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1965 —

1970 —

1975 —

1980 —

1985 —

1990 —

1995 —

2000 —

2005 —

2010 —

2015 —

B EXMHU

dbopmMympoBKa npuHIuIa GEeHOMEHOJIOIMUECKOi CUMMETPIN
nccsieioBanne (pU3MIecKux CcTpykTyp panra (2,2) u (3,2)
Kiaccudukaiya GU3HICCKUX CTPYKTYD IIPOU3BOILHOIO PAHTa

KJIaccuukays (peHOMEHOJIOINIeCKN CUMMETPUYHBIX JIBYMEP-

HbIX TeoMeTpuil panra 4 Ha OJJTHOM MHOXKeCTBe
UCCJIeJIOBAHNE IPYIIIOBLIX CBOMCTB (PU3NIECKUX CTPYKTYP

KJ1accupukaymss (PeHOMEHOJIOIMIECKI CUMMETPUIHBIX TPEeXMep-

HbIX MeOMETpUil paHra 5 Ha OJJTHOM MHOXKECTBE

orpesiesIeHe MOJNMETPUIECKNX (PU3NIECKIX CTPYKTYP U MX

K.H&CCI/ICbI/IKaLLI/IH JJId HEKOTOPLIX PaHI'OB

ncc/ie/loBaHme aaredpamdeckiux CBONCTB abCTPaKTHBIX (pusmde-

CKUX CTPYKTYD Ha MHOXKECTBAX IPOU3BOJIbHOI NIPUPOJIHI

BbIXOJ B cBeT MoHorpadun "Teopus duszmdyeckux crpykryp"
Kynakosa FO.1. (847 ctp. ¢ mi.)

nccesieJoBanne rmioTe3bl BJIOZKCHU A CbI/ISI/I‘{eCKI/IX CTPYKTYDP

B CTPYKTYPhI 00Jiee BBICOKOI'O paHra

BbIBO/, YpaBHECHUA CbeHOMeHO.HOFI/ILIeCKOI‘/JI CUMMETPpUU AJId HEKO-

TOPBIX TPEXMEPHbIX MeOMeTpUii

P.S. — 6osiee nosinast napopMaIius o Teopun (PU3NIECKUX CTPYKTYP

pasmertena Ha caiite TOC ( http://www.tphs.info )
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LANDMARIKSS

1965 — the principle of phenomenological symmetry formulated
1970 — research of the physical structures of rank (2,2) and (3,2)
1975 — classification of physical structures of arbitrary rank

1980 — classification of phenomenologically symmetric two-

dimensional geometries of rank 4 on one set
1985 — research of the group properties of physical structures

1990 — classification of phenomenologically symmetric three-

dimensional geometries of rank 5 on one set

1995 — definition of polymetric physical structures and their

classification for some ranks

2000 — research of some algebraic properties of abstract physical

structures on sets of arbitrary nature

2005 — publication of the monograph "Theory of Physical Structures"
by Yu. I. Kulakov (847 pp. with il., Russian)

2010 — research of the hypothesis of enclosure of physical structures

in structures of higher ranks

2015 — equation of phenomenological symmetry for some

three-dimensional geometries derived

P.S. — more information about the theory of physical structures
is to be found on the site TPS ( http://www.tphs.info )
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[IeuaTaercs 1o peaeHnio peaaKIInOHHO-N3/1aTC/ILCKOI'O COBETa

['opHo-AjTaiickoro rocyHuBepcuTeTa

YIK 514.1  BbbK 223 M 69

I'.I". MuxaiindeHKO

Maremarndeckue OcHoBbl 1 Pe3ynbrarbl Teopun ®@Pusmyeckux
Crpykryp: Monorpadus / I'I. Muxaiiinaenxo — [opuo-Asrraiick: PO
AT, 2016, - 297 c.

ISBN 978-5-91425-079-6
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pos (MI'V); nokrop dus.-mar. wHayk, B.H.c. E.E. Buraes (UM CO PAH);
KaHmuaar ¢pus.-mar. Hayk, jgorneat B.A. Keipos (I'ATY)

Teopust dpusudecknx crpykryp (TPC) 66118 MpeIozKeHa mpodeccopom
FO.U. KysrakoBbIM Jij1st Kjtaccudukaium 3aKoHoB pu3nky. VlcTopusi BOSHUK-
HOBEHMS W PAa3BUTHUsI ITONH TEOPUU JOCTATOYHO IMOJIPOOHO M3JI0KEHA B €ro
moHorpaduu [1]. Pusnueckas cTpyKTypa IpejcTaBisieT coboil reoMerpuio
OJIHOT'O MJIN JIBYX MHOXKECTB, MeTpudeckast (pyHKIMA KOTOPOI 1ape To4YeK
conoctapiger 4dncio. Ee dpenomenosnornyueckast cummerpusi o KysrakoBy
O3HAYAET, ITO JIJIsT JII0OOI COBOKYITHOCTH HEKOTOPOI'O KOHEUHOIO IHCJIa TO-
YeK BCe UX B3aMMHbBIE PACCTOTHIA (PYHKIIMOHAIBHO CBsA3aHbl. TaKme reoMer-
pUH HaJIeJIEHbI IPYIIIOBOI cuMMeTpueit 1o Kiieitiy, KoTopasi SKBUBaJIEHTHA,
eHoMeHOIOrnYecKoil CUMMETPUN, 1 MHOI'HE U3 HUX UMEIOT COJIePrKaTelb-
Hy10 (bu3mdecKyio nareprperanuio. [loaromy, mpexiie Bcero, OHI A0JIZKHBI
ObITb TOYHO OIIPE/IEJICHBl 1 IOJPOOHO M3YUEHbI KaK YUCTO MaTeMaTHude-
cKie 00BbeKThI. B JlaHHON KHHUTe HpejcTaBieHbl MaTeMaTUudecKine OCHOBBI
U IOJIyYeHHbIE K HACTOAIIEMY BPEMEHH KJacCu(pUKAIMOHHBIE PE3Y/IbTaThl
TOC. Knura ajipecoBaHa HaydIHBIM COTPY/HUKAM H IPEIOIABATEISIM, aC-
IpaHTaM U CTYJIEHTaM CTapIIX KypPCOB, BCEM T€M, UbH MHTEPECHI JIesKAT
B 00J1aCTU aJIreOPbl, TEOMETPUH U TEOPETUIECKON (PU3MKU, KOTOPbIE XOTE N
Obl ucrosib3oBaTh TOC B cBOUX MCCACIOBAHNAX I BHECTH CBOW BKJIAJ B

pa3BUTHE ee MaTeMaTHyeckoro ammapara ( ¢M. Ha cafite arXiv 1o ajpecy
https://arxiv.org/pdf/1602.02795 ).

(© I''T". Muxaitmaenko, 2016
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BBEJIEHUE

st mmoctpanyu peHOMEHOJIOTHYEeCKOl U I'PYIIIOBOI CHMMeTpuil B
OOBIUHOW TEOMETPHUH, & TaKyKe CBI3M MEXKJy HUME, PACCMOTPHUM CHada-
Ja 10cKocTh EBKimga. B jiekapToBoit mpsiMOyTOJIbHOM cucteMe KOOp/Iu-

nar (z,y) KBajgpaT paccTosduus p(ij) MeXkKIy JIOOBIMU JIBYMS €€ TOUKAMH
i = (x;,yi) 1 j = (x;,y;) 3anaercsa QyHKIHeE

fig) = p*(ig) = (i — 2))* + (v — y;)*. (B.1)

BosbmeM deTbipe MpOM3BOJIbHBIE TOYKN 4, j, k, | 1 3amuimem st HUX

mecTh 3Hadennii merpudeckoit dynknnn (B.1): f(ij), f(ik), f(il), f(5k),

f(50), f(kl). Xoporo m3BecTHO, UTO TIECTh B3AUMHBIX PACCTOSTHUN MeXK-

Iy JIIOOBIMU YETbIPbMA TOYKaMMN eBKI[I/I,ZLOBOfI IIJIOCKOCTHU beHKI_H/IOHaJIbHO

CBsi3aHbI, OOpallas B HYJb olpejeanTe/b Kau-MeHrepa nsitoro nopsikas

0 1 1 1 1
L0 ) fk) FGD)
LfG) 0 fGR) PG | =0 (B.2)
L fGR) FGR) 0 F(R)

LJG) FGL FGR) 0

[eomerpudeckuii embicst cootrorernst (B.2) cocrout B TOoM, 910 00bEM

TeTpa’ipa ¢ BEPIINHAMH, JIEJKAIIMI Ha MJIOCKOCTH, PaBEH HYJIIO.

B coorsercrun ¢ repmunosiorneii FO.U. Kynaxosa 2] coornormenne (B.2),
crpaBejinBoe Jijist Jiio0oit dersepku (ijkl), BbIpazkaeT (heHOMEeHOJIornYe-
CKYIO CUMMETPUIO €BKJINJIOBOI MJIOCKOCTH.

[To merpudaeckoit dynknuun (B.1) MoKHO HAHTH MHOXKECTBO JIBUKEHUIT
IJIOCKOCTN EBKIHMIA, TO €CTh TaKNX IJIQJIKIX U 0OpaTHMBIX ee IIpeobpaszo-

BaHUil
= Nz,y), v =o(z,y), (B.3)
OTHOCHUTEJIbHO KOTOPBIX 9Ta (hyHKIus coxpansercst: f(i'j") = f(ij).

JeiicTBuTeIbHO, eci peobpasosanne (B.3) siBisiercst jaBukeHmem, To

TJIs ero (PYHKIWH A 1 ¢ nojtydaeM (hYyHKITMOHAJILHOE YpaBHEHNe

(A@) = A(G))* + (o) = 0(1))* = (@i — 2)* + (yi — y3)°,
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INTRODUCTION

To illustrate phenomenological and group symmetries in ordinary geometry
as well as their relation, let us first take Euclidean plane. In the Cartesian
rectangular coordinate system (z, y) the squared distance p(ij) between any

two points i = (x;,¥;) and j = (x;,y;) of it is determined by the function
fig) = p*(ig) = (2 — ;)° + (i — y5)*. (B.1)

We shall take four arbitrary points ¢, 7, k, [ and write six values of the
metric function (B.1): f(ij), f(ik), f(il), f(jk), f(50), f(kl) for them. It
is well known that the six reciprocal distances among any four points of

an Euclidean plane are functionally related, turning into zero the Cayly-
Menger determinant of the fifth order:

0 1 1 1 1
L0 f) Sk fGD)
L fG) 0 fGk) FGD | =0, (B.2)
L fGk) FGR) 0 f(R)
LFG) FGD f) 0

The geometrical meaning of the relation (B.2) is in that the volume of a
tetrahedron with all the apices in one plane is equal to zero.

Under Yu.l. Kulakov’s terms [2], the relation (B.2), that is true for any
quadruple of points (ijkl), expresses the phenomenological symmetry of
Euclidean plane.

By the metric function (B.1), it is possible to find the set of motions of

Euclidean plane, i.e. the set of such smooth and invertible transformations

xl = )\(x,y), y/ = O’(SU,y), (BB)

of it with respect to which the function is preserved: f(i'5") = f(ij).
Indeed, if the transformation (B.3) is a motion, then for the functions A

and o of it we have the functional relation

(A@) = A7) + (0 (i) = 0 (1) = (25 — 2))* + (v — )",
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e, Hanpumep, A(i) = A(x;, y;). CBojist 9T0 ypaBHeHue K cucreme QyHKIIHO-
HaJIbHO- (D dEepeHINATLHBIX COOTHOIICHUIT, MOXKHO HAilTH BCe €ro perie-

HUSA:
Az,y) = ax — by + ¢,

(B.4)
o(z,y) =br+ecay+d,

rie € = +1; a®> + b> = 1, ¢, d — Tpou3BOJIBHBIC TIOCTOSHHBIC.

MuozkectBo Beex npmxennit (B.3) ¢ dyuknusamu (B.4) ssisercst rpyt-
IO, OTpeIeIAoIIeil IPYNIoBYI0 cuMMeTpuio miockocT Eskinma. C apy-
roit CTOPOHBI, 9Ta TpexnapaMeTpudeckas rpyIia mpeodpaszoBaHuil Koop -
HATHOM TI0CKOCTH (,Yy) 3amaer Ha meit o @.Kureiiny [3| eBkinmoBy reo-
merputo. B gactHOoCTH, MeTprueckast dyuKImst f(i7) MoxKeT ObITH HalijeHa

perrenneM QyHKIINOHAIBHOIO YPaBHEHUSI
f(xga y£7 .CE‘;, y;) = f(xu Yi, Lyj, y])

KakK ee JIByXTouedHblil nHBapuant. OOIee perreHne 3Toro ypaBHEHUsI COB-
najiaer ¢ Mmerpudeckoii pyukiweii (B.1) ¢ TouHocTbO 10 MACIITabHOTO TIpe-
obpa3oBaHUs:

Fig) = d((xs — 25)* + (v — y3)*),
rJie 1) — IPOu3BOJIbHAS (DYHKIUS OJIHOI ITepeMEeHHOI.

BrisichuM, nmeetcsi Jin ¢Bsi3b (DEHOMEHOJIOIMIECKON U TPYIIIOBOI CHM-
MeTPpUil Jijid IPOU3BOJILHON IIJIOCKOIl FeOMeTPHUN, 3a/1aBACMOl METPUIECKOI
dynxmmeit

fig) = fxi, vi, w5, 95), (B.5)
obobraroreit Beipazkenue (B.1).

2Kectkast dpurypa Ha II0CKOCTH IIPU JIFOOOM pa3yMHOM OIIPeIeJIeHUN 110-
HSITHUST JIBUYKEHIsT IMeeT TPU cTereHn ¢cBoOo1bl. BozbMeM 4eThIpexTouedHy o
dburypy (ijkl). Kaxaasa ee Touka 3a1aercs IBYyMs KOODIUMHATAMU, & BCA
dburypa — Bocembio. Ilects snadenuit Gyukinuu (B.5) mis sroit durypst
JIOJIZKHBI ObITh 3aBUCUMBI, TaK KaK, MHaUe, YUCJIO ee cTereHeir ¢cBoOo bl Oy-
JIET paBHO TOJBKO JIBYM: 8 — 6 = 2. Takum obpasoM, Jijist 1000l YeTBepKu

(ijkl) mo/mKHA CyMecTBOBATH (DYHKIIMOHAIbHASI CBA3b
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where, for example, \(i) = A(z;,y;). By way of reducing that equation
to a system of functional differential relations, it is possible to find all its

solutions:

AMz,y) = ax — eby + ¢, } (B.4)

o(x,y) =br+eay+d,
where € = +1; a® + b> = 1, ¢, d are arbitrary constants.

The set of all the motions (B.3) with the functions (B.4) is a group that
determines the group symmetry of Euclidean plane. On the other hand, that
three-parameter group of transformations of the coordinate plane (x,y)
defines on it, under F. Klein [3|, an Euclidean geometry. In particular,
the metric function f(ij) may be found by way of solving the functional
equation

f(x;7y:7x;7y;) = f(xzaywxjay])

as its two-point invariant. The general solution of that equation coincides

with the metric function (B.1) with an accuracy up to a scaling transformation:
Fig) = d((xs — 2)* + (i — 93)%),

where 1) is an arbitrary function of one variable.

Let us check whether there exists any relation of the phenomenological
and group symmetries of an arbitrary planar geometry defined by the metric
function

f(i5) :f(xiayiaxjvyj)v (B'5>
that generalizes the expression (B.1).

A rigid figure on a plane, under any reasonable definition of the notion
of motion has three degrees of freedom. Let us consider a four-point figure
(1jkl). Every point of it is defined by two coordinates, and the figure on the
whole — by eight. The six values of the function (B.5) for that figure must
be dependent, because otherwise the number of its degrees of freedom will
only be as few as two: 8 —6 = 2. Thus, for any quadruple (ijkl) there must

exist a functional relation
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BBIPAYKAIONIAA  (PEHOMEHONO2UNECKYIO CUMMEMPUIO TIIIOCKOH TECOMETPHU C
meTpuaeckoit dyuxmueit (B.5).

[IpocThie coobpazKeHust MPUBOJISIT TAKIKE K BBIBOILY O TOM, UTO €CJIN UMe-
er Mecto cBsi3b (B.6), To cymecTByeT TpexmapaMeTpruuecKast IpyIa JBU-

JKEeHUI:
/

_ 1.2 3
= Nx,y;a',a*, a’), (B.7)
/I .1 2 3 ’

y —a(x,y,a ,CL 70’ ) )
OTHOCUTEJILHO KOTOPOi MeTpudeckast dpyukius (B.5) sBisercs aByxroued-

ubiM uaBapuantom: f(i'j") = f(ij) nmu

f()\(i),(f(i), )‘(])7 U(])) - f(ﬂfi,yi;xj:yj)a (B'S)

riie, Hanpumep, (i) = X(x;, yi; at, a?, a®).

MmuoxkecTBO Beex japukenuit (B.7) onpenensier epynnosyio cummempuio
IJIOCKOfT TeoMeTpun ¢ MeTpudeckoii dyukimeii (B.5).

3aMeTnM, UTO MPUBEICHHbBIE BBIITE COOOPAXKEeHNs O CBA3U (PEHOMEHOJIOT -
YeCKOM 1 IPYIIITOBON CHMMETPHiT IPUMEHIMbBI He TOJIBKO B OTHONIEHIH ILJI0C-
kocTu EBK/M/Ia, HO U B OTHOIIEHUN JIDYTUX JIBYMEPHBIX NCOMETPH (TLI0C-
kKocTn JIobadueBckoro, miockocT MUHKOBCKOTO, CUMILIEKTUYECKO TL/TOCKO-
cTi, OOBIYHON JIByMepHOIT chephl 1 T.J1.).

['.Tesbmronbi B cBoeit pabore "O daxTax, jexKammux B OCHOBAHIN IeO-
merpun" [4] BbICKa3aJ1 peJIoiozKenne, 9To MeTpruaeckasi (byHKIUsT 1n-Mep-
HOTI'O TIPOCTPAHCTBA HE MOYKET ObITH IIPOM3BOJILHOM €C/I B HEM TBEpPJIOe Te-
70 mmeet n(n + 1) /2 creneneit cBobonbl. Ho B TakoM cirydae MexK/ Iy BecemMn
B3AMMHBIMU PACCTOSTHUSIMU JIJIsI 1 + 2 TOYeK TBEPOro Tesa JOJZKHa, CyIile-
CTBOBATh (DYHKIIMOHAIbHAS CBSI3b, TAK KaK IIPU €€ OTCYTCTBUH YNCJI0 CTelle-
Heit ¢cBOOOJIbI (1 + 2)-TOUedHOli KeCTKOH (DUTYPBHI ¢ OOIINM PACIIOIOKEHTEM
TOYEK, JIBUKCHIE KOTOPOI OJIHO3HATHO OIpEJIesIsieT JIBUKEHIE BCEIO TBEP-
JIOTO TeJjia, YMEHBIINTCS POBHO Ha eJuHMIly. [lo9TOMYy ecTecTBEHHO ObLIO
HPEIION0KNATE, YTO 1 (PEHOMEHOJIOITIeCcKas CUMMETPHS N-MEPHOIO Ipo-
CTPAHCTBa HEBO3MOXKHA, IIPK 1IPOU3BOJILHON MeTpudeckoit (qpyHkimu. s
n =1wun = 2310 6610 ycTaHOBIEHO B paborax asropa [5] u [6], a s
n = 3 — B pabore B.X.JIena [7].

3aMeTnM ere, ITo 3a/a9y KaaccuuKain BeexX MIOCKUX (JBYMEPHbIX )

reoMeTpuii, B KOTOPhIX 'Mosioykenne purypbl 3a/1aeTcsi TPeMs yCJIoBUAME ',
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that expresses the phenomenological symmetry of the planar geometry with
the metric function (B.5).
By virtue of simple considerations the existence of a relation (B.6) implies

the existence of a three-parameter group of motions:

(B.7)

' = Nz, y;al,a? a?),

with respect to which the metric function (B.5) is a two-point invariant:

f@5') = f(ij) or
f()‘(z)a U(i)v )‘(])7 J(])) - f(xiayhxﬁyj)v (B'S)

where, for example, A(i) = Az, yi; at, a?, a®).

The set of all the motions (B.7) defines the group symmetry of the planar
geometry with the metric function (B.5).

We shall note that the above considerations concerning the relation bet-
ween the phenomenological and group symmetries are not only applicable to
Euclidean plane, but to other two-dimensional geometries (the Lobachevski
plane, the Minkowski plane, the simplectic plane, the ordinary two-dimensio-
nal sphere and so on).

H. Helmholtz in his work "On the facts underlying geometry" [4] suggested
that the metric function of an n-dimensional space cannot be an arbitrary
one if in that space a rigid body has n(n+1)/2 degrees of freedom. But then
there must exist a functional relation among all the reciprocal distances for
n + 2 points of the rigid body, because absence of such a relation would
reduce by one the number of the degrees of freedom of a rigid body of (n+2)-
points with the common point spacing whose motion defines uniquely the
motion of the whole solid body. So, it has been natural to suppose that the
phenomenological symmetry of an n-dimensional space is impossible with
an arbitrary function. For n = 1 and n = 2, it was established in the notes
[5] and [6] by the author, and for n =3 — in V.H. Lev’s note |7].

We shall also note that the problem of classification of all planar (two-

dimensional) geometries in which the position of a figure "is determined
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Briepsbie cchopmyuposan A.llyankape B coeit pabore "OO OCHOBHBIX I'iI-
noresax reomerpun' [§].

Merpuueckast dbyuknust f(ij) 3ajaer reomerputo mpocrpancTsa. Jleii-
CTBUTEJILHO, TI0 3TOM (PYHKIIMH MOXKHO HAWTHU T'PYIITY JIBUKEHUI, OTHOCHU-
TeJIbHO KOTOPOIl OHa SIBJISETCS JBYXTOYEYHBIM MHBapuUaHTOM. ['pyrioBast
yKe CHMMeTPHsI JIEKAT B OcHOBe "Dpiranrenckoit nmporpammbr" @ Kieitaa
1872 roma [3], corsiacHo KOTOpOIt reoMeTpust MPOCTPAHCTBA €CTh TeOPUsT MH-
BapUAHTOB HEKOTOPOIl Ipynibl ero npeobpasosanuii. C Jpyroi cTOPOHBI,
B reOMeTpHUH OOHAPYKUBaeT ceds (heHOMEHOJIOTmYecKass CUMMETPUs, BbI-
pakaemasl HEKOTOPOil (pyHKIMOHAJIBHON CBSI3bI0 MEXKJY BCEMH B3aUMHbI-
MI PACCTOSHUSMU JIJIsI OIIPEJIEJIEHHOTO YMCa ToOYeK mpocTpaHcTBa. Ha 3ty
cuMMeTpuio Briepsbie ocoboe unmanme obpatmi FO.M. Kynakos [2], cienas
ee OCHOBHBIM IPUHITUIIOM CBOeil Teopun pusndecknx cTrpykryp [1].

PaccMoTpuM MHOXKECTBO COCTOSIHUIT HEKOTOPOIT TEPMOIMHAMUYECKO CH-
crembl. Kazk1oit mape cocrostauii (i) conocraBuM jiBa IKCa, PABHbIE JIBYM
kosmaectsaM Temia QT (i5) u Q7 (i), Koropbie cucTeMa OTIACT BHEIIHIM
TeJlaM TP ee Tepexojie M3 COCTOsHUS ¢ B COCTOsIHWE j TI0 JIBYM pa3Jind-
abiM myTsiv TS u ST, cocTosimuM U3 paBHOBECHBIX H30TepMudeckoro (1 =

const) n aguabarnaeckoro (S = const) mpoIeccos:

Q" (ij) = (S; — S)T;,
Q" (ig) = (Si — S))T;

rie S — suTponus u 1’ — TeMuepaTrypa CUCTEMbI.

(B.9)

JsyxkomnonenTHas Temtobas dynknua Q = (Q17, Q1) ¢ prpaenns-
vu (B.9) st ee kommoreHT 3a1aer Ha mwiockoctu (S, 1) reomeTpuio, KOTO-
pasi, TTOJ00HO €BKJINIOBON MeOMETPUN Ha IJIOCKOCTH, (heHOMEHOIOTNIECKH
CUMMeTpUYHa, C OJIHOIl CTOPOHBI, U HaJesieHa I'PYHIIOBOI CUMMeTpueil — ¢
JPyroii.

BosbMmeM 1MponsBoJIbHBIE TPU COCTOSAHUA 2, §, k. Torjaa JOMoJHUTEIbHO K
JIBYM KOJIMYECTBAM TeIlIa, 3ajaBaeMbIM BbipazkeHusME (B.9), MOXKHO BbI-
mcath eme gerbipe: Q10 (ik), QT (ik) u Q19 (jk), Q5T (jk) nnsa map co-
crogunit (ik) u (jk). VI3 9mux mectn BbIpayKeHUH MOYKHO HCKJIIOUUTH TPH
surponuu S;, S;, Sy u Tpu rTemueparypel 1;, T, Tj, cocroauuit ¢, j, k, B

pe3yJbTaTe 49€ro 1oJydaroTcda IBE HE3aBUCUMbIC (bYHKLLI/IOHaJIbeIG CBA3U
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by three conditions" was formulated for the first time by J.H. Poincare in
his work "Sur les hypotheses fondamentales de la geometrie" [8].

The metric function f(ij) gives a geometry of space. Indeed, through that
function it is possible to find the group of motions with respect to which it is
a two-point invariant. Group symmetry also lies in the basis of the F. Klein’s
"Erlangen programme" of 1872 [3], under which geometry of space is a
theory of invariants of some group of its transformations. On the other hand,
there appears in geometry some phenomenological symmetry expressed by
some functional relation among all the reciprocal distances for a certain
number of points of the space. For the first time that sort of symmetry
became an object of special attention in the works by Yu.l. Kulakov [2],
who made it the basic principle of his theory of physical structures [1].

Let us consider the set of states of some thermodynamic system. We shall
assign to each pair of states (ij) two numbers equal to two quantities of
heat Q7(ij) and Q57 (i5) which the system gives away to other bodies in
the course of the transition from the state ¢ to the state j along two different
ways, T'S and ST, that consist of equilibrium processes, an isothermic one

(T = const) and a adiabatic (S = const) one:

QT (i) = (S;i — ST ,

where S is the entropy and T is the temperature of the system.

A two-component thermal function @ = (QT°, Q°T) with the expressions
(B.9) for its components gives on the plane (S,T) a geometry that, like the
Euclidean geometry on a plane, is phenomenologically symmetric, on the
one hand, and is endowed with a group symmetry, on the other.

Let us take three arbitrary states, ¢, 7, k. Then, in addition to two
quantities of heat, determined by the expressions (B.9), we can write four
more: QT5(ik), Q3T (ik) and QT (jk), Q°T (jk) for the pairs of states (ik)
and (jk). We may exclude of these six the three entropies, S;, S;, Sk, and
the three temperatures, T;, T}, T}, of the states 4, j, k, which will yield as

result two independent functional relations among all the quantities of
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MEXKY BCEMM KOJIMYECTBaMU TEIlJla, 3aJaBacMbIC CJIEAYIOIIUMN YPaBHEHN-

o 0 —QT(j) —QSTGk) |
OG0 —QST(k) | =0,
oSGk QTSGE) 0

\ (B.10)
Q™ (i7) Q™ (jk) —Q°T(ik)
Q" (ik) 0 —Q5T(ik) | =0.
Q"5(ik) —Q% (i) —Q°T(jk)

Coornomtenust (B.10), cnpasemmmBbie Jyist Jjit000ii TPOHKN COCTOSHMIA

J

(ijk), BoIpazkaroT GheHOMEHOJIOMMIECKY IO CUMMETPUIO JIBYMETPUIECKON Te0-
MeTpuu, 3a/aBacMOil Ha IIJIOCKOCTU (S, T ) JBYXKOMIIOHEHTHO! TeIJI0OBOI
dyHKIHIEH (B.9). ['pynma aBuzKeHmit B 9TOH reOMeTPHUN COCTOUT M3 BCEX

TexX TJIAJKIX U 00paTUMbBIX Tpeobpa3oBaHuil
S"= XS, T), T'=0(S,T) (B.11)

mockocTu (S, T'), KoTopble coxXpaHsioT 0be KoMnoueHTh! dyHkIiwn (B.9):

(A@) = AG)oi) = (8 — )T, 512
(A(@) = AG))o(d) = (Si = 55)T; -
Permennst 37oit cucteMbl (DYHKITMOHAJIBHBIX YPABHEHMIT JIETKO HAXO/IATCS

METOJIOM Pa3JIeJIeHusl IEPEMEHHBIX — KOOP/IMHAT COCTOSIHUN § 1 j:
AS,T)=aS+b, o(S,T)=1T/a, (B.13)

rje a # 0, b — 1pon3BoJIbHbIE TTIOCTOSIHHBIE.

MuoxkecTBo ipeobpazosanuii (B.11) ¢ dynkiusivu (B.13) siisiercst rpyi-
011 BCEX JABUXKEHUI, KOTOPas OIpe/JIe/isieT TPYIIIOBYI0 CUMMETPUIO JIBYMEP-
HOIl JIBYyMETPUYECKOIl reoMeTpun, 3a/iaBaeMoil Ha IIJIOCKOCTU (S, T) pyHK-
nmeit (B.9). Takum 06pasoM, K MIIOCKOCTH TEPMOMHAMUIECKIX COCTOSTHII
TOXKe ImpuMeHnMa pianrenckas mporpamma @.Kieiina [3]. B wactrOCTH,
TerioBas GyHkius (Q(ij) Moxker ObITH HaifijleHa pereHneM (QyHKINOHATb-

HOI'O ypaBHEHUS

Q(Sz{v Tilv S;'a TJ/) = Q5 Ti, Sy, TJ)
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heat, determined by the following equations:

0 —Q(ij) —Q°(ik)
Q"5 (ij) 0 —Q%(jk) | =0,
Q"5 (ik) Q™ (jk) 0
> (B.10)
Q™ (ij) QT5(jk) —Q°T(ik)
Q" (ik) 0 —Q5T(ik) | =0.
QT5(ik) —Q(ij) —Q%(jk) )

The  relations  (B.10), true to any triple of states
(ijk), express the phenomenological symmetry of the dimetric geometry
defined on the plane (S, 7T") by the two-component thermal function (B.9).
The group of motions in that geometry consists of all those smooth and

invertible transformations
S = A(S,T), T = (S, T) (B.11)

of the plane (S, T') that preserve the both components of the function (B.9):

(A(@) = AG))a(G) = (Si = S55)T; .

The solutions of that system of functional equations are readily found by

(A(D) — Mo (i) = (S — )T, } (B.12)

the method of separating of variables, the coordinates of the states ¢ and j:
AS, T)=aS+b, oS,T)="T/a, (B.13)

where a # 0, b are arbitrary constants.

The set of transformations (B.11) with the functions (B.13) is the group of
all the motions that determine the group symmetry of the two-dimensional
dimetric geometry defined on the plane (S, T") by the function (B.9). Thus,
the "Erlangen programme"of F. Klein is applicable to the plane of
thermodynamic states [3]. In particular, the thermal function Q(ij) may be

found by way of solving the functional equation

Q(S},T},5;,T}) = Q(S;, T3, S;, Tj)

77 7 ]7 ]
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KaK J[BYXTOYEYHbBII MHBAPUAHT TpyIiibl mpeodpasosanuii (B.11) ¢ dyHk-
musivu (B.13), KoTopblil coBHagaer ¢ Heil ¢ TOYHOCTBHIO JI0 MACIITAOHOTO

11peodpa3oBaHUs:

Q(ig) = ¥((Si = 55)Ti, (Si = 9;)T),
rie 1 = (P, 9?) — nByxkoMnoHenTHas (BYyHKIUA JABYX IIepeMeHHBIX.

JIerko ycTaHoBHUTb, UTO (PEHOMEHOJIOTMYECKasT CUMMETPHUS IeOMETPUH,

3a/1aBaeMOil Ha MJIOCKOCTH (&, y) HEKOTOPOil BYXKOMIIOHEHTHOM (byHKIHel

rie f = (f1, f?), BbIpazkaeTcsa cOOTHOIICHUEM
®(f(i7), f(ik), f(jk)) = O, (B.15)

riae & = (P, Py). ['pymmosast ke cuMMeTpUst STOI TECOMETPUH OITPEIEIACT-

Cs TPYHIION BCEX JIBUZKCHUIL:

/

7 = Nz,y;a',a%), v =o(z,y;a,a?), (B.16)

3aBHCAIIeil OT IBYX HEIPEPLIBHBIX ITapaMeTpoB a', a?, OTHOCHTEIBHO KOTO-

poit 06e KoMIoHeHTHI MeTpudeckoii byukrun (B.14) coxpansitores: f(i'j') =
f(ij), siBysisich ee BYXTOYEUHBIMU UHBADUAHTAMI. 3aMETHM, UTO, KaK 1 B
cllydae IJIOCKOCTH EBK/IMA, 3/eCh I'PYIIIOBas CUMMETPUST TAKyKe SKBUBA-
JIeHTHA (DEHOMEHOJIOTNIECKONH CUMMETPUN.

FO.N.KynakoB B CBOMX HCCIEIOBAHUSAX 110 OCHOBaHUSAM busukit |9] mpe/i-
JIOXKIJT MATEMaTHIECKYI0 MOJIE/Ib CTPOEHUsT (DU3UIECKOr0 3aKOHA, PACCMAT-
pUBaEMOro Kak (hPeHOMEHOJIOIMYECKN CUMMETPUUYHAST CBSI3b MEXKJLy H3Me-
PsIeMBIME B OIBITE€ BEJIMUMHAMEI. DTa MOJEJIb, Ha3BaHHas UM Guauueckol
cmpykmypoti, IPUIOKIMA, K OOBLIYHON TeOMETPUN U HPEICTABIACT coDOi
CBOEOOPA3HYIO I'COMETPHUIO JIBYX MHOXKECTB ¢ METPUYIECKOl (DyHKINEI, COITo-
CTABJISIIONIE} YICII0 Iape TOYEK, HO He U3 OJIHOIO MHOYKECTBA, & U3 JIBYX pas-
HbIX. B HOBOII reoMeTpuK eCTECTBEHHO BBOJIUTCS JIBUKEHIE KaK [apa TaKIX
peobpazoBaHuii NCXOMHBIX MHOYKECTB, KOTOPbIE COXPAHAIOT METPUIECKYIO
dbyukiuio. COBOKYIIHOCTL BCEX JIBUKEHUIT SIBISETCA TPYIIION 1 OlpeIeisieT
IPYIIIOBYIO CHMMETPHIO 3TOH IreOMeTpHn.

Cremyst pabore |9], paccmorpum Bropoit 3akoH Hpiorona B MexaHuke i
sakoH OMa B 9JIEKTPOJIMHAMUKE, 3allicaB UX B Takoii (hopme, KoTopast M03-

BOJINT BBIABUTDL UX (beHOMeHOHOFI/I‘{eCKYIO CUMMETPHUIO.
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as a two-point invariant of the set of transformations (B.11), that coincides

with it with an accuracy up to the scaling transformation

Qig) = »((Si = 55T, (Si = 55)T5),

where 1) = (¢1,9?) is a two-component function of two variables.
It is easy to establish that the phenomenological symmetry of the geometry

defined on the plane (z,y) by some two-component function

f(lj) :f(xlaywxﬁy])? (B14>
where f = (f!, f?), is expressed by the relation
(f (i), f(ik), f(ik)) =0, (B.15)

where & = (P, P5). As to the group symmetry of that geometry, it is
defined by the group of all the motions:

7 = Nz, y;a',a%), v =o(z,y;a,d?), (B.16)

that depends on the two continuous parameters a',a?, with respect to

which group both components of the metric function (B.14) are preserved:
f(@'5") = f(ij), being its two-point invariants. We shall note that here, just
as in case of the Euclidean plane, the group symmetry is also equivalent to
the phenomenological one.

Yu.l. Kulakov, in his research of physics basics [9] suggested a mathemati-
cal model of the structure of a physical law considered as a phenomenological-
ly symmetric relation among the quantities measured in the experiment.
The model, he called a physical structure, can be applied to ordinary geometry
too, and is a peculiar geometry of two sets with a metric function assigning
a number to a pair of points, belonging however not to one and the same but
to two different sets. In the new geometry, naturally, a motion is introduced,
as a pair of transformations of the original sets such that preserve the metric
function. The totality of all the motions is a group and it determines the
group symmetry of the geometry in question.

Let us consider, according the principles expounded in the note [9],
Newton’s 2nd law of mechanics and Ohm’s law of electrodynamics, writing
them in such a form that would enable us to reveal their phenomenological

symmetry.
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[IycTs ¢ — MaTepuajbHOE TEJI 0, Macca KOTOPOIro paBHA My, U v — YCKO-
puTeNb, XapakTepudyemblit cuitoit F,,. Ilog yckopuTeneM mojpa3yMeBaeTcs
KaKOe-TO JPYroe Teja0, KOTOPoe IIPU B3aUMOJICHCTBUN C JAHHBIM TEJIOM U3~
MEHsIET ero CKOpocThb. 3MepseMoil B OlbITe BEJTMYNHON SBJISIETCH yCKOpe-
HUE @;,, KOTOPOE TEJy ¢ COODIaeT yCcKopuTeib . Bropoii 3akon HbioToHa
B €ro TpaJIMIMOHHOI (bopMe yTBEpzKJIaeT, YTO IIPOU3BEJICHNE MACChl TeJia

Ha coo0IIaeMoe eMy YCKOPEeHHe paBHO JeficTByIomeil cue:
m;Q;on = Fa. (Bl?)

Boszbmem mmponsBoJibHBIE JIBA TeJia &, j U ITPOU3BOJILHBIE JIBA YCKOPUTE I

a, ﬁ ﬂOHOﬂHI/ITeﬂbHO K COOTHOIIICHUIO (B.17) 3alliieM elne Tpu:
miaip = Fg, Mo = Fa, m;a;z = Fﬁ.

13 91X YeThIpex COOTHOINEHUI MOYKHO UCKJIIOYUTDL MACChI 1M1;,1; Tel i, 7,
cusel Iy, [z yckoputesieit o, 8 1 1oj1y4nTh QYHKIIMOHAJIBHYIO CBA3b TOJIBKO

MEXKY YCKOPEHHNAMU, 3adaBacMyIO CJICAYIOIINM YPaBHEHUEM!:
Qiadj3 — Gigljq = 0. (B.18)

[To repmunosnornn FO.U. Kynakosa 9] dyukimonamsuast cesasb (B.18),
IMeIOIast MEeCTO JIJIsI JTIOOBIX JBYX TeJI ¢, J 1 JIOOBIX JBYX yCKOpuUTeei o, 3,
IpejIcTaB/IgeT ypaBHeHne BToporo 3akona HeioroHa B dheHoOMeHOI0TIIeCKN
CUMMETPUUHOI dopme.

[lepeitnem kK anekTpogunamMuke. IIpoBoanuky ¢ ¢ conporusienneM R; n
HUCTOYHUKY TOKa (v C JIEKTPOJBIKYIIEe cuiioit £, 1 BHYTPEHHUM COIIPOTHB-
JIEHUEM T, COTIOCTABUM TOK [;,, U3MEpSEMbIil aMIIePMETPOM B 3aMKHYTOI

TeIN:

Ea
R; +r,
BosbMeM Mpou3BOJILHBIE TPU IIPOBOJIHUKA 4, §, k 1 IPOM3BOJILHLIC JBA, UC-

Lia (B.19)

TOYHUKA TOKa «, (3. Torma monosHuTeIbHO K TOKY I, 10 Beipazkenuto (B.19)

MOZKHO BBLIIIMCATDb €Ille IIAThL ero 3HAYCHUIL:

Lig, Lja, Lig, Ipa, Inp-

3 mrectu Bpra}KeHI/Iﬁ JJId TOKa MOTI'yT OBITH UCKJIIOYEHDI COITPOTUBJICHU A

R;, Rj, R, IpOBOIHUKOB %, J, k, 9JIeKTPOJBIZKYIINE bl &y, £ U BHYTPEH-
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Let 72 be a body the mass of which is equal to m;, and « an accelerator
characterized by force F,,. An accelerator means some other body that, by
interacting with the given one, changes its speed. The quantity measured
by experiment is the acceleration a;,, that the accelerator a0 imparts to
the body . In its traditional form, Newton’s well-renowned second law
reads that the product of the weight of the body and the acceleration it is
imparted is equal to the force applied:

m;Qion = Fa. (Bl?)

We shall take two arbitrary bodies ¢, and 7 and two arbitrary accelerators

«, and (. In addition to the relation (B.17), we shall write three more:
miaig = Fg, mjaje = Fo, mjajz = Fp.

From the four relations, it is possible to eliminate the masses m; and m;
of the bodies ¢ and j, and the forces Iy, and Fj of the accelerators o and
[, which yields a functional relation among the accelerations only, that is

defined by the equations as follows:
Aiqj3 — Aipljq = 0. (B18)

Under Yu.l. Kulakov’s terms [9] the functional relation (B.18), existing
for any two bodies 2 and j and any two accelerators a and [, is the
phenomenologically symmetric form of Newton’s second law.

Let us now look at electrodynamics. To a conductor ¢ with resistance R;
and a source of current o with an electromotive force &£, and the internal
resistance r, we shall assign a current [;,, measured by an ammeter in a

closed circuit:

B Rz + Ta .
We shall take three arbitrary conductors 7,7, and k& and two arbitrary

Iia

(B.19)

current sources « and (. Then, in addition to the current I;,, under the

expression (B.19) it is possible to write five more values of it:

Lig, Lja, Lig, Iras Irp-

Now, from the six expressions for the current, we can eliminate the resistances

R;, R;j, Ry of the conductors 1, j, k, the electromotive forces &,, £3 and
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HUe COIPOTUBIICHUS T¢, T3 UCTOUHUKOB TOKa (v, (3, B pe3yJbTaTe 4ero 1oJly-
yaeTcsd (PYyHKIIMOHAJIbHAS CBA3b TOJBKO MEXKIY TOKaMM, 3ajlaBacMasi CJie-

JIYIOIIUM YpaBHEHUEM:

Lo ILig ILialig
Lio Lig 1ljnljs = 0. (B.QO)
Ia I Inalip

OynknnonaibHas cBs3b (B.20), cnpasemmBast Jyis JI00BIX TPEX IMTPO-
BOJIHUKOB %, 7, k W JIIOOBIX JIByX MCTOYHUKOB TOKa «, (3, MPEJCTaBJSIET 110
tepmuHosiornu Kysmakosa [9] 3akon Oma B (heHOMEHOJOTHIECKH CUMMET-
puuHOil hopme.

Obparaer Ha ceOsd BHUMaHWE MPUHIMINAIbLHAS OOIHOCTH YpaBHEHMIT
(B.18), (B.20) u (B.2), (B.10), 3ajaonmx GheHOMEHOJOINYIECKH CHMMET-
puuHble (DYHKIMOHATbHBIE CBA3M MEXKJIy U3MepsSeMbIMH B OIIbITE BeJNYl-
HAMU: JIJIsl JTIOOBIX JBYX MaTepHAaJIbHBIX TeJ %,J N JIOOBIX JBYX YCKODH-
Tesieit o, 3 deTblpe 3HAUYEHHsI YCKODEHUsi a CBsi3aHbl ypasHenneMm (B.18);
JIJIs1 JTIOOBIX TPEX IIPOBOJIHUKOB %, j, k 1 JIFOObIX JBYX UCTOUYHUKOB TOKa (v, 3
mecThb 3HavdeHnit Toka I cs3anbl ypasaerueM (B.20); st 100bIX deThIpex
TOYEK ¢, ], k, [ eBKIMJIOBOI IJIOCKOCTH IIeCTh 3HAYEeHUil KBajpaTa pacCTos-
Husg f = p? MexKJly HUMHU cBasaHbl ypashenuem (B.2); s JoGbIx Tpex
COCTOSIHUIL 1, j, kK TEepMOJMHAMIYECKOIl CHCTEMBI IIECTh KOJNYECTB TeIIa
Q = (QT°,Q°T) caszamni ypasnenuem (B.10).

B KakJ0M 13 4eThlpeX PacCMOTPEHHBIX NPUMEPOB Mbl MMEEM JIeJI0 C
dynryuet napv mover, onpeesisonieil B HEKOTOPOM 0000ITEHHOM CMBICTIe
pacCTosiHIe MEKJy HUMU, TO €CTh C MEMPUUECKOT PynKyuet: B ypaBHEHUN
(B.18) yckopenmue a;, 13 Broporo 3akona Herorona (B.17) ecth Takoe pac-
CTOSIHIE MEJKJIy TEeJIOM ¢ W YCKOPHTEJIEM (v, KOTODBIE SIBIAIOTCS TOYKAMN
(ssremerTaME) PU3NIECKE PABIHIHBIX MHOYKECTB — MHOYKECTBA MATEPUAJIb-
HbBIX TeJl U MHOYKeCTBa yCKOpHTeJeil; anajorndno, B ypasuernunu (B.20) Tok
I;o, m3 3akona Oma (B.19) ectb paccrosinue MexKy MPOBOJHUKOM i U HC-
TOYHUKOM TOKa (v, KOTOPbIE SIBJISTIOTCS TOUKAMIE (/IeMeHTaMN) (hU3nIecKn
Pa3JINYHBIX MHOXKECTB — MHOYKECTBA [TPOBOJIHUKOB U MHOXKECTBa NCTOYHMU-
KOB TOKa; B ypaHenun (B.2) merpudeckas dyHKIiwms f comocrassier, co-

riaacHo (opmyste (B.1), mape Todek ¢ u j eBKJINJIOBOI MJIOCKOCTH YHCJIO
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internal resistances r, and rg of the current sources o and (3, which yields

the functional relation among the currents defined by the following equation:

Lio ILig lLiolip
Lo Lis Lialis | =0. (B.20)
Ivo 1ip Ikalip

The functional relation (B.20), true to any three conductors ¢, j, k and
any two sources of current «, (3, is, under Kulakov terminology [9], Ohm’s
law in the phenomenologically symmetric form.

Concerning the equations (B.18), (B.20) and (B.2), (B.10) that define the
phenomenologically symmetric functional relations among the magnitudes
measured by experiment, what attracts attention is their principal generality:
for any two material bodies 7, j and any two accelerators «, 3 the four values
of acceleration a are tied by the equation (B.18); for any three conductors
1,7,k and any two current sources «, 3 the six values of current I are
connected by the equation (B.20); for any four points i, j, k, [ of Euclidean
plane the six values of the squared distances f = p? among them are tied by
the equation (B.2); for any three states i, 7, k of a thermodynamic system
the six quantities of heat Q = (QT°, Q"7 are tied by the equation (B.10).

In each of the four examples that we have considered we deal with a
function of a pair of points that defines, in some general sense, the distance
between them, i.e. we deal with a metric function: in the equation (B.18) the
acceleration a;, from Newton’s 2nd law (B.17) is such a distance between
the body 7 and the accelerator « that are points (elements) of physically
different sets - a set of bodies and a set of accelerators; in the equation
(B.20), similarly, the current I;, from Ohm’s law (B.19) is the distance
between the conductor ¢ and the current source « that are, in their turn,
points (elements) of physically different sets - a set of conductors and a set
of sources of current; in the equation (B.2) the metric function f assigns,

according to the formula (B.1), to a pair of points ¢ and j of an Euclidean
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f(ij), paBHOe KBaJpary OOBIYHOIO PACCTOsTHUS P(ij) MEXKy HUMHU, a B
ypasaenusx (B.10) rermioBas dbyHKIms () COMOCTABIAET HAPE COCTOSHUI
1 j, SIBJISIOIINXCSA TOYKAMEI COOTBETCTBYIOIIEH MIJIOCKOCTH TEPMO/[ITHAMUIe-
CKHX cocTosiHmil, aBa KommdecTsa Temna Q17 (i5), Q%1 (ij), onpenensembre
BhipazkeHusivu (B.9), KoTopble ecTeCcTBEHHO paccMaTpUBaTh KAk JiBa Pac-
CTOSAHMS MEKJLy HUMIL.

Cornacuo onpegenennto F0.M.Kynakosa |9] dyukuns yckoperust (B.17)
Ha MHOKECTBE MaTepHasbHbIX TeJl U MHOYKECTBE ycKopurTeseil 3amaer @u-
auneckyto cmpykmypy panea (2,2), a dyuknus Toka (B.19) Ha MHOXKecTBE
IIPOBOJIHUKOB U MHOYKECTBE MCTOUYHUKOB TOKa 3aJaeT (PUIUMECKYIO CIMPYK-
mypy parea (3,2). Du dbusndeckne CTPyKTYPhI MPEJCTABISIIOT cO00it CBOe-
obpasHble TeOMETPUN JBYX MHOXKECTB, (PeHOMEHOJIOIMYeCcKas CUMMETPUSI
KOTOPBIX BbipazkaeTcst ypasaerusivu (B.18) u (B.20) coorBercrBenno. Ana-
JoruaHO, Merpuyeckasi dpyukuus (B.1) 3ajaer Ha MWI0CKOCTH usuueckyio
cmpykmypy parea 4, TO €CTh MeOMEeTPUI0 OOBIYHON EeBKJIMIOBOM IJIOCKO-
crit, PeHOMEHOJIOrYecKast CUMMETPHUsI KOTOPOH BbIParKaeTcsl YpaBHEHHUEM
(B.2). U maxonern, remioBast dyukims (B.9) 3amaer na miockoctn TepmMoi-
HAMITIECKIX COCTOSTHUN (PusuMeckyro cmpykmypy paHza 3 Kak JIByMEPHYIO
JBYMETPUUECKYIO I'€OMETPHIO, (DEHOMEHOJIOTNYECKas CUMMETPUsl KOTOPOI
BhIpazkaercst ypasuenusivu (B.10).

Ha npumepax eBKJIMI0BOI IIJIOCKOCTH U ILJIOCKOCTH TEPMOJINHAMIIECKIX
COCTOSTHMUIA, 3a/1aBacMbIX MeTpraecknmu dbynknusamu (B.1) u (B.9), mbr yoe-
JWJIACH B TOM, YTO UX I'PYIIIOBasi CUMMETPHUsI, OlIpelesisieMas MHOYKECTBOM
BCEX JABUZKEHUI, 1 1X (PEHOMEHOJIOMMIECKast CUMMETPHS SKBUBAJICHTHLI APYT
Japyry. EcTecTBeHHO MPEIIoI0KNTD, YTO aHAJOTNYHAS CUTYAI IMEET Me-
CTO U B PEOMETPUH JBYX MHOXKEeCTB — (pusmdeckoii crpykrype. [Toj asuke-
HIIEM B 9TOi reoMeTpu OyjieM MOHUMAaTh COBOKYITHOCTE JBYX OJHOBPEMEH-
HBIX IIpeodpa3oBaHmil KarK/I0I0 U3 MHOYKECTB, COXPaHSIIONIIX 0D0DIIEeHHOe
paccTOsiHIe MeXK/Iy TOUYKaMU JII0OO0H Hapbl, JJIsi KOTOPOil OHO OIPe/IeIeHO.

[IpeobpazoBanms
m' = AXm), F'=o(F) (B.21)

MHOZKECTBa MaTe€pUaJIbHbBIX TEJI 1 MHOZKECTBA yCKOpI/ITeJIGﬁ COCTaBJIAIOT IBU-

JKEHUe, eCJI OHI COXPAHSIOT (QYHKIINIO yCKopeHusi a = F/m, onpejerse-
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plane a number f(ij) equal to the squared distance of the ordinary distance
p(i7) between them, and in the equations (B.10), the thermal function @
assigns to a pair of states ¢ and j, which are points of the corresponding
plane of thermodynamic states, two quantities of heat, Q7 (i5) and Q°T (ij),
defined by the expressions (B.9), and it is natural to consider those expressi-
ons as two distances among them.

According to Yu.l. Kulakov’s definition in [9] the function of acceleration
(B.17) on a set of bodies and a set of accelerators gives a physical structure
of rank (2,2), and the function of current (B.19) on a set of conductors
and a set of current sources gives a physical structure of rank (3,2). These
physical structures are essentially some peculiar geometries of two sets
whose phenomenological symmetry is expressed by the equations (B.18) and
(B.20) respectively. Similarly, the metric function (B.1) gives on a plane a
physical structure of rank 4, i.e. a geometry of an ordinary Euclidean plane
whose phenomenological symmetry is expressed by the equation (B.2). And
at last, the thermal function (B.9) gives on a plane of thermodynamical
states a physical structure of rank 3 as a two-dimensional dimetric geometry
whose phenomenological symmetry is expressed by the equations (B.10).

The examples of an Euclidean plane and of a plane of thermodynamic
states, defined by the metric functions (B.1) and (B.9), demonstrate that
their group symmetry, defined by the set of all the motions, and their
phenomenological symmetry are equivalent. It is natural to suppose that a
similar situation takes place in a geometry of two sets - physical structure.
Under the term 'motion’ in that geometry we shall understand a unity of
two simultaneous transformations of each set preserving the generalized
distance between the points of any pair for which it has been determined.

The transformations

m' = AXm), F'=o(F) (B.21)

of the set of bodies and the set of accelerators comprise a motion if they

preserve the function of acceleration a = F/m, determined by Newton’s
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Myt BTOpbIM 3akoHOM Hbrorona (B.17):

o(FF) _F

Am)  m

OrHocurebHO (BYHKIMI A U 0 ITOJIy9EHO MTPOCTOe (DYHKITMOHAIBLHOE YPaB-

HEeHUe, PelleHre KOTOPOro HAXOUTCs METOJIOM Pa3JIeJeHUs] [1ePeMEHHbIX:
A(m) =em, o(F) = cF, (B.22)

rje ¢ # 0 — npousBoJibHast 1ocTostHHast. MHOXKECTBO Beex mpeobpasoBa-
auit (B.21) ¢ ynknuamu (B.22) asiasgercs oHomapaMeTpuaeckoii rpyIoi
JIBUZKEHUI, OIpeJIe/IIoNnieil IpyoBy0 CUMMETPHUIO (DUBNIECKOI CTPYKTY-
pbl panra (2,2) Kak (heHOMEHOJOTHIECKH CUMMETPUIHON TeOMETPUH, 3a-
JlaBaeMOil Ha MHOXKECTBE MaTepHaJIbHBbIX TeJl U MHOXKEeCTBE YCKOpUTeJei
dynkmumeit yckopenus.

Ecu rpymma npeobpasosanuii (B.21) usBectHa, To (byHKINSA YCKOPEHNUST
a = a(m, F') MoxkeT ObITh HaiijleHa pereHneM Ipyroro GyHKINOHATIEHOTO

ypaBHEHUS

a(m', F') = a(m, F),

KaK €€ ,ZLBYXTO‘IG‘IHI)II‘/)I NMHBapUaHT, KOTOprﬁ onpenesdeT 3aKOH Hriorona

(B.17) ¢ TognOCTBIO /10 MACHITAOHOTO TTPEOOPA30BAHNS:

a=x(F/m),

rje X — MYHKIUS 0JHOI IepeMeHHoil. Ee comep:kaTeibHbIil CMBICJI COCTOUT
B BO3MOXKHOCTH BbIOOpa IIKaJIbl aKcejgepoMeTpa — Hpudopa, n3Mepsiioie-
ro yckopenue. flcHo, uTto dusmUecKuil cMbICJ BTOPOro 3akoHa HploToHa,
ero (pbeHOMeHOJIOrnYecKasl U IPYIIIOBasd CUMMETPUN HE 3aBUCIT OT TAKOIO
BBIOODA.

Haiijiem mpeobpazoBaHust MHOYKECTBa IIPOBOJHUKOB I MHOXKECTBA UCTOY-

HUKOB TOKa

R' =XR), & =0a(&,r), ¥"=p&,r), (B.23)

coxpansirorux (yukiwo Toka [ = £ /(R-+7), onpeensemyto 3akorom Oma
(B.19):
a(&,r) ¢
MR)+p(E,7r) R+7r
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2nd law (B.17):
o(F) _F

Am)  m

Concerning the functions A and o, a simple functional equation has been

obtained that is solved by the method of separating of variables:
A(m) =cm, o(F)=cF, (B.22)

where ¢ # 0 is an arbitrary constant. The set of all the transformations
(B.21) with the functions (B.22) is a one-parameter group of motions that
defines the group symmetry of the physical structure of rank (2,2) as of a
phenomenologically symmetric geometry given on a set of bodies and a set
of accelerators by a function of acceleration.

If the group of transformations (B.21) is known the function of acceleration

a = a(m, F') may be found by way of solving another functional equation
a(m', F') = a(m, F),

as its two-point invariant, that determines Newton’s 2nd law (B.17) with

an accuracy up to a scaling transformation:

a=x(F/m),

where y is a function of one variable. Its essential meaning is in the possibility
of choosing the scale of the accelerometer - the device that measures
acceleration. It is clear that the physical meaning of Newton’s 2nd law and
its phenomenological and group symmetries do not depend on any such
choice.

Let us find the transformations of the set of conductors and the set of

current sources:
R =XR), & =0a(&,r), "=p&r), (B.23)

that preserve the function of current I = £/(R + r) determined by Ohm’s
law (B.19):
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OrHocuTebHO PYHKINN A, 0, p MOJYyIeHO PYHKIMOHAILHOE YpaBHEHNE,
peleHne KOTOPOro HaXOJUTCsI MeTo/IoM JAuddepeHnpoBaHus 110 He3aBU-

CHMBIM IIepeMeHHBIM R, €, 7 U MOCIe/YIONEro UX pas3ie/eHus:
AMR)=aR+0b, o(&E,1)=0a&, p(E,r) =ar —b, (B.24)

rje a # 0 u b — IpOU3BOJIbHBIE TOCTOSTHHBIE.

[Ipeobpazosanus (B.23) ¢ dyukrmusnvn (B.24) cocrapsgior aByxmapaMer-
PUYECKYIO I'PYIIILY JIBUKEHUIT, KOTOPas OllpeaesdeT IPYIIIOBYI0 CUMMETPUIO
dbusmaeckoit crpyKTypbl panra (3,2) Kak (peHOMEHOJIOMHIeCKH CUMMETPU Y-
HOIl reoMeTpuu, 3aaBacMoil Ha MHOZKECTBE IIPOBOHUKOB U MHOXKECTBE MC-
TOYHUKOB TOKa (pyHKIMei Toka. C Ipyroil ¢CTOPOHBI, 110 U3BECTHOM IpyIIe

npeobpaszosanuii (B.23) mMoxHO, periast (pyHKIIMOHAIBHOE YpaBHEHIE
I(R,E ") =1(R,E, 1),

waiitn yukiwo Toka [ = [(R, €, r) Kak ee JBYyXTOYCUHbBIl MHBAPUAHT:

£

T=x5
riae X — dbyHKus ofHoil mepemennoii. Takum obpazom, 3akon Owma (B.19)
BOCCTAHABJIMBAETCA C TOUHOCTBIO 10 MACIITAOHOIO [Ipeobpa3oBaHiisi, KOTO-
poe He MeHsieT (pU3MUECKUil CMBIC 3aKOHA, €ro (PeHOMEHOJIOIMUECKYIO U
IPYIIIOBYIO CUMMETPUH, OTPazKast BO3MOKHOCTD BLIOOPA, IKAJIBI aMIIEPMET-
pa — npubopa i U3MEpeHus TOKa.

[ToaBoas UTOr BBIIEU3/I02KEHHOMY, IPUXOAUM K BBIBOLY, YTO JIJIsI BBE-
JICHUsI TeOMETPHUH JBYX MHOMKECTB HMEIOTCS He TOJILKO (husndecKue, HO
1 MareMaThdeckue Iperiochuiku. Jlemo B ToM, uro MerpuuecKkast (yHK-
1151 TAKOI MeOMeTPUH JIONYCKACT I'PYIILY ABMZKEHUIT, KOTOpast ee 0JHO3HAY-
HO onpejessier. Takum obpasoMm, "Dpianrenckas mporpamma’ @. Kieitna
(1872) ¢ obObIUHOIT TeOMETPUN Ha OJHOM MHOXKECTBE €CTECTBEHHO MEePeHO-
CUTCSI Ha TEOMETPUIO JBYX MHOYKECTB, IIPUUYEM IPYIIIOBas 1 (DEHOMEHOJIO-

rp4yeckKasd CUMMETPUN OKa3bIBalOTCAd 3KBHBaJIEHTHBIMU B Ka}K,ZLOﬁ n3 HUX.
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With respect to the functions A, o, p a functional equation has been
obtained whose solution is found by the method of differentiating in indepen-

dent variables R, &, r and separating them:
AMR)=aR+0b, o(&E,1) =0a&, p(E,r) =ar —b, (B.24)

where a # 0 and b are arbitrary constants.

The transformations (B.23) with the functions (B.24) comprise a two-
parameter group of motions that defines the group symmetry of the physical
structure of rank (3,2) as a phenomenologically symmetric geometry that
a function of current gives on a set of conductors and a set of sources of
current. On the other hand, we may, knowing the group of transformations

(B.23), by way of solving the functional equation

I(R,E ") =1(R,E,T),

find the function of current I = I(R, &, r) as its two-point invariant:

£

]:X(R—I—r

),

where y is a function of one variable. Thus, Ohm’s law (B.19) is reconstructed
with an accuracy up to a scaling transformation, that does not alter the
physical meaning of the law, its phenomenological or group symmetries,
and so it becomes possible to choose the scale of the ammeter.

Summing up the above said we arrive at the conclusion that there exist
not only physical but also mathematical prerequisites for introducing a
geometry of two sets. The thing is that the metric function of such a
geometry allows a group of motions that defines it uniquely. Thus, the
"Erlangen programme" of 1872 of F. Klein is translated from the ordinary
geometry on one set over onto the geometry of two sets, the group and

phenomenological symmetries turning out to be equivalent in each.
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I'NIABA 1

I'eomerpusa Kak dpusmdeckasi CTPyYKTypa

Ha OJHOM MHOXKeECTBE

§1. deHomMeHOJOTUYECKAS U I'PYyNNOBasi CUMMETPUN

B reomMeTpumn

[IycTs mMmeercst MHOXKeCTBO M, ABJIAONICECT SN-MEPHBIM MHOI'000Pa31-
eM, IJie S U 1 — HaTypaJibHble YNC/Ia, TOYKH KOTOPOro 0DO3HAYUM CTPOU-
HBIMI JIATHHCKUME OyKBami, a Takke dynknud f : &y — R* e Gy C
M x M, conocrasisoniasg Kazk ol nape (ij) € Sy HEKOTOPYIO COBOKYII-
HocTh s Bemectennblx uncen f(ij) = (f1(ij),..., f(ij)) € R*. Jpyx-
toueunyio dyukiuio f = (f1,..., f*) GygeM HasbBaTL Mempuueckol, He
TpebysI, OJHAKO, IMOJOKHUTEJIHHON OIPeleeHHOCTH ee § KOMIIOHEHT U BbI-
HOJTHEHMS JIJIsT KayKI0i U3 HIX aKCHOM OOBIYHOM MeTPUKH. 3aMeTHM, UTO B
obmieMm ciydae Sy C I x M, TO ecTb, BO3MOKHO, PyHKIUA f HE BCAKOI
nape n3 N x M conocrapysgeT § 4nucesl, HO B IOCJIEAYIOMEM W3JI0KEHIH
y10610 B sBHOI 3ammc f(ij) mogpasymesars, 1to (ij) € & ;. ObosnadnM
aepe3 U(i) okpecrnocts Toukn ¢ € M, depe3 U((ij)) — OKPECTHOCTH HAPBI
(17) € M x M u aHAJTOIUIHO OKPECTHOCTH KOPTEXKeil U3 JPYTruX MPsSMbIX
npou3BeJieHnii MHOYKecTBa, N Ha ceds.

st HekoToporo koprexa (ki ...k,) € 9" anuusl n BBegeM (GYHKIHN
fr=Flki.. ki u f*= flk...ky], comocrabusia Touke i € M TOUKM
(f(iky),..., f(iky)) € R*™ u (f(ki3),..., f(kni)) € R*" cooTBeTCTBEHHO,
ecint (iky), ..., (iky) € &y u (kii), ..., (k,i) € &. Bamernm, 4ro obracTn
OIIPe/IeJICHNS BBEICHHBIX (DYHKIMH f7 1 f:" MOT'YT He COBIAJATh APYT C
JIDYTOM ¥ C caMUM MHOKecTBOM .

B ornomennn npoctpanctsa 9 ¢ S-KOMIIOHEHTHO# MeTpUIecKoil (byHK-
mueit f = (f1,..., f*) Gyjaem npejonaraTh BHIIOJIHEHHE CJICIYIONIX TPEX

aKCHUOM:
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CHAPTER I

Geometry as a physical structure

on one set

§1. Phenomenological and group symmetries

in geometry

Let there be a set 91 that is an sn-dimensional manifold, where s and
n are natural numbers, whose points we shall designate with Latin lower-
case letters, and a function f : &y — R* where &y C M x M, that
assigns to each pair (ij) € & some real continuum of s real numbers
fG3) = (fYig),..., f%(ij)) € R*. We shall call the two-point function
f = (fY...,f%) a metric one, without demanding, however, that there
should exist any positive definiteness of its s components or that the axioms
of the ordinary metrics should be satisfied. We shall note that in most
general case Gy C 9 x MM, i.e., the function f does not possibly assign
to each pair from 99t x 991 s numbers, but in further discussion it will be
convenient to understand in the explicit writing of f(ij) that (ij) € Sy.
Let us designate by U (i) the neighbourhood of the point i € 9, by U ((ij))
the neighbourhood of the pair (ij) € 99t x M, and in the similar way the
neighbourhoods of the corteges of other direct products of the set 9 by
itself.

For some cortege (ki ... k,) € 9" of length n, let us introduce functions

fr= flky...k,] and fn = flk1...ky], by assigning to the point i € O
the points (f(ik1),..., f(ik,)) € R™ and (f(kii),..., f(kui)) € R™
respectively, if (iky),..., (ik,) € &y and (ki7),. .., (k,i) € &f. We shall
note that the domains of the functions f” and f:” introduced may not
coincide with each other or with the set 901 itself.

We shall suppose in respect of the space 9 with s-component metric
function f = (f1,..., f*) that three axioms hold as follows:
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I. Obnacrs onpenenennsa Gy dyuxnun f orkpbiTa n miotHa B I x M.

II. ®yuknus f B 00acTH CBOErO OIpeJIeIeHns JOCTATOUHO IJIa Kasl.

III. B 91" m10THO MHOXKECTBO TaKHX KOPTEXKeil JJIMHBI N, JJIg KOTO-
pbIX (DYHKINSA f_”( f:”) nMeeT MaKCUMAaJIbHBIN paHI, PaBHBIN SN, B TOYKaAX
1JI0THOTO B 9 MHOXKECTBa.

Hocrarounas r1aJJKocTh O3HAYAET, YTO B 00JIACTH €€ OIpeIeIeHIIs HelIpe-
pBIBHA KakK cama (QYHKINsS f, TaK U BCe ee MPOM3BOIHBIE JOCTATOTHO BbI-
coxoro nopsiika. [aaxyro Merpudeckyio dynxumio f = (f1 ..., f%), aia
KOTOpPOil BhIoJiHsAeTCsA akcuoMa 111, Oynem Ha3BIBATD Hesupootcdernot. 3a-
MeTHM, 4T0 orpanmdeHus B akcuomax I, II, III oTKpBITBIME U TLJIOTHBIME
MHOKECTBAMU CBSI3aHO C T€M, UTO MCXOIHBbIE MHOXKECTBA, MOI'YT COJIEpPKATh
HCKJIIOYNTE/TbHBIE TTOJIMHOXKECTBA MEHbIIEH pa3sMepHOCTH, I'/le 9TH aKCHOMBbI
He BBITIOJIHSIIOTCS.

[TycTn, naee, m = n + 2. Ha ocnoBe ncxoHoit MeTpuyieckoit (pyHKINm
f nocrpoum dyukuuio F, comocraisist Koprexky (ijk . ..vw) JTUHBL M 13
M rouxy (f(if), f(ik),..., f(vw)) € R¥™M=1/2 koopmunarsl KoTopoii
B R*™M=1/2 onpeensiroTest yHOPSIOUEHHON 110 NCXOIHOMY KOPTEXKY I0-
cieIoBaTesIbHOCTBIO  sm(m — 1)/2 paccrosHuit Jyist CJeIYIONIIX Tap ero
touek: (ij), (ik), ..., (vw), ecin Bce sTn napsl npunayezkar G . O6maCTb
onpenenennst dyaxiun I obosnaunm depe3 Sp. OdeBuiHO, 9T0 00J1aCTDH
S g ecTb OTKpbLITOE U IIOTHOE B M MHOXKECTBO.

Onpegnenenue 1. Byrem rosoputh, uro dbyuxmus f = (f1,..., %) za-
JlaeT Ha Sn-MepHOM MHorooOpasuu M pernomernonrozuvecku cCumMmempu-
nyto 2eomempuio ((PU3NIECKYIO CTPYKTYPY) PaHra m = n + 2, ec/ii, KpomMe
akcroMm I, II, III, momoHUTEIbHO BBHIOJIHSAETCA CJICAYIONAA aKCHOMA!

IV. CymecrByer miorHoe B Gp MHOXKECTBO, JIJIsI KaxKJOMO KOPTEXKa
(ijk ... vw) nUHBL M = n + 2 KOTOPOro M HEKOTOPOii €ro OKPECTHOCTU
U((ijk...vw)) Haiigercs Takas I0CTATOUHO Tyajkas dyukiwms ¢ 1 & —

(m=1)/ 2 coseprkalieil Tou-

R?, onpenenennast B HeKoTopoii obsactu £ C R¥™
Ky F({ijk...vw)), aro B neit rang ® = s u muoxecrso F(U((ijk...vw)))

SIBJISIETCS TTIOAMHOXKECTBOM MHOXKecTBa Hyseit pyukiun P, 1o ecthb
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I. The domain &y of the function f is open and dense in 9T x 9.

I1. The function f is sufficiently smooth in its domain.

III. In 91" a set is dense of such corteges of length n for which the rank
of the function f“(fn) is maximum, and is equal to sn, in the points of the
set dense in 9.

Sufficient smoothness means that in the domain of the function f smooth
are both the function f and all the derivatives of it of sufficiently high order.
We shall call the smooth metric function f = (f!,..., f*) for which the
axiom III is satisfied nondegenerate. We shall note that the constraint in
the axioms I, II, and III by open and dense sets is introduced because the
original sets may comprise exceptional subsets of smaller dimension where
these axioms may fail to hold.

Suppose, further, that m = n 4+ 2. On the basis of the original metric
function f, we shall construct a function F', by assigning to the cortege
(1jk ... vw) of length m from 9" the point (f(ij), f(ik),..., f(vw)) €
Rs™m=1)/2 wwhose coordinates in R*™(™~1)/2 are determined by the sequence
of sm(m — 1)/2 distances for the pairs of points (ij), (ik), ...,

(vw) of the original cortege ordered by that cortege, if these pairs all belong
to &;. We shall denote the domain of the function F' by &p. The domain
Sr is obviously a set open and dense in 9.

Definition 1. We shall say that the function f = (f1,..., f*) gives on
an sn-dimensional manifold 9T a phenomenologically symmetric geometry
(physical structure) of rank m = n + 2, if, in addition to the axioms I, II,
and III, the axiom is satisfied as follows:

IV. There exists a set dense in G&p for each cortege
(ijk ... vw) of length m = n+2 of which and some neighbourhood U ((ijk . ..
vw)) of it if there exists a sufficiently smooth function ® : £ — R® defined

m=1)/2 that comprises the point F((ijk...vw))

in some region £ C R
such that rang ® = s in it and the set F(U({ijk...vw))) is a subset of

the set of zeros of the function @, i.e.
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(f(ig), f(ik), ..., flow)) =0 (1.1)
st Beex Koprexeit u3 U((ijk ... ow)).

Axkcuoma IV cocrasisier cojepkanue HpuHIUIA (HEHOMEHOJIOINTIECKO
CHUMMETPHH. DTa aKCHOMa BbIpakaeT TpeboBanue, 4Tobbr sm(m—1)/2 pac-
CTOSTHUI MEXK/Iy TOUKaMu JH000ro Koprexka Jmusl m = n+2 u3z U ((ijk . ..
vw)) 6pTH (BYHKIMOHAIBHO CBSI3aHbBI, YIOBIETBODsST CHCTEME S yPABHEHH
(1.1). Yenosue rang ® = s ozmavaer, uro ypasuenns ® = 0 (to ectb
®; =0,...,P, =0) HE3aBUCUMBI.

Ecim o = (2%, ..., 2%") — nokaibHble KOOpAUHATH B MHOroobpasun M,
TO 1151 MeTpudeckoit dynxkuun f = (f1,..., f*) B HeKoTOpOil OKpecTHOCTH
U(i) x U(j) xaxpoit napet (ij) € &y MOXKHO BBIINCATH €€ JIOKAJIbHOE

KOoOpauHaTHOE IIpeJacTaBJ/JICHNIE

f(ig) = flai,z5) = flz}, ...,z x}, oz, (1.2)

cBoiicTBa KoToporo orpejendiorcs akcuomamu I n II1. I[Tockosnbky B cooT-
BercTBun ¢ akcruomoit 111 panru dyukimit f u f:", paBHbBIE $71, MAKCUMAaJTb-
HBI, KOODJANHATBI &; U L BXOAAT B IpejcTas/ienne (1.2) cyiecTBeHHbIM 00-
pazom. [locieanee oznavaer, 9To HUKaKas JIOKAJbHO oOpaTuMast IyiajiKast
3aMeHa KOODJMHAT He NMPUBeJeT K YMEHBIIeHUIO WX YHUCIa B 3TOM Ipe/I-
CTaBJICHUN, TO €CTh He CYIIEeCTBYeT TaKOil JIOKAJbHOI CUCTEMbl KOOPJANHAT,

B KOTOpOﬁ OHO MOKET OBITH 3alllCAHO B BUJIE

Flig) = flaf, ...l @l 2,

riae win n' < sn wmm n” < sn. Jeiicreurenbno, ecin, Haupumep, n' < sn,
TO JiyIst T1000r0 Koprexka (J1 ... Jn) € (U(§))" amunnt n u s 1000ii To4-
ku 13 U(i) panr dynknun f* = f[ji...j,] Oyner 3aBegoMo Menbiie sn,
qT0 IpoTHBOpeunT akcuome I[II. 3ameTnm, ojHAKO, UTO CyIIECTBECHHAs 3a-
BUCHMOCTb IpeJicTaBienust (1.2) oT JIOKaJIbHBIX KOOPJUHAT T I T, B O0OIIEM
cydae He rapaHTUPYeT BbITOJHeHns akcnoMbl 111

Ucnosb3yst Boipazkenue (1.2), 3amuiimeM JIOKaJIbHOE KOOPJAMHATHOE TIPEI-

cTaBJIeHNe TIOCTPOEHHOM Bbllle (pyHKIH F:
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O(f(ig), f(ik), ..., flow)) =0 (1.1)
for all the corteges of U((ijk...vw)).

The Axiom IV gives the essence of the principle of phenomenological
symmetry. That axiom expresses the requirement of sm(m—1)/2 distances
among the points of any cortege of length m = n + 2 from U({ijk...vw))
being functionally related, satisfying a system of s equations (1.1). The
condition rang ® = s means that the equations ® = 0 (i.e. &1 =0,..., D, =
0) are independent.

If v = (2!,...,2°") are local coordinates in the manifold 91, then for
the metric function f = (f1,..., f*) in some neighbourhood U (i) x U(j) of

each pair(ij) € Gy it is possible to write its local coordinate representation

fig) = f(xi,x;) = f(a:%,...,xf“,x},...,xjn), (1.2)

whose properties are determined by the axioms II u III. Since, under the
axiom III the ranks of the functions f” and f:”, equal to sn, are maximum
ones, the coordinates z; and x; are included in the representation (1.2)
in an essential way. The latter implies that no locally invertible smooth
change of coordinates will result in their number in the representation being
decreased, i.e. there does not exist a local system of coordinates such in

which it can be written as

f@ij) = f(xl,... ,x?/,x}, . ,x?”),

where either n’ < sn or n” < sn. Indeed, if for example n’ < sn then for any
cortege (j1...7n) € (U(j5))" of length n and for any point from U(i) the
rank of the functionf” = f[ji...j,] will a fortiori be less thansn, which
is in contradiction with the axiom III. We shall note, however, that the
essential dependence of the representation (1.2) on the local coordinatesz;
and z; in the general case does not guaranty that the axiom III be satisfied.

Using the expression (1.2), we shall write a local coordinate representation

of the function F' that we have constructed:
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> (1.3)

fow) = fl@o ) s |

d)YHKIlI/IOHaJIbHaH MaTpulla AJisI KOMIIOHEHT KOTOpOfI

9f(ij)  9f(j)
83:;] Ba:jj 0 0 0
01 (ik) 01 (ik)
(1.4)
00 g

mmeer sm(m — 1)/2 crpox u smn cronbmnos. 3aech depes Of /0x kpat-

KO 0OO3HauYeHa PYHKINOHAIbHAA MATPULA JJIsi § KOMIIOHEHT METPHUIECKOI

1

bynxmun f = (f1,..., f*) no xoopaunaram x = (21, . ..

aft oft

Ozt oxsm
0
9f _ (1.5)
ox

ofs ofs

Ozt oxs™

[Ipencrasienue (1.3) 3amaercst cucremoii sm(m — 1)/2 dyuximit f(ij),

flik),..., f(vw), 3aBucsnux creruajsbHbIM 00pPa30M OT SMN KOOPJANHAT
1

i,--

obIIee 9nCI0 KOMIOHEHT MeTprieckoit pyrknnu f B cucteme (1.3) He 6071b-

T}, ..., BCex ToUYeK Koprexa (ijk ... vw) mauael m = n+ 2. [lockoibky
1ie 06IIero Ynca KoopjnHatr, Haaundue cesasu (1.1) sBisiercs HeTpuBHasb-
HbIM (hAKTOM, He MMEIOIINM MecTa Jijisi IPOU3BOJILHOI cucTeMbl (DyHKIIHIT
(1.3).

Oyuximst F') cormacHo ee JIOKATbHOMY KOODANHATHOMY MPEJICTABICHUIO
(1.3), otobpazaer oxpecrrocts U((ijk...vw)) C &p B R¥™MM=D/2 Mar-
purieit 9Toro oTobpazkeHus sBJsiercst pyHKIMOHAbHAs MaTpuiia (1.4) cu-

crembl pyHKIWiA (1.3), & €ro paHrOM HA3BIBAETCS PAHT TOI MATPHUIIbL.
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)

flig) = f(i, z)),

flow) = flao ), |

the functional matrix for the components of which

> (1.3)

Of(i)  Of (i)
YUl Mo 0 0
o1 (ik) o (ik)
(L P 0

(1.4)
0 0 0o ... Ybw oflw

has sm(m — 1)/2 rows and smn columns. Here, it is the functional matrix

for s components of the metric function f = (f1,..., f*) in the coordinates
= (2!,...,2°") that is briefly designated by 0f/0x:
oft of!
oxl *°° Qzsn
0
o _ (1.5)
ox
of° af*
61.1 oo 81‘3"

The representation (1.3) is defined by a system of sm(m —1)/2 functions

f@ig), f(ik), ..., f(vw) that depend in a special manner on smn coordinates
1

i’---

x , ot of all the points of the cortege (ijk . ..vw) of length m = n+ 2.
Since the total number of the components of the metric function f in the
system (1.3) is not bigger than the total number of the coordinates, the
presence of the relation (1.1) is a nontrivial fact that will not take place in
case of an arbitrary system of functions (1.3).

The function F', according to the local coordinate representation (1.3),
maps the neighbourhood U({ijk...vw)) C &p B R*™Mm~1/2 The matrix
of that mapping is the functional matrix (1.4) of the system of functions

(1.3), and its rank is the rank of the matrix.
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Teopema, 1. Jlaa mozo, umobv. mempuueckan ymxuua f = (f1, ..., f5)
3adasanra Ha Sn-meprom mHo2000pazuu M Peromernoso2uecky, cummen-
pusHyto 2eomemputo (dusuneckyto cmpykmypy) panea m = n + 2, Heob-
x0duMmo U docmamouno, wmobws pare omobpascerua ' ovn pasen sm(m —

1)/2 — s na naommnom 6 Sp mnodcecmse.

[TosHOE TOKA3ATEIBCTBO TEOPEMBI 1 MOYKHO HANHTH B MOHOTpadQUN aBTOPa
|10] u ero pabore [11].

PaccMmorpum Ternepb IpyIioBble CcBOCTBa (DeHOMEHOJIOINIEeCKN CHMMeT-
PUYHOII TeOMeTPHUH, BBeJeHHOI BhIIIe oIpeaeaeHneM 1.
[Iycts U u U’ — orkpoiThie obsactu B MHOroobpasuu I, He 06s13aTe/IbHO

CB4A3HbBIEC. Fﬂa,Z[KOG NHBEKTUBHOE OTO6pa}K€HI/Ie
/
AN U—U (1.6)

HA3BIBAETCSI JIOKAJILHBIM 0GUNCEHUEM, €CJTH OHO COXPAHSET METPUYECKYIO
bynxkmio f = (f1,..., f*). Tocieanee oznauaer, 4ro s J000i Haphbl
(ij) € &y, Takoit uro i,j € U, u coorsercryiomeit napsl (A(i), A(j)),

€CJIN OHa IIPpUHaIJICKUT 6f, nMeeT MeCTO paBEeHCTBO

FA@),A()) = f(i)), (1.7)
BBITIOJTHSAIONIEECS JIJTel KazK 10l 13 KOMIOHEHT f', ..., f* MeTpuaeckoil GpyHK-
un f.

MuozkecTBo Beex jiBukennii (1.6) ecThb JiokajbHas TPyIIa Ipeodpaso-
BaHUil, J1iJIsT KOTOPOii MeTpudeckas pyHKIUs coryiacHo pasencrsy (1.7) sie-
JISIeTCsT 08yrmoveutuM unsapuarmom. K merpudeckas: yHkius f 3a-
JlaHa sIBHO, HAIPEMED, B CBOEM KOODJIMHATHOM mpejctasieHun (1.2), To
paBeHcTBO (1.7) stBysieTcst (DyHKIIMOHAJBHBIM yPaBHEHUEM, pelliasi KOTO-
poe MOXKHO HANTH TIOJHYIO DYy JoKaJbHbIX jBrzkenuit (1.6). Ham xe
O MeTPUYECKO# (DYHKIMU U3BECTHO TOJILKO TO, YTO OHA HEBBIPOXKJCHA U
VIIOBJIETBOpsieT HeKOTopoii cucreme s ypapuennii (1.1). Ho sroro okasbisa-
eTCsl JIOCTATOUHO JIJISE TOTO, 4TOOBI yCTAHOBUTH CyiecTBoBanue sn(n+1)/2
-apaMeTpuYecKOil I'PYIIIbI €€ JBUKCHUIL.

Jlast 6osbIIeli sSICHOCTH TOCJIEIYIONIEr0 N3JI0XKEHIsST BOCIIPOU3BEIEMB Ha-

X 0003HAUEHUsIX OlpeJiesIeHre JIOKaIbHOI rpyIbl JIu npeobpasoBanuii,
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Theorem 1. For the metric function f = (f1,..., %) to give on an sn-
dimensional manifold M a phenomenologically symmetric geometry(physical
structure) of rank m = n + 2, it is necessary and sufficient that the rank

of the mapping F be equal to sm(m —1)/2 — s on a set dense in Gp.

The complete proof of Theorem 1 is in the author’s monograph [10| and
in his note [11].

Now we shall study the group properties of the phenomenologically
symmetric geometry introduced by the definition 1 above.
Let U and U’ be open regions of the manifold 9%, that are not necessarily

connected. A smooth injective mapping

AU U (1.6)

is called a local motion if it preserves the metric function f = (f1,..., f*).
The latter means that for any pair (ij) € &y, such that ¢,j € U, and the
corresponding pair (A(¢), A(j)) if it belongs to &, the equality

FA@), A7) = f(ig), (1.7)

takes place that is satisfied for each of the components f!,..., f* of the
metric function f.

The set of all the motions (1.6) is a local group of transformations for
which the metric function, according to the equality (1.7) is a two-point
invariant. If the metric function f is defined explicitly, in its coordinate
representation (1.2) for example, then the equality (1.7) is a functional
equation, the solution of which gives the complete group of local motions
(1.6). All we know about the metric function is that it is nondegenerate and
satisfies some system of s equations (1.1). But it turns out to be enough to
establish the existence of the sn(n + 1)/2-parameter group of its motions.

For the sake of making further discussion clearer, we shall reprouce in

our designation the definition of the local Lie group of transformations,
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cienyst monorpacduu JI.C.Ilorrpsruna "Henpepsisabie rpymmbt (em. [12],
crp. 435). Ilycrs G" — r-mephast Jjokanbhast rpymna Jlu u U — #Hekoropast
obs1acTh MHOTOOOpasust M. omycTum, 910 KazkIoMy djieMenTy a € G’ 110-
CTaBJIEHO B COOTBETCTBUE HEIIPEPBIBHO 3aBUCSINEE OT @ MHBHEKTUBHOE OTOO-
paxkenue \, : U — U’ obnacru U B nekoropyio obnacts U’ Muoroobpasus
M, orHOCsee Kaxkoil Touke i € U nekoropyio touky ¢ € U', To ecthb
i" = Ao(7) = A(i,a). Byaem rosoputh, uro G" ecthb JiokajibHas rpyrmna Jlu
npeodpazoBannii odsactu U, ecjin BBITIOJIHEHBI CJIEJIYIONTNE TPU YCJIOBUS:

1, Enxunnre e rpynmbst G" cOOTBETCTBYET TOXKIECTBEHHOE IIpeodPa3oBaHue
i" = A\(i,e) =i obmactn U na ceba u A(A(4,a),b) = A(i,ab), To ecTb mpo-
u3Bejiennio ab € G" cooTBeTCTBYET KOMIIO3UIS ITPeoOpa30oBaHuil: cHAYA A
Ag 1 3aTeM N\, (Bo3MoKkeH u jipyroit nopsiok: A(A(i, a), b) = A(7, ba)).

2. IIpeobpazoBanue A\, gBJIsIeTCS TOXKIECTBOM JIMIIL IIPU YCJIOBUU, UTO @
ecThb ejuHuIEa e rpymmbl G

3. B koopaunatHoit hopme A(i,a) ecTb pocTarouHoe dnciao pas mudde-
pennupyemas Gyakius Touku ¢ € U u snementa a € G

OmnpeiesieHHast TOJIBKO UTO TPYIIIA [IPeodpa30BaHmil 110 YCIOBHUIO 2 -
beKTHUBHA 1 TIOTOMY CAMI 9JIeMEHTRI I'PYIILI (G MOTYT CYUTATLCSI IIpeodpa-
3oBaHUAMM. TO ecTh MOXKHO TOBOPUTH O 7'-MEPHOM JIOKAJIBHOI I'PYIIIE Tpe-
obpaszoBanuii MEOro0Opasusa M, koropyio obozradnm depe3 G (N). Takum
obpazom, B obstactu U 3aan0 3 dekTrBHOE TUtajiKoe geficTBue rpymibl G,
pudeM yeaoBus 1, 2, 3 BBIIOJIHSIIOTCA JIjIi HEKOTOPOI ee JacTH, TO eCThb
HEKOTOpOIi, 3aBucsmieil o U, OKpecTHOCTH eINHIIHOrO 3j1eMeHTa e € G

B nocsieytoreM n3joxKeHnn yJ00HO cuuTaTh, uTo obsactk U C 9N He
00s13aTE/IbHO CBSI3HA, HAIPUMED, MOYKET COCTOSITH M3 JIBYX CBSI3HBIX 00.1a-
creit: U = Uy U Uy, mpuuem Uy NUy = @.

Omnpegenenne 2. Byiem rosoputh, uro dyuxmus f = (f1, ..., f%) 3a-
JIaeT Ha sn-MepHOM MHOrooOpasuu M 2eomempuiro, Hadeserryro epynnosoti
cummempuet; creriern sn(n + 1) /2, ecin, kpome akcuom I, 11, II1, momos-
HUTEJTHHO BBIIOJIHSICTCs CJIEIYIONas aKCHOMA:

IV’. Cymecrsyer orkpbiToe 1 II0OTHOE B 9 MHOXKECTBO, IS KayKIOi
TOYKHU ¢ KOTOPOro 3ajiaHo 3hdeKTuBHOe riajikoe Jeiicreue sn(n + 1)/2-
MepHOil JIOKaJIbHOI TpyHIb JIn B HEKoTOpoit okpecTtHocTn U (z), Takoe, 4TO

neiicrust ee B okpectrocTsax U (i), U(j) JBYX TOUeEK i, j COBIAJAIOT B IIe-
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following the monograph "Topological Groups" by L.S. Pontriagin (see [12],
P. 435). Let G" be an r-dimensional local Lie group and U — some region
of the manifold 9. Suppose, each element a € G" is assigned a continuous
in a injective mapping A\, : U — U’ of the region U into some region U’
of the manifold 9, attributing to each point i € U some point i’ € U,
ie. i = A(i) = A(i,a). We shall say that G" is the local Lie group of
transformations of the region U if three conditions hold as follows:

1. A unit e of the group G" is corresponded by an identical transformation
i" = M(i,e) =i of the region U on itself and A(A(i,a),b) = A(7,ab), i.e. the
product ab € G" is corresponded by a composition of transformations: first
A, and then A, (another order is possible: A(A(i,a),b) = A(7, ba)).

2. The transformation A, is only an identity on condition that a is a unit

e of the group G".

3. In the coordinate form A(i,a) there is a sufficiently differentiable

function of the point ¢ € U and the element a € G".

The group of transformations that we have just defined is, under condition
2, effective and so the elements of the group G" may themselves be considered
transformations. That is, it is possible to speak of an r-dimensional local
group of transformations of the manifold 9t that we shall designate by
G" (). Thus, there is an effective smooth action of the group G" defined in
the region U, the conditions 1, 2, and 3 being satisfied for some part of it,
i.e. for some, depending on U, neighbourhood of the unit element e € G".

In the further discussion it will be convenient to consider that the region
U C 9 is not necessarily connected, and may for example consist of two
connected regions: U = Uy U Us, U; N U, being equal to <.

Definition 2. We shall say that the function f = (f,..., f*) gives on
an sn-dimensional manifold 9T a geometry endowed with a group symmetry
of degree sn(n + 1)/2, if, in addition to the axioms I, II, and III, one more
axiom holds as follows:

IV'. There exists a set open and dense in 99t for each point ¢ of which
there is an effective smooth action of an sn(n + 1)/2-dimensional local Lie
group defined in some neighbourhood U(7), such that its actions in the

neighbourhoods U (i), U(j) of two points ¢, j coincide in the intersection
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pecevernn U(i) NU(j) n aro dyukims f(if) mo KaxKI0il U3 CBOUX § KOM-
[OHEHT SIBJISETCS JIBYXTOUETHBIM UHBAPUAHTOM COOTBETCTBYIOMIEH TPYIIITBI
nipeobpasoBanuii okpecraocti U (i) X U(j).

[pymumna npeobpasosanuii, 0 KoTopoii ropopures B akcuome IV, onpee-
JISIeT JIOKAJBHYIO MOJABUKHOCTD »KECTKUX (PUTYD B SN-MEPHOM IPOCTPaH-
cre I, aHAJOTUUHYIO TOJBUAKHOCTU TBEPJbIX TEJI B EBKJIMJIOBOM IIPO-
CTpaHCTBe. 3aMETUM, ITO IJI0DAJBHO TTOJIBUZKHOCTU [IPH 9TOM MOYKET 1 HE
OLITH, TAK KaK, XOTs JOKaIbHble geiicTsust rpyunel G /2 onpenerernt
corstactHo akcrome IV’ B HEKOTOpOit OKPECTHOCTH KazK 10 TOYKH OTKPBITOTO
1 IJI0THOTO B 9T MHOXKECTBA, MOKET OKa3aThCsl, YTO Ha BCEM 9TOM MHOXKe-
CTBe JIEHCTBYET TOJIbKO €IMHITIHbI 9/1eMeHT rpymibl. MuoxkecTBo map (ij),
/I KOTOPBIX MeTpuuecKasi (DyHKIWs f onpejie/ieHa u sBJIsAeTcs BYXTOUe -
HBbIM HHBAPUAHTOM I'PYIIIIBI JIOKAJTBHBIX IIpeodbpasoBaHuiit MHOTr00Opasust I,
OYEeBUJIHO, OTKPBHITO U 1I0THO B I X M. Bynem takke roBOpUTH, YTO MET-
pudeckas byuknus donyckaem sn(n + 1)/2-MepHyIO JOKAJIbHYIO IPYIIITY
JIn JIOKaJIbHBIX JIBUZKEHIA.

I3 akcunombr 1V ciemyer Takzke, 4To Ha OTKPLITOM 1 IIOTHOM B ) MHO-
JKecTBe 3a71aH0 sn(n + 1)/2-MepHoe JiHeiHOE CeMeRcTBO IVIAJKIX BEKTOD-
HBIX 1oJieit X, 3aMKHYTOe OTHOCHTE/IbHO OIepariiii KOMMYTUDOBAaHUs, TO
ecTh asrebpa Jlu mpeobpasosanuii (cm. [12], §60). B mexoTopoii jokaabHOl
crcTeMe KOOpAMHAT Oa3MCHBbIE BEKTOPHBIE IO/ 9TOI0 CeMeiiCTBa 3allnIieM

B OIIEpaTOPHOIT dpopme:

X, = M (x)0/0z, (1.8)
rrew =1,2,...,sn(n+1)/2, a 10 HEMOMY UHJIEKCY [t TPOU3BOUTCS CYM-
MUpoOBaHue B pejesax or 1 10 sn. Merpuueckas dyukius f = (f1,..., %)

OyJIeT JBYXTOUEUHBIM HHBAPUAHTOM JIOKAJTBHOM rpyibl Jlu mpeobpasoBa-
HIiT HEKOTOPBIX OKpecTHOCTE U (i) m U(j) ToYeK ¢ 1 j B TOM U TOJIBKO B
TOM CJIytae, ecJIn OHa MOKOMIIOHEHTHO Y/I0BJIeTBOpseT cucreme sn(n+1)/2

ypaBHEHUIA
Xo(0)f(ig) + Xo(h) f(ig) = 0 (1.9)
¢ oneparopamu (1.8):
No()0f (i5)/ 0] + M (5)0f (if) /0’y = 0,
ryte, natnpumep, A (7) = M (z;) = M(zh, ..., 25") (em. [13], erp. 229 u 237).
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U(i)NU(7) and the function f(ij), with respect to each of its s components
is a two-point invariant of the corresponding group of transformations of
the neighbourhood U (i) x U(j).

The group of transformations mentioned in the axiom IV’ defines the
local mobility of rigid figures in an sn-dimensional space 9, similar to the
mobility of solid bodies in the Euclidean space. We shall note that that
does not imply global mobility, for though the local actions of the group
G +1)/2 gre defined, according to axiom IV’ in some neighbourhood
of each point of a set open and dense in M, it may appear that there
is only one single element of the group acting in the whole set. The set
of pairs (ij) for which the metric function f is defined and is the two-
point invariant of the group of local transformations of the manifold 9t
is, obviously, open and dense in 9T x 991. We shall also say that the metric
function allows an sn(n+1)/2-dimensional local Lie group of local motions.
It also follows from the axiom IV’ that on a set open and dense in 9t there is
an sn(n+ 1)/2-dimensional linear family of smooth vector fields X defined
that is commutation closed, i.e. an algebra of Lie transformations (see [12],
§60). In some local systems of coordinates, let us write basic vector fields
in operator form:

X, = Mi(z)0/0zH, (1.8)
where w = 1,2,...,sn(n 4+ 1)/2, and by the dummy index p an operation
of summation is performed within the range 1 to sn. The metric function
f=(fY ..., f°) will be the two-point invariant of the local Lie group of
transformations of some neighbourhoods U (7) and U (j) of the points i and j

if and only if it satisfies componentwise the system of sn(n+1)/2 equations

Xo(0) f(i7) + Xo(h) f(if) = (1.9)
with the operators (1.8):
No(0)0f (7)) 0 + N;(4)0f (i) /9y = O,

where, for example, M (1) = M- (z;) = Mo(x}, ..., 2f") (see [13], Pp. 229 and
237).
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Teopema 2. /s mozo, wmobw dynwkuus f = (f1,..., f*) sadasara na
SN-MEPHOM MH02000pasuy M 2eomempuro, nadeaennyio 2pynnosoti cum-
mempuet cmenenu sn(n—+1)/2, neobrodumo u docmamowno, wmobv pane
omobpasicenus F oo pasen sm(m—1)/2—s, 2de m = n+2, na naommom

6 S MHootCECMBE.

[Tonmoe moKa3aTEILCTBO TEOPEMBI 2, & TaK»Ke CJIeTYIONIel Hi»Ke TeopeMbl

4, MOxkHO HaiiTi B MoHOTpacdun aropa [10] u ero padore [11].

IToroBbIM 1 O9EBUIHBIM PE3YJILTATOM U3JI0YKEHHOI'O BBIIIE SBJISIETCS Bbi-
BOJI 00 SKBUBAJIEHTHOCTU (PEHOMEHOJIOTUIECKON W TPYIIIOBOI CUMMETPHIT
reoMeTpui, 3a/JlaBaeMoil Ha sn-MepHOM MHOroobpasuu I dyHkIiwmeir [ =
(fY, ..., f%). Dra sKBUBAJEHTHOCTD SIBJISIETCA ClleJICTBIeM TeopeM 1 n 2 Ha-
crosdiiero mnaparpada, HeoOXOAUMbIe U JIOCTATOYHBIE YCJIOBUsSI KOTOPBIX O

panre orobpaxkenusi [’ coBnaJiaror.

Teopema 3. Jlaa mozo, wmotw, pynxyus f = (f1,..., f*) sadasana
Ha ST-MEPHOM MH02000pasuu M Pernomernoro2uvecku CuMMempPUiHyIO 2€0-
mempuio (Pusuveckyro cmpykmypy) parnea m = n + 2, neobrodumo u do-
cmamoywro, Ymobv, ama ynryua 3adasana wa I 2eomempuro, nadesernyro

epynnosoti cummempuet cmenenu sn(n + 1) /2.

3aMeTuM, 4TO YCJIOBUE O paHre orobpaxkenusi [ MoxKHO copmyIupo-
BaTh KaK YeTBEPTYIO aKCHUOMY B OIpPeJeJeHUH reoMeTpur. Takass reomer-
pust OyJieT, ¢ OJIHOit CTOPOHBI, (DEHOMEHOJIOINYECKN CUMMETPUYHa, a C JIpy-
roii CTOPOHBI — HaJleJIeHa IPYIIIOBOil cuMMeTpueil, mpuyeM ode CUMMETPUH

B CMbICJIC T€OPEMDbI 3 OKazKyTCsd 9KBUBaJICHTHBIMU.

Teopema 4. Pazmeprocms A0KaAHOT 2DYnnvl AOKAALHOIT dsUuHCeHUT,
donycxaemoir  mempuneckoti dynwyued f = (f1,..., f%), sadaoweti na
SN-MEPHOM MH02000pa3uu M pernomernoro2uiecky, CuMMeMpuIHYO 2e0-
MEMPUIN PaAH2G M = N+ 2, UAU 2EOMEMPUIO, HADCAEHHYIO 2DYNNOBOT CUM-

mempuet cmenenu sn(n + 1)/2, ne npesviwaem smotd cmenenu.

Taxkum obpazom, kecTkue pUTypbl U TBEpJIble Tejla NMEIOT He OoJiee
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Theorem 2. For the function f = (f1,..., f*) to give on an sn-
dimensional manifold an M geometry endowed with the group symmetry
of degree sn(n + 1)/2 it is necessary and sufficient that the rank of the
mapping F' be equal to sm(m —1)/2 — s, where m =n+ 2, on a set dense

The complete proof of theorem 2, as well as of theorem 4 below, is in the

author’s monograph [10], and in his note [11].

The final and obvious result of the above said is the conclusion of the
phenomenological and group symmetries of the geometry defined on an sn-
dimensional manifold 9t by the function f = (f1,..., f*) being equivalent.
That equivalence is a corollary of Theorems 1 and 2 of this paragraph,
the necessary and sufficient conditions of which concerning the rank of the

mapping F’ coincide.

Theorem 3. For the function f = (f,..., f%) to give on an sn-
dimensional manifold I a phenomenologically symmetric geometry (physical
structure) of rank m = n + 2 it is necessary and sufficient that that

function give on M a geometry endowed with a group symmetry of degree
sn(n+1)/2.

We shall note that the condition concerning the rank of the mapping F
may be formulated as a fourth axiom of the definition of the geometry. Such
a geometry will be phenomenologically symmetric, on the one hand, and
will be endowed with a group symmetry, on the other, and both symmetries

will be, in the sense of Theorem 3, equivalent.

Theorem 4. The dimension of the local group of motions allowed by the
metric function f = (f1,..., f*), giving on an sn-dimensional manifold IN
a phenomenologically symmetric geometry of rank m = n+2, or a geometry
endowed with a group symmetry of degree sn(n + 1)/2, is not bigger than
that degree.

Thus, rigid figures and solid bodies have not more than sn(n +1)/2
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sn(n + 1)/2 cremneneit cBOGOJBI TIPH CBOEM JIBUYKEHUE B ITPOCTPAHCTBE.

§2. Kiraccudukaiiusi o;THOMEPHBIX, By MEPHBIX

U TPEeXMEPHBIX reoMeTpuii

B nacrogmem maparpade OyayT HpHUBEIEHbI IOJIHbIE KIacCupUKaINN
OJIHOMETPHYECKIX (PEHOMEHOJIOINYEeCKN CUMMETPUYHBIX TeOMeTPHil, Koraa
OJIHOKOMIIOHEHTHasl Merpudeckasi pyHknus f 1upu s = 1 mape Todek Coro-
CTaBJIIET OJIHO Yucj0. K HacTosImmemMy BpeMeHn Takue KJaacCuUKaIlum 1mo-
CTPOEHBI TOJILKO JIJIsI OJJHOMEPHBIX, JIBYMEPHBIX M TPEXMEPHBIX NeOMETPHIA,
TO ecThb it n = 1, 2, 3. Kitaccudukarus ¢peHOMEHOJIOTMIeCKH CUMMETPU Y-
HBIX IeoMeTpuii Oojiee BBICOKOI pa3MEpHOCTH B paMKaX pa3paboTaHHOIO
MeTO/Ia, HATAJKNBACTCS Ha CePbEe3HbIE TPYIHOCTH YMCTO TEXHUYECKOI'O Xa-
paxTepa, KOTOPbIE elle He IIPeoI0JIeHbl. BO3MOXKHO, UTO BCE 3TH TPYIHOCTH
eCThb HEJIOCTATKU CaMOI'0 MeTO/Ia, OJHAKO HOBBIE U DoJjiee 3ppeKTUBHbIE Me-
TOJbI KIaccuuKaluy ele He HailJleHbl.

KoopannaTHoe mpejcTaBieHne MeTpUIecKoil (DyHKIINK IIPU HIEPEXoe OT
OJIHOIT cucTeMbl KOOPJUHAT K Jpyroit Mensiercsi. Hampumep, merpudeckast
dyuKIM 1I0cKocT EBKIMIA B IPSIMOYTOJILHOI JIeKapTOBOil cucreMe Ko-

opaunar (x,y) 3amaercs Boipazkennem (B.1), a B mosisipHoit crcTeme Koop-

auHat (1, Q) — IpyruMm:
flig) =1} + 77 = 2rir; cos(pi — ¢;).

JonosiauresibHOe MaciiTabroe peobpaszoanue (f) — f, vie ¥ — mpo-
U3BOJIbHAasT (DYHKINS OJIHOM MepeMenHoit, erle 0ojiee N3MEHNUT UCXOTHOE KO-
opauHaTHOe npescTasienne (B.1), caenaB ero TpyHO y3HaBaeMbIM. FEcre-
CTBEHHO BBIOpPATh TAKyIO CUCTEMY KOODJMHAT B MHOroobOpasun N u mpose-
CTU TaKoe MaciITabHoe IIpeodpaszoBaHue caMoil METPIYECKON (DYHKIINY, IIPH
KOTOPBIX ee KOOPJIMHATHOE IpejcTaBieHne Oyaer Hanbosee npoctbiM. [lo-
9TOMY, HIZKECIe Iy IoIIe K1acCu(buKaIMOHHbIE TeOPEMbl (DOPMYITUPYIOTCH C

TOYHOCTBIO JI0 3aMeHbI KOOPJIMHAT U MACIITaOHOTO MTpeodpa30BaAHMS.

Paccmorpum cHavasia 1o pabore [5| mpocreiiniyio ojHoMepHyo (s =

1, n=1) deHoMeHOJOrTIECKE CHMMETPIYHYIO reoMeTpuio panra 3. Ta-
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degrees of freedom, in their motion in space.

§2. Classification of one-, two-

and three-dimensional geometries

In this paragraph, we shall give complete classifications of the unimetric
phenomenologically symmetric geometries where a one-component metric
function f with s = 1 assigns to a pair of points one number. By now, such
classifications have only been built for the one-dimensional, two-dimensional,
and three-dimensional geometries, i.e. for n = 1,2, 3. Using the method of
classifying phenomenologically symmetric geometries that we have developed,
when applying it to geometries of higher dimensionality, we encounter serious
technical difficulties that we have not yet overcome. It is possible all those
difficulties are the shortcomings of the method itself, but we have not yet
discovered other and more effective methods.

The coordinate representation of a metric function, while a transition
from one system of coordinates to another performed, changes too. For
instance, the metric function f the Euclidean plane in the Cartesian rectangu-
lar coordinate system (z,y) is defined by the expression (B.1), while in the

polar coordinate system (r, @) by another:

fij) = fr’? + 7’? — 211 cos(pi — ¢j).

An additional scaling transformation ¢ (f) — f, where 9 is an arbitrary
function of one variable, will change the original coordinate representation
(B.1) still more, to the point of it becoming hardly recognizable. It is most
natural to choose such a system of coordinates in the manifold 99t and
perform such scaling transformation of the metric function itself that would
make the coordinate representation of it as simple as possible.That is why
the theorems of classification that follow are formulated with an accuracy

up to change of coordinates and a scaling transformation.

Let us first consider, following note [5] the simplest (s = 1,n = 1)

phenomenologically symmetric geometry of rank 3. Such geometry is defined
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Kasl TeOMeTPHsI 3a/1aeTcsl Ha OJHOMEPHOM MHOorooopasun N MeTpudeckoi
dbynknueit f: Gy — R, rie & C M x M. Ee KoopJunaTHoe HpejcTaBiie-

HHUE OIIpeneIdeTCAa BblpazKEHNEM

fg) = [, z;), (2.1)

rje T — JIOKaJbHasl KOOpJnHaTa B MHOrooopasun. Merpuueckast QpyHKIIMsT
(2.1) Gymer HEBBIPOXKJIEHHOIT, TO €cTh yaoBaeTBopsaTh akcnome 111 u3 §1,
IPU YCJIOBUU OTJINYHSA OT HyJIsT 00EMX IIPOM3BOIHBIX II0 KOOPJAMHATAM X; 1
xj pust wiorHoro B M X M MHOZKecTBa AP (ij). YpaBHeHUe, BEIpakKarolee
(beHOMEHOJIOrNIECKYI0 CUMMETPHIO PAcCMaTPUBAEMOil TeOMETPUN, COTJIACHO
akcuome IV u3 §1 ycranapiusaeT OyHKIIMOHAJIBHYIO CBA3b TPEX PACCTOSTHUIT

f@i7), f(ik), f(5k) aus miornoro B 93 muoxectsa Tpoek (ijk):

O(f(ig), f(ik), f(k)) = 0. (2.2)

Teopema 1. C' mounocmuio do macwmabnozo npeobpaszosarus (f) —
f u 6 nadaeorcawe 6ubparHoOt cucmeme A0KANLHOT KOOPOUHAMBL T HEGDL-
pootcdennas mempuueckan ynkyua (2.1), 3adarowan na 00HOMEPHOM MHO-
2000pa3UU HEHOMEHONOLUMECKU CUMMEMPUYHYIO 2COMEMPUIO PAH2A MPU CO
c6asvio (2.2), moorcem Ovimv npedcmasaena cACOYIOUUM KGHOHUYECKUM

6BIPAHCEHUEM.

flij) = x; — ;. (2.3)

Ypaprenue (2.2), Beipazkatoriee GeHOMEHOJIOMTIECKYI0 CHMMETPHIO ITOM
reometpun, jierko naxognrest: f(ij) — f(ik) + f(jk) = 0. JlokambHoe 06pa-
TiMoe TipeobpasoBanne &' = \(x) ogHOMEepHOrO MHOrOOOpasus M ¢ OT/IId-
HOW OT HyJIsi Mpou3BOjHON A (x) OyJer JBUXKEHHeM, eCjii OHO COXPaHSIeT
Merpudeckyio GyHkimio (2.3): A(x;) — A(z;) = x; — x;. oayuennoe dbynk-
[MOHAJILHOE yPAaBHEHUE Ha MHOYKECTBO JIBHKCHUIT JIErKO PeIIaeTest METOI0M
pasjiesieHust iepeMeHHbIX: A\(2) = x+a, 1Jie ¢ — IPOU3BOJIbHASI IOCTOSTHHAS.
CooTBercTByIOIas oJHOIapaMeTpudeckasi Ipyllia IBUKeHUA & = T + a
olpeJiesisieT TPYIIOBYI0O CUMMETPUIO cTereHn 1 (PeHOMEHOJIOMMIEeCKN CHM-

METPUYIHOI reOMeTPHUH paHra 3, 3a/[aBaeMoil Ha OJJHOMEPHOM MHOTOOOpa3NH



G.G. Mikhailichenko. The mathematical basics and results of the theory of physical structures 51

on a one-dimensional manifold 9T by the metric function f : & — R,
where &y C 9 x M. Its coordinate representation is determined by the

expression

flig) = [, z5), (2.1)

where z is a local coordinate in the manifold. The metric function (2.1)
will be nondegenerate, i.e. satisfy the axiom III of §1, on condition of both
derivatives in the coordinates x; and x; being unequal to zero for the set of
pairs (ij) dense in 9t x M. The equation expressing the phenomenological
symmetry of the geometry in question, under the axiom I'V of §1, establishes
a functional relation of the three distances f(ij), f(ik), and f(jk) for the
set of triples (ijk) dense in 93

O(f(ig), f(ik), f(jk)) = 0. (2.2)

Theorem 1. With an accuracy up to a scaling transformation ¥ (f) — f
and in a suitably chosen system of the local coordinate x the nondegenerate
metric function (2.1) that defines on a one-dimensional manifold a
phenomenologically symmetric geometry of rank 3 with the relation (2.2)

may be represented with the following canonical expression:

f(ig) =z — a;. (2.3)

The equation (2.2) expressing the phenomenological symmetry of that
geometry is readily found: f(ij) — f(ik) + f(jk) = 0. The local invertible
transformation ' = A(x) of the one-dimensional manifold 9t with the
derivative A'(x) unequal to zero will be a motion if it preserves the metric
function (2.3): A(x;) — A(z;) = z; — =;. The functional equation of the set
of motions is easy to solve by the method of separating of variables: A(z) =
x—+a, where a is an arbitrary constant. The respective one-parameter group
of motions #’ = x + a determines the group symmetry of degree 1 of the

phenomenologically symmetric geometry of rank 3 defined on a one-
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M merpudeckoit dbyuknueit (2.3). B 3ak/rodeHne oTMETHM, UTO JBYXTO-
JeUHbI{i MHBAPUAHT TPYIIIIBI [BIYKEHUH YI0BIETBOPSIET (DYHKIMOHATIHLHOMY
ypasuenuto f(z; + a,z; +a) = f(x;, ;). D10 ypaBHeHUe peliaeTcst MeTO-
JIOM €r'0 CBEJICHHSI K JIMHEITHOMY OJHOPOJHOMY JnhdepeHInaIbHOMY ypaB-
HEHUIO B YaCTHBIX Hpou3BoAHbIX: f(ij) = ¢ (z; — x;), Tie ¢ — 1pou3BoJIb-
Hast (OYHKINA OJHOM MepeMEeHHOMN, OTKY/Ia BUJIHO, 9TO MO TPYIIIE JIBUZKE-
HIfi MeTpudeckasi GYHKITHsT BOCCTAHABIMBACTCS OJHO3HAYHO C TOUHOCTHIO

J10 MactTabHoro 1peodpaszosanus P(f) — f.

[lepeiinem K paceMoTpenuio IByMepbiX (s = 1,n = 2) denomenosornde-
CKI CUMMETPUYHBIX I'€OMETPUIl, KOTOPBIE 33JIal0TCS Ha JIBYMEPHOM MHOIO-
oopazun M merpuveckoit bynkuueit f : &y — R, rue Gy C M x M. Ee

KOOpAHMHaTHOE IIPpEeACTaBJ/JIEHHUE OIIpeAC/IdAeTCA BbIpazKEHNEM

f(Z]) :f(svi’yi’xj?yj)? (2-4)

rie (x,y) — JIoKaJIbHbIE KOOPJNHATHI B MHOrooOpasuu. Ecin sta dyHKIms
3a/1aeT TaKyI0 TeoMeTpuio, To 110 akcuome [V u3 §1 1mects ee 3HadeHunit st

aeTBepKH (ijkl) QYHKIMOHAIBLHO CBSI3AHDL:

O(f (), F(ik), f(al), f(5k), F(50), f(KI)) = 0. (2.5)

Hesbipoxk iennast merpudeckast dpyukiust (2.4) no akcunome [T u3 §1 mosrxk-

Ha, O9€BUAHO, YAOBJIETBOPATDL CJICAYIOIINUM JIBYM YCJIOBUAM:

o(f(ik), f(il))/O(xs,y:) # O,
A(f(kj), f(15))/0(xj,y;) # O

JIs OTKPBITOro 1 motHoro B 93 muozxkectsa Tpoex (ikl) n (klj).

(2.6)

[Liockocrs EBkima ¢ merpuueckoit dyukiweit (B.1) n dyHKIOHATB-
HOTT cBs13b10 (B.2), BRIpazkaoreii ee (heHOMEHOJIOIMIECKYI0 CHMMETPUIO, KO-
Topas ObLa paccMOTpeHa BO BBeeHNN B KadecTBe MpuUMepa, sABIAETCs OJ1-
HOIl M3 Takux reoMerpuit. Ho ckompko mx Moxker O0bITH? Ha 3TOT BoOmpoc

oTBeYAeT cJieyiomas TeopeMa (eM. [6]):

Teopema 2. C' mounocmuio do macwmabrozo npeobpasosarua Y(f) —
f u 6 nadaeorcawe 6vi6panHol cucmeme A0KAALHULT KoOpIuHam (T, y) He6bvi-

pootcdennas mempuyeckas Gynkuua (2.4), 3adarouwan na 06YMEPHOM MHO-
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dimensional manifold 9T by the metric function (2.3). In conclusion, we
shall note that the two-point invariant of the group of motions satisfies
the functional equation f(z; + a,x; + a) = f(x;,x;). That equation is
solved by reducing it to a linear homogeneous differential equation in partial
derivatives: f(ij) = v (x; — x;), where v is an arbitrary function of one
variable, wherefrom it can be seen that by the group of motions the metric
function is reconstructed uniquely with an accuracy up to a scaling
transformation ¥ (f) — f.

Let us now proceed to the two-dimensional (s = 1,n = 2)
phenomenologically symmetric geometries that are defined on a two-
dimensional manifold 90t by the metric function f : &y — R, where & C

I x M. Its coordinate representation is determined by the expression

where (x,y) are local coordinates in the manifold. If that function really

gives such a geometry then, under the axiom IV of §1 the six values of it

for the quadruple (ijkl) are functionally related:
O(f(ig), f(ik), fal), f(Gk), F(51), f(RD)) = 0. (2.5)

Obviously, the nondegenerate metric function (2.4) must, under the axiom

IIT of §1, satisfy the following two conditions:

O(f (k). f(il)) /01, 1) # 0, } 2.6
O(f(kj), fl5))/0(xj,y;) # O
for the open and dense in 93 set of triples (ikl) and (klj).

The Euclidean plane with the metric function (B.1) and the functional
relation (B.2) that expresses its phenomenological symmetry, that was
discussed in the Introduction by way of an example, is such a geometry. But
how many of them are there? That question is answered by the theorem as

follows (see [6]):

Theorem 2. With an accuracy up to a scaling transformation ¥ (f) — f
and in a suitably chosen system of local coordinates (x,y) the nondegenerate

metric function (2.4) defining on a two-dimensional manifold a phenomeno-
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2000pa3UYU PEHOMEHONO2UUECKU CUMMEMPUUHYIO 2E0MEMPUIO PAH2A YN bl-
pe co ceasvio (2.5), moorcem Ovimb NPedcmasieHa 00HUM U3 CAEOYIOULUL

odunua@uamu KaAHOHUYECKUT Gbcpcwfcenmi:

Fi5) = (xi —2;)° + (i — )%, (2.7)

f(ij) = siny; siny; cos(z; — x;) + cos y; cos y;, (2.8)
f(ij) = shy;shy; cos(x; — xj) — chy;chy;, (2.9)
flig) = (2 — 25)" = (yi — y3)", (2.10)

f(ij) = chy,chy; cos(x; — x;) — shy;shy;, (2.11)
fig) = xiy; — x5y, (2.12)

f) =T (2.13)

fig) = (@i — 25)? = (yi — y;)?) exp <25af(c)th yZ - yj) , o (2.14)

i — Ty

Flid) = = e (2222 ). 2.15)

F0d) = (o= 2+ = ) exp (B =2 ) (210
i j

2 2 2
Ti — T;)° + €Y; + E€5Y;
f(Z]) — ( 7 ]) Zyl ]yj’

YilYj

ede 3 >0upB#1;,v>0;¢ =0,£1; ¢, =0, £1, npuuem ne obasamesvro

(2.17)

€ =¢&j.

[Mlcrb BeIpaxkenuii (2.7)—(2.12) onpejensaior Merpudeckue (OyHKIINA XO-
POIIIO M3BECTHBIX JIBYMEpHBIX reomerpuii: (2.7) — naockocmu Eskauda;

(2.8) — deymeproti cepvt. B TPEXMEPHOM €BKJIMJIOBOM IIPOCTPAHCTBE;
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logically symmetric geometry of rank 4 with the relation(2.5), may be represen-

ted by one of the following eleven canonical expressions:

Fig) = (zi — ) + (i — 93)", (2.7)

f(ig) = siny; siny; cos(x; — x;) + cosy; cos y;, (2.8)
f(ij) = sinhy; sinh y; cos(x; — x;) — coshy; coshy;, (2.9)
fig) = (@i = 2;)" = (yi = 95)", (2.10)

f(ij) = coshy; coshy; cos(z; — ;) — sinh y; sinh y;, (2.11)
fig) = iy — x5y, (2.12)

£ = (2.13)

7)) = (z; — zj)* — (yi — y;)?) exp (26arc(cot)tanh Yi— yj) (2.14)

T, — Ij
£(ij) = (z; — z;)% exp (zayj — zi) , (2.15)
fig) = ((zi — 2)* + (yi — y;)*) exp <27 arctan %) ,  (216)
i j

T — )% + gyl + 5y
YiY;

where 3 >0 and B # 1, v > 0; ¢, = 0,£1; ¢; = 0, £1,&; not necessarily

(2.17)

being equal to €;.

Six of the expressions, (2.7)—(2.12), define metric functions of the two-
dimensional geometries that are well-known: (2.7) — of the Euclidean plane;

(2.8) — of the two-dimensional sphere in the three-dimensional Euclidean
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(2.9) — naockocmu Jlobauesckoezo Kax JBYMEPHOTO JIBYXIIOJOCTHOTO IHIIED-
boston/ia B TPEXMEPHOM TICEBJI0EBKINI0BOM ipocTpancTse; (2.10) — naoc-
xocmu Munrosckozo; (2.11) — deymeprnozo odnonosocmmozo eunepbonouda
B TPEXMEPHOM TICEBIIOEBKINIOBOM TpocTpaHcTse; (2.12) — cumnaexmuue-
k0l NAOCKOCTU.

CyrmecrBoBatme deTbipex Merpudeckux ynknuii (2.13)—(2.16), 3amato-
IINX JIByMepHbIe PeHOMEHOJIOINYeCKN CUMMETPUYHbIC FeOMeTPHUN PAHTa, Je-
TBIpe, BIiepBble ObLT0 ycranoBieHo aBTopoM [6]. [Tpodeccop A.M.IITupokos
(kacbeapa reomerpun Kasanckoro rocyHubepcuTera) oOpaTH/I BHUMAHNE
aBTOpa Ha TO, 9TO Tpu MeTprieckue Gynknuu: (2.14), (2.15) u (2.16) Mmox-

HO 3allnucaTb e,ZLHHOO6paBHO, HCIIOJIb3Yyd TpHU THUIla KOMIIJIEKCHBIX YMCEJI:

fig) = (2i — 2j) (2 — 2j) exp 2varg(z; — 2;),

rie z = v+ey, Z = x—ey, npudeM €2 = +1, v > 0 1 JONOTHATETBHO ¥ # 1
a1st Beipazkenus (2.14); €2 = 0 u v = 1 g Boipakenus (2.15); 2 = —1 u
v > 0 gyist Beipazkenus (2.16). Takum obpa3oM, Bce TpH BO3MOXKHBIE THIIA
KOMILIEKCHBIX YHCeJ Ha IJIOCKOCTH, 8 UMeHHO: jBoiinble (€2 = +1), ayaib-
upie (e = 0) u obbrunbie (€2 = —1), ecTeCTBEHHO BIUCAINCH B HOJIHYIO
KJIACCU(DUKAITIIO JIBYyMEPHBIX (PEHOMEHOJIOTNYECKN CUMMETPUIHBIX T€OMeT-
puit panra detrnsipe. [lo-BugnMoMy, cOOTBETCTBYIOIINE NeOMETPUN HUKOT/IA
reoMeTpaMu He U3YYaJUCh U IIOTOMY CIIelMaIbHOIO OOIIEITPUHSITOIO Ha3Ba-
HIsT He UMeroT. JIBymMepHyto reomerpuio ¢ Merpudeckoii dynkmuneii (2.16)
aBTOP Ha3BaJ nAockocmvio I eavmM20av1a, TaK KaK OKPYKHOCTBIO B HEll sB-
JsieTcs jJorapudMudecKast Ciupalib, 0 9eM KpaTko coodmaer ['ebMrobil
B cBOell pabore [4], cuuras 910 OTpHUIIATE/LHON XapaKTEePUCTUKON TAKOM
reomerpun. CooTBercTBeHHO MeTpudeckas GyHkius (2.14) 3ajgaer nces-
dozenvM20avUe8Y NAOCKOCMD, a MeTpudecKast dyHkimsa (2.15) — dyaasv-
HO2EAbM20ALYESY TLTOCKOCTh. Merpndeckas dbyukius (2.13) 3ajgaer Tak
HA3BIBAEMYIO CUMNAUYUGALHYIO NAOCKOCTb, HA3BAHNE KOTOPOI ObLIO M0/I-
CKa3aHO aBTOPY U3BEeCTHLIM reomeTpoM P.IlmMmenoBbIM, B mccieoBaHMIX
KOTOPOI'0 TAaKoe BhIpakeHne Becrpedasioch. [locsesnee Boipaxkenne (2.17)
OIpeJIe/IgeT METPUIECKYIO (DYHKITNIO, 33/IaI0NILYI0 JBYMEPHYIO (DEHOMEHOJIO-
IMYEeCKU CUMMETPUIHYIO T€OMETPHIO 1A HECBAZHOM 08YMEPHOM MHO2000Pa-

3UU, Ha CBASHBIX KOMIIOHEHTaX KOTOPOI'O 6y,ZLeT 00 CHUMIIJIEKTIIECKAST
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space; (2.9) — of the Lobachevski plane as a two-dimensional two-sheet
hyperboloid in the three-dimensional pseudo-Euclidean space; (2.10) — of
the Minkowski plane; (2.11) — of the two-dimensional two-sheet hyperboloid
in the three-dimensional pseudo-Euclidean space; (2.12) — of the simplectic
plane.

The existence of four metric functions, (2.13)—(2.16) defining two-dimen-
sional phenomenologically symmetric geometries of rank 4 was established
for the first time by the author [6]. Professor A.V. Shirokov (the Chair of
Geometry of the Kazan State University) drew the author’s attention to the
possibility to write three of the metric functions, (2.14), (2.15) and (2.16),

uniformly, using the three types of complex numbers:

f(ig) = (2i — 2j) (2 — 25) exp 2varg(z; — 2;),

where z = x4ey, Z = v —ey, €2 = +1, andy > 0, and, additionally, v # 1
for the expression (2.14); € = 0 and v = 1 for the expression (2.15); €? =
—1 and v > 0 for the expression (2.16). Thus, all the three possible types
of complex numbers on the plane, namely double (e? = +1), dual (e* = 0),
and common (e? = —1), fit quite naturally into the complete classification
of the two-dimensional phenomenologically symmetric geometries of rank
4. Apparently, the respective geometries have not ever got under scrutiny
by the geometricians, and so have no universally accepted conventional
names. The two-dimensional geometry with the metric function (2.16) was
given by the author the name of the Helmholtz plane, for the circle in it
is the logarithmic spiral, which was stated in a few words in his work [4]
by Helmholtz, who thought it to be a negative feature of such a geometry.
Correspondingly, the metric function (2.14) defines a pseudo-Helmholtz
plane, and the metric function (2.15) a dual-Helmholtz plane. The metric
function (2.13) defines the so called simplicial plane, the name suggested to
the author by the well-known geometrician R. Pimenov, in whose papers one
comes across it. The last of the expressions, (2.17), defines a metric function
that gives a two-dimensional phenomenologically symmetric geometry on
a disconnected two-dimensional manifold, on the connected components of

which there will be present either the simplectic plane (¢;, =¢; =0) or
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JI0CKOCTDb (g; = €; = 0), nmbo mnockocrs Jlobauesckoro B Mogesn I1y-
ankape (¢; = ¢; = +1), b0 JBYMEpPHBLl OJHOIOJOCTHOII I'UIIEPOOJION]
(82' =& = —1).

DeHOMEHOJIOTIeCKast CUMMETpUst paHra 4, BbIpazkaeMasi ypaBHEHHEM
(2.5), 1UIs1 BCeX JIByMEPHBIX T€OMETPHIA, TePeUnC/IeHHbIX B TeopeMe 2, JIETKO
VCTAHABJIMBALTCS 110 PAHTy (DYHKIMOHAJIBHOM MAaTPUIIBI JJIsi 1IeCTU (DyHK-
uuit f(i7), f(ik), f(il), f(jk), f(51) ,f(kl), cnennaibabiM 0OpA3OM 3aBUCSI-
IIIUX OT BOCHMU IIEDEMEHHBIX — KOODAUHAT T4, Ui, T, Yj, Tk, Yk, L1, Y T€THIPEX
Touyek Koprexka (ijkl). Panr 9Toii MaTpuIibl, Kak MOKa3bIBACT KOMITBIOTED-
Hasi IPOBEPKA, PABEH 5, UTO CBHUJIETEIbCTBYET 0 HAJININH (PYHKITHOHATLHOMN
CBsI3W, 3aJlaBaeMoil ypaBHeHHeM (2.5) u BbIpaKkaromieil heHoOMeHOIorme-
CKYIO CHMMETPHIO BCeX OJMHHaJIaTH reomerpuii (2.7) — (2.17). Yro xe
KACAETCsT CAMOTO ypaBHeHus (2.5), TO B SIBHOM BH/JIE OHO HANJEHO I BCEX
JIBYMEPHBIX [€OMETPHii, KPOME I'eJIbMIOJIbIIEBBIX, 33/ [aBAEMbIX METPHIECKU-
vu bysakmsvu (2.14), (2.15) u (2.16). Hampumep, st miockoct EBkitnia
— (2.7) m ncemoeBkIMIOBOI MTocKoCTH MuHuKOBCKOrO — (2.10) TakmMm ypas-
HerueM Oyzet obiee it HuX ypasrenue (B.2) u3 Beemenus, obparmatoriee
B HYJIb olipejienresib Kaym-Menrepa nsitoro nopsijika jyist yersepku (ijkl)
TOYEK TUX MJIOCKOCTel. JIjist coiejiyomux msiTi JIBYMEPHbBIX TeOMEeTpHii, a
MEHHO: JIByMepHOii cepbl — (2.8), mrockoctn Jlobauesckoro — (2.9), o/1#0-
10JI0OCTHOTO Turepbostonia — (2.11), cuMiniekTuaeckoii mrockocTn — (2.12) u
PeOMETPUN HA HECBA3HOM JBYMEPHOM MHOro0Opasun — (2.17), B ypaBHeHUn
(2.5) ciieBa crout onpejiesuresb ['paMa 9eTBEPTOro MOPSIKA J1JIsT 1eTBEPKI
(1jkl), npudem quaroHaJbHBIMU 3JIEMEHTAMU OTIPEJIeJIUTE s ABJIAI0TCS 3HA-
deHUsT METPUIEeCKON (hyHKIMHI Jist quaronaibubix nap (ii), (j7), (kk), ().
Hanpumep, st iBymeproii cchepbl — (2.8) 1 0JIHOMOJIOCTHOTO THITEPOOJION-

na — (2.11) ypasuenne (2.5) Gyzer TakmM:

L flig) fGk) f(il)
fag) 1 fUk) fG)
fGk) fGk) 1 f(K)
fat) fGly fkl) 1

Haiijieno B siBHOM Bujie ypashenue (2.5) Takzke U JJTsd CUMIUINIUATLHOI
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the Lobachevski plane on the Poincare model (g; = ¢; = +1), or the two-
dimensional one-sheet hyperboloid (g; = ¢; = —1).

The phenomenological symmetry of rank 4 expressed by the expression
(2.5), for all the two-dimensional geometries mentioned in Theorem 2, is
easily established by the rank of the functional matrix for the six functions,
f(ig), f(ik), f(al), f(5k), f(j1), f(kl), that depend in a special manner on
the eight variables, the coordinates x;, v;, x;, y;, Tr, Yr, 21, y; of four points of
the cortege (ijkl). The rank of that matrix, as is checkout by computer says,
is equal to 5, which indicates the presence of the functional relation defined
by the equation (2.5) and expressing the phenomenological symmetry of
all the eleven geometries (2.7) — (2.17). As to the equation (2.5) itself, in
the explicit form it has been found for all the two-dimensional geometries
defined by the metric functions (2.14), (2.15), and (2.16), except for the
Helmholtz geometry. For example, for the Euclidean plane — (2.7) and the
pseudo-Euclidean Minkowski plane — (2.10) that will be the equation (B.2)
from the Introduction, that turns into zero the Cayly-Menger determinant
of the fifth order for the quadruple (ijkl) of the points of those planes.
For five other two-dimensional geometries, i.e. the two-dimensional sphere
— (2.8), the Lobachevski plane — (2.9), one-sheet hyperboloid — (2.11),
the simplectic plane — (2.12), and the geometry on an unconnected two-
dimensional manifold — (2.17), in the equation (2.5) on the left there stands
a gramian of the fourth order for the quadruple(ijkl), the diagonal elements
of the determinant being the values of the metric function for the diagonal
pairs (ii), (77), (kk), (ll). For example, for the two-dimensional sphere —
(2.8) and the one-sheet hyperboloid — (2.11), the equation (2.5) will be as

follows:

fGR) 1 f(kD)
fat) fGy fky) 1

There has also been found the explicit form of the equation (2.5) for the
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IJIOCKOCTH, 33/IaBaeMoii MeTprieckoii dbyukimeit (2.13):

fig) = f(Gk) f(ak) = f(ik) 0
fGg) = (1) 0 fal)y = f@gl) | =0.
0 Fik) = f(kD) - f(al) = f(KL)
Kak oTMevasiocs Bblllle, [1s FeJIbMIOJIbIEBBIX 110cKOCTell — (2.14), (2.15)
n (2.16) ypasuenme (2.15) He Haifigeno. Ectb mpesnosnoxkenue, 9To ero
HEJIb3$l 3alICATH YePe3 H3BECTHDIE dJIeMeHTapHble (OYHKINIL.
['pymmoBas cuMMeTpHst JABYMEPHBIX N€OMETPHIl SIBJISETCH CTECTBEHHBIM
caeicTBIeM (PEHOMEHOIOTNIECKOIT CHMMETPHHI COTIacHo Teopeme 3 u3 §1.

JlokayibHO obpaTnMoe mpeoOpa3oBaHue

v =MNz,y), y =o(zy),
yaoseTBopstioniee yeaosuio J(A, 0)/0(x,y) # 0, OyJaeT JABUKEHUEM, eCJIi

OHO COXpaHsieT MeTpuveckyto GyHkiuo (2.4):

@), 0(0), A7), 0(4)) = f(@i, yi, x5, y5), (2.18)
rie, Harpumep, A(i) = A(z;, ;). Pemennem GyHKINOHATBHOTO ypaBHEHMUSI
(2.18) st Kazk 101t iByMepHOit reomerprn (2.7) — (2.17) HaxognTest mostHast
JIOKaJIbHAs TpexIapaMeTpuieckas IPyIIa IBUKEHUH, KOTopas 1 OIpe/e-
JISIeT ee IPYIIOBYIO cuMMeTputo crerenn 3. Merpuueckast dbyukius (2.4)

SABJIAETCH TaKzKe PElIeHNEM ILH(b(bepeHU;I/IaﬂbHOFO YpaBHEHUA

X () f(ij) + X(4)f(ij) = 0, (2.19)
¢ oneparopamun X = \(z,y)0/0zx + o(x,y)0/0y coorBercTByMOIIEi TPEX-
MepHoii ayrebpel JIn. Ypashenne ke (2.19) MOXKHO paccMaTpuBaTh Kak
dynkimonaabuoe Ha KoIpduImenTol A n o oneparopa X. Oka3bBaeTcs,
9TO TaK TPAKTYeMOe MPU M3BECTHON MeTpudeckoii dyukimn (2.4) ypapHe-
aue (2.19) pemaercst 60Jiee npoctbivu MeTogamu (eM. [14]); yem ucxoHoe
dbyukImonaibHoe ypaaernne (2.18). HamoMHuM, 9T0 COMIACHO M3BECTHBIM
TeopemaM JIm mexky rpynmoit JIm m coorBeTcTByIOMEl et anrebpoit JIn

nMeeTrcd B3anMHO OJHO3Ha1HOE COOTBETCTBHE.
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simplicial plane defined by the metric function (2.13):

flig) = f(k) f(Gk) — f(ik) 0
flig) = f(t) 0 fli) = f@t) | =0.
0 flik) = f(kl)  f(il) — f(kD)

As has been said above, for the Helmholtz planes — (2.14), (2.15) and
(2.16) the equation (2.15) has not been discovered. There is a supposition
that it cannot be written through the known elementary functions.

The group symmetry of two-dimensional geometries is a natural corollary
of the phenomenological symmetry, under Theorem 3 of §1. The locally

invertible transformation

x = )\(l’,y), y/ - 0($,y),

satisfying the condition of d(\,0)/0(x,y) # 0, will be a motion if it

preserves the metric function (2.4):
FA@),0(2), A7), (7)) = flwi yir x5, 95), (2.18)

where, for example, A(i) = A(z;,y;). By way of solving the functional
equation (2.18) of each of the two-dimensional geometries (2.7) — (2.17)
the complete local three-parameter group of motions can be found that
defines the group symmetry of it of degree 3. The metric function (2.4) is

also a solution of the differential equation

X(@)f(ig) + X (4)fig) =0, (2.19)

with the operators X = A(z,y)0/0x + o(x,y)0/0dy of the corresponding
three-dimensional Lie algebra. As to the equation (2.19), it can be considered
a functional one for the coefficients A and o of the operator X. It turns out
that so interpreted and with the known metric function (2.4) the equation
(2.19) can be solved by employing simpler methods (see [14]), than the
original functional equation (2.18). We shall remind that under the known
Lie theorems, there is between a Lie group and the corresponding Lie

algebra a one-to-one correspondence.
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Pacemorpum emie Tpexmepnbie (s = 1,n = 3) HEHOMEHOJIOTHIECKN CHM-
METPUYHbBIE TEOMETPUHN, KOTOPLIE 3a/Ial0TCs Ha TPEXMEPHOM MHOT000pas3nn
M merpudeckoit ynknueit f: &y — R, tae &5 C M x M. Ee koopan-

HaTHOE IIpeJCTaBJICHUC OIIpeae/IdeTCA BbIpazKeHNeM
fg) = f(xi,yir 20, 25,95, 7)), (2.20)
rie (x, Y, z) — JIOKaJIbHbIE KOOPIMHATHI B MHOTOOOpa3uu. Ecin sTa hyHKIMs

3a/1aeT TaKylo NeOMeTpHIo, To o akcnome IV u3 §1 necaTh ee 3navennit J/ist

nsitepku (i7klm) GyHKINOHAIBHO CBSI3aHbI:
(f (). f(ik), (L), f(im), f(5k), F(51), F(Gm),
f(kl), f(km), f(lm)) = 0.

Hesbipoxkiernast merpuueckas dynkmust (2.20) mo akcuome 111 u3 §1

(2.21)

JIOJIZKHA, OYEBUJTHO, YAOBJIETBOPATE CJICIYIONINM JIBYM YCJIOBUSIM:

O(f(ik), f(il), f(im))/(xs, v, ) # 0, }
O(f(k7), F(15), F(mj))/O(x;, yj, 2) # O

JIIsE OTKpbITOro 1 miotHoro B M muoxecrsa yersepox (iklm) n (kimyg).

(2.22)

[Tpumepom TpexmMepHoit PeHOMEHOJIOTNYeCKN CUMMETPUIHON reOMeTpUun
SBJIAETCA TpexMepHoe mpocTpancTBo EBkimma. /s Mmerpuieckoii pyHKIT
f(ij), comocrapstiroreii mape Touek (ij) KBaJIpaT OOBITHOIO PACCTOSHIUS,
B JIEKAPTOBOIT MPSIMOYTOJIBHOM CrCTeMe KOOPUHAT (X, Y, 2) TPEe/ICTABICHITE

OyJIeT CJIe Y TOTIIIM:
.. 2 2 2
f5) = (xi —2)" + (yi —y5)” + (5 — 2)".
XopoIo U3BeCTHO, 9TO B IpOoCTpaHcTBe EBKINIA 1ecaTh B3AUMHBIX pac-
crostauii Jyist nsgrepku (ijklm) Touek (yHKINOHAJIBHO MEXKy cOoOOi CBsi-

3aHBblI, o6pama5{ B HOJIb OIIpEeJc/INTEIb KSJII/I—MGHFepa IecToro IopdiaKa,

CTpOEHIe KOTOPOro aHAJIOTMYIHO CTpoeHuio onpeenuress (B.2):

1

0 flg) [fGk) f

fg) 0 fUk) f
) k) 0 f

fat)y fGh) fk) 0 f(Im)

fGm) f(Gm) f(km) f(m) 0
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Let us also consider the three-dimensional (s = 1,n = 3) phenomenologi-
cally symmetric geometries defined on a three-dimensional manifold 9t by
the metric function f : &y — R, where &y C 9 x M. The coordinate

representation for it is determined by the expression

f@g) = f(@i, v, 2i, %5, Y5, 25), (2.20)
where (z,y, z) are local coordinates in the manifold. If the function gives

such a geometry, then, under the axiom IV of §1 the ten values of it for the

quintuple (ijklm) are functionally related:

O(f(ig),f(ik), f(il), f(im), f(5K), f(51), F(Gm),
f(RD), f(km), f(Im)) = 0.

The nondegenerate metric function (2.20) must, under the axiom III of

(2.21)

§1, obviously satisfy the two conditions as follows:

5ﬂf@@hﬂﬂ%fﬁﬂﬂﬂaﬁmym%)#0,} (222
O(f(kjg), fL7), f(mj))/O(x;,y;,2;) # O
for the open and dense in 9! set of quadruples (iklm) and (klmj).

An example of a three-dimensional phenomenologically symmetric geomet-
ry is the three-dimensional Euclidean space. For the metric function f(ij)
assigning to the pair of points (ij) the squared ordinary distance, in the
Cartesian coordinate system (z,y, z) the representation will be as follows:

Fg) = (zi — )" + (yi — y;)* + (2 — 2;)°.

It is well known that in the Euclidean space the ten reciprocal distances
for the quintuple (ijklm) of points are among themselves functionally related,

turning into zero the Cayly-Menger determinant of the sixth order the

structure of which is similar to that of the determinant (B.2):

0 1 1 1 1 1

L0 @) fGR)FGL) f(im)
L) 0GR SGD fGm) |
L fk) FGR) 0 fG) f(km)
LoFG) fGD FRD 0 f(im)

L fm) fGm) fOem) fm) 0
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[TostHas kmaccnduKamms TpeXMEPHbIX (DEHOMEHOJIOTNIECKI CHMMETPU Y-
HBIX TeOMeTpuil panra ndaTh Oblia nocrpoena B.X. Jlesom. [Ipusenem ee mo

ero pabore |7]:

Teopema 3. C' mournocmvio do macwmabrozo npeobpasosarua Y (f) —
f u 6 nadaestcawse 6vbpantoti cucmeme AOKGAGHOIT Koopduram (T, z)
neswviposicdernan mempuseckas dynrkyus (2.20), sadarowan na mpexmep-
HOM MH02000DA3UU PEHOMEHONO2UMECKU CUMMEMPUYHYIO 2EOMEMPUIO PaH-
2a namsb co c6a3v10 (2.21), moorcem bvimv npedcmasaena 00HUM U3 caedy-

rnowuxr nﬂmﬁa&uamu KaAOHOHUYECKUT GprCLOfCGHUTj.'

fig) = (mi— ;) + (yi — ;) + (2 — 2)°, (2.23)

f(ij) =sin z; sin z;[sin y; sin y; cos(x; — x;)+ (2.24)
+ cos y; cos y;| + cos z; cos z;, '

f(ij) = shz;shzj[siny; sin y; cos(x; — x;) + cos y; cos y;] — chz;chz;, (2.25)
2

Fg) = (zi — )" + (i — y;)* — (2 — 2)°, (2.26)

f(ij) = chzichz;[siny; sin y; cos(z; — ;) + cos y; cos y;] — shz;shz;, (2.27)

f(ij) = chz;chz;[chy;chy; cos(x; — x;) — shy;shy;] — shz;shz;,  (2.28)

fi5) = iy — vy + 2 — 25, (2.29)
.. Yi — Yj
= i iy 2.30
f(ig) xi—acj+z+zj (2.30)
.. Yi — Yy
flig) = L exp(z; + zj), (2.31)

:ci—a:j
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The complete classification of the three-dimensional phenomenologically
symmetric geometries of rank 5 was built by V.H. Lev. We shall reproduce
it after his note [7]:

Theorem 3. With an accuracy up to a scaling transformation ¥(f) — f
and in a suitably chosen system of local coordinates (x,y, z) the nondegene-
rate metric function (2.20) that gives on a three-dimensional manifold a
phenomenologically symmetric geometry of rank 5 with the relation (2.21)

may be represented by one of the following fifteen canonical expressions:

fig) = (mi— ) + (i — y;)° + (2 — 2)°, (2.23)

f(ij) =sin z; sin z;[sin y; sin y; cos(x; — x;)+

(2.24)
+ cos y; cos ;] + cos z; cos zj,
f(i7) =sinh z; sinh z;[sin y; sin y; cos(z; — z;)+ (2.25)
+ cos y; cos yj] — cosh z; cosh z;, .
Fig) = (zi — ;)" + (yi — y;)° — (2 — )%, (2.26)
17) = cosh z; cosh z;|sin vy; sin y; cos(x; — x,;)+
f(ij) jlsin yi sin y; cos 3) (2.27)
+ cos y; cos y;] — sinh z; sinh z;,
f(i7) = cosh z; cosh z;[cosh y; cosh y; cos(x; — x;)—
(2.28)
— sinh y; sinh y;] — sinh 2; sinh z;,
fig) = wiyj — xjyi + 2 — 2, (2.29)
.. Yi — Y5
_ 2 2.30
f(ijg) xi—xj+z+zj ( )
.. Yi — Yy
fij) = L exp(z; + 2;), (2.31)

Z’Z’—l’j
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Fg) = (@i — ;)” — (yi — y;)") exp 2(zi + 25), (2.32)

Fg) = [( — 2;)° + (yi — y;)°] exp 2(2; + 25), (2.33)

£65) = [l = ;) = (i = y)*) exp[2(Bar(c)th 2 4 2+ 2,)], (2.34)

(Al

F65) = (s = 2, exp[2(2—2E + 2 + 2,)], (2.35)
fig) = [(xi = 25)° + (v — yj)°] eXP[Q(Vfﬂ'CtgH + 2+ 25)], (2.36)

z; —x;)? + (v —y;)? + ezt +ej22

Rizj
ede 3>0uB#1;,v>0;¢ =0,£1; ¢, =0, £1, npuuem ne obasamesvro

€ =¢&j.

Cemb Boipazkenuii (2.23)—(2.29) onpejessitor merpudeckue hyHKIUI XO-
POIIIO M3BECTHBIX TPEXMEPHBbIX reomerpuit: (2.23) — npocmpancmea Ees-
KAuda KaK eCTeCTBEHHOTO TPEXMEPHOIO PacCIIUpeHus ILI0CKoCTH EBKimia
¢ metpudeckoit dyukiweit (2.7); (2.24) — mpexmeprot cepol B IeThIpEx-
MEPHOM eBKJIMJIOBOM IIPOCTpaHcTBe; (2.25) — npocmparcmea Jlobavescrozo
KaK TPEXMEPHOI'O JIBYXIIOJOCTHOIO I'MIIepOOoJION 18 B Y€THIPEXMEPHOM IICEB-
JIOEBKJINJIOBOM IIPOCTPAHCTBE cUrHATYphl (+ + +—); (2.26) — npocmpan-
cmea Munko6ck020 KaK eCTeCTBEHHOIO TPEXMEPHOI'O PACHIMPEHHS I1LJI0CKO-
ctu MunukoBckoro ¢ Merpudeckoii dyuknueit (2.10); (2.27) — mpexmeprio-
20 00HONOAOCTHO020 2unepbosouda 1 B 4eTbIpeXMEPHOM I1CEBI0EBKINI0BOM
POCTPAHCTBE TOfi ke curHatypol (+ + +—); (2.28) — mpexmeprozo 00-
HONOAOCMHO020 2unepbosouda 11 B 4eTbIpexMepHOM I1CEBI0EBKINIOBOM IIPO-
CTPAHCTBE, HO JAPyroil curHatypbl (+ + ——); (2.29) — cumnaexmuueckozo
NPOCMPAHCMEa KAK €CTeCTBEHHOIO PACIINPEHUST CUMILIEKTUYECKON I1LJI0CKO-
cti ¢ MeTpudeckoit (pyHkmmed (2.12) Ha HEYETHYIO Pa3MEpHOCTb, PABHYIO

TPpeM.
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F5) = [(wi = 2)* = (9 — y;)*] exp 2(2i + 2)), (2.32)
f(Z]) = (ZUZ — l’j)Q + (yz — y]’)Q] exp 2(2Z + Zj), (233)
f(ig) = [(xi — ;)* = (yi — y;)*] exp[2(Barc(cot)tanh yl : yj. + 2 + 2j)],
(2.34)
Fi9) = (i = ;) exp2(E 2 + 24 2)], (2.35)

Yi — Yy

xz _x]

f(ij) = [(v; — 2;)* + (y: — y;)?] exp[2(7y arctan + zi + zj)], (2.36)

w; — 1) (yi — y;)? +ei2? + ;22

R et D e & MY 1
ZiZj

where 3 > 0 and B # 1, v > 0; ¢, = 0,£1; ¢; = 0, £1,&; not necessarily

equal to €;.

The seven expressions (2.23)—(2.29) determine the metric functions of
well-known three-dimensional geometries: (2.23) — the Fuclidean space as a
natural three-dimensional extension of the Euclidean plane with the metric
function (2.7); (2.24) — the three-dimensional sphere in the four-dimensional
Euclidean space; (2.25) — The Lobachevski space as of a three-dimensional
two-sheet hyperboloid in the four-dimensional pseudo-Fuclidean space of
the signature (++4+—); (2.26) — the Minkowski space as of a natural three-
dimensional extension of the Minkowski plane with the metric function
(2.10); (2.27) — three-dimensional one-sheet hyperboloid 1 in the four-
dimensional pseudo-Euclidean space of the same signature (+++—); (2.28)
— three-dimensional one-sheet hyperboloid 11 in the four- dimensional pseudo-
Euclidean space, but of another signature (++4——); (2.29) —the simplectic
space as a natural extension of the simplectic plane with the metric function

(2.12) for the odd dimensionality equal to three.
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Crenytone ceMmb Bbipazkenuit (2.30)—(2.36) ompeefsgioT MeTpuiecKue
DYHKIMH TAKIX TPEXMEPHBIX NeOMETPHil, KOTOpPbIe BIIEpBbIe ObLIN 0OHADY-
xkenbl B.X.JleBom [15], HUKOr/Ia TeoMeTpaMil He U3YUAJIUCh U TOTOMY CIIe-
MUAJTBHOrO HasBaHus He uMeoT: (2.30) — CuUMNAUYUAALHO020 NPOCTPAI-
cmea 1 Kak ajIITUBHOTO TPEXMEPHOTO (DEHOMEHOJIOTHIECKH CHMMETPHY-
HOI'O DACIIMPEHHsT CHUMILTAIMATBHON TJIOCKOCTH ¢ METPUIECKOil (yHKIH-
eit (2.13); (2.31) — cumnauyuasvrozo npocmpancmea 11 Kak MyBTUILIT-
KATHBHOTO TPEXMEPHOrO (DEHOMEHOJIOMMIECKH CHMMETPHIHOIO DPACIIPE-
HUST CUMILTUIAAIBHOM TJIOCKOCTH ¢ MeTpudeckoit gyukmumeii (2.13); (2.32)
— 0000020 MPETMEPH020 PEHOMEHOAO2UMECKU CUMMEMPUYHO20 PACULUPE-
nus naockocmu Munkosckozo ¢ merpudeckoit dynknuneit (2.10); (2.33)
~ 0000020 MPETMEPH020 PEHOMEHONO2UMECKY CUMMEMPULHO20 PACULUPE-
nus naockocmu Eexauda ¢ merpudeckoit dyukuumeit (2.7); (2.34) — nces-
J02eADM20ABYEEA NPOCTPANCMEA KAK TPEXMEPHOro (DeHOMEHOJOTHIECKN
CHUMMETPUYHOTO PACIIUPEHHS [ICEBOTEIbMIOJIBIEBOI MIIIOCKOCTH € METPH-
deckoii dyuknueit (2.14); (2.35) — dyaavrozesbM204bUE60 NPOCTPAHCNEG
KaK TPEXMEPHOr0 (heHOMEHOJIOTHIECKH CUMMETPUTHOTO DPACIIHDEHHs JTy-
AJIbHOTeIBMTOJIBIIEBOH TLIOCKOCTH ¢ MeTpryeckoit dyukimeii (2.15); (2.36)
— npocmpancméa 1 easvmzoavya KaK TPEXMEPHOTO (DEHOMEHOIOTTIECKH CHM-

METPUYHOIO pacIiupenus miockocTu LesbMrosbia ¢ dyukimeii (2.16).

[Tocenee Boipazkenne (2.37) onpeeser MeTPUIECKY0 BYHKIINIO TPex
MEPHOI TEOMETPHUH Ha HECBAZHOM MPETMEPHOM MH02000Da3 UL, HA CBI3HBIX
KOMIIOHEHTaX KOTOPOTO OHa 3ajiaer Jmbo pacimupenns (2.32), (2.33), jaubo
cdepnr (2.25), (2.27), (2.28) B 4eTbIpEXMEPHBIX CEBJIOEBK/INIOBBIX TPO-

CTPaHCTBaX.

DeHoMeHOIOrnIecKas CUMMETPHUA KazK IO U3 MATHAIIATH [epeunc/IeH-
HBIX BBIIIE TPEXMEPHBIX MCOMETPHI, 3aaBAMbIX METPHUCCKUMU (DYHKIIH-
smu (2.23)—(2.37), moaTBepKIAeTCs PAHIOM COOTBETCTBYIOIIEH (ByHKINO-
HAJIbHOW MaTpuilel st gecsitu dbyukuuit f(if), f(ik), f(il), f(im), f(jk),
fGD), f(Gm), f(kl), f(km), f(Im), cuenuaabHbIM 06PA30M 3aBUCSIIUX OT
MATHAIIATH HEPEMEHHBIX — KOODIUHAT T, Ui, Ziy Ly Yjs Zjs Thiy Yk 2y Tls Yl 215

Tiny, Ymy Zm BCEX TOUEK maTepku (ijklm), KOTODBI OKa3bIBACTCS PABHBIM
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The next seven expressions, (2.30)—(2.36), define the metric functions
for the three-dimensional geometries discovered by V.H.Lev [15], which
have never been explored, and so have no well-established and unanimously
accepted names: (2.30) — simplicial space I as the additive three-dimensional
phenomenologically symmetric extension of the simplicial plane with the
metric function (2.13); (2.31) — simplicial space 11 as the multiplicative
three-dimensional phenomenologically symmetric extension of the simplicial
plane with the metric function (2.13); (2.32) — the special phenomenologically
symmetric extension of the Minkowski plane with the metric function (2.10);
(2.33) — the special three-dimensional phenomenologically symmetric exten-
sion of the Euclidean plane with the metric function (2.7); (2.34) — pseudo-
Helmholtz space as the three-dimensional phenomenologically symmetric
extension of the pseudo-Helmholtz plane with the metric function (2.14);
(2.35) — dual-Helmholtz space as the three-dimensional phenomenologically
symmetric extension of the dual-Helmholtz plane with the metric function
(2.15); (2.36) — Helmholtz space as the three-dimensional phenomenologically

symmetric extension of the Helmholtz plane with the metric function (2.16).

And the last one, (2.37), defines the metric function of the three-dimensio-
nal geometry on an unconnected three-dimensional manifold, on the connec-
ted components of which it gives either the extensions (2.32), (2.33), or the
spheres (2.25), (2.27), (2.28) in four-dimensional pseudo-Euclidean spaces.

The phenomenological symmetry of each of the fifteen above said three-
dimensional geometries given by the metric functions (2.23)—(2.37) is proved
by the rank of the respective functional matrix for the ten functions f(ij),
FGR), £(i1), f(im), FGR), F(L), £(jm), FORL), f(km), f(im), that depend in
a special manner on the fifteen variables — the coordinates x;, y;, 2, 5, y;, 2j,

Thy Yks Zks Tls Yly 21, T Yy Zm Of all the points of the quintuple (ijkim),
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nesaT. TeM caMbIM [IOKA3LIBACTCA, YTO IS KasKJ0ii TPEXMEpHOi reo-
MEeTPUH CYIIECTBYyeT HEKOTOpoe ypasHenue (2.21), Bopazkatoliee ee (heHo-
MEHOJIOTUIECKYI0 CUMMETPHIO. SIBHBINH BHJ 9TOTO ypaBHEHUs HalijieH st
BCEX TPEXMEPHBIX I'€OMETPUil, KPOMEe CUMILIMIUAIBHBIX U IeJIbMIOJIbIIE-
BbIX IpocTpancTs: (2.30), (2.31) u (2.34), (2.35), (2.36). lus Bcex apy-
rux reoMerpuii ypaBaenue (2.21) sanucbiBaercs B Bujie 0OpAIeHNsT B HOJIb
win onpejeureas Kanmn-MeHrepa 1ecToro mopsijika WId ONpeIenTe st
['pama naTOrO MOPSIKA, JAUArOHAJIBHBIMU JIEMEHTAME KOTOPBIX SIBJISIOTCSI
SHAUEHUsT METPUIECKON (DYHKIUK JJisl JUArOHAIBHBIX tap (i), (j7), (kk),
(Ily, (mm).

['pylmoBas cuMMeTpHUs TPEXMEPHBIX MEOMETPUil, KaK 1 JBYMEPHBIX, 9K-
BUBaJIeHTHA (PEHOMEHOJOTMIECKO CUMMETPHHN COTIacHO Teopeme 3 u3 §1.
JIokasbHO obpaTnMoe 1peodpasoBaHme

/

=Nz, y,2), v =o0(y2), Z=1(y,2),

yioBJierBopsitotiiee yciaouio O, 0,7)/0(z,y,z) # 0, Oyaer JOKaIbHbIM

JIBIZKCHIEM, €CJTH OHO COXPaHsieT MeTprieckyio gpyHkiuio (2.20):

FA@),0(i),7(i), A7), 0(3), 7(7)) = f@i, ¥i, 2i, 25, Y5, %)),
rie, Hanpumep, A(i) = A(x;, i, z;). Pemenmem sroro hyHKINOHAIBHOTO
VPaBHEHUs JIJIsT KayKjI0i TpexmepHoii reomerpuu (2.23)—(2.37) HaxoauTcst
MOJTHAs JIOKAJIbHAs IeCcTUIIapaMeTpruiecKast TPYIINa JIBUYKEHHIT, KoTopast
1 OIpeJielisieT ee I'PYIIIOBYIO CHMMETPHIO CTeleHHn IecTh. Merpuueckast
dbyuxrust (2.20) siBistercst TakxKe pererneM g epeHuaIbHOr0 ypas-

nerust (2.19) ¢ oneparopamu
X = NMz,y,2)0/0x + o(x,y,2)0/0y + 7(x,y,2)0/0z

COOTBETCTBYIOIIEN MmecTuMepHoit anredpsl JIu. Kpome Toro, sTo ypapuenue
MOYKHO, B CBOIO OUY€pPE/Ib, pacCMaTpuBaTh Kak (PyHKIMOHAIBHOE Ha KO-
dbunmentsl A, o, 7 oneparopa X. Tak TpakTyemoe Ipu U3BECTHOI MeTpu-
qeckoii pyukiwm (2.20) ypasaenue (2.19) permaercst J0CTATOTHO TPOCTHIMU
metomamu (M. [14]). ITo n3BecTHOI 2Ke TpyIIe IBUKEHUIT TPEXMEPHOIT reo-
METpUH WK ee HIecTUMepHOit anredpe JIun ncxopanas Merpudeckas pyHKIIMsT
KaK JBYXTOYCUHBIH MHBAPUAHT BOCCTAHABJIMBACTCSA OJHO3HAYHO C TOYHO-

CTHIO J10 MaciTabHoro mpeobpasosanust Y(f) — f.
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that turns out to be equal to nine. Thereby it is proved that for each three-
dimensional geometry there exists some equation (2.21) that expresses its
phenomenological symmetry. The explicit form of that equation is found for
all the three-dimensional geometries, except for the simplicial and Helmholtz
spaces: (2.30), (2.31) and (2.34), (2.35), (2.36). For all the other geometries
the equation (2.21) is written in the form of the vanishing to zero of either
the Cayly-Menger determinant of the sixth order or of the gramian of the
fifth order whose diagonal elements are the values of the metric function for
the diagonal pairs (i7), (j7), (kk), (Il), {mm).

The group symmetry of the three-dimensional geometries, just as in
case of the two-dimensional ones, is equivalent to the phenomenological

symmetry, according Theorem 3 of §1. The locally invertible transformation

= Nw,y,2), ¥ =o(xy,2), 2 =1(xy,72)
satisfying the condition O(\, o, 7)/0(x,y, z) # 0, will be a local motion if

it preserves the metric function (2.20):

f()‘(i)vo-(wﬂ-(i)a A(J)7U(])a7(])) - f(xiayiaziaxjayja zj):

where, for example, A(i) = A(x;,y;, z;). The solution of that functional
equation for each of the three-dimensional geometries (2.23)—(2.37) yields
the complete local six-parameter group of motions, and it is that that
defines its group symmetry of degree six. The metric function (2.20) is

also a solution of the differential equation (2.19) with the operators
X = ANw,y,2)0/0x + o(x,y,2)0/0y + 7(2,y,2)0/0z

of the respective six-dimensional Lie algebra. Besides, it is possible to
consider that equation as a functional one for the coefficients A\, o, 7 of
the operator X. Interpreted this way, and with the known metric function
(2.20), the equation (2.19) is solved by easy enough methods (see [14]).
And by the known group of motions of the three-dimensional geometry or
its six-dimensional Lie algebra the original metric function is, as a two-
point invariant, reconstructed uniquely with an accuracy up to a scaling
transformation ¥ (f) — f.
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B zak/itouenue 3amMeTiM, 4T0 (HDEHOMEHOJIOMMIECKH CUMMETPUUHBIE [0~
MeTpun 60J1ee BBICOKOI pasmeprocTH (s = 1,n > 3) 3aJ1al0TCsd HA N-MePHOM
MHOT00Opa3iu HEBBIPOZKIEHHON OJIHOKOMIIOHEHTHON (DYHKIUEH ¢ KOO/ iu-

HATHBIM IIPDEACTaBJICHUEM

fg) = flai o, .. 2} @j, 25, 2),

npraeM Jiist Koprexka (ijk ... vw) JIHHBL 1+ 2 1 HEKOTOPOii ero OKpecTHO-
CTH, TAKUX, ITO MHOKECTBO map (i), (ik), ..., (vw) mpuHaIIeKUT 00TaCTH
ee OIIpeJIeJIeHNs], COOTBETCTBYOIee MHOXKecTBO 3uadenuit f(i7), f(ik),. ..,
f(vw) dbysKIMOHANIBHO CBsi3aHO HeKoTOPbIM ypasaerueMm (1.1). Kinaccudu-
Kall1 TaKUX TeOMETPHIA eI1ie He II0CTPOEHbI, OJIHAKO MOYKHO BBLIIIICATD HEKO-
TOPBIE BbIPayKeHUs JIJIs MEeTPUIeCKOil PyHKIMN n-MepHoii (heHOMeHOI0r -
YECKU CYMMETPUYHON MeOMETPUU PaHra 1 + 2 KaK €CTECTBEHHBIC U 0COOBIE
pacIIMPEHnst OTAE/IbHBIX BhIPayKeHN 13 KIacCupUKalun PeOMeTPUl MeHb-
meii pasmeprocTu. Hampumep, i deTbipexMepHOi (heHOMEHOJIOrnIeCKH
cumMeTpuaHoit reomerpun (s = 1,n = 4) panra 6 npejBapuTesbHast, HO
II0Ka, He OKOHUYATEeIbHAs, KIACCU(MDUKAINS ¢ TOYHOCTHIO JI0 3aMEHbI JIOKAJIb-

HBIX KOOPJIMHAT X, ¥, 2,1 B MHOrooOpa3uu 1 MacIITabDHOTO IIPeodPa30BAHMSI

W(f) — f 6yner (cm. [15]) cremyrormeii:

Flg) = (xi — ) + (i — y;)* + (20 — )" + (6 — £5)7, (2.38)
FlG) = (xi — x5 + (i — y)° + (20 — )" = (i — 1;)7, (2.39)
Flg) = (@i — 2 + (g — ;) — (2 — 25)° = (i — 1;)?, (2.40)

FG) = [(z — )" + (i — y)* + (2 — )T exp2(t; + ), (2.41)

Flg) = (@i — ;) + (Wi —y)° — (2 — 25)exp 2(t; + ),  (2.42)
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We shall note in conclusion that phenomenologically symmetric geometries
of higher dimensionality (s = 1,n > 3) are defined on an n-dimensional
manifold by the nondegenerate one-component function with the coordinate

representation

fGij) = f(af, 22, ..., x},x?, co ),
the respective set of values f(ij), f(ik), ..., f(vw) for the cortege (ijk ...
vw) of length n + 2 and some neighbourhood of it, such that the set of
pairs (ij), (ik), ..., (vw) belongs to its domain, being functionally related
by some equation (1.1). Classifications of such geometries have not been
built yet, however we can write some expressions for the metric function of
the n-dimensional phenomenologically symmetric geometry of rank n+2 as
natural and special extensions of some certain expressions of a classification
of geometries of smaller dimensionality. For example, for the four-dimensional
phenomenologically symmetric geometry (s = 1,n = 4) of rank 6, the
classification, only preliminary and far from being complete, will be, with
an accuracy up to a change of the local coordinates x, vy, z, ¢ in the manifold

and a scaling transformation ¥(f) — f, (see [15]) as follows:
Flig) = (i = 25)* + (yi — yp)* + (20 = 2) + (i = 1), (2.38)

+ (2 — 2)* — (t; — t;)%, (2.39)

FGg) = (i — )" + (yi — yy)* — (21— ) — (i — ;)% (2.40)

flig) = (@i — )" + (i —y;)* + (2 — ) |exp2(ti + ;),  (241)

2

fGg) = [(xi — 2)* + (vi — y;)* — (2 — 2j)*] exp 2(t; + t;), (2.42)
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f(ij) =sint;sint;[sin z; sin z;(sin y; sin y; cos(z; — )+

(2.43)
+ cOs y; COS ;) + COS 2; COS 2| + cos t; cost;,
f(ij) =cht;cht;[sin z; sin z;(sin y; sin y; cos(x; — z;)+ (2.44)
+ cos y; cos y;) + cos z; cos z;| — sht;sht;, '
f(ij) =sht;sht;[sin z; sin z;(sin y; sin y; cos(z; — x;)+ (2.45)
+ cos y; cos y;) + cos z; cos z;] — cht;cht;, '
f(ij) =cht;cht;[chz;chz;(siny; siny; cos(z; — x;)+
(2.46)
+ cos y; cos y;) — shzshz;| — sht;sht;,
f(ig) =sht;sht;[chz;chz;(siny; sin y; cos(z; — x;)+ (2.47)
+ cos y; cos y;) — shz;shz;] — cht;cht;, .
f(Zj) = x,'yj — .Cl?jyz' + Zitj — thi; (248)
SUZ'—IE'QZE i — '2:|: Zi—Z‘2+€it2+€'t2-

tit; ’

ede ¢; = 0,%£1; €; = 0, £1, npuuem ne obasamervno €; = ;.

3ameTnm, 9TO B ImpuBeeHHOM crucke (2.38)-(2.49) oTcyTCTBYIOT YeThI-
pexXMepHbIe CHMILIHIHAJIBHBIC U TeJILMIOJIBIEBE TPOCTPaHcTBa. [lo-Bum-
MOMY, UX cpeiit PEeHOMEHOJOTHIECKI CHMMETPUIHBIX T€TBIPEXMEPHBIX I'€0-
MeTpHil paHra MeCTb MPocTo HeT. JIJist MpUBeJIEHHBIX K€ YeThIPEeXMEPHBIX
reoMeTpuil JIErKO HAXOJATCS YPABHEHNUsI, BBIpayKakoline nx (heHOMEHOJIO-
rudeckyto cnmmerprio. CoorsercrByiomnue onpenesanrenn Kamu-Memnrepa
CeIbMOTO TOPS/TKA I OTPEICINTE/H [ paMa MecToro mopsiKa 00paInaoTcs
B HOJIb. ['pymimoBas ke cumMerpus crerienn 10 onpejiesnisieTcst COrJIaCHO Teo-
peme 3 u3 §1 mecsaTuapaMeTpuvIecKoii Tpyol IBIZKEHNIT, COXPAHSIIONNX

METPUUIECKYI0 (QYHKITHIO.
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f(ig) = sint;sin ¢;[sin z; sin 2;(sin y; sin y; cos(z; — )+

(2.43)
~+ cos y; cos yj) + oS z; cos zj] + cost;cost;,
f(ij) =cosht; cosht;[sin z; sin z;(sin y; sin y; cos(x; — x;)+ (2.44)
+ cos y; cos yj) + cos z; cos zj] — sinh ¢; sinh ¢, '
f(ij) =sinht; sinh ¢;[sin 2; sin z;(sin y; sin y; cos(x; — z;)+ (2.45)

+ oS y; COS ;) + €OS z; cos z;] — cosh t; cosht;,

f(ij) = cosht; cosht;[cosh z; cosh z;(sin y; sin y; cos(x; — x;)+

(2.46)
+ cos y; cos y;) — sinh z; sinh z;] — sinh ¢; sinh ¢,
f(ij) =sinht; sinh ¢;[cosh z; cosh z;(sin y; sin y; cos(x; — z;)+ (2.47)
+ cos y; cos y;) — sinh z; sinh 2] — cosh ¢; cosh ¢}, .
f(Z]) = xiyj — :L’jy@- + Zﬂfj — thi, (248)
SUZ'—LU'2:|: P — ‘2:|: Zi—Z‘Q—FEitZ—l‘E'tz

tit; ’

where ¢; = 0, £1; €; = 0, £1, ¢; being not necessarily equal to €.

We shall note that neither the 4-dimensional simplicial nor Helmholtz
spaces are on the list. Apparently, they are not among the phenomenologically
symmetric 4-dimensional geometries of rank 6 at all. As to the 4-dimensional
geometries that we did manage to come by, the equations expressing their
phenomenological symmetry are found quite easily. The respective Cayly-
Menger determinants of the seventh order and the sextic Gramians vanish to
zero. The group symmetry of degree 10 is determined according to Theorem
3 of §1 by the 10-parameter group of motions that preserve the metric

function.
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§3. IByMeTpudeckne reoMeTpUN Ha MJIOCKOCTA U TPUMETPUIEKUE

reoMeTpUuM B IIPOCTPAHCTBE

CorytacHo o01IMM onipejiesieHnnsM §1 aByMerpudeckasi JByMepHasi IeoMeT-
pus (s = 2,n = 1) 3amaercs Ha JBYMepHOM MHOrooOpasuu 9 1BYXKOM-
noHeHTHOH MeTpudeckoii dynkuueit f = (f1, f?), conocrasstomeit Jiro6oit
nape (ij) u3 obstacru ee oupenenenus Sy C M x M 1Ba JeficTBUTENBHBIX
aucna f(if) = (f1(ij), f2(i7)) € R?. lpeanosaraercs, 4To 06JacTh Olpe-
nenenns Gy merpuueckoit GyHKIMN f ecTh OTKPBITOE 1 1I0THOE B I X M
MHO>KECTBO.

Ecnn x,y — noxkanbHble KoOpAuHATEL B 90T, TO ee KOOPIAMHATHOE IIPEI-

cTaBJeHue
i B OoJjiee 10IpOOHOI 110 KOMIIOHEHTAM 3alliCH:
frg) = i, yi g, 95),
f2(ig) = f(xi, v, 5, Y5)s
ABJIsleTCA TJIaJKOIl HeBbIPOXK/ICHHON (DyHKIUell KOOpJAuHaT T, Y; U Tj, Y,
KOTOpbIe JIOJIPKHBI BXOJIUTH B HEe CYIIECTBEHHBIM 00pa30M. YC/IOBHE HEBbI-

pozkienHocTn Merpuueckoil dynxkuun f = (f1, f2) maremarudecku BbIpa-

KaeTCd ABYyM:A HEPpaBCHCTBAMU!

O(f(ig), f2(i4))/0(zi, ys) # 0,
O(f1 (i), f2(i4))/0(x;,y;) # 0O

JUIST OTKPBITOrO U IioTHOroO B M X I muoxkecTBa map (ij).

(3.2)

Eciu aByxkoMioneHTHast MeTpudeckas yHKimst (3.1), ya1oBaeTBopsiio-
asl EePEYNCACHHBIM BbIIIE TPEM YCJIOBHAM, 3aJaeT Ha JIBYMEPHOM MHO-
roobpazun 9 peHoMeHoI0rnIecKrn CAUMMETPUYHYIO T€OMETPHUIO PAHTa TPH,
TO 17151 J1060§1 Tpoiiku (ijk) U3 mwiIoTHOrO M OTKpHITOro B M MHOKECTBA,
Taxoit 4ro napsl (i7), (ik), (jk) npunaiexar Gy, mecTb B3aNMHbBIX PACCTO-
aunit f(ij), f(ik), f(jk) dyHKINOHAIBHO CBS3aHBI JIBYMsI HE3ABUCHMBIMU

YpaBHEHUAMU:
O(f(ig), f(ik), f(jk)) = O, (3.3)

rie ® = ($y, $y) — nBYXKOMIIOHEHTHAsT (DYHKIIUS [IECTU [IEPEMEeHHbIX. B
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§3. Dimetric geometries on a plane and

trimetric geometries in space

Under the general definitions of §1 the 2-dimensional dimetric geometry
(s = 2,n = 1) is defined on a two-dimensional manifold 9t by a two-
component metric function f = (f!, f?) that assigns to each pair (i) from
its domain & C M x M two real numbers f(ij) = (f*(if), f2(ij)) € R~
The domain & of the metric function f is supposed to be a set open and
dense in 9T x M.

If x,y are local coordinates in 9 its coordinate representation

or in the more detailed, with respect to the components, writing:

fH7) = (=i yi 25, 95), }
f25) = (@i, i, 25, 95),

is a smooth nondegenerate function of the coordinates x;, y; and x;, y;, that

must be included into it in an essential manner. The condition of the metric

function f = (f!, f?) being nondegenerate is expressed, mathematically, by

two inequalities:

O(f (i5), F2(i7)) /(s ys) # 0. } (3.2)

O(fH(ig), £2(i5))/O(zs,y;) # 0

for the set of pairs (ij) open and dense in 9t x .
If the two-component metric function (3.1) that satisfies the above three
conditions gives on a two-dimensional manifold 9 a phenomenologically
symmetric geometry of rank 3, then for any triple (ijk) of a set dense
and open in 93, such that the pairs (ij), (ik), (jk) belong to &y, the six
reciprocal distances f(ij), f(ik), f(jk) are functionally related by two

independent equations:

O(f(27), [(ik), f(jF)) = 0, (3.3)

where ® = (®1, y) is a two-component function of six variables. In a more



78 I'".T. Muxaitmuaenko. MaremMaTndeckne OCHOBBI M PE3Y/IbTATHI TEOPUN (PUIUIECCKUX CTPYKTYP

6oJ1ee 1OAPOOHOIT 3alNCh 110 KOMIIOHEHTaM HMEEM:

q)l(fl(w)n f2(Z])7 fl(Zk)a f2(lk>7 fl(]k)a fQ(Jk)) =0,
Oo(f1(ig), [2(ig), f1(ik), f2(ik), [1(5k), [P (5k)) = O,
IprdeM He3aBUCUMOCTD 3TUX ypaBHEHUI o3Ha4daeT, 9To rang ¢ = 2.

MpbI Xoporo y2ke 3HaeM, 94TO (PeHOMEHOJIOInYecKast CUMMETPHIsSI TeOMET-
pPUI TECHO CBdA3aHa C ee I'PYIIIOBOI cuMMeTpueil. B yacTHOCTH, IJIOCKOCTD
TEePMOJAMHAMIYECKIX COCTOSHHUII, paccMOTpeHHass BO Bpeaenun, ¢ oHOIT
CTOPOHBI, (PEHOMEHOJIOTMYECKN CUMMETPUYHA C PAHIOM 3, a C JIpyroil —
HaJeieHa TPyINInoBoil cumMeTrpueil crenenn 2. Takoe cooTHoleHne panra
OJIHOII CUMMEeTPUN U CTeIleHU JAPYTroil He CaydaiiHO U SBJISIeTCH CJICJICTBUEM
X 9KBHUBaJEHTHOCTH, yCTaHaBJIMBaeMoii Teopemoit 3 u3 §1. leitcTBuTreib-
HO, B PacCMaTpUBAEMOM CJIydae TpexTodedHasl »KecTKagd (purypa JoJKHa
cBODOOJTHO JIBUTATHCS C JIBYMsI CTEIIeHsIME CBOOOJIBI M He DoJiee, TaK Kak ee
IOJIOZKEHUE 3aJ1aeTCsl HIECThIO KOOPAUHATAMU T, Yi, Lj, Yj, Tk, Yk, HA KOTO-
pble HaJIO?KEHbI YeTbIPe CBsA3U, IPOUCXOJIAIINE OT COXpaHeHUs IIeCTH pac-
CTOSTHUIA, YIOBJIETBOPSIIOIINX JIBYM COOTHOIIEHUsIM (3.3). DKBUBAJIEHTHOCTD
dpeHOMEHOJIOrMYeCcKO 1 I'PYIIIOBOI CUMMETPUil IBYMETPHUYECKUX JIBYMEP-

HBIX TeOMETPHIl BIPA3UM JIjIst OOJIBINEH SCHOCTH OTJIE/bHON TeopeMoii:

Teopema 1. /[aa mozo, 4mobvr HEGHIPOHCIEHHAA OBYTKOMNOHEHMMHAA
mempuueckas dymwyua f o= (f1, f?) sadasara na dsymeprom mro2006-
pasuu M deymempuveckyro heHoMEHON02UMECKU CUMMEMPUIHYIO 06YMED-
HYI0 2€0MEMPUIO PAH2A MPU, HEOOTO0UMO U JOCTNATOYHO, 4YMOOL OHA 3G-
da8aAG HA MOM HCE MHO2000PA3UL IBYMEMPUUECKYIO JBYMEPHIIO 2€0MEM -

PUIO, HAOEAEHHYIO 2PYNNOBOTE CuMmMempuets cmeneny 06a.

Takm 06pa3oM, JBYXKOMIIOHEHTHasT MeTpuieckas dbyHkimst (3.1) dbero-
MEHOJIOIMYECKN CUMMEeTPUYHOI paHra TpU JIBYMEPHOI reoOMeTpun JI0IycKa-
eT JAByXIapaMeTPUUIecKyIo I'PYIILY JABUKeHHI, TO ecTh TaKuX 3(hPEeKTUBHBIX
IJIAJIKIX JIOKAJIBHBIX JIeCTBUI B IBYMEPHOM MHOTOO0Opa3n HEKOTOPOIl JIo-

KaJIbHOM Tpymsl JIn G

= Nz, y; atl, a2), y =o(z,y; al, a2), (3.4)
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detailed, in the components, writing, we have:

i(f1(i7), S2i5), 1R, F2R), F1GR), £2GR)) = 0, }
Oo(f1(i7), f2(if), f1(ik), f2(ik), f1(ik), f2(ik)) = O,
the independence of these equations meaning that rang & = 2.

We know very well already that the phenomenological symmetry of a
geometry is closely connected with the group symmetry of it. In particular,
the plane of thermodynamical states, that we discussed in the Introduction,
is, on the one hand, phenomenologically symmetric with rank 3, and on the
other - endowed with a group symmetry of degree2. Such a relation of the
rank of one symmetry and of the degree of the other is not occasional and is a
corollary of their being equivalent, which is established by Theorem 3 of §1.
Indeed, in the case in question, a three-point rigid figure must move freely
with two degrees of freedom and not more, because its position is defined
by the six coordinates ;, y;, x;, yj, Tx, yx, with the four relations that spring
up from the six relations being preserved satisfying the relations (3.3). For
the sake of clarity,we shall express the equivalence of the phenomenological
and group symmetries of the two-dimensional dimetric geometries with a

special theorem:

Theorem 1. For the nondegenerate two-component metric function f =
(fL, f2) to give on a two-dimensional manifold M a dimetric
phenomenologically symmetric two-dimensional geometry of rank 3 it is
necessary and sufficient that it should give on the same manifold a dimetric

geometry endowed with group symmetry of degree 2.

Thus, the two-component metric function (3.1) of a phenomenologically
symmetric two-dimensional geometry of rank 3 allows a 2-parameter group
of motions, i.e. of such effective smooth local actions in a two-dimensional
manifold of some local Lie group G?:

= Nz, y; al, a2), y =o(z,y; al,aQ), (3.4)
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YTO Kazk/iasi KOMIIOHEHTa MeTPUUIecKoil (byHKIUN COXPAHAETCS:

JAG@), (), A(5),0(7)) = f(wi,yi, 25, ;) (3.5)

e (al, a?) € G* u, nanpumep, (i) = \(x;, y;; al, a?).

BarnuiieM Oa3ucHble BEKTOPHBIE 1M0JIsT X1, Xo JByMepHOil ajreoOpnl JIu
JIOKAJIbHBIX TIpeobpaszoBanuii (3.4) aBymepHoro muoroobpasust 9 B orepa-
TopHoOil bopme:

X1 = M(x,y)0; + o1(x,y)0,, } (3.6)

Xo = Xo(x,y)0y + 02(x,y)0y,
rne O, = 9/0x, 9, =0/dy n, maupumep, \i(z,y) = O\ (x,y;a’,a?)/
/Oat|—a2—p, npeanonaras, uro npu a' = a’ = 0 uMeeM TOXKJeCTBeH-
HOe mpeobpazoBanue B rpytie (3.4). Merpudeckast dyuknus (3.1), Oyxydan
10 paBeHCTBY (3.5) ABYXTOUEUHBIM HHBAPUAHTOM TPYIIIBI IPeobpasoBaHuMil
(3.4), HEOOXO MO SIBJIAETCSI PEIIEHHeM CJIYIONIe cucTeMbl IByX T de-
PEeHINAbHBIX YPaBHEHHIL:

Xq(i) f(i7) + X1(4) f(ij) = 0, } (3.7)

Xo(i) f(ig) + Xa2(5) f(ij) = 0.
¢ oneparopami (3.6).

B cBoe Bpems (1893) Codyce Jlu gan monHyo KiaaccudpuKammo KOHed-
HOMEPHBIX JIOKAJILHBIX TPYIIT IPeodpa3oBatuii JIByMEpPHOro MHON00Opasus
[16]. 13 s10it KIaccuduKanum MOYKHO BBIIEJINTh U 3allUCATb B HAJIEXKA-
11e BEIOPAHHOI crcTeMe JIOKATbHBIX KOOPUHAT (I, ) Ga3UCHbIE OEePATOPb

(3.6) "eThIpex COOTBETCTBYIONINX JBYMEPHBIX aareop Jlu:

X1 =0y, Xo=1y0y; (3.8)
X1 =0, Xo=0y; (3.9)
X1 =0,, Xo=x0,; (3.10)
X1 =0, Xo=20,+0, (3.11)

Teopema 2. Cyuecmeyrom dee u moavko dee ne ceodumvie dpye K Ipy-
2y deywromnonenmuvie mempuveckue dynxyuu f = (f1, f?), sadarowue
Ha 08YMepHoMm MH02000pasduu M peromernono2unecku CUMMEMPULHBLE 2€0-

memput, parea mpu. C mounocmvro do macumadbrozo npeodpasosaru.s,
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that each component of the metric function is preserved:

FAG), (i), A(5),0(3)) = f(i,yi, 25, 95), (3.5)

where (a!,a?) € G? and, for example, (i) = A(z;, yi; at, a?).
We shall write the basic vector fields X5, X5 of the two-dimensional Lie
algebra of the local transformations (3.4) of the two-dimensional manifold

2N in the operator from:

Xl — Al(xay)ax + O-l(xay)aya }

3.6
X2 — A?(xuy)ax +O_2(x7y)ay7 ( )

where 9, = 9/0x, d, = 0/0y and, for example, A\ (z,y) = O\(x,y;a',a?)/
dal|,1—42—0, supposing that with a® = a? = 0 we have an identity substitution
in the group (3.4). The metric function (3.1), which is, in force of the
equality (3.5), the two-point invariant of the group of transformations (3.4),

is necessarily a solution of the system of two differential equations as follows:
X1 (@) f(2g) + X1(5) f(ij) = 0,
Xo(2) f(i7) + Xa2(5) f(ij) = 0.
with the operators (3.6).

In 1893, Sophus Lie gave a complete classification of the finite dimensional

(3.7)

local groups of transformations of the two-dimensional manifold [16]. Out
of his classification, it is possible to single out and write, in a suitably
chosen system of local coordinates (z,y), the basic operators (3.6) of the

four respective two-dimensional Lie algebras:

X1 =0,, Xo=vyo (3.8)
X1 =0, Xo=0 (3.9)
X1 =8, Xo=ad; (3.10)
X, =8y, Xo=10,+0, (3.11)

Theorem 2. There are two and only two irreducible to each other two-
component metric functions f = (f1, f?) that give on a two-dimensional

manifold M a phenomenologically symmetric geometry of rank 3. With an
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W(f) — f, 2detp = (YP1,19), u 6 Hadaesrcawe 6uOPAHHOT CUCTNEME NOKAN-
noir koopdunam (x,y) amu mempuueckue GyrrkuuL mo2ym 0vimo npeo-

cmaeaerHbl C/L@dg?O@LgUMU d@y./\/tﬂ KAHOHUYECKUMU 6blpaHCeHUAMU.

FHig) =z — @y, f2i5) = yi =y (3.12)
FU05) = (@i — )y F20) = (s — 2)y; (3.13)
Komnonentbl Merpudeckoil dynxuun f = (f1, f?) asnsiores nesabu-

CUMBIMU perieHnsiMu cucteMbl ypasHenuit (3.7). Tlockosibky B 9TUX ypas-
Henusix ¢ oreparopamu (3.8) u (3.10) orcyrerByer omepatop juddepen-
nupoBanusi 0/0Y;, UX HE3aBUCHMBIMHU DPEIIeHUsIMUA OyIyT (DYHKIUE ¥; U
©(i7). To ecthb st MeTpuaeckoii (byHKIUHI HOTydaeM Bbipazkenue f(if) =
Uy, (i7)), tne v : R — R?. Ho /14 Hee He BLIIOJIHACTCS BTOPOE U3 YCIIO-
BHit (3.2), 1 OHa OKa3bIBAETCS BLIPOXKICHHOI. Perenns cucremsr (3.7) ¢ ore-
paropamit (3.9) JIerko HaXOJSITCs METOJIOM XapaKTePUCTHUK, U COBIAJIAIOT B
CBOEM SIBHOM KOODMHATHOM IIPEICTABICHIN ¢ KOMIIOHEHTAMU METPUIECKOIi
dbyuxrmn (3.12). Pemenust cucremsr (3.7) ¢ oneparopamu (3.11) Takxke Jer-
KO HAXOJATCS, HO COBIIAIAI0T B CBOEM sIBHOM KOODJMHATHOM IIPEJICTABICHUN
¢ KOMITIOHeHTaMu MeTpudeckoil dpyHkiun (3.13) TOJIBKO Mpu JIOMOJTHUTE h-
HOIl 3aMeHe KoopjuHar © — x, exp(—y) — y. Obe MeTpudeckue QyHKIHNI
HEBBIPOZKJIEHDI, TaK KaK KayKJblil 13 SKOOUAHOB YCjI0BUsA (3.2) Jjist HUX OT-
JIMYEH OT HYJISL.

Metpudeckyto dhyHKiuo (3.12) MOXKHO WHTEPIPETHPOBATH, HAIIPUMED,
POEKIAMI BEKTOPa j¢ Ha KoopanHatHble ocu. CoorBercrByomas (hyHK-
IUOHAJIbHAsS CBsi3b (3.3) JI/Isi Hee 3aJ1aeTcsl JIByMsi He3ABUCHMbBIMU YDaBHe-

HuAMUN

fHig) = fHik) + f1(5k) = 0,
f2(i5) — f2(ik) + f2(jk) = 0.

Metrpuueckast pynkmus (3.13) gormyckaer cojiepKaTebHYI0 GU3NIECKY O
MHTEPIIPETAIINIO B TEPMOIMHAMUKE, MOJIPOOHO paccMOTpeHHyIo BO Baejie-
aun. CoorBercTByiomast GQYHKIHOHATbHAsT CBsA3b (3.3) JJIs Hee 3aJ1aeTcs

ABYMA HE3aBMCHUMbIMU YPaBHEHUAMU
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accuracy up to a scaling transformation ¥(f) — f, where ¥ = (1, 19),
and in a suitably chosen system of local coordinates (x,y) these metric

functions may be represented by the two canonical expressions as follows:
FHig) = @i — @y, f2i5) = i =y (3.12)

FHag) = (@i — x5)ys, f2(i7) = (25 — 25)y;. (3.13)

The components of the metric function f = (f*, f?) are independent
solutions of the system of equations (3.7). Since in these equations with
the operators (3.8) and (3.10) there is missing an operator of differentiation
0/0y;, their independent solutions will be the functions y; and ¢(ij). Le.
we get for the metric function the expression f(ij) = ¥(y;, ¢(ij)), where
¥ : R* — R% But it does not satisfy the second of the conditions (3.2), so it
turns out to be a degenerate one. The solutions of the system (3.7) with the
operators (3.9) are found easily by the method of characteristics, and they
coincide in their explicit coordinate representation with the components
of the metric function (3.12). The solutions of the system (3.7) with the
operators (3.11) are found as easily, but they only coincide in their explicit
coordinate representation with the components of the metric function (3.13)
on condition that the additional change of coordinates x — x, exp(—y) — y
is introduced. Both metric functions are nondegenerate ones, because each
of the two Jacobians of theirs in the condition (3.2) is unequal to zero.

The metric function (3.12) may be interpreted, for example, by the
projections of the vector ﬁ' on the coordinate axes. The corresponding
functional relation (3.3) for it is defined by two independent equations

f1(i) = S k) + £ (k) = 0. }
f2(@i5) — f2(ik) + f2(jk) = 0.
The metric function (3.13) allows the essential physical interpretation in

thermodynamics discussed in detail in the Introduction. The corresponding

functional relation (3.3) for it is defined by the two independent equations
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0 —f(ig) —f*(ik)
ffag) 0 —fk) | =0,
fHk) f'Gk) 0
fHag)  frGk) = f2(ik)
k) 0 —f2ik) | =0.
fHak) —f2(i5) —f*(ik) )

Hasee paccmoTpuM TpumeTpudeckne (heHOMEHOJOIHIeCKN CUMMeTPHH-
Hble T€OMEeTPHUH paHra TPHU, 3ajaBaeMble Ha TPEXMEPHOM MHOI00Opa3um
9 TpexkoMIoOHeHTHOI Merpudeckoii dbynxuueit f = (fL, f2, f?), xoropas
KazK 101t 1mape (ij) u3 obsacru ee oupejenenuss & C 9N X M conocrapiisier

.. . 1 . . 2 .. 3 . . 3
rpu uncna f (i) = (f(ig), f2(ig), f°(if)) € R”.

[Iycts (2, y, z) — nokanbhble KoopauuaTsl B M. Jlis meTpuaeckoit GhyHK-

nun f B HEKOTOPOii OKpecTHOCTH napsbl (ij) € & MOKHO 3alUcaTh ee MIajl-

KO€e KOOpJHuHaTHOE IIpeACTaBJI€HUE:

Hesbipoxkiernocts MeTpudeckoit dyuknun (3.14), B gacTHOCTH, €e Cy-
IIECTBEHHAS 3aBUCUMOCTDL OT KOODAMHAT Xy, Vi, Z; U Xj,Yj, Zj TOYEK 1 U J,

O3HadaeT HeobOpallleHne B HYJIb JIBYX sIKOOMAHOB TPETHEIO IOPSsiIKa:

O(f (i), f2(if), F3(i§)) /0, yir zi) # O, }
O(f1 (i), F2(i7), 13(i5)) /05,95, 2) # O

JUIsE OTKPBITOrO U 110THOTO B M X I MHOKECTBA 11ap (7).

(3.15)

Eciu tpexkommnonenTHasi MeTpudeckast dpynkuus (3.14) 3amaer Ha Tpex-
MepHoM MHoroobpazun 9N PpeHoMeHoJIOTUIeCK CUMMETPUIHYIO T'e€OMeT-
pUIO paHra TPHU, TO HalijleTcs Takas TPEXKOMIIOHEHTHasi (pyHKInd P =
(1, Py, P3) OT siEeBATH TEPEMEHHBIX, UTO JIEBATH B3AMMHBIX DACCTOSHUIT
MeyKJly TOYKaMH OTKDBITOro 1 InioTHoro B 9P muoxkectsa Tpoek (ijk)

QyHKIIMOHAILHO CBA3aHBI TPEMsI HE3aBUCHMBIMU YPABHEHUSIMUI

O(f(27), F(ik), f(jF)) = 0. (3.16)
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0 —f3(ij) —f*(ik)
fiaj) 0 —f(jk) | =0,
fiGk) - f1(ik) 0
fig)  fHk) = f2(ik)
(k) 0 —f2(ik) | = 0.
fHik) —f2(ij) —f*(ik) )

Further we shall discuss trimetric phenomenologically symmetric geomet-
ries of rank 3 defined on a three-dimensional manifold 99t by the three-
component metric function f = (f1, f2, f3) which assigns to each pair (ij)
of its domain & C M xM three numbers f(i5) = (f1(ij), f2(i5), f(if)) €
€ 3.

Let (z,y, z) be local coordinates in 9. For the metric function f, in
some neighbourhood of the pair (ij) € &y, it is possible to write down its

smooth coordinate representation:

fig) = f(xi,yi, 20,25, 95, 25). (3.14)

The nondegeneracy of the metric function (3.14), in particular its essential
dependence on the coordinates x;, y;, 2; and x;,y;, 2; of the points ¢ and j,
means nonvanishing to zero of two Jacobians of third order:

O(f(ig). £2(i5), J(i)) /0(wi, i, 23) # 0. } (315
o(f'(ig), f2(ig), (i) /O0(xj. yj, ) # O '
for the set of pairs (ij) open and dense in 2T x M.

If the three-component metric function (3.14) gives on a three-dimensional
manifold 9T a phenomenologically symmetric geometry of rank 3, then there
exists a three-component function ® = (@, &y, $3) of nine variables, such
that the nine reciprocal distances among the points of the set of triples
(ijk) open and dense in 93 are functionally related by three independent

equations

O(f(ig), f(ik), f(jk)) = 0. (3.16)
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Merpuueckast dyukuus (3.14) jgomyckaer TpexnapaMeTpuiecKyo rpyli-

Iy JIBUKCHUI:

v = Nax,y, z;at, 6%, a?),
y = o(x,y,za',d? a®), (3.17)
2 =1(x,y, 20", 6% a?),

OTHOCHTEJILHO KOTOPOIT OHA SIBJIAETCs HEBBIPOXKICHHBIM JBYXTOYCUHBIM HH-

BapUaHTOM, YJIOBJIETBOP:A CJeIyIoNeMy (DyHKINOHATLHOMY YPaBHEHUIO:

FA@),0(2),7(0), A7), 0(5), 7(3)) = F @i yi, 20, 25, Y5 25), (3.18)

ryte, nampumep, A(i) = My, yi, 23 al, a?, a®). Beaeyersue jokaibHoil 06pa-

TUMOCTH TipeobpasoBanuii (3.17) MOKHO BBIIOJHITHCS YCIOBHE:

O\, 0,7)/0(x,y,2) # 0.

ObozHauum vepes

Xl — )\1(%, Y, Z)a:L‘ + 0'1(.%,3/, Z)ay + Tl(x7ya Z)aza
X2 — )\2(.%, Y, Z)8$ + 0_2(:67 Y, Z)ay + 7_2('r7 Y, 2)827 (319)
X3 — A3($7 Y, Z)aa: + 0_3(377 Y, Z)ay + 7_3(377 Y, z)az

basucHble orepaTopbl TpexmMepHoit ajaredper Jlu rpynmer (3.17). Torma ms
merpuyeckoit dysakimn (3.14) Kak JBYXTOYETHOTO MHBAPUAHTA, Oy IaeM
13 QYHKIMOHAJBHOTO ypaBHeHus (3.18) cucremy Tpex JIMHEHHBIX 0/THOPO/I-

HBIX I depeHIna bHbIX YPaBHEHUI B YACTHBIX TPOU3BOIHBIX:

Xi(0) f (i) + X1(5) f (i) = 0,
Xo (i) f (i) + X2(4) f(i5) = (3.20)
X3(i) f (i) + X5(4) f (i)) =

¢ oneparopamu (3.19).

Taxum obpazom, 3ajiava Kiaaccuukanun Mmerpuaecknx dyuximii (3.14)
CBOJIUTCS K KJIaccuUKaAIMI TPeXMEepHbIX aareop JIu mpeodpaszoBanuii Tpex-
MEpPHOTO MHOT0OOpasust ¢ 6a3ucHbIME oneparopamu (3.19) u K mwHTErpupo-
BAHUIO COOTBETCTBYIONMX cucteM ypasaenuil (3.20). Jlerko ybemurbest B
TOM, 9TO pEIeHNe STOI CHCTEMbI ONpPEIeJINT HEBBIPOXKICHHYIO MeTpude-
CKYI0 (DYHKIIUIO TOJILKO B TOM CJIydae, ecjin TpyIina npeobpazosanuii (3.17)
TpaH3UTHUBHA, JJIsT 9€ro, KakK MU3BECTHO, HEOOXOIUMO U JOCTATOTHO, ITOOLI

paHr MaTpHIlbl K03 duimeHToB onepatopos (3.19) ObLT paBeH TpeM.
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The metric function (3.14) allows a three-parameter group of motions:

ml - )\(x,y,z;al,az,a3),
y = O'(EU,y,Z;al,CLQ,CLS), (3.17)
!/

Z =1(x,y, 2;a", 0% a?),

with respect to which it is a nondegenerate two-point invariant and satisfies

the functional equation as follows:

f()‘(z)v U@)) T(i)v )‘(])7 JU)? T(])) = f(ZUZ, Yiy Ziy Ljy Yy Zj)? (3'18)

where, for example, (i) = A(x;, 9, 2i;al,a?,a®). As a corollary of the

local invertibility of the transformations (3.17), the condition must hold

as follows:
(AN, 0,7)/0(x,y,2) # 0.
We shall designate by

Xl — A1<x7 Y, Z)al + 0'1(.’13, Y, Z)ay + Tl(xa Y, 2)827
X2 = )\2(1’, Y, Z)ax + 0_2(337 Y, Z)ay =+ 7-2(337 Y, Z)am (319>
X3 — )\3($, Y, Z)ax + 0'3(.13, Y, Z)ay + Tg(l', Y, Z)az

the basic operators of the three-dimensional Lie algebra of the group (3.17).
Then, for the metric function (3.14), as a two-point invariant, we have,
form the functional equation (3.18), a system of three linear homogeneous

differential equations in partial derivatives:
Xa(2) f(ig) + X1(5) f (i)
Xo(2) f(ig) + X2(4) f (i)
X3(2) f(25) + X5(7) f (i)
with the operators (3.19).

Thus, the task of the classification of the metric functions (3.14) narrows

Y

0
0, (3.20)
0

down to that of classification of the three-dimensional Lie algebras of the
transformations of the three-dimensional manifold with the basic operators
(3.19) and to that of integrating the respective systems of equations (3.20).
It is quite easy to make sure that the solution of the system will only give
a nondegenerate metric function if the group of transformations (3.17) is
transitive, for which, as is known, it is necessary and sufficient that the rank

of the matrix of the coefficients of the operators (3.19) be equal to 3.
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Teopema 3. Basuchuvie onepamopui (3.19) mpexmeproti areebpv. JIu a0-
KaroHot 2pynnot JIu A0KaADHO MPAH3UMUBHBLIE NPEOOPA30BAHUT MPETMED-
HO20 MH02000DA3UA C MOYHOCTBIO 00 USOMOPPHUIMA U 6 HAOAEHCAULE Gbi-

Opannoti cucmeme A0KAALHBLT Koopdunam (T,y, z) 3a0atomcs caedyouumu

BOIPAHCEHUAMU

X1 = 83;, X2 = (9y, X3 = (92; (321)

X1 = 8x, X2 = 6y, Xg = y@x + 82; (322)

X1 =0, Xo=0, Xsz=(x+y)0,+yd,+ 0 (3.23)

X1 = Gm, XQ = 8y, X3 = x@m —I—py0y + @:; (324)

X1 = &E, XQ = 8y, X3 = —y(?x + (ZU + qy)é?y + az; (325)
Xl - 6337

Xo=tgy sinz 0, + cosx 0, +secy sinz 0, (3.26)

X3 =tgy cosx 0, —sinz 0, +secy cosx 0,;

Xl - 8x7

Xy =sinx 0, + cosz 0, +expy sinz 0, (3.27)

X3 =cosz 0, —sinz 0, + expy cosz 0,

2de —1<p<1,0<qg<2.

[IpuBejiennast B Teopeme 3 Kjaccudukaliig IOCTPOEHa aBTOPOM U IIPU-

BejIeHa 110 ero pabore [17].

Teopema 4. C' mounocmuio do macwmabdnozo npeobpazosarnus W (f) —
f, 2de b = (YP1,19,13), u 6 nadaesrcawe 6vOPaHHOT cucmeme AOKANOHHIT
koopdunam (xz,y,z) mempuueckan dyrnxyus f = (f1, f2, f3), sadarowasn
Ha mpexmepHom mHo2000pasuu MM Beromenoio2uvecky CuUMMEeMPULHIIO
2EOMEMPUIO PAH2G MPU, MOKHCEM Obimb NPedcmasieHna 00HUM U3 CAEJYI0-

WU 00UHHAOUAMU KAHOHUYECKUL SUPAHCEHUTL:
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Theorem 3. The basic operators (3.19) of the three-dimensional Lie
algebra of the local Lie group of the locally transitive transformations of
a three-dimensional manifold with an accuracy up to isomorphism and in
a suitably chosen system of local coordinates (z,y,z) are defined by the

expressions as follows:

X1 = 895, X2 = (9y, Xg = (92; (321)

X1 = 835, X2 = 8y, Xg = y@m + @:; (322)

X1 = &C, X2 = (‘3y, X3 = (ZC + y)@x + yﬁy + 82; (323)

X1 =0, Xo=0, X3=u2z0,+pyo,+ 0, (3.24)

X1 =0, Xo=0, Xs=—-y0,+ (x+qy)d,+0.; (3.25)
Xl — 83?7 )

Xy =tany sinx 0, + cosx 0, +secy sinz 0,, p (3.26)
X3 =tany cosz 0, —sinx d, +secy cosx J,; |
Xl - 8%7 )

Xy =sinx 0, +cosx 0y +expy sinz 0,, ; (3.27)

X3 =cosx 0, —sinz 0, +expy cosz 0.,

where —1 <p<1,0<g<2.

The classification in this Theorem 3 was built up by the author and can
be found in his note [17].

Theorem 4. With an accuracy up to a scaling transformation¥(f) — f,
where ¥ = (11, 19,13), and in a suitably chosen system of local coordinates
(2,9, 2) the metric function f = (f1, f%, f3) that defines on a three-
dimensional manifold M a phenomenologically symmetric geometry of rank

3 may be represented by one of the following eleven canonical expressions:
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f1<Z]) = L — Ly, f2(7jj) =Y — Yy, fg(”) = & —

fHi9) = yi — v,
fP(19) = (zi — z5)yi + 20 — 25,
fig) = (wi — x)y; + 2 — 253

i) = (z; — scj)Q exp (2% _ yj) ,

(i) = (@i — )2 F) = (01— 23)7
f1ig) = =2,
fz(ij) = (ZUz -
2lg) = (z — x5)z;
fHig) = (i — 25) (i — yy),
f2(ig) = (z; — zj) 2,
f3(’l]) = (ZCZ — xj)zj;
FHig) = yi — 5. )

f2Gg) = (z — )z,
7)) = (v — x5)z;
flg) =
f2(i5) = (xi — x5) 2,
f2i7) = (v — x5)z;

fg) = (w — 25)° + (yi — )

f2(ij) = 2 + arctg (y y) o\

S
o,
N—
D
VT

~"

~"

T; — T,
Yi — Y5\ .
f3(ij) = z; + arctg <$z — 9;;)
fHig) = ((zi — ;) + y])2 X

X exp (27arctg

f?(ij) = 2 + arctg (

~

xz - xj
Yi — y]

f3(ig) = z; + arctg

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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i) =z — zy, f2(i5) =vi —yj, (1)) =2 — 253

fHid) = vi — v,
f2(ig) = (wi — 25)yi + 2z — 2,
f2ig) = (wi — 25)y; + 2 — 253
P = (=) exp (22222 )
f2(19) = (zi — x5)z, f2(ig) = (@ — x5) 25
i) = 2=
2ig) = (z; — xj)z;,
f2g) = (v — j)z5 |
fHg) = (zi — x5) (v — 1)),
f2(ig) = (@ — xj)z,
f3(2]) = (.IZ — .CL’j)Zj;
FHi5) = vi — yj, )
2(ig) = (@7 — xj)z,
f2ig) = (v — xj)z5;

\

~"

~”

fiig) = L=l
Yi — Yj
f2ig) = (2 — )z,

F5) = (a2 |

~”

FHig) = (zi — ) + (yi — y;)?, )
f?(ij) = z; + arctan <y2 — i
T; — Xy >
f3(ij) = z; + arctan i yj) :
Ty — Xy )

\

)
X exp (27 arctan Yi yj) :

f?(ij) = z; + arctan ( .

f3(ij) = z; + arctan yl — yj) :
Vs

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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f(ij) = siny; siny; cos(x; — ;) + cos y; cos y;,
sin(x; — x;) siny;
w — ("G ) o (3.37)

sin(x; — x;) siny;

\/1_f12])) / /

f2(ij) = z; — arcsin

f3(ij) = z; + arcsin

Z] ZL'] YiY;j, )
L) e ——
! (xl — $j)yi2’ > (338)
1
fg) = — 3
(v — zj)y: "

npuvwem 3decvo 0 < |p| < 1 u 0 < v < oo, 2de v = q/\/4—¢*> npu
0<qg<?2.

[Tonpobroe jgokazaTebCTBO TeopeMbl 4 MOXKHO HaiiTu B §5 MoHOrpadun
asropa [10]. OHO cocTOUT B TIOCTIEOBATETLHOM PEIEHIN BCEX CHCTEM YDaB-
nennii (3.20) ¢ oneparopamu (3.21)—(3.27), 9T0 B TeXHUYIECKOM OTHOIICHUN
0COOBbIX TPYJHOCTEl He mpejicTapisier. [lpu okoHIaTe IbHOI 3alucy mprBe-
JICHHBIX BbIIIe KAHOHUYECKUX BbIDAYKEHUI IPOU3BE/IeHa B HEKOTOPBIX CJIy-

Jadx yJgobHas 3aMeHa KOOpJMHAT U Bbljesienbl ciaydan p = 0, +1; v = 0.

DeHoMeHoI0rnIecKas CUMMETPUsT BCeX OJIMHHAJINATH MeOMETPUil, 3a/1a-
BaeMbIX MeTpudecknMu GyHKiuamu (3.28)—(3.38), ycraHaBimBaeTcs 1o paH-
ry QyHKIMOHATBHON MaTpuilel s gesaru byukuuit f(if), f(ik), f(jk),
ClIEIMAJILHBIM 00Pa30M 3aBUCALNIUX OT JAEBATU IIEPEMEHHDLIX — KOODIUHAT
To4eK Tpoiiku (ijk), KOTOpBIl OKa3biBaeTcst paseH Iecti. COOTBETCTBYIO-
e GyHKIMOHATbHbIE ypaBHeHust (3.16), BbIpazKarolye 3Ty CHMMETPHIO,
MOT'YT OBITH HAiiJICHBI B SIBHOM BHJIE, YTO YTBEPZKJIACTCs CJACAYIONE Teo-

pemoit, nokazannoit P.M. MypaioBbiM B paboTe, OTIIPaBIeHHOI B I1evaTh:

Teopema 5. Ecau mperkomnonenmnas mempuueckas gynruui (3.14)
zadaem wa mpexrmeprom mrozoobpazuu M dernomenonoeuvecku cummen-

PUYHYIO 2EOMEMPUIO PAHA 3, Mo ¢ MoYHoCmbIO J0 3aAMEHBL NOKAALHBIT
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f(ij) = siny; siny; cos(z; — x7) + cos y; cos y;, )
sin(x; — x;) siny;
VI=(1))? )
sin(x; — x;)siny; \

VI=(F1 @2 )

f2(ij) = z; — arcsin

\ (3.37)

f3(ij) = z; + arcsin

fHig) = (xi — zj)viy;, )
.. 1

fQ(Z]) =2+ ($z — l‘j)y?’ \ (3.38)
.. 1

i) = 2 — @)

herein 0 < |p| <1 u 0 <~y < oo, where v = q/+/4 — ¢*> with 0 < g < 2.

The detailed proof of Theorem 4 is given in §5 of the author’s monograph
[10]. Essentially, it is the solution, one after another, of all the systems of
equations (3.20) with the operators (3.21)—(3.27), which does not pose any
technical difficulties. In the final form of the canonical expressions given
above, in some places a suitable change of coordinates was performed and

the cases of p = 0,+£1; v = 0 were singled out.

The phenomenological symmetry of all the eleven geometries defined
by the metric functions (3.28)—(3.38) is established by the rank of the
functional matrix for the nine functions f(ij), f(ik), f(jk) that depend in
special manner on nine variables - the coordinates of the points of the triple
(1jk), and that rank turns out to be equal to 6. The respective functional
equations (3.16) that express that symmetry may be found in the explicit
form, which is the essence of the following theorem, that was proved by

R.M. Muradov in his note (in print).

Theorem 5. If a three-component metric function (3.14) gives on a
three-dimensional manifold 9Ma phenomenologically symmetric geometry

of rank 3, then with an accuracy up to a change of local coordinates in the
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KoopouHam 6 MH02000pasuy U macwmabrozo npeobpasosanus Y(f) — f,
20e v = (11,13, 13), ona onpedeasem 6 R3 makyro soxarvhyio keasuepyn-
nosyo onepayuro ¢ npasoti eduruuet, 4wmo npasviii 0opammvil INeMEHM
co8Nadaem ¢ UCTOOHIM U YPABHEHUE, BHIPAANCAIOULEE PEHOMEHONO2UMECKYIO

CUMMEMPUIO, UMEEM NOJOOHBLT camoti mMempuyeckoli GYHKUUL 6U0:

f(ig) = f(fL(ak), f2(ik), f(ik), f1(ik), F2(5R), £2(5F))- (3.39)

B ykasannoit pabore jjis Kaxkjoil 3 merpudeckux hyHiui (3.28)-
(3.38) wmaiijileHbl Takue, COOTBETCTBYIOIINE TeopeMe b, ee KOOp/nHATHbBIE
IPEJICTABJIEH s, KOTOPbIE TTO3BOJISIIOT 3anncarh ypasuerne (3.16) mo dop-

myste (3.39) B sIBHOM BuJIE.

Kommonentsl Merpudeckoit dbyakmnn (3.28) MOXKHO MHTEPIPETHPOBATD
HPOEKIUSIMU BEKTOPa ji Ha KoopuHaTHbe ocu. CooTBeTCTBYIONmas (yHK-
nuoHasibHas CBA3b (3.16) 3amaercs cucTeMoil Tpex He3aBUCHMBIX ypaBHe-
HUIL:

fig) = fHik) + f1(jk) = 0,
f2(i5) = f2(ik) + f2(jk) = 0,
f2(i5) = f2(ik) + f2(jk) = 0.

Metrpuueckast pynknus (3.29) gormyckaer cojepKaTe/bHyI0 GU3NIECKY O
MHTEPIPETAIINI0 B TepMojnHamMuke. [IepByio ee KOMIOHEHTY IpeJCTaBIM
KaK pasHocTb Temieparyp 1; u 1) TepMOJANHAMUYECKOIl CHCTEMBI B COCTOSI-
HUSX 4 1 j, & BTOPYIO 1 TpeThio — Kak pabotsr AT (i) n AT (i5) sremmmnx
TeJ HaJ[ Hell TIPH ee TIePexojie U3 COCTOSHMUS § B COCTOSTHIE j MO JIBYM ITyTSIM,
COCTABJICHHBIM 13 PABHOBECHBIX M30TepMuueckoro (7' = const) u agmaba-

Traeckoro (S = const) mporeccos:

i) =1, — Ty,
f2(ij) = ATS(ij) = (S; = S;)T, — U; + U,
Fig) = A% (i) = (S; = S;)T; — U; + U;,
rae S, T u U - suTponus, TeMieparypa 1 BHYTPEHHsIsSI SHEPIUsl CUCTEMBI.

CoorsercrByionias GyHKIHOHATbHAsT CBsi3b (3.16) 3a/1aeTcst TpeMst He3aBH-

CUMBIMHI YPaBHEHUAMMU:
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manifold and a scaling transformation (f) — f, where ¢ = (11,19, 93),
it defines inR® a local quazigroup operation with a right identity such that
the right inverse coincides with the original one and the equation that
expresses the phenomenological symmetry has a form similar to that of

the metric function itself:

Fg) = f(f k), F2(ik), (k). f1(GR), 2 (k). FP (k). (3.39)

In the note pointed out, for each of the metric functions (3.28)—(3.38)
there are coordinate representations corresponding Theorem 5 discovered
such that make it possible to write the equation (3.16) by the formula (3.39)

in the explicit form.

The components of the metric function (3.28) may be interpreted by
way of the projections of the vector ﬁ onto the coordinate axes. The
corresponding functional relation (3.16) is defined by the system of three
independent equations:

fiig) — f1k) + fH(jk) = 0,
f2(i5) — f2(ik) + f2(jk) = 0,
f2ig) = f2(ik) + f2(jk) = 0.

The metric function (3.29) allows an essential physical interpretation in
thermodynamics. Let us consider the first component of it the difference
between the temperatures 7T; and 7} of a thermodynamic system in the
states 4 and j, and the second and third - works A7 (i5) and A7 (ij) done
by outward bodies when transferring the system from the state ¢ to the state
j, along the two-way process, i.e. comprised of an equilibrium isothermic
(T = const) and adiabatic (S = const) processes:

fiij) = Ti = Ty,
f2(i5) = AT (ig) = (Si = S;)Ti — Ui + Uj,
F(ij) = AST(ij) = (Si — ST} — Ui + U,
where S, T and U are respectively the entropy, temperature, and internal

energy of the system. The corresponding functional relation (3.16) is defined

by three independent equations:
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FH(if) — fLk) + fL(jk) =0, )

S2ig) = FPGg) k) = k) | PUR) = SR

F1(1j) 7 (k) ey
FG) — PR + POR)_ P6R) - PR
FIGk) 7(ik) .

B TepmopmHaMuKe ke MOXKHO HHTEPIIPETHPOBATH €Ile M KOMIIOHEHTHI
MeTpryaeckoit pyHkimn (3.33) pasHOCTHIO TEMIIEPATYpP U PabOTaAMU CPEJIbI
HaJI CHCTEMOI IIpH ee Iepexojie U3 COCTOSIHUS ¢ B COCTOSIHHE j IO IIyTsIM
PV u VP, tne PuV — nabjienne nu oobeM cucteMbl. Borpoc 00 nnrepipe-
TAINN OCTAJIBHBIX TPUMETPUUIECKUX T'€OMETPHil OCTAETCSA MOKA OTKPBITHIM.
lIx HerpuBHabHbIE CUMMETPUN, IPYIINIOBas N (PeHOMEHOJIOTnIecKas, 00y-
cJIaBJINBAIOIINE JPYT JIPyTa, Jal0T OCHOBAHNE HAJIESTHCS, 9TO TaKie HHTep-
npeTary OyayT HafiJeHbl 1 JJIs JPYTUX METPUUIECKNX (DYHKINN KJIacCu-

dbukarmonnoro crmncka (3.28)—(3.38).

K nacrostmemy Bpemenn B.A.KbIpoBbIM mocTpoeHa KiaaccuuKaImsl Te-
ThipeMerprueckix (s=4, n—=1) GeHOMEeHOJIOrnYeCK CUMMETPHIHBIX €0

MeTpuil paHra Tpu, KOTOPYIO IMpuBejeM 1o ero pabore [18]:

Teopema 6. C' mourocmvio do macwmabrozo npeobpasosarua Y(f) —
f, 2de b = (VP1, 19, 03,14), u 6 Hadaesrcawe uOPAHHOT CUCTIEME NOKAND-
nolr koopdunam (x,y, 2, t) mempuueckas dynwyus f = (fL, f2, f3, f4), sa-
Aaowas Ha YEMBPETMEPHOM MH02000pa3ul, M PeHOMEHON02UMECKU CUM-
MEMPUYHYIO 2COMEMPUIO PAH2A MPU, MOHCEM OvIMb Npedcmasiera SBHO

00HUM U3 CAEIYOUULT 08EHAUAMU KAHOHUMECKUL BDIPAHCEHUTL:

fHig) = (z — x5)% exple(ts + t5)], f2(i5) = (yi — y;)” explk(t; + t5)], }
f2ig) = (zi — z5) expll(ts + t;)], fH(ig) =ti —t5;
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FH(if) — fLik) + fLjk) =0, )
i) = £PG5) k) — FGk) | f20R) — FPUR) _
) fH(ik) fLUk) "
f(ig) = F(k) + F2Gk) _ f2(k) = f2(ik) _
frUk) fH(ik) )

Moreover, it is also possible to attach essential thermodynamic interpreta-
tions to the components of the metric function (3.33), by way of the tempera-
ture difference and the works of the mediums done to the system in turning
it from the state i to the state j along the ways PV and V P, where P is the
pressure and V' the volume of the system. The question of interpretation
of other trimetric geometries is still open. Their nontrivial symmetries, the
group and the phenomenological ones, that condition each other, give some
grounds for hopes that such interpretations will be found for other metric
functions of the classification list (3.28)—(3.38).

By now, V.A. Kyrov has built a classification of four-metric (s=4, n=1)
phenomenologically symmetric geometries of rank 3 that we shall give after
his note [18]:

Theorem 6. With an accuracy up to a scaling transformation ¥ (f) — f
where ¥ = (11,19, 13,14) in a suitably chosen system of local coordinates
(2,9, 2,t), the metric function f = (f%, f2, f3, f4) that defines on a four-
dimensional manifold M a phenomenologically symmetric geometry of rank
3 may be represented explicitly by one of the following twelve canonical

ELPTESSIONS:

f1ig) = (wi — z5)% exple(t; + t5)], f2(ig) = (yi — ;) explk(t; + t;)], }
f2i7) = (2 — )P expll(t; + t5)], (i) = ti —t5;
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fr6g) = [(zi — x;)* + (yi — yj)*] exp < 2k arctgy yJ) : \

Ly — T
f2(ij) = 2arctgy Ji + 1t +tj, [
T — T,
f205) = (2 = )P expll(ts + 5)], f105) =ti —t;3 |

f%u>=<xf—xn%mp<—zk%“%),Lﬂajw=2%“%-+m+wﬁ

ZUZ‘—QZ']' 332'—33]'

f2(i7) = (z — zj)% exple(t; + t5)], fH(ig) = ti —t;

.. .. Yi —Yj
fHig) =z — xj, f2(ij) =2 L— (ti+t;),
SL‘Z'—QZJ'

a2

fHig) =z —xy, f2(ig) = 2 Y (ti + 1),
ZT; —ij

f3(z'j) = (v —xj)In(z — zj +yi —y; + i — xj) — Yi + Yj,
fHig) =t —tj;

~

P = (= o (22T ) i) =222 — ),

XT; — T — T >

7)) = k(yi —yy) — (20 — x5) — K> (2z — 25), fH(i)) = ti — t; )

2
.. i = Xj Yi — Y ..
R T el REL )RR

.%'Z'—lej —lej

fUg) = (2 — x5 — zi(yi — y;))? exple(t; + 1),
f25) = (wi — x5 — 2j(yi — y5))” exple(ti +t5)],
F2i7) = (yi — yj)? exp(ti + t;), fH(ig) =ti —t5;
)
) =

ti +
fig) = (z — xy)e™, f2(ig) = (zi — x5)e™,
, f (yi — yj)e’;

7)) = (i —yj)e’, fH(ij
fHg) = (@i — 25)% + (i — y5)°] exp(zi + z5),

F2(ig) = 2arcte 22 4ty 45, (i) = 7 — 2, i) = ti—
i J

FUij) = (2 — ;)% exp (—Qku> L i) =22 gy,

Qj'i—l'j
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P— . 3
fHg) = (@i — 2)* + (yi — y;)*| exp (—Qk‘ arctan 2. y]) ’
i — Xy

f?(ij) = 2 arctan i — Y +t; + ty, '
Ty — Xy
F) = (i — ) exolllls + )], F1G) = ti—tiy

frig) = (xi — xj) exp< p— , f(i7) xi—ﬂfj+ + 1,

f2(19) = (zi — z)? exple(t; + t;)], [1(if) = t;i — L;;

.. .. Yi — Yy
FHE) = @i =y, f2i) = 27— = (ti + 1)),

i j

.. (yi—y~)2 ..
f2ig) = 2 — 2z — 2(1‘%‘—_;]')7 fHag) = ti — tj;

. . Yi — Y, )

fHig) = @ — xj, f2(ij) =2 L — (& + 1),

xT; —.ij

~”

f3(z'j) =(xi—xj)In(z — 2z +vyi—y; + i — ;) —vi + v,
fHig) =t —tj;

F1(05) = (2 — ;)2 exp (—%u) P =25 ),

Ti — X i >

FPg) = kQyi — ) — (5 — x5) = k(2 — z5), fHig) = ti —tj; )

FU) = (2 — ;)% exp (—Qku> ) =28 Y (4, )

l’i—l'j l’i—ZUj >
2
.. Zp — Zj Yi — Y, ..
fAig) =2——" k| —=| , fiij) = ti — tj;
.CCZ'—IJ' [EZ'—ZU]' y

Y

fUg) = (w — x5 — zi(yi — y5))? exple(t; + 1),

f25) = (v — x5 — 2j(yi — y5))* exple(ti + t;)]

F2ig) = (yi — yj)? exp(ti + t;), fH(ig) =ti —t5;
F1g) = (2 — w)e™, f2(ig) = (v — z;)e, }
2Ug) = (i —yy)e, f1ig) = (yi — yy)e;

fg) = (@i — 25)% + (i — yj)°) exp(zi + zj),

fQ(ij)ZQarctaniz::Zj.+ti+tj, F3(ig) = zi — 2z, fHig) =t; — t;;
t J
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f1(ij) = siny; siny; cos(x; — ;) + cos y; cos y;, )
sin(x; — x;) siny;
V1=(/15))?)
sin(x; — x;) siny;

V1= (F1))?)

FHE) = ti = t; )

1
fl(lj) = (371 - xj)yiyj71f2(ij) =2z + m
f2ig) = zj — ma fHig) = ti — tj;

a maxotce HEedABHO cule de.M,ﬂ 6uPAHCEHUAMU.

f?(ij) = 2z; — arcsin

~~

f3(ij) = z; + arcsin

\

f2(ij) = fQ(CUz' — T — Zz(yz - yj), i — Xy — Zj(yi - yj)ayi - yjatiatj);
)
)

]

8

3g) = i — x5 — zilyi — vyj)s 2 — x5 — 2i(yi — v5), ¥i — Y5, iy ),
fAig) =t —t, )

6 Komopwuir wemuipe komnonenmos pyrryuy f = f(u, v, w,t;, t;) asaaomes

HE3ABUCUMDBIMU UHIMEZPANAMU AUDO YpasHEHUA

121v—u26f 121v—u26f
(qu 2" +2< w >>au+<qu+2v 2\ w ov
v—udf Of Of

w 8w+8ti+8t]~_

0,

AUO0 YPaBHENUA

1 (v—u\")\ Of 1 (v—u\"\ Of v—u\ Jf
(2“§< w ))w(%( w ))%*(2’“* w )%*

ede k., c,q — npoussosvnoie wucra, € = 0, 1.

B orHomenun sToit KJaccudukaium B 00X 4depTax MOXKHO CKa3aTb
TOXKE caMoe, 9TO U B OTHOIIEHUN KJIACCHMUKAIIINT, CoJepKalleiicss B Teopeme

4. B ugacTHOCTH, (DEHOMEHOJIOIMYECKAsT CUMMETPHSI UYeThIPEeMeTPUIECKIX
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f(ij) = siny; siny; cos(x; — ;) + cos y; cos y;, )
sin(z; — x;) siny;
V1= (19))?)

sin(x; — x;) siny;

VI=(/1))?%)

f?(ij) = 2; — arcsin

~

f3(ij) = z; + arcsin

i) =t — tj; )
£1(if) = (i — :cj)yz-yj,lfQ(zj) — m
fig) =z — m7 fiGg) =t — t;;

and, implicitly, by two more expressions:

)

fHeg) = fHai — x5 — zi(yi — yy)

f2i5) = fH (@i — x5 — zi(yi — v5), @

F25) = @ — x5 — zi(yi — 5)s @
fHag) = ti — t;,

wherein the four components of the function f = f(u,v,w,t;,t;) are inde-

s Ly — X

-~

— X
— X

Vs
pendent integrals of either the equation

1210—u28f 12lv—u28f
(qu2v+2<w)>au+(qu+2v2<w) v

_vzudf Of [ Of _

0,

or of the equation
1 /v—u\’ of 1 (v—u\? of v—u\ Of

where k,l, c,q are arbitrary numbers, and € = 0, 1.

The same, generally, may be said about that classification as about that

given by Theorem 4. In particular, the phenomenological symmetry of four-
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reoMeTpUil yCTaHABIMBACTCS IO PAHTy (DYHKITMOHAJILHOW MATPUIIBI JITsd 12
kommonent f(ij), f(ik), f(jk) merpudeckoit byukunu f, crienuajibHbIM 00-
Pa3’oOM 3aBHUCAIINX OT 12 MepeMeHHBbIX — KOOpJAMHAT Tpoiiku (ijk), KOTO-
phIii OKa3biBaeTcs paBeH 8. HekoTopble 4eThIPEXKOMIIOHEHTHBIE MeTpHUie-
cKre (pYHKINA UMEIOT COJIepXKATEIbHYI0 (PU3NIeCKyI0 MHTEPIPETAIINIO.
Knaccudukamus s-MeTpuiecknx (HheHOMEHOJOTTIECKH CHMMETPUYHBIX
reoMeTpuil panra Tpu id § > 4 K HACTOAIEMY MOMEHTY HUKEM He ITPOBO-
JIJIaCh BCJIEJICTBUE BOZHUKAIOIIUX TPYAHOCTEN YUCTO TEXHUYECKOIO XapaK-
Tepa. OHu OoJibIlIell JacTbIO CBsI3aHbI ¢ OCOOEHHOCTHIO ITPUMEHSIEMOIO Me-
TOJa, B KOTOPOM IIPEABAPUTEILHO TTPOBOJIUTCA KJIACCU(MUKAIINA S-MEPHBIX
rpymn JIu npeobpazoBannii mpocTpaHcTBa [, a 3aTeM TOJIBKO HaXOISATCs
MeTpuydeckne (YHKITMH KaK HEBBIPOXKJIEHHbIE JIBYXTOUEUHbIE HHBAPUAHTDI.
B0o3MOXKHO, 9TO 3TN TPYIHOCTU YAACTCS MIPEOI0JIETh, €C/IN IPU MTPOBEIEHNN
KJIaCCU(PUKAITMT TPYTI MTpeodpa30Balnii cpa3y BBECTU YCJIOBUE CYIIECTBO-

BaHU:A Y HUX HEBBIPOXKJCHHBIX IBYXTOYCYHLIX NHBaApPUaHTOB.

§4. K Bompocy o cuMMeTpumn pacCTOsSTHUsI B T€OMETPUN

OOBIYHO paccTOsTHIEe MerK]ly TOUYKaMU IpocTpaHcTBa I olpejeisercs
¢ nomortbio Gyakmun p @ M x M — R, comocTapsdioniei KaxK /1ol mape
To4eK (ij) HEKOTOpoe 9nciao p(ij) U yIOBJIETBOPAIONIEH M3BECTHON CHUCTE-
me akcuom: 1. p(ij) = 0, npuuem p(ij) = 0 Torjga u TOJIBKO TOTJA, KOTJA
i = j; 2. pig) = p(ji); 3. p(ik) + p(jk) = p(ij). Cormacuo akcmome
2. paccrostine cummerpuato. OJIHAKO B TeOMETPUN HEJIb3sl HCKIIOUNTD 13
PacCMOTPEHUsI TaK Ha3biBaeMble CUMILIEKTHIECKHE [TPOCTPAHCTBA, B KOTO-
PBIX OIPEIEIAEMOe MEXK LY JIBYMsI TOUKAMU PACCTOAHIE aHTHCUMMETPUIHO.
C zpyroit cTOPOHBI, CAMMETPUYHBI HHTEPBAJ MEXKJLY JBYMsI COOBITHSAMU
B IICEBI0ECBK/INI0BOM IIPOCTPAHCTBE-BpeMeHn MUHKOBCKOrO, He yI0BJIETBO-
pstrouii akcnomaM 1. u 3., TOKe MOXKHO paccMaTpUBaTh KaK PacCTOsHIE.
EcrecrBenno BO3HUKAET BOIPOC: TIOUEMY B FEOMETPUH JIOIYCKAIOTCST TOJIBKO
CUMMETPHUYHBIE UM aHTHCUMMETPUYHbIE paccTosiiusi? OKasbiBaeTcs, eciu
IIPEJIIIOJIOKUTE CYIIEeCTBOBaHNE (DYHKIMOHAIBHON CBSA3M MEKJLy PACCTOSHY-

sivu p(i7) 1 p(ji), TO GYYT BOSMOYKHBI TOJIBKO TaKhe JBa THIIA CUMMETDHH.
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dimensional geometries is established by the rank of the functional matrix
for the twelve components f(ij), f(ik), f(jk) of the metric function f that
depend in a special manner on 12 variables, the coordinates of the triple
(1jk), which rank equals 8. Some four- component metric functions have an
essential physical interpretation.

Classifying of s-metric phenomenologically symmetric geometries of rank
three for s > 4 has not been attempted by anyone, because of the difficulties
of sheerly technical nature. They are, for the most part, consequence of
the method employed, the essence of which is in classifying first the s-
dimensional Lie groups of the transformations of the spaceR*, only then
followed by the finding of the metric functions as nondegenerate two-point
invariants. It is possible these difficulties will be overcome if, in classifying
groups of transformations, an outright condition be introduced of the exis-

tence of nondegenerate two-point invariants for them.

§4. The symmetry of distance in geometry

Ordinarily, the distance between points of a space 9 is determined by
the function p : 9 x M — R that assigns to each pair of points (ij) some
number p(ij) and satisfies the axioms as follows: 1. p(ij) > 0, p(ij) being
equal to 0 if and only if i = j; 2. p(ij) = p(ji); 3. p(ik) + p(jk) = p(ij).
Under the axiom 2. distance is symmetric. However, the so called simplectic
spaces, where the distance between two points is antisymmetric are not to
be wiped off the slate of geometry either. On the other hand, the symmetric
interval between events in the pseudo-Euclidean space-time of Minkowski,
that does not satisfy the axioms 1. and 3., can also be considered as a
distance. The question that naturally and logically suggests itself is why
only symmetric and antisymmetric distances are allowed. It appears that if
the existence of a functional relation between the distances p(ij) and p(ji)

is assumed, then only these two types of symmetry will be possible. Let us
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[lepeiijieM K TOIHBIM (HOPMYITTPOBKAM.

[Tycts umerorest muozxkectso I = {4, 7, k, . . .} mpou3BOILHOI MPUPOJIBL U
bynxmug f : Gy — R, rae Gy C MM, conocrapiidionias yuops10uenHoi
nape (ij) € Gy Bemecrsennoe unucio f(ij) € R, paccmMarpuBaeMoe Kak
paccTosiHue B HEKOTOPOM 0000IIIeHHOM cMbIciie. JIByXToueuHnyto (DyHKIIUIO
f OyneM HazbIBATH METPUUECKOil, He TpeOysi OT Hee BBIINOJHEHUS aKCHOM
oObruHOil MeTpuku. B obmiem ciaydae obsacTb onpejesenns Gy GyHnknun
f He obsizaTEIBLHO COBIAJIACT CO BCEM IpPSAMBIM TpousBesenueM N x M.
OJHAKO €CTeCTBEHHO IIPEAIOJIOKUTD, uTo ecin (ij) € Gy, 1o u (ji) €
G, To ectb paccroguus f(ij) u f(ji) oupejesensl win He OLpeJe/IeHbI
OJTHOBPEMEHHO.

Onpenenenne. Byjgem ropopuTh, 9To Merpuieckue MyHKIUN f 1 g 9K-
BUBaJICHTHBI, €CJIN COBIAIAIOT 1X obsactu onpesenenud G u G, B M x M
1 CyILIeCTBYeT cTporo MoHoronnast dyukius ¢ : f(Gy) — R rtaxast, 410
1yt J100oit napst (1j) € Gy umeer mecto pasenctso g(ij) = ¥ (f(if)).

Ucxonst n3 3amedanust B pabore |2|, akcnomy cuvmerpun 6yieM Gopmy-
JMPOBATH cyejtyomum obpazom |[19]:

A.S. Jlyst siobbIx TOUEK 4, j € 9 Takux, 9To napsl (ij) u (ji) mpuHAT-

nexar Gy, paccrosaus f(ij) n f(ji) cBsa3anbl cooTHONIEHEEM

fig) = 6(f(77)), (4.1)

rjie © — HeKoTOopas CTPOro MOHOTOHHasi (YHKIMA OJHON TepeMeHHOI,
00J1aCTh OlpejiesIents 1 00JaCTh 3HAYeHNIT KOTOPOil COBIAIAIOT ¢ 00JIaCTHIO

snavennit f(Gf)) ncxoAHoi MeTpudeckoil byHKIHL.

Teopema. FEcau paccmosanue meocdy mouxamu npocmpancmea N,
onpedeasemoe mempuneckots pynwyued f: Gy — R, 2de Gy C M x M,
ydosaemsopaem arcuome cummempuu A.S., mo amo paccmoarnue moxrcem
OviMBb AUOO CUMMEMPUYHBIM, AUOO, C MOYHOCTDIO 00 FKEUBANEHTMHOCTIU,

AHMUCUMMETMPUHHBIM.

13 coornommenust (4,1) st 10601t napst (ij) € G ¢ HOJIydaeM TOXK/ECTBO
O(O(f(ij))) = f(ij), osHauatomiee, uTo byHKIUsT O SIBIAETCA PEIICHIEM

pYyHKIIMOHATBLHOTO YpaBHEHUS

0(0(z)) = z, (4.2)
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now move on to exact formulations.

Let 9 = {i,4,k,...} be a set of arbitrary nature and f : Gy — R a
function where Gy C 9t x 9 that assigns to an ordered pair (ij) € Gy
a real number f(ij) € R considered as a distance, in some generalized
sense. We shall call the two-point function f a metric one and not require
it should satisfy ordinary metric axioms. In a general case the domain Gy
of the function f does not necessarily coincide with the whole of the direct
product 9 x M. But it is natural to suppose that if (ij) € Gy, then
(ji) € Gy too, i.e. the distances f(ij) and f(ji) are simultaneously either
defined or undefined.

Definition. We shall say that the metric functions f andg are equivalent
if their domains Gy and G, coincide in M x I and there exists a strictly
monotone function ¢ : f(Gy) — R such that for any pair (ij) € Gy the
equalityg(ij) = ¥ (f(ij)) takes place.

Basing on the remark in the note [2|, we shall formulate the symmetry
axiom as follows |19]:

A.S. For any points i, j € 91 such that the pairs (ij) and (ji) belong to
G, the distances f(ij) and f(ji) are tied by the relation

f@ig) = ©(f (1)), (4.1)

where @ is some strictly monotone function of one variable whose domain
and range of values coincide with the domain f(Gy)) of the original metric

function.

Theorem. If the distance between points of a space M determined
by the metric function f : Gy — R, where Gy C 9N x M, satisfies the
symmetry axiom A.S., then that distance may only be either symmetric

or, with an accuracy up to equivalence, antisymmetric.

Out of the relation (4.1) for any pair (ij) € Gy we get the identity
O(O(f(ij))) = f(ij) that means that the function © is a solution of the

functional equation

0(6(z)) =, (4.2)
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rie © € f(Gy) C R. Ilo npennosozkennto GyHKINA 6 CTPOro MOHOTOHHASL
u 1109TOMY nMeeT K cebe ooparnyio. Ecin dynkiums © MOHOTOHHO BO3pac-
Taer, T0 ©(r) = & U paccTosiHIE OKA3bIBAECTCSA CUMMETPUIHBIM. Ecm ke

dyHKIMsT @ MOHOTOHHO yOBIBAET, TO, Iepeiijid K SKBUBAJEHTHOIl MeTpu-

aeckoii dyukunu g = Y(f), rme Y(f) = f — O(f), nmeem B cuy (4.1):
9(ij) = f(ij) — O(f(ij)) = f(ij) — f(ji) = —g(ji), r0 ecTb anTucuMMeT-
puunoe paccrostiue. Teopema Joka3aHa.

CuMMeTpust WM aHTHCUMMETPHUS] PACCTOSIHUS B M€OMETPHUH IIPU HAJIN-
qun cBs3u (4.1) panee ObLIN yCTAHOBJEHBI aBTOpoM B pabore "Hekoro-
pble CJIJICTBHs THIOTE3bl 0 OMHAPHOIT cTpyKType mpoctpancTsa[20] mis
TOrO CJlydast, KOTJa 3TO PACCTOSIHUE ONPEIC/IsIOCh ¢ MOMONILIO (DYHKIIN
F:Gpr— R, rne Gp C 9N x N, 3anatomieil Ha n-MepHBIX MHOTI000pa3usIX
M={i,5,k,.. }uN={a,5,7,...} beHoMEHOJIOIrUIECKI CUMMETPUIHY IO
PeOMETPHIO JIBYX MHOXKECTB (pu3nvecKyto cTpyKTypy) panra (n+1,n+1),

1 HEKOTOPOTO JIOKaJIbHOTO auddeomopdusma ¢ : M — IN:

fig) = F (i, (7)) (4.3)
st paccrosinust (4.3) coornorenne (4.1) npu ussectHoit dyukuun F

CTAHOBUTCS (DYHKIMOHAJIBHBIM yPaBHEHHEM OTHOCHTEILHO (MYHKIMH © n

nuddeomopduzma ©:

F(i,¢(5)) = O(F(j, (1))

Pemmas sTo ypaBuenue i pyHKITUI
F(ia) = 2+ + 27,
Flia) = 26+ +ai & o] + &,

rne b, ... 2" w €Y., € ToKaabHBe KOOpAMHATHI B MHOroo6pasmax It
n N, MOXKHO HaiiTu onHOBpeMeHHO u juddeomopdusm ¢ n hyHKImMO O,
OIPEIEAIONTYI0 TUIT CUMMeTpun paccrosuus (4.3). B Hajexkaie BeiOpan-
HOIl B MHOTOOOpaszun I cucreme JOKAJILHBIX KOOPAUHAT BbIPAXKEHUs JIJIsi
paccrostaus f(ij) ¢ TOYHOCTBIO JI0 JIOKAJIbHOI SKBUBAJIEHTHOCTH MOYKHO 3a-

I[MncaThb B CJICAYIOIIEM BHJIEC!

f(Zj) = g)\axz{\xga

fig) = hypaieh + af + ax?,

(4.4)
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where z € f(Gy) C R. By assumption, the function € is a strictly monotone
one and so must have its inverse. If the function © monotone increasing,
then ©(z) = z and the distance turns out to be symmetric. And if the

function © monotone decreasing, then, switching over to the equivalent
metric function g = ¥(f), where ¢(f) = f — O(f), we have, under (4.1),

g(ij) = f(ij) — ©(f(if)) = f(ij) — f(ji) = —g(ji), i.e. an antisymmetric
distance. The theorem has been proved.

Symmetry or antisymmetry of a distance in geometry, with the relation
(4.1) present were established by the author in his note "Some consequences
of the hypothesis of binary structure of space" [20] for the case where
that distance is determined by the function F' : Gp — R, where Gp C
M x N, defining on n-dimensional manifolds M = {4, 5, k,...} and N =
{a, 3,7, ...} a phenomenologically symmetric geometry of two sets (physical
structure) of rank (n+1,n+ 1) and of some local diffeomorphism ¢ : 9t —
N:

£5) = Fli,p(5)). (4.3)

For the distance (4.3), the relation (4.1), with the known function F
becomes the functional equation with respect to the function© and the
diffeomorphism ¢:

F(i, (7)) = O(F (4, 0(i)))-

By solving that equation for the functions

F(ia) = €} + - 4 27",
Flio) = &) + -+ a7 +al + &1,

where z!, ..., 2" and &, ..., &" are local coordinates in the manifolds 90
and N, it is possible to find both the diffeomorphism ¢ and the function ©
determining the type of the distance symmetry (4.3). In a suitably chosen in
the manifold 9t system of local coordinates, the expressions for the distance

f(ij) may be written with an accuracy up to a local equivalence as follows:

F(ig) = groa)as, }

4.4
f(ig) = hyaieh 4+ af + ax?, (4.4)
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rae a = +1,—1; g0 = agor, \,o =1,...,n; hy = ahy,, p,v=1,...,n—
1, mpuuem myg @ = —1 pazmepHOCTb N MHOToOOpaszusg N deTHa B IEPBOM
13 BbIpakenuii (4.4) u HeUETHA BO BTOPOM.

N3 Boipakennit (4.4) npu HEKOTOPBIX €CTECTBEHHBIX JOMOJHUTE/IbHBIX
YCJIOBUSX B ciiydae ¢ = +1 MOXKHO MOJIyYUTh CUMMETPUYHBIE METPUYECKIE
GyHKINN PUMAHOBLIX U TICEBIOPUMAHOBBIX TPOCTPAHCTB MTOCTOSTHHOM KpU-
BU3HBL. B ciydae ke a = —1 Beipaxkenusi (4.4) onpeeisioT aHTHCHMMET-
pudnble MeTpuieckne (PYHKITUN CUMILIEKTUIECKIX TPOCTPAHCTB YemHot 1,

O6paTI/IM BHUMaHHE, HEeYemHot pPa3MEPHOCTHA.

§5. BunapHble U TepHApHbIE T€OMETPUN

Bunaphbie gpeHOMEHOIOTHIEeCKN CUMMETPUYHbIE NeOMETPHUH OTPeIe s
I0TCS Ha OJIHOM MHOXKecTBe. JIByxTodeunas (DyHKIUS, 3a/ai0Iast TaKyio
IeOMETPHUIO, JIONYCKAeT HETPUBUAJILHYIO TPYIILY JIBUKEHUI ¢ KOHEIHBIM
YUCJIOM HEIIPEPBIBHBIX IIAPaMETPOB, KOTOPOE OBbLIO HA3BAHO CTEIICHBIO I'PYII-
1oBoit cummerpun. [Ipu onpesieleHHBIX COOTHOIIEHNAX MEXKIy PAHroOM ge-
HOMEHOJIOTUIECKOH CUMMETPHUH, YIC/IOM CYIIECTBEHHBIX MapaMeTpOB T'PYII-
bl JIBUYKEHWI 1 pa3MepHOCTHI0 MHOIN00Opa3us IpymnnoBasi n (peHOMEeHOJI0-
IrIJIecKas CUMMETPHUH OKa3bIBAIOTCH SKBUBAJEHTHBIMU. DTHU COOTHOIIECHUS
ObLIN 3aJI0ZKEHbI B OIpeJieJieHIe NeOMeTPHUH, ee (PeHOMEHOJIOTMYECKON 1
I'PYIIIOBOIT cuMMeTpuii. EcTecTBEHHO BO3BHUKAET BOIPOC 00 MX ITPOUCXOXK-
JleHnn 1 0bocHOBaHuM. Kpome Toro, mMeeTcst MHOT'O BO3MOXKHOCTEH 00600111e-
HUS 1 PA3BUTHS MOHATHUS T€OMETPHH, O/IHa N3 KOTOPHIX ObLTa peaTin30BaHa B
§1, Korjia ABYM TOYKAM COTIOCTABJISIIOCH HECKOIBKO AeHCTBUTEIHLHBIX YUCET.
[ pyrast BOBMOXKHOCTH 000DIIEHIS PeaJIM3yeTcsl B OIPeIeIeHNN, HallpIMeD,
TepHAPHBIX I'€OMeTPHii, Korja MeTpudeckasi (PyHKIUs COIOCTABJISICT YUC-
JIO He JIByM TouKaM, a TpeMm. OJHAaKO yKe Ipe/IBapuTe/IbHOe HCC/Ie0BaHne
MOKAa3aJ10, YTO TepHapHble T€OMETPUN, B OTJINYNE OT OMHAPHBIX, HE MOTYT
ObITH HaJleJIeHbI TPYIITOBOI CUMMETpHEll, TO eCTh TpexXTouedHasi MeTpuie-
cKast (PyHKIUS He JIOMyCKaeT HeTPUBUAJBHYIO TPYIITY JBMzKeHnii. [losromy
BO3HUMKAET €Ille BOIPOC O MPUYMHAX TAKOTO PAa3JINdns MexK/ly OMHapHbIMU

N TepHapHbBIMH I'€OMETPUAMMU.
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where a = +1,—1; g0 = agor,\,0 = 1,...,n; hy = ahy,, p,v =
1,...,n—1, the dimensionality n of the manifold 99T being even for a = —1
in the former expression (4.4) and odd in the latter.

Out of the expressions (4.4), by introducing some natural additional
conditions, in the case of a = +1, we can get symmetric metric functions of
Riemannian and pseudo-Riemannian spaces of constant curvature. And in
casea = —1 the expressions (4.4) define antisymmetric metric functions of

simplectic spaces of even and, also, we shall point it out, odd dimensionality.

§5. Binary and ternary geometries

Binary phenomenologically symmetric geometries are defined on one set.
A two-point function that gives such a geometry allows a nontrivial group of
motions with a finite number of continuous parameters that has been called
the degree of a group symmetry. With certain relations among the rank of
the phenomenological symmetry, the number of the essential parameters of
the group of motions, and the dimensionality of the manifold, the group and
phenomenological symmetry turn out to be equivalent. Those relations were
incorporated into the definition of the geometry, and its phenomenological
and group symmetries. Naturally, the question arises of their origin and
interpretation. Besides, there are a lot of opportunities of generalization and
development of the notion of geometry, one of which is realized in §1 when
two points are assigned more than one real numbers. Another opportunity
for generalization is realized in defining of, for example, ternary geometries,
where a metric function assigns a number not to two but to three points.
However, as early as on the stage of preliminary exploration it turned out
that the ternary geometries, in contrast to binary, may not have a group
symmetry, i.e. a three-point metric function does not allow a nontrivial
group of motions. So additionally there arises the question of the causes of

such difference between the binary and ternary geometries.



110 I'".T. Muxaitmuaenko. MaremMaTndeckne OCHOBBI M PE3Y/IbTATHI TEOPUN (PUIUIECCKUX CTPYKTYP

st oTBeTa Ha 3TU BOIPOCHI HEOOXOJMMO HCXOJAUTH U3 0oJiee 00IIero
olIpejiesIeHHsI o/ InapHbIX reoMeTpuii. Torma MoKHO OyIeT yCTaHOBUTD, IIPH
KaKIX COOTHOIIEHUSAX MEXKJy OCHOBHBIMU XapPaKTePUCTUKAMU eOMETPUH
OHa, MOKEeT OBITh HaJeseHa I'PYIIIOBOIl CUMMETpHell, a IPU KaKIuX — He MO-
»keT. EcrecTBEHHO MPEIIIOI0KUTD, 9TO TOJBKO T€ TEOMETPUN COIEPIKATE b
HbI B PU3MIECKOM 1 MaTeMaTHIeCKOM CMBICIAX, I'PYIIIbl IBUKEHN KOTO-
PbIX HETPUBHUAJIbHBI.

[TycTb nmeercst MHOXKeCTBO )T IPOU3BOJILHOMN IIPUPO/ILI, KOTOPOE B MaTe-
MATUIECKOM CMBICJIE IIPEJICTAB/ISIET CODOM IJIaJIkoe MHOrooOpasue pasmep-

HocTu m. [lycTh Takyke nMmeercs pyHKITUS
f:6;— R, (5.1)

rae Gy C 99, conocrapidlonias KazKJI0My KOpTexKy JJMHbI ¢ u3 & HeKo-
TOpyio TOYKy u3 R’ To ecrth s JeficTBUTENbHBIX unces. [Ipemmonaraer-
cgd, 4To obsacTh onpejenennd Gy yHknunm f OTKpbITa U ILUIOTHA B -
apHoM mIpsgMoM mnpomsegennn ¢ mHokecTBa I Ha cebs, a ee KOOPIU-
HATHOE MPeJICTaB/ICHIE JIOCTATOYHO IVIaJiKoe. JHUC/I0 ¢ Ha30BEM apHOCThIO,
a @-apHYI0 U S-KOMIOHEHTHYIO (yHKInio (5.1) — MeTprmaeckoii.
[TycTb, nanee, M > g — npousBoJibHOE Ties0oe uncio. [loctpoum orobpa-
YKeHIe
F:6&p— Ry, (5.2)
rie Gp C MM conmocrabnsas KaxxaoMy Koprexky aanasl M n3 Sp yio-
PSAJIOUEHHYIO 110 HeMy COBOKYIHOCTh sC'i; Yhces, COOTBETCTBYIONIUX BCEM
KOPTEXKaM JIJIMHBI ¢, KOTOPbIE SIBJISIIOTCS ITPOEKIUSIMU UCXOTHOTO KOPTEXKa
na ob/1acTb & . Obusacts onpejenenns Sy Gynxunn (5.2) Oyier, 04eBHIHO,
OTKPBITOI U IJIOTHOI B psiMoM npomsseiennu MM . Anaorndno nocrpo-

UM BTOpOE 0TODOparkeHue
q
F': Sp — RSCM’, (52/)
U
rie G CIMM u M’ > M. Ilpoekimio otobpazkerns F’ MOIydInM, OIryc-
Kas 13 00J1acTH ero onpeenenns S HEKOTOPYIO COBOKYITHOCTH KOPTeXKeit
JUINHBL ¢, a 13 06/1acTh ero 3HadeHuii coorsercrpyoriue mo gyukmnnu (5.1)
qucJia.
Onpenenenue 1. Byjaem rosoputs, uto ¢yukmus (5.1) 3amaer Ha m-

MepHOM MHOroobpazuu MM q-apry1o S-mempuueckyro henomenoNo2uUvecku
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To answer these questions it is necessary to proceed from a more general
definition of polyary geometries. Then it will be possible to find out at what
relations among the basic characteristics of a geometry it may be endowed
with a group symmetry, and at what it may not. It is natural to suppose
that only those geometries are meaningful, physically and mathematically,
whose groups of motions are nontrivial.

Let there be a set 9 of arbitrary nature that is, mathematically, a smooth

manifold of dimension m. Let also there be a function
f:6;— R, (5.1)

where G C 9N, that assigns to each cortege of length ¢ from &y some
point from R’ i.e. s real numbers. It is assumed that the domain & of the
function f is open and dense in the g-ary direct product 909 of the set 9
by itself, and that its coordinate representation is sufficiently smooth. We
shall call the number ¢ arity, and a g-ary and s-component function (5.1) -
a metric one.
Let, further, M > ¢ be an arbitrary integer number. Let us construct the
mapping
F:6p — Ry, (5.2)

where & C 9MMM. by assigning to each cortege of length M from &p
a collection of numbers sC}, ordered with respect to that cortege, the
numbers of which collection correspond to all the corteges of length ¢, that
are projections of the original cortege onto the domain &¢. The domain
G of the function (5.2) is, obviously, open and dense in the direct product

9MM . Similarly, we shall build another mapping
F': Sp — RSCJQW, (52/)

where S € MM and M’ > M. The projection of the mapping F' is
obtained from the domain &g of it by way of dropping some collection of
corteges of length ¢, along with the corresponding numbers from the region
of its values with respect to the function (5.1).

Definition 1. We shall say that the function (5.1) gives on an m-

dimensional manifold 9 a q-ary s-metric phenomenologically symmetric
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CUMMEMPUYHYIO 2eomempuro parea M, ecan Ha m10THOM B G MHOXKECTBe
panr orobpazkenus F pasen s(Cj, — 1), a panr Jio6oii npoekin orobpa-
»kenust BV ne rinouatomeii B cebst 0bsacTh oToOpazkenusa F', MakcuMaJsien
Ha IVIOTHOM B & pr MHOKECTBE.

Hpyrumu ciaoBaMu, JIOKAJILHO MHOXKECTBO 3Ha4YeHN orToOparkenusi F' B
ROl puHAUIeKAT MHOMKECTBY HyJIeil CHCTEMBI § HE3ABUCUMBIX (DYHKILHI

P = (Py,..., D) or sCY; nepeMeHHBIX, TpHUEM § QYHKIMOHAIBHBIX CBS3E
O = (Pqg,...,P) =0 (5.3)

SIBJISTFOTCSI TIOPOZKJIAIOIIIMI B TOM CMbICJIE, UTO JIFOObIe JIpyTrue HeTPUBUAIb-
HbIE CBSI3U OYJIyT TOJILKO UX CJIeJCTBHEM.

Onpenenenue 2. Byjiem roBopuThb, 9TO Olpejie/ieHHasl Bbille (heHOMe-
HOJIOTMYECKN CUMMETPUYIHAST P€OMETPUST HadeseHa epynnosoti cummempuet
KOHEYHOT cmeneny T, eCJin 3aJ1aHo Takoe 3P MEKTUBHOE TJ1aJIKOe JIOKaJIbHOe
JeficTBIe HEKOTOPOIi 7-MepHOIl JioKaJibHOI rpytibl JIu G B MHOTOOOpa3uu
M, 910 KOMIOHEHTHI MeTpudeckoil dyukimn (5.1), 3a1arormeit 9Ty reomer-
PUIO, ABJIAIOTCA ¢-TOYCUYHLIMU NHBApPUAHTAMU.

[TockonbKy mpeobpasyemoe MHOTOoOpasne KOHEYHOMEPHO, €CTECTBEHHO
B Ollpejie/IeHnn 2 yCJIoBUe, YTO MaKCUMaJbHOe YHMC/IO CYIIECTBEHHBIX I1apa-
METPOB I'PYIIILI JIOKAJIBHBIX JBUKCHUIT KOHCYHO.

Bammmiem cucremy sC'% ., ypaBHEHUIT, CJIeIyIOININX U3 YCIOBUS COXPAHEHNST

KOMITOHEHT MeTpraeckoil dyukmnm (5.1):
Dflp =0 (5.4)

ornocurebno M'm nuddepennnanos KoopauHaT ToYeK Koprexa u3 Spr.
Eciu BBesienHas onpejgeserneM 1 (heHOMEHOJIOrnIeCK CUMMETPUIHAS T'e0-
MeTPHsI HaJeIeHa I'PYIIIOBOI CUMMeTpueil KOHeUHOH CTeleHn, TO OJHOPO/I-
Has cucreMa (5.4), ¢ OHOIT CTOPOHBI, JIOJ2KHA UMETh XOTsI ObI OJJHO HEHY-
JIEBOE peIlleHne, a ¢ JIPyroi, YUcjIo ee JIMHETHO He3aBUCHMBIX HEHYJIEBBIX
pemennit jiist jioboro uuciaa M’ He 0JIZKHO IPEBLINATL HEKOTOPOIO KO-
HEYHOI'O 3HAUYEeHUsI, PABHOI'O CTEIIeHN I'PYIIIOBOI cuMMeTpun. JHc/I0 TaKux
peleHunii paBHO, KaK U3BECTHO, YUC/Y HEU3BECTHLIX B CHCTEME MUHYC PaHT
ee MaTpuIlbl. Ho Marpuna cucrembl ypashenuii (5.4) ectb GhyHKINOHAIbHAS
MaTPHUIA JIJI cUCTeMbl (DYHKIUI [, cOOTBETCTBYIONINX BCEM YIIOPSIIOUEH-

HBIM IIPOEKINsIM 0bjtacTu onpeenennst & g orobpazkenus (5.2') Ha 06acTh
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geometry of rank M if on a set dense in G the rank of the mapping F' is
equal to s(C}; — 1), and the rank of any projection of the mapping F’ that
does not include the range of the mapping [’ is maximal in the set dense
in Gp.

In other words, locally the range of the mapping F' in R*“ belongs to
the set of zeros of the system of s independent functions ® = (®q,..., Dy)

of sC1{, variables, s functional relations
O = (D,...,P,) =0 (5.3)

being generating ones in that particular sense that any other nontrivial
relations will be just their consequence.

Definition 2. We shall say that the phenomenologically symmetric geo-
metry that we have defined above is endowed with the group symmetry of
finite degree r, if an effective smooth local action of some r-dimensional
local Lie group G" in the manifold 991 is defined, such that the components
of the metric function (5.1) that gives that geometry are ¢g-point invariants.

Since the manifold transformed is finite-dimensional, Definition 2 naturally
implies the condition that the maximum number of the essential parameters
of the group of local motions is finite.

We shall write down a system of sC%,, equations that are result of the

condition of preservation of the components of the metric function (5.1):
Df|m =0 (5.4)

with respect to M’'m differentials of the points of the cortege of Gpr. If
the phenomenologically symmetric geometry introduced by Definition 1 is
endowed with a group symmetry of finite degree, then, on the one hand, the
homogeneous system (5.4) must have at least one nonzero solution, and, on
the other hand, the number of its independent nonzero solutions for any
number M’ may not be bigger than some finite value equal to the degree of
the group symmetry. The number of such solutions is, as is known, equal
to the number of unknowns in the system minus the rank of matrix of it.
But the matrix of the system of equations (5.4) is the functional matrix for
the system of functions f corresponding to all the ordered projections of

the domain Sp of the mapping (5.2") onto the domain & of the original
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oupeenennst &y ucxonuoit dynxunu (5.1). Panr MaTpup cucreMsr ypas-
weruit (5.4), 0UEBUHO, HE U3MEHUTCsI, €CJIN U3 CUCTeMbl (byHKIUi f|p uc-
KJIIOYUTD 3aBUCHMBIE 110 ¢Bst3u (5.3). VICK/IIOIMB UX, MOy IUM MaKCHMAJTb-
HYTO MTPOEKINio oTobpakerus (5.2'), He comeprKalyio B cebe 0ToOparKeHus
(5.2). O6ozraunm gnciao GyHknuit f B 970N MAKCHMATLHON MPOEKINHN de-
pes N(M'"). Torma o onpejiesiennto 1 paHr MaTPUIIbI CUCTEMbI yPABHEHH
(5.4) Gyaer paBen
min(M'm; N(M')). (5.5)
Ecmm maiigerca Takoe smadenme 4quciaa M’', nna xoroporo M'm <
N(M'), To panr MaTpuIibl ciucTeMbl ypaBHeHwuit (5.4) s Hero Oyer paBeH
M'm, To ecrb unciy HemsBecTHbIX B Heil. Ho torga cucrema (5.4) Gymer
MMETDb TOJILKO HYJIEBOE pelleHne, 4To 03HAUYaeT OTCYTCTBIE HeTPUBUAILHOI
IPYIIIBI JIBUKCHUI B paccMaTpuBaeMoil peHOMEHOJIOIMYeCK CUMMeTPHI-
Hoit reomerpun. Ecin »xe jyis mo06oro snayennst M’ BbIIOJIHAETCA CTPOroe
repaerctso N (M') < M'm, To panr maTpurbl cucrembl ypasHenuii (5.4)
oymer pasen N (M'), a qucyio ee JMHEHHO HE3ABUCHMbIX HEHYJIEBBIX pellie-

HUII OKazKeTCd PaBHBIM
r' = M'm — N(M') > 0. (5.6)

Yucsio 1/, Kak ObLIO OTMEYEHO BLIIIE, B CIydae HajeleHns (heHOMEeHOI0-
IMYeCKN CUMMETPUYHON MeOMEeTPUN I'PYIIIOBOIl CUMMETPpHell KOHEYHOI CTe-
IeHN He JIOJIZKHO IIPeBBIIaTh HEKOTOPOTO KOHEYHOTO 3HadeHus. I3 sroro
YCJIOBHS YCTAHOBUM, IIPU KAKOM COOTHOIIEHUH MKy PasMEPHOCTHIO MHO-
JKecTBa M paHroM (heHOMEHOJIOIMYECKO CUMMETPUN 3ajlaBaeMasi 1o Olpe-
nenennto 1 merpudeckoii hyukimeit (5.1) reomerpust MozkeT ObITH HaJIeICHA
IPYIIOBON CUMMETPHEN 1 OIIPeJIC/INM CTEIIeHb 7" 9TO CUMMETPUN.

Paccmorpum cHavasta GunapHbie (q=2) TreOMeTpHH.

Bunapnast s-mMerpudeckas (heHOMEHOJIOITIECKH CHMMETPUYHAST T€OMET-
pust panra M > 3 Ha ogHOM MHOXKecTBe I, KOTOPOE SIBJIAETCS M-MEPHbIM
MHOrooOpasueM, 3agaercs Merpudeckoii gyukiueit (5.1), rue G5 C M x M,
pIYeM 10 omnpejestennio 1 panr orobpawkennst F : Sp — RMM-1/2
rie Gp € MMM, pasen sM(M — 1)/2 — s. Haiigem, CKOILKO B cHCTeMe
sM'(M' — 1)/2 dyuxmmit otobpawenns [/ : Gp — RMM=D/2" ppe
Sp COMM u M’ > M, upu srom 6yzer 3aBucuMbix. Ha MaTpuity map
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function (5.1). Obviously, the rank of the matrix of the system of equations
(5.4) will not change if we eliminate from the system of functions f|z the
dependents with respect to the relation (5.3). Eliminating them yields the
maximal projection of the mapping (5.2") that does not contain in itself the
mapping (5.2). We shall designate by N (M) the number of functions f in
that maximal projection. Then, under Definition 1, the rank of the matrix

of the system of equations (5.4) will be
min(M'm; N(M')). (5.5)

If there exists such a value of the number M’ for which M'm < N(M'),
the rank of the matrix of the system of equations (5.4) for it will be equal to
M'm, i.e. to the number of unknowns in it. But then the system (5.4) will
only have a zero solution, which means the absence of a nontrivial group
of motions in the phenomenologically symmetric geometry in question. But
if the strict inequality N(M') < M’'m holds for any value of M’, then the
rank of the matrix of the system of equations (5.4) will be equal to N (M),
and the number of the linearly independent nonzero solutions of it will be
equal to

= Mm— N(M') > 0. (5.6)

The number r/; as has already been stated, in case of a phenomenologically
symmetric geometry having a group symmetry of finite degree may not
exceed some finite value. Out of that condition, let us establish at what
relation between the dimensionality of the set and the rank of the
phenomenological symmetry the geometry defined under Definition 1 by
the metric function (5.1) may have a group symmetry and shall define the
degree r of that symmetry.

Let us take first binary (q=2) geometries.

A binary s-metric phenomenologically symmetric geometry of rank M >
3 on one set M that is an m-dimensional manifold is defined by the metric
function (5.1), where &y C M x M, and, under Definition 1, the rank
of the mapping F : &p — RMM-D/2 where Sp C MM, is equal to
sM (M —1)/2—s. We shall find the number of the dependents in the system
of sM'(M'—1)/2 functions of the mapping F” : Gp — RMM'=D/2 where
S CMM and M’ > M. We shall sequentially superpose the matrix of
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1151 Koprezka JHbl M u3 & g Oyjem 1ocse1oBaTe/bHo HaJlaraTh MaTpu-
Iy nap i koprexka JnHbl M n3 Sp. Ilpn KaxkKIoM MOJTHOM HAJIOXKEHIH
BBIYEPKHEM OJIHY I1apy, HAIPUMeEp, MOCJEJIHIO. DTa MPOIeaypa MOBTOPSI-
eTcs JI0 TeX 0P, IOKa BO3MOXKHO HaJiozKeHne 6e3 mporycka. Hucesio 3apucn-
MbIX (PYHKIUI OyJIeT paBHO, OYEBHIHO, YUCIY COCTOSIBIINXCS HAJIOXKEHMIA,
YMHOKEHHOMY Ha, 9uc/I0 . HeTpyaHo ycTaHOBUTDH, YTO NCKOMOE YKCJIO PaB-
wo s(M'— M +1)(M' — M +2)/2, u noromy panr dbyHKIHOHATBHOIT MaT-

puUIibl Beeit cucreMbl yHKIit f|m 10 onpeenennto 1 Oymer paBHbIM
min(M'm; sM'(M'—2)/2 — s(M'— M + 1)(M' — M +2)/2).

Ecm m < s(M — 2), To ausg gocrarodno 6osbiux 3Hadenunii M’ panr
MaTPUIIbI CHCTeMbI ypaBHeruii (5.4) B paccMaTpuBaeMoM cirydae paser M'm,
TO €CTh YNCJIy HEM3BECTHBIX B Hell, U IOTOMY OHA UMEET JIJIst STUX 3HAUCHU
M’ rosibko mysieBoe pertierue. CiienoBareibao npu m < s(M —2) Gunapuast
s-MeTpuuecKas (PeHOMEHOJIOINYECKE CHUMMETPHUUHAs reoMerpus panra M
He MOKeT OBbITh HaJleJIeHa TPYIoBoit cummerpueit. Ecin ke m > s(M —2),
to it Bcex M’ > M panr marpuiiel cucrembl (5.4) menbie M'm u ona

o dopmyste (5.6) mmeer
r'=Mm—sM'(M—2)+s(M—1)(M—2)/2

JIMHEHHO He3aBUCUMBIX HeHYJIeBbIX perenuii. [Tpu m > s(M — 2) ¢ poctom
M’ qucyo pemtennit 1’ MOXKeET CTaTb CKOJIb YIOAHO OOJIBLIINM, 9TO POTH-
BOPEYUT YCJIOBUIO KOHCYHOCTHU CTEIeHU I'PYIIIOBOIl CUMMETPUN COLJIACHO
onpenenenuio 2. [losromy, ecam paccmaTpuBaeMast OWHapHas TeOMETPHUs
HaJleJleHa IPYHIIOBOIl cUMMeTpueil KOHEeYHOII CTelleHN, TO PasMEepHOCTL m

MHOrooOpaszus M u ee paHr JOJKHBI ObITH CBSI3aHBI COOTHOIIEHUEM
m = s(M — 2). (5.7)

[Ipu coornorerun (5.7) €nCJI0 JNHEHHO HE3ABUCUMBIX HEHYJIEBBIX pe-
mennit 1 cucrembl ypapaernii (5.4) paBHO UHCIY CYIECTBEHHBIX 1 He3a-
BUCUMBIX IIaAPAMETPOB I'PYIIILI JABMKCHUI, TO €CTh CTEINEeHU I IPYIIOBOIl

CUMMETPUN:

r=s(M—-1)(M —2)/2 =m(m +s)/2s. (5.8)
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the pairs of the cortege of length M from Gp onto the matrix of the pairs
for the cortege of length M’ from &p. At each complete superposition,
we shall cross out one pair, for example, the last one. The procedure is
repeated so long as superposition without blanks is possible. The number of
the dependent functions will obviously be equal to the number of successful
superpositions multiplied by s. It is readily established that the number is
equal to s(M'—M+1)(M'—M+2)/2, and hence the rank of the functional
matrix of the system of functions f|z, in accordance with Definition 1, will

be equal to
min(M'm; sM'(M' —2)/2 — s(M'"— M + 1)(M' — M + 2)/2).

If m < s(M — 2), then for sufficiently large values of M’ the rank of the
matrix of the system of equations (5.4), in the case in question, is equal
to M’'m, i.e. to the number of the unknowns in it, and so it only has for
those values of M’ a zero solution. Therefore, with m < s(M —2) a binary
s-metric phenomenologically symmetric geometry of rank M may not have
a group symmetry. But if m > s(M —2), then, for every M’ > M the rank
of the matrix of the system (5.4) is less than M’m, and it has, according to

the expression (5.6),
r'=M'm—sM'(M—2)+s(M—1)(M—2)/2

linearly independent nonnull solutions. At m > s(M—2), with M’ increasing,
the number of solutions " may become arbitrarily large, which is in

contradiction with the condition, under Definition 2, of the degree of the
group symmetry being finite. So, if the binary geometry in question is
endowed with a group symmetry of finite degree the dimension m of the

manifold 9T and its rank must be tied by the relation
m = s(M — 2). (5.7)

Under the relation (5.7), the number of the linearly independent nonzero
solutions 7’ of the system of equations (5.4) is equal to the number of the
essential and independent parameters of the group of motions, i.e. equal to

the degree r of the group symmetry:
r=s(M—-1)(M —2)/2=m(m +s)/2s. (5.8)
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[Tostyuennsie coorrorenns (5.7) u (5.8) MexKy pasMEepPHOCTHIO 11 MHO-
roobpasust M, panrom M GHEHOMEHOJIOMMIECKONR CUMMETPUHI 3a,1aBACMOIL
wa HeM yukiueit (5.1) 6unapHoit (¢ = 2) s-MeTpHUYECKOil reoMeTpuu u
CTEIIEHBIO T ee I'PYIIOBOl cUMMETpUH ObLIN UCIIOJIL30BAHLI B OIpejIeie-
Husgx §1 wHacrosmedi MoHorpadun, a Takxke B MoHorpadguu asropa [10]
1 B ero paborax [11], [21], [22]. Ilpu comocraienun coorHommenuii (5.7)
1 (5.8) ¢ COOTBETCTBYIONMME COOTHOMIEHUsIME §1 U JPYruX yKa3aHHbBIX
BBIIIE UCTOYHUKOB HEOOXOIUMO, OYEBUJHO, CACIATL CJICAYIONINE 3aMEHbI:
m — sn, M — m.

[lepeiiem K pacCMOTPEHUIO TePHAPHBIX ((=3) TeoMeTpuii.

st TepHapHOil (heHOMEHOJIOrNIECKH CUMMETPUYHON IreoMeTprn paHra
M, rne M > 4, 3agaBaeMoii Ha 0HOM MHOXKeCTBe I, IpeICcTaBIIAIONIEM CO-
6oit m-mepHoe MHOrOOOpasue, Merpuueckoit dynximeit (5.1), rue G C M3,
pamnr orobpaxenus F : Sp — RMM-DIM=2)/6 pre Sp C MM 1o onpe-
nenennio 1 pasern sM (M — 1)(M — 2)/6 — s. Haiijgem panr orobparkenus
F' i &p — RMM-DM=2)/6 1re Sp C MM u M > M. Cpern Beex
sM'(M" — 1)(M' — 2)/6 dyuximit f|p 9T0r0 0TOOpAKEHIS YNCIO0 3aBHU-
CUMBIX OIPEIEJIAeTCss METOIOM HAJIOKEHNUsI MATPHUIILI TPOEK /I KOPTEerKa
amnsl M w3 Gp Ha Marpuily Tpoek Jid Koprexka jymisl M nz Spr.
DTOT MeTOJ ObLI OIMCAH BBIIIEC IIPU PACCMOTPEHNN OUHAPHLIX MeOMETPUii
Ha, OJHOM MHOKecTBe. st umcia 3aBucuMbix GyHKIui orobpazkennst F”
aHaI0rnaHo nosyvaem suadenne s(M'—M+1)(M'—M+2)(M'—M+3) /6.

[To ompeneniennto 1 panr mMaTpuibl cucreMbl ypasHenuit (5.4) Gyaer paBen

min(M'm; sM'(M' —1)(M' —2)/6 —
—s(M'— M +1)(M'— M +2)(M' — M + 3)/6).

[Tockosbky M > 3, s jocrarouno 6obimmx sHadenuiit M’ sror panr
paBer M'm, T0 ecTh UHCIIy HEM3BECTHBIX B cHcTeMe ypaBHeHwuit (5.4), n oHa
HO3TOMY JI/IsT TaKuX 3Hadennii M’ nMeer TOILKO HyJeBoe pernenne. Takum
oOpa3oM, TepHapHble (PEHOMEHOJOINYECKN CUMMETPUYHbIE IeOMeTPUM Ha
OJIHOM MHOKECTBE He MOT'YT OBbITb HaJIeJIeHbI IPYIIIOBOI cuMMmeTpueil. Ana-
JIOTMYIHBIN Pe3y/IbTaT U aHAJIOIMIHBIM METOJIOM MOXKET ObITh MOJIYYeH JIJIsT
71100011 g-apHOil (PeHOMEHOJIOINYeCKN CUMMETPUYIHON IeoOMeTPU, apHOCTD

KOTOpPOil OoJIbIIe Tpex.
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The relations (5.7) and (5.8) among the dimensionality m of the manifold
I, the rank M of the phenomenological symmetry defined on it by the
function (5.1) of the binary (¢ = 2) s-metric geometry, and the degree r of
its group symmetry are used in the definitions of §1 of this monograph, as
well as in the author’s monograph [10] and in his notes [11], [21], and [22].
When comparing the relations (5.7) and (5.8) with the respective relations
in §1, and those in the other works mentioned, it is obviously necessary to
keep in mind the following replacements: m — sn, M — m.

Now let us take the ternary (q=3) geometries.

For a ternary phenomenologically symmetric geometry of rank M, where
M > 4, defined on one set 9 that is an m-dimensional manifold by
the metric function (5.1), where &; C 93, the rank of the mapping
F : 6p — RMM-DM=2)/6" where Gp C MM is, under Definition 1,
equal tosM (M — 1)(M — 2)/6 — s. We shall find the rank of the mapping
F' . Gp — RMWM=DIM=2)/6 where Gp € MM and M’ > M. Among
all the sM'(M' —1)(M' —2)/6 functions f|p of that mapping the number
of the dependents is found by the method of superposition of the matrix
of the triples for the cortege of length M from Gp on the matrix of the
triples for the cortege of length M’ from &p. The method is described
above, where the binary geometries on one set are discussed. For the number
of the dependent functions of the mapping F’, we similarly get the value
s(M"—M+1)(M'— M +2)(M’'— M +3)/6. Under Definition 1, the rank

of the matrix of the system of equations (5.4) will be equal to

min(M'm; sM'(M"—1)(M' —2)/6 —
— (M’ — M+ 1)(M' — M +2)(M' — M +3)/6).

Since M > 3, for sufficiently great values of M’ that rank is equal to
M'm, i.e. to the number of the unknowns in the system of equations (5.4),
and it only has, for that reason, for such values of M’ the zero solution.
Thus, the ternary phenomenologically symmetric geometries on one set
may not be endowed with a group symmetry. The similar result, and by
the similar method, may be obtained for any g-ary phenomenologically

symmetric geometry whose arity is more than three.
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OxonyaTeJ bHbII BBIBO/, 110 pE3yJibTaTaM IIPOBEACHHOI'O BbIIIE€ MCCJIEL0-

BaHUs BbIparKaeT CJieLyIonas

Teopema. ['pynnosoti cummempuetc Koneunot cmenenu Mmo2ym Ovims
nadeaenv, moavko ounaphvie (¢ = 2) PEHOMEHOA0LUNECKY CUMMEMPULHDLE
2EOMEMPUL, 8 MO BPEMA KAK ONA (-APHLLT PHEHOMEHON0UMECKU CUMMEM-
punHbLE 2comemputi ¢ q > 3 3adamowas ur mempuveckan gynryua (5.1)

HE dOnycmem HURARUL HEMPUBUANOHHIL NOKANOHDIT dsuotcerul.

Toabko 9T0 chopMyIMpoBaHHOI TeopeMe 00 OTCYTCTBUN I'PYIIIIOBOI CHM-
METPHUH Y BCEX @-aPHBIX PEHOMEHOJOTHIECK CHMMETPIUIHBIX NeOMETPUI ¢
g > 3 kak OyjTo OBl IPOTUBOPEUUT CJjeayrormuil mpoctoit mpumep. Corro-
CTABUM KazKJIoil Tpoiike Tovek (ijk) KoopamHaTHOI 110CKOCTH (X, Y) OpH-

CHTUPOBaHHYIO IIJIOIIaldb TPEYI'OJIbHNKa C BEPIIMHAMM B 9TUX TOYKaX:

1 Ty Tj Tk
SGk) =5 | v vy v |- (5.9)
1 1 1

Jist ipousBosibHOIT YeTBepku (ijkl) ToUeK 9TOI MI0CKOCTH YeThIPE 110~
maju Tpeyroibaukos (ijk), (ijl), (ikl), (jkl) dbyHKIHOHATILHO CBS3aHBI

cjeyromnuM O049€BU/JHBIM COOTHOIICHUEM!:
S(ijk) — S(ijl) + S(ikl) — S(jki) = 0. (5.10)

Kpowme Toro, dyukims (5.9) gomyckaer mgarumapaMeTpiuIecKyro IPyIImy
JIBUZKECHUIL:
¥ =ar+by+c Yy =gr+hy+d, (5.11)

rie ah — bg = 1.

Taxmm ob6pazom, Bpo/ie Obl ITPUXO/MM K BBIBOJLY, YTO TPEXTOUYedHas (PyHK-
nust mwromaan (5.9) Bce-Takm 3aaeT Ha KOODJAMHATHON IMJIOCKOCTH (X, 1)
TepHAPHYIO T€OMETPUIO0, KOTOPasi, ¢ OJHOIW CTOPOHBI, (PeHOMEHOJIOTHIEeCKN
CUMMETpUYHA, & C APYroil HaJleJeHa I'PYIIIOBOIl CUMMeTpUeil cTeneHu .

Oj1HaKO B COOTBETCTBHUE C olpejiesieHrneM 1 Hajmdue (pyHKINOHAIbHOM

cBsi3u (5.10) He sABJISIETCST JOCTATOYHBIM YCJIOBHEM TOTO, YTOOBI (DyHKITHSI
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The final conclusion on the result of the above investigation is expressed

in the following theorem.

Theorem. Only binary (¢ = 2) phenomenologically symmetric geometries
may be endowed with a group symmetry of finite degree, while with the g-ary
phenomenologically symmetric geometries with ¢ > 3 the metric function

(5.1) defining them does not allow any nontrivial motions.

This Theorem of the g-ary phenomenologically symmetric geometries
with ¢ > 3 having no group symmetry seems to be refuted by a very simple
example. Let us assign to each triple of the points (ijk) of the coordinate

plane (x,y) the oriented area of the triangle with the apeces in these points:

Ty Tj Tk

Yi Y Yk |- (5.9)
1 1 1

S(ijk) =

N —

For an arbitrary quadruple (ijkl) of points of the plane, the four areas
of the triangles (ijk), (ijl), (ikl), and (jkl) are functionally related by the

following obvious relation:
S(ijk) — S(ijl) + S(ikl) — S(jkl) = 0. (5.10)

Besides, the function (5.9) allows a 5-parameter group of motions:

¥ =axr+by+c, y =gr+hy+d, (5.11)

where ah — bg = 1.

Thus, we seemingly come to the conclusion that the 3-point function of
area (5.9) does give on the coordinate plane (z,y) a ternary geometry that
is, on the one hand, phenomenologically symmetric, and on the other is
endowed with a group symmetry of degree 5.

However, under Definition 1, the presence of the functional relation (5.10)

is not sufficient condition for the function (5.9) to give a planar ternary
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(5.9) 3aj1aBasia Ha [JIOCKOCTH TEPHAPHYO (DEHOMEHOJIOMMIECKU CHUMMETPIY-
HyT0 reoMerputo parra 4. Heobxo Mo ertie 1o Hemy, 9To6bI ¢Bst3b (5.10) ObI-
JIa, TIOPOZKIAOIIell B CJIEJIYIONIEM CMBICIIE: BCAKAA OPYeas HEMPUBUANLHAL
C6A3b DONAHCHA OBIMDB €€ CACICTNBUEM.

[TokazkeM, 9TO IMEHHO 9TOMY yCjI0BUIO ypasHerue (5.10) 1 He yI0BIeTBO-
psteT. BosbMeM Ha 110cKOCTH ceMepKy Touek (ijklpmn), Koropoil o GpyHK-
nun (5.9) comocraBuM Bee TpHANATH TATh 1tomaeit S(ijk), S(ijl),. . .,
S(imn); S(jkl), S(jkp),..., S(pmn) cOOTBETCTBYIOIIUX TPEYrOJHLHUKOB
(ijk), ..., (pmn). I3 31ux TpuanaTu nstu miomnaieil mo ceasu (5.10) Mox-
HO MCKJIIOUNTH faBajanarek: S(jkl), ..., S(pmn). Mexay ocTaBIIUMUCS TIsIT-
nanareio wiomaaamu  S(ijk), S(ijl),. .., S(imn) nmeerca oqna TpUBH-
aJlbHasl CBSI3b, TAK KAK OHU 3aBUCAT TOJILKO OT YeThIPHAIIATH KOODIMHAT
TisYisTjy Yjy - - - Ty Y. Bes easp (5.10) mopozkaromniast, To, HCKIIOYAsL,

HarpumMep, 1wiommab S(ijk), moaydaem 9eTHIPHAINATD TLIOIIA el
S(ijl), S(ijp), .. ., S(imn), (5.12)

KOTOpBbI€ JIOJIZKHBI ObITh He3aBUCUMbIMU. T PUBHAILHON CBI3U MEXK/Ly HUMU
ObITH HE MOYKET, TaK KaK OHM sIBJISIIOTCS (PYHKIIMSIMU YeTbIPHAIIATH KOOP-
JMHAT TOYeK ceMepKu (ijklpmn), HO HETPUBHAJIbHBIE CBS3U MEXK /Ty HUMU, B
JefCTBUTEILHOCTH, €CTh, B UeM MOYKHO YOeIUThCSA U3 CJAEIYIOMIX ITPOCTHIX
coobpaxkenuii. Ecyim Ob1 Takux cBs3eit He ObLIO, TO ceMuTO4YeUHasT (PUrypa
(1jklpmn) He mMesa ObI st CBOETO JBUKEHUS HI OJHOI CTereHn CBOOOIbI,
TaK KakK Ha YeTbIPHA/IIATH KOOPJNHAT ee TOUYeK ObLI0 Obl HAJIOYKEHO CTOJIbKO
’Ke He3aBHCHMbIX COOTHOIIEHNIT, 00YCI0BIEHHBIX HHBAPUAHTHOCTHIO YeThIP-
Ha aTy mwionaeii (5.12). B gefictBurebrocTr Ke, ceMuTouedHas Gury-
pa (ijklpmn), coxpaHsisi MIOMAAN BCEX TPUJIATH [ATH TPEyrOJbHUKOB,
MOYKET IepeMeIaThbCsl M0 IJIOCKOCTH C ISIThIO CTEIEHSIMU CBOOOIBI: OJIHO
BpallleHNe, JIBa MapaJliebHbIX IIepeHoca 1 JiBa caBura. CooTBeTCTBYIOMIAS
MsITUIIApaMeTpudecKkas IPyIIa IBIZKeHI 3a1aeTcs ypaBaenusmu (5.11).
YcTaHOBJIEHHOE IIPOTUBOpEYNe U JOKa3bIBAET, YTO MEK/Iy UeThbIPHAIIa-
ThIO IO AMI (5.12) JOKHBI CYIECTBOBATD JOTOJHUTEIbLHbIE HETPH-
BrAJIbHBIE (DYHKIMOHABHBIE CBSI3U, HE ABJISIIONINECSI CJIJICTBIEM OCHOBHOI

cBsi3u (5.10), KoTOpast IOTOMY HE SIBJISIETCST TIOPOZKIAIOTIET.
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phenomenologically symmetric geometry of rank 4. It is also necessary,
under the same Definition, that the relation (5.10) be a generating one
in the sense as follows: any other nontrivial relation must be a corollary of
that relation (5.10).

We shall demonstrate that that very condition the equation (5.10) does
not satisfy. We shall take on a plane a heptuple of points (ijkipmn) and
assign to it, according the function (5.9), all the thirty-five areas S(ijk), S(ijl),
..., S(imn); S(jkl), S(jkp), ..., S(pmn) of the respective triangles (ijk), .. .,
(pmn). Out of these thirty-five areas, it is possible to eliminate, under the
relation (5.10), with respect to the relation, twenty: S(jkl),...,S(pmn).
Among the remaining fifteen areas, S(ijk), S(ijl),..., S(imn) there is one
trivial relation, for they depend on fourteen coordinates z;, y;, x;, yj,

..., T, Yy only. If the relation (5.10) is an originating one, then, eliminating

for example the area S(ijk) yields fourteen areas

S(ijgl), S(ijp), ..., S(imn), (5.12)

that must be independent. There may not exist a trivial relation among
them, because they are functions of the fourteen coordinates of the septuple
(1jklpmn), but there are nontrivial relations among them, which is easily
made sure. If there did not exist such relations then the seven-point figure
(ijklpmn) would not have had any single degree of freedom of motion,
because on the fourteen coordinates of the points of it there would have been
imposed as many independent correlations conditioned by the invariance of
the fourteen areas (5.12). But in reality, the seven-point figure(ijkipmn)
may move on the plane, while preserving the areas of all the thirty-five
triangles, with five degrees of freedom: one rotation, two parallel translations,
and two shifts. The corresponding 5-parameter group of motions is defined
by the equations (5.11).

The contradiction established is that what proves that among the fourteen
areas (5.12) there must exist additional nontrivial functional relations that
are not corollaries of the relation (5.10), and thus that last relation is not

an originating one.
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Taxum obpasom, byukiusa (5.9) He 3asaer nHa 1mtockoctn M = R? Tep-
HAPHYO (PEHOMEHOJIOTMIECKH CHMMETPUIHYO TeOMETPHUIO paHTa 4 B CMbICIe
ompejiesienns 1, HecMOTpst Ha Hajmaue (byHKIMoHAbHOM cBsizn (5.10), Tak
KaK PaHr MpoeKmnuu otobpazkenna F' : I’ — R 3amaBaemoil deTbIpHa-
anarhio miomatamu (5.12) u He conepkaieit otrobparxkenus £ M — R,
MEHbIIIe YeThIPHAIIATH, TO €CTh He MAKCHMAJICH.

['pynmoBast cummeTpusi OMHAPHBIX (hEHOMEHOJIOIMTIECKH CUMMETPUIHbBIX
reoMeTpHiil, KOTOPBIM OBLIO YyieJIeHO OCHOBHOE BHUMAHNE B MOHOIpaUI aB-
topa "Ilosimverpudeckue reomerpun"|10]| u B epBoii riaBe HACTOsAIIEH €10
Monorpaduu, apjgercsa oupegendtomeil. To ects dynkuna f : &5 — R,
rie Gy C 9?2, Byner 3a1aBaTh (HEHOMEHOJOTHUCCKH CHUMMETPUIHYIO T€o-
METPHUIO B TOM U TOJIKO B TOM CJIydae, eI OHa JIONYCKAET HeTPUBUAIBHYIO
KOHETHOMEPHYIO TPYIIILY JIBUZKEHUIT. YCI0BHe Hale/IeHs (PeHOMEHOJIOT e~
CKII CUMMETPUYHON reoOMeTpun IPYHIIOBOIl CUMMeTpUeil KOHEYHO CTelleHNn
OlIpeJIeIsieT 9Ty CTEeleHb, YCTAHAB/IMBAsI €€ CBA3b C PA3MEPHOCTHIO MHOI'O-
oOpasust n paHroM (DEHOMEHOJIOTMIECKON CHMMEeTPHN cooTHOIIeHusIME (5.7)
1 (5.8). C npyroit cTOpoHbI, 6€3 MPEIITOI0KEHNST O TPYTIIOBON CHMMETPUHN B
CMBICJIE OTpeJiesieHnst 2 Jlazke cooTHorenne (5.7), ycTaHaBINBAIOIIEE CBSI3b
pa3zMepHOCTH MHOT00Opasusi 1 paHra (hpeHOMEHOJOIMIeCKO CUMMETPUN 1
He coJleprKalllee CTeleHb I'PYIIIOBONH CHMMETPHUH, JTOJKHO OMOBAPUBATHCS

JIOIIOJTHUTEJILHO 0e3 JOCTAaTOYHO yOeUTEeIbHOIO 0OOCHOBAHMSI 9TOI CBSI3U.

§6. ®dyHKIIMOHAJIbHbIE yPABHEHUsI B T€OMETpUU

PaccmoTpum ofHOMEPHYIO TE€OMETPUIO, KOTOPas 3a/1aeTCs HEBBLIPOKI€H-

HOII MeTpuyeckoil pyHKInei

flig) = [ (i, xj). (6.1)
Corutacuo ompejieniennio 1 n3 §1 ee penomMenoIornIeckasi CAMMETPHA paHTa,

3 BbIpazkaeTcsl ypaBHEHUEM

O(f(ig), f(ik), f(5k)) = 0. (6.2)
Ypasuenne (6.2) 10/KHO 0OpamarThes B TOXKIECTBO M0 KOODAUHATAM

Tj, Xj, T}, TOUEK TPOHKN (ijk) 1pu nojcraHoBKe B Hero dynkimn (6.1).



G.G. Mikhailichenko. The mathematical basics and results of the theory of physical structures 125

So the function (5.9) does not give on the plane 9 = R? a ternary
phenomenologically symmetric geometry of rank 4 in the sense of Definition
1, despite the presence of the functional relation (5.10), because the rank of
the projection of the mapping F” : M’ — R defined by the fourteen areas
(5.12) and not including the mapping F : 9M* — R? is less than fourteen,
i.e. it is not maximal.

The group symmetry of binary phenomenologically symmetric geometries,
which are the main subject in the author’s monograph "Polymetric geomet-
ries" [10], as well as in Chapter 1 of this monograph, is a determining
one. That is, the function f : & — R* where &y C IM?, will define a
phenomenologically symmetric geometry if and only if it allows a nontrivial
finite-dimensional group of motions. The condition of a phenomenologically
symmetric geometry being endowed with a group symmetry of finite degree
determines that degree, by establishing the relation of it with the dimensio-
nality of the manifold and the rank of the phenomenological symmetry, by
the relations (5.7) and (5.8). On the other hand, without the assumption
of the group symmetry in the sense of Definition 2 even the relation (5.7),
that establishes the connection between the dimensionality of the manifold
and the rank of the phenomenological symmetry, and having no degree of
the group symmetry, must be stipulated in a complementary way without

any sufficient grounding of such connection.

§6. Functional equations in geometry

Let us consider the one-dimensional geometry that is defined by the

nondegenerate metric function

fig) = [ (@i, ). (6.1)

Under Definition 1 of §1, its phenomenological symmetry of rank 3 is

expressed by the equation

O(f(27), [(ik), f(jF)) = 0. (6.2)

The equation (6.2) must turn into an identity in the coordinates x;, x;, xy

of the triple of points (ijk) when the function (6.1) is substituted into it.
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Takum obpasom, ypasHenue (6.2) GpakTudecKn siBjisieTcst (PyHKIHOHAb-
HBIM YpPaBHEHHEM KaK OTHOCHTEJbHO MeTpudeckoil ¢gyukrnun (6.1), Tak u
OTHOCUTEIbHO (DyHKIMNU P, ¢ ITOMOIIHIO KOTOPOIl BhIpaykaeTcst peHOMEHO-
JIOTUYecKasi CHMMETPHUsT OJHOMEPHOII reoMeTpHn.

Huzke KpaTko onuiieM MeToJ| perienns (hyHKITMOHAJTLHOTO YpaBHEHUs
(6.2). CrauaJia mpeJiCTaBUM €ro B BUJIE, PA3PEIIEHHOM OTHOCHTETHLHO OJTHO-
ro U3 apryMeHTOB:

flig) = o(f(ik), f(7K)), (6.3)
rie o(u,v) — raajgkast GyHKIUS JBYX MePEMEHHbIX ¢ OTJIHIHBIME OT HYJIs
TPOM3BO/THBIMU Oy U (D,

BosbMmewM, Jlasiee, yrnopsiloueHHyIO 4eTBepKy Todek (ijkl) u samuiiem

ypasuenue (6.3) jyist tpoex (ijk), (ijl), (ikl), (jkl):

~/

/
OTKYda JIETKO IIOJIy9aeM PaBCHCTBO

plo(fGl), f(RD), o(f (51, f(RD))] = (f(il), F(41)),

B KOTOPOM, OoueBujIHO, Hezasucumbl nepementbie f(il), f(j1), f(kl). Ecmm
1uist Hux BBecTr oboznadenus x = f(il),y = f(jl), z = f(kl), To npuxonnm

K (DYHKITMOHAJTIHLHOMY YPaBHEHUIO

oz, 2), 0y, 2)) = @(x,y). (6.4)

NMEmeMy cCIeayromee HETPUBHaJIbHOE PEICHUEC!

p(u,v) =YW~ (u) =¥~ (v)), (6.5)
rie 1) — IPON3BOJIbHAs IVIajKad PYHKINA o/Hoil TepeMennoii ¢ ¢’ # 0, 1~ !
— obpaTHas K Hell (PyHKIUS.

C nomortpio perennst (6.5) or ypasuenus (6.3) IPUXOIUM K yPABHEHHIO
(6.2):

Y ig)) — T (f(ik)) + ¥ (f (k) = 0. (6.6)

A BHBII BUJT caMOii METPUYIECKON PYHKITIH (6.1) MOZKHO HaiITH U3 TOI'O K€

ypasHenus (6.3) ¢ perierneM (6.5), ecin B HeM 3a(bUKCHPOBATH KOOPIXHATY
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Thus, the equation (6.2) is in fact the functional equation both with
respect to the metric function (6.1), and as concerns the function® that
expresses the phenomenological symmetry of the one-dimensional geometry:.

Further we shall describe in brief a method of solution of the functional
equation (6.2). First, we shall set it down in the form solved with respect

to one of the arguments:

fig) = o(f(ik), f(5F)), (6.3)

where ¢(u,v) is a smooth function of 2 variables with unequal to zero
derivatives ¢, and ¢,.

We take, then, an ordered quadruple of points (ijkl) and write the
equation (6.3) for the triples (ijk), (ijl), (ikl), (jkl):

S—  N—
-
-~

/

wherefrom we readily get the equality

ele(f @), f(kD), o(f(51), fF(RD))] = (f(il), F(51)),

where, obviously, the variables f(il), f(jl), and f(kl) are independent. If we
introduce for them designation = = f(il),y = f(j1),z = f(kl), we arrive

at the functional equation

oo, 2), 0y, 2)) = @(z,y). (6.4)

that has a nontrivial solution as follows:

plu,v) = YW~ (u) =~ (), (6.5)
where 1 is an arbitrary smooth function of one variable with ¢’ # 0, and
1 ~1 is the function that is its inverse.

By using the solution (6.5) of the equation (6.3), we arrive at the equation
(6.2):

DTHf(ig)) — T (f (k) + T (f(GR) =0, (6.6)

The explicit form of the metric function (6.1) itself can again be found

from the equation (6.3) with the solution (6.5), if we fix in it the coordinate
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Tk TOUKH k:
fig) = vl(xi) — o(x;), (6.7)
rae ¢(x) = V7 (f(2, 2k))|ep=const-

B cosokymroctu ypasuenue (6.6) u dyukius (6.7) sBAS0OTCS 00IIUM pe-
nenreM (yHKIOHAIBHOTO ypasHerus (6.2). C TOTHOCTHIO JI0 3aMeHbI KO-
OpJHATHI () — & B OJIHOMEPHOM MHOIOOOpA3UN U MACHITAOHOTO MPeod-
pasoBannsa ¢~ (f) — f MeTpmueckoil byHKIINN 9TO PerieHne MOKeT ObITh

3aIIICAHO B CJIEJIYIONIEl KAHOHUYECKOi hopme:

flig) = f(ik) + f(jk) = 0.
['1asikoe obpaTnmoe mpeodpas3oBaHue OJHOMEPHOI'O MHOI000pa3usI
' = \x) (6.9)

Ha3bIBACTCA JBHKCHUEM, €CJIM OHO COXPAaHAeT METPUUYECKYIO (DYHKIHIO:
f(@@'3") = f(ij). Orcroga npu usBecrHoit Merpudeckoit dynknnu (6.1) mo-

JgydaeM (bYHKIIMOHAJIbHOE YDaBHEHNE Ha MHOYKECTBO JIBUYKEHUIL:
F i), A(z5)) = [z, ), (6.10)

perieHneM KOTOPOro Jijisi OJJHOMEPHOI (DEHOMEHOJIOMNYeCKN CUMMETPUIHO

reOMETPUH SBJISIETCST OJHOMAPAMETPIIECKAS TPYTITIA
' = Nx;a). (6.11)

ObpaTHO, ecim U3BECTHA OJHOIIApaMeTpUUecKasl I'PyIIa peodpa3oBa-
auit (6.11), To MeTpudeckast byHKIHsT OJTHOMEPHOT T€OMETPUH, [T KOTO-
poii aTa rpyimna OyneT I'PYIIIoi IBUXKEHN, HallIeTcst KaK ee JIByXTOUYeTHbII

MHBAPUAHT peIIeHIeM CJIe/IyIoNero pyHKIMOHAJILHOIO YPaBHEHI

f\(zi; a), Mzy;a)) = f(xi, 7). (6.12)
[Iycth nnduHnTe3NMAILHBIA OLEpaTOP
X = \x)0/0x (6.13)

npunaiekuT agredbpe Jlu rpymmbr gmkennit (6.11). Torma mMeTpudeckast
QYHKIMS OJIHOBPEMEHHO SBJIsieTcsl perleHneM JnddepeHnnaibHoro ypas-

HeHnmd

X(@)f(ig) + X (4)fig) =0, (6.14)
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xy, of the point k:
F(ig) = ¥le(w:) — e(x)), (6.7)
where o(x) = ™' (f (2, 2x)) | se=const-

Together, the equation (6.6) and the function (6.7) are a general solution
of the functional equation (6.2). With an accuracy up to a change of coordina-
tes p(x) — x in the one-dimensional manifold and a scaling transformation
Y7 Y(f) — f of the metric function, that solution may be written in the

following canonical form:

f(ig) = f(ik) + f(jk) = 0.

A smooth invertible transformation of the one-dimensional manifold

f(l]) = Tj — Ty, } (6.8)

' = \z) (6.9)

is called a motion if it preserves the metric function: f(i’j") = f(ij). Hence,
with the known metric function (6.1), we get the functional equation for

the set of motions:
FM @), Mxy)) = f i, ), (6.10)
whose solution for a one-dimensional phenomenologically symmetric geometry

is the 1-parameter group
' = Nx;a). (6.11)

And vice versa, if the one-parameter group of transformations (6.11) is
known the metric function of the one-dimensional geometry for which that
group is the group of motions will be found as its two-point invariant,

through the solution of the functional equation as follows
Mz a), May; a)) = [, ). (6.12)
Let the infinitesimal operator
X = XNz)0/0x (6.13)

belongs to the Lie algebra of the group of motions (6.11). Then the metric

function is simultaneously the solution of the differential equation

X(@)f(ig) + X (4)fig) =0, (6.14)
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KOTOpOe TpH u3BecTHOil Merpuueckoit dbyukimn (6.1) sBisercs GyHKIHO-
HaJIbHBIM ypaBHeHIeM Ha Koadduruent A(x) omneparopa (6.13).

JIByMepHasi reoMeTpust 3aJ1aeTCsd HEBBIPOXKIEHHONH METpUYecKOil (pyHK-

e
a ee PEHOMEHOJIOrNIecKas CUMMETPUSI BLIPAXKACTCsI yPaBHEHAEM
(f(ig), f(ik), f(il), f(5K), f(30), f(Kl)) = 0. (6.16)

[Ipu mogcranoBke Merpraeckoit dyukiwn (6.15) B ypasuenue (6.16) oHo
110 BOCBMI KOODJUHATAM Tj, Yi, T, Yj, Thy Yk, L1, Yi TOUeK derBepkn (ijkl)
JTOJIZKHO 00PATUThCS B TOXKJIECTBO. TakuM 00pa3oM, 9TO ypaBHEHHE B Jieii-
CTBUTEJILHOCTH sIBJIsieTCsl 0COO0TO pojia PyHKIMOHATIBHBIM YPpaBHEHUEM OT-
HOCHTEJIbHO KaK caMoil mMerpudeckoit ¢gpyHkuum f, Tak U OTHOCUTE/IHHO
dyuxmmm P, ¢ MOMOIIBI0 KOTOPOIi BhIpakaeTcs: (PeHOMEHOJIOrnYIecKas CIM-
MeTpust JIByMepHoit reomerpun. C TOYHOCTBIO JI0 3aMEHbI KOOP/IMHAT B JIBY-
MEPHOM MHOT00Opasnit i MacitabHoro mpeobpasosanust () — f Bce Bo3-
MOYKHBIE perienns ypasaerust (6.16) oTHOCHTETLHO MEeTPUIeCcKOi (DyHKIIN
(6.15) MoryT 6bITH 3aIlCAHBI B OJMHHAJIATH KAaHOHHIeCKUX (opmax (2.7)
— (2.17). Yro xe kacaercs dbyukiun $, To He Bcerja ee MOXKHO 3alncaTh
B SIBHOM BHJIe, O 4eM OoJiee 1opoOHO OBLIO CKa3aHO B §2 Ioc/e yKa3aHHOI
KJIACCU(DUKAIIN.

MHozKkecTBO 00paTUMBIX JIBUKEHIMIT

/

= Mz,y), ¥ =o(z,y), (6.17)

COXPAHSTIOMNX MeTprudecKyto (GyHKIuio (6.15), sBIsieTcs COBOKYITHOCTBIO

pereHnit (GyHKIMOHAJIBHOIO yPaBHEHUsT

CoryracHo Teopeme 3 m3 §1 9TO MHOYKECTBO €CTh TpexiapaMeTpudecKast
rpyiia peodpa3oBaHnii MHOIOOOpa3usi:

/

v’ = Nz, y;a',a?, a®), o = o(x,y;at,d?, a?), (6.19)

OlIpe/lesIgoNIasl I'PYIIOBYI0 CUMMETPUIO COOTBETCTBYIOIIEH JIByMepHOil reo-

merpun. Ecym »xe rpyiina npeobpasosanuii (6.19) wusBecTHA, TO ¢ TOYHO-
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which, with the metric function (6.1) known, is the functional equation for
the coefficient A(x) of the operator (6.13).

The two-dimensional geometry is defined by the nondegenerate metric

function
and its phenomenological symmetry is expressed by the equation
O(f(ig), f(ik), f(il), f(5k), f(3L), f (kL)) = 0. (6.16)

[f the metric function (6.15) is substituted into the equation (6.16) then,
with respect to the eight coordinates x;, yi, x;, v, Tx, Yx, T, yi of the points
of the quadruple (ijkl), it must turn into an identity. Thus, that equation
is really a special kind of a functional equation both with respect of the
metric function f and with respect of the function ®, which is part of
the phenomenological symmetry of the two-dimensional geometry. With
an accuracy up to a change of coordinates in a two-dimensional manifold
and a scaling transformation ¢ (f) — f, all the possible solutions of the
equation (6.16), with respect of the metric function (6.15), may be written
in the eleven canonical forms (2.7) — (2.17). As to the function @, it cannot
always be written in the explicit form, of which we spoke in more detail in
82, after the said classification had been given.

The set of invertible motions

= Nz,y), vy =o(z,y), (6.17)

that preserve the metric function (6.15) is the totality of the solutions of

the functional equation

FAG), (i), A(4),0(3)) = f(@i, yi, 25, ;)- (6.18)

Under Theorem 3 of §1, that totality is the three-parameter group of

transformations of the manifold:
' = Nz, y;a,a* a®), y = o(z,y;a",d?, a?), (6.19)

and defines the group symmetry of the corresponding two-dimensional geo-

metry. And if the group of transformations (6.19) is known, then, with an
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CTBIO JI0 MACIITaOHOTO 1peobpasoBatus MeTpudeckast ¢pyukius (6.15) Boc-
CTAHABJINBACTCA KAK €€ HEBBIPOXKICHHDIH JIBYXTOUCUHDI MHBAPUAHT pellle-

HUEM JIPYToro (byHKIMOHAJILHOTO yPaBHEHMS:

f(A(isa),0(isa), A(j5a),0(5;a)) = f(xi,vi, x5, 95), (6.20)

e, nanpumep, A(i;a) = Xz, yi; al, a?, a®).

[IycTn
X = MNx,y)0/0x + o(x,y)0/0y (6.21)

ecTh NHMUHATE3UMAIBHBIIN OIIepaTop TpeXMepHOit anredpst JIu rpymms 1Bu-
xkennii (6.19). Torna merpuaeckast byukiwst (6.15) sABIsgeTcs TakzKe pere-

HueM JinddepeHnnajibHOro ypaBHEHMS

X(@@)f () + X(5)f(ig) = 0. (6.22)

OtHaxo mpu n3BecTHO MeTpudeckoii pyukimn (6.15) oHo yrke Gyaer GyHK-
IUOHAJIbHBIM YpaBHeHueM Ha KoadduiueHTsl A 1 o onepartopa (6.21).
Hurrom dsymeproti eeomempuy, HA30BEM TAKYIO IVIAJIKYIO HEBBIPOXK JI€H-
HYIO KPUBYIO
z=z(t), y=y(t), (6.23)
10 KOTOPOi CBOOOJIHO MOYKET KATUTBCS KeCcTKuil Tpeyronbuuk (ijk). fc-
HO, UTO Ha MHOXKECTBe TOUYeK 3TOi Kpuboil Merpudeckas dyukuus (6.15)
JIOJIZKHA 33J1aBaTh (DEHOMEHOJIOIMIECKN CUMMETPUYHYIO OJITHOMEPHYIO I'eO-
METPHUIO, HaJIeJIEHHYIO I'PyIIoBoil cummerpueii crernenn 1. B pesynbrare

moJtydaeM ciiefyroriee pyHKIMOHATIBHOE ypaBHeHNe Ha MUK (23, §12:
f(x(t:), y(t), x(t;),y(t))) = (i — ;). (6.24)
Hanpuwmep, mist maockocrn EBkimnna pyHKIMOHAIBHOE ypaBHEHIE
(x(t;) — x(t;))” + (y(t:) —y(t))* = ¥t — 1))
mMeeT jBa pererns |23, §15]:
1) x=at+0b, y=ct+d; 2) x= Rcost+xy, y= Rsint+ yj,

rie a4+ ¢ # 0, R > 0, KoTopele 3a/al0T Ha Hefl MHOYKECTBO IPAMBIX I

MHOKECTBO OKPYZKHOCTEI.
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accuracy up to a scaling transformation, the metric function (6.15) is reconst-
ructed as its nondegenerate two-point invariant by way of the solution of

another functional equation:

f(A(Za CL), O-(Za CL), )\(]7 Cl), O'(], CL)) - f(xzv Yi, xja y])a (620)
where, for example, \(i;a) = Ay, y;; at, a?, a®).
Let
X = MNx,y)0/0x + o(x,y)0/0y (6.21)

be an infinitesimal operator of the three-dimensional Lie algebra of the
group of motions (6.19). Then the metric function (6.15) is also a solution

of the differential equation

X(@@)f (i) + X(5)f(ig) = 0. (6.22)

However, with the metric function (6.15) known, it is already the functional
equation for the coefficients A and o of the operator (6.21).
We shall call a cycle of a two-dimensional geometry such a smooth

nondegenerate curve

z=x(t), y=y(), (6.23)
along which a rigid triangle (ijk) may roll freely. It is obvious that on
the set of the points of that curve the metric function (6.15) must give a
phenomenologically symmetric one-dimensional geometry endowed with a

group symmetry of degree 1. As result, we have the functional equation for
the cycle [23, §12] as follows:

f@(t), y(ti), x(t;), y(t;)) = ¥t — t5). (6.24)
For example, for the Euclidean plane the functional equation
(x(t;) — x(t))* + (y(t:) —y(t;))* = b(ti — 1))
has two solutions [23, §15]:
1) x=at+b, y=ct+d; 2) x= Rcost+ zy, y= Rsint + yj,

where a? + ¢? # 0, R > 0 giving on the plane a set of straight lines and

a set of circles.
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3ameTnM, 9To (PyHKIINOHAIbHBIE YpaBHEHNUS, aHAJOTUIHbIE YPABHEHUSIM
(6.18), (6.20), (6.22), (6.24), MoryT OGbITH 3alUCAHBI [T OO0 TeOMETPUH,
3ajiaBaeMoil Merpudeckoii dpyukuumeit (1.2). Hampuwmep, st TpexmepHoit
reOMeTpHH, 33/laBaeMoii MeTpuaeckoii (pyuknueit (2.20), dyHKINOHATbHOE

ypaBHEHNE Ha IUKJI OYJIET CJIEIyIONINM:

f(x(ti)a y(ti)v Z(ti)a x(tj)a y(tj)v Z(tj)) - ¢(tl - tj)’

a JIJId TpexXMepHOil reoMeTpnu, 3a/1aBacMOil TPEXKOMIIOHCHTHOII MeTpude-
ckoii dyukiueit (3.14), cucrema (byHKIIMOHATBHBIX YPABHEHNUIT Ha TIUKJT 3a-
IUIIeTcs TOUHO TakzKe, Ho B Heit yxxe f = (f1, f2, f2) u o = (Y142, ¢3),
Meto1 perniennst OOJIBITMHCTBA FeOMETPUIECKIX (DYHKIIMOHAIBHBIX yPaBHE-
HUI COCTOUT B CBEJICHUN NX K JU(pdHepennuaabubiM 1 pas3/e/IeHu ITepeMen-

HbIX.

§7. Bomrpocsl kKinaccudukanum peHOMEHOJOTUYECK CUMMETPUIHBIX

reoMeTpuii

B Teopun cdbusznyueckux crpykTyp Kjiaaccudukalnusg (peHOMeHOJIOrnYeCKn
CIMMETPUYIHBIX T€OMETPUil SBJSIETCS ONHON 13 HamboJiee BayKHBIX 3a/ad.
Hleso B ToM, uTo u camu merpudeckue dyukunu (1.2), 3amarorime Takme
reomerpun, u ypasaenusi (1.1), BbIpakatoriue nx (HEHOMEHOJIOIMIECKYTO
CUMMETPUIO, MOTYT UMETH COJIEPKATETbHYIO (DU3NIECKYIO MHTEPIIPETAIINIO.

B §2 u §3 mnpuBesieHbl IIOCTPOEHHBIE K HACTOSIIIEMY BPEMEHU IOJIHbIE
KJIACCUPUKAIINT OJTHOMEPHBIX, IBYMEPHBIX U TPEXMEPHBIX (PeHOMEHOJIOTH-
YeCKM CUMMETPUYHBIX I'eOMeTpPUil COOTBETCTBYIONINX paHToB 3, 4 n 5, a
TaKyKe JIBYMETPUUYCCKIX, TPUMETPUIECKUX U YCTHIPEMETPUIECKIX (PeHoMEe-
HOJIOTMYECKN CUMMETPUYHbBIX T€OMEeTPUil MUHUMAJJIBLHOIO PaHra, PABHOIO 3.
Hpyrue knaccudukalny MoKa He TOCTPOEHbI, TaK KaK elle He HallgeHbl
HOBBIE METOJIbI PeIleHnsl T10/I0OHBIX 3a/1a4.

Huzke OyryT niepeducyiensl Te KIacCupUKAIMOHHbIE 3a/[a1ui, KOTOPBIE, ¢
OJIHOI1 CTOPOHBI, SIBJISIIOTCS €CTECTBEHHBIM IPOJIOJIZKEHUEM Y2Ke PellleHHbIX,
a C JApyroil — MOryT IIpUBJIeYL TeX 4duTaTeseil, KOTOPLIM Y/IaCcTCsd HalTu

6oJ1ee 3PpMEKTUBHBIE METO/IbI UX PEIICHMSI.
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We shall note that functional equations similar to the equations (6.18),
(6.20), (6.22), (6.24) may be written for any geometry defined by the metric
function (1.2). For example, for the three-dimensional geometry defined by
the metric function (2.20), the functional equation for the cycle will be as

follows:

f@(t), y(ti), z(t), x(t;), y(t)), 2(t5)) = Yt — t5),
and for the three-dimensional geometry defined by the metric function
(3.14), the system of functional equations for the cycle will be written in
the same way, but in it f = (f1, f2, f3) and ¢ = (!, ?,4?). The method
of solution for most geometrical functional equations is that of reduction to

differential ones and of separating the variables.

§7. Problems of classification of phenomenologically

symmetric geometries

In the theory of physical structures, classification of phenomenologically
symmetric geometries is one of the most important problems. The thing is,
both the metric functions (1.2) themselves, defining such geometries, and
the equations (1.1), expressing their phenomenological symmetry, may have
an essential physical interpretation.

In §2 and §3 the complete classifications are given that have been built of
one-dimensional, two-dimensional, and three-dimensional phenomenologically
symmetric geometries of respective ranks 3, 4, and 5, as well as of the
dimetric, trimetric and four-metric phenomenologically symmetric geometries
of the minimal rank, i.e. that equal to 3. Any other classifications have not
yet been built, because up till now we have not found any new methods of
solving problems of that kind.

Now, we shall give the classification problems that are, on the one hand,
a natural extension of those already solved, and, on the other, may interest
those readers who will be able to find more effective methods of their

solution.
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1. Yemwipexmepnoie 2eomempus

YerwipexmepHas reoMeTpus 3a/1aeTcs Ha YeThIPEXMEPHOM MHOI000Opa3nn

I HEBBLIPOXKIEHHOI MeTpUUIecKoil pyHKIneit

a ee (beHOMEHOJIOrnvIecKasl CUMMETPHUsT BbIPayKaeTcs ypaBHEHUEM

(f(ig), f(ak), f(il), f(im), f(in), f(G), ... F(Gn), ..., f(mn)) =0, (7.2)

yCTaHABIUBAIOIINM CBA3b 15 B3aMMHBIX PACCTOAHUI MEXKJIY IMIECTHIO TOY-
KaMu KopTezka (ijklmn) u3 HeKOTOPOro oTKpPBITOro 1 1iorHoro B MC muo-
»kecTBa. Hajesena »ke Takast reOMeTpUs TPYIIIOBON cUMMeTpHUeil cTerneHu
10.

[IpenBapurenbuas KIacCUPUKAIIA YeThIPEXMEPHLIX TeOMeTpuil Oblia
npuse/iena B Koure §2. Ho a1y Kiraccudukannio Helb3st CIUTaTh OKOHYa-
TeJILHOM, TaK KaK MCIOJIb3yeMble METO/IBI He TTO3BOJIIIN MIPEOI0IETH BCTPe-
TUBIIIIECS TPYJAHOCTH TEXHUUYECKOIro xapakrepa. B Hacrosiee Bpems B.A.
KbipoBbIM paspabaTbiBaeTCsl HOBBIIT METOJ UX KJIACCH(MUKAIIN, OIMUPAIO-
muiics Ha TUTIOTe3y O BiaoyKeHn. CyTh 9TOi TUIOTe3bI WILIIOCTPUPYET KJIac-
cucbukanus (2.23) — (2.37) TpexmepHbIX (PeHOMEHOJIOTHIECKH CUMMETPU -
HBIX T€OMEeTPHil, U3 KOTOPOH BUJIHO, YTO KaKJasd ee MeTpuiecKas (pPyHK-
1T COJIEPYKUT BHYTPU cedsd KaK I1eJIoe METPUIECKYTO (DYHKIINIO, 3a/IaI0TTYT0

ILBYMepHYIO (beHOMeHO.HOFI/ILIeCKI/I CI/IMMeTpI/IqHYIO FeOMeTpI/I}O:
f(Z]) = f(g(ij), Zi Zj)?

ryie Beipazkenue st ¢(if) = g(4, yi, x;,y;) Oepercsa n3 Kiaccuduxain
(2.7) - (2.17). K corkanennio, cTpororo jJ0Ka3aTeabCTBa TUIIOTE3BI O BJIO-
YKEHUU TT0Ka HET, OJIHAKO y7Ke MMEIOIIUMUCS TTOJHBIMU KJIACCUMDUKATASIMU

OHa ITOJITBEPKIaeTCs.
2. Jleymempuueckue u mpumMempuieckue 2eoMempul

JIByMerpudeckue u TpuMeTpudeckre (eHOMEHOJOIMYECKN CUMMETPUY-

Hble T€OMEeTPHU MUHUMAJIbHOIO paHra 3 ObLIM PacCMOTPEHBbI B §3, U JJId
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1. Four-dimensional geometries

A four-dimensional geometry is defined on a four-dimensional manifold

I by the nondegenerate metric function

and its phenomenological symmetry is expressed by the equation

O(f(ig), f(ik), f(il), f(im), f(in), f(G), ... f(Gn), ..., f(mn)) = 0, (7.2)

that establishes the relation of 15 reciprocal distances among the six points
of a cortege (ijklmn) of some set open and dense in 9M°. The group
symmetry such a geometry is endowed with is of degree 10.

A preliminary classification of four-dimensional geometries was given in
the end of §2. That classification cannot be considered complete, for the
methods employed in building it cannot help overcome technical difficulties
that have been encountered. Recently, V.A. Kyrov has been developing a
new method of their classification, one based on the hypothesis of enclosure.
The essence of the hypotheses is illustrated by the classification (2.23) —
(2.37) of the three-dimensional phenomenologically symmetric geometries
where it can be seen that each metric function of it contains in itself as
a whole a metric function defining a two-dimensional phenomenologically
symmetric geometry:

£5) = F(g(i), 26,2,
where the expression for g(ij) = g(zi,vi, xj,y;) is borrowed from the
classification (2.7) — (2.17). Unfortunately, we have not any rigorous proof of
the hypothesis of enclosure, but it seems to be confirmed by those complete

classifications that are already available.
2. Dimetric and trimetric geometries

The dimetric and trimetric phenomenologically symmetric geometries of

minimal rank 3 were discussed in §3, and complete classifications (3.12) -
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HUX [OCTPOEHbI mojiHbie Kiuaccudukamun (3.12) - (3.13) u (3.28) - (3.38).
EcrectBenHo mosTomy nepeiiti K KiaccuduKaiui J[BYMETPHYECKUX 1 TPH-
METPUYECKUX (PEHOMEHOJIOMMIECKH CUMMETPUYHBIX TeOMETPHil 60Jiee BbICO-
KOO paHra paBHOTO derbipeM. Hampumep aBymerprdeckas heHOMEHOJIO-
PHYECKU CHMMETPHYHAsI TeOMETPUsT PaHra 4 3aaeTcsl Ha YeThPeXMepHOM

MHOT000Opa3uu JIBYXKOMIIOHEHTHOI MeTpuiecKoil hyHKIIei
.. 1/- - 2/ .
f(”) - (f (Z])? f (Z])) - f(:ljz, Yis Zi, Lis T, Yj Zjvtj)’ (7'3)7
a ee (PbeHOMEHOJIOTMIECKasl CUMMETPHs BbIparKaeTcsd ypPaBHEHUEM

(f(2g), f(ik), f(il), f(5K), F(31), f (kL)) = O, (7.4)
rae ¢ — aByxkomnonenTHas pyHkius 12 nepemennbix. CTenenb ee rpyii-
HOBOI cuMMeTpun pasHa, 6.

B nosnyio kinaccuduKauio TAKUX IeOMETpHil, 0YeBUIHO, BXOIAT BCe
mapbl MeTpudecknx byHKiuit u3 Kiaaccudukarun (2.7) — (2.17), npudem
165) = Y vz, y;), f2(i)) = (2, b, 25, t;). Hanpumep, coueranne
bynknuii (2.7) n (2.12), 3agaomux mwockocTb EBKINIA 1 CHMIIEKTHIC-

CKYIO TIJIOCKOCTD:
Loiay — 2 2 £20\ _
fr7) = (@i —x)* + (yi —y;)°, f(1)) = zit; — 24t
eCTb rHByXKOMHOHeHTHaﬂ MeTpI/I‘{eCKaH (byHKLLI/IH, SaﬂaIOHlaﬂ OﬂHy n3 ,ZLBy—
MeTpI/IqGCKI/IX LIeTpreXMeprlX CbeHOMeHOJIOFI/I‘{eCKI/I CI/IMMeTpI/I“IHbIX reo-
Merpuil panra 4. O0Iee 4nc/Io coueTaHnil, BKI0Yasl JaroHajbHble, PABHO

65. Ho, BO3MOXKHO, CyIIIeCTBYIOT U TaKue JIByMeTpUIecKne reoMeTpun, MeT-

pudeckne yHKIUN (7.3) KOTOPHIX MOJO0OHBIMI COUETAHUSIMU HE SIBJISTIOTCH.
3. [osumempuueckue 2eomempuis

Kaccudukaimm HeKOTOPBIX (PEHOMEHOJIOMNYECKH CUMMETPUIHBIX I10JI1-
MEeTPUUECKIX T'eOMETPHil MUHIMAJIbHOIO PaHIa, PABHOIO 3, OBbLIN IIPEICTaB-
seHbl B §3. Takne reomeTpun 3a4a10Tcst B IpOCTpaHcTBe [ S-KOMIIOHEHTHOI

MeTPHYECKOil (pyHKIIMe

fig) = (f1(ig), - £2(i5)) = flai, o 2, 25, 25),

a nX (peHOMEHOJIOrNYecKas CUMMETPUs BbIPAXKACTCA ypaBHEHUEM
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(3.13) and (3.28) - (3.38) have been built for them. So it is natural to
undertake next classifying dimetric and trimetric phenomenologically symmet-
ric geometries of higher rank, that is of rank 4. For example, the dimetric
phenomenologically symmetric geometry of rank 4 is defined on a four-

dimensional manifold by the two-component metric function

FG7) = (fHi9), F2(i9)) = (@i yis zis tis 25,95 2, 1)), (7.3),
and its phenomenological symmetry is expressed by the equation
(f(2g), f(ik), f(il), f(5K), f(30), f(KL)) = O, (7.4)

where ® is a two-component function of 12 variables. The degree of its
group symmetry is 6.

The complete classification of such geometries naturally includes all the
pairs of the metric functions of the classification (2.7) - (2.17), with f1(ij) =
@iy, xi,y;), [2(i5) = f*(zi,ti, 25, t;). For example, the combination of
the functions (2.7) and (2.12), giving Euclidean plane and the simplectic
plane:

FHag) = (2 — 2" + (i — ), f2(i4) = 2ty — 2t
is a two-component metric function that defines one of the dimetric four-
dimensional phenomenologically symmetric geometries of rank 4. The comp-
lete number of combinations, including the diagonal ones, is 65. But it is
possible there exist such dimetric geometries whose metric functions (7.3)

are not such combinations.
3. Polymetric geometries

The classifications of some phenomenologically symmetric polymetric
geometries of minimal rank, equal to 3, were given in §3. Such geometries

are defined in the space R® by an s-component metric function

i) = (F1(i5), -, f2(i5)) = f(=i, 2, @), oo 25),

and their phenomenological symmetry is expressed by the equation

O(f(27), [(ik), f(jF)) = 0,
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rje ¢ — s-xomnonenTHast pyHKIMs 35 nepeMeHHbIX. [TosiHas Kiraccuduka-
1S TOCTPOeHa TOJIbKO Juid s = 1,2,3,4 u oTcyTCcTBYeT JJid S > 5.
Knaccudukaius peHoOMEeHOJTOTTYECKN CUMMETPUYHBIX NeOMETPHUil ele
He 3aBepiieHa. [loaToMy nMeeT cMbIC IIpeICTaBUTL B 0003PUMOM BHJIE I1e-
pevennb 3aj1a9, KaK pellenublX, TaK 1 He pelleHHbIX. Toraa KaxKablil, y Koro
HOSIBUTCS »KeJIAHIE UCIBITATH CBOU CHUJIbI U CIIOCOOHOCTU, CMOYKET BBIOPATD
JJIsT 9TOTO JIOYIO U3 HUX (B TOM UHCJIE U PEIIeHHY0 — it pa3paboTKi HO-
BBIX METOJIOB KJIACCH(PUKAINI U TIPOBEPKH y2Ke TOJIYYeHHbIX PE3Y/IbTATOB).

[IpuBenem 3TOT HepedeHb B BUjIE CJeAyIoeil TabIuIbl:

PeHOMEHOJIOrNYeCK CUMMETPUYHbIE reOMeTpUn

Nel s | n sn m=mn+2|sn(n+1)/2 | peu. | ucr.

11 |1 1 3 1 + | g

21 1] 2 p 4 3 + 8

31 1|3 3 5 6 + 82

4 1 4 4 6 10 — —

5| 1 |>5] 5,6, 7.8, 15,21,... | — | —

6| 2 | 1 2 3 2 + | 83

712 =20 46,...| 45... | 6,12,... | — | —

8| 3 |1 3 3 3 + |83

9| 3 [>2]69 45, 9.18,... | — | —

0] 4 | 1 3 4 + | 83

1] 4 |>28,12, 4,5, 12,24, | — | —

122521 > 5 >3 =9 — —
HamoMuum, 9TO § — UHCIO KOMIIOHEHT METPUYECKOl (DYHKIMK
f=(f...,f%), Koropas Ha sn-MepHOM MHOIroOOpa3un 3ajaeT GeHOMEeHO-

JIOTUYECKU CUMMETPUYHYIO TeOMETPUIO paHTa m = n-+ 2, rpyIia JBUKeHn i
KOTOpOIt 3aBucuT OT sn(n + 1)/2 HenpepbIBHBIX apaMeTpoB. B mocieanmx
JIBYX CTOJIONAX TaOJIUIbI 3HAKOM ILTIOC CJIeJaHa OTMETKA O PEIleHUN JaH-
HOM 3aj1a91 1 yKasaH rnaparpad, B KOTOPOM HAXOJINUTCS COOTBETCTBYOIIAS
IOJTHAsT KJIACCH(DUKAIIHSI.

Metpudeckne pynknnm, 3aaiomnue na MHOroodbpa3nn (heHOMEHOIOT e~

CKM CUMMETPHUYIHBIC I'€OMETPUM, ABJIAIOTCA HEBLIPDOZKACHHBIMI ABYXTOY€Y-
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where ® is an s-component function of 3s variables. The complete classifica-
tion has only been built for s = 1,2, 3, and 4 and is not available for s > 5.

Thus, the classification of the phenomenologically symmetric geometries
is not finished yet. So it makes sense to present in a visually graspable form
the problems both solved and not yet solved. Then, anyone who would
like to try one’s abilities can choose any of them (the solved included,
for developing new methods of classification and inspecting the results

obtained). We shall represent the list of problems in a table format as

follows:
The phenomenologically symmetric geometries
Nel s | n sn m=mn+2|sn(n+1)/2 | solved | source
1] 1 1 1 3 1 + §2
2 1 2 2 4 3 + §2
3 1 3 3 5 6 + §2
4 | 1 4 4 6 10 — —
51 1 | =251 5,6, 7,8, 15,21, ... — —
6| 2 1 2 3 2 + 83
T 2 | =22 4,6,... 4,5, ... 6,12,... — —
8| 3 1 3 3 3 + 83
91 3 |[=22]6,9,... 4,5,... 9,18,... — —
10| 4 1 4 3 4 + 83
11 4 | >22(8,12,...| 4,5,... 12,24, ... — —
12/>2512>1 > 5 >3 > 5 — —

We shall remind that s is the number of the components of the metric
function f = (f%,..., f*) that defines on an sn-dimensional manifold a
phenomenologically symmetric geometry of rank m = n+ 2 whose group of
motions depends on sn(n + 1)/2 continuous parameters. In the two right-
hand columns the plus sign means that the problem has been solved and
the number of the paragraph is given where the corresponding complete
classification is to be found.

The metric functions defining on the manifold phenomenologically sym-

metric geometries are nondegenerate two-point invariants of some groups
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HBIMU WHBAPUAHTAMI HEKOTOPDLIX IPYIII TPeodpa30BaHuil 3TOr0 MHOT000Opa-
3. 3ajlada UX KJaacCUMUKAIMK TpeJIoiaraia MpeBapuTe/IbHYI0 KIacCH-
dukamuio rpymnmn npeodpaszoBannii ¢ ompeaeIeHHbBIM YNC/I0OM HEITPEPLIBHBIX
napameTpoB. OJHAKO ¢ POCTOM YHC/Ia KOMIIOHEHT MeTPHYEecKoi (pyHKIUn
1 panra (peHOMEeHOJOTNIECKON CUMMETPHIH 33/IaBA€MOil €10 TeOMeTPHUH TPO-
BeJleHne KJjaccupuKaluy Ipyn MpeoOpa3soBaHmil CTAHOBUTCS TEXHUIECKN
OuYeHb CJIOXKHON 3ajadeil. [Io9TOMy ecTecTBEHHO BO3HUKAET BOIIPOC: SIBJIsA-
eTcs JIU TpeiBapuTebias KIacCupuKaIus IpyIn Tpeodpa3oBaHuii MHOTO-
obpazus JieficTBUTEIbHO HeoOXouMoit. Besib JIIsi MHOTHX 13 HUX JIBYXTO-
YedHble HHBAPUAHTHI OKA3bIBAIOTCsI BHIPOKIeHHbIMU. CJ1e/0BaTe/IbHO, NMe-
€T CMBICJI cCHAvYaja YCTAHOBUTH, KAKOMY YCJIOBHUIO JIOJIZKHA YIOBJIETBOPATH
I'pyliia Ipeodpas3oBaHuil, 9ToObI ee JIBYXTOUYEeUHbII NHBApUaHT OblLI HEBbI-
poxjienHbIM. Hampumep, npu nocrpoennu kjiaccudurarmn (3.28)—(3.38)
TPEXMEPHBIX TPUMETPUIECKUX (DEHOMEHOJIOTNYIECKH CUMMETPUUYHBIX T'e0-
MeTpHil paHra 3 TaKUM yCJIOBHEM ObLJIa TPAH3UTUBHOCTHL T'PYIIILI ITpeobpa-
30BaHuil. B 11e/10M ke BOIpoc o JIOMOJTHUTE/IbHBIX OTPAHINIEHNUAX Ha ITPYIIIHI
Tpeodpa30BaHUil, CJIEYIONNX U3 HEBBIPOXKIEHHOCTH UX JIBYXTOYETHBIX NH-
BapUAHTOB, MTOKa OCTAETCS OTKPBITBIM. OTMETHUM eIlle, YTO BCe OTTPe Ie/IeHNsT
1 pe3y/IbTaThl IIaBbl 1 JIoKaabHbI. X riiobanun3alius TpedyeT KauecTBEHHO
HOBOT'O TI1ara B pa3BUTUU METOOB MCC/IeI0BAHN U ABJIAETCA HOBOI Tpo0Jie-
MOil, 3HAUNMOCTH KOTOPOI 00YCJIOBJINBAETCS COJIepyKaTeIbHON NHTEpIIpeTa-
1ueit (heHOMEHOJIOrNIEeCKN CUMMETPUYHBIX NeOMETPUil HE TOJIBKO B CaMOil

reoMeTpHH, HO U B (pU3HKeE.
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of transformations of the manifold. The problem of their classification implied
building up a preliminary classification of the groups of transformations
with the certain number of the continuous parameters. But, with the number
of the components of the metric function and the rank of the phenomenologi-
cal symmetry of the geometry it defines increasing, classifying groups of
motions becomes rather a strenuous task, in the technical sense. So, quite
naturally a question suggests itself: Is a preliminary classification of the
groups of transformations of a manifold really necessary. After all, for many
of them the two-point invariants turn out to be degenerate. Therefore,
it seems to make sense first to establish what condition must a group
of transformations satisfy in order that the two-point invariant of it be
nondegenerate. For example, in building the classification (3.28)-(3.38) of
the three-dimensional trimetric phenomenologically symmetric geometries
of rank 3 such condition was that of transitivity of the group of transforma-
tions. But at large the problem of additional constraints on groups of
transformations following from their two-point invariants being nondegene-
rate is still open. We shall also note that all the definitions and results of
Chapter 1 are local. Their globalization requires a new qualitative approach
in the development of the methods of research and presents a new problem,
whose significance is conditioned by the possibility of essential interpreta-
tions of the phenomenologically symmetric geometries, not only in geometry,

but in physics too.
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I'JTABA 11
dusndeckasi CTPYKTypa KakK reoMeTpus

ABYX MHO>KECTB

§8. ®deHoMeHOJIOTUYECKAS U I'PYyNNOBasi CUMMETPUN

dbuzuvecknx CTpykTyp

[TycTts mMmetorcsa nBa mMHOXKecTBa I m M, gapjdionuecs sm-MepHbIM 1
SN-MEPHBIM MHOI000pasusiMi, TJe S, M U N — HATypaJibHbIe YHCJja, TOUKH
KOTOPBIX OyjieM 0003HAYaTh CTPOUHBIMEU JATHHCKAMU U I'DEYeCKIMEI OYK-
BaMHU COOTBETCTBEHHO, a Takxke dyHKims f : M x N — R, comnocrapiis-
romasl ape (i) u3 obsacru ee onpegertenns Gy C M x I HekoToOpyIo
COBOKYIIHOCTh § BemecTBeHHbIX uncen f(ia) = (fl(ia),..., f(ia)) € R®.
3ameTnM, uTo B obmeM ciydae &y # I x N, To ecrb dbyHKIMA [ He Jto-
6oit mape n3 M X N conocrap/sieT S UCEI, HO B IOCCAYIOMEM H3JI0XKEHNN
yi100H0 B siBHOI 3armcu 3uadernst f(ia) 91oi GyHKIWN j/is mapel (iq) mo/I-
pasymesarh, 4ro (i) € Gf. Obosnauum depe3 U(i) n U(a) oxpecrroCTH
Touek ¢ € M u o € M, wepes U((ia)) — okpectHOCTH Maph! (ia) € W x N
1 aHAJOTUIHO OKPECTHOCTH KOpPTeXKeil M3 JIPYTruX HPsIMbIX MTPOU3BEJICHIMI
MHOXKecTB M 1 N Ha cebs man JIpyr Ha Apyra.

JL1st HEKOTOPBIX KOpTeXKeit (o . .. ) € M™ m (i1 ... 10,) € " BBesEM
dbyuknn [ = flag ... qp]u ff" = fli1 ... i,], conocrass Toukam i € 9N
na € Nroukn (f(ian),..., fliay)) € R u (f(ih1a),. .., f(i,a)) € R,
ecJi Tapbl (1aq), . . ., (iay,) 1 (1), . . ., (iya) npunajexar Gy, 3amerny,
gro ¢pyuknun [ u f He 00s3aTEIBLHO ONpPE/IeTICHBI BCIOAY Ha MHOXKECTBAX
9N u N. bynem npejinosiaraThb BHIIOJIHEHTE CJIEIYIONINX TPEX aKCUOM:

I. Obnacrs onpejenenua Gy dyukuuu f ecTb OTKPHITOE U IIJIOTHOE B
I X I MHOZKECTBO.

II. ®yuxnus f B 00J1aCTH CBOETO OIPEJIe/ICHIS JIOCTATOTHO TJIaIKas.

III. B 91" u 9" 110THBI MHOXKECTBA TaKIX KOPTerKell JIJINHBL 1M U N JJIs
KOTOpbIX (yHkiuu f u f" uMeroT MakCcuMaJbHbIe PAHTU, PaBHBIE SM U

SN, B TOUKax IUIOTHBIX B N 1 YT MHOXKECTB COOTBETCTBEHHO.
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CHAPTER I1
A physical structure as a geometry of

two sets

§8. The phenomenological and group symmetry of

physical structures

Let there be two sets 9T and 1 that are an sm-dimensional and an sn-
dimensional manifolds, where s, m and n are natural numbers, whose points
we shall designate by Latin and Greek lower-case letters respectively, and a
function f : M x N — R* that assigns to a pair (ia) from its domain &5 C
I x N some collection of s real numbers f(ia) = (f1(ia), ..., f*(ia)) € R,
We shall note that in the general case G; # 9 x N, i.e. the function f
does not assign s numbers to every pair from 9T x O but in the further
discussion it will be convenient in the explicit writing of the value f(ic) of
the function for a pair (icr) to consider that (ia) € &y. We shall designate
by U(i) and U(«a) the neighbourhoods of the points i € 9t and o € N and
by U((ia)) the neighbourhood of the pair (ia) € 9 x N, and similarly for
the corteges from the other direct products of the sets 9 and 91 each by
itself of by each other.

For some corteges (ay...q,) € N™ and (i;...i,) € ", we shall
introduce a function f™ = flay...ay] and f* = fliy...1,], by assigning
to the points i € 9 and o € N points (f(iay),..., f(iay,)) € R*™ and
(f(hha), ..., fina)) € R if the pairs (iay), . . ., (iq,) and (1), . . ., (i,q)
belong to & . We shall note that the functions f™ and f" are not necessarily
defined everywhere on the sets 9t and 1. We shall assume that three axioms
hold as follows:

I. The domain & of the function f is a set that is open and dense in
M x N.

II. The function f in its domain is sufficiently smooth.

III. In YU and 9" the sets of corteges of lengths m and n are dense
such for which the functions f” and f" have maximal ranks equal to sm

and sn in the points of sets dense in 9T and Nrespectively.
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JlocraTouHas IJIaJIKOCTh O3HAYAEeT, UTO B 00JACTH CBOErO OIIPEee/IeHHsI
HellpepbiBHA Kak caMma (QpYHKIHsSI f, TaK 1 BCe ee IPOM3BOJIHbIE JOCTATOY-
HO BBICOKOI'O HOpsijKa. [aaKyo GYHKIUIO f, A1 KOTOPOR BBIIOJIHSIETCSI
yesioBue 111, Oynem HA3BIBATL He6biposcIeHoll. 3aMEeTIM TaKzKe, ITO Or'pa-
HundeHnd B akcuomax I, I, IIT oTKpbITbIMI 1 TIJTOTHBIMEI TOJMHOXKECTBAMMI
CBsI3aHO C T€M, YTO MCXOJHbIE MHOXKECTBa MOI'YT COJEPrKaTh NCKJIIOUUTE/ b
HbIE [IOJIMHOYKECTBa MeHbIIIell pa3MEePHOCTH, TJie 9TU aKCUOMbI He BbIIIOJIHSI-
I0TCH.

Beejgem eme dyuknuio F, conocrapisist kKoprexy (ijk...v,afy...T)

AmHbL m 4+ n + 2 uz M x N rouky (f (i), F(iB),. .., f(vr)) €

Re(m+1)(n+1) - goopaunars: koropoit 8 R+

OLIPEJIC/ISIOTCS YIIOPSIIO-
YEHHOM 110 UCXOIHOMY KOPTEXKY II0CJIE0BATEILHOCTBIO 3HAYeHIH DyHKIINN
f nns Beex map ero sementos ((ia), (i), ..., (vT)), ecanm 9TH MApHI IPH-
najtexar G y. O61acTh olpe/iesenns BBeIeHHO N QYHKINN €CTh, OUeBH/IHO,
OTKpbITOE 1 110THOE B I H X M™F! MmoxkecTBO, KOTOpOE 0603HAYNM Yepes
Sr.

Onpenenenne 1. Byjem rosoputs, uro dynxuus f = (f1,..., f%) za-
JlaeT Ha SM-MEPHOM U sn-MepHOM MHorooOpasuax I u N dusuueckyro
cmpykmypy (PeHOMEHON02UNECKU CUMMEMPUIHYIO 2E0MEMPUIO 08YT MHO-
orcecms) parea (n+1, m=+1), eciu, kpome axcuom 1, 11, 111, gomosaurenbHO
BBINOJIHSIETCA CJIS/LyIONast aKCHOMA:

IY. CymecrByer miotHoe B G p MHOXKECTBO, JJISI KayKJIOIO0 KOPTEXKa
(ijk...v,afy ...T) JmHLL M 4+ n + 2 KOTOPOrO U HEKOTOPOii €ro OKpecT-
noctn U((i...T)) Hafijercs Takas JOCTATOYHO TJIJIKAasT S-KOMIIOHEHTHAS
byukius ® : £ — R®, onpejesennas B HeKoTopoit obuactn £ C R¥MA(+1))
copepskaineit Touky F'({i...7)), aro B Heil rang ® = s u MHOXKECTBO
FU((i...T))) aBasgeTcs MOJIMHOKECTBOM MHOXKeCTBa HyJeil dbyHkimn @,

TO €CTh
O(f(ia), f(iB), ..., f(vT)) =0 (8.1)
st Beex Koprexeit u3 U((ijk...v,afvy...T)).
Akcroma 1Y cocrasiger cofeprkanme TpUHIHANTA (HEHOMEHOJIOTHICCKOIT

cumMerpur. YpasHenusi (8.1) 3a1aior s (DYHKIMOHAIBHBIX CBSA3El MeXK Ty

s(m+1)(n+1) u3mMepsieMbIMI B ONBITE 3HAUCHUSIMU S (PUINIECKUX BEJININH
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Sufficient smoothness means that both the function f and all its derivatives
of sufficiently high order are continuous in the domain of the function f. We
shall call a smooth function f that satisfies Condition III a nondegenerate
one. We shall also note that the restriction in Axioms I, II, and III by
open and dense subsets is due to the possibility that the original sets may
contain exceptional subsets of smaller dimensionality where those axioms
do not hold.

We shall also introduce a function F', by assigning to a cortege (ijk . .. v,
afy ... 1) of length m+n+2 from M x9N the point (f(ic), f(i3),. ..,
f(vr)) € REFDH) whose coordinates in R* T+ are determined by
the series of values of the function f for all the pairs of the elements of
the original cortege ({ia), (if3),...,(vT)) ordered by that original cortege
if all those pairs belong to G;. The domain of the function introduced is,
obviously, a set open and dense in 9" x M+ We shall designate it by
Gr.

Definition 1. We shall say that the function f = (f!,..., f*) gives on
an sm-dimensional and an sn-dimensional manifolds 9t and 91 a physical
structure (a phenomenologically symmetric geometry of two sets) of rank
(n+1,m+1) if, in addition to Axioms I, II, and III, one more axiom holds
as follows:

I'Y. There exists a set dense in & for whose every cortege (ijk . .. v, a7y

..7) of length m 4+ n 4+ 2 and some neighbourhood U({(i...T)) of it a
sufficiently smooth s-component function ® : £ — R® may be found defined
in some region & C R*TN+) that contains the point F({i...T)), such
that rang ® = s and the set F(U((i...7))) is a subset of the set of zeros
of the function ®, that is

O(f(ia), f(iB), ..., f(vT)) =0 (8.1)

for all the corteges from U ((ijk...v,aB7y...T)).
Axiom IY gives the essence of the principle of phenomenological symmetry.
The equations (8.1) define s functional relations among s(m + 1)(n + 1)

values of s physical quantities f = (f1,..., f*) measured by experiment
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f=(fY ..., f%) u aBasgroTCA aHAINTHYECKUM BbIpasKeHneM (hU3HICCKOro
3aKOHa, 3aIICAaHHOI0 B (DEHOMEHOJIOTNYECKN CUMMETPUYIHOI (hopme. YVeiio-
srie rang ¢ = s oznavaer, uro ypasuenns ¢ = 0 (ro ectb &1 =0,..., D, =
0) HE3ABUCUMBI.

[ycrs o = (2, ..., 2°™) u & = (&1,...,€%") — noKasbHBIE KOOPAMHATDI
B MHOTOOOpasusax M u M. s ucxoanoit pyHKIUN f B HEKOTOPOIT OKPECT-
nocrtn U (i) x U(a) xazoit napsl (ic) € G mnostydaeM TOIVIA JIOKATBHOE

KOOPJAUHATHOE [IPeCTaB/ICHIe

cBoiicTBa KoTOpOTro onpenensdiorca akcnomamu 11 n II1. TTockonbky mo ax-
cuoMe III panrm pyuxnuii f™ n f" MakcuMaabHbI, KOOPAUHATEI X U £ BXO-
JAT B mpejicTaBiienne (8.2) cyiecrBeHHbIM 00pasoM. [locsenee o3nadaer,
YTO HUKaKas TJiajKas JOKaJIbHO oOpaTuMas 3aMeHa KOOpPJ/IMHAT He IpUBe-
JIeT K YMEHBIIEHNIO UX TUCTa B IPECTaB/IeHnn (8.2), TO eCTh HU JJis KAKOi

JIOKAJIBHOI CUCTEeMBbI KOOpAuHaT €ro HEBO3SMO2KHO 3alliCaTb B BH/IC

f(ZQ> = f(lev"wxzm/vgév'“762/)7

riae wmm’ < sm, uaun’ < sn. JeiictBurensno, ecam, Haupumep, m’ < sm,
TO Jist JII0O0TO Koprexka (o ...ap,) € (U(a))™ miuHbl m u jjist Jio0oi
roukn u3 U(1) panr dyakiun [ = flag ... q,) Oyler 3aBejoMo MeHbIIe
sm, 4ro nporuBopednT akcuome III. 3amernm, ojHako, 9TO CyIIECTBEH-
Hasl 3aBUCHMOCTD IpeJIcTaB/ieHns (8.2) 0T JIOKATBHBIX KOOPJUHAT T; U &,
erie He rapanTupyeT BoinosiHenns akcnoMbl 111, To ects pn Haamanm Beex
KOOD/INHAT B JTIOOOM TAKOM TpeJCTaBIeHIN (DYHKIUA f MOYKET 0Ka3aTbCst
BBIPOK/JICHHOI.

Oynkumo f = (f1,..., f*) GygeMm paccMaTpuBaTh KaK MeTPUYECKYIO B
PeOMETPHH JIByX MHOXKeCTB. Ho TOCKOJIBKY § paccTosibmit f(ic) onpeiesieHbl
JIJIST TOUEK Pa3HBIX MHOXKECTB, OOBITHbBIE aKCUOMbBI METPUKH 3/1€Ch HE MMEIOT
CMBIC/IA.

Ucnonb3ys npejcrasiienue (8.2), 3aluiieM JIOKaJIbHOe KOOPJANHATHOE 3a-

Janue JIIs BBeJIeHHON Bbllle pynxkmum F:
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and are an analytical expression of a law of physics written in the
phenomenologically symmetric form. The condition of rang & = s means
that the equations & =0 (i.e. &1 =0,..., P, = 0) are independent.

Let . = (21,...,2°) and & = (&1, ..., €%") be local coordinates in the
manifolds 9T and M. Then for the original function f, we have, in some
neighbourhood U(7) x U(a) of every pair (ia) € &y, the local coordinate

representation

whose properties are determined by Axioms II and III. Since under Axiom
IIT the ranks of the functions f™ and f™ are maximal, the coordinates x and
¢ are included in the representation (8.2) in an essential manner. The latter
implies that no smooth local invertible change of coordinates may result in
their number in the representation (8.2) being decreased, i.e. it may not, in

any local system of coordinates, be written as

/

flio) = [y, o & &),
where either m’ < sm, or n’ < sn. Indeed, if for examplem’ < sm, then for
any cortege (aq...ay,) € (U(a))™ of length m and for any point of U(7)
the rank of the function f™ = fla; ... ;) will a fortiori be less than sm,
which is in contradiction with Axiom III. We shall note, however, that the
essential dependence of the representation(8.2) on the local coordinates x;
and &, is not a sufficient guaranty of Axiom III being satisfied. That is, the
function f may turn out to be degenerate, with all the coordinates present
in any such representation.

We shall consider the function f = (f1,...,f*) as a metric one in a
geometry of two sets. But since s distances f(ic) are determined for the
points of more than one set, the ordinary metric axioms are of no sense
here.

Using the representation (8.2), let us write the local coordinate definition

for the function F' that we have introduced:
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\

flia) = f(zi, &),

..................

Of (i) Of (ia)
o O 0 0 o 0 0 0
(8.4)
0 0 0 aj(;(;”) 0 0 .. 0 61;?7)

mveer s(m + 1)(n + 1) crpok u s(2mn + m + n) croabuos. 3aech gepes

Of /O0x u Of /O& KpaTko 0OO3HAUEHBI COOTBETCTBYIOIIIE (DYHKITHOHATBHbIC

MaTPHIbL [1yid KoMionenT dyukmun f = (f1 ..., f*) no kooppunatam x =
(..., 2*™) u & = (£, ..., €M) cooTBeTCTBEHHO:
oft/oxt - Oft/oxs™m
of |ox = 7
6fs/ax1 afs/xsm
0F' /06" - of foe"
of |0¢ =
afsjogt --- of /o™

Bamanune (8.3) gt dyuknun F npejcrasiser coboii cucremy s(m +

(n + 1) dynxunit f1(ic),. .., f5Ga), ..., f{(ur),..., f(v7), cnennan-
HBIM 00Pa30M BaBUCSIIMX OT $(2mmn + m + n) HepeMeHHbX T, ..., z5",

L EL L €8 — KoopuHaT Beex Touek Koprexka (ijk...v, ay...T) JmHbI
m + n + 2. IlockosbKy uncio ¢yukmuii B cucreme (8.3) He GoJsibie 00-
Iero 9uc/ia MepeMeHHbIX, Hajnane cBsi3n (8.1) sB/isgercs HeTPUBUATIBHBIM

daKkTOM, HE UMEIOIINM MeCTa, JIJId TPOM3BOJILHBIX (PYHKIINI B 9TOI CHCTEME.
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3\

flic) = f(xi,&a),
f(iﬂ) = f(l“z', 56),

.................. > (8.3)
For) = (&), |
whose functional matrix
a";(ij‘) 0 .. 0 0 8"(;(;;‘) 0 .. 0 0
......... (8.4)
0 0 .. 0 a];(;;) 0 0 .. 0 agg)

has s(m + 1)(n + 1) rows and s(2mn + m + n) columns. Here, by 0f/0x
and 0f /O the respective functional matrices are briefly designated for the
components of the function f = (f1,..., f*) with respect to the coordinates

r=(zl,...,2%) and £ = (£1,..., &) respectively:

of' )0z - Bftjorm
of)ox = ,
oft/oxt - Offam
o' /0" - oo
Of O =
of/ogt - of*/og™

The definition (8.3) for the function F' is a system of s(m + 1)(n +
1) functions fl(ic),..., fé(i),..., ff(v7),..., f*(v7) that depend in a
special manner on s(2mn +m +n) variables x}, ..., &f™, ... &L €50 —
the coordinates of all the points of the cortege (ijk...v, aB7...T7) of length
m + n + 2. Since the number of functions in the system (8.3) is not more
than the total number of the variables, the presence of the relation (8.1) is

a nontrivial fact, not taking place for arbitrary functions in that system.
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PaccmoTpennble B 1IepBoil rjiaBe reOMeTPUN OJHOTO MHOYKECTBA MTOKA3bI-
BalOT, YTO UX (PEHOMEHOJIOTHIECKAA 1 IPYIIIOBas CHMMETPUH B3aUMHO 00Y-
CJIABJIMBAIOT JAPYr Jpyra. Tak, CBI3b MEXKJy IIEeCThIO PACCTOSTHUSIMU JIJIsT
JIIOOBIX YeThIpexX TOYEK B JIBYMEPHOI IreoMeTpuu, He 00si3aTe/IbHO €BKJIU-
JIOBOI1, IIPUBO/IUT K CYIIIECTBOBAHUIO B HEIl TpexiapaMeTPUIeCcKOil I'PYIIIbI
npuzkennit. Ho nBuzkenne B reoMeTpun ABYX MHOXKECTB NMEET CBOIO CIIEIU-
JUKY, OTIIMIHYIO OT IPUBBIYHBIX CBOICTB JBHKEHHSI B T€OMETPUU OJHOI'O
MHOYKecTBa. [ToaToMy HeoOX0anMO 1aTh TOUHBIE OIpPEIeICHNUS.

[Tox JioKaJIbHBIM JBMKEHHEM B reoMeTpun JAByX MHOxKecTB I u DT Oy-
JIeM IIOHHMAaTh TaKylo Iapy B3aUMHO OJHO3HAUHBIX IVIAJKIX OTOOParKEeHMIT

(mpeobpazoBaHmii )
AN:U—-U uo: V-V, (8.5)

rie U,U CMu V, V' C N — orkpoiThie 061aCTH, IIPU KOTOPBIX (PYHKIIA
f coxpansgerca. Ilocienmee o3nadaer, 4To i Kaxkaoit napsl (i) € Sy,
takoii utoi € U, a € Vu (i'd/) € &y, rnei’ = \i) e U', o/ =0o(a) € V',

nMeeT MeCTO paBEHCTBO

FA(@),0(a)) = f(ia), (8.6)

BBITIOJTHATIONIeeCs [T KazK0i 13 KoMmmonenT f1, ..., f* dynxmun f.

MHozKecTBO Beex JBIzKeHUi (8.5) ecTh JIOKaIbHas IPYIIa Mpeodpa3oBa-
HUIl, 711 KoTopoit dyHKImst f, coracHo paBeHcTBY (8.6), siByisteTcst d6yx-
moueunvim unsapuarnmom. IlpeobpasoBanns A n o B nBrmzKeHusix (8.5) camu
COCTABJISIIOT JIBE OT/IeJIbHBIE TPYIIIIBI, & IPYIIIa JIBUZKEHI €CTh UX B3aNMHOEe
paciupenue. Ecin dyukiusg f u3BecTHa, HAIpUMeEp, B CBOEM JIOKAJIbHOM
KOODJIMHATHOM TIpejicTaBjiernn (8.2), To paBeHcTBO (8.6) mpejcTaBsieT co-
6ot (pyHKIMOHAJILHOE YpaBHEHUE OTHOCHTE/IBLHO IIPeodpas3oBaHuil A u o.
Hawm xe o ¢dyHKIMN f n3BECTHO TOJIBKO, 9TO OHA HEBBIPOXKICHA U YIOBJIE-
TBOpsieT HEKOTOpOil cucreMe s HezaBucuMbix ypasaenuit (8.1). Ho sToro
OKa3bIBACTCS JIOCTATOYHO JIJIsi YCTAHOBJIEHUsT PpaKTa CYIIEeCTBOBAHUS TPYII-
bl ee JIBUZKEeHUIT, 3aBUCHIIEIl 0T Smn napaMeTpOB.

Onpegnenenne 2. Byiem rosoputh, uro dyuxmus f = (f1,..., %) za-
JIaeT Ha SM-MEPHOM U SN-MepHOM MHOroobpasuax M u N 2eomempuro deyx
MHOHCECNG, HAJEAEHHYIO 2PYNNOBOT CUMMEMPUET, CMENEHU SMN, €CJIH,

kpoMme akcuom I, II, III, BeImosHsieTca emé u cieayronas aKCHOMa:
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The geometries of one set discussed in Chapter I demonstrate that their
phenomenological and group symmetry mutually condition each other. Thus,
the relation among the six distances for any four points of a two-dimensional
geometry, not only the Euclidean one, results in the appearing of a three-
parameter group of motions in it. But motion in a geometry of two sets is
specific, and very different from that in a geometry of one set. That is why
it is pertinent that exact definitions should be given.

Under the name of a local motion in a geometry of two sets 91 and N
we shall understand such a pair of biunique (one-to-one) smooth mappings
(transformations)

AN U—-U uo: V-V, (8.5)

where U, U’ C 9t and V, V' C N are open regions, at which the function
f is preserved. The latter means that for every pair (ic) € Sy, such that
ieU, aeVand (d) € &, where i’ = \(i) € U, &/ = o(a) € V', the
equality

fA@),0(a)) = [flia), (8.6)

takes place for each component f!,..., f* of the function f.

The set of all motions (8.5) is a local group of transformations for which
the function f, under the equality (8.6), is a two-point invariant. The
transformations A and ¢ in the motions (8.5) are themselves two separate
groups, and the group of motions is their mutual extension. If the function f
is known, in its local coordinate representation (8.2), for example, then the
equality (8.6) is the functional equation with respect to the transformations
A and 0. However, we only know about the function f that it is nondegenerate
and satisfies some system of s independent equations (8.1). But that turns
out to be enough to establish the fact of existence of the group of motions
of it depending on smn parameters.

Definition 2. We shall say that the function f = (f,..., f*) gives on
an sm-dimensional and an sn-dimensional manifolds 99T and 9T a geometry
of two sets endowed with a group symmetry of degree smn if in addition to

Axioms I, II, and III, one more axiom holds as follows:
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IY'. Cymecrsyior orkpeiThie 1 mwioTHbie B 90T u O MHOXKEeCTBa, J1Jist BCEX
TOYEK ¢ U (v KOTOPBIX OlpejiesieHbl 3(pdeKTUBHbIE TVIaJIKIe JeficTBIA Smn-
MEpHOIi JIOKaJIbHO# rpytnbl JIu B HEKOTOPBIX OKpecTHOCTAX U (i) n U(w),
Takne 4To JeiictBus ee B okpectroctsax U (i), U(j) u U(a), U(B) Touex i, j
1 «, 3 coranator B epecedennsax U (i) U (j) u U(a)NU(B), n dyuxims f
SIBJIIETCS JIBYXTOUYCYHBIM NHBAPUAHTOM TI0 KarKJ0i M3 CBOMX S KOMITOHEHT.

Hanomuum, uto rpynmsr JIu npeobpazoBanuii riiajkux MHOTN0OOpas3nii
ObLin onucannl B §1 mepes popMmyinpoBkoil anajgorndnoit akcuombl 1V B
reOMeTPUN OJHOTO0 MHOYKeCTBa. [ pymbl mpeodpa3oBanmii, 0 KOTOPBIX TOBO-
purcs B akcnoMme 1Y’ HacTosiero maparpada, onpeesisiioT CBOeoOpasHyIo
JIOKAJIbHYIO TOJIBIZKHOCTD yKecTKuxX (huryp ("TBepiapix Tea") B MpocTpaH-
crBe I X N ¢ smn creneHsiMi CBOOOJBI. 3aMeTUM, UTO IVI00AJILHOI I10-
JIBUYKHOCTH TIPH 9TOM MOYKeT U He ObiTb. MHOKecTBO map (i), Jist Ko-
TOpbIX PYHKIMA [ onpejiesieHa n OJHOBPEMEHHO SIBJISIETCS JIBYXTOUEIHBIM
MHBapUaHTOM, OYEBUJIHO, OTKPHITO U IIOTHO B T X .

Corsacuo akcuome 1Y’ Ha OTKPBITBHIX U IIOTHLIX B T 1 <N MHOKECTBAX
3aJaHbl SMN-MepHble JIMHEHbIe ceMelicTBa, IVIaJKNX BEKTOPHBIX moJjeit X
1 =, 3aMKHYTbhIe OTHOCUTEILHO OllepPAI KOMMYTHPOBAHUS, TO €CTh aJred-
pol JIu rnpeobpazoBanuii. B HEKOTOPBIX JIOKAJBHBIX CHCTEMAX KOOD/MHAT B
MHOT000Opa3usx I u I 6aznucHbIe BEKTOPHBIE OIS 9TUX CEMENCTB 3aIThIIeM
B OIlepaTOPHOIl popme:

X, = M(x)0/0xH,
=, = 01(6)0/0¢"

rie w = 1,...,smn, a no "HembIM'"UHJIEKCAM [t U ¥V TIPOU3BOJIUTCS CyMMU-

(8.7)

posanue ot 1 1o sm u ot 1 1o sn coorBercTBeHHO. [0 KpuTepuio nHBapu-
aaTHOCTH yHKIWs f (i) OyaeT HHBAPUAHTOM JIOKAJIBHON TPYIIIBI TPE0D-
pazoBanuii Hekotopoii okpecrnoctn U (i) X U(a), TO ecTh JIByXTOYETHBIM
MHBAPUAHTOM, B TOM W TOJBKO B TOM CJIydae, €C/Ji OHa MOKOMIIOHEHTHO

VAOBJIETBOPAET CUCTEME SN YPaBHEHUI
Xo (i) f(icr) + Eu(a) f (i) = 0 (8.8)

¢ orepartopamu (8.7):

Ag(i)% + 0% () 2L — (8.9)

2 6€a
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IY'. There exist sets open and dense in 9T and D for all the points 7 and
« of which effective smooth actions of an smn-dimensional local Lie group
are defined in some neighbourhoods U (7) and U(«), such that its actions in
the neighbourhoods U (i), U(j) and U(«),U(B) of the points 4,7 and «, 3
coincide in the intersections U(i) NU(j) and U(a) NU(B) and the function
f is a two-point invariant in each of its s components.

We shall remind that groups of Lie transformations of smooth manifolds
were described in §1 when a similar axiom, Axiom IV’ was formulated of a
geometry of one set. The groups of transformations in question in Axiom
IY” of this paragraph define a peculiar local mobility of rigid figures ("solid
bodies") in the space M x N with smn degrees of freedom. We shall note
that global mobility is not necessarily implied. The set of pairs (ia) for
which the function f is defined and is simultaneously the two-point invariant
is, obviously, open and dense in 99T x 1.

Under Axiom IY’, there are smn-dimensional linear families of smooth
vector fields X and = defined on sets open and dense in 9t and 91 that are
commutation closed, i.e. algebras of Lie transformations. We shall write the
basic vector fields of these families, in some local systems of coordinates in

the manifolds 9T and O, in the operator form:

X, = M(x)0/0x",
- j(x) / ’ (8.7)
:w - Jw(5)8/8€ )

where w = 1,...,smn, and with respect to "mute" indexes p and v

summation is performed from 1 to sm and from 1 to sn respectively. By
the criterion of invariance, the function f(i«) will be the invariant of the
local group of transformations of some neighbourhood U (i) x U(«), i.e. a
two-point invariant, if and only if it satisfies component-wise a system of

smn equations
Xo(#) f (i) + Zu(a) f (i) = 0 (8.8)

with the operators (8.7):

2y 220 4ot

=0, (8.9)
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rae N (i) = My(ai) = M(ai, ... 27™) mof(@) = 0(&a) = 0l(&a, - - &),

Teopema 1. Ecau gynxuus [ = (f1,..., f%) sadaem na sm-meprom u
sn-meprom mroz2006pasusr M u N 2eomempuro dsyx mmoscecms, Hade-
ACHHYIO 2PYNNOGoT CUMMEMPUET Cmeneny, Smn, mo OHa Ha MET HCE MHO-
2000pasuAT 3adaem Puauneckyio cmpykmypy (PeHomMenoi02uNecKY CuM-

MEMPUUHYIO 2e0MeMPUI0 06YLT mnoocecms) parea (n+ 1,m + 1).

Teopema 2. Ecau ¢ynxuyus f = (f1,..., f%) sadaem na sm-meprom
U sn-meprom MmHoz000pasusr M u N Pdusuveckyro cmpyxmypy (derome-
HOAORUYECKY, CUMMEMPUYHYIO 2e0MEMPUI0 8YyT MmHodcecms) panea (n +
I,m 4+ 1), mo ona Ha mex orce MHO2000PAZUAT 3a0a€M 2€0MEMPUIO ISYL

MHOIHCECTNG, HCZ@&/L@HH@J?O 2pynn0601‘2 cummempuez'z cmeneru smin.

[TostabIE JTOKA3ATETHLCTBA CHOPMYJTUPOBAHHBIX BBIIIE TeOpeM 1 1 2, KaxK-
Nast M3 KOTOPDLIX SBJISAETCA 0OPATHOI 0 OTHOIIEHUIO K JIPYTOi, MOXKHO Hali-
i B §1 Monorpadun asropa [24]. Ux ciejcrBuem siBjsieTcst BbIBOJ, 00 9K-
BUBAJIEHTHOCTH (DEHOMEHOJIOTNYECKO U IPYIIIIOBON CUMMETPUil reOMeTpHUH
JIBYX MHOYKECTB, 3a/[aBaeMOil Ha SM-MEpPHOM U SN-MEpPHOM MHOT00Opa3MIX

I u N s-KomoHenTHoOlH MeTpuyeckoit dynknumeit f = (f1,..., f%).

Teopema 3. Jlaa mozo, umobw gynxuus [ = (f1,..., f*) sadasara na
SM-MEPHOM U ST-MePHOM MH02000pasusx I u N ceomempuro d6yx mHo-
2HCECTNB, HADCAEHHYIO 2DYNNOBOT CUMMEMPUET CMENEHU SN, HE0OT00UMO
u docmamouno, ¥mobvl OHG HA MET HCE MHO2000pa3UAT 3ada6ara Gusuve-
CKY0 cmpykmypy ((PeHomMeHoN02UMECKU CUMMEMPUYHIYIO 2C0MEMPUIO OSYL

mmoorcecms) parea (n 4+ 1,m+1).

B caenyromiem §9 npusejieHa 1mosiHasi KiaaccuuKalnus OJHOMETPIIECKIX
(s = 1) dusmueckux cTpyKTYp Mpou3BoibHOrO panra (n+ 1, m+ 1). 3ame-
TUM, 9TO JJId § > 2 IOJIHAd KaacCUDUKAIMS MOJIUMETPUICCKIX (pu3nde-
CKUX CTPYKTYp panra (n+ 1,m + 1) eme we nocrpoena. OHAKO 1 110 HUM
HOJIYUEHBl HEKOTOPBIE IPEIBAPUTEIbLHBIC PE3YJIbLTaThl. B 4acTHOCTH, yCTa-

HaBIMBaeMas TCOPEMOil 3 SKBUBAJIEHTHOCTHL (DEHOMEHOJIOIMIECKO U TPYII-
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where M(i) = M (x;) = M(xl, ..., 25™), o¥(a) = 0%(&) = o4 (EL, ... &),
Theorem 1. If a function f = (f1,..., f*) gives on an sm-dimensional

and an sn-dimensional manifolds O and N a geometry of two sets endowed
with a group symmetry of degree smn then, on the same manifolds, it gives
a physical structure (a phenomenologically symmetric geometry of two sets)
of rank (n +1,m+1).

Theorem 2. If a function f = (f1,..., f%) gives on an sm-dimensional
and an sn-dimensional manifolds M and N a physical structure
(a phenomenologically symmetric geometry of two sets) of rank (n+1, m+
1) then, on the same manifolds, it gives a geometry of two sets endowed

with a group symmetry of degree smn.

The complete proofs of these theorems, that are each the inverse of the
other, may be found in §1 of the author’s monograph [24|. Their corollary is
the conclusion about the phenomenological and the group symmetries of a
geometry of two sets defined on an sm-dimensional and an sn-dimensional
manifolds 91 and 91 by the s-component metric function f = (f1,..., f%)

being equivalent.

Theorem 3. For a function f = (f',...,f%) to define on an sm-
dimensional and an sn-dimensional manifolds M and N a geometry of
two sets endowed with a group symmetry of degree smn it is necessary and
sufficient that it should give, on the same manifolds, a physical structure (a

phenomenologically symmetric geometry of two sets) of rank (n+1, m+1).

In §9 a complete classification of unimetric (s = 1) physical structures of
arbitrary rank (n + 1,m + 1) will be given. We shall note that for s > 2 a
complete classification of polymetric physical structures of rank (n+1, m+
1) has not been built yet. However, with respect to those functions too some
preliminary results have been obtained. In particular, the equivalence of the

phenomenological and group symmetries established by Theorem 3 was
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MoBOIT cuMMeTpHit 6blIa HCIoB30BaHa aBTopoM [25], [26] mpu mocTpoennn
KJIACCH(DUKAIIN JIBYMETPUIECKUX (DU3MUECKIX CTPYKTYp panra (n + 1,2),
TO €CThb JiIst ciaydass s = 2 u m = 1, n > 1. Dra Kiraccudukalms
npuBegena B §10 Hacrosmeit monorpadun. Kpome Toro, mockoJibKy Tpu-
MeTpudecKne pU3NIecKe CTPYKTYPhI panra (2,2) MOMyCKAIT TpeXMepPHbIe
I'PYIIIBI JIBUZKEHUI, OKA3a/JI0Ch BO3MOYKHBIM TI0 UMEIOIIeiics Kaaccuduka-
IUU TPeXMepHbIX ayredp JIn TpaH3UTUBHBIX IIpeodpa3oBaHUil MpPOCTPaH-
crBa [17] nocrpours B MoHorpadguu [24] u ux mOJHYIO KIaCCUDUKAIIIO,
KOoTOpasi mpuBejieHa B ToM ke §10.

OcoOblit mHTEpeC MPeICTABISIOT KOMILIEKCHbBIE (DPU3UIECKNE CTPYKTYPHI.
Hampuwmep, FO.C. Bragmvnpos [27] komiutekcHyio cTpykTypy panra (3,3)
UCIIOJIb30BaJ JIjIT OOOCHOBAHUS Pa3MEPHOCTH W CUTHATYPBI KJIACCHIECKO-
ro IpocTpaHcTBa-BpeMenn. KomiuiekcHbie pusndeckne CTPYKTYphI OoJiee
BBICOKOI'O PaHra ObLIN IIPUMEHEHbBI UM JIJIsI IIOCTPOEHHST eIMHOI Teopun ¢u-
3UYECKUX B3aNMOJICIICTBUIL.

C MareMaTHuecKOil TOUKN 3peHust KOMILIEKCHbIE (DU3NIECKIE CTPYKTYPhLI
eCTb YACTHBII CJIyvail BEIeCTBEHHBIX JIBYMETPHIECKUX (PUBNUIECKUX CTPYK-
Typ. [ToaTomy, ecmm 661 OBLIA TTOCTpOEHA TOIHAS KIACCUMDUKAIIS TTOC/IE/I-
HUX, TO 110 Hell MOXKHO OBLIO Obl BOCIIPOM3BECTU COOTBETCTBYIONILYIO KJIAC-
cudukaiumo neppbix. KoMiiekcuble GpusndecKne CTPYKTYPbl MOTYT OBITh
TaKzKe MOJTyUeHbl U3 BEMECTBEHHBIX OJJHOMETPUIECKIX C MTOMOIIBIO X KOM-
IIeKCU(UKAIIT, COCTOAIIEH B 3aMeHe BEIeCTBEHHBIX KOOPIMHAT U (PYHK-
it KomrieKcHbIMu. OJTHAKO TIPU 9TOM HET HUKAKOW TapaHTHH TOTO, YTO
OJIy JAIOTNASICS KJIACCUPUKAIA KOMILIEKCHBIX (DPU3MIECKUX CTPYKTYP OKa-

JKeTCsl TIOJIHOM.

§9. Kutaccudukanusi ofHOMETPUYIECKUX

dbuzniecknx CTpykTyp

Cortacuo §8 ogHOMeTpIYecKas peHOMEHOJTOTHIeCKN CUMMETPUYHAS [eO-
MeTpust JIBYX MHOXKeCTB (usmdeckast cTpykrypa) paura (n+ 1,m + 1) B
OOIIX YepTax U KPaTKO MOYKET ObIThb OlpejeeHa CJeIyOnuM 00pa3oM.

[Tycts MmuOKecTBa 90T 11 O ecTh COOTBETCTBEHHO M-MEPHOE U NM-MEpPHOE
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used by the author [25], [26] in building the classification of the dimetric
physical structures of rank(n + 1,2), i.e.for the case of s = 2 and m =
1, n > 1. That classification is given in §10 of this monograph. Besides, since
trimetric physical structures of rank (2,2) allow three- dimensional groups
of motions, it turned out to be possible to use the classification available in
[17] of three-dimensional Lie algebras of transitive transformations of the
space to build the classification of the physical structures of rank (2,2) too
(given in §10 of this monograph an in the monograph [24]).

Of special interest are complex physical structures. For example, Yu.S.
Vladimirov [27] used a complex structure of rank (3,3) in a theoretical
justification of the dimensionality and signature of the classical space-time.
He used complex physical structures of higher rank for building a unified
theory of physical interactions.

Mathematically, the complex physical structures are a special case of
real dimetric physical structures. So, if a complete classification of the latter
should be built one of the former could be reproduced after it. Also, complex
physical structures may be derived from real unimetric ones, by way of
their complexification which consists in replacing of the real coordinates
and functions by complex ones. But that method does not carry with itself
any guaranty of a classification of the complex physical structures expected

to be quite complete.

§9. A classification of unimetric

physical structures

Under §8, a unimetric phenomenologically symmetric geometry of two
sets (a physical structure) of rank (n+1, m+1) may, grosso modo, be defined
as follows. Let the sets 9T and 1 be respectively an m-dimensional and an

n-dimensional smooth manifolds. We shall designate the local coordinates
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rajike MHOrooopasusi. O003HAYNM JIOKAJIbHBIE KOOPIMHATHI 9TUX MHOI'O-
obpasuit uepes x = (z!,...,2™) u £ = (£Y,...,€"), cunTag A4 onpe/ie-
jgexnHoctr, 9o m < n. Ilyctb, najee, umeercss gpyukiust f: M X N — R
C OTKPBITOI U TI0THOHN B I X I 007aCTHIO OMPEeCHUS, COIOCTABIISIO-
Imast Kaxkoii nape n3 Hee HekoTopoe 4nco. Oyuknuio f OynaeMm Ha3bIBATh
METPUYIECKOi, He Tpebys OT Hee BBINOJTHEHUS OOBITHBIX aKCIOM METPHKH,
TeM OoJIee, YTO PACCTOSHUSA JJIsI JIBYX TOUYEK TOJILKO 13 90T Win 1ByX TOUeK
TosibKO u3 I He onpejenenbl. [Ipeanonaraercs, 9To ee JIOKAJILHOE KOOP-
JMHATHOE MPEJICTABJICHNE 3a/aeTCs JIOCTATOTHO TIaIKoi (yukiunei (8.2),

KOTOPYIO YJI0OHO 3alNcaTh, He KOHKPETU3UPYs 0003HAUYEHUs] TOUEK 1§ U

f=f@&=f . ...a™e, . .. (9.1)
BeseierBrue HEBBIPOXKIEHHOCTH MeTprdecKoii (pyHKIu f, B IpeacTaB-
nerne (9.1) koopauHATE x 1 £ BXOJAT CyIIeCTBEeHHBIM 0bpasoM. [locsenmee
O3HAYAET, YTO HUKAaKasl TJIaJKas JIOKAJIHHO oOpaTuMasl 3aMeHa KOOPIMHAT
HEe MPUBEJIET K YMEHBIIEHNIO nX ducjia B npejacrasiennn (9.1).
[octpoum dyuxmmio F : ML x Ml — ROHDMHD) ¢ ocrecrBennoii
B M x MM o6macThio ONpeeIenns, COOCTABIAA KasKIOMY KOPTEKY
aHel m + n + 2 u3 #Hee Bee (m + 1)(n 4+ 1) Bo3MOXKHBIE IO MeTpHtC-
cKoit pyHKINN f 1 yHopsiIoUeHHbIe 110 HEMY pacCTOsiHUsI. ByieM roBopuTh,
yro GyHKIUA f 3a/@eT HA M-MEPHOM U N-MepHOM MHOroobpasusx M n N
(hEHOMEHOJIOrNIEeCKN CUMMETPIYHYIO TeOMETPHIO JBYX MHOXKECTB ((busimte-
CKYIO CTPYKTYpY) panra (n+1, m+1), ecyin JJOKaJIbHO MHOXKECTBO 3HAUEHUIT

nocrpoennoit pyukuun F g R+

SIBJISI€TCSI TIOJIMHOYKECTBOM MHOZKE-
cTBa HyJIeil HekoTopoii mocratouno rraakoil dynkmmm ¢ or (m+1)(n+1)
mepeMeHHbIX ¢ grad® # 0 Ha IIOTHOM B 00JIACTH OlpejeseHns yHKITINI
F nommuO)KecTBe, yI0BIeTBOpsis ypaBHenuto (8.1).

B pabore aBropa 28| npuse/iena mostHast KiaaccuguKaIs OJHOMETPUTe-
CKUX (DUBUIECKUX CTPYKTYD MPOU3BOJIBHOrO panra (n + 1,m + 1) B ecre-
CTBEHHOM IPEJIOIOKEHNN, 9T0 1 > m > 1, Tak Kak oOpaTHBIH ciydaii
m > n > 1 Jerko BOCIPOU3BOUTCs 110 CUMMETpPUH, & B ero paborax |29,
[30] u MmorOrpadun [31] nokaszaner MareMaTHIECKNE METOJIbI, KOTOPBIME OHA

10JTyYeHa.



G.G. Mikhailichenko. The mathematical basics and results of the theory of physical structures 161

of these manifolds by z = (z!,...,2™) and £ = (£!,...,£") considering,
for the sake of definiteness, that m < n. Let, further, there exist a function
f 9N x9N — R with the domain open and dense in 9T x D1 that assigns
some number to every pair from it. We shall call the function f a metric
one, and we shall not require that it should satisfy the usual metric axioms,
especially as because the distances for two points from only 991, or for two
points from only D1, are not defined. It is assumed that its local coordinate
representation is defined by a sufficiently smooth function (8.2), which is
more convenient to write down without specifying the designations for the

points ¢ and a:

f=flx, &)= f(z*, ..., 2™ & . &), (9.1)

In consequence of the metric function f being nondegenerate, the coordi-
nates x and & are included into the representation (9.1) in an essential
manner. The latter means that no smooth locally invertible change of
coordinates will result in their number in the representation (9.1) being
decreased.

We shall construct a function F : 9"+ x 917+l — ROV with the
domain natural in 9" x 9L by assigning to every cortege of length
m+n+2 of it all (m+1)(n+1) distances possible with respect to the metric
function f and ordered with respect to the aforesaid manifold. We shall say
that the function f defines on an m-dimensional and an n-dimensional
manifolds 2t and 91 a phenomenologically symmetric geometry of two sets
(a physical structure) of rank (n+1, m+1), if locally the set of values of the

m+1)(n+1) i5 a subset of the set of zeros of some

constructed function F in R
sufficiently smooth function ® of (m + 1)(n + 1) variables with grad® # 0
on a subset dense in the domain of the function F', satisfying the equation
(8.1).

In the author’s note [28] the complete classification of unimetric physical
structures of arbitrary rank(n+1, m+1) is given, with the natural supposition
that n > m > 1, as the opposite case, that of m > n > 1 is easily
reproduced by the symmetry, and in his notes [29] and [30] and his monograph

|31] mathematical methods are given that were used to build it.
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Sanuwem HudHCe COOMBEMCMBYOULUE KAACCUPUKAUUOHHDBLE PESYALINA-
mol ¢ MOYHOCTBI0 00 NOKAALHO 00pAMUMOT 3aMeEHDL KOOPOUHAM 6 MHO-
2000pasuar M, N u macwmabrozo npeobpasosanus X(f) — f, 2de x —
NPOU3BOALHAA 2A00KAA PYHKUUA 00HOT NEPEMEHHOT ¢ OMAUNHOT OM HYAA

npouseodHot:

f=x+¢&; (9.2)
m=1,n=2
f=azl+mn; (9.3)
m=1,n=3
f=(x&+n)/(z+7); (9.4)
m=mn>2
f=ate 4. g amlemTl 4o gmem, (9.5)
f=atet 4 amtemT o gm 4 em (9.6)
m=n-—12>2:
f=atet 4 e g (9.7)

Jrs 6cex ocmasvoHulr nap 3HAYEHUT HAMYPAALOHT YUces M U N NPu
02060PEHHOM GblLE Ycaosuu 1 > m > 1 dusuveckue cmpyxmypol parea

(n+1,m+ 1) ne cywecmsyrom.

DeHOMEHOJIOTHYECKAsT CHMMETDHsT TeOMeTpHil JIByX MHOXKeCTB (dusmde-
CKUX CTPYKTYD ), 33/[aBAEMbIX BBIIIEIEePeUNCIeHHBIMU METPIHIECKIME (DY HK-
nusimu (9.2)—(9.7), BeIpazKkaeTcsi, COOTBETCTBEHHO, CJIEIYIONUME YPABHEHN-

AMMN:

flia) = f(iB) — f(je) + f(3B) = O; (9.2')
flia) f(iB) 1
fle) f(iB) 1|=0; 9.3)
flka) f(kB) 1
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Further we shall write the corresponding classification results with an
accuracy up to a locally invertible change of coordinates in the manifolds
M. N and to the scaling transformation x(f) — f, where x is an arbitrary

smooth function of one variable with the derivative unequal to zero.

f=x+E&; (9.2)
m=1n=2
f=azl+mn; (9.3)
m=1n=3
f=(x&+n)/(z+9); (9.4)
m=mn > 2
f=aleh 4. g amlemTl 4o gmem, (9.5)
f=alet 4 g amtemTt g4 gm (9.6)
m=n—12>2:
f=ale + o 4 amem 4 e (9.7)

For all the other pairs of values of the natural numbers m and n, satisfying
the above-said condition of n > m > 1, no physical structures of rank
(n+1,m+1) ewist.

The phenomenological symmetry of the geometries of two sets (physical
structures) that are defined by the metric functions (9.2)—-(9.7) above is,

correspondingly, naturally expressed by the following equations:

flia) = f(iB) = f(Ge) + f(38) = 0; (9.2)
flia) f(iB) 1
fGa) f(G6) 1| =0; (9.3)
flka) f(kB) 1
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flia) f(i8) flia)f(f) 1

flia) fGB) FGFGB) 1| _ 0.4
flka) F(kG) fka)f(kA) 1|

fla) FUB) fU)fUB) 1

flia) fGB) ... flir)

flGo) FGA) - 16T |, 0.5)
fwa) fB) ... f(ur)

0 1 1 1

1 flia) fGB) ... f(in)

L fGa) FGA) ... fGT) | =0 (9.6)
1 fwa) fB) ... f(ur)

flia) fGB) ... flir) 1

fGa) £GB) ... fGT) 1

f(ka) f(kB) ... flkr) 1 |=0. 9.7)
fwa) fB) ... flur) 1

HO,Z[ ABU2KCHHEM B I'€OMETPHUN ABYX MHO?KECTB MbI IIOHNMAa€M TaKYIO IIapy

IJIaJIKIX JIOKAJIbHO 00paTUMBIX IIpeodpas3oBaHuii MuHoroobpaszuit N u I:

2= Az), £ =0(), (9.8)
ipu KoTopbix dbyukiumst (9.1) coxpansiercst:

fX(z),0(8)) = f(z,8). (9.9)

Ecim merpuueckast hyHKIMst f 3a/iaHa B €€ IBHOM KOOPMHATHOM I1PE/I-
crapiernn (9.1), To pasencrBo (9.9) siBisiercs (DYHKIMOHATLHBIM ypaBHe-
HIIEM OTHOCHTEJIbHO JIBYX IpeobpasoBanuii (9.8), perras KOTOpoe MOYKHO
HANTH IPYTIY JBUKEHUI 1 yCTAHOBUTH YHC/IO €€ HEIPEPhIBHBIX MapaMeT-

poB. Hizke B nactosieM naparpade MpuBOJIsTCS TaKKe MOJHBIE JIOKAThb-
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flia)  f(B)  flia)f(iB) 1
fGa) FGB) FGIGO) 1| _ o.1)
flka) f(kB) f(ka)f(k3) 1 ’

fla) fUB)  fla)f(B8) 1

flia) f(EB) ... f(iT)

fla) $6A) - ST | 03
fva)  f(vp) f(vT)

0 1 1 1

1 fGa) f@E6) ... flir)

L f(e) fGB) - fUT) | =0; (9.6')
L flva) f(wB) ... f(u7)

fGa) fGB) ... flr) 1

fa) fGB) .. fUT) 1
f(ka) f(kEB) ... f(kr) 1 |=0. (9.7
flva) fB) ... flor) 1

By a motion in a geometry of two sets we understand such a pair of

smooth locally invertible transformations of the manifolds 9t and 9t

x’ = )\(.%’), gl = 0(5)7 (98)
under which the function (9.1) is preserved:
fA(z),0(8)) = f(z,). (9.9)

If the metric function f is defined in its explicit coordinate representation
(9.1), then the equality (9.9) is the functional equation with respect to the
two transformations (9.8), the solution of which gives the group of motions
and helps establish the number of its continuous parameters. Further in this

paragraph we also give the full local groups of local motions for each of the
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HbIe TPYIIIB JIOKATBHBIX JIBIZKEHNU{T TSI KAXK/0fi U3 MIeCTH METPUIECKNX
bynknuii (9.2)—(9.7), koropble MOTyT OBITH HaiigeHbl (M. [24], §2) Kak 06-
M€ peIeHnsl COOTBETCTBYOMUX ypasHeruit (9.9), mpudem Ha dyHKININI
Ax) u o(§) mpeobpaszoBanmii (9.8), Kpome IIaJIKOCTH 1 JIOKAJIbHOI 00paTu-
MOCTH, HUKaKWe JONOJHUTEbHbIC OTPAHUYICHUs (HAIPUMED, JTHHEHOCTD)

He HaJlaralOTCHd.

Teopema 1. I'pynna dsusrcenudi (9.8) dernomenonozunecku cummempuy-
HOt 2eomempuu 08YyT MHOMHCeCMS(Pusuueckol cmpykmypu,) panea (n +
1,m+1), sadasaemoti 00noti usz mempuseckur gyrnxyut (9.2)—(9.7), npeo-
CMABAAEMCA CACOYIOWUMU NPEOOPA30BAHUAMYU MH02000pasuti M u N:

das mempuueckot pynryuu (9.2):
¥=x+a, £=¢(—q (9.10)
dna mempuueckot dynryun (9.3):
¥ =ar+b, & =¢a, n=n—-0b/q, (9.11)
ede a # 0;

daa mempuveckol pynryuu (9.4):

o = (az +b)/(ex +d), € = (de — en)/(d — ), 019,
n' = (an—b§)/(d - cd), ¥ = (a —b)/(d — V), '
2de ad — bc = £1;
das mempuueckot gynryuu (9.5):
e — il ,.1 UM .M
T Cflxl—l—...—kfl T, (9.13)
g =atret + .. 4 amrem,
ede p=1,...,m u a — K6adpammnai HEGLPONHCICHHAL MAMPUUA NOPAIKG

m, a — obpammas K Hel MaMPUYa;

das mempuueckot gynryuu (9.6):

2" =alxl + . e e b
" =™+l e e
gr=a"E -+ 4amvEm =, > (9.14)
gm=¢m— (vall+.. o tatmh) (e ) - -

—(bldm_l’l N bm—lam—l,m—l)(gm—l _ Cm—l) —pm

7 )
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six metric functions (9.2)—(9.7) that can be found (see [24], §2) as general
solutions of the respective equations (9.9), no restrictions other than smooth-
ness and local invertibility being imposed on the functions A(x) and o (&)

of the transformations (9.8) (such as necessity of being linear etc.).

Theorem 1. The group of motions (9.8) of the phenomenologically sym-
metric geometry of two sets (physical structure) of rank (n + 1,m + 1)
defined by one of the metric functions (9.2) — (9.7) is represented by the
transformations of the manifolds 9N and N as follows:

for the metric function (9.2):

¥=x+a, =E§—aq; (9.10)
for the metric function (9.3):
¥ =ar+b, & =¢a, n=n—0b/a, (9.11)

where a # 0;
for the metric function (9.4):

¥ = (a4 D)/ (cx +d), € = (d — en)/(d i), 019,
n' = (an—b§)/(d - cd), ¥ = (a¥ — b)/(d — V), |
where ad — bc = £1;
for the metric function (9.5):
ot =aMat + .+ e, (0.13)
gllu — &1,u£-1 + ...+ &musm) .
where p =1,...,m and a 1s a quadratic nondegenerate matrix of degree

m, and a 18 i1ts reciprocal matrix;
for the metric function (9.6):

T = aulxl L+ av,mflxmfl + bz/’
g™ =™ 4 clat 4+ e
5/1/ — &1V(€1 . Cl) + ...+ am—l,y(gm—l _ Cm—l)) > (914)
glm — gm - (blall + ...+ bm—lél,m—l)(gl o Cl) - =
_(blam—l,l 4+t bm—lam—l,m—l)(é‘m—l _ Cm—l) —pm

')
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edev =1,....m —1 u a — xeadpamuas HeBLPOHCOEHHAA MAMPULG
nopadka m — 1, a — obpamuas x Hel mampuya,

ons mempuueckot gynryuu (9.7):

" = atlal + 4 g™ 4 b,
SIM — &1,u€1 + ...+ am,ugm’

£/m+1 — £m+1 _ (blfbll + .+ bm&lm)gl_ > (915)
— .= (Bram™ . pmammem, )
ede p=1,...,m u a — K6adpamnai HEGLPONHCICHHAL MAMPULA NOPAIKA

m, a — obpammas Kk Hel MAMPUUQ.

Bce nepeunciientbie B Teopeme 1 IpyIiibl JBUKEHHIT 3aBUCAT OT KOHEU-
HOI'O YHCJIa HeIPEPBIBHBIX [TapaMeTPOB, UYUCI0 KOTOPBHIX B COOTBETCTBUU C
TeopeMoii 2 U3 NpeJblIyInero §8 paBHO MmN, TO €CTh HMPOU3BEJICHUIO pas-
MepHocTeilt m 1 n MHOrooopaszuit MM u M. Jlns cpaBHEHUs 3aMETUM, YTO B
n-MepHOiT PeHOMEHOJOTMIeCKN CUMMETPUIHON reoMeTpun paHra n + 2 Ha
ozHOM MHOKecTBe N 910 Uncso pasno n(n+1)/2. OTmeTnm Takke, ITO He
7ist Bestkoit merpudeckoit yukiwu (9.1) ypasuenue (9.9) umeer HeTpuBu-
aJIbHOE peIlleHne, TO eCTh IOJIHAs TPYIIA JIBUKEHUI MOYKET COCTOSATE TOJIhb-
KO U3 TOXKJIECTBEHHBIX IIpeoOpa3oBanuii muorooopasuit M u . Herpymno,
HAIIPUMep, YCTaHOBUTD, YTO il MeTpudecKoil dynxunn f(z, &) = x€ + &3
ypasuenue (9.9) nmeer TOIbKO TpUBHAJIBHOE pererne: A(z) = x, o(§) =&,
1 [IOTOMY IOJIHAs I'PYIIIa JABUKEHWIT COOTBETCTBYIONIEH MeOMeTpHn JIBYX
MHOYKECTB COJIEP?KUT TOJLKO TOXKJECTBEHHDLIE IIpeodpasoBanust © = I U
¢ = & onnomepubix muorootpasuit M u N. Corsacuo Teopeme 3 u3 §8
Ha/leJIeHHasl TaKOUl TPUBUAJIBHON I'PYIIIOBOI CUMMETPUEl MreOMeTPpusd JIBYX
MHOYKECTB, 3a/[aBaeMas Ha OJHOMEPHbIX MHOroobpasusx I u O s1oii mer-

pudeckoii pyHKIMe, He siBjsieTcss (Pu3nIecKoil CTPYKTYpoil paHra (2,2).

Paccmorpum 6ostee mogpodbHO (heHOMEHOJIOTHIECKN CUMMETPUIHYIO Te0-
METPHUIO JIByX MHOXKECTB ((pusnueckyto cTpyKTypy) panra (3,3), cyiiecrBy-
IOIIYIO B IBYX BapMaHTaX, 3a/JaBacMbIX Ha IBYMEPHDBIX MHOFOO6pa3HHX MeT-

pPUYECKUME (DYHKIIASIME

f=xg+yn, (9.16)
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where v =1,...,m — 1 and a is a quadratic nondegenerate matriz of
degree m — 1, and a 1s its reciprocal matriz;
for the metric function (9.7):

ot = atlal 44 gt ™ b,
flu — alugl + ...+ amugm’

Slm—i—l — £m+1 o (bldll _|_ o + bmdlm)gl— > (915)
_”._(bldM1+”.+bm&mm)€m’ }
where p =1,...,m and a is a quadratic nondegenerate matrix of degree

m, and a 18 its reciprocal matrix.

All the groups of motions represented in Theorem 1 depend on the finite
number of continuous parameters which number, according to Theorem 2 of
§8 is equal to mn, i.e. the direct product of the dimensionalities m and n of
the manifolds 2T and 1. For the sake of comparison, we shall note that in
the n-dimensional phenomenologically symmetric geometry of rank n+2 on
one set M that number is equal to n(n+1)/2. We shall also note that not for
every metric function (9.1) the equation (9.9) has a nontrivial solution, i.e.
the full group of motions may only consist of identical transformations of the
manifolds 99T and 1. For example, it is easy to establish that for the metric
function f(z,€&) = z€ + &3 the equation (9.9) has only a trivial solution:
AMz) = z,0(§) = &, and so the full group of motions of the respective
geometry of two sets contains only identical transformations =’ = x and
¢ = £ of the unimetric manifolds 9t and 91. Under Theorem 3 of §8, a
geometry of two sets defined on the unimetric manifolds 93t and 91 by that
metric function and endowed with such trivial group symmetry is not a

physical structure of rank (2,2).

Let us scrutinize in greater detail the phenomenologically symmetric
geometry of two sets (physical structure) of rank (3,3), which exists in two

variants defined on two-dimensional manifolds by the metric functions

=z +yn, (9.16)
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f=z¢E+y+n, (9.17)

KOODJIMHATHBIE [TPEJICTABJIEHNsT KOTOPBIX MOJIYYat0Tcsi 13 BbIpazkeHuit (9.5),
(9.6) mist ciydast m = n = 2 1UpHU BBeJeHUN OE3MHJIEKCHBIX 0OO3HAUEHUIT
KoopyHatr: ¥ = xl, y =22, £ =€ np= £

Jlerko ybeanThesa B TOM, 4TO UX (PeHOMEHOTOImIecKas CHMMETPHs Bbl-

pazKaeTcsl ypaBHEHUSIMU

fla)  fGB)  f(iv)
fGa) fGB) fGv) | =0, (9.16)
f(ka) f(kB) [(ky)

—

0 1

L flie) fGB) f(iv)
L fa) fGB) f(m)
L f(ka) f(EB) f(kv)

—_
-
—_

=0, (9.17")

COOTBETCTBEHHO.
YcTaHOBUM, TIPEXKJIe BCEro, UTO 3TU JBe (PU3NIECKNE CTPYKTYPhI HEIK-

BUBaJICHTHDI.

Teopema 2. Hu npu xaxux 3amMenax Koopounam U Macumadmvis npe-
obpasosaruaxr mempuveckue gyrnkuyuy (9.16) u (9.17) ne nepexodsm dpye

6 dpyea.

JloKkazaTesbCTBO TEOPEMbl 2 IPOBEIEM METOJOM OT IIPOTHBHOIO, IIPE]I-
[OJIOZKUB, 9TO MPH HEKOTOPHIX IJIAJKUX OOpPATHMBIX 3aMeHaX KOODIMHAT
)\(SL’,y) - Z, O'(LE,y) — Yy n 10(5777) - 57 T(fan) — 1B MHOFOO6pa_
sugx I u N, a Takzke macmrabHoM mpeobpazosarun x(f) — f oxana u3

merpudecknx dyukuuii (9.16), (9.17) nmepexomut B IpyTryto, HAIIPUMED:

A, y)p(&,n) +o(z,y)7(§n) = x(@§ +y +n), (9.18)

riae O\, 0)/0(x,y) # 0, O(p,7)/0(&,m) # 0 u x' # 0. Teopema 2 Gyner

BepHa, ec/ii (PyHKINOHa bHOe ypaBHenne (9.18) He mmeer perieHusl.
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f=z&+y+n, (9.17)

whose coordinate representations are obtained from the expressions (9.5)
and (9.6) for the case of m = n = 2 by way of introducing non-index
designations of the coordinates: z = z!, y = 22, € = ¢, n = €2

It is easy to make sure that their phenomenological symmetry is expressed

by the equations
flia)  fB)  f(iv)

Flia) £GB) FGr) | =0, (9.16)
Fka) F(kB) k)

0 1 1 1

L fGa) fG8) fGr) | |
L fGa) £GB) fGm | (&17)
L f(ka) f(RB) f(k)

respectively.
We shall establish, in the first place, that these two physical structures

are not equivalent.

Theorem 2. Under no changes of coordinates and no scaling transforma-
tions may the metric functions (9.16) and (9.17) be transformed one into
the other.

We shall prove Theorem 2 using the method of proof by contradiction
supposing that with some smooth invertible changes of coordinates \(z,y) —
z, o(x,y) —y and p(&,n) — &, 7(£,1m) — n in the manifolds 9T and N,
and a scaling transformation y(f) — f one of the metric functions (9.16),

(9.17) is transformed into the other, for example:

M, y)p(&,n) + oz, y)7(§n) = x(x€ +y +n), (9.18)

where (A, 0)/0(x,y) # 0, d(p,7)/I(&,n) # 0 and x’ # 0. Theorem 2 will

be true if the functional equation (9.18) has no solution.
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[Ipomuddepennupyem ypasuenne (9.18) 1o nepemenubiM &, 1 U pas/ie-
JINM OMH pe3ysbTar quddepeHnnpoBans Ha APYyroit: Aps + o7e = (Ap, +

0T,)x, OTKy/1a, PUKcupys 1nepeMeHHble &£, 1), HOJIydaeM CBA3b!
o(z,y) = A(x)A(z,y), (9.19)

rie A(x) = (ax+b)/(cx + d) — npobro-yuneitnast GyHKI ¢ OTIINIHO OT
nyns npoussoanoit: A'(x) = (ad — be)/(cx + d)? # 0, Tak Kax GyHKIAM A
1 0 HE3ABUCHMBL.

CosepirieHHO aHagOrH4IHO, Auddepernupys ypasaerne (9.18) mo mepe-

MEHHBIM Z, Y, II0Jly4aeM BTOPYIO CBA3b!

7(§,m) = B(&)p(&,n), (9.20)

rie B(§) = (k€+1)/(m&+n) — npobro-nmueiinas GyHKIMS ¢ OTINTHO OT
nyJist ipoussonoit: B'(€) = (kn—Im)/(mé+n)? # 0, Tak Kax He3aBUCHMbI

by p u 7.
[Tosyuenusie aBe cBs3u (9.19), (9.20) mojcraBuM B ncxogHoe QyHKIHO-

HaJibHOe ypasHenue (9.18):

M, y)p(€,n) (1 + A(z)B(§)) = x(z§ +y + 1) (9.21)

n pojuddepeHnupyeM ero 1mo MmepeMeHHbIM ¥, 1), MOCJe Yero UCKII0YNM
npoussoanyio Y. Pasnensiss ganee nepemennbie, mosydaeM auddepeni-

aJIbHble ypaBHeHust A\, /A = p,/p = h # 0, oTKya 10CIe HHTErPHPOBAHUSL:

AMz,y) = C(z)exphy, p(&,n) = D()exphn, (9.22)
rie, ouesnno, C(x) # 0, D(&) # 0.
[lepenumiem ypasuenue (9.21) ¢ dynkmmsvn (9.22):

(1+ A(z)B(8))C(x)D(E) exp h(y + 1) = x(x€ +y + ). (9.23)

[Tonarast x = 0, & = 0 u BBOJId IlepeMeHHYIO 2 = Y + 1), U3 ypaBHEHUA
(9.23) mosyuaem Boipazkenue x(z) = Eexp hz, rie E # 0, ¢ KOTOPBIM OHO

3HAYUTEJIbHO YIIPOCTUTCS:
(14 A(x)B(£))C(2)D(E) = Eexp hag

Jlorapudmupyem 310 ypaBHeHue:
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We shall differentiate the equation (9.18) with respect to the variables &,
and 7 and divide one result of the differentiation by the other: Ap¢e + o7 =

(Apy + o7,;)x, wherefrom, fixing the variables £, andn, we get the relation:
o(z,y) = Alx)A(z,y), (9.19)

where A(x) = (ax + b)/(cx + d) is a homographic function with the
derivative unequal to zero: A'(z) = (ad—bc)/(cx+d)? # 0, as the functions
A and o are independent.

Quite similarly, differentiating the equation (9.18) with respect to the

variables x, andy, we get the second relation:

7(&,m) = B(&)p(&:n), (9-20)

where B(§) = (k€ +1)/(m& + n) is a homographic function with the
derivative unequal to zero: B'(§) = (kn — Im)/(m& + n)?> # 0, as the
functions p and 7 are independent.

We shall substitute the two relations, (9.19) and (9.20), obtained into the

initial functional equation (9.18):

M, y)p(€,n) (1 + A(z)B(§)) = x(z€ +y + 1) (9.21)

and differentiate it with respect to the variables yandn, whereafter eliminate
the variable x’. Dividing, further, the variables, we get the differential
equation \,/\ = p,/p = h # 0, wherefrom, after integrating:

ANz, y) = C(z)exphy, p(§,n) = D(§) exp hn, (9.22)

where, obviously, C'(z) # 0, D(&) # 0.
We shall rewrite the equation (9.21) with the functions (9.22):

(1+ A(z)B(8))C(x)D(E) exp h(y + 1) = x(z€ +y +n). (9.23)

Setting x = 0, £ = 0 and introducing the variable z = y + 1, we obtain
from the equation (9.23) the expression x(z) = Eexphz, where E # 0,

with which it becomes much simpler:
(1 + A(2)B(£)C() D(E) = Eexp ha

We find the logarithm of that equation:
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In(1+ A(z)B(&)) +InC(z) + In D(§) = In E + hat,

nuddepennupys 3aTeM ero Mo MnepeMeHHbIM T, & W TMPUBOJL K 00IIeMy

A'(2)B'(§) = h(1 + A(z) B(€))*.

[ToBTOpPUM ITpEbIIyIINe OTIEPAITUN 110 OTHOIIEHHUIO K TTOCTIEITHEMY PE3YIb-
TaTy:

A'(x)B'(§) =0,

9T, OUEBH/IHO, TPOTHBOPEINT YCTAHOBICHHOMY BBIIIE HCOOPAIICHUIO B HYJTh
npon3BoHbIX GyuKImi A(x) u B(£), Bxogamux B coorHommenust (9.19) un
(9.20). TlosmyuenHoe mpoTHBOpEtIe O3HAYACT, YTO HCXOHOE (DYHKITHOHAIb-
Hoe ypasHenue (9.18) He nMeeT perieHnst 1 MoTOMYy MeTprIecKre OyHKIUI

(9.16) u (9.17) HesrBuBaseHTHBI. TeopeMa 2 TOJHOCTBHIO JOKA3aHA.

YcTaHOBUM Teleph I'PYIIIOBYI0 CUMMETPHIO (PUBUUECKO CTPYKTYPbI PaH-

ra (3,3), cremenb KOTOPOii o Teopeme 2 u3 §8 j10/12KHA ObITH PABHA YeTHIPEM.

Teopema 3. I'pynna deusicenutds ernomenoso2udecku cCumMmempuol
ecomempuu, 8yxr mrooicecms (Pusuveckots cmpykmypo,) panea (3,3), sa-
dasaemoti 1a IYMeEPHHLT MH02000pasuaxr mempuyeckots gyrkyuet (9.16):

f = & + yn, npedcmasasemca cAOYOUWUMY YPABHEHUAMU:

& = (dé —cn) /A, o = (=bE + an)/A, (9.24)

ede A = ad — be # 0.

¥ =ax+by, vy =cx+dy, }

,ZLBI/DKeHI/Ie B 9TOil reoMeTpun MO2KHO 3alliCaTb CJICAYIOIINMUA YPpaBHEHU-

AMU:

=Nz, y), v =o(z,y), } (9.25)

§=p&n), n=1(&n),
riae O\, 0)/0(z,y) # 0, A(p,7)/0(&,n) # 0, Tak KaK COOTBETCTBYIOIIHE
npeodpasoBaHuss MHOrooopasuit M u I B ABUIKEHUU JOJIKHBI ObITH JIO-
KaJbHO obpatuMbiMu. [TockosbKy jBrzkenue (9.25) coxpaHsier MeTpude-

ckyio dyukiwo (9.16), aist Hero mosydaeM (yHKIMOHAIBHOE YDaBHEHIE
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In(1+ A(z)B(&)) +InC(z) + In D(§) = In E + hat,

next differentiating it with respect to the variables x and & performing next

reduction to a common denominator:
Al(2)B'(€) = h(1 + A(x) B(€))*.
With respect to the latter result, the same actions are repeated:
A'(x)B'(§) =0,

which is, obviously, in contradiction with the non-vanishing into zero of the
derivatives of the functions A(z) and B() that are part of the relations
(9.19) and (9.20) that we established above. The contradiction we arrive at
means that the initial functional equation (9.18) has no solution, and so the
metric functions (9.16) and (9.17) are nonequivalent. The proof of Theorem

2 is complete.

Let us now find the group symmetry of the physical structure of rank

(3,3) whose degree under Theorem 2 of §8 must be equal to four.

Theorem 3. The group of motions of the phenomenologically symmetric
geometry of two sets (physical structure) of rank (3,3) defined on two-
dimensional manifolds by the metric function (9.16): f = x€ + yn, is

represented by the equations as follows:

¢ = (d€ —en) /A, 1 = (=bE + an)/A, (9.24)

where A = ad — be # 0.

¥ =ax+by, v =cr+dy, }

Motion in such geometry may be written using equations as follows:
' =Mz,y), ¥ =o(zy),
QMQW,WTQW%}

where (A, 0)/d(x,y) # 0,0(p,7)/0(&,m) # 0, as the respective transforma

tions of the two-dimensional manifolds 9t and 9T in the motions must be

(9.25)

invertible. Since the motion (9.25) preserves the metric function (9.16), we

have for it the functional equation
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A, y)p(&n) + oz, y)7(§,n) = z€ +yn, (9.26)
KOTOPOE BBITIOJTHSIETCs TOXKJIECTBEHHO 110 YeTbIPpeM KOOp/InHaTaM T,y u &, 1.
[Ipoauddepennupyem ypasuerne (9.26) mo mepeMeHHbIM &, 1

Ape +o0Te =2, Apy+0T) =Yy

1 pas3pelinM IoJyYeHHbIe paBEeHCTBa, OTHOCUTEIbHO (DYHKIINI A, 0

—py + Yp
)\(xuy):—7 ) :77—5
PETy — PnTe PETy — PnTe

Huddepeniupyst moyrydeHHbie i (DYHKINNE A 1 0 BbIpayKeHUsI 110 Iepe-

TTy — YT¢ 0'(.%’ y

MEHHBIM T, Yy, YOerK1aeMcsd B TOM, UTO KOI(MMUIIMEHTHI 1P HUX SIBJIAFOTCSI
KOHCTaHTaMU. BBeJis 118 HUX COOTBETCTBYIOINE 0003HAYEHNUs, MTOTyJIaeM
nepByto napy ypasaeruii (9.24), KOTOpbIMU OIIpeIe/isieTcst Tpeobpa3oBaHie
JABYMepHOro MHOrooOpasus M B jasmkennn (9.25), mpudem u3 ux obpa-
TUMOCTHU, OYEBUJIHO, BbITeKaeT ycioBue A =% 0 . Bropas mapa ypaBheHnit
(9.24), omnpejiesnstroras mpeobpazoBaHmue JAPYyroro JBYMEPHOrO MHOIOOOpa-
sust N B pBkennn (9.25), jerko noaydaercss u3 pyHKINOHAIBHOIO yPaB-
rernst (9.26) mpu MOJCTAHOBKE B HETO TEPBOIi MAPbI.

MuozkecTBo jBuzKenuii (9.24) 3aBUCHT OT YeThIPEX HEIPEPLIBHBIX Mapa-
METPOB a, b, ¢, d, Ha KoTopble HajoxkeHo ycaoBue A = ad — be # 0. Jlerko
yOeInThCsT B TOM, YTO 9TO MHOYKECTBO 110 KOMIIO3UIINN JIBUKEHUI SIBJISI-
eTcs Tpymmnoii. /s aToro 3ammieM, HarpuMep, mpeodbpa3oBaHus MEPBOTO

muOroo6pasust M B MHOKecTBe JABMKeHWi (9.24) B MaTpuaHOil dopme:

x a b x

Yy c dil| vy

To ecTh KaxKJ0My TaKOMy IIPe0OPA30BaHUIO OJHO3HATHO COIOCTABJISIETCS
KBaJIpaTHasl HEBBIPOXK/IEHHAsT MaTPHUIAa BTOPOTO IOPSAIIKA, & KOMIIO3UIIHN
JIBYX IIpeobpa3oBaHiii — NX MaTPUIHOE YMHOXKEeHIE 110 paButy "cTpoka Ha
crosioert". XopoIno n3BeCTHO, 9TO MHOYKECTBO BCEX HEBBIPOXKICHHBIX KBAa/I-
PaATHBIX MATPHIL 10 OIEPAINN UX OOBITHOTO YMHOYKEHUS SBJISATCS TPYIIION
1 TIOTOMY I'PYIIION SIBJISIETCST 1 MHOKECTBO ITPeodpa3oBaHnil MHON00Opas3st

M B MHOKECTBE BIZKeHNIT (9.24).
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M, y)p&,n) +o(z,y)T(€,n) =z +yn, (9.26)

that is satisfied identically with respect to all the coordinates z,y and &, 7.
We shall differentiate this equation with respect to the variables &, n:

Ape +0Te =2, Apy+0T) =1y

and solve the equalities obtained with respect to the functions \, o:

TPy T Ype
9 O'($, y) — .
PETy — PnTe PETy — PnTe

Differentiating the expressions obtained for the functions A\ and o with

ITy — YT,
Aa,y) = —1—25

respect to the variables z,y, we make sure that the coefficients with them
are constants. Introducing proper designations for them, we get the first pair
of equations (9.24), which define the transformation of the two-dimensional
manifold 9 in the motion (9.25), their invertibility obviously having, as the
corollary of it, the condition of A # 0. The other pair of equations (9.24),
which defines the transformation of the two-dimensional manifold 91 in the
motion (9.25), is easily come by from the functional equation (9.26) by way
of substituting the former pair of equations into it.

The set of motions (9.24) depends on the four continuous parameters
a,b,c, d, with the condition imposed upon them of A = ad — bc # 0.
It is easy to make sure that that set, by its composition of motions, is a
group. To do it, let us write, for example, the transformations of the former

manifold, 9, in the set of motions (9.24) in the matrix form:

x/

/

Y

a b
c d

X

Y

That is, every such transformation is univocally assigned a quadratic nondege-
nerate matrix of second order, and the composition of the two transformations
their matrix multiplication according to the "row by column" rule. It is well-
known that the set of all nondegenerate quadratic matrices in the operation
of their ordinary multiplication is a group, so the set of transformations of

the manifold 9% in the set of motions (9.24) is a group too.



178 I'".T. Muxaitmuaenko. MaremMaTndeckne OCHOBBI M PE3Y/IbTATHI TEOPUN (PUIUIECCKUX CTPYKTYP

[Ipeobpasosanusim MHoroobpasust N B jarzkerusx (9.24) comnocTaBsoT-
cs oOpaTHble TPAHCIIOHUPOBAHHBIE MATPUIILI, MHOYKECTBO KOTOPBIX TaKKe
COCTABJISIET T'PYIIILY, KOTopasi n3oMopdHa rpyiie npaMmbix marpui. Cire-
JIOBATEJIBHO, U BCE MHOXKECTBO JBHzKeHnit (9.24) Kak COBOKYITHOCTH JIBYX
N30MOP(HBIX T'PYIII IIPeodpas3oBaHuil pa3InIHbIX MHOI00Opa3uil siBjsgeT-
sl TPYIIIION, ONpeIeIsIoNeil TPYIIOBYI0 CUMMETPUIO (PU3MIECKONH CTPYKTY-
pbl patra (3,3), 3agaBaemoii Merpudeckoii dpyukuueit (9.16). Crenenb 310l
CUMMETPHU PAaBHA YETBIPEM, TaK Kak Ipylia jBmkennii (9.24) saBucut ot

JeThIPeX HEITPEPBIBHBIX U HE3aBUCUMBIX ITapaMeTpoB. Teopema 3 JoKa3aHa.

Teopema 4. ['pynna deusicenutdi Penomenoso2uiecku cumMmempuHot
eecomempuy, dsyx muoocecmé (pusuveckotc cmpyxmypos) panea (3,3), 3a-
dasaemoti Ha DBYMEPHHLT MH02000pas3uAT mempuyeckots gyrkyuet (9.17):

f =x&+y+n, npedcmasasemca credyrowumu YpasHeHUAMIU:

, x’:a:ch/b, Y =y+cr+d, (9.27)
{'=(—c)fa, n'=n—bf/a— (ad—bc)/a,

ede a # 0.

BanuieM (byHKIMOHAJIBHOE YpaBHEHNE HA MHOXKECTBO JBIzKeHni (9.25)

7yist MeTpudeckoit dyukiwm (9.17):

Mz, y)pm) +o(x,y) +7(6n) =5 +y+n (9.28)

1 npojuddepennupyeM ero o nepeMeHnuiM &, 7: Ape+7¢ = &, A\p,+7) =
1, orkyna naxopum: A(z,y) = (27, —7¢)/(pey— pyTe). Sadukcupyem B 1pa-
BOIl JacTH mepeMeHHble &£, 7 U BBeJleM YI00HbIe 0003HAYCHUS TTOCTOSHHBIX
koabdunuentos: A(x,y) = axr + b, tiae a # 0, tak kak A\(z,y) # const.
[TosicTaBiisist 9T0 BhIpaykeHue i PYHKITUU A B UCXOHOE (DYHKIINOHAJIHLHOE
ypasHenne (9.28) u cHoBa (hUKCHPYs TepeMeHHbie &, 7) MOydaeM BbIparKe-
Hue i apyroit dbyskmun o(x,y) = y + cx + d. Tem cambiM 110y deHBI
npeobpasoBanns MHOrooOpasust 9 B MHOKecTBe jBrKennii (9.27). Ilpe-
obpazoBaHusi BTOPOro MHOrooopasus 1 Haxoudrcsd u3 (PyHKIIMOHAJILHOIO
ypaBuenus (9.28) mpu MoJICTAHOBKE B HErO TOJHKO UTO HAMIEHHBIX BbI-
paxkenuit jjig QyHKIU A n 0. B pesysbrare mosydaeM Bce MHOXKECTBO

npuzkennit (9.27).
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The transformations of the manifold 91 in motions (91024) are assigned
the reciprocal transposes of matrices, whose set is also a group, which is
isomorphic with respect to the group of the initial matrices. Therefore,
the whole set of motions (9.24), as a congregate of isomorphic groups
of transformations of different manifolds is a group that gives the group
symmetry of the physical structure of rank (3,3) defined by the metric
function (9.16). The degree of that symmetry is equal to 4, because the
group of motions (9.24) depends on four continuous and independent parame-

ters. Theorem 3 is proved.

Theorem 4. The group of motions of a phenomenologically symmetric
geometry of two sets (physical structure) of rank (3,3) defined on two-
dimensional manifolds by the metric function (9.17): f = z€ +y +n, is

represented by the following equations:

, :z:’:ax+/b, Y =y+cr+d, (9.27)
§ :(g_c)/% n Zﬁ—bﬁ/a—(ad—bc)/a»

where a # 0.

We shall write the functional equation on the set of motions (9.25) for
the metric function (9.17):

Mz, y)p&n) +o(x,y) +7(6n) =5 +y+1n (9.28)

and differentiate it with respect to the variables £ and 7: Apg + 7 =
x, Apy + 7, = 1, which yields: AN(z,y) = (z7, — 7¢)/(peTyy — py7e). We
shall fix in the right-hand member the variables &, n and introduce suitable
designation for the constant coefficients: A(z,y) = ax + b, where a # 0,
as A(x,y) # const. By substituting that expression for the function A in
the initial functional equation (9.28) and fixing again the variables &, n we
get an expression for the other function o(z,y) = y + cx + d. Thus we
have obtained transformations for the manifold 9T in the set of motions
(9.27). The transformations for the second manifold, 9, are found from the
functional equation (9.28) by way of substituting the expressions for the
functions A and o that we have just found. Which gives us the full set of
motions (9.27).
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Jlist Toro, 9Tobbl yOEUTHCS B TOM, YTO MHOXKECTBO JBHzKeHUi (9.27)
SIBJIETCA TPYIIION, 3aluiieM, HalpuMep, Mpeodpa3oBanme MHOKecTBa I

13 HEero B cjejayrolieil MmaTpudHoii popme:

x a 0 b T
v il=|cld v ||,
1 0 01 1

OTKY/Ja BHUJIHO, UTO KayKJOMy TaKOMY IIPeoOpa30BaHUIO COIOCTABJIAECTCS
HEBBIPOYK/IEHHAsT MaTPUIIA TPETHEro MOPsIIKa, CTPYKTypa KOTOPOii, OUeBH/I-
HO, COXPAHSAETCsI IPU OOBITHOM MATPUIHOM YMHOYKEHUH 110 IIPABILILY "CTPO-
Ka Ha cTojiben" , mpudeM KOMIIO3UINN JIBYX ITPeodpa30BaHuil COMOCTaB/ISIET-
sl IPOM3BEJICHIE COOTBETCTBYIONINX MATPHIl. MHOKECTBO HEBBIPOXK IEHHBIX
MATPHIL I0I00HO CTPYKTYPBI 110 ONEPAIIH UX YMHOXKEHUS SIBJISIETCST TPYII-
101 U TIOTOMY I'PYIIIOi sABJISIeTCS MHOYKECTBO IIpeodpa3oBaHnii MHOroobpa-
sust M B aBmkennsax (9.27). Herpyaao coobpasuThb, 9T0 Mpeodpa3zoBaHIO
BTOPOTO MHOrooOpasus I B 9TUX JBUIKEHUSIX COIOCTABJISIETCS TPAHCIOHN-
poBaHHAasi oOpaTHasl MaTPUIla, MHOYKECTBO KOTOPBIX TaKrKe SIBJISeTCS I'PYII-
10ii, U30MOPMHOI I'pyIIe NPsSIMbIX MATpHUIl. Takum obOpa3oM, Bce MHOXKE-
cTBO JBIKeHuit (9.27) siBjisieTcst TpyIoil, KOTopas OIpee/IsieT TPYIIIOBYIO
CHUMMETPHIO T€OMETPUN JBYX MHOYKECTB paHra (3,3), 3ajaBaeMoii Ha JIBY-
MEpHBIX MHOroobpasusx Merpudeckoit gpyukimeii (9.17). Cremnensb rpyimo-
BOIT CUMMETPHHI PaBHA YeThIPEM, TaK KaK IpyIiia JBrkennii (9.27) 3aBucut
OT YeThIPeX HENPEPbIBHBIX U HE3aBUCUMBIX IapaMeTpoB. Teopema 4 jgoka-

3aHa.

Teopema 5. /J[eyrmoueunviti unsapuarm epynnwv npeobpasosanudi (9.24)
cosnadaem ¢ mempuveckot pynkyued (9.16) ¢ mounocmuio do macwmab-

H020 NPEOOPA30BAMHUA.

Tox recTBeHHOMY TpeobpasoBanmio B rpytie (9.24) coOTBETCTBYIOT Ia-
pamerpol ¢ = 1, b = 0, ¢ = 0, d = 1. Begem napamerpnl 6ecKo-
HETHO MAJIOrO (MHMDUHATE3NMAIBHOTO) Tpeodpa3oBatus «, [3, 7y, d, moJarasi
a=14+a, b=, c=v,d=1+9. C TOIHOCTBIO JI0 BEJUINH [I€PBOIO

MOPsAIKA MAIOCTH peobpazoBanust (9.24) 3aluIyTcs B CJICIYOMEeM BU/IE:
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In order to make certain that the set of motions (9.27) is a group, let
us write, for example, the transformation of a set 9 from it in the matrix

form as follows:

b x
d vyl
1 1

—_ <
I
S o 9
oS = O

which demonstrates that every such transformation is assigned a nondegene-
rate matrix of third order, whose structure is obviously preserved under
usual matrix "row by column" multiplication, the composition of the two
transformations being assigned the product of the matrices. The set of
nondegenerate matrices of such structure is a group under the operation
of their multiplication, and so the set of transformations of the manifold
M in the motions (9.27) is also a group. It is not difficult to see that
the transformations of the manifold 91 in these motions are assigned the
transposed reciprocal matriceswhose set is also aé group, isomorphic to the
group of the initial matrices. Thus, the whole set of motions (9.27) is a group
that determines the symmetry of the geometry of two sets of rank (3,3) that
is defined on two-dimensional manifolds by the metric function (9.17). The
degree of the group symmetry equals 4, as the group of motions (9.27)
depends on the four continuous and independent parameters. Theorem 4 is

proved.

Theorem 5. The two-point invariant of the group of transformations
(9.24) coincides with the metric function (9.16) with an accuracy up to a

scaling transformation.

The parameters of the identity transformation in the group (9.24) are
a =1, b =0, ¢ =0, d = 1. We shall introduce the parameters of
the indefinitely small (infinitesimal) transformation «, 3,7, d, setting a =
l+a, b=p5, c=r, d=1+446. Then, with an accuracy up to values of

the first order of smallness the transformations (9.24) will be as follows:
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' =x+ax+ By, ¥y =y+yr+dy,
'=8—a§—n, n'=n-p55—dn

Beckonewyno masbiM mpeobpazosanusim (9.29) MOXKHO CONOCTABUTD JiBe

(9.29)

CUCTEMBI YeThIPeX JIMHEHHBIX JuddepeHnalbHbIX OlIePATOPOB:

Xl - ZUax, XQ = yaxa X3 = xayv X4 = ya:w

) : A . (9.30)
o1 = —fafv g = _58777 =3 = —77657 =4 = _778777

rie, Hapumep, 0, = 0/0x, KOTOpble COCTABJISIIOT €CTECTBEHHBIE KOOD/IH-
HaTHBbIE OA3UCHI JIBYX M30MOP@HBIX C TOTYHOCTHIO JIO COBIAJICHUS CTPYKTYP-
HBIX KOHCTAHT YeThIpeXMepHbIX ajredop JInm mpeobpaszoBanuii J1ByMepHBIX
MHoroobpasuit M u N.

[Ipu usBecTHBIX MpeobpazoBanusx (9.24) AByXTOUeUHbII HHBAPUAHT f =

f(z,y, & n) asiasgercs peniennem (DyHKIMOHATBHOIO YDABHEHUST

f@' 80" = fa,y,6,n). (9.31)

Eciu B dyukimonaabaoe ypapraenne (9.31) mojcraBurh GECKOHEUHO MaJIbie
npeobpaszosanus (9.29), 3aTeMm mpouddepeHnnpoBaTh ero Mo Kayk oMy 13
YeTLIPEX IapaMeTpoOB «, (3,7, 0 1 IPUJATHL UM HyJIeBble 3HAYCHUSI, TO OTHO-
CHTEIBHO JIBYXTOYEYHOIO MHBAPUAHTA, MOJIYUACTCA CUCTEMa YeThIpex -

depeHnaIbHBIX ypaBHEHMI
Xof+=,f =0, (9.32)

rie w = 1,2, 3,4, ¢ oneparopamu (9.30).

[TockosbKy nuddepeninanbibie ypasHenust (9.32) JjuHeiiHble 0JHOPO/I-
HBIE B YACTHBIX [POU3BOAHLIX IIEPBOrO IIOPSIIKA, UX MOXKHO PEIIaTh METO-
JIOM XapakTepucTuk. s nepBoro 1 4erBeproro ypaBHeHui CHCTEMbI COOT-
BETCTBYIOIIIE ypaBHEeHUs Xapakrepuctuk dz/z = —d&/€, dy/y = —dn/n
MeIOT uHTerpasibl £€ = const, yn = const. Ob6miee permenne f = 6(x€, yn)
IEPBOI0O U YeTBEPTOro ypaBHeHwuil cucrembt (9.32), rue 0(u, v) — IPOU3BOJIH-
Hast PYHKIUS JABYX IIEPEMEHHDIX, [OJCTABUM B €€ BTOPOE U TPEThe ypaBHe-
aust: 6, —60, = 0. 10 ypaBHEHNE TaKzKe PeraeTcs MeTO0M XapaKTePUCTUK
1 ero obIree perenne 3ajgaetcst BeipaxkenneM 0(u,v) = x(u + v), rge y —
IIPOM3BOIbHAST (PYHKIUS yKe TOJbKO OJIHOI IepeMeHHON C OTJIMIHON OT

nysd npoussoanoit x’'. Takum obpas3oMm, JByXTOYEUHDI HHBAPUAHT, KaK
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¥ =x+ ax + By, y’y—l—vx—l—éy,} (9.20)

{=E6—af—m, n'=n—pBE—0n
The infinitely small transformations (9.29) may be assigned two systems

of four linear differential operators:

(9.30)

Xl - xaﬂb X2 - yafa X3 - xay7 X4 - yaya
El = _éafa EQ = _58777 E3 = _77857 E4 = _778777

where, for example, 9, = 0/0x which comprise natural coordinate bases of
the two isomorphic with an accuracy up to the coincidence of the structural
constants four-dimensional Lie algebras of the transformations of the two-
dimensional manifolds 9T and 1.

With the known transformations (9.24), the two-point invariant f =

f(x,y,&, n) is the solution of the functional equation

f',y, 6. n") = flx,y,&n). (9.31)

If we substitute in the functional equation (9.31) the infinitely small transfor-
mations (9.29), differentiate it with respect to each of the four parameters
a, 3,7, 0 and assign zero values to them, then with respect to the two-point

invariant a system of four differential equations
Xof+=,f =0, (9.32)

appears where w = 1,2, 3,4, with the operators (9.30).

Since the differential equations (9.32) are ones linear homogeneous in the
partial derivatives of the second order, they may be solved by the method
of characteristics. For the first and the fourth equations of the system, the
respective equations of characteristics are dx/x = —d§/€, dy/y = —dn/n
and have the integrals x€ = const, yn = const. We shall substitute the
general solution f = 0(z&,yn) of the first and the fourth equations of the
system (9.32), where 6(u, v) is an arbitrary function of two variables, into
the second and third equations: 6, — 8, = 0. This equation is also solved
by the method of characteristics, and its general solution is the expression
O(u,v) = x(u+v), where x is an arbitrary function of only one variable with

the derivative x’ which is unequal to zero. Thus, the two-point invariant, as
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periierne cucrembl jinddepeHnnanibHbX ypaBHenuit (9.32) ¢ oneparopamu

(9.30) 3a/1aeTcst BbIpayKeHUEM

f=x(@+yn), (9.33)

KOTOPOEe MacHITabHBIM Mpeobpasosanuem X () — f ¢ obparHoit GyHKIH-

eit Y~ ! nepesoauTcs B Merpudeckyto dyukiuio (9.16). Teopema 5 1okazana.

Teopema 6. J[syrmoueunvii unsapuanm pynns, npeobpazosanud (9.27)
cosnadaem ¢ mempuueckols gynkyuet (9.17) ¢ mounocmwiro do macwmad-

H020 NPEO0OPA30BAMHUA.

JlokazaresibcTBa TeopeMbl 6 B OOIIUX depTax IOBTOPSIET JOoKa3aTeslb-
CTBO IIPEJbIIyIeil TeopeMbl, XOTsl B JeTaJisdX, KOHEYHO »Ke, OT Hero oT-
mugaercsi. ToxkiecTBeHHBIM TIpeobpaszoBanneM B rpyitie (9.27) Gyuer mpe-
obpazoBanue ¢ nmapamerpamu a = 1, b = 0, ¢ = 0, d = 0. Ilonarasa
a=1+a b=0, ¢c=, d= 0, c TOIHOCTBIO JIO MAJbIX BEJUINH II€p-
BOTO TOpsijika 13 ypasHeHuit (9.27) mojydaeM ypaBHEHUs Jjisi OECKOHETHO

MaJIbIX (MHMDUHATE3NMATBHBIX ) TTPeodpa3s0BaHuTil:

'=r+ar+f, Y =y+yr+4,
=6—al—7y, n=n—pB—0,

KOTOPBIM COOTBETCTBYIOT JIBE CHCTEMbI YeTbIpeX JUHEHHbIX guddepeniin-

(9.34)

aJIbHBIX OIIEpaTOPOB:

X1 = x@x, X2 = 8x, Xg = xﬁy, X4 == 63/,
Sy = —€0;, By = —£0,, Sz = —0, Z4= —0,

KOTOPbIE COCTABJISAIOT €CTECTBEHHbBIE KOOPAMHATHBIE OA3UCHI JIBYX N30MOPd-

(9.35)

HBIX ¢ TOYHOCTBIO JIO COBHAJAEHUSI CTPYKTYPHBIX KOHCTAHT YeThIPEXMEePHBIX
asrebp Jln mpeobpaszosanuii (9.27) aByMepHbix MHOT00Opas3uit M u M.
[ToncraBum B dyHKInoHaibuoe ypasaenue (9.31) mjist JIByXTOYEUHOTO
MHBapHaHTa WHQUHUTE3NMaIbHBIE TpeobpasoBanust (9.34), mpoauddepen-
[ITPYEM €ro 10 KaKJ0My U3 9eThIpex 1apaMeTpoB «, (3,7, 0 U B pe3yabraTax
nuddepeHnnpoBatms IPUIAJIM UM HYJIeBble 3HAUEHIS, COOTBETCTBYIOIIIIe
TOXKJIECTBEHHBIM IIpeodpa3oBaHusiM. B nrore Ha JIByXTOYedHBII NHBAPUAHT
f = f(z,y,&,n) Bo3HUKaeT cucTeMa deThipex AuddepeHInaabHbIX YpaB-

wernit (9.32) ¢ oneparopamu (9.35). Kax u B nmpeplaymmem ciaydae, STH
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the solution of the system of differential equations (9.32) with the operators
(9.30) is

f=x(@§+yn), (9.33)

which is transformed by the scaling transformation x~'(f) — f with the

inverse y ! into the metric function (9.16). Theorem 5 is proved.

Theorem 6. The two-point invariant of the group of transformations
(9.27) coincides with the metric function (9.17) with an accuracy up to a

scaling transformation.

The proof of Theorem 6 mainly repeats the proof of Theorem 5, differing
from it, grosso modo, in some small detail. The identity transformation in
the group (9.27) will be the transformation with the parameters a = 1, b =
0, c=0, d=0.Settinga=14a, b=, c=r, d= 0, with an accuracy
up to the terms of the first order of smallness from the equation (9.27) we

get equations for infinitely small (infinitesimal) transformations:

/ — / — 5
ZU/ x+ ax+ [, y/ Y+ yr + 9, (9.34)
5:5—046—*}/’ 77:77—55—57
which correspond two systems of four linear differential operators:
X1 =20, Xo=0,, X3=210,, X4=20,
_ T e ST ST (9.35)
=1 = —5’85, =9 = _58777 =3 = —85, =4 = —87,,

which comprise the natural coordinate bases of two isomorphic with an
accuracy up to the coincidence of the structural constants four-dimensional
Lie algebras of the transformations (9.27) of the two-dimensional manifolds
2 and M.

We shall substitute into the functional equation (9.31) for the two-point
invariant the infinitesimal transformations (9.34), differentiate it with respect
to each of the four parametersa, 3, v, 0 and in the results of the differentiation
assign them zero values corresponding the identity transformations. That
yields for the two-point invariant f = f(z,y,&,n) the system of the four
differential equations (9.32) with the operators (9.35). As is in the previous
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ypaBHEHUST PEIIAIOTCsS METOJIOM XapaKTepucTuk. Jlist mepBoro m dersep-
TOro ypaBHeHuii cucrembl (9.32) COOTBETCTBYIOIIME YPABHEHUS XapakTe-
puctuk dz/r = —d§/&, dy = —dn nerko uarerpupytorcs: x{ = const,
y +n = const, Ho3TOMY UX 00IIee pelleHre 3alUIIeTcsa B CIeYIOIeM BI/Ie:
f=0(x&y+n), rae O(u, v) — mponsBosibHAsST (DYHKITHS JIBYX [EPEMEHHBIX.
[Tocie 110/1ICTAHOBKE 9TOTO BBIPAXKEHUSI BO BTOPOE U TPEThE YPaBHEHUS CH-
cTeMbl TIostydaeM auddepennuaibnoe ypasuenue 6, — 6, = 0, perrenue
kotoporo f(u,v) = x(u + v) 3anuceiBaeTCst Yepe3 MPOU3BOJIBHYIO (DYHK-
UIO Y OT OJIHOI TOJMBLKO 1epeMennoii, npuuem X' # 0. B pesyiabrare s

ABYXTOYE€YHOI'O MHBapHuaHTa f IIOJIYy9a€M BbIpazKeHUe

f=x@&+y+n), (9.36)

KOTOpOE MEPeXOINT B MeTpudecKyto dyHKiuio (9.17) npu macirabHOM TIpe-

obpazosanun X 1(f) — f ¢ obparnoii bynkuueit x 1. Teopema 6 1okazana.

Bamernm, 9TO JiBe derbipexmepbie ajreOpsr JIun (9.30) B coorBeTcTBY-
IOIIIX Oa3ucax MMeT OJIMHAKOBbIE CTPYKTYPHBIE KOHCTAHTHI. QUeBuIHbII
nepexoj K Jipyromy 6a3mcy u TpUBHAJIbHas 3aMeHa KOOPJMHAT IePEeBOJIAT
OJINH Oa3uc B JIPYroif, 9T0 rOBOPUT O CJIa0OH SKBUBAJEHTHOCTU STHX aJ-
reop. OgHAKO HIKaKasl TOJIbKO 3aMeHa KOOP/IMHAT He IIepeBeieT 3TU Oa3UChI
o/iuH B Apyroit. OTMedeHHOE 00CTOSTE/ILCTBO O3HAYAET, UTO COOTBETCTBYIO-
1e UM Jise rpyisl JIn npeobpasoBanuii (9.24); Kak pasjudHble jeificTBUs
B JIBYMEPHOM MHOI'000pa3un OJ{HOI 1 TOil »Ke JeThIpexMepHOil rpyIib JIu,
110,100HBI, HO HE 9KBUBAJICHTHBI. 10 €CTh HEKOTOPBIIT aBTOMOP(MU3M B I'PYIIIIE
1 3aMeHa KOOPJMHAT IIepeBe/lyT OJHY I'PYIIY IIPeodpas3soBaHuil B APYIyIo
(momobue wm ciaabasi SKBUBAJEHTHOCTH), HO HUKaKas 3aMeHa KOODJIMHAT
0e3 aBTOMOpPGU3Ma ITOIO HE CMOXKET CJIeIaTh (HEIKBUBAJIEHTHOCTh B CUJTh-
HOM CMBbICJIe). AHaJOrHYHOEe 3aMedaHiie MOXKHO CJieaTh W B OTHOIICHUN
JBYX deTbipexMepHbix ajreop JIu (9.35), coorBercTBytomux rpymmamM Jln

npeobpaszoBanuii (9.27).
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case, the equations are solved with the method of characteristics. For the
first and the fourth equations of the system (9.32) the respective equations
of characteristics, dx/x = —d£/€, dy = —dn, are easily integrable: & =
const, y 4+ n = const, and their general solution will be written as follows:
f = 0(z£y+n), where 6(u,v) is an arbitrary function of two variables.
The substitution of that expression into the second and third equations
of the system yields the differential equation 6, — 6, = 0 whose solution
O(u,v) = x(u + v) is written via the arbitrary function x of only one
variable, ¥’ being unequal to zero. As result, for the two-point invariant f

we get the expression
f=x(&+y+n), (9.36)

that is transformed into the metric function (9.17) through the scaling
transformation x~!(f) — f with the inverse function x~!. Theorem 6 is

proved.

We shall note that the two four-dimensional Lie algebras (9.30) in the
respective bases have the same structural constants. The obvious transition
to the other basis coupled with a trivial change of coordinates transforms
one basis into the other, which means the weak equivalence of the algebras.
However, no change of coordinates alone transforms the bases one into
the other. That circumstance implies that the two corresponding groups
of Lie transformations (9.24), as different actions in the two-dimensional
manifold of one and the same four-dimensional Lie group, are similar but not
equivalent. That is, some automorphism in the group accompanied by the
change of coordinates will transform one group of transformations into the
other (similarity, or weak equivalence), but no change of coordinates without
automorphism can do the same (nonequivalence in the strong sense). The
same is to be said as concerns the two four-dimensional Lie algebras (9.35)

that correspond the Lie transformations (9.27).
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§10. /IBymeTpuyeckue U TpUMETpPUIECKHNE

dusndeckne CTpyKTypbI

[Tosinas kjraccudukanus JIByMETPUIECKUX (DU3MIECKUX CTPYKTYD (de-
HOMEHOJIOTHYECKH CHMMETPUIHBIX T€OMETPHUil JIByX MHOYKECTB) MOCTPOCHA
ToIbKO it panra (n + 1,2). Kparkoe e ux onpeje/ieHne moJiydaercs
13 0OIIEero onpejesenns 1 MoIuMeTpruIecKuxX (pU3nIecKux CTPYKTYp paHra
(n+1,m+1), rarHoro B Hauase §8, eCJI B HEM MOJIOKUTh § = 2 1 m = 1.

[Tycts umetores jBa MHOXKecTBa M 1 N, sBsIONIECT 2-MEePHBIM U 21~
MEPHBIM MHOT00Opa3UsiMI COOTBETCTBEHHO, IVl 1 — HATypaJbHOEe UHC/IO.
O6o3HauNM JIOKaJbHbIE KOOPAMHATHI B 9THX MHOINOOOpa3msX depe3 T =
(1, 2%) u €= (€L,...,&%). Ilyerb Takske uMeercst byHKIMs f ¢ OTKPBLITOf
1 wiotHoit B 9N X N obuactbio onpejenenns G ¢, colnocTapiidionias KazK-
JI0i Tape U3 Hee JBa BeleCTBEHHBLIX ducia, To ecth f : &p — R, Jlyx-
TOYeUHYIO JByXKOMIOHeHTHy1o dbynkmuio f = (f1, f2) Gyaem HasbiBaTh
mempuveckot. Ilpenmnonaraercsi, 9To ee JOKAJbHOE KOOPJIMHATHOE IPEI-

cTaBJIeHNE 33/1a€TCs JIOCTATOTHO TVIAJIKOM HEBBIPOXKIEHHON (PyHKITIelt

f=[f(8=f(z"a%¢,....6), (10.1)

BbIpazKeHIe [[Jisi KOTOPOIl MoJiydaeTcss U3 BbipakeHus (8.2) npu s = 2 u
m = 1. HeBbipoxienuocts Merpudeckoii dpyuknun (10.1) nonnmaercst B
cmbicsie akcnombl 1T 3 §8 1, BooOI1ie roBopst, B OTJI4He OT cjiydas § = 1, To
eCTb OJHOMETPHUIECKNX (DU3MIECKUX CTPYKTYP, O3HAUaET HEUTO OOJIbIlee,
4eM 1IPOCTO ee CYMIECTBeHHYIO 3aBUCHMOCTh OT KoopiauHat o = (zl,2%) n
€= (&Y ...,€%). A umMeHHo, JIOJDKHDBI OBITH OTJIMYHBL OT HYJISA AKOOHAHBI
Of(ia)/0x; u O(f(i1x), ..., f(ina))/0&, it TIOTHBIX MHOXKECTB Iap
(1) € M x N u Koprexkeit (17 .. .0, ) € M x N gmus n + 1.

Tasee crpouM dbyukunio F ¢ ecrecrsernoit B M x N? obracThio ompe-
nenernsgs Sp, comocTaB/ids KaxKJIoMy KOpTexky Jauubl n + 3 u3z Gp Bce
4(n + 1) BosmozkHbIe 110 MeTpuyeckoii dynkuun f = (f1, f?) paccrosmnusi,
ByjieM roBopuTh, 9TO JIBYXKOMIIOHEHTHAS (DYHKIWA [ € JTIOKAJIBLHBIM KOOpP-
auHaTHBIM TipejcTasaeneM (10.1) 3amaer Ha 2-MepHOM 1 21-MEPHOM MHO-
roobpasusax M u N deymempuueckyro pusuveckyro cmpykmypy (berome-
HOJIOTHYECKH CHMMETPUIHYIO TeOMETPHIO JBYX MHOXKECTB) panea (n+1,2),

n+1)

ecJIm JIOKaJIbHO MHOyKecTBo 3Havennii F(Syp) B R IIPUHA/JIC?KAT MHO-
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§10. Dimetric and trimetric

physical structures

The full classification of the dimetric physical structures (phenomenologi-
cally symmetric geometries of two sets) has been only built for the rank
(n 4+ 1,2). A brief definition of theirs is derived from Definition 1 of the
polymetric physical structures of rank (n 41, m+ 1), that was given at the
beginning of §8, if we set s =2 and m =1 in it.

Suppose there are two sets, 99t and I, that are a two- dimensional and
a 2n-dimensional manifolds respectively, where n is a natural number. We
shall designate the local coordinates in the manifolds as z = (2!, 2?) and
&= (&,...,&"). Suppose there is also a function f with the domain &y
open and dense in M x N that assigns to every pair of it two real numbers,
ie. f: &7 — R% We shall call the two-point two-component function f =
(f1, f?) a metric one. It is supposed that its local coordinate representation

is defined by a sufficiently smooth nondegenerate function
f:f(a;?g) :f(x17x27€17"'7£2n)7 (10'1)

the expression for which is obtained from the expression (8.2) with s = 2
and m = 1. The nondegeneracy of the metric function (10.1) is understood
in the sense of Axiom III of §8 and, generally speaking, and in contrast to
the case of s = 1, i.e. that of unimetric physical structures, means somewhat
more than its mere essential dependence on the coordinates x = (x!, 2?)
and & = (£1,...,€%"). And that is the necessary nonzero quality of the
Jacobians Of(ia)/0x; and O(f(irv),. .., f(ina))/0&, for the dense sets
of pairs (ia) € 9M x M and corteges (i ...in, ) € IM" x N of length
n + 1. Further, we build the function F with the natural in 9! x 912
domain & by assigning to every cortege n + 3 from & all the 4(n + 1)
distances possible in the metric function f = (f!, f?). We shall say that the
two-component function f with the local coordinate representation (10.1)
gives on a two-dimensional manifold 9 and a 2n-dimensional manifold 9t
a dimetric physical structure (phenomenologically symmetric geometry of
two sets) of rank (n + 1,2), if locally the set of values F/(&p) in R
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JKeCTBY HyJIell HEKOTOPOI JOCTATOYHO IJIaIKON JIBYXKOMITOHEHTHOW (DyHK-
un & = (Py, Py) or 4(n+1) nepeMeHHBIX ¢ HE3ABUCUMBIME KOMIIOHEHTAMMU

®; u Py, TO eCcTH MMEET MECTO ypaBHEHHE

O(f(icr), f(iB), f(je), f(55), -, f(va), f(vB)) =0 (10.2)

7ist Beex Koprexeidi (ijk ... v, afl) 3 HEKOTOPOro IJIOTHOTO W OTKPBITOTO
B Sr C M x 92 mnoxxectsa. TakmM 06pasoM, JOKATLHO MHOZKECTBO
F (&) npunajjiexkuT HeKOTOPOii PeryJisipHoii KOpasMepHOCTH 2 MOBEPXHO-
cru B R¥*"H) | 1e obstzaresbio coBraas ¢ Heil.

BaMeTuM, UTO He BesiKas JABYXKOMIOHeHTHas dynxuus f = (f1, f2) mo-
JKeT 3aJiaBaTh JABYMETPUUIECKYIO (PUBUYECKYIO CTPYKTYPY M ITOTOMY OCHOB-
HOII 3ajiavueil TeOpUN sIBJIETCS IOJIHAsT KaaccuuKalnus TakKux (QyHKIINI,
KOTOPas, KaK OOBIYHO, IMPOBOIUTCS C TOYHOCTBHIO 10 MAacCIITaOHOIO IIPeoo-
pasoBaHus, B JAHHOM CJydae JBYMEPHOIO, U BO3MOXKHOCTH BbIOOPA B MHO-

roobpaszustx I u M y1oObIX JOMYCTUMBIX CUCTEM JIOKAJILHBIX KOODIMHAT.

Teopema 1. Jlsymempuueckue gusuueckue cmpyxmypvi ((heromenono-
2UMECKU CUMMEMPUYHBLE 2€0MEMPUL I8YL MHodcecma) panza (n+1,2) cy-
wecmeyrom moavko daan = 1,2,3,4, mo ecmw panea (2,2), (3,2), (4,2),
(5,2), u ne cywecmeyrom dasn > 5, mo ecmo parnea (6,2), (7,2) um.d. C
mounocmsi0 do Macwmabnozo npeobpa3ocanus d6YTKOMNOHEHMHASL MEM-
puneckas dynwyus f = (L, f?), sadarowasn na 2-meprom u 2n-meprom
mro2000pasusx M u N deymempuneckyro Guauueckyr0 cmpyrmypy panaa
(n + 1,2), 6 Hadaesrcawse 6vIOPAHHBIT 6 HUT CUCTNEMAT AOKAALHOLL KOOP-
dunam & = (z',2%) = (z,y) v & = (€1,6%,,&,..) = (&m0, .. )
ONPeEdeNICMea CACOYOUUMU KAHOHUMECKUMU GHIPANCEHUAMU.

daan =1, mo ecmv panea (2,2):
fl=a+¢ fP=y+n, (10.3)
fl=(+8y, 7= (x+&n (10.4)

dasa n =2, mo ecmv panea (3,2):
fl=xé+eym+u, fP=an+yl+rv, e=0,+1, (10.5)

fl=aé+p, fP=an+y4v, c#1, (10.6)
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belongs to the set of zeros of some sufficiently smooth two-component
function ® = (Pq, P9) of 4(n+1) variables with the independent components

®, and P,, i.e. an equation
O(f (i), f(18), f(Ja), f(GB), -, f(va), f(vB)) =0 (10.2)

takes place for all the corteges (ijk...v,af) from a set dense and open in
Sp C M x M2 Thus, the set F(Sp) locally belongs to some regular

n+1) of codimension 2, not necessarily coinciding with it.

surface in R*

We shall note that not every two-component function f = (f1, f?) may
give a dimetric physical structure, so the principle task for the theory is
their complete classification that is to be carried out with an accuracy, as
usual, up to a scaling transformation, two-dimensional in this case, and the
possibility of choosing in the manifold 99T and 9t of any allowable systems

of local coordinates.

Theorem 1. Dimetric physical structures (phenomenologically symmetric
geometries of two sets) of rank (n + 1,2) exist only for n = 1,2,3,4, that
is rank (2,2), (3,2), (4,2), (5,2), and do not exist for n > 5, i.e. for rank
(6,2), (7,2) ete. With an accuracy up to a scaling transformation the two-
component metric function f = (f1, f2) that defines on a 2-dimensional
and a 2n-dimensional manifolds M and N a dimetric physical structure of
rank (n + 1,2) in systems of local coordinates v = (z*,2?) = (z,y) and
£ =(61,62,83,¢,..) = (& m, v, ...) suitably chosen in them is defined
with the following canonical expressions:

forn =1, that is for rank (2,2):
fl=a+¢ fP=y+n, (10.3)

fl=(z+8y, f*=@+n (10.4)
forn =2, i.e. for rank (3,2):

fl=at+eyn+p, fP=an+yéE+v, e=0,=+1, (10.5)

fl=aé+p, fP=am+y+v, c#£1, (10.6)



192 I'".T. Muxaitmuaenko. MaremMaTndeckne OCHOBBI M PE3Y/IbTATHI TEOPUN (PUIUIECCKUX CTPYKTYP

fl=aé+p, fF=an+y& +2°CIné +v,
fl=at+yp, f2=an+yv;

oaan =3, mo ecmv panea (4,2):

flz(fc§+8yn+u)($+p)—6(xn+y£+V)(y+T) )
(x+p) —ely+7)° ’
0
f2:(x§+€yn+u)(y+7)—(xn+y§+V)(fc+p)
(x4 p)? —ely+ 1) )
ede e =0, +£1,
f1:x€+u oA
r+p’ r+p

fl=a+yn+p, fP=an+yv+m
das n =4, mo ecmv panea (5,2):
_xEtyptp o xTntyr+T

Tp+y+w’ Tp+y+w

(10.9)

(10.10)

(10.11)

(10.12)

JlokazarebcTBO TeopeMbl 1 MOXKHO HaiiTu B §7 MoHOrpadun apropa |24]

1 B ero pabore [26].

Ob6parnmcs Terepsb K ypasaennio (10.2), KoTopoe BbIpazkaeT (heHOMEHO-

JIOTUYECKYIO CUMMETPHIO JIBYyMETPUYECKON (PU3NIECKONl CTPYKTYPhI paHra

(n+1,2). Beimurem ero siBHO Jij1s1 Kazk10i u3 Merpudeckux yukiuii (10.3)

— (10.12) cooTBeTCTBEHHO:
muist Merpudeckoit dyukiwm (10.3):
fi0) = 1B) = *(j) + 1'(i6) = 0, }
fAia) — f2(iB) — f2(je) + f2(58) = 0;
(

it MeTpudeckoit gyukrmn (10.4):

flio) = f1B) f1ia)f*(o) | _ )
flge) = 160 fHGa)flia) |

>
flia) = f2(ja) fie)f'68) | _
fAiB) = £2(38) RS (ia) |
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fl=at+p, f2P=an+y&+22CIné+v,
fr=xC+yp, f7=an+yy;
forn =3, i.e. for rank (4,2):
(@€ +eyn+p)(@+p) —elan+yS+v)(y+7) )

fr=
(z+p)? —e(y +7)° ’
>
2= (z€+eyn+p)(y+7) — (@n+y§ +v)(z + p)
(@ +p)* —e(y+71)° ")
where e = 0, %1,

t{+p o antyr+T
T+p’ T+ p

=

fl=as+yu+p, fP=an+yv+T;
forn =4, i.e. for rank (5,2):
€ typt+p o antyr+T

Tp+y+w’ Tp+y+tw

9

(10.9)

(10.10)

(10.11)

(10.12)

The proof of Theorem 1 may be found in §7 of the author’s monograph

|24] and in his note [26].

Let us now take the equation (10.2), that expresses the phenomenological

symmetry of the dimetric physical structure of rank(n+1, 2). We shall write

it explicitly for each of the metric functions (10.3) to (10.12) respectively:

for the metric function (10.3):
I'(i0) = 18) = ') + fl(jm—o,}
fia) — f(iB) — f2(je) + f2(58) = O;
for the metric function (10.4):
fiia) — f1(iB)
fGa) = f1(58)

Hio) f2(j)

(o) f2lia) |

f
f
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nyist Merpudeckoit yukiwn (10.5):

fHia) fHiB) 1 flia)  f2(iB) 1
fa) f1GB) 1| +e| o) f2(8) 1|=0,
fHka) fH(EB) 1 fAka) fA(kB) 1
’
fHia)  f2(ip) 1 fia)  fHiB) 1
flGe) f2(B) 1|+ | fPa) f1G8) 1| =0;
Fitka) 2k0) 1| | f2(ka) PO 1|
mutst Metpudeckoit gyukrun (10.6):
fiia)  f*(ia) 1
fla) f*(ja) 1
A fléia)) fzgia)) | Fiio) JGH) 1
R(ef) i =0, | flGe) f1(GB) 1|=0,
1

rie R(af) — oneparop aibrepHEpOBanns (aHTHCHMMETPH3AII) 10 JIe-
mentan a, B, 10 ectb R(afB)p(af) = o(af) — o(Ba);

it MeTpudeckoit gyuakrun (10.7):

flia) f1(B) 1
fiGe) f1G8) 1]=0,
fika) fi(kB) 1

filia)  fA(ia
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for the metric function (10.5):
)

i) f16B) 1 Flic) f23i8) 1 )
ffGe) fF1G8) 1| +e| f2Ua) f2(8) 1]=0,
frka) f1(kB) 1 fAka) f2(kB) 1
g
fHa)  f2iB) 1 fPlia)  f1@B) 1
flGe) f28) 1|+ fP(ja) f1GB) 1|=0;
flka) f0B) 1] | Pa) Fk8) 1|
for the metric function (10.6)
fHia)  fPia) 1
la 2(jar) 1
A ;12203 ;28{04)) 1 fllia) f100) 1
R(af) = : =0, | f'(Jjo) f'(4B) 1|=0,
1

where R(a3) is the operator of alternation (antisymmetrization) with respect
to the elements a, 3, i.e. R(aB)p(a3) = o(af) — p(fa):

for the metric function (10.7):
fllia) fHiB) 1
fia) f158) 1
fika) f1(kB) 1
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nyist Merpudeckoit yukiwn (10.8):

\

flia)  f1(iB)
fika) fH(kB)

f2a) f2(iB)
f2(ka) f2(kB)

R(ij) X

~

-0

fiia) fH(iB)
flga) f108)

f2 (ko) f2(kpB)
f2ja) f2(58)

A

R(ik) X

V

st Merpudeckoit dyuximn (10.9) ypasaerue (10.2) MOXKHO MOJTy9IUTH

KOMILIeKcupuKaleil ypaBHeHIs

flia)  f(EB)  flia)f(iB) 1
fle) f5B) fUa)fGB) 1] _
f(ka) f(kB) f(ka)f(kB) 1 ’
fla) fUB)  flla)f(IB) 1
nojarag B HeM f = f' 4 ef?, roe €2 = ¢ = 0,+1, u ormenssa 3aTeM

P€aJIbHYIO U MHUMYIO 9aCTU,

nuist merprdeckoit dyukimm (10.10):

(Ga) - i) (f ) — fi(ka)) .
BB (F1ia) = i) (T Ge) — fi(ha)
 Fa) - (i)
BOB) Fi i) = (i) ™
>
Fllia) Jka) — £(1)| | 1(ka) 7(00)
i) pike) - P | Pk) P
I'Ga) £ (k) = f'(la)| | (ka) ['(l0)]
2a) fka) - 12a)| | f2(ke) F200)|
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for the metric function (10.8):

S| ) F18) || PG P8 )
R bitka) 71k3) || (ko) f?(kﬂ)‘o’
>
qa | 7160 £G0) || Py o) |
fGe) f10) f2e) (58 )

for the metric function (10.9) the equation (10.2) may be obtained by

way of complexification of the equation

fla) fGB)  [flia)f(iB) 1
fle) fGB) fGa)fGB) 1] _
flka) f(kB) [f(ka)f(E3) 1 |
flle) fUB)  fUa)f(B) 1

by setting f = f! +ef?, where e? = ¢ = 0, +1, and separating the real and
the imaginary part;
for the metric function (10.10):

¢
f1(i@) f'(ka) = [1(0)| , |1'(ka) f'(1a)
i) fk) = fPUa)| | fka) fl0)]
I'Ga) ko) = fa)| | ka) [U0)|
o) f2(ka) = f(e)| |f(ka) fUa)] )
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nyist Merprudeckoit dyukium (10.11):

| ) 1) 1| PG £68) 1 ‘
R(ij) | fl(ka) fU(RB) 1| x| f(ka) fA(kB) 1|=0,
fHle) f1I8) 1 fle) f2018) 1
4
| S 168 1| | fla) f2608) 1
R(kl) | f1ja) f1(GB) 1| x| fAja) f2(B) 1|=0;
flka) fHRB) 1] | f2la) f2(16) 1 )

mist nocsie el merpudeckoit dyukimn (10.12), 3agatomieil enHCTBEH-

HYTO (DU3HUECKYIO CTPYKTYPY panra (5,2):

flla) flia) 1| | f'Ge)  f(ja) 1
flka) fika) 1| | fH(ka) f*(ka) 1
ot (@) £ 1| [ne) Py ]
frUa) fFla) 1 fHlia)  fic) 1
flka) f(ka) 1 fHka) f(ka) 1
flla) f(a) 1 flla) f*(a) 1

>
flla) flia) 1| | f'Ge)  fP(ja) 1
flka) f2(ka) 1 flla)  f*(la) 1
R(ap) f (Z‘Oé) f (1'04) v fr(ma) f (@a) 1 0
fla) fPGe) 1| | flléa)  flia) 1
flka) f(ka) 1 fHla)  fla) 1
flla) f*(a) 1 ffima) f*(ma) 1 )

OxasbiBaeTcst, cBA3b MeTpudeckoit dbyukiuu (10.1), 3agaromieit gBymer-
putdeckyio Gusnueckyo crpykrypy panra (n + 1,2) u ypasaenus (10.2),
BbIparKaloIero ee (peHOMEHOJOINYECKY0 CUMMETPHIO, MOYKET CTaTh OoJiee
IPO3pavHOil, 0O YeM TOBOpUT cjejyiomad, nokazannag P.M. Mypamosbim

32, §18], reopema:
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for the metric function (10.11):

fio)  fHiB) 1 fAUe) £ 1 ‘
R(ij) | fl(ka) fUKEB) 1 |x| f2(ka) f2(kB) 1|=0,
fila) f1I8) 1 o) f218) 1
>
) fllia) f1@B) 1 filia) f238) 1
R(EL) | flja) f1GB) 1| x| f2(je) f2(jB) 1|=0;
fika) fU(kB) 1 fla) f2(10) 1 ,

for the metric function (10.12), the one that gives an only physical

structure of rank (5,2):

flia) fla) 1 |fiGa) f2ja) 1
flka) fka) 1| | fi(ka) fi(ka) 1
pag 100G ] |fma) fme) 1]
flGa) f2Ga) 1| |fia) fia) 1
flka) f2ka) 1 [fi(ka) fA(ka) 1
flia) fa) 1) i) f2a) 1

>
flia) fla) 1 |fiGa) f2ja) 1
flka) fka) 1| | fila)  f2(a) 1
pag 100 1| me) fome) 1]
flGa) f2Ga) 1| | fila)  flia) 1
[lka) f2ka) 1 | [Ma)  fA(la) 1
flia) f2ia) 1) |fima) fAma) 1|

It turns out that the relation of the metric function (10.1), that gives a
dimetric physical structure of rank (n+ 1,2), and the equation (10.2), that
expresses its phenomenological symmetry, may be made more transparent,
which is demonstrated by the following theorem proved by R.M. Muradov
132, §18|:
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Teopema 2. Ecau dsyrkomnonenmmas MEMPUYECKaA PYHKUUA

f=fl@y.&nmy,...)

zadaem na 2-meprom u 2n-meprom mro2000pasuixr MM u N deymempue-
CKY10 Pusuveckyro cmpykmypy ((PeHoMenoi02UNECKU CUMMEMPUIHYIO 2€0-
mempuio deyr mmoccecms) panea (n + 1,2), mo ¢ mounocmvio do mac-
wmabmoz0 npeobpazosanus U 3aMEHLL KOOPIUHAM 6 MH02000DPA3UAT OHA
onpedeasem 6 R*™ maxyro weasuzpynnosyro onepayuio ¢ npasoti edunuyet,
YMO NPasuiti 0OPAMHBLL INEMEHM COBNADGEM C UCTOOHLIM U 8 YPABHEHUU,
BULPAAHCAIOUEM PEHOMEHONORUNECKYIO CUMMEMPUIO, NOD ONEPANOPOM (Nb-
MEPHUPOBAHUSA }?(aﬁ) cmoum suipasicernue, nododroe mempuueckoli Pymk-

YU

R(aB)f(f!(ia), f* (i), [ (ja), F2(ja), [ (ka), f*(ka),...) = O;

s n =1, mo ecmv panea (2,2):

fl=a—-¢ f=y-n, (10.3')
fl=@-=n f=y/n (10.4')

das m =2, mo ecmv panea (3,2):

y x 1
xﬁ—,u_gyn_y n &1
N U Tt I O B (PO v op :
= E—p)?—en—v)? f__@—ﬂﬁ—dn—ww (10.5)
ede ¢ = 0, +1;
y x 1
n &1
e 10.6'
Poemw P e (106

ede ¢ # 1;
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Theorem 2. If a two-component metric function

f=flx,y,&nmuy,...)

gives on a two-dimensional and a 2n-dimensional manifolds M and N
a dimetric physical structure(a phenomenologically symmetric geometry of
two sets) of rank(n+1,2), then with an accuracy up to a scaling transforma-
tion and change of coordinates in the manifolds it defines in R?" such a
quasigroup operation with a right identity that the right inverse coincides
with the parent element, and in the equation expressing the phenomenologi-
cal symmetry under the operator of alternation R(@ﬁ) there stands an

expression similar to the metric function itself:

R(aB) f(f'(ia), i), f' (o), f2(ja), fH(ka), f2(ka),...) = 0;
for n=1, i.e. for rank (2,2):

flzx_§7 f2:y—77; (103/)
fl=(@=n, [f=y/n (10.4")

for n =2, i.e. for rank (3,2):

y x 1
xﬁ—u_gyn—y n &1
N S| N Ll [ v opl :
= (E—p)?2—en—v)? ’ i €= )P —cn =) (10.5")
where ¢ = 0, £1;
y x 1
n &1
T — U v U 1 /
fl:g—u’ f2_(€_ o (10.6')

where ¢ # 1;
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I~
o
-
o
8w 3
N &N AN
5 Yo 3
~~
==
_ 3
W _
SN—"
= N
_
o
8 w 3
S SR
I
(o]
S
3=
[ ]|
ISHRSY,
I
—
S

(10.8))

xn — y&
v —nu

1=

TV — Y
v —np

fl=

dasa n =3, mo ecmv panea (4,2):

I
@)
i
— i — i
—~ —~
TR
_ _
SlwX|E|E|w¥|E
A TV S I MR
EERERERE AR
GIESIKIGIESIRS)
S ST
ITIRERFTR
SRR NSy
= =
SN s
~/
Mﬂ,_ \mr/\mr/n_ﬂ_ Q
_ ]| _
8B SIS
I
i
S~

((x=pp—ely—m))(E—p)?—cn—v)*)"

ede € = 0, +1;

(10.10")

o= |

8 wWw X

S S A | W

(b=p)(E—p)
(= p)(€—n)

1_(5’7_,“)(5—,0) 2
P = ne—n !



(10.7)
(10.8)
(10.9)

0

(10.10)

o |

8 W I

S S A | W

xn — y&
v —nu

(& — )’

f2

TV — Y
§v —np

fl=

(z—p)(E—p)+ely—v)n—71)
(z—p)(€—p) +ely—T1)n—v)
(z—p)(—p) +ely—T1)n—v)
(x=p)n—v)+(y—T7)(E—n
e((z— )1 — ) + ly — TIE — 1)
(x—p)E—p) +ely—7)n—v)

(x=p)?—ely—1))((E—p)?—cn—v)?)" )

where ¢ = 0, £1;

fl_

for n =3, i.e. for rank (4,2):
1=
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(b —p)E—p)
(x —p)(€—p)

(z —p)(€ —p)
(. —p)(§ —p)

fl=
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x y 1 z y 1
povol & nl
T 1 T 1
=t o=t (10.11")
/A £ n 1
w v 1 w v 1
p 17 1 p 7 1
dasa n =4, mo ecmv panea (5,2):
x oy 1] &€ n 1 z y 1| |p 1
w v 1l |p 7 1 En 1) |p 71
w 1 w 1 T 1 w 1
= gid N i . (10.12)
&En 1 jroy 1 &n 1l |z oyl
w v 1l |p 7 1 w vl (p 71
o w 1] | w1 p 17 1| |p w1

[Tosinas kjraccudukanus TPUMETPUIECKIX (DU3MIECKUX CTPYKTYD (de-
HOMEHOJIOTHYECKH CHMMETPUIHBIX T€OMETPHil JIByX MHOKECTB) MOCTPOEHA
TOJILKO Jijisi padra (2,2). Takast cTpyKTypa, COTJIacHO OOIIeMy oIpe/iesie-
Huoo 1 u3 §8, B KOTOPOM HaJI0 HOJIOXKUTH § = 3, m = 1, n = 1, 3aaercs
TpexkoMionenTHol dbynxuueir f = (f1, f2, f?) na 3-MepHbIX MHOroOGpa-
sustx N u N. Ob6o3HAUUM JIOKAJIBHBIE KOOPJMHATHI B 9TUX MHOI00Opa3MIX
yepes x,y,z n &, n,9. Torna KoopauHATHOE IIPEJICTABICHIE METPUYIECKOI

dbyHKIUN f 3anuIeTcs B CIeAyIOIMeM BHIE:

f - f(ajvyv Z7£777?19)7 (1013)

pudeM Jiist KOHKPETHOI napsl (ia) u3 obsactu ee oupejeenns &y Oyem

UMEeTD.

f(ZOé) - f(xiayia Zi7£a7nom 1904)7

a €€ HEBBIPOXKJACHHOCTL O3HAYaCT OTJINYIUE OT HYJIA CJICIYIOMINX SIKOOMAHOB:
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x oy 1 x y 1
povol £l
T 1 T 1
et o=l : (10.11)
&l &l
w vl w vl
p 17 1 p 7 1
for n =4, i.e. for rank (5,2):
rxy 1] &€ n 1 x y 1] |p 1
w v 1 |p 71 En 1] |p 71
w 1 w 1 T 1 w 1
= gid . 4 . (10.12)
& n 1l |z oyl §n 1 |z oyl
w v 1 |p 7 1 w v 1l |p 71
o w 1] | w1 p 7 1 ¢ w1

The complete classification of the trimetric physical structures (phenomeno-
logically symmetric geometries of two sets) has only been built for rank
(2,2). Such a structure, according to general Definition 1 of §8 where we
must set s =3, m =1, n = 1, is defined by a three-component function
f=(f1, f2 f3) on three-dimensional manifolds 9 and 9. We shall designate
the local coordinates in these manifolds by x,y,z and &,n,9. Then the

coordinate representation of the metric function f is written as follows:

f:f(x7y7zagun7l9)7 (1013)

for any pair (ia) from the domain &y of it there taking place an expression:
f(ZOé) = f(xw Yiy Zi faa Tovs Q904)7

and its nondegeneracy meaning the nonzero quality of the two Jacobians:
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o(f! (i), f2(icr), 7 (icv))
9(Eas Na» Va)

o(f!(ia), f2(i), f2(ic))
o, yi, 2i)

70,

40 (10.14)

JUIST TIOTHBIX MHOYKeCTB map (i) € 9 x N,
DenomenosOrnIeCKas CUMMETPUS PACCMATPUBAEMOI TPUMETPHUECKOIT Teo-

METPUN ABYX MHOZKECTB BbIpazKa€TCdA YpaBHECHUEM

B KOTOPOM HE3aBUCHUMbI BCE TPU KOMIOHEHTHI (byHKImN & = (P1, Oy, O3).
A 5T0 03HAYaeT, YTO MHOXKECTBO 3Hauenuit pyukumn F : Sp — R2, rue
Sp C M3 x M? — ecrecTBeHHAA 0OJACTD €€ ONPEIETCHNSA, JOKAJBHO TIPH-
HAJJICZKIT JeBATIMEpHOiT ToBepxHoct B R'2, 3aj1aBacMoit TpeMs ypaBHe-
nngavmu ¢ = 0.

[To reopeme 2 u3 §8 dyukiums (10.13), 3amatonias Ha 3-MepHBIX MHOTO-
obpaszusix M u N TpuMeTpudeckyo HU3MIECKy0 CTPYKTYpy paHra (2,2),
JIOITYCKAaeT TPEXMEPHYIO IPYIIILY JIBUKEHUI, COCTOANILYIO U3 JIBYX JIeHCTBUI

rpynnsl G B Hux. Beimmmiem gBHO jeificTBus 9Toit rpymsl B I

1 ., 2 3
= Nx,y,z;a',a%, a?),

y = o(z,y, z;at, a%, a?), (10.16)
' =71(x,y, 20", a% a?),

rie (al,a?,a®) € G3. Ee neficrsue Bo BropoM MHOroo6pasun N samuchiba-

eTCcst aHAJIOTUYHO: .
gl = A(&? n? /19; a'17 a'27 a3>7
77 = 6(57 777 7‘97 a'17 a'27 a3)7
V= 7(&,n,9;ab, 6%, a?),
npudeM (QyHKINUN :\,6,7‘, 3aJaoIue 9To JieficTBue, He 00sg3aTeIbHO COB-
majaioT ¢ Gyukimamu A, o, 7 B geiicreun (10.16). Ho ecim stu geiictBus
9KBHUBAJIEHTHbI, TO BCEr/la MOXKHO HAITU TaKie CUCTEeMbl KOOPAUHAT B MHO-
roo6pasusx M u M, 1ist KOTOPLIX A = \, 0 = &, T = 7 LPU COOTBETCTBY-
IoIIell mepecTaHoBKe KOOPIMHAT MHOTOOOPA3Mii.
NuBapuanTaocts MeTpudeckoit pyukimn (10.13) oTHOCHTEBHO IPYTIIIBL

JABUKCHUIT O3HaYaeT ee COXpaHE€HHE COIJIaCHO YpPaBHCHUHIO
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(! (i), f2(ir), 7 (icv))
9(Eas Ma, Va)

O(f! (i), f2(icr), [P (icv))
(4, i, 2;)

7&07

40 (10.14)

for dense sets of pairs (i) € M x N.
The phenomenological symmetry of the trimetric geometry of two sets in

question is expressed by the equation

O(f(ia), f(iB), f(Ge), F(55)) = 0, (10.15)

in which all the three components of the function ® = (®y, Py, P3) are
independent. And that implies that the set of values of the function F' :
Sr — R, where Gp C 93 x 913 is its natural domain, belongs locally
to the nine-dimensional surface in R'? that is defined by three equations of
® = 0.

Under Theorem 2 of §8 the function (10.13) that gives on the three-
dimensional manifolds 90t and 91 a trimetric physical structure of rank (2,2)
allows a three-dimensional group of motions that consists of two actions of
the group G® in them. We shall write the actions of that group in 90 in the

explicit form:

2

l. = >\(x7 y7 Z; a17a 7a3)7
y, - O-(x7 y? Z; a17a27a3)7 (10'16)
2 =r1(x,y, 2 al,a2,a3),

where (al,a?,a®) € G3. Its action in the other manifold, manifold 91, is

written similarly:

§= M€, 930", a%,d),
=5(&,n,9;at,a?, a?),

= 7(&,n,9;ab, 6%, a?),

the functions 5\,5,%, which define that action, not necessarily coinciding
with the functions A, 0,7 in the action (10.16). But if those actions are
equivalent, then we can always find systems of coordinates in the manifolds
M and 9 such that A =\, 0 =&, 7 = 7 in them with the corresponding
permutation of coordinates in the manifolds.

The invariance of the metric function (10.13) with respect to the group

of motions implies its being preserved according to the equation
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f(xla yla Zlv 517 77/7 19/) = f(J), Y, <, 57 , 19)7 (1017)

KOTOpOE JUI ee KOMIOHEeHT f1, f2, f3 BBINOMHSAETCA TOMKIECTBEHHO IO KO-
opjauHaTaM x,y,z u &,m,Y Touek MHoroodopasmuit 9 u N, a TakKe mapa-
MeTpaMm al, a2, a’ JefiCTBYIONIell B HUX I'PYIIIDI G3.

Teopema 3. C' mounocmwvro do macwmabdbrozo npeobpa3o6aHus mpex-
Komnonernmmuas mempuueckas dynwuus o= (fL 2 f3), sadarowan na
3-MePHBLT MHo2000pasuax M u N mpumempuveckyro uauveckyro cmpyx-
mypy ((PeHoMeEHON02UMECKU CUMMEMPULHYIO 260MEMPUIO D8YT MHOHCECTNS)
parea (2,2), 6 Hadarescawe 6bOPGHHOIT 6 HUL CUCTNEMAT AOKAAOHOIT KO-
opdurnam x,y,z u &,n,0 onpedersaemca caedyrowumu 0duHHaIUAMBHIO

KAHOHUYECKUMU 6blpadCeHUAMU.

fl=a+& fP=y+n fF=2+9; (10.18)

fle=y—n, fP=@+y+2+9, P=@+En+2z+9; (10.19)

f1= (o + P exp2L ),

T
(10.20)

fP=(x+8z fP=(x+ v,
Pt @ On @Oy (02)
Per eyt P=@ton fP=(@rey; (1022
Pmytn fP=(et6z 2= (o +E); (10.23)
[ Gl S o (10.24)

y+n
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f(l'/, y/a Zl) 5/7 77/7 19/) = f(xa Y, <, 57 1, 19)7 (1017)

which is identically satisfied for its components f!, f2, 3 with respect to
the coordinates x,y,z and &,m,v of the points of the manifolds 9t and

M, as well as to the parameters a', a?, a® of the group G? acting in them.

Theorem 3. With an accuracy up to a scaling transformation the three-
component metric function f = (f*, f2 f3) that gives on 3-dimensional
manifolds M and N a trimetric physical structure (a phenomenologically
symmetric geometry of two sets) of rank (2,2) is, in a suitably chosen
systems of local coordinates x,y,z and &,n,9 defined by the following

canonical expressions:

fl=a+¢& fP=y+n =2+ (10.18)

fl=y—n P=@+y+z+0, fP=(@+On+z+9; (10.19)

f =+ el ),
(10.20)
fP=(@+8z, 2= (z+&)Y;
Pt @ 9n @Oy (02)
ff=@+y+n), P=(@+8z [°>=(z+&)0V; (10.22)
Peytn fP=(@+8z fF=(@+6), (10.23)
[l Y i B . BT (10.24)
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fl=(@+8+(y+n)

2 yE+n s y+n (10.25)
ff=z+ arctg$—+£, fP=0+ arctgm;
f1==((x—F€)2+-Q/+4ﬂ2)exp(2vantggfgg),\
4 (10.26)
fP=z+ arctg%, =09+ arctg%; )

f1 = sinysinncos(x + &) + cosy cos 7,

sin(x 4 £) sinn

V1= (fH2 > (10.27)

sin(z + ) siny
L=

f? =z + arcsin

f3 =9 + arcsin

fh:@+fwmtﬁ:z+( fP=0+ (10.28)

z+ &)y
2de 0 < |p| <1 u 0<7y<o0.

v
(z +&n*

JlokazareibeTBO 9TOI TeopeMbl MOXKHO HaiiTu B §8 Monorpaduu [24].

[Tepeiiem Terneps K ypasaerunio (10.15), Bepazkarornemy (heHOMEHOIOT -
YeCKYI0 CUMMETDHIO TPUMETPUYECKNX (DU3UIECKUX CTPYKTYp paHra (2,2),
3a/1aBACMBIX Ha TPEXMEPHBLIX MHOT000Pa3UAX METPHUCCKUMU (PYHKIIASIMA
(10.18)—(10.28). Kak u B ciayvae AByMeTpudecKuX (pU3NUECKUX CTPYKTYD
(M. Teopemy 2) cienaeM cBsi3b Merpuueckoil dyukiun (10.13) u ypasHe-
aust (10.15) Gostee Mpo3padHOil, BOCIOIB30BABIINCH CJIEYIONIEH TEOPEMO,

nokazanuoit P.M. Mypasyosbiv [32, §19):

Teopema 4. Ecau mpexkomMnonenmmas MEMPUYECKAA HYHKUUA

f:f(x7y727€7n779>

zadaem na 3-meproir mrozoobpaszuar M u N mpumempuueckyro pusue-

ckyr0 cmpykmypy parea (2,2), mo ¢ mounocmvio do macwmadrozo npeoo-
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fr=E@+8+ @y +n) )
I n > (10.25)
fr= z—|—arctanz+z, 3= 19—|—arctanH; }
(/N
=z +&*+ (y +n)?) exp(2yarctan oy f)’
> (10.26)
A y+n
2 _ tan 2 3 — 9 + arct :
f z—|—arcan$+€, f —l—arcanx+€, }
f1 = sinysinncos(x + &) + cosy cosn, )
2 . Sin(l’ + f) Sinn
f? = z+ arcsin 0 7 > (10.27)
f3 =19 + arcsin sin(v 4 §)siny
L —(f1)? )
1
fr=(@+8yn, f =2+ 0, f? =0+ ———, (10.28)
(z+ &y (z+&n

where 0 < |p| <1 and 0 <y < 0.
The proof of the theorem is in §8 of the monograph [24].

Let us now take the equation (10.15) that expresses the phenomenological
symmetry of trimetric physical structures of rank (2,2) defined on three-
dimensional manifolds by the metric functions (10.18) to (10.28). Just as in
the case of the dimetric physical structures (see Theorem 2), we shall make
clearer the relation of the metric function (10.13) and the equation (10.15),
for which sake we shall use the following theorem proved by R.M. Muradov
132, §19]:

Theorem 4. If a three-component metric function

f:f(x7y727§7n779)

gies on 3-dimensional manifolds 9 and N a trimetric physical structure

of rank (2,2), then, with an accuracy up to a scaling transformation and
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PA30BAHUA U 3AMEHD, KOOPAUHAM, 8 MH02000DA3UATL OHG onpedessem 6
R3 maxy1o x6a3u2pynnocyio onepayuo ¢ npasoim eOUHUNHbM IAEMEHTIOM
U NPasviM 00pPaAMHIM, COBNAAAOUUM C UCTOOHBIM, YMO 6 YPAGHEHULU, Gbi-
PAACANULEM PEHOMEHONOLUMECKYIO CUMMEMPUIO COOMBEMCMBYIOULET 2€0-
MEMPUU DBYL MHOHCECTNE, NOOD 3HAKOM ONEPATNOPA AALMEPHUPOEAHUS. ]:2(045)
cmoum supastcenue, nodobHoe camotc MEMPUECKOT GYHKUUL U NOAYUAE-

Mmoe us nee npu nodemanoskar v — fL(ia), y — f2(ia), z — f3(ia), £ —

fle), n— f2(ja), 9 — f2(ja) :

R(aB) f(f (ia), (i), f2(ia), f1(ja), 2(ja), f2(ja)) = 0;
flzx_é" f2:y_777 f3:Z_197 (1018/)

fl=(@=89, ff=y—n-(z= ), P =z/9; (1020

fl=(e-80, fF=y—-nd, f ==/ (10.21')
fl=(e-80, fF=y-n/d, f=z/ (10.22')
fl=@—80, fP=y—n, £ =2/v (10.23)
fl=(e-80, fF=@y-n" [ =z (10.24)

2de 0 < |p| < 1;
f'=(z = &) cost) — (y —n)sind, ]

f2=(x—§&sind+ (y —n)cosd, (10.25")

fP=z-19;
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a change of coordinates in the manifolds, it defines in R® a quazigroup
operation with a right identity and its right inverse that coincides with the
parent element such that in the equation expressing the phenomenological
symmetry of the respective geometry of two sets under the sign of the
operator of alternation }?(ozﬁ) there stands an expression similar to the

metric function itself and derived from it under the substitutions of v —
fiia), y — (i), z — (i), & — ['(ja), n— fP(ja),d — f*(ja) :

R(ap)f(f' (i), f2(ia), f*(ia), f' (o), f2(ja), f*(ja)) = O;
flzx_€7 f2:y_777 f?’:z;_ﬁ, (1018,)

fl=a—¢ fP=y—n f=@-n+z-1; (10.19)

fl=(@=89, fP=y—n- (-, P =z/9; (1020

fl=(z=89, fP=y-n0, f ==/ (10.217)
fl=(z=8v, FP=w—-n)/d f =z/9; (10.22)
fl=(=89, fP=y-n, [ =29 (10.23)
fl=(@—=80, fF= -’ [f'=z/; (10.24')

where 0 < |p| < 1;
fl=(x—§& cos?— (y —n)sind, )

f? = (z—¢&)sind + (y — n) cos v,

~

(10.25)

fP=z—1
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(x —&)costd — (y —n)sind )

1:
/ exp(77) ’
f2:(:v—§)sin19+(y—n)cos19 \ (10.26")
exp(7V) ’
fP=2—10; ,
ede 0 < v < o0;
a1 - — P —e/T—a2— 2 — 24+ y0 —2n,
FPr=y/1-8 -2 =92 —ny/1—a2— 222+ 26 a0, p (10.27)
fl=2y1-—n2 =92 —9\/1 — 22 —y2 — 22 + 1 — y&; )
flz (x_f)n2 )
1—(z = &§vn*
0 2
n
192
fP=z- . 2,2
(1= (z=in)y* )

B saksouenue ormernm, uro B.A.Kbipos B pabore [18] ogHOoBpeMeHHO

¢ KJlaccuduKaimeil 9eTbipeMeTpruieckux (DeHOMEHOJIOIMIECKN CUMMEeTPIY-

HBIX "eOMeTPHil paHra 3 Ha OJJHOM MHOYKECTBE, IIPUBEJIEHHOI B KOHIIE §3, 110~

CTPOMJT TAKXKe KJIACCHMUKAIINIO YETHIPEMETPUIECKUX (PU3UIECKUX CTPYK-

Typ (heHOMEHOIOrmIeCKN CUMMETPUIHBIX T€OMETPHI JIBYX MHOXKECTB) PAH-

ra (2,2).
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(x —&)cost — (y —n)sind )

1 _
= exp(77) ’
- (z — & sind + (y —n)cosd 3 (10.26')
exp(79) ’
fP=z-19 ,

where 0 < v < o0;

fleay/1-8 -2 - /T—a2— 2 — 24 yd — 21,

P=y/1-—P -2 —n/1—a2 =2 — 2426 — a0, p (1027

fl=2y/1= -2 =P —9\/1—a? —y? — 22+ an — y&; |

fl o (z — 5)772 )
1= (z =)o
f2 _ (1 B (.%' :7 6)19772)3/’ \ (10.28/)
3_ . _ o
=2 (1= (z=&n*y?

We shall note in conclusion that V.A. Kyrov, in his note [18], simultaneous-
ly with the classification of the four-metric phenomenologically symmetric
geometries of rank 3 on one set, which is at the end of §3, built the
classification of the four-metric physical structures (phenomenologically

symmetric geometries of two sets) of rank (2,2).



216 I'".T. Muxaitmuaenko. MaremMaTndeckne OCHOBBI M PE3Y/IbTATHI TEOPUN (PUIUIECCKUX CTPYKTYP

§11. I'pynnoBasi cuMMeTpusi TPOU3BOJIbHBIX

dbusngecKknx CTPyKTyp

Bunapubie ¢usnyueckue CTpyKTYPhl KaK (PeHOMEHOJIOTHIEeCKN CIMMET-
PUYHBIE TEOMETPUN €CTECTBEHHO OMPEIC/IAIOTCA Ha OJIHOM U JIBYX MHOYKE-
cTtBax. JByxToueunas (pyHKINA, 3a/1aI011asd TaKyIlo0 T€OMETPHUIO, JOITYCKAeT
HETPUBHUAJIbHYIO IPYIIIY JIBUKEHUI ¢ KOHEUHDBIM YHICJIOM HEIPEPHIBHBIX T1a-
paMeTpoB, KOTOPOe OBLIO HA3BAHO CTENEHBIO TPYINOBOH cummerpun. [Ipn
OIpeJIEJIEHHOM COOTHOIIEHNH MEXKTY paHTOM (DU3MIECKO CTPYKTYPBI, T1C-
JIOM CYIIIECTBEHHBIX TApAMETPOB IPYTIBI JIBUKEHNN 1 PA3MEPHOCTHIO MHO-
JKeCTB I'pynnoBas U (PeHOMEHOJIOrnIecKas CHMMETPUN COOTBETCTBYIOIIE
reOMETPUN OKA3bIBAIOTCS SKBUBAJCHTHBIMU. DTH COOTHOIIEHUS OBLIN 3aJ10-
YKeHBI B olIpejesieHne pu3andeckoil CTpyKTypbl, ee (heHOMEHOJIOTMIeCKON 1
I'PYIIIOBOI cuMMeTpuii. EcTecTBEHHO BO3BHUMKAET BOIPOC 00 MX ITPOUCXOXK-
JIeHnH 1 obocHoBaHUU. Kpome Toro, mMeeTcst MHOT'O BO3MOXKHOCTE( 0000111e-
HUS U pa3BUTHA TOHATHA (PU3NIECKOI CTPYKTYPBI, OJTHA U3 KOTOPHIX ObLIa
peasmzoBana B §1 u B §8, Koryia JIBYyM TOUYKAM COIOCTAB/ISIIOCH HECKOJIHKO
JeficTBUTEIbHBIX Yrce/1. Ipyrast BO3MOXKHOCTH 0000IIEHIST, peaTin30BaHHas
B §5, cocTouT B OIpeJeeHNN TePHAPHBIX (GU3MIECKUX CTPYKTYP, KOIja
MeTpuyeckasi GYHKIN, 38a011as CTPYKTYPY, COIOCTAB/ISIET YNCJI0 He T1a-
pe Touek, a TpeM TOUKaM. TepHapHble pu3ndecKne CTPYKTYPhI €CTECTBEHHO
OIPEJIETIAIOTCS Ha OJTHOM, JIBYX M TPeX MHOYKECTBaX M CJIydad MUHUMAJIb-
HOTO paira Jjisi HUX OBLIN PacCMOTPEHBI aBTOpoM B pabotax [5], [33], [34].
OJ1HaKO yrKe Mpe/IBapUTeIbHOE UX UCCIe0BAHNE TIOKA3aJI0, YTO TepHAPHbIE
CTPYKTYPBI, B OTJINYNE OT OMHAPHBIX, HE HAJIEJISAIOTCS IPYIIIOBON CIMMET-
pueil, TO ecTb UCXOoJHasd TpexTodedHas (PYHKIUS He JOMycKaeT HeTPUBU-
aJIbHOI I'PYIIIbI ABUXKEHUI. DTOT Pe3yJbTaT B KaKO-TO Mepe 00bsICHSIET,
MOYeMY CTOJIb OOTATHI U COIePKATETbHBI B (PU3NIECKOM U MaTeMATHIECKOM
CMbIC/IaX OMHAPHBIE CTPYKTYPhI, B TO BpeMs KaK TepHAPHbLIE CYIIECTBYIOT
TOJIKO B CJIydae HaMMEHBIIero BO3MOYKHOIO panra. Ilosromy Bo3HEKaeT
e1re BOIIPOC O BHYTPEHHHUX NMPUINHAX TAKOTO Pa3/JINUnst MeXK 1y OMHaAPHBIMI
1 TePHAPHLIMU (PU3NIECKUMU CTPYKTYPAMH.

[t IoJTHOTO OTBETa HA BOIPOC O COOTHOIEHUN MEXKTy PAHroM (hu3u-

YECKOIl CTPYKTYPBI, CTENEHbIO IPYIIIOBOIl CUMMETPUN U PA3MEPHOCTHIO
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§11. The group symmetry of arbitrary

physical structures

Binary physical structures as phenomenologically symmetric geometries
are naturally defined on one and two sets. A two-point function that defines
such a geometry allows a nontrivial group of motions with a finite number
of continuous parameters which number we named the degree of the group
symmetry. Under certain relationship among the rank of the physical struc-
ture, the number of the essential parameters of the group of motions, and the
dimensionality of the sets, the group and phenomenological symmetries of
the respective geometry turn out to be equivalent. Those relationships were
built into the definition of the physical structure and the phenomenological
and group symmetries of it. The question naturally suggests itself of their
origin and rationale. Besides, a good many potentialities spring up for
generalization and development of the notion of a physical structure, one
of which was realized in §1 and in §8, when two points were assigned more
than one real number. Another potentiality of generalization, realized in §5,
consists in defining the ternary physical structures, i.e. such that the metric
function defining the physical structure does not assigns a number to two
but to three points. The ternary physical structures are naturally defined
on one, two, and three sets, and the cases of their minimal rank are treated
by the author in his notes [5], [33], and [34]. However, as early as on the
stage of the preliminary investigation it was already found that the ternary
structures, in contrast to the binary ones, are not endowed with a group
symmetry, i.e. the initial three-point function does not allow a nontrivial
group of motions. Such a result throws into relief the rich potentialities of
the binary structures, which are in such a contrast with the ternary ones,
which only exist in case of the smallest possible rank. So a question also
suggests itself of the intrinsic causes of such a difference.

To give the final answer to the question of the relationship of the rank of a

physical structure, the degree of the group symmetry, and the dimensionality
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MHOKeCTB (MHOr0OOpasuil), Ha KOTOPBIX OHA 3aJ1aHa, & TaKKe O MPUINHAX
pas/ndns OUHAPHBIX U TOJHAPHBIX (B YACTHOCTH, TEPHAPHBIX) CTPYKTYD,
HEOOXO0/IMMO MCXOJIUTH 13 OoJjiee 00Iero omnpejeacHus (pU3nIecKoin CTPyK-
Typbl. Torjga MOXKHO OyJIeT yCTAHOBHUTDL, IIPU KAKUX COOTHOIIEHUSIX MErK-
Jy OCHOBHBIMH XapaKTePUCTUKaMU CTPYKTYPbl OHa MOXKeT OBbIThH Ha/JleJIeHa,
I'PYIIIOBOI cUMMeTpHueil, a Ipu Kakux HeT. EcTecTBEHHO NpeJoJIoKNITh,
YTO TOJIBKO T€ CTPYKTYPhI COJIeprKATeIbHBI B (PU3MIECKOM U MaTeMaThde-
CKOM CMBICJIaX, TPYIIILI ABUKEHNIT KOTOPBLIX HEeTPUBHAJIBLHBIL. [T Kparko-
CTU TIOCJIEIYIOIIEr0 M3JI0YKEHUSI OIpe/ie/IeHe TPOU3BOJIbHBIX (PU3MICCKIX
CTPYKTYP OyJeT JiaHO B caMOM OOIIeM BHJIe, JJOCTATOYHOM, OJIHAKO, JIJIsI
IIPOBEJIEHNUs] JIOKA3aTeJIbHBIX PACCY KJICHMII.

IIycts nmetoTes p muozkects My, . . ., NN, IPOU3BOJILHON HIPUPOJBI, KazK-
J10€ 13 KOTOPBIX IIPEJICTaB/IsieT coO0i IJ1aJKoe MHOrooOpa3ue pa3sMepHOCTH

my, ..., m, coorsercTsenno. IlycTs Takke nmeercs Qynkima
f:6;— R, (11.1)

rae Gy C M x ... x smgp, COTIOCTABJIAIONIAs KayK/IOMY KOPTEXKY JITUHDBI
q = q + ...+ q u3 Gy Hexoropyio TouKy u3 R°, To ecTb s AelicTBU-
TesibHBIX ynces1. [Ipeanonaraerca, yro obsacts onpejeenns: Gy Gy
f OTKpBITa W IJIOTHA B g-apHOM HPsMOM mpousseienun I x ... x NP
MCXOJHBIX MHOKecTB My, ..., M, a ee KoopuHaTHOE IIpEJICTaBICHHE JI0-
CTATOYHO IyIajiKoe. duciioBoit Koprex (qi,...,Qp) HA30BEM KPAMHOCMbIO,
qUCI0 ¢ = @1 + ... + @, — aprocmuio, a dyskimo (11.1) mempuueckod.
Ilycte My, ..., M, — npousBosibHbIE IleJble 4YucJIa, Takue 4ro Mp >

q, .- ., M, > g, Illocrpoum oTobpazkenue
F . GF N RSCX}lx"'XCgpy (11.2)

M
rie Gp C Em{” PX Lo x 9N, P, conocTaBIsAsd KayKJIOMY KOPTEXKY JIJTMHBI
q1
My + ...+ M, n3 G ynopsiio4eHHyIo 10 HeMy COBOKYIHOCTH sChp X
D C’?\gp YICeJI, COOTBETCTBYIOIINX BCEM KOopTexKaM JJINHbI ¢ = ¢ + ... +
p, KOTOpBIE ABJIAIOTCS IIPOCKIUAMHI HUCXOAHOIO KOpTezka Ha obsacTb Sy.
Obsacts onpegesenust Gp dbyuxmun (11.2) Oymer, 09eBUIHO, OTKPBITOI U

. M M,
wioTHOM B M X ... X M, P, AHAJIOTMYHO OCTPONM BTOPOE OTOOParKeHNe
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of the sets (manifolds) where the structure is defined, as well as the question
of the difference between binary and polyary (ternary, in particular) struct-
ures, it is necessary to proceed from a more general definition of a physical
structure. Then we shall be able to establish what are the relations among
the principle characteristics of a structure that make it able to be endowed
with a group symmetry, and what are those that render it unable to be
so endowed. It is natural to suppose that only structures whose groups of
motions are nontrivial may have real physical and mathematical meaning.
For the sake of brevity of the further exposition, the definition of arbitrary
physical structures will be given in the most general form, sufficient, however,
for the exposition to be cogent.

Suppose there are p sets My, ..., M, of arbitrary nature, each being a
smooth manifold of dimension my, ..., m,, respectively. Suppose there is

also a function

f:6y— R, (11.1)

where Gy C MY x ... x M that assigns to each cortege of length ¢ =
¢ + ...+ ¢q from &y a point from R®, i.e. s real numbers. It is supposed
that the domain & of the function f is open and dense in g-ary direct
product M x. .. x M of the assumed sets My, . . ., M, and its coordinate
representation is sufficiently smooth. We shall call the numerical cortege
(q1,--.,qp) & multiplicity , the number ¢ = ¢; + ...+ ¢, — an arity, and the
function (11.1) a metric one.

Let M, ..., M, be arbitrary integers, such that M; > ¢, ..., M, > q,.
We shall build a mapping

F: &y — RCi*-xCii, (11.2)

where Gp C ?Jﬁ{wl X ... X DJT]])WP, by assigning to every cortege of length
Mi+...4+M, from & a collection ordered with respect to it of sC’j{}l X. .. X
of C?\Z, numbers corresponding all the corteges of length ¢ = ¢ + ... + ¢,
which are the projections of the initial cortege onto the region G;. The
domain &p of the function (11.2) will obviously be open and dense in
gﬁjlwl X ... X Sm;W . Quite similarly, we shall build another mapping
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q1 dp
SCMiX"'XCM’

F/16F/—>R Py (112/)

rie S C Qﬁ]lwi X ... X Sﬁf,w’; u M{ > M, .. '7M1/7 > M, Ilpoexnutio 0To6-
pazkennst F’ mosryauM, omyckas u3 obsactu ero onpeaeaenus S g HeKoTo-
PYyIO COBOKYITHOCTb KOpTeXKel JJINHBbI ¢ = ¢1 + ... + ¢p, & U3 00J1acTu €ero
3HAYEHWI BCe JKC/a, COOTBeTCTBYoMmue nM 1o (yukmnu (11.1).

Omnpenesienne 1. Bynem rosopurtb, uro dyukius (11.1) 3amaer Ha
mi, ..., My-MepHbIX MHOroodbpasuax My, ..., M, g-apuyio nosmmerpude-
cKy1o usnaeckyio crpyKrypy paura (M, ..., M,) n kparnoctu (qi, . . ., qp),
eci Ha TJI0THOM B S p MHOXKeCcTBe paHI oToOparkenus F' pasen S(C’?\/}l X
X Cg}}p — 1), a panr Jioboit mpoekrun orobpazkenuns F’. obmacts orpe-
JleJIeHNsT KOTOPOIl He BKJIFOYAeT B cebst KaKyro-JIub0 0071acTh 0TOOparKeHMsI
F, makcumaJsien Ha JI0THOM B & pr MHOYKECTBe.

Hpyrumu cjioBamu, JJOKAJIbHO MHOYKECTBO 3HaUEHMIT oToOparkeHus: F' siB-
JISIETCST TIOJIMHOZKECTBOM MHOKECTBA HYJICH CUCTEMbl S HE3aBUCUMBIX (DYHK-
it & = (Pq,...,P,) or sCX}l X ... X C’g}_'}p IIepeMeHHBIX, IIpudeM S (PYyHK-
[IMOHAJBHBIX CBA3EI

o= (dy,...,0,) =0 (11.3)

SIBJISTFOTCSI TIOPOZKJIAIOIIIMI B TOM CMbICJIE, UTO JIFOObIe JIpyTrue HeTPUBUAIb-
HbIE CBSI3U OYyJIyT TOJILKO UX CJIEJICTBHEM.

Onpenenenue 2. Byjiem ropopuThb, 9TO OlIpejesieHHas BbIIIe (pU3mde-
cKas CTPYKTYpa HaJjleJieHa IPYIIIOBOI cuMMeTpueil KOHeuHOl cTerenu r >
1, ecomm 3a1aHbl Takue 3(PEKTUBHBIE IV KNE JOKAJIbHBIE JIEHCTBUS HEKO-
TOpOil r-MepHoil JoKasbHol rpymib! JIn G" B Mmuoroobpaszuax My, ..., M,
4TO JIJIsl UX B3AMMHOTO PACIIUpeHus Ha npsivoe npoussegerue MI x ... X
Dﬁg” merpudeckas Gyukiusa (11.1), samaroras CTPyKTYpy, sBJISETCS
¢-TOYEUHBIM MHBAPUAHTOM, Ille ¢ = q1 + ... + ).

[TockosbKy 1peobpasyeMbie MHOIOOOpa3usi KOHEYHOMEPHbI, €CTECTBEHHO
yCJIOBHUE B OlpeAeIeHnN 2, YTO KOHETHO MaKCUMaJILHOE YHICIO0 7 HEIPEPhIB-
HBIX IIapaMeTPOB T'PYIIILI JABUXKEHHUH, KOTOpas MOITOMY SBJSETCS KOHEed-
HOMEPHOIT JIOKaJIbHOI rpytoil JIu crennaibHbIX IIpeodpa3soBaHuii MHOTO-
obpazust MI' x ... X IMP pasmepnocTn gymy + ... + qpMy, ABIAIOIINXCA

B3alMHBIM pacllpeHueM Hpeodpasopanuit Muoroodpasuit My, ..., M,
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sCN, % .xC%
My

F': S — R Ml’7, (112/)

where & € MM . x 0% and M{ > My,..., M, > M, The

projection of the mapping F’ may be obtained by way of dropping a collection
of corteges of length ¢ = ¢; + ... 4 ¢, from its domain G, together with

dropping all the numbers that correspond those corteges with respect to

the function (11.1) from its range of values.

Definition 1. We shall say that the function (11.1) gives on myq, ..., m,-
dimensional manifolds 9y, ..., 9M,a g-ary polymetric physical structure of
rank (M, ..., M,) and of arity (qi,...,qp), if on the set dense in & the
rank of the mapping F' is equal to S(C'Jq\}1 X ... X Cj’&p — 1), and the rank
of any projection of the mapping F’ whose domain does not include any
region of the mapping F' is maximal on a set dense in Gp.

In other words, the set of values of the mapping F' is locally a subset of
the set of zeros of the system of s independent functions of & = (@4, ..., D)

of 305{}1 X ... X C’gﬂ}p variables, s functional relations
b= (Dy,...,P,) =0 (11.3)

being generating ones, in the sense that any other nontrivial relations will
be nothing more than their corollaries.

Definition 2. We shall say that a physical structure we have so defined
is endowed with a group symmetry of finite degree » > 1 if there are also
effective smooth local actions defined of some r-dimensional local Lie group
G" in the manifolds My, ..., 9, such that for their mutual expansion onto
the direct product M x ... x M;” the metric function (11.1) is a g-point
invariant, ¢ being ¢; + ... + gp.

Since the manifolds being transformed are finite dimensional, the condition
in Definition 2 of the maximal number r of the continuous parameters of
the group of motions being also finite is quite natural, and the group itself
is therefore a finite dimensional local Lie group of special transformations
of the manifold MM x ... x I of dimension gymy + ... + gpm, which
transformations are a mutual expansion of the transformations of the mani-

folds 9y, ..., M.
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Bammmenm cucremy sC%, x. . .xCT, ypaBrennii coxpanenus MeTpUIecKoil
1 p

dbynxrmn (11.1):
Df[p =0 (11.4)

orHocutenbino Mimy + ... + M)m, nuddepennnanos KoopuHaT ToUeK
koprexka u3 & . Ecin dpusnueckast cTpyKTypa Hajle/leHa MPYIIIOBO CIM-
MeTpueil, To ojHopoHast cucrema (11.4), ¢ 0iHOIT CTOPOHBI, JIOJIZKHA UMETh
X0Ts1 Obl OJIHO HEHYJIeBOE peEIleHre, a C JIPYroil, Yucjio ee JIMHEHHO He3a-
BUCHMBIX HEHYJIEBBIX peltennit s jiooex wucesn My, ..., M) He Jo/KHO
[IPEBLINIATH HEKOTOPOTrO0 KOHEUHOI'O 3HAYEHNUsI, PABHOIO CTEIEHN I'PYIIIOBOIi
cumMeTpun. Yuesio Takux pereHuii paBHo, KaK U3BECTHO, YUCIY HEU3BECT-
HBIX B CHCTEMe MUHYC panr ee Marpuilbl. Ho MaTpuia cucreMbl ypaBHeHuii
(11.4) ectb yHKIMOHATBHAS MATPHUIA JJIsI CUCTeMbl (DYHKIWHA f, cOOT-
BETCTBYIOIIIX BCEM IPOEKIUsIM obJiacTu onpegesaeHus S g oToOparkeHust
(11.2") na obsacte onpegenenust Sy nexoanoit gyuxunu (11.1). Panr sroit
MAaTPUIIbI, OUEBH/IHO, HE W3MEHUTCs, eCJi U3 cucteMbl GyHKIuil f|p uc-
KJIFOUNTH (DYyHKIUH, 3aBucuMble 110 cBsa3u (11.3). Vek/ouuB ux, moJrydum
MaKCUMaJIbHYIO [poeKIio orobpaxkenus (11.2"), we comepxariyio B cebe
orobpazkernust (11.2). Obosnaunm ducyio GyHKIWHA f B 9T0H MaKCHMAaJIbHOI
npoeknun depes N (M, ..., My). Toryga no onpenenennio 1 dbusnieckoit

CTPYKTYPBI PAHI MATPHUIIBI CHCTeMbl ypaBHenuii (11.4) Gymer paBen

min(Mjmi + ...+ Mym,; N(Mj, ..., M)).

p

Fciu  Haiijyres takue 3Hadenust uwmcen M, ..., MZ’), JJIST  KOTO-
pbix Mimy + ...+ Mym, < N(Mj,..., M), ToO paHT MATPHIILI CHCTEMbI
ypasrenuii (11.4) ns nux 6yner pasen Mymy+. ..+ Mjm,, To ecTb unciy
Hen3BeCTHBIX B Heil. Ho Torma sra cucrema Oyier UMeTh TOJILKO HYJIEBOE pe-
IeHKe, 9T0 03HAYaeT OTCYTCTBHE HETPUBUAILHON TPYIIIOBONH CUMMETPUH Y
paccMaTpuBaeMoil (pusnvecKoil CTpyKTYpbl. Ken ke 115 JTI00bIX 3HAYeHMi

I, -, M BoITOTHACTCA CTpOTOe HepasencTso N (M, ..., M) < Mym;+
...+ Mjym,, To panr matpuipt cucremsl (11.4) Oyzer pasen N(Mq, ..., M)

1 4UCJIO €€ JIMHEIHO He3aBUCUMBbIX HEHYJIEBbBIX pemeHMﬁ OKazKeTCdA paBHbBIM

r’:M{ml"i_---_"MZ/)mp_N( {,,M;})>0
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Let us write a system of SCZQ\}{ X .. X Cﬁg, equations of conservation of
p
the metric function (11.1):
Df|m =0 (11.4)

with respect to Mym; + ... + M;m, differentials of the coordinates of the
points of a cortege from Gp. In case the physical structure is endowed
with a group symmetry, the homogeneous system (11.4) must, on the one
hand, have at least one nonzero solution, and the number of its linearly
independent nonzero solutions for any numbers Mj, ..., M}, must not, on
the other hand, be bigger than some finite value equal to the degree of the
group symmetry. It is known that the number of such solutions is equal to
the number of the unknowns in the system minus the rank of the matrix.
But the matrix of the system of equations (11.4) is a functional matrix for
the system of functions f which correspond all the projections of the domain
GSp of the mapping (11.2") onto the domain & of the assumed function
(11.1). Obviously, the rank of the matrix will not change if we eliminate
from the system of functions f|g the functions dependent with respect to
the relation (11.3). Their elimination yields the maximal projection of the
mapping (11.2’), which projection does not contain the mapping (11.2). We
shall designate the number of functions f in that maximal projection by
N(Mj, ..., M)). Then, under Definition 1 of a physical structure the rank
of the matrix of the system of equations (11.4) will be equal to

min(Mymy + ...+ Mym,; N(Mj, ..., M)).

If values of the numbers M7y, ..., M, may be found such that Mim; +
oo+ Mym, < N(Mj, ..., M), then the rank of the matrix of the system
of equations (11.4) for them will be equal to Mjmy +. ..+ Mym,, i.e. to the
number of the unknowns in the matrix. But then the system may only have
a zero solution which means the absence of a nontrivial group symmetry of
the physical structure in question. And in case for any values of M7, ..., MZ’)
a strict inequality N(Mj,..., M}) < Mimy + ...+ M)m,, takes place the
rank of the matrix of the system (11.4) is equal to N(Mj, ..., M}) and the

number of its linearly independent zero solutions turns out to be

r' = Mimy+ ...+ Mym, — N(Mj,...,M,) > 0.
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Yucso 1/, Kak ObLIO OTMEUYEHO BbIIIE, B CIydae HaJesieHns (pU3nIecKoii
CTPYKTYPbI TPYIIIOBOI CUMMeTpHUeil coriacHo OIpeie/IeHNIO 2, He JIOJIXKHO
IIPEBBIIIATHL HEKOTOPOI'O0 KOHEYHOrO 3HadeHust. 113 Takoro ycjaoBus ycTaHO-
BUM, TIPU KAKITX COOTHOIIEHUSX MEYKY PA3MEPHOCTHIO MHOXKECTB, KPATHO-
CTBIO W PAHrOM (u3nUeckas CTPYKTypa, 3ajaBaeMas METPUUIECKOil (pyHK-
nueit (11.1), MozkeT ObITH HaJleJIeHa IPYIIIOBOI CUMMETPUEH U OIPEeIeUTh
CTelleHb 7 9TO CUMMeTpPHUN.

Bunapubsie dusndeckne cTpyKTypsl (¢ = 2) MOTYT ObITH 33/ aHbl (DYHK-
nmedi (11.1) Ha OTHOM 1 Ha JIByX MHOYKECTBaxX. B ciydae oJJHOro MHOYKeCTBa
(p=1) oHu GbLIN TOAPOOHO PACCMOTPEHBI B §5 110/ HAMMEHOBaHUEM OMHAD-
HBIX (PeHOMEHOJIOTMIECKN CUMMETPUYHBIX TeOMeTpuil. BbIBeIeHHbIE TaM CO-
orrormenus (5.7) n (5.8) ycraHapimBaJn CBA3b PA3MEPHOCTH MHOT000Opa3ns
¢ paHroM (eHOMEHOJIOTHYECKONH CHMMETPUU U CTEIEeHBIO T'PYIIIOBOI CHM-
meTpun. CoOCTBEHHO (pusnUIecKre CTPYKTYPhI OIPEIeIA/INCh IIepBOHATA b
HO KakK (DEHOMEHOJIOTMIECKN CUMMETPUYHBbIE TeOMETPUH JIBYX MHOYKECTB
(p=2) ¥ K WX PACCMOTPEHUIO, JIOMOJHSIIONIEMY Pe3yJIbTaThl §5, MbI ceiiuac
rnepeiaeM.

Bunapuast cdusudeckast crpykrypa panra (M, N) u kparnoctu (1,1),
rie M > 2 u N > 2, 3ajaercst merpudeckoil dyukiueit (11.1) wa aByx
muoroobpazuax I u N pazmepnocTu m U n cooTsercrsenHo, riae G C
M x N. Ilo onpenesnenuto 1 panr orobpaxkenus F : Sp — RMN,
Gr CIMM x NV, pasen s(MN — 1). Yuciio saucumbix B cucreme sM' N’
dbyuximit orobpaxenns F' 1 Sp — RMN rre G € MM x NV u

M'" > M, N' > N, oupejengerca ciocoboM HAJIOXKEHUST Ha MATPUILY I1ap

rje

1 Koprexka, Junbl M+ N’ u3 obnactu & g MaTpulipl nap Jjis KOprezka,
gyl M 4+ N u3 obnactu Sp, aHAJOrMYHBIM onncanHoMy B §5. Huncsio
9TO HAXOJUTCS JIOCTATOYHO 1pocTo u paBHo (M’ — M + 1)(N' — N + 1).
[TosTomy panr GyHKIHOHAIBHON MATPHIEI CHCTeMbI (DYHKIW f|p, a cite-

JIOBaTeIbHO, U cucTeMbl ypaBrenuii (11.4) mo onpeesenuto 1 Oymer paBHbIM
min(M'm + N'n; sM'N" —s(M' — M +1)(N'— N +1)).

Ecmm m < s(N — 1) wm n < s(M — 1), 10 Ji/isi HEKOTOPBIX 3HAYEHMUIT
M’ u N’ panr marpurpl cucrembl ypashenuit (11.4) Oyjer paBeH duciy

nenssecTHBIX M'm + N'n B Hell 1 Jj1d HUX OHA UMeeT TOJILKO HYJIeBOe pe-
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As mentioned above, the number 7’ must not exceed some finite value
if a physical structure is endowed with a group symmetry under Definition
2. Let us establish at which correlations of the dimensionality of the sets
the arity and the rank the physical structure defined by the metric function
(11.1) thus restricted may have a group symmetry and let us find the degree
r of that symmetry.

Binary physical structures (¢ = 2) may be defined by the function (11.1)
on one or two sets. The case of one set (that of p=1), where we named
them binary phenomenologically symmetric geometries, was discussed in
detail in §5. The relationships (5.7) and (5.8) we deduced in §5 established
the relation between the dimension of the manifold on the one hand and
the rank of the phenomenological symmetry and the degree of the group
symmetry on the other. Physical structures were defined as phenomenologi-
cally symmetric geometries of two sets (those with p=2), and we are going
to discuss them now, whereby we are going to add more detail to what was
said in §5.

Binary physical structure of rank (M, N) and arity (1,1) where M > 2
and N > 2 is defined by the metric function (11.1) on two manifolds, 9%
and 91 of dimensions m and n respectively where &y C 9 x M. Under
Definition 1, the rank of the mapping F : &p — R*MY where &y C
MMM x MV is equal to s(MN — 1). The number of the dependents in the
system of sM'N’ functions of the mapping F' : Sp — R*MN' where
Sp C MM x MV and M’ > M, N’ > N, is determined by way of
superposing the matrix of pairs for the cortege of length M + N from the
region G on the matrix of pairs for the cortege of length M’ + N’ from
the region G, in a way similar to that described in §5. It is very easy to
find that it is equal to s(M' — M + 1)(N' — N + 1). So, the rank of the

system of functions f

7, and of the system of equations (11.4) is according

to Definition 1 is equal to
min(M'm + N'n; sM'N"—s(M' — M +1)(N'— N + 1)).

If m<s(N—1)orn< s(M —1), then for some values of M" and N’
the rank of the matrix of the system of equations (11.4) will be equal to the

number of the unknowns M’'m + N'n in it, and for them it only has a zero
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IeHNe, 9TO U 03HAYAET OTCYTCTBUE IPYIIIOBOH CHMMETPHI Y PAaCCMaTPUBa-
eMoii usudeckoit crpyKTyphl. Ecin ke m > s(N — 1) un > s(M — 1),
TO paHI MATPUILI cucTeMbl ypaBaenuii (11.4) ms mobbix 3uadennit M’ u
N’ pasen sM'N" — s(M' — M + 1)(N' — N + 1) u ona nmoromy nmeer

r'=Mm+ Nn—sM(N—-1)—sN' (M —1)+s(M—1)(N —1)

JIMHETHO HEe3aBUCHMbIX HeHyseBbiX pemenuit. [Ipu m > s(N — 1) wm
n > s(M — 1) ¢ pocrom M’ u N’ qucyo r' Takux perieHuii MOKeT CTaTh
CKOJIb YIOJIHO OOJIBIIIM, YTO IIPOTUBOPEUYHUT HPEIIIOI0KEHAIO O KOHEUHOCTH
CTEIeHN IPyINoBoii cummerpun. Ilosromy Gunapnas pusndyeckas CTPyKTY-
pa panra (M, N), 3ajaBaemasi Ha mM-MEPHOM U N-MEPHOM MHOTOOOPa3UsIX
M u N merpudeckoit dynkuumeir (11.1), Oymer Haje/IeHa TPYTIIIOBON CHM-

MeTpueil TOJBLKO TIPH BBIOTHEHUN CJIC/IYIONX COOTHOIICHNUI:
m=s(N—1), n=s(M-1). (11.5)

CrereHb 1 TPYNIOBOH CUMMETPHH, TO €CTh UHCI0 HE3ABUCUMBIX U CYTIe-
CTBEHHBIX [TAPAMETPOB TPYTIIIBI IBUKEHII, PABHO THCTY 1 TMHEHO He3aBU-
CHMBIX HEHYJICBBIX PeIeHNi crcTeMbl ypaHernii (11.4) mpu cOOTHOIIECHHSIX
(11.5):

r=s(M—-1)(N—-1)=mn/s. (11.6)

Coornomtennst (11.5) u (11.6) ObLIM WCIOJIB30BAHBI B OCHOBHBIX OIIpe-
nenennsax paborel aBropa |35 u §8 macrostiieit monorpadun. Ilpu cormo-
CTaBJIEHUN HAJ0 yIECTh TOJBKO CJIEJIYIONLYIO CIABMKKY oOo3Haudenuit M —
n+1l, N - m+1, m — sm, n — sn. To ecTb Ha SM-MEPHOM U SN-MEPHOM
MHOrooOpasusix M u N merpudeckas dbyukimst (11.1) 3a1aer dbusndeckyo
cTpykTypy paura (n—+1,m—+1), Kotopast Hajle/leHa IPYIIOBOil cuMMeTpuei
CTENeHU T = SMN.

Teprapabie dusmuecke cTpyKTypbl (q=3) MOryT ObITH 3ajaHbl (DYyHK-
mueii (11.1) Ha ofHOM, JBYX U Tpex MHOMKeCTBaX. B ciydae OJHOrO MHO-
KectBa (p=1) oHE y2Ke OBLIM PACCMOTPEHBI B §5 IO/ HANMEHOBAHIEM Tep-
HAPHBIX (PEHOMEHOJIOTMYECKN CUMMETPUIHBIX reoMerpuii. OKazaioch, 4To
TaKne TeOMeTPUN He MOTYT ObIThH HaJleIeHbl TPYIIIOBOI cuMMeTpHeil KoHed-
HOII crernenn. ECTecTBEHHO OXKUJIATh, 9TO B CJIydae JIBYyX MHOKECTB (p=2)

1 TPEX MHOXKECTB (P=3) BBIBOJ OKaxKeTCst TeM 2Ke caMbiM. [lokazkem sro.
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solution, which implies the absence of any group symmetry of the physical
structure in question. And if m > s(N — 1) and n > s(M — 1), then the
rank of the matrix of the system of equations (11.4) for any values M’ and
N'is equal to sM'N" — s(M' — M 4+ 1)(N' — N 4+ 1), and so it has

r'=Mm+ Nn—sM'(N—-1)—sN' (M —1)+s(M—1)(N—1)

linearly independent nonzero solutions. With either m > s(IN — 1) or
n > s(M — 1), increasing M’ and N’ may result in the number 7’ of
such solutions becoming arbitrarily large, which is in contradiction with
the assumption of the finiteness of the degree of the group. That’s why the
binary physical structure of rank (M, N) defined on an m-dimensional and
an n-dimensional manifolds 9t and 91 by the metric function (11.1) is only

endowed with a group symmetry if the conditions are satisfied as follows:
m=s(N—-1), n=s(M—-1). (11.5)

The degree r of the group symmetry, i.e. the number of independent and
essential parameters of the group of motions, is equal to the number 7’ of
the linearly independent nonzero solutions of the system of equations (11.4)
with the relations (11.5):

r=s(M—-1)(N—-1)=mn/s. (11.6)

The relations (11.5) and (11.6) were used in the principle definitions of
the author’s note [35] and in §8 of this monograph. It is only necessary
to keep in mind some small change of designation: M — n+ 1, N —
m+ 1, m — sm, n — sn. That is, on an sm-dimensional and an sn-
dimensional manifolds 9t and 9t the metric function (11.1) gives a physical
structure of rank (n+ 1, m + 1) endowed with a group symmetry of degree
r = smn.

The ternary physical structures (with q=3) may be defined by the function
(11.1) on one, two, or three sets. The case of one set (p=1) was already
discussed in §5, where they were called ternary phenomenologically symmetric
geometries, where they turned out unable to have a group symmetry of finite
degree. It is natural to expect that we shall have the same result in case of
two (p=2) and three (p=3) sets. Let us establish that.
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Tepuapubie dusnueckue crpykrypsl parra (M, N) u xkparaoctu (2,1),
e M > 3, N > 2, 3aj1a10TCcd Ha M-MEPHOM U N-MEPHOM MHOT000pa3usIX
9 u N merpuueckoit ynxiueii (11.1), e & C M?xN. To onpesesnennio
1 pamr orobpaxkenus F : G p — RIMM-UN/2 pre Gp C MM x NN | pasen
sM(M — 1)N/2 — s. Panr orobpaskenus F' : Sp — RMM=DN'/2 pye
Sp CMM x MV u M’ > M, N' > N, 10 €CTb paHr MATPUII CHCTEMBI
ypasrenuit (11.4), naiijiem, Hajiaras MaTpPUILy TPOEK JJIsi KOpTeXKa JIJTMHbBI
M + N u3 obnactu Gp Ha MaTpuIly TPoeK s Koprexka jmmabl M’ + N’

u3 obnactu G pr:

min(M'm + N'n; sM'(M'—1)N'/2 —
—s(M' =M+ 1)(M' —M+2)(N' —N+1)/2).

[Tockonbky M > 2 u N > 1, jusg gocrarouno Gosbmiux 3nadenuit M’ u
N’ sror paur pasen M'm + N'n, To ecTb 4nuC/y HEU3BECTHLIX B CUCTEME
ypasaenuii (11.4), koTopas Oy/1eT UMeTh TOJIBKO HYJIeBOe perieHne. Takimm
00pa30M, TepHapHble (hU3NUIECKUE CTPYKTYPhI HA JIBYX MHOXKECTBaX HE MO-
I'yT OBITH HaJIeJIEHbI TPYIIIIOBOM CUMMeTPHell KOHeUHO CTeleHn.

Jist repraproit dpusndeckoit crpyktypsl patra (M, N, L) u kparaoctu
(1,1,1), one M > 2, N > 2, L > 2, 3ajgaBaeMoii Ha Tpex MHOrooOpasu-
ax M, N, £ pasmeprocTn m, n, [ COOTBETCTBEHHO METPUIECKOH (pyHKITHe
(11.1), e & C M x N x £, panr orobpaxenns F : Sp — RMNL
e Gp C MY x NV x €5, 1o onpenenennto 1 pasen sMNL — s. Panr
xe orobpaxenus F' : Sp — RMNLY e Sp € MM x V' x 28 u
M' > M, N> N, L' > L, to ectb paur MaTpuiibl CUCTEMbl ypaBHEHUIi

(11.4), HETPY/AHO HARTH METOJOM HAJOKEHUS, UCIOIL30BAHHBIM BBITIE:
min(M'm + N'n+ L'l; sM'N'L’ —
—s(M'— M +1)(N'— N+ 1)(L' — L+1)).

[Tockombky M > 1, N > 1, L > 1, s JocTaTouyHo OOJIBITNX 3HAYEHUI
M' N', L' panr orobpazkenusa F’ pasen M'm + N'n + L'l, To ectb uuciy
HEM3BECTHBIX B cucreMe ypashennii (11.4), KoTopast Jijisi HUX UMEeT TOJIb-
KO HyJIeBOe perenne. TakuM obOpa3oM, U Ha TPexX MHOXKEeCTBaX TepHAPHBIE
dusndeckne CTpyKTYpPhI HE MOTYT OBITH HaJIeJIEHbI ITPYIIITOBON cUMMeETpHeit

KOHEYHON CTEIleHU.
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Ternary physical structures of rank (M, N') and multiplicity (2,1), where
M > 3, N > 2, are defined on an m-dimensional and an n-dimensional
manifolds 9t and 91 by the metric function (11.1), where &; C 9M? x M.
Under Definition 1, the rank of the mapping F : &p — RMMM-1N/2
whereGp C MY x NV is equal to sM(M — 1)N/2 — s. The rank of
the mapping F' : &p — RMM-DN2 where G C MM x MY and
M'> M, N’ > N, that is the rank of the matrix of the system of equations
(11.4), may be found by way of superposition of the matrix of triples for a
cortege of length M + N from the region G on the matrix of triples for a
cortege of length M’ + N’ from the region Sp:

min(M'm + N'n; sM'(M'—1)N'/2 —
—s(M'— M+ 1)(M' —M+2)(N' =N +1)/2).

Since M > 2 and N > 1, for sufficiently big values of M" and N’ that rank
is equal to M'm+ N'n, i.e. to the number of the unknowns in the system of
equations (11.4), which system may have only a nonzero solution. Thus, the
ternary physical structures on two sets may not be endowed with a group
symmetry of finite degree.

For the ternary physical structure of rank (M, N, L) and multiplicity
(1,1,1), where M > 2, N > 2 L > 2, defined on three manifolds 9%, 9, £
of dimensions m, n, [ respectively by the metric function (11.1), where &5 C
M x N x £, the rank of the mapping F : &p — RMNL where Gy C
MM x NN x &8 under Definition 1, is equal to sSM NL — s And the rank
of the mapping F’ : & — RMNL where S C MM x MY x £ and
M' > M, N'> N, L' > L, ie. the rank of the matrix of equations (11.4),

is as easily found by the same method of superposition:
min(M'm + N'n+ L'l; sM'N'L’ —
—s(M'— M+ 1)(N' = N+1)(L' — L+1)).
Since M > 1, N > 1, L > 1, the rank of the mapping F’ for sufficiently
great values of M', N', L' is equal to M'm + N'n + L'l, i.e. to the number
of the unknowns in the system of equations (11.4), which system for them

has only a nonzero solution. Thus, ternary physical structures cannot have

a group symmetry of finite degree on three sets either.
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Dusnveckne cTpyKTypsl pamra (M, ..., M,) u kparnocta (qi,...,qp),
rne My > q,..., M, > @, 3anat0rca Ha p MHOroobpasuax My, ..., M,
Pa3MEepPHOCTH My, . .., M, COOTBETCTBEHHO MeTpuyecKoil dynkuueii (11.1).

q q
Panr orobpasenus (11.2) o onpesenennto 1 pasen s(Cyy X ... X Cﬁp —1),
a panr orobpaxkenusi (11.2"), To ecTh paHr MATPUIBI CHCTEMbI yPABHEHH
(11.4), MOKHO HAlITH, HaJIArast HA MATPUILY KOpTeXKell JJTMHBl ¢ = ¢ +. . .+
qp 2151 KopTezKa Jymnbl M{ + ...+ M) n3 obnactu & MaTpuIly KopTezKeit

TOM 2Ke JJIMHBL ¢ JiId KopTexka JAyunbl My + ... + M, u3 obnactu Sp:
. ! / . q dp
min(Mymy + ... + Mymy; sChp X ... x C =

_ q1 dp
SOy X - X C ;—Mp+qp)'

[Tockosibky OuHapHbie (¢ = 2) u TepHapHbie (¢ = 3) dusndecKue CTpyK-
TYpPbl BbIIIe ObLIN PACCMOTPEHBI, Oy/eM IIPeIIoJaraTb, 4TO UX apHOCThb
q > 3. Uncno memspecTHbIX B cucreme ypasnennit (11.4) ot My, ..., M)
3aBUCUT JIMHEHHBIM 06pa3oM. B To ke BpeMsi pasHOCTh, BXOJSIIAst BO BTO-

PYIO IIOJIOBUHY IIOCJIEAHET'O BblIpazKeHUA, COACP2KUT 110 TEM 2KE IIEePEMCHHBIM

1)+, M anennt nopsaKa ¢ — 1 > 2, KOTOpble HEOTPAaHWYEHHO BO3PACTa-
0T, Tak Kax My > qi,..., M, > @,. A 3T0 03Ha4aeT, 4TO JJIA JOCTATOTHO
Gosbinx 3uavenuit My, ..., M}, paur MaTpuiipl cuctembl ypasHennit (11.4)

CTaHEeT paBeH YHUCJy HEM3BECTHLIX B Heil, W IOTOMY OHAa JJjisi HUX OyJer
UMETH TOJIbKO HYyJeBoe perienne. TakuM obpa3oM, g-aphble (pu3mdecKue
CTPYKTYDBI, 3ajiaBaeMble Ha Muoxkectsax My, ..., M, dynkimeit (11.1), n
B cJIydae ¢ > 3 He MOT'YT ObITh HaJIeJIEHbI IPYIIIOBOIl cuMMeTpHueil KOHEUHOI
CTEIeHN.

OkoHYaTEIbHBII BBIBOJI, K KOTOPOMY MbI IIPUXOJ/IIM 110 pe3yJibTaTaM I1pOo-

BEAECHHOI'O BbIIIE MCCJIeJOBaHNA BbIpazKaeT CJICAYIOIlasd

Teopema. ['pynnosoti cummempueti Koneunot cmeneny, Mo2ym Ovimo
HAJEAEHDL MOALKO bUHapHble Pusuveckue cmpykmypovl Ha 00HOM U 08YT
MHOHCECMBAT, 6 MO BPEMA KAK OAA ¢-GPHBLT PUSUMECKUT CMPYKMYP € q >
3 mempuneckan dynrkyua (11.1) ne donycrkaem nukaxuxr HEMPUEUANLHHLT

AOKANOHOLT d8udHCenUl.

['pynmoBasi cumMMeTpust OMHAPHBIX (PU3MIECKUX CTPYKTYP, KOTOPHIM ObI-

JIO YJIeJIeHO OCHOBHOE BHEMaHMe B MoHOrpadusx asropa [10] u [24], aBis-
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The physical structures of rank (M, . .., M,) and multiplicity (¢, ..., qp),
where My > qi,..., M, > q,, are defined on p manifolds 9M;,..., I, of
dimensions my, ..., m, respectively by the metric function (11.1). The rank
of the mapping (11.2) is, under Definition 1, equal to s(C};, X ... X C’f&p —1),
and the rank of the mapping (11.2'), i.e. the rank of the system of equations
(11.4), may be found by superposing on the matrix of corteges of length
q=q +...+qp, for acortege of length Mj + ...+ M} from the region &p
that of corteges of the same length ¢ for a cortege of length M; + ...+ M,

from the region Gp:
: / / . q1 4p
min(Mymy + ... + M,my; sChp X ... xC =
o Q1 4p
SO Mgy X oo X CM;—M,,+qp)~

As binary (¢ = 2) and ternary (¢ = 3) physical structures have been
investigated, we shall assume that their arity ¢ > 3. The number of the
unknowns in the system of equations (11.4) linearly depends on My, ..., M.
At the same time, the residual that is part of the second half of the latter
expression contains, with respect to the same variables M7, .. ., Mz/)’ members
of order ¢ — 1 > 2 whose number becomes unrestrictedly large because
My > q, ..., M, > gy,. And that means that for sufficiently great values of
Mj, ..., M, the rank of the matrix of the system of equations (11.4) will
become equal to the number of the unknowns in it, and therefore it will
only have a zero solution for them. Thus, g-ary physical structures defined
on sets My, ..., M, by the function (11.1) cannot be endowed with a group
symmetry of finite degree in the case of ¢ > 3 either.

The final conclusion we arrive at under the results of the exposition above

is expressed by the following theorem.

Theorem. It is only binary physical structures on one or two sets that
can be endowed with a group symmetry of finite degree, while for q-ary
physical structures with ¢ > 3 the metric function (11.1) does not allow

any nontrivial local motions.

The group symmetry of binary physical structures, which were the principle

object of investigation in monographs [10] and [24] be the author, is the de-
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erca oupegendionieit. To ecrs dynknua f: & — R re G5 C IM? wn
Sy C M x N, Oyger 3aaBaTh HU3MIECKYIO CTPYKTYPY B TOM U TOJIBKO B
TOM CJlydae, eI OHa JIOIYCKAeT HeTPUBUAILHYIO KOHCYHOMEPHYIO I'PYIIILY
JBUZKEHUIT. YeaoBue najienenns pUu3n4ecKuxX CTPYKTYP IPYIIIOBOIl cuMMeT-
pueil KOHeUHOH CTeleHn ONpeJIesIaeT 3Ty CTeleHb, YCTAHABINBA €€ CBA3D C
PasMEepHOCTBI0 MHOYKECTB U PAHIOM CTPYKTYpPbI cooTHOIeHusiMIE (5.7),(5.8)
u (11.5),(11.6). C npyroii cTOpoHbl, 6€3 MPEeIOI0KEeHNsT O TPYIIIOBOI CUM-
MeTpUN KOHEYHOI crerenn jaxe coorHomenust (5.7) u (11.5), ycranasiiu-
BAIOIIIE CBA3b PA3MEPHOCTH MHOYKECTB C PAHI'OM CTPYKTYDBLI U HE COJep-
JKalllie CTelleHb I'PYIIIOBOH CUMMETPHHN, JOJKHBEI B MCXOJHBIX AKCHOMAaX
OroBapuBaThCA JONMOJHUTEIBLHO 0663 JIOCTATOYHO YO UTE/IbHOIO 000CHOBA~

HUI TON CBA3MU.

B 3ak/mrouenne oTMeTUM, YTO Pe3yJIbTaThl HACTOAIIEro naparpada omyo-

JIMKOBAHbI aBTOPOM B pabote [36].

§12. @PyHKIMOHAJIbHBbIE YDABHEHUS B TEOPUU

dbuznviecknx CTpykTyp

B maremarudeckom armapare teopun dusndeckux crpykryp (TPC)
dyHKnmonaabuble ypaBHEHNs UTPAIOT KJIIOUEBYIO POJIb, MpudeM (eHome-
HOJIOTUYeCKasl U I'PYIIIOBasl CUMMETPUN IPUBOJSIT K PA3IUIHOMY UX THILY.
B nacrosmem maparpade OyJIyT pacCMOTPEHbI (PYHKITMOHAJbHBIE yPaBHE-
HUs JUTs (PUBNYECKUX CTPYKTYP Ha JIBYX MHOXKecTBax. HamoMumM, 4T0 j1j1st
reoMeTPUUIecKnX (PU3NIECKNX CTPYKTYP Ha OJIHOM MHOXKECTBE COOTBETCTBY-
torue (PyHKIMOHAJIbHBIE YPaBHEHUs ObLIN paccMOTPeHbI B §6.

Dusnueckasi crpykTypa panra (n+ 1,m + 1) 3a1aercst HeBBIPOXK IEHHOI

S-KOMITOHEHTHON MeTpUIecKoi pyHKITHeit

f=flx,&) = f(z*, ... a®™ €, ... &), (12.1)

rjie m,n,s > 1, Ha sm- u sn-MepHbIX MHOTOOOpasuax M u N. Ee denome-
HOJIOTUYECKAs] CUMMETPHs  O3HAJYaeT, dYTO JijId  KaKJ0ro KOpTexkKa
(ijk...v,aBy...T) n3 nekoropoit okpecrnoct U C &p C ML x 9+l

IIJIOTHOI'O B GF MHOZKeCTBa KOpTe}Keﬁ BBITIOJIHACTCA TOXKIECTBO
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termining one. That is, the function f : & — R* where either &; C 9>
or & C I x N defines a physical structure if and only if it allows a
nontrivial finite dimensional group of motions. The condition of physical
structures having a group symmetry of finite degree determines that degree,
establishing whereby its relationship with the dimensionality of the sets and
the rank of the structure by the relations (5.7), (5.8) and (11.5), (11.6).
On the other hand, without the assumption of a group symmetry of finite
degree even the relations (5.7) and (11.5), establishing the relationship of
the dimensionality of the sets with the rank of the structure and containing
no degree of a group symmetry, must be additionally stipulated in the initial

axioms without any sufficient validation of the presence of any such relation.

We shall note in conclusion that the results of this paragraph were
published by the author in his note [36].

§12. Functional equations in the theory

of physical structures

In the mathematical apparatus of the theory of physical structures (TPS)
functional equations are of key importance, and it is worth noting that
the phenomenological and group symmetry yield different types of such
equations. In this paragraph we are going to discuss the functional equations
for physical structures on two sets. We remind that for geometric physical
structures on one set the respective functional equations were discussed in
86.

The physical structure of rank (n+1, m+1) is defined by the nondegenerate

s-component metric function

f=flx,&) = f(', ...,z & ... M), (12.1)

where m,n,s > 1, on an sm- and an sn-dimensional manifolds 9t and 1.
[ts phenomenological symmetry means that for every cortege (ijk ... v,
afy...7) from some neighbourhood U C & C ML x 9™ FL of a set of

corteges dense in G the identity is satisfied as follows:
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O(f(iar), f(iB), ..., f(vT)) =0, (12.2)
B KoTopoM dyuKkIus P, kKak 1 Mmerpudeckas Gyukiws (12.1), numeer s Kom-
MIOHEHT, KOTOpPble HE3aBUCHMBI.

ToxkectBo (12.2) ecTb, ¢ OJHOI CTOPOHBI, AHAJUTHYECKOE BbIDAYKEHIE
npuHnuna (GpeHoMeHOJOTNYeCKO CUMMETPUM, & C JPYTOil, MpeJcTaB/Isder
coboit ocHoBHOe dyHKImonaabHoe ypaBHenne B T®C. B obmem ciyuae,
HeusBecTHBIMU B ypasHenun (12.2) asnsiores n dynkuus f = (f1,..., f%),
3ajatomiasg Gpu3naeckyo ctpyKrypy, u dyukiumsa ¢ = (Pq,..., Dy), BB
paskarolas 9TUM ypaBHEHHEeM ee (PeHOMEHOJOTHIecKyto cuMmmMerpuio. Ilo-
HUMaeMOe HMEHHO B TaKOM CMbIcje, (QyHKIHOHAJIbHOE ypasHeHue (12.2)
PEIIeHo TOJBKO B HEKOTOPBIX ciaydasx. [lomrocteio mist s = 1 (em. §9),
qacTuaHo Jyust § = 2 (em. §10) m s = 3,4 (cm. §10). Bosee mpocTbiM sBJIsA-
ercss TOT BapuaHT ypaBHenust (12.2), korya B HeM u3 JBYX DyHKIUi f u
® kaxas-To U3BeCTHA 3apaHee. Jalle BCero M3BECTHON OKa3bIBAETCI METPH-
yecKasd PyHKIU f, MO3TOMY CHadasIa PACCMOTPUM MMEHHO TaKO BapuaHT
ypasuenus (12.2).

[Ipocreiimme ciayuan ypasrenus (12.2) ¢ usBectroii dyukimeil f Bo3Hu-
KaloT IIpU aHajn3e BToporo 3akona Heiorona u 3akona Owma. Ecin 3akon

Hbrorona zanucarh oObIaHO hopMmyJioit
a=F/m, (12.3)

rjie a — QYHKIUS YCKOPEHUs Teja MACChl M IOJ JIeHCTBIHEM YCKOPUTE It
cuel F') TO J7id JTIOOBIX JIBYX MaTepHaJbHBIX TN ¢, j U JIOOBIX JIBYX YCKO-
pureseil o, 3 JIErKo HaXOJIUTCH CBsI3b, B KOTOPYIO BXOJAT TOJIBKO UYeThIpe

U3MepsAEMbIe B OIILITEC YCKOPCHMA:
Ajaj3 — Aipljq = 0. (124)

Denomenosornueckn cuMmerpudtast opma (12.4) Broporo 3akona Heio-

TOHa fABJIdeTCd pelleHueEM Cb}/HKIJ;I/IOHa.HbHOFO YpaBHEHNA
@(aia,aig,aja,ajg) = 0, (125)

B KOTOPOM (DYHKIIIS YCKOPEHUsl ¢ M3BECTHA 110 00bIaHOi hopme (12.3) sToro
3akoHa. DYHKINS @ 3a/1aeT Ha MHOYKECTBE MaTepUaJbHbIX Tesl 90 1 MHOZKe-

cTBe yckoputesieit M pusnaeckyo CTpyKTYpy MUHUMAJIBLHOTO paHra (2,2),
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O(fliar), fiB), ..., f(vT)) =0, (12.2)
in which the function ®, as well as the metric function (12.1), has s compo-
nents that are independent.

The identity (12.2) is, on the one hand, an analytical expression of the
principle of phenomenological symmetry, and on the other, is a functional
equation in the TPS. In the general case, the unknowns in the equation
(12.2) are both the function f = (f1,..., f*) that gives the physical structure
and the function ® = (®q,...,d,) that expresses via that equation the
phenomenological symmetry of the physical structure. Understood in that
sense, the functional equation (12.2) has been solved only for some particular
cases. It is solved completely for s = 1 (see §9), and partly for s = 2 (see
§10) and s = 3,4 (see §10). A simpler variant of the equation (12.2) is that
with one of the functions f and ® known. More often it is the function f
that is known, so that is the case we take into consideration first.

The simplest cases of the equation (12.2) with the known function f take
place in the analysis of the Second law of Newton and Ohm’s law. In the

traditional Newtonian law
a=F/m, (12.3)

where a is a function of the acceleration of a body of weight m under the
impact of the accelerator I, it is easy to find for any two bodies i, 7 and any
two accelerators «, 3 the relation that only comprises the four accelerations

measured in experiment:
Aiajg — GigQjq = 0. (12.4)
The phenomenologically symmetric form (12.4) of Newton’s 2nd law is
the solution of the functional equation
P (aiq, aig, @ja, ajp) = 0, (12.5)

in which the function of acceleration a is known from the ordinary formula
(12.3) of the law. The function a gives on the set of material bodies 9t and

the set of accelerators M a physical structure of minimal rank (2,2), and so
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nmosroMy u ypasuerue (12.5) okazaaoch JOCTATOTHO MPOCTBIM. ZICHO, 9ITO
9TO ypaBHEHUE €CTh YaCTHBI cirydait obmmero ypasuenus (12.2) st cirydas
m=mn=s= 1, ecjin B HEM NOJOXKUTH f = a.

[lepeiiem Tenepn K 3akony Oma:
I=&/(R+r), (12.6)

rie I — MyHKIMS TOKa, n3MepseMasl aMIepMeTPOM B 3aMKHYTOIl 11eru, co-
JieprKalleil MpOBOJHUK C CONPOTUBJICHUEM R M MCTOYHUK TOKa C 3JIEKTPO-
JIBHKYIIEH custoit £ u BHYTPEHHUM COLPOTHBJIeHHeM 7. JJis JTI00bIX Tpex
IIPOBOJIHUKOB %, 7, k 1 JIIOOBIX JBYX MCTOYHMKOB TOKa (v, 3 I1€CTh BO3MOK-
HBIX 3HAYEHUII TOKA CBSI3aHbI COOTHOIIEHNEM, B KOTOPOM OTCYTCTBYIOT X
XapaKTePUCTUKUL:
(Tia)™" (Lig)™" 1
(Tra)™ (Iep) ™ 1
Coornorierne (12.7) 3amaer heHOMEHOJIOIHUECKH CHMMETPUIHYIO (hOp-

My 3akona OMa, SBJISIONLYIOCd perrenreM (hyHKIMOHAILHOTO YPABHEHMs]
(I)([iayliﬁaljouIjﬁalkoulkﬂ) = 07 (128)

B KOTOpoM (yHKIus Toka [ m3BectHa 1o obbrauoi (opme (12.6) sT0ro
3aKOHA. 3aMeTuM, 9To GyHKIus I 3aaeT Ha MHOYKECTBE IIPOBOJHUKOB NN
1 MHOZKECTBE MCTOYHHKOB TOKa N (busmueckyio cTpykTypy para (3,2), a
ypasaenue (12.8) mosydaercst u3 obirero ypapuenus (12.2) npun = 2,m =
s =1, ectm B HEM TOJIOKUTH [ = [.

B §9 npusesenbl Bce Bo3aMOxkHbIe BbipazkeHus (9.2)—(9.7) dyukunu f,
3aJ1alo1eill Ha M-MepHOM U n-MepHOM MHOroobpazusx 9 u I ogHomeTpu-
qecKyto (bU3MIecKyio CTpyKTypy panra (n+1, m—+1). [l kaxkgoro u3 Hux,
KpoMe, MOKeT ObITh, Bbipazkenus (9.4), pererne (hyHKINOHATIBHOTO yPaB-
Herust (12.2) HAXOUTCSA CPABHUTEIBHO MPOCTO U YUCTO AMreOparmiecKin: 13
(m+1)(n+1) snadenuit Gynkium f, COOTBETCTBYIONIX BCEM TAPAM TOYEK
koprexka (ijk...v,aBy...7) € &p C M x M ycxinovarorest Ko-
OPJINHATHI TOYEK 9TOro Koprexka. [lojydatonmecst mpu 9TOM COOTHOIIEHUsT
(9.2")—(9.7") m sBsITOTCST COOTBETCTBYIONMMHE pEIeHnsAME (DyHKITHOHAb-

HOro ypasHenusi (12.2).
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the equation (12.5) turns out to be simple enough. It is quite obvious that
that equation is a special case of the general equation (12.2) for the case of
m=n=s=1if weset f = a in it.

Now let us take Ohm’s law:
I=E/(R+r), (12.6)

where [ is the function of current measured by ammeter in a closed circuit
that contains a conductor with resistance R and a source of current that has
electromotive force £ and internal resistance r. For any three conductors
1, 7, k and any two sources of current «, (3, the six possible values of current
are tied by the relationship that does not contain the characteristics of
theirs:
(L) (L) 1
(L) (L) 1] =0 (12.7
()" ()™ 1
The relation (12.7) defines the phenomenologically symmetric form of

Ohm’s law that is the solution of the functional equation
®(Lias Ligs Tja, Ligs Ikas Ikp) = 0, (12.8)

in which the function of the current I is known from the ordinary form
(12.6) of the same law. We shall note that the function I gives on the set of
conductors MM and the set of current sources 1 a physical structure of rank
(3,2), and the equation (12.8) is derived from the general equation (12.2) if
n=2m=s=1, and if we set f = [ in it.

In §9 we gave all the possible expressions (9.2)—(9.7) of the function f
giving on an m-dimensional and an n-dimensional manifolds 2t and 91 a
unimetric physical structure of rank (n+1, m+1). For each of them, except
perhaps for the expression (9.4), the solution of the functional equation
(12.2) is relatively easy to find and it is done in a purely algebraic way at
that: by way of excluding from the (m + 1)(n + 1) values of the function f
that correspond to all the pairs of points of the cortege (ijk...v,afv...

LTy € Gp C M x ML the coordinates of the points of that
cortege. The relations (9.2")-(9.7") that that artifice yields are the respective

solutions of the functional equation (12.2).
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B §10 npusesennt Bce Bo3mokKmbie Bbipazkenus (10.3)—(10.12) myst aByx-
kommnonentHoit dbynxuun f = (f1, f2), sagaomeil Ha JAByMepHOM U 2n -
MepHOM MHOrooOpasusx MM u N dusndeckyo crpykTypy panra (n + 1,2),
rae n > 1. OyHKnoHagabHoe ypaBHerue (12.2) st 1ByMeTpudeckoi (hu-

3U9eCcKOil CTPYKTYpBhI parra (n + 1,2) 3anucbiBaercst B CIeyIOMIEM BHIE:

O(f(icr), f(i0), f(e), f(GO), -, flva), f(vB)) = 0, (12.9)

IpudeM HaJo IOMHUTL, 4To GyHkun f u & JBYXKOMIOHEHTHDLIE, TO €CTh
f=(45f)nud = (&,,y). Permenusimu 5T0ro ypapHeHus Jyis Kaxkoil
u3 dbysxmuit (10.3)—(10.12) gasisiorcst cieyromue B §10 3a Teopemoit 1
cooTHOIIEeHNsI. TeopeMa 2 onpe/ie/isieT pelieHnst Toro e (byHKIMOHAILHOIO
ypastenust (12.9), HO ¢ ApyruMu SKBUBaIeHTHBIME BhipazkeHusivu (10.3")—
(10.12") st MeTpryaeckoit pyHKITIH.

B §10 npusejena takxke nosnast kjiaccudukanus (10.18)—(10.28) Tpex-
KomIoHeHTHBIX bynxuuit f = (f1, f2, f3), 3a1a10mux Ha TpexXMepHbIX MHO-
roobpasusax M u N dusndeckyo cTpyKTypy panra (2,2). OyHKINOHATBHOE

ypaBHenne (12.2) st HUX 3aMCBIBAETCS B CJIEIYIONIEM BHUJIE:

O(f(ia), f(iB), f(Ge), f(38)) = 0, (12.10)

KOTOPOE €CTh CHCTeMa TpeX (PYHKIMOHAJBHBIX YPABHEHUI, TaK KaK B HEM
dbyukinsg ¢ = ($y, Py, P3) TOXKE TPEXKOMIIOHEHTHASI. Periennst ypaBHeHmst
(12.10) mrs sxBuBasenTHBIX Bhipazkenuit (10.18)—(10.28") onpenesnsiorcs
Teopemoii 4 u3 §10.

Jpyroit BapuanT (QyHKIMOHATBHOIO ypaBHenusi (12.2), korjga mpu ms-
sectHOl pyHKIME ¢ = (D1, ..., Py) HEOOXOMUMO HANTH METPUIECKYIO DYHK-
maio f = (f1,..., %), sagatomyto Ha Muoroobpasusx 9 u O pasmepHocTH
sm u sn GU3NIECKy0 CTPYKTYpy panra (n+ 1,m + 1), pemaercst cieyro-
M obpaszoM. B npsMbix mpounsBejieHusx IM" u N dpukcupyrorea kopre-
x®u (joko ... vo) 1 (BoYo - .. To) JJIMHBL I U M COOTBETCTBEHHO. TOUKM 9THX
KOpTezKeil BBIOMpAIOTCsT Takue, 9To0bl ypasHenue (12.2), sammcanHoe s
koprexa (ijoko - ..o, @BYo - -.T0) € Sp, MOIIO OBITH OJHOBHATHO pa3pe-
1eHo orHocuTeIbHO f(icr). 3areM yIo0HBIM 00PAa30M BBOJSITCS JIOKATbHbBIE
KOOPJIMHATBL T1, 27, ..., xfmu EL €2 ... €57 yepes KOTOPbIE U BHIPAsKACTCsI

merpryeckas dyakius (12.1). Ecau morydernoe BbIpaskeHIe HEBBIPOZK Ie-
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In §10 we gave all the possible expressions (10.3)—(10.12) for for the
two-component function f = (f!, f?) that defines on a two-dimensional
and a 2n-dimensional manifolds 9t and 91 a physical structure of rank
(n 4+ 1,2), where n > 1. The functional equation (12.2) for the dimetric

physical structure of rank (n + 1,2) is as follows:

O(f (i), f(i0), f(jex), f(GB), .. flva), f(vB)) =0, (12.9)

and we are to keep in mind that the functions f and ® are two-component

ones, i.e. f = (f1, f?) and ® = (&1, ®y). The solutions of that equation for
cach of the functions (10.3)—(10.12) are the expressions that follow Theorem
1 of §10. Theorem 2 determines the solutions of the same functional equation
(12.9), but with different equivalent expressions (10.3")—(10.12’) for the
metric function.

§10 also gives the complete classification (10.18)—(10.28) of the three-
component functions f = (f1, f2, f3) that give on three-dimensional mani-
folds 99t and M a physical structure of rank (2,2). The functional equation
(12.2) for them is as follows:

O(f (i), f(28), f(Jar), f(55)) =0, (12.10)
which is a system of three functional equations, as the function & =

(1, Dy, 3) it contains is also a three-component one. The solutions of
the equation (12.10) for the equivalent expressions (10.18")—(10.28') are
determined by Theorem 4 of §10.

Another case, namely that of the functional equation (12.2) where the
function ® = (®y,. .., ®,) is known and the metric function f = (f1,..., f*)
defining on the manifolds 9 and 91 of dimensions sm and sn a physical
structure of rank (n + 1,m + 1) is to be found is solved as follows. In the
direct products 9" and MN™ corteges (joko - - - vo) and (Boyo - - - To) are fixed
of lengths n and m respectively. Points of the corteges are selected such that
the equation (12.2) written for the cortege (ijoko . . .vo, @870 ... T0) € Gp
might be solved uniquely with respect to f(ia). Next, local coordinates
xy,xd, . xd™and €, €2 ... €5 are introduced in a suitable way, and it

7771

is via them that the metric function (12.1) is expressed. If the expression
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HO U [IPH ero T0JICTAHOBKe B MCXO/[HOe ypaBHeHue (12.2) mocieiHee mpespa-
AETCS B TOZKJIECTBO M0 BCEM KOOPJMHATAM TOYeK Koprexa (ijk ... v, af7y
.. T), TO HaliJIeHHas TaKUM 00pa30M MeTpuyuecKas QyHKIUsT JIefiCTBUTE b
HO 3a/1aeT (bU3NIeCKyo CTpyKTypy panra (n + 1,m + 1).
[TpommtrocTpupyemM ONMUCAHHBIN BBIIIE METOJ perennst (byHKITMOHATHHO-
ro ypasaenust (12.2) Ha puMepe 0JJHOMETPUYECKON 1 JBYMETPUIECKOil (u-
3UYECKUX CTPYKTYDP MUHUMAJBHOTO paHra (2,2).

Sammuiiem (beHOMeHO.HOI‘I/I‘IeCKI/I CUMMETPUYIHOE COOTHOIICHUE

flia) = f(iB) — f(jo) + f(iB) =0

1utst geTBepku (ijo, af):

flic) = f(iBo) — f(Joc) + f(JoBo) = 0,

I10CJIE Yero pasperinM ero oTHOCHTe bHO f(i):

flia) = f(ifo) + f(jocr) — f(jofo)-
Beojst koopaunarst x; = f(ify) — f(jofo)/2 u &, = f(joar) — f(jobo)/2,

rie f(jofo), OUEBHIHO, KOHCTAHTA, MOJIydaeM KOODIMHATHOE MpPeCTaBIie-
Hue Merpudeckoil gynkinu (9.2), KOTOpoe MpHU MOJCTAHOBKE B HCXOJHOE
COOTHOIIIEHNE 00PAaIllaeT ero B TOXKJIECTBO, IOATBEP:K/Ias TeM CaMbIM, UTO
9Ta (DYHKIN 3aJ1aeT Ha OJJHOMEPHBIX MHOTOOOpasuax I n M ogHOMETpU-
qecKyt0 (PU3MIECKYIO CTPYKTYPY paHra (2,2).

[Tepeiinem K Hostee CJI0KHOMY (DEHOMEHOJIOTUIECKN CUMMETPIUIHOMY CO-

OTHOIIICHUIO

fAlia) = f2(jo) f2(ie) f1(iB)
f2@8) = £2G8) f2(iB) f (ic)

KOTOpPOE PAacCMOTPHUM KaK CHUCTEMY JBYX (PYHKIIMOHAJbHBIX YpaBHEHUIT W

cHaJaJIa 3aIUIeM uX Jyist 4eTBepKu (joi, Goov):
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obtained is nondegenerate and its substitution into the initial equation
(12.2) yields an identity with respect to all the coordinates of the points of
the cortege (ijk...v,af7y...7), then the metric function found does give
a physical structure of rank (n + 1, m + 1).

We shall illustrate the method we have described of solving the functional
equation (12.2) with an example of a unimetric and dimetric physical struc-
tures of minimal rank (2,2).

We shall write the phenomenologically symmetric relation

flia) = f(iB) = f(Go) + f(38) =0

for a quadruple (ijo, af):

flic) = f(iBo) — f(Joc) + f(JoSo) = 0,

and then solve it with respect to f(ia):

fliar) = f(ifo) + f (o) — f(Jobo)-
By introducing coordinates x; = f(iy) — f(j000)/2 and &, = f(joa) —

f(J0Bo)/2, where f(jofo) is, obviously, a constant, we get the coordinate
representation of the metric function (9.2) that, substituted into the initial
relation, turns it into an identity confirming whereby that that function does
give on one-dimensional manifolds 9t and I a unimetric physical structure
of rank (2,2).

Let us take a more complicated phenomenologically symmetric relation

filia) = f1(iB)  fH(ic) f2(je)
fHa) = f15B) fHie) f2(ia)

)

=0,

f26B) — f2(58)  f2(iB)f (i)

which we shall consider as a system of two functional equations, and shall

‘ F2lia) — f2(ja) f2(ia) f1(iB)

/

write them first for the quadruple (joi, Gov):
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FHGoB0) = Goa)  fH(GoBo) f2(io) _0 )
f1@Bo) — fHlic)  f1(ifo) f*(Joo) ’
>
F2(oBo) — f2(iBo)  f2(Jobo) f! (Joev) _ 0
FGoa) = f2(ia)  f2(jo) f*(joSo) "

1ocJie Jero paspemum orHocurenbno f(ia) = (f(ia), f2(ic)):

fHia) = [f2(i80) [ (JoBo) + f1(Jocx) f*(J0Bo)—
— [1(50B0) f2(J0Bo)Lf (iB0) / £2(if0) £ (Jo o),

F2(ic)) = [f2(iBo) f (JoBo) + f*(Focx) f*(JoBo)—
— f1(7080) £ (5080)1 f* (o) / £ (Joax) £ (JoBo)-

Brous yuobublie koopaunarhl z; = f2(i50) f1(GoBo), vi = f1(iBo)/ f*(i50) %
X f1(JoBo) 1 &a = (f1(oa) — [1(5050)) 2 (GoBo), Na = F2(Jor)/ [ (o) X

X £2(j030) B oByMepHBIX MHOroo6pasuax M u N, morydaeMm KOOpAMHATHOE

npescrasienue (10.4) merprdaeckoit (hyHKIN, 3a/a0meli Ha THX MHOTO-
00pas3msiX JBYMETPUIECKYIO (DU3UIECKYIO CTPYKTYPY paHra (2,2), Tak Kak
ee TI0JICTAHOBKA B UCXO/HOE COOTHOIIEHNE 0OPAIAeT ero B TOXKIECTBO.

Bee apyrue dbyukimonaibhbie ypapenns (12.2) ¢ usBectroil dyHKImeit
® peratorcst aHAJIOMUYHO, XOTs JIIsT HEKOTOPBIX M3 HUX BO3HUKAIOT 3Ha-
JUTEIbHbIE YUCTO TEXHUIECKNE TPYIHOCTH €0 pa3pellennsi OTHOCUTEILHO
repeMeHHOi f (i) 1 pannoHaJIbHOTO BBEJICHUS CUCTEM JIOKAJTBHBIX KOOD/IH-
HAT B MHOTOOOpa3uax I u N.

OrnucaHHbIi BbIIlle METO/I, pellieHsl (DYHKIMOHAIBHOIO ypaHeHus (12.2)
MOXKeT OBIThH IpUMeHeH K Jo00i Hanepe 3aannoit pynknun ©. Ho ecom
pasencTBo ® = 0 He onpejiesasgeT (PeHOMEHOJTOTHIECKT CUMMETPUYIHOE COOT-
HOIIIEHNE /151 (PUBNIECKOI CTPYKTYPBI, TO MOy IeHHOE KOOPAMHATHOE ITPE/I-
crapyienne Gyukimn f(ia) npu nojcranoske B ypasrenue (12.2) ne obparma-
eT ero B TOXKJECTBO IO BCEM KOOpDJUHATAM TOYEK KOPTeXKa
(1jk ... v,af7y...7). llpuBejieM UHTEPECHBII B 9TOM CMBICJIE IIPUMED.

06006115 heHOMEHOTOTHYeCKN cuMMeTprdHOe cooTHorenne (9.4") ms

OJIHOMETpUIecKOil (pusnaeckoil cTpyKTypbl panra (4,2), ecTecTBEHHO ObLITO
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fHGoB0) = Goa)  fH(GoBo) £2(io) _0 )
f1iBo) — f1lic)  f1(iBo) f*(Jobo) ’
>
F?(J0Bo) — f2(iBo) f*(J0Bo)f (Joer) _0
F2Goa) = f2(ia)  f2(joc) f1(Joo) "

solving them whereafter with respect to f(ia) = (f (i), f*(ir)):

fa) = [f2(i60) f1 (JoBo) + f1(Jor) f2(Joo)—
— [ (JoBo) f(JoBo)l f 1 (iB0) / £2(if0) £ (Jo o),

F2(ic) = [f2(iBo) f (JoBo) + f(Fox) F*(JoBo)—
— f1(7060) £ (5080)) f* (o) / £ (Goar) £ (JoBo)- |

By way of introducing suitable coordinates x; = f2(ifo)f(joBo), yi =
fHiBo)/ F2(i6o) x fH(joBo) and & = (f'(joa) — f'(joBo)) f*(Jobo)s N =
2o/ fr(Gocr) x f2(joBo) in two-dimensional manifolds 9t and N, we get
the coordinate representation (10.4) for the metric function that gives on
these manifolds a dimetric physical structure of rank (2,2), as the substitution
of it into the initial relation yields an identity.

All the other functional equations (12.2) with the known function ®
are solved similarly, though for some of them some difficulties, of purely
technical nature, arise of solving them with respect to the variable f(i«)
and of finding a rational way of introducing systems of local coordinates in
the manifolds 9t and 1.

The described method of solution of the functional equation (12.2) may
be used with any preassigned function ®. However, unless the equality
® = 0 defines a phenomenologically symmetric relation for the physical
structure, the coordinate representation obtained of the function f(ia),
being substituted into the equation (12.2), does not yield an identity with
respect to all the points of the cortege (ijk...v,afvy...7). We shall give
an interesting example.

While generalizing the phenomenologically symmetric relationship (9.4)

for the unimetric physical structure of rank (4,2), it was natural to suppose
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PEIIOI0KNATE, YTO (DEHOMEHOJIOIMIECKI CUMMETPIIHOE COOTHOIICHIE 1151
dbusmyeckoit crpykTyphl panra (5,3) J0JIKHO 3alUCHIBATHCS B BUJIE DABEH-

CTBa HYJIIO CJICAYIOLIETO OIIPpEAC/IUTEIIA IIATOrO IIOPsAIKa:

flia) f(B) f(iv) flia)f(iB)f(iv)
fGa) f(G8) fUy) fUa)f(GB)f(7)
flka) f(kB) f(ky) f(ka)f(kB)f(kv) | =0.
fla) fUB) f(y)  fUa)f(IB)f(ly)
flaa) f(aB) flay) flaa)f(aB)f(ay)

BamuieM 3T0 coOOTHOIIeHNe 7ist KopTrexka (ijokoloqo, boo), paspermm

—_ = = =

ero OTHOCUTEJIbHO TiepeMenHoii f(ic) u BBejeM yaoOHBIM 00pa30M KOOP-
JIMHATHl T;, Y; B AByMepHOM MHOTooOpasuu IM u &y, Na, fa, Va B IETHIPEX-
MepHOM MHOTOOOpasun M. B pesyibrare mis dynknun f(iq) mosydaem

cJIeytonee JIOKaJbHOE KOOPJANHATHOE TIPEJCTaABICHUE:

flic) = (i + Yina + 1a)/ (Tiyi + Vo).

OjiHaKO TI0JICTAHOBKA HaiiJIeHHON (DYHKIMKU B HCXOJHOE COOTHOIIEHHE He
obOpalraeT ero B TOXKJJIECTBO, YTO OBLIO YCTAHOBJIEHO C MOMOIIHIO KOMITHIO-
TepHoii nporpammbl 'Maple". DTor pesyiabrar MOXKHO ObLIO IPEIBUIETD
3apaHee, TaK KaK COIVIACHO IPUBEJICHHON B Hadase §9 KiaccuuKaim ol
HOMeTpHUecKas pusndeckasi CTpyKTypa panra (5,3) He CyIIeCTBYyer.

Onuncannasg B §8 9KBUBaAJEHTHOCTb (PEHOMEHOJIOTMIECKON U I'PYTIIIOBOIT
CUMMeTPHIi, corjiacHO KoTopoil dyHKIus f, 3ajatolias Ha JIBYX MHOXKe-
ctBax I u N Hu3NIECKyI0 CTPYKTYPY, SABJIAETCS JBYXTOYCUHBIM HHBAPU-
AHTOM HEKOTOPOIl I'PYIIIBI X 1IPeodpa3oBaHuii, IPUBOANT K (PYyHKIINOHAb-
HOMY ypaBHeHHO (8.6), IPUHINIHAIBLHO OTJINIHOMY OT PACCMOTPEHHOTO
BBIIIEe ypaBHenus (12.2), XoTst perieHns 9TUX ypaBHeHWH st (pyHKInu f
JIOJI?KHBI COBIIQIATD.

Huzke ymo6Ho Oyier B ypasrerun (8.6) omyCcTUTH sIBHOE yKa3aHHe TOUEK

1 1 « MHOrooopaszuit MM u N, 3anuceiBast ero B CaepYIONIEM BHJIE:

f()\(.%‘), 0-(5)) — f(xag)v (1211)

rme A IM— M, o : N — N — JgoKkajbHBIE 0OpPATHMbIE TPEOOPA3OBAHNUST
MHOroo6pasuit, a x = (xl, ... ™), & = (£1,...,£5) — noKasbHbIe KOOD-

JANHaTbhl B HUX.
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that the phenomenologically symmetric relationship for the physical structure
of rank (5,3) must be written as the equality to zero of the following

determinant of Hth order:

L f(ia) f(GB) f(iv) f(ia)f(iB)f(iv)
L f(jo) f(3B) fUv) fa)f(GB)f(57)
1 f(ka) f(kB) f(ky) f(ka)f(kB)f(ky) |=0
L f(la) fUB) f(ly) f(la)f(8)f(ly)
1 fqa) f(aB) flay) flao)f(aB)f(av)

We shall write that relationship for the cortege (ijokoloqo, @Bo70), solve
it with respect to the variable f(ia), and introduce coordinates x;,y; in a
suitable way in a two-dimensional manifold 9t and coordinates &, Ma, ta,
Y, in a four-dimensional manifold 1. As result, we have for the function

f(icr) the following local coordinate representation:

flia) = (il + YiNa + o)/ (@iys + Va).

But the substitution of the function obtained into the initial relationship
does not turn it into an identity, which fact we established by using the
"Maple"computing package. However, that result could have been anticipated
in advance, as, according to the classification described at the beginning of
§9, no unimetric physical structure of rank (5,3) exists.

The equivalence of the phenomenological and group symmetries described
in §8, under which the function f defining on two sets, 9t and 1, a physical
structure is a two-point invariant of some group of their transformations,
yields the functional equation (8.6), which is basically different from the
equation (12.2) we have discussed, though the solutions of both equations
for the function f must coincide.

In further discussion, it will be suitable to drop in the equation (8.6) the
explicit inclusion of the points ¢ and « of the manifolds 9 and 91, writing

it as follows:

f(Mz),0(8)) = f(x,8), (12.11)
where A : M — M, o : N — N are locally invertible transformations
of the manifolds, and = = (z!,..., ), and & = (£},..., &%) are local

coordinates in them.
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B obmem ciyuae dynkunonanbHoe ypaptenne (12.11), kak u ypaste-
rue (12.2), gomyckaer jiBa TOJKOBaHUs. B mepBoM cyuae HEM3BECTHBI KAk
meTpudeckasi GyHKINA f, Tak 1 QYHKIIE A, 0, OIpee/donne npeodpa-
3oBaHnst MEOroooOpasnii I, M. Torma, 3HasT 110 UTOroBoil Teopeme 3 u3 §8
PasMepPHOCTh T'PYIIIbI JIBUYKEHUI reoMeTPHUH JIBYX MHOXKECTB, 3a/laBaeMoil
dyukmmeir f, cHadaJia IPOBOIUM IOJHYIO ¢ TOUHOCTHIO JIO SKBUBAJIEHTHO-
cTu (3aMeHbI JIOKAJIbHBIX KOOPJMHAT) KJIACCH(DUKAIIIO SIMN-MEPHbBIX TPYIII
npeodpazoBannii Muorooopasuit 9t u O pazMepHocT SM U SN, MOCJIE Y€ro
HaxoauM 110 ypaBHerno (12.11) HeBBIPOXKIEHHBIE JIByXTOUYEUHbIC MHBAPH-
aHTbl. Ho pelenne takoro BapuaHTa ypaBHEHU st OOJIBIINX Pa3MepPHO-
creit MHOrooopasuit M, DN u rpymnnbl ux npeodpasoBaHUil HATAJIKIBACTCS
Ha 3HAYUTEJIbHbIE TEXHUYECKNE TPYJIHOCTHU, CBA3aHHbLIE C KJIaCCHMUKAIIN-
eif 9TUX IPyII, U MOXKET ObITh IPOBEJIEHO JIO KOHIIA TOJILKO JIIST MaJIbIX
ux paszmepHocteii. Bo Bropom ciiydae, Korja u3BecTHa MeTpuieckasi pyHK-
st f WM W3BECTHBI JefiCTBUS A U ¢ TPYIIBI B MHOroooOpasusix M u M,
dbyHKIMoHaIbHOE ypasHeHue (12.11) MoKeT ObITh PEIIeHO CBEJIEHNEM ero K
cucreMe JnddepeHInajlbHbIX YPaBHEHI B YaCTHBIX IIPOU3BOIAHBIX. Huzke
OyJLyT pPaccMOTPEHbI HEKOTOPbIE MPUMEPDHI PEIICHHUsS 3TON0 YpaBHEHUs JIJIst
BTOPOT'O CJIydasi.

s dysxiwm (9.2): f = x4€, 3amatomieii pusnaeckyo CTpyKTypy paHra
(2,2) Ha ojfHOMEpPHBIX MHOr00Opasusax M u N, byHKIMOHAIBHOE ypABHEHIE
(12.11):

AMz)+o(&)=a+¢&
nmMeer perienne A(z) = x +a, o(&) = £ — a, onpeiesionee oHOTapaMeT-
pudeckyto rpymmy jasmxennii (9.10) st 91oit ByHKIWMH, a JIBYXTOYEIHbIIT
MHBAPUAHT I0JIyYeHHOI Ipymibl npeobpazopanuit ' = x +a, & = & —a

HAXOJIUTCs KaK pellleHre Toro e (pyHKIMOHATbHOrO ypasHerust (12.11):

f(x+a,§—a)= f(x,6),

COBIIaJIasl C MCXOJHOI MeTpu4eckoil (pyHKIMel ¢ TOYHOCTBIO JI0 MacIiTad-
HOro npeobpaszoBanust: f = x(x + §).

Host yuknuu (9.3): f = x€ + 1, 3a1a01eii Ha OJHOMEPHOM U J[BYMep-
HOM MHOroobpasusx 9 u N dusnaeckyo crpykrypy panra (3,2), GyHK-

nuoHasbHOe ypasuerue (12.11):
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In the general case, the functional equation (12.11), just as the equation
(12.2), allows two interpretations. Either both the metric function f and
the functions A, o defining the transformations of the manifolds 9,0 are
unknown. Then, knowing, from Theorem 3 of §8 the dimension of the group
of motions of the geometry of two sets defined by the function f, we perform
full, with an accuracy up to equivalence (change of local coordinates),
classification of the smn-dimensional groups of transformations of the mani-
folds 2 and D1 of the dimensions sm and sn, and then via the equation
(12.11) come by the nondegenerate two-point invariants. However, for large
dimensionalities of the manifolds 91, 9T and the group of their transformations,
solution of that type of equations is encountered with technical difficulties
and can only be done for small dimensionalities. In the latter case, i.e. that
when the metric function f is known, or known are the actions A and ¢ of
the group of manifolds 99t and N, the functional equation (12.11) may be
solved by way of its reduction to a system of differential equations in partial
derivatives. Further, we shall discuss some examples of that latter sort.

For the function (9.2): f = x + £, which gives a physical structure of
rank (2,2) on one-dimensional manifolds 9t and 9, the functional equation
(12.11):

ANz)+o(§) =z+¢

has the solution A(z) = x+a, o(§) = € —a that defines the one-parameter
group of motions (9.10) for that function, while the two-point invariant of
the group of transformations 2’ = x +a, & = £ — a obtained is to be found

as the solution of the same functional equation:

f(x+a’7€_a) :f(xa€)7

and that two-point invariant coincides with the initial metric function with
an accuracy up to a scaling transformation: f = y(x + £).

For the function (9.3): f = x£+n, which gives a physical structure of rank
(3,2) on a one- and a two-dimensional manifolds 9t and 0N, the functional
equation (12.11):
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AMz)o(€,m) +p(€,n) = 2§ +1
nmeer pemenue \(r) = ax + b, o(§,n) = {/a, p(§,n) = n— b/a, rae

a # 0, onpejensionee JABYXIapaMeTpUIecKyo rpyiiny jpikeruit (9.11)
st oroii dbyukrnun. Cama ke ynknng (9.3) mMoxker ObITH HaifijieHa Kak
JIBYXTOYEUHBII WHBAPUAHT ITOI I'PYIIILI [0 TOMY Ke (PyHKINOHAJIHHOMY

ypasaeruio (12.11):

f(a$+baf/aa77—b§/a) :f(xagan)

¢ TOYHOCTBIO JI0 MaciTabHoro npeobpasosanust: f = y(z€ + n).

Hos dyukmun (9.4): f = (2€ + n)/(x + ¥), 3anaomeit dbusntdeckyo
CTPYKTYpY paHra (4,2) Ha OJHOMEPHOM U TPEeXMEpHOM MHOrooopasmsx It
1 N, bysknmonasbHoe ypasaenne (12.11):

Ax)o(&,n,9) +p(&n,0) _ 2+
AMz) +7(&n,0) x4+

UMeeT pellleHne, olpe/ie/siollee TpexiiapaMeTpuiecKyo IPyIILy JIBUKEHU

(9.12). Cama ke merpuueckas ynknug (9.4) mMoxker ObITH HalfjieHa Kak

JIBYXTOYETHBII NHBAPUAHT STOI IPYIIHI 10 (PYHKITNOHATLHOMY YPaBHEHUIO

(12.11):

f(a:r:+b d¢ —cn an— b ad —b

cx+d d—ci’ d—cﬂ’d—cﬁ) = J(.&n. ).

C TOYHOCTBIO JI0 MaciiTabHoro mnpeobpazosanus x(f) — f.
Jna asyxkommonenTrodt dynkmun (10.3): f1 = z+€, f2 = y+n, 3agaio-
el IByMeTpriuecKyto (pU3nIecKyo CTpYKTYPY paHra (2,2) Ha JBYMEPHBIX

mHoroobpasusix MM u N, dbyuknuonanibHoe ypasuenne (12.11):

Mz, y)+o' (& n) =2x+¢,
N(z,y)+0%(En) =y+n

umeer pemenne A (z,y) = x + a, N(x,y) = y + b, ol(&,n) = € —
a, 0%(€,m) = n — b, oupejesiioniee JIByXIapaMeTpUUecKylo IPYIILY [BH-
Kenuit st oroit yuknnu: @’ =x+a, Yy =y+b, ¢ =& —a, n =n—0b.
Cama »xe dynknus (10.3) HAXOANUTCST KaK JBYXTOYCTHbII HHBAPUAHT STOI

PPYIIIBL 110 (bYHKIHOHAIBHOMY ypaBHeHuo (12.11):
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Mx)o(§,m) +p(&,n) =6 +n

has the solution A(z) = ax + b, o(&,n) = ¢/a,
rho(&,m) = n — b€/a, with a # 0, that defines the one-parameter group
of motions (9.11) for that function. The function (9.3) itself may be found
as the two-point invariant of that group via the same functional equation
(12.11):

flax +b,§/a,n —b/a) = f(x,§,n)

with an accuracy up to a scaling transformation: f = y(x€ + 7).

For the function (9.4): f = (x€ 4+ n)/(x + ¥), which gives a physical
structure of rank (4,2) on a one-dimensional and a three-dimensional mani-
folds 90t and N, the functional equation (12.11):

Ax)o(&n, V) + p(&n,9) _ x&+1
Azx) +7(&n, ) x + 9

has the solution that defines the three-parameter group of motions (9.12).

As to the metric function (9.4) itself, it may be found as the two-point

invariant of that group via the functional equation (12.11):

f<aa:+b dé —cn an—b& a¥ —b

cx+d d—ci’ d—cﬁ’d—cﬁ) = f(@.&m,9).

with an accuracy up to a scaling transformation x(f) — f.

For the two-component function (10.3): f1 = x + & f?2 = y + 7,
which gives a dimetric physical structure of rank (2,2) on two-dimensional
manifolds 9t and I, the functional equation (12.11):

Mz, y) + o' (&n) =2 +E,
N(x,y)+0(En) =y +1n

has the solution M (z,9) = z + a, X(x,y) = y + b, oc'(&,n) = € —
a, 02(£,m) = n — b that defines a two-parameter group of motions for
that function: 2’ =x+a, ¥ =y+b, & =& —a, n” =n—b. The function
(10.3) is found as the two-point invariant of that group via the functional
equation (12.11):
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fle+a,y+b,&—an—0)= f(z,y.{n).
C TOUHOCTBIO JI0 JIByMEpHOro MacinTtabHoro npeobpaszosannsa: f1 = yl(z +
Ey+n), P=x(x+&y+n).
Tt sropoit bynxuun (10.4): f1 = (z+&)y, f? = (x+&)n, 3anatoueii na
JIBYMEPHBIX MHOI000PA3UAX APYTYIO IBYMETPUUIECKYIO PU3TIECKYIO CTPYK-

Typy panra (2,2), dyuknuonaabroe ypasaerne (12.11):

() + 0! ()N (ey) = ( + &)y, }
(A (@,y) + 01§ m)o*(§,m) = (z+ &n

umeer pemenne M (z,y) = ax + b, N (z,y) = y/a, o'(&,n) = af —

b, 0%(&,m) = n/a, rae a # 0, onpeessioniee AByXIapaMeTPHIECKYI0 IPyII-

Iy JBUKEHU Jijist 910i dyukiun: ¢’ = ax+b, ¥y =y/a, & =al—b, ' =

n/a. Cama ke MeTprdecKkas (DYHKIINSA HAXOJANTCS KAK JIBYXTOYCUHbBIIT HHBA~

PUAHT TPYIIIIbI ABUKEHNU{T perieHreM (byHKIMOHATLHOTO ypaBaenus (12.11):

flaz +b,y/a,a§ —b,n/a) = f(z,y,{n)
C TOYHOCTBIO [0 MacmrabHoro mnpeobpasosanus x'(f!, f2) — f1,
X ) —

st Beex ocranbubix dyukimit (10.5)—(10.12), 3agaronmx aBymeTputie-
ckue dpusndeckne cTpyKTypbl pafra (3,2), (4,2) u (5,2), a Takyke QyHKIUIT
(10.18)—(10.28), 3aatonux TpuMeTpudecKrne (pU3NIeCKne CTPYKTYPhI PAH-

a (2,2), dyaknnonanbhoe ypasaenue (12.11) paccmaTpuBaeTcst aHATIOTHY-
HO.

DOyHKIMOHAILHBIE YPABHEHUSI €CTECTBEHHO HOSB/ISIOTCA U B TEOPUU IPYILLL
npeodpa3oBaHnii, ¢ KOTOPOil Teopusd (PU3NIECKNX CTPYKTYP TECHO CBA3aHA.
st rpymn mipeobpasosanuit G (A\) u H" (o) muoroobpasuit 9 u N ¢ neii-
creusimin ' = Az,a) n & = o(§,a), tie a € G" u o € H", ¢ 3akoHamn
ymuokerust ab = ¢(a,b) n aff = (e, ) B COOTBETCTBYOIINX [TApaMETPU-
geckux rpynnax G" u H™ ux u3oMopdusM yCTaHABIUBAETCS 110 PEIIEHUIO

pyHKIMOHaILHOrO ypaBHEeHN

u(p(a, b)) = ¢(u(a), u(b)) (12.12)
OTHOCUTEJIbHO obpaTumoro orobpazkenus u : G" — H', a ux 1nomodue 1o

PEIIeHNIO CUCTEMBI JBYX (DYHKINOHAIBHBIX ypaBHeruit: (12.12) u
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fl@+a,y+b,&—an—0)=f(z,y.{n).
with an accuracy up to a two-dimensional scaling transformation: f! =
X'z +&y+n). fP=x+&y+n)
For the second function (10.4): f! = (z+&)y, f* = (x+&)n, which gives
another physical structure of rank (2,2), the functional equation (12.11):

(
(N (z,y) + o (€,m)N (2, y) = (z + &)y, }
Az, y) + (&, m)o*(&n) = (x+En

has the solution M (z,y) = az + b, X(z,y) = y/a, o' (&,n) = af —
b, 0%(&,m) = n/a, with a # 0, that defines a two-parameter group of
motions for that function: ' = ax + b, ¥ = y/a, & =a& -0, ' =n/a.
The metric function itself is come by as the two-point invariant of the group

of motions via solving the functional equation (12.11):

f(ax+b,y/a,a§—b,fr]/a) :f(x7y7£777)

with an accuracy up to a scaling transformation x!'(f!,f?) — f%
() —

For all the other functions, (10.5) to (10.12), that give dimetric physical
structures of ranks (3,2), (4,2) and (5,2), as well as for the functions (10.18)—
(10.28), that give trimetric physical structures of rank (2,2), the functional
equation (12.11) is considered similarly.

Functional equations appear quite naturally in the theory of groups
of transformations too, for that theory is inherently related with that of
physical structures. For the groups of transformations G"(\) and H" (o) of
the manifolds 9t and 9 with the actions 2’ = A(x,a) and £ = o(&, a),
where a € G" and o € H", and the rules of multiplication in the parameter
groups G" and H" being ab = ¢(a, b) and af = ¥ («, 3) respectively, their

isomorphism is established by the solution of the functional equation

u(p(a, b)) = ¢(u(a), u(d)) (12.12)

with respect to the invertible mapping u : G" — H", while their similarity
is established by the solution of the system of two functional equations:
(12.12) and
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v(A(z,a)) =o(v(x),u(a)) (12.13)

OTHOCUTE/IbHO 00paTuMbiX orobpaxkenuit u : G© — H" n v : 9 — I
fleno, uTo nogobue BO3MOXKHO TOJILKO [P COBIAJICHUN Pa3MEPHOCTE MHO-
rooopasuit M u M.

Crabasi 9KBUBAJIEHTHOCTH TPYIII Tipeobpasosanuii G'(A) u G (o) ¢ jeii-
creusimin &' = Az, a) u &' = o(, a), UMeOIUX OJIHY U TY Ke apaMeTprae-
ckyio rpymiy G', yecTaHaBJIMBAETCA 10 PELIEHUIO CUCTEMbl (DYHKIMOHAIb-
HbIX ypasHennit (12.12), (12.13), e 1) = ¢, oTHOCHTEIBHO aBTOMOPMU3MA
u : G" — G" u obparumoro orobpaxkenust v : M — N, a uX cuabHAs

SKBUBAJEHTHOCTD — 110 PeHIeHNI0 (hyHKIMOHATLHOTO YPABHEHNS
w(A(z,a)) =o(w(z),a) (12.14)

OTHOCHUTEJIbHO 00paTuMoro orodpaxkeus w : I — M.

3aMeTuM, 4TO BIIOJIHE BO3MOXKEH CiIydail, Korjga cucreMa (DyHKIHOHAb-
Hbix ypashennii (12.12), (12.13) ¢ ¥ = ¢ umeer peliieHre, B TO BpeMsl Kak
dbyukImonanbHoe ypasuenue (12.14) periennst He UMeeT, TO €CTb IPYIIIIbI
npeobpasosanuiit G'(A\) u G" (o), Oymnyuan cabo SKBUBAJICHTHBIMI, HE SKBH-

BaJICHTHDBI B CMJIbBHOM CMBICJIEC.

§13. Nntepnperanun pu3mdeckux CTPyKTyp

Qusnueckne CTPYKTYpPbl Kak MaTeMaTudecKre pOpMbl MOI'YT ObITH Ha-
IIOJTHEHBI PA3HBIM COJIepyKaHUEeM, TO eCTh UMEIOT pa3HooOpa3Hble (husmde-
CKHe U reoMeTpuyeckne nurepuperaiun. IIpuseneM HeKOTOPbIE IPUMEpHI.

Bropoit 3akon Herorona: F' = ma, paccmorpennbiii Bo Beegenun (cm.
ypasrerus (B.17) u (B.18)), samuiiem B MyJbTHILIMKATHBHON KAHOHNIYE-

cKoit hopme:

=g, faa)f(38) — f(iB)f(jo) =0, (13.1)

rie, Hanpumep, f(ia) = x;€,, BBes ciejyioline ejuHble 0003HAYEHUS

dyHKIMIit 1 KoopMHAT:

f=a, x=1/m, {=F. (13.2)
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v(N(z,a)) =o(v(x),u(a)) (12.13)
with respect to the invertible mappings v : G" — H" and v : 9t — IN.

It is evident that similarity is only possible if there is coincidence of the
dimensions of the manifolds 9T and .

The weak equivalence of the groups of transformations G"(\) and G" (o),
which have one and the same parameter group G", with the actions 2’ =
Az,a) and £ = o(, a) is established by the solution of the system of the
functional equations (12.12) and (12.13), where ©¥» = ¢, with respect to
the automorphism u : G" — G" and the invertible mapping v : 91 — I,
and their strong equivalence is established by the solution of the functional
equation

w(A(z,a)) =o(w(z),a) (12.14)
with respect to the invertible mapping w : 9t — .

We shall note that a case is quite possible when the system of functional
equations (12.12) and (12.13) with ¢ = ¢ does have a solution, while the
functional equation (12.14) has no solution, i.e. the groups of transformations
G"(A) and G" (o) while equivalent weakly have at the same time no strong

equivalence.

§13. Interpretations of physical structures

Physical structures, as mathematical forms, may have various meanings,
i.e. they may have various physical and geometric interpretations. Now we
shall give examples.

We shall write Newton’s 2nd law: F' = ma, considered in the Introduction

(see the equations (T.17) and (T.18)), in the multiplicative canonical form:

f=ux€ fla)f(iB) — f(iB)f(ja) =0, (13.1)

where, for example, f(ia) = x;€,, and introduce a single notation for the

functions and the coordinates:

f=a, z=1/m, {=F. (13.2)
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YpaBHeHUs KaHOHIYecKoit (hopmbr (13.1) npecraBsitor coboit IUCTO Ma-
TeMaTUIeCKne COOTHOIIEHUST, KOTOPhIe MOKHO HAIIOJTHUTH Pa3HbIM (DU3MUe-
CKIM cojiepzkanneM. st Broporo 3akona HeioTona coryacno obosnadenn-
sv (13.2) dbyukiusg f ectb m3MepsieMoe B OIBITE YCKOPEHUE ¢ Tejia O[T
TeficTBIEM YCKOPUTEJIsd, KOOpJAWHATA & 3aJlacT BeJIMINHY OOpaTHYIO Macce
m Tesa, a KoopJuHata £ CoBIajaeT ¢ cuioit F' yckopures.

Taxoit moaxo K kanonmaeckoit popme (13.1) onpapaan Tem, 9TO OHa MO-
JKeT ObITh HAIIOJIHEHA U JIPYTUM (DU3UIECKUM COJIEpKaHuEeM, TO eCTh K Heil
IPUBOJINTCA HE TOJILKO BTOpOil 3akoH HbloToHna B MexaHuke, HO W MHOTTE
IpyTre pu3ndecKne 3aKOHbI.

PaccmoTpumM, Hampumep, eIie 3aKOH IPEeJOMJIEHNs] B ONTHKE JIJIsi TOTO
cJIydast, KOorja JIyd CBeTa IaJlaeT U3 BaKyyMa B Cpejly, n3BecTHasi (hopMyIia
KOTOPOTO: $in ¢/ 8in ) = n MPOYUTHIBAETCSI CJIEIYIOMINM 00Pa30M: 0MHOULE-
HUE CUHYCA YAl NAJEHUA K CUHYCY YAl NPEAOMAECHUA PAEHO NOKA3AMENIO
NPENOMAEHUSA CPEDDL.

JIerko MmoHATb, YTO B 3aKOHE MPEJOMJIEHHUs, TaKyKe KaK 1 BO BTOPOM
3akone HbroToHa, MexKTy coOoil cB3aHbI pa3Hble IO CBOEH TpUpo/ie hu3m-
YecKre BeJIMYMHBL. B caMoM Jiesie, yroJ NajieHus o XapaKTepu3yeT TOJIbKO
HaJIaloNil JIyd cBeTa, a IoKa3aTesb NPeJOMJIeHUs 1 TOJbKO cpey. Ho
YTOJI IIPEJIOMJIEHHS 1), HEIIOCPEICTBEHHO U3MEPSIEMbIil B OIIbITE, XapaKTepH-
3yeT OJIHOBPEMEHHO U TAJIAIONINI JIyd U ONTHIECKYIO CPeJTy, OIpPeIeisisd X
B3anMOJIeiicTBHE.

[ToruepkneM oTMeUEeHHOE OOCTOATEIHLCTBO, BB/l MHOYKECTBO A IAI0NINX
aydeit ceera M = {i, J, k, ...} u MHOKecTBO onruyeckux cpeq N = {a, [,
7, ... }. Torga st mpousBosibHOTO Jiyuda i € M ¢ yrjIoM HajeHus @; i Ipo-
N3BOJILHOI cpeJibl v € N ¢ rokazaTesieM MPeJIOMIICHIS N, POPMYyJIa 3aKOHa,

IPEJIOMJICHUST TIPUMET CJIe YOI BII:
sin p; / sin ¥ = Na, (13.3)

OTKY/la BUJUM, YTO BEJTUIUHBI (0, U Y MUMEIOT ellle U Pa3InIHyi0 Mame-
MAMUMECKY10 TIPUPOJLY, TaK KaK IepBble JIBE€ BEJIMYUHbI OJHOUHJECKCHbBIE U
XapaKTepU3yloT HaJalonnil Jyd U ONTUYECKYIO CPEJLy, & TPEThs — JIBYXUH-
JIEKCHasI U XapaKTepu3yeT yzKe B3auMoJeiicTBUE 1a Ial0IIEro Jiyda U CPeJibl.

KitodeByto poJib B 3aKoHe Tipesiomyienns (13.3) urpaer, 09eBUHO, YOI
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The canonical equations (13.1) are purely mathematical relationships
that can be filled with different physical contents. For Newton’s 2nd law,
according to the designations (13.2), the function f is the acceleration a
of a body under the impact of the accelerator, the coordinate z gives the
value that is the inverse of the mass m of the body, and the coordinate &
coincides with the force F' of the accelerator.

The justification of such an approach to the canonical form (13.1) is in
the rich opportunities it presents of different physical interpretations, i.e. it
is not only the Newton’s Second Law of Mechanics that can be reduced to
it, but many other laws of physics.

For example, let us consider the optical Law of Refraction, for the case
of a beam of light falling from the vacuum into some refracting medium,
whose formula is known to be sin ¢/ sinv{ = n, that reads: the ratio of the
sine of the angle of incidence to the sine of the angle of refraction is equal
to the index of refraction of the medium.

It is easy to see that the Law of Refraction, just as Newton’s Second Law,
relates physical quantities of different natures. Indeed, the angle of incidence
¢ only characterizes the beam, while the refractive index n characterizes the
medium. But the angle of the refraction v, directly measured by experiment,
characterizes simultaneously the beam and the optical medium, establishing
whereby their interaction.

To stress that circumstance, we shall introduce a set of incident beams
M = {i,7,k,...} and a set of optical mediums N = {«a, 3,7, ...}. Then,
for an arbitrary beam ¢ € 99 with the incidence angle ¢; and an arbitrary
medium o € O with the refractive index n,, the formula of the law of

refraction is as follows:
sin ; / sin ¥;, = ng, (13.3)

where we can see that the mathematical natures of the quantities , n and
1 are different too, as the two former quantities are one-index ones and
characterize the incident beam and the optical medium, while the third is
a two-index one and characterizes the interaction of the incident beam and
the medium.

The critical part in the law of refraction (13.3) is obviously that played
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peJIOMJIEHNsI, U TIOTOMY €CTECTBEHHO IepenucaTh ITOT 3aKOH B (heHoMe-
HOJIOTMYECKN CUMMETPUYIHON bopme, cojiepzKaliieil TOJIbKO U3MepsieMble B
OIBITE YTUIBI TpejioMmyeHus. g 9Toro, Kak n B caydae BTOPOTO 3aKOHA
HbroTona, HeoOXo MO B34Th 110 J[Ba, 3JIEMEHTa U3 KaxKJ0r0 MHOYKECTBa, TO
ecTh JIBa JIy4a ¢, j 13 MHOXKECTBa Tajatolux jydeit 9 u jaBe cpepl o, O u3
MHOXKecTBa ontudecknx cpe M. Mex iy 4eThIpbMs BO3SMOKHBIMU yTJIaMU
IPETIOMIIEHUS Vi, Vi, Vi, V43, NCTONB3YsT hopMyity (13.3), sierko naxo M

CBA3b

sin 1, sin g — sin ;g sin ;. = 0, (13.3")

ypaBHEHME KOTOPOIl 3a1aeT 3aKOH PeJIOMJICHNST B (PEHOMEHOJIOMMIECKI CHM-
MeTpudHOil dopme. 3amerum, uro jaBa ypasaerus (13.3) u (13.3") 3ako-
Ha, IIPEJIOMJICHUS IIPUBOIATCSA K MY/ILTUILINKATUBHON KAHOHIYECKOi hopme

(13.1), ec/iu MOJIOZKUTH
f=siny, z=sinyp, £=1/n. (13.4)

Takum obpaszom, kanonmdeckasi opma (13.1) MoxkeT ObITH HAIIOJHEHA
Pa3IMIHBIM (PU3TIECKUAM COEeprKAHIEM, eCJI TOYHO YKa3aTh, 13 KaKuX (-
3UYECKNX 00bEKTOB cOoCTOAT MHOXKecTBa 9N u M, a Tak Ke Kakoilt uamepu-
TeJIbHOM TPOIEAYPOil JBYM O0bEKTaM U3 TUX MHOMXKECTB COMOCTABJISCTCS
qICJI0, XapaKTepusylolee nx BianmMojeiicteue. Maremarndeckuii 00beKT,
J1JIst KOTOPOT'O BBITIOJTHsTIOTCs ypasrenus (13.1), HazBaH dpusnveckoii crpyk-
TYpoOIi, TaK KaK OH HMEET, KaK OBbLIO IMOKAa3aHO BBIIIE, Pa3IMIHble (hu3nde-
ckue unTeprperanun. [oBopsar Takxke (eum. §8), uro dyukuus f 3ajaer Ha
nByx MHOKecTBax M u N dusuueckyro ecmpyxmypy parea (2,2), MOCKOIb-
Ky BTOpBIM ypaBaeHueM (13.1) 3amaercs GyHKIMOHATIBHAS CBSA3b 3HAUCHUIT
9TOI (DYHKIMU JIJIsT JTFOOBIX JIBYX SJIEMEHTOB %, j U3 NEPBONO MHOXKECTBa, U
JIIOOBIX JIBYX 9JIEMEHTOB (v, (3 13 BTOPOTO.

Baxon Oma jtst 3amkayToit rerin: [ = £ /(R+1) moapobHo 6611 paceMoT-
per Bo Beemennu (cm. cdopmyist (B.19) u (B.20)). [pumamum emy kano-
HUYIEeCKYTO (hopMy, MOJIyUIeHHYI0 aBTOpoM B pabore [37|, BBes cieyrorue
yiobuble obosnavenus: R =z, 1/€ =€, r/E=n, 1/] = f:
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by the angle of refraction, and so it is natural to rewrite that law in the
phenomenologically symmetric form that should only contain the angles of
refraction measured by experiment. To do it it is necessary, just as in the
case of Newton’s Second Law, to take two elements from each set, that is
two beams 7, j of the set of incident beams 9 and two mediums «, § of the
set of optical mediums . The relation among the four possible angles of

refraction ¥ia, ¥ig, Vja, V¥;p is easily found by using the formula (13.3):
sin 1 sin 5 — sin ;g sin 1, = 0, (13.3")

which equation gives the Law of Refraction in the phenomenologically
symmetric form. We shall note that the equations (13.3) and (13.3") of
the law of refraction are reduced to the multiplicative canonical form (13.1)

if we set

f=siny, z=sinp, £=1/n. (13.4)

Thus, the canonical form (13.1) may be filled with different physical
contents if we point out precisely what kind of physical objects the sets
I and T comprise, and what measurement procedure assigns two objects
of these sets the number that characterizes their interaction. We call a
mathematical object for which the equations (13.1) are satisfied a physical
structure, for it has, as was demonstrated above, various physical interpreta-
tions. It is also said (see §8) that the function f defines on the sets T and N
aphysical structure of rank (2,2) because the second equation (13.1) defines
the functional relation of the values of that function for any two elements
1,7 of the former set and any two elements «, 3 of the latter.

Ohm’s law for a closed circuit: I = £/(R+r) was discussed in detail in the
Introduction (see the expressions (B.19) and (B.20)). Let us endow it with
the canonical form, derived by the author in the article [37], introducing
suitable designation as follows: R =z, 1/ =&, r/E=mn, 1/] = f:
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J=z§+m,
flic)  f(iB) > (13.5)
fla) f(5B)
f(ka) f(kB) )

—_ =
I
\.O

re, Hanpumep, f(ia) = z;€y + Na.

OxasbiBaeTcst, 9T0 KaHoHUYecKast popma (13.5) MoxKeT ObITH HAIIOJTHEHA
1 JIPYyTruM pU3MIECKIM cojiepKaHneM. PaccMOTprM 3aKOH JIMHEITHOTO Tell-
JI0BOTO pactinpenns Teepabix Test: L = Lo(1+ Et), rue L — nimHa cTepxKHs
Ipu JaHHOI TemmepaTrype t B rpajaycax no llennscuio, Ly — ero ajanna mnpu
HYyJIeBOIT TemiiepaType u F — KoadduinenT TerioBoro paciumpenns. B atom
3aKOHE, TaKxKe Kak 1 B 3akoHe OMa, CBA3aHbI MexK/ 1y co00il (pusniaecku pas-
HOPOJIHBIE BeJIMIUHBL. /leiicTBUTEIbHO, TeMIlepaTypa t XapaKTepusyeT TOT
TEpMOCTaT, B KOTOPOM ITPOBOJINTCs U3MEpPEHNE JIJIMHBI CTEPXKHS, a HadaIb-
Hasd JUinHA Lo 1 KO3(MUINEHT TEeIJI0BOro paciiupennss F XxapaKTepus3yoT
crep:Kenb. /muna L 3aBUCHT W OT CTEP2KHs U OT TOTO TEPMOCTaTa, B KOTO-
POM CTePKEeHb HAXOJIUTCH.

[TomgepkuneM  3TO  pasjmaue, BBeJd  MHOXKECTBO  TEpMOCTATOB
M = {i,j,k,...} u muHO)KeCcTBO crepxkueit M = {«a, 3,7, ...}. Tepmocrar
1 XapaKTepusyeTcs cBoeil TeMilepaTypoil t;, usamepsieMoil TepMOMETPOM, a
CTEepPXKEeHb (v XapaKTepu3yeTcs cBoell HadaabHOW Aaunoit Lo, Tpu HyJIeBOil
TemiepaTrype u KodpduineHToM 00beMHOI0 paciiupennus F,, KOTOpbIil B
JIMHEITHOM IPHUOJIMKEHIUN CUNTACTCA IMOCTOSIHHBIM. VI3MepsieMasi »Ke B OIIbITE
A L, CTepyKHs (v, HAXOJAIIErocsd B TepMocTaTe ¢, JOKHA ObITh JIBY-
XUHJIEKCHOI BeJIMIMHON. 3aKOH TEILJIOBOIO PACIINPEHHST TellePb 3aIUIIeTCs

B TaKOM BHI/IC:

Lia = Loa(1 + Eqt;), (13.6)

B KOTOPOM $IBHO yKa3aHa (pusmdeckasd U MaTeMaTHdecKas PasHOPOTHOCTD
BEJINYMH, B HET'O BXOJIAIINX.
3akoH TerioBoro pactiupennst (13.6) MOXKHO 3a1ucarTh B eJIMNHOI ¢ 3aK0-

rom Oma kKanoHmdeckoit hopme (13.5), ecm BBeCTH cieyroriie 0003Ha~



G.G. Mikhailichenko. The mathematical basics and results of the theory of physical structures 259

> (13.5)

where, for example, f(ia) = z;&4 + 1q.

[t appears that the canonical form (13.5) may have still another physical
meaning. Now we shall consider the law of the linear thermal expansion
of solid bodies: L = Ly(1 + Et), where L is the length of a bar at the
given temperature ¢, in degrees of centigrade, L is its length at the zero
temperature, and F is the thermal expansion coefficient. In that law, as
in Ohm’s Law, physically different quantities are related one with another.
Indeed, the temperature ¢ characterizes the thermostat where the measuring
of the length of a bar is performed, while the original length Ly and the
thermal expansion coefficient E characterize the bar. The length L depends
on both the bar and the thermostat where the bar is placed.

We shall stress that difference, introducing a set of thermostats 9 =
{i,j,k, ...} and a set of bars M = {a, 3,7, ...}. The thermostat 7 is characte-
rized by its temperature ¢; of it measured by a thermometer, and the bar «
is characterized with its original length L, at the zero temperature and the
coefficient of volume expansion E,, which is, in the linear approximation,
considered to be constant, the length L;, of the bar « placed into the
thermostat ¢ measured by experiment being a two-index quantity. Then,

the law of thermal expansion acquires the form as follows:

Lio = Loa(1 + Eut;), (13.6)

which demonstrates clearly the physical and mathematical heterogeneity of
the quantities it includes.
The law of thermal expansion (13.6) and Ohm’s law may be written in

the single canonical form (13.5), if we introduce the designation as follows:
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yenwust: t = x, FLy = & Lo = n, L = f. Torja dpenomenosornieckn
CIMMETPUYIHOI (hOpMOIt 9TOT0 3aKOHA, Kak 1 3akoHa Oma, Oy/IeT, OUeBHJTHO,
bYHKIMOHAJIbHAST CBsI3b, 3ajlaBaeMasi BTOPbIM ypasHeHuem u3 (13.5).
Ejnnas g AByX pa3andHbIX (PU3NICCKUX 3aKOHOB KaAHOHUYecKasd (pop-
Ma (13.5) MozkeT ObITH 0CBODOZK/ICHA OT BCSKOTO (DH3MYECKOTO COICPIKAHNUSA
1 PacCMOTpPEHa KaK IUCTO MaTeMAaTHIeCKUil 00beKT, KOTOPBIN, B CHIY €ro
IPOUCXOZK JICHUST, HA3BaH usuueckot cmpykmypot panea (3,2), SBIsIOIEii-
csi (DeHOMEHOJIOTMYECKN CUMMETPUYHON TeOMeTpHell JIBYX MHOXKECTB TOTO
JKe paHra, Tak Kak Merpudeckasi byHkius f = xé 4 1 AByXTOUeUHAs U €e
sHaveHne f(ia) B HEKOTOPOM OOOBIIEHHOM CMBIC/IE MOYKHO HA3BATh PACCTO-
STHUEM MeXKTy TOYKOMN ¢ U TOUYKOH (v n3 pasHbix Muoxkects I u .
OcranoBuMcs eIe Ha UHTEPHPETAIAX PU3UUECKot Cmpyrmypvl paraa

(4,2), xanonmdeckas dopma Kotopoit mpusenena B §9 (em. (9.4) u (9.4)):

> (13.7)

A~~~ I/~
I
\:/\_/

—_ = = =

rie, nanpumep, f(ia) = (v, + na)/(xi + Vo). B cupaseymsoct ypas-
HEHNsI, BhIPAyKAIOIIEro (DeHOMEHOJIOTHIECKYI0 CHMMETPUIO 3TOH CTPYKTY-
PBI, MOYKHO yOeINThCsI HEITOCPEJICTBEHHOMN MOACTAHOBKOM B HEr0 MeTphde-
CKOIl (PYHKITUE, TPUMEHsIST MeTOJl PA3/IOXKEHUs ONPEJIeTUTE/s 0 CyMMe
B crosibie. M, npoie, ¢ nmomoIpio mporpamMMmHubiX rmakeros "Maple" un
"Mathematica", O3BOJISIFOIIIX BHIUNC/ISITD OIPEICJIUTEN U PAHTT MATPHIL.

Pacemorpum cHavasia onTuky ToJictoit nasel (eM. 1], erp. 506-508). Ee

dopMmysa BHelIHe coBlajgaeT ¢ popMyJIoii TOHKOI JINH3HI:

1
a b F’

B KOTOpOfI a — pacCToAdHuEe BAOJIb [JIABHOM OCU OT npeamMeTa 10 HEHTPa JIMH-

3bI, b — COOTBETCTBYIOIIEE PACCTOsIHUE JIJIsi M300pakenus n F' — dokychoe
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t=x, ELy=¢&, Ly =mn, L = f. Then, the phenomenologically symmetric
form of either of the laws will, obviously, be the functional relation defined
by the second equation in (13.5).

The canonical form (13.5), single for two different laws of physics, may be
disengaged from any physical meaning and considered as a sheerly mathemati-
cal object that we name, due to its origin, a physical structure of rank (3,2)
which is also a phenomenologically symmetric geometry of two sets of the
same rank, for the metric function f = z€ 4+ n is a two-point one and
its value f(ia) may, in some generalized sense, be termed as the distance
between a point ¢ and a point « of different sets, 9T and M.

Let us dwell more on interpretations of the physical structure of rank

(4,2), whose canonical form was given in §9 (see (9.4) and (9.4")):

)

f= (& +n)/(x+9),

> (13.7)

N TN N N
)
N——

where, for example, f(ia) = (2:a + Na)/(x; + ¥4). The validity of the
equation that expresses the phenomenological symmetry of that structure
may be assured by way of direct substitution into it the metric function,
using the method of expansion of the determinant with respect to the sum
in the column. Or, to make the whole business simpler, using computing
packages "Maple" and "Mathematica" that can compute determinants and
ranks of matrices.

First, we shall take the optics of the thick lens (see [1], pp. 506-508). Its

formula looks quite similar to that of the thin lens:

a b F’

in which a is the distance from the object to the centre of the lens along

the principal axis, b is the corresponding distance for the image and F is
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paccTosinye JIMH3bL. Y TOJICTON JIMH3bI BEJIMIMHBI @ U b UMEIOT HECKOJIHKO
HOM CMBIC/I. /]eJT0 B TOM, YTO OHU OTCYUTHIBAIOTCS BJIOJIL IJIABHOM OCH, HO
He JI0 TIeHTpa JIMH3bI, & J0 JIBYX ee IIaBHLIX Ij1ocKocTeil. [TycTh  — paccto-
sIHIIE€ BJIOJIb IJIABHOM OCH OT IIPeJMeTa JI0 OJIMzKaiilieil TOUKN ITOBEPXHOCTH
JINH3BI, a A — OT Hee 10 OJiKaliiieil rjaBHoOM 11ockocTu. Torna a = x + .
AHaJIOrNYIHO, ITyCTh % — PACCTOSTHIE OT N300parKeHUs JI0 TOUKHU JIPYTOil o~
BEPXHOCTHU JINH3bI, & 0 — OT Hee JI0 OJmzKaiieil rraBHoil mockoctu. st
HATJISIIHOCTA Ha PUCYHKE yJIO0OHO M300parkKaTh JIBOSKOBBIMYKIYIO TOJICTYIO
munzy ¢ F' > 0, Toryia Bce BBeJIEHHDbIE BEJIMIUHBI OYIYT MOJOKUTETHHBIME
1o 3HaKy. [lojicraBuM nIpuBeIcHHBIE BhIpayKEHUs I BEJIMUUH a 1 b B pop-
MYJTy TOJICTOI JIMH3BI U pa3perinM ee OTHOCUTETHLHO PACCTOSTHIA OT JIMH3bI
JI0 M300parKeHusI:
2(F—o)+(A+0)F — Ao

- . 13.8
u P w— (13.8)

PaccmorpuM Ternieph MHOXKECTBO IpeaMeToB 99T M MHOXKECTBO TOJICTHIX
a3 I, ¢ MOMOIIBIO KOTOPBIX CTPOSTC NX m300paskenns. [lepsoe MHOXKe-
CTBO SIBJISIETCSI OJJHOMEPHBIM MHOI00OpasmeM, TOUYKHU KOTOPOIO 3a/Iaf0TCs
KOOD/IMHATOI T, 8 BTOPOE — TPEXMEPHBIM, I €r0 TOYKN 3a/al0TCsI KOOP/IN-
watamn F) A\, 0. B 3akone (13.8), BoiBejieHHOM U3 (POPMYJIBI TOJICTO JINH-
3bI, CBA3AHBI BEJIMUNHBI PA3INUIHON Hpupoabl. KoopaumHara T XapakTepu-
3yeT IpeIMeT, KOOpJAUHATH F) \, 0 XapaKTepus3yioT JIMH3Y, B TO BPeMs KaK
BeJINUMHA U XapakrepusyeT "B3ammojeiicTBre ipejMera U JIMH3bL. ITOOBI
MOTYEPKHYTH 9TO 0OCTOSITEILCTBO, MOJICTABUM B 3aKOH (13.8) KOHKpeTHBIE

npeamer ¢ € M u mH3y @ € I

Ti(Fo — 00) + (Ao + 00)Fo — A0
x; + )\a — Fa .

Uiy =

DenomerHoIOrTYECKAs CUMMeTpHs 3akoHa (13.8) obHapyKUTCsT cpasy, ec-
JIL €r0 MIPUBECTH K KAaHOHNYIecKoil (hopme (13.7) cieyonmmn 09eBI THBIMI
3aMeHaMu KoopAuHat: £ — =, F'—o — & (A+o)F =X o —n, A—F — 9
1 IepeMeHoii obo3Havenus: uaMepsieMoit Beanuninl: w — f. Torma demno-
MEHOJIOTHYECKN CUMMeTpHTIHOi hopmoit 3akona (13.8) syt TOICTOl JTMH3BI

oynet ypasuernue u3 (13.7).
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the focal distance of the lens. For the case of the thick lens the values a and
b are of some different meaning. The thing is, they are measured along the
principal axis too, but not to the centre of the lens, but to the two principal
planes of it. Suppose x is the distance along the principal axis from the
object to the nearest point on the lens surface, and A is that from the lens
to the nearest principal plane. Then a = x + A. Similarly, suppose u is the
distance from the image to a point on the other surface of the lens, and o is
that from the lens to the nearest principal plane. For the sake of simplicity,
it is suitable to draw a biconvex thick lens with F' > 0, because all the
values in the formula will be positive. We shall substitute the expressions
for the values a and b that we have mentioned into the formula of the thick
lens and solve it with respect to the distance from the lens to the image:
r(F—o)+(A+0)F —Xo

- . 13.8
u T w— (13.8)

Now we shall consider a set of objects 9 and a set of thick lenses
M that are used to build their images. The former of the sets is a one-
dimensional manifold whose points are defined by the coordinate x, while
the latter is a three-dimensional manifold, and the points of it are defined
by the coordinates F, A, 0. In the law (13.8), derived from the formula of
the thick lens, it is quantities of different nature that are related with one
another. The coordinate x characterizes the object, the coordinates F, \, o
characterize the lens, and the value u characterizes the "interaction" of the
object and the lens. In order to throw that into relief, we shall substitute
into the law (13.8) some an object i € 9 and a lens a € N:

Ti(Foy — 0a) + (Ao + 00)Fo — A0
x; + )\a — Fa '

Ui =

The phenomenological symmetry of the law (13.8) is revealed forthwith
if we reduce it to the canonical form (13.7) by way of obvious changes of
coordinates as follows: © — x, F—o0 — &, (A+o)F—Xoc =g, A\—F — 9
together with change of designation of the quantity measured: v — f. Then,
the phenomenologically symmetric form of the law (13.8) for the thick lens
will be the equation from (13.7).
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[eomerpudeckasi uHTeprperalyst (PU3MIECKON CTPYKTYphl panra (4,2)
crpoutes cieytomum obpasom (em. [1], erp. 501-502). [ycrs 9T — ojHora-
paMeTpruyiecKoe MHOYKECTBO MPAMBIX Ha IIJIOCKOCTH EBKJIMIA, TTPOXOIATIINX
yepe3 HadaJsio KoopJmHaT. Karkjias Takas mpsMasl OJJHO3HAYHO OIpeJiesis-
eTcst YIVIOM ¢ MeXKIy Heil m ochio abmmee, mpudeM —m/2 < ¢ < 47/2.
BropbiM mycTh OyJieT TpexmapaMeTrpuieckoe MHOKECTBO U MpsiMbIX, TPO-
XOJAImuX depe3 Touku (a,b) 1o pasmumdHbiME yriaamu 6 K ocu abenucc,
npudeM Takke —7w/2 < 0 < 4mw/2. JIByM OpPSIMBIM U3 9THX MHOXKECTB

COIIOCTaBUM BEJIMYNHY, 3adaBacMyO0 BbIpazKEHNECM

a
— t
f= cos b g+ cos 0
tgp — tgh ’

MOJLYJIb KOTOPOI PaBeH PACCTOAHUIO OT TOYKU UX HEPecedeHus: 10 TOUKU
(a,b). Bogg 3amenbl KoopauHat: tgp — x, —a/cos — &, b/ cos —
n, —tghd — ¢, mosydaem KaHOHUYECKYIO (POPMY METPUUIECKOil (PyHKINN
(13.7), 3ajatormeii Ha OJHOMEPHOM M TPEXMEPHOM MHOI00Opasustx (heHo-
MEHOJIOTMIECKU CHMMETPHIHYI0 TeOMETPUIO JBYX MHOXKECTB ((bu3ndecKyto

cTpykTypy) panra (4,2).
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A geometric interpretation of the physical structure of rank (4,2) is built
as follows (see [1], pp. 501-502). Suppose 9 is a one-parameter set of
straight lines on the Fuclidean plane passing through the coordinate origin.
Every such straight line is uniquely determined by the angle ¢ between
the line itself and the abscissa axis, and —7/2 < ¢ < +m/2. Suppose,
further, the second set is a three-parameter set 1 of straight lines passing
through the points (a, b) at different angles 6 to the abscissa axis, and again
—7/2 < 0 < +7/2. We shall assign two straight lines from these sets the
quantity defined by the expression

t
f= cos 0 gt cos 0

tan ¢ — tan 6

whose modulus is equal to the distance from the point of their intersection to
the point (a, b). Introducing change of coordinates: tan ¢ — z, —a/ cos —
&, b/cosf — n, —tanh — o, we arrive at the canonical form of the metric
function (13.7) that gives on a one-dimensional and a three-dimensional
manifolds a phenomenologically symmetric geometry of two sets (a physical
structure) of rank (4,2).
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§14. Hepemniennble 3a1a49 B TEOPUN

dbusngecKknx CTPyKTyp

[enbio namucanus JaHHOTO TMaparpada saBIsgeTcs KpaTKuil 0630p Mare-
MATUYCCKIX 3a/1a1d TeOPUN (DU3MIECKUX CTPYKTYP B HAJIEXK/IE, YTO HEKOTO-
pble 13 HUX MOTYT 3alHTEePEecOBaThH TUTATES.

denomenoJIOrTIECKast CUMMETPHUS (PU3UIECKON CTPYKTYPBI COTJIACHO TEO-
peme 3 13 §8 9KBUBAJIEHTHA €€ IPYIIOBON CUMMETPUN B CJICAYIOIMEM CMbIC-
JIe: HEeBBIPOXKJICHHAs S-KOMITOHEHTHasI MeTpuieckasi (DyHKIUs f J10IycKaeT
SMN-MEpHYIO TPYIIY JBUKEHWIT B TOM U TOJBHKO B TOM CJIydae, €CJIH OHa,
3aJ1aeT HA SM- U SN-MEPHBIX MHOI000pa3nsax (pU3nIecKyio CTPYKTYPY paH-
ra (n+ 1,m + 1). A sro o3Hauaer, 4ro 3aja4a perieHus (DyHKIHOHAb-
HOro ypasHeHust (12.2), B KOTOPOM HEU3BECTHBIMHE SIBJIAIOTCS METPUIECKas
dyukius f n dynkius ©, sKBUBaJIeHTHA 3a/1a49€e perteHnst pyHKINOHAb-
HOoro ypasHenus (12.11), B KOTOpOM HEM3BECTHBIMHU SIBJISTIOTCS Ta, Ke MeT-
pudeckasi GyHKIus f u geiictBust A, o rpyuibl JIu B MHOroobpasusix.

3aMeTHM, 9TO MeTO/Ibl pellieHus ypaBaenus (12.2) coBepIieHHO OTJIMIHbI
oT MeToJI0B perienusi ypasHenus (12.11). Ho moCKoJIbKY, B KOHEUHOM Cue-
Te, peniaeTcst OJHa U Ta ¥Ke 3aj1aua KJaacCuuKain (pU3nIecKux CTPYKTYP,
TH METOJbI JIOTOJIHAIOT U B3aMMO3aMEHSIOT JIPYT JIPYTa, Jejas I0J1yYeH-
HBIIl KJlaccupUKaIMOHHBII pe3ysibTar 60J1ee JocToBepHbIM. OHI MeTpuie-
ckre (PYHKIMH HailJIeHbI TOJHKO KakK perleHnst pyHKINOHAILHOTO ypaBHe-
aust (12.2), npyrue — TOJBKO Kak pelieHns (DyHKIMOHATIBHOIO YPaBHEHNUSs
(12.11). Ecrb u takue, KoTopble ObLIN HaiiJleHbl pereHrneM 000ux (hyHKIH-
OHaJIbHBIX ypaBHeHuii. OJIHAKO TOJIHAS KJIAaCCUPUKAIIIS TOJTUMETPIIECKUX
busmIecKnxX CTPYKTYp, UCKJI0Uas oHoMeTpudeckue (cM. §9), ere He 110-
crpoera. [TosToMy mMeeT CMBICT IPEICTABUTH KPATKO B BHJIE TaOJUIIBI (CM.
HIZKE) 0030p BCeX KJIACCHPUKAIMOHHBIX 3889 JiJist (PU3UIECKUX CTPYKTYD
Ha JBYX MHOYKecTBax. VX perenne nMeer CMbIC HE TOJILKO ¢ MaTeMaTude-
CKOIl TOYKM 3peHus, HO U ¢ (PU3NUIECKOI, TaK KaK pPe3yJIbTaTOM SBJIAIOTCS
BO3MOKHBIE (DOPMBI J1JIsT PyHIAMEHTAJIbHBIX (PU3NIECKUX 3aKOHOB. ABTOD
HaJIEEeTCs, 9TO KOMY-TO U3 YUTaTe/ el yIacTcsd He TOJbKO TI0J0TBOPHO 00b-
eTMHUTD U3BECTHBIE METOJIBI, HO U HANTH TaKWe HOBbIE, KOTOPHIE TTO3BOJISAT

POJIOJIKATDH U 3aBEPIHIUTH KJIACCU(DUKAINIO TOJTUMETPHIECKUX (PU3NIec-
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§14. The unresolved problems in the theory

of physical structures

This paragraph is written with an object of giving a brief overview of
the mathematical problems o the theory of physical structures, in the hope
that some of them may be interesting to the reader.

The phenomenological symmetry of a physical structure is, under Theorem
3 of §8, equivalent to the group symmetry of it in the sense as follows: a
nondegenerate s-component metric function f allows an smn-dimensional
group of motions if, and only if, it defines on an sm- and an sn-dimensional
manifolds a physical structure of rank (n+1,m+1). And that means that
the task of solving the functional equation (12.2), in which the unknowns
are the metric function f and the function ®, is equivalent to the task of
solving the functional equation (12.11), in which the unknowns are the same
metric function f and the actions A, ando of the Lie group in the manifolds.

We shall note that the methods of solving the equation (12.2) and those
for the equation (12.11) are quite different. But with respect to the principal
task that is being solved i.e. that of classifying physical structures, those
methods are mutually complementary, making the result of the effort at
classification more reliable. Some metric functions are found only as solutions
of the functional equation (12.2), others only as solutions of the functional
equation(12.11). There are still others, whose solutions were found by way of
solving both of the equations. The complete classification of the polymetric
physical structures, however, save for the monometric ones (see §9), has not
been built yet. So it seems it makes sense to give a brief overview of all
problems of classification of the physical structures on two manifolds (see
the table below). Trying to solve them makes sense not only mathematically,
but in the physical sense too, as the result may be possible forms of fundamen-
tal laws of physics. The author hopes that some readers will succeed in not
only combining the already known methods, but in finding such new ones

that would make it possible to carry on and complete the work of classifying
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KX CTPYKTYP IIPOU3BOJBHOI'O paHTa.

IMonumerpuveckue pu3NIeCKre CTPYKTYPbI
Nl s | m | n sm sn | (n+1,m+1)| smn | pem. |ucr.
L 1 |=21|=2m| m n |(n+1l,m+1)| mn -+ 89
ol 21111 1 [ 2n | (me1,2) on | + | 810
31 2 [=22>m| 2m 2n | (n+1,m+1)| 2mn — —
41 3 1 1 3 3 (2,2) 3 + §10
5 3 > 3n | (n+1,2) 3n | - | -
6| 3 |[=>2|>m| 3m 3n | (n+1,m+1)| 3mn — —
7la 1] 1] 4 | a4 (2.2) 4 ~ | 810
S| 41 =2 4 | 4n | (n+1,2) am | - | -
91 4 (=22(=2m| 4m | 4n |(n+1,m+1)| 4dmn | — —
0 =25|=21|=>2m|=2bm|=2bn|(n+1,m+1)|=bmn| — —

Harmomumnm, 910 § > 1 — 91c/I0 KOMIIOHEHT HEBBIPOZK IEHHON METPUYIECKOit
bynxuun f = (f1,..., f%), 3a1at01ei Ha SM-MEPHOM U ST-MEPHOM MHOTO-
obpazusix M u N Gusndeckyo cTpyKTypy (PeHOMEHOTOTHIECKH CHMMET-
PUYHYIO TeOMETPHIO JIBYX MHOXKeCTB) panra (n + 1,m + 1), HajeneHnyto
I'PYIIIOBOI CUMMETpHUell cTeneHn smmn. YCJIOBHE N > 1M BBEJIEHO C IEJbIO
YMEHBIINTh YHCJIO CTPOK B TAOJINIE, TaK KaK KIaCCH(DUKAIIMOHHBIN pe3yihb-
TAT CUMMETPUYIEH OTHOCUTETHHO MEPECTAHOBKU HATYPaJbHBIX YHCE/ M U
n. B npeanociennem crosibie Tab/IMIbl 3HAKAMI ILJTFOC 1 MIHYC OTMEYEHO,
qTo JlaHHAA 3a/ada pernena (+) mwin He perena (—). B mocaemnenm cTosb-
1e TabJINIbI yKa3aH HoMep raparpada nacrosiieii MoHorpadun, B KOTOPOM
IPUBE/IeHA KJIACCUPUKAIISI U OIUCAHBI METO/IbI €€ ITOCTPOCHUs WU yKa3a-

HbI UICTOYHUKH, B KOTOPBLIX C HUMH MO2KHO ITO3HAKOMHNTBLCA boJ1ee JeTaJIbHO.
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the polymetric physical structures of arbitrary rank.

The polymetric physical structures
Nel s | m | n sm | sn |(n+1,m+1)| smn |slv.|src.
1| 1 |=>1|=m| m n |(n+l,m+1)| mn + | 89
ol 2 [ 1111 1 | 2n | (n+1,2 o2 | + | §10
312 (=22(2m| 2m | 2n |(n+1,m+1)| 2mn | — | —
a3 1] 1] 3 ] 3 (2,2) 3 | + [§10
51 3 1| =2 3 3n (n+1,2) 3n - | -
6| 3 |=22|/>2m| 3m | 3n |(n+1,m+1)| 3mn | — | —
Tlal 1] 1] 4 | 4 (2,2) 4|+ [s10
81 4 |1 |>22| 4 4n (n+1,2) 4n — | =
9| 4 |=22|>2m| 4m | 40 |(n+1m+1)| 4mn | — | —
102521 |=2m|=2bm|=2bn|(n+1,m+1)|=5mn| — | —

We remind that s > 1 is the number of the components of the nondegene-
rate metric function f = (f!,..., f*) that gives on an sm-dimensional and
an sn-dimensional manifolds 9t and 9t a physical structure (a phenomenolo-
gically symmetric geometry of two sets) of rank (n+1, m+1) endowed with
a group symmetry of degree smn. The condition n > m is introduced with
the purpose of decreasing the number of lines in the table, because the
classification result is symmetrical with respect to the permutation of the
natural numbers m and n. In the last column but one of the table the 'plus’
and 'minus’ signs are to inform whether the problem has been solved or has
not been solved respectively. The last column of the table gives the number
of the paragraph of this monograph where the classification has been given
and the methods used in building are described it, or the names of works

are given where they are treated in greater detail.
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SAKJIFOYEHUE

Mrak, ycraHoByieHO, 9TO OnHAPHBIE (DEHOMEHOJOINIECKH CHMMETPUIHbBIE
reOMEeTPUN OJHOTO 1 JABYX MHOYKECTB HaJleJIeHbl TPYIIIIOBOI cUMMeTpHeil 1,
KPOMeE TOI'0, COJeprKaTeIbHbl B (DI3MIECKOM I MATeMaTHIeCKOM CMBICIAX.
[Tostromy ocHoBHOl 3aadeit Teopuu dusmaeckux ctpykryp (TPC) spis-
eTcs UX IoJiHas Kiaaccudukanus. Ee perienne ere J1ajgeko oT 3aBepIieHus,
4TO JIaeT BO3MOXKHOCTH KarKJIOMY HCCJIeI0BATEI0, UMEIOIEMY TBOPYECKNe
CII0OCOOHOCTHU, IPUMEHHUTb UX B HOBOI JIJIsi ce0s cdpepe HaydHOIl J1esiTeTbHO-

CTU.
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CONCLUSION

Thus, it has been established that binary phenomenologically symmetric
geometries of one and two sets are endowed with a group symmetry, and,
besides, are pregnant with essential physical and mathematical meaning.
So, the principal task for the theory of physical structures (TPS) is that
of complete classification of them. That work is far from being complete,
which gives an inquisitive mathematician chance to try oneself in a field of

scientific investigation new to them.
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IIpunoocerue

I'pyna u dusuydeckas crpykrypa panra (2,2)
A.H. Bopoaun

Xoporo u3BectHo [1], uTo epydoti HazpiBaetTcst anredpa G ¢ TepHAPHOM

onepanueit ¢ : G? — (G, yJIOBJIETBOPSIONIEH CJIEIYIOIIIM TOXKIECTBAM:
ooz, y,2),u,v) = p(x, p(u, 2,y),v) = p(z,y,0(2,u,v)), (1)

oz, y,y) =9y, y,x) = . (2)
B cpennem 3Bene toxaects (1) mmeercs: He BIOJIHE MOHSITHAS [EPECTa-

HOBKa 39JIEMEHTOB Yy 1 U KOPTEZKa <l’yZU’U> OKaBblBaeTCE{, 9TO OHO B OIIpe-

JACJICHNN I'PDYJAbl MOZKET OBbITD OITIYIIIEHO.

Jlemma 1. Toorcdecmea (1), (2), komopwuim ydosaemeopaem mepnapras

onepauwz QO, IKeUBASNEHTIIHDL moofcaecmeam
ooy, 2),u,v) = p(x,y, p(2,u,v)), (3)
o(z,y,y) = ¢y, y,2) = . (4)

s nemmbr 1 ciemyer, ato ompejenenue rpyabl ToxkaectBamu (1),(2) mo

nekrmusiv AT Kypoma [1] sxkBUBAJEHTHO ee ONpe/eIeHn0 TOXKIeCTBAMI

(3),(4).

Omnpenenenue 1. Aqeeopa G ¢ meprapnoti onepavueti © HA3LLEAECMNCA

epydoti, ecau ama onepayus ydossemeopsem mooscdecmeam (3), (4).

Jlemma 2. Toorcdecmesa (3),(4), komopvim ydosaemsopaem mepHapHas

OHGPGUUﬂ QO, IKUBAJSEHTIIHDL mow@ecmeam
o(z,y,2) = ple(r,y,9),s,2) = ¢(z,s,o(s,y, 2)), (5)

o(r,y,y) = o(y,y,r) = 2. (6)

JleTaabHble JI0Ka3aTeIbCTBA JEMMbI 2 U IpeablayIeil JieMMbl 1 MOXKHO

HaiiTi B pabore aBTopa [2].
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Appendix
A heap and the physical structure of rank (2,2)

by A.N. Borodin

As is well known [1]|, a heap is an algebra G with a ternary operation

¢ : G3 — @ satisfying the following identities:
ple(,y,2),u,v) = oz, o(u, 2,y),0) = p(z,y, 0(z,u,v)), (1)

ez, y,y) =vy,y,z) =z (2)
In medium term of the identities (1), there is a quite ambiguous permuta-

tion present of the elements y and u of the cortege (zyzuv) It turns out that

that medium term in the definition of a heap may be altogether omitted.

Lemma 1. The identities (1)and(2), if satisfied with a ternary operation

@, are equivalent to the identities
ple(T,y,2),u,v) = o(z,y, p(2,u,v)), (3)
ez, y,y) =¢y,y,x) =z (4)
It follows from Lemma 1 that the definition of a heap by the identities

(1), (2), as in the lectures of A.G. Kurosh [1], is equivalent to its definition
by the identities (3),(4).

Definition 1. An algebra G with a ternary operation o is a heap, if that
operation satisfies the identities (3), (4).

Lemma 2. The identities (3),(4), satisfied with the ternary operation

©, are equivalent to the identities
gp(x7 y? Z) - (p((p(x7 y7 S)? S? Z) - Sp(x7 37 SO('S? y? Z))? (5)

o(r,y,y) = o(y,y,7) = . (6)

Detailed proof of Lemma 2 as well as that of Lemma 1 may be found in
the author’s note [2].
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Omnpenenenue 2. Aqeeopa G ¢ mepraproti onepavueti © HA3LLEAEMCA

epydoti, ecau ama onepayus ydosaemeopsem mosicdecmsam (5), (6).

Jlemma 3. Onpedeserue 1 u onpedeacnue 2 epyovi, xax anzebpv, G
c mepHaproti onepayuet @, ydosaemeopsrowet moocdecmeam (3),(4) u

mootcdecmeam (5), (6) coomeememeentio, sK6USANEHTIHDYL.

Ompeiesienne Tpyel Toxgectsamu (5),(6) mpencrapisiercs: 6osee ecre-
CTBEHHDIM, TAK KaK OHU SIBJIAIOTCA CJIEJICTBUEM TPHUHINIA (DEHOMEHOIOI -

9eCcKOll cUMMeTpHuH B Teopuu (hU3NIecKux cTpykTyp [3].

[Tycts mmerorcest Tpu muOXkKecTBa M, I 1 G IPOU3BOIBHOI TPUPOJIBI, a
rakxke dyuximsa f I X N — G, conocrapsioniast Kaxkaoii mape (ia) u3
npsimoro tpoussesierns M x N HekoTOPHIiT sy1emerT f(ia) U3 MHO)KECTBA
G. B ornomenun dynkiun f OyjeM TpeanoaraTh BLIIOJTHEHHIE CJIeIyIo-

IEr0 YCJOBUS:

A. Jlas mobwoiz anemenmos 3 € N u j € M omobpascernus IM x {F} —
G u{j} x N — G cropsexmusnoi.

Beesem eme dyuxmmo F @ 92 x M2 — G*, comocraBisas KOpPTexKy
(ij, af) € M> x N rouxy (f(ia), f(iB), f(ja), f(jB)) € G*, xoopiuma-
Tl KOTOPOit B G* ecTb 06pa3bl COOTBETCTBYIONUX HAD, YIOPSIOUEHHBIE 110

UCXOJIHOMY KOPTEXKY.

Omnpenenenue 3. bydem 2060pumv, wmo gynkuyus f : M x N — G,
ydosaemeoparoulan ycrosuro A, zadaem na mroocecmeax M u N pusue-
ckyto cmpykmypy parea (2,2), ecau cyuecmeyem makaa MePHAPHasL a.i-
ecbpauneckas onepayus o - G2 — G, daa womopoti evinoanaemca caedyio-

wee COOmHoOwWeEHUE!

flia) = o(f(iB), F(56), [ (Ge))- (7)

Cootrnorenne (7), cipaseymBoe Jiist J1i06oro Koprexka (ij, af) € M2 x
M?, BEIpAKACT COIEPIKAHIE NPUHUUNG HEHOMENON02UYECKOT CUMMEMPUL

B Teopun pu3nIeckux cTpyKTyp. OHO Kak (QyHKIMOHAIbLHOE YpaBHEHNE
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Definition 2. An algebra G with a ternary operation o is a heap, if that
operation satisfies the identities (5), (6).

Lemma 3. The definition 1 and the definition 2 of a heap as an algebra G
with a ternary operation ¢ satisfying the identities (3), (4) and the identities

(5), (6) respectively are equivalent.

To define a heap with the identities (5) and (6) deems more natural, as
they are the corollary of the principle of phenomenological symmetry of the

theory of physical structures [3].

Let there be three sets — M, D and G — of arbitrary nature, as well as
a function f : 9 x M — G that assigns to each pair (ia) from the direct
product M x N some element f(ic) of the set G. With respect to the

function f, we shall assume that the condition is satisfied as follows:

A. For any elements 3 € M and j € M the mappings M x {f} — G
and {j} x N — G are surjective.

We shall introduce still one more function — F : M2 x N — G4, — by
assigning to the cortege (ij, o) € M2 x N? a point (f(ia), f(iF),
f(ia), f(58)) € G* whose coordinates in G* are the images of the correspon-

ding pairs ordered with respect to the original cortege.

Definition 3. We shall say that the function f : M x N — G that
satisfies the condition A gives on the sets M and N a physical structure of
rank (2,2), if there exists such a ternary algebraic operation ¢ : G3 — G

for which the relation s satisfied as follows:

flia) = (f(iB), F(5B), f(Fev)). (7)

The relation (7), true for any cortege (ij,af) € IM? x N2, expresses
the essence of the principle of phenomenological symmetry of the theory of

physical structures. Since it is a functional equation it imposes on the
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HaJlaraeT Ha (bYHKHI/HO f JOCTaTO4YHO CHUJIbHOE OI'paHMYeHUE.

Teopema 1. Teprapras arzebpauveckan onepayus © u3 onpedesenus 3
Pusuneckot cmpykmypol panea (2,2), YemaHasAusaowas Henomerono2u-

uecku cummempuynoe coommuowenue (7), s3adaem na mmootcecmee G 2pyady.

[Tosozkum B coornomennu (7) i flia) = o(f(if), f(iB), f(ia))
na=0: flia)=q¢of (a),f(ja) f(ja)). B coorBercTBumI € yCI0BU-
em A mapsl nepementnix f(ic), f(i8) u f(ia), f(ja) mHesaBucumbl. Broga
st Hux obosnadenne r = f(ia), y = f(i) B mepBom ciaydae u r =

flia), y = f(ja) — Bo BrOpoMm, mostydaem ToxecTBa (6). Bosbmem B MHO-

kectse M ssrement k 1 3armiiem cootHorenne (7) st koprexeit (ik, o) u

(jk, ap):
f(ia) = @(f(iB), F(kB), [ (k). } -

fa) = o(f(30), [(kB), f(ka)).

I3 tpex coorrommenwuit (7), (7') jierko ycranaBInBaeM PaBEHCTBO

p(f(iB), F(kB), f (k) = o(f(iB), [(38), o(f(15), [ (EB), f(ka))),

¢ HezaBHCHMBIMI 110 yesoBuio A iepemennbivu f(i3), f(kB), f(ka), f(55).
BBogg ms nux obosmadenne x = f(if), y = f(kB), z = f(ka), s =
f(43), nmoayaaem onto u3 Toxkzgects (5). Bosbmem, masee, sjeMeHT 7y u3

mHozkecTBa N u 3ammimenm coorrormenwe (7) g koprexkeidt (i, ay) u (ij, 5):

fia) = @(f(i7), F(). f(Ge). } )
Fi8) = (£ (1), £(37), (38)).

I3 tpex coornormennii (7), (7") caemayer paBeHcTBO

o(f(i7), f(G7), fGa)) = e(p(f(iv), f(37), £(GB)), f(7B), fia)),

¢ HesaBucHMbIME 110 yestouio A niepemenubivu f (i), f(57), f(ja), f(55).
Broust gyist mux obosuavenne x = f (i), y = f(57), z = f(ja), s = f(j ),
NPUXOJUM K Jpyromy u3 Toxkjects (5). Takum obpasom, Toxkjecrsa (5) u
(6), BXOIdIME B ONpejesieHne 2 IPy/ibl, YCTAHOBJIEHBI, YTO U 3aBepllaer

JI0OKa3aTe/IbCTBO TeopeMbl 1.
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function f a strong enough restriction.

Theorem 1. The ternary algebraic operation @ from the Definition 3 of
the physical structure of rank (2,2) that establishes the phenomenologically

symmetric relation (7) defines a heap on the set G.

We shall set in the relation (7) i = j : f(ia) = o(f(i0), f(i), f(ia))
and o = [ : f(io) = o(f(icr), f(ja), f(ja)). Under the condition A,
the pairs of the variables f(i«), f(i) and f(ia), f(ja) are independent.
Introducing for them the designation = = f(icr), y = f(i/3), for the former
case, and z = f(ia), y = f(ja), for the latter, yields the identities (6).
We shall take an element k of the set 9t and write the relation (7) for the
corteges (ik,af) and (jk, af):

flia) = o(f(iB), f(k >,f<ka>>,}
flia) = o(f(GB), F(kB), f(ka)).

Out of the three relations (7), (7'), we easily establish the equality

p(f(iB), F(kB), f(kar)) = o(f(iB), F(1B), (f(IB), [ (kD) f(ka))),

with independent, under the condition A, variables f(i3), f(kB3), f(ka), f(j5).

Introducing the designation x = f(i3), y = f(kB), z = f(ka), s = f(j5)
for them yields one of the identities (5). Let us take, further, an element ~y

(f /
(f (7)

of the set 9t and write the relation (7) for the corteges (ij, avy) and (ij, 5v):

flia) = o(f(iv), F(57), f(Fa)), }
(i) = (£ (i), £(G7), F(55)).

From the three relations (7), (7”) there follows the equality

(f(i7), f(37), fGa) = e(p(f(iv), f(37), £(GB)), f(5B), f(ia)),

with the independent, under the condition A, variables f(iv), f(j7v), f(ja),
f(433). Introducing the designation x = f(iv), y = f(57), z = f(ja), s =
f(j3) for them yields the other of the identities (5). Thus, the identities(5)
and (6), that are part of the Definition 2 of a heap, are established, which

makes the proof of Theorem 1 complete.

(7")
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Ob6paTuM Terepb BHUMaHIE Ha DPA3IndHyio poJib ToxkiaecTs (5) u (6).
[lepBble U3 HUX SBHO OCHOBOIOJIATAIOIINE, MMEIOIe XapakTep (byHKIIH-
OHAJIBHBIX YPABHEHMUIH, OMPEIESIIONIINX TPY/LY, BTOPbIE KE OTPAXKAroT ee
qacTHble CBoWcTBA. [109TOMY MMeeT CMBICI B HOBOM OINPEJIEJICHHN TDY/IbI
coXpaHuTh TokaecTBa (5), a ToxkaecTBa (6) 3aMEHUTH HEKOTOPBIM OoJiee
eCTECTBEHHBIM YCJIOBHEM, HAJTATACMBIM Ha TEPHADHYIO ONEPAINIO . DTO
YCJIOBHE MOYKHO TIOJYIUTH M3 TOTO K€ (DEHOMEHOJIOMHMIECKI CHMMETPUTHO-

ro coorrorenust (7) st (pusnaeckoii cTpyKTypbl panra (2,2).

Jlemma 4. Tepnaprnas aszebpauveckas onepayus © u3 onpedesenus 3
Pusuueckot cmpyxmypo panea (2,2) ydosaemeopaem caedyrouemy neoo-

TOOUMOMY YCAOBUIO:

B. Jlna wobvix deyx anemenmos q, h € G omobpasicenus x — p(x,q, h),

x— p(q,z,h), x— (g, h,) cropsexmusHoL.

Paccmorpum cHauasia epsoe orobpazxenune T — ¢(z, q, h). 1o ycaosuio
A maitgiercst Takas napa (ja), st koropoit f(ja) = h. Hanee, o Tomy
ke yeaoBuio A juist Touek § € M u a € N upeapLayieit mapbl HaiiyTCst
takue Touku i € M u § € N, s koropuix f(jF) = qu f(ia) = p, vae p
— npousBoJbHEIT ssiemenT u3 G. Ho Torma, nonarast x = f(i3), mo coorHo-
mennto (7) mosydaem p = (x,q, h). To ecTb y IpPOU3BOJBLHOTO 3JIEMEHTA
p € G upu orobpaxennu = — p(x,q, h) nmeercs XoTst 6bI OJIMH TPOOOPA3,
9TO U JOKA3LIBAECT CIOPHEKTUBHOCTE 3TOr0 0Tobpaykenust. CIOpbeKTUBHOCTD
otobpakenuit  +— p(q,x,h) u x — ¢(q, h, x) ycTaHaBINBACTCS COBEPITIEH-

HO aHaJiornvHo. Jlemma 4 jjokasaHa.

Yenoue B nMeer 6oJtee MPpUBBITHYIO /I aJIreOpancTOB SKBUBAJIEHTHYIO

dbopmy:

B'. [lasa aobvix mpex anemenmos p, q, h uz mmoocecmea G xasrcdoe us
ypasuenuti p = o(x,q,h), p=@(q,x,h) up=p(q,h,z) umeem pewenue

OMHOCUTNEADHO .
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The difference of the roles played by the identities (5) and (6) is worth
noting too. The former are obviously basic ones, such that look like some
functional relations that define a heap, while the latter only reflect its
minor characteristics. So it makes sense in a new definition of a heap to
retain the identities (5), and substitute for the identities (6) some more
natural condition imposed on the ternary operation . Such condition may
be obtained from the same phenomenologically symmetric relation (7) for

the physical structure of rank (2,2).

Lemma 4. The ternary algebraic operation ¢ from the definition 3 of the

physical structure of rank (2,2) satisfies the following necessary condition:

B. For any two elements q,h € G, the mappings © — p(x,q,h), © —
©(q,x,h), x+— (g, h,x) are surjective.

Let us consider the first of the mappings, * — ¢(z,q, h). Under the
condition A there exists such a pair (ja) for which f(ja) = h. Next,
according to the same condition A, for the points 7 € 9t and a € I of the
previous pair there exist points ¢ € 9 and G € N, for which f(jF) = ¢
and f(ia) = p, where p is an arbitrary element from G. But then, setting
x = f(if) yields, with respect to the relation (7), p = ¢(z,q,h). L. e. an
arbitrary element p € G with the mapping x — ¢(z, g, h) has at least one
preimage, which proves the mapping being surjective. The surjectivity of
the mappings x — ¢(q, x, h) and = — ©(q, h, x) is established in absolutely

the same way. Lemma 4 has been proved.

The condition B has an equivalent form, which algebraists have been

more accustomed to:

B’. For any three elements p,q,h of the set G each of the equations
p=o(x,q,h), p=p(q,z,h) and p = @(q, h,x) has a solution with respect

to x.
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3aMeHIM He COBCEM eCTeCTBeHHbIe ToXKIecTBa (6) B onpe/eaernn (2) rpy-
7B 60J1ee eCTeCTBEHHBIM yetoBrneM B, KoTopoe TakKe siBJISIeTCs CJIeICTBIEM

¢dpeHOMEeHOJIOrnIecKoil CUMMETPHH.

Omnpenenenue 4. Anrebpa G ¢ TepHapHOil oneparyeil ©, yI0BJIETBO-
pstroriedi yeosuio B (nm skBuBasienTHOMY emy ycsosuio B'), nassiBaercs

pr,ZLOfI, €CJIM [JIgd He€ BBIIIOJIHAIOTCA CJeAYIoIIre JBa TOxKAeCTBa:

p(z,y,2) = plp(x,y,5),5,2),
w(,y,2) = oz, 5, 0(s,9,2)). (8)

Jlemma 5. Onpedenerue 2 u onpedencrue 4 2pydol kax arzcobpovr G ¢ mep-
naprot onepayuet @, ydosaiemsoparouets wemupem mootcdecmeam (5),(6)
usu npu yeaosuu B dsym moorcdecmeam (8) coomeememeenno, sk6u6a-

JAEHTNHDL.

Toxectsa (5) u (8) coBHagAIOT, MOTOMY CHavYasa U3 yejaoBus B u Toxk-
nectB (8) mosyunm ToxKectBa (6). 3aluieM mepBoe U BTOPOE U3 TOXK-
nectB (8) mist Koprexkeit (zyyy) u (yyry) coorBeTcTBEHHO: (X, Y,Yy) =
(o, y,9),9,9), 2y, y,7) = @y, y,(y,y, ). llo yciosnio B orobpa-
Kenus x — p(x,y,y) 1 x — @(y,y, ) CIOPHEKTUBHBL. BBeIs cOOTBETCTBY-
forrue mepeobo3HadeHust 3JieMeHToB (T, y,y) u ¢(y, y, r) u3 G, nosydaem
roxectsa (6). [Tokazkem rereps, aro yeiosue B ects ciiejicTBre 10K 1€CTB
(5),(6). TIpeamoioKum MPOTUBHOE, TO €CTh YTO HAMYTCS TaKue TPU Jjie-
MeHTa p, ¢, h u3 MHozxkecrsa (G, 9T0 OJHO U3 Tpex ypasHenuii yeaosus B’ ne
VMeeT pelieHus. bes orpanuuennst 00MHOCTH MOYKHO HPEIION0KNATH, ITO
He MMeeT pellleHns ypaBHeHue p = (x,q, h). BanuiieMm mnepBoe 3 TOXK-
nects (5) mas koprexka (phhq): o(p,h,h) = w(e(p, h,q),q,h), orkya,
HCIIOJIB3Ys 0fHO u3 ToxaecTs (6), monyuaem: p = o(o(p, h,q),q, h). Ta-
KM 0Opa3oM, ypasHenue p = ¢(x, ¢, h) umeer pemenne © = @(p, h, q), 910
IPOTUBOPEUYNUT CACJAHHOMY IIPEIIONOKEHUIO. [IBa JPYrux ypaBHEHUS N3
yesosust BY uceneyiorest anaaornano. YeraHaBImBaeMble IIPH 9TOM POTH-
BOpeUns 1 OKA3bIBaOT, 4To ycjosre B’ (njm skBUBaeHTHOE €My yCIoBIe

B) sieyisiercst coieicrsuem Toxaects (5),(6). Jlemma 5 gokasana.
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We shall replace the identities (6), that do not look quite natural, in the
definition (2) of a heap with a more natural condition B, which is also a

corollary of the phenomenological symmetry.

Definition 4. The algebra GG with a ternary operation ¢ satisfying the
condition B (or the condition B’ that is equivalent to it) is a heap if it
satisfies the two identities as follows:

p(2,y,2) = p(x,5,0(5,9,2)).

o(2,9,2) = plp(@,,5), 5, 2), } (5)

Lemma 5. Definition 2 and definition 4 of a heap as of an algebra G
with a ternary operation @ satisfying the four identities (5) and (6) or,

under condition B, the two identities (8) respectively, are equivalent.

The identities (5) and (8) coincide, so let us first get the identities (6)
from the condition B and the identities (8). We shall write the first and the
second of the identities (8) for the corteges (xyyy) and (yyxy) respectively:
e(z,y,y) = ple(,9,9),9,9), ¢, y,2) = ¢(y,y,o(y,y,2)). Under the
condition B, the mappings x — ¢(z,y,y) and x — ¢(y,y, x) are surjective
ones. Introducing corresponding redesignation of the elements (z, y, y) and
©(y,y,x) from G yields the identities (6). Now we shall demonstrate that
the condition B is a corollary of the identities (5),(6). We shall assume the
contrary, i.e. that there exist three elements p, ¢, h from the set GG, such that
one of the three equations of the condition B’ has no solution. Without loss
of generality, it is possible to assume that it is the equation p = ¢(z,q, h)
that has no solution. We shall write the former of the identities (5) for
the cortege (phhq): ©(p,h,h) = p(©(p, h,q),q,h), whereof, by using one
of the identities (6), we get: p = p(v(p, h,q),q,h). Thus, the equation
p = ¢(x,q, h) does have a solution = = ¢(p, h, q), which is in contradiction
with the above assumption. The two other equations from the condition
B’ are investigated similarly. The contradictions established in the process
demonstrate that the condition B’ (or the condition B equivalent to it) is

a corollary of the identities (5),(6). Lemma 5 has been proved.
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Yenosue B, Ha mepBblil B3I MOXKET MOKA3aThCSA CJUIIKOM CHJIBHBIM,
TeM GoJjiee, 9TO B JIOKA3aTEIbCTBE JIEMMbI D [IPU TOJIyUeHnn TOXK1ecTB (6)
ycsoBre B Hemoib30Ba1och He B TIOJTHOM 00beMe, MOCKOJIbKY MMeIa 3Haxe-
HIE TOJIBKO CIOPBEKTUBHOCTD OTOOparkeHuit x — ¢ (x,y,y) ux — @(y,y, x)
TIJIsT TIPOM3BOJILHOTO 3emenTa y. Chopmynupyem 3To Gostee ciraboe yciio-

BUE:

C. Jlaa a06020 aremenma q € G cropsexmuetv. 0mobpasicenus, 3a0a-

saemuvie dynryuamu x — p(x,q,q) v x— p(q,q, x).
DKBUBAJEHTHBII BApUAHT 9TOTO YCJIOBUA OY/IeT CJIe Ty IOt

C'. Jaa mobwix deyx snemenmos p,q € G kascdoe us ypasherut p =

o(r,q,q) up=(q,q,) umeem pewenue omnocumervno x € G.

BamMernM, oHaKO, 4To cj1aboe yeaoBue C KarykeTcst MeHee eCTeCTBEHHbIM,

yeM 0oJiee CUJILHOE yCJ1oBHeE B.

Omnpenenenue 5. Anzeopa G ¢ mepraproti onepavuets @, y0o8Aemeo-
parowets yeaosuro C (uau sxsusarenmmuomy emy ycaosuro C') u moorcde-

cmeam (8), nasvieaemea 2pydod.

Jlemma 6. Onpedeserue 2 u onpedenerue b epydot kax arecopovr G ¢ mep-
HapHot onepayuets o, ydosaemesopsarouwets wemupem moscdecmeam (5), (6),

uau npu yeaosuu, C dsym mootcdecmeam (8), skeusarermmoL.

JlokazareibcTBO JIeMMbI 6 B TI€pBOii €ro 9acTu Moy deHust ToxK1ecTs (6)
IOBTOPSIET COOTBETCTBYIONLYIO YaCTh JIOKA3ATE/IbLCTBA JIEMMbL 5, a CIOPhEeK-
TUBHOCTH OTOOpazkenuit x — p(x,q,q) u x — p(q,q,x), Tpedyemas ycJjio-

srieM C, ecTb HEMOCPEICTBEHHOE CJIeJICTBIE TOXKIeCTB (6).

Teopema 2. Bce wemuipe onpedesenus epydvl, 6 uUMENHO, 0npedescHus

1,2,4,5 axeusarernmmor mestcdy cobol.

Teopema 2 gBsierca cieicTBIEM JeMM 3, 5, 6, ycTaHaBJIMBAIOMNX TPaH-

3UTHUBHYIO 9KBUBAJEHTHOCTD I1ap onpejenenuit 1 u 2, 2 u 4, 2 n 5.
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The condition B may seem too strong, and the more so because in the
proof of Lemma 5, in obtaining the identities (6), the condition B was
not used in corpore, as it was only the surjectivity of the mappings = +—
o(z,y,y) and x — @(y,y, x) for an arbitrary element y that mattered. We

shall define that weaker condition:

C. For any element ¢ € G the mappings defined by the functions x +—
o(x,q,q) and x — ¢(q,q,x) are surjective.

An equivalent to it is the variant as follows:

C'. For any two elements p,q € G, each of the equations p = p(x,q,q)
and p = ¢(q,q,x) has a solution with respect to x € G.

We shall note, however, that the weak condition C seems less natural,

than the stronger condition B.

Definition 5. The algebra G with a ternary operation @, which satisfies
the condition C (or the equivalent condition C') and the identities (8), is
a heap.

Lemma 6. Definition 2 and Definition 5 of a heap as an algebra G
with a ternary operation @ satisfying the four identities (5), (6) or, under

condition C, the two identities (8) are equivalent.

The proof of Lemma 6, in the first part of it, that where the identities (6)
are obtained, repeats the respective part of the proof of Lemma 5, and the
surjectivity of the mappings = — ¢(z,q,q) and x — ©(q, q, x), stipulated

under the condition C, is a direct corollary of the identities (6).

Theorem 2. All the four definitions of a heap, i.e. Definitions 1,2,4,5

are equivalent one with another.

Theorem 2 is a corollary of Lemmas 3, 5, 6, which establish the transitive

equivalence of the pairs of definitions 1 and 2, 2 and 4, and 2 and 5.
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ABTop BbIpaxkaer OaromapHocthb mpod. I MuxaitanieHko n y4acTHI-
kaM Hay4dHoro ceMuuapa @M® I'AI'Y no Teopun pusndeckux CIpykTyp 3a
IOJIICPXKKY JIAaHHOI'O MCCJICI0BaHUs 1 OOCYXKJIEHNE IOJIYYEHHBIX pe3ybTa-

TOB.
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