOLIHMX
apryMeHToB U o0o3HayaeTcs Ay:

Ax=x-xo, Ay =f{x)-f(x0).
W3 onpepnenenus 1 cnemyer:
Ve>0368>0, na |x - a| < & 6yneT BHINOJHATHCH IAyI <g,T.e.

Alir—{loAy =0.

Takum o6pa3oM, GyHKIMS HENpepbiBHA B TOYKE TOTAA M TOJBKO
TOrAa, Korxa MajioMy HpUpPaleHHI0 apryMeHTa COOTBETCTBYET MAajloe
npupaeHne QyHKIHH,
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3.2. CsoiicTBa GYHKUUNA,
HernpepbiBHbIX HA MHOXECTBe

Teopema 3.1. CymMa U MpOU3BENEHHE KOHEYHOr0 4HC/a Hempe-
PBIBHBIX Ha HEKOTOPOM MHOXecTBe (QYHKUHH ecTb (YHKIHS, Hempe-
PBIBHAs Ha 5TOM MHOXECTBE.

Loxazamenvcmeo (cnenyeT U3 OCHOBHBIX TEOPEM O Mpelenax).
[MycTs f{x) 1 g(x) — HenpepbIBHEI B TOYKE Xg , TOTAA

lim £(x) = f(x), lim g(x) =g(x),

XILIE (f(x)+g(x)) = xliff(l fx)+ xlgil g(x)=f(xy)+g(xp) .

CnenoBarenbHo, GyHKIMA y = f{x) + g(X) HempepbIBHA B TOYKE Xj.

Jloka3aTenbCcTBO Ui NpPOW3BeAeHHs GQYHKUHH  MPOBOAMTCA
aHAJIOTHYHO.

Teopema 3.2. YacTHOE OT [eNICHHS OBYX HEMPEPHIBHBIX HA MHOXe-
ctBe QYHKUUH ecTh QYHKLHUSA, HEIPEPBIBHASA BO BCEX TOUKAX, B KOTOPHIX
3HaMeHaTeJIb OTJIMYEH OT HyJIs.

Teopema 3.3 (Teopema Beiiepmrpacca). Bcesakas HenpepbiBHas
Ha 3aMKHYTOM OTpaHHYEHHOM MHOXXeCTBE QYHKLHS JOCTHraeT Ha HeM
CBOEro HauGONbIIET0 U HAUMEHBIIEro 3HaYEeHHUH.

3.3. Touku pa3pbiBa PyHKLUN

q)yHKI_IPIﬂ ABJIACTCA Hel’IpepBIBHOﬁ B TOYKE, €CJIN
lim f(x)=f(x) < lim f(x)= lim f(x)=7(x,).
X=X, X—Xx,—-0 X—=X,+0

Onpeoenenue 3.4. Touxy, B KOTOPBIX HapyIlIaeTcsl yCIOBHE HeEIpe-
PBIBHOCTH, Ha3bIBalOT TOYKAMH pa3psIBa (QyHKIHH.

Onpeodenenue 3.5. Touka paspbiBa Xy Ha3bIBa€TCs TOYKOH pa3phiBa
IEPBOrO pPOfa, ECNH CYLIECTBYIOT KOHEUHbIE OJHOCTOPOHHHE IPENEIIbl
B 3TOH TOUKE.

Onpedenenue 3.6. Touka pa3peiBa NEPBOr0 poOAa HA3bIBAETCS
TOYKOHM YCTpaHHMOIO pa3phiBa, €CJIM OXHOCTOPOHHME Ipenenbl B 3TOH
TOYKE PaBHEI.

Onpeoenenue 3.7. CkaukoM QYHKLHH B TOYKE pa3pbiBa MEPBOro

poaa Has3bIBa€TCA MOAYJIb Pa3HOCTH ONHOCTOPOHHHX NMPEAC/IOB B 9TOH
TOYKE.
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Onpeodenenue 3.8. Touka x, Ha3bIBaCTCS TOYKOH paspbiBa BTOPOro
poza, ecli¥ OHa He ABJIAETCS TOUKOH pa3pbiBa MEpBOro poza (eciau XoTs Obl
OJIMH U3 OTHOCTOPOHHUX IPENEIIOB HE CYLIECTBYET WIH PaBeH + co(—0)).

Y
Ipumep 3.1
. x2-9
lim =, 6 —
x=3-0 x -3 !
3 4
%
X
2 -3 3
—limX =2 = lim (x+3)=6 0
);:)33 x=3 x—3-0

= lim (x+3)=6,x =3 — Toyka yCTpaHHMOr0
x—=3+0

pa3pbiBa.

DyHKIHMIO MOXXHO JOONPEAEIUTH 0 HENPEPHIBHOM (YHKIHH:

2
x°-=9
=9 x=3" x#3; & y =x + 3 — HempepeIBHaS QYHKIHS.
6, x=3;

Ipumep 3.2. Y

y = [x] — nenas yacTh yucia.

Paccmorpum Touky x = 1. ] 1+ =—O
R

-

Jip 1= i) =l 1 =1

CnemoBarenpHO, X = 1 — TOYKa pa3phiBa MEPBOro poza, CKa4doK
B Hell paBeH eAUHHULIE,

1
ITpumep 3.3. PaccmoTpum GyHKLIHMIO Y = 2* B Touke x = 0,
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! 1 1 B
lim 2% =lim2* =0, lim 2* = lim2* =+o0,

x—0-0 x—0 x—0+0 x—0

x<0 x>0
x—>0-0, x—0+0, Y

1
— — o, — =+,
X X
L 1 -\
2*x = 0. 2% — +o0,
0 X

CrnenoBarenbHo, x = 0 — Touka pas-
pHIBa BTOPOTO poJa.

3.4. HenpepbIBHOCTb NPON3BOACTBEHHbIX DYHKLMIA

PaccMoTpuM NpOM3BOACTBEHHYIO (YHKIMIO 3aBUCHMOCTH NPOHU3-
BOIUTENBHOCTH TPY/Ia y OT KallUTaJIOBOOPYKEHHOCTH Tpyxa k:

y=£k),k=0.

Ona xapakTepu3yeT 3aBUCHMOCTh BBIITyCKa NPOLYKLHMH Ha OJHOTO
paboTHHKa y OT BETMYMHBI KallUTalla B pacyeTe Ha OXHOro paboTHHKA K.
[Iupoko U3BeCTHast MAaKPOIKOHOMHYECKast MPOU3BOACTBEHHAs (QYHKLUA
Ko66a-/lyrnaca umeer Bux

y=k* k20,0 <a<l.

JlanHas GYHKLUA Ompene/leHa M HENpephlBHA Ha HPOMEXYTKe
[0, + o0). OTOT akT He cornacyercs ¢ pealbHOH cuTyauuei. PaccMort-
PHMM KalUTaloBOOPYXKEHHOCTb k = K/L, rne K — BelMYMHA KalHUTala,
L — ygucno 3anareix. [Ipupamenue Ak Henb3s cnenaTh CKOJb YTOIHO
ManpiM. Usmenenume kanmrana K
TaKXKe HE MOXET OBITh CKONb yrogHo Y 4
ManbM. [TouTH Bce eaMHHUIEBI, BCTpe- °
Yarolluecs B SKOHOMHKE, HE HOIyc- °
KaloT IpOOJICHHUS.

Takum o6pazoMm, y peanbHOH L4
NPOU3BOJACTBEHHOH  GYHKUMH  00- °
7acTh OMNpENENEeHHUS U MHOXECTBO
3HAYCHUHN SABIAIOTCA OUCKPETHBIMH

v

Puc. 3.1.
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MHOXecTBaMU. ['paduk peasbHOH NpPOU3BOACTBEHHOH (GYHKLHH H30-
OpaxxeH Ha puc. 3.1.

Oynkuus Ko66a — [yrimaca mpeacraBnsgeT coboit Maremaruue-
CKYI0O MOJe/Ib pealbHOH MPOM3BOACTBEHHOW (YHKLHH, OTpaXKalOIIyIo
HauboJjiee CYIIECTBEHHBIE XapaKTEPUCTHKHM H3y4aeMoro oOBeKTa.
OHa sBisercs HenpepblBHOH Ha [0, + ).

% Ee rpaduk nokasax Ha puc. 3.2:

Takas abcrpakuus paBOMepHa,
KOrJa peyb HIOET O MaKpO3KOHOMHYE-
CKOM MpOM3BOACTBEHHOH (YHKIMH.
Ecmu xe paccMaTpuBaTh MalCHBKYIO
MacTEepPCKyl0, NPOU3BOAAIIYI0 LITY4-
HBIA TOBap, TO AUCKPETHYIO NMPOU3BOJ-
CTBEHHYIO (DYHKIHIO Heb3s 3aMEHHTH
K  HempepbIBHOM.

Puc. 3.2.



frmasa 4
ANDODOEPEHLUMWAJIBHOE NCHUCJIEHUE

4.1. NpoussogHas

ITycts GyHkuus y = f{x) onpeneleHa 1 HellpepbiBHA Ha (a,b), MyCTh
Xy e(a,b). JanuM B TOYKe Xy NpHUpalleHHe apryMeHTy Ax Tak, 4YTO
Touka xo + Axe(a,b). Torna dyHKUMSA NOSYYHT COOTBETCTBYIOLIEE
npupatesue Ay = flxg + Ax) — flx).

Onpeoenenue 4.1. IlpousBonHod GyHKUMH B HaHHOHM TOUKE Ha3bl-
BAaeTCs Mpenes OTHOLICHUS NpHpaleHus QYHKUHH K MPUPALISHUIO ap-
ryMeHTa, KOTAa MPHUPALICHUE apryMeHTa CTPEMUTCS K HYJII0, €ClIU 3TOT

npeznen cymecTByeT U koHeueH. DyHKkuusS HazpiBaeTcs nubdepeHuH-
pyeMo# B TOYKE Xy.

Ay
AI:I—IJOE = /(%)
Onpeoenenue 4.2. OyHxuus HazplBaeTcs audbepeHnupyeMon

Ha MHOXecTBe A C R, ecnu oHa nuddepeHuupyeMa B Kaxgoi Touke
MHO€ECTBa 4.

4.2. l'eomeTpn4Y€CKNiA CMbICJ1 NPOU3BOAHON

Onpeoenenue 4.3. KacatenpHOH K IUIOCKOM KpHUBOM Ha3bIBaeTCs
npefeibHOE MOJOXKEHUE CeKyIed, Korja BTopas TO4YKa IepecedyeHus
HEOrpaHMYeHHO NPHUOJIKaeTCs MO0 KpUBOii K nepBoit Touke (puc. 4.1).

IMycte dynkuus y = f(x) ompeneneHa W HenpepsiBHa Ha (a,b),
Xy € (a,b).

HanuMm npupaiieHue aprymeHry Ax
TaK, YTO TouKa xo + Ax € (a,b) . ®yHkuus
HOJyYHT NpUpaIleHHe

Ay = flxo + 4x) —flxo).

[IpoBemeM cekymylo K rpaduxy
(puc. 4.2) uyepe3 Touku A(xo , f(x0)),

B(xo + Ax, flxo + A%)). Puc. 4.1.
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Sx,+Ax)

Ay
fix)

<&
s

BC Ay
Paccmorpum AABC. tga=——, tga =—.
P & AC & Ax

IMpu Ax -0 B — A, cekyiuas CTpeMHTCS K KacaTeJIbHOMH, 0. — @,

A
tga — tgo, Ey = f'(x) .

A
IMepexons k mnpemeny npu Ax —>(0 B paBeHCTBE tgo =Ey’
noxyuuM g¢ = f'(x,) .
ITpousBonnas (yHKUMH B TOYKE paBHA TAHIEHCY Yyrjla HaKJIOHA
KacaTeJIbHOM, IpoBeAeHHOM K rpad MKy QyHKIUH B JAHHOH TOUKE.

4.3. CBA3b MeXAy HeENpPepbIBHOCTbIO
n audPpepeHUMpyemMocTbio PYHKLUN

Teopema 4.1. (HeoGxoxmmoe ycjioBHe au(pdepeHHHpYyeMOCTH

¢ynxuun). Ecimum ¢oyHkums nuddepeHuupyemMa B TOYKE, TO OHA
HelpepbIBHA B 9TOH TOUKE.
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Hoxazamenvcmeo. Ilycte dynkuus y = flx) nuddepeHuupyema B
TOuke Xo. JaguM B 3TO# TOYKe apryMeHTy IpupaimieHue Ax. DyHKLIHs
noxy4ut npupamenue Ay. Halinem Alim0 Ay.

X—>

lim Ay = lim 22 = tim 2. lim Ax = f'(x,)-0=0.
Ax—0 Ax=0 Ax Ax—0 Ax  Ax—0
CrenoBatenbHo, y = f{x) HenpephIBHA B TOYKE Xo.
Cneocmeue. Ecnu x; — TOdYKa paspeiBa (PyHKLUHH, TO B HeH
¢yskuus He nuddepeHuupyema.
VY1BepxaeHue, oOpaTHoe Teopeme, He BepHO. W3 HenmpepbIBHOCTH
He cinenyeT quddepeHIpyeMocCTb.

IlIpumep 4.1. y = |x|, xo = 0. Y

>0, lim 2 = lim & -1, S
Ax—0 Ax  Ax—0 Ax

——— -

A <0, lim Y = fim & -1, 0 X
Ax—0 Ax  Ax—0 Ax

B Touke xo = 0 ¢byHKIMS HenpephIBHA, HO POM3BOJHON HE CyIle-
CTBYET.

4.4. CBoiicTBa NPOU3BOAHbbIX

Teopema 4.2. TIpon3BoaHas HOCTOSHHON (HYHKIMH paBHA HYJIIO.
Hoxaszamenvemeo. f(x) = c, Vg Ay = fixg + Ax) — flxg) =c—c =0,

e Y= Tim Y
1) = Jim % =0.

Teopema 4.3. Ecnu bdyukimu u, v, w nuddepeHuupyemMsl B HEKO-
TOpOM TOYKe, TO U MX anrebpanyeckas cymMMa Take auddepeHupye-
Ma B 3TOH TOUYKe, MpUYEM NPOU3BOAHAS alreOpandecKoi CyMMBI paBHa
anreOpanyeckoif CyMMe NPOU3BOIHBIX U BRINIOJIHAETCS PaBEHCTBO

+v—w)=u+v'-w',
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Teopema 4.4. Ecnu GyHkumu u u v nuddepeHuupyeMbl B HEKOTO-
poi Touke, TO MU UX Hpou3BeleHHE Taike AuddepeHHupyeMo B 3TOH
TOYKE, IPUYEM BBIMOJHAETCS PABEHCTBO

- v)=uv+u-v.
Cneocmeue. TIOoCTOIHHBI MHOXXHUTEIb MOXXHO BBIHOCHUTBL 3a 3HAK
IIPOU3BOJHOM.

(c-u)=c-u'.

Teopema 4.4. Ecnu dynkuuu u u v quddepeHupyemMpl B HEKOTO-
poit Touke u QYHKIHUA v B 3TOH TOUKE OTJIMYHA OT HYJIs, TO CyIIECTBYET
MPOU3BOIHAS YAaCTHOI'O B 3TOH TOUYKE, MPUYEM

!

u) _uv-u-v
Y v?

Teopema 4.5. (npon3BogHast cinoxHoi pynknun). Eciin pyHkuum
y =flz) u z=0@(x) — nudpdepeHunpyemsie GYHKLIHH CBOHX apryMeH-
TOB, TO U HUX KOMIO3HLMA sBAserca nubdepeHupyeMoit GyHKIuEH,
NpUYEeM NPOU3BOJHAS CIOXHOH (YHKUHMHM paBHA MPOM3BONHOM BHEII-
Hell (QYHKLHH 1O NPOMEXYTOYHOMY apryMeHTY, YMHOXXE€HHOH Ha Ipo-
U3BOJIHYIO IPOMEXYTOYHOI'0 apryMEHTa 10 HE3aBUCUMO# TepeMEHHOI.

(£lo) ) = f o)’ ().
Teopema 4.6. (Teopema Jlarpanska). Koneunoe npupamenue nud-
depeHnupyemoit GyHKIHH PaBHO HMPOU3BEIEHHIO COOTBETCTBYIOIIETO

NpHUpAIEHHUs apryMEHTa Ha MPOM3BOAHYIO QYHKUHH B HEKOTOPOH Mpo-
MEXYTOYHOH TOUKE.

f(Gx) = f(x) = f' ()% — ).

Teopema 4.7. (Teopema Posutst). Mexnay aByms Hynsmu audde-
peHLUpyeMoit GYHKIMH Bceraa Haiaercs Xors Obl OJMH HOJb IPOU3-
BOZHOM.

Hokazamenvcmeo. Ilycts flx)) = flx,) = 0. U3 Teopemst Jlarpamxka
CIIeyeT, YTO HaleTcs Toyka ¢, x; < ¢ < X, , Takas, 4To
f'@)x,—x)=0= f(c)=0.

JlBe mocienHHEe TEOpPEeMBbl HOCAT Ha3BaHHE TEOPEM O KOHEUYHBIX
NpHUpaIICHUsX.
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4.5. NMpousBoaHbie OT 3J/IEMEHTapPHbIX PYHKUUNA

CrpaBennuBsl cnenyonye GopMyInt:

1. (x" ), =nx"",
2. (a") =a"lna,
() =e
3. (log, )

(In x)’ -1
x

b

!

4. (sinx) =cosx,

(cosx) =-sinx,

b
xlna

() =n
(a“) =qg"lna u';
(e“) =e"u'

(log, u) =

r

(lnu) =£—;
u

I

ulna’

r

(sinu) =cosuu';

(cosu) =—sinu u';

6. (t&x) =— (tgu) =—
cos” x cos“u
' 1 ’ !
7. (Cth) =T (Cth) == .uz
sin” x sin“u
' 1 ’ u'
8. (arcsinx) = (arcsinu) = ;
1- Vi-u?
9. (arccos x)’ =- (arccosu), = ;
1-u?
10. (arctgx)’ = ! (arctgu)’ = w_
1+x*° 1+u?’
’ ’ u'
11. (arcctgx) = Tix (arcctgu) ST
4.6. QuddepeHuuan

Onpedenenue 4.4. I'naBHas JMHeiHas OTHOCHUTENbHO Ax 4acThb

Majioro mpupamenus GyHKuuM HaspiBaercs Auddepenuuanom ¢yHK-

MK 1 0003HavaeTcs dy.
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Ecnmu npupameHne QYyHKIMH MOXHO INPEICTaBUTh B BHIE
Ay = kAx + o(Ax), rne o(Ax) — 6.M. QyHKIHUS Gojlee BBICOKOrO IO-

psanka, yeM Ax mpu Ax — 0 ( Alim0 a(AAxx) =0), Toroa
X—>
dy = kAx .

Ilpumep 4.2. y = x.
Ay = f(x +Ax) = f(xg) = (30 + Ax)* = x5 = x5 +2xAx + (Ax)* —x] =
= 2x,Ax + (Ax)?,

dy = 2xyAx .

Teopema 4.8. OyHKUMS He MOXET UMETh ABYX PasjIHuHBIX audde-
PEHIHAJIOB.

Hoxazamenvcmeo. TIpennoouM MPOTHBHOE — (DYHKIUS HMEET

nBa nuddepennuana. Torma mamoe mnpupamieHiue (QYHKIUH MOXHO
NPEACTaBHUTh B BUIE

Ay = kAx + o(Ax)
Ay = kyAx+B(A)

rae a(Ax), B(Ax) — 6.M. ¢yHKUMYM GoJjiee BBICOKOrO MOpAAKaA, 4eM Ax
npu Ax —0.
BrruTeM 3TH paBeHCTBa!

(ky — k) Ax = a(Ax) —B(Ax) .
Pasnenum o6e wactu Ha Ax:
e = 200 _BA)
Ax Ax

Ilepexons x mpenery B obeux uyactax paeBeHcTBa mpu Ax — 0,
MOJIYYUM

kz—kl=0,
k2=k1.

[MonyyeHHOE MPOTHBOPEYHE JOKA3BIBAET TEOPEMY.
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4.7. CBsa3b Mexay npounssogHon u audpdepeHumnanom

Teopema 4.9. Ecnu dynxkuus muddepeHuupyemMa B HEKOTOPOH
TOYKE, TO B 3TOM TOUKe OHa UMeeT nTud hepeHHal.

Hokazamenvcmeo. @yHkuus y= f(x) — npudbdepeHuHpyemMa
B TOYKE X,

Ay
im0

ITo Teopeme o cBs3u npenena u 6.M. QyHKIHH:
Ay ,
———f (%)) =o(Ax),
S(xp) = o(Ax)

rae o(Ax) — 6.M. GyHkuws npu Ax — 0.
VYMHOXHM 00€e yacTh Ha Ax:

Ay = f'(xg)Ax + a(Ax)Ax,
o(Ax)Ax — 6.M. dyHKuHs 6oee BEICOKOro MOpsaKa, 4eM Ax.
dy = f'(xo)Ax.

CnenosarensHo, GyHkuus umeeT qubdeperunan u k = f'(x,).

Teopema 4.10. Ecnu ¢pyHkuus umeer guddepeHnan B HEKOTOpoi
TOYKE, TO OHa MMEET NPOU3BOAHYIO B 3TOH TOYKE.

Hokazamenvcmeo. Ilycts dynknus umeer nuddepeHunan
dy = kAx . Torna

Ay = kAx + a(Ax) .
Paspenum o6e yactu Ha Ax:
IMepexons k npepery npu Ax — 0, noxyyum
k= f'(xp) .
Taxum o6pa3om, byHKLHA UMEET IPOU3BOAHYIO U k = f'(x,) .
U3 aTux Teopem ciexmyerT, 4to dy = f'(x,)Ax .
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4.8. AnddepeHuman He3aBUCUMOWN NepeMeHHON

Paccmotpum dyHkuuio y = x, dy = dx. VI3 Teopem 0 CBA3U MpPOU3-
BonHOH U nuddepeHmana cnemayer, 4to:
dy=1"Ax,
dx =dy= Ax.
JuddepeHnan He3aBUCUMOH NEepeMeHHOH paBeH MaloMy HpHpa-
LIEHHUIO 3TOH MEpEMEHHOM.

Taxum o6paszom, nonyueHa opmyna aias BerYucIeHU quddepen-
nuana GyHKIMH:

dy = ['(x)dx.

Jubdepennuan GYHKIMH paBeH NPOM3BENCHHIO MPOM3BOIAHOM
($yHKIMH B TaHHOM TouKe Ha nuddepeHnran He3aBUCUMON TepeMeHHOH.

)=
f(xo)—dx-

4.9. l'eomeTpuieckuii cmbicn guddepeHumuana

Hana nudbdepenuupyemas dynkuus y = f{x). BossMeM npoussos-
HYI0 TOYKY Xo U HpOBelE€M B 3TOH TOYKE KacaTeIbHYIO K TIpadHKy
(puc. 4.3). Jagum apryMeHTy OpHpameHue Ax.

Ya

Slx, +AX)

Sxo |77 AT

&

0 X, x, +Ax

P S

P mm——— -

>y

Puc. 4.3
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PaccmoTpum A4BD:

tg(p=£,

AD
BD=AD-tgo,
BD = f'(x)- Ax=dy,
BD =dy.

Huddepenunan GyHKUUHM B TOUKE paBEH MPUPAILIECHUIO OPAWHATHI
KacaTeJbHOM, NpoBeIeHHOH K rpaduKy GYHKIMU B JaHHOH TOYKE.

4.10. CsovicTBa agudpdpepeHunana

Huddepenunan obnanaer cieayomIMU OCHOBHBIMH CBOHCTBaMH.
1. d(e) =0.

du +w—v)=du +dw-dv.
d(uv) = duv + udv.

d(cu) = cd(u).

d[£J= du-v—u-dv .

v V2

TINCNECIS

6. y=f2), z=0(x), y = f(¢(x)),
df = fydz = f'(¢(x))e '(x)dx .

®opma muddepeHpana HWHBapHaHTHa (HEU3MEHHA): OH BCEraa
paBeH MNpPOM3BENCHHIO NPOU3BOAHOH (yHKUMM Ha AuddepeHnman

apryMeHTa, HE3aBHCHMO OT TOrO, NMPOCTBIM HIH CIOXHBIM SBJIAETCS
apryMeHT.

4.11. NpumeHenve guddepeHunana
K NMPUOSINKEHHbIM BbI4UCIEHUAM

Paccmotpum muddepenuppyemyro pyskumio y = f(x).
Ay =dy+o(Ax), Ay=dy,
Ay i f’(xO)Ax >
S (%o + %) = f(xg) = f' (xp)Ax.
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IonyuaeM GopMyJTy, HCHIONB3YEMYIO B IPUOIHIKEHHBIX BEIYHCIICHUSX:
Sxg +Ax) = f(x) + f'(xg)Ax.

IIpumep 4.3. Boruucauthb sin31°.
fx) = sinx,

f'(x)=cosx,

X0 = 300,

Ax = 1°,

1 43

sin31° =~ sin30° + cos30° ~L=—+—z0,64.
2n 2 4w

4.12. NpousBoaHble BbICLLIUX MOPSAKOB

Hana dyukuus y = flx), nudpdepenuupyemas Ha untepnaie (a,b),
T.e. Ha OJTOM MHTepBajJle OHA HMeeT MNpousBogHyl Y = f'(x),

SBJAIOIMyIocs Hekoropod ¢yHkuuedt ot x. Ilpenmonoxum, yto 3Tta
byHkuusa Ttake aupdepeHuupyema Ha uHTepBane (a,b). Torma ee
HPOU3BOJIHAS HA3bIBACTCs BTOPOH MPOMU3BOIHON OT HCXOMHOM (YHKIIMH
’
f"x)=(f'(x)) . Momyuennas }yHKIMS MOXeT BHOBb OKa3aThCs
mubdepenuupyemoit, Torma ee Npou3BOAHAs HA3BIBAECTCS TpETbeH

U
npoussozmoit: f"(x) = (f"(x)) .
[MpousBoaHOl n-ro nopsaka ot GyHKUKH y = f{x) Ha3pIBAETCA MPO-
H3BOJIHAS OT MPOU3BOAHOM (1 — 1)-ro mopska:

£ = (o).

Ipumep 4.4. f(x)=7x" +6x* +2x> -3,
£'(x) =35x* +24x% + 6x%,
F"(x) =140x> + 72x +12x,
F™(x) =420x* +144x +12,
7V (x) =840x + 144,
fY(x)=840,
M(x)=0.
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4.13. Mpasuno Jlonutans

Ecmu ¢ynxkmuu flx) u g(x) muddepeHuupyeMsl B HEKOTOPOM
OKPECTHOCTH TOYKH a, g' (x) # 0 B HEKOTOPOH OKPECTHOCTH TOYKH a

¥ lim f(x)=1im g(x)=0, o
tim £ = jjm L),
wva g(x)  na g'(x)

Hpumep 4.5. lim 32 =[%] =1im X -1,

x=0 x x=0 ]
3ameuanue. TIpasuno JIomUTals pacnpoCTPaHAETCs Ha PACKDPHITHE

o o0
HCONMPEACJICHHOCTEH B A [—:| .

e 0]
2-—- —
Ipumep 4.6. liméx—z—ﬁ= 2 =1im6x 7= d =1im§=2.
x=0 2x° +5 o o) x—o  4x 0 x2o4d 2

4.14. Bo3pacTtaHue un yobiBaHne PpyHKUNi

Onpeodenenue 4.5. Uucnosas ¢yHkuus y = f(x) Ha3bIBaeTCs MOHO-
TOHHO Bo3pacTamouieit (yOpiBaromeil) Ha MHOXecTBe 4 < D(f), ecnu

GosplieMy 3HAUEHHIO apryMEHTa COOTBETCTBYET Oouibliee (MeHbIIee)
3HaYeHHUe QYHKIIHH:

Vxi, x € A cD(f) : x1 > x2 = flx1) > fixa) (fxr) <fx2)).

U3 onpenenenus ciepyeTr, 4YTo ecild (QYHKIUS Bo3pacTaeT
(yOBIBaeT), TO

Ax>0=>Ay>0, Ax<0= Ay<0;
Ax>0=2>Ay<0, Ax<0=> Ay >0).

Ipupamenne ¢GyHKIMM M IpHpaLieHHe apryMeHTa Bo3pacTaloueH
(yOsIBaromeif) GyHKIMH UMEIOT OMHHAKOBbIE ([IPOTHBOIIOJIOKHEIC) 3HAKH.

Teopema 4.11. Ecnu pudbdepeHuupyemas (yHKIUS Bo3pacTaeT
(yObIBaeT) Ha HEKOTOPOM HHTEpBaJe, TO B KaXKAOH TOYKE 3TOr0 MHTEP-
BaJia NPOM3BOJHAS 9TOH QyHKLUHHU HEOTpHULaTeNbHa (HETIONIOXKHUTENbHA).
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Hoxaszamenvecmeo. Ilycts ¢ynkmus y = flx) muddepenumpyema
Ha uHTepBase (a,b). Bo3sMeM MPOM3BOJIBHYIO TOUKY X, € (a,b) M Hamgum

B Hel aprymeHTy npupaienue Ax > 0 tak, 4to x, +Ax € (a,b) :
Ay _ fx+Ax) - f(x) >0.

Ax Ax
ITepexons K mpeneny B 3TOM HepaBeHCTBE mpH Ax — 0, moay4yum
f'(x)=0.

Teopema 4.12. Ecnu npousBonHas QyHKUHK Ha HEKOTOPOM HHTEp-
BaJIe HEOTpHLIaTeIbHA (HEMOJI0XKUTENIbHA), TO Ha 9TOM HHTepBaye QyHK-
1S Bo3pacTaeT (yObIBaeT).

4.15. OkcTpeMymMbl PYHKUUN

ITycte dynkuus y = f(x) onpenenesa Ha unrepaie (a,b).
Onpeoenenue 4.5. Touka xoc(a,b) Ha3pIBaeTCA TOYKOH JIOKAJIBHOTO

MakcuMyMa (MHHHMYyMa) (YHKIMH, €ClIM HaiIeTcs HEeKoTopas OKpecT-
HOCTb 3TOH TOYKH, JUI BCEX TOYEK KOTOPO#t OyIeT BHIMOIHATHCS YCIOBHE:

F&x)<f(x) (f(x)>f(x)).

To4ykH JIOKaJIBHOr'O MaKCHMyMa U MHHHMMYMa Ha3bIBalOT TOYKaMH
JKCTpEMyMa.

Teopema 4.13 (HeoGxoauMbIH NPHM3HAK JKCTPeMyMa (YHKLHMH).
Ecmu Touka Xy ABNAETCS TOYKOM JIOKAIBHOrO MakKCHMyma (MHHMMYMa)
GbyHKLMH, TO TPOU3BOIHAS B 3TOM TOYKE paBHA HyJIIO WM HE CYILECTBYET.

Hokazamenecmeo. Ilycts dynkuus y = flx) muddepenuupyema
Ha (a,b), x, € (a,b), HalimeTcs yucno & Takoe, YTO:

Y xe(x—8,%+8), f(x)<f(x).

Hanum aprymeHTy npupaierue Ax > 0 tak, 4ro

Xy +Ax € (x5 —8,x, +0),
Sl +&0)-f(x) _,
Ax
IMepexons kx npeneny npu Ax — 0, noxydum

f(x)=0.
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Hanum aprymeHnTy npupainenue Ax < 0 tak, 4to
Xy + Ax € (xy — 8, x, +9),
S (xp +Ax) = f(xp) >0,
Ax
IMepexons x npeneny npu Ax — 0, momy4yum
['(%)20.
OTH HEpaBeHCTBA BBINOJHAIOTCS OJHOBPEMEHHO TOJIBKO B IBYX
ciTydasx:
a) f'(xo) = 0 >
6) f'(x,) He cymiecTByer.

Cneocmeue. B Touke 3KcTpeMyMa KacatenbHas (puc. 4.4):
a) mubo napamiensHa ocu OX,
6) 1160 He CyImEecTBYeT.

Y

Puc. 4.4
JlaHHBIA NpHU3HaK He SBIAETCA AOCTATOYHBIM IJIA CYIIECTBOBaHUA

JKCTpEMYyMa, T.€. U3 TOr'0, YTO NMPOU3BOJHASA paBHA HYJIIO HJIM HE CYyIICCT-
BYECT B HeKOTOPOﬁ TOYKE, HC CIIEAYET, YTO B 9TON TOYKE €CTh IKCTpEMYM

(puc. 4.5).

Y

y=x? Y=x
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Touyku, B KOTOpBIX NIepBast MPOU3BOAHAS PaBHA HYJIO HIH HE Cylle-
CTBYET, Ha3bIBAIOT KPUMUYECKUMU MOYKaMU TIEPBOH NPOU3BOIHOM.
Ecnu ¢yHKUHS HMeeT SKCTPEMYMBI, TO OHH MOTYT OBITh TOJIBKO B KpPH-
THYECKHX TOYKaX.

[Mycts dynkuus y = flx) onpeneneHa U HeNpepbIBHA B HEKOTOPOH
OKPECTHOCTH TOYKHM X9 M auddepeHImMpyeMa B 3TOH OKPECTHOCTH
(3a HCKITIOYEHHEM, OBITH MOXKET, TOUKH X).

Teopema 4.14 (nocrarounslii npu3nak ’3xkcrpemyma). Ecnu nep-
Bas Mpou3Bo/HAs QYHKLHMH B TOUKE Xy paBHA HYJIO WM HE CyLIECTBYET
U TIpH NIepexojie yepe3 Hee MPOU3BOHAs MEHSET 3HaK, TO JaHHas TOYKa
SBJISIETCS TOYKOHM 3KCTpEMyMa, MpHUYEM €C/Id 3HaK MEHSeTCs C «+»
Ha «», TO 9TO TOYKa MAaKCHMYMa, C «—» Ha «+» — TOYKa MHHUMYyMa.

Hokazamenvcmeo. Ilycts B TOuke X, MpousBoxHas nuddepeHuy-
pyeMoit pyHKLHMH paBHA HYJIIO WJIH HE CYLIECTBYET U MPH NEPEXOoe ve-
pe3 Hee MPOU3BOJHAS MEHSET 3HAK C « + » Ha «—».

f'(x)>0 xe(x,—9,xy) => f(x) Bo3pacTaer Ha (x, —0,x,) =>

f'(x) <0 xe(xy,x,+3)=>f(x) ybbIBact Ha (x,,%, +8) =>
=> f(x,) > f(x) Vxe(x;-38,%)
=> f(i) > f(X) V€ (¥, % +9)

Vx e (xy—98,x,+90).

CrnenoBarespHO, Xo — Touka Makcumyma. Ciydait MUHMMyMa pac-
CMaTpHBAETCs aHAJIOTHYHO.

=> f(x) > f(x)

4.16. Boinyknoctb rpadpuka pyHKUUU.
Touku nepernba rpacdpuka

Onpeodenenue 4.6. I'paduk GyHkuun y = f{x) Ha3pIBaeTCs BBIITyK-
neiM (BOTHYTBIM) Ha uHTepBanie (a,b), ecnu KacaTenbHas K rpaduky,
NpoBeJeHHas B JII0OOH TOUKE 3TOro MHTEpBasa, pacloyoXKeHa Haj rpa-
¢duxoM dynkuum (puc. 4.6a — BeIMyKIBIH rpaduk, f"(x) <0) win nox

rpadukoM pynkuuu (puc. 4.6.6 — BorHyTsIH rpaduk, f"(x)>0).
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a
Brimyxublit rpaduk BorHyThiit rpaduk
<0 £1>0
Puc. 4.6
Teopema 4.15. Ecnn BTOpas MpOMU3BOAHAsA OBXKIABI AuddepeHIpye-
MO GYHKIMH Ha HEKOTOPOM MHTEpBajle OTpHLATENbHA (TIOJIOKHUTEIIBHA),

TO rpadMK GyHKIMH Ha JAaHHOM HHTEpBaJIe BBITYKJIbIH (BOTHYThIH).
Bepna u o6paTHas Teopema.

Onpeodenenue 4.7. Touku, B KOTOpoit rpaduk GyHKUHUH MEHAET Ha-
TpaBJICHHE BBITYKJIOCTH, HA3bIBAIOT TOYKaMH Neperuba rpaduka GyHKIHH.

Y A
" y=1%)
c /|
0 a X

Puc. 4.7

Touka a (puc. 4.7) aBnsercs TOUKOI neperuba, a Todyka ¢ HET, TaK
Kak B 3TOM Touke QyHKLHUA He guddepeHnupyema.

Teopema 4.16. (HeoOxonumblii NpU3HAK TOYKH nepern6a). Ecin
TOYKa Xo SABJIAETCA TOYKO# mepern6a rpaduka mpaxasl nuddepeHu-
pyemoii yHKIUH, TO B 3TOI TOYKe BTOpas MPOU3BOLHAs paBHAa HyJIO:
f'(x) =0.

Onpedenenue 4.8. Touky, B KOTOPBIX BTOpas MPOU3BOJIHAas paBHA
HYJIIO WJIH He CYUIECTBYeT, Ha3hbIBAIOTCd KPUTHYECKUMH TOYKAMH BTO-
poit npousBoHoit. Ecnu GyHKIMsS UMeeT TOUKH neperuda, To OHH MO-
I'yT OBITh TOJIBKO B KpUTHYECKUX TOYKaX.
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Teopema 4.17. (nocraTouynblii Npu3HaK TOUYKH meperuba). Ecnu
BTOpas Mpou3BoAHas ABaxabl nuddepeHumpyemMoii GyHKIHHA B HEKOTO-
poi#i TouKe paBHA HYJIIO U MPH Nepexole Yepe3 Hee BTopas POU3BOAHAA
MEHSET 3HaK, TO JaHHAas TOYKA SBJISETCS TOUKOM neperuoa.

4.17. AcumnroTtbl rpadpuka GyHKunn

I'paduky HEKOTOPHIX (QYHKUHMH pacloIOKEHbI Ha IIOCKOCTH Tak,
YTO OHM HEOrPaHHYEHHO NPHUOJMKAIOTCA K HEKOTOpod mpsMoil. Otu
NpsIMBIE HAa3bIBAIOTCSA ACUMNTOTAaMH K rpaduky QyHKUHH.

Onpeodenenue 4.9. llpsmas x = a Ha3bIBaeTCS BEPTHKAIBHONH acHM-
nroToit k rpaduky dyHkumu y = f{x), eciu XoTs ObI OOUH U3 OJHOCTO-
poHHux mpenenoB lim f(x), lim f(x) paBeH + co mmu —o.

x—ra+0 x—a-0

Kak npaBuino, B Touke a QyHKUHS TEPIUT pa3pbiB BTOPOro poja.
Onpeoenenue 4.10. Tlpsimas y = b Ha3bIBaeTCs rOPH30HTAIBHON aCUM-

nToTOH K rpaduky ¢yHkiwm y = f(x), ecnu xll)rJrrlco f(x)= xli)rzlw f(x)=b.

Onpeoenenue 4.11. llpsmas y = kx + b Ha3zpIBaeTCid HAKJIOHHOM
acumnrToTod Kk rpaduky dyHkumu y = f{x), ecnu QyHKUHIO MOXKHO
npencTaButh B Buae flx) = kx + b + a(x), roe a(x) — O6.M. npu
X —> +oo(—0).

HaiineM napamMeTpsl HAKJIOHHOHW aCHMITTOTHI.

1. Haiinewm .

fx)=kx+ b+ a(x).
Paspgenum obe yacTu paBeHCTBA Ha X.
PACIPR N C N
X x x
[lepexons k mpeneny mpu x — o, MOJIYYHM

hmf( %) =k+0+0,

x>0 X
lim—= f(x)

X—®© X

=k.

2. Haiinem b.
fx) =kx + b+ a(x),
b+ a(x) =fx) - kx.
[Mepexons k mpeneny MpU X — oo, MOJIYYUM
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b= lim (f(x)-kx).

Ecmn k = 0 u b #0, To HaKIOHHAs aCHMITOTA CTAHOBHTCH TOpH-
30HTAJIHOM.

2 Y A
Ilpumep 4.7. y:3x +1. \/
x-—1
_w

. 3xP+1
lim =
x=1-0 x—1

. 3xt+1
lim = 400
x=1+0 x—1

b

x=1— BEPTHKaJIbHAas aCUMIITOTA.

im /\
X
ropmomanwoﬁ ACHMIITOTBI HET.
1

2 3+—2
k= lim 2% +1={f}= lim —2— =3,

><V

X—o x° —x o0 X—>too l—l
X
2 2,1 1.2
b= lim 3x +1—3x - lim 3x“+1-3x +3x= lim 3x+1=3,
x—o| X — X —>+0 x—1 x—to x—1

y =3x + 3 — HakJIOHHas acCUMIITOTA.

4.18. Cxema nccnepnosanHusa GyHKUUN

IMpuBenem cxemy HccnenoBaHUS MoBeneHHS (YHKIMH U MOCTpPOe-
HU ee rpaduka.
1. Uccnenyem pyHkmmo y = f{x).
1) D@) 1p);
2) 4eTHOCTEH;
3) nepHOAUYHOCTS,
4) TOUYKM MEPECEUYEHHUS C OCSIMHU;
5) Touku pa3pbIBa, MOBEAECHHE HA GECKOHEYHOCTH;
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6) acHUMOTOTHI.
2. Uccnenyem dpyukuuro ' = f'(x).
1) npomMexyTKu MOHOTOHHOCTH,
2) S3KCTPEMYMEI.
3. Uccnenyem pyukumo  y" = f"(x).
1) BBIMYKIOCTH, BOTHYTOCTh I'padHKa;

2) ToukH neperuba.
4. I'paduk.

xl

Ipumep 4.8. y = ¢ 2

1. y=Z_—2—
1) D(y) =R, I(y)c(O + );

2) f(=x)= A T , f(=x)= f(x), T.e. pyHKums yeTHas;

3) HelepHoanYecKas;
2
X

4)  mepeceuenue ¢ ocsro OX:y =0, £2 %0,

OV:ix=0,y=1;
5) lim £ 2 =0, lim ¢ 2 =0;
X —>+00 X—>—0

6) y = 0 — ropu3oHTaJIbHAsA aCHMIITOTA,

xZ

2

k= lim =(0 — HaKJIOHHBIX aCUMITOT HeET.

X—© X

2.¥'=|C ]—f 2 (—x)=—xt 2
y'= 0,

—xl 2 =0=>x=0
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y / 0 \ ;

max

x = (0 — To4Ka MaKCHUMyMa,

Joax(¥) = f(0)=1.

xZ

3= (— xfj] ==L TR =02 (-,

x!

2

¢ 2 (x*-1)=0,

x=xl1.
" + - + -
y Ul Al ou X

x =*1 — Touku neperu6a.

f(=D=fQ)=2¢2= % ~0,6.

4. I'paduxk.

Takum 06pa3omM, MPOBEAEHO MOJHOE UCCIenoBaHNe QYHKIHH U TI0-

CTpoeH ee rpaduk.
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4.19. NpuMeHeHue NOHATUS NPOU3BOAHOW
B 3KOHOMMKE

4.19.1. NpepenbHas ce6eCTOMMOCTb

Paccmotpum 3aBucumocts C = f{Q) cebecrommoctn C mpou3Be-
JeHHOH mnponmykuuu oT ee obwema (. IlpenenpHas ceGecTOMMOCTB
XapaKkTepH3yeT OTHolIeHHe npupocra cebecroumoct AC K MPUPOCTY
ob6brema nmponykuuu AQ npu MajnoM U3MEHEHUH oO0beMa MPOAYKIIUH.

AC

MC = A%TOZE =fQ).

4.19.2. AnacTU4YHOCTb cnpoca

IMycts D = D(P) — ¢yHKuus crnpoca ot ueHsl ToBapa P. [Tox ana-
CTMYHOCTBIO CHpoca IOHMMAeTcs OTHOCHUTEIBHOE HW3MEHEHHE CIipoca
IpH U3MEHEHUH [IeHBI ToBapa Ha 1 %o:

Ee AD/D-100%
"~ AP/P-100%
Ilpu HenpepriBHOH 3aBUcCHMOCTH AD ot AP yno6HO mnepeitu
K npeneny npu AP — 0:
E(D)= lim AD(P)-P P .. ADP) _pD(P) 4.1
aP—0 AP-D(P) D(P)ar—0 AP D(P)
BIaCTHYHOCTE CIPOCa MOXHO MPEACTaBUTE B CIEIYIOIIEM BHIE:
E(D)=P(InD(P))" .
U3 sToro paBeHCTBa ClI€OyeT, YTO JIaCTHYHOCTH cIpoca objagaer
cBoiicTBaMH Jiorapudma:
E(D\D,)=E(D))+E(D,), E(D,/D,)=E(D))-E(D,).
Tax kak D(P) — y6siBaromas ¢byukuus, To D'(P) < 0. U3 dopmy-
nsl (4.1) cnenyer, uto E(D) < 0.
PasnuiuatoT Tpu BUA Cripoca B 3aBUCUMOCTH OT BETHYHMHBI ] ED) | :
1) |ED)| > 1 (E(D) <-1) — cipoc snactuyes;
2) iE(D) | =1 (E(D) =-1) ) — cnpoc HelTpaiex;
3) |ED)| <1 (E(D)>-1)) — cupoc HeanacTHYeH.
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HalineM wu3MeHeHHe BBIpYYKH C YBEJIHYEHHEM ILIEHBI TOBapa
[IpHU pa3HBIX BapHaHTaX 3JacTHYHOCTH cripoca. Bripydka / paBHa mpo-
M3BEICHHUIO IIEHBI TOBapa P Ha BeIUYHHY crpoca D:

I(P) = D(P) P.
Haiinem npousBoaHy 0 3ToH QYHKLUHUU:
I'(P)=D(P)+ PD'(P).

Beipasum D'(P) u3 dopmyds! (4.1) ¥ noACTaBUM B MOCTeqHEE pa-
BEHCTBO:
E(D)D(P)
—

I'(P)=D(P)+ E(D)D(P) = D(P)(1+ E(D)).

Bo3MoxHHI cityyan:

1) ecmm E(D) <-1, 10 I'(P) <0 — npHu 31aCTUYHOM CIIPOCE MO-
BBILIIEHHE LIEHBl TOBapa BeJleT K CHUXKEHHIO BBIPYYKH;

2) ecmu E(D) = -1, To I'(P) = 0 — npu HeHTpaabHOM cripoce
HU3MEHEHHE LIEHB! He BIUSAET Ha BEIPYUKY;

3) ecmu E(D) > -1, To I'(P) > 0 — mpH He3/IacTHYHOM CIIpOCe
MOBBIIIEHHE IIEHBI TOBapa MPUBOIUT K POCTY BBIPYUKH.

D'(P)=

4.19.3. Makcumunsaumsa npuobiIUN

ITycte O — KOJMUYECTBO peaiu30BaHHOrO ToBapa, R(Q) — dyHK-
s poxona, C(Q) — dyHKUHMA 3aTpaT Ha MPOU3BOACTBO TOBapa. Torxa
OpUOBUIE OT peali3alliil ToBapa BeIpaXkaeTcs GopMyJioi

1I(Q) = R(Q) - C(Q).
YT068! MPUOBLIH GbUIa MAaKCHMANbHOM NPHU HEKOTOPOM 3HaueHUH O,
JOJDKEH BBIMOHATECS HEoOXOAUMBIHM npuHimn 3kcTpemyma [1'(Q) =0.

CrnenoBatenbHo,
R(@Q)-C(Q)=0, R(Q)=C(Q),

roe R'(Q)= Alérgo NZ(QQ) — NpeIenbHBIi JOXO.:

C'(Q)= AIéIBOA—i—(QgZ — MpeJenbHBIE H3AEPXKKH.
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[TonyyeHO H3BECTHOE MHKPO3KOHOMHYECKOE YTBEPXKAEHHE: JUIs
TOro 4YToOBl MPHUOBLIE GbUIa MaKCHMAJIBHOMH, HEOOXOAMMO, YTOOHI Mpe-
JEJBHBIM N0XOA U NpeleabHble U3IeP>KKU ObLIIH PaBHBIL.

4.19.4. 3akoH yoObiBaoweit 3pPeKTMBHOCTHU
npou3BOACTBa

PaccmoTpuM (GyHKIMIO, BEIPAXKAIOIIYIO 3aBUCHMOCTE 00beMa Mpo-
M3BEJCHHON NMPOAYKUMH V OT KanuTaiubHbIX 3aTpaT K. XapakTepHBIi
BHJ 3TOH QYHKLHMH HaeTcs ypaBHEHHEM
Vlim

V(K) = 1+ae—bK+c ’

rae a, b, c — U3BECTHBIE MOJOKUTENBHBIE YHUCIIA, ONpeesisieMble CTPYK-
TypO# IPOU3BOACTBA,
Viim — npeneabHO BO3MOXKHEIN 00beM BEHIITYCKaeMOH NPOIYKLIHH.

HaiineM BTOpYIO NPOU3BOAHYIO HaHHOH (yHKIHH.
V'(K) =V (@ + ae™ )Y = F (L+ ae™ )2 (—abe™™ ) =
_a bV, e+
(1+ae—bK+c)2 4
e-bK+c
V(K) = abVin) iyt | =

be-bK-l-C(l + ae—bK+C)2 _e—bK+C2(1 + ae—bK-l-C)(_abe—bK-H:)

=ab I/lim (1 + ae—bK+C)4 -
-bK+ —bK+ -bK+c

=abV. be—bK+c 2ae ‘-l-ae ¢ _ abZV e~ bK+e ae -1

- lim -bK+cy3 - lim —-bK+cy3 °
(1+ae ) (1+ae )

OnpezenyM KPUTHYECKYIO TOYKY BTOPOH IMPOU3BOJHOM U3 yCIOBHS
V'(K)=0.

ae K+ _1 =, K,, = c+lna
b

Touxka K, sBseTCs TOukoi neperuda rpaduka GyHKmm:
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1) mpu K <Ky, V"(K) > 0 — rpacduk BOTHyTEIH, yBeTMYEHHE KaTlK-
TAJIBHBIX 32TPaT IPUBOJUT K HHTEHCHBHOMY POCTY BBITyCKa POy KLIHH.

2) mpu K > K, V"(K) <0 — rpaduk BEIMyKJIbIH, MpHpocT obbema
BBIIYCKa MPOAYKLHMH CHHXAETCs, 3)()EKTHBHOCTE YBEJNIEHUS KallUTalb-
HBIX 3aTpaT ajiaer.

I'paduk maHHOMH QyHKLINHM TOKa3aH Ha puc. 4.8.

v A

4

M | o o o o e e e e e —_—— ————

o
L
Ny

Puc. 4.8

B cTpaTeruu KanuTalOBIIOKEHUH BaXXHO ONPENEIUTh KPUTHUECKHUI
0o0GbeM 3aTpat, CBepX KOTOPOro NOMOJHUTENbHBIE 3aTpaThl OyayT MpH-
BOIMTH KO BCE MEHbIIIEH OTAaye NpU UMEIOIIEHCS CTPYKType OpraHu3a-
LIMH TPOU3BOJICTBA.



Fnasa5
UHTEIrPAJIBHOE UCHUCJTEHUE

5.1. MNepBooOpa3Hasn. HeonpeaeneHHbI HTErpan

Onpeoenenue 5.1. TlepoobpazHoii GyHkuuer F(x) ms yHKIuH fx)
Ha3pIBaeTcs QYHKIWS, MPOM3BOAHAS KOTOPOH paBHa HCXOMHOM (yHKIIHH.

(F(x))' = f(x).
Teopema 5.1 (teopema Komm). JIto6ast HenpeprIBHAs Ha HEKOTO-

pPOM MHOXecTBe QYHKLHSI UMEEeT Ha 9TOM MHOXECTBE [epPBOOOPa3HYIO.

Ipumep 5.1. Oynxrms F(x) = x* sABIseTCs NepBOOGPasHOil (hyHKIMH

Ax) = 3% Tak Kak (¢°)' = 3x%. OyHkumn Fi(x) =x° + 3 1 Fo(x) = x° -2
TaloKe ABJIAIOTCA NMepBooGpasHeiMu GyHKumM f{x). JlrobGas dyHkuMs Buaa
F(x) = x> + ¢, 'ie ¢ — NPOU3BONBHOE YHCIIO, ABAETCA NEPBOOGPasHOM
byHKIMHU f(X).

Kaxnas QyHKIMS MOXET MMeTh GECKOHEYHO MHOro MepBoobpas-
HBIX, KOTOPbIE OTJIM4AIOTCS Ha MMOCTOSHHOE ciaraemoe. BepHo u oOpar-
HOE YTBEpXKICHHUE.

Teopema 5.2. Ecnu F\(x) u F»(x) — nBe nepBoo6paznbie 11 GyHK-
1 f{x), TO OHU OTIMYAIOTCS Ha IIOCTOSTHHOE ClIaraeMoe.

Joxazamenvcmeo. PaccmoTpum byHKLIHIO

D(x) = Fi(x) — Fp(x).
D'(x) = F1'(x) - F7'(x) = flx) - flx) =0,
D(x) =C,
Fi(x) = Fa(x) + C.
Onpeodenenue 5.2. COBOKYNHOCTb BceX MEPBOOOpPa3HBIX AaHHOM He-
MpepbIBHOH (YHKIIMK HA3BIBACTCS HEOMPEAETIEHHBIM HHTETPATIOM OT 3TOH

¢dbyHKUMH U 0603HauaeTcs I f(x)dx, rne f{x) uMeHyeTCs MOIBIHTErPaJIb-
Ho# dyHKumel, BeipaxkeHHe f{x)dx — NOABIHTErPAIbHBIM BEIPAXKEHUEM.
Ecnu F(x) — Hexoropas nepBooOpasHas JaHHOH (YHKLUH, TO
Jf (x)dx = F(x) + C, rne C — npou3BoJIbHas IOCTOSHHAS.

I'Ipouecc HaXO0XIOCHUA HCEONPCACICHHOIO0 HWHTCrpajia Ha3bIBACTCA

MHTETPUPOBAaHUEM NAaHHOW (QYHKUMH, WM B3ITHEM HHTErpajga OT JAaH-
HOH QyHKIHH.

ITepBoo6pa3Hele HMEIOT CIENYIOWHUI FreOMETPUYECKHUI CMBICIL.
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ITycts Fi(x) U F>(x) — nepBoobpa3usle dyHkuy y = f{x). Haiinem
UX MPOU3BOJHEIE B TOYKE X .

F'(x,)=/(%,)| xacarenshsie x rpaduxam pynxunit y=F, (x)

o\ _ .

F,'(x,)=f(x,)] 1 y=F,(x) B mo6oit Touke MmapanienbHeI

CnenoBarenbHo, U camu rpaduku GynyT pacmonaratbes Mapai-
nenpHO (puc. 5.1).

Ha ocHoBanuu Teopemsl 5.2 Fi(x) u Fa(x) oTnH4aioTcs Ha MOCTO-
SHHOE cllaraemMoe, CIJIe[OBaTENIbHO, OAMH TIpadMK MOXXHO MOJIYYHUTh

u3 apyroro casuroM Ha C egunHun Broib ocu OY.
Fi(x) = Fa(x) + C.

Y

~ _— \

Puc. 5.1

OyHKIUS uMeeT OECKOHEYHO MHOrO NepBOOOpa3HBIX, KOTOPHIE
OTIMYAIOTCA OPYr OT Apyra Ha HOCTOsSHHOe ciaraemoe. I'paduku Bcex
nepBoOoOpa3HBIX MPEICTaBIAIOT CO00H GECKOHEYHOE CeMEeHCTBO Mapali-
JIEJIHBIX KPUBBIX.

5.2. CBoiicTBa HeonpeAesieHHOro HTerpana

Teopema 5.3. TIpousBogHas OT HEONPEAESICHHOr0 UHTErpajia paBHa
NOABIHTETpaNbHOM GyHKUMH, TuddepeHIan OT HeonpeaeIeHHOro HH-
TErpaia paBeH MOABIHTErPAIBHOMY BBIPaXKEHHUIO.

Hokazamenvcmeo. Ilycts GyHkuus fx) umeer nepBoobpasHyio
F(x), rorna

[fx)ax =F@) +e.

Haiinem npousBonHyro u auddepeHiman ot 06enx yacTeil paBeHCTBa.
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([Ff@)dx) = (FE) + ) =fx),

d( [f(x)dx) = ( [f(x)dx)’ dx =fix)ex.
Teopema 5.4. Unterpan ot nuddepennuana GyHKUMH paBeH 3ToH
(GYHKIMH C TOYHOCTHIO 10 TTOCTOSTHHOTO CJIaraeMoro.
Hoxazamenvcmeo. Id f(x) = If '(x)dx =flx) + C.
U3 Teopem 5.3 u 5.4 cnenyert, yto onepanuu nubdepeHINpOBaHUS
¥ HHTETPUPOBAHHUS SABJIAIOTCS B3aHMHOOOPATHBIMH.

Teopema 5.5. TIoCTOSHHBINT MHOXUTE/Ib MOXKHO BBIHOCHTH 32 3HAK
HHTerpaa.

Hoxazamenvcmeo. Ilycts dyHKIMs f{x) HMeeT epBoobpasHyto F(x).
[fx)dx =F@) +C.
YMHOXHM 06€ yacTH Ha k .
k [f(x)dx =kF(x) + C), tne C; =k C,
Haiinem mpousBogHyro GyHKIUH kF(X).

(k F(x))' = k f(x).
Oyukuus k F(x) asusercs neppoobpasHoit ¢yHkuuu k f{x). Crneno-
BaTEJNbHO,

fefenyax =kFe +c,

[k f(xyax =k jf(x)dx.

Teopema 5.6. HeonpeneneHHbIf HHTerpan OT anredSpandeckoi
cyMMBl QYHKIMI paBeH ajareGpaudyeckoil CyMMe HHTErpajloB OT 3THX
GyHKIHIA.

[+ g - hGedx = [f()dx+ [g(dx— [h(x)e
5.3. TabGnunua OCHOBHbIX HEeonpeaeneHHbIX UHTerpanos
Teopema 5.7. Tlycts hyHkuus u = ¢(f) onpeneneHa u nuddepeHuu-
pyeMa Ha HEKOTOpOM IpoMexyTke T, a X — MHOXECTBO 3HaYEeHHH 3ToMH

GbyHKUMKM, Ha KoTopoM ompeneneHa QyHkuus fx). OyHkmusa y = flx)
uMeeT repBoobpasHyro F(x) Ha MHOXeCTBE X U

[f(x)ax = Fx) +e.
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Torna
[faydu = Fa +ec.

Hoxazamenvcmeo. Ilycts u = ¢ (x) — Hekoropas auddepeHim-

pyemast QyHKIHS.
(F()) = (F(p(x)))' = flp(x)) ¢'(x),
F(u) apnsercsa nepBoobpasnoit msa dynkmmu fe(x)) o'(x) .
Iftw) du = [ flo())d o) = [flo() ¢'G)dx =F(u) + c.
W3 TeopeMHl clieqyeT, 4To B JIIO60OM TaOIMYHOM HHTETpalle MOKHO
3aMeHUTD apryMeHT auddeperuupyemoit GpyHKIueH.

xn+1 n+1
1. Ix"dx= +c¢, n#-l; fu du=%—+¢, n#-1;
n+l n+l
dx U
2. I—=ln|x|+c, J-—=ln|u|+c;
x u
X u
a a
3. Ia"dx= +c, Ia“ du = +c;
Ina Ina
4, J.sinxdx=—cosx+c, J.sinudu=—cosu+c;
5. Icosxdx=sinx+c, J.cosudu=sinu+c;
dx du )
6. I S— =—cigx+c, J. S—=—ctgu+c;
sin” x sin“u
du .
7. I s—=Igx+c, I s—=tgu+c;
cos” x cos“u
dx 1 x du 1 u )
8. I—2——2-=—arctg—+c, J' 5 = —arctg—+c;
a‘+x° a a a‘+u° a a
dx . X du . u
9. I~———=arcsm—+c, I—=arcsm—+c;
/az_xz a 22 a

a —u

dx 1 x—a du 1. |lu—a
10. =—7In +c, ————=—1In +c;
J.xz—a2 2a |x+a qu—az 2a |u+a
11. J- dx 1nx+ xX+al+ J' Infu +vVu? +al+c
vxl+a Vul+a

3tu GopMyBl Jerko nokaswlBaloTcs AUddepeHIHpoBaHUEM Ipa-
BOM YacCTH.
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5.4. HenocpeAacTBeHHOE MHTErpupoBaHue
39TtoT BHUJ UHTEIPHPOBaHUA COCTOHUT B MPUBCACHHUHU UCXOOHOIO HH-

Terpajna K OQHOMY WJIM K HECKOJIBKUM TaGJIMYHBIM C IOMOIIBIO CBOHCTB
HHTerpajia ¥ TOXAEeCTBEHHBIX Npeobpa3oBaHHi.

J:3 dx:J‘(xs/z —3x"”2)d _

= jx3’2dx—3 jx-“zdx =2/5x"2 —6x"2 +c.

Ilpumep 5.2.

dx =

2 2
pumep 5.3, J- dx J'sm x+cos” x

sm xcos’ x sin® xcos? x

-J- +I =tgx —ctgx+c.
cos® x sin? x

5.5. MeTop 3ameHbl nepeMeHHONn
B HeonpepesieHHOM uHTerpane

Teopema 5.8. Tlycts byHkuus x = ¢(f) onpenenexHa u quddepeHuu-
pyeMa Ha HeKoTopoM IpoMexyTke T, a X — MHOXXeCTBO 3Ha4YeHHUH 3TOH
byHkuun, Ha KoTopoM onpexaeneHa ¢ynkuus f{x). Torna, ecnu byHKIM
fx) umeer nepBooOpa3Hy0 Ha MHOXecTBe X, To Ha MHOXecTBe T cripa-
BeaJInBa GpopMyia

Ifdx = [fle@)p'@)at.
Hoxazamenvcmeo. Hatinem nuddeperumans: oberx yacTell paBeHCTBa:
d( fx)dx) = fix)dx = flp(D)d(p(®)) = fp@)e' (D,
d(| fe(@)e'(0)dd) = flp()p (D
Juddepennuans obenx 4acTel paBHBI, 3HAUUT, CAMH MHTErpalbl
MOTYT OTJIHYaThCH JIMIIB H3 NOCTOSHHOE ClIaraeMoe.

IIpn moaxonsmieM BeiOope GyHKUMM ¢(f) MHTETpag CTaHOBHUTCH
3HAYHUTENIFHO MPOILE HCXOAHOTO HHTErpaa.

t=3x+1
Ipumep 5.4. ij3 x+lde=lx=£-1]= j(ﬁ ~1)3t3dt =
dx = 3t%dt
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23 (6~ yar =3 [ -3 [Par =30 230 4 oo
—3I(t t)dt—3J.tdt 3Itdt—7 4+c—

=%§/(x+1)7 —%{/(xﬂ)“ +e.

HoBylo nepeMeHHy10 MOXKHO HE BHIIHCHIBATh SBHO. B Takux ciy-
4asgX FOBOPAT O BBEICHHUHU MOCTOSHHBIX U MEPEMEHHEBIX MOJ 3HaK Mud-
(depeHnMana WIK 0 TOXKIECTBEHHOM Npeobpa3oBanuu nuddepenunana.

In%x In® x

IIpumep 5.5. dxzj.lnzx-d(lnx) = +c,

X

9—7x—=d(lnx).
X

. . . 1.
Ilpumep 5.6. |sinx-cosx-dx =Ismx-d(smx) =Esm2x+c,

d (sin x) = cos x dx.

5.6. MeToa nHTerpMpoBaHus No 4acTam
B HeornpeAesieHHOM uHTerpane

Teopema 5.9. Ilycts QyHKIMH ¥ U v onpeneeHsl U quddepeHIH-
pyeMBl Ha HEKOTOPOM NpoMmexyTke T ¥ QyHKIMS du'v UMeeT Ha 3TOM
npomexyTke nepoobpasnyo. Torna ¢dyHKuus u-dv TakxKe UMEET mep-
BOOOpa3HyIo Ha MpoMexxyTke 7, NpHYeM crpaBeinBa Gpopmyiia

fudv = uo - fodu.

Hokazamenvcmeo. Haitnem nuddepeHunan oT NPpOM3BEASHHUS U * V.

d(uv) = du-v + udv.

ITpounTerpupyem obe yacTH 3TOro paBeHCTBA.

fd(uv) = (duv + ud v).
uo = [odu + [udv,

[udv = wo - [vdu — dbopMyna HHTETPUPOBAHUS 110 YaCTAM.

C nmomomupto 3o GopMysl mepBooOpa3Has YaCTHYHO HaXOOHUTCH,
M OCTaBIIMECS WHTErpajibHbIE cllaraeMble, KaKk MpaBHJIO, — IpOLIe HC-
XOJIHOTO HHTErpaa.

JanHas popMysa MpUMeHsSeTCs K HHTerpainaM ClieyIoIHX BHIOB.
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sinx
1) JP(x) cosx pdx,

X

a

rae P(x) — MHOTO4JIEH, €ro BEIOUpPAIOT B Ka4ECTBE U.

1
2) [Px ){a‘f x}

B xauecTBe u BEIOMPAIOT TPAaHCLEHACHTHYIO (DyHKIIHIO.

3) Luknuyeckue HHTErpalbl — 3TO T€, B KOTOPBIX IOIBIHTE-
rpanbHas QYHKUHS NPENCTaBISAETCS B BUAE MPOM3BENEHUS IBYX (DyHK-
Ui, MaJI0 MEHSIOLIUXCS NPH HHTErPUPOBaHUH U T bepeHIIMPOBaHUH.

u=x*+3 du = 2xdx
dv=e"dx v—Idv J‘"a’x=e"'~

U=x du =d. 3
dv=e'dx v=e*|

= (x? +3)e* —2xe* +2 je*dx = (x? +3)e* —2xe* +2¢" +c.

Ipumep 5.7. I(x +3)e*dx =

=(x* +3)e" -2 |xe*dx =

u=Inx du=—
Ipumep 5.8. |x* Inxdx = x 3|=
dv=x*dx v= Idv= Ixzdx= d
3

3 3 3 3
=X Inx- J.x—ix-=f—lnx———+c.
3 9

5.7. UHTerpupoBaHue paunoHasnbHbIX GYHKUNNA

Onpeoenenue 5.3. OyHKIMS Ha3bIBACTCS palMOHANBHOM, €CIH €
MOXHO NPEICTaBUTH B BUZE APOOH

£

fx)= 00

rae P(x) u Q(x) — MHOTOUJIEHEI.
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W3 knacca Bcex apobelt BEIAESAIOT 0CHOGHble npocmble Opoou:
A A Mx+ N
x—a (x—a)*’ x* +2px+q’
raea, p,q M, NeR ke N.

HHTerpansl OT MepBBIX ABYX THUIOB NMPOCTHIX APOOEH HaXomsaTcs C
MOMOLIBIO MMOACTAHOBKH ! = X — @

I 4 dx=|t=x-a, x=t+a,dx=dt|=AI—‘1—t=Aln|t|+c=Aln]x—al+c,
xX—a t

A - 4
J.—kdx=|t=x—a, x=t+a,dx=dt|=AIt kgt =—"¢"¥ 4=
(x—a) 1-k
_ 4 1
1-k (x—a)~!
WHTerpan ot TpeThero THUIA NPOCTHIX Apobeil pacCMOTpUM B Ipen-
TIOJNIOXKEHHH, YTO 3HAMEHATENb He HMeeT KOpHeit, T.e. ¢ — p° > 0. Brige-
JIUM HOJHBIHA KBajpaT B 3HAMEHATelIe

x2+2px+q=(x+p)2+q—p2 =(x+p)2+a2,
rnea’=q-p*>0.
I Mx+N dx=I Mx+ N

+cC.

de=lt=x+p,x=t-p,dx=di=

x*+2px+q (x+ p)? +a?
Mt—-Mp+N , M ¢ 2tdt d M cd(? +a)
I t* +a? =7z 2+(N—Mp)v[t2+a2 —_I > +a*
+warctg£=1\—24-ln(tz+a2)+warctg£+c=

a a a

- Mp

=%[—ln(x +2px+q)+ N- arctg

r i

Ecnu creneHs YHCIHUTENA BBIILIE CTEIIEHH 3HaMCHarTeld, TO IlpO6I> Ha-
3BIBACTCsA HeraBPUIBHOﬁ; B TAKOM CJIy4ac BbIIIOJHUB ACJICHUEC, ITOJTYYHM

£ =22 _ () 20

O(x) O(x)

rae W(x) — HEeKOTOpEIH MHOTOYJIEH, a BTOpOE CjiaraeéMoe NpeJCTaBiIsieT
co00it npaBWIBbHYI0 ApOOB, Y KOTOPOH CTENEHb YHCIIWTENS MEHbLIE
CTETICeHU 3HaMeHaTes.

Hanpumep, pacCMOTpHUM HENPaBUIBHYIO Apo0b
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x° =3x" +5x-2
X +2x7—x+1
Pa3nenuM 4HCIUTEND Ha 3HAMEHATEND
_x5—3x4 +5x=2x3 +2x% —x+1
Xaoxt —x +x x? =5x+11

~5x* +x* —x* +5x-2

—5x*—10x3 +5x* —5x
11x° —6x2+10x -2
11x° +22x2 =11x+11

-28x" +21x-13
¥ BBIJCIIUM LIeIYI0 4acTh Apobu
¥ -3x*+5x-2 28x? —21x +13
3 > =x"=-5x+1l-—5—7———.
X +2x°—x+1 X +2x"—-x+1
Ienas yactb apobu yerko uaTerpupyercs. CienoBaTenabHO, BOIPOC
00 HMHTErpHPOBaHUHM palMOHAIFHOH GYHKLHMH CBOAMTCS K BOIPOCY
00 MHTErpHpOBaHHH MPaBHIBHBEIX Apobeit. JIoOyio mpaBHIBHYIO IPoOH
MOXXHO MpEACTaBUTh B BHAE CyMMBI HPOCTBIX IpoOeH C MOMOIIBIO
CJIENYIOIHX TEOPEM.
Teopema 5.10. Kaxneiit MHOrowieH QJ(x) ¢ AeHCTBUTENBHBIMU KO3(-
¢bHuLUMeHTaMH MOXET ObITh PECTaB/IEH eqUHCTBEHHBIM 00pa3oM B BUZE

O(x)=A(x—a)*(x—b)' - (x* + 2px + @)™ (x* + 2ux + V)" ---, (5.1)

roe a, b, ..., — KOpHM MHOTOWIEHA KPaTHOCTH k, /, ... ; KBaJpaTUYHBIE
MHOXUTEIU KPAaTHOCTHU m, H,... HEC UMEIOT ACHUCTBUTEIBHBIX KOPHEH.
Teopema 5.11. Tlycte R(x)/Q(x) — npaBuwiIbHas pallMOHAIBHAS
Ipobb, y KoTopoii 3HameHaTenpb npencrasieH B Bune (5.1). Torma sty
Ipo0b MOXXHO €IMHCTBEHHBIM OOpa3oM MpPENCTaBUTH B BHIE CYMMBI
IPOCTHIX Apobeii:

R(x) 4 4, A,
= + 3 +...+ X +...
O(x) x—a (x-a) (x—a) 5.2)
M x+ N, + M,x+ N, M x+N, '

3 3 2+...+ 3 =
x“+2px+q (x“+2px+q) (x*+2px+gq)
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rae 4,4, oy Ay ooy M{,N|,M,,Ny, ..., M ,N_,.. — HEKOTOpbIE ACH-
CTBHUTCJIBHBIC YHCJIA.

Bripaxcenue (5.2) Ha3bIBaeTCs pa3lIoKEHHEM PallHOHAIBHOM Opo6H Ha
NpoCTele ApobH, uncna A,,4,, ..., A, ..., M|,N,,M,,N,, ... M, N, ... —
K03 GUIIMEHTaMU Pa3/IOKEHHUS.

Cnedcmesue. Tlyctb R(x)/Q(x) — npaBwiIbHas palpoHalIbHas Apo0b,
y KOTOpOH 3HaMeHaTenb — MHOTOWIEH CTEeNeHH h, UMEIOIMH 1 pa3iny-
HBIX JEHCTBHMTENBHBIX KOPHEH a,,a,, ..., a,. Torna sty npobp MOXHO
€IMHCTBEHHBIM 00pa3oM MPEACTaBUTH B BUIE CyMMBI IPOCTHIX ApOOei:

R(x)= 4 N A, A,
o) x-a x-a, x—a,

(5.3)

roe A, 4,, ..., A, — HEKOTOpBIE AEHCTBUTENBHBIE MHCTIA.

s onpenenenus KodQPHUIMEHTOB Pa3/IOKEHHUS HCIONB3YIOT Me-
MO0 HeonpeoeneHHbIX Ko3(@uyuenmos, KOTOPbIii COCTOUT B CIEeAyIO-
IIeM: IPUBOJSAT JIEBYIO YacTh paBeHcTBa (5.2) umu (5.3) k obmeMy 3Ha-
MEHaTeJII0 U NPUPaBHHUBAIOT KO3()(HULKMEHTH NMPH OAMHAKOBBIX CTelle-
HSIX MHOTOYJICHa, IOJIYYEHHOTO B YHC/HUTENE U MHOroWwIeHa R(x).

Ilpumep 5.9. Paznoxum npobs —23—x3t— Ha MpocTeie Apobu. 3Ha-
x°=3x+
MeHaTeNlb UMeeT 1Ba KopHsa — 1 u 2. Bocnons3yemcs dopmynoi (5.3).
3x-1 A + B

x2—3x+2=x—1 x-=2"

3x-1  Ax-2A+Bx-B
x*=3x+2 (x-D(x-2)

A+ B=3,

= A=-2, B=5;
24+ B=]1,
3x-1 2 5

= - :

x2=3x+2 x—-1 x-2
x*-2x-3

(x-1D(x*+x+2)

npobu. KanpaTHyHBIi MHOXHTENb B 3HAMEHATelle HE MMEET KOpHEH.
Bocnons3yemcs dopmyioit (5.2).

Ilpumep 5.10. PaznoxuMm npob6n

Ha MOpPOCTBIC
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x*-2x-3 A4  Bx+C |
(x-Dx2+x+2) x-1 x*+x+2’
x?-2x-3  Ax*+Ax+2A4+Bx’ - Bx+Cx—C_

(x-Dx*+x+2) (x=D? +x+2) ’
A+ B=],
A-B+C=-2, = A=-1,B=2,C=],
24-C=-3,
x2-2x-3 1 2x+1
+

(x-D(x*+x+2) Tl Pax+2

5.8. MHTerpupoBaHune Ap0OHO-INHEAHbIX
nppaumnoHanbHbiX GYHKUNNA

1. PaccMoTpuM HHTerpall OT paliiOHAIbHON GYyHKLIMH

+
jR(x, mwf‘”‘ b )dx,
cx+d
roea, b, ¢, deR,me N.

[MoxpiHTerpanbHas QyHKIMsS CBOAATCA K PallMOHAIBHON (QyHKIMH

3aMeHoH
_ m m-1 _
t=mfax+b’ x=b dt ’ dx=mt (ad 2bC)-
cx+d ct™ —a (ct™ —a)
Ipumep 5.11.

1 [x-1 x—1 1++¢° 4t
—_ -—-——-dx:t: , X = 7 s = 3 2:

xVx+1 x+1 t“ -1 -1

t*dt
=_4I(z2—1)(t2+1)'
[MoppiHTerpansHas (GYHKUMA HpEeACTaBIseT COOOH MpaBHIBHYIO
PaLHOHANIBHYIO APO0b.
2. UHTerpans BUIa
J‘ Mx+ N

vax* +bx+c

dx
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CBOOATCS K TaOJIMYHBIM BBHIJEJICHHEM IOJHOTO KBaJpaTa B MOIKOpPEH-
HOM BBIPa)KCHUH U 3aMEHOH NEePEMEHHOIH.

2x+3 2x+3
Ipumep 5.12.
'[\/x +2x— j\/(x—i-l)
2t+1

|z=x+1,x=t—1,dx=dt|=j

Nt

=I(t2_2)_l/2d(t2_2)+J.J?2_2=2 t —2+1n‘t+\/t2—2

=25 +2x—1 +Inlx+1+vx% +2x—1

+c=

+c.

5.9. UHTerpupoBaHue TpUroHOMeTpu4yeckKknx
BbipaXeHUn

5.9.1. UHTerpans! oT NnponsseneHnini CUHyCca v KOCUHYyCa
PasHbIX aprymMeHToB

[ sin mx cos nx dx,
[ sin mx sin nx dx,

[ cos mx cos nx dx.

JaHHble HUHTETpalibl CBOAATCA K TaOJIHYHBIM C MOMOLIBIO (HopMyI
npeobpa3oBaHus MPOU3BEICHUSI B CYMMY:

sin @ cos B= 1/2(sin(a - p) + sin(a + f)),
sin @ sin f= 1/2(cos(a— f) — cos(a + f)),
cos a cos = 1/2(cos(a — p) + cos(a + P)).

IIpumep 5.13. j- sin 6x cos 2xdx = J.—;-(sin 4x + sin 8x) dx=

=11 (G ax d(4x)+llj sin 8x d(8x) = -~ cos 4x ———cos8x + .
24 28 8 16
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5.9.2. UuTerpansi oT cTeneHei CUHyca u KOCUHyca
OAHOro aprymeHra

[ sin™x cos™x dx.
1. Ecnu XoTs 681 ONHO M3 YHCEN m U N HEUETHO, TO OT HEUETHOH
CTENEHU OTAEIAIOT ONMH COMHOXHTENb U BHOCAT €ro moj 3Hak audde-

pennuana. [ToxpiHTErpanbHy0 QYHKUMIO MPUBOAAT K OJHOW M3 TPUIO-
HOMETpHUYECKHUX QYHKIUH.

Hpumep 5.14. [sin’x cos*x dx = [sin*x cos’x sin x dx =
=—[(1 - cos®x)*cos*x d(cosx) = —Jcos*x d(cosx) + 2[cos’x d(cosx) —
cos’x 2cos’x cos’x
5 7 9

2. O6e crenenu yeTHble. B aTOM ciiydae mpuMeHsioT GbopMyIibl No-
HW)XEHUS CTENEeHU

. 2 1-cos2a 2 1+cos2a . 1.
sin 0!.‘—‘-—2—, cos a=—2——, s1noncosa=5s1n2a,

— Jcos®x d(cosx) = —

O TeX IOp, MOKa He MOSBATCS HEUYETHBIE CTENICHH TPUIOHOMETpHYe-
CKHMX QYHKLHH.

5.9.3. UuTerpansi ot paumoHanbHoO GyHKUNN,
coaepXalweil CUHYC U KOCUHYC

PaccmoTrpum uHTErpal Buna
JR(sin x,cosx)dx.
DTOT MHTETpall paLlHOHAJIU3UPYETCS YHHBEPCAJIBHOH MOACTAHOBKOM

t:tgxz, O<x<m

2

. 2 -
smx=—tz, cosx=1—t2, x = 2arctgt, dx = 2dt2.
1+¢ 1+¢ +1
Ilpumep 5.15. I dx dx = 2dt > =.[2 a =
1+¢
2
=Larctgt+l/2+c— 2 ¢ tg(x/2)+1+c

—_— =—=arc
3 V3/2 BT
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5.10. OnpepeneHHbin HTErpan

IMyctp dhyHkuus y = f{x) onpeneneHa, HenpepbIBHA (Cleq0BaTeNb-
HO, orpaHuueHa) Ha [a,b]. PazoObeM oTpe3ok [a,b] Ha n MPOU3BOIBHBIX
yacTell TOYKaMH
a=x<X]<X2<... <Xy, =b.
JmuHy i -ro otpeska pa3z0ueHus 0603HauYNM

Axi = Xi— Xi-1, i= l,n .
BHyTpH i-ro otpeska pa3bueHus BBIGEpeM 110 NPOU3BOJIBHOM TOYKE C;

Ci C G Cn :
————+—8— t *—+> X\
X0 X1 X2 X3 Xp-1 Xn
a b

H COCTaBHM CYMMY
D f(e)-Ax; = f(e)Ax, + f(e)A%, +....+ [(c, )%, . (5.4)
i=l1

Onpeoenenue 5.4. Cymma Buzna (5.4) Ha3pIBaeTCs HHTErpaibHON
cymmoit GpyHKLHH f{x) o OTpe3Ky [a,b].

Onpeoenenue 5.5. Ecnu cymecTByeT KOHEYHBIH INpenel HHTe-
rpaibHBIX CyMM BuAa (5.4) mpH yMEHBILIEHMH JUIMH OTPE3KOB pa3bue-
HUS, TO OH He 3aBHCHT OT CIOCOOOB pa3GueHHs oTpe3ka. DTOT Mpenen

HA3bIBAETCS ONpEAETIECHHBIM HHTErpajioM OT (GyHKIMHU f{X) MO OTpe3Ky
b

[a,b] 1 060o3HayaeTcs j fx) dx.
b n
Jods=_tim |3 fe) 5

5.11. FeomeTpuyeckuii cMbicn onpepneneHHoro
UHTerpana

IIycts Gyuxuus y = f{x) onpenenexa u HenpeprIBHa Ha [a,b]. Paso-

6beM OTpe30K [a,b] Ha n yacTeit TOUuKaMu, B KaXIOM OTpe3Ke pa3bueHus
BO3BMEM I10 TOYKE C; 1 COCTABHUM HHTETPAIBHYIO CyMMY

3 fle)hx,. (5.5)
i=l
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BhIsICHUM, YTO NMpencTaBiseT coO0H reoMeTpU4ecKH HHTerpalbHas
cymMma (puc. 5.2).

Y A
y=f(x)
7 |
cl i c; C,,E »
0 Xo=a X; Xy Xn-1 x,,=b X

Puc. 5.2

U3 pucyHka BUAHO, YTO HWHTErpajibHas CyMMa paBHa IIOMIa]H
CTyHeH4YaToi (Urypsl, OrpaHHYEeHHOH JIOMaHOH, BIHCAaHO-OMMCAaHHON
okono rpaduxa ¢byHKuuu. [Ipy U3MENbUeHUH JUIMH OTPE3KOB pas3bue-
HUS IUlomanb 3Toi ¢urypel OyneT HEOrpaHMYeHHO NpuOIMKaThCA
K miomand GuUrypsl, 3aKkiiO4eHHOH Mexnay rpadukoM OGYHKIHU H
ocero OX Ha otpeske [a,b].

C nmpyroit CTOpOHBI, Npenesl HHTerpaibHOH CyMMBI Buaa (5.5) mpu
HU3MENbYEHUH IJIMH OTPE3KOB pa30HeHHs paBeH ONpENEICHHOMY HHTe-

b
rpaiy '[ f(x)dx, cnemoBaTelbHO, ONpeneeHHbIH HHTErpajl paBeH IUIO-

a

Iand KpHUBOJMHEHHOW Tpameuuu, 3aKIIOYeHHOM Mexmy rpadHKoM
¢yukuun u ocsto OX Ha otpeske [a,b].

5.12. CeoiicTBa onpeaeneHHoro nHrerpana

CnpaBeIHBHI CJIEAYIOIIHE CBOMCTBA OIIpeieIEHHOI'0 HHTerpaa.

1. ‘]-f(x)dx=0, bjowc =0.

2. l]-f(x)a'x =— ‘]‘f(x)dx.
a b
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3. Ecnu dyHkuus y = flx) uHTErpUpyeMa mo 60nblieMy U3 npomMe-
xyTKoB [a,b], [a,c], [c,b], TO OHa uHTErpHUpyeMa 10 ABYM APYTHM HpO-
MEXXyTKaM, IpUYeM BBIOJTHAETCS PaBEHCTBO

?f()ddx [+ ?f(x)dx

HE3aBHCHMO OT PacCIlOJIOKEHHUS TOoueK a, b, ¢ (puc. 5.3).
Y A
y=f(x)

X

Puc. 5.3

Moxazamenvcmeso. 1. Cnyuaii_a<c<b. Bo3pMeM IMPOU3BONIBHOE Pa3-
6ueHue orpeska [a,b]:
Xo =a<x;<x<.<c<...<x, =b.
OueBHIHO, YTO IS HHTETPAIBHBIX CYMM OYZET BBHIOIHATHCS Clie-
Iyloliee PaBeHCTBO:

b c b
D F)Ax =Y fle)Ax + Y. fe)Ax,.

[Tepexons k mpezelly NpH U3MEIbYECHUH IJIHH OTPE3KOB pa3OUeHHU,
HoTy4uM TpebyeMoe paBeHCTBO.
2. Cnyyaii ¢ <a <b. CornacHo ciryqaro 1

[t = Jesps+ 1.

Hcnone3ys CBOMCTBO 2, MOTy4YHM

l].f (x)dx = —]‘f (x)dx + }]. f(x)dx, otcrona

l]‘f (x)dx = cj f(x)dx + 1]- f(x)dx.

AHaJOrHYHO paccMaTpHUBarOTCA OCTAJIBHBIC CITydaH.
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4. TToCTOSHHBIN MHOXHTEJIb MOXXHO BEIHOCHUTH 3a 3HAK onpenciicH-
HOro MHTCrpaja.

liflgf(x)dx =k l]- fx)dx .

b n n b
J. ]gr(x)dx - ma}(iArxn-—)O ; kf(ci ) A %= k ma}cgrxn—)o ;f(cl)A %= k I f(x)dx '

5. Eciu dyHkumu f{x) 1 g(x) UHTErpUpyeMsl 1o OTpe3Ky [a,b], To 1 ux
airebpandeckas cyMMa TakKe HHTerpupyema Io [a,b], npuueM HHTErpat
oT anrebpanyecKoil CyMMBI paBeH alredpandeckoil CyMMe HHTErpaloB.

j‘OF (x) £ g(x))dx = ti[f (x)dx + l]‘g(x)dx i

DTO paBEeHCTBO HEMOCPEACTBEHHO ClIEAYET U3 paBeHCTBa AJIS HHTe-
TPalbHBIX CYMM.

Y (le)ale)ax = fle)Ax £y ge)ox.

6. ITycte dynkmus y = f{x) ompeneneHa Ha orpeske [a,b]. Pac-
CMOTPHUM (PYHKIIUIO

D(x) = j At .

B kaxnmoil Touke HempepslBHOCTH GyHKUuH f{x) dbyHxums D(x)
HMeeT IPOU3BOIHY10, KoTopas paBHa f{x) (puc. 5.4).

Y A
y=f(x)

ola x x b
Puc. 5.4

@’(x) =flx), 1. e. D(x) aABNsAETCA NMePBOOOPa3HOHt 11 bhyHKIMH f{x).
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5.13. BoluucsieHne onpeaesieHHOro nHrerpasna
IMycts ¢ynkuus y = f(x) HempepsiBHA Ha [a,b], Torna GyHKUUS
X
D(x) = J. f(x)dx Gynet sBnarbcsa nepBoobpasnoi. ITycts F(x) — nmrobas
a

nepBoobpasnas ¢yHkuuu f{x). Torma mo cBOHCTBY mepBooOpa3HBIX
D(x) = F(x) + C. Haiinem C.

D@ = [f()dx =0, _ ~_ _F(a).
®(a) - F(a)+C.

CnenoBarenbHo, O(x) = F(x) — F(a).
Haiinem ©(b):

b
D(b) = J' F(odx,

&(b) = F(b) - F(a).

Us ABYX NOCJICOHHUX PABEHCTB CICAYET, UTO

b
b

I fxX)dx=F(b)-F(a)=F(x) — dopmyna HetoroHa-JleitGHuna.
a

a

C nomompio 370 QopMyIBl BEIYUCISETCS ONpENesIeHHBIH HHTe-
rpai, €CiiM M3BeCTHA Jirobas nepBooOpasHas MOABIHTErPanbHON (yHK-
MU,

5.14. uTerpupoBaHue no 4acTtamMm v MeTom, 3aMeHbl
nepemMeHHOn B onpeaesieHHOM UHTerpane

1. IMycts dynkuum u(x) # v (x) UIMEIOT HeNpepbIBHBIE TPOU3BOI-

Hele Ha oTpeske [a,b]. [IpounTterpupyem paBeHcTBO 11 nuddepeHma-
n0B d (uv) =vd u +ud v no otpesky [a,b].

b b b
jd(uo)= J'udu +(udv,

a a
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p b b
uo‘a = Ivdu + Iudv ,
a

a
b

Iud V= uu|z - []udu ,

a

— GopMyJa HHTErpUpOBaHHs IO YacTAM B ONpeNe/ICHHOM HHTeTrpae.
Orta dopmyna MPUMEHSETCS K TeM e TUIIaM MHTErpajioB, KOTOpbie ObI-
JI1 pacCCMOTPEHBI B HEOTIPENSIEHHOM HHTErpaje.

2. Ilycts y = flx) HenpepbIBHA Ha OTpe3ke [a,b] U Ha 3TOM OTpe3Ke
OHa HMeeT nepBoobpazHyto F(x).

b
[ 1 = Ft) - Fla)

IMycts ¢ynkuus x = @(f) saBnserca auddepeHunpyemoit GyHK-
mueit Ha [ o, ] 1 ee npousBoaHas HempepsiBHA Ha [ @, ]. OHa mepeBo-
IuT otpe3ok [a,B ] B [a,b].

¢:[0,p] —> [ab].

¢ (@) =a, ¢ (f/)=b (KOHIBI IEPEBOJUT B KOHIIBI).

Torga crpaBemnuBa dopMmyna 3aMeHBI TIEPEMEHHO B ONpeneneH-
HOM HMHTerpaje:

b p
[ = [flopo'a

Hoxasamenscmeo. (F(9(2)))' = f(0())¢'(?),
P

o
u=x du=dx
dv=e"dx v= ..‘dv= Ie"dx=e"

B
[feoct))e'(t)dt=F(o(t))

b
=F(q(B))-F(9())=F(b)-F(a)= [f(x)dx.

1
IIpumep 5.16. J.xe"dx =
0

=e"x|(1)— IJ.e"dx=e—(e—1)=l.
0
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t=\/2x+1‘
. !
V2x+1d T -1 d
H N . = = o[ =
)pumep 5.17. jx 2x+1dx e = ikt > t-tdt
0 1
*014
t|1|3
y 3 53 433
CUja L P 0P 23 1 27,1 2%
2 2 101 6|1 10 10 6 6 15

5.15. MpunoxeHus onpepesieHHOro UHTerpana

5.15.1. Beluncnexnue nnowapei puryp,

pacnonoxeHHsbIX nop (Han) rpadpukom GyHKLUUKN
Ha HEKOTOPOM OTpe3kKe.

310 IIPHJIOXKEHHUE BBITCKACT U3 I'COMETPHUUYCCKOro CMbICIa ONpeEnc-

Y y=f(x) JICHHOT'O HHTEIrpaja.
b
§= [ A
o' a b X a
a
0 b X

a b
7 S = [ foox.
\'/%Sy#(x) Jx '
6
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5.15.2. Beiuncnenuve nnowanm puryp, orpaHnyeHHbIX
rpadpmkamm pByx PpyHKUNA HA HEKOTOPOM OTpe3Ke

S=S8,-5 = l]fz(x)dx— l}'f,(x)dx =

X y=fo(x)
= [0~ fi)ds, / =09
rae S; 1 S; — IUIoMaayu KpUBOJIMHEHHBIX 0 a b X

Tpanenuit nox rpadpuxamy QyHKIHR

Yy =fix) ny = fo(x).

Ipumep 5.18.
y=x*-1,
y=x+1

Haiinem abcuucchl To4ek nepece-
YeHHUSI.

¥-1=x+1,

¥—x-2=0,

X1 =2 X2=—1.

2 2
j(x+1—x2+1)dx= j(x—x2+2)dx=
-1 -1
2 2 2 2 3
2 2
=2 [de~ [xPdr+ [xdv=2x " +7| " -Z
2 -1 2

-1 -1
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5.15.3. BoluncnexHme o6LeMo0B Tes, NoJIy4HeHHbIX
OT Bpauiexuvs rpacdpmka ¢pyHkuum Bokpyr ocu OX

Y y =%

Puc. 5.7

b
vV =njf2(x)dx.

ITIpumep 5.19. y = sinx, x € [0,n].

Y 4
y=sinx
0 L X
"1 —cos2x b a
V= nIsm xdx = nI—— =—Idx——jc052xdx=
0 0 20 20
2 2
=Z.4-I 1 m2xn=n——£(0—0)=][—
2 10 22 0 2 4 2
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5.15.4. BuluncneHme o6beMOB Tes, NoJIy4eHHbIX
oT BpaueHua rpaduvka yHkumm BOKpyr ocu OY

Y3

Puc. 5.8.

d
V= [¢~'0) dy,
rae x = f' (y) — obparsas dynkuus K GyHKUEM Y = fx).

ITIpumep 5.20. y = l,ye[l,4].
x

Y
y=4
y=1
y=1/x
0 X
4 4
dy 2 n 44 -nd4 -n 3n
V=n|—<=n|y “dy=— = e ==
l'[yz 1] -17 1 y1 4 4




5.16. MpnénunxeHHoe BbiYUCNIEHUE
onpeaesieHHOro uHrerpana

B HeKOTOpBIX CIy4asX He yAaeTcs TOYHO HaliTH 3HaueHHEe olpene-
JIeHHOro UHTerpaia. Toraa ero BEIYHCIAIOT NPUOIKEHHO.

IMycrs ¢ynkuus y = f(x) ompeneneHa W HeHNpephlBHA Ha [a,b]
(puc. 5.9).

d =1

0 a=Xy, X X» X n-1 xn=b X

Puc. 5.9
Pa3o6rem OTpe30k Ha n paBHBIX YaCTEH TOYKAMHU

a=xp<x]<X2<...<Xy =b.

O603HaYuM UIHHY OoTpe3Ka pa3bueHus — Ax . Ml nonyyaem ¢u-
rypy, OrpaHH4YeHHY0 JOMaHOH JHHUEH, KoTopas ¢ pocToM # OyneT Bce
TOYHee NaBaTh 3HAYEHHUS IUIOIWAAM S KpHUBOJIMHeiHON Tpanenuu. Hai-
JIeM IIJIOINA/b 3TOH QHUTypBbL.

Susi Sy, <SELII) o SO SR) gy

+ f(xn—l)2+ ey, Ax =Ax(ﬁ)—j-2-m+f(xl)'*'f(xz)'*'m+f(xn—l))'

b
[ =222 (SO f) s frv) ot ).

Me! nonmyuywinn GopMyiry Tpaneuui njis NpuOIHKEHHOro BBIYHUCIIE-
HMS MHTErpaa.
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5.17. HecoOcTBeHHble UHTerparnbl

ITpu onpeneneHuu onpeneaeHHOro HHTErpaia Npearnoiaraiock, 4To:

1) OTPEe30K UHTETPUPOBAHUS KOHEYEH;

2) GbyHKIMS HenpepbIBHA HA OTPE3Ke HHTErPUPOBAHUS.

Ecnu HapymeHO OXHO M3 3THX YCJIOBHH, TO ONpeAeNeHHbIH
HHTEerpaj Ha3bIBaeTCs HECOOCTBEHHBIM, MPHYEM €CIIH OTPE30K HHTer-
pPHpPOBaHHMs HEOTPaHHYEH, TO HHTErpal Ha3bIBAE€TCS HECOOCTBEHHBIM
HHTETPAJIOM 1ep6020 pooa, eciu ke GYHKIHA He OrpaHH4YeHa Ha OTpes-
K€ MHTErPUPOBaHUS, TO HECOOCTBEHHBIM HHTETrPATIOM — 6MOp020 pooa.

C reomeTpuyeckoil TOYKH 3peHHs, HecOOCTBEHHbIE HHTErpalibl
BBIPQXKAIOT TUIOIIAAN HEOrPaHHUEHHBIX QUryp.

5.18. HecoOcTBeHHbIe NHTerpasnbl NepBoro poaa

[Tycts dynkuus y = f{x) onpezneneHa U HenmpepbIBHA Ha [a,00).

PaccmoTtpum uHTErpan j fx)dx.

Y

Puc. 5.10

Beryucnenue HecOOCTBEHHOTO MHTErpajia MOXKHO CBECTH K BBIYHC-
JIEHUI0 OOBIYHOrO ONpPENENEHHOTO MHTEerpaja M HaXOXIEHHIO Mpenesna
(b—> ).
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?f(X)dx = lim t]‘f(X)dx :

Ecnu npenen, crosmuii cnpasa, CymecTBYET U KOHEYEH, TO HecoOCT-
BEHHBIH MHTErpasl Ha3bIBaCTC CXOMILIMMCS U OH PaBEH 3HAYEHHIO 3TOTO
npezena. B MpoTHBHOM ciTydae HHTErpaJl Ha3bIBAeTCsl PAaCXOIAILHMCH.

IMycts F(x) — onHa u3 nepBooGpasHbIX f{x), Toraa

b
lim If(x)dx =lim (F(b) - F(a)) = lim F(b) - F(a) .
O6o03HaYMM Ill_r)n F(b) =F(x).

Torma I f(x)dx = F() — F(a) — o6o6wenHas ¢opmyna HeroToHa-

Jleit6HMNA (1151 BEIYHUCIICHHS HECOOCTBEHHOTO HHTErpana).

IIpumep 5.21.
) b -2 b b
Id—);:lim x3dy=— lim Z— =—ll'mL2 llm( 1)=l
jx° bow b—o 2 |1 2 bow 5 |1 2b>w p 2
|
Y
S
_\ o 1 b X

1
WHrerpan cxonuTcs U paBeH 3"

© dx b _1
Ipumep 5.22. |—== lim x 3dx=lim —x3
&

b0 s b—o 2

=%gim(ifb—2—1)=m.

b—)oo
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0 1 b X
\

WnTerpan pacxogures.

AHaJIOTHYHO OMNpeAesloTCs HEeCOOCTBEHHBIE MHTErpajbl IEPBOrO
poJia o APYTrHMM HEOrpaHHYEeHHBIM MPOMEXYTKaM.

PaccMOTpHM HHTErpai o NpoOMexXyTKy (—o;b].

b b

[fdx= lim [fe)dx= lim (F(b)- F(a))= F(B)= F( ).
PaccMoTpuM HHTETpall N0 MPOMEXKYTKY (—o0: + o).

T f(x)dx.

JaHHBIM HHTErpan CBOOUTCA K NPEABIAYIIMM ABYM THNaM. Bo3b-
MeM MPOU3BOJIBHYIO TOUKY C.

Tf (x)dx = ]‘f (x)dx + Tf (x)dx = lim ]f (x)dx + lim l]f (x)dx .

Ecnu oba mpenena, crosuiye B NpaBoOi 4acTH, CyIIECTBYIOT U KO-

HCYHBI, TO HEeCOOCTBEHHBIH HHTCIrpaJl Ha3blBaKOT CXOAANIUMCA, a HHA4Ye
— pacxoasamumMcH.

Ilpumep 5.23.
© 5 0 o 1 0 5 ) 1 b R 5
jxe“" dx = j+[ =—= lim je"‘ d(—x*)+(-=) lim [e™ d(—x*)=
a—»—0 27 b
—0 -0 0 a 0
=——( lim e 0+ lim & b)=
a—-w a bow 0

—~l( lim (1~e'“2)+ lim (e'bz —1))—"—1(1+(-1))~0
) boroo P o

a—r—xo
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[ X

JaHHBIA UHTETpaN CXOOUTCS U PaBeH HYJIIO.

5.19. HecoGcTBEeHHbIE MHTerpasbl BTOPOro poaa

Ecnu dynkius He orpaHH4eHa Ha NPOMEXYTKE HHTETPUPOBAHUS U
NPOMEXYTOK MHTETPUPOBAHHS KOHEYEH, TO ONpeeNIeHHBIH HHTerpai
ABIIIETCA HECOOCTBEHHBIM MHTErPAJIOM BTOPOroO poja.

1. Ilycte yHkuusa y = f(x) ompeneineHa U HelpepbiBHA Ha [a,b)
Y B OKPECTHOCTH TOYKHU b QyHKIMA He orpaHuyeHa (puc. 5.11).

= gg%bff(x)dx .

Puc. 5.11
Eciu npeznen, cTosmuit cripaBa, CyIecTBYeT U KOHEUYEH, TO Hecob-

CTBEHHBIM HHTETrPaJl Ha3bIBaCTCA CXOOAIMMCA U paBCH 3HAYCHHIO 3TOr'0
npeneina, B IpOTUBHOM Cl1y4ya€ HHTEIpaJl Ha3bIBACTCA pacXooauMcCH.
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Ecnu F(x) — nepBooGpasHas GyHKIMH, TO

b -€
j f)dx = lim F (x) . lirré(F(b —¢)-F(a))= lim F(b-¢)- F(a).

Ipumep 5.24.
1
1 I-¢ = 4
dx 5 5 =[l—¢€
—lim [-1) dx-1)=lim>G-1)5| °=
Jm e’_’%of(x ) d=1)=limL G-

=2 lim Jee—1)*
4 e-0

1-
22 (im -t —=-2.
0 4 &0 4

HecobcTBeHHBIN HHTEIPall CXOOUTCS.

2. AHaJIOTHYHO OMPENENAIOTCS MHTerpajibl BTOPOro poja B APYIUX
cutyauusax (puc. 5.12): y = f{x) onpenenena u HenpeprBHa Ha (a,b] u B
OKPECTHOCTH TOYKH @ He OTpaHHYEHa.

92



0 a a+s b X

Puc. 5.12

b b
[fegdx = lim L fo)dx = lim Fx)]55 = lim (F(8)~ F(a+5)) = F®) - lim F(a +3)

3. Iycts dyHKums y = f{x) onpeneneHa U HeNpepbIBHA Ha [a,c) U (¢,b]
M B OKPECTHOCTH TOYKH ¢ QyHKIMA HeorpaHdyeHHa (puc. 5.13).

Y

0| a c-ecc+d p X

Puc. 5.13
bIf(x)a’x = ]f(?ddx + ‘]f(x)dx = gi_r)réc_ff(x)dx +lim If(x)dx :

Ecinu o6a npezena, crosulie B NpaBoit 4acTH, CYLIECTBYIOT U KO-
HEYHBI, TO HECOOCTBEHHBI# HHTErpaj Ha3bIBAaeTCH CXOINAIMMMCS U OH
paBeH CyMMe 3THX IIPENEeNoB, B IPOTHBHOM CIIy4yae — PacXOAAIIAMCS.

93



3ameuanue 1. HecobGcTBeHHBIE MHTErpalibl MOTYT OBITH KOMOMHH-
POBaHHOTO THIIa: MEPBOTrO M BTOPOro poJa; MM BTOPOro poja C He-
CKOJNIBKHUMH TOYKaMH pa3pbiBa BTOPOTo poJa.

3ameuanue 2. Ecnu GyHKIMS Ha OTpe3Ke MHTETPUPOBAHUS TEPIUT
Pa3phIB NIEPBOTO pojia B TOYKE ¢, TO ONpelesIeHHBIH HHTErpall OT Hee Mo
9TOMY OTpe3Ky He ABIAETCS HECOOCTBEHHBIM, T.K. €r0 MOXXHO CBECTH K
CyMMe [IBYX OGBIYHBIX ONPENEICHHBIX HHTErPaJIOB.

lj"f(X)a'x = ]f(x)dx + l]f(x)dx .

Y

Ly
0la ¢ b X

Puc. 5.14.

5.20. HekoTopbie NpUIoXeHUs
onpeaeneHHoOro MHTerpasna B 9KkOHOMuKe

5.20.1. Temn pocra Bbinycka o6opyaosaHus

IMpousBoacTBo 060pynOBaHUS HEKOTOPOrO BHIA XapaKTepU3yeTCs

TEMIIOM POCTa €ro BHIITyCKa
K1
At y
rae Ay — MpHUpOCT BBIITycKka 000pyAOBaHUS 3a MPOMEXKYTOK BPEMEHH Af,
Y — YPOBE€Hb €I'0 MPOU3BOACTBa HA MOMEHT BPEMCHHU t

Halinem ofmee Kkonu4ecTBO OOOpYINOBAaHHs, MPOU3BENEHHOTO K
MOMEHTY BpPEMEeHH ¢, nonaras, 4to K — HM3BeCTHas MOCTOSHHAas, EAUHH-
1eif BpeMeHH SBIIAETCS IOJ ¥ B Ha4aJlbHbIH MOMEHT BpemeHH ¢ =0 ypo-
BEHb €XXETOHOr0 NPOM3BOACTBA 0GOPYIOBAHMUS COCTaBIISI Y.

Bynem cuuTath, 4TO y ABNAETCA HenpephlBHOH (yHKuMe# ot ¢. le-
peiinem k npeneny npu Ar—0.
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K=1m 2L Y _(nyy.
At—0 Af y y

ITpouHTeErpHpyeM 3TO paBeHCTBO B npenenax ot 0 1o ¢.

t Yy
jKdt= J.(ln yYdy ,
0 Yo
K. =lny , Ki=lnL, y=yeo
0 yl)’o, t=In ’ y_yOe .
0

CyMMmapHOe Konu4ecTBO 060pYIOBaHHUs, BEITYIIEHHOTO 33 BPeM f,
HaXOJUTCs OIpee/ICHHBIM HHTErpajioM

t t
= = kg Yo kit _ Yo ke _
Y(t)—(!y(f)dt—;yoe dt—Ke lo K(e 1).

Ipumep 5.25. Ilpu exxeronHoM Temiie pocra 5% (K = 0,05) obmee
KOJIMYECTBO 000pY10BaHus, BEIIyLIeHHOro 3a 10 JieT, cocTaBuT

Y(10) = 20y, (e —1) =13y, .
5.20.2. 3apga4ya AUCKOHTUPOBaHUS

3agaya QUCKOHTHPOBAHHUS COCTOMT B OINpENCICHHH HadalbHOH
CyMMBI S depes BpeMs ¢ 110 €e KOHEUHOH BeTHYHHE S; MPU MPONEHTHOR
CTaBKe p.

IIpn HenpepblBHOM HAYMCJIEHHM IIPOLEHTAa KOHEYHas CyMmMa
BBIYHCIIAETCA 1O hopMyIIe

S, =8e",
rae r = p/100.

Ecnu cymma S, Taoke aBnserca dyHkuued Bpemenu S; = f{f), To
JIUCKOHTHPOBaHHAs CyMMa K MOMEHTY BPEMEHH ! COCTaBHT

f()=8e", S=f(@)e™.
ITonHas AMCKOHTHpPOBaHHas CyMMa 3a BpeMs ¢ BBIYHCIAETCH
no Gopmyie
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S, = j f()edt .
0

Ilpumep 5.26. OmpenenuTs OUCKOHTHPOBAHHYIO CyMMYy S; IpH
) = So(I + ki), rne Sy — HayanbHBEIC KAlIMTAJOBJIOXKEHHUA, Kk — exe-
rofHas JoJs X YBEJIHYCHHS.

JpyruMu cioBamu, NpH 3afaHHBIX p U k TpeGyeTcs OUEHHUTH, YTO
BHIrOJIHEE: HAapalBaTh KAITUTAIOBJIOXKEHHS MK BJIOXKHTh HX OIHOBpe-
MEHHO TIPU HEMPEPHIBHO HAYUCIIIEMOH MPOLIEHTHOM CTaBKe.

t t
Sy = J-So(l+kt)e“"dt =S0(—le_"|t —E J-td(e_n)) =
; r 0 r 0

= So(l(l -e™™) —-lite"n
r r

t
Lok femdn) =
0 r 5
= So(l(l +£)—l(l +kt +£)e‘“).
r r r r
Sy =ﬁ((l+5) —(1+kt+£)e‘“).
r r r

U3 nonmy4yeHHOH GOpPMYJIBI ClIeAyeT, YTO:

1) uem BhBIlIE MpOLIEHTHAas cTaBKa p (a 3HAYHUT, ¥), TEM MEHbIIE
IUCKOHTHasi CyMMa Sy H, clleoBaTeIbHO, BhIle noxoxn. Eciu paccMat-
puBaTh S; KaK AUCKOHTHBIM IOXOM, TO yBeJIHUYEHHE MPOLICHTHOMN CTaBKU
P CHWXAeT peHTa0eIbHOCTh TIOMEIEHHS KalluTaa;

2) yBenHYeHHE UHTCHCHBHOCTH €)XErOJHBIX KallUTAJIOBIOXKEHHM k
OPUBOIUT K YBETHUYEHHUIO Sy}

3) mpu HEeU3MEHHBIX kK U p MUCKOHTHBIH JOXOJ PacTeT C yBenHue-
HHEM NPOMEXYTKa BPEMEHH /.



Fnasa 6
ANDOOEPEHUUAJNIBHbLIE YPABHEHUA

6.1. NoHaTue o auddpepeHUnanbLHOM ypaBHEHUU

Onpeoenenue 6.1. YpaBHeHHE, COAEpIKalliee HE3aBUCUMYIO ITEpEMEH-
HY!0, QYHKIMIO OT STOH HE3aBUCHUMOH NEPEMEHHOM U €€ NpPOU3BOIHBIC
Pa3IMYHBIX OPSKOB, Ha3bIBaeTCs NU(epeHIHATIEHEIM YPaBHEHHEM.

Onpeoenenue 6.2. Haupbiclmii MopsaoK MPOU3BOAHOH, BXoaseH
B nubdepeHaNEHOE ypaBHEHHE, Ha3bIBaeTCs HOpsAAKoM nuddepeH-
[[HaJIbHOTO YpaBHEHHS.

OuddepenunansHoe ypaBHEHHE H-TO MIOPSIKa HMEET BHI

FGyy'y', ..., ™) =0,

Onpeoenenue 6.3. JudbdepeHMansHoe YpaBHEHHE N-TO NOPSAIKA
Ha3bIBaeTCs JIMHEHHBIM, eCId HeusBecTHas (GYHKLHS U Bce €€ NpOM3-
BOIHBIE BXOHAT B Hero B mepBoit cremeHH. OOmmit BUA JHHEHHOrO
IuddepeHINanbHOro YpaBHEHUS 1-I'O NOpsAKa:

ag()y™ + @)™V + .+ a1 (D + an(x)y = fx). (6.1)

Onpedenenue 6.4. Jluneitnoe nuddepennuansaoe ypasHenue (6.1)

Ha3bIBAETCd OXHOPOAHBIM, eciH flx) = 0, ¥ HEOXHOPOAHBIM — B IPO-
THUBHOM CITy4ae.

Ipumepul oughghepenyuanvreix ypagHeHui:

y'—sinxy'+ (cosx)y =tgx — JHHEelHoe,
sin y'—cosy =ctg x — HeJUHeHoe,
y"-y'=0 — nuHelHHoe,
GV -3y =1 — HeJHHeHoe.

Onpeoenenue 6.5. Pemiennem nuddepeHuaibHOro ypaBHeHH Ha-
3pIBaeTCA M06ast QyHKIUs y = ¢(x), IpHU MOACTAHOBKE KOTOPOH B ypas-
HeHHe OyIeT MoJydyeHO TOoXxIecTBO. [Ipoliecc HaXOXIEHHs peIIeHH
middbepeHIHaNBHOr0 YpaBHEHHS Ha3bIBA€TCS HHTEIPHPOBaHHEM AHG-

(epeHInanbHOro ypaBHEeHHUs, TpadUK pelIeHHs Ha3bIBAlOT WHTErpalb-
HOM KpUBOH.
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Ipumep 6.1.  y'—flx) =0, Ilpumep 6.2. y" =0,
yl =.f(x): y' = C[
y=ff(x)dx+C. y=Cix+ C,.

Onpeoenenue 6.6. Pemenne nudhepeHIHANBHOrO YPaBHEHHS N-T'O
nopsziKa, CoAeprKaliee n NPOU3BOJIBHBIX MMOCTOSHHBIX, HAa3bIBaeTC 00-
KM pemenneM auddepeHIHaNbHOTO YpaBHEHHS.

Onpedenenue 6.7. Ecnmu B pesynbTare MHTErpHpoBaHus audde-
PEHLIMANIBHOTO YPaBHEHUS IMOJyYyeHa 3aBUCHMOCTh MEXIY V H X, H3 KO-
TOPOH He ynaeTcs ABHO BBIPA3UTH y depes x (T.e. Hen3BecTHAs QyHKIHA
3ajJaHa HEsSBHO), TO JaHHYIO 3aBHCHMOCTh Ha3bIBAalOT OOIIMM HHTErpa-
oM nuddepeHIanbHOro YpaBHeHHUS.

Onpedenenue 6.8. PemeHue, monyd4eHHoe M3 OOIIErO NMPH KOH-
KPETHBIX 3HAYEHUSAX POU3BOJIBHBIX TOCTOSHHBIX, HA3bIBAETCSA YaCTHHIM
pELIeHHEM.

IIpumep 6.3.

y"'+y=0.

y = Cj cos x + C, sin x — ofI1iee peleHue.
y1 =3 cos x —2 sin x — 4acTHOe pelIeHHe.

6.2. AndPepeHumnanbHbie ypaBHEeHUs
C pa3aensiowmmMucs nepemMeHHbIMU

JuddepeHManbHBIMU YpaBHEHUSAMH C pas3ieNSIOIIUMUCS [epe-
MEHHBIMH Ha3bIBAIOT YpaBHEHUS BHUAA

Xi(x) Y1(p)dx + Xo(x) Ya(y)dy = 0.
[TepeHeceM BTOpOE cjiaraeMoe B IIPaByIO YacTb.
Xi(x) Y1(y)dx = -Xa(x) Ya(y)dy.

Ipennonoxum, uto Yi(y) Xa(x) # 0. Paspenum oGe yacTu ypaBHe-
HHS Ha 9TO IPOU3BECHUE:!

Xl(x) dx____YZ(y)d

X, (x) L)

ITepemennsie pasnenunuce. VIHTErpupys o6e 4acTH 3TOro paBeHCT-
Ba, NOJIy4yHM oOI1iee pelieHHe YpaBHEeHHUS:
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J’ Xl(x)dx=—J- YZ(y)dy.
X,(x) 1)

IIpumep 6.4. y'—l =0.

Inx c
y=c¢-e ,c=¢€e,
y=cx — o6u1ee PEUICHHUEC YPAaBHCHHA.

6.3. JiunenHsbie auddepeHumnasnbHbie
ypaBHEHUs NepBoro nopsaaka

JluneitHoe nuddepeHIManbHOe YpaBHEHHE NIEPBOTO MOpsaKa UMEeT
BUI

ax)y' +bx)y+clx)=0, (6.2)
a(x)=0.
Paznenum obe yacTH ypaBHeHHS Ha a(x).
Yy +pXx)y+q(x)=0, (6.3)
e p9) = 200, g = S8

a(x) a(x)
Bynem uckate pemeHus ypaBHeHHs (6.3) B BUIE HpOU3BEIEHUS
JBYX HEU3BECTHBIX (DYHKLIHI:
y=uv.
IMoncraBum y = uv B (6.3)
uv+vu+ pxuv+q(x)=0,
v(u'+ pou)+vu+q(x)=0. (6.4)
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BriGepem QyHKIMIO ¢ Tak, 4TOOBI u'+p(x)u=0:

% =-p(x)u,
M pxyd,
u
——ﬁpmw

Inu = —J' p(x)dx,

- j P(x)dx

INoxcTraBuM nonydeHHY0 QYHKIHIO #(x) B (6.4) u Haitnem Wx):
I g =0,

)
dv=-g0)-¢"ax,
I dv=- Iq(x) eIP(x)dx ,
v=-— Iq(x) . eIP(x)dxdx +C.

IMoncraBum QyHKIUH ©(x) 1 x) B BEIpOXKEHHE IJIS y:
y=u-v=_(- J.q(x) . ejp(x)dxdx +C)-e Jrws — ofmiee pemreHue

nuHeHHoro nuddepeHIanbHOro ypaBHeHHUs [IEpBOro NopsKa.

Ilpumep 6.5. xy'-y—x—-1=0.

,_l=x+1
x x
y=u-v,
uv  x+1
uv+vy—-—= ,
x x

u x+1
vu'-—)+v'u=——oH,
x X



du_u du_dx du _ ds
dx x’ u x’ u x
Inu=Inx
u=x.
1
v'x—x+ , av x-zl, dvzx-l;ld ’
dx X X

J-a, _Ix+1
I—+I “2dx,

v-lnx—-——+C
x

y=u-v=x(1nx——1—+C),
x

y=xlnx+Cx -1 — ob1ee pemeHre ypaBHeHMSL.

6.4. JlnneiiHble ogHopogHble gudPpepeHunanbHble
yPaBHEHUS BTOPOro nopsaaka
C NOCTORHHbIMU KO DULUMEeHTaMM

OTo ypaBHeHHs BUAA: doy" + a; y'+a,y = 0, rae ay, a;, @y — HEKo-
TOpEIe yncia. ByneM UcKaTh pelieHie 3TOro ypaBHEHHUs B BHIE y = €
PaznenuM obe yacTy ypaBHeHHs Ha ag = 0.

y'+py'+q-y=0,
rae g = L , D= 4
9 %
IToncTaBrM B ypaBHEHHE BBIpaXKeHUE AT V.
k*e* + pke*™ +ge™ =0,
e (k* + pk+q)=0, " =0.

CnenoBatensso, k> + pk+q=0. DTo ypaBHEeHNe Ha3bIBAaeTCH Xa-
PAKmepucmuyecKkum ypasHernuem NaHHOTO NUGGEPEHIHABEHOIO ypaB-
HeHus. HalineM THCKpUMUHAHT 3TOro ypaBHEHUs

D=p*-4q.

ITpu 5TOM BO3MOXKHBI CIIEAYIOLIHE CIIyYaH.
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1. D > 0. YpasHeHne uMeeT ABa pasIMYHBIX KOpHA K,k .
OO61ee penieHue UMEET BHJT

y=Ce"* +Cye*
2. D = 0. VpaBHeHHe MMeeT [Ba OJUHAKOBBIX KOpHA Kk, =K, .
OOuee peleHre UMEET BUT
y=(C, +C,x)e*.
N-D
—.0

O1ee
> 11

3. D <0. Haiigem 1Ba mapamerpa o, = —-g, B=
pelIeHre UMEET BUI

y=e"(C, cos fx+C,sin fx).

6.5. JInHelHble HeogHOPOAHbIE
anddpepeHumnanbHble ypaBHEHUA BTOPOro nopsaaka

ITycts nano nuddepeHUHaANbHOE ypaBHEHHE

a(x)y"+b(x)y'+c(x)y = f(x) (6.5)
¥ COOTBETCTBYIOILIEE EMY OJHOPOJHOE ypaBHEHUE
a(x)y"+b(x)y'+c(x)y =0. (6.6)

Teopema 6.1. OGuiee pelieHHe HEOOHOPOAHOTO ypaBHEHHs (6.5)
MOXHO NpPEJCTaBUTh B BHUJIE CYMMBI OOLIEr0 peIIeHHS OTHOPOLHOIO
ypaBHeHus (6.6) ¥ JIOOOro YacTHOTrO pelleHHss HEOOHOPOAHOrO ypaB-
Henus (6.5).

Hoxazamenvcmeo.
Ilycte y — obliee pelieHre OOHOPOAHOrO ypaBHenus (6.6). Tak
KaK 3TO ypaBHEHHE BTOPOro MOpsAAKa, TO 3TO pelleHHe 3aBUCHT OT JBYX

A

IMIPOU3BOJIBHBIX ITOCTOSHHBIX. HyCTB y — KaKoe-JIN0O YacTHOe peUICHuE

A

HeoJHopoaHoro ypaBHeHus (6.5). ITokaxem, 4yTo MX cyMMa y =7y +y

SIBJISIETCSI OOIINM pelIeHHEM HEOJHOPOOHOTO ypaBHEHu (6.5).
OyHKUYS y 3aBUCHUT OT JIBYX [TPOM3BOJIBHEIX KOHCTAHT. [ToacTaBuM

y8 (6.5).
a7 + bR+ ) + ()G + ) = £(x),
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A A A
a(x)y"+b(x)y'+c(x)y + a(x) y'+b(x) y+c(x) y = f(x)
0+f(x)=r1(x).

Takum o6pa3oM, y sBIIsSETCS pelIeHHEM HEOJHOPOIHOIO YpaBHEHHUS
(6.5) 1 Tak KaK OHO 3aBHCHUT OT JABYX HPOH3BOJBHEIX MOCTOSHHBIX, TO Y
SIBJISIETCS OOLMM peLiCHUEM HEOTHOPOAHOTO ypaBHeHHs (6.5).

Jns Toro ytoOsl HaiTh OOIIEE peUICHHE HEOJHOPOMHOIO ypaBHE-
HHS, Haxo HaiiTu oOliee pelleHHe COOTBETCTBYIOMIEr0 OJAHOPOAHOTO M
KaKoe-JIM00 YaCTHOE pellieHre HEOJHOPOAHOIO YPaBHEHUS.

JIns ypaBHEHHS C ITOCTOSHHBIMH KO3 (UIMEHTaMH YaCTHOE peIleHNE
HEOTHOPOJHOTO ypaBHEHHUS MOAOKpaeTcs o BUIY NpaBoif yacTH f{x):

1) ecnu f{x) — MHOro4sIeH, TO YacCTHOE PElLIEHHE WILYT B BHIE
MHOTOYJIEHa TOH )K€ CTENEHH! ¢ HEU3BECTHRIMU K03 PHLIeHTaMy;

2) ecau f{x) 3aBUCUT OT CHHyCa ¥ KOCHHYCa OJHOTO apTyMEHTa,
TO 4aCTHOE pellieHHE UIIYT B BUIE CYMMBI CHHYCa U KOCHHYCA 3TOTO K€
apryMeHTa C HEM3BECTHHIMU K03 PULIHEHTaMU;

3) ecnu B mpaBoit yacTH — MOKa3aTeNbHAsA QYHKIHS, YMHOXKEH-
Hasi HAa MHOTOYIEH, TO YaCTHOE PElIeHHE WINYT B BHJIE MPOU3BEHEHUS
MHOTOYWIEHA TOM K€ CTENEeHH C HEM3BECTHBIMU KO3 PUIMEeHTaMH, YM-
HOXKEHHOTO Ha IOKa3aTelIbHYI0 GQYHKIIMIO C TEM )K€ apryMEHTOM, YTO U

B YpaBHEHUH.
IIpumep 6.6. y'"-5y'+4y =sin3x — HEOZHOPOAHOE ypaBHEHHE.
y"'-5y'+4y =0 — COOTBETCTBYIOILEE EMY ONHOPOLHOE YPaBHEHHUE.,
2
k*-5k+4=0, k=1, k,=4.
J = Cie* + Cpe™ — obmee permenre 0HOPOTHOTO YPABHEHHUS.
ByneM HckaTh YacTHOE pellieHHe HEONHOPOIHOTO YPaBHEHHUS B BHJE

A
y=asin3x+bcos3x.
[ToxcTaBuM 3Ty QYHKIHIO B HEOXHOPOIAHOE YpaBHEHHE:
A
y'=3acos3x —3bsin3x,

A

y"'=-9asin3x -9bcos3x
—9asin3x—-9bcos3x—15acos3x+15bsin3x+4asin3x+4bcos3x =
=sin3x
sin3x(—9a +15b + 4a) + cos3x(-9b—15a +4b) =1-sin3x + 0- cos3x .

b
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IIpupaBuseM K03 PHUIUEHTHI IIPU SiNX ¥ COSX.

~5a+15b =1,
~5b-15a=0.
b=-3a,
~5a—-45a=1.
b=-3a,
—50a=1.
__ 1
50°
b=,
50
A . 3
y= —%sm 3x+—5cos 3X — yYacTHOe pelIeHHE HEOXHOPOIHOIO
ypaBHEHHUS.

y=Ce* +Cre™ —glasin 3x+—5%cos 3x — ofImee pemeHne Heol-

HOPOJHOTO YpaBHEHMS.

6.6. NpumeHeHune annapara
anddpepeHumnanbHbiX ypaBHEHUN B 3KOHOMUKE

PaccMoTpum modenv ecmecmeennozo pocma ewinycka. Ipenmono-
YKUM, 4TO HEKOTOpas MPOLYKIHs IPOAaeTcs N0 (PUKCUPOBaHHON LieHe P.
O603HauuM yepe3 O(f) KOIMYECTBO MPOMYKIIMH, PeaIM30BaHHOE Ha MO-
MeHT BpeMeHH ¢ [lomyuen moxonm PQO(tf). YacTh moxoma pacxomyeTcs Ha
WHBECTHUIIMH B MPOU3BOJCTBO:

1(#) = mPQ(1), (6.7)
TAe m — HOpMa UHBeCcTHLMH, 0 <m < 1.

Ecnu PBIHOK HE€ HACBbIII€H, TO B PE3YyJbTAaTC PACHIUPEHUS ITPOU3-
BOACTBa 6yneT ITOJIYYE€H IIPHUPOCT A0XO0Oa, 4aCTh KOTOPOTrO OIIATH nou-
AE€T Ha HHBECTHULIUHU B IMPOU3BOACTBO. 310 IIPUBEAET K POCTY CKOPOCTH
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BBINYyCKa (aKceJlepalyi), IpUYeM CKOPOCTbH BEIIYCKa MPOMOPLHOHANbHA
YBENUYEHUIO MHBECTHULIUI:

Q' =IKD), (6.8)
rae 1/l — HopMa akcenepalum.
Moncrasnss (6.8) B (6.7) nonyuuM auddepeHunansHOE ypaBHEHHE
Q' =kQ,
rne k = ImP.
Jto nuddepeHalbPHOE ypaBHEHHE C pasfelsIoIIMMUCA Iepe-
MeHHBIMH. Ero oOliee perieHne nuMeeT BUI
Q=Ce",
rae C— MPOU3BOJIBHAA MOCTOAHHAS.
Ecnv B HauanpHBIA MOMEHT BpEMEHH ¢ = fy 3a1aH 00beM BhIITycka O,
TO U3 3TOTO YCJIOBHS MOXHO Haiitu C.
Q,=Ce", C=Qe™*.

MoOXHO 3amucaTh YacTHOE pPC€ICHUE, YAOBJIETBOPAIOLIEE Haydalib-
HBIM YCIIOBUSM!

Q=0



Frmaesa 7
PAObI

7.1. YucnoBble psagbl

HyCTb laHa TOCJIEN0BaTEIbHOCTh JEUCTBUTENBHBIX IMOJOXKHUTENb-
HBIX YHCET

4,05, =0, 1)

Onpeodenenue 7.1. Bolpaxkenune Buja
[
@ +ay+.ta, o= a,
n=l

Ha3bIBAETCS YUCIOBBIM PANOM C IOJIOKHUTEIBHBIMY YICHAMH.
a, — 1-11 uneH psna,

a, — 2-1i uieH pafa,

a, — n-f YIEH pAna, U T.1.
Onpeoenenue 7.2. CyMMa NepBbIX kK 4YICHOB YHCIOBOTO psja Ha-
3pIBaeTCA K -# yacTHYHOM cyMMOit pasa u o603HavaeTcs §, .
Sl =4a,
S,=a,+a,,
S; =a, +a, +a;,

S,=a,+a,+..+a,,
UT.A.
Onpeoenenue 7.3. Ecnu cyliecTByeT KOHEYHBIM NMpenes 4acThd-

HBIX cyMM lim S, =S, To 4MCIIOBOM psAN Ha3bIBAETCA CXOAALIMMCH U
n—o

€ro CyMMa paBHa 3HA4YEHWIO 3TOr0 MpeJena, WHavye Psi HasbIBaeTcs
pacxoaAIuMes.
ool
Ipumep 7.1 a+aq+aq2+...-|—aq"+...=Z:aq"_1 — cymma
a=1

OecKOHEYHOH reoMeTpHUECKOoN MPOrPECCHH.
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_ n
Sn=a+aq+aqz+...+aq""=a(1 q )=1a (1-4"),
-q

1-¢

lim S, = lim —2—(1-¢") =—2—lim(1 - ¢").

n—o n—)ml—q l—q n—w

IIpn g <1 psan cxoauTes U ero cymma pasHa a/(1 — q).

IIpu g > 1 psn pacxonutes.

Ipumep 7.2. 1+2+3+...+n+...=Zn.
n=1

O‘-ICBPIHHO, YTO 3TOT PAX PaCXOOUTCA.

7.2. CBOICTBA YMCJIOBbIX PAJ0B

0
Teopema 7.1. Eciv psn Zan CXOIUTCSA U ¢ — HEKOTOPOE YHCIIO,

n=l

[
TO CXOOUTCA U Pl ZC *a, , IPUYEM BBIINTOJIHAETCA paBEHCTBO

n=1
© ©
Sca,=cYa,.
n=1 n=1
,ZZorca3ame/zbcm60. H}'CTL S” — YaCcTH4Has1 CyMMa UCXOOHOro ps-

0
na. Tak kak psn Zan cxomutes, To lim S, =S.

n—»o
n=1

S} =ca, +cay+..+ca,=c-(a,+a,+...+a,)=c-S,,

limS. =limc-S,=c-limS,=c-S =§',
n—>o n—o n—o

e [
1 _ =C- =C-
S—Ec-an—c Ean—cS.
n=1

n=l1
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[ e
Teopema 7.2. TlycTe psns Zan " an CXOAATCS, TOTJa CXO-

n=1 n=l

[=¢]
IUTCS PSIfL z (a, +b,), npuuem

n=1
i(an +b,) = ian +ibn .
n=1 n=l n=1

Teopema 7.3. CxonuMoCTh psifia HE U3MEHUTCS, €CIIM y HEro oT-
OpOCUTh KOHEYHOE YHCJIO YIECHOB.

7.3. Heob6xoauMbIii NPpU3HaK CXOBUMOCTHU paaa

Teopema 7.4 (HeoOXoauMBbIii MpU3HAK cXoauMocTH psaa). Eciu
PAL CXOAUTCH, TO €T0 7-1 WIEH CTPEMUTCS K HYJIIO IPH 7 —> o0,

[
Hoxaszamenvcmeo. IlycTs psan Zan cxonurcs. JlokaxeMm, 4TO
n=1
lima, =0.

n—»o
S,=a,+a,+ay+..+a,_+a,,
S

n-1

BeruteM 3TH paBE€HCTBA:

=a1 +a2 +a3 +...+an_1 N

an = Sn - Sn—l .
Tak kak pan cxomuted, To lim S, =1lim S, | =S.
n—w n—w

lim g, = lim(S, - S,_,)=S—-S=0.

n—>o
IMomyueHHbI# npU3HaK He SBISETCS JOCTATOYHBIM, T.€. U3 TOTO, YTO
lim a, =0 He cnexyeT, YTO pAX CXOAUTCA. DTOT NMPU3HAK MIOMOXKET yC-

n—o
TaHOBUTH pacXOAUMOCTh psAaa: €CJIY MNPU3HAK HE BBIMOJHACTCA, TO pAX
pacxonouTcs.

1 1 = 1
Ilpumep 7.3. 1+— +l tot—+..= Z— — rapMOHHYECKHH psf.
2 3 n ol
1 1
a,=—, lim— =0, Ho psan pacxoauTcs.
n n—o pn
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7.4. fJocTaTO4YHbI€ NPU3HaKN CXOAUMOCTHU
YMCJIOBbIX PAAOB C MOJIOXKUTEJIbHbIMU YIeHaMM

Teopema 7.5. (npu3HaKk cpaBHeHus1). EciiM wWieHbI ABYX YHCIIOBBIX

pAnOB Zan H an YAOBIETBOPAIOT HEPABEHCTBY 4, Sbn TS TFOOBIX
n=1 n=1

n, TO U3 CXOAUMOCTH BTOPOIr'O psAAa CJIEOAYET CXOAUMOCTD IIEPBOI0 psaa.

U3 pacxoaMOCTH MEPBOro psaaa CICAYET paCXO0AUMOCTb BTOPOTO psaa.

Ilpumep 7.4. PaccMOTpHUM psil Z \/_ CpaBHUM €ro ¢ rapMoHHYe-

el
1
CKUM psAZIOM Z— .

n=|

I 1
n>n, —<—.
n n

ITo npu3HaKy CpaBHEHHS JAaHHBIH PSI PaCXOAUTCH.

Teopema 7.6. (npusnak Nanamb6epa). Ecnu mjis 4yuciaoBoro psna

Za" CYLIECTBYET KOHEYHBIH Ipenci OTHOILICHUSA MOCIEAYOUIETO YJIe-

n=1

Ha psaa K IIpeAbIAyEMY

a,,
lim 2+ =/, To:
n—oo g

a) mpu £ <1 pspg cxomurcs;
0) mpu £ >1 psag pacxoguTcs,
B) mpu £ =1 BOIpPOC O CXOAUMOCTH OTKPBHIT.

IIpumep 7.5. Zna" ,a>0.

n=1

n+l 1+_
E=1imm=limM=alimn+l=[2}:alim n g,

nso q n—o n-a, n—»o p [e's)

npu a <1 pan cxomurcs, a >1 pan pacxomurcs.
] n
n
Ipumep 7.6. Z—-—
n=1 n!
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n+l | n "
0= 1jm DT At (Dt (DT
= S
= lim n+l )n =[1°°]= 11m(1+—1—)" —e>1.
n—e® n n—»®© n

Psan pacxomutcs.

7.5. 3HakonepeMeHHble pagbl

Yucnosoit psn, WIEHE KOTOPOrO WMEIOT pa3jMyHBIe 3HAKH, Ha3bl-
BaeTCs 3HAKONEPEMEHHBIM PSALIOM.
ITycTh naH 3HaKOMEPEMEHHEIH P

[ o]
> a,. (7.1)
n=l
PaCCMO’I‘pI/IM p4Aa, COCTaBJICHHBIN U3 MO,uyJIeﬁ €ro 4JICHOB:
[+ o]
Dl (7.2)
n=1

Onpedenenue 7.4. Pan (7.1) HaspiBaeTCs YCIOBHO CXOZSLIMMCS,
eciu cam pan (7.1) cxonutces, a psan (7.2), cocTaBneHHbIH U3 abcomoT-
HBIX BEJINYMH, PACXOIAUTCS.

Onpeoenenue 7.5. Pan (7.1) HazpiBaeTcs aGCOIIOTHO CXOIAIIUMCS,

ecnu caMm pan (7.1) cxomutes U psn U3 aOCONIOTHBIX BENHYHH TOXKE
CXOAUTCH.

1 1 1 2 1
Ipumep 7.7. 1—=+=——+...= Y (-1)""' = — psan cxomures,
pumep >*377 Zl( = —p
1+-—+l+ —il— ]I PaCXOIUTCS
Sty ~ —pp )

n=1

Taxum 00pa3oM, psaf SBIAETCS YCIOBHO CXOISILUMCS.

1 1 1 1 SENEE.
Ilpumep 7.8 1_5+Z_§+Tg+m_,,z=:’(—l) o T PR
cXoouTceHd,
1+l+l+“_=iL — pAL CXOAMTCA.
2747 52
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Psp sBnseTcs aGCONOTHO CXOOAIUMCH.

Teopema 7.7. Ecnu psip, cOCTaBJIEHHBIN U3 aOCONIOTHBIX BEJIUYHH
YWICHOB 3HAaKOIEPEMEHHOIO psjia, CXOAMUTCSA, TO U caM PAH CXOAUTCS
(113 a0COJIIOTHOM CXOAMMOCTH CIIEAyeT yCJIOBHAs).

7.6. 3Hakouepepyowmecs paabl

3HaKONEepEMEHHBIH psill, Y KOTOPOrO COCENHHE YJIEHBI HMEIOT Mpo-
THBOIIOJIOXKHBIE 3HAKY, Ha3bIBaeTCs 3HakouepexyronmMes. OOnwmii Bug
3HaKOUYEepeayIoLIerocs psaaa;

o
n+l
a—a,ta;—a,+ z -1)""a,,a,20.
n=1

Teopema 7.8. (nocraTouHblii npusHak JleiiOHMIa cxogumocTH
3HaKo4epenyromerocsi psiga). Eciu abcomoTHbIE BETHMYUHBI YICHOB

3HaKOYEPENYIOIIErocs psiia a;—a, +a; —a, + 2( )"*a,,a,20

MOHOTOHHO YOBIBAIOT, T.€. @ =@, =0a; 2 a,... U Npelen n-To 4ieHa C

poctoMm n cTpemutcs K Hymo (lima, =0), To psa cxoauTcs.

n—rw

IIpumep 7.9 l—l+l— i ”H 1>l>l
pumep 7.9. 273 2. 273

.1
lim — =0, cnenoBatenbHO, pAA CXOOUTCS.

n—)wn
1 1 1 2 1)"‘
Ipumep 7.10. l——t =
puse s
1>l>l>— , lim —— 1 =0, cleqoBaTeIbHO, PAJ CXOTUTCA.
2 4 8 n—w 21" p
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7.7. CTeneHHble paabl

Onpedenenue 7.6. Pan Bupa fi(x) + fo(x) + fa(x) +... + fulx) + ... =

L
= Z f,(x) HaspIBaeTCs QyHKUHOHANBHBIM psAfOM. Ilpu x = x, JaHHbIH

n=1

0
PAO MpeBpalaeTCs B YHUCIOBOM Pl Z f,(xy) , KOTOPEI MOXHO HcClle-
n=l
JOBaTh Ha CXOJUMOCTb.

Onpedenenue 7.7. MHOXECTBO NEMCTBUTENBHEIX YKcell A Ha3bBa-
eTcs 06JacThI0 CXOAUMOCTH (YHKLMOHAJIBHOTO PSAfa, €CIIU AJIs JIIOObIX
X € A COOTBETCTBYIOUIUH YUCIOBOH PSI CXOOUTCS.

OyHKUMOHANBHBIN AL ABJsAeTCA QYHKLHMEH, onpeaeneHHON Ha 00-
JIaCTH CXOAMMOCTH.

Onpedenenue 7.8. DOyHKUMOHANBHBIA psll, PACIOIOKEHHBIA IO
NIOJIOXKUTEIBHBIM BO3PACTAIOIIVNM CTEIIEHSIM NEPEMEHHOH X, Ha3bIBaeTCs
CTETIEHHBIM PSAOM.

o

ay +ax+a, x> +..+a,x" +..= Za,,x" ,

n=0

TAC agy,q;... — HEKOTOPhBIC YUCJIA.

Teopema 7.9. Ilns mo6Oro CTENEHHOTO psAfa CYLIECTBYET YHCIIO
O<R<ow Takoe, uyro mpu xe(—-R,R) psAx cxomuTcs, IpU

x € (—0;—R) U (R;+00) psin pacXoguTcs, IpU X =+ R BONPOC OTKPHIT.

. a
R=1lim—~
h= an+l

Uucino R HaspIBaeTCs pajglyCoOM CXOIHMMOCTH CTENEHHOro psaa,
(—R;R) — viHTEpBaJI CXOAUMOCTH CTEIIEHHOTO pAAa.

Ipumep 7.11. Zx—
n=1 n

R= liml:L=l
n—opn n+l

WHuTtepBan cxoaumoctH (—-1,1).

Ipu x = 1 momyyaem psx Zl . OH pacxonutes.
n

n=l
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IIpu x = -1 nomyyaem pan z
n=1

Utak, nmpu x e[-1;1) psan cxomutcs (06JacTe CXOOUMOCTH), MpPH

D"
n

. OH cxomuTtcs.

x e€(—0:-1)U[l:+w) psax pacxomuTes.

7.8. MuTerpupoBaxnue n auddpepeHumupoBaHue
CTEerneHHbIX PSAoB

0
ITycTe maH CTENEHHOH psn Zanx” , KOTOpBI HMeeT HMHTEpBal
n=0
cxonumoctH (—R:R). Ha 3ToM uHTepBasie cTeneHHO# psn MOXHO pac-
CMAaTpHBaTh KaK QYHKLHIO

[
fX)=ay+ax+ax’+.+ax"+..= Za,,x"
n=0

¢ obiacteto onpenenenus (—R;R).

Teopema 7.10. CteneHHOMN PSR MOXHO MOWIEHHO aubdepeHIrpo-
BaTh Ha UHTEpBaJie CXOAUMOCTH:

0
') =a,+2a,x+3a;%* +...+na,x"" +...= Zna,,x"" .
n=1

Teopema 7.11. CTeneHHOU pAlN MOXXHO NOWIEHHO MHTErPUpPOBaTh
Ha MHTEpBaJIe CXOJAUMOCTH:

2 3 n+l ) n+l
ax”  a,x ax a,x
J.f(x)dx=c+aox+ = 2 4+t =c+ 2
2 3 n+l = n+l

7.9. Paabl MaknopeHa

IMycte dynkuus y = f(x) ompeneneHa u guddepeHuupyema bec-
KOHEYHOE YHCJIO pa3 B HEKOTOPOi OKPeCTHOCTH TOYKH 0.

[Ipennonoxxum, 4To 3Ta GyHKLHSI MOXKET OBITh MPEACTABIECHA B BH-
JI€ CTENEHHOTO0 psifa (pas3oxkeHa B psx).

o]
f(x)= Za,,x" =ay+aX+ax° +..tax" +....

n=0
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Hatinem xoadduuuenTs! 3Toro pasnoxenus. s storo mpoaud-
tdepeHuupyeM QYHKUHIO HEKOTOPOE YHCIIO pas.

f'(x)=a,+2a,x+3a,x* +4a,x> +..+ na,x"" +...,
f'(x)=2a,+2-3a; +3-4a,x* +4-5a;x> +...+ (n—=Dna,x"* +...,

f(x)=2-3a,+2-3-4a,x +3-4-5a.x" +...+(n=2)(n—Dna,x"> +...,

Y (x)=2-3-4a,+2-3-4-5a;x +..+(n=3)(n-2)(n-na,x"* +...,

f(”)(x)=l-2-3-4---(n—2)(n——l)nan+,.. U T.0.

ITonoxxuM B 3THX paBeHCTBax x = 0.

n

f(0)=aqy, a, = f(0),
£1(0)=1-a, a=L0,
f"(0)=1.2.a2’ a2=&>

2!
f"0)=1-2-3-q,, a3=—£l—;$ﬂ,
fIV(0)=1-2-3-4-a4, a4=w,
f™©0)=1-2-3-4-....n-a,, a =L'(O),m.n.

n:

IToncraBnss momyyeHHbIE KO3GGUIMEHTHI B P, OyNeM UMETh

f(x)=f(0)+f,(0)x+f”(o) x2+fm(0) .

I 2 3l
(n) ©  p(n)
AU +...=wa"
n! = n

JaHHbI# pan HassiBaeTcs psagoM Maxiiopena dyskuun f(x) .
3ameuanue. 0! = 1.
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7.10. PasznoxeHue B psg MaknopeHa
HEeKOTOpPbIX PYHKLUNA

IIpumep 7.12. f(x)=¢€".

flx)=¢",

[P =e,

vk f®0)=1

. x x2 x" ®© _n

e =l+—+—+..+—+...= —_—.
o2 n! — n

Ilpumep 7.13. f(x)=sinx, f(0)=0,

f'(x)=cosx, f(0)=1,
f"(x) =-sinx, £"(0)=0,
S"(x) =—cosx, f"(0)=-1,
Y (%) =sinx, M)=0,urx.
3L w2
smx—%—% B ;(2 _1)'
Ipumep 7.14. f(x)=cosx, f(0)=1,
f'(x)=—sinx, £'(0)=0,
f"(x) =—cosx, £1(0)=~1
f"(x) =sinx, £"(0)=0,
fw(x)=cosx Yo)=1 HTn
cosx=1—x72! —4—— ié Y
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IIpumep 7.15. Pacemotpum dyHkumo f(x)=(1+x)",rnem e R.

f)y=1+x)", f(0)=1,
fix)=ml+x)"", () =m,
f(x)=m(m-1)(1+x)""2, £(0)=m(m-1),

f"(x)=m(m=1)(m=2)(1+x)"", f"(0) =m(m-1)(m—-2),

FMx)=m(m-1)..(m—-n+D)A+x)"", f0)=m(m-1)..(m-n+1),

m(m—1) 2t m(m—1)(m—2) I
2! 3!
m(m-1)..(m-n+1) ,
+ pr X

WuTepBan cXxoAUMOCTH HaHHOTO psna (—1,1). DToT psn HasbIBaeTcs
OMHOMHAJIBHBIM.

1+x)" =1+mx+

+...



FnaBsa 8

JIMHEWHAS AJITEBPA

8.1. JInHelAiHOe BEKTOpPHOE NPOCTPaHCTBO

Onpedenenue 8.1. YnopsiodeHHast COBOKYITHOCTb U3 n JIeCTBHU-

TeNbHBIX uncen (ay, ay, ..., d,) Ha3BIBAETCS N-MEPHBIM BeKTOpoM d(a,
a, ..., a,). ducna ay, a, ..., a, Ha3bIBAIOTCSH KOOPAUHATAMY BEKTOPA.
JlBa n-mepHEIX BekTOpa a (4, a, ..., a,) 1 b (by, by, ..., b,) cuuta-

I0TCs paBHBIMH, €CJIM PaBHBI UX COOTBETCTBYIOLIUE KOOPAWHATEI:

BekTop, BCe KOOpIAWHATHI KOTOPOrO DPaBHBI HYJIO, HAa3bIBAETCS
HOJIb-BeKTOpOM u o6o3Havaetcs 0(0,0,...,0).

IIpumep 8.1. a (3; 1/2; 0,7; -2; 0) — mATHMEPHEIi BEKTOP.

Onpeoenenue 8.2. Cymmoii (pa3HOCTBIO) IBYX N-MEPHBIX BEKTOPOB
aa, as ...,a)n b (by, b, ..., b,) Ha3BIBAECTCS N-MEPHBIA BEKTOP, KO-
OpOMHATHI KOTOPOTO paBHBI CyMMaM (PasHOCTSIM) COOTBETCTBYIOLIMX
KOOPJMHAT UCXOJHBIX BEKTOPOB:

ath =(a\xby;a,tbhy; ...;a,£h,).

Onpedenenue 8.3. TlpousBeneHuemM n-MepHOro BekTopa a (a, as,
..., Gy) Ha YUCJIO k Ha3bIBA€TCS N-MEPHBII BEKTOP, KOOPAUHATE! KOTOPO-
rO paBHBI MPOU3BEEHUSIM KOOpAWHAT BEKTOpa @ Ha YHUClo k:

k- a = (kay; kay; ...; kay).

s reoMeTpHUYeCKHX BEKTOPOB (1 < 4) 3TH omepauuy 3KBUBaJIECHT-
HBl MpaBWIy MapajUlelorpaMMa WIH TPEYTOJbHUKA W PACTSKEHUIO
(cxaTHrO) BEKTOpA.

IIpumep 8.2. Ilycte nans! Tpu Bextopa: c(4;1), d(1;3) u m (-1,2).

¢ +d=(54, ¢ -d=(3;-2), 2m =(-24).
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CeoiicTBa onepanuii Hal BEKTOpaMH:

a+b=0b+a — KOMMYTAaTHBHOCTb,
2)a+(b +c)=(a+b)+c — acCOLMaTHBHOCTS,
Nk(atdb)=katkbd — IUCTpUOYTHUBHOCTb,

4) (k[ikz)a =k1. a ikz'a,
5) (krko) a =ki(kya),
6)lra=a
703 =
8) k0 )

9) k-a=0<«<k=0va=0.

2

2

ol ol &

Onpedenenue 8.4. COBOKYIHOCTH BCEX M-MEPHBIX BEKTOPOB
C BBEJICHHBIMH Ha Hel omepalusMy CIO0XEHUS ¥ YMHOXEHHS Ha YHCIIO
Ha3bIBAa€TCS M-MEPHBIM JIMHEHHBIM BEKTOPHBIM  IPOCTPAHCTBOM
1 o6o3Havaercs E".

Ipumep 8.3. E* — COBOKYIHOCTB BCEX JBYXMEDHBIX BEKTOPOB ILIOC-
KOCTH C OOBIYHBIMY OIEPALIMIMH CIOXKEHHS X YMHOXEHHS BEKTOPOB.

8.2. CkansipHoe npou3seaeHve.
AnuHa BekTopa. Yron Mmexay Bekropamm

Onpeoenenue 8.5. CxansipHbIM IPOU3BENECHHEM IBYX H-MEPHBIX

BEKTOpOB a (ay, aa, ..., ay) 1 b (by, by, ..., b,) Ha3BIBAETCS YUCIIO, PABHOE
CYMMe MOIapHBIX MPOU3BEAECHHH COOTBETCTBYIOLIUX KOOPAHHAT.

El; = aybl +a2-b2 +...+ a,,-b,,.
118



CBoiicTBa CKAJISIPHOTO MTPOU3BENCHHUS:

l.a:b =b-a — KOMMYTaTHBHOCTb;
2.a(b +¢)=a'b +a-c — NUCTPUOYTHUBHOCTb;
3.k(a-b)=(ka)b,

4.a-a=a*20,a’=0=a=0.

Onpedenenue 8.6. [nMuHOH n-MEpHOrOo BEKTOpa Ha3bIBAETCS

BECJINYHMHA:
R 7. 2 2
]a|=«/az=\/a1 +a, +..+a,

Onpeodenenue 8.7. YTIIOM ME&XIY ABYMsI HEHYJIEBBIMU H-MEPHBIMH BEK-
TOpaMH Ha3BIBA€TCS YTojl, KOCHHYC KOTOPOTrO BEIMHCIAETCS 0 hopMyJie

b .
]

HOES

|a

8.3. KonnuHeapHbie 1 OPTOroHasibHbl€ BEKTOPbI

Onpeodenenue 8.8. JIBa n-MepHBIX BeKTOpa a W b Ha3bIBarOTCH
KOJUTMHEAPHBIMH, €CIIH HAWJETCA YHCIO0 A TaKoe,uTo @ = A, - b .

PaccMOTPHM [Ba KOJUIMHEApHBIX BekTopa @ M b . Tak Kak OHH
KOJUIMHEApHBL, TO @ = A * b, wmn (@), @, ..., @) = A by, A ba, ..., A By).
CnenoBatensHo, a1 =A by, a;=A by, ..., a,= A by,

Beipakasi 3 3THX PaBEHCTB A, ITOJIyYUM

a=df o S YCIOBHE KOJUTMHEAPHOCTH.
bl b2 bn

st Toro 4ToOBI 1Ba BEKTOpa OBUIH KOJUIMHEAPHBIMH, HEOOXOIUMO
¥ IOCTaTOYHO, YTOOBI UX KOOPAUHATHI ObLIH MPONOPLHOHANBHEI.

HatizieM yron Mexty KOJUIMHEapHBIMU BEKTOPAMH.

ab M\bb ABE +AD? +...+ B} A
cos@= =

[l IM;H_I N R N N [ T

{ 1, mpu A >0; cos@=1 —BEKTOPHI COHANPABJIEHE,

—1, mpu A <0; cos@=—1—BeKTOPHI MPOTUBOIOIOMKHO HAIIPABICHEL.
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Onpedenenue 8.9. [IBa HEHYNIEBBIX n-MEpPHBIX BeKTOopa @ U b Ha-
3bIBAIOTCS OPTOTOHANBHBIMH, HIM INEPIEeHIUKYISIPHBIMU, €CIIH Yroj
MeXIy HUMH paBeH 90°.

cosp=0,
a-b _ -
W- =0< a-b =0 — ycinoBue OpTOroHAJIBHOCTH.
a .
Ipumep 8.4.
a(21), b (4-2), ¢ (1;-2).
\%

a=-—120,

N~

a-c=2-1+1-(-2)=0.
X

Sall

BekTopsl a v b KOJIMHEApPHBI,

17 @
ral

1

c

BEKTOPBI aunc OpPTOrOHaJIbHBI.
8.4. Cucrembl BEKTOpPOB

ITycTs naHa cucTeMa n-MEPHBIX BEKTOPOB @,y ..., Gy -

Onpedenenue 8.10. JluneitHo# xOMOMHALMEN CHCTEMBI BEKTOPOB
Ha3bIBA€TCS BRIpAXKEHUE BUJIA

C G +Cy-0yt...F+Cp-qy,

rae cy, Cy, ..., C; — HEKOTOpBIE YHCTIA.

Onpedenenue 8.11. Brimykiioit JTHHEHHON KOMOWHALMEH CHCTEMEI
BEKTOPOB HAa3bIBAIOT JIMHEHHYIO KOMOMHALIMIO, B KOTOPO# Bce KOdhHLM-
€HTBI HEOTPUIATENIBLHBI M CyMMa BceX KOA(QQHUIMEHTOB paBHa €AUHHUIIE.

k k
b8+l Tyttt By =D 4G 20, i=1k; D =1,
i=l i=1
Onpedenenue 8.12. Bextop b pasnaraercs 1Mo CHCTEME BEKTOPOB
a,,a,, ..., 4y , €CIIH €r0 MOXHO NpPEACTaBUTH B BUAE JIMHEHHOH KOMOU-
Hall¥ BEKTOPOB 3TOH CUCTEMBI.
b=Ay@+Ay Gy+..+1,3,.
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8.5. JIuHeiAiHas 3aBUCUMOCTb BEKTOPOB

Onpedenenue 8.13. CucreMa BEKTOPOB @,,Q,,..., 4, Ha3bIBaeTCA

JINHEWHO 3aBHCHMOﬁ, €CJIN OOWH H3 BEKTOPOB CUCTEMBI MOXXHO IIpPEA-
CTaBUTH B BHJIE IMHEHHOM KOMOWHALIMH OCTAIBHBIX BEKTOPOB CUCTEMEI,
Y JTUHEHHO HE3aBUCUMOUW — B IIPOTUBHOM CJIy4ac.

Onpeodenenue 8.13°. Cuctema BEKTOPOB @,,Q,,..., @, Ha3bIBAETCH

JIMHEWHO 3aBUCHMOM, €CIIM HaMIyTCs YUCha Cy, Cy, ..., Ck, HE BCE PaBHBIE
HYJIIO, TaKUE, YTO JHHEHHas KOMOMHAIMs BEKTOPOB C JAaHHBIMH KO-
(buUIEHTaMY paBHA HYJIEBOMY BEKTOPY: €@, +Cy -Gy +...+C, - Q) = 0,
B IIPOTHUBHOM CJIy4ae CHCTEMA Ha3bIBAETCs JIMHEHHO HE3aBUCUMOHM.
IMokaxxeM, 9TO 3TH ONpPEAEICHUS SKBUBAJIEHTHEI.
ITycts BBIMONHsAETCA ompeneneHue 8.13, T.e. OAMH M3 BEKTOPOB
CHCTEMBI PaBEH JIMHEHHON KOMOMHALNY OCTaJIbHBIX:

a,=Ara+Aya+..tA,_pa,_ +tAra, .t A ra,

Aprag+hya,+..+A_-a

a0ttt a, =0,

)

JIuneitHas KOMOWHAIVISI CCTEMBI BEKTOPOB paBHA HYJIEBOMY BEK-
TOpY, NpHYEM He Bce KOIGGUIMEHTHl STOH KOMOHWHAIMK paBHEI HYJIIO,
T.€. BBINOJHAETCS onpeneneHue 8.13°.

Iycte BBIMOJHSAETCA ompenenenue 8.13°. JluneitHas koMOWHALUA
CHCTEMbI BEKTOPOB paBHa 0 , IpHU4eM He Bce K03 HUIMEHTs KOMOHHa-
LMY PaBHBI HyJII0, HAIPUMED, KOIQQUUMEHTBI IPH BEKTOPE 4, .

Arathyay+o+h a4, A A, Gttt A ea, =0,

A,=0,
A A
a—p=__7”_l_.51_7”_2_ @y = P“.ap_l__ p+l .- _h_.ak
Ay Ap Ay Ay A

OnuH u3 BEKTOPOB CHUCTEMBI MBI NPEACTAaBUIIA B BHUIAC JIMHEHHOU
KOMGI/IHaHI’II/I OCTaJIBHBIX, T.€. BBIMTOJIHACTCS ONIPEACTICHUE 8.13.
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Onpeodenenue 8.14. ENVHUYHBIM BEKTOPOM, WM OPTOM, €; Ha3bl-

BacTCA n-MepHBIf/i BEKTOpP, ¥ KOTOPOIo -5 KoOopAuHaTa paBHa €OWHUIIE,
a OCTAJIBHBIC — HYJICBBIC.

2 (1,0,0,...,0),
% (0,1,0, ..., 0),
2,(0,0,0, ..., 1).

Teopema 8.1. PaznuuHple €qUHUYHBEIE BEKTOPHI H-MEPHOTO IMpO-
CTpaHCTBa JIMHEHHO HE3aBUCHUMEL.

Hokaszamenvcmeo. IlycTp nuHelHas KOMOWHAIUSA 3THX BEKTOPOB C

NPOU3BOJIBHBIMU KO3 QHLIMEHTaMH PaBHA HYJIEBOMY BEKTODY.
€ G+ & +..te, -8 =(c,Cpr nc,) = 0.

W3 sToro paBeHCTBa cliefyeT, YTO Bce KOIPGHUIMEHTE PaBHBI Hy-
aro. I[Tomyuunu npoTuBOpeyne.

Kaxknp1it BEKTOp 7-MEPHOr0 MPOCTPaHCTBa @ (4, G2, ..., An) MOXKET
OBITh NMpEeACTaBJIEH B BHJE JUHEHHONH KOMOMHAIMY €JVUHHUYHBIX BEKTO-
POB ¢ KO3QPHULMEHTaMH, PaBHBIMH KOOpPJWHATaM BeKTOpa

a=e¢-a+e-a,+..+e,-aq,.

Teopema 8.2. Ecnu cucteMa BEKTOPOB COAEPXKUT HyJIEBOI BEKTOD,
TO OHa JMHEHHO 3aBHCHUMA.

Hoxazamenvecmeo. IlycTp NaHa cUCTeMa BEKTOPOB @;,Q,,..., 4y

U OOUH U3 BEKTOPOB SABJIAECTCA HYJICBBIM, HAIIpUMED Ek = 0. Torma

C BEKTOpPaMHU JaHHOH CHCTEMBI MOXHO COCTaBUTH JIMHEHHYIO KOMOMHa-
LU0, PaBHYIO HYyJE€BOMY BEKTOpY, NpPHYEM HE Bce KOIPPUIMEHTHI
OynyT HyJIEBBIMHU:
0-3,+0-a,+..+1.@, = 0.
CrnepoBaTelbHO, CHICTEMA JIMHEHHO 3aBUCHMA.

Teopema 8.3. Ecny HekoTOpas MoJCHCTEMa CHCTEMBI BEKTOPOB JIH-
HEMHO 3aBUCHMa, TO U BCS CHCTEMa JINHEHHO 3aBHCHMA.

Hoxazamenvcmeo. Jlana cucTeMa BEKTOPOB @,,Q,, ..., @, 8y yy, .o Gy -
IIpennonoxum, 4To cucTeMa 4,,d,,..., d, NUHEHHO 3aBHCHMa, T.€. Hai-
AyTcs 4Yuciaa ¢y, Cz, ..., Cp», HE BCE paBHbIE HyIIO, TaKHe, 4YTO
q-atecy-a,+...+c.-a, = 0. Torna

+"'+O'Ek = 0.

¢-a,+c,a,+...+c.-a,+0-a,,,

122



HOJIy‘{HHOCB, YTO JIMHEHHAs KOMOWHALMS BEKTOpPOB BCEH CUCTEMBI

paeHa 0, mpuyeM He Bce KO3(QQULUEHTH 5TOH KOMOMHALUK paBHBI
HyJro. CieoBaTeNbHO, CCTEMa BEKTOPOB JIMHEHHO 3aBHCHMA.

Cnedcmeue. Ecnum cucTeMa BEKTOPOB JIMHEHHO He3aBHCHUMA,
TO 1 JIt00as ee MOACKUCTEMA TAKOKe JIMHEHTHO HE3aBHCHMA.

Jokazamenvcmeo.

ITpenmnonoxuM NPOTUBHOE, T.€. HEKOTOpas MOACHCTEMA JIMHEHHO
3aBrucuMa. /3 TeopeMsl cliefyeT, 9YTO BCS cUCTEMa JMHEHHO 3aBHCHMA.
MBI npUIIIM K IPOTHBOPEYHIO.

Teopema 8.4 (teopema IllTeitnuna). Eciu kaxnplit U3 BEKTOPOB
51,5 l;m ABJISETCS JIMHEHHO! KOMOMHaLMeER BEKTOPOB @,,Q,, ..., 4, U
m > n, To cucTeMa BEKTOpOB by,b,, ..., Em JIVHEWHO 3aBHCHMA.

Cneocmeue. B moboit cucTteMe n-MEpHBIX BEKTOPOB HE MOXET
ObITH OOJIBIIE YEM 71 TMHEHHO HE3aBUCHUMBIX.

Hoxazamenvcmeo. Kaxxnpiit n-MepHBIN BEKTOP BBIpaXaeTCsA B BUIE
JMHEWHOH KOMOWHAIMM 7 €IUHUYHBIX BeKTOpoB. IToaToMy, ecinu cuc-

TEMa COAEPKUT m BEKTOPOB U m > n, TO, 10 TECOpPEME, AJaHHAsA CUCTEMa
JINHEWHO 3aBHCHUMA,

8.6. PaHr n 6asuc cucrtembl BEKTOPOB

Onpedenenue 8.15. PaHrom cucTeMbl BEKTOPOB Ha3bIBA€TCS Mak-
CHMAJIbHOE YHCJIO JIMHEHHO HE3aBUCUMBIX BEKTOPOB CHCTEMEL.

rang(a,,a,, ..., a,) =r

Onpedenenue 8.16. BazrucoMm cucTeMbl BEKTOPOB Ha3bIBA€TCS MaKCH-
MaslbHasi JINHEHHO He3aBHCHMas [TOACHCTEMA JAHHOH CUCTEMBI BEKTOPOB.

Teopema 8.5. JIt060it BEKTOP CUCTEMBI MOXKHO NPENCTAaBUTEL B BUJIE
nuHeitHOM koMOWHauuy BekTOpoB Oasuca cucTeMbl. (Besakuit BEKTOp
CHCTEMBI MOXXHO pa3IOXKHUTh MO BekTopam 6asuca.) KosbduuueHTH
pa3IoKeHHs ONMpEeNessIoTCsA IS JAaHHOro BEKTOpa M AaHHOro 6asuca
OIHO3HAYHO.

[okazamenscmeo. IlycTs cucteMa a,,a,,..., 4,8y, 4, HMEET
6asuc aq,,a,,..., ;.

I cnyuaii. Bextop @ — w3 6asuca. CreoBaTeibHO, OH PaBEH OJHOMY
U3 BEeKTOpOB 6a3uca, normyctuM a, . Torma g, = 1-a,+0-a, +...+0-q;.

2 cayyaii. Bextop @, — He u3 6asuca. Torma r> k.
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PaccmoTpuM cucreMy BEKTOPOB @,,Q,, ..., 4;,4,. JlaHHas cucTeMa
ABJISIETCS JIMHEHHO 3aBUCHMOH, TaK Kak 4,,d,, ..., @, — 0asuc, T.e. Mak-
CcUMajlbHas JMHEHHO He3aBHUCHMas mojcucTeMa. CienoBaTeNnbHO, Hai-
IYTCs YUCJIA Cy, Ca, ..., Cj, C, HE BCE PABHBIE HYIIIO, TAKHE, YTO

- a t+cya,+..+cra,+c-a, =0.

OueBugHo, uto ¢ # 0 (ecau ¢ = 0, To 6Ga3uc CUCTEMBI SABIAETCS JIU-
HEWHO 3aBHCUMBIM).

c c c
=__54 -_6 -~ k
ar —_—'al —'_'az —...__'ak .

c c c

JlokaxkeM, 4TO pa3ioXKeHHE BEKTopa 1o 6a3ucy eIMHCTBEHHO. IIpen-
TIOJIOXKMM IPOTHBHOE: MMEETCS [[Ba Pa3/iOKEHHUs BEKTOpa 10 6asucy.

a=0,-a+0, 0 +.+0; a,
a=p,a+pB,a+..+B;-a,.
BrlunTas 3TH paBeHCTBA, MOJIYYHUM
O=(a, =B, )-a+(0,=B,) - ay+..+(a, =B, )-a.
VYyuuTeiBas JMHEHHYIO HE3aBUCHUMOCTh BEKTOPOB 0a3uca, NOIy4uM
o, =B, a, =B, ..., o =04
CrenoBaTtellbHO, pa3sIoKEHHE BEKTOpa 10 0a3uCcy e AMHCTBEHHO.
KonnuecTBO BEKTOPOB B JIFOOOM 0asnce CHCTEMBI OJMHAKOBO H
PaBHO pPaHTy CHCTEMEI BEKTOPOB.
IIpumep 8.5. lana cucrema BekTopoB: a (2, 0), b (5, 5), ¢ (4, 3).
_ 1 _ 3 =
r=2,c=—-a+—->b.
2 5
a,b;a,c;b,c — 0a3uCHl CHCTEMEI.
8.7. PaHr n 6a3auc n-mepHOro JIMHEeNHOoro
BEKTOPHOIO NpPoOCTpPaHCTBa

Teopema 8.6. Panr n-MepHOro MpoCTpaHCTBAa PaBEH €r0 pa3MEpHO-
CTH: ¥ = A.

Hoxazamenvcmeo. Ha ocHoBaHum Teopemsl lllTefinuna paHr
He npeBsimaeT #. C Opyroit CTOPOHEI, B IPOCTPAHCTBE UMEETCS CHUCTEMA
U3 1 JIWHEHHO HE3aBHCHUMBIX EOUHWYHBIX BEKTOPOB, CIEIOBATENIBHO,
PaHT HEe MEeHblIe /. 3HaYuT, 6a3UC COLEPIKUT 7 BEKTOPOB.

124



Cneocmeue 1. JIroboiH 0a3uc n-MEPHOTO MPOCTPAHCTBA COCTOUT
U3 1 IMHEWHO HE3aBUCUMBIX H-MEPHBIX BEKTOPOB.

Cnedcmeue 2. JIrobas cucTeMa B #-MEPHOM NPOCTPAHCTBE, COAEP-
*aras GoJibliie YeM # BEKTOPOB, JIMHEHHO 3aBHCHMA.

Cnedocmeue 3. JI1000# BEKTOp MPOCTPAHCTBA MOXHO OJIHO3HAYHO
Pa3oXUTh IO BeKTopaM Jiroboro 6asuca. KosdpuumeHTsl pasinoxxeHus
IUISL IaHHOTO BEKTOpa U JaHHOTO 0a3uca ONMpenessioTCs eAUHCTBEHHBIM
obpasoM. KosdduumeHTsl pa3noxeHHS Ha3bIBAIOTCS KOOPAWHATAMHU
JIAHHOTO BEKTOpa B 3TOM baswuce.

IIpumep 8.6. ¢, (1,0,0, ...,0),

g, (0,1,0...0),

 (0,0,0,...,1).
Hanuas cucteMa o6pasyeT 0asuc B n-MEPHOM MPOCTPAHCTBE, KOTO-
pEIif Ha3BIBAETCA EAMHUYHEIM,
Bo3sbMeM 10001 n-MepHBIit BeKTOp a(ai, aa, ..., an).

a=e-a te,-a,+..+e,-a,.
8.8. OpToroHanbHble CUCTEMbI BEKTOPOB

Onpedenenue 8.17. CucteMa HEHYJEBBIX BEKTOPOB &,,Q,,..., 4

Ha3BIBAE€TCS OPTOTOHAJILHOM, €CJIM BCE BEKTOPHI 9TOW CHCTEMBI IIOMApHO
OpPTOTOHAJIBHEL.

Teopema 8.7. OpToroHanbHas cUcTeMa HEHYJIEBBIX BEKTOPOB JIH-
HEeWHO He3aBHCHMA.

8.9. Matpuupbl

Onpeodenenue 8.18. IlpsmoyronpHas Tabauua yucen BUAA

a, 4 A1
4y Aan A
Uiy e )

Ha3bIBaeTCs MPSIMOYTOJIBHOM MaTpuuell pasmepa m X n, TAe m — KOJIU-
YeCTBO CTPOK, @ 1 — KOJIMYECTBO CTOJIOIIOB.
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Onpeodenenue 8.19. Yncna, kotopsle obpasyroT MaTpuuy, — aj,

rae i=1,m, j=1,n, Ha3pIBAIOTCA 3JIEMEHTAMH MaTPUIIEL.

Onpeodenenue 8.20. Yucna i v j Ha3bIBaIOTCSA HHAEKCAMHU 3JIEMEHTA
a;, [ TOKa3bIBaeT, B KaKOH CTpOKE pacroyoXeH JaHHBIH O3JIEMEHT,
aj — B KakoM CTOJIOIE HaXOAUTCS 3TOT DJIEMEHT.

lIBC MaTpULbl CYHUTAKOTCsA pPaBHBIMU, €CJIU pPaBHBI UX COOTBETCT-
BYIOIIIUE 3JIEMECHTEL.

8.10. Buabl maTpuy,

Ecim m = n, To MaTpulla Ha3bpIBaeTCsS KBagpaTHOM MaTpuLeil
MopsiAKa .

Martpuiia pazmepa m x1 Ha3bIBa€TCS MaTpUIEH-CTONOLIOM.

a

ml ) mx]

Martpuna pasMepa 1x»n Ha3bpIBaeTCs MaTpULEH-CTPOKOH.

(a” a4 - aln)lxn'

Onpeoenenue 8.21. DneMEHTHl MaTPHIBI, UMEIOLINE PaBHBIE WH-
JEKCBI, 00pa3yIoT rIaBHYIO JUaroHalb MaTPHULEL.

Onpedenenue 8.22. KpagpaTHasi MaTpyuLa Ha3pIBae€TCs AWArOHalb-
HOW, €CJI BCE 3JIEMEHTHI BHE €€ INIaBHOW AMaroHalld paBHBI HYJIO.

Onpeodenenue 8.23. [lnaronansHas MaTpulia #-ro Mopska, y KOoTo-
poH nuaroHaJIbHEBIE 3JIEMEHTHI PaBHBI eIMHULIE, HA3bIBAETCS eAUHUYHON
MaTpHuIeit n-ro nopsaka u obosxHavaercs E.

Onpedenenue 8.24. Matpuna Ha3piBaeTCs MaTpHLEil TPeyroiabHOro
BHJA, €CIIH BCE DJIEMEHTHI HaJ( (II0J) ITIABHOM AHAroHaNbIO paBHbI HYJIO.

00

2 3 4
Ipumepwr. | 3 0

oY s 2],
3x3
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8.11. Onepauuu Hag maTpuuamMmm

Onpedenenue 8.25. TpaHCIOHUPOBAHHEM MATPULIBI HAa3bIBAETCS
Takoe Mpeobpa3oBaHHWEe MaTpHUIBI, NPU KOTOPOM CTPOKH M CTOJOLEI
MEHSAIOTCS POJIIMH NPH COXPAaHEHHUHM HOMEpOB. TpaHCIIOHMpPOBaHHAas
maTpua 0603HauaeTcs A'.

A =Coim ¢y =0, i=Lm, j=Ln.
Jns KBagpaTHOM MaTpuLbl 3TO NpeoOpa3oBaHWe SKBUBAJIECHTHO
CUMMETPHUYHOMY OTOOPaXKEHHUIO OTHOCUTEIBHO IJIaBHON JHAroHaly.
Onpeodenenue 8.26. Cymmoii (pa3HOCTBIO) ABYX MaTpHILl OAWHAKO-
BOTO MOPSAAKA HA3bIBAETCSA MaTpHUIA TOTO XKe MOPSAKa, KaXAbIH 2JIEMEHT
KOTOpPOX paBeH cymme (pa3sHOCTH) COOTBETCTBYIOLIMX 3JEMEHTOB
MCXOJIHBIX MaTpHILL.

Apin £ B =C c;=a;xb;,i=lm, j=ln.

mxn

Onpeodenenue 8.27. TlpousBeqeHNEM MaTpHIIBI Ha YUCJIO Ha3bIBa-
€TCsl MaTpulla TOro JXKe pa3Mepa, KaxIblil 3JIEMEHT KOTOpOi paBeH
MPOU3BEEHUIO COOTBETCTBYIOLETO 3JIEMEHTAa HWCXOMHOM MaTpHIIBI
Ha 3TO YHCIIO.

k+Apn=Crxn » g =ka;, i=lm, j=1n.

0 1 2 4 5 6
IIpumep 8.7. A= , B= )
10 9 8),, 0 -1 -2),,
4 6 8 4 4 4
A+B= , B-A= ,
10 8 6),, -10 -10 -10), ,
o L 2 0 10
1 1 3 3
—A=4.—= , AT=|1 9
3 3 |10 8
< 3 3 2 8
3 3 2x3 3x2

Onpeoenenue 8.28. TlpoussenenneM AByx Matpuu 4 u B, pasmepsl
KOTOPBIX 3alaHbl COOTHOIIEHHMEM: KOJIHMYECTBO CTOJNOLOB NEpBOii
MaTpHLBl PaBHO KOJNHYECTBY CTPOK BTOPOM, Ha3piBaeTcs Mmarpuua C,
y KOTOpO# KOJHUYECTBO CTPOK PaBHO KOJIHMYECTBY CTPOK IEPBOI MaTpH-
Ibl, a KOJHMYECTBO CTOJIOLIOB pPaBHO KOJHYECTBY CTOJOLOB BTOPOM.
Kaxnpiii a1eMeHT DaHHOI MaTpHLbl paBEH CyMME NOMNapHBIX NMPOU3BeE-
NEHUH 3JIEMEHTOB COOTBETCTBYIOILEH CTPOKM NEpPBOH MaTpPHUIBI
¥ DJIEMEHTOB COOTBETCTBYIOLIETO CTONOLA BTOPOA.
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A Bpxn =Crsns € =8y by +ai-by; +..+a, b, i=lm, j=Ln.
1 2 3 1 2
Ilpumep 8.8. A=|4 S 6 , B=|3 4| ,
0 -1 -2), 5 63x2
1 2 3 1 2
A-B={4 5 6 13 4 =
O —1 _2 3x3 5 6 3x2
1-1+2-3+3-5 1-2+2-4+3-6
= 4:1+5-3+6-5 4.2+5-446-6 =
\0-1+(=1)-3+(-2)-5 0-2+(-1)-4+(-2)-6 32
22 28
=| 49 64 .
-13 -16 32

YMHOXUTh B Ha A HeNb3s, Tak KaK YUCJIO CTOJOILOB MaTpulsl B
HE PaBHO YHCIIy CTPOK MaTpHLBI 4.

1 2
023
Hpumep 8.9. C = ,B=|3 4|
4112)(3
5 63x2
1 2
0 2 3
B.C=|3 4 : =
4 1 l2><3

1:0+2-4 1-2+2-1 1:3+2-1
=|3.0+4-4 3-2+4-1 3-3+4-1| =
5:0+6-4 5.2+6-1 5:3+6-1 23
8 4 5

=16 10 13

24 16 21),,
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1 2
02 3

C-B= 13 4| =
41 1),

5 63x2
(0-1+2-3+3-5 0-2+2~4+3~6J _[21 26}
2x2 2x2

4-1+1-3+1-5 4-2+1-4+1-6 12 18
B - C=C - B. [Ipoussedenue mampuy He KOMMymamueHo!
1 2 100
IIpumep 8.10. B=|3 4| ,E=|01 0f,
5 6/, 001
1 00 1 2 1.1+0-3+0-5 1-2+0-4+0-6
E-B=|0 1 0| -3 4{ ={0-1+1-3+0-5 0-2+1-4+0:6| =
0 0 1), 6),, (0:1+0:3+1-5 0-2+0-4+1-6), ,
1 2
=|3 4| =B.
56 3x2
A-E=E-A=A.
IIpuBeneM OCHOBHBIE CBOMCTBA Onepauyii Hal MaTpULIAMH.
1. 4-BFB-A — MNpoW3BEicHHE MaTpHLl HE
KOMMYTaTHBHO.
2. A+B=B+A4 — CJIOXEHHE MaTpHL KOMMY-
TaTHBHO.
3. (A+B)+C=4+B+0 —  aCCOLMATHBHOCTH CJIOXE-
HHSA.
4, (ABYC=ABO — aCCOLHATHBHOCTH YMHOXeE-
HHA.
5. a(AxB)=0-A*a-B
6. (al'az)'A=ax'(a2'A),
7. (o, +0)) A=a,-A+a, 4
8. A-(BxtC)=A-BxA-C — npaBas QUCTPUOYTUBHOCTS.
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9. (B£(C)-A=B-AxC-4 — JieBas QUCTPUOY TUBHOCTb.
10, A-E=FE-A=A.
Il (@A) =a-A"

2. (4+B)"=4"+B"
13. (4.B)"=B". 4"

8.12. Onpepnenurenu

ITycTs naHa KkBajgpaTHas MaTpHLA MOPsJIKa A
a, a, .. a

n

Ay Ay oo Oy,

A=

a, Gy . Q

nn / nxn

Onpedenenue 8.29. OnpenenuresieM n-ro nopsaxa MaTpuusl 4 Ha-
3BIBAa€TCS YUCIIO, PaBHOE ajireOpanyeckoil cyMMe n! crnaraeMbIX, Kax-
J0€ W3 KOTOPBIX pPaBHO MpPOM3BENEHHUIO # DJIEMEHTOB Marpuubl A
Qg *Gyg, "o Gyq » B3ATBIX 1O OJHOMY W3 KaXIOH CTPOKM M KaXJOTO

CTOJI6L[a, IMPAYEM KaxKOo€ cjiaracMoe 6epeTc;I CO 3HAKOM «+» HIIH «—».

a, .. aq,
|4|=det 4=
a, ..a,,
Ilpumep 8.11.
OnpenenuTens BTOpOro nopsaka. #=2,2! =12 =2 cnaraéMsIx.
a Q|
=400y a4 -
a; axp
MHEMOHHYECKOE IPABHJIO BBIYMCIEHUS ONpPENETIHUTENs BTOPOro
HOpsIaKa:
cllaraeMoe CO 3HAKOM «—», cliaraeMoe CO 3HaKOM «+».
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IIpumep 8.12.
Onpenenurens TpeTbero nopsaka. n=13,3!=1-2 -3 = 6 ciaraemsix,

an G a3

Q1 Ay Axn|=0a)1"Ay Q331 Q) Ay 0314y Q3 A3 —
a3 43 A4s

T 43170y 013 =0y " Ay Q33 — A3y Gy3* 4y

MHeMoHnYecKoe IIPpaBUJIO BBIYHCIICHUA ONPEACIIUTEIIA TPETHETO MOPAAKaA:

cllaraéMsble CO 3HAKOM «+», cllaraeMbl€ CO 3HAKOM «—».
MOXHO MOCTPOUTH MHEMOHHYECKHE MPABUIIA JJIsS BBIYUCICHHS OIl-
penenuTenei mopsaxa BBIIIE, YEM TPH, HO OHU OYOYT CIMIIKOM Ipo-
MO3AKUMH. [103TOMy BBIYMCIIEHHE TaKUX ONpEAENUTENEH OCHOBAHO Ha
CBOMCTBax onpenenuTeNeil.

8.13. CBoiicTBa onpegenureneu

Teopema 8.8. Ilpu TpaHCIOHMPOBAaHWYW BEWYMHA OIpPENEIUTENS
HE MEHsETCH.

Cneocmeue. CTpoku ¥ CTONOLBI B ONpeneNuTeNe paBHOIMPABHBI,
T.€. CBO}CTBa, CIpaBeAJMBbIE JUIS CTPOK, OYIyT CHpaBEeAJIMBEI
Y Ui CTOJIOLIOB.

Teopema 8.9. Ecnu Bce 31eMEHTHI OOHON CTPOKH ONpeNenuTeNs
YMHOXMWTB Ha OHO U TO € YHUCJIO, TO ¥ BECh ONPENEIUTENb YMHOXKHT-
Cs1 Ha 9TO YHCJIO.

Cnedcmeue. TIOCTOSHHBI MHOXUTENb CTPOKH MOXHO BBIHOCHUTB
3a 3HaK OINpeAETUTeNs.

Teopema 8.10. Ecnu B ompenenuTelle NMOMEHATh MECTaMH MBE
CTPOKH, TO ONPEAEIUTENL CMEHHUT 3HaK Ha POTHUBOIOJIOXHBIN.

Cnedcmeue 1. Omnpepenutens, Y KOTOpOro ABE CTPOKH PpaBHBI,
paBeH HYJIIO.

Cneocmeue 2. Ecnu B onpenenuTesne ABe CTPOKHU MPONOPLHOHAIb-
HbI, TO TaKOH OMNpEeAeNUTeNs PaBeH HYIIIO.
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Teopema 8.11. Ecnu cTpoka ompeleNuTeNs MpeacTaBjieHa B BHIE
anreOpanyecKoif CyMMBI HECKONBKHX CJIaraeéMbIX, TO ONpPeNeNuTeNh pa-
BEH anreOpanyeckoil CyMMe onpenenuTenel, y KOTOpEIX B IEPBOM OIl-
pemenvTene B JaHHOW CTPOKE CTOHT IIEPBOE cllaraeMoe, BO BTOPOM —
BTOpOE ClIaraeMoe H T.[I.

Cneocmeue. Ecnu CTpOKH ONpenenuTelNls JIMHEHHO 3aBHCHUMBI, TO
TaKoH OIpEeNeNUTENb PaBeH HYIIO.

Teopema 8.12. Ecny x BneMeHTaM OJHOM CTPOKU ONpENENHTENs
nprubaBUTH COOTBETCTBYIOIIME 3JIEMEHTHI APYTOif, yMHOXXEHHbIE Ha OJI-
HO U TO JK€ YHCJIO, TO ONpPENeNUTENh HE U3MEHUTCH.

8.14. MuHoOpbI U anredbpanyeckue AONOJIHEHUS

ITycTs faHa npsAMOyToNbHas MaTpuLa 4 pasmMepa mxn.

Onpedenenue 8.30. MuHopoM mopsaka k JaHHOR MaTpHLBI,
rae k < min(m;n), Ha3BIBAETC ONMpPEIEIUTENIb K-I'O HOPSAAKA, MONyYeH-
HBIN U3 MaTpHLbl 4 BbIYepKUBaHUEM (m — k) CTpOK U (1 — k) cTONOLOB.

IIpumep 8.13.
1 2 3 4 1 3 4
A={5 6 7 8 , My=i5 7 8,
0 -1 -2 -3), 0 -2 -3
1 3
M, = .
0 -2

Onpedenenue 8.31. [IoNIONHATENBHBIM MUHOPOM Mj; K 3]IEMEHTY a;;
KBaJpaTHOH MaTpuLsl 4, Ha3bIBaeTCs OoNpeaenuTens (7 — 1) nopsanxa,

HOﬂy‘-ICHHLIﬁ N3 MaTpHUIbI A BBIYEPKHUBAHHUEM 3TOr0 3JIEMEHTAa BMECTE
co CTpOI(Oﬁ 144 CTOJ'I6I.[OM, B KOTOPBIX OH PacCIIOJIOXKEH.

1 23
IIpumep 8.14. A=|4 S5 6
7 8 9),
2 3
Haiinem momonHuTENbHBIM MUHOD K 31IEMEHTY a31. My, = 5 ¢

Onpedenenue 8.32. AnreGpanyeckuM NOTONHEHUEM A K 3JIEMEH-
Ty a; KBaipaTHOM MaTpuubl A,,, HasbiBaeTcs unucno ;= (=) M.

n
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IIpumep 8.15. Haiinem anreGpanyeckoe JOMOIHEHHE K JJIEMEHTY ds3.

1 2

Ay =(-1)7 My = (1)) |=1-(5-8)=-3.
Teopema 8.13. Onpenenurtens paBeH CyMMeE NOMApHBIX MPOU3Be-

JIeHUH 31eMeHTOB 060l cTpoku (cToyOua) Ha WX ainrebpanyeckue

JOITOJIHCHMUA.

|A| =a; A +ta, A, +..+a;, 4, — Pa3IOKEHUE ONPEAECIIUTENS
10 i-¥ CTpOKe.

Teopema 8.14. CymMa nonapHbIX NPOU3BENEHUH dJIEMEHTOB 000
cTpoku (cTonbua) ompepenuTens Ha anrebpandecKkue JHOTOJHEHHS
K COOTBETCTBYIOLIMIM 3JIEMEHTAM JIPyroi CTpokH (CToNOIa) paBHA HyIIO.

Brruncnenye onpenenuTenei nopsaxa » > 3 cBOAUTCS K BBIYHCIIE-

HUIO OIpPENEIUTENEH BTOPOrO U TPETHErO NOPsAKa C IOMOILBIO TEOPEM
8.12m 8.13.

Ilpumep 8.16.
1 2 3 4

|A|: > 6 78 =ay At ay Ay tay Ay tay Ay =
9 0o -1 =2
3 -4 -5 -6

Pa3IoKEHUE ONpPENETUTENS
10 IEPBOMY CTOJIOLLY

=ay (=D My +ay (DM, +
tay ()M +ay ()M My, =

6 7 8 2 3 4 2 3 4
=110 -1 -2[+5-(-1)-|0 -1 -2+9-1{6 7 8|+
—4 -5 -6 —4 -5 -6 —4 -5 -6
2 3 4
+(=3)-(-D)-6 7 8|
0 -1 -2

Iepen pasnoXeHHEM ONpeAenuTeNs AiIsA yHoOCTBa IMONy4aroT
B OJHOM H3 CTOJOLIOB HYJNH. DTO COKpamaeT OOBEeMbl BBIYHUCIECHHUH.

133



Jns storo ucnone3yroT TeopeMy 8.12. OgHy M3 CTPOK YMHOXAIOT Ha
HEKOTOpBIE YUCIA U CKIAABIBAIOT C APYTHMHU CTPOKaMH.

Q)1 2 3 4| |1 2 3 4
s.6 7 8| |2 0 -2 -4
9 0 -1 -2 |9 0 -1 -2
-3 -4 -5 -6 |-1 0 1 2
=y Aptay Aptay - Aptag Ap=ay Ay =a, (1) -M;, =
2 -2 -4 0 0O
=2.(1)- [l9 -1 -2/=-=2[8 0 o=0
A1 1 2] 112

4=

8.15. O6parTrHasa maTpuua

Onpeoenenue 8.33. KpanpaTtHass MaTpHila Ha3bIBAE€TCS BBIPOXKICH-
HOW, eclIi ee ONpeleNuTeNb paBeH HYJIIO, U HEBBIPOKIEHHOH — B MpPO-
THBHOM Cly4ae.

Onpedenenue 8.34. Matpuna A~ HaseiBaeTcs oOpaTHOH K KBaj-
paTHo# MaTtpuue 4 n-ro nopsuka, ecnu A-A” =414 =E.

Teopema 8.15. [Ins nro60ii HEBBIPOKAECHHOM KBaPAaTHOM MaTPHIIEL
CYLIECTBYET €NUHCTBEHHAs 00paTHas MaTpula.

Hoxazamenvcmeo. 1 4acTh (€AMHCTBEHHOCTb).

IIpennonoxuM, 4To obpaTHas MaTpuila CyllecTByeT. JlokaxeM,
YTO OHA €JUHCTBEHHas. [IpEeNIoNIOKUM NMPOTHBHOE, T.€. CYIIECTBYET
nBe 06paTHBIE MATPHLE: A~ U 4 .

Tormad-A'=A4"4=E wAd-A =4 A=E.
PaccMOTpHM paBeHCTBO

AA"=E.
VYMHO>HM €ro cjieBa Ha ;i .
AAA" = 4E
EA" =4,
A'=4.

IMonyunnu npoTHBOpEUHE.
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2 yacThb (cyliecTBoBaHHe). JlaHa MaTpuia

a, qy ... 4y
a a . a
21 4 - 2
A= "I, |4=0.
Ay Gua - Ay, nxn

IMoctporm o6patHyto MaTpulry. Ui 3TOro COBEPIINM pSI AeHCTBUI:
1) 3aMeHHUM Bce 3JIEMEHTBI MaTPULBI UX alreOpan4ecKuMH HOMOJ-
HEHUSMHU:

Al 1 Al 2 eee A] n
A, A . A
A*= 21 22 2n .
= — MaTpHuiia, IpUCOCANHEHHAaA K MaTpULE A,
Anl AnZ nn /) pxn

2) TPaHCHOHUPYEM MOTYYECHHYIO MaTPHILY:

A, A4, ... A4,
Alz A22 “ee Anz

(%"= :
Aln A2n nn J pxn
3) pa3nenuM Bce 3IEMEHTHI Ha YHCIIO |A |
Ay dy Ay
[ 14 |4
Ay Ay Ay
=TT
|4
Aln AZn Ann
[ |4 7 |4 ),

ITpoBepum, OyneT i MoJiyyeHHas: MaTpULa oOpaTHOM K HCXOJHOM.
Jl1st 5TOro YMHOXUM MaTpully A Ha A", Dnement, cTosmwii B i-i cTpo-
K€ U j-M cTOoNOIe MaTpHIBI TPOU3BeieHNs, Oy IeT paBeH
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;= A’]+a 2y ta, =
|4 14 2

|A| 1, npu i=j,

! IAI
=m-(an-Aj]+a,.2-Aj2+...+a,.,,'Aj,,)= ]
=—:0=0, npu i=#j.
|4
OJeMeHThl MaTpUIBI-pe3yNbTaTa COBNAAAIOT C JJIEMEHTaMH elu-
HUYHOM MaTpuusl E. Cnenoatensho, 4 - A~ = E, T.e. A~ — o6parHas

MaTpuma K 4.

Takum o6pas3oM, Ans NPOU3BOJBHOM HEBBIPOXKAEHHOM MaTpHLBI
MOXHO IOCTPOUTh OOpaTHYIO MaTpHLly M, ClIeIOBaTeIbHO, oOpaTHas
MaTpHLa CyIIecTByeT. Teopema MOoNHOCTBIO JOKa3aHa.

8.16. dnemeHTapHbie Npeobpa3zoBaHna
Hap maTpuueii. HaxoxaeHne oopaTHoOV MmaTpuULibl

Onpedenenue 8.35. dneMeHTapHEIMU ITpeoOpa30BaHUSAMY HaJ MaT-
puYLel Ha3bIBAIOTCS:

1) ymHOXeHue 1000i CTPOKH Ha YHCIIO, OTIUYHOE OT HYJIS,

2) mpubaBiieHHE K 3JIEMEHTaM OJHOM CTPOKH COOTBETCTBYIOLIMX
9JIEMEHTOB APYroi, YMHOXXEHHEBIX Ha OJHO M TO Y€ YHCIIO;

3) mepecTaHOBKA CTPOK;

4) otOpachIBaHNE CTPOKH U3 HYyJIEH.

Onpeoenenue 8.36. [IBe MaTpuIilbl HA3bIBAIOTCS IKBHUBaJIEHTHBIMU
(A~B), ecnu OT OHOM MOXHO HepeiTy K APYrod ¢ MOMOILBI0 KOHEYHO-
ro 4yucia SJIEeMEHTapHBIX MpeoOpa3oBaHuil.

Teopema 8.16. JI1o0yro HEBBIPOXKIOEHHYIO KBagpaTHYI MaTpHILY
C TIOMOLIBIO D3JIEMEHTAapHBIX MpeoOpa3oBaHUil MOXHO IPHUBECTH
K €IMHUYHON MaTpHIle TOro Xe mopsaxa. I[[puMeHss Ty e nocienosa-
TEJIBHOCTh 3JIEMEHTApHBIX NpeoOpa3oBaHWi K E€NUHUYHOH MaTpule,
MOXHO HOJIy4YUTh OOpaTHYIO MaTpHULYy K IaHHOM.

OOBIYHO 3JeMEHTapHbIE MPeoOpa3oBaHUs MPOU3BOAAT HaX HaHHOH
MaTpuLed ¥ eAUHWUYHOM OofHOBpeMeHHO. [l 3TOro COCTaBJISIOT
pacLIMpEHHYI0 MAaTpHily, B JIEBOH YacTH KOTOPOH CTOUT HCXOIHAs
MaTpula, a B IpaBod — eAWHHYHAs MaTpUlla TOrO K€ IOopsJKa.
C noMouipio 3JIeMEHTapHBIX NMpeoOpa3oBaHuil B JIEBOH YacTH CO3JAIOT
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CAMHUYHYIO MaTpuly, napajJICJIbHO B npaBoﬁ qaCcTH aBTOMAaTHYCCKH
Co31ac€TCA o6paTHa51 MaTpuua.

(4E)= (gl47).

4 3
IIpumep 8.17. TlycTs nana Matpuua A = (2 J .
2x2

CocTaBuM pacUIMPEHHYI0 MaTPHILY:
4 310 4 311 0) (-2 01 - -2)(1
. _ 3 ~(\2 0
2 110 1) (=3){2 10 1 2 110 1 21
(195 1)
\0 11 -2
_1 3 10
At=| 2 2| 44 =4" 4= =E.
1 -2),, 01),,

8.17. PaHr maTpuubl

ITycTs nmaHa mpousBONBbHAsS MaTpuila pasMepoM mxn. Bo3pMeM
IPOU3BONBHEIE k CTPOK U k cToNOLOB, k <m, k < n . MHHOpOM nopsiiKa
k Ha3bIBAIOT OMpeNeUTeNh MOpPSAKa k, COCTABIEHHEIN W3 DJIEMEHTOB,
PacIoNIOKEHHBIX Ha NepeceYeHur BBIOpaHHBIX k CTPOK M k cTONOLOB,
¥ 00o3HaYarT M.

s naHHOM MaTpHULBI MOXKHO COCTaBHTh M * 1 MHUHODPOB IEPBOIO
nopsinka, C2C? MUHOpOB BTOPOTO MOPSAKA H T.1L., C,’,‘,C,',‘ MHUHOPOB k-TO
HopsaKa.

Onpedenenue 8.37. PaHroM MaTpHilbl Ha3bIBAETCA MaKCHUMAaJIbHBIH
MOPSI0OK MUHOPA, OTJIMYHOTO OT HYJIs, H 0603HavaeTcs #(A4).

OuesuaHo, yto »(A)<min(m,n).

Onpedenenue 8.38. OTnHUYHBINA OT HyJNIsI MUHOp mopsaka » = r(A)
Ha3plBaeTCcs Oa3HUCHBEIM MHHOPOM MATpUUBl 4, a CTPOKH (CTOJOIEL),
B KOTOPBIX OH pAacIOJIOKEH, Ha3bIBAIOT Oa3UCHBIMH CTpPOKaMH
(cronbuamu).

Teopema 8.17. (Teopema o 6azucHom MuHOpe). JIro6oii cronben

(ctpoka) MaTpuLbl A sBIsAeTCs JHHeHHONW KOMOHHanyei# ee Oa3sHCHBIX
CTOJIOLOB (CTPOK).
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Teopema 8.18. Panr MarTpuupl paBeH MaKCHMAaJbHOMY YHCITY
JMHEHHO HE3aBUCHUMBIX CTPOK (CTOJOIOB) MaTPHLIEL.

IIpu aneMeHTapHBIX NPeoOpa3oBaHUAX PAHT MATPHUIIBI HE MEHSET-
cd. Panr TpeyroipHO# MaTpHLBl paBeH YHCIY HEHYJIEBBIX CTPOK 3TOM
MaTpHLEL,

Jlis Toro 4roOel HaWTH paHr MaTPHULB], HEOOXOAUMO C MOMOILEIO
9JIEMEHTapHEIX NpPeoOpa30BaHUil NMPUBECTH €€ K TPEYrojbHOMY BHAY
Y HaWTH paHT NOoJy4EeHHOH MaTpULBl. PaccMOTpUM cxeMy Takux mpeob-
pasoBanuii noapo6Ho. ITycTs nana Marpuua

a, a, .. a,
4= | G2 - @y
Ay Gy oe )

IpennonoxuM, 4TO @, oTIHYeH OT HyJd (ecau ap; = 0, To, mepe-
CTaBUB CTPOKH, 3TOTO MOXXHO HOOWUTHCA). PasmenuM mepByr0 CTPOKY
Ha aj), OCJIe Yero Ha NMEpPBOM MECTe B MEpBOi CTpoke OydeT CToATh 1.

YMHOXas Nociie10BaTENbHO NEPBYIO CTPOKY HA day, 431, ..., Gp ¥ BBIYH-
Tasl, COOTBETCTBEHHO, U3 BTOPOM, TpeTheil, ..., n-if, 0OpasyeM B IIepBOM
CTOJIOLIE BCE HYJIEBBIE 3JIEMEHTEI.
! !
1l a, a,
! 1
Ao 0a, ..a,
! 1
0 amZ amn mxn

IMpeobpazyem BTOpoit cTONOEL, HauWHAs C 3JIEMEHTA a’yp. Eciam
9TOT JIEMEHT OTIMYEH OT HyJIsA, TO aHAJIOTHYHO BBILIEHU3JIOKEHHOMY
NOJly4¥M Ha €ro MecTe E€QUHHILY, a HIDKE PacIOJIOKEHHBIE DJIEMEHTEHI
npeBpaTUM B Hynu. Ecnu a’;; = 0, HO HHXKE €ro B TOM K€ CTOJIOLE eCTh
3JIEMEHT, OTJIMYHBIA OT HyJIA, TO, IOMEHSAB MECTaMH CTPOKH, IepecTa-
BHM €ro Ha MECTO a ;. Ecnum B cTonbue He OKaXeTcs HEHyJEBBIX
9JIEMEHTOB, TO MOXKHO ITOMEHATH MECTAMH CTOJIOLIBI, ITIOKA Ha MECTE a5
HE OKaXXeTCsl HEHYJIEBOM DJIEMEHT.

ITocne BTOpOro LMKIIA MONTYYHM HOBYIO 9KBUBAJIEHTHYIO MATPHLLY.
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n n
0 0 au - au ).,
BhIMONHAsS  1MOCNENOBaTeNbHO HECKONBKO LHMKIOB  MOJOOHBIX
9KBHMBAJIEHTHBIX PeoOpa3oBaHuii 1 OTOPOCHB HyJIEBbIE CTPOKH, IPUIAEM
OKOHYATENbHO K MaTpHIIE

a a
0 a
0 01 a

A~
. a
000 .01 a a
000..00T1a..a)

mlxnl

BykBo#l «a» ycloBHO 0003Hau€HBI 3JIEMEHTHI MaTPHIIBI, KOTOPhIE
MOTYT NPHHMMATh J00BIE YHCIOBBIE 3HAYCHHUS.

OueBugHo, yTo HA) = ml, Tak Kak MHHOp, PaCIOJIOXKEHHBIH
B IEPBBIX m1 CTpokax M MepBeIX ml cTonbLaX, paBeH eAVHHLIE.

Brluncienyie paHra CHCTEMBI BEKTOPOB MOYKHO CBECTH K BBIYHCIIE-
HUIO paHra MaTpulisl. M3 TeopeMsl 2 ciemyeT, 4TO paHT CHCTEMBI
BEKTOpOB paBeH paHry MaTpuLBl, CcTod0namMH (CTpoKaMH) KOTOpOi
SIBJIIIOTCS. BEKTOPBI 3TOH CUCTEMBI.

Ilpumep 8.18. Haiitu paHr cucTeMBI BEKTOPOB
a,(1,3,3,6),
a,(2,7, -3,3),
a,(3,11,-3,6),
a,(4,15,-6,6).

CocTtaBuMm MaTpuLy M3 KOOpAWHAT BEKTOPOB U HaiiieM ee paHr.
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(—6)—3)@1 2 3 4 1 2 3 4
A 3 7 11 15 ™o 1 2 3
- 3 -3 -3 —6\ 0 -9 —12 —18
6 3 6 6.\ 0 -9 -12 -18),
123 4 123 4
0123 0123 123 4
~ ~ ~l016 3 ,
(-D|0 0 6 9 0069
o 001372,
0069, \0000),,
123
HA)=3, My=|0 1 2| =1=#0.
00 1

Panr manHoO# cHCTEMEI BEKTOPOB paB€H TpEM, T.€C. OHAa UMECT TpHU
JINHEWHO HE3aBUCHMBIX BEKTOpa.

8.18. CoOGCcTBEHHbIe BEKTOPbI U 3HAYEHUA MaTpuUL,

Onpedenenue 8.39. Uucno A HaspiBaeTCs COOCTBEHHBIM 3HAYEHH-
€M KBaJpaTHOM MaTpuusl A4, €cld HaiiieTcs BEKTOp X TaKoH,
yTo A*X = A-X. Bekrop X Ha3pIBaeTCs COOCTBEHHBIM BEKTOPOM
MaTpHLb! A, COOTBETCTBYIOLNM JaHHOMY COOCTBEHHOMY 3HAYEHHIO.

Teopema 8.19. CoOCTBEHHbIE 3HAYEHHUS MAaTPULBI A SBISIOTCS
pELIEHUSIMY ypaBHEHUS

|4-%-E|=0.

OTO ypaBHEHHE HAa3bIBACTCS XapaKTEPUCTUYECKUM YpaBHEHHEM
MaTpHLs 4.

Teopema 8.20. Yucno pa3nuyuHbIX COOCTBEHHBIX 3HAYEHUI KBaapaT-

HOM MaTpULbI HE IMPEBOCXOAUT €€ ITOpsaKa. CobcTBeHHEBIE BEKTOpEBI, OTBE-
Yaroue pasjindHbIM COOCTBEHHEBIM 3HAYCHUAM, JINTHEMHO HE3aBUCHUMBEIL.

1 2
Ilpumep 8.19. TlycTp nana mMatpuma A =( 1 ‘J .
- 2x2

CocTaBUM U peIIUM XapaKTepUCTHYECKOE ypaBHEHHE.
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[1 2)_%[1 0)=0’
-1 4 01
I-A 2
‘—1 4—x’=0’
(1-A)(4-L1)+2=0,
N =50 +6=0,
A=2, A=3.
1) A=2,
LG
-1 4)(x, X,
x+2x | (2x
(— X +4x2J _[2x2}
X +2x, =2x,
{— X, +4x, =2x,.
-x+2x,=0,
{— x +2x,=0.
x,=c¢, x=2¢c,tne ¢ — moboe uuUcio.

Bektop X, (2c,c) Oynet sBnATbCS COGCTBEHHBIM BEKTOPOM, COOT-

BETCTBYHOIINM CO6CTBCHHOMy 3HaYEHUIO 2.
2)  A=3,

EMige
=3 ,
x X,

X +2x, _ 3x
—x1+4x2 3x2 ’

X +2x, =3x,,
{— X +4x, =3x,.

2% +2x, =0,
{ -x +x,=0.
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Bekrop X, (c,c) OyneT saBasAThCA COOCTBEHHBIM BEKTOPOM, COOTBET-
CTBYIOILIUM COOCTBEHHOMY 3HAYEHHUIO 3.

Bekrops! X, (2¢,c) U X, (c,c) NMHEHHO He3aBUCHUMBI. Tak KaK OHH
JIByXMEpHEIE, TO OHH 00pa3yIoT 6a3Kc NPOCTpaHCTRa E2.

8.19. Cucrtemb! IMHENHbIX YyPaBHEHUM

Onpedenenue 8.40. CucreMa Buaa

a, % +apx, +...+a,x, =b,

Qi X) + Ay Xy +...+ 0y, X, = by,

A X) + Qo Xy + .o+ A X, = b,

mn'n

Ha3pIBAE€TCA CHUCTEMOH m JNHWHEHHBIX YpaBHEHWH C 7 HEW3BECTHBIMU,
TIE X1, X2, ..., X, — HEU3BECTHEIE, a;, i = 1,m, j = 1,n — xoadpdunmen-
TBI IPH HEU3BECTHBIX, by, by, ..., by, — CBOOOJHBIE YJIEHEI.

Onpedenenue 8.41. Ecnu Bce cBOOOAHBIE YIEHBI PaBHBL HYJIIO,
TO CHCTeMa Ha3blBaeTCs OJHOPOJHOH, U HEONHOPOAHOH — B NPOTUB-
HOM ClIyvae.

Onpedenenue 8.42. PemieHueM cuCTEMBI Ha3bIBa€TCsl COBOKYII-
HOCTb U3 M YHCEN Cy, C2, ..., Cy, IPU MOJACTAHOBKE KOTOPOH B CHCTEMY
BMECTO HEM3BECTHBIX OYAET NOIYy4YEHO 7 YHUCIOBBIX TOXKIECTB.

Onpedenenue 8.43. CucrteMa Ha3bIBa€TCS COBMECTHOMH, €CIIM OHA
UMeeT XOTs ObI OHO PELIEHHE, U HECOBMECTHOM B IPOTHBHOM CITydae.

Onpeodenenue 8.44. CoBMeCTHas CHCTeMa Ha3bIBaeTCs OINpeleleH-
HOM, €ClIi OHa UMEET €NVHCTBEHHOE pelLIeHHe, U HEONpPEeNEIeHHOH —
B IIPOTHBHOM ClIy4ae.

ITpu u3yyeHUH cUCTEM UCCIEAYIOT TPH BOIpOCa;

1) coBMecTHa cHUCTEMa WM HET;

2) ecnu cUCTEMa COBMECTHA, TO SIBJSETCS JIM OHA OINpPEINECICHHOH
WJIM HEOTIPEIENICHHO;

3) HaxoXJeHHE eAVHCTBEHHOIO PELIEHUS B ClIyyae ONpEAeICHHON
CHCTEMBI 1 BCEX PEIICHUH B Cllyyae HEONpeIeNeHHOM.

142



8.20. MarpuuHaa ¢popma 3anmucu cucTemsl

IlycTs nana cucrema
apx, +a,x, +...+a,x, =b,

Ay X+ ApXy +.o+ 0y, X, = by,

Ay X) + Ao Xy + ...+ Ay X, = b,

PaccMoTpuM MaTpHILEL

a, a, .. a, b, X
Ay Ay ... Q b X
21 4 - @ 2 - 2
A= " , B= , X =
Am A2 %nn mxn m/ mx1 Xn nxl
C moOMOUIBI0 3THX MaTPHUI[ CHCTEMY MOXKHO 3arucath B Buge Ax = B
a, Gy .. Q X b,
Qy Ay .. Gy, | ® 3 b,
- ’
Al Az ++ G mxn Xn nxl m/ mx|
bl

ap X +ax, +...+aq,x,

Ay X, + Ay Xy + .o+ Ay, X, 3 b,

QX+ QppXp ot X, )\ By )

8.21. Ycnosue cOBMECTHOCTHU

PaccMOTpUM HEOJHOPOIHYIO CHCTEMY:
a, X, +a,%, +..+a,x,=b,
Ay X, Ay Xy +. 0y, X, =b,

A, % +a,,%, +...+a,,x,=b,.
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PaccMoTpuM MaTpuLib:

a, a, .. q, a, a, .. a, b

a, a .. a — la, a .. @, b

21 G 2 21 G2 -0 Oy )
A= " uAd= "

An Q-+ G mxn Ay Qma - A bn

Marpuiia 4 HassIBaeTCs paclIMPEHHOM MaTPULIEH CHCTEMEL.

Teopema 8.21.(meopema Kponekepa-Kanennu). HeomHoponHas
cucTeMa JIMHEHHBIX YpaBHEHUH COBMECTHA TOT/Ia ¥ TOJIBKO TOTAa, KOraa
paHT MaTpHLBI, COCTABIEHHON U3 KO3()(ULMEHTOB MMPU HEU3BECTHHIX,
paBeH pPaHTy PacIIUPEHHONU MaTPHLIBL.

Hokazamenvcmeo. Heobxooumocms. IlycTh cucTeMa COBMECTHA,
Torga HaWOoyTcs 4ucila ¢y, Cz, ..., Cp, IPU MOJACTAHOBKE KOTOPBIX
B CHUCTEMY MBI IIOJIy4YUM m TOXIECTB, KOTOPBIE MOXKHO 3aIllUCaTh B BUIE
OJHOT'O BEKTOPHOT'O TOXAECTBA:

a, ap i, b
a a a b
21 22 2n | _ 2
q +C, +...+cC, =
aml amZ amn bm

CrnenoBaTesIbHO, BEKTOP-CTOJIOEL CBOOOAHBIX YJIEHOB SABJISETCA JIU-
HeHHOHM KOMOHHaluel BEKTOPOB-CTOJNOLIOB MaTpuisl A, Toraa noGas-
JIEHHE €T0 K CHCTEME BEKTOPOB-CTONOIOB MaTpHibl 4 HE MEHSET paHra
cuctemsl. Otcrona HA4) = r(4).

Hocmamounocme. Tycts #(A) = r(A) = r. ClienoBaTesHo, cyme-
CTBYET JIMHEHHO He3aBHCHMas IOACHUCTEMa U3 ¥ BEKTOPOB-CTOJOLIOB
matpuusl 4. OHa sxe Gyner comepxarcss u B MaTpunte A . Tak Kak 3Ta
cHCTeMa MaKCHMallbHa, TO BEKTOp-CTONOel CBOOOLHBIX 4JIEHOB OyaeT
BBIpa)XXaThCS Uepe3 3TH r BEKTOPOB-CToNOLOB. CenoBaTenbHO, BEKTOP-
cronben CBOGONHBIX WIEHOB MOXHO MPEACTaBUTh B BUIE JMHEHHOM
KOMOHHAINH BCEX BEKTOPOB-CTOJIOLIOB MaTpHUIBI A, T.€. HAlayTCA YHC-
Ja ¢y, €y, ..., Cy TAKHUE, YTO BEKTOP-cTOJ0CL OYAET NPEACTABIIEH B BUIE
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b a a a1,

b a a a
2 21 22 2n
=c, +c, +..+c,
bm aml amZ amn
CHCI{OBaTeJ'IBHO, COBOKYITHOCTb YHCEII Cy, C2, ..., Cy ABJIACTCA pELIC-

HHUEM CHUCTEMBI, T.€C. OHa COBMECTHA.

8.22. PewueHue cuctemsl
¢ nomoubio popmyn Kpamepa

PaccMOTpUM HEOAHOPOJHYIO CHCTEMY h JIMHEHHBIX ypaBHEHMMH
C 1 HEU3BECTHBIMU:

a, X +a,x, +...+a,x, =b,

Ay X + Xy ..+ Ay, X, = by,

X, + A%, +..+a,,x, =b,
Teopema 8.22.(meopema Kpamepa). Ecnu onpenenutens MaTpH-
Ubl, COCTaBJIEHHOM M3 KO3()OHLMEHTOB NPH HEHU3BECTHBIX, OTIMYEH

OT HyJIs ([AI #0), To cucTeMa UMeeT eOUHCTBEHHOE peIIeHHE, KOTOPOe

MOXXHO HaliTu o popmyinam Kpamepa:

xj =—3j=13n s
roe A =|A| — IJIaBHEIH ONPENENTUTENb,
A, — j-ii BCIIOMOraTeNbHBIA ONpPEAENNTENb, KOTOPBIHA MOJydeH M3
onpenenuTens A 3aMeHO# j-ro crondua cTonbioM cBOOOAHBIX Hiie-
HOB.
X +x,=3
1T X =5,
IIpumep 8.20.
X =X, =1,
11
A= =-1-1=-2+#0,
1 -1
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Al_ =""3— =_4,
1 -1
1 3

A=l J=1-3=-2,
11

xl—ﬁ=2,
A
A

x2=X2=1.

Jlns cHCTEMBI IBYX JIMHEHHBIX YpaBHEHHH C ABYMS HEU3BECTHBIMU
CrpaBeUIMBbI CBOHUCTBA:

€CIIH TJIaBHBIH ONPEACIINTEIIb PaBE€H HYJIIO U XOTA 931 OOUH HUX

BCIIOMOTaTENbHBIX OMNpeAeNnuTeNell OTIIMYEH OT HyJIsi, TO CUCTEMa pe-
LLIEHUHA HE UMEET;

€CJIU TJIaBHBIM ONPENCIUTENID U o0a BcroMoraTeJIbHbIE onpeneciin-
TEJIV paBHBI HYJIIO, TO CHUCTEMAa UMECT 0ECKOHEYHO MHOTO pemeHHﬁ.

8.23. PewneHue cucremsl C NOMOLLbIO
oOpaTHOV MaTpuLibl

ITycTp maHa HEONHOpOJAHAs CHCTEMa 71 JIMHEHHBIX YpaBHEHMIA
C 1 HEU3BECTHBIMHU
a, X +a,x, +...+a,x, =b,

Ay X) + Ay Xy +...+ 0y, X, = b,,

QX + Xy +...+a,,x, =D,

nn""n

Ee MOXXHO npenacTaBuTh B MaTpUYHOM BUe AX =B.
ITycTs onpenenuTens MaTPHLBI, COCTABICHHOM U3 KO3()GHIMEHTOB
IpYd HEM3BECTHBIX, HE paBeH Hymo. CieloBaTelbHO, CHCTeMa HMEET

€AMHCTBEHHOE pemeHue. Ecu |A| # (0, To MaTpuiia 4 umeeT oOpaTHYyIO
MaTpuny A~'. YMHOXHM 06e 9acT paBeHcTBa AX = B cneBa Ha A7
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YToOBI HaliTH pellieHHe CUCTEMBI, HAl0 HalTH OOPaTHYIO MAaTpPUILY
K MaTpHLE, COCTAaBICHHON M3 KO03(OGULMEHTOB NMpPHU HEU3BECTHHIX, U
YMHOXHTb €€ CIpaBa Ha MaTpHIly-CTOJIOeL CBOOOAHBIX WIEHOB B.

8.24. PewieHune npon3BOJibHbIX CUCTEM
NIUHEeNHbIX HEOAHOPOAHbIX YPaBHEHUM

HyCTL JaHa HEOOHOpoAHAas CHUCTEMa m JIMHEHHBIX ypaBHCHI/Iﬁ
C n HECU3BCCTHBIMU

ayx +apx, +..+a,x, =b,
Ay X+ AypXy + ..+ Ay, X, = by,

A Xy + paXy +.ta,, X, =b

m*

IIpennonoxuM, YTo cucTeMa COBMeCTHa, T.e. HA) = r(A4A) =
r<min(m,n). CnegoBaTeibHO, CyLIECTBYET MUHOD IOPAAKA ¥ MATPHUIII

A, oTinyHbEIA OT Hyns. IIpenmosioxuM, 4TO OH PACIONIOKEH B JIEBOM
BEPXHEM YTy MaTpuipl. EcIM 3TO He Tak, TO MOXHO IEpecTaBUTb
YPaBHEHHUS ¥ NIEpEeHyMepPOBaTh HEU3BECTHEIE.

a, .. a, .. a,
A=| a, a, .. a,
Ay oo Ay e )

IlepBrie » ypaBHEHHUI CHCTEMBI JIMHENHO He3aBUCHUMBI. OCTaJbHbIE
BBIpaXKaroTcs yepe3 HUX. ClieoBaTeabHO, X MOXHO OTOPOCHUTE.
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QX+ A%t a4, X, + a8y, X,y

+alr+2x

r+2

+...+a,,x,=b,

Ay X Ay Xy Tt 0y, X, +8p, X, T8y, 0,

r+2

+...+a,,x,=b,,

X

r+l

a,x +a,x,+..+a,x +a +a,,.,%,.,+.+a,x,=b,.

rr+l r+2 | r

Onpedenenue 8.45. Tlepemennsle, KOOPPHUIMEHTE MIPU KOTOPHIX
00pa3yloT MUHOD, OTJINYHEIH OT Hyjs (0a3UCHBIA MUHOP), Ha3bIBAIOTCS

0asUCHBIMM INEPEMEHHBIMH (X|, X3, ..., X;). OcTaNbHBIE NEpEMEHHEIE
Xr+1s -.., Xy HA3BIBAIOTCH CBOOOIHBIMH.

Hagum cBOGOIHBIM NMEPEMEHHBIM MPOU3BOJIbHBIE YHCJIOBEIE 3HAYE-
HUS Xp4+1 = Cra1, Xr+2 =Cr+2, vvey X = Cn.

3anuuieM CHCTEMY B BUJIE

anx +apX, +o 4 a,X, =b = 4,160~ 840C 0~ A,C,
ApX) +AyXy +.t Ay, X, =Dy =gy 41Cpy) = Aoy yaCryn ~ o= AyCps
an X ta.,% t..+a,x, = br T Cr11Crtl T Cpps2Cri2 T T QpCpe

MEI nony4uIy cUCTEMY W3 # JIMHEHHBIX YpaBHEHHH C » HEU3BECT-
HBIMH, ONPEJENUTENb KOTOPO# OTian4eH oT Hyis. OHa MMEeT eQUHCT-
BEHHOE PELICHHUE.

X = fi(cr+l' oo C"),

Xy = fo(Crytseees Co)s
2= SolCru ) — ofuuee pelueHye.

X, = JolCrat oo C)

Onpedenenue 8.46. BripaxeHne O0a3HMCHBIX INEPEMEHHBIX 4Yepes
cBOOOAHBIE Ha3bIBAETCS OOLMM PEIIEHHEM CHCTEMBI.

Onpedenenue 8.47. Peuienne CUCTEMBI, TOyYEeHHOE U3 OOLLETO
NP KOHKPETHBIX 3HaYEHUSX CBOOOJHBIX NEPEMEHHBIX, Ha3bIBAEcTCA Ya-
CTHBIM pelIeHHeM. YacCTHBIX pelIeHHi y CHCTEeMBbl 6ECKOHEYHO MHOTO,
BCE OHHU COZEpKaTCs B OOLIEM PEIICHHH.

Onpedenenue 8.48. YactHoe pelieHue, MOTYYEHHOE U3 OOLIETO,
Korja cBOOOJHBIE NEPEMEHHbIE PAaBHBI HYJIO, Ha3blBaeTCs 0a3sHMCHBIM
PELIEHUEM CHCTEMBI.
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Onpedenenue 8.49. basucHoe pelieHHe, KOOPAWUHATBI KOTOPOTO
HEOTpHLIATENbHbI, Ha3bIBA€TCS ONOPHBIM PELIEHHEM CHCTEMBI.

IIpumep 8.21.
X, + X%, +2x; +3x, =8.

1 —
M, = 11 =1+1=2#0,rd)=r(4) =2.
IlepemeHHBIE X| ¥ X; — Ga3UCHBIE, X3 U X4 — CBOOOHEIE.
(X —x,=4—x,+Xx,,
ix, + X, =8—2x3 —3x,.

C10X1M ypaBHEHHUS U Pe3yJabTaT pa3fgenuM Ha 2. BelyTem U3 BTO-
POro ypaBHEHUS MEPBOE U Pe3yNbTaT pa3aeaum Ha 2. [Tonyuyum

3
X =6——=x3—Xx,,
12 — o01wee peleHue.
X, =2—5x3 ~2x,

W3 Hero MoXxHO IMOJIYYHUTh YaCTHBIC U 0asucHoe pemeHus.

-

X =2,
X, =-1,
.= ~~— HacTHOE pelleHHe, MOy EeHHO® NPy X3 = 2uxs=1.
3 T~
X, =1
(x,=6,
Xy =2,
e=0 0a3ucHOE pellieHue MpH x3 = X4 = 0. OHO K& SBJIETCA OMOPHBIM.
3 — VY
(X4 =0

8.25. MeTop lNaycca

Onpeodenenue 8.50. dneMeHTapHBIMU MPE0OPa30BAHUIMH CHCTEMBI
Ha3BIBAIOTCS:
1) yMHOXeHHE ypaBHEHHS Ha YHCIIO, OTIMYHOE OT HYJIs;

2) npubaBieHHE K OJHOMY YpaBHEHHIO JIpyroro ypaBHEHHS, YM-
HOXXEHHOTO Ha HEKOTOPOE YKCJIO, OTIIMYHOE OT HYJIS.
3) nepecTaHOBKA JBYX YpaBHEHHI;
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4) orOpacriBanue ypaBHeHus 0 = 0.

Ecnu nonyyeno ypasuenue 0 = £, To cucTeMa HECOBMECTHa.

Merton I'aycca cocTOUT B NPUBENEHUM CHCTEMBI K JUArOHAIEHOMY
BUIy IyTeM IOCIEAOBAaTEIPHOIO MCKIIIOYEHUs Heus3BecTHhIX. Komnye-
CTBO MCKJIFOYEHHBIX HEM3BECTHBIX PABHO YHCIY JIMHEHHO HE3aBHCHMBIX
ypaBHeHHU. IlepeMeHHas cuMTaeTcs HMCKIIOUEHHOW, €clu OHa comep-
XKHTCS TOJBKO B ONHOM ypaBHEHHUH ¢ KoddduipeHToMm 1.

IIpumep 8.22.
X, +Xx, —x;=4, X+ X, — x5 =4, X+ x, - X =4,
X =Xy +X3=2,= =2x,+2x;==2,=> = ~2x, +2x;=—2,
—X; +x, +x3=0. 2x, =4 X, -9
X - X3 =2, X, =3, x, =3,
= 2xy=2,= x=1= x, =2,
X2 =2. X, =2. x =1

IMonyuyeHo pemenue cucteMs! x(3,2,1).

Merton I'aycca yno6GHO NMpUMEHATh K pacIIMPEHHOW MaTpHIe cHc-
TEMBI, JIEBYIO YaCTh KOTOPO# C ITOMOILBIO 3JIEMEHTApHEIX Npeobpa3oBa-
HHUM MaTpHLB! HYXHO NPUBECTH K €IMHUYHOM MaTpuUIe.

IIpumep 8.23. PaccMOTpHM cHUCTEMY W3 NpEABIIYLIETO NpUMEpa.
CocTaBUM pacUIMpPEHHYIO MaTpHILy:

1 1 -1l4 1 1 -14 1 1 -1/4

1 -1 12|=>{0 =2 2}-2|=l0 -2 2|2

-1 1 1)0) (0 2 o0]|4 0 1 02

1 0 =12 1 0 -12) (10 o3 1 003
2

100 22|00 1/1]=]0 0 1)1]>]0 1 o2/
01 02 {01 0] L0102 00 11

Monyueno pemenue cucremsl x(3,2,1).

8.26. Tabnuubl Maycca
PacmupenHyo MaTpHily CHUCTEMEI 3alKChIBalOT B Tabmuiy [aycca,
KOTOpass MMEET Ha [Ba CTOJ'IGI_[a GOHBHIC, YeM YUCJIO0 HECHU3BECCTHBIX.

Pacmnpex—mme MaTpHLbl pacliojararoTcsa B TabJIMLe OOHA TMOJ ﬂpyFOH.
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OT oziHOM MaTpUIBI K JPpyrod NMepexonsT ¢ MOMOIIBI0 Mpeobpa3oBaHuii
Xopnana:

1) BeIOHMpaeTcs KIOUEBOIl 2IeMEHT Mpeobpa3oBanus. B kauecTse
KJIIOYEBOTO JIEMEHTA MOXKET OBITh B3AT JIF000H KO3GOHULUHEHT NPH JIt0-
6ol mepeMeHHOM, He paBHBIH Hymr0. CTpoKa ¥ CTOJGEL, B KOTOPHIX OH
pacrionaraercs, Ha3bIBalOTCSA KIFOUEBBIMH;

2) SneMEeHTH KIIOYeBOH CTPOKH HEJIATCS Ha KIFOUEBOM 3JIEMEHT;

3) wrioueBoii cronber 3aN0NHIETCS HYJISIMU;

4) ocTanbHBIE DJIEMEHTHI EPECYUTHIBAIOTCS [0 MMPABUIIY MPSIMO-
YTOJNBHUKA: COCTABIAETCS NMPAMOYTOJIBHUK, B IBYX BEPIIHHAX KOTOPOTO
HaXxoJOWTCs KIIOYEBOH 3JeMeHT (K.3.) M INEepecUUTHIBAEMBIA 3JEMEHT
(rm.3.); U3 NMPOU3BENEHHS 3JIEMEHTOB, CTOAIIUX HA JHATOHAIH MPIMO-
YTrONbHUKAa C KIIOYEBBIM OJIEMEHTOM, BBIYMTAETCA MPOHU3BEACHHE

3JIEMEHTOB BTOPOH [AWaroHalyd M IOIydYeHHas pa3sHOCTh JEIHTCH
Ha KJIIOYEBOI1 JJIEMEHT.

@« b
c d—no.
d= ad - bc
a

Ecnu B xitoueBoit cTpoke (CToJ01E) €CTh HOJIb, TO COOTBETCTBYIO-
it cronberr (cTpoka) npu npeobpazoBanuu XopiaHa COXpaHSIOTCS.

2x, +Txy +3x; +x, =6,
IIpumep 8.24. {3x, + 5x, + 2x; +2x, =4,

BrinuieM paciimpeHHY0 MaTpULly CHCTeMsI B Tabauny ["aycca.

Ba3uc X1 X2 X3 X4 b

2 7 3 1 6

3 5 2 2 4

9 4 1 7 2
X4 2 7 3 1 6

-1 -9 —4 0 -8

-5 —45 -20 0 —40
X4 0 -11 -5 1 -10
X1 1 9 4 0 8

0 0 0 0 0
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TpeTse ypaBHEHME ABNACTCS JINHEHHOH KOMOMHaLHEH NBYX APYTHX
YPaBHEHHUH, €ro MOXHO OTOPOCHTB, ¥ = 2. BrInuIleM ciucTeMy, COOTBET-
CTBYIOLIYIO NOCJIEAHEH pacCUIMPEHHOM MATPHLIE.

-11x, -5x, +x, = -10,
X +9x, +4x; = 8.
ITepeMeHHBIE X U X4 — OGa3UCHBIE, X, ¥ X3 — CBOOOMHBIE.
x, =8-9x, —4x,,
— of1ee pelIeHre CHCTEMBI.
x, ==10+11x, + 5x;

W3 Hero MoxHoO IOJIY4YHUTh 0ECKOHEYHO MHOT'0 YaCTHBIX pemem/xﬁ.

! X, =1,
X =X=14
x,=0, _
X ==5 X4uu(-5116); x3=_1 Xyoers(—1,1,0,1); u T.I.
x4 =6. ! ’
x, =1

W3 nocnenneit Tabnuup! 'aycca MOXKHO BbINUCATh 0a3uCHOE pELLCHHE:
X =8, X5,(80,0,-10).
x4 =-10.

KonuuecTBo 6a3ucHbIX perieHud OymeT paBHO KOJHWYECTBY Oasu-

COB, KOTOpPBIE MOXHO COCTaBHTh M3 YETHIPEX MEPEMEHHBIX X, X2, X3, X4
2 4/
1o J(B€ B KaXoM 0Oasuce. DTO KOIUYECTBO paBHO C, = m =

Bo3moxusie 6a3uchr:
X 1X2 X2X3
X1X3 X2X4
X1X4 X3X4 .
UtoObl mNONY4YyHTHh Jpyrue Oa3uCHBIE pEIIeHUs, HeoOXOoaUMO

NpUBECTH CHCTEMY K ApYyroMy eaWHHYHOMY Oaszucy. BrImonHsOT
olepanuio OJJHOKPATHOro 3aMeleHus. J{asg 3Toro B 6a3uc BBOIAT OOHY
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U3 CBOOOIHBIX NMEPEMEHHBIX BMECTO ONHOM U3 GasucHBIX. BriGuparot
KJIFOYEBOM 3JIEMEHT B CTONOIE CBOOOJHOM MEpEeMEHHON M BBIMOJHSIOT
npeobpasosanne JXKopaana. BeiGepeM B mocnequeit Tabivie B KaUECTBE
KJIF0YEBOTO 3JIEMEHTa K03 HULMEHT 4 pH CBOOOAHOM NEpEMEHHOM X3.

ba3suc X1 X X3 X4 b
1
X4 i - 0 1 0
4 4
1
X3 - 2 1 0 2
4 4

ITepemenHbIe X3 ¥ X, — 6a3uCHEIE, X, ¥ X| — cBobGoaHsIe. [Tonyya-
€M gapyroe 0asuCHOE pelleHHe: Xg,,,(0,0,2,0) — oHO e sBuseTCs
OTIOPHEIM pellileHHEM.

8.27. HaxoxpeHue HeoTpULaTeNbHbIX
0a3uCHbIX peLueHuii CUCTeMbl

Tak kak He Bcskoe 0a3HCHOE pellleHHe ABISETCS OMOPHEIM, TO BO3-
HHMKAIOT BBIYMCIMTENBHBIE 3aTPYOHEHHS NPH HAXOXKIEHHH OMOPHBIX
pelieHni cucTeMsl OOBIYHBIM MeTofioM [Maycca. IIpuXoauTcs HaXOAUTh
Bce 0asyCHBIE PELIEHUS W W3 HUX BBIOMpaTh omopHble. CyluecTByeT
aJITOPUTM, NO3BOJIAIOIMHA Cpa3y HAXOIUTH OTNIOPHEIE PEIIEHHS.

1. Ilpu 3amonHeHHM HCXONHOM Tabnuiel I'aycca Bce CBOOOMHBIE
YIEHB! JeNaloT HEOTPULATEIbHBIMH.

2. KiroueBo# a51eMEHT BEHIOHMpAeTCs CrenralbHbEIM 00pa3oMm:

a) B KayecTBE KIIOYEBOT0 CTOJNOIA BBEIOWpAIOT Jr000# cToNbel]
K03 (QULMEHTOB NpU HEU3BECTHBIX, €CIM B HEM €CTh XOTH Obl OJUH
HOJNOXXUTENBHBIH 3JIEMEHT;

6) B KauyecTBe KIIIOYEBOM CTPOKH OepeTcs Ta, Y KOTOPO# OTHOILe-
HHE CBOOOJHOrO 4JeHa K IOJIOXKUTENLHOMY 3JIEMEHTY KIIIOYEBOTrO
CTONOIa MUHUMAJIBHO.

Ha nepeceyenun kiro4eBo# CTPOKHM W KJIIOYEBOro CTOJOLA Haxo-

JIUTCs KIIIOYEBOH a1eMeHT. [lanee npoBOAAT 0OBIYHOE MpeoOpa3oBaHue
XKopnana.
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8.28. OgHopoAHblIE CUCTEMbI JINHEWHbIX YypaBHEHU

ITycts nana oqHOpoOAHas cucTeMa

a,\ X, +a,x, +...+a,,x,=0,
ay X tayXx, +..+ta,,x,=0,
S 8.1)
QX + @, %, +.. 4, X, =0.
PaccMOTpHM COOTBETCTBYIOLIYIO HEOJHOPOAHYIO CUCTEMY
( =b
ayx +apx, +...+a,x, =b,
Q)X + Ay Xy + .o+ Ay, X, = by,
3 (8.2)
(@1 X1 F Qpa Xy + .o+ X, =D,
C moMoI1pi0 MaTpHIl
an Gz - G X 0 b
ay 4y .. a X - 10 - | b
21 9 2 - 2 2
A= " , X = , 0= , b=
A Qmz o A mxn Xn nx| 0 mx1 m/mx.1
9TH CUCTEMBI MOXKHO 3aITHCaTh B MATPHYHOM BHIIE.
Ax=0. (8.3)
Ax=b (8.4)

CrnpaBeUIUBBl  CIEAYIOUIUE CGOlCMEa peuieHull 00HOPOOHOU
U HEOOHOPOOHOU cucmenm.

Teopema 8.23. Jluneiinas xomOwHauMs pelIeHHH OXHOPOMHOM
cucteMsl (8.1) sBNIAETCS pelIEHHEM OJHOPOJHOM CHCTEMEL.

Hokazamenvcmeo. Tlycte X, ¥y W Z — pelieHHA OIHOPOMHOM

cucTeMsl. PaccMoTpuM f =aX +By +7Z, Tae o, B ¥ Y — HEKOTOpHIE
NpOU3BOJIBHBIE yMcla. Tak Kak X, y WU Z SBISIIOTCSA PELICHHSIMH,

10 AX=0, A5 =0 u Az =0 . Haiigem A7 .
At=A-(ax+By+yz)=A-ax+ A-By+A4- yz—
= 0AX +PBAY +y4Z =0 +p0+7y0=0
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At =0 = sBIseTCS PEIIEHUEM CHCTEMEL

Teopema 8.24. PazHOCTh ABYX pelLIEHHH HEOMHOPOIHOM CHCTe-
MbI (8.2) sBNseTCA peleHneM OAHOPOAHO#H cucTeMsl (8.1).
Hokazamenvcmeo. Ilycte X u y — pelieHust cucTeMsl. PaccMoT-

puM f=X-Y.
Ax=b, Ay=b .
Af = A(X-7)=Ax—-Ay=b-b=0.
Af =0 =7 sBiseTcs peleHueM OJXHOPOJIHOW CHCTEMEIL.
Teopema 8.25. Cymma pelieHHss OXHOPOJHOM CHCTEMBI C PEIIEHMU-

€M HEOJHOPOJHOW CHCTEMBI ECTh peLlieHHe HEOJHOPOIHONH CHCTEMBI.
Loxazamenvcmeo. Tlycts X — pellieHHe OJHOPORHOM CHCTEMEI, Y —

pellieHre HEOXHOPOAHON cucTeMsl. TTokaxkeM, 4TO f =X + ) — pelIeHne
HEOIHOPOIHON CUCTEMBIL.

A =0, Ay=b .
AT =A(X+5)=Ax+Ay=b+0=b.

At =b = sBIseTCA PELICHUEM HEOMHOPOJHOMN CHCTEMBI.

8.29. CoBMeCTHOCTb OAHOPOAHOW CUCTEMDI

PaccMoTpuM 0THOPOAHYIO CHCTEMY

a, X, +a,x, +..+a,x,=0,

Qy X, + 0y Xy +... 40y, %, =0,

Ay X, + 0,0 %, +. 40, x, =0.

OnnoposnHas cucTeMa BCErJa COBMECTHA, TaK KaK MMEET TPUBH-
anbHOE (HYJIEBOE) pelleHue X, =Xx,=...=x,=0. BeIACHUM, KOTJ]a JaHHas
CHCTEMa MEET HETPUBHAIBHOE PELICHHUE.

Teopema 8.26. OpHoponHas cHUCTeMa KMEET HETPUBHANBHOE
pellleHyre Torjaa ¥ TOJIBKO TOTAa, KOTAa paHr MaTpHLbl, COCTaBIEHHOMN
13 KOO (UIIMEHTOB TP HEU3BECTHBIX, MEHBIIE YHCIIA HEU3BECTHBIX.
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ﬂoxa3ameﬂbcmeo. H}'CTB CHCTEMa HMMECT HETPUBHAIIBHOC pElIc-
HUEe. DTO MOXET OBITh TOTJA U TOJIBKO TOorjaa, Koraa Haf/inch;{ qucia ¢y,
C2, ..., Cy, HE BCE PABHBIC HYJIIO, ITIPU NOACTAHOBKE KOTOPBIX B CUCTEMY
MBI IIOJIYYHUM m TOXIECTB. Ot m TOXIACCTB MOXKHO 3aITMCaTh B BUAC

a a;, a, 0
a a a 0
21 22 2
¢ +c, +.4c,| =
aml am2 amn O

CnenoBaTensHO, CHCTEMa BEKTOPOB-CTOJIOLIOB MAaTPHLBI A JTMHEHHO
3aBHCHMa. A 5TO MOXET OBITH TOrZa W TOJBKO TOTHA, KOrJa paHr
CHCTEMBI BEKTOPOB-CTOJIOIOB MEHBILE #, T.€. H(A4) < n.

Cneocmeue. OnHOpOIHAS cUCTEMa C KBAJPaTHOM MaTpHIIEH MMeET
HETPUBHAJIBHOE pelLIeHHe TOTAa ¥ TONBKO TOTAa, KOrga OMpelesIuTelh
MaTpHLbl, COCTaBICHHOH U3 KOIQPULHEHTOB PH HEU3BECTHEBIX, paBeH
HYJIIO.

Hokazamenvcmeo. Tak kak r(A) < n, TO CTOJNOLBI MaTPHUIIBI JTHHEH-
HO 3aBHCHMBI H, CJIEAOBATENIbHO, ONPEEIUTEND MATPHIIB! paBEH HYJIIO.

8.30. O6Lee pelneHue OAHOPOAHOI CUCTEMBI

Cuctema (8.1) Bcerma uMeer TpuBHalbHOE pelieHue. Eciaum panr
MaTpHLbI, COCTaBJICHHOH 13 K03hGHUIIMEHTOB NPH HEU3BECTHBIX, MEHBILIE
yyciia HEU3BECTHEIX, TO cucTeMa (8.1) uMeeT HeTpUBHAJIBHbIE PEIICHHUS.

1) H(A4)=n— cucrema (8.1) UMeeT TONHKO TPUBHUAIIBHOE PELIIEHHE:

2) r(4)=r<n— cucreMa (8.1) uMeeT HETPUBHAJILHbIE PEILICHHUS.

KonnuyecTBo CBOOOIHBIX NEPEMEHHBIX BO BTOPOM cliydae Oyner
paBHO n — », a Oa3suCHBIX r. JlaBas CBOOOHHEIM MEPEMEHHBIM IPOU3-
BOJIBHBIE 3HAYEHHS, MBI OyZleM NOJTy4aTh pa3INyHbIe PELICHUS CHCTEMEI
(8.1), T.e. moOOMy BEKTOpPY pa3sMEPHOCTH ¥ —

(cr+ll cl‘+2: AR} cn)
OyIeT cOOTBETCTBOBATh pellieHue cucTeMsl (8.1)
(c1, €2 weey €, Craty oees C).

Onpeodenenue 8.51. DyHnaMEHTAIBHON CHCTEMOMN pEHICHUH OJHO-
ponHo#t cucteMsl (8.1) Ha3pIBaeTCs MaKCUMalbHas JTHHEHHO HE3aBHUCH-
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Mas cucteMa pelieHui cucteMsl (8.1). @yHnaMeHTanpHas cucTeMa Co-
IEPXKUT 1 — ¥ INHEHHO HEe3aBUCUMBIX pelleHuit cucteMsl (8.1).

Uro6s! NOMy4YnTh GYHAAMEHTAIbHYIO CUCTEMY PELICHHH, HYXHO B
(n — r)-MepHOM NHPOCTPAHCTBE B3STh JMHEHHO HE3aBHCHMYIO CHCTEMY
U3 1 — ¥ BEKTOPOB ¥ IO HUM IOCTPOUTH COOTBETCTBYIOILUE PELICHUS
cucremnl (8.1). IlomyueHnsle pemienus OymyT oOpa3oBbiBaTh (QyHZOa-
MEHTalbHYI0 CHCTEMY PELIEHHMH X,X,,...,X, .. 1aK Kak 3Ta CHCTEMa
MakcUMaibHa, TO Jitoboe perieHue cucteMsl (8.1) MOXKHO NpPENCTaBUTH
B BUJE JIMHEHHON KOMOWHAUMU pelieHui QyHIaMEeHTaJIbHON CHCTEMBI
X=a,X,+0a,X, +..+0a, X, , . [loryyeHHOEe BBIpaXKEHHE ABIAETCSA OOILIUM

pelleHrHeM OTHOPOHOM cucTeMsl (8.1).

3%, + x, =8x3 +2x, + x5 =0,
2x; = 2x, =3x; = Txy + 2x5 =0,
x +11x, =12x; +34x, — 5x5, =0,
X, = 5%, +2x3 —16x, +3x5 =0,

IIpumep 8.25. rHA)=2,

X1, X2 — 63.31’101'1516, X3, X4, X5 — CBOOOJHEIE, HBa IMOCJIEAHNX YPaBHEHUA
JINHEWHO BBIPAXAKOTCA 4€pe3 ABa INEPBEIX, TIO3TOMY HUX MOXHO 0T6p0-
CHUTh:

3, +x, —8x; +2x; +Xxs 0,

0.

2x, =2x, =3x; —=Tx, +2xs

Beipasum 6a3ucHBIE TEpEMEHHBIE.

VMHOXHM [E€pBOE ypaBHEHHE Ha 2 U CIIOXKHUM CO BTOPHIM. Pesyib-
TaT pa3genuM Ha 8.

VMHOXXHUM [EPBOE YPaBHEHHE Ha 2, BTOPOE Ha —3 M CIOXHM IOJy-
YeHHBIE ypaBHEHUs. Pe3ynpTaT pa3nenum Ha 8.

x Ex+—x——x
1= X TS XS
=ty =2 Ly
2T g T g T

B kauecTBe 3HauCHMUIA CBOGORHBIX NEPpEMEHHBIX BO3BMEM KOOpAH-
HAaTBI BEKTOPOB TPEXMEPHOIro CANHUYHOT'O 6asuca.
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X =0, X + OoX, + OaX, — OOIIEE pEIIEHNE OAHOPOAHOH CUCTEMEL.
1% 2% 3%3

CymMa o0Liero pelreHuss OZHOpoAHOH cucteMsl (8.1) ¢ moObM
pelieHneM HEOAHOPONHO# cucTeMsl (8.2) sBiseTcs oOLIMM pereHreM
HEOIHOPOAHOM cucTems! (8.2).

8.31. NpumeHeHune NnHeRHOW anredpbl B 9KOHOMUKE

8.31.1. MpounssoacrBeHHbIE NoKa3arenu

IpennpusTre BBIMYCKaeT €XECYTOYHO YETBIPE BHAA H3MIENUMA,
OCHOBHBIE IPOU3BOACTBEHHO-DKOHOMHUUYECKHE IOKA3aTe KOTOPHIX
NpUBEIEHBI B CIeqyoleH TabmuLe.

Bux Pacxon Hopma Hena
KoanyecrBo BpeMeHn H3Nenus,
u3ne- . CBHIpbA,
M u3neanii H3rOTOBJICHHS, JIeH.
JIUH Kr/m3n.
4/m3n. en./m3n.
1 20 5 10 30
2 50 2 5 15
3 30 7 15 45
4 40 4 8 20

TpebyeTcss OmpenenuTs CIEAYIOLINE eXeCyTOYHbIE IOKa3aTelH:
pacxojl CeIpbs S, 3aTpaTsl paboyero BpeMeHH I ¥ CTOUMOCTH P BHIMyC-
KaeMO# NMPOAYKLHUH NPEeaIPHUITHS.

ITo nMpUBeNEeHHBIM JaHHBIM COCTABHM YETHIPE BEKTOpa, XapaKTepH-
3YIOLIHE BECh NPOU3BOACTBEHHBIN IIUKII:

_q_ = (20, 50, 30, 40) — BeKTOp acCOPTHMEHTA;
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s = (5,2,7,4) — BexTOp pacxona CeIpbs;
= (10, 5, 15, 8) — BexTOp 3aTpaT pabouero BpeMeHw;
; = (30, 15, 45, 20) — ueHOBOI BEKTOP.

Torna ckoMble BETHYUHBI OyAyT MPEACTaBIATh COO0M COOTBETCT-

BYIOLIME CKaJIAPHBIE MPOM3BEACHUS BEKTOpa acCOPTHMMEHTAa ¢ Ha TpH
IpYTUX BEKTOpa:

S=g s =100+ 100+ 210 + 160 = 570 «r,

T=gqt=1220u,P= g p =3500 nieH. en.

8.31.2. Pacxop cbipbs

Hpennpm’me BBIITYCKAcCT YCTBIPE BHAA HU3IEIHI C UCIIOJb30BaHH-

€M YETBIPEX BUAOB ChIphs. HOpMEI pacxoja CHIpbs JaHbl KK 3JEMEHTEI
MAaTpHUIEI A

Bun ceipes 12 3 4
2 3 4 5)\1
A 12562B 15631 (Sh) 051
= HI U3 o1,
7 2 3 23 AMA
4 5 6 8)4

Tpebyercst HaiiTH 3aTpaThl ChIPbs KaXKIOT0 BUAA MPH 3aJaHHOM ILIa-
HE BBIITyCKa KaXXIOro BHJIa U3AEJIHs: COOTBETCTBEHHO, 60, 50, 35 u 40 en.
CocTaBuM BEKTOp-ILIaH BhINTYCKa MPOMYKLIHH:
g = (60, 50, 35, 40).
Torna pemenue 3afauu faeTcs BEKTOPOM 3aTpaT, KOOPAHUHATHI KO-
TOPOTO H SBJIAIOTCS BEJIMYMHAMH 3aTPaT CHIPhS MO0 KaXIOMY €ro BHUAY:

9TOT BEKTOp 3aTpaT BBIYMCIAETCA KakK IPOM3BEAECHHE BEKTOpa ¢
Ha MaTpuLy A:
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120+50+245+160 575

4 5
- 5 6| [180+100+70+200 | |550
g4 = (60,50, 35,40) "
3 2
6 8

240+250+105+240| [835]
300 + 300 + 70 + 320 990

8.31.3. KoHe4HbIl NPpOoAYyKT oTpacnu

OTpacinb COCTOMUT W3 n HPEANPUATHIA, BBHITYCKAOLIUX [0 OJHOMY
BUAY NMPOAYKLHUH KaXkpoe: 0603HaYMM 00beM NPOLYKLHH i-TO MPeanpu-
atus gepes x;. Kaxpoe w3 mpennpusatuil otpaciu mias obecrieueHUs
CBOEro MpOM3BOACTBA IMOTPeONSeT 4acTh MPOMYKLHH, BBIITYyCKaeMOi
UM CaMHUM U JPYyTUMH NpPEANpUATHAMH. IlycTs g; — nons npomyKuuu
i-ro NMpeanpuATHs, NoTpebifieMas j-M NPEANPHUITHEM I o0ecnedeHus
BBIIyCKa CBOEH nmpoaykuun obbema x;. Halinem Benuuuny y; — Konuye-
CTBO NPOAYKLMH i-T0 NMPEANPHUITHS, IPEIHA3HAYEHHOM Ul peann3aiyu
BHE JaHHOHN oTpaciu (00beM KOHEYHOro NpoAyKTa). OTa BeNWYHHA
JIErKO MOXET OBITh MMOACYHUTaHA 0 QopMyJie

n
yi :x""ZauxJ, l:]., 2,..., n.
j=1

BBenem B paccMOTpeHHe KBaJpaTHYIO MaTpHULy MOPSAKa /1, OIHCHI-
BAIOILY IO BHyTPEHHEe MOTPeOIeHHE OTpaciu

A =(aU ),. i,j=1, 2, ey N

Torga BEKTOp KOHEYHOrO NPOAYKTA SABJISAETCSA PELICHHEM MaTpHy-
HOTO ypaBHEHUS

x—Ax=y,
C MCIIOJIb30BaHUEM EOUHUYHON MaTpuis! £ noiaydyaeM
(E-A)x=y.

IIpumep 8.26. IlycTh BEKTOp BBIMYCKa MPOTYKIMH OTPaciH U Mat-
pHLIa BHYTPEHHETO MOTPe6ICHUS UMEIOT, COOTBETCTBEHHO, BUJ

300 03 01 02
x=200|, 4=|02 03 01
400 02 02 06
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[Toryynm BekTOp OOBEMOB KOHEYHOTO NMPOAYKTa, MpeaHa3Ha4eH-
HOTO JUIS peaiu3aliyiil BHE OTPACIH, COCTOSILIEH U3 TPeX MpeanpUsITHIA:

07 =01 -02Y300) (110
y=(E-A)x=|-02 0,7 -01 [200|=]|40
02 -02 04,400/ |60

8.31.4. MNMporHo3s Bbinycka npoaykuun

Oyers C=(¢;); i=L2,..,m, j=12,.,n — MaTpuua 3arpar

CBIPbs m BUIOB IPH BEHINYCKE NMPOAYKIWH # BUAOB. Torna nmpy U3BECT-
HbIX 00beMax 3amaca KaXXJOro BHJa CBIpbs, KOTOpbIe 00pa3yroT COOT-
BETCTBYIOILUH BEKTOP

q9=(91, 92 G ):
BEKTOp-INIaH X =(X;, X,,...,X,) BBIMyCKa NPOAYKIHUH OMNpEIEIAECTCS
U3 pEeLIEeHUs] CUCTEMEI m YPaBHEHUH C # HEM3BECTHBIMU:
T —T
Cx =q,
TJIe MHIEKC «T» O3HAYaeT TPAHCIIOHUPOBAHKME BEKTOPA-CTPOKU B BEKTOP-

crouiberr.

IIpumep 8.27. TlpemnpusTue BBIINYCKAaeT TPH BHAA NPOAYKLMH,
HICTIONB3Ysl ChIpbe Tpex BUAOB. HeobxonyMele XapaKTepHUCTHKH IPOU3-
BOJICTBA MIPEACTABJICHBI CIEQYOIUMY JaHHBIMU:

B Pacxop chipbs 1o BUaam 3anac
U] ChbI-
NPOAYKIHH, BEC. e1./ U3, ChIPbA,
pbia

1 2 3 Bec. efl.

1 6 4 5 2400

2 4 3 1 1450

3 5 2 3 1550

Tpebyercs onpenenuTs 00beM BBIMTyCKa MPOAYKIMH KaXAOro BUIa
TIpY 3aJaHHBIX 3amacax ChIpbA.

3afayd Takoro poja THIHYHBI MPH MPOTHO3aX U OLEHKaX (QyHK-
LIMOHHPOBAHHS NPEANPHATHMH, 3KCIEPTHBIX OLEHKaX MPOEKTOB OCBOE-
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HYS MECTOPOXKIEHHUH MOJIE3HBIX HCKOIMAEMEIX, a TAKXKe B IUIAHUPOBAHUH
MHKPOSKOHOMHKH HPEANPHUATHIA.

OG6o3HaynM HEU3BECTHBIE OOBEMBI BBIMYCKA MPOXYKLMH 4YEpe3 Xi,
X, ¥ x3. Torga mpu yCIOBHM IMOJIHOTO pacxojia 3amacoB KakKaoro BUIA
CBIPBS] MOXHO 3aIlUCaTh OalaHCOBbIE COOTHOLIEHHUS, KOTOPEIE 00pa3yroT
CHCTEMY TpeX YPaBHEHHH C TpeMs HEM3BECTHBIMH:

6x, + 4x, + 5x; = 2400,
4x, +3x, + x; =1450,
5x, +2x, +3x, =1550.

Pemass 3Ty cucteMy ypaBHeHHil IOObIM croco6oM, HaXOOuM, YTO
IpH 3aJaHHBIX 3amacaX ChIphS OOBEMBI BBITYCKA MPOTYKIHUH COCTaBSAT
10 KQXKJOMY BHUIY COOTBETCTBEHHO (B YCIOBHBIX €IUHUIAX):

x, =150, x,=250, x;=100.
8.31.5. JiuHeliHaa Mmoaesib MHOrooTpacneBoil 9KOHOMUKU

Jns npocToTsl OyfeM IojaraTh, 4TO MPOW3BOACTBEHHAs cdepa Xo-
3gHCTBa MPEACTABIAET COOO0M 1 OTpaciei, KaXkaas U3 KOTOPBIX IPOHU3BO-
IHUT CBO¥ OXHOPOIHBIM NMpoxykT. s obecriedeHus MPOM3BOACTBA KaX-
Jas OTpacib HYXTAeTCs B MPOMYKIMH OPYTHX OTpacied (IpOM3BOACT-
BeHHOe notpebienue). OOBIYHO MpOIECC MPOU3BOACTBA PacCMaTPHBACT-
Csl 32 HEKOTOPBIH MEPUON; B psAZie CITyyaeB TaKOH €AMHUIEH CITyXKUT TOf.

Brenem crnenyromue 0603HaYeHU:

x; — o0muii 06peM MpOIYKUHUH i-i oTpaciu;

X; — 00BeEM MpOXYKLMM - oTpaciu, nmoTpediaseMsblit j-H oTpac-
JBIO ITPY NPOU3BOACTBE 00BEMA NPOTYKIHH X; ;

y; — 00beM NPOIYKIMH i-H OTpaciy, NpeaHa3HaYeHHBIN Al pea-
nu3auuy (noTpebiaeHus) B HENMPOU3BOACTBEHHOH cdepe, UM TaK Hasbl-
BaeMbIil MPOXYKT KOHEYHOTO noTpebieHu .

bBanaHcoBbIf MPUHLUMN CBA3M pa3niUyHBIX OTpacieidl NMpOMBIIIIEH-
HOCTH COCTOHMT B TOM, YTO BaJOBOM BBIMYCK -} OTpaciu HOKeH OBITh
paBeH cymMMme 06beMOB noTpebieHNs B NPOM3BOACTBEHHON M HEMPOU3-
BOJICTBEeHHO# cdepax. B camoit npocToit hopme (runoresa TMHEHHOCTH,
WM IPOCTOTO CJIOXEHUs) 6alaHCOBble COOTHOILIEHUS UMEIOT BUJL
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X, =Xy +X, o+ x,+y;, i=1L2,..,n

OTH ypaBHEHHUs Ha3bIBAIOTCS coomuouleHusmu bananca. Tlockoins-
Ky TMpONyKLMs pa3HBEIX OTpaciled MMEET pa3Hble U3MEpPEHHUS, B Jallb-
HelimeM OyneM MMeTh B BUJIy CTOMMOCTHBIH GajaHc.

B. JIeonTheBBIM Ha OCHOBaHMH aHanu3a 3koHomuku CUIA B mepu-
O]l mepes BTOpOi MHpPOBOHM BOHHOH GBI YCTaHOBJIEH BaKHBIH (akT: B
TEYEHHE [UIUTENBHOTO BPEMEHH BENVYMHbL @, =X, /X, MEHAIOTCS OYCHb

HE3HAYUTENBHO U MOTYT PacCMaTpPUBAThHC KaK IOCTOSHHBIE YHcia. DTO
SIBJIEHNE€ CTAaHOBUTCS MOHATHBIM B CBETE TOrO, YTO TEXHOJIOTHS MPOU3-
BOJICTBA OCTA€TCS Ha OJHOM M TOM € YPOBHE NOBOJBHO IJIUTEIHHOE
BpEMs, U, CIeOBaTeNbHO, 00beM NOTpeONIeHus j-H OTPacibio MPOAYK-
L¥¥ i-f OTpaciyu Mpy MPOM3BOACTBE CBOEH NMpOMyKuMK o0beMa Xx; €CTh
TEXHOJIOTYECKass KOHCTAHTA.

B cuiny ykaszaHHOro ¢axTa MOXXHO CHeNIaTh CIIEAYoIllee HOMylie-
HYe: JUIs IPOU3BOACTBA NPOAYKLUH j-i OTpacin o6bema x; HyXKHO Hc-
TONB30BaTh NPOAYKLUMIO i~ oTpaciu obbema a; X;, TAe @, — MOCTO-

sHHOE 4yucio. IIpy TakoM JOMyIIeHHUH TEXHOJOTHS MPOU3BOACTBA MpHU-
HUMAETCs UHEUHOU, a caMO 3TO JAONYyIIEHHEe Ha3BIBAaeTCS eunome3ol
nunednocmy. Ilpn >ToM uMena a; Ha3BIBAIOTCS KOdppuyuenmamu

npamuix 3ampam. COTJIaCHO TMITOTE3€ TMHEHHOCTH

X; =a

i = X

i

ij=12,.,n.

CooTHomennss GajaHca MOXHO IepenucaTh B BHUAE CHCTEMBI
ypaBHEHUH

X, =ap X +anpx, +..+aq,x,+y,

Xy = Ay X +AyXy +...+ Ay, X, + s,

X, =a,x + Q2% +...+a,,.X, + V-

Beenem B paccMoTpeHHe BEKTOPHI-CTONOLE 00bEMOB TPOU3BEAEH-
HO¥# NpoxyKuuu (BEeKTOp BaJIOBOTO BHINyCKa), 00BEMOB NMPOLYKIIMH KO-
HEe4YHOro notpebneHus (BEeKTOP KOHEYHOro MOTPeGNICHHA) U MaTpHILy
K03)OULMEHTOB MPAMBIX 3aTPaT:
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= | %] = y y Ay - Gy,
x=| T, y=|"" |, 4=
xn yn anl anZ ann
Torma cuctema ypaBHeHUH B MaTpiUuHOH opMe UMeeT BUA
x=Ax+y.

OOBIYHO 3TO COOTHOLIEHHE HAa3BIBAIOT YpaGHEeHUeM JUHEH020
Medicompacnesozo banarca. BMmecTe ¢ ONHCaHHEM MAaTPUYHOTO INpen-
CTaBJIEHUS 3TO ypaBHEHHE HOCUT Ha3BaHUe mModenu Jleonmuesa.

VYpaBHEHHE MeXOTpaciaeBoro OamaHca MOXHO HCIIOJIb30BaTh
B JIBYX LeNsiX. B nmepBoM (HanGosiee MpocToM) ciiyyae, KOraa U3BECTeH

BEKTOP BaJIOBOI'O BBIITYCKa X, 'rpe6ye'rc;1 paccyuTaTh BEKTOP KOHEYHOI'O

norpebnenus y. Bo BTOpoM ciydae ypaBHEHHE MEXOTpacieBOro

OanaHca WCIONB3yeTCS [T Lielel IUIaHUPOBaHWS CO CleAyoLIei
tdhopMynupoBKO#i 3amaud: A nepuoaa I (Hampumep, rof) HU3BECTEH

BEKTOp KOHEYHOro mortpebneHus y, TpeOyeTcs onmpeneauTh BEKTOp X
BaJIOBOTO BBIIyCKa.

8.31.6. JiuneitHaa mogenb TOProsnu

ITpouecc B3auMHBIX 3aKyIOK TOBAPOB aHAM3UPYETCS C UCIOJB30-
BaHUEM TMOHATHN COOCTBEHHOrO 4YHciIa ¥ COOCTBEHHOTO BEKTOpa
MaTpuusl. Bynem monaraTb, 4TO OMODKETHI # CTpaH, KOTOpPBIE MBI
0003Ha4YMUM, COOTBETCTBEHHO, X|, X2, ..., X;, PACXOAYIOTCS Ha IOKYIKY
TOBapoB. PaccCMOTpUM nunelinyto mMooenb 0OMeHa, WU MOOenb MeNCOy-
HAapoOHOU Mop206nu.

ITycTh a; — nons GrofkeTa x;, KOTOPYIO j- CTpaHa TPaTUT Ha 3a-
-KyIKy TOBapoB y i-i cTpaHsl. BBeneM MaTpuiy k03ddHLHEHTOB aj;:

a, a, ... q

n

a 4y ... 4y,

ese eee see see

a,a a

nl “*n2 ' “nn
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Torna, eciu Bech OFOIXKET pacxomyeTcs TONBKO Ha 3aKyIKH BHYTPH
CTpaHbl U BHE €€ (3TO MOXHO TPaKTOBaTh KaK TOProOBEIA GHOIKET),
CNpaBEAJIMBO PaBEHCTBO

ialj =l; j=1,2,...,n.
i=1

Martprua A ¢ HDaHHBIM CBOMCTBOM, B CHIY KOTOPOTO CyMMa
3JIEMEHTOB €€ JIIo0oro cronblia paBHa €IUHHIIE, HA3LIBAETCS CHIPYK-
mypHoU mampuyeid mopeoenay. ns i-A cTpaHbl 00IIas BEIPyYKa
OT BHYTpPEHHEH U BHEIIHEH TOProBiIM BEIpaXkaeTcs GopMyIIoi

P=a,x +a,x,+..ta,x,.

VYcnosue cbanancupoBaHHO# (Oe3nedUIMTHOM) TOproBId Gopmy-
NUpPYETCsl €CTECTBEHHBIM 00pa3oM: IS KaXKHO# CTpaHbl ee OMoKeT
JOJDKEH OBITh He O0JIBLIE BRIPYYKH OT TOPTOBIY, T.€. P2X,, Uix

a, X, + A%+ ta,x,2x;, i=1,2,..,n.

JlokaxceM, YTO B YCHOBHSAX HE MOXeET OBITh 3HaKa HEPaBEHCTBA.
JlecTBUTENBHO, CIOXKMM BCE OTH HepaBeHCTBa npH i oT 1 mo n. I'pyn-
IMpYst cliaraéMble ¢ BeIMYMHAMU GIOJDKETOB X, MOJTyYaeM

x(a,+ay+..+ay,)+x(a,+ay+..+a,)+..
+x (A F Ayt F Q)X X+ X, '

HetpynHo 3aMeTUTBh, UTO B CKOOKaX CTOST CyMMBI 2JIEMEHTOB MaT-
puLel 4 1Mo ee croabLaM, KOTOphIE paBHBI €AUHHULE MO ycnoBuio. Ctano
OBITH, MBI ITOJIy4HJIH HEPABEHCTBO

X+ X+ tXx, 2x+x+..+x,,

OTKy[ia CJIEly€eT, YTO BO3MOXKEH TOJIBKO 3HAK paBEHCTBA.
Takum 06pa3oM, yClIOBHUsS MPUHUMAIOT BUJ PaBEHCTB:

a; X, +apx, +..+a,x, =X,

Ay X) + Ay Xy + ..t 8y X, = Xy,
Xy + QpoXy + .4 A, X, = X,
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BBeneM BekTOp OHOJKETOB X, KaxJaas KOMIIOHEHTa KOTOPOIO Xa-
pakTepusyeT OMOMKET COOTBETCTBYIOIIEl CTpaHBl. Torma CHUCTEMY
ypaBHEHHH MOXKHO 3aIKcaTh B MATPUYHOH dopMe:

Ax=x.
3To ypaBHEHUE O3HAYaeT, YTO COOCTBEHHBIH BEKTOP CTPYKTYpPHOH

MaTpHLbl 4, OTBeYaroIUii ee COOCTBEHHOMY 3Ha4YeHHIO A = 1, COCTOUT
13 GIOJKETOB CTpaH Oe3edUUUTHOM MeXIyHapoAHOH Toprosid. Ile-

penuuieM ypaBHEHUE B BUAEC, ITO3BOJIAIOIIEM OTIPEACINTE X !

(A—E)x=0.

Ipumep 8.28. CTpykTypHas MaTpuua TOPTOBIM YETBIPEX CTpaH
UMeeT BUJ

02 03 02 072
|04 03 01 02
103 03 05 02

01 01 02 04

HaiiTi GromKeTsI 3THX CTpaH, yAOBIETBOPAIOIIKE cOanaHCUPOBaHHON
6e3neULUTHOM TOProBiIe PH YCIOBUH, YTO CyMMa OIOZKETOB 3a/laHa:

X+ X, + %3 +x, =6270.

Pewenue. HeoOxonuMo HalWTH COOCTBEHHBIH BEKTOp X, OTBEYarO-
Ui cOOCTBEHHOMY 3Ha4eHHWIO A = 1 3aJaHHOH CTPYKTypHOH MaTpH-

bl A, T.C. pCIINUTh YPABHCHUE, KOTOPOE B HALLIEM Cliy4a€ UMECT BUI
~08 03 02 02)x) (0
04 -07 01 02|x| |0
03 03 -05 02|x| |0
0l 01 02 -06 \x,) \0

HOCKOJILKy paHr 3TOM CHUCTEMBI paBe€H TpEM, TO O4HA U3 HEU3BECT-
HBIX SBJIIETCS CBOOOIHOM HCpCMeHHOﬁ, OCTaJIBHBIC BBIPAXKAIOTCA YEPE3
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Hee. Pemias CUCTEMY METOIOM I"aycca, HaXOJWM KOMIIOHEHTHI COOCT-
BCHHOI'O BEKTOpa Xx:

140 146 20

X, =—C, Xy=—C, X3=—¢€, X4=¢C.
' 121 27121 1 4

IloncTaBUB HalieHHBIE 3HAYEHHUS B 3alaHHYIO CyMMY 6}OIDKCTOB,
Onpe€aciInuM BEIIUYNHY C:
=1210.

OTKyla OKOHYATENbHO IMOJIyYaeM HCKOMBIE BEJMYMHEI OOIKETOB
CTpaH npu 6e31edHLUTHO TOproBie:

x, =1400, x,=1460, x,=2200, x,=1210.



nasa 9
3NIEMEHTbI AHAJINTUMECKOW FrEOMETPUMN

Ananumuueckou zeomempueﬁ Ha3bIBalOT pa3fcil MaTEMaTUKH, B KO-
TOPOM Ir€OMETPHUYICCKHUE 3a0a4H pCIIAOTCA anre6panqecngu METOJaMH.

9.1. [lekapToBa NPSAMOYroJjibHasi CACTeMa KoopAuHaT

Onpeoenenue 9.1. Ocpro Ha3pIBa€TCs NpsAMasi, Ha KOTOPO#:

1) BriOpaHa HavyajnbHas TOuka («Hayaso» — Touka O);

2) yka3aHo (CTpeJIKO) MMOJIOKUTEIBHOE HAMPaBIEHUE OTCYETA,;

3) BrIOpaH MaciiTal.

Onpedenenue 9.2. lexapToBOH NpPSIMOYTONBHOM CHCTEMOH KOOp-
JUHAT Ha IUIOCKOCTH (B IMPOCTPAHCTBE) HA3bIBAIOT ABE (TPH) B3aHMHO
NepIeHANKYJISIpHbIE OCH ¢ o0LyM HayanoM. Ilepeast oce OX Ha3bIBaeT-
cs ocpto abcumcc, BTopas ocb OY — ocpro opauHat (TpeTes OCh
OZ — ocbi0 anmiukar).

Kaxxpo#t Toyke miuockocTu (IIPOCTPAaHCTBa) CTABUTCS B COOTBETCT-
BHE yHOpsAOYeHHas mapa (Tpoiika) AeHCTBUTENBHBIX YHCEI — KOOPIH-
HaT JaHHOH TOYKHU.

Onpeoenenue 9.3. YpaBHEHHEM JIMHUH HA IUIOCKOCTH Ha3BIBAETCS
YPaBHEHHE C OBYMS INEPEMEHHBIMH, TaKO€, YTO TOJBKO KOOPAHWHATHI

000 TOYKH, JeXaluer Ha 3ToH JINHUH, YOOBJIETBOPAKOT HAHHOMY -
YpPaBHEHHIO.

9.1.1. PaccTosiHue mexay ABYMS TOYKaMU Ha MNJIOCKOCTU

JHaus! 1Be Touku Ha 1ockocTH (puc. 9.1) ¢ koopauHataMu A4 (x;, y;) ¥
B (x2, 2).

Y
Y2
-
Y " EC
ol x X X
Puc. 9.1
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W3 tpeyronsHuka ABC:

d=AB=\(x,—x ) +(y,-n)*.

9.1.2. leneHne oTpe3Ka B AaHHOM OTHOLUEHUU

Ilycte mans! e Touku M, (x1, y1) u M, (x2, y2). Haiinem Ha otpeske
MM, (puc. 9.2) Touky N, KoTopas menmia Obl HOaHHBIH OTPE3OK
M|N A

B OTHOILIEHUHU A :
2

.................. M,

N Aeemrcccccccea-

o
oy
EN
b

Puc. 9.2

ITo TEOPEME O MPOMOPLIMOHAJIBHOCTU OTPE3KOB IPSAMBIX, IIE€pECEe-
YCHHBIX PAOOM NapalJICIbHBIX IIPAMBIX, MTOJIYYHUM

M\N _ 44 _BB _,
NM, A4, BB,

XA _ YT

Xp=X V2~ )
274 g, XNy,
X=X Y27
X=X =Ax;—Ax, Yy=n=ry;=Ly,
X +Ax, _NtAy,
BT Co1+A
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KOOpI[I/IHaTBI TOYKH, nensieit OTPE30K B JaHHOM OTHOUICHHUH, Ha-
XOOATCA IO 3THM (popmynaM.

Ecmu A =1, To neneHue oTpeska NPOU3BOJUTCS MOMOJIAM:

X +x +
x =‘TZ .Y =y‘—2y2 — GopMyJIBl IUI1 HAXOXKAECHUS KOOPIH-

HaT CCPEAUHBI OTPE3Ka.

9.2. O0Ouwiee ypaBHeHMe NpPaAMoi

Teopema 9.1. Beskoe HEBBIPOXKAEHHOE YpaBHEHHE NIEPBOH CTENEHH

C IByMs IIEpEMEHHBIMH OINpPENENieT Ha MIIOCKOCTH HEKOTOPYIO MPSIMYIO,
¥ Hao0OopOoT.

Ax + By + C =0 — o0uiee ypaBHeHHE MPSAMOH,

A%+ B?> #(0 — ycJI0BYE HEBBIPOXKIAEHHOCTH.
y p

PaccMOTpuM pa3nuyHble CTydyad pacloIOXKEHHUs NMpsSMOH Ha Imioc-
KOCTH B 3aBUCUMOCTH OT K03 GHUIMEHTOB OOLIEr0 YpaBHEHHUS.

1) C=0, Ax+By=0 — mpsMmas NpOXOIWT 4epe3 Hayaso
KOOP/IMHAT;
A=0, By+C=0  — npsamasd MpOXOIWT MapajUIeNBHO
ocu O,
B=0, Ax+C=0  — mnpsamas NpOXOAWT MapaVIEILHO
ocu OY
2) A=C=0(, By=0 — npsiMast coBmafaet ¢ ochio O.X;
B=C=0, 4x=0 — npsimas coBragaert ¢ ocero OV,

PaccTosinne oT Touku My (xo,y0) A0 NpsAMOW, 3agaHHOW OOILUM
ypaBHeHHeM Ax + By + C = (, HaxonuTes o Gopmyie

d=|Ax0+By0+C|.

VA2 + B?
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9.3. YpaBHEeHMe nNpsaMOn ¢ yrnoebiMm KO3 punumeHToM

[Mpennonoxum, 4To NpsAMas pacrHoyioXeHa Mo yrioM @ k ocu OX
1 oTcekaeT ot ocu OV orpe3ok B b enunni. CocTaBUM ypaBHEHUE TOM
npsMoii (puc. 9.3).

Y

M (x;y)

Puc. 9.3

Bo3sMeM MNpoOH3BONBHYIO TOYKY M (x, y), Jexaumylo Ha STOH
HOpsMOM, W HaleM ypaBHEHHE, CBS3BIBAIOLEE IMEPEMEHHBIE X U ).
U3 pucynka BunHO: AM = AN + NM, rne AM = y, AN = b. U3 Tpe-
yronsHuKa BMN: MN = BN - tg ¢. O603HauuM tg ¢ = k 1 Ha30BEM €ro
yTJIOBBIM KO3 duumenToM npsamoit. MN =k - x.

IToncTaBnsis B paBEeHCTBO

AM = AN + NM
BBIPXEHUSI OTPE3KOB
AM =y, AN = b, MN = kx;
HOJY49UM

y =kx + b — ypaBHEHHE NPAMOH C YITIOBBIM KO3 (QHULIEHTOM.

9.4. YpaBHeHue npamMon, npoxoasiuen
yepe3 AaHHYIO TOYKY B AAHHOM HanpasJIeHUn
IpenmnonoxxuM, 4YTO mpsMas MPOXOAMUT uepe3 TOuKy M) (x1,y1)
¥ obpasyeT ¢ oceto OX yron ¢. CocTaBUM ypaBHEHHE 3TOH MpPsMOH
(puc. 9.4).
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0// X1 X X

Puc. 9.4

ByneM uckaTe ypaBHEHHE MpsSMOI B BHJE YpPaBHEHHS C YIJIOBHIM
ko3dduuuenToM: y = k'x + b. YriuoBoil k03hGHLHEHT NPSIMOH MOXHO
Hal{TH, 3Hast yroJl HaKJIoOHA Kk = tg ¢. Bo3pMeM NPOU3BONIBHYIO TOYKY M
(%, ¥), nexauryro Ha 9Toi NpAMO#, U HalileM ypaBHEHHE, CBS3bIBAIOLIEE
nepeMeHHble x U y. Tak Kak TOYkd M u M, nexat Ha npsAMOH, TO UX KO-
OpJMHATHI yIOBJIETBOPSIOT YPaBHEHHIO NPSIMOH:

y=kx+b,
v =kx +b.
BrluynTast 3TH PaBEeHCTBA, MOy YHM:

Y =y = k(x — x;) — ypaBHeHHUe NpAMO#, NPOXOAALIeH yepe3 JaH-
HYyIO TOYKY B JaHHOM HalpaBJIEeHWH.

9.5. YpaBHeHMue npsaMomn, npoxoasiuen
yepes ABe AaHHble TOYKU

Hauel nBe TOouku M| (x;, y1) U M, (x2, y2). CocTaBUM ypaBHEHHE
npsMoii, Mpoxoxsiei uepes A8e 3TH ToUKy (puc. 9.5).
W3 tpeyronbauka M\ M,oM:
- MM _Y2= N
MM  x,-x

k =1tgo

b
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k Y2 =N

Xy =X

— yraoBoit ko3@duLUUEHT NpsMoll, mpoxonsnied yepes OBE NaHHEIE
TOYKH.

Y
M (x2,y2)
Y2 pemomemmmm e
My (x1.01)K @
B T S M
@
0 // X X2 X
Pnc. 9.5
Bocmonb3yeMcs ypaBHEHHEM MPSIMOH, MPOXOAAILEH yepe3 AaHHYIO
TOYKY M| U B JaHHOM HampaBleHUH k = 270,
X2 7%
y=n =k-(x-x)
Yy=n= Zg'_—yl'(x_x!)

Xy — X
Ecau TOYKM UMEIOT pa3inuyHble aGCICChl B OPOUHATEI, TO, YMHO-
*asi 00€e YacTH MOCIeIHEr0 PAaBEHCTBA Ha BETMUNHY

1
)
V2=
TMIOJTy YIM
Y~h _X—Xx
o= X=X
J@HHBIE TOYKH.
Ecnu Touku MMeoT OAMHAKOBBIE aGCLMCCHI HMIIM OXUHAKOBBIE Op-
JVHATHI, TO UCTIONB3YIOT hopMyay (¥ —y)(x, —x) =(x—x)(¥, —»).
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IIpennonoxum, 4To mMpsiMast OTCEKAeT HA OCSAX KOOPAUHAT OTPE3KH
a v b eguHUI] COOTBETCTBEHHO (puc. 9.6).

Y

\
N

ol , X

Puc. 9.6

CocraBuM ypaBHEeHHe 3ToH npsmoii. Mcrons3yeM ypaBHeHue Nps-
MOH, mpoxopsieit yepes ase gqaHHele Touku A(a,0) u B(0,b).

y=0 x-a
b-0 0-a’
Z=—£+1,
b a

X o
- +%' =1 — YpaBHEHHUE NIPSIMOU B OTPE3KaX Ha OCAX.
a

9.6. Yron mexay ABYMS MPSMbIMMU.
Ycnosue napannesnbHOCTH
" nepneHanKynspHOCTU NPSMbIX

Onpedenenue 9.4. Yriom mexnay npyms npsameiMu [ u 11 Ha3eIBaeT-

Csl YroJl, OTCYUTHIBAEMBIN B [TOJIOKUTEIPHOM HallpaBiIeHUH OT npsmoi [
k npsamoi 1T (puc. 9.7).

Pnc. 9.7
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ITycTte faHBl nBE NpsAMBIE, 3aiaHHbIE YPaBHEHUAMMY C YTJIOBEIMH KO-
abdunenTamMu

y=k x+b, y=k x+b,.

Haiinem yron mexny nepsoit u BTOpoit npsmMseiMu. O603HaYuM yr-
JIBI HaKJIOHA NpSAMBIX @ U ¢@,. Torma

ki =tgon, ky=tgp,.

IIpoBeneM dyepe3 TOUKy MepecedeHus MPAMYI0, MapajlieNbHYI0
ocu OX (puc. 9.8).

Y |

Puc. 9.8

a=0Q, —¢,

tgp, — gy, ky -k
toeo =t —_ = = s
s 802~ 1+tgp, -1g0;, 1+k, -k

k,-k
tgo = —2—L

— ¢opMy1a 1 BEIYUCIEHUS YIila MeXIY ABYMS NPSIMBIMH.

175



1. TIIpenmnonoxum, 4YTo NpsAMBbIe HapajljieTbHEL:

a=0 = tga=0 =
ki = k, — ycnoBHe napajuIeNbHOCTH NPSMBIX.

2. IIpenmnooKumM, 4YTo NpsSMbIe NEPIEHAUKY ISPHBL:

a = 90° = tg a He cymecTByeT = ctg =0 =
= k; - k,=-1 — ycnoBue nepneHIuKyJIIpHOCTH MPSIMBIX.

9.7. 9nnunc

Onpedenenue 9.5. 'eoMeTpruecKoe MECTO TOUEK, CyMMa PaccTos-
HUH OT KaXAOM K3 KOTOPBIX AO ABYX JAHHBIX TOYEK, Ha3bIBAEMBIX
dokycaMu, eCTb BEIHYHHA ITIOCTOSIHHAS, Ha3bIBAETCS JJUIUIICOM.

2 2
X
—+ 'y—z =1 — KaHOHHYECKOE YpPaBHCHUEC 3JIIHIICA.

2 b

Q

Uccnenyem dbopmy amnunca.
1. HaiiieM TOYKM NepecedeHus ¢ OCSIMH.
OX:y=0, x=x*a;
OY: x=0, y=1b;
A(a; 0); B (-a; 0); C (0; b); D (0; -b).

Onpedenenue 9.6. Touxu A, B, C, D Ha3pIBaIOTCS BepILIHAMH JUTHIICA,
2. Vi3 BuOa ypaBHEHMS CIEQYET, YTO JIMHUA CHMMETPHYHA OTHOCH-

TenpHO oceit OX u OY u Hayana KOOpAUHAT.

2

=

L N x?<a? - xe[-a;a],
2<p? ye[-b;b].

ol
IA

<. %
IA

<

|

1;

o
~

CrieoBaTeNisHO, KpMBas PacloiioKeHa B MPSMOYTOJBHUKE CO CTO-
poHamu 2a u 2b.
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ITocTpouM manHyO KpuByio (puc. 9.9).

Y A
b
—a F] F2 a
@ @ »
0 X
-b
Puc. 9.9

Onpedenenue 9.7. OTHOIIEeHNE HOKYCHOTO paccTOSHUS K OOJBILIOM
OCH DJUIMIICA Ha3bIBAETCS OKCIEHTPUCUTETOM DJUIMIICA.

8_2c_c a® - b?

2a a a

Onpedenenue 9.8. TlapameTp a Ha3biBaeTCs OOJBLION MOJIYOCHIO
3JUIMIICA, TapaMeTp b Ha3bIBaeTCs MaJloi MOy OChIO 3JUIUIICA.

9.8. OKpyXHOCTb

Onpedenenue 9.9. I'eomeTpuyeckoe MECTO TOYEK, DPAacCTOSHUE
OT KaXJOHW U3 KOTOPHIX OO HaHHOW Touku O, Ha3bIBA€MON LIEHTPOM,
€CTb BEJIMYMHA TIOCTOSHHAs, HAa3bIBAECTCSI OKPYIKHOCTBIO.

J(x=0)*+(y—0)* =R
— KQHOHHMYECKOE YPaBHEHUE OKPYKHOCTH.
xZ +y2 =R2
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OKpy>XHOCTb SIBISI€TCA YaCTHBIM CITy4yaeM dJUIMIICa, Koraa Gonpiuas
¥ Majias NoayocH paBHbl, ¢ = 0, POKyCHI CIMBAIOTCS B LIEHTP. DKCLIEH-
TPHUCHUTET OKPYKHOCTH paBeH HYJIIO.

c
e=—=0.
a

9.9. Nmnepbona

Onpeoenenue 9.10. T'eoMeTpUYECKOE MECTO TOYEK, Pa3HOCTH pac-
CTOSIHMM OT KaXKI0H M3 KOTOPBIX JO ABYX JAHHBIX TOYEK, Ha3bIBAEMBIX
dokycaMu, eCThb BEJIMYMHA [TOCTOSHHAS, Ha3bIBaeTCs rUnepOoIoi.

2y
—5 — =5 =1 — KaHOHHMYECKOE ypaBHEHHE TUNIePOOIBL.

b

IS

Hccnenyem dopmy runepOoibl.
1. HafineM TOYKY mepecedeHus ¢ OCSIMH.

2
0X:y=0, >==1, x=t+a, A(a0) , B(-a;0).
a

OKx=0,—%—=l, yed.

Onpedenenue 9.11. Touxu A v B Ha3pIBalOTCS BEpIIMHAMM THIEp-
6osl.

2. Y3 Bua ypaBHEHMS CIEAYET, YTO JIMHHS CUMMETPUYHA OTHOCH-
TenpHO oceit OX, OY v Hayayia KOOpAWHAT.

2
X
3. 521= x? > a? = xe(—wo;—a]u[a;+0).

Q

CnepoBaTenpHO, KpHMBas paclojOXXeHa BHE NPAMOYTONbHMKA
€O CTOpOHaMHU 2a u 2b.

IMTocTpoum manHy0 KpHByIO (puc. 9.10).
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Y 4
b
* 1= al >
Fi(c;0) 0 F1(c;0) X
-b
Puc. 9.10

Onpedenenue 9.12. TlapaMeTp a Ha3sIBaeTCs AECHCTBUTENBHOMN IO-
JIyOcChbIo runep6oiisl, a napaMeTp b Ha3sIBa€TCA MHUMOM Oy OCHIO.

b
Onpeodenenue 9.13. Tlpsmele y = £—x Ha3BIBAIOTCA aCUMIITOTAMH
a

runepOosl.

IIpn Bo3pacTanuu x runepboia HEOrpaHHYEHHO NMpUOMIKaeTcs K
acUMITOTaM.

Onpeodenenue 9.14. OTHOUIEHHE HOKYCHOTO PacCTOSHUS runepbo-
JIBI K €€ JEWCTBUTENIEHON OCH Ha3bIBAECTCS SKCLEHTPUCHTETOM.

8_2.£_c va® +b?

2a a a
Onpeodenenue 9.15. Kpusrie amurnc, runepboia, OKpYXHOCTh Ha-
3bIBAIOTCS KPUBBIMHM BTOPOTO MOPSJKA C 3KCHEHTPUCHTETOM, NPHUYEM
ons okpyxkHoctd €=0, mna smmnca €€(0,1) u mis runep6oibl

ge(l+0). Ilpn €=1 runepOona BEIPOXKIAETCA B ABE IapajlIe/IbHbIE
IIpAMEIE.
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9.10. Napa6ona

Onpeodenenue 9.16. T'eoMeTpuyeckoe MECTO TOYEK, PaBHOYNAJICH-
HBEIX OT JaHHOM TOYKH, Ha3pIBaeMO# (OKyCOM, U JaHHOM MpsAMOH, Ha-
3bIBAEMOM AUPEKTPHUCOI, UMEHyeTcs mapabooil.

y? =2px

— KaHOHHYECKOE ypaBHEHHUE NapaboJibl ¢ BEPIIMHOM B Hayae KOOpAU-
HaT, CHMMETPHUYHOH OTHOCHTENBHO ocH OX.

Hccaenyem popmy napaboisl.

1. Halinem TOukM mepeceyeHus ¢ OCSIMH.

0X, 0Y: y=0,x=0, 0(0;0).
Onpeodenenue 9.17. Touka O Ha3pIBaeTCS BEPLINHO NapaboJbL.

2. V3 Buja ypaBHEHHUS CIEAYyeT, YTO JIMHUSA CHMMETPHYHA OTHOCH-
TenbHO ocu OX.

3. x€[0;+0) . CnenoBaTensHo, KpuBas pacrojoxena nmpasee ocu OY.
ITocTpouM maHHyIO KpuByIO (puc. 9.11).
Y

N(=p/2;y) M (x, y)

K(-p/2;0) 0 F (p/2;0) X

x=—-p/2

Puc. 9.11
Ecnu mapa6ona cuMMeTpruHa OTHOCUTENBHO OY 1 UMEET BEPIINHY
B Hayaje KOOpJAWHAT, TO €€ KAaHOHHYECKOE YPaBHEHHE MMEET BUI

x*=2py (puc. 9.12).
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N

0 XV

@---1-1

Puc. 9.12

9.11. MNapannenbHbli NEPEHOC CUCTEMbI KOOpAUHAT

ITpeanonoxxuM, 4TO cucTeMa koopauHaT XOY mepeHeceHa mapaj-
JIENIBHO ce0e Tak, YTO Hayalo KOOpAWHAT CMeCTUIOoch B TOUky M(a;b).
Haiinem cBs3p MeXxny koopauHaTaMH JIt00O0I TOYKM B cTapoil M HOBOM
cucteMe koopauHat (puc. 9.13). Bo3sMeM npousBonsHy0 Touky N. B
wiockocty XOY oHa UMeeT koopauHaTel N(x; ), B miockoctn X'O'Y’

oHa uMeeT koopauHatel N(x';y').

YI

=

M(a; b)
@
o 10 X

Puc. 9.13

x=a+x, |xX'=x-a,
y=b+y'. |y =y-b.
— mnpeoOpa3oBaHHe KOOPAMHAT MpPU MapajUIebHOM IepeHoce; BBIpa-

KCHHE CTaphIX KOOPpAUHAT YEPE3 HOBBIE U HOBBIX YEPE3 CTAPHIC.
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ITpumep 9.1. PaccMOTpUM ypaBHEHHE:
x*=2y*42x-12y-33=0,
(x> +2x+1)=1-2(* +6y+9)+18-33=0,
(x+1)> =2(y +3)* =16.
CosepunM napajulenbHbIH epeHoc o GpopMyiiam
x'=x+1,
y=y+3
ITpu 3TOM Havano KoopAuHAT nepeiinet B Touky O'(—1,-3). B Ho-
BOJ CHCTEME KOOpAWHAT YpaBHEHHUE ITPUMET BUI
(x")?=2(y")* =16,
@O0

16 8
B HoBO#M cucreme koopauHar X'OY' mnoiy4eHO KaHOHHYECKOE

ypaBHEeHHUe runepOoibl ¢ mapamerpamu a =4, b = 22
IMTocTpouM cTapblie ¥ HOBBIE OCH, a TAKXKE CaMy KPHUBYIO.

Y\
Y 4

v




IIpumep 9.2. PaccMOTpUM KBaJipaTHBIN TPEXUWIEH
y=ax*+bx+c.

IToctpoum ero rpaduk. [{ns aToro npeobpasyem ypaBHEHHE

b ¢
y=ax2+bx+c=a(x2+—x+—)=
a a

2 b b? c b b\ dac-b*
=4l | X" +2—x+—5 |[+t——— |=q x+— | +———.
2a 4a a 4a 2a 4a
BeezneM HOBbIE KOOPAMHATHI 10 QopMyiamM

X'=x+—,
2a

. _4ac—b2
y =Y 4q

Torna B HOBO# cucTeMe koopauHat X'O'Y', monydyeHHoM mapa-
JIENIBHEIM TIEPEHOCOM OCEH KOOpAMHAT C HOBBIM LIEHTPOM B TOYKE
.. b 4ac-b’
O'(-—,———), ypaBHEeHHE NPHUMET BHUJ

2a° 4a

12 !
(x')"=2py’,
rae p = 1/2a.
TaxkuMm o6pa3oM, rpaduKoM KBaJpaTHOTO TpeX4WeHa SABJISETCS Ia-
b 4ac-b’

pabona ¢ BepLIMHOW B TOYKE O’(—E—,4—) C OCBIO CHMMETpHUH
a a

x= _L , MapajuiensHo# ocu OY.
2a
9.12. MoBopoT cUCTEMbI KOOPAMHAT

ITpenmnonoxuM, YTo MPAMOYTONBHYI0 CHCTEMY KOOpDAMHAT TOBEP-
HyJIM Ha YTOJ @ B MOJIOXKHTENFHOM HANPABIECHHUY U TOJIYYHIH HOBYIO
cucremy koopaunatr X'O'Y' (puc. 9.14).
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Puc. 9.14
x=x"-cosa—y'-sina,
y=x"-sino+y'-cosa.

OTH COOTHOIIECHHUS OINHCHIBAIOT NpeoOpa3oBaHHWE KOOPAWHAT IPU
IIOBOPOTE, OHM BBIPAXKAIOT CTapble KOOPAWHATHI Yyepe3 HOBBIE. M3 3THx
COOTHOLIEHUH MOXHO BBIPa3UTh HOBBIE KOOPIWHATHI. BhIpaxkeHue HO-
BBIX KOOpAMHAT Yepes cTaphle:

x'=x-cosa+ y-sina,
y'=y-cosa—x-sina.

IIpumep 9.3. KpuBas BTOpOro Inopsiaka 3aiaHa ypaBHEHUEM

5x% —6xy +5y* =32.

ITpuBenem ero k kaHoHHUeckoMy BuAy. CnenaeM npeoOpa3oBaHueE:
MoOBOpOT Ha yron o = 45°.
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x= 2( -
2
y={—(x'+y’)-

HaiineM ypaBHEHHE 3TOM JMHMH B HOBOM CHCTEME KOODAMHAT
xoy'.

5 ' "2 6 12 12 5 ! "2
—(x' - o G +—=(x'+ =32,
2( ») 2( ) 2( »)
5x2 —10xy' + 5y —6x"2 +6y"> +5x% + 5y +10x"y' = 64,
4x? +16y" =64,
12 12

X Y
16 4

HOJIy'-II/UII/I KaHOHHYECCKOC YpaBHCHHE 3JIJIMIICA C MapaMETpaMu

a=4ub=2.

A

XI

IIpumep 9.4. Iocrpoum rpaduk qpoOHO-TMHEHHON QYHKLIUK
ax+b

,tnec#0, bc—ad=#0.
cx+d
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IIpeobpasyem BelpaxkeHue 11 GYHKIMU:

a(x+-lz) a{(x+£)+2—i] bc—ad
_ a) _ c) a c|_a c?

- ( d)— ( dj c d -
o x+— cl x+— X+—
c c c

bec—ad
O603HauuM m = ——— ¥ BBEJIEM HOBBIE KOOP/IMHATEI

c
, d
X' =x4+—,
c
, a
y=y-—
c

OTH ypaBHEHUs OIMCHIBAIOT MapajlieNIbHBIHA MEPEHOC CUCTEMBI KO-

_ w4 a .

opauHat. LieHTp koopauHaT mepeitner B Touky O'(——,—). B HOBOIA
cc

cHCTeMe KOOpIAWMHAT ypaBHeHHe uMeeT BuL: xy' =m. CrenaeM npeoob-
pasoBaHHe: MOBOPOT Ha yron ¢ = 45°.

¥ =—"-y"),
1 2 n n

=—(x"+y").
Y= x"+y")

Haiinem ypaBHeHHe 3TO# JIMHMM B HOBOH CHCTEME KOOPOUHAT
X'oY".
2 "2
GO0
2m 2m

MBI MOTy4HIIH KaHOHHYECKOE YpaBHEHHE PaBHOCTOPOHHEH rurep-
6oJibl ¢ acuMnTOTaMHu " = xx" .
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X

X

Takum obpa3om, rpadukoM IpOOGHO-panOHANIbHON (QYHKUMU SB-
JIsIeTCsl PaBHOCTOPOHHSASA runepooa.

9.13. YpaBHEeHuMe MJI0CKOCTU B NMPOCTPAHCTBE

Teopema 9.2. Beskoe HEBRIPOXKIEHHOE YpaBHEHHE NIEPBOH CTENEHH
C TpeMs NMEePEMEHHBIMU OIMUCBIBA€T HEKOTOPYIO IUIOCKOCTEH B MPOCTpaH-

CTBe, U HAOOOPOT: BCAKas IUIOCKOCTH MOXET OBITh OMMCAaHa TaKUM
ypaBHEHUEM.

Ax + By + Cz + D = 0 — o01iee ypaBHEHHE [IOCKOCTH,

A% + B? + C* # 0 — ycioBHe HEBBIPOXKIEHHOCTH.

PaccMOTpuM pasiuyHbIE Cly4yau pacloOXKEeHHs IIOCKOCTH B IPO-
CTPaHCTBE B 3aBUCUMOCTH OT KO3 PHULHEHTOB OOILETr0 YPaBHEHHUS.
1. D=0, Ax + By + Cz=0 — npoxoauT yepe3 HayaJlo KOOpAMHAT;
A=0, By+Cz+D=0 — napayuensHa ocu OX;
B=0, Ax+Cz+D=0 — nmapamiensHa ocu OY;
C=0, Ax+By+D=0 — mapamensna ocu OZ;

2. A=D=0(, By+Cz=0 — coxepxur OX;
B=D=0, Ax+Cz=0 — conepxur OY;
C=D=0, Ax+By=0 — copepxut OZ;
A=B=0, Cz+D=0 — napajuiensHa mwiockoctd XOY;
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A=C=0(, By+D=0 — napauiensHa miockocti X0Z;
B=C=0, Ax+D=0 — napajuiensHa mwiockoct YOZ;
3. A=B=D=0, Cz=0 — COBIAJaeT ¢ IIockocTeio XOY;
A=C=D=0, By=0 — COBMAJAET C INIOCKOCTHI0 XOZ;
B=C=D=0, Ax=0 — COBHAJAET ¢ IT0cKocThI0 YOZ.

Paccrostnue ot Touku My (xo, Yo, Zo) AO TUIOCKOCTH, 3aJaHHON 00-
mYM ypaBHeHUEeM Ax + By + Cz + D =, Beruucnsercs no Gopmyiie

Je |Ax, + By, + Czy + D)
VA2 +B*+C?

9.14. YpaBHEeHuMe NJI0CKOCTU, NpoxoasLL e
yepes AaHHYIO TOUKY NMeprneHauKysapHo
OAHHOMY BEKTOPY

ITycTs mIoCKOCTh MPOXOIUT Yepe3 TOUKy My (Xo, Vo, Zo) Y MEpIeH-

JIUKYJIIpHa BEKTOPY ;(M, N, L). Bextop n(M, N, L) na3siBaeTCs BeK-
TOPOM HOPMaJIH K [TOCKOCTH.

n / My (x0,y0,20)

M (x,y,2)

Pnc. 9.15

BosbpMeM npousBoibHY0O TOUKy M(x, y, z), IeXallyio B 3TOi IJioc-
kocTH (puc. 9.15), u HaiineM cBs3b MEXAy KOOpAWHATAMH X, ), Z B BUZIE

ypaBHeHus. PaccMoTpum BekTop MM (x — X3y — 032 — 2p) -

Bexroper MM u n oproroHansHsl. CienoBartensHo, n + M M =0.

188



M(x—x0) + Ny —yo) + L(z—20) =0
— YypaBHEHHWE IUIOCKOCTH, MpPOXOIAIIEHl uepe3 HaHHYIO TOUKY,
HNEpHIEeHIUKYIIPHO AaHHOMY BeKTOpy. Ecnu packprITe CKOOKH B 3TOM
YPaBHEHHUH, TO €r0 MOXKHO MPHUBECTU K BHUIY
Mx+Ny+Lz+K=0,
rae K = — Mxg — Nyo — Lz,.

CJICI[OBaTCJ'ILHO, eclii IUIOCKOCTh 3ajlaHa OOIUM YPaBHECHHUEM

Ax + By + Cz + D = 0, to Bexktop n(A4,B,C) sABIAETCS BEKTOPOM
HOPMaJIH K IIOCKOCTH.

9.15. YcnoBus napannenbHOCTH
U NeprneHauKyNapHOCTHU NJIOCKOCTEN

JaHbl BE MIOCKOCTH, 3alaHHbIe OOIUMY ypaBHEHUSIMH:
Ax+By+Cz+D =0,
Axx + By + Coz + D, = 0.
OHHU MEIOT HOPMaJIbHBIE BEKTOPBI:
ni(4,, By, Cy),
ny(4z By, Cy).

1. Ecinum mnmockocTtu napajijl€jibHbl, TO BEKTOPbI Hopmaneﬁ
KOJJIMHCApPHBI.

Al Bl CI >
— = —— = —— — YCJIOBHE INapaJUICJIbHOCTH ITIJIOCKOCTCH.
AZ BZ CZ

2. Ecnv 1UI0CKOCTH MEpeHINKYISPHBL, TO BEKTOPBI HOpMaleh op-
TOTOHAIBHEI.

nyny=0,

A4y + BB, + C,C, = 0 — yciioBUe NepneHIuKyIIPHOCTH IUIOCKOCTEH.

9.16. KaHoHn4yeckoe ypaBHeHue NpsaMo
B NPOCTpPaHCTBE

IycTs npsiMas MpOXOOUT yepes TouKy M; (x), yi, z1) ¥ NapajulenbHa
BeKTOpy a (m ,n, I). CoctaBUM ypaBHeHHUe 3TOH Npsamoii (puc. 9.16).
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Y

Puc. 9.16
Bo3pMeM Mpou3BONBHYIO TOYKYy M (X, y, z) Ha 3TO# mnpsMoit
Y HaiJIeM 3aBHCUMOCTD MEXIY X, J, z. IlocTpouM BEKTOp

MM(x—x;y-y32=2z).

Bexkropel MM " a KOJIMHEApHBI.

X=X _YTh _z272%
m n l
B IIPOCTPAHCTBE.

— KaHOHWYECKOE YypaBHEHHE IpPAMOH

9.17. YpaBHEeHMe NpPaAMOi B NPOCTPaHCTBe,
npoxoasiLien 4yepes [Be AaHHble TOYKU

IlycTe mpsiMas NpOXOAWT uyepe3 ABe TO4kH M, (x1, y1, z))
U My(x;, y» 2z;). CocraBuM ee ypaBHeHMe. PaccMOTpPUM BEKTOp

M\M,(x, = %3y, — Y152, —2z;). JlaHHas mpsmas NapajiensHa 3TOMY

BEKTOPY M MPOXOIUT uepe3 Touky M (x;,y, z;). icnonb3ys kaHoHUYe-
CKO€ YpaBHEHHE, IT0Iy4aeM

X—x _Y=h _z-%

Y27% NNz

— ypaBHEHHE NPAMO#i, NPOXOIAIIEH Uepe3 qBE AaHHBIE TOYKH.
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nasa 10
KBAAPATUYHBIE ®OPMbI

10.1. NMoHaTHe KBagpaTU4Hoi popmbl

Onpeodenenue 10.1. CxansgpHas (yHKIHS BEKTOPHOI'O apryMeHTa,
KOTOpas MpeAcTaBiseT coboit OMAHOPOAHEI MHOTOWIEH BTOPOTO MOPS-
Ka, Ha3bIBaeTCs KBaApaTHYHOH GHOpMOH.

n n
F(x)=AX%) =)D axx;
i=1 j=1
X =(x,%,,...x,) €E",
A:E" >R,

Onpedenenue 10.2. Martpuna, cocraBleHHas U3 KOI(QQULHECHTOB
KBaJpaTHYHOH QOPMEI @;; , HA3BIBACTCS MATPULIEH KBAJPATHIHON (OPMBIL.

Ipumep 10.1. A:E* > R, X E’.
8xx,+8x,x;

A(X,X)=5x7 +Tx2 =9x% + 16x,x, —10x,x, +4x,X,,

5 8 =5
A= 8 7 2
-5 2 -9

3x3 .

Marpuua KkBafpaTHYHOM (OPMBI CHMMETPHYHA OTHOCHTENIBHO
TJIaBHOM qUaroHaly.

Teopema 10.1. Jlobas cuMMeTpu4yHas KBajJpaTHas MaTpula
nopsigxa n UMeeT n AeHCTBUTENBHBIX COOCTBEHHBIX 3Ha4E€HUH M COOCT-
BEHHBIX BEKTOpOB. COOCTBEHHbIE BEKTOpHl CHUMMETPHUYHOI MaTpHIBI
TMIONapHO OPTOrOHAJIBHEI.

CremoBaTenbHO, COOCTBEHHbBIE BEKTOPHI MaTpPHIEl 00pa3yloT 6a3uc

B npocTpanctee E" .
Onpeoenernue 10.3. PanroMm kBaaparuuHo#l ¢oOpMBI Has3bIBaeTCH
paHr MaTpub! 4.
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Onpeodenenue 10.4. Ksampatuuynas ¢opma A(X,X) HaswiBaercs
NIOJIOXHTENIBHO ONpeAeNeHHONH (OTPHUUATENBHO OMNpENEIEHHOM), ecu
s moboro x € E”

A(x,x) >0(<0).

Teopema 10.2 (xputepuii CuiabBectpa). KBanpatnunas dopma

ABJIAETCS TOJNOXKUTENBHO ONpENeNeHHOM TOoraa U TOJNBKO TOraa, Koraa

BCE JIEBBIE BEPXHHE YTJIIOBBIE MHHOPBI MaTpPHLBl A ABJIAIOTCS MOJOXH-
TEJIbHBIMY, T.€.

all alz cee aln
A — a21 a22 e azn
b
An Any nn /pxn
a,>0,
a, a
i %42l
a1 Ay
b
a, .. a
: >0
a a

nl nn

10.2. NpuBepeHue kBagpaTU4Hoii Gopmbl
K KAHOHUYECKOMY BUAY

PaccmoTpum kBagpaTHyHyO QopMy

- — n n
F(x):A(x,x)=2(Za,.jx,.xjj .
i=1 \_j=1
Brinuiuem ee MaTpuily 1 BEKTOP-CTOJIOEL NIEPEMEHHEIX.
a...a
11 1n x,
A= ;o x=|.

a a

nl**%nn nxn Xn nxl

Torna xBagpaTHuHy0 GopMy MOXKHO MPEACTABUTE B BUJIE
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= — —_T —
A(x,x)= X Ax — MaTpu4Has 3aIuCh KBaApaTUYHOH QOPMBEIL.

Ipumep 10.2. A(%,%):E> — R.
A(%,%) =3x7 + 5x2 —6x,x, .
3 -3 %

’ X .
-3 5 2x2 X2 )ax1

AEX) =% -A-X=

3 -3} (x x
’"(xl x2)1x2 3 5 kx —(3x1 -3x, —3x +5x2)1x2 x =
2x2\"2/2x1 2/2x1
= [2.2 2} _(z,2 2
= (3x1 =3xx, =3x%, + 5x2),x1 = (?;xl +5x5 — 6x1x2)|x1 .
Onpedenenue 10.5. Ecnu B HekoTopoM O6asuce KBaJapaTHYHasd
(dbopMa He COIEPXUT CMEILAHHBIX IPON3BENCHHUH IEPEMEHHEIX, T.€.

n
oy 2 _ 2 2 2
A(x,x)—Z/l,.x,- = A, x0 + A, x5 + .+ A ,x;,
i=1
TO 9TOT Ga3yc Ha3bIBAIOT KAHOHMYECKUM 0a3UCOM JaHHOM KBaJpaTHy-

n
Hoit Qopmel, a Bum A( x,x)= Z AxEP=Axt+Axl+ .+ A,x2
i=1
Ha3bIBAIOT KAHOHMYECKUM BHIOM HaHHOHM KBaJpaTHYHON (GOPMEIL.
Onpeodenenue 10.6. HopmupoBaHneM BeKTOpa Ha3bIBA€TCS HAXOX-
JCHUE BEKTOPA TOTO XKE HANPaBJIECHUS EAVUHNUYHOMN JIMHBL.

a_la a

Teopema 10.3. JI1o6yro CMMMETPHYHYIO MaTPHUIy MOXHO IpeACTa-
BuTh B Buae A = U'DU, rne D — [uaroHaibHas MaTpHLa, Y KOTOPOH
Ha [JVaroHaJli pacCroNIOXKeHbl COOCTBEHHbIE 4YHCIa MaTpULBl A
U — maTpuua, CoCTaBle€HHas U3 HOPMUPOBaHHBIX COOCTBEHHBIX BEKTO-
poB Matpuubl 4. Kaxxaplit BEeKTOp SBJISETCS CTOIOLIOM.

CnenoBarensHO, mo0y10 KBaJpaTHYHYIO (GOpPMY MOXXHO NPHUBECTH
K KaHOHMYECKOMY BHIY C MTOMOUIBIO HEKOTOPOr'0 OPTOrOHAIBHOIO Mpe-
obpazoBanus koopauHat. J[ns BCAKOH KBagpaTHYHOH (GOpPMBI CyIIECT-
BYeT KaHOHWYeckuit 6azuc.

an=
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Alx,x)=x"dx=x'U"DUR = [Uz) DU3).

Ecnu BBecTH HOBbIE mepeMenHsle o ¢popmysne ¥ =UX | To kBan-
paTuyHas GopMa IPUMET CIEIYIOIHI BUA:

A\y, y)= yTD y — KaHOHWYECKUH BUJ KBaapaTU4HOH GOPMEL.
W3 nanHOro paBeHCTBa BHJHO, YTO KO3(QHIIMEHTaMH B KaHOHHMYE-
CKOM BHJIE SBJISIOTCS COOCTBEHHBIE YHCIa MATPHULEL A.
Teopema 10.4. (3akOH HHepUMW KBagpaTHYHbIX ¢opm).
B mo0oM kaHOHHYECKOM BHAE KBalpaTHYHOW (GOPMBI KOJIHYECTBO
MOJIOXKHUTEIBHBIX ¥ OTPHLIATENBHEIX KOG GHUIIEHTOB MOCTOSHHO.

2 2 Vi X
x Y
IlIpumep 10.3. —+—=1.
T
Ecniu noBepHyTP cucTEMy
xoopruHaT Ha 90°, To ypaBHeHue

TIPUMET BUJ % X

2 2
X
22,
9 16
B aTux 6a3ucax o6a cinaraeMaIX co 3HAKOM « + ».

IIpumep 10.4. TlpuBeneM KBaapaTU4YHyI0 GopMy
A%, %) = 6x7 +5x% +Tx? — 4x,x, + 4x,X; K KAHOHHYECKOMY BHY.
BrinuiieMm ee MaTpuiy.

6 -2 2
4-2 5 0
2 0 73x3

HaiineM coGcTBeHHBIE 3HAYEHUS MaTPULBI KBaJpaTUYHON (QOPMEL.
Pemnm xapakrepucTuueckoe ypaBHEHHE.

|[4-2E|=0,

|6—22 100
-2 5 0|-Al0 1 0]=0,
2 0 7 001
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6-1 -2 2

-2 5-1 0 |=0,

2 0 7-2
6-2)5-A)T-A) - (=2)(2)(T-A) —4(5-1) =0,
BO—TIA+A 27 -A)—28+4A —20+4A =0,
210—77A +7A%=30A +11A %= A3+ 81— 48 =0,
A3—1812-99A —162 =0.

Kopru naHHOro ypaBHEHHS SBISAIOTCS HNENUTENSIMH CBOOOJHOTO
yieHa. Pa3snoxuM ero Ha IpoOCThle MHOXHTENIM U MOAOEpEM OIWH
U3 KOpHEH.

16212
81 |3
27 |3
9 13
3 {3
11
A =3 — sBnsercsd KOpHeM. Pa3nenuM MHOTOWIEH Ha JIMHEHHBIH
MHOXHTENb A — 3.
A7 —180% +99An —162 A—3
S % A%=15)+54
~150% +991
—1502 +45)
54\ -162
540 -162
0
Haiinem xopHHU ocTaTka.
A?-150+54=0,
A=9, A,=6.
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IMomyynnun Tpm coOCTBEHHBIX 3HAa4YeHHMs MaTpuuel. Haiinem
COOTBETCTBYIOIIME MM COOCTBEHHbIE BEKTOpbl. COOCTBEHHBIN BEKTOD,

COOTBETCTBYIOIIMNH COOCTBEHHOMY 3HayeHMIO A = 3, Haifiem U3 ypaBHe-
HUA AX =AX.

6 -2 2Yx x )
2 0 7T\x X,

6x; —2x, +2x3 3x,
=2x +5x, |=|3x,]|,
2x, +Tx, 3x; )
3, -2x, +2x; =0,
-2x, +2x, =0,
2x, +4x; =0.
X = Xy,
X, +2x, =0,
2x, +4x; =0.
Ilyct x3=-1,
X =2, X3 =—c,

X, =2, WIK {X, =2c,
Xy =-1. x, =2c.
Wtak, cobcTBEHHOMY 3HaYeHHIO A=3 COOTBETCTBYET COOCTBEHHBIH
2
BEKTOD X|| 2
-1

IIponopMupyeM  coOCTBEHHBIH  BEKTOp. IEII =vJ4+4+1=3,

,—C_(E 2 _l)
3 37 3)

AHaJIOTUYHO HaXOJATCA BEKTOPHI X,,,Xs;,. Da3HC, COCTaBIEHHBIH

U3 BEKTOPOB X,,,X,,,Xs, , ABIAETCS KAHOHUYECKUM [l JaHHON KBaiapa-
TUYHOH QOPMBI.
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_ 2 2 1
Xn =17 = —— |
3" 3 3
— 1 2 2
Xon =1 =7 = T >
333
— 2 1 2
X =l T T3 T
\3 37 3)

B sToM Gasuce kBagpatuuHas GopMa UMEET BUJ
A, ¥) =3y} +6y2 +9y3.

®opmyiia mpeobpa3oBanys KOOPAUHAT umeeT Bun Y =UX |
T

2 12

3 23 3

2 1
rreU=| = — -—
. 3 3 3
122

3 3 3

3x3



Fnasa 11

MHOIOMEPHAA TEOMETPUSA

11.1. EBK2IMAOBO NPOCTPAHCTBO.
Bbinyknblie MHOXecCTBa

Onpeoenenue 11.1. YropsxoueHHas COBOKYITHOCTh U3 n JeHCTBU-
TEJIBHBIX YHCEN ;(xl,xz,...,x,,) Ha3BIBAETCH N-MEPHOM TOYKOM.

Onpeodenenune 11.2. PaccTostHUEM MEXIY IBYMs n-MEPHBIMH TOY-
KaMH ;(xl,...,xn) u ;(yl,...,y,,) Ha3bIBaeTCs BENMYHMHA

2 2 2
d=\/(xl )+ =) -2 )
Onpeoenernue 11.3. COBOKyIHOCTh BCEX HN-MEPHBIX TOUEK C BBE-
ZeHHO! Ha Helt METPHKOH d =(x, -y, ) +(x, =y, + ...+ (x, —y, )} Ha3BI-
BAETCA N-MEPHBIM EBKJIUIOBBIM (METPUYECKHUM) IPOCTPAHCTBOM R".

Ilpumep 11.1.

R?. M(a,b) — Touxa u3 R’, B nUHEHHOM BEKTOp-
HOM NpOCTpaHCTBe E” aHAIOrMYHO 0603HAYAETCA BEK-
Top OM (a,b) . Mexnay ToukaMH ¥ BEKTOpaMH C OU-

HaKOBBIMH KOOpAHMHaTaMHU CYLUECTBYET B3aWMHO OH-
HO3HAaYHOE€ COOTBETCTBHE. H03TOMy B JajJpHEHNIeM

MbI OyieM 0603HayaTh UX OAMHAKOBO: X .

Ipumep 11.2. R x =a.

Onpedenenue 11.4. € -OKpeCTHOCTHIO TOUKM Xo B R" HaspIBaeTcs

MHOJXECTBO TOYEK X , yJOBJIETBOPSIOIIUX YCIOBHIO d(X,X;) <E€.
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ITpumep 11.3.
R?

TR

| o

Onpedenenue 11.5. MuoxectBo A < R" Ha3pIBa€TCS OTKPBITHIM,
eciy grobas ToYKa BXOJUT B HETO BMECTE C HEKOTOPO# OKPECTHOCTHIO.

Onpedenenue 11.6. MuoxectBo B — R" Ha3bIBaeTcs 3aMKHYTHIM,
€CIIH OHO SIBJIIETCS JOTIOJHEHHEM 10 HEKOTOPOTO OTKPBITOIO MHOXKECTBA.

B — 3amkHyTOE < R"\ B — OTKpBITOE.

Ipumep 11.4. R

(~1,1) — oTkpeiTOE,

[-1,1] — 3amkHyTOE.

OTkpeiTeie MHOXeCTBA: (a,b), (—©0,a), (a, + ©), R, &.
3amkHYTBIE MHOXECTBA: [a,b], (—»,a], [a, + ©), R, .

Tpumep 11.5. R%.

bes I'paHHUL — OTKPBITOEC MHOXECTBO,
C rpaHULIaMH — 3aMKHYTO€.

Onpedenenue 11.7. OtpeskoM B R" , COEqUHAIOIMIM TOYKH x

Y , Ha3bIBA€TCA MHOXXECTBO TOYECK, YAOBJIECTBOPAIOIIEC YCIOBUIO
z=tx+(1-1)y,t€[0,1].

Onpeodenenue 11.8. Muoxectso A © R" Ha3bIBaeTCs BBIMYKIIBIM, €CIIH
BMECTE C JIOOBIMY JBYMS TOYKAMH, BXOASALIMMH B HEr0, OHO CONEPIKUT
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OTpe30K, ux coenuusionuii (puc. 11.1 a, 6), ocTanpHble MHOXECTBA Ha-
3bIBAIOTCS HEBBITYKJIBIMH (puc. 11.1 B, I).

SRBREag

2

Puc. 11.1
Onpedenenue 11.9. Touka x € A< R" Ha3biBaeTCs yIrioOBO# TOY-

koif MHOXecTBa 4 (puc. 11.2), eciii oHa He SBJISETCS BHYTPEHHEH HH
IUIs KaKOTO OTpe3Ka, LEITHMKOM JIeXKaIero B A.

7/ \ .
VYroBele TOYKH
X \>

Heyrnonme TOYKH

Puc. 11.2
Teopema 11.1. TlepeceyeHre KOHEYHOTO YHMCIA BBIMYKIBIX MHO-
JKECTB €CTh BBINYKI0E MHOXECTBO.

Hoxazamenocmeo. I1ycTs A 1 B — BBIIIyKJIbIE MHOXECTBA.

HokaxxeM, yTo A N B — BBHIIYKII0€ MHOXECTBO.
x,yeA=>x,y|lc 4

[Mycte x,ye ANB < Y [x.] =[x,y]c4nB.
x,yeB:>[x,y]cB

CnenoBarenbHo, A M B — BEHITyKII0€ MHOXECTBO.

11.2. PeweHue cUCTEM JSIMHENHbIX HEPABEHCTB

Onpeodenenue 11.10. CoBOKyHOCTh TOYEK MPOCTpaHCTBa R, KOOp-
JVHATBI KOTOPBIX yIOBJIETBOPSIOT YPAaBHEHHIO a1X] + Xy + ... + apXy = b,
HasbIBaeTcs (1 — 1)-MepHOH rUNepIUIoCKOCTHIO B #-MEPHOM IPOCTPAHCTBE.
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Ilpumep 11.6.

n=2, ax+ax,=b, Ax+By+C =0 — ypaBuenue npsmoii
H3 IIOCKOCTH.

n=3 ax +a,x,+ayx;=b, Ax+By+Cz+ D=0 — ypaBHEHHE
TLIOCKOCTH B IIPOCTPAHCTBE.

Teopema 11.2. T'nnepIuiockoCTh AENUT BCE MPOCTPAHCTBO Ha JBa IO-
JynpoctpaHcTBa. [1oaynpocTpaHCTBO SBJAETCS BBITYKIIBIM MHOXKECTBOM.

INepeceueHne KOHEYHOTO YHCHa IOJYNPOCTPAHCTB SABIAETCS BHI-
MYKJIBIM MHOXXE€CTBOM.

Teopema 11.3. PenieHyeM JTIMHEHHOTO HEPAaBEHCTBA C # HEH3BECT-
HBIMH

ax;tax; + .. tax, < b
ABJISETCA ONHC W3 IMOJYIPOCTPAaHCTB, HA KOTOpPHIE BCE IPOCTPAHCTBO
JENUT THIEPIUIOCKOCTD

aix; tax,+ ...t ax,=b.
PaccMOTpUM cHCTEMY M3 m JIMHEHHBIX HEPaBEHCTB C n HEU3BECT-
HBIMH.

a,ix, +a,x,+...+a,x,<b,

ay X, +ay,x, +..+a,,x,<b,,

a, X +a,,%+...+a,,x,<b,_.

mn "n
PeleHneM kaxmoro HEpaBE€HCTBa CUCTEMBI ABJIAECTCA HEKOTOPOE I10-
JIynpoCTPaHCTBO. PemmenneM cucremsel 6y;1e'r ABJIATBCS IIEPECCUYCHUE BCEX
OJIyIpOCTPAHCTB. OTO MHOXECTBO 6}'116’1’ 3aMKHYTBIM H BBIITYKJIbIM.

11.3. PewieHue cucrem JiInHeHbiX HEPaBEHCTB
C ABYMS NepeMeHHbIMU

ITycts nana cuctema U3 m JUHEHHBIX HEPABEHCTB C OBYMs Iepe-
MEHHBIMH.

a, x,+a,,x,<b,,
Ay X, +ayX, <b,,

A, % +a,,%<b,.

201



PemenneM kaxxmgoro HEPABCHCTBA 6leeT ABJIATBCA OOHA U3 IOJIY-
nnocxocreﬁ, Ha KOTOPHBIC BCHO IIIOCKOCTH pa36PIBaCT COOTBETCTBYIOLIAsA
npsimMasi. PemeHneM cucreMel 6y,ueT ABJIATBCA NEPECCUCHUEC ITUX MOJY-

wiockocted. JlaHHas 3amaya MOXeET OBITH pelleHa rpaduyecku
Ha I1ockocTH X;0X,.

!
x +x, <3,
X +x, 21

Ilpumep 11.7. { x S%,

x, <1,

(X —x, 20.
Pemum xaXxaoe HEpaBEHCTBO rpadUyYECKH.
1. x; + x, £3, HOCTPOHUM COOTBETCTBYIOLLYIO NPSIMYIO.

X +x,=3,
A2,
3 3
IMoxcraBuM xoopavHaTel TOUKH (0,0) B HepaBencTBo: 0 <3 (ucrHHa).
X +x, =1,
2. X + X, 21, ﬁ_i_ﬁ:l.
1 1
IMoncraBum koopaunaTel ToykH (0,0) B HepaBeHcTBO: 0>1 (10XKB).
5
xl —_— E,
5
3 X SE, ﬁ -1
2 - .
2

5
IMoncraBum xoopauHate! ToukH (0,0) B HepaBeHcTBO: 0 < 3 (uctuHa).

x, =1,
4. x, <1, x, . (0,0), 0<1 (uctuna).
1 i

5. x5 -x%x,20, x, =x,, (1,0), 120 (ucruna).

202



X2

o | @
@
@) 1 5 c
\ \ D ‘L
AN
0 3

ABCDE — obnacts BO3MOXHEIX pemieHuit (OBP),

"N\

M

ABCDGF — obnacts nonyctuMeix peuenuii (O4P).
Bo3MOXHEI apyrie KOHQUIypalun 06jJ1acTd BO3MOXHBIX PEIICHHIH
¥ 00J1aCTH JOIYCTHMBIX PELICHHUI.

) X

]

HEOrpaHN4CHa,

NG y/x.

O6nacTe BO3MOXHBIX PEIICHUI

ABCD — obnacTb JOMyCTUMBIX

peLIeHHIA.

X2

0y

AN

@

ey

(3)

0

> X

OO6nacTh BO3MOKHEIX pELLEHHUH
— MYCTOE MHOXECTBO.
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11.4. MpeacTasneHne BbINYKJIOr0O MHOIrOrpaHHnkKa

Onpeoenenue 11.11. 3aMKHYTOE BBIITyKJIOE OTPaHHYEHHOE MHOXE-
CTBO B R", nMeroiiee KOHEYHOE YKCIIO YITIOBBIX TOYEK, HA3bIBAETCS BEI-
MYKJIBIM 7-MEPHBIM MHOTOIPaHHHKOM.

Onpeoenenue 11.12. 3aMKHYTOE BHIITyKJIO€ HEOTPaHHYEHHOE MHO-
XKECTBO B R" , MMeroniee KOHEYHOE YKCIIO YIIIOBBIX TOYEK, HA3bIBACTCS
BBHIITYKJIOH MHOTOrpaHHO# 0651acThIO.

Onpeodenenue 11.13. MHOXecTBO A C R" Ha3bIBa€TCs OrpaHUYEH-
HBIM, €CJIM HAMIETCA n-MEPHBIH map, COAepKalyi 3TO MHOXKECTBO.
Onpeodenenue 11.14. Brinywioit nuHefiHO# KOMOHMHaLHeH TOYEK

X1,...,X, Ha3bIBaercs BeIpaxkeHue [;X1+I,X2+..+7f Xk, roe t;20,

k
i=i,_k; Zti =1
i=1

Teopema 11.4. (TeopeMa 0 mpeaCTaBJeHUH BBINYKJIOr0 MHOIO-
rpaHHuka). Jro0yro TOYKy BBITyKJIOrO MHOrOrpaHHHKa MOXHO Npel-
CTaBUTh B BUJE BBIILyKJION JIMHEHHON KOMOMHALUHY €r0 YTTIOBBIX TOYEK.

11.5. lonycTuMble pelleHUs CUCTEMbI
JINHEeMHbIX YPpaBHEeHU N HepaBeHCTB

HyCTb JaHa CHCTeMa W3 m JHUHEHHBIX ypaBHCHI/If;I 1 HEPaBCHCTB
C n HCU3BCCTHBIMH.

ay X, +apx, +...+a,x, =b,

apx, +apx, +...+ayx, =b,
QX +appX, + ot Ay, X, by,

m—1

(Ami%1 + Xy + .o+ Ay X, S b,

Onpeoenenue 11.15. Touka x € R" HasbIBaeTCs BO3MOXHBIM
PELICHUEM CHCTEMBI, €CIIM €€ KOOPIWHATH! yIOBJIETBOPAIOT ypaBHEHH-
AM ¥ HepaBeHCTBaM cHUCTEMBI. COBOKYITHOCTh BCEX BO3MOXKHBIX pelie-
Hult Ha3pIBaeTCs 00J1acThI0 BO3MOXKHEIX pemleHui (OBP) cucreMsl.
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Onpeoenenue 11.16. Bo3aMoxHOE peleHe, KOOPAUHATE KOTOPOTO
HEOTPHLATENbHbI, HAa3BIBAETCH JOIMYCTHUMBIM PELICHHEM CHCTEMEI.
MHOXECTBO BCEX JONMYCTUMBIX peIlIeHWH HaswsiBaeTcs 00nacThbro
nomyctumbx pemenuit (OIP) cucteMsl.

Teopema 11.5. OJIP sBnsercs 3aMKHYTBIM, BBITYKJIBIM, OTpaHH-
YEHHBIM (WM HEOTPaHMYEHHBIM) MOIMHOXECTBOM B R".

Teopema 11.6. lormycTUMOE PELICHHE CUCTEMBI ABJISETCS OMOPHBIM
TOrZla ¥ TOJIBKO TOrZa, KoTrAa 3Ta TO4Ka SBIseTcsA yrioBoi Toukoit OP.

Teopema 11.7. (teopema o npencraBienun OIP). Ecin OP —
OrpaHHYEHHOE MHOXXECTBO, TO JII0OO€ HOMYCTHMOE PELICHHE MOXKHO
NPENCTaBUTh B BUME BHINYKIOH JHMHEHHONH KOMOMHAIMY YyTTIOBBIX TOYEK
OJIP (B BUAE BBIMYKJIOH NMHEHHONH KOMOWHAIIMM ONOPHBIX pELUCHH
CHCTEMEI).

Teopema 11.8. (TeopeMa 0 CylIECTBOBAHHHU OMOPHOr0 pemIeHUs
cucrtemsl). Ecinu cucrema umeer xoTs 651 OIHO JOMYCTUMOE pEIIEHHE
(OP # ), To cpeau AOMYCTUMBIX PELICHUH CYLIECTBYET XOTA OBl OMHO
OIMOPHOE PEIICHHUE.



Fnasa 12
DYHKUUN MHOIM'MX NEPEMEHHBbIX

12.1. NMNoHaTNe PYHKUMNU MHOrnX NepemMeHHbIX

[TycTs nans muoxecteaD < R"ul < R.
Onpeoenenue 12.1. Ecnu kaxnoit Touke Xx(x,X,, ..., X,) MHOXECT-

Ba D CTaBUTCS B COOTBETCTBUE €IHHCTBEHHOE YUCIIO y U3 I, TO TOBOPAT,
4TO 3amaHa QYHKUMs # MepeMeHHBIX ¥ = flxi, ..., X,). MHOXecTBO D
HasplBaeTcsa 06nacTero onpeaeneHus ¢yHkuuud D(y) = D, mHOXeECTBO [
HA3BIBAETCA MHOXKECTBOM 3HaueHuil yukuuu I (y) = I.

Ecnu 3adukcupoBaTh J00bie n — 1 mepeMeHHbIe, TO GYHKUHS MHO-
IMX [EPEMEHHBIX MpeBpaulaeTcs B (QYHKIMIO OAHON IMepEeMEHHOM.

X2 =C2, X3 =C3y .0y Xn = Cn3 ¥ = flX1, C2y ..., Cs) — DyHKIIMA OOHOI IEpE-
MEHHOH X.
Ipumep 12.1.

z(x,y) =8xy? —=5y> — dyHKIHMA ABYX NEpeMEHHBIX,

u(x,y,z) =sin(xy) —cos(yz) — byHKIHUSI TpEX NEPEMEHHEIX.

Onpedenenue 12.2. Tpadmxkom GyHKUMH [BYX TE€PEMEHHBIX
(puc. 12.1) z = flx, y) Ha3BIBaCTCS MHOXXECTBO TOYEK (X, ¥, Z) 3-MEPHOTO
NpPOCTPAHCTBa, TaKHX, 4TO (X, y) € D(2) u z = flx, y). JlioOyro TouKy
rpaduka MOXHO 3amucaTh B Bune (x, y, fx, y)).

Puc. 12.1
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Onpeoenenue 12.3. I'pabuxoM GyHKUMH 7 IEPEMEHHBIX Ha3bIBACT-
Cs1 n-MepHas THIEPIOBEPXHOCTh B mpocTpaHcTe R" !, Toukn koTopoit
HWMEIOT BUJ

(xl, X2, ey x,,,f(xl, X2, «eey x,,)).

Onpeoenenue 12.4. Jlunuelr ypoBHA QYHKIMH IBYX NEPEMEHHBIX
Ha3eIBaeTCs JIMHUA Ha miockoctn XOY, npunamnexamas D(z), B kax-
0¥ TOYKe KOTOpo# GYHKIMS NPUHIUMAET OJHO U TO Xe 3HaAUeHHeE.

VYpaBHenue nuHUK ypoBHA: flx, ¥) = ¢, rlie ¢ — NPOU3BOJIBHOE YHC-
n0. Ha naHHo# nUHUY ypOBHSA 3HauYeHHEe GYHKIMHU z = ¢. JINHUH ypoBHA
OECKOHEYHO MHOIO, M Yepe3 KaXKIyI0 TOYKy OONacTH ONpenencHHs
MOXHO ITPOBECTH JTHHHUIO YPOBHS.

IIpumep 12.2 . z(x,y) = !

(x=D*+(y-1*’

Y

D(z) = RA\{(1,1)}.
1

=1, = , =
T Yo s
1
2 ;=4
c=4, (x=-1)"+(y-1 ,z=4,
c= 1 9,z2=9,

> G -1
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Vcnone3ys IMHUAM YPOBHSA, MOXXHO MMOCTPOUTH rpaduk QyHKIIMH.

Onpeoenenue 11.5. TIoBEpXHOCTHIO YPOBHA (QYHKILMHU 7 TEPEMEH-
HBIX ¥ = flx), X2, ..., X,) Ha3bIBa€TCA THIEPIIOBEPXHOCTH B MPOCTPAaHCTBE
R, Bxopsmas B D(y), B KaxIOH ToYKe KOTOpPOM 3Ha4yeHHWe (yHKUHH
OHO M TO X€. YpPaBHEHME NMOBEPXHOCTH YPOBHA f(X), X2, ..., X,) = C.
Ha noBepxHOCTH ypOBHS 3Hau€HHE PYHKIUH TOCTOSHHO: Y = C.

12.2. HenpepbiBHOCTb DYHKLUUN
MHOruMX rNepeMeHHbIX

PaccmoTpum QyHKUHMIO IBYX HepeMeHHHIX 1 = 2; z = f(x,y). Bo3s-
MeM TOuKky (¥o.y0) € D(¥) < R’. Jlanum apryMeHTy X B JaHHOH TOYKe
npupaiienue Ax , 3apuxcupoBaB yo. Beipaxenue

A, z=flxo + Ax yo) — fX0.y0)
HA3bIBAETCS YACTHBIM IPUpALIeHHEM GYHKIMY 110 TIEPEMEHHOI x.

Ananornyso, QUKCHpPYs Xo U faBas apryMeHTy y NpHpalieHue Ay ,
MBI MOJTy4YHM YaCTHOE NMPHPAIIEHHE [0 NEPEMEHHOH .

A, z=flxo0 + Ay ) = fxo, y0)-
BeIpaxkenue
A z=flxo+ Ax,yot+ Ay ) —f (x0, ¥0)

Ha3bIBa€TCS MOJNHBIM NMPUpaIeHHeM QyHKIIUH.
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Onpeoenenue 11.6. ®yukuus z = f{x,y) Ha3bIBAaETCA HENPEPHIBHOH
B TO4YKe (Xo,0) € D(y), eciu OHa ompeneseHa B 3TOM TOYKE U MasibIM
NpUpAIIEHUsIM apTYMEHTOB COOTBETCTBYET Majloe MOJHOE MpUPALICHHE
tbyHKIuy.
limAz=lim( f(x,+Ax,y,+Ax) - f(x, =0.
Am Ax—)O(f( 0 Yo )-f( o:yo))
Ay—0 Ay—0
Onpedenenue 11.7, dyukuus z = f(x,y) Ha3pIBAaCTCA HENPEPHIBHON
Ha MHOoXecTBe 4 — D(z), ecny OHA HENpEPEIBHA B KaXkJ0# TOYKE ITOTO
MHOJKECTBa.

12.3. YacTtHbie npou3BoaHbie GyHKUUUN
MHOIMX NepemMeHHbIX

PaccmoTpum QyHKIHIO ABYX MEPEMEHHBIX 1 = 2; z = fx,)).

Onpeoenenue 11.8. YactHoit npousBoxHoi byHkimu z = flx,y)
B TOYKe (Xo, ¥o) € D(y) N0 COOTBETCTBYICIIEH TEPEMEHHON Ha3bIBAETCA
npefen OTHOLICHHsS YacTHOTO MpupameHus GYHKUMH 1O 3TOH Iepe-
MEHHOH K MpHpaLICHUIO 3TOH NMEpeMEHHOH, Korja npupaiieHue nepe-
MEHHOM CTpeMHUTCs K HyJH0 (€C/H 3TOT NPENEN CYIIECTBYET U KOHEUEH).

oz Ax2=limf(x0+Ax)y0)_f(x0:yo)

—=lim i
Ox &—=0 Ax &0 Ax
2 _lim Ayzzlim S G0 o +AY) = f (%o, 20)
Oy -0 Ay &-0 Ay

ITpu BBemeHUH 4YacTHOM NMPOW3BOIHO! Mo Nro6oH nepeMeHHOH oc-
TaJIbHbIE NIEPEMEHHBIE OBIIM QUKCHPOBaHEL. JIJaHHOE OMPEETIEHHE COB-
NafaeT ¢ ONpEeJe/IeHHEM MPOU3BONHOW GYHKIMM OJHOH NMEPEMEHHOM.
CrnenoBaTenpHO, YaCTHYIO MPOU3BOIHYIO MOXKHO HalTH, 3aMKCHPOBaB
BCE NEPEMEHHBIE, KpOME OIHOM, cuMTas MX MocTosHHBIMU. [Tpousson-
Has HaxoJuTcs Kak Npou3BOAHas QYHKIUHN ONHON EPEMEHHOH, T.€.

0z d

Bce npasuna u ¢hopmyisl, cripaBeIuBEIe I TPOU3BOAHON QyHK-
ag5050 OHHOﬁ nepemem—xoﬁ, OCTarOTCA CNpaBeIJIMBBIMU U UIA YaCTHBIX
IIPOU3BOOHBIX.
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Mpumep 12.3. z(x,y)=3x>y* - Txy® +5,
g =9x2y2 _7y83
Ox

aZ 3 7
—=6x"y—56xy".
Oy

Ilpumep 12.4. u(x,y,z)=xIn

—_=—X

l

z’
6u=1n_)_1 ou le _)i ou z

y’ oz y z

12.4. NonHbii pguddPepeHumnan

Onpedenenue 12.7. TlonueiM quddeperupanom GyHKIHE MHOTHX
MEPEMEHHBIX Ha3bIBACTCS INIaBHAs JIMHEHHas OTHOCHTENBHO MpHpaiie-
HH apryMEHTOB 4aCTh MaJIOTO MOJHOTO NPHpaIeHus QyHKIHH.

Paccmorpum dyHKiMio AByX nepeMeHHBIX n = 2; z = f{x,y). Ecnu
npupamenue dyskuua Az=f(x,+Ax,y, +Ay)— f(x,,y,) MOXHO mpex-
CTaBUTH B BUJE

Az = AAx+ BAy + o Ax+BAy,
rae o,B — 6eckoneyHo Mansle GyHkuuu npu Ax — 0, Ay — 0, coot-

BETCTBEHHO, TO BhlpaxeHue dz = AAx + BAy wasbiBaeTcs MoaHBIM
addepenuranoM GyHKUNH IBYX EPEMEHHEIX.

Teopema 12.1. Tlonuelit auddepenunan paBeH CyMMe MOMApHBIX
NPOM3BENEHHUH YaCTHBIX MPOU3BOAHBIX Ha AU ¢epeHIHaBI COOTBETCT-
BYIOILIUX NEPEMEHHBIX.

do=L et azd
Ox oy

Ilpumep 12.5. u=In(x-y-z).

w_yz 1 ow_xz 1. u_xm 1
ox xyz x’ o xyz y’ 0z xyz z
dz-£+dy a’z

x y z
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12.5. NMpoussogHas No HarNpaBNeHUIO

PaccmorpuM dyHkuuio aByx nepeMeHHBIX n = 2; z = flx, ). [lox

HanpaBJI€HUEM MBI OyJieM NOHMMATh JIF000H BEKTOp / Ha MIOCKOCTH
(puc. 12.2).

Puc. 12.2

Onpedenenue 12.8. HanpapnsAomuMyd KOCHHYCaMH JaHHOTO Ha-

NpaBieHUA [ Ha3bIBAIOTCSA KOCHHYCHI YTJIOB, KOTOpPhIE IaHHOE Hampas-
JeHre 00pa3yeT C MOJNIOKHUTENbHBIMHI HallPaBICHUAMU OCEH KOOpPAMHAT.
Hanpasnsromue KOCHHYChl JaHHOTO HAalpaBJIEHUS — COSQL, COSP .

Hanpapnsromue KocuHycel ro00ro HampaBlieHHs B JroO0M
NpPOCTPaHCTBE 00ONANaIOT CIEHYIOIIMM CBOMCTBOM: CyMMa KBaJpaTOB
HanpapJIIONIUX KOCHHYCOB paBHA €IUHHULE.

cos’ o +cos’B+...=1.

Ha nnockoctr uMeem

T .
cos” o+ cos’ B =cosza+cos2(5—a) =cos’a+sin‘a=1.

cos®a.+cos’B=1.

Ecnu paccMoTpets BeKTOp [, KOOpAMHATaMH KOTOPOTO ABJIAIOTCS
HANpaBIsIOLNE KOCHHYCHl NAaHHOTO HANpaBJEHUS, TO 3TOT BEKTOD
COHaNpaBJIeH C BEKTOPOM / U MMeEET EAUHUYHYIO IIHHY.

ITycte mane! Touxka M,(x,,y,) u HanpaeineHue /. IlepeMecTum

TOUKy M, Bmons HampaBieHus [ Ha BeauyuHy Al B TOuky M,

(puc.12.3). Torna QyHKUMS M apryMeHT NOJNy4yaT COOTBETCTBYIOIIHE
TNPUPAILECHHS.
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Puc. 12.3

q)yHKIlI/IH MOJIy4YHUT MNPHUPAIICHUEC, KOTOPOE HA3BIBACTCs MpHUpalec-
HHUEM (bYHKIlI/II/I B JaHHOM HallpaBJICHUU:

Az = f(xg+Ax, 3 +Ay) = f (X0, 10)

W3 tpeyronshuka My M A: Ax =Alcosa..
W3 tpeyronsuuka My M, B: Ay =AlcosP.

Az = f(xy+ Alcosa,y, + AlcosB) — f(x,,¥,) -

Onpedenenue 12.9. Tlpenen OTHOLIEHHS NpHpamieHus GYHKLIHAA
B JaHHOM HAaNpaBJICHUH K TPHPAIICHUIO HaNpaBJICHHs, KOTAa IpHparie-
HHE HalpaBJIECHUA CTPEMHUTCSA K HYJIIO, Ha3bIBa€TCAd MPOU3BOAHON (YHK-
LH{Y B JaHHOM HalpaBi€HUH (€CIH 3TOT MpENeEN CYIECTBYET M KOHEUYEH);

0z .. Az

— = lim

Az _ o S+ Alcosa, y, + AlcosB) — f (%o, %)
ol ai-»0 Al Al—0 Al

Ecnu HanpaBnenue I coBmamaer c HanpaBieHueM ocu OX,
TO NPOM3BOJHAA MO HaNpaBICHUIO COBMAJAET C YaCTHOH NMPOU3BOAHOM
0 MEPEMEHHON x. AHAJIOTHYHO NMPOU3BOJHAS MO HampaBieHuio ocu OV
COBIAAAET C YaCTHOM MPOU3BOJHOI 10 NEpPEMEHHOH Y.

Teopema 12.2. TlpousBojHas IO HANpaBJICHHUIO paBHAa CyMMe
MIOMApHEIX TPOU3BEAECHUM 4YacTHBIX MPOHM3BOAHBIX B JAHHOH TOYKE
Ha HampaBJIfIoIIMe KOCUHYCEl JaHHOT'O HAIIPaBJICHUS,

0z Oz 0z
— =—cosa+—cos 3,
ol ox oy
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Ilpumep 12.6.

Haiiti npomsBognyio oymkman z(x,y) =3x’y —4x*y® B Touke

M(1, 2) B nanpaenennu I (4, -3).

_a—z_=6xy—8y3x9

Ox

@=3x2 —-12y*x%,

@ =12-64=-52,

Ox 12)

QZ— =3-48=-45,
1,2)

|1'|= 4> +3% =5,

4 3
coso=—, cosf=-—,
5 5

oz

ol

MO

12.6. N'pagneHT QYHKLUUN MHOIMX NepeMeHHbIX

PaccMoTpum dyHKIuMIO Tpex nepeMeHHsIX n =3, u = f(x, y, 2).

—os52. 3453
5 5

—-14,6

Onpeoenenue 12.10. T'panuentom byHKIMH MHOTHX NEPEMEHHBIX
B JaHHOH TOYKE Ha3BIBA€TCHA BEKTOP, KOOPAMHATE KOTOPOT'O paBHBI Ya-
CTHBIM TPOM3BOIHEIM 10 COOTBETCTBYIOLIMM apryMEHTaM, BBIYHCIICH-

HBIM B TaHHOM TOYKeE.

gradu=(—

ou
Ox

ou ou
,a.}),az

).
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Teopema 12.3. TlpousBoaHas GYyHKIMHM B JaHHOM HaNpaBiICHUH
paBHa MPOEKLUH FpaIieHTa Ha JaHHOE HalpaBJICHHE.

Hokazamenvcmeo.
Hanbl dynkuus u = f{x,y,z) 1 HEKOTOPOE HanpaBiieHHe [ , 3aJaHHOE

HanpaBAIOIHAMHA KOCUHYCaMH COS O, COSf,cosy .
EnvHU4YHEL BEKTOP AaHHOTO HanpaBieHus — /,(cosa,cosP,cosy) .
ITpousBoaHas MO HaMpaBIECHHUIO B JaHHOMN TOYKE paBHA

Ou Ou Ou ou <
=—coso.+—cos[3+a—cosy =gradu-/, =
z

ol ox
= Igradul . Il—ol -COsSQ = Igradul -COSQ
rJie (¢ — Yroi MeXIy rpaJueHTOM U HanpaejeHueM (puc. 12.4).

b

gradu

S
1
Ve~

M,

Puc. 12.4

Z—l; = lgradu] -cos @ = pr,(gradu) .

Cneocmeue. I'paguieHT GYHKIMHM B JaHHOW TOYKE MMOKa3bIBaeT Ha-
MpaBlieHHE HancKopekiiero Bo3pactanus QyHkuud. Mooyib rpagreHTa
COBMAJaeT ¢ MaKCUMaJIbHOH CKOpPOCTBHIO BO3pacTaHus QYHKIMU B AaH-

HOH TOYKe.
Hokazamenvcmeo. VI3 T€OpEMEI CIEAYET, YTO
ou
51—=|gradu|coscp :

BEIsICHUM, B KakOM M3 HalpaBJCHHI B JaHHOW TOYke (yHKLHA
pacteT ObIcTpee Bcero. MakcuMym Oyner mocrurarkes, korma @=0,

T.e. HalpaBJIEHHE COBMAJAET C HANPABIECHUEM IPaJMEHTa.
Ou
max—=|grady .
1ol

PaccmoTpuM ¢yHKUHMIO ABYX NMEpEMEHHBIX n =2, z = f(X,)).
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Teopema 12.4. Tpanuent QyHKIMM B KaXJOW TOYKe obOnmacTu
ONpeNICNICHUs] HampaBJ€H MO HOPMalHM K JIMHHUHM YpPOBHSA (HOPMAJBIO
K TJIOCKOM KpUBOM HasblBaeTCid NEPHEHAMKYJIIpP K KacaTelbHOIH,
MPOBEACHHOI B TOUKY KacaHus) (puc. 12.5).

v

7 A
fr —T—\\
N ..
SR

|

Puc. 12.5

12.7. YacTtHble npou3BoagHbie BbICLUMX MNOPSAAKOB

PaccmoTpuMm (yHKIMIO OBYX NeEpeMeHHBIX n = 2, z= f(x,y).
IMpeanonoxum, 4To GyHKIHUI UMEET YAaCTHBIE TPOHU3BOIHEIC

or_ ., o,
a—f;(xny) > ay_fy(x>y) >

KOTOpBIE SABNAIOTCA (QYHKUHAMH IBYX MepeMeHHBIX. VX Ha3pIBaloT
YaCTHBIMH NPOM3BOAHBIMH NEPBOTo mopsaxa. [Ipeamnonoxum, 4To OHH
I depeHnupyeMsl.

Onpeoenenue 12.11. YacTHble NPOU3BOAHEIE OT YaCTHBIX MPOU3-
BOJHBIX MEpPBOr0 MOpAAKA HAa3bIBAIOTCH YAaCTHBIMH IPOM3BOIHBIMU
BTOpOTO MOpAAKa.

y_0z_0fo y_0'z_0(0z
f’“_axz'ax(ax)’ T 6y2—6y(6y)'
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" ?*z 0@ (62) " o’z oféz
fir = =——], fl = =—| — | — cMelIaHHbIe
o gyox  oy\ox ¥ oxoy ox\oy

IPOU3BOJHEIE.

Ecnu nonyveHHble GyHKUMH sABIAOTCH U depeHuHpyeMBIMH,
TO YaCTHBEIE MPOWU3BOAHEIE OT HUX HA3HIBAIOTCA YAaCTHBEIMH MPOH3BOJ-
HBIMH TpeThero nopsaka. Hampumep:

oz 9 ( 0’z )

dy*ox Oy Oyox
Onpeodenenue 12.12, YacTHOH NMPOU3BOJHON 1-TO MOPsIKa Ha3bIBa-
€TCsl YaCTHasl IPOM3BONHAS OT YaCTHOM MPOM3BOAHOH (77 — 1)-ro mopsika.

DyHKUMSA JBYX MEPEMEHHBIX UMeeET 2" IPOU3BOAHBIX 1-TO MOPAAKA.
YacTHasd npousBoAHaA mnopsaaka p OGYHKUMH Y = f(X,X;,....X,)

HT.A.

HMECT BUJ

0’y
oxt-oxf2 e Ox

, Tae iKi=p.

i=1

Teopema 12.5. Ecnu yacTHBIE TPOU3BOJHEIE [IEPBOTO MOPAAKA HE-
KOTOpOoH GYHKUMH HenpephlBHO AuddepeHIUpYEMBl, TO PE3yJIbTaThl
cMemaHHoro auddepeHIUpPOBaHNA PaBHEL

d*z _ 8%z
dydx  oxdy

Ipumep 12.6. z(x,y) =5x"y —4x%y°.

z=15x2y-—8xys, a—Z=5x3 —-20x%y*,
ox oy

2 2 2
-‘;—§=30w—8y5, %:15#—40:&, 02 _15x? — 40xy",
0’z 2.3
—=-80x"y",
ayZ

3

aaazz =-160xy°.

xcy
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12.8. dkcTpemymbl PYHKLNIA MHOFUX NepeMeHHbIX

PaccMoTtpuM QyHKIHMIO ABYX NepeMeHHBIX n =2, z = f(x,)).

Onpedenenue 12.13. Touka (xo, Yo) € R? Ha3piBaeTCs TOUKOM
JOKAJIBHOTO MakcuMyMa (MuHMMyMa) GYHKUHH, €ClH Haijgercs
HEKOTOpas OKPECTHOCTh HNAHHOW TOYKH, s BCEX TOYEK KOTOPOii
BBINONHAETCS yenoBre f(x,¥) < f(xg,0) (f(x,)> f(x0,%))-

Onpeoenenue 12.14. Touxu NOKaNbHOTO MakCUMyMa U MHHHMYyMa
Ha3bIBAIOTCS TOYKAMHU 3KCTpEMyMa.

Teopema 12.6. (HeoOxoaumoe ycjoBHe IKCTpeMyMa (PYHKUMH).
Ecmu Touka (xo, )o) fABIAETCA TOYKOH JIOK&JBHOTO OJKCTpeMyMa
GYHKLIHY, TO B 3TOM TOYKE YaCTHBIE NMPOU3BOJAHBIE PaBHBI HYJIO WIH
HE CYIIECTBYIOT.

Jloxazamenvcmeo. TIycts (xo, yo)€ R — Touka akcTpemyMa dyHK-
1y, 3abUKCHUPYEM Yo U pACCMOTPUM (QYHKIIMIO OJHOM NMEPEMEHHOI.

g(x)=f(x,y0) .

Touka Xo ABJAAETCA TOYKOU JIOKAJIBHOTO 3KCTpeMyMa (yHKLUHH
g(x), cnemoBarenbHO, B 3TOM TOuke mpousBojgHas g'(x)=0 wunm

oz
HE CYIIECTBYET, TOrJa 4acTHas MPOH3BOAHAA ™
x

g
S (xo) paBHa
HYJIIO WK HE CYLIECTBYET.

1574
AHaIOrMYHO JOKA3bIBAETCS, UTO —

(r,y,)= 0 HJIH HE CYLIIECTBYET.

Onpedenenue 12.15. Touku, B KOTOpBIX YacCTHBIE MPOU3BOJHBIE
PaBHBI HYJIIO WM HE CYIIECTBYIOT, Ha3bIBAIOTCA CTALIMOHAPHBIMU TOY-
KaMH{ QYHKIMH MHOTHX NEPEMEHHBIX.

Heobxonumoe ycioBHe 3KCTpeMyMa He SBIAETCA NOCTATOYHEIM,
T.€. HE KaX/las KpUTHYECKas TOYKa SBJAETCA TOUYKOH IKCTpeMyMa.

HanpuMep, byukimus z = y* —x* MMEET YacTHbIE TPOU3BOIHbIE
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B Ttouke (0,0) wacTHBle HpoM3BOAHBIE (GYHKIHMH PAaBHBI HYIIO,
OHAKO B 3TOH TOYKe y (YHKUMHM HET IKCTpemyMa. JlaHHas TOYKa
ABJIAETCS CEJIOBOH TOYKOH rpaduka (puc. 12.6).

Z
[
X
Puc. 12.6

Teopema 12.7. (mocTaTo4HOE YyCJI0BMe IKCTPeMyMa (PyHKUMM).
[Mycts dyHkms z = f{x,y) onpeneneHa B HEKOTOPOH OKPECTHOCTH KPHUTH-
4eCKOH TOYKH (Xo, Vo), B KOTOPO# YaCTHBIE NPOU3BOAHEBIE PABHEI HYJIIO:

oz Oz

% %y

B 3TOHN TOYKE (byHI(HI/IX HMEET HCIMPEPBIBHBIC YAaCTHBIC INMPOU3BOAHBIC
BTOPOro nopsaaka

)= Yo

(xo¥0 (€579

0%z

&z 8’z | o’z
o’

> dyox | 07 Ox0y -

(x0¥0) 4 6)}2 (xoyo)z

(x0)0)

Torma ecmu A = AC — B> > 0, T0 B TOuKe (Xo, Vo) bYHKIHA HMeeT
9KCTpEMyM, npuueM eciu 4 < 0 — mMakcuMyM, ecinu 4 > 0 — MUHUMYM.
B ciyuae A = AC — B* <0 dyHKIuMA IKCTPEMyMa HE MMEET.

Ecmn A=AC - B= 0, To BONpoC 0 HATHYHH IKCTPEMyMa OCTaeTCs
OTKPBITBIM.

12.9. NMoOGanbHbIli MaKCUMyM

Onpeoenenue 12.16. Touka (xo, yo) Ha3bIBa€TCS TOYKOH aOCOIIOT-
HOro (rno6anbHOr0) MakcuMyMa (MHHHMyMa) Ha MHOXeCTBE 4 € R,
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ecny 3HaueHue (QYHKUMM B 3TOH TOYKe Oonbuie (MEHbIIE) 3HAYCHUA
GbyHKIMH B 1I000H TOYKE MHOXKECTBA A.

Teopema 12.8. (Teopema Beliepmrpacca). Eciu QyHKIUS MHOTHX
MEPEMEHHBIX HENpephIBHA HAa 3aMKHYTOM OrpPaHUYEHHOM MHOXECTBE,
TO OHa JIOCTHUTaeT Ha HEM CBOETO IJI00AJIEHOTO MaKCHMyMa U Tjio0aib-
HOTO MHUHHMYMa.

Ecni MHOXECTBO OrpaHHYeHO U 3aMKHYTO, TO II0OaTbHBIE MaKCH-
MYM U MHHHMYM HEHPEPHIBHON QyHKIMH pacloNoKeHbl TH60 B TOUKax
rpaHUIB] MHOXECTBA, JIMOO0 B CTALMOHAPHBIX TOYKaX (QYHKIHH.

12.10. NocTpoeHune amnupunieckux popmyn
MEeTOA0OM HaMeHbLUNX KBaapaTos

MMeroTcs Be NepeMEHHBIE X U ) ¥ TablMIa SIMIUPHYECKUX 3HAYe-
HUI 3THX NepeMeHHbIX (puc. 12.7, Tabn. 12.1).

Tabmuua 12.1

X X1 X2 Xn
Y Y1 Y2 Yn

o —

O 2
)

/| i
AR X

Puc. 12.7

M3BecTHO, YTO 3aBHCHMOCTH MEXIY NEPEMEHHBIMH y U X Oim3ka
K JuHeiiHOH. Tpebyercs HaHTH TEOPETHYECKYI0 (QYHKIHOHAIBHYIO
3aBUCHMOCTh MEXIY y M X. ByIeM HckaTh 3Ty 3aBHCUMOCTH B BHUJIE
nuHelHoN QyHKuMH y=kx+b.

[MoncraBnas 3HaYeHWs NMEPEMEHHOH X W3 TabMHLBl B ypaBHEHHE
y =kx + b, HalineM TeopeTHUecKue 3HaYeHUs nepeMeHHoH y. CocTaBum
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Pa3sHOCTH MEXIY TEOPETHYECKHMH M 3MITHPHYECKHMH 3HAYCHHAMHU
MEPEMEHHOH Y.

Wit =kx + b, kx+b—-y =¢,,
Yor =kx, + b, kx, +b—y, =¢€,,
Yur =kx, +b. kx, +b—y,=¢,.
BenuyuHel €, ..., € Ha3BIBAlOTCA MorpemHocTaMu. [loxGepem

napaMeTphl MpsMO# Tak, 4TOOBl OHa MPOXOJWJIa KaK MOXXHO Onmxe
KO BCEM TOYKaM OJHOBPEMEHHO. [l 3TOro HaiiieM CyMMy KBaJipaToB

n
MOTPEITHOCTEH Zslz U BeibepeM k£ u b Tak, 4yTOOBI 3Ta cCymMMa Oblia
i=l

MHHHUMAaJIbHO. BrIpazyM CyMMapHYIO MOIrPEIIHOCTD:

S e2= (g +b-y,) .

i=l i=l
PaccmoTpum dyHKUHIO u(k,b)=2(kx,. +b-y,)*.
i=1
Halinem yacTHBIE ITPOHU3BOAHEIE 3TOM (QYHKUMHU M NPUPABHAEM HX
K HYJIIO.
Z—Z:Zz(kx,. +b—y,)x, =2 (kx +bx,—x,y,)=
i=l

i=l

2(Z":kx,.2 +Zn: bx; —i x:y;) =2(kix,.2 +bzn:x,. —ix,.y,.).
i=l

i=l i=l i=l i=l i=l

g—;:iZ(kxi +b_yi)=2(zn:kxi +ib_iyi )=2(kzn:xi +b'n_zyi) .
il il il =l il P
kzn:x,. +bn—iy,. =0,
il il

ki:x,.2 +b Z":x,. —Zn:x,.y,. =0.
i=1

i=l i=l
[MonyyeHa cucTeMa U3 ABYX JIMHEHHBIX ypaBHEHHH C JByMs HEU3-

BECTHBIMH k u b. lIaHHaH CHUCTEMA HA3BIBACTCA HOpMaJIBHOﬁ CUCTEMOM
METOAAa HAUMCHBIIHUX KBaJApaTOB.

VYpaBHEHHE y = kx + b Ha3BIBaeTCA ypasHeHUeM TUHEUHOU pecpeccuu.
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Ilpumep 12.7. B tabmuue 12.2 mpuBeneHb! IMITUPHIECKUE 3HAYCHHA
IBYX nepeMeHHeIX X U V. B 3Toif ke Tabnuue paccyuTacM 3HAYCHHA
BenmmunH XY 1 X*. B nocnenneM cron6iue HaiaeM CyMMBI 3THX BEITHUMH.

Tabnuna 12.2

3HaueHus »
X | -2 | 1 3 4 6
X 4 1 9 16 | 30
XY | 2 | 3 6 16 | 23
6k +4b=10,
30k +6b=23 HOpMaJIbHas CHCTEMa MeTOja HaHMEHBIINX KBaJpaToB.
Pemrum ee.
p=2T .
14 _ 7 o
y =—X +— — ypaBHEHHE JIMHEHHO perpeccuu.
=l 21" 14

21
HOC’I’pOI/IM Ha OJHOM qepTe)Ke SMHHpH‘{eCKI/Ie TOYKH U TCOpCTH‘Ie-

CcKy!o JuHuIo (puc. 12.8).

~45 -2 0 1 3 4 X

Puc. 12.8
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12.11. NpumeHeHue PpyHKUUNA
HeCKOJIbKUX NepeMeHHbIX B 9KOHOMWKe

12.11.1. MpuObLIb OT NPOU3BOACTBA TOBAPOB Pa3HbIX BUAOB

IMycTth X4, X2, ..., X — KOTHUYECTBO MPOU3BOJHUMBIX 7 Pa3HOBHJ-
HOCTE! TOBapa, a WX LEHBl, COOTBETCTBEHHO, — P, P, .., P,
(Bce P; — nocrostHHBIE BENTUYUHEI). [IyCcTh 3aTpaThl Ha IPOU3BOACTBO
3THUX TOBApOB 3aJar0TcsA QYHKIHEH H3epKEK

C=Sx,%y ..., X,).
Torna QyHKuusa npuOBLIM UMEET BUL
II=Px+P,x,+..+ P, x, —S(x,%;,....%, ) .

MakcuMyM npuObBIIM OyZeM HCKaTh KaK YCJIOBHE JIOKAIBHOTO
sKkcTpemMyMa GYHKIIMKM MHOTHX NEpeMEHHBIX npH x;2 0, i=1,2,...m:
or1 .
—=0, i=12,..,m.
Ox;
OT0 ycnoBHE NPUBOJAWT K CHCTEME anrebpanyeckux ypaBHEHHMH
OTHOCHTEJILHO NIEPEMEHHBIX X;

I’i—ﬁ-:O, i=1,2,...,m.
Ox.

I

CucreMa ypaBHEHHH peaiM3yeT HM3BECTHOE NPAaBHJIO 3KOHOMHKH:
MpenenbHas CTOUMOCTE (ILieHa) TOBapa paBHA MPEJENIbHBIM H3IEepHKKaM
Ha MPOU3BOACTBO 3TOTO TOBapa. PEICHUsAMHU 3TO# CHCTEMBI ypaBHEHHH
SIBJIAIOTCS M-MEPHBIE TOYKH.

Ipumep 12.8. TlycTh MPOU3BOIUTCA IBa BHOA TOBApOB, 0003HAYUM
HX KOJIMYeCcTBa yepes x U y. ITycTh 1eHbl Ha 3TH TOBaphl, COOTBETCTBEH-
Ho, P, = 8 u P, = 10, a dynkums 3atpat C = x* + xy + y°. Haittu max-
cumyM nipubbLn. I1pubsine Beipaxkaercs QyHKIUeH

(x,y)=8x+10y — x* —xy - y*.

222



VYcnoBus TOKaJIEHOTO 3KCTpEeMyMa NMPUBONAT K CHCTEME JIMHEHHBIX
anrebpandecKkux ypaBHEHHI

2x+y=8
x+2y =10,
peleHue KoTopoit onpenenser Touky (2, 4). [Tockonsky
A=AC-B=3>0,A=-2<0,

TO HalIeHHas TOYKa ONMpPEJEINACT JIOKANbHBIH MaKCUMyM GYHKIMH MpH-
OBLIH, KOTOPBIH paBeH [1,, = 28.

12.11.2. OnTumanbHOE pacnpeneneHne pecypcos
PaccMmoTpuM 3amady ONTHMaJIBHOrO paclpelNeNeHHs pPecypcoB Ha
npuMepe QyHKIMH BBITyCKa U = aoxy2 IOpY JOMYILICHUH, YTO QYHKIMS

3aTpaT Ha PECYPCHI X U y NHHEHHa, T.€. uMeeT BUI u = Bx+ P,y , rae P

1 P, — cooTBeTCTBYIOIME [IeHBI Ha 3TH (akTops! (puc. 12.9).
B TOuke (xp, Yo) ONTHMAJIBHOTO paclpeleNeHUs PECYPCOB JHHHUU
ypoBHS GYHKIHH BBIITyCcKa U 3aTpaT KacaroTcs.

Y

A/P

Yo

0 Xo AP X

Puc. 12.9
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OTH THHUK OTIPEAEAOTCA, COOTBETCTBEHHO, YPABHEHHAMHU:
a,xy*=C, Bx+Px=A wm y=(b/x)"?, y=—(R/P)x+A4/P,

rae C > 0 u A > 0 — noctosHuele yncia, b = C/a,. YciaoBre KacaHus
9THX JIMHUH ONpenenseTcs ypaBHeHHEM
=-R/p.

CRE

1722y 2(- b/xz)]l --R/P,.

Xo

2/
W3 3TOoro ypaBHEHMs HaXOAMTCA 3HAYCHHE X, =b”3[P2 /(ZF;)] 3
Torpa U3 ypaBHEHHs JHHHUH YPOBHSA (GYHKLHH BBITyCKa OMpENeNsAeTCs
suavenne y, = (b/x,)"* =b"">(2R/R,)"*. Orcroma nonyyaewm, uro on-

THMaJIbHOE Paclpe/ieIeHHe PECYPCOB X,/ Y, JOMKHO OBITH MPOM3BENE-
HO B OTHOWIEHMHU B, :2F.

12.11.3. OnTumusauyua cnpoca

3agaueit uccienoBaHUs CHpoOca SBIAETCA ONTHMHU3auMsA (GYHKIMH
MOJIE3HOCTH MPH OrpaHHYCHHAX Ha OIOJKET moKymartensd. PaccMoTpum
npUMep: HalTH BEJIMYUHBI CIIPOCa X M Y HA JIBE Pa3HOBHIHOCTH TOBapa
OpU [EHaX Ha HHUX, COOTBETCTBEHHO, 4 M b, ecnu NOTpeOUTEND

npu Gromkere K CTpEMHTCS MaKCUMH3UPOBaTh GYHKUHIO MOJIE3HOCTH,
KOTOpasi UIMEET BUJ

a b
F(x’y) = xa+b+1ya+b+l .

U3 ycnoBus 3a1aym CIemyeT, YTO Ha MOKYTKY, CTOMMOCTh KOTOPOH
ax + by, noTpebuTENs MOXET M3pPacXoNOBaTh CyMMY, HE MPEBHILIAIO-
mywo K. CnenoBatenbHo, Heo6X0OMMO HaWTH TOYKY (X, y), B KOTOpOH
GbyHKIMS TTOJIE3HOCTH JOCTUraeT MAKCUMYyMa TP OrpaHHYEHHAX:

ax+by<K, x20, y20. (12.1)

Orpanmyenus (12.1) 3amarot Ha mnockocTH OXY 3aMKHYTyr0 0671aCTh
D B Bupe tpeyronbHuka (puc. 12.10), B KOTOpO# cnexyer UCKaTh TOUKY
makcuMyMa byHkumu F(x,)).
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(KAa+b); KAa+b))

'
]
1
]
1
'
]
]
1
T

Puc. 12.10

BeruncnyB yacTHBIE NPOU3BOAHBIE (QYHKIMH MONE3HOCTH, HAXOAUM,
YTO €JUHCTBEHHas Kpurudyeckas touka (0, 0) HaxomuTcs Ha rpaHHLE
obnacth D; u B HeH, Kak M Ha IpPaHUYHBIX JHHUAX X = 0 my = 0,
bynkuus F(x, y) = 0, 4ro sBISETCA MHHHUMAJIBHBIM €€ 3HaYCHHEM.
CrenoBaTeNnpHO, HY)XKHO HCKaThb TOYKY MaKCHMMyma 3TOH (yHKIMH
Ha IpaHULe

ax+by=K
obnmactu D. TlopcraBnsas M3 3TOrO YpaBHEHHS BBIpaXEHHE UL )

B hynkuuio F(x, y), nony4yaeM QyHKUHIO OXHON EPEMEHHOM

b a b
f(x)=b a+b+1be+1(K_ax)m .

Kputnueckyio Touky stod ¢byHKIMM HaiiieM H3 ycloBUs oOparie-
HHf B HyJb €€ NEpPBOH MPOM3BOAHOM; monydyaem, yto x = K/a + b),
otkyna y = K/(a + b). Takum o6pa3oM, B JaHHOH MOJEITN ONTUMAJIBHBIH
crpoc Ha 06a BHJa TOBapoOB ONMHAKOB: OH MPOMOPLMOHANEH OI0KETY
1 06paTHO MPONOPLUHOHATIEH CyMMapHO# IIeHe ToBapa.
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NMPUNTOXXEHUA

1. KOHTpOJibHbIE BONPOCHI

Yucnosele mocnenoBaTensHOcTH. [Ipemen 4YMcioBO# mocnienoBa-
TenpHOCTH. [Tpenen QyHkumm.

beckoneunsie npeaensl. OAHOCTOPOHHUE NPEACTEI.

beckoneuHo manele 1 6eckoHeUHO Gonbiure GyHKuuy. X cBocTBa.
CpaBHeHHE OECKOHEYHO MaJIbIX (YHKIIHIA.

OCHOBHBIE TEOPEMEI O TpeJeNiax.

[Mpu3Haky cyuiecTBOBaHHs MpeAena.

3ameuaTenbHble MpeeNsl. HenpepsIBHbIE IPOLEHTEL.
HenpepeiBrocTs dyHKuMH. HenpepsIBHOCTh HMpPOU3BOACTBEHHBIX
GyHKIHIA.

CaoiicTBa QyHKUMH, HENMPEPBIBHBIX HA MHOXECTBE.

Touxu paspeiBa GyHKIHH.

ITpoussonHnas.

I'eomeTprueckuii CMBICI IPOU3BOJHOM.

CBA3b MEXTy HENPEPBIBHOCTHIO M MG hEPEHIUPYEMOCTBIO (Y HKIHH.
CBolicTBa MPOU3BOMHEIX.

Juddepennuan. Cea3b Mexay NPOU3BOAHOM U JuddepeHuranom.
JuddepeHpan He3aBUCUMON IEPEMEHHOM.

I'eomeTpuueckuii cmeici auddepenuuana.

CaotictBa nuddepenunana.

IMpumenenne nuddeperumana k NPpUOIHIKEHHBIM BEIYHCICHUAM.
[TpousBoaHele BEICIIKX MOpsAKoB. [IpaBuio Jlomurans.
Bospacranue u y6siBanue GyHKuumii.

OKCTpeMyMB! QyHKIIH.

Beimyxnocts rpaduka dysxuun. Toyku neperuda rpaduka.
AcumnToTs! rpaduka GyHKIHH.

ITpuMeHeHe MOHATHSA NPON3BOJHON B 9KOHOMUKE.
[TepBooGpasnas. HeonpenenenHslii HHTErpa.

CaolicTBa HEONpENENEHHOr0 HHTErpaja.

HenocpencreenHoe nHTErpupoBanue. Metos 3aMeHbl TepeMEeHHON
B HEOTIPEEIEHHOM HHTErpalle.

MeToa HHTErpHpOBaHus MO YacCTSIM B HEONPEACICHHOM HHTETpAIE.
HnterpupoBanne paunoHanpHbIX GyHKuui. HHTerpupoBaHue
ApOoOHO-THHEHHBIX UPPAaLMOHANBHEIX QYHKLHIA.
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37.
38.
39.
40.
41.
42.
43.
44,

45.
46.
47.
48.

49.
50.

51,
52.
53.
54.
S5.
56.
57.

58.
59.
60.

61.

HHTerpupoBaHne TPUTOHOMETPUYECKHUX BBIPAXKEHHUH.
Onpenenennslit nHTErpai. ['eoMeTpHYECKUH CMBICT ONPEAEIEHHOIO
UHTETpaa.

CpoiicTBa OnpeneneHHOro HHTerpajia. BEIYHCIEHHE ONPENCIEHHO-
TO MHTETpaa.

WHrerpupoBaHue mo 4YacTiM M METOX 3aMEHBl [EPEMEHHOM
B ONPENIENICHHOM HHTETpAJIE.

ITpunoxeHus ONpeNeNeHHOrO HHTEerpaa.

[MTpubnuxeHHOe BEIYUCICHUE ONPEIeIEHHOTO HHTErpala.
Heco6cTBeHHBIE HHTETPANIBI IEPBOTO POAA.

HecoGcTBEeHHBIE HHTErPAJIBI BTOPOTO POJa.

HexoTopbie NprIoXKEeH!s ONpeNeIEHHOTO HHTErpajla B 9KOHOMHKE.
[Monsatue o nnddepeHuranbHOM ypaBHEHUH.

JuddepenHiyansHple ypaBHEHHS € Pa3AEIAIOMMMHUCS EPEMEHHBIMH.
JIuneitnsle nuddepeHUHATBHBIE YPaBHEHHUS IEPBOrO MOPsIKa.
Yucnosele paapl. CBoMCTBa YHCIOBBIX PSIOB.

Heo6xoauMelfi npU3HaK CXOJUMOCTH psja. JlocTaTo4HbIe MTpU3Ha-
K{ CXOAMMOCTH YHCJIOBBIX PANOB C MOJIOKUTENBHBIMY YIE€HAMM.
3HaKONEPEMEHHBIE PAABL. 3HaKOYepeLyIONHECs PANBL.

CreneHHBIC PSBL

JInnelHOE BEKTOPHOE MPOCTPAHCTBO.

CxasipHoe npousBeneHue. [linHa BeKTopa. Yrod MEXIy BEKTOpaMHu.
KonnuneapHsle ¥ OpTOroHaTbHBIE BEKTOPHI.

Cucremsl BekTopoB. JInHelHas 3aBUCHMOCTb BEKTOPOB.

Panr u 6asuc cucrems! BeKTOpoB. PaHT 1 6asuc n-MEPHOTO JIUHEN-
HOTO BEKTOPHOT'O MPOCTPAHCTBA.

Matpuuesl ¥ UX BUIEL.

Onepauuu HaJl MaTpHLIAMH.

Onpenenureny.

CeoiicTBa onpeaenuTenei.

MpuHops! 1 anrebpanyeckie JONOTHEHHUS.

Ob6partnas maTpuna.

OnemeHTapHele npeobpa3oBaHus Hajx Marpuued. Haxoxnenue
oOpaTHOH MaTpHIEL.

Panr matpuisl.

CobcTBeHHBIE BEKTOPHI B 3HaUEHHs MaTPHILL.

CucreMsl nuHEHHBIX ypaBHeHHi. MarpuyHas ¢opMa 3amHcH
CHCTEMBI.

VYciioBuE COBMECTHOCTH.
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72.
73.
74.
75.
76.

71.

78.
79.
80.
81.

82.
83.

84.
85.
86.
87.
88.
89.
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Pemienne cuctemMsl ¢ nomompro Gopmyn Kpamepa. Pemenue
CHCTEMBI C TOMOIIBI0 00paTHOH MaTpHLIbL.

Pemenrie nNpOM3BONBHBIX CHCTEM JIMHEHHBIX HEOJHOPOIHBIX
ypaBHeHu#. Meton u Tabnuuel ['aycca.

HaxoxzneHne HeOTpHIIaTENbHBIX 0a3UCHBIX PELICHUI CHCTEMBI.
OpmHOpOAHBIE CUCTEMB! IMHEHHBIX YPaBHEHHUH.

CoBMECTHOCTh OJJHOPOJHOH CHCTEMBI.

Oo61ee pemeHre OAHOPOIHOH CHCTEMBI.

JlexapToBa NpAMOYTOJIbHAas CUCTEMA KOOPAHHAT.

Ob6uee ypaBHEHHE NpsAMOH. YpaBHEHHE NPSIMOH C YITIOBBIM
K03 UIEHTOM.

VYpaBHEHHE NpPsAMOi, npoxoasmeit yepes JaHHYI TOYKY B JaHHOM
HanpaBlCHUH. YpaBHEHHE MpPSIMOH, MpOXOAAIEH uepe3 J1Be
JaHHBIE TOYKH.

Yron wMexny [ByMs TNpsAMBIMH. YCJIOBHE NapalieabHOCTH
¥ NIEPICHIUKYISPHOCTH MPSIMBIX.

Omnunc. OKpyKHOCTb.

I'unepbona. ITapabona.

[TapasnenbHbIi IEPEHOC CHCTEMBI KOOPAMHAT.

IToBOpOT cuCTEMBI KOOpAUHAT.

YpaBHEHHE UIOCKOCTH B MPOCTPAHCTBE. YpaBHEHHE ILIOCKOCTH, IPO-
XOAAIeH yepes JaHHYIO TOUKY, epIeHAUKYIIPHO NTAHHOMY BEKTOPY.
VYcnoBys napaieNnbHOCTH M TEPHEHINKY IIPHOCTH TUIOCKOCTEH.
Kanonunyeckoe ypaBHEHHE NPAMOM B NMpOCTPaHCTBE. YpaBHEHHE
NpsAMOH B IPOCTPAHCTBE, MPOXOAAIIEH yepe3 ABE JaHHbBIE TOUKH.
IToHsTHE KBagPaTHYHOK QOPMEL.

[IpuBeneHune kBaApaTUYHOH GOPMEI K KAHOHHYECKOMY BHIY.
EBKJINIOBO MPOCTPaHCTBO. BhIMyKiIble MHOMXECTBA.

Pemrenne cucTeM JNMHEHHBIX HEpaBEHCTB. PeleHHe CUCTEM JIMHEH-
HBIX HEPaBEHCTB C ABYMs NMEPEMEHHBIMH.

ITpencrasieHne BBITYKIOTO MHOTOTPaHHHKA.

JlomyCTHMBIE  pEeIIeHHs  CHCTEMBbl  JIMHEHHBIX  YpaBHEHHMH
¥ HEPaBEHCTB.

[MoHsaTHE OYHKUUM MHOTHX NMEPEMEHHBIX.

HenpepeiBHOCTE GYHKIIMM MHOTHX NEPEMEHHBIX.

YacTHble MPOU3BOAHBIE HYHKLIUH MHOTHX NEPEMEHHBIX.

IMonuerit nuddepennmann.

ITpousBoaHas NMo HampaBIeHHIO.

I'pagueHT GYHKIUH MHOTHX NEPEMEHHBIX.
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92.

YacTHbIE MPOU3BOAHBIE BHICUINX ITOPSAIKOB.
OkcTpeMyMbl  (QYHKUMH MHOTMX IE€PEMEHHBIX. [ JI00aNbHBIN
MaKCHUMYM.

IMocTpoenue aMmupuyeckux GOpMyJ1 METOAOM HaWUMEHBIIUX KBaj-
paToB.
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2. TemaTuka 3agaud
(npakTU4yeckne yMeHUs N HaBbikW)

Beruncnenne npenenoB QyHKUHIA 1 NpeIeNoB 0CIe0BaTENEHOCTEH.
HaxoxneHue npou3BoaHO#H GbyHKIINH.

[TpuMeHeHHe MPOU3BOAHOM K UCCIENOBaHUIO (QYHKIIHH.
HaxoxeHue npou3BOAHBIX BBICHIMX MOPSIKOB OT (PYHKIHH.
Haxoxaenne auddepeHunana QyHKIHH.

HaxoxaeHne HeonpeaeneHHOro HHTErpaja OT QYHKIIHH.
HaxoxaeHue onpeaeneHHoro Harerpaia ot GyHKIUH.,
[MTpunoxeHus ONpeaeNIEHHOrO HHTErpaa.

HaxoxneHne HecOOCTBEHHBIX HHTETPAJIOB EPBOTO U BTOPOTO POAa.

. Onepauuu Hajg MaTpULAMH.

. Berurcnenue onpeaenuTene.

. HaxoxnaeHue paHra MaTpHLbl ¥ CHCTEMEI BEKTOPOB.

. JleHcTBUs Hal BEKTOPaMH.

. Pasnoxenue Bekropa no 6asucy.

. Pemenue cucrem merogom Kpamepa.

. Pemenne cuctem ¢ noMoIpto 00paTHOM MaTpHLEL.

. Pemenne cucrem meronom I'aycca.

. Haxoxxnenue o6iiero, 4acTHbIX, 0a3sHCHBIX M ONOPHBIX DEIICHUM

CHUCTEMEI.

. AHanuTH4yeckas T€OMETPHs Ha IJIOCKOCTH!

a) mpsamas;

6) KpHBBIE BTOPOTO MOPSJIKA;

B) npeoOpa3oBaHHUE CHCTEMBI KOOPAMHAT.

Pemrenue cucreM MHHEHHBIX HEPABEHCTB.

ODyHKIUHY MHOTHX NEPEMEHHBIX:

a) yYaCTHBIE NPOM3BOJHbIE, TONHEIH AuddepeHunan;
6) nmpou3BOAHas IO HANpPaBIEHHUIO, TPaJHEHT.



3. NMpumepsl pewieHns 3apay

Teopusa npepenos

3aoaua I11.1. Haiitn limzx;z.
x> x“ +3x+1

Pewenue. Tak xak Mpenens! YHCIUTENA U 3HAMEHATEIs CYIIECTBY-
IOT YU TpeleNn 3HaMEHaTeNlsd He PaBeH HYJI0, TO MOXHO MPHMEHHTH
TeopeMy O mpeaene apooH:
x+2  limx+2) 1+2 3

lim 2 =— 0 = =—,
x=lx* +3x+1 lm}(x +3x+1) 1+3+1 5

2 —
3aoaua I11.2. Haiitn lim4§—5x—+l.
x>l x° —6x+5

0
Pewenue. IMmeem HeomnpeaeneHHOCTh BUAA l:a . JAna packpeITUs

3TOM HEoINpeeNeHHOCTH NpeobpasyeM ApoOb, Pa3sioKHUB YHUCIHUTENb
H 3HAMCHATCJIb HA MHOXKHUTCIIH. IIIIH 3HaueHud x # 1 umeem TOXAECTBO
45 =5x+1 (4x-1)-(x-1) 4x-1
X2 —6x+5 (x-1-(x-5) Cx-5
INoaTomy npenens! 3TUX QyHKIU paBHEI MEXAY COOOI:
4x% - 5x +1 TIE d S

m—; =1lim .
x>l x“—6x+5 x-1 x—5 4

3aoaua I11.3. Haiitu lim x_1-1

x>243x -2 -2

Pewenue. HenocpencTBeHHas MOACTAHOBKA X =2 NPHUBOAUT

0
K HEONpEIENeHHOCTH BHAA [-6 . Jdns Toro 4rtoOBl PAacKpHITH 3ITY

HEOMPEACTICHHOCTh, BBIACINM MHOXHUTEIDb x-=2 B HYHCIHUTCIC
H B 3HaMCHATCIIC. HIISI 3TOr0 YMHOXHM YHCIHUTECNIP H 3HAMCHATCIb
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Ilp06I/I Ha BBIPAXCHUA, COMNPAXKCHHBIC, COOTBECTCTBCHHO, YHCIIHUTECIIIO
H 3HaAMCHATCIIIO:

Vx-1-1 _ (fx-1-DWx-1+D)(3x-2+2) _
V3x-2-2 WBx-2-2)(\3x-2+2)Wx-1+1)

_(x-2)3x-2+2)
3(x—2)(Wx—-1+1)

Ya-1-1 . V3x-2+2 2

Torna

m m = .
X—’Zw/3x 2-2 23(y/x-1+1) 3

2
3adaua I11.4. Hapitu hmw—l—
x20 x° —2x—3

Pewenue. 3pecy Takxke HENIOCPEACTBCHHO TCOpPEMY O IMpeacie
,IlpOGI/I IIPUMEHUTDh HEJIB3s, TaK KaK YHUCJIUTECIIb U 3HAMCHATEJIb IlpOGPI
NpU X — 00 HE UMCIOT KOHCYHBIX IPECIACIOB. 3T0 HEONMPEACIICHHOCTD

(0 0]
BUOA [——:I lIJ'Iﬂ PacKphITHA €€ pasfcinM YUCIHUTCIIP U 3HAMCHATCIIb
o0

Ha X B BEICIIEH CTCIICHH, T.C. Ha JC2 s 1 3aTEM nepeﬁneM K [Ipeaeiny.

5 1 5
32+ 5x+l 3*;““;'2" lim(3+— +_)
lim — =1 53 = 5 3 =3
x2o x° —2x -3 x—)ool____z 111’1'1(1————)
X X xo®  x X7
51 2 3
3meck —; —;—;— — OECKOHEYHO Majbie QYHKUHMHU IPH X —> O,
X X X X

¥ [I03TOMY HX MPEAENbl PaBHBI HYJIIO.

1-cos4x

2

3adaua I11.5. Haiitu lim
x—0 X

0
Pewenue. Imeem HeonmpeneneHHOCTh BHUAA [—0— . Bocnonesyemcs

TNIEPBBIM 3aMCUYATCIIBHBIM IIPEACITIOM.
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lim1——cozs4x=li 2sin’ 2x__21 (sm2x) 81 (s1n2x
x—0 x x=0 x 2x

MO>XHO IPUBECTH APYTOE PELICHHUE.

) =8.

o
Iyctp 2x =0, TOrAa x=; npu x > 0,0 — 0. Toraa

. l—cosdx . 2sin’2x . sin’a sino
11m—2=11m———2—=211 =8 lim(
x—0 X x—0 X a—0 a a0

)2 =8.

3adaua I11.6. Haiitu hm( x+3)
x—0o\ 2x—1

Pewenue. 3necy UMeeM HEOIPEAENEHHOCTh BHUIA [1”]. Jns pac-

KPBITUS 3TOI HEONpEAENEHHOCTH mIpeodpasyeM (YHKIHIO TakK, YTOOBI
MOXHO 6I>IJ'IO BOCIIOJIb30BATbCA BTOPBIM 3aMEUYaTCJIbHBIM HpCﬂCIIOM.
2x+3 2x-1+1+3 2x-— 1 4 -1 4

=1+ .
2x-1  2x-1  2x-— 1 2x -1 2x -1

2 1
BeeneM HOByIo nepemeHHy!o. I1ycTh =qQ,TOrga x=—-+ >
o

x.——
npu x —> o, a—> 0. CnegoBarensHO:
lim (254 3yx = im (1+ - 4y 1im(1+a)%+
x>0 2x—1 -1 a—0
2 1
=lim(1+a)® -lim(1+a)? = €*.
a—0 a—0

1
2=

AunddepeHunanbHOe UCYUCTIEHUE

3adaua I12. 1. Halitu npou3BoaHy0 QyHKIUN

Vet
f(x)—2\/;+\/;+3x\/;.

1 1 3
Pewenue. Tpeobpasyem pyukumio: f(x)=2x3 +4x 2 +3x2.

233



Torna
2 3 1

flx)=2- %x 344 (—l)x 243 %5 —3———_2——+%J§.

33/52 x\/;

3adaua [12.2. Hafiti npou3BOAHYIO GYHKIHUN
f(x) =5arcsin’(2x —1).
Pewenue. Haxonum Mpou3BOIHYIO CIOXHOM QYHKINH:

f'(x) =5-3arcsin’(2x —1) - [arcsin(2x - I)I =

—15arcsin®(2x — 1) —=2X D _

1/1—(2x—1)2

30arcs1n (2x- 1) 15arcsin®(2x - 1)
S V1-4x? 4 ax-1 Vx—x

3adaua I112.3. Haliti npousBogHyto byHkmuu f(x) = 3" 33’?; ii .

Pewenue. llenecoo6pa3Ho cHauaia IpoorapugMHpoBaTh GyHKIHIO:
Inf(x)= éln(E»x2 +1) —%ln(3x2 -1).

Haitnem npon3BoHy0 OT 00eMX yacTel MOCIEIHETO PaBEHCTBA:

f’(x)=1(3x2+1)' 1(3x* -1 6x 1 6x 4x  4x
F(x) 3 3x*+1 3 3x*-1 33x%+1 33x 1 9%l 1-9x°

OTtcrona
3x2 +1 4x
f)=16) 1 94_\]3 721 1-0x

3adaua 112.4. C nomoupto AuddepeHuyana HaiTH NpuOIHKEHHOE
3HaueHMe BEIpaxeHus 3/32,1 ¢ Tounoctsio g0 0,001.

Pewenue. Vicnonszyem dopmyiy f(x,) = f(xy) + f'(x)(x — Xo)
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rac

@) =3x; f’(x)=+\/—7; X =32 x, =321, f(x)=332=2;

5Vx
()= L. ~3321
.f~('x"0)_5%/'(3T)4 80: f(xl) 3 32,1

Torna

V32,1~ 2+—1—-0,1 =2,00125.
80

3adaua I12.5. ViccnenoBats cpencrBamu AuhepeHUHaNIbHOTO He-
yncrenus bynkumo f(x) = x> /(x —2) ¥ nocTpouTh ee rpaduK.
Pewenue. 1.y = f(x).

1. ®ynknus ompeneneHa Npy BeeX 3HAUYECHHAX X, KpoMe x = 2, T.€.
x € (—0; 2) U (2; + ).

2. Yernocth. f(—x)= =0 ¢f(x) fE=x)=-f(x).
—-x—

OyHKIMSA HE ABIAETCA HH YETHOM, HU HEYETHOM.
3. OyHKuMs He MepHoaUYecKas.
4. Haiinem Touku nepeceueHus rpaduka ¢ OCIMU KOOPAMHAT.
OueBupano, ecmu x =0, To y =0, nu eciu y = 0, To x = 0. Cnexnosa-
TENBHO, Tpa@UK QyHKIUHN MPOXOAUT YePe3 HaYasl0 KOOPAMHAT.

5. OyHKUUA HEMPEPBIBHA B 00JIACTH CBOETO ONPEICICHUS.
2 2

ITockoneky lim =0 # lim

x—2+0 x_2 x2-0 x—2

csl TOYKOH paspbiBa Broporo popaa. MccrienyeM moBeaeHHe (QPyHKLIHH
Ha OECKOHEYHOCTH.

=—00, TO TOYKA X = 2 SBJIACT-

6. Haiinem accumnrotsl rpaduka yHkuuu. VI3BeCTHO, 4TO eciu
lim f(x)=00, TO mpsAMas X =a SBIAETCH BEPTUKAJIBHOH aCHMITOTOH
x—a

rpadmka Gyskpu. Eciu lim&=k u lim(f(x)—k(x))=b, To npamas
X—0 x X—®
y=kx+b sBNseTCs HAKIOHHOH acUMNTOTOH Trpaduka QYHKIUH
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2 2

.X .
y = f(x) . ITockonbky xl_l)rzr:Ox_z_oo u xl_lg—lox_z

=—00, TO IpsAMas X = 2

ABJIIETCA BEPTUKAJIBHOM acuMnToTo! rpaduka QyHKIKH.
Haitigem

f(x) .. x

lim =lim =l;T1e k=1
e x  xo0x(x—2)

x2

dml/ () —he=liml- = 1=lim =

CnenoBaTtenpsHoO, npsiMas y = X + 2 SBIAETCA HAKJIOHHON aCHMIITO-
TOH rpaduka QYHKIHH.

2. y'=f(x).
Halinem npoMe)XyTKHM MOHOTOHHOCTH (PYHKIIMM M TOYKH 3KCTpe-
Myma. Jns aroro ompenenum f'(x), f'(x)= f(x -2 ;? . TIpousBonHas
x—

obpamaercs B HONb Npu X = 0 1 4, a Ipu x = 2 He CYLIECTBYET.

+ -~ - +

_—v 0 2 4 Y X

IIpn x e (—;0) f'(x)>0, cnenoBarensHO, Ha 3TOM HHTEPBaJE
(GyHKIMS BO3pacTaer.
IMpn x€(0;2) f'(x)<0 = byHKUMA HA ITOM HHTEpBaje YObI-
BaeT. CnenoBarensHO, X = () ABJIAETCS TOYKOM MaKCHMyMa.
max f(x)= f{0)=0.
IIpu x€(2;4) f'(x) <0 = f(x) — yOriBaer.
Ipu x € (4;,0) f'(x)>0 = f(x) — Bo3pacraer.
CnepoBarensHO, NpH X = 4 QYHKUMSA UMEET MUHUMYM:
min f{x)= f(4)=8.

3. "= f"(x).
OmnpenenyM NpPOMEXYTKH BBIMYKJIOCTH M BOTHYTOCTH TIpaduka
byHKIMHU. 115 9TOro HaliieM BTOPYIO MPOU3BOAHYIO:
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8
"(X)=———.
AC) o2y
Bropas mpousBomnas f''(x)#0 Ha obnmacTH ompeneneHUs U He

cyuecTByeT npu x = 2. Miccnenyem 3HaKk BTOpOi NPON3BOAHOM.

—_—

IIpn x e (—0;2) f"(x) <0, cnemoBarenbHO, B 3TOM HHTEpBaje

rpad¥k QyHKUUH BBITYKJIBIH.
Ipu xe€(2;0) f'"(x)>0= rpabux dyskuuu BOrHyTHIH. Touek
neperuda rpaduk QyHKUUU HE UMEET.

v

4. I'paduk:
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UuTerpanbHoe ucuucnexHune

3adaua I13.1. Haliti HeonpeJeNeHHbIH HHTErpa
j(sx2 +6x+1)dx.

Pewenue. 310 HHTErpan OT airebpanyeckoit cyMMbl OYHKIMIA.
IMpuMenss cBolicTBa HHTErpaia, HOMYYUM:

J(sz +6x+1)dx = Iszdx+ _[6xdx+ Idx=5jx2dx+6 xdx+x=

2
x3

= 5—-+6—+x+c=—5—x3 +3x> +x+c.
3 2 3
ITposepum pesynsrat AuddepeHUpOBaHHEM:

d(§x3+3x2+x+c)=(5x2+6x+1)dx.

2 3
3adaua I13.2. Haiit HeonpeneneHHelil uarerpan |(—— — —)dx.
3adaua I13.2. P wan ===
Pewenye. AHaNOTUYHO NpeABIIYLIEMY IPUMEDY:

1 2

f(J— J—)dx 2 [x o 3fx = 2£_——3——4\/_——\/—+c.

2 3
IIposepka. IlponuddepeHuupyeM MoyyeHHOE BEIpaXKEeHHE:

a2 3
d(4x 2‘["—) (=

3adaya I13.3. HaliTu HeonpeieneHHBIH HHTErpal Itg32x

cos®2x
Pewenue. TIpeobpasyem auddepenuuna.
jtg 2x——— dx =—Itg 2xd(tg2x )— L tg"2x =ltg42x+c.
cos’ 8
-~ > arcsinx dx
3adaua I13.4. Haliti HeonpeeneHHsId HHTErpa J.e =
1-x

238



Pewenue. IIpeobpasyem nuddepeHuunan.

. dx . ) .
Iearcsmx = — Iearcsmxd(arcslnx) — earcsmx +c .
1-x

3adaua I13.5. HaliTu HeonpeneneHHbIH HHTETpa 3 5
X+

Pewenue. Ipeobpazyem auddepenuuan.

j_da_=lj.dl(if+_2’)=1

—1n|3x+2|+c.
3x+2 3 3x+2 3

dx

3adaua I13.6. HaliTi HeonpeaeneHHbIH HHTErpal
Pewenue. TIpeacraBuM MoJBIHTEIPAIBHYIO Q)ymcumo B BHIE CyM-
MBI LIEJIOH palMOHAIBHOH (QYHKIUH ¥ IPaBUIBHOM ApoOu:
¥*+1_x*-4+4+1 _x*-4 5
+ =x+2+
x=2 x-2 x=2 x-2 x=2
Torna

jj:jzl dx=[(x+2+xiz)d =J'xdx+2_[dx+5 xd_x2=

2
=x7+2x+51n(x+2)+c

x+3
x
x*+4x+7
Pewenue. Halinem d (x +4x+ 7)= (2x+4)dx . Torna

3adaua I13.7. HaliTu HeonpeeneHHBIA HHTErpal I

sz+3 e L 22(x+3) dx_ij'zz““zdp
x“+4x+7 2 x*+4x+7 2 Ix“+4x+7

1
X+4x+7 2

[ 2x+4 d’*‘j dx

1 (d (x +4x+7) I d(x+2) B
2 rax+T I x ( -

244x+7 x+2Y +3

1 2 x+2
=—fln|x“+4x+7 +—arct —+ec
7| | NERR
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. . dx
3aodaua I13.8. HaiiTu HeonpeneneH bl HHTErpal J

1+33x+1"

, dx=1t%dt.

Pewenue. O6o3HaunM 3/3x+1=¢, Torma x =

dt =

dx J‘tzdt J't —-1+1

WHTerpan npuMeT BUA j T ™ Tt

12— dt £
= _[1+tdt+ le- j(t—l)dt+lnl1+t|——:—Z-—t+ln(1+t)+C—
=%%/ 3x+1f —33x+1 +Enl1+3\/3x+1\+c.

3adaua I73.9. Haitti HeompeaeneHHbIH unTerpan |sin’ x-cos® xdx .

Pewenue. Vimeem ciyyail YETHBIX CTENEHEH, MOITOMY MOIBIHTE-

rpajgpHOE BEIpaXkeHHe npeobpasyeM mo ¢opMyiiaM NOHHXKEHHS CTeme-
Hel.

jsm x-cos? xdx = Il c0s2x 1+COS 2x =— jl cos Zx}ix—
1 1 1 cos4x
sin? 2xdx=— |———dx == Idx —— J-cos4xdx =
T4 4 2 8 8
1 1

=—x-——-l-jcos4xd(4x) =-1—x——1—sin4x+c.
8 8 4 g8 32

3aodaua I13.10. Haliti HeonpeaeneHHbIH HHTErpal
j sin’x - cos® xdx.

Pewenue. 3necr KOCHHYC B HEYETHOHN CTENEHM, NOITOMY MOXKHO
CBECTH MHTErpal K CTEIEHHOMY HHTErpaiy:

J-sinz x - cos® xdx = Js'mz x - cos® x - cos xdx = jsinz x(l —sin? x) d(sinx)=
.2 : . 4 . 1.5 1 .5
= J.sm xd(sinx) — |sin xd(smx):gsm x—gsm x+ec.
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3adaua I13.11. Haiiti HeonpeaeneHHbIE HHTErpal
Jx -arctg xdx.
Pewenue. Vicnone3yemM METOI MHTETPUPOBAHHS 10 YACTAM.

O6o3nauyuM yepes u = arctgx, Toraa dv =xdx.
2

Haxonum du = = dex=x—.Tor,ua
1+x 2
2 2 2
X X dx X
x -arctg xdx = —arctg x — |—- = —arctg x —
I g p e jz 1+x2 2 &

2

1 ex?+1-1 x +1 1 ¢ dx
—— [ =Z arctgx - — - =
2J 1422 7 I 2~[1+x2

—x—zarct x—£+larct x+c
g eBX Ty TR

3adaua I13.12. Haiitu HeonpeaeneHHBIH HHTEerpan |x-cos3xdx.

Pewenue. VicnonpzyeM METOJ HHTETPHUPOBAHU 110 YaCTIM.
ITonoxum u = x , roraa dv = cos3xdx.

Haxomum du=dx, v= J.cos3xdx = %—sin 3x.Torma

J.xcos3xdx = £sin3x— J.lsin3xdx = Esin3x+lcos3x+ c.
3 3 3 9

3adaua I13.13. BEIYUCIUTD ONpeIeeHHBIH HHTErpan

05x+1

Pewenue.
1

[ e =—1 |5x +1|
05x+1

—1n6——1n1 -—1n6
5

3adaua I13.14. BEIYHCIUTE ONpeACTICHHbIH HHTErpa
1

jxln(2x+ Ddx.

0
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Pewenue. Tipumem 3a u = In(2x +1), Torna dv = xdx.

2
, L= J'xdx=x7.Toma

Haiinem du =
2x+1

1 2 1 2

1
J'xln(zx+1)dx=x—1n(2x+1 I L
] 2 0 J22x+1

1 2
:lln3_0_ljéx__l_+.l_
2 40 2x+1

dx =

1 1
=11n3—lj(2x—1)dx—lj' __
2 4 4325 +1

0

1
=lln3—lx2
2 4

1
+=x
0 4

RS S S S Y
2 TSR 8

1—11n|2x+1|

1_
0 8 0

3
dx
3adqua I13.15. BeIYMCIUTh ONpeEIEHHBINH HHTErpall I—-

Sl+x+1

Pewenue. Ilyctp Jx+1=t,rtorna x=1 -1, dx=2tdt.
Ecmnx=0,To t=4/0+1=1,ecmux=3, 10 t=+3+1=2. Torna

3 2

I dx _jztdt_zzjtﬂ-l

1+/x+1 I+t - J o1+t

2
=2—21n3.
1 2

2
dt =2t
1

—2In|l+{

0

e ¢}
3adqua I13.16. ViccnenoBaTh HeCOOCTBEHHBIH HHTErpal
1
Ha CXOJUMOCTh U HaliTH €ro 3Ha4YeHHe B Clydyae CXOXUMOCTH.
Pewenue. TIpoMeXyTOK UHTETPUPOBAHUA HE OTpaHHYEH, CleJOBa-
TEJIbHO, 3TO HECOOCTBEHHBIN MHTErpal NEPBOTO poJa.

(x+1)°
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1 1 b

=lim j(x+1) d(x)=lim &P L1

l'[(x +1 3 b= | b—o —2

T B 2 20 3%

HecoGcTBEeHHBIH HHTErpa CXOAUTCS U paBeH 1/8.

1

0
dx
3adaua 113.17. ViccnenoBaTs HeCOOCTBEHHBIN MHTErpaj j—
EE

Ha CXOJUMOCTh M HAUTH €ro 3Ha4YCHHUE B cl1yda€ CXOOUMOCTH.

Pewenue. PyHkuys He OrpaHHYEHa Ha MPOMEXYTKE HHTETPHPOBa-
HUS, CIIEOBATENBHO, 3TO HECOOCTBEHHBIH HHTErpaj BTOPOro poJa.

(x+2)*%| 0

0

dx -1/5

=lim xX+2 d(x+2)=lim———— =
_[54x+ 550 2[8( A VTR IO

=%y_rg«/5 (x+2)| 20 5=th(«/_ J_)——(J— 0)—5J—

HecoGCTBEHHEIH MHTErpal CXOMUTCA U paBeH 5/4-316 .

3adauya I13.18. Halitn mtomans GuUrypsl, orpaHM4eHHON JTHHUAMH
y=x"+1, y=3-x%.

Pewenue. Tloctpoum naHHele napabonel.

Y
3 y=x2+1,
El E y=3—x2
2 -10]| 1 2 X
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Haiinem abcuucce! Toyek nepeceyeHus. s 3Toro pemmm cucteMy
y =x+1,
y=3-x

durypa orpaHuyeHa rpa@ukaMu ABYX (YHKLHH, CIENOBaTENbHO,
nnomanb €€ HaxoauTcs no dopmyie

S= I[f rnef() 3-x%, fz(x)=x2+l.Tor,ua

S= l{[(3—3:2)—():2 +1)]dx=2;j(z-2x2)dx_

IMonyuum x;=-1,x, = 1.

Omeem: S = 2%(1(3. en.).

3adaua I13.19. Beruucnuth 06beM Tena, 06pa3oBaHHOTO BpalLCHHU-
eM Bokpyr ocu OX  ¢urypsl, OrpaHHYeHHOH  JIMHHAMHU:

y=tgx; y=0, x=

N

Pewenue. Cnenaem ueprex.

<
I
—
aQ
=

Y

—/2 /2 X

/4
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Tak Kak BpalieHre GUrypbl MPOKCXOIUT BOKPYT ock OX, To 00beM Te-

b
7a onpenenseM no popmyne ¥V =n J‘ f*(x)dx ,rnea=0,b= % ,fx) =tex.

nn/ft 2 e jsm sin’x Il cos® x n"/f dx _n"/fdx_
Vs & cos’ x cos’ x Jcos’x g
/4 /4 T 7t(4-—7r)
=7ttgx O —TX O :TC——Z=—4-——.
(4

Omesem: V_ =—-—4—Tt—)(r<y6.en.) :

AnddepeHumanbHbie ypaBHEHUS

3adaua I14.1. Haiitn obuee peuienue nuddepeHIHanbHOrO ypas-
HEHHA X ' — y = x ’¢* ¥ YaCTHOE pEIleHHe, yIOBIETBOpPSIONIee Haualb-
HOMY ycloBHIO Yo = 0 nipu xo= 1.

Pewenue. 3to nuneitHoe nuddepeHnManbHOE YpaBHEHHE NIEPBOTO
nopsaka. OHO MPUBOAMTCA K BULY Y'+ p(x)- y =g(x). dna atoro noxne-

nuM 00e 4acTH 3TOro ypaBHeHHs Ha x. [Tomyuum y‘—l =x-e". Obmee
x

pELIEHHUE 3TOrO ypaBHEHUs OyJeM HCKaTh B BHUAE NMPOU3BEACHHUA IBYX
byHkuuit y=u-v, y'=u'v+v'u.

1
VpaBHEHHE PUMET BUI u'V + uv'——uv = xe* , WIin
X

u'v+ u(v'-—lv) =xe*. (¥
x

Peuraem B CJICAYIOLIEM MOPAAKE.

1
1. dyHkIMIO V CeayeT B34Th TaK, 4To0b V'——v=0.
x

Peranm aT0 ypaBHEHUE:!

dv v dv dx dv
=E—_—_—— ———I—:>lnx—lnv HIIH V = X;
dx X v X

2. Haiinem ¢GyHKUMIO u, JUIi 3TOTO HOACTaBUM B ypaBHeHHE (*)
BMECTO V =X
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Monyuum u'x=xe*, u'=e*; du=e*dx=u=e" +c.
3. O6uee pemeHne HCXOTHOTO YpaBHEH s HMEET CIIEAYOIMH BUI:
y=x(e"+c).
4. Tna toro 4robsl HalTH YacCTHOE pelIeHHe, YIOBIETBOPSBILEE
JaHHBIM HAYaJIbHBIM YCJIOBHMSAM, HYXXHO B ofliee pelIeHHe MOACTaBHTh
Yo =0 u x5 =1. Nomyunm 0 = 1(e + ¢), orcroma c = —e.

HTak, yacTHOe peuieHue uMeeT BUA y=x(e* —e).

3adaua I14.2. Haiitu obmee pemeHue nuddepeHnnanbHOro ypas-
HeHus 2y"-7y'+3 =0 u yacTHOe peleHue, yJOBIETBOPSIONIEe Hauyallb-
HoMmy ycinoBuio y, =0; y'y=5 npu x, =0.

Pewenue. 1o opHoponHoe auddepeHHalbHOe ypaBHEHHE BTOPO-

TO MOpsAJKa C NMOCTOSHHBIMU K03 duuueHTamu. CoCTaBUM XapaKTepH-
CTMYECKOE YPaBHEHHE U PELIHUM €To.

2k*-Tk+3=0, K =%, k,=3.
Torna obuiee pemeHne JaHHOTO YpaBHEHHs OyIeT UMETh BHL
y=c,e" +c,e"",
X
T.e. y=ce’ +c,e*.
HaiineMm yacTHOe peuieHue, Uit 3TOro Haiiiem y'.

X

y'=§c,e2 +3c,e™ .

[ToncraBuM B oOINEe peIIeHHE W B €ro MPOM3BOIHYIO JAHHBIC
HayaJpHble ycnoBus. [IomyynuM cucTeMy IBYX YpaBHEHHH C HEH3BECT-
HBEIMH (), C, .

0 0
O=ce +ce,

1 UIH
5= Ecle0 +3c,e’,

¢ +c, =0,
¢ +6¢c, =10.
ITonyunm c; = -2; ¢, = 2;. VItak, 4acTHOE pelICHHE UMEET BHUA
X
y=2e —2e?,
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Pagbt

3aoaua. Hanucate TPH NEPBBIX YJI€HA CTCIICHHOI'O psAa Mno 3adaH-

n_n

HOMy o0LueMy uneHy a,x" = W , ONIPENIENIUTh UHTEPBAJl CXOAMMOCTH
n

pszia ¥ HCCNIENOBATh MOBEACHUE psAJia Ha KOHIIAX HHTEpBajla CXOAHUMOCTH.
Pewenue.

IIpu n = I nonyyaem a;x =E.

4x?

92"

3

IIpu n = 2 nony4aeM a,x =

8x

2743

. . |a
Hatinem paguyc cxonuMocTH psana no gopmyne R=lim—=
n—®

n+l

[Ipn n = 3 nony4yaeM a,x =

2” 2n+1
a,= y Ay = ———F7—;
R L P L P
2" 3"+l . 3n+l

R=1iml % |~ lim = lim

noolg | now 3". 2"*1.\/— n— 2\/—

3. n+l 3

=-—-l —_——=—

2no0\ p 2

Psan cxomures npu xe(—3/2,3/2).

3 o
I/IccnenyeM MMOBCACHHUE psda mpu x =5 , AJI1 3TOr0 B CTCIICHHOH

3
PA4 BMECTO X MOACTaBUM 4UCIO — . [ToilyuynM yucioBo pan Z
2 “In
i Toro 4ToOBl HCCIENOBAThH €r0, CPaBHUM C FAPMOHHUYECKUM pS-

JAOM Z— I/I3BCCTHO 4ToO TapMOHH‘IeCKHI/I pAA pacxoaguTcCH. Tak kak
n
n=]
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v
S |-

MpH BCEX #n, TO U3 IMPH3HAKA CpaBHCHUA CICAYET, YTO pPAN

Ms §||._‘

,\/_ TAKX€ pacXOOoUuTCA.
n

n

3 .
Hccnenyem noeeneHue pina npu x = —5 IUI 3TOTO B CTENEHHOMN

3 . .
PAL MOACTaBUM X = —5 IMonyyum YHCIOBOH 3HAKOUEPEAY FOIIUHCS PsL

© r (V& 1
EM'("E) =2 (V"

[Ipumenum k Hemy npusHak JlefiGnuua. Tak kak 4jIeHB! 3HaKOYe-
penyromerocs psaga no abcoMOTHOH BENMYMHE MOHOTOHHO YOBIBAIOT

——>—=—=— ¥ lim — =0, To JaHHBI} PsAX CXOIUTCA.
N wf ’
WTak, crenenHo# pan cxomutes npu x € [—3/2,3/2).

¢yHKLWIVI MHOI'mX nepemMeHHbIX

3adaua. ana byuxmus z(x,y) = 2x> +3xy + y*, Touka 4(0,~1) u

BekTop [ = (4,~3). HaifTu nonupiit qubdepenuuan GyHKIHY, TpaTieHT
GbyHKIMM B TOYKe 4 U POU3BOAHYI0 QYHKIMH z(xX ,y) O HanpaBJIECHHUIO
| B TOUKE A.

Pewenue. Halinem yacTHbIE IPOU3BOAHBIE QYHKIMHU

6——4x +3y; @=3x+2y.
Ox oy

2. Monuetit nuddepenran UIMEET BUX

dz =%d +-g;dy (4x +3y)dx +(Bx +2y)dy.

3. I'paguieHT QyHKUMH B TOUKE A:
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grad z

= (4x+3y,3x+2 y)‘(o’ =(-3,-2).

_[o 2
A \ax’ oy )4 -1)

4. HalineM HanpaBIsOLIKMe KOCHHYCHI HallpaBJICHHS L

|Z|=m=5, cosa=%, cosf=—=

[MpousBonHas GYHKUIMH B JaHHOM HalpaBJICHUH UMEET BUA

-‘2—7 =%cosa +%cos[3 =—(4x+3y) ——(3x+2y)

IMpousBoaHas QyHKIMH B JaHHOM HalpaBICHUH B TOUKe 4 paBHa

0z
Z —2H-3(D=-¢

JiuneiiHas anreGpa

3adaua [14.1. PeumTh cucTeMy YpaBHEHHH C OMOIIBIO 0OpaTHOM
MaTpHLEL.

2x, +3x, —x; = 5,
X =X, +x3 = 2,

Pewenue. 3anumem cucreMy B MaTpuuHoit popme Ax = B, rae

2 3 -1 5 x,
A=|1 -1 1|, B=|2| %=|x|
11 -1 0 X,

Haiinem obpatHyro mMatpuuy k Matpuue 4. CocraBuM paclUHpeH-
HYIO MaTpHLly ¥ C MOMOLIBIO 3JIEMEHTApHBIX NpeoOpa3oBaHMi MpHBeE-
JIEM €€ JIEBYIO YacTh K €IUHUYHOMN MaTpHIIE.
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1 =10 0 1

Bo3pMeMm TpeThlO CcTpOKy. CnoxuM €€ €O BTOpPOH CTpOKOH
U CIIOXHM C NEPBOH CTPOKOH, yMHOXHUB Ha (-3).

-10 21 0 -3
A2 0 001 1 |&
1 1 =10 0 1
YMHOHUM NEPBYIO CTPOKY Ha (—1):
10 -2-103
<120 0(0 1 1|
11 -1{0 01

BO3BMEM IIEPBYIO CTPOKY. YMHOXHM €€ Ha (—2), CJIOKHM CO BTOPOH CTpo-
KO U CIIOXKHM C TPEThEeH CTPOKOH, YMHOXXHB IIEPBYIO CTPOKY Ha (—1):
1 0 -2-10 3
<100 4(2 1 -5«
01 1|1 o0 -2
pa3fieNnuM BTOPYIO CTPOKY Ha (4)
1 0 -2/-1 O 3
<00 1(2/4 1/4 -5/4|<
01 11 0o -2

BO3bMEM BTOPYIO CTPOKY. YMHOXHM €€ Ha 2 U CIIOXKHM C MEPBOH CTPO-
KO M CIIOXHM C TPEThEH CTPOKO#H, YMHOXXHB BTOPYIO CTPOKY Ha (—1):

1 000 2/4 2/4
<0 0 11274 1/4 -5/4 |
0 1 0/2/4 -1/4 -3/4
NEPECTaBUM JBE MOCIEIHHE CTPOKH:
1 000 2/4 2/4
<0 1 02/4 -1/4 -3/4|.
0 0 1j2/4 1/4 -5/4
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B neBoi#f yacTH paciIMpeHHO! MaTpHIbl Oy4YyeHa eNUHIYHAS MaT-
pHLa, CIEOBAaTENBHO, B IPaBOi YacTH MONy4YyeHa oOpaTHas MaTpHIa.

0 2 2
A“=-1—2—1-—3.
2 1 -5

Halinem perienue cucteMsl.
0 2 215 0+4+0

1
E=A"B=% 2 -1 =32 =% 10-2+0|={2
2 1 =5){0 10+2+0 3

2

x =1,
X, =2,
X3 =3.

3adaua I14.2. [laHb! 1B€ CUCTEMBI BEKTOPOB:

51(6,1,2), 52(—1;271), 53(3;—1:1);
b1(1,2,73), b 5(-1,0,5), b 5(0,2,2).

Haliti paHru faHHBIX CUCTEM M BBIACHHTH, Kakas U3 HUX oOpasyer
6a3uc. Haiitn xoopnuHathl Bektopa ¢ (8,2,4) B aTom Gasuce ¢ Momo-
mpio hopmyn Kpamepa.

Pewenue. CocTaBUM MaTpHIly M3 KOOpDAHWHAT BEKTOPOB INEPBOH
CHCTEMBI M HalzeM ee paHr. [ 3TOro NpUBENEM €€ K TPEYToJbHOMY
BULY.

6 1 2
-1 2 1|
3 -11
[IEPECTaBUM IIEPBBIC IBE CTPOKHU
-1 2 1

<161 21
3 -11

YMHOXXHM HEPBYIO CTPOKY Ha 6 M CJIOXHM CO BTOPOH, YMHOXHM IEp-
BYIO CTPOKY Ha 3 U CJI0XXHM C TpeThell CTPOKOH
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-1 21
<0 13 8|
0 5 4
pasJenayM BTOPYIO CTPOKY Ha 13
-12 1
<0 1 8/13|<
0 5 4
YMHOXXHM BTOPYIO CTPOKY Ha (—5) U CIIOXHM C TpeTbeit
-12 1
<10 1 8/13
0 0 12/13
Panr crcrems! BeKTOpoB paBeH 3. BEKTOpHI IMHEHHO HE3aBHCHUMEI
M TOCKONBKY MX TPH WU OHHM TPEXMEpHBIE, TO OHH 00pa3yroT Gasuc B

TPEXMEPHOM MpocTpaHCTBE. JIF060M BEKTOp MPOCTPaHCTBA MOXKHO pas-
JIOXKHUTB 110 BEKTOpaM 3TOH CHCTEMBI.

C =qa; +Cya, +C3a;.
Haiinem xoopawHathl pasnoxkeHus. I1oacTaBUM KOOPAMHATHl BEK-
TOPOB B IIOCJIEIHEE PABEHCTBO.

(8,2,4) = c1(6,1,2) + c2(-1,2,1) + c3(3,-1,1),
(8,2,4) = (661— cy+ 363 ,C + 26'2— C3, 201 +cyt 03).
Tak Kak BEKTOPHI paBHBI, TO paBHBI HX KOOPAWHATEI.
6c, —c, +3c; = 8§,
4.
ITonyyeHna cucrema Tpex TUHEHHBIX YPaBHEHUH C TPEMSA HEU3BECT-

HeIMU. PeminMm ee meronom Kpamepa. Halinem rnaBHuIi onpenenurens
CHCTEMBEI.

2c, +cy e

6 -1 3
A=|1 2 -1=12+3+2-12+6+1=12%0.
2 1 1

CucteMa UMeeT eqMHCTBEHHOe pemreHue. Haiinem Bcromorartens-
Hele omnpenenutend. OHH TMOJYYArOTCd M3 TINIABHOIO ONPENETHTENS
3aMEHOM COOTBETCTBYIOIIETIO CTON0IA Ha cTONOEL CBOOOJHBIX YTICHOB.
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8 -1 3
Aj=[2 2 -1=16+6+4-24+8+2=12,
4 1 1
6 8 3
A,={1 2 -1=12+12-16-12+24-8=12
2 4 1
6 -1 8 ,
Ay=|1 2 2/=48-4+8-32-12+4=12
2 1 4
Brinuurem pemieHyre CHCTEMBI.
a=A/A=],
c,=A,/A=1,
=0 /A=1.

Pasnoxenue Bekropa ¢ (8, 2, 4) B 1aHHOM Gasuce UMEET BUL
c=a +a,+a,.
Halinem panr BTopo#f cucteMbl BeKTOpOB. COCTaBUM MaTpHL
U3 KOOPAHHAT BEKTOPOB U MPUBEJEM €€ K TPEYTONEHOMY BUIY.

1 2 -3
-10 5 |&
0 2 2
prbaBUM NEPBYIO CTPOKY KO BTOPO#i
1 2 -3
<02 2 |
02 2
YMHOXHM BTOPYIO CTPOKY Ha (—1) U ciioxxum ¢ Tperbeit
1 2 -3
<102 2
00 O

Panr cuctemsl BEKTOpPOB paBeH 2. BekTOph! NHHEHHO 3aBHCHUMBI
1 OHM He 00pasyloT 6a3nca B TpEXMEPHOM MPOCTPaHCTRE.
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3adaua I14.3. HaliT 6a3uCHOE HEOTPHLIATENIBHOE PEILEHHE CHCTEMBI

6x, +x, —2x3 —2x, +Xxg =
6x, +x, +2x3 +x, +2x

-x, +3x;3 +3x,

5,
8,
-2

U clenarh Mepexoi K APYroMy HEOTpPHLATENEHOMY Oa3HCHOMY pelile-

HUI0. BelnucaTh o0liee pereHne CHCTEMBI.

Pewenue. 1. 3anonHaeM HCXOmHYIO TaOMUIy. YMHOXaeM TPETbe

ypaBHeHue Ha (—1).

Ne Basuic X1 X X3 X4 Xs b;
1 6 1 -2 -2 1 5
2 6 1 2 1 2 8
3 0 1 -3 -3 0 2

2. Beibupaem iroueBo# cronder, HampuUMep BTOPOH, T.€. BBOIUM

B 06a3uc MepeMEHHYIO X;.
3. Beibupaem KII0YEBYIO CTPOKY, AJIs 3TOTO Haiem

. [5.82]_2
ming =5~ =r ==,
1’11 1

CJIEIOBATENBHO, TPEThs CTPOKa OyAET KIIFOYEBOH.

3anonHAeM BTOpYIO Tabiuiy.

1. KiroueByto cTpoKy J€NHUM Ha KIFOYEBOH 3JIEMEHT, PaBHBIH €IU-

HHUILIE, CJIEAOBATCIIbHO, CTPOKA MEPCITUIICTCA 0e3 U3MEeHEeHHs.

2. KiroueBoi#t cTonbel 3anoaHsaeM HY ISIMH.

3. B kimroueBo#l cTpoke OBUIM HYJEBEHIE 3JIEMEHTEHI, CIeIOBaTENBHO,

HepBbIﬁ U MATBIA CTONOLBI NEPEIHChIBAOTCA 0€e3 H3MEHEHHS.

4. OcTtanbHbIE 3JIEMEHTHI BEIYUCIAIOTCS MO MPaBHIY MPAMOYTONb-

HUKa:
No Basuc X1 X2 X3 X4 Xs b;
1 6 0 1 1 1 3
2 6 0 5 2 6
3 X, 0 1 -3 -3 0 2
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BospmeM AT cTONGEL KIIOYEBHIM, T.€. BBEAEM B 0asuc mepe-
. 136
MEHHYIO X5, TOTAa mln{T;E =3, mobyr U3 3THX ABYX CTPOK MOXHO
6paTh KIIOYEBOH, HAaIPUMep, NEPBYIO.

3anonHAEM TPEThIO TaONHUILY:

Ne Basuc X X X3 X4 Xs b;
1 Xs 6 0 1 1 1 3
2 —6 0 0 0
3 X, 0 1 -3 -3 0 2

. 130
BBenem B 6asuc mepeMeHHYIO X4, TOTAA min T’E =0, T.e. KIIfO-
4eBOi cTpokoit OyneTr BTopas CTpoKa.

3anonHaeM 4ETBEPTYIO Ta0HLYy.

1. KiiroueByro CTpOKy JENUM Ha 2.

2. KiroueBoii cronben 3anoiaHiAeM HYJISAMH.

3. Ilepenuimem Oe3 HM3MEHEHUSA BTOPOH, MATBIH W MOCHEIHHI
CTONOLEL.

4. OcranpHbIE 3IEMEHTHI BEIYUCIIAEM II0 IPABWITY MPSIMOYTONBHHKA!

Ne Basuc X1 X X3 X4 X5 b;
1 Xs 9 0 —l 0 1 3
2
3
2 X4 -3 0 - 1 0 0
2
3
3 X, -9 1 — 0 0 2
2

Cucrema npuBefieHa K eAMHUYHOMY Gasucy. Beimumem obiee pe-
ILIEHUE CHCTEMBI.

9x, -1/2x, + Xs = 3,
-3x +3/2x, + X, = 0,
-9x, +x, +3/2x, = 2.



xs = 3 =9x +1/2x,,
X, = 3x, -3/2x,,
X, = 2 +9% -3/2x,.
Bemmumem u3 TaGnMIBl OHNOPHOE peEIICHHE _)?m ={0;2;0;0;3}.

Halinem BTOpO€ ONOpHOE pEUIEHHE, AN 3TOro BBeAeM B Gasuc OmHY
U3 CBOOOJHBIX NMEPEMEHHBIX, Hanmpumep x;. KiroueBoil cTpokoit Gyaer

nepBas CTpOKa, TaK Kak B CTOJOLE €AMHCTBEHHBIH IONOXKHUTENLHBIN
3IEMEHT — 9.

3anonHAeM MATYIO TabnuIy:

Ne Basric X1 X2 X3 X4 Xs b;
1 X1 1 0 1 0 1 1
18 9 3
2 X4 0 0 4 1 1 1
3 3
3 X 0 1 1 0 1

Bemmumem — u3  Tabnaumel  BTOpOE  OMOpHOE  pEIleHHE
3(-2 ={l;5;0;l;0}.
on 3

3adaua I14.4. Halfitn coOOCTBEHHEIE 3HAYEHUSA U COOCTBEHHEIE BEK-

TOPBI MaTPHLBI
52
A= .
4 3

Pewenue. Haiinem cobcTBeHHble 3HaueHHs Marpuliel. CocraBuM
XapaKTePUCTHYECKOE YPaBHEHHUE VISl MATPUIIBL 4.

|4-L1E|=0,
3o )
()

=0,

0,
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4 3-1
(5-2)3-1)-8=0

2 5

A—-8A+7=0
?\.1=1, )\,2:7.

HalinemM coGCTBEHHBIH BEKTOpP, COOTBETCTBYIOUIMHA COOCTBEHHOMY
3HaueHuIo A = 1. JIyig 3TOro pemunm BEKTOpHOE ypaBHEHHE AX =A X .

3G
4 3 ) x, x, )
S5x; + 2x, X
[4x1 + 3x2) - (xz )
Tak kak 3TH BEKTOPEI PaBHEI, TO PaBHBI UX KOOPAMHATEI.

5%, +2x, = Xx,
4x, +3x, = x,.

4x, +2x, = 0,
{L’fxl +2x, = 0.
O06a 3TH ypaBHEHHU 3KBHBAJICHTHEI YPaBHEHHIO
2x, +x,=0.

BossmeM x; = ¢, Toraa x, = —2c¢. Takum o6pa3om, nonydeH cobCT-

BEHHBIN BEKTOp, X, =(c,—2c), COOTBETCTBYIOIIUI COOCTBEHHOMY 3Ha-
yeHuro A = 1.

HaiineM coOcTBEHHBI BEKTOpP, COOTBETCTBYIOLIMHA COOCTBEHHOMY
3HaueHHro A = 7. I71d1 3TOro peliM BEKTOPHOE ypaBHEHHE AX =A X .

3 )
4 3 )\x, x, )
5x, +2x, 7x,

[43«:1 + 3x2J - £7x2 J
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Tak xak 3TH BEKTOPBI PaBHBI, TO paBHBI UX KOOPAWHATEL.

Sxp +2x, = Tx,
4x, +3x, = Tx,.
4x, —4x, = 0.

O6a 5TH ypaBHEHHUS IKBHBaICHTHB! YPaBHEHHUIO

BosbMeM x; = ¢, Toraa x; = ¢. TakuM 00pa3oM, MOTy4yeH COOCTBEHHBIH
BEKTOp X, = (¢,C) , COOTBETCTBYIOIINH COOCTBEHHOMY 3HAUEHHIO A = 7.

AHanuTnyeckas reomerpus

3adaua I15.1.

Han tpeyronsauk ABC: A(2,1), B(-1,3), C(-4,1).

Haitu:

ypaBHEHHE U IJIUHY BBICOTBl AD; ypaBHEHHE W JJIHHY MeEIHaHEI
CE; BHYTpeHHUH yron B; cucreMy JMHEHHBIX HEPaBEHCTB, OMpele-
JISIOIIYIO TpeyronbHUK. CaenaTh YepTex.

Pewenue. Cnenaem 4epTex.

1. CocTraBuM ypaBHEHHS BCEX CTOPOH TPEYTOJILHHKA, MCMOJNB3YS
YpaBHEHHE NPSAMOi1, NPOXOIAILEH Yepe3 ABE NaHHBIE TOYKH.
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X=X _JY=h
X=X V2= N

4B x—2 :y—l, x—2:y-—1
-1-2 3-1" -3 2

, 2x—4=-3y+3, 3y=-2x+7,
2 17
AB: y=——x+—.
R

Cx+l y-3 x+1 y-3
" —4+1 1-37 -3 2

, —2x—2=-3y+49, 3y=2x+11,
BC: y=zx+—.
3
Tax kak Toukd A U C HMEIOT OAUHAKOBYIO OPAHHATY, UCHOJB3yEM
JaHHOE ypaBHEHHE B IPe0Opa3soBaHHOM BHJE:
C=x) =)= -y)(x—-x).
AC: (x=-2)(1-D=(-1D(-4-2), (y-1)(-6)=0,
AC: y=1.

2. Haiinem pnuny BeICOTHEI AD. Vicnonesyem gopMyity paccTOSHHSA
OT TOYKH AO MPAMOIi:

d=|Ax0+By0+C|.
V4% + B?

ITpusenem ypaBuenue BC k o6meMy YpaBHEHHIO NPIMOH.
BC: y=—?1x+£, 2x-3y+11=0.
3 3
[2-2-3-1+11 12
D = = .
N2+ (=37 V13

3. CocraBum ypaBHeHHE BBICOTHI AD. OHa NPOXOJUT Yepe3 TOUKY
A(2,1) n nepniengukyspHa npsamoit BC, kgc = 2/3. VI3 ycnoBus nepnes-

4
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IUKYNApHOCTH k4p = —1l/kgc = -3/2. Bocmonesyemcs ypaBHEHHEM
NpsSMOH, MPOXOAsALIEH Yepe3 JaHHYIO TOUKY B JAHHOM HalpaBJICHUH:

y-n=k(x-x).

3 3
AD: y—-1=—-—(x-2), =——=x+4.
y 2( ) ¥ 5

4. [Ins HaxOXOCHHA JUIMHBI M ypaBHeHHsa menuansl CE Haiimem
KOOpJAMHATEl TOYKH £ Kak cepeauHBb! oTpeska AB.

X, +x, 2-1 1 yityg 143
Xp=—t—F=——=— y,="4—"EL=——=) ToukaE (1/2,2).
G T (122

CE=\[(t,—%,) + (7~ 31)* =/(/2+4): +(2-1)* =\/B1/4+1=+/85/2.

Cx+4  y-1 x+4 y-1
“1/2+4 2-179/2 1

, 2x+8=9y-9,
CE: y=—§—x+—.

5. Haiinem BHyTpeHHHUI yron B. OH OTCYUTHIBAETCS B IOJOXKHTENb-
HOM HanpasiieHu# oT npsmoit BC k npsamoit AB. kgec = 2/3, kqp = —2/3.

ky—k, —-2/3-2/3 -4/3 12
1+ k&, 1-4/9 5/9 5°

4B = arctg[— %)

tgLB =

6. CocraBuUM cHCTEMY JHHEHHBIX HEPAaBEHCTB, ONPEACNAIOIIYIO
TPEYTONBHUK. 3alHIlIEM YpaBHEHHs CTOPOH B BHJE

AB:2x+3y=17,
BC: 2x -3y =-11,
AC:y=1.

ITogcraBuM TOYKy C KkoopmuHatamu (-1, 2), nexainyro BHYTPH
TPEYTONbHUKA, B JIEBBIC YaCTH PAaBEHCTB.

2x+3y=-2+6=4<7,
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2x-3y=-2-6=-8>-11,
y=2>1.

CJ'ICI[OB&TCJ’IBHO, CHCTEMA HEPABCHCTB, OMNHCBIBAKOIAA TPEYTroJib-
HHK, HMECT BHU[

2x +3y < 17,
2x =3y 2> -1],
y = 1L

3adaua I15.2. CocTaBUTh KaHOHMYECKOE YpaBHEHHE T'unepOoEbl,
€CIM M3BECTHO, YTO €€ OKCLHEHTPHUCHTET paBeH 1,25 u rumepbona
MPOXOANT Yepe3 TOYKY A(8,3\/§ ).

Pewenue. KaHOHUYECKOE ypaBHEHHE TUHEPOOJBl HMEET BHI
2 2
=Xt 6 A(8; 33
=l aKk Kak runepboyia mpoxoauT yepes ToUKy A4 (8; ), TO
€€ KOOpJAWHATHl YJIOBJIETBOPAIOT YpPaBHEHHIO THHEPOONBI, T.€.

6—3—2—Z=1. Tak, xkak € = 1,25, 10O £ - 1,25, Ho ¢* =a?+b?, Torna
a b a

¢t =1,5625a* unu a® +b* =1,56254>.

Urtak, nonyyaem cucTeMy JBYX YPaBHEHHH ¢ OBYMs HEH3BECTHBIMHU
aub.

Q

64 27
—~ 7 =h
a b
b* =0,5625a>.
Pemras 3Ty cucremy, Haxooum a’ =16 u b =9, cnexoBaTensHO,
2 2
x
KaHOHHYECKO€ ypaBHEHHE rHnepOosIsl HMEET BU — Y =1.

3adaua [15.3. CocTaBuTh ypaBHEHHE MPAMOM, MPOXOAALIEH yepes
BepuMHy mapabomsl  y=x’-4x+7 W LEHTP OKPYXHOCTH
x>+ +4x-2y-4=0.
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Pewenue. Haiinem koopauHaTHl BEPIIMHEI Mapaboibl H KOOPAHHA-
THl LEHTPAa OKPYXHOCTHU. [{is STOro BBIAENUM IOJIHBIE KBaJpaThl
0 Ka)KA0# NepeMEHHOH.

YpaBuenue mapabonsl: (x—2)2 =y—-3;

ypaBHeHue okpyxHocTH: (x+2)* +(y—1)*=9.

CnepoBaTenbHO, BeplIHa Napaboyibl UMEEeT KOOpAWHATH B (2;3),

a LIEHTP OKPYXKHOCTH UMeeT koopauHaTtel C (-2; 1).
Torna ypaBHEHHE HCKOMOH NMpsAMO# cocTaBuM 10 hopmyte

Y—nh _X—X%
Vo= XX
y=-3 x-2

, i x—-2y+4=0.
1-3 -2-2



10.
11.
12.
13.
14.
15.
16.
17.
18.
19.

20.
21.
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