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MartemaTnueckast HHAYKIOHUsS: IPAMEPBI

Kak BumHO W3 caMoro Ha3BaHWs, MHYKIWS ObIBACT HE TOJIKO B MATEMATH-
ke. VlHOTTa HAa3hIBAIOT «HETIOHON UHJTYKITMEN» IIEPEXO0/ OT YaCTHHIX IIPUMEDPOB K
O0IM 3aKOHOMEPHOCTsIM. BpiBaeT mHAyKIWsI M B pusuKe (KaTYIIKY UHAYKTHB-
HOCTH, sIBJIeHVE caMOMHAyKumnn). Ho B 3Toit Opourope Mbl TOBOPUM TOJBKO O
MaTEMATUYECKOM (I10JIHOM) MHIYKLIMU.

Uro »TO Takoe, Ipollle BCETO OOBICHATH Ha
npuMepax. Pazoepém HeckoJIbKO 3a/1ad.

3amaua 1. Heckosipko TpSIMBIX ST TLIOC-
KOCTb Ha vyacTy. JloKa3aTh, YTO MOXKHO PACKPACHUTh
9TU YacTH B O€JIBIl U YEPHBINA LIBET TAK, YTOOBI CO-
CeJIHMC YacTh (MMEIoIye OOUIMi OTPEe30K T'paHU-
IIBI) OBLUTM Pa3HOTO TIBeTa (KaK Ha PHCYHKE).

Pemenne. 3ameTrmM mpexsie BCEro, 4ro He

JIIO0YI0 «KapTy» (Y4acTh — CTpaHbl, Pa3/iesIEHHbIE
JIMHMSIMU I'DAHMLL) MOXKHO TaK packpacuTh. Hampu-
Mep, €CJIM B OJHOU TOUKE CXOAATCS TPU CTPAHBI U
BEPXHSSA CTpaHa, CKWKeM, Oejiast, TO JIBE OCTaBIIU-
€CsI CTPaHbl JJO/DKHBI OBITh YEPHBIMU, XOTSI I'PaHU-
YyaT MEXJIy CO0OIl.

Ho ans muockocTd, pa3spe3aHHON HAa 4acTu
MIPSIMBIMY, TAKOTO CJIYYUTHCS HE MOXKET, U MBI ceii-
yac 3T0 JokaxeM. IlycTs npsMasg Tosbko ogHa. Torzma BCE NPOCTO: OTHA IIO-
JIyIUTOCKOCTh OeJiasi, Apyras — dépHas (JIeBBI pUCYHOK). Eciam mpsmbIx nBe,
TIOJIyYaTCsl YeThIPE YacTu (CPEAHMIA PUCYHOK).

IocMoTpuM, 4TO MPOM30MAET, €CJIM MBI HA PUCYHKE C JBYMS MpPSIMBIMH U
YETBLIPbMS YACTSIMU HPOBEAEM TPeTbio 1psiMylo. OHa MOJE/JMT TPU CIPAHbl U3
YETHIPEX; ITPU STOM TOSBATCS HOBHIC YIACTKV I'PAHMIIBL, IT0 00€ CTOPOHBI KOTOPHIX
IIBET OJIMH U TOT K¢ (IIPaBblil PUCYHOK).
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Kak »xe ObiTs? C OHOI CTOPOHBI OT HOBOI1 ITpsI-
Mol TOMeHsIeM 11BeTa (OeJIblii c/iejlaeM YEPHBIM U Hao-
6opot). Torma HoBas LpAMast OyJeT BCIOLY pa3deiiaTh
YYACTKM PasHOro IBera. JpyrnMu cjaoBaMu, ¢ OTHON
CTOPOHBI OT MPSMOM MBI OEPEM TMO3UTUB KapTHI, A C
JPYroil — HEeraTtus.
(ITpraupYMBbIil UMTATEND CIIPOCHUT: a TOYEMY CTa-
pble T'paHUIIBl PacKpallcHbl IPABIIIBHO? JTO JIETKO
TIOHATDH: B IIOSUTUBHOM YacTW IIBETa HE M3MCHUJINCH,
a B HETATMBHON 00a I[BETA 3AMEHIJINCH HA MPOTHBOIOIOXKHEIE. )
Tenepp SICHO, YTO TeM XK€ CIIOCOOOM MOXHO JOOABUTH €LIE OfHY MPSMYIO
(11lepeKkpacuB KapTy € OJHOM CTOPOHBI OT HEE), 3aTeM €IE OjHYy M TaK jajlee —
IIOKa MBI He TIOJIyYrM Hy’KHYIO HaM KapTy. 3ajada pelicHa.

3agaua 2. Yucno 111 gemmurced Ha 3, wnciao 111111111 gemwmrcsa Ha 9, 4u-
cao 111...111 (27 equnmn) neswmrcst Ha 27. Jlokazatrh, uto uucsao 111...111
(3" emunmir) nenurcs Ha 3" mpu Jr0OOM 1.

Pemenue. s unucess 3 1 9 MOXKHO BOCIIOJIB30BATHCS [IPU3HAKAMU JI€JIU-
MOCTH Ha 3 ¥ Ha 9 (ecyin cymMMma 1adp Jlesmrest Ha 3, TO 4UCJIO JIEJUTCS Ha 3,
AHWIOTWYHO U151 9). A MOXXHO W IPOCTO Pasfe/iuTh; rojyuurcs 111 : 3 = 37
111111111 : 9 = 1234579.

Yucso n3 27 enuHull yKe HE TaK NMPOCTO Pa3JesuTh Ha 27, M NPU3HAKA Jie-
siumocty Ha 27 (¢ cymmoit uudp) Her. (Hanpumep, umucio 1899 umeer cymmy
mudp 27, Ho He mermtcs HA 27 — ybemurecs!) Uro xe aenaTe?

Beprémcs k wmciy 111111111 u gokakeM JpyruM CHOCOOOM, YTO OHO Jie-
utcsa Ha 9. [ aToro 3aMeTyM, 4TO OHO Hareao aesurcsa Ha 111:

111111111 = 111 x 1001001.

3T0 MOXKHO NIPOBEPUTH, MOACJIMB YrojkoM uiu ymMHOxkuB 111 ma 1001001 B

CTOJIOUK:
111111111111 111
111 1001001 1001001

~ 0111 T
111 1
i

— 11111111

0



O06a comHoxutesst B npomsseaeHn 111 x 1001001 gensites Ha 3 (110 1pu-
3HAKY JCJMMOCTU Ha 3). BBIHOCS M3 KaKI0T0 MHOXKUTEH 3, TIOJydaeM, 9TO IIpo-
M3BeICHNE JIeJINTCS Ha 9.

OTOT cnocod MOXKHO MpUMEHUTh ¢ K umeiay 111...111 (27 emunwmin). OHo
Jesmred Hauesno Ha uuciao 111111111, B vactHOM mostydaeTcs 4uclio, COCTO-
dmee w3 TPEX eAMHMLL M OOJIBIIOrO uMCaa HyJiei Mexay Humu. (Paspesure u
MIPOBEPHTE: JIOJHKHBI ITOJYIUTHCS JIBE TPYMIILI IO 8 HYyJIEH. )

Terieps cmoTpure: wncao 111111111 gemmarcst Ha 9 (MBI 9TO y3Ke JIOKa3au,
Jaxe AByMs criocodamm). A gactHoe 10...010. . .01 memmrcs Ha 3, MOCKOJIBKY
ero cymma uudp pasHa 3. BelHOCS MHOXUTEM 3 U 9. NOJydaeM, UTO UUCJIO W3
27 eauHULl AeaUTCS Ha 27.

Iponoskum: uucsio w3 81 = 3 -3 -3 - 3 equHUL] eCTh LIPOU3BEJCHUE YUC/IA
u3 27 eVHUI] U 9MCJIa U3 TPEX €JVHUI] U MHOTHX HyJeil. [lepBblil MHOXUTEIH
(MBI y3ke 3HaeM) JAeJauTcs Ha 27, a BTOPOM Ha 3, ODTOMY BCE UHCJIIO JIEJMTCS Ha
27 -3 = 81.

Hanee, uucao us 81 - 3 = 243 equnui aesurcs Ha 243, TIOTOMY 4TO OHO
€CTb Mpou3BeAcHUE uncaa u3 81 equnuinl (gessmerocst Ha 81) u umcea u3 Tpex
€IVHUIT ¥ MHOTHX HyJel (Iesisuierocs Ha 3).

SlcHO, uTO Tak OyIeT W Jaiblie. 3a7ava pereHa.

3apaua 3. [TokazaTh, 4TO MOOYI0 CYMMY, HAYMHAS C 8 KOIeeK, MOXKHO YILTa-
TUTH MOHETAMU B 3 U 5 KOIICEK.
Pemenue. Tokaxkem, kak yruiatnth 8, 9 u 10 koreek:

§=5+3;
9=3+3+3;
10=5+5.

JlobaBuB emeé oHy TPEXKOIECYHYI0 MOHETY, HOJTydacM

11=8+3=0+3)+3;
12=94+3=0C3+3+3)+3;
13=10+3=(5+5)+3.

Emé OJHa TpéXKOHGC‘H{aH MOHCTA MO3BOJIAT YIUIATUTH

14 =11+ 3;
15=12+3;
16 =13+4+3

KOIIECK, M TaK JaJice. 321}:[21‘121 penieHa.



3amaua 4. Urpymka («XaHolickue OalHIY») UMeeT TPU CTepykHA. Ha omHOM
HAXOJUTCS NHUpPaMUJIKa U3 HECKOJIBKUAX KoJIell (YMEHBIIAIONIMXCS CHU3Y BBEPX).
OTy IHpaMuUIKy HYKHO MHEPEJIOKUTh HA JIPYTOM CTEPXKEeHb, COOMIONAs MpaBHIa
UTPBI: HEJIb3s MEPEHOCUTh CPa3y HECKOJIBKO KOJICI[ M HEeJab3s KJIACTh OOJblIee
KOJIBLIO MOBEPX MEHBIIETO.

Harnpumep, nupamMuaky uU3 ABYX KOJICLI MOXKHO IEPEJIONKUTH TaK: IOJOXKUTD
MeHbIIlee KOJIBIIO Ha BTOPOU CTepPKEHb, 3aTeM OOJIbIIee HA TPETHIL, a 3aTeM MeHb-
nree ToBepx Oodpiero (1 — 2, 1 — 3, 2 — 3, ecyim cTep:KHI HyMepoBaTh CJIeBa
HAITpaBo).

1 2 3
1
1 — 1

Hama 3a/la4ya — J0Ka3aTh, YTO BO3MOKHO IICPEMECTUTH HA ,Z[pyl"OfI CTCPIKCHb
IIMpaMUuJIKy W3 Jmoboro umcia KOJICIT, CO6JHO,I[EI$I IIpaBWJjIa UI'PHIL.

Pemenmue. [lycts B mapamuaxe Tpu KoJibLid. BpeMeHHO 3a0yzneM MPO HIMXK-
Hee, camoe 00JbIIoe (MBICJIEHHO IPUKJIEUM €r0 K OCHOBaHMIO). Toraa ocranercs
IMpaMUZIKa U3 JIBYX KOJIEI, KOTOPYIO MBI YK€ YMEEM IePEKJIa/bIBaTE.



Puc. 1. Ciyuait Tpéx Kosiell.

JaBaiite nepeioKuM €€ ¢ IIepBOro CTEpXHs Ha Tperuit. (310 aejaercs B
HECKOJIPKO TIPUEMOB, HO JUUIS HAC ceifyac 3To Kak Obl ofvH miar.) Ilocme sToro
BCIIOMHIM ITPO OOJIBIIOE KOJIBIIO ¥ IIEPEJIOKHM €T0 Ha BTOPOIA CTEPKEHB (KOTOPHIiA
noka 1myct). Tereps mepesioknM MUPAMUIKY 13 IBYX BEPXHHX KOJICI] C TPETHEero
CTEPXHsI Ha BTOPOi. Bce 3Ty meiicTBus n300paXKeHbl HA PUCYHKeE 1.

[lporpaMMucTsl ckazaiu OBI, YTO Y Hac €CTb Hpoyeoypa (MOANPOrpaMma,
BCIIOMOTATEJIBHBIN aJITOPUTM) TIEPEKJIA/IBIBAHUS IAPAMHUIKY U3 JIBYX KOJIEL], KOTO-
PYIO MBI BBI3BIBAacM JIBaXk/161. Ha Oosree HII3KOM ypoBHE (€CJIM 3ariIs/IbIBaTh BHY TP
[IOJIIPOTPAMMBI) HAIIM JIEMCTBUS IIOKa3aHbl Ha puc. 2 (c. 8).

Barmcatb X MOKHO Tak: 1 — 2,1 —3,2—3,1—-2,3—-1,3—-2,1—2
(moCTaTOYHO yKa3bIBaTh HOMEpPA CTEPXKHEH, TaK KaK Mbl BCETJA IEPEKJIAIbIBACM
BEPXHEE KOJIBIIO).

Teneps, UCIIOJIL3YS NEPEKIIAJbIBAHUE IMPAMUAIKA W3 TPEX KOJIEIl KaK IIOAIIPO-
TPaMMy, MBI MOXKEM NIEPEJIOKUATD YETHIPE KOJIbIA (JIOCTATOYHO 3aMEHUTD Ha puC. 1
MIMPAMHIJIKY W3 JIBYX KOJIeIl Ha TIMPAMUIKY U3 TPEX).

[ocse 3TOro MOXXHO NEPEIOKUTH ISATh KOJIELl, UCIOJIb3ys MepeKIa bIBAHIC
YeTBIPEX KaK MOANIPOrpaMMy U Tak jJajiee. 3ajada peleHa.
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Puc. 2. Ciaywait Tpéx KoJem: MoApoOHOCTH.



3agaga 5. Ilpuas Ha BCTpeuy, HEKOTODBIE U3 €€ YYACTHHUKOB HOXAIU JIPYT
JPYTy pyKu. Jloka3aTh, 9TO YWCIIO JHOMEH, CACIABIIAX HEYEMHOe IVCIIO PYKOIIO-
KATVIA, YEmHo.

Pemenune. ByneMm cauTarh, 9TO PyKOHOXKATHS IPOUCXOAT 1o odepean. Us-
HAQYaJIPHO BCE YYACTHHMKHU cfestamn O pyKONOKaTuii, a HyJb — YETHOE YHCJIO.
[To3TOMY HM OJHOIO «HEYETHOTO» YYACTHHUKA HET, U YTBEPXKJICHUE 33/1a41 BEPHO.
(J171s1 KpaTKOCT! MBI Ha3hIBACM «UETHHIMUY» U KHEUETHBHIMI» YIACTHHUKOB, C/IEJIaB-
IIAX YETHOE U HEYETHOE YMCJIO PYKOIIOYKATHIA. )

[Tocsie IepBOTO PyKOMOXkKATHS 004 €TO YYaCTHHUKA CTAJIHM HEYETHHIMY (OHU CJie-
JIAJIA TIO OJJHOMY PYKOIOKATHIO), TO €CTh MOSIBIJIOCH [BA HEUETHBIX YYaCTHHUKA.
JBa — uéTHOE 4YHMC/I0, M YTBEPXKACHUE 3aJaul OCTAETCs BepHBIM. Jlasibure yxe
BO3MOYKHBI BADHAHTBI: BO BTOPOM PYKOIIOXKAaTUM MOT'YT Y4aCTBOBATb HOBBIC JIFO/IU,
a TaKKe yJaCTHWKY IepBoro. Mul pasbepéM TpH BO3MOXHBIX CIIydast:

a. /Ipa 9€THBIX y9aCTHHKA KMYT JApPYT Jpyry pyku. [locie 3Toro kax/sii w3
HAX CTAHOBUTCS HEYETHHIM (UETHOE UMCJIO TUIIOC €IMHUIIA — HEYETHOE UWCJIO).
OO01iee unc/10 HEYETHBIX YYACTHUKOB YBEJIMUMBACTCS Ha 2.

6. /lBa HEuETHBIX yYaCTHHKA *XMYT ApYr Apyry pyku. O0a craHOBsITCSA 4€T-
HBIMH, U 00lllee YMCJIO HEYETHHIX YYACTHUKOB YMECHBIIACTCS HA JiBa (M OCTaETCs
YETHRIM, Pa3 OHO OBIJIO TAKOBBIM).

B. YETHBIN yYaCTHUK KMET PyKy HEUETHOMY. [Ipy 3TOM OHM MEHSIOTCS MeCTa-
MHM: HEUETHBIN CTAHOBHUTCS YETHBIM M HA000poT. [lo3ToMy obiiee umc/io HeYETHRIX
YYACTHHUKOB HE MEHSETCS.

Takim 06pa3oM, MBI BIIWM, 9TO MHTEPECYIOlIee HAC INCJI0 (KOJIMIECTBO He-
YETHBIX YYaCTHHUKOB) BCE BpeMsl OCTAETCs YETHHIM (BHAYAJIE OHO PABHO HYJIIO,
IIOTOM MOKET YBEJIMUMBATHCS M YMCHBIIATHCS HA 2). 3ajada pelicHa.

Oomasa cxeMa

YUto ke Takoe «MaTeMaTudeckas MHAYKUUI»? UTo oOlero B peuieHusax paso-
OpaHHBIX HAMH 3371247

B kax /1001 13 HAX MBI BBIJICJIIEM B 3a/1a4€ [IOCJIEJ0BATEbHOCTD YTBEPKICHUN,
KOTOpBIC JIOKa3bIBAacM 110 odepeau. B 3amade o kapTe Mpl cCHad9auIa yOEAWINCh, 9TO
JUTSL O/THOM M IBYX MPSIMBIX MCKOMAsi PACKpacKa BO3MOXKHA. 3aTeM MBI ITOKA3aJI,
KaK W3 PACKPAcKU IS ABYX IPSIMBEIX CAEJIATh PACKPACKY /ISl TPEX, 3aTeM AJisi
YeTHIPEX U TaK Aajce.

Bo BTOpOIt 3a1ade MBI cHavYanma yoemich, uro 111 gemmrcs Ha 3, MOTOM —
yro 111111111 gesmrcsa Ha 9, 3areM — 49to 111...111 (27 enuami) aeJmTCS
Ha 27 u Tak ganee. Ilpuw oTOM KakAbIi pa3 MBI ONMUPAIMCh HA YK€ JOKa3aH-
HOE: 3Hasl, 4TO 4ncyIo m3 3" eauHMI[ AeanTcsa Ha 3", MBI MPOBEPSIIM, YTO UUCJIO



w3 3" equnuI nosryyaeTcs U3 HEro YMHOKEHMEM Ha YMCJIO, KPaTHOE TPEM, U
noToMy Aenurcs Ha 37T,

B 3ajiaue 0 MOHETaX MBI JIOKa3bIBAIM, UTO 71 KOIICEK (IIpH n > 8) MOKHO YIUIa-
TUTh MOHETaMHU B 3 1 5 koreek. CHayasia Mbl [IpoBepwin 3To 1ipu n = §,9, 10,
3aTEM 3aMETHJIM, YTO MPHOABJICHUEM OJIHOM TPEXKOIEEYHOH MOHETBHI MOYKHO IO-
Jgyunts n = 11,12, 13, 3arem n = 14,15, 16 u tax ganee.

B 3amaue 0 «XaHOWCKWMX OAIHIX» MBI JOKAa3bIBAJIM, YTO IIPH JIFOOOM n > 2
IMPAMIZIKY U3 11 KOJIET] MOXKHO TIepeHeCTH (110 MPaBWiIaM) C OJJHOTO CTEPKHS Ha
apyroii. Ilpu sTom niepeHoc n + 1 KoJjiell B Ka4eCTBe HMOAPOIrPaMMbl BKIIOYAJI B
ce0s1 IepPeHOC 11 KOJIell, TaK UTO KaKI0E M3 YTBEPXKCHMIT LIETIOUKH OMIPAJIOCh HA
MIpeABIAYIIEE.

Hakonell, B 3aJa4e 0 PyKOIOXKATUSIX Mbl JOKA3bIBAJIM, YTO YUCJIO HEYETHBIX
VYACTHUIKOB TIOCJIE 11 PYKOIIOXKATHIA OyAeT YETHBIM (IIOCKOJIBKY TIPH IIEPeXoiec OT
n ¥ n+ 1 9uciio pyKoIoXaTlii JIMOO He MEHSIETCS, JTMOO MEHSICTCS Ha 2).

Utak, oOmmas cxema JOKA3aTesIbCTBA MO MHAYKIIMHM TakoBa. EcTh HekoTopas
[IOCJIE/IOBATEILHOCTD yTBepKAeHUl (A, Aa, ..., Ay, ... ). MBI 10Ka3bIBacM, 4TO
ouepeniHoe yTRepKIeHue (A,) BepHO, CUMTAsE U3BECTHBIM, UTO BCE MPEIBIIYIIHE
yrBepxenust (Ay tipu k < n) BepHBI. ITO MO3BOJISET HAM yTBEPK/ATh, UTO BCE
yTBepK/JICHUST A, BEpHBL.

Takoii crioco® paccysx/JeHHsl HA3bIBAETCS Mamemamuieckoll undykyueil, a Be-
JIMUMHA N HA3bIBACTCS napamempom uHOykyuu. [OBOPST, YTO Mbl JIOKa3biBaEM
yTBepKIeHe A, uHOyxkyueil no n.

Hanpumep, B 3a7a4e O pYKOLIOXKATUSX YTBepKAeHUE A, TaKOBO:

HOCJIE N PYKOIOXKATHIA YMCJIO YYACTHUKOB, CAEJIABIIMX HEYETHOE
YHCIIO PYKOIIOXKATHIA, YETHO.

M1 HyMepOBaJIN YTBEPKICHNUS, HAYMHAS C STUHUITH, HO 3TO HE 003aTEIIHHO.
Hanpumep, B 3a1ade 0 MOHETaX MOCJIC/IOBATEILHOCTh YTREPKACHII HAYMHACTCS
¢ Ag (npo 8 xorieek). Mbl cHauasia j0KazbiBaeM yTBepxkaeHust Ag, Ag, Ao, a
3aTeM BCE CJieAyolMe 110 ouepeau. [Ipu 3ToM JI0KazaTeibCTBO yTBEpPKIeHus: A,
ormpaeTcs Ha A,_3; (3Hast, KaK YIUTATUTh N — 3 KOMEHKN MOHETAMHU B 3 U 5 Korie-
€K, MBI MO’KEM YIUTATATh N1 KOIEEeK: JIOCTATOYHO JTIOOABUTH OJIHY TPEXKOIIECTHYIO
MOHETY).

Wpero Meroga MareMaTuyeCcKoOil MHIYKLIMA MOXKHO IIOSICHUTb TaK: BBICTPOUM
PSLIOM JIPYT C JIpYroM KocTu JoMuHo (puc. 3). Ecim Teneph noBaJIATh IEPBYIO U3
HUX, TO 3a HEH IOCJIE/yeT BCS IICNOYKA: [a/asl, KOCTSIIKA TOJKAET CJIEIYIONIYIO
(puc. 4).

BoT emé aBe HaTVISAHBIX WITIOCTPAIMHI K IIPUHIIMITY MAaTEMaTHIECKOM MHIYK-
VL.

10



Puc. 3. Koctu gomuno.

Puc. 4. Uaaykuys B aeiicTBUA.

BexxiuBas ouepeap. [Ipapriia Xopoliero ToHa 3ampeIanT MyKUUHE CTOSThH B
OuepEN cpa3y Iepe/l] KEeHUHON (0OH JOJDKEH HPOILYCTUTD €€ Brepen). [loaTomy,
€CJIV TICPBHINA Y€JIOBEK B 0YEePEM — MYXXIMHA, TO ¥ BCE OCTAJIBHBIE — MY KYMHEL.

PesnHoBbIN aBTOOYC. [loKaxkem, 4TO B aBTOOYC MOMELAETCS JIFOOOE KOJIH-
4ecTBO Hapoay. B camoMm fesie, ofuH 4esioBeK nomemaercst 06e3 tpyna (Oasuc
VH/YKIAHN); C JIPyroil CTOPOHBI, Kak OBl HU OBUT HAOWUT aBTOOYC, yXX OJMH-TO
YEJIOBEK B HETO BCEIVIA BJIe3eT (IIAT MHTYKIIUN).

Bospamasice k 0ojiee CephE3HOMY PasroBOpy, pasOepéM elé HECKOIBKO 3a-
Jad, BblAE/Isisl O0JIee YETKO IIArd MHIYKTUBHOIO PACCY’KICHUS.

3agaua 6. Ha pgocke Hammcanbl cto 1udp — Hy/M U €AuMHULBL (B JIHOOOM
KoMOvHaImn). Pazperiaercss BHIIONHATH J1BA JICUCTBUS:

(a) 3aMeHATH TIepRyIo 1Py (HYJIh HA eIMHUITY W HA000pOT);

(0) 3aMeHATH UPPY, CTOSIIYIO TOCIE TIEPBOI €TUHUITH.
(ITpumep: B nociieposaresipHocT 0011001 ... MOXHO 3aMEHUTH NIEPBYIO LIU(PPY
WA YEeTBEPTYI0 — OHHM MOTYEPKHYTHL ) [1oKa3aTh, 4TO C MOMOIIBIO HECKOJIBKHX
TaKWX 3aMCH MOKHO TIOJIYUYHTH JIFOOYI0 KOMOWHAIIMIO M3 CTa HYJICH W CTUHUII.

Pemenune. JIokakeM 10 MHIYKIAU TaKOe yTBEpK/eHue A,: Ha nepevix n
Mecmax MOJ}CHO NONyYums 100yI0 KOMOUHAUUIO Hylel U eOuHuy.
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basuc muayxuunu. [lpu n = 1 510 HaM J1aHO 1O YCJIOBUIO: NIEPBYIO LUGPY
MOHO MEHATH KaK YTOJHO.

IITar maayknun. IIpeanoyioxkuM, 9T0 MBI yKe JOKa3alli, 9YTO Ha IEPBBIX
n —1 MecTax MOXHO ITOJydInTh JII0Oy0 KoMOunHarmo 1wdp. Torzma, B 9acTHOCTH,
TaM MOXHO 1oJTyunTh 1 komOuHarmo 000 . . . 0001 (equnnia Ha (n—1)-oM MecTe
U HyJ M 710 Heg). 3Ta KOMOMHALWS TO3BOJISAET 3aMEHUTD LGPy, CTOAIIYIO HA N-M
MecTe, MOCKOJbKY MMEHHO OHa OKasblBaeTcsa LU(POI, CToslell Iocie MepBoit
emuHUIBL. [locne 3TOro MBI MOKEM CHOBA BOCIIOJIB30BATHCS IIPEAIIOJIOKEHUEM
WHIYKIWA Ap_1 Y TIOJTyYWTh HA IEPBHIX 11— 1 MecTax JIIo0ble Hy>KHBIC HAM ITH(DPEL.

3amaua pemena? Ha camom nene Her. Hame pemenve coaepsKuT He cpasy
3aMETHBIA, HO BAKHBIN MpoOes: modeMy m3MeHeHue n — 1 1udp Ha nocjieqHeM
mare He UCHopTuT n-il 1m@pul? YToObl MCHPABUTDL IOJIOKEHUE, HaM HPUAETCS
V3MEHUTH PEICHAE U JJOKA3hIBATH 110 MHIYKIAK 00JIee CHIFHOE YTBEPXK/ICHUE: HA
nepevix N Mecmax MOJNCHO Nonyuums niodvie yugpsl, He mpozas credyrouux
yughp. Tenepn yske BCE IPOXOANT TJIAKO: TPOBOJIS MIAT MH/YKLIFH, MBI [TOJTY YIIIH
Hy’>KHBIC HaM 1I()Pbl HA NEPBBIX /I MECTAX U HE KACAIMCH CJIETYIOMMNX Lupp.

Teneps 3agaua JeHCTBUTEIIBHO PeleHA. [1J1si CaMOIIPOBEPKU TOJIE3HO 3AIMCATh
MIOCJIEIOBATEILHOCT JCUCTBUI TP Tiepexofe, ckaxkeM, o 001 x 000. (Otsert:
001 — 101 — 111 — 011 — 010 — 110 — 100 — 000.)

3agava 7. PaccMOTpPUM BCEBOBMOXHBIC OOBIKHOBEHHBIE JIPOOM C YHCIMTEIIEM
1 u Jo0bIM (LIEJIBIM TIOJIOXKHUTEIbHBIM) 3HaMeHatesem: 1/2,1/3,1/4,1/5,...
Jokazarsb, 4ro /uist JiIoOOro n > 3 MOXKHO [PE/JACTaBUThH €/IMHULLY B BUJIE CYyMMBbI
n PasIIMYHBIX APOOEH TaKOTO BHUIA.

Hanpumep, npu n = 3 MOXHO HanmcaTh Tak:

1= 1 1 1
=273 6
(Slcno, 9TO MBYMS ApOOAME HE OOOUTHCH, TIOCKOJIBKY BCE JPOOH, KpoMe TIEpBOA,
MEHBIIIe TIOJIOBUHBL. MOXKHO Tak:Ke IPOBEPUTD, UTO JIJI TPEX Apo0eit eCTh TOJIBKO
OJIVH BAPHAHT.)
Pemenue.
basuc unaykuuu (n = 3) yxe JIOKa3aH.
[Tar manyxuun. [pemmonoxum, aTo mis n — 1 apobeit 3a/1ada perieHa:

€CTh TIPE/ICTABJICHIC
1= 1 + 1 + + 1
a b K
B KOTOpPOM 71— 1 caraeMbIX ¥ Bce 3HAMEHATEIIM pasHble. bynem cantats, 9ro Jpo-
Ou yOBIBAIOT (3HAMEHATEJI BOZPACTAIOT CJICBA HAIPABO, TAK YTO kK — HAUOOJIb-

K1 U3 3HaMeHareJs1eil). MBI [0JlydrMM HMCKOMOE IPE/ICTABJIICHUE B BUJIE CYMMBI 1
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apo0eit, eca pazo0bEM OJHY PoOb HA JIBE. 3TO MOXHO CAEJIATh TaK:

11 N 1
ko k+1  kk+1)

(B camom jieste, pasuocts 1/k —1/(k +1) pasna 1/k(k + 1), nockosbky nocie
TIPUBE/ICHUS K O0LIEMY 3HAMEHATEIIO YHCITUTEN OTJIMYAIOTCS HA €JTUHUILY. )
[Mocnearee (HO BaXXHOE) 3aMEYaHUe: BCE JAPOOU OCTAIVCH PA3IUYHBIMU, TAK
KaK k ObUIO HamOOJIBIIMM 3HAMEHATeseM, a k + 1 Gosbiie & (He TOBOPSL YK O
k(k + 1), xoropoe emg Goubliie).
3agava peleHa.

Ecsm paccys/ieHne 1o MHIYKIMN KAKETCS HEMOHATHBIM, TI0JIe3HO TIPOCIIeIUTh
HECKOJIBKO €T'0 IAroB IPU KOHKPETHHIX 3HaueHustx n. Harpumep, mipu mepexose
OT TpEx Ipodeit K YeThIpéM MBI pazouBaeM 1/6 Ha 1/7m1/6—1/7=1/(6-7) =
1/42:

1 1 1 1 1 1 1

1=t ot =ct-+o+—.
2376 2 3T T

B maHHOM KOHKPETHOM CJIy4ae MOXHO ObLIo OBl pazowuts Ha 1/6, a 1/3 (xax?),
HO B OOIIEM CIIyyag MBI XOTUM T'apaHTHUPOBATh, YTO BCE JAPOOU OY/yT PasHBIMH,
U [I0OTOMY pPa30MBAEM CAMYIO MAJICHBKYIO JAPOOb.

3amaua 8. Jlokaszats, 4TO JIIO0OI U3 KBAAPATOB 2 X 2, 4 X 4,

8x8,...,2"x2", ..., U3 KOTOPOro BBIPE3aH YIJIOBOI KBAAPATHK
1 X 1, MOXHO pa3pe3aTh HA YTOJKH U3 TPEX KIICTOK.
Pemenue.

Basuc naayxknuu. O kagpara 2 X 2 (1o €cth Opu n = 1) 3T0 TpUBU-
AJIBHO: TIOCJIE BBIPE3AHMS YTJIOBOTO KBAJAPATHKA KAK Pa3 U OCTAETCS YrOJIOK.

lar muayxnuu. Juig kpaapara 4 X 4 (To eCTb Ipu
n = 2) 3aJa4a TAKXKe PELIACTCS JIETKO: YTOJIOK U3 TPEX ‘
KBaJIpaToOB pasMepa 2 X 2 MOXHO paspesaTh Ha YETHIpe F= —I—
MAaJICHBKVIX YTOJIK2, W OCTAETCs T0OABUTH K HAM CIIE O/TH _
YIOJIOK).

Tot xe npuém roautcs u B obweM cirydae. [lycts Mbt : :
paspesasm kBaapar 2" 1 x 2771 Ge3 yryioporo ksaspatuka
1x 1 Ha yronku U3 TPEX KJIETOK. YBEJIAIAM 3Ty KAPTUHKY
BIBOC. MBI yBU/IMM, UTO KBapaT BJBOE OOJIBIINETO pasMepa 2" x 2" 6e3 yIjoBoro
KBaj[para 2 X 2 paspesaH Ha YIOJIKA U3 TPEX KBAIPaToB 2 X 2. OcTaéres KaxX/Iblid U3
STHX YTOJIKOB pa3pe3aTh HAa YETHIPE MAJICHBKUX (Kak Ha puc. 5, c. 14) u 100aBuUTh
eué OIvH YroJioK B BeIpes 2 X 2.

3amadga pemreHa. (JJ1si caMOIIPOBEPKM MOXKHO HApHCOBAaTh CXEMY Pa3pe3aHHs
JULsT KBajipata 8 X 8.)
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Puc. 5. bosplioit yroyiok paspesad Ha 4 MEHBIINX.

WHyKkuusi KaK TPIOK

YacTo, pacckasblBasi O MATEMATUUECKOM MHAYKLIMM, HAUMHAIOT C TAKOH 3aa4n:

3amaua 9. Jlokazath, uro (Tipm JmodoM n > 1)
1
1+2+3+...+n=%.

Pemenue.

Basuc naayknuu. [Ipu n = 1 yTBepkIcHAEC NUMEET BUJ
12

2

1

u oueBuHO. Ecim cymMMa 13 OJHOIO 4WileHa KaKETCA 9eM-TO CTPAHHBIM, MOXHO
IIPOBEPHUTH U CIIydail 1 = 2: B 3TOM CJIydae

22+ 1)

1+2=3=
+ 2

lar uuaykuuu. Beigeaum B cymme 14243+ . .+ (n—1)+n nocneanuit
YJIeH:

1+24+34+...+(n—1)4+n=14+2+...+(n—-1)]+n

Ilo HPEIOJIOKCHNIO MHAYKITAA 1IPABYIO YaCTh MOYKHO IIEPCIIMCaTh KakK

(n—l)((n—1)+1)+n:(n—1)n

D) 3 +n=
_(mn—1n+2n _
D ——
n’+n _ n(n+1)
22

qTo 1 Tp€6OBaIIOCI> JOKas3aTh. 33,[[21‘{21 PpeuicHa.
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Pelienue ripocroe, ecsim oTKy/1a-ro y3uarb orser n(n+1)/2, Ho Kak jio HEero
Joraiatbess? MOoKHO pellmTh 3Ty 33734y U uHade. [lepectaBuM B cymme

S=14+24+...+(n—1)+n
YJICHBI B 06paTHOM HOPHZLKCZ

S=n+m-1+...+2+1.
CJ’[O)KPIM OTU JBa paBeHCTBa IIOYJICHHO!:

2S =[N +n+2+n-DI+...+(n—=1)+2]+ [n+1].

B mpaBoit wacTy n KBaJpaTHBIX CKOOOK (B KaXIOU M3 CyMM OBLIO 71 CJIATAeMBIX),
Kak/1asi ckoOka paBHa n + 1, nosromy 28 = n(n + 1).

B cienyromeit 3amade He Tak MPOCTO OOBSICHUTH OTBET, HO 3HAS €ro, YKe
JIETKO TIPOBECTH JOKA3aTEIIHCTBO IO MHTYKIIUH.

3amava 10. [/lokasats, uro (pu Jjiodom n > 1)

n(n+1)2n+1)

1+4+9+...+n°= c

Pemenue.

Basmc maayknum: 1 =(1-2-3)/6.

IlTar naayknuu. Ilycts MBI yKe 3HaeM, YTO PaBEHCTBO 3a/[a4d BEPHO JIL
CyMMBI 1 — 1 KBaJIpaToB:
(n—1)n2n-1)

6

(B IpPaBOil 4aCTH 3aIIMCAHO BHIPAKEHUE M3 YCJIOBHUS 33/1aud, B KOTOPDOM N1 3aMe-
Heno Ha n — 1). [lpubasum k oGeum yactam uuciio n2. Iloayuum, yro cymma n
KBaJIpaTOB PaBHA

124224324+ .. . +(n—-12%=

(n—1)n@2n—-1)  , (n—1)n(2n—1)+6n°
6 = 6 -
_ n[(n—-1)2n —1) + 6n]

6
n2n*> —3n+1+6n]
- -

n[2n? +3n + 1)

6
i+ D)@n+ 1)
- A ,

qTo 1 Tp€6OBaIIOCI> JOKas3aTh.
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Ho kax ske Bcé-taku yragarb (popMyJiy AJisi CyMMbl KBagparos? Bor ogna u3
BO3MOXHBIX PEKOHCTPYKIIMI: JIJISI CYMMBI TIEPBHIX cTerieHeit oteT (n(n + 1)/2)
OBIJI MHOT'OWJICHOM BTOPO# cTelicHU. [103TOMy MOKHO OKM/JaTh, UTO JJISI CyMMEI
KBA/IPaTOB IIOJYYNATCS MHOTOYICH TPEThEH CTEHECHW, TO €CTh BBIPAKCHUE BHU/A
an® + bn® + cn + d ¢ wexoropeiMu kod(hduimentamu a, b, ¢, d. Tlocse 3Toro
MOXHO 10J00path 3TH KO3((DULIMEHTEI, MMOACTABJSIST KOHKPETHBIC 3HAYCHUS N U
pelnast CHCTEMY JIMHEIHBIX ypaBHEHMI. A TI0J00paB MPaBILIbHBIE KOD(DUITUEHTEI,
y’Ke JIETKO TIPOBECTH JTOKA3aTEJILCTBO 10 WH/TYKITHH.

3agaga 11. Ha mocke Harmmcansl 1Ba uucia 1, 1. Brimcas Mexay duciaamy ux
CyMMY, MBI 110Jy4uM umcia 1,2, 1. [loBropus 31y onepauuio ewe pas, HoJIyYuM
wncia 1,3, 2, 3, 1. Tocne Tpéx omeparmit 6yayT uncna 1,4, 3,5,2,5,3,4, 1. Ka-
KOBa OyJIeT CyMMa BCeX UmceJ Ha Jocke mocie 100 omeparmit?

Pemenue. fcno, uro 1y1s BemosjHenns 100 omepaumii HaM He XBATUT HA
MECTa, HY BPEMEHU. 3HAYUT, HYXXHO MBITATHCSI HANTH KAKyI0-TO 001yI0 (opmy-
Jly JUISL CyMMBl 4ucesl Hocjie n omepauuii (obosnaunM e€ S,). IlocMorpum Ha
TabIy:

n S,
o 2
1 4
2 10
3 28

BumwmTe 51 BRI 3716Ch KaKyHO-TO 3aKOHOMEpHOCTH? Ecimm HeT, MOXHO c/ieiath eme
OJIVIH TIIAT: TIOCJIe YeTHIPEX ollepanuii OyIyT 9mciia

1,5,4,7,3,8,5,7,2,7,5,8,3,7,4,5,1,

cyMMa KOTOpBIX (S4) paBHa 82.

Ha camoM fejie MOXKHO He BBITHCHIBATh YMCTIA, A Cpa3y cKa3arh, KaK U3MEHHUTCS
CyMMa TocJIe /1o6aBIeHrs] HOBHIX wmcen. IlycTs cymma 6pi1a paBHa S. Kakoit oHa
CTaHEeT, KOrJa 00aBsATCs HOBBIE urcaa? Pa3o0péM KakJ0e HOBOE UHCIIO B CyMMY
AByX crapeix. Hampumep, ot

1,3,2,3,1

MBI TIEPEXOAUM K
1,14+3,3,34+2,2,24+3,3,3+1,1.

Kaxknoe crapoe 4mesio (kpoMe ABYX KpalHWX €[JMHMII) BXOAUT TEIEPh B CyMMY
TPH pasa, MOTOMY HOBasi cyMMma paBHa 3S — 2 (MBI BHIWIHM 2, 4TOOBI y4eCTb
Hepocratomye equauubl). [looromy Ss = 3.5 — 2 = 244 u BooOue

Sn = 3Sn71 — 2.
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Ho Bcé-taku, kakoBa oOmas ¢gopmyJia? Ecium Obl He BRIYUTAHUE [IBYX €UHMILI,
TO KKIBIA pa3 CyMMA VBEJIMUMBAJIACh OBl B TPU pa3a, KaK B CTEICHSX TPOUKU
(1,3,9,27,81,243,...). A Hanm Yncia, KaK TEIeph BUIHO, HA €TUHUITY OOJTh-
nre. TakuM 00pa3’oM, MOXHO IIPEAIIOJIOKHUTH, YTO

Sp=3"+1.

Tenepp 5T0 JIETKO J0KA3aTh 110 UHJIYKIVHA.
basuc maayxknun. Cmorpu tadmmy (ot n = 0, 1,2, 3).
Hlar uuayxuunu. Ecom

Snfl = 31171 +1,

TO
Sy =381 —2=33"14+1)—2=3-3"143_-2=3"41.

Hama ¢opmysia nokazana. M3 He€ BUIHO, YTO MOCJE CTa ONEPAIMl CyMMa BCEX
gucesT Ha JTOCKe (XOTs, YECTHO T'OBOPSI, OHU YK€ BPS/ JIM IIOMECTSTCS HA JIOCKE)
Oyner pasma 3'%0 + 1.

3agava peeHa.

Kcratm, a ckompko dmcest Oy/ieT Tociie cTa Oomeparuii? 3To aHAJIOTIYHAS 3a-
Jlaua, 9yTh OoJiee TpocTasl.

Ycunenue yrpepxaeHus

3agauya 12. [lokaszarp, 410 cyMMa
P+24+3+...+n

SIBJSIETCST TOUHBIM KBajipatoM. (Hampumep, 1 = 12,14+48=9=2321+8+27 =
=36=6%1+8+27+64 =100 = 10% u Tak jganee.)

Peumenne. UToOB MPOBECTH pacCyKACHUE MO WHAYKLIMH, MBI, KaK 3TO 4a-
CTO AEJIAIOT, YCUIUM AOKa3bIBAcMOE yTBepxkJAeHue. Ham masio 3HaTh, 4TO cymMma
KyOOB SIBJISICTCS TOUHBIM KBA/IpaTOM — HAJIO €l¢ CKa3aTh, KBAPATOM ue20 OHA
SIBJISICTCS.

Uro 70 3a mociemoBaTesIbHOCTD 1, 3,6, 10, . . . ? MOoXHO 3aMeTUTh, 4TO pas-
HOCTH MEXJY COCEIHMMHM YJIEHAMM YBEJMUMBAIOTCS Ha eauHuuy: 3 — 1 = 2,
6—3 = 3, 10—6 = 4 u Tak gajee. C TaKoif MOCJICTOBATEIBHOCTBIO MBI YKe CTAJI-
KHABJINCH: TO OBLIA MOCJIENOBATEIFHOCTS cyMM 1, 142, 14243, 1424344, . . ..
Takum 00pazoM, MOXKHO MPE/IIONIOKUTE, 9TO

P+24+. .+ =04+24+...+n
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JIroOomBITHO ObLJIO OBl NPUAYMATDh MPSIMOE JOKA3aTEJIbCTBO 3TOH (opmyssl. Ho
10 MHAYKIAM €€ JTOKAa3aTh HECHOXHO. YJOOHO Tepenucarh MpaByl0 YacTh Kak
n*(n + 1)?/4, ucnoms3opan 3ajauy 9. Ilo NpemIoIoKeHNI0 UHYKIIAU

_(n—1)n?

P+24+...+(n-1>° 1

Ipubasus n, noaydaem, uro cymma 13 + 23 + ... + n® papua

(n-1%n% 5 (n—1’n’+4n°
4 4

_ ((n=12+4n)n? _
= 7 =
_(n*=2n+1+4n)n*
= 7 =
_(*+2n+1)n?
==
_ (n+1)?n?
=—0

4TO U TpeOOBaIOCh TOKA3aTh.
3agaua 13. Jlokasarp, uTo (11py JIIOOOM HATYPAJIBHOM 11 > 1)

1+ ! + ! + + ! <2
sttt .
Pemenmne. Kak v B npeabiyiueit 3agade, Mel OyJeM JIOKa3bIBATEL 11O MHTYK-

uuu 0oJiee CUJIBHOE yTBEpKAeHue. B jaHHOM cilyuyae 510 OyeT PaBEeHCTBO

1+ L + L + + ! =2 !
2 4 T oon o’
basuc nuaykuuu: 1+1/2=2-1/2.
[lar VHAYKIIHK: eCITu

11 1 1
1+§+Z++2ﬂ*1_2_2117*1’
TO
IR R S L S S R
2 4 7o T gl ogn an opm T gn’

9T0 U TpeOOBANOCk. 3aqada pelieHa.
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.HIO6OHI)ITHO, 4YTO €CJIM ITOCTApaThCda, TO MOXKHO J0Ka3aTh IIO MHAYKIUA W
HCXOMHOC YTBEPXK/ICHUC (HC ycuiuBas €ro HpC,I[BapI/ITCJ'II)HO). 310 JEJACTCA TaK:
€Cim

11 1
Tdod—F...+—— <2,

2 4 on-1
TO (JeJIMM TOMOJIAM )

L + L + + L <1

2 4 7 onm ’

H I10CJIE HpI/I63BJ'I€HI/ISI CAUHUIIBL T1I0JTyJacM

LI
24 T T 0T

9TO U TpeGoBaIOCk.
3agaya 14. Jlokasars, uTo (Ipy JTI0OOM HATYPAJIBHOM 1 > 1)

1 1 1 1 )
+4+9+...+n2 < 2.

Peumenmne. 3necy 00a npuéma 13 npeasAyLIeit 3a0a9i BCTPEUAIOTCS ¢ TPYA-
HOCTSIMU: HET HU OOmeit (HopMyJIbl JJIsl CYMMBI B JIEBOU YacTU, HU CIIOCO0A IIPO-
BECTH IIAI' UH/YKIVM, HE MEHSS yTBEPKJICHUSI.

O/HAKO MOYKHO YCWIUThH YTBEPXKJICHHE TAK:

I I B
4 9 T p2 = n’

IIpu n = 1 HepaBeHCTBO HpeBpamaeTcs B papeHCTBO 1 = 2 — 1. IpoBeném niar
WHYKIIUH: eCIIN
1 1 1 1

1+-4+-4+... <2-— ,
+4+9+ +(n71)2 n—1

10 110CIIe TIpubaB/ieHust K 0beuM yactam jipodu 1/n? nosyyaem

[FNLINEE VSR ) L L
4 9 7 p2 T n—1 n2
2
— 1
_, mon+l
(n—1)n2
n>—n 1
< 2-— = -,
(n—1)n2 n

qTo 1 Tp€6OBaIIOCI> .
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1o cymecTBy 3T0 ke pELICHUE MOKHO U3JIOKUTH U B 00JIee HAIJISTHOM BUJE!
3aMETUM, 9TO

L1 1
n2 " (n—-Ln n—-1 n’
H03TOMy
1 1 1
1+272+§+E+.”+ﬁ

MCHBIIEC CYyMMBI

(DD GoD (D)

Tenepp Bce MPOMEXKYTOUHBIC WICHH COKpaIaoTcs U octaérest 1 4+ 1 — 1/n, Tak
YTO MCXO/HASI CyMMa MEHEIIe 2.

3amaua 15. Ha kparo mycThIHE uMeeTcsl OO0JIBIION 3amac OCH3MHA U MAIIMHA,
KOTOpasl IpY MOJHOM 3alpaBKe MOXeET Ipoexath 50 kuwiomerpoB. Nmerorcs (B
HEOTPAHMICHHOM KOJIYECTBE) KaHWCTPHl, B KOTOPhIE MOXKHO CJIMBATh OCH3MH W3
OeH300aKa MAIIMHBL M OCTAB/SITh HA XpaHeHue (B JII0OOM TOYKE IMyCTHIHM). [{oka-
3aTh, YTO MAIlIFHA MOXET MpoexaTh Jro0doe paccrosuue. (Kanuctpol ¢ OeH3MHOM
BO3UTbH HE PA3PELIAETCS, IMyCThIE MOXXHO BO3UTH B JIDOOM KOJIMYECTBE.)

Pemenwue. IonsTaeMcs TokazaTh MHAYKIVEH IO 71, YTO MAIlIHA MOXKET OTb-
€xaTh Ha n KWJIOMeTPoB oT kpas. Ilpu n < 50 310 u3BectHO. OCTAIOCH IPOBECTU
Iar MHAYKIAA 1 OOBSICHATH, KaK IIPOEXaTh N KWJIOMETPOB, €CJM WU3BECTHO, UTO
(n — 1) xwiomMeTpoB npoexath MOKHO. OJHAKO TYT MBI BCTPEYAECMCS C TPYAHO-
CTBIO: TIOCJIC TOTO KaK MBI mpoexasu (n — 1) KMIoMeTpoB, OCH3MHA MOXKET He
XBaTUTh JAXe HA OOPATHYIO J0pOry (HE IoBOPs YK€ O XPAHECHUM).

Kak 1 B mpesaynmx 3agadax, BBIXOJ COCTOUT B YCHJIEHUH JIOKA3BIBAEMOTO
yTBepKIcHUS. byaeM /0KasbBaTh, 9TO MBI HE TOJIBKO MOXKEM IIPOEXATh 71 KIJIO-
METPOB, HO 1

MOXKEM CJIeJIaTh CKOJIb YTOJHO OOJIBIION 3armac OeH3MHA B TOUYKE Ha
PacCTOsAHUN 711 KWJIOMETPOB OT Kpas ITIYCTbIHW, OKAa3aBIIUCH B 3TOU
TOYKE [10CJI¢ OKOHYAHMUSI I1EPEBO3OK.

Basuc muayxknum (n = 1). Peiic Ha paccrosHre 1 m odpatHO Tpedy-
eT 2 eaunwmn O6em3uHa (Oy/eM HA3bIBaTh CIMHMIICH KOJMYECTBO OCH3MHA HA KU-
JIOMETP IIyTH), IIO3TOMY MBI MOXEM OCTAaBHUTh 48 e¢auHMIT OCH3MHA B XPAHWJIMIIE
(Ha pacCTOSIHMM KMJIOMETPa OT Kpasl) M BEPHYTHCS 3a HOBoOI mopumeit. (Octo-
POXKHBII YEJIOBEK OCTABJISLI Obl UyThb MEHBIIE — CKAXeM, 47 ¢AUHUL], — YTOOHI
HE BO3BPALIATLCA C COBCEM Yy IycThIM OakoM.) Ho Tak miu mHave, 3a HECKOJIb-
KO peficoB B XPaHWWIMIIE MOXHO CJeJIaTh 3ariac IIPOU3BOJIBHOTO pa3sMepa, Kakoro
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Ham norpedyerca. (IIpu 3ToM «k03(ULIMEHT TI0/IE3HOIO IEUCTBHUS» COCTABJISIET
48/50: uroOBI co3maTh 48 emuHWMIT 3amaca, MBI pacxomyeM SO emuHMIL. )

IITar vHEAYKUAH. MB JOJDKHBL HAYUUThHCS CO3/aBaTh XpaHWIMILE Ha pac-
CTOSIHUM 11 C JTIOOBIM 33/IAaHHBIM HAaIlepé] 3amacoM OeH3MHa (M OKa3aThCsl y 3TOTO
XPaHWIMIIA B KOHLIC NMEPEeBO30K). Kak MBI TOJIBKO YTO BUJEJIH, 3TO BO3MOXHO,
ecid B Touke n — 1 yMeercs HEOrpaHMYEHHBIH 3amac OeH3uHA (0a3uc MHAYK-
1) . Ho 1Mo mperostoske o MHAYKIAY MBI MOXKEM 3aI1acTH JTII000€ KOJIITYECTBO
OcHsnHA (A €/IMHUMII TIPH CKOJIH YTOJHO OOJIBIIOM A) Ha paccrostHuA n — 1 oT
kpast!

JIpyrvmMu CJI0BaMH, €CJIM HAM HAJI0 3aBE3TH 3a/[aHHOE KOJIMYeCTBO B OeH3uHa
HA PACCTOSIHUE N OT Kpasi, MBI CHaYaJIa MpeACTaB/iseM cebe, uTto B n — 1 OeH3uHa
CKOJIBKO YI'0JIHO, MU CMOTPUM, KaKoe KosinuecTBo (A) Ham peasibHO 110Ha 1001 TCsl.
3aTeM MBI (TIOJIB3YSCH TIPE/IIOJIOKEHUEM UHIYKITMH) 3aBO3UM A eTMHMI] OeH3HMHA
B TOUKy n — 1.

HpI/IH]_IEII HauMEHbIICI'0 YHCJIA

YacTo pacCyXIeHHs MO MHAYKLMM 3aMEHSIOT CCBHUIKOM Ha «IIPUHLIMI Hau-
MEHBIIETO UHCTIa»: BCSIKOE HENnycmoe MHONMCeCm80 HAMypalbHblX ducen umeen
HaumeHvwuil snemerm. Henonsatao? Hugero crpammoro, ceigac oOBsICHAM Ha
IIpUMepax.

BoT xak MOXHO IepeckasaTh pelleHre 3a1adu 1 (0 KapTe C NpsMBIMH, KOTO-
PYIO MOXHO pacKpacUTh B [[Ba 1[BETA).

[IpeamosokuM, 4To yTBEPKACHUE 3a/aud HEBEPHO M E€CTh KapTa, KOTOPYIO
PacKpacuTh B J1Ba 1L[BeTAa HeJIb3s. BooO1ie roBopsi, TakUX KapT MOKET OBITh MHOTO
U KOJIMYECTBO IPSIMBIX B HUX MOXET OBITh PasHBIM. PaccMoTpuM Ty U3 HHX, B
KOTOPOI1 IIPSIMBIX MeHblle Beero. [ycTs B Helt 1 IpsIMBIX. MOXeT JIM 1 PaBHATHCS
emuHAIE? Her, ITOCKOJIBKY KapTy € OJHON IIPSIMOIl PaCKpPacCUTh MOXHO.

BribepeM B Haieil (HepacKpamBaeMoi) KapTe OHY U3 NPAMBIX (BCE paBHO
KaKyl0) ¥ BpeMeHHO yaaiamM eé. [ToyunTcst kapTa ¢ MEHBIINM YHCJIOM IPSIMBIX.
Pa3 nama kaprta ObljIa MMHIMAJILHOM (IO YKCITy NPSIMBIX), STY HOBYIO KapTy pac-
Kpacuth MOKHO. Tak u caesaem. Ilocsie 3Toro mMbl BEpHEM OOpaTHO BPEMEHHO
YIUIEHHYIO MPAMYIO U IIEPEKPACAM BCE CTPaHBL C OfHOI cTOpoHHI oT Heé. Tloiry-
4MM PACKPacKy KapThbl, KOTOPYIO (IIO IPEIIOJIOKEHAI0) PACKPACUTD HEJIB3SI.

MBI TOJTy YT TTPOTHUBOPEUHE. 3HAYMT, HAIlle MPEATIOIOKeHHe (O CYyIIECTBO-
BAaHWH KapThl, KOTOPYIO PACKPACHUTh HEJIb351) HEBEPHO.

AHAJIOTUYHBIM 00pa30M MOXKHO HEPEU3JIOKUTh U Apyrue paccysxkienus. Ha-
MPUMED, MBI JOKA3bIBAIM, YTO JIIOOYIO CyMMY, HAYMHAS C 8 KOIMEEK, MOYKHO YIUIa-
TUTh MOHETaMH B 3 M 5 KomeeK. Teneps 3T0 paccyxeHue Oy/eT BHIVISACTb TaK.
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lpeanonoxum, ecrb Takue CyMMbl (Li€JIOE YUCJIO KOIIEEK, HE MeHbluee 8),
KOTOPBIE HEJIB3sI YIUIATUTh MOHETaMH B 3 U 5 Kolleek. Bo3pMEM caMylo MaJIeHBKYIO
m3 Hux. [lycth 310 Oyaer n. [lo mpenmosnoxkenmo n > 8, IMOCKOJBKY MCHBIIHC
3HAYCHWS N MBI HE paccMaTprBaeM. MBI 3HaeM, KpOME TOTO, UTO 1 HE MOXKET OBITh
paBHO 8, 9 wm 10, TOCKOJIBKY 3TH CyMMBI YILTATUTh MOXKHO. 3HauuT, n > 11.
Toraa n — 3 > 8 u, xpome Toro, n — 3 < n. 3Hauut (pa3 n OBUIO HAMMEHBLINM
ILUTOXUM 3HAUEHHEM), CYMMY B 1 — 3 KOIIE€K MOKHO YIUIATUTh MOHETaMd B 3 U 5
Korreek. Ecim 00aBUTH TPEXKOIIECUHYI0O MOHETY, TO TIOJYIHUTCS N KOIIeeK. A MBI
HpeAIoJIarajy, 9To 1 KoIleeK YIUIATUTh HeJib3sl. [IporuBopeune.

HekoTopsle 3a1aun Tpole cpasy pemaTh, UCXOAS WX MPUHIMIA HAUMEHBIIETO
YHUCIIA.

3agaua 16. B nociegosareasroct Gudonavyyn
1,1,2,3,5,8,13,21,34,55, ...

KaK/IBIH CJICAYIOLIMI WIEH PaBeH CyMMe JIBYX MpeAblaylux. JlokaszaTs, 4To aBa
JEJIAIUXCS Ha 7 4Kc/Ia B HEM HE MOTYT CTOSITh PSIIOM.

Pemenwue. IlycTs 3T0 He Tak M €CTh BA CTOAIIMX PSAIOM UUCJIA, JEJISIIAXCI
Ha 7. JIBurasch ciepa HallpaBo, HaiiJIEM IEPBYIO TaKyIO IIapy:

a7k 70

(coceuue unciia, jessiiuecst Ha 7, 3arnmcanbl Kak 7k w 71). TTockoJibky B Havase
IIOCJICI0BATC/JIBHOCTU CTOAT JBC €AMHHUIIBI, OTHU YUCJIA HE MOFyT 6bITb HepBbIMI/I,
3HAUUT, I1e€pe] HUMH €CTh Kakoe-To uucio a. Ilo ycaosuo 7/ = a + 7k, o ectb
a=71 -7k =7 — k) u notomy a toxe nesmrcs Ha 7. 3Hauut, mapa 7k, 71
He ObUTA TIEPBOIl — BOIIPEKH IIPEIIOJIOKCHUIO.

[IpoTrBOpEYre MOKA3BIBACT, YTO MApHl PSJOM CTOSIIUX W JeJsIuuXcs Ha 7
uncen Her. (Ha camom jene umcso 7 B yCJIOBUM 33J4a4d MOXHO 3aMEHUTh HA
JII000e APYroe 1eJI0e MOJOKUTEIBHOE YHCIIO.)

JLJ1s1 TPEHUPORKM TIEPECKAXKEM DTO Ke pacCyskaeHue 1o nHAyKImu. OHo Oyrer
BBIIJISLACTD TAK: MHAYKLIMCH 110 1 MBI JOKA3bIBaeM, U4TO X0mst 06l 00HO u3 yucen I,
u Fyy1 He deaumest na 7. (3nech yepes F, obosHaueHo n-e¢ uuciio GudoHavyu.)

Basuc nHAYyKIIUK o4yeBHUJCH (/iBa MEPBBIX UYMC/IA HE ACJATCS Ha 7).

[ITar MEAYKIIUA: €CIX 3TO He Tak U 0d6a wncna F, u F,4 penarca Ha 7,
TO W IpeapIayinee wcio £, 1 = Fy4; — F, aemurcs Ha 7, 9TO HNPOTUBOPEIUT
TIPEATIOJIONCHIIO HHIYKLIAN.

Taxoit Merox paccy»xieHUst (C HAMMEHBIUMM YUCJIOM) YacTO IPUMEHSETCS B
TEOPUM YHCEJI, Tl €ro Has3hIBAIOT Memoodom cnycka. MBI TIOKaXKeM JIMIIb CaMBblit
TIPOCTO# TIpUMEp TaKOTO pPojia.
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3agaga 17. Jloka3arh, 4TO HUKaKasi OOBIKHOBEHHAs! OO (OTHOILEHHUE JBYX
TIEJIBIX TTOJIOKUTEIIBHBIX UMCETI) He MOKET B KBajIpaTe OBITH paBHA 2.

(Kak TOBODAT, 4HCIO /2 UppayuoHanbHo, TO €CTh He HPEICTABUMO B BH/IE
JpoOH C 1IeJIPIM YHCIUTEIIEM 1 3HAMEHATEJIEM. )

Pemenwue. Ilycts 3T0 He Tak M ecTh APOOH, B KBagpaTe paBHbIC 2. Brioepem
cpeau HHX ApoOb ¢ HaUMEHbIIMM 3HaMeHatesaeM. (MokHO ObLUIO OBl BBHIOPAThH
Jpo0b ¥ C HAMMEHBIM YHCIIUTEJIEM, OTO OJJHO M TO K€, TaK KaK OTHOIICHHE
GHCTUTENTS K 3HAMEHATEO MOCTOSHHO U PaBHO v/2.)

Iycts 512 1podh ectb p/q, Torma (p/q)? = p?/q®? = 2, 1o ectb

P’ =24,
Otcro/1a BUHO, 9TO YUCIO p 4ETHO. B caMoM Jieste, eI p HEYETHO, TO OHO UMEET
Bun p = 2k + 1, nosromy p2 = 2k +1)2 = 4k> + 4k +1=22k>*+2)+ 1, u
p? Toxe HeuETHO, a y Hac p? = 2¢? ¥ NOTOMY YETHO. 3HAYUT, p YETHO U UMEET
Bunt p = 2k. Torma
p = (2k)? = 4k? = 24°.

Coxpaias Ha 2, rojiyuaeM, uto 2k% = ¢2. Tenepb Mbl BUIMM, UTO ¢ TOKE YETHO
(uHaue g2 GbLIO Obl HEUETHHIM), TO ecTh ¢ = 2[. TlodTOMYy U UMC/MTENL p, U
3HAMeHATeJb g Hallel JpoOu YETHHI, U €€ MOKHO COKPaTHTh Ha 2:

p_ 2k k

g 21 I
Ipu srom (k/1 )2 =( p/ q)2 = 2 (oT cokpameHus poou e€ KBagpaT HEe MCHSIET-
Cs1), TIOSTOMY MBI HAIIUTH JIpoOb ¢ (BABOE) MCHBIIMM 3HAMEHATEJIEM, KBAJpaT KO-
TOPO¥ paBeH JIByM — IPOTHBOpedre (110 IPEaIoJIoKEHNIO Oblla BHIOpPaHa Apo0b
C HaVMCHBIIM 3HAMEHATEJIEM).

3ajaga peleHa.

Ha caMoM JieJie MBI MOIJIM OCTAHOBUTHCSL M PaHBIIE: OOHAPYKUB, 4TO 2k2 =
g%, bl 3aKsmouaeM, uto (g/ k)2 = 2, oTKy/a ciiefyet Takxe, uto k < ¢, odToMy
oT ipodu p/q Mbl niepeluy K Apodu g/ k ¢ MEHbIIMM 3HAMEHATE/IEM.

HesepHbie paccyxaeHus

PacckaseiBasg 0 MaTeMaTHYeCKO MHYKIMH, OOBIYHO IIPUBO/ISAT IIPUMEPHI He-
TIPABIUIBHBIX PACCYXJCHMIL. MBI c/ieslaeM TO Ke camoe: MEepBBI mprMep Oyaer
COBCEM HAMBHBIM, JBA JPYI'MX — 4yTb IIOCJIOXKHEE.

IlepBoe HeBepHOE paccyxeHHe. JlokaxkeM M0 MHIYKLNM, 4TO COCEAHME Ha-
TypajIbHBIC UMCTA PaBHEL J[pyruMu cioBamul, yTBepkaeHMe A,, JOKa3EIBacMoe
WHZYKIUCH 1o 1, 6yaeT uMeTh BUg n = n + 1.

23



JloKakeM ero, IPe/IoJI0KUB, YTO OHO BEPHO JIUISI BCEX MEHbUIMX 3HAYEHUI N.
Tora OHO JOJBKHO OBITH BEPHO ¥ /IS TIPEIBIIYINETO 3HAYCHUS apaMeTpa n. ITo
o3HavaeT, 9to (n — 1) = (n — 1) + 1, 1o ectb n — 1 = n. [Ipubarnsas eauaMITYy
K 00CUM YacTsM PaBEHCTBA, MOJIyyaeM, 4to n = n + 1.

Bropoe HeBepHOE paccyxaeHne. JlokaxeM, YTO JIIOOBIEC /1 YMCET PABHBI: €CJIN
a1, ...,0Q, — TPOM3BOJIBHBIE YHCHIA, TO @1 = Ay = ... = @,. (OObIYHO Hpea-
JlararoT JIoKasaTb, YTO JIOOBIe n JIOLIAZeld OJHOTO 1BeTa, HO MBI OyzaeM Goiee
HayKOOOpasHBl — TaK IIPOLIe CKPHITH OIIMOKY.)

[Ipu n = 1 jJOoKa3eIBaTh HEUETO: YMCJIO TOJIBKO OJHO M OHO PAaBHO CaMOMY
cebe.

JlOKa)KeM Ternepp, YTO JI0OBIE 71 YKMCEJT PABHBI, IPEAIIOIOKMUB (KaK 3TO 00bIU-
HO JIeJIJaeTCsl TIPM PacCy’KICHUAX 110 MHAYKLIUA), Y9TO [UIsl MEHBIIAX N 3TO yXKe
W3BECTHO.

PaccMoTpuM IIpOU3BOJIBHBIE 4UCHIA dj, A2, . - . , Ap—1, Ap. OTOPOCHUB LOCJIEA-
HEe 4YnCII0, MoJtyunM Habop u3 n — 1 4nces. 1o npeanoioKeHnio NHAYKIMN OHA
PAaBHBI:

= A =...=dp1-
Teneps orbpocuM neppoe umuciao. CHOBa IIoJIyduM HaOop u3 n — 1 uwmcel, u
IIPE/IIOIOKEHNE MHYKIAA JAET

ay = ... =y 1 = 4y.
OObeauHsg 5TU ABA PABEHCTBA, TOJIYYacM, UTO
ay =ay = ... =ddp_1 = dy,
YTO U TPeOOBAJIOCH TOKA3ATh.

TpeThe HeBepHoOe paccyxkaeHHe. J[okaxxeMm, 4To JIOObIE N TOYEK JieKaT Ha
oqHol npsaMoi. Ilpy n = 1 u n = 2 310 SACHO (B reOMETPUU €CTh COOT-
BETCTByIOINAs akcroMa). OCTanoch JOKA3aTh 3TO /U MPOU3BOJBHOTO 1, TIPefi-
rojiarast, 4To Juist n — 1 3T0 BepHO. B camMoM jesie, pacCMOTPHM TIPOH3BOJIb-
ueie n touek Ay, Az, ..., Ap_1,A,. OTOpPOCHM TOCIIEIHIOD TOYKY U IIpUMe-
HUM TTPE/ITIOJIOKEHUE MHAYKIMY. [loTyunm npsimMyto [, Ha KOTOPOI JIEKAT TOYKU
A1, A, ..., A,_1. Ham Hajo aokKa3arth, 4TO U MOCJAEAHAS TOYKA A, JEKUT HA
oToi npsiMoit. OTOPOCHUM HEPBYIO TOUKY M MPUMECHUM IIPE/IIOJIOKCHUE UHYKIIUN
K TOUKaM Aj, Az, ..., A,. Tlojiyunm, 9TO OHU BCE JIeKAT HA HEKOTOPOH TIPSIMOit
I’. Moryr ju upsivbte | u I’ 6pimh pasymaunn? Her, Tak Kak 00€ OHM IIPOXOST
yepes Toukn A, 1 A,_1, a Kak M3BECTHO M3 TOM >KE€ aKCHOMbBI I'€OMETPUH, dUe-
Pe3 JIBE TOUYKM MOXHO IPOBECTU TOJIbKO OJHY MPAMYIO. 3Hauut, upsmeie [ u [’
COBIIQ/IAIOT U [IPOXO/IAT Yepe3 BCE N TOYEK.

Hy xax, Hanum onmmoxu?
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Bnosme YUOpAA0YCHHBIE MHOYKECTBA

Meron MaTemaTidecKoil MHIYKITNH, KaK MBI VK€ He Pa3 TOBOPWJIN, COCTOHT B
CJIeTYIONIEM: MBI JTOKA3HIBaEM MHTEPECYIONee HAC YTBEPKCHUE IS HEKOTOPOTO
3HAYCHUS 71, CUUTAs, 9TO JIJIS BCEX MECHBUIMX /1 OHO BEPHO. 37eCh M0/ N TOHMMAa-
JIOCh HATypajibHOE 4ncI0. OTHAKO ITO He 0043aTEBHO — BMECTO HATYPAJIbHBIX
YKCEJ MOXHO PAcCMaTpUBaTh M JIPyTUe BHOAHE YNOPSIOOYEHHbIE MHONICECMABa.
Ceifyac MBI OOBSICHAM, YTO 3TO 3HAYUT.

[MycTh mMeeTcss MHOKECTBO OOBEKTOB OIPEIEICHHOTO BU/IA, TIPAYEM JIJIS JTO-
OBIX JIByX Pa3/IMYHBIX €r0 DJIEMEHTOB M3BECTHO, KAKOW M3 JIBYX CUMTACTCS «0OIb-
mMy. Takne MHOXeCTBA HA3HIBAIOTCS ynopsiooueHHwmu. Tlpexnae dem 1aBaTh
TOYHOE OINpPEACJICHHE, MPUBEIEM HECKOJIBKO MPUMEPOB.

[Tpumep 1. B suuke JeKUT MHOXKECTBO KaMHEH, M CPEAM HUX HET JIBYX
KaMHe# OIMHAKOBOroO Beca. BOIBIM KaMHEM CUMTaeTcs TOT, KOTOPHBI TshKesee.

[pumep 2. Ha Muoxkecrse u3 33 pycckux OykB (cumras Oyksy E), Hasbl-
BAaEMOM PYCCKMM JIhaBUTOM, MMEETCS TOPSIOK, M3ydaeMblil B IKosie: Oykea A
MeHblle OykBbl b, kKoTOpast MeHbie OykBbl B, koTopast meHbiie Oyksol I, ...,
KOTOpas MeHble OYKBH E, KOTOpas MeHbIIE OYKBH E, KOTOpas MEHbIIE OYKBEI
K, ..., xoropas Merbie OykeH 10, xoTopas Mersiie OykBH S. (Jpyrmmu ciro-
BaMH, OOJIBIICH cuMTaeTcs OyKBa, KOTOpast WET JAIbIIE 10 aI(aBuTy.)

[Tpumep 3. Ha MHOXeCTBe BCEX CIJIOB PYCCKOTO SI3bIKA MOXKHO BBECTH a7l-
¢hasummulil TOPSJIOK, IPA KOTOPOM OOJIBIIM CUUTACTCS TO CJIOBO, KOTOPOE WAET
IO3KE B CJIOBape. DTO AeTaeTcs TaK: [jBa CJI0BAa CPABHUBAIOTCS 110 OYKBAM CJIEBA
HAIpaBo, TIOKA He OOHAPY)KaTCs pasHble OYKBHI; OO/BIIMM CUATAETCS TO CJIOBO,
Yy KOTOPOro cooTseTcTByolast Oyksa Oosisiie. Hanpumep, cioso KOT mensue
ciosa KOIIKA, nockopky 6yksa T Menbiie Oyksbl 111 (B cMbICiIe TIpeAbITyIIero
HIpUMEPA).

KOT
KOLWIKA

HMcuepneiBaroue Ji Hame onucanve ajagasutHoro nopsaaka? Ha camom peste Her,
MBI TIPOITYCTYIIN BKHBIA CJIydail: 4To Oy/IET, €CIIM OTHO CIOBO SBJISETCS HAYAJIOM
npyroro? Hare mpaBmino He roBopuTt, Kakoe 13 ciioB BOPOH u BOPOHA 6oup-
nre. B cioBapsx o6sraao passiie uaét BOPOH, v »To mpaBmwio Ha/0 BKIIOYUTH
B OMpeAesIcHHe aI(PaBUTHOrO MOPS/IKA: CJIOBO MPEALICCTBYET BCEM CBOMM IIPO-
JoskeHusM. [1o3ToMy, B 4aCTHOCTH, CJIOBO «M» OTKPHIBAET PasAesl CJIOBAps, B
KOTOPOM CJIOBA HAYMHAIOTCS HA OYKBY «I1».

[Mopsytok B cIOBape MHOT/IA HA3HIBAIOT JeKCuKoepaguyeckum (CIOBapH Co-
CTABJBIOT YYEHBIC-JIEKCUKOTPabl).
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IIpumep 4. Beegém HopsiIoK Ha Hapax HATYPAJIbHBIX YKMCEJI, HAIIOMMHAIO-
A CJIOBApHBIA: CHadajla CPAaBHMBACM IICPBBIC WICHHI AP, a B CJydac paBeH-
ctBa — Bropeie. Hanpumep, mapa (3,7) membiiie mapst (4, 5), TOCKOJIBKY y Hed
MeHblle TepBbit wieH (3 < 4). A mapa (4,9) GoJblie mapst (4, 6}, TIOCKOJIBKY
TIepBBIC WICHHI PaBHEL, a 9 > 6.

Hedrto nogoOHOe NpUMEHSIETCS] TP OIPEIE/ICHUH MODEAUTE/IS B HEKOTOPBIX
CITOPTUBHBIX TyPHUPAX: CPABHMBAETCS YHMCJIO OYKOB, a IIPH PABEHCTBE CPaBHUBA-
€TCs pa3’HUIA 3a0UTHIX W MPOMYIICHHBIX Mai0, MsTUYCH WM 4ero-HuOyAb Clig.

[Tocjie ATHX MIPUMEPOB JIAJIMM TOYHOE ONpe/Ie/ICHHE JIMHEHHOTo MOPsI/IKa.

OnpeaeJieHHe JMHEIHO YIOPsIIOYeHHOT0 MHOYKECTBA. [OBOPAT, YTO MHOKe-
CTBO JIUHEUHO YyNopsi004eHo, €Ciii Ha HEM 3a/IaH JIUHEUHbIIl NOPsIOOK, TO €CTh JUIsi
JIIOOBIX JIBYX Pa3jIMIHBIX JIEMEHTOB X,y 3TOTO MHOXECTBA OIPE/ICJICHO, KaKOi
13 HUX CUATACTCS OOJIBIIAM, 2 KAKOW — MEHBIM. TakuMm 00pasoM, /IS JIIOOBIX
X ¥ y UMEeT MECTO POBHO OJ[HA U3 TPEX BOZMOXKHOCTEH:

x<y XxX=y y<x
IIpy 5TOM AOMKHO BBIIOJIHATHCS TAKOE CBOMCTBO:

ecm x<ymy<z,10Xx<7Z

Kax 00bIuHO, MBI CuMTaeM BBIpaXKEHHsT X < ¥ (X MeHblIe y) uy > X (¥ 00JIB-
1€ X) CUHOHUMAaMU (OHM O3HAYAIOT OJHO U TO KE).

Bor mpumep, korja npuseiéHHOe yciioBue Hapyutaetcs. [Ipeamosoxum, 9ro
IIaXMATHBIA TYDHUD IIPOXOII B OJMH KPYI (KaXKIbIil UI'Pajl ¢ KaXK/IBIM IO pasy)
M HUYBMX HE OBbLI0. MOXHO JIM BBECTH Ha MHOXKECTBE IIAXMATHCTOB ITOPSI/IOK
Tak: WwaxMatucT X Oosiblue maxmatucra Y, ecs X Bemrpaia y Y B TypHupe?
BooOuie roBopsi, HET: BIIOJIHE BO3MOXKHO, YTO A Bhurpaia y b, b Bemrpan y B, a
B Bomrpast y A, U ycIoBHe JIMHEHHOTO MOPS/IKA He BBIIOIHEHO.

3aueM HyXHBI Bce 3T onpefesieHus? Ceffluac Mbl YBUIUM, 4TO OHA MOTYT
OBITh JCHCTBUTEJILHO ITOJIE3HBI TIPY PCIICHUH 3a/1au.

3amaua 18. [llepenra HoBoOpaHIeB (puc. 6) crout mepen crapumHoit. Crap-

Puc. 6. lllepenra HOBOOpaHLIEB: BHJ CBEPXY.

IrHa KOMaHAyeT: Hase-BO! Ho 1mo HeomsITHOCTH YacTh COJIAAT TIOBOPAYUBACTCA
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Puc. 7. Ilytanuna (OykBa yKa3bIBacT HAIPABJICHHUE MOBOPOTA).

HAJIEBO, @ YacTh — Hanpaso (puc. 7). [locse 3Toro Kaxmayio CeKyH 1y IPOUCXOTUT
BOT YTO: COJIJATHI, OKA3aBLIMECSI APYI K APYry JIMLOM, HOHUMAIOT, YTO IPOU30-
IJIa onmoKa, U 06a mopopadnBaioTcs kpyrom. (Hanprmmep, gepes cekynay mocie
puc. 7 xoHburypaims OyleT Takoil, Kak Ha puc. 8. Ha »ToM mOBOpPOTH He 3a-

> g B P

Puc. 8. Yepes cexynay

KOHYATCS: MOJIOXKEHUE ele depe3 CeKyHAy MOKa3aHoO Ha puc. 9, U Tak jJasee.)
Tpebyercs /l0Ka3aTh, YTO PAHO WJIM [103/[HO [IOBOPOTHI IIPEKPATSITCs (11PU JIFOOOM

< B B PP

Puc. 9. Yepes uBe cekyH/bI

9HCIIe COJI/IAT M IIPY JIIOOOM VX IIOJIOKCHHM IOCJIE KOMAH/IBI).

Pemenne. Ora 3ama9a mpesiarajach Ha OJHOM M3 OJIMMITMAJ M OKa3asach
BOBCE HE TAKOH y* MPOCTOM I ydacTHUKOB. Ho ¢ moMolbio MOHSTHS TTOpsIKa
€€ pelmTh JIErKo. by/ieM KoauMpoBaTh MOJIOKEHHE COJIAAT C HMOMOLIBIO IIOCJIE0-
patensHOCTH OykB JI u [1. Hanpumep, mosiokenvie Ha prc. 7 KOTUPYETCS Kak

IMITJI LTI,
TI0JIOKEHUE YEPE3 CEKYH[Y KOJUPYETCS KaK

OATLJIam,
4epes [Be CEKYHIbl — Kak

JITTJIT I,

" TaK Jajice.



Yrto npoucxoaut Ha kaxaoM mmare? [lo ycjioBuro 3agauu COJIAATHI, CTOSILME
HOC K HOCy (IIpH HallleM KOTMPOBAHWH ATO oOo3HadaeTcst kak [1J; Takve maper
TTOJT9EPKHYTH), TIOBOpaunBafoTCsA KpyroM. [Ipu »tom Oykee [1J] 3amensioTcs Ha
JIIT). Ha xaxk0M 1are poruCcXoUT HECKOJIBKO TAKHAX 3aMEH — CTOJIBKO, CKOJIBKO
ects rpynm TTL.

Tenepp ocTasoch ciesnaTh NMPOCTOE HAOIIOAEHHUE: MPU TAKMX 3aMEHax CJjIo-
BO YMEHBIIIAETCS C TOUKH 3peHus andaBuTHOro nopsakal B camom nene, mepas
ciea rpymma [1J] zamensercs va JIII, a 6ykea JI mensiie Oykeol [1 B andasur-
HOM Hopsjke. (3aMeHBl B APYTUX I'PYIIIaX Ha IOPSIOK He BJUAIOT.) IlosTomy ¢
KaK/I0f CeKyH/OM CJIOBO CTAHOBUTCSI BCE MEHBIIC M MCHBIIE, ¥ PAHO VLIH 103/
HO TIPOLIECC JOJIKEH OCTAHOBUTHCS, TAK KAK CYIIECTBYET JIMIIb KOHEYHOE YUCJIO
CJIOB JIaHHO# JiHbl 1 3 Oyks Jl u I1 (a umenHo, 2" — HO TOYHOE 3HAYECHUE
HaM ceidac He BaXKHO).

3a/jaya peleHa.

B 5roii 3aga4e MBI MCIIOJIB30BAIA TAKOE CBOKCTBO: HE CYLIECTBYET OECKOHEY-
HOM yOBIBatoliei (B cMpIciie aJhaBUTHOTO TTOPSAKA) TMOCIIEAOBATEIBHOCTH CJIOB
u3 n Oyxs JI u I1. (MsbI1 roBopum 0 «coax» u3 Oyks JI u I1: xOTs1 B pycCKOM s13bIKE
TAKUX CJIOB HET, 3TO HE MELIAET PACCMATPUBATD MHOXKECTBO TAKUX «CJIOBY € ayi(a-
BUTHBIM IIOPSIIKOM.) JpyIMMU CJIOBaMM, €CJIA Ha KaX/IOM IIare MBI YMEHBIIAeM
3JIEMEHT HallleTo JIMHEHHO YIIOPSTOYCHHOIO MHOXKECTBA, TO PaHO WIHM IIO3JHO
JIOJIKHBL OCTaHOBHUTBCS.

MHOXKECTBO C TAKMM CBOICTBOM HA3bIBACTCS «BIIOJHE YIOPSAOUECHHBIMY.

OrpeiesieHre BIOJIHE YIOPSII0UEHHOT0 MHOKECTBA. JIMHEMHO YIIOPSI0YCH-
HOEe MHOKECTBO M HazblBAIOT @NO/IHE YNOPsIOOUEHHbIM, €CJIU HE CyLIECTBYeT Oec-
KOHEUHOU yOBIBAIONICH OCIEI0BATEIEHOCTA

my > m > my > ...

€TI0 BJIEMCHTOB.

JUJ1 KOHEYHBIX MHOXKECTB MBI HE I10JIy49aeM HMYETO HOBOI'O, IIOCKOJIBKY B HUX
BOOOIIE HET OECKOHEYHOM MOC/IEIOBATEIFHOCTH PA3JIMIHBIX 3JieMeHTOB. Ho OnIBa-
IOT U OECKOHEYHBIC BIOJIHE YIOPSIOYEHHBIE MHOXKECTBA. [Ipex/ie Bcero, TakoBo
MHOXeCTBO N HaTypasibHBIX 4Kce/1 (BCIIOMHUM IPYHLIMII HAUMEHBIIETO YMC/IA).

BrioJize yropsjodeHHBIe MHOMKECTBA UTPAIOT BKHYIO POJIb (HAa HUX OCHOBAHO
0000IIeHIe MAaTeMATUICCKOI MHIYKIAY, HasHBACMOE MPAHCEHUHUMHOL UHOYK-
yueti). Mpl He OyJIeM TOBOPHUTH 00 3TOM MOAPOOHO; O TPAHC(HUHUTHON MHIYKIN
MOXHO TIpouecTh B KHIDKKe «Hauana teopun mHOxecTB» (aBToper H. K. Bepera-
ruH 1 A. lllens, Mocksa, mgareascteo MLIHMO, 2007, cBoboano pacnpocTtpa-
HACTCS B 2IEKTPOHHOH (popMe, ftp://mccme.ru/users/shen/logic/sets).
INpuseéM Jmim OpUMep 3a8adu, Ie 3TO IIOHATHE HOJIE3HO.
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3agaga 19. Ha gocke Hanucana nocsegoBaressocts 01010. C Heit paspera-
€TCsI BHITIOJTHATH TaKOE JISAICTBIE: B JIFOOOM MECTE MOKHO 3aMeHUTH Tpyrmty 10 Ha
rpymmy 000...0001 (ckoJIbKO YroIHO HyJICH M OfHa €JIuHMIa). JlokazaTh, 4To
DTO JIEACTBUAE MOXKHO BBIIOJHUTH JIMIIb KOHEYHOE YKCJIO Pa3 (paHo WIM II03/IHO
MBI IPHEM K 10CJIEIOBATEIBHOCTH, B KOTOPOI €TMHUIIBI CTOST CIPaBa OT HYJIEH,
U JICMCTBUE BBITIOJIHUTL HEJIb3S).

Pemenwue. TIpexae Bcero 3aMeTiM, UTO B JIIOO0M MOMEHT B TIOCJICTOBATE b~
HOCTH Oy/IeT POBHO JBE €/IMHWIIHI, HMOCKOJIBKY CIIMHUIILI He TOABILIOTCS W HE
rucue3aloT. Mg cripaBa HaJIeBO, IOCMOTPUAM, HA KaKMX MECTAaX CTOST DTU €/IUHU-
el [losmydarcst 1Ba HATYpAIBHBIX UKCTIA.

Hanpumep, mia ucxoanoit nocaenosareasnocty 01010 mosryunres napa uu-
cest (2,4), a nns nocaesosarebHoctn 0100000001, kortopast HoJydyacTcs: U3
He€ 3aMeHoit Bropoit rpyrmm 10 ma 0000001, mosaydurcs mapa (1,9) (equrmmimt
CTOSIT Ha IEPBOM U JIEBSITOM MECTaX, CUUTasl CIIpaBa).

Teneps 7151 pernieHust 3aa9M OCTAJIOCh JOKA3aTh JIBE BEIIM:

(a) Tpu KaXTOM TIpeoOPA3OBAHNM TIapa YWICENT YMEHBINACTCS C TOYKW 3PEHUS
OIIPEIEJIEHHOr0 HAMU MOPsI/IKa (CHAayasIa CPABHUABACM IIE€PBBIC YJIEHBI 1ap, 4 3aTEM
BTOPHIE);

(0) MHOXECTBO AP HATYPAJIbHBIX YMCEJI C STUM IOPSLIKOM SIBJISIETCS BIIOJIHE
YIIOPSITOYEHHBIM (M TIOTOMY T1apa He MOXKET yMEHBIIAThCS OECKOHETHO MHOTO pa3
TIOZIPSITT) .

O0a 31X yTBEpXK/IEHUs N0Ka3aTh HECJI0%KHO. Ecim npeobpas3oBanue 3arparu-
BacT IPaBYIO eAWHMITY (KaK B PACCMOTPEHHOM IIpUMEpe), TO OHA TIPUOJIIKACTCS
K IIPaBOMY Kpalo, NEPECKAKUBASL 4epe3 HyJib (KOTOPBIA IIPH 3TOM Pa3sMHOXKAcT-
cs1). [Ipu 5TOM HEpBBIA WIEH Haphl YMEHBUIAETCS HA €JUHUILY, @ BTOPOH MOXKET
BO3pacT (Ha CKOJIBKO MMEHHO — 3aBHCHT OT YHMCJIA JOOaBJICHHBIX HyJeit). Ho
IO OTIPE/CJ/ICHUIO TOPSAKA (CPAaBHUBAIOTCS CHAYAJIA TIEPBHIC WICHHI, 4 IIOTOM BTO-
phie), POCT BTOPOro WieHa He WIPAacT POJIM: pa3 MEepBHI WICH yMEHBIIAETCS,
YMCHBIIAETCS U T1apa.

Ecmm e mpeoOpazoBaHue 3aTparvBacT JICBYIO CIUHUITY, TO TpaBasi OCTaéTcs
Ha MeCTe U NOTOMY TEPBBIM WICH Maphl HE MeHsieTcd. BTopoit uieH mpu 3ToM
YMEHBILIACTCS] Ha ¢AMHMLLY, TIOCKOJIbKY JICBasl €IMHNIIA IEPENPEITUBACT Yepe3 CTOo-
AU CIpaBa OT HEE HyJIb.

Urak, yrBepxkacHue (a) gokazaHo. IlokakeM Tereph, 9TO MHOMKECTBO Iap
BITOJTHE YIIOPSIOYCHO, TO €CTh UTO HE CYIECTBYET DECKOHEUHOM ITOCIIC0BATEIIh-
HOCTH TIap

(al, b1> > <az, b2> > <03, b3> > ...

(c TOUKHM 3peHMsI BBEAECHHOTO Ha mapax mopsaka). IlycTe Takad mociegoBaTe -
HOCTh €CTh. Torja mepBble WICHH MAp 00pasyloT HEBO3PACTAOIIYIO IMOCIIeI0Ba-
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TEJBHOCTD:
mzapzaz...

(IOCKOJILKY BO3PACTaHUE HEPBOTO WIEHA Iaphl 0€3yC/I0BHO O3HAYAET BO3PACTaHUE
napnol). B 57101 HeBO3pacTaloIel 10C/Ie10BATE/IbHOCTY HATYPAJIbHBIX YMCEJ] MOKET
OBITh JIMIIb KOHEYHOE YHCJI0 CTPOIMX HEPABEHCTB: HATYpaJbHOE UHCIO HEJIb3S
YMEHBIIATE OECKOHEYHO MHOIO pas. 3HauWT, HauMHAs C HEKOToporo mecra NV,
BCE IEPBHIC YICHBI TIAP PAaBHBI:

ay = dNy+1 = dNg2 = - ..

Toraa nopaa0k Ha Mapax LEJIUKOM OMPEAC/ISETCS BTOPHIMU WICHAMU, U IIO3TOMY
C PTOro MecTa BTOPhIe WICHH Hap yosBaoT. Ho 3T0 TIpomoiiKaThess 6€CKOHCUHO
He MOXKeT.

3ajaya pelleHa.

Emé meckoJbKo 3ajau

3agaga 20. IlnockocTs paspe3aHa HAa YacTH R TPSIMBIMU, TIPUYEM n > 3 u
He BCE MpsIMBIE MPOXOJAAT dYepe3 OAHYy TOuKy. JlokaszaTe, 4To XOTs OBI OqHA W3
YaCTEe — TPEYIrOJIbHUK.

3amava 21. Jloka3ars, uto (a) JJIs TIEPEKJIAIBIBAHMST XaHONCKOI OalltHu 13 1
KOJIEII C OJJHOI MAJIOUKH HA APYTYIO T0CTAaTOUHO 2" — 1 aedicTBuit 1 uto (6) MeHb-
IIAM YUCJIOM JCUCTBUI HE OOONUTHCH.

3amaua 22. Jlokazath, 4TO \/ 6+1/6+V6+ V6 < 3, a TAKKe aHAJIOTUYHOE

YTBEPXKICHU [/ JIFOOOTO YUC/Ia KOPHEl.

3agava 23. Jlokaszars, yro cymma 1+ 1/2 4+ ... 4+ 1/k moxer OwiTh criena-
Ha 0oJibllie JII00Oro Harepéd 3aJaHHOTO YMCJIA 71, €CJIM Kk BBIOpAaTh JOCTATOYHO
OOJIBILINM.

3agaua 24. OyH BBITYKJIbII MHOI'OYTOJIPHUK HAXOAUTCS BHYTPU Apyroro. [Jo-
Ka3aTb, YTO MEPUMETP BHYTPEHHEr0 MHOTOYTOJIBHMKA MEHBLIC TIEPHMETPa BHEIII-
HEro MHOTOYTOJIBHUKA.

3agauya 25. Ha cKoJIbKO YacTeil JeJIST IUIOCKOCTh 7 NIPSIMBIX, HUKAKUE JIBE U3
KOTOPBIX HE MapaJlJIeJIbH U HUKAKVE TPU HE TPOXO/ST depe3 OTHY TOUKY?

3amaua 26. Jlokazars, 9TO KBaJpaT MOXKHO pa3pe3arh Ha 1 KBAJpaToB (BO3-
MOYXHO, Pa3sHBIX pasMepoB) IIpH JIIOOOM 1 > 6.

3amava 27. Jlokas3ats, 4TO /151 JTIOOOTO LEJIOTO 71 > 3 MOXKHO HAWTH N pa3ind-

HBIX HCJIBIX ITOJIOKUTCJIBHBIX YHUCEJI, CYMMa KOTOPBIX HAIICJIO ACJIUTCS HAa KaXXI0€
13 9UCCJI.
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3agaga 28. Mmeercst mo oguoit rupe B 1,3,9,27,81, ... rpammos (kaxkaas
cJlelyIolias BTpoe TsoKejiee Ipeablayleii). JlokasaTh, 9To ¢ MX IOMOIIBIO MOKHO
YPaBHOBECUTH JIFOOOH I'Py3, BECALIMNA 11eJI0€ 9HCIO I'PAMMOB, €CJIU paspeliaeTcs
KJIaCTh TMPU Ha 00€ YallK¥ DBIYAXHBIX BECOB.

3azaua 29. Yucio

1
X+ =
X
SIBJISICTCS 1ICJIBIM. HOKaSaTL, qTO yuciia
1 1 1
X2+7, X4+7, X8+*8, X16+7,--~
X X X X

TOXE OY/yT IIEJTBIMH.

3amava 30 (npogossxenne). JlokazaTh, YTO YUCIIO

1
n
X"+ )CT
OyIeT 1eJIbIM Tipu Jiiobom n = 2,3,4,5,6. ..
3agaua 31. loxasare, uto 2" > nmpu Bcex n =1,2,3,4, ...

3amaua 32. Uncna Oubonawaw orpeaessmoTcs GopMyIaMu
=1, EKE=1 F,=FK 1+F_,upun>3.

HoxkazaTs, 91O
1,5" < Frpy <2
npu Bcex n =1,2,3,4...

3amaga 33. Jloka3aTh, YTO KOJIMYECTBO PA3IMIHBIX cjoB m3 n Oyks JI u 11
pasHoO 2.

3amaua 34. Ha gocke marmcano cioso w3 n 0yks JI u I1. 3a oquH X0 MOXHO
m3MeHUTh ofHy OykBy (3amenwth JI Ha Il wmm Haobopot). [okazate, 4ro 3a
HECKOJIBKO XOIOB MOXHO TTOJIyYHTh Ha JOCKe (O/HO 3a ApYyrmM) Bce 2" cJIoB,
NMPUYEM HUKAKOE CJIOBO HE BCTPETHUTCS JBAXKIBI.

3amaua 35. lokazarh, 9TO KOJMIECTBO PasiMIHBIX cJioB w3 n Oyks Jl u I1, B
KOTOPBIX OyKBHI JI He WAyT OAPSA] IPYT 3a APYroM, paBHO Fj ;.

3agaga 36. Jloka3arb, 4TO HIPSMOYIOJIBHUK 2 X 1 MOXHO pa3pe3arh Ha Ips-
MOYTOJBHUKH 1 X 2 poBHO F,41 criocobamu.

3amava 37. Jlokaszats, uro (mpu Bcex n = 2,3,4,...)

FF+Fh+F+...+F =Fh—1.

31



3agaga 38. Jlokasats, uro (mpu jnobom n = 3,4,5,...) cymMMa YIJIOB BbI-
IyKJIOTO H-YTOJIBHUKA paBHa (n — 2) - 180°.

3agaga 39. B kojioHuIO OakTepuii momajaer BuUpyc. B mepBylo MUHYTY OH
YHIUITOXAET OFHY OAKTEpPHIO U JICJIATCS IIOMOJIAM, 2 OCTABIIMECS OAKTEPHUM TOXe
JeJIsiTcs IIooJIaM. 3a BTOPYIO MUHYTY [Ba BUpyca YHUYTOXKAIOT [Be GaKTepuu
U JeJIaTcs nonoiaM (BCero HosIydaeTcsl YeThipe BUPYcCa), OCTaBIMecs: GaKTepuu
TOXKE JICJISTCS TIOTOJIaM, M TaK Aajee. BeIMpeT Ji KOJIoHuUsT OakTepwit?

3apaua 40. Jlokazath, 9To KBagpat 2" X 2", B KOTOpOM BHIpe3aHa Jir0oast (He
00s3aTEJIPHO YTJIOBast) KJIETKA, MOXKHO paspe3aTh HA YIOJKHU U3 TPEX KIIETOK.

3agaua 41. [TokazaTth HEPABEHCTBO

5 2n—1 _ 1
6 " 2n NG

(Ykazanvie: MoJIe3HO YCHJIMTH HEPABCHCTBO, 3aMEHUB B TIPaBOi 4acTu 7 Ha n+1.)

o=
Al

3agaga 42. 3apady 0 HOBOOPAHLIAX MOKHO PEILIUTh U JPYTMM CIIOCOOOM, HH-
JYKLMEH 10 4ucily cojiiar. B camom jelie, KpailHUil cos11aT [OBOPAYMBACTCS HE
GoJiee OJTHOTO pa3a, IOCJE Yero OCTAETCS BOCHOIBE30BATHCS TIPE/IIOJIOKCHIEM HH-
ayknym. [IpoBectr 3T0 paccyskieHne IopoOHO.

3agaua 43. Tloka3arh, 4TO B 33/la4€ C N COJJIATAMU TOBOPOTHL MOTYT HPO-
JUThCsT He Oostee 10n cekyHS.

3amava 44. Pemuts 3agady 19 111 NpoM3BOILHOM HAYAJIbHON TIOCIECAOBATEIIb-
HOCTHY HYJICH 1 eIMHUIT (HE 00s3aTE/IFHO C JIByMS CIMHAIIAMHE).

3agaua 45. Jlokasarb, 4TO JMHENHO YIOPsAOYEHHOE MHOXeCcTBO M sBiser-
CsI BIIOJIHE YHOPSTOYCHHBIM TOTZIa U TOJBKO TOTZA, KOTJA JIo0oe HEMycToe ero
MOMHOKECTBO X MMeeT HAVMCHBIIMIL BJIEMEHT (DIeMEHT, MEHBIIII BCEX APYTUX
DIIEMEHTOB MHOXeCTBa X ).

3amaua 46. BrsHecMeH 3aKTIOUIII ¢ YEPTOM TaKYIO CACJIKY: OH MOKET JTIIOOVIO
MMEIONIYIOCS Y HETO KYIMOpY OOMEHSITh y Y4€pTa Ha JI0O0H HAOOp KyIIop JIDOOTOo
MEHBIIIETO JOCTOMHCTBA (TI0 CBOEMY BBIOOpY, 0€3 OrpaHWYEHUs OOIIEl CYyMMBI).
OH MOXET TaKKe TPAaTUTh JCHBIU, HO HE MOXET IOJIydYaTh MX B JPYTOM MECTE
(xpome kak y uépra). [Ipy 3TOM Ka)/TBIi ICHb HA €1y eMy Hy»XeH pyOsb. CMoxeT
JI OH TakK WTh OCCKOHEYHO JTOJITO?
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