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IIpeauciaoBue

MHoro neT g npoBoaui 6ecebl co CTyAeHTaMU 10 U30paHHBIM
BONpOCAM MaTeMaTUKU, KOTOPble MOMKHO U3JIOMUTH HA yYPOBHE,
HOHATHOM [JIl CTYAEHTOB, U3YYHBIINX KypC MaTeMaTUYeCKOTo
aHanusa. fI npoBoaun nogo6Hble Gecenbl B Kiaaccax Xupledbpyxa
B BonHne, no npuraamenuio [llnombioka B ynuBepcutete MoHpea-
1, HecKonbKo pa3 B Breicmeit Hopmanbhoii Illkone B [lapuske net
JIecATh Hazajl, No3/Hee B YHuUBepcuTeTe uM. ['ymbonbrTa B Bep-
auHe 1o npuriameHulo Kpamepa u perynsapHo B TeueHue 1980-x
no npuriamenuio Bycrroasuna B ETH B Hopuxe. I 6aaromapen
Y. Itambaxy, KoTopblii nepeBen I[lopuxckue NeKIUN Ha HeMell-
KU A3BIK 1A MyOAUKaluyU B mypHale «JiaeMeHTbl MaTemaTuRN»
¢ 1992 no 1997 r. IlocnenHuii pa3 A BeICTyHal ¢ TAKUMU GeceiaMu
B accolldaluy CTYyJeHTOB-MaTeMaTUKOB B bepkau netom 1998 r.
u B YuuBepcuteTe Texaca B Octune B HoaGpe 1998 r.

Tenepb A npeanaraio BaM cOGOpPHUE Oecell CO CTyJeHTaMu
B Bujle KHUTU. [logoGHbIe Gecenbl MOT'Y T POBOJUTHLCA IIPeNoiaBa-
TelAMHU, HO, YTO ellle JyYllle, OHU MOT'YT IPOBOAUThLCA CTyAeHTa-
MU Ha ceMHUHapaX, OpraHU30BaHHbIX caMUMU cTylneHTaMu. Tarue
ece/ibl IPOBOAMINCH, HAIPUMep, B MeilibckoM yHUBepCUTETE.

B Coenunenneix IllTatax Heo6XoguMo TUKBHAMPOBATbL Ma-
TeMaTuyecKylo 6e3rpaMOTHOCTb 3HAYMTEIbHON T'DPYINILI CTY/IEH-
TOB M TaKe HeoOXOAUMO YIyUIIUTb MaTeMaTHUecKHe 3HaHUA
MIKOJBHBIX YUHUTeNel U HayUUuTh UX 3¢ deKTUBHBIM crocobam mo-
MOIII CTYJeHTaM IpPH MU3y4YeHUN MaTeMaTUKU Ha BCEX YPOBHAX.
Heo6xonumo mofuepKHYTh pas3iuuue MexAy obyuyeHHeM B Ha-
yalbHOU IIKojle U ofyueHMeM B cTapumux Kiaaccax. Curyanus
3aBUCUT OT MHOTruX ¢akrTopoB. KTo-TO M3 moneil, mpuyacTHBIX
K NpenoJaBaHUIO B HAYalbHOI IIKONEe, OMUcAal MHe, KaKoil YpOH
MaTeMaTH4ecKOMY 00pa30oBaHUI0O M MaTeMaTUUYeCKUM 3HAHUAM
y#e HaHeceH K TOMY BpeMeHH, KOTJa MIKOJbHUKH INPUXOOAT
B cTapluue Kiaaccel. PasyMeeTcs, A roBopio 06 o61ieM NOM0#EHUN
Jiesl, YacTHbIe cliyyad HeoOX0JUMO OlleHUBATh 110 UX CO6CTBEHHBIM
MepKaM.
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Ilon naBieHMEM HEKOTOPBIX NPABUTEILCTBEHHBIX U COLUANb-
HBIX CHJI U U3-3a BBIIIEYNIOMAHY ThIX HE06X0JUMOCTE UMelnu Mec-
TO HEKOTODLIE Meperubbl, YTO MPUBEIO K MOHUMEHUIO CTaHAapTOB
U K TOMY, UTO KAproH CTal HeoGXOJUMbIM YCIOBHEM MONYyYe-
HUA (PUHAHCUPOBAHUA A Pa3NUYHbIX 06pa30BaTENbHBIX MPOEK-
ToB. Bonee fecATuneTud Hasaj BO3HUKIO BhIpaxeHUE, YTO Ma-
TeMaTHKa J0J#Ha GbITb «HacocoM, a He puabTpomy. Heckoabko
JeT Ha3aj] B mporpamMme, npejHa3HaYeHHON 1A CTUMYIUPOBaHUA
MaTeMaTHYeCKU OJapeHHBIX IIKOJbHUKOB CTapUIMX KiaaccoB, lIa-
Buj Popauu cobpan matepuan no p-anuyeckuMm L-dyHKIUAM, KO-
TOPBIN ABNAETCA MOHATHBIM LIKOJBHUKAM BBINYCKHBIX KJIAacCOB.
B To Bpemsa A 3amaBan Bompoc: p-anuveckue L-GyHKIUU — 3TO
Hacoc unu ¢uabTp? Mutatis mutandis, ToT e Bompoc MOMHO
3a/laTh U O TeMaXx, BLIGDAHHBIX AJA 3Toi KHUTrU. ['unoresa Puma-
Ha — 3TO Hacoc Ui ¢uabTp? 3aKOH Nolynapaiielorpamma —
3T0 Hacoc unu ¢unbTp? M3yuyeHne rapMOHUYECKUX (QYHKRIUN —
3TO HAcOC uiu QUIALTP?

BeipameHnue «Hacoc, a He QUILTPY — BTO 3aroloBOK pasjie-
aa (ctp. 6) ny6ankannun NAS (HauumonanbHoit akageMun Hayk)
«Everybody Counts» (JIumuux moaeit HeT). ITa ppasa u3HaYalb-
Ho npuHannemana Pobepty M. YaiiTy, KoTopbIil B To BpemdA ObLI
npesunenToM HauunoHnanbHoON akajgeMuu HH#eHEpHbIX Hayk. OH
ckazan: «MaremaTura noixHa ObITh HAcocoM, a He (GUILTPOM
B TpyGomnpoBoje amepukaHckoro ob6pasoBanusmy. ['pynmna yuuTe-
neit u3 MacauyceTrca oHa# /bl TOMPOCUIN MEHA MPUCOEJUHUTHLCA
K IPOEKTY, CBA3AaHHOMY ¢ MaTeMaTuuyecKHM oOpaszoBaHueM. Ilo-
ACHUTENbHAA 3alKcKa K NPoeKTy Oblna o3arnaBieHa «CBA3aHHadA
reoMeTpuf — yculieHue Hacocay u Gblia HalKucaHa COOTBETCTBY-
omuM kaproioM. fl cnpocun opraHuzaTopoB, 00A3aHbI JTM OHU
nycaTb TakUM 06pa3oM, YTOObI 0Ny YUTh (PUHAHCHPOBAHUE, U OT-
BeT mo TeiedoHy 6bu1 «aay. fl oTkasancAd NpUCOEUHUTHCA. JTO
He 03HAyaeT, YTO A He 3aMHTEpPecoBaH B MaTeMaTHU4YecKoM oGpa-
30BaHUU Ha Bcex ypoBHAX. CmoTpute moio kuury «MaTemartu-
Ka: BCTPEYH cO HMIKOIbHUKAMU CTapIIUX KIAccoBy, a TaKike KHUTY
«CeomeTpusA: Kypc AJA cTapliekIacCHUKOB» (coBMecTHO ¢ [#u-
HoM Mioppoy). Yro racaerca wkuuru «['eomMeTpusy, A OJHAHIBI
MOy YK/ IUCHMO OT y4uTedd (a Tak#e PyKOBOAUTENA haryIbTe-
Ta) B WKoje AiA feBouek. Oua Hanucana: «[Ipunararorca nucbma,
HalnucaHHble HEKOTOPBIMY YYEHUIIaMU JEeBATOr0 Kiacca, U3y4JaB-
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MUMH Kypc reomeTpuu. UM xoTenoch 661 BCTPETUTHCA C aBTOPOM
X yueOGHUKA ¥, IPEJCTABUBIINCH BaM, OHU MPUTIAIIAIOT Bac Mo-
CeTUTh 3aHATUA, €CIH Bbl OKAMKETECh B... MECTHOCTHU.

[lepBeIit ro A Mpenofal reoMeTpHIO MO BalleMy y4YeGHUKY,
U, KaK NMOJTBEP#Aal0T HEKOTOPbIE IEBYLIKU, OH JIOBOJbHO CIOH-
HbIi. fl Haxoky Bal Kypc ocBexmaromuM. Ber ybenunu MeHd nepe-
ATH K NpenoaBaHUIO I0KA3aTeILCTB B «maparpaduom» ctuie. Ba-
A KOHCTPYKIIMK XOPOIIO afanTHpyoTcA Kk nporpamme «leomet-
pUYECKUN YepPTEeMHBIA CTOM», KOTOPYID MbI YaCTO HCHONb3YyeM.
fI3pIK KHHUTM CTpOruii, HO ACHBIN M HMCYepPHbIBAIOIMUIA. Y YeGHUK
NPEBOCXOAHO MOAXOAUT AJA HAIIEro BBICOKOT'O yPOBHA 3aHATUMN
reoMeTrpue».

K ee nucbMy GbLTN NPUIO#EHBI THCHMA OT JI€BYIIEK U3 3TOTO
Kiacca.

HeroTopble TNOMUTUKU M, Kak pe3yibTaT, HanuoHanbHbIN
@onpn Hayku fIBHO BhIpamalOT TOYKY 3PEHUA, YTO JeHer JocTa-
TOYHO JIUIIb 1A GUHAHCUPOBAHUA HCCIEOBaHUl, KOTOPbIE Me-
IOT NpAMbIE NPUIOMKEHNA, a He UCCIeJOBaHU «II0 MPUYUHE JTIO-
6onbiTcTBay. fl Bo3pamalo. TakaAa puTopuKa CMelIUBaeT BMeCTE
HECKOJILKO BOMPOCOB, KOTOpbIE 3aCIY#UBAIOT TOr0, YTOGBI 3TOT
y3en 611 pacnyTan. Cpeau HeMe/JIeHHBIX MPUIOHEHUNR — HE06-
XOJIUMOCTb MMETb KOMIIETEHTHbIe KaJphl NpenofaBaTeleii MaTe-
MaTUKHU Ha BceX ypoBHAX. PadymeeTcd, MHOTHE yuuTelnd KOMIle-
TEHTHbI, HO TaKke MIUPOKO PacHpocTpaHeHa HEKOMIETEHTHOCTD,
B [IONIOJIHEHNE K HAIMYMIO HECKOIBKUX CUCTEMaTUYeCKH Hebnaro-
MONyYHBIX OKPYTOB. Takme cyiecTByeT BO3MOM¥HOCTh IPUMEHe-
HUAl MATEeMaTUKU B UHKEHEPHOM fielie, GUOJIOTHH, SKOJIOTUH, FKO-
HOMUKE, UYTO OTHOCUTCA K HECKOJIbKO Jpyroii obnactu. Kyna unyT
JIeHbT'U, ABIAETCA MO 3aKOHY MOAUTHYeCKUM pelienreM. Ho mpo-
TUBOJelicTBUE UCCIEIOBAHUAM «M3 MI0G0MBITCTBAY, Kak OyATO Ta-
KHe uccienoBaHuA Gecnone3Hbl (M0 KAaKUM-HUGYAb MOACYETaM),
He enartenbHo. [lo uctopuyeckum 0630paM JNOGONBITCTBO MpPU-
Bell0 K 3aMeyvaTelbHbIM OTKPBITHAM BCEX THUIOB, U HEKOTOpbIE
Haubosee pa3BuThie obulecTBa B crpanax ot Kurtaa u Uuauu o
Cesepnoii Appuru u Esponst (Coegunennsie IlltaTer yacto cra-
HOBATCA HCK/IIOYEHHEM) CUMUTAIOT HAy4HOE THOGOMBITCTBO KYib-
TYPHO# IIeHHOCThI0. B G0NbIIMHCTBE CBOEM OTKPBITUA HALLIU TaK
Ha3bIBaeMble NPUJIOHEHNUA, NHOT 1A cpa3y, UHOTAa JeCATUIETUAMU
WU CTOJETUAMHU mo3xe. B mob6oM ciyuyae pa3mbllisieHUA O Ma-
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TeMaTUKe ABJIAIOTCA YAOBOJIbLCTBUEM MJA MHOTHUX JIOAel, U cy-
MIECTBYIOT CBUJETENbCTBA, YTO MBI €CTECTBEHHbIM 00pa3oM 3a-
porpaMMMpPOBaHbI NIOOUTh MaTeMaTUKYy, NIOKa yI0BOJIbLCTBHE HE
OyleT pa3pylleHO HEeKOMIIeTeHTHbIM IIpelojaBaHueM UJIU APYTU-
MU collMaibHbIMU harTopaMiu. JI1o6oit nATUNEeTHUIT pe6eHoK, ¢ KO-
TOPBIM Al BCTpevalcA, JI0OUI CKIaAbIBaTh WM BbIYATATh 4HUcIAa.
YTo mpoucxoquT Janblie, 3TO HEUTO JpPyroe. JTO HEUTO APYroe
MO3KeT TaKe BRJIIOYATh YUUTEJILHULY U [JeBYyILIEeK Ha ee YpOoKe
reoMeTpuM, yIOMAHYTOM BbIllle, C UX JIOOOBbIO K I'€OMETPUU U
¢ ux sHTYy3ua3MoM. [loBTopAIO, YacTHBIE ClIyYau MOMKHbBI OLE€HU-
BaTbCA Kam/Jblii Mo cBoeil co6cTBeHHOM Mepke. CKONbKO AeTei
ObLIM I0CTATOYHO yAawIUBBI, YTOOBI NONACThL B TaKoil kiacc?

YUHOBHUKYU B NpaBUTENbCTBEe, B YHUBepcUTeTaX BHeIPAIOT
#MaproH, BRIIOYAIOMUIl Hacochl U (GUIBTPBI WK NOJ0OHBIE BbIpa-
MEeHUsA, NOATBepA a0 e, YyTo oOpa3oBaHue U HayKa 0JYHUHEHbI
CerofHANIHEel colualbHON U moauTHu4eckoit opropokcun. [locnen-
Hee Jo0aBlleHHe K 3TOMY #aproHy — 3TO TEPMUHOJOTUA «Bep-
THUKAJIbHO WHTErPUPOBAHHBIX» MCCJIENOBAaHUI U NpenojaBaHUA U
VIGRE! rpautsi, «VI» pacmudpoBbiBaeTcA Kak «BepTHKANbHO
WHTETrpUpPOBaHHbIY. A Gecellbl B 3TOIf KHUre BePTUKAIbHO HHTET-
pupoBaHHbl? Wau ropusontanbHo? Wnu nox kakuM-HUGYAb ApY-
rum yriaom? Kro Han kem cmeerca? fI 6b1 xoTen, 4yTo6bI Bee 3TO
ObLIO IIYTKOMH: B AEHCTBUTEIbHOCTU 3TO OTHOCUTCA K (PUMHAHCU-
POBaHUIO.

Tar uyTo He obpamaiiTe BHUMaHWe Ha Hacochbl, (UILTPHI
U BepTURaIbHYIO UHTerpanuio. fl Hageloch, 4To CTyJeHTHI WU
Jaie HEKOTOpble IIKOJIbHUKM CTapIIUX KJIaccoB IOJayYaT YIo-
BOJILCTBUE OT 3TUX Oecell UK, BOSMOMHO, OT HEKOTOPBIX U3 HUX.
Pa3Hble cTyoeHTHI ¢ pa3HbIM ypPOBHEM MaTeMaTUUeCKUX 3HAHUIA
WHTEepecylOTCH pa3HbIMHU BOIIPOCAMHU, B pa3HOe BpeMA U JJd pas-
HeIX Heneil. [lame cpeam Gecell, Mpe[JIOMEHHBIX B 3TON KHHTE,
CTYIEeHTBI ¢ pa3HbIM YPOBHeM MaTeMaTHYeCKUX 3HAaHUU HalugyT
HeKOTopble Gecelibl JJETKUMHU, a Jpyrue Oosee CIOKHBIMUA UIU He-
noHATHbIMU. [loaToMy BriGupaiiTe. Bam npunetca nopaboraTh ro-
JOBOH, U 3TO YAEPHUT Bac JoMa.

Hrio XaBen 1998 Cepate

1VIRGE — ¢unaHcupoBaHuie (rpaHT) BepPTHKAlbHO HHTErPUPOBAHHOIO
[IPOEKTa, CBA3AHHOIO C HCCIeJOBaHUAMHU UM ¢ o6pasoBanneM. — [Ipum. ped.



IIpocThie uncaa

I He 3na10 Apyroro pasfena MaTeMaTUKH, OTIUYHOIO OT TeO-
pUH YKcell, B KOTOPOM MOKHO IPOBECTH MaTeMaTHYeCcKYIo Gecey
10 KPYTHEN UM HepellleHHbIM 3aavyaM, IOHATHYIO M0JAM, Ipak-
TUYECKU He MMEIOIUM MaTeMaTuyeckoro obpasoBanud. [Ikoiab-
HUKM CTaplIMX KJIaccoB, 3HAKOMbIE C OCHOBAMH MaTeMaTUUYeCKO-
ro aHalin3a, B COCTOAHMM MOHATH GOJbUIYIO YacTh 3TOH Gecembl
0 MPOCTBIX YKciax. JTa riIaBa HamucaHa 10 MaTepuanam Gecef,
KOTOpbIe A IPOBEI C HECKONbKUMHU I'PYNNaMU ClyIaTeleii.

3lech U B HEKOTOPBIX JIPYTHX IaBaX A YaCTUYHO COXPaHUI
CTUIL OPUTMHANBHOI Oecelbl, KOrja CTYJEHThI CBOOOAHO 3aja-
Ballil BONPOChI MU MpepbiBadu pacckasunka. Mosa kuura «Ma-
TeMaTHKa: BCTPEYH CO IIKOJIbHUKAMM CTApUIMX KiaccoBy (u3ja-
tenbeTBo [llnpunrep) Gbina 3amucaHa MPAMO ¢ MAarHUTO(MOHHBIX
JEeHT W MO3TOMY MOJHOCTBLIO BhIJep#aHa B Pa3arOBOPHOM CTHIIE.
Xanmor Korjia-To oxapakTepr3oBal TaKkoil CTUIbh Kak «Bylbrap-
HbIl» U 3ampeTus MyGIUKAIHUIO OTPLIBKOB B mypHane «MaTema-
Tudeckuit exmemecAuHnk» (Math Monthly). lecaTunerue cuycts,
B 1990-x, aTa Gecena Oblia cHOBa NpejJoxeHa LA MyOIUKaLUU
B «MaTeMaTu4eckuii exseMecAYHUKY U Oblia OTBEPrHyTa pefak-
TopoMm (Ha 3ToT pa3 Pogsepom XopHOM) M3-3a pa3roBOPHOTO CTH-
as. Ho MHe HpaBUTCA pa3roBOPHbBIM CTUNb, U A OOHADPYHUI, YTO
OH BecbMa 3¢ derTuBeH. PemuTte 3T0 111 cebs.

IIpocThie uuciaa

KTo 3HaeT, uTo Takoe mpocToe 4ucio?

[Pasnbie cmydenmet u3 aydumopuu datom onpedeneHue.]

Xopoiio, naBaiite A 3anuiry omnpejenetrue. [Ipoctoe uucno p
3TO IeJloe YUCIO > 2, TaKkoe, YTO AelduTenu p — aubo 1, 1ubo ca-
Mo p. Ilo cornamenuto Mol Gepem p > 2. [IpuHATO cUyUTaTh, 4YTO 1
He ABJIAETCA NMPOCTHLIM uucioM. Tak KakoBa #e IOCIe[0BaTelb-
HOCTh mpocThix yucen? OHU crenyiouue:

2,3, 5,7, 11, 13, 17, 19, 23, ..., u 1. 1.
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YTo o3HauaeT «u T. ,I[.))? By,IlET JIX mocjieaoBaTeJIbHOCTh MPOCTBIX
qyucell npoagoJgsaTbCA GeCKOHEYHO WM OHa OCTAHOBUTCAT I[pyl"I/I-
MH CJIOBaMu: CymecTByeT JIu 0eCcKOHEeUYHOe KOJUYEeCTBO IIPOCTBIX
yycell WK CcymecTBYeT TOJBKO KOHEYHO€ KOJUYECTBO IIPOCTEBIX
yucena? OTBeT Ha 3TOT BOIIPOC U3BECTEH CO BpeMeH EBKJII/I,I[a.

Teopema. Hpocmbm: yucea 6eCKOHEYHO MHO20.

Brul 3HaeTe, Kak ee MoKaszaTh?

[Heromopsie cmydenmut ckasaau, 4mo 0oka3ameasbcmeo um
Heussecmuo. 00un u3 cmydenmog npuses Joka3amMensbcmeo.|

lla, 3To JoKa3aTelbCTBO, U A JOJeEH ero samucaTb. IycThb
2, 3,...,p — HPOCThIe YKCla, MOCIeI0BATENbHO NepeyurciIeHHbIe
IO HEKOTOpPOro mpocroro umcia p. Temepp HaM HY#HO IOKa-
3aTh, UTO CyIIEeCTBYeT elle OJHO MPOCTOe YKCIO, OTIUYAIOIeeCH
oT 2,3, ..., p. Eciu MbI cMoeM NOKa3aTh 3TO, TeM CaMbIM MBbI
NOKaeM, YTO CYIIeCTByeT GeCKOHEYHO MHOTO IPOCThIX YHCel.
IlosaTomy o6o3HauyuM

N=(2-3-5---p)+1.

Ecau N — npoctoe, Torga N Goablile, 4UeM p, U MbI HallUIU ellle
0oJHO mpocToe yuciao. Ecain N He mpocToe 4KMCIO, TO YTO MPOMC-
xogut? B 3TOM ciiyyae N geauTcA HAa Kakoe-TO IMPOCTOE YHUCIIO.
leiicTrBuTeNnbHO, N pacKiIafbIBa€TCA Ha MHOMUTENN Kak MPOU3-
BeJleHUe IBYX MEHbIIUX MOJNOKUTEIbHbIX 1elbiX ynceld. Ecau on-
HO M3 HUX MPOCTOE, TO Mbl y#e HAallId MPOCTOE YUCIO ¢, AeNA-
mee N. Ecau HeT, Mbl MO#eM pacKiIafblBaTh Ha MHOMUTENN 3TH
nenble ynciaa. TakuMm o6pasoM, Bbl HPOJOJHaeTe pas3jioieHre Ha
MHOMUTENN ¥ Bbl HE CMOMeTe NMPOJOJAUTE 3TOT mpomece 10 Gec-
KOHEYHOCTH, T.K. MHOMUTEIN CTAHOBATCA MeHbiie. [loaToMy Ha
KaKOM-TO IIare BbI MOJIYYKHTE MPOCTOH genuTenb q yucaa IN. Te-
Heph Hallle yTBEeP#IeHHe COCTOUT B TOM, YTO IPOCTOM JENUTENb ¢
yuciaa N JoMKeH oTAuYaTbCcA OT uucen 2, 3, ..., p. [louemy 3To
TaK?

[Heromopsie cmydenmut 6 aydumopuu datom omeem.

la, eciu Bel pasgennte NN Ha ad1000e€ W3 NPOCTHIX YH-
cen 2,3,...,p, To IOIy4yUTe OCTAaTOK 1, a ¢ — MpOCTOe YHCIIO,
KoTopoe fenuT N 6e3 ocTaTKa U MO3TOMY ¢ He paBHO HUKAKOMY
U3 MpOCThIX ymcen 2,3, ..., p. Takum ob6pa3oM MbI [JOoKasaliH,
YTO CylIecTByeT 6ECKOHEUYHO MHOTO MPOCTHIX YKCel.

JTO [OKa3aTelbCTBO COCTABIEHO BO BpeMeHa EBriuna.
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IloacueTtsl

MbI XoTUM COCYHUTaTb, CKOJIBKO CyleCTBYeT MPOCThIX YHCEII.
Takr Kak ux 6€CKOHEYHO MHOI'o, HaM cJjienfyeT YTOYHHUTb, YTO MbI
HMeeM B BUAY. HyCTb HMeeTcd MoJoMUTeNbHoe uncio . O6o3Ha-
YUM

m(Z) = KOIMYECTBO NMPOCTHIX YHCel, KOTOPble < .

Me1 xotuMm oneHuTs uucio w(z). Takas oueHKa 3aBUCUT OT Bepo-
AtHocTHu. O6masn ¢unocodus, BiepBhie NOABUBIIAACA KaK MPEATIO-
noseHue 'aycca, COCTOUT B TOM, YTO BEPOATHOCTb TOT'0, UTO N —

IIpocTo€ 4YucCio, paBHa 1 . Faycc Hamucal 3TO B IMCbMe K acT-
n

poHoMmy JHKe B 1849 r., u Take Hanucal, YTO OH OOHapYHUI 3TY
dopmyay B 1792-1793 romax, Korga eMy ObL10 Becero 15 uam 16
net. 'mnore3a 'aycca — oJHa M3 OCHOBHBIX B TEOPUU MPOCTHIX
yncen. Yto ona o3navaet? Ecau Bam [aHo 1eloe YUCIO 7, TO OHO
1160 npoctoe, 1160 He mpoctoe. Ham cieiyeT o6bACHUTD, UTO MBI
1
logn’
00bAcHAET 3T0. Ecau Bbl Bo3bMeTe 00llee KOJIMYECTBO NMPOCTHIX
yicen MeHbIIUX, Tu60 paBHbIX x, 7(x), Torga m(x) moi#HA ObITh
npubir#eHHO CyMMOl BepoATHOCTEI!

UMeeM B BHAY, KOrJa TOBOPUM O BEPOATHOCTHU Cam Tayce

w(z)= Y i+ Ei(a),

logn
2<n<

rae Fj(x) — HeroTopas omuGKa, KOTOpag Majia MO OTHOIIEHUIO
K Beln4KHe cyMMbl. UeM MeHbllle BeIUMYrUHa OMUOKU, TeM Iy 4lile
anmnpoxcumanua 7(x) sToit cymmoit. YTo6hl yuecTh Bce deTaind,
MbI [OJ#HBI OEHUTb BENUUYUHY ONMUOKH, YTOGBI cleaTh ee Kak
MO{HO MeHbIE [0 cpaBHeHuIO ¢ 7 (). MbI CKOpPO MONyYUM TaKyIO
OlleHRY, HO CHavala fi XoTel Gbl MOKAa3aTh, YTO MPH HUCMOIh30-
BaHUM MaTeMaTUYECKOro aHalu3a cCyMMa MO#eT ObITh 3amlucaHa
npyruMm oGpasom. IIponmycTute cienylomue paccymIeHUS, €CIu
Bbl He 3HaeTe MaTeMaTUUYECKOIo aHajlu3a.

BMmecTo Toro, 4To6bI 3aNIMCHLIBATL CYMMY 101?, HONbITAaeEMCA

UCNOIb30BaTh Kakoe-HUOY b Npyroe o6o3HaueHue. Yemy npubiau-
JKeHHO paBHa Takaa cymMma? Takafa cymMma Joi#HA HAMOMHUTH
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BaM 0 YeM-TO, UYTO BbI y#e Buaelnu: o6 uHterpaie. Bam ponmen
ObITH 3HAKOM CIeIYIOUINl PUCYHOK:

1
log x

y:

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
1

2 3 4

Bam Hy#HO 0CO3HaTh, YTO 3Ta CyMMa fABIAETCA PUMaHOBOM
CYMMOIii /I UHTerpaia, H03TOMY CyMMa NMpUOIUKEHHO paBHa UH-

Terpany QyHKIUH 1 > M Mbl MOZKeM 3amicarsh

T

m(z) = / %gtdt + By (z),
2

rie E,(x) — mpyroe BblpameHHe [Jf OMMOKH anlpoKCHMalHH,
Ho FEy(z) He canmkom otanvaetcd ot Ey(x). HelicTBUTeNbHO, HC-
NoJIb3yA MaTeMaTHYeCKUIl aHANN3, BbI MOETE NOIYyYHTh OLEHKY

D S 1
/ logt dt Z logn
2

2<n<x

Taxum 06pa3oM, MbI MO}EM OLEHUTH 7 (), UCTIONL3YA UHTErpanl
unu cymMmy. B HeKOTOpBIX ciydanax yaoGHee UCIoNb30BaTh HHTET-
pai, MOTOMY YTO MHTErpPUPYA 10 YaCTAM, MONYYUM

T T

1 . 1 2
/ logtdt_ log = +/(logt)2 dt log2’
2 2
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I/ITaH, B npaBoﬁ YyacTH Bbl UHTErpupyeTe To, YTO HAMHOI'O ME€Hb-

e, 4em #gt’ a IMeHHO, BbI HHTerpupyeTe
11
logt logt’
1
4To cTpemutes k () 6pIcTpee, yeM Togi "PH t — 00. dTo 03HAYAeT,

UTO Hallle BbIpa:eHue IJd 71'(:)3) MoseT ObITh 3alrcaHo

(z) = loﬂgw + E3(x)

¢ omubkoit Fs(x) Taroit, 4To

Bs(r) _
z—oo z/logx

3HauuT, IL ABIAETCA aNlpoKcHUManueil IepBoro mnopAaKa
ogx
¢yuruun w(x). Ho lx He Takaf Yy Xopollad allpoKcHuMa-
ogx

uudA 7(x), T0OCKOIbKY BMECTO BbIUMCIECHUA BCEH CYMMBI BbI IPOC-
TO B3AIU 00lllee KOJIUYECTBO LedbIX 4uceldl OT 2 OO T, KOTOPOe,
B CYIIHOCTU, U €CTb ¥, U YMHOUJU Ha HauOOJbIIYIO BEPOAT-
1
log
poto. Beruncienrue cyMMbl BEpOATHOCTEl WM HHTerpaia J0M#HO
OBbITH Iy Yllle, IOCKOJIBLRY TOJeNUB & Ha log x, Bbl yCPEAHUIY CIULI-
KoM cuibHo. Ho BbIpameHnue mm UMeeT ONHO IpeuMyLIecTBO:

HOCTb, KOTOpaAd paBHa . Bur caejganu To, YTO He TaR y# XO-

3TO NpUATHAaA GopMyna B 3aMKHYTOM BHJIE C TPOCTBIMU QYHKIIH-
Aavu x U log z. Ita dopmyna gaeT rpyOblii OTBET Ha HAII IePBbIii
Bornpoc. OTBeT Obl1 0oKa3aH B KoHlle XIX cToneTusd.

Teopema o mpocThiXx uuciaax (Amamap, ge iaa Baa-
jae—Ilyccen, 1896).

w(z) ~ loaéa: npu T — 00.

3Hak nogo6uA THIbJA ~ 3IeCb UMeeT TOUHbIN cMmbIci. Ecnu f
U g — (QYHKIUY BellleCTBEHHOI'0 IEPEMEHHOI0 T, TO 3aliChIBaeM

f(z) ~ g(z) mpu z— oo,
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nMed B BUY, UTO

lim f(x)/g(x) = 1.

T—00

B stom ciyuae mbl roBopum, uto f(x) acumnmomuiecku sxsusa-
aenmua g(x) npu x — 00. Takum o6pas3om, 7 () aCUMITOTHYECKU

SKBHUBaleHTHa —L .
log x

Teopema 0 HpOCTBIX yHcAax JaeT NEPBYIO alllPOKCUMAIHUIO
TOT0, CKOJBbKO BCEro NMPOCTHIX 4ucel. JlokazaTelbcTBO, Jake ce-
rojHfA, He Takoe npocToe. Ecau BbI U3y4Ynau Kypc KOMILIEKCHOTO
aHanu3a (BbIYEThbI, UHTEIPUPOBaHKe N0 KOHTYDPY), TOI'la Bbl CMO-
#eTe MOHATH J0Ka3aTelbCTBO, U 3TO MOKeT 3aHATH 1Ba yaca, 4To
He Tak Yy 0xo. Boibline TeopeMbl KOMIIEKCHOTO aHaIu3a (Teo-
pema Pumana 06 otoGpasenuy, K npuMepy) TpeGyIOT IPHUMEPHO
CTONIBKO #€ BPeMeHHU, YToGbl 3amucaThb JoKas3aTelbcTBo. Ha ce-
TOJHAIIHUIN JeHb caMoe KOPOTKOe [JOKa3aTelbCTBO, B CYIIHOCTH,
noxasaTtenbcTBo Hboiomana [New 80] (cM. mocieHIO0 riaBy KHU-
ru [La 93]).

Il'unoresa Pumana
MbI npUIIId K OCHOBHOMY BOINpPOCY: KaKkoBa oNIMOKa anmpok-
cumanuu? C TOYKM 3peHHA BEPOATHOCTHU, NMPEIHOJIOMUM, UYTO

y Bac ciayuaiiHoe pacmpefeilenue. Korja BbI BhIYHCIAETE CyMMY,
annpokcuMupyomyio w(x),

S@) = Y i e w(2)=S5()+Ei),

W UHTerpain
m(z) = / %gt dt + E(z) = Li(z) + E(x),
2

rae Li(xz) — o6o3nayeHue [iA MHTerpana

T

. dt
Li(z) = / At
logt

J I3
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u E(z) — omwubkra anmpokcumaiuu, TO KakoBa HON#HA GbIThH
ouneHKa A1A Bennunusl omu6ku |E(x)|? I'nnotesa B BepoATHOCT-
HOIl MojJelu: cylecTByeT KoHcTaHTa (' Takaf, UTO

|E(z)| < C(2'/ logz)

IIpu BCeX OOCTATO4YHO oonpmux x. T. K. OCHOBHOE cjiaraemoe paB-

HO 7 L _ y omubka orpaHuyeHa 1o abCOMOTHON BelMUYHHe 3Hayue-
og T

nuem C(z'/?logx), To omuéKa 10CTATOYHO Maja 0 CPaBHEHUIO
l$ . lloctaTouyHo nerko yBuaeTh, 4yTo eciu koHctanta C cy-
ogx
IecTBYeT, TOT/la OHA Mala.
fl 6naromapio Xyra MoHTroMepu 3a TO, YTO OH yKasal MHe,
YTO cyllecTBYeT HECKOJIbKO MyOAUKaIUil 10 TEOPUHU Yucell, IOCBA-
IIeHHBIX 3TOi KoHcTaHTe. OH ocoGeHHo ceblnaices Ha [Scho 76], rae
ObLIO NOKa3aHo, YTO NpU = > 2657 B NPEINON0MHEeHUN CYIECTBO-
BaHUA BBINIEYNIOMAHYTOIH KOHCTAaHThI C' BBINOIHEHO HEPABEHCTBO

|E(z)| = |r(z) — Li(z)| < Siwxlﬂ log z.

3HaueHUA npu & < 2657 MoryT ObITh JerKO BbIYHCIEHbI U CBe-
IeHbI B TaGaUIy, ¥ Bbl JOMMHBI c/leaTh 3TO, YTOGHI MOYYBCTBO-
BaTh, HACKOJbKO XOpolila annpokcuMaiusa 7 (x) unrerpaiom Li(z).
Ouenra |E(z)| < C(x'/? logx) — aT0 2unomesa Pumana, kotopas
0 BceobllleMy COTJIAIleHUI0 ABIAETCA Beludaiilmeil u3 Marema-
THYyecKuX runotes. TakuMm o6pasoM, 3ajjava OLEHKHN KOIMYECTBa
IPOCTBIX YKCENI CBOJUTCA K TOMY, YTOObI IPUAATH TOUHBIN CMBICT
BEPOATHOCTHON MOJeNH, KaKk MOKHO TOYHEe OIMCHIBAafg OMIUOKY
annpoKCHUMalyu.

B BepOATHOCTHBIX TEPMHHAX MOMHO CKa3aTh, YTO FHIOTE3a
Pumana yTBepsijiaeT, 4TO MOCIEIOBATEILHOCTh MPOCTBIX YUCEN
BefleT cebGA Kak ClydyaiiHaA IO0CIEI0BATEIbHOCTh B BEPOATHOCT-
HOIl Mofien#, B KOTOPOil BepOATHOCTb TOr0, YTO 7. — IPOCTOE,
paBHa 1/logn.

Takme CyUeCTBYIOT Apyrue (eHOMeHbI B TEOPUU YHUCEl
(n B Apyrux o6macTAx), KOTOpble MOI'YT GbIThb BbIpaeHbI aHa-
JOoruYHbBIM 06pasoM. 3afiaeM BePOATHOCTHYIO MOJENb U IO 3aK0-
HY GONBIINX YKCes MOMyYaeM BeIMYUHY OMIMOKU AJIA CIydaiiHON
nociefoBaTenbHOCTU. Torja Bo3MoKHA TUIOTE3d, YTO B JAHHOM
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YacTHOM cliyuae JaHHaf MocieoBaTelbHOCTDb, TaKasd, Kak Iocie-
J0BaTelbHOCTh MPOCTHIX YKCeN, BeleT ceOA Kak cilydaiiHasa nocie-
noBaTelnbHOCTh 3T0i Mogenu. (Cm. [LaT 76] nisa npumMepoB Takux
BEPOATHOCTHBIX MOJeleil B pyrux 06J1acTAX TEOPUHU YKCel.)

Mb1 chopmynupoBainu runotesy Pumana, He 3HaA HUYEro,
KpOMe olpeJielleHUud MPOCTOro yucia u logx.

Kommenmaputi uz aydumopuu. OGbiuHO rumnoresa Pumana
¢dhopMynupyeTcd No-pyroMmy.

Cepiic Jlenz. Bol npaBbl, HO 06bIuHaA (HOpMYyIUpPOBKA TpeGyeT
6onee riay6oKOro 3HAHWA MaTeMaTUKU A MOHUMaHUA U Golee
CIO#HA, T. K. UCIONb3YyeT KOMIUIEKCHbIN aHanu3d. T. K. BbI yHnoMA-
HYyIU ee, i clellal0 HECKOJIbKO KOMMEHTapUeB [0 3TOMY IOBOIY.
diinep BBen onpeneienue (-GyHKIUN:

o =T1(1- 1)

rje npousBefieHue 6epeTcA M0 BCEM NPOCTBHIM YHUCJIaM U S — Be-
mecTBeHHOE, Gonbiiee 1. PumaH nokasain, 4To cyljecTByeT aHalu-
TU4YecKad GQyHKIUA KOMIUIEKCHOTO IepeMEHHOr0, KOTopasa NPUHU-
MaeT 3HaueHud Jilnepa NpU BelllecTBEHHBIX § > 1 U 0JHO3HAYHO
olnpejieneHa o 3TUM 3HaueHuAM. OpuruHanbHas runoresa Puma-
Ha yTBep#aaeT, uTo Bee Hynn ((s) mpu 0 < Re(s) < 1 nexar ua
NpAMOM %+it, T. e. Ha npsAMoi Re(s) = % Ecnu BeI chopmynupy-
eTe runote3y Pumana aTum crnocoboM, To noTpedyeTcA NIpUMepHO
IBa 4Jaca (Iocie U3y YeHnuA Kypca KOMILUIEKCHOTO aHalnu3a), YTOGbI
NIOKa3aThb, 4TO 3Ta GOpPMYJIMPOBKA SKBUBAJEHTHA TOH, KOTOPYIO
MBI lali B TEpMUHAX OLEHKH A omMuOKU annpokcumanuu E(x).

YnoMuHaHMe O KOMILIEKCHOM aHalu3e AaeT HaM BO3MO-
HOCTb IIPOKOMMEHTUPOBATh NYTU MaTeMaTHUYeCcKoro Inporpecca.
Anamap paspa6oTan omnpejielieHHbIE YacTH KOMILUIEKCHOT'O aHAlu-
3a, JABUMHUMBIA MMEHHO #ejJaHWeM J0oKa3aTb TeopeMy O IIpoc-
TBIX 4YHCIAX, 3aKJIIOYAIOIYIOCA B aCUMMITOTUYECKOM OTHOIIe-
Huu m(x) ~ lom:c' TakuMm ob6pasoM, 3ajaya U3 YHCTOI TeopuUU
4yuces NnpuBeia i oA’beMy B APYTAX T€OPUAX, KOTOpPble MCIOJb-
3yl0oTcA B OONBIIMHCTBE APYTUX pa3feloB MaTeMaTUKU, a TaKHKe
B (pu3KKe, UHHEHEPHOM Jelle U B APYTUX HayKax.
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YcnoBuAa Ha IIpOCThbIE YHCJa

Terepb Mbl OCTABUM 3ajlauy OLEHKHM OIIMOKU allpoKcUMa-
UK ¥ 06CyIUM 3alauy MoJICYeTa NPOCTHIX YUCE! MPU HANOKEHUH
JOTNONHUTENLHBIX ycnoBuii. JaBaiiTe HAUHEM C HEKOTOPBIX MPUMe-
poB. B nocnenoBaTens,HOCTH IPOCTHIX YKcel UMerOTedA napsl (3,5),
(5,7), (11,13), (17,19), aasa KoTOPBIX

5=3+2
T=5+2
13 =11+ 2;
19 =17+ 2.

Ecau umeercsa napa (p, p + 2) Takas, 4To p U p + 2 — MPOCThIe

uncia, 6y/ieM Ha3bIBaTh 3THU POCTHIE YUCIA 0BOUHbBLMU NPOCbLMU

uynciaamu (twin primes). KRakue us Hux cienyiot nocie (17,19)?
[Heckoavko cmydenmos npousHocam omeem:|

(29, 31), (41, 43), (59, 61), (71,73),

U raroB me Ham cregyomuit Bonpoc?

Bonpoc. BeckoHeuHo 1 MHOTO JBOHHBIX NPOCTBIX uucen?

Kro cramer «Jar? [Heckoavko pyk nodnamo.]

Kro cramer «Het»? [Menvwe pyr nodnamo.)

[Heromopsie cmydenmol HavuHaom 00KA3bL6AMb CEOU YMmeep-
sdeHus.|

fl He cnpamuBan Bac, Kak 3TO J0Ka3aThb, A CIPOCHUI, JyMaeTe
A4 BBI, YTO CyllecTBYeT GeCKOHEYHO MHOI'0 JBONHBIX IPOCTBIX
qucel WM HeT. TO Apyroii Bonpoc. B Havane, Korja peds mia o
caMUX NPOCTHIX YHWCIAax, f cIpalluBal Bac, JyMaeTe IH BbI, UTO
NPOCTBIX 4Hcel GeckoHeuHo MHoro. Torma Bce BbI cUMTalH, YTO
oTBeT «/a», HO BBl He 3HalH, Kak 3TO AoKa3aTb. IloaTomy 37Hech
aBa Bompoca. OguH u3 Hux: «CyuTaeTe JM BbI, UTO TAKUX Iap
NPOCTBIX yHcel GeckoHeYHO MHoro?», a apyroit «Mo#eTe Ju Bbl
3T0 foka3aTh?» Ceiluac MBI OTBeyaeM Ha NepBblil Bonpoc. Kak Bb
CUHTaeTe, JBOUHBIX NPOCTHIX YHcel 6€CKOHEYHO MHOTO MM HET?
CunTaeT 1M KTO-HUOY[b, YTO UX He GECKOHEYHO MHOTO, UYTO UX
TOJBLKO KOHEYHOe YHcno?

[Aydumopus xpanum moaanue.]
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Yro, cTUIIKOM ONacHO BbIcKa3biBaTheA? Wiu Bl pa3mbliiiife-
te? Xopoliio, fi ckaxy Bam oTBeT. [IpeanoiosuTenbHO OTBET «/1ay,
HO JI0Ka3aTelbCTBO HEM3BECTHO. TaKkoBO MONOKEHUE [ell Ha Ceroj-
Hf: HEU3BECTHO, JefICTBUTENbHO 11 OECKOHEUHO MHOI'0 JBOMHBIX
IpPOCTHIX YKced. ITO OJHA U3 3HAMEHUTBIX MaTeMaTHUECKUX 3a-
nau. Ecnu BEI pemuTe ee, To momajeTe Ha CTPaHUIbI yYeOHUKOB
HUCTOPUH.

laBaiiTe paccMoTpuM elle ogHYy 3anauyy. BosbMeM K mpume-
py n? + 1 u copocum, npocToe Jau 3T0 unciao? K npumepy:

22 4+ 1 =5 — npocToe;

4% +1 =17 — npocroe;

62 + 1 = 37 — npocroe;

82 + 1 = 65 — He mpocToe;

102 + 1 = 101 — npocToe.

3a uckiIoUeHreM uucia 65, Bce 3TH uuciaa npocThie. Tak Kakoi
e clefyIoluil Bonpoc A 3agam?

[Heromopsie cmydenmu. omeeyaiom.|

Ila, crenyomuii Bompoc TaKoB: GECKOHEYHO JM MHOTO TPOC-
ThIX uncel Tuna n? + 17

Kro u3 Bac aymaer, uto ux Geckoneuso muoro? [Heckoavko
cmydenmos nodnumaiom pyxu.|

Kro u3 Bac nymaert, 4To uX KoHe4Hoe uucio? [Menvwe cmy-
denmos nodHumaom pyku.]

Kro u3s Bac 6aaropadymuo npomoauut? [Boavwuncmeo xpa-
HUM MoavaHue.]

fI cramy BaM OTBeT: IPEANONOMUTENBLHO TAKMKE «JJay, HO J0-
Ka3aTelbCTBO HEM3BECTHO. TO ellle OJHA HepellleHHas 3ajayva.

Kakue apryMeHTBbI MO#HO PUBECTH, YTOOBI OKA3aTh IPaB-
Jomnoao6ue MPeAnoNoMxeHud 0 6eCKOHEYHO GObIIOM KOJIUYECTBe
Takux uucen? fl mpuBeny BaM aprymeHThHI, KOTOpbIe He TOJb-
KO MO3BOJAT BaM MPEANON0MUTb, YTO UX GECKOHEYHO MHOTO0, HO
U MO3BOJIAT MPEANONOHUTh, HACKOIbKO MHOTO. JIJ1f 3TOr0 MBI pas-
GepeM cliefyolue BOMPOChHI:

Kar MHOro JBOMHBIX MPOCTHIX Yucen p, p + 2 npu p < z7

Kak mHoro npocTsix yncen p tuna n? + 1 npu p < x?
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3aiiMeMcsA BOPOCOM O IBOMHBIX NpoCThIX yucaax. [Ipeanono-

UM, YTO Bbl IPUHUMAeTe, 4YTO BEPOATHOCTH TOI0, YTO YUCJIO 7o —
1
log

ImpocToe, paBHa . MozeTe 11 BbI nIpeanojiosxuTb, KaKOBa Be-
n

POATHOCTh TOTO, UTO 7, N + 2 [JBOHbIE NPOCThbIE Yucaa?
[Cmydenm npousnocum npasuabHbill Omeem noc.ie Hekomopo-
20 K0Ae0aHUA.|
Ila, BepOATHOCTH JefiCTBUTENBHO NO/KHA PABHATHLCA MPOU3-

BeJIeHUIO
1 1

logn  log(n +2)°

Ho Tar rak 3uauenue log(n + 2) oueHb 61M3K0 K 3HaYeHUIO logn
_1
(log n)*’
U MO3TOMY, €Cd MbI Gy/IeM 0603HaUYaTh Yepes Ty, () KOTUYECTBO
NBOMHBIX MPOCTBIX cpeau lenbix uuced 2, 3,4, 5, ..., x, Toraa,
MNpPeANnoIoKUTETbHO, MbI JOJIMHBI MONYUYUTh BhIpaseHHe

npu 00JbIINX n, Mbl MOMeM BMeECTO 3TOr'0 3anucaTb

x

Ttw (IL’) I W.

Ho rorgaa A 3anuceiBaio BbIpaseHHe B IpaBoit yacTu, A Npeanona-
raio, 4To BEePOATHOCTHU He3aBucuMbie. A oHU HezaBucumbie? OT-
BeT — HET. IloaToMy MBI HONKHBI BHUMAaTellbHee 3alUChIBATH
dopmyny. [IpaBuNbHBINA OTBET CleAYIOMUI: KOTUUECTBO JBOMHBIX
MPOCTBIX Ty (%) YIOBAETBOPAET aCUMIITOTHYECKON GopMyie

T

1
Tw(2) ~ Cpp—2—  wau ayume ~ C /—dt
tw( ) tw (log 113)2 y tw / (IOg t)2 )

rae Cy,, — TOJ0MUTENbHAA KOHCTAHTA JBOMHBIX IPOCTHIX YHUCEI.
JTa KOHCTaHTAa O0Tpa#aeT BEPOATHOCTHbBIE 3aBUcUMOCTU. Ternepb
3a/laya 3aKJII04YaeTCA B BbIYMCIEHUU 3TON KOHCcTaHThl. Ham HymH-
Ha ABHaA GopMyna [ KOHCTAHThI, KOTOPafA JOCTATOYHO CIOHHA
U nonyudeHa Matematukamu Xapad u Juttasynom [Hal 23].

[Umobvt He npepvieams 0cHosHOU nomok udeti 6oaee merHu-
YecKuM 80NPOCOM, 06CYicOeHUue MOl KOHCMAaHmbL Gydem npodo-
HEeHO no3ce.]

Temnepb MbI HepeiiieM K BOMpoCy, KAKOBA aCUMITOTUYECKAA
OLeHKa KOIMYECTBA T, (T) MPOCTBIX YHCel p < T, TAKHX, YTO P
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MoieT ObITh 3amucaHo B Bujie k2 + 1 ¢ HEKOTOPLIM MOJOHUTEb-
HbIM 1enbiM k7 Ucnonb3yA Te #e caMble pacCy# JeHUA, Mbl MOMEM
onucaTbh BEPOATHOCTh TOr0, YTO YHUCIO 7, MpefCTaBiIfAeMOe B BU-
ne k% + 1, ABNAETCA MPOCTBIM YHCIOM. DTa BEPOATHOCTD I0JKHA
NpUbINHEHHO PaBHAThCA

1 1

logn'\/ﬁ'

3ametuwm, urto log v/z = % log 1 mo3TOMY € TOYHOCTBIO [0 IOCTO-

AHHOT'0 MHOMUTeJA, He IMeeT 3HaUeHUA, 3allicbiBaeM JIH MbI log n
wiu log\/n. 3aTeM Mbl MOMEM 3aMUCAThH CyMMY

T

1 1 / 1
- —— WIM HHTerpai — dt.
2<Zn:<m logn /n J (logt)t1/2

HHTerpupya no yacTAM U NpeAnoiaras, 4YTo AOI#EH GbITb HEKO-
TOPbIi OCTOAHHBIA MHOKHUTENb Cfy, YTOOBI yuecTb Golee CKpbI-
ThI€ BEPOATHOCTHbBIE 3aBUCUMOCTH, MbI MONYYUM THIOTE3Y, YTO

VT
Xap,].II/I—.HI/ITTJIByI[ TaRrMe olpenelnan 3HadeHrhne KOHCTaHThI CQ
(Hpe,[[HOJIO}HI/ITeJIbHO).

Boabuioe o6061eHue: runoresa
Beiitmana—XopHa

Tenepb MbI 3aiiMeMca GoabiiuM 06001IeHHeM, KOTOpOe CHC-
TeMaTU4YeCKU Ipe/icKa3blBaeT acUMITOTHYECKOe NOBefleHue IpU
nojcyeTe NPOCTBIX 4HceNl B O4YeHb 00LIeM cilyuae, BRIAOYAOLEM
YyacTHbIe ciydad, ynoMmanyTele Boime. Ilyets f(T) — momunom
¢ neabIMu ko3 dunuentamu. Hac nunTepecyer, ABIAIOTCA U 3Ha-
vyeHuA f(n) NPOCTHIMU YHCIAMHU A GECKOHEYHO GONBIIOTO KO-
JMYecTBa MOJOKUTENIbHBIX LeENbIX uucedl n. 3anullieM INOJIUHOM
4Jepe3 ero KO3 pUIHUEHTHI.

f(r) = agT? + ag_1T* 1 + ...+ ag,
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npuyeM ag, ... , g — LeJIble YUCIa, 8 a4 HA3bIBAaeTCA CTapUINM
rKoapunumentom. llenoe uncno d Ha3bIBaeTCA CTENEHBIO MOIUHO-
Ma, eciii ag 7 0. Mb1 npefnonaraemM, 4To BeIMOTHEHO Tak#xe d > 1,
TaK YTO MOJWHOM He fIBNAEeTCA KoHcTaHTOW. KakoBbl HeobGxonqu-
Mble YCJIOBUA TOr0, YTO CpeJu 3HaueHuil f GecKOHeUHOe KOnu-
4ecTBO MPOCThIX yncen? QueBUIHO, MbI JAOIHHbBI MPEJNONOKUTD,
YTO:

1. f(T) venpuBoguM.

2. Crapmuii K03hHUIUEHT @y TONOMUTETLHBIN.

3. Koadduuuents: f(T) He UMEIOT 06IIEr0 IPOCTOT0 MHOMHU-
Teln.

dToro gocTatoyno?

[Herxomopsie cmydenmst ckaszaau ¢0ap, Hekomopwvle 04a20-
pasymuo npomoadaau. Odnaxcdvt 6 ynusepcumeme Haaudopruu
6 beprau dsoe npodeccopos us aydumopuu ckazaau «day. 3amem
A YKa3zaa Ha cmydenma u cnpocua: (A umo 6wl ckaxceme?» Cmy-
denm omeemua: «Pasymeemcsy.]

Ha camom gene orBer «<HET»! Rak o6Hapysun ByHakoBckuit
emle B 1854, 3Tux ycnoBuii HegoctatoyHo. K npuMepy, y monuHoma

f(T)=T3-T-3

Bce 3HAYeHUA OelATcA Ha 3, T.e. f(n) meautcA Ha 3 OaA Bcex
HeabIX Yucel n. JdleMeHTapHaf Teopema TeOpUH 4YHcel, — Ma-
naa Teopema ®Pepma, — yTBepMmIaeT, U4To, gaxe B Golee obuem
ciydae, 1JA M0GOro IPOCTOro Yucia p BEPHO COOTHOIIEHUE

n? =n mod p [IA Bcex LENbIX 7.

Npyrumu cioBaMu nP —n JelTUTCA Ha p NPU BCEX LENBIX 71, HO IPU
3ToM Ko3ddunuenTsl noausoma T° —T —3 uiu T? —T —p B3aMHO
npocthle. [ Yxasvieas na cmydenma, komopwii ckazan «Pasymeem-
car]: Tak 4To He Bce Tak mpocrto, He Tak au? He penaiite To,
YTO BbI clleslalli, CKa3aB «pa3yMeeTcA», OCHOBbIBAACh Ha TOM, YTO
cKasal KTo-To Apyroii. Ucnoab3yiiTe Bamu coGCTBEHHbIE MO3TH.
Ecnu BBl He 3HaeTe WIM XOTUTe MOAYMAaThb O 3ajaye, TaKk U CKa-
skute. Bel Beib He OyzeTe nenaTh Tak cHoBa?

Cmydenm: Het, He 6yny.

Cepoic Jlene: Xopomo. [laBaiiTe npogoiaxum. ByHAKoBcKuit 06-
HapyWi, 4To HyHO N06aBuTh. B 1854 r. oH chenan ciengymoiee
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npenmnonoxenue [Bou 1854]. Ilyeth f — MOMUHOM ¢ LEIbIMH KO-
3¢ puLreHTaMU, cTelleHb NoJMHOMAa Gonblie 1160 paBHa 1, U BbI-
NIOJIHEHB] clelylolile TPU YCIOBUA:

— cTapuuii Ko3GOULHEHT NOJ0KUTENbHBIH;

— MOJKMHOM HeNlpUBOJIUM;

— HHKaKoe MPOCTOe YKCIO He AENUT BcexX 3HaueHuit f(n),
Korja m npoberaeT N0 MHOKeCTBY MOJOMUTENbHBIX L[eJbIX YUCel.

Torpa cymecTByeT 6eCKOHEUHO MHOIO IeJdbIX 4YHcCel 7, Ta-
KUX, 4T0 f(n) — mpocToe. DTO NpeANOIoHeHHe GbLI0 0606IEHO
Ha caydaii Heckoabkux nonuHomoB IIunnenem [SchS 58]. Boaee
Toro, BeiiTman u XopH Monyuyuau KoMUUYeCTBEHHYIO GopMy Aiad
3TOl TUNOTE3bl, TOUHYIO GOPMYIUPOBRY KOTOPOIl MBI ceiiuac npu-
BeeM.

Ilycts f1, ..., fr — IONUHOMBI OJIHO! MEPEMEHHOI1 C LeJbI-
MU K03 pUIMeHTaMU U MOJNO¥UTEIbHBIM CTapIIUM KO3 pUuLeH-
ToM. Ilycth dy, ..., d, ux crenenu. Ilycts f — mpousBenenue,

f = fi--- fr- llpennonaraem, uto:

— Ka/Iplil IOJMHOM HeNPUBOJMM Haj I0JeM palioHaIbHbBIX
qucel;

— MOJIMHOMBI IIONapHO B3aMMHO IPOCTHI, T.e. (f;, fj) = 1
npu i # j;

— HHMKaKoe MPOCTOEe YMCIO He NeNUT Bcex 3HaueHuit f(n),
Korzia n npo6eraet M0 MHOMECTBY MONOMUTENIbHBIX LENbIX YHCE.

Bynem ucnonb3oBaTh BeKTOpHble oGo3HaveHud, T.e. (f)
= (fis .-, fr). llyetb m;)(¥) — KONMYECTBO MOMOKUTENLHBIX
HeNbIX 4Kcel n < & Tarux, 4to fi(n), ..., fr(n) — Bce mpocThie
yucia. (MbI oTGpacbiBaeM KOHEUHOe YUCIO 3HAYEHUH 1, LA KOTO-
pbIX HekoTopble f;(n) oTpuuaTenbHbl). 3aMeThTe, 4To BeiiTman
1 XOpH [ai0T anbTepHATUBHBIN crnocob mopcyera. B mpenpiaymux
npyMepax MbI CUUTAIN KOIMYECTBO MPOCTHIX Yucel p < &, yAOB-
JETBOPAIOIUX Pa3HbIM YCIOBUAM. 3/1eCh Mbl CYMTAEM KOIMYECT-
BO MOJIOMUTEIbHBIX UENbIX 1 < & Takux, 4to f;(n) — mpocToe
yucio anA Bcex ¢ = 1, ..., r. ['unoresa Beiirmana—XopHa co-
CTOMT B CHMMNTOTHYECKOM COOTHOWIEHUN A m ;) (x) [BaH 62],
a UMeHHO

TI'(f)(:L’)N(dl,..., / logt)r ,

2
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rae C(f) — GeckoHeYHOe MPOU3BEEHHE N0 BCEM MPOCTHIM YHC-

=10

1 N¢(p) — RoInM4ecTBO HelbIX 7, 1 < n < p, Tarkux, uto f(n) ge-
auteA Ha p. Eciiu BaM uzBecTeH A3bIK U NMOHATUA TEOPUU CpaBHe-
HUIL, TO MBI MOKeM TaK#:e CKas3aThb, 4T0 Nf(p) — YHCIO pelIeHHit
10 MOAYJIIO P CPABHEHUsA

f(n) =0 mod p.

[Ecin Ny (p) = p npu HekoTopoM mpocToM uucie p, To C(f) =0
u
n(s)(x) <di+...+d, npu Becex z.

llaBaiiTe GynemM HCKIIOYaTh STOT TPUBHAILHBIN ciyuaii]. Beiit-
MaH U XOpH NPUBOJAT dKCIEPUMEHTAIbHOE MOATBEPHKIEHUE CBO-
eit runoTe3nl, BRIIOYAIONIEe KOMILIOTEPHbIE pacyeThl.

fI cuurtalo BamkHOIl 3ajaveil MonyuyeHUe OLEHKU A OUIMNG-
KU alnpoKcUManuu and runotesdsl beiitmana — XopHa aHanorn4so
OlleHKe, MOJyYeHHOH [IJIA runote3bl PumMana. 9To MOMKeET MpHUBec-
TH K J10o6albHOMY IlepecMOTPY KOHTEeKCTa IJfi pUMaHOBBIX fB-
HBIX (popMyIl.

Bce paHee npuBeieHHble IPUMeDHI ABIAIOTCA YaCTHBIMHU CIIY-
yaaMmu runote3bl beifirmana— XopHa.

Monowum r = 1 u f(T) = T. Torga runoresa coBmagaeT
C TeopeMoil 0 MPOCTHIX YHCIaX.

Ilycts 7 = 1 u f(T) = T? + 1. Toraa runoresa B AeicTBU-
TeJbHOCTH JaeT acUMITOTUKU, oOcy#daBlIMecA A KolUyecTBa
npocTeix uucen Buga n? + 1. Ilockonbky Beiitman—XopH noa-
CUUTHIBAIOT N < &, @ He p < T, NOoTpefyeTcA HECKOILKO CTPOK,
4yTOObI MIOKa3aTh, YTO UX ACUMITOTHKA COBNAJAET C OTBETOM, IO-
aydyeHHbIM Xapiau—JIlutTaBynoMm. MeHsa ofqHas bl 3aHTepecoBa-
Ja cBA3b MeMJy ABYMA BapuaHTaMH, U fA NPOBel BbIYUCIEHUS,
KOTOpble 3aHANN Yy MeHA OKOJIO OJHOU CTPaHUIbI.

Oyers r = 2 u nyers f1(T) = T, f2(T) = T + 2. Teneps
u3 runortessbl beliTmana— XopHa monyyaeTcA runoTesa o NoacyeTe
JBONHBIX MpocThIX unced. Takme moTpeboBanach NPUMEPHO OJI-
Ha cTpaHHIla BbIUMCIeHUl, YTOObI [IOKa3aTh, YTO B 3TOM clyyae
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KoHcTaHTa Xapau—JIUTTAByga Ta e camaf, YTO MU KOHCTaHTa
Beiitmana — XopHa.

Haronern, Bo3Bpamasack K 0JJHOMY NOIWHOMY, IIYCTb @, b —
uensle uncaa, ¢ > 0 u a, b B3aumuo mpoctel. Iycrs f(T) =
= aT + b. Torga runore3a beifitmana—XopHa NMPUBOAUT K clie-
aymoueMmy (parTy: B apudpMeTUUYeCKOH MociefoBaTelbHOCTU Oec-
KOHEUYHO MHOTO NMPOCTBIX YHUCEl, TaKH#e U3 TUNOTE3bl HAXOAUTCA
MJIOTHOCTb 3THUX MPOCTBIX YKUCEN, YTO B IeHCTBUTEILHOCTH ABIA-
eTcA 3HaMeHUToi1 Teopemoii lupuxie.

Boipamenue ana sonctantsl C(f) mepen gorapudmiveckim
UHTEerpanoM IpejcTaBifeT coboil IpuMep oueHb 061ero peHome-
Ha, 4acTo BCTpPevalolleroc B TeOpUU AUOGAHTOBHIX ypPaBHEHUN.
IlnoTHOCTDL pellieHUil BbhIpamaeTcA yepe3 MPOU3BeIeHUE P-TIIOT-
HOCTe#l MJifA Kam[oro MpOCTOro p M elle OJHOr0 BellecTBEH-

HOT'0O MHOKUTENA, KOTOphIii B rumnorese beiirmana—XopHa pa-
1

eH ———

(dr---dy)

onuchIBaeT NOBeleHUe N0 MOJYJIO P, T.e€. OBeJleHHe TI0 OTHOllIe-

HUIO K JeIMMOCTU Ha p U, B YaCTHOCTU, 3TOT MHOMUTEIb CO-
IDepHUT YUCIO PelleHWil cpaBHeHMA Mo Moayiaio p. B [HaL 23]
u [LaT 76] Bbl HaiifeTe JanbHeiiline IPHMEpPbI 3TOr0 GeHOMeHa.

B . MHOkUTENB, KOTOPBIi COAEPKUT IPOCTOE YUCIO P

IIpunoskenue

ROMMeHTﬂpI/II/I 0 KOHCTaHTax

I'mnotesa Beiitmana—XopHa #aeT cucTeMaTHYecKUil OTBET
I KOHCTAHT, BO3HUKAIOWIUX Iepe]| JorapudMHUUYeCKUM HHTer-
paloM. B HerkoTOpbIX 4acTHBIX ciydaax Xapau—JIUTTABYd BbI-
uypcanau koHeranty [HaL 23], Ho ucmonbsoBanu albTepHATHB-
Hblil cnoco® moicueTa, a UMEHHO IPOCThble 4ucia p < & BMec-
To n < x. Mbl ceiiuac BepHeMcA K oOcy#/IeHUIO KOHCTaHT Xap-
au—JlurTaByna. OHU BhIpamalOTCA Kak 6eCKOHEYHbIe IPON3Bele-
HUA.

Mb1 HauHeM ¢ KOHCTaHTBI JBOHHBIX MpocThIX uncel Cl,,. He-
TOpPHA 3TO} KOHCTAaHTHI BecbMa MHTepecHa. CunbBecTep B 1871
u BpyH B 1915 mpennosouiy HeNpaBUIbHYIO KOHCTAHTY, IO-
CKOIBKY He TIPUHAIM BO BHHMaHHe HEKOTOpble CKPBIThle Be-
POATHOCTHbIE 3aBUCHMOCTU MeHly NMPOCTHIMH 4ucaaMu. Xapau
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u Jlurtasya B 1923 [HaL 23] ormeruan, uro CunsBectep u BpyH
MNPENoNOKUIN HEeNPABUIbHYI0 GOPMYILY, U CaMU MPEeN0I0HKUIN
npaBuibHOe 3HaueHue KoHCTaHThI Cyy,. «[IpaBuibHOE» B TaHHOM
clyvyae O3HayaeT B YaCTHOCTHU, YTO BBl MOKeTe MOIYUYUThH Tab-
MBI 3HAYEHUH Ty, () U 3Hauenuit Cyy, - ¢/ (logz)? U cpaBHUTD,
U MONYy4uTe, YTO MPAKTUYECKAA MPOBEPKA MOATBEDPH/IAET MOIY-
yeHHbIe 3HaueHuA. Takum o6pa3om, CIOBO «IPAaBUIBHOCTHY 3/1€Ch
YaCTUYHO HCNOIb3yeTcA B (u3MveckoM cMbicie. Ho cymecTBy-
€T JPyroii KOMIOHEHT MOHATHUA (IPABHIbHBIY (IPU OTCYTCTBUU
€aMoro J0Ka3aTeabCTBa), 8 UMEHHO TO, YTO MPEANOIONKEHUE MO-
XOJIUT TOJ] ONpe/elieHHbIe CUlbHble CTPYKTYPHbIE Pa3MbIILIEHUA
0 TOM, UTO CYIeCTBYeT OIpeJelleHHasA MocieJoBaTelbHaA CTPY K-
Typa, U3 KOTOPOU JleNaloTcA NMPEANoJIoMeH A, YTO CTPYKTypa ca-
Ma 1o cebe 4acTUYHO rumnoteTuyeckan. Xapau u JIUTTaBy Tak-
Ke onupalnich Ha 3Ty CTPYRTYpY. Pasdymeercs, Takas cTpyKTypa
MOEeT OKa3aThCA He eMHCTBeHHON. B no6oM ciyuae 3HauyeHwue,
nonyyenHoe Xapau—JIUTTIABYIOM paBHO

Crw =2 H ( _11))

p—HeUeT.

[IpousBeneHue GepeTcA M0 BCeM NMPOCTHIM UYUCIAM, HE PaBHBIM 2,
T.e. 10 BCeM HEUETHHIM NPOCTLIM uuciaaM. Kak Bbl MokeTe BU-
JIeTh, 3Ta KOHCTAHTA HECKOIbKO OTINYAETCA OT KOHCTAHThI BelT-
Mana— XopHa. Pa3nuurie Bo3HMKAeT 13-3a albTePHATUBHOTO CIO-
coba mojacueta. T. k. Xapau, Jlurtasyn u belitman, XopH ucnosb-
30Bajli CUJIBLHO OTJMYAIONIMecA MOAXOAbI K 3TONH KOHCTaHTe, HO
MONyYUIU OOUH M TOT #e OTBET, 3TO CUUTAETCA MOJTBEPHACHU-
€M TOr'o, 4YTO OTBET, NONy4YeHHbIH Xapau—JIuTTIByI0OM ABIAETCA
NpaBUIbHBIM, IOCKOJAbKY OH CTPYKTYPHO MOJXOAUT K APYTUM HUC-
cleIoBaHUAM.

Tenepb MbI IpUBeeM 3HaUeHUE, IOIYYeHHOE Xapau —JIuTTa-
ByIOM 1718 KoHcTaHThI (g, BXOJAIIel B THNOTETHYECKYIO aCHMII-
TOTUYECKYIO (GOPMYIY [JA KONUYECTBa MPOCTHIX YUCEN MeHbIle
160 paBHBIX T, NpelcTaBleHHLIX B Buae p = n? + 1. [unoreru-
YyecKoe 3HaYeHUE PABHO

Co= 1] (1 —x(p)ﬁ),

P — HedeT.
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rae x(p) = 1, eciu —1 ABIAETCA KBAAPAaTOM MO MOAYIIO P, T.€.
ecmi n? + 1 = 0 mod p umeet pemenue, u x(p) = —1, eciu —1 He
ABIAETCA KBapaToM 10 MoAymo p [cM. Takse [LaT 76)], gacts 11,
ocobeHHO cTp. 81, npuMep 1, rie 3Ta KOHCTaHTa BBIBOJUTCA U3
COBEPIIEHHO IPYToii BEpOATHON MOMENH. |

[Cmydenm cnpawueaem, KAk 603HUKAIOM MAKUe 2unome-
3oi-Popmyast U KaK deaaiomes npednosoxceHus.]

lla, naBaiiTe 3aiiMmeMcA 3TUM BonpocoM. Bo-nepBrix, cymecT-
ByeT HeOOBACHUMBIA KOMIIOHEHT, a UMEHHO MO3I' MaTeMaTHKa,
KOTOpbIil 3HAET, KaK MOCMOTPETh U rje NOCMOTPETb, U OH CHIEH
B mpeamnoioxenuax. Haanure Takoro Tananta — ofuH u3 GakTo-
POB, OTIMYAIONIUX MaTeMaTHKa-UCClIe[0BaTeNA OT APYTUX TO/eil.
3arem THAMenanA paboTa M0 NPOBepKe NPeINON0MHKEeHHI, UX CTPYK-
TYPUPOBAHUIO U N0 HANKMCAHUIO HCCIEOBATENbCKON CTAThHU.

JlaBaiiTe paccMOTpUM BOIPOC, KaK MO#HO NPUATH K HJee,
YTO CYIEeCTBYeT HECKOHEYHO MHOTO JBOMHBIX POCTHIX YHCEN WU
npocThIX uncen B Buae k? + 1. CunTaeTe 11 BbI, YTO MbI MOy UH-
au HeuTo Bpoje orBeta? [la? Hu to Hu ce? Ilo KpaiiHeil Mepe 3TO
YTO-TO, 3TOT OTBET He TOJbKO JaeT BaM 3HaHUe, YTO MX GecKo-
HEYHO MHOTO0, HO M KOMMYECTBEHHYIO MePY — HACKOIbKO MHOTO.
KTo-Huby b Mo#eT monpo6oBaTh YIy4NINTh BEPOATHOCTHYIO MO-
Jelb TaKk, YTOObI BbI TaK#e MOJYYUIU 3HAYEHUE [IJIA KOHCTaHTHI,
4yTo6bl YyBUJETH Gollee TOYHO, KAK MHOTO UX JOJNKHO OBITh.

He Tak y# Jerko mpoiiTu mo BceMy NMyTH, KaK Bbl MOKe-
Te yBUIeTb U3 (aKTa, UYTO NepBOKIACCHbIE MaTeMaTHKU, TaKUe
kKak CunbBecTep U BpyH He cMOrIM NOMYYUTDb NPaBUILHBIX OTBE-
TOB np# nepBoii nonbiTke. [loaTomy pabora Xapau—Juttiasyna —
oueHb Xxopoluas paboTa.

fl mokamy BaMm ceiiyac OAMH U3 MOJXOJOB, KOTOPBIl B KOHIIE
KOHIIOB NpUBeJET K KOHcTaHTaM. Paccy#ieHua o Heo6X0AUMOCTU
ABIAIOTCA 3HAYUTENbHO Gonee cliomHbIMU. Mbl 6yem pa3éupaTh-
CAl MUIIb ¢ OGBIYHBIM CIIy4YaeM TeopeMbl 0 MPOCThIX YHCIaXx.

Bosbmem Bce umecna 1, 2, 3,4,5,6,..., . Kak mMHOro ux
Hux genurtcd Ha 27 [IpumepHo % KoaunyecTBo 1ienbix yncen, MeHb-

MUX T, He JeJIAMNXCA Ha 2 NpUGIM3UTEIbHO PaBHO (1 - %)1:,

U MHOMUTEIb Iepel] x paBeH (1 — %) . RomnuecTBo 1eabix qyucel,
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(1-3)-

KoauuyecTBO OeJdbIX 4YUcCel, He OeJIAINUXCA Ha 5

(-}

MosTomy, 4TOGBI MOMYYUTH KOMUYECTBO (L) MPOCTBIX YHCEN
MeHbIlle T, Mbl XOTHM 3HATh, CKOJIbKO IIEJbIX UYUCEN He [EIUT-
cA Ha 2, He JIeTUTCA Ha 3, He IeTUTCA Ha 5 U T. . Kak MHOro BEI
nonyuute? OTBeT rpy6o paBeH

He JelAmuXcd Ha 3

G(z) o, raeG(x) =[] (1 - %)

P

JTo nepBsoe npnﬁnmﬂeﬂne K onpeeleHHuIo l'[paBPIJ'II:.HOfI KOHCTaH-
ThI OJA 7'('(217), KoOJIM4ecCcTBa NMPOCTHIX YHCeJ MEHbIIUX T, 3a HCRIIO-
YeHHeM TOro, 4YTo MbI NIPEAIIOJNOM U, YTO YCJIOBUA HEAEIUMOCTHU
He3aBUCHMBbI, 8 OHU HE He3aBUCHUMEI. HOSTOMy MBI OOJI#KHbI B3ATH

MHOMUTENb
I1(1-5)=cw

ps®
U YMHOMUTb HAa HEKOTOPYIO KOHCTAHTY M3-3a CIOMHBIX yCIOBUIA
3aBUcUMOCTHU. HoHCcTaHTa B 3TOM ciiydae paBHa €7, rjie Y — KOH-

cTaHTa, Ha3biBaeMad KoHcTaHTol Jitnepa. [lo Teopeme MepTeHca
BBITIOIHEHO aCUMITOTHYECKOE COOTHOIIEHNe

e'G(x) ~ 1

logz’

Y, TakuM obpa3omM,

~y ’y ~y
w(z) ~ "G (z)z Togz"

Ber MomeTe HaiiTH o6GCy#/leHHe TOro, moyemMy BO3HUKaeT €7
B craTbe Xapau—JIuTTiaByaa, u Takie B pabore Xapau u Paii-
ta [HaW 80], ra. 22, 22.20.

Tak yTo BBl BUAMTE, UTO MPOCTOE O6GCYH/IeHHE 0ObIUHOM Te-
OpeMbI 0 MPOCTHIX YHCIAX CTAHOBUTCA Bce 0olee TEXHUYECKUM
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U cioxHbIM. U ele ciosHee TOYHbIE BEPOATHOCTHLIE PacCy#Hae-
HuA Xapau —JIMTTAByda QyiA JBOMHBIX IPOCTHIX YKCeN, MJIH Ipoc-
TBIX umcel BUAa n® + 1 U B IPyTHX clydasX. A Tenepb, €ClIy BbI
JI0 CUX TIOp 3aMHTEPECOBaHbI, HAUTe U unTaiiTe BeiirMana— XopHa
u Xapau —JIuTTaByga.

HexoTopslie rpadpuru

fl Gnaromapen CtuBy Munnepy 3a NOCTpPOEHHE HEKOTO-
pbIX rpadMKoOB, WIMIOCTPUPYIONINX 3KCIepUMEHTalbHOE MOBeje-
Hue (-QyHKUMM U APYTUX Tpex GbyHKIU long’ m(z) u Li(x)
B ONpeJeleHHbIX 00JacTAX.

AT
40 \/ -20

I'padur 5(% + it), —50 <t <50

IlepBelit rpadur — rpadur GyHRIUY £(%+it) , KOTOpadA OKa-
3bIBaeTcA JeiicTBUTENbHON (QyHKIMell nepeMeHHON ¢ U3-3a QyHK-
[JUOHAIBLHOI'O ypaBHEHUA.

Cnenyromue Tpu rpadgura cpaBHUBAIOT GYyHKIUU 10”;36, m(x)

u Li(z) Ha Tpex pasnnuHbIX MHTepBajlax MepeMeHHON T, a UMeH-
HO oT 0 mo 100, 1000 u 10000 cooTBeTcTBeHHO. 3aMeThTe,
YTO HPU HPOMOJIHEHUM CTAHOBUTCA OYEBHUIHBIM W3 3KCIEPUMEH-
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I'paduru Li(z) (Bepxuuit), w(x) (cpeanuit), z/log  (HumuuMit)

ta, uro Li(z) maer nyumyio anmporcumanuio ¢yHruuu w(z),

yeM logf; . Taksxe oueBuaHo, yto Li(x) nemur Hag m(z). Ho ra-
xr

KHUX IIpeaeiioB, KaK Bbl JyMaeTe, 6y,£[6T ImpoaoJi:xaTbCAd TaKnoe CTa-
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TucTuyeckoe mosefeHune? CXoouTe U CIPOCUTE KaKOro-HUOYIb
cnequanicTa no Teopuu yuced. Miau nmocmorpurte KuHury HHra-
Ma [Ing 32], ra. 5, Teopema 35.
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I'unore3a abe

JlaBaiiTe HayHeM ¢ TeopeMbl O MOJMHOMAax. BbI, BepoATHO,
cynTaeTe, YTO BaM W3BECTHO BCe O MOJIMHOMAaX. BOABIIMHCTBO
MaTeMaTHKOB JyManu Obl Tak ke, BKiIIOYaA MeHA. K BceoGige-
My ynubineHuio P. Meiicon B 1983 rogy o6Hapy:kus1 HOBBIN OUeHb
MHTepeCcHbIN dakT o noauuHomax [Ma 83]. Uto eme Gonee npume-
yaTelbHO, 3TOT (HAKT B NeHCTBUTENLHOCTH y#e Obll 0OHapy#eH
apyrum maTtematukoMm B.Ctortepcom [St 81], Ho MaTeMaTHKHN He
o6paTunu BHUMaHUe Ha 3TO, U i y3Han o ctatbe CToTepca nuib
HaMHoOro nose oT Y.3aHupa [Za 95|, KOTODBI TakHe NEpeoT-
KpbLI HeKoTopble U3 pe3ynbraToB CtoTepca. Tak uto ucTopus
MaTeMaTHKM He Bcerja TedeT riagko.

B n1060m ciyyae, X0TH UCTOPUA MaTeMaTUKU BeChMa MOy Yu-
TellbHa, JlaBaiiTe OTIOMUM HCTOPHUIO IJA TOro, 4Tobbl copmy-
AMpoBaTh M JoKaszaTb Teopemy Meiicona—CToTepca. 3aTeM Mbl
o6cynuM, Kak Jpyrue MaTeMaTUKU peoGpa3oBaiu 3Ty TeOpeMy
B rumnore3dy o6 oO6bIUHBIX IeldbiX yrciax. Mbl paccMaTpuBaeM mo-
JMHOMBI ¢ KOMILIEKCHBIMHM Ko3dounnentramu. MHOMeECTBO Beex
TaKUX [OJIUHOMOB OT IepeMeHHo# ¢ Gynem obosnavath C[t]. 3a-
nuieM HeHyJeBolt anemeHT C[t] B Buge

1) = e [ (¢ - )™,
i=1

rae i, g, ..., Qp — Pa3NUYHbIE KOPHU, f ¥ ¢; — KOHCTaHTAa,
¢y # 0. Henste uncna m; (i = 1,...,7) — KpaTHOCTH KOpHei
U cTemeHb NoJUHOMa f paBHA

degf=m1+...+m,.

KonuyecTBo pasiuuHbIX KopHeil f 6y1eT o6o3HauaThes ng(f), mo-
STOMY 10 onpeenenuio ng(f) = r.

OueBHIHO, YTO cTeneHb f Mo#eT ObITh OYeHb GOJbIIOIL,
a no(f) mMosmer 6bITh Manenbkoit. Hanpuwmep, f(t) = (t— )00 —

2 C. Jleur
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crenenu 1000, a ng(f) = 1. Ecau f, g — 1Ba HeHyIeBBIX MOMUHO-
Ma, Torjga B o0LIeM cryd4ae

no(f8) < no(f) + no(8)-

Ecnu nononuurtenbHo moTpe6oBaTh, 4To f, £ — B3aUMHO MPOCTHI,
TOT/la MbI JefICTBUTENLHO MOIYYUM PaBEHCTBO

no(fg) = no(f) + no(g).
Coopmynupyem Teopemy Meiicona—CToTepca:

Teopema. [ycms f, g, h € C[t] He pasHble KoHCcMaHnme 63a-
UMHO npocmble NOAUHOMYL, Yoosaemeopalowue pasencmey f+ g =
= h. Tozda

max(deg f, deg g, degh) < no(fgh) — 1.

Teopema 1eMOHCTPUPYET B TOUHOCTU, KAKMM 06pasoM OTHO-
menue f + g = h HakaaqbIBaeT OrpaHUYeHNEe HA CTENEHU MONUHO-
MoB f, g, h, a IMeHHO, OHM He MPEBOCXOJAT KONUUYECTBa pa3nuy-
HBIX KOpHell monuHoma fgh, naxe ¢ no6aBnenuem —1.

Ilepen Tem, Kak MbI IpUBeeM JoKkasaTeabcTBO MeiicoHa, Mbl
YIOMAHEM HEKOTOpbIe MPUJIOKEHNA, KOTOPLIE MOKAMY T, HACKOIb-
KO CHJIbHA 3Ta Teopema. Bl Bce 3HaeTe nociequiow Teopemy Dep-
Ma, KoTopad ObLia fokasana Baitncom [Wi 95] necAtuneTrem mos-
we:

Teopema. Ilycmv n — uyeaoe wucao > 3. He cywecmsyem

peweHull ypasHeHUs n

" +y" =z
8 HEHYLeBbLT UEABLT YUCLAT T, Y, Z.
AHalornyHas TeopeMa [UIAl MIOIMHOMOB Oblia M3BeCTHa ellle
B IPOIIIOM CTOJNETHM U Oblia JOKa3aHa MeToaMu aireGpandec-
Koif reomerpun. Ceifyac MbI MOTYdYNM HAMHOrO Gojlee MPOCTOE
[0KAa3aTelbCTBO, HCNOAb3YA Teopemy Meiicona— CroTepca.

Teopema. Ilycmv n — uyeaoe wucao > 3. He cywecmsyem
peweHull ypasHeHUA
o(t)" +y(t)" = 2(t)"

C He PABHBIMU KOHCTMAHIME 63AUMHO NPOCTNBLMU NOAUHOMAMYU T, Y,
z € C[t].
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JTOKABATEJIBCTBO.
Oycrs f(t) = z(t)™, g(t) = y(t)™ u h(t) = z(¢t)™. Toraa no
TeopeMe Meiicona—CToTepca moiydyaem

degz(t)" < no(2(t)"y(t)"2(t)") — 1.

Onunaro deg z(t)™ = n-degx(t) u no(z(t)™) = no(x(t)) < degx(t).
CremoBaTelbHO,

n-degz(t) < degx(t) + degy(t) + degz(t) — 1.

Tem e crnoco6OM Mbl NOIyYaeM aHAIOTHMUYHble HEepaBeHCTBa
nada y(t) u z(t):

n-degy(t) < degz(t) + degy(t) + degz(t) — 1,
n-degz(t) < degx(t) + degy(t) + degz(t) — 1.
CriajpiBad TPU HEpaBEHCTBA, MOy dYaeM
n(degz(t)+ deg y(t)+ deg z(t)) <3(deg z(t)+ deg y(t)+ deg z(t))—3.

Tarum o6pasom,
(n — 3)(degz(t) + degy(t) + degz(t)) < —3.

HpI/I n > 3 3TOro OYEeBHUJHO HE MOMET ObITh, MMOTOMY 4YTO JieBaa
yacTb 6osabiie 1160 paBHa 0, a IpaBaf 4acTb OTpUllaTeJbHa. I/ITaP{,
MbI JOKazalii IoCJeIHIOI0 TeopeMy (DepMa oJig IMOJIMHOMOB. ||

lokaszaTenbcTBO moclenHeil TeopeMbl Pepma 1A MOTMHO-
MOB HaMHOro TpyAHee 0e3 HCIONb30BaHUA TeopeMbl Meiico-
Ha—CroTepca. He ficHO, CKOIbKO BpeMeHHU 3aiiMeT y Bac WIu
y ciydaiiHO BRIOPAHHOTO MaTeMaTHKa JI0OKa3aTelbCTBO TEOPEMbI
KakUM-HUOYy b crnocobom. Ilonpo6yiiTe 3To ¢ BamMMU Apy3bAMU
U MOCMOTPHUTE, CKOIbKO BpeMeHu um mnotpebyerca. [IpuBenen-
HOe BbIllie 0Ka3aTelbCTBO C KMCIONb30BaHHEM TeopeMbl Meiico-
Ha—CToTepca ABNAETCA MPOCTHIM U 3jieraHTHbIM. [lo3Hee MbI
HpUBEeM pa3inyHble 0000IIeHUA. YBUAEB CUIY 3TOil TEOPEMBI,
Tenephb JaBaiiTe JOKaMeM ee.

JOKA3ATEIBCTBO TEOPEMBI MEWCOHA — CTOTEPCA. B yT-
BepMJeHUU TeOopeMEbl B JIeBOi 4YacTu HepaBeHCTBa UCIOJb3yeTCA
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CTeleHb, a B MPaBOil YacTU YKCIO 79, KOTOPOe 0603HaYaeT KOIU-
YeCcTBO Pa3iMYHbIX KopHeil nonuHoMma. [loaTomy HaM Heo6X0oMMO
HayYHTbCA NOHUMAaTh ¥ YNPaBIATb KPaTHOCTAMH KopHeil. UTo6bI
c/lenaThb 3TO, Mbl pa3feiuM ypaBHenus f+ g = h Ha h U noAy4uM

[ 8
—4+2=1.
h h
O6o3naunm R = f us = % Torma R+ S = 1. Tenepb BbI JOJH-

HBI HO‘IyBCTBOBaT’L HeNpeo/J0IUMOE KejlaHue celaTh YTo-HUGYy b
¢ 3TUM ypaBHeHueM. UTo BhI Jenaete ¢ pyHKuuAMHU? Bbl Bbunc-
afeTe uX mpousBojHbie. Takum 06pa3oM, MbI MOdydyaeM HOBOE
ypaBHenue R’ + S’ = 0, koTopoe MbI NepenuuieM B Bule

%’R n %’S — 0. (1)

PaccmoTpum vacTHOe g, HUcnonb3ya Hamu 0603HaUEHUA U ypPaB-

uenue (1), MbI momy4um

_ RYR
__S//S‘ (2)

5:
f

HpI/I 9TOM MBI BbIPpA3UIn KaK dYacTHoe JIOFapI/IQ)MI/I'-IECI{I/IX

ST~ 11V

NPOU3BOOHBIX. HeﬁCTBHTeHbHO, B MaTeMaTH4YeCKOM aHaliluae, ec-
!

am F' — obyHKnuda, Toraa % Ha3bIBaeTCA ee JorapudMuyecKoit
npousBoaHoil. Ucnonb3ya 3Ty JorapudMuieckyio NpoU3BOJHYIO,
MBI CMOeM yNpaBlIATb KpaTHOocTAMU KopHeil. Ham HymHO uc-
N0Jb30BaTh CBOMCTBO JorapudMuiecKoil Ipou3BOAHOI, a UMEHHO
TO, YTO OHa NIePEBOAUT NPOU3BeeHNA B cyMMbl. JIpyrumu cioBa-
MU 1A AByX byHrnuit F, G umeem

(FG) PG

FG F G
JTO HEMEJIEeHHO clelyeT U3 npaBuia aquddepeHINPOBaHUA TPO-
U3BeJeHUA. 3aTeM MJA YaCTHBIX MOLYYUM
F/G& &

F/IG F @
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Takum o6pa3om, jorapudmuuyeckas NPOU3BOJHAA IpeodpasyeT
YacTHbIE B Pa3HOCTU. 3aTeM 10 MHAYKIHUHM MBI MOJNy4YaeM MOH06-
Hble OTHOIIEHUA AIA CYMM MU YacCTHBIX HECKOIbKUX COMHOMU-

teneit. K npumepy, ecnu fi, ..., fp — HOIUHOMBI, TOraa
I SN
fireefa  f In

IIpuMeHsAeM 3To MpaBWJIO K Pa3joKEHUAM HA MHOMUTENHN HaIINX
UCXOHBIX MOAMHOMOB f, g, h. Mbl 3HaeM MiA HUX cledylol[ue
pasiiokeHuA Ha MHOMUTENN

f)=a H(t —a;)™,
g(t) = [J(t - B)™,
h(t) = s [J (6 — )™

3aMeTuM, 4TO JorapudpmMuyeckas NPOU3BOJAHAA KOHCTAHTHI PaB-
Ha 0. [lna noauHoma (¢ — «) morapudMuyeckas NPOU3BOAHAA
1
(t—a)
usie f(t), g(t), h(t), nonyuaem

" m; g _ 2] N o Iy
T_Z(t—az)’ g_z(t—ﬂj)’ h_z(t—%)‘

paBHa . [loaTomy BbIuMcaAA dorapudMuUecKre NPOU3BOJ-

IIpyMeHAnA npaBuia 1idA JorapudpMAUYecKUX MPOU3BOAHBIX K R =
= f/hu S = g/h, nonyuaem us (2):

14 m; ]2
h Et—ai zt—’yk

3 T nj b ®)
" Et—ﬂj_z

t— vk

HpI/IBe,ZleM BbIpameHne K 061ueMy 3HaMeHaTelll0, 1JIAd 3TOoro o060-

3HAUUM
D(t) = [t — ) [Tt = 8 T](t = w0)-
OueBuano, uto deg D(t) = no(fgh). lloatomy

deg(%) =no(fgh)—1= deg(%) = deg((tlzi(i)k)).
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YMHOMHUM 4YHCINTElNb W 3HaMeHaTelb BbipaxeHusa (3) Ha D(t),
II0CIIE YEro MOIYYNM

m; lk
Z - Z D(t)

5__ t— o t—’yk‘ _
f ni « W D)
zt—ﬂj Zt—’m

noauHoM ctenenu < ng(fgh) — 1

noauHoM ctenenu < ng(fgh) — 1

Takum o6pasom, ? PaBHO YaCTHOMY JIBYX NMOJUHOMOB, YbH CTEIle-

uu < no(fgh) — 1. ockonbRry f, g — B3aUMHO IPOCThIE, U3 ITOTO
clieqyeT 4To cTeneHd g U f He mpeBocXodAat ng(fgh) — 1. U ua-
KoHell, T. K. h = f + g, MbI IPUXOAUM K 3aKiIOuYeHuio, uTo degh
He npeBocxonuT ng(fgh) — 1. TuM 3aBepmaeTca T0OKA3aTENbCTBO
Teopembl Meiicona—CToTepca.

IIpumeuyaTenbHo, 4TO TAKOH MPOCTOM, HO CUIIbHBIN Pe3yNbTaT
0 TmoauHOMAax ObLT OTKPBIT Mulllb B Havyane 80-X, B KOHIe JBajla-
TOrO BeKa.

Tenepb MbI cobupaemMcsa npeo6pa3oBaTb TEOPEMY B yTBEPH-
JleHue O lelbIX yuciaax. Bam, BO3MOKHO, y#e U3BECTHO, YTO CY-
mecTByeT riay0oKaA aHalOTMA MemIy LeNbIMU YHCIaMd U MOo-
auHomamu. K npumepy, obe cucTeMbl yIOBIETBOPAIOT alTOPUT-
My EBKnuga, moaTomy B 06eux cucTemMax CyIecTBYeT OfHO3HAY-
HO€ pa3nozKeHHe Ha HENPUBOAMMbBIE UIU NMPOCThIE 3JeMeHThbl. Mbl
UIEM YHCIO, CBA3aHHOE C LENbIM YHCIOM TaKUM CIOCOGOM, UTO-
6bI OHO OBbLIO AHANOTUYHO YKCIY Ny HonuHOMa. MbI Takie UileM
YHCII0, aHAJIOTMYHOE CTeleHU noiduHoma. [Ipu yMHoxeHNH cTemne-
HY CRJAJIbIBAIOTCH, T. €. CTENeHb POU3BeJeHUA IONMHOMOB paBHa
CyMMe cTeneHell WHAUBUAYalbHBIX COMHOMUTeNeH. ONBIT MOKa-
3bIBAET, YTO aHAIOIOM CTEMeHU ABIAETCA Jorapudm abcoaOTHOrO
3HaveHud 1enoro uucna. [loaToMmy A OpocTOro Yucia p aHalo-
rOM CTelNeHUd HEeNPUBOAMMOrO MOJIUHOMA ABIAETCA OGBIYHBIN JIO-
rapudm logp. InA ABYX MONOMUTENLHBIX LENbIX YUCET 1M, 1. Mbl
nonyuaem log(mn) = logm + logn. Ecin m = [] p;** — pasio-
JKEeHUe YUCNa 1M Ha NPOCThie MHOMUTENU, TOTAa

logm = Z m; log p;.
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Tenepb MbI XOTUM IIOJYUYUTHb aHajJor 4ucia ng. Ina monuHOMa

7@ =TI = ap™

JnaBaiiTe onpeneiuM

No(f) =[] - i),

TO eCThb MBI 3aMEHUM KPATHOCTH m; Ha 1 B pasiiosmeHUu MHOIo-
uieHa f(t). Torga no onpeneneHuio

no(t) paBua crenenu No(f(t)).

Tak rakoBo e IIpaBUJbHOE olpeneleHue OaA ’I’L()(m) OJIg I10J10-
MUTEJIbHOI'O LeJIoro yucjia m? HpeIIHOIIOH{I/IM, 4To

m:p;nl...p;'.nr (4)

pasioeHue yncia m Ha npoctbie. YeMy e paBHO ng(m)?

Cmydenm. I nymaio ng(m) moa#HO GbITh KOIUYECTBOM pas-
JAUYHBIX MPOCTBIX MHOMUTENEH, T0dTOMY Mo (m) = 7.

Cepyc Jlene. ITO HEMIOXOI OTBET, HO U He JOCTATOYHO XOPO-
muii. Korga Mb1 paGoTaeM ¢ KOMIUIEKCHBIMHU MOJUHOMAaMH, TOT-
Ja oHU 0o6J1afaloT ONHO3HAUHBIM pa3ioxeHUeM Ha MpoCThle, T.e.
Ha HeNPUBOAUMbIEe NMOINHOMBI, KOTOpble UMelOT cTeneHb 1. Ecau
Bbl pa6oTaeTe ¢ NMOJMHOMaMH C JPYTUMHU TUNAMHU K03bdUIHeH-
TOB, K NMPUMepY, C IMOJIMHOMaMH C PalHMOHAIbHBIMU K03ddUIu-
€HTaMHM, TOT[a HENPUBOAUMBIN MOIUHOM He 06A3aTeIhHO MMeeT
cTeneHb 1. HeuTo aHanorunyHoe mpoucXoduT ¢ MPOCTHIMM YHCIa-
MH. JTO 03HAYaeT, YTO HAM HeoOXOAMMO MpHUIKCATh BeC MPOCTO-
MY UHCIY, U 3TOT Bec paBeH log p. [loaTomMy A1A NONOKUTENBLHOTO
IeJIOr0 YKcia m ¢ pas3ioxeHneM Ha MPOCThie MHOMKUTENU (4), MbI
onpenenum

T
no(m) = E log p;.
=1
MbI Tarn#e ModieM 3aliucarthb 3TO Bpra}HeHI/Ie B BuUe

no(m) = > logp.

plm
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3aTeM MbI onpe/ennm
No(m) = HP = Hpi-

plm i=1

Taxum o6pasom, No(m) ecTh npousBejieHre NPOCTHIX YUCEI, 1e-
JAMKUX M, HO B3ATHIX ¢ KpaTHOCThIO 1. Bymem HaswsiBaTh No(m)
padukaiom ducia m.

Tenepb, Korjga y Hac ecTb onpeaenenue ng(m) u No(m), ra-
kUM Oy et aHanor Teopembl Meiicona— Crorepca? Jlerko nepesec-
TU TUIOTE3Y:

I'unotesa. Ilycms a, b, ¢ — HeHyaesble, 83aUMHO NpOCMblE
yeavle wucaa, makue, 4mo a + b = c.

Tenepb HaM Hy#HO HepaBEHCTBO BHJA
max(|al, [b], [e]) <777.

Yrto gonxHO GBITH B MpaBoil YacTu HepaBeHCTBA?

Cmydenm. Momet Ny(abc) — 17

Cepoic Jlene. Bee He Tak npocTo. Bo-nepBbix, uTo KacaeTea —1:
B cllyyae MOJMHOMOB 3TO ObLI MOAAapOK GOroB, U MbI HE MOKEM
OUJATh 4ero-HUOYIb CTONb #e TOUHOro JUIA Henbix yucer. Kpo-
Me TOr0, MbI 3[leCh AeHCTBYyeM MYIbTUIIMKATUBHO, a HE ajIu-
TuBHO. Tak YTo naBaiiTe B3rJIfAHEM Ha HEPaBEHCTBO

max(|al, [b], |¢[) < No(abe).

K cosanenuio, okaspiBaeTcd, 4YTO B 06IIeM cilydae 3TO He-
paBeHCTBO He BepHO. JTo OblIo BrepBble oGHapy#eHo CTio-
aprom—Tuitnemanom [StT 86], KOTOpble Tak#e MOKa3amd, YTO
Ho-TIpe#HeMYy HepaBeHCTBO He Oy/leT BBINOMHATBLCH, €CIN MBI
3aMeHUM I[paBylO YacTb Ha BbIpaseHHe: KOHCTaHTa yMHOMUTH
Ha Ny(abc) He3aBUCHMO OT TOTO, HACKOIbKO BelWKA KOHCTAHTA.
Npyrumu cioBaMmu, He cyujecmsyem makol koncmaumst K, wmo-
0bl HepaseHCmMe0

max(|a|, |b], |c]) < K - No(abc)

0blL.10 BepHbIM 04l 6CeX B83AUMHO NPOCMBLIT Ueablx a, b, c, Koe-
da a + b = c. ]Ia crynenta us Heanckoro yHuBepcutera Creiln
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BoiiTer fAcTp3e6oBckuii u [Isn IInunbMan npuBeiln MHe clelylo-
1[ee MPOCTOE JOKA3aTelbCTBO 3TOro dakTa.
Mpsi paccmaTpuBaeM ypaBHeHUe a, + b, = ¢,, rie

an:32n, bp=—-1 u cn:32n—1.

3anucaB 3 = 1 + 2, nerko AokasaThb MO UHAYKIWHU, 4TO 2" fOe-
mut 32" — 1. IloaTomy

No(anbncn) <3-2- 0.
OHHaHO HepaBeHCTBO

n 32n
32 <K-3-25;

He MOKET BBINOJHATHCA 1A BCEX 7. HE3aBUCHMO OT TOT'0, HACKOJIb-
Ko Goabinoit Mbl BblOepeM KoOHCTaHTy K, nmockoibry K -3 - 2%
cTpemutca K 0 Ipu yBelUUeHUHU n.

IoaToMy HEe0o6X0AMMO U3MEHUTD U €life 0CIabUTh HepaBeHCT-
Bo. [IpaBunnHas runoresa, Ha3BaHHadA 2unomesol abc, 6plIa MONY-
yena MaccepoM u Octepie. ITo oJHa U3 NyYIIUX FUNOTE3 CTONE-

TUA.

T'unoresa abc (Masser, Oesterle, 1986). IIpu dan-
Hom € > 0 cywecmeyem roncmanma K(e) maras, wmo das
8Cer HEHY.1e6blY 83AUMHO NPOCIMbLT UeAblT Hucea a, b, ¢, makur,
umo a + b = ¢, 6epHo HepasencmB0

max(lal, bl |e]) < K (e)(No(abe))'**.

3ameTum, uto CtioapT—Tuiigeman npuBenrun HEKOTOpPbIe
ouneHku cHudy mid € [StT 86].

B cymHocTH, TeMu #e caMbIMM apryMeHTaMu, YTO U IJA
MOJIMHOMOB, MOKHO N0OKa3aTb, YTO T'UNOTe3a abc BiedeT moclej-
HIOIO Teopemy Pepma mpu goctaToyHo Goabmwux n. Mbl mpusBe-
JIeM noipo6Hoe nokasaTelbcTBO. be3 moTepu 0GHIHOCTH MbI MO-
JKeM MPEINONOMKUTh, UTO @, b, ¢ — TMOIOKUTENbHBIE Ielble YUC-
1a, I03TOMY HaM He HYKHO NHCATh 3HAK abGCOMIOTHOU BENIUYUHBI.
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HyCTb T, Y, 2 — IOJOHUTeJbHble BBAUMHO IIPOCTLIE LeJible YHhcJia
TaKkue, 4TOo

" +y" = 2"

Iyetb a =z™, b =y™ u ¢ = z". Torga
No(z"y"2") = No(wyz) < zyz.
[IpumeHuB runotesy abc, MbI MOMyYaeM
=" L (zy2)'te, Y < (zy2)tte, 2" < (zy2)ttE, (B)

rge 3Hak <« — aG6peBuarypa mia HepaBeHcTBa < K(g) ¢ roH-
crantoit K (), 3aBucaAmeit ot ¢. [loaToMy neBasg 4acTh OTHOIIe-
HUA < ABIAETCA MeHblle nu60 paBHoit npousBeneHuio K (e) Ha
npaByio 4acTb. llepemHosan HepaBeHcTBa B (5), HOLYYUM

(ey2)" < (ay2)*+e3,

Baas norapudm, noryyaem
(n —3 — 3¢) log(zyz) < logK

¢ koHcTautoit K = K(e). T.k. zyz > 2, 3To mociefHee Hepa-
BEHCTBO JjaeT BEPXHIOIO I'paHUlly [JA m, TeM caMbIM J0Ka3blBafd
nocieqHO0 Teopemy ®Pepma 1A Bcex AOCTATOUYHO GONBIIUX 7.
I'pannua paa n 3aBucut ot koHcranThl K (¢). Ha ceroguam-
HUiT leHb HeT runotes 06 addexTuBHOI onenke K (¢). Pazymeer-
cA, MpocTo 1A 3¢ HeKTUBHOCTH Mbl MO#eM B3ATh € = 1, IO3TOMY
s dertuBHoe Boruncaenue K (1) nact sddeKTHBHOE H0Ka3aTelb-
CTBO nocieHeil Teopembl Pepma, CBOAA ee K BbIUUCIEHUAM IJIA
KOHeyHoro uucia ciyyvaeB. EcTecTBeHHO, Joka3aTeabcTBo Baitn-
ca BepHO AJfl BceX 7, HO CYIIeCTBYIOT ypaBHeHUs, IOXOUe Ha
ypaBHeHne Pepma, 1A KOTOPHIX He U3BECTHO aHAJIOTa TEOPEMBI
Baiinca, u nogxon yepe3 runoresy abc mMomeT cpaboTaTh.
Cmydenm. IlbiTanca nu KTO-HUGYAb NPUBECTU BLIYMCIEHUSA,
KOTOpble MOT'YT NMPHUBECTH K KOHTPIPUMeEPY AJA TUNoTe3bl abc?
Cepoic Jlene. OGbIYHO TaK He MPOMCXOAMT. Tabmuibl pasio-
#MEeHU Ha MpPOCThbIe UKcia B pa3iuuHbIX ClIydyafAX AelicTBUTEIbHO
HOATBEPMKJAIOT TUNOTe3Yy. 3aMeThTe, YTO NOKa3aTelb 1+ & B 3KcC-
NOHEHTe JelaeT TUNOTe3y oueHb cuiabHoi. Cpeau Opyrux Belieit
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runoresa abc NOKa3bIBaET, UTO €CIIU B PA3NOMEHUAX YUCeT a, b, ¢
CYIECTBYIOT IIPOCThIe YKcia ¢ GOTbIIMMHU TOKa3aTelAMH, TOT-
Ja 3TU NPOCThIe YKClIa KOMIEHCUPYIOTCA GONBIIUM KOINYECTBOM
MalleHbKUX NPOCThIX YHcell, BO3HUKAIOIUX B pa3ioMeHUH JTHUIIb
c norasateneM 1. Hanpumep, cymiecTByIOT Tabaulbl JJA pasio-
JKEHUA Ha NPOCThle YUcia BblpaskeHUil 2™ £ 1 U MOXO0MUX YHCcen
B ctatbe [BLSTW 83]. 3Ty Tabauibl ABHO NOKa3bIBAIOT, YTO NMOY-
TH Bce IIPOCThle UKcia BO3HUKAIOT JUIIb ¢ Noka3aTeneM 1. Ecau
CYIECTBYIOT MajleHbKHe IPOCThIe YKcia ¢ GOIbIIUMU TOKa3aTe-
JAMHU, TO OHHM KOMIEHCUPYIOTCA GONbIIUMH MPOCTBIMH YHCIAMHU
¢ norasareiem 1.

Cmydenm. A BieueT nu mocienHas TeopeMa Pepma rumore-
3y abc?

Cepoic Jlene. Het. llocnennsasa Teopema ®epma — 3TO TONBKO
yacTHBIH cnyuail. ['unoresa abc HaMHOro cuibHee U JaeT Goiblle
uHGbOpMAaIUU 0 TOM, KAK OTPAaHMYNBAIOTCA MOKAa3aTelu MPOCThIX
yyceNnl B pasnoxeHHAX runortesbl abc. YTo6Gbl MpoACHUTHL oOCTa-
HOBRY, [J1A mociaefHeit TeopeMbl ®Pepma HaMm He TpebyeTcA uc-
HoJib30BaTh runoresy abc c morasateneMm 1 + ¢. Jlio6oro purcu-
pOBaHHOI0 NOKasaTelA GyaeT A0CTaTOYHO.

Cmydenm. Kakum 06pa3oM BO3HUKAIOT TAKUE TUNOTE3bI?

Cepoic Jlene. Maccep u OcTepiie He IPOCTO TMONYYUIH 3TY TH-
note3y. Onu paboTanu Haj HamHoro Gonee obuleit 3agaueit, Ko-
TopasA HU B Koell Mepe He aneMeHTapHa. To, Kak A mpejcTaBUI
TUNOTe3Y 3/leCh, HE OTpaxsaeT TOro, Kak OHA GblIa OTKPBLITA HUC-
topuvecku. HactodAman »u3Hbp HamMHoro cioHee. ['unoresa Bo3-
HUKJA U3 rIy6OKOro usydyeHus aire6pandyeckoil reoMeTpUH U Te-
OopuU MOIYJAPHBIX QYHKIUI, a He IPOCTO U3 CBA3U C TeOpeMoit
Meiicona CtoTepca. 9TH U3BICKAHUA CIUIIKOM CIOKHBI A TOTO,
4yTOoOBI A MOT paccKas3aThb 0 HUX ceiiuac. TeM He MeHee Al XOTel GbI
clefaTh ellle HECKOJIbKO KOMMeHTapHeB, KOTOPble OTKPOIOT HEKO-
TOpble BO3MOHOCTH.

PaccmoTpum ypaBHeHUe Bua

Bynem wuckaTb ero pelieHuA BO B3aUMHO IIPOCTHIX LeENbIX
yhcnax u, v U k. TO ypaBHeHUEe BIepBble paccMaTpUBalOCh
M. Xoanom [Ha 71]. OH mpenosui cleAyouyo TUIOTesY.
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T'unotesa Xouauaa. /Jaa yeavir wucea u, v u k, ydosaemeso-
pawwuz ypasnenuio u® — v? = k # 0, neobzodu.mo, ¥mobst

[0 < R u ol < RO

B neiicTBuTenbHOCTH X0/ IPEIIOUI CBOIO TUNIOTE3Y 6e3 €!
B To BpemsA oH He Buaen HeoO6XOJUMOCTH B HoOaBieHuM €. Heko-
TOpoe BpeMA f JyMal, uyTo € HeoOXxogumo. A ceituac 1A MeHA
He fAICHO, HY#HO WM He HY#HO N06aBlATbL € B TumoTedy XoJia.
BosMmoxiHo, dopMynupoBka Xosia Obliia COBEPIIEHHO PaBUILHOM
13-3a TOr0, 4YTO OH paccMaTpHUBall ypaBHEeHMe CIelralbHOr0 BIIA.
B nmo6om cayuae, «runotesa Xojia IA HOJIUMHOMOBY y#e IoKasa-
Ha B 1965 r. laennoptom [Da 65], u mase B 601ee TOUHOM BHUJE,
6e3 HeoNpeeNeHHbIX KOHCTAHT B Ol[€HKe.

Teopema JdaBennopta. I[lycmov f, g — dea noaunoma, He
pasnvle KoHcmanme, ydosaemeopaowue evipascenuio f> — g2 # 0.
Tozda

3 deg f < deg(f® — %) — 1

degg < deg(f® —g%) — 1.

L=

Bber MoeTe MOKasaThb 3TH HepaBEHCTBA, HENMOCPEICTBEHHO
npumMmensa Teopemy Meiicona— CToTepca, Korja moauHOMbI f U g
B3aMMHO IpocThie. ByaeT xopomum ynpaxHeHneM no anre6pe J1o-
Ka3aTelbCTBO HEPAaBEHCTB TaKe B cilyuvae, Korja f u g He fB-
JAIOTCA B3aUMHO pocThIMU. Torga Bam Heo6X0AMMO IIar 3a Iia-
roM u36aBIATbCA OT OOIIUX MHOMUTeENEH, YTOObI CBECTU TEOPEMY
K clyyaio, koraa f u g B3auMHo npoctsle. [losTomy Bam npujercd
paccMoTpeTh Golee obljee ypaBHeHUe BUJa

Af*+Bg =h

¢ NOJIMHOMMAILHLEIMU K03 duuuentamu A u B. Orpannyenue Ha
crenenu f, g, h B TakoM ypaBHeHuu OyaeT Toraa 3aBuceTh oT A
u B.

[laBaiiTe BepHeMcA K 1ebIM YnciaM. MbI CHOBa pacCMOTPUM
ypaBHeHMe
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C B3aUMHO NPOCTHIMU YKciIaMu u, v U k. llpumensasa runoresy abe,
MBI TONYYHUIU OrPaHUUYEHUA

ul’ < (No(k)*** 1 [of* < (No(k))***. (6)

IMompo6HEIi BeIBOA ABIAETCA JeTKUM ylpasHeHHeM. I'umoresa
Xonna ¢ € 3aTeMm cileayeT M3 rumnoresbl abc, Mo KpaiiHeli Mepe
IJIA B3aUMHO TPOCTBIX U, v, k, mockonbky No(k) < |k|. B Gonee
ofleM cilyuyae paccCMOTPUM ypaBHEHME

Aud + B? =k

¢ HeHyNeBbIMM lleAbIMU Kodpdunuentamu A, B. Torga runote-
3a abc maeT Takue e OLEHKH, Kak B (6). Pasymeerca, BHyTpeH-
HUe KOHCTAHTbI, BO3HUKAWUIUe B HepaBeHcTBax (6), GyayT Toraa
3aBuceTh oT A u B. U eliie 6onee o61uit ciayyait, Korja Mbl MO#KEM
paccMaTpuBaTh ypaBHeHHA Oollee BHICOKUX cTelleHell, a MMEeHHO

Au"™ + Bv™ = k.

[lokasaTenu n, m — MoOJOKUTENbHBIE Lledble yncaa. Mbl npeano-
n1araeM, 4yTo mn # m + n. 3aTeM, Kak Jerkoe ynpaxHeHUEe Ha
NpUMeHeHUe I'UnoTe3bl abe, BRIBOOUTCA HEPABEHCTBO

|u|n < (NO(k))mn(1+s)/[mn—(m+n)]

U aHamorudHo aiadA |v|™. Kak yme ynomuHanoch, B 3TOM HepaBeH-
CTBe BHYTPEHHHE KOHCTAHThI 3aBUCAT oT A u B. BosBpamasch
Kn =3 um = 2, Mbl BUIUM, YTO CYI[eCTBYIOT cliel[halbHbIe 3Ha-
yenuf A u B, KoTopsle oco6eHHo unTepecHsl. Hanpumep, A = —4
u B = —27. Toraa BripasieHue

A = —4u® — 27v?
XOpOIIIO W3BECTHO KAK JeTePMUHAHT HOJUHOMA
X3+ uX +o.

[lns 9TuX cnenuanbHbIX 3HaYeHuit A u B cooTBeTCcTBYyOIafA r'u-
nore3a u3BecTHa Kak 0600menHas runotesa [lnupo (Szpiro). Bo-
o6mie roBops, llInupo B UCXOHO!N rUNoTE3€e UCHONb30BANI HE YHC-
10 Ny, a 6oJiee COKHBII MHBapuaHT [N, KOTOPbIil BO3HUKAET B Te-
OpUH SIIUNTUYECKUX KPUBBIX, T.€. B TEOPUU YpPaBHEHUIl BUja

Y2 =X3+uX +w.
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JTY TEOpHIO ClIOKHO 0OBACHUThL HAa yPOBHe Halllero o6cy#aeHN ,
U MbI He 6yJeM 3TUM 3aHuUMaTbeA. B mobom cinyuae Hlnupo npu-
IeJ K CBOell TUNoTe3e yepe3 Iiy0OKOe M3yUeHHE U OCMbICIEeHNe
anrefpanyeckoil reoMeTpuud U Teopuu uuceld. B To ke Bpewmsd,
M3-3a TOTO, UTO fl UCIOJh30Bal TOJILKO IPOCTOIl MHBapuaHT [Ny,
KOTODBI JIerKO ONpefeluTh, U NOCKOIbKY Mbl CBA3bIBAJIU T'MIIO-
Te3y Inupo numb c¢ Teopemoit Meiicona—CToTepca u rumnore-
306t abc, A He MpUepUBAICA UCTOPUUYECKOT0 MoOpAaKa. B aTom
cMblIcie A oOMaHbIBal Bac, IOCKOJbKY A 0TOpocui Gonbline obiac-
TU MaTeMaTUKHU, KOTOPble UI'Pajy Ba:KHYIO POJb B UCTOPUUYECKOM
pa3sBUTUU BceX runores. U3 menoro A BbIAeMUT TO, UTO MOKET
ObITH NMPOCTO W TOHATHO 00BACHEHO B TeuyeHue uyaca. Ho mare-
MaTUKHU, KOTOPble NOIYYUIU 3TU TUNOTE3bl, HE NPUILIA K HUM
Tak NPAMO U IPOCTO, & TOJBKO [IOC/Ie TAMENON U NPOJOJIKUTENb-
HOI paGoThl ¢ ATUMH TTyGOKMME U OGMUPHBIME TeopuaMHU. (s
JanbHEeUIINX NMPUIOKEHHUI I'UnoTe3bl abc B TEOPUM IILIUNTHYEC-
KHUX KPHMBBIX U JalbHeHANX KoMMeHTapueB, cM. [La 90], B KoTo-
poit Take comepxutca Goiee obuupHaa 6ubauorpadus.)

B zarnioueHue A oTMeuy, uTo McxojgHad rumotesa Illnupo
B Ie/fiCTBUTEIBHOCTU OTHOCHIIACH He K HepaBeHCTBY (6), a k Golee
c1aboMy HepaBeHCTBY

|A] < (No(A))°*e. (7)

Bonee cunbuas runoresa (6), koTopas gaeT oueHkH Aiad |u| u |v|,
a He TOIbKO 1A |A[, 6bl1a chopMyaupoBaHna Iumb nosguee. [los-
TOMY MBI ccbliaeMcA Ha (6) Kak Ha 0606ueHHyto runoredy Ilnu-
po.

TakuM 06pasoM, KaKk BHANUTE, NOTPeGOBAIOCH MHOTO BpeMe-
HU [l pa3BUTHUA TUNOTe3bI abc, YTOGHI 0CO3HATH €€ LeHTPalbHOe
oJosieHye B TEOPUH UHCel U B Teopuu ypaBHeHuil. McTopus cie-
IoBala He M0 NPAMO IMHUY, 8 IPOXOANIA Yepe3 06X0AHbIE Iy TH
¥ aHaloruu, rie Teopema [laBeHNOPTa M TEOPEMBI O MOIMHOMAX
Take, KAk U runortesa Xolla, ceirpanu cBowo poab. Ho umeHHO
TaK pasBHBaeTcA MaTeMaTHKa!

IIpunoskenue

[Becroti 1998 2. A umea 603MOMCHOCM® NMO20860pUMb NO Me-
aegfony c yienurom evinycrnozo raacca Hoa Craildepom, romo-
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puiil unmepecosaaca mamemamurol. A pacckasan emy o 2unome-
3e abc u 0 mom garme, wmo ona Ovlaa 00KA3AHA OAR NOAUHOMOS.
A npedaoxcur emy nodymams 06 smol 3adave u npedioxcua no-
neLMamsyca nocmpoums JoKa3amenbcmeso 048 noAuHomos. Becvma
NnpuUMEeYamenbHo, Mo OH Haulea ceoe Co6CMEeHHoe 00KA3amens-
cmeo, kKomopoe npouje, wem mo, komopoe i ysnaa om Meiicona.
A ouenv Oaazodapen H. CHaitidepy 3a paspewieHue ony6auKoeamo
e20 dokazameavcmeo 6 amotl kHuze. Cetluvac on cmydenwm ['apsap-
da. C. Jlenr.]

HOPYTOE NOKA3ATEJLCTBO T'HIIOTE3bI abc IJA MOJIAHOMOB,
MOJYYEHHOE H.CHAHIEPOM.

Ham nonamo6utca cliefyrolias jeMMa O MOJUHOMAaX, Halpu-
Mep ¢ Ko3pUIMEeHTaMM U3 KOMILIEKCHbIX uucel. O6o3HayuM
HOIl nByx monuHomoB f, g Kak

HOL(f, g) = (f, g)-

MycTb no(f) — KOAUYECTBO Pa3NUUYHBIX KOPHEH moauHOMa f.

JIemma. I[Iycmov f nenyaesoli noaunom. Tozda

deg f = deg(f, f') + no(f)-

JIOKABATEJIBCTBO.
BO-l‘IepBbIX, caeilaeM 3aMedaHHe O HKOPHAX IIOJHMHOMa f
Iycth o — KopeHb f, T.e. KOMILIEKCHOE YHUCIO, TaKkoe, YTO

f(a) = 0. Mb1 nonaraem, 4to f — MONMHOM, He PaBHbIIl KOHCTaH-
Te, noatoMy f uMeer crenelb d > 0. Mbl MomeM 3anucath f(t)
KaKk NMOIMHOM OT (f — @), T.e. KaK CyMMYy YObIBaIOIIUX CTele-
Heit (t — «),

ft) =cat — ) + ...+ co(t — a)°,

¢ K03 PUIUEHTAMU Cg, ... , Cc U € > 0. [IocKoIbKY @ — KOpeHb,
TO MbI B JleficTBUTeNbHOCTHU moidyyaeM e > 1 u ¢, # 0. Torna

fI(t) = dea(t — ) + ...+ ece(t — )72,
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u ec, # 0. Takum 06pa3om, Mbl Tody4uau, 4to (t — a)®~1 —
Haubonbuias crenedb (¢ — ), pendauan f'(t). Tenepb 0603HaYNM
4yepe3 ai, ..., @y Pa3IUYHbIE KOPHU f U 3amulIEM

f@) =c(t—a1)®...(t — a,)°" c KoHcTaHTOH € # 0.

3aTeM TonbKO MHOMMTenu crenenu 1 Beipamenus (f, f)
HOJIKHBI UMeTb BUA (t — <) JJIA HEKOTOPOro j, T.e. JUIA HEKO-
TOPOI HEHYJEBOW KOHCTAHTHI ¢/,

(f, f) =t —an)k ... (t—ap)*.
Henonb3ya 0HO3HAYHOCThL PA3JO#EHUA HA MHOMKUTENH, MEepPBOe
3aMeuaHue IOKa3biBaeT, uTo k; = e; — 1 AaA Kamjoro j =
=1,...,r. Torga MbI ONTy4YuM
degf=e +...4e =
=(e1=1)+... 4 (e, — 1) +r =deg(f, f') + no(f),

UTO U JOKRa3bIBaeT JeMMYy. | |

Teopema. [lycms f, g, h — 63aumHo npocmele NOAUHOMYL,
makue, ymo f + g = h. Bes nomepu o6wHocmu, nycms h — no-
AUHOM Hauboavuell cmenenu cpedu f, g, h. Tozda

deg(h) < no(fgh) — 1.

HOKA3ATEIBLCTBO.
Ham pmaHo, uto f 4+ g = h. Hostomy f' + g = h'. Tarum
o6paszoM,

fle—fgd=f(f+g) - f(f+&)=fh-fn.

3amerum, uto (f, f') memut neByro yacTh, (g, g’) NeIUT JNeBYIO
vactb u (h, h') neaut npasyio yacTe. IllosaTomy, T.K. f, g, h B3a-
MMHO MPOCTHI,

(f, £)(g: &)(h, B')  memur f'g— fg'.

Torna

deg(f, f') + deg(g, g’) + deg(h, h') <
<deg(f'g— fg') < degf + degg— 1.
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le/lﬁaBIIHH degh K 00eMM 4YacTAM U nepecTaBiiff cjlaraeMbie, Mbl
nojyvyaemM, 4To

degh < deg f—deg(f, f')+deg g—deg(g, g')+deg h—deg(h, h')—1.
COF.TIEICHO JeMMe Hony‘{aeM
degh < no(f) +no(g) + no(h) — 1 =mno(fgh) — 1,

T.K. f, g, h B3aumHo npoctsie. Teopema fokasaHa. [
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I'mo6aibHOe MHTErpupoBaHUe JOKalbHO
WHTEerpupyeMbIX BEeKTOPHBIX MMoJeil

MaTepuan 3Toit Gecebl TPOUCXOAUT U3 NpejcTaBleHUA Ap-
THHA TeopeMbl KommM, HO B HefiCTBUTENLHOCTH IPHUHAMIEHUT,
B CBA3Y C 3JIleMEHTapHBIM BellleCTBEHHBIM aHAINU30M, K Kypcy Ma-
TeMaTHUeCcKOro aHalu3a HecKOJbKUX (BooOlLie roBopA ABYX) Ile-
pemenHbix. He mpeanonaraeTcs HMKaKUX 3HAHUI KOMIIEKCHOTO
aHanusa. HeroTopble anemMeHTapHble 3HaHMA O YAaCTHBIX NpPOU3-
BOJHBIX CUMTAIOTCA M3BECTHBIMHU, HO He Gollee, YeM IpPUBeJEHO
B [La 87] rnaBa VIII, § 4. Bosnee nonHoe o6cy#jeHre MO#HO Haii-
T B [La 97] rnaBa XV u XVIL

B ocHoBHOM McHONbL3YIOTCA NPAMOYToibHbIe MyTU. Eciu BbI
#eJaeTe alpUOPHO MPUHATHL MOHATHUE O ulcie 06XON0B AJ1A 3aMK-
HYTOro NpPAMOYT0JbLHOTO MyTH, TOTJa Bbl MO#eTe IpPoYecThb Teo-
peMy 5 U ee [JOKa3aTelbCTBO HE3aBHCHMO OT BCEro OCTAaIbHOIO.
PesynpTaT TexHM4Yeckn HaXoOWTCA Ha ypPOBHE TeOMeTPHHM ILIOC-
KOCTH, XOTH KOHIIENTyalbHO H3/I0eHNe MaTepuala HaXoAUTCA Ha
Gosee ycloxHEeHHOM ypoBHe. B felicTBUTeNbHOCTH 3TO pe3yabTaT
0 3aMKHYThIX KOHTYypax Ha IlockocTH. Horja Mo#eT 3aMKHY ThIii
KOHTYP OBbITb NpelcTaBleH Kak cCyMMa I'DaHUI IPAMOYTOIbHHU-
KoB?

I'mo6anbHOE MHTEr ppoBaHHe JIOKaJIbHO
WUHTEerpupyeMbiX BEKTOPHBIX MoJeii

fl cobuparock 06cyIMTb TeMy, aHAIOr KOTOPOU 0ObIYHO pac-
cMaTpUBaeTCA Ha KypcaX KOMILIEKCHOro aHalu3a, HO 3Ta TeMa
B OCHOBHOM CBfi3aHa C BellleCTBEHHbIM aHAlW30M Ha IIOCKOC-
™ R2. Mlyers U — cBA3HOE OTKpbITOE MHO#ecTBO B RZ. Pac-
CMOTpUM BeKTopHoe noie F' Ha U. dto o3HauaeT, uto F' — 3TO
oTobpareHue
F:U — R?,
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3aJjaHHOe B KOOPpAHWHATHBIX (byHI{I.II/IﬂX

F(z, y) = (p(z, v), q(z, y))-

Mpl nonaraem 3fech U B jAalbHeiilieM, 4To GYHKIUU p U ¢, 3a-
Jalolue KOMIOHEHThI BEKTOpa, UMEIOT HeNpepbIBHbIE YacCTHBIE
IpousBOJIHbIe, WM, KaK TOBOPUTCA, NpUHaAlemaT Kiaaccy Cl.
Ilycts ¥ — Kycouno raaakuii C'-myts B U. Korma MbI roso-
pUM nymbs, BCerja Nojpa3yMeBaeM IMapaMeTpPU30BaHHBIA NMyThb,
T.e. Cl-kpuBas B U ABnfeTcA oTobpameHneM

v:[a, b)) > U

C HenpepbIBHLIMYU NPOU3BOAHBIMHU. KycouHo raagkuit Cl-nyTh AB-
nAeTcA nocienoBaTenbHocThio Cl-KpuBbIX

%-:[ai,bi]—>U, 1=1,...,m

tarkux, 4to v;(b;) = Yiy1(a;) naa i = 1, ..., r — 1. Jlpyrumun
clloBaMHU, KOHEeUHas TOUYKa i-T0 OTOOpaMeHNA ABIAETCA Hadalb-
HOUt TOouKo# (7 + 1)-ro oToGpasenua. Takum 06pa3oM MyThb MPO-
XOOUT W3 HavalbHOW TOUKHU 71(a1) B KOHEUHYIO TOURY 7.(b;).
PasymMeeTcs, Mo#HO mapameTpu3oBaTh Becb MyTh 3aHOBO TaK,
4TOObI OH ONpEefelANCA Ha ONHOM HWHTepBaie v: [a, b] — U,
raeb;=a;41 (i=1,...,7—1).

Ha namem 3agaHHOM BEKTOPHOM mojie F' MbI MOkeM ompee-
auTh uHTerpan or F Buoab myTu

)
/ F= Z / F.
5 =1 i
Ea}l{}loe cjlaraemMoe omnpenejleHo 00OLIUYHBIM CIIOCOO0OM
b;
[P = [Feaomio
Yi a;

WuTerpan or F' mno v B oflieM ciydyae 3aBUCUT OT MYTH, a He
TONBKO OT KOHEUHBIX TOYEK.
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Cutyanusa ynpouaeTcd IJif Ba#HOro Kiacca BEKTOPHBIX T0-
neit. @yuruua ¢: U — R Ha3biBaeTcA nomeryua.iom Uil nomex-
yuaavHotil gynkyueti BekTopHoro noiad F', eciu F' — rpaaueHT o,
T.e. F' = grad . Ipyrumu cioBamy,

(p, q) = gradp = (%, %)-

BekTopHoe molle ¢ MOTEHIHAIOM HAa3bIBAETCH KOHCEPSAMUBHbLM
BEKTOpPHBIM ToieM. IlpocTad TeopeMa, cTaHIapTHadA B Kypcax
aHanusa TIIacuT, 4To ecau F' — KoHcepsamusHoe, o — nome-
yuaavnana gynkyus u P u ) — HavaavHAA U KOHEYHAA MOYKU
nymu 7y, mozada

/F=wm—wm.

IlosTomy B 3TOM cily4yae HHTerpal He 3aBHCUT OT NYTU MEHAY
KOHeYHbIMU Toukamu. O6paTHoe Tome BepHo. TouHasa dopmynu-
poBKa:

Teopema 1. [lycmvs F — sexmopHoe no.de Ha OMKEPLLINOM
cessnom muoncecmee U 6 R?. Tozda F umeem nomenuuaivuyio
Pynryuto na U moeda u moavko mozda, ko20a npu 08yr 3a0AHHHLT
moukar P u Q) 6 U u dasa awbozo nymu v uz P 6 Q, aexncauwezo
6 U, unmezpanr [ F e szasucum om 7.

¥

Teopema 1 — 3T0 QyHAaMeHTaIbHBINM Pe3YIbTAT, 0GLIYHO J0-

Ka3bIBaeMblii B CTaHAApTHBIX Kypcax aHanusa. Maen 3akiiovaet-
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¢l B TOM, YTO (QUKCHpyeTcA Touka Py u ompegenfercd
Q
0(Q) = / F
Py

BIOJb NPOU3BOILHOTO MyTH U3 Py B (). Eciv npeanoiosuTh, 4To
HUHTEerpal He 3aBUCUT OT MYTH, MOJIYYaeTCA, YTO HTOT MHTerpan
ABIAeTCA XOPOLIO ONpelelleHHONH (pyHRIUeN, AJA KOTOPOH Jerko
nokasaTb, uyto grad ¢ = F. MbI He GyJeM 31eCh BOCIPOU3BOJUTD
nokasaTenbctBo. CMoTpu K npumepy [La 83/97] rnasa XV, Teo-
pema 4.2 unu [La 87|, rnasa VIII, § 4.

Take Jerko A0Ka3aTh, YTO JBe MOTeHIUAIbHbIE OYHKIUH
Ha U oTanyaioTcA Ha KOHCTAHTY, T. €. Pa3HOCTh PaBHA KOHCTAHTe.
Cmotpu [La 87], rnaBa VII, Teopema 1.1. IlosTomy nmoTeHuuanb-
HafA QYHKIMA ABIAETCA OJHO3HAYHO OMpPEIETIeHHONW C TOYHOCTHIO
10 KOHCTAHTBhI. 3aMeTHM, 4TO 3Ta KOHCTAHTA WHTErPUPOBAHUA
rcuesaeT, KOrja Mbl, BeIuuciAf pasHocTsb ¢(Q) — ¢(P), moayuum
3HaueHue UHTerpana ot F, korga F uMeeT MOTeHIMATbHYIO QYHK-
U0 (.

MosxHo mo-gpyromy mnepedopmynupoBaTb Teopemy 1. IlyTs
Ha3bIBAETCA 3AMKHYMbLM, €CIA KOHEUHaA TOUKA COBMAajaeT ¢ Ha-
YajJbHOIl TOUYKOM.

Teopema 1'. Ilycmv U — omkpboimoe céasnoe MHO#ECMNE0
6 R? u nyemv F — sexmopnoe noae na U. Tozda F o6aadaem
nomenyuaabHol gynryuell mozda u moavko mozda, Koz20a dasn ecex
samrnymoix nymeii v na U mot umeen [ F = 0.

v

Urobbl [0Ka3aTb SKBUBANEHTHOCTb TeopeMbl 1 U Teope-
Mol 1"/, 3aMeTUM, YTO Npy ABUAEHUM 1o yTU U3 P B ), a 3aTem
no nytu u3 () B P, nonyyaem 3aMKHYThIii My Th. [JJoKa3zaTenbcTBO
MpoCcTOe U 0GLIYHO MPUBOAUTCA B Kypcax aHaiu3a.

Teneph MNpeANoNO# KM, YTO BEKTOPHOE TMoje MpUHAIe-
#uT kaaccy C?, IpyruMM cloBaMH, €ro KOOpAUHATHble (QYHK-
uuu p(z, y) u q(x, y) UMEIOT HeNpephIBHbIE YAaCTHbIE MPOU3BOJ-
Hble BTOporo nopanka. [lpexgnonosxkum, yro F' uMeeT NoTeHIUaNb-
HYI0 QYHKIUIO (0, IO3TOMY IO ONpPeeIeHUI0

0 0
p(x,y)=3—i u q(w,y)=a—§‘
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SHBMEHTaprIM q)aHTOM aHalu3a fABJAeTCA TO, YTO

Jdp _@

IMNOCKOJIbRY YaCTHbI€ IPOM3BOJHbIE KOMMYTHUDYIOT, T. €.

o _ Py _ v _0q
Oy Oydxr 0Oxdy 0Ox

[osToMy ycnoBue (2) ABIAETCA HEOOXOAUMBIM YCIOBHEM [JIA TO-
ro, 4To6bl F' UMeNo MoTeHIUalbHy10 GYHKIHNIO. ITO YCIOBHE Ha-
3bIBAETCA Ycaosuem uHmezpupyemocmu. B Kypcax sneMeHTapHO-
ro aHanusa OObIYHO [0KA3bIBAETCHA, YTO JOKAIbHO YCIOBUA WH-
TErpupyeMoCTHU AOCTATOYHO [UIA CYI[eCTBOBAHUA MOTEHIIHANbHOM
¢yHruuu. Boree TouHo:

Teopema 2. Ilycms F — sexmopnoe noae xaacca C? na U,
ydosaemeopawuee ycaosuwo urnmezpupyemocmu (2). llyems R —
npamoyeoavHuk, codepycawuiica e U (coomsemcmsenno D —
Kpye, codepacawuiica 6 U), moeda F umeem nomenyuasvuyo
dynryuio ¢ Ha R (coomsemcmesenno Ha D).

HOKA3ATEIBCTBO.

3adukcupyem TOURy (Zo, Yo) B R, ckamkeM, LeHTpP HPAMO-
YTrOIbHUKA, WM B ciydae Kpyra mycThb (o, Yo) GyAeT LeHTpoM
kpyra. Jua touru (z, y) B R (coorBeTcTBeHHO B D) onpenenum

x y
oz, y) = / p(t, ) dt + / a(o, u) du.
Zo Yo

BTOpOﬁ HHTerpaJj He 3aBUCHUT OT I. Ilo ocHoBHOI1 TeopeMe aHajin3a
nojiydyaeM TOxOEeCTBO

dp _
% —p(«'B, y)7

KOTOpoOe ABJNAETCA IepBbIM U3 OIBYX yCJIOBI/Iﬁ 1A OTeHUalbHOM!

0
¢yHruMYU. YTOOBI HATH YACTHYIO IPOU3BOIHY IO —(’0, MBI JIOJHHBI

dy

npoauddepeHINpPOBaTh MO 3HAKOM HHTerpaina, YTO Bbl JOJHHEI
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3HaTb U3 Kypca JJieMeHTapHOoro MareMaTUu4eCKoro aHajiuaa. 3a-
TeM MBI oIy YUM

9 - [9 _

Zo

_ [0 _
—/mq(t, y) dt + q(zo, y) =

Zo

=q(z, y) — q(zo, y) + q(wo, y) = q(z, y).

Yto u OOKa3bIBaeT TeopeMy. | |

BekTopHoe moie, KOTOpoe yOOBIETBOPAET YCIOBUIO UHTET-
pupyemoctu (2), GyfemM Ha3bIBaTb L0KAALbHO UHMeEZPUPYEMbLM B
cBeTe TeopeMbl 2. MoHO ocnabUTh 3TO onpejeleHue, NOTpebo-
BaB /IUlllb, YTOObl y JaHHOHI TOUKU CyllecTBOBajla OKPECTHOCTb,
B KOTOpPOii BEeKTOpPHOE I0Jle UMeeT NOTeHIHaNbHYI0 QYHKINIO, HO
IJIA IPOCTOTHI MBI COXPAHUM JaHHOE paHee olpeleleHue.

[lenbio Hamero Tekyuero o6cy#IeHNA ABIAeTCA UccileqoBa-
HUeE YCIOBH, IPU KOTOPLIX F' MMeeT MOTeHIHANbHYIO (QYHKIHUIO
Ha BceM U. [Ipyrumu cioBaMu, HaM Hy:#Ha riobanbHasA UHTErpU-
pyemocTh. B o6iem ciyyae ycloBUA UHTEr PUPYEMOCTH He JOCTa-
ToyHo. CyliecTByeT cTaHAapTHBII NpUMep, 8 UMEHHO BEKTOpPHOE
nose, 3alaHHOE BbIpameHNeM

-y -y
G('T;? y) = (1‘2 +y27 $2iy2) = (r—zy r%), rage 7"2 =£L‘2 +y2.

Pasymeercsa, BeKTOpHOe MoJie He OIpefeleHo B TOYKe Haydana
roopaunat (0, 0) = O. OHO ompeneneHO Ha IUIOCKOCTU C BbI-
kosoToit Toukoit R? — {O}. TIpocThie BHIUKCIEHUA TOKA3BIBAIOT,
yto G(x, y) yIOBIETBOPAET YCIOBUIO HHTErpupyemMocTu (2) u mo-
3TOMY JOKajlbHO MHTerpupyemo. OnHako, G He ¥MMeeT MOTEHIU-
anbHOM GYHKUUY Ha Beeit oGnacTu onpepenenna. UTo6bl MoKasaTh
3TO, MbI PACCMOTPHUM 3aMKHYTYIO KPUBYIO Y TaKylO, UTO

[G#&
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B neiicTBUTENbHOCTH, KAk MbI cefiuac MOKa#eM, MO*HO BbIOpaTh
B KauyecTBe 7 M06YI0 OKPY#HOCTb C [EHTPOM B Haydale KOOpIu-
HAaT.

IIpexsae Bcero BeruucauM p dx + q dy B NOAAPHBIX KOOPAMHA-

tax. IIpu 3TOM OKasbIBaeTcH, 4TO MJIA P = _—23’, ==
T T
pdz + qdy = db.

JleficTBUTENbHO, MONO#KUM = = 7 cosf U y = rsinf B moaApHBIX
KoopauHarax. Torga

de = 9% dr + 9 49 — cos B dr — rsin 6 d),

or 00
dy = %dr+ %d@ = sinf dr — r cos 6 df.

IIpocThie ynpoleHa IOKa3bIBaloT, YTO
-y T
(S2) do+ (%) dy = as.
T T

N3 »Tux BbIUMCIEHWII cileqyeT, YTO IOJHAPHBIA yroa 6 AB-
JfAeTCA JOoKalbHOU MoTeHNHanbHoi dyHkueit naa G. Eciu R —
npaMoyronsauk B R? — {0} unu D — wpyr B R*— {0}, Torna § —
notennuan aid G B R, coorBeTcTBeHHO B D.

IIycth ¥ — myTh, He cofepramuii TOYKY Havala KOOPAH-

Hat O. Torna
/G=/d0.
¥ ¥

Ecau v — 3aMKHYTBIit IyTh B IPOKOJOTO! MIOCKOCTH R? — {0},
TOorja BAOJAb MyTU § U3MeHAETCA OT HayajlbHOM TOYKH [J0 KOHEU-
HOIl TOYKM Ha WHTerpain, kpaTHeiit 2. Takum obpasom,

/ G = 2rk, 3)

rae k — nemnoe yucio. B yacTHOCTH, 1JIA OKPYHHOCTH C IEHTPOM
B Hayale KOOpPAMHAT, OPUEHTHPOBAHHOI MPOTUB YacoBOil cTpel-
KU, CKameM, [Jf eUHUYHON OKpY#HOCTU & = cosf, y = sind,
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MbI IOy YUM
27
G= / 9 = 21 # 0.
0

Kak BbI Mo#eTe NPOBEPUTH, TO K€ caMO€ BBINONHEHO 1A 11060
OKPYHOCTHU C [EHTPOM B Hayaie KoopjauHat. U3 saToro, B yacT-
HOCTH, ciefyeT, uyTo G He HMeeT MOTeHIUana Ha Bceit R> — {0}.

OtHomenue (3) ABafeTcA GyHIAMEHTATIbLHBIM U CIYHHUT OC-
HOBO# [JIA ciefylomero onpefaeienud. I[lycTe v — 3aMKHYTHI
MyTh Ha MIOCKOCTH, He cojepxamuii Hayana koopaunat O. Mbi
onpeJenuM 4uc.io 06x0dos My TH

W(V,O):%/G.
Y

JTo uKceiI0 06X00B OTHOCUTENLHO Hayana KoopauHaT. Iia npous-
BOJILHOI TOUKHM P MbI MOAEM OIpeJeluTh YUCI0 06X0I0B, BLINOJ-
HUB napamienbHblil nepeHoc. Ilycts P = (zo, yo). llyers Gp —
BEKTOpPHOE I10JIe, ONpeleleHHoe Kak

Gp(r,y) =G(x — 20, ¥y — Yo)-

[MycTh v — 3aMKHYTHI My Th, He cofepauuit P. Mbl onpeneium
yuceao o6xonoB W (y, P) dopmymnoit

W P) = o [ G
Y

[ozaHee MbI yBUAUM, UTO G U ero nepeHocs! G p COCTABIAIOT
eIMHCTBEHHbIe MPENATCTBUA A TOTO, YTOGBI JOKAILHO HHTEr-
pUpyeMoe BEKTOpHOe Mojie UMeNo riao6albHy0 MOTEHIUATLHYIO
¢yHKUMIO. ITOT (yHAaMeHTalbHbIN pe3ynbTaT OCHOBAaH Ha clle-
Oylolleil TeopeMe, KOTOpas, Kak OyJeT NMOKas3aHO, NPeJCTaBIAeT
€o60ii YMCTO TOMOJOTUYECKUIN pe3ylbTaT, HO CHavyala MbI BbIpa-
31M ee aHANTUTUYECKU.

Teopema 3. Ilycmv U — omrpuimoe c6a3H0e MHON*CECTIBO
6 R%. Ilyems v — samrnymoiti nyms 6 U. lpednoaoxcum, wmo daa
scex movek P ¢ U wucao o6xodoe W (v, P) pasno 0. llycmo F' —

A0KAAbHO UHMezpupyemoe eermophoe nose va U. Tozda [ F = 0.
¥
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B neficTBUTENBHOCTH, BMECTO TOr0, YTOGBI paboTaThb ¢ MyTH-
MH B CTPOT'OM CMbICJIe, KaK MBI UX ONpeaenuin, yaooHee paGoTaThb
¢ opManbHBIMU TUHEHHBIMU KOMOMHAUAMU

n
v = Z miYi,
i=1

rie Kamablil y; — 3aMKHYTBHId NYyTb U m; — lel0e YUCIO0 A
Kamporo ¢. MuTerpan ot F' no 7y onpejendeTca NPOCTO Kak cyMMa

HHTerpaJjoB:
n
/ F= Z m; / F.
v =1,

Taraa ¢popManbHaAa nuHeliHaA KoMOGuHanuA GyneT Ha3bIBAThCA
s3amrHymotl yensvto. Torja u TeopeMa, 1 IeMMa BBIIOIHAIOTCA A
3aMKHYTBIX IIenei.

ITpuMmEP. IlycTh 71 — OKpYyMHOCTb paguyca 1 ¢ HeHTpoOM
B Haualle KOODJUHAT U Y — OKpY#HocTh paauyca 2. Ilycts

Y=71 — Y2

Raskad u3 okpymHOCTell OpUEHTHUPOBaHA IPOTUB YacoBOil cTpel-
k. BosbMeM F' = G — BeKTOpHOe M0Je, ONpe/leNeHHOE TIepe Te-
opemoii 3, u myetb U = R? — {O} — nnockocTh ¢ BBIKOIOTOI TOY-
Koil. EnuHcTBeHHaA Touka, He nmpuHaaiekamasa U, — 3To Hayaio
KOOpAUHAT, 1 Torja uyucio o6xonoB W(y, O) Gyner paBHATLCA

27rW(’y,O)=/G— G=2r—-2r=0.
Y2
7

Tenepb MBI IIpUBeJeM OOKa3aTellIbCTBO Te€OPEeMbI 3. 3aTem
MBI IIOKaseM ee MMPUIIoHEeHUA.

I[OP{a3aTeJ'leTBO OCHOBHOM TeopeMbl

I[OI{aSaTe.TIbCTBO 6yueT IPOXOOAUTH B HECKOJBbKO 3TAaIlOB. Ha
NepBOM Illare csejieM TeopeMy K TOMY, UTO MbI Ha3dbIBaeM MPAMO-
YroabHBIMU IY TAMU. Bonee TouHo MbI 6y,£[eM Ha3bpIBaThb NYThb npa-
MOY204bHbIM, KOT'JA OH COCTOUT U3 KOHEYHOI'0 KoJUu4YecTBa OTpe3-
KOB NPAMBIX, KOTOPhIe MapaljieJJbHbl KOOPAWHATHBIM OCAM, T.€.
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OTPE3KU MPAMBIX, KOTOPbIe TOPU3OHTAILHBI WM BePTUKAILHBI.
Torma MbI NONYYUM JEMMY PeLYKIIUH:

JIemma 4. FEcau meopema 3 svinoansemcs 0as npamoyzonb-
HbLX 3aMEHYMbLT yenell, moada oHa 6ydem 8bINOAHAMbCA OAR NPO-
U3604bHBLT 3aMKHYMbLT Yenel (6cezda nodpasymesaem KYcoLHO He-
npepvieno duddepenyupyemoie).

UTo6bI I0Ka3aTh 1eMMY, HaM HY3KHO CHayaja NoKa3aTh, Kak
NpOU3BOJIBLHEIN NyTb v B U MOMeT GbITh 3aMeHeH MPAMOYTO0Ib-
HbIM nyTeM 7) B U, UMeIOINM Ty e caMylo HadalbHYI0 TOUYKY
U Ty e caMylo KOHeUHYIO TOUKY U TaKuUM, 4TO A 1i060ro Jo-
KallbHO UHTerpupyeMoro BekTopHoro noisa F' B U Mbl nonydaem

n/F:ZF.

Mpeanonosum, 4to 7: [a, b] — U omnpepeneH Hal 3aMKHYTHIM
MHTEepBaIoM [a, b]. BBuAy paBHOMEPHOIT HENPEPHIBHOCTH Y MOKHO
UCTONb30BaTh pa3bueHUe UHTepBaia

a=a;1<a<...<ay=b,
npudyeM a;y1 — @; AOCTATOYHO Maio, Tak 4YTO 06pas [a;, Gii1]

B 7 comepxutca B kpyre D; C U. lyctb v;: [ai, aiv1] = U
u nyctb P; = v(a;).
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Tenepb 3agaguM NPAMOYTONbHBIN My Th, 3aMEHAA KamI0€ ;
IBYMA OTpe3KaMM MPAMbBIX, MapajielbHbIX OCAM, KaK MOKasa-
HO Ha pucyHke. Takum oGpasom, 7; Takxe comepxutca B D;,
M 71, ...,7y_; COCTaBIAIOT NOPAMOYTONBHBIA IyTb 1 U3 P;
1o Py. Bonee Toro, AnA Kam/Joro ¢ myTb 7); TAK#e COJePHUTCA
B D;. llockoabkry P;, P;11 — HavanbHafd U KOHeYHafA TOUKa Kak
MyTHU 7;, TAK U 7); U MOCKOAbKY F' — JOKalnbHO UHTerpupyema,
TO, ClleOBaTelbHO,

/F:/F ma i=1,..., N—1.
¥i i

/F:/E

v 7

B YacTHOCTHU, 3TO IPUMEHUMO K BEKTOPHOMY IOJIO Gu No3TOMYy
[o-]e
Y n

Ilo olpeaeleHnuo, 3TO o3HayaeT, 4TO YUCIIO0 06x010B

W(n, P)=W(y, P) =0

IlosTomy

A no6oii npousBoabHoit Touku P He B U. IloaTomy eciu Teo-
peMa 3 BepHa AJfl IPAMOYTOJbLHOTO MYTH 7), TO OHA TaK:#e BepHa
IJA 7y, ¥ JeMMa 4 JoKa3aHa.

Octanock noKasaTb TeopeMy 3 IJA NPAMOYTOJbHBIX MyTei
UM 1elnei.

IIpeanonoskuM cHavana, yTo R — 3aMKHYTbI PAMOYTOIb-
HUK, comepaiuiica B U. [Ilycts R — ero rpanuiia, OpueHTUpo-
BaHHaf NPOTUB YacOBO#l CTPENKH, KaKk OKa3aHO Ha PUCYHKE.

T. k. BekTOopHOe Tosie F' JOKalbHO UHTErPUPYyEMO, TO U3 Te-

OpeMBEI 2 cleyeT, YTO
/F:&

R
Ecnu IyTb WUJIW Lellb 3aJaHbl KaAK CyMMa rpaHul NpAMOYToOJIbHU-
KOB, CRa:xeM

n= Zmi OR;,
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U KamJbIil IPAMOYTONbHUK cofepxutca B U, Toraa

/F:Zmi/F:O.
n i aR;

U3 ¢yHmamMeHTanbHOro pe3ynbTaTa, cojep:;kallerocs B cleAylo-
et TeopeMe, MBI IOJIYUYUM TO, UTO HAM HY#HO IJIfl 3aMKHY ThIX
npAMoyToibHbIX Hemneil. [lo memme 4, TeM caMbIM MbI Tak:ke J0-
KameM TeopeMy 3.

IIpaMoyroabHble 3aMKHYThie yTu. Teopema
0 KOHTYpaX Ha MJIO0CKOCTHU

Myctb U — OTKPBITOE CBA3HOE MHOECTBO B R? 1 mycTh n—
npAMoyroibHbiit yTh B U. Torga n cocTOMT U3 MOCIe[0BaTelb-
HBIX TOPU3OHTAILHBIX U BEPTUKAILHBIX OTpe3KoB. IlycTb o —
TaKoil OTpe3oK, ckameM o: [a, )] — U. Ilog6epem a < ¢ < b.
Torzna o Renutes Ha aBa oTpeska o': [a, ¢] > U na”: [¢, b] = U:

Ecau mbI 3aMeHuM o Ha ¢’ + ¢} ¥ MOBTOpUM 3Ty mpouenypy
KOHEYHOe YHCIO pa3, UCHOoNb3yA pasiuyHble OTPE3KH, COCTABIA-
IOl[{e 7), MbI TOMYYUM TO, YTO MbI GyJeM Ha3bIBaTh pasbueHueM
nyTd 7 4 o6o3HauyuM Subd 7. Mbl Tenepb MoxkeM cdopmynupo-
BaTh QyHIaMeHTalbHYIO TEOPEMY, B KOTOPOI MOABIAETCA TONbKO
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YHUCJIO 06XO,I[0B, HO 3a UCRJ/IIIOYEHHEM I3TOI'0O HU4Yero o BEKTOPHBIX
IMOJIAX.

Teopema 5. I[lycmv 1 — 3amMEHYyMAs NPpamoy2oabHaAa Uend
8 U. Ilpednoaoxcum, wmo W(n, P) = 0 daa awoboil mowku P, ne
aexcawet; 8 U. Tozda cywecmeyem KoHeuHOE KOAULECTIBO NPAMO-
yeoavnuros R; (i =1, ..., N), codepuawuzca 6 U u yeavie wuc-
A4a M; Makue, ¥mo 04 HeKomopozo pa3bueHus nymu 1 Mol umeem

Subdn = E m; OR;.

T OKA3ATEIBLCTBO.

3ajana npAMOYTroibHafA 1enb 7). Mbl pucyeM Bce BepTUKAlb-
Hble U TOPU30HTANbLHBIE TUHUHU, TPOXOAIINE Yepe3 CTOPOHBI HTOM
Ienu, Kak IOKa3aHO Ha clefqylomeM pucyHke. Torga sTu Bep-
THKalbHble ¥ FOPU3OHTAlbHbIE JIUHUU Pa3AelAT MIOCKOCThL Ha
NPAMOYTONLHUKHN U MPAMOYTONbHbIE 001aCTH, MPOJONKAIONINECH
B 6€CKOHEYHOCTb B BEpPTHHKAIbHOM U TOPU30HTAILHOM HalpaBie-
HuAax. llyets R; — oOWH U3 MpPAMOYTONBLHHKOB U mycTb P; —
Touka BHYTpH R;. llycTh

m; = W(na Pz)
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HOna HEKOTOPLIX NPAMOYTOJILHUKOB M; = 0, a [OJA HEKOTOPLBIX MpA-

MoyTrolbHUKOB m; # 0. Ry, ..., Ry — Te IpAMOYTOIbHURH, IJIA
KOTODPBIX M1, ..., My He paBHbI 0, 1 nycTb OR; — rpanuna R;
oA ¢ = 1,..., N, opueHTUpOBaHHAA NMPOTUB YacOBOIl CTPENKU.

Ham Hy#HO [oKa3aTh [Ba yTBep#ACHUA:

1°. Beakwuit npAaMoyroapHUK R; Takoil, uto m; # 0 conep-
#wutea B U.

2°. HeroTopoe pasbueHue 1) paBHO

N
i=1

Tem cambIiM ﬁy,ﬂeT JOKa3aHa HyMHafd HaM TeopeMa.

YrBepsaenvue 1. Ilo npeanonosxenuto P; Mon#HO GbITH
B U, nocronsky W(n, p) = 0 naa BcAroil Touku P, He nemarneit
B U. 3ameTum, 4To GyHRIUA KoJIMUYecTBa 00X0/10B

P — W(n, P)

ABIAETCA HENpepbIBHOW M IMO3TOMY ABIAETCA IOCTOAHHON Ha
CBA3HBIX MHOMECTBAX, MOCKOJbKY OHA MPUHMMAET llelble 3Haue-
uuAa. [MosToMy miasA Becex P Bo BHyTpeHHOCTH R; 6yneM MMeThb
W(n, P) = W(n, P;) # 0. llostomy BHyTpenHocTb R; comep-
#utcd B U. Eciu rpannunas Touxka R; neuT Ha 1), TOrjga oHa
Haxoautea B U. Ecnu rpannunas Touka R; He nemuT Ha 1), TOT-
Ia KOJIMYECTBO 06X0/I0B OTHOCUTENLHO 7) ONMpPEe]eH0 U CHOBA He
paBHO ( 1O HempepbIBHOCTH, NPUONUKAACh K TPAaHUYHON TOUYKe
13 BHYTPEHHOCTH. JTO [0Ka3bIBAeT, UTO BeCh NMPAMOYTONbHUK,
BRIIIOYasA TpaHully, cogepmurcd B U, U TeM caMbIM [JOKa3aHo Ha-
lle IepBoe yTBep:H#iAeHue.

YrBepsiaenue 2. [lnA JokasaTenbCcTBa 3TOT0 yTBepHje-
HUA MBI IPeM /e BCEr0 OTMETUM, UTO eclid P, — TOYKa BHe IpH-
MoyronbHUKa R;, To

W (OR;, Py) = 0.
Onuako misa (Q BuyTpu R; Gynmet Boinonseno W (IOR;, Q) = 1.

Tenepb MBI mepeiijieM K JI0Ka3aTelIbCTBY 3TOT0 yTBEpHIe-
HuA. Bce BepTURanbHble U TOPU30HTAlNbHbIE TUHUU, IPOXOAIILeE
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yepes HaIY Ielb 7), MOT'YT pacceuyb HEKOTOPbIe U3 FOPU30HTANb-
HbIX M BePTHKAIbHBIX MyTeill, BOBHUKAIONIUX B 1), HA HECKOIbKO
yacTeil. Takum obpasom dopmupyerca pasbuenue 7. [laa ueneii
UHTErpupoBaHud 3TO pa3bueHre paBHO3Ha4HO camoMmy 7). Tenepb
MBI PacCMOTPUM LieNb

C:n—Zm,ﬁRi.

YTBep#/eHre 2 paBHOCHILHO ToMYy, 4TO Hellb C He CONEp#UT
HUKAKOT0 OTpe3Ka, APYTMMHU clIOBaMU, TOMY, 4To lenb C ABIA-
eTcA HyneBoil nenbio. IlpennonosuM, 4To KaKoil-TO OTpPE3OK o
HaxonutcA B C' U 0 — cTopoHa npAMoyroabHuka Ry. Toraa mbl
CMO3KeM 3anucaThb

C=n- Z m; OR; = mo + ciaraeMsle 6e3 o,

(2

rae m — Kakoe-TO IleJloe YHucJI0o, KOTopoe He paBHO 0, eciu o
cofepxutca B C. B neficTBUTENbHOCTH MbI JOJ#HBI JI0Ka3aTh,
yto m = (, M0O3TOMY HU OJHOT'0 OTpPe3Ka He MoeT ocTaTheA B C.
Mg paccMOTpUM LieNb

C’=n—2miaRi—maRk =C —mOoRy,

U BBIUKCIUM KOIUYECTBO 06X0/I0B OTHOCUTENbHO Py, KoTopas ne-
#UT BHYTpU Rj. MbI momyuum

W(’?—ZmiaRi —mORy, Py) =
=W(n, Pi) = Y miW(OR;, Py) — mW (ORy, P;) =

=M — M —MmMm=—m.

Opuako nenb C' Gojbllle HE CONEPMUT O, NOCKOIbKY o ABIAET-
cA cTopoHoit Ry u mbl Beiunu mo u3 C, Beruutad m ORy, us C.
B namiem pa3bueHur MIOCKOCTU Ha MPAMOYTONLHUKHN o TpPUHAJ-
JeMUT T'PaHULE JBYX NPAMOYTOJIbHUKOB. Eciu Rj HaxomuTcsA 1o
OJIHY CTOPOHY 0, TOr'Jla KaKoii-To NpAMOYToNbHUK R; HaxoguTcA
10 JIPYTYIO CTOPOHY, Kak MOKA3aHO Ha PHUCYHKE.

3 C.Jleur
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R, P R,

.P,

Touxu Py u Pj MOHO COeJUHUThL OTPE3KOM NpAMOM, KOTO-
Pblil He UMeeT HU eAUHOI TOYKHU, O0lIell ¢ lenbio C'. IlosTomy

—m=W(n—Y m;OR; —mOoR, P;) =
=W(n Zmlc‘)R—m(‘)Rk, p) =
Emz (0R;, P;) — mW (8Ry, P;) =

JTO NOKa3bIBaeT yTBepsKJeHUE 2 U 3aBepliaeT N0Ka3aTelbCTBO
TEOpeMBI 5. [ |

3AMEYAHUE. IIpuBeneHHOe BbIllle JOKA3aTeAbCTBO HE COJIEDP-
KUT HUKAKUX CBeJIeHUI U3 aHalu3a, 3a UCKIIOUYEeHHeM ol pejene-
HUA KoJMYecTBa 06X0[0B, KOTOpOe ObLI0 yA0GHO 3aaTh C MOMO-
[bIO UHTErpaia. 3a UCKII0YeHUEM 3TOr0 apIyMEHThI HOCAT YHCTO
KOMOMHATOPHBIN XapaKkTep, U Teopema fAIBIAETCA Pe3yJIbTaTOM O
KOHTYpax Ha IIOCKOCTH.

IBa npunoxeHua

Mp1 Mo#eM NpUMeHUTHL Teopemy 3 AByMA cnocobamu. Ilep-
BbIil MOKAMeT, KAK WHTerpal BAOIb 3aMKHYTOr0 MyTH WIU Lenu
MO#eT ObITh BBIUKCIEH KAK CyMMa MHTErpajoB 10 MaleHbKUM
OKpY#HOCTAM. [Ipyroii npuBefieT K yCJIOBUIO, NIOKa3bIBAIOLIEMY,
YTO eJUHCTBEHHOE NPENATCTBUE JIA TOro, YTOGBI JIOKAlIbHO WH-
TerpupyeMoe BEKTOPHOe MoJie UMeNo NOTeHIUaIbHY0 GYyHKIHUIO,
BO3HHUKaeT M3-3a Hallero BeKTOpHoro noiA G u neperocoB G p Ha
omnpejeneHHbie TOUKu P.

Teopema 6. Iycmvs U — omkpwumoe muoxcecmso 6 R> u
nycmoy y — 3amrnymasn yens ¢ U, maras, wmo W (y, P) =0 daa
scex P ¢ U. Illycmo Py, ..., P, — KOHEYHOE HUCAO PA3AUYHBLL
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moyer U, ne npunadaexcawuz . Mycmo y; (i =1, ..., n) epanu-
ua samrnymoeo kpyea D;, codepucawezocs 6 U, codepucausezo P;
U 0pUEHMUPOBAHHO20 NPOMUE 1acoeol cmpeaku. Mol npednoaaza-
em, umo D; ne nepecexaem <y u ne nepecexaem D;, ecau i # j.
ITycmo

m; =W (v, B;).
Hycmy U* — mmuoncecmeo, noayienuoe yoasenuem Py, ..., P,
us U. llyemv F — aokaavbHo uMmezpupyemoe 6eKmMOpHOe NoAe
na U*. Tozda
n

/ F=Y m / F.

¥ =1 5
I OKA3BATEJIBLCTBO.

IIyctn

C=v-) mv
Msr yTBepsaaeM, 4TO AnA Bcex Todek P Bue U* BhimomHe-
Ho W(C, P) =0. Eciu P ¢ U, torpa

W(C, P)=W(y, P) =Y miW(y;, P)=0-0=0.
3ateM A ofHOU u3 Touek P, Bmecto P OyneT BBINOJIHEHO

1 ecmni==%F,

W (v, Pr) =
(> Fi) {() ecnu i # k.

CremoBaTeibHO,
W(Ca Pk) 77 Pk Zmz 717 Pk W(7a Pk)_mk =0.

Torma Mbl NpuMeHAeM TeOpeMY 3 K OTKpPBITOMY MHozecTBY U™
u tenu C. Mb1 nonyuum

0=/F=/F—Zmi/F,
c ¥ =1,

4YTO U JOKa3bIBaeT TeopeMy 6. | |
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[TpuMEP 1. Ha crepgyromeM pucyHEe BHIOJTHEHO

/F:—/F—2/F—/F—2/F.
vy 7 Y2 3 Y4

2

IIycts P — Touka Ha R”, u nmycts Dp — KpYT ¢ LEHTPOM
B P. Ilyets D} — KpyT ¢ ABIPKOii, MoMydYeHHbIN ynaneHueM P.
IlycTb vp — OKpy#iHOCTB ¢ LeHTpoM B P, nemamas B kpyre Dp
U OpUEHTHUPOBaHHAA NMPOTUB YacoBoil crpenku. llycts F' — no-
KalbHO MHTerpupyeMoe BeKTopHoe noje Ha DY}. Buivemom F' B
Touke P MbI GyseM Ha3bIBaTh

resp(F) = %/F
Tp

Bcnomunasa Teopemy 6, Mbl BUAUM, YTO 3TOT BbIUET He 3aBUCUT
OT BbIGOPA OKPY#HOCTH Yp. IIpuMeHeHne TeopeMnl 6 NPUBOAUT

K (opMmyie
/F = Z 2mm; - resp, (F').
5 i

I pyrumu cioBamu uHTerpai F' BIOIb 7y paBeH 2m YMHOMUTH
Ha CyMMY BbIYETOB, COCUUTAHHBIX C KPATHOCTAMU M.

dTa TEPMUHOJOTUA UCHONb3YETCA B TeOpuu GYHKIUNA KOMII-
JEKCHOTO MEePEMEHHOro, rie Bbl 0OHApYyKUTE TEOPEMY, COOTBET-
CTBYIOIIYIO TeopeMe 6, copMyIUPOBaHHYIO Il ONpe/eleHHbIX
KoMIUIeKcHbIX GyHKIUi. Ho Koraa Bel GyneTe usyvyaTh Kypce Te-
opun GYHKIUNA KOMIIEKCHOTO TepeMeHHOro, BaM clieJyeT Mpo-
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BepUTH 1A cebs, 4To Teopema 6, KOTOpYIO Mbl JOKa3alu, COAep-
UT COOTBETCTBYIOUIYIO TEOPEMY O KOMIUIEKCHBIX QYHKIUAX Kak
YyacTHBIH cilyyail. ITa TeopeMa Ha3bIBaeTcA meopemoll 0 8bliemar
unu meopemoti Kowu o sviiemadr.

Me1 mepefizeM KO BTOPOMY HPHIOMEHUIO, IPUBEMAA NMPENAT-
CTBHUE K CyIIecTBOBaHHUIO NOTEeHUANbHON QYHKIUU.

Teopema 7. Ilycmv U — ceas3noe omkpuimoe MHON*CECTIBO0
6 R?, maroe, umo das kaxdozo samrnymozo nymuy 6 U u 6 Kadc-
doit mouru P ¢ U evinoaneno

Wiy, P)=0.
IIyemv P, ..., P, — pasiuunsie mouku U, u nycmo
U*=U—-{Py, ..., P} — muoxecmeso, noayiennoe yoareHuem
P,..., P, us U. Ilyemv F — .0KaabHO uHmezpupyemoe eek-

mopuoe noae Ha U*. Kax o6biuno, nycmo

_ —Yy T
G, ) = (57 )

IIyemv Gp — nepenoc G 6 mouxy P. Tozda cywecmeywom koH-
cmanmel ay, ... , ap U PyHryua @ Ha U* maras, wmo

n
F— Z a;Gp, = grad ¢.

i=1

I OKA3BATEJIBLCTBO.

HyCTb Yi; — MajleHbRKHE€ ORKRPYMHOCTU C LEeHTpaMu B TOY-
rax P;, opueHTHpOBaHHble MPOTUB YacoBOil cTpenku. Mbl mpej-
nojaraeM, 4YTO OKPY#HOCTHU HOCTATOYHO Malbl, YTOOLI Npu k # i
3aMKHYTble Kpyru, orpaHuyeHHble 7y; U 7Y, OTHAENEeHbl APyl OT
apyra. Toma BBIIIOJTHEHO

_J2m ecmmi=j,
/GPJ’ o {0 eciu i # j. (*)
Yi
IIycTb a; = % JF= resp, (F') no Haleit mocieHe# TePMUHONO-
Yi

ruu. IllycThb

n
Fl =F — ZajGP]_.

=1
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ITo Teopeme 1’ u TeopeMe 3 JOCTATOYHO JOKA3aTh, UYTO MJIA BCEX
3aMKHYTHIX nyTeil 7 B U* BBINOIHEHO

/ F =0
b
Ho ucnonb3ys teopemy 6 u yciaoBus (%), HOIyduM

[ [T =) -

Yi

= Z mi2ra; — Z Z/miaijj =

¢ ]’Yz'

= Z m;2mwa; — Z m;a;2m =0,
i i

UTO JOKa3bIBaeT TeopeMy 7. ||
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TeOpeMbI aHaau3a 00 allrnporcvuManumuu

Ananus B 60JbINON CTENEeHU 3aKII0YaeTCA B MONYYEHUH Olje-
Hok. Ho Takske cyllecTByeT 4yacTh aHanu3a, KOTOpafd 3aHUMa-
€TCA NPOBEPKOU TO#JAECTBEHHOCTH Pa3lUYHBIX BbIPaMeHU, YTO
B CYIIHOCTH NpelcTaBifAeT coboil aire6panyecKkyio CTPYKTYpY,
B oTauuue ot oiieHok. [locnenoBarensuoctu Jlupaka u cemeiicTBa
lupaka ucnonb3yoT oba acnexrTa.

[Ipumepsl TNOKAa3bBIBAIOT MIUPOKYIO 00JacTh NPUMEHEHUA.
Kpowme Toro, A cuuTaio eCTeCTBEHHBIM YNOMAHYTb T3Ta-pAJbI B
CBA3U C COBEPIIEHHO PAa3NMYHBIMM KOHTEKCTAMH, YTOGBI MOKa-
3aTh, KAK Kaszamochb Obl pa3iuyHble YacTU MaTeMaTHKH, B Jeii-
CTBUTEIbHOCTH, OIM3KO cBA3aHbl. Kypchl 06bIYHO MOCBAMAIOTCA
Auliih 0JHON U3 o6nacTeit MaTeMaTUKU U3-38 OTPAHUYEHHOCTH I10
BpEMEHH, a TaKKe MOTOMY, UYTO OHM ABIAIOTCA MOATOTOBKON K
IPYTUM KypcaM, Tak 4YTO OObIYHO HE XBaTaeT BPEMeHU, YTOOBI
CMOTpEThb B OKHO U 6poJuTh 6e3 1enu. B HacToAmell KHUre y HAC
HeT HM (UKCHPOBAHHOI'O paclucaHWA, HU NPOrpaMMbl Kypca, HU
KOHTPOJIbHBIX PabOT U OKpYy#i€HUE COBEPIIEHHO JpPYyroe YeM TO,
YTO BO BpeMA Kypca. TOT MaTepual JaeT BO3MOMKHOCTD MPOBEC-
TH Ilelyio cepuio Gece]l.

TEOPEMBI aHaJau3a o6 anmnporcruManmAax

fl cobupatock HauaTh ¢ 04eHb O6IIell TEOPEMBI 00 aNIpPOKCH-
Mal[ii, KOTOpafd OTHOCUTCA K TaK Ha3bIBaeMbIM IMOCIe[0BATElb-
HocTAM [lupaka. 3atem A co6upalochk 06CyAUTh NPUMEPHI U NpU-
JOMEeHUA, Takue Kak:

— Teopema Beitepimitpacca 06 annpokcumanuu, B KOTOPOii
TOBOPUTCA, YTO HEMpephIBHAA QYHKIIMA B KOHEUHOM 3aMKHYTOM
UHTEepBajle PaBHOMEPHO alNMpPOKCUMUPYETCA MOJMHOMaMU.

— Paner @ypre.

— Tl'apmonnyeckue pyHkuuu u cemeiicta Ilyaccona.

— Penitenua ypaBHeHUA TEMIONPOBOAHOCTH.
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B ramgoM ciyuae 4acTHBIN pe3ynbTaT B Kam/I0il KOHKpeET-
HOi1 o6iacTu 6yAeT npeAcTaBlieH Kak cliellualbHblii ciyyaii ob1eii
TEOPEMBI.

3a ucriaovyeHnneM TeopeMbl BeiliepmTpacca 06 annpokcuMma-
WU, 3TU pe3yabTaThl ObLIU U3HAYATBLHO OTKPBITHI B 06J1aCTAX, 06-
MuX 1A GU3UKN U MaTeMaTUKU. Ho ToIbKO MOTOMY, YTO YTO-TO
ObLIIO OTKPBITO B CBA3U ¢ (QU3UKOI, HE 03HAYAET, YTO 3TO PUIU-
Ka. Bce u3 BhllllenepeuncieHHbIX pe3yIbTaTOB UMelU 3HaUeHKe BO
MHOTHMX 06JacTAX MaTeMaTUKU, BO3MO#KHO Jlazke Bo Bcex ee obiac-
TAX. I xoTen 6bI cKasaThb, K MPUMepPY, UTO TEMJIOBOI HUCTOYHUK,
KOTOPBIN MbI 06CYANM MO3/IHEE, ABIAETCA GONBIIUM B3PHIBOM Ma-
TeMaTH4eCKoil BcelleHHOM. Bbl yBUANTE, YTO OH UCHOIbL3YyeTCA T0-
BCIOY.

Teneps BepHeMcA K mMaTemaTuke. Mbl paGoTaeM ¢ BelecT-
BeHHOI npAmoii R. HauneM c¢ onpepeneHusa cBepTKU ABYX QYHK-
uuit. [lyets f u g — nBe pyHkuuu Ha R (BelnecTBeHHbIe Yncia),
HellpepbIBHbIE UM KYCOUHO-HellpepbIBHbIE, KOMILIEKCHO3HAUHbIE
U TakWe, YTO MpU T — 00 3HaYeHUA f(r) CTPeMATCA K HYIIO
JIOCTATOYHO OBICTPO, TAK, YTO BCE cleJYIOl[he UHTErpalbl CXOAAT-
cA. Hanpumep, eciu f(x) = 0 BHe KOHeYHOr0 WHTepBaia, Toraa f
YIOBJIETBOPAET BhIllleNepeurcieHHbIM TpeGoBaHUAM. MbI onpeje-
aum ceepmry f x g dopmynoit

+00
fxrglx) = / flz —t)g(t) dt.

OquI/I,Z[HO, 4YTO CBepTKa KOMMYTaTHUBHa, T. €.

frxg=gxf.

Mbs1 npocTo chenaeMm 3amMeHy u = x —t u t = x — u, du = —dt.
PacemoTpuM cBepTRY Kak MpousBejieHHe, KOTOpOe ABIAETCA Gu-
JINHEWHBIM, T.e€.

[rgi+g)=Ffxa+frxg u (i+fo)xg=fxg+faxg
BOHee TOoro, mjiAa JTIO00ro KOMIIJIEKCHOTO 4yucJa a

(af)xg=f*(ag) = a(f*g).
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Tarse, MeHAA NOPAZOK UHTErPUPOBAHUA, MO#HO IPOBEPUTH
accolMaTUBHOCTL Tpex ¢yHKuuii f, g, h, a UMeHHO

(fxg)xh=fx(gxh).

[loaToMy cBepTHKa yooBieTBOpAET OGLIYHBIM NpaBUJIaM yMHOMKE-
HuA. ByaeMm roBopuTh, UTO KyCOYHO HeNpepbIBHbIE GYHKIUU C J0-
CTATOYHO OBICTPLIM BLIPO#iIeHHEM Ha GE€CKOHEUHOCTH 06pasyloT
KOMMYTaTuBHYIO anrebpy Hax C, u BelnjecTBeHHO3HauHble QYHK-
nuu o6pasyoT KOMMYTaTUBHYIO anre6py Han R.

Bo3HuKaeT nepBblil BOIpPOC: CYLIeCTBYET U €AMHUYHBIN ile-
MEHT B 3THX anrebpax? [Ipyrumu cioBamu, CyecTByeT 11 QyHK-
uuA § takaf, uto & * f = f nnA Bcex byHruuit f, ckamem, He-
NpepbIBHBIX (YyHKIMIA, 06paliamoiixcad B HYlb BHEe HEKOTOPOTro
KoHeuHoro uHtepBana? Krto cramer «mar? [Heckoavko pyk nod-
Humaemces.] Kto cramer «uet»? [CHosa nodHumaemcs HECKOAbKO
pyk. Boavwuncmeo rpanum moaxanue.] f1 nam Bam orser. OT-
BeT — HET. Ho MbI co6upaemMcs onpefeinuTh HEYTO, HOYTU CTONb
ke 3aMeyvaTelbHOe, Kak eJUHUYHbIN JIeMeHT, 8 UMEHHO MociIe]o-
BaTenbHOCTb [lupaka.

Ilo onpenenenuto, nocaedosameavnocms /Jupara — 31O TO-
ClIe[l0BaTeNbHOCTL HenpepbiBHbIX dyHkuuit {K,}, obraxamoumx
CleYIOIUMU CBORCTBAMU:

DIR 1. ®yuruuu K, — HeoTpunartenbHsle, T.e. K, > 0 npu
Bcexn=1,2,...

DIR 2. [Ipu Bcex n BHINOIHEHO

+00
/ K, =1.
)

DIR 3. Ilpu 3agannbix € > 0 u § > 0 cyuecTByeT ngy Takoe,
YTO IPU BCEX 7. > Ty BHINOJNHEHA OLIEHKA

K,(x)dx < e.
|| >0

HOC.TIE,E[OBaTe.TIbHOCTb I[I/Ipaﬂa MOsET BBITVIAAETh TaK, Kak I10o-
Ka3aHO Ha cllejyromneM pucyHRKe.
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Ha npakTuke nociegoBaTenbHocTH [lupaka cocTOAT U3 UeT-
HBIX (QYHKUMIL, T.e. rpadUK CUMMETPUYEH OTHOCUTENLHO BEPTHU-
KalbHOU 0CH, KAK HAapHCOBAaHO HA PHCYHKe.

IlocnenoBatenbHocTu [Jupaka o6rajgaloT NpuMeydaTelbHbIM
annpoKCUMUPYIOMKUM CBOMCTBOM, KOTOpOe MbI ceifyac chopMy-
JTUPYeM U JOKaMmeM.

Teopema 1 (O6masa Teopema 06 anmpoKCHMAaIUM).
IIyemov f — ozpanuyennas kycouno-nenpepvienas gynryus na R.
Toeda nocaedosameavrnocmo {Ky, x f} crodumes & f pasnomepro
HO A1060M KOMNAKMHOM MHONcecmee, 2de f nenpepwiena. To ecmb
das 10601l mouku x, 6 komopoil f HenpepvleHa, BbLMOAHEHO

Jim (K, * f)(2) = f(2),

u crodumocmo pasHoMepHaA, KAK CKA3AHO sblule.

B HEKOTOPOM CMEICIe, MOoc/eJoBaTe/IbHOCTh {Kn} «CXOOUT-
CA» K e JUHUYHOMY 3JIEMEHTY, XO0THA U OUeBUJHO U3 PUCYHKa, 4TO
nocjaegoBaTeJbHOCTh HE UMeeT npe;(enbﬂoﬁ Q)yHI{I.II/II/I. N3-3a BbI-
eyKa3aHHOr'o CBOMCTBa mnpenelja 0OBIYHO TOBOPAT, YTO IIOCJIeqo-
BaTeJbHOCTb I[I/IpaHa ABJIAETCA annpo;ccumauued eO0UHUYHO20 dae-
MEeHma.

HOKA3ATEIBLCTBO.
HpI/IMe‘-I.‘ElTeJ'II:HO7 UTO OJOKa3aTeJbCTBO BeCbMa MpPOCTOe. Ilo
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onpenelieHuIo

Ky f(z) = f+ Kn( /K Fz —t)dt.

ITo cBoitcTBy DIR 2 nonyuaem

+o0 +o0
) / Ko (t)dt = / Ka(t)f(z) dt

Beruuras, noxyuyum

% (@) / Kn(O)[f(x — ) — f(2)] dt.

Ilycts 3Hauenne B orpanuuuBaeT ¢yHruuio f Ha R, T.e.
|f(z)| < B npu Beex z € R.

MycTb S — KOMIAKTHOE MHOMECTBO, Ha KOTOPOM f HempepbIB-
Ha. Torma f paBHOMepHO HempepbIBHA Ha S, U 3TO eUHCTBEHHOE
CBOICTBO, KOTOpOe MbI OyleM MCIO0Ab30BaTh. [loaToMy mpH 3a-
IaHHOM €, CyllecTBYeT ) Takoe, YTO IpH Bcex ¢ € S u |t| < d
BBINOJIHEHO
f@— 1) — fla)] <.

3aTeM MbI OlIEHMM MHTEerpaj CBepTKHU, KOTOPbIi MbI pa3obbeM Ha
IBe 4acTu:

|Ky * f(z) x)| = / K,(@t)|f(x —t) — f(z)|dt +

1t|<o

+ / K,t)|f(x—t)— f(x)|dt < /Kn(t)edt +e2B <e+¢e2B
[t]>0
npu n > ng, kak B cBoiictBe DIR 3. 910 nokasviBaert, uto { K, * f}

annpokcuMupyeT f paBHOMEPHO Ha S U 3aBeplIaeT AOKa3aTelb-
CTBO TEOPEMBI. ]

Hepe‘-II/IC.TII/IM HECHKOJIbKO 4YaCTHBIX HpI/IJIOPHE!HI/If/i ob1ieit Teo-
pPeMbl B pa3/IMYHbIX obiacTAX MaTeMaTUKU.
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Teopema BeiiepmTpacca 06 annpokcuMaliuu

Teopema. Ilycmo f — HenpepvieHas GyYHKEUUA 6 KOHEUHOM
3aMKHYMOM GewecmeeHHoM unmepeade [a, b]. Tozda f mosxcem
GblMb PAGHOMEPHO ANNPOKCUMUPOBAHA NOAUHOMAMU HA [a, ).

JIORA3ATETBCTBRO.

HWcnonb3ys napaiienbHblii mepeHoc M mpeoOpasoBaHue Io0-
106UA, ¢ TOYHOCTHIO JI0 3aMeHbl MepeMEHHONH MbI MOMeM Mpe-
MONOMUTb Ge3 moTepu OGIUIHOCTH, YTO WHTepBan pased [0, 1].
ycts L — Takas auHeitnaa ¢yukuud, yto L(0) = f(0) u L(1) =
= f(1). Hockonbky L — monunom (cTemeHd 1), Z0CTATOUHO [0-
KazaTh Teopemy mif ¢yHruuu f — L BMmecto dyuruuu f. Ipe-
MMYIeCTBO, KOTOPOE MbI NPU 3TOM MOILYy4YaeM, COCTOMT B TOM,
uyto f — L obpamaerca B Hylb B KOHEUHBIX TOYKAX HHTepBaia.
TakuM 06pa3oM, Mbl CBellM Hallly 3aady K JOKa3aTelbCTBY TeO-
pewmbl, koraa f(0) = f(1) = 0, yTo MbI U GydeM mpeanoiarath ¢
3TOT0 MOMEHTA.

3aTeM MbI OnpelenuM nocaedosameaviocms Janday

i _ p2\n
Kn(z) =4 en (1 —2*)", ecmn|z| <1,
0, ecau |z| > 1.

Bribepem KoHCTAHTY ¢, Tak, YTOGBI

p 1
/Kn(w) dx =1, mo3TOMy cCp = /(1 _ $2)n de.
-1

-1

Torma K, ynoierBopser cBoiictBy DIR 2. TpusuanbHo, 4TO
K, (z) > 0 npu Bcex z. Jlerko fokasatb, yto cBoiicTBo DIR 3 BbI-
nonHeHo. Bbl MoxeTe nmpopaboTaTh eTald caMOCTOATENbLHO WU
nocmotpets ux B [La 83/97], rnasa XI, § 2, cTp. 288-289. Ilosro-
my {K,} — nocinenoBatenbHocTh Jupaka. Ilo o6ieit Teopeme 06
annpoKcUMaluU MoiydaeM, uto K, % f cXonuTca paBHOMEpHO K f
Ha unrepsaie [0, 1]. Octanoch KokasaThb aub TO, 4T0 K, * f —
MOMUHOM. TO MPOCTO, U MbI ceifuac mpoBeaeM BbiuucieHufA. Mbi
nuMeeM

Ko+ f(z) = / Ko(z — 0)f(t) dt.
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Paznomum K, (r — t) Kak NOMUHOM 0O X ¥ 1O ¢, 8 UMEHHO
J (n)
K,(z—1t) E a ¢ ko3 unuentamu a,;° € R.

Tarum obpasoMm,

K, x f(z) = Zag-l)m /tjf t)dt = ZZa(")bmi,

rige
1

= /tjf(t) dt

-1

Mostomy K, % f(x) — 3T0 MONUHOM IO IEPEMEHHOM &, 1 Teopema
JoKa3aHa. [

KTo u3 Bac paHbllie Bifiel 10Ka3aTelbCTBO TeopeMbl Beiiep-
mTpacca?

Cmydenm. Mbl Bufienu Ipyroe 0Ka3aTelbCTBO HA Kypce aHa-
ausa.

Cepic Jlene. Raroe mokasaTenbcTBO?

Cmydenm. C ucnonb3oBanueM Teopembl Beitepmitpacca— CTto-
yHa.

Cepoic Jlene. Jla, Teopema BeitepmTpacca— CToyHa npeBocxo-
Haf ofiiad Teopema, BeCchMa Mojie3HAad BO MHOTUX CHTYalUfX.
Ho ecth cymecTBeHHas pasHula Me#y NPUMEHEHUEM TEOpPEMbI
BeitepmTpacca— CToyHa U BbIlIeNPUBEIEHHBIM 10Ka3aTelbCTBOM.
Teopema Beitepuitpacca—CToyHa He naeT HUKakoil uHdopManuu
006 annmpoKCcUMUpYIOIIeil MoclIe0BaTENbHOCTU, & NMPH HUCIOIb30-
BaHUU ToOcjieoBaTenbHOCTH JlaHnay BO3HMKaeT Takad MOCIeNo-
BaTeNbHOCTb, ABHO BbIpa:KeHHAaA B TepMUHAX HavyanbHON (QyHK-
uun f. Teopema Beitepmitpacca—CToyHa, K mpuMepy, He JaeT
BaM WHGOpPMANUK O CTENEeHAX amMpOKCUMUPYIONUX MOJMHOMOB
Kak GYHKIUU OT UHAEKCa 1 U He JaeT OLeHKH Ha K03 hUIMEHTHI
annpoKCUMUPYIOUKUX HOJIMHOMOB Kak GYHKIUU OT 7 U, pasyMe-
eTcA, HavanbHOU QyHKUuU f. AABHAA KOHCTPYKIHMA MOKA3bIBaeT
BaM TOYHO M AIBHO, KAk MPOUCXOAUT annpokcumanua f. Ucnonb-
3oBaHue byHKuuii Jlangay naeT ABHYIO annpoKCHMUPYIONIYIO MO-
ClIeIOBaTEIbHOCTh U B 3TOM CMBICIE JyUllle, YeM T0Ka3aTelbCTBO
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¢ ucrnonb3oBaHueM TeopeMbl BeitepmTpacca—CToyHa, eciu BaM
HYy#eH 3¢ PeKTUBHBII, KOHCTPYKTUBHBIN pe3yibTar.

Pangsr ®ypbe

B 3TOM npuioseHuu Mbl pacCMOTPUM Nepuoguyeckue GyHK-
uuu nepuona 2w. Ilycts f — Takaa ¢yHruua. WHTerpans
B mocienymioueM GyayT OpaThcA Ha WHTepBale [—m, m| BMec-
T0 (—00, +00) B ompejeleHnu mocienoBaTenbHocTu Jupaka. Oc-
HOBHafg TeopeMa 00 anmpoKcUMallMM OCTAHETCA TOM e, 3a UC-
KI0UYeHneM 3Toro uamenenud. Takie BpeMeHaMu y Hac OyneT

BO3HUKaThb HOpMaJ’IH3yI-OIJ.IPIﬁ MHOMUTE]b %

lnsa no6oro neiroro n NpuMemM
Xn(2) = .

MbI paccMOTPUM CBEPTKY X, U GOyHKIUM f (HempepbIBHOM, eciu

BbI XOTHUTE, B Xy/IIEM ClIydyae KyCOYHO HENPEPHIBHOI), 8 MIMEHHO

s

(o * () = / Xl — £) () dt = / im0 (1) dt =

-7
™

= e'n® / e~ f(t) dt = 2menet™,

-7

rige
™

— L —int
Cn=5- | € f(@)dt

-
U3BEeCTeH Kak n-it koadduyuenm Dypve dyuruuun f. Pad Dypve
oT f Toraa 1o onpeuereHuio

+oo ]
S¢(x) = E cne'™".

OH MOMeT CXOJUThCA WM PaCXOAUThCA, MOCKONbKY MBI He clie-
JTany HUKAKUX OpeanonoxeHuit o f, KpoMe MpeANnoIoHeHUA 0 He-
npepbIBHOCTH. MBI onpefienuM noc.aedosameavrocms Jupuzae D,
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KaKk KOHEYHYIO CYMMY

n n
= L E uiu takse D, = 1 E etk
2w 2
k=— n

Toraa Sf,n = Dy, * f — n-a yacTuyHag cymma paga Qypbe,
a UMEHHO

n
St on(x) = Z cre®
k=—n

K cosanenuio, { D, } He ABIAeTCA NoCIefoBaTeNbHOCTHIO JupaKa,
U, Kak MBI y?ke TOBOPUIIH, YaCTHYHbIE CYMMBI Sy 5, He 06f3aTeNb-
HO cxoiATcA, TeM Goiee K ¢yHruuu f. OmHaKo MbI coGupaem-
Cl MOCTPOUThL [PYTYIO MOCIe[0BAaTElbHOCTh TPUTOHOMETpPUYEC-
KUX MOJUHOMOB, KOTOpas AIBIAETCA MocleJoBaTenbHOCTbIO [lupa-
Ka U cxoquTcA K yHruuu f.

Ms1 onpepenum K, Kak ycpeIHeHHUE MOCIeJOBAaTEIbHOCTU
Mupuxine, T.e.

Ky = £(Do+Di+...4+ Dyy)

WJIW B TepMHUHaXx HepeMeHHOﬁ T

Ko(2) = £(Do(@) + Di(2) + ... + Doa (2)).

HpOCTbIM BBIYHUC/I€EHHEM C HCIO0Jb30BaHUMEM TPUIOHOMETPU-
YEeCKHUX TOIOECTB U TOMIAECTB OJA KOHEYHBIX I'€eOMETPHUYECHKHUX
nocijegoBaTelbHOCTEMN HaxoguMm, 4To

2 nx
L Sin (T)
2mn . 2(g) ’

sin® ( 5

Hanuuue kBafipaToOB B NpaBoii 4acTH BbIpa#eHUA MOKa3biBa-
er, uto K, > 0, uTo ABifAeTcA nepBrIM cBoiicTBoM DIR 1 pgasa
nocnefoBateilbHocTH /lupaka.

Yto6s! npoBeputh cBoitcTBo DIR 2, MbI cHauana mouneHHO
npounterpupyem D, (z). Homyuum

Kn(m) =

™ K

_ ike 5. J2m, ecan k =0,
/Xk(w)dx—/e dm_{O, ecitn k # 0.

-7 —T
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3aTeM cpa3y IonydaeM

/WDn(a:) de =1

nocie MHTEerpPUPOBAaHUA Kam/JOr0 U3 UIEHOB M BbIYHMCIEHUA CYM-
MBI TO JOKa3bIBaeT, YTO NocaefoBaTenbHocTs { Dy} yaoBieTso-
paet coiictBy DIR 2. Ho Berumcaasa 3aTeM cymMMy, onpeaensiio-
myio K,, us Dy, ..., D,_1, Mbl IPUXOJUM K 3aKJIIOYEHUIO, YTO

/Kn(a:) dr =1,

T.e. K, ynoBnerBopset cBoiictBy DIR 2.
W, HaroHen, HamM HY:KHO mnpoBepuThb cBoiicteo DIR 3.
Ilpu 0 < 6 < < |z| < 7 3HaveHun

I
s 2(x
Sin (5)

OrpaHNYeHbl, MOCKOIbKY % orpeneHo ot 0. [lycts B — rpanuyHoe
3HayveHue, T.e.

1 |<B
s 2(x
Sin (5)

IIpu 3ajaHHOM € CyIIeCTBYeT 7y TaKoe, YTO NPU 1 > N MOIYUUM

2 nx

1 / Sin (7)

2mn .oz
s<lol<n | ST (5)

dto noraseiBaet cBoiicTBo DIR 3, u Takum o6pa3zom MbI mokasaim,
4TO

Iocaedosamenvnocms {K,} — nocaedosameavnocms Jupa-
ka (0as nepuoduyeckur Pynryui).

[Ipumensasa oburyio TeopeMy 00 annpoKCUMAaNUU, MbI TOIY-
YUM OfIMH U3 OCHOBHBIX Pe3ylIbTaTOB M3 Teopuu paAnoB Dypwe.

de<iB<e.
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Teopema ®eitepa— Yesapo (Fejer —Cesaro). Hycms f —
KlCOYHO-HenpepbieHaa nepuoduyeckan Pynryus. Mycme {K,} —
cpednee 3naveHue wacmuinvlr cymm pada Qypve gynryuu f. Toe-
da K, (x) cxodumcsa pasHomepHo k f(x) npu ecer x us komnarm-
HO020 MHOYMcecmea, Ha Komopom f — HenpepovleHa, M. e.

L(So(@) + S1(2) + ... + Sul@)) = f(x)

DPaBHOMEPHO, KAK CKA3aAHO &eblule.

CyMMupoBaHHe CpeJHUX 3HAYEHUN YaCTUYHBIX CYMM PAJOB
@Dypbe U3BECTHO Kak cymmuposanue Yeszapo.

l'apmoHnueckue GyHKIUU Ha Kpyre

B Hamux crenyiomux npuMepax MbI BOCIOIb3yeMcH pa3HoO-
BU/IHOCTBIO NIOHATHUA N0CIe0BaTelbHOCTH, 8 UMEHHO, Mbl BBeJieM
NOHATHE ceMelicTBa BMecTO NoclefoBaTelbHocTU. Takum obpa-
30M, MbI onpefeauM cemeiictBo Hupaka {K,}, rae 0 < r < 1,
U MycThb r cTPeMUTcA K 1 BMecTo n, cTpeMAlleroca k 6eckoHeu-
HocTU. MbI Gy nem HaswiBaTh { K, } cemeticmeon Jupaka, eciu oHO
VIOBIETBOPAET TPEM YCIOBUAM:

DIR 1. as Bcex r, 0 < 7 < 1 Boinonuneno K,.(t) > 0.
DIR 2. JIna 3Tux 3HadyeHuil r BbIMOJIHEHO

/ﬂKr(t) dt = 1.

DIR 3. llpu 3apanubix €, § cymecTByeT 19, 0 < 9 < 1 Takoe,
4yTO [JA Bcex T, 7o < T < 1 BBINONHEHO

-4 Fis
l K, (1) dt + 6/ K, (t)dt < e

B TouHOCTH TeM e CHOC060M, KOTOPBIM MBI JOKas3ajau mnep-
ByIO TeopemMy 06 anmnporcuManguum OjiaAa HOCJIe,I[OBaTeIIbHOCTeﬁ,
MO#HO JOKa3aThb COOTBETCTBYIOIIYIO BEPCUIO OJIA CeMelCTB.
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Teopema 06 annpoxcuManuu [gaAa cemeiicTB [upa-
kKa. Ilycmv {K,} — cemeticmeo Jupara, kax onpedeseno sviute.
MIyemoy f — wycouno-nenpepvienan gynryus. Toeda K, x f cxo-
dumcesa & f npur — 1 pasHomepHo Ha A1060M KOMNAKMHOM MHO-
scecmee, Ha Komopom [ HenpepolHA.

PasymeeTrca, HaM Hy#HBI IpaKTHYeCKHe IIPUMEDPBI CEMeCTB
Jlupara. Ucnonb3ya nonApHble KoopauHaThI (7, ), onpegenum

+o0
P.(6) = P(r, 0) = % Zr'”'eino aa 0<r<1.
—00

Ham HymHO nokasath, uto {P,}, Ha3biBaeMoe cemeticmeom
Ilyaccona, aBnaetrca cemeiictBoMm Jlupara. Bo-nepBbix, 3ameTuM,
4TO pAf, onpepensaomuii P,.(#) — a6coa0THO CXOAAMMIACA B BbI-
6paHHOll Hamu obiaactu 0 < r < 1 paBHOMepHO Ha HUHTepBa-
e 0 < r < rg, ecid 79 < 1, MOCKOJBKY PAJ MOMHO CPaBHUTh
¢ reoMeTpHUUecKoil mocienoBaTelbHOCThIO. [IpocThie TpUTrOHOMET-
pUYecKHe TOMIeCTBa MOKasbiBaloT, uto P(r, §) Beipamaerca Kak

1 1—r?
Pro= Lt 1=
(r. 6) 2w 1 — 2rcos + r?

N3 »TOro TommgecTBa Mbl MOMEM IPOBEPUTh BBHINOJHEHME
cotictBa DIR 1, mockoabKy W 4YucCIAWTelb, U 3HaMeHaTelb B
BBIIIENIPUBEJEHHOM BbIpasieHuu Oodbine au6o paBHbl (. [leiicT-
BUTENbHO, 3HaMeHaTellb IPUHUMaeT HauMeHblliee 3HaUYeHUE MpPU
cosf = 1, B 3ToM ciiyyae 3HaMeHaTenb pae (1 — r)2.

Tenepb noraskem, uto cBoiicTBo DIR 2 Toske BbINOJHEHO.
Hponuddepennupyem nounenno pan misa P(r, ) u Bocnoiab3yem-
CA TEeMHU e 3HAYEeHHAMH, KOTOPbIe MBI HOJYYMIU IPU U3YUYEHUU
panoB Pypbe, a8 UMEHHO

. 2w, eciun =0
inf _ ’ 9
/e d9 = {(), ecau n # 0.

—T

U3 sToro ciegyer, 4To TOAbKO MHTerpal cjlaraemMoro ¢ HHAEK-
coM n = ( JaeT HeHyJeBYIO J06aBKy K WHTerpamy pAga, U MbI
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HOJNYYUM, YTO
/PT(O) dg =1.

JTo gokaswiBaeT cBoiictBo DIR 2.
W, naxoHern, nokameM, uto {P.} ynoBieTBopAeT cBOiicTBY
DIR 3. Ipu |f| > & > 0 BbIIOIHEHO HEPABEHCTBO

1 < 1
1—2rcosf+7r2  1—2rcosd + r?

Hcenenys nmpou3BoAHYIO BhlpaeHuA 1 — 2rcosd + 72, MBI
HONYyYMM, YTO MUHUMYM 3HaMeHaTelA B MpaBoil 4acTU NOCTUTra-
eTcA Ipu T = cos ). MUHMMAalbHOe 3HAYEeHHWe 3HaMEeHATelld PaBHO
1 — (cos 6)2. CrnemoBaTenbHO, 1PO6H

1
1—2rcosf +r?

Kak QYyHKIMA OT T paBHOMepHO orpaHuyena. ClefoBaTelIbHO,

. 1—172
lim —— =0,
r—=11 — 2rcosf + r?

U BBLINOJHAETCA paBHOMepHo mpu |§| > § > 0. CmemoBaTensHo,
cyllecTBYeT 1y Takoe, UTO NpU 1y < r < 1 BHINOIHEHO

P.(0)do < e.
ag|o|<m
10 HoKasbIBaeT, uTO cemeiicTBo {P,} ynoBIeTBOpAET CBOWCTBY
DIR 3 u, cnegoBaTenbHo, ABIAeTcA ceMeiicTBoM [Iupaka.

Rak clleicTBUe U3 oOIei TeOpeMBEI 06 anrmnporcuManui Mbl
noJjiydyaem:

Teopema Ilyaccona o6 anmpoxcumanuu. I[ycms f —
nepuoduyeckasn KycoiHo-HenpepvleHaa gynryun. Tozoa

P.xf

crodumea k f npu r — 1 pasHomepHo Ha A1060M KOMNAKIMHOM
MHONMcecmee, 20e f — HenpepvleHaA.
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Jlanee ormeTum, yto B npumepe Ilyaccona ucnonbayercs mo-
NOJNHUTENbHAA CTPYKTYypa, a UMeHHO JuddepeHINanbHOe ypaB-
HeHHEe B YaCTHBIX NMPOU3BOJHBIX. HauHeM ¢ HECKONbKHX OOLIMX
3aMevaHuii 0 1udPepeHIPOBAHUN UHTErpajia CBEPTKU

(g% f)(x) = / gl — 1) £(t) dt,

rae g — GeckoHeuHo quddepeHnupyemad ¢yHROuA. M1 MoxeM
3aHUMaThbcA AuddepeHNPOBaHUEM B KaKJI0M U3 Cly4aeB, Ha Be-
1lecTBEHHO} npAMoit R uin Ha nHTepBane [—m, ], ecin UMeeM
Jeno ¢ nepuoanveckuMu ¢pyHrnuaAMU. Ha BemecTBeHHOit npAMoit
Mbl [OJ:KHBI IIpejnojaraTb, 4YTO paccMaTpUBaeMble HHTErpalbl
abcomoTHo cxopATcA. Ilyecteb D o6o3HayaeT NPOM3BOAHYIO, KO-

TOpaf IpPU BhIMIEONICAHHOM BbIOOpE NepeMeHHbIX paBHa D = di
i
Torpa npu MoJXoAAIMX YCIOBUAX aOCONIOTHOM CXOAUMOCTHU MBI
MoeM uddepeHINpPOBaTh MOJ 3HAKOM HHTerpaia U MOIydYuM
bopmymy
D(gx f) = (Dg) * f,

WJIW B TepMHUHaXx HepeMeHHOﬁ T

A [sta-nswd= [ Lota-nso .

IloBTOpHOE mUddepeHupOBaHUE AaeT A Ka#AOro LEeJIoro Yuc-
1am

D™(gx f) = (D™g) * f,

NpU MOAXOAAIMUX YCIOBUAX abGCOIIOTHOM CXOIUMOCTH.
IIpumenum Bce 310 K pysrnuu P(r, ). O6o3nauum uepes A
onepamop Jlanaaca, KOTOPbIA B IPAMOYTOJbHBIX KOODJUHATAX pa-

BeH
2= (F)+ ()
Jx Jy
B neiicTBUTeIbHOCTH HAaM HY#KHO BbIpaeHUe A olepaTopa
Jlannaca B noApHBIX KoopauHaTax. KTo 3HaeT 5To BbIpaeHue?
[Hem omeemos.]

fq Bcerjga 3agaro 3TOT BOIIPOC HA MOUX JIEKNUAX, U HUKTO He
3HaeT oTBeTa. HeT HUKaKuX OTHHQHﬁ, MIPOUCXOIUT JIK 3TO 3[1€Chb
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Uiau rae-HUGy b ele. B neficTBUTENbHOCTH A TOe He 3HAN OTBe-
Ta, MOKa MHe He MPUILIOCH MpenojaBaTh MaTeMaTUUYeCKUil aHa-
au3. B mo6omM ciydae oTBeT clieqylomuit

2 2 2
A= (2) +1(2) 4 1(2)
or T\ or 7"2 00
BriBog sToro BbIpameHuA ABIAETCA IIPOCTHIM yIlIpaxHEHUEM, IIPU
HCIOJNb30BaHUU BbIpameHUuil r = TCOSQ, Yy = sinf u uemHoro

npaBuiia. 3aTeM Bbl MoeTe auddepennuposats pan mjid P(r, )

IIOYJI€HHO C Q niu Q " MOBTOPAA 3TU YaCTHbI€e IPOU3BOJHLIE,

or 00’
noJiyuuTe
(AP)(r, 6) = 0.

To, uTo nouileHHoe AuddepeHINpOBaHNe ABIAETCA 3aKOHHBIM,
clefyeT u3 ¢akTa, YTO PAN U ero yacTHble NPOU3BOJHbIE paB-
HOMEPHO abcolI0THO cxogATcA npu r B npefenax 0 < r» < rp < 1
a4 Beex 6.

Beckoneuno auddepennupyemasa GyHKIUA f, yIOBIETBOPA-
fomias ypaBHenuio A f = 0, Ha3bIBaeTcA 2apmoHueckoil. Boipanie-
Hue 1A cBepTKU P, * f Ha uHTepBame [—m, | MbI MoxeM Aud-
(epeHIMpPOBATE 0] 3HAKOM MHTerpaia U N03TOMY

™

A(P x f)(r, 0) = A/P(r, 0—t)f(t)dt =

- ™

:/@Mnmo-@ﬂaﬁ:u

-7

CnenoBatenbho, P x f — rapMmonuueckasa GyHKIUA.
BrimenpuBeieHHbIE BBIUKCIEHUA HAXOJAT MPUIOMKEHUE BO
Bceil MaTeMaTuUKe U JpyTrux obaactax. Pusnku ocobeHHO 3aUHTe-
pecoBaHbl B rapMOHUYECKUX PYHKIUAX U B TOM, YTO Ha3blBaeTCA
pellleHHeM KpaeBoii 3agauyu Ha okpy#HocTH. [Ipeanonoxum, yTo
3aJaHa HenpepbiBHad GyHKIUA Ha OKPYHHOCTHU, KOTOpad ABIAET-
cA rpaHulleil kpyra paguyca 1, ¢ IeHTpOM B Hayajle KOOpJAMUHAT.
Mostomy dpyHEKUUIO f MO#HO paccMaTpuBaTh Kak ¢yHEIUIO f(6)
OT mepeMeHHOU f, paccmaTpuBaeMoil Kak OObIUHBINA yron. Ousu-
KU XOTAT HaiiTH rapMoHuYeckylo ¢yHRIuIO F' Ha BceM Kpyre D,
tarkywo, uyto ¢yuruua F(r,0) ¢ 0 < r < 1 mpopmommaerca [0
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HENpepbIBHON (GyHKIMU HA 3aMKHYTOM Kpyre U MMeeT 3alaHHOoe
sHavenue f(f) Ha rpaHuie, TaK, 4TOOLI

lim F(r, 6) = f(6)

npu kamaom 6. Temepb Mbl MoxeM pemuThb 3Ty 3agauyy. 0603Ha-
YUM

F(r,0)=(Pr+xf)(0) =(Pxf)(r,0) noa 6€R.
ITo cBoiicTBy DIR 3 MbI 3HAaeM, uTO

li (P f)(r, 0) = f(6),

Mostomy F' umeeT HempepbiBHOe rpaHu4Hoe 3HaveHue f(f) mus
kanjoro 6. Bonee Toro, MbI Bugenu, uto AF = ( Bo BHYTpPeHHOC-
TH JUcKa, No3Tomy F' — rapMmonunueckas, kak TpeboBanoch.

lapmoHnyeckre GyHKIUYU Ha BepXHeii
MOy IIOCKOCTHU

BepxHff MOMYIIOCKOCTb COCTOMT U3 BCeX Touek (z, y) € R?
¢ mpousBOJLHLEIM x U y > 0. MsI npencraBum cemeiictBo [lupa-
Ka, pacrojioieHHOe B BepXHell MOMyMI0OCKOCTH, FpaHiIila KOTOPOi
cocTouT u3 npamoit 1unuu y = 0. IloaToMy MbI onpenenum cemeii-
cmeo Jupara {K,} na R ¢ y > 0 Kak u paHblile, 38 UCKIIOYeHHEM
Toro, yto y — 0 BMecTo r — 1. I[IpuBegem npumep.

0603HaunM

Ky (z) = %%W mpu y — 0.

Bce ¢oynruun K, > 0 u npocrad 3aMeHa NepeMEHHBIX NOKa3bl-
BaeT, uTo cBoiicTBO DIR 2 Brimoansaetcd. Taksxe npocTas oleHKa
NOKa3bIBaeT, YTO BhlnoiHAeTcA U cBoiicTBo DIR 3. OctaBum mpo-
BEepKYy BaM Ha CaMOCTOATENbHYIO paboTy.

O6uaa Teopema 06 ammpokcumanuu mia cemeiictB [Jupa-
Ka TOBOPUT HaM, YTO IJA KamJ0il HeNpepbIBHON OrpaHMYeHHOMN
¢ynruuu f Ha R cBepTKa

(Ky * f)(z)

CXOOUTCA K f(:l?) PaBHOMEPHO II0 & B KOMIIAKTHOM MHOMECTBeE.
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MpI mony4yum Ty #e JONONHUTEILHYIO CTPYKTYDY, Kak IJIA
cemeiictBa [lyaccoHa. 3gech MbI Ucnoib3yeM onepaTop Jlannaca B
NpPAMOYTOJLHBIX KOOPJUHATaX

2 2
A= (3z) +(55)-
ox Jy
IpocToe nuddepeHnrpoBaHre MOKa3biBA€T, UYTO (YHKIUA
(x, y) = K,(x) ynoBrerBopseT ypaBHenuio Jlamnaca, T.e.

AK =0.

lIpyrumu cinoBamu, K — rapMoHuudeckad GYHKIUA Ha BepXHeii
nonyminockocty. JuddepeHnupyd noa 3HakoM UHTerpana, Takke,
KaK B MpeJbIAYIeM puMepe, Mbl IPUXOAUM K 3aKIIOYEHUIO, YTO
cBepTka K * f — rapMoHudeckas npu n060il orpaHuyYeHHONH He-
npepbiBHON dyHkiuu f. [loaToMy MbI HoKazanu cieqyouiuii pe-
3yIbTaT:

Teopema. I[lycmv f — oepaHuveHHas HenpepvleHan HyYHK-
yusa Ha seuwecmsenHol ocu. Onpedeaun

Ky =L v
Fle,y) = (K, * f)(a) = & R/ (0L

Toeda F' — eapmonuveckas Ha seprHell noaynaockocmu, m.e.
AF = 0 Ha eeprHell noaynaockocmu u

lim F(z, y) = f(x) 0dan VzeR.
y—0

B Teopeme roBopuTcA, 4TO 3ajaHHaA GyHRUUA f ABIAETCA
rPpaHUYHbIM 3HaYeHHWEM TrapMOHMYecKoil ¢yHKUuU F' B BepxHeii
MONYIOCKOCTH, TAKUM 06pa3oM, MbI ABHO MOCTPOUIU TapMOHU-
YecKY0 (QYHKIWIO ¢ 3a[JaHHbIM I'PAaHMYHBIM 3HaYE€HUEM.

IlpuATHO MONYYUTh HE3AaBUCHUMYIO KOHCTPYKIHUIO B JAHHOM
ciyyae, HO eClii Bbl U3YUYMIU KYypC KOMIUIEKCHOTO aHaln3a, BaM
JIOMKHO GBITH U3BECTHO, UTO KPYT U BEPXHAA MONYIOCKOCTD aHa-
AUTUYECKH u3oMopdHEbI. [leiicTBUTENbHO, 0OTOGpaneHue

z—1
z+1

Z =
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NOKa3bIBaeT aHATUTHYECKHI N30MOpP()U3M BepxXHeil MoMyIoCKoC-
TH ¢ KpyroM. Torga cemeiicTBo IlyaccoHa B mpeasiIyiemM npume-
pe coorBeTcTBYeT cemeiicTBY K (x, y) npu sToM usomopbusme.
XopomuM ynpaxHeHueM OyeT IpOBepKa 3TOr'0 YTBepHIeHUA Ha
Kypce KOMIIIEKCHOT0 aHalu3a.

TennoBoii HICTOYHUK Ha BellleCTBEHHO
npAMoi

Mpsi cob6upaeMcd MpUBeCTH OAWH U3 Haubojee BamHbIX MPU-
MepoB cemeiicTB [upara, Mo#eT GbITb, caMblif BamHbIA NpU-
Mep. B saTom maparpade GygeM mcrnonb3oBaTh NepeMeHHbIE i, T,
npu t > 0, t — 0. Takum o6pasom, cemeiicTBo [lupaka — 3To ce-
MeiicTBO HempepbIBHBIX ¢yHEuui {K;} Ha R, nHIeKcHpoBaHHOE
BellleCTBEHHLIMU MOJOKUTENbHBIMY YHCIaMU ¢ ¥ YIOBIETBOPAIO-
ee ciaeayIonuM CBOUCTBaM:

DIR 1. K; > 0 npu Bcex t > 0.
DIR 2. [ Ki(x)dz =1 npu Beex ¢t > 0.
R

DIR 3. [Ipu 3amaHHbIX € U § cymecTByeT £y > 0 Takoe, YTO
ecau t < tg, Torga

/ Ki(z)dx < e.

|| >

Mb1 Takxse GymeM ucnonb3oBaTh ob6o3nauenue K;(x) = K(t, x).
O6mas Teopema 06 annpokcumanuu 18 cemeiicta Jupara {K;}
BEpHa U yTBEpK/JaeT, YTo:

IIyecmv f — ozpanuyvennana gyurkyus Ha R, kycouwo-Henpe-
puleHasn Ha Kaxcdom konewHom unmepeaae. Tozda (Ky * f)(x) cxo-
dumecs pasnomepno k f(x) npu t — 0 Ha Kaxcdom Komnarmuom
nodmuosxcecmse, Ha Komopom f HenpepvleHa, uAU HA A1060M NOO-
MHOKMcecBe, HA KOMOpoM f paeHOMEPHO HenpepbleHd.

Teopema. Ilycmov nput >0

1 e~ /4 4.

47t

Ki(z) = K(t, z) =

Toeda {K:} — cemeiicmso Jupara.



Teopemvl anaausa o6 annpokcumayuu 89

IIpoBepka akcuoMm He mpejacTaBifeT npobiaemsl. [lad cBoiicT-
Ba DIR 1 oueBugsno, uro K (¢, ) > 0 npu Bcex ¢, x. [lna cBoiicTBa
DIR 2 Ham Hy:kHO JOKa3aTh, YTO

o]

o0
1 _z?/at
K(t, x da::/—e /% g = 1.
_/ (t ) Vdmt

—0Q0

z?

CuenaeM 3aMeHy IepeMeHHbIX y2 = 4’

X
nosToMy y = ——, dy =
2v/t

= d—j_ 3aTeM HaM Hy#HO UCIOJbL30BaTh CTaHJapTHOE 3HAYEHUe
2/t
U3 UHTEerpajbHOr0 UCYUCICHUA, 4 UMEHHO
o0
_ 2
e ¥V dy = /7,

—00

u noiydaem cBoiictBo DIR 2.

CpoiicTBo DIR 3 Takske HeclO#HO JOKa3aTh, HAM JHIIbL HY#H-
HO MPOBECTH HEKOTOpbIE OlleHKH. 3aflaHbl €, §, HAM HY#HO JOKa-
3aThb, YTO NpHU ¢, JOCTATOUYHO GIM3KOM K HYJIO:

1 / —x2/4t
— | e dr < e. *
2\/55 (%)

llenaeM 3aMeHy TepeMeHHBIX = = 2+/ty, kak u Boime. Toraa one-
HUBaeMblil MHTerpai (%) CTaHOBUTCA

o]

/ e~V dy.

5/(2Vt)

Ilpu t — 0 HUKHMIT Tpelden UHTErpUPOBaHUA % CTPEMUTCA
t

K 6€CKOHEYHOCTU ", NMIOCKOJLBRY,
[es)

/ eV’ dy

—00
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KOHe4YeH, TO
o0

2
li v dy =
Jm [ e du =0,
A

4yTo U JoKasbiBaeT cBoiicTBo DIR 3.

Oyurnus (¢, ©) — K(t, ) Ha3bIBA€TCA MENA08bLM UCTTLOYHU-
rom Ha R. TepMuHoaorua npuiua u3 GU3NKYU, U MOKHO IPEAIOI0-
#KUTb, YTO OHA UMeeT KaKoe-TO OTHOLIEHUE K TEIJIONPOBOJHOCTH
(uTo BO3MOHHO), HO ¢ Hamell Touku 3penus K (¢, ) — mpocto
BakHbI npuMep cemeiicTB [lupaka, KOTOPBIA BO3HMKAET MOBCIO-
1y, AIMeeT JU 3TO OTHOIIEHHE K TEeIIONPOBOJHOCTU WU HET.

Tarme cyllecTByeT CTpyKTypa [nA auddepeHnnaibHo-
ro ypaBHenud. Omnpemenum puddepenunanbusiii onepatrop H

na R x R: ,
0 0
H,, = — (—) 9.
b o ot
Mb1 6ynem HasbiBaTbh H onepamopom menaonposodnocmu.

Teopema. Ten.aosoll ucmoiHuk ydosiemeopsem YypasHeHUID
men.aonposodHocmu, m. e.

uau 6 mepmuHax nepemeHHsvlr

H, . K(t, z) = 0.

YTo6bl yBHUAETb 3TO, OCTaBaliTech XJIaJAHOKPOBHBIMH, CIIO-
KOUHBIMU M coOpaHHbIMU. IIpoauddepeHnnpyiiTe aBaxabl Mo x
U ofuH pa3 no ¢. Bul monyuuTe TO ke caMoe 3HaueHUe, €CIU BbI
He cJenaeTe OoIMOOK B BBIUUCIEHUAX, KOTOPble i 4acTo Jelalo.
Ilocne BriuuTanuA Bbl nonyuute 0.

NuddepennpoBanme noa 3HaKOM MHTerpaja NpUBOAUT K:

CnenctBue. Ilycme f — oepanuvennas HenpepvleHas GyHk-
yusa na R. Ilycmo

F(t, z) = (K¢ * f)().

Tozda HF = 0, m.e. F ydosaemsopsem ypasHeHui men.ionpo-
e8odHocmu.
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JTO NUIIb YACTHBIN ciydaii o6imeil Bo3aMomHOCTU quddepeH-
UPOBaHUA CBEPTKU MOJ 3HAKOM HWHTerpaia, T.e.

D(gxf)=(Dg)* f

IpU YCIOBUU abCOMIOTHON CXOAUMOCTU. JTU YCIOBUA 3/1€Ch BbI-
MOMHEHDI.

Takum o6pa3oM, Mbl BUAMM, UTO HaM yAaloCh PENIUThb Kpa-
eBYyIO 3aJayy Ha BepXHeil MOMYIIOCKOCTH, ¢ JaHHBIM KpPaeBbIM
3HaueHueM f [JIA onepaTopa TeMIONPOBOJHOCTH, a He /A olepa-
Topa Jlamiaca, ¢ KOTOPIM MbI BCTpeYaluch paHbliie. Y TBep#H/aa-
ercA, uto K fABnAeTcA gyndamenmarbHblM peuleHuem YPaBHEHUA
TEIIONPOBOAHOCTH, OCKONbKY CBepTKa ¢ K MO3BOJAET NONYUUTH
pellleHe YpaBHEHUA TEIIONPOBOJHOCTH C 3aJaHHBIMU KPaeBbIMU
YCIOBUAMH.

Pabotath Ha R™ He cioxnuee, yeM Ha R. Hcnonbaysa n-mep-
HYIO BEpCUIO:

KX (z) = K®'(t, 1) = — L _¢~="/4
t ( ) (7 ) (47l’t)"/2 ’
rae ¢ = (1, ... , Tn) — BTO N-Ka U3 BeleCTBEHHBIX YHUcel, 1

- - 2
r=z-r=x]+...+ T,

0oOBIYHOE CKAaJIAPHOE NMpOu3BejeHUEe T ¢ caMuM coboii. [IpoBepkra

Toro, uto BeimonHAoTeA Tpu yenosud DIR 1, DIR 2 u DIR 3, aB-

JIfeTCA TEXHUYECKOIi omepalueil, B TOYHOCTH, KAK B OJTHOMEPHOM

cnyuae. He 3anyTaiiTech, BbIUUCIAA YacTHbIE IPOU3BOIHBIE.
Omneparop TemtonpoBogHocty Ha R™ Toraa 6yner

—_ 9
Ht,$ - A$+ 8t7

A, = (8%1)2+...+ (a%L)Z

onepatop Jlannaca. OHN npUMeHAIOTCA K QYHRIUU

rue

F(t,z) = F(t, ®1, ..., Tp).
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TennoBoii HICTOUHUK Ha OKPY#HOCTU

Tarxe, kak MbI paccMaTpuBalu Nepuojuueckue GyHKIUU
npu obcysaenun panoB @Dypre, paccMOTpUM mNepHOANYECKHE
(GYHRIUU B CBA3U C TEIJIOBBIM HCTOYHHKOM. Takum obpasom,
MbI XOTUM HaliTu cemeiicTBo lupaka 1A nepuojudeckux QyHK-
Iuil, yIOBIeTBOPAIOUINX YpaBHeHUIO TemnonpoBogHocTu. Onepa-
TOp TEILUIONPOBOJHOCTHU TOT e caMblii, uTo U Ha R. Ham HyHO
cemeiictBo {K;} nepuoandeckux GpyHruunii

K(t, ) = K¢(z), ynonerBopsaomux K(t, z+2n)= K(t, z)

U cleJyIOUHUM TPeM YCIOBHUAM:
DIR 1. K; > 0 npu Bcex t > 0.

27
DIR 2. [ K(x)dz =1 npu Beex t > 0.

0
DIR 3. Ilpu 3apaHHbIX €, § Memay 0 u 1, cymectByeT to,
0 <ty < 1, Takoe, uto npu 0 < ¢ < ¢y BBINOIHEHO

-4 T
/Kt(a:) dzr + /Kt(:c) dzr < e.
-7 4

JonomHUTENbHO, eCIH MbI 0603HaYUM
a2, 9

()4

oz ot’

Torga Mbl TaK#e XOTUM, yTo6b1 K YOoOBJIETBOPAJIO YpaBHEHUIO
B YaCTHBIX MPOU3BOJOHBIX:

HK =0.

Yro6el OTIMYATH TaKkue Nepuoanveckue byHruuu K ot Hemepuo-
Iu4YecKUX GYHRIUN AIA TEIVIOBBIX UCTOYHUKOB Ha R, MbI GyneM
sanmuchiBaTh K 1A TemIOBBIX UCTOYHUEOB Ha R, T.e.

KR (r) = e/,

EcTtecTBeHHbI noaxonaq K IOCTPOEHHUIO NMEepUOJUYECRKOro pe-
IeHUA B Hallleid 3ajjaye — 3TO nepuoan3anufa HEIEepUuoagu4eCKoro
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pemenuda Ha R. [losTomy MbI onpenenum

K5(t, z) = i K*(t, x +2mn) = Y K*(t, & +2mn). (1)
—00 A

Bepxuuit uagerc S o6o3HavyaeT okpy#HOCTh. CTaHgapTHOE 000-
3HaYeHHe LeNbIX Yhcel Z U cyMma OepeTcA Mo BCeM IIelbIM UYHhc-
aaMm n € Z.

Ilpu ramagom 3uavenuu ¢ > 0, unenbl paAga (1) sKCHOHEHNIH-
albHO yObIBAIOT, II03TOMY PAJI CXOAUTCA OYeHb OGbicTpo. OcTaBuM
BaM BLINKCAThL Bce JeTali.

Torna crenyer, uto K°(t, x) — nepuoguyeckas, T.e.

K5(t, z 4+ 27) = K°(t, )
npu Beex t > 0uz € R.

Teopema. Pyuxyua K onpedeasem cemeiicmeo Jupara
nepuoduieckur Pynkyuil u yoos.aemeopsaem YpasHeHUIO MeNnionpo-
sodnocmu HKS = 0.

I OKA3BATEJIBLCTBO.

Yenopue nonoxurenbHoctu DIR 1, oueBUIHO, BBIMOIHAETCA
naxe B OObIYHOH cTporoii gopme Ks(t, xz) > 0 mpu Beex ¢, x
(cTporasl MOJOHUTENBHOCTD).

IOna npoBepru cBoiictBa DIR 2 ™Mbl cBoguM uHTerpain
Han [0, 2] k unTerpany Hag R. Mbr1 nonyvaem

27 27 . (1:+21rn)2

K5, x da::/ e 4 dr=
/ (& @) Vdmt nze%
0 0

2mw(n+1)

27

/ (w+27rn) 1 ,
Z de = Z eV /Mgy =
\/47r nez vVt nez o)

o]

(e.¢]
= \/i?/e_f/“dt: /KF(y)dy:l.

—00 —00

Tarum obpasom, Mbl cBenu cBoiicTBo DIR 2 Ha orpysHOCTH
k cpoiictBy DIR 2 14 TemmoBoro ucTouynnka K® Ha mpaAMoi,
HHTEerpan oT KOTOPOro, KaK MbI y#e BUieNu, paBeH 1.
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Ocranoch poxasathb cBoiictBo DIR 3. MbI cHOBa cBoguM 3TO
CBOICTBO K COOTBeTCTBYIomeMy cBoiicTBy K® Ha mpaMmoii. Ml
JOJIKHBI MOKAa3aTh, UTO UHTErpal OT Kf Ha UHTepBaie [, 7] cTpe-
muted K 0, korga ¢t — 0. YTo6bI caenaTh 3TO, Mbl CHOBA MOMEHAEM
MecTaMd CYMMY M UHTerpai, a MMeHHO

oo (z+27n)?
1 Ze_ i dr =

27 (n+1)

_Z e Y /4tdy</KRt x) dy.
o Vant /

d+27n

ITo croiictBy DIR 3 nna TennoBoro mctouHuka Ha R, MbI 3HaeM,
4yTo cyiecTByeT tg, 0 < ty < 1, Takoe, 4YTO 3TO MOcieaHee BbI-
passenne npu 0 < t < ty oKa3bIBaeTCA MeHbIlle €. AHAIOTUYHBIA
apryMeHT [0Ka3blBaeT HepaBeHCTBO [JA uutepsana [—m, —d]. Ta-
KUM o0pa3oM, Mbl foka3zaiu cBoiictBo DIR 3 nina K s,

U, HakoHen, paccMoTpuM aud@depeHLUalIbHOE ypaBHEHUE.
CX0OUMOCTh HEepPUOAMYECKOro pAjaa

9] (z+27n)>
e 4
—o0

ABJIAETCA OOCTAaTO4YHO 6BICTp0ﬁ IJIA TOro, 4TOObI Mbl MOTJIU TO-

g 0

YIeHHO Npoau¢ pepeHIPOBaThL U B cllyyae ¢ —- U B clly4yae ¢ -—

ot or
0

2
u (8_) .Ho ecau ¢ — MIPpOKU3BOJbHaAA KOHCTaHTa U f YAO0BJIETBO-
x

pAeT ypaBHEHHUIO TeILIONPOBOJHOCTH, T. €.
H;,f(t,z) =0 nadaBcex ¢, z,
Torga QYHKIUA g, OupefenAeMan Kak
g(t, z) = f(t, z+¢)
Take yIoBIeTBopAeT ypaBHeHuio. CleqoBaTeNbHO, Kamuioe cla-

raemMmoe
(z+27n)?

fn(ta 1") = \/1—6_ 4t

i~
3
-
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YIOBIETBOpAET ypaBHeHUIO TemionpoBoanoctu Hf,, = 0. Cieno-
BarenbHo, HKS = 0, kak u TpeGoBaloch NoKa3aTh.

3aTeM Mbl YCTAaHOBUM COOTHOIIEHUE MeAy CBEPTKOH Ha
OKpPYHOCTH (T.e. A NepUoAnUYecKuX OYHKIMIA) 1 CBEPTKOM Ha
BellecTBeHHo! nmpAMoii. Ha okpy#HoCcTH cBepTKa 3amaeTcaA (op-
MYyJ10it

2w
fr5() = [ Hw)ate—v) v

0

1A nepuoaudeckux yuuuuit f, g ¢ nepuogom 2x. Ilycrs f —
nepuoanyveckas. Toraa

K+ f(z / KS(y)f(a—y)dy =
/Z (y+27rn)
o fle—y)dy =
nez \/47r
2 (y+21rn)
flz—y)dy =
nEZ
2mw(n+1)
(g — ) dy =
nEZ

(u3-3a nepno,uw{HOCTH) f

[oe]
_ 1 / —y2/4t
=—— [ e flz—y)dy
\/47rt_OO

Taxkum oGpa3oM, MbI MONYYHIU COOTHOLIEHUE MEMIY CBEepPTKOI
Ha OKPY#HOCTH U cBepTKoil Ha R. MbI Mo#eM NOABITOKUTH BbI-
YUCJIEHUA B TeopeMe. ]

Teopema. I[lycmv f — Henpepvienas nepuoduveckasn @ymr-
yusa nepuoda 27. Toz0a

K7 f(x) = Ky * f(x),
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20e 6 aeeotl wacmu ceepmra Ha [0, 27|, a 6 npasoli — Ha
(=00, ).

3aMeTbTe, UTO Ghopmyia
HEK s f)=HK) «f=0

TaK#e MOMKeT ObIThb Iojy4yeHa ua3 3TOW MOociedHenl TeopeMbI.

Panber ®ypre u uuBepcusa Ilyaccona

Tar rar KtS — mnepuoanyeckas, y Hee ecTb paAg Pypbe, Ko-
TOpbIl MO#eT GbITh Jerko BhIuMcIeH. B neiicTBuTensHocTH, K
6eckoHeuyHO quddepeHIUpPyeMa, KAK MOM#HO NPOBEPUTH, Nudde-
pPEHNUPYA PAJ NMOWIEHHO W MOKAa3bIBafA, 4To NpoauddepeHIUpO-
BaHHBII PAJl CXOUTCA abCOTIOTHO U PABHOMEPHO Ha Ka#I0M Orpa-
HuyeHHOM uHTepBaie |z| < A. Ilo o6mum Teopemam o pagax Py-
pbe, pag @ypbe or K; cxomutea k dynrnuu K; . Crepyroman
TeopeMa MOKa3bIBaeT HaM, Kakoil 3TOT pAng Oypee.

Teopema. Pad @ypve das K; 3adaemcs evipascernuen

(z+27n)>

iﬂ-t Z 6_4—t — % Z e—n2teinw.

ne”Z nez

JJOKABATEIBLCTBO.
m-ii Koadpuurent Oypre onpelgenAeTca WHTErpajoM A
m € Z

7 1 2 (z+27n)?
K7 (z)e”™®dx = Z /e_ i emimTy =
4 nez VAmt )
2m(n+1)
1 / —y?/4at —ima
= Z e e dy,
vart
n€z 27n

rage MbI chellalyd MOACTaHOBRY Yy —= &I + 27™n U BOCIOJb30Ba-

nuck ™2™ — 1, TlocneHee BhIpaseHUe ABIAETCA PaBHbIM

oo
1 / —y? /4t ,—imy
— e e dy.
VAamt
—o0
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Mber1 cpenanu moacTaHoBRY y = v/ 2tu, dy = v/2tdu v ucnonab3oBa-
JI¥ CTaHJapTHOE 3HaYeHNe U3 MaTeMaTH4eCKOro aHaln3a, a UMeH-
HO

V2r

3aTeM MoJIydyaeMm

2 . 2
e u/2e LY P v/2

\8

2

/Kf(x)e"“’””dm = e ™,
0

JTO U JI0Ka3bIBaeT TeopeMy. ||

dTta Teopema nonydeHa Ilyacconom u HasbiBaeTcHa @opmyaoll
uneepcuu Ilyaccona. OueHb Bam HbIM YaCTHBIN ClIydail BOSHUKaeT
npu Bbibope x = 0, Torna €'"® cTaHOBUTCA efuHUIEH. B aToM cay-
yae MbI MOJTYYUM TO, YTO U3BECTHO Kak opmyia CYMMUpo8anus
Ilyaccona.

CaencrTBUe.

CymecTByeT MHOr0 NpUIO#EHU NJIA 3Tol (OopMyJbl B aHa-
nu3e ¥ Teopuu yucesd. Mpl co6MpaeMcA NPUBECTH ONHO M3 3THX
NPUJIOACHMI HUe, I0Ka3aB, Kak PuMaHn Iokasan QpyHKIMOHANb-
Hoe ypaBHenue (-pyHrnuu. B amanuse popmyna unsepcum Ily-
accoHa BO3HMKaeT B CIIeKTpalbHOil Teopuu. [IA o4YeHb 06IIEro
o6cymaenua popmyn uaBepeud cm. [JoL 94].

Pajg ®ypbe TemnoBoro ucToYHMKA UMeeT GopMy, KOTOpaf UH-
TepecHa caMa Mo cebe U HasbiBaeTcA H-pagoM. Mel nmpuBeneM xa-
paKTepHble CBOicTBa TakuX §-pANOB B OTAeNLHOM Iaparpade.

0-pAnel U cBepTKa

HauneMm c paga @ypbe TennoBoro UCTOUHUKA Ha OKPYHHOC-
tu. He 3HaA Hudero, Mbl MoxeM onpenenutsb 0-dynryuio 0:(x)

4 C. Jlenr
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(mpu z € R u t > 0) ¢ nomoubio pana

—n?t i
by (z) = % e " tetne,
nez

PaszymeeTca, nepronyeckuii Temiosoit uctounns K pasen 6-pa-
Iy, HO HaM He HY#HO 3HAThb 3TOrO JJA TOro, 4TO GyAeT MOMyUYeHo
nanbiiie. Mbl IPOCTO HAYHEM C BBILIENPHBEIEHHOT'0 ONpe/leeHus,
MO3TOMY apryMeHThI, HOKa3bIBalollNe ClIeJyOUYI0 TeopeMy ca-
MOJJOCTATOYHBI.

Teopema. ,ZZ./lﬂ NOAOHUIMEAbDHBLY 6EULECINMBEHHbLY HUcCen t, S
6blIOAHEHO COOMHouleHue

0t * 03 = 0t+3.

JOKA3ATEILCTBO.
Boiute Mb1 3anucanu pAang aasa 6;(x), a Temepb 3anuuieM pAq

¢ s BMecTO ¢,
1 —m?s i
Os(x) = 5= E e~ M fetme,
+(@) 2
me7Z

2 2
U3-3a 6bicTporo y6biBanuAa e~ ™ ' u e~™ ° cBepTKa 3ajJaeTcd Bbl-
paxeHueM

27

0y 5 0,(x) = / b1(z — 9)0, (v)d

0

27
i e
m,ny

27
— 1 . Zeinwe—(n2t+mzs)/ei(m—n)ydy.
(27) oo J

O6b1uHbIe apryMeHThI IOKa3bIBalOT, YTO NMOCIeAHUI HHTerpal pa-
BeH 0, ectu m # n, u paBen 2w, ecnu m = n. CiegoBaTenbHo,
TONBKO WIEHBI C 11, = N OCTAIOTCA B CyMMeE, U MbI MOJIYyYaeM

0; % 0,(x) = @)’ Z ) o = 9,4, (x),

(27r oyt

4YTO U JOKAa3bIBaeT TeopeMy. | |
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3AMEYAHUE. Pasymeercd, mnockoiabky 6#-¢yHKUMA paBHa
TEIUIOBOMY MCTOYHHMRY, Ta e camad ¢(opMmyla NpuUMeHUMa
U K TEIIOBOMY UCTOYHMKY. [Ipyrumu cioBamu,

S S _ S
K8« K§ =K5,.

OnepaTop CBepPTKH SABIAETCA acCOUUATUBHBIM, T.€. AIA TpexX
¢byurumit h, g, f Mbl UMeeM

(hxg)x f=hx(gxf).

Bel MomeTe MpoBepUTH accOUATUBHOCTh 3aMeHOi MOopAldKa WH-
TerpupoBanud. Jlna kamaoro ¢ ynkuua K; MomeT paccMaTpu-
BaTbCA KaK MHTErpalbHbI onepaTop

fb—)KtS*f.

Torpa BrimienpuBegeHHas ¢opmyJia CBepTKU KtS*KtS = t5+t, ro-
BOPUT BaM, UTO OIlepaTOp COCTAaBJIEHHbI U3 Kf u K 3amaercs
CBEPTKOI C Kt5+t,. IlosTomMy roBopuTCH, YTO MHOMECTBO TEILIO-
BbIX UCTOYHHUKOB {Kts} ABNAeTCA NOJYrpylnnoi onepaTopos, IO-
CKOJIbKY OHO 3aMKHYTO 10 KOMIIO3UIIMU.

Takum ob6pas3oM, MbI OJAYyUUIH BCe OCHOBHbIE CBOICTBA Tell-
JOBOT'O UCTOYHHMKA Ha BellleCTBeHHO# mpAmoii. Ecau Bbl Gynere
u3yyaThb MaTeMaTURY, TO B JalbHelillleM Bbl 0CO3HaeTe, YTO 3TU
cBoOicTBa ABIAIOTCA TUMUYHBIMHU B oueHb 06mux cutyanuax. To,
4TO MbI Jlellaly, 3TO He Cly4ailHo, 3TO NMPOTOTHUN AJAA GOJbIINUX
U JIyUYIIUX TeOopHuil.

Jlanbie MBI OCTaBUM HU3YyUYEHUE TEIIOBOI'0 UCTOYHHUKA U Iie-
perIIoYuMcA Ha, Ka3ajloch Obl, COBEpLIEHHO OTJMYHble aclek-
Thl B-pyHRIUIA.

®opmyana cymmupoBanua Ilyaccona u
¢dyHKIMOHalbHOE ypaBHeHUe (-hyHKIINU

OpHo w3 mpuiomeHuit ¢opmynasl cymmupoBanusa Ilyacco-
Ha — BTO PUMAHOBO [I0Ka3aTelbCTBO (yHKIIMOHATBLHOrO ypaBHe-
HUA (-GYyHKINU, KOTOpoe MbI ceiiuac npuBenem. CHavana Mbl BBe-
neM (pyHRLUIO
P(t) =Y e,

neZ



100 Teopembvl aHaAU3Q 00 ANNPOKCUMAYUUL

KOTOpad C TOYHOCTBIO [0 3aMeHbl NePEeMEHHBIX U MOCTOAHHOIO
MHOkUTend ABifAercA f-pyHnrnueil. boiree TouHo

P(t) = 2wf(nt, 0).

Torna dpopmyna cymmupoBanud Ilyaccona MomeT ObIThH 3anucaHa
B BHU]e

P(t™Y) = Viy(t). 1

3ateM (-Pynryua ¢ onpenenaeTca pAIOM
Z -
= n®

JTOT pAN CXOOUTCA aOCOJIOTHO MPHU BCEX BelleCTBEHHBIX § > 1,
KaK U3BECTHO M3 Kypca MaTeMaTH4YeCKOro aHalli3a U ¢ IOMOIIbIO
HHTerpaibHoro tecta. Bol Takme MoseTe B3ATb KOMILIEKCHOE S
¢ Re(s) > 1, eciu Bbl 3HaeTe 0 KOMIUIEKCHBIX umcnax. Taksxe
CXOIUMOCTh AIBJIAETCA PaBHOMEPHOM Mpu

Re(s) > ¢ > 1.

Ho MbI MoskeM paccMaTpuBaTh TONBKO BelleCTBEHHBIE S, €CIIU BaM
3TOro Xo4yeTcA. 3ajjavya 3akII0YaeTCA B TOM, YTOObI NONYUYUTh BbI-
panenue 1A ((s), KOTopoe GbI CXOAUIOCH TIPU BCEX 3HAYEHHUAX S
C e[IMHCTBEHHO BO3MOMHBIMHU HUCKIIOUeHUAMU B s = 0 u s = 1.
dTo To, uTO chenan PumaH, u Mbl GyfeM clie[oBaThb paccy#/ie-
HuAM Pumana. B nokasaTenbcTBe Mcnonb3yeTcd Tak Ha3bIBaeMoe
npeobpasosanue Mearuna Mg nonxonduieit GyHKIUM g, onpeje-

jJAeMoe KaK
o0

dt
Mg)(s) = [ (o %,
0
Tanske npu s > 1 BBeleM QyHRIHUIO

F(s) = n/0(£)¢(s),
rge eamma—gﬁynnuuﬂ onpeneinfaeTcAa 00OBIYHBIM HUHTerpajiomM

I'(s) = /e"tts %

0
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Teopema Pumana. @yuryus F' eviparcaemcsa anaiumuiec-
Ku npu ecer s # 0, 1 u ydosremeopsem ypasHeruio

F(s)=F(1 —3s).

I OKA3ATEJILCTBO.

Onpeneaum QyHRIUIO
o0
gty =Y e = L) - 1) (2)

n=1

HUJIN TarHe
24(t) = $(t) -

Torpga

o]

Mg)(3) = [ e,

0
Jlemma. Buwinoaneno pasencmeo

(Mg)(%) =F(s) npu s> 1.

HOKA3ATEIBLCTBO.
MoacraBum pax nna g(t) ¥ moMeHAeM MOPAJOK CYMMHPOBa-
HuA u uHTerpupoBanud. [lonyunm

o
Z/ -n 7rtts/2dt
n=ljp

t re u=nirt, du =

Cnenaem 3ameHy IepeMeHHbIX ¢ — —;
nm

= n?xndt. Toraa

4YTO JOKAa3bIBaeT jJIeMMYy. | |
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3aTeM pasnoxuM uHTerpan Mennuna (Mg)(%) Ha JBa WH-
Terpaia

o] 1
S\ _ s/2dt s/2dt
Mo)(3) = [ s+ [ generdt -
1 0
— s/2dt 1\,—s/2dt
—/g(t)t ; +/g(t)t P
1 0

cenaB npeobpasoBanue t 1 I/ICHOJIb3yH (2), nomyuum

()~ )~ Moo |- -}

HO,I[CTaB.TIHH 9TO 3Ha4YeHHe B HMHTerpai, conepmamnﬁ g(%),

U npuHUMag BO BHUMaHue, uTo F'(s) = (Mg)(%), Oy YUM

oo

F(s) = - 1 T 1y /g(t)(ts/2 +t(1—3>/2)%.

1

IlepBrie nBa ciiaraeMspIX MMOJMY4YalOTCA HIPAMBIM HHTEr PHPOBa-
HUEM U NPUMEHEeHHeM MaTeMaTH4YecKoro aHaiusa. Tenepb 3ame-
THUM, UTO MHTerpajibHOe cjlaraeMoe BepHO JJIA BceX 3HAUYEHHH s,
a TmepBble Ba claraeMbIX UMeIOT ocobeHHOoCTU Tpu s = 1 u s = 0,
HO B JPYTHUX CIydYafX ABIAIOTCA NPeKpPacHbIMU MPOCTHIMU QYHK-
nuAaMU. Bonee Toro, npu 3ameHe s Ha 1 — s 1 06paTHO, BhIpaxKeHue

1 _1

s—1 s

ocTaeTcA HEU3MEHHBIM U TaKe 0CTaeTCA HEeM3MEHHBLIM BbIpa-
JMEHMe 0] 3HAKOM HHTerpaia. dTO 3aBepllaeT J0Ka3aTelbCTBO
(QYHKIHUOHAIBLHOTO YpaBHEHNA. u

IMoctexrpuntym. KeraTu, eciu BhI ceiiuac BepHeTeCH K IO/~
cyeTaM MpPOCTBIX YHcel U rumorese PumaHa, Bbl YBUIUTE TY
e (-QyHKUMIO, KOTOpad UCNoMb30Banachk B 3ToM naparpade. Ilpo-
JOJ#UB aHalu3 HeMHOro fanblle, PuMaH noiny4usa ABHy10 popMy-
a1y masa w(x) B TepMHHAX Hylel 3Toit (-byHKUMU. DKBUBATEHT-
HOCTb Mekay runote3oii Pumana, kak MbI ee chopMyInpoBaIn
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B TepMHUHaX MOJCUYETOB, U TeM, Kak PumaH ee chopmyauposai,
ABIAETCA NPAMBIM cleAcTBHeM ABHOU dopmynsl. Ho BbIBog sB-
HOU GOpMYIbI HAXOJUTCA BHE yPOBHA 3THUX Gecel.

O-dyHKUIUU U KOMILJIEKCHbBIE
OBOAKoNepuoauUYecKkue GpyHKIUU

IIpocto gnsa Toro, 4To6bI MOKAa3aTh, Kak pa3felbl MaTeMaTH-
KU, KOTOpble Ha IepBblii B3TIAA KamyTcA pa3lUYHbIMH, Ha ca-
MOM Jlelle CBfi3aHbl, A cOOMpalOCh ceiiyac omucaTh, KaKUM 006-
pa3oM f-QyHKIUU BO3HUKAIOT B Pa3lOMEHUU ONMpeJIeeHHbIX TH-
NOB KOMIIIEKCHO-aHATUTUUEeCKUX QYHKIUI, Ha3bIBaeMbIX 3JIHUII-
TUYECKUMU QYHKIUAMHU. ITO pasioxeHNe aHAIOTUYHO pa3iiozke-
HUIO TIOJMHOMAa Ha JHMHeiiHble MHOMUTENU Hal KOMIIIEKCHBIMU
yucnamu. Ha 6osnee riiy6okoM ypoBHE 3TO aHAIOTHUYHO Pa3liozke-
HUIO MOJIOKUTEILHOTO eJIoro Yucia Ha npocTele yucaa. Ho mpo-
AIBIIEHNUE 3TUX aHaloruii TpedyeT Bce Goibie U GONbIEe TPOCTPAH-
CTBa U BPeMeHH, U HaM NpPHUAETCA I'/ie-TO OCTAaHOBUTLCA, IO3TOMY
MBI OCTAHOBHMCH TIOCIIE 3TOr'0 00CYHIeHUA.

Kamapiit 3HaeT nepuoanyeckue GyHKINU CUHYC U KOCHHYC,
KOTOpble CBAi3aHbl ¢ reoMeTpHeil okpy#HocTH. BHe 3Toit reomeT-
pHuH, Kak Bbl 3HaeTe U3 Kypca JuddepeHINaNIbHbIX ypaBHEHUI,
OHU YIOBIETBOPAIOT quddepeHnnaibHOMY ypaBHEHUIO

12 _ 2
Yy =1-y", 1)
KOTOpOe ABIAETCA MUIIb APYTUM CMOCOG0M 3aliCH BhIpameHuii
sin’(z) = cosz u sin®(z) + cos?(x) = 1.

Bonee Toro sinz u cosz — nepuoanvecKkue ¢ OJHUM OCHOB-
HbIM nepuojgoM 27. B BoceMHaanaToM 1 IeBATHAAATOM CTONETHH
MaTeMaTHKM HATONKHYJIHCh HA MOXO#UN (QEeHOMEH, HO HECKOJb-
Ko GoJlee CIOMHBIN, a UMEHHO, OHM paccMaTpuBaiu GyHruuu f,
KOTOpble yIOBIETBOPAIOT NuddepeHIalbHOMY ypaBHEHUIO

f?=f*+Af +B. (2)

3nece A 1 B — koHcTaHThl. B guddepennuaibHOM ypas-
HEHWU JUIA CUHYca M KOCHHYCa MOJUHOM B MPABON YacTU UMeeT
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crenenb 2. B moxosxkeit, Ho Gosee cioxHON cuTyanuu (2) MOIMHOM
uMeetT crenelb 3. [lotmHoMuanbHoe nuddepeHnnanbHOE ypaBHe-
HUE B JJefiCTBUTENbHOCTHU ABIAETCH JOBOJBHO OGI[UM, MOCKOIbKY
3aMeHOll NepeMeHHbIX INOJUHOM CTelleHH 3 Bcerjga Mo#eT ObITb
npeo6pa3oBaH B ApYroii, B KOTOPOM HeT KBaJApaTUYHOro 4leHa,
T.€. K BUAY

P(T) = T3 + AT + B,

rae ko3ddunuent npu T2 papen Hymo. lloaTomy ypaBHenue (2)
ABNAeTCA NPAMBIM 0606iieHreM (1) Ha MONUHOMBI TpeTbeil CTe-
neHd B npaBoil yactu. K aTomy nuddepeHnuaibHOMYy ypaBHe-
HUIO TNPUILJIA B TEOPUM KOMILIEKCHBIX, IBOAKONEPHUOAUYECKUX
byHRUUHA, T.e. OyHRUUA f(z) KOMIUIEKCHON NMEpeMeHHOi, KOTO-
pble UMEIOT [IBa Nepuojia wi, ws, KOTOpPble JIMHEHHO He3aBUCUMBbI
Ha R. Hanpumep, w; = 1 u ws = ¢ OyeT TaKoil mapoit NepuooB.
MpbI XOTUM U3YyYUTb aHaNUTUYecKHe GYHRIUU f, Takue, UTO

f(z+w) =f(z) n f(z+ws)=f(2)

1A BceX KOMILTeKCHBIX z. Ha camoM nene, Takue GyHRINY JOTH-
HbI UMETh MONIOCA, €CIU OHU HE ABIAIOTCA KOHCTAHTaMU, I103TO-
MY MBI B IefiICTBUTEILHOCTU paboTaeM ¢ TeM, UTO Ha3bIBAIOT Me-
poMopdHEIMU GYHRIUAMU, 06IaJalOUIMMU ABYMA HE3aBUCHUMbI-
Mu nepuogamu. Takue QYHKIUN HA3bIBAIOTCA IAAUNMULECKUMU.
[IpumeuaTensHo, YTO U3y UeHHE UNTUYECKUX QYHKIUI TpUBO-
IUT K 0-QyHKUMAM, KaKk Mbl ONHIIEM HUMe. ITU O-QyHRUIUU NiA
Onpe/ieleHHbIX 3HAaYEeHUI MepeMeHHBIX YIOBIETBOPAIOT ypaBHe-
HUIO TEMIONPOBOMAHOCTU M, KAK MbI BUJENN paHbliie, ABIAIOTCA
¢dbyHIaMeHTalbHbIMU PEIIeHUAMHU YPAaBHEHUA TEIIONPOBOJHOCTU
Ha OKPYHHOCTH.

[lna npuioxeHuil K KOMILUIEKCHON CUTYalUU ONMpeieIuM CHa-
yana 6-gynryuio Pumana

01 (7_ z) _ e‘rrin27'621rinz
,2) = E .
neZ
B sTom ompepmenenuu T, z KOMIUIEKCHbIe uucia. Mbl 3amuiineM
T =u+it, u, t — BelecTBeHHble, mo3ToMy ¢ = Im(7) — MHU-
Mad yacTb 7. MbI npeanonaraem ¢ > 0, yToObl pAx cxoxuicA. llpu
UCNONb30BAHUHU 3TOTO MPEANONOMEeHUA BUIHO, UTO

-2 2 -2
min“Tt _ —nn“t_min“u
e =e€ e .
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T.k. e™"’% po abCoNIOTHOMY 3HaueHHIO paBHO 1, abconiot-
Hoe 3HaueHne ™™ T [IPOCTO PaBHO e~ ™"t CnenoBaTenbHO, PAX
1iA 01 (7, z) aBCOMOTHO CXOAUTCH, U PABHOMEpPHO 1pH || > § > 0.
JInA BelllecTBEHHOT'0 z = T ¥ YUCTO MHUMOTrO 7T = it MbI B cyll-
HOCTH NONYy4YUM 6-pAl, KOTOPBI paccMaTpUBalcCA paHbllle B CBA3U
C TEIUIOBBIM MCTOYHHKOM Ha OKDPYKHOCTH.

f-¢dyuruua Pumana 6; o6iafaeT NpPOCTHIM MOYTH MEPUO-
JUYECKHUM COOTHOIIeHHEeM, KOTOpOe MbI NpUBeleM fABHO Iepej
TeM, KaKk yYKameM ee MPUIOKEHUEe K SIUINNTUYECKUM QYHKIUAM.
IIpexne Bcero 3ameTum, uTo 1 ABIAETCA UCTUHHBIM IIEPUOJOM,
T. €.

PER 1. 01(7, z+ 1) = 01 (7, 2).

JTo noiyyaeTcA HeMeAleHHO, IOCKOIbRY

01(r, z+1) = Z em’n2r . e2min(z+1)
ne”Z

2min(z+1) _ eZﬂ'inz . p2min 2mwinz

e e =e ,

nockombKy e2™" = 1 npu Bcex n € Z. Jlanee, T He BIOJIHe NePHOL,
HO Bce e UMeeM

PER 2. 0, (7, z +7) = e~ ™(7+22) . g, (1, 2).

Briuncienusa noxkasaHbl HUMeE

. 2 . .
01(7_, 2+ T) — E :emn T, gTinz  gmint _
neEZ
) . .
— § eﬂ'z(n +2n41)7 | e~ TIT | oTinz _
ne”Z
e . 2 .
—e wi(T+22) § e‘m(n+1) T, 627rz(n+1)z —
neZ
= e mi(T422) L g, (7, 2),

TakUM o0pa3oM JoKa3biBasA cooTHomeHue PER, 2.

Jtu gBa cooTHoumenua PER 1 u PER 2 nosBonsaioT Ham no-
CTPOUTH ABOAKONepuoguueckue GpyHKIuu. Bece, UTo HAaM HY:#HO
caenaTh — 3TO NMPUAYMATh YTO-TO, YTOOBI U36ABUTHLCA OT JIMII-
HEro MHOMUTENA, Bo3HUKatomero B cootHomenuu PER 2. Ilyctb
a1y ..., Gp 4 by, ..., b, — KOMIUIEKCHBbIE YHClIa, objJagaioniye
CBOMCTBOM

a1++an:b1++bn
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IIyctn
£2) Hj 01(r, z — a;)
Z) - =————.
Hj 01(7-7 Z = b])
Toraa u3s coorHomennsa PER 1 Buano, uto f(z+1) = f(z), n us-sa
Hallero npejnoloAeHnsa Ha Yyucia ai, ... , Gy, b1, ..., by U3 co-

otHomennsa PER2 nonyuaem, uto f(z + 7) = f(z). Takum obpa-
30M, MbI IIOCTPOWJIN MHOKECTBO ABOAKONEPUOANYECKUX DYHKIIMIA
¢ nepuogami 1, 7.

Mo:zkHo noKa3aTh, YTO Bce IBOAKONEpHOINYeCKIE MepOMOpd-
Hble (QYHRIUU MOTYT ObITh NOCTPOEHbI BBIIIEONUCAHHBIM CIIOCO-
60M c ucnonb3oBaHneM #-byHKIUNE HECKOIbKO Goliee 00UINX, YeM
Te, KOTOPbIe MbI OMUCANHU BbIIIe, HO C UCHO0Ib30BaHHEM B TOUHOCTH
TaKoil ke mponeaypbl. 1A 3Toro cMOTpPUTEe KHUTH MO SIUIUNTHU-
4eCKUM QYHRUMAM, Hanpumep [La 87).

Yro6bl y3HaTh O APYruX NpHMeHeHUAX O-¢yHKIUI, cMOT-
pute 0630p 'ecuecn u Beiikapaa [GeW 98], KoTopblii Bbimien Bo
BpeMA paboThbl HajJ 3TON KHUTOIL.
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IIpocTpancTBa bpioa—Turca

Mbe1 6yneM ucnonb30BaThb MOHATHA U BCIoMoraTelbHbIE Te-
OpeMbI, KOTOpble ABIAIOTCA CTAHJAPTHBIMU B OCHOBHBIX Kypcax
no n1uHeitHo# anrebpe u ananuzy. OqHaKoO, TaKKEe KYPCHI 10 CBOEId
CTPYKType IpefHa3HAUeHbl AJIA TOro, 4TOObl KaK MOKHO LIMpe
npeAcTaBUTh OCHOBBI 3TUX JUCHUIUIMH, U B HUX He NpPegyCcMOT-
peHo BpeMA Ha yriyGieHHOe U3yUeHUEe B KOHKPETHBIX HampaBie-
HuAax. [lpeacraBneHHbIit MaTepuan JaeT BO3MOMKHOCTD CTyAeHTaM
BY30B IIPOJIBUHYTHCA B 3TUX HaNpaBleHUAX, co6paB BMeCTe MOHA-
THA, KOTOpPbIe pa3fielleHbl 10 KypcaM, Takue, Kak MOHATHE POU3-
BOJHOI, Kakr JMHeiHOro oToOpaseHUs, pAAbI SKCIOHEHT, IpUMe-
HfAeMble K TUHeHHbIM 0ToOpameHuAM, MOJ0KUTENbHO ONpe/eleH-
Hble MaTPUIIbI, JIINHA KPUBBIX, U T. . OMUH U3 cnocoGOB UCIOb-
30BaHUA Npe/icTaBIeHHOT0 MaTepHalia — MONPOCUThL 3aUHTEPeco-
BaHHBIX CTYJEHTOB CAMUX IIPOYUTATh €0 U MPeJCTaBUTh JAPYTUM
Ha CHeNnalbHOM CTYJeHYeCKOM KOJUIOKBHYyMe, CEMUHAape WU Ma-
TemaTuyeckoM kiyGe. fI cienan ato B MeilnbckoM yHUBepcuTeTe
¢ 0OYeHb 0OJbIINM yCIIEXOM.

IlepBas yacThb, NOCBAlleHHAA 3aKOHY NoyNapaiierorpaMmma,
MoO#eT ObITb TeMoit ofHo#l Gecenpl. OHa MoeT ObITH NpOBejeHa
B Hayajle Kypca MaTeMaTHYeCKOro aHalu3a cpa3y Ioclie oIpe-
JeNeHUA MOJTHOI'0 METPUUECKOro NMpocTpaHcTBa. [lnA cTyneHTOB,
KOTOpble 3HAIOT, YTO TaKoe I'pyINNa, UIN KelaloT U3YUYUTh 3TO
npAMo ceiiuac, A peKoMeHOylo TeopeMy bproa-—Tutca o Hemno-
IBUMHOU TOYKe. 3[eCh [Jaske, MOMKET ObITb, UYTO-TO U3 DKOHOMU-
ku. lIIupokro u3BeCTHO, YTO HEKOTOPbIE TEOPEMbI O HENOJBUAIHOI
TOYKe YacTOo UCHONb3YIOTCA He TOIbKO B MaTeMaTUKe, HO TaKike
U B dKOHOMMKe. Jlon#Hb!l 6bITh Kakue-HUOYOb NPUIOMKEHUA Teo-
peMmbl Bproa—Tutca o HenmoABUHOI1 TOUKe B 3KOHOMUEKe. BecbMma
BEPOATHO, YTO eClid Bbl UX OOHapyuTe, To moayuyute HobGenes-
CKYIO IIPEMHUIO.

Btopas u TpeThs yacTh Tpe6yIOT HeCKOMbKO Oollee ITy6oKUX
3HaHUil U3 Kypca aHanu3a U JUHeliHoi#l anrebpbl. ITO JaeT Npak-
THUYECKYIO WILTIOCTPALUIO TOMY, YTO MbI FTOBOPUM CTY/I€HTaM, YTO
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npousBoaHad nuddepeHIEpyeMoro oTobpaseHud B TOUYKe — 3TO
JuHelHOe oToGpaneHe, HO O0JbIIMHCTBO MAaTEMAaTUKOB CIEIYIOT
3TOMY, MO-TpPEe#HEMY BbIUMCIAA YacTHbIE NMPOU3BOJHbIE BMECTO
MCIOIb30BaHUA NHHeHOro oTo6paseHnd Kak TakoBoro. Bropas
yacThb ollpejlelideT MeTPURY Ha MPOCTPAHCTBE BellleCTBEHHBIX T0-
JIO}KUTENbHO ONpe/ielleHHbIX MaTpull. TpeThA YacTh JOKa3bIBaeT,
YTO 3TO NPOCTPAHCTBO YIOBJIETBOPAET 3aKOHY IOJNyIapalielo-
rpammMa. O6e 3TU yacTU JAlOT MPAKTHKY MO0 MaTeMaTHYECKOMY
aHalu3y B BEKTOPHBIX IPOCTPAHCTBAaX, CMEIIaHHOMY C HEKOTOPBI-
MU 3HaHUAMH M3 JUHEHHO# anre6Gpbl, BKIIOUYAA CKalfApHbIE MPO-
usBegeHuf. Het HU BpeMeHH, HU BO3MO#HOCTHU NMPENIOHUTD ITOT
MaTepual B cTaHJapTHBIX Kypcax, HO 3Ta TeMa fAIBlfAeTcA Haubo-
Jlee KIacCHUECKUM NMPUMEPOM HEKOTOPBIX acleKTOB aHajlu3a U all-
re6phbl, a TaKk#e reoMeTPUHU, MOKa3bIBad, KaKk YKCIOHEHI[HalbHOe
oTobGpaneHne «UCKPUBJIAET» 0ObIYHOE €BKJIMAOBO MPOCTPAHCTBO
U BJIUAET HA PacCTOAHUA — B JeHCTBUTENbHOCTH YBeIUYHBaET
pacctoAnuA. [loaToMy BTopafA U TpeThA YacTb JAlOT NPUMEPHI
nuddepeHualbHON reoMeTpUH, JOBOJLHO OTIMYHbIE OT OGBIY-
HBbIX TMPUMEPOB, BBIJEIAIONINX KPUBbIe U MOBEpPXHOCTHU. IloKa3bI-
BaeTCA UCIOJb30BaHHWE MaTeMaTHUeCKOro aHajln3a B BEKTOPHBIX
NpoCTpaHCTBaX. JITU YacTU AAlOT MpeKpacHblil npumep o6benau-
HEHUA MaTeMaTH4YeCKOro aHanu3a, JUHeHHoU anreGpbl, aHalu3a
B BEKTOPHBIX MPOCTPAHCTBaX U reOMEeTPUM Ha YpPOBHe, JOCTYI-
HOM cTyJeHTYy. Bce Tpu yacTu maroT BO3MO#HOCTb MPOBECTH PAJ
oecel.

B KoHIle ri1aBbl A ONMUITY HEKOTOPbIE HCTOPHUYECKHE COOBI-
THUA, Jeallie 3a paccMaTpuBaeMoil HaMu MaTeMaTukoii. Oka-
3bIBaeTCA, YTO COBEPIIEHHO 3JeMeHTapHble, KpacuBble U CUJIbHbIE
pe3yiabTaThl MOTYT ObITh W3BJeYeHbl U3 BechbMa MPUUYIJIUBOTO
KOHTEKCTa, 4YTo A u caenan. Jame UCTOpUA 3TOr0 MaTeMaTHYec-
KOro KOHTEKCTa He AIBIAeTCA 3jleMeHTapHoi. TakoBa #HU3Hb, HO
MbI HEe MOKEM MO3BOJUTH ApPEBHEN UCTOPUM NMPATATb WU OTpaM-
JaThb MaTeMaTURY, JOCTYNHYIO Ha 3JeMeHTapHOM yPOBHe.

3aKoH MoJynapasuiejorpaMMa

OGbIuHBIN 3aKOH mapaiielorpamMMa BIEpBble GbLI MOJIYYeH
B KOHTEKCT€e €BRJIN/I0BOI MIOCKOCTH, HO ABIAETCA BEPHBIM B BEK-
TOPHOM MPOCTPAHCTBE HAJl BEI[eCTBEHHBIMHU YUCIAMU C MOTOHU-
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TeJIbHO ollpeJe/IeHHbIM CHRAJIAPHbBIM IIPOM3BEJEHUEM. N3 Ttaroro
MMpou3BeJeHUA MbI IIOJIYyYUM HOPMY Ha BEKTOPDHOM IPOCTPaAHCTBE
00BIYHBIM CHOCOﬁOM, a UMEeHHO, OJii BEKTOopa v HOpMa omnpeneif-

eTcA Kak

lv| = Vv -
3aKoH IapajienorpaMma yTBep:KAaeT, YTO A JBYX BEKTOPOB
BBIIIOIHEHO

v —w|? + |v+w|? = 2Jv]* + 2|w|>.

WUnu cnoBamu, cymMMa KBaApaTOB [uaroHaleil paBHa JBa YMHO-
UTh HA CyMMY KBaJpaToB CTOPOH. 3aKOH NapaijiejorpaMmma Mo-
#eT ObITh NPOUUIIOCTPUPOBAH CIEAYIONUM PUCYHKOM. XOPOIIO
U3BECTHO, YTO HOPMA BO3HUKAET U3 MOJOKUTENBHO ONpeJeleHHO-
ro CKaJlfApHOIo NPOM3BeJeHUA Torja 1 TOIbKO TorjJa, Korja HopMa
YIOBIeTBOPAET 3aKOHY NapajielorpamMa, Ho Hac He HHTepecyeT
3/lech 3T0 HampaBieHHe. Mbl JOMKHBI IOAYUYUTh HECKOJIbKO MaTe-
MaTHYecKUX GaKkToOB B NOPAJKe, 06pPaATHOM HUCTOPUUYECKOMY, a 3a-
TeM cJlelaeM HeoOXOAMMbIe UCTOPUYECKUE KOMMEHTapUU.

v+w

w
O

B ¢opmyie, npuBeseHHoI BbIllle 1A 3aKOHA Napaienorpam-
Ma, [apajiejorpaMM paclojio:keH B Havale KOOpAMHAaT. 3aKoH
B JIeiICTBUTEILHOCTU CBA3bIBAeT JIMHBI CTOPOH C JAMUHAMH Jua-
roHazneit. OH NIpuMeHAeTCA K NapalienorpaMMy, pacnoloKeHHOMY
B NIPOM3BOJbHOI TOUKe T, KaK II0KA3aHO Ha CJIeJYIONeM PUCYHKE:

X3
Xy
Xy
X

Paccrosanue Mexay OBYMA TOUYKaMU Ip, 2 3aJaeTcCA BbIpa-
HKeHnuemM
d(él?l, .1;2) = |£U1 — T2|.
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Toraa B 3aKOHe MapayIelorpaMMa yTBepH#IaeTcs, 4To
d(z1, ©2)* + d(z, x3)* = 2d(z, ©1)* + 2d(z, 2)°.

[IpucraBka «nony» K 3aKOHY MapajijielorpaMmMa MoOeT ObITh 10-
6aBieHa JByMA crocob6aMu: BO-NEPBbIX, MbI OCTAHOBUMCA B ce-
pe/iuHe OfIHOW W3 AMAroHaleil, U, BO-BTOPbIX, MbI 3aMuUIlleM He-
paBEHCTBO BMecTO paBeHCTBa. Ilpu nmepBoM crnoco6e MbI prcyeM
MOJIOBUHY TapajienorpamMmma:

Xy

x

IIycTh z — cepenuHa oTpe3ka Memay 1 U T2. Toraa B Tep-
MUHax &, T1, T2, 2 3a8KOH [lapajuiegorpaMma MoeT ObITh 3alnucaH
B ¢popme

d(z1, 22)? + 4d(z, 2)? = 2d(x, £1)? + 2d(z, x2)%.

3aTeM Mbl J00aBUM MPHUCTABKY «IMOJIYy», 3alllCaB HEPABEHCTBO <
BMECTO paBEHCTBAa, U Mbl TaKike NepeiiieM B Goiee obliee Mpo-
CTPAHCTBO, MMO3TOMY JaBaiiTe HaYHEM CHauaJja.

IIycth X — meTpuuyecKoe NPOCTPAHCTBO C (PYHKIMEN pac-
crofinuA d, no3toMy paccrosinue d(z, y) onpeneleHO MexKAY IBY-
MA Toukam# «, y. OHo > 0 u = ( Torga U TOJBLKO TOT[a, KOT-
na x = y. BepHo paBeHCTBO

d(z, y) = d(y, =),
u paCCTOHHI/Ie y}:[OB.TIeTBOpHeT HepaBeHCTBy TpeyroanI/ma
d(z, z) < d(z, y) + d(y, 2)

IJIA BceX Touek z, y, z € X. lI3HavuanbHO cpegHAA TOUKA MeH-
Iy ABYMA TOUKaMU X1, Ty He onpefeleHa. Temnepb Mbl HOMHBI
ONHUCAThb YCJIOBUE, KOTOPOE MO3BOJUT BBECTU CPEJHIOID TOURY.

Mg G6ynem roBoputb, uTo X Y/IOBIETBOPAET 3AKOHY NOAY-
napataeiozpamma, eciu IJA A00bIX OBYX Touyek X1, £z € X cy-
IlecTByeT TOUKa z Takaf, UTo Aid Bcex x € X

d(z1, 22)? +4d(z, 2)? < 2d(x, £1)? + 2d(z, x2)?,
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cjlegoBaTelbHO,

d(z, 1) = d(z, x2) = ld(:z:l, T3).

[N

JTo moixydyaeTcd NMpH BeIOOpE T = T{ U & = Ty B 3aKOHE IIO-
nynapanieiorpaMma, 4To6bl MONy4YuTh HepaBeHcTBa 2d(r1, 2) <
< d(x1, x2) 4 2d(za, 2) < d(z1, x2). llpoTUBOMONOKHBIE HEpa-
BeHCTBa ClelyIOT U3 HepaBeHCTBa TpeyrolbHUKa

d(z1, ©2) < d(x1, 2) + d(z, x2).

3ameThbTe, YTO TOUKA z OJHO3HAYHO ONpeeifieTCA TOUKaMU L1, T2,
MOCKOJBLKY eclii z' — Jpyras TakasA TOuka, Mbl BblGepeM T = 2’
B 3aKoHe, 1 yBUINM, 4T0 2z = z'. IloaTOMy MbI Ha3oBeM z cpedHell
moukoll MexRIy X1 U To.

Ilo onpenpenenuio, npocmparcmeo bpiwa— Tumca — 3T0 moi-
HOe MeTpUUYEeCKOe MPOCTPAHCTBO, KOTOPOE yAOBIETBOPAET 3aKOHY
nonymnapainieiorpamma. «llonHoe» o3HavaeT, 4To d0bad mocaeno-
BaTenbHOCTh Homu B X cxoautcd, T.e. uMeeT mpenen B X. Mol
o6o3naunm uepe3 Br(xz) oTrphITHI map paguyca R ¢ neHTpom
B TOYKE T U 4Yepe3 ﬁR(a:) 3aMKHYTBIN map paauyca R c 1eHT-
poM B Touke x. [loaTomy Bg(x) — 3To MHO#ecTBO Touek y € X
TaKKUX, 4TO

d(z, y) < R.

IIycts X — meTrpuyeckoe npocrtpancTBo. IlycTts S — orpanu-
YeHHOE TOJMHOMECTBO, T. €. CylleCTByeT 3aMKHY ThIil map B g (z)
JUTA HEKOTOPOTO &, Takoil, uTo S € Bg(z). llycts r = inf Beex R,
Takux, uto S € By () ANA Bcex BO3MOMKHBIX paanycoB R u meHT-
poB z € X.

BrnonHe MoxeT okazaTbcA, YTO He CYH[ECTBYET 3aMKHYTOTO
mapa pajguyca 7, cogeps;samero S. Ecau takoit map paguyca r
CYIIeCTBY€eT, TO Mbl HA30BEM €r0 IapOM MHUHUMAaNbHOTO paaunyca,
comepaium S. Ceifuac MbI MpUBEeM YCIOBHA, MPH KOTOPBIX
TaKOli map CyIecTBYeT.

Teopema 1.1 (Cepp). IIycmv X — npocmpancmeo Bpioa—
Tumca. llycmy S — ozpanutennoe nodmnoxecmso X. Tozda cy-

wecmeyem eduncmeeHHblll 3amrnymut wap B, (r1) muHumars-
Ho20 paduyca, codepycawyuil S.
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I OKA3BATEJIBLCTBO.

CHayvana JOKaxeM eIMHCTBEHHOCTb.

IlycTh cymecTByeT aBa mapa B, (z1) u B, (z2) MUHEMAaIL-
HOr'0 pajuyca, copepmamux S, HO z1 # X2. IllycTb  — mpous-
BoJbHAA Touka S, nosromy d(x, 2) < r u d(z, x1) < r. llycrs
2 — cpeJHAA TOYKA OTPe3Ka MemAy 1 U To. Ilo 3aKoHy monymna-
pajlienorpaMma, Moy Yynum

d(z1, 22)? < 4r% — 4d(z, 2)%.

IocKoabKY IO ONpeleNeHuIo T cylecTBYIOT TOYKH & € S Takue,
uto d(x, z) > r — ¢ A1 Becex € > 0, cneoBaTenbHO,

d(x1, 22)? < 472 —4(r —¢)?

A Beex € > 0. Beruucnup npepen npu € — (0, MbI HONy4UM, 4TO
d(z1,22)=0, cnegoBaTelbHO, 1 = X2. Takum 06pasom, HEHTPLI
mapoB coBnajaoT. [lockonbKy Imapbl UMeIOT OJUH U TOT ke pa-
JUYC T, Iapbl COBNAJamT, TeM caMbIM [JOKa3aHa € JUHCTBEHHOCTD.

UTto KacaeTcA CyLeCTBOBaHUA, NYCTb {Tp} — mocClexo-
BaTeNbHOCTh TOYEK, KOTOPble ABIAIOTCA IeHTpaMH IIapoB pa-
juyca Tp, CTpeMAIIUXCA K UHGUMYMY BceX paJuycoB TaKUX,
4To Ern (zn) comepsut S. llycThb  ABIAETCA TAKMM HHOUMYMOM.
Ecnu nocnenoBaTenbHOCTh {2y, } ABIAETCA MOCIEN0BATENBHOCTHIO
Komu, To oHa cXomauTcA K HEKOTOPOil TOUKe, KOTOpafA ABIAETCA
LEHTPOM 3aMKHYTOr0 lllapa MUHUMAalbHOTO painyca, coJepKalie-
ro S, ¥ TeM caMbIM MbI JIokaxkeM TeopeMy. HecnosxHo 3anucatb
JeTalbHO 3TO AoKasaTelbcTBO. OcTaBUM BaM 3TO Ha CaMOCTOA-
TelbHYIO paboTy.

OcHoBHaA ujed 3aKIIOYAETCA B TOM, UTOOBI MOKA3aThb, YTO
LEeHTPbl 00pa3yloT moclefoBaTelbHOCTL Komu, T.e. MbI Beerja
noJly4yaeM BbIIIeONHCaHHYIO cuTyanuio. Jlazke B ciydae miockoc-
TH MOKHO [JOKa3aThb HeuUTO, UTO UMeeT OTHOIIeHNe K reOMeTpUH,
npenojaBaeMoil B cTapmux KiaccaX. Mbl MpuBe/leM J0Ka3aTelb-
CTBO.

IIycth zp,n, — CpelHAA TOUKA MEHIY Tn U T.,. BBULY MU-
HUMAJTLHOCTH T MpPU JAHHOM € CYI[eCTByeT TOuKa x € S Takaf,

4To

d(xy 2Zmn)? > 1% — €.
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[IpuMeHUM 3aKOH HoMymapaiierorpaMMa Mpu 2 = Zpy,,. lorga

2 2 2 2
d(Tm, Tn)* < 2d(x, Tm)® + 2d(x, ©,)* — 4d(x, 2mn)* <
<22, +2r2 — 4r? + de.
2 2 2
IIpu m, n — oo, 2r;, + 2r; —4r® — 0. Torna HepaBeHCTBO, NpU-
BeJIeHHO€ BbIIlle, MOKA3bIBAET, YTO {Z,} — MOCIEJOBATENLHOCTD
Koiu, Tem cambIM 3aBepiiiaf JoKa3aTelbCTBO TEOPEMBbI. ]

Ilentp mapa B Teopeme 1.1 Ha3bIBaeTCA Kpy208blM UeHMPOM
MHOzkecTBa S.

IIycts X — wmerpuueckoe mpoctpaHcTBo. Ilog usomempu-
etl X MbI OyJileM MOHUMAaTh OUEKINIO

g: X=X,

TaKyl0,YTO g COXpaHAET paccTodHue. [pyrumu cioBamu, AiA
BCeX &1, Z3 €X BHINOIHEHO

d(g(x1), g(x2)) = d(x1, 22).

Ecan reoMeTpua MIOCKOCTH NpaBWILHO NpelnojaBalach B cTap-
KX KJaccax, TO BaM JOIKHO ObITh U3BECTHO, YTO Mapallielb-
HbIe IePEHOCHI, BPALIEHUA U OTPAMEHUA ABIAIOTCA U30METPUAMUA
€BKJIM/0Ba NMPOCTPAHCTBA, U YTO BCE U30METPHU IUIOCKOCTHU MO-
ryT ObITH NOJyYeHbl KOMIO3MIHENH 3THX CHeNUalbHBIX M30MeT-
puii. B m060M cityyae 3TH 0ToGpameHua NalOT MPUMeEpPhI H30MeT-
puil. 3aMeTbTe, 4TO eClH g1, g2 — WU30METPHHU, TAaKOU e Oyner
UX KOMIIO3UIUA g1 0 2. TaK#e, eciiu g — U30METPUA, TO g UMeeT
o6paTHoe oTo6paseHne (MOCKONbRY g ABIAeTcA GUeruueit), U U3
yCIOBHA M30METPUM HeMeIeHHO BhITekaeT, 4To g 1: X — X
TaKkKe ABIAETCA H30MeTpueil. 3aMeThbTe, YTO TOMKIECTBEHHOE
otobpasenue id: X — X ABiaAeTcA U3oMeTpHUeil.

Iycte G — MHomecTBo usoMeTpuil. Bynem roBopurts,
yTo G — epynna usoMeTpwii, ecin G CONEPKUT TOKIECTBEHHOE
otobpanenue, G 3aMKHYTO M0 omepanuud KoMnoszuuud (T.e. ec-
am g1, 82 € G, To g1 0 g2 € G) U 3aMKHYTO IO onepanuu obpa-
weHua (T.e. ecin g € G, 1o g~ € G). YacTo 3anuchIBAIOT 818>
BMECTO g1 O g». 3aMeThTe, UTO MHOMECTBO BCEX M30METPHIil camo
ABIAETCA PYNNOil H30METPUH.
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Iycrs z' € X. HoamuosecTBo Gx', cocToAllee U3 Beex aiie-
menToB g(z'), g € G, HaseiBaerca opbumoil ' Ha G. Ilycts S
o6o3nauaer Takyio op6uty. Toraa miasa Bcex g € (G u Bcex 3ie-
MEHTOB = € S cneyerT, uTo gr € S. JlelicTBUTENLHO, MbI MOMEM
3anucaTh ¥ = g1&' 14A HekoToporo g1 € S. Torna

glg1z') = g(gi(z")) = (go &) (') € S,

u gog € G no npepnonoxenuro. HeiictBurensuo, g(S) = S,
MOCKOJbKY JlaHHOE g1’ MOKeT ObITh 3alKCAHO Kak

gio' =gg g’ =gw, we€S.

Ilocne aTux npegBapuTeILHBIX 3aMeYaHuil chOpMyIUpPYyeM clefy-
IOLIYIO0 TeopeMy:

Teopema 1.2 (Teopema Bpioa—TuTrca 0 HemoaBHM-
Hoit Touke). Ilycme X — mempuyeckoe npocmpancmeo bpioa -
Tumca. ycmy G — epynna uzomempuil X . Jeticmsue epynnost G
o6osnavum (g, x) — g - x. Ilpednoroxcum, wmo G umeem oepa-
Huuennyio opéumy. (Imo npoucrodum, ecau, k npumepy, G asaa-
emca komnakmuot, a deiicmeue nenpepwvighoin.) Tozda G umeem
HenodsuicHyl0 MOYKY, K npumepy Kpy2060ill yeHmp opoumal.

I[OKASATEJIBCTBO.

Ilycts p € X u nyets G - p — opbuta. Iycts B, (z;) —
€IMHCTBEHHbIN 3aMKHYThIH MIap MUHMMAILHOTO paauyca, coaep-
mamuit op6uty. [lna mo6oro g € G o6pas g- B, (z1) = B, (z2) —
3aMKHYTBIA LIap TOrO ke pajuyca, coaepaliuii opouTy u rs =
= g+ x1. lloaTOMy 10 CBOMCTBY €IMHCTBEHHOCTH U3 TeopeMbr 1.1
cllellyeT, 4TO 1 — HeNoJBUAHAA TOYKA, YTO M 3aBeplIaeT IoKa-
3aTelbCTBO. ]

[lnsa cnepyoouero cieqcTBUA Mbl NpeANojaraeM, 4TO BaMm
U3BECTHO omnpefielieHne (akTop-rpynnbl U ¢GaKkTOP-NPOCTPAHCT-
Ba G/H otHocutenbHo noarpynnsl H. Eciau Bbl 3TOro He 3HaeTe,
MNPOMYCTUTE CJIeJCTBUE.

CnencrBue 1.3. Illyemv G — epynna, H — nodepynna.
IIyemv K — nodepynna G makas, wmo deticmeus K seasnwom-
ca nepenocamu Ha garmop-npocmparncmee G/H. IIpednoaoscun,
ymo G /H umeem mempury (PyHKyui0 paccmoanus) makyw, 4mo
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nepenocot aaemenmanu K aeasiomesa usomempusmu, G/H —
npocmparcmeo bpioa— Tumca, u odna us opéum ozpanuyena. Toz-
da npocmpancmeo, conpsxcennoe K codepicumea 6 H.

I OKA3BATEJIBLCTBO.

Ilo Teopeme 1.2 peiicTBue K MMeeT HENOABUMHYIO TOURY,
T.e. cyllecTByeT ¢(arTop-MHoxecTBo xrH Takroe, uto kxH =
= xH paa Beex k € K. Torga z 'KzH C H, ciefoBaTelbHo,
x 'Kz C H,u4to u TpeboBaloch JOKa3aTh. ]

3aMeTbTe, uTO TeopeMbl 1.1 u 1.2 coBeplieHHO 3JeMeHTap-
Hbl U1 MOr'yT ObIThb M3YyYeHbI cpa3y Iocje TOro, Kak Bbl y3HaeTe
olpejlelleHUe TOJMHOIO MeTpuueckoro mpoctpaHcTBa. [locienyio-
mue naparpagdsl HeCKOJIbKO Gosee ClI0AHbI U TPeOyIOT HECKOJIbKO
GOJbIINX 3HAHUI JTMHEHHOI anre6pbl, CMellaHHo# ¢ aHaiau3oM. Ilo-
3TOMY ClelYIOIUI MaTepual MOMeT pacCMaTpUBaTbCA KaKk MH-
TepecHas TeMa, JONOJHAIoIaA KypCchbl MaTeMaTHUyYeCKOro aHajliusa
U TOINOJOrUY, U3y4yaeMble Ha CTapUIUX Kypcax.

IIpocTpaHCcTBO MOJOKUTEIBLHO ONpeaeJeHHbIX
MaTpuUll

Ceituac MbI onuiieM Hauboliee BaxHbIN MpUMep MPOCTPAHCTB
Bpwoa-Tutca. B peficTBUTENbHOCTU, 3TO THUNUYHBIN NPUMED.
IIycTs:

Mat,,(R) = BekTopHOe IPOCTPaHCTBO BemECTBEHHBIX N X 7 MATPHII.
GL,,(R) = MHOecTBO BellecTBeHHbIX 06PaTUMBIX 1 X T MaTpHII.

3ametbTe, 4To GL,(R) comepsurca B Mat, (R), u GL,(R) 06-
pasyeT TpyINny, 3aMKHYTYIO M0 OMepaniil YMHOMEHUA U 10 ome-
panuu BBIUUCIEHUA MYIbTUINIMKATUBHOTO 0GPaTHOTO 3JeMeHTa.
Torpa mbI crameM, uto GL, (R) ABnfeTcaA rpynmnoit, KOTOPYIO MbI
GyneMm [iA KpaTKocTu obosHauaTh G, nostomy G = GL,(R) no
ofpeeleHuio.

Berrtoproe nmpoctpanctBo Mat, (R) umeer moampocTpaHct-
BO:

Sym,,(R) = npocTpaHCTBO CUMMETPHYHBIX MaTPHII.
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BcrnomHuTe, YTO eciiM v — MaTpHIA, TOTJa ee MPaHCnouyus tv
MONyYaeTCA MO ONpe/IelieHUuI0 3aMeHOi CTPOK Ha CToaA6Ibl U 06-
paTHO, M v Ha3bIBAeTCA cuMmempuyHoll, korga v = tv. Mel yac-
To onyckaeM R u3 o6o3HaueHuit u numem npocto Mat,, GL,
1 Sym,,. KoHeuHOMepHOe BeKTOpHOe NPOCTPAHCTBO Sym, HMe-
eT MO0 UTENbHO ONpefielieHHOe CKalAPHOe MPOU3BeeHrne, KOTO-
poe M03BoJAET paccMaTPUBaTh Sym,, Kak eBRJIUI0BO IPOCTPAHCT-
Bo. [IpousBesienue onpeenfeTca cieayouum o6pazoM. Benomuu-
Te, YTO Clie[l MATPHUIBI — 3TO CyMMa JUAaroHalbHbIX 3JIEMEHTOB.
Ilna v, w € Sym,, onpefenyM HX CKalfpHOe NPOM3BeleHHE Kak
ciefl UX NpoU3BeIeHUuA

(v, W) = tr(vw) Tar, yto |v|Z = tr(v?).

3mech u gaiee tr o603Hayaet ciel MaTpuibl. [lockonbKy v — cum-
MeTpuyHas, cief tr(v?) ABNAeTCA CyMMOi KBapaToB — NMPOBePhb-
Te 3TO, 3aNMKcaB MATPUIly NpousBefieHUA. [[03TOMY HeMeIIeHHO
npoBepsercH, 4To (v, w) — tr(vw) — MONOMUTENIBHO ONPeeleH-
HOe CKalApHOe NpoU3BeleHUe, KOTOpoe IpeBpamaeT Sym,, B eB-
KIHMJOBO IPOCTPaHCTBO pa3mepHoctd n(n + 1)/2.

3aTeM BCIOMHMM, UTO MaTPUIIA P HALIBAETCH NOAOHCUMENb-
HOU MIH NOAOHCUMEAbHO onpedeieHHOL, ecld OHa CUMMETpPUYHAaA
u

(P, &) >0 VEER", £#0.

3mech {, ) — o6bIuHOe cKanApHoe npousBeneHue Ha R™. O6o3Ha-
YUM

Pos,, = Pos, (R) = MHO#ecTBO BCeX CHMMETPHUHBIX

IOJIOKUTEJIbHO OllpedelIieHHBIX 1 X . MaTpHll.

Ilostomy Pos, saBagerca nogMHomecTBoM Sym,. Cpasy
U3 ompejeneHusA cienyer, 4to Pos, ABIAETCA OTKPBITBIM MOJ-
MHO#€eCTBOM Sym,,, M03TOMY I'eOMeTPUUYECKU MBI IIpeJCcTaBifA-
eM Pos,, Kak OTKpBITOE MOJMHOMKECTBO €BKIU/I0BA IIPOCTPAHCTBA.
Tax#e, Kak B 06bIYHOM MPOCTPAHCTBE, KacaTelbHOe MPOCTPaHCT-
BO B Touke p € Pos, ABagercAa nepeHocom Sym,,. He ucnonbsys
follee CIOHHOTO A3bIKA, Mbl MoxeM 0003HAaUUThL ero Sym,, Tak-
#e, Kak MbI 0603HayaeM R" KacaTelbHOE IPOCTPAHCTBO B J1060ii
Touse R"™.
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JKcNoHeHNIMalbHOe 0To6GpaskeHue
n3 Sym,, B Pos,

Tenepb MBI ycTaHOBHM cBA3b Memkay Sym,, u Pos, nocpen-
CTBOM OGBIYHOI'0 DKCIIOHEHIIUATBLHOTO0 0TO0OpaeHNA

exp: Mat,, — GL,,
3alaHHOT'0 OGBIYHBIM CTEIIEHHBIM PAIOM

exp(v) = Z v—,:

k=0

Ecaun v, w koMMyTupyiot (T.e. vw=wv), Torga exp(v+w) =
= exp(v) exp(w). [oatomy exp(v) o6paTumo, ¢ 0GpPaTHBIM 3ie-
MEHTOM, PaBHbIM exp(—v).

MbI Bocnosib3yeMcA 3KCIIOHEH Al bHbIM 0TOOpa#eHneM, 4To-
6bl «MCKpUBUTL» Sym, . Boree ToyHO paccMOTPHM SKCIOHEHIU-
anbHoe 0ToOpaeHue NUIb Ha CUMMETPUYHBIX MaTpHIax

exp: Sym,, — Pos,,

NOCKONBKY 06pa3 Sym,, MpU 3KCMOHEHIIUaTbHOM 0TOOpaMKeHNH Jie-
#UT B P0s,. UYTo6bl yGequTheA B 3TOM, 3aMeTbTe, UTO €CId v
cuMMeTpHuYHad U Mbl BbibepeM ¢ = exp(v/2), Torga q ABIAeT-
cA cuMMeTpuuHoii u exp(v) = ¢*. CaegoBaTenbHo, exp(v) ABIA-
eTCA TONOMKUTEIbHO ONMpPeIeNeHHOM, MOCKOIbRY A BCEX BEKTO-
poB £ € R", £ # 0 umeem

(@€, &) = (g€, q€) > 0.

W3 nuHeiiHol anreGpbl SKCIOHEHIMANIbHOE 0TOOpaxeHe ABIAET-
ca nuddepeHunansHeiM (T. e. C°) u3oMophpu3MoOM, B YACTHOCTHU
OHO MMeeT obpaTHoe oToGpaneHue u3 Kiacca C'°°, KOTopoe Mo-
#eT ObITh Ha3BaHoO 4o2apudm. UToObI yBHIETH 3TO, BO3bMEM I10JI0-
MUTENbHYI0O MaTpuly p. Mbl MOeM IMaroHalu3upoBaThb p, T.e.
cymectByet 6asuc {&1, ..., &} B R™ u unena Ag, ..., A, > 0
Takue, 4To

p&=N&, i=1,...,n.
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Torpa onpepenuMm logp = v Kak nuHeiiHOoe oToGpaskeHUe, Mpe-
CTaBJeHHOe JUaroHalbHOIl MaTpulei

log \; 0
0 log A,
110 OTHOIEHUIO K 6a3ucy &1, ... , &,. [loM06HO MO#HO ONpeIeTuTh

KBaJpaTHBI! KOPEeHb U3 p KaK JMHelHOe oToGpaxeHue, NpeicTaB-
JeHHOe MaTpuleii
VA1 0

0 Vn

OTHOCHTeNbHO Gasuca &y, ... , &,.

Hepelvlemme IMOJIOMKHUTEIIBHO OoIlpeaelieHHoe
CRAaJIdpHOe IMpoun3Be/eHNe

Mb1 nomomIu K OfHOM M3 HAIIKX Ielell, KoTopad 3arjIl0yaeT-
cAd B TOM, YTOOBI ONlpeJelUTh NOJOUTEIbHO Ollpe/leJleHHOe CKa-
JApHOe NPOU3BeJeHUe Ha Sym,,, paccMaTpUBaeMoe Kak KacaTellb-
HO€e IPOCTPaHCTBO B Touke p € Pos,, Takum cnocobom, 4TO 3TO
npousBejieHUe 3aBUCUT OT p. MbI ompefenuM 3TO NPOU3BeJIeHUE
o cieaymolulei popmyie

(v, w)p = tr(p~ vp~'w) Tak, uTo |'l)|12’ =|v

2w =tr((p'v)%).
HOJ’IOH{I/ITEHBHEIH OIlpeaeIeHHOCTb BbITERaeT U3 q)aHTa, 4qTo
-1 -1 _ —1/2 —1/2 —1/2 —1/2 _ 2
tr(p~ vp~ ) = tr(p” FopTFpTH FupTHE) = tr(w?)

cw = p Pup=/? u tr(w?) > 0, ecu v # 0. Ecan ¢ — p(t)
ABIAETCA KpUBOi B P0S,, TO NpOM3BOAHAA OT MJIHMHBLI 3a4aeTcA
BbIpa#eHueM

(%)2 = tr(p~ ()P (1),

COKpallleHHO
ds* = tr((p™"dp)?).
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HasoBeM BBefieHHYIO Bhlllle METPUKY Mempukol caeda. Ecnu
a: [a, b] — Pos, — kpusan B Pos,, Toraa ee ajauHa onpenenseTca
no ¢popmyne

b
L(a) = / 10 (8) ]t et

[Cn. wommenmapuii 6 konye §4.] IaHbl [Be TOYKH P1, P2 € Pos,,
onpenenum paccmosanue d(pi, p2) Kak inf (HauMeHbIIAA HUMHAA
rpaHb) JJIMH BCeX KPUBBIX (v, COEJUHAIOMUX p; U Py B Pos,. Bee
KpUBBbIe pejnonaraloTca Kycouno O, T. e. ¢ HelpepbIBHBLIMHU IPO-
U3BONHLIMU. B KauecTBe MpocTOro ynpasHeHy o MaTeMaTHyec-
KOMY aHaIM3y MOMHO 10Ka3aThb, 4TO 3TO ONpefelfAeT (GYHKIUIO
paccroanua Ha Pos,, a UMeHHO, oHa GoJblie JUO0 paBHA HYJIO,
cHUMMeTpHYHAa U yJ0BIeTBOpAeT HepaBeHCTBY TpeyrolbHuKa. Ta-
KMM 06pas3oM, Pos,, ABIAETCA METPUUYECKUM MPOCTPAHCTBOM.
Tenepnb nepeiijleM K 0CHOBHOI TeopeMe.

Teopema 2.1. JkcnoneHyuaavbHoe omobpajcenue A68A1emcs
HeyObleaouum nNo Mempuke.

HlorasarenbeTBo Gy €T faHO B ciledyiolleM naparpade. 3aech
MBI c/leflaeM HeCKOIbKO KOMMEHTapHeB.

IIpesk e Bcero, CBOMCTBO yBelHUEHUA METPUKU MOKET ObITh
oOHapy#ieHO B OeckoHeyHOo ManoMm MacmTabe. T.e. mnA Bcex
v € Sym,, MycTb

exp’(v): Sym,, — Sym,,

0603HavyaeT MPOU3BOJHYIO HKCIOHEHI[UATHHOTO OTOOpameHuA
B Touke v. Takum o6pazom,

, . exp(v + tw) — exp(v)
exp’ (v)w = tll_I)I(l) ; .

Torpa exp’(v) ABJAETCA JUHENHbIM OTOﬁpaH{eHI/IeM, U CBOWCTBO
yBelnu4YeHusA MeTPUKU yTBep:aaeT, YTO OJA BceX w € Symn Io-
JIy4uM

|w|tr < |exp,(v)w|expv-

CJIe,Z[OBaTeJIbHO, 06paTH06 OT06paH{eHI/Ie ABJIAETCA HeBoO3pacTaro-
UM II0 MEeTPHRKe. JTO BLINOJIHAETCA OJIA IPOU3BOJHBIX, HO TOorJa
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3TO TaK#Ke BBINOJHAETCA MJIA PyHKIUU pacCTOAHUA, KOTOpasa fB-
asaetcA inf JIVH KpUBBIX, M JUIMHA OIpeJejeHa B TePMHHAX MPO-
U3BOJHOI OT KPUBOIl.

CunegctBue 2.2. POSn Aeademca NOAHbM mempuiecKum
npocmpaHcIneom.

JTOKA3ATEILCTBO.

Oycts {p,} — nocremoBateabHocts Komu B Pos,, p, =
= exp(vy), v, € Sym,,. Ilo cBoNiCTBY HeBo3pacTaHMA METPHKH,
{vn} cxopuTca & HekoTOpOoMy v € Sym,,. Ilo HenpeprIBHOCTH cpa-
3y noay4um, 4to {p,} cxoaurtca K exp(v).

OnpenenuM npAMYI0, IPOXOAAMNIYIO Yepe3 Hayalo KOOpJUHAT
B Sym,, kak o6s1uyHO. Bo3abMeM «BekTOpY v € Sym,,, v # 0, u nps-
Mas, IPOXOAAIaf yepe3 Hauyalo KOOpPAUHAT B HalpaBleHUU v fB-
afeTcA KpuBoit t — tv (t € R). JlaA Takux OpAMBIX CYNIECTBYET
Honee cunbHaAg BepcuA TeopeMbl, yeM Teopema 2.1.

Teopema 2.3. JrcnoHeHyuaabHoe o0moOpaxceHue exp:
Sym, — Pos, coxpansem mempury na npamoti, npoxodauet de-
pe3 Havaao koopdunam. Ecau p € Pos,, p = expv, v € Sym,,,
moeda d(e, p) = |v|t,.

JTOKABATEIBCTRO.
Tarasa npAMas uMeeT BUA ¢ —> tv ¢ HEKOTOPBIM v € Sym,,
v # 0. Ham Hy#HO JOKa3aTb, YTO

|v|fr = |eXpl(t1))’U|zxth.

3aMeTbTe, UTO

% exp(tv) = exp’(tv)v = % ﬂ;ﬁn =
tn—l n
= Z mv = exp(tv)'u.
CremoBaTeibHO,

| exp’ (t0) 0]y v = tr(((exp tv) ™ (exp tv)v)?) = tr(v?) = |vlg;,

4YTO U JOKa3bIBaeT IepBoe yTBepMIAECHHE. | |
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Uto KacaeTcA BTOPOro YTBEp#JAEHHUA, T.e. oOuiell Bep-
CUHM TeOpeMbl, OHa MOJydYaeTcA KaKk NpuioeHUe TeopeMbl 2.1.
IIycts p = expv. 3amMeTbTe, YTO |v|y; — [AMUHA OTpe3Ka MPAMOIL
mexay 0 u v. UtoGer yBugers, uto d(e, p) = |vl|t, nyeTh @ —
kycoudo C'! kpusas B Pos, Mexny e u p aauuel L. Ee obpas
npu exp~! (T.e. log) ABagerca kpusoil Mexay 0 u v. Kak mbl
3HaeM |v|, — paccrosnue Memxay 0 u v B Sym,,. ITo Teopeme 2.1
log: Pos,, — Sym,, ABasieTcA HeyBenmuuuBamuM MeTpury. Cie-

J0BaTelbHo, [v]er = d(0, v) < L.

CnepoBaTenbHO, 06pa3 MpH OTOOpaxeHUM €Xp OTpe3Ka NMpAMOU
Memay 0 U v — 3TO KpuBafg MeMKAY € U P C caMoil KOPOTKOIt
JUINHOM, YTO ABIAETCA PACCTOAHHEM MEMKAY € U p. ITO JOKAa3bI-
BaeT 00l1yI0 BepcHio TeopeMbl 2.3. [ ]

I/ICHOJIb3yH OB€ BbIlIeNIpUBENEeHHbIEe TeOpeMbl, Mbl MOMEM
JOKa3aTb 3aKOH IoJylapa/uiejorpaMmMa «B Hadajle KOOpAWHaT»,
a UMEHHO:

Teopema 2.4. Ilycmos vy € Sym,,, v1 # 0; v2 = —v1; 1 =
= exp(v1), z2 = exp(v2) u z = exp(0) = e. Tozda dan w6020
v € Sym,, u z = exp(v) noayiun

d(z1, z2)? +4d(z, 2)? < 2d(x, )% + 2d(z, x2).

HOKA3ATEIBLCTBO.
B BEKTOPHOM IIPOCTpPaHCTBe Sym nMeeM B TOYHOCTH 3aKOH
napaJ’uijiejorpammMa

d(vi, v2)* + 4d(v, 0) = 2d(v, v1)? + 2d(v, v2)?,

rae d(v, w) = |[v—wlt, Ana v, w € Sym,,. [Ipu sxcnoHeHHaTLHOM
0TOOpaeHny PacCTOAHMA B JIEBOW YacTH COXPAHAIOTCA 110 Teope-
Me 2.3, ¥ pacCTOAHHUA B IPABOil YacTH yBeIUYUBAIOTCA, II03TOMY
MBI MOIYYMM B TOYHOCTH 3aKOH Mojynapaiieilorpamma B Pos,,,
TeM caMbIM J0Ka3bIBaAg TeopeMy. ]

YTob6s! yBUIETDH, uTO Pos,, ABIAeTcA npocTpancTBoM Bpioa—
Tutca, HaM ocTalloch NOKa3aTh, YTO BhILIENPUBEJEHHbIN pe3yib-
TaT B Hayvalle KOOPAMHAT BepeH MOBCIOLY, YTOGBI B TOUHOCTHU CO-
OTBETCTBOBATh onpefenenuio. [lnd atoro Tpebyercsa, utobsl Pos,
ABIANOCH OJHOPOAHBIM MPOCTPAHCTBOM, UTO MBI ceifuac U o6ey-
WM.
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pynna G = GL,(R) o6paTtumbix MaTpun aefdcTByeT
nHa Pos, ciregymomum obpazom. [lna g € G onpegerum [gl:
Pos,, — Pos,, no popmyine

[glp = gp'g mam p € Pos,.

Kax o6bluHO g oO3HauaeT TPAHCIOHMPOBAHHOE g. 3aMeTuM,
4TO [g]p NEeHCTBUTENLHO MOJOMMUTENLHO, MOCKOJbKY A BCEX
¢ € R™ nasa cranapHoro npoussefenud ( , ) Ha R™ umeem

(glp, &) = (gp'g€, &) = (p'g€,"g€) > 0.

HemennenHo npoBepseTcH, 4To A4 g, 81, 82 € G BBINOIHEHO

=[] u [g1g] = [g]lg)

IMocKkonbRy, KaKk Mbl OTMETHUIIU PaHblIe, Kaxaafd MOJOKUTENbHAA
MaTpula ABIAETCA KBaJPaTOM MONOMUTENbHON MaTPUIIbI, U3 3TO-
ro cienyer, yto G IeicTBYyeT TpaH3UTUBHO Ha Pos,. ITo o3Haua-
€T, YTO MpU 3aJaHHBIX P1, p2 € Pos, cymectByer g € G Takras,
4To [g]p1 = p2. HeiicTBUTENbHO, eciu p = ¢* ¢ MONOAUTENLHOH ¢,
Torna p = [gle. Ecmu p; = [q1]e u pa = [g2]e, Torna ps = [q2q; *]p1-

Teopema 2.5. Accoyuayusn g — [g] Asasemca npedcmas.e-
nHuem G 6 epynne usomempuil Pos,, m.e. kaxdas [g] asasemca
uzomempuell.

HOKA3ATEIBLCTBO.

Hpe}ﬂne BcCero 3amMeTuM, 4YTO [g] TaKMme MOMeT paccMmat-
puBaThbCA KHak 0T06pai‘i{eHI/Ie Ha BCeM BEKTOPHOM IMPOCTPAaHCT-
Be Sym,,, ¥ 3TO oToOpa#eHUe ABIAeTCA THHEIHbIM, Kak QyHK-
OuA OT TaAKUX MaTpul. CHe}:[OBaTeJIbHO, ero npon3BogHada gaeTcHa
(popmynoit

[g]'(p)w = gw'g nana Beex w € Sym,.

Ternepb MpoBepuM, 4YTO [g] COXpaHAET CKaXApHOe NMPOU3BeIeHUE
uau HopMmy. Umeem

|le]' (p)wl?y, = tr((([glp) " gw'e)?) = tr(((gp'e) " gw'e)®) =
=tr(fg7p g guiglg T pT g T gw'g) =
= tr(*g7 p twp Tt wtg) = tr((pT w)?) = |w|2,

UTO U JOKa3bIBaeT TeopemMy. ||
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Teopema 2.6. Omobpasxcenue p — p~' Aeasemca usomem-

puell.

I OKA3BATEJIBLCTBO.
,I[OI{aSaTeJIbCTBO OoCTaeTCA B KayeCTBe ylnpasiHEHHUA JuTarTe-
110. ITO IIPOCTO aHa/lu3 Ha BEKTOPHLIX MPOCTPaHCTBax. [ ]

Teopema 2.7. Ilpocmpancmeo Pos,, ¢ mempuroil caeda se-
asiemesa npocmpancmeom bpioa— Tumca, m. e. ono ydosaemeopsem
3aKOHY NOAYNAPAALEA0ZPAMMA.

I OKA3BATEJIBLCTBO.

JlokazaTelbCTBO 3aKII0YaeTCA B MepeHoce Teopembl 2.4
Ha MPOU3BOJIbHBIE TOUKM. IoCKOIbKY 3leMeHThl G IefcTBYIOT
Kak M30MeTPHUH, IOCTATOYHO GygeT JoKasaThb, YTO MpH 3aJaH-
HBIX %1, 2 € Pos, cymectByer g € G Takras, uTo g(r1) = exp(vy)
u g(z2) = exp(—wv1) aaa rakoro-to v; € Sym,,. Ho, Bo-nepBbIX,
0 TPAH3UTHBHOCTU MbI MOieM HaiiTu hy Taroe, 4To hy(z2) = e
u hi(x1) = p naa kakoro-to p € Pos,. Tenepr p~/4 € Pos,,
u mycTb he GyneT oToOpaskeHUEeM

ho:z— p"1/4mp'1/4,

noatomy hy = [p~'/4]. Torna ha(e) = p~/2, ha(p) = p'/%. Cre-
JoBaTelbHO, hy o hy = g oToGpamaer 1 Ha p'/? u x5 na p~1/2,
T. K. cymecTByeT Kakoe-TO vy, Takoe, 4To p = exp(vy), TO MbI
Oy YU/IN HY#HBI HaMm 31eMeHT g € G. JTo 3aBepmiaeT NoKasza-
TeNbCTBO. n

Takum o6pa3oMm, eJUHCTBEHHafA Belllb, KOTOPYID OCTAaloCh
cllenaTh B CBA3M C 3aKOHOM IMonymapalienorpaMMa — 3T0 [0-
KazaThb TeopeMy 2.1, uTo MBI cllellaeM B cledylolleM maparpade.
OnHako, CyIecTBYeT ellle OJJUH Pe3yibTaT, KOTOPbI HE 3aBUCUT
OT 3TOr0 3aKOHA U KOTOpbIH ABIAETCA QyHIaMeHTalbHbIM. XOTA
3aKOH MoNynapalielorpaMma OCTaeTCA B LIEHTPe Hallero o6Ccys-
JeHUf, MbI IPUBEJIEM 3[1eCh 3Ty QyHIaMeHTalIbHYIO TEOpEMY. ITO
ABHaA Gopmyna, nalolafd pacCTOAHNE Me#Ay JBYMA TOYKAMU P
u q B Pos,,.

Teopema 2.8. Ilycmv ai,...,a, — KOPHU nNOAUHOMA
det(tp — q). Toz0a

d(p, ) =Y _(loga;)®.
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I OKA3BATEJIBLCTBO.

Cnoco6 JoKasaTelbCcTBa IOXO# HA TOT, KOTOPBINA HCIOIb30-
BajicA MPU JI0KA3aTelbCTBE TeopeMbl 2.7 MpU UCIONb30BAHUY Ie-
PEHOCOB.

Bo-nepBbIx, mono#uM p = e (eAUHMYHAA MaTpuLa) u q = d —
IuaroHanbHag MaTPUIa ¢ KOMIOHEHTAMH A1, ... , Ap. ILyCTh v —
IuaroHajibHafg MaTpuua ¢ KoMmmoHeHtamu loga; (i=1,...,n).
Torpa d = exp(v). Ilo Teopeme 2.3 moiayuum

dPos(ea d) = dSym(O, 'U) = |'Uzltr = Z(logai)z,

TaKkuM o6pas3oM, [okasbiBag (GOpMyldy B 3TOM cilydae, Mbl CBe-
JeM oOIMil clydaii K BblIIeNpUBEJeHHOMY 4YacTHOMY ClIydalo.
Msb1 yTBep#aaem, uTo cymectByer g € G, Takoe, uTo [glp = e
¥ [g]g = d — nuaronanbHas. [leficTBUTENLHO, MbI MO#EM CHaYala
NepeHecTH P B €, UCN0b3yA HEKOTOPBIH 3eMeHT hy € G, mo3Tomy
6e3 MoTepu OOMIHOCTH MbI MOAEM IIPeNoI0KUTh, 4To p = e. Cy-
IecTByeT OpPTOHOPMHUPOBaHHbIi1 6asuc B R™, KOTOpLIit JUaroHa€u-
3yeT ¢, I03TOMY CcyIllecTByeT JUaroHaibHag MaTpuua d 1 BelecT-
BeHHasA yHUTapHaA MaTpuna k (CoOXpaHAIan eBKIUI0BY HOPMY
B R") rakas, uto q = kdk~! = kd'k, nockonbry *k = k~. Ho
e = kk™—! = k'k, nostomy BeiGop [k]q mOKa3bIBaeT Hamle yTBep#H-
nenue. Hakronen, us ypaBHeHuii qp'g = e u g¢'g = d c puaro-
HanbHOl MaTpuneit d Mpl nomyuum p = g~ gl u g = g7 1dlg™1,
n03TOMY

det(tp — q) = det(tg tg™! — g7 ldig™!) = det(g) 2 det(te — d).

MMostomy ropuu det(tp — q) Te #e camble, uTo U KopHH det(te — d)
u dist(p, q) = dist(e, d). dTo u KOKa3bIBaET Teopemy. ]

CBoiicTBO yBeJlUUYeHUA MeTPUKHU A
AKCIMOHEHIIHAJTbHOro 0To6paskeHUA

dToT maparpad nocBdllleH A0Ka3aTelhCTBY TeopeMbl 2.1, ciie-
ayA, B cymHoctd, [Mo 53]. Hcmonbayem cokpaieHme

Mat, (R) = 4.

Me1 6ynem nucath Sym BMecTo Sym,,.
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Mycts v, w € &. Onpenenum
F,(w) = exp(—%) - exp’ (v)w -exp(—%) = e "2 exp/ (v)we /2.

3aMeTbTe, UTO
exp’ (v)w c(ilt exp(v + tw)|t:0.

HeHOCpe,[lCTBEHHO us3 onpeueneﬂnﬁ InojgyJdaeMm

exp’ (v)w = Z Z (1)

n! r+s=n—1

T. K. cTeneHU 31eMeHTa KOMMYTHUPYIOT MeMkIY c000i, OTMe-
v

THUM, YTO exp(—i) KOMMYTHPYET CO CTelleHAMHU v, v°.

Jlemma 3.1. Omobpascenun F, u exp’(v) cummempuynst no
OMHOWeEHUIO K tr-cKaaapromy npouseedenuto Ha & . Ecau v € Sym,
moeda F, u exp’(v) omoGpaxaiom Sym e camo cebs.

JOKABATEIBLCTBO.
OGbIuHaA MpoBepKa JaeT A u, v, w € &

oo
tr(Fy(w)u) = Z % tr(exp(—%)vrwvs exp(—%)u) =
n=0  r+s=n—1
= 3 1 tr(wov’ exp(—g)uexp<—2)fv") =
n! 2 2
n=0 r+s=n—1
= tr(wFy(u)),

T. K. exp(—%) KOMMYTHUpPYeT ¢ v" U v°, 3T0O 3aBepllaeT AOKa3a-

TelIbCTBO TOT0, 4YTO F),, CHMMETPUYHO 10 OTHOIIEHUIO K tr-cRaIAp-
HoMy mpousBenenuio. Ecau v € Sym, To dpopmyna (1) noraseiBa-
eT, uto F, oToGpasaer Sym B camo ce6f. YTBep#iaeHusA o exp’ (v)
JOKa3bIBalOTCA 0 TOMY e MabloHY. ]

Onpenenum neBoe ymHomenue Ly,: o — &, L,(w) = vw
u R, — npaBoe ymMHomsenue. llyets D, = L, — R,,, mo3aToMy

Dy(w) =vw —wv =[v, w] [ada Beex v, w € A.
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Jdemma 3.2. Ilycmv v € Sym. Tozda D? cummempuuno
Ha Sym. Jpyeumu caosamu, das scex w, u € Sym umeem

2 _ 2
(’U,, Dvw>t!‘ - <Dv’ll/, w)tn
uau 3anucarHHoe (?pyeu./n cnocobom

tr(u D2w) = tr(w D2u).

I OKA3BATEJIBLCTBO.
,I[OI{aSaTeJIbCTBO CHOBa PyTUHHO€, a UMEHHO

D,(w) = vw — wo,
D2 (w) = v*w — 2vwv + wo?,
(D2w)u = v*wu — 2vwvu + wovu,
w(D%u) = wvu — 2wvuv + wuv?.
Mpumensd tr K 3TUM JBYM MOCIEIHUM BhIPaxeHUAM U UCIOIb3YH
€ro OCHOBHOE cBoitcTBO tr(zy) = tr(yx), HoayvaeM T0Ka3aTENbLCT-
BO JIEMMBI. ]

HanomHMM, 4YTO cUMMeTpPUUHBLINA omepatop B Ha BeKTOp-
HOM [POCTPAHCTBE C MOJOMUTENbHO OlpeleleHHbIM CRalAPHBIM
npou3BefleHHeM Ha3bIBaeTCA HeompuuameabHulM U 3allcbliBaeT-
cAa B > 0, eciiu BeINONHAETCA

(Bw, w) >0

Il BCeX w B NMPOCTPaHCTBe. 3aTteM omnpepeirnM B; > B,, eciu
By — Bs > 0.

B nocnenyromux qokasatenbcTBax BOCIOIb3YyeMCA IBYMA OC-
HOBHBIMU CBOMCTBaMH.

CnexTpaibHoe cBoiicTBo. Ilyctb M — cumMmeTpuuHoe
JTuHeliHoe oToOpasieHle KOHEUHOMEPHOTO BEKTOPHOT'O NPOCTPAaH-
cTBa HaJ R ¢ Mon0MUTENLHO ONpelelleHHbIM CRalAPHBIM IPOU3-
BegenueMm. Ilyctb b > 0. lycTs fo(t) — cxomAmuiica cTeneHHOM
pAx, Taroi, uto fo(t) > b naA Bcex ¢ B uHTepBalne, colep:aiem
co6erBenHble unciaa M. Toraa fo(M) > bl.

HOKA3ATEIBLCTBO.
Hora3sbiBaeTcA cpa3y ke AMaroHaliusanueil JuHeiiHOro oTo-
OpaeHUA M0 OTHOIIEHHUIO K Gazucy. ]
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A Tanxe:
CBoiictBo IIIBapua. [lna Bcex v, w € Sym

tr((vw)?) < tr(v?w?).

I[.TIH y,[[OﬁCTBa yuTaTteada Mbl HAIIOMHHUM J0OKa3aTeJlbCTBO.

IOKA3ATEIBCTRO.

MaTtpuisl (duHeliHbIe 0TOOpameHuA) v U w MOTYT ObITh OJI-
HOBPEMEHHO IMaroHaJIN30BaHbl, €CJIU OJHA U3 HUX IOJNOHKUTEILHO
onpejielieHa, U B 3TOM clly4yae HEPaBEHCTBO SKBUBAIEHTHO 00bIY-
Homy HepaBeHcTBY IlIBapia. Eciu o6e MaTpuiibl CHHTYyIAPHBI, TO
MOMHO PaccCMOTpPeTh MaTpUIly w + €e, rie € — eJUHUYHAA MaT-
puna u € > 0. Torma w + €e HecHUHryJnfApHasA [JA BcexX JoCTa-
TOYHO MalbIX € # (, U TOrJa MO#HO UCIOJIb30BaTh MpPeJbIAYIIHii
HECHHTYJAPHBIN clydyail ¢ HOCIeAYIOIUM BhIYMCIEHUEM Npejena
npu € — 0. ITo 3aBepiaeT J[OKA3aTEIbCTBO. ]

Onpenenum gopMalibHblil CTENEeHHON pAX:

2k +1)! /2 t '

F) = i (t/2)%*  sh(t/2)  exp(t/2) — exp(—t/2)
k=0

3ameTuM, uto L, u R, KOMMYyTUPYIOT Mem Iy coboil U mo3ToMy

oo 2) =on(’y) en(2),

Mebr mosem Boruucauthb f(D,). T.&. numpb yeTHble crenenu D,
BO3HUKAIOT B CTeNeHHOM pAfe uA f, clefoBaTelbHO eclH
v € Sym, To f(D,) oToGpasaer Sym camo B ceGf U onepaTop

f(Dy): Sym — Sym
CUMMETPHYHbIA [JIA tr-CKAIAPHOrO NPOU3BeEJEeHNA.

Jlemma 3.3. Jas awovix v € o umeem D, F, = D, f(D,).

JOKA3ATETLCTBO.
Myctsb ¢t — x(t) — rnagkaa kpusad B &/. Toraa

z(expx) = (exp z)x.
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NTuddepeHupoBanue 06erxX CTOPOH AaeT

x'expx + z(expzx) = (expz)'w + (expx)z’,
¥ TI03TOMY

z'expx — (expz)z’ = (expx)'z — z(expx)’.

YMHOKadA 1eBylO U MpPaByIO YacTb Ha exXp (—%) U WCIONb3YA TOT

($aKT, YTO T KOMMYTHUPYET C exp(—% , IPUXOJUM K BbIpa#eHUIO

exp(=5)o e (5) —exo () exn(-5) =

()
= exp(—%)(expm)'exp(—%)x — xexp(—%)(expx)'exp(—%).

T.k. L, u R; KOMMYTUPYIOT, MIOXyYUM

o) ~esn(5) oo(-12),

n03ToMy (2) Mo#eT ObITh 3alKCaHO B BUME

(exp(%) - exp(—%)):ﬂ' = D, F,z'. (3)

Tenepsb Bo3bMeM KPUBYIO () = v+tw ¥ BBIYKCIUM MpebIAYyIIee
paBeHcTBO B ¢ = 0, moatomy z'(0) = w, yTO 3aBepiIaeT H0Kaza-
TelbCTBO JIEMMBI. ]

Teopema 3.4. [lycmy v € Sym. Toeda F,, = f(D,) Ha Sym.
CaedosamenvHo, das w € Sym, noayium

exp’ (v)w = exp(%) ~f(D,,)woexp(%).

I OKA3BATEJIBLCTBO.

Mycts hy, = F, — f(D,). Torga hy,: Sym — Sym — cum-
MeTpHYHOe JHHeiiHOe oToOpaieHne, U ero o6pa3 COJEepHUTCA B
noanpoctpactBe E = KerD, N Sym. T.k. Sym — KoHeYHO-
MepHOe, OHO AIBJIAETCA MPAMON cyMMoi E v ero opToroHaibHoro
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nononuerus E+ B Sym. Ilockonbky h, — CHMMeTpUYHOE, OHO
oTo6paxaer EL B E+, Ho h, Takme oTobpamaer E+ B E, mos-
tomy h, = 0 sa E+. lononnurensHo £ — KoMMyTaHT v B Sym
u, ciefosareibHo, f(D,) = id = F, na E, nostomy h, = 0 Ha E.
CnenoBatenbHo, h, = 0 Ha Sym, 3aBepuiad TakuM 06pa3oM J0Ka-
3aTelIbCTBO TEOPEMBI. ]

Teopema 3.5. [ycms v € Sym, mozda D2 — neompuua-
meavnoe u f(D,) > 1.

I OKA3BATEJIBLCTBO.
Ilo nemme 3.2 naA w € Sym BINOJIHEHO

(D?w, w)iy = tr(wv?w — 2vwvw + v’ w?) = 2tr(viw? — (vw)?).

no3TOMy HeoTpuuarenbHocth D? BhiTekaer us coiictsa IllBap-
na tr-ckanfapHoro npousBeneHuA. Tenepb MoxeM 3anucaTb

f(t) = fO(t2)7

rae fo(t) — o4eBUAHBII CTENEHHOI PAJ C MOJOHUTENLHBIMA KO3 (-
¢unventamu. 3ametuM, 4To fo(t) > 1 naa Beex ¢ > 0. lloaTomy
U3 CIEKTPalbHOr0 CBONCTBA CTENMEHHOT0 pPAa CleayeT, YTOo

f(Dy) = fo(D}) > I.
JdTo U daBepliaeT JoKa3aTelIbCTBO. ||

Teopema 3.6. JxrcnoHeHyuaabHoe 0moOpaxyceHue exp He
ymeHvuwiaem tr-Hopmy Ha Sym, m.e. dia v, w € Sym, 6bl0U-
pas p = exp(v), umeen

|l = tr(w?®) < tr((p7" exp' (vV)w)?) = |exp' (V)wl} 4,

I OKA3BATEJIBLCTBO.
HpaBaﬂ YacCTb BbIIIENIPUBEIEHHOI'0O HEpaBE€HCTBa paBHa

(7 exp! (0)w)?) = tr((exp(52) - explo)ur- exp(5Y)) )=
= tr(Fy(w)*) = | f(Dy)wli,
no Teopeme 2.4.

HpI/IMeHeHI/Ie TeopeMBbI 3.5 3aBeplaeT J0Ka3aTelIbCTBO. ||

5 C.Jleur
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CnenctBue 3.7. /lasa kaxcdozo v € Sym omobpaxcenus
F, u exp'(v): Sym — Sym

AUHETIHble a8MOMOPPHUIMbL.

I OKA3BATEJIBLCTBO.

Teopema 3.6 okasbiBaeT, yTo Kerexp'(v) = 0 u exp’(v) —
nuHeiiHplil usomopduaM. Torpa cnenyer yTBepxaeHue A F,,
nockoibRy F, cocraBieno u3 exp’(v) U MyJnbTUIIIMKATUBHBIX e~
PEHOCOB ¢ MOMOIIbIO 06PAaTHUMBIX 3JI€MEHTOB B Sym. JTo 3aBep-
IaeT I0Ka3aTelbCTBO. ]

3ameTuM, 4To Teopema 3.6 3aBeplIaeT AOKA3aTeIbCTBO TEO-
pembr 2.1. [

I/I(:Topw{e CKHe IIpMe4YaHUudA

IIpencTtaBneHue BBINIEN3N0#EHHOT0 MaTepuala B CYI[HOCTHU
cregyeT myTH, oOpaTHOMYy uctopudeckoMy. Iloutu cToneTue mno-
TpeboBanoch, YTOObI ONpeeleHHbIEe UEU MOMYUYUIH UX IONHYIO
O6IIHOCTb U IIPOCTOTY.

HcTopuyecku pa3BUTHe 3TUX HJeil Havyaloch B KOHIe [e-
BATHaguaroro Beka. Kuunren6epr [K1 83/95] yTBepspmaer, 4To
¢oH MaHronbj B CyMIHOCTH JOKa3al To, YTO ceiiuac Ha3bIBAIOT Te-
opemoii Kaprana— Anamapa qusa nosepxsocreit [vM 81], Ha 15 net
paHbllle, 4YeM 3TO caenan Ajpamap [Ha 86]. B neitictBuTeNBHOC-
TH poH MaHronbj cchliaeTcA Ha NMpeblAylie paboThl, HanucaH-
HbIe IPyTUMU y4YeHbIMU, Alamap ccbliaeTcd Ha ¢poH MaHroanra,
u Rapran [Ca 28/46] ccoinaerca Ha Anamapa (Kapran paccmar-
pUBaeT NPOU3BOIbLHbIE pUMAHOBBI MHOT006pasuA). fI He nmen Bo3-
MO#HOCTHU NIPOYUTATh OPUTHHANbHbIE CTAaThU.

Xenbracon [He 62] momyunn moxasatenbcTBo Teopembl Kap-
TaHa 0 HeNOJBHUKHOI TOuKe, cienyda uaeAm Kaprana, cM. 06HOB-
nenHyto Bepcuio [He 78], riaBa 1, Teopema 13.5, a umeHHO: Ha pu-
MaHOBbIX MHOTI006pa3uAX HENOM0UTeIbHOM KPUBU3HBI KOMIIAKT-
Hafl rpyIna U30MeTpuil UMeeT HenoJBUMHYIO Touky. lennio Rap-
TaHa ObLIO NMOKa3aTh, YTO Bce MaKCHMalbHble KOMIAKTHbIE MOJ-
rPYIIbI NOMynpocToil rpynnsl Ju conpsaxenusie. Moctoy [Mo 53]
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MOy YUJI TI0XOMee YTBep#AeHrne, HO B Gollee OrpaHMYEHHOM KOH-
TekcTe. OHU UCTONBL30BaMU IEHTP MAacc BMECTO KPYTOBOI'O IIEeHT-
pa.

3atem Bpioa u Tutc [BrT 72] chopmyanpoBaiu cBOKO Teope-
MY O HEMOJBHU#HOI TOUKe (3/1eCh cHOPMYTUPOBAHHYIO KaK Teope-
Ma 1.2), ycTaHOBHUB yClIOBHA 3aKOHA monynapaiieiorpamma. Cepp
HCIOJIb30Ball BapHalio UX JOKa3aTelbCcTBa U GOPMYINPOBRY Te-
opemsbl 1.1, yToObI HOCTHYL TEKYIE['0 OKOHYATENbHOI'0 pe3yib-
TaTa C OYEHb NPOCTHIM [OKA3aTelbCTBOM, BRIIOUEHHBIM B 3TY
kHury. fl He 3Hato, rae Cepp onmyGIUKOBAT 3TO, HO CChHUIAIOTCA HA
B TOYHOCTH Ty #e dopmynupoBry y Bpayna [Bro 89], riasa 6,
Teopema 2, § 5. Takum o6pa3oM, TMHUA Pa3MBIIIIEHUN, HAYATHIX
cToleTHeM paHbllle, TpUBela K ¢yHIaMeHTalbHON MpPOCTOll Te-
opeMe 0 METPUYECKHX MPOCTPAHCTBAX. YCIOBHE KOMIAKTHOCTH
CMEHUJIOCh YCIOBUEM OTPAaHUMYEHHOCTH, U 0ojiee CIOMHOe MOHA-
THe KPUBHU3HBI CMEHUJIOCh 3aKOHOM IOJyHapaienorpaMmMa.

JlonoMHUTENbHO LEHTP Macc, KOTOPbIif BOBHUK B YTBep#e-
uvu Kaprana (i gpyrux, ciefyiommx eMmy), 3aMeHeH KPYyTOBbIM
neHTpoM, cienysa Bprwoa—Turcy.

Bpioa u Tutc B AelicTBUTENLHOCTU NPOCTO OXapaKTepu30Ba-
7Y CBA3HbIe PUMAaHOBbI MHOr000pa3uf ¢ HeNOJOMUTENIbHONR KpU-
BU3HON 3aKOHOM nonynapaiierorpamma [BrT 72]). C storo mo-
MeHTa Teopud KPUBHU3HBI NI METPUYECKHX NMPOCTPAHCTB, a He
MHOroo6pasuii, pa3BuBajiach OTJEIbHO, C PACIINPEHHBIM H3I0KeE-
nueMm y Bonmana [Ba 95], cogepsamum teopemy 1.1. Boaman
ccpinaetcs Ha BpayHa no teopeme 1.1, cm. [Ba 95], Teopema 5.1
u npepnioxenue 5.10 raaBer 1.

PasBuTue Teopuu cuMMeTPUYHBIX IPOCTPAHCTB ABIAETCA 3a-
cayroit Raprauna [Ca 28/46] u [Ca 51]. MocToy npuBen 04eHb aite-
raHTHOE U3JIO0MEHNHe HEKOTOPhIX pedyabTraToB Raprana B [Mo 53],
U JIOKa3aTelhCTBO, MpeJcTaBleHHoe B § 3, B CYI[HOCTH, B3ATO U3
usnoxkenusa Moctoy.

B crangapTHOM 6a3oBoM Kypce aHalu3a olpefendeTcd es-
kAudo6a Aauna KPUBOHA B OTKpbITOM MHOMecTBe U B RY kak

b
L(a) = / o ()] dt,

rae HopmMa — CTaHJapTHad eBRJIHWI0Ba HOpMa. B KOHIle JeBATHa-
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JIIaTOr0 CTOJNETUA pa3NuyHbie TIOAU UCKAIU T€OMETPUI0, OTINUY-
HYIO OT €BKJIW/JOBOH, U paccMaTpUBaliu lepeMeHHble MeTPUKH,
rjie MeTpUKa B Kas ol TOUYKe 3aBUCUT OoT Touyku. [[pocThie mpu-
Mepbl NepeMeHHO HOPMBbI YK€ MO#HO BCTPETUTb B HEKOTOPBIX
Kypcax.

Hanpumep, nyers D — eaunuussii kpyr B R2. JIna kam-
noit Toukd x € D mycth r = |x| — eBRINAOBO paccTOAHUE OT
eHTpa KOOpAMHAT. 3ajaH Bektop v € RZ. Onpegeanm mempury
Jlo6ayvesckozo unn Ilyankape wax

1

ml'vleuc, r= |Ilf| = VZB% ‘|‘£B%

Takum o06pasoMm, |v|, B3aBUCHT OT pACCTOAHUA OT LEHTpa
u |v]; — 00, Korga |x| — 1. 3aBUCHMOCTb OT X Ha €AUHUYHOM
Kpyre MO IpPeHEMY [JOCTAaTOUHO MPOCTadA MO CPABHEHUIO C MeT-
PUKOIi clieia B eBKIUAOBOM IPOCTPAHCTBE Sym.

[Infa cucTeMaTHYeCKOro W3JNOMEHUA TOro, Kak SKCIOHEH-
HyanbHOEe CBONCTBO YBEIMYEHUA METPUKHM CBA3AHO C 3aKOHOM
nonynapannenorpamma, cMm. [La 99], rae pesyiabraTel obcyspaa-
I0TCA B KOHTekcTe auddepeHNUaTbHON TeoMeTpuu. 3aMeTuM,
YTO M3 ITOr0 KOHTEKCTAa MOMKHO TaKme IMONYy4YUThb, YTO KpYyT
¢ Metpukoii JlobaueBckoro—IlyaHkape ABIAETCA NPOCTPAHCTBOM
Bpoa—Tutca U, B 4acTHOCTH, YJOBIETBOPAET 3aKOHY MOXyMa-
panneirorpamMma. UTo6el yBUAETh, YTO 3TOT MPUMEP B CYI[HOCTHU
He OT/IMYaeTCA OT NPUBEJEHHOro MpUMepa C 3KCIOHEHIIHATbHBIM
otoGpameHuneM, noTpedyercd obiad TeOpUA SKCMOHEHIIUATbHBIX
otobGpaeHuii, cogepskamas o6e CUTyallll, KOTOPbIE allPUOPHO He
BBITJIANAT MOXOMHUMHU.

|v]e =

JIutrepatypa
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FapMOHquCRHe U CUMMeTpHUUYeCRKIe
ITIOJIMHOMBI

BepHemca k Goiee anreGpauueckoii TeMe. Rypchbl mo nuHeii-
HOi1 anrebpe uau no obiieit anredpe A CTYAEHTOB JalOT OCHOBBI,
HO yYallle BCero HeT BpeMeHU, UT0Obl 3aHUMAThCA YTIyOJIeHHbIM
u3ydeHueM, Tpebyromum o6befuHeHUA MaTepuana. [lpeacraBien-
Had TeMa WIIIOCTPUpPYeT KOHLENI[UU U3 INHeilHOl anrebpbl B KOH-
TeKCTe, KOTOPBIA BIUIOTH [0 CEroJHALIHEr0 BpeMeHU u3yualcd
aunib acnupanTamu. HeT HUYero cio#Horo B 1060M U3 paccMoT-
PEHHBIX BONPOCOB, HO TaK#e, KAK MPOCTPAHCTBO MOJOHKUTEIbHO
onpedeleHHbIX MaTpHI] [al0 BO3MOMHOCTb AJA HUINOMEHUA WH-
(popManuy U3 CIOHHBIX KYPCOB aHalN3a, KOJbI[0 IOJUHOMOB U [iBa
BajKHBIX MOJMHOMECTBA — rapMOHUYECKHE U CHUMMeTpUUYeCKHe
MOJNMHOMBI — MPEJ0CTaBIAIOT BO3MOMKHOCTDL AJIA UIIIOCTpanuu
KOHLleNIUi U3 NUHellHOi anreOpbl, U, KOHEUHO K€, U3 MaTeMaTu-
YEeCKOT'0 aHaju3a, CBA3AHHBIX ¢ YAaCTHLIMH NMpPOU3BoAHbIMU. [Ipu
paboTe ¢ MoJMHOMAMU aHAIUTUYECKAad YacTh B OCHOBHOM WIIIO-
3opHa. luddepeHiupoBanme moJuHOMa ABIAETCA YUCTO anrebpa-
WYEeCKUM MOHATHEM, Mbl MO€eM ONpeeUTh NPOU3BOAHYIO MOJIH-
HOMa OJJHOW NepeMeHHON T Kak

d d
% Za:k = Z kxk1.
k=0 k=1

AHanoru4Ho AMA TMONMHOMA HECKONbKHX IEepEeMEeHHBbIX YacTHbIe
MPOM3BOHbIE MOT'YT GbITh ONpeieleHbl aHATOTUYHBIMU YUCTO all-
re6panvyeckumu popmynamu. Hukakux npenenoB He notrpebyerca
IVl OCHOBHBIX TEOPEM 3TO# YacTH.

FapMOHI/I‘-IeCRI/Ie U CMMMeEeTpPHUYEeCHKYe IIOJMHOMBI

Mbe1 6y,£[eM paccMaTtpuBaThb IOJUMHOMBI OT HECHKOJBKHUX Iie-
PeMeHHBbIX HaJ BelleCTBEHHbBIMU YHUCIaMH. HeHOTOpre OCHOBHEIE
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¢arThI MBI 6yJeM IoJaraTb U3BECTHBIMU U NPUBEJEM HX BO BBe-
nenuu. IlycTb nmepemennsle 0603HavyawTCH L1, ... , Tn. MHOMKEC-
TBO BCEX IIOIMHOMOB OT 3TUX MePeMEHHBIX C BEl[eCTBEHHBIMU KO-
3¢ unneHtamu 6yaeT o6o3HayaThCA

R[z1, ..., za].

ITonrunom Buga x{l «17%" OyeT Ha3bIBaTbCH NPOCMblLM MOHOMOM.
Jto6oit monuHOM TpefcTaBiAeT coboil TMHEHHYIO KOMOUHAINIO

_E: ) o R |
P(mla e *T"n) - Cj1y ey dn 1 Ty

¢ BellecTBeHHbIMU Kodddunuentamu c(;) € R. MbI 3anumem npo-
CTOIi MOHOM B COKpallleHHOIi ¢opme

Moy (@) = 29 = aft -,

nostomy P(x) =Y ¢(jyM(j)(x). Cmenens M;) () onpenenserca
KaK
degM(j) =j1+...+Jn.

Pasziauunble MOHOMBI M(j) JaHHOH cTeneHU d JIUHEIHO He3aBUCU-
mbl Hag R. Ioaunom P(z), ompeleneHHbI, KaK YKa3aHO BBbIIIe,
Ha3bIBAe€TCA 00HOPOOHbBIM, €CITU BCE MOHOMBI C HEHYJIEBBIMU KO3 (-
¢unreHTaMi MMEIOT OMHAaKoOBYIO cTeneHb d. Hampumep, monu-
HOM

3x3ry — T 2

x1$2 $1$2$3

OJTHOPO/IHbII cTenenu 4, Ho 3x3 Ty — 3Ty He ONHOPOIHbINH. MbI 060-
sHauum Pol(n, d) BekTopHOe mpocTpaHcTBO Han R, nopogaemoe
MOHOMaMHU CTeneHu d OT 1 MEPEMEHHBIX X1, ... , Tn. FLTO pazmep-
HOCTb paBHa KOJIMYECTBY MPOCTHIX MOHOMOB M(;)(x) cTenenu d.
Mke1 He 6yznem ucnoib3oBaTh 3TOT (paKT, HO HETPYAHO JOKa3aTh,
YTO 3TO YHUCIO ABJIAETCA OMHOMHAIbHBIM K03 QUINEeHTOM

n—1+d
n—1 ’
lIIpyrumu cioBaMu

dim Pol(n, d) = (" S d) .
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Mbr Mo#eM B3AThH NPOU3BOJAHBIE OT MOJMHOMOB IIPH TIO-
MOIIM YacTHBIX [POU3BOIHBIX, KOTOpPble MbI 0003HAUMM Ue-
pe3 01, ..., O,. llpu noacraHoBKe MepeMeHHON B 0603HauYeHUe
3TU YacTHble NPOU3BOAHbIE CTAHOBATCA OOBIUHBIMHM YacCTHBIMH
IPOU3BOAHBIMU

_ 0 -
61_31?1" i=1,...,n.

YacTHadg npou3BOAHAA OT HOJIMHOMA — 3TO ellle OJUH MOJUHOM.
Ecau P(x) — oguopopubiii crenenu d > 1, roraa d; P — ogHopos-
HbIll monuHoM cTtenenu d — 1 unu 0. Pazymeertca, eciu P umeer
crenenb 0, To P — KoHcTauTa, 1 0; P = 0 quiA Bcex 4. 3amMeTuM,
YTO MOKHO 3anucaTh AuddepeHNUaNbHbIA ollepaTop B BUIe

P(dy, ..., On),

unu coxpaiierto P (), T.e. Mbl MO#eM MOJCTaBUTh YaCTHbIE MPO-
U3BOJIHbIE BMeCTO IepeMeHHbIX. [lna moboro moauHoma (Q, ec-
ma P =37 cjyMjy, To

P(dy, ..., 00)Q =Y cid---0irQ.

HHoao:xxuTeabHO orpeaejieHHoe CKajllIApHoe
Inpou3dBpeacHue

OmnpejenuM TmpuMep BEKTOPHOrO MPOCTPAHCTBA €O CKalfAp-
HbIM TIPOU3BeieHNeM, ucnoib3yd Pol(n, d) u yacTHbie TpousBo-
Hble cliefyomuM o6pasoM. [lnfa IByX MOJIMHOMOB

P, Q € Pol(n, d)
ONpeJeNuM CKAAAPHOe npouseedenue
(P, Q) = (P(9)Q)(0).
3aMeTHM, YTO OMINHEHHOCTDb MOIyYyaeTcA cpasy, T.e

(P1+P27Q>:<P1,Q>+<P27Q)7
(P, Q1+ Q2) = (P, Q1) + (P, Q2).

Ecau ¢ € R, to (cP, Q) = ¢(P, Q) = (P, cQ).
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Bonee nHTepeceH TOT (akT, UTO CKaIfApHOE MPOU3BeleHHE
cuMMeTpuuHoe, T.e. (P, Q) = (@, P) nnd BceX OIHOPOAHBIX MO-
automMoB P, @ € Pol(n, d). IIpoBepuTh 3T0 CBOWCTBO T0CTATOYHO
11 caydad, korjga P, Q — npocTsie MoHOMBI. Toria Mbl Iony 4um
fIBHOE 3HAueHHe [JIfl CKAIAPHOro MPOU3BE/IeHNA.

Ilyemy P = M(j)(x) u Q = M(y(x) — monomo. cmenenu d.
Ecau (j) = (k), mo

(M(j), M(j)) = j1! .. ]n'
Beau (j) # (k), mo
(Mjy, M) = 0.

B wacmmnocmu, monomvi 00pasyiom o0pmozoHaibHuI 0asuc 0as
Pol(n, d).

I OKA3BATEJIBLCTBO.
[peanonoxum, uto (j) = (k). ITo o3HavaeT, 4To j1 = k1,...
s Jn = ky. Torma

Mj)(0) Mgy = 07" -+ 0dralt -zl

Brruucinsad npousBojiHble 0OBIYHBIM CIOCOO0M, MbI HAXOAUM, 4YTO
nojyyvaeTcA 3HaueHue U3 yTBep#aeHud ji!. .. j,!. lipeamonomum,
uto () # (k), Toraa pnsa Hekotoporo i: j; # k;. Cramem, ji # k.
PacemoTpum '
A ah,

Ecmu ji > ki, To MBI B3Anu Goibllle IPOM3BOAHLIX, YeM CTe-
neHb &1, ¥ noatomy noayuum 0. Ecau j; < ki, Toraa 3{1:1:’1“ paBHO
KOHCTaHTe YMHOKEHHOI Ha m’fl_j !, T.e. ocTanach MojoMuTeNbHAA
cTeneHb OT x1. Beruncasem npu (x) = 0, nostomy 1 = 0, 1 MbI
nonyyuM 3HaveHue (. ITO NOKa3bIBaeT OPTOTOHAILHOCTH MOHO-
MOB U TaK:Ke MOKa3bIBaeT, B YACTHOCTH, UTO

(Mj), Mj)) > 0.

MbI mpuUxoguM K 3aK/IIOYEHMIO, YTO Halle CKajlfApHOe IMpo-
u3BelleHNe CHUMMETPUYHO, MOCKOJIbKY CKajlfApHOE IIPOU3BelJeHue
IBYX MOHOMOB cuMMeTpuuHo. CUMMeTpud B o0LieM ciydae cie-
OyeT U3 OUIMHEHHOCTH.
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Me1 Take momydaeM IONOKUTEIbHYIO ONpPENEIeHHOCTh U3
OMIMHEHHOCTH U M3 (aKTa, 9To IJIA c(j), ckx) € R

0 ecan (j) # (k)

_ 9
<C<j>M<f>vC<k>M<k>>—{cgj)jlz...jnz, ccnu (7) = (k).

IlosTomy ecmu P =Y ¢y M) # 0, T0

(P, P) ="}yl dn! > 0.

Takum 06pa3oM, MbI NMOJIYYHIN AOBOJLHO MHTEPECHBIH MpUMeEP
TMOJIOKUTENBLHO ONPENEIeHHOr0 CKalAPHOr0 NPOU3BEIEHUA, CMe-
MBafA BMecTe NuHeiiHyo anre6py u auddepeHinrpoBaHie. ]

Mb1 ynomaneM emle onHy ¢opmyiy. Kak u panbuie, mycThb
P €Pol(n,d) u0<m < d.

®opmyna o6begunHeHud. llycmes R € Pol(n, m) u Q €
€ Pol(n, d — m), mozda

(R(O)P, Q) = (P, RQ).
JTOKABATEIBCTBO B OJHY CTPOKY:

(P, RQ) = (RQ)(9)P(0) = Q(O)R(9)P(0) = (R(D)P, Q),

I0OTOMY YTO BbIUMCIEHHME YaCTHBIX NMPOM3BOIHBIX — KOMMYTa-

THUBHAaA orepanus. ITO U JOKa3biBaeT HOpMyIy. ]

llapaiiTe  paccMOTpUM  MHOMECTBO BCEX  MOJMHOMOB
R[z1, ..., zp], KOTOpOE MBI 0G03HaUUM S,
S =Ry, ..., Tq].

I/ICHOJIb3yeM COKpalleHue
5@ = Pol(n, d)

IJIAl TPOCTPAHCTBA OJHOPOJHBIX 3MEMEHTOB cTeneHu d (OTIMYHOM
ot 0).

B 3TOT MOMEHT MO#HO BBIGPAThH 1Ba HE3ABMCHMbIX HalpPAaB-
nenusi. Mo#HO paccMOTpeTh rapMOHUYECKHE MOJIUHOMbBI, KOTOpbIE
OyIyT ompejeleHbl B JalbHeleM, I CHMMETPUUYECKUE MONH-
HOMbBI COBMECTHO ¢ 06001IeHHeM FapMOHHYECKUX MOIMHOMOB. MbI
pasfeinuny 3TH TEMbI, HO Bbl, BO3MOM{HO, 3aXOTHTE IPOYECTh UX
O/IHOBPEMEHHO.
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FapMOHI/I‘-IeCRI/Ie ITIOJIMHOMBI

IIyctn
A=0]+...402.

N3 maTtemaTuueckoro aHanusza GyHKIUA HECKOIbKUX IepeMeH-
HBIX BaM JIOJ#HO ObITh M3BECTHO, YTO A Ha3bIBAETCA 0Nepamop
Janaaca. ®yuruusa f Takaf, yto Af = 0 Ha3bIBae€TCA 2APMOHU-
yeckoil. Hac uHTepecyloT rapMoHUYeCKUE MOIMHOMBI, T.€. TMOIU-
HoMbI P takue, uto AP = (. 3ameTum, 4To

A: Pol(n, d) — Pol(n, d — 2)
nuHeiiHoe 0ToGpaM e e U3 BEKTOPHOTO MPOCTPAHCTBA NONTUHOMOB
cTeneHd d B BEKTOPHOE MPOCTPAHCTBO MOJIUHOMOB cTeneHu d — 2.

Teopema 2. Imo auHeliHoe omobpaxcenue A64AeMCA CIOP6-
exyuetl. /Jlpyeumu caosamu, 0ia 3adannozo noaunoma () cmene-
Hu d — 2 cywecmeyem P € Pol(n, d) marotd, ymo AP = Q.

Teopema MoseT ObITh JIOKa3aHa CUIOBBIM MeTO0M. MbI npu-
BefleM Ipyroe, 6ojlee KpacuBoe [0Ka3aTelbCTBO, UCIOIb3YIOIIee
TMHeNHYO anre6py.

Ompeneaum Har(n, d) — MHOeCTBO BCeX OJHOPOIHBIX
rapMoHUYecKUX mnoauHoMoB cteneHu d wuiau 0. QueBHIHO, YTO
Har(n, d) — nmopnpoctpanctso Pol(n, d), nostomy B Tepmunax
JIVHENHON anrebpbl

Har(n, d) = Ker A.
Ipyrumu crosamu, Har(n, d) — anpo nuHeiiHOrO 0TOOpaKeHUA
A: Pol(n, d) — Pol(n, d — 2).

IIyctn
2 2 2 2
=121, ..., Tp) =2+ ..+ T

MloaTomy 72 — OJHOPO/HbIN MOJIUHOM CTerneHu 2. 3aMeTUM, 4To
r2(8) = A.
Mb1 oKkasanyu B o6uieM cllydae IPaBUIoO MepecTaHOBKH

(R(O)P, Q) = (P, RQ).
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IlpuMeHUM ero k crenuainbHomy ciaydaio R = r2. TakuM o6paszom,
MOy YUM
(AP, Q) = (P, 1?Q)

nis Beex P € Pol(n, d), Q € Pol(n, d — 2).

dTo mMO3BOJAET HaM JI0OKa3aTh CIOPBEKTUBHOCTHL A Ha
Pol(n, d — 2). Ilpepnonosxkum, uyto o6pa3 A He paBeH Bce-
my Pol(n, d—2). Torga cymectByeT noautom ) € Pol(n, d — 2),
Q) # 0, KoTopbIil OpTOrOHaNEeH 06pa3y A 10 TeopeMe U3 JIUHEeHHOM
anreGpbl A MONOMUTENbLHO ONPEIENeHHOr0 CKAAPHOTO IIPOU3Be-
nenus. Ux aToro cieayer, 4To

0= (AP, Q) = (P, r*Q)

nna Beex P € Pol(n, d). CienosarensHo, () opToroHanbHo Bee-
my Pol(n, d). T. k. ckanApHOe NpOU3BeJeHHUE MONOKUTEIBHO OIpe-
JleieHo, Mbl JOJ#HBI MonyuuTh 72Q = 0, ciefoBartennto Q = 0,
NPOTHBOpeYne, KOTOPOE NOKA3bIBAET, YTO

A: Pol(n, d) — Pol(n, d — 2)

CIOPBEKTUBHO.

Takum o6pa3oM, Bbl BUJUTE JIMHEHHYIO anre6py U MOJOHU-
TelLHO ONpe/ielleHHbIe CKaNAPHbIE NPOU3BeJeHN A, NelicTBYIOIINe
B KOHTEKCTe, KOTOPbIit 0ObIYHO HE paccMaTpPUBAeTCA B CTAHAApPT-
HBIX Kypcax. MbI nmpuBe/ieM elille OMH MPUMep TAaKOTO e Xapak-
Tepa.

Teopema 3. Ilpocmpancmeo 00HOPOOHWLT TOAUHOMOE Cime-
nenu d donyckaem 0pmozoHaAbHOE PA3AOHCEHUE

Pol(n, d) = Har(n, d) + r*Pol(n, d — 2).

Amo osnavaem, umo Pol(n, d) saeasemca cymmoii deyr npo-
cmpancms u3 npasoti wacmu, u amu dea npocmparcmsa Har(n, d),
r?Pol(n, d — 2) opmozonaivhuL.

I OKA3ATEJILCTBO.

OGuiee MpaBWiO MEepecTaHOBKM MoKasbiBaeT, uto Har(n, d)
u r2Pol(n, d — 2) opToronanbusl, nockoabky aia P € Har(n, d)
u ) € Pol(n, d — 2), nonyuum

(P, Q) = (AP, Q) =0,
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T.K. P — FapMOHI/I‘{eCKI/Iﬁ IIOJINHOM. CHe,E[OBaTe.TIbHO,

dim[Har(n, d) + r*Pol(n, d — 2)] =
= dimHar(n, d) + dimr?Pol(n, d — 2).

Ho dim 72Pol(n, d—2) = dim Pol(n, d—2), T. k. yMHO*eHHe Ha 12
fABIAETCA U30MOP(HUIMOM

Pol(n, d — 2) =5 r?Pol(n, d — 2).

JluHeiiHaa anre6pa Takke TOBOPUT HaM, YTO AJA JHOGOro NUHEH-
HOro oToGpaeHuA Ha BEKTOPHOM NPOCTPAHCTBE V pa3MepHOCTb
o6pasa miIoc pa3MepHOCTh AJIpa paBHA pa3MEPHOCTH MPOCTPAHCT-
Ba. 31ech BekTopHOe npocTpancTBo — Pol(n, d), Anpo nuneitHoro
oTtobpameHuA — MOANPOCTPAHCTBO FAapMOHUYECKUX IOJUHOMOB
u ero obpas Pol(n, d — 2). T. k.

Har(n, d) + r*Pol(n, d — 2)

UMeeT Ty ke pa3MepHocThb, uTo u Pol(n, d), oHO momxHO pas-
uAtbed Pol(n, d), 4To u Joka3biBaeT Teopemy. [

CI/IMMETpI/I‘-Ie CKHe ITIOJIMHOMBI

IIycts W — rpynna nepectaHoBok nepeMeHHbIX. Ecau Bac
yIOUBIAET, ToUeMy Mbl Hcnoiab3yeM O6ykBy W, To 3To u3s-3a To-
ro, 4To B BecbMa 3K30THUYeCKOM KoHTekcTe I'epman Beitab ot-
KPBLI HEUYTO, Ha3piBaeMoe rpymnmnoii Beitna. Jlna o6eryHoil cutya-
UuU OGbIYHBIX MOJIMHOMOB 3Ta rpynna Beiina aBnfgeTca B ToyHOC-
TH, KAk Mbl CKa3aly Bbllle, TPYIOi TepecTaHOBOK NEepEMEHHBIX.
Takr 4To HUYEro CTPAUIHOTO HET.

Ecan 0 — nepecranoska u3 {1, ..., n} u P — noauHom, T0
MBI MO{€eM OINpeNeldTh HOJUHOM o P Kak MOJMHOM
(oP)(x1y ooy Tn) = P(To(1)s -+ 5 Ta(n))-

IloaTtomy W Tose meiicTByeT Ha moaumHoMmax. [lonunom P Takoii,
uyto 0P = P 1A Bcex MepecTaHOBOK o Ha3bIBaeTCHA CUMMEMpPU-
YyeckuM. 3aMeTUM, YTO TOJUHOM

2 2 2
rr=z;1+...+tx,
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CUMMeTpHUYecKuil, u Takme noauHoM =f + ...+ ¢ naa mobo-
T'o T0JI0KHUTeNbHOTo Heqoro yncia d. O6o3Haunm yepes S mpo-
CTPaHCTBO BceX CUMMeTpuveckux mnoauHomoB. Ecnu P, ) cum-
MeTpUYecKHe, TO TakuMu e 6yayt P + Q, PQ, u nia mo6oii
KOHCTAaHTEHI ¢ € R monunom cP Tome CPIMMETpPILIECKPIfl. Tarkum
06pa3oM, MHOKECTBO CUMMETPUUYECKHUX TOJMHOMOB 3aMKHYTO 110
CIIOKEHNIO, YMHOMEHUIO U YMHOMEHUIO Ha KOHCTaHTY. B neiict-
BUTEJbHOCTHU SW COAepAUT IMMOJUHOMEBI, paBHble KOHCTaHTaM.
Hac uHTepecyeT apyroit npuMep cMMMeTPUYECKUX MOJIUHO-
MoB. IlycTb T — HOBad nepeMeHHasA, U Mbl PACCMOTPHUM HOJIUHOM

F(T)= (T —z1)...(T — z).
EC.TII/I MBI [IEPEMHOMHM U IIpUBeaeM HO,E[OﬁHbIe, TO MOJy4YUM

F(T)=T"—-LT" '+ LT" 2 —...+ (-1)"I,,

rae I, ..., I, — NONUHOMEI OT %1, ..., T,. K IpuUMepy,
I; :Il(ilﬁl, ey :En) =21+ ...+ Tp,
L=06L(x,...,T,) =12 + 123 + ... + Tp—1Tn,
L =I,(z1,...,%y) =%1...2Ty.
flBHoe Bbiuncienue noauHoMoB Iy, ..., I, Ham He moHagOGUTCAH.
MosHO yBUIETb alpUOPHO, YTO OHU CUMMETPUYECKUE B IIepEMEH-
HBIX &1, ..., Ly, NIOCKOIbKY NPOU3BEIEHUE

(T —-2z1)...(T — )

He MeHAETCA OT TmepecTaHoBKU MHOoMutenen (T — x;), & =
=1,...,n, 103TOMy K03 IHUIHEHTHI 3TOr0 NOJMHOMa TaKiKe He
MeHAITCA. 3aMeTUM, UYTO

degI; = d.

Bynem naswiBath noauHOMbl Iq, ..., I, asaemenmapHbimu cum-
Mempuieckumu noaurHomamu. DynrameHTanbHblil GakT us anred-
pHl JaeT HaM
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Teopema 4. JaemeHmapHvle cummempuieckKue NOAUHOMbL
nopoxcdarom ece cummempuieckue noauHomdvl. boaee mouno 0an
danHo20 cummempuieckozo noaurnoma P(xq1, ..., x,) cywecmey-
em noaunom F' mawoi, wmo

P(xh ceey iL‘n) =F(117 L] In)
uAlU, UCNoAb3ya dpyeue 0603HALEHU,

SW =R[L, ..., I,).

IoxazaTelbCTBO HE CIUIIKOM CIO#HOE, U Bbl CMOKETe HalTh
€ro B HEKOTOPBIX y4eGHUKAX 1JIA By30B, k mpumepy B [La 87|, raa-
Ba IV, Teopema 8.1. [loka3aTenbCcTBO BefleTcA UHAYKIMEN MO n,
a Takme uHayKnueit no d. IIpocTo miA pasBieyeHUA NOKaMUTeE
1071 ce6d ciyyait n = 2, KOTOPbIil TOKA3bIBaET, UTO X1 + Lo U T1T2
MOpPOMKJalI0T BCe CUMMETpPHUUYECKHe MOIMHOMBI OT JBYX NEepeMeH-
HBIX.

MbI XOTMM MOHATB, YTO HY#HO HJA TOTO, YTOOGBLI MOMYUYUTH
BCe MOJMHOMBI M3 CUMMeTpuUecKkux. Bocmoab3ayemMcea TepMUHOIO-
rUell U3 TUHeHHOI anre6pbl 1 BEKTOPHBIX IPOCTPAHCTB, XoTA SW
He 3aMKHYTO IO BblUMcleHuIo vacTHbIX. llycts Py, ..., Py —
sneMeHThl S. ByneMm ropoputs, uto P, ..., Py auHeliHo He3asu-
cumwt Hag SV, ecan [nA BLINOIHEHUA COOTHOIIEHUA

N
M Fipj=0, Fjes”
j=1

Heo6xoa1uMo, 4To6bI F; = 0 ais Beex j. Cramem, uto {Py,..., Py}
— Gasuc S nap SV, ecin Pi, ..., Py IuHelHO He3aBUCHMBI
Hax SYW u ecnu Kamblil s1eMeHT S ABIAETCA MMHeiHON KOMGUHA-
uueit Pp, ..., Py c koappuunentamu us SV, npyrumu ciosamu,
naa nansoro Q € S cymectByior Fi, ..., Fy € SV, takue, uto

Q=F,Pi+...+ FyPy.

Me1 yTBep#aaeM, 4TO cylecTByeT 6a3uc, 1 MbI XOTHUM ABHO IpeJ-
CTaBUTH TakKoii 6a3uc. B neficTBUTENbHOCTH, MBI IPEACTABUM [JBa
Tuna 6a3ucoB, oJUH Gojlee UHTEPECHBIIl, UeM APYToil.
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CyiecTByeT OJlUH OYeHb NMPOCTOil Ga3uc, KOTOPbIA BOCXOAUT
K Kponnekepy u XIX cronetuto. [IpocTeiM ynpamHenueMm OyneT
ABIATHCA AEMOHCTPALUA TOT0, YTO MOHOMBI

U AN 0<ri<n—1i

o6pasyioT 6asuc. 3aMeTUM, 4TO CYIIeCTBYeT B TOYHOCTH n! TaAKUX
MOHOMOB. MbI He GyeM IpUBOJUTE JOKa3aTenbcTBO. JlaBaiiTe me-
peiineM K Gollee CIO¥HOMY U UHTEPECHOMY 6a3uncy, KOTOPHIi CBA-
3aH C rapMOHHYECKUMHM QYHKIUAMU U UMeeT NPUIOKEHUA B He-
CKOJIbKUX pa3zjielaX MaTeMaTHUKH, BRiIoYad U anredpy U aHaius.

IMycrs S¥ — noampocTpaHCTBO CHMMETPUYECKAX MOIMHO-
MOB C HYJ€BBbIM NMOCTOAHHLIM 4ieHOM. Onpenenum nonunom H —
W -eapmonuyeckuil Toraa U ToIbKO TOrja, Korjaa

QO)H =0 panascex Qe SY.

3aMeTuM, 4YTO MPOCTON rapMOHUYECKUI MOTUHOM J0NEH yI0BIe-
TBOPATH TOJIbKO ogHOMY ypaBHenuio AP = 0. 3gech ana W-rap-
MOHUYECKUX MONUHOMOB Mbl TpeGyeM GecKOHEUHOe KONUYeCTBO
ypaBHenuii, Brmoyvamomux Bce Q € S¥W. Momuo BeiGpaThea u3
3TO CUTyallMM ¢ KOHEUHBIM KONUYECTBOM ypaBHEHUi, BOCIOIb-
30BaBLINChL reHepatopamu Ii, ..., I, HO Bce #e OyneT Gounblie,
4YeM OJJHO yYpaBHEHUe, eclu n > 2.

IIycte:

Hary, — BekTopHOe mpocTpaHcTBO M3 W-rapMoHHuecKux
MOJIMHOMOB;

Har%) — BEKTOpPHOE NPOCTPAHCTBO OJHOPOJIHBIX 3JIE€MEHTOB
crenenu d B Hary;,.

Torja moiyyaeMm pasioieHue B MPAMYIO CyMMY

oo
Hary, = Z Har%).
d=0

Ipyrumu cinoBamu, noiuHoM W-rapMoHuYecKuit Torga U ToJb-
KO Torja, Korja Bce ero oJHOPOJHble KOMMNOHeHThl W-rapmoHu-
YeCKHUe, U 3T OJTHOPOJIHbIE KOMIIOHEHThI B3aUMHO OPTOTOHANbHBL.
JTo cpa3dy e clefyeT u3 parTa, YTO OJJHOPOIHBIE IOJUHOMBI pas-
JUYHBIX CTeleHell OpTOrOHaNbHbBI, KAK MBI yi#e BUAEIH.
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0O603HauYnM SWHarW MHO€CTBO BCeX IIOJIMHOMOB BHa
m
H, SV H
N PH;,  PieSY, Hj€Hary.
i=1

Crenyroomuii pesyabrar Obul nokasaH IlleBairbe B HaMHo-
ro Gonee ofLeM KOHTEKCTe, YeM TO, YTO Mbl ofCy#/JaeM ceii-
gac [Ch 55].

Teopema 5. [ycmv S = R[zy, ..., Tp] — Koabyo noau-
Homos nad sewecmeennvimu wuciamu u SV — nodmuoxcecmeo
CUMMEMPUYECKUT NOAUHOMOB, A UMEHHO Me NOAUHOMDL, KOOpble
He MeHAIMCA npu nepecmanoskax nepemennsvir. Ilyemes Hary, —
sexmopHoe npocmparncmeo W -zapmonuteckux noauromos. Tozda

S = SWHarW.

Boaee mozo, npocmpancmeo Hary, koneunomepno nad R, u ezo
pa3mepHocb

dimR HaI‘W - 3€|€I/I/‘2
Ecau {Hy, ..., Hy} (N = #W) — 6asuc Hary, nad R, mozda
amo marxce 6asuc S nad SV.

Takum 06pa3oM, MbI IOy YUIU OUE€Hb ACHYIO KAPTUHY TOTO,
KaKNM CIocoGoM Bce MOIMHOMBI OPOMIAI0TCA TUHENHO B TEPMU-
HaX CUMMETPUYECKUX MONUHOMOB U W-rapMOHMYECKUX MOIUHO-
MoB. JlokazaTenbcTBO GyeT MPOXOJUTh B HECKONbKO 3TAMOB.

Bynewm ucnonb3oBaTh 0603HaueHne

SWS =585W,

HMeA B BUJY MHOMECTBO 3JIEeMEHTOB
m
P;Q; P;eSY, Q€S
] J =+ J *
=1

3amerum, uto SSY S =S¥ SS =SWS.
IIpess e Bcero nokasseM, 4To Mbl MO#eM Pas3loAUTh S B MpA-
MYIO CyMMY
S = S¥S + Hary,. (1)

2#W — momuuecTBO MepecTaHoBoK. — [lpum. nep.
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IIpaman cymMma o3HavaeT, uto Hary, — opToroHanbHoe HomonHe-
uue k Sy S. Benomunm, uto ecin U — NMOANPOCTPAHCTBO BeK-
TOPHOTO MpoCTpaHcTBa V, TO OPTOroHanbHoe gononHenne UL —
MHOecTBo v € V Takux, 4to (u, v) = 0 gaa Beex u € U. Ilo-
atomy (1) yrBepmpaer, uto Hary, = = (SY.S)+. 3o xerko mo-
KasbIBaeTcA clefyomuM o6pasoM. Ilycts P — noanHOM opToro-
nanpHbtit k ST S. laa Q € SY¥ nonyunm

0=(QS, P)= (S, Q(9)P),

u3 uvero ciegyet, yto Q(0)P = 0, ciegoBatenrsHo P € Hary,.
Ioatomy
(8" S)*+ C Hary,.

O6paTHoe BRKIIOUEHHE clleyeT U3 O6paTHMOCTH LIAroB JoKasa-
TenbcTBa, nodTomy (1) mokaszaHo. T.K. OZHOPOIHBIE MOIMHOMbI
pasinYHbIX CTelNeHell OPTOrOHAJbHBI, Mbl MOJIYYUM OTHOPOJHYIO
BepCHlo, UIA KaJoro MON0KUTEeIbHOro neioro d, a UMeHHO, pas-
JoeHne B MPAMYIO CyMMY

d
S@ =37(8W)M =) 4 Harly). (14)
r=1
Tenepb Mbl MOMi€eM IOBTOPATH MO UHAYKIHUU, YTOObI MNOJIy4YUThb
nepBoe yTBep:aeHne TeopeMbl, 8 UMEHHO

S = SWHarW.

3arem HaMm noHago6arcAa aBe aemmMbl o SV S, caegya Ille-
Banbe. MbI GyJeM UCII0Nb30BaTh CTaH AapTHBIe 0603HayennA. Ecin
Q1 ..., Qm — snements S, onpenenum ugean (Q1, ..., Qm)
B S" Kak MHOmecTBO BceX MMHEHHBIX KOMOUHAILMIA

PiQi+ ...+ PnQnm, Pje s™.

Jdemma 5. IIyemsv Qi ..., Qm € SW maxrue, wmo Q; He
npunadaexncam udeary (Qz, ..., Qm) 6 SW. Mycms P, ..., Pp—
00HOpoOHblE 2aemeHmbl, S makue, wmo Z:‘:l P,Q, = 0. Toe-
da P; € S_I:_VS
I OKA3BATEJIBLCTBO.

B norasaTenbcTBe MBI GyeM HCNONb30BaTh HEKOTOPBIE Yy H-
JaMeHTalbHble GaKkThl U3 anredpsl. Eciu Bl He 3HaKOMBI C HUMH,
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TO BOCIIOJIb3Y#iTeCh MPUIOMKEHNEM K 3TOMY naparpady, rie Mbl UX
o6CyIUM U JTOKaMeM.

Bo-nepBbIx, MBI BOCNOIB3YEMCA 0NEpamopom NpoeKmuposa-
Hus Ha W-uHBapuaHTax, a UMeHHO onepamopom A (oT ycpedue-
HUA), ONPEJeNeHHOr0 KaK

_ 1
A(P) = e s Y w(P).
weW
IIpumeHnM 5TOT olepaTop K IMHeNHOH KoMGuHanuu » ., P,Q, = 0.
Ilockonbry

w(PQ) =wP)w(@Q) n w(Q,)=Q,, Tk Q,cSV
MNoIy4YuM

AP )Q1 + ... A(Pn)Qm = 0.

Ecau deg Py = 0, To Py — woHcTauta, Torga Py = A(P), npotu-
Bopeuue ¢ runote3oii. CiepoBatennHo deg P; > 0. [Ipeanonomum,
YTO JieMMa BepHa 10 MHAYKILUU 1A BCEX OTHOIIEHUN

i RVQV =0
v=1

c onHoponubiMu R, v deg Ry < deg P;. Ilycts T — nepecTaHoBKa
ABYX IIepeMeHHbIX, cKa#eM, &; U z. Torga 7(P,) — P, genutca
Ha rj — Tk, T.€.

T(P,,) — Py = (:lfj - :L’k)R,,

OJA HEKOTOPOro OJHOPOJHOI'O MOJUHOMaAa RV CTeIleHU MeHbmef/’I,
uyeM deg P, (cM. mpuiioxeHune), 1 BbINOIHEHO JMHEHHOE OTHOIIe-
HHUe

RiQ1+...+R,Qpm =0.

Mo uupykuuu R; € S_‘;VS unu, apyrumu ciosamu, 7(Py) = Py
mod S S. Nockonbky W oBpasyeTca ¢ IOMOMIBIO IEPECTAHOBOK,
clleJoBaTelbHo,

w(Py) =P, mod S_VFVS, w € W.

CaenoBatenbuo, A(P1) = P; mod Sff’S. T.x. P, — opguHo-
POMHBIA, CTPOro MONOMUTENLHON CTEINeHH, TO e camoe BEPHO
naa A(Pp). Cregosatensno, A(Py) € SY'S, ciepoBarensro, Ha-
KoHeln, P, € S_Y_VS, YTO U JOKa3bIBAET JIeMMY. [
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Jlemma 6. Iycmv H,, ..., H,, — 00HOpoOHble 24eMmeH-
mot S, aunetino nesasucumvie no mod SY S nad koncmanmanu.
Tozda Hy, ..., H,, auneiino nesasucumst nad SV .
JTOKA3ATEIBLCTRO.

Ilycts RiHy + ...+ R, H,, = 0 oTHOIIeHUe NUHEHOI 3aBu-
cumoctu ¢ R; € S, e Bce us mux pasuel 0. Bes norepu o6m-
HOCTH MbI MOKEM IPEINOJIOMHUThL, YTO HU OAUH U3 Ko3ddunues-
ToB Ry, ..., Ry, He paBeH 0. [Janee Mbl Mox#eM TaK#e NpeANoo-
UTh, YTO moauHoMbI R; onHopoaHble, u deg R; + deg H; = d —
KOHCTaHTa, He 3aBUCALIAA OT 4.

Ilycets Iy, ..., I, — aneMeHTapHble CUMMETpPUYECKHE TOJH-
HOMBI. MbI yie yNmoMUHaNd, YTO SW = R[[1, ..., I,,]. MoHOMBI
I, ..., Iin —snements1 S, u deg Ij", ... , Ii" oTHOCHTCA K CTe-
neuu B S. [Iycts Qp, @1, ... — ynopAgoYeHUe 3TUX MOHOMOB 1O
Bo3pacTanuio crenedu, ¢ Qo = 1. Jaa ramgoro i = 1,...,m
nMeeM JUHeNHoe BhIpameHue

Ri= E CiuQu
v>0

¢ NOCTOAHHBIMU KO3 dunueHtamu ¢; u ¢, = 0, eciu deg R; #
# deg @,. llpuBoja nomo6HbIe, MOLYyYaeM

m m
0=ZRiHi=ZPuQV7 PV:ZCiVHia
=1 =1

v>0
u P, — onpuoponusie ctenenu d — deg(),. Mbl nokazanu, 4TO
P,=0 paa Bcex v mo uHaykuuu. Huma v = (0 3ameTuw,

ut0 Qo & (Q1, Q2, ...), nosToMy mo nemme 1 Py € SIS,
YTO MPOTUBOPEYUT IMPEANONOMKEHUIO O JIUHEHHON He3aBUCHMOC-
™ Hy,..., Hy,. llo uHOYKIWY TpeaNoaouM, uTo Py, ..., P._1=0.
MbI MoeM 3aTeM NPUBECTH B TOYHOCTH Te e apryMeHTbI, Mo-
cROIBRY @ & (Qr41, Qrt2, -..). ATO 3aBeplIaeT JOKA3ATEILCT-
BO JEMMBI 2. [

JIemma 7. R-sexmoproe npocmpancmeo Hary, roneunomep-
HO, U 6 delicmeumeabHocmu e2o pasmephocmes < #W, m.e. < nl.

I OKA3BATEJIBLCTBO.
I[JH/IHa AJOKa3aTelJIbCTBa 6y,£(eT 3aBUCETb OT TOro, HaCKOJIBKO
CUJIbBHBIMU (I)aP{TaMI/I u3 aJll"eﬁpr BbI coénpae’recr: BOCIIOJNb30BaTh-
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cA. Ecau xoueTcAa coxpaHUTh [JOKa3aTelbCTBO IO BO3MOMKHOCTU
3JleMeHTapHbIM, TO, BO3MOKHO, Haubolee OLICTPHIM ABIAETCA Clle-
qytomuit cnocob fokasaTenbcTBa. Mbl BocHosib3yeMcs y#e YIo-
MAHYTHIM (aKToOM, 4TO 1! MOHOMOB BH/IA

M(r)(ar):m?...x;", 0<r<n—1

o6pasyioT 6asuc S Hag S". Tarse, kak ¢ BeKTOPHBIMH IPOCTPaH-
CTBaMU Haj TOJIAMH, OGBIYHBIM CHOCOG0M MOKHO MOKAa3aThb, YTO
nBa 6asuca S Ham S uMelOT olMHAaKOBOe KOJTHYECTBO dIeMeH-
ToB. Jlanee, ecau anementst S — Hy, ..., H,, — nuHeiiHO He3a-
Bucumble Hag SY, To m < n!, T.e. m He Gonblle pasMepHOCTH S
uag SW.

B uwactnocTtu, nycte Hip, ..., H,;, — OJHOpOOHbIE BJeMEH-
Tl Hary, nuHeliHo HezaBucuMble Han R. CormacHo dopmyie (1),
OHU JIMHENHO He3aBUCUMbI mod SYFVS Hajl KOHCTAHTaMHu, T. €. OHU
YIOBIETBOPAIOT runotese aeMMmbl 2. [lo nemMe 2, oHU nUHEITHO He-
saBucuMsel Hag SW . Ilo mpeabIAy UM 3aMeYaHUAM MbI TIPUXOIUM
K 3aKJI0ueHuIo, uTo m < #W, nostomy Hary, — KoHedyHOMepHO
Hag R, u ero pasmepHocTb MeHbIe nu60 paBHa #W. dTo noKka-
3bIBaeT JeMMYy 3, HO MOCMOTPUTE KOMMEHTapUU M0 TEOPUU ToJIei
B NPUJIOMEHUN K 3TOMY naparpady. ]

Ceiiuac MbI MOKEM 3aBEPIIUThH JJOKA3aTEIbCTBO TEOPEMBI 2.
Ilyers Hy, ..., Hy — 6a3uc Hary, Hag R. IlepBoe yTBep#aeHue
TeopeMbl 2, KOTOPO€e MbI JI0Ka3alH,

S = SWHary,
NOKAa3bIBaET, YTO
S=S"H;+...+ SWH,u,

u nostomy Hy, ..., H, — nuHeiinsie o6pasyiomue S nag S%W.
Jlemma 2 noxassiBaet, uto Hi, ..., H,, Takme JUHeiiHO He3aBU-
cumel Hag SW, mosTomy oHu obpasyior 6asuc S mag SY. Kak
y#e YNOMHUHAJOCh B JOKa3aTelbCTBE JIEMMBI 3, MBI TOTa IOIY-
yaeM m = #W. JTo 3aBepIiuaeT JOKa3aTeIbCTBO TEOPEMHI 2. MW

IIpunoskenue

B npeasipymiemM nokaszaTelbCcTBe TEOPEMbBI 2 MBI HCIOIb30-
Balll HEKOTOpPBIe NPOCThIe airebpandeckue GaKThbl, KOTOPbIE MBI
cefiyac cobupaemca o6CyJUTH B cIy4ae, €CIU Bbl He BCTPeYalnCh
¢ HUMU paHblile.
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W -ycpenHsamoiasa nmpoekuya. Bel fon#HbI GbLIN MTO3HAKO-
MHThCA C IPOEKLUAMH B Kypce JuHeitHoi anre6psl. [Iyets V. —
BeKkTOpHOe pocTpaHcTBo. [lycth A: V' — V — nuneitHoe oTo6pa-
senue. [lyets U — noanpoctpanctBo V. Mbl roBopuM, uto A —
npoexyus Ha U, ecnn o6pa3 A paBeH U u ecnu A ocTaBifer aie-
MeHThl U Ha cBoux mecrax, T.e. Au = u nuaa Bcex u € U. Ec-
a1 V MMeeT NONOMUTEILHO ONPe/leJIeHHOEe CKAlAPHOE IPOU3BeIe-
HUe U fABJAeTCA KOHEUHOMEDPHBIM U eciud U — MOANpPOCTPAHCTBO,
TO Bcerjia CyIecTByeT opToroHanbuas npoekius. Ho npu npume-
HeHUU JeMMbl 1 MbI HAXOAUIUCHL B APYyToil cuTyanuu. BekTopHoe
MPOCTPAHCTBO — MHO#ecTBO Beex moauHoMoB S. [loanpocTtpas-
crBo SW, rne W — rpynna nepecranoBok. Kammoe w MomeT
paccMaTpUBaThcA Kak JUHEHHBbIN aBTOMOpGU3M S, Takke yI0B-
JeTBOPAIONIUNA MyIbTUINIUKATUBHOMY CBONCTBY

w(PQ) = w(P)w(Q) naascex P, Q€S

Jluneiinble oToOpasenna S B camoro ce6sa 06pa3yoT BEeKTOpPHOE
npocTpaHcTBO. MBI onpefenaemM

A=#LWZ’U}.

weW

Torpa AQ = @ nas Bcex @Q € W, nockonbky w(Q) = @, m03To-
My cymMa, ipuMeHAeMan Kk @, naet (#W)Q, u nenennan ua #W
HaroHen naet camo (). [lanee, nasa mo6oro P € S anement A(P)
naxogutea B SV, T.e. A(P) — cuMMeTpUYecKHii MOJMHOM, MO-
CROMBbKY ecau wy € W, To oTobpameHne w — wiw ABIAETCA
nepectaHoBkoit W, moaTomy

wi(A(P) = gpron D w(P) = g > wiw(P) = A(P),
weW weW

nostomy A — mpoernua va SW.
CBoiicTBO geauMocTu. B nokasaTenbcTBe deMMbl 1 MbI
UCMONb30BAIY Cledyomuil haKT:

Ilyemy P € S — noaunom om m nepemeHHuLT Ty, ..., Tp
U nycmv T — nepecmaHo6ka 08YIr nepeMeHHbT, CKaIeM, T MeHs-
em mecmanu &j U . Toeda 7(P) — P deaumcsa na xj — x.
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Mpi mpuBefieM TOJIHOE [A0KA3aTElNbCTBO, KOTOPOE ABIAETCA
oueHb MpocThiM. JlocTaToYHO JOKA3aTh yTBep:#iAeHue, korna P —
monoM. Ilocne mepeHyMepoBaHUA MEePEMEHHBIX MbI MOMEM Mpe[-
HONOMUThL 6e3 moTepu o6IHOCTUH, YTO j = 1 u k = 2, moaTomy
MOHOM MO3eT ObITh 3alUCcaH B BUJE

P(xy, ..., x,) = w{lx?Q(:@, cee s Tp)-

HOCHOJIbHy nepecrTaHoBKa ocTaB/ifgeT I3, ... , Ln HEINOABUMHBI-
MH, OOCTATOYHO OOKa3aThb yTBep:IeHHE A ABYX II€pEeMEHHBbIX,
CRameM IJjaA r U y, T.e. JOCTAaTOYHO AOKa3aTh:

Ilycmo x, y — Ose nepemennvie. llycms i, k — yeasle yucaa,
60avwue aubo pasnvie 0. Tozda

2yt — gy
deaumca HA T — Y.
I OKA3BATEJIBLCTBO.

Ecnu j wnu k = 0, Torga o6biuHOe GUHOMUAIBLHOE paslio-
HeHNe NoKasbiBaeT, uTo =/ — 4/ u ¥ — y* nenarca ma = — y.
Ipennonoxum, uto j, k > 1. Mbl MoxeM Torga pasioxUTb Ha
MHOKUTENN

k

alyt — byl = py(a? YA — M.

3aTeM MbI MOMeM 3aBEpPUIUTb OJOKa3aTelIbCTBO HHHyHHHeﬁ. | |

HNpeansl. TpeTbuM NOHATHEM, KOTOPBIM MbI BOCIOJIb30Ba-
auck, 6bputn ugeansl. Ilyers J — mogMmuomecTtBo S. B nemme 1
MBI Hcnoiab3oBanu J = SYFVS. Bynem rosoputs, uto J — upjearn,
ecau J 3aMKHYTO MO CIOMEHUI0 U YMHOMEHUIO Ha 3IeMeHThI S.
MoaTomy S_‘;VS — upean. Ilycts P, Q € S. Onpenenum, yto P
cpasHumo ¢ () mo mod J, B CHMBOIBLHON 3anucu:

P = Q mod J,
4yTo o3HayaeT, uto P — ) € J. Cpasy moiydyaem, 4TO CpaB-
HeHre 1o mod/ — OTHOLIEHHWE >KBUBAJIEHTHOCTH, T.e€. A
Bcex P, Q,Re S
P=P modJ,

P=(Q Breuer Q =P,
P=Q u Q=R sneuer P =R.

Bonee Toro, ecniu P = ) mod J, To RP = RQ mod J.
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Myers Hy, ..., H, € S. Mst roBopum, uro Hy, ..., Hy,,
AUHelHo He3asucumbl no mod.J, UMeA B BULY, UYTO OTHOIIEHUE

cHy +...cpulHyp = 0mod J, c ER

BleveT, 4To ¢; = 0 gnA Bcex ¢ =1, ..., m.

3aMeTUM, UTO JUHeiiHAfA 3aBUCHUMOCTb KCIIOJNb30Bajach MO
OTHOIIEHUIO K ABYM THIIaM K03 PHUIUEHTOB: JUHelHAA 3aBUCH-
MOCTb HaJ cKajAapaMu M3 R M JuHeiiHAfA 3aBUCUMOCTh 3JIeMeH-
toB S Han SY. KoHTeKcT enaeT ACHBIM, Kakoe OHATHE HCIOMb-
3yeTcA. B nemmMe 2 MbI nokasanu, 4To Korga J = SKVS, TO OJHO
MX 3TUX YCJIOBUI clefAyeT U3 Apyroro.

3amMeuaHUA 10 Teopuu mnoJjeii. Hcrnoab3oBaHue MOHO-
MOB Z1'...Z'"™ CIMIIKOM CHELHAlbHBINA ciydail, 4TOObI IOBOJb-
CTBOBATbCA MM. BMeCTO 3TOro MOHO HMCIOJIb30BAaTh apryMEHThI
13 TEeOpUM MoJiel, IPUMEHAA UX K O4YeHb oOLIell CUTyaluu, Kak
B mocieayiomnieM usioxenun. Ramapiii anemenT P us S ABnAeT-
cA KOpPHeM NonuHOMa cTeneHu #W ¢ kospdunuentamu B SV,
a UMEHHO, [oJMHOMa

F(T) = [ (@ -wP).

weW

JleficTBUTENBHO, 3TOT MOAUHOM cofep#uUT T — P Kak MHOMUTENb
(ucnoabsyas w = 1), moatomy F(P) = 0. Oyetsb ¢1, ..., ¢y —
pas3IuyHbIE CKANAPBL, U MYCTh

Y =cix1+...+ cpxy.

Torpa Bce snemenTsl wY (¢ w € W) pa3audHbl U cyuiecT-

ByeT #W Ttakux snementos. Ilycts Rat = R(z1, ..., ©,) — mo-
Je panuoHalbHbIX GYHKUUHR OT X1, ... , Ly (YACTHBIE TOMUHOMOB)
u K =R(I, ..., Iy) — paunonanpusle dpysruuu ot I, ..., Iy.

Torma Rat — BexTopHOe mpocTpaHcTBO Hag K U MOKHO NpUMe-
HUTh 0GBIYHYIO JHHelHY0 anre6py. [[oBoibHO MPOCTO MOKA3aTh,
yto pasMepHocTh Rat Hag K He Gonbine #W wu3-3a monuHomu-
anbHoro ypaBuenusa F(Y) = 0, ynomanyToro Beiie. JanbHeitmue
apryMeHThI U3 TEOPUU MOJell MOKa3bIBaIOT, UTO 3TA Pa3MEPHOCTh
JoJ#Ha B ToYHOCTU paBHATheA #W. Ecinu BbI kelaeTe NOCMOT-
peTh JeTalbHbIil BRIBOA, TO CMOTPUTE MOIO KHUTY «Anre6pa ais
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By30B» [La 87], rnaBa VII, Teopema 4.9 (Teopema Aptuna). Ipex-
CTaBleHHAA CUTyalMuf C CUMMETPUYECKUMHM MONMHOMaMH [aeT
NpUMep 3TON TEOPEMBI.

CoG6cTBeHHbIe QYHKIIMU U XapaKkTephbl

B sTom naparpacde mbl GygeM UMeTh Oeno ¢ auddepeHU-
albHBIMU OllepaTopaMu U N0JYy4YUM IPUMepbl COOCTBEHHBIX PYyHK-
nuit 1aA HuX. Mb1 mo-npexHeMy GyfeM HCHONbB30BaTh MEpPEMEH-
HbI€ T1, ..., Ty, U YACTHBIE IPDOU3BOJHbBIE

0 .
31‘:%, Z=1,...,n.
7
Ecmn P € S = R[z1, ..., @], TOrAa, KaKk U paHblle, Mbl MOMEM
o6pa3oBaTh AU depeHNaNbHBINA onepaTop

P@) =P, ..., 0,) R, ..., )

Wuorpa P(0) nasbiBaloT dufdepeHyuanvHbim onepamopom ¢ no-
cmoanHbmu koddduyuenmanu. Onpenenum W -zapmonuyeckyio
Pynryuto f war GeckoHeuHo auddepeHNUpPyeMYIO0 (QYHKIUIO
na R", raryio, uro P(9)f =0 aaa scex P SY.

Teopema 6. W -zapmonuieckue gynryuu — smo noau-
HomuaavHble W -2apmonuieckue @GyHryuu, m.e. npocmo s.emeH-
mut Hary, .

HOKA3ATEIBLCTBO.
Ilycts I, ..., I,, Kak U paHblile, 3JleMeHTapHble CHMMET PU-
YyecKHe MOJUHOMBI OT NEPEMEHHBIX X7, ..., Lp. TOrAa A KaM-

aoro i, L; — KOPEHb CUMMETPHUYECHKOI'o IoJuHOMa

0=2a"— Lz ' +.. . 4+ (-1)"I,.

i
CrnepmoBarensHo, ' € SYFVS mAad=1,..., n, 1 103TOMYy
o € S(9)S¥ (),

TakuM o6pasoM, 0] o6Hy1seT mobyo W-rapMoHnyeckyio QyHK-
uuio. Iloatomy, eciu f — W-rapmonudeckaa QYHKIUA, TO
OF f = 0 nnda Beex i, clefjoBaTeNbHO, f — MOJIUHOM. [
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IIycts V' — BerTopHoe npoctpaHcTBo Hag R. Ilyers L:
V — V — nuneliHoe oToGpasenue. (o6cmeeHHbLM 8eKMOPOM V
ana L vbl GyfeM Ha3biBaTh 371eMeHT V, 1A KOTOPOro CyIiecT-
ByeT unucio A € R taroe, uto L(v) = Av. B Hamux npumnomenu-
Ax V cocTouT u3 GYHKIWIA, U MO3TOMY BMECTO Ha3BaHUA COG-
CTBEHHbIN BEKTOp GyJeM HCHONL30BaTh Ha3BaHUE COOCMBEHHAA
dynryuna nua L.

B uacTHocTH, MBI paccMaTpuBaeM S Kak BEKTOpPHOe IIpo-
cTtpaHcTBo Haa R. Kamapiii monmuHoMuaibHbIN AuddepeHnUaNb-
Hbiit onepatop P(J) ¢ P € S Torja sABifAeTCcA IUHEHHBIM 0TOGpa-
#eHueM S B ce6A. MbI XOTUM aHAIM3UPOBaTh cOGCTBEHHbIE DYHK-
uuy (coGCcTBEHHbIE MOMMHOMBI) A BeeX Takux onepatopos P(0).
Ilo onpenenenuio myctsb S(0) — MHOMECTBO BCEX MOIUHOMUAND-
HbIX quddepennuaibubix onepatopoB P(d), P € S. Co6cmeen-
Hotl gynryued f nna S(0) Mbl 6yneM Ha3bIBaTh HEHYIEBYIO GDYHK-
uuio f, Takyio, uto maad Kamporo D € S(0) cymecTByeT BelecT-
BeHHoe uncio A(D), Takoe, 4To

Df = \(D)f.

3aMeTuM, uTo 1A Takoit dyHkuuu f otobpamenue D — A(D) —
auHeitHoe oToGpamenue u3 S(J) B R, KoTopoe ynoBieTBopAeT
MYJIbTUIMIMKATUBHOMY CBOUCTBY

A(D1D3) = A(D1)A(D>).

Bonee o6o6iienno, nuHeiinoe otoGpamenue A: S — R, roTopoe
YIOBIETBOPAET MYIbTUILIMKATUBHOMY MpPaBUIy

APQ) =ANP)NQ) nnascex P,QeS

Oy/neT Ha3bIBAThCA rapakmepom S. AHalorudho, nuHeiiHoe OTO-
OpaeHue

A: S(0) = R,
YIOBIETBOPAIOIee MYyIbTUINIMKATUBHOMY npaBuiy A(DiDs) =
= M(D1)A(D>), 6ynet HasbiBaTbcA raparmepom S(0).
IIpumeps! xapakTepoB. [lna Kamaoil n-Ku s = (81,...,8y)
BEIlIECTBEHHBIX YHCEl, 0TOOpaMeHe MOJCTaHOBKH

P— P(s) umu P(x1,...,2,) = P(s1, ..., Sp)
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ABIAETCA XapakTepoM S, KOTOpbI Mbl 0603HauuM Ag. Jpyrux
XapaKTepoB He CYIeCTBYeT, MOCKOIbKY ecin A: S — R — xapak-
Tep, o6o3uauuM s; = A(x;) nnai =1, ... , n. Toraa mo cBoiicTBam
JUHENHOCTH U MYyJIbTUIIMKATUBHOCTU XapaKTepPOB MbI MOy YUM

A=A

IIpumepsbl cob6eTBeHHbIX ¢yHKNUi. [Iycth cHoBa s =
= ($1,... ,8p) — M-Ka BemecTBeHHbIX Yncen. Onpenenum GyHK-
UIO

fs: R" = R, fo(T1, oovy @y) =170 L 00,

Torpa
(0ifs)(x) = sifs(x) wm  0;fs = sifs.

CnemoBaTenbHO, AiA dio6oro moauHoma P € S nonyuum
(P(0)fs)(w) = P(s) fs(z).

CnenoBaTenbHo, f; — coGcTBeHHad GyHKIUA S ¢ cOOCTBEHHBIM
XapaKkTepoM ;.

NuTepecHoii 3aaveil ABNAETCA HAXOM/IeHUE BCeX COGCTBEH-
uepix pynknuit S . Jta 3agaua 6bl1a peleHa B oueHb 06IIeM KOH-
tercte [[IteitnGeprom (Steinberg) [St 64]. Mbl npuBesem penienue
B YacTHOM cilyuae, NOCKOJbKY 00uuil ciyuail noTpebyeT Goiee
o6mupHoro uHcTpyMeHTapusa. Ho ocHoBHadA ujes [oKasaTelbCcTBa
Ta e caMaf M B YaCTHOM cliyyae U B 06I[eM cirydae.

Ilycts A — xaparTep S. Ilycts w € W. Toraga Mbl Mo#eM
ONpeelUTh AeCTBUE w HA A, TO eCTb wA 1Mo dopmyie

(wA)(P) = A(w™'P).

N3 storo cmeayer, uto wA Takse xapaktep S. Ecaiu A = g,

TO \ oTBeuaeT n-Ke s = (81, ... , Sy ), TOT/IA WA OTBEUYAeT mepe-
CTaHOBKe 4ucell (S]_, ceey Sn), 4TO B JIEACTBUATEIbHOCTH COOTBET-
CTByeT

(Sw(1)7 SR Sw(n))‘

Ham notpeGyeTcA 4yacTHBIN cilIy4vail TeOpeMbl, JOKa3aHHOU
B oueHb 06iemM ciydae E. ApTuHom.
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Teopema. Ilycmov A1, ..., A\, — pasziuiHvle HeHYae8ble Ta-
paxmepovt S. Tozda oHu auneiino Hezasucumvl Had R.

T OKA3ATEIbLCTBO.

Mb1 mpuBeeM [oKa3aTelbCTBO ApTHHA, BepHOE B HAMHOI'O
6onee obuiem ciayuae. [JokasaTelbcTBO MHAYKIUed mo m. Ilpen-
nojoxuM uTo m = 1. Toraa He mMoeT ObITb COOTHOLIEHUA

ciA1=0, 1R, ¢ 75 0,

nHaue, nycTh P Takoe, 4T0o A1 (P) # 0. Toraa c; A1 (P) = 0 Biever

npotuBopeyne. Tenepb NpeAnoiIo#uM, YTO TeopemMa BepHa 1o UH-
OYyKIUM 1A m — 1 pasnuyHbIX HEHYJIeBbIX XapakTepoB. [Ipeamno-
J0#KUM, YTO MbI HMEeM COOTHOIIIeHNE

AL+ ...+ Ay =0, (1)

rge He Bce Koddduuuents! c; paBHbl 0. Ecium ogun koaddu-
nueHT paBeH (0, To Mbl HMeeM COOTHOIIeHHe MemJay He Golee
yeM m — 1 pa3nuYHBIMU HEHYJIeBbIMU XapaKkTepamMu, YTO He-
Bo3Mo#HO 1o MHAyKnuu. Ilostomy ¢; # 0 mna j = 1,...,m
u m > 2. [lo npeanonoxenuio, cyuecTByer snemeHT P € S ta-
Koi, 4T0 A1 (P) # A2(P). 3aTeM MbI HCHOIb3YeM IIKOIbHOE Mpa-
BUJIO YHUUTOMEHUA cllaraeMbIX, YTOObI MOMYUYUTb COOTHOIIEHUE
Menly MeHee UeM m XapaKkTepaMu.
Mo dpopmyie (1) umeem

aM(PQ) + ...+ enpAn(PQ) =0 muasecex Q€ S.
Mo MyIbTUIUIMKATUBHOMY CBOWCTBY IONyYaeM
aA(P)A(Q) + e222(P)A2(Q) + - .- + cmAm (P)Am (Q) = 0 (2)

ans Beex Q € S. YmHomaem (1) Ha A;(P) u BbiuncaseMm B @,
4TOGBI IOy YUTh

Cl)\l (P))\l (Q) + Cz)\l(P))\z(Q) + ...+ CmA1 (P)Am(Q) =0. (3)
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Boruuranue (3) us (2) yHuUTOaeT MepBoe claraemMoe U IPHBO-
IUT K

c2(A2(P) = A(P)A2(Q) + ... + em(Am (P) — M(P)) A (Q) :(0)

4
nisa Bcex Q € S. Tar rar Ay(P) — A (P) # 0 1 c2 # 0, MBI
BUIMM, 4TO (4) ABIAETCA TUHEHHBIM COOTHOLIEHHEM C HEHYIIEBbI-
MH K03 HIHEeHTaMU MeMxAy He Gonee yeM m — 1 pasmuuHbIMU
HEHYNEBbBIMM XapaKTepaMH, YTO MPOTUBOPEUUT IPeNON0KEHHUIO
MHAYKIOUY ¥ 3aBeplIaeT 10Ka3aTelbCTBO. ]

IIycts A — xapaktep S. IlyTe Ay, — ero orpaHuyeHue
na SW. Ilycte
Ei(S™(9), Aw)

MHOECTBO aHaluTHYecKuX ¢yHKuuil B R™, KoTOpble ABIAIOT-
cA coOCTBEHHBIMU (QYHKIIUAMU SW(B) ¢ xapakTepoM Ay, uiu 0.
Ilon anaaumuyeckoil gynryueil Mbl HOHUMaeM GYHKIUIO, Yeil pAX
Teitnopa cxogutcA K camoii ¢yHENuU. CBONWCTBO COGCTBEHHOI
(GYHROUU o3HAyaeT, 4To GyHKUNA F' yNOBIETBOPAET COOTHOIIE-
HUIO

P(O)F = A\ (P)F nnascex PcSY.

3amerbre, uto Ei(SW (), \)y) — BeKkTOpHOE NPOCTPAHCTBO
Hag R. PakToM ABIAETCA TO, UTO TaKad AHAIUTHYECKAA (QYHK-
A foi#Ha uMeTh Buj Q f, rae ) — nonuHoM u f — xapakTep,
HO MbI coOMpaeMcAl IoKa3aThb 3TOT GaKT ApyruM crnoco6om. Ha-
30BEM

Ei(SY (), Aw)

Ay -cobcmeennsin npocmpancmeon SV (0). Ilteiin6epr ommcan
3T0 cOGCTBEHHOE POCTPAHCTBO B 06uieM ciydae [St 64]. MbI onu-
IeM ero W JaguM [0Ka3aTelbCTBO B YacTHOM clydae, rJle Xa-
pakTep A MMeeT BUJ A; C M-Koit 8 = ($1, ..., S,) TaKoii, 4TO
ypena Si, ..., S, Pa3iuyHbl. B 3TOM ciyuyae xapakTep A = Ag
Ha3bIBaeTCA pezyisapHbLM.

Teopema 7. Ilycmv N\ — pezyasapuotii xaparmep. Tozoa
dimEi(SY(9), A\yy) = #W.
IIyemos XA = A, u nyecms f = f; — sKcnonenyuasvHans GYHKYUUA

flx) = e®1%r . e’n®n,
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Tozda gynruyuu wf, w € W obpasyiom Gasuc 8 co6cmeeHHOM Npo-
cmpancmese. Jlpyeumu caosamu, Pynryuu, noayieHHuvie u3 f ne-
pecmanosKoll nepemenHslr, 06pasyiom 6a3uc 6 co6CmMeeHHOM NPo-
cmpancmee.

JIORA3ATETBCTBRO.

T. K. KOOPAUHATBI S1, ... , S, PA3IUYHBIE, MbI IOy YaeM, YTO
byHRIUU w f, TONyYeHHbIEe U3 f MepecTaHOBKOi MepeMeHHbIX, —
pasiuyHbIe, U OHU ABIAIOTCA XapaKTepaMu, MO3TOMY OHU JHHeN-
HO He3aBUCUMBI M0 TeopeMe ApTuHa. Temepb MbI JOIHBI J10-
KasaTh, 4To pasmepHocTb Ei(SW(9), Ay,) He 6oabme #W. 1o
3aBepIINT foKa3aTenbcTBo Teopembl IllTeiiHGepra.

Oycts {Hi, ..., Hy} — 6asuc Hary,. OTo6pasum co6cTBeH-
Hoe mpocTpadcTBo B R™, ucnonbaya oToGpamenue

f = (H(9)£)(0), ..., (Hn(9)£)(0)).

OToGpaskeHue THHelHOe, U TOCTAaTOYHO JOKa3aThb, YTO OHO HUHB-
extuBHO. Eciu o6pas f pasen (0, ..., 0), To (H(9)f)(0) =0 zaa
Beex H € Hary,. Tlo Teopeme 2, S = SWHary,. llyects P € SW,
TOr/la IJIfi HEKOTOPOTO CKAIAPA L HOILydYaeM

H(0)P(9)f = pH(9)f,

noatomy uf Beex Q € S — (Q(9) f)(0) = 0. CregoBaTenbHo, pAx
Teiinopa ¢pyuruuu f B 0 TomgecTBeHHO paBeH Hymo. T.K. f —
BellleCTBEHHO aHanuTuyeckas, To f = 0, U3 4ero moiyyaem HHb-
€KTHBHOCTb U OrpaHuYeHue, paBHoe # W, Ha pa3MepHOCTb c06-
CTBEHHOT'0 IPOCTPAHCTBA. JTO 3aBEPILIAET JJOKA3aTENbCTBO TEOPE-
MBI 2. [

3AMEYAHUE. [okaszatenbcTBo IllTeiinGepra B o6iiem ciydae
cleflyeT TOMY #e mabioHy, HO BMECTO SKCMIOHEHI[UAThHBIX QYHK-
¥l B ponu co6CTBEHHBIX GYHKIUI NPUXOJUTCA UCIONb30BaTh T€
ke QYHKIUU YMHOMEHUA Ha ONpeJleleHHbIE MOJIUHOMbBI, KOTOPbIE
MOHO IBHO BBIYMCIUTh. O6Cy#/IeHe CTaHOBUTCA HECKOIBKO 60-
Jee TEXHUYECKUM, U ceffuyac caMoe BpeMA 3aKOHUHTh.
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