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MMPEAUCIIOBUE K TPETBEMY H3IAHHIO

3a nocnenHue ToAbl B cojepikanue 00a3aTe/bHBIX alre0panyeckux Kyp-
COB, YATaeMBIX Ha MeXaHMKO-MaTeMaTHieckoM (akynbTeTe MOCKOBCKOTO
yHUBEPCUTETA, BHECEHH! 3HauuTebHble Uamenenus. C 1964 rona Ha Bropom
cemecTpe uMTaeTcds Kypc «JIuneitnas anre6pa M reoMerpusi», B KOTOPOM
U3yyalTcs n-MepHOoe adduHHOE (TOUEYHO-BEKTOPHOE) MPOCTPAHCTBO, TEH-
sopHas ajnref6pa W ApyrHe BONPOCH, He BXOIMBIIHE paHee B KYPC BHIC-
wel#t aareGpul, C 1pyro#t CTOpOHH, B Kypce BblClieHl anre6pn Ha NepBOM
ceMecTpe paccMaTpPHBAIOTCA NOHATHA UIeana, (akTop-Koabua W CBA3aH-~
Hbie C HAMU CBOMCTBA MOJe#t W MHOTOY/JEHOB, 8 HAa TPETbEM CEMeCTpe Of-
HHMM M3 OCHOBHBIX CTa/JO NOHSTHE MOZLYJS Hal KOJbLOM.

B cBs3u ¢ aTHM B TpeTbe M3IaHMe ITOTO 3aJaYHHKA BHeCEHH OINOJ-
HeHusi. Pacwpex naparpad 0 KOnbUaX M Nnoasx u 10o0aBjieHB NATH HO-
BHX naparpadoB, coiepxaliue IONOJHUTENbHHM MarTepHan O AuHeRHBIX
APOCTPAHCTBAX, JUHEHHBIX M OMIHHEHHBIX OYHKLUAX, MOLYJAX, ah@UHHHIX
NpOCTpPaHCTBAX M TEH30pax.

Kpome TOro, 3aMeHeHBl HOBBIMH HJIHM CYlIeCTBEHHO H3MEHEeHbl HEeKO-
TOPHE€ 3anaud WAM WX pelleHWs, a Takke WCIpaBjieHbl 3aMeueHHble He-
TOYHOCTH U OMEYATKH.

L1 yno6cTBa HCHOJL30BAHUS TpeTbero MU3LAHWA 3aLaYHHKA Hapaay
¢ NpeXHUMH YKaxXeM, YTO B TpeTbeM K31aHUH 3aMeHeHbl HOBLIMH HJIH
CYILLeCTBEHHO HM3MeHeHb 3ajaud (WM HX pelleHus) ¢ HoMepamu: 629,
631, 1339, 1374, 1375, 1491, 1647, 1654, 1689, 1705, 1706, 1708.
Bce sanaun, Haumuag ¢ 1754, 4BAsSiOTCA HOBHIMA.

Bripaxaw cBolo 06/aroZapHOCTb 3a NMPENJOXKEHHBIE 341a4d H LEHHble
copettt H. B. Edumory, UN. P. Illlagapesuyy, JI. A. CxopHskosy,
A. TI1. Mummuno#, 3. B. BuuGepry u Bcem paboTHMKAaM Kadeiph BHIC-
mel anre6pel MOCKOBCKOrO yHHBEPCHTETA.

H. Ipockyparos
Mocksa, .
7 oxtabpa 1966 roza



NMPEAUCJIOBHE KO BTOPOMY H3JAHHIO

Bo BTOpOM M3naHHM YCTpPaHEHH 3aMeueHHble OMEYATKH M HETOUHOCTH
$hopMyupoBoK nepsoro uananud.. 3agaun NeNe 1226, 1227 n 1228 same-
HeHbl HOBBLIMH, Oosee yAoOHBIMM s peirenus. Hymepaums sazau coxpa-
HeHa Bciony, kpoMe § 20. B cBsgu ¢ BralOueHHeM B NPOrpaMMy NOHATHS
npsaMoft cyMmbl abe/ieBBIX IPYNN M Pa3/noxeHus KoHeuHol abeseBoft rpynnst
B ApAMYIO, CyMMy IIPUMApHBIX UMKAHYeCKHX noarpynn § 20 Hanucam
3aHOBO. BBHIy 3HAUNTE/NLHOrO PaCIUMpeHHs COXEDPIKAHHA 3TOro naparpada
npH CcOXpaHeHWH oOLIero 4Wc/ia 3alau POACTBeHHHeE 3anauM OGbelMHEHHE
[OA JauTepamu ¢ oOwuM HOMepoM. I1oJb3yioch c/iyuaeM BbIpasuTh Gaaro-
AapHocTb paGorHukaM kadeapw Bhiciie#t aare6pst MI'Y 3a psia nonessmx
3aMeuaHuit Mo NpelbAyLieMy H3AAHUIO.

H. Tlpockyparos
Mocksa,
16 anpeas 1961 roxa



NIPEJUCJIOBHE K TIEPBOMY H3JAHHIO

Tlpn cocTaBAeHHH HACTOSIETO NMOCOOMA aBTOP CTPEMUJICS, BO-NEp-
BHIX, I4aTh JOCTATOYHOE YHCAO YynpaxHeHu# 149 BHPAGOTKM HABHIKOB
peuleHHs THIOBHIX 3anay (Hanmpumep, BHIYMC/IECHHe ONpeNe/HTeNeH C 4Yuc-
JIOBHIMM  3/IEMEHTaMM, pellleHHe CHCTeM JMHeRHBIX YPaBHEHWH C YUCaO-
BbIMH KO3(¢uuMeHTaMH M T. 1.), BO-BTOPHX, JIaTh 3afayH, CHocob-
CTBYIOLIYE YSCHEHHIO OCHOBHBIX TOHATHH M MX B3aMMHOH CBsi3M (Hanpumep,
CBA3b CBOHCTB MATPUL CO CBOMCTBAMH KBaIPaTHYHHIX QoOpM, C OZHOH
CTOPOHH!, M /HHeHHBIX NpeobpasoBaHyft — ¢ 1pyrol), B-TpeTbUX, AaThb
3aauH, HKOMNOJHAKILKME JEKLUHOHHBIE KYPCH H COZeACTBYIOLIME pacuiMpe-
HHI0 MAaTeMaTHYeCKOro Kpyrosopa (nanpumep, csofictea ndaddosa
arperata KOCOCHMMETDHYECKOIO OnpelenuTess, CBOHCTBA aCCOUUHPOBAH-
HBEIX MAaTpull H T. H.).

B psane sazay mpeanaraercs IOKa3aThb TEOPEMBl, KOTOPble MOXHO HAHTH
B yueOHuxax. [Tomelnas Takue 3anayu, aBTOP HCXOIMJI H3 TOTO, UTO JeK-
TOP NP HeJOCTAaTKe BPEMEHH 1aeT H3YYHThb YacThb MaTepHana IO KHHTe
CaMyM YYalUHMCs H 3TO MOXHO IenaTh MO 3aIaYHUKY, rle JaHH YKa3aHus,
NOMOraloLiye CaMOCTOATENbHO NPOBECTH JOKA3aTEALCTBO, YTO CHOCOGCTBYET
Pa3BHTHI0 HAYAJILHBIX HABLIKOB HAYYHOrQ MCCJ/EI0BaHWA.

HoBbIMU 1O CPaBHEHUIO C CYULeCTBYIOUIMMU IOCOGHSIMH ABAMIOTCS (eCau
He TOBOPUTH O JETANAX) 3a7a4d HA NOJMHOMHAAbHBle MaTpuuwl (§ 13),
ua juHefiHsie npeoOpa3oBanus adEUHHBLIX U METPHUYECKHUX MPOCTPAHCTB
(§§ 18, 19) u crodmee 0coGHAKOM IOMOJHEHWE, NOCBALICHHOE Tpynuam,
KoaslaM W nonasM. B aToM ormene jaHu 3anaud Ha caMmble HayanbHLE
paszenn Teopuu. TeM He MeHee HAM KaKETCH, YTO €r0 MOXHO HCHOJb-
30BaTh B PaboTe y4eSHHIX NPOCEMHHAPOB HA MANIUKX KypCax.

Copepanue W NOPALOK H3/JIOKEHHS MaTepuana Ha JeKUMAX BO MHO-
TOM 3aBHCAT OT JeKTOpa. ABTOp CTapajics LaTh 3aiaud, YYHTHBAIOWIME 3TO
pasHooOpasue usjsoxeHusi. OTCIOZA HEKOTOPHA Mapannie/iu3M ¥ NOBTOpAe-
MOCTh MaTepmana. Tak, ominum u Te e (axTel zaHbl cHauasa B pasziene
KBanpaTuunbix GOpM, a 3aTeM B pasiene JuHeHHBIX npeoOpasoBanuft, He-
KoTophe 3azaun POPMyJHPOBAHH TaK, YTO WX MOXKHO pelliaTh Kak B ClAy-
Yae BEINECTBEHHOTO €BKJMIOBA, TaK M B Cjydae KOMIJEKCHOTO YHHTap-
Horo npocrpanctBa, Ham xaxercs, uTO a4 3a1gunuKka 3TO Ke/aTesbHO,
TaK Kak Aaer OO/blIYH THMOKOCTb NPH €ro HCNOJb30BaHHH.



8 TIPEJVICJIOBHE K TIEPBOMY U3JAHUIO

B Hauane HexoTOpHIX maparpados noMeluens BeeieHns. OHu comep-
AT JIUIIb KPaTKMe YKa3aHHA TEPMUHOJOTHH H 0003HAaYeHU# B TeX cayuasx,
KOrjJa B y4YeOHHKAaX HeT MNOJHOIO €NMHCTBA B YKa3aHHOM OTHOUICHHH,
UcknioueHneM ssiseTcs BBeleHHe K § 5, rie JaHBl OCHOBHbIE METO.bE
BEIYUC/EHUA ONpelenure/elt moGOro MOPAAKA W MPHUBELEHB! NMPUMEPH HA
Kamapll MeToX. ABTOp CYMTa/A 3TO NOJE3HHM BBHIY TOTO,4TO B y4eOHU-
Kax 3TW YKa3aHWs OTCYTCTBYWT, 4 yyalMecs BCTPEYAOT 34eChb HAUUTEIb~
Hble TPYIHOCTH.

HowMepa 3azay, B OTBeTaX HAa KOTOPHie UMEIOTCA pPRLUCHUA WM yKa-
3aHug, cHaG:KeHbl 3Be3gouxoft. PelreHust gaHwl Aa9 He6OJIbLIOrO 4duc/aa
3ajauy. IDTO UMM 3aKaud, cojpepxauiye oOWUH MeTon, NpHMeHAeMHRt sa-
TeM K paly JApyrux 3anay (uanpumep, samaua 1151, paouias meron
BLIUNC/EHns @YHKUAW 0T MATPHUB, ¥ 3anaya 1529, comepxaias no-
cTpoeHue 6a3uca, B KOTOPOM MaTpHla MHHeHHOro MpeoOpa3oBaHus HMeeT
WOpIaHOBY ¢OPMY), HIM 3amauyd FNOBLHILIEHHON TPYIHOCTH (HAampuMep,
sapaun 1433, 1614, 1617), YkasaHusa colepxar, KaK NpaBuiIo, NHIIb
HACI0 WX MEeTOJ pelleHHus M OCTaBJAT yYalluMCsi TPOBEIEHHE CaMoro
peweHus. Jluwb nas Gojee TPYIHBIX 3alay OHH COJEPXKAT KPATKUMH
TaH pellenns (Hanpumep, B 3ajasax 546, 1492, 1632).

Ilpu cocrap/ieHny 3afaYHUKa aBTOP HCMOJb30BaN CAelyIOLIHE HCTOY-
HHKH:

1. B. . Kara#, OcHoBanusa Teopuu onpenennrenet, Onecca, 1922,

2. A, M. Xypasckun, COopHux 3azay mo BhClueit anreGpe,
I'TTH, 1933.

3. . K. ®danneen u 1. C. Comunckuift, COopuuk 3anau no
peiciieft anre6pe, uax. l-e — 5-e, [ocrexusnar, 1945-—1954,

4. A. . Mansues, OcHoBn auHeHHON anreOpel, I'octexusnar, 1948.

5. U. M. Teabdann, Jlekiun no mauneHno#t anreGpe, uan. l-e
u 2-e, Tocrexusnar, 1948—1951.

6. &. P. 'aurmaxep, Teopus marpuu, locrexuszzar, 1953.

Pan sazau 8auMcTBOBaH (C COrJacHs HMX aBTOPOB) M3 YHC/IA yNpax-
HEeHM}, JaBaBIIMXCA Ha JeKUHAX 1o Beicuwledl anre6pe B Mockosckom
YHHBepCHTeTe, HJM YKa3aH aBTOpy chielyoluumu guuamu: M. M. Fenp-
dannom, A. U, Y3xkosuiM, JI. S1. Oxynesuy, A. I1. Mumunoi, Y. P. la-

¢dapesnuem, E. B. JusHkunniM. Bcem uM aBTOp NpHHOCUT cepledHyio
06J1aroIapHOCTB,

H. Ipockyparos

Mockaa,
20 oxtabps 1955 r.



OTIHEN 1
ONPEJAEJIMTEJH

§ 1. Onpegeaurean 2-ro u 3-ro nopsamka

Briuucauty omnpenenuresn:
1. 52] 2, |1 2‘ 3.‘3 2' 4.,6 9,

7 3 3 4 8 5 8 12
5. |a® ab 6. | n1 n 7. |la4+b a—0b
ab | n n—1 l a-—b a—}-—bl'
8. | a2+ ab4-b a?— ab-+b? 9. j cosa —sina
a+b a—b ) sina cos a
10. | sina cosa 11. | cosa sina
sinff cosB ) sinf cos B )
12, | sina—}-sinp cosp—-cosa 13. | 2singpcosq 2sin2@=—1 |
cosp—cosa - sina —sinp | 2cos?p-—1 2singcosq |
14, | 1—2 2t 15. | (1—1y 2
+2 T+7 | T2 TF¢&
=2 1—# ®_ (4o
T2 T+& T2 T2
16, |1+ 2t 17, 1 log, a
1= 1= log,b 1
% 1t
1—2 1—¢2

Buiuncante onpeseantens, B Kotophix == — I:

18, a c+di 19. |a+ bi b
¢c—di b 2 a—bi|
20. | cosa}isina 1 21. a—+b  c—+di
1 cosa—ising | —c—-di a—bil'




10 OTAEJ] 1. ONPEAEJIMTENMN [22—40

[Tonbsyncs OfipeleuTesMy, PEIUTh CHCTEMBl YPaBHEHUH:

22, 2x+5y=1, 23, 2x —3y=4,
3x+7y=2. 4x-——5y=10

24, Sx —Ty==1, 25, 4x+T7y+13=0,
x—2y=0, S5x4 8y+14=0.

26, xcosa—ysina==cosP, 27, xtga-t+y=sin(a-§),
xsina -4 ycoso=sinp. X —ytga=cos(a-p),

rie o =+ 325 — kit (k — uesnoe 4Hcao).

Hccnenosate, Oyaer nu cHcTema YpasHenHfi onpeleneHta (MMeer
eJMHCTBEHHOE pellleHHe), HeollpeleienHa (uMeeT OecKOHEUHO MHOTO pelie-
HHH) HIH TPOTHBOpEUHBA (HE HMEET pelleHHs):

28, 4x -6y =2, Haior am 3zece dopuyan Kpamepa Bepuuift
6x+9y==3. OTBeT?

29, 3x— 2y =2, 30. @a—byx=b6—-c.
6x — 4y =3,

31, xsina==1-sino. 32, xsinou=1-cosa.

33. xsin(a 4 p)=sina - sinp.

34, ax = ab, 356. ax+by=ad,
abx = b, bx—t-cy==>bd.

36. ax-+4y=2, 37. ax— 9y =26,
9x 4+ ay =3. 10x — by =10,

38. HokasaTb, 4TO jJs paBeHCTBA HY/NI0 ONDeAEIHTEds BTOPOro
nopajKa HeoGXOAUMO W JIOCTATOYHO, 4TOGH ero CTPOKU OblaAM nponop=
LUHOHAIbHBL, TO e BEPHO H AJd CTOAOLOB (€CAH HEKOTOPHIE 3/IEMEHTHE
onpelenTe s pPaBHp HY/I0, TO NPONOPLHOHAMLHOCTE MOXHO NMOHUMATH
B TOM CMBIC/E, YTO 3JIEMEHTH ORHOH CTPOYKH MOJYYalOTCS H3 COOTBET-
CTBYIOUIUX 3/CMEHTOB IDYro# CTPOYKH YMHOXEHHEM Ha OJHO H TO e
4RCa0, OHTL MOMET, PABHOE HY/IO).

39*, Mokazatb, 4TO npu LeUCTBUTENbHHX @, b, ¢ KOPHM YpPaBHEHHSR
a—x b
=0 Oynyr AeficTBUTENLHHMH.

b c— X

40*, Jokasatb, 4YTO KBaIpATHHM# TpexuieH ax?--28x--c¢ ¢ koM-
MACKCHBIME KO3 dulUHeHTaMH TOrAa H TONBKO TOrAa OyleT NOJHBIM
KBAADATOM, €C/in

a b

=0,
b ¢




41—63] § 1. OMMPENEAUTEJH 2-TO u 3-TO TTOPSOKA 11

41. JlokasaTh, 4TO NpU AeHCTBUTENBHHIX @, b, ¢, d KOpHM ypaBHe-

a—x c¢+4-di
Hus =0 6yIZyT ZeHCTBUTEJIbHBIMH.
c—di b—x i
42%, TlokasaTb, 4TO 3HayeHHe APOOH —?;C—_i__tg—, rie no Kpattne#t mepe
OIHO H3 uyucea ¢, d OTJMYHO OT HyJd, TOTAA M TONbKO TOTA3 He 3aBH-
CHT OT 3HAueHHs X, KOrjia ¢ : i=0.
BoiuHcAHTh ONpele/uTe]d 3-TO NOpSiKa:
43. |2 1 3 44,13 2 1 45. 14 —3 5
5 3 2. 2 5 3 3 —2 8.
1 4 3 3 4 2 1 —7 —5
46. |3 2 —4 47, | 3 4 —5 48. (4 2 —1
4 1 —21. 8 7 =2 53 —2/|.
5 2 —3 2 —1 8 32 —1
49, |1 1t 1 60. |0 1 1 b1, 15 6 3.
1 2 3. 1 0 1 0 1 0feur
1 3 6 1 10 7 4 b
52, |2 0 @ 63. |1 5 25 54,1 1 1 1
|7 1 6. 17 49 . 4 5 9.
6 0 5 I 8 64 16 25 81
86. |1 2 3 b6, |a b B7.|a b ¢
4 5 6. b ¢ a c a bj.
7 8 9 ¢ a b b ¢ a
68, |0 a O 689. |a x x
b ¢ d b x|.
0 ¢ O o lx o x ¢
60, |a+x x X 61, |a2-+1 of ay
x b4+x x| ap P41 Py
X X ctx ay By v2+41
62, cosa sinacosp sinasinf 63. | sina cosa 1
—sina cosacosp cosasing . sinp cosp 1 |.
0 -Q»sin(s cosP ' siny cosy 1




12 OTAEJ 1. ONNPENEJIUTENH [64—T75

64. IIpy XaKoM YCIOBHH CNPABELARBO PABEHCTBO!

1 cosa cosp 0 cosa cosf
cosaa 1 cosy|=|cosa O cosvy|.
cosB cosy 1 cosp cosy O

65. I[Tokasarb, uTO Onpeneautenb
a® bsina c¢sino
bsina 1 cos o
csina  cosa 1
M JIBAa BPYrdxX ONpEAENHTeNs, NMOJYYeHHBIX H3 JIAaHHOTO KPYTroBOH mnepe-
CTAHOBKOH 9/eMeHTOB @, 0, ¢ ¥ Q, f, Y. PaBHH HYIWO, e€C/U @, b, ¢ —

OJHHB CTOPOH TPEYTrOJbHMKAa M @, P, Y- ero yrisl, NpoOTHBOJEKAIHE
COOTBETCTBEHHO CTOpOHaM @, b, c.

BLIUHCIUTD ONpeseuTe I 3-ro MOPsika, B KOTOPHX [=}/ — I:

66. 1 0 1 67. x a-bi c-tdi
0 1 i . a—bi By e~ fil.
11— —1 1 c—di e—fi z
68, |1 e & V3
1 3
2 ——— g2
e 1 & |, rie e== 2—{—1 5 -
g g1
69. 1 e
. 2 2
1 1 €|, rae e_cosgn—{—tsm?n.
e e 1
70. |1 1 1
4 , .4
1 & €|, rae e:cosEn—{—zsm?n.
I e ¢

71, [loxasaTe, 4TO ec/M BCe 9JEMeHTH ONpelenuTend 3-ro HOPSAKA
paBunt =1, TO caM onpenesutens GYAET UYETHHIM UUC/IOM.

72%, Hafitu HanbGosbliee 3HaueHHe, KOTOPOE MOKeT NPHHUMATL onpe-
ZeauTelb 3-ro MOPAIKA, TEPH YCAOBHH, 4TO BCE €ro 3JEMeHTH paBHb Tt 1,

73%, Haittu naunbGosvliee 3HaueHHe oOUpenenuTesis 3-ro NOpsixka HpH
YC/OBHH, 4TO €ro 3neMeHTH pasni -1 nma O,

[Monbsysace onpenenuTensmMu, peUlnTb CHCTEMbl YpaBHeHuM:
74, 2x 43y --5z=10, 76, Bx — @8y -t-4z=3,
3x+Ty-+4z2=3, 3x—3y-+22=2,
x+2y—+22=3, 4x —Ody-2z=1.



76—91] § 1. OTIPEAEJUTENHU 2-TO u 3-TO TMNOPSIKA

76. 4x—3y+22-4+4=0, 77. 5x-+2y—+3z4+ 2=0,
6x—2y-+3z2+1=0, 2x —2y—+52 =0,
5x— 3y 2243 =0, 3x—+4y 42z 10=0.

78%,  Z—24.9—0, 79. 2ax—3by—+cz =0,

—24¥ 10, 3ax—6by+5cz=2ab,
g—{_%:O. Sax — 4by - 2c2 = 3abe,
riae abe == 0.

80%, 4bcx—+ acy—2abz=0.
S5bex +3acy — 4abz+ abc =0, -
3bcx +2acy — abz— 4abc =0, rze abc 0. i
81%, Pemnth cucremy ypaBHeHuii:

x4+ v+ z=a, _
x4 ey-+e2z=b, (s—omw-moe or 1 3Haqermef/1 )
x ey gz=c.
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Hccnenosars, Gyner cucTeMa ypaBHeHUH omnpeiesieHHa, HeONpPeLe/eHHa

Wy NPOTHUBOpEUHBA:

82, 2x —3y+ z2=2, 83. 4x+3y+2z2=1,
3x—5y+5z=3, x+3y+5z=1,
S5x—-8y—+4-6z=05. 3x -+ 6y-+92==2.

84, 5x— 6y F=4, - 8B, 2x— y-+3z=4,
3x—5y—2z=3, 3x —2y -+ 22 =3,
2% — y-+3z2=05. 5x—4y =2,

86. 2ax — 23y + 292 =14, 87. ax — 3y 52=4,

x4+ ay+ 42=7, X—ay+3z2=2,
5x—+ 2y-+ az==5, 9x—7y—+48az=0.

88, ax+4y-}+2=0, 89, ax+2z=2,
2y+-32—1=0, 5x 42y =1,
3x—bz4+2=0, x —2y-bz=3.

TlyreM npaMOro PEYHC/ACHHS MO NPaBUNY TPEYTOJILHHKOB, WM Npa-
puny Cappioca, IoKasaTh Clelylollde CBOHCTBA onpegeautenett 3-ro-

HopsiaKa:

90. Ecain B onpenenutene 3-ro nopsika MOMEHSTb DOJSAMH CTPOKHM
u croabuel (T. e., KaK TroBOpHT, TPAaHCIOHHPOBATL €ro MaTpuuy), 1o

onpelejuTe] b He H3MEHHTCH.

9t, Ecan Bce sneMentl kaxof-HHOYIb CTPOKU (MIM €TONOLA) PaBHLI

HYJ/I0, TO U CaM onpeleanuTeb PaBeH HYJIO.
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92, Ecan Bce sneMenTh KakOH-HMOyAb CTPOKM (M cTonbua) ompe-
lenutens YMHOXHUTD HA OLHO M TO e YHCAO, TO H BeCb ONpelciuTeNs
YMHOXUTCA HA 9TO HHCAC.

93. Ecan nepecrasuth nBe CTPOKH (MM hBa CTOAOLA) ONpesemuTes,
TO OH M3MEHHUT 3HaK.

94, Ecnu ase cTpokH (MM ABAa CTOAOLA) OfpeneuTens OJAUHAKOBHI,
TO OH DaBeH HYJIO.

95, Eciv BCce 371eMeHTH OILHOH CTPOKM NpONOPUMOHANBHEL COOTBET-
CTBYIOIHM 9JIEMEHTaM [DPYroH CTPOKH, TO OIlpele/uTe/Nb PaBeH HyJI0
(To Ke BepHO ¥ Iaa CTO/IGUOB).

96. Ecav xawauii S7eMEHT HeKOTOPOH CTPOKM ofipeieNnTens npef-
CTaB/leH B BUIe CYMMH 1BYX CJaraeMbix, TO ONpejelHTe/b PaBeH CyMMme
IBYX ORpelenuTeledt, Y KOTOPHIX BCe CTPOKH, KPOMe NaHHOW, HpeKHue,
a B AAaHHOM CTpPOKe B MEPBOM ONpelelHTe]e CTOAT NepBble, 4 BO BTO-
pOM — BTOpHE CJ/araeMmble (TO ke BEPHO W IJs CTOSGUOB).

97, Ecan k saeMesHTaM OAHOH CTPOKHM Ompejenutes npubaBHTh COOT-
BETCTBYIOLIHE 3J€MEHTH APYTO#l CTPOKH, YMHOMEHHHE Ha OfHO H TO Ke
YUCJ0, TO ONpefe/uTe/]b He H3MeHWTcs (TO e BEPHO M AR CTOAGLOB).

98, ToBopaT, uYTO OxHA CTPOKA ONpeNeIAUTeNs SABNRETCA AuUHelnol
KomOunayueid OCTaJIbHbIX CTPOK, €CAH KAWIBLIA 3/JeMEeHT 3TOK CTPOKH
paBeH CyMMe T[POH3BeleHWH COOTBETCTBYIOUMX 3JIEMEHTOB OCTAJAbHBEIX
CTPOK HA HeKOTOpble uMC]Z, TNOCTOSHHBIE AJIst KaxIOR CTPOKH, T. e.
He 3aBUCAlLME OT HOMEDPAa 9/EMEeHTa B CTPOKE. AHAROTHUHO ONpejesercs
nuHelnas kombunanua croadbuos. Hanpumep: Tpeths cTpoka onpeneantens

an Gy Gy
Qg Gy Gan

a3 Gy Gy

OynerT auHedHO# xomOMHauMed nepBbiX JBYX, €CAH CYUECTBYIOT ABa
UucAa €; U Cy TAKHE, 4TO a3,j=clal,j+cga2‘j (Jj=1, 2, 3).

JlokasaThb, uTO ecau onHa cTpoka (cTonbew) ompeienuteas 3-ro no-
paiKa fBAfieTcs JMHefiHOH komOuHauMe#t OCTAaAbHHIX CTPOK (CTOAGLOB),
TO OfpeleanTe]b PaBeH HYMIO.

3ameuanue. CnpaBeaanBo Takxe o0paTHOE YTBePmAEeHHE, HO OHO
BLITEKAeT M3 JanbHelliero pasBHTHA TEOPHH ONperesHTe/eH.

99%, Tloabayach npeabinylle#t sanadef, noxas3arb Ha HpuUMepe, yTo
B OTauuMe OT onpeneianrtenel 2-ro mopaaka (cM. samauy 38) Aias paseH-
CTBA HYJIO ONpele/uTels 3-I0 NMOpsika NPOMOPUMOHANBHOCTE ABYX CTPOK
(ann cToabLOB) YiKe HE ABMSETCH HE0OXOLHMMOH.

Monbaysce cBoficTeamMu onpefenntenel 3-ro Nnopsaaka, YKA3aHHBIMU
B sanayax 91 — 98, pHIUNCANTH creayOlIMe ONpele/UTENH:

100. | sin?a 1 cos?a 101, | sin’o. cos2a cos’a
sin?p 1 cos?p |. sin?p  cos2p cos?pl.
sinfy 1 cos?y sin?y cos2y cos’y
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102, | x &' ax—4bx' 103, | (g, 4+61)° ai-+8] aby
y ¥ ay+by (az+b2)* a3-+55 asbs
z 2" az-+bz2 (a;,;—|—173)2 a§—|—b§ asb;
104. lab ¢ 1 105, | (a*+a=*2 (a*—a~*2 1
bt+c a 1 @ 407"¢ (@ —07%)" 1
c+a b 1 (cF4c=?%? (F—c~?2 1
106. |1 & &2
¢ € 1], roe €— oranuboe ot 1 3HaueHue ]3/—1-.
x y z
107, | sina cosa sin(a—9) 108. | a,+ 0 ai—8;, ¢
sinp cosp sin(p—-4-0) Gy~ by @y —by ¢y,
siny cosy sin(y-}90) as+ b ag—>b; ¢

rre i=} —I.

(zath TeOMeTpHYECKOe HCTOIKOBAHUE
NONYUYEHHOTO pe3y/bTara).

CACAYIOIIHE TOKAECTBA:

41
€9
C3

b ¢
by ¢y .
by ¢3
¢y

ey e

109, X, " 1
X2 Yo 1
X +Ax: YAy
T4 T+A
110%, [a B ¥
f vy al,riea, B, Y —KODHH ypaBHeHus X3 -} px 4-q==0.
y ap
He passepruiBas onpelenurtenedf, HoKasathb
111, |a, b, ax—+by-+¢ a b
ay by ayx—+by—+cy |=|ay b
a; by axX+-byy—+cy a; 0y
112, |a,+bx a,—bx ¢ a,
Ayt box ay—byx €y |=—2x] a,
@3+ byx a3 —bax ¢4 a,
13, | a,+bi o408 ¢ a b
Ayt byl agi+by cg|=2!a, by
a3+ bsi azi-+b3 ¢4 as by

3
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114, | a,+bx ax—+b ¢ a; b ¢
Aytbox @x—+by ¢ |=(1—xD|ay, by ¢,
a3+ b5 azx by ¢y a3 by ¢4

1165. |1 a &c
1 b ca|=((b—a)lc—a)(c—D).

1 ¢ ab

116. |1 o a?

1 b Bl=(b—a)(c—a)(c—0D).
I ¢ ¢

1z, |1 1 1
a b ¢ |l=@+b+c)0—a)(c—a)(c—D0b).
a® b (8

8. |1 1 1
at b ¢ |=(ab+4ac-+bc)(b—a)(c—a)(c—D).
ad b (8

119. ] 1 a a*

1 b b |=(a®+b4c?ab-fac+bc) (b —a)(c—a)(c—D).
I ¢ ct

120*.]1 a bc 1 a a2

1 & cal=|1 b &
ll c ab 1 ¢ ¢?

121. |1 @ a8 1 a a?
1 & Bl=@+b4+0)1 &b 8|,
1 ¢ ¢ 1 ¢ ¢*

122. |1 a? a8 1 a a2
1 82 b (=(ab-+bc+ca)|l b B2/

1 2 ¢3 1 ¢ ¢?

§ 2. MepecTtaHoBkM M NMOACTAHOBKH

Onpenenuts YMCIAO MHBeDCUH B MEPECTAHOBKAX (32 MCXONHOE PACTIO=
JIOMEHUE BCeTAd, eC/M HeT OCOOHX YKa3aHu#, NpHHMMaeTCd pPacHoNoKe=

Hue 1, 2, 3, ... B BO3pacTaioWeM NOPALKE):
123, 2, 3, 5, 4, 1. 124, 6, 3, 1, 2, 5, 4.
125. 1, 9, 6, 3, 2, 5, 4, 7, 8. 126, 7, 5, 6, 4, 1, 3, 2.
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127. 1, 3,5, 7, ..., 2n—1, 2, 4, 6, 8, ..., 2n.

128. 2, 4,6, ..., 2n, 1, 3,5, ..., 2n—1.

B chaelyoumpx nuepecTaHOBKAX ONPejeNHTh YMCAO MHBepcuM H yxa-
3aTh OOmm# npm3nax Tex uMCesN 7, A4 KOTODHIX 3Ta NEPECTaHOBKA
YyeTHa, W TeX, A1 KOTOPHX OHA HedeTHa:

129, 1, 4, 7,...,3n—2,2,5,8,...,31n—1,3,6,9,..., 3n.

130. 3, 6, 9,...,3n,2,5,8,...,3—1,1,47,...,3n—2,

131. 2, 5, 8,....,3n—1,3,6,9,...,3n, 1,4, 7,...,3n—2.

132. 2, 5,8,...,3n—1,1,4,7,...,31—2,3,6,9,..., 3n.

133. 1, 5,..., 4n—3, 2, 6, ..., 4n—2, 3, 7, ..., 4n—1,
4, 8, ..., 4n.

n

134. 1, 5, ..., 4n—3, 3, 7, ..., 4n—1, 2, 6, ..., 4n—2,
4, 8, ..., 4n.

185. 4n, 4n—4, ..., 8, 4, 4n—1, 40-5, ..., 7,3, 4n—2,
4n—6, ..., 6, 2, 4n—3, 4n—7, ..., 5, 1.

136. B kakon mnepecranoBke uucea 1, 2, ..., n uuciao uHBepcuit
HauGo/bllee U 4eMy OHO PaBHO?

137. Ckosbko wuBepcuii obpasyer umciao 1, crosuiee Ha £-M Mecre

TepecTaHOBKH P

138. Cxoabko vinpepcnii o0pasyer uMc/io 7, Crosliee Ha k-M MecTe
B nepectaHoske uucen 1, 2, 3, ..., n?

139, Yemy paBHa cyMMa uYuMcna HHBepCufi M uuCJa NOPAIKOB B JIO-
Ooit nepecranoske uncen 1, 2, ..., n?

140. [das xakux yucen n YeTHOCTb YMCIA WHBepcHit ¥ uucaa TMOpHA-
KOB BO BCeX NepecTaHOBKax uucea 1, 2, ..., # OIMHAKOBA M L4 KAKUX
TIPOTHBOMOJIONHA?

141%, IloxasaTh, 4TO YMCIO HHBEPCHH B NePECTAHOBKE &y, Gy, ..., O,
PaBHO 4YHCJAy HHBepCMH B TOM INepecTaHOBKe HHIekcos 1, 2, ..., n,
KOTOpas MNoJy4aercd, eCjAd IaHHYI0 NepecTadOBKY B3aMEHHTb HCXOIHBIM
PACHONOKEHHEM,

142*%, Tlokasarh, 4T0 OT OJHOH NMEPECTAHOBKU &y, Qgy, ..., &, K IDY-
Toit nepecranosxe by, by ..., b, TeX Ke 3/EMEHTOB MOXKHO mnepeHTH
nyteM He Gonee ueMm n — | TpaHcmosHuui,

143*, Ilpusectn npumep nepecTaHoBku umcen 1, 2, 3, ..., n, Ko-

TOPYIO HEeJMb3% NPHBECTH B HOPMAJIbHOE DACNOJOKEHUWE NYTEM MeHee 4eM
#— 1 TpPaHCHO3HUMH, H LOKa3aTb 3TO.
144%, [loxasatb, UTO OT OAHOH TEPeCTAHOBKHM &y, Oy ..., G,

K moOofi npyro#f mepecraHoBke by, by, ..., b, TeX e 51eMEHTOB MOXHO
) n(n—1)

fiepefTH myTem He Oosee uyem CMEXHBIX TpPaHCHO3uUuK (T. €.

TPAHCTIOBULMH COCENHUX SIEMEHTOB).

145, JaHo, 4TO 4UYHUCIO MHBePCHH B IepecTaHOBKe a;, Qy, ...
evvs Qu_y, @, paBHo k, Ckonbko uHBepcuit Oyler B INepeCTaHOBKE
Gy, Apgs - -0y Gy al?
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146%. CkonbKO uHBepCHHl BO BCeX MNEPECTAHOBKAX M 9SJEMEHTOB
pMecTe?

147%, Jlokasatb, uro oT moOoi nepectaHoBkW uucen 1, 2, ..., n,
colepxalelt & MHBepCHH, MOXKHO TNepedTH K UCXOLHOMY pacHOJIOXEHHIO
nyTeM B CMeXHBIX TPaHCMO3HUUMH, HO Hejb3st MepeTH NMyTeM MeHbIUEro
uicia TAKHX TPaHCTIO3MLMA.

148%, Jloxasate, u4TO Jnjas J1060ro HEJOro 4ucjaa R (0<k<0ﬁ)

CylleCTBYeT nepecTaHoBka uucen 1, 2, 3, ..., 1, unCA0O HHBepCcU#t KoTOpOl
paBHoO. k.
149%, OGo3HauuM 4epes (n, k) unucao nepectaHoBok uucen 1, 2, ..., n,

Kax/1as U3 KOTOPHIX COIEPKUT POBHO Kk uHBepcud. BriBectn nnsa uyucna
(n, k) pexyppeHTHOe COOTHOLICHHE:

(n+1 A= B+@ k—D+@ k—2)+ ... +(n, k—n),
rie Hano noAOXkuTb (1, j)=0 npu j>Cf, u npu j < 0. INoabsysace
9TYM COOTHOLICHHeM, COCTaBUTL Tabiuuy uucex (n, R) ana n=1, 2,
3,4, 5, 6nk=01,2, ..., 15

160%, TlokasaTh, YTO YHC/IO MepecTaHOBOK uucen 1, 2, ..., n, co=
Iep:KalMx K MHBepcui, paBHO YHCAY TNepPecTaHOBOK TeX JKe YHced,
conepxamux Cy— k unsepcni. -

Cnenyfomue MOJCTAHOBKH PA3JOKHTH B IMPOU3BEICHUEC HE3aBHCHMBIX
HUKJIOB H IO AEKPEMEHTY (T. €. Pa3HOCTH MEXILY YHCIOM HeHCTBUTEJILHO
nepeMellaeMuX 31E€MEHTOB H YKCIOM U.HKJIOB) ONnpeneanTb UX YETHOCTD.
.U.Jlﬂ ynoécraa noncyera JAEKpeMeHTa MOXHO JIJaA 4YHCeJa, OCTalolUXCd
Ha MeCTe, BBECTH B PA3JOXKEHHE OAHOWIECHHLIE HMKJIHL.

151, /1 2 3 4 5 152. /1 2 3 4 5 6
4 1 5 2 3 6 5 1 4 2 3/

1583. /1 2 3 456 7 8\ 154./1 2 3 4 56789
(81365742) (589214367)’
156. /1 2 3 4 5 6 7 8 9\ 156./1 2 3 4 5 6
(234567891) <456123>'
157. /1, 2,3, 4, ..., 2n—1, 2n
(2, 1, 4,3 ..., 2n 2n—1>'
158. /1, 2, 3,4,5,6,...,31—2,3n—1, 3n
<3, 2, 1,6,5,4,..., 3n  3n—1, 3n—2)'
169, /1, 2,3, 4,..., 2n—38, 2n—2, 2n—1, 2n
<3, 4, 5,6, ..., 2n—1, 2n 1, 2)
160, (1, 2,3, 4,5,6,...,31—2, 3n—1, 3n
(2, 3, 1,5 6,4,...,3n—1, 3n, 3n—2)'
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161. /1, 2, 3, 4,5, 6, ..., 3n—2, 3n—1, 3n

(4, 5 6, 7,8 9, ..., I, 2, 3 )

, 2, ..., Rk, .., nk—k—41,nk—k-+2, .., nk
R+1, k+2,..., 2k, .., 1, 2, k)'

B crexyoumux noACTaHOBKAX AEPedTH OT 3aNHCH B LMK/JAX K 3aMHCH
JZBYMA CTPOKAMH:

163. (1 5)(2 3 4). 164. (1 3)(2 5)(4).

165. (7 5 3 1)(2 4 6)(8)(9.

166. (1 2)(3 4)... (2n—1, 2n).

167. (1 23 4 ... 2n—1, 2n).

168. 3 2 1) 5 4)...(3n, 3n—1, 3n—2).

nepeMHO)KHTb NOACTAHOBKH:

162. (

I 2 3 4/l 2 3 4
‘69'(4132)(324 1)‘

1 23 45/ 2 345
‘70'(2451..3)(53412)‘

I 2 3 4 5\/1 2 3 45
'"'(35124)(34152)'
12 3 a4y 1 2 3 4 59
172.(2341>. 173.(34512).

174, Jloxasarb, 4TO ec/au HeKOTOpas CTeNedb LMKAA PABHA ENHHHLUE,
TO TOKa3aTelb CTeNeHH AeMHTCH HAa IAWHy uukaa, (IAMHOH UHKAA HA3bI-
BAETCA YMUCJIO €ro 3JIeMeHTOB.)

176, HokasaTh, 4TO cpenu Bcex cTenesed MOACTAHOBKHM, PaBHHIX elH-
HULe, HAHUMEHBIIHH mOKasarelb paBeH HaWMEHblIleMy oOIeMy KpaTHOMY
JJHH UMKJIOB, BXOISIMX B PasoeHHe MOACTAHOBKH.

1,2 3, 4,58, 6,7,8 9,10
3,5,4,1,7, 10, 2, 6, 9, 8)'
1, 2,-3, 4,5, 6,7, 89,10
3,5, 4,6,9 7,1, 10, 8, 2)'
178. Hattru noacranosky X us pasenctsa AXB=C, rze

4 1 2 3 45 6 7 5 1 2 3 45 6 7
=\7 3 21 6 5 4/ = 1 27 4 5 ¢

c 1 2 3 45 6 7
=\ 1 3 6 47 2°

176*, Hantu A, rge A=(

177. Hatitu A%, rre A=<
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179. Jokasatb, 4YTO YMHOXEHHE TMOACTAHOBKH Ha TPAHCIO3ULHUIO
(. €. IByWIeHHHH uMKaA) (¢, P) creBa pPaBHOCHIBHO TpPaHcnosuuuu (T. e.
nepevMeHe MeCTaMu) YMCeN o M f B BepXHelt CTPOKe MOLCTAHOBKH, & YMHO-
JeHHe HAa Ty Ke TPAHCIO3ULUHIO CNPaBA PABHOCUALHO TPAHCIO3MIUU Q
W P B HIXHeH CTpOKe NOICTaHOBKH.

180. oxasarb, 4TO e€CAM YUCJAA ¢ M P BXOAAT B OAMH UMK NOACTA-
HOBKH, TO NPH YMHOXEHHH 3TOH INOICTAHOBKM Ha TpaHcnosuuuio (o, p)
(cneBa WAM CnpaBa) MAaHHBIf UMKA pacnagaercd Ha 5BAa UMKAA, 4 €CAH
yHcaa o M B BXOAST B PA3JAMYHBIE LUKJAB, TO NPH YKA3aHHOM YMHOME-
HAH 5TH UWKJABl CJAMBAIOTCA B OJIMH.

181%, Tloab3ysicy AByMS NPeAbIAYIIMMH 3a0a4aMH, IOKa3aTh, YTO YHCIO
MHBEPCHIt U JexpeMeHT MoOOH MOICTAHOBKM HMEIOT OIHHAKOBYIO YETHOCTD.

182%, JlokasaTb, uTO HauMeHbIUEE YMCJIO TPAHCMO3WUMH, Ha NPOM3BE-
leHHe KOTODHIX pasjiaraercs JaHHas NMOJICTAHOBKA, PABHO ee JIEKPEMEHTY.

183*, IloxasaTb, 4YTO HauMeHbINEe YHCJIO TPAaHCHO3MUMH, NepeBOnsi~

WMX TepecTaHOBKY @i, &g, ..., &, B TNEPLCTaHOBKY by, by, ..., b,
reX e IJIEMEHTOB, PABHO NEKPEMEHTY NOICTAHOBKH
Q. Qg o .., O
P = .
by, by ..., b,
184*, Hatitu Bce moxctaHoBku uucen 1, 2, 3, 4, nepecTaHOBOUYHBIE
¢ HOACTaHOBKOMH 1 2 3 4
—<2 1 4 3) !

185. Haith Bce mnoxcraHoBku uucen 1, 2, 3, 4, 5, nepecraHoBou-

Hble ¢ NMOACTAHOBKOH
1 2 3 4 5
3 4 5 2 1;°

186%, Hag mo0BX LeawlXx uyucean x W m, rie m =0, 0603HaYum
uepes r(x, m) OCTaToK (IIPMHHMAeMBI HeOTPHUATEJLHBIM) OT HeJeHHS X
Ha m. [Jloxasarb, YTO €CaM M > 2 U @ -— UeJNOE HUCAO, B3AUMHO TpO-
cToe € m, TO COOTBeTCTBHE X—>r(ax, m), x=1, 2, ..., m—1,
aBAAeTCA MOACTaHOBKOH umcena 1, 2, ..., m—1.

187. Hanucarb nozcrawoBky umucen 1, 2, 3, 4, 5, 6, 7, 8, npu
KOTOPOH YHC/IO X TePeXOIHT B OCTATOK OT JeneHus 5x Ha 9.

§ 3. Onpenesenue u mpocTeiimune cpoficTBa ompeiejuTenei
Jai060ro nopsaxa

3azaun sToro naparpada uMeOT LEAbI0 NMOACHEHHE NOHITUS OUpEeAeNHTeNd
M06Oro nopsiiika U ero MpocTeRuAX CBOUCTB, BKJIOUAA PABEHCTBO HYJIO OIpejeti-
TeJisl, CTPOKH KOTOPOro JUHEHHO 3aBHCHMDY, U Pa3JoKeHe OpeiesuTels 0 CTPOKe,

3agaun Ha pasBUTHE HABbLIKA BHIYHCJAEHHS ONpejeauTesedl ¢ THCIOBLIMY aJje-
MEHTaMH, Ha MeTOUbl BLIYHUCJAEHUS OIpEleiHTeNeH CNeUMaNbHOrO BHAQ, HA Teo-
pemy Jlanaaca, Ha yMHOxKeHue ompelenuTened u T. 1. COAEPKATCA B CACAYIOUIHX
naparpadax.
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BoigcHuTh, Kakue u3 NPUBCICHHBIX HHXKE npouaseneﬂuﬁ BXOLAT"
B onpeaeauTe/ii COOTBETCTBYIOIHUX TIOPALKOB U C KAaKHUMH 3HAKAMHU:

188. 4430505501085 189, 0402045030190

190, 09035051074805043060. 191, @3301607909,055061044-
192, 019093834 -+« @y, p8pp YR 1.

193, 893 .« . @4y, nln-

194, 0190903843 - . - ap_1, 90090, 201

195, ayay 403 gy + v Gy 9

196. 013009005 046055064 - -+ 309, 308301, 30 —1930, 3n—2-

197, Bubpate snauenus i u R Tax, uToOH NpOH3BeleHHE
Q2050330 a0

BXOJWJIO B OnNpeneautTesb 6-ro nopsikKa CO 3HAKOM MHHYC,
198. BuiGpats 3uaueHus { 4 B Tak, 4ro0bl NpOU3BeneHHE

Q47063010558 720240 3,

BXOIUJIO B ONpejefnuTend 7-ro NOPALKA CO 3HAKOM ILIIOC.

199. Haittu unens onpegenntens 4-ro nopsixa, colepxauiie sje-
MEHT @3y M BXOHSIHE B ONpEIENMTE]NbL CO 3HAKOM ILIIOC.

200, Hatitn uneHs ompenennTtens

5 1 2 3
x x 1 2
| 9 x 3 |@ corepxaune xtn x8,
x 1 2 2x

201. C kakuM 3HAKOM BXOIUT B ONpEJENHTENb MOPSIAKA # NMPOU3BE--
JieHHe 9/IeMEHTOB IJIaBHOH JuaroHamu? »

202. C xakuM BHAKOM BXOIMT B ONpeleuTe]b NOPSAKa 1 TPOH3BE=
JeHue 3MeMeHTOB NOOOYHOH IuaroHamu?

203, IMonbayach TOABKO ONpeAe/’eHueM, BHIYMCAUTL ONpeleuTelb

a; 0 0 ...0
Gy ayp 0 ...0

a31 032 a33 « .. 0 s

L T

App Qpy Qupz --. Qup

B KOTOPOM BC€ 3JEMEHTH IO OAHY CTOPOHY OT IJIaBHOH AMarOHaiM PaBHEE
HY IO,
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204, Tlonb3ysch TOMABKO ONpeleAeHHeM, BHIYHCIHTbL OlNpefeuTein
0 ... O 0 ayn
0 ... 0 Q9. n-1 Goa

0 coe 83,09 8301 83p !

L T B T T T

By oo an,n—? an,n-—] Qnp

B KOTOPOM BCE 3JeMeHTH IO OJHY CTOPOHY OT TNOOOYHON IHATOHAMH
DAaBHE! HYJIIO.
205. Tlonp3ydack TONLKO onpefe/eHHeM, BLMHCJHTL ONPEAEINTE/Nb
Gn Gy A3 Gy Gy
Gy Gy 4y Gy Gy
ay a4 0 0 0
a; ax» 0 0 0
206. Ioxasatb, 4YTO ecad B ONpeleNHTe]e MOPALKA 7 HA Nepeceve-
HUM HEKOTOPHIX B CTPOK H / CcTONGLOB CTOSAT 9JEMEHTH, pasHble HY/IO,
apuuer k1> n, TO onpenenntenb paBeH HYJIO.
207#%, Pewutp ypaBHeHHe
1 » x2...x"
2 n
1 a af...aqf
2 n | ==0,
1 a, a;...4a} 0

2 n
1 a, a N

rle a;, @y ..., @, PA3nHYHBIE UHCAA.
208. Pewuts ypasHeHue

1 1 1 ... 1

1 1—x i ... 1

1 1 2—x ... 1 =0.
I 1 1 e B —X

209. HaHTu aneMeHT onpelenuTeas MOPSIKA 7l, CUMMETPUYHBIH 3.¢e
MEHTY @;, OTHOCHTeJNbHO NOGOYHOM AMArcHanw.

210, Ha#ita sneMeHT onpesennTens fOPAAKS /I, CHMMETPHUHBIA 3ie-
MEHTY @, OTHOCHTE/]bHO «UEHTPA» ONpefeauTens.
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211, HasoseM MecTO 3JeMeHTa @;; ONpPERENMTENs HETHLIM MM He-
YeTHBIM, CMOTpPA MO ToMy, Oyaer au cymMma I-} & yeTHa WJIH HeYeTHa.
HafiTh uucio 5/eMEHTOB ONpelenuTens MOPHAKA 7, CTOAMINX HAa YETHHIX.
M HA HedyeTHBIX MeCTax. :

212, Kak usmenntCs onpeleauTeNs NOPAIKA #, eCau NMepBhHH CTOM-
Geu MepecTaBUTh BA TNOC/AeLHee MeCTO, a OCTaJAbHble CTOAGUBl HepelBu-
HYTbh BJ/IEBO, COXPaHAS MX pacnofoxeHue?

213. Kak u3MenuTCR onpeleiuTenb TNOPAiKa 1, €CAH €ro CTPOKW
Hankcatb B 0GPaTHOM MOpsike?

214, Kax H3MeHATCS OupejieauTe/ib, €C/IN KaXKAbH ero 3JeMeHT 3a-
MEHYTb 3JIEMEHTOM, CHMMETPRUYHBLIM C JAHHBIM OTHOCHUTE/bHO KUEHTPay-
ONpeLeATEN.

215%, Kak usMeHUTCA onpeleiHTenb, eC/lM KAXABH ero 3jeMeHT 3a-
MEHHUTL SJIEMEHTOM, CHMMETPUUYHBIM C AAHHBIM OTHOCHTEAbHO NoGOYHOR:
IUaroHaju,

216%, OnpenenuTenb HA3LIBACTCA KOCOCUMMEMPUYECKUM, €CAU e~
MEHTH, CHMMETPHUHO JeXalulde OTHOCHTENbHO TNaBHOH AHATOHAMM, OTIH--
YalOTCH 3HAKOM, T. €. &;, == —— Qg LI MOOHX HHIEKCOB I, K.

JlokasaTh, uTO KOCOCHMMETPHYECKWH ONpeleuTeNb HEYETHOTO MO--
pAlKa n paseH HyMO.

217%, Jloxasatb, UTO ONpele]HTe]b, 3JEMEHTHl KOTOpPOro, CHMMe-
TPHYHO Je€alIMe OTHOCHTENbHO TIJABHOH JMaroHand, #BAMIOTCA CONpS-
EHHLIME KOMIN/EKCHHIMH (B YaCTHOCTH, AeHCTBHTENbHBLIMH) YHCJAAMH, €CThb-
YHCA0 AEHCTBHTE/bHOE.

218, Ilpn kakux 3HaueHWaX 7 BCe ONPEJENUTENU NOpPALKA N, Sje-
MEHTH KOTODHIX YIOBJETBOPAINT YCICBUAM

(0) a;,~— nefcTBUTENLHOE YHCAO npH [ > &,
®) ayy=iay npn > k(i=V"—=1)

OyLyT LefCTBHTENbILIMU?

219, Tlpu xaxkux n Bce onpenenurenu nopsAaKa #, 3JeMeHTH KOTo-
PHIX YZLOBJETBOPAIOT. ycioBuaM (@) u (f) npenndylueit 3sanauu, Gyayr
YUCTO MHHMBIMH?

220, ITokasatbh, YTO NpW He4YeTHOM A BCe ONpelejHTENH NOpHiKa n,.
aJeMeHTH KOTODHX YIAOBAeTBOPAIOT yc/a0BHAM (o) K (B) 3samaun 218, .
nmeoT Bua a (1 i), rme @ — uncio melicTBuTeENBHOE.

221, Kak uaMmeHuTcqd onpelesuTe b NOPAIKA 72, €CJIH Y BCEX €ro 3Jje--
MEHTOB H3MEHHTh 3HAK HAa NPOTHBOMOJOKHLIN?

222%, Kax H3MeHMTCH ONpene/uTeNb, eC/AH KaMIHH ero 9JeMeHT a,k_
YMHOXUTbL Ha ¢**, rtae ¢ 0?7

223%, Hokasatb, 4TO B KAXABIH YjeH ONpenendTenss BXOAMT HeTHOe-
YMCO0 DAEMEHTOB, 3aHHMAIOWIUX HEYETHOE MECTO; 3JEMEHTOB Xe, 3aHUMal0-
IIMX YEeTHOE MeCTO, BXOAHT YETHOE YHCIO, eCAH ONpeleauTenb YETHOro-
Nopaika, W HeYeTHOE UYMCAO, eCAd ONpeiesuTe/]b HEYCTHOIO MOPAIKA.
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224%, Jloxaszath, UTO ONpEUEHTE/Nb HE H3MEHUTCH, eCAH H3MEHHTH
3HAK BCeX 9/EMEHTOB Ha HEeUYeTHBIX MECTAX; €C/U Ke M3MEHHTh BHAK BCexX
9/IEMEHTOB HA YETHLIX MECTaX, TO ONpele/lHTeNb HE W3MEHHTCH; €CJH OH
YeTHOrO TOPALKA, W M3MEIIMT 3HAK, eCJM HeyeTHOTO NOpsAIKa.

225. JllokazaTbh, 4TO ONpeIeNUuTeNb He HM3MEHHTCH, eCAM K KaxioH
CTpOKe, KpOMe nocjeiHell, npubaBuTh MOCICLYIOLIYI0 CTPOKY.

226, Iloxasatb, uTO OMNpelennTelb He U3MEHHTCH, eClIH K KaXIOMY
cTonfuy, HauuHag €O BTOPOro, npubasuTh NpelbLAYIUH cTOAGEL.

227. Ilokasarb, UTO Onpele/uTe/lb He U3MEHUTCH, eCJH M3 KaXIOoH
CTPOKH, KpOMe mOCJeIHel, BlYeCTh Bce MOC/AelyIOLIHe CTPOKH,

228, JloxasaTb, 4TO ONPEREHTENb HE H3MEHMTCHA, €CAH K KAWIOMY
€T0JOLY, HAuMHAs CO BTOPOTO, TPHUOABHTL BCe TNpPeIBAyILUE CTONOUHL.

229, Kak naveHuTCH oOnpeleinTel]b, ecld U3 KaKIOH cTpoku, Kpome
mocieaHe!t, BHIYECTb MOCAEAYIOILYI0 CTPOKY, M3 MOC/AefHeH CTPOKH BbI-
4ecTh MPexHIo NepBYI0 CTPOKY?

230%, Kak u3aMeHWTCA ONpelefuTes b, €CAH K Kaxaomy croiabuy,
HAYHHAH CO BTOPOro, mpuOaBHTh NMpelniAylWMit cToaben W B TO XKe BpeMa
K MeproMy NpnbaBHTH NOCAEIHHH?

231. Kak wusmenurca onpenemurtenb NOPAIKAa 1, eCAU €[0 MATPHIY
noBepHyTh Ha 90° BOKPYT «leHTpa»?

232, Yemy pasen onpereanTenb, Yy KOTOPOro CyMMa CTPOK € 4Yer-
HBIMM HOMepaMd paBHa CyMMe CTPOK C HEUYCTHHIMH HOMEDAaMHU?

233. Hatitu cymsmy Bcex onpefesuTeqell NOPAAKa 72> 2, B KAKIOM
M3 KOTOPHX B KKIOR CTPOKE W KawAOM CTOAGLE ONUH 3JIeMEHT paBeH
eINHYIE, 4 OCTalbHble PaBHB Hy/a0. CKOJMBKO BCeX TAKUX OMpelenuTenei?

234. Hafitu cymmy onpenenutemeit nopaixa n > 2:

n alal a1a2 s am”

2 @, G2, --. G, '
T e § B R
Bna, Bng, -« 8ng,

The cymMMa OepeTcs IO BCEM 3HAYEHUAM O, Oy ..., O,, HE3ABUCUMO
IApyr OT Apyra HaMeHsiouwmcs or 1 1o .
235. Ilyctb BCe aneMeHTHl ompenenuTens

all a12 RN aln
Qg Qgg o0 Gy,
Qpy Qpg -+ By

ABNAIOTCA UGABIMM OJHO3HAUHbLIMH uncaamd. O603HauuM uepes N, uucino,
sanucandoe uudpamu i-# CTPOKH ONpPeJeNHTENS C COXPaHEHWEM MX pac-
NOJIONEHUs (@;, — YUCNO ENMHUL, @ ,.,~— YHCIO JeCATKOB H T. A.).
Jlokasarb, 4TO 3HAUEHHWE OMNpeleanTens AEJAMTCA Ha HanGombwuifl oGuiumit
Zequtens ducen Ny, Ny, .00y N,
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236, Paszaaras no 3-# crpoke, BHUHCINTL ONPENEANTE/D

2 —3 4 1
4 —2 3 2
a b ¢ dl|
3 —1 4 3
237. Pasnaras no 2-my croabuy, BHYMC/AHTb ONPeNeIHTENb
5 a 2 -1
4 b 4 -3
2 ¢ 3 —2
4 d 5 —4
Buiunciuth onpenenuten:
238. ja 3 0 5]239.|1 0 2 a|240.|x a b 0 ¢
0 b6 0 2 2 0 6 0 0 y 0 04
1 2 ¢ 3| 3 ¢ 4 5 0 e 2z 0 f].
0 0 0 4 d 0 0 0 g h kR ul
0 0 0 0 9w

241, Tycto M;; — munop saementa a;; onpenenurens D. Ilokasats,
uro ecan DD — cuMMeTpUuecKHH OMpelenuTeNb KM KOCOCHMMETPHYECKHH.
onpelenuTeNb HEUETHOrO nopsaaka, 10 M;;==M,; ecan xe D-—xoco-
CHMMETPUYECKHI! ONPeleHTe/b YeTHOrO mopsaka, 10 M;;=—M,,.

242, Tlyctb D — onpegenutens nopaika r> 1, D' u D" — onpe-
ZenWTen, MONy4YeHHHe M3 D 3aMeHOH KaXIOro 3/MEMEHTA a;; HA ero
anreGpanyeckoe nponontenue A;; nns D’ u na ero mumop M;; aas D”.
Dokasatb, yro D'==D". Onpenenureas D’ HasbiBaeTcss B3aUMHBIM (HJH
npucoennHennbiM) k D. O poipaxkenun D’ uyepes D cm. 3anauy 506.

243. Buluncauth caeayiomuii onpele/nTelb, He Pa3BepTHBas ero:

a b c 1
b c a 1
¢ a b 1

b4+c¢c c¢4+a a-+b 1
2 2 2

He pa3sepTuiBas onpeﬂenmeneﬂ, AO0Ka3aTh cjelyiolulde TOXKIAEeCTBA:
244%, 10 x y 2z 0 1 1 1

x 0 2z vy I 0 22 9
y 2 0 x| |1 22 0 «x2
z2 y x 0 1y x2 0
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245%. |1 a, a? ... a?"? af

2 n-2 n
9 Q5 .. &y a2

2 n-2 n-1
1 a, af ... qf af

2 n-2 n-1
1 a, a5 ... af al

=(a;+ 8+ ... +a,) : .
2 -2 -1
1 a, a, ... a; ay;

& 2 i~1 i+1 n
246%, 1 a a% ... af at eon af

2 i-1 i+1 a
1 a, a3 ... d} ajtt ... al|

. s s . .

2 i-1 i+1 n
1 a a: ... a, a;, ]

n n n
2 a-1
1 a a...af
1 a, a2...an1
=( > ag, ak,...akn_t) 2 "2 2 |,
LI T e .2 .. .1
n e
1 a, a2... a?
rie cymma Oepercs IO BCEM COueTauuaM H3 n wucen 1, 2, 3, ..., n

no n—1I.

[Tone3ysick cBOMCTBAMH oOnpenenuTesnefl, BK/AOYAA pasOKeHHe MO
CTpOKe WH CTOAOLY, N10KA3aTh TOXIECTBA:

247%. | (o o—B sin o+p cos otp
2 2 2
B—vy . B+v B-v
cos — sin - €os g | =
y—o . yYy+o y+a
cos ~— sin ——; €08~

= - [sin(p — o) 4-sin (y — B) +-sin (& — -

248, sinfo.  sina cosa cos?o

sin? B sinpcosp cos?f [=

sinfy sinycosy cos’y

=sin(o—§) cosa cos p - sin (p — y) cos p cos y -+ sin (y—a) cosy cosa.
249, (@ b)? c? c?

a? & —+cp a?  |=2abc(a-b-4c)

b2 b2 (¢ - a)?
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250.

251.

§ 3. ONPENEJIEHHE U CBOFICTBA OTIPELEJIUTENER or
1 1 1
at+x a-ty
1 1 (a—b{a—c)(b—c)(x—y)
b+x b+ = @FRGFX) cFD) @ F N 6T (F N
1 1
ct+x ¢ty 1
i i 1
at+x at+y a4tz
1 ! 1 .
b+x b4y btz |
1 -1 1
ct+x ¢ty ¢4z

(@—b@—a@b—0(x—y)(x—2)(y—2)

T EFNCFRNCFEN@FNCFNCFN@F+EFAEF2)

262..

253*0
€0s @ cos Y—sin ¢ sin Y cos B —sin ¢ cos Pp—cos ¢ sin P cos 6

2564.

255.

256%,

a’4+(1—a?) cos@ ab(l —cosq)

ca(l—cos)
npn a2 b2+ ct=1.

ac(l —cosq) _
ba(l—cosq) b2+ (1—b%cosp be(l—cosq) |==cos? ¢
ch(l—cos®) c2F(1—c?)cose
sin sin ©

cos ¢ sin y+sin g cos Y cos O —sing sinp4-cos @ cos Pcos @ —cos Psin0 [ = 1.
sing sin 0 cos ¢ sin 0 cos 0
a b c d
—b a d —¢
e bd a b =(a2_+b2+c2_+_d2)2.
—d ¢ —b a
01 1 a
1101 &
110 ¢ =a%+4-b? - ¢? — 2ab — 2bc — 2ac 4 2d..
a b ¢ d
—1 1 1 1 x
I —t 1 1y
1 1 —I1 1l z|=
1 1 1 —lu '
x vy 2 a0

=——4'[x2+y?+22+u?-—-Q(xy—}—xz+xu+yz+yu+za)].
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§ 4. BoluncaeHue ompejeduTesed ¢ YWHCIOBHIMM 3JeMEHTAMH

Briuncnurb ONnpeaeauTEeNN:

257. |1 1 1 1 258. |0 111
1 —1 1 1 1011
1 1 —1 1} 1101
11 1 -1 1110
259. 9 5 12 260, |—3 9 3
3 714 -5 8 2 7
5 -9 27| 4 —5 -3 -2
4 6 12 7 —8 —4 —5
261. 33 -5 8 262. 2 —5 3
3 2 4 -6 3 _4 75
9 —5 -7 5] 4 —9 5
-4 3 5-—6 —3 253
263. |3 —3 —2 —5 264, 3 522
2 5 4 6 4 7 44
5 5 8 7/ 4 -9 37
4 4 5 6 2 —6 —3 2
265, 3 -5 2 —4 266, |3 22 2
3 4-5 3 9 —8 510
-5 7 -7 5] 5 -85
8 —8 5 —6 6 —5 4
267. |7 6 3 7 268, 6 —5 8 4
3 5 7 2 9 7 5 2
5 4 3 5 7 5 3 71
56 5 4 —4 8 —8 —3
269, |7 326 270. |1 2 3 4 5
8 —949 2 3 71013
7 -273] 3 51116 21
5 —3 3 4 Q-7 7 7 2
1 4 5 310
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271.

273.

275.

277.

278.

3 6 564
5 9 786
6121397
4 6 6514
2 5 453

27 44 40 55
20 64 21 40
13 —20 —13 24
46 45 —55 84

3 9 3
7 —73 —g 3
5 8 2 7
3 T3 T3 3
4 5 _ 2
3 3 -3
7 -8 —4 —5
3 1

3
1—2 5 38
5 4 4 ul
6 3 3 3T
2 4 1 12
5 5 2 F
V2 V3 V5

272,

274.

276%,

V3

V& VI Yio —2 V5

V1o 2V15 5
2 2V6 V1o

Ve |
V15

35
42
43
29

24
51
61
62
80

59
70
68
49

11
13
11
20
24

71
77
72
65

13
32
14

52
54
52
50

17
40
50
13

ol
)

|

N = ol gl e

§ 5. MeTonbl BHIYHCACHHS OHpejeiauTeNel n-ro mopsajaka

19
46
56
52
70

2| oo

~|co dojen

29

Beenenue. Meron Bhuncaenusi onpejeanteneit ¢ YHCAOBHIMH SJeMeH-
TaMH, COCTOAIHH B OOpalieHHd B HYJAb BCEX 5JEMEHTOB HEKOTOPOH CTPOKH

{cToabua),

KpoMe OIHOrO, H MOCJAEAYIOIlEeM MNOHHMEHHUU INOPANKaE, CTAHOBHUTCHA

BecbMa FPOMO3JKHM B Clyuae ompeneiuTtencil [aHHOTO MOpsika ¢ OyKBEHHBLIMH
saeMeHTaMu. JTOT OYTb B o6meM CJAydYae NPHBOAHT K BBHIPAXEHHIO, KOTOpOE
TI0/1y4d4€TCH BHIYUCACHHEM ONpejeauTe]s NPAMbIM MIPHMEHEHUEM ero ONpeleaeHHs.
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Tem Gonee 3TOT MeTOA HeyAoOEH B CAyyae ONPEACAHTENs] ¢ OGyKBEHHBIMH WJIH
YHCNOBBIMH 3JEMEHTAMH M TIPOM3BOJLHBIM IOPAAKOM 1.

OGutero MeToaa aas BBHIUMC/JEHHA TaKMX ONpeleaMTeneil He cyuiecTByer
(ecay He CYMTATb BLIPAKEHUS ONPENEAMTENs, NAHHOTO B €ro ONpelejeHHH).
K ompeaenutensiM TOro uiu MHOrO CHENUANLHOTO BHJA NMPHMEHSIOTCHA Pa3JUYHbIE
METO/bl BuiUHCHAEHHS, MPUBOALAIIKUE K BHIpAXKEHHAM, 6ojee NPOCTHIM (T. €. colep-
WallHM MeHbillee Yucao AeHCTBHH), YeM BbIpAXKEHHE ONpeiéauTens MO onpeje-
nenuto. Mul pasbepem HekoTOpele, Haubojee yHOTpeGuTelbHBIE H3 3THX METONOB,
3aTeM JafuM 3a1aYM Ha KauJAblH U3 9TUX METONOB A8 HX YCBOGHHMS M 33AaUH,
rie yyamuics caM pojxeH BbIOparb MeTOR pemieHus. [Ias ynoGCcTBa OpHEHTaUMH
B Martepuane 3alaud, CBfi3aHHble ¢ TeopeMoH Jlamnaca u ymHoxeHueM ompene-
JauteneH, BBAENEHB B OTA€JbHBIE naparpadsl.

1. Metox npuBeneHUsd K TPEYroJAbHOMY BuAYy. JTOT MeToxn
34KJI0UaeTC B NPeoGpa30BaHMH OnpeleJuTe]s K TaKOMy BHIY, TAe BCe 3Je-
MEHTDI, JeWallKe Mo OJHY CTOPOHY OAHOH u3 nuaroHaxei, pasunl Hymo. Cayuai
no6OYHOH AMArOHaay NyTeM M3MEHEHHs NOpsiKa CTPOK (Mau CTOJOUOB) HA 00-
paTHbii cBonMTCA Ha cJayuak raasHoii auaronanyd. [oayuenumbiit onpejeanTenn
paBeH NpPOM3BEJEHHIO 3JEMEHTOB IJaBHOH IHArOHaaH.

[Tpumep 1. BuuucanTh onpejnenuTens NOpAnKa

11 1...1

1 01...1
D=|110..1/

1 11...0

Brrunrtaem HEPBYIO CTPOKY M3 BCEX OCTANbLHLIX:

1 1 1... 1
0—-1 0... 0 1
D=|g 0—1.. o|=(D""

D A

0 0 0...-—1

Mpumep 2. Boiuucautb onperenuteb

a X X ... X
X a3 X ... X
D=xxa3...x .

X X X ... 4,

Buiuutaem NEePBY0 CTPOKY H3 BCEX OCTAJAbHBIX:

a x X ..o X
xX—a, a,—x 0 ... 0
D= X —a 0 a—x ... 0 .
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W3 nepsoro cton6ua BHHOCHM @, — X, H3 BTOPOrO d; — X, ..., H3 N-10-—
a, —x: )

a; x x X
a4 —X G—X d3—X ' ap— X
—1 1 0 0
D=(@a —x)(@—x)...(a,—x .
@—N@—n . @—n T LT
—1 0 0 .. 1

a X
Tononum = 1 +'a_—7 n Bce Croabupt npuGaBuM K NEpBOMY:
1 L

D=(@ —x)(@—x) ... (@ag— 2 X

X x x X x
,1+a,——x+ +a,,——x ay— X a3 — X Y oap—x
0 1 0 0 .
X 0 0 1 0
0 0 0 1
1 1 1 1
=x(a—x)(@y—x)...(a;—x) 7+a,——x+a2—x+ +a_,,—-_x)

2. Metoa BoaeneHud AuHedHHX MHOXuTeaelt Onpeleau-
TeJb pACCMATPHBAETCH KAaK MHOrOWIEH OT OIHOH MM HECKOJAbKHX BXOASIIUX
B Hero 6yks. IIpeoGpa3ys ero, o6HapyKHBAaiOT, YTO OH JAEAMTCA HA psj JuHed-
HHIX MHOXHUTEREH, a 3HAUHT (ECHM STH MHOXKHKTE]M B3aUMHO NPOCTH), W HA UX
npou3BEReHHE.

CpaBHuBas OTACAbHBE YACHH ONpejeAUTeNs € YJAEHAMU MPOU3BELEHHA Ju-
HellHHX MHOXHUTeJeH, HaXORAT YaCTHOE OT JejeHHus ONpeieAuTe]s HAa 3TO IPOU3-
BeleHHe W TeM CaMbiM HAaXOAAT BbHIPAXKEHHE ONpejeauTes.

Mpumep 3. Buuucauts onpeneautens: *
0 xyz
D— x0 2y .
yz 0x
2y x 0

Ecan k nepsomy cToabuy npu6aBuTb oOCTaibHBlE, TO OOGHAPYXKHTCA, UTO
onpeneNuTeNb IENUTCA Ha x 4~y -2, ecan K mepsoMy cToabuy npubaBuTh BTO-
poH M BHUYECTb TPETHH ¥ ueTBepTHil, TO BHIEHTCH MHOXHUTENb Y ~{- 2 — Xx; €CJIH
K NEpBOMY cTOA0LY MPHGABHTb TPETHH M BHIYECTH BTOPOH M UETBEpPTHH, TO BHI-
INEMNTCA MHOXKHUTENb X — y -~ 2, HAKOHEl, ecAHd K NMepBoMy croabuy npubaBuTh
YeTBEPTHIH M BHIYECTL BTOPOH M TPeTHH, TO BHIIEJINTCA MHOMHTENb X+ Yy — 2.
Cuuras X, y, Z He3aBHCHMBIMH HEH3BECTHBIMH, 3aKJI0YaeM, UTO BCE 3TH YEThIpe
MHOXHTENS TONAaPHO B3AHMHO NPOCTHI, M 3HAYHT, ONpEJENHTENb JEIHTCA HA HX
npoussefense (x+y+2)(y+z—x)(x—y+4-2)(x+y—2).

10 mpou3BeleHHE COLEPKHT uiaeH z* ¢ kospduuuenToM —I1, a caMm ompe-
BeAUTEAb COUEPWUT TOT We yiaeH 2 ¢ xosdduunentom 1. 3nauur,

D=—@x+y+2)0+2z—x)(x+2z—y)(x+y—2)=
= xtfyt b 2¢ —2x2y? — 2x%2% — 2y222,



32 OTAEJ 1. ONTPENEJNUTEJN

NMpumep 4. BoluuciuTh METOAOM BHIE/NEHUA AMHEHHBIX MHOXHTeNeH ompe-
Zeauteap Banaepmonaa rn-ro mopapka:

2 n—1
Uoxy 2 oo xy
2 n-1
D,= I oxy x5 .00 Xy .
2 n—1
1 x, x, ... x,

PaccmarpuBas D, Kak MHOrOWJIEH OT OJHOIO HEH3BECTHOTO X, ¢ Koy~
LMeHTaMH, 3aBUCAIIMMH OT Xy, ..., Xy, BHIUM, 4TO OH ofpamiaerci B HY b
NpU Xp ==Xy, Xg== X3, ..., Xy == Xp_| HIOOTOMY JIEJUTCA HA Xp— X, Xp— Xy, ...

Xp— Xp—1-
ey n n—1

Bce 3T MHOKHTENH B3aUMHO MPOCTH (TaK KaK X|, X3, ..., Xp aiareGpau-
YeCKH He3aBHCHMBEI).
3uauut, D, neauTca Ha MX NPOU3BENEHHE, T. €.

Dp=gq(xy, x5 ..., X3} (Xn—21) (X —%3) ... (Xn— Xn_y)

Paanaras D, no nocaegneit CTpoKe, BUAHM, 4TO OH ABAAETCH MHOTOUYNEHOM
creneHd n— 1 OTHOCHTENbHO X, npHueM xoaddmuueHT npH xﬁ“l paBen onpe-
peauteno Baunepmonpa Dp_, M3 HEM3BECTHHIX X;, Xy, ..., X,_;; TAK Kak mOpo-
u3BeieHHe CKOGOK B TMpaBOH YacTH TOCAEJHEr0 PABEHCTBA COAEPKHT xZ“
¢ kosbouuueHTOM 1, TO MHOrouleH g (X5, Xa, ..., X,) He COLEPKHT X, H, Cpae

BHUBA KO3DOUIKEHTH HpH x:"‘l B 00enx yacTAX PaBeHCTBa, noayuum D, =

=g (%, Xy ..., Xp_1), OTKYIA Dn'u": Dp_y(xp—x)) (£g—%2) oo (Xp—Xp_))
Npumenss 370 paBeuncTBo ¢ 3aMeHo# n Ha n—1, uMeeM: *
Dy y=Dp_s(xg1—% ... (Xp_y — Xp_2)-

D10 BHpamenne mas D,_, HOICTaBUM B mpejslayulee BupaweHue 1as D
IloBTOpAst 9T0 PACCYWAEHHE, MBI BBUIEJHM, HAKOHEL, MHOXHTENb Xy — X, MOCIE
yero NpuAEM K onpeneautenio Bauwpepmonna nepsoro nopsika D) = 1.

Takum obpasom,

D= (xg— X)) (x3—x) (X3 —X3) o . (Xp— X)) (Xp— X3} oo (Xn—Xp_1) =

= II (x; — x3).

i>]

3. MeTon peKyppeHTHHX (PEKYPCHBHHX, HIM BO3BpDaT-
HHBHX) COOTHOIDeHH#H IDTOT METON 3aKAOYASTCA B TOM, 4TO AAHHBIH Clpe-
IeJuTeab BHPAXAIOT, nmpeobpa3ys u pasnaras ero no cTpoke uam croxbiuy, yepea
ompejiequTeNH TOrO Xe Buja, HO 6ojaee HU3KOro nopagka. [loJydeHHOe paBeHCTRO
Ha3blBAETCH PEKYPPEHTHBIM COOTHOLIEHHEM.

3aTeM BHMUCAAIT HENOCPENCTBEHHO 110 OOMEMY BUIY OUPEIEAUTENsS CTOALKO
oupellenuTeNell HH3MMX [OPAAKOB, CKOJBKO HX OBUIO B MPaBOH 4acCTu pekyp-
PEHTHOro COOTHOIIeHusd. Onpenenutenn 6ojee BHICOKOrO MOPHIKE BHIYHUCIKHOTCH
TIOC/EI0BATEIbHO M3 DEKYPPEHTHOro COOTHOMIeHHA. Ec/u Halo MmOAyYuTh BHpa-
WeHue Jas OmnpeleauTens noboro mopsika n, TO, BEIUHCAHB W3 DPEKYPPEHTHOTO
COOTHOIIEHHS HECKOAbKO ONpefenuTeneil HU3MHX HOPAAKOB, CTAPAIOTCA 3aMCTHTh
o6mufl BHA HCKOMOTO BHIpaX(eHHd, a 3aTeM IOKA3HIBAIOT CIPABEXAUBOCThH 3TOrO
BHpaXKEHHS NpH JioGOM 71 ¢ [OMOMBbI0O PEKYPPEHTHOrO COOTHOMIEHHA H METOja
HHAYKLUY [0 72,

O6mee BhipaxeHue MOXKHO HMOAYYHTb H APYruM myrteM. Jlis sTOrTO B pexyp-
PEHTHOE COOTHONeHHe, BRIpAxKalollee ONpEieAuTelb n-ro HOPANKA, MOACTABASIT
BLIDAXEHUe OnpenenuTens (n-—1)-ro nopajka u3 TOro ®e PEKYPPEHTHOro COOT-



§ 5. METOAB! BBIUHUCJEHUSA ONPEXEJUTEAEN n-I'O NOPAAKA 33

HOIlIEHusl ¢ 3aMeHOH n Ha n — 1, jJajee NOACTABAAIOT aHAJOTHYHOE BHIPAKEHHE
onpeneauteas (n—2)-ro nopaaka H T. A, NMOKa He BBIACHHTCA BHJ HCKOMOTO
O6LIET0 BHIPaXEHUA OHpeJeaHTeNs A-ro NopaAnka. MoxHO Takke KOMOHHUDPOBATH
062 nyTH, uCHOAL3YS BTOPOH NMyTh A OOHApYKEHHs HCKOMOTO BHIDAKEHMS H
JOKa3biBast 3aTeM CHPaBeNJIUBOCTb STOTO BhipaxeHus MHaykuue#i mo n. Merox
PEeKYPpPEHTHBIX COOTHOIIEHHH fBASETCA Hauboiee CHAbHHIM CpPEelH pa3GHpaeMbiX
3JeCh METONOB H NPHMEHHM K 60Je€ CAOMHBIM ONPENEIHTENIM.

[pewnae uyeM mnepefiTh K NpuMepaM BBIYHCICHHA OIpeleNuTeNedl MeTolIOM
PEKYPPEHTHBIX COOTHOIIEHHH, pas6epeM OIMH €ro YaCTHHIH CayuaH, Tle peKyp-
PEHTHOE COOTHOIEHHE NAeT aArOPHTM IS PelleHHs 3aauy, UCKIIYAIIUA dae-
MEHT JOTajKy, HMelouiuiica B obmeM cayuae. IIycTb pexyppeHTHOe COOTHONICHHE

HMeeT BHJ
Dy=pDy_14-qDpzy 1> 2, 8))

TA€ p, § —TMOCTOAHHbIE, T. €. He 3aBHCAINHME OT 7 BeJHUHHEL !).
IIpy ¢ =0 D, BriuHcagETCA KaK WIeH TEOMETPHUUECKOH mnporpeccuu: D, =
=p”"1Dl; 3gecb D, -—onmpeneantens 1-ro mopsaka NaHHOrO BHAA, T. €. dJe-

MeHT ompeneinteas Dp CToAmuil B AeBOM BepxXHEM YTay.
[ycts ¢ <0 u @, P— KOpHH KBanpPaTHOro ypaeHeHus x2 — px—gq =0,

Torna p=a--P, g =—af u pasedctBo (1) MOXKHO mepenucarb TaK:
Dp—PpDp_y=0a(Dyp_y—PDy_y) 2)
HJH
Dp—aD, =B (Dy_y—aDpy_3). 3)

Mpennmonoxum cuauvana, u4to a == fi.
Io ¢opmyne aas (n—1)-ro uneHa reoMeTpHYECKOH NPOrpeccHd H3 pa-
BEHCTB (2) u (3) Haxoaum:

Dy—PDu_y=0a""2(D;—BD,) n Dp—aD,_,=p""*(D;—aD)),
a"~ 1 (D, —BD;) — B~ (D2 —aD))

oTKyRa D= a—Fp HIH
' Dy, —BD D, —aD
Dy=Cal 4 Cff, e €= PR, €2t )

Tlocaennee Boipawenue gas D, aerko 3amomuHaercs. OHO BBIBOAHAOCH LAA
n > 2, HO HEMOCPEACTBEHHO MpoBepAeTca Aa n==1 u n=2. 3uavenue C, u C,
MOXHO HAaXOIAHTb HE M3 HPHBEJEHHBLIX BhIpaKeHui (4), a U3 HaYaAbHHX YCJAOBHH
Dy =Cia+ Cof, Dy= Cio2+ Cpp2
Mycts Temepb a=f. PaBencrsa (2) u (3) o6pawanTca B OZHO M TO XKe
Dy—aDy_1=a Dy —0aDy_,),
OTKyZAa
Dy—aD,_, = Aa""%, (5)
rae ‘
A == 02 -_— (ZDI.

3amensas 3necb n HA n—1, noaydum: D,,_l—aD,,_2=Aa""3, OTKyAa
Dy_y=aDy_p+ Aa" "%

1) Jror merop coobuien asropy JI. . OkyneBbiM. OH. npumeHuM Taxxe
K PEKYPPEHTHOMY cooTHOmEeHHO Dy = p\Dy_ 1+ ... 4 ppDp_p ¢ nOCTOAHHBIMH
Plyee - Pp B MOOBIM k, HO BBMAY TpOMO3AKOCTH DAcCyXACHUH Mbi OCTaHOBHMCS
JUMmb Ha k=2. ’
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BcraBaad 3TO BHpaKeHdue B paBeHcTBO (5), Haitnem: Dj,==a2D,_,-}-2A4a8-2
ToBropas TOT ke NpHEM HECKOAbKO pas, noayuuM: D,y =a?~ 1D, 4 (n— 1) Aan-2

wit Dy, =a[(n—1)C,;+C,), rne C’—T’ Cg._i(snem; a = 0, Tak xak
q+0).

Hpumep 5. BHYHCIHTD MeTOXOM DEKYPPEHTHHX COOTHOINeHuii omperne-
AuTEAL TpHMepa 2,

TlpeficTaBHB 9JEMEHT B NPABOM HHXHEM Yy B BHAe G, = X |- (a5 — X),
MB MOXCEM-onpeneautenb D, pa3buTb Ha CyMMy ABYX onpefenuTelne:

a X ... X x a x ... x 0

X dy ... X X X @ ... X 0
Dn=+'

X X ... 8 X X X ... @y 0

X X ... x x X X ... X ay—x

B nepsoM onpejeautede nocieiHui crosbeny BHUTEM H3 OCTaAbHBIX, @ BTO-
pofl ompelenuTeNb PA3NOKHM NO AOCAEHeMY CTOAGLY:

Dy=x(ay—x)(a;—x) ... (@g_1—x)+(ay—x) Dy_;.

3T0 U ecTb pPeKYppEeHTHOE COOTHOlUEHHE. BCTaBiAs B HEro aHAAOrHYHOE
spipaxenue aaa D,_,, Hafuem:
Dp=x(a;—x)(a2— %) ... (@1 —x)+

+x(a—x)(8—X%) ... @p_g—X) (@r—X)+ Dp—y (8g-1 — %) (ap — X)

IMosropas To ke paccyxaenne r-—1 pa3 u 3ameuas, 910 Dy =g, =x
+ (a; — x), noayuum:
Dp=x(a,—x)(@g—x)...(@qp.1—X)F x (@, —x)...(@p_z—x) (ag—x)}} ...

e Fx@—x) o (@p—x)F+@—x)(a;—x) ... (@g—x)=

=x(@;—x)(@g—X) ... (Gy — X) (l—l—-—l——«i— —l—-——l———),

X a,—x ap— X

YTO COBNAAAET C pe3yabTaTOM mpHMepa 2.
Ipumep 6. Buuncaute onpefenntelb NOPAAKa mn:

5300...00
2530...00
Dy={0 2 5 3...0 0l

+ 8 4 9 e« s e % e

0000.,.25
Pasnaras mo nepBoil CTpoke, HaliZeM pexyppeHTHOE COOTHOLIEHHE
Dfl == 5Dﬂ—l - 6Dn_2.

¥paBrenue x? —5x -} 6=0 umMeeT wopuu ¢ =2, f=3.

Mo ¢opuyre (4) Dyp=Ca" 4+ C,p* =31 — 9+,

4 MeToX mpelJCTaBaeHUSHE ONUPENENHTENd BBHAL CYMMH
ounpelienutene . Hexoropwe onpeseautens Jerko BRYHCAAIOTCA NyTeM
Pas3lOMEHHs HX B CYMMY ONpelefuTenedl TOro xe IOpfjaKa OTHOCHTENbHO CTPOK
(aam croabuos).
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lNpuMep 7. Buuncauth onpelenuIens

a+b ar+b ... a4,
D,= ay+b; a3+4by ... ay4-bp |,

ay+by antby ... ay+ b,

DTOT ONpeleaANTeAb OTHOCHTEALHO NEPBOH CTPOKH pasnaraeTcs Ha ABa ompe-
Jenutens, KawAbif M3 HHX OTHOCHTEJBHO BTOPOH CTPOKH CHOBA pasjaaraercs
Ha IBa ompeleauTeas d T. A. Jloiaa 1o nocaenxell crpoxw, moayauM 27 ompe-
JeauteneH. : .

Ecau npr KaxIOM pasfOXEHHU 33 MEepBHIE CJaraeMble NPHHUMATh 4MCaAd 4;,
a 3a BTOpHE UKCJAA bj, TO CTPOKH MOAYYEHHHX onpejeautene#t 6ynyT imbo suxa
a; a; ... a; au6o Buaa by, by, ..., by JlBe CTPOKH MEPBOro THINA NPOMOPLHO-
HaiAbHH, a BTOpPOro Tumna pasubt. [Ipu n > 2 B kKaxaHi mnoayunBiuiica ompene-
JAuTenb NOManaer, mo KpaiiHe#l Mepe, ABe CTPOKH OXHOTO THMA, H OH OGpaTHTICA
B Hyab. Urak, D, =0 npu n > 2.

Janee,

a q
bl b2

b, b

Di=a,+4+b, D; = P
2

= (a; — a5) (b — b).

5. MeToj V3MEeHEHUADAEMEHTOB ONIPEeAEeNUTE Ad IDTOT METOR
NpUMEHsIeTCd B TeX CAyyasdX, KOTZA MyTeM HM3MEHEHHd BCeX JJEMEHTOB ompeje-
JaaTeas Ha OJHO M TO K€ YHCAO OH MPUBOXMTCA K TaKOMY BHIY, B KOTOPOM J€TrKO
€ocYuTaTh aAre6paHveCcKHe NOMOJHEHHsS BCEX DAE€MEHTOB. MeTOX OCHOBAH Ha cae-
IyoluleM CBOHCTBE: eclln KO BCeM 8JeMeHTaMm ornpeneauteis D npubaButh oxno
H TO XKe YHCIO X, TO OmpefeiuTelb YBEIHUHTCA HA NPOM3BENEHHE YdCAa X Ha
cyMMy aare6pauuecKux NOMOJHEHHH BCEX 3JeMEHTOB onpeleiHTens D. B camom
nese, MycTh

AIL eve @p a+x ... atx
D=l + ¢« ¢ o .| D= - * :

Apy ve. Qpp ant+x ... Gyt x

. o . . .

Pasnoxum D’ Ha nBa ompefenuTens OTHOCHTEAbHO NMEepPBOH CTPOKH, KaWIAbil
U3 HUX Ha [BAa ONPELeIUTe]s OTHOCHTEALHO BTOPOH CTpPOKM M T. I.

Charaemnie, cofepxaiine 6ojee OfHOH CTPOKH 3JEMEHTOB, PABHMX X, PaBHH
HyJIO.

CnaraeMbie, conepiamue OIHY CTPOKY SJEMEHTOB, PaBHHX X, DPAa3JOKHM

n
no stofi crpoke. Toraa moayuum: D’ =D 4-x D\ A, uto u Tpe6oBanocs.
lv j-l

TakuM o6pasoM, BhiuMCAeHHE onpefeauTeds D’ CBOXMTCS K BHUHCIACHHIO
onpelenutens D u cyMMB ero anre6pauueckux JOMOJHEHHH,

Ilpumep 8. Buuncaum onpeseantear D, npumepa 2.

BuunTas H3 Bcex ero SneMEHTOB YHCIO X, MOAYUHM ONpeleluTeNh

a —Xx 0 o 0
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Anre6pauqec1me IONONHEHUA SJaeMeHToB D, He Jle)Kall.IHX Ha rJaBHO#H [ua-
TOHaly, paBHBl HYJIO, & KaXXAOro B3JIEMEHTA Ha I IaBHOH AvaroHanu -— fpon3pe=
JEHHIO OCTAJAbHHX 3JEMEHTOB INIABHOH NMaroHaJH. l']oaTomy

n

Dy=(a,—x) ... (@n—x)+x E (a8, —x)...(a;_1—x) (@14 1—%).. .(@r—X)=
i=1

=x(a;—x)(ay—x)...(@,—x) (%

an—‘x)

BriuncanTh crielyioliye ONpeseaUTeNd NpuUBeleHHEM K TPEyroJbHOMY
Buay 1):

279. 1 2 3 ... n
—1 0 3 ...n
—1 -2 0... n|

280. 2 3. n—2 n—1 n
2 3 4 n—1 n n
3 4 5 n n ni.
non n... n n n

281. | x; @y a3 ... Gy

282, 1 1 1 1
al .« al l"—bl al
Qs PP 02—b2 Qg a2 .
a,—b, . a, a, a,
283. |3 2 2 ... 2 284, | a, a, Gy .. G,
2 3 2 —X X 0 ... 0
2 2 3 2| 0 —x X ... 0}
2 2 2...38 0 0 0 ... x

1) Berony, rae. mo BuAy onpefeautels Hedb3s Y3HATh €r0 NOPSJOK, Npel=
NoAaraeTcs, YTo NMOPANOK PABEH 7.
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285%, | a;° ‘a; a3 ... a,
—x x, 0 ... 0
0 —Xy X3 ... 0
0 0 0 ... x,
286. Boluncaur, onpelenurenh NOpPAIKa A, 9NEMEHTH KOTOPOro 3a-
DaHbl yCAOBHAMH @;; == min (i, j). »
287. Brniuucauth, onpefenurTenb NOPRAKA 1, BAEMEHTH KOTODOro 3a=-
-LaHBl YCAOBHAMM @;; = max (i, j).
288%, BuiuucauTh onpelenutenb NOPSIKA 7, SMEMEHTH KOTOPOTO 3a-
JIAHbL yCNOBUAMH a;; = |i— j|.
BhiuncauTts caepyiole ONPENeNUTENH METOLOM BbIAENeHHS JHHEHHBIX
MHOXHTEJIEH:

289, |1 2 3 ... n
1 x+-1 3 ...
1 2 x 41 n |-
1 3 x +1
290, |1 1 1 1
1 2—x 1 ... 1 )
1 1 3—x ... 1 .
1 1 1 nt1—%x
291, |a, a, ay ... @, 202, | —x a b ¢
a X a9 ... a, a —x ¢ b
a a X ... a,| b ¢ —x a |’
) : c b a —x
a, a ay ... x
293, | 1 1 2 3
1, 2—x? 2 3
12 3 1 5 |
2 3 1 9—x?

204%, [14-x 1 1 1
1 1—x 1 1
1 1 142z 1 ‘
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Briuucauth cnenyiouye OnpeieqHTENH METOAOM PEKYPPEHTHHIX COOT~
HOILIEHUH:

295%, | a\b;, a0y ayb; ... a)b,
aby  ahy azhy ... ab,
aby ahy; ady ... ad,
ab, ab, ab, a0,
296%, | aq, a  ay ... a,
-y X 0 0
0 — ¥y X 0
0 0 0 X,
297, |0 1 1 208, }]1 0 O O ...0 1
1 aq 0 ... 0 1 o 0 0 ...0 O
1 0 a2 ... 0 1 1 a4 0...0 0f
Tt 1 0 1 g ...0 0
10 0 7 N . .
1 0 0 0...1 a,
299. |2 1 0...0 300, |3 2 0...0
2 0 1 3 2 0
01 2 0 0 1 3 0
00 0...2} 0 00...3
801.({7 5 0...0 302. (5 6 0 0 0...0 O
2 7 5 ...0 4 52 00...00
02 7 ...0 013 2 0...00
_______ 0013 2...0 0},
O 0 O 7 ...........
0 00 00O 3 2
0 00 00 1 3

303.

-----------
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304. [a+p of 0 0 ... 0
1 o+p o O ... O
0 i at+p aop ... O |-
0 0 0 0 ... a8
BHUHC/AHTL ONPENENHTENH METONOM NpPeNCTaBJeHHS MX B BHIE CYMMH
onpeneautene:

306*%. | x+ g, a, a; ... 4,
a, x4+ ag a ... a,
a, ay x+a; ... a,
a, ay a ... x+a,
306%, | x, a, ... a, 807¢, 10 1 1 1 ... 1 1
a, X, a, |, x ¢ 0 0 0 0
¢ Xy X9 @y O 0 0
a, a X .
t 2 " X3 X3 X3 Q3 ... 0 0
Xn Xa Xp Xp Xn @n

308, | x;, aby, ab; ... ab,
ahy  xq ahy ... ab,
a3b1 a3b2 x3 oo a3b,, .
ab, azb, aby ... x,

Bruncanth onpegenuteau 1):

8309, {1 2 3 ... n—1
1 83 3... n—1
1 2 5... n—1
1 2 3...20—3 n
1 2 3... n—1 2n—1

1) Beiony, rne HefCHO, 9eMy paBeH NODSAOK ONpejeadTe]s, OH Npeinoia-
AETCA PABHHIM 7. '
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OTHEJ 1. ONIPENEJIMTEJINA
2

.2

2 n—1.

SO O AR

OOOHXO

N - -
©S AR ‘oo
ny.OO_

RoOoo "o &5

40

313
314,

1

0
b b...0 a

316,
818.

—n

1-—n ...
0
3

. 0

2 0 0...
3 2 0.
00 0 0...

1
1

316.
317,
319.



2320325}
320,

821.

322,

323.

324.

326.

§ 5. BBIUNCNAEHUE ONPEAEJUTENAEN n-I'O TIOPSIAKA

1 b, 0 0 ... 0 0
—1 1—4 by 0 ... 0 0

0 —1 1—b b3... O 0

0 0 0 0 —1 1—9,
x a a, a,_, 1
o, X 0 a,_; 1
a a, x a1
a a, a x 1
a; ay a3 a, 1

1 2 3. n—1 n
—1 x 0. 0 0
0O —1 x ... 0 O’ .
0 0 0. X 0
0 0 0 —1
n —1 0 0. 0 0

--------

2 0 0 0...x —1
0 0 0...0 X
1 x xz x3 x"
a, 1 x x? xn-1
ay Gy 1 X xP=2 e

41



326.

327,

328.

329.

330,

331,

OTAEJ 1. ONPELENUTENN

1 ¢ ¢ ..cr' ct
1 Ciy Cp .. et oo
1 Ciz Cio ... 0 0
1 ¢ ¢ ... 0 o0
1 ¢} 0 ... 0 0
a q Ay ... Gpy 4,
0 1 11

1 x x... 0 x
1 x x. 0
1 1 1 1
1 2 22 8
1 3 32 37

..............

1 n4+1 (a12 ... (e 41"

e @-—-1)" ...(a—n"

a1 (@a—D"1 .. (@a—n)"

..........

a a—1 a—n
1 1 1
1 1
%+ 1 X+ 1
x4 x, x4 x,
X3+ x2 x5+ x2

..............

xt-lgxn-2 xh-l4 xp-2

(x4a) (x4a)"!
(x4a)" (x4a)"

....................

F4a,)" (ta,)" " ..

1

o e .

(326331



832—338]
332,

333.

334.

§ 5. BBIUMCJIEHHE OMPEJEJMTEJEM 7-TO TOPSIKA
1 sing, sin’g, ... sin®"!q
1 sing, sin?g ... sin""1qy|

sing, sin?g, ... sin® g,
1 cos@, cos?@, ... cos" ! @
1 cosg, cos’qy ... cos" 1y

..............

1 @ (x @2(x) ... Puy(x9)

---------

1 q)l(xn) @2(xn) LA (Pn—l(xn)

e Qp (X) =X apX* 1 apx* 24 ... + ag,.

335.

1 1 - 1
fi(cos@)  fi(cos@y) ... fi(cos@,)
fa(cos@y) fa(cosqy) ... fo(cosq@,) {»

-------------------

Sfa-1(cos @) fn-l(COS(p2) oo fa-1(cos@,)

The [ (%)= apox® + @pxF 1 apox? "2+ L -

336.

Tre Ch=
337.

338.

1 ¢, C ...cit
1 ¢, C ...cit "

1 Cx, Ci ...CI°
X(x—Dx—2)...(x—k+41)

k1 :
@n— 1" @n—2)" ... n" @n)"

@r—1)"""1 @r—2" ' ...t @a)!

...................

2n—1 2n —2 n 2n
1 1 1 1
X1 X Xn
xi—1 x—1 Xp—1
*1 X9 Xn
X x x5
x?_l . xg-[ .o .xr;_l
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339, |1 2 3 ... n
1 23 3 ... n
et g

340. | o o' a7 ... b7
i a3 b aé"%% e, B3

L . . . . .

n n-1
a,1+]_ an+1bn+1 an+1bn+1 e bn+]
341, |sin*"lq; sin*"2q cosa; ... cos®"lq,
sin"~1a, sin*"2aycosay ... cos®"lq,

sin*~lq, sin*"?a,cosa, ... cos®la,

342,
S (xp }’1) V.S _1(x1’ -V1) yf‘lfl(xl, yl) yf
(xz' ¥s) Yof por (¥ Yo} o yg‘lfl(x2, Y2) y§‘

. « . « . = s e . .

n-—- 1
f (x +1° y”+1) y +1fﬂ-—1(xll+1' Il+l) e yn+]f]( n+1? )?,,_H) yn+1
rie f;(x, y) — ONHOPOAHBIH MHOTOUIEH OT X, Y cTenenu [
2 -1
343*, |a, x, x ... x}
2 -1
X, X3 ... X3

« e s s s s . . .

2 n-1
a X Xy e X,

n n
344%, |1 x, x¥ ... xP7P xf 345. |1 x2 x¥ ... x7
2 n—-2 n 2 3 n
1 ox, x5 ... x} x5 | 1 x5 x5 ... xf ,
2 n=2 n 2 3 n
1 X, Xi ... %} xn I x2 X5 eee X7
846. | 1 x, x? ... xf"loxS¥l oL kP
2 s=1 541 n
1 S X3 e X3 X3 oo X7

R O S S Y T . .

2 s—1 s4+1 n
1 x, X ... x EIALIININ 5

B47%, (1 x, (0, — 1) £2(%,— 1) ... 2171 (x, — 1)
Loxy(x,— 1) x3(x,— 1) ooo xf~1(x, — 1)

L T T S S . . .

1 x,(x,—1) xf,(xn-—l) xg—l(xn—l)



348—357]
348%,

349%,

350%,

352,

354.

355.

356.

3567.

§ 5. BBIUMCJIEHUE OMPEMEJIUTEJIEM #-T'O MTOPSIIKA 45
I+x, 145 ... [4-xf

I4x, 14x5 ... 14xp

l+x, 1422 ... L4xn

1 cos¢q, cos2¢, ... cos(n—1)q

1 cos@y cos2q; ... cos(n—1)gy |

1 cosg, cos2q, ... cos(n— 1)@,

sin g, sin2¢, ... sin ng, 3b1* |la b ¢ d
sin @, sin 2@, ... sin ng, b a d ¢
s h e e e e e e e e e c d a b .
sing, sin2¢, ... sinng, dc b a
a b ¢ d e f g &k 353*%. | x a; a a,
b a dc f e h g a, x ay ... a,
c d ab g ke f a a; x ... a,
d ¢ b ah g [ e
e f & h ab ¢ dy a, Gy a3 ... X
f e b g b a d ¢ '

g h e f ¢ d a b
h g f e d c¢c b a
al‘_bl al“_bg - al‘_bn
a2-—b1 a2‘_b2 a2‘—'b”
a,—b, a,—by ... a,—b,

l+xy T4xy, ... 14Xy,

T4-xoy 1%y, o 14 x9¥,
1+xny1 1+an2 . l+xnyn

fi(a) fi(ad ... fi(a,)
Fa(a) fa(ad ... fo(ay,) ,

rie f;(x)— MHOrouwieH cre-
TIEHW He BHle

............ )
Fo@) falad ... Ful@y) "
l4-a,+0b a;~+ by a;+b,

kb 1bagby ... aykb,
Ctab b Gutby ... 1--a,4b,



OTOEJ 1. ONPEAEJHUTENMA {358—364

368%, %19 I4xy o0 14 %9,
l+x2y1 x2)’2 e 1+x2yn .
1+xuyl l+xny2 Xa¥n

359*. ax—"bl“‘—x al“""bQ .o al—-bn

a2—bl 02“b2+x v az—bn

a,—b, ay—20b, .. a,—b,+x
360, | x;+ab ab, ... a8,

02b1 x2+ a2b2 PN azb,, .

anbl anb2 xn+ anbn

361*, |a 0 ... 0 b
0 a b 0

. . o | (nopsizox onpepenuteas paseH 2n).
0 b . a 0
b 0. 0 a
362, a, 0 0 b,
0 a, by O
0 b2n—1 Qon-1 0
by, O 0 ay,

363 12 1 4 o9 ...0 o
X X
12 = 0 .0 0
o 1 2 L .0 o}

0 0 0 0 1 %

864*, |1 1 0 0 ...0 O

1 1 0...0 O
0O 1 1 1...0 0
0 0 0 O 1 1




' 865—371]  § 5. BHIYHCJIEHHE OTIPEAEJIMTEJEA mTO TOPSIKA 47

365%, PanoM PuGonayuul) HasmBaeTCA YHCAOBOR DPsA, KOTOPHH Ha-
quHaeTcs udcAamM 1, 2 M B KOTOPOM KaxaOe Clelyioillee YHC/IO PABHO
cymMe IByx mpeauliywx, T.e. pax 1, 2, 3, 5, 8, 13, 21, ...

Hokasarb, 410 #-f 4nen paga PuOOHa4YIH DaBeH ONpeleNHTENIO

n-ro IlOpﬂILKa: l l 0 0 . 0 0
—1 1 1 0 ... 0 0

0 —1 1 1 ... 0 0]
0 0 0 0 ... —1 1

Buiuncauts onpeneanTe/u:

366. |9 5 0 0...0 O 367. |0 1 0 O . 0 0
4 9 5 0 0 0 1 01 0. 0 0
0 4 9 5 0 0 01t 01...0 O0}f-
0 0 0 O 4 9 0 0 0 0 1 0
368. 0 1 0 0 ... 0 0
—1 01 0 0 0
0 —1 0 1 0 0
0 00 0 —1 0
369%, |la 1 0 0. 0 0
1 a1 0. 00
01 al...00 ’
0 0 0 0. 1 a
370. a 1 00 0 0
—1 a 1 0 0 O
0 —1 a 0 0
0 0 0 0 . —1 a
371%, JlokasaTtb paBEHCTBO:
cosa 1 0 0 ... 0 0
1 2cosa 1 0... 0 0
) 1 2cosa 1 0 0 = CO$ 710,
0 0 0 0 ... 1 2cosa

1) Fibonacci — nranpsinckuit Marematuk XIII Bexa.



48 OTZAEJ 1. ONIPENEJNUTENN [372—377

ITonb3ysch STUM pe3ysbTaTOM H pe3yipTaToM 3ajaud 369, noayuuts
BHIpQXKEHWE COS N0 4epe3 Cosd.
372. HdokasaTh DaBEHCTBO:

2cosa 1 0 0... 0 0
1 2cosa 1 0...0 0
sinna
sing 0 1 2cosa 1 ... 0 0 ,
0 0 0 0 ... 1 2cosa

rie omnpegeautens umeer nopanok n— 1. Iloabaysick 9THM paBeHCTBOM
M pesyabtaroM 3axaud 369, npeiacTaBuTb Sinng B BHAe NPOM3BELEHHA
Sino Ha MHOTOY/EH OT COSd.

373*, IlokasaTh paBeHCTBO, He BHIYHUCHAAA CAMUX OlNpele/uTeneH:

e, 5, 0 0 ... 0 0 @, bey, 0 0 ...0 0
¢, a b, 0 ... 0 0 Gy, by O ...0 0
0 C2 a3 b3 e 0 O = l a3 b3C3 .--0 O N

O

.

0 0 0 ...1 a

<.

0 0 0 0 ... ¢y a,
BuluucauTts onpenenutenu:

374, | 1 x? x 0 0 ... 0 0
x 14 x2 X 0 . 0 0
0 x 14+x2 x ... 0 0
0 0 0 0 x 14-x2
375. |1 2 3 n—1 n
2 3 4 n 1
3 4 5 1 2

n 1l 2 ... n—2 n—1

376%. | a a+tx a2x...a+(n—2x aHn—1x
at(n—1)x a atx...a-Hn—3)x a-Hn—2) x
a—1—(n 2)x atf(n—)x a .. .a+(n—4) x a-{—(n—3) x

a —{——x a+2x a+3x. a—]—(n—l)x a

3717. 1 x  x2T .., xt"2 yn-t

xfi-1 I x ... xm=3 xn-2

xn=2 xr-l o1 ., xnmd xn-3

X x2 x3 ... xr"1 1



378~-381)

§ 5. BBIUMCJEHHE OTIPEAEJIUTENER 7-T'O TIOPAOKA

49

378. He Boiuncags onpeieautenelf, yCTaHOBHTb, Kak cBABANH MEX LY

co00ft IBa UMPKy/AHTA:

a a as ... a,_; a, a, a,
Gy 4 Gy +o. Qu_g Gy a, 0
apy @, 4 P ) " a3 @y
a a3 0, ... a, a, a, a

TMOCTPOCHHBIE M3 OAHMX H TeX XKe Yucea a;, a,, ..

aj Qn_y a,

ay a, a,

as a, ay ’
Qy .. a”_2 a,,_l

., G, TIDHMEHEHHEM

KDYFOBHIX NEPEeCTAHOBOK B JBYX NPOTHBONOJOXHBIX HANPABICHUAX,

Brludcaute onperenuTenn:

1emo e
) ) )
) R

e (1) =g |

Lo e e e
C3) 03) 03 - ()
() ) () e

AGEGIREE
G )
SHNANCREN)



[382—386

nnnnnn
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387—390] § 5. BHIUMCJIEHUE OTPENEJUTEJEN 7-TO MOPAIKA

387, |, 4 s .

5 6 10 alrtl)

4 10 20 ..o HedDEtd)
388 |1 0 0 0 0 1

1 (}) 0 o 0 x

1(?) (g) 0 . 0 %

SR ) o

L) (3) (3) o (aZ4) #

389+,

10 0 0 0 1
111 0 0 0 "
12 2l 0 0 R
13 3.2 . 3 0 P
14 4.3 4.3.2 41 Py
L n n@a=1) n(r—h@w—2) n(n—1)(n—2)(n—3) ... x*

1(}) 0o 0 ... 0 j:
t (1) (3) o v 0 &
) B) G e
t (1) (3) (5) - (a20) =
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391%,

395.

396.

897.

398.

OTIEJ 1. ONPEAENUTENU [391-—398

0 x x ... x 392. |a x x x

y 0 x ... x y a x X

y vy 0 ... x| yy a ... x|

y vy ¥y ... 0 y oy oy a
4 X X ... X 394, |0 1 1 1 1
y a, x X 1 a x x . X
y oy a X I vy a x . X
........ l y y a3 . x
y y ¥ y e e e

Ly vy @n

a+p of 0 0 0 0

2 a—p aff 0 0 0

0 1 a+p af 0 0

0 0 0 0 at+p of

0 0 0 0 1 a+fp
a+1 a 0 0 0 0

1 a+1 a 0 0 0

0 1 a+1 a 0 0

0 0 0 0... 1 a1
nlay, (n—Nla, (n—2Dla, ... a,
—n X 0 ... 0

0 —(n—1) X 0

0 0 0 X
cosec o 1 0 0o... 0

1 2 cosec a 1 0 ... 0

0 1 2coseca 1 ... 0

0 0 0 0 ... 2coseca



3909—406]  § 5. BBIUMCAEHUE OMPEAEJUTENEM a-TO TIOPAAKA

399%, X 1 0 0 ... 00
n—1 X 2 0...0 0

0 n—2 X 3 ...0 0

0 0 n—3 x 0 0

0 0 0 0 ... 1 x

400. al — x abtl— x co.aPtr-l g
arin— x qPtntl — .. ap+-2n—1_x
o 1 SO S S
401, |1 —x a a® ... a"!
a al—x a® ... a®
a? a3 at—x ... antl
Wil g gl g2y
402, g, 1 1 A 403. [¢o & & b ... 0
1 ¢ 0 0...0 a ¢ 0 0...0
1 0 a O o i a 0 ¢ 0...0
1 0 0 0...a, a 0 0 0...
404%, | 1 —b —_b —b ... —b
1 na —20 —3b...—@m—1b
1l (n—1a a —3b...—(n—1b
1 2a a a a
405%. | (x, — a,)? a2 ... a
a? (x2 — a2) e a '
a? a; : (xn—an)2
406, | (x;— a4, a,a, e85 ... a8,
a,a, (%2 — a9)? a3 a,a,
a30, a3ay (¥3—ag) . .. a8, :



409%,

411%,

412,

413.

OTHEN 1. ONPEAENUTEAN [407—413
1 — b, by 0 0
—1 1—b by 0
0 —1 1-—b; b,. 0
0 0 0 1-~b,
0 Qy 22} /™
by 0 az3...4q,
b, b 0 ... a,
by by b3...0
1 2 3 4. n 410%, |1 2 3. n
11 2 3...n—1 x 1 2...n—1
1 1 2...n—2 x x | n—2|-
1 x x x 1 X x x 1
agx®  ax"l a.xn—? a,.1x 4,
ayx b, 0 0 0
agx? ax by 0 0
agx™! ax"% a,x"3 bpy O
agx® o xtl goxt—? Bpx b,
x+1 X X X
x x42 x x
X x x+3 X
X X X x4+ n
x+1 X X . x
X x42 x . X
X x x+4.. X
x x X x4 2"



414—419]
414,

416,

416*,

417%*,

418%,

419%,

§ 5. METOAB! BHIYHCJIEHNA ONPENEJNUTENEM n-I'O NOPSAAKA

x41 X X C X
x x+% x x
X x x+% X
1
X X x x+;
x—+1 X x X
x X+a x x
x X x~+—a2 x .
X X X ...x+a
(a,+b)~" (ax"f'bO)_l (a7
Gt 0™ @59 . @yt )"
1 1 1
X—a; X —a&8 ' xy—a,
1 1 .I
Xp— a, — Y Xp—a, |
1 1 1
1 Pl 3T " n
11 1 1
2 3 4 "nF1
11 1 L
3 4 5 )
11 i 1
n a4+l nd42 """ 2n—1
a,+ a4, a, 0 0 ... 0 0
a o+ a, a, 0 ... 0 0
0 a, a+ay a3;... 0 0
0 0 0 0 ...a8,, -1+ @a

55»



56 OTAEJ 1. OMPEINEJUTEJN [420—427

420%, TTonyunTs 3aKOH COCTAaB/JEHHA PA3BEPHYTOrO BHIPAKEHUA AISA
KOHTHHYAHTHl N-TO Nopsikal):
a 1 0 0... 0 0

—1 a 1 0...0 0

(@ay....8)=}| 0 —1 a 1... 0 0 [
0 0 0 0...—1 a,
“T. €. BHpPaXeHWs B BUAE MHOroYleHa OT a;, 4, ..., &, Hanucars

B Da3BEepPHYTOM BUAE KOHTHHyaHTH 4-ro, 5-ro M 6-ro mopsaxa.

§ 6. Munoph, aareGpaudeckue jAONMOJMHeHHMA M Teopema Jlamaaca

421, CKOJIbKO MHHODOB R-rO NMOPAAKA CONEPKHUT ONPELeNUTENb MNO-
pamka n?

422, Jlokasatb, 4YTO NpPH ONpele/eHUM 3HAKA anre6pandyecKoro no-
TIOJIHEHUSI MOXHO TOMb30BATHCH CYMMOH HOMEpOB CTpOK u CTOAGLUOB He
JaHHOTO MMHOP3, a /[OMOJHUTeAbHOTO K HeMy. VHmMu croBamu, eciau
M — nanupft musop, M’ — ponoauurensHei#t MmHOp, A — anre6pauue-
ckoe jononHenue muHopa M, A’ — anre6paumyeckoe AONOMHEHHE MH=-
Hopa M', T0 u3 A==¢eM’, rae e= 11, caenyer A’ =eM.

423, Tlokasath, 4TO pasnoxenue Jlannaca onpesenutens Nopsaaka n
no moObiM kB cTpokaM (cTonbuaM) COBMalaeT ¢ ero pas/ioXeHHeM NO
-OCTaNbHEIM 7 — R CTpOKaM (cToabuam).

424%, [loka3arb, 4TO NPaBH/O 3HAKOB, CBA3BIBAOIlee aareGpauye-
ckoe nomosHeHne A ¢ nomoaHuTenbHuM MuHOpoM M’ munopa M, mMoxHO
¢opMyHpOBATL TAK: AYCTb Qy, Oy, ..., Op— HOMEPA CTPOK, Py, Po .- -
B, — HoMepa cTonbuoB MdHOpa M B onpegenurene D nopaika #, 3anucaHHbIE
B MOpAlKe BO3pacTaHud, a

Cpirr Qg ovvs @ U Prpgs Brya <o vv Ba

COOTBETCTBEHHO HOMepa CTPOK M CTO/GLOB IONOJHUTEALHOrO MuHopa M’,
TaKKe BaMMCaHHBle B MOpsAKe Bo3pacranus; toraa A =—M', ecnu nox-
(11. a2r o0y all

Brs By oes By
HeyeTHa.

[Moab3yscy Teopemoft Jlannaca, BHMHCAUTL ONPENETUTENH:

CTAaHOBKaA ( ) yeTHa, U A =—M', eCc/iM 3Ta noACTAaHOBKA

425. |5 1 2 7| 426, |1 1 3 4| 427.|0 5 2 0O
3 00 2 2 0 0 8 8 3 5 4
1 3 4 51 3 0 0 2} 7 2 4 1}
2 0 0 3 4 4 7 5 0 410

) Ha3BaHue «KOHTHHyaHTa» OGBACHAETCH CBA3LIO C HenpepbIBHLIMU APOGAMH,
¥OTOpas yCTaHaBauBaercs B 3ajate 539.
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58 OTHEJ 1. OTIPEJEJIMTENH [439—-446

439. [0 a b ¢ 440, |0 a b ¢ 441. |1 x x x
1 x 00 a 1 0 0 1 a 0 0
1 0y 0F ¥ 01 0} 1 0 b Of
1 0 0 2 ¢ 0 0 1 1 0 0 ¢
442,11 1 1 0 O
1 2 3 0 0
0 1 1 1 1
0 x;, x5 x3 x4
0 x} xI x2 x2
443. | ay @y B3 0. Opop-2 ay, 9n-1 @1, 94
0 Qg Q3 ver Gy 959 @3, 2n-1 0
0 0 Gy - O3 972 0 0
Y 0 @31-2,3 + + + G2n-3, 202 0 0
0 @yy,2 @op-1,3 «v B9pey,2n-2 221,201 0
Qon,1  Gon,2 Qon,3 -+ Oop, 212 Qon,2n=-1  @on, 2
444, | ay 1 a9 1 ... ayp 1
1 0 1 0o ... 1 0
Qo Xy axp Xy .. Qg X,
X 0 X9 0 ... x, 0
a3 X7 oy Xy 6y, X,
x2 0 x2 0 ... £ 0
a’nl xf-l a/z2 xg—l o arm xZ—l
xp-1 0 x-t 0 ... xn-t 0

Tons3ysch Teopemo#t Jlamnaca, BHUMCAUTL ClelylOlHe ONMPeNEAUTENH,
@pelBapUTeNbHO NMPeoGpa3oBaB HX:

445%, 2 —1 3 4 —5| 446. 5 -5 -3 4 2

4 —2 7 8 —7T —4 4 3 6 3
—6 4 —9 —2 3]. 3 —1 5 —9 —51.
3 —2 4 1 =2 -7 7 6 8 4

—2 6 5 4 3 5 -3 2 —1 —2



 aa1—153)
447,

449,

451 1),

4521),

453.

* § 6. MMUHOPH, ANTEBPAMYECKME JONOJNHEHHA 59
2 1 2. 3 448, 2 -3 5 =2 1
3 —2 7 5 -1 3 2 5 —4 -3
3 —1 -5 —3 —2 —2 3 -4 2 --3].
5 —6 4 2 —4 6 4 7 —8 —1
2 -3 3 1 -2 2 —1 7 1 5
5 9 —-2-—-4 5 450, 3 4 -3 —1
2 —3 4 -3 3 -5 6 5 2 3
-5 -7 2 4 -2 4 —9 -3 7 —5]|.
4--5 8 -6 8 —1 —4 1 1 -2
6 -5 3 -3 7 —3 7 2 3
1+ x X X X X 1+ x
X 14+ x X X 14 x X
X X 1 +x 1+ x’ X X
x x 14+2x 1+4x x x |
X 14 2x x x 14 x X
14+2x «x X X X I 4-x
Ay Gy -e. G ay @, 00 0 by
8y Gy ay pny O 0 0 by, nay bon
anl 0 0 0 bnl blt? bn, n~-1 b,,,,
&y Ly CLn-1 Cn O O 0 b, |
€ € - Cyp-y 0 0 0 by ner b2y
Cm 0 0 0 bnl‘ bn2 . bn n-1 bnn
1 1 1 x a a,—1..a,,—1 a,—1
1 1 x 1 a—-1 a ..a,.,—1a,—1
X 1 ... 1 1 ag—la—1..a,,—1 a,
a—x a ...a @  —a —a .. —a x—a, |
Gy Gy—X...G9 89 —@y —Gy.. X—0y —a
a, @, ... 0, Qp—X X—0Q; — Gy .. —a, —a,

1) Hopanox onpepeaurenn pased 2n.




60 OTAEN 1. OMPEAENUTENU [454—458

454, B onpezenurene [ yeTHOTO mopsaika n==2k BHIEJHM ueThipe
mutopa M;, My, M, M, nopsaka £, kaK NMOKa3aHO Ha CXeMe:

M, M,
a1 o A1p 21, k41 -0 Qin
ap ... Qpp Apy k+t oo By
Apgt, 1 oor Qi b |CQr+1, R4+1 oo 0 CRilyn
Any «oo Qnp An, k+1 +++ Qnn
M3 M4

Buipasute onpenenutens D uepes munopu M;, M, M,, M, B cne-~
AYIOIHUX ABYX CAyuafx:

a) ecau Bce aneMeHTHl M, uam M, pasHbl HyJIO;

6) ecmau Bce saeMenTHl M; wam M, pasHH HymiO.

455, Ilycte B onpenenurene D mopsaiaxa n ==kl suieneHs [ muHo-
poB TopsiKa R, pacnonoxeHHble BIOL BTOPOH AWaronann, T. e. M,
JIeXHT B TepBRIX B CTPOKAax M mnocneanux k croabuax, M, B cuaenywo-
mux R CTpoxax M mpeawiaymux R cronbuax u T. A., Hakoweu, M, —
B NMOC/JEIHHX R CTPOKAX M MepBhX R croabuax.

Bupasuts D uepes M, M,, ..., M,, eciu Bce anementst D, nexa-
1He N0 OXHY CTOPOHY OT YKa3aHHOM LEMOYKH MHHOPOB, DPABHBI HYJIIO.

456, Iyctb B onpenenutene D mopsiaxa n BuileldeHH £ cTPOK M I
cT016L0B, npuueM [ <k ¥ Bce 3JeMeHTH BblleneHHHX [ croabuos,
He JexauiMe B BHUIGJCHHHIX R CTPOKax, paseb Hymo. [lokasatb, 4TO
B pasnoxeHun Jlansnaca onpeneintens [ mo BbUIeNEHHHIM R CTPOKam
HYXHO OpaTb TOJbKO Te MHHODH MOpsAxa X, KOTOphle coiepxaT Bbi-
IeneHnble [ cTonbUOB; yTBepikieHHe, TNMOJYUYEHHOE MepPeMeHOH pOJMH CTPOK
# cTOJOLOB, TaKke BEPHO.

457. Tlomaysicy Teopemofi Jlannaca, pemmts 3anasy 206.

458, Ilokasarb, uTO

an a 0 .0, 0
0 by O by ... 0 by,
ay 0 ay 0 ... ay O

Ay 8 e Oy by by ... by,

- R L . I

Qu Qpy oo. Qug Ot bng oo bpp



459—462] § 6. MUHOPBI, AJNITEBPAMYECKUE JOINOMHEHHS 61

459*%, Briuncautb OnpejenuTenb nopsika kI

3 2 00 0 0 0 O
3 2 0 0 0 0 0
01 3 2 00 0 0 k crpox.
0 1 0
0 0 2 0
0 0 0 0 2 5 3 0 ! crpox.
0 0 0 0 0 2 5 3
0 0 0 0 0 0 2 5

460. Hanucarte pasnoxeHue KOHTHHYAaHTH (CPaBHMTB ¢ 3ajaveft 420)
nopsika &

g 1 0 0... 0 0
—1 a4 1 0... 0 0
(al, a2; “ ey an)= 0 —1 a3 1 ... 0 0

0 o 0 0... -1 ua,
no nepsuM k& crpokaM. Kakoe cpofictBo umcen dubonauuu (3anaya 365)
fosyyaercs OTClOAd npu n=2k?

461. He packpbisas ckoGOK, 10Ka3aTh, YTO PaBEHCTBO

(ab’ — a'b) (cd’ — ¢’d) — (ac’ — a’c) (bd’ — b’d) +
—+(ad’ —a’d)(be’ — b'c) =0

CnpaBeluBO NpH MOGHIX sHavennsx a, b, ¢, d, a’, V', ¢/, d’.
462*%, B marpuue

<au vee Qg
anl .o ann
conepxamelt n crpok ¥ 2n cron6uos, Gepem moGo#t munop M nopszka z,
colepxailu#, no kpaHed Mepe, NMOMOBHHY CTOJOLOB JeBOH NOJOBHHLI
MaTpHIBL.

Ilycts ¢ — cyMma HOMepOB cToa610B MuHopa M u nycts M’ — muxop
nopsiiika n, COCTaBAeHHHIH M3 OCTaJbHLIX CTOJOLOB MaTpuusnl. JlOkasath,

uro Z(—1)° MM’ =0, rae cymma Geperca no sceM MuHopam M ykasaH-
HOro Tuna. :

Ay, pgy oo aI,Qn)

an’n+1 v a,,,2,,



62 OTIEJ 1. ONPENEJUTENH [463—465

463*, TlokasaTb, 4TO TPH oOnpelenuTes

axy bxy ax, bxy ax; bixg
axxy boxy agxy baxy agxy Boxg
an by ey, by, a4y by
aghr by a5y, byyy agys oy,
a2z, bz, a2y b2y a2y b2
ayz; bozy 092y bozy agzy  byz4

» X, Xy X3

a O

8= o b u A=y ¥y, ¥
27 21 2y %3

cBfA3aHbl paBeHCTBOM D == §3A21),
464*. ITlycs

F () =ap+ ayx + ayx* 4 agx3 -+ axt,
& (x) = by + byx = byx? + b3x® 4 byxt,
h(x)= ¢+ 1% + cyx2 4 €3%3 4~ ¢ xt

(x—a)(x—B)(x—7V)=x*+ px? 4+qgx+r.
Ilokasatb, 4TO:
a a a; a3 a4

f@ @ fw 1 o?| (b b by b3 by
g@ g@) gW|=|1 B B*|-|co ¢ ¢cg ¢35 ¢4]s
k(@ h@ &) 1 vy ¥ |r ¢ p 1 0

465. T'osopdaTr, uro onpeneauTesnb

ay ... aln xu e e x]k

Yer ««« Ypn O ... O
NOMyueH OKaliMJieHMeM TpU NOMOWM 2 CTPOK H K CTONOLOB M3 ONpene-

JAnTead
Qy .. 8

A=

QAp ++» Qpp
1) O6o6wenne sToro CBOMCTBA AaHO B 3anaue 540.




466—467] § 7. YMHO)XEHUE OITPENEJIUTENEN 63

[Moxasars, yronpu 2 >n D=0, a npu &2 n D sasaserca dopmoti
(T. €. ONHOPOIHEIM MHOTOY/JEHOM) CTENeHH A — R OTHOCHTENHHO 3JIeMeH-
TOB @;; onpesenutens A u dopmoit CTemeHH 2k OTHOCHTENLHO OKaHMsI0-

WHX 9/IEMEHTOB X;; ¥;; KOI(OHUUEHTaMH KOTOPOR cayKaT aareGpau-

YeCcKHe JOTOJHEHU MHHOPOB K-T0 MOpaaxa B onpeienutede A, A uMeHHo,
e (—1)* 34, :

noxasats, Ut D==(—1)" 211, i sy e 1,X 001, )V 55y o0 g TRE

ALy e iyiydy .. J, €CTb anre0paHyeckoe 1OMONHEHHE MUHODA OTpene-

autenas A, crosumero B cTpokax ¢ HOMepaMu I, Iy ..., Ip U B cTonGuUax
¢ HomepaMu j1, Jo, ..oy Jro @ Xiiy .0, w Y, .. j, — MUHODH Ompe-
Ieautens [), cOCTaBleHHBle M3 OKalMIAIOLINX 9/JEMEHTOB M Jekauue
B CTPOKaX (COOTBETCTBEHHO CTON0UAX) € YKa3aHHbIMH HOMeDaMH. Ilpu sToM
cymma Gepercst NO BCeM KOMOMHALMAM HHACKCOB, M3MEHAIOUIMXCH OT €LM-
Huub A0 7 npu yeaosu, 4ro i iy << ... <lip J1<Jjo< oo < Jpo

466%. okasats caenyioiee 060061eHe TeopeMbl Jlannaca: ecid CTPOKH
onpeneautens n-ro mopsiaxa D pasGute HA p cucreM Oe3 OOWIMX CTPOK,
nipuyeM B AEPBYIO CUCTEMY BXOIAT CTPOKH C HoMepaMH oy < O < . .« < O
BO BTOPYIO — CTPOKH C HOMEPAMH Op, << Op o< ... < Opyy H T. L.,
HAKOHell, B NOC/EIHION —~—CTPOKH C HOMEPAMH O, g 1 < Oposia oo o <Oy
e€CAu 3aTeM B MaTpHue HepBOH CHMCTeMBl CTPOK B3ATb MHHOP M, mo-
paska &, nexamu# B cronfuax ¢ HoMepamu B, <By<< ... <Py
B0 BTOpOH Marpuue MuHop M, mopaika !, sewawu#t B croafuax ¢ Ho-
MepaMt By <Ppiog < ... <PBpyy OTIHYHBIMH OT HOMEDOB CTONGUOB M,
M T. 1., HakOHel, B nocrenHe Marpuue — muxop M, nopsuka s,

Jiexaniui B OCTaBILMXCS CTONOUAX ¢ HOMepaMH B, 1 <Bpooral. o« <Pus

M ecnM 3ateM CocTasuM mpowssesedue eMM, ... M, rre e=—1,
eC/aH NOJACTAHOBKA
‘ a O ... Q
( ) )
Pr By .- Ba
4eTHas, W e==— 1, ec/H 3Ta NMOACTaHOBKA HeweTHasi, TO ompeienutens D

paBeH CyMMe BCEBO3MOMHBIX NpousBefeHuft takoro BHia. To, uro sTO
yrBepkaeHne o6obwaer teopemy Jlanaaca, crexyer u3 samauu 424.

§ 7. Ymuoxenue ompepenutenei

467, TlepeMHOXHUTb ONpelenuTe

1 2 3 2 -3 1
3 4 2 nll —4 3
4 5 4 1 -5 2

BCEMH YETHIPbMA BO3MOXHBIMHU cnocobamu (T. €. YMHOXast CTPOKH HJIH
CTO0UL NMEPBOTO ONpeje/nTe] I HA CTPOKH W/AM CTOJIGUE BTOPOrO) M



64 OTZEN 1. ONPEAEJMTENN [468—473

NPOBEPUTb, YTO BO BCeX CAyYasX B3HAYEHUE IOJAYYEHHOro ONpenenuTes
paBHO TIPOM3BENEHUIO 3HAYEHMM JaHHBLIX OTpeie/uTe/eH.
468. Briuucaurb onpenenntelb

—d c —b a
nyTeM BO3BHIlIEHHS €ro B KBaipar.
469, Bouucaurh onpeneaurenb

a b ¢ d e / g h
—b a d —c f —e —h
—_c —d a b g h —e —f
—d ¢ —b h —g f —e
—e —f —g —h a c d

—f e —h g b a —d ¢
—g h e —f —c¢ d a —b
—h —g f e —d —c¢ b a

nyTeM BO3BLIMIEHWS €r0 B KBajpar.
Boludcaute chaefyolUHe ONMPEAE/NHTENH, NMPENCTaBadst HX B BHAE NpO-
n3peneHuit onpenenureseit:

470%, | 14+xy, 14+xw, ..o 14X,
T4 x9 1429, ... 1+x2)'n

Ltxa 14%9 .0 1+xnyn
471. |cos(a;—B,) cos(a—By) ... cos(a, —B,)
cos(ay;—p,) cos ((12 52) «vs €OS (a2 —Ba) |,

c.os('a,,‘—ﬁ.l) cos(a —[32) .. cos(a -—B,,)

472, 1 cos(a; — o) €cos(o; — Qg) . .. cos (0 — 0O,)
cos (o; — ) 1 cos (@ — G3) . .. €OS (T — O,)
cos (@, — a3) cos (ay — aj3) 1 ...cos(ag—a,)
cos (al—a ) cos (a2-—a,,) cos(aa-—a,,). L '1 o

473. sin2a, sin(a,+ay) ... sm(al-l-a,,)
sin (o, —+ 0y) sin2a, ... sm(a2+a,,)

sin(a, +a;) sin(@, 4+ay) ... sin 2(1,,



474—479] § 7. YMHO)XXEHUE OIPEAEJIMTEJIER 65
474, | 1—off 1—alt  1—afb]
T—apb, l—ab, """ 1—ab,
oy 1—alf  1—a?
l—agb‘ 1-—d2b2 e 1_a2bn .
L—alf 1—alf  1—alpt
l—aphy 1—azh, """ 1—apb,
475' (ao + bO)n (ao + bl)’l “s e (ao + b”)n
(al +by" (al +b)t ... (a1 +0,)" |
(an + bo)" (a,, + b,)" (an + b,,)"
476%, ln-l 2n—1 nn-—l
on=t 3! (n+ 1)
7 (n- +—1)"' ...( n— 1)"-‘
477. | s 8 83 e Spy
S1 S5 S3 .. S, . .
—_ xh
32 Sa S4 e S,H_l * rne sk—xl+x2+ LU -+-x”.
Sn-1 Sn Sn4rec: San-2 .
478% 15, s, Sy eu. Sy |
sl S2 33 v S” X
— gk k k
S5 Sy .. Spyy X TRE Sp=xt4xt4 ... 4k

n
Sn Sn+1 S,,+2 PR S2n-—1 X
479%, Jlokasarb, YTO 3HaYeHHE LUPKYJAHTA ONpelesfeTCs PaBeHCTBOM

a a a;... a,

G, @ Gy... 0,
Qney G Gy ove Qpog |=TEDF(ED ovv [ (&),

ay

rre fxX)=a,+ax+ax?4+ ... +a,x*71 ueg, e, ...,
3HAYEHMA KOPHA 7i-H. CTEMeHH M3 eNMHHMLEL,

a3 Q4 ... 4

g, — BCe



OT/EN 1. OMPENEJMTENU [480—485
480, Tokasatb, u4to npu 0603HAYEHWAX Npelbaylieft 3anaun
a 4 az... a
Gy a3 G4... & (1= (22
@ a, a5 ... ay =D T fE)fE) .. SR
a, a, ay...8,_,

481%, BpluncauTh oOnpeneNHTENb

1 o o? ar—1
an-1 1 o ...aq"2
an—-? an—-l l an—3

o o ol 1

482, Ilonbaydach peayabTatoM 3agauu 479, BHUMCAHTb OMPeie/UTENR b

a b.,..b
b a... b
b b...a

483, Tlons3yach pesyabratoM 3azaiu 479, BLYKCAUTL Onpele/uTENb

a b ¢ d
d a b ¢
¢c d a b
b ¢ d a

BoluucauTe onpegesurtenu:
841 1 ¢, C...ct
1 1 Cp...ci? ¢t

o1 L. et oert

¢l ¢ ... 1 1
485, 1 2¢ 3a? ... nat-!

na*~! 1 22 ... (n—1)a"?

2a 34?2 4ad ... 1



486—491] § 7. YMHOXXEHUE ONPENEAUTENER
486%, Jloxasatb PaBEHCTBO
S""al S"“—aQ--- S"_a” al az..-
S—-a,, S—al e s—aﬂ-l =(_1)"‘1 (n___l) a,, al v
3—02 S‘—a3..- S—al a2 a3 DY

rae s=a,-+a,+ ... +a,

BriuncauTb onpeneautenu:

487%,

488%,

489%,

490%,

491,

(p cTOa61OB)

(n — p croa6u0oB)

_ -1 -1 ... —1 1 1 1 1
I —1 —1 ... —1 —1 1. 1 1
—1 —1 -1 .. 1 1 1 1 —1
(p cT0a610B) (n— p cT0oa610B)
o b b ...b b
16 a a b ... b0 b
b b a a ... b b
a a a ... b b b...b a
1 2 3n
cos — COS — €08 — ... —1
n n -
—1 cos-~  cos 2= ... cos (p—l)n
n n n
cos Bz D® cos — cos (12
n n n
25 3n ' 4'n n‘
cos “= €0S — C€OS — COS§ —-
n n n n
cos® cos20 cos30 ... cos nd
cosn® cos® cos20 ... cos(n—1)0
cos 20 cos30 cos40 ... cos O

sina

sin[a—+(n—1) A]
' s'in.(a-—{—'h). '

67

a,
Qp_1 }»

a,

sin{a -+ h) sin(a-+24). . .sin{e(n—1)A]
sina sin{a+4)...sin[a(n—2)A]|

s'in‘(q.—lrv2h‘) s‘in (a+3h) .. .

sina



68 OTIEJ 1. OTNPEAEJIUTEJN [492—497
492%, 12 22 32 ... n?
n? 12 22 ... (n—1)
(n—12 n* 12... (n—2)?|.

22 32 42 .. 12
493*, Buiunciuth KOCOH LUPKYMSHT (MM KOCOLUHMK/IMYECKMH onpele-
JIMTENb)

ay ay as “ e a,
—a, o Qy  oon By
— @,y —Q; 8y ... Gp_o|*
—ay —a03 — ... a
494, a, Gy Q3 ... G,

Q,2 4, Gy ... Gy,
Gy12 0,2 Q) .. Gy_p |+ THE z — moboe uucno,

a2 Q32 442 ... a
495%, JokasaTh, uTO UMPKyJSHT Nopsaika 2n C mepBO# CTPOKOH u3
DIIEMEHTOB @, Qs ..., (oy—q» Oo, DABEH NPOU3BENEHHIO LHPKYJISHTA NO-
paoKa n C NepBO# CTPOKOH W3 9MEMEHTOB Q) 4G,y 1, Qo+ Qnppg « - .
a,-+ay,, ¥ KOCOr0 UMPKYJSHTA NMOPALKA 7 C NePBOH CTPOKOH U3 3le-
MEHTOB al’—an+1, ag—an+2, ey aﬂ"“a2n.
496*, Tlepemnoxkas nBa onpeleauTend
X1 X9 X3 X4 N Yo Y3 Yy
X — X — X X3 Yo —¥ — W ¥s
* ]
X3 Xy X Xy Y3 Yy —0 —¥
Xy — X3 Xy — X Yo — V3 Yy — M

Il0Ka3aTh TOXIECTBO Jinepa:
(*1+ ZB+SH)iHy+ vty =
= (X1, + Xo¥a - X3¥3 4 X4 ¥9)2 4 (X1Yp — Xo¥ — X3¥4 4 X,95)° +
(Y3 Xo¥y — X359 — X492 - (X1Yg — Xo¥g + X3Yo — Xy

Kakoe CBOHCTBO LeNBHIX UuCe] OTCIOAA BhITEKaeT?
497%, C noMolIbI0 YMHOXEHHS Olpeie/uTesefl 10KAa3aTh TOXKIECTBO

@+ B3+ c3—3abc) (@ 40" + ¢ —3a'b'c") = A3+ B3H-C3—3ABC,

rne A=aa’ 4 bc'4cb', B=ac’ 4+ bb"+ca’, C==ab’ -ba’ -+ cc'.
Kakoe cBOHCTBO Leabix uuces OTCIOAA BhITEKaeT?



498—502] § 7. YMHOXXEHUE OIPELEJHTEJIER 69
498*, Tlpnm o6Gosnauenusx npeibiiymiel sanadd JOKasaTb TOXLECTBO

(a@? 4 b2 4-c?— ab— ac— be) (@ 40" 4" —a'b —a'c’ —bc) =
=A?+4B*4+(C?— AB— AC — BC.

499%, Jlokasarb caenywooulee o0oOlueHue TeopeMbl 006 YMHOMKEHHH
onpenenuteneit. IlycTb nLanel aBe MATPULE

ay Qg <+« Qy, bn bm e bln

a Gog «v. Qop b by ... b
A— 21 22 2n u B— 21 22 2n ,

Qi By +++ Qg bup bpo oo by,

Kaxnad U3 m CTPOK H n CTOJOLOB.
KomOunnpysa CTPOKHM OLHOH MaTpHUUB CO CTPOKaMH Jpyro#f, mnoJaras
n

ctj:kzll a,kbjk, COCTABUM ONpeneuTe/ib m-ro nopsaika

€11 Cp +ee Cip
D= Coy Coy o Copy .
ot Cma v+ Com
Hlanee o06o3Hauum uepes Aiv lpoeny by B Bil, i3, e, i, COOTBETCTBEHHO
MUHOPH M-TO Nopsika MaTpuy A ¥ B, cocTasneHdbie U3 CTOAOUOB 3THX
MaTpul, ¢ HOMepaMu iy, Iy, ..., i, B TOM ke nopsaike. Torza
D= 2 Aiige i Biy, 1y o 1, (1

Il <y <<, <n

npu m < n (popmyna Buns — Kowmn), T. e. onpenenutens D paBeH cymme
NpOU3BeeHAR BCceX MHUHOPOB NOPAJKA 7 MaTPUUB A HA COOTBETCTBYOLINE
mutopnt Marpuunt B. Ilpu m > n

D=0. )

500%, JoxasaTb yTBepicieHHe (2) NpenslIyluedl 3agaud, NOJb3YACH
TeopeMOit 00 YMHOXEHUH ONpelenHTeNel.
501%*, He npousBons yMHOXeHHMS, HOKa3arb TOxAecTBO Komu:

(@ +ago+ ... Fa,6,) (bydy +body+ ... +0,d,)—
—(@dy+agdy+ . Fa,dy) O1eF-bycy - o A bpcy) =
= X @hr—ad)cdi—cpd) (0 > 1).

Ii<kgn

502. He npoussoms ymHOMeHHS, 10Kasarth TOmAeCTBO Jlarpawxa:

n n n 2
(Za)(Eo)—(Ber) = 3 @r—abr
iz i=1 i=1 1<i<k<n



70 OTAEN 1. ONMPEAEJIUTENH [503—508

503%, Hokaszarh, uTo A MOOHX AeHCTBUTEJbHLIX YHCeN
Qy, Qg oovy Gy W by, by .00, By,
CTpaBeAJHBO HEPABEHCTBO

(@424 .+ a2) (B2 4B 82 > (2,0, + b, ... a,b )

NpuYeM B3HAK PABEHCTBA HMeeT MeCTO TOrAa M TOJbKO TOrAAa, KOrAa
O/H2 M3 JaHHBIX CHCTEM 4YHcesa OTJIMYaeTcsd OT APYroH JIMHIb YHCJIOBLIM
MHOXHuTedeM (ObTh MOxeT pasHbiM Hymo). (Hepasenctso Ko — Byus-
KOBCKOT0.)

504*, Jlokasarb, YTO AJf IOOBIX KOMIJIEKCHBIX UHCEN @y, B9y « .., G,
u b, by, ..., b, UMeeT MeCTO paBeHCTBO

AP REARGPRAT E TN
k=1 k=1 k=1 k=1 _ o
= 2 (ajbk——akbj)(ajbk—akbj).

1< j<tgn
505%, Jlokasath, uYTO 418 MOOHX JBYX CHCTEM KOMILJIEKCHBIX YHCEs]
ay, Qg «vvy Gy W by, by, ..., b, cIPaBenNUBO HEPABEHCTBO

n

2 aka

k=1

2

n n
(2 1a)(3 1000)> .
k=1 k=1
npHYeM 3HAK PABEHCTBA MMeET MeCTO TOIJA M TOJbLKO TOTHA, KOTIa YHCNa
OIHOK M3 JaHHBIX CHCTEM OTJMYAIOTCS OT YMCeJ NPYFrOR NHIIb YHCAOBLIM
MHOXUTEJIEM.

B06%. B3aununviu (WM RpUCOLOUHEHHbBLM) Onpedesumesesr K Onpe-
seauremo D mopsinxka n >-1 HasuiBaeTcd ompelesurenas D', moayueHHbif
u3 D 3ameHofi Bcex ero 3JeMEHTOB Ha MX aare0pauyeckKHe AOMO/HEHUs
(C coxpaHeHHeM HpeXHero pacnojoxeHus),

Jokasarb, 4TO

DI-———'— Dn—l. (1)

507%, Ilycte M— wmuHOp mnopsaka m onpelenurens D, A -— anre-
6panyeckoe nonomsenne M, M’ — munop B3ammHoro onpegpeantens DY,
COOTBeTCTBYIOIME MuHOpy M (T. e. cocTaBieHHHH u3 anreGpanyecKHx
nonojHeHu#t 3jeMeHTOB onpeneaurteas D, sxoasuwux B M). oxasarb
pasenctso M = D™ A,

Ecan ycl0BHTbCA JOTMOJHHTENBHBIH MHHOD KO BCeMy onpeleautenmo [
CUMTaTh paBHLIM 1, TO 9TO paBeHCTBO OyreT 000OLIeHHEM DaBeHCTBa
npexsiayueit 3agauu (npu m=—n),

508%, Ilyctb C — MuHOpD (n-— 2)-T0 nopsjika, NOJyuyeHHHH M3 ompe=
Jemtens D BoiuepkuBaHueM i-# M j-# cTpox W R-ro u [-ro CcTONOUOB,
npuyeM i < j u k<I; qu, KaK OOLUHO, — anrebpanueckoe AOMOJHEHHE

Ap Ay L]tk
Ay A = (—1) DC,

DJIEMEHTA @ ). Jlokasarb, uTO
i



509—516] § 7. YMHOXXEHUE OMNPELEJUTENER N

509%, [lokasarb, uTO ecau onpefeautens 1) paBeH HyJaI©, TO Bce
CTPOKHM (3 Takwme CcTOAOLb) B3ANMHOTO ONpefenute]s NPONOPLUHOHA/BHbL,

510%, Ilyctb a;; — sneMent onpeaenuteas L nopaaxka n u A -
anrebpanyeckoe AOMOMHEHHE COOTBETCTBYIOUIEr0 3/1eMeHTa Ay;; onpenenu-
Tens D', B3aumuoro ¢ . [lokasarh, uro A”—_D"’ aiy-.

511%, Ilycre M — Munop nopsaka m onpepenuteas D nopsixa n,
M’ — cootsercTBylouuit M Munop BsaumHoro onperenutens D’ u A'—
anreGpanveckoe gononHenne musopa M’, Jloxasats, uto A = D"~ ™' M,
D10 — 0600UIeHHe paBeHCTBA NpelbIAyLIeH 3aTauH.

512%, 3uas MHHOPH BCeX 3JeMEHTOB oOnpeleaute/s D, OTAHYHOTO
OT HyJs, HAHTH €ro 3/IEMEHTHI.

513*, Ilyctb

Sp==xibxb . Ak (k=1 2, 3, ...)

P=X1Xy «v. Xp.
Tlokasars, yto
n—1 s Sy ... 8, nooS S; .. Sy,
5 Sg 83 Sny1 5; S 8§ . Sn
Sy S3 S84 ... Spie =p? S 83 S84 .en Spip |t
Sy Spp1 Sagg e S Sn-1 Sn Spi1 +e. Sop-2

514, Tlokasartbh, 4TO ecau

a“"_x a12 ol o al"
a Qyg—X ... @
D= 2 2 7T
@1, Qo oov Bp— X

T0 npousselenne D(x) . D{— x) MOKHO NpeiCTaBUTb B BUIE

2
A,—x A ces A,
Ay  Ap—x® ... Ay,
?
Aﬂl All2 o .. A””"x2

rne Bce Aj; He 3aBucsT OT x. HaiTn Bhipamenne A;; uepes .
515%, C noMoulblo yMHOXeHHS Olpeje/xTeNed JOKasarb, YTO INpH
TIePeCTaHOBKE JBYX CTPOK (MAH CTOJOIOB) ONpPeleauTe/b MEHAeT 3HAaK.
516%, C noMolWpI0 YMHONEHHA ONpelenuTe/elt IOKa3aTh, 4YTQ Ompe-
ReNUTeNb HE MSMEHAETCs, eClM K OZHOH ero crpoke (cronduy) npuGa-
BUTL APYTYI0 CTPOKY (CTONGen), YMHONEHHYI0 HA YACAO C.



72 OTOEN 1. ONPEXEJUTEIH {517—522

517*%, IlokasaTb, 4TO ONpeLe/UTE/Nb

1 COSP3 COS @

COS @3 1 COS @y | paseH Hy/O, eclH @, -+ @y~ Py =0,
COS Py COS @ 1

518%, Ilycts I, Iy I3 U my, my, mM3;— KOCHHYCH YIJ0B ABYX JydeHt
C OPTOrOHAMbHLIME OCAMH KOOPDXHMHAT H @ —— YTOJN MeXAY ISTHMU Jy4aMH.
Hoxasatb, uro sin? @ = (I ;my— lym)? <+ (lomy — lymy)? 4 (lymy — Lymg)>.

519. Ilycts ay, By, Vi @ Bor Yo O3, B3 V3—— YTAB TpeX Jiyded
L, Ly, L3 c OproroHaibHbIMM OCIMM KOODXMHAT M “MyCTb YPABL 3STHX
nyuelt Mexny coSo#t 6yayT Q=2 (L3, L3), 9=/ (L3, L), @3=L.(L1, Ly).
Joxasath, uTo

cosa; cosf; cosy; ?
cos®y COSPy COSY, | =
cosa; COsPs C€OSY;

=1 — cos? p; — cos? Py — c0s% P; + 2 cOS @, COS P, COS P5.

520%, Ilycte (x1, y1). (X9, ¥5), (X3, ¥3) OyAYT MAPAMOYroJbHEIE
KoopauHaTel Touek M;, M,, M; ua nmockocru, Ilokasare, uTO omnpe-
Je/IuTE/Nb

X y 1
Xy Yo 1
X3 y3 1

He M3MeHseTCs INpH NOBOPOTe OCeH KOODIMHAT H MepeHOoce Hauana.
Tonbayschb 3THM, BHIACHHTb €r0 FeOMeTPHYECKHH CMBICI.

521%, Ilyctb (X1, ;) ¥ (%9, ¥) — NPAMOYTO/bHHE KOOPANHATH LBY X
toyek M; 1 M, Ha naockocTH. BLICHMB reoMeTpHuYecKHH CMBIC/A Ompe-
X1

Ienurens , y3HaTb, 'MeHSeTCH JH OH NpPH MOBOPOTE Ocelt

X3 Yo
NpH fNepeHoCe Hayana KOOPAMHAT?
6522%, Briuncaus npousseleHHe onpereauTench

X n R —x —n R
Xo Vo R}.| — Xy =—Yo R 1y
x3 y3 R —x3 —¥ R

NOMyYHTh BHIPAMEHHE PaiMyCa ONMCAHHOTO KPyra uepes CTOpOHH 4, b, ¢
¥ IowWwans S TpeyroibHUKa,
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523%, Ilycte 0y, G, G35 PB1, Bo. Bss Vi, Yo, Y3— COOTBETCTBEHHO
KOCHHYCH YIJIOB Tpex I[OmapHo OpTOTOHaMbHHX ayued OA4, 0B, OC
¢ ocsMu npsMoyroJbHoit cuctemnl koopiumHar Ox, Oy, Oz. Jokasars,

a; Gy 03
uto onpepemutenb | B; P, Pz |= £ 1, npuuem sHak mmoc OCyzer
Y Y2 VY3

B Cayuae OIMHAKoBOH opuentauuu Tpuaapoe OABC u Oxyz (370 03Ha-
yaeT BO3MOXHOCTH mpu Bpauenuu ¢purypet OABC cosmectuts OA ¢ Ox,
OB ¢ Oy, OC ¢ Oz) u muHyc—B cjydae NPOTHBONOJONKHOK OpHeH=
Tauu (970 oO3HawaeT, u4to npu cosMeiedun OA ¢ Ox u OB ¢ Oy
ayur OC n Oz OKawyTCs NPOTHBOMOJIONHO HANDPABIEHHBIMU).

524%, Ilyctb (xy, 1. 21)s (X9, Yo 2Zg), (X3, V3, 2Z3) — KOOPAMHATHI
Tpex Touek M;, M,;, M; npocrpancrsa. IlokasaTh, 4TQ ONpele/HTENb

X1 N &
X3 ¥y 2o
X3 V3 23

He MeHseTCd NpH INOBOPOTE CHCTEMH KOOPAMHAT (KOTOpas Ipennona-
raeTcs NPSMOYTOJIbHOH) M BBISICHUTL €r0 TeOMeTPHYECKHH CMBICT.

525*, Hatitu Bripaxenne o6vema V mapannejennnena depes IAHHE
a, b, ¢ ero pebep, MPOXOISIYX Yepe3 ONHY BEeDIUHHY M YIJH O, B, Y,
oOpasyemsle 3TUMU pebpamu. (Yroa ¢ obpasoBaH peGpamu ILjauHH b H ¢;
$ o6pasoBaH ¢ u a; y o0pasosaH a u b.)

526%, Ilycts Iy, Iy, Iy my, my, mgs; 1y, ny n3— COOTBETCTBEHHO
kKocunych yraos jayue#t OA, OB, OC c NONOKHTENbHBIMH T0JyOCSMH
npAMOYToJbHOR cucTeMn koopausatr Ox, Oy, Oz.

Jokasate, 4TO 14 KOMIVIAHADHOCTH (T. e. M9  PpaCIOJOKEHHS
B oxHOH maockoctH) ayuedi OA, OB u OC He06X0AMMO W IOCTATOYHO

L L, L
BHINOJIHEHNE YCAOBHS | my; my, my [=0.
n, ny ng
6527%, Ilycts (x;, yl, zi)——npnmoyronbﬂue KOOpIMHATH TOuku M;
fnpocTpaHcTBa (f==1, , 4). TlokasaB, 4TO oOmpexesHTENDb
X n oz 1
Xy Y2 27 1
X3 Y3 23 1
Xy Yo 24 1

He MeHsSeTCs NMPH NepeHOCe Hauana KOODIHHAT, BHISCHHTb €r0 TeoMeT-
PUYECKHH CMBICT,
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528%, IlepeMnoxas ompefe/nurend

X % 2z R —x —y —2z R
Xy Y9 2y R —Xxy —y, —2zs R
X3 ¥3 23 R Tl —x — y3 —2zy R’
X, ¥y 24 R —xy —y, —2; R

TOJyYHTh BHIPAXEHME PajHyca INapa, ONMHCAHHOTO OKOJO HPOM3BO/LHOIO
TeTpasspa, ueped o0beM u pebpa Terpasipa. B uwactHocTH, HadTH u3
MOJYYEeHHOrO BHIPAXKEHHA pPaIUyC 1Iapa, ONMMCAHHOTO OKOJO NpaBH/b-
HOro TeTpasipa ¢ InHHOH pebpa, paBHOR a.

§ 8. Paaanunnie 3agaum

529*, IlokasaTb, UTO OmpelenuTe]Nb NMOPAAKA 7 LONMYCKaeT CJEAYIO-
Ifee AKCHOMATHYECKOE OMpefesieHie (SKBHBATEHTHOE OOBIYHOMY).

JIoGyio cTpoKy M3 n uucenl) OyleM Ha3LBaTb BEKTOPOM M 0003Ha-
yath OxHO# OykBo# skupHoro wpudra, CiloimeHwe IBYX BEKTOPOB #
YMHOXEHWe BeKTOPa HAa YHC/IO ONpelensioTCd, Kak OOHUHO, T. €. eCid

a=(ay, Gy ..., @) 4 b=(by, by, ..., b,),

TO
at+b=(a,+b, ay+0by..., a,+b,),
€CH ¢ — YACIO, TO c@==(cay, CQy ..., CQ,).
dynxunua f(@q, @y ..., &,) OT n BEKTOPOB C YHCJAOBHIMH 3HAue-

HUSIMM HAa3bIBaeTCsA JHMHEHHOR MO KAKAOMYy apryMeHTy (MM KOpOue mojiu-
nuHeliHolt), ecnu

f@a, ..., ca,+c"aj, ..., a,)=

=c'f@,.... a, ..., a)+c"f(a, ..., a/, ..., a)) ()
4 MOGHX BXOLAIMX CI0Ja BeKTOpOB, MOOwmX uucea ¢’, ¢” u moboro
i=1, 2,..., n. Jlanee nHaszoBeM ¢yHKUHIO oOnanaiouie#t CcBOHCTBOM

AHHYISILAH, ecJu
f,....,a,...,a; ..., a)=0 upn a;=aj; ®
t! j=l, 2,..., n, i%j.

Mycts ;({=1, 2, ..., ) — BeKkTOp, Yy KOTOPOr'0 Ha [-M MeCTe CTOUT
€1HHHIA, a4 Ha BCeX OCTA/bHHIX MecTax HyJu. Pynkuus f (@, @y ..., @)
HA3HIBACTCA HOPMHPOBaHHOH, ecyH

fle. ey ... e,)=1 )

!) BMecto unces MOXHO paccMaTpHBaTh TaKike 3aeMeHTHl aw6oro moas P.
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Ilycts haHa KBaipaTHas MaTpHua nopsika n
ay o.. Gy,
A j— . s e

By ove Gy,

# |A|—-—ee ofnpenennuTesb B OOLIYHOM CMBICAE, T, €.
IA |= 2 (— 1)5 G11,0%, -+ Qni,

rae cymMa Oepercs TO BCeM MePecTAHOBKAM iy, ly ..., i,
1, 2, ..., n m §—uucno unBepcuit B KaxiIo#t nepecraHoBKe.

ITokasaTp, 4TO ’

1) onpenemutens | A| kak ¢yskuus crpok Marpuum A obGaanaer
croticreamu (a), (B), (V);

© 2) mobas QyHKuMs n BekTOpOB, obaanaiomas csofcTsamu (o) H (B),
YAOBIETBOPsieT PABEHCTBY f (@, @y ..., @ )=|A|f(e;. €y ..., €,),
© rvAle A-——Marpuua co CTPOKaMH @&, Qg ..., @,

3) nmoban dyuxkuus f (@, @y ..., @,), 00nana0UWas CBORCTBAMH
@), (B). (v), paBHa onpesenutenmto |A]| matpuust A ¢O CcTpoKamu
@, 4y ..., @, VIHpiMu caosamu, omperemutent | A|[ marpunn A ectb
€IMHCTBEeHHad MNOAUNHHeRHAd, CO CBOMCTBOM aHHYJALUMH, HOPMHPOBAaHHas
G$yHKuMa ee CTPOK.

530%, ITonb3yscy yTBepxieHueM 2) NpeXsAylieit 3agaud, A0KasaTh
TeopeMy 00 yMHOXeHUH ONpeleluTeNelt.

531, Tlokasarb, uTo Aaf (yHKUMHE 7 BEKTOPOB HAL NOJEM XapakTe-
PUCTHKH, OTAMYHOA OT 2, cBOKCTBO (B) MpwW Hainuuu cBolcTBa (01) SKBU-
BaNEHTHO 3HAKOMEePeMEHHOCTH (yHKHUH, T. .e.

fla,...oap....8; ... a)=—f(@, ....a; ....a; ..., a,) (B

Aas JMO6HX BeKTOpOB M Jmobwx 4, j=1, 2, ..., n, i j. [Tocrponts

npuMep (YHKUHM n BeKTOPOB Han mnoaeM P xapakrepuctuxku 2, ofaa-

nawlelt ceokicreamu (@), (B') u (Y), HO He ofaanawoweit cpokcrsom (B).
532%, Boluncauth onpenenuresb

yucen

1 1 1 1 1

i e g? g3 8”_1

1 g et e ... gD 2t . . 9%
' sy |’ rae 8=COST—|—LSIH—’—1—.

1 g8 gf g ... &

. . - —- —- 2

1 en 1 82(/1 1) 83(11 1) . a(n 1)

533*, Kax u3MeHuTcs onpejlesuTenb, €CH B HeM BHIEMTb R CTPOK
(1M cTONOLOB) M M3 KaXIOR M3 HUX BBHYECTb BCe OCTA/bHLIE BhIAE/IEH-
Hble CTPOKH?P



76 OTHEJ 1. ONPEJEJIUTEIU [534—-539
834. Onpenenurtens

an—+x apt+x ... 6,+x
D— g+x ap+x ... ay+X

an1+x an2+x et ann+x

NpencTaBuTh B BHAE MHOTroOY/jeHa, PACIOJIOKEHHOTO NO CTENEHAM X.

536%. llokasaTb, YTO cymMMa anreGpauyeckux HOMOJHEHHH Bcex 3Jie-
MEHTOB OlpelenuTens

ay Gy --- Gp
L L R
Ap Gpg +vv Ggp
paBHa ONpeNeTUTeNIo
1 1 ves 1

Gy —an Gp 08 ... Gy by
Gg——an Gp—q .. Q30 |°

L S T T T T S S S Y

AQpi— Ay Qpo—0Qyp .o Qpp—Qyy

536%*, IoxasaTb, 4TO cyMMa aiarefpauyecKux IONOJHEHUH BCeX die-
MEHTOB ONpee/HTeN sl He WU3MEeHUTCS, eC/AM KO BCeM 3jeMeHTaM NpuGaButh
OIHO M TO e YUCIO.

537%, JlokasaTth, 4TO ec/ld BCe 3JeMeHTH KakOW-HUGYAb CTPOKH
(cronbua) onpelejauTesNd pPAaBHB eXMHHLE, TO CcyMMa aiareOpanudecKux

JONOMHEeHUN BCex 3JIEMEHTOB OMNpelejuTeNa paBHA CaMOMy onpenenau-
TEMO.

538. JlokasaTh, YTO KOCOCHMMMETPHUeCKMH oOmNpelendTe]b YeTHOrO

nopsaaka He H3MEHHTCH, €CJu KO BCEM €ro 3aeMeHTaM I]pH6aBI/lTb 0I1HO
H TO XK€ 4YUCJO.

539%, YcTaHOBHTDb C/eIYIOLIYIO CBA3b KOHTHHYaHT (Pa3BEpPHYTOe Bbl-
paxeHue KOHTHHYaHTH J1aHO B 3ajaue 420)
a, r 0 0 ... 0O
—1 a 1 0 ... 0
(@ay ... a)=} 0 —1 g 1 ... 0 O

e e e 2 s s & e a

0 0 0 0... —1 a
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C HempepHBHLIMH IpPOOAMH:

1 1 (@123 ... Gy)
g 4 — = @y an)”
as + ... 1
+2
540%, IlycTh maHel 1Ba ONpeledHTeIs:
an Qg « .. Qu
Qy Gy ...
A—|%n 92 2| nopaza n
Qni Qpg -+ Qpp
|
by by .- by
B=|bn bn .- by nopaika p.
bpp by oo by
CocTaBuM onpelennTtess MOPAIKA np:
apbuy oo @by apby o apbyn - andy,
ambyy - @by anbyy .. agbyy ... a21b1p
Qb o @b anbyy oo @b .o a,,\b 1p
D— apbyy oo G1aby Gpdyy o @by o Gy,
a21b21 coe Qopby @ubyy o Ggby . anbdy,
a,,leI cov Qupbyy @by o Gaabey e @by,
apbpy - a,”,b a,,l[)l,2 B N S S

cor b

ces agnb,p
ce a,mb
cee G0y,

ver @by,

c b,

.

cee by,

7

Takum o0paszom, Marpuua onpejenutens [ coctout us p? kaetok no #
CTPOK W # CcTOA0IOB B Kaxnod. Ilpu sToM Kjertka, crosiwas B i{-H Kie-

TOYHOHN CTPOKE U j-M K/IeTOYHOM cToabue (1ist mobux i, j=1, 2,

- P

HOJy4aeTCsa M3 MATPHIH OnpefenuTens A yMHOXeEHHeM BCeX €€ SJEMEHTOB.
Ha b;;. Hoxasats, w0 D == APB". Onpenemurens D nasuipaetcs Kponexe-
pOBCKHM npouspenehneM onpenenutened A u B (cM. sanayu 963, 965).

541, Jlokasarb Ciaelyioliiee NPasuio pasnoxueHus OKAHM/IEHHOTO OI--

peaendTenda: ecau
Gy 8y .. Qp
D= Qg1 Boy v oy

art @po e+ Qpa
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n A;;— aare6panueckoe JONOJHEHHE S/EMEHTA @;; TO
ay G -.. 81 X

8y 8y ... Oyp Xy b Z
. S il 2 A Aijxiyj'
Ay Qpo +vv uu X, L =1

ho Y2 ooer Vo 2

~.
i

542%, Ilycte saementhl onpefenutens D ABAKIOTCA MHOrOYieHAMU
OT HEH3BECTHBIX X, X3, ..., X, C YHCJOBHLIMHU (WAH H3 NPOHIBOMLHOIO
noas P) xospduumenramu, npudem D ==0. Jokaszarb, yro anrebpanye-
CKHe IOMOJNHEHHS SJAEMEHTOB onpelenutens DD MOXHO NpPeACTABHTL B BULS

Ay=AB; 1, j=1, 2,..., n rie Bce A; u B;— MHOTOWIeHH OT
Xy Xgu +vsy X, Haittu 9T MHOrOunensl mns ompereautens A:
0 a b
A=|-—a 0 cf,
—b —c¢ O

rie 3a HeHW3BeCTHbIE NPUHATH &, b, c.

543%, Ilonbayac, AByMA TPeABIAYLIMMH 3a1a4YaMM, AOKA3aTh, 4TO
KOCOCUMMeTpHYeCKii ONpelenuTesb YeTHOTQ NOpPRAKAa ABAAETCs KBaipa-
TOM HEKOTOPOTO MHOT'OY/JEHA OT ero 3/eMEHTOB, CTOSALIMX BbIlie I/1aB-
HOH JHaroHaj .

544%, ITokasats, 4r0 ecau B oflieM BhIpaOXEHHH KOCOCHMMETpHYe-
CKOTO ONpEeeNHTENs KAKIBK 9JeMeHT 4, npu j > i 3aMeHUTb Yepes
—a;;, TO COKPAaTATCA BCE 4/aEHH, TOLCTAHOBKM W3 HHISKCOB KOTOPBIX
NpPH PA3JNOMEHHM HA LHMKALL J3I0T XOTA OBl ONMH LMK HeYeTHOH AJIMHBI.

545*, Tlyctb D -—— KOCOCHMMeTPHUYECKHH oOnpeleNuTesb YETHOIO [O-
paaka n ¢ saemeHtaMu g =—au(l, j=1,2, ..., n). lgaggossn
npou3gedenuem onpedesumensn DD HasLBaeTCHd NpouUsBeleHUE

ea;l, fza,'a, LR a[”_,' Ly
B KOTOPOM HHIEKCH N 9/IeMeHTOB, B Herc BXOAFIHX, 0GpasyioT nepe-
CTaHOBKY iy, iy, ..., i, uucen 1, 2, ..., n; e=-} 1, ecau sTa nepe-
CTaHOBKA YeTHad, M &==— 1, ecnn HeuerHas. Ildad¢oBo npoussereHne

Ha3bIBAGTCA npusedernbiM, €CNU OHO COCTOUT TOMLKO M3 9/EMEHTOB,
nexaltnx B D Bblle raaBHOM ZMATOHANH (T. €. eCAM Y KAXKAOTO 3ie-
MEeHTa NePBBHIA HHAEKC MeHbHle BTOpPOro). Ymew onpepemurens D nazoBem
CYULeCMBEHHBLY, €C/M TOJACTAHOBKA M3 €r0 HMHIEKCOB HMeeT TOJAbKO
UAKAB 4eTHOH aaudei. ITapa nprBeleHHnX ndaddoBHX npoH3BeLEHHH
N,, N, (B nanHoM nopsiaxe) Ha3uiBaeTcsl coomeemcmeywoueid LAHHOMy
CYLIECTBEHHOMY U/ieHy ompefenuteas D), ecau OHa NMOCTPOEHA MO ITOMY
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unedy caelyiommuM o6pazoM. ITycTh noACTaHOBKA M3 MHIEKCOB JAHHOTO
WIeHa 3anicaHa B LMKJAAX TaK:

(0,04 Op10) BBy -+ BeoiBe) o o0 (Mg ... Heoite) (D

‘pnyeM o; ==1 ¥ KamabH# UWKJI, HauuHas CO BTOPOro, HauMHaercs
C HAUMEHbLUEro Yyuchna U3 4Yuces, He BOWCAMIMX B MNpeabliyuine LUHKIBL
Crpoum ndaddoBs npousBeleHus

s
N =88a, 0,80, a, -+ Bay |, 0,03, 8,08,8, --- aﬁg_,, By
e BB, o Guy
n
N2—-—32aaz, 08, a5 -+ Gay, 0,03, BAB, B, - OB -

R TR T T

3aTeM KaxIbif S/eMeHT a;; Tie {>> J, 3aMenseM uepes — aj;.
COOTBeTCTBEHHO MEHS€TCA 3HAK €, WIH €, HO MeHfeTca M Kjacc

nepecTaHOBKY, TaK 4TO NPH KaxIOH 3aMeHe MBI CHOBa noJjydaeM ndag-

¢oBo npoussenenue. Bunonnwns B N| u N Bce yKasaHHBlE 3aMeHbl, Mbi

u noayuum napy N, N, npuseseHHbX ndadPoBHXx NpoH3BeleHUH, COOT-
BETCTBYIOILYI0 IaHHOMY CyUIeCTBeHHOMY uJeHy D.

Ioxasartp, uro:

1) Jlio6ass napa npuseneHHbX ndaddoBLX NpousBeseHHR (Pa3IHYHBIX
WIW OLMHAKOBHIX) COOTBETCTBYeT OJHOMY H TOJbKO OLHOMY CYLIECTBEH-
HOoMy ulteHy oGliero pasnoxenns onpenenurens D. (B ofuiem pasnoxe-
Hun D uneHBl, nONyya0MuMecs OLMH U3 IPYrOro 3aMEHaMu THNA a;;=—a;,
CUNTAIOTCS PasAHYHbIMH.) VIHBIMM CJIOBaMH, YCTaHOBJEHO B3aUMHO OJHO-
3HAYHOE COOTBETCTBHE MeXIy BCEMH CYLeCTBeHHbIMH WIeHaMH W BCEMH
napaMu npuBeleHHBIX NdaddoBrx nponssescuuit onpexenureas D.

2) Kawap#i cymecTseHHbi#h yien paBeH NPOW3BEACHHIO NPUBEACHHBIX
ndaddosnx npousBeleHuit COOTBETCTByIOUleH eMy MHaphl.

3) D= p?, rae p-—cyMMa Bcex NpuBefeHHHMX ndaddoBHX NPou3-
BelleHuii, HasbiBaeMaa ndaddoseMm arperatoMm uau ndadduanom onpe-
neaurens D.

546%, lloxasaTb caelyiolyl0 peKyppeHTHYI0 (opMyay, yIoOHYO Lis
BHIYHC/IeHHA TidaddoBa arperara, ORpelle/JeHHOrO B MpelbiAyillefi 3anauye.
Eemn  p, —ngap¢doB arperat . KOCOCHMMETPHYECKOTO  OmnpelesuTeNs

D,= ]a, | uernHoro mopsika n> 2, a p;, — ndaddos arperar ompe-
BeNnTeNns Di,,, NoAyyeHHOro W3 D, BHIUEPKHUBAHHEM n-# H i-# CTpOK,
a Takxe COOTBETCTBYIOLIMX cTOAOHOB, rae =1, 2, ..., n—1, T

n-1

-1
212{ (=07 pintyns pa=ary
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Tokasatb, 4TO p;, Noaydaercs H3 p,_, yBeidueHueM Ha 1 Bcex
HHIEKCOB 9/EeMEHTOB, OONbIUHX WM DABHHIX [.

547, Tlonpaysach ¢opMy/o#t mpenbiiyuie sanaud, BBUUCIUTE ndad-
¢Gunanbl py, Py P

548. Monb3ysicb dopMynoit samaun 546, HallTH UHCAO ClaraeMbix
ndaddosa arperata p, KOCOCHMMETPHYECKOTO onpeneantens D, yeTHoro
nopsaaka n, T. €. HKCIAO Pas/HYHEIX NpUBEdeHHBIX ndapdoBLIX NMpous-
peneHut onpenenutens D, (MpoH3BeleHHA, PA3IHYAIOLIMEC JHIUbL NMOPSAL-
KOM COMHOMNMTeJell, DasJMUHBIMH He CUHTAIOTCH).

549%, Ilycrs D — KocOCHMMeTpUYECKUH ONpeneniTe/b HEYETHOrO MO-
paaka n c oaementamn a;; (i, j=1, 2, ..., n), M;;—munop sne-

MenTa a;, Py p41— NQaddos arperar MuHOpa M,,. Tlokasate, dTO

M;;=Pi, n41Pj n11 (s J=1, 2, ..., n). Hanee, mokasatb, 4T0 3a
mHorounenst A, B; 3anaunm 542 (Npu YCAOBMHM, YTO HEHU3BECTHHIMA
Xy, + ..y X, CUMTAIOTCA 3JeMeHTH D, crosliue BHIlUE TI/I1aBHOM IMaro-
Ha/lu) MOXKHO NPHHATH Al=(—l)i'1p,, a2+l Bj_—:(——l)j_lpj,,,ﬂ.
0 a b
Iposeputb, uyTO 1n9 oOnpenenuTens |—a 0 c¢| sTuM nyTem
o |=b —c 0

AOJy4aeTcsl TOT Ke Pe3y/abTar, 4YTO H B 3alaye 542 (ecanm yuyecTb, 4TO

B 3anaue 542 A; u B; onpeleneHbl C TOYHOCTbIO [0 HSMEHEHHS 3HAKA

¥ BCEX ITHUX MHOTOWJIEHOB).

650%, JlokasaTe, 4TO ompelenuTeNs OGLEr0 BUAA, PaccMaTpuBaeMbif
KaK MHOTOW/IEH OT CBOHX S]eMeHTOB, NPHHSITHIX 32 HEM3BECTHblE, He pa3-
JlaraeTcs Ha ABa MHOXKHTENs, KAWIBIH M3 KOTOPHX €CTh MHOTOWIEH OT
TEX e HEH3BeCTHBIX CTelleHH, OTAHYHOH oT Hyad. HHeIMH caoBami,
OnpeJenuTeNb ABNSETCH HENPUBOAUMBIM MHOI'OYJIEHOM OT CBOUX BDJIEMeH-
TOB ¥ MPHTOM Hak JIOOBIM 1NOJEM.

551%, Ilycts D == |a;;| — onpeneautens noparka n> 1, k—mo6oe

n\ _ ~k__ n! .
u3 uucexr 1, 2, ..., n, (k)_C,,-— K 060o3nauuM uepes S,

S0 v u ey s(n) BCEBO3MOHBIE COuUeTaHud M3 n uucexn 1, 2, ..., n no &,
b2

3aHYMEpPOBAHHbLIE B NPOM3BOJLHOM, HO B JAa/MbHeHiieM HEH3MEHHOM IO~
painke (IS OMpeleseHHOCTH YHC/IA B KAWAOM COUYETAHHH MOXKHO CYHTaTb
Paco/IOKeHHHMH B TIOPAAKe BO3PACTaHUA, XOTA AJA JaJAbHEHINEro 3TO
He CYUIECTBEHHO); W;;— MHHOp K-r0 mnopsika onpenenuteas D, crosi-
Liuli Ha nepeceyeHMH CTDOK C HOMEDAMH M3 COYETaHHs §; M CTOJOLOB

. n
C HOMepaMu u3 coderauus S; I, j= 1, 2, ..., (k); a”—-anreépan-

Yeckoe jomoaHenue MuHOpa W;; B D. OnpereauteseM MHHOPOB K-TO
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n
nopsaka onpegenurens D HasoseM onpeAennTe]b Nopsika ( k)' UMel0~
mu# BUA

M Big ee P«l(:)
A, = Hoy Hog  een MQ(Z)
M P M RIG)

r n
Beenem eme ompegenuteas A, nopaaka (k)’ nonyuvaowutics us A,

3aMeHOR KaWAOrO MUHOPA [i;; €ro anrefpanueckuM fonoauenuem o; B D.

Iloxasatb, uTO:

1) aHauenus onperenurene A, u A, He MeHSIOTCA TNpPH M3MEHEHHH
HyMepauMd CouYeTaHHH, T. e. MPH MepecTaHOBKe COYETAHHH B MOCaAELO-
BATE/IBHOCTH Sy, Sgy +« e s(,,);

k

2) A,=A,_,. 310 — 06061iene yTBEpPXICHHS 321a4H 242;

A — pl#) G2, 5 5 —pl'z)

3) AkAkzD k ; 4) AkzD k-1 H 5) Ak=D k .

552%. Bolumcaute onpereautens P,= |p;;|. B kotopoM p,; =1,
ecnu [ IenuT j, u pij=0, ecan i ve neaut j. Haiitu 3uauenue ompe-
nemnrenst Q,=|g,|, B KoTOpOM ¢;; paBHO uucay OOwMX nenutenelt
upcen i 1 .

b653%. Pyuryueld Jidaepa HazviBaercs GyHKUUS @ (1), paBHAA YHCITY
uhucen paxa 1, 2, ..., n, B3anMHO MPocTHX C #. [loab3ysch npexnbiay-
melt 3anade#t u reopemolt T'aycca o ToM, uTO n=2q>(d), rie cymma
Oeperca mo BceM jenutensM d uWcaa o (Bkmovas 1 u camo n), noka-
3aTb, yTO onpenenutenb nopaika n D;;= |d;;|, rae d;;— nauGonbunt
oGwuft nenureny uucen [ u j, pasen @(1)@(2) ... @(n).



OTHOEJ II
CUCTEMbB! JUHEHHLIX YPABHEHUH

§ 9. CucTtemMn ypaBHenmuit, pemaemeie no npasuay Kpamepa

Cnenylolume cucteMbl ypaBHeHHH pelmuTh no npasuiay Kpamepa:
554. 2x,+ 2xy— x4+ x,=4, BB5.2x,+3x,+ 1lx3+ S5x,=2,

4%, 4 3x9— x3+2x,=6, x4+ x4+ Bdxy+2x,=1,
8x, 4 5xy—3x3-+H4x, =12, 2x,+ x4+ 3x3+2x,=-—3,
3x, 4 3x9—2x34+2x,=6. X+ X9+ 3x3+ 4x,=—3.
656, 2x,—+ Sxy-+4xs+ x,=20, B567.3xt+4x+ x5+2x,43 =0,
X+ 3xy42x5+ x,=11, 3x,+5xy+3x54+5x,+6 =0,
2x,4-10xy + 9x547x, = 40, 6x,-+8xy+ x5+5x,48=0,
3x,+ 8xy~9x3-+2x,=137. 3x,+H5xy4-3x34-7x,4-8 =0.
b58. 7x,+ 9x,+4x34+2x,—2=0, 859, 6x - Sy-—22z 4 4t 4=0,
2%y — 2%q+ Xyt x,—6=0, 9x — y+4z — t—13==9,
5x; 4 6x93x3+2x,—3 =0, 3x+4y42z —2t— 1=0,
2%, 4+ 3%+ x5+ x,=0. 3x — 9942t —11=0.
560, 2x — y—62z+ 3t4 1=0, 561, 2x+4 y—+ 4z +8f=—1,
Tx—4y+422z—15t432=0, x—+43y—6z-+2t=3,
x—2y—4z+ 9% — 5=0, 3x—2y+ 22— 2f{ =38,
x— y+2z— 664 8=0. 2x — y—+2z=4.
562, 2x — y+43z=9, 563. 2x-—5y—+4-3z2 4 f==35,
3x—by+ z=—=-—4, 3x —T7y+32— t=—1,
4 —T7y-+ 2=025. 5x—9y 4624 2t=7,

4x —6y+3z} t=8.
564*, Jlse cucTeMBl JHHEHHBIX YypaBHEHHH C ONHHMH M TeMH Xe
HEU3BECTHHIMH (He 00A3aTeJbHO ¢ ONHMM M TeM e YHCJIOM YPaBHEeHHH)
Ha3blBAIOTCS SKBHBAJIEHTHHIMHM, ecaH /i060e pelleHHe NepBOH CHCTEMH
yroBxersopaer Bropof u obpartHo. (JlioGnle nBe CuUCTEMBl C OIHUMH
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K TeMM Ke HeU3BECTHBIMH, KAaXAas M3 KOTOPHIX He uMeeT pelleHul,
TaKKe CUUTAIOTCSH SKBHBAJICHTHHIMH.)

[Tokasars, 4t0 /M000e M3 craedylouux npeoGpasoBanuft CcUCTEMB
JUHEAHBIX ypaBHeHUH:

a) MepecTaHOBKA NBYX ypasHeHHH; - :

6) yMHOMeHHe 0GeHMX uacreit ONHOTO K3 ypaBHeHH#t HA mo6oe uucIO,
OTJHYHOE OT HYJd;

B) HOUJNEHHOE BLIYMTAHHE H3 OJHOTO YPABHEHHA JPYroro, yMHOXeH-
HOro Ha moboe uHCHOo

nepeBOJUT IaHHYH CHCTeMY ypaBHeHHH B SKBHBAJEHTHYIO.

[TepeBOOUT N M3MeHeHWE HYMEPaUMH HEWSBECTHHIX HNAHHYI0 CHCTeMy
B SKBUBANEHTHY? JIONyCTHMO /M HK3MEHEHHE HyMepauMH HEeH3BECTHBIX
TIpH pelUeHMH CUCTEMBH! YPaBHEHUH?

565, Hdoxasatb, uro mi06Gas cucTeMa JUHEHHLIX YpaBHEHUH

n
jzla,-,x),:bi, i=1,2 ..., 8 (D

TocpencTBOM mnpeoOpazosauuit Thna a), 6), B) npeaniayuleft 3agaud U
#M3MEHEHNS HyMepalUKM HEU3BECTHHX MOXeET OblTh NpUBELEHA K BUAY

n
jzlcijyj=di, i=1, 2, ey 8, (2)

YAOBJIETBOPAIOILEMY ONHOH M TOJILKO ONHOH H3 CleNyIOIIUX Tpex rpymm
ycaopuht:

@ cy+0,i=1,2, ..., n ¢;=0 nna i > j (8 4acTHOCTH, KO3~
UUMEHTH NPH HEW3BECTHHIX BO BCEX YPaBHEHHAX, CNELyIOIUX 33 A-M
{npu s> n), pasupl Hyao), d;=0 ana i=n-1, ..., s (B 3TOM cay-

yae TOBOPAT, 4YTO CHCTEMA NpHBeLEHAa K TPeyroJbHOMY BHLY);
6) cyuectsyer uenoe uuciao r, 0 <{r<{n—1, rakoe, uto [ #* 0,

i=1,2, ..., r ¢;;=0 npu 1>, ¢;;=0 npu i{>r n moGom A
pasom I, 2, ..., 0, &;=0npu i=r+1, r+2, ..., 8

B) cywectByeT uesoe uuciao r, O0<r < n, Takoe, uto ¢; = 0 npu
i=12 ..., r c”=0 npu (> j; cij=0 npu {>r u JoGoM
Jj=1 2, ..., n. Cymecrsyer ueaoe uucio k, r+ 1<k <s, Taxoe,
uyro d, 0. -

Iokasats, 4t0 ecaum B cucteMe (2) BOCCTaHOBUTH NPEKHIOI HyMme-
pauHio HEH3BECTHHIX, TO MOJYYUTCA CHCTeMA, IKBHBAJEHTHAA HCXOIHOH
cucteme (1). 3areM moxasaTh, uTO B cJayuyae a) cucteMa (2) (a 3Ha4MT
n (1)) umeer enMHCTBeHHOE pelieHHe; B cayyae 6) cucteMa (2) HMeeT
6eCKOHEYHO MHOTO pellueHu#t, TNpHueMm a4 MIOOLIX 3HAYEHMH HEU3BECTHHIX
Yritr - eor Yy CYIIECTBYET €IMHCTBEHHAS CHCTeM3 3HaYeHUR OCTATbHHIX
HEU3BECTHHX ¥, ..., ¥,; B CJAyyae B) cucTeMma (2) peuwieHuit He uMeer.
OTa Teopema ZaeT OGOCHOBAHHE METOJA HCK/IOUEHUS HEH3BECTHBIX NPH
pellleHHd CHCTEMBl JHHeHRHBIX YpaBHEHUf,
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566. Ilokasath, 4TO eCiM CHCTeMa JHHeHHHX ypaBHeuu# (1) npenwi-
IDyuleft 3a1aun MMeeT Uenble Ko3ddUUHeHTH, TO NPH BCex Npeo6paszoBa-
HUAX B NpOLECCE ee NpPUBEIeHHd K BuAy (2) MOXHO H3Gewarb IPOBHEIX
ypces, TaK yTO M cucreMa (2) OyneT C uenabiMH KO3(PhUIHEHTAMU.

Crenyiouie CHCTEMBl yDPaBHEHHH DPEWIMTb METOAOM HCK/IOUEHHS He-
M3BECTHHIX:

567, 3x,—2x,—5x3+ x,=3, 568. 4x,—3x,}+ x3}5x,—7=0

2x—3Xo+ Xy+Dxy=—=—3, X1~—2X9—2x3—3x,~-3=0,
XH2x, —4x,=—3, 3x;— Xo+2x4 —+1==0,
X— Xo—4x4+9x,=22. 2x3xy+2x,—8x,4-7=0.
569. 2x,—2x,  + x,43=0, 570, x4 x,—6x,—4x,=6,
2x14-3 x94-x3—3x,4+6=0, Bx— xg—0x,—4x,=2,
3x+H4xy—x+2x, =0, 243 xy+9x5--2x,=6,
X3 xy4-x3— x,—2=0. 3x+-2x9+3x34-8x,=—7.

B71. 2x,—3x,-+3x34+2x,—3=0,
6x, 4+ 9xy—2x3— x,+4=0,
10x, 4+ 3x3—3x3—2x, — 3 =0,
8x,+6x,+ x3-+3x,+7=0.

572. x,+ 2x,+ Bx;+ 9x,=79,
3x; 4 13x5 - 18x3+ 30x, = 263,
2x,+ 4xy— 11xy- 16x, = 146,

X =4 9xg— 9x3-+ 9x,=92.

573. x,+ X+ X3+ x4+  x;= 15,
X+ 2x9+ 3x3-+ 4x,-f Sxy= 35,
X+ 3xy4 6x34 10x, 4 15x; = 70,

Xy -+ 4xy—+ 10x3+20x, 4 35, = 126,
X, —+8xy—+ 15x3+ 35x, 4 70x, = 210.

574, x,+2x,-+ 3x3+4 4x,+ Sxy= 2,
2x) 4 3xy+4 Tx3—+ 10x, -+ 13x, =12,
3x,+Sxy 4 11xy3 4 16x, 4 21x, =17,
2x;—Tx3+ Tx3+ Txy+ 2x,=>57,

X 4xy-4 dx34- 3xy+10x,= T.

675%, b6x,+ 6x,+ Bxz+ 18x,+ 20x;= 14,

10x; - 9xy4 Tx3—+24x, 4 30x;=18,
12X~ 12x5 4 133 + 27x, 4 35x, =32,
8x;~+ 6xy-+ 6x3+4 [5x4 20x, =16,
x4 Sxo+ 4wz 16x+ 15x;=11.
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876, x;+ X+ 4x3+ 4x,4 x5+ 9=0,
2%, 2x9+ 17x3+ 17x, - 82x, -+ 146 =0,

2x, —+ 3x3— x4+ 4x;+ 10=0,
Xo— 4xy+12x,4+27x,+ 26=0,
X+ 2x,+ 2x3-+10x, — 37=0.

677, 5x,+42x,— Tx3—4 l4x, = 21,

5x,— Xy 8x3— 13x,43x;= 12,
10x, -4 x9— 2x34 Txg— x5== 29,
15x, 4 3x5+ 15x3+ 9x, + 7x; =130,
2%, — x,— 4x34+ Sxy—Tx;=—13.

578. 2x,+ Txy+3x34 x4== 5, B79, 2x,} 3xy— x5+ x,=1,

X+ 3xy+5x3—2x,= 3, 8x,-+12x,—9x54-8x,==3,

X+ 5xp—9x4+-8x,= 1, 4x,+ 6xy+3x;—2x,=3,

50, +18xy+4x,-5x,==12. 2%+ 3x4-9x3—T7x,=3.

580, 4x;—3xy+2x3— x,=8, B81. 2x;,— X9+ x3— x,=3,
3xy — 2%y} x3— 3x,=7, 4x, — 2x9— 2x34 3x,=2,
2x,— Xy — 5x,=6, 2%, — X9+ 5x3—6x,=1,.
5x,—3xy,+ x3— 8x,=1. 2x,— Xy— 3x3-}4x,=b.

582, TToxasaTb, YTO MHOTOU/IEH CTeNleHW 1 BIOJHE ONpelensiercs ero:
3HAYEHHAMH NPH n— 1 3HAYEHMAX Heu3BeCTHOro. TouHee, NMOKa3arb, 4TO-

Jag JoObIX PAasJMUHBIX MEXIy coboft uucen X, X, Xo ..., X, W JIO-
6biX uucen Yy Yi» - ..» Y, CYIECTBYeT H HPUTOM TOJLKO OLKH MHOTO=-
wien f(x) crenenn < n, A8 KOTOPOro

f(x't):yi, i=0, 1, 2, “e ey n.

583. Ilonbsyach npenbiiywieff 3anavelt, 10KasaTb SKBUBAJEHTHOCTH-
JBYX oNpelefeHH# PpaBeHCTBA MHOTOYJIEHOB OT OJHOFO HEM3BeCTHOrol)
¢ 4ncaoBeiME Ko3dduumuentamun (unu koddduuuentamMu us n6oro 6ecko-
HEYHOTO TOoJs):

1) nBa MHOTrOY/EeHAa HA3LIBAIOTCA pAaBHBIMH, €C/JAH PaBHBH HX K03ddu-
IMEHTHl NpHM KaXIOH Tape 4Y/ICHOB OJUHAKOBON CTeneHM (ompereneHue,
npuHATOEe B anrebpe); _

2) [IBa MHOrouY/eHa Ha3BIBAIOTCA pABHBIMM, €CAM OHH PaBHB Kak
GyHKIHMH, T. €. €ClH PABHBl HMX 3HAYeHHS NPU KaXKAOM 3HAYEHHH HEH3-
BECTHOTO (OnpeneneHHe, NPUHATOE B aHa/K3e).

584, IlokasaTh, 4YTO XJs KOHEYHOTO noas ko3(PuuUEeHTOB onpere--
JIeHHs npenbliyllelt 3azauy He 9KBHBA/IEHTHH (MOCTPOUTL TNpHUMeEP).

) Mepykuneit Jerko AOKa3aTh aHAJOTHYHOE YTBEpPKIAEHHE AN MHOTOYJICHOB-
OT M10060ro 4HCAa HEH3BECTHHIX.
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585. Ha#itm kBaspaTHuifi MHOrouwiaeH f (x), aHad, uto
f)=—1; f(—=D)=9 f(2)=—-3.

586. Haittu MHorounen 3-# crenedd f(x), mas KOTOPOro

f(D)=0, f()=4, f(2)=3, f3)=16.

587. Kaxoit reoMerpHyecKHii cMbICH HMeeT yTBepiIeHHe 3aiaun 5827

588. Halitu napabony 3-# crenenu, npoxoxnswyio yepe3 touku (0, 1),
{1, —1.), {2,5), (3,37), npuueM acMMOTOTHYECKOE HamMpaBJeHHe napan-
NeJbHO OCH OpHMHAT.

589. Hatitu napaGony 4-# crenenu, npoxojswyio yepe3 touxH (5, 0),
(—13,2), (—10,3), (—2,1), (14, —1), npuueM acuMnTOTHYECKOE Ha=
fipaB/ieHye NapaienbHO Ocu abcuHcc.

PeuTb CnefylouMe CUCTeMBl MHHERHBIX yPaBHEeHHH, MPUMEHHUB B Kax:
JOM cayuae HanGoJee TMOAXONAIIMA NpHeM:

590, — x4yt z+t=a,  BI1%* a(x+H)+b(y+2)=c,

x—y+z-4t=>b, a'(y+84-0'(z4x)=¢,
x+y—z4+t=c, a"(z4 )4+ b0"(x+y)=c",
X+y+z—t=d. x+y+z4t=d,

npudem a # b, o’ +b', a” Fb".

592%, ax-+by—+cz4-di=p,
—bx+ay-+dz—ct=aq,
—cx—dy+taz—+4bt=r,
—dx-t+cy—bz—+4at=s.

593%, x,+ax, +alx, ,+...4+af'x +a?=0,
x+axn1—i-axn ot oo+ allx, 4 a =0,

X —f—anx” I+a”xn 2—{— +a" 1x +a"=0
‘THe @, Qg ..., G,— PA3IUYHBIE YHCAA.

694, x;, + x, +...4+ x, =1,
a,xy + A9Xo - + a’nxn =b,
ajx, + alx, +...+ alx, =0b%

a?~lg, +ai-1x,4 ... f+at-lx, =b""1,
THE @y, Qg ..., G, — PAIHUHBIE UUCA.
695, x;,+-ax,+ ... 4 af"'x, =8,
X, +ax,+ ... +al"x,=b,
x,+ax,+...+atlx, =0,

rae aqp, ag, ..., a,-— pasauuHbie 4ucjaa.
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b96. x;, -+ x, —1—...—}— x,, =b,,

1"71 + a2x2 -+ - + —bz,
a" ’x +a” 1x2—|— +a” 1x —b
TRe @, Qg ..., @, — PA3ANYHBIE UHCIA.

597. xl+ x2+---+ xn+1=O,
20, -+ 2260+ .. .+ 2", +1=0,

nx1+nx2—f— ~n"x, —11—1__0
598, ax,—+ bxy—+ ... —}—bx,,_cl,
bx1—|—ax2+...+bx,,==02

...........

bxy+bxo+ ... +ax,=c,
rae (a—Db)la+(n—1)b] 0.
599*, (34-2a)x,+ (B +2a) xo+ ... +@B+2a,)x,=3+2b,
(1 3a,+2a}) x4 (1 +3a,+205) x,+
Lo (143a, 4 2a2) x, = 1 435+ 2%
a1(1+3a1—}—2a'f)x1+a2(1+3a2+2a§)x2+...
.a, (1+3a +2a2) x, = b(1+ 3b+2b%)..

a" 3(1 + 3a, +2a2)x +a” 3(1+3a2+2a)x2

. a "‘3(1+3a,,+2a,,)x,,_b" 3(1+3b+2b2),~
af-2(14 3a))x, —{——ag 2(1—{~3a?)x2—|--

+a,, (1+3a,,)x,,_b" 7(1+4-3b)

& —— .
600%. Pasnaras oynxumo a +x) B CTeNeHHOH pan, nonyuum..,

X 14 2 3

ln(1+x)——~l+h1x+h2x +h3x +.-.

IToxkasarb, . 4TO
1
5 1 0 0 0
1 1
3 35 1 0 0

hy=| 1 1 1

T 3 3 1 0
11 1 1 1
n+1 n n—1 n—2 2
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1 €1 o € 4y €3 .6
601. Ussecrno, uto o = 1—|——2—l—x —+ i —+ 6T % +...,rze
£,, 5 €3 ...~ TaK HA3bIBAEMBIE YHMCAA S#inepa. Ilokasarb, uyro
! 1 0 0 0
1 1
via 5T 1 0 e 0
e,=(2n)! 1 1 1 .
"6,‘ _4|— 'ﬁ' 1 K 0
1 1 1 1 1
@n)l  (@2n—2)! @n—4)! (@n—6)! " 21

602%. B pasnoxenun —; i = 140X+ box24byx3+ ...

1
. (_l)n—lB
o= (2n)! :

Tlokasarb, utO

, Toe B, — Tak HaswniBaeMble uuciaa Bepuymiu.

1
5t 1 0 0 ... 0
1
. o7 1 0 ... 0
B, = (—1)"*" 2n)! 1 1 1 : o |

41 El Pl o

1 1 1 1 1
@Cn D @ @r—DI En=7 21

Janee mokasath, YTO

. 1 0 0 ... 0
= ar 1 0 .0
b= L L o7 .0 |70
.1. .. .l. B .1. e '1 . L
2n)! @n-—N1! @r—2) (@2n—-3) *°" 2!
npu n > 1.

603*, Tlokasarb, uro umciao Bepuymmu B, BBelenHoe B NpeibIy-
Aliell 3ajade, MOXeT ObiTb BBIPANEHO CJIEAYIOLIUMH ONpPENRJNTENAMH N-TO
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ROPALKA:
1
31 ! 0 0 ... 0
3 1
BT Kl 1 0 ... 0
B, = @2n)! 5 1 1 i
2 ki BT 3T 1 ... 0
2”'-—-1 1 1 1 ) '1
@D @n—=DI @—=3 @a—p! """ 3
HAN , |
ar pil 0 0 0
2 1 1
o I o7 0 0
B,=2"(2n)! 3 1 1 ) .
8 6! al 5
.n. . 1 '1' 01 . - . . 1.
CnF2)! @Cnml ©@n—2! Cn—n1 " 41

604*, OGo3anaunm uepe3d S,(R) cyMMy n-X CTeneHell YHMCes] HaTypasib-
Horo psga or 1 1o k—1, 1. e s, (k)=1"42"+ ... F+(k— )"
YcTaHoBUB PABEHCTBO

"= 14-Ch s 1 (B)+Ch%sn2 ()~ . . . = Chs1 (k) + 5, (k),

noxKasars, 4ro

S o/ o/ R s A |
S o B oo SO 6N
Saa()=—| ¥ 0 c:_z L C 1

n . - - 3 . . - . . . -
% 0 0 ...Ch 1
k 0 0 ...0 1

605%, IIpeacrasuth B Buue onperenutens r-# xosdduuuent [, pas-
NOYEHUS _%_x_ =14 lx? ot 4. x4

666, IlpeacraBute B BHIe onpeﬂenmenﬂ n-# xospduuuenr f, pas-
noenns xctg x =1— fix2— foxt— — fpxn—

607%, Bripasus n-#t xosadduument an pasnomeﬂuﬂ e~ ¥ —ax+

~+ayx?—ayx®<~... B Buie onpejenuTens, HafTH OTCIOJA 3HaueHus
onpeleanTe i,
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§ 10. Panr marpuun, JInHeliHas 3aBHCHMOCTEH BEeKTOpOB
U JuHeHHBIX (opm

HaltTh padr cjaeiyiOUMX MaTpUL, METOJOM OKalM/IEHHS MHUHODOB:
608, /2 —1 3 —2 4 609, /1 3 5 —\
—1 —3 4

4 —2 b 1 7 2
2 —1 1 8 2 5 1 —1 7
7 7 9 1)
610. /3 —1 3 2 5 611, {4 3 —5 2 3
5 —3 2 3 4 8 6 —7 4 2
1 —3 =8 0 —7 4 3 -8 2 71.
\7 —5 1 4 1 4 3 1 2 —5
18 6 —1 4 —6
612, Haittn 3HaueHus A, NPH KOTOPHX MaTpHLA
3 1 1 4
A4 10 1
1 7 17 3
2 2 4 3

WMeeT HauMEHbIUHMH paHr.

UeMy paBeH padr NpH HalleHHHX A W ueMy OH paBeH NpH APYTHX
3HayeHusax A?

613, Uemy paBeH paHr MaTpuus

1 A —1 2
2 -1 A b
1 10 —6 1

TPU Pa3AMYHBIX 3HAueHHAX A?

614. Ilyctb A — Marpuua paura r u M, — MuHop R-ro mnopsika,
cTosilMi B JIeBOM BepxHeM yray Marpuunl A. Jlokasarb, uYTO myTem
TEPecTaHOBOK CTPOK Meway co0oft u cTonGUOB Mexay cOOOH wMOwHO
A00uTbes BoinoaHenus ycaosui: M, =0, My==0, ..., M, + 0, Torna
Kak Bce MHHODH mopsiika GoJbwie 4eM r (ec/H OHH BOOOLIE CYIIECTBYIOT)
pasHbl HYJAIO.

6156, Jdsemenmapusinn npeoOPa308anuAML MAmPULH HA3bIBAOTCA
creaywlre npeo6pa3oBaHua:

1) ymnoxenue ctpoku (croabua) Ha 4HCIO, OTAUYHOE OT HyJd;

2) npubasnenue Kk oAHOK cTpoke (croabuy) Apyroft cTpoku (croadua),
YMHOXEHHOH Ha JM1060€ UHCIIO;

3) nepectanoBKa ABYX CTPOK (CTONGLOB).
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HokasaTh, uTo 3JeMeHTapHbHEe NpPeoOPa3’OBAHHA HE M3MEHSIOT paura:
MaTpuuHl. )

616, HoxasaTh, YTO NePECTAHOBKY CTPOK (CTOAGLOB) MaTPUILl MOMHO-
NOMY4HTb, BLINOJNHARA NPeoOPasoBaHNs CTPOK M CTOAOUOB TOJLKO THNOB:
1), 2), ykasanHBHX B npenbiyiued sanaue.

617. Iokxasatb, yTto moOYyI0 MaTpuuy paHra r SJheMEHTADHBIMH Npe-
06pasoBaHUAMM, YKA3AHHLIMA B 3ajaue 615, MOXHO NPHUBECTH K BULY, Fie
9/IEMEHTH @) = @99 == ... == @, = 1, @ OCTAJIbHBIE STEMEHTEI PABHbI HYJII0.

618, Hokrasarh, YTO 3JEMEHTaPHBIMH NPEOGPa3OBAHHAMH OLHHUX CTPOK
WM ONHMX CTOAGLUOB KBAAPaTHYIO MAaTPUlly MOXKHO NPUBECTH K «Tpe-
YTOJAbHOMY» BHIY, TA€ BCE S/]EMEHTH 1O OIHY CTOPOHY OT TJaBHOM
IHArONa¥ DAaBHH HYJI0, TIPHUEM HYJH MOXHO TOJAYYHTb MO JKeJdaHWIo-
an6o ceepxy, JMGO CHH3Y OT TJIaBHOW AuMaroHaiu,

BHUHCAUTL PaHT CJAeLYIOLMX MaTPHl, NPW NOMOUM  3/JE€MEHTapHBIX.
npeo6pasoBaHuii:

619, (25 31 17 431 620, /47 —67 35 201 155
75 94 53 132 26 98 23 —294 86 ).
75 94 54 134)° 16 —428 1. 1284 52

25 32 20 48]
621. (24 19 36 72 —38) 622. (17 —28 45 11 39)

49 40 73 147 —80 l24 —37 61 13 50|
73 59 98 219 —118 25 —7 32 —18 —11].
47 36 71 141 —72 |31 12 19 —43 —55

l42 13 29 —55 —68 ]

623. Ioxasath, 4TO €CAM MaTPULA COLEPHKHUT M CTPOK H HMeer
paur r, TO Jo0Le $ ee CTPOK OOPa3ylOT MaTpully, pPaHr KOTOpoH He
MeHble r —-§— m.

624. IlokasaTb, YTO NPUNHCHBAHKE K MATPULLE OXHOK CTPOKH (MM OLHO-
ro croanfua) mubo He H3MEHAET ee panra, MO0 yBEJAHUUBAET €ro HA EARHUUY.

625. Jokasarb, 4TO BHYeDKMBaHHWe OAHOW CTpPoOku (cTO/6UA) MaTpHiLY
TOTAa ¥ TOJbKO TOTHLA HE W3MEHSET PaHra, KOTJa BHUYEPKHYTas CTPOKa
(cronbew) JauHe#HO BHIPAMAETCS yepe3 OCTAJbHBIE CTPOKH (CTOAOLEL).

626, Cynmol 0syx mampuy, UMEOUIHX OIHHAKOBOE YACIO CTPOK H
ONMHAKOBOE UYHCIO CTONOHOB, Ha3blBAETCA MAaTPHLUE, KAKALIA 9JeMEHT
KOTOPO# paBeH CyMMe COOTBETCTBYIOLIMX DJIEMEHTOB JNaHHHBX Marpuu,.
T. e. (a;7) —+(bij) = (a;;-+ b;;). Jlokasatb, YTO paHr CyMMBl ABYX MAaTPHLL
He GoJblIe CYMMBI X PaHTOB.

627. Jlokasatb, u4TO nIOGYI0 MaTPHLUy paHTa 7 MOXHO TNPENCTaBHUTHL
B BHIE CYMMBl I MATPHMIL PaHra €IMHMUA, HO HeJb3sA NPEeACTaBUTL B BUAE
CYMMBl MeHee 4eM 7 TakuX MaTpull,
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628. JlokasaTb, uTO eC/HM paHr MaTpHLBE A He U3MeHsleTcs OT HpH-
MHCKM K He#t Kawjaoro cronbua Matpuupl B ¢ TeM ke 4YHCIOM CTPOK,
TO OH HE MeHAeTCs OT NMPHIHCKK K Marpuue A Bcex cToa6u0B MaTpuusl B.

629%, JloxasaTe, uTO €ClM paHr Marpuubl A paBeH r, TO MHHOD d,
CTOALLMA HA NepeceyeHuH JNIOOLX r JTHHEHHO HEe3aBUCHMBIX CTPOK H 7 JIMHEHHO
He3aBUCHMEIX CTOJONOB STOH MATPHLBI, OTJHYEH OT HYJH.

630%, Tlycts A — kBanparsas Marpuua nopsaxka n> 1 u A — mar-
‘pHUa, B3aMMHas (NpUCcoeldHeHHAs) ¢ MaTpuuelt A. BroidcHuTb, kKak H3Me-
HAeTC PAHr r MaTpHULl A C M3MeHeHMeM paura r Marpuub A.

631*, Ilokasatb, 4TO BHIYMCACHUE PAHTEZ CUMMETPHUSCKOH MaTPHIBL
CBOJMTCSA K BBIYUC/EHHIO OLHHX TOJbKO IVIABHBIX MMHODOB, T. €. MHHO-
POB, CTOAILIHX B CTPOKAX U CTOJOLAX € COOTBETCTBEHHO PABHBHIMH HOME-
pamu. VMedHo, 10Ka3arh, 4TO:

1) ecim B cummerpuyeckoft Marpuue A mopsnka n MMeeTcsd IJIaBHBIR
MuHOp M, mopsnxa r, OTAMYHBIA OT HyJs, LIS KOTOPOTO BCe OKaHMus-
IOLIHe ero rjaasHele MUHOpPH (r—+1)-ro u (r <42)-ro NopsiAKOB paBHHI
HYmMO, TO paHr Marpuubl A paseH r (eC/M BCe TJIaBHblE MHUHODHI PABHHI
HYJI0, TO MOXHO CUMTaTh FJABHLIA MMHOP HyJdeBoro mopsaxa M, paBHbM
€lMHulle, U TeopeMa OCTAHETCs BepHOH; Npu r — n— 1 MHHOPOB NopsaKa
r—2 He cyliecTByeT, HO YTBEpMIEHHE TEOpeMH BepHO, HGO paHr A
pasen n— 1);

2) paHr cUMMETPHYeCKOH MaTpulbl paBeH HauUBHICUIEMY MOPAIKY OT/IMY-
HHIX OT HY/f TJIaBHBIX MHHOPOB 3TOH MaTpMLULL.

632%, Ilycte A — cumMerpuueckast Matpuua paura r u M, — muuop
k-ro nopsaka, croswuit B 1eBoM BepxHeM yray marpuus A. (Ilpu =0
cugraem M;==1.) JlokasaT, 4TO nyTeM HeKOTOPOH NePECcTAHOBKU CTPOK
H COOTBETCTBYIWOLUEH NMepecTaHOBKH CTONOLOB MATPHUB A MOXHO 10OMTHCA
TOrO, 4T0 B psay MuHopoB My=1, M;, M,, ..., M, nuxakue nsa
cocellHUX He paBHbl Hym0 U M, == 0, BCe e MHHODHI NOpsSIKa BhIUE 7
{ecnu OHH CYLIeCTBYIOT) PaBHH HYJIO.

633*, [lokasaThb, uTO PaHr KOCOCHMMETPHYECKON MaTpuum onpene-
JSeTcsl ee r/JaBHBIMH MuHOpamu. Hwmenuo:

1) ecau cyliecTByer IJaBHbi MUHOD MOpsiKa r, OTJAHYHHHA OT HyJf,
o KOTOPOTO BCe OKaiMiafloine ero rJaBHble MUHOPHL mopsaka r— 2
paBHbl 0, TO paHr MaTpHUbl paBeH 7;

2) paHr KOCOCHMMETPHYECKOH MATPHILI PaBeH HAMBHICIIEMY NOPAIKY
OTJIMYHBIX OT HyAs [VIABHHIX MHHOPOB STOH MaTpHLbL.

634*, Ilycte A — xococumMerpuyeckas MaTpuua pasra r u M, — mu-
HOp R-TO MOpsiiKa, CTOsSIMH B JIEBOM BepXHeM yriay Mmarpuns A (M;= 1).
JloxasaTe, YTO NMyTeM HeKOTODOH IepPeCTAHOBKM CTPOK M COOTBETCTBYIOLIEH
1IepeCTaHOBKM CTONOLOB MaTpuiitl A MOXHO HOOHTBCA TOTO, 4TO MHHOPHI
My, My, M,, ..., M, oriuunsl ot Hyns, a mudopu M;, My, ..., M, _,
M BCE MUHOPH TMOpdAIKa Bblle 7 (€CJHH OHHM CYILECTBYIOT) PaBHB HYJIO,

635, Joxasarb, 4YTO PaHI KOCOCHMMETDHUECKOH MATpPHLbI ~— YHCIO
YyeTHOE,
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636. Hafitu nuuelthyio KOMGHHALHIO 3a, 4 5a,— a; BexTOpOB
a=#, 13 —2), a,=(1, 2, —3, 2),
a,—= (16, 9, 1, —3).
637. Hafirn Bextop X M3 ypaBHeHud
a,+2a,+3a;+ 4x =20,
rie
a, =05, —8 —1,2), a=(2, —1, 4, —3)
a;=(—3, 2, —35, 4).

638, Hantn BekTOp X M3 ypaBHeHud

3(a,— x) 42 (ay+ x) == 5(a;+ x),
rie
a,=(2, 5. 1, 3), a,=(10, 1, 5, 10),

as=(4, 1, —1, 1).

BuisicHUTb, ABASAIOTCA AU ClenyouHe CHCTeMbl BEKTOPOB JHHEHHO 3aBH-
CHMBIMU MJY JIMHEAHO HE3aBHCHMbLIMU:

639. a,=(1, 2. 3), 640. a,=(4, —2, 6),
a,=(3, 6, 7). a,—=(6, —3, 9).

641. @, =2, —3, 1), V642, a,=(5, 4. 3)
a,= (3, —1, ), a,— (3, 3, 2),
as—_—(l, —*4, 3). a3:(8, 1, 3)

643. a,—(4, —5, 2, 6), 644, a,=(I, 0, 0, 2 5),
0, =2, —2, 1, 3), a,=(0, 1, 0, 3, 4),
a,=(6, —3, 3, 9), a;=(, 0, 1, 4, 7),
a,=(4, —1, 5 6). a,= (2, —3, 4, 11, 12).

645. Ecnu 13 KOOPIMHAT KaXAOT'O BEKTOpAa IAHHOH CHCTEMB! BEKTOPOB
OJHOTO M TOTO Ke YHUCJIA M3MepeHu#l BblOepeM KOODIMHATHI, CTOSALIME Ha
onpeneneHHbIX (OLHHX M TeX e [IJiS1 BCeX BeKTOPOR) MeCcTaX, COXpaHss
UX NMOPANOK, TO HOJYY4HM BTOPYIO CHCTEMY BEKTOPOB, KOTOpYIo Oyiem
Ha3LIBaThb YKOpOoueH#o# 1ja nepBof cucteMb. [lepBylo ke cucrtemy Oy-
IeM HaswiBaTh YOiunernsod pas Bropol. Jlokasatb, uro J06as YKOpO-
yeHHas CHCTEMA 175 JMHENHO 3aBHCHMOM CHCTeMBl BEKTOPOB Cama JMHEHHO
3aBuUcHMa, a Jwbas yIJIMHeHHas CHCTeMa JJs JMHeHHO He3aBUCUMOH cH-
CTeMBl BEKTOPOB caMa JMHEHHO HE3aBHCHMA,
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646, [lokasat,, uTO CHCTeMa BEKTOPOB, COIepHKalas 1Ba pasHLIX
BEKTOpPA, JHHEAHO 3aBHCUMA,

647. Jokasath, 4YTO CHCTEMa BEKTODOB, ABA BEKTOpa KOTOpOH pas-
JMYAIOTCH CKANADHBIM MHOXMHUTeNeM, JHHeHHO 3aBHCHMA.

648. Ilokasarb, 4TO CHCTeMa BEKTOPOB, COAepiKallasi HY/JeBO# BEKTOp,
JMHEeRHO 3aBMCHMA.

649. lloxasaTh 4TO €CJH YaCTb CHCTEMbI BEKTOPOB JHHEHHO 3aBMCHMA,
TO M BCH CHCTeMa AMHeHHO 3aBHCHMA.

650. Mokasatb, uto mo6Gas wacTb JuHeHHO HEe3aBUCHMOH CHCTEMbE
BEKTOPOB CaMa JIHHEe{#HO He3aBHCHMA.

651%, IlycTy mana cucTeMa BeKTOPOB

aiz(ai,lv A o0r o - es Oy ) (i=1, 2,..., 5; s<gn).

s
Jlokasate, uro ecau |a;;| > zz—llaijl’ TO IaHHAs CHCTEMa BEKTOPOB
iy
JHHENHO He3aBHCHMA.
6562. Joxasarb, 4TO €CJAH TPH BeKTOPA @, @y @3 AMHEHHO 3aBUCUMBE
H BEeKTOP @3 He BHIDAWAETCS JHHEHHO Yepe3 BEeKTOpH @&, U & TO BeK-
TOPH @ M @y PA3IHYAIOTCA MexAy cOOOH JNHINb YHC/IOBBLIM MHOMHTENEM.

6563, llokasaTh, uTO €CAM BEKTOPH @, @y, ..., @, JHHEHHO He3a-
BYCHMBI, 4 BEKTODH @, &g, ... , @p, b AMHEHHO 3aBUCHMH, TO BeKTOp &
JUHEAHO BHpaXkaeTcs uepes BEKTOPH &;, &g, ..., Gp.

654, Tlombayscy npenblnylel 3afaveit, JOkasaTh, YTO KAWIEIH BeK-
TOp JAHHOH CHCTeMbl BeKTODOB JHHEHHO BHIpawaerTcs uepe3 OOy Ju-
HEHHO HE3aBUCUMYI0 MOIACHCTEMY STOH CHCTEMHI, COLEPKALLYI0 MAKCUMAlb-
HOE YUCAO BEKTOPOB.

656. lokasarb, 4TO ynopsaiOdeHHas CHCTEMA BEKTOPOB &, &, - . . , Gp,
OTAHYHBIX OT HyJs, TOTLa H TONbKO TOTAA JHHeHHO HE3aBUCHMA, KOrIa
HH OJMH M3 STHX BEKTODOB HE BhIpaMaercd JHHEHHO Yepes MpelBAylHE,

656%, JlokasaTh, YTO eCJM K YNOPALOYEHHOM NAMHEHHO He3aBHCHUMON
CHUCTEME BEKTOPOB @;, @, ..., @, NDHNNCATbL BNEepelH elle OLUH BeK=-
TOop b, TO He Gojee 4eM OIMH BEKTOP NOJyuYeHHOH cucTeMbl Gyjer Jau-
He#HO BBIPAXATbCs uepe3 ApeXbILyLIME.

657%, Jlokasatb, uYTO eCaH BEKTOPH @,, @, ..., @, JUHEHHO He3a-
BUCHMB M JIMHEHHO BBIPAXKAWOTCA vepe3 BekTopw by, b, ..., b, TO
r<s.

658%, basod danHoli cucmemsr 8eKmopos HA3LIBAETCHA Takas ee MO~
CUCTEMa, KOTOpas 00.jafaeT CieliylolMMK CBOHCTBaMH:

1) 912 noxcucteMa JHHeHHO HE3aBHCUMA;

2) mo6o# BeKkTOp BCEH CHCTEMbl JMHERHO BHIPAXAETCA Y€PE3 BEKTOPLE
3TON NMOICHCTEMHI,

Joxasats, 4To:

a) Bce Gasnl JaHHOH CHCTEMBbl COLEPHAT OJMHAKOBOE YHCJIO BEKTOPOB;



©59—666] § 10. PAHI MATPHLUDI 95

6) 4nca0 BeKTOpPOB /000K 6a3bl fAB/AAETCA MAKCHMAJAbHBIM YUCJIOM JH-
HEWHO HEe3aBHCUMBLIX BEKTOPOB HLAHHOH CHCTEMBI; STO YHC/O HA3bIBAETCH
paHroM JaHHO#t CHCTeMbl;

B) eC/IH [JaHHAA CHCTEMa BEKTODOB MMeeT DaHr r, TO jolnle r M-
HeHHO He3aBUCHMBIX BeKTOPOB 00pasyior 6a3y 3TOM CHCTEMBHI.

659%. JlokasaTh, 4T0 M100YI0 JHMHEHHO HE3aBUCUMYIO NMOACHCTEMY HaH-
HOH CHUCTeMBl BEKTOPOB MOXHO JONOJHHTH A0 0asel 3TOR CHCTEMbI.

660, lBe cucTeMbl BEKTOPOB HAa3LIBAIOTCH JKBUBANCHMHBLMU, €CIIH
Kax bt BEKTOP OLHOHW CHCTEMbl JIMHEHHO BbIPAXKAETCH 4Yepe3 BeKTOPHl Apy-
rof cucrembl W o6parso. [lokasarb, 4YTO [BE SKBHBAJCHTHble JHHEHHO
He3aBUCHMBIE CHCTEMB COLepXar OAHHAKOBOE YHCIO BEKTOPOB.

661. Moxasate, uyTO ec/M BEeKTOpH @;, &g, ..., @&, JHHeHHO Bbipa-
KAOTCA 4yepes BekTopnl b, by, ..., b, TO panr nepBo#t cuUCTeMb He
©osee paHra BTOpO#.

662. Jlaubl BeKTOpHL:

a, =0, 1, 0, 2, 0), a,=—(7, 4, 1, 8, 3)
a,=@O, 3, 0, 4, 0, a,=(1, 9, 5, 7, 1),
a;=(0, 1, 0, 5, 0).

Moxuo au momoSparb wucaa ¢;;(f, j=1, 2,..., 5) rak, 4robmn

BEKTOPH

b, = ¢y 1@; + €198y - C13@3 1+ €148+ €158,
by = 11 - ooy - o385 + Couy - €255,
03 = €318 C3089 - C338; = €3484 - €355,
b, = 0, Cp@y - 303+ C4u@y —+ 45,
b5 = 5,0, - C55@9 + C5385 + €544 €555
OblIM JIMHEHHO HE3aBUCHMBID

663. loxasato, uTO BekTOp O TOr4d W TOALKO TOTAA JuHEHHO Bhi-
pamaercsi uepe3 BeKTOPH @, @y, ..., @, KOTJA paHr MNOCAEAHEH CH-
CTeMbl BEKTOPOB He H3MEHsieTcs OT NpPUCOeNMHEeHNs K Hell Bexropa b.

664%, Iokasarb, uTO:

1) ABe SKBUBAJACHTHHIE CHCTEMBl BEKTOPOB MMEIOT OJMH U TOT XE PaHr;

2) teopema, ob6partHas yTBepxieHuio 1), HeBepHa.

OxHaKo cIpaBel/iUBO YTBEpPHKAEHHUE:

3) ecnM 1Be CHCTeMbl BEKTOPOB MMEKT ONUHAKOBHIR PaHr M OLHA M3
ITHX CHCTEM /MHEHHO BLIPAWAETCA 4epe3 APYTYI0, TO ITU CHCTEMbl IK-
BUBANEHTHBI.

Haiiti Bce 3nauennst A, npu KOTOPHIX BeKTOp b JHHEHHO BhIpawaercs
4epes BEKTOPH @;, @y, ..., @4

665. a,=—(2, 3, 5) 666. @, =4, 4, 3)
a,=@3, 7. 8), ay=@1, 2, 1),
a;=(1, —6, 1), a, =4, 1, 6),
b=(1, —2, A). b= (5 9, A
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667. a1=(3. 4, 2)#
a,—=@®, 8, ),
b=(9, 12, A).

668. ¢, =(3. 2, 5), 669. ¢, = (3, 2
=2, 4, 7), a,=(7, 3,
a;=(5, 6, &), a;=(5, 1,

b=(1, 3, 5. b=(, 2,

6),

9,
3),
5).

[667—680

670, IToscunth oTBeTH B 3agauax 665—669 c ToukM 3peHusa pac-

110JI0KEHUA JNAaHHBIX BEKTODPOB B NPOCTPAHCTBE.

671, ITonv3ysce sazauelt 657, mokasaTh, 4To GOJIee YeM I 7i-MEPHBIX

BEKTOPOB BCerua JUHEHHO 3aBUCHMHI,

672. Hatitn BCe MakcuManbHble JHHeHHO He3aBHCHMBIE NOICHCTEMH

CHUCTEMBI BE€KTOPOB:

al=(4’ —ls 3’ -2)1 a2=(8, '—2,
a3=(3' - l' 4r _2)3 a4=(6, —2,

Haiitu Bce 6asbl CHCTEMBl BEKTOPOB:

673. a;,=(1, 2, 0, 0), 674, a,=(1,
a,=(1, 2, 3, 4) a, =(2,
a;=@3, 6, 0, 0. a, = (3,

a,=(4,

676. a, =2, 1, —3, 1), 676, a,=(1,
a, =4, 2, —6, 2) a,=(2,
a;=(6, 3, —9, 3), a, =3,
a,=(1, 1, 1, D a, =4,

a;=(1,

6,
8,

w 3

—_ W WN O

-

—4),
—4).

3, 4),
4, 5),
, 6).
6, 7).

3),
4),
3),
4),
1).

677. B xaxoM cayuae cucCTeMa BeKTOPOB 00JafaeT eLUHCTBeHHOH

6asoi?

678. Ckoibko 6a3 umeer cucteMa k—-1 sextopoB pasra k, couep-
AAaIas MPOMOPUMOHANbLHEIE BEKTOPH, OT/AMYHLIE OT HYJS?
Hafitu kakywo-nubyib 6a3y CcHCTEMB BeKTOPOB M BCe BEKTODH CH=-
CTEeMHl, He BXOAfIlME B NaHHYI0 0a3y, BHIPa3uTb Yepe3 BEKTOPH 0ashl:

679- al = (5! 2: ’—3! 1)! 680' al = (2’

a,=@4, 1, —2, 3, @, =4,
a3:(1' 1, —1, —2)’ a3=(3,
a4_—_(3, 4, —1, 2). a4=(4,

a;=(7,

—1,
-—3,
-2,
—1,
—6,

3, 5),
1, 3),
3, 4,
15, 17),

—7, 0.
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681. o, =(1, 2, 3, —4),
a,=(2, 3, —4, D),
a,=(2, -5, 8, —3),
a,= (5, 26, —9, —12),
a,=(3, —4, 1, 2).

682%, Ilycts mama cucrteMa BEKTOPOB X;, Xg, ..., X, OAHOTO M

TOro e uucaa uamepeHu#t. OCHOBHOR CHCTEMON JMMHEHHBIX COOTHOLIEHHMN
9TOH CHCTEMBl BEKTOPOB Ha3HIBAETCH CHCTEMA COOTHOLIEHHH BHAA

.

Eai,jszo ‘ t=12,...,9),

o6nanaolias TaKuMH IBYM# CBOHCTBAMH:
a) 3Ta cHCTeMa COOTHOUIEHHH JMHEHHO HE3aBUCHMA, 4YTO O3Hauaer
JIMHEHHYIO He3aBHCHMOCTb CHCTEMBI BEKTOPOB

al'——‘(al’l, (li’g,.-., ai. n) (i:l, 2,.... S);
6) mobast nuHefiHas 3aBHCHMOCThH BEKTOPOB X, Xy, + .., X, ABIASETCA
n

cAeiCTBHEM COOTHOIUEHHH AaHHOK CHUCTEMBI, T. €. eCJH 2 ajx =0, 10

j=
BeKTOp @ =(0;, Oy, ..., 0O,) "BJAACTCH AHHeHHOH KOM6uﬂauvxeﬁ BEKTO-
pos a,, a,, ..., a, Iokazars, uro:

1)y ecan %, X5 ..., X,—0asa jJaHHOH CHCTEMBH BEKTOPOB H
x,_Z Ay jxj i=r—41, r42, ..., n, To OIHOH M3 OCHOBHHIX

cuc"rem nuuemmx COOTHOILIeHHMH JanHO# CHCTEMBI BEKTOPOB OyIeT CHCTe-
Ma COOTHOWeHHH X, — X Ay, *i=0 (=r+1,r+42, ..., n)j
j=1

2) BCe OCHOBHLIE CHCTeMHl JMHEUHBIX COOTHOLUEHHH copepKaT OIMHa-
KOBO€ YHC/JI0 COOTHOIUEHUH;

3) ecam kaxas-HUOYIb OCHOBHAA CHCTeMa JHHEHHBLIX COOTHOIIEHUH co-
JepKUT § COOTHOIIeHUH, To /mobasd cHcTeMa S JHHEHHO HE3aBHCHMBIX
JUHEHHBIX COOTHOLUEHHWH TOH Ke CHCTeMbl BEKTOPOB TaKXe sBAfeTCS

OCHOBHOH cuUCTeMOH JHHEHHBIX COOTHOLUEHHH;
n

4) ecau cucteMa COOTHOLIeHHH’ Z ai‘jszz() (i=1,2,...,9)
j=1 -
ABASAETCA OCHOBHOH CHCTEMOH JMHEHHBIX COOTHOLIEHMH, TO cHUCTeMa COOT-

HouLteHn# 2 B, X;=0 (i==1, 2, ..., s) Oyier OCHOBHOH cHCTeMOH
Jj=1 .

JUHERHBIX COOTHOIIEHH# TOraa M TOJbKO TOrAa, KOrpa, mnoJjaras
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Q= (0,1, Oy g oo 0y, i=1,2, ..., b=, B0 ... B, )
i=1, 2, ..., s, OyleM HMETb:
$§
b,=j2_ly,,,a, i=1,2, ..., 9,

rae Ko3houuMeHTH Y, ; 06pAa3yIOT ONpejeNuTeNb MOPAAKA S, OTAMUHHIR
OT HyJIH.

TMoab3ysach YMHOXEHHEM MAaTPHL, NOCAEIHHE § BEKTODHHX pPaBEHCTB
MOXHO 3aNKCaTh B BHMIE ONHOIO MAaTPHYHOrO PAaBEHCTBA

B=CA, rre A=(q; Ds, w B=(§, j)s,n u C=(y, j)s'

C — HeBHIpOXIeHHAas MaTpuua Iopsixa s.

OnpenenuB OCHOBHYIO CHCTeMy JHHEHHBIX COOTHOWIEHHH /i CHCTEMHI
JMUHeHHEIX (OPM AHAJIOTMYHO TOMY, Kaxk 9TO OBLIO clesaHO B 3anave 682
I/l CHCTeMH BEKTOPOB, HaWTH OCHOBHYIO CHCTEMY JIMHEHHLIX COOTHOlUe-
HMH I CUCTeMBl JHHeRHbX (opm:

683, f,=05x,—3x,+ 2x;+44x, 684, f,=8x;+ Txy-+4x;-+5x,,
fo=2x,— X3+ 3x3-4 5%, fo=3%+2x+ x3-+4x,
fa=4x,—3xy— x5 —Tx,, f3=2x,-+3xy+ 2x3— 3x,,
fi=x+Tx+ 1lx, fa= xi— x— x3+Tx,

f5=05xy+4x3— 17x,

685. f;=>5x;+ 2x,— x5+ 3x,-44x;,
fo=3x1+4 Xy—2x34 3%, 5x;,
[3=06x; 4 3xy— 2x3+4x,+ 7x;,
fa=Tx;+4xy— 3x3+ 2x,+ 4x;.

686, f;=2x;, —3x,—+ 4x;— bx,,
Jo= x;—2x,+4 Tx3— 8x,,
Sa=3x,—4x,+4 x3—2x,
fi=4x, —Bxy4-6x3— Tx,,
J5=06x;—Tx,— x4

687, fi=3x;+2xy—2x;3— x,—4x;,
fo=6x;~4x,— 4x3—2x,+ 8x;,
fa==Tx;+45x—3x3— 2x,+ x5
fi=4x;+4xy,—4x3— 3x,+ 5x;,
fs=8x; 4 Tx;3—5x3—4x,- 2x;.

688*, Ilycth maHa cucTeMa JMHeHHHIX (opM:

fr= z"la,, e =12 ..., 9 )
k=
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H BTOpaf CHUCTEMa JMHEHHEIX (opM, JHHEHHO 3aBHCAILMX OT (OpPM nep-
BO#t CHCTEMHI, :

(pi:i*{c,,f, (=12 ..., 8. @)
=

Hoxasath, 4T0 paur cucteMol ¢opM (2) He Gosee paHra CHCTEMH
dopm (1). Ecam s=f n onperemurens |‘cij|J OTJHYEH OT Hyad, TO

paurn o0eux CHCTeM AHHeHHBIX GOpM COBNAAIOT.

§ 11. CucTembl JHHEHRHBIX YpaBHeHHik

HccnenoBaTh COBMECTHOCTb H HafiTH OGllee pelleHHe M OJHO YacT-
HOE pellleHHEe CHCTeMBl ypaBHeHHH:
689. 2x1 + 7x2'+‘ 3x3 "" x4 = 6,
3x, 4+ Sxy+2x;+2x, =4,
9%+ 4xy+ x3-+7x,=2.
690, 2x;, —3x,+ Ox3+ Tx,=1,
4x,—6x,+4 2x34 3x,=2,
2%y —3xy— 11x3— 15x,==1. .
691, 3x,+ 4x,+ x;+ 2x,=3, 692, 3x—5xy}2x5}4x,=2,

6x,+ 8xy+2x;+4 dx,=7, Tx,—4xy+4 x3-+3x,=5,
9x, -+ 12x5 4 3x, 4 10x, = 13. 5x,+7x,—4x;—6x,—=3.
693. 2x;+ 5x,— 8x;=38, 694, 3x, —2xy+45x3+ 4x, =2,
4x,+3xy— 9x,=09, - bx;—4x,-} 463+ 3x,=3,
2x1+ 3x2-—5x3=7, 9x1_6x2+3x3+ 2x4=4-

X+ 8xy —Tx, =12,
695. 2x;— x,-+ 3x3— Tx,=35,
4%, — 2%, 14x, — 31x, = 18.

696. 9x, —3x,+ 5x;+ 6x,=4,
6x;-— 2%y 3x3+ x,=35,
3x;— X9+ 3x3—+ 14x,=—8.

697, 3x;+2xy+2x;+2x,=2,
2x;+3x9+2x3+ 5x, =3,
9%+ xy-+4x;—5x,=1,
2%+ 2%y x5+ 4x, =5,
Tx 4 Xg4-6x3— x4=T7.
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698. x;+ xo+ 3x3—2x,+43x;=1,
2x,+2xy+ 4%, — x,-+3x5,=2,
3x;,+ 3%+ 8x;—2x,+ 35, =1,
2x; - 2x9 4 8x; — 3x4 4 95 =2,

699. 2x;, — x,+ x,+2x,+ 3x;=2,
6x; — 3xy4 2x53+ 4x4+ Sx;=3,
6x, — 3xy+ 4x3+8x,+ 13x;,=9,
4, —2xy+ x3+ x4+ 2x;=1.

700, 6x;+ 4xy+ 5x3 4 2x,+ 3x;=1,
36,4 2xy+4x;+ x4+ 2x,=23.
3x;+2xy—2x,+ x, = -7,
x4 6xy+ x5+ 3x,+ 2x,=2.

701, x;+ 2x,+3x3—2x,+ x;=4,
3x;+ 6xy - 513 — 4x, 4 3x5=13,
X+ 2%+ Txy—4x, + x,=11,
2x, 4 4xy+42x;— 3x, + 3x;=6.

702, 6x;+ 3x,+ 2x, 4 3x, 4+ 4x, =3,
x4 2%+ x5+ 2x,+3x5=14,
4x, 4 209+ 3054+ 204+ x5=0,
2,4+ xXo+Txy3+3x,+2x;=1.

703. 8x;+ 6xy+5x342x, =21, 704, 2x,+ 3x,+ x34+2x,=4,

3x;+ 3x,+2x, 4+ x,=10, 4x,+ 3xyt+ x5+ x,=5,
4x,+2xy+ 363+ x,=38, S5x,+11x54-3x,4+2x,=2,
3x;+ 8%, +4+ x3+ x,=15, 201+ Sxp+ x5+ x=1,
Tx,+4x,+ 5x3+ 2x,=18. X— Txg— x34-2x,=T7.

705%, Jlokasarb, 4TO:

a) moGylo cucteMy S JMHEHHBIX ypaBHeHHH C 7 HEM3BECTHHIMH, Y KO-
TOpOH MarTpuia M3 KO3(p(@HUUEHTOB NPH HEW3BECTHHIX HMEeT PaHr r,
nyTeM H3MEHEHHS HyMepalMHd YPABHEHMH W HEH3BECTHBIX MOXKHO NMPHBEETH
K BHLY

n
Dax;=b (=12 ..., 9, 1
j=1

obnanawolieMy cBoHcTBamu
m0=1, ml#o, m2=7&0,..., mr#O, (2)
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e M, — MAHOP R-rO MOPsAKa, CTOAILLMA B JEeBOM BepXHEM YINIy MaTPHLibl
%3 KOID(PHUMEHTOB NPH Heu3BeCTHHIX cHcTembl (1);

6) cuctemy ypasuenut (1), obaanaomyio cpo#ictBamu (2), myTem
{PALA BHIYMTAHMH ee ypaBHEHHA, YMHOXEHHBIX Ha MOAXOAALIME UYHCIa,
M3 NOC/ENYIOUX YPaBHEHHH MOXHO NMPHBECTH K IKBUBAJEHTHOH cucTeMme

n
j%c,jxj=d, (=12, ..., 59, ®3)
©b6aanaouielt cBoRCTBaMu:
ey F0 mpu i=1,2,...,r,
¢;=0 npn j<iKr, a Takxke 4)
npui>ru j=1, 2, ..., n.
Ecm d;=0 npu i=r+41, r42, ..., s, 1o cicremMs (3) u (1) coB-

‘MECTHB, MpUYEM HPH r==x UMeeTCs eIUHCTBEHHOEe pellleHHe, a MNpH
& < n GECKOHEYHO MHOrO pellieHHH.

B nocienuem ciydae CBOGOIHBIMY HEHU3BECTHBIMU ABIAIOTCH X, 1, ovy X -
I3 r-ro ypasHeHus MOXHO BHIPDasHTb X, Yepe3 CBOGOIHbIE HEH3BECTHHIE.
Bcerasasa 310 BuIpakenue B (r — 1)-e ypaBHeHue, HaliieM BHIpAXeHUE
X,_, uepe3 cBOOOAHBIE HEM3BECTHBE W T. X. ,

Hakoteln, #3 nepsoro ypasHeHHs HaileM BhipaxeHMe X, 4epe3 CBO-
“GONHBIE HEU3BECTHHIE,

[TonyueHnbie BHIpAXEHUA X, Xy, ..., X, Yepe3 CBOGOIHLIE HEn3me-
<CTHHIE X,,y, ..., X, COCTaBAAlOT oOllee pentenue cucteM (3) u (1). Aro
-03Ha4yaeT, uYTO MNpu MOObLIX 3HAYEHHSIX CBOGOIHHIX HEH3BECTHHIX M3 Halt-
IZeHHBIX BHIpaXEHHH noayuuM pemeHus cucteM (3) u (1) u moboe pelue-
HUe ITHX CHCTEM MOMKeET ObiTh MOJY4eHO TaKuM NyTeM NPH NOILXOAAILMX
“BHAYEHUAX CBOGOAHLIX HEH3BECTHBIX.

Ecan d; <0 xotsa Ob nNpnm OZHOM 3HAYeHHH { > r, TO cucTeMH (3)
# (1) HeCOBMECTHHI.

H3noxeHHBt METOX MCC/AELOBAHHS M pelleHus CHCTeMbl JHHEeRHBIX
'ypaBHEHKH HA3bIBAETCA METOJOM WCK/IOYEHHS HEU3BeCTHHIX (CPaBHHTbL C 3a-
naye#t 565).

[Tonb3ysick METOZOM MCK/IIOYEHHS HEeHW3BeCTHHX, YKa3aHHHM B 3a-
.aave 7085, uccnenoBarb COBMECTHOCTb W HalTH oOLiee peLIEHHE CHCTeM
'ypaBHeHH#f (ecAM HMCXOLHAs CHCTeMa HMeeT lenble KOS(PQPUUMEHTH, TO
B NpPOLECCE HCKIOYEHUS HEM3BECTHHIX MOXKHO H30exarb ApobeH):

706, x;+ 2x,+3x5+ x,=3,

X+ 4%y +5x3 4 2x, =2,
2%+ 9%y 4 8x3+3x,=7,
3xy Ty + Txg 4 2x, =12,
5x1 + 7x2 + 9x3 "I'— 2x4.= 20.
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707. 12x, + 14x, — 15x3+ 23x, -+ 27x;=35,
16x, -+ 18xy— 22x5+ 295, 37x; =38,
18x, - 20x, — 215+ 32x, - 41x; =19,
10x; + 12x5 — 16554 20x, + 23x5 = 4.

708, 10x; -+ 23xy+4 17x; 4 44x,=25,
15x, -+ 356x,F26x5-+ 69x,=40,
25x, - 57xy+ 42x5-+ 108x, = 65,
30x, + 69x,+ S51xy 4 133x,=95.

709, 45x; — 28x, -+ 34x,— 52x, =09,
36x; — 23x,+29x, —43x,=3,
354y — 21xy+ 28x, — 45x, =16,

47x,— 32xy+36x; — 48x, —=—17,
27x,— 19x,+22x3 — 35x, =6.
710. 12x, — 16x3+25x, =29,

27x,+ 24x,— 32x3-+47x, =55,
50x, + 51xy— 68x;+ 95x, = 115,
31x,+21x,— 28x; + 46x,=50.

711, 24x;+ 14x, -+ 30x3 - 40x, + 41x5 =28,
36x, -+ 21xy 4553+ 61x, + 625 =43,
48x, + 28x, - 60x3+ 82x, 83.x; =38,
60x, + 35x5 -} 765x3 -+ 99x, + 1025 = 69.

Hccnenopath cuUCTeMy M HaitH ofmiee pelleHWe B 3ABUCHMOCTH OF
8HAaueHHs napamerpa A:

712, 5x,—3x,+ 2x34 4x,=3,
4x,—2xy+3x3-F Tx,=1,
8x;, —6x,— x3— Dxy;=9,
Tx,—3%y+ Tx3417x,=A.

718. 3x,+2x,+ 5x3+ 4x,=3,
2x,+3x9+6x3+ 8x,=35,

x;—6xy— 9x3— 20x, = — 11,
4x, 4+ xot+4x;+Ax,=2.

714, 2x,+ Sxy+ x343x,=2,
4x,4 6xy-+3x3-}5x,=4,
43,4+ 14x+ X3+ Tx,=4,
2x,— 3x;43x3+Axy =T,



715—~724] . .§:41.-CUCTEMB! JIUHEVHEBEIX YPABHEHHUM 103

716, 2%, — Xy 3x;+4 4x,=05, .
4x,—2xy+05x;+ 6x,=7,
6x;— 3%y 4 Tx3 4 8x,=09,
Axy— 4xy+ 9x3+4 10x, =11,

716, 2x,+ 3xo+ x5+ 2x,=3, 717, A, + X9+ x3=1,
4x,- 6xy—+3x344x,=35, : X+ Ay xy3=1,
6x;, 4 9xy—Bxy3+6x,=7, X+ X+Axy=1.
8x, 4 12x5+4 T3+ Ax,=9.

718, Ax 4 X+ x4+ xy=1,
%+ A+ X3t x4=1,
X+ XA+ x=1,
£+ X+ x3+Ay =1

719, (1 A) x4 %o+ %=1,
= (1 4 A) sy x5 =4,
%y % (1 4 A) x5 = A2,

720, (A4 1) x; 4+ x5+ x; =A% 34,
%1+ (A4 1) g+ x3 =213+ 3A2,
Xy X (A1) Xy = A1 3A3,

HccnenoBath cucTeMbl ypaBHeHWH u Halith ofilee pemetue B 3a-
SBUCHMOCTH OT .3HaueHuH, BXOAAIIMX B KOI(QPUUHMEHTEH NapaMeTPOB:

721, x4+ y+ z=1, 722, ax+ y-}+ z2=1,
ax-+ by+ cz=d, x4+by+ z=1,
a?x -+ b2y + c2z =d2. X+ yH4cz=1,

B KaKoM ciyuae 3I4ech BO3MOXHEI Hy/J€Bble 3HAYEHHA HEKOTOPHIX H3
HEeM3BECTHHIX P

723%, ax+ y+ z=a,
- x+by+ z=0b,
x4+ y4cz==c.

Hafitu obwee peuredue u QyHAAMEHTANbHYIO (WM OCHOBHYIO) CHCTEMY
jpelieHuil LA CHCTeM ypaBHEHHH:

724, x4 2x,+ 4x3— 3x4=0,
3%+ 5%+ 6x3— 4x,=0,
4x, 4 5xy— 2x34 3x,=0,
3%, 4+ 8xy+ 24x3— 19x4 =0,
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725. 2x, —4x,+ Ox3+ 3x,=0,
3x,—6x;+4+ 4x3+ 2x,=0,
45, —8xy 4 17x3+4+ 11x,=0.

726, 3x;+42x;+ x3+3x,+ 5x;,=0,
6x,+4x,+4 3x3+ 5%, + Tx; =0,
9x,+6x9+5x3+4 Tx,+ 9%, =0,
3x;42x,4-4x,+ 8x;=0.

727, 3x,+5x,+ 2x3=0,
4x, 4+ Tx9+5x3=0,

X+ xXyg—4x3;=0,

2x,+ 9x5+6x3=0.

728, 6x,—2x9+2x34-5x,+7x, =0,
9x, —3xy+4x3+8x,+ 9%, =0,
6x;—2xy+6x;4Tx,+ x;=0,
3x,— Xp4-4x3+-4x,— x;=0.

729. x;,—x3=0, 730. x,— x3+ x,=0,
Xy —x,==0, Xg— x4+ x=0,
— X+ x3—x53==0, X — Xy + X5 — X5=0,
— Xy +x,— x5=0, Xy — X3+ xg=0,
— x3+ x;=0, Xy — X4+ x5=<0.
— X4+ xg=0.

731. &5x,+ 6xy—2x3+Tx,+4x,=0,
2x, 4+ 3xy— x344x4+42x,=0,
Tx, -+ 9%y —3x3+ 5x4+ 6x;, =0,
Sx, 4+ 9x;—3x3+ x4+ 6x;=0.

732, 3x;+ 4x,+ x3+42x,+3x,=0,
Sx,4 Txy—+ x3+43x,+4x;=0,
dx, 4 Sxy+2x3-4+ x4+ 5x;=0,
7%+ 10x,+ x5+ 6x4—+ 5x5=0.

733. JlokasaTb, uTO s MOGO# OLHOPOXHOM CHCTEMBl NHHEHHHIX ypaB-
HeHUH C PAauMOHANLHBLIMU (B YACTHOCTH, C UE/IHIMH) KOS(DQUUMEHTAMH MOK~
HO MOCTPOHTh UEACUHC/IECHHYIO (YyHIAMEHTAaNbHYI0 CHCTEMY pellleHHH (npm
YC/OBHH, YTO panr MaTPUUE KO3P(HLUUEHTOB MEHDILE YHC/1A HEHIBECTHRIX),
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734, Jloxasarb, 4TO AJAS CHCTeMBl ypaBHeHHH
n
jgla”xj=0 (=12 ..., 9. M

panra r<n aobuie n— r JuHeRHO HE3aBHCHUMEIX peme}mﬂ
Oy Ayg oo vs Oy
(121, a22) ey a2ny
an—r, 1 Qoo 20 e Uu-r, n

©06pasyioT (yHIAMEHTAMbHYIO CHCTeMy peluexuit, a ofuiee pelleHHEe MOK-
#10 MPEICTABATL B BUAE

n—r
xj=kzlckakj =12, ..., n), (2)
whE €y Cgr + - -+ Cp_p— TNPOU3BOJIbHLIE TIApPaMeTpHl. VIHBIMU CIOBaMH, 1OKA-
3aTh, YTO NPU MOOLIX 3HAYEHUAX NAPaMeTPoB ¢y, Cy ..., C,_, dopmy-

aw (2) nawot pewenne cuctemsl (1), u mo6oe peitedne cucteMbl (1) MOX-
#o noayuuth u3 Gopmysa (2) npU NMOAXOAAIIKX 3HAYEHUAX MAPAMETPOB €y,
o v Cpope :

Ins clnefyiowux cucTeM ypaBHeHuHM HafiTu oOulee pemenue Buia (2)
M3 npenpliylleil 3aladd, rAe Kaxloe HeW3BeCTHOE NPedCTaBNCHO OJHO-
{POAHBIM JHHEHHBIM BHLIPAXKEHHEM OT MapaMeTpoB C LENbIMA Kod(QduuHeH-
Tamu:

735. 2x,+ Xy—4x3=0, 736. 2x,— x,-+8x3+7x,=0,
3x,+5xy— Tx;=0, 4x, —2xy+ Tx3+ 5x,=0,
4x,— Bxy— 6x3=0. 2x,— Xy x3—5x,=0.

737- 3x1+2x2+SX3+ 2x4+ 7x5=0,
6x, + 4xo+ Tx3+ 4x,- 5x;=0,
3x1+2x2— x3+ 2x4‘-—11x5=09

: 6x; 4+ 4%+ x34+ 4x,— 13x;,=0.

738, 6x;,— 2xy+3x3-+ 4x,+ 9x;=0,
3x,— X%+ 2x3-+ 6x4,-+ 3x;=0,
6x; — 2xy+ 5x3+20x, 4 3x,=0,
9x; — 3xy+4x34+ 2x44 15x,=0.

739, 2x, 4 Txy+4x34+ Sx,+ 8x;=<0,

4x,+-4xy-}8x3+4 5S5x,+ 4x;=0,
X, — 9%y —3x3— Ox,— 14x;, =0,

3%, 4 5%+ Tx3+ Bxy+ 6x;=0.
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740- 3xl+4x2+3x3+ 9x4‘+‘ 6x5=0.
9x, 4 8xy+5x3+ 6xy,+ 9x;=0,
3x, 4 8xy+ 7x3430x,+ 15x;, =0,
6x,+6x,44x3-+ 7x,+ S5x3=0.
741, O6pa3yioT /1 CTPOKH KawAoH U3 MaTpHil
30 —24 43 —50 -5
A=| 9 —15 8 5 2
4 2 9 —20 -3
4 2 9 —20 -3
B=|1 —11 2 13 4
9 —15 8 5 2

¢yHIAMEHTAALHYIO CHACTEMy PelieHHMH NI CHCTEMH ypaBHEHHH
3x,+4x,+42x3+ x4+ 6x3=0,
5x,+4 9%+ Tx3+4x4+ 7x;=0,
4x, 4+ 3x9— x3— X4~ 1lx;==0,
X+ 6xy4 8x3+ dxy— 4x;=0.
742, Kakne U3 CTPOK MATPHLEHI
6 2 3 —2 —7
5 3 7 —6 — 4
8 0 —5 6 —13
4 —2 -7 5 — 7

*

00pa3yioT (yHAAMEHTA/IbHYIO CHCTEMY pelIeHUH LI CUCTeMH ypaBHeHMH

2x),—bxy+3x3+42x,+ x5=0,
5x;— 8xy— Sx5+4x,+ 3x;=0,
Xy —Txg++4x342x, =0,
4x,— Xo+ x3+2x,+3x;=0.

743*, Jokasatb, uTO ecau B oOluee pellleHHe OIHOPOLHOM CHCTEMH
JUHeHHHX YpaBHeHWH paHra r ¢ 1 HeW3BECTHEIMH, rle r < 1, BMeCTO
cB06OIHBIX HEH3BECTHBIX MOXCTABHTb HHC/A NMOOYEPENHO M3 KawiaoH crpo-
KU OnpelennTens NOPSIKAa 1 —r, OTIMYHOTO OT Hyas, M HalTH cOOT=-
BETCTBYIOLIHE 3HAUEHHS OCTAIbHLIX HEH3BECTHHIX, TO MNOMYYHTCH (yHIa-
MEeHTa/JbHasd CHCTeMa pellieHuH, ¥, oOparHo, /00yI0 (QYyHAAMEHTANLHYIO
CHCTEMY pelleHHH [aHHOM CHCTeMBl YPaBHEHHH MOMHO NOJYYHTb TaKUM
nyTeM NpH HOAXOAsuleM BHOOpe onpelenuTens NOpaika n— 7, OTIHYHO=
IO OT HyJs.
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744, Tlycte cTpoku MaTpULE

Ay Oy eee Oy

A: am (122 e n az,l -
. . . . . . .
[@n @ -o0 Cp

©00pasyioT (YHIAMEHTAIBHYI0 CHCTEMY pelleHu#t OXHOPOAHOM CHCTEMBI
JMHEHHBIX YpaBHeHUM paHra r ¢ 7 HeusBeCTHuIMH (= r -} p). Iloka3zarb,
4TO CTPOKHM MATPHLL

Bu Bio -v- Bin
B—| Ba Bxn ... Po

61)1 ﬁp2 AR ﬁpn

“TOra H TOJBKO TOFAA TaKxke 06pasyioT GpyHIaMEeHTaNbHYIO CHCTEMY pelle-
suit TOM e CHCTEMB ypaBHeHHH, KOrZa CYIUECTBYeT HeBLIPOKNEHHas
Marpuua p-ro nopanka

Yn Y2 ¢ Yip

C— Yo Yo ¢+« Vop

o e LI Y

Yoo Vo2 »+« Vpp
TaKas, 4To

P
ﬁ,,,,:l_zlv,ja,,, (=1,2, ..., pp k=12, ..., 0.

Tlosb3ysich MATPHYHBIM YMHOXEHHEM, STH PaBEHCTBA MOXHO 3anHcaTh On-
#sium pasedctBoM B =CA.

745. Tlokasars, uTo 3aj1a4a 743 9BadeTCS YACTHBIM CayyaeM 3anaun 744.

746. Jlokasatb, 4YTO ec/H PaHr OXHOPOJHOR cHCTeMH JHHEHHLIX ypas-
#eHuit HA eNHHMILy MeHbIUe YHC]d HEM3BECTHHX, TO JI00HE ABAa DeIIeHus
9TO#t CHCTEMB NpPONMOPHMOHAAbHBI, T, €. OTJHYAITCA JHIUb YHCIOBHM
MHOXUTeNAeM (ObITb MOXET, PABHLHIM HYJHO).

747, Tlonb3ysce Teopuedl ONHOPOIHBIX CHCTEM JIHHEHHBHIX ypaBHeHu#t,
peurnts 3amauy 509, T. e. nokasare, 4TO ecau ompereauTesb D no-
paika n > 1 paBeH Hymo, TO aare6pandyeckne ZOMOJHEHHA COOTBETCTBYIO-
1HUX 9JIEMEHTOB IBYX MOOHX CTPOK (CTOAOGWUOB) MPONOPUHOHAMbHEIL,

748%, JlokasaTb, YTO eciM B ONHOPOJHOH CHUCTeMe JMHEHHHX ypaB-
HeHUH uuCIO ypaBHeHHH Ha eIUHMLY MeHblle YHCJ/IA HEeH3BECTHHIX, TO
B KayeCTBe peIUeHWs MOKHO TNPUHATL CUCTEMY MHHOPOB, NOJYYEHHBIX
#3 MaTpultbl KO3(QQHLHEHTOB MNOOYEpeNHHIM BhYepKHBaHHeM l-ro, 2-ro
# T. A. CTONOLOB, MPUYEM STH MUHOPH OepyTcs C YepenyIOLIMMUCH 3HAKAMHU,

Jlanee, mnokasatk, YTO €CAH 9STO pelIEHHE HE HyJaeBoe, TO Jawboe
JpelieHne NoJy4yaercs M3 HETO YMHOXEHHEM Ha HEKOTOpOe YHC/O,
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[Monb3ysch pe3yabTarom npensiayiue#f safayn, HallTH 4acTHOe H O0lwee
pellieHHs CHCTeM ypaBHeHufl:

749. 5x1 + 3XQ + 4x3 = 0, 750. 4x1 —— 6x2 + 5x3 =S 0,
6x; + Sxy+ 6x3=0. 6x;, — 9xy+ 10x3=0.

761, 2x; 4 3x5+ 5x3+6x,=0,

3x,+ 4xy+6x3+7x,=0,

3x1+ x2+ X3+4x4=0.

12x, — Txy— 9x3+4 5x,=0.
753. IlokasaTb, 4TO I/sl TOTO, 4TOOB CHCTeMa JMHENHBIX ypaBHeHu#
C YWC/IOM ypaBHeHuH, Ha elnHHLY OOJBIUMM YHC/A HEHM3BECTHHIX, OHAAZ
COBMECTHa, He06X0IUMO (HO He NOCTAaTOYHO), YTOGH ONpenenuTeNb, COCTa-
BJEHHBIR M3 BCeX KO3(PPULUEHTOB NPH HEH3BECTHHIX M CBOOGOIHBIX YJIEHOB,
6bi1 paBeH Hymo. [Tokasatb, YTO 3TO yC/A0BHE OyMeT TaKkKe ¥ ROCTATOUHLIM,

eC/¥ paHr Matpuub u3 KO3(pOUUUEHTOB paBeH YMCJY HEH3BECTHBIX.
754, Tlyctb naubl: cucrema JMHEHHBIX ypaBHenuft

n
Zaijszbi (i:l,?,...,S),
j=1
IBa pelLieHHs 3TOH CHCTeMBl Oy, Oy, ..., O, U B, By, ..., B, ¥ uncao A.

Haéith cucTeMy JMHEHBHBIX YpaBHEHMH C TeMH ke KO3GhGUUHEHTaMH npmr
HEeH3BECTHHIX, KaK B JAHHOH CHCTeMe, MMEIoIYI0 pellieHHeM
a) CYMMy IaHHBEIX pelleHHH:

al_'_ﬁl‘ a2+ﬁ2’ AR an+ﬂn’
HJIH

6) npousBeneHve MEPBOIO M3 NaHHBIX pelleHuit Ha uncao A:
Aa,, Aoy, ..., Aa,.

755. Haittu ycioBusi, HeoGXOAMMBIE H HOCTATOYHEIE ISl TOFO, YTOOHE
aud0 CyMMa IBYX peuleHu#f, JH0O NpoOu3BeAeHHE ORHOTO pelleHUs Ha
uucio A == 1 GBIIO CHOBA pelileHNeM TOM e CHCTeMBl JIMHeHHEIX ypaBHenuit.

756, Tlpy kakux ycaOBMAX JaHHAs JsMHeHHas KOMOMHAHUA NOOHIX
peuwreHuld J1aHHOH HEONHOPOJHOR cuCTEMBbl JIMHEHHBIX YypPaBHEHHH CHOBZ
6ylLeT pelieHHeM STOH CHCTEMBI?

757, Kaxue 3HaueHWs MOTYT NPHHHMATL HEM3BECTHHie B OGHIX pele-
HUAX COBMECTHOH CHCTeMBl JHMHEHHBLIX ypaBHeHWH, ecau CTOJOUH KO3(-
(UUMEHTOB NpPH BCeX HEM3BECTHHIX, KPOMe NepBOro, a TaKme CTonbew
CBOOOJHBIX Y/IEHOB MONAPHO Pa3/IHYAIOTCA JIHILb YHC/AOBHIMH MHOXHTENSIMA P

758, Ilpn xakux yc/aOBHSIX B JIOOOM pelleHHH COBMECTHON CUCTEMBM
AMHEHHBIX ypaBHEHHH HEU3BECTHOE X, HMeeT OJHO M TO XKe 3HaueHne?



759—766] § 11, CUCTEMBI JIUMHEMHBIX YPABHEHUR 109

759. Hatith ycaosus, HeoOxolduMble W AOCTaTOYHBIE AAS TOFO, 4YTOGH
B /M000OM pellieHHH COBMECTHO#t CHCTeMbl JIHHeHHHX YPaBHeHHH R-e He-
HU3BecTHOe OblIO PaBHO HYAIO.

760. Ilpn xakux ycaoBuAxX B oOueM pelieHHH CHCTEMbl ypaBHeHHUA

y+az+bt=0,
—x+4cz+dt=0,
ax +cy—et=0,
bx +dy+ez=0
3a ¢BOGOAHbIE HEW3BECTHBIE MOXHO HPHMHATL 2 H [P
761, CxoabkO He3aBHCHMBIX MewAy co000i0 yc/A0BHH LOMKHO ObiTh
BBIMIOJIHEHO [HJst TOro, 4ro0bl cHCTeMa § JHHeHHBIX ypaBHeHuU#H C n He-
U3BeCTHbIMM OBIIA COBMECTHA M COJNep:Kana 7 He3aBUCHMBEIX YPaBHEHHH,
IJii KOTOPHIX OCTA/IbHBlE YP3BHEHWS ABJAMMCH OBl HX CJAENCTBUAME?
762. Tlpy Kkaxux yc/AOBHAX CHCTeMAa ypaBHEeHHH

=by +cz +du—+ ev,
y=c¢z +du +ev+ax,
z=du-+t+ev +ax—+ by,
u=ev-+ax-+by +cz,
v=ax-+by +cz +du
KMEEeT HeHYJeBOe pelueHHe?
763*, Tlpu kaxux yCJAOBHSX CHCTeMa JMHeHHBIX ypaBHEHHMH C Beluje-
CTBeHHBIMH KO3dduumreHTamu
Ax -+ ay 4 bz 4-ct =0,
—ax -+ Ay + hz — gt =0,
—bx — hy -+ Az 4 ft =0,
—cx 4+ gy—fz+M=0
HMeeT HeHy/eBOe pellieHne?

[Monbsydach Teopue#l JIHHEHHBIX ypaBHeHuH, pEIUTh CJAeLyIOLIHE
3anauM (paccMaTrpMBaIOTCH TOJNLKO TPAMOYTOJbHBIE NEKAPTOBH CHCTEMBI
KOOpAMHAT):

764, Hanitu ycsioBus, Heo6XOAuMble H NOCTATOYHLIE /M TOTO, YTOOH

TPH TOUKH (Xy, ¥), (X9 Yo), (X3, ¥3) /exanu Ha oxHOH mpamoit.
765. Hanmucate ypaBheune mnpsiMo#l, mpoxoisiueil uepes ABe TOUKHA

(X 31) (%0, Yo).
766. Haiitu ycioBud, HeoOXOXUMblE M NOCTATOYHBIE IS TOTO, 4YTOOH

TPU HPSMbIE
a1x+bly+cl =0;
agx +boy + =0,

a3 + by +c3=0
NPOXOAMJN Yepe3 OLHY TOUKY.
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767. Hailtth HeoOXoauMBle M NOCTATOYHLIE YCJAOBHA JJIS TOTO, YTOOH 7

TOYEK MJAOCKOCTH (X, ¥1) (X3 ¥o). ..., (X, ¥,) 7N€xamM Ha oxHOR
TpAMOH.

768. Hafity HeoOXOnMMHE M JOCTAaTOYHLE YC/IOBHA IJf TOTO, UTOOH 1
NPAMBIX Ha MJAOCKOCTH

ax +by ¢, =0,
ayx + by ¢y =0,

apX+b,y+c,=0
APOXOJN/IH Yepe3 ONHY TOYKY.

769. Hafitu ycnoBus, HeOGXOIMMble M AOCTATOYHHIE LM TOTO, YTOGHE
yeThiPe TOUKM TWIOCKOCTH (X1, 1), (¥a, ¥o), (X3, ¥3) (X4 ¥4). HE JMekalInE
Ha OJHOH mpAMOMH, Jiewanum HAa OJHOH OKDYKHOCTH.

770. Hanucatb ypaBHeHHe OKPY:KHOCTH, NIPOXOIflllelt yepes TPH TOUKH
(X1, 1) (X9, ¥9), (X3, ¥3), He nexanive HA OXHOH MpPAMOAM.

771. Hamucarb ypaBHeHHe OKPYXHOCTH, MPOXOAAllelt yepes TPH TOUKH
(1, 2), (1, —2), (0, —1), u HaliTH ee UWEHTP M paiuyc.

772%, Jlokasarb, uTO OKDYXHOCTb, NpOXOAAlas 4Yepe3 TPH TOYKH
€ PALMOHAJIBHBIMH KOOPAWHATAMH, WMeeT LEHTD B TOUKe TaKke C pauuo-
HAJbHEIMH KOOPIHHATAMH,

778. Hanucatb ypaBHeHMe KPUBOH BTOPOTO mNOpsAKa, Npoxonslieft
yepes IMATb TOUEK:

(X1, 1), (X2 ¥2)s (X3, ¥3)» (X4 Y9)» (X5 ¥5)-

774. Hafttu ypaBHeHHWe H ONpelenuTb BHA KPHBOR BTOPOro Nopaixa,
npoxondiuelt uyepes HATL TOUEK!:

2 2 2
(3,0), (—3, 0), (5, 65). (5, —6 3) (~5, —6 —3-)
775. Hanucath ypaBHeHHe M ONPeXenuTb NOJOXEHHE W PasMepbl KpH-
BOH BTOPOro MOPsfKA, MPOXOAALLEH Yepes MATb TOUEK:
O, 1, (2, 0) (1, —1).

776, Ha#ttn ycioBue, He0OXOAHMOE M JOCTAaTOYHOE AJs1 TOTO, YTOGHL

veThpe TOUKH (X1, Y1, 21), (Xgr Yoo 29 (X3, Yar 23)s (X Yy 24) MeXQAMH
B OJHOM MJIOCKOCTH,

777, Hanucarb ypaBHeHHe NMJIOCKOCTH, NMPOXOAsilel yepe3 TPH TOUKH

(a4, 1, D, @ 3 —1), 3, —1, —1)
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778. Ha#ttu ycnoBus, Heo6XOZMMBlE B IOCTATOUHBIE MJISi TOTO, YTOOL
yeThlpe IIOCKOCTH

ax+by—+cz+d =0,
agx +byy 4oz +dy =0,
a3x + b3y +c32 +dy =0,
ax~+by—+cz+dy=0

NPOXOJUTH uYepe3 OIHY TOUKY.

779. Haitty ycnoBus, HeoGXoAuMble U JOCTATOYHLIE IS TOrO, YTOOH 7
nnockoctel ax—+by+4cz2+d; =0 (i=1, 2, ..., n) npoxonumu
yepe3 OLHY NMPAMYIO, HO He C/IMBAMHCh B OAHY IUIOCKOCTD.

780. Hanucath ypaBHenue cdeprl, Npoxoisiief yepe3 ueThipe TOYKH
(*1. Y1 21)r (X You 29)s (X3 Y30 23) (X4 Yy 2,), HE JEXAWHME B OAHOM
MIOCKOCTH.

781. Hanucatb ypaBHeHue W HallTH ULeHTp H palmyc cdepH, npo-
xoaswed uepes touku: (1, 1, 1), (1, 1, —1), (1, » 1), (—1, 0, 0).

782, Kakas cuctema nuHeHHBIX ypaBHeHMR 3a11aeT TpH paannqﬂme
npsiMble Ha MJIOCKOCTH, NMPOXOASLLUE Yepe3 ONHy TOUKY?

783. Kaxas cucteMa suHe#fHHIX ypaBHeHHH 3anaeT TPH NpsAMble Ha
TJIOCKOCTH, 00pasyiouine TPeyroAbHUK?

784, Kakas cucreMa JMHeMHBIX YpaBHeHHMH B3afaeT TPH IAOCKOCTH
NPOCTPAHCTBA, He HMelolMe OOMIHX TOYeK, HO MepeceKaloliecs MOMapHo?

785. Kakas cucreMa juHeHHBIX ypaBHeHHMH 3aiaeT 4eThipe NJIOCKOCTH
NpOCTpPaHCTBA, 06pasyioliue TeTPasip?

786, Yxasartb reoMeTPHYeCKyI0O HHTEpIpeTalNI0 CUCTEeMBl YeTHpex
JUHEHHBIX YPaBHEHHH# C TpeMs HEH3BECTHbIMH, B KOTODOH paHTH Bcex
MaTpul U3 KO3()QHUUEHTOB HPH HEH3BECTHHX TpeX YDPABHEHHMR W paHr
pacluHpeHHON MaTpHilbl PABHBI TPeM?

787. PaccMoTpeTh Bce BO3MOXHBIE C/yuay, BCTPeuaioliMecs NpH
pellieHHH CHCTeM JUHEKHBIX yDABHeHHH C IBYMS M TPEMs HeH3BEeCTHLIMH,
M B KAXIOM Cjyyae JaTb FeOMeTPHUYECKYI0 MHTEPNPETALHIO AAHHOH CH-
CTEMBI yPaBHEHUM,
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§ 12, JeiicTBua ¢ MaTpuuamu

Briuncaute npousBeleHNs MaTpHLL:

Pl S s) o T E )G

790, /1 —3 2 256\ 791 /58 —4 3 25
3 —41).{125] 6 9—5|.[4 —13
\2 —53 132 47_3) 9 65

792. (2 —1 3 —4) (7 8 6 9)

3 —2 4 —3||ls 7 45
5 —3 —2 1| {3 4 5 6]
3 —3 —1 2 {2 11 2

793. (5 7 —3 —4) (1 2 3 4)

76 —4 —5| |2 3 4 5
6 4 —3 —2| |1 3 5 7
8 5 —6 —1J [2 4 6 8

794, /2 —3\ [9—6) 795.(52—231( 2 22 2]
(4-6)'(6—4)' 64—35|—1—-53 11
92—-34|| 16 248 —8}°
176 —47) 1 8 160—16
796, (4 3\ [—28 93\ /7 3
(7 5)( 38 -—126)'(2 1)'
797. / 0 2 —I 70 34 —107 97 —18 10
2 —1 2| 52 26 —68)-{—46 31 —17].
3 —2 —1 101 50 —140 3 2 1
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798. 1 1 1 —1 7 —2
-5 -3 —4 4 11 0

O W W w
X O

(—16 —il —15 14 (22
Briuucnurs BHIpaXKEHHS:

799, /1 —2\3 800. /4 —1Y
) R
801. /2 —I1\2 802, fcosa —sinal"
- (3 —2> ) (sina cosa) )
- 803, (A, 0 )

— i
. , TIe HyJAH 0GO3HAUAIOT, YTO BCE 3JEMEHTH Ma-

{o M

Tpulbl, CTOALINE BHE IJ1aBHOWR AHArOHAJH, paBHbl HY/IO.

804, /1 1\" 806, (A 1\"
0 1/ ° 0 A/

806. (1 1 1 ...1)° 807. {1 1 0 0...0 0!
01 1...1 011 0...00
0 0 1...1 0 0 1 0 0 ,
{0 00...1 {0 0 0 0...0°1

(MopAoOK DaHHOM MATPHUbLL paBed n).

808. Buiuncants (;g __lg>5 HCMO/ML3YR PABEHCTBO
17 —6 2 3\/2 0\/—7 3
<35 ~12>=(5 7)(0 3)( 5 —2>'
4 3 —3\8
809, Bruncants [ 2 3 —2 |, ucnomeays pasencrso
4 4 -3
4 3 —3 1 31 1 00 0 2 —1
(2 3 —2 =2 2 1310 2 0 1 I —I1
4 4 =3 3 4 2/\0 0 1/\—2 —5 4



114 OTOEJ III. MATPHUUEL U KBANPATUUHBLIE ®OPMH [810—820

810, MHoxasaTb, uro ecau ins Matpun A m B o6a npoussenenus AB
u BA cywecrsyior, npuuem AB=BA, 10 matpuum A u B -— kBagpar-
Hble ¥ MMEWT OIHHAKOBHH MOPALOK.

811, Kax uamenntcs npousseienne AB marpuu A u B, ecan:

a) MepecTaBHTb [-10 M j-10 CTPOKH MarpHubl A?

6) x i-fi cTpoke Marpuih A npubaBuUTH j-10 CTPOKY, YMHOMXEHHYIO
Ha 4HClio C?

B) mepecTaButh {~# U j-# croxbub Marphus B?

r) k i-my cronbuy Marpuus B npuGaButh j-# cTonGeu, YMHOXEH-
HHt Ha yucno ¢?

812, Ilomb3ysach npenniayuieii 3ajauyell W HEM3MEHHOCTHIO paHra npu
aeMeHTapHLIX npeobGpasoBanuax (cM. 3azayy 615), nOKasarb, YTO paHr
NpOM3BENeHNs ABYX MATpHll He GoJiee PaHra KamAOTO COMHOMXHUTENS.

813. loxasaTb, 4TO paHr NpOM3BElLEHHS HeCKOJbKMX MaTpHl, He 6oJjice
paHra KamJao# M3 INepeMHOXKaeMbIX MaTpHH.

814, «Caredom» xBapaTHOH MATPHUULI HA3HIBAETCH CYMMa 3JIEMEHTOB,
CTORIMX Ha raaBHOW nuaroHanu. Jloxasarb, uro ciuen AB paseH cieny BA,

815, Hokasarb, uto ecau A u B-—KBajpaTHHe MaTpHUB OZHOTO
H TOro Xe nopsika, npuyeM AB == BA, 10

a) (A+BP =+ A?4-24AB -} B%;

6) (A+B)(A—B)+ A?— B2,

816, Hoxasath, uto ecnu AB=—=BA, 10

(A4BY' = A" na"'B4- 20D gr=2p2 1 4 p",

3necb A ¥ B— KBaapaTHble MaTpUlBl OJMHAKOBOrO NOPSIKA.

817. Hoxasatb, uyto J/oOyi0 KBaLpaTHY0 MaTpuily A MOXHO npel-
CTaBUTb, W NPUTOM eJMHCTBEHHHIM o0pasoM, B Buie A=B-4C, rze
B — cummerpudeckas, a € — KOCOCHMMETPHUECKAs MATPHILb.

818. Marpuunt A u B Ha3kBAOTCA NePecmMaHOB804HbLLMU, eClH
AB=BA. Ksagpatnag wmatpuua A Ha3bBaeTCA CKAAAPHOL, ecnn Bce
€e 9JeMeHTH, CTOfllMe BHe [JNaBHOH JIWAroHaMM, PaBHBL HYJIIO, a 3Je-
MeHTH IVIaBHOH JuaroHanM paBHel Mexay colol, T. e. ecim A=cE,
rae ¢—uncno, a E-— exunnynag Matpuua. Jlokasath yTeepiKIeHue: st
TOro yroObl KkBalparHas Marpuua A O6bia NepecTaHOBOYHA CO BCEMH
KBaJpDAaTHBIMH MAaTPHLAMH TOTO Ke NOopaixa, HeoOXOIMMO M JOCTATOYHO,
yro6bl MaTpuua A ObuTa CKaJASPHOMH.

819, Kmanparnas wmarpuua HasmBaercs O04G20HaAbHOH, eCin BCe ee
SMEeMeHTHl, CTOsIUHe BHe TJaBHOH AWaroHanau, pasHul Hymo. Joxasats
yTBepixJeHHe: 11 TOro uro6nl Keanparuas maTpuua A Owina nepecra-
HOBOYHA CO BCEMU JMATOHANLHHIMH MATpPULAMH, HeOOXOAMMO M JOCTa-
TOuHO, uyToOH Marpuua A cama Obla IuaroHanibHA.

820, Ioxasath, u4TO ecau A — nuaroHanbHas MAaTpHUA U BCe 3Je-
MEHTH ee TI/IaBHOH NMaroHaAM pasiaHvHBL Mewny cobo#, To /M0bas Mar-
pHuna, mepecTaHoBOUHAA ¢ A, TaKKe INaroHanbHa.
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821, Joxasarb, 4TO yMHOMeHHe MaTpuub A cleBa Ha nuarouanbuylo
marpuny B={A;, Ay, ..., A,] BhIBHBaET YMHOXeHMe CTPOK A €OOT-
BETCTBEHHO Ha Ay, Ay ..., A, yMHONeHue e A Ha B cnpasa BH3h-
BaeT aHANOTHYHOE H3MEeHeHHe CTOJIOLOB.

Ha#iTh BCce MaTpulbl, NepecTaHOBOUYHBHIE C MaTpHUEH:

822, (1 2 823. (7 —3
ST
824, /3 1 0 826. /0 1 0 0
0 3 1}. 0010
003 000 1]}
- 0000

826, Haiitn Bce wumcna ¢, yMHOXeHHe Ha KOTOpble HEBHIPOXIEHHOH
MaTpuuel A He H3MeHseT ee OMpelenuTed.

827, Hafitu snauenne muorounena f(x)==3x2—2x--5 o1 MaTpHUH

1 —2 3
A={2 —4 1].
3 —b 2

828, Hatitm sHavenue MHOrouseHa f(x)=x3—7x2-413x—>5 ot
MaTpulLL

5 2 =3
A=|1 3 -—1].
2 2 —1

a b
829, Joxasatb, 4to MaTpuua A=(c d

x2—(a-+dyx+ad—bc=0.

) yIoOBJAETBOPAET YPaBHEHHIO

830*. Ioxasate, uro and moGoi kBajgpatHOM wMaTpuun A cyuwe-
CTBYET MHOTOuY/eH f(x), OTAUYHHH OT HYJNeBOrO W Takoh, uro f(A)=0,
npuYeM BCE TAKME MHOTOY/MEHH JeNfATC Ha ONUH H3 HUX, ONpeleseHHBIH
OIHO3HAYHO YCJOBHEM, 4YTO ero cTapiiufl Ko3dpuuMeHT paBeH eIMHHLE
(OH HA3LIBAETCS MMHMMAJNbLHBLIM MHOIOWIEHOM Marpuusl A).

831*, IlokasaTh, uro paseHcTBO AB — BA==FE He BHIOAHAETCH

R
HU i KaKux Matpuy A u B,
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832, Haltn Bce MmaTpuilbl BTOPOro nopsiika, KBaLpaT KOTOPHIX pasew
HynesOoH Marpule.
833*. Tlyctb A — MaTpHua BTOPOrO NOPAAKA W K — leA0e 4HUCAo,

Gonbmee nByX. Joxasats, uyto A*=0 Torzma W TOALKO TOrAa, KOria
A2=0.

834. Hafitn Bce wMmarpullel BTOPOro NOPAAKA, KBAAPATBL KOTOHIX
paBHH €IMHHYHOH MaTpuue.

835. Hccnenosarb ypasienne AX =0, rne A — nannas u X — ncko-
Mas MaTPHlBl BTOPOTO NOPAIKa.

Hatith o6GparHnie MAaTpHLH A4S CACAYIOLIHX MaTpHIL:

836, /1 2 837. /3 4
s 4) s 7)
838. /a b 839. /cosa —sina
(c d) ’ (sin a cos a) )
840. /2 5 7 841. /3 —4 5
(6 3 41}. 2 -3 1
5 —2 -3 \3 —5 -1
842, /2 7 3 843. /1 2 2
(3 9 4. 2 1 —2
1 5 3 2 -2 1
844, /1 1 1 i 845, (1 2 3 4
1 1 -1 —1 2 3 1 2
1 —1 P —1 1 1 1 1 —1
I —1 —1 1 1 0 —2 —6
846. I 1 ... 1) 847. {1 1 0 . 1
0 1 1 .1 0 1 1 0
0 0 1...1 0 1. 0
0 0 0...1j {0 0 0...1
848, (1 a a? a® ... a® 849. (1 0 0 0 ... 0 0]
01 a a? an-1! a 1 0 0...00
0 01 a an—? 0 a1 0...00
oo 0 0 a1...00
000 0 1 e e e e
0 0 0 0 a1

(nopsinox Mmarpuust n - 1).
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860. (1 2 3 4 ... n—1 n
01 2 3 n—2 n—1
¢ 0 1 2 n—3 n—2 .
0 0 0 O0... 1 2
0 0 0 0.., 0 1
851. 2 —1 0 0. 0)
—1 2 —1 0. 0
0 -1 2 --1. 0]-
0 0 0 0...2
862. {1 1 1 .1 863. (0 1 1 1
1 0 | 1 0 1. 1
1 1 0 1 1 1 0. 1}
111 o)* 11 1 0
864. (1 +a 1 1 1
1 1 1
+e ! (opAIOK MaTPHUB pa-
1 1 l+a 1 BeH n).
1 1 1 . 14a
866. {1+ 4 1 1 e 1
1 1 4-a, 1 N |
1 1 t+a; ... 4
1 1 1 . 144,
856. Iloxaszath, uYTO BHUMCJIEHHE MaTpulb, O0OpPaTHOH K maHHOM
MaTpuile NOPAAKA fI, MOMHO CBECTH K PeIUeHHIO 7 CHCTEM JMHERHBIX.
ypaBHEHHH, Kak1as nr3 KOTOPHIX COAEPXMUT 7 ypaBHeHUH C 7 HenspecT-

HBEIMM M HMMeeT MaTpHueHh K02(G(QulUHeHTOB NPH HEH3BECTHHIX Marpuuy A..
[Moabsysc meronrom 3anaunm 856, naliTn oOpaTHbie MaTpuubl AASK
CHeAYIONX MaTpul:

857.

3 3 —4 =3
0 6 1 1
5 4 2 I
2 3 3 2
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858%, 1 2 3...n—1 n
n 1 2 ... n—~2 np—1
n—t n 1t ...n—3 n—2].

...............

859, a a+k a+2n ... a+(n—2)k af(n—1)k
at+(n—H)kr a at+h .. at@n—3)k a{(n—2)h

860%, (1 1 I ... 1
1 e e e ... gn-t
l 82 84 86 e e?(ﬂ—l).
*
1 e e e ... gdln-1)
1 gn-1 gln-0 g3(r-1 ela-1)?

2% .5 27
wre £€==<CO0s T+ZSIHT.
Peuruts MarpuuHble ypaBHEHUSA:

1 2 3 5 3 —2\ [—1 2
861. (3 4)-X=(5 9). 862.X~<5 __4)=<__5 6).
3 —1 5 6 14 16
863. (5 ~2)'X (7 8)2(9 10)'
864. /1 2 —3 1 —3 0
(3 2 ——4)-X=(10 2 7
2 —1 0 10 7 8
865. 5 3 1 -8 3 0
X-( 1 —3 —2)=(.—5 9 o).
-5 2 1 —2 15 0
9

866, /12 —3 1 7 6 2 0 -2
4 —5 2. X 1 2)=|18 12 9
5 —7 3 1 1 23 15 11

8672——3X2 8X36 2 4
4 —¢/ X =4 ¢/ 868 X-{, =\9 18/°
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14 6 X <1 1
- 869. 15 o X ={1 4/

.

870, /3 —1 2 /3 9.7
4 —3 3. x=[1-11 7
o\ 3 0/ 7 5 1
871, (1 1 1 ...1) 1 2 3... n
1ot 1... 1 01 2...n—1
0 0t ...1JX=J0 0 1...n—2
t

00 0...1 00 0... 1 )
. 872. Kak wuamenntcs oOpartHas Marpuua A7l ecan B nano#t Mar--
puue A: ‘ '

a) nMepecTaBHTb (-0 H j-10 CTPOKH?

6) i-10 CTPOKY YMHOMXMTb Ha YHCIO ¢, HE PaBHOE HyJO?

B) K i-ft cTpOKe npubaBUTL j-10, *YMHOMKEHHYI0 Ha YHCJAO ¢, WJIH CO-
BEpLIMTb aHAAOTHYHOE NpeobpasoBaHue -CTOIOLOB?

873, Llenouucnennas KBalpaTHas MaTpHUA Ha3bIBAETCH YHUMOOYAAP--
Hoii, ecnu ee onpenenutenb paer 1. JlokasaTh, HTO Le/OYHMC/IEHHAs
MaTpuud TOTAA M TOJBKO TOTAA HMEET LeJOYHCIEHHYI 0GPaTHYIO Matpuuy,.
KOTJa NaHHas MATPHUA YHUMOLY/APHA.

874, Hoxasarb, uto MarpuuHoe ypaBHeune AX =B paspeliumo-
TOrAd M TFOJbKO TOTJa, KOrina paHr MaTPHUEl A paBeH paHry MarpHILb
(A, B), noayuaemo#i M3 A mnpunucHBaHMeM K Hefl cnpasa marpHubl B.

875, Tloxasarb, uTo MaTpuuHoe ypasHenne AX =0, rie A — kBan--
paTHas MaTPHLA, WHMeeT HeHyJeBoe pelleHHEe TOrLd H TONLKO TOTJA,.
xorga | A|=0.

876, Ilycts A n B — Heoco6eHHbIE MaTpuusl OXHOTO H TOIO Xe:
nopsaka. IlokasaTb, uTO ueTHpe paBeHCTBa:

"AB=BA, AB-'—B"'A, A"'B=BA~l, A"'B'=B"'4"!

PABHOCH/IBHEl MEXALY coboit.

877. Ilycrs A — xBanparnas Manmla H f(x) n g(x)— mobue-
MHorouneHn. Ilokasare, uro matpuunl f(A) u g (A) nepecTaHoBOuYHH,
T. e. f(A)g(A)=¢g(4)f(A).

878, Ilyctb A — KBazpatHad Martpuna K r(x)= é Eg
Has ¢ynxkoua or x. Ilokasats, uro 3Hauenue r(A) Oysxuun r(x)-
npu- Xx==A onpeieseH0 OJHO3HAYHO TOTLA H TOJBKO TOILa, KOrIa.

1&(A)|+0.

— PauUHOHANIb~
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: E, U
879. Hatttu marpuuy A~ O0paTHyI0 AR MaTPHUBL A.—_—(Ok E)
t

Tae E, u E,— enuunynble MaTpHUB COOTBETCTBEHHO NOPHAKOB £ W [,
{J — npoussonbHan (k, I) marpuua (r. e. marpuua us £ crpok u [ crond-
110B), & BCE OCTA/bHBIE 3MEMEHTHl PABHBI HY/IO.

880. k-M rocotm padom nopadra n HA3bLIBAETCH KBAAPATHAA MATPUUA
Hj,=(h;;) nopanka n, sneMexTH KOTOPOH ONPENEATIOTCA PABEHCTBAMH

oL =k . 1
700 npu j—Ii+k tk==x1, X2, ..., T (n—-1)).

Tlokasarb, 4TO Hf=Hk. H’i1=H_k. eciu k=1, 2, ..., n—1;
Hf=H"{=0, ectu £>n.

881, Kak usmenurca Marpuua A npu yMHOXEHWH ee C/ieBa WU CHpPaBa
Ha marpuuy H, wan H_, npenvinywme#t sanaqu?

882, Tlokasath, 4TO Omepauuf TPAHCHOHMUPOBAHUA MaTpuupl obnasaer
-CBORCTBAMHU: '

2) (A4 By — A'+B'; 6) (ABY —B'A’;
B) (cA) =cA”; 1 (A7) =),

Tae ¢ —uucao, a A u B — marpuus.

883. Nokasate, uro ecan A u B cumMerpudeckue KBanpaTHue
MaTpHUBl OXMHAKOBOro mnopsaiaxa, 1o wMmarpuua C = ABAB ... ABA
SABASIETCA CHMMETPHUECKOH,

884, [Toxasars, uro:

a) matpuua, obpartHas K HeocoGeHHON cuMMeTpuueckoft, Oymer cum-

‘MeTpHUeCKO#H,
6) marpuuna, obparHas K HeOCOOeHHOR KOcCOCHMMeTpudecko#, Gyaer
HKOCOCUMMETPHYECKOH,

885. Tokasars, uro aas mofo# Marpuust B Mmarpuua A= BB’
ABASIGTCA CHMMETPHUYECKOH.

886. Iyctb A*== A’ — Marpuua, nonyuewdas us A nyTem Tpaucno-
HMPOBAHUA M 3aMEHOH BCEX J/eMEHTOB HA YUC/AA KOMILICKCHO-COMPSNeH-
#ote. [Tokasarb, 4ro:

a) (A4 B)y*=A4*+ B* 6) (AB)*=B"A%
B) (cA)'=_c-A*; r) (A_l)'_—:(A*)"l.

wae ¢ —uucio, a A u B-—Marpuupl, Hal KOTOPHIMU BLITOJAHUMA COOT-
BETCTBYIOLIAA ONepauus.

887. Marpuua A HaswiBaerc spmumosoi, ecnu A*= A. Ilokasare,
YTO AAA MOGOH Marpuubl B ¢ KOMNJIEKCHBIMM WAM BELLECTBEHHbHIMH S/ie-
sedraMu Marpuna A =B . B* apisercd 3pMUTOBOMH.
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888, IMokasath, 4TO NpoMdBencHHE JBYX CHMMETPUYECKHX MaTpulL
TOTAa M TOABKO TOrAa GyleT MaTpHleh CHMMETPHUYECKOH, KOTria IaHHLE
MaTpribl NePecTaHOBOYHHI.

889, Toxazars, 4T0 NpOU3BEREHNE ABYX KOCOCHMMETPHUECKUX MATPHIL
TOFAA B TOAbKO TOrma Oyler MaTpuliell CUMMETPUYECKOH, KOTIa NaHHble:
MaTPHLH TEePECTAHOBOYHMI,

890*, Ilokasarb, YTO NpPOH3BeNeHHE IBYX KOCOCHMMETPHYECKHX Ma-
Tpunt A ¥ B Torza m toAbko TOrna GyAET KOCOCHMMETPHUYECKOH Marpu-:
nel, xorna AB= — BA.

TIpnBecTy npumepn KOCOCHMMETPHYECKMX MATPHL, YIOBJETBOPSIOLIAX
ycaosuio AB= —BA..

891. Kpanpatnas matpuua A ==(a,;;) NOpsiKa n Ha3LiBaeTCs OPMO-
20naabR04, econ AA’ =E, rne E—C_IIHHPI'!Haﬂ matpuua. ITokasars, uto
AN OPTOTOHANLHOCTH KBAAPATHON MATPHILLI A Heo6XOINMO H LOCTATOUHO:
Mo60e M3 CEAYIOUMX YCOBHMA:

a) croabun A 06pasyloT OPTOHOPMMPOBAHHYIO CHCTEMY, T. e.

n
. Ap0p; =0,
E} 2iGrj ij

rae §;; — cumson Kpouexepa, oGosnavaiowntt 1 npu {==j7 u 0 npu i+ j;
6) cTpokn A 06pasyloT OPTOHOPMHDOBAHHYIO CHCTEMY, T. €,

L3

n
Zaka'k=6i'-
o Rl j

892. Kpanparnan matpuna A ==(g;;) NOpPSAKA 7 C BEUIECTBEHHLIMW
MAN KOMIJIEKCHBIMU 9/M1eMEHTaMH Ha3sblBaeTcsd YwumapHol, ecin AA*=E
(cmbicn 0603nauenns A* TOT ke, 4yTo u B 3amaye 886). [loxasarb, uro-
AN YHATAPHOCTH KBaapaTHON MaTpuubi A HEOOXOIMMO M LOCTATOYHO:
n1000e M3 CACAYIOMHUX yCAOBHH:

n

a) kZ]auEn; =0,
R (d;; — cnmBon Kponekepa).
6) ;121 a,kaj,, = bij

893, Ioxasars, uro onpenenmenb OPTOrOHANbHOR MaTpuub pa-
pen 1.

894. Ilokasatb, 4TO ONpele/HTENb YHHTAPHOH MaTpPHLUBI MO MOLYJIO
pasen eIuHuue,

895. Hoxa3aTe, YTO e€c/M OPTOrOHaNbLHasd MATPHuA A MMeEeT Ha IaB-

HOH nnaroHaiu KpajgpaTtnbie Kaetkn Ay, Ay, ..., A, M HYIM 1O ORHY
CTOPOHY OT 9THX KJAETOK, TO BCE 3/EMEHTH NO APYryi0 CTOPOHY OT HEX
TaKKe PaBHH HYA10 M Bce MaTpuum A;, A, ..., A; OPTOrOHambHHI,

896. Hoxasarb, 4T0 1/l OPTOTOHANLHOCTH KBaIPAaTHOR MaTpuub A
HEOOXOMMMO M -AOCTaTOYHO, uTOOH €€ onpeleauteab Oba pased L L



122 OTAEJ IIl. MATPUUHN H KBAIPATHUHHE ®&OPMBI [897—909

¥ Kaxiuifh ee d/eMeHT OB PaBeH CBOEMY anreGpanyecKOMYy NOTIO/HEHHIO,
Bsmomy co CBOMM 3HakoM, ecin [A|=1, u ¢ NPOTHBOMOMOKHBIM, ecnu
jAl=

897* ,H,oxasaTb, YTO BElECTBEHHAdA KBanpaTHas Manuua ‘A nopsuu(a
n>3 Oyner OPTOTOHAbHA, €C/IM KAXALIA ee 3/eMEHT PaBeH CBOEMy a/re-
«6panqecxomy IOMOJIHEHHIO, U XOTA 6bl OMH U3 SMEMEHTOB OTJHYEH OT Hy/d.

898%, Jloxasarb, YTO BeLIeCTBEHHAas KBaipaTHas MaTpuua .A mopsaaxa
n >3 OyleT OPTOroHa/NbHa, €CJH KaX(IbH ee 31eMEHT paBeH CBOeMy
anre6panyeckoMy JIOMONHEHHIO, B3ATOMY C TPOTHBOINO/IONHBIM 3HAKOM,
M XOTS Obl OIUH W3 STEMEHTOB OT/HYEH OT HyJs.

899%, IlokasaTb, YTO CYMMa KBaJPAaTOB BCEX MHHOPOB BTOPOTO nopsmxa
JNeKAMUX B ABYX CTPOKax (WM CTOAGUAX) OPTOTOHANBHOH MaTpULH,
paBHa eIMHHIE.

900%, [loxasarb, UTO CyMMa KBaJ.'LpaTOB MOZYnEH BCeX MUHOPOB BTO-
POro MOpAIKA, JEKAWMX B JBYX CTPOKaxX (umM cTONOUAX) YHUTApHOH
MaTpHUbl, PaBHA efUHMIE.

901*, Iloxasarb, YTO CyMMa KBagpaToB BCEX MHHOPOB K-TO nopﬂmca
Jfexanx B JO6HX R CTpokax (CToa0uax) OPTOrOHaNbHOH MAaTpHILH,
paBHa enuHMLe.

902%, Jloxasars, YTO CyMMa KBAaIPaTOB MOIyJdeH BCeX MHHOPOB &-TO
TIOpsiIKa, AeXaWMX B A0OLIX B cTPOKax (CTONOMAX) YHMTAPHOH MaTpuusl,
‘paBHa eNHHHIIE.

903*, Hokasarb, 4TO MHHOP MOOOrQ MOPsAKA OPTOTOHANbLHOM Ma-
Tpuust A paBeH CBOEMy aare6pauyecKOMy IOMOJHEHHIO, B3ATOMY C €ro
3uakoM, ec/t | A|=1, H ¢ NPOTHBONO/OKHEIM 3HAKOM, ecl | A [= — 1.

904*, Iycts A — yuurapHan Matpuua, M— ee Muuop moGoro no-
panka, M, — anreGpaudeckoe ponosHenwe MuHopa M B marpuue A.
Iloxasatb, uto My==|A|. M, rze M — uncrno, conpsxkennoe ¢ M.

905. Tpu KaxuX yC/AOBHAX JMaroHalbHas MarpHua SIBAAETCA OPTOrO-
HAaABHOU? - '

906. Ilpu KakuX yCAOBHAX NHATOHA/IbHAA MATPHIA ABNAETCA YHHTAPHOH?

907. Tlposepurb, 4T0 /i000€ U3 TPeX CBOKCTB KBAAPATHOR MAaTpULN:
BEl[eCTBEHHOCTb, OPTOTOHAIBHOCTb, YHHTAPHOCTb — BHITEKAET M3 ABYX
OCTA/ILHBIX. ~

908, Kpazparuas Marpuua / HasniBaercd WHBOMIOTHBHOH, ecmn [2=E.
TlokaaaTh, YTO KaKAOE W3 TPEX CBOHCTB KBaADAaTHOH MATPHUBL: CHMMe-
Tpusi, OPTOTOHANBHOCTh, HHBO/IIOTHBHOCTb — BHITEKAET U3 ABYX OCTA/IbHBIX.

909, IposepuTh, 4TO MATPHLbL

a) 1/3 —2/3 —2/3 6) {1)2 1/2 1/2 172

-—2/3 13 =23 |; 1/2 1/2 —12 —1)2
—2/3 —2/3 1/3 112 —1/2 12 —1)2
12 —1/2 —1/2 172,

©006/aal0T BCeMM TpeMd CBONCTBAMH Npeapinyliedt 3azauu.,
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910. Ksanparnas - matpuna: P HasuiBaeTc #0eMNOmermuol, ecin
P?= P, Toxasatb, uyro ecan P unemnorenrtHa, 10 [/ =2P — E uHBO~
MmoTHBHa, W HaoOopor, ecau [ unBomoTHBHa, TO P =1/,(/ + E) nnem~
TMOTEHTHA.

911, MHoxasatb, uto:

a) npoM3BeleHNe NBYX OPTOTOHANbLHHLIX MATpul, 6yZeT OpPTOrOHa/bHOM:
Marpuuel;

6) marpuua, o0paTHags K OPTOrOHaJbHOH MaTpulle, OPTOrOHAAbHA.

912, Jokasatb, 4TO:

a) TNpou3BENEHME HBYX YHMTApHHIX MaTpul OyleT yHHTapHOR MaTpH~
ned; '

6) ‘Marpuua, o0paTHas K YHHTADHOM Marpule, YHHTapHa.

913%*, Munop Matpuubn A, cTosmMi Ha Tepeceyenti CTPOK C HOMe-

pamu iy, iy ..., i, ¥ cTOACUOB C HOMEpAMH Jji, Ja ..., Jj, Oylem
By vuny i
oBognasats epea A( by e p)
]l» 12, ey Jp

Jloxa3ars CRpaBelIMBOCTb CJEAYIOLIETO BLIPAXKEHWS MHHOPOB TIPO~
naseqenns C = AB 1ByX MaTpHL, Yepe3 MHHOPH TNEPEMHONKAEMBHIX MATDHIL:.

(i e y)=

U AT THY T
J— A( )B(. . Pl Y
1<k1<k2<2...<kp<n kl; kz"'y kp Ju -121 ooy Jp

<< <ip h << .. <Jjp

€CiM p He NPEBOCXOIMT HU UHCIa CcTOAOLOB Marpuust A, HH UHCHZ
cTpox Marpuusl B, B npoTuBHOM cayuae Bce MMHOPH MOpSAKAa p MaT-
puunt C paBHH HYyTO.

914, Ilonbsysach npeawiaymieRt 3anavelt, N0Kas3aTh, 4TO PaHT IPOU3-
BelleHHs NBYX MaTpHil He OoJiee paHra KamaOrO COMHOKHTENS.

915%, JoxasaTb, 4TO YMHOXeHHe MAaTrpuisl A cjeBa WJIM CNIpaBa Ha
HEBBHIPOXIEHHYI0 MATPHUY He H3MEHSeT ee paHra.

916, TI'aaBHpIM MHHODOM MaTpulbl A Ha3LIBaeTCs MHHOp, CTOALIMH
B TlepeceYeHHH CTPOK M CTOAOLOB C ONMHAKOBHIMM HOMepamu. [1okasartb,
YTO eC/AM 3/JEMEHTH MATPHUB B BelecTBeHHL, TO BCe IVIaBHHE MHHODPH
Marpuns A = BB’ HeoTpuuaTe/bHH,

917, Toxasarb, uro ajas moGo# MaTpuust B ¢ KOMIieKCHHMH WIH
BELIECTBEHHLIMU DJIEMEHTAMH BCe TJIaBHbIE MHHOPH Marpuupl A = BB*¥
HeoTpuuaTenbHut. 3xech B* = B’,

918, TIlokasatb, ut0 ecim B 0GO3HAYeHMAX NpelbAyleH 3anaux
A==BB* to paur A pasen paury B.

919, JHokasaTh, YTO CYMMa TI/aBHHIX MHHOPOB X-To nmopsika Mar-
puun AA’ pasHa cyMMe KBaApaTOB BCeX MHHOPOB k-To mopsika Mare
prun A,
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920%, Hdokasarb, uto IaA MOOHLIX KBagpaTHRIX Marpuu A u B no-
‘PALKA A CyMMa BCEX T/1aBHBIX MUHODOB gaunoro nopsiaka k(1 << A<n)
A matpuy AB u BA oxmmaxosa,

921*, Ilycrs A — BeuiecTBeHHad Martpuua nopmu(a n, B uC—
MaTpPHUb H3 nepsux k& u nocaeaHux n— R croabuoe A. Hokasats, uro
{AP<|B'B|-|CC].

922¢%, Tlycts A == (B, C)— BeuwectBexnas Manuua (CMBICA cHMBOAA
(B, C) ykasau B 3anaue 874). Hokasars, uro |A’A||B'B|-|C'C|.

923*. Ilycts A==(a;;)— KkBaipaTHa# BEUECTBEHHA’A MaTPHuUA TNO-

n n
psunka n. Tlokasats nepasenctso Anamapa: AR < [[ > al,.
k=l iwl

924%, Jloka3arb, 4TO I/is MOOO# BeuleCTBEHHOH NPAMOYTOAbHOH Ma-
‘Tpul. A ==(@;;) ¢ n cTpokamu u m CcToAGLAMM BHINOMHACTCA Hepa-

m n
senctso |A’A | [] X 4%,
k=1i=1

925%, Ilycts A= (8, C)— maTpuua ¢ KOMNIEKCHHIMH 3/IEMEHTAMH,
Joxkazars, uto |A*- A{|B*- B|-|C*-(].

926%. Ilycte A =(a,;)— KBalpaTHaa MaTPHUA MOPALKA N C KOM=-
MUIEKCHBIMK  9N1€MEHTAMH, He TIPeBOCXOXALMMU MO Momyai uuciaa M.

n
JIokasatb, uTo MoAyab onpenenutens | A| ve npesocxoaut M” . n?, npu-
YeM 3T2a OLEHKa ABJSETCA TOYHOH. .

927%, TlokasaTh, uTO KaxI0e 3/neMeHTapHOe npeoGpa3oBaHue MaTPULBL
A, 1. €. npeoOpasoBaHHe OAHOTO M3 C/eAyIOLMX THNOB:

a) NMepeCTaHOBKA ABYX CTPOK (CTONOUOB); .

6) yMHOMeHue CTPokU (cTon0ua) HA 4UCAO ¢, OTAMYHOE OT HyAas; .

B) NpubaBiienne K oZHOH cTpoke (cTonbuy) Apyrolt cTpoku (cToabua),
yMHOXKeHHO# Ha a1060e 4uCAO ¢, MOMeT ObIThb MOJYYEHO YMHOMEHHEM
Marpuiusl A Ha HekoTOpyl HeocoOedHyo Marpuumy P cheBa s npe-
-00pa3oBaHHA CTPOK H CNpaBa AJA NpeoOpas3oBaHus CTOAOHOB.

Hafitu Bua 3THX MaTpuil.

928*, KsazparHas MaTpULd HA3bIBACTCA mMPEY2OAbHOL, eciu BCe
-€¢ 3/MEMEHTHI, CTOAIUME MO OAHY CTOPOHY OT IJIaBHOH NMATOHAMH, PABHH
Hyno. [lokasarb, uto nOGYI0 KBafpAaTHYI MATPULY MOMNKHO NMpPEACTABUThL
B BHIE MPOU3BeLEHUS HECKOJbKHMX TPEeYTOJ/IbHBIX MATpPHIL.

929%, [lokasarb, uro /M00yi0 MaTpuly A paHra r MOXHO TPecTa-
BUTb B BHAe npouspeschus A==PRQ, rze P u Q — HeocobenHble
MaTpHUb, a8 R — mpAMOYro/bHAaA MaTtpuua TexX e pasMepos, 4To u A,
Ha TJaBHOH [MaroHanW KOTOPOH MepBble I H/MEMEHTOB PaBHbLl eAWHHUE,
BCE K€ OCTa/MbHble 3/IeMEHTHl PABHBI HY/IO.

930%, ITycte A — Matpuua pasmepos m X n u paura r, P=(p;)) —

‘MaTpHlla PasMepoB.§ X M, ¥ KOTOPOR Py == Poo= ... == P, =1, a BCe
-OCTa/bHblE NEMEeHTEl — HyaH, Q ==(¢;;) — Marpuua pasmepos n X £; y Ko~
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TOPOR ) ={gpn==...=¢g,==1, a BCe OCTaAbHHE 3I/EMEHTH — HY/H.
Joka3aTh HepaBeHCTBa:

a) pair PA> k—+r—m; 6) paur AQ>l+4r—n;
B) pavr PAQ> k41 +r—m—n.

931*, OO6o3naunM padr Matpuusl A uyepes r,. Ilokasatb, uto Anas
A

paura npousBeledus AB nByx kBauzpatHex Matpuul A u B nopaska n
HMeeT MeCTO cjelyloLiee HepaBeHCTBO:

Ty rpg—n<r g T, Tp(HEPABEHCTBO CumbBecTepa).

932. Ilokasatk, YTO AJA paura npousseleHus AB NpaAMOYroJbHBIX
matpun A u B wumeer mecto HepaBeHcTBo CuiabBecTepa upexniiyuieh
3a4a41 NPU YCAOBHH, 4YTO n 0003HAYaeT UKCAO CTOAOUOB MaTpuus A
W UMCA0 CTPOK Marpuub B. v

933*, IlokasaTb, uTO JTIOGYI0 HEBHIPOKIEHHYI0 MAaTpuly A 3jaeMeH-
TAPHLIMU NPe0GPa30BAHUAMU TOMLKO CTPOK (MIH TOABKO CTONAGUOB) MOWKHO
npuBecTH K eiuHMyHoH Marpuue E. Ecau cosepuenHbie Hax A sneMeH-
TapHbie INpeoOpasOBaHHA B TOM Ke MOPsAlKe MNPHMEHHTb K eIHHHYHOR

maTpuue E, TO B pe3yabTare NHOJNYyUYHTCH MaTpulia A7 obpatHas naa A.

Toab3yscy mpueMoM npenblAyluel 3agayd, Halth OOpaTHBE MATPUUM
AAS CJAENYIIUMX MaTpHll (AJ4s yao0CTBd BBHIUUCAEHHWH NPHIHCATh K JaH-
HOM Martpuue A (npaBa eIMHHYHYI0 MATPHIY H BHINOMHATb JEMeHTap-
Hble TnpeoOpasoBaHus cTPok, npusoaswne A k E, Han cTpoxkamu Bcel
HANWCAHHOW MaTpHibl):

934. 1 2 —1 =2 935. /0 1 3
3 8 0 —4 2 3 5
2 2 —4 =3[ 3 5 7
3 8 —1 —6

936. 0 0 1 —1
0 3 1 4
2 76 —1}
1 2 —1

937. Iloabsysach MeronaoM samaun 933, HaliTh o6paTHble MaTpHIBL
ans martpun 3anau 844, 846, 847, 848, 849, 850.

938*, JlokasaTh yTBepxIeHHe:

Ang TOro utobe Marpuita A W3 m CTPOK M n cTOAGHOB MMena paHr
€IMHILY, Heo6XOJMMO H INOCTaTOYHO, YTOOH A mnpeicTaBifnach B BHIe
A=BC, rge B— Henyaepo#t ctoubel, Lauusl m, C — HeHy/nesas CTPOKA
AJHHBL 1. .
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939%, loxasath yTBepAeHHE:

"nas TOoro uto6wl MaTtpHua A M3 m CTPOK M n cTOJAGLOB HMeaa
paur r, Heo0XOIMMO M J1OCTaTOYHO, 4YTOOM A NpeincTaBaAfjach B BHUIE
A=BC, rpe B—Matpuua u3 m CTPOK M r JHHEHHO He3aBUCHMBHIX
cronbuos, a C— MmaTpuua W3 r JHHeHHO He3aBUCHMHX CTPOK U 1
cTON0LOB.

940, Tlokasath, uro ecan A M B -— KBaipaTHhe MaTPHUB NO-
parka n 4 AB=0, 10 r~rp<n, npuieM L1 A060H naHHoH Ma-
Tpuilt A marpnuy B MOKHO BhOpath Tak, UTOGH OO 1,1 =&,
rie k— mo0oe uenoe YHUCIO, YLOBJETBOPAIOLIEE YCIOBHI 7, k< 1.

941%, Tlokasate, 4ro ecin A—KBajparHas MaTpHUa NOpAIKA A, Aas
KOoTOpOH A*=E, 10 1y, ,~+7rp_,=n.

942. llBe uenOYHCAEHHBIE MATPHIBI HA3BLIBAIOTCH SKBHBAJIEHTHBIMH,
€CAM  OT° OJHOR M3 HUX K LPYrod MOXHO MepeHTH NyTeM Ue/JOYHC/eH-
HBIX 3JIEMeHTAapHHIX NpeoGpasoBaHufl, T. €. Npeo6pa3oBaHuit CleNyOLKX
THIIOB!

a) nepecTaHOBKa IBYX CTPOK;

0) yMHONeHHe CTPOKM Ha —1;

B) npubaBieHue K OINHOH CTpPOKe IPYroff, YyMHOXeHHOH Ha uenoe
YHCIO ¢, W AHANOTHUHBIX TpeoGpasoBaHMit nas croabuos. Jokasats, 4TO
Matpuubl A 4 B TOrza W TOMLKO TOTJa SKBMBAJIEHTHHI, Koria B = PAQ,
roe P n Q— kBagparHbie LEJTOYHCAEHHBIE, YHHMOLY/IAPHbLIE MAaTPHILHL.

943%, JlpsmoyroJibHas LeNOYNC/IeHHas MaTpHua A HasbHBaeTCs HOp-
MQABHOL, €CNY ee JIEMEHTH @y, Qg ..., @,, NOJIOKHTEIbHH, @ Ie-
AHTCA HA @; _; ;_; ({=2, 3, ..., 7), a BCe OCTA/bHbIE SEMEHTHl PABHLI

nHymo. IlokasaTh, uTO Kamjas 1HeENOYHC/]EHHAS MaTpULA SKBHBAJIEHTHA
OIHOH H TOJbKO OJHOM HOpMa/NbHOR Marpuie; MHBIMH CJAOBaMH, KaXIblH
KJacC SKBHUBAJIEHTHHIX MeX1y COOOH UeNOYMCTeHHBIX MAaTpMIL COLePKHT
HODMaNbHYIO0 MAaTPULY M TPUTOM TOJNLKO OZHY.

944%, Jlokasarb, YTO KaXAYI0 HEOCOOEHHYI0 LIEJTOYHCAECHHYI0 Ma-
Tpuy A MoxHO npencrasuts B Bule A=PR, rae P -— yHuMonynsp-
Hasi, UENOYMC/IEHHAs Marpuua, a R — TpeyrosbHast LeJOYHC/IeHHas Ma-
TpUlla, JIEMEHTH KOTOPOH Ha IVaBHOfi AMArOHAIN HOJOMKHTENbHEI, HIXE
FJIAaBHOY JMArOHQ/IM PpasHH HY/M0, a BhEe FPJdBHOM JMaroHaan — He-
OTpHLATENbHL M MeHbllle 97IeMEHTOB IJIaBHOR ZMAroHaau TOro xe cTonabua,
npudeM Takoe NpercTaB/jeHHe €XHHCTBEHHO.

945%, JlokasaTb, YTO KBALPATHYI0 Marpuly A nopaiaxka n W paura r
MOXHO mnpeicrasuts B Buie A==PR, rae P -— HeocoGenHas MaTpHua
u R — TpeyroabHas Marpuua, B KOTOPOH TEpBHE 7 9/EMEHTOB TI/aBHOR
JIRMAaroHa/M PAaBHBl ejMHHIlE, a4 BCE JEMEHTH HHXe TJIaBHOH# JuaroHamu
M BCe 3/IeMEHTH MOCNEIHMX n—r CTPOK PABHHI HY/IO.

946. KpagpatHas MaTpuna HasHIBaeTCs 8epxHell- (HujicHell) TPEYromb-
HOH, ecn¥ BCe .ee 9JEMEeHTH, CTOsiUMe HMKe (COOTBETCTBEHHO BhIIIE)
T/AaBHOH juaroHanu, pasHb Hymo. Ilokasarb, 4TO C/AELYIOLIME ONeEpALHH?
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CNOMEHWe JBYX MaTpHl, YMHOMEHNWE MaTPHLBI Ha YHCAO, YMHOMNeHue
JIBYX Marpull M rnepexon K O6GpaTHOH MaTpuue JJa8 HeoCOOeHHOH Ma-
TPHLbl, NPUMEHEHHbBlE K BePXHHM (HMXHHM) TPEyrO/MbHbBIM MaTpHlaM, NpH-
BOAAT CHOBa K BepxHel (HukHeH) TpeyronbHOH MaTpHLe.

947, KpagparHas MaTpHUa Ha3bIBaeTCd HEAbROMEHMHOU, eCJIN HEKO-
TOpas ee CTemeHb paBHAa Hymo. HaumeHblllee nenoe HOMOKUTE/NBHOE
ancno k, mas xoroporo AF==0, HasbiBaeTCa noKasamenrem HuAbNO-
meumuocmu Matpuubl A. Ilokasarb, uTO TpeyrojbHas Marpuua Toria
M TO/MbKO TOTNA HMJbMOTEHTHA, KOLZa BCe 9/eMEHTH I'/aBHOH 1MArOHa/IM
paBHbl HYJI0, @ MOKa3aTe/b HU/LIOTEHTHOCTH TPeYro/MbHO# MaTpuubl He
MPEBOCXOIUT ee MopsiKa. :

945, Iloxasatb, 4TO oOOpatHas wMarpuua B==(d;,) A19 BepxHelt
(HrxHel) TpeyroabHOR HeocoOenHo#t MaTpuunt A = (a,,) nopaika n 6yner
CHOBa BepXHeft (HukHeR) TpeyroabHO# MaTpHiled, NpHYeM 3JEMEHTH I'JAB-

1
HOH AMaroHaau Marpuuel B onperensioTcs paBeHcTBaMu by = a——(i= 1,
ii

2, ..., n), a OCTa/bHbIE P/IEMEHTH HAaXOLATCH M3 PEKYPPEHTHBIX COOTHO-
ureHuh:
a) AN 37MeMEHTOB I{-# CTPOXH BepXHel TpeyroabHOH MarpHLUbL:
k-1 '
-—Z bijajr
b,-k=—-fa’7—— (k=141 i4+2, ..., n)

6) nas 3/1eMeHTOB R-TO CTOAONA HUKHEeHR TPEyroJbHOM MaTpHUbL:
i-1
— X ay by
j=k
ey

((=k-+1, £42, ..., n).

Stumu dopmynamn yroO6HO MNOAL30BATBCA AJAA BHIYHC/AEHHA MATPHLL,
OBpATHEIX K TPEYroJbHLIM MAaTPHLAM.
949*%, Ilycte A — KBaapaTHad MATPHILA NMOPALKA 7 M PaHra r, npuuem

1, 2 ..., B
d=A(, 5 70 k=1 2....n. (1)

b=

Jokasath, 4TO OpPH ITHX YCMOBUAX MATPHULY A MOKHO MPeCTABHTS
B BHJE NpOH3BEJEHHS

rae B=(b;;) — umxnag n C == (¢;;) — BEPXHAS TPEyroMbHbIe MATPHLL (OM-
penenehue BepxXHelt M HHXKHEH TPeyroibHLIX MaTpHI 1aHO B 3azade 946).

TlepBLIM 7 nHAroHaMbLHBIM 3/MeMeHTaM Matpuu B u C MOXHO AaTh Ji0-
Oble 3HAYEHHS, YIOBIETBOPRIOIIHE YCIOBHSM:

d .
B . bkkckk=-2k—f7 (k-—'=l, 2, veey Iy do:]). (3)
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3apanue NeEpBLIX 7 IHArOHAALHHIX 3jeMeHTOB Marpuu 8B u C opHo-
3HAYHO ONpelesisieT OCTAAbHBIE ISEMEHTH IIePBHIX 7 CTOAGIOB MaTpuusl B
¥ NepBHX 7 CTPOK MaTpuiusl C, NpHYeM STH 3JeMEHTH 3agalorcs ¢op-

MYJIaMu:
' L2 ..,k-11
A(I, 2 ..., k—],k)

bikzbkk dk ? (4)
A(1, 2,...,k-1,k_)
1,2, ..., k—1, ¢
Cpi=="Cpp dy
(i=k—+1, k42, ..., 0 k=1, 2, ..., r).

B cayuae r < a# B nocnelHux #-—r cronduax Marpuus B Bce 3ie-
MEHTH MOXXHO TOJIONHTb DaBHBIMH HY/IO, & B MOCJEJHUX N — r CTPOKAX
matpuibi C 37eMeHTH CYNTaTh NPOM3BOJBHEIMH HaM, HaoGOpoOT, B MO-
CneiHUX A~— r cTOAOUAX MATpHUH B 3/eMEHTH CUMTAThH MPOHU3BOJLHBIMH,
a B NOCAEIHAX n—r cTpokax MarpHusl C Bce 3JeMeHTH IOMOKHTHL
PABHEIMH HYJIO.

[lpousBo/bHbIE 3/eMeHTH He Hapywar paseHctBa (2). Mx moxnHO
BHIGpaTh TaK, YTOOLI COXPAHUTb TpeyrosbHE Bun Matpuu B u C.

950, IloxasaTth, uTO npeacTasienue (2) nperbiaylielt 3a1a4¥ MOXKHO
HaiTH TaK: TEpBHIE 7 DJMEMEHTOB HA IaaBuok nuarowand matpuy B u C
suifpats MOOLIMH, YIOBAETBOPSIOLIMMU “yCAOBHAM (3), a OCTa/bHBIE 3Je-
MEHTH NepBHX r cToJ6uOB B u nmepBux r cTpok C BHUYMCIUTL C TO-
MOIUbIO PEKYPPEHTHHX COOTHOIEHHH:

k-1
ap — X bijeje

bt-k———————%——-, (=k41, k+2, ..., 0 k=1, 2, ..., r);
i-1
alk_zbijcjk
c,-k-_-———-—Jb—Z—l———, (k=i+41,i42, ..., n5 i=1,2, ..., 7).

A1 GopMynH NMO3BOJAIOT HAWTH cHAyaja NepBH#t crToaben B u mep-
- Bylo cTpoky C, sarem, BooOuie 3uas £ — 1 cronéuos B u £ — 1 crpok C,
Halith k-# cronben B n k-0 crpoky C.

951*, Jlokasatb, uto M00yl0 cuMMeTpuueckyio Marpuuy A==(ag;;)
nopsika n M paWra r, yloBjleTBOpsiomyio yciaosuaMm (1) samauu 949,
MOXMHO TNpeACTaBuTh B Buie A ==BB’, rae B — HUxHAS TpeyrosbHas
MA4TPULA, DJIEMEHTH TNOC/AEIHHX #'— r CTONOLOB KOTOPOH DaBHE HY/IO,
a 9JEMEHTH NEePBHIX 7 CcToa0uoB OnpelensioTca GHopMynaMu:

L, 2.. k=1
i e i)

Vdgp-dgy

b= =k k41, ....nm k=1,2,..., 1)
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952, Marpuua A nHasniBaercs #aemourol (Uaw O.404Hod), eciu ee
SNEMEHTHl OJHOH MJM HECKOJbKHMH TOPH3OHTAABHBIMH M BePTHKAAbHHIMH
JMHHAMH pacupeie/eHbl M0 NPAMOYTOJIbHBIM KaeTKaM (6okaM). DTH KAeTKU
Oynem 0Go3HauaTh uepes A;;, rue i— HOMep KJETOUHOR CTPOKH M j —
HOMep KJeTouHOro ¢toa6ua. IToxasaTb, YTO yMHOMEHHE NBYX KAETOYHBLIX
MaTpuy TOrAa H TOJBKO TOrIA CBOIMTCH K YMHOXEHHIO KJIETOK, paccMa-
TPUBAEMBIX KaK OTAEAbHEIE 3/eMEeHTH, KOrJa BePTHKa/AbHOE Ae/eHUe mep-
BOH MaTPHLE COOTBETCTBYeT F'OPH3OHTa/JLHOMY JeJeHHI0 BTOpo#. HMento,
ecin A = (A;;)— (m, n)-Matpuua C IeneHueM CTPOK Ha IPYRNB MO m),

my, ..., Mg M CTOAGUOB MO ny, Ny, ..., Ny U B=(B;;)— (n, p)-ma-
TPULa C JefeHHeM CTPOK Ha TPYNNH 10 Ay, Moy, ..., A, U CTOAGLOB
N0 Py, Po ---s Py T0 AB=C=(Cy;) Gyner Takxe KJeTOUHOH Ma-

Tpuuel, npuueMm
t

Cip= 2 A;;Bj G=1,2, ..., 8 k=12, ..., u.
j=1

anMeHﬂﬂ yKasaHHO€ NPaBW/IO YMHOXEHHS KJETOYHBIX MATpull, HauTu
KJACTKH MPOU3BELEHHUA CJECIYIOLIHX MATpHll IPU yKa3aHHOM NOApa3sie/IeHHH
Ha KJETKH 1J1 COMHOXHTEJeH:

1}1—2 3 , 213 1
A_3—12.B=123
T\4]—2 1 211 3

953. [lokasarb, 4TO /19 BBLINOJHUMOCTH YMHOXEHHS IBYX K/IETOYHBHIX
KBALPATHHIX MaTpHI IOCTATOYHO (HO, KaK IOKa3biBaeT APUMEp Mpenbi-
Idyuiefi 8amayd, He HeOOXOINMO), UTOOB [OHarOHA/MbHBIE KJETKH OblIK
KBaJpAaTHHIMH, NpHYeM MOPSAKH COOTBETCTBYIOIMX IUATOHANbHHIX K/ETOK
6bi1 paBHEL Mexay cOOOH.

954%, [lokasarh, 4TO IA5 BHIIOJHAMOCTH KJETOYHOTO YMHOXEHHS
KJETOYHOR MaTpHUH Ha ce0s HeoOXONMMO H JAOCTaTOYHO, 4YTOOH BCe ee
JMAroHa/abHble KJAeTKH OBLIM KBAIPaTHBIMH.

956. Ksanpatuas kaerouysas marpuua A= (A;;) HasmBaeTcs K.ue-

MOYHO-mPeY20A6HOE, €CllM BCe ee KIETKH HAa T/aBHOW AuaroHan, T. e.
Ay, Ay, ... KBaIpaATHBHIE, & BCE KJETKH, CTOALIME MO OAHY CTOPOHY
OT I/1aBHO}t nuaroHanu, pasHH Hymo. Ilokasars, uto ecit A u B — nse
KJ€TOYHO-TPEYro/MbHEIE MaTPHLH ¢ OAHHAKOBHIMH TMOPSIKAMH COOTBETCT-
BYIOLIHX IHAroHaJbHBIX K/JETOK M HY/SIMH IO OLHY CTOPOHY OT AMaroHanu,
TO UX npousBeseHue AB rtakxe OyIeT KJIETOUHO-TPEyroJbHOH MaTpuuel
C TaKUMH Xe MNOPSAKAMM JMATOHAJIbHBIX KJAETOK M HYJAMH MO Ty Xe
CTOPOHY OT IMaroHa/H.

956. TIlokasatb, YTO KJIETOYHO-TPEYroJbHASA MATPUHA TOTAd U TOJbLKO
TOrAa HHABLIOTEHTHa, KOFJA HU/JbMOTEHTHH BCE €€ KJETKM Ha IJaBHOH
JuaroHanu (onpereseHue HUJBIOTEHTHOCTH IaHO B 3ajaue 947).
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957. Ilycte A =(A;;)) —KneTousas Matpuua, npuuem A,;-— kaerxa
pasmepos m, X n; (t==1,2,...,8 j=1, 2, ..., f). okasars, 4rO
npubGasnedne k {-H K/JETOYHOH cTpOke j-H CTPOKH, yMHOMeHHOH ciesa
Ha NPAMOYTOJbHyI0 MaTpuuy X pasmepos m; > m;, MOxeT GOuTb moay-
4eHO TNyTeM YMHOMXeHHsi A c/ieBa Ha HeOCOGEHHYIO, KBaAPATHYIO KJIeTOou-
Hylo Matpuuy P. Touso Tak e npuGaBleHHe K i-My K/ETOYHOMY
cT0A0uy j-ro cTonbua, YMHOMEHHOrO CNIPABa HA NPAMOYTO/AbHYIO Marpuuy ¥
pasmepoB n;X n;, MOxeT GbTb NOJYYEHO MyTeM yMHOxXeHHs A crnpasa
Ha HeocOGeHHYI0 KBaApaTHYIO KjaeToyHylo Marpuuy Q. Haittu Bux Marpuy
B u Q. ,

A B .

- 958%*, Ilycrb R=<C D)—-K.’IGTO‘IHaﬁ Marpuua, rie A -—— HeocoGeH-
Has KBalpaTHas Marpuua nopsaiaxka n. Ilokasate, 4to panr R pasex n
TOrZa W TOAbKO Toria, korma D=CA™'B.

959%, TIlyctb A — HeocoBeHHas MaTpuua mnopsika n, B — martpuua
pasmepoB n X g, C— Marpuua pasmepos p X n. [lokasatb, 4TO ecau

: 4 B A4, B
KAETOYHYl0 MaTpuuy R == —C 0) NpHBECTH K BULY R1=( 0 X)

nyTeM pAia 3/EMEHTAPHLIX Npeolpas3oBaHuit CTPOK, NPHUYEM B KAHAOM
npeo6pasoBanun AHGO yuaCTBYIOT TOJbKO NepBble 11 CTPOK, JHG0 K Kakoh-
H4OY1b CTPOKE C HOMEDOM, OOJbIINMM 72, MPUOAB/IAETCA OLHA M3 MEPBHX 7
CTPOK, YMHOXEHHad Ha YHCIO, T0 X = cA™'B.

- 960, ITlycte A — HeocoGenHass Martpuua mopsanka n W E — enunnu-
Hag MaTpuua TOro xe nopsaika. J[lokasaTe, uTO eCAM KJAETOYHYIO Ma-

A E .
TpHLY <__ E 0) 9/1eMEHTAPHBIMU NPe00PA3OBAHUAMH, YKA3aHHLIMU B Mpe-
Al Bl ;1
IOblAylied sajave, NPHBECTH K BHAY 0o xJ 70 X =A" ", Hatitu
2 3 5
9TUM MeToaoM OGpaTHylo Marpuuy aad A=| 1 2 7 |.
3 4 4

961.. ITycTe JaHa cucTeMa ypaBHEHHH

anx, +aXe+ .. - a1,X, =0y,
A%y —+GpXy + « o v - AgpXp =0y,

. . . - * . . L] * . . . L] . .
1 m————
A Xy roXo+ «ov +@ppXp=0,

¢ HeocoOenHott Marpuueit kosdduuuedros A, B — cronbew CBOGOAHBIX
yleHoB U E — eIMHHYHAA MATPHLA HOPAAKA M.
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A B

_E 0 npeo6pa3oBa-

Ilexkasarb, yTO €CAR KJIeTOYHYIO MaTpHily (

HHSIMM, YKa3aHHbMH B 3agave 959, mpusecTH K BHIY (0 x| T0

cronben, X INaeT peuieHHe NaHHOM CHCTEMBl YpaBHEHHH,
Pelnte 9TUM METOJOM CHCTEMY:

3x— y+22=7, -
4x —3y-+2z=-4,
2x+ y-+3z=13.

962. Ilycte A-—neocoGenHHas Marpula nopsika n; B — matpuua
pasmepoB n X p, E—enunnunas wmarpuua nopsaka n. Iloxasarts, uto

A B
€c/iy MaTpuly (—E 0 ) npeo6pa3oBaHuaMH, YKa3aHHHLIMA B 3a1aye 959,
A, B

NPHBECTH K BHIY ( ), 1O MaTpuua X HaeT pelueHHe MaTPHUUHOTO

0 X
ypasnenus AX =B,
Pelwmre 3THM METOLOM yKa3aHHOe ypaBHEeHHe, eCaH

4 2 —7 B 4 —5
T\l —4) T\l —4 )

963%, Iycts Bce mapu (4, j) (=1, 2, ..., m; j=1,2, ..., n)
3aHYMePOBaHL B HEKOTOPOM ONpEneeHHOM MNOPANKE Op, Ugs « ..y Oy
Kponexeposcxum (WAn npambim) NPOH3BENEHHEM IBYX KBaZPaTHBIX Ma-
Tpull A nopsika m W B nopsiaka n HaswiBaerca Matpuua C=A X B
nopsiika mn, COCTABJEHHAT W3 BCEBOSMOMHEIX MPOU3BENEHWH 3JEMEHTOB

matpun A M B B Haljexallem nopsixe. ViMenHo, sneMeHT Marpuum C,
croauwuft B i-# CTpOke M j-M CcTO.A6LE, Onmpenrensercs TaK:

Ciy=0,;0150 T (b B)=0p (/i J)=0y
Ioxasars, dro:
3 (A+B) X C=(AXO)+(BXC);
6) AX(B+4C)=(A X B)+4(A X 0);
B) (AB) X (CD)=(A X C)(BX D).

964%, Ilpasoim npamus npoudsedernuem KBaipaTHHX Matpuu A no-
psika m v B — nopazka n HasmBaerca kaerousas Marpuua A X ‘B =

=C=(C;;). rne C;y=2a;;B (I, j=1, 2, ..., m). AHaIOTHYHO, NeBLIM
NPAMEIM NpOM3BeJeHHEM TeX )e MaTPHL HA3HBaeTCs KJAETOYHAs Marpuua
‘A. X B=D=(Dij)’ rae Dlj—_:Ablj (t, j= 1, 2, s ey ﬂ).

Hokasarb, uro:
a) 06a BBEIEHHBIX NPOU3BENEHHA ABASAIOTCH YACTHBHIMM CJAYYasgMU Kpo-
HEKEPOBCKOr0 MNpOM3BeJEHHs, ONpPeleJeHHOr0 B Npeibiaylileit 3anaue.
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Haiitu nopsnox wymepaunu nap (f, J), Aaomuft npasoe u Jesoe Npambie
NPOH3BeLeHUH;

6) AX B=B X A;

B) AX (BX C)=(AX'B)XC;

r) ecim E, — enunuunas marpuina nopaika &, 10 E, X 'E,=FE, X
X Em:Emn; .

1) ecan A n B—ueocoGennbie Matpuusi, 1o (A X 'B) =A% B,

Jlns neBOro MpOM3BeleHHs CIPAaBelAHBH CBOHCTBA, AHAJIOTHUHLE B),
r), ).

966%, Ilosp3yscb IByMs nNpeIbIAYLUIMMH 3afauaMy, J0Kas3aTh, 4TO
ecin A — marpuua nopsanka m u B —rnopsaka n, 10 |AX B|=|A|" X
X |B|" (cM. sagauy 540).

966*. Tlycte A =(a;;) — kBaaparHas MaTpuua nopaaxa n. Marpu-
uett, s3qumnol ¢ A (M npucoedurennoldl x A), Ha3blBaeTCs MaTpuua
A=(a;), vae a;;=A; (i, j=1, 2, ..., n). Unnmu crosamu, Ma-
TpHLA, B3aUMHad ¢ A, MoJydyaercs TPAHCIIOHHPOBAHMEM MaTpHIbI, COCTA-

BJEHHOH M3 aire0panyecKux JOMNOJHEHUH 371eMEeHTOB Marpuubl A.
Hokasarb, vTO:

a) A/T=21A=|A|E, rne E— envHnudas Marpuia;

6) (A)=|A[" A npu n>2, (A)=A npu n=2,

967*, Iloxasare, uTO (AB):E . A, rae A—Manuua, B3auMHas ¢ A4,
onpereneHHas B Npelnbliyluel 3azave.

968%, Marpuuet, accoquuposannoll ¢ KBaapaTHOH MaTpuiled A no-
pAlKa 7, HAasLIBaeTCd MaTpuua A_.(au) rie a,j——-Mm-xop 9/IEMEHTA &y
Manl/lleI A. Joxkasarb, yTO:

a) (AB) AB;

6) (A)_.IAI” A npu n>2, (A)_A npu n=2.

969%, Ilyctb A = (a;;) — KBajpaTHas MaTPHUA TOPALKA 1 M NYCTb
Bce couyeTanusa U3 r uucen 1, 2, ..., nmo p uncen k, < ky < ... < kp
3aHYyMepOBaHB B KakoM-71MG0 TOPAIKE o), Oy, ..., @y, Tie N=CJ.

p-1 accounnpoBanHo#i ¢ A Marpuuefl HadmBaercst Marpuua A, =(ay, ;; p)
COCTaB/leHHad M3 HajjiexamuM o0pa3oM pacrnoJIOKEHHBIX MHHODOB p-TO

Ly by oenn 1
A , Tle ¢, ecTb
Jv Jo ooii I

coveranne i Iy < ... <[, @;— CoUeTaHUe h<ip< oo <Jp
Jokasatb, 4ro: .

a) (AB), = A,Bp;

nopsiika Marpuubl A; UMEHHO g j;p=A<



970—981] § 13. TTONIMHOMMAJIBHEIE MATPHULIBI 133

6) (E,),=Ey, rne E, u Ey— enunuuibie MaTpuilel COOTBETCTBEHHO
fopsaakos n u N;
-1 -1
B) ecin A — HeocoOeHHAas MaTpHua, TO (A )p=(Ap)
970, Haitu takyio HyMepaumio couetaHudt us n uucen 1, 2, ..., n
no p, 4ro6bl A1S TPEYroJbHOH MaTpuUbl A accouuupoBaHHas MaTpuua A,

onpeje/eHHas B Npeablayllefi-3a1aye, Takxke OBIIA TPEYTOJABHOA C HY/AMU
10 Ty e CTOPOHY OT IHaroHaiu.
971*, Toabsysicb cBOHCTBaMH AaCCOLMKPOBAHHBIX MAaTpHL, ,uoxasan,,

4T0 ecaM A -— KBaipaTHas Matpuua nopsika n, 10 A, |._.|A| i
{cM. sapauy 551).

972%, Tlycts A — meocoGennass Marpuua mopsaaka n u B=A"'—
marpuna, 'obpatnas i A. JokasaTe, 4TO MuHOpPH /Mo6GOro mopsiaka
0GpaTHO! MarpHuBl BEIPAXAIOTCH 4epes MPIHOpr HCXOJHO) MATpHHH Cre-

AyIOLHUM 00pa3oM:
2 i +k royr ’
(—1)s=1( r+hs) A(kl’ R kﬂ—p)

( i, i2....,t,,) By gy vy by

B{ » = P, ()
Ry, Ry oo R, [A]

the h <ig< ... <l BMecte ¢ i < i< ...<ipnpt Bi<hka< ...
... < k, Bmecre ¢ k{ < k§< < k;,_,, COCTAB/AIOT MOJHYI CHCTEMY
uuzekcos 1, 2, ..., n.

973%, Jlokasath, utO p-s aCCOUMMpPOBaHHas MaTpuua A, (onpenenedue

nado B 3anaye 969) nag oproroHasbyo#t Marpuue A cama OpTOrOHaJbHA.
974%, Jloxkasate, uTO p-f aCCOUMMPOBAHHAA MaTpuua A, AJd yHH-
TapHO# Martpuusl A cama yHuTapHa. )

§ 13. MoannomnajapHbie MATPHUB

Cneaywouie A-MaTpPHIBL NPUBECTH K HODMAaJIbHOH AMaroHanbHOH dopme
nyTeM 3JeMEHTapHbIX NpeobpasoBaHuil:

975. /A 1\ 976. [A2—1 A1 977. /A O
(o x)' <x+1 x2+2x+1>' (o x+5)°
978. /A2 —1 0 L9079, / A1 A1 a2
( 0 (x_-1)3>' 3A—1 3A2—1 A2--2)
A—1 A2—1 A
. 980,/ A2 A2—A 312 981. /A—2 —1 0
M2— A 3A2— A A3_L4A2—31 . 0 A—2"~—1].
M4 A AMA 3A243A 0 0 A—2
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982, /A(h+1) 0 0 983, /1—A A A
0 A 0 . A A —2
0 0 (A1) 1242 A2 —?
084*, HHSApPUAKMRUME MRONCUMEAAME A-MATPUUB A rnopsaika
n uaswmBaiotcd MHorounesl E; (A), Eq(A), ..., E, (M), crosiime Ha rias-

HOM [MaroHanu, B HOPMANLHOM AMaroHambHoR dopme Matpuun A. Jeau-
TeNsSMH MHHODOB Marpuliti A Ha3bBawTCa MHOTOumeHnl D) (A), Dy(), . ..
vy Dy(X), rae Dy(A)— naubonpmuit obmuf neaurtens (B3ATHH CO
CTapwiM KO((HUHEHTOM, PaBHHM eIHHUIE) MHHOPOB KR-ro nopsixa
Marpuunl A, eciM He BCe 9TH MHHOPH paBHH Hymo, W D, (A)=0
B NpoTHBHOM cayuae. Jlokasath, ‘uto E,(A)=+0 un D,(A)~0 1=

k=1,2,..., r, rae r — paur Matpuuti 4, toraa kak E,(A)==D,(A) =0

as k=r-1, ..., n. Jlanee mnokasarb, '-ITO Ek(k)_m
k

(k=1, 2, ..., r; Dy=1). !

.Caepywolue A-MaTpHUB TNPHBECTH K HOPMaJbHOH JHATOHAILHOMK
dopme TpH NOMOLIM JelauTeled MHHOPOB, ONpenejeHHBX B 3anaye 984.

+985. /A(A—1) 0 0
0 AA—2) 0
0 A—1DA—2)
. 986. M?\,——l) 0 0o . :
( AA—2) o |
0 A(A—3) '
(- u(x 2)(h -3) 0 0 0
A-H(A-2)(A-4 0 0
0 (=1 (A=3) (h—4) 0 :
0 0 (A-2)(A-3)(A~9)
a"’cd 0 0
b2cd 0 0
abcz 0 Y}
0 aba?
rae a, b, ¢, d — NIONapHO B3aMMHO NPOCTHIE MHOTOWIEHH OT A.
989, /f(A) O
( g(k))' rae f(A) u g (L) — mHOrOUneHH OT A.
( 0 fg rle f, & h— MHOTOWJEHH OT A, MOMapHo
0 fh _0 , B3aUMHO TPOCTHE H WUMEWIUXE CTapline
gk O Koaaptpuuuemu, pasHbie elMHHUE.
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991. /fg 0 O
0 fn 0 [,
0 0 gh
rie f, £, h— MHOTOWIEHH OT A co crapumMd KO3ppHUHEHTAMH, pas-
HBIMH €IMHHLE, B3aUMHO IIPOCTble B COBOKYRHOCTH, HO He 0643aTe/IbHO
{IONapHO B3aMMHO HPOCTHIE.

992. /fg 0 O
0 fr O],
0 0 gk
- TIe f» & h— moGble MHOrOWIEHH OT A CO CTapuMMH KO3(puuMeHTaMH,
PaBHLIMH €IHHHUILLE.

993. /AL 1L 0 O 994, s 1 0 0
0 A 10 0 A 00
0o 0 A 1 0 0 & 1
0 0 0 A 0 0 0 A
995. (A —1 0 0 0 ‘
lo A —1 0 0
0 0 A —t 0
0 0 0 A -l
[t 2 3 4 544
996. /A+4a i 1 0
—8 A+a 0 1
0 0 A4a - B
0 0 —B8 Ada
997, /20 — 120416 2—A 202 - 12h 417

( 0 3—A2 0

A2—6h47 2—A A2—6A-8

998, /3A2—5A42 0  3A—6A3
(2x2—>3x+1 A—1 202 —4A 42
9242 — A, 0 on—4rd2/

999, (A 1 1 ... 1
0 A 1.1
0 0 A ... 1)
0 0 0.{¢A:
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BHISICHHTb, SKBHBA/JEHTHH /W Mexly cOGOH MaTpaum:
1000. v+ 1 A 4r—1
A= 1—Aa2 A—1 A—A2 |;

M4A42 A A2
A1 A—2 A2—22

B={ 2. 2A—3 A?—21
—2 1 1
1001, MA1 3A—A2 20244 A2

AZ M 3h—AZ 2A240 A2\
A2 — 2 9 —A2 202 a2 [P
A2 —2 o
3 M1 3 A
2 A1 332 A2

B=lo 2 a2 a
AT —A2 2A2 A2
1002,
BN —6A2 A3  2A3—4N2 4 Bh—1 A —2AZh A
A=(3x2_sx+5 A2 — A 1. A2— 2041 )
3M3-—3)2 —BA 6 23 —202 A1 AP —A2_—A 1

INM—OR 4 TA-+1 203 —6A24-Th —2 A3 —3A24-3A— 1
B=| 3\3—9A2 494 —5 2A3 —6A2 61 —1 A3 —3M+3h—1 |;
3A3—9A2 4- 5L+ 5 283 —6A24-8A—2 A3 —3A2+3A—1
3A2—31 41 A2 —} 0
C=| 222 —A—1 7A—3M—4 R2—2h+1
5AM—TA+43 BA—2A2—3 A?—20+41
1003, A-Marpuila Ha3LIBAETCS YHUMOOYAAPHOL, eCiu ee ONpeleln-
Telb AIBAAETCH MHOTOWIEHOM HY/eBOK CTEeNeHH OTHOCHTENbHO A, T. e.
KOHCTaHTOH, OTAM4HOA oT Hyns. Ha#Wtu HOpManbHy0 AHAroHaabLHYIO
GOopMy YHHMOLYAAPHOH A-MaTpuuH.
1004. Jokazarb, yTO MaTpuua, o6paruas K A-MarpHue, TOFAAa U TOJbKO
Toria Oyner. A-MaTpuiiedl, KOria nakHas Marpuia A yHHMOLYJspHA.
1005%, JloxasaTb yTBepucIeHHe: Qs TOTO YTOOH JBE NPAMOYTOMbHbBIE
A-matpuist A u B, xawaas s m CTpok # n CTOAGUOB, Ob/AM SKBHBA-
NEHTHH, He0GXOAMMO ¥ JOCTATOYHO BHIONHeHue paseHcTBa B = PAQ,
rie P u Q — ynuMonyasipHbie A-MATPHUbL TOPSIKOB M H 7 COOTBETCT-
" pendo. Iloxasare, uto TpeGyemble Marpuubl P n @ MOXHO HaiTH Tak:
Halills pAA 9JEeMeHTapHBX npeo6pasoBauuit, nepesomswuit A B B, npu-
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MEeHHTb BCe NpeoOPa3oBaHUsA CTPOK B TOM KE [OPSIKE K eNHHHYHOMN
matpuue E,, nopsaka m, a Bce npeoGpasoBaHus CToAGUOB B TOM e
nopanke K enuHudHo# Matpuue E, nopanka n. :

IOas paHHOH A-maTpuusl A MeTONOM, yKasauHoiM B 3anaue 10085,
HAWTM YHUMOLYJAPHBle Marpuunl P, Q Ttakue, uro Marpuua B =PAQ
MMeeT HODMaJbHYIO AMaroHaibhyio dopMy (Matpuust P u Q onpene-
JAI0TCA HE ONHO3HAYHO):

1006. MR—A44  A243
=<x2_m+3 m—x+2)'

1007. M 4A3 4 4A2 A -2 A3 422 42

008 =<x4+5x3+8x2+5x+2 x3+5x2+sx+4)'

1008.

M-3R —5A2 A 41 2M4-3A3—502 - A —1 2A* 4203 —4A?

A= A — A1 208 — A3 — )2 201 — 2)3 )
M203—4R2 L A+ 1 204203 —4A2 - A—1 2044 A3 — 3A2

Oas panuex A-matpun A u B Halitd yHuMoLyasipHble A-MaTpuust P

# Q, ynoBrerBopsioltne paseHcrsy B = PAQ (marpunn P u Q onpe-
IelqI0TCA He ONHO3HauHo (cM. 3amauy 1005)):

1009.

A2 — A 41332 —2A—41 33 TA+2 3A3 444 — 1

T\oAZ A —1 3A2 44 —2 T\2A - BA 1 2A3 30— 1)
1010.

(2},2—7»-1 27»3-1—%2——3%) B (M—M—Hx—l 213—2,2—[-7\.——2)

A2—A A3 — A As— a2 20— A2 — A

1011. M —1 A1 A —2
A=| m4on A2 41 xa+x2_2x_1);
MAR—A1 AR AB—2h1
40+3 24 42 242 — 24 — 3
B=| 10A+42 5h-+5 BA— 5L — 2
402 —Th—8 2A2—3A—5 92A3—7A2-2A-18
1012. WA A1 202424 A A2
A=|2M—30— 3042 5A25h 2A342a2);
A —1 Mh A A
A2 2h 41 A2 A 0

B=| 2A 4301 A34-3A24 2% A4 A2
3M2 - 5A--2 QA3+ 5AT3h 2A3 2A?
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1013, (xz+3x_4 MR+42h—3 x2+x_2)
T\2A24-3A—5 2A24-2L—4 2A24A—3
(2A2+2A-4 3A24-2L—5 'x2+2x—3)

T2 4A—3 3N 4HA—4 A HA—2

“ 1014, (A3+67s.2+6h+5 x3+4x2+4x+3)
A= ;

A43A24-30+2 A4-202-1- 2041
2034-3024-3A 1  2A3-4- 202 22

( A3 A2 A 2x3+xz+x—1)

B = .

BAS-2A24-2h—1 6A3 4202424 —4
M—M—A—2  23—A2—A—3

Haiitn nHBapuanTHBlE MHOMHTENN CAEAYIOLIMX A-MaTpHL:

1015, /332420 —3 2A—1 A2-24—3
(4}3-;-32»—-5 3h—2 x2+3x—-4).
M4Ar—4 A—2  A—1
1016, /323 —2A—1 2A24-A—1 3A34-2A2—2A—1
(27»3-—2}» A2—1 -2x3+x2—2x—1).
5A —4A-41 3A2A—2 BA3|-3A2—4A—2
1017,
(‘2;&—"m+2x;-1 OA3 — 302 424 — 3 AS— 2A2 - A —2 5A% — 2A2 - 5A—2 [
ABpA A1 =B A —3 —A —A2—A—] TAS—A24-TA—1

A — 20242 —2 MWA-A  2M—AT42A—1 —208 —A2—2h—1 [
| 338 — 212 - 3A—2 3A5 — 402 {-BA—4 2A3—3A2 4-2A—3 6A% — 3AZ 4- 61 —3
" 1018.

M4 A2—A -3 MW A24A 23N —A4-4 AP FAZ—A-2
A 3A2—3A46 A3 —3A2-3A—2 2034 3A2—3A+T  AS4-3A2—3A -4
AS 20— A4 AS—2A2 424 — 1 2434242 — 20+ 5 A3} 2A2—24 43
D34 A2— A5 MI—A2FA+1 AMFA—A4T 2W3pAT—A43

1019, (A 1 2 3 n ]
0 2 1 2 n—1
0 0 A 1 n—21-

-----------
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1020%, { A—a g ] Bp... p )
0 A—a ] ... B

0 0 A—a B... B

o 0 0 0..A—a

{MOPANOK MaTPUUBI paBeH n).

DieMeHTapHBIMH JeJUTeNIMH A-MaTpUUB A Ha3BIBAIOTCH MHOTOWIEHH é; (),
2 (A), ..., eg(L) co crapmuMu xo3(hOIHIUECHTAMH, PaBHEIMK eMHUIES, COBNARAI-
IHe C HauBLICIUMMH CTElEeHS MU HEeMPHBOJHUMBIX MHOXHUTEJIEH, BXOAALUMA B Pas-
JOXeHus VHBapuaHTHbix muoxwurened E, (A), E,(A), ..., E, (L) Matpuunl A Ha
HenpuBOAMMble MHOXKUTEAH. [IDH 3TOM COBOKYNHOCTH .SAeMEHTApHHMX Aeauteci
satpuus A COAEPHHT KaxIblH MHOrouses £;(A) Croabko pas, CKOJAbKO HHBa-
PHAHTHHIX MHOXHTedeH Ep (L) comepKHT ero B CBOeM pasiomeHuH. Pasnoxenue
#a HENpPHBOAMMBIE MHOXHTENW GepeTcs HAal TeM NOAeM, HAj KOTOPHIM paccMa-,
TPHBAIOTCS MHOTOYAEHbI, ABJAIOMKEC 3JeMeHTaMH Marpuubnl A. B panbHeiimew,
€C/IH He OTOBOPEHO MPOTHBHOE, DPACCMATPHBAITCA 3JEMEHTAapHHIE NEAHTENH Hax
f0JeM KOMILIEKCHBIX YHCEJ, T. €. HAHBBICIIHE CTENEHH MHOTQUJEHOB BHJA A — a,
BXOJfIIHE B PA3NOKeHHs HHBADHAHTHHX MHOXHTeNeH MaTpuubl A Ha AHHeHHbe
MHOXHTEJH,

Haittu s/meMeHTapHBIE JEJUTETH C/ICLYIOLUX A-MaTPHIL
1021. A2 A1
A\2M—A— A3 2B —A2—A}-2)
1022, [ A3 —202 420 —1 A2——2A}-1
A3 — 2024 A—1  2A2—2A
1023. A2 42 2041 A1
A244A+4 2043 A244Mh4-3
A2—4A+4-3 2h—1 AZ—4A-}-2
1024, ‘
A2—24—8  A?4A-4 A2 —4 A2—3)L—10
MAEAI—A—10 22245042 AS4-3A2—A—6 A44-A3—21—12
| A*4A3—222—-30—6 AZ4-4A -4 AfAS—2A2—A—2 A‘HAS—2A2—4)—8
U MFAAZA—2  A24A—2  AS2A2A—2 AMAS — A2 A2

1025. A2—2  A24-A43 A2 A2—3 \
A24-3h—1 A24-3M4+3 A24-2h41 x2+3x—2
A2 —4  A24-A44 A243 A2 —

202430 —3 AP-3h 4 A4 20+ 9 2L2+3A—4}

Haiiti sneMeHTapHble eauteu cnenyloumx A-MaTpHU B NoNE PauuMo-
HAMbHEIX, B NOAE NEHCTBUTENLHBIX M B N07€ KOMIVIGKCHHIX WHCE:
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1026, /A2 A1 22—2
M1 241 2a2—2
A2 A1 3A2—5

1027, /20243 A1  AS6M A2
422411 20245 2AS 12444202 — 26
OA243 A1 QA6 12A4HA2—30

1028, / M1 A—At4A3—1 M—4A3 440 —35
M -3 20— 20 4A3—2 3A4—10AS—+ A2 4 10A—14 |.
M2 AT—A2M3—2 24— 6A3— A2 6A—9

HallTh HOpMaJIbHYI0 AMAroHaJbHYIO. GOPMY KBAIPATHOH A-MaTpHiLb,
€CJIH M3BECTHHl €€ DJEMEHTADHbE NEJMTE]AH, PaHT 7 W NOPALOK n:

1029, A1, A+1, A4+12 A—1, A— 1% r=4, n=>5.

1030. A 42, A4+2)2, (A 4+28 A—2, A—2)% r=n=4.

1031, A—1, A—1, A—1)3 A2, A-+2% r=4; n=5.

1032%, JlokasaTb, 4TO COBOKYNHOCTb 3JIEMEHTAPHLIX JenuTenedl AHa~
FOHAABLHOH A-MaTpHULB NOJAyYaeTcs oGbenuHeHHeM (C HALAEKAWMMH NOBTO=
peHusiMB) COBOKYNHOCTeH 3JeMeHTapHHX AeluTe/ell BceX HWAroHaJbHHX
SJIeMEHTOB STOH MAaTPHULIHL.

1033%, Jlokasath, YTO COBOKYNHOCTb_ 3JIeMEHTApHHIX JejauTeneht
KJIETOUHO [MAaroHajpHOH A-MaTpuinl paBHa oObelMHeHHIO (C HamIexa-
IIMMH TIOBTODEHHSIMH) COBOKYNMHOCTEH S/€MeHTAapHHIX JHenuTenel Bcex ee
JMArOHaNbHEIX KJETOK.

Monbayscy 3amauamu 1032 uan 1033, Ha#TH HOpPMAaMbHYI0 AMaro-
Ha/abHY0 (opMy crenylouuxX A-MaTpuu:

1034. /A (AL—1)2 0 0 0
0 A2(A41) 0 0
0 0 A —1 0
0 0 0 A4 1)8
1035. /A2 —4 0 0 0
0 A2 23 0 0
0 0 A3 — 222 0
0 0 0 A3 — 4k
1036. 0 0 0 A3 - 6A2 492
0 0 A3 4-A2—6) 0
0 - A2—4r+4-4 0 0 )

M - A3—6A2 0 0 0
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1037. 0 0 0 A-2A2—2h—1
0 0 AM—2A242h—1 0
0 AZp2A1 0 0
M—20t+1 0 0 0
1088, , A22,—3 A2A—2 O 0
OA24-24—4 2024+A—3 0 0
0 0 A1 A2
0 0 AR—1 MRr—2
1039, /M2—A—2 A3A2—A—1 0 0
A2—4 A3 2A2—A—2 0 0
0 : 0 A242%  A24-6A—2 |
0 0 AMA—2 A2 B5A—7
1040, 0 0 M—I2—}—2 AB—2A—4
0 0 MA2—6L A24A—6
A2— 201 A—2 0 0 .
A3—2A21-6A—1 A2—2A}-5 0 0.
1041, 0 0 0 A2\ —3 A4A2-0A—9
0 0 0 A?—A—2 AS}-202—5A—6
0 0 A2+ 0 0 .
M3 A24FA—2 0 0 0
M2A4A—4 A42A2—3 0 0 0

Onpenenus SKBHBAJIECHTHOCTh H HOPMaJbHYI0 AHArOHAJBHYI0 (OpMY
LEeNOYHCIEeHHHX MaTpHL, Tak, KaK 3TO cAenaHo B 3ajzauax 942, 943,
Haitth HauGonablune o6uiMe nenutead D, MHHOPOB R-Fo mopsixa Clenyio-
ILMX MaTPHL MyTeM NpPUBELEHHHd HX K HOPMAJIbHOH IMAaroHaJbHOR ¢opme
C TIOMOLIBIO 3JIeMEHTapPHHIX MpPeoGpasoBaHui:

1042, 0 2 4 —1 1043, 0 6 —9 —3
6 12 14 5 12 24 9 9

0 4 14 —1]° 30 42 45 27

10 6 —4 11 66 78 81 63

1044, [lokasath, uTO aK06YI0 A-MaTpULy paHra r 3JeMEHTAPHBIMM
npeo6pa3soBaHHAMH OJHHX TOJBKO CTPOK (4 TaKwe OJHUX TOJbKO CT0JG-
1l0B) MOXHO NPHBECTH K TPEYroJbHOMY WM TpaNelueuialbHOMY BULY,
npuYeM HyJIM, IO KEJAHHIO, MOXHO NOJYUYHTh BeIIE WM HMKE TJIABHOH
IMaroHanaH, H OT/JHYHBHIE OT HYJA 9JEMEeHTH OyIyT HaXOIUTbCA JIHMHIb
B MIepPBHIX 7 CTPOKaX (COOTBETCTBEHHO B MePBHIX r CTOJA6LAX).
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1045%, JlokasaTb, uTO KAKLYI0 HEBBIPOKAEHHYID A-MatTpuuy A MOMHO
npexcraute B Bule A= PR, rae P —ynumonyaapHas A-marpuua,
a R — tpeyronbHas A-Marpuila, SjeMeHTH KOTOPOH Ha TiaBHOH amaro-
Hanu HMET crapuusit Koa,(fiqmuuem. PaBHHI e€nMHHUIE, HHXKE TJaBHOH
JHAroOHa/iH paBHbl HYJIO, a Bbllle TIJIaBHOH AHAroHau - UMelT CTeNneHb,
MEHBIUYIO CTENEHH 3/eMEHTA [J/IaBHOW AMaroHa/lM - Toro xe cronbua (Mau
paBHBl 'HYJI0), NpHYeM Taxkoe NMpeAcTaB/eHUe eIWHCTBEHHO.

§ 14. TlonoGueie marpuubl, XapaKTepHCTHYECKHI W MHHHMAJLMBIH

MHOTO4JeHBl. 2KopaanoBa H aAnAaroHajbHasa (GopMbl MaTpHIb.

O yHKUHMH OT MATPHIL

Bce 3anmaun storo naparpada craatcs B MaTtpuuHo# ¢opme. B uactHocTH,
. CBOJCTBA XapaKTePHCTHYECKHX YMCEN MaTpHUIlbl H NPDHBENCHHE MAaTPHHBI K KOp-
IanoBod (GopMe pacCMaTpHBAIOTCH BHE CBA3H CO CBOHCTBaMH COOGCTBEHHMX BeK-
TOPOB M MHBAPHAHTHHIX NOANPOCTLAHCTB CCOTBETCTBYIOIIETO JHHEHHOro npeobpa-
30BaHMA. IJTa CBA3b (B HACTHOCTH, OThiCKaHHEe 6a3uca, B KOTOPOM MarpHua AaH-
HOrO JauHeHHOTO npeofpasoBaHuA HMeeT M»OPAAHOBY (OpPMY) paccMaTpHBaercd
B otgeqe IV. 310 He Memmaer HCNOAL30BATH 3a4aYH JAHHOTO maparpada mpu
H3y4eHHH CBOHCTB AHHelHBX npeofpasoBalMit B TOH Mepe, B KakoH ycBoeua
CBA3b JHHEHHBIX Npeobpa3oBaHuii ¢ HX MATPUUAMH B KakoM-au6o Gasuce.

1046. Marpuua A naswmiBaercs nodoOxod wmarpuuie B (uro 06osua-
uaercs Tak: A ~ B), ecan cyuiectByeT HeBhpOXIenuas marpuua T Takas,

-1
yro B=T""AT. Tlokasarh, uTO COOTHOMIeHUHEe NoAOGUs o6aalaer c/je-
LYWOLUMMH CBOHCTBAMHU: - )
a) A=~ A; 06) ecitu A= B, To B= A;
B)ecou A=~B u B=C, to A=C.

1047, Jlokasare, uyto ecam xors Obl oAHa M3 1Byx Marpuu A, B
HeBBIpOXJeHHa, TO Marpuusl AB u BA noaoGhbl,

[IpuBecTH npumep IBYX BHPONKAeHHBIX MaTpuu A, B, nas KoTophx
marpuubl AB u BA He Oyiyt moioGubl. ‘

1048%, Hatith Bce MaTpuubl, KaxAas M3 KOTOPHIX NOLOOHA TOJBKO
cama ceGe. .

1049, ITycrs wMarpuua B mnoayudena u3 A nepecraHoBkoft I-#
H j-# cTpok, a Takxke i-ro W j-ro cronbuos. Jlokasars, uto A n B

-1

NMojoOHb H HaliTH HeBHPOXAeHHYIO MaTpuwy T, ans kotopo#t B=T""AT.

1050*, Ilokasatb, ura MaTpuua A mnonoGHa marpuue B, noayued-
HOM M3 A 3epKanbHLIM OTPAXEHHEM B ee LeHTpe.

1051, Itycrs 4y, Iy ..., i, — miobast nepecraHoBka uuces 1, 2, ..., n.
Jlokasats, 4T0 Marpuisl

a1l +-- O By - By,
A= ﬂ21a22 oo Qogp " B = a,zilaizlz “u a,zl”
alllaﬂ2 ces GQpp ‘ l aln,la,”iz oo a,ﬂ,ﬂ

noxo0HbL,
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1052. Tlyctb naunt marpuusl A n B, nomoGubie Mexay coGo#.
IToxasaTb, YTO COBOKYNHOCTb BCEX HeBHIPOXKIEHHHX Marpuu T, Aas

-1
KkoTopux B=T""AT, noayuurca "3 COBOKYNHOCTH BCeX HEBHPONKIEH-
HBIX MaTpHll, TepecTaHOBOUHHIX C A, TNyTeM YMHOMEHHA STHX MaTpHI

cnpasa Ha onuy ni0Gylo marpuuy To co csoicreoM B = T4 'AT,.

1663, Joxasate, uto eca Marpuua A mnofobHa JAuaroHanbHOH
MaTpUlle, TO M p-A aCCOUMHPOBaHHad C He#t Matpuua A, (3azava 969)
Takme nonoOHa AuaroHanbHOM Marpuue.

' 1064, Ilokasarb, uto ecau jape Martpuusl A M B nonoOun amaro-
HAaAbHBIM MATPHILAM, TO UX KPOHEKepOBCKoe npouaseienne A X B (3aia-
ua 963) rakxke spasercs marpuue#, nonobHo# AMAroHaNLHOH MarpHile.

1055. loxasarb, 4ro ecan Marpuusl A u B nonoGuel, To # p-e
accouMUpOBaHHbHE C HUMM MaTpHunl A, u B, (B3aTele npu Mo6HX 1BYX
PacneOXeHHaX COYeTaHHH N0 p H3 1 HOMEPOB CTPOK M CTOAOHOB)
TaKXKe 1M0A0GHH, '

1056. Joxasats, uro ecan Marpuum A,, B, nomzoGuu coorBer-
cTBeHHO Marpuuam A, B, T0 KpoHekepoBckue mnpousseneHus A, X By
u A, X B, (B3aree npu J00bX JABYX PACHOJIOXEHHAX Nap HMHIEKCOB)
TakKe NOAOOHH Mewxny colboft.

10567, lokasatb, uro ecad KBaiparHas A-MaTpuua B npencrasasercs
B Bune B=BA +BA '+ ... +B, rie By, By, ..., B,—ma-
TPHUB, He 3aBHCALIME OT A, M Marpuua B, HeBupoxziexHa, To nobyio
KBAaIPATHYI0 A-Matpuiy A TOTO ke TNOPAXKA, YTO H B, MOXKHO pasie-
auTh Ha B cieBa wau cnpasa, T. e. CYLIECTBYIOT NIpaBbie YacTHoe Q, H
octatok R, rtakue, yro A=BQ,+ R,, n nesbe uactHoe Q, H OCTa-
TOK R, Takue, ut0 A = QB - R,, npuuem cTeneHn 3nemeHToB MaTpul R,
H R, otHoCHTenbHO A Huxe § u ofe mapu Q,, R, n Q, R, onpeze-
JIEHBl OHO3HAYHO.

1068. Marpuny

— M2 4543 — A23A42 — A6

A= —3AM7A-+11 —3M49L41 —2A+8
— M 2A+8 —2M4-BA43 — A4
4 : 2 1 —1
pasnenuts cnesa Ha B— AE, tne B=| 2 1 2
10569. Marpuuy 2 —1 3
— A4 A2+ 3446 A2 2 A2+2046
A=| —2A3 4202 4-9A+8 A2 +6A41 24247248
— M4+ A24-3rA4+5 A24-2A—9 AZ4-B5A—2

| S

1
pasnenmb cnpasa na B— AE, rae B=|3 2 3
1 2 3
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1060%, [loxasaTb, 4TO ecau jBe MaTpuubl A H B ¢ UYHCIOBHIMH 3Je-
MEHTAMH (MM C DJEeMEHTaMH H3 HekoToporo mnoias ) nomoGHH, TO HX
xapakTepuctnueckue Marpuupl A — AE u B — AE 3KBUBa/NeHTHHI.

1061%, JlokasaTb, 4yTO eciM XapakrepucTHuyeckue MaTpuubl A — AE
n B— AE 1Byx Matpuun A ¥ B 9KBUBaJeHTHH, TO CaMH 9TH MaTPHIbI NO-
106ubt, Tlpu 9TOM mokasath, ut0 ecii B—AE=P(A—AE)Q, rie P u
Q — yuumonynspusle A-matpuubt M P, Q,—ocratku npu zenesunn P
cnepa, a Q cnpasa Ha B— AE, T0 B =P AQ, u PyQy,=_E, T. e. MmaTpuua
Q, ocyuiecTBaseT noioGHoe npeobpasoBaHne MaTpuun A B MaTpuuy B.

1062, Iokasatb, uro mo6as KBajpaTHas maTpuua A noxobHAa cBoelt
TPaHCHOHHPOBaHHOH Matpuue A’

BhiacHWTb, ABAKIOTCA JH NOLOOHBHIMH Mexay cofoft caenyouue
MaTpULbE: -

1063, 3 2 —5 6 20 —34
A=|2 ¢ —10); B=[6 32 —s51
1 2 —3 4 20 —32
1064, 6 6 —15Y\ 37 —20 — 4
A=|1 5 —5);, B=| 3¢ —17 — 4
1 2 —2 119 —70 —11
1065. 4 6 —15 / 1 —3 3
A=|1 3 5], B=[—2 —6 13
1 2 —4 —1 —4 8
—13 —70 119
c=|—4 —19 34
— 4 —20 35
1066. 14 —2 — 7 —i 4 10 —19 4
20 —2 —11 —2 1 6 —8 3
A=t 19 3 —9g qP'B=|1 4 —6 2]
—6 1 3 1 0 —1 10

4 — 4 —926 — 7
14 —13 —91 —I8
40 —4 —925 — 8
0 0 0 1]

Moavaysacb MeronoM, YykasauHbiM B 3agase 1061, mnd  zadHbix
matpuu A u B HaliTm HeBmpOXIeHHyio wMarpuuy T, Takyw, uro

-1
B=T" AT (ucxomas marpuua T onpeleseHa He OLHO3HAUHO):
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1067+, 5 —1) 38 —81
A=lg _ /i —\16 —34/°

1068%, 17 — 6\ 5 14 —60
A={45 _16)° —\3 —3/

1069, 3 —2 1 24 —11 —22
A=} 2 —2 21}, B={20 —8 —20
3 —6 5 12 —6 —I10

1070%, oxasate, 4To KOS(GHUUHEHTH XapaKTepHCTHYECKOrO MHOro-
unena |A — AE| matpuusl A caexyomuM oGpa3oM BLIPAKAIOTCA uepes
JIEMEHTHl 3TOR MaTpHUIHL:

[A—AE| =(— A" 4, (— W) oy (— M) 2 ... Hcp

rie €, eCTb CyMMa BCex TIJABHBIX MHUHOPOB mnopsiaka R Matpuus A
(MHHOp Ha3LIBAETCHA TJIABHBIM, €C/IM HOMEpa 3aHMMAaeMBIX HM CTPOK COBMa-
JAlOT C HOMepPaMu CTOAGUOB).

1671*, Haitn xapakrtepucruueckve uucaa (KOPHUH XapaKTepuUCTHUYE-
ckoro MHorouneHa) marpuunl A’A, rie A=(a,;, a,, ..., a,) 1 A" —
MaTpHIa, NOJAyuYeHHAs TPAaHCIIOHMPOBaHHeM A.

1072, Hokasarb, YTO CyMMa XapaKTepUCTHUECKMX 4YHCen MaTpuusl A
paBHa ee caeny (T. €. CyMMe 3JIeMEHTOB IVIABHOH JAHATOHAMH), & NMPOU3-
BeleHHE 3THX uMCen paBHO onperenutenio |A|.

1073. okasars, 4TO BCE XapaKTepUCTHYECKME YHMCAa MaTpuusl A
OT/AHYHBl OT HyJAf TOTAA M TOJbKO TOTLd, KOTA& Marpuua A HeBHPOK-
NeHHa.

1074%, Iycte p > 0 — KpaTHOCTb KOPHA Ay XaPaKTepHUCTHYECKOTO
muorouneda {A — AE| marpuusl A nopsaaxka n, r—paur U d =n—r —
Aedext matpuusl A — A E. Jlokasars cnpaBelaHBOCTb HEPaBEHCTB

l<d=n—r<p.

1075, Tlpusectd npumepsl Marpull A-TO NOPANKa, LI KOTOPHIX
AepBOe WM BTOPOE HEPABEHCTBA NpenwIyuied 3anaym ofpamawrca B pa-
BEeHCTBO, T. e, d =1 wmn d = p.

1076* llokasate, 4TO XapakTepHCTHYECKHe 4HC/IA OOPaTHOM MaTpHILE!
A~ paBHbl (C y4etoM HX KpPAaTHOCTH) OGPATHBIM BeNTHYHHAM I/ Xapax-
TePUCTHUECKHX YHCea MaTpuun A,

1077%, okasatb, uTO XapaKTepUCTHUECKHE uHCIa MaTpuun A2
PaBHH (C Y4YETOM WX KPATHOCTH) KBAApATaM XapaKTepHCTHUGCKUX uucen
MaTpuis A,

1078%, [lokasarh, uTO XapakTepucTHueckue uucia Matpuubl A?
PaBHH (C y4YeTOM MX KpPATHOCTH) p-M CTeNeHsAM XapaKTePHCTHUECKHX
yycen Marpuusl A.
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1079%, MNycts ¢(A) = | A — AE| — XapaKTepUCTHYECKHIl MHOTOU/EH,
A Agy « .+, A, — XapaKTEPUCTHUECKHE UHCAA MATPHUM A H f(l,)—npo-
nssonbubm MHO]‘O'—l)leH Ilokasatb, uto ompeleauteas MaTpuun f (A)

ynosnersopsier pasenctsy |f(A)|=f(A)f(Ay) ... f(A)=R(f, ).
rae R(f, @)— pesynvbraut MHorowneHos f W ¢. Ecanm ke onpenrensts
XapaKTepucTHUECKMH MHOTrouneH Kak @ (A) = |AE — A}, T0

I f (D] =R, 1)

HanoMuHaeMm, 4TO pe3yAbmanmor IBYX MHOTOUIEHOB

f(x)=aoilzll<x—ai) u g(x)=bojl=11<x—‘ri,->

HA3bLIBAETCHA YUCIO .

n L3
R, g)_afbsn ]I[](a;——ﬁj)"‘aoﬂg(al)“(—l)nsboHf(ﬁ,
1080%, Ilokasatb, uTO ecam Ay, Ag, ..., l,,——xapamepucmqegkue

yucna matpuusl A u f(x)— Muorounex, 10 f(A), f(Ag), ..., F(A,)
OYLyT XapaKTepHCTHUECKMMH uYHcIaMu Matpuun f (A).

1081*, lokasars, uto ecanm A, A, ..., A, — XapakTepUCTHUECKHE
& (x) .
k()
JdeHHas 1A 3HadeHHas x=A (1. e. ynonnersopmomaa YCAOBUIO
[B(A)+0) 10 [fAI=FRA)f(R) .. f(hy) w uncna f (M)
S (), ..., f(A,) 6ynyT xapamepucmqecxumu yucaamu Marpuus f (A).

1082*, Hokasatb, uTo ecin A u B —xBajpatHbe Marpulbl OLHHA-
KOBOTO TODfAAKA, TO XapaKTePHCTHYECKHe MHOrouwieHsl Marpuu AB n BA
COBNAJAIoOT,

1083*, Hatitu xapakTepucTHueckHe YHC/A UMKIMYECKOH MaTPHLL

yucna Matpuusl A H f(x)=

— pauxoHanbHas (YHKLUUSA, Onpelne-~

a, a, a3 ... a, )
e, a ay ... a,_,

A= .
Gpn-y Qp Gy s+ Quog

{ a9 a; a, ... a
1084*, Hailtu xapakTepucTHueckWe uMcna MATPHUH A-TO NOPAAKA:
' (0 —1 0 0...0 0)
1 0 —1 0...00
A-—'— 0 1 0 —1.,.0 0f-

.....

0 0 0 0...1 0)
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1085*, JKopdanosoli mampuyeli Ha3LIBACTCA KICTOYHO- IHATOHANbHAS
MaTpHlla C AMATOHAZbHLIMH K/ETKAMU BHAa:

- - a.1 0...0
0 a 1 ...0
0 0 0...a

HaswiBaeMbiMH  Knetkamn Kopzaana. Xopnauoso#ht dopmott Marpuun A
H23bIBAETCA KOPIAHOBA MaTpuua A;, moroGuas Marpuue A.

[Tonbayace TeopeMo#i © TOM, .4TO COBOKYNHOCTb 9/1eMEHTAPHBIX JHe/H-
Tenell KJIETOYHO-IHATOHANLHON MATPHUBE PaBHA O6bEJUHEHHIO COBOKYII-
HOCTEH 3JEMEHTADHBHIX Je/HTedell ee JMaroHaAbHBIX KJAeTOK (CM. 3a-
Jauy 1033), nokasatb, 4TO HAAL NOJEM KOMIJEKCHBIX uuces (UIH Haj
JTOOHIM TOJeM, COQAEPKALIMM BCE XAPAKTEPHCTHYECKHE YHCHA MATPULLL A)
JoGas matpHua A uMeer XOpHaHOBY (OpMy, U HPHTOM CAUHCTBEHHY IO,
€ TOYHOCTHIO IO NOPAIKA KJIETOK.

Hanucars wopnanoBy ¢opmy A ] Matpuubl A, ecniM NaHL MHBADHAHT-
unie muoxurean E,(A) (i=1, 2, ..., n) ee xapakTepucTHUuecKOH Ma-
Tpuus A — AE:

1086. E\(\)=E,(M)=1, E;M)=E,(M)=A—

Ey(M) = Eq () = (h — 1) (L +2).
1087. El(x)_E2(L)._E3(7»)_1 E,(M=A41, E;(\y=(A 1),
Eg(Ay= (A= 1 (A— 5)

1088. E,(M)=E,(M)=1, Ea(k)=l,—2. E,M=1—4,

1089. okasath, uto nas moGo#t kBanpatHo# A-marpuust A (M) no-
psaka n, onpeienuTens KOTOPOH eCTb MHOrOU/AEH OT A CTemeHd n, Cylie-
CTByeT uHMCI0Bas Marpuua B nopsuika n Takas, uro Mmarpuua A(R)
SKBUBANEHTHA XapaKTepPHCTHYecKOR MaTpuue B — AE,

Ha#itu xopraHoBy ¢opMy C/AELYIOIMIMX MaTpHIL

1090. 010 1091, /2 6 —15\ 1092, / 9 —6 —2

—4 40| 11 —5 18 —12 —3 |.
—212 12 —6 18 —9 —6
1093, /4 6 —15 1094, /0 —4 O
(1 3 —5 | 1 —4 o
1 2 —4 1 —2 —2
1095, /12 —6 —2 1096, /4 —5 2
(18—9—3. 5 —7 3 |.
18 —9 -—3 6 —9 4
1097, /5 —3 2 1098, / 1 —3 3
(6—-—44. —2 —6 13 }.
4 —4 5/ —1 —4 8
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1099.

1101,

1102,

1105.

1107,

1109,

1110,

1111,

OTAEJ 111, MATPULBI Y KBALPATHUYHHIE ®OPMBbI

1
4
6

1100, (

+ 0.

4 6 —15
3 4 —12
23 —8

1106,

1108,

......

, TOpALoK

1112,

7 —12 6
(10 —19 10
12 —24 13
a 0 O
(0 o 0], rmea
¢ 0 a
3—10 1103.
(6 —3 2
8 —6 5
1 —3 0 3
—2 —6 0 13
(: 0 —3 1 3
—1 —4 0 8
/3 —4 0 2
4 —5 —2 4
0 0 3 —2
\O 0 2 —1
1 —1 0 0.
0 1 ~—1 0.
0 0 1 —1.
0 0 0 0.
L0 0 0 0.
1 1 1 1t...1)
0o 1 1 1...1
0 01 1 .1
0 0 0 0...1
1234...n
0123 n—1
0012 n—2
0000 ...1

[1099—1112
—3 4
—7 8
—7 7

4 —-57
1—49
—4 05
0 0
0 0
5 —3

1104,

, TIOpANOK MaTpHLH
paBeH n.

MaTpHItLl paBeH n.

nn—1n—2 ...

O n n—1...2
0 0 n . 3
\0 0 0 n
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1113, (1 0 0 0 ... 0) 1114, (0 o 0 0 ... 0
1 2 00...0 0 0 a 0...0

1 2 3 0...0}/- 0 0 0 . 0.

(1 2 3 4...n 00 00...0

o 0 0 0...0

1116, Hallth xopraHoBy ¢opMy MaTpHUB BHAa
a Qg Q3 ++. al,,\

0 a ay ... ay

0 0 a vos Q3g

(0 0 0 ...0
TPH YCTOBHH, YTO @5 Qg3 .+ @g.y, 7+ 0.

1116. Iokasatb, 4To ecnu XapakTepHCTHyecKu# MHOrounen | A — AE |
marpunbl A He HMeeT KParTHHX KOpHe#, To A noxo6Ha nuaroHanbHOH
Matpuue (3neMenTel Matpuunl 7T, npeoGpasyiouei A K IMArOHA’bHOM
dopme, npHHaLIEXKAT TOMY NOMO, KOTOPOE COJZEPKHT BCE XapaKTephu-
CTHYecKHe YHcaa MaTpHubn A).

1117, Hoxasatb, uto Marpuua A Hajy JaHHeiM mnojem P Torza n
TOAbKO TOTZA NMOLOGHA AHArOHaJbHOH MaTpuue, KOria NMOC/AeNHHH WHBA-
pHaHTHHH MHOMHTesb E,(A) xapaxtepucruueckoft maTpuun A — AE He:
HMeeT KPaTHHX KOpPHed H BCe €ro KODHH NpHHaujaexar nomo P,

BuisichuTb, #BAAIOTCA M CAENYIOILME MAaTpPULb TMONOGHEIMH AHaro-
HaJAbHBIM MATPHLAM B MOJAX PalMOHAJbHBIX, BelleCTBEHHHX M KOMIJIEKC~
HBIX uuCel

1118, /5 2 —3 1119, /8 15 —-36
4 5 —4 ). 8 21 —46 |.

6 4 —4 5 12 —27

1120. / 4 7 —5 1121, /4 2 —5

—4 5 o) 6 4 —9

1 9 —4/ 5 3 —7

1122, Jlokasats, 4TO ecu nochefHMi nHBapuanTHul MHOXUTERL E, (A)
XapakTepucTuueckoit Marpuust A — AE nng marpuub A nopsixa n uMeer
CTeNeHb 7, TO BCE J[UArOHANbHBIE JJEMEHTH PA3NUYHEIX KJETOK KOpPLa-
HOBO#t (OPMBH MaTpHUH A pPa3aHyHH MexILy coGoH.

1123. loka3zarb, uro Marpuma A TOrja ¥ TOALKO TOTAA HHJBMO=
tentHa (1. e. A% =0 npu HexoTOpOM Harypa/bHOM ), KOIAa Bce ee-
XapaxTepUCTHYeCKHe YiC/Ia PaBHH HYJIO,
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1124, Jlokasatb, 4TO HMJAbMNOTEHTHAA MATPHLA, OT/IHYHAA OT HyJAeBOH,
He NPHBOJMTCA NPeoOpasoBanuem MOROGMA K AHArOHALHOR dopwme.

ll25 Hafitu xopranoBy ¢opmy uieMnoTeHTHOR Matpuun A (1. e.
MaTpuusl,” obnanamuied csofictBoM A? == A).

1126, "JlokasaTte, uTO uHHBOMOTHBHAs ~Marpuua A (T. e. Marpuua,
o6nanaowas ceoticteom A?==F) nonoGua auHaroHanbHOM MaTpuue u
HalTH BMA ITON NMATOHANBHOW MaTpHILBL.

1127. Jlokasarb, uTo nepnonuquKaﬂ Matpuua A (1. e. marpuua,
o6nagaiomas csoficTBoM AF == E npu HeKOTOPOM HaTypaibHOM k) nonoGHa
JMaroHajgbHON MaTpuie M HalTH. BUA 3TOH JAHMaroHaJbHOH MaTpHUL.

1128, Haltth wmunuMansubld  noauhoMm (ompejesieHde Jauo B 3a-
naue 830): a) exunuunoft MaTpuusl, 6) HyAeBOH MATPHIHL.

1129. Jas xakux Mannu Muﬂumanbﬂun MHOTOU/IEH HMeeT BUIl A—a,
Tae o — Yucao? -

1130. Haittu MusuManbHEft MHOFOuneH KiaeTkd dKopaasa mopsixa n
€ YKCJAOM (. HA JHATOHAJIH. . ‘

1131, Jlokasarb, YTO MUHUMA/MbHBIA MHOTOYJEH KJETOYHO-AMATOHANb-
HOM MAaTpHUBl PABEH HAMMEHDbIUEMY OGLIEMY KPAaTHOMY MHHUMAJbHBIX MHO-
TOUYMEHOB €e JAMArOHA/AbHBIX KJETOK. )

1132. Moxasate, 4TO MHHHMAAbHBIA MHOrOYMeH MaTpuibl A pasen
TIOC/eAHEMY HMHBapUaHTHOMY MHOxuTenio E,(A) ee xapakTepucTHyeckol
marpuust A — AE,

1133. ,U.OKaaaTb, 4TO HeKoTopas CTETleHb MUHMMAMLHOTO MHOTOYJEHA
Matpuusl A JeAUTCH HA XapaKTepHCTHYeCKHH MHOrouNeH TO# e Ma-
TPHUBHL. .

HaltiTu MHHHMa/JbHbIE MHOTOYJIEHBI CNEAYIOLUUX MATPHLL:

1134, /3 1 —1 1135. 4 —2 2
0 2 0] -5 7 —5 |.
11 1 "\ —6 6 —4

1136. ﬂ,oxaaa’rb yTo AAf nonoGHA ABYX MATpHIL HEOOXOIMMO (HO He
JIOCTATOUHO), YTOOH OHH MMENH OJMHAKOBHE XAPAKTEPUCTUYECKHHA W MH-
HuUMa/bHBifl MHOrOWieHsl, IIpUBecTH mpuMep IBYX He NOLOGHBIX MATpHK,
Y KOTOPHX XapaKTepuUCTHYECKH# MHOTOWIeH @(A) H MHHHMAMbHBIA MHO-
rouned P (A) oZHM M Te Ke.

1137, Hatttu k-0 ctenenb A* wopraHoBOH KneTKH
e 1 0 0...00
0 el 0...00

o]0 0 e 1...0 0
A= : . v« « . .| nopaaxa n.

0
0

S O,

o o
(== ~]

0
0



1138—1147] " § 14 TIONOBHHE MATPULIH , 157

1138%, Iloxasate, yro 3HaueHue MHorounena f(x) or kmetkn Hop-
Rana A NOpPAIKAR n € YMCJOM G Ha TAaBHOH AWAroHanu

a 1 0...0
A=10 o 1 ... 0
000..a
onpeneaserca dopmynot
fo L@ L@ 77 770 (a)

11 21 3 T =Dl

= f @ f () 9 (a)
f(A4) 0 f(a) T i - (n——?)!
Lo o 0 0 ... f(a)

1139. Peumts 3anavy 1080, noabaysch mopnaHoBo# ¢opMoli Mar-
puun A,

1140, Ha#itu xopzanosy (popmy xsanpaTa mopnauosoﬂ KJIETKH, H&
INaroHaaM KOTOPO# CTOMT uHcAO ¢ = 0.

1141*, Haittu sopuanoBy ¢opMy KBanpara KOPAAHOBOW KJETKH € HY-
JleM Ha TJIaBHOH IHAaroHann (HHJIbTOTeHTHas kJeTka X opaana).

1142, Tlycts X ;—wopnauosa ¢opma marpuunl X. Jlokasars, uto
(A+4dE);=A +aE rae A — mobast KBaapaTHasg Marpuna u o — YHCJIO.
1143* Hamu MODPAAHOBY (GOpMYy MaTpHubI

@ 01 0...0

0.a 0 1...0
0 0 0 6...4a
nopsika n > 3.

1144%, Jloxasats, 4O M0GYI0 KBALPATHYI0 MATPUIY MOXKHO Tpen-
CTABHTb B BHIE NPOH3BEACHHA LBYX CHMMETPHYECKMX MATDHl, OIHa M3
KOTOPHIX HEBHIPOMHEEHHA.

1146%, 3nas xapamepncmqecxne ‘ncna Marpuus A, Hallttm Xxapax-
TEpHCTHYECKHE YHCAa p-H ACCOBMHMPOBaHHOR C HeH Manuuu A, (onpe-
AeneHue AaHo B 3azave 969).

1146%, 3nas xapakTepHCTHYeCKHE YHMC]A ABYX KBallpaTHle Marpui— A4
nopsika p W B nopaaxa g,—HalTu XapakTepHCTHYECKHE YNCAA UX KPOHe-
Keposckoro npoussenedus A X B (onpenenenne namo B sazade 963).

1147%, Tycte pA) =A—A) 1 (A—2A)"2 . (7L Ay)'s—MuHUMAnb-
HBIl MHOTOYJIEH MATPULUK A CTeNeHd r=r, +r2+ . -+ r, 3neco ry—
KPaTHOCTh A, KaK KOPHA MHHMManbHOTQ MHOTOYJIEHa \|J(7L)

Ecan ana ¢ynxknun f(A) cywecTByoT uucaa

T O O [T Qe o D) (k=1 2,..., 8, (1)



152 OTAEM II. MATPULB M KBALPATHUHBIE ®OPMBI  [{148—T[151

TO ToBOPAT, uTo dyuxkuua f(A) onpedesena Ha cnexmpe mampuys A
u cucremy uncen (1) HasuBAOT cucmemoli 3nauenuli Pynryuu f (L) na
cnexmpe mampuyst A. Iloxasars, uTO 3HAYEHHWA MHOFOWIEHOB g (A) M
h(N) or Mmarpuubnl A coBnazawt, T. €. g (A)=h(A), TOria H TOABKO
‘TOT/1a, KOTA COBMAJAIOT 3HAYEHHUS ITHX MHOTOUNIEHOB HA CEKTPe MaTpULLl A.

1148, Tlycts ¢yuxuus f (A) onpeneneHa Ha cnektpe Marpuubl A
(B cMpicne mpenbayile#t 3amaum).  JlOKasarth, 4YTO eCAM CyLiecTBYer
X0Ts OBl OIMH MHOTOWIEH, 3HAueHHe KOTOPOTo Ha crekTpe Marpuuni A
cosnazaer co 3uavenusMu f(A), TO TaKMX MHOrouneHos Oymer Gecko-
HEYHO MHOTO U CPei HUX CYLIeCTBYeT ONMH Y TOJbKO OXMH, WUMEolln#
CTeneHb, MEHbLIYI0 CTeNeHH MHHHMMA/JbHOTO MHOTOYIeHd Matpuubl A.
Sror mHOroureH r(A) Ha3HLIBACTCH UHMEPNOAAYUOHHOM MHOZO4ACHOM
Jlazpanoca — Cuassecmepa dyuaxunn f (M) Ha cnexkrpe matpuusl A. Ero
3HaueHHe OT MaTpuubl A MO Onpele/eHUI0 NPHHUMAETCA 32 3HAYEHUE
oyukuud f (A) or aroft marpuupt: f (A)==r (A).

1149, Hoxasarts, uto ecau o¢yHkuus f(A) onmpeseneHa Ha cnextpe
marpuubl A B XapaktepuctHuecku# mMuorouned | A — AE| He umeer kpar-
HHX KOpHe#f, TO WHTepnoOJAUHOHHHE MHOrounen Jlarpamwa — Cuabse-
crepa r(A) cyuwecryer, u, 3Hauut, Marpuua f(A) umeer cmeicn. Hatitn
sun r(A) u f(A4). .

1150. Tdokasare, uto ecan ¢yuxuus f(A) onpenerena Ha cnekrpe
Matpuubl A M MUHOManbHBIH  MHOTOWJIEH 3To#f  Matpuunt  § (A) =
=(A—L}) ... (A—A,) He HMEET KPATHHX KOPHeH, TO MHTEPNONALUHOHHBIH
mHorouneH Jlarpawxka— Cuabectepa r (A) cywecrsyer, u Matpuua f (A)
umeer cmeicia. Hafttu Bripawenue nas Bmiuuciaenus f(A).

1151*®, Jokasarb, yro ecaum dpynkuus f(A) onpenenexa Ha crextpe
matpuusl A, To onpejenexue Marpuun f(A) (zanHoe B 3anmaue 1148)
MMEeT CMBIC/A, T. €. CYLIeCTBYeT WHTEPHO/AUMOHHBIA MHOTOY/eH Jlar-

pamna — Cumvsectepa r(A). Iycts pA)=A—r)1 ... (A—1r)s —

MHHMMA/TbHBIA MHOTOWIEH MaTpuumi A, rae xopHu A, ..., A, pasiuuHb
Mex1y coOoH, u ‘
A
ey =—3H_ 19, ..., .
(b —Ap) ®

Tlokasatb, uro
§

ry=2X [ak, (e, (h—A)+ - o, ,k(x_xk)'k—lj P, (M), (1)

k=1
rae 4yucaa ak,j OfipeneNfITCR U3 paBeHCTB

1 AR
)= 7=mr L% “)]Hk

T. €. BbIpaXEHHEe B KBaipaTHHIX cKOOkax B paseHcTee (1) paBHO cymme
NepBLIX 7, 4YJEHOB pasjoxeHus B pan Tekaopa no cremeHsM pasHOCTH
f M

Pe (M)

=12 ....rp k=12,...,3) (2

A —4, nna Qyuxuuu
\\
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1162, Iycte  § (A) = (A — A)? (A — Ay)® (A, # Ay) — MUHUMANbHEIH
mHorouseH Matpuuni A u f(A)-— dynxuus, onpelesenHas Ha cnexTtpe
srot Marpuusl. Hanucats Bblpameﬂue Ans marpuun  f(A), nomaysch
Tpennayielt sanavei.

1163. Iokasatb, uT0 ecan Matpuusi A u B nogoGub, npudem

B=T7"AT u aas dynkumuu f(A) marpuna f(A4) cyulecTyer, TO H Ma-

Tpuua f(B) cymecrByer W noapo6ua f(A), npuuem f(B)=T'1f(A)T
¢ To# xe Marpuued T.
1154%*, HoxasaTb, YTO €CAH Matpuua A KJeTOuHO- AMaroHaJbHad

A, 0

]
4, |

A= .
" a,)

0

s

n ¢ynxuns f(A) onpenenesa Ha cnexkTpe Matpuun A, TO

F(4) 01
7 (A
f (A)= -
0 " Ay

1155. Haith unrepnoasuuonusil  Muorouned Jlarpamxa — Cuabge-
crepa r(A) u snauenne f(A) dyuxkuwun f(A) g MaTpuub

01 0...0
0 0 1...0
A=+« .+ « « « .
0 0 0...1
00 0...0

Ias xaknx ¢yukuuf f(A) snavenue f(A) umeer cmuca?
1156, Pewnth 3anavy, aHaNOTHYHYIO Npenbliyulef, AR MaTPHLEL:

a 1 0...00
0 a 1...00

0 0 0...a 1

[
(=}
o
(=]
Q



154 OTAEM 1. MATPHUB U KBALPATHUHBE ©OPMEI [1157—1169

1157, l'[oxasaTb, YTO ecaH Marpuua A nonoﬁna AHaroHanbHoM
M 0)

A ,
.AnT—l ,2:. ) . T -

0 S,

% ana dynxuun f (A) matpuua f(A) cymectsyer, 10 u f (A) nonoGua
JAHarOHa/bHOH MaTpuue, HPHYEM

. f(l'l) 0

fAy=1" AN T

0 ' S (M)
¢ To#t e Marpuuedt T..
1168, Ilokasats, uTo eciu F (A== g (\)—h (A) wnarpuust g (A) u k(A4)
CylLecTsyioT, To ¥ Marpuua f (A) cywecrsyer, npuues f (A)=g (A)+h (A).
1159. Hokasate, uro ecau f (A) == g (A) A (A) u marpuust g (A) u h(A)
CYLLECTBYIOT, TO U Marpuua f(A) cyuiecrsyer, npuueM f (A) = g (A4) K(A).

1160*. [Tokasatb, uto ¢yHKUMA [ (7&.):—1- onpeleneHa AJif BCeX He-

A

‘BHIPOXIAEHHBIX MaTpuu, A # TOABKO AAft Hux, npuyem f(A)= AL
1161. Hdokasate, uto ecaum A, Ay ..., A, — XapaKTepUCTHYECKHE

qucaa Manuuu A u Qyukuns f(A) mmeer cmbica npu A=A, 10 f(A),

J(Ay), ...y f(Ay) OyayT xapakTepuCTHUeCKHMHM quCaAaM¥ MATpHuB f (A),

Briuacauts crenyioumue sHauenus ¢ydkuufi OT MATPHL, MNOMbIYACH
'HHTEPNONSUMOHHEIM MHOTOYNeHOM Jlarpamka — CusbBecTepa H 3aKauamu
1148-—1152 unu HaxoAs -MATPHHy, Aaoulylo npeoGpasoBaHne nonoGus
JIAHHOH MaTpPHUBI K €€ OpJAaHOBOH (popme H npuMeHss 3azaun 1154,
1156, 11563:

1162c AIOO. rie A= 0 2 7 1163 A50 I‘lle. A= 1 l -
-3 5 ' ! —1 3

1 ’ 6 2

). 1165. VA tie A= (3 7)

3 -1
1166, ¢4, rpe A= ( 1167. e4, rae A= (1 1).

‘5
42~—5) 4 —136

3
1164, VA, e A= (_;

1168, e4, rae A'=| 6 4 —9 1169 Ind, raied=| 1 —42
53 —T7 1 —53
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—1 =n4-1

1171*, Jlokasatb, yTo paBeHCTBO sin 2A.._28mA cos A cnpaBeLIuBO-
ans mo6oR xpanparHoM Matpuub A,

" 1172*,. Ioxasarb, yTo Marpuua e?® CYIMECTBYET M HEBHPOXKAEHHR ANSH
Mmo6olt xkBanpaTtHo# Matpuub A,

1173. Hafitu onpeneantenn marpuunt e4, rae A—KBanpaTHau Ma-
TpUla NOPAAKA 7.

1174%, Tlycte ¢yukuma f(A) umeer cmuica npu A= A. [lokasars,
yTo onpelenutens Marpuubl f(A) ynosiersopser pasenctsy |f(A)|=
=f(A)f(A) ... f(R,), Tae Ay Ay ..., A, — XapaKTepHCTHYECKNE
yHcaa MaTtpuubl A (C yYeTOM MX KpaTtHOCTH).

: n—1 1
1170, sin A, rue A=< )

§ 15. Ksagpatuunnie dopmei *)

B stoM maparpade, xpoMe 3akau Ha KBaapaTHUHble (OPMBI, MOMEIIEHH 3a~
Rauu Ha CBOHCTBA CMMMETDHYECKHX H OPTOTOHaJbHBIX MATPHL, CBA3AHHHE C TeO-
prieil xBaapaTuunbix QopM. 3iechb TpuMeEHAETCs CAelyioWlas TEPMHHOAOTWA: NOK.
AUHEIHHM Npeolpa3osanue s TOHKMACTCS NPe0GPasOBaHHE HeussecmHblx BUAA

Xy =gy + 41252 + eee +G1nYn

(1
Xn=qmY1+ gn2¥s+ ... + Inn¥n

9 Gz ««0 qin
Q= 92t 922 ... q?r.t y : 2y

Marpuua

dm 4nz «-- 4nn

cocTaBAeHHas H3 ko3dduuueHToB npeobpasopaHus (1) B COOTBETCTBEHHOM TIO-
psifise, Ha3biBaeTC MaTpHliell 3TOro mpeobpasoBanus. Jluneiinoe npeoGpasoBanue-
Ha3BIBAETCA HOBLLDONCOCHHHLM, ECIM €ro MaTpuna HeBbpokieHHa. [se KBajpa-
THUHble (JOPMH HA3HIBAIOTCA SKBUEANCHMHLMY, ECIH OLHA M3 HHX -IepeBo--
RMTCS B ADYTyl0 NOCPEACTBOM HEBHDONIEHHOTO JHHEHHOTO NpeoGpa30BaHHs.
Kanonuweckun 6udox nannol  kpampaTuynofi (GOpMH Ha3BIBaeTCs 9KBHBA--
AeHTHas C Hell QopMa, He COREpXNKANlAA NPOM3BEACHHIH HEM3BECTHHIX, 3 HOPMAAL-
HOlM BHIOM — Tako#l KaHOHHWUYeCKHH BHJ, B KOTOPOM Koaq)q;uuneﬂm TPH KBa-
ApaTax HEH3BECTHHIX (He cyuTas HleeBle) pasubl +1 nas BemecTBeHHOH M 1
Aasl KOMIJEKCHOH obxacru.

HafitTh HOpManbHHIfL BHA B OGJACTH BELIECTBEHHBIX UMCEN CJELYIOIUX
KBaJAPATHYHHIX (opM:

1175, x34 x24-3x2 4 4x,x,+ 2%, %, 2x,%,.
1176, x2— 257+ x2 4 2x, %, 4 4x,x,+ 2x,%,.
177, x3—3x2—2x,x,4- 2x %, — 6.x,%,.

1178, x5+ X1 X3+ X104 XoX3 4 XoXy —+ X3%,.

*) 3anaun Ha GuauHejiHbie M KBaApaTHYHHE (PYHKIHH RaHH B § 24.




156 OTAEJ III. MATPHUBL M KBAJPATHUHBIE ®OPMHI  [1179-~1193
1179, x}+4-2x2 - x) 4,0, 45,0, 20, %6, 2x, 0, -+ 25,6, +

4+ 2x3%,.

Hatitu Hopmanbﬂmﬂ BHA H HEBHIPOX[eHHOE JMHeHHOe npeolpa3osa-

HHE, NpUBOJALIEE K STOMY BHIY, /s CJlelyIOLUMX KBaJpPaTHYHBIX (HOpPM

(BBUILY HEOJIHO3HAYHOCTH MCKOMOTO JIMHEHHOrO mnpeo6pasoBaHUA OTBET
MOXET IOJIYYUTbCA OTJAMYHBIM OT MPHUBENEHHOTO HHXe):

1 180.7 x24-5x2—4xI 4 2x X, — 4x, X,

1181, 4x?+ x2 4 x2— 4 x, 42,5, — 3x,%,.

1182, x x4 x1%3+ x9%5.

1183, 2x7 - 18x2+ 8x7 — 12x,x, 4 8x,x, — 27.x,x,.

1184, — 12x2 —3x3 — 12x] 4 12x,x, — 24x,x; - 8x,x,.

1185, x,x4 - x9x3 - X34 - x4%;.

1186, 3x24-2x2 — x2— 2x3+4-2x,x, — 4x,%,+ 2x2x4:

Creayioume xBalparuuibie OPMbl MPHBECTH K KAHOHHYECKOMY BHAY
C ueabiMH KO3(QULUMEHTAMH HOCPEECTBOM HEBBLIPOMIEHHOTO JUHEHHOTO

npeo6pa3oBaHHsl C PAUHOHANLHBIMH Koatbcpuuuemamu H HallTH BeIpaxe-
HHe HOBBIX HEHM3BECTHBIX 4epe3 cTaphie:

1187, 224 3x2 4 4x2— 2 x, 4, X, — Bx,%,
1188, 3x2——2x2—|—2x3+4xx — 3X,%,— XX,
1189. x2+2x2—}—3x2——x Xy XoXy — X X,

Jiaa crezy10WiMX KBAaAPATHYHHX (OPM HalTH HEBBIPOXMIEHHOE JMHeH-
Hoe npeolOpasosaiii>, nepesoaaumee ¢popmy f B gopmy g (McKOMOe npe-
obpasopanue onpejeiciiv He OLHO3HAUHO):

1190, f=2x3+4 9x3 4 3x2 4 8x,x,— 4x x, — 10x,%,;

g =2y} +3y;+6y; — 4,9, — 4,9, -+ 8y,y,.

1191, f=3x} 4 10x2+4-25x3 — 12x,x, — 18x,x, 4 40x,x,

g =>5y]+6y;-+12y,y,.
1192, f=>5x%+45x3+4 2x2 4 8x,x, 4 6x,x, 4 6x,%,;
g =4y]+ Y+ 9y — 12y,
Cienyiolide KBaipaTHYHblE q)ngm NIPUBECTH K KAaHOHHYECKOMY BHAY

M HaliTU BblpaxkeHUe HOBBIX HEH3BECTHBIX 4epe3 cTaphie (OTBeT He

OHO3HAYeH):
n

1193. iz a; a,xlxj, TAe He BCE YHC/IA @y, Gy ..., @, PABHL HY/IO.
J=

3’
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n n
1194, X x4 D x,x. 1195%, Z XX
=1 i<; v’

i<}y
n—-1 n
%
1196, Y a0y 1107%, Y (5 — s, rae s==StHadoe 2,
=1 i=1
n
1198%, 3 |i—j|. x;x,.
i<j
1199%, Tlyctb nana kBanpatmyHas Qopma
— 22 2 __ 2 2 2
f=0+4+ ... +E—0 —1,, — L
rae b, Ly ..oy Ly lpyo oo Ly, —BelleCTBeHHBIE JHHElHbIE
dopMbl OT X, Xg ..., X, Jlokasatb, YTO HOJOXHTE/NbHEIR HHIEKC

uHepuuK (T. €. YHC/IO MOJOXHTENbHBIX KOI(PHUHEHTOB B KaHOHHYECKOM
Buie) ¢GOpMbl f He NPEBOCXOIHT p, a OTPHULATEJbHBIH MHIEKC HHEPLUH
He NPEBOCXOIHAT {.

1200%, [lokasath, yTO eciu OT KawIoH u3 1IByx ¢dopm f, £ K Ipy-
roft MOXHO nepeftM KakuM-HuOyIb (HeoOs3aTeNbHO HEBHIPOKIEHHBIM)
JMHEHHBIM NPeoGpPa3oOBaHUEM, TO 3TH (JOPMBI SKBHBAJIEHTHBI.

BuisicHuTh, Kakne H3 crneayiomux (OpPM SKBHBAJEHTHH MexAy coboi
B 00JIaCTH BELIECTBEHHBIX 4YHCeJ:

1201, fi=x}—x,x5; fo=y9,— ¥} f3=12.2,+2}
1202, f = x}+4xi+ x244xx,— 2x, %,
fo= Y-+ 2V] — Vi 4499, — 29,9, — 4y,¥3;
fi=—421—22—22—4z2,+ 42,2, 4 182,2,

1203. IlokasaTtb, uTO BCe KBaApaTHUHbie (POPMBI OT 7 HEHU3BECTHBIX
MOXKHO pPa36UTh HA KIAACCH TaK, YTC ABe GOPME GYLYyT SKBUBANEHTHEl
TOraa M TOAbKO TOTJIa, KOTJZAa OHH INPHHALIEKAT K OLHOMY H TOMy IXKe
knaccy. HaliTh 4McaI0 3THX K/I4aCCOB B KOMIUIEKCHOH U B BellleCTBEHHOH
obaacTax.

1204, Kaxumy 3HaueHHMssMH paHra M CHTHaTyphl XapaKTepH3yloTcs
Te KJACcChl BElECTBEHHO SKBUBANEHTHBIX KBaipaTHUHHIX GOPM, AJS KOTO-
puix dopma f skBuBajieHTHa (opme — f.

1205. Hality 4HCIO K/IaCCOB SKBUBAJIEHTHOCTH B OGJAaCTH BelleCTBEeH-
HHIX 4Yuceq GopM OT 7 HeM3BECTHBIX, HMEIOLIMX 3aJaHHYI0 CHT'HATYpY S.

1206, " Jokasath, 4TO A pacnaieHus KBalipaTHYHOH (OPMH B Npo-
u3BefeHUe JBYX /AUHeHHHIX (OPM HeOOXOIMMO M [OCTaTOYHO BHHIOMHEHUe
ycioBuiti: a) B 00JACTH BELIECTBEHHBIX 4YHCEN: pPaHl He IIPEROCXOLHUT
IByX, a NIPH paure JBa CUTHaTypa paBHa Hy/mi0, 6) B 06/aCTH KOMILJIEKC=
HBIX YHCEN: PaHr He NPEeBOCXONUT IBYX.



158 OTAEN HI.. MATPHLH ¥ KBAIPATHHYHLIE ®OPMH  [1207—1213

1207, Hoxasate, 4TO KBazpaTHyHas (opMa f TOrZa H TOABKO TOrZa
AIB/IAETCR TONOXUTENLHO. ONPEJE/EHHO), KOTr1a ee MATPHLA NPEACTaBAseTCs
B sune A==C’C, rie C — HeBHPOXAEHHA# BelECTBEHHAA MaTpHua W
C’/ — MaTpuua, TPaHCOHHpOBauHaa k C.

1208, Tloabaysach 3azawamu 913, 951 wu 1207, nokasars, uTO KBa-
IpatuyHas ¢opma TOrZa M TOJbKO TOTIA fABJSETCH TNOJOXKHTENLHO onpe-
llesieHHOH, KOrfia BCe ee YIJ0Bble MHHOPH NOJOMHTEabHH. [1ox yraosbim
MMHOPOM KBaJPaTHYHOH GOPMH NOHUMAETCA MHHOP k-TO NMOPsLKA, CTOAWHMA
B NepBLIX R CTPOKAX M nepBHIX R cronbuax ee matpuupl (R=1,2, ..., n;
n— nopaioK MaTpUib).

1209. Jlokasath, 4TO B NOJOXHUTENbHO onpeleneHHoR ¢opme Bce
KO3 puLMenTH NPH KBAaZPAaTaX HEH3BECTHLIX NOJOMKUTENBHH H YTO 3TO-
yC/IOBUE HE ABASETCH HOCTATOYHBIM AJS MOJOKHTENbHOR ONMpeNeTeHHOCTH:
dopmuL. ’

1210%, NlokasaTh yTBEpKIEHUS:

a) Ilns toro uro6m kBanparhHuHas Qopma f OHA3 MONOKHUTENLHO olpe-
nenenHol, HeoGXOZUMO M LOCTATOYHO, YTOOH BCE I/IaBHBIE — a He TOJbKO
yraossie (cM. 3anavy 1208) — MHHODPH ee MaTpullbl OH/IH MOJOXKHUTENbHb,

6) llas Toro uroObt KBagpaTHyHas ¢opma [ Obl1a HEOTPHLATE/IbHE
(1. e. £ >0 npn moOuX BeluleCTBEHHHIX 3HAUEHHAX HEU3BECTHHX), HeOO-
XOXMMO M JIOCTaTOYHO, 4TOOLI BCe I/IaBHHiE MHHOPHI €€ Marpuubl ObLIE
HeoTpuuarespel. [lokasaTe Ha npHMepax, 4To (B OTJHYUE OT MOJOKH-
TENLHO oONpelesieHHHX (OPM) AAs HEOTPHUATEJBHOCTH f He NOCTATOUHO,
y100bl BCE YIIOBhle MMHOPH OBUIM HEOTPHIUATE/bHHI.

B) Jlns Toro 4roObl BellecTBEHHAs CHMMETpHYeCKas Marpuua A npex-
craBagaach B Buge A=C’C, rne C — BeweCTBeHHAas! HEBHIPOXKIEHHAR
MaTpulla, HEOOXOIMMO M JIOCTATOYHO, UTOOH BCe YI/IOBHE MUHODHE
MaTpulsl A ObUIM NOJOMHTENLHBI,

r) Jlas Toro urobnl BeulecTBeHHas cMMMeTpHueckas matpuua A npen-
craBasaach B Buge A = C’C, rae C — BellecTBeHHas KBaLparHas MaTpULA,
HEeOGXONUMO M IOCTATOYHO, YTOGH BCE FIaBHBIE MUHOPHI MaTpuuibl A Gblin
Heotpuuarensuu. Kpome Toro, ecam paur A pased r, 1o M panr C
paBeH r, H MOXHO CuuTaTh nepeuie r CTPOK C JMHEHHO He3aBHCHUMBIMH,
a OCTaNbHBIE — HYJEBHIMH.

1211, Jlokasath, yTO KBagparHynas ¢opma f TOrIa U TOJLKO TOTL3
ABJSETCA OTpUuATenbHO onpeneneHHod (1. e. f < 0 npu /oOHX BeiLecT-
BEHHBIX BHAYEHMAX HEU3BECTHBIX, HE BCE W3 KOTOPHX paBHb HYJI0),
KOrza 8HakM yraoswx wMunopoB D;, D,, ..., D, uepenyiorcs, npnuem
D, < 0. 3necy Dy —yraosoii munop nopsaiaka k& (k==1, 2, ..., n).

HaliTu Bce sHauenusa napaMerpa A, NpPH KOTOPHX MOJOXKHTENbHO
onpesiesieHHb CAELyIOUHE KBaApaTHuHbie (GOPMEL

1212, 5x2 4 %2+ Ax? + 4x,x, — 2, %, — 2X,%,.
1218, 2x% 4+ x24-3x% 4 2hx x,+ 2%, x,.
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1214, x}+- %34 5x 4 20x, x, — 25,5, + 4x,%,.
1215, %7 -+ 45—+ X3+ 2hx; x, 4 10,5, 4 6.x,x,.
1216, 2x24- 2.2 4 X342, x, 4 6., 6, 4 2%, %,.

1217%, duckpumunanmon D, ksadpamuunod gopus f nasmisaercs
OnpeleuTeNb €¢ MATPUIHL I_loxasarb, YTO €C/H K MONOMHTENbHO ONpe-
" menenHoW kBaaparuyHoR dopme f(xy, Xy ..., X,) nNpubaBuTL KBampar
HeHyneBOH NMUHEHHOR OPMBL OT TeX He HEH3BECTHHBIX, TO AUCKPUMHHAHT
$OopMBL YBETUYHTCS .
. n
1218%, TIycTb f(Xy, Xy +v.y Xp)== 2 a,,x,x,——nonommenbuo

wE
onpelenedyas kBaapaTuunas Gopma u ¢ (X, x3. e X)) =f(0, %5, ..., X,).
Iokasarb, 4TO i IMCKPUMHHAHTOB STHX (JOPM BBHIMONHAETCA HEpABEH-
CTBO Df< aqu,.

1219%, Jlokas3atb, 4YTO eC/AH HEOTPHULATENbHAA KRagparuyHad QopMa
ofpauaercs B Hyab XOTA Obl MPH OJHOM HEHyAEeBOM HAOOPe BeulecTBeH-
HBEIX 3HaYeHHH HEH3BECTHBHIX, TO 3Ta (GOpPMA BHIPOKICHHA (T. e. ee IUCKpuU-
MHHAHT paBeH HYJIO).

1220%, Hasoeem rxomnoauyued 0gyx xsaapamuwuux whopu

f= 2 QX x; W g= 2 byjxix;
1, 7=1 i, =1
n

xBanpariunyio dopmy (f, g8)= 1 Z 1a,,-bl,)c,xj.

Jlokasarb, 4TO: !

a) ecan dopmel f U g HEOTPHUATENbHBI, TO H dopMa (f, &) HeoTpu-
uarenbHa, .

0) ecau Gopmbl f H £ MOJIOXKHTENbHO ONpeleneHHH, TO U dopMa (f, £)
FOJMOKUTEILHO ONpefeneHna,

1221*%, TpeyroibHbiM npeobpa3oBaHHeM Ha3blBaeTCA JHHEHHOE npe-
o0pa3oBaHue Buia

YW =xX1Fcpxs+ oo FC1pxn
Vo= X9+ Co3X3+ .. = ConXps

Vo= X4
Hoxasatb, 4TO;
a) TpeyronbHoe ‘NpeoGpa3oBaHUe HEBLIPOXIEHHO M MpeobpasoBane,
o0patHoe Af TPEyroAbHOTO, CHOBA TPEYTrO/bHOE;
6) yraosoie Mutopst Dy(R==1, 2, ..., n) (cM. 3anasy 1208) xBanpa-
n

| . N
THYHOR opMBl f= @;;%;X; NpH TPeyroJibHOM EPeoOpa3oBaHuH He
Co A=t , .

U3MCHALIOTCA,
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12292%, JlokasaTtb, 4TO:
n

a) Las TOro uroObl KBalpartuuuyio gopmy panra r f == 2 a;;XiX;
TPeyroAbHEM NPeoOpPa3OBAHHEM MOXHO ObIO NPHBECTH K B:m;r=
F=Myi4 ... A2 M)
rae A, 0 (=1, 2, ..., r), HeoOOXOLHMO H AOCTATOYHO, UTOGHI
DkaEO (k<) Dp=0 (k>1r), 2
rue D,(k=1, 2, ..., n)— yraossie MUHOPH GOpPMEl f (CM. 3anauy [1208);

6) yxasauHu kaHonuuecku#t Bni (1) onpejeser OLHO3HAYHO, NMpHYEM
ero K03pQuuueHTH HAXOAATCA MO dopMynam
D
Ap = Dkkl k=1, 2, ..., r; Dy=1) 3)
(reopema Cuabpectepa).
1223. Ilycrb yraoBble MHHOpH KBaApatuuHod ¢opmsl [ paura r
VLOBAETBOPAIOT yCAOBMAM (2) npenwinylse#t 3amauu. Jokasats, uro
NOMOKUTENbHLI HHOEKC MHepLuH 3TOH GOpMB paBeH uucay coxpaneHuft
3HAKA, a4 OTPHUATE/bHBI HWHIAEGKC — YHC/AY FepeMeH 3HaKa B pPALy uHcen

1=Dy D, Dy ..., D,.

BeiscHuTb, 4TO B CJELYIOIUMX TNapax KBaipaTHuHBX ¢opM onHa
¢opma ABASETCA MOJOKHUTEAbHO Ofpele/eHHOH; HAKTH HEBHIPOKIEHHOE
Junefinoe npeoOpasoBanue, NPHBOLALIEE 3TY ¢OPMY K HOPMAJbHOMY,
a apyryw ¢opMy TOH ke napH kK KAHOHHUYECKOMY BULY, W HAUHCaThb
3TOT KaHOHHYecKUH BHI (MHHeHHOe npeoGpasoBaHNe ONpeneneHo He OAHO-
3HAUHO):

1224, f=—4xx, 1226 f = x> 2624 10x,x,,
g = x2—2x x,-4x]. g = x?+4-56xZ 4 16x,x,.
1226, f = 8x?— 28x3 + 14x2 -+ 16x,x, + l4x, 5, 32x,%,,
g=xl44xl 4244 2x x,.
1227 f—2x2+x Ko~ X, Xy — 20X, X, - 2X,%,,
—x2+x2+x2+2x2+2x X,

1228, f=x24 —2— xg — 2x5 4 x5+ 2x,x, 4 4x, x5,

=x{+7 x’~’+ x4 x24-2x,x,,
1229, f==x2 - 15x2 4 4x %, — 2x, 2, -+ 6.x,%,,
g = x4+ 17x3 4 3x]+ 4, x, — 2% x, — 14%,%,



1230—1237] § 15. KBAIIPATHUHBIE ®OPMBI 161

1230%, Ilycts mana napa ¢opM f, £ OT OIHUX M TeX e HEH3BeCT-
HEX, npudyem g > 0. Jlokasarb, 4TO KAHOHWYECKUH BUA

f:)\,ly%—*' ce +7\/ny3,

noayvaeMbl#t s dopMel f npu mo6oM JHHEHHOM NpeoOpasoBaHHH, NpH-
BoifleM (OPMY £ K HOPMaibHOMY Buay (T. €. K CYMMe KBaxpaToB),
onpenendercs OJHO3HAUHO € TOYHOCTHIO IO MOPALKA CJA4raeMbLiX, INPHYEM
ero KoadduuueHTs Ay, A, ..., A, ABASIOTCA KOPHSIMH TaK Ha3HIBAEMOTO
A-ypaBHenus mapbni dopm f, £, a umenHo ypasHenus |A—AB|=0,
rie A u B— coorBeTcTBEHHO MaTpuub GhopM f u g.

MoxHO /M cleiyloliMe Naphl KBaApPaTHYHBIX (OPM NPHBECTH K KaHO-
HHYECKOMY BHIY OIHUM BELIECTBEHHBIM HEBHIPONIEHHBIM JIMHEHHEIM Impe-
o0pa3oBanueM:

— x2 2 — 52 2
1281, f=x{+44xx,— x3, 1232, f=x{4 x,x, — X2,
— 52 2 — x2
£ = x{—6x,x, - 5x2. g=x}—2xx,.
1233. Tlycre naHbl IBe NMOJNOXKHMTENIBHO ONpeLeaeHHbie GOpMBl f U &
M NyCcTb OIHO HEeBHPOXKIEHHOe JMHeHHoe nmpeo6pa3oBaHHe HEW3BECTHBIX
n
2 .
npusozut ¢opmy f K BURY i§1 A,y%, a GopMy g-—K HOpPMa/IbHOMY BULY,

a BTOpoe NpeolpasoBaHne — HAO0OPOT: GOPMY f K HOPMANBLHOMY BHIY,
n

a ¢opMy g K BHLY Zuiz?. Hatitn cBa3b Mmexay kosduuumeHTamu
i=1

R Y S| PUR T

He paspickuBas auHefiHOrO npeoOpas3oBaHud, HAaHTH KaHOHWYeCKuH
BHL jaHHOA (opMEl f, K KOTOPOMY OHa mpHBeleTcs npeobpa3oBaHueM,
OPUBOASAINMM ADPYTy0 OaHHyl0 ¢opMy & > 0 K HOpManbHOMY BHAY:

1284, f=21x2 —18x2+ 6x2+ 4x,x,+ 28x,x,+ 6x,x,,

g=11x}-F6x2+ 6x3 — 12x,x, 4 12x 2, — 6x,x,.

1285, f=14x2— 4x2 4 17x2 4 8., x, — 40x,0; — 26.x,x,,

g ==9x24 6x2+ 6x3 4 12x,x,— 100, x, — 2x,x,.

1286, oxasats, uro aBe napel ¢opM fy, £ U fo o TIE &1 U gy
NOJIOMHUTENBHO ONpEJeeHHb, TOrAa M TOAbBKO TOrZA SKBHBAJEHTHDI
(T. e. cyliecTByer HeBbLIPOXAEHHOe JHHeflHoe Mpeobpa3oBaHue, Tnepe-
BOAAILEE f; B fo M g B ), KOTAd KOPHHU HX A-ypaBHenutt | A; — AB;| =0
u | Ay — AB, | =0 cosnazator.

BuisicHuTh, 9KBHBA/IEHTHH JM CJelyloliie napn (opM, He Haxons
JHHefiHOro nmpeo6pasoBaHus OLHOH MapH B APYryio:

1287, f=2x3 4 3x% — xj+ 2x,x%,+ 2, X;,
&, =3x242x2 4 xI— 2x,x,,
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fp==2x24-Bx] 4 2x2 4 4x, X, 4 4, x5 — 2X,%,,
gy= X2+ 6x3 4 3x2+ 2, x, 4 2%, %;.
1238, f =4x]+6x]+ 2134 4x x, — 4x,x, — 22x,%;,
g, ==4x243x24-6x2 4 4x,x, — 4x x, — 6x,%;,
fo==9x34-6x% 4 6x] — 6,0, — 6,6, 12x,%,,
g, ==9x2 4 3x3 4 3x2 —6x,x, — 6x x, + 2x,x,.
Hatttu HeBLIpOXIEHHOE AnHeHHOe NpeoGpasoBaHie, MepeBoLsllee Napy
KBagparuyHHX ¢opM f,, &, B Apyryio napy f,, g, (4ckomoe npeoGpaso-

BaHHE ONpeleseHO HE OLHO3HAYHO):
1239, f,=2x}— Txi+ 2x,x, fo,=-—Ty2—3yi—12yy,,
g, =2x1413x24-10x x,, g,=13y? 4 25y2 436y,
1240. f,=38x24 2x2— 10x,x,, f,==—9yI— 20y;— 44y.y,,
g,=2x245x2—6x,x,, g,=29y?+4y;+ 20y,y,.

1241, Hycre f(xy, X5 ..., X,) H g(X;, X ..., X,)— IBe KBaX-
patuudble GoOpMH, XOTA ObH OIHA K3 KOTOPHIX MOMOXWUTENLHO OMpe-
IeneHHa. Jlokasarb, 4T0 «nosepxHocTHy f=1u =1 B n-mepHoM
NPOCTPAaHCTBE TOTAA W TOJbKO TOTIa He NepecekaioTcd (T. €. He HMeOT
oblux Touek), korza ¢opma f— g sBAAeTCA OnNpeleseHHOM.

. n

1242%, JlokasaTb, YTO KaHOHHYeCKWH BUI ) A,¥?%, K KOTODOMY KBal-
i=1

patuunHas ¢opMa f NPHBOIUTCA OPTOPOHAIBHLIM IpeobpasoBaHUeM, oOmpe-
IefeH OJHO3HAYHO, NpHYEM ero Koddoduuuents Ay, Ag ..., A, fABARIOTCH
KODHAMH XapakTepHCTHYecKOoro ypasHeHus |A —AE|=0 wmartpuun 4

dopmur f.

Hafitn xaHonmyecku#t BUX, K KOTOPOMY NPUBOJIATCA C/ieLylOlHe KBal-

patHuHble (GOpMBHl NMOCPENCTBOM OPTOIOHANBHOTO mpeoOpa3oBaHud, He Ha-
X018 CaMOro 3TOr0 Npeo6pasoBaHuA: -

1243, 3x% 4 3x3 - 4x,x, 4 4%, %, — 2x,X,.
1244, T+ Tx)+ Txd 4 2x, 6,4 20, %, -+ 2x,%,.

1245. xf — 2%, Xy~ 2% Xy — 2X,%,. ot

1246, 3x2 4 3x2— x2— 6, x, | dx,x,  1247% X xpXpyy.
k=l

Hatttu oproronaibHoe npeoGpasoBaHie, NpPHBOAALIEE CleAyIOlIUE
(OPMBl K KAaHOHHYECKOMY BHLY (NpUBeleHHE K FJIABHBIM OCSM), M HAMUCATh
3TOT KaHOHMYeCKMH BHI (1pe00pasoBaHue oOnpejleneHO He OLHO3HAUHO):

1248, 6x} - 5x% - Tx2— 4w x,+4x,x,.
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1249. [1x2 4 5x2 4 2x2 4 16x %, 4 x,x, — 20%,%,.
1250, x2 xfj’ —+ 5x%— 6x,0,— 2x, %, 2x,%,.
1261, x2+4 x2+4 224 4x,x, 45, X, + 4x,%,.
1252, 17x2 4 14x2+ 14x2—4x,x,— 45,5, — 8X,%,.
1283, x7— 53—+ x4 4%, %, 200,03~ 4x,%,.
1254, 8x2 —7x2+ 8x2+ 8x x,— 25,5+ 8y,
1265, 2x,x,—6x,x, — 6x,x, - 2x,x,.
1266, 5x3 —+-5x3— dxZ—+ dxf— 10x,x, 4 2x,x, -
4 6x,0, + 6x,x;, + 2%, — 10x,x,.
1257, 3x2+ 8x x, — 3x§+ 4x2—dxx, 4 x2.
1268. x2+ 2x %, x3— 2x2 — 4dx,x, — 2x2.
1259, 9x2 4 5x2 - 5x2 4 8x3 Bux,x, —duwyx, 4 4x,x,.
1260, 4x? — 4x x, 4 x2 -4 5x2 — 4xi 4 12x,x, x2.
1261, 4x2 —4x2—8x,x,—+ 2x2— 5x3 4 6x,0, - 342,
1262, 3x24-8x x,—3x2+44x2— bxx, —4x2 4
) +4xi4 dxx,+ X2

Hafitn kaHoHudecku#l BUI, K KOTOpPOMY caenymouiue (OpMB NpPHBO-
IATCA OPTOTGHAJbHBIM MpeoOpa30BaHHEM, M BLIPA3HTh HOBLHIE HEH3BECTHLIE
yepes CTapeie (MCKOMOe NpeoOpasoBaHHe He OJHO3HAYHO):

n n n
1263. X 224 D) x.x.. 1264, X x,x..
s R S S i<j J

12656%, HasobeM 1Be xBalpaTHuHbie (GOPMBI OPMO20HAABHO 3KBUBA-
ACHMHBMU, €CJIH OT OLHOM H3 HUX MOXKHO NEPeHTH K Apyro# mocpescTBOM.
OpTOroHanbHoro mnpeobpasoBanud. JlokasaTb, uTO A4S OPTOrOHaAbHOH
9KBUBA/JIEHTHOCTH ABYX GOpM HeoOXOIWMO H HOCTATOYHO, 4TOOH Xapak-
TEPHCTHYECKHE MHOTOYMEHH MX MAaTPHl, COBNALANH.

BuigcHUTb, Kakue M3 CHeNYIOUHX KBaapPaTUYHBIX q)OpM OpPTOrOHa/JabHO
SKBHBAJICHTHBI:

1266, [ = 92— 92+ 12, 12,6, — 6x,%,;
g=— 3y?4-6yI4 6y — 12y,y, 4 12y,y, 4+ 6y,y.;
h=112}—422+ 11254 82,2,— 22,2, 1 82,2,.
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1267, f=T7x?+4 xi+ x2—8x,x,— 8x,x, — 16x,x,;

1 1 4 4
FR— =g — FIN T Y
h=2z3— 2242V 2 2.2,

1268, lokasaTo, 4TO mI00y10 BelIECTBEHHYI0 CHMMETPHUECKY0 Ma-

-1
Tpuuy A MOXHO npeicTaButh B BHie: A==Q BQ, rae Q — oproro-
HalbHas U B — BeulecTBeHHas INMArOHaJAbHAS MaTPULLHL.

Jlns crenymoiuMx MaTpul HalTW OPTOrOHambLHYIO Matpuny Q u jua-
rOHaAbHYI0 Matpuwy B Takde, uTO JaHHAs MaTpHUa MpencTaBasercs

B BUlE Q_IBQ:

1269, /3 2 0 1270, 2 2 -2
2 4 =21, 2 5 —4
0 —2 5 —2 —4 5

1271%, JlokaszaTh, 4TO BCe XapaKTePUCTHYECKHE YMC/IA BellleCTBeHHOH
CUMMeTpUUeCKOf Martpuubt A TOrZa M TOJbKO TOTAA JIeXkKAaT Ha OTpesKe
[a, b], xoraa xBazparuuHas ¢opma ¢ marpuuedt 4 — AE nonoxuTeabHo
onpeneneﬂﬂa npu moGom A, < @ W OTPULATEJNLHO onpeﬂeneﬂﬂa NpH JI0-

Gom A, > b. .

1272%, Tlyctb A m B -— BewecTBeHHble CUMMETPUUYECKHE MATDPHUIIHL.
‘Jloka3aTb, 4TO eC/iM XapakTepUCTHYECKHEe 4YMcaa MaTpuubl A Jexar Ha
orpeske [@, b], a XapakTepHCTHYeCKHe UHCJIAa Marpuubl B -— Ha oTpeske
[c. d}, TO xapakTepHCTHYecKkHe umcaa Marpuus A - B j1exar Ha oTpeske
fa4c, b+4-d].

1273. Iloka3ath, 4TO HEBLIDOXKIEHHYK) KBajpaTHuHylo GopMy TOria
U TOMLKO TOTAAd MOMHO NMPUBECTH K HODMAJILHOMY BHIY OpPTOTOHANbHBIM
npeo0pazoBaHueM, KOI'la ee MaTpHLa OpPTOTOHAJbHA.

1274. IokasaTb, 4TO MaTpHLA MOJOXKUTENBHO ONpeie/ieHHOH kBanpa-
THYHOH (OPMBI TOTAA U TOJBKO TOTILa OPTOTOHAIBHA, KOTAA 39Ta ¢opma
ecTh cyMMa kpanpatoB. Kak 3To monoxenue ¢opMyanpoBaTh Ha f3bIKE
MaTpui?

12756%, Ilokasath, uTO JI00YI0 BElUeCTBEHHYI0 HEBHIPOXIEHHYID Ma-
Tpury A MOXHO npeicTaButb B Buie A==QB, rie @ — oproroxajbHas
Marpuia U B — TpeyrosnbHasi MaTpuua BHAA

bll bl? bl3 e blrl 1
O b22 b23 o 0. b2”
0 0 by ... b,

DY . e e .

00 ...bs

—
o .
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-C FIOMOXUTE/bHBIMY 3JIEMEHTAMH Ha TJIaBHOH IMaroHatd, M Takoe npen-
-CTaBJIEHRE eIMHCTBEHHO.

1278*%, [lokasarb, uTO:

a) mo6y10 BellleCTBEHHYI0 HEBBIDOMIEHHYIO MATPHULY A MOXHO Tpel-
CTaBUTb Kak B Buie A==Q,B|, 13k u B Bune A == B,Q,, rie marpuun Q,
¥ Q,— BellecTBEHHbIE H OPTOTOHA/MbHBE, a Matpuus B, nu B,— Beue-
‘CTBEHHBIE, CHMMETPHYECKHe ¥ C NOJIOMHTENbHBIMH YIVIOBBIMH MHHODAMH.
KaxJaoe u3 9Tux npeicraBjeHuit eAHHCTBEHHO;

0) mo0yl0 KOMIJIEKCHYI0 HeBHPOMIEHHYI0 MaTpuuy A MOXHO mpen-
-CTaBUTb Kak B BHIe A ==Q,B,;, Tak u B Bule A == B,yQ,, rae marpuin Q,
u Qy— yuuTapHH, a Marpuubsl B, U B, — 3pMHTOBE M C IOJOXHTEIb-
HBIMH YIJIOBBIMH MHHOpamu (MaTpuua B HasbiBaercs SPMHUTOBOH, eciu

B"=B). KaxJloe n3 3THX NpPexCTaB/JeHH}! eIUHCTBEHHO;

B) nyctb A — cuMMeTpuyeckas (WM SPMHTOBA) MATPHlUA C TNOJIOKH-
“TeNLHBIMH  YTJIOBHIMM MHHOpPAaMH # B —- OpTOroHambHas (COOTBETCTBEHHO
yuutapuas) Marpuua. Jokasats, urto:

1) npoussenenuss AB u BA rtoraa m ToabKO Toria GYAyT cuMMe-
TPUYECKUMH (SPMUTOBHIMH) MATDHUAMH € TOJOXUTENbHBIMM YIVIOBLIMA Mu-
HOpaMu, Korga B -— elMHHYHAs MaTpHua;
~ 2) npoussenenns AB u BA Toria u TONbKO TOria OyAyT OpTOro-
#aIbHBl (YHUTAPHH), KOria A — elMHHYHAA MaTpHuA. )



OTAEN IV

BEKTOPHbIE IMPOCTPAHCTBA
K UX JUHEHHBLIE NPEQBPA3ORAHUS

§ 16, A¢dunnbie BEKTOpHBIE HPOCTPaHCTBA

Hie npumensiiorcs cienylomye 0603HaUeHHs: BEKTOPH OO0O3HAUAWTCH Ma~
JLIMH J3TUHCKMMH OGYKBaMu XHDHOro wpH$Ta, a BEeKTOPHHIE HPOCTPAHCTBA, HX.
NMOJANPOCTPAHCTBA M JuHeHible MHOroo6pasus —— 60abIMMMK JATHHCKUMH GyKBaMu
wupHoro mpugra. KoopavHarsl BekTopa npH o6bHIMHOR 3aNKCH NMHITYTCA B CTPOKY,
3aKJAI0UEHHYI0 B KPYIJbe CKOOKM, Hampumep X = (x;, X3, ..., X,). B Marpuunoi
3aMUCH BeKTOpHl 6asuca 3amKChIBAOTCH CTPOKOH B KPYTAHX CKOOKax, a KOOpAM-~
HaTH BEKTOPa — CTOAGLOM B KPYyFIHX CKOOKax.

Mampuyei nepexoda ot craporo Gasuca e, €, ..., €, K HOBOMY e{,

e;, . e:, HasbiBaeTca Matpuua 7 = (t,-j);’, o croabuaM KOTopoH croar xoop-

IMHATH HOBBIX 6a3MCHBIX BEXKTOPOB B crapoMm Gasuce. Taxum o6pasom, cTapui i
HOBBIH 6a3suChl CBA3aHH MATPHUHLIM DABEHCTBOM

(e;, e, ..., e)=(ey ey ..., e)-T. 1y

Ipu Taxux 0003HAUEHUAX KOODAMHATH X, Xz, ..., Xp BEKTOpa X B CTapOM:
4 4 4
6asuce CBA3aHB C KOOPAHHATAMM Xj, Xg, ..., X, TOTO K€ BEKTOpa B HOBOM 6a-

n
4 o
auce PaBEHCTBAMM X; = Z t; X, nIM B MATpHuHOH 3anuck

-

Junedneism nodnpocm pancmseom BEKTOPHOTO MPOCTPAHCTBA R HA3blBACTCSH
Henycroe (T. €. cojepikaigee x0T Obl OIMH BEKTOD) MHOXECTBO L BextopoB
¥3 R, o6Giajaiouiee caeiyiOmHMU CBOHCTBAMH:

1) cymma x-{-y AByx moOuix BextopoB u3 L cHOBa mpunapaexur L;

2) mpoussenenue o-x Job6oro BekTopa X M3 L Ha mofoe YMCIO ¢ CHOB
nprHagaexur L.

: JMuneiinoin .unozood pa3ues BEKTOPHOrO MPOCTPAHCTBA R HA3BIBAETCA COBO-
KynHocTe P BekTOpoB M3 R, nonyueHHasd NpHOaBACcHAEM KO BCEM REKTOpaM Ka-
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Koro-Hubyab moianpocrpanctsa L u3 R 0JHOrO H TO10 Xe BEKTOpa X, JTa
«Ba3b L u P Gyner o6osuawatsca Tax: P==L -+ x, unu L= P—x;,. Mt Gynem
FOBODHTD, " MTO JHHEHHOE MHOrooOpasue P mOayueHo H3 JHHEHHOro noOAmpo-
-CTPAaHCTBA L NMapamnerpHBIM CIBHCOM HA BEKTOP Xo.

Pasmeprocmsro nvuHeHHOr0 MHOroo6pasusi HA3BIBAETCA DPasMEPHOCTD TOrO
JYHERHOr0 MOAUPOCTPAHCTBA, MAPANIENbHBIM CIBHIOM KOTODOFO IaHHOE MHOro-
.06pasye noayueHo. KOPPEKTHOCTL 3TOTO ONMpele/NeHHs BHITEKAeT #3 yTBEPKICHHS
8anauu 1331. OHOMEpHBIE MHHEHHBIE MHOTOO6Pa3ua OyAyT HasbiBATHCH HMPAMBIMH,
a JABYMEpHbe — IIOCKOCTAMH.

Cymmoll 1BYX AuHEHHHIX noimpocTpaicts L; u L, BEKTODHOro mpocrpaH-
«€TBa R HasplBaeTCH COBOKYMHOCTh & ==L,;-}- L, Bcex BEKTOPOB M3 R, Kaminh
U3 KOTOPHIX NPEACTABAAEICA B BuAe X=X, -+ X, TAe X;CL; u XL, 3necs
:3amuch @ C A 0003HAYACT: «AEMEHT & MPUHAAJICKUT MHOMeCTBY A». [Tepeceue-
Huesm JABYX JHHEHHBIX NOANpOCTpaHcts L; u L, BeKTOPHOro mnpocrpaHctsa R
H#a3pBaeTCad COBOKYNHOCTh D = L, {1L, Bcex BexkTOpOB u3 R, KaxInii H3 KOTO-
PHX npuHagaemut Kaxk Ly, Tak m L,

Mpamoli cymmoid ABYX AuHeHHmX mnoanpocrpancts L; u L, BexTOpHOTro
FIPOCTPAHCTBA R HA3BIBAETCA CyMMa STHX MOJNPOCTPAHCTB NIPH YCJAOBHH, YTO HX
aiepeceyeHde COCTOMT JXIIb U3 HyJEBOTO BEKTOPa, T. €. LiNLy=0. B cayuae
qipaMoit cymMb GyneM mucath §=L; -} L,.

n-MepHOe BEKTOPHOE HpoCTpaHcTBO OyaeT o6oanHauarbest uyepes R, Ipu
‘STOM €CJH HE OrOBOPEHO HPOTHBHOE, IOAPA3yMEBAeTCsl, HYTO 3a OCHOBHOE HOJe
B3ATO TIOJE BELIECTBEHHHX YHCEN, T. €. R, COCTOHT H3 BCeX H-MEDHBIX BEKTO-
POB C JMOGHIMM BEUIECTBEHHBIMH KOOD/HHATAMH.

Bextopsl €,, €, ..., €, H X 3a1aHE CBOAMH KOOPIHHATAMU B HEKO~
TtopoM Gasuce. [lokasath, 4TO0 BeKTOpH €, €, ..., €, Camu 00pasywT
©a3uc, ¥ HaflTH KOOPIAMHATH BEKTOpa X B 5ToM Gasuce:

1277, e, = (1, 1, 1), e=(1, 1, 2), e;==(1, 2, 3); x=(6, 9, 14).

1278. e, =(2, 1, —3), =@, 2, —5), e;=(1, ~—1, 1)
x=(6, 2, —7).

1279, e;=(1, 2, —1. —2), e,=(2, 3, 0, —1), e5=(1, 2, 1, 3),
e, =(1, 3, —1, 0); x=(7, 14, —1, 2). ‘

Ioxasars, 4TO KamAas M3 ABYX CHCTEM BeKTODOB ABAAETCA GasuCOM,
¥ HaliTH CBA3b KOOPIMHAT ONHOTO M TOTO e BEeKTOPAa B STHX IBYX Oa-
BHcax:

1280, e, =(1, 2, 1), e;==(2, 3, 3), e3=(3, 7, 1); e[ =(3, 1, 4),
e;=(5, 2, 1), e=(1, 1, —6).

1281, e, =(1, 1, 1, 1), e;==(1, 2, 1, 1), e3=(1, 1, 2, 1),
e =(, 3, 2, 3); e;=(, 0, 3, 3), e;=(—2, —3, —5, —4),
e;=(2, 2. 5, 4), e;=(—2, —3, —4, —4).

1282, Ha#itu koopIuHaThl MHOrouJeHa

fx)=ay4ax+ax*+ ... +a,x"

a) B Gasuce 1, x, x%, ..., x%
6) B Gasuce 1, x—aq, (x—a)? ..., (x— )", BHIACHUB, 4TO MO~
CJICIHHE MHOrOYJAECHL AEHCTBHTENLHO OOpasylT G6asuc.
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1283, Hatirn maTpuuy nepexona ot 6asuca I, x, x% ..., x” K Gasucy
1, x—a, (x—a)?, ..., (x—0)" NpocTpaHCTBA MHOI'OY/IEHOB CTEMEHH,.
MeHblueft MM paBHOH 7.

1284, Kax nsmenwrcs MaTpuua Iiepexoia OT OJXHOro 6asuca K Apy-
TOMy, €CAH: '

a) MOMeHSITh MeCTaMM [BA BEKTOPA mepBoro Gazuca?

6) nmoMeHaTb MeCTamd [Ba BEKTOPa BTOpoOro Gasuca?

B) 3anucarb BeKTOPH 00oux GasncoB B 06paTHOM mnopsaike?

Slpasercsd au MMHEHHBIM OANPOCTPAHCTBOM COOTBETCTBYIOLIETO BEKTOP~
HOTO MNpPOCTPAHCTBA KAaKAasi K3 CAEAYIOIMX COBOKYNHOCTeR BeKTOPOB:

1285, Bce BeKTOpH 72-MEPHOr0 BEKTOPHOTO MPOCTPAHCTBA, KOOPAHHATHY
KOTOPHIX — HeJbe Yncaal

1286. Bce BekTOpH MJIOCKOCTH, KaMIbli M3 KOTOPHIX JIEXKUT Ha ONHOH
us ocet xoopaunar Ox u Oy?

1287. Bce BekTopbl MAOCKOCTH, KOHHBI KOTOPHIX J€XaT HAa AaHHOH
npaMoit (Hayano JKOOro BeKTOPa, eCa¥ He OTOBODPEHO IPOTHBHOE, NMpea-
NOJAraeTcss COBMAAOIIMM C HAYaJOM KOOPAMHAT)?

1288. Bcte BexTOpHl MJIOCKOCTH, HAaYala M KOHIE KOTOPHIX Jewar Ha
DaHHOH npsMof?

1289, Bce BexTOpH TpeXMepHOTO NPOCTPAHCTBA, KOHUL KOTOPHIX He:
Jiewar Ha JAHHOH TpaMOH?

1290, Bce BexTOpBl MNJAOCKOCTH, KOHUEI KOTOPBHIX JIEKAT B NepBOMH:
YyeTBepTH CHCTEMBI KOODIHHAT?

1291. Bce Bexktops u3 R,, KOODIHHATH KOTOPHIX YIOB/IETBOPRIOT
ypaBHeHHI0 Xy~ Xy ... +x,=07?

1292, Bce Bexropel M3 R,, KOODAHHATEI KOTOPHIX YLOBNETBOPSIOT
ypaBHeHUI0 X, Xy~ ... fx,=1?

1293. Bce BexTtoph, sBAfOIIKECT JUHEHHBIMA KOMOMHAUMSMU AaHHBIX.
BEKTOPOB: Xj, Xg ..., Xp U3 R,?

1294, Tlepeuucantp BCe JMHeRHble NOANPOCTPAHCTBA TPEXMEPHOIO:
BEKTOPHOTO NPOCTPAHCTBA.

1295, Ilyctb sudedHoe MOANPOCTPAHCTBO L, COREPKHUTCH B JMHEHHOM:
noanpocrpanctee L, [loxasarh, uro pasmepHOCTh L, He BHIle pasmep-
“HoctH L, npuyeM pasMepHOCTH paBHE TOTIA W TOMbKO TOrna, KOraa:
L, = L,. BepHo nu nocienxee yTBep:KIeHHe NJf MOOHX NBYX JAMHEeHHBIX
HOANPOCTPAHCTB AaHHOTO INPOCTPaHCTBA?

1296, Hoxasarb, 4TO ecad CyMMa pasMepHOCTEl JABYX JuHeHHHIX
NOANPOCTPAHCTB A-MEPHOTO NPOCTPaHCTBA 0O/blle 7, TO 3TH MOANPO--
CTPaHCTBA HMeIOT o0uiuit HeHyneBOi BEKTOP.

JHoxasare, 4YTO cjAeLylOlME CHCTeMB BEKTOPOB OOPAasyIOT JHHERHbIE:
NOANPOCTPAHCTBA M HaliT# MX Ga3UC M PA3MEPHOCTD:

1297, Bce n-Mepubie BexTOpH, Y KOTOPHIX NepBas M MNOCHAELHAE
KOODJHHATH PAaBHbl Mexay CoOOMH.
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1298. Bce n-mepHble BEeKTOPEH, Y KOTOPHX KOODIHHAThHl C YETHBIMH
HOMepaMU PaBHBI HYJIO.

1299, Bce n-MepHble BEeKTOPH, Yy KOTOPHIX KOODAMHATHL C YETHHIMH
'HOMEPAMH DPABHBl Mexay CO0O0ii.

1300. Bce n-mepHbie BekTopn BHIA (o, B, O, B, @, B, ...), Tie @ H
B — mobrie uncaa,

1301. Jlokasath, uTo BCE KBAjJpAaTHHE MATPHlB NMOpALKAa N C Belle-
CTBEHHBIMH 9JIeMeHTaMH (MJH sjeMeHTaMM M3 moGoro moias £) oOpasyor
BEKTOPHOE NPOCTPAHCTBO HAL NO/EM BelleCTBEHHBIX YiCes] (COOTBETCTBEHHO
Hal noaem P), ecau 3a onepauuy B3STh CJOXEHHE MATPHI M YMHOMEHHE
'Marpuubl Ha uucao. Halith 6asuc u pasMepHOCTH 3TOrO NMpPOCTPAaHCTBA.

1302, Jokasath, YTO BCe MHOTOQUJEHBl CTeNeHH < 7 OT OLHOrO He-
M3BECTHOIG C BEleCTBeHHHIMH KO3(p@uunedTaMd (Uau ¢ KO3pduLMeHTAMH
%3 a06oro nosas P) o6pasyioT BEKTOPHOE NPOCTPAHCTBO, €C/IW 34 omepa-
MUH B3ATH OOBIYHBIE CJIOXKEHHE MHOFOWIEHOB H YMHOMEHHE MHOFOY/IEHa
Ha yucno. Halitu 6a3uc ¥ pasMepHOCTb 3TOTO NPOCTPAHCTBA.

1303. Ilokasarb, 4TO BCE CHMMeTPHYECKHEe MATPHlL 00pasyioT JHHeH-
'HO€ NMOANPOCTPAHCTBO TPOCTPAHCTBA BCEX KBALPATHHIX MATPULL MOPALKA 71.
Ha#iti Gasuc U pa3MepHOCTb STOTO NOLNPOCTPAHCTBA.

1304. Jloxasarb, YTO KOCOCHMMETPHYECKHE MATPHUL 06pa3yloT JHHeH-
‘HO€ NOINPOCTPAHCTBO NMPOCTPAHCTBA BCEX KBALPAaTHHIX MATPHUL NOPsSiKa 7.
Haitu Gasuc ¥ Pa3MepHOCTb 3TOTO NOLIPOCTPAHCTBA.

1305. Jlokasarp, 4YTO eciu AuHelHOe nojampocTpancTso L mpocrpan-
€TBA MHOTOYJIEHOB CTeleHH < 7 CONEePKUT XOTd O OLMH MHOrouYJ/IeH
cTenenn k ang k=0, 1, 2, ..., p, HO He COAEPHUT MHOTOY/IEHOB CTE-
newy kB > p, TO OHO COBMAZaerT C MOLNPOCTPAHCTBOM L, BCEX MHOFO-
YJEHOB CTeneHd < p.

1306, Tlycto f— HeoTpuuaTenbHas KBazpaTuyHas ¢opma oT 7 Heus-
BeCTHHIX paHra r. Jlokasatb, uTo BCe peluenus ypaBHeuus f=0 obpa-
3yOT (n— r)-MepHOe JHHEeHHOe MOANPOCTPAHCTBO NpocTpaHcTBa R,

1307. Hoxasarb, yTo pemeHus ai060H cUCTeMbl OXHOPOIHEIX JHHEHHBIX
‘ypaBHeHuH C 7 HeU3BECTHLIMH paHra r of6pasyloT JMHeHHOe NOANPOCTPaH-
CTBO n-MepHOro mnpoctpascrsa R, pasmepHoctd d ==n—r Hu, obGparHo,
nia mobero suHefHOro mnoxmpoctpaHctsa L pasmepHocTH d npocTpaH-
ctBa R, CyllecTByeT cHCTeMa OIHODOIHBIX JIHHEHHBIX YpaBHeHult C n
HEHU3BECTHHIMY PaHra r ==n— d, pelleHHus KOTOPOH 3amo/HAIT B TOYHO-
CTH JlaHHeEe MOANPOCTPaHcTBO L.

1308, Hantn kako#t-uu6yap 06asuc 4 pasMepHOCTb JIMHEHHOTrO MOI-
npocrpanctea L mpocrpaucTBa R, ecam L 3agaHo ypaBHeHueM
X+ x4 ... +x,=0.

1309. Hoxasatb, 4TO past €)HOCTb J/IMHEHHOTO NMOINPOCTPaHCTBa L,
HATSHYTOTO HA BEKTOPH Xj, X ..., Xp (T. €, HOINPOCTPAHCTBO BCEX
JMUHeHHBIX KOMOWMHALMM [IAHHLIX BEKTOPOB), paBHA PaHIy MaTPHULUEl, CO-
€TaBJEHHOX M3 KOOPIMHAT JLaHHBIX BEKTOPOB B KaKoM-HHOyIb Gasuce,
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a 3a Gasuc noanpocrpaHcrBa L MOxHO B3ATb JIOOYI0 MaKCHMaabHYIO-
NUHEHHO HEe3ABHCHUMYIO NOLCHMCTEMY CHCTEMBl IAaHHBIX BEKTOPOB.

Hatitu pasmepHoCcTb M 6Gas3uc JuHeHHBIX NOANPOCTPAHCTB, HATAHYTHIX.
Ha Clejyoline CHCTEMB BEXTOPOB:

1310, a,=(1, 0, 0, —1), ay=(2, 1, 1, 0), az3=(1, I, 1, 1),
a,=(1,2,3,4), a;=(0, 1, 2, 3).

1311, ¢,=(1, 1, 1, 1, 0), a;,=(1, 1, —1, —1, —1),
a;=(2, 2,0, 0, —1), a,=(1, 1, 5, 5, 2), a5=(1, —1, —1, 0, O).

Hatithn cuctembl JuHeHHBIX ypaBHeHuit, 3analoluye JuHeliHble mMoaANpO-~
CTPaHCTBa, HATAHYTHie HA ClelyIOllHe CHCTeMbl BEKTOPOB:

1312. ¢, =, —1, 1, 0), a;=(1, 1, 0, 1), a3==(2, 0, 1, 1).

1313, a;,=(1, —1, 1, —1, 1), ay=(1, 1, 0, 0, 3),
a;=@3, 1,1, —1, 7, a,=(0, 2, —1, 1, 2).

1314, Jlokasarb, 4TO CyMMa W NepecevyeHHe IBYX JHHEHHBIX HOANPO-
CTPAHCTB NMPOCTPAHCTBA R, CaMU ABAAIOTCH JHHEHHLIMH HOANPOCTPAHCTBAMK
TOT'O Ke MPOCTPAHCTBA.

1315. Iokasars, uto cymma S§==L,— L, IByXx IHHeHHHX NOANPO-
CTPaHCTB APOCTPAHCTBA R, paBHA NepecevYeHHI0 BCeX JNHHEHHEIX MOANpO-
cTpaHcTs M3 R,, comepxamux xak L,, Tak u L,

1316. Jlokasath, 4To CymMMa pasMepHOCTel IBYX JMHERHBIX NOLNpO-
CTPaHCTB NMPOCTPAHCTBA R, paBHA PaaMepHOCTH CYMMLI IIIOC Pa3MePHOCTb.
flepeceyeHts STHX MOANPOCTPAHCTB,

Ha#itn pasMepHOCTh S CyMMbl H pasMepHOCTb d NepeceyeHHs NHHeAHBIX.
noanpoctpaHcTs: L;, HAaTAHYTOrO Ha BEKTOPH &, @y, ..., @4 ¥ Ly,
HaTAHYTOTO Ha BeKTOpH by, by, ..., b

1317, ¢,=(1, 2, 0, 1), a,=(, 1, 1, 0) u b,=(1, 0, 1, 0),
b,=(1, 8, 0, 1).

1318. a,=(1, 1, 1, 1), a2_(1 —1, 1, —1), a3=(1, 3, 1, 3%
b=, 2,0, 2), b=(1, » 2), by=(3, 1, 3, 1).

1319%, Ilycrb L,—Jmneﬂﬂoe NOANPOCTPAHCTBO -TPOCTPAHCTBA R,
¢ 0asucoM @y, @, ..., G, U L,— nuneliHOe NMOANPOCTPAHCTBO TOTO XKe
npocrpancrsa ¢ Oasucom by, by, ..., b

Hoxasatb C/leLyole NpaBuia nocTpoeHus 6asuca cymmsl S = L, - L,
u Gasuca nepecedenus D=L, Ly

1) BasucoM cymMmbl § CIOyXHT MakcHManbHas JUHeHHO He3aBHCHUMAT
TIOACHCTEMA CUCTEMB BEKTOPOB &y, ..., &p by, ..., B, Ero noctpoenue:
CBOJNHTCS K BEIYHCIEHHIO PaHTa MATPHUBI M3 KOODIAMHAT 3TOH nocrenueft
CHCTEMB BEKTODPOB.

2) Basuc cyMMBl § MOXHO TIOJYYMTh, HOO2BIAd K JuHeHHO He3aBH-
CHMBIM BeKTOPaM @, ..., @; HEKOTOpPHE M3 Bexropos b, ..., b; (3a~
naya 659). Menss, ecau norpebyercss, NOPANOK TMOCAEAHUX BEKTOPOB,.
MOXeM CuHTaTb, 4YTO BEKTOPH &, ..., @y 8, ..., b,_p oOpasyior
Gasy S.
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Pagencrtso
X+ oo Xy =y0+ ... + yb (D
SKBUBAJIEHTHO CHCTeMe 1 ONHOPOMHHIX JuHeHHBIX ypasuenn#t ¢ k—-!
HeU3BeCTHHIMH Xy, ..., Xp Yo ..., ¥; panra s. Tak Kak mepBhe §

€TOJIOLOB MATPHUB CHCTEMbl JHMHEHHO He3aBUCUMBL M, 3HAYUT, XOTA Ol -
ONMH MHHOD MOpsiAKa § B STHX CTONOUAX OT/MYEH OT Hy.s, TO 33 CBO-
GonHEIe HeU3BECTHBIE MOKHO NMPUHATH mocienHue k- ! — s =d Heusse-
CTHBIX Y _p1s o+ s Y;- TIO3TOMY MOXKHO HAMTH QYHIAMEHTA/ILHYIO CHCTEMY
peleHnH

X Xige wven Xipo Yo Vi +on Yy G=12,...,4d) (2
Jas cucreMbl ypasuenufi (1) Takyio, €ro

Vi s—k+1 00 V1,1
e < o |£0; (3)
Va, s—r+1 -+ Ya,1

Toria 6asucom repeceyeHus D sBnserca cucrema BEKTOPOB

1
clzzyijbj (t=1,2, ..., d. 4)

3avmeuanue. Tak xak d =~k -} 1-—s, TO 3TIM AaHO BTOpOE pelle-
sye 3anayd 1316.

Halitu Gasucbl CyMMbl H nepeceyeHHss JuHeHHBIX TNOINPOCTPAHCTB,

HATAHYTHX HAa CHCTEMBl BEKTOPOB al, e a,nb, ..., by .
1820. a,= (1, 2, 1), az_(l ,~1) a;=(1, 3, 3);
b, =2, 3, —1), bg—(l ,2), by=(1, 1, —3),
1321, a;=(l, L —9), a2_(2 3, 1 0), as_(l 2, 2, —3);
b=, 1, 1, 1), b2_(1 0, 1, —1), by=(l, , —4).

1322, a;==(1, 1, 0, 0), @a,=(0, 1, 1, 0), a3:(0, 0,1, 1)
by=(,0,1, 0), b=(0, 2, 1, 1), by=(1, 2, 1, 2).

1323. Iokasatb, u4TO €CaIM Pa3MEPHOCTb CYMMBl ABYX JAUHeHHHIX MNon-
TPOCTPAHCTB TNPOCTPAHCTBA R, Ha eIuMHMHY OOJjblie pasMepHOCTH HX
TiepecedyeHHs, TO CYMMa COBMajaeT C OIHUM M3 STHX NOANPOCTPAHCTB,
a nepecedyeHHe C APYruM.

1324, Iycrs L, L), L, — nuHelinble NOANPOCTPAHCTBA IPOCTPAHCTBA R,,.
Joxkasarb, uto L TOrZa M TOJNBKO TOI‘,U.& O6yzner mpamoft cymmo#t L, Lo,
Orja BHIIOMHAIOTCS YCJAOBHA:

a) L comepxwur L; u Ly

6) kawabit BekTOp X €L onHo3naudo mpencraBafercd B BUIe
X=x,-}Xx,, rtiae x,€L,, x,&L, Wuwimu cnosamu, cymma L=L, -} L,
TOrZa W TOJBKO TOTAA fBIsteTCA NPpAMON cyMMoft, Koria ais moforo Bek-
7Topa x € L npexncras/ienue X ==X, 4 X, rie X, € L;, x, € L,, 01HO3HauHO.

1325, okasaTs, uto cyMMa § /aHHeHHHIX NoAmpocTpaHcTe L; u L,
TOrJa H TOJNbKO TOrZa OyreT npaMoit cymMoft, korza xorta Obl OJHH



172 OTHEJ 1V. BEKTOPHHIE ITPOCTPAHCTBA [1326—1333

BEKTOP X € 8§ OIHO3HAYHO NPENCTABIAETCS B BHIE X=X, | X, Tle
X €Ly, x,€ Ly

1326, Ilyctp nunefiHoe mnopnpoctpanctBo L sBaseTcs npamofl cym-
MOH nuHefinbx nomnpoctpancTs L, u L,. Jloxasats, uto pasmepHocTb L.
paBna cymme pasmepHoctedt L, u L, npuueM jmoOne Gasucet L; u L,
Jawot BMecte Oasuc L.

1327, Hdoxasate, uyro ans mo6oro JauHeHHOro moxmpocrpaHcrsa Ly
npocrpancTBa R, MOmxHO Haltty npyroe nomnpocrpaHcTBo L, Takoe, 4t0
BCe NpocTpancTBo R, 6yner npamo# cymmolt L, u L,.

1328. Hoxasath, 4TO NPOCTPAHCTBO R, ecTb mnpsaMas CyMMa IBYX.
JAUHEHHBIX NOANPOCTpancTs: L,, 3alaHHOrO ypaBHeHHeM X~ xXq— .

. +x,=0, n Ly, 3a1aHHOr0 CHUCTEMOH ypaBHEHMH X;=—=Xx,= ...
«.. =Xx,. HaliTu npoexknuu eIMHHYHEIX BEKTODOB
e=(1,0,0,...,0), =(0,1,0, ...,0),...,e,=(0,0,0, ..., 1)

Ha L, napamneabHo L, u Ha L, napanmenbHo L.

1329. okasatb, YTO INPOCTPAHCTBO BCEX KBAAPATHHIX MAaTpHIl NO-
PAlKa A ecTb NMpsMas CyMMa JMHeHHHX NOANPOCTPaHCTB L, — cuMmerpH-
yeckux u L, — kococummerpuueckux marpui. Hattrn npoexumuu A, u Ay

MaTpUILILL 1 1 ... 1]
a—]o 1.1
l[o o...1

wa L, napannenpno L, u Ha L, napannemsHo L,.

1330. HoxkasaTe, uro pewleHus a060f COBMECTHOH CHUCTEMBl JMHER--
HbIX YPaBHEHHH C 7 HeM3BeCTHHIMM paHra r o0pasyioT JHHeHHOe MHOTO--
o6pasue NpoCTPaHCTBA R, pasMepHOCTH d == n—r 1, 06paTHo, 114 moGoro-
d-vepHoro JjuHefiHOro MHOroo6pasuss P npocrpaHcTBa R, cylecTByer
CHCTEMa JIMHEHHBIX YDaBHEHHWM C 7 HEU3BECTHBIMH pavra r=n—d,
pelieHuss KOTOPOH 3aMOJHAIOT B TOUHOCTH 1aHHOe MHorooOpasue P.

1331, Ilycte namel 1Ba JHMHeHHBIX MHOroo6Gpasust (cM. BBeleHHe):
P =L +x n Py=Ly,-+}x,, rne L;, Ly— /InHefinbie MOANPOCTPAHCTBA.
U X,, Xy— BeKTOpnl mnpocrpanctsa R,. [lokasate, uro P,= P, Toraa
H TOAbKO TOTHa, Korda Ly =L, u X, —x, &L, Taxum oOpasom, quneii-
HOE MPOCTPAHCTEO, NMAapa/Je/bHEIM CABUTOM KOTOPOTO ﬂOle‘-laE:TCﬂ JLaHHOE:
MHorooOpasue, ONpeleneH0 OAHO3HAYHO.

1332, Joxkasarb, uto ecau P = L-} x, rie L—mmemioe HOANpO-~
CTPaHCTBO U X, — BEKTOP NpOcTpaHcTBa R,, TO BEKTOP X, NPHHALICKHT
MHOrooOpasuio P 1 1oc/e 3aMeHb 9TOTO BeKTOpa Jo6LM BekTopoM X € P
MOoJyYyaeTcsl TO K€ camoe MHorooGpasue P.

1333. Jlokasatb, uTO eciiu npsMas uMeeT JBe OOLIME TOUKM C JMHeH-
HBIM MHOT0OOGpasueM, TO BCA OHa COJEPHTCA B ITOM MHOrooGpasudt (Ipw
3TOM TOUKA OTOMXIECTBJACTCH C BEKTOPOM, HMCIOLIUM Te XK€ KOOPIMHATHL,.
T. €. WIYIUUM M3 Hayaza KOOPAMHAT B LAHHYI0 TOYKY).
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1334*, Jloxasars, uto mobbie IBe npsMbie npocTpauctsa R, (n>> 3)
COePKATCS B HEKOTOPOM TPEXMeDHOM JMHe#HOM MHOTOOOpPasuu, Jexa-
meM B R,.

1335. Hatitu ycnoBus, HeoOxoLHMbEe U NOCTATOUHBIE [/ TOTO, YTOGLI
ABe InpaAMble X==@a;-+a;f u x=Db,- b! npocrpaucrsa R,(n>1)
JIeXaNny B ORHOH MJOCKOCTH.

1336. Haiitn Heo6GxomuMble B LOCTaTOYHBIE YCIAOBHA 1/ TOrO, YTOGHI
IBe TpaMbe X =a,+ a,f u X == by} b,/ NPOXOIH/HA Hepe3 ©IHY TOUKY,
HO He COBHajand. YKa3aTh METOl OTHICKAHHA TOYKH TePECeueHMs 3THX
NPSIMBIX.

Ha#itu Touky nepeceqemm IBYX MPSMBIX a0+a t u b+ byt

1337. ao—(Q L 1, ——3) al_(Q 3,1, 1, —1)
b,=(1, 1, 2, 1, 2), bl__(l 1, 0, D).

1338. a0=(3, 1, 2, 1, 3), a1=(1, 0, 1, 1, 2}
bp=(2, 2, —1, —1, —2), =2, 1, 0, L, 1).

1339. Hatitu ycnopus, Heo6X0AHMbEIE M LOCTATOYHBIE LJISt TOTO, YTOOHI
yepes TOUYKY, 3aJaHHYI0 BEKTOPOM €, MOMXHO OBIIO NPOBECTH €JMHCTBEH-
HYI0 0pPAMYIO, TlePeceKaollyld IBe JaHHble MNpAMble X==a,—+ a;f H
X == by~ b;f. YKasaThb MeTOL NOCTPOEHHA TAKOH NpAMOH M Touek nepe-
ceyeHHsi ee C JAHHLIMH TIDSMBIMH.

Halttu npsMyio, NpPOXOIAILYI0 HepPe3 TOUKY, 3aNaHHYI0 BEKTOPOM ¢
M TEpPEeceKaolyio NnpaMble X =@y & ¢, x =0y} b,f, n Hatitu TouKH
nepeceueHnsl UCKOMOH TPAMOH C IBYMs IaHHBIMU NPAMBIMH:

1340, a,=(1, 0, -2, 1), a;=(1, 2, —1, —58); b,=(0, 1, 1, —1),
b,=(2, 3, —2, —4); c=(8, 9, —11, —13).

1341, a,=(1, 1, 1, 1), ay=(, 2, 1, 0); b,=(2, 2, 3, 1),
by=(1,0, 1, 3); e=(4, 5, 2, 7).

1342. [loxasath, uTO nio0bie [Be I[JIOCKOCTH TPOCTPAaHCTBA R,
COJepKATCS B JIHHEHHOM MHOroo6pasud pasMepHOCTH - 5.

1343, Hokasarb, 4TO IBa JHHeHHBIX MHOTOOOpasus npocTpaHcTea R,
pasmepHocTel & H [ COOTBETCTBEHHO COLEPXKATCS B JMHEHHOM MHOr00G-
pasun pasmepHocTH < BRI 1.

1344, Jlokasath, 4TO ecnauW jABA JWHeHHBIX MHOroo6pasus — P pas-
MepHOCTH £ M @ pasmepHocTH [—mnpocTpancTBa R, uMelOT 0011yI0 TOYKY,
npuyeM KB-FI>n, TO MX mNepeceueHue ecTb JHHeHHOe MHOroofpasue
pasMepHOCTH > k-~ [—n. Kaxue teopembl BhITEKaloT OTCIOAa AJs Tpex-
MEPHOFO M YeThPeXMepHOr0 MPOCTPAHCTB?

1345. Onucath Bce cJyuanm B3aUMHOTO- PACTIONOXEHHA IBYX NJIOCKO-
creft x=@ay+a;+ ayt, u x==b,-+ bit,+ bt, B n-mepHom mupo-
CTpaHCTBe W YKasarb HeOO0XO0AUMBIE U TOCTATOYHEIS yCa0BUA L/ KaX10ro
M3 STHX CJyuaen.

1346. Ilycts

Ay A oovy Qg (1)
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— mobuie k-4 1 BextopoB mnpocrpaunctsa R,. Ilokasatb, 4YTO BCe
BEKTOPH BHIA

=08+, 4 ... + o, )
rie 4ucaa oy, Oy ..., O YAOBAETBOPAIOT yCIOBUIO
ogt+o—+...+a,=1, 3

o6pa3yioT  auHe#HOe MHOTOOGpasHe P, pPa3MepHOCTb KOTOPOTO paBHa
paHry CHCTeMbl BEKTOPOB

. al—aO, ey ak—ao. (4)

P ectb MHOrooGpasne HaWMeHbllel DasMEepHOCTH, cOIepaliee Bce
Bektopn (1). Pomb @, moxer urpars q1060#f U3 aTnx Bektopos. OGpario,
Jaa moBoro k-MepHOTO JMHeHHOro MHorcodpasus P cyulectByer cucTeMa
k1 Bextopos (1) Takas, 4t0 P COCTOMT H3 BCeX BEKTOPOB Buza (2)
npu ycaosuu (3), npuueM cucTeMa BeKTOPOB (4) nuHeHHO He3aBHcuMA.

1347%, Ompe3iom ¢ KOHyaMU 8 MOYKAX, 3Q0QHHBX BeKmMopaml
a,, a, npocmparncmsa R,, Ha3bHBaeTc COBOKYNHOCTb BCEX TOYEK, 3anaH-
HBIX BEKTOPAMH BUNA X ==0@; Qo Tae Oy =1 1 0 a, <1,
0 < ay < 1. Muowectso M Touex nmpocTpaHcTBa R, HA3LIBAETCA BbinyK-
AblM, ecau Aaf o0BX  IBYX Tovex U3 M Bech OTPE30K € KOHIAMH
B 3THX Toukax coxepxurcs B M. Iloxasate, uro nepecedenue mo6o#
CHCTEMBl BHINYKJABIX MHOXeCTB NpOCTpPauciBa R, eCTb BHIIYKIOE MHO-
WecTBO. Bunyxkavim 3omvikanuem 0annozo muoxcecmsa A u3 R, Hasui-
BaeTCsl NepecevyeHHe BCeX BHLIMYKJEIX MHOXeCTB M3 R,, cozepxammux A.
Jokasarb, 4YTO BHIMYK/IOE 3aMBIKaHME KOHEUHOK CHCTEMEI TOUYEK Npo-

cTpaHcTBa R,, 3alaHHBIX BeKTOpamM# @&, @ ..., @p COCTOUT M3 BCEX
'roqex, 3alaHHBIX BEKTOPAMM BHIAA X ==0;@&; + Q@ ...+ 0p@,, Tie
za,_1u0< Ll @E=12 ..., k).

1348%, Haittu ¢opMy Tena, NOJYYEHHOIO B CEUEHHH YeTHIPEXMepPHOTO
napansenenunesa (B CJydae npaAMOYTOJbHOR NeKapTOBOM CHCTEMBI KOOP-
IHHAT — ueThHpexMepHoro ky6a) |x;|<1 ({=1, 2, 3, 4) Tpexmepuo#t
FUNEPNJOCKOCTBIO ¢ YPaBHEHHEeM X, -} Xo— X3+ x,=0.

1349%, Hafitn npoekuuio YeTEHPEXMEPHOTO TETPasipd, OrPaHHYEHHOTO
KOODIUHATHHIMA TPEXMEPHHIMH TNOLAPOCTPAHCTBAMU W THNEPIIOCKOCTLIO
X+ %o+ x5+ x,=1, HA NOINPOCTPAHCTBO X, X4 X3} x,=0
NapameNbHO NPAMOH X; == X9 = X3 == X,.

1350%, JloxasaTh, YTO IMAaroHa/b 7-MEPHOTO NMapajuiesienunela NeAuTcs
Ha n paBHHIX YacTeyt TOuUKaMu nepeceueHusi ee ¢ (n—1)-MepHbIMH JHHEH~
HbIM# MHOT000pa3HsMH, MPOBEICHHEIMU Yepe3 BCE BepILHMHH MapasJeJeni-
nela HapanjiejbHO JHHEHHOMY MHOroo0pasHio, MPOBELEHHOMY uYepes KOHLb
BCex n peGep, Hauyaio KOTOPHIX COBMajaeT C OLHHM U3 KOHIOB IaHHOM
RHaroHamIH,



1351] § 17. EBKJIMAOBHL U VYHUTAPHEIE IPOCTPAHCTBA 175

§ 17. EBkanaoBH M YHHTApHHIE NPOCTPAHCTBA

Esraudosoin (coomeTETBeHHo YHUMAPHbM) TPOCTPAHCTBOM R, Ha3bIBaeTcH
n-MepHOe BEKTOPHOE UPOCTPAHCTBO HAJ MOJeM BeHIeCTBEHHHIX (COOTBETCTBEHHO
KOMIIJIEKCHBIX) THCEN, B KOTOPOM KaKJOH Iape BEKTOPOB X, ¥ MOCTABJEHO B COOT-
BETCTBHE BELieCTBEHHOE (COOTBETCTBEHHO KOMIIEKCHOE) HHCIO (X, V), HA3HBaeMoe
CKANADHLIM NPOU3BENEHHEM STHX BEKTOPOB, MpHUEM BHIIOJHEHH YCJAOBHS:

a) B clyuae eBKJ4IOBA MPOCTPAHCTBA:

(x, ¥)=(y. x) 1
(x4 X5 ¥) = (x5, ¥)+ (%2, ¥ ¥)]
(ox, y)=o0a(x, ¥); ] 6))
I MOGOTO BEIeCTBEHHOTO UHCAA 0.
Ecau x40, 710. (X, X) > G; 4)
6) B ciyyae YHHTApHOrO NIPOCTPAHCTBA:
(x, ¥) =y, x); 1%
(®1 -+ %0 ¥) = (X1, M) (x5, ) 2"
4TO COBmafaer ¢ (2);
(ax, y)=a(x, y) 39
A5 M060r0 KOMIJEKCHOrO 4HC/A d.
Ecau x+#0, 10 (X, X) >0, 4)

yrto cosnagaer ¢ (4).
Basuc (uau BoOOGHIE CHCTeMa BEKTOPOB) €;, €y, ..., €, HA3KNBACTCA 0pPNLO-
HODPMUPOBAHHBIM, €CIH .
ecau i == j
(e, e) =1 =
) 10, ecn i~ j.
Ecau Her apyrux ykasaHuil, TO KOOPAMHATHl BCEX BEKTOPOB IpeXNOJarainTca
B3ATBHIMA B OPTOHOPMUPOBAHHOM 6a3uce.
BekTOpH X u Yy Ha3LIBAIOTCS OPTOTOHANBHEIMH, ecan (X, y)=0.
[TponeccoM OpTOrOHaAW3ALMH CHCTEMBI BEKTOPOB @, @y, ..., @g HA3bBIBaeTCH
nepexoj OT 3TO CUCTeMBl K HOBOH chTleme b, b,, ..., b, noCTPOCHHO! Ccaexyio-

muM obpasom: by =a; by=ap— > c;b; (k=2 3,..., 5), rae ;= {ag, b))
=1 (b;, b))
(=12,..., k—1), ecu b;5=0, u ¢; — moGoe umcno, ecmu b; =0.
3uauenue ¢; MOAYYASTCH YMHOMEHHEM DABEHCTBA, BLIPAXAIOWEro by uepes
apu b;(i=1 2 ..., k—1), na b; npu ycaosuu, uto (b, b;)=0.

1351. Hoxasath, yTO U3 CBOMCTB CKA/JASIPHOrO NMPOU3BEIEHHS, YKA3aH-
HHIX BO BBEAEHNH, BHITEKAIOT CJIeLyloHie CBOHCTBA: )

a) (%, N -+y)=(x y)+ (x5 ¥ 119 MOGHX BEKTOPOB €BKIUI0BA
(u1M YHHTapHOTO) NMPOCTPAHCTBA;

6) (¥, oy)=o0(x, y) Ljad mMOOHX BeKTOPOB X, ¥y €BKJANWIOBA NpO-
CTPaHCTBA U /M0GOT0 BeUleCTBGHHOIO YMCaA O;

B) (¥, ay)=0a(x, ) A1a moObIX BEKTOPOB X, ¥ YHHTAPHOTO npo-
CTpaHCTBA M JIOGOr0 KOMILIEXCHOTO uHCHa Q;

1) (% — X ¥) =X, ) — (% ¥)

o) (x, 0)=0,



176 OTHEJ 1V. BEKTOPHBIE ITPOCTPAHCTBA [1352—1356

1352. Kaxumu cBofictBamu JomxHa oOsjalare OuauneHHas Qopma
n

g= X @;;%;y; LA TOTO, YTOGH ee 3HaYeHHe OT KOOPAMHAT IBYX MOOHIX
1 7=1

BEKTOPOB

X=(Xp Xg «vos X Y= Yo +. s V)
RELIeCTBEHHOrO BEKTOPHOTO MNPOCTPaHCTBA R, B HeKOTOpoM OGasuce e,
€9y ...y €, MOXHO OBIIIO NPpUHATL 3a CKaJAPHOE INPOM3BEILEHHE ISTUX

BEKTOPOB, ONpejelsioliiee A-MEPHOE €BKAULOBO NPOCTPAHCTBO? Yemy pas-
HHl CKalspHble MPOM3BeleHdusl BeKTOPOB BHOpaHHOro Gasuca?

1353, Iycts nasa spMuTOBa OMauHefinas dopma g == al.].xt.yj,
i j=1

Yepra Hal HeU3BECTHHIM Y; O3HAuyaeT, UTO NpH 3aMeHe y; ero 4HCIO-
BbIM 3HAYEHMEM O; CJIELYeT Y; 3aMEHAThb KOMMJIEKCHO COMPSKEHHbIM 3Ha-
YeHHeM a Ilycte marpuua A—(a,])l sTot QOpME — 3pMUTOBA, T. €.

a,j——aﬂ (l, Jj=1,2, ..., n). Tloxkasar, 4TO 3HaYeHUs COOTBETCTBYIO-
n

med SPMUTOBOH KBaAPAaTHYHOH OpME f-_ Z a; xx IpH  JIOObIX

j

KOMIJIEKCHBIX 3HAUCHHAX Xy, Xg + . .» X, BemeCTBeHHbI, u ecau dopma f no-
JOXUTENbHO onpeleneHHa, T. e. f > 0 npu mo0HX KOMIJIEKCHHX 3Haye-
HHAX X[, X9 ..., X, He BC€ U3 KOTOPHIX PABHH HY/, TO 3alaHHe CKa-

n
NAPHOrO TIPOU3BENEHUs PABEHCTBOM (X, ¥)= a”xiy], TG X1y« vy X,

i, j=1
U Yy ..., Y,— KOOPIMHATH COOTBETCTBEHHO BEKTODOB X M ¥y B He-
KoTOpOM Gasuce e, ..., €, KOMIUIEKCHOFO BEKTOPHOFO MPOCTPaHCTBA R,

NpeBpamiaeT 3TO NMPOCTPAHCTBO B YHHTapHOe, MpHueM Ji060e YHUTapHOe
NPOCTPEHCTBO MOXHO NOJYYHTb TAKHM IyTeM.
1354, Ioxasath, YTO CKaaIpHOE NpPOM3BejeHHe ABYX JOOBIX BEKTOPOB:

X={(Xy Xg -.+s Xph y;(yl, Yoo vvvs ¥

€BKANI0BA MPOCTPAHCTBA TOrA3d M TOJLKO TOTAA BLIPAXKACTCSE PaBEHCTBOM

(X ¥ = X9+ X9V« . XY

Korna 0asuc, B KOTOPOM B3ATHl KOOPIMHATHI, SIBISETCH OPTOHOPMUPO-
BAHHBLIM.

1355, Ilycts L, u L,— nunefidsie NOANPOCTPAHCTBA €BKANAOBA (MJH
VHUTAPHOTO) NpocTpaHcTBa R,, MpHueM pasMepHocTb L, MeHblie pasmep-
nocti Ly 1oxasatb, uto B L, Halllercss HeHy/neBOH# BexTOp, OpTOFOHaJIb-
Hplf KO BceM BexTOpaM u3 L.

1356. Hoxasarb, uTO moﬁaﬂ CHCTEMA TNONAPHO OPTOTOHAJBHHIX He-
HyJeBLIX BEKTOPOB (B 4acTHOCTH, Ji06as OpPTOHOPMUPOBAHHAA CHUCTEMA)
JIMHEeHHO He3aBHcHMa.
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[TpoBepuTh, YTO BeKTOPH! CAEAYIOIMX CHCTEM NONAPHO OPTOFOHAJLHEL,
¥ JIOTOJHUTL HX [0 OPTOTOHAJBHEIX 6asHcoB:

1857, (1, —2, 2, —3), 1358. (1, 1, 1, 2)
@ —3, 2, 4. (1, 2, 38, —3).

Ha#ttn BexTOpH, JOHOMHAIOLIME CJEAYIOLIHE CHCTEMbl BEKTOPOB A0
OPTOHOPMUPOBAHHLIX $asucos:

1359. (% iy —g-) 1360. (-;— TS —é—)
12 2 11 1 1
AR A A N

Tlpumensss npoitecc oproroHanusauun (CM. BBeleHHE), NOCTPOUTH
OPTOroHaMbHLIA 6a3UC NMOANPOCTPAHCTBAE, HATSHYTOTO HA IAHHYIO CHCTEMY
BEKTOPOB:

1361, (1, 2, 2, —1), 1362. (I, 1, —1, —2),
(1, -1, —5,  3), (G, 8 —2, —3),
3 2 8 —7. 3, 9 3 8.
1363. (2, 1, 3, —1),
(7. 4 3, —3),
(I, 1, —6,  0),

G, 7, 7, 3).

1364, Opmozonassrsin Gonosnenuem noonpocmpancmsa L npocm-
pancmga R, HaseBaercs coBOKymHOCTh L* Bcex BexkTOpoB U3 R
KaXAu# U3 KOTOPBIX OPTOTOHAJEH KO BceM BekTopaMm u3 L.

Ioxasatb, uTO:

a) L* asnserca AMHeHHBIM NMOANDOCTPAHCTBOM NPOCTPAHCTBA R;

6) cymma pasmepHocre#t L w L* pasHa n;

B) NpPOCTPaHCTBO R, ecTb Inpamas cymma noanpoctpaucts L u L*.

13656. MokasaTb, u4TO OPTOTOHaJbHOE IONOJHEHHE K JuBeHHOMY moZx-
NPOCTPAHCTBY MpocTpancTea R, o6aalaeT CBOHCTBAMH:

a) (LY =L; 6) Li+Ly =LinLy 1) (LiNLy) =Li+ Ly
r) R,=0, O =R,

3necb O —uyJesoe NOANPOCTPAHCTBO, COZepikallee JHbL HyAeBOR
BekTop 0.

1366. Hatitn Gasmc oproronasibuHoro nononuenus L* moanpocTpas-
cTBa L, HaTAHYTOrO Ha BEKTOPH:

a=(,0 2 1), a=(2, 1, 2, 3), a3=(0, I, —2, I).

ne
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1367. Jlune#Hoe MOANPOCTPAHCTBO L 3anaHO ypaBHEHUAMH:

2x1+ x2+3x3— x4=0.
3%, 2x5 —2x,=0,
3x1+ x2+9x3— x4=0.

HaiiTn ypaBHenus, sapawuive opTrorosanbuoe AONOJHeHHe L*.

1368. Tlokasath, uto 3azaHue muHeliHOro noxnpocrpascrsa L mpo-
CTpancTBa R, W €ro OpPTOrOHATLHOTO AONOJNHeHHS L* B OPTOHOPMHPOBaH-
HOM Gasuce CBA3aHBl TaK: KO3(OhUIMEHTH JHHENHO HE3aBUCHMON CHCTEMBI
JUHEAHBIX ypaBHeHn#, 3anaioumiell oaHO W3 3THX MOANPOCTPAHCTB, CAYKaT
KOOPJAMHATAMH BEKTOPOB 0asuca ApYroro MoOANPOCTPAHCTBA,

1369. Ilycte L — nnHefinoe nOANPOCTPAaHCTBO NPOCTPaHCTBA R,
Joxasatk, uro Jw060# BekTOp X M3 R, OIHO3HAYHO TNPeNCTaB/AETCA
B BHle X=9y-}2, rie ¥ npunamtexur L u 2 oproronanen k L. y Ha-
3bIBAeTCA OPTOroHaNbHOH Npoexuue# BexTOpa X HA MoxnpoctpaHcTso L,
a 2 opToroHanmbHOH cocTaBisioile#t X oTHocureabHo L, VYkasaTh mnpuem
IJIst BHIUMCHIEHNS ¥y U 2.

Hatitn oproroHambHylo NpOeKUMI0 ¥ M OPTOTOHAIbHYIO COCTABJSAIO-
Y0 2 BeKTOpa X Ha JuHeHHoe moampocrtpancteo L:

1370, x=(4, —1, —3, 4). L HarauyTo Ha BEKTOpPH
a;=(1,1,1,1), a,=(1, 2, 2, —1), a;=(1, 0, 0, 3).

1371. x=(5, 2, —2, 2). L HaTAHyTO Ha BEKTOPEI
a,=(2, 1, 1, —1), a,=(1, 1, 3, 0), a;=(1, 2, 8, ).

1372. x=(7, —4, —1, 2). L 3anano cucreMoft ypasHeuuii:

2x1+ XQ+ x3+3x4:0;
x1+2x2+2x3_QX4:0.

1373*, Paccmosnuem om mouxu, 3a0QHHOE sexmopom X, 00
AUHeIR020 MHO2000pa3us P =L -}- x, Ha3bIBAETCA MHHUMYM DacCTOAHKMH
OT IaHHOH TOYKH IO TOYEK MHOroo0pasus, T. €. MUHHMYM JJHH BEKTO-
pos x —u, rae u— sekrop P.

Jlokasatb, YTO 3TO PacCTOfAHME PABHO AJMHE OPTOrOHAJILHOH COCTaB-
Jsioilel 2 BEKTOPa X — X; OTHOCHTE/]bHO JHHEHHOro noanpocTpancTea L,
napaniefbHeIM CIBUIOM KOTOPOro mOJyuaetcs MHOrootpasue P.

1374, Hatitu paccrosHnHe OT TOYKM, 3aNaHHOH BEKTOPOM X, 1O JH-
HelHOro MHOrooOpasus, 3alaHHOrO CHCTEMOH ypapHeHHH:

a) x=(4, 2, —5, 1); 6) x=(2, 4, —4, 2);
261 —2xy+ X3+2x,=09, X+ 2% %3 — xy=1,
2x) —4xy+2x343x, =12, X, +3xg 4 x5 —3x, =2.

13756%, Nokasatb, uto paccrosmie d OT TOYKH, 3alaHHOH BeKTO-
poM X, Ao JauHeHHoro muorooGpasua P =L X, rie L— muHeHinoe
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NOANPOCTPAHCTBO ¢ 0asofl a;, @, ..., @p, BHUHCIAAETCS C MOMOLIBIO
onpeneantens I'pama (cu. 3amauy 1415) no dopmyne

—_ G(alv Qs ..., Ap, x—xﬂ)

d? 2
G(a, a,, ..., ag)

1376%. Paccrosanuem Mexay JABYMA JHEHHEIMM MHOr00Opa3usMH
P,=L,+x u Py=L,-+} x, Ha3piBaeTCs MUHUMYM DPacCTOSHUH N106BIX
JIBYX TO4YeK, OAHA M3 KOTODPHIX mpuHadnexut P;, a apyraa P,. Jlokasars,
YTO DTO PacCTOSHUE PABHO AJIMHE OPTOTOHAIBHON COCTABAAIOMIER BekTOpa
Xy —— Xy OTHOCHTEJbHO JHHERHOro nomnpocrpanctsd L = L L,.

1877. Halltn paccTosnie Mexny JABYMA ILIOCKOCTAMH X = @,f; +
+ @yfy X 1 X==agt; + Gty + X,, The

a=(, 2,2, 2), a,=(2, —2, 1, 2),
a;=(2, 0, 2, 1), a,=(1, —2, 0, —1);
x;=(4, 5, 3, 2), x,=(1, —2, 1, —3).

1378%, TIpaBU/IbHLIM 71-MEDHBIM CHMILIEKCOM €BKJ/IHI0BA MPOCTPAHCTBA
R,(p > n) HasviBaeTCA BHIYKJOE 3aMbikanue (CM. 3anavy 1347) cuctemsl

n + 1 Touexk, HaxoXAUIMXCH APYr OT APyrd Ha OAHHAKOBOM pacCTOAHMH,
Toukn HaHHOH CHCTeMbl HAa3HIBAOTCH BEPINHHAMH; OTPE3KH, UX COeNHHSIO-
wne, — pedpaMy, a BHIIYK/bIE 3aMBIKAHHS NMOACHCTEM X~} 1 TOuek HaHHOH
CHCTEMBI — R-MEpHEIMH TpaHaMu CHMIJiekca. IlBe rpasu HaseIBAIOTCH TPO-
THBOINOJOKHBIMH, €C/M OHH He HMeloT oOWUX BepuiuH H Jiobas U3 n—- 1
BePWINH CHUMINIEKCA ABJAETCA BepHIMHOH ONHOH M3 3THX rpaHeid.

HafiTu paccrosiHue MexIy IByMs IDOTHBOMOJOXHBIMH TDaHAMH pa3-
MepHocTelt B U n— k-— 1 n-mepHOro cuMmiiekca ¢ IIMHOH pedep, pae-
HOM eiuHUUE, U JOKA3aTb, YTO OHO PABHO PACCTOSHUIO MEXINY UEHTpaMu
ITUX rpaHed.

1379%. Ilyctb e — BexTOp IJMHB eJMHHLA eBKINAOBA (MM YHHTap-
Horo) npoctpauctBa R,. Joxasarb, uto Jaiofo#t BexTop X n3 R, 0nHO-
3HAYHO MpeLCTaBiseTcs B Bule X—oe—2, rte (2, e)=0. Yucao a
HA3HIBaeTCH MpoexlUHeH BeKTOpa X Ha HanpasjeHHe e M 00o3Hauaercs
uyepes prex.

Joxkasarb, 4TO:

a) Pre(X—+3) = PreX - prey;
6) pre (Ax)=Ap1.X;
B) PrexX =(x, €);
r) aaa mob6oro OpPTOHOPMUPOBAHHOro Oasuca e, ..., e, u M06oro
' n

BEKTOpPa X HMeeT MEeCTO PaBeHCTBO x=2(preix) -e;.
i1

1380%, Ilycts e, ..., €, — OPTOHOPMHMPOBAHHAA CHCTEMA BEKTOPOB
epKkannoBa npocTpanctBa R,. Joxasats, uyr0o Add M00OTO BeKTOpa X
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u3 R, UMeeT MecTO HepaseHCTBO (uepameHcTBO Becceus):

k
3l prep)? < | 1%,
=

NpUYeEM 3TO HepaBeHCTBO o6palaercsa B paBeHCTBO (pasencTBo Ilapcesans)
Las mo0oro X u3 R, TOraa U TOJbKO TOrAa, KOria £ ==n, T. €. CHCTeMa
e, ..., e, AB1AeTcs OPTOHOPMHPOBAHHHIM 0asuCOM.

1381%, Hoxazarb HepaBeHcTBO Ko — ByHsakoBckoro

>, << (%, X)(, Y

Inst MOOHX BEKTOPOB X W Y €BKJAMIOBA TNPOCTPAHCTBA, TpPHUYEM 3HAK
PAaBEHCTBA MMeeT MeCTO TOTAAa M TOMLKO TOrAd, KOTA& BEKTOPH X U ¢
JUHEHHO B3aBHMCHUMBHI.

1382%, Ioxasatb HepaseHcTBo Koiu — Bynsaxosckoro

* NG < E NG, Y

I1s JOGHIX BEKTOPOB X W ¥ YHHTADHOIO MPOCTPAHCTBA, NpHUYEM 3HAK
PaBeHCTBA MMEET MeCTO TOrAa M TOMbKO TOrAA, KOUAd BEKTODH X W ¥
JVHEeHHO 3aBUCHMBL.

1383. Tloabsyach HepasencTBOoM Kouu — ByHAxosckoro, IHokasaTth
cjelyiollie HepaBeHCTBA:

(2ab> LZ:’a%-Zﬂ. b?

1 i=1

L5 JOOBIX BEIeCTBEHHBIX YHCeN @y, ..., G, by, ..., b, (cM. 3anauy 503);

Z}ml2 ZIbP

n

2 aizl

6)

Anst MOGEIX KOMIIEKCHBIX YHCeN &y, ..., &, by, ..., b, (cM. 3agauy 505).

1384. B OecxoHeyHOMEpPHOM BEeKTOPHOM HDPOCTPAHCTBE BCeX Belle-
CTBEHHHX HENPEepHBHHIX Ha OTpe3ke [a, b] dyukuuit ¢ oObiuHBIMM cJ0-
HeHneM GYHKUUR U yMHO)KeHl/IEM GynKUMY HA YUCIO 3aMAHO CKaJApHOE

npousBeieHue (f, g)= ff(x)g(x)dx. IIpoBepuTh BHINONIHEHHE BCEX

CBOUCTB CKAAAPHOrO nponsseﬂem/m €BK/IUAOBA TPOCTPAHCTBA (CM. BBeILeHI/Ie)
U Hanucath HepaBeHCTBO Komn — ByHAKOBCKOrO A/ STOrO NPOCTPAHCTBA.

Ha#ity AJAMHEI CTOPOH ¥ BHYTDEHHUE YIJVIBI TPeyrOJbHUKOB, BepIUUMHBI
KOTOPHIX 3alaHbl CEOMMH KOOpPIHHATAMU: -
1385, A2, 4, 2,4,2), B, 4, 4, 4,6, C(G,7,5 17, 2.
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1886, A(1, 2, 3, 2, 1% B3, 4, 0, 4, 3);

(1+261/78 24 2VT8, 34+ VT8 245V T8, 1 o 1/78)

1387. Hoxkasarh caenyiouiee o606menne TEOPEeMBl  3JeMeHTapHOR
MaTeMaTUKH O ABYX NeprNeHIUKyAapaXx: eClH BEeKTOP X eBKJIHIOBA (WM
YHUTADHOTO) TNPOCTPAHCTBA OPTOrOHAMEH K KaXIOMy H3 BEKTOPOB

a, @ ..., @ TO OH OpPTOTOHaleH K JIOGOMY BEKTOPY JIHHEHHOrO
noanpocrpanctsa L, HaTSHYTOrO Ha BEKTOPH @y, @y, ..., Gp.
1388, [oxasarb, uto ecam x==qay, Tt0 |x|=|0|-|y|. 3aecb

| x|, |¥|— anmuHa BekTOpOB X, y.

1389%, JlokasaTe, uTO KBaApar AHATOHA/H NMPSAMOYTOJILHOIO f-MEPHOTO-
napaJjiiesenunesa paBeH CyMMe KBaApaToB ero pebep, BBHIXOLALIUX H3-
olHON BepuwHHbl (n-MepHoe oOoOiwenue teopemu Ilndaropa).

1390%, JloxasaTe TeoOpeMy O TOM, YTO CyMMa KBaZpaTOB IMAroHajel
napan/iejorpaMMa paBHa CyMMe KBaipaToB ero CTOPOH.

1391. Hoxas3aTb TeopeMy O TOM, UTO KBAaApAaT CTOPOHHI TPeyro/bHHKA
paBeH CyMMe KBAaApaToB ABYX ADYFHX CTOPOH 0e3 YIBOEHHOrO NpOH3Be-
JeHUs 3THX CTOPOH HA KOCHHYC YI/Ja MeXLy HHMH, MOMb3YsICh CKAJAIPHHIM
- YMHOKEHHEM BEKTODOB.

1392, ITonb3ysice nepaBencTBoM Koumm — ByHskosckoro, LOKasaTb.
HePaBeHCTBO Tpeyroabuuka: ecian p (X, V) -— paccrosnue Mexay TOYKaMU
X n Y, 1o pam mo6eix tpex Touek A, B u C umeem p(A4, B)—+4
—+0(B, C) > p(A4, C), npuueM paBeHCTBO HMeeT MeCTO TOTI& M TOJbKO
TOTa, KOTJAAa BeKTODH X, MnposeleHHbi u3 A B B, W y, npoBeleHHbI}
u3 B B C, KoaMMHeapHB M OJAMHAKOBO HANPAaBJIEHHL.

.1393. Haiitu uucno nuaronanielt n-MepHOro Ky6a, OpPTOrOHABHBIX.
K JaHHOH JauaroHaiw,

1394, Ha#ttu nauuy nnaroHanu n-MepHoro xyfa ¢ peGpom a u npenen
3TOW IMJIHHBL TpH 7 —> 0.

1395, HokasaTb, uTO BCe AMaronamy rn-mepHoro Ky6a oOpasyloT oxuH
M TOT XKe Yroa @, co Bcemu ero peOGpamu. Ha#itm 10T yroa u ero
npenes npu n—>co. Ilpn kakoM n noayuum ¢, ==60°2,

1396. Haittn Buipaxenue paauyca R 1iapa, ONUCAHHOrO OKOJO
n-MepHoro ky6a yepe3 pefpo @; Kakas M3 3THX Bequuud R u a Oojblie
npH pasiHuHbIX 7?7

1397. Hokasarb, uTO oOpTOroHa/lbHas Inpoekuus Jwboro pebpa.
n-mepHoro ky6a Ha /a00yi0 AHaroHaib 3TOoTO Ky0a no abCcoMIOTHON Beau-

1
yuHe pasHa 7 JAJWAHBI AUaroHaJsu.

1398%, JlokasarTb, UTO OPTOTOHA/JbHHIE NPOEKUNY BEPLIMH A-MEPHOTG
kyba Ha m06yi0 ero juaroHajib IeisT ee Ha 7 PaBHBIX yacTel.

1399*, Tlyctb X, y— HeHy/JeBble BEKTOPH €BKJHAOBA NPOCTPaH--
ctBa R,. Hokazarb, utO:
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a) Xx==o0y, rie o >0, TOraa M TOJABKO TOT'Aa, KOTAZ YroJ MEKLY
X H y paBeH HYJO;

6) x==ay, rie & <0, TOrAa K TOAbKO TOrI4, KOTAA YTOJ MEXALy
X W y paseH .

1400%, Jlokasarb, 4TO U3 BCeX BeKTOPOB JMHEHHOrO MNOLAPOCTPaH-
cTBa L HauMeHbImME yron& ¢ JaHHBIM BeKTOPOM X o6pasyeT OPTOTOHaJb-
Has npoekuus ¥y Bexropa x Ha L. [Ipu sTOM paseHcTBO coS(X, y) =
=cos(x, ¥), rie y €L, BunoaHsercs TOTAa W TOJbKO TOTNa, KOTAa
¥y =ay, rie a >0,

1401, Ha#itm yron mexAy OWaroHaiblo r-MepHOTO Ky6a u ero
k-mepHO# Tpaubio.

Halttu yroa Mexiy BeKTOpOM X H JHHEHHBEIM NOANPOCTPAHCTBOM,

HATAHYTHM Ha BEKTOPBI @&y, &g ..., &y
1402, x=(2, 2, 1, 1); 1403, x=(1, 0, 3, 0);
=, 4, —4 —1) a=(5 3, 4, —3);
a,=(0, 1, —1, 2). a,=(1, 1, 4, 5)

a; =2, —1, 1, 2).

1404, Yeiom mexny nByMms JuHeHHbiMH noanpocrtpauctsamu L, u L,
€BKJIMIOBA NMPOCTPaHCTBA R, He UMEIOWUMH OOLUX HEHYJEBHIX BEKTO-
POB, HA3BIBAETC MUHUMYM YT/IOB MEXILY HEHYJEBLIMH BEKTOPAMU X, Xg,
rie x €L, xy€L, Ecm nepeceuenne L 1L,=D=+0, npuuem
D=L, D+L, t10 yraom mexay L, un L, Ha3biBaercs yroa Mexuiy
HX MepeceyeHUsiMU C OPTOrOHAJNbLHBIM IonoJHedueM D* k nepecevennio D,
Ecan onHO M3 JaHHBIX MOANPOCTPAHCTB COLEPHUTCA B APYroM (B uacT-
HOCTH, €C/IM OHM COBNAJAIOT), TO YrOJ Me}Ay HUMHM CUMTAeTCst PaBHBIM
HYO. YT/IOM MeXAy JHHEHHLIMH MHOTOOGDA3HAMM HA3LIBAETCR YTOJ MEXILY
COOTBETCTBYIOLIMMH MM HoInpoctpaHcTsaMu. ITOKazaTh, 4YTO Yroa Memay
JIOOHMU  NOIANPOCTPAHCTBAMH MJH MHOrooOpasusiMH Bceria onpeieleH
¥ PaBeH HYyJI0O TOrZa W TOJALKO TOTId, KOTA4 OLHO H3 MOANPOCTPAHCTB
WM MHOTOOOPasuit CoLepKUTCA B APYrOM W% MHOroo0pasus napaie/bHst,

1406%, Haittu yrosr mexxay IBymepHuiMH rpaamu AyA;A, u A 434,
NPaBHJALHOTO YeThIPeXMepHOTOo cuMmekca (cM. 3anauy 1378) AjA;4.434,.

1406%, Haiith yrosq Mexiy INIOCKOCTAMH @y @l @ty
b, -+ byt byty, rre

a=(@3, 1,0, 1), ¢,=(, 0, 0, 0), a;=(0, 1, 0, 0),

by=(2, 1, 1, 3), b,=(1, 1, 1, 1), by=(1, —1, 1, —1).

1407%, Tlycts paHsl JMHEHHO He3aBHCHMAA CUCTEMa BEKTOPOB

€, €y ..., e, M [IBe OPTOFOHAJIbHLIE CHCTEMbl HEHYJEBHIX BEKTODOB
Jio o oo fou g &, ..., g Takue, uTo BekTOpH f), M g, AuHEHHO
BLID@XAIOTCA yepe3 @, €y, ..., &, (k=1, 2, ..., s). Jlokasatb, uTO

Jr=opg, k=1, 2, ..., 3), r1e u,+0.
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1408%, Tlycte R, — €BKAMLOBO NPOCTPAaHCTBO, 3a BEKTOPH KOTO-
poro B3aTH BCe MHOTOWIEHH CTeleHH <72 C BeuleCTBEHHHIMH K03ddu-
LIMEHTAMH OT OJNHOTO HeH3BECTHOTO X, a CKaAAPHOe IPOM3BeleHHe MOJH-

+1
HOMOB f (X) u £ (x) onpeleaeHo Tax: (f, g)= f fx)g(x)dx.
-1

IoxasaTh, 4TO CJeIylOlUHe INONUHOMB, W3BECTHHE [OL HalBaHUeM
nomuHoMoB Jlexannpa:

Py(x)=1, P,(x)=-.

-—-—‘i'i[(xi’—l)’*] (=1, 2 n)
2kl daxk oo
06pasyloT OpTOroHalAbHBIH Gasuc mpocTpancTsa R, ;.

1409, Vcxons u3 onpelefeHuss MNOJAHHOMOB JlexaHipa, RaHHOTO
B Npelbiiylleit sanaue, HaltTH nmoauHomMbl P, (x) mna =0, 1, 2, 3, 4.
Y6enutbes, uto P, (x) uMeer crTeneHb B, M HanucaTh PasBEPHYTOE B~
paxenne no creneusiM x as P, (x) npu moGom k.

1410%, Briuncauts «anunys nonunoma Jlexanapa P, (X) KaKk BeKTOpa
eBKJIMIOBA npocTpaHcTBa R, 3anaun 1408.

1411%*, Bruucaute sHauenye noanuoMa Jlewaunpa Pp(x) npn x = 1.

1412%, Howasarb, uto ecan k Gasucy 1, x, x2, ..., x" esBkaunosa
npocTpancTBa R, ., 3anaun 1408 npumenuTs mnpolecc OPTOTOHAIH3ALUH,
TO moayuarc MHorouneHel fo(x), fi(x), ..., f,(x), orTasvawwuecs

JUIUL TIOCTOSIHHBIMM  MHOMMTENIIMM OT COOTBETCTBYIOUIHX MOJHHOMOB
Jlewannpa, Halitu atu MHOWKUTenH.

1413. Ilycts npouecc OpTOroHaAM3aliul HEPEBOLHT BEKTOPH @&y,
a; ..., @, B BeKTOpH B, b,, ..., b, coorBercrBenHo. llokasath, urto
b, ecTb OPTOrOHAJbHAA COCTABJAIOLLAsT BEKTOPA @&, OTHOCHTENbHO JHHEH-
HOTO TNOANPOCTpaucTsa L,_;, HATAHYTOrO ~Ha @, ..., Gp_ (£ > 1).
Jasiee nokasarb, uTO

0| b, i< la,] (k=12 ..., n),

npuueM | b,| =0 TOrla M TOJLKO TOrIA, KOTIA @&, JAHHEHHO BHIPANKAETCH
uepes @y, ..., @p_1(R>1) nm a,=0 (k=1); |b,|=]a,| rorua
M TOJbKO TOrLa, Koraa (@, @)=0 (j=1,2,..., k—1; k>1)
wm k=1,
1414%#, Jlokasate, 4TO UHTerpan f[f ()Pdx, rre f(x)— muoro-
-1
uleH f-# CTeNneHH C BElWECTBEHHBIMH KOdGhdULUUEHTAMU U CTApLIUM KO3D-
¢unMeHTOM, pPaBHBIM elMHHLe, JLOCTHraeT CBOEr0 MHHUMYMa, pAaBHOTO
22ﬂ+1 9n
S S -~
@n+1) (cg,,)ﬁ cr
P, (x)—nomunoM Jlexxannpa crenenn n (cum. 3anady 1408).

TOTZA M TOJLKO TOria, Koraa. f(x)= P,(x), rie
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1415, Onpenenurenem ['paMa BekTOopoB @;, &, ..., @, €BKNMILOBA
{nau yHuTapHOTO) MpoCTpaHcTBa R, HA3LIBAETCA ONpeNeauTe/b

(@, @) (e @) ... (a1 @)
ga, ..., a,) = (@ @) (a5 @) ... (ay ap)

v e« a . . .

@ @) @z ay) ... (ap a,)

lokasaTb, uTO onperenuTenb ['pama He H3MeHSeTCHS NPU TPUMEHEHUH

‘K BEKTOpaM @, .., @&, npollecca OPTOTOHATM3AWMH, T. €. eC/lu B pe-
:8y/AbTate OPTOTOHAIM3AUMH BEKTOPH &, ..., @, HepeliyT B BEKTOPH
b, ..., b, 10

gl@, ... ap)=g(b, ..., bpy=(b, b)(by by ... (b, b).

IMonb3ysch 9TUM, BHISACHHTL TI'EOMETPUYECKHH CMHICK £ (@), @) H
g (ay: ay @;), npeinojaras BeKTODPH! JHMHEHHO HE3ABUCHMBIMH.

1416%, Jlokasatb, 4TO Ijs NuHeHHOU 3aBUCUMOCTH BEKTOPOB &y, ..., @
-eBKJIMA0BA (WM YHUTAPHOTO) MNPOCTPAHCTBA HEeOGXOIMMO M LOCTATOYHO,
4106bt onpenesuTent I'paMa 3THX BexTOPOB OblA PaBeH HYJIO.

1417%, [sa Gasuca e, ..., e, u fy, ..., f, eBxaugoBa (unu yuu-
“TapHOTO) MPOCTPAHCTBA HA3HIBAIOTCA B3AMMHBIMH, €CJIH

P 1 npu i=j,
e, f;)= .
€. 1)) 0 npu [/,
Hokasars, uro ana moboro 6asuca e, ..., €, B3aUMHBIH 06asuc
CYLIECTBYET M Onpelesied OIHO3HAUHO.
1418, Ilycrs § — marpuua mepexoza or 6asuca ey, ..., €, K 6asucy
e, ..., e, Haitrn marpuuy T nepexoxna or Gasuca fj, ..., f,, B3aum-
V4 /4 I4 /.
HOTO C €, ..., e,, k OGasucy f], ..., f,, Bsaumuomy c e\, ..., e;:
a) B €BX/HAOBOM HPOCTPAaHCTBe, 6) B YHUTapHOM INPOCTPAHCTRE.
1419%. Jloxasatb, urto onpenenutens [pama g (@, ..., @) pased
HYJ/I0, €C/IM BEKTOPH @, ..., @, AHHEHHO B3aBHCHMEI, M TIONOXHTEJNEH,
€CIH JIMHeHHO He3aBUCHMBL.
1420, oxasarb, YTo ecau JWHEHHO HE3aBHCHMHIE BEKTODH &y, ..., @,
NPOLECCOM OPTOTOHAIH3ALMK MEPeBOAATCS B BeKTOPH By, ..., b, TO
a, ..., a
| b |2=—‘g—(—‘—-——"’—)—(k= 1, 2, ..., n; onpexennrens I'pama ¢ HyJe-
gay, ..., @)

BBIM UMCJIOM BEKTODOB INPUHUMAETCSi PaBHHLIM €NUHUEE).
1421*, B npocTpaHcTBe MHOTOUY/IEHOB CTeleHH He BHUe n-# OT
OJHOTO HEW3BECTHOTO X C BeIleCTBEHHbIMH KOI(PPUUMEHTAMH CKAMIPHOE

1
HIpouBBeAEHUE 33a1aH0 PABEHCTBOM (f, &)= f F(x)gx)dx.
0
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Hatity paccrosnne 0T Havana KOOPAMHAT 1O JMUHEHHOrO MHOroofpasus,
COCTOSIIET O M3 BCEX MHOTOW/IEHOB CTENEHH 7 CO CTapluuM KoddduuueH-
TOM, paBHBLIM eJUHHLE.

1422%, Jloxasath, 4TO Aa4 onpelemutens ['paMa cnpasBeinunBo Hepa-
BEHCTBO

0<Lga, ..., ap<|a,|* ... |a, %
npuvyeM g (@, ..., @,)=0 TOrIa U TOABKO TOr1a, KOTIZ BEKTOPHI
Qp, ..., @ JuHEHHO B3aBuCUMB, H g (@), ..., @y =|a,? ... |a,|*
TOTZAa W TOAbKO TOTA3, KOTia JHOO BEeKTOPH @, ..., @p NONAPHO OPTO-

rOHanbHb, aM60 XOT4 O ONMH M3 STHX BEKTODOB paseH HyJio.
1423. Tlonnsyace npepbaylue#t 3apauedt, 10KasarTb HEPaBEHCTBO:

n
Anamapa, umento, ecmn D=|a;; | — onpeneiutess ¢ BeleCTBEHHbMU

n n
2
snementamy, 10 D? lIl Jéla” (cm. sagauy 923), npuueMm sHaK paBeH-

CTBA MMEET MECTO TOrJAa U TOJLKO TOrnaa, Koria ambo
n
D oapap=0 (+ji j=12 ..., n)
k=1

an6o onpenenautens D colepkuT Hynesylo cTpoky. Kak namenurca yrsep-
MIeHHe A4 ONpele/uTensd ¢ KOMIIEKCHBIMU 9/1E€MEHTAMH P
1424%, Jloxasarb, 4t0 onpesenuteab D, MONOKHTENLHO ONpele/neHHO
n

-
KBAApAaTHUHOH QopMEI f== @;;X;X; YAOBIETBOPSET HEPaBEHCTBY
i, j=1
’ n
Df< l-[1 ay.
il=

14256%, Iokasartb, uTo mobas BelleCTBEHHAs CUMMeTpHuYeckas Ma-
TpuuaAA=(a,-j)f C HEOTPHUATE/IbHLIMU T/IABHLIMH MUHOPAMH SBIAETCSH
marpuueit I'pama, T. e. CylliecTByeT cucTeMa BEKTODPOB &€, ..., €, €BKIU-
10Ba MPOCTPAHCTBA R, TaKasd, uro (&;, €;)==a;; (i, J= 1,2, ..., n).

1426*, Hokasatb, u4TO J100as SPMUTOBA MaTpHLA A=(ai}-)f c
HEeOTPULATENbHBIMU T/IABHHIMU MHHOPaMH sBisieTcst MaTpuie#t ['pama, T. e.
CYILECTBYeT CHCTEeMa BEKTOpOB €, ..., €, YHHTapHOrO MPOCTPAaHCTBA R,
TaKas, 4TO

(e,-, ej)=alj(i, j:1. 2, ey ﬂ).

1427%, Onpenenmum o06beM n-MepPHOro napajaneenHnena, MOCTPOEH~
HOrO HAa JMHEHHO HE3aBUCHMHIX BEKTOPAaX @&, @y ..., @, €BKINIOBE
TIPOCTPAHCTBA, UHLYKTUBHO YCJAOBUAMU:

D Ve)=|a}|
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2y Va, ..., a,)=V(a, ..., a,_y)+ h,, rie h,— n1uxaa opro-
TOHAaJAbHOH COCTaB/AAWIEH BeKTOpPa @&, OTHOCHTE/NbHO MOANPOCTPAHCTBA,
HAaTAHYTOTO Ha BeKTOPH &, ..., &,_;. Jlokasath, uTo
V@, .... a)=Vg@, ... a)=|D|,

Tie D — onpeleanTens U3 KOOPIMHAT IAHHEIX BEKTODOB B KaKOM-HUGYIb
OPTOHOPMHPOBAHHOM 6a3nce 7-MEPHOrO NPOCTPAHCTBA, HATAHYTOrO HA
BEKTOPH @y, ..., &,

1428%, Jokasatbh, 4TO 0O6beM n-MEpPHOTrO MNapajie/fenuiena HE Npe-
BOCXOIMT MpPOM3BeleHHs LJHH ero pefep, BHXOIALIMX M3 ONHOH Bep-
IIMHE, W PaBeH 3TOMY HPOU3BEIEHHI0 TOTLA M TO/ILKO TOTrAa, KOTAd 3TH
peGpa MoONapHO OPTOFOHAJAbHBL, T. €. Napa/leNenunel MPAMOYroAbHEIM.

1429%, Jlokasarb caelywolnee cBoicTBo onpeienutens I'pawma:

g@, oo @ by o B L@ o @) E (DL ..., b)) (1)

TIpu4yeM 3HaK paBeHCTBA MMEEeT MeCTO TOria W TOJIbKO TOria, K‘Ol‘ﬂa 6o
(@, b)=0 (@¢=1,2 ...,k Jj=12 ..., 2

.u60 xoTa 66 ONHA M3 MNOACHCTEM @, ..., @, U by, ..., b, nuneitno
‘3aBHCEMA.

1430%, Iokasatb caeayoiuee csoﬂcmo ofbeMa napaanenenunena:
V@, .... ap by, ..., 0p<V(ay, ..., ap)V(by, ..., b)), npuuem
3HAK paBeHCTBa MMEET MeCTO TOrZa H TOJbKO TOrZza, Korna (@ b)=0
{d=1, 2, ..., k& j=12,..., 0.

1431%, ﬂoxasarb, uTo ecnn A — BellecTBEHHAA CHMMeTpHYeCKas
Marpulad NOPAAKAa A C HEOTPHUATENLHHIMH T/ABHHIMA MHHOpaMH, A, —
Marpuua nopsizka k& < n B JIEBOM BEpXHeM ymy, A, — MatpHua nopsuu(a
n—Fk B NPABOM HINKHEM yry MATPHUE A, 10 A4, ] 4l
{cpasuuth ¢ 3anauefi 922).

1432%, Pewmntp 3ajayy, aHanoOTHUHYIO npenblaylled, ecau A — spmu-
“TOBA MATPHUA C HEOTPUUATENbHBIMH TJIaBHLIMH MHHOPAMH.

1433%, Haiitn ycnosus, HeoOxoauMble M JOCTaTOYHBIE IJs TOTO,

2
4ro6n Cj.1 NMOJOKUTENbHBIX YUCE

aij (i, j:0| 1: 2, vy I t>j) (1)

‘OBLJIN:

a) paccTOSHUAMU BCEBO3MOMHBIX Nap BepILIMH HEKOTOPOro /Z-MEepPHOro
CUMIIEKCA eBK/AMZOBa TnpocrpaHctBa R, (T. e. cucTeM n-}1 Touek,
He jexawux B (n— 1)-MepHoM JHHe#iHOM MHOroo6pasuu);

0) pacCTOSHMAMH BCEBO3MOXHBIX 11ap TOYeK HEKOTOPOHU cucTeMbl n -1
TOYEeK €BK/JAMLO0BA NMPOCTPAHCTBA R,.
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§ 18. Jluneiinbie npeo6pasoBaHns NPOH3BOJbLHBIX BEKTOPHBIX
NPOCTPAHCTR

B stom naparpade 3a OTAEIbHBIMH HCKJIIOUYCHUAMY PAaCCMATPHUBAIOTCH JuHell-
Hpe npeoOpasosanusi ad@UHHBIX  BEKTOPDHHX HpocTpancTs. [IpeobpasoBanus
€BKJMAOBBIX U YHHTapHBIX NPOCTPAHCTB PacCMOTpEeHH B CJelyloumeM naparpade.

Jlnneiinvie npecOpasoBanua ofo3nayaloTcs veped ¢, P ¥ T. A, 06pa3 Bek--

TOpa X IpH HpeoOpa3oBaHud ¢ — uepe3 X, CUCTEMA BEKTOPOB @4, ..., {Pa,—
uepe3 @ (@, e a,,)o.

Marpuneit aunefinoro npeo6paszoBanuus ¢ B 6asuce ey, ..., e, HasmBaeTCs
Matpua Ay, CTOAGULI KOTOPOH COCTaBIEHH! H3 KOOPAMHAT 06pasoB 6asnuca
Q€. ..., §€n B TOM e 6asuce ey, ..., €,; HHEIMH CIOBamy, Marpuua A, onpe-
HNEAAETCA PABEHCTBOM )

e ..., ex)=(e, ..., ey) A, 1)
Itycrs T — marpuna mnepexopa ot 6asuca ey, .... €, kK 6asucy fi, ..., fn (cM.

seenenue k § 16), Ay n By — Marpuust npeo6pasoBaHusi ¢ B NEPBOM H BTOPOM:
6asuce cootBeTcTBeHHO. Torza MMeer MecTo COOTHOMIEHHE

-1

By=T7"A,T. 2y

Koopauuarst yy, ..., ¥y, 06pasa X BeKTOpa X NpH JuHEHHOM NPeo6pPaBOBAHUU @
BHIPAXAIOTCA 4epe3 KOOPAMHATH Xy, ..., X, Hpoo6pasa X B TOM xe 6a3uce mpu

noMoutu Marpuisl Ay = (aij){‘ JuHeHHOro npeoGpas3oBaHusi ¢ B ToM xe Gasuce:
n

caenyouuM obpasoM: y; = 21 a;jx; (i=1, ..., n) uM B MaTPHYHOH 3amHCH:
” i X
LYn Lxa)

CymMmoit @ -1, npousBeieHueM @Y JBYX JuHEHHHX npeoGpasoBanuil ¢ U P u
NPOU3BEJCHHEM QP YHCAA O HA -AuHeliHOe npeo6pa3oBaHHE ¢ NPOCTPAHCTBA R,
Ha3bBaloTCA Npeo6pasoBaHug, ONpefeaseMble COOTBETCTBEHHO PAaBEHCTBAMH!

@+ x=0ex-9x, (eV) x =0 (Ppx), (a¢) x =0 (px),

Js 060T0 BEKTOpa X MPOCTPAHCTBA R,

1434. Jloxasath, YTO MOBOPOT MJIOCKOCTH HA YIoJ ¢ BOKPYT Hayana
KOODAMHAT #ABJSIETCSl AuHEHHBIM npeo6pasosaHveM, M HaHTH Marpuuy
3TOro mpeobpasoBaHuss B J1I060M OPTOHOPMUpOBAHHOM O0asuce, ecnu MO~
JIOMHUTEJIbHOE HANPaBJeHUE OTCYETA YIJIOB COBNAJAET C HaNpaBieHNeM Kpar-
Yaiiero NOBOPOTA, MepeBOLALIErO NepBbIft GasucHHM BeKTOp BO BTOpPOM..

1435. IlokasaTth, uYTO NOBOPOT TPeXMepPHOT'O NPOCTPAHCTBA HA YIOA
2n
3
HEHUSIMH X| == Xo == X3, #BJAfETCH JUHeHHLIM NpeoOpa3opanueM, ¥ HaHTH
MaTpuuy 3Toro npeobpasosanna B 0asuce M3 eLMHUYHLIX BEKTOPOB €;, €3,
€3 0Ceit KOOpIMHAT.

BOKDYT NpAMOH, 3anaHHON B NPSAMOYTOJLHOM CHCTeMe KOOPIMHAT ypas-
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1436, HoxasaTb, 4YTO NpOEKTHPOBAlHe TPEXMEPHOTO NPOCTPAHCTBA
Ha KOOPIMHATHYIO OCh BEKTODa €, Mapaiie/bHO KOOPIUHATHOH IJIOCKOCTH
BEKTODOB @y U e, fABAfeTcs JuHeHHHIM npeo0pa3oBaHueM, ¥ HaliTH ero
MaTpuny B Gasuce e, €, €.

1437, loka3arb, yro NPOEKTHPOBAHME TPEXMEPHOrO NPOCTPAHCTBA HA
KOOD/JMHATHYIO TJIOCKOCTb BEeKTOPOB €, €, Mapa/jiejbHO OCH KOOPLHHAT
BEKTOPA @3 fIBJAETCH JjiuHedHBIM NpeofpasoBaHHeM, H HAfTH ero MAaTpUIY
B Gasuce e, e,, e;.

1438. oxasaTh, 4TO OpTOTOHalbHOE MNPOEKTHPOBAHME TPEXMEPHOTO
TPOCTPAHCTBA Ha OCb, OOpa3yloyi0 paBHbE YI/Ibl € OCAMU NPAMOYTOJb-
HOH CUCTeMBl KOOPIMHAT, SIBJSIETCS JMHeHHBIM MpeoOpasoBanueM, U HafTH
ero Marpuuy B 0aszuce eIMHUYHBIX BEKTOPOB KOOPIMHATHHIX OCelf.

1439. Ilycrs npocrpaHcTBo R, ects npsaMasd CyMMa JAHHEHHBIX NOA-
npocrpaicts L, ¢ GasucoM @y, ..., @ u Ly ¢ GasucoM @, ..., @,
Hlokasath, 4TO npoexkTHpOBaHWe npocTpauctsa Ha L, mnapaanensHo Lo
AB/sETCH JIMHEHHBLIM Npeo0pa3o3aHueM, U HaHTH MaTtpHiy 3TOoro mpeoldpa-
'30BaHua B Gasuce @y ..., @,

1440, JokasaTb, 4TO CYLLeCTByeT eIMHCTBEHHOE JHHelHOe mpeobpa-
30BaHHe MNpPOCTpaHCcTBA R,, MNepeBoidliee NaHHble JUHEHHO He3aBUCHMble
BEKTODH @&, ..., &, B JaHHble BekTopel by, ..., b,. Kak Halttu Ma-
TPHUY 3TOrO npeodpasosanus B 6asuce @, ..., @,°

BrisicHuth, Kakue u3 ciaenyOlINX npeofpa3oBaHufi ¢, 3a1aHHLIX MyTeM
3a1aHUA KOODIMHAT BeKTOpPa (X Kak (yHKUMA KOODIMHAT BEKTOpa X,
ABNAOTCH JUHEHHBIMH, M B CAydyae JHHEHHOCTH HAWTH MUX MATPHUUL B TOM
2Ke 0asunce, B KOTOPOM 3alaHB KOOPAMHATH BeKTOPOB X M (X.

1441, gx = (xy-} x5 2%+ X3, 3x;— X5+ Xx3).

1442, ox = (xy, X3+ 1, x342).

1443, @x = (2, 4 x5 X, xg, xg)

1444, @x —=(xX]— X5~ X3, Xz Xo).

JHoxasars, uTO CyliecTByeT eIMHCTBEHHOE JHMHelHOe Npeobpasosanue
TPeXMEPHOTO NPOCTPAHCTBA, MNepeBOislilee BEKTOPH @, &g @3 COOTBET-
cTBeHHO B by, by, b;, ¥ HaliTH MaTpuLy 9TOro npeo6pa3oBanus B TOM Ke
-Gasiice, B KOTOPOM LAaHBI KOOPAMHATH BCEX BEKTOPOB:

1445, a;=(2, 3, 5), b;=(l, 1),

aQ:(O, ) 2), b2=(1, _1)1
az=(1, 0, 0); b;=(2,

1
0
1446, a1=(29 0, 3)1 b1=(1: 2, _1)»
1
1

— o
3]
~—

a,=(4, 1, 5), b,=(4, 5, —2),

a;=@3, 1, 2); by=(1, —I1, 1).
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1447, Ilycte nuHeliHoe npeoOpasoBande @ npocrtpaHcTBa R, nepepo-

INT NUHEHHO HesaBUCHMBE BEKTODH @y, ..., @, B BEKTOpPH B, ..., b,
coorsercTBenHo. [loxasatb, uT0 Marpuuy A, 5TOro mpeobGpasosaHus
B HEKOTOpPOM 0asuce €y, ..., €, MOXHO HalTH U3 PaBeHCTBA Aq):BA_l,
rie croabup mMaTpun, A U B cOCTOST U3 KOOPIHHAT BEKTOPOB &y, ..., @,
M COOTBEeTCTBEHHO by, ..., b, B Oasuce e, ..., e,

1448, Joxasath, uTO mnpeoOpa3oBaHue TPEeXMEpPHOTO NPOCTPaHCTBA
ox=(x, a)a, tie a=_(1, 2, 3), aBnserca auHeflHEIM NpeoOpasoBanueM,
M HaHTH ero MaTpHLULl B OPTOHOPMHUPOBAHHOM 0Oasuce &, €y, €3, B KOTO-
POM IaHBH XOOPAMHATHL BCeX BeKTOpoB, W B OGasuce b,=(1, 0, 1),
b,=(2, 0, —1), b3=(1, 1, 0).

1449, TlokasaTb, YTO YMHOMeHHf KBaAPAaTHLIX MaTPHL BTOPOro MO-

a b
psaka a) caesa, 0) cnpaBa Ha JAHHYX MATPHLY <c d

HbLIMH NPe0OpPasOBAHHAMH NPOCTPAHCTBA BCEX MATPUL BTOPOTO NMOpPALKA, H
HallTH MaTpuusl STHX npeoGpasoBaHult B Gasuce, COCTOALIEM M3 MaTDHIL

1 0 0 0 0 1 0 0
0 0/’ 1 o/0 \0 0/ \0 1)
1450, IToxasatb, uTO IHuddepeHUHpOBAHUE SABASETCA JHHEHHBIM TIpe-
oGpa3oBanieM NPOCTPAHCTBA BCEX MHOTOUNEHOB CTeMeHd <7 OT OJAHOTO

HEHM3BECTHOTO C BellleCTBeHHHMU Kod(duumeHTamu.
Haiitu Matpuuy sroro mpeobGpasoBanusi B Ga3suce:

) ABJAAIOTCA JIHHEeH-

a1, x, x2, ..., x%

6) l,x—c,u E—o"

o s er s l s TI€ ¢ — BeU€CTBEHHOE YHC/O.

1451, Kax u3MeHuTCs Marpuua JHHe#HOTo npeoOpasopauus, eciu
B Gasuce e,, €, ..., €, NOMEHATL MECTaMH 1BA BEKTOpa e;, €;?

1452, JluweHnoe mnpeoGpasoBande ¢ B Oasuce e;, €, €3 €, UMeeT
MaTpuuy

(1 2 0 1]
3 0 —1 2
2 5 3 1
1t 2 1 3

Ha#itu matpuuny s10r0 e mpeobpasosanus B Oasice:

a) ey, €, e e

0) e, e;te, e;+e,+6; e fe,+6;+e
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1453. Jluue#noe npecOpasoBaune ¢ B Oasnce e;, €, €; HMeeT Ma-
TpRUY

15 —11 6
20 —15 8
8 —7 6

Ha#ttn ero Marpuuy B Gasuce
Ji=12e;3e;+e;5, [fo,=3e -|4e;+e; Jfi=e + 2e,+ 2e;
1454, Jiunefinoe npeo6pasosanne ¢ B 6asuce

a,= (8, —6, 7), a2=(———16,.7, —13), a;=(9, —3, 7) umeer

Marpuuy - | 8 15
—1 —22 15
1 —25 22

Hafitn ero marpuuy B 0Oasuce
b=, —2, 1), b,=(@, —1, 2), b;=(2, 1, 2).

1455, lokasaTb, uTO MATpHIL OJAHOTO M TOFO e auHetinoro npeoGpa-
30BaHus B AByX 0asucax TOTNa H TONbKO TOTAA COBNALAIOT, KOTLd MaTpuua
nepexoja OT OIHOTO n3 5THX 6a3ncoB K APYroMy NnepectTaHOBOYHA C Ma-
Tpuuief 3TOrO JMHeRHOro nNpeofpa3oBaHus B OJNHOM M3 IaHHHX 0a3ucos.

1456, Joxasate, 4ro mwo6oe auHefiHoe npeoOpasoBaHue ¢ OAHOMED-
HOTO MPOCTPAHCTBA CBOAMTCS K YMHOMEHMIO BCEX BEeKTOPOB Ha OJHO H
TO e UMCIO, T. €. QX ==0X LI A1000r0 BeKTOpa X.

1457, Tlycrs npeobpasosanne ¢ B Ga3uce @, ==(l, 2), @;=(2, 3)

3 5

MMeeT MaTpHLy (4 3). [TpeoGpasosaune Y B Oasuce b, =(3, 1),
' 4 6

b, == (4, 2) umeer Martpuiy 6 9/

Hafitu Matpuny npeobGpasobanus ¢\ B Gasuce by, b,.
1458, TIpeoGpasosanue ¢ B Gasuce a;,—=(—3, 7), a,=(1, —2)
2 —1
HMeeT MaTpuuy (5 _3), a npeo6pasopanue P B Gasuce b, == (6, —7),

1 3
by ==(—35, 6) umeer MaTpuuy (2 7).

Hattru matpnuy npeoGpasosanna ¢ip B Tom 0asuce, B KOTOPOM [Haubl
KOOPIHMHATHl BCEX BEKTOPOB.-



]459_1468] § 18. JIMHEMHBIE TIPEOBPA3OBAHUS IIPOCTPAHCTB 191

1459, Iyctb @ — nuueitnoe npeoGpa3oBaHue MPOCTPAHCTBA MHOrOY/e-
HOB cTeneHn <7 ¢ BEuUleCTBEHHHMN KodpPULMeHTaMu, Nepesoisdilee
KaX Al MHOTOYIEH B ero mpousBoauylo. Ilokasats, uro @7tl=0.

1460, Ilyctb @ -— nuHeliHOoe mnpeoOpasoBadie Idu(depeHUNPOBAHHA,
2 p— yMHOXeHNe Ha X B OeCKOHEUHOMEPHOM MPOCTPAHCTBE BCEX MHOTO-
yqeHOB OT X C BellecTBeHHHIMH Koddduuuentamu. Jokasatb, uTo

Qv — Yo =rnp" .

1461, TTokasatb, uTo JMuHeHHbe NPeOGPAZOBAHUS - MEPHOTO POCTPAH-
CTB2 OTHOCHTE/NBHO CJOXEHHS M YMHOXEHHs Ha 4YuCAO camu oDpasylor
BEKTOPHOE MPOCTpaHcTBO. HallTH pasMepHOCTb 3TOTO MPOCTPAHCTBA.

1462. Jlunelinoe mnpeoOpasoBaHue ¢ nApocTpaHcTBa R, HasbiBaeTcs
HeguipodennbM, ecnn ero matpuua A, B KakoM-uuOynp (4 3HAYHT H
B moGoM) Ga3uce HEBLIPOKAEHHA, T. €. lA [+ 0. HMoxasatb, 4TO 3TOMY
ONpelLeneHHI0 SKBHBANEHTHO Kax10e H3 cneﬂyxoumx JnHe#HOe npeodpa-
30BaHHE  HEBHIDOXIEHHO, ecan: a) U3 ¢x =0 crenyer x=0; 0) npu
orobpaxenun ¢ moGoft Gasuc NPOCTPAHCTBA NepeXOauT cHosa B 0asuc;
B) oTOOpaxceHHe (¢ B3AUMHO OJHO3HAYHO, T. €. eClli Xy % Xy, TO @X; 7 PXo;
r) ¢ orobpaxaeT MPOCTPAHCTBO Ha BCe MPOCTPAHCTBO, T. e. Ajs Ji0OOTO
¥ ER, nafizerca x € R, TaxoHl, 4TO ¢x==y; 1) ¢ oOnazaer OOPaATHBIM
npeobpasoBanueM P, T. e. P (¢x)=Xx s noboro X ER,,.

1463. Ilyctb x — cobcTBeHHLI! BeKTOD JMHeHHOrO npeoGpa3oBaHus @,
fpUHaANexalui cobcTeenHoMy 3HayeHuio A, u f (£) — muorounes. Joxa-
34Th, YTO TOT X BEKTOpP X OYyIeT COOCTREHHBLIM BEKTOpOM Mpeolpaso-
BaHHA f (), NMpUHALIEKAUIUM COBCTBEHHOMY 3HaueHHo f (A). HHbmu cio-
BaMM, 1OKa3aTh, uUTO M3 (¢x=AX caexyer f(p)x=f(A)x. :

1464%*, Tlycts X-— cOOCTBEHHBIR BeKTOP JMHeRHOrO npeoGpazosaHus
@, npuHagnexamui co6CTBEHHOMY 3HaueHMio A, u f (f) — dynkuns, aas
KOTOpO# npeobpasoBanue f (@) umeer cMpica (ec/iu ¢ B HeKOTOPOM OasHce
umeet MaTpuuy A, 10 f () onpenensieTcs B ToM xe Gasuce matpuued f (A),
npuyeM MOXHO JNOKa3aTb, 4To f () He 3aBMcUT OT BhOopa 6asuca). Ho-
Ka3aTb, YTO TOT XKe BeKTop X Oyler coOGCTBEHHEIM BeKTOpoM INpeobpa-
soBanus f (¢), mpuHamnexamuM coOcTBeHHOMY 3HayeHHi0 f (A).

Haiit coGcTBenHble 3HaueHHs M COGCTBEHHBlE BEKTOPH JHHEHHHIX
npeoOpasoBanuit, 3aAaHHLIX B HEKOTOPOM Ga3uce MATPUUAMH:

1465. 2 —1 2 1466, 010
5 -3 3 ] —4 4 0
—1 0 —2 —2 1 2
1467, /4 —5 2 1468. 1 —3. 3
5 —7 31 —2 —6 13}

6 —9 4 -1 —4 8
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1469, —3 4 1470. / 7 —12 6
( 7 s). 10 —19 10
-7 7 12 —24 13
1471, —5 7 1472. /1 0 0 0©
( —4 9 00 0 0
0 5 00 0 0
100 1
1473. (1 0 0 0] 1474. (3 —1 0 0]
0000 1 1.0 0
00 0 3 0 5 —3
lo 0 0 1 l4 —1 3 —3

1475. Iloxasatb, u4TO COOCTBeHHBIE BeKTOPH JuHeHHOro Npeo6paso-
BaHHS, NPHHALIEKALINE Pa3JuYHbM COOCTBEHHBIM BHAYEHHAM, JHHEHHO
He3aBUCHMEL.

1476, doxasarb, uro mob6as kBaiparHaga Marpuua A, umewowas pas-
JIHYHBlE XapaKTepUCTHYEeCKHe Yxc/a, NoAo0Ha LHArOHA/AbHOM MaTpuue (Hal
HOAEM, COHEPKAUIHM KAK 3NEMEHTHl MATPHILI, TaK H €e XapaKTepHCTH-
yecKue yucaa). -

1477. Joxasarb, uTO ecinH auxefiHoe npeoOpasoBanue ¢ MPOCTPaH-
cTBa R, nmeer n pasqHyHBIX COOCTBEHHBIX 3HAueHHH, TO J0OOE JHHeli-
HOe mnpeo6GpasoBaHue 1P, TNepecTaHoBOuHOe ¢ ¢, obnanaer 6a3ucoM CoG-
CTBEHHEIX BEKTOPOB, NpuyeM /molbolt cobcTBennbit BekTOp ¢ Oyner colb-
CTBEHHHIM H 141 .

1478. [oxa3arp, 4TO Marpuua JuHeffHOrO NpeodpPA30BAHUA B HEKO-
TopoM Oa3uce sBiageTcd IMArOHaJAbHOM TOTA2 W TOALKO TOTAd, KOriaa
6asuc cocTont U3 COOCTBEHHBIX BEKTOPOB JAHHOTO NPeoOpa3OBaHH:.

BoiscHUTB, Kakue H3 CAeLYIOLIUX Marpuil JUHEHHHX rnpecOpasoBaHull
MOXHO NpPHMBECTH K 1MArOHA/IBHOMY BUAY IyTeM MNepeXoAa K HosoMy Oa-
sucy. Hafitn sror 6asuc M COOTBETCTBYIOLIYIO €My MaTpHuy:

1479, /—1 3 —I 1480, /6 —5 —3
—3 5 —I 3 —2 —2
-3 3 1 2 —2 0

8L (1 1 1 1) 1482.i4 —3 1 2
11 —1 —1 5 —8 5 4
I —1 1 —1] 6 —I12 8 5]'
1 —1 —1 1 li —3 2 2
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1483. (0 0 O 1)
0 0 1
01 0 0
ll 0 0 0
0 0...0 1
0 0. 0
1484%, HOna marpuum A== * * °© ' ' ° | nopaixa n Haltu He-
1...0 0
[1 0...0 0

BHIpONAeHHYI0 MaTpuuy 7T, nis KOTOpOH Marpuua B=T"'AT 6bna 61
IMATOHA/MBLHOK, M HalTH 3Ty Marpuuy B.

1485. Munumarvioim MHO204AEHOM OAsl BeKMOPQA X OTHOCHTENbHO
MUHERHOro NpeoO6pasoBanus (p HA3bIBAETCs MHOrouwneH g, (A) co crapunM
ko3¢ duiuenToM 1, MMeOWIUH HAauMEHbLIYIO CTeleHb CPeld BCEX AHHY/HM-
PYIOIMX MHOTOYJIEHOB AJds X OTHOCHTEJNBHO @, T. €. MHOrouneHos f(A)
co cpoiicTBoM f () x = 0.

AHaj0TRUHO OTpenensieTcs MUHMMAAbHBIA MHorounen g (A) oTHoCH-
TeJbHO JHHEHHOTO npeoOpasoBaHHs ¢ AJd Bcero mpocrpancTsa. [loxa-
3aTh, YTO MMHHMa/abHBIH MHOTOuseH g (A) auHeHHOro mnpeolpasoBaHus @
paBeH HauMeHblieMy OOLleMy KpaTHOMY MHHMMAaJbHHIX MHOTOYJIEHOB AJA
BEKTOPOB Ji06Oro 6a3uca MPOCTPAHCTBA OTHOCHTEIBLHO .

1486*, Haiitn ycnoBus, npu KOTOpHX Marpuia A, uMeoulas Ha no-
OOUHOH AMaroHaaM HUCJIA O, COgy « .., ®, & HA OCTAIbHBIX MECTAX HYJIH,
nono6Ha IHAroHaJbHOR MaTpHLe.

1487. Hafitu cob6cTBenHble 3Hauenus M cOOGCTBeHHblE BEKTOPHI JHHEH-
HOTO npeobpa3oBaHus, fBadloUlerocs Iu@depeHIypoBaHeM MHOTOY/EHOB
CTenenn < 7 ¢ BelleCTBEHHHIMU KO3(duuienTamu.

1488, Ilycts ¢ — smneitHoe npeoGpasosaHue npocrtpacrsa R,. Co-
BOKYTIIHOCTb BCEX BEKTODOB X, rie X — JioOoi BekTOp U3 R, Ha3bIBaeTCA
o6pasom R, npu npeobpasosanuu @ Wil 0040CMbIO 3HAYEHUE .
CoBoxynHocTb BceX BeKTOPOB X H3 R,, Takux, u4to @x =0, HaswiBaeTCs
noarvM npoolpazom RyaL npu npeobpalosaruu P uiu adpor ¢. Ho-
Ka3aTh, 4TO: a) 00/acTb 3HauyeHHit @ sAB/IAeTCA JMHEHHBIM NOANPOCTpaH-
CTBOM R,, pasMepHOCTb KOTOPOro PaBHa paHry @; 6) AIpo ¢ ecTb JuHel-
HOE NOANPOCTPaHCTBO TNpocTpaHcTBa R,, pa3MepHOCTb KOTOPOro paBHa
nedexTy @, T. €. PasHOCTH MEXLY N H PAaHroM Q.

1489, Tlyctb ¢ -— nmneiinoe npeobpasosanue u L — noXnpocTpaHcTBo
npoctpanctea R,. Joxasarb, uto: a) 06pas ¢L u 6) noaubili npooGpas

~1L nonupocrpanctBa L npu auHeiHOM npeo6pa3oBaHWU ¢ CHOBA 4B-
JISIOTCH MOANPOCTPAHCTBAMM.

1490. okasarb, uYTO 1151 HEBHIPOXIEHHOrO MMHEHHOrO npeobpaszosa-
HHd @ npoctpaHcTea R, pasmepuocTb: a) oOpasa QL u 0) noaHoro
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npoo6pasa ¢~ 1L  moGoro nuxefHOro moinpoctpascTea L pasHa paamep-
Hoctu L.

1491%, OGosnauum uepes pasM. L pasaMepHOCTb JMHEHHOro mnou-
npoctpaHcTBa L n depes ned. ¢ nedext nuHEHHOro npeob6pasoBaHHA .
Joxasarb, 4TO pasMepHOCTH o0pasa M NMOJHOTrO MPoofpasa MOANPOCTPaH-
crsa L mpoctpaHcTBa R, npu npeoGpa3oBaHHK ¢ YAOBAETBOPSAIOT Hepa-
BEHCTBAM:

a) pasMm. L—ned. ¢ < pasm. @L < pasm. L;

6) pasm. L <pasm. ¢ 1L < pasm. L ned. .

1492*, Toab3ysacey npedsinywieft 3anavell, nokasarb HepaseHcTsa Cuab-
BecTepa I8 paHra NpOW3BeleHHs ABYX KBaipaTHHX Marpuu A u B no-
paika n: ro—rg—n-Lrpp<min(ry, rg) (cMm. 3anasy 931).

1493, Iokasars, uro:

a) paur (@—1) < paur @ paur ¥;

6) ned. (¢¥) < nedp. ¢-ned. P ang mobux AuHeHHHIX npeobpazo-
BaHu# @ ¥ P nNpocTpancTBa R,

1494, Hatitn coOcTBeHHBle 3HAUEHHS M COOCTBEHHBIE BEKTOPH! JMHEH-
HOro npeo6pasoBanus ¢, 3anaHHOrO B Gasuce @,, @) @3 @, Marpuueit

1 0 2 —1]
0 1 4 —2
2 —1 0 1
2 -1 —1° 2

[Tokasark, 4TO NOANPOCTPAHCTBO, HATAHYTOE HA BEKTOPH @; + 2@,
u @+ a3+ 2a,, [BAAETCA MHBAPHAHTHHIM OTHOCHTEIbLHO (.

1495%*, IloxasaTb, 4YTO YHC/JAO JHHEHHO He3aBUCHMHIX COOCTBEHHbBIX
BEKTOpOB MNpeoGpasoBaHHA (e NPHHALICKAWMUX OLHOMY COOCTBEHHOMY
3HAaYeHWI0 A, He MPeBOCXOJHT KPATHOCTH A, KaK KOPHS XapaKTepucTH-
YeCKOro MHOrou/aeHa npeoOpasoBaHus Q.

1496. oxasarb, 4TO /AHHEHHOE MOANPOCTPAHCTBO, HATAHYTOE Ha JiO-
Oyi0 cucTeMy COOCTBEHHBIX BEKTOPOB mnpeoOpasoBaHuA (p, MHBAPHAHTHO
OTHOCHTE/IbHO §.

1497. [okasaTb, YTO MHOXeCTBO BCeX COOCTBEHHBIX BEKTOPOB J/H-
He#HOTO npeo0pa3oBaHUA ¢, NPHHALMEKAUIMX OLHOMY M TOMYy Xe OG-
CTBEHHOMY 3HAYeHHI0 A, (BMeCTe C HY/JIEBHIM BEKTOPOM), AB/AETCA JH-
HeHHbIM MOANPOCTPAHCTBOM, MHBAPHAHTHBLIM OTHOCHTENbHO (.

1498, Hdoxasatb, 4TO BCe OT/AMYHEIE OT HYJST BEKTODPB MPOCTPAHCTBA
TOFAAa W TOJABKO TOILA SIBAAIOTCH COOCTBEHHBIMM BeKTOPAMH JIMHEHHOro
npeoGpazopanus ¢, Korza ¢ — npeofpasoBaHue NMojobHs, T. €. QX ==0ax
C OIHHM U TeM Xe @ JIas Joboro BeKTopa X.

1499, Jllokasarh, urto n060e NOANPOCTPaHCTBO L, HHBAPHAHTHOE
OTHOCHUTE/IbHO HEBBIPOWAEHHOrO JHHEHHOro mnpeolpasosanus @, Oylder
HHBAPHAHTHO M OTHOCHTENbHO 06paTHOrO npeoGpasosanua @~ L
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1500. Iokasatb, urto: a) o6pas @L wu 6) noaumfi npooGpas ¢~1L
JuHeRnoro noanpocTpancrea L, UHBapHAHTHOrO OTHOCHTENLHO JHHEHHOro
npeo6pasoBanua ¢, Camd OyAYT MHBAPHAHTHH OTHOCHTEJNLHO (.

1601, HafiTh BCce nuHeliHble MOANPOCTPAHCTBA NMPOCTPAHCTBA MHOTO-
Y/€HOB OT OJHOIG HEH3BECTHOTO CTeNeHH < /& C BElIeCTBEHHHIMH KO3¢-
(ULUHEHTaMH, HHBADHAHTHLIE OTHOCHTENbHO NPeOoOpa30BAHHA (), MEPEBOLS-
11ero JioBOH MHOrouJeH B €ro NMPOM3BOIHYIO.

1502, HokasaTb, 4TO MaTpHla JHHeHHOro Npeo6pa3oBaHHA ¢ n-Mep-
HOTO NPOCTPAHCTBa B Oasuce @, @y, ..., @, ABAGETCA KJIETOYHOH no.y-
pacnaBiueficss MaTpuilelf BHha:

A, B
a)'(ol AQ)' rae A;— KBaipatdas MaTpuua nopsnka k< n, Toria

W TOMLKO TOTAd, KOrAa JiMHeHHOe MOANPOCTPAHCTBO, HATAHYTOe Ha Wep-
Buie k BekTOpOB 06asuca @, ..., @, WHBAPHAHTHO OTHOCUTEILHO )}

A, 0
6) (Bl Az)’ rie A;— KBaJpaTHas Marpuua nopaika k < n, Toria

M TOJbKO TOT1A, KOTIA JIKHEHHOe MOANPOCTPAHCTBO, HATSHYTOE HA MNMO-

cnexune n— k BeKTOpOB Gasuca @,.q ..., @, HHBAPHAHTHO OTHOCH-

TEAbHO ¢

A0 ) 4
rie A; —

0 a,) TR

KBajpaTHas MaTpuua mopsaka R, TOTAa M TOMbKO TOTAA, KOra Kak NOA-
NPOCTPAHCTBO, HATAHYTOE HA BEKTOPHl @&, ..., @&, TaK M TMOANPO-
CTPAHCTBO, HATAHYTOE HA BEKTOPH @4, ..., &, HHBAPHAHTHBH OTHOCH-
TeNbHO Q.

1503%, IlycTb anHefinoe npeoOpa3oBaHHe ¢ N-MEPHOTO NMPOCTPAHCTBA
R, B 0asuce a@,, ..., @, WMeeT JHArOHa/MbHYI0 MAaTPUly C Pa3IHYHLIMH
3/eMEHTaMM Ha nuaronanu. HalTn Bce MuHeHHBle NOATIPOCTPAHCTBA, UHBA-
PUAHTHBIE OTHOCUTEJbHO (, U ONpeleJUTb HX UHCJIO.

1504. Haiitu Bce moAnMpOCTPAaHCTBA TPEXMEPHOTO MPOCTPAHCTBA, MH-
BADMAHTHHIE OTHOCHTENbHO JIHHEHHOrO npeobpasoBanus, 3aLAHHOTO Ma-
Tpuuel

B) Marpuua Oyler K/IeTOUHOH pacnaBluefics BHIA <

4 —2 2
2 0 2.
—1 1 1

1506, Hatith Bce noAMpOCTpaHCTBAa TPEXMEPHOTO NPOCTPAHCTBA, HHBA-
PHaHTHEIE OJHOBPEMEHHO OTHOCHTENbHO IBYX JHHEHHLIX npeobpasoBanuf,
3alaHHBIX MaTpHUAMH:

5 —1 —I1 —6 2 3
—1 5 —1 u 2 —3 6
—1 —1 5 . 3 6 2
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1506, Joxasath, uto /i00ble JBa NMePeCTaHOBOUHLIX /JMHEHHBIX npe-
06pa3oBaHis KOMIVIEKCHOTO NPOCTPAHCTBA MMEIOT OOWIMH COGCTBEeHHBIH
BEKTOD.

1507, [okasatb, utO0 1as JI0GOH (x0T Gbl M GeCKOHEuHOH) COBO-
KYMHOCTH MONAPHO MePecTaHOBOYHHX JUHeHHBIX NpeoOpa3oBaHu#i KoM-
MJIEKCHOTO NPOCTPAHCTBA R, CYLUECTBYeT BEeKTOpP, COOCTBEHHBIH A BCex
npeo6pazoBaHuil TaHHOH COBOKYIHOCTH.

1508, JIokasarbh, YTO KOpHEBbie BEKTOPH!, MPUHALIEKALLNE PA3JTHMIHBIM
COGCTBEHHBIM 3HAYEHUSIM, JIMHEHHO HE3ABHCHMMLL.

Ha#iti coGcTBenHble 3HaYeHUst M KOPHEBblE MOAMPOCTPAHCTBA JUHEHHBIX
npeoGpasoBaHnit, 3alaHHbLIX B HEKOTOPOM 0Oa3uce CJelyIOLIMMY MaTPULAMH:

1509, /4 —5 2 1510, /1 —3 4
5 —7 3. 4 —7 8
6 —9 4 6 —7 7.
1511, /2 6 —15 1512, ,0 —2 3 2
1 1 —5 1 1 —1 —I1
1 2 —6 0 0 2 0
: I —1 0 1

1513, Iokasatb, uTO /HHelHOe NMpeoOpaszoBaHHe KOMIUIEKCHOTO TIpPO-
CTPAHCTBA TOrAa M TOJNBKO TOrZa HMeeT IUATOHAILHYIO MATPULY B HEKO-
TOpoM 0asuce, KOrAa BCe er0 KODHeBLie BEKTOPbLl ABIAIOTCA COBCTBeH-
HBIMH BEKTODaMH.

1514, Joxasath, YTO KOMIIJIEKCHO€ NPOCTPAHCTBO TOTAA M TOJBLKO
TOTZa COCTOMT CIIOLUb M3 KODHEBBIX BEKTOPOB JUHEHHOro npeobpasona-
HUA @, KOrja Bce coOCTBeHHble 3HAYEHHA STOr0 NPeoBPa3cBaHHUsS PaBHEI
Mex1y coboi.

1515, Ilycts R — GeCKOHeMHOMEPHOe NPOCTPAHCTBO BCEX BeleCTBEH-
HBIX ¢yHxuud f(x), oNpeieNeHHBIX W HMEIOUIMX NPOM3BOAHBIE JMHOGOTO
nopsska Ha Bcelt 4YMCJAOBOH MpPAMOH, NMPH OOBLIUHBIX CAOKEHMH (DyHKUuH
U yMHOXeHHH (yHKLMM Ha YMCJIO, U @ — npeoOpasoBaHue, NepeBoidiiee
Mmo0yl0 (PyHKUHMIO B €e NPOM3BOLHYIO.

Hatitu: a) Bce coOcTBeHHBle 3HAUeHHS! M COOCTBEHHLIE BeKTOPHI,
0) BCe KOpHeBble MOJNPOCTPAHCTBA NPeoOPa3oBaHuA .

1516, IlpoctpancTBO R, HA3HIBAETCA YUKAUYECKUM OTHOCHTENBHO
JuHeHHOro mpeo6pasoBanus ¢, ecan R, o06nanaeT UMKIHYECKHM (asucoM,
T. e, Gasucom @, @y ..., @, JII9 KOTODOTrO

(pak=ak+1 (k=1. 2,..., n——l)

Ioxasate, 4to ecan R, — UMKAHYECKOE NPOCTPAHCTBO OTHOCUTEILHO @
Ha, 4, ..., @, — UAKJIYUeckHd 0asuc, TO:
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a) MHHMManbHBH MHOTOWMeH g (A) npeoGpasoBaHus ) UMeeT CTeNeHb 71;

6) MUHUMa/AbHLIE MHOTOWYIEH BCEro NMPOCTPAHCTBA COBMALAET C MUHU-
MAJMbHEIM MHOTOWIEHOM BeKTOpa @;

B) ec/M @@, = ;@) Cs@s—+ ... -+c,a,, TO MHHUMAJAbHHIH MHOTO-
yneH npeoOpPa3oBaHUst @ ONPELEseTcsl PaBEeHCTBOM

g(k)zkn—cn}\'n—l_cn_ﬂvn_z— v ™.

1517, okasath, uTO ec/IM CTeNeHb MHHUMAJIbHOrO MHOrouneHa g (A)
JMHeHHOro mnpeofpa3oBaHud ¢ NpocTpaHcTBA R, paBHa n U g (A) ecThb
CTeneHb MHOTOYJIeHa, HeNDHUBOIMMOTO Haj TeM MOJEM, Hal KOTODHM pac-
CMaTpUBaeTC NPOCTPaHCTBO R,, T. €. B Clyuyae KOMIJIEKCHOrO MPOCTpaH-
crBa g (A= —)", To:

a) R, He pa3NokuMO B NPAMYI0 CYMMY JABYX MNOANPOCTPAHCTB, MHBA-
PUAHTHBIX OTHOCHTE/NBHO ;

6) R, sBASETCH UMKJIMYECKHUM OTHOCHTE/LHO §.

Kako#t Bux umeer MaTpuua npeo6pasoBaHus ¢ B LUURIUYeCKOM Oasuce?

1518, Ilyctb MuHUMANbLHLIH MHOTOY/IeH AuHeHHOrO NPeoOPA3OBaHUA @
npocrpancta R, umeer Bun (A— a)”. JlokasaTb, 4TO CYLUECTBYET BeK-
Top @ TaKoH, uro BekTopH (P—0e)” @, (p—ae)" a, ..., (p—ac)Q, a,
rie € — TOXIeCTBeHHOe npeoOpa3oBaHue, 06pasyi0T 6a3UC MPOCTPAHCTBA.
Kakot Bu1 uMeeT MmarTpula npeoGpascBauns ¢ B TOM Oaszuce?

1519. Hoxasarb, uro /aw00oe noanpoctTpanctso L KOMAJIEKCHOrO HPO-
cTpancTea R,, HHBAPUAHTHOE OTHOCHUTENbHO JMHEHHOro NpeoOpasoBaHus ¢,
COLEPKUT NIPAMYIO, HHBADHAHTHYI0 OTHOCHTEJNBLHO €.

1520, Hoxkasarb, uto mo6oe noanpocrpancTso L 1eHCTBUTENbHOTO
npocrpaicTsa R,, MHBapDHAHTHOE OTHOCHTEJNbLHO JIHHEHHOTO NpeoOpasoBa-
HUS @ W HMellllee HEHYeTHYI0 pa3MepPHOCTb, COIEPHKHMT TNpsAMYylo, HHBa-
PHAHTHYIO OTHOCHTeNbHO . Ilokasarh Ha npuMepax, 4TO JJs TOANPO-
CTPaHCTBA 4YeTHOH pa3MepHOCTH yTBepkiAeHue HeBepHo. Ilpnm kakux
ycaoBuAx L COZePAHUT NPAMYI0, BCe TOUKM KOTOPOH OCTAKTCA HEMOLBUNK-
HLIMH NpH npeo6pa3oBaHuu QP

1521, Jloxasarb, 4TO KOMIJIEKCHOE TIPOCTPAHCTBO, COLepokalllee JHIIbL
OJHY NPSMYIO, HHBAPHAHTHYIO OTHOCHTE/IBHO JIMHEHHOTO NpeodpasoBanns @,
HePAas/0KHMO B NPSMYI0 CYMMY IBYX HEHYJEBHIX MOANDPOCTPAHCTB, MHBA-
PHAHTHHIX OTHOCHTENBHO .

1522, [okasatb, 4TO KOMIIEKCHOEe INPOCTPAHCTBO R, OTHOCHTE/LHO
IAHHOTO JHHEHHOro TpeoOpa3oBaHia (¢ pacmalaeTcd B NPAMYI CyMMYy
{OIHOTO UMM HECKOJbKUX) UHBAPUAHTHBHIX AUHEHHBIX NOINPOCTPAHCTB,
KaAIoe M3 KOTOPBIX COJEPHKUT JHLIb OIHY HHBAPHAHTHYI HPAMYIO
H, 3HayuT (MO NpelbliAylled 3ajaue), Najee He Pa3A0KUMO.

1523%, Ilycte ¢ — nuHeitHoe npeo0OpasoBanue npocTpaHcTBa R,
¥ g (A) — MHHMManbHLIH MHOTOWIeH ¢. Jlokasarb, 4TO:

a) ecnu g (A)=h(A)k(A) u wmHorounenws Ah(X) u k(A) B3aUMHO
TPOCTH, TO NPOCTPAHCTBO R, ecTb npsMas cyMMa noianpocTpancts L,
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COCTOSIILErO M3 BCEX BEKTOPOB X Takux, uto A{(@)x =0, n L, cocros-
ILEr0 M3 BCeX BeKTOPOB X TaKHX, uto k(()x=0;

6) ecant g (M) = hy () kg (A) . . . b (M) v MuOrOUNEHH A, (A), By (M), .. .
« .+y kg (L) TIONApHO B3aUMHO NPOCTH, TO MPOCTPAHCTBO R, €CTh RpsMas
cyMma noanpoctpancts L; (i==1, 2, ..., §), rie L; COCTONT M3 BCex
BEKTOPOB X Takux, 4ro h,(p)x=0.

1524#*, Jlunefinoe npeoOpasopanue ¢ B Oasuce e,, €, €3 3a4aHo
MaTpuieit

1 00
1 2 1]
—1 0 1

Hafitu MunuManbHbeil Muorousnen g (A) storo npeo6pasoBanus W pasnoxe-
HHe TPOCTPAHCTBA B NPAMYI0 CYMMY TOANpPOCTPAHCTB, COOTBETCTBYWillee
pasnokenuio g (L) Ha B3AMMHO MPOCTHE MHOXUTeaM BURa (A — a)F.
1525. Pemurb 3anauy, adHajJoOTHYHYI0 Npeibliyinelt, ecau JuHeHHOe
npeoBpasoBane ¢ B Ga3uce e, €, €; 3aLaHO MaTpHleR

4 —2 2
—5 7 —5|.
—6 6 —4

1526. Jluuelinoe npeo6pa3oBaHHe ¢ eBKJAMLOBA (MM YHHTApPHOTO)
NpOCTpaHCTBa R, 3a1aHO PaBeHCTBOM @X = (X, @)a Ajg moboro x u3 R,,.
npuueM @ — JaHHbll HenyseBo#t Bekrop. HaWTH MuHMManbHE# MHOTO-
uien g (A) storo npeobpasoBauus U PasjpoKeHHe NPOCTPAHCTBA B NPAMYID
CYMMy, COOTBETCTBYIOLLee Pa3ioxeHHl0 & (A) Ha B3aUMHO NMPOCTHIE CTENEHH
HEMPUBOAHMBLIX MHOT'OUIEHOB C BelileCTBEHHBIMH KO3 uitheHTaMu (Uan
MHOTOU/IEHOB BHIa A — @ B Cjiyuae YHHTAPHOTO NPOCTPAHCTBA).

1527. Haittu xopnaHoBy (opMy MaTpuubl JuHe#HOrO npeobpasoba-
HUA @ KOMIUVIEKCHOTO NpoOcTpaHcTBa R,, eCiu ¢ nMeer € TOUHOCTHIO
IO YHC/OBOTO MHOXHTeNS TOMbKO OJUH COOCTBEHHBIH BEKTOP.

1528, llokaszarb, 4TO YMC/AO JAMHEHHO HE3ABUCUMBIX COGCTBEHHBIX BEK-
TOPOB JIHHERHOrO MPeo6pPa30BaHUd @, MPHHALICKAUUX ONLHOMY H TOMY Ke
COGCTBEHHOMY 3HAYEHUIO Ag, PaBHO YHC/IY KJETOK C JMarOHaJIbHLIM 37e-
MEHTOM A, B XKOpPIAHOBOK (OpMe MATPHUBI @,

1529%, Hokasats, uro 0asuc, B KOTOPOM MAaTpuua JuHeHHOro mpe-
006pa30BaHUA (¢ KOMIIEKCHOTO BeKTOPHOTC NMPOCTPAHCTBA R, HMeeT Kopia-
HOBY ()OPMYy, MOXHO TOCTPOHMTb CJeLyIIHM o0pasoM:

A) Ecaiu He Bce CcOGCTBEHHblE 3HAUEHHS (p paBHBHL MewAdy Co6o#,
M XaPAKTEPHCTUYECKHH MHOPOUNEH HMeeT BHI

FRy=A—2)" .. A=)’ (MM upu i ),
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To crpouM §asuc noanpocrpanctsa P; BceX BEKTOPOB X TAKHX, H4TO
(@ — l,e)kix =0 (e—10xIecTBeHHOe NIpeobpa3oBanue) (i=1, 2, ..., s).

[Ipoctpanicrso R, Oyner npamofl cymmoffi momnpoctpancts P;. Ouu
HHBAPHAHTHB OTHOCHUTENLHO @; ¢ Ha P; MMeeT ONHO COGCTBEHHOE 3HAuYe-

Hue A;, npHUeM (cp——?»is)kix_—.o s moboro Bektopa x H3 P, B stoM
TOCTPOEHHH BMECTO XapakTePHCTHYECKOTO MHOrowleHa f (A) MOXKHO B3ATb
MHHHMAJbHBIH MHOTOYeH g (A), YTO MOXeT NOHH3HTh NOKasaTeau Cre-
neHn R;.

B) Tlyctb @ Ha R, uMeeT eIMHCTBEHHOe COOCTBEHHOE 3HAUYeHHE Ay
¥ k—HauMeHblllee LeJI0e MOMONKHTENbHOE YHCAO TAKOE, 4TO (p— Age)* = 0.
Tlonowum P ==@-— Age. Boicomo#i BexTOpa X Ha30BeM HaWMeHbluee A

takoe, uro Y'x=0. Uepes Rh 0003HAYUM NOANPOCTPAHCTBO BCEX BeK-
TopoB BHCOTH <A (0 <CR). Ry CONEPKHUT TOJIBKO HYJEBOH BeKTop,
R, coBnazaer co BCeM MPOCTPAHCTBOM,

Crpoum O6asuc R,, nomoJHseM ero Ao 06asuca R, noayuyeHHsit Gasuc
JonoadseM 10 0OasMca R; M Tak jnajee, NOKA He MOCTpouM Gasuc R,
{aJ8 xpaTKOCTH Bce 3TH 0asnchl Ha3oBeM HauaabHbIMU). Has Kamkioro
sexropa f BEICOTB & HauambHoro Gasuca R, CTPOMM Cepui0 BEKTOPOB

FAL AR A V*~'f ¢ navanbuein Bektopom f. Bepem mo6o#t (Hanpu-
Mep, HauaibHbifl) 6asuc Rj,_, ¥ BEKTOPH BHICOTH R — | BCeX NOCTPOEHHBIX
cepuil. ITH BEKTOPHl BMecTe OyAyT AuHeHHO HesaBucuMbl. JOMoJaHHM HX 10
‘6asuca R,_, moOLIMH BeKTOpaMH (HanpuMep, U3 HauaabHOTo 6asuca R,_,).
Jlas KaxEoro W3 XOMOJHWTENbHO B3ATHIX BekTOpoB f (ecan oM BOOOIE

CyILECTBYIOT) CTPOHM HOBYIO cepuio: f, Bf, 1p2f, S lj)k—2f, H TaK naiee.

[Tyctb HA HEKOTOPOM Iuare y)xe MOCTPOEHBI CEpPUH, B KOTOPHIX BeK-
TOpB! BLICOTH /2 —~1 BMecTe ¢ /0OHM (HanpuMep, HauaAbHbIM) GasucoM R,
©o6paszyor 06asuc R,.,. Bextopn mwoGoro (Hanpumep, HauyajbHOro) 6a-
3uca R,_, BMECTe C BEKTOPAMH BLICOTH /2 MOCTPOeHHLIX cepufl OyayT
JuHedHO He3aBHCHMBI. J[lomosnuM ux 10 0asuca R, moOBIMH BeKTODaMH
(nanpuMep, M3 HadaabHoro O6asuca R,). lad KaxIOro JONOJHHTENBHO
BasToro Bexktopa Jf (ec/M TaKoBble CYILECTBYIOT) CTPOMM HOBYIO CEpHUIO:

£ ouf V. y*"'f. Tocrynaem tax o Tex mop, moka BEKTOPH
BCEX TOCTPOEHHBIX cepHit He 00pa3yIoT BMecTe (a3uca BCero NMpPOCTPaHCTBA.
3anucas BEKTOPH CEPHI0 3a cepvefl TAK, 4TO B KAXKIOH CepUd BEKTOPHI
B3Thl B OOpATHOM IOpsiKe (HaualbHLI# BekTOp cepuu OepeTcsl B J1aHHOH
CepuH TIOCMEIHHM), TOJYUHM HCKOMBI# 0asuc, B KOTOPOM MaTpHLa Ipe-
0Gpa30BAHUA ¢ MMEET WOPLAHOBY ¢GOPMY.

B) Basuc, mocrpoesne KOoTOpPOro yka3aHo B NyHkTax A) u B), onpe-
JeJleH He OJHO3HAuHO. [JoKa3arb eAMHCTBEHHOCTDH (C TOYHOCTHIO A0 NOPSIKA
PACNONOKEHHS KOPAAHOBBIX K/IETOK) KOPAAHOBOH Matpuusl A;, nonoGHo#
JanHoit kBagparHoft marpuue A (M, 3HA4HT, eIHHCTBEHHOCTb KOPJaHOBOH
{opmbl MaTPUUB!L JaHHOrO JuHeRHOTO mnpeoGpasoBanus ¢@). Mmenno, no-
XKa3aTb, 4TO WOpAaHoBa dopmMa A; marpuusl A nopsika n onpeiensercs
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caenywuum oopasoM. ITycTs £ —HanpbiCIINE NOPILOK HOPAAHOBHX KAETOK
MaTpHLB A; C 4MC/IOM 7»0 Ha [JMArOHANH, X, — YHC/AO TAKHX KAETOK
nopazka kA (h=1, 2, ., k), B=A— ME, r,— panr marpuus B"
(h=0, 1, 2, ..., &, k+1). Toraa uucaa x, omnpeneasiorca ¢op-
My namu
Xp=Tpy—2r,+rp (h=1, 2, ..., k). (@)
3aveuvanue. Popmyas (o) LaOT NPUEM OTHICKAHHS HKOPAZHOBOH
dopMel A; Ges MOMOIIM TEODHM 3JEMEHTAPHLIX JeauTenei A-marpui.

Junednoe npeobpasosanue ¢ nNpocTpancTsa R, B Oasuce e, ..., €,
sanano marpuue# A. Ha#ttu 6asuc f,, ..., f,» B KOTODOM Marpdua 3TOro
npeoGpasopaHust HMeeT XOpIaHOBY (opMy Aj, M HalTH 3Ty KOPAAHOBY
¢opMy (MckoMmbift Gasuc onpejeled HeOIHO3HAUHO).

1530. 3 2 —3 1531. 1 1 —1
A=|4 10 —12 A=| -3 —3 3
3 6 —7 —2 —2 2
1532. 0 3 3 1533. 6 6 —I15
=| —1 8 6 A=|1 5 —5
2 —14 —-—10 1 2 =2
1534, 0 1 —1 1) 1535. {6 —9 5 4]
—1 2 —1 1 7 —13 8 7
A=l_1 1 1 ol A=ls —17 11 8|
—1 1 0 1 (t —2 13
0 1 0 . 0)
0 01 . 0
15636, A=A8? rie B= .o — xaetka XXopnaHa no-
0 0 0...1 paika n,
0 0 0 . 0

1537%, JluneitHoe npeoOpa3oBanve ¢ NpocTpaHcTea R, HasbBaercs
UHBOAIOMUBHbLM, €CIU (P ==E€, Iie €— TOMIECTBeHHOe Npeo0pazoBaHue.
BuIACHHTL TeoMeTpHueCKMH CMBICA MHBOJIOTHBHOTO NpeoOpa3oBaHus.

1538*, Jluneiinoe npeo6pasoBaHue ¢ TNPOCTpaHCTBa R, HasHBAETCH
udemnomenmusm, ecau ¢ = @. BblACHUTb reOMeTPHUECKU] CMBICA HIeM-
NOTEHTHOro npeolpasoBaud.
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1539. TlpusecTn npumeps JAUHERHOTO NpeoGpa3oBaHUA  TPEXMEPHOTO
NPOCTPAHCTBA, IS KOTOPOTO:

) MPOCTPAHCTBO He ABASETCH NPAMOH Cymmol obnactu snavennti L,
u aipa L, npeobpasosanus @ (onpeieneHve jnaHo B 3anave 1488);

0) MpPOCTPAHCTBO ABJAAETCH TNPAMOR cyMmmofi oOnactu 3Haueuuit L, u
a1pa Ly nast @, HO @ He ABJIAETCA NPOEKTHPOBaHUeM Ha L, napamiensro L.

§ 19. JluHeiinbie npeoGpa3oBaHKA €BKJAMIOBHIX H YHHTaPHHIX
BEKTOPHLIX TPOCTPAHCTB

1540, Hoxasarb, 4To omepauus nepexolza OT JAMHeHHOTo npeoBpaso-
Badusl @ YHUTAPHOrO (MAM €BKAMAOBA) NPOCTPAHCTBA K CONPSIKEHHOMY
npeofpasosadnio @* obmajaer CACIYIOUIUMH CBOHCTBAMH:

a) (@) =

6) (@+V) =" ¥

B) (¢)° = V@

r) (ag)’ = og® _

I) ecql @ HeBBIPOXIEHHO, TO ((p'l)*=((p*)".

1541, Ilyctb e, e;— OpTOHOPMHPOBAHHHIA 6a3uC NAOCKOCTH M JHHeH-
Hoe npeoGpasoBanne ¢ B Gasuce f;=e,, f,=e, -} e, umeer marpuuy

1 2
(1 1). Hantu marpuny compsikenHoro npeo6pasopaHus ¢* B TOM xe

Gaznce f,, fo

1542, Jluneftnoe npeobpasopaHue ¢ eBKJIMIOBA NPOCTPaHCTBA B Ga3uce
u3 sexkropos fi=(l, 2, 1), fo=(1, 1, 2), fi=(1, 1, 0) samauo mar-
puuei

1 1 3
0 8 —I1
2 7 —3

Hafity MaTpHLy CONps:KeHHOro NpeoGpasoBaHus (* B TOM ke Oasnce,
CyMTad, 4TO KOOPAHHATH BEeKTOPOB 0a3uca 1aHb B HEKOTOPOM OPTOHOp-
mupoBaHHoM Oasuce.

1543, Hatitn matpuuy nuHefinoro mpeo6pasoBaHus @, CONPAKEHHOTO
1peo0pa3oBaHuio ¢ B OPTOHOPMHPOBaHHOM 0Oa3uce e,, €y, €3, ecau ¢ ne-
pesonut Bexkropsl @, ==(0, 0, 1), @;=(0, 1, 1), a;=(1, 1, 1) B Bex-
Topu by =(l, 2, 1), By=(3, 1, 2), by=(7, —1, 4) coorBercTBEHHO,
rie KOOPLMHATH BCeX BEKTOPOB [laHbl B Gasuce e;, €, €.

1544, Tlyctb xOy — npaMoyronbHas cucTeMa KOOPIMHAT HAa MIIO-
CKOCTH H @ — NPOEKTHPOBaHHe MAOCKOCTH Ha ochb Ox napanienbHo Ouc-
cekTpuce HepBO# M TpeTbeft uerBepTH. Hafitn compsixenHoe npeobpaso-
BaHue @,
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1545%, TMycrs R, = L, |~ L, — pasaokenue eskanioBa (W1 yHHTap-
HOTo) MPOCTPAHCTBA B MPAMYI0 CYMMY LBYX NOANPOCTPAHCTB; () — MPOEK-~

TupoBanue R, Ha L, napamrensHo Ly; Liu Ln—opTomHaanme LOMONHe~
HHUSl COOTBETCTBeHHO 1id L, u L, @*— npeoOpa3oBaHne, CONpsKEHHOE

¢ ¢. Hoxasatb, ut0 Rp==Li— L3 u 4T0 @* ABASETCH NPOEKTHPOBAHUEM

R, na L; napan/ienbHO LT.

1546, Iokasatb, 4TO ec/d NOLNPOCTPaHCTBO L yHuTapHOTO (MAM
€BK/JANA0Ba) NPOCTPAHCTBA WHBADUAHTHO OTHOCHTE/NbHO JHHeHHOro mnpe-
06pa3oBaHus ¢, TO OPTOTOHANbHOEe 1ONOJHEHHe L* WHBApHAHTHO OTHOCH-
TeJbHO CONPSKEHHOTO npeoOpa3oBanus ¢,

15647%, Hoxazarth, yTo nMHeHHOe npeo6pa3oBaHye (¢ YHUTAPHOTO MpPO-
cTpacTBa R, MMeeT MHBADMAHTHOE NOANPOCTPAHCTBO MOOOrO YMCAA N3Me-
peun#t oT Hyad po n.

1548%, Hoxkasarb, yto JAjas Jmoboro JuHelnoro npeobpasoBanus @
VHHTAPHOTO MPOCTPAHCTBA CYLUIECTBYeT OPTOHOPMHUPOBAaHHHIH 6a3uc, B KO-
TOPOM MaTpHLA 3TOr0 NpeobpasoBaHHs HMEET TPeyroJbhylo ¢opMmy (Teo-
pema Llypa).

1549, Hanucate ypaBHeHHe TJIOCKOCTH, HHBApHAHTHOH OTHOCHTENBHO
JAuHeAHOro mnpeoOpasoBanusa ¢, 3alaHHONO B HEKOTODOM OPTOHOPMHPO-
BaHHoM Oasnce Marpuuedt

4 —23 17
11 —43 30]).
15 —54 37

1550. [okasatb, 4TO eClIM OJWH M TOT JKe BeKTOp X sBAfeTcda cO6-
CTBEHHBIM IS JHHeHHOTo NpeoOpa3oBaHHs® @ €O 3HAYeHHeM A, H Lis
COMPS:KEHHOTO TNpeoGpazoBaHus ¢* cO 3HaueHHeM Ay, TO A, =R,

1551, dokasath, 4TO ecAu JHHeHHOe NpeofpasoBaHue ¢ YHHTAPHOIG

npocTpaHcTBa R, HMeeT COOCTBEHHblE 3HAUEHUS A;, Ao, e A, TO cob-
CTBEHHBIMH 3HAYCHUAMH CONMPSAKEHHOrO npeoGpasosanus @* OyLyT conps-
WKEHHBIE UHCAA A, Ay + .. Ap.

1562. Joxasath, 4TO COOTBETCTBYIOLIMe HPYr APYrY KOS(PQHLUHEHTH
MHHHUMA/IbHBIX MHOTOY/IEHOB COMPSDHKEHHBIX MEXIy CcOGOH JMMHEeHHHIX mpe-
00pa3oBaHuil COMpsKEHB! APYr APYTY.

1553*, Ilycth nuuefinOe npeo6pasoBanue ( YHUTAPHOTO (MU €BKJIM-

IOBa) TpocTpaHcTBa B Gasuce ey, ..., e, uMeerT marpuuy A, a conps-
weuHoe npeobpasosanve ¢* BO B3auMHOM Oasuce (cM. 3anauy 1417)
S oo, f,—wmarpuny B. [oxasatb, uto B==A’ B yuurapiom npo-

cTpanctBe U B== A’ B eBKIMIOBOM NPOCTPAHCTBE.

1554%. Ilycts ckanspHoe mpousBelenue (X, ¥) B HEKOTOpPOM Oaswce
3anano GuiuHeRHoH popmolt f ¢ matpuuedt U (uHbiMu caoBamn, matpuna U
sBadeTcs Marpuned ['pama Bexropos Gasuca). ITokasarb, uro Matpuua A
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JquHeRHOr0 mnpeoOpasoBaHuf ¢ W MaTpHua A, conps:KeHHOro npeobpaso-
Bauusa @ B naHHOM 0asuce CBW3aHBI TakK:

a) A1=U'1A'U ISl eBKJHUAOBA NPOCTPAHCTBA;

6) /T,:U'IA'U a9 YHUTapHOTO INPOCTPaHCTBa.

[lycts B HekoTOopoM O0asuce cKaadpHOe INPOM3BeLeHHe 3aZaHO OGUJIM-

sHeitHot ¢opmoit f, a auHeHiHoe npeofpasoBanue ¢ — Marpuuelt A. Hatitn
MarpHiy A, conpsxeHHOro npeo6pasoBaHus ¢ B TOM ke Oasuce:

1685, f == x1y; + Sxo¥s — 6395 - 2,93+ 2x3y; - 3XoY3 1 3 X3V

0 1 —2
A==|2 0 —1
3 —2 0

1556, f=2x,y, - 3Xo¥s —+ X3¥3~F 2%1¥5 ~+ 2X59; —F X1¥5+ X3 +
—+ Xo¥3 -1 X3Vo;

2 1 1
A={—-—-1 —3 1
1 2 —1

Mycrs U — marpuua I'pama HekoToporo 6asuca u A — marpuua Ju-
Hefinoro npeobpasosanus ¢. Hatttu marpuuy A, conpsxenHoro mpeofpa-
30BaHUA @F B TOM ke Oasuce:

1557. 3 1 —2 1 2 0
U= 1 1 —1}); 4={2 0 3
—2 —1 2/ 0 1 3
1558, 2 —1 0 1 2 -3
U=} —1 2 —1};, A=|2 -3 1

0 —1 1 3 2 —1

15659, Ilyctb ¢ — auneliHOe npeoOpasoBaHde YHHTAPHOTO WJH €BKJH=-
nosa npocrpauctBa. Jlokasats, uro (e%)* = e?". (Onpenenenne QyHKUUU
0T JAuHe#HOro npeoOpa3oBanus naHo B 3angaue 1464.)

1560, Joxasars, uTO NMpOH3BeleHHe IBYX OPTOrOHAJLHLIX (COOTBET-
CTBEHHO YHHTapHHIX) NpeodPa3oBaHUH CAMO OPTOTOHALHO (YHUTApHO).

1661, Jlokasatb, yTO ecau JHHefiHOe NpeoOpPa3oBaHie (P YHUTAPHOTO
(MaH eBKJANAOBA) NMPOCTPAHCTBA COXPaHsieT LJUHBL BCEX BEKTOPOB, TO OHO
YHUTApHO (COOTBETCTBEHHO OPTOrOHAIbHO).

1562%, Ilycte B yHuTapHOM (MJIM €BKJHAOBOM) NMPOCTPAHCTBE 3a1aHO
HeKkoTOpoe npeo0pasoBaHuE ¢, B CHJIY KOTOPOrO KaKIOMY BEKTOPY X
COOTBETCTBYET eNMHCTBEeHHb#t BekTop @x. Jlokasarb, uto ecau mpeobpa-
30BaHHE (@ COXPAHAET CKaAiPHOE NPOM3BEleHUE, T. €. (PX, ¢y) = (X, ¥)
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s M00LX BEKTOPOB X, ¥ NMPOCTPaHCTBa, TO ¢ OyIeT JMHEHHBIM M, 3Ha-
YNT, YHUTAPHEIM (COOTBETCTBEHHO OPTOTOHAJILHEIM) Tpeo0pasoBaHueM.
[TokasaTh Ha NpHMepax, UYTO COXPAHEHHs CKalXAPHBIX KB3aAPaTOB Bcex
BEKTOPOB He JOCTATOYHO I/ JUHEHHOCTH .

1563. Ilyctb ckansipHOe YMHOXXEHHE BEKTOPOB MpPOCTpPaHCTBA R,
sanano marpuue# [pama U BextopoB Hexotoporo Gasuca. Ha#ttu ycao-
BUe, HEOOXOIUMOE M OCTATOUHOE A TOro, urobe aunefiHoe npeobpa
sosauue (¢, 3azaHHoe B TOM ke Oasuce marpuued A, Owijo:

a) OPTOTOHA/MbHEIM NpeoOpasoBaHHEM eBKJANAOBA NPOCTPAHCTBA,

6) yHuTapHBIM Npe00pa30BaHUEM YHHTAPHOTO MPOCTPAHCTBA.

1564, Hokasatb, uTO eCiId [IBA BEKTOPa X, y e€BKJAHLOBA (UM YHU~-
TAPHOT0) TMPOCTPAHCTBA MMEIOT OJUHAKOBYIO IJHHY, TO CYIUeCTBYeT OpTO-
roHanbHOe (COOTBETCTBEHHO, YHUTapHOe) npeoOpasoBaHHe (¢, NepeBoasllee
X B Y.

1565. [lokasate, 4TO eciM [1Be Naphl BEKTOPOB X;, X; H ¥, ¥y
eBKMMIOBA (MMM YHMTAPHOTO) TNpPOCTPaHCTBA o0nanaioT cBORCTBaMu
[x]=|3] |%l=Iy,] n yron mexany x, # x, pased yray mexuy
§, U ¥ TO CYLIECTBYeT OPTOrOHAMbHOE (COOTBETCTBEHHO YHHTapHOe)
npeoGpasoBaHue @ TaKoe, YTO QX =13, PXy== Y,

1566%, Ilycrb naHbl IBe CUCTEMBl BEKTOPOB Xy, ..., Xz H ¥, ..., Yp
€BKAMIOBA (MM YHUTAPHOrO) mpocTpadcTBa. JlokasaTh yTBepkieHHe:
AJI TOrO YTOOH CYLIECTBOBAIO OPTOrOHANbHOE (COOTBETCTBEHHO YHUTAp-
Hoe) npeofpasoBaHue (p Takoe, uTo @x; =3, (i=1, 2, ..., k), Heobxo0-
AMMO M JIOCTATOYHO, uTo0B MaTpuuw [paMa o6enx CHCTeM BEKTOPOB
COBMNAafaju:

(50 %)) = (9 3y

1567%, [lycTe ¢ — yHUTapHOE (MJH OPTOrOHAJNbHOE) TpeofpasoBaHue
VHUTAPHOTO (COOTBETCTBEHHO €BKJHIOBA) npocrpanctsa R,. Ioxasats,
YTO OpPTOrCHA/JbHOE JAONOJHeHHe L* K muHelHOMY MORNpOCTpaHcTy L,
HHBAPHAHTHOMY OTHOCHTE]bHO ¢, TaKXKe HHBAPUAHTHO OTHOCHTENLHO .

1568. Hokasatb, 4YTO 1B TepPeCcTAHOBOYHBIX YHUTApHBIX Npeofpaso-
BaHHSl YHUTAPHOrO NPOCTPaHCTBA 00/anal0T OGLUIMM OPTOHOPMUPOBAHHEIM
06a3ncoM COOGCTBEHHLIX BEKTOPOB.

1569%, [lokasars, 4To AJd YHUTApHOro npeofpasosaHds ¢ YHUTAp-
HOTO TNPOCTPAHCTBA:

a) coOCTBeHHblE B3HAYEHNs MO MOIYJI0 paBHH elunHuue (W, BHAYHT,
X4PaKTePUCTHYECKHE UMCJA YHUTADHOR, B YAaCTHOCTH BellECTBEHHOR OpTO-
FOHaNbHOHU, MATPHUbl MO MOLYJIC PaBHBI eLUHULUE);

0) coOGcTBeHHBle BEKTOPH, MPHHALIeKalUUe ABYM Pa3IHYHbLIM COOCTBEH-
HbIM SHAYEHUAM, OPTOTOHA/IbHb;

B) ec/H B HexoTopoM O6asmce Matpuua A npeoGpasoBaHus @ Belie-
CTBEHHa K COOCTBEHHBIH BeKTOp, NpHHamJeKaulll KOMIJIEKCHOMY cofCr-
BEeHHOMY 3Hnayenuio o-}-pi (B==0), npeacraBieH B Bule X+ yi, rie
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BEKTOPH X M Yy HMEOT BCIUECTBCHHblE KOOPAMHATH, TO X K Y OPTOro-
HaJbHBl U UMEIOT OILUHAKOBYIO [IJAWHY, HNpPUUYEM:

px=o0x—py; @y=px—+ ay; 1)

) OpTOroHajbHoe TNpeo6pasoBaHHe eBKJMIO0BA IPOCTPAHCTBA BCerjia
o6janaer OJHOMEPHHIM WJIH JIBYMEPHLIM HHBaDHAHTHLIM NOANPOCTPAHCTBOM.

15670%, Iokasars, uTO:

a) 1Jg MmoOOro YHUTAPHOro NpeoOpa3oBanus (p YHUTAPHOTO NPOCTPaH-
ctBa R, cyumecTByeT OPTOHOPMHUPOBAaHHBLIH 0asuc, cOCTOALMA H3 COG-
CTBeHHBIX BeKTOPOB npeobpasopanud ¢. B sTom 6asuce marpuua ¢ apaserca
IMaroHanbHO# C IMarOHA/MbHBIMH SJIEMEHTAMH, PABHEIMH 10  MOLY MO
enHHLE.

Kakoe cBOHCTBO YHHUTAapHBIX MATPHL OTCIONA BLITEKAET?

6) 1ast 1060ro OPTOTOHAJBLHOTO NPeoOpasOBaHHs ¢ €BKJAMIOBA Npo-
cTpaicTBa R, CyeCTByeT OPTOHOPMHMPOBAHHLIH 6asuc, B KOTOPOM MaT-
puua ¢ MMeeT KAHOHHYECKHH BUA, TAe Ha I'VIaBHOH NUaroHa/u CTOAT KJIETKH
BTOPOro TNOpsAiKa BHIA

cosy —siny
( ) ) (y =+ km)
siny cosy
W KJAeTKd TepBoro nopsiaka suaa (L 1).

- Kaerku kakoro-Hubyib M3 3THX TUNOB MOTYT OTCYTCTBOBAaTh. Bce
ocTanbHBle 9jeMeHTH paBHbi HyJa0. KakoB reomerpuueckmit cmbica npe-
o6pasosanusn? Kakoe CBONCTBO BELIECTBEHHBIX OPTOTOHAJNbLHHIX MaTPHIL
OTCIONa BHITEKAer?

Hns opTorOHaALHOTO MPeoOpPa3oBaHHs (P, 3a1aHHOTO B OPTOHOPMUPO-
paHHoM Oasuce MaTtpuuefl A, HARTH OPTOHOPMHpOBaHHMH 6asuc, B KOTO-
poM Marpuua B 3T0oro npeofpasoBaHHs HMeeT KaHOHMUECKMH B, YKa-
3annbiii B 3apade 1570. Hafttn 3ToT xanouuvecknit Bun, (MckoMmubifi Gasuc
onpejeneH HE OAHO3HAYHO.)

1571. 2 2 1)
3 3 T3
2 1 2
A=\ 3 —3 3|
1 2 2
—3 3 3
1572. 1 1 1435)
7 ) —zV?2
1 1 1 -
A=|3 7 V2|
1.,/5 1./5
j1/2 —71/2 0
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1573. 1.,z 1,/5)
AL 0 —zV2
1./5 2.5 1./5
A=|-V7?2 V2 V2
2

1
3 E)

w0 o

L

Hai#itu KanoHuyecku#t BHL B OPTOroHanbHOR Marpuuel A M OpPTOrO-
HaJbHYyIOMaTpULLy Q Takylo, 4TO B=Q7'AQ:

1574, 2 _ 1 2)
3 3 3
2 2 1
A=l 3 3 —3
L2 2
3 3 3
1575. 3 1 irs
T T~V
1 3 1.,
a=|g T TV©
1 ./,% 1 .,= 1
TV —7VE o
1576, ( 1 r 1 1 1577, 11 1 1
2 2 2 2 22 2 2
11 1 1 11 11
2 P 2 2 4 2 2 77 77
a=1, 1 1 1 =l 1 1 1 1
P 2 2 T2 2 2 72
L1 11 1111
2 T2 2 2 22 2 77
1578, s naHHo# yHUTApHOHM MATpPHILEL
43¢ 4 —6—2i
A=g| —4t 4—3 —2—6
62 —2—6i 1
HaliTH AuaroHaibuylo Mmatpuuy B u yHutapuyo Mmatpuuy Q Takue, uro

B=Q 'AQ.

1579, Joxasarb, YTO JMHeHHas KOMOMHALMS CAMOCOMPFKEHHBIX Hpe-
-00pasoBaHuit C BEILECTBEHHBLIMH KO3G¢HIUNEHTaMH (B YACTHOCTH, CymMMa
IBYX CaMOCONpPSXEHHBX MNpeoOpa3oBaHuil) ecTb CaMOCONPSIKEHHOe npe=
-00pasoBannue,
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1580. Iloxazars, 4To npousBeleHHe @\ IBYX CaMOCOTPSKEHHLIX Tpe-
o0pazoBanuit ¢ W P TOTAa H TOJbKO TOTA4 GyleT CaMOCOMPSKEHHEIM,
KOrla ¢ W P 1epecTaHOBOYHbI.

1581, [lokasarh, 4TO eciH ¢ M | — CaMOCONPsSIKEHHBIE NPeofpaso-
BaHHf, TO CaMOCOMNPSXEHHBLIMH OYILYT Takxke npeofpasoBaHus

eY+vp u iy —yy).

1682, Iloxasath, uYTO OTpaXeHWe ¢ eBKAHIOBA (MJAH YHHTapHOTO)
npocTpaHcTBa R, B noanpocrpanctse L, napanneabHo NOANPOCTPAHCTBY Lo
TOrAa M TONbKO TOTAa OyleT CaMOCONMpPsMEHHbLIM JIMHEHHEIM npeofpaso-
BaHHeM, korla L, u L, opToroHabHh.

1583. Ilokasarb, 4TO NPOEKTHPOBAHHE (P €BKJMIOBA (MM YHHTAPHOTO)
npoctpaHctBa R, Ha noanpoctpauctso L, mnapannenbHo TNOXANPOCTPaH-
cTBy L, TOTAA ¥ TOJbKO TOrAa OyIeT CaMOCONPSXEHHHIM JHHEHHBIM npe-
obpasosanneM, koraa L; u L, OPTOroHaJIbHBL.

1684, JloxasaTe, yro ecnau JuHefiHoe npeobGpasoBaHHe (p YHHUTAPHOTO
(nm eBxMAOBA) MpocTpaHcTBa R, obnanaerT moObIMH ABYMS U3 CJeAylo-
HWUX TpeX CBOHCTRB:

1) ¢ — camoconpsxenHoe npeoOpasoBaHue;

2) ¢ — yHuTapHOe (COOTBETCTBEHHO OPTOTOHAJBLHOE) npeoépasoBaHue,

3) ¢ — uHBOJIOTUBHOE NpeobpasoBaHue, T. €. (? = & — TOKIECTBEHHOE
npeo6pasoBanie, TO OHO o6mazaer u TpeTbMM cBoHcTBOM. Hatith Bce
THNL NpeoOpa3oBaHuit, 00/alalolUX BCEMHM STHMH CBOMCTBaMH.

Ha#itu opTOHOpPMUPOBaHHBI# 6a3UC COGCTBEHHBIX BEKTOPOB ¥ MaTpuiy B
B 9TOoM Oasuce Aas JAuHeHHOro npeoOpas3oBaHUs, 3aJaHHOTO B HEKOTOPOM
OpTOHOPMUpOBaHHOM Oa3uce Matpuuel A (UcKOMEI Gasuc onpeneneH He
O0HO3HAYHO):

1585. /11 2 — 8\ 1588. 17 — 8 4
A= 2 2 10 }. A=|— 8 17 — 4.
— 8 10 5 4 — 4 11
1587. 3 —i 0
A=\|1 3 0
0 0 4

Ins nanxoft mMatpuubl A HallTh puaroHambHyo Martpuuy B W yuutap-
nywo Marpuuy C takue, yto B=C~1AC.

1588, y 3 24+ 2i 1589. y 3 2—1i
T\2—2i 1 \2+4: 7 )
1590%, PaccMOTpuM A2-MepHOE NPOCTPAHCTBO BCEX KOMILIEKCHBIX KBAM~

paTHHIX MaTPHL TNOpPAIKAa # ¢ OOLIYHBIMH ONEpaLUsIMH CJOXKEHUs Mar-
PUIL H “yMHOXEHHS MaTpUUbLl Ha uucao. IlpeBparuM 3TO NpOCTPaHCTBO
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B YHUTApHOE, CYHTAS, YTO CKAJISPHOE NPOU3BeeHUe IBYX MaTpHL A = (a,-j)'{
n

u B=(b;;)] sanano pasencrsom (AB)= D aijlzj.
1,7=1

Jokasarth, urto:

a) YMHOXKeHWe BCeX MAaTpui c/lesa Ha ONHY u Ty e marpuuy C aB-
JfeTcsl MMHeHHEIM Npeodpa3oBaHueM;

6) yHuTapHBIe MATPHLBI KaK BEKTOPH YKA34HHOrO MPOCTPAHCTBA HMEIOT

JJIUHY

B) YMHOXEHHS BCeX MaTpHL, CJieBa HA CONPSIKEHHO-TPAHCMOHUPOBAH-
nole Marpuubl C u C’ BHIBLIBAIOT CONpsKEHHBE NMPeoOpasoBaHus;

T) YMHOMEHHE CJIeBa Ha YHUTapHylo Marpuuy C Bh3niBaer yHHTapHOe
npeoGpasosadue;

L) YMHOXEHME Ha SPMHTOBY MATPHIy BBISBIBACT camoconpﬂmeuﬂoe
npeo0pasoBanue;

€) YMHOXeHHEe Ha KOCOIPMUTOBY MATPHIY BHI3BIBAET KOCOCHMMETpH-
yeckoe npeobpasoBaHue.

1591, Ilyctb ckanapHOe YMHOMEHHE BEKTOPOB NPOCTPaHCTBA R, 3alaHO
marpuiteit I'pama U Hekoroporo Gasuca. Haiitu ycnosue, Heo6xonumoe
H JOCTAaTOYHOE AMA TOro, uToOB JuHeHHOe mpeoGpasoBanue ¢, 3afaHHOE
B TOM xe 6asuce Matpuuefi A, ObIO caMOCONpPSIKEHHBIM B C/aydYae: a) eB-
KAH10Ba, 6) YHUTAPHOFO NPOCTPAHCTBA.

15692%*, Jloka3aTb, 4TO 4Ba CaMOCONPSKEHHBIX NMpeo6pa3oBaHust ¢ u P
YHUTAPHOTO (MMM €BKJAMIOBa) INpOCTpaHcTBA R, TOria M TOJbKO TOrIa
uMeloT o6uIMd OpPTOHOPMHPOBaHHBIH 0a3uc COGCTBEHHBIX BEKTOPOB O0OMX
npeobpasoBaHuii, Koraa STH npeobpasoBaHus nepectaHoBO4HH. Kakoe
CBOHCTBO KBalIPATHYHHLIX ()OPM M TOBEPXHOCTeH BTOPOro Mopsika OTCi0ia
BEITEKAeT?

1593, Ilyctb R — eBKANAOBO MPOCTPAHCTBO PA3MEPHOCTH n?, BeKTO-
DPaMH KOTOPOTO fBJAIOTCA BCe BelleCTBEHHBIE MATPHULBI NOPAIKA A € OGbIU-
HBEIMH CJOKeHHeM MATPHL M YMHOXMeHHeM MAaTPHUULI HAa YUC/IO, @ CKaaspHOe
npoussenenne Marpu A==(a;;) u B=(b;;) onpeneneHo paBeHCTBOM

n
(AB) :ijziz”b”. [Iycte, nanee, P u Q — BellecTBeHHbIe CUMMETPUYECKHE

MaTpULBl NOPAIAKA .

Hoxasarb, 4ro JuHefiHble npeoGpasosaHus X = PX u X = XQ
(X — mwobas mMarpuua ¥3 NMPOCTPaHCTBA R) ABJAIOTCH NEPeCTAHOBOUHBIMH
CaMOCONPSKEeHHbIMU NpeoOpa30BaHUAMK NPOCTPAHCTBA R, M HalTu CBs3b
Mexay OOIMM OPTOHOPMHDPOBAHHBIM 6a3HCOM COOCTBEHHBIX BEKTODOB Mpe-
oGpasoBanuii ¢ ¥ P W OPTOHOPMHPOBAHHHLIMH Bazucamu c06CTBeHHux BeK-
TopoB Marpuu P u Q.

1594, CamoconpsikeHHOe JHHeHHOE NpeoOpa3OBaHHE @ YHUTAPHOTO
(nav eBKJAMAOBA) npocTpaHcta R, Ha3bIBAETCS NOIOXKHTEJIbHO Olpefre/ieH-
HbiM, ecau (px, x) > 0, u HeOTpHUATE/BHLIM, ecin (X, X) > 0 1ag d0-
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6oro sektopa X = 0 u3 R,. Jloka3aTe, 4TO CaMOCONpPsHKeHHOE NpeoOpasosa-
HHE (¢ TOTA M TOJIbKO TOTJa MOJONMHTE/NbHO ONpeleNeHHO (MJIM HEOTpH-
1aTeNbHO), KOTAa BCe ero cOGCTBEHHblE 3HAYEHHS MOJOXKHTEJIbHH (CO-
OTBETCTBEHHO HeoTpulare/ibHbl). [Tokasarp, uTo Ansd M060ro {(a He TOJBKO
JJsi  CaMOCONPSHKEHHOr0) JuHeHHOro npeobpasosanus ¢ u3 (Px, x) >0
(uam > 0) caeayer, uTo BCe COOCTBEHHBIE 3HAYEHHA ¢ TOJIOKHUTEbHBI
(COOTBETCTBEHHO HeOTpHUaTenbHbl). IlpuBecTH mnpumep, NOKa3bLIBAIOLMA,
YTO 15 HECAMOCONPMKEHHOro JjHHefiHoro npeofpasopanus o0paTHOe yT-
BepieHUe MOXKeT ObiTb HEBEepHO.

1595%, Iokasarb, uto ecan ¢ =Yy wam p=7P, rre ¢ n P —ca-
MOCONpsAXKEeHHbIE JINHeHHbIe npeoépasoBaHuﬂ C TOJIOXKHTEAbHLIMI COOCTBEH-
HBIMM 3HAueHMsIMM, a Y — YHUTapHOe mpeoGpasoBaHHe, TO ¢ =1\ U ¥ —
TOXIECTBeHHOE npeoGpasoBanue (cM. 3axady 1276, B).

1596%, Jloxasarb, 4To /M1060e HEBLIPOXKJIEHHOE JNHHeHHOe npeobpa-
30BaHHe ¢ YHHMTapHOro (MJM €BKJAMAOBA) NMPOCTPAHCTBA NPEACTABAALTCA
K4aK B Buje @==1,¥,, TAK M B BHIE @ ==Yy, Ile P;, P, — caMocomnps-
#eHHEe MPeo6pa3oBanus ¢ MOJIONKHTENLHLIMA COOCTBEHHBIMH 3HaYeHUSAMH,
a Y|, Yo — YHUTapHble (COOTBETCTBEHHO OPTOTOHA/bHLIE) MPe0OPasOBaHKS,
npuyeM oba YKa3aHHbIX MnpeincraB/ieHUd €IUHCTBECHHDI.

1597, Ilouemy paBeHcTBa

()= e) o i)=6 i) (0 o)

HE NMPUBOAAT K MPOTHUBOPEUUIO C €AMHCTBEHHOCTLIO MPENCTABJIEHUA, yKa-
3aHHOTO B npenbmymeﬂ 3ajaue.

Crenyouide MaTpuiipl TPEACTaBHTH B BHAE NMPOU3BEICHHUS CUMMETPH-
YeCKOf MaTpuUbl C TOJOXKUTEJIbHBIMU XaPAKTePUCTHUSCKUMH YUCIAMK Ha
OPTOTOHA/ILHYI0 MaTpuily:

1598, /2 —1\ 1599, /1 —4\ 1600, 4 —2 2
2 1/ 1 4) 4 4 —1 .
—92 4 2

1601, Joxasath, 4TO CaMOCOMpsXeHHOe JHHe#iHoe mpeobpasoBaHue @
TOFJA M TOJMBKO TOrJAA SIBARETCS MOJIOXKHTEIbHO ONpejle/eHHbIM, KOrla
K03(hdHUHEHTH €ero XapaKkTepUCTHYECKOro MHorouseHa A" ¢ A"~ 14 | .,
... -c¢, Bce oTaMuHB OT Hy/Js W MMEIOT YepejyIOlUHecs 3HAKH, U He
OTPULATEAbHBIM (T. €. C HEOTPULATeNbHBLIMM COOCTBEHHLIMU 3HAYEHHAMU)
TOT1a M TOJbKO TOrja, Koraa Kosdduumentsl cy=1, ¢, ¢y, ..., ¢,
OTJIMYHBI OT HYJf U UMEIOT Yepelylunecs 3HAKH, A Cp,y, ..., €, PABHBl
Hymo. 3zech B — mo6oe yucao or 0 no n.

1602%, Jokasare, uyt0 eC/M ¢ M P — CAMOCONPSIKEHHbIE Npeobpa-
30BaHUS M () — MOJOKUTEILHO ONpPELeNeHHO, TO COOCTBEHHblE 3HAUYEHHS
npeo6pasoBaHns ( BelleCTBEHHH,
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1603*%. oxasars, 4TO eCiH @ M P — CAMOCONPSIKEHHbE T1peolpaso-
BaHHs C HEOTPHHATENbHBIMH COGCTBEHHBLIMH 3HAYEHHAMH, TIPHYEM OLHO
M3 HUX HEBLIPOKIEHHO, TO COGCTBEHHble 3HAueHHd NpeoGpasoBanus q
BeleCTBEHHE U HEOTPHUATENbHLL.

1604, Ilokasarb, YTO CyMMa HBYX WJH HECKOJbKUX HEOTPHUATENbLHBIX
caMoconpsbkeHHBIX TnpeoOpasoBaHufl (cM. 3amauy 1594) saserca cHopa
HEOTPHUATEJIbHEIM CaMOCONPSKEHHEIM Npeo6pasoBaHuem.

1605%. JlokasaTh, 4TO HEOTPHIATeIbHOE CaMOCONPsiKEHHOE npeoGpa-
30BaHHe PaHra r €CTb CyMMa r HEOTPHLATE/bHHIX CAMOCONPSKEHHBIX TIpe-
o6pasoBanu#t panra 1.

1606*, oxasarh, 4To /MuHefiHOe mpeo6pasoBaHue ¢ YHUTAPHOTO NMpPo-
cTpanctBa R,, HMeioliee paHr eIHHHLA, TOTLa M TOJbKO TOraa Gyner
HEOTPULATEbHHIM CAMOCOTNPSIKEHHBIM, KOI'Aa B MI0GOM OPTOHOPMHPOBAHHOM

6a3uce ero MatTpuua npencrasasercs 8B sune X' X, rre X — cTpoka n umced.

1607*. Jlokasats, uto ecau matpuubi A= (a,;;); u B=(b;;)} spmu-
TOBH M HEOTpHUATENbHE (T. €. MMeOT HeoTpHuaTe/bHble COGCTBEHHLIE
snauenns), To u Marpuua C ==(c;;)], rae¢; ;= a;bi i, j=12,...,n)—
SPMHTOBA M HEOTPHUATeNbHA (CpaBHMTh C 3ajauelt 1220).

1608, Jluneiinoe npeoOGpasoBaHue ¢ eBKJAMIOBA (UM YHUTAPHOrO)
npocTpaHcTBa R, Ha3bBAeTCS KOCOCHMMMETPHYECKHM, eCiu @F = — @, rae
@* — npeobpasopanue, compsikeHHoe ¢p. Jlokasarb, uTO:

a) 11 TOoro uroObl JMHeHHOe npec6GpasoBaHME (¢ €BKJIWIOBA INPO-
CTPaHCTBA OBJIO KOCOCHMMETPHUYECKHM, HeOOXOIHMO M ROCTATOYHO, 4YTOOL!
ero Marpuua A B m060M OPTOHOPMHDOBaHHOM 6asuce 6Gulaa KOCOCHM-
Mmerpuueckoti, 1. e. A'=— A4;

6) aas Toro_ urobbl JuHeliHoe mpeolpasopatie @ YHHTapHOIO Npo-
cTpaHcTBa OBLIO KOCOCHMMETPHYECKHM, HEOOXOIUMO M JOCTATOYHO, UTOGHI
ero marpuua A B J1060M OPTOHOPMMPOBAHHOM 6asuce GblIA KOCOIPMHTO-

BOH, T. e. A'=—A4,

1609*, JlokasaTh, uTO OpTOrOHaMbHOE AONOJNHeHMe L* Kk nuHefiHOMYy
noanpocTpauctey L eBkauAOBAa (MMM YHUTADHOrO) NMPOCTPAHCTBA, HHBa-
PH#aHTHOMY OTHOCHTEIbHO KOCOCHMMETPHYECKOro mpeoOpa3oBaHust ¢, Tak-
e HHBAPHAHTHO OTHOCHUTEAbHO ¢.

1610*, Jlokasarb, 4TO I/ KOCOCMMMETPHYECKOro rpeoGpasoBaHus @
YHUTApHOTO NPOCTPAHCTBA!

a) coOCTBEeHHble 3HAYEHHS] MMCTO MHUMBI (4, 3HAYHT, XapaKTECPHCTU-
YyeCcKHe YHCJAa KOMIUIEKCHOH KOCOSPMHUTOBOM, B 4aCTHOCTH BELUECTBEHHOH
KOCOCHMMETPHUECKOH, MAaTPHIBI YHCTO MHVMMBL);

6) coGcTBeHHbIE BEKTOPH!, NPHHAJEkKALINe JBYM Pa3/MyHEIM cOOCTBEH-
HBIM 3HAYEHUSM, OPTOrOHA/bHEI;

B) eC/M B OPTOHOPMMPOBaHHOM Gasuce marpuua A npeo6pasopanusi @
BELIECTBEHHA M COGCTBEHHHIH BeKTOp, MpHUHALIemAWnit 3HayeHuo fi = 0
NipeJcTaBleH B BUIe X -}-yi, TOe BEKTOPH X U Y HUMEIOT BELIECTBEHHbIE
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KOOpJIUHATH, TO X H ¥ OPTOTOHA/MbHBI H UMCIOT OLMHAKOBYIO KJAHHY, NMPpHYeM

% =— Py, ¢y==px; ()

r) KOCOCHMMETPHYECKOE [peofpa3oBaHHe eBKJAHIOBA NPOCTPAHCTBA
pcerga oG/iagaeT OIHOMEDHLIM W/AM HIBYMEPHBIM HHBADHAHTHBIM MOANPO-
CTPaHCTBOM.

1611#, JlokasaTh, uTO:

a) a1 MOOOro KOCOCHMMETPHYECKOrO NpeoGpasoBaHus ¢ YHHTapHOro
TipocTpaHcTBa R, CyllecTByeT OPTOHOPMUPOBaHHLIA Gasuc, COCTOALIHA
H3 cOBCTBEHHLIX BeKTOpOB mpeobpasoBaHHs @. B stom 6Gasuce marpuua ¢
fABAAETCA JHAarOHaMbHOM € UYUCTO MHHMBIMH 9JIEMEHTaMM HA IMaroHamM
(mpuueM HEKOTOpPble M3 ITHX 3/EMEHTOB MOTYT paBHATbCs Hymo). Kakoe
CBOHCTBO KOMII/IEKCHBIX KOCOIPMHTOBBIX MATDHL, OTCIOZA BHITEKAaeT?

6) ans M000ro KOCOCHMMETPUYECKOro Npeo0pPasoBaHUA ¢ eBK/IMIOBA
npocTpancTsa R, cCyluecTByeT OPTOHOPMUPOBAHHBIAE 0asnuc, B KOTOPOM
MaTpuLa HMeeT CJeIyIOLHH KAHOHHYeCKHH BHAI MO TAaBHOK AnaroHanu

0
CTOAT KJETKH BTOPOro nopaika Bula < v rae B%=0 u Hyne-

—p 0
Bole KJETKH TMepBOro mnopsika (KJAGTKH OXHOTO W3 3THX THIOB MOTYT
OTCYTCTBOBaTh). KakoB reoMerpuueckuit cMbiC/t npeoOpasoBanud, KaKoe
CBOWCTBO BelLECTBEHHBIX KOCOCHMMETPUYECKMX MATPHIL OTCIONA BEHITEKaeT?

1612, Jokasate, 4TO ecad ¢ — caMOCORPsKeHHOe npeoOpasopauue
VHHUTAPHOTO TNPOCTPAHCTBA, TO Npeolpa3oBaHue P ==Ii(p sBAETCA KOCO-
cuMMeTpudeckuM, OOpaTtHO, eCaH @ — KOCOCHMMETPHUYECKOe, TO Y = i —
CaMOCOMNpPsKEHHOe npeoOpasoBaHue.

1613. Hokaszarte, 4TO ecid ¢ — caMOCOTpsiKeHHOe npeolpa3oBaHue
VHUTAPHOTO MPOCTPAaHCTBA, TO npeobpasoBaHue Y= (¢ -~ ie)~1(p - le),
rie &-—— TOXIeCTBeHHOe INpeoOpasoBaHue, CYLIECTBYeT W ABISETCA YHH-
“T&PHLIM.

1614%, JoxasaTb, 4TO KOCOCHMMETPHUECKHE W YHUTapHbE npeobpa-
3OBaHHA YHMTapHOIO MPOCTPAHCTBA (M COOTBETCTBEHHO KOCOCHMMeTpHue-
CKHE M OPTOrOHa/JbHbiE NPeoOpA30BaHUA €BKJAMAOBA NPOCTPAHCTBA) CBA-
3aHBl CNeLylOLUM 06pas3oM: ec/AH B paBeHCTBe

b=(E—9)CE+e" )]
{rae &€ — TOXAECTBEHHOE NMPeo6pPa30BaHKHE) @ — KOCOCHMMETPUYECKOE Tpe-
-o0pa3oBaune, TO \— yHUTapHOe npeoOpas3oBaHue, He HuMelolee c0G-
CTBEHHBIM 3HaueHueM u4nca0 — 1. OOparHo, ecau B TOM ke pasedcTse (1)
p — yHHTapHOEe npeobpa3oBaHue, He HMMewllee COOCTBEHHBIM 3HaYeHUEM
yueao — 1, 1o P — xococumMerprueckoe npeobpasosanue. Pasenctso (1)
onpene/ifeT B3aUMHO OJIHO3HAuHoe OToOpaxeHHe BceX KOCOCHMMETpHue-
CKHX npeoOpasoBaHuii HA Bce yHUTapHele Npeo6pa3oBaHud, He HMeEIOLIHe
COOCTBEHHBIM 3HAaYeHHeM 4uca0o — l. AHAMOoruuHas CBA3b HMEETCH Mexniy
KOCOCHMMETPHYECKMMU ¥ OPTOTOHA/AbHLIMM TPe0Opa3oBaHUAMU eBK/IU0B2
npoctpancTea. Kakue cBOficTBA MaTpHIL OTCIOAA BHITEKAIOT?
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1615. Tlokasarb, uro pasedctso (1) npeawiaymief 3azaunm onpele-
nfer B3aWMHO OJHO3HAYHOE COOTBETCTBME, BO-TEPBHIX, MEKIY BCEMH
HEBBIPOMIEHHEIMU KOCOCUMMETPHYECKHMH TTPe00Pa3OBaHUAMH U BCEMH YHH-
TapHLIMH (COOTBETCTBEHHO OPTOFOHAJbHEIMU) NPe0OPa30BAHUAMH, HE HUMEK)-
IUMH COGCTBEHHBIX 3HaYeHMH =1, M, BO-BTOPHIX, MEeXIY BCEMH BHIPO-
MICHHBIMH KOCOCHMMETPHYECKHMH NpeoOpPasOBaHUAMH U BCEMH YHUTAPHLIMH
(OpTOrOHANBLHEIMUM) NPEOBPA3OBAHUSMY, WMEIOWMMU COOCTBEHHBIE 3Haue-
Husi -1, HO He uMelOLIUMU COOCTBEHHOTO 3HavyeHus —1.

1616, oxasarb, 4TO ec/M ¢ — KOCOCHUMMETPHYECKOE npeobpa3oBanie
YHHTApHOTO (WM €BKJAHIAOBA) NpPOCTPAHCTBA, TO npeoOpasoBanue e?®
AIBIAETCH YHUTApHHIM (COOTBETCTBEHHO OPTOroHanbHEIM). Kakoe cpolcTBO
Marpuil OTCIOJA BHITEKaeT?

1617%, Jokasath, 4TO QyHKLMA ¢? BH3EIBAET B3AaUMHO OJIHO3HAYHOE OTO-
6pakeHne BCeX CaMOCONPAKEHHBIX MPeoOpa3OBAHHN YHUTAPHOTO (WX €BK/IH-
L0Ba) MPOCTPAHCTBA HA BCE NMOJIOXKHUTEILHO ONpPefeneHH e (T. €. CaMoConps-
JKeHHbIE C MOJOXHTEbHBIMU COOCTBEHHBLIMM 3HAYEHUSIMH) NPeobpPa3OBaHuA.

1618, Jluneftnoe npeoGpasoBaHue ¢ YHHTaPHOTO (MJIM €BK/HLOBA) MPO-
CTPAHCTBA HA3LIBAETCS] HOPMAJBHEIM, €C/H OHO TNepecTaHOBOYHO C COMpH-
XeHnsM eMy rnpeoOpasoBandeM ¢*. ITpOBepUTb, YTO CAMOCONPSIKEHHBIE,
KOCOCUMMETDHUECKHE W YHUTApHLie (MIM OPTOTOHa/AbHBIE) NpeobpazoBanus
HOPMaJbHbL. N

1619. JlokasaTh, uTO HOpManbHOEe NPeOOPA3OBAHUE YHHUTAPHOrO (MM
€BKJMI0BA) MPOCTPAHCTRA TOILA M TOMLKO TOTIA fABASETCS camoconps-
MEHHLIM, KOr'la Bce ero coOGCcTBeHHble 3HaueHMs (COOTBETCTBEHHO BCe
KOPHH €r0 XapaKTepuCTHYeCKOro YpPaBHEHMS) BelieCTBEHHHL.

1620. ilokasath, yTO HOpManbHoe npeo6pasoBaHMe YHUTAPHOIO (MJK
€BK/AMI0BA) NPOCTPAaHCTBA TOrLa M TOJNbKO TOrAa sBJSETCS YHHTAPHBIM
(COOTBETCTBEHHO OPTOrOHAbHBIM), KOTJd BCe €ro COOCTBEHHbIC 3HAYEHHs
(COOTBETCTBEHHO BCe KODHM €ro XapaKkTepHCTHYECKOTO YpaBHEHHUs) Ho
MOAYMIO PABHBl €IHHMILE.

1621. Joxasarb, 4yTO HOpMaAbHOe Npeofpa3oBaHHe YHUTAPHOTO (WM
€BK/NAOBA) NPOCTPAHCTBA TOTIA M TOALKO TOTAA $BASETCH KOCOCHMMe-
TPUYECKMM, KOrjla BCe ero coGCTBeHHBIE 3HaueHHss (COOTBETCTBEHHO BCe
KODHH €ro XapakTepUCTHYECKOTO YPaBHEHHS) YHCTO MHUMBL

1622, Ioxasarth, uTO JnHefiHoe mpeoOpa3oBaHue ¢ YHUTAPHOTO NPO-
CTPaHCTBA TOTI2 H TOALKO TOrla ABJASETCA HOPMaibHBIM, Korza ¢ =y,
rie  — CaMOCONPMKEHHOE H ¥, — YHHTapHOe npeoGpasoBaHus, NepecTa-
HOBOUHEIE MeXIy cobof.

1623. Ilokasarth, uTO:

a) Kauaoe JuHeidHoe Npeo(pa3oBaHHe (¢ ONHO3HAYHO TPENCTABIAETCH
B Bule ¢==Q, + ¢, Tl1€ (P, — CAMOCONPHAKEHHOE U (Py—— KOCOCUMMETPH-
yeckoe npeoOpasoBaHus;

6) ans Toro yroGel npeoOpasoBanyve (¢ ObINIO HOPMAJLHBIM, Heo6XO-
LUMO U 10CTaTouHo, uToOn mnpeo6pa3oBaHus ¢, W ¢, B BHIIEYKA3aHHOM
NpeACTaBJIeHHH ObIIH NEpeCcTaHOBOYHE,
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1624. Ilokasartb, 4TO:

a) kaxioe auHelinoe npeoOpa3oBaHuMe ¢ YHUTAPHOrO NPOCTPAHCTBA
0/IHO3HAYHO TNpeACTaBAsieTCS B BHIE Q== @, -} i@, Fae ¢; U @y— CaMo-
conpsiKeHnsie npeoGpasopanus;

6) ajst Toro uro6n MpeoOpasopanue ¢ ObLIIO HOPMAJbLHBIM, Heo0XO-
IUMO M JOCTATOYHO, uTOOB NpeoOpasoBAHHS (¢ U ¢y B BHILIEYKA3aHHOM
npencTasieHud OblM NepecTaHOBOYNLL.

1626%,. Jlokasarth, uto ans mobo#t (koHeuHo#t MM Geckonednol) co-
BOKYIHOCTH TIONapHO [1ePecTaHOBOUHLIX HOPMaAbHbiX fpeoGpa3oBanuit
VHUTAPHOTO MpPOCTPAHCTBA R, CyILIeCTByeT OPTOHOPMHPOBAHHGIH Gasuc,
BEKTOPHEl KOTOPOro SBJAIOTCA COBCTBEHHBIMH NI BCeX npeobpaszopaHult
JAHHOM COBOKYTTHOCTH.

1626. oxasaTb, 4TO 3 J00OTO HOPMAJILHOTO TIPeoOpasoBaHus @
YHUTAapPHOrO NpOCTpancTsa R, MOkHO B 061acTH HOpPManbHHX npeolGpa-
308aHUI M3BJIEYb KOPeHL k-} cTenedu Ais M000r0 HATYPalbHOTO uKCaa R.
HalTy uncao pasaHuHBIX HOPMANbHBLIX TPe0Opa3oBaHuii P Takux, uto P* = @.

1627%, Iloxasartb, 4TO ecid X — COGCTBEHHEIl BEKTOp HOPMAJbHOTO
npeoOpa3oBaHusl ¢ YHUTApHOTO (MM eBKJMIOBA) NPOCTPAHCTBA, NpuUHAN-
nexaunit Co6CTBEHHOMY 3HAuyeHHIO A, TO X ABAsieTCS COOCTBEHHBIM BeK-
TOPOM LIS CONPSMEHHOro npeolpa3oBanus ¥, NpHHALIEKAUMM CONps-

KEHHOMY (COUTBETCTBEHHO TOMY XK€ CaMOMY) uucay A.

1628%, JlokasaTb, 4TO COOGCTBEHHBIE BEKTOPHI HOPMaIbHOro 1peolpa-
30BaHUs, MpMHALneKALIME IBYM pasdJuuHbiM COOCTBEHHBIM 3HAYEHHUSAM,
OPTOTOHAJIbHHI.

1629%, Tlycts e — cobcTBenHbli EBeKTOp HOpMaabHOro mnpeobpaso-
BaHuf . [lokasaTb, YTO MOAMpPOCTPaHctBO L, coctofllee U3 BCEX BEK-
TOPOB TPOCTPAHCTBA, OPTOTOHAJILHBIX €, WHBAPHAHTHO OTHOCHTENLHO .

1630#*, Joxasath, uTO 415 HOPMAJLHOCTH JWHEHHOrO MpeoOpas3oBa-
HHS () YHATAPHOTO IPOCTPaHCTBA HEOOXOAMMO M HOCTATOYHO, 4TOOwI
KaXAbH COOCTBEHHBIH BeKTOp ¢ Gbl1 COOCTBEHHBIM H 1Js ¢*.

1631%*, Jlokasars, uTo Ji060e MOANPOCTPAaHCTBO L yHUTapHOrO Npo-
CTpaHcTBa R,, MHBAapHaHTHOe OTHOCHTENbHO HOPMa/bHOro npeofbpasoba-
Hua @, o0aanaeT OPTOHOPMUPOBAHHEIM (A3MCOM, COCTOALIMM M3 COOCTBEH-
HBIX BEKTOPOB NpeolpasoBanus (.

1632*%. Toropsar, uro AnHeHHoe npeoGpasoBaHue ¢ YHUTApHOTO (Wi
eBKJIMJ0BA) NPOCTPaHCTBA R, 00/a1aeT HOPMQAAbHOLM CB8OHCMBOM, €CIH
OPTOTOHA/MbHOE AonojHenne L* nnst Kawaoro noampocrpanctsa L, uHBa-
PHAHTHOTO OTHOCUTEJBHO ¢, CaMO MHBAPMAHTHO OTHOCHTENbHO . Jloka-
8aTb yTBEPMHIEHHE: IJs TOro 4tobbl JHHeHHOe Npeo6GpasoBaHME ¢ YHH-
TapHOTO (MM €BKJMIOBA) MPOCTPAHCTBA GHIIO HOPMAMBLHHIM, HeOOXOAMMO
H JOCTATOYHO, UYTOOB ¢ 00431310 HOPMAJIbHLIM CBOHCTBOM.

1633*%, IlokasaTh, 4TO RIS HOPMaAbHOCTH JuHedHHOTo mpeobpazoBa-
HUS ( YHUTApHOro (WM €BKJAMIOBA) NPOCTPAHCTBA HEOGXOAMMO M dOCTa-
TOYHO, 4TOOH Kam[0e NOANPOCTPAHCTBO, MHBAPUAHTHOE OTHOCHUTENLHO ¢,
ObII0 HHBAapUAATHO M OTHOCHTENBHO @,



OJOMOJHEHHUE

§ 20. Fpynan

1634. Buisacuutb, ob6pasyeT Jiu Ipynny Kaxiaoe H3 CJAEAYIOIMX MHO-
2KEeCTB NPH YKA3aHHOH OMepauuM Haj JeMeHTaMu:

1) uenble uucaa OTHOCHTENbHO CJAOKEHHS;

2) yeTHble YMCJAA OTHOCHTE/BHO CJOMEHHUS;

3) uenble yMcaa, KPaTHHE AAHHOMY HaTyPaibHOMY 4YUCHY A, OTHO-
CHTEJIbHO CJIOXEHHS;

4) creneH¥ AaHHOTO JeHCTBHTEJBLHOrO uYHcAd a, a #+ 0, 1, ¢ 1e-
JbIMU TIOKA3aTedsIMH OTHOCHUTENbHO YMHOMEHHS;

5) HeoTpHUAaTe/bHble leJble YHC/IA OTHOCUTENbHO CJIOMKEHHUS;

6) HeuyeTHble lieble YUCTA OTHOCHTENBHO CJOXEHHS;

7) uesble 4nC/aa OTHOCHTEJLHO BHIUHTAHHS;

8) pauMoHanbHble YHC/IAa OTHOCHTEbHO CJAOXKEHHS;

9) pauMoHajbHBlE YMCJA2 OTHOCHTEJbHO YMHOXEHHS;

10) pauuonanbHble YyuCaAa, OT/AMUHBIE OT HYJH, OTHOCHTENbHO YMHO=

11) nonoxuTeNAbHblE PALUOHAABHBIE YHCAA OTHOCHTENbHO YMHOXEHHS;

12) nonoxutenbHbie palUHOHAAbHBIE UYHCJAZ OTHOCHTEALHO AJCHUS;

13) IBOMYHO-paUMOHaMbHBIE YUCJIA, T. €. PAUHOHAJIbHbLE YuCJIa, 3HA-
‘MEHATeJIH KOTOPBIX — CTENeHH uucaa 2 € UeJbIMH HeOTPHLATENbHbIMU
NOKa3aTeaaMH, OTHOCHTE/NbHO CJOMKEHHS;

14) Bce panuonalibHble uKCJ3, 3HAMEHATENM KOTOPHIX PABHBI NPOU3-
BeLEHUAM TIIPOCTBIX 4yHCea M3 JaHHOro MHOxecTBa M (kOHeyHOTrO UM
GeCKOHEYHOr0) C LeNBIMH HeOTpPULATEJbHBIMH IOKasaTeasaMd (JHLIL KO-
HeyHoe YUCJA0 KOTOPBIX MOXKET ObiTh OTJIHYHO OT HYJsl), OTHOCHTENLHO
CIOXKEHN;

15) kopHn n-# cTemenu M3 eamHuubl (kak AeHCTBUTe/bHBIE, TaK U
'KOMIIJIEKCHBIE) OTHOCHTE/ILHO YMHOMEHUS;

16) KOpHM BCexX HeJBIX NOJOXKUTEJbHBIX CTEneHe# U3 eIUHHUB OTHO-
‘CUTEJIbHO YMHOMEHHUS;

17) matpuusl nopagKa n ¢ AeACTBUTE/LHLIMA  SJEMEHTAMH OTHOCH=
TE/AbHO YMHOMXEHHUS,;
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18) HeBLIpOMIEHHBIE MaTPUUB MOPAAKA 7 C LEHCTBHTEJbHBIMH 3Je-
MEHTAMU OTHOCHTEJNBHO YMHOXEHHS;

19) MaTpuus MOpALKa 7 C UEJBIMM 3JIeMEHTaMH OTHOCHTEJBHO YMHO-
MeHus;

20) MarTpuubl NOpSAKAa 7 C UEJHIMM 3JIeMEHTaMH M ONpeLEJUTENEM,
PABHBIM €IHHHLE, OTHOCHTENbHO YMHOXEHHUS;

21) MaTpuuBl mopsiika 7 € UEAbIMA 3JIeMeHTaMH W ONpelesuTeleM..
paBHbIM T 1, OTHOCHTENHLHO YMHOMEHHS;

22) MaTpuulel NOpPAZKAa A C JAeHCTBUTENbHBIMH 3/IEMEHTAMH OTHOCH-
TE/bHO CJOXEHNUS;

23) noxcraHosku uncen 1, 2, ..., 7 OTHOCHTEJbHO YMHOXEHHS;

24) uerHnle NMOACTAHOBKM unces 1, 2, ..., n OTHOCHTEJBHO YMHO-
KEHN;

-25) HedyeTHble TIOACTaHOBKM uucea 1, 2, ..., 7 OTHOCHTEJbHO YMHO-
KeHus; N

26) B3aUMHO OJHO3HAYHBie OTOGpaNeHus MHoxectea N = (1, 2, 3, ...}

HATypa/bHBLIX 4YHcel Ha ce0si, Kakioe M3 KOTOPHIX [epeMellaer JHilb
KOHEeYHOe YUCJIO YHCeJ, €C/MH 3a Npou3seieHue orobpameHuft s n ¢ npu-
HATO OTOOpaxeHue Sf, KOTOpPOe MOJYYaeTcs MNP TMOC/AeN0BATENbHOM Bhl--
NO/IHEHHH ©TOoOpaxeHu# s u ¢;

27) npeoGpasoBaHus MHOxecTBa M, T. e. B3aUMHO OIHO3HAYHHIE:
0oTOGpaxXeHHs] 3TOr0 MHOXKeCTBa Ha cefs, eCJM 3a Npou3BeieHHe npeolbpa-
30BaHu#t S M ! npuHATO mnpeoGpa3oBanue S§f, KOTOpOE NOJAYYaeTcsd NpH.
nocael0BareIbHOM BLINOJHEHHH NpeoOpasoBaHuit s W f;

28) BeKkTOpHl 7n-MEPHOTO JIHHEHHOTO NPOCTPaHCTB2 R, OTHOCUTE/bHO:
CJIOKEHNUS;

29) napansieibHble NepeHOCH TPEXMEPHOTo mpocTpaHctBa R, ecau 3a
NpoN3BeleHHe TepeHOoCcoB § W [ MPHHATO HX MOC/ELOBaTeNbHOE BHINOJ--
HeHue;

30) NoBOPOTHI TPEXMEPHOrc NPOCTpPaHCcTBAa R BOKPYT naHHO# Touku O,
€C/JM 3a NMPOM3BEleHHWEe NOBOPOTOB § M f NMPHUHATO UX MOCJ]ENOBaTE/NLHOE
BLITNIOJIHEHHE;

31) Bce IBM)KEHHS TPeXMEPHOrO INPOCTpPaHCTBA R, €Cid 3a NpPOU3Be-
LeHue IBHXKEHHUH § M ¢ NPHHATO JBHXKeHWe Sf, MOJyvalolleecs HpPH NO-
C/JIeX0BATEJLHOM BBLINOJHEHHH IBHXKEHRH § M f;

32) nonoxuTenbHble NEHCTBHTE/bHLIE YHC/A, €CAH Onepauus omnpele-

aserca Tak: a b= a’

33) monoxuTeNbHble AeHCTBUTE]bHBIE YHCAd, €C/AH Oflepaids onpejle-
JeHa Tak: a = b= abh?%

34) neitcTBUTeNbHEIE MHOTOUMEHB CTeneHd < 7 (BKJIIOYasAs HY/b) OT
HEHU3BECTHOTO X OTHOCHUTEJNbHO CJIOXEHHS;

35) neHCTBHTENbHEIE MHOTOY/IEHHl CTeNeHH 7 OT HEM3BECTHOrO X OT-
HOCHTEJNBHO CJOXEHHST;

36) nelicTBUTENbHBIE MHOTOYNEHE JIOOLIX CTeneHed (BKIOYAR HYJb)
OT HEH3BECTHOIO X OTHOCHTE/IbHO C/AOMKEHHA.
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1635. oxasaTb, ur0o KOHeuHoe MHOWecTBO (, B KOTODOM oOmnpexe-
JeHa accouuMatuadas aare0panyeckas OMepanuss U Kaxloe U3 ypaBHEHHH
ax—=—>b, ya=2>5 nas nobuix a u b u3 G umeer B G He Gosee OLHOrO
peireHus, 6yaer rpymnmno#.

1636. HokasaTe, uto ecan a?==e aaq moboro aiaeMenta a rpynns G,
TO 3Ta rpynma adenesa.

1637#, Jloxasarb, yTO Tpynna KOpHel n-# CTemeHd U3 eqHHHIBL
ABAAETCS €LHHCTBEHHOM MYJbTHIVIHKATHBHOH Tpynmo#t n-ro nopsixa
C YMC/IOBHIMH 3JIEMEHTAMHU.

1638*, Haiitu Bce (¢ TOYHOCTHIO KO U30MOpGU3MA) TPYNNEl NOpAIKA:
a) 3; 6) 4; B) 6. Hanucarh Tabauunl yMHOMeEHHA ITHX TPYNI H npel-
CT4BUTb 3TU TPYyNNbl B BUAE I'PYNN IOLCTAHOBOK.

1639*, [Tokasarb, YTO BpallleHAS KaXKAOTO U3 IATH NPaBUIBLHBIX
MHOT'OTPAHHUKOB BOKDYT LEHTPA, COBMELUAIOllMe MHOrOTPAHHHMK C CAMHM
co0oft, 00pa3yioT I'pyNNy, ec/iu 3a YMHOXeHHe IBYX BpaUleHUHl MPUHATD
HX TIOCJeLOBATE/NbHOE BbIMOJHEeHHe, HalTi nopsakd 3THX FPyI.

1640. dokasarb, yro rpynnsl 1)—4) sazayn 1634 usomopdHbl Mexiy
co0o#.

1641. Jlokasatb, uTO:

a) Bce OeckoHeYHBIE UMKIMYECKHe TPYNnsl H3OMOpQHB MewLy coGoft;

6) Bce KOHeuHble LHMKJAMYECKHWE TPYNIBl AAHHOTO MNOPAIKA N H30-
MOpdHE Mexny coGof.

1642, Joxazatb, uTO:

a) rpynna MNOJOXUTENAbHBIX JeHCTBUTENbHHX YHCeN MO YMHOXEHHIO
u3oMopdHa rpynfe BCeX HefiCTBUTEJbHBIX HYHCEN MO CAOMEHHIO;

0) rpynna noJIOXKHTEMbHBX DPAUUOHAIbHBEIX UYHUCEN MO YMHOXEHHIO He
U30MOp{HA rpynne BCeX PAUMOHATbLHEIX YHCET IO CJIOXKEHHIO.

1643*, IHokasaTk, uTO:

a) mobas KOHeYHas rpynna nopsika n u3oMopdHa HeKOTOpOH rpynne
NOACTAHOBOK 7 3JIEMEHTOB;

6) Jqofas rpynna 430Mop¢Ha Ipynne HeKOTOPHX B3aMMHO OLHO3HAY-
HBIX OTOOpaweHHH MHO)XECTBA 3/eMEHTOB 3TOH rpymnbl Ha cels.

1644, Iloxasatbh, 4To uias A00LIX 2/4eMeHTOB ¢, b, ¢ rpynnn G:

a) sneMentsl @b U ba MMEIOT OIHHAKOBHI NOPSLOK;

6) snementn abc, bca u cab VMMEOT OIMHAKOBHIf MOPSANLOK.

1645, oxasath, 4YTO eCay e — eIWHULUA U @ — DJIeMEeHT MOpAiKa 7
rpynnst G, 10 @ ==¢ TOr1a M TOMBLKO TOTZa, KOTAA R LENHTCA HA 7.

1646, Halitu Bce o6pasywiiue 3JeMeHTH aJIUTHBHOH IPyNObl Lebix
yycel.

1647, Ilycts G = {a] — uuxandeckas rpynna nopsika n u b= a*.
Jlokasath, uro:

a) aaeMedT b Torxa M TOMbKO Toraa Oyier oOpasylowmm rpymmst G,
KOFrla 4ucia n ¥ R B3aHMHO NpPOCTHI;
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n
6) mopsnok snemeHTa b pasen 5 The d — Hanboabinit o6mwiu# ne-

JuTedb n U R; i

B) ecad n M Kk B3auMHO npocTH, TO B O CyllecTByeT KOpeHb Va,
T. €. @ aBisercss k- cTeneHbio Hexotoporo snementa U3 G u obparHo;

T) B IpyNIe HEYeTHOrO MNOPAAKA BCE 3IJEMEHTH HBAAIOTCA KBaapaT-
HBbIMH.

1648%, [lokasaTb yTBepMXJAeHHS:

a) ecau sjeMeHTH a U b rpynnst G nepecTaHOBOUHH, T. €.

ab = ba, ¢

¥ MMeIOT KOHEYHble B3aMMHO IIPOCTHle MOPSIAKK 7 M §, TO MX NPOH3BE-
IeHue ab uMmeer MOPSROK rS;

6) ecau aaeMeHTH @ W b rpynnu G nepecTaHOBOYHB, HMEKT KOHeu-
Hble TIOPSIKM 7 H § W NepeceyeHHe UX UMKJIHYECKHX TNOATPYMNN COLePIKUT
JUllb eNMHHLY e, T. €.

(e} n (o} = fe}, @)

TO TOPSNOK NMpOM3BeleHUs] gb paBeH HauMmeHbllleMy OOLieMy KpaTHOMY r
u s. TloxasaTh Ha npuMepax, 4TO IJA CHPABELIMBOCTUH MOC/ELHEro
yTBepKIeHNus Kaxjoro u3 ycaosu#t (1) m (2) B OTHLENBHOCTH HenoOCTa-
TOYHO M uTO ychaosue (1) He sBAsleTCA CleNCTBHEM YCaOBUA (2), paxe
LJiS B3aUMHO NPOCTHIX MOPSILKOB 3EMEHTOB a U b;

B) €CM TIOPAAKA r W § 3JEMeHTOB @ U b B3aUMHO NPOCTH, TO yCJO-
pue (2) BBHINOJHSETCS;

T) MokasaTb Ha npumepe, uyto 6e3 yciaoBua (2) MOPsAIOK Npou3Bele-
HUS b He onpeleisieTcss OXHO3HAYHO MNOPALKAMH COMHOXHTenel a M D.

1649, Kakue w3 rpynn 3azaun 1634 saBasiorcs MOArpymnnaMu Apyrux
M3 9THX Tpynn?

1650. HokasaTb, 4TO:

a) ecan F — KoOHeyHOe MHOXKeCTBO 3aeMeHTOB rpymmel G U nmpomnsse-
IeHue IBYX /MOObIX 3ieMedTOoB M3 /1 cHoBa newut B H, 10 H Oyner
noarpynno#i rpynns G;

6) ecan Bce 3JeMeHTH MHoxecTBa H rpynnsl G HMEIOT KOHEUHbie
MOPSAKH H NpOU3BELEHHEe IBYX JIOOHX 3/eMeHTOB U3 F CHOBa JeXHT
B H, To H Oyzer noarpynno# rpynnu G.

1651, Joxasats, uyto B Jyo00#f rpynne NOICTAHOBOK, COAepKalleR
X0Ta OB OJHY HEYEeTHYI0 MOACTAHOBKY:

a) 4NCAO0 YETHHIX MOACTAHOBOK PABHO YHCHAY HeUeTHLIX;

6) ueTHble MOACTAHOBKH OGPA3YIOT HOPMAJbHBIA IeMUTENb;

B) BCE IIPOCTHIE TPYNNB MOLCTAHOBOK 7 3JeMeHTOB (rie n > 2) co-
IepxaTca B 3HaKonepeMennoll rpynme A, (npocmod naspBaeTca rpymnna,
He HMewas HOPMaJdbHEIX JeauTenelf, Kpome cebs caMOH M eXHHHMYHOM
NOATPYNL).
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1652, oxasatb, yro Mmobas GeckoHeyHad rpynna uMeeT OGeckOHeuHoe
qHCAO HOATPYMIL

1653, Hatitu Bce (c TOuHOCTBIO X0 M30MODP(HM3MA) TpYNNH, KAKAAA
#3 KOTOPbIX H3oMOP(HA MO00# CBOEH HeelMHUYHOW MOArpymme.

1654. Ha#itu Bce noxarpymmei:

a) UMKJAKYecKOR rpynnbl nopsika 6;

6) umkauueckolt rpynnul nopaaka 24;
B) ueTBepHOH rpymmsl (3azaua 1638);
r) cummerpuueckoit rpynnu Sg;

1) Kakue M3 MOATPynfl rpymnsl S; ABAIOTCH HOPMAJbHBIMH JeJHTe-
M ? .

€) J0Ka3aTb, 4YTO 3HAKOMNEpeMeHHAas TrpPynma uyeTBepToH cremenu A,
He HMMEeT NOArPYNnel 1ecToro nopsaka. Takum ob6pasom, rpymna G
nopsiaKa N 105 HEKOTOPHX R, JAEMALUMX 1, MOXeT He HMeThb MOACPYIN
Tiopaixa k.

1656. Ha#itu Bce moarpynnel rpynnsl G mopsika 8, Bce 3/7eMEHTH
KOTOPOH, KPOME EINMHHUB €, MMEOT NOpAloK 2.

1656. Ilyctb G = {a} — KoHeuHad UMKAHYECKAA FPYNNa MOPAAKA .
Jloka3ate yTBEpKICHHA:

a) nopsaick Juobo# noxarpynnel rpynnst G fequT nopsiok n 3ToM
rpyMNb;

6) njs moboro jJemutens d YMCAA 7 CYLIECTBYET eNMHCTBEHHAA MOJ-
rpynna H rpynnst G, uMeomas nopsiox d;

B) noarpymna f{ nopsaka d colepxHT B KauecTBe oGpasyloiux kce

n

-anementhl nopsaika 4 rpynnst G. B gactHoCTH, H:{a_“_}.

1657%, Hatitn BCe MOATpynnbl APUMAPHOH WHK/IHYECKOH CPYOMbl, T. €.
uukauuecko#t rpynnsl G = {a} nopaaxa p*, rmze p — npocroe unucio.

1658%, IlokasaTb yTBepKIeHHUS:

a) cuMMeTpHyeckad rpynma S, npu n > | TOPOKAAETCE MHONKECTROM
Bcex Tpaucnosuuuit (I, j);

6) cuMMerpHueckad rpymma S, npu n > 1 NOPOMAAETCA TPAHCIOZH-
wmamu: (1, 2), (1, 3), ..., (1, n);

B) 3HaKonepeMeHHas rpynna A, npu n > 2 NOpOKAAETCA MHOXECTBOM
BCeX TPOMHHIX UMKIOB (I J R);

r) sHakonepemenHad rpynna A, npu n > 2 NOPOKAAETCA TPOHHBIMH
augnamu: (1 2 3), (1 24), ..., (1 2 n).

1659, Hafitu cMexHble KJaacChi:

a) alIMTHUBHOM TPYNMNbl LeJbIX 4ucen MO NMOArPyNne Yuces, KPaTHHIX
- L&HHOMY HATyPaTbHOMY UYHCIAY n;

6) aINWTUBHOR TPyNMbl AEHCTBHTENBHBIX YMCENT MO MOArpymIne UeasiX
uKces;

B) QINMTHBHOM TPYNNbl KOMIJIEKCHBIX YHCEeN [0 MOATPYyIe LeJbX
FayccoBHIX YuCen, T. €. udcen g --bi ¢ uennlMu a ¥ b;
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r) apIMTHBHOH TPYNALl BEKTOPOB IJIOCKOCTH (BHIXOJALIMX W3 Havyana
KOOPJIHMHAT) N0 MOATPYNNe BEeKTOPOB, Jexawux Ha ocH abcuuce Ox:

1) MYIbTHILIHKATHBHOHA TPYNNBI KOMIJIEKCHBEIX YHCEJ, OTAHYHBIX OT HYAs,
N0 PMOLrpynne 4Yuces, PaBHHIX MO MOAYJO eXuHHLE;

€) MyJAbTHIIMKATUBHON IPYNNBl KOMNJIEKCHBEIX YHCeJl OTAHYHBIX OT HyJA4,
N0 TOArPyNNE NOJOXUTEIbHBIX LefiCTBUTENbHBIX uHCesn;

X) MyJbTHIJIMKATHBHON TPYNIB KOMIJIEKCHBIX YKCEJ, OTAHYUHHX OT HyJI4,.
1o TOArpynne IeHCTBUTE/bHBIX YHCEN;

3) cUMMeTpHUecKOH rpynnsl S, no MOATpynne NoACTAHOBOK, OCTABJISIO~
IIAX YUCIO 12 HA MeCTe.

1660*, Joxasarp, uro:

a) noarpynna M nopsaka k koneuHo#t rpynnbnl G mopaika 2k conep-
AT KBaZparhi Bcex 3JeMeHTOB rpymnb G;

6) noxrpynna H wnpekca asa mo6oi rpymnsl G cOLEPKUT KBALPAThHE
Bcex szeMentoB rpymnn G.

1661*®, [okasate, uto npu n > | 3HakonepemenHas rpynna A, sB-
nfeTcs eAMHCTBEHHOR NOATPYNNoO#i MHIekca 1Ba (T. €. COlepxauel noio-
BHHY BCEX 9/1eMeHTOB) B cumMeTpHuecko#i rpynne S,. Ilpusectn npume)
'KOHeYHOW TpPYNNbl, cojepixkalieli HECKONbKO NMOArPYNN MHIEKCAa IBA.

1662%, Jlokasarb, uro:

a) Tpynna Terpasipa M3OMOPdHA rpynne YeTHHX MOACTAHOBOK YeThi-
pex 3JIeMeHTOB; )

6) rpynnel ky6a u oKTasipa H3OMOP({HH rpynne, BCeX NOACTaHOBOK
YETHIPEX 3JEMEHTOB;

B) Tpynmbl 10JeKa’sipa M MKOCA31pa H30MOP(HLI FPYNNE YETHHIX NMOL-
CTAHOBOK TNATH 37eMeHTOB. QOnpeleneHde TIpynnm MHOTOTPaHHUKOB CM.
B 3anave 1639.

1663. Ilokasatb, uro mobas MOATrpynna MHIEKCa IBa SBIAETCH HOp-
MaJbHEEIM JieJIUTEesIEM,

1664. JHoxasarb, uto MHOMecTBO Z Bcex 3ieMeHToB rpynnn G,
KanJb#i H3 KOTOPHX NePecTaHOBOYEH CO BCEMH 3JeMeHTaMH STOR rpymmm,
ABNSETCS HOPMaJbHBIM fRenutenem (ueHtp rpynnst G).

1665, Daement aba”'b~' nasmBaercs KOMMYMAMOPOM 34E MEHMOB
a u b rpynnn G. [lokasarb, UTO BCE KOMMYTATOPH M MX NPOU3BELEHUS
(¢ MOOBIM KOHEUHHIM YHC/JOM COMHOMXMHUTeNeH) 06pasyloT HOPMajbHHIA Je-
auteap K rpynnel G (KOMMYT4HT BaHHOR rpynnbl).

1666, lloxasatb, uTO B Tpynne BceX IBWKEHHH TPEXMEPHOTO Mpo-
CTPaHCTBA 3/1EMEHT X~ !@X, CONPSKEHHBIH C TOBOPOTOM @ BOKPYT TOUKM P,
SIBJAETCS OBOPOTOM BOKPYT TOH TOYKH Q, B KOTODPYIO NEpexoiuT Touka P
APH IBMKEHHH X.

1667. ILoxkasath, YTO NMOACTAHOBKA X~ lax, CONpsiKeHHas B rpynne
NOACTAHOBOK MOICTAHOBKE @, MOJAYYA€TCH NyTeM NpAMEHeHus Tpancdop-
MHEpYyIOllell NOICTAHOBKH X KO BCEM YHCJAM B Pa3J0eHUH NOILCTAHOBKH 4
HAa HE3aBHCHUMblE LHKJBI,
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1668%, Iloxasarb, 4TO:

a) uyerepHan rpymna V (3azaua 1638) sBagercs HOPMAIbHBIM IedH-
TeJeM CHMMeTpHuecKOR rpymnsr S;

6) daxtop-rpynna S,/V uzomopHa cummeTpuueckoil rpynne Sj.

1669*%, I[loabsyscy 3agaueit 1667, HallTM 4HCIO MOACTAHOBOK CHM-
MeTPHYECKOH Trpymmel S,, MepecTaHOBOYHHIX ¢ NAHHOH TNONCTAHOBKOR §.

1670%*, Jloxasarb, 4TO eC/M NepecedeHHe ABYX HOPMAIbHHIX JelduTe-
net H, n H, rpynnp G colepxuT JHIIb eIMHULY e, TO J10GOH 3ie-
MeHT h, € H; nepecraHosoued ¢ moObIM 3/leMeHTOM f, € H,.

1671, [lokasarb, uTo:

a) adeMeHTsl rpynnsl (, nNepecTaHOBOYHBIE C ILAHHBIM 3JEMEHTOM a,
obpasytor noarpynny N (a) rpynust G (Hopmaausatop a B G), coxep-
KAUYIO LUKIMYECKYI0 MOArpynny {a} B KauecTBe HOPMaAbLHOTO JeJUTES;

6) udcno 3aeMeHTOB rpynnbl G, CONPSKEHHBIX C @&, PABHO HHAEKCY
nopmanusaropa N (a) B G.

1672. Ioxasarb, uTo:

a) ssementsl rpynnel (G, mepecTaHOBOYHBIE ¢ JaHHOK noarpynno#t H
(uo He 00s3aTeqbHO C 3JaeMeHTaMH M3 H), ob6pasywor noarpynny N (H)
rpymnbl G (Hopmanusarop noarpynnsl /7 B (), coxepwantyio noirpynny H
B KAauecTBe HOPMAMbHOTO AelUTeNd;

6) ducno moarpynn rpynnst G, conpsikenHsx ¢ f, paBHO WHIeKcy
Hopmanusaropa N (H) B G.

1673*, Ilokasarb, 4TO: :

a) uucao 9jeMeHTOB rpynnbl (, CONPSKEHHBIX C NAHHLIM SJEMEHTOM;

6) uncao noirpynm rpynnsl ¢, CONPSIKEHHHX € ZaHHOH MOLrpymnmnof,
JemuT mopsnok rpynnsl G.

1674, Toabsysch 3agauamu 1669 u 1671, HaliTH yucaO NMOICTAaHOBOK
CHUMMeTpHUecKO# Tpymnsl S,, CONPsKEHHBIX C JAHHOW MOLCTAHOBKOH §.

1675%, okasatb, uro ueHtp rpynmst G nopsaka p”, rie p— 4ucJjo
TIpOCTOe, COAEPKUT Oojee OILHOrO 3JeMeHTa.

1676%, [loxasatrs, uTO mo0cH HOpMaabHbi Zeauteab H 3Hakonepe-
MeHHOH rpynnsl A, cTeneHd n > 5, colepwawmuf x0T OB OIMH TPOH-
HOH uuka, coBnazaer ¢ A,.

1677%, a) Hafitu Bce Kiacchl CONPSMEHHBIX 3/€MEHTOB I'PYMIB UKOCA-
9pa (3anaya 1639); 6) nokasath, 4TO TPyMHa MKOCadipa ABJAAETCA NPO-
cTO# (T. e. He MMeeT HOPMA/BHHX JeJuTesel, OTIAMYHBIX OT CaMO# FPyMIbI
U eIMHHYHOH MOATPYMNIIE).

1678%, JiokasaTb, 4YTO 3HaKOMepeMeHHad Tpynna MATOH cTeneHu
IBJISeTCS NIPOCTOM.

1679. Ioxasarb, uro rpymnma G’ TorZa u TOMLKO TOTAA sBASETCS
TOMOMOp(dHbLIM 00pasoM KoHedunoH uukamdecko#t rpynnst G, xorza G’
TAKIKE LMK/IMYECKAd M ee TMOPALOK Jeaut mopsaiok rpymns G.

1680, oxasaTe, uyto ecau rpynna G romomopdHO oTOOpaxeHa Ha
rpynny G’, npuyem saement @ u3 G oroGpaxaercs Ha ¢’ w3 G', TO:
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a) TMOPAAOK @ [eJadTCa Ha nopanoxk a’;

6) nopsiaok G neaurcs Ha nopasox G7.

1681, Hatfitu Bce romomopdHubie 0TOGpaNweHHSs:

a) uukanveckod rpynnsl {a} nopaika n B cebs;

6) uuxanueckolt rpynmet {@} mopsika 6 B uukauueckywo rpynmy (b}
nopsiaka 18;

B) HMKJAWYeCKOH rpynmul {a} nopsaaka 18 B umxamueckyio rpynny {b}
nopsaka 6; ’

r) WMKAMYeCKOR Tpynnsl {a} mopsaaka 12 B umkanyeckyio rpynny {b}
nopsika 19;

1) UMKInuecKo# rpynmsl {a} nopsaxa 6 B umkauveckyio rpynmy (b}
nopsauka 25.

1682, JokasaTh, YTO alINTUBHYIO FPYNNY PALUHOHAIPHBIX YHCEJ He/b3s
ToMOMOP(HO OTOOPA3UTH HA aLAUTHBHYIO TPYNIY UENBIX HHCel.

1683, HMsomopdHoe oTobpaxenue rpynnsl G Ha cebs HasbiBaeTcd
asmomopgu3non, a romoMopdpnoe orobpaxenne B ceba — sudomopPhus-
MOM 3TOH rpynnsl. ABTOMOPGU3M (¢ HA3BIBAETCA BHYMPEHHUM, €CAH
cywectByeT aieMedHt x u3 G Tako#H, uyro ap=x"lax ans nwboro a
u3 G, ¥ BHEWHHUM — B MPOTHBHOM cJyuae. Bce aBtroMopduamp rpynnst G
cami 00pasyT TPymmy, €CJAn 3a NPOM3BeAeHHe aBTOMOPPUIMOB NpUHATH
UX TocJeloBaTesbHOe BHIMOJHeHHe: & (P) = (a@)P. Bce sniomopduamnl
abesesoft rpynnel G o6pasyioT KOJbLO, €CAU CIOKEHHE 3HIOMOP(H3MOB
ONpelesuTh PaBeHCTBOM @ (@ + ) =a@ -+ a, a yMHOXeHUe — TAK HKe,
Kak nad asromopdusmor. Hafitu rpynny asroMOpOuU3MOB uuxaAnvecKoft
rpynnel {a} nopsika: a) 5; 6) 6.

8) JlokasaTh, uTO CHMMeTpuuecKkas rpynnma S, WMeeT 1ieCTb BHyTPeH-
HHX aBTOMOP(U3MOB M HM OJAHOTO BHELIHero, NPHYEM TPYMNa aBTOMOP-
¢uaMoB uzomopdua Sy,

r) YersepHas rpynna V (3amaua 1638) uMeer OoAMH BHYTpeHHUH
aBToMOPQuU3M (TOKAECTBEHHBIH) M OATH BHEWHWX, NOpHuUeM Ipynmna agro-
MophU3MOB H3oMOpPHa S

Halitu koMbUO 3HAOMOPGUIMOB ULMKAMYecKOR Tpynunt {a] mopsixa:
1) 5; e) 6; %) n.

1684, [lokasatb, uto ¢axkTop-rpynna cumMMmerpuuecko# rpymmet S,
N0 3HAKONepeMeHHOH rpymne A, uaomopdHa dakrop-rpynne airuTUBHON
PPYNNbl LEABIX YMCeJ MO MOATrPYINe YeTHhIX YHCEJ.

1685. Haitru daxrop-rpynmsi: ‘

a) anIUTHBHOM TPYNNH LeJHIX yHdces] IO MOATPYIHIe YHUCeNT, KPATHBIX
JAHHOMY HATypanbHOMY YHCAY N;

6) aIIMTUBHOR TPYNNEl LeJBIX 4YHCeN, KParHHX 3, MO NOLFpymnne
yuces, KpaTHhX 15;

B) apJMTHBHOH TIpYNNBl LeJAbIX uMCeJ, KpaTHbX 4, no noarpymmne
yhces, KpaTHbHX 24;

) MYyJbTHIIMKATHBHO# TIpyNmbl AeHCTBUTENbHBIX YHCEMd, OTAHYHBIX
OT HyJid, MO NOATPyNNe MOJOXKHTEAbHBIX UYHCeN.
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1686. Ilycte U, — anmuTvBHas rpynna BeKTODOB N-MepPHOTO JHHeH-
HOTO TPOCTPaHcTBA M/, — NMOATpYynNna BeKTOPOB A-MEPHOrO MOAMPO-
crpaictBa, 0k <(n. [Hokasats, uro d¢axrop-rpynna G,/H, wuso-
mopdua G, _.

1687, Tlyctb G — MyabTHTUIMKATHBHAs TPYNMa BCEX KOMIIEKCHBIX
unces], OTNUYHBIX OT Hyas, W H — MHOxecTBO BCex uucen us U, newxa-
LKHX Ha JNeHCTBUTENBHOR M MHMMOH ocfAX.

a) Hoxkasarb, yro H — noarpynna rpymnu G.

6) Hatitn cmexuble kaaccsl rpymnst G no noarpynne H.

B) Iloxasartb, uto dakrop-rpynna G/H H3OMOp(HA MYIbTHIIHKATHB-
Hot rpynne {/ BCeX KOMIUIEKCHHIX uMCes, PaBHHIX II0 MOAYJIO elHHMUe.

1688%, Ilycts G — My/nbTUIANMKATHBHAR TPYNNa KOMIUIEKCHHIX YHCed,
OTAMYHBIX OT Hyan, H — mHoxecTso uncex u3 G, Jexawnx Ha n Jayuax,
BLIXOISUIMX M3 HYJAs NOL PaBHLIMM YTJaMH, NPHYEM OLMH M3 STHX Jayueh
COBMAAAET C TOJNOKNTENLHOR NeRCTBUTEIbHOR NM0JaYOChlo, K — annuTuBHas
Tpynna Bcex AeHCTBUTE/bHBIX uYHCesn, Z -— aflIMTHBHas Trpynna Le’six
uncen, D — My/JbTHIVIMKATHBHAS Ipynfa NOJOMHUTENbHHX uyncen, U —
MYJLTRIVIMKATHBHAS TDYNNa KOMIVIEKCHBIX WYHCEN, PaBHHX NO MOLY.IO
enunuie, U, — MyabTHNANKATHBHAs rpynna KopHelt n-# cTeneHd us enu-
Huubl. Jlokasatb, 4To:

a) K/Z wu3omopgHa U;

6) G/D » U;

B) G/U » D;

ry vy, » U;

n GU, » G;

e) H ecrb noarpynna rpynnst G u G/H usomopodua U;

w) H|D usomoppua U ;

3) H/U, » D.

1689, [lna My bTUNIMKATHBHLIX TPYNN HEBHPONKACHHHX KBaIPaTHHIX
MATPUL MOPSAIKA A JOKA3aTh YTBePMIEHHS:

a) dakTop-rpynna rpynnb LeHCTBHTENbHBHIX MATPHil MO MOAFpyIie
MaTpHl, ¢ onpeleiaureneM, paBHHIM 1, H30MOpHHA MYJIbTHUMIMKATHBHOMR
rpynne AeHCTBHTeNbHBIX YHCEJd, OTJHYHBEX OT HyJs;

0) ¢axrop-rpynna rpynnsl JeHCTBUTEJBHEIX MaTphil, MO MOATpynIe
MarpHy ¢ ompeieauteneM, pasHbiM £ 1, usomopdHa MyNbTHILIHKATHBHOK
rpynne MOMOXKHTENbHBIX YHCEJ; '

 B) ¢axTop-rpynna rpynmsl JIeACTEMTeJNBHHX MaTpHll MO MOArpynmne
MaTpULL C TIOJIOKWTEJNbHBIMA  ONpEiENuTeNaMN  ABJSETCA LUHMK/IHUeCKOH
Tpynno#t BTOPOro nopsnka;

r) dakTOp-rpynna rpynnbl KOMIUIEKCHEIX MATPHIL 1O MOArPYNNE MaTpHiL
C ONpeennTeNaMn, MO MOLYJIO PaBHHIMH e€luHHIle, M30MOPGhHA MYIbTiH-
IVIHKATRBHOA TPYNNE NOJOMKHUTENbHLIX YHCEN;

1) $aKTop-rpyNNa rpynis KOMIVIEKCHBIX MATPHIL MO NIOAr pynne MaTpHL
C TNONOXKATEAbHLIMM  ONpeleNuTeNIsMH  1H30MOpPdHA MYJbTHNIMKATHBHOR
Tpynne KOMIJIEKCHHX YHCeJ, MO MOLY/I0 PaBHHX eluHHLe.
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1690, ITycts G — rpynna Bcex ABHMEHHH TPeXMePHOTO NPOCTPAHCTBA,
H -—noarpynna napaie/bHbX INepeHocoB, K — noArpynma BpaiteHuh
BOKpyr aauuod touxu O. Jokasarb, 4TO:

a) H sasaserca HOpMajibHbIM Jenutenem rpynnst G, a K — Hert;

6) ¢axtop-rpynna G/H wuzomopdua K.

1691, lloxasatb, ur0 HopMaabHHE fenurenab H rpymne G, umeowui
KOHEUHbIt MHieKC f, COAEPHUT Bce 3jaeMeHTH rpynnbel (G, NOPSAKH KOTO-
PHX B3aMMHO HPOCTHl ¢ j. [TokasaTh Ha nmpumepe, yTo AAs NOArpynnsi H,
He SBJIMIOLLEHiCs HOPMaAbHLIM Je/MTesleM, YTBepxJeHHe MOXKeT OThb
HeBEeDHBIM.

1692, Iokasats, ut0 d¢aktop-rpynna G/H Torza W ToAbKO TOrIA
KOMMYTATHBHA, Koria H cozepwuT kommyrtant K rpynnst G (3anava 1665).

1693*, Hokasatb, yTO (PaKkTOP-rpynna HeKOMMYTaTHBHO# rpynnel G
no ee ueHTpy Z (3amaua 1664) He moxer ObITb LUKAMYECKOH.

1694*, Jlokasarh, YTO ecad MOpAfOK KoHeyHoH rpynmnst G nenurcs
Ha npocroe uucao p, 10 U coleput saeMedT nopsika p (teopema Kown).

1695%, Ilycte p — npoctoe uucno. 'pynna G HasbiBaetca p-2pyn-
n0d (B KOMMYTATHBHOM CJyuae — RPUMAPHOL TPYNNOH), ecaH HOPSLKH
BCEX ee 3JEeMEHTOB KOHEuHbl M PAaBHH HEKOTOPHIM CTEleHAM YHciaa p.
Ilokazatb, uto xoHeuyHas rpymna G Torfa M TOJbKO TOTia Gyrer p-rpyim-
no#t, Korja ee MOPAJOK paBeH CTEMNeHH yHcaa p.

1696, loxasatb, uTO:

4) alZMTMBHAs rpynna BeKTOPOB A-MEPHOIO JHHEHHOTO NPOCTPaHCTBA
eCTb NpsAMas CyMMa 7 NMOATPYNN BEKTOPOB OIHOMEPHHIX NMOAMNPOCTPAHCTB,
HaTAHYTBIX Ha BeKTOPHl J060# 6a3sl npocTpaHCTBa;

0) alAMTHBHAas# TPyNNa KOMIJIEKCHBIX HHCEJN €eCThb npAMas CyMMa NOJ-
rpynn LeHCTBUTENbHBIX M YHCTO MHMMBIX YHCes;

B) MyJbTHIIMKATHBHas Tpynna AeHCTBUTEJbHHIX YHCeN eCTb NpaMoe
TIPOW3BefeHHE NMOATPYIL NOAOKHTEMALHEIX UKced W NOATPyNNb uucen t1;

r) My/JIbTHIVIHKATHBHAA TPYyNNa KOMIVIEKCHBIX UYHCea eCThb [paMOe
npousBeleHHe MNOATPYNN MOMOMUTENLHHX YHCeN M dHCed, N0 MOLYJI0
PaBHBEIX eIHHULE.

1697, lokasats, uro ecan G = A+ B, = A B, — npsameie pas-
Joxenus abenesolt rpynne G u ecan B, comepxur B, 1o B,=258,.

1698. Hokasars, uyro moarpynna H abGeneso#t rpynmsi G Ttorga u
TOJBLKO TOrAa Oyler cJjaraeMblM B npsMoM pasiaoxeduun G==H 4K,
KOrAa cyulecTByeT romoMopgHoe otob6paienne G na H, coxpausioliee
Ha MecTe BCe 3JeMeHTH H3 H.

1699. Ilokasats, urto eciu G =A- B—npaMoe pasnomeHue
rpynnsl G, 1o dakrop-rpynna G/A usomopoua B.

1700, Tlycte G =A;+A,+ ... |+ A, — pasnoxenne abeneBok
rpynnst G B NpAMYIO CyMMY MOOAFpynn M

x:a1+a2+... —f—as. atEAi, l':ly 2. veey S,
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— COOTBETCTBYIOLEee PpAa3/OXKEHHE 3JeMeHTa X B CyMMy KOMMOHEHT.
JHoxasarb, uTO:

a) rpynma G TOria M TOJMbKO TOFAd MMeeT KOHEYHHIH TNOPSLOK 7,
KOTJa KaxJAas NOArpynna A; umeer KoHeyHnt nopanok n, i=1,2,..., s,
NpHUeM n=n; Ny ... i

6) aMeMeHT X TOrAd H TOJbKO TOTAa MMeeT KOHEUHbd NOpALoK p,
KOTZA Kawias €ro KOMIOHEHTa g@; HMeeT KOHeuHblii Mopsmok p;, i=1,
2, ..., §, NpUYEM p PaBHO HaMMeHbllleMy oOlleMy KPaTHOMY WYHCEXR
Py Py oo Ps

B) rpynmna G TOrja M TOJBKO TOrAa fABAfETCH KOHEUHOH HUK/IH4Ye-
CKOM, KOTZA Bce NpsAMBIE ciaraemble A; — KOHeYHble LHKIHYECKHE TPYTILL,
npuueM HX NOPSIKK NONAPHO B3AUMHO NPOCTHL.

1701, Pasnoxuts B NPAMYId CYMMY TNPHMApHBIX UHMKJIMYECKHX
NOAFPYNN LMKAMYECKylo rpynny {a} nopsaka: a) 6; ©) 12; B) 60;
r) 900, .

1702#%, JlokasaTb HEpPas3JoKMMOCTb B NPAMYI0 CyMMY IBYX HEHYJA€BbIX
NOArPyNI:

a) aiMMTHBHOH Tpymnbl LeabX uuces;

6) allMTHBHOH rpynnbl PaUMOHAJbHBIX YHCEN;

B) NPUMAapHOH HUKAMYECKOH Trpymnnl,

1703%*. Ilycte G -— HeHyueBas koHeuyHas aGesea rpynna (¢ alAUTHB-
HO#t 3anmcblo onepauuu). JlokasaTh yTBepkIeHH::

a) ecau TNOPALKM BceX 3neMeHToB M3 U IenaT npousBelexde pg
B3aUMHO TNpPOCTHX uHced p M ¢, 70 G pasaaraercss B APAMYI0 CyMMY
noarpynn A w B, rie nopsiku Bcex 3JeMeHTOB W3 A peasit p, a u3
B —penar ¢, npuueM oaHa u3 mnoarpynn A uau B moxer okasartbcs
HY /1eBOH;

6) naa rpynner G umeer Mecro pasaoxenne G =A, 4 4,4+ ... + A4,
B NPAMYIO CYMMy (HeHY/eBbX) NPMMapHHX TNOAIPYNf, OTHOCALUMXCA CO-
OTBETCTBEHHO K pa3/UUHBIM NPOCTHIM UHCIAAM Py, Do ..., Pg. OTH HOIL-
rpynns A; Ha3bIBAWTCA NPUMAPHBIMH KOMIOHeHTaMu rpynnu G;

B) MPHUMapHas KOMIOHEHTa A; OTHOCALIAACA K NPOCTOMY uHCAYy p;,
COCTOMT M3 BceX 3JeMeHTOB rpymnsl (G, NOPSAKH KOTODHX PaBHBH CTe-
MeHaM uucaa p;, 4To OAHO3HAYHO ONpejensieT pasnoxeHue rpynnw G
Ha NPHMApHBe KOMIOHEHTHI;

I) pasnoxeHde Ha NPUMApHBIE KOMIIOHEHTHI HeHy/eBo# moarpynnu /A
rpymnet G umeer Bun H==B,+4-By,-+ ... +B, rae B,=H(QA4,
i=1, 2, ..., s, npuueM HyaeBwme mnoirpymnns B; B pasnoxeHuu H
ONycKaloTCe.

1704. O6ozHaunm uepe3 G (y, Mg, ..., Ny) MPAMYIO CYMMY HMKJHYE-
CKHX TPYNN MOPALKOB COOTBETCTBEHHO 7y, My, ..., N, V3 Teopun xoney-
HbIX a0e/eBLIX IPYNN M3BECTHO, YTO KaMAad TaKas FPyina OLHO3HAYHO
(c TounoCTBIO 0 UgOMOpGHama) npenctasaserca B suae G (n,, ny, ..., ny),
Tle Yucaa #; PaBHbl CTeneHsM MPOCTHIX yucea (He 00s3aTeNbHO PA3IHY-
Heix), Ilpumenas yxasannoe oGo3Hauenue, HafiTH Bce aGeseBLl TPymmbt
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crenylomux nopaakos: a) 3; 6) 4; B) 6; 1) 8; 1) 9; e) 12; x) 16;
3) 24; n) 30; k) 36; 1) 48; M) 60; H) 63; o) 72; m) 100.

1705, Pa3noxuTh B NPAMYI0 CYMMY IIDHMADHBIX LMKIHYECKHX H Oec-
KOHEUHBIX LHMKJAMYeCKUX mnoarpynn daxtop-rpynny G/H, rae G — cBo-
Goxnas abenesa rpymnma c Gasoll x,, x,, x3 4 H — noarpynna ¢ o6pa-
3YIOLIUMH:

a) y,= Tx,-+2xy-+3x,, 6) ¥, =4x,+5xy+ 3x,,
Yo =21, = 8x5 4 9ux5, Yo ==5x;+6x5~ 53,
Ya= Bxy— 4xy—+ 3x3; V3= 8x; -+ Txy+ 9x3

B) yy== 58X, 5x3+2x; r) yy="06x,+45x+ Tx,
y2:11x1+8XQ+5X3, y2~=8x1+7x2+11x:3,
y3= 17x1+5)C2+ 8x3; )'3=6x1+5x2+11x3;

1) y,=4x,+5x,+ x; e) ¥, =2x,+ 6xy— 2x3,
Yo==8x+49x+ x5 Yo=2x;-+ 8xy—4x;,
V3=4x+06xy+2x3 Y3==4x, 4 12x,— 4x5

K) ¥, =06x; 4 Sx5F4x,, 3) ¥, =x,+ 2x94 3xs,

Vo =T%,+6xy—4 9x3, Yo==2¥,,
V3= "5x, +-4x,— 4xy y3=23y;;

W) yy=4x,+ 7Txy-+3x; K) ¥, =2x, 3554 4x;,
Yo=2x,-+ 3x91 2x3, Yo =="58x, -4 Sxy4 6x,,

V3= 6%, -+ 10x5+ 5x3; Y3=2%;+ 6xy+ 9x;.

1706*, Jokasarb, uro koHeyHas abeneBa rpynma G, MOPSIIOK KOTO-

po#t paseH:
" a) npousBeleHUI0 ABYX Pa3NMYHLIX HPOCTHIX Yucen p U ¢,
0) NpOM3BElNEeHUI0 pA3JIHYHBIX NPOCTHIX HHCEA Py, Pogr ...y P —

ABIAETCH UMKJIMYECKOH;

B) HaitTW Bce noarpynmsi abeneBod rpymnmel G, [OPALOK KOTOpPOH
VIOBAETBOPAET YCJAOBHIO NMyHKTa 6), U HaHTU uMCJO ITUX MOATPYyNm;

r) IOKasaTh, 4YTO IJsA JI060ro AenuTens R NMOpaAKa A KOHeyHo#i albe-
neso#t rpynnel G cywectByior noArpynna u daxrop-rpynna rpymnnst G,
HMeLIRe MOPSAOK K.

1707*. [lycte G — HenyJeBad koHeyHasd alesieBa Irpynna, BCe HEHY-
JieBbie 3JIEMEHTH KOTODPOH HMeloT OIHH W TOT Xe NMOPSIOK p (9/1eMeH-
Tapuas rpynna). JlokasaTb yTBepiIeHus:

a) YHCJIO P ABJASETCH NPOCTHIM;

6) rpynna G pasnaraercsi B MPAMYIO CYMMY KOHEUHOTO YHC/IA UMKAH-
YyecKHX MOATPYNN TMOPAAKA p M MMeeT Mopsanok p¥, rae & — uucao stux
CJlaraeMbix;
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B) mobGad neHynesaa noarpymna H rpynnot G cama Gylder snemeH-
TapHOR H ABAAETCA NPAMBIM CJardeMblM B HEKOTOPOM MPAMOM pPa3foxe-
aan G ==H -+ K rpynnu G;

) YHCAO MOATPYNHN MOpAika p' sneMeHTapHOH rpymisl G nopsaaxa p*,
=D —p P —p) ... ("=
=D = —p) ... (¢~

1708*%, [loxasath, uTo KOHeuHas aGesieBa rpynna G nopoxpaercs ee
9/IeMEHTAMH MAKCHMaJIbHOrO MOpsiKa.

rie 2 > (>0, pasHo

§ 21. Kouspna u moas

BHSCHHTE, Kakue M3 CAeAYIOIMX MHOXECTB fABJASAIOTCS KOJbLAMH
(1O .HE TMOJAMHM) H KakHe MNOJAMU OTHOCHTE/NbHO YKA3aHHBIX oOnepauuft.
(Ecau onepauuu He yKasaHH, TO NOLPA3YMEBAIOTCA CIOXEHHE H YMHO-
WeHue uucen.)

v 1709. Uense uucna.

1710. Yersnte uucia.

1711, Lenbe 4uc/aa, xparHble naHHomy yucay # (paccMoTpeTh,
B YaCTHOCTH, CJyya# n:O)

1712, PaunonanbHbie uucaa.

1713. HeficTBuresbHble yucAaa.

1714, KowmnjekcHuie 4ucha.

1715. Yucna Buna a0 2 ¢ uennmi a u b.

1716, Yucna Buna a +56 )3 ¢ paunonanpurmu a u b.

1717, Komnaexcusie uncsa Buia @ — bi ¢ uensiMu a v b,

1718. KomnaexcHuie uucna Buza a -+ bi- ¢ paunoHanbHLIMH a U b.

1719, Marpuusl nopsizka 7 € LeABIMH  9JIEMEHTaMM OTHOCHTEJbHO
CNOMKEHNS W YMHOXEHHA MaTpPHULL.

1720, Marpuun nopagka #n ¢ feHCTBUTENbHLIMM SJIEMEHTAMU OTHO-
CUTE/IbHO C/OMNEHHUS U YMHOXEHHS MaTpHl.

1721. dyukuun ¢ IZeHCTBUTE/bHBIMH 3HAUGHMAMM, HelpepLIBHbIE Ha
orpeske [—1, —1] OTHOCHTENLHO OOLIYHBIX CJOXKEHHA U yMHO)KeHHH
dynxuni.

1722, Myorousensl OT OXHOTO HEH3BECTHOTO X € LEeMbIMH KO3¢du-
14eHTaMH OTHOCHUTENbHO OOHIYHBIX Omepauui CHOMEHUS M YMHOMXEHHH.

v 1723, MuorouneHsl OT OJHOrO HEH3BECTHOTO X € AEHCTBUTE/IbHBIMH
K09 PHLMEeHTAMH OTHOCHUTE/JbHO OOBIUHBIX ONepaLult.

2b
TE/ALHBIMA @, b OTHOCHTE/IbHO OGHIUHBIX CHOXEHWS H YMHOXEHWS MATpHLL
1725%, OO0pasyoT aH KOJbLO BCE TPHIOHOMETPHYRCKME IONHHOMBI

h

b
1724, Bce Marpuusl BHIA ( ) C paudOHaMbHBLIMH HJIH AEHCTBH-
a

g+ X (apcos kx —4b,sinkx) ¢ aeHcTBHTEAbHBIMH KOI(dUUMEHTaMH?
k=1
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n
BrisicHuTe TO ke IA4 TOJMHOMOB OJHHX KOCHHYCOB a0+2ak cos kx
n k=1

W OIHMX CHHYCOB ) b, sinkx.
k=1

1726*, OO6pa3yloT AM KOJbLUO 4YHCJAa BHAA a+b17§ € pauuoHanb-
HEIMH @ ¥ D OTHOCHTEJbHO OOLIYHBIX oONepauui (A7 ONpeLeneHHOCTH
Geperca leHcTBHTEIbHOE 3HAYEHHE KOPHS).

1727%, Tlokasatp, 4TO uHCna BMIA a+bV2 -—|—cV4 C pauuoHanb-
HbMU @, b H ¢ o6pasyoT mnoJje, NpHYeM KawIblHl 3JEMEHT 9TOrO
nojs B YKa3aHHOM BHIE INpeicTaBiseTcA oOnHO3HauHo. Halit snemenr,

3,— 3,
o6partHbift unCay :1—V2+2V4 (Gepetci ILeHCTBHTE/NbHOE 3HAueHUE
KOpHs1).
3, 3,
1728. Hokasatb, uro uucna una a--bV5+4-cV'25 ¢ paunonans-
HHMU @, b ¥ ¢ o06pa3yloT mnoJe; HalltTH B 3TOM NOJe 4HCJIO, obparHoe

yucay x=2+3]s/5 —13/25.

1729%, IlycTb @ — kOpeHb MHOroufeHa f (X) cremeHu n > 1 ¢ paumo-
HaNbHBIMH  KOS()(dHLUHEHTaMH, HENMPHUBOAMMOrO Hal NOJEM PaLHOHANBHBIX
uncen. Jlokasatb, yTO uMCAa BuIA @)+ a0 -+ a0l ... +a, 07!
C pauMoOHaNbHBIMH dg, @y, Qg ..., @,_, O0Pa3ylOT r0Je, NpHYEM Ka-
WIBIR 3JEMEHT 3TOr0 MNOJA OLHO3HAYHO 3AMNUCHIBAETCA B YKA3aHHOM Buie.
ToBopaT, uYTO 3TO IOJe MNOJY4YeHO TNPHCOeNHHEHHEM YHMCAA O K HOJIO
palyoOHaJIbHHX YHCeN. ’

1730%, B nose, noJy4eHHOM NPHCOEIMHEHHEM K INOJIO PalHOHAJIBHBIX'
yuCea KOPHA O MHOrowleHa f(x)==x3-}-4x2{-2x-—6 (3azaua 1729)
HaliTH uucio, obpatHoe uuciay p=3 —a—-t a2

1731. Jokasatb, 4TC BCE JHaroHajJbHbie MATPUUB, T. €. MAaTPUIHI
BHIA

e 0 0 ... 0
0 a O ...0
0 0 ay...0 |
lo o o ...4a,]}

nopsika 7> 2 ¢ AeHCTBUTEAbLHLIMH 3JIEMEHTAMH OTHOCHTENLHO OGBIYHEIX
CJOXKEHHA M YMHOXKEHHA MaTpul o0pasyloT KOMMYTATHBHO€ KOJABbLO C Le-
JUTERIMH HYJS,

1732. IlpuBecTH npHMepH AeauTeldel HyJs B KoJblle (PYHKUHH, He-
npepHiBHBIX Ha ortpe3ke [—1, —-1].

1733. JokasaTh, 4TO B KOJblle KBAaAPaTHHX MATpHU TNOpPAiKa n
€ 9J/IECMEHTaMM U3 HEKOTOPOTrO NoJd BHIPOMACHHBIE MaTpPHUbl, H TOMbKO
OHH, ABJAIOTCA NEANTENAMH HyJad,
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1734. Tlokasate, uro mnapu (@, b) uweamx wuucen ¢ omnepanuamy,
8aJaHHBIMH PaBEHCTBAMH

(@ b))+ (ag b)=(a,4ay b,+by). (4, b)) (ay b)) =(a1a, b,by),

06pa3yioT KOJbHO, M HallTH BCe AEJHTeNM HyJAf STOTO KOJbLA.

17356. Jlokasatb, 4TO 1NOJie HE MMeeT HexuTenedt Hyas. -

1736. JokasaTb, UTO M3 PABEHCTBA @X = ay LJd LaHHOTO 9JeMEHTa &
¥ JIOGLIX 3JMEMEHTOB X H )y KOJbLA CJeiyeT PaBeHCTBO X ==) TOrLa
H TOJAbKO TOTJAa, KOTJAA @ He ABASETCA JeBHIM JeJuTeleM HYJs.

1737, Tlokasatb, YTO MaTpUUB NMOPAAKA 7 > 2 € JJeMeHTaMH H3 He-
KOTOPOTO MOJfA, B KOTOPHIX BCe CTPOKM, HauHWHas €O BTOPOMH, COCTOAT
U3 HyJel, 00pasylOT KOJAbLO, B KOTOPOM BCAKHH 3JEMEHT, OTAHYHbIN
OT HyJs, OyleT nmpaBoiM feauteneM Hyas. Kakue marpuubl B 3TOM KOJblle
He GyIyT JieBHIMH LeJAUTeNIMH Hyns?

1738%, IlokasaTb, uTO B KOJblle C eNMHHLEH € KOMMYyTaTHBHOCTb
COXEeHUS BHITEK3eT M3 OCTaJbHBHIX aKCHOM KOJbIia.

1739. IlpoBsepuB, uTO CBOHCTBO HyJAs M JeJuTeeR Hyas MOXKHO
IOKa3aTh, He WCNOAb3YAd KOMMYTaTHBHOCTH CJIOXeHHS, JLOKa3aTb, 4TO
B KOJblle, COLepHalleM XOTS Obl OJAMH 3JEMEHT ¢, He ABAAIOWHHACA Aequ-
TelleM HyJs, KOMMYTAaTHBHOCTb CJIOXKEHHS BBITEKAeT H3 OCTaJbHBIX AKCHOM
KOJbLiA.

1740, TlpuBecTu mpuMepnl KoJel MaTpul CHeUHaNbHOTO BHIa, 06.aa-
JAOIAX HECKONbKHUMH TPaBHIMH HJH HECKOJbKUMH JIEBBIMH €IHHHLAMH.

1741, Ilycte nano uenoe uucao n > 0. JlBa uenwlx wicaa a u b
HA3LIBAIOTCH  CPABHUMBIME N0 MOOYAK 1, 4YTO 3alMCHIBAETCH TakK:
a=b(mod n), eciu uX pasHOCTbL @ — b neautcs Ha n (npu n=0 sT0
O3HayaeT, YTo a==5; npu n > 0-—uT0 @ U b NpH JdeNeHUH Ha n LAOT
ONMH M TOT K€ OCTATOK — BHYET N0 MoAyaw n). Ilokasats, yto COBO-
KYNHOCTb BCEX HeJHX uucea Z pa3buBaeTci Ha KJACChl CPaBHHMbIX
Mexay co0oi0 uucen, He HMeIOWHUX O6WIMX 37aeMeHToB. Omnpelenum cJjo-
MEeHHEe M YMHOXEHHE KJACCOB yepe3 COOTBETCTBYIOIIME Olepauuu Haj MX
npeicTaBUTENAMH, T. €. €Cau uucaa a, b, a-tb u ab npunagaexar coot-
BercrBenHo kaaccam A, B, C u D, 1o nonoxum A-+B=C uw AB=D.

JloxasaTe, uTO TpH Takux ONepauusAX MHOXKECTBO KJAcCOB SIBASETCA
KOJIbLOM (KOJbLUO BBHIYETOB Z, MO MOLYJIIO R).

1742%, llokasaTb, 4YTO KOHEYHOe KOMMYTATHBHOE KOJbLO 0e3 NenH-
Tenelt Hyns, colepxaiiee Gojiee OLHOTO 3JeMEHTa, SBJAETCS TOJEM.

1743%, IloxasaTb, 4TO KOJbLUO BHIYETOB MO MOAyMO n (3anaua 1741)
Oyler mojieM TOTAa M TOMLKO TOrAA, KOTAA 7 -— UMCJO NPOCTOe.

1744, KsagpatHas MaTpuua Ha3biBaeTCl CKQASAPHON, ecau ee 3je-
MEHTH Ha TJIaBHOM IMArOHanM PaBHH MexAy co06o#, a BHe InaBHOH nmna-
TOHAJH — paBHbl Hy/Mo. IlokasaTh, uTO CKaJdspHbBle MaTPHLH MOPAAKA 7
C INeHCTBHTE/bHBLIMH 3JeMEeHTaMH NpH OOLYHBIX ONepauuax oOpasywT
noJ/ie, H30MOPGHOE M0N0 ACHCTBUTENbHBIX YHCEJ.
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a b
—b a

CTBATEJbHEE 4YWC/A3, OGpasyloT NoJe, H3OMOP(HOE [OJI0 KOMIIEKCHBIX
yucenr.

1745, llokasatb, yTO MaTpULl BHILA ( ), raie @ u b— neht-

a b
2b

@, b (sanava 1724) wusoMopdHO nOJIO vuyHcCesJ BHAA a+b1/§ TaKKe
€ pAaUMOHANbHEIMA @, b. .
1747%, Iloxasarb, uTO anre6pa BElECTBEHHHIX MAaTPHIl BHIA

([ a b c d)
—b a —d c
—c d a —b
{(—d —c¢ b aj

1746, Ioxasatb, yTO NoOJe MaTpHi BHlla( ) ¢ pauMOHAIbHBIMU

n3oMopdHa asrebpe KBaTepHUOHOB a — bi—+ cj-+dk.

a--bi c—-di
1748, Jlokasatb, u4ro anre6pa Marpuiy BuUIa + +
- ' —c—+di a—bi
€ IeHcTBHTEAbHBIME @, b, ¢, d u {=V} —1 wusomopdua anrefpe ksa-

TepHHOHOB a - bi -+ cj-|dk.

1749, Hatitu Bce asTOMOpduaMbl (T. €. H30MOpdHLHEe oTOOpaKeHus
Ha ce0s) MONA KOMIIEKCHBIX 4YHMCEJ, OCTABJISIOI{Me HEU3MeHHBIMH Ieit-
CTBHTE/IbHBIE YHCJIA.

1750%, Ioxasatb, yTo /06oe 4YHCJIOBOE TMOJE COLEPHKUT B KauecTBe
TOLNONA TOJle PAaUMOHATBbHBIX YHCeN.

1761*%, Ilokasatb, yTo mnpu /M060M H30OMOD(dH3Me UHCAOBHIX MNOJeH
NoANoJe PauHOHANBHBIX YHCeN OTOOpakaercd TOWAECTBEHHO.

B yacTHOCTH, NOJNe pPAaUMOHAJIBLHHIX YUCEA [ONyCKaeT JAHLIb TOMNAe-
CTBEHHOEe H3oMOP(dHOe oToOpaxeHHe B cebs.

1752%, lokasatb, YTO TOXAeCTBeHHOe OTOOpaxeHHe ABJASETCA €IHH-
CTBEHHBbIM H30MOP({HBIM OTOOPaXKEHHEM MO/ JeHCTBUTEAbHEIX YKces B cebs.

17563. Tloabsysch 3anaveft 1752, naiiti Bce u3oMopdHBe OTOOpa-
MEeHHs MO/ KOMIVIEKCHBIX uHceaq B ce0s, NepeBOAsIue JeRcTBHTEbHbIE
YuCJIA CHOBA B JEHCTBUTEJBHBIE,

1754. JokasaTb, uTO MUHUMA/JbHOE TNOANOJE JMIOOOro MONa Xapakre-
PHCTHKH HYJb H30MOPGHO MMOJI0 PAHOHANLHBIX YHCeJ.

1755. okasaTh, yTO MHMHHMaJbHOE NOANOJEe JMOOOr0 MOJS Xapakre-
PUCTHKM p M30MOP(HO IOJIO BLIYETOB MO MOLYJAWD p.

17566, Pewuts cucremy ypasHeHui

x+4+22=1, y+422=2 2x-+z2=1

B TI0JIe BBIYETOB IO MOLYJMI0 3 U MO MOAYIO O,

.
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1757, Pewutb CHCTEMY ypaBHeHHH
3x4y+22=1, x+2y+32=1, 4x43y-+2z2=1

B TOJie BHYETOB 10 MOAYM0 5 W 1o Moayao 7.
1768, Ha#ttn nauGonbumit oGmnfi AeruTeNb MHOTOUWIEHOB

JFR=x+x42x+2, g)=x*+x+1

a)-Hal noJieM BHIYETOB MO MOAYMIO 3;
6) Hal moJeM DPAauHOHANLHLIX YHCeN.
1769, Hafitn HauGonbiuu#t oOui IeauTesab MHOTOUYJIEHOB

f(x)=5x3+4+x245x+1, g(x)=>5x2-+21x-44

a) Hal MoJeM BHUETOB MO MOLY/MI0 5 (Mpu 9TOM KamAnf xo3ddu-
UMEHT @ HAJNO FOHHUMATh KAaK KpaTHOE @e eIHHUUb € YKa3aHHOro NoJas
HJIH 3aMEHHTH KO3GhQULUEHTH HX HAHMEHbIIMMH HEOTPHLATEJbHBIMH Bbiue-
TaMH O MOLyJMO 5);

6) Hax noJeM PAaUHOHANLHHIX YUCE.

1760. Hatith HauGoablnit o6GWUH HeAUTENb MHOTOYJIEHOB

fx)=x+1, g)=x+x+1
HaJl TNOJeM BHIUETOB MO Moayaio: a) 3; 6) 5.
1761%, a) Ilokasath, uTO ecnu MHOrouaeHH f(X) W £ (x) c ueanimu
KO9((HUMEHTAMH B3aUMHO NMPOCTH Haj MojeM Z, BHYETOB MO NPOCTOMY

MOLYJI0 p, NpuueM XOTA OH OLMH M3 CTapIIMX KO3Gh@UUUeHTOB He 1e-
JUTCA HA P, TO OTH MHOTOUMEHH B3AUMHO MPOCTH HaX MOJeEM paiwo-
HaJIbHBIX YHCEJ.

6) Iloxasars Ha mpumepe, uTo LJst JIOGOro NMPOCTOro uuciaa p obpar-
HOe yTBepXeHHe He BepHO.

1762%, [okasath, uTO MHOTOuJeHH f(x) U £ (X) C ueaAbIMH KO3~
(UIMeHTaMH TOTI3 M TOJAbKO TOrAa B3aHMHO NPOCTH Hal MOJeM pauHo-
HaJAbHBIX 4YHCeJ, KOrla OHM B3aUMHO NPOCTH Haj INOJEM BBHIYETOB 1O
MOLYMI0 p, rle p-—ai060oe NPOCTOE YHUCAO, MCKIIOYas, OHTh MOXKET,
KOHEYHOE MHOXKECTBO TaKHX dHCel.

1763. Muorounen x5 x3-4-x2-1 pasnoxutb Ha HENPHBOLMMbiE
MHOXHTENIH Hal TOJIeM BHUETOB 1O MOXYMIIO 2.

1764. Muorouned x3-42x2-}-4x-+1 pasnoxuTh Ha HENPHBOJMMbiE
MHOXHTEIM Hal T0JIeM BLIYETOB II0 MOLyJIO 5,

1765. Muorounen x*—+ x3-4-x-}2 pas3jaokuTh HA HENPHBOIUMblE
MHOHTEIM Hal IOJeM BHUETOB IO MOALyJMIO 3.

1766. Muorounen x*—}-3x3-+2x2+ x-+4 pasnoXuTb Ha HENpHBO-
JMMBE MHOMHTEJM HAl NOJEM BHUETOB MO MOLYJIO 5.

1767. Pa3noxuTh HA HeMPHUBOIMMBIE MHOXHTENW HAA II0JieM BHYETOB
N0 MOLY/I0 2 BCe MHOTOYJEHBI BTOPOfl CTEMeHW OT X.

1768. PasnoxuTh Ha HEMPHBOAMMBIE MHOXKHTENM HalL IOJAEM BLIYETOB
N0 MOAYJAI0 2 BCe MHOTOYJEHB TpeTbell CTeneHuw OT X,
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1769, Haittu Bce MHOrOu/MeHH BTOPOM- CTENEHH OT X CO CTapIUUM
®03pduupeHTOoM 1, HEenpuBOAMMBIE HAL NOJEM BBIYETOB N0 MOLYJIO 3.

1770, Ha#itu Bce MHOrow/IeHH TpPeTbeH CTeneHH OT X CO CTAPIUUM
xo9dduumeHToM 1, HeNPHUBOAMMBIE HAl TNOJEM BHIYETOB IO MOAYIIO 3.

1771%, Jokasarb, 4YTO €CJAH MHOrOwaeH f(x) ¢ UeabMH KOaddu-
UMEHTaMH NPHBOAHM HAl NOJEM pPaUMOHAMLHBIX YHCeN, TO OH NPHBOIHM
Hal 1OJeM BBHIYETOB MO /M1060My TNPOCTOMY MOLYJII0 p, He JefdlleMy
crapumit ko3¢pounvent. [IpuBecTH npuMep MHOTOuJ€Ha, HPUBOJHUMOrO
Haj TOJieM PAUHOHAJbHBIX YHCeJ, HO HENPHBOJIMMOTO Haj IOJIEM BHIYETOB
10 MOLYJK p, Tie p IeluT cTapmuél Ko3dQHLUeHT,

1772%, Jloxasatb, 4TO MyJbTHIIHKaTHBHAA rpymna G noas Z, Bbl-
4eTOB 10 NPOCTOMY MOAYJII0 p SIBJASETCH UMKIHYECKOH.

1773* 1), CyuiecTBYIOT MHOTOUWJIEHH € LeJbIMH KOI(bdHIUeHTaMH, He-
fIpUBOLMMble HAL NOJEM PAUUOHAABHBIX YHCEN, HO NMPHUBOLMMbIE HAL MOJEM
‘BBIYETOB 110 /MI060My NDPOCTOMY MOLYMO p.

Ilokasath, 4TO TakuM O6yler, Hanpumep, MHoroumed f(x)=x*—
— 10x2— 1. DTOT MHOrOuY/IeH — MHOTOY/JIEH HauMeHblefl CTeneHd C He-

JHIME KO3(@QUUMEHTAMH, HMeIOWHUit KOpeHb a:V2+V3.

1774%, IloxasaTb, YTO eC/¥ BCe DJEMEHTH KOMMYTATUBHOTO KOJbla R
UMET OOIUH fejuTelb @, TO 3TO KOMbUO obJaanaer eguHULeEH.

1775. Yka3aTb KOMMYTaTHBHOE KOJbLO C eIMHMLeH, colepikallee 3Jje-
MeHT a %+ (0 ¢ OIHMM M3 CJelylOUIuX CBOHCTE:

a) @?==0; 6) nag 1aHHOTO LEJOro 4Hcjaa 7 > 1 BHINOJHEHB YC/AOBHs
a"=0, a®? =0, ecu 0<k<n.

1776. Ilycte R —XOMMYTaTHBHOE KOJbUO ¢ exunulell e. Jlokasats, 4TO:

a) obpatuMuifi 9JeMeHT (T. e, HeJUTeNb EIHHHUB) He MOXET ObiTh
JejquTeNeM HYJs;

6) oOpaTUMBI 3/1€MEHT MMEEeT eIMHCTBEeHHHH OOpaTHBEIA 3JeMeHT;

B) ecau O, & OOpaTHMbl, TO @ JZeaurTcs Ha b Toria M TONLRO TOTAa,
gorla ad nemutcs Ha be;

T) riaBHBI #Waean -(g@) dieMeHTa o w3 R TOrAa M TOALKO TOTAA
oranued ot R, korza a HeoOparum.

1777, Tlycts R — KOMMYTAaTHBHOE KOJbUO C eluHuled e u Ge3 je-
autene# Hyas. Jokasats, uTo!

a) 3JeMeHTH a4, b TOrZa ¥ TOJNbKO TOTAA ACCOUMMPOBAHH, KOIrAa
KaxJ0e M3 HUX HEJUTCA Ha IPYro#;

0) rnasaple HIeadwn (a) ¥ (b) TOrda M TOJNBKO TOTAA COBNAAAIOT,
Koraa @ u b accounumpoBahn (OmpeleneHWE T[JABHOTO HIeana JaHO
B 3azaue 1783).

1778. Ilycth R — KOMMyTaTHBHOEe KOJBbLO C eluHHle# e u R(x) —

MHOXKECTBO BCEX CpOpMa.’IbelX CTEICHHBIX PALOB Zaﬂx”, (l,,ER.
n=0

') Aty sagauy yxasan asropy U, P, lladapesuu.



232 NOTIOJIHEHWE } [1779—178}

BpeneM oObluHble ONEPAUHU CAONCEHUST U YMHOICERUS PHB08:

. 23 @, %" +h§0 Box" = 20 (@, By) X",

© oo 0
(2 anxn)<2 ﬁnx">= ) an”'
n=0 n=9 n=0
n
rue vy, ==k20 By

IMokasarb, u4TtO:
a) R%x)—xommymmsﬂoe KOJMbLO C eluHHleH;

6) R(x) conepXHuT NoixonbLo, H3oMopdHoe R;

B) ecii R He umeer nenuteneft Hyad, TO 9TO BepHo M Las R (x);
<0

r) ecit R —mone, To ), 0,x" TOr1a M Toabko Torma Gyner obpa-
n=0 ’

THMBIM 9JeMenToM koablia R (x), koria o, = 0.

1779%. Tlycts R — MHOXECTBO BceX uMcesa BHMJIA a—{—b]/:-g, rae
a v b— ueanle paunoHaabHuie. Ilokasatb, 4to R -— KOJABNO C efuHHIER,
B KOTODOM Da3jiOMeHHE Ha NPOCThie MHOXKHUTENH CYLIECTBYeT, HO He OIHO-
3HayHO. B uyacTHOCTH, NOKa3aTh, YTO B IBYX Pa3/OMEHHX

=2.2=01+4V=38)(1—V=3)

COMHQXKHTENH ABAAIOTCA NPOCTHIMH, HNPHYEM 2 He accoUuUupOBaHO
1y —=3.

1780%, Jloxasatb, uTO BCe KOHEUHHIE CYMMbl Za,-Qri C UebIMH
K03 dULMEHTaMd U HEOTPUUATENbHLIME JIBOHYHO PALUOHANBHEIMH 7; OTHO-
CUTEIbHO OOLIYHBIX oOnepauuit CJAOMEHHT M YMHOXEHHst uuces o6pasylor
KOMMYTAaTMBHOE KOJBUO ¢ eluHHLeH n 0e3 nenuTenedl Hy/ist, B KOTOPOM
He CYLIeCTBYeT DPa3/oMeHUsi Ha MPOCTHE MHOXHUTEJH.

1781, DByayr aM caeiyioliHe MHOXECTBAa NOATPYNIaMy aLiMTHBHOR
TpyNnb, HOAKOJbUAMH W/M HAeaNaMH YKA3aHHBIX HHXKe KoJjell:

a) MHOXECTBO nZ 4YHCe], KPaTHHX 4YHCay 7> 1, B KOJbUe UeNbX
uyncen Z;

6) MHOXECTBO Z uenbiX uYucea B KoJbie Z [x] LeJOUHCIEHHBIX MHOTO-
4/1€HOB;

B) MHOXeCTBO nZ [X] MHOTOWIEHOB, KO3I((HIHEHTH KOTOPHX KPaTHbL
uucay n > 1, B koabue Z[x] 1eNOYHC/AEHHBIX MHOTOUYJIEHOB;

r) MHOXecTBO /N HarypanbHbLIX YMCEN B KOJbLE LeanX uYucen Z;

1) MHOXeCTBO Z WEJBIX YHCen B KoJblle A HeNHX FaycCOBHIX UMCE,
T. €. 4HCeJd BHda a -} b ¢ ueabIMH PALHOHANLHLIMH @, b;

e) MHOxKecTBO B uncen a--bi, rie a =20, B xoapue A ueabX rayc-
COBLIX 4HCes;
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K) Muoxecrso C uucen Buza x (1 - i) B Kosbue A UeABX [ayCCOBHIX
qauces, Tie x npoberaer BcE Koabuo A;

3) MHOXeCTBO Z [x] LeNOYHCAeHHBIX MHOFOYJeHOB B Koable R [x]
MHOTOUWIEHOB HaX MojieM R palHOHANbHBIX YHCEJ,

) MHOXeCTBO / MHOTOUWIEHOB, He CONEPKALMX WIeHOB C x* maa Bcex
k< n, rae n>1, B xompue Z[x] LeNOYNCTEHHBX MHOTOWIEHOB;

K) MHOXeCTBO [ MHOTOUY/NEHOB C HYeTHHIMH CBOOOJHBLIMH YJICHAMH
B Kosbue Z [x] uenouHC/eHHBIX MHOTOUJIEHOB;

J) MHOXKeCTBO / MHOTOU/JICHOB C UeTHBIMH CTAPUIAMH KO3(GpUUHEHTaMHU
B Koabue Z[x] uenoudcieHHBIX MHOT'OWIEHOB.

1782. Jlokasarb, 4TO mepecedeHue J/OOOr0 MHOMECTBA MIEANOB KOM-
MYTAaTHBHOTO KO/AblLA R ABAAETCS HALAIOM.

1783. aasnbin udearom (@), NOPONHCOEHHbLM INEMEHMOM 4 KOM-
Mymamugrnozo Koavye R, HaspiBaeTCt MUHHMA/JbHBIE MAean, COMepHka-
wuit g. Joxasars, uto ugean (a) cyuiectsyer Aas aioboro snementa @ € R
M COCTOMT M3 BCeX 3J/IeMeHTOB BHAa:

a) ra, roe r — noboft sneMenT us R, ecan R uMeer ejuHHIy;

6) ra-}-na, rae r-—umo6ofi snement u3 R, ¥ n— moboe wnenoe
yucao, ecan R He uMeeT eLMHMILI.

1784, Hoeaaom (M), noposcdennsimn muoxcecmsom M xommyma-
mugno20 Koavya R, HasbiBaeTca MUHHUMAJbHLIAR Haead, coaepmamuit M.
Ecau MHO)ecTBO M COCTOMT M3 KOHEUHOTO YHC/AA JIEMEHTOB &y, ..., Gy
T0 upean (M) obosnauaercs Takke uepes (4, ..., ay). Jlokasarb, 4TO
ugean (M) cyuwectByeT mas moGoro Henyctoro MHoxectBa MER H
COCTOMT W3 BCEX KOHEUHBIX CYyMM BHAA:

a) X ra; r,€R, a; €M, ecam R umeer euumuuy;

6) X riai—{—z na; r;€ER; a;EM; n; —uenue uucaa, ecam R He
HMeeT CIWHULLBL.

178b6%, Koubyom ziaas8Hblx udea. 08 HA3HBACTCE KOMMyTaTHBHOE
KOAbLO ¢ enuHuiedt u 0e3 jAenutenefl Hy/s, B KOTOPOM KaXIHH miaean —
rnasHbit (cM. samauy 1783). Jlokasarth, YTO Kaxioe M3 C/AeAYIOWINX
KOJel, fBIAETCS KOJbLOM T/ABHEIX HAEanoB:

a) KOabUO Z UeJBX 4YUCen;

6) xombuo P [x] MHOTOYIEHOB OT OJHOTQ HEM3BECTHOTO X Hal
noiem P;

B) KOAbUO A 1e/biX TayCcCOBHIX YHCEJ.

1786, Cymmod udeanos I, I,, ..., I, kommymamugrnozo xoassya R
HA3bIBAETCS MHOMeCTBO / BCEX 3/EMEHTOB X u3 R, §NpencTaBUMBIX
B BUIEC ’

X=X+ X ... X, X, €[5 i=1,2, ..., k.
Tinwyr [ =/,+/7,+ ... +1,. Ecan gns moboro x us [ ykasau-
HOe TIpeiCTaBleHHe eAUHCTBEHHO, TO cyMmMa | HasbBaeTcs NpAMOH
cymmoii uoearos [, B arom cayuwae mamyr [=I 41,4 ... +/,.
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Hoxasatb, uto: ,

a) cymMMa JM00Or0 KOHEYHOTO HHCAA MAEANOB €CTh HAeas;

6) cyMmMa IBYX HIeanoB TOIAa M TOJbKO Torna OyieT mpaMo#t cym-
MO, KOTHa mepeceyeHHe MX COXEPXKHT TOJBKO HYJb.

1787. Iokasatb, uro ecau [ =1, [,—npamas cymma uneanos [y, /,,
TO npousBelesue mo6oro siementa M3 [, Ha /moboit snement us /,
PAaBHO HYy/IO.

1788. Ilycts R=17 +12—pa3non<eﬂﬂe KOMMYTaTHBHOTO KoJablia R
C envHuUEH € B NMpPAMYIO CYMMy HeHyJAeBHIX nieanoB [ /.

Iokasarh, 4t0 ecnmu e=e;}ey e, €l e,€1, TO €y, ey Oynyr
eIMHNLaMH COOTBETCTBEHHO B [y, [y, HO He B

1789, Jloxasatb, uro (akTOp-KOMBLO Koabua D [x] MHOrouneHom
C ILeHCTBHTE/NIbHBIMH KO9(dHiHeHTaMH TNO KIeany MHOTOYIEHOB, lend-
wuxed Ha x2— 1, H30MOPGHO NMOMO KOMIVIEKCHHIX 4HCenR @ --bi ¢ ome-
pauMsMH CJIOXEHHS M YMHOXEHWSA, ONpelelseMBIMH 10 H3BECTHHIM U3
LIKOJBl NPABUIAM.

1790. Loxasarb, uro moGoe roMoMopéduoe orToGpaxenne mnoas P
B KombLo R aBasercs WIH H3OMOPGHBHIM OTOGPaeHHEM HA HEKOTOpoe
noJje, BXoAsuee B R Kak MOZKOMbLUO (TaK HasbiBaeMoe BiAOXKeHHe P B R),
win orobpaweHneM Bcex saeMentoB u3 P B Hyab u3 R.

1791, Ilycte Z — koabilo nensix yucen U R — miofoe KOABUO C efu-
Huue#t e. Jlokasarb, uto oTOOpaxKeHHe @, LAs KOTOPOro ¢(n)= ne, ecTb
roMoMopdHoe oTob6pamenne Z B R. Ha#irn o6pas ¢ (Z) xoavua Z mnpu
9TOM roMOMOp(H3Me. »

1792, Tlycte A — KOJMBLUO LEABIX TayCCOBHIX 4HceNd, [ — MHOXeCTBO
Bcex uHcen a-+bi ¢ verHuMu @ u b. a) Iloxasate, uro / —unean B A;
6) Ha#ttH cmexubie kaacct A no /; B) B ¢axrop-xouble A/ Hatti
JeqHuTe N HyAs M TOKasaTh 3TuM, uto A/[ He sBiserca nojem.

17938, Hoxasatb, uro ¢axrop-koablo A/l KoJbua UeNBX rayccoBHX
yKces no raasHomy uieany / =(3) ecTb moJie U3 AeBATH 3JeMEHTOB.

1794, lokasarb, uTo PakTOp-KOALLO A/l KO/bLA LeABIX IayCCOBBIX M-
cel 1O FIaBHOMY HAeany / = (n) TOrZa u TOJbKO TOraa OyleTr mojeM, KOr-
La n— NpOCTOe YHCJO, He PaBHOE CyMMe JBYX KBaAPaTOB HEJbIX YHCeJ.

1795, Ilycts P[x, y] — KOJbLO MHOTOY/IEHOB OT ABYX HEH3BECTHHIX X,
y Han mnoneM P, ] — MHOXeCTBO BCEX MHOTFQUYJEHOB 3TOTO KoJbla Oe3
cBoGozHOro ujena. Joxasarb, 4TO:

a) [ sBasercs HMIeanoM, HO He fBJAETCS T/aBHBLIM MIEANOM;

6) daxrop-xonbuo P [x, y]/I msomopduo mnomo P.

1796. Ilyctb [ = (x, 2) — Hiean, NOPO IEHHbIA MHOXKECTBOM U3 ABYX
9JIEMEHTOB X M 2, B KOJblle LeJNOuMCIeHHX MHorouneHoB Z[x]. Hdoka-
3artb, YTO:

a) uneax [ COCTOMT M3 BCeX MHOTOYJIEHOB C YeTHBHIMH CBOOOIHBIMU
YyJleHaMH;

6) unean / He ABASETCA TJaBHHM;

B) (akrop-xoabuo Z [x]// M30MOPPHO HOJIO BLIYETOB NO MOLYMIO 2.
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1797. Iycts (n)—upean, NOPOMXIAEHHBHIR UeABIM uuCAOM n > 1
8 KOJblle UeNOUHCAeHHBIX MHorouneHoB Z [x]. Iokasate, yto dakTop-
xoabuo Z [x]/(n) naomoppHo koJabLy Z,[X] MHOrOYIEHOB Hal KOJbLOM
BLIYETOB MO MOLYJIO 7. '

1798. Ilyctb R —Koablo Bcex [HeHcTBHTeMbHHIX (yHKUMEA f (x),
OlpeneleHHEIX Ha Bcett YHCMIOBOM MpAMOHt NpU OOGBLIYHBIX OMEpauuax clo-
JKEHMs1 M YMHOXeHUss M ¢ — jJeHcTBUTeNbHOE uHCAO. [lokasaTh, 4TO:

a) orobpaxeuue @[f (x)]==f(c) ectb romomopdHoe oTOGpameHue
xoibua R Ha mone D IeficTBHTE/]BHBIX YHCET;

6) a1po romomopduaMa @, T. e. MHOWecTBO [ BCeX 2JEMEHTOB
xoabila R, otoGpawamouuxcad B uucao 0, -ecth uiean B R;

B) ¢daktop-koablo R/I nsoMopdHO nomo meHcTBHTENbHBIX uncen D.

1799. Tycts Z,—noJe BLUETOB MO MNPOCTOMYy MOAYMO p, f(x)—
MHOTOYJIEH CTeNeHH n U3 Koabua Z,[x], HenpuBoAMMBIA Han noaem Z,

{43 TeopuM mnoseH H3BECTHO, YTO TaKOK MHOrOuUMNeH CYIUeCTByeT AJA
Mo6Oro MPOCTOro p W MoGOr0 HaTypalabHOro n), I — riaaBubii waean,
TIOpOXAeHHEI# MHOrouneHoM f (x) B kombue Z,[x]. Iokasats, uto dak-
TOp-K0ABLO Z,[x]/] ecTh KOHEuHOE Moje, H HAHTH YHCIO €ro 3JMEMEHTOB.

§ 22. Mopyan

Jesoin m00yresn nad xoasyosm R HasbiBaerca aGenesa rpynnma M (o6siuno
< aJIMTHBHOH 3aMUCBIO ONEpalHH), 1/ 5JEeMEHTOB KOTOPOii ONpeieseHO YMHOKXe-
HHe Ha 3JeMeHTHl 3 R Tak, ut0 AaCM nmas awb6ux ACR, aC M, npuiem
BHIIOJHEHB CJAElyIOlHe YCAOBHSl, aHANOTHIHbE CBOACTBAM YMHOXeHHs BEKTOpa
HA YHCJO JJA JMHEHHOr0 NMPOCTPAHCTRA:

LA(@+b)y=2ra}28, 2. A4p)a=2ra4pa, 3. 2(ua)= Ap)a,

rae A, WER, a, bEM.
Ecan, xpome Toro, Koapuo R o6aanaeT exuuuued € u

4. ca=a, acM,

T0 M Ha3LIBACTCE YHUMAPHHIM Aesbim MOOyAem Had R.

ITo0m00yren nes020 #00yAs M Had xorsyom R naspiBaercs moarpynma A
rpynmat M, mas xotopoit AaC A ana mwo6HX AER, aC A.

Orobpawenne ¢ JeBoro Moxyas M Ha JeBnlit Moxyab M’ Hax omuuM u
TeM e KOJbHOM R HasbIBACTCHA 20MOMOPPHbM, ecau @ (a-}b) = ga - @b,
¢ (Aa) = Aga nxa mobux a, bEM, ACR.

BsauMHO o0AHO3HauHOe M roMoMmopdHoe orobpameHne Moiyas M Ha mo-
ayap M’ (Ham TeM e KOJbIOM) HAa3HIBAETCA U30OMOPPHHOM (HAH U3OMOpHu3-
Moxm), 2 Moayarn M u M’ Ha3mBaOTCH M3OMOPGHHBIMIL :

Daxmop-modysrem M|A nesozo mo0yan M nad worsyom R no noomo-
dyar0 A HasmiBaeTcs (aktop-rpymna M/A C ecTeCTBEHHBIM YMHOXEHHEM Ha
3JeMeHTH koabha R: A (x4 A)=Aix-} A

Hopsokox O (a) (anu aruyanmopoM Ann(a)) dsemenma a 1e8020 MO-
oyans M Had konsyom R Ha3biBaeTCs MHOXECTBO BCEX 3JEMEHTOB A€ R, s
&O0TOpHX Aa = 0. Eciu nopsgox sieMeHTa & COIEPKHT TOAbKO HYylb KOAbLA R,
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TO @ HA3HIBAETCHA CB00O00HUIM BAeMeHMOM (MIH INEMEHMOM NOPAOKA HYAb).
B DpPOTHBHOM CJyuae & HA3BIBACTCHA NEPUOOUHECKUM 3AeMERMOM (UNU IAeMEH~
MOM HeHYAL8020 NOPAOKA).

AHaJOTHYHO - ONpeeasIOTCA mpaBbie Moayaun M Han xoJbnoM R ¢ yMHOWe-
HueM aAEM, a€ M, ACR, n cBA3aHHEE C HUMH TNOHATHA.

Ecan B CJAeAYIONIMX 3ajiauax FOBOPHTCA mpocTo 0 Moayae M Han xoabnom R,
10 M paccMmaTpuBaercs 148 ONpeleNeHHOCTH KaK JeBHH MOAYRb Hal R, xoTs
COOTBETCTBYIOIHE CBOHCTBA BepHH TaKwKe Y &Ad mpaBoro Moayas Hai R.

JLasg ynpoumeHuss HeKOTOpHEe 3aiauu (GOPMYJHPOBaHB AJf Clydas KOMMYTa-

. THBHOFO KOJbIla, XOTS OHH MOryT ObITh O600IIEHB Ha MOAYJH HAal HEKOMMYTa-

THBHBIMH KOJbIAMH.

1800, Ilpusectu npumeps Mogzyas M Han koasuoM R, Tie cyiue-
cTBYIOT A0 u3 R u a=0 uz M, npuuem ra=20.

1801. TIlposeputs, uto JoGas abenesa rpymma U (¢ aiaMTUBHOR
3aMUCHI0 ONEPAlMK) SBJASETCA MOLYJAeM Hal KOJbLUOM Z LEAbX Yucel.

1802, Jlepwi#t Monyab M Hal KOJAbLOM R HA3biBAETCS MPUBLAAbHbIM,
ecm Ag =0 nas mobux A ER, a € M. lokasarb, uro JAeBuift Moayab M
Hal KOJbLUOM R C elMHHLeH & pasdjaaraerca B NPSMYIO CYMMYy MOAMOAy-
aeft: M= M;+ M,, rae M, yuurapen, a M, tpusnaien, mpuuem M,
COEPXKUT Bce 3jeMeHTH a € M, 1ag xoTophx ea=a, U My— Bce
aaeMedTsl @ € M, ans xortopwx £a =0.

1803. Tlposepursb, uro:

a) eciM KOMMYTAaTHBHOE KOJBUO R paccMaTpuBaTh KaK JieBh# MOZLY/b.
Haj caMMM coGoO#, TO MOAMOLYJH STOTO MOLYJs COBMAJAOT ¢ HAealaMH
Koabua R;

6) ecan HEKOMMYTaTHBHOE KOJIbIIO R paccMarpuBaThb Kak JieBhid
(npaBuifl) MOLYyNb Hal camMum cOGOH, TO MOAMOAYJH STOFO MOAYJS COBNa-
Jal0T C JeBbIMH (NpaBbiMM) MAeanaMu KoJabua R.

1804*, TlokasaTb, YTO NPUMAPHYI0 MO NPOCTOMY uHcay p abeneBy
rpynny G (3agauza 1695) MOkHO paccMarpuBaTh Kak YHHTapHHIH MOLYJIb
Hal KOJbUOM R PpaunoHaAbHBIX 4YuCcean, 3HAMeHaTel¥ KOTOPBIX He
LeJaTcd Ha p.

1806. Llurauneckum nodmodyiem, ROPONCOCHHbLM INEMERMOM Q
468020 M00yaa M Had xoasyom R, HaswBaeTCs MMHHMAAbLHBLIA AOL-
monyib {a}, comepwammit a. Hokasars, uro Las moboro @ € M uukin-
veckuft moxMonyab {a} cyluecTByeT M COCTOMT M3 BCEX 9JEMEHTOB
moayas M, umeiowux Bun:

a) Aa, roie AER, ecaim M — yuurapunit Monyb;

6) Aa-+na, rie AER u n— uenoe yucno, ecau M — o060t Mony b,

1806. IdokasaTb, 4TO 7-MepHOE JIMHeHHOe MPOCTPAHCTBO Haj mojem P
ABAgeTca (NPH TeX e ONepauMAX) YHHTAPHLIM MOAyJeM Hal P, mpuueM
STOT MOAYJAb PAas3naraeTcsi B MPAMYI CYMMY A LMKJIHYECKHX NOIMOLYJeH.

1807. ITyctb M — ynHTapHui#l MOLY/Ib HaZ KOMMYTATHBHEIM KOJILLOM R
¢ eaunnuedi e, {a} u {b}] — uuxauuecxne moxymu, O (e) u O (b) — no-
PARIKM  COOTBETCTBEHAO, @ W b.

a) Moxasarp, uro ecmu {a} == (b}, 10 O(a)= O (b);
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6) nokasats Ha npumepe, uTo ycaosus O (e)==0 (b) HerOCTATOUHO
nasi paseHcTBa {a} = [b}; -

B) LOKA3aThb, 4TO AMsl PaBeHCTBA {a} == {#} HeO6XOAUMO M LOCTATOYHO,
yro6nl Gei0 b ==0aa, a==p>b, Tie &, p-— HEKOTOPHIE SJeMeHTH U3 R;

) 10Ka3ath, 4TO AJAs paBeHcTBa {4} = {b] Heo6XomUMO H LOCTATOUHO
BHINOJIHEHUS YCaOBMi: b ==o0a, Tie o € R u obparum no moaymo O (a),
T. e. cMexHuf kaacc o-+O(a) ecTb oOparuMbif sieMeHT ¢aKTop-
xoastia R/O (a).

1808*, Ilokasath, uyTO BCAKUH N0AMOAY/Ib A LUKIHYECKOTO MOLY/s
M= {a) Hap KO/bLLOM IJABHBIX MAEANO0B R caM GyIeT UMKINYECKUM.

1809. Ilycts R — MHO:KeCTBO BceX OeCKOHeYHBIX NOC/IeL0BaTeNbHOCTER
HeJbIX yuced o =={@;, @, ...) CO CIOXeHUEM M YMHOKEHHEM [0 KOMIO-
nentaM. IlposepuTb, yTO R — KOMMYTATHBHOE KOJbLUO C eIHHMLEH, T. e.
uMKAHYeCKMd MOAyJab Haj camuM cofo#f. Halitu B stoM mozyne noamo-
LyJb, He MMEIOIUH KOHedHOH cucTeMel oOpasyoumux. DTO NMOKA3HBaeT,
YTO MNOAMOLY/bL LUMKIMYECKOTO MOAYJAsS MOXET He OBITb LHKAMUECKHUM,
a MOAMOLYJIb KOHEYHOHOPOMIECHHOTO MOXLY/TA MOXeT He OLITh KOHeUHO-
NOPOXKAEHHBIM,

1810, Ilycte M — Mozynab Hal KOMMYTAaTHBHHIM KOJbLOM R,

a) Jokasatb, yto ecan R He uMeer Jeiauteleff Hyasi, TO MHOMKECTBO
Ac M Bcex neproaMyeckuX 3JEeMEHTOB fABAfeTCS moaMonyJem mouyias M;

6) nokasaTb Ha NpHMEPax, 4YTO AJas Koabla R ¢ JequTesiMM HyJs
npelbliyllee YTBepHIeHHe MOXET ObTb HeBePHO.

1811%, Ilyctb M — MoaAy/ab Hal KOMbUOM IJIAaBHHIX MIealoB R, a W
b — nepuonnueckne siaemeHTHl M mopszkos O (@)= (a), O (b)==(p).
O — nauGosbumit o6wmit Aemuress o M PB. Jokasarh, uTO 3MEMEHT
a—+ b — takxke nepuonsuueckufi mnopsaaka O (a+0b) = (y), npuueM:

a) Yy ILeuT %E; 6) Y xpaTHO %'3—.

1812%, Mounysap M HasbiBaeTcss nepuooudeckus, eCiM BCE ero 3ie-
MEHTH SB/AIOTCS NepHoiHuYeckuMd. Mozyab M Ham KOJbUOM TAABHBIX
uneanoB R HasbiBaeTCs NPUMAPHBLM, e€CAX TOPSALKM BCEX 3JIEMEHTOB
3 M kaxk uzeansl B R MNOPOXKIATCS CTeNeHAMH OIHOTO H TOTO Ke
npocroro anementa p u3 R. Monymb M uHasuBaercs npAMOL cYyMMOL
cucmembl (Heobs13aTeIbHO KOHEUHON) CBOMX moamMonyJ/elt M;, eciu Kamavii
HeHyseBO# aneMent M3 M OXHO3HAYHO NPEACTABASIETCS B BUAE CYMMB
KOHEYHOTO YHCJA HEHYJIEBLIX 3JEMEHTOB, B3fITHIX IO OLHOMY M3 HeKo-
toprix M;. lokasatb, uto mo00H mepuoinueckuft Moayab M HAmL K0ab-
LOM [JIaBHHIX wHeanoB R pasnaraerca B NpAMYI0 CYMMY NpHUMapHbLIX
NnoJIMOLyIEH. ’

1813*, Ilycte M—wMonyner Hag koabuoM R. JlokazaTb TeopeMy:
aja toro yrobe B M mo6ofi MOAMOAY/IL HMMen KOHEYHOe UYMCIAO 06pa-
3Y1OLLHX, HeOOXOINMO H IOCTATOYHO, YTOGH B M yLOBAETBOPAIOCH YC0-
BUe MAaKCHMaJAbHOCTH LA MOAMOAYJef#t: nmofas BO3pacTaollas noc/aesosa-
TEAbHOCTL MoAMOAyne# (HeoOssarenbHo pasmuunnx) M, e M, ...
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cTaGuausnpyercsa Ha KOHeuHoM ware. B yacTHOCTH, 3TO BepHO A HIeanos
KoJbua R, ecqu ero paccMarpuBaTh KaK MOLy/ab Hal caMuM coGof.

1814, Jlokasarb, ut0 ecau {a} u (b} — yHuTapHEle UHK/IHUECKUE
MOAYNH Hal OZHUM H TeM xe KoJbuoM R, npuueM Nopsikd @ u b cea-
sanbt BkaloueHneM O (a) = O (b), To cywectsyer romoMopdHoe otoGpa-
xenne {a} na {b}.

1815, Iycte M= {a} — yHutapHsi#i UMKIHYECKUH MOLY/b Hal KOM-
MYTaTHBHBIM KOJbLOM R ¢ eauunueit e. Jlokasars, 4T0:

a) nopsaaok O (a) 3neMenta @ ecTb ugean B R;

6) ¢akrop-xkonpuo R/O (a), paccvarpuBaeMoe Kak Moayas Han R
C eCTeCTBEHHBIM YMHOXEHHEM, OMpele/ieHHHIM YMHOXeHHeM B R, Huso0-
MopgHo Monynwo M.

1816, IMycts M= A -} B— pasnoxenne moayas M Han KoasloM R
B NIPAMYIO CyMMy noamonyiaet A u B. Jloxasars, uto dakrop-monya M/A
usomopder xak Molyae Hajg R mopymo B.

1817, Monyns M HasniBaercs pacuiuperuesm modyas A npu no-
mougu mooyan B, ecan A —noamonyns M u ¢axrop-moayms M/A uso-
Moppen B (M, A, B—wmoAynn Hal OIHAM M TeM ke KoJabloM R).
JokasaTs, yTO paciiMpeHHe KOHEYHOMOPOMIAEHHOTO MOAYJs MpH NMOMOLIH
KOHEYHONOPOXKIEHHOI'O eCTb KOHEYHOMOPOMKILEHHBIH MOLY/b.

1818. JoxasaTth, uTO ecau B Moay/e M BHINOJHEHO YC/IOBHE MAKCH-
ManbHOCTH I HOAMOZYJAel (cM. samauy 1813), TO 3TO ycn0BHe BHIMOJ-
HeHo B dakrtop-moayre MJ/A moayas M To moboMy noamoaymo A.

1819%. Ilycts A, B—noamoayau wmoayas M Han Kombuom R,
Jokasars caenyouyio TeopeMy o6 HsoMopdusMe:

(A-FB)JA=B/(AN B).
1820%, Ilycte M —ynurtaphsiff MOLY/Jb C KOHEYHBIM uHCIOM 00pa-
SYIOWUX X, Xg ..., X, Hal KOMMYTAaTHBHHIM KOAbUOM R ¢ eaudniei.

JlokasaTs, YTO eCNH YC/MOBHE MaKCHMa/JbHOCTH BHINOJHEHO O/ HJIeanos
B Koable R, TO OHO BHIOJHEHO M i moiMonysed B monyae M (sty
TEOpeMy MONKHO OOOOCIIHTE Ha HEKOMMYTAaTMBHBIE KO/bLA C YC/IOBHEM
MaKCHManbHOCTH AJIfl JIEBBIX /M INPABHIX HIEAJOB).

§ 23. Jluneiinsie npocTpaucTBa M JHHeliHble npeoOGpa3soBaHHA
(no6aBnenus x naparpadam 10, 16—19)

1821, JlokasaTb, 4TO 1/s BLINOJHEHHS paBeHCTBA OX —-fy=px oy
rZe o, §— 4uciaa U X, Y — BEKTOPH, HeoOXOINUMO H ZOCTaTOuHO, 4TOGH
6bii0 WM o ==f, WIH X =1y,

1822*%, a) He nonb3ysice KOMMYTATHBHOCTBIO CJIOXEHHS BEKTOPOB,
JOKasaTb, YTO IIpaBble MpPOTHBOMOJOXKHHH M HyJAeBOH 3MeMeHTH OyayT
H JIEBHIMH; .

6) no/b3ysich MYHKTOM a), AOKA3aTh, YTO KOMMYTATHBHOCTb CJOMEHHS
BEKTOPOB BHITEKaeT M3 OCTAMbHLIX 4KCHOM JHHeMHOIo NPOCTPaHCTBA.
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1823. Ilyctb D —none HeHCTBHTENbHHIX YHCEad M V — MHOXECTBO
BceX (PyHKUMH, 3alaHHHIX M TPHHHAMAIOIUUX TIOJNOXKHUTE/bHHE 3HAYEHHS Ha
cermente f[a, b]. Onpenemum croxenHe JIByX (yHKUMR M yMHOXeHHe
(yHKUMH HA YHCIO DPaBEHCTBAMM:

f@g=rg oOf=/% f g€V, a€D.

a) ITposepuTh, 4TO NPH YKA3AHHHIX onepauuax V asagercs auHeli-
HHIM NPOCTPAHCTBOM Han mojeM D;

6) 1OKa3ath, YyTo NpocTpaHcTBo V uzoMopdHO npoctpaHctsy V' Bcex
JelcTBUTENbHBIX ¢ynKkuu#t, 3anaHHbIX HA cermenTte [a, b], npu OOBIUHBIX
onepauuax cAOKeHus (QyHKUMM M YMHOXEHHA (YHKUMH HA JeHCTBHUTE/b-
HOe 4YHCJIO;

B) HaliTH pasMepHOCTb mpocTpaHcrea V.

1824, [okasatb JHHeHHYI0 He3aBUCUMOCTb  CHCTeMbl  (QyHKUuH

M, L., e, rae Ay, ..., A, —TONapHO pas/iHuHble IeHCTBUTE/bHbE
yncaa. :

1825%, JloxasaTh JuHEHHYI0 HE3aBUCHMOCTb CHCTeMBl (QYHKUMR
x™, ..., x"% rze @, ..., 0, — NONAapHO pas/MMuHbie AeHCTBUTENbHBIE
yucaa,

1826%. Jlokasath JnHe#HYI0 He3aBUCHMOCTb CHCTeM (yHKuUMM:
a) sinx, cosux;
6) 1, sinx, cosx;

B) sinx, sin2x, ..., sinnx;

r) 1, cosx, cos2x, ..., cosnx;

n) 1, cosx, sinx, cos2x, sin2x, ..., cosnx, sinnx.
1827%, JJ,OKaaaTb nuHeHHylo HE3aBUCHUMOCTb CHCTEM <pym(u|m
a) 1, sinx, sin?x, ..., sin® x,

6) 1, cosx, cos?x, ..., cos® x.

1828, Hokasatb AMHeHHYIO 3aBUCHMOCTb CHCTeM (YHKUuH:

a) 1, sinx, cosx, sin?x, cos’x, ..., sin"x, cos®"x npu n>2;

6) sinx, cosx, sin?x, cos?x, ..., sin”x, cos” x npu n> 4.

1829%, TIpoBepurb, uTO BCe ONHOPOIHbLIE MHOTOUJEHH CTeneHd A&
OT 1 HEM3BECTHBIX Xy, X ..., X, C JeHCTBHUTeJbHmMH KO3duLUenTaMH
(nau ¢ xo3puuHenTaMH H3 JI000r0 MOAA) BMEcTe C HyJaeM NpH oObiy-
HBLIX omepauusx oO0pasyloT JdHellHOe NPOCTPAaHCTBO, M HaWTH ero pas-
MepHOCTD,

1830%, IlpoBeputh, uTO Bce MHOTOUJEHH crenmeHn < R OT 1 Heus-
BECTHHIX X, Xg ..., X, C [JdeHCTBHTEAbHEIMH KO3¢dduunentamu (nau
¢ ko3(Q¢uunenTaMu H3 JiI060T0 mMOJA) BMecTe C HyJAeM NpH OGBIYHBIX
onepauusx o6pasyioT JHHeHHOE MPOCTPAHCTBO, U HAHTH ero pasMepHOCTb.

1831, Ilycts V — anHeHHOE NMpPOCTPAHCTBO BCEX MHOTOUY/MEHOB OT X
crenedn <(n, 1> 1, ¢ neficTBUTENbHBIME KO3 OULHEHTAMHU.

a) Joxasatb, uto MHOMeECTBO L Bcex MHorouneHos u3 V, HMeIHUX
JanHui 1eHACTBUTENLHBIA KOpeHb ¢, ABAfETCS NMOANPOCTpaHCTBOM Vi

0) unafitn pasmepHocts L;
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B) T0 ®e naqa MHOxecTBa L,, 1 <Ck<n, Bcex MHOrouieHos us V,
' MMEIOIMX R PA3IMUHBIX JeHCTBUTEJbHBIX KOpHel ¢y, ..., ¢, (6e3 yuera
X KPAaTHOCTH);

r) ABJfeTC JM NOAMPOCTPAaHCTBOM MHO¥ecTBO L’ BceX MHOTO4Y/NEHOB
u3 V, uMeomux npocTo#t NeHCTBUTENbHHIH KOpeHb c?

1832*%, IoxasaTh TeopeMmy: AJf TOTO YTOGH JBe JMHEHHO He3aBHCH-
Mbl€ CHCTEMBI ¢ OLHHAKOBBLIM HUCJIOM BeKTOPOB

xls ey xk; (1)
oo I 2)

n-MepHOTO NPOCTPaHcTBA V, GbAM SKBHBAJNEHTHH (HMJN TMOPOKIAAM OLHO
H TO e MOANPOCTPAHCTBO), HEOOXOLMMO W INOCTATOUHO, YTOOH B JIOOOM
6asuce COOTBETCTBYONIME IPYT APYry MUHOPH Marpul A H B U3 KO0Op-
BUHATHRIX CTPOK BEKTOPOB DTHX CHCTEM ObIAM NMPONOPUUOHAIbHHI.

1833. Hokasarb, yro 1060e MOANPOCTPAHCTBO L 7-MEPHOTo /auHeli-
HOro mpocTpanctBa V, siBisseTc 06/1aCTbI0 3HAYEHUH HEKOTOPOTO JHMHEeH-
HOro npeo0pasoBaHUs .

1834, IoxkasaTh, uyTO /M000€ NMOANPOCTPAHCTBO L n-MEpHOro JIuHel-
HOro npoctpadcrsa V, sSBlfercad sAPOM HEKOTOPOTO JHHeHHOTO npeobpa-
30BaHus .

18356, okasaTb, 4TO €CAH AJA KKIOTO H3 MONAPHO pPasiHuyHbIX
cOOCTBeHHBIX 3HaueHu#t A, Ay ..., A, juHe#HOro npeoGpasoBanus ¢
B3ATh JMHe#HO He3aBHCUMYIO CHCTEMY GOOCTBEHHBIX BEKTOPOB, TO CH-
CTeMa, colepxalllas Bce B3AThle BEKTOPHI, JHHEHHO He3aBHCHMA.

1836%. Ilycts V — meltcTBuTedbHOE JIHHEHHOE TNPOCTPAHCTBO (MU
JuHeHHOe IPOCTPAHCTBO Hal TojeM P, XapakTepucTHKa KOTOPOTO OTJMUHA

OT IBYX) H V=L—'}—M‘— pasJiokeHne NpocTpaHcTBa V B NPuMyIo CyMMy
noanpoctpancts L u M. Torina mobo#t BeKTOp X OZHO3HA4YHO MpencTa-

BIACTCA B BUIE
x=y+2Z, y€EL ZcEM

Jlunefinoe npeoGpasoBaHue @, oOnpejeNeHHOe YCJIOBUEM (X ==}, Ha3bl-
BaeTcsl npoexmuapoganuem npocmparcmea V na L napaarearsno M.
ITo 3anave 1538 npoexTHpoBaHus COBMALAIOT C MAEMIOTEHTHRIMY npeobpa-
30BaHHAMH, T. €. C JHHeHHBIMU npeoOpasoBaHusMu, 00JaLa0IIUMH CBOH-
cTBoM @2 == ¢. [loab3ysck 9TUM, J0OKA3aTh YTBepPHIeHUH:

a) ecam ¢ — npoektHpoBanue Ha L mnapaaneapHo M n & — TOXIe-
CTBReHHOEe NpeofpasoBaHHe,” TO €-— ¢ — NpoekTHpoBaHne Ha M napan-
qaenapHo L;

6) 1as TOro YTOOH cyMMa ¢ =@, @y ABYX TNPOEKTHPOBAHUH @,
U (p, ObNa NpoeKTHPOBaHHEM, HeOOXOIUMO M JOCTATOYHO YCJIOBUE:

P1P2 = PPy = @ (H

TLe — HyJeBoe Ipeo0pasoBaHne; -eciu @, H @y— COOTBETCTBEHHO
npoexktnposanus Ha L, napannensio M, u ma L, nmapannensho My npu-
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yeM BHINOJHEHO yciosue (1), TO @ =@, - @, — NpoeKkTHpOBaHHe Ha
L =L,+ L, napannensio M=M,; N M,;

B) LR TOTO 4TOOB Pa3HOCTb Q= @, — Py ABYX NPOEKTHPOBAHRHK @,
H ¢, Obsa NPOEKTHPOBAHUEM, HeOOXOJIMMO H HOCTATOYHO BLIMOJHEHHE
yCJIOBHSA

Q1P = @2, == Py; @)

ecau ¢, ¥ (y— NMPOEKTHPOBAHUA, ONpelefeHHbEe B MNyHKTe §), NpHUeM
BBINIOJIHEHO YCA0BHeE (2), TO ¢ == ¢; — Qy—npoexTupoBauue Ha L= L, N M,
napannensio M=M, 4 Ly;

r) AJs TOTO ‘lT06bI npousBeieHHe @ = @@, LBYX NPOEKTHPOBAHMH ()
u @, GBLIO NMPOEKTHPOBaHHEM, LOCTATOYHO BHINOJHEHHE YCIOBUA

1Py = PoPy; \ 3)

€ClH §; H @,-—— NPOEKTHPOBAHHUA, ONpele/eHHbe B NyHKTe 0), NpHUeM
BLINOJHEHO yciosue (3), TO ¢ = @, — npoexktnposanne Ha L=L, N L,
napanieisio M=M,;+ M, (3fecp cymMMa Heo0s3aTelbHO NpsMas).
ITokasars Ha npumepe, 4TO ycJaoBHe (3) He fABAAETCA HeOOXOIUMEIM 1Js
TOro, uroOsl MpOM3BEliEHHE TNPOEKTUPOBAHUA @ M @, OBLIO NMPOEKTH-
poBaHueM.

1837%, Jlokasarb, uto ecau AJas npeoOPa3OBaHUS ¢ eBKJIUZOBA TNPO-
crpauctea V' B cefs cyulecTByeT CONpsiKeHHOe MNpeobpa3oBaHue ¢F,
T. e. npeob6pasosanue, obnaisaiouiee CBOHCTBOM (X, y)=(x, @Qy) Ai14
Jo0bIX BeKTOpoB X, ¥y U3 V, 10 @ M ¢* nuHe#Hb. B wactHocTH, cHM-
METPHYECKOE H KOCOCUMMeTpHUYeckoe NMpeoO6pasoBatHHs MOKHO ONpeNesiHTh,
COOTBETCTBEHHO, PABEHCTBAMU (QX, ¥)==(X, @y) U (Px, y)= — (X, Py)
fe3 TpeboBaHUA AuHEHHOCTH.

1838. Hatiti paccrosinMe Mexiy IByMa NJAOCKOCTAMH P;: x=a,-
+ta, +ta, u Py x=0by,+tb 4 £b, rae ay;=(2, 1, 0, 1),
a=(, 111, a=(@1,001), b=, —1, —1, 0), b=
=(1, 1, 0, —1), b,=1(1, 1, 2, 3) u KOOPAMHATH BEKTOPOB [aHB B OPTO-
HODMHPOBaHHOM Oa3uce.

1839. TuabvBepmossism npocmpaHscmso 4 HA3HIBAETCE MHOXKECTBO V Brex

GeCKOHEYHBIX NOC/e10BaTe/IbHOCTEH TeHCTBUTENBHBIX YHCEN X==(a,, @y ...),
oo

A8 KOTOPBIX CXOJAUTCA pAA U3 KBAnpatroB 2 a?. Taxue mociaenoBareib-
i=1

HOCTH Ha3blBAlOTCH gexmopamu (wan mourxamu) npocrpakcrea V. Cuao-
’eHHe BEKTOPOB, YMHO¥€HME BEKTOPa HA UMCAO M CKaAAPHOE YMHOXeHue
BEKTOPOB ONpPeNeaA0TCs 00biuHbIM 06pa3oM. ViMeHHO, ecim x == (a,, @y, ...)

H y==(b;, by ...)— BEKTOPH U ¢-— YHCJIO, TO
[ee]

X+y=(a,+b, ay+b, ...), cx=_(ca, ca, ...), (X = E ab;.
=
Jokaszats, uTO:
a) V apasercss GeCKOHEUHOMEPHBIM €BKJMILOBLIM NPOCTPAHCTBOM;
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6) ecan L* — OpTOroHaNbHOE NOMOJHEHHE K TOAMNPOCTpaHcTBY L us V'
(sanaua 1364), To pasencTso V = L -} L* BepHO 1/ KOHeyHomepHoro L;

B) NMOKa3aThb Ha NPUMEPAX, YTO PAaBEHCTBA V=L—i—L* n (LY=L
(cMm, 3anaun 1364, 1365) moryr GLITb HeBepHH A GECKOHEUHOMEPHHIX
noanpoctpancts us V. .
1840, Mycms V,=L,-} L, — pasnokeHue n-mepHOTO €BKIHIOBA
NPOCTPAHCTBA B NPAMYI0 CYMMY IBYX TOANPOCTPAHCTB, Lin L;——OpTO--
FOHa/bHbIE LOTIOJHENNs, COOTBETCTBERHO L, U Ly, cp—-—OTpameHne V.8 L,
napannenbio L, Jlokasatb, 4ro npeoépasoBaHue Q’, conpsxeHHoe @,
aBAgeTCAd OTpaxeHueM V, B Lz NIapaJiiebHo L1.

1841, Hafitu Bce usoMeTpuuyeckHe (MaM OPTOroHanbHbIE) mpeobpaso-
BaHMs, COXPaHAIOIIME HAa MecTe HY/eBOH BEeKTOP: a) Ha INJIOCKOCTH;
6) B TpexMepHOM NPOCTPAHCTBeE.

1842#%, Hatitn reomerpuueckuit cMECA JnHeHHOro npeoGpasoBanusa ¢
TPEXMEPHOTO €BKJMEOBA NPOCTPAHCTBA, 33AaHHOTO B OPTOHOPMHPOBAHHOM
Gaance e, ey €3 Mmarpuieht

3 1 V&
3 4 1
1 3 Ve
A= 7 7T —71
_ ¥ ¥Y& 1
Y 4 4 2

1843*%, BrACHATb reOMETPHYECKHH CMEICA KOCOCHMMETPHUECKOTO mpe-
00pa3oBaHus @ eBKJIMIOBA NPOCTPAHCTBA LJs Cayuyaes: a) npsmolt; 6) nio-
CKOCTH; B) TpexMepHoro mnpocrpanctBa. IlokasaTb, YTO B TPeXMEpPHOM
APOCTPAHCTBE ¢ CBONUTCA K BEKTOPHOMY YMHOXEHHMIO BC€X BEKTODOB
Cl€Ba Ha OLMH M TOT Xe BEKTOp &, T. €. gx =a X X.

1844*, [lokasaTb yTBepxieHue: IJa TOTO uroOnl JuHelHoe npeobpa-
30BaHME ¢ eBKJAMAOBA NPOCTPaHCTBA (Heo0f3aTeJbHO KOHEYHOMEPHOTO)
OLIJI0 KOCOCHMMETDHYECKMM, HeOOXOAMMO M JAOCTaTOYHO, HTOOH OHO
NEePEBOAMIO KaXALIH BEKTOP B BEKTOP, OPTOrOHAJbLHBIA C HUM.

§ 24, Jlunejinnie, Guanuelinnie u kpagpaTHuHuie GyHKuuM H opMBl
-(noGasaenne k naparpagy 15)

1846*, Nokasats, yro Las n1060# HenyneBo# JmHeRHOR dyHKkuun [(X),
8anaHHoO B n-MepHOM MiHeHHOM nmpocTpaHcTBe V,, CYleCTByeT KaHOHuye-
cKufl Gasuc, B KOTOPOM 9Ta (YHKUMA 3aMUCLIBAETCA B KAHOHMUECKOM BHIe
I(x)==x;,, TAe x;— nepsas KOOpPIMHAaTa BeKTOpa X B 3ToM Oasuce.
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1846, Jokasath, uyTO HeHynepas OuiuHedHas ¢opma b(x, y)=
n

= 2 . a,-jx,-yj TOrAa W TOJAbKO TOrAa pacnalaeTcd B NpOU3BeleHUEe ABYX
LJ=

l

n
JuHehHEX dopM b (X, ¥)=1I,(X) l,(y), tae (%)= X b;x; L(y)=
i=
on
=) €;¥j» KOTLA ee PaHr paseH eIUHHULUE.
=1

1847. Ilokasath, uto GuanneHas ¢yukuua b(x, y), ZRauuas B Ael-
CTBUTENbHOM N-MePHOM NpOCTPaHcTBe (WM B #-MEPHOM HPOCTPAHCTBE
Hal TIoJeM XapaKkTePHCTHKH, He paBHOM ABYM), TOrla W TOJLKO TOrAa
fAABASETCA CHMMETpHueckoH, KOr1a OHa MMeeT KaHOHMuecku#t 6asuc, B KOTO-
pOM OHa 3anuceiBaeTc OuiauHelHoM GOPMOH KAHOHMYGCKOrO BHAA:
b(x, 3)=MxX1y; 1 AoXo¥ot ... T+ ApX, Y,

1848*, Iokasarb, YTO eC/M NMPOM3BeleHHE ABYX JIHHEHHBIX OYHKUHH,
3aJaHHBIX Ha /AuHeHHOM npocTpaHcTBe V (Heo6fi3aTeNbHO KOHEUHOMEDHOM),
TOMIECTBEHHO paBHO Hymio, T. e. I (x)I;(x)=0 nmaa nwboro xEV,
TO XOTl OBl OJHA U3 STHX (PYHKUMHA TONKIECTBEHHO PaBHA HYJIO.

1849*%, JlokasaTb, 4TO - ecAU cHUMMeTpudeckas OuanHeHHas ¢yHK-
uus b(x, y), 3amauHas B JuHeiHOM mnpocrpauctBe V (Heo0s3aTenbHO
KOHEUHOMEPHOM), pachajaercs Ha ABe Oununeiinnie QyHkuun: b(x, y)=
=1,(x)l,(y), T0o oHa npexcraBiaserca B Bule b(x, )=Arl(X){(y).
rie A— 4ucnO, OT/IMYHOE OT Hyad, U [(X) — auHeflHas ¢yHKuUA.

1850%, [lokazatb, uTO0 OHJuHeHHAs QYHKUUS B n-MepHOM AefcTBH-
TeJbHOM TNPOCTPaHCTBE TOTAAa W TOJALKO TOrAa Hmeer padr 1, xorga
B HeKOoTOpoM Oa3uce oHa sanuchiBaeTcs (GOpMO#t Buia:

a) & x,y,, ecid QYHKUUA CHMMETpHUECKas;

6) XV, €CiM (PYHKUMA HECUMMETPHYECKAA.

1851*, oxasaTh, YTO HEHYyJ/eBas KOCOCHMMETpPHYeCKaf (YHKLMA HA
JHHEAHOM npocTpaHcTBe V' (HeoOs3aTe/ibHO KOHEYHOMEPHOM) HE MOXMeT
pacmanarbc B NPOM3BEJeHME HBYX NHMHeHHBIX QyHKUHH.

1852%, Ilycte [(X)— HenyneBasa JuHelHas QYHKUUA Ha JHHEHHOM
npocTpaHcTBe V' (HeoOs3aTenbHO KOHeyHoMepHoM). JlokasaTs, 4To:

a) aapo § ¢yskumm [(X), T. e. MHOXeCTBO BceX BexkTopos X&V,
Jast KoTOpHX [(x)=0, ecTb MakcuMaibHOe JMHHEHHOE NMOLNPOCTPAHCTBO,
T. e. § He colepxurcad B moanpocrtpadcrse 7, orauunoM oT § u V;

6) aas moGoro BexkTOpa @, He Jexamwero B S, /M000# BexTOp X
OJIHO3HAUHO TpeiCTaBiseTcd B BHIe X =29y -}-aa, rie yES.

1853%, llokasath, uto ecau Ase JauHeHHble OGyHKUMH [ (X) u Iy (x)
Ha IuHelHOM mnpocrpaHctBe V (He0GA3aTeNbHO KOHEYHOMEDHOM) HUMEIOT
OIHO M TO Ke AP0 §, TO [ (¥) = Aly(X), rie A— 4UCIO, OTIHYHOE OT
HyJs. : |
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1854*, Tlpumenss Merol flkoOu BHIUMC/AEHHA YIIOBLIX MHHOPOB, Ollpe-
LequTh ap@RHHMHE KJIacC NOBEPXHOCTEH B TPeXMEPHOM IPOCTPAHCTBE:

- a) x24-2x7 — x4 2x,0, 4 2%, + 2x,=0;
6) x24 x4 2x %, 42 2,4+ 2%, + 1 =0.

1855. Iokasarh, yTO ecjH KBaipaThuHas Qopma ¢ Matpuueft A no-
JIOWUTEILHO ONpeXesieHHa, TO M KBaipartwuHas ¢opma

a) ¢ o6paTHoM Marpuiett A~

6) co B3auMHOH# Marpuuei A
MIOJIONUTENBHO OTpele/ieHHa.

1856%, Ilycts f(x)— xBaspaThuHas (YHKUMSA Ha N-MePHOM JeHCTBU-
TeAbHOM JHHeRHOM mpocTpancTse V. BekTop X, HasbiBaeTcs u3ompon-
notm, ecan f(x,) =0. okasarb, 410 ecan ¢ysxumus f(x)— 3Hakone-
peMeHHas, T. €. CYLIeCTBYIOT BEKTODH X,, X, Takue, uT0 f(x,) >0,
f(x5) <0, TOo cymecrByer 6asuc, COCTOSLIMH H3 M3OTPONHEIX BEKTOPOB.
YxasaTb MeTOl MOCTPOeHHs Takoro Gasuca.

1857%, Hsaomponueim (W10 HYAe8bIM) KOHYCOM KBAOPAMUYHOL
@ynryuu f(x) HasbiBaercs MHOXecTBO K BCeX M30TPONHBIX BEKTOPORB
(3anaua 1856). Hokasatb, uTO H30TPONHHIA KOHYC KBaApaTH4yHOH ¢yHK-
uan £ (X) Ha n-MepHOM AeHCTBUTE]bYOM NpocTpancTse V, TOTLA U TOMBLKO
Toraa Oyler MOLMPOCTPAHCTBOM, KOTZa f(X) BHAKOMOCTOAHHA, T. €. WM
f(x)>0 nna Bcex x, uma f(x)<{0 1as Bcex X.

1858%, ITycth f(X) — kBanparuuHas (QYHKUMA HA K-MEPHOM AefCTBH-
TeJbHOM JHHelHOM npocTpaHcTBe V,, r—paHr, p M ¢ — NMOJOXKUTEAbHbI}
M oTpuuaTe/bHBH MHIEKCH WHepUHH 3TOH (dynkuun. okasaTb, 4TO Mak-
CUMajibHas pasMepHOCTb JMHEHHBLIX TOLANPOCTPAHCTB, BXOAALIMX B H30-
TponHs#t koHyc K (3azaua 1857), pasHa:

a) min(p, ¢), ecan f(x) HeBHpOKIeHa (T. e. r==n);

6) n—max(p, ¢ =min(p, q)+n—r, ecin f(x)— nobas (BLi-
POXMIAEHHA WU HEBBIPONKJAEHHAR). )

1859%, Ilycth f(X)—xkBanparuuHas QyHKUMA C TeMH ke cBoficTBamu,
KaKk ¥ B npexmayuleff 3anauve. Jlokasatb, YTO MaKCHMaJbHas pasMepHOCTH
JuHeH#HOTO MHOrooGpasus P, BXOIflLero B INOBEPXHOCTb BTOPOro IMo-
psaxa S, 3anaHHyl0 ypaBHenueM f (X)==1, pasua:

a) min(p — 1, ¢), ecau f(x) HeBHPOXKIEHA;

6) min(p—1, ¢)-+n—r=n-—max(p, g+ 1) B obuiem cayuae.

1860. Ilosb3ysce 3anayamu 1858 n 1859, nafitu MakcuMalbHylo pas-
MepPHOCTb JUHeHHEIX MHOTOOOpasuii, colepKaIMXCs B CASLYIOWNX NOBEPX-
HOCTAIX BTOPOro INOPsiiKa (€cJAH pasMepHOCTh INPOCTPAHCTBA He yKasada,
oHa cuyMTaercs paBHO# HauGo/blieMy HOMEPY KOOPAMHAT; Pa3MEpPHOCTDH
IIyCTOro MHOTOOOpasusi CuMTaeTcs paBHOH — 1):

a) x34-x2— x2=1 (omHononoctHui#t runepGosonn); 6) xj— x2-—
— x3==1 (aBynonccruuifl runep6oaons); B) X7 —xi—x3=0; r) x,x,=1;
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B) X xo=1 (B TpexmepHOM NPOCTPAHCTBE); €) X;X,==0; x) x x2-._0
(B n-MepHOM npOCTpaHCTBe) 3) xi—xl=1; n) X—xl—. . —x2=1;

K) x‘+ +x21—xfz—1 1) xf—}—xg——xg——x4__1;

M) 2 (-1 a2 =1.

1861* Jlesvim adpom (MIM A2e8HLM  HYAE8BIM NPOCMPAHCIEBOM)
OununefiHON QyHKUUK b(x, ¥), salaHHoM Ha JuHeHHOM npocTpaHcTBe V,

Ha3LIBaeTCsl MHOXeCTBO Ly BCex BeKTOPOB X € V, 115 KOTOPBIX b(x, =0

nas Bcex € V. AHanoruuHo onpeienasercs npasoe sipo Lo

Ilokasath, 4TO a) JeBOe U TpaBoe sIPa— NOANPOCTPAHCTBA;
6) B n-MepHOM NPOCTPAHCTBE /ieBOE M MPaBOe fIPa MMEIT OJAHHAKOBYIO
pasmepHOCTb #—r, TIe r-—paur bO(x, ¥), T. e. paHr ee MaTpHUH
B KakoM-HMOyIb Oasuce.

1862, Ha#tu Oasuc JeBoro M NpaBoro axpa (HyJEBOrO MPOCTpaH-
crea) Ly u Ly (samaya 1861) nas Guauneftnoit popmu o (x, y) = x,y,-}+
~+ 2x,¥5 + 3x99, + 6x5y, 1 NOKasaTh, 4TO L('H& Lg.

1863*, a) [lokasaTh, YTO I/ CHMMETPHYECKOH M KOCOCHMMeTpHue-
CKOi OuanHefiHbIX (YHKIMA JeBOoe AP0 COBMagaer ¢ NPaBbiM;

6) npuBecTH npumep CHAMHEAHOH (QYHKUMH B n-MepHOM NPOCTPAHCTBE,
KOTOpas He aBAAETCA HH CUMMETPHUYECKOH, HH KOCOCHMMETPHYEeCKOH, HO
ILAs KOTOPO# J1eBO€ fApO COBNAaAdeT ¢ NPaBLIM.

1864*, JlokasaTb, 4TO HeHyJeBas KOCOCHMMeTpuuecKas OuiunefiHas
(GYyHKIUS B TPEXMEPHOM MPOCTPAHCTBe NpelCcTaBAseTcd B Buie b (x, y) =
=ax)b(y)—a(y)b(x), rie a(x) u b(x) — auHeliHvle GYHKIUH,

1865%, Ilycts b&(x, y)— Ouauneiinas ¢yuxuus u L — k-MepHoe
NOANPOCTPAHCTBO B n-MepHOM npoctpanctse V,. O6Go3HauuM uepes L*
MHOKECTBO BCeX BekTopoB Y€ V, takux, uro b(x, y)==0 niaa Bcex
x € L. Jokasarb, uTO:

a) L* — noanpocTpaHcTBo;

6) ecan b(x, y) HeBhpoxiAeHA (T. €. PaHT paBeH n), TO pasMep-
HocThb L*® paBHa n— R&;

B) eciu b(x, y) umeer panr r < n, 10 pasMmepHocTs L* Gosblue Hau
paBHa max(n-— R, n—r).

1866%, Ilyctb b(x, y)—HenyneBas KOCOCHUMMeTpuuecKas OuinHeHHas
$yukuua B n-MepHOM JuHeHHOM mpoctpancTBe V. Ilokasare, uTo cyliue-
cTByer Gasuc, B KOTOpoM b (X, y) sanuwercs GuiuHefHOH Qopmol cue-
AyIOLIEro KaHOHWYeCKOro BHIa:

b(x, )= X9y — Xo¥y T Xa¥y— Xg¥3+ ...
n
o+ Xop-1Vor — Xoe¥or-1p 1 <R 5
Hafith kanonuueckuft BHA KOCOCHMMeTpuueckofl GuIHHeHHOH GOpMbI

(3anaua 1866) u HesmIpOkIeHHOe NPeOOpA30BAHME HEM3BECTHHIX, K HEMY
npuBojsiiee, AAA clAelyOmuBX ¢opm:
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1867, b(x. )= %93 — Xo¥; + 2 (%1¥3 — X3¥1) — X1 Y4~ X4y, —
—— 3 (X994 — X4¥9).

1868. b (x, ¥)=x,yy— Xo¥; + 2 (%,¥3— X3¥1) + 4 (X4 — X,¥y)-

1869*, IlycTh f (x) — xBaaparuyHas PYHKUNA B 71-MEPHOM €BKINAOBOM
npocrpatictee V,. llokasate yTBepxjaeHue: mas Toro utrobu konyc K
¢ ypasHenueM f(x)=0 (samava 1857) cozepxan OpPTOHOPMHDPOBAHHBIH
6asuc mpocrpanctsa V,, HeoO6XOZUMO H JOCTAaTOYHO, YTOOGHB Cjen Ma-
-TpuLsl A @yHkuun f(x) B 0AHOM (a, 3HAYMT, U B JMOGOM) OPTOHOPMHU-
‘poBaHHOM Gasuce Gbln paseH Hymo. CHopMyaHpPOBATH COOTBETCTRYIOILEE
yTBEepK/JeHHe HAa MaTPDHYHOM sA3BIKe.

§ 25. Addunnsie (queqﬂo-semopnue) NPOCTPAHCTBA

Oupenenenne!) Ilycts mawo Muomectso A anementoB A4, B, C ...,
Ha3blBaeMBIX TOUKAMH, M JAMHEHHOEe NPOCTPaHCTBO V (HaX moJeM AeHCTBHTEAbHMX
quces UAH HAX JMoGHIM mojeM P) ¢ 3JMeMEHTaMH X, Y, 2, ..., Ha3HBAEMbIMH
‘BekTopamu. IlycTh, naxee, Kawmo# ymopsjpodeHnHoil mape Ttouek A, B (pasauu-
HHX HJIM COBNAJAOIMIKX) MNOCTABAEH B COOTBETCTBHE ENHHCTBEHHBIH BEKTOP

—>
.x = AB., npuueM AJf 3TOF0 COOTBETCTBHS BHIIONHAIOTCA CASAYIOLIHE IBE aKCHOMBI:
I) nas moGo#t Toukn A M MOGOr0 BeKTOPA X CYILECTBYET eNvHCTBEHHAS

—_— .
-touka B Takad, uto AB = x;
II) nasi mo6Gbix (HeoGA3aTenAbHO pas3iAudHbX) Tpex Touek A, B, C umeer

MECTO paBEHCTBO AB—{—E_C): ac.

Muoxectso 2 BMecTe C TakMM COOTBETCTBHEM HAa3biBacTCH a@@uHHbLM
npocmpancmeoM.,

Ecau V=V, ecTb n-MepHoe JauHeiiHOe MPOCTPAHCTBO, TO U ¥ HasniBaeTCH
.n-MepHsiM adpdHHHBIM NpPOCTpaHCTBOM M obo3Hauaercs uepe3 A, Ecau V Gec-
KoHeuHoMepHO, TO H Y Ha3niBaeTca OeckoHeuHOMepHHM. Ecau auneiinoe mnpocr-
paHcTBO V fiBAfETCA €BKJAHIOBHIM, TO H TOYEYHO-BEKTODHOE MPOCTPAHCTBO ¥ Ha-
3biBaeTCsd eBKJAMAOBBIM. B 3ToM cayuae paccrosHue Memxay ToukaMu A u B pasuo

JJHHE BEKTOpa ;4_5 n yron ABC paser yray mexnuy Bextopamu BA u E—E
3ameuanne. JloGoe anHelHOe NPOCTPAHCTBO V MOXHO PacCMaTpHBATh
kak abdunnoe. [Ipu sToM MHOMecTBO 2 coBmagaer ¢ V, Tak UTO BEKTODHI pac-
-CMaTPUBAIOTCA TAKKE KAK TOYKH. [ OBODAT TaKie, YTO BEKTOP X 32JaeT HEKO-
TOpylo TOuKy adduuHOoro mpocrpaHcrba. ConocraBjeHHe YNOPSIOYEHHOH mape
TOYEK BEKTOP3, YKa3aHHOE B ONPEAEe/NeHHH, B IaHHOM Cilydae COCTOHT B TOM,
UTO YNOPRAOYEHHOH mape Touek X, ¥ H3 V COOTBETCIByeT BEKTOp 2=y — X.
Orcioga mo X M 2 OJHO3HAYHO ONpeje]sdeIcs Y, UTO JOKa3uiBaeT akcuomy I
Axcuoma II csopurca k oOueBHIHOMY paBeHCTBY (¥ —X)-+(z—y)=2z—x.
Takoe OTOXAECTBACHUE TOUYEK W BeKTOpoB mpuuATo B §§ 16—19 sto#t kuuru.
IMaocxocmeio addurnozo npocmparcmea U, npoxodsuel 4epes moury A
. uMenwel HanpasaAsowur nodnpocmpaf_c_rﬁwﬂ L, HasbiBaeTC MHOXECTBO &

Becex Tovex M u3 U, aaa xotopeix Bekrop AM npunamnexur L. Pasueprocmsto
.nAOCKOCMY T HA3BIBAeTCA PAa3MEPHOCTb €e HANPABAMION(Ero moxmpoctpanctsa L.

1) TIpuBepenHoe 3nech ompefeneHue adpuUHHOrO MPOCTPAHCTBA B3ATO (C He-
-GonbmuMy M3MeHeHusMH) u3 kuurd H. B. EdumMoBa, Beicmaa reoMerpHs,
.u3n. 4, Pusmarrus, 1961, § 179.
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OpHoMepHble NJOCKOCTH HA3HBAWOTCA NpaMuimy, a (n— 1)-Mepunle MIOCKOCTH
n-MEpHOre NPOCTPAHCTBA — 2UNE PRAOCKOCMAMY.

JiBe ONIOCKOCTH %; H 7, HASHBAOTCA NAPAALCAbHHMU, B CHMBOJAX =, || mo,
€Ccld OHM He mepecekaloTcs (T. €. He HMEIOT OOIIHMX TOYEK) M HanpasJasioliee-
NOANPOCTPAHCTBO OAHON M3 HHX CONEPIKHTCS B HampaBJsiOIlEM HOANPOCTPAHCTBE:
ApYyroit (uiu COBNARAIOT C HUM). ‘

Ecan BHGpaTh HEKOTOPYIO Haqamﬂlo Touky . O€¥, ToO Jf’_’l,ﬁa” Touka M

oxnosHayno onpexeasercds BexktopoM OM u o6patHo. Bektop OM HasmBaercs
paduycom-eexmopor Toukn M. IlaockocTh =, mpoxonamias yepes Touky A u
HMelomas HampaBjsgioniee HOANpocTpaHcTBo L, coctour u3 Bcex Touek M, pa-

oMt — Oa
IMYCHl-BEKTODH KOTODHIX ONpeleJsioTcs H3 paBeHctBa OM = 0OA-x, rne
X CL. Ecan cuutaTh TOYKaMH BeKTOPH M3 V, TO HJOCKOCTb ONpeReasieTcss u3.

PaBEHCTBA ® = Xo—+ L, Tle Xy = O_/T TakuM oGpasom, B 3TOM Cayuae TOHATHE
NJAOCKOCTH COBNajaeT ¢ IOHATHEM JHHEHHOro MHorooGpasus u3 § 16. ITnockocty,
- npoxofsauue yepes Touky O, 6yayT coOBNajaTh ¢ NMOLNPOCTPAHCTBAMH.
Ad¢uHHas cHcTeMa KOODIMHAT n-MepHoro adduHHOro mnpocrpaucrea U,
cocrour u3 Touku OC¥, HaswBaeMoH HauasoM KoopOunam, u Gaszuca:
e,é,, ..., €; COOTBETCTBYIOIIEro AMHEHHOro mpocrpaHctsa V,. Koopounamamu

mouxu MCU, Ha3HIBAIOTCA KOOPAMHATH ee panuyca-sektopa OM B nanHom
Gasuce, T. €. UHCAA X), Xy, ..., X, YLOBJACTBOPSAIONIHE PABEHCTBY

—
OM = xe,+} x6.F ... + xpe,,.

Tlycth k-MepHas MJOCKOCTb % REHCTBHTENLHOTO n-MepHOTrO addunHOrO mpo-
CTpaHCTBa NMPOXOIUT uepes TOuky A € KOOpAHHATAMH x‘l), xg, cens x‘,’, H HMeeT

onpejeasiomee NOANPOCTPAHCTBO L ¢ 6a3HCOM H3 BEKTOPOB, 3aaHHBIX MX KO-
OpIMHATaMH .

e;=(ch b ..., €}) (i=1,2 ..., k).

Torxa koopaunarn moGoit Touku M €= onpeneasiorcs paBeHCT BaMu:

0 1 By : X
Xp=x; 4t . i i=1,2, ..., n). (1-

STH paBEHCTBA HA3HBAOTCH NAPAMEMPUHECKUMU Y PABHEHUAME NAOCKO-
cmu = [lapamerpu ¢y, f5, ..., {; TIPHHUMAIOT JIOOBE AEHCTBHTEAbHEE 3HAUCHHA.

Ty me MIOCKOCTL ® MOXHO 3a1aTh 1 — Kk JHHEHHO HE3AaBUCHMHIMH YypaBHe--
HIAMH BHJA

n
12 aixj=b (=12 ..., n—k). ©@-
=1

n

n
3necy b; = ) aijx‘} H onHOpOAHHE ypasHemna ) a;;x;=0 (i=1, 2 ...
=1 puy |

« ««y B —£k) 3apal0r nopnpocrpaHcteo L. Ypasuenua (2) 6yxeM HasniBaTh OGUWIMMU
YPaBHEHHAMH NJOCKOCTH 7.

YpasHenus npsaMoi, mpoxomsuiefl uepe3 ABE TOUKM A(x‘l’, xg, . x‘,’,) H
0o .0 0
B(ylv Yoreees }’,,), HMeI0T BHE:

=24t} —20) (i=12..., n). )

3nech ¢ npoberaer BCe AEHCTBHTEJbHLIE YHCHA,
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Ompesom AB HaspiBaeTCA MHOMECTBO TOuek M, KOOPIMHATH KOTOPHIX
noayuaortcs u3 pasencrs (3) npu ycnosun 0L f< 1. Touxka M, peaswmas
orpesok AB B oTHomeHun A %= — 1, ompexenseTcd B BEKTOPHOH ¢opMe ycao-

—>
BHEM m = AMB wunu B KoopauHaTax

0 0
x;+ Ay s
x¢~=—1—+—;v—-, l—l, 2,..., n.

1870*, B ad¢uHHOM npOCTpaHCTBE MNAHB 4YETHIPE PA3AHYHBIX TOUKH
A, B, C, D. Toukn K, L, M, N nenar orpeskn AB, BC, CD, DA

m
B OMHAKOBOM OTHOWICHHH —— 7 — 1. Hoxasars, uro:

a) eciu ABCD — napamnenorpamm, 10 KLMN — napannenorpamm;

6) ecitn KLMN — napannenorpamm U m=£n, 10 u ABCL —na-
paniiieslorpaMm.

1871. Jokasath, uro nape COBMNaBLIMX TOYEK COOTBETCTBYET HY/eBOH

—_
BeKTOp, T. e. AA=0.

—> —>

1872, IHokasars, yro AB=—BA,

1873. Iokasare, uro n06afd MIOCKOCTb % apPHUHHOTO MPOCTpaHCTBA
cama sBJfercs aduUHHBIM NMPOCTPAHCTBOM, Pa3MEPHOCTh KOTOPOro pasHa
Pa3MepHOCTH .

1874, JlokasaTb, 4TO IJIOCKOCTb &, NpPOXOJAllas ueped TOUKy A
€ HampaB/AIOLNM NoANpocTpaHcTBOM L, He 3aBUCHT OT BHOOpa Ha Hefk
TOYKM A, T. €. COBHAalaeT C NJAOCKOCTBIO & Mpoxonsaie! yepes Touky A’
W3 %, ¢ TEM e HANpPAaB/AAIOLINM NOAMPOCTPAHCTBOM L.

Hatith napamerpuueckne ypaBHEHHS IJIOCKOCTH, 3aIaHHOH oOOIWUMH
YPaBHEHUAMU:

1875, x, 4 xy— 2x34+3x,=1,
X+ 2%y — x3+ 2%, =3,
X, — X9 — 4x3-+ Oxy = —3.
1876. 2x, — xo— x5+ 25, +-3x5=2,
 6xy— 3xy-t 2x3+4x,+ 5x; =3,
6x; —3xy+4x34+8x,+4 13x;, =19,
4x,— 2534 %3+ x4+ 2%, = 1.

Ha#itu o6wue ypasHeHusi IJIOCKOCTH, 3aIaHHOH MNapaMeTpPUYeCKHMH
YDaBHEHHAMH:

1877, x, =241, 1, 1878, x, =1+t 4+,
xy=1-}2¢, -+ ¢, Xo=2 -+ 1,
X3=—3 ¢+ 2t X3==58 — ¢, + 3£,
xy=3 43t + £, xy=3F2t; — ¢,

xg=1--£ 43¢, x5 =13t —2¢,.
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1879. IHoxasarb, uTo uyepes JoGnie IBe pasauuHbie Toukn A, B ap-
(MHHOTO TPOCTPAHCTBA NPOXOAMT €NHMHCTBEHHAs NpsMas.

1880. Ilokasare, yro uepe3 molnie Tpu Touku A, B, C addunHoro
NPOCTPAHCTBA, HE Jiexallhe Ha ONHOU INPAMOH, NPOXOIHT €NHMHCTBEeHHas
EBYMepHas TIOCKOCTb.

1881, loxasars, uTo yepes mobue k-1 Touek Ag A;, Ay ..., A,
aQpUHHOrO NPOCTPAHCTBA, He Jexmawne B (kK — 1)-MepHOH MIOCKOCTH,
NPOXOJNT eIMHCTBEHHAasA K-MepHas IOCKOCTD.

1882, ¥Ykasarp BCce Cayyad B3aUMHOIrO PpACNOJOXKEHHA TpeX pasiuy-
HbIX IJIOCKOCTEH TpeXMEepPHOro NPOCTPAHCTBA, 3alLaHHBLIX OOWMMH ypaB-

HEHUSIMHU!
a,x—+b,y+cz2=d,,
83X —+ by 92 = d,,
a3 x + b3y + c32 = d,

H A8 KaWAOr0 CAy4as HaTb HeoOXOAMMOe W IOCTAaTOuHOe YC/OBHE C NO-
MOILBIO TIOHATHS PAaHra MaTPHILHL.

1883. C noMouwibl0o NOHATHS paHra MaTpullbl OXapaKTepH3oBaThb BCe
CayyaH B3aUMHOTO PACTIOJNONEHWA LBYX NMPAMBIX TPEXMEPHOrO MPOCTPaH-
CTBA, 3alaHHBLIX OGLMMM yPABHEHMSIMU:

GX by +z=d, ayx+by+ cpz=d,
azx +byy -+ 3z =dy  ax+by--c,z2=d,

1884, C 1nomoOlbi0 MNOHATHA PpaHra MaTpHlBl ONMUCATh BCE CAyuaH
B3aUMHOTO PacnoJoXKeHus ABYX INBYMEDPHBIX MJIOCKOCTEH YeThHPEeXMEpHOro
NpOCTPanCcTBa, 3aLAHHHIX OOILMMU YpPaBHEHHAMU:

4

?_‘,la,.jxj:bi (=1, 2 (1)
H

' .

j%,laljszb, (i=3, 4). %))

1885. Omnucarb BCe cayuan B3aMMHOTO PACHONOMEHMS [BYX THIep-
IJIOCKOCTER  7-MEPHOrO  aPuHHOrO NPOCTPAHCTBA, 3aZaHHBLIX OOLIMMH
ypaBHEHUAMH:

ax +ax, ... Fax,=c n bx;+byxyg+ ...+ b, x,=d.

1886+*, Ilokasarb, YTO eC/AM NepeceyeHHe Tk MHOXKeCTBAa (KOHEYHOro
nian GeCKOHEUHOTO) MAOCKOCTeH 7, ad@UHHOrO APOCTPAHCTBA HEMyCTO,
TO % ABASETCA MJIOCKOCTHIO.

1887, Mlokasarb, uTo ABe MAOCKOCTH N, =@, L, n my=a,+ L,
TOTAa W TOJbKO TOTAA NEPeceKaloTcs, KOFAa BEeKTOp @, — @, NpHHaiIe-
XKHT moanpoctpancTsy L, -+ L,.
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1888*, Jlokasarb, 4yTO MIOCKOCTb %, _f-MEPHOTO adPUHHOrO NPOCTpaH-
CTBA, OTJXYHAR OT TOUKHM, TOTAA H TOJLKO TOTAa HAapasie/bHa JHOGOH
HE Tnepecekaioliel ee MIOCKOCTH T, KOrAa ; ABASETCH THIEPIJIOCKO-
CTbIO (T. €, HMEET PAa3MEPHOCTL 1 — 1),

1889#, Jlokasatb, 4TO ABe HemepecekaiouiMecs TUNEPNAOCKOCTH N, H
0, n-MepHOro a(QPHHHOrO MPOCTPAaHCTBA TOTAA W TOJNLKO TOrAa Mapaif-
JIEJbHBL, - KOFAA OHU JIeXar B I[UIOCKOCTH 3, HMelolie#t pasMepHOCTD
Ha eNUHMLy GOJbIUYI, 4YeM GOJbluas M3 Pa3MEPHOCTel ¢, U 7.

1890*, Jlokasarh, uTO 4epes MOOGLIE HENePeCceKanMecs MIOCKOCTH N,
H Ty n-MepHOro a(quuﬂoro TPOCTPAHCTBA MOXKHO NMPOBECTH Napaiielb-
Hbie THNEPIIOCKOCTH U, U Ity

1891, Ilycrs nl__.al—i-Ll H %, = @, L,— Hemepecekaiouuecs
IJIOCKOCTH KOHeyHOMepHOro aduuuoro npocrpancrsa., Hafitu naockocts
JU; HauMeHbllle! Pa3MEPHOCTH, COZEPXKAUIYI0 T, H NapalIeAbHYIO .

1892. HoxasaTtb, uTO ec/iM NJIOCKOCTb 7, a((PUHHOrO NpOCTPAHCTBA
Mnapaiie/ibHa KaXA0A M3 TIOCKOCTEH I, H NMepeceyeHHe T MIOCKOCTeH I,
HENYCTO, TO N €CThb MJOCKOCTb, NMAapasieNbHast .

1893, ‘Bripasuth ycIOBHE NapaMIenbHOCTH ABYX MJIOCKOCTER N-MEpHOTO
.a(p¢$HHHOrO MPOCTPAHCTBA, 3aJaHHBIX OOLIMMH YPaBHEHHAMH, C IOMOLIBIO

JIOHATHs PaHra Matpuubl.
n

1894, Fg:epniockoctsb, 3ajgaHHas OOW(MM YpaBHEHHEM Zaix,—b

pasGuBaer n-mepHoe adpdHHHOE NPOCTPAHCTBO HA 1BA HOJIyﬂpOCTpaHCTBa.
COCTOsIIME M3 TOYEK, KOOPAMHATH KOTOPHIX YAOBNETBOPAIOT OLHOMY M3
n n

HepABEHCTB Xy a,x; > b umn ) a,x; < b. [lokasats, 4To Kaxioe H3 STHX
‘ Fus i=1

T10/IyNIPOCTPAHCTB SBAAETCH BHIMYKJIBIM MHOMECTBOM.

1895% 1), MuororpaHHuk P 3alaH KaxK BHINYK/IOe BaMBIKaHWUEe CHCTEMBI
‘TOYEK ueThIPpeXMepPHOro ad@UHHOrO NPOCTPAHCTBA, 34aAAHHBLIX KOOpIHU-
HATAMU:

0, 0,0,0), A1,0,0,0, B0, 1,0,0, C(1 1,0, 0),
D@, 0,1,0), E@© 0,0,1), F@© 0.1, 1,

a) Hanucarb cucremy ﬂHHeﬁHbIX HEpPABEHCTB, 3a1al0UX MHOrorpaH--

uuk P;

6) HallTH BCe TPeXMEePHBIE I'DaHH 3TOr0 MHOrOTPAaHHHKA.

1896, Pewuts 3amauy, aHanOTHUHYlO NpeiblLylilelt 3ajaue, A TOYEK:
00,0,0, 0, A(1,0,0,0), B(,1,0,0),
€,0,1,0, DU,1,0,0, E(,0,1,0),
F,1,1,0), G(1,1,1,0), H(@,O0,O0,1).

!) 3anaun 1895—1898 ykasan astopy 3. B. BunGepr.
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1897, Haitma sepumnn u ¢opmy wmHOTOrpannuka P TpexMepHoro-
NPOCTPAHCTBA, 33aLaHHOrO CHCTEMOH HEPaBEHCTB

<L %KLL ot x>—0L X 4-x2>—1 x4 x, > —1.

1898. Ha#tn ¢opMy M BepluHHH CeyeHHHl ueThipexMepHOro kyfa, sa-
BAHHOTO B OPTOHOPMHPOBAHHOM CHCTeME KOOPIMHAT HEPABEHCTBAMH
0 x; K1, i=1, 2, 3, 4, niockocTaMH:

Q) X+ X+ x3+x=1; 6) Hi+x+x+x=2
B) Xt Xgfxy=1 1) X xy=x3}x,=1.

1899*, B 7tpexmeprHoM adduuHOM npocrpanctse - g Han noaem Z,.
¥3 aByX saemeHroB 0 M 1 maliTH: a) yucaA0 Bcex Touek; 6) uMcaI0 Beex
‘IPAMBIX; B) UMCJIO BCeX IJIOCKOCTeH; I') UACJO TOYeK, JeXaluuX Ha OIHOMH
npaMOl; 1) uMCAO NPAMBIX, NPOXOAAIIMX uYepe3 OIHY TOUKY; €) 4HCIAO
TOYeK, JEKAIUX Ha OLHOH IJIOCKOCTH; 3K) YHCAO HJAOCKOCTeH, Npoxo-
IAHX -4epe3 OJHY TOUYKY; 3) UHCJIO NMPAMBIX, JEKALHX HA OZHOH NIAOCKO-
CTH; M) YHCHO NJAOCKOCTeH, NPOXOISLIMX yepe3 OLHY NPAMYIO; K) YHCIO:
npAMBIX, TNapajle/IbHHX JaHHOM nNpaMoH; &) uucao maockocTedt, napan-
JeNbHBIX JAHHOH IUTOCKOCTH; M) YHCJO NPAMBIX, NapaianeibHHX JNaHHOM
IJIOCKOCTH; H) YHCJAO MJIOCKOCTeH, mapaniefbHHX JIaHHOR npsaMmofi;.
0) YHCJIO MPSAMBIX, CKPELMBAIOLIMXCA C LAHHOHK NPAMOH.

§ 26. Tensopnas aareGpal)

IlpuBesemM OCHOBHLIE MOHATHA M CBOHCTBA, KOTOPHE INPENNOJNAraloTCsi HI-—
BECTHHIMH H3 KYpCOB Jeknuit. JIoka3aTenbCTBO HEKOTOPHX H3 YKa3aHHHIX CBOHCTB
mpejjaraeTcd B KauecTBe 3ajay B 3TOM naparpade. :

IycTb B n-mepHoM auHeHHOM mpocTpaHCTBE V), (1€BCTBUTEIBHOM, KOMIJEKC-

7 4
HOM HJH Hall HEKOTOPHIM noaeM P) nanu npa Gasucaey, €,, ..., €, 4 €], eé, N

OTH 6a3HCH CBA3aHL PaBEHCTBAMH:

r_ 1 2

¢, =cle,+ eyt ... +cfe,,
4 1 2

e, =cye,+cze,+ ...+ cle,,

R
€, =Cp6; + Cf2 + i + Cnlm
HAY B COKPAIICHHOH 3amucH

e; =cte, (=12 ... n. 1y

1) Pan 3sanau storo maparpada ykasan H. B. EgumoBrM u JI. A. Ckopus-
KOBHIM B CBf3H ¢ KYpcoM «JIHHeiHas -aare6pa M reoMerTpus», UUTaBIIMMCH HMH
Ha MexaHuko-MareMaTuueckoM dakyabrere MI'Y ¢ 1964 roxa.

B uwactHOCTH, ompelleneHHe TEH3OPHOrO NPOHM3BENEHUS M NPHMEHEHHE K HEMY
NOHATHS CBEPTKU (CM. BBeAenue u 3anavy 1918) ssarw us kypca H, B, Edumosa.
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31ech M HMKE 10 HHIEKCY, CTOAUIEMY KaK CBepXY, Tak M CHHU3Y, npeunonaraercn
CYMMHDOBaHHE B NIpEJeNax OT 1 no n.
BBeneM marpuny mnepexona

Tl 1
€ Cy.ove Cy)

2 2 2
c=|¢ .- i,

n n n

161 €3 .. €y

mo croabuaM KOTOPOH CTOAT KOOPAHHATH BEKTOPOB BTOPOTrO 6asica B mepBoM !),
Torna ¢opmyant (1) B MmatpruHot ¢opme 3anumIyTCS OJHUM PABEHCTBOM

(e €5 ..., €;)=(e, ey ..., €;,)C.

KoopnusaTel BekTOpa X B mepsoM 6a3Hce BLIPA3ATCA yepe3 KOOPAMHATH
TOrO e BEKTOPa BO BTOPOM (asuce NmpU NMOMOMHM CTPOK Marpuun C no gopMy-

JaaM: x* —ckx" k=1, 2, ..., n. OTciona KOOPIHHATH xt BLIPA3fATCA yepes x®
B BHIE: )
i ; .
*'=dlx® i=1,2..,n 93]
2 n
al k... a")
_ld &... a3 o
Beenem matpuny D = , [0 cT061aM KOTOPOH CTOAT KO3~
1 2 n
vdy di...d"

GHIMEHTH B BHpaXeHuAX x'° uepes x*. Toraa dopmynst (2) B MaTpuunoil dopme
3anMIIyTCH PABEHCTBOM ,

('L w2 L, ™) =(x, %% ..., ") D.

Tak xak, ¢ apyro#i cropous, (x, x2 ..., xM)= ('}, x% ..., ¥ C* 10
MaTpuubl C v D cBA3aHb paBeHCTBOM : ,
=yt @)
3necb u HUXE 3Be370uKOi 06O3HAUEHA TPAHCNOHMPOBAaHHas MaTpuua. Eciu obe
matpuubt C u D mucath u3 koadouuuentos dopmya (1) u (2) He no croabuawm,
a 0o CTpOKaM, TO 3TH MAaTPHUbl 3dMEHSITCA HA TPAHCIOHHPDOBAHHBIE H paBeH-
¢TBO (3) He HM3MEHHTCH.
3akoH u3MeHeHust, aHAJOTHYHBLIH u3MeHeHMio G6asuca mo dopmyaam (1),
Ha3bIBACTCA KOBAPUAHMHbLM, 2 3aKOH M3MeHeHHs no ¢opMyaaM (2) — kormpa-
sapuanmuoli. Benwyunsl (uau  npyrue o6bexThl), CBf3aHHEIE ¢ 0a3uCOM M
H3MEHAIOIUECs KOBAPHAHTHO, HA3BIBAIOTCH KOBAPUAHMHLMU ¥ 0003HavaloTCH
HUKHHMH HMHJEKCAaMH, @ U3MEHSIOLHEeCH KOHTPABaPHAHTHO HA3BIBAITCA KOHM-
pasapuanmustmMy W 0603HAYAIOTCA BEPXHUMH HHISKCAMHU.
Ten3opom B n-MepHOM JHHEHHOM IPOCTPAHCTBE Ha3biBaeTcH TaKoe COOTBET-
CTBHe, [PH KOTOPOM KaX7OMy 6a3HCy HPOCTPAHCTBA COOTBETCTBYIOT nP*? gucen

glifasend
a; ,22__. ; 9, OTMEYEHHBIX P HIXHHMH M § BEPXHUMH HHAEKCAMH U H3MEHSIOUIUXCA

1) Ecau marpuuy nepexoma mucath He no croabuaM, a mo cTpokam, 10 ¢op-
MYyJBl, HCHOJB3YIOLIME MATPUUHOE YMHOXEHHE, u3Mensarcs, dopmyas xe (1), (2)
H JApYTu€, HE HCMOMAbL3YIOUHE YMHOMWEHHA MATPHUL, OCTAHYTCA NPEKHHMH,
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© uaMeneHueM 6asuca KOB2pHAHTHO N0 HMKHHM U KOHTPABAPDHAHTHO IO BEPXHHUM
HHIEeKCaM. DTH YHCJa Ha3bBAIOTCH lcoopdunamazuu mex30pa B naHHoM Oasuce,
a 4Yucio p—[—q——aaﬁenmnocmbm MeH30pa. Fonopﬁr TakXe, 4TO NAHHBIH TeH-
30D fBASAETCA p pa3 KOBAapHAHTHBIM H ¢ pa3 KOHTPABAPHAHTHBIM, HJH TCH30POM

Tdna (p, 9).
Tlo onpeneneHuio TeH30pa €ro KOOpAMHATHL B ABYX Oasucax

e, €, ...,e,ue, e,... e,
cpa3annbix pasencTsoM (1), camu cBa3aHbl PaBeHcTEON
//f v J R ky el
a; 1’ L‘I—c‘c- ...cl’dlj ...dl "' 7, C))
tig e ) Ry ok,
(G, ooorip Jo, ...,1q=1. 2,..., ).

3nech, kak OOLIYHO, MO BCEM HHIACKCAM kg U [, mpepmojaraerce CyMMHpOBaHHe
B npeieaax or 1 jgo n.

Teﬂsop MOXHO ONpeleiuTb MHade, KaK reOMEeTPHUYECKHH 00DbEeKT, CBA3AHHBIM
¢ JHHEHHBIM IPOCTPaHCTBOM V. ILasi s10TO pacCMaTpHBAIOT COUPSMEHHOE Npo-

CTPAHCTBO V Ero Bektopamu sBasioTcs JMHeHHBle (yHKuuu @ (X), 3anaHHbIE
Ha [awHOM mpocTpauctBe V, mpu o6biuHbX Omepauuax CIOMEHU ABYX $yukuui

¥ yMHOxeHus ¢yHknuH Ha guchao. [IpoctpancTso V TaK¥e n-MepHO, MpUYEeM Kax-
nomy 6asucy e, e, ..., €; MPOCTPaHCTBa V, COOTBETCTBYeT eNHHCTBEHHHIH 6a-
suc €', €% ..., e" CONpSKEHHOTro MPOCTPAHCTBA V ,,, Ha3bIBaEMBIH CONPANCOHHBIM

(uam 83aumroiM) 6asucon pas jauHoro Gasuca npocTpaHcTBa V), u cBA3aHHBIH
C HHMM DPaBEHCTBAMHU

el (ej)="5% (G, j=1,2 ..., n), [6))
rie éi — cuMmBoa KpoHekepa, pasubiit 1 mpu i = j u 0 npu [ == j.

Ecnn 6asuc e; npeobpasosan no dopmynam (1), To compameHHuit Gasuc el
npeobpasyerca no ¢opmy.am

e =die* (i=12... n.
Mexnay BceMH nonuaHHeHHBIMH QYHKIHAME
F(x), X2 ..., Xp 0, 9% ..., 99)

¥
oT p BEKTOpOB U3 V, M ¢ BeKTOpoB M3 V, M BCeMHM TeH30paMH THNA (p, ) Ha
V, MOXHO YCTAaHOBHTb Clelylllee B3aUMHO OJHO3HAYHOE COOTBETCTBHE, H30-
MopdHOEe OTHOCHTEALHO ONepauuil CIOXeHHsd, YMHOXEHH H YMHOXKEHHs Ha UHCJO.
HoannuueliHoH GyHKUMH, HAHCAHHOH BBIIIE, COOTBETCTBYET TEH30P, KOOD-

JUHaThl KOTOpPOro B Oa3nce e, € ..., €, NpOCTpaHcTBa V, ompeleiadawrca pa-
‘BEHCTBaMU:
glfer 7 RS PR P
:iz...ipq*F<ei,' ei2,...,eip,e et ., el ©)
Goeonsipp Jiy v Jg=1,2, ..., n).
j[]z s J

Hao6opot, 1€H30py ¢ KOOpAHHATaMu %1, ip‘l B Oasuce e, €y, ..., €, CO-
OTBETCTBYeT HOJMJMHEHHAn (yHKUHUS, onpeneneﬂﬂaa PaBeHCTBOM

F(xh x2l ooy xp; (Plr (92, “r ey (pq)=

Jg b 0 bh1 2
Jdx 1y 2 p A q
pxl.x2 ver X ufxufz"'ufq’ ()
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rae xi, xg, ..., X3 — KOODIMHATH BeKTOpa X, B OGasuce e, e, ..., e,
ui, u;, ceos u:,—xoop,zmnawu BekTopa ¢ B compsxenHoM Gasuce e, €2, ..., e

Ipu sTOM 3HaueHWe NOJHJIHHEHHOH (YHKLUUH Ha NAHHBIX BEKTOpax He 3aBH-
CHT OT BhGOpa compsikeHHHX Gasucos B V, u V.

BBHAy ykasaHHOro COOTBETCTBHA TEH3ODH HA NPOCTPAHCTBE V), MOMHO ompe-
JEMHTh HE3aBUCHMO OT O6asuca Kak nonnnuueﬁiiue GYyHKIMHM OT BEKTOPOB NpO-
cTpancTBa V, H CONPSKEHHOTO NpPOCTpaHCcTBa V. -

Ipocmpancmeon ¢ xeéadpamuunoll MeTPHKOH HA3LIBaeTCA n-MepHOe Aei-
CTBUTENbHOE JuHEeHHoe mnpocTpaHcTBO M,, B KOTOPOM 3ajaHa HEBLHPOXKAEHHAsR
cuMMeTpuyeckass OuauHeiinas ¢yHknus g (X, ¥), HasbiBaeMas MeTpuueckoi dyHk-
nueil. Ecau coorBercTBylouias et kBagpatHaHasd QYHKIHA g (X, X) NOJOKHTENLHO
onpenejeHHa, TO NPOCTPAHCTBO C KBaIPAaTHYHOH METPHKOH ABJAAETCA €BKJAUJOBBIM
ApoCTpaHCTBOM u GyXer ob6o3HayaTecs yeped E,. B sTom ciyuae BMecto g (X, ¥)
6yneM nHcaThb mpocTo (X, ¥) M Ha3pBaTb 3HAUCHHE STOH YHKUMM CKANADHBIM
HPOH3BELEHHEM BEKTOPOB X H Y.

n

B npocrpanctse M, kaxnoMy Gasucy e, €z ..., €; COOTBETCTBYET elHH~-
CTBEHHBH B3auMHHi O6asuc e, €% ..., €% CBA3AHHMH C naHHbIM 06a3ucoM pa-
BEHCTBaMHU

gle, ¢)=08/ (,j=12 ..., n). 8)

Kamamit BekTOp X M3 TpocTpaHcTBa M, pasnaraercd mo 6asucam e; e,
T. e X=xle;= x;e'. Npu usmenennn 6asuca e; no ¢opmyaam (1) koopaunarsr x*
B 9TOM Gasnce HamenaloTcs no dopmyaam (2), T. €. KOHTPABAaPHAHTHO, H Ha3bl-
BalOTCA KOHTPABADHAHTHHMHM KOODIMHaTaMu. B TO ke BpeMs BsauMHmit 6asuc e
npeobpasyerca no dopmyaam

et =die (i=12...,n), 9y
a KOOpAMHATH x; B 3TOM 6asuce — no dopMyaam
xj=ckx, i=12... n), (10y

'T. €. KOBAaPMaHTHO, H Ha3HBAalOTCA KOBAPHAHTHBIMH KOODIHHATaMH.
Tipn ¢mkcupoBanHoM BekTOpe y € M, dyHxuus Py (X)=g(x, y) sBaserca

[T} o *
anHedHod ¢ynkumed OT X, T. €. 3JEMEHTOM CONPSIKEHHOTO NpocTpaHcTsa M.
- *

CoorsercrBue y->9, (x) saBaserca usoMopdumM oToOpaxenuem M, Ha M.

OTOWAECTBIAA SAEMEHTH STHX NMPOCTPAHCTB, COOTBETCTBYIOIME APYr IPYry npu
*

9TOM H30MOpdu3Me, MOKEM CUHTaTh, YTO NPOCTPAHCTBO M,, CONpSKEHHOE

€ NPOCTPAHCTBOM € KBaipatuuHoil MeTpuxoit M, cosmajaer ¢ M,. B wacrHoctH,

9TO BEpHO 1Js €BKJHJAOBa mpocrpancrtBa E,.

B npoctpaHcTBe ¢ kBajpaTHuHOH MeTpukoii M, oIHy M Ty Xe moau-
auHeRHy0 GyHKUMIO OT r BEKTOpPOB H3 M, MOKHO paccMarpHBaTb KaK TEH30p
Thna (p, q), rie p+q=ru p=0, 1, 2,..., r. Ilaa aroro, Bui6pas ONHO H3
BO3MOMHBIX 3HAQUEHHH JJs p, onpepe’deM KOOPAMHATH TEH30pa B JIaHHOM
Ga3uce e; no dopMyaaM, aHanoruunniM (6), rie € — B3auMHbI Oasuc, cBsa3aH-
Helil ¢ GasucoM e; gopmynamu (8). O6paTHO MO JaHHOMY TeH3opy Tuma (p, q)
3HAuEHHE COOTBETCTBYlOWeH NOMuIMHeHHOH (YHKUMH HA - JaHHBIX BEKTOpAX
onpenenserca Gopmynoi, aHazoruunoit (7). Tlpu stoM B dopmyaax (6) u (7)
nox ¢!, ¢2 ..., ¢ Halo NMOHUMAThL BEKTOPH M3 TOIO KE NpocTpaHcTBa My,
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B uacTHoCTH, MeTpHueckoil QyHKUMH g (X, ¥) COOTBETCTBYIOT ABa TeH3opa
€ KOOpAHHATAMU

gy=gl,e) (G Jj=L2..,n; an
gi=g( ey (G j=12..,n, (12)

#a3bIBAEMBIE COOTBETCTBEHHO KOBADPHAHTHHIM H KOHTPABaDHAHTHHM METPHYSCKHMH
TeH3opaMu. JTd TeH30pHl. coorBeTcrBeHHO THHA (2, 0) u (0, 2). Kpome Ttoro,
Tolt ke (yHkumu g (X, ¥) cooTBeTCTByeT Tperit Temsop Tuma (I, 1), koopau-
HATHl KOTOPOTO oNipexeasiorcs dhopmynamu (8) u He 3aBHCAT OT BhiOopa Gasuca e;.

3nauenus merpuueckoll gynxkuuu g (x, y) ompeneasiores n060d u3 Tpex

dopmym

g y= gijxi)’j. (13)
g(x ) =g'xy, (14)
g(x, ¥)=xy'. (15)

B. 4acTHOCTH, B €BKJMIOBOM NMPOCTPAHCTBE aHAJOTHYHO BRIYMUCAALTCH CKaiAsp-
Hoe npousBeleHue (X, ¥).

[lycTs B €BKAHAOBOM NDOCTPAHCTBE PpAcCMATPHBAITCA TOALKO OPTOHODMH-
poBansme Gasucn. Torna marpuna C u3 kosdduuuenros dopmya (1) oproro-
HaibHa, U3 paBeHcrsa (3) moayuaem D = C, marpuust u3 k03ddUUHEHTOB Qop-
Mya (1) v (2) 6yayT B3aUMHO TPaHCIOHHPOBAHHBLIMH, B3AUMHBLH 6a3UC COBOAAALT
€ HCXOXHBIM, KOBADHAHTHBIE KOODAHHATHI COBNAMAOT C KOHTPABAPUAHTHBHIMH H
MaTpHLIBL METPHYECKUX TEH30POB g,; H g’/ npeBpamaioTcs B eAHHUUHYI MaTpHLY.
B stoM cayuae Bce TEH3OpH THNOB (p, ¢), COOTBETCTBYMOIlHE NAHHOH mMOAH-
JuneiiHolt ¢yHkiiuu ot p -+ ¢ aprymeHrtos, coBmagawr. OTinuue KOBapHAHTHHX
# KOHTPABAPHAHTHBIX BaJEHTHOCTeH TeH3opa TepseT 3Hadenue. [lo3TomMy Bce
MHIEKCH MOXHO NHCATb CHHM3Y, COXPaHAS HYXKHble 3HAKH CYMMHDOBaHHA.

[TycTs B eBkAHROBOM npocTpanctBe E, gan moSoit 6asuc e, €y, ..., €,
©0603HauuM Yepes g ompelenuTens MaTpuubl G = (g;;) KOBapHaHTHOrO METpPH-
9ecKOro TeH3opa B naHHOM Gasuce. Tak kak g (X, X) — IOJOXHUTEJbHO oOmpene-
JeHHas KBalparuuHas Qymkuusa, to g > 0.

Huckpumunanmubim men3zoposm (KOBAPUAHMHBM) e8KALO08A NPOCM PAH-
cmea E, Ha3biBaeTCH TaKoe COOTBETCTBHE, IIPH KOTOPOM KawjaoMmy 6asucy coot-
BETCTBYET CHCTEMa 4HCeNd (KOOpAHHAT TeH30pa), 3aAaHHBIX (popMysaMu:

o = VE (16)

THe §— UHCIO HHBEpCHH B mMepectaHOBKe i, Iy, ..., ip U siliz---l”=0' ecau

xora Gbl ABa M3 HHIEKCOB OAWHAKOBH. B uactHocTH, £)y...,=V g > 0.
KoopauHaTh AUCKPHMHHRHTHOrO TEH30pa IpH Mepexojfe K HOBOMY 6asucy

€ TOH e opHeHTauueH MEHAITCA KaK Yy 7 Pa3 KaBaPHAHTHOTO TeH30pa, a HpH

nepexoje K 6asucy ¢ NMPOTHBONOJONKHOH OpHEHTauueH HONOJHUTENbHO MEHSIOT

3HAK.
Ananoruuuo ompejeasercs KOHTPaBAPHAHTHHIA JMCKPHMHHAHTHBIA TeH-

IR
sopel? n

Opuenmuposanusm 0065eMOM napaitenenuneda Q, NOCMPOEHHOZO Ha
8eKMOPAX X\, Xy, ..., Xy npocmpancmsa E, HaspBaeTcl 4YHCJO, ONpeAeieH-

HOe B JaHHOM Ga3uce e€; opmyJoii

Vel(®i, %2 00 X)) =Vg detg (%1, X2 .00, %n), (17
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rie Vg >0 u det,(x), x5 ..., X;) —omnpeneauresb H3 KOOPAHHAT BEKTOPOB
Xy, X3 ..., X B JjanHoM Gasuce. C NOMOmbBI0 JIHCKPHMHHAHTHOTO TEH30pa
OPHEHTHPOBaHHBIH 06beM BbpawaeTca GoOpMyaoi

G ;
Ve X1, Xo ooo, Xp) =g¢; n,xllxéz'_.xnn, (18)

1

rie xf——s-ﬂ KOOpJHHaTa BEKTOpa X; B A3HHOM 6asuce.

OpuenTupoBaHHbH 00beM ofpamaercs B Hy/lb TOra M TOALKO TOTIA, KOTAa
BEKTOPH X; AHHeHHO 3aBucuMbl [lng JuHe#iHO HesaBHCHMBIX X; ero abcoaoTHas
BeauYHHA PaBHA O6beMy mapaniefenunefa @ 4 OH UOJOKHTENEH WU OTPHIA-
TEJIeH, CMOTPSl IO TOMY, #BJfAETCA JAH CHCTEMA BEKTOPOB X, Xy, ..., X, OnHu-
HAaKOBO /Y NPOTHBONOJOXHO OPUEHTHPOBAHHOH ¢ GasucoM e, €, ..., €,

Teusopunoe npouspenenue. Ilycte V u V/ — xBa auHefiHpIXx HpoO-
CTpaHCTBA HaX ONHHM M TeM ke moaeM P. PaccMorpuM ynopsjoueHHbie naph xx’
Bextopos, rae XCV, X' CV’', u dopMaibHBE KOHEUHBlE CYMMbl TaxHX Nap

xlxi + ...+ xkx;. OmnpeneauM OTHOMEHNE 3KBHBAAEHTHOCTH 3THX CYMM 1O Tipa-
BusaM: 1) JABe CyMMbl, OTAHHAICIIMECHS JHIIb MNOPAAKOM CJaraeMblX, 3KBHBA-
JeHTHH;, 2) nmapw (ox) X’ u xgax’), rie o C P, skBHBaneHTHb; 3) mapa (x - y) x’
9KBUBAJEHTHA cyMMe map xx’ - yx’ um napa x(x' -} y’) sKBHBaJleHTHa CyMMe
nap xx’ -4 xy’.

JiBe cyMMpl 3KBHBAJAEHTHBI, €C]AH OT OJHOH u3 HHX MOMXHO mepeiiTu K APYroH
nyTeM NPUMEHEHH YKa3aHHBIX NPaBHA KO BCEH cyMMe WIM ee 4acTH B KOHeu-
HOM u4ucjae. DTO OTHOUIEHHE IKBHBAJIEHTHOCTH pPe(IEKCHBHO, CHMMETPHYHO
W TpaH3uTHBHO. [TosTOMy Bce cyMMBI Pa3GuBAIOTCH Ha KJACCHl YKBHBAEHT HBHIX
cymM. [lyctb T— MHOMECTBO 3THX kaaccos. Beesem B T onmepauuH CROXeHHA
U yMHOXEHHs Ha 3JeMeHTH noas P uepe3 omepanud Hal [PEICTaBUTEAAMH
kaaccoB. CyMmol IBYX CYMM HasBIBaeTCH CyMMa, HOJAyUeHHas NPUILCKO# K nep-
BOH CyMMe C/laraeMbiX BTOPOH CyMMBbl. YAMHOMCeHUe CYMMH Ha  C P ompenenim
KaKk YMHOMEHHEe Ha o IIepPBLIX 3JEMEHTOB BCeX map JAaHHOK cymMbl. Hanpumep,
a(xx’ - yy') = (ax) ¥+ (ay) y'.

MuoxectBo T mnpH 3THX ONEPAaLUAX SABAFAETCd JNHHEHHBLIM NPOCTPAHCTBOM
Han noneM P. OHO Ha3LIBAETCA MEH3OPHLLM NPpou3sederuem npocmpancme V
H V' 1 o6o3nauyaerca uepes VX V’'. Ecau V u V' xoneaHomepHn, To u VX V’
KOHEYHOMEPHO H ero pasMepHOCTb paBHAa MNpOH3BEAEHHIO paaMepHocTedt V u V.

yiger i

Ecan e, ey, ..., e, —6asuc V v ey, ey, ..., €,, —6asuc V', To cucrema kaac-
COB 3KBHBAJNEHTHBIX CYMM, COJEPXAUIHX YMOPSIOYEHHBIE Maphl
7 . .
ee; ¢=12 ..., mj=12..,n) (19)

apasercd GasucoM mpoctpanctea V X V’ (cm. sapauy 1918).

AHaNOrHYHO ompefiensercd TEH3OPHOe MPOU3BEAEHHE M000ro KOHEUHOro
MHOXECTBa JAUHEHHBIX NMPOCTPAHCTB.

Tensopwt Tuma (p, ¢), 3afaHHbIe Ha NPOCTPaHCTBE ¥V, MOMHO PaccMaTPUBATH
KaKk BEKTODH NpocTpaHcTBa 7T, ABJAIOIIEroCa TEHIODHHIM MPOH3BENEHHEM ¢
npocTpaucTB ¥V, H p conpmkenHux npocrpancts V,. Hlas srtoro Gepem OGasnc

*
e, €, ..., e, BV, u conpikeHHp# 6asuc el, ez, .+., e" B V. Torna ymops-

JOUCHHBIE CHCTCMKI

€6, j
rie BCe HHAEKCH H3MEHAIOTCH OT 1 A0 p, cocrabaslr 6asuc npocTpancrea 7.

Bexrop £ u3 T Bbipaxcaercd 4epes 3T1oT 6asuc B Buje

i i i
...e,ele?.,  epr, (20)
q

iF ves 3 i, i i
t=a’t/ {e,e; ...e;ele’...e”.
"l 2 q

i1i2 -..1p J
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ij‘lijj"' jz , 6YIyT KOOpIMHATAMHM TEH30pa THIIA

(p, 9) B 6a3uce e, €y ..., €; B CMBICAE NEPBOTQ OHpENEJICHHS TEH30pA.

Ero koopauHatH, T. €. 4HCAa &

1900, Ioxasars, uro Aas mwbGoro Oasuca ey, ..., €, N-MEPHOTO

JAHHEHHOTO NpOCTpaHcTBA V, CYILeCTBYeT eAMHCTBEHHBLIH CONpaAXeHHbIH
*®

oasuc €', ..., e CONPSKEHHOTO mpocTpascTBa V,, T. e. 6a3uc, csasaH-
HBt ¢ JaHHBM Gasucom ycuaosusmu e’ (e;) =0/(i, j=1, 2, ..., n),
rae 8] — cumBon Kpouexepa. -

1901, Jlunetinas ¢yHkuua @(x) Ha 7-MeDHOM JHMHERHOM MpOCTpPaH-
cree V, ABAfeTC KOBapHAaHTHBLIM TeH30pPOM, T. e, TeH3opoM Tuna (1, 0).

a) HaliTn ero koopauHathi @; B IaHHOM Gasuce e;.

6) ITokasarb, 4o uYHcAa @; ABJAAIOTCA KOOPAMHATAMH @ (X) Kak BeK-

TOPA CONPSAKEHHOTO NPOCTPAHCTBA V, B Oasuce &', CONpPSXEHHOM
6asucy e; mpocrpanctea V.

1902. KoopiuHarhl BexTOpa X B 1aHHOM 0asuce n-MEpHOTO AuHeH-
HOTO mnpocTpaucTBa V, ONpEneNfiOT KOHTPABAPMAHTHLIA TEH30p, T. €.
tessop tuna (0, 1). 3anucaTb 3TOT TeH30D B BHUIe NOJMHIHHEHHOH
PYyHKUHH.

1903. Tyctb @ (%)= a,x! + a,x? 4 ...+ a,x" — iunetinas ¢opuma
oT xoopiuHar Bexkropa X€V, B Gasuce e¢;. [Toxasars, uro xoaddu-
uneHtsl @;a;(f, J=1, 2, ..., n) ksaipara 3T0# (OPMH AT ABAKALI
KOBapHaHTHHIK TEH30p.

1904. Hasosem MaTpuuei ABaxIb KOBAPHAHTHOTO TeH30pa &,
B JaHHOM Oasuce MaTpuuy

)
du a12 DRI aln

A=]|%1 Gy ... 841,

P T

(21 Qpo - -1 Gy

Halttn 3akoH usMeHenns Mmarpuun A npu mnepexone x HOBOMy Oasucy.
1905, Hasosem Marpuuet IBaXIE KOHTPaBAPHAaHTHOrO TeH3opa a’/

all g2, qlin)
21 22 2n
B AannoM Gasuce matpuuy A==}%" &% ... @7} Hailtn 3akon usme-
{a® am ... o™

Heiis MaTpuil A npu nepexole K HOBOMy Oasucy.
1906, Ilycrb a{-—Teﬂaop tina (1, 1) B n-mepHOM JauHeHHOM mpO-

crpaicree V,. Cuuras [ HomepoM croabua, a j-— HOMEPOM CTPOKH,
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MO/NYuMM MATPULY M3 KOOPIMHAT STOrO TEH30pa

1 1 1

a) as ... Qg

2 2 2
A= a ... a,\,

a -

al a3 ... a,

Ha#iu 3aKkoH M3MeHeHHS MaTpHUbl A TpH nepexome K HOBOMY 6asucy..

1907, a) IMokasate, uto cuMBoa Kponexepa &/ 1aer Bo Bcex Gasmcax
n-MepHOro JnHe#Horo mnpocrtpancTsa temnsop Tuma (1, 1), 6) 3anucats
9TOT TEH30p B BHIE NOJHAWHERHON (BYHKUHH,

1908#%, Tlycts @;;— ABaxcIbl KOBADHAaHTHH# TEH30D B I1-MePHOM
npocrpaicTse. JlokasaTe, u4ro:

a) ecim Marpuua A TeHsopa @;; B OLHOM 0asuce HeBLIPONKIEHA,
TO OHa W B J0OOM 6asHce HEBHIPOKAEHA;

6) snementst a'/ marpuupi, opatho# Ans matpuubt A TeHsopa a;;
(B cnyuae, korna A HeBHPOXIeHa), o0pasyioT ABANKAB KOHTPABAPHAHT-
HEIR TEH30D. :

1909, Ilycte Ax — nunefinoe npeoOpas3oBanHue © @ {X) — AHHEHHASA
OyHKUMA Ha n-MepHOM JuHeftHoM mnpoctpaHcte V,. [lokasats, uro
dyukuna F(x; @)==q@(Ax) ects tensop tuma (1, 1), maTpuua xoroporo
B MoGoM Oasuce COBNAZaeT C MaTpulel JauHeiHOrO npeobpasosanus Ax
B TOM e Oasuce.

1910, Hokasathb, 4TO 3/1eMEHTH MATPUILI OunanHeHHOR yHKUMHU F (x, ¥)
B n-MepHOM JHMHeHHOM mpocTpancTse oOpasyior Tewsop Ttuma (2, 0),
T, €. ABAXIB KOBAPUAHTHBIA.

1911, JlokasaTb, uTO 9JIEMEHTH MATPHUb JHHEHHOTO NpeoGpa3oBaHua
B JaHHOM Oasuce oOpasywr TeHsop Tuma (1, 1).

1912, Ilyctb B n-mMepHoM AuHefiHOM mpocTpancTBe V, maHul p sek-

TOPOB X1, X3 vy Xy BrinumieM KOOPIHHATHI 3TUX BEKTOPOB B HEKOTO-
1 2 ]
ay ai...a}
1 2 n
poM Oasuce mo CTPOKaM MaTpulel |42 &2 ... 421,
1 2 n
a ap...a
a) Ilokasarb, uro uHcaIa
! i i
1 2
al ap...ap
L0, seel ail ai2 atp ‘
a't’? p =%, g v o Gy oons Iy=1,2, ..., n)

Y

oo i
! 2...apr
ap ap ap
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ABARIOTCH KOOPIAMHATAMH P Pa3 KOHTPABAPUAHTHOTO TEH30pPa, T. €. TeHsOpa
tuna (0, p) B LanHoM Oasuce. DTOT TeH30pP HAa3HIBAETCA p- aetcmopmu
(npu p=1— sexmop, npn p=2— OGusexmop).

6) Ilokasath, 4YTO pP-BEKTOp TOTAA M TOJbKO TOILA paBeH HYyJIO,
KOTJa JaHHEIE BEKTOPHI X;, Xp, ..., X, JUHEHHO 3aBUCUMHI (B YaCTHOCTH,
npu p > 1 BCe pP-BEKTOPH PABHBI HYJIO).

B) llokasaTb, YTO [IB€ JMHEHHO He3aBUCHMHIE CHCTEMH U3 P-BEKTOPOB
Kaxjas TOTAa W_TOAbKO TOrQa SKBHMBAJEHTHLl, KOrAa COOTBETCTBYIOLIHE
UM p-BEKTOPH Pas/JHYalOTCH MHOXHTeJeM, OTJAHYHLIM OT HyJs.

r) IMokasaTb, 4YTO €CAM NOHHMaTh MOX TEH30PaMH MOJHAHHEHHbIe
¢yHkuun (CM. BBeleHME K 3TOMY naparpady), TO p-BEKTOp, 3alaHHBIH
BEKTOPAaMH X, Xy, ..., X, NPOCTpaHcTBa V,, MOXHO ONPENeNUTh KaK
NoaunHeHy 10 (gym(umo OT p BeKTOpPOB !, @2, ..., @” COMPAKEHHOTO

npocTpancTea V,, 3alaHHYI0 PaBEHCTBOM

P (x) (%) - .. 9P (%)
F@L ¢ ..., ¢°)= ! (xz) ¢2(x2) R (xz)

.

fpl( )fp (x,,)---w (

1913. BHISACHUTb, KaK M3MEHSIOTCS KOOPAMHATHI TeHsopa THNa @ 9

npu nepexone ot Oasuca e, ..., e, k Oasucy er, ..., e, ToayyeH-
HOMY M3 FMpelBAyIUlero mnyTeM JAaHHO# mnoncraHoskd m())=k; (i=
7
=1, 2, ..., n); 5T0 3HauuT, 4YT0 €;==exy (i=1, 2, ..., n).
1914, Ha#titu xoopauHatel B naHHom Oasuce e, ..., €, TeH30pa

THNa (#, #), 3alaHHOTO DPAaBEHCTBOM

: PUx) @2 (xy) ... 9" (xp)
F(x, ..o %5 9, ..., )= o' (xz) (X)) ... @ (x) |

q>‘ (xn) qﬂ(xn) o @ (xy)

1915, Mycts F (%, ..., X, @' ..., Q") — noannmHeliHas dyHKuug,
KOCOCHMMETPHYECKasd KaK MO apTryMeHTaM X, ..., X,, Tak W 0O apry-
mentaM @', ..., ¢". Jlokasatb, uTO ee 3HAYEHUS Yepe3 KOOPLHHATH B
JasHoM GasHce BHIPawaloTCa GopMmysiof

FXy ..o X5 @4 ..., @M=
=det(x)det(¢)- F(ey, ..., e, €, ..., e"),

rie e’ — 6asuc, conpsenHn#t Gasucy e;, det(x)—onperenrenb H3
KOOPIHHAT BEKTOPOB X, ..., X, B Oasuce &;, ..., e, 1 det(p)— onpe-
IejquTeNb W3 KOOPIMHAT BEKTOPOB ¢!, ..., ¢" B Gasuce el, ..., e".
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1916, Ilycre nan TeHsop Thna (p, ¢) B BHIE HOJHIMHEHHOH (GYHKUMH
F(x, .... %, @ ..., ¢7). Ero csepmrod no nomepam k& <p, 1<q
Ha3bBaeTCA CyMMa

ZF(xl, eer Xpgs €5 Kpyps ve s X QL oLl @71, € P, ..., @)

i=1
TIokasarh, 4TO CBePTKa He 3aBHUCHT OT 0asuca M sBJsIETCS TEH30POM THIA
(p—1, g—1). Ilpennonaraercs, yro p, ¢ > 0.

1917, Jausi cumMMeTpHYecKHH TEH30D @;; U KOCOCUMMETPHYeCKUH TeH-
sop b'/. Ha#itu ux nomuyio cBepTKy a;; b,

1918 %, Jlng u3yyeHns TEH3OPHOTO NPOU3BENEHHS (CM. BBELEHHE K 3TO-
My naparpatby) yIOGHO MHCNOMb30BaThb MOHATHE CBEPTKM B CJAeAylOlleM
cMbicne. s mpocToTH paccMOTPHM TeH30pHOE NPON3BEJEHHE JBYX JH-
Hedubix npocrpancts: T=V X V', rae V u V' — nuseiHsie npocTpas-
CTBA Hak ONHMM U TeM xXe nojueM P,

Coepmiodi cymmst X, X1 ... -+ XpXp, tie X, €V, X €V (i=1,
2, ..., k), c BekTOpOM @ TpOCTpaHcTBa V ¥, CONpsMEHHOIO NMPOCTPAHCTBY
V. Ha3HIBAeTCH BEKTOP 01X1 - . . . - QpXp € V', rre o; =@ (x;)EP(i=
=1, 2, ..., k). AHaJIOrMuHO ONpeje/feTCcs CBePTKa TOH MKe CYMMBl C
sekTopoM @' € V' #; oHa sBasercH BexkTOpoM u3 V.

a) Jloxaaath, 4TO eciu IBe CyMMbl YKAa3aHHOTO Bblllle BHIA SKBUBA-
JIeHTHB, TO HX CBEPTKH PpaBHbB. 3TO NO03BOJAET ONpENE]HTb CBEPTKY
QHEV nan t€T, € V*.

6) Oas toro uro6nl napa xx’ Obna sksusanentHa nape 00, rie
0 u 0’ —HyneBule BeKTOPH COOTBeTCTBeHHO M3 V u V', HeoGXOIHMO U
JJ,OCTﬂTO'-lHO BHIMOJIHEHUE, NMO KpaliHed Mepe, OIHOro H3 yciaosuit x=0,
x'=0.

B) Ecan x x;4-.. +xkxk~00’ H BEKTOPH X[, ..., X, JAuHeAHO
He3aBHCHUMBI, TO

x1=...=xk=0.

r) Knaccel 9KBHBaJEHTHEIX CYMM, cOJAepalllye TNaph eie]'.(i=l.
2, vaom j=1, 2,...,n'), rre e, ..., e,—06asuc V uej ...,

e!, —o6asuc V', obpasyior Gasuc T.

1919. Jokasats, YTO TeH3OPHEIE MPOU3BENCHUS JNHHEHHHX MPOCTPAHCTB
BCEX MHOTOY/EHOB OT X ¥ BCEX MHOTOYIEHOB OT Y C KO9pdHLHEeHTaMu
13 noad P ectb NPOCTPAHCTBO BCEX MHOTOUJIEHOB OT IBYX HEH3BECTHHIX
X, y ¢ koappuunentamu u3 P,

1920. Joxasatb, YyTOo TEH30pHOE NpOU3BeleHHe MPOCTPAHCTBA MHOTO-
ueHoB f (x) creneny < A M NPOCTPAHCTBA MHOTOUIEHOB g (V) cTeneHn < §
¢ xo3pduunentamn u3 noas P ecTb MPOCTPAHCTBO MHOTOUIEHOB £ (x, ),
CTeNeHb KOTOPHIX < 7 M0 X M § 1o Y, ¢ Koadduuuentamu u3 noasa P,
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1921, IlokaszaTe yTBepKIeHHS:

a) ana moGoro Gasuca e; n-MepHOro eBKAMIOBA npocTpaHcTea E,
(UK MPOCTPAHCTBA € KBanparuyHOH MeTpuKOH M,) cyulecTByeT enuHCT-
BeHHHI B3auMHHIft Gasuc e’ mpocrpancTea E, (coorserctBento, M,), css-
3aHHbifl C JaHHbIM 6a3UCOM paBeHCTBamH (€;, e/)==06/(i, j=1,2, ..., n)

{coOTBeTCTBEHHO, DaBeHcTBamu (8) M3 BBeleHUs K sToMy maparpady);
6) B3auMHLIH Oasuc BhIpawaeTcs Yepe3 JaHHHH Gasuc mo opMymam
ei=g”’ea i=1 2, ..., n);
B) NaHHHA 643HC BHpamkaercas uepe3 B3auMHHIR no QopmynaaMm e;==
=g,.6" (=1, 2,..., n)
T) MeTpHYecKue TEeH30DH g;;n g7 cBa3aHB paBEHCTBAMU ., 87° —-:6{
.j=12,..., n)
pa— n
1) ecaH '0.603Haqmb MaTpHiibl METPHYECKHX TeH30poB uepe3d G _(gij)1
—_— LJ\n — pa— n
u G=(g /), a onpelleMMTeNH STHX MATPHL — uepe3 g_lgul1 "
g1=|g”’§‘, TO GGI-‘_—E, g8,= 1.
1922, okasaTh, 4TO KOBapHaHTHbLIE W KOHTPAaBAPHAHTHBIE KOOPIH-
HaTHl OJHOTO M TOTO Ke BeKTOpa B LaHHOM 0a3uce eBKJMLOBA NPOCTPaH-
CTBAa CBSI3aHbl PaBeHCTBAMH:

a) =gl =1,2, ..., n)
6) xi=gia)€a(i=l,2, vy n).

1923. B npamoyrosbHOH nexapToBo#ft cHCTeMe KOODAMHAT IaHBI ABa
BeKTOpa:

e, = (1,0), e,=(cosa, sina), sina +* 0;

) MpOBepUTh, YTO STH BEKTOPH 06pPasyloT 0asuc;

6) HaWTM KOBapHaHTHbI MeTPHUECKMH TeH30p g£;; B Gasuce e, e;

B) Ha#TH KOHTPABapPuUaHTHHIA MeTpuueckult Tensop g/ B Gasuce e,, ey

I) HaiTH BHIpaKeHHe BEKTOPOB B3aMMHOro Gasuca e!, e? uepes Ga-
3UC €, €, U VX KOOPIHHATH B MCXOIHOH NPAMOYrOJbHOH CHCTeME;

Jl) HanHCaTb BhHIPaXKeHHe CKaNsiPHOTO TpousBejeHus (X, ¥) IBYX BeK-
TOPOB uepe3 HX KOOPIHHATH B 6asuce e;, ey

€) HalTM INCKPUMHHAHTHBIA TeH3op &; B Gasuce ey, ey

) HanMcaTh BHPAXKeHHe OPUEHTHDPOBAHHOM NAOIALY NapaAIe/OrpaMMa,
TIOCTPOGHHOrO HA BEKTOPAX X, ¥, uepe3 IMCKPHMHHAHTHHIA TEH3OP &;; H ue-
pes onpeieinuTeNb U3 KOODAMHAT B Oasuce e, €,

1924%, [lyctb €,, e, — m06o# 6a3nc NJIOCKOCTH, g¢/ — KOHTPaBapHAHT-
HBlt METPUYECKHH TEH3O0P H €;; — AUCKPUMHHAHTHLIA TeH30p B 9TOM Gasuce.
Ilo namnemy BexTopy X = x'e; moctpoen BexTop y=y'e; rie y'=
== glig;, x*. BriAcHWTb, B KaKOH Mepe BEKTOpP y 3aBUCHT OT BhHOOpA
Gaguca ¥ KaKoBa reOMeTPHYecKasi CBA3b BEKTOPOB X M Y.
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1925. B ueThlpexMepHOM €BKJMIOBOM IPOCTPAHCTBE IaH JBAXN(IH
KOHTpaBapuaHTHEM TeH3op a®*. Kax u3MeHAOTCS C M3MeHeHHeM Gasuca
— RL(G f oo
BeAUUMHB b;;=¢€;;,,0% (I, J =1, 2,7’3, 4)?
1926*, Ilycrte B HexoTOpOM 6asHce n-MEPHOTO eBKJWI0BAa NPOCTPaH-
cra E, nad TeH30p a;j, tdna (3, 0), &;; ¥ £/ — MeTpHUeCKHe TEH3OPHI.
OnpenenuM TeH30p aifb tina (1, 2) paBeHCTBaMH' a;g:g’“glﬁaaﬁk

(. /. k=1,2, ..., n). Bupasum a,,, uepes al/.
1927, TpexMepHoe eBK/IHLOBO ﬂpOCTpaHCTBO ONpeleeHO MeTpHue-
1 3 1
CKHM TeH3opom ¢ Marpuuett| 3 10 1 }. Hafitu aaune orpeskos, orce-
1 16

x! X X3
KaeMblX Ha OCAX KOOPAMHAT MJIOCKOCTHIO —2——{—-3——}——5— =1.

1928%, Merpuka TpeXMepPHOro €BK/MIOBA NMPOCTPAHCTBA 3aaHA MeET-

11
puyecKkuM TeH30poM &;; ¢ matpuue# | 1 6 3 |. Halitru nnowans S
\1 3 2

Tpeyroabuuka ¢ Bepumsamn A (1, 0, 1), B(2, 1, 1), €(3, 1, 2) u BHICO-
Ty h, onymennylo us C Ha AB, ecad KOOPAHHATH H TEH3OD AaHbL B OLHOM
H TOM e Oasuce.

1929*, TpexmepHoe eBKJIH,ILOBO MPOCTPAHCTBO 3aNaHO METPHYECKUM

1 2 1
TeH30poM g;; ¢ marpuueit | 2 5 3 |. Haliru ocnoBauue neprnenauxy-
i 1 3 3

aapa PQ, onyuwenHoro ns touku P (1, —1, 2) na mrockocts xt— x2 4~
+2x34+2=0,

1930%*, B ueThlpexMepHOM eBKJIHIOBOM npocTpaHcTBe E, naubl Tpn
BeKTOpa X, ¥, 2 U MOCTPOEH BEKTOP # C KOBAPHAHTHHIMM KOOPAMHATaMH
ui=eijk,x7ykz’(i= 1,2,3,4), rne g, — IHCKPHMHHAHTHbIH TEH30OP
B TOM e OasuCe (4eTHIPEXMEpHbIi aHATOT BEKTOPHOTO TNpPOH3BELEHHS
cM. 3anauy 1938). Hoxasats, 4TO:

a) BEKTOP # OPTOTOHAMEH KaXIOMy U3 BEKTOPOB X, ¥, Z;

6) ecH BEKTOPH X, ¥, 2 NHHEHHO HE3aBUCMMBI, TO IJWHA || Bek-
TOpa W paBHA TpexMepHOMy o0bemy V (x, ¥, 2) mapaanenenunena, noctpo-
€HHOTO Ha X, ¥, 2; ecnu Me X, ¥y, 2 /uHelno saBucHMb, TO # =0,

1931. Hatitu nosmyio cepTky g;;g"/ METpHUECKHX TeH3OPOB 7-Mep-
HOTO eBK/AMIOBa NpoctpaHcrBa E,.

1932. OnpenenuM KOHTPaBapUaHTHBIH JHCKPHMHHAHTHEIA TEH30D 71-Mep=~

HOro eBkauioBa npocrpaHctBa E, ¢dopMynamu g2 In=(—1'V &1 »
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rae £,=|g"|} n s—uncno unsepcu# B nepectanoBke i, ..., i,

H sili‘-’ ‘ﬂ=0, ecan xotst OB IBAa U3 MHAEKCOB Iys I3sv« vy I, COBNIANAIOT.
JNoxasarb, u4to:

a) OpHeHTHPOBaHHLIH 00bEM napasienenunena, NOCTPOEHHOTO HA BeK-
TOpax X;, X..., X, (CM. BBeleHHe K STOMy maparpady), BHpaxaercd
paBeHCTBaMH

ol Uiy Loseonnd 1 2
Ve %o o oo X)) =V g1 dety (0, %, o, x)=e'v 2l xf L k]

rie det, (X, X5 ..., X,)— ONpeieTUTE b H3 KOBAPHAHTHEIX KOODJIMHAT
BEKTOPOB X;, Xy, . . ., X, H X§ — i-1 KOBAPHAHTHAA KOOPAUHATA BEKTOPA X

6) 8!,12 in=gila1gi2a2 L. gl”ansalaz i n;

. [ 391 SR )
=g A 172 n,
B) iy i, =808, giaf
1933. Brliuucaute CBEPTKY IMCKPUMHHAHTHBIX TEH30POB e,jke”k Tpex-
MEpHOIO EBK/MZOBA NPOCTPAHCTBA.

1934. B Gasuce e;, e, e; TPexMepHOro JeHCTBHTENLHOrO MPOCTpaH-
CTBA NaH KOBAPHAHTHHIA MeTpHuecku# Tensop g ¢ marpuuett

1 1 0
G={1 2 2}.
0 2 5

a) [IpoBepHuTh, 4TO MPOCTPAHCTBO — €BK/AHAOBO;

6) Haiity Marpuuy G, KOHTPaBapHAHTHOTO MeTPHYECKOTO TeHsopa gi/;

B) HAWTH KOHTPABAPMAHTHEIE KOOPAMHATH €IMHHYHOTO BeKTOpa HOp-
Maad K TUIOCKOCTH, 3aIaHHOM B TOM e Gasuce ypaBHeHneM 3x1—-2x2 —
— 3x8—5=0.

1935%, Jlokasarb, uYTO KBaIpAT OPHEHTHPOBAHHOIO O6GBeMa mnapai-
JieNennnena, NOCTPOGHHOTO HA # BEKTOPAX N-MEPHOTO €BKJINIOBA NMPOCT-
PaHCTBa, DaBeH ompeleiutenio I'pama STUX BEKTOPOB.

1936. [lyctb B n-MepHOM eBKAMJOBOM MPOCTPaHCTBE JaHH Tumep-
IVIOCKOCTb 7, 3ajaHHas ypasHeHueM a,x! -+ ...+ a,x" +b=0, u Tou-
Ka M(x(l), x{,‘). :

a) Ilokasarb, YTO BEKTOD P ¢ KOBAPHAHTHBIMH KOOPJAMHATAMHU &y, . . ., &,
flepNeHIUKYAAPEH K TIIOCKOCTH T}

6) paccrosiHue d OT Touku M 10 HIOCKOCTH & BhIpamaerca GopMyaoH

|a1x0+ +an"0+bl
lpl
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1937*®. Ha#itu paccrosnue or toukn M (X, ¥,) Ha eBKAMIOBOH MiIO-

CKOCTH 10 npamoft ax —+by-+c==0, ecnn KoOpIMHATH JaHH B 0asuce

e,={1, 0}, ey={cosw, sinw}, sino=*0
(KoOpanHATH BeKTOPOB (asuca NaHB B MPAMOYTOJbHOHR NeKapTOBOH cuc-
TeMe KOOpJUHAT).

1938%, Ilyctb €, — AMCKPHMHHAHTHLIA TEH30D TPEXMEPHOTO €BKJH-
IOBa mpocTpaHcTBa, x°, y'— KOHTpaBApMAHTHBIE KOOPIMHATH BEKTO-
poB X, ¥ B HekoropoMm Gasuce. JlokasaTh, 4TO BEKTOP 2, KOBAPHAHTHbLIE
KOOpAUHATH KOTOPOrO B TOM e Oasuce sagaHel dopMmymamu z;==
=s,-aﬁx°‘yl3(i= 1, 2, 3), ABAMETCA BEKTOPHRIM MPOU3BEACHHEM X H Y.



OTBETHI

Otaea L. Onpeneaurenan

1.1.2,—2.8. —1.4.0.5.0.6. —1. 7. 4ab. 8. —25% 9. 1. 18. sin (¢ —f).
1M cos(af). 2. 0. 13. 1. 4. 1. 15. —1. 16. 1. 17. 0. 18. ab —c> —d2.
19. (a—b)2 20. 0. 21. a2 62 c24-d2 22. x=3; y=—1,28. x=5;
y=2 24 x=; y=%. 25. x=2;, y=-3 26. x=cos(p—a)
y =sin(§ —a). 27. x=—cosacosf; y=rcosa sinf.
28. Cucrema HeompejeaeHHa, GopMyasl Kpamepa He naloT BepHOro OTBeTa,

TaK Kak 1o 3THM (POpMYysaM X W y DPaBHH o T © MOTYT NpHHHMaTh Npou3-

BOJbHBIE 3HAUEHHS, TOTJAa@ KAaK OHH CBA3aHBI COOTHoueHHeM 2x -} 3y =1, oTkyla
110 3HAYEHHIO OJHOT'0 HEH3BECTHOTO ONpeNeaseTcs €IMHCTBEHHOE 3HaYeHHe APYyroro.

29. CucreMa npoTHBOpEYHBA.

30. Mlpu a=~b ypaBHeHue oMpeleJeHHO, HPH @ = b=~C — NPOTHBOPEUHBO,
npH a = b = ¢ — HeomnpeeieHHO.

81. llpu o =km, rae k—uejloe 4YUCAO, YpaBHEHHE NPOTHBOPEYMBO, NPU
OCTAJbHHX 3HAUEHUAX O — ONpeJeNeHHO.

82. lNpu o =2kn, rie k-—uejoe 4ucio, ypaBHEHUE NMPOTUBOPEYMBO, NPH
@ = (2k 4+ 1) m— HeompexeJeHHO, TPH OCTAJbHbIX 3HAYEHHAX @ — ONpEReJEeHHO.

38. llpu o4 P=~=kn, rae k—iuenoe yucaO, ypaBHEHHE ONpEAENEHHO, NPH
0+ P =2kn unpu o+ p= 2k + ) %, 0= kyx, rne &y u k, —ueanpe uncia, —
HeompenencHHo, npu o -+ f = 2k, -+ 1) T, &=~ kot — NPOTHBOPEUHBO.

84. IIpu a==0 cucrema onpeneirenHa, npy a = b= 0 — HeonpeJeaeHHa,
nph a = 0s~b — MPOTHBOpEUHBA.

85. Ilpu ac —b2=£0 cucrema onpeneneHHa, npH ac — b2 = 0 — Heonpene-
Jenna. [IpoTuBopeunBoil oHa OHITH HE MOXET.

386. Ilpu a=~+ 6 cucrema onpejeneHra, npu a—G—HCOHpEIIGJIEHHa npu
4 = — 6 — npoTuBopeuuBa.

87. llpu ab+90 cuctema onpejeneHHa, npu g = 6, b = 15 — HeonpeneaenHa,
npu ab =90, HO a=~6, b=~15— npoTHBOpeUHBa.

89. VkaszaHue. Y6eaurbcs, uTo B dopMye peieHHH KBaApaTHOrO ypas-
HEHH# MOJKOPEHHOE BHIPAXEHHE IOJOXHTEIbHO.

49. Pemenne [lycTe gaHHbll TpexuleH #ABJSETCH MOJHBIM KBagpaTOM,
T. €. ax?+2bx+4c= (px+9)% CpaBHI{Baﬂ KO3 GHIHEHTH 1pHU onpmaxoamx
CTENEHAX X, HAXOAUM: a = p?, b= pg, ¢ = ¢% oTkyLa ac — b? = p2q®> — (pg)* =
Hlyctn, obpartno, ac — b? = 0

Torza ax?-}-2bx-4c = -E (a?x? 4 2abx -+ ac) = —:l— [(ax + b)24-(ac—b?)] =

1 . 1
=7‘-(ax+b)2 eCTh MOJHBIH KBajpaT, TaK Kak U3 KOMILIEKCHOTO YHCJAa —
a

MOXKHO H3BJACYD xaanpamuﬁ KOpeHb,
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42. Pemewnwue. Ecin Z—i—_l—{_;}=qnpu JaoboM x, 10 ax -+ b = q (¢cx 4 d),

a=gqc, b=gqd n ad—bc=0. O6parho, ect ad —bc=0, To npu c¢+0%d
HMeeM b

T =4 a=gc b=gqd. Ilpn ¢=0-~d Gyaer ¢ =0 u, noaaras

nlh

q=%, CHOBA HMeeM a==gq¢, b=qd. Ilpu c#O:d\ NOJNYYHM TO Ke CaMoe,

a ax+b __ qg(x+4d)
noJjaras g == - ITostomy G d - oxdd == ¢ npH aoboMm x.

48. 40. 44. —3. 45. 100. 46. —5. 47. 0. 48. 1. 49. 1. 50. 2. 51. 4.
52. —8 53. 6. 54. 20. 55. 0. 56. 3abc—a®—b3—cd BT. a8
+ ¢? —3abc. 58. 0.59. 242 — (@ - b 4 ¢) x2 -}~ abc. 680. (ab 4 be+- ca) x - abe.
6. 1+4o024-p2-+v2 62, 1. 63. sin(f—v)+ sin{y—a)-}sin(a—p).
64. cos?a--cos?f4-cos?y=1. 66. —2.

67. xyz 42 (ace — bcf+ adf + bde) — x (e 4-fH)—y (2+d?)—z (a® 4 6?).
€8. 0. 69. —3. 70. 3i)/3.

72.4.Y x a3 auue. Bce mects uneHoB onpeeanTens He MOTYT paBHAThCA -1,
TaK KaK TOrjAa NpOM3BEACHHE TPEX WICHOB: dy1d2Q33 &)3823d31, @)3d3 Q3 OBLIO
6bl PaBHO NPOU3BENEHHIO TPEX OCTANbHBIX WIEHOB, B TO BPEMS KaK NEepBOE H3
3THX NPOH3BeleHUi PaBHO IPOM3BEIEHHIO BCEX JAEBATH JIEMEHTOB ONpENeNUTed,
a BTOpOE — TOMY K€ IPOH3BENEHHIO NEBATH 3JIEMEHTOB C IIPOTHBOMOJOMKHBIM
aHakoM. Hanee, y6eauThcs, 4T0 ONpEleInTeNb OTIMYCH OT 5 U 4TO

—1 1 1
1 —1 11=4.
1 1 —1

73. 2. Yxasauue, INokasath, 4TO BCe TPH NOJAOKHTEAbHBIX UAECHA, BXO-
AfIUX B ONpeleNuTeNb, HE MOryT PaBHAThCH 1, M yuecTh, yTO

011
1 0 1)|=2
110

4. x=3, y=—-2,2=2 e x=y=2=176. x=1, y=2, z=—1.
77. x =2, y=—38 2=—-—2. 18. x=—a, y=05, 2=c. Ykazanue. [lono-

'x ' y ’. z r
WUTh — = x'; = = = =2,
a b Yo 3
79. x=bc, y=ac, z=ab. 80. x=4a, y=2b, 2=3c. YKasaHHue.
K . o X /.}’_ /.z__ ’
aXJ10€ H3 ypaBHeHHH pasieadTb Ha abc u NOIOXHTE — == X} 4= = y'; — = 2",

_atbdc, _adbetfce
81 x = 3 ;Y= 3

I1y cucTeMy MOXHO pewmarth no ¢opmynam Kpamepa. Ilpome cHauana cloxuth
BCE YPaBHEHHS, 3aTE€M CAOXKHTH IIOCAE YMHOXEHHS BTOPOrO YpaBHEHud Ha &2,
a4 TpeTbero Ha &, H, HaKOHell, CAOXHUTb IOC]e YMHOXEHHS BTOPOrQ ypaBHEHUSA
Ha €, a TpeTbero Ha €2 Mcmoan3oBath coorHolueHue 1-4-e--e?2=0.

82. Cicrema HeoNpeje/eHHd, TaK KaK TpeTbe ypaBHeHHE €CTh CyMMa IBYX
OCTANbHBIX M, 3HAYMT, J06OE pellleHHe ABYX NEPBHIX YPaBHEHAN YIOBJIETBODSAET
u TpeTbeMy. IlepBLle 1Ba ypaBHeHus UMeOT 6eCKOHEUHO MHOTO DElIeHu#, Haupu-
Mep, X M y BHIpawaloTcsi 4epe3d 2 Tak: x=10z-1, y=72z. [lasaa z mpous-
BOJbHOE 3HaYEHHe, HalileM 3HAYeHUdA X U Y.

83. Cucrema HeoupezgaeHHa.

84. CucreMa NpOTHBOpeurBa, TaK Kak ecan Obl MPH HEKOTOPHX YHCJIOBHIX
3HAYCHMAX HEH3BECTHHIX BCE ypaBHEHHS CHCTEMH 00paliaauCh B PaBEHCTBO, TO,

. a -+ be - ce?
g=——g

?

. YkasaHue.
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BblYMTas NepBOE PABEHCTBO M3 CYMMBI JBYX OCTaMbHBIX, Mbl MOAYYHIH Gbl CHOBA.
pasenctBo. Ho moayuaercs 0=4. '

85. CucreMa DPOTHBOPEUHBA.

86. Ilpn a?=£27 cucrema onpelenenHa, npu a® = 27 — npoTuBopeunBa.

87. Tlpu 4a°—45a+4 5840 cucreMa onpelesieHHa, npu 443 —45a+58=0 —
NPOTHBOPEUHBA. _

'88. llpu ab =15 cucTeMa onpejenenHa, Npu & = 3, b = 5 — HeonpexeeHHa,
npu ab =15, HO a=~3, b+=5— npoTHBOpeuHBa.

89. Ilpu ab=~12 ciucrema onpefeneHHa, pu a = 3, b = 4 — HeonpexneaeHHa,
npu ab =12, HO a=~3, bs=4 — npoTHBOpeuHBa.

99. Yxaszanue PaccMorperb omlpeleluTelb, B KOTOPOM NepBhHle IBe
CTPOKH He TPONOPLUHOHANBbHEI (B YAaCTHOCTH, HUM OfHA M3 3THX CTPOK He JO/MIKHA
COJlepXaTh TOJbKO HYJH), a TPEThSl CTPOKA PaBHA CyMMe NEpBLIX IBYX, T. €. Kaw-
Ibiff ee 3JeMEHT paBeH CyMMe COOTBETCIBYIOIMHX 3JEMEHTOB NEPBHIX IBYX CTPOK.

100. 0. 101. 0. 102. 0. 1€3. 0. 104. 0. 185. 0. 106. 0. 107. 0. 108. 0.

109. 0. Mse Touku (X, y;) H (Xp, ¥) IJOCKOCTH JeXAaT Ha ONHOH NpAMOH
C TOUKOH, Aenduiell OTPE3OK Mex1y HHMH B JaHHOM OTHOUIEHHH A.

16. 0. Yxasanue. K nepsoit crpoke npubaBuTh BTOPYI0 H TPETbIO U
BOCHOJb30BaThCA GopMyaoit Buera.

120. Ykasanue. K TperbeMy cronbuy ompeleiuTens, CTOSLIETO B JEBOH
9acTH . PaBEHCTBA, NPuGaBHTh BTODOH, YMHOXEHHBIH Ha a-}-b-;c, W BbluecTh
nepBhiH, YMHOXEHHBIH Ha ab -} be -+ ca.

123. 5. 124. 8. 125. 13, 126. 18, 127. ~" =1  ag, 22+ D (+1,

2
3n(n—1) o
129.,—2— unBepcui. IlepectaHoBKka ueTHa npu n, paBHoM 4k, 4k -1,
¢ HevyeTHa npu n, pasHoM 4k -2, 4k 43, rae k— mo6oe Lenoe HeOTPHLATENb-
HOE HHCJO.

1390. ﬂ—@?_*-—l)- nHsepcuit. [lepectaHoBka ueTHa hpu n =4k, 4k +3 u He-

uetHa npH n=4k-}-1, 4k 42, rne £ — moGoe neNOC HEOTPHIATEJbHOE YHCIO.
131. ’1(3’12—_1_1) uuBepcuil. [lepecranoska yeTHa npu n =4k, 4k -4 1 u He-
yetHa Opu n=4k-+2, 4443, rie k— moGoe IeJ0€ HEOTPHLATENbHOE YHCIO.
132. iSLQ_L unsepcuit. IlepecTaHoBka ueTHA npu n =4k, 4k -+ 3 u He-

weTHa 1pu n=4k 41, 4k-4-2, rae k — moboe Len0e HEOTPUIATEAbHOE YMCJO.

£88. 3n (n — 1) unsepcuii. [lepecTanoBka 4eTHa NpH JIOGOM 7.

134. n (3n — 2) unBepcuit. YeTHOCTh NMepecTaHOBKH COBMAJACT C YETHOCTHIO 1.

135. 1 (5n -+ 1) unsepcuii. [lepectanoBka ueTHas Opu JioGOM 7.

186. B nepecranoske n, n—1, n—2,..., 3, 2, 1. Uncno unsepcuéi B Hel
pasio C2 =21 qa7. 1 188, 02 9. CI,

140. lna n= 4k, 4k -+ 1 —onvnaxoBa, a 119 n=4k42, 4k -+ 3 —npo-
THBOMOJOXHA. 3xech k— niofoe lieJoe HEOTPHIATEALHOE YHCJIO.

141. Pemenne BepeM 1Ba moGhix sneMeHTa 4; 4; B JaHHOH nepecTa-
HOBKe (I < Jf). -

Ecau B nanHO# mepecTaHOBKe 3TH sMeMEHTH 00pasyloT HOPANOK, TO U B HC-
XOZLHOM PACMOJOMEHUH 4; CTOMT paHbille aj, k MHAEKCH i, J 6ynyT o6pa3oBmBarh
nopsinox. Ecan e B 1auHOH NEPeCTAHOBKE 3JEMEHTH d;, dj O0PasylT HHBEPCHIO,
TO B HCXOIHOM DACHO/ONEHHH @; CTOMT DaHblIe @;, NOITOMY MX HHIEKCH j, i
Takxe o6pasyioT HHBEPCHIO.

[ToaTomy HHBepcHH NaHHOW MNEPECTaHOBKH B3aUMHO OJHO3HAYHO COOTBET-
CTBYIOT HHBEDCHAM MEPECTaHOBKH MHJAEKCOB 3JEMCHTOB INpPH HOPMAaNbHOM pacno-
JOMEHHH 3THX JIEMEHTOB, U 3HAUMT, YMCAO TeX M JAPYTHX UHBEPCHH OJHHAKOBO.
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142. Yxasanue B nepecraHoske aj, G, ..., Gy IEMeHT b, NepeBOAHM
Ha NepBoe MecTO, B NOJNYYEHHOH mNepecTaHOBKe b, HEePeBOJUM Ha BTOPOE MeCTO:
H T I.

143. Hanpumep: 2, 3,4, ..., n, 1 wu n, 1,2, ..., n—1, ¥Ykaszanue.
[Tpn moxasarenbcTBe HCHIOAB30BATH TO, YTO OAHA TPAHCIOSHIHA MOXKET yMEHb-
LIATB YHCJO 3JeMEeHTOB, CTOAIIHX B IlepecTaHoBKe mpamee (JgeBee) HX MecTa
B HOPMAILHOM DACHOJIONKEHHH, He GoJiee YeM Ha €QHHHIY.

« YkasaHue, B nepecraHoske ay, as, ..., @y 3JMEMEHT b; CMEKHBIMH
TPAHCHIO3HILUSIMH NEePeBECTH Ha IePBOe MECTO, B MOJYYEHHOH HEePecTaHOBKe 3Je-
MEHT by CMEKHBIMH TPAHCIO3HLHAMH NEPEBECTH Ha BTOPOE MECTO W T. J.

145. C,Ql — k. 148. -21~ n! Ci. YKkasaunue Bocnois3oBaThesl npexsiyimedt

3ajauvefi.

7. Ykazanue, CMeKHBMH TPaHCIO3MLHAMH IepeBecTH | Ha mepsoe
MecTo, 3aTeM 2 Ha BTOPOE MECTO H T. J. Y4YecTb, YTO OJHA CMEXKHAas TPaHCIO3H-
I{HST HM3MEHSIeT YHCJIO MHBEPCHH Ha eJUHHIL.

148. Y kasanue PaccMoTperh psiff nepecTaHOBOK, HAUHHAOIIUACS ¢ Mepe~
cTaHOBKH I, 2, ..., n, NOJy4YeHHHH CJeqyOHUM PAAOM TPaCHO3HUUi: CHAvaJa
€MHHULY MePeBOAHM Ha JIOCJeRHee MeCTO, HePecTaB/Ad ee ¢ KaXIuM YHCJAOM
crnpaBa, 3aTeM JBOHKY TeM ke HyTeM NepecTaBJsfeM Ha HPEANOCJeNHEee MeCTo
4 T. A., TOKAa He NPHIEM K HepecTaHoBKe n, n—1, ..., 2, 1,

YTBepKIeHHE MOXHO TaK¥Ke [0Ka3aTb HHAyKUHEH Mo uxcay K.

149. Pemenue, a9 BHBOKA PEKYyPPEHTHOrO COOTHOIIGHHS 3aMETHM, 4TO
ec/id B IEePecTaHOBKe C k& HHBEPCHAMH YHCJIO A+ | cTOMT Ha IOCJefiHEM MecTe,
To Bce k HHBepcuil ofpasyioTca uHedamH I, 2, ..., 7, B TaKHX IepecTaHOBOK
Gyner (n. k); ecin n+ | CTOMT Ha IpPeANOCJAENHEM MECTE, TO OHO OGPA3YeT OJHY
HHBepcuio, a yueaa i, 2, ..., n o0pa3yir k£ — 1 HHBepcuil, ¥ TaKHX NEPECTaHO-
Bok Gyzner (n, k—1), u T. 1.; HakoHel, ecau 7+ | CTOMT Ha IlepPBOM MecTe, TO
oHC obpa3yer # uusepcHil (370 BO3MOXHO JHIIb [iph k=>n), a uncaa 1,2, ..., »
o6pasyior k —n uHBepcHil, U TaKHX IepecTaHoBOK Oyner (n, k— n).

Pacnosarasa uncaa (n, k) B Ta6/aulle MO CTPOKAM € JAHHHIM 7 H IO CTOJAG-
LaM C JaHHRIM £, MBl M3 PEKyPPEHTHOrO COOTHOIUEHHS BHEHM, UTO KaXKAO€ YHCJ/IO
(n+1)-i cTpoku paBHo cymMe n+ 1 unceqm mnpejnifymed CTPOKH, CUHTAf HX
BJIEBO OT YHCJ4, CTOSIIETO HAQ HCKOMBIM YHCJOM (BKJIOYash H YMCJa, PaBHbIe
Hy/mo). BeimuceBast gas yAoGeTBa OTCYETAa MeCT TaKKe H HyJeBHe 3HAUeHUs

(n. j) npu j>Ci u yuutesas, 4ro (1, 0)=1, (I, j))=0 mpu j>=1, noayvaem
Tabmuny sHaueHuit (n, k):

e 01 2 3 4 5 6 7 8 910 11 12 13 14 15
1 10 0 00 00 0 000 0 0 0 0 0
2 | 11 000 00 0 000000 0 0
3 i2 2 1 0 0 0 0 0000 0 0 0 0
4 | 135 65 3 1 0 0000000 0
5|1491520222015 9 4 1 0 0 0 0 0

6’151429497[9010110190714929145l
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HanpuMep, 4YHCNO NEPEeCTAHOBOK WIECTH SJEMEHTOB C CEMbIO HMJH BOCEMbIO
uuBepcuaMu pasHo 101, ‘

150. Y xasanue. Bo Bcex mepecraHoBKax 3aMeHHTh JaHHOE PacHOJONKe-
HHe Ha ofpaTHoe.

151, (1 4 2) (3 5). Hekpemenr pasen 3. [ToxcranoBka HeueTHas.

152, (1 6 3) (2 5) (4). IloxcranoBKa HeueTHas.

183. (1 8 2) (3) (4 6 7) (5). HoxcranoBka ueTHas.

154. (1 5) (2 8 6 4) (3 9 7). NoacraHoBka ueTHas.

155. (1234567 89). loacraHoska geTHad.

156. (1 4) (2 5) (3 6). NoxncranoBKa HeueTHad.

157. (1 2) 34)...(2n—1, 2n). JiexpeMenT paseH n, UeTHoCTh noacra-
HOBKH COBIIaNaeT € YEeTHOCTbI YHCJIA 7.

158. (1 3) (2) 46) 5)...(3n—2, 3n) (3n—1). Jekpemenr paseH n.
YeTHOCTb NMOACTAHOBKH COBHaZaeT ¢ YeTHOCTbIO YHCAA 7.

159. (1,3 5 ..., 2n—1) (2 4, 6, ..., 2n). [exkpeMert paBen 2n-—2,
IMoxcranoska ueTHad.

180. (1, 2 3) (4, 5, 6)...(3n—2, 3n—1, 3n). JexpeMeHT paBed 2n.
TMoncranoska verHas.

161 (1, 4 7,...,31—2) (2,5 8,...,3—1) 3 6, 9 ..., 3n).
JexpeMenT paBeH 3n—3. UeTHOCTs NOJACTaHOBKH HDOTHBONOJOXHA YETHOCTH
qHCaa 7,

162. (1, k41, 2&+1, ..., nk— R+ (2, k42, 2242, ..., nk—k+2) ...
ee. (R, 2k, 3k, ..., nk). Jexpement pasen nk— k. IloacTaHoBka ueTHaA npu
YeTHOM R M NIPY HEUETHHIX 2 M n. ¥ HeueTHA mpH £ HEYECTHOM K N YETHOM.

163. (l 23 4 5) 154.(1 2 3 4 5)

53 4 21 351 42
165. (1 2 3 4 56 7 8 9
(741632589,)'
166. (1 2 3 4...2%n—1 2n
(2 1 4 3... 2n 2n—-1)
167. /1 2 3 4...2n—1 2n
(2 3 45... 2n 1)' :
168. (1 2 3 4 5 6...31—2 3n—1 3n
(312645... 3n 3n—2-'3n——1).
169. (1 2 3 4 170. /1 2 3 4 5 M. /1 2 3 4 5
(1342)' (31254)' (12345)'
172. /1 2 3 4 178. /1 2 3 4 5
(3412)' (23451)'

176. A. Yxazanune, Bocrnomb3oBaThbes npeinpymmei sapaved,
1234567 )

7123456

181. Y ka3anue. Pacnosoxuth wucaa neppoit CTPOKH HOACTAHOBKH B BO3-
pacTalolmeM INOpAIKe M OT TOXIESCTBeHHOH NOACTAHOBKH NepPedTH K RaHHOH
nyTeM gfma TPaHCHO3ULHUHA BO BTOPOH CTpOKe.

182. Y kasanme. Jna 10Ka3aTeJbCTBa CYIIECTBOBAHUA PasROMEHHS Ha
TPaHCHIO3YIMH B 4HCJAe, DaBHOM JEKDEMEHTY, YMHOXHTb IOJCTAHOBKY Ha.
TPaHCHO3HUHMIO YHCEJ, BXONAWINX B ONMH LMKJ, H HCHOAb30BaTth 3ajauy 180.
Ina nokasaTenbCTBa MMHMMAJbHOCTH YHCAA TPAHCHO3HIMH 3aMeTHM, 9TO IIpH
YMHOXEHUH Ha OAHY TPaHCIIOZHIHIO JEKPEMEHT HE MOMET YBEJIHUHTLCA GOJbule:
9eM Ha eIHHBLY.

177. ToxnectBenHas moxacranopka E. 178. X _—_(
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188. Yxasanue, Ecoim P=PP,... Ps—moboe pasnoxenne nojicTa-
HOBKH P Ha TDaHCHOSHIWH, TO HMCIOJb30BaTh PABEHCTBO

P=(a1.,a2, e ) P P2 Ps u 3agauu 179 u 182,
ay, ay, ..., ay

184. Pemenue Ecau X —noncranoska, nepecranonounas ¢ S, to SX = XS,
oTkyna X ~'SX=S. Passoxum S na nukan S=(1, 2) (3,4)= x“(lmxx W3@X
HenocpeacTeenssM BhiuHc/IeHHeM yGexjgaemcs, uro X~ '(1, 2) X ects cuosa
OHKJ JJTHHH 2, moJjyueHHbH M3 Lykaa (1, 2) samenofi uncea | u 2 Temu, Koro-
PHE UM COOTBETCTBYIOT B HOACTaHOBKe X. D10 Xe BePHO H jJd uukiaa (3, 4).
TakuM o6pasom, mHoicTaHoBKa X JOJ/KHA MePEBOSHTH UHKJIH M3 S B LUKJA
TOH K€ JJIUHEL, a B CHJY €HHCTBEHHOCTH PA3JoXKeHHsl S HA UHUKJM, LHKJIN JHGO
nepexoiar Kaxnel B cebs, 6o ofuH B apyroil. Tak KaK KaxABH IUKJI AJHHLI
JBa MOXHO 3amHcaTth AByMs cmocoGamu: (I, 2)=(2, 1), (3, 49)=(4, 3), To Bce
HOJACTAHOBKY, . lIepecTaHoBOUHHEe ¢ S, 6yAyT:

1234 41234 {1234 1234
<1234)' (1243)’ (2134)' (2143)'
1234 1234 1234 1234
(3412)’ (3421)’ (4312)’ (4321)'
185. HckomHe [OLCTaHOBKH:
12345 12345 12345) 12345
(12345)’ (14325)' (32541’ (34521)’
12345 12345)
(52143)’ (54123'
1858. Ykaszauue Ilokasath, yTo HHMKakoe H3 uucea 1, 2, ..., m—~1 me

MoXeT HepediTH B HyJb H pasHble YUCJA4 NePeXOAfAT B pasuuie.
187.(1, 3, 4 5 6 17, 8)

5 1, 6 2 7, 3, 8 4

188. Bxomur co 3Hakom wMunyc. 188. Bxoaut co smakom muoc. 190. He
asasiercsi wieHoM onpemendtens. 191 Bxoant co 3nakom MuHyc, 192. He
sBaseTcsi wieHOM onpefemutens. 198. Co smakom (—1)"~., 194. Co sua-
xoM (—1)%,

{n=1) (1—2)
198. Co suaxom (—1) 2 . 198. Co snakom (—1)3"=(-1)",
197. i=5, k=1, 198. 1—6 k=2, 189. a,1a24a32a43+a10a21a32a44-i;

c
+ 014053032041 200, 10x% — 5x3, 201. Co snakoM muoc. 202. Co sHakom (—1) %

n (n—1)
203. aA11Q92033 - . - Ann. 204. (—1) 2 cQndz, n—1 -+ Apui. 205. 0. 207. KOp-
Havu 6yLyT 4dcaa ag, Qg, 43 ..., An. Y Ka3anue. HcrnosbaoraTs yTBepxkie-
HHe, YTO MHOTOWJEH CTECIEeHH A HE MOXET HMEThb 6oJiee ueM n Pas3JIH4HBIX KOD-
nefi. 208. x=0, 1, 2, n—1, 209. an_py1, n—i+1r 200 n_ji1, n—kil

211. Ecau n 4eTHO, TO tmcno 3JIEMEHTOB HA UYETHBIX H HEUYETHHX MeCcTax O+

1
HAKOBO H PABHO - n?, Ecan n HeveTHO, TO UHCAO 3JEMEHTOB Ha YETHHX MecTax

pasHo —1--'(n2 +1), a ua HEUETHHX ———é— (n2=1),

212. Onpeﬂenmems YMHORHTCA Ha (—1)"—1, 218, Onpejfenuress yMHOKHTCS
n(n—1)

Ha (—1) 2 , 284, OnpegesuTess ue HaMenurcess. 215, Onpeﬂ,emne.nb
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He u3MeHuTCA. Y kasanue. JlanHoe nmpeo6pa3soBaHHE MOKHO 3AMEHHTh ABYMS
CUMMETPHSMH OTHOCHTEJbHO TODH3OHTANbHOH H BEPTHKAJbHOH CPENHMX JMHUK
K CHMMeTpHell OTHOCHTENbHO I'VIaBHOH AMaroHanu.

18. Y ka3anue. TpaHCIOHHPOBATH ONpEfEAUTEb.

217. Y xa3anue. TpaHCHOHHPOBATh ONPEjENHTED.

218. n=4m, rne m—nenoe. 219. n=4m -2, rae m — nenoe.

221. Onpejeantenb YMHOXHTCS Ha (~1)%.

222. Onpefesurenb He H3MeHHTCA. ¥ kasauue. PaccMorpers o6uruit
4]CH OmpeleauTens.

228. Ykaasanune PaccMOTperb CyMMy HHIEKCOB BCEX 3J€MEHTOB, BXOAd-
mux B o6muil ujseH onpereaurend.

224, Y xasauue Bocnonszosarhca mpepuayuweit sanaueft.

229. Onpenenutens o6paTuICs B HYJb.

230. Omnpexeautesp OGPATHTCA B HYyJAb, €CIM OH HYETHOro IMOpPHAKa, H
YABOUTCH — €CAM HeyeTHOro. ¥ kasaHwue. PasnoxuTs Ha cyMMy ONpeleinTe-
Jeit Mo xaxiaoMy croabuy. R

231. OnpenesuTesb YMHOXHTCA HA (—I)C”. 282. Omnpeneaureny pasen
nymo. 288. UYucao Takux onpeleauteneri paBso n! Mx cymma pasHa Hyaio.

284. 0. 236. 82156+ 12c —194. 287. 2a — 86+ ¢+ 5d.

238. abcd. 289. abcd. 240. xyzuv. 243. 0.

244. Yxazanue YMHOXHTb BTOpOH croabell ompejeiuteas B JeBOH
YaCcTH PABEHCTBA HA yZz, TpeTHH cTOX6el HA x2 U UETBEPTHIK HA XYy.

245. Ykasanue. Hcmoabdys ¢opuyan Buera, npeobpasosars n-#
croxben. )

246. Y xasaunue. Hcrmoapays ¢opmyan Buera, mnpeoGpasopaTh n-#
cron6ein; ¥ nepesecTH ero Ha ({4 1)-e mecro.

247. Yxasanue. Pasnoxurs no mepsomy croabuy.

253. Yxasanue. Pasnoxuth mo Tpetbeit cTpoxe.

256. Ykaszauue Csectu k mpeisaymeii 3ajgave.

257. —8. 258. —3. 259. —9. 260. 18. 261. 18. 262. 4. 263. 9.

264. 27. 265. 17. 266. —6. 267. —10. 268. 100. 269. 150. 270. 52,

271. 5. 272. 10. 273. 1. 274. 100. 275. 1.

276. 315— Ykazanue DueMeHTH KawaoH CTPOKH HPHUBECTH K OCIIEMY
3HaMEHATeo H BHLIHECTH €ro 3a 3HaK ONpefeauTens. 5oty

n{n—

277. 1. 278. 9V 10V 3—V D). 279. n! 280. n(—1) 2 .

281, x; (x;—app) (35— a33) ... (Xp—ap_1, )

n(n—1)

282. (—1) % bb,...05, 288, 2141 2B4. (ao+a,+as4 ...+ ay) 2"
285. xlxz...x,,(a—’——]—-a—z—]—...—}-&'—). Ykazanune. Uz i-ro croabua
X1 Xo Xy

BHIHECTH 32 3HAK ONpefe/HTeNd X; H K KaXIOMYy CTOa0ily npubaBUTb Bce clae-
AyIolHe.

286. 1. 287. n(—1)""!. 288. (—1)""'(n—1)2""% VYxasauue.
M3 kamnofi CTpOKM BLIUECTh NMPEABLAYLUIYIO, 3aTeM MOCACAHHH cTOAGEL IPHOAaBUTH
K OCTalbHBIM.

289. (x— D) (x—2)... (x—n-+1).

290. (—1)'(x—1)(x—2)... (x—n).

:g; %o(x—al)b(x—~a2)...(x;7—a,,). =)

. (X—a—b—¢)(x—a x4+a—bIto)(x+a —c).

293, (x2f—1)(x2—4)$ +o+c)(x+ Foy(x+a+

294. %22, Ykasanue. IlepecraBus 1Be nepBhe CTPOKH W J1BA MEPBHIX
cToabua, JOKasarb, 4TO omnpejeluTe]b He K3MEHHICA DNpH 3aMeHe X Ha — X.
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IlpoBepus, uto mpu x =0 onpeneuTe]b o6pamaercs B Hylb, A0Ka3aTh, 4TO OH
Aeaured Ha x2. Te e paccymIeHus mposecTH Ias 2.
n—1

295. 0,6, [] (@i416i—a;6;41). Y xasanue. Hoayunrs cootHomenue
=1

b
Dp =L (@nbn_1—an_1b,) Dy _,y.

bp_,
296. QoX1XoX3 oo Xp = @1Y1X0Ks vo. Xp b @Y YaXs ... Xn 4+ ...
eve +apY1Ye¥s ... ¥, YKazanuue. Hoxyunts  cootHomenue Dy, =

= X2Dp+apy1ys ... ¥, Oupenenutesp MOXKHO BEHUHCAHTL HHAUE pasnoxeHHeM
HO NEPBOH CTpOKe,

1 1
297. _4,0,...q, (Z+7zl?+"'+¢7)' 298. 0,0,...0,— a1, . .05, +
n

@ — (=) e 4 (1) 299, n41. 800. 27t1 1,
5n+1__2n+1 an+l_ﬂn\+1
301. - 302, 9—-2""! 808, 5.2°71__.4.3""1 304, ———F

\ a—f
305. " (a;4-ay ...+ a,) £l Y KasaHue DIeMeHTH, CTOSMIHE
BHE I'IABHOH JMaroHaaM, NpeACTaBHTb B BHAe 4; =0 a;.

X a ay an
305. (v, —a)) (X, —ay)...(xy—a (1 ! oot .
1) (s —aa). .. (i —ap) (14 b P
Yxasanue. MNonowurs x; = (x;—ap)<+a;
307. (2, — x)) (22— x0) ... (@ —xp) —aya, ... a,, Ykasaunue. [Toao-
HKHTL B ICBOM BepxHeM yray O=1-—1 u mpeAcTaBHTb ONpEleJHTeab B BHIE
CYMMEL IByX onpeieauTeeil OTHOCHTENbHO MEPBOA CTPOKH.

b ab agb
308. (11— 0,61) (11— asb). .t —anb) {1+ W+ ;ﬂn).
ni-n+-2
309. (n—1)! 810.0.6, ... 5, M. (—1) 2 2(n—2)! 312 (—1)" 1l
n (n41)

318, "+ (—1)"*1y". 814.0. 818. (—1) © (n4-1)""L B16.(—1)""" (n—1).
7. 2n—1)(n—1)""1 818. 2+ (n—1)5] (a—5)""L. 819.1. 820. 1.

821. (x—a))(x—ay)... (x—ay,). 822. g tax* '+ ... ap
" —1_ n41 ] i
323, G o 3 . _ . . — appx).
(x—1)2 x—71° 324 x—1 (x—1)2 328 kI=I1(1 )
a1y
326. (—1) ? [a—a,ta,— ... 4 (~1)a,). 827. (—1)"!(n—1)x""2
n
328. 1203, . n=17n"13"-2  , gog, 1T~ 8. JI xu—xw
B=1 rfi>k>1 ¢
n(n-1) : P+ . PP
3. M (@—a) 38822 2 || I e
IKI<ELn+1 n>i>k>1
n(n-1) o+
338.2 =2 H sin(Pi e sin(Pi Pe. 334. (x; — Xy
I<i<k<n 2 2 npi>k>2l

nn-1)
7 . 00, 9,9,
835.2 * 40t any, I s i2 sin o=

Igi<hk<gn
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s 1 . n
B or———yr I —x. 337. (—1)°1U2 ... n
n>i>k>1
n
338. H _iT (% — Xp). 839. 11315 ... @n—1)
=1 YT tas e
340. T  (@be—awby. 341. I sin@—a.
1€i<kLn+l I€I<kEn
342. ¢ja,...a, [ (XY, — %Yy TAe @, —kospomiuent npu xl

I1Li<k<<n+l
B MHOrOuJeHe fi(x, ¥).

n
843. )" [ II (xi—x» 2;;—1(;1-)

i=1 n>i>k>1 | =1 |
=(x—x)(Xx—xy) ... (x—x,). Ykazanue. Pa3aoxur, onpereiutesb no
TepBOMY CTOAGLY.
844. (x,+x+ ... +x) JJ (xi—x») VYxasaume. Onpe-
n»i>k>1

= n —

» Tae f(x)=

JeNuTe b
1 ox xf ..

1 ox, x5...x3

2 n
1 x, x;...%,
1 2 22..2"

BBIYHCJHTD ABYMS CHOCOGaMu: pasiokeHHeM MO MOCAelHEeH CTPOke M Kak ompe-
Jeauteab Banzepmonza. B o6oux BhpaweHndax MNpPHPAaBHATh KObGUIHEHTH
fpe 281,
1 1
345. x,xz...x,,(xi-i—?--{—...—i-—;) (x;— xp).
i 2 flip>i>k21
348. (Zx, Xy, ... Xy ) Il  (xi—=xp). rae cymma Geperca no
“Sinzi>k>1
BCEM COYETAHUAM N1 — S yucen &, ¢y, ..., G,_g U3 uucea 1, 2, ..., n.
347, [xxy g —(u— D (=1 ... (5—D] JI i—xe)
n>i>k>1
Y xaszaHue. i-i saement l-ro cronbua npencrasuth B Buge 1 == x;— (x;—1)
¥ TpEACTaBHTb ONpPELEJHTE]b B BHAE Pa3HOCTH ABYX ompeieauTenei.
848. 26,0, ... xp— (=D —1 ... (,—D] [  i—x)
n>i>k>1
Y xasanue. Ilpumucars mnepsyio crpoky 1, 0, 0, ,,., 0 u nepsuil croaben
U3 €IMHHIL, NEPBHIH CTOJGEL BHYECTh W3 OCTAJBHBIX, €IHHHLY B JIEBOM BEDXHEM
yriy npeAcTaBuTh B BHLe 2-—1 M NpeicTaBHTh ONPEAE]HTeNb B BHAC PASHOCTH
JABYX onpenenureneil OTHOCUTENbHO NEPBOH CTPOKH.

349, 2= sin Ut B
ISi<k<gn 2 2

80BATLCHA TeM, UTO COS kg BEHIDAXAETCA Yepe3 OS¢ B BHIE MHOTOWIECHA €O CTap-

iy wxenom 2~ lcos” ¢ (370 MOXHO BHBeCTH H3 opMyabl Myaspa u paBeHCTBa

1+CiLch .. =281,

Vxaszaunune. Bocnoab-
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in 0t 0r o @i —@p
(sm 5 sin 5 )

1iI<k<Ln

Y xasanue. Jlokazars, ut0 sin k@ MOXHO NPEACTaBUTb B BHAE NPOU3BEICHHS
sin¢ Ha MHOrowJeH OT COS @ CO CTapIIUM YJICHOM 92k~—1cosk-1 P.

85t (¢t b4-ctdyatb—c—d)y(@a—b+c—d)(a—b—c+d).

Y kasanue. Bocnoab3oBarbcst MeTOJAOM BLIAENEHHSA JHHeHHBHIX MHOXHTeneil

352. (at-b4-ctdtetfHegt+-M@tbtetd—e—f—g—hX

X@+b—c—dtetf—g—hH@t+b—c—d—e—f4g4-h X
X@—b+4c—d+e—frg—h(a—btc—d—e+tf—g4h)X
X@—b—ctdte—f—gth@—b—ctd—etftg—h).

858. (x+a+a+...+a))(x—a)(x—ay)...(x—a,;). Yrkaszaune.
TpuMennTh BhiZeNeHHe JHHEHHBIX MHOXHMTENEH MAM M3 KaXJOH CTPOKH BHIYECTh
NpelbAYIIYI0 H 3aTeM K KaxAOMY CToi6ny npubaBHTb BCE NOCAERYyIOlMHe.

354. 0 npu n > 2; Dl = aq, ——bl; D2 = (al ——az) (bl —b2)'

855. 0 npr n> 2, Dy =14 x1y;; Dy=(x; —x3) (Y1 — ¥2).

856. Ompn n>1. Ykaszanue. Pasnowurs Ha CyMMy ompejeiuteneit
OTHOCHTEJNLHO KaXAOro CToJ6HA.

857. 14 D (g +0)+ X (@—ar)(bp—by).
i=1

Ii<k<gn

850. 2" "~Dsing, sing, ... sing,

358. (—1)" [1—’2—‘ i+ (xi—xk)(yi—yk)]- Ykasza-

1 1<i<k<gn
Hue. IlpaMenuts peayabrar 3apaum 355.

n
859. x4 1" D (@ — b)) "2 > (@—ap) (b —bp). Va-
i=1 1i<k<n
3aHue. Pa3noxuth onpefieantens Ha CYMMY IBYX ompeleanteseil OTHOCHTENLHO
KaXJAO0Tr0 CToAGnA M NPHMEHHTh pesyabTar 3afatu 354.
n

ab '

360. x,x; ... x, <1 + 2 -——;—i . 381, (a2 — 69" Yxasanwue. Busectn

i
i=1

pexyppenTHoe cooTHOueHHe Dy, = (a? — b?) Dopy_,.

nt1
.

X

’l .
362. || (aigens1oi—bibonsy-i). 868.
=1

364. 0, ecniu n mpu fenenwu Ha 6 Xaer B ocraTke 2 uau 5 1, ecau n
RenuTCs Ha 6 MAM NaeT B OCTaTKe equHuny; — 1, ecan n mpu HeieHun na 6
naetT B ocraTke 3 mau 4. OTBET MOXKHO 3alMHCAaTh MHAYe TaK:

1 3 5 7.
_ Cri _3c,,+1+90,,+1—27c,,+1+
= o .
Y xasauue, [IpuMeHuTh METOJ PEKYPPEHTHHX COOTHOWIEHUH, PasofpaHHLA BO
BBEJICHHH K HACTOsIeMy maparpady.
865. Y kasanue. [loayunts pekyppentroe cootHoumenue Dy=Dy_+Dp_».

366. 5+t —4n+1. 887, ﬁ'_[li“_gf:_l_)"_], rie i=yV —1, 1. ¢ ecam n

D,

n
HeueTHoe, T0 D = 0; ecan n uerhoe, T0 D, = (—1)%.
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368. %[1-1-(_1)"]. 369. D,,=2—ln[ pi18" - CE L e 2(@—4)+

+C5 0t (a2 — 4P+ Cha" (@ — 4P+ ] =a"—Cl_ "

+C”_2a voo - (— hF Cﬁ_ka”"?k—f- ... ¥Yxkasauue. Ileproe Bhpa-
MeHHe NONYUAeTCA HEeMOCPEACTBEHHO METOOM PEKYPPEHTHBIX COOTHOLIEHH i; BTOPOE

14 p+1 __ pp+l
JETKO IO0Ka3aTh METONOM HHAYKIMH, HCTIOAB3Y A cooTHOmerne CL - C/t = C i

1 -
870. D, =; [Chid" 4 Co 10" 2 (@ - 4) 4o 4 C 10" 2% (o7 - 4) P4
4 )=a"CL 0"t C et CE e

871. 2cosno = (2cosa)® — n (2 cos a)"‘2—}-1(12—3l 2 cos @)~ —
—4)(n—5 _ .
_nr—9@—9) 3)!(” ) - (2cosa)® 6+...=2(—-1)knikCﬁ_k@cosa)"‘”,

n n
rie 4epes [-2—] o603HaueHa nenas 4acTh HHCAA —2—. Ykasanue. Paseucrso

€OS no. NaHHOMY ONpeNeNuTEN0 AOKa3aTh HHAYKUWeil mo n.
Hanee, ecau D,-—onpeaeantenb HKaHHOH 3ajgady, a D(,),—orlpenenmenb

sanaun 369 ¢ samenoit g Ha 2cosa, 10 D, = D% —cosa D)_;. To, uto xosd-
GUUMEHTH B TOAYYEHHOM BBIPAKEHHH COS A0 qepea cosa GyayT ueasiMu, cue-

Ck k—C,, P C’;:}e_l H u3

TOro, 4TO BCE YJNCHB, KPOME NOCACHHErO, coaepxcaT MHOXKHTENb 2, a NOCAeN~

IyeT M3 JEerko MPOBEpseMOro pPaBeHCTBa

o ; n
HHH 4YJE€H HE COJEPKHUT 2 cos a auubL IpH YETHOM n, HO TOrla k=~2—‘ H 3TOT

9JeH paseH 2. ’
872. sinna =sina [(2cosa)"" ! —CL_,(2cos )" 3 C2_, (2cos )" 5 —

n—1
[
- \ ~2k-1 n—1
—C3_,(2cosa)” 7+ ...]=sina Z Ct_,_1Q2cosa)” , The [ 5 ]
E=0

n—1
€CTb ueaas wacTh WHCAd —5—.

873. Y xazanmne. IlpuMeHHTb METOX PEKYPPEHTHBIX COOTHOMIEHHH.
n(n—1)

874. 14124 xt4 ... +x2n 875, (—1) 2 ﬁfg—l—nn-l.

876. (—nx)"! [a—}—w] . ¥xasaunue U3 xawpohh crpoku

BHUECTh CJAEAYIOY0, BCe CTOAOIB NpuBaBHTL K mOCAEAYIOIUEMY, K ApeEIo-
cnelrell CTpoke NMpuGaBHTb BCE MpEHBIAYIUIHE H 3Ty CTPOKY NpPHGABUTH KO BCEM
NDEABILYIIHM.
877. (1 — "~ L,
(n=2)(n-1)

378. 31H UMpKYAAHTH pa3IMUAOTCH JHIIb MHOXHTENeM (— 1) 2
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n n—1 n—1

379. 1. Yxasanue. [Toabsysice paBeHCTBOM (k)_( b )+(k-—l)'
BHIUECTh H3 KaWJAOro croabua npeibAymluH, a 3aTeM M3 KawIoi CTPOKM mpe-
ABIAYILYIO.

880. 1. ¥ xaszaunue. Bocrmonp3oBathes ykasaHHeM K NpeAbIAyEH sanawe.

381. 1. Yxasanue. M3 kamaoit cTpoku BhHIYECTb NMpEeABIAYILYIO.

382. 1. Yxaszanue. M3 kaxaoll CTPOkH, HauuHasg €O BTOpOH, BBHIYECTH
Npeibilylnylo, 3aTeM H3 KaxHOH CTPOKH, HauyHHas C TPeTbel, BBIYECTb Npenbl-
Zymylo H T. I

n{n+1)

883. (—1) 2 . VYkasanme. s kawiaoro croabua, HaumHas co BTO-
poro, BBIYECTh NPEABAYIIWH, B3aTeM M3 KaXIOro CToJ0Na, HAauHMHAd C TPEeTbero,
BHYECTH TIPeAbYIMKiA H T. A. B monyueHnoM ompeienutese TO Ke caMoe mpo-
Jenatb A8 CTPOK.

884. 1. Yxasauue. Bocnoan3opaThca ykasaHueM K 3anaue 382,

[ G

n-41 n-1 n41

385. p+n)(p+n—l) (n+1) . ¥Y¥xazauue. [loap-
(n+1 n41 /" \n41

3yaCb COOTHOLIEHHEM (: =%. :—1)’ BHIHECTH 33 3HaK onpenenuTéng u3

nepBoit CTPOKH m, u3 Bropoit m-+1 U T. A, us nocaenneit m - n; u3 nepsoro

croabua -—, M3 BTOpPOro H T. J., U3 NOCACIHETO . C noayuennnim
it 7 » P ) + 1 y n y

ompefenuTeNeM IpOXeNaTb aHaJOrHUHble NpPeoOpAa3OBAaHUA W T. A. NOKa HE mpu-
ZeM K ONpENCNHTEAI0 TOrO e THIA, YTO W B NpeXBAYHmCH 3amave.

886. n. Yxasanue. M3 kawpoii CTPOKH BHIYECTh NPEABIAYILYIO, pPa3io-
WHUTb [0 SJEMEHTaM HEepBOro croJllla, B NOJYUECHHOM ONpeleuTe]e H3 NEePBOro
cToabua BHYECTb BTOPOH, NpuOGaBuTh TPETHH, BHYECTh YETBEPTHH H T. A. [lpexn-
CTaBUTb OIpefie/HTeNb B BHAE CYMMH ABYX OINpefiejnTedeil H NMOKasaTb, 4TO
Dfl == Dn_l + 1.

887. n. Ykasanue. M3 xaxaoro ¢roabna BHYECTb NPEABIAYUIHE, 3aTeM
U3 Kawao# CTPOKM BHIYECTh NpEIbAymIyI0. DieMeHT 2 B JeBOM BEpXHEM yriy

npeAcTaBuTh Kak 141 u noayuuts cootHomenue D, ;= D, o Dj_,, rie

D;,_l—-onpenenmenb TOTO Xe BHA3, 4T0 W B 3agaue 379, HO mopaika n— 1,
888. (x—1)". Yxasanue. M3 kawaoit cTpoku BHYECTb NPEABIYILYIO U
nokasath, 4T0 D,y = (x—1) Dy,
89. 1! 21 3!.,,..(n—I(x—1) Ykasauue. Csectu Kk npepbnymei
3ajnaue.

390. x,,—('l’)x,,_,-}-(;)x,,_z—(’;)x,,_3+ e (= 1) 5,

YkasaHue, M3 kamaod CTPOKM BHYECTh NpeiBAyHIyl0, INOKasarh, uTO
Dﬂ+l (x()r 2 TN x")u= Dn (xl —Xg Xg— X1y evey X —‘xﬂ—l)v i NPHMEHHTh
METOJX MaTEMaTHYECKOH MHIYKUWH.

n—1 n—1

- Xt —
891 (—1)" lxy —Jé_i’—— Yxasaunue. [lonoxuth B IPaBOM HUK-

HeM yray 0==x —x, pasJoXuTb Ha JBa onpefenurens u JA100 NPHUMEHHTb Me-
TOX PEeKYPPEeHTHHIX COOTHOWeHHH, Aubo Hakitu D, U3 ABYX DaBeHCTB: .
-1 -
Dn==—an%_1%-X(—-%y1., Dn==“yLM—14‘Y(*‘xw .
x(a—yY—y(@—x
392, (a —y) ¥ )
XY
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-y
394. _fﬁ‘}c._& rae £(2)=(a—2) (6, —2) ... (@—2).
895. o7 |- . "896. a"t-a" '+ ... +a-t L

, THe f()=(a1—2) (82— 2) ... (ap—2).

tgh (—;- —+ ctg® -g-
397. nl (apx" -+ ax" 1+t ax™"2-f ... 4-a,). 398. —_——

399.ﬁ(x+n—2k+1) (22— 12 (x2—3%) .. [x2—(n—1)3],
k=1

ecly n ueTHoe, H x(x2—22) (x2—4?) ... [x2—(n—1)?), ecau n HeuyeTHOe.
¥ xasanue. Kxaxnoil ctpoke npu6aBuTh Bee CleNYIOMME, H3 KOKIOTO CTOAGUA:
BHIYECTh OPEBAyWHi M MoKasarb, 4TO ecin D, (x) — HaHHHH OmpeReauTen,
10 Dy (x) = (x+-n—1) Dy_y (x—1).

400. 0, ecau n> 9, D, = a? —x; Dy = xa” (a®— 1) (1 —a).

401, (—1)" [x”—x"" ﬂ_—l-]

i 1
4902. aja, ... a, (ao——_ﬁn———é—z—— _E)'
4923. abc,cz...c,,(%’b—-—-——c.l;————zl;—-...——cln—).
g : 1 1 1
404 aat0)(@+2) . let =)0 (g g+ ot

R ml————lﬁ) Yxaszanne W3 kamao# cTpoku, HauHHAas cO BTOPOI,

BHIUECTh CHCAYIOMYIO, H3 NMepBOf CTPOKY BHIYECTH MOCAENHION ¥ NOAYUUTH OnNpe-
ZeauTenb TOro Ke Tnna, '-lTO B npenwxymen 3anaue.

405. | 1
+ 2 xi ——2aixi
BarTh pesym.TaT aana!m 306
H (x —2a, xi)

406. | 1
+L xi-—Qa,xl 1=1

407. —b,—{—b by—bibobg ...+ (—1)"bby... by Yrasanue. [lo-

.nqu'b cooTHOIIeHHe D), = -—le,,._
408. (—" 1)” ! (blagaa .4y + b b2a3 . Qp —I— + b bz ” la,,)

409, (— 1) -ixr=2 ¥ xasanue. U3 Kakioi crpoxu BBITECTD CAEAYIOLYIO..

410. (— 1)*[(x— 1)” x"l. Ykaszaunue. M3 kakIOH CTPOKH BHIUECTD.
TNpeALAYY0, B IIPaBOM HIXHEM Yray mnoiaoxuts 1= x4 (1 —x) u npeacra--
BUTb B BHAE CYMMHl IBYX onpenelurtenei.

it

H (x?——— 2a1xi). Ykasanue. Hcnoabso-
=1

&1, g " II (by—a;). Y kasanmke YMHOXHTH BIODYIO CTPOKY ha X",
F d
TPeTbi0 —Ha X"~2 U T. A, n-lo—Ha x. BoiecTH H3 mepBoro croJbua x” us.
BTOpOro x"~1, ma tpervero x"~2 u T. A, U3 n-TO X.
n(n+l)

a2, n!(1+x+~—|——-+...+7). 413.2 ? [1—{-):(2———)]..
A4 — [1+"("+1) ] 415.an(n2+1) [1+xi"-“—_1—].

a*(a—1)
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1 in [(a — ag) (b;— bp)]
416, Lsick<n

n
I @+ow
1 k=1
6eperca mo BceM I, k, mpoferaiomuM He3aBHCHMO APYT OT APYra BCe 3HAYeHHA
or 1 10 n. Ykasanue W3 xax1o# cTpokn BbHeCTH 32 3Hak onpefennteds
o6wuit 3HaMeHaTeNb 3AEMEHTOB 9TOH crTpoku. [lokasars, uTo moayuemHwii onpe-
neautenb D peawrcs Ra BCe PasHOCTH BUAA &; — ap M b;— by (£ k). Tloxa-

3aTh, YTO YacTHoe OT aeaeHus D’ Ha H [(a; — ag) (b; — bp)] ecTh xoH-

, e NpOH3BEAEHHE B 3HaMeHarede

. Ii<k<n
CTaHnTa, Aad ONpeieAcHHUA KOTOPOH NHOJNOKHTh B D’
a1=-—b1, a2=—-—62,...,a,,=——b,,.

MoxHO pemnTh HHAYe, a HMEHHO. H3 KaKAOH CTPOKH BHIYECThb nepBylo, a 3a-
TeM K3 KamAOro €roabua BhYECTh NEPBLIH.

I  lxi—xe) (@ —ai)

&11. 1<i<kgn

n
H (x; —ap)
i k=1
3aHHeM K NpeAblayuiei 3amaue.
na2ra... (n—nyee
413. Mn+DEa+2)... Cn—1D)"

pesyabTatamu 3azgauu 416.

. ¥ xasaunue. Bocnoapsosathcs yxa-

Ykaszanue., BocnoabsoBarbcs

1 1 1
419. ap0,0, ... a, (-;l:--—i——a-l——{—- +—aT). Yxasaunue. Hoayuurs pe-

KYPPEHTHOE COOTHOIIEHHE Dn=(an_l+aﬂ) Dn_l—a?,_lD,l_Q H NPUMEHHTD
METOA MareMaTuuecKoHd MHAYKIMM.

420. Kourtunyauta (2,4, ... @;) paBHa CyMMe BCEBO3MOXHbBIX NIPOH3BEACHH
3MEMEHTOB 4y, dy, ..., G, OAHO H3 KOTOPLIX COAEPKHT BCE STH JAEMEHTH, a JpYyTHe
HONYYATCA U3 Hero BbIOpachlBaHHEM OLHOH HJH HECKOABKHX [ap COMHOMNKHTEAE
¢ coceqHuMu Homepamiu. [lpu sToM unieH, noayyaeMelii BHGpachiBaHHEM BCEX
COMHOWHUTeNeH (NpH YEeTHOM rn) CUMTaeTCHd paBHHM 1;

(@185a304) = a\@za504 -+ a3+ 010, + 010, 4 1,
(2122050,05) = 0,0,830,85 + 30,05+ 4,0405 + a,8285 + @020+ a, + a3+ a5,
(8182030,0505) = 8,853048586 1 430,850 + 41848585 + 4182585 + 4,085 -
~+ aiasa30,+ asas+ azas 4 a,a;+ asa, -+ a0, + a0, + 1.
Ykaszaunue [lpoBepurh CIpaBeAAdBOCTb YKa3aHHOTO 3aKOHA MAfA KOHTH-
HyaHT 1-ro ¥ 2-ro nopsAxkoOB M, NPELNOJOXHB €ro CHPABENIHBOCTb Al KOHTH-
Hyaut (n—1)-r0o u (n—2)-TO TOPAAKOB, [OKa3aTb CIPaBeIJAUBOCTL €ro Aas
KOHTHHYAHT n-TO mopsiika. [lng 3TOro BIBECTH PEKYPPEHTHOE COOTHOLIEHHE

@8y ...ap)=ap(a1a; ... @y_1)+ (3183 ... Ay_3).
421. (CHy,
424. Y xasaumne. IToxasars, uto ‘W[Célo ngBepcuﬁ B 006eHx crpoxaxian-
HOM MOACTaHOBKH PABHO Oy — Oy . .0p 4 B; 4 Bot-. . . B, —2 (1424, . .--R).
425, 10, 426. 100. 427. 60, 428, 10. 429. 4. 430, —2. 431. 105,
432. 90. 433. 8. 434. 4. 435. 1000. 486. 12, 487. (x; — x,) sin(y —§) +

F (y2—y)sin(@—y) (22— 2)) sin (f — o).
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438. A‘*‘x, + Bﬂxz -+ Cﬂxa +2BCy,4-2CAy, -+ 2ABy;, rne A=bc' —b'c,
B=ca’'—ca, C=a

439. — (ayz -} bxz + cxy). 449. — (aa’ 4 bb' +cc’). 441, abc—
— x (be - ca -+ ab). 442, (x,— x3) [(x3— X3) (¥4 — X3) — 2 (X5—x1) (x4 — X1)].

n
443. ] @rr@2n—r+1, on-tr1— 8k 2nkt1, Gonmt1, 2)-
k=1
444, —1" I i—xen
A>i>k>1
445. —84. Yxazanue U3 BTOpOil CTPOKH BHYECTb YABOEHHYIO NEPBYIO,
K Tperbeil CTpoKe NpHGABHTL YABOEHHYIO HETBEPTYIO.
448. —84. 447. 98. 448. 43. 449. 81. 450. 14. 451. (—-1)” (nx 1) x»,
452, binbg, py1 ... by (@1n—Cin) (Bop_) =~ Con— ) . (ay n1)-
453, x2r_xin—3 (8, agt-. . .—Fay)?. 454&. a) D=M,M,; 6) D= (—1)kM2M3.
py BUEADI

455. D=(-1) 2 MM, ... M, TlpaBujao 3HaKOB HHAYE MOMHO

chopMyaupoBaTh Tak: Hpu uyeTHOM [ Gepercs 3Hak (— 1)% a mpm HeueTHOM
k(k-1)
t—anak (—1) 2

459. (2k+1 1) (3’+l — o1y 42k 1) (3 —2)). Yxasauue. Pasno-
UTb 1O NEPBHIM & CTPOKAM H NPHMEHHTb METOJ PEKYDPEHTHBIX COOTHOIIEHHH.

480. (aja; ... ay)=(a1a: ... ap) (Bp118p42 ... @)+ (@14 ... ap_1) X
X (@g4+288+3 ... ay). [lonaras 3necy n=2k, a,=a,= ... =a,=1 u o6o3Ha-
vaa uepes u, n-e uucao pana PHOGOHAUUH, MONYUAM Uy, =ul-fui _;, 1. e.
CyMMa KBaIparoB IBYX COCEXHHX 4HCea pajia PHOOHAUUH TaKwe ABASETCHA YH-
CI0M 3TOrO psija.

462. Yxasaunue. PaccMorpers onpemeautens mopsika 27 MarpHUB,
NoAy9YeHHOH u3 JaHHOH NpPUNUCHIBAHHEM CHH3Y TeX Xe 7 CTPOK B TOM Xe
nopaaKe.

483. Yxazanue Passoxus D no 1-#, 3-# u 5-f crpokaMm, nokasars,
410 D = AA? rae A ne aaBucHt or saeMenTtoB A, Hdas ompexenenus A nono-
WHTb 3JE€MEHTH Ha TJIaBHOH jvaroHasu A paBHbiMH 1, a BHe riaBHOH IHaro-
Hanu A paBHBIMU HYJIO.

484. Y xasanune Onpeleautesb B JeBOH YaCTH paBEHCTBA Pa3A0XKUTH
Ha cyMMYy onpefejuTeded OTHOCHTENbHO KamAOH CTPOKH M NPEACTABHTL B BUIE

4 ) af ﬂi 'Yi
D abjcr Dijp, tne Dijp=|al p1 y7|.
i, /i R=0 b B b

[loxasaTh, 4YTO NOCAEAHION CYMMY MOXHO GpaTh JHIIb IO BCeM TpOHKaM ijk,
HE COAEPMANMM DABHHX YHCEJ, pasiparas onpeieiuTeJb 5-r0 mopsika B NpaBoi
44CTH PaBEHCTBA MO NEPBHIM TPEM CTPOKaM, MPEACTABUTH NPABYK 4acTb B Buie

>\ a;bjcyCijp, rie cymma GepeTcs no BeeM TPOHKAM pasiuuHbIX unces ijk, nsme-
ualomuxes or 0 go 4. Haxowen, moxasats, uto nmeer Mecto Dijp = Cijp;

Aad atoro mobylo TpoHKy umcea ijk cBecTd K cayyaw i < j < k nepecTaHOBKOH
CTPOK H CTOJOUOB onpefenurenelf H pacCMOTPETb BCE NECATh BO3MOWHBIX Cay-

1 1 1
uaeB. Hanpumep, Ay, ,3=]c B vi=(@4+B+V)(P—o) (v—0a)({y—P) Ho
[
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0 1 o o?
# Cors=—" J|. |1 B B|=(@+B+v)B—0)(y—0) (y—B) raK Kax
g 1

Ly ¢
p=—(a+4p+v).

466. Pemenue. JloxasatreabCTBO NPOXOAMT MO TOMY iKE NMAAHY, KaK H
B TeopeMe Jlamiaca. [Toxkaxewm, 410 M06o# unen npoussereHus eM,M, ... M
-€CTb uneH onpeneautens D. [lycrb cHauana M; nexuT B IEpBBIX & CTPOKAax H
nepBHXx k croabuax, M, —B ciaeiyomux [ CcTpokax ¥ caeiyiomux ! croabuax
H T. I. M,—B nocreiHux s CTpOKax M nociaenuux s cronbuax. B stom cryuwae
qoacranoBka (1) aBiasgeTcs TOXIECTBEHHOH U € = 1.

Bepem nmpoussesenue mMoGbix wieHoB MuHopos My, M,, ..., M, B mopsaike
BO3paCTaHus MEPBHMX HHREKCOB 3neMeHTOB. OHO CONEPIKHT MO ONHOMY 3JEMEHTY
M3 KOKAOR CTPOKM UM KaXIAOro €ToabLa M, 3HAUHT, IO COCTABY 3AEMEHTOB Oyjer
unesoM D. Ecan BO BTOPHIX MHASKCAX 3JEMEHTOB wieHa MuHopa M; ectb o
HHBEpCull, TO 3HaK 3TOr0 Mpoussenenus 6yxer (— 1)°1% - T%. Ho nunexcu aze-
MEHTOB JByX pasHbix wmuHopoB M; u M; unBepcuil ne o6pasyior. 3uaumr,
O+ ...--0, ecTb ofiee YHCAO HHBEPCHA BO BTOPHX HHIEKCAX 3JEMEHTOB
B3ATOro IpOu3BefeHHs, U oHO Gyxer wieHoM D Takxke u no 3Haky. [lycts Temepn
MHHOpH M; pacmosoxeHbl Npou3BOABHO. [lepeBeneM HX B PACCMOTPEHHOE Bhillle
MOJNOXKEHUEe Ha TJBaBHOH HAHArOHAAH TAKHMH II€PECTAHOBKAMHM CTPOK H CTOJG-
1108 D, Crauana nepByio CTPOKy MuHOpa M, uMeiomyio HOMED G, NEPEBOJHM HA
NIepBOe MECTO, MepecTaBiid CO BCEMHU Bhieiexamumu crpokamu D. [Ipu atom
Mbl COBEPIIUM o — | TPAHCHO3HIME CTPOK, T. €. CTOAbKO, CKOJbKO HHBEPCHH
ofpasyer uucJIO 0; B BepXHeil cTpOke moXcTaHOBKH (1) co caenymouuMu 3a HHM
YuCNaMH. 3areM CTPOKY C HOMEpPOM Op TeM Ke MyTeM MEepeBOJMM Ha BTOpoOe
MECTO, COBEpIIafd CTOJAbKO TPAHCHOBHUMHA CTPOK, CKOJAbKO MHBEPCHH OoO6pasyeT ¢,
B BepxHelt cTpoke mnoAcraHOBKH (1) ¢ wucaaMH, CACAYOINHMH 324 HHM, H T. I,
Tax xe nepecrasasgem croabunt D. Ecau B mepso#i crpoke noacraHoBku (1) g,
a Bo BTOpOH T mHBepcu#, T0 & = (— 1)°*" u Bcero Mbl coBepuuM 64T Tpamc-
nosunuit cTpok u croabuoB D. ITosToMy Mbl npHAEM K HOBOMY onipeneautermio D’,
sl KOTOPOro D —eD". @)

Ilo mokasanHomy pauee aGoH uaesn npoussenenus MM, ... M, 6yner
aneHoM onpeneauteas D’, a B cuay (2) moGoit unen npoussenenus eMM,.. . M,
O6yner uneHoM ompepeauteas D.

Bce uneHBl OXHOTO W TOrO e uau ABYX Pa3HbIX mpoussenenui eM(M,, .M
-OTIHMYAITCA APYT OT APyra MO COCTAaBY 9JEMEHTOB H MOTOMY OYAYT Pa3NuuHBIMH
qieHaMu onpefeautens D. OcraeTca H0Ka3aTh, YTO oOHiee HHC/IO YJEHOB BCEX

‘Takux mpoussefienuit paswo n! Yucao muxOpoB M| pasuo Cﬁ. Ecan M, yxe
BHIOpaH, TO MHHODBI M, MOTYT JewaTh JUINb B OCTAaBHIAXCA 7 —— R CTPOKAaxX H
HX YHCJ0 (mm Kaxporo Bnibopa Ml) PaBHO Cf‘_k. Ipu BuiGpannux M; u M,
‘gHen0  MuHopoB M, paswo C)' ,_, W T. J; HakoHew, Npu BeGpanHnx M,
M,, ..., M,_, wucio MuHopos Mp paBHO C; = 1. [loatoMy Bcex mpousBeneHUl
Buna eM(M, ... M, Gyzer

k 1 m s
'Cn ' Cn—kcn~k—-l s Cs =

_ n! (n—k&Y (n—k—10)! st n!

TRn—R Nn—k=D m(n—k—1—m) """ s! Rfml . Vsl®
Ho unucno uzenos onpemesureass D B kaxzaoM npousseneHun eM(M, ... M,
‘paBHO k! Il m! .. .!s\. 3Hauut, YHCAO WIEHOB BO BCEX mpousBeAeHusx eMM,... M,

n!
mk!l!m!...!s!:n!.

_pasHo
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467, ToayunM npu yMHOMEHHH

—1 2 -3
CTPOKH Ha cTpokM:|—4 —7 —13],
—3 —4 —13
|7 —26 13
CTPOKH Ha croabum: |12 —35 19f
17 —52 27
—3 1 —6
cTondun Ha cTpokm: | —3 1 —8],
4 7 1
9 —~—35 18
cToA6un Ha cToabuprl |13 —47 24|,
12 37 17

3naveHns JaHHBIX ompeieautenaeii —5 u 10, a 3HaUeHHA BCeX NONYYEHHBIX
onpeneanteaci pasusi — 50.

468. (a2 b2+ 24 a2 489. (a? 4 b2 424 d? e+ 24 g2 - K24,

470. O npu n>2; (xy—x)(yo—y:) npu n=2, Ykasanue. llpea~
CTaBUTh B BHIE NPOM3BEACHHA ompeaenHTelei:

1 Xy 0...0 1 1 0...0

lxz 0...0 - 1 Y2 0.-.0.

1 x, 0...0 1 9y 0...0
471. 0, ecau n > 2, sin (o, —ay) sin (B, — Py), ecau n=2.

472. 0, ecmu n > 2, sin? (a; —0,), ecan n=2,
473. 0, ecan n > 2, —sin? (0, —ay), ecau n=2.

474. H (a; — ap) (b; — by).

n2i>k>1
415. CiCh...Ch I (ar—an) (bi— by
n>i>k>0
n(n-1)

476. (—1) 2 [(n—1))% Ykasanue DieMent B i-i CTpOKe U k-u
croabue 3anucate B Buie [i-}-(k—1)]*~! u pasaoxuTb no dopMmyne cTemeHn
6HHOMA MM MPAMO BOCHOJB30BATHCHA Pe3yAbTAaTOM NpPeABAYUIEH 3aiayw.

n
477. I xi—xp2 48.JJx—x) [ —xp2 VYka-
i=1

npi>k>1 n>2i>k>1
sanue. [Ipencrasuth B BuAe NpousBeAeHUs ONpeleIHTENEl:
1 1 een 1 1 1 1 | 0
X Xy eei Xp X Xy X3 ees X 0
2
Xy x% xi % * 5 ... xf, 0
------ . . . H . . . . . 3 . 3 . . L] . ’
-1 -1 -1 -1 - - -
E S RN e xP=l yn-d n-1 9
P S 0 o ...0 1

npudeM HPOM3BEACHUE COCTABAAETCA HO CTPOKAM.
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479. Yxasanue. [auunit onpefenurens NOMHONKUTL Ha ONPERENHTEND

BaugepMoHZa _
P 1 og & ... et

1 e €2 ...ef"!

2 n—1
1 e, € ...¢,

481. (1—am"". ¥xasanne. MHcnombsoBars pesyaprar sagaun 479
u paBenctBO (1 —ag) (1 —aey) ... (l—ae,)=1—0"% rae ¢, &, ..., 6, —
KOpHH A-fi cTemeHy M3 eauHuubl [Tpoimle, oJHAKO, BHIYHCAKTD STOT OHpPEXEAHTEb
KaK yacTHBIH cayyad ompegeautens 3agaum 325.

483. (at+-b+ctd)(a—b4c—ad)(at-bi—c—di)(a—bi —c | di)=

== gt — pt 4 ¢t —d* —20a%c? 4 2b2d2 — 4a2bd + 4b%ac — 4c?bd -} 4d?ac.
0 npu .n HEUETHOM,
1)1 — »
484. (1417 {2" » N YETHOM,

1w l(n+1) a® — 1] — nfa” @+1)
485. (—1) T—=a77 .
488. y4‘; g 3aHHe. BuuucauTh Tepsbit ONpelenuTeNb, HCNOAB3YA PE3yibe
Tar 3ajxaun 479,

n=—
487. (—2)""1(n—2p), ecam n u p BaaumHO mpocTH; 0, ecam n M D He
B3aMMHO NpocThl. ¥ kKa3aHue. VcnmoabsoBare pesyantar 3afauu 479 H cBOii-
€TBa KOpHeil n-#i cTemeHW M3 eNMHHOH, B YaCTHOCTH TO, YTO NPU p, B3aHMHO

n o
npocToM ¢ n, uucaz ef, €5, ..., e/ cHOBa ABIATCA BCEMH 3HAYCHHUAMH V' 1,
4 TIp p, HEe B3AHMHO TPOCTOM C 7, Halifercd &, %~ 1, Aaa kotoporo ef =1,
ne— -
488. 34+ (n—p)b] (a—0b) L ecan i p B3auMHO npocTel; 0, ecau n u p
He B3AHMHO NPOCTH. ¥ k a3a Hue. BocnoabsoBarbes ykasanuem K Npeinlnyuredt

3ajave. ;
- 7 jn e e/
489, 2”2 (cos"; —1). Yxasauue. [Tonowurs cos —- =—i——2-l—,

E)1 1 )
THAE & = COs F+i sin 5+ HCTOL3OBATL Pe3yabTaT 3anaun 479 u 1O, 4TO ANM

n-1
oSoro @ umeem Jf (e —ef)=a"—1 n ef =—1.
k=0 :
[cos § —cos (n4-1) 8] — (1 —cos nB)"
490. 2 (T —cos 6) -

o2 n-zn_B_ a(n+2)8 ,,n_e]
\—2 sin 5 [sin —5 sin 5

2%

2n | . ' o
Yrazanue. [Nonoxuts e=cos-—n—+tsin T,n=cose+tsm9umc-

10/b30BaThCcA pe3yabTaToM 3anaum 479.

491, (—1)y* 2*=% sin"~? —'12—"- [cos" (a +—"§’L) — cos” (a+ QLQM—)]

a-2
‘92- (_l)ﬂ"'l (n+ l) (2{12+ 1) n [(n+2)fl —ﬂ"]. y KasaHHE ”c'
[0Ab30BATh pe3yabTar 3anaun 479 u coorHomenus 124224324 ... 4-n?=

= ”(”"\‘1)6(2”"_1) H144e49e24 .., +n26”"=—£%—____—_62—;),+—2’3.me
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e —KopeHp n-# cremenr u3 1, ornmummit or 1. [las moayueHus mocierHero
paBeHCTBa YMHOXHTb H DasjieAiuThb JEBYI0 uacTh Ha 1—e.

493. f() S (M) ... f (M) rllef(nx)=al+a2x+a3x2+ oo Fagxttu

— 2k —-1mn
N, N -y Np— BCE 3HAUCHHR KOPHA ]/—1 » HanpuMep, np = €O ~———
2k —1)n o

-+ i sin (_'E_)'— . ¥Ykasauue. [lagnwit onpeaenntenh YMHOWHTb Ha onpe-
Aeanteap BannepMOHIa, COCTABJEHHBIH M3 uHCeX Wy, Mg, ..., N

494, () f (@) ... f(@n) THe f(X)=a;+ ayx+asx’+ ... +auatt
M O, Oy ... On— BCE 3HAUEHHS! KODHs N-H CTeNeHH U3 2.

495. Ykasanue OG6o3HauMB KOpHH cTeneHn 2n mn3 1 uepes g, =

kn . kn

= C0S T+ i sin - k=0, 1 2, ..., 2n—1, nokasaTb, 4TO YHCAA €f C YCTHHIMH

UHIEKCAMH B RaoT BCE KopHu n-f CTeNeHu U3 CHMHEUL, NpHueM a; - a.ep -
2 2n—-1 __ 2
+agep+ ...y, & L @1+ )+ (%2t 8,00 &t (931 8,,3) e+
+ ... A-(aptag,)e; ", @ UNCAA &, C HEUETHWMM HHIGKCAMM £ 12T Bee
KOpHH n-H. cTemeHH u3 -—1, npuuem a1+a2ek+aaei+ +a2nei””1=
2 n-1
= (0= 8y41) T (32— 8n40) B+ (8 8p5) Gt - (2, —ay) 8 -
496. lpoussenenne ABYX uyHCel, KakAOe H3 KOTOPHIX €CTb CYMMa KBaapa-
TOB YeThipex UeJHX uHCe], CaMo 6yiaeT CyMMOH KBaaparOB YeThipeX LedbiX
yuces. Y kazaHue Kaxpauil u3 onpenennteneit BO3BLHICHTh B KBaapar.
497. llpom3Benenue [BYX UHCEN, KaWJ0€ H3 KOTOPHX PABHO 3HAUEHHIO
dopMb 1%+ y3 | 2% — 3xyz, NpH nEABIX 3HAYEHHAX X, y, 2 CaMO GyAET UHCIAOM
TOrO e pojAa. ¥ ka3 aHuUe BruuuciuTe nponssenenue ompexenuteneit

a b ¢ a b
c a bl-[{c¢ a ¥ |,
b ¢ a ¥ ¢ a

HOMHOWKas CTPOKM NEPBOTO Ha CTOAOLL BTOPOrO.
498. Ykasanue. B npoussenennu onpenemutenei
a1l b a b1
b 1 aj-le¢ o 1],
e 1 b ¥ ¢ 1
COCTAaBJEHHOM NYTEM YMHOXEHHS CTOJNGUOB Ha CTOAGHH, TpeTuit croabel, MOMHO-
wuTh Ha §' =a’ -+ b’ 4 ¢’ 1 MHOXHTEAb S’ BHHECTH U3 BTOPOHl CTPOKH 3a 3HaK

onpegeantens. 3aTeM N3 TpeTbero CTOAGNA BHYECTh NEPBHI H BTOPOH.
499. Y xazanue. 3anucaB onpeneautear D B BHIE

2 a;, k]bl, k, 2 a;, k2b2, Ry vce 2 a, kmbm, R,
D=| D%nbis Dayebra, - Do b,

a b a b a b
D %m el D w2k, o D Ok, bk,
A€ BCE CYMMH J-ro cronfna Oepyres NnOo OIHOMY M TOMY X€ HHIACKCY
kj=1,2 ..., n pasaoxuts D B cymmy n™ omnpefeantencii OTHOCHTEALHO
CTOAGLOB, B KAMAOM CIaracMOM M3 j-ro cToXGNA BHIHECTH b; , 3a 3HaK oOnpe-
BeJHTENd H NOKa3arb, 4TO j
n
D= p by, ko ke Ok Ar Ry B 3

By kg oy Ryl m m
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TAC MHAEKCH CYMMHDOBAHHSl MEHAIOTCA OT €JHHHMUB A0 1 HE3aBHCHMO APYT OT
Jpyra. 3aMeTHTb, UYTO Akl By oo =0, ecnn cpefu MHAECKCOB &2y, ko ..., By
I T -

€CTh paBHble. BbiBecTH orciona yrBepxAeHue (2), a mpu m < 1 ZOKa3aTb, 4TO
JAsi JOGBIX MHIEKCOB iy, g ouuy I The 1L ii <z < ... <ip<n BCE cha-
raeMbie CyMMbi (3), B KOTOPBIX HHIEKCH Ry, By, ..., &, 06pasyloT aio6bie mepe-
CTaHOBKH YHCEN i{, {3, +. ., I, IMEIOT CYMMY, PaBHYIO A,“ f

¥ OTCI0Aa NOAyuHTb yTBepxcaenue (1).
500. Yxasanue. Marpuns A u B JIOMONHUTL [0 KBAajpaTHHIX [MpH
fIOMOIIH 711 — 11 CTOAGLOB, COCTOSIMX H3 ONHHX HyJAeH.
501. ¥ kasanue. [lpumenurs TeopeMy 3amaun 499 K MaTpunam

a, az...a,,) (c, Co ...c,,)
H .
bl b2 ces bﬂ dx dz ree dll
8508. Y xazauue Bocnoab3oBathCA TOXAECTBOM NPEABIAYyUEH 3afavd.
504. Yxasauue. [lpumenuts Teopemy 3agaud 499 k marpuuam

(al az...an) " -a—l E e a—n
b, by ... b, by by ... b,)

505. Y xasanue, Bocnoas3oBarbCi TOXAECTBOM NpelnAymiell 3ajauu.

506. Yxasauue. [lepemHoxas D u D' mo crpokaM, mokasars, 410
DD’ = D" orxyna npu D = 0 u caenyer (1). Ilpu D = 0 paccmotperb ciyuai,
Korxza Bce ajeMeHTsl D pasubl Hyao. Ecan D =0, Ho xoTa Gbl ONHH SJAEMEHT
@;j # 0, 10 ¥ i-i cTpoke D', NOMHOXEeHHOH Ha 4;;, MPuOABUTH NMEPBYIO CTPOKY,
TIOMHOXEHHYI0 Ha a;j, 2-10, HOMHOXEHHYIO HA dyj, ..., N-10, IOMHOXEHHYIO Ha a,,
u mokasatb, 410 a;;D' =0,

Cnyva#t D =0 MoxHO OGOHTH, ecam cuuTaThb 9jeMeHTH D He uyHCaaMmy,
a He3aBHCUMHIMH NepeMenHbiMH. Torza ompeneautens GyAeT MHOrOYJEHOM, OT-
JIHYHBIM OT HyJs, M Mbl JokaxeM, uTo (1) ecThb TOMEECTBO, 3HAUHT, OHO BEPHO
npH MOGHIX YHCJOBHIX 3HAYESHUAX MEPEMEHHBIX @;; HE3aBHCHMO OT obpamenus D
B HyJb,

B507. Y kasauue CHauana paccMoTperh cayuaii, koria M JexuT B JeBOM
BepxHeM yriay. [lomHoxas mo crpokam D wna muHop M’, sanucauumit B BHAe

Ay oo A AL mer oer A

e« & s ¢+ 4« 8 & e & e s e =

g b Bl

Aml Amm Am, myl oeee Amn
o ... 0 1 . 0
0 ... 0 0o ... 1

fiokasars, 410 DM’ = D™Au M ' =D™" 14 (cayuak D=0 wmoxHo oboiity
QHAJOTHYHO TOMY, KaK yKasaHO B Hpeisliymel sajaue, T. e. cuurarb D) MHOroO-
4JeHOM OT n? HEM3BECTHHIX ¢;;). 3aTem obmee pacmonomenne M cBectH x pac-
CMOTPEHHOMY NepeCTAHOBKAMH CTPOK M CTOJAOGLOB, AJS Yero MOKasaTh, YTO NpH
TepecTaHOBKE ABYX COCEIHHX CTPOK (MAH CTOJAGLOB) BO B3aUMHOM OIpeAe/H-
Tele D’ IPOUCXONHUT Takas ke IepeCTaHOBKA CTPOK (MAH CTOAOGLOB) H, Kpome
TOro, Bce 3jJeMeHTH D’ MeHAI0T 3HaK.

508. Y xasanue. HMcnoabzoBars MpeibAyIrylo 3anauy.

509. Y kazanue. McrmoabsosaTh HPEAHIAYIIYIO 3alauy.

510. Y xa3aunue. [lpuMenuts paBencrso 3afaus 507 mpu m=n—1

511. Y ka3 anue. [IpuMeHuTs paBeHCTBO 3a%ayy 507 ¢ 3aMenoii m Han —m,
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512. Yxasauue. [lo 3anaueHuio B3aumuoro onpeneauteas D’ Hafitd 3Ha-
yenue onpepeanteas D ¥ mnpuMenurs paseHcTBO 3anauu 510. Tloxasarts, uro
3anaya uMeeT n— 1 pelreHuit

513. Y kazanue. [lepeuit onpenenuTens NpeACTaBUTh KaK KBajapar ompe-
neaurens Banzepmonna, cocraBiaeHHoro u3 umcex 0, x;, Xy, ..., X,

n
514. A”= Z aikakj (i, j=1, 2, oy ﬂ)
k=1

515. Y kazaunue. PaccMorpers nmpoussenenus DA u AD, rjne D — paHHBH
onpeljeauteas, a8 A-—onpeneauTenr TOro ke nopaAka, 4To M D, noayueHHbH
nepecTaHOBKOH i-# M j-H CTPOK M3 OmpeleinuTeis, MMEIOIEro efHHHNB Ha TaaB-
HOH IVaroHaln H HYyJH BHE ee.

8516. Y xazauue Paccmorpers npoussenenus DA u AD, rae D — xaHHbi#
onpeienuteab, a B A sjAeMeHTH TIJaBHOH jJuaroHanu pasHu! 1, ajemenr B i-#
CTpOKe M B j-M CTOA6IE paBeH ¢, a OCTalbHble 3JEMEHTH PaBHH HYJIO,

517. Ykaszanue, [loNoKHTL @ =0ag-— 03 Q2==03—0a;, @Q3=05 ~0.

518. Y kasaunue. [IpuMennuts TOXZECTBO 3axauu 502,

520. Ounpeneaurens pased yHBOeHHOR mnnowanu tpeyroabHuka M, M,M,,
€CJH HanpaBJeHHe HaHMEeHbINero MOBOpoTa ayua MM, no cosnanenus ¢ MM,
COBHANaeT C HAIpaBJCHUEM HAMMEHBIIErO II0BOPOTA OT NOJOXHUTEJbHOrO HAMpa-
paenuss Ox 10 mnonOXHTeAbHOro Hampamiaenua Oy. B npoTusHOM ciayuae oH
paBeH yABOeHHOH muomagu tpeyrodpHuka M;M,M; co 3sHakoM MHuHYC.

Pemenne ¥YxasaHHhe npeo6pa3oBaHHs KOODAMHAT BuIpaxawTca ¢op-
MyJnamu

x=x'cosa—y ' sina4-x, y=x"sinay’ cosa-y,

Orciona, yMHOXAs NO CTPOKaM, HaXOXHM:

xi y; V] |cose —sina x, xn oy 1
Xy vy L|-|sina  cosa yy[=|x ¥, 1].
x5 y5 1 0 0o 1 X3 y3 1

Ho BTopoii onpeneautenb B 1eBoH yacTH paBeHCTBa paBeH 1, DTHM HeH3MEHHOCTb
JaHHOrO B 3ajadye oONpele]uTeNs NPH YKa3aHHBIX Npeo6pa3cBaHUAX JOKasaHa,
lepeneceM nawano xoopauHaT B TOUKy M; K TOBEpHEM OCH TakK, 4TO0H HOBadA
ocb abcuuce momaa mo MzM,. Homnie xoopAunaret Touex M, M, M; 6yayr

I3 14
xy1= MM, y,= +h, rne h— BricoTa Tpeyroibhuka M, M, M, onymennas 13
BeplinHbl M;, nprueM BHIGOD 3HaKa ILIIOC MM MHHYC CBA3aH C OpHEHTauueH
TPEYrodbHHKA YKAa3aHHBIM BHILIE IPABHJIOM, y{=x§= y§=0. [TostroMy ompe-

x; 0 1
JeluTesb HPHHHMAET BUI x; y; 1= MM, - h= 2§, rue S — naowans
0 0 1

Tpeyroaohika M, M,M;.

521. Oumpenenurens paBeH IVIOMAgu Napaiie]orpaMMa, HOCTPOSHHOTO Ha
OTPEe3KaxX, COeAMHAIOHIMX HAavYajlo KOOpAHHAT ¢ Toukamu M; u M, B3droit €O
BHAKOM IUIIOC, €CAM HAmpaeieHue kparuyailwero mosopora ot OM, x OM; u or
Ox k Oy cOBNaRaioT, U CO 3HAKOM MHHYC, €CIH 3TH HANPABIEHHS TPOTHBONONOKHbI,
Onpepenutenp HE MEHSIETCS DU NOBOPOTE OCeH, HO MOXET MEHATHLCS TMpH mepe-
ROCe Havana. Y x azauue. lpumennts pesyabrar mpeaviaymies 3azaus, NPUHAB
3a TPeTbl0 TOYKY HAYadO KOOPIHHAT.
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: abe
522, R= T Y xasanue. LlenTp omucaHHOro Kpyra npuHATb 3a Hayalo

KOOpAnHar, BOCHOAb30BAThCA COOTHOIMCHHAMK

1 .,
R — i — ¥y j =5 [(x; — 2 = (yi— ¥ )4 G j=123),
2

a TaKxe pesyapbTaTtoM 3alaus 520.

523. Yxasanwue [lokasath, uTO KBaipar onpeleautens pasen 1. das
ONpeje/eHHs 3HaKa, NOAb3YsCh HENPEPHBHOCTbIO ONPEAeINTE NS 110 COBOKYNHOCTH
BCEX MepeMeHRBbX ¢, By, v; (( =1, 2, 3), noxasaTh, uTO NpH BpalleHHH (UrypH
OABC ou He uaMensercs. :

824. Onpeneantens paseH 06beMy Napaliefenunena, NOCTPOEHHOTO Ha
OTpE3Kax, COeIMHSIOUINX Haualo koopauHaT O ¢ Toukamu M;, M, M, uan mecru
ob6beMam Tetpasapa OM;M,M, B3aTHM €O 3HaKOM ILNIOC, €CAH OPHEHTAIUH
TpusapoB OM M;M; u Oxy2z OXNHAKOBH, ¥ CO 3HAKOM MUHYC, €CAH BTH OpHEH-
TauuM NPOTHBONOJOMXHB (IIPE 3TOM OpPHEHTALMH CYHTAIOTCA OJHHAKOBLIMY, €CIU
nocke COBMelleHHs nyTeM BpawmeHus tpusgpa Oxyz ocn Ox ¢ OM; u naockoctu
x0y ¢ OM M, Tak, arobm Oy u OM, Aexaau no oauHy cropony or Ox, ayuu Oz
u OM; oxaxyrca mo OaHy cTOpPOHY OT maockocTs xOy, H IPOTHBOMONOXHDBIMH,
€CcJM N0 pa3Hbie CTOpoHB). Y kaszaHue. Ecau a;, as o3 By, B2 Ba Vi Vo
Y3 — COOTBETCTBEHHO KOCHHYCH HOBHX oceii Ox’, Oy’, 02’ co crapeimy, To
CTaphHie H HOBbIE KOOPAMHATH CBA3aHBl COOTHOUICHHUAMH:

x=ax'+ iy +viz', y=aox' oy’ + V22!, z=asx’ By’ +vs2'.
Hoab3ysach 3TUM M peayabTaTaMu lpeAbifyuied 3afauM, JOKasaTb HEH3MEHHOCTb
onpegeantens HacrosmeH 3anaud. Jlaa BHACHEHHS TIeOMETPUYECKOTo CMEICAA
ONpeJleMTEeN NOBEPHYTb CHCTEMY KoopaunHat Oxyz Tak, KaK yKas3aHo BhILIe
TIpH ONpEXEACHHH OJMHAKOBOH H HPOTHBOMOJOXHON OpHEHTAalnuK TPHAIXPOB.
525. V=abc Vl——cosza—cos"’ﬂ——cos"v—{-?cosacosﬂcosy. Ykasza-
HH e Boluncaute V2 noabsyscs pesyibTaTOM Opepbaymies 3aXauu.
526. Ykaszaunue Baarp Ha aywax OA, OB, OC touku m,, m, m; Ha
paccrositud 1 oT Hayajla KOOPAMHAT H NMPHMEHUTH pe3yabTar 3aiauu 524.
527. Omnpeneautens paBeH HmiecTH 06 beMaM TeTpasipa ¢ BeplunHaMu M, M,,
My, My, B3ATBIM CO 3HAKOM IJIOC, €CAH TPUIAD Ayuel M3 M, B Kawayio H3
Touek M,, M, M, HMeeT oIHHAaKOBYIO OpHEHTauuio ¢ TpusapoM Oxyz u co
3HAKOM MHHYC — B IIDOTHBHOM cJyuae. ¥ Kk azaHue. [lepeHecTH Hayalzo KOOp-
JUHAaT B TOYKY M, M npumeHuTh pesyabTar 3anauu 524, Mnaue MomxHO IIOCT%'-
IHTH aHAJIOTHYHO pelleHuIo 3afauu 520, moab3ysach 3agaveit 523. Torna sanaua 524
HONYYHTCA KaK HaCTHBIH cayuail NaHHOH (aQHaAOrHYHO TOMY, XaK ObIO HA IAO-
ckocTu B 3anaue 521),

528. R =

547 X
772 2 2 ;2 ;2 2 2 2 2 ) 5 4 3 —
XV 230512 + 2l ooty + 2ol ialiol e — [aly — Lalay — Uglsy TRE V.
ob6veM Tetpasapa u I;; =15 (i, j=1, 2, 3, 4 i+ j)— nnuna pebpa, coequnsio-
LIEero BEepIIHHB (X; ¥, 2;) H (xj, Vi zj). B cayuae npasuabHOro TeTpasipa
Ve

4
npeapiaymie 3a1ayd © COOTHOILIEHHE

1
R —xpxj—yiyy— 22y = [ — 2+ (i — )’ + (i — 2}

BEPHOE B NPEATNIONOXMEHHH, YTO Haual0 KOOPAHHAT NEPEHECEHO B NEHTp Ony-
CaHHOTO apa.

- 529, Y ka3 aunue. Jlpu g0KasaTeNbCTBe YTBEPKIEHUS 2) NOKA3aTh, UTO BEK-
TOp @;==(a;y, Ajg - . -, Gin) MOKHO NPEACTABUTH B BUAC @;=a;;€,-}a;285-}. . .-}ainep.

a
¢ pe6poM AMUHH a ToayduM R = . ¥Yxasanne. Ipumenutp pesyabrar
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Jlanee NOKA3aTh, 4TO NPU NEPeCTAKOBKE XBYX BexTOpoB dyHkunus f (a, as, ..., a,)
MeHseT 3Hak. [Ipd JOKas3aTenbCTBE STOTO, HampHMep, JAJAf BEKTOPOB &, &, pac-
cMoTpeTh f (@)t as, a1+ a,, a; ... ap).
5830. Yxasaunue. [okasars, uto yuxuua f(a, @ ..., a@;)=|AB| or
ctpox Marpunsl A o6xanaer cBofictBamu (a) u (B) n uto f (e €, ..., €;)=|B].
531' HOJOKHM f(e“r ein ey el[l) =1 npu 'IHOGHX ll; i2; LR} ln = lr 2: ey 12
n

(ONHHAKOBHX HaM Pa3MUHBX). B cuny (o), Nonaras a; = Zla[je;, N0y THM
n ' I=
f(a[, Q3" o ey an) = 2 ﬂl' 1142' l2“' . a”’ tn‘
lx' lzv i =
Srum byuxuus f (@, @ ..., &,) onpenenena. OueBHIHO, OHA NIPH MePeCTaHOBKe
BEKTOPOB HE MEHMeTcs, T. €, B Ciyyae NOMA XAPAKTEPUCTHKH 2 MEHAeT 3HaK.
[osromy (B) sumoaneno, a (B), 0OYEBUAHO, He BHNOAHAETCH.

C2 2 n (n—-1)(3n-2) n
532. (—1) % "1p? =1 2 n®, PemeHne. Yuuowas pnauuniit

onpefeanteas D caM na cebd d 3amevas, Yr0 e® =1 Torna u ToABLKO TOTAa,
KOrna k JenuTcs Ha £, NOAYUHM:

n0 ,..00
00 ...0n 2
D=0 0 .. no0|l=ED""m
0n ...00
¢z 2 2
otxyAa D=+ #=~1p2 u aan wmoayas D maxomum: [D}=n?% Ocraerca

OnpeleauTh apryMedt. Buuncass D xax onpemenutens Bangepmosna wucen I, e,
2 n—1 2 n E
€, ,.., ¢ H noaaras 3ateM €= 02 Tje = COS§ 7—}-isln S ToayqmM:

p= JI E—eH= I *—d)=

0L f<k<gn-1 AL j<kgn~t
= C(.k+j (a.k"j—-a‘(k‘f));-
0 /<kgn-1
= U.j+k 2 sin .g.é;’)_n.
o< j<E<n-1 0ti<k<n-1 n

Jan paccMarpuBaeMumx gHavenu#t j u k& Bcerma O0<k—j<n wu s3naunr,

. n
smik__.'._j.)i>0. Tostomy |D|= H 2sin-(k—_:—j—)£=n2.D=]D((3,
. n 2 0gjLhgn~1 n
rae p=i a/*® B nokasatens cremenn mpu o Kamuoe nesoe
0 j<rRLn-1

qucao p (0 p n—1) poiiger poBHo n—1 pas: au60o mox BumoM j pas
k=p+1, p+42,.... n—1 ummbo nox BuzoM £ mas j=0,1,2 ..., p—1,
n n

3ameuas, uTo 0 = { (NpM HeueTHOM n G6YEET o == i+ i, OAHaKO BHOOp 3HaKa
e MIPACT POJH BBHIY YETHOCTH UHCAA n— 1, 4TO SCHO M3 NPHBEACHHBIX HHXKE
BbIYHCACHHH), HAXONUM:
nin-1 -1y ~1 - -
(2 } n(n2 Y n(r; )+(n—-l)’ (n 1);3,: 2)
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Monaras 3n=12n-}n u ucnoab3ys AaHHOe BHlle BHpaxeHue jasg | D |, noay-
yaeM TpeGyemoe BbIpawenue aas D.

588. Onpenenuteas Gyxer noMHoweH na (2 — k) 2°~!, Vkasaune. Cay-
waif MO6BIX CTPOK CBECTH K MEPBBIM. EcC/iH e BHIIEACHBl fepBbie £ CTPOK, TO
yKa3aHHoe npeo0pasoBaHHE MOMET OHTh NOJNYYEHO NYyTEM YMHOXEHHS IaHHOTO
OnpeieauTENs CleBa HAa ONpeJeiuTe]b TOro e INOPSAK3, B KOTODOM BCe 3jie-
MeHTH! [JIaBHOH JHaroHaiax paBHHL 1, sneMeHTH BHE [JIABHOH NUHAroHadH, CTOSILHME
B NEPBBIX £ CTPOKax M NEpPBHX R CTOAGUAX, PaBHH — 1, a OCTaAbHbIE 3JIEMEHTH
PaBHBL_ HYJI0.

584. 'D = Dy} Sx, rae D,—sunauenne onpegemurens D npu x=0 u
S — cymma anreGpamueckux IONOJHeHWH Beex saeMeHTOB Dy,

535. ¥ kazaunue. BocnoabsoBaThca pe3yibTaToM NpenbIAyLiel 3alauu.

586. Y xazanue. BocnombsoBarbes mpeaniaymed sagaued.

587. Yxasanue. B onpeneinrene sagaun 534 monomuth x = — I,

539. Ykasanue. [lpuMennts MeTOx MareMaTHuyeCKOH MHIYKIIUH.

540. Yxaszanune. Bce np crpox onpezeanteas D pa3GuTb Ha n CHCTEM
1o p CTPOK B KaWIOH, OTHeCHd K MepBOif CHCTEME CTPOKH ¢ HOMepaMu 1, n—-1,
2n+1, ..., (p—1)n41, xo BTOpO# ~— cTpOXH € HOMepamu 2, n4-2,2n4-2,...
e (P—1n+2, ..., k n-i— cTpoku ¢ HoMmepaMmu n, 2n, 3n, ..., pn. K atuM
cucteMaM NpuMeHuTb 06o6uenHyio Teopemy Jlannaca sanauu 466. Ilokasats, uro
MUHOPHl MOpsiKa p MOGOH H3 YKA3aHHBIX CHCTEM PABHBI HYJIO, €CIH XOTH Gbi AB4

BTOPbIX HHJIEKCA 3JEMEHTOB b;; onunaxoBul W uto D = f(ay, ..., au,) B, rae
f{aiy .. .» @yy) HE 33BHCHT OT 34€MEHTOB by Ilnas onpeseneHun f (@i, ..., @nn)
nosokuth bip=1 maa i=1,2, ..., nu by=0nmi j=1,2 ..., n i+]

542. Pemenune, Ecau Bce 4;;=0, T0O MOXHO MOJOXHUTB
AL=Bi=0 (i=1, 2, ey n)-

lycts, Hanpumep, anreGpaudeckue IONMOMHEHHS 9/EMEHTOB HOCTeIHEro croxbna
He BCe DaBHB HyMO (B ciyyae JApyroro CTroiéna pacCyXJeHHsd aHAJIOTHUHBI).
Tak xax D =0, To arre6panueckue XONMONHEHHA 3JEMEHTOB JABYX CTOAGIOB Mpo-
nopuHoHAALEE (cM. 3azauy 509)

Ay Ay Ay Bj

(j=1’ 21 ceey fl-—l),

A = Asp - Ann Cj
'
rae apo6b —C—j- 6yneM cuuraTh Hecokparumoi. Orciozna
S
A AinB (=12 s i=12 1
U=—C—7—_ (_t 3 900y n»j—v 3 ooy n"'l)- ()
B/
Ho A;; mHorounen or xj, x5 ..., X5 M ApOGb -?j- necoxparuma, Ilostomy A,
i
noskHo jeautbea Ha Cj (=1, 2, ..., n—1), a 3nHauur, U Ha OOIiEC HAUMEHb-
wee kpatHoe Beex Cj (j=1, 2, ..., n—1). O6o3nauus 310 O6HICE HAUMEHbIIEE
KpaTHoe uepe3 B, HOyuHM:
An=4B, (i=12...,n), @
B
rae Bce A;— MHOFOWIEHH OT X, Xy ..., ¥z Ilonowum Bj= ﬁB'] =1,
2, ..., n—1). Bce Bj — MHOTOYNEHBI OT X, X, ..., Xp NPHIEM U3 (1) naxomum:
A[j"-:A,;Bj i=12...,n j=1 2 ..., n—1) (3)

Pasenctsa (2) n (3) u AokasbiBaloT TeopeMy. B uacTHoCTH, Ana ompepeanreas A
MOMXHO NONOXHTh: A, =B, =¢, Ay=B;=—b, Ay=B3;=a.
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548. Pemenue. [lycts D,,— kococuMMeTpUUeCKUil ompeneanTens Imo-
panka 2n. TlpuMennm wmHayxnuio mo n. Jing n =1 teopema Bepra, u6o D2==a%2.
MpennonoxuM, 4TO TeopeMa BepHa AJd UHCHa A H JOK&XKEM ee Aid uyucia
n-1. Buuepknys ua gnannoro onpexesutens Dy,,, TOCIENHIOO CTPOKY H
nocaefAHHE CTON0EN, TOJNYYHM KOCOCUMMETDHUECKHH ompenesuteas Dy,
paBHbiii Hym0. Ero sieMeHTbl  MOXHO pacCMaTpHBAaTh KaK MHOTOYJEHBl OT 3Je-
MEHTOB, CTOSIIMX Bblllle TJAaBHOH AHATOHAMH C UEJbIMH K0s(hduuuenrtamu. Ilo
TeopeMe INpEAbILylIeH 3anauy, anrebpanyeckue AOMONHEHMS JEMEHTOB Dy,
umewt Bl Ajj=A;B; (i, j=1,2 ..., 2n41), rne A4; u B j ~— MHOrouneHb
OT 7Tex me HeusBecTHuIX. Munopni M;; u Mj; B Dypyy TORYHalOTCH @XMH U3
IpYroro TPAHCIIOHHPOBAHHEM M H3MEHEHWEM 3HAKOB JJMEMEHTOB, a TaK KaKk OHH
yeTHoro mopsaaka 2n, 10 Ajj= Aj. Wmn A;B;= A;B,.

B; B; .

T:—A—=7»; Bi=A-4; (=12 ..., 2n+F1).

[ ]

A — paupoHanbHaA QyHKUMA Tex e HensBecTHuX. [Janee, 4;; = A; B, =AA% n
N0 NpeANOAOXeHuio A;; eCTb moaubid kpajgpar. 3uauut, A = u?, rie u— panuo-
HanibHas dyukuus. Urak, A;; = (WA;)% 3aeck caeBa cTouT Muorouaed. Ho ksaxpar
HeCOKpaTHMO# npo6H He MOXeT 6HTh MHorouneHoM. 3Hauut, WA; = ¢; — MHOO=
uned. [IpuMeHsas pasioxeHHe, NaHHOe B 3afaue 541, Haxomum:

2n+1 2n+1
Doppa=— 3 Aija sniolontz,j = 3, ABjay, on+28j, 2nte =
1,521 i, 5=1
2n+1 2n+1 2n+1 2
={ D Aiay, ons2| | X Bjaj, 2n+2 ==7»< D Ay, apgs) =
=1 =1 =1
2n+1 2

Z Ciai, ant2 -
i=1

dTuM yTBEpKAEHHE 3alaud JOKazaHo. ITO JOKa3aTeAbCTBO HE AAeT YAOGHOTO
npreMa Aas QAaKTHYECKOro BHIUHC/AEHHS MHOrOYAeHa, KBaApaTy KOTOPOro paBeH
AaHHBIH KOCOH CHMMMETPHYECKUHl ONpE/eANTEeab YETHOrO HopsAKa. Takue npasuaa
KaHbl B 3amauax 545 u 546.

544. Yxasanue. PaccMoTperb 1Ba YieHa, B OZHOM U3 KOTOPBIX MOACTa-
HOBKA HHJEKCOB HMeeT LMK (0,0 ... Q) (2 -—HeueTHO u Goablne eAMHHUND),
a B JAPYrOM — UMK (Gx0p_1 ... O9q;). Caydait A =1 paccMOTpeTh OTAEABHO.

545. Yxasanue. Ilpu noxasareanctse 1) no naunoit mape N;, N, npu-
BelleHHBIX TNpaddoBLx mpousBefeHUH BoccTaHOBUTH 3amuch (1) mnoxcranoBkm
HMCKOMOI'O 4J€Ha, HMes B BHJY, 4TO €CJHM 3allHCaTh 3TOT 4jeH B BHUIE

+a a vee & a oo
a], (12 ag, a3 ahy al ﬁln Bz “'k: "'17
’
TO Nl COCTOHT H3 3JIEMCHTOB, 3aHHMMAIIMUHX B 3TOM INPOHU3BCACHHUH HEUYETHHIC

14
Mecta, a Ny —uernsie Mecra. Hampumep, B N, Oepem saeMent ¢ mepBHM -

rHAexcoM oy = 1. Bropoit ero mugekc o, Aact BTOPOH SJeMEHT MEPBOrO LMKJAA.

B N, OepeM snemeHT, ONMH M3 HMHIEKCOB KOTODOTO ectb Oy Ecam Apyroii

HHIEKC — 0y, TO LIUKJ 3aMBIKAeTCs, eCJH Oz TO STO TPETHil WieH LMKAa, H T. X.

INoxasark, 4T0 B MONyuYeHHOH MOACTAHOBKE BCE LHMKABI YeTHOH MiHHH. [Ipu noxa-
! 4

sateabcTBe 2) samerutb, 4T0 Ny = N; u N, = N,. 3Hak uieHa ONpeleNsTb Kak

(—1)%, rie s —4uCIO HMKAOB COOTBETCTBYIOMIEH TMOACTAHOBKH. ¥ TBepiAeHue 3)
BHIBECTH H3 1), 2) u TeopeMnl mpejamAyuled samauu.

546. Yxaszanue [loxkasarb, 4T0 B KaXIOe cJaaraeMoe arperara p,
BXOJUT OJHH H TOAbKO OJHH 3JAEMEHT n-To ¢T0A6Ua Dp; B KaWAOM CIaracMoM pp
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PACHOAOXKUTD 3JEMEHTH B Nopaike BO3pacTaiuA BTODHX HHAEKCOB H IOKa3aThb,
4YTO eCJAd BHIHECTH 3a CKOOGKHU SJEMEHT Qp U3 BCEX CJaraeMblx, €ro ColepmalHx,

T0 B CKOOKAX OCTAaHETCR Pj, €O sHakoM (—1)"~17¢= (—1)I~1,
8547, p; = @12 Py= Q23014 — B13024 - 12834}

Po == Q34la5@16 — Q24835815 + A23d4sd18 — B34 15825+
+ 014835000 — G13045026 | 024815036 — 314825835 1
+ 212845035 — 323815046 + 213825845 — 312035845 1~
+ 223814856 — A13824055 + @12234856-

548. 1-3:5... (n—1).
549. Yxasauue. Onpexeanrens

A1y eee Qi Xy
[ T T

D' =

~&ip «os Qpn Xp |
X sen ==X 0

noayuyeHnbiii oxaiiMaenueM D, pasnoxurh no ¢opMyte 3anaux 541 M npHpaBHATD
k KkBagpary ndadpdosa arperara aas D, npumeHUB K HeMy dopMyay 3anaun 546.
B nonyyeHHOM PABEHCTBE MOJOWKUTL X; = Xj==1, xp =0 npu i = k + j.

550. Yxaszanue. Mcrnoabsys To, uro mponsBefgeHHe ABYX MHOTOWICHOB,
OTJHYHBIX OT HyJs, CaMO OTJHYHO OT HYJf, NOKa3aTh, yTO ecin D = AB — mpex-
nojaraeMoe pasjoXeHue H KakOH-HHOyAb HieH MHOrouwleHa A cozepxur a4y,
TO HHKaKoOit uieH B He COZEpIKHT 3.eMEHTOB NepBOil cTPOKH (cToa6ua). BriBecTn
OTCIOAA, 4TO KAaKOBH Obl HM Obiau i, j=1, 2, ..., n, Halizerca uieu B A, comep-
wamuk a;;, HO HMKaKoH 4ned B ue comepxur 4.

551. Yxasanue [lpu JokasareancrBe 2) ONpeAedHTh B,_p HCXOAR
H3 HyMepauuH, ¥y, %y, ..., £, , | couetaHud u3 n umceal, 2,..., nmo n—4,
(n-k)
KOTOpas CBA3aHA C HyMepauueH §;, Sy, ..., s(”),
k

CONEPXHT Te n— k uuCeN, KOTOpHe He BXOAAT B §;. Ecad 0; —CyMMa dncen u3

onpefenswmei A, Tak, 4T0 ¥

n—-—=k
— T
onpefeanTeass A,_p MHOXUTEIb (—1) !, TIpu noxasateabcTse MyHKTa 4), MCIOMb-
3ys PABEHCTBA NMYHKTZ 3) M HENPHBOAUMOCTb D), yCTaHOBJAEHHYI B MpeabAyieH
3afave, a Takwe creneHb D u A, OTHOCHTENLHO SJEMEHTOB @;j, IOKAa3aTh, UTO
n-1

- . . n
CoueTaHus S; TO BHIHECTH U3 {-il CTPOKH M i-ro cTOAGUA (l =1 2.., ( ))

Ap = cD(""l , TAe ¢ He 3aBACHT OT 9AeMeHTOB a4;;. [lan onpeneneHus ¢ 1o-

(n-l n—l)
Ka3aTh, 49To Kak Ap, Tak u D k-1 coaepKar uieH (1823 «.. App) k-1
¢ K03(pHIUEHTOM, paBHBIM eXHHHLE,

852. P, =Q,=1. Ykasauune. [loxasaTs, 4TO Q,,=P3.

n
553. Ykasanue. Ilokasare, uto djj= 2 Pyl ® (), rae pyy—Te e,
k=l

30 ¥ B mpeamAyumed sagaue.
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OTtaexn II. Cucremn auHeHHBIX ypaBHeHmil

854. \;=x,=1 x3=x,=~—1.

5585. x,=—2, x2=.0, x;;=1, x4=—l.

886. x, =1, s, =x3=2 x,=0.

B887. x, =2, xy=—2 x3=1, x;=—1
558, x;=—04, x,=—12 x3=34 x;=1

888, x=2, y——1, z2=2, t=0.

2
560- x=-—-3, y=0, 2=———1-, t.-:.%.
BB x=2, y=—3 z=—-23, ¢=%,
562. Cucrema pemeHdd He uMeeT. 563. Cucrema pemenuii He HMeerT.

564. lismeHenne HyMepauun HeH3BECTHHIX BOOGLIe He TEPEeBOJHT CHCTEMY
B DKBHBAJICHTHYIO, HO IIDH PEIIEHHH CHCTEMbl OHO RONYCTHMO IIPH YCJOBHH, YTO
ToCcke PelieHHs CHCTeMH MBI BO3BpaulaeMcss K HCXOXHOH HyMepauuH. Y kasa-
nue. lokasare, uto mociae npeoGpa3oBanuil Tuna a), 6), B) Moboe ypasHeHue
HOBOI CHCTEMBHI JJHHEHRO BHpakKaeTcd Yepe3 YpaBHEHHd CTapOi CHCTEMH M 06paTHO.

567. x|=—-l, x2=3, x3=—2, X4=2-

568. v, =2 x;=1 x3=—3 x,=1.

569. x| =—2, x,=1 x3=4, x,=3

570. x1=0, X2=2, x3=—1—| x4=_...g_'

1 2
57'- xl=-2—, x2=——-3—, _x3=2, X4=—-3.
572. x,=104—(75—, .Xg=7i, x3=—10. X4=1.

573. X1=5, X2=4, x3=3, X4=2, X5=1.
8574. x, =3 x;=—5, x3=4, x,=—2, x5=1.

875. x,=%, '?3," x5_=——-§-. VYkasauue.

[punate 3a HOBHe HeusBecTHHe 2x, 3x, Sxg.
576. x, =5, xy=4, x3=—3 x,=3 x5;=—2
3 5
577. x =2, x2=——§, X3=4, x,=23, x5=-2—.
578. CucteMa HeompejeleHHa, T. €. HMeeT OECKOHEYHO MHOrO pemeHuii;
X, H X, MOKHO BBIDa3HTL 4Yepes X3 H Xy Tak: X =0-—26x;417x,
X9 =— 14 Tx3~5x, npHueM x; 4 X, MOryT IPHHHUMATL MOOHIE 3HaYEHHS.

Xo=—2, x3=3, x,=

579. Cucrema Heompefenenna. Obuiee pemenne: x; = Tl(—)- (6 — 154, — xy),

1
x3=-5-(1+4x4), rie x, U x, NPHHUMAIOT MoGbie 3HAUEHHA.

580. CucreMa npoTUBOpEUUBA, T. €. HEe HMeeT pelueHuil.

581. CucreMa pemenuil He uMeeT.

584. Eciu a4, a,, ..., @¢;—BCe 3AEMEHTH MOJA, TO MHoOrowieH f(x)=
= (x—a,)(¥x—a,) ... (x— a,) paBeH HyMO Kax byHxuud, HO HMeeT KO3ddu-
LHEHT eJMHHIY NpH X7,

585. f(x) =x2—05x-3. 586. f(x) =243 —5x247.
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587. lpn 3a712HHOM aCHMNTOTHUECKOM HANPABACHHH UEpe3 JMo6ble 1~ 1
pasnuuHBle TOYKH TIOCKOCTH, M3 KOTODBIX HMKakue JABe HE JeXaT Ha IPAMOk
aCHMNTOTHYECKOTO HAlPaBJIeHHs, MOMXHO NPOBECTH Napabony He BEINE n-H CTe-

NEHH U MPHTOM TOJBKO OJHY.
588. y —3x3—5x24 1. 589. x=y*—3y?—5y-|-5.

590. x=-;11—(—a+b+c +a), y=%(a.—b+c+d),
z=%(a—[—b—c—{—d), »t=—}r(a+b+c—a’).

1 c—ad ¢ —a'd ¢ —a"d)y
591- x=7(—— b —a + g + b7 — I/)’
1{c—ad ¢ —a'd ¢ —a”dy
y_"2‘( b—a - b —a’ + 57— //)’
1({¢c—ad ¢ —~a’'d ¢ —a"d
2=—( bh—a + b’ a’ - bl/__a//)

2
c—ad ¢ —a'd ¢’ —a"d
t——d——?( b "I‘ b, / + b// / )'

Yxasanwue. Jlaa noka3aTe]bCTBa eNMHCTBEHHOCTH pEHICHHS IIOKA3aTh, UTO
ompejiesuTeab CHCTEMB -paseH 2(b—a) (b’ —a’) (0" —a”) 5= 0. Jlna Haxoxie-
HUS PElleHus W3 NEpBOro, BTOPOro H TpeTbeFO ypaBHeHu#l BHYECTh YeTBEPTOE,
YMHOKEHHOe COOTBeTCTBeHHO Ha a, @’ u a”

592. x=71-(ap—bq—cr—ds), y=%—(bp+aq—dr+cs),

e= o (eptdgtar—bs), t=—(dp—cqtbrtas),

rie A=a?4-b>4-c?4-d2% Y xaszanue. BocmonbsoBatbes sanaueit 468.

598. x, = (—1)% Py, rze Pp — cymMMa BCEBO3MOMXHBIX nponsBeneHuu no k
quCed 4y, @y ..., @y ¥ Ka3anue Bocnoassosarbes 3anaueit 346.

I e—a)

594, xp— ~LF _ f(b) ,
xk Il @—a) (2—ar) s (ar)
ik
rie f(x)=(x—a)(x—ay) ... (x—ap).
595. x, = (—1)"tk bifie
#e= (=1 Z;m—mouww—qum—wmonww—%)’

rie fir €CTb CyMMa BCEBO3MOKHBIX IpousseleHu#l no n—k us n—1 uucen
Ay ey iy, ai+lv ceey Qp.

1
896. 1, = bifus
) (ak—’al) o (@ar—ap_1) (@ —apsy) ... (@r—an) :2.:1 1S ki

TIe fz €CTb CyMMa BCEBO3MOWKHBIX mpomssefeHufi mo n—i u3 n—1 uncen
Q1) ey dk_h Bhily o0y Qpe
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(—DFPy_s .
5917. Xp= -y The Pi(i=1 2 ..., n—1) ecTb cymma BceBO3-
MOMWHBIX ITPOM3BEleHHH moiusnuucen 1, 2, ..., nu Py=1.

n
bzcl

. Ce _ i=1
598. xr = T PRI G =D
599. x, = H u. Y kasaunue Onperenurens cucTeMbl npencra-
ik Gk

BUTb B BHJE NPOU3BEJEHUd IBYX onpelenureneH.

600. Pemenue. In(l +x)=x—%x2+%—x3—%—x4+ ... [lostomy

1 1
1=04hnxdhx?+hgx®4 ..0) (1 5 x—i—?xz—%x‘h{— ), OTKyIa
1 1 1 1 1 1 1 1 1
"hl=’2—’ 7h1—_h’2=—s 3’11——2—,12—{—,13:?, Thl—'ghz—}-?h@——
1 o

—hy=7%, ... M3 neperix n ypasuenuit no npasuay Kpamepa moayuum tpeGye-

#0e BHpaxeHue Aas hp,
602. Yxasanue. Mcxoaa u3 toxuecrea

L= (1 bix + byr® 4 boxd 4= ...) (1+—;‘!-+’3‘—7+%3—+ )

fI0AYUHM CHCTEMY YDPaBHEHHR 1aa ompejeieHus by, by, &;, ... Jdas NoKas3arcab-

«TBa TOro, 410 by,_; =0 npx n > 1, samernutsp, uT0 b, =—5u 470 GyHKUUS
1 x X x X
—-—x (e2 +e 2)-—(e2 —e 2)
x 14t k= 2
e* —1 27 x  _x
‘ et —¢ 2
qeTHasl.
1
603. Y xasanue. VMcnoasays paBenctsa b = ——, byy =O0mpun>1,

@onyueHHbIe B NMpelbAyIiel 3alaye, NOJAOKUTL bgp = ¢, U B TOXKIECTBE
2 3
1= (1——%x+clx2+ch‘+c3xﬁ+ ) (1 +%+%!+-§l_+ )

AIPHPABHATH KO3((HUUHEHTH OTACABHO NPH YETHHIX H INIPH HEUETHHIX CTEHEHAX X.
4. Yxazanue. Jas ycraHoBieHHA TpeGyeMOro paBeHCTBA B TOXIECTBE

FF D =a" - Cr I L O 2 L+ Chx A

monoxkuth x=1, 2, 3, ..., k—1 4 noayueuusie paBeHCTBa CJAOKHUTh. B ycrano-
BJICHHOM DAaBEHCTBE 3aMeHuTb 7 Ha n—1, n—2 ..., 2, 1 u u3 noayueu-
HOH CHCTEMBl 7 JTHHEHHBIX YPABHEHUH OTHOCHTENBHO Sq (K), S1(R), «.., Sp—; (R)
HaiTH $,_y (R).
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605. 2
31 1 0 0
4 1
Eil o 1 - 0
In= 6 1 1 .
T T 2 - 0
2n 1 1 1
G+ DI @n=T @n—=n1 " I
Vxasaune. [oayuurp TONKAECTBO

606. 2
31 1 0 .. 0
4 1
5T a1 1 . 0
Ia= 6 1 1 o I
T B 3r
2n .1 T 1
CnE DT @n—0DT "@n—3)1 " 3l
807. '11T 1 0 0 ... 0
1 1
p=—v=| 1 1 1
nt )2 o .
31 21 11 1 0
1 1 1 1 1
nl =D =2 =31 " Il

YV kaasanue. Mcrnoapsys ToxaecTso

[605—630

I=(1—ax-+tax2—ax®+ ...) (1+—1£!+—;—j+%—3!—+ ),

NIONYYHTD
608.

gpaBHem»m AJsl OmpeNeNeHus a;, ay, ...,
. 609. 3. 610. 3. 611 2. 612, [Ipu A

an.
=0 panr Matpuun paBeH 2,

npu A % 0 oH pasen 3. 618. Ilpu A = 3 panr paBeH 2, npu A == 3 paur pasen 3.
619. 3. 620. 2. 621, 3. 622. 2. 629. Yxasauue. Mcnoabaya auneiinoe
BHpaMeHHe BceX cToa6moB Marpuubl A uepe3 cToa0LHl, HPOXOISILIHE Yepes
MuHOp d, mokasath, 4yto ecau d = 0, TO CTPOKH MATpuubl A, IpOXoiflIHe yepes d,

JHUHEHHO 3aBHUCHMEL.

630. Ecmu 0r<<n—2, 10 F=0. Eciu r=n—1, 10 r=1. Ecau r=n,
T0 r=n. Y kasadue. Hcroapsosarb 3agauy 509 uau sapauy 747,
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8631. Pemenne. [Joxawem 1). Ilpu r=0 Bce rxaBame MUHODH MepBOro
# BTOPOro MOPAAKOB PaBHH Hymo. Ecau A= (a;j)p 102 =as=... = a,, =0x
i 4
aji ajj
ans mobux £, j=1, 2,..., n; i < j. Otciona a;;=0, i, j=1,2, ..., n, A=0;
paHr A paBeH HyJIO, YTO H HyXHO 10Ka3ath. [Ipu r=n—1 umeeM M,_, =£0,
M,=|A|=0, panr A pasen n—1.

[yctb 0 < r<n— 2. FnaBabti MuHOp M, 55 0. IlepecTaBiififl COOTBETCTBEHHO
CTPOKH M CTOAGHBI MaTpunbi A (4TO HE HAPYLIHT CHMMETPMH MaTpuubl A u He
H3MEHHT €€ paHra), Mbl MOXEeM epeBeCTH MuHOp M, B JeBHH Bepxuuit yroa
marpuust A. Jlas joxasarteabcTBa 1) ZOCTATOYHO T10KA3aTh, 9YTO BCE MHHODHE
{r -+ 1)-ro mopsanka, okaiimasiomue M,, paBHB HyJiO.

Nycts M;;— munop, mnoayueHHnd u3 M, oxalimnennem  i-H crpokoil u
J-M croabuoM " (i, j>r). Tlo ycnoBuio M;;=0 mpu i==j. Ilycte i< j u
D — onpegenutens, noayuennntii u3 M, oxaitmaennem i-i u j-H crpokaMu u i-M
n j-m cronbuamu. [lo ycunosuio D =0. Ilyets C — marpuua onpexeaurens D.
Mpennonomum, uyt0 M;; # 0. Torna panr C pased r 41 u cTpoku MaTpuum C
¢ nomepamu 1, 2, ..., r, i jaunelino HesaBucuMBl. Ilo cuMMerpuun C cTOA6LBL
€ TeMH e HOMEepaMH Takxke JuhedHO Hesapucumul. [lo 3apaue 629 munop M,
CTOSIIHI Ha NEPeCceucHMH 9THX CTPOK H CTOJAGLOB, OTIHYEH OT HYyJAd, 4TO MpO-
THBOPEUHT YCJAOBHIO. YTBepxJeHUe 2) ciaexyer u3 1) uaum npaMo u3 sagauu 629,

632. Y xazanue. Mcnoss3osarh npefpaylylo 3ajavy.

638. VY xa3anue, Mcooap3oBars peuienune 3azaum 631,

634. Y xasaunue. Bocmoab3oBarbcs mpeAbliylnedl s3anaued.

636. (1, 4, —7, 7). 637. x=(0, 1, 2, —2). 638. x=(1, 2, 3 4).
6389. Jluneiino HesaBucuma. 640. JluneiiHo 3aBucuma. 64%. JluHeitHO HesaBu-
ciMa. B642. Jlunedino 3aBucuMa. 643. Jluueiino 3asucuMa. B64%4. Jluneiino
He3aBUCHMa.

2
=a”a”——a”=—a?j=0

s
651. Y xazanue. [Ipennonoxus, 4To 2 Aja; =0, rie e Bce A; pasuu
i=1
Hynio, u BHOpaB cpeny A; HaubonplWHA MO MOXYMO KO3DDHUUEHT A IOKA3aTh,
41O j-f KOOPAHHATZ B3ATOH JHMHEHHOH KOMOMHAUMM OTAMYHA OT HYJd.

856. Y xasanue. [lpernosoxus, 4TO IBa BEkTOpa @y, @; (i > j) Auneiino
BLIP@KAIOTCA Yepe3 Npeibliyllue, HalTH BhpaXeHne BekTopa b u3 Brpaxenus a;
¥ NOACTABUTh HailleHHOe BhHIpaxMeHHe B BLHIpAWEHHE . .

657. Yxaszaunue. K cuacreme @, @y ..., @, OpHNHCATh BIEDefn B, H
BLIUEPKHYTh BEKTODEHL, JUHEHHO BHIPAKAKUIMECH Yepe3 NpeiblAyLIHe; K MoayyeH-
HOlf cHCTeM€ INpullucaTh Blepeln b, H CHOBa BHIYEPKHYTh BEKTODPH, JHHEHHO
BHIpAXKAOLWHEC Yepe3 NIpelblaywue, B T. 1.

Bocnoab30BaThCA Hpeibiiyliel 3azadeil.

658. Y xazaunue. Hcnoabsosare 3agaun 653 u 657.

659. Y kazaunue Cunrad J1aHHy NOACHCTEMY YHOPALOUEHHOH, IPUNUCATD
mocie Hee BCe BEKTOPBI CHCTEMBI H BHIYEDKHYTb BCE BEKTOPBI, JHHEHHO BhIpa-
WAIOLIMECS 49epe3 MpelblAylIHe.

662. Takux uuce] nojo6parb Hexb3s.

664. Yxazanue, [lpu J1oxaszatenbCTse 3) HCHOJAb30BaTh 3agauy 663,
a Takxe 3aAauy 658, MyHKT B).

665. A =15, 686. A —moGoe uncao, 667. L — moboe uncno. 668. A ue
pasHo 12, 669. Takoro sHaueHus A He CymeCTBYET.

670. B szanaue 665 BekTOpH @, @, @3 KOMIJIAHAPHBI (T. €. JEWKAT B OLHOH
[IOCKOCTH), HO He KOJJIHHEeapHel (T. €. He Jexar Ha OAHO# mpamoit). Ilpu
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A== 15 BekTop b momazaeT B Ty e IJOCKOCTb M BHIPAXKAETCA Uepe3 @), @y, @3
a mpu A =415 oH He JeMHT B STOH IJOCKOCTH H HE BhipaxaeTcd uepe3 3T
BexTopol. B sanaue 666 BexTOpH @, @) @3 HE KOMIJAHApHBI U H0GOH BEKTOD-
TPEXMEPHOTO MPOCTPAHCTBA 4Yepe3 HUX JMHEHHO BHpaxaerca. B samaye 667
BEKTOPH @;, @ HE KOMIUHEAPHBI M JexaT B MAOCKOCTH 4x; — 3x, =0.

[pn mo6oM 3HaueHun A BeKTOp b JAEKHUT B TOH Ke NJAOCKOCTH M JMHEHHO
BHIpAXKAETCH uepes a;, ds.

B 3azmaue 668 BexTOpB @;, @; HE KOJJHHEApHH, a BekTop b He KOMILIa-
dapeH @, @, Tlpu A =12 BexTOp @, KOMIaHAPeH @;, @, ¥ BekTop b uepes a,,
a; @3 He Bbipaxaercd. [Ipu A == 12 Bexropwl @,, @; @; He KOMMIAAHapHH H b
Yyepe3 HUX BHIPaXaercs.

B samaue 669 BexTOpH @), @) @3 AEWKAT B IIAOCKOCTH 3x; — x3 =0. C us-
MEHEHHEM A OT — o0 J0 -}-00 KoHell BeKTOpa B OHMHUCHIBaeT MPAMYIO x; =2,
X3 = 5, mapaaneJbHyK 5TOH MJIOCKOCTH. BekTop b Hu NMpH KaKOM 3HaueHUH A
He JIEKHT B yKa3aHHOH NJIOCKOCTH H He BBIDAKAETCA 4epes &, Gy, Q.

672. Takux cucrem uerbipe: 1) a,, a;; 2) a;, ag 3) a, as; 4) a; a,.

673. 1) ag, Qg 2) Qs Ag.

674. Jlio6bie 1Ba BekTOpa 00pasywT Oasy.

675. 1) a;, a; 2) a, a4 3) a, a,.

676. JlioGbie Tpu BEKTOPA, KPOME @y, Gy, G5 H A3 Q4 Q5 OOpasyoT 6asy..

677. ExunctBeHHada 6a3a 6yfeT B TOM M TOAbKO B TOM cayHae, KOrja ax6o:
BCA CHCTEMAa COBHMafaeT co cBOel 6a3ol, MM60 Bce BEKTOPH CHCTEMEl, He BXO-—
qdmue B ee 6asy, paBHHL HYJIO.

678. [ige Gasbl

679. Basy ofpa3syior, HanpuMep, BEKTOPH @;, Az Q4 A3 = G; — Qs

680. Onuy u3 6a3s o6pa3yoT BEKTODH &, @ a3 Gy =2a,— 3a,-} 4a,,
as = a, + 5a, — ba;.

681. Oxny u3 Gaz o6pasyloT BEKTODH @), Qs G5 (3= G — Qs as;,
a,=3a,}4a, — 2as. -

n
682. Y kasauue. [lpu AokasaTenncTBe 1) B paBeHCTBO Z a;x; =0 noa--

j=1
r
CTaBUTb BBIpAXKEHUSA X; =2 Aijxj (=r+41r<42 ..., n) u nokasars, uTo
j=1
n
aj=— 3 Gk j=12 ..., "
i=r+1
MMoab3ysach 5THM, NOKa3arb, 4TO €CAH @y==(—As, 1. —Aj 2 vy —Aj, o
0.0 1,...,0), i=r+1 r-42..., n rie paBHas eIUHULE KOOPIHHATA
n
sanuMaer (r -}-i)-e Mecto, H @ = (a;, Oy, ..., Oy), TO @ = 2 o;a;.
i=r+1
IIpr noxasateancTBe 2) —4) Hcnoab3oBaTh 3agauy 664.
683. 2f, —3f; — f3=0, 68%. 1 —2f,—f3=0,
S1—3f2+ fu=0. Si—3f s+ fi=0,

3fi—8fs— fs=0.
683. Popmm auHefino HesaBHCHMBL, OCHOBHOH CHCTEMH JMHEHHEIX COOTHO-
meHH# He CymecTBYeT.
585- 2f1—f2—’-'f3=0, 881- 2fl_f2=01
2fi—2f24fi— fs=0. fi—Ffs—fatFfs=0.

688. Y xasanue. Ucmoabsosarh 3agauy 661 uam 657,
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X3 =9, —2 —Sx3+ x,+10

i1 P He= 11 :
jactHoe pellleHHe x; = —1, x3=1, X3=0, x;=1.

690. Hanpumep, ofuee pemeHue: x; = 22x, — 33x, — 11, x, = — 16x, $-
+ 24x,-}- 8, wacTHoe pemenune: Xy =2, x, =1, x3=x,=0.

691. Ob6mee pemenne: x3==1—3x —4x, x,=1; uacTHoe pemieHue:
X =——1, x2=1, JC3=0, JC4=1.

692. CucrteMa HEeCOBMECTHA,

6938. CucreMa uMeeT eJUHCTBEHHOe pemeHue x; = 3, Xy =2, x3==1.

694. Obumee pemenue: x3=6— 154+ 10x,; x,=—7-4 18x;— 12xy;

689. Hanpumep, obimee pemenne x; ==

"JACTHOE PEIIEHHE: X} = Xy = Xg=1, xy=—1. 1
695. O6mwee pemeHue: xg= w‘ Xy= _1_6"_1':"%':_9_;
22 8
“gaCTHOE pelleHHe: x; =2, xp =1, x3= T K=
27 9 3 1 .
696. Olwee pemenne: x3 =2 — 5 -+ 3% 4= 14 5% — 13 %
“q3CTHOE pEIleHHE: X; = xp =1 _3 ___£
HacTHOE P PHpE=Xp=1L X3= g3 Xo= g i
697. Of6uiee peiuenue: x; = —6—7|—8x4 , Xp== 1 ——713x4’ X = 1 ';6)‘:4 :
ACTHOE pellieHHe: Xy = —2, x; =2, x4, =3, x;=—1

698. CucreMa HeCOBMeCTHa.
699. OGwee pewenne; xy3=—1—8x J-4xy x,=0, x5=142x — x5

wacTHoe pemieHue: x; =1, £, =2, x3=—1, x,=0, x;=1.

700. OGuwee pemeHue: x; =13, x; =19 — 31, — 2x,y, x5 = — 34; vacrHoe
peuwenne: x =1, x, =8, x;=13, x,=0, x5=—34.

25

701. Ofmee pemedde: x3== ——g — X —2xy, Xy= -5 2x, —4x,,

K= — —122-— 2%, — 4xy; uacTHOe pemeHue: X, =1, x;=—3, X3= o
—_5 ,_5

R 14 7

702. OGumee pemeHue: x; =% x -+ %xz, Xy=— g X g 1
X5 == -43_ X, +'§ Xy -} 2; nacTHoe pemenue: xX; = x; =1, ¥; =2, X, =—8 x5 =4

708. CucreMa WMeeT eIMHCTBEHHOE pemleHue: x; =3 Xp;==0, x3=—35,
Xy = 11.

704. CucreMa HeCOBMeCTHaA.

705. Y xasanue. [lpu gokasaresbcTBe MUHHMANLHOCTH UHCAA n—F CBO-
-6OHBIX HEH3BECTHBIX BOCHOJB30BATLCSA CBA3bI0 PEIUeHUH HEQNHOPORHOH H COOT-
/BeTCTByIOLle#l ONHOPOAHOH CHCTeM ypaBHEeHuH M TeM, UTO UHCIO HEHU3BECTHDLIX
©ONHOPOJHOH CHCTEMB!, MOTYIIMX IPHHHMATh IPOM3BOJbLHEIE, HE 3aBHCAIUE APYT
T Apyra 3HAYeHusd, PaBHO MAKCHMAAbHOMY UHCHY JHHEAHO HE3aBUCHMBIX pelue-
Mu# W, 3HAUUT, HE 3aBHUCHUT OT BHIOOPA 9THX HEHU3BECTHBIX.

1 31 2 1 7

706. x1=§ JC4+’—6—, X2=§, x3=—-§-x4—-€..

53 20 5 5 5 2 1.
707. x1=x4—w-x5—|—§, Xp=—3 x4+§x5——3-, x3=§-x5—-§.

708. CucreMB HECOBMECTHHI.
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709. CucreMa HMeeT €IMHCTBEHHOe pemenme: x; =1, Xo =2, x3=—4,
x4 = -— 3-
12 176 , 4 97
710. x; =— 205 2 =153 + 7K Xy= 205 3recy x3 — cBOGoAHOE

HEU3BECTHOE.

7
. x,=——;——vx2—%x3——gx5, x4=l——-é-x5, The X3 X3

X5 — CBOGOJHBIE HEH3BECTHHE.
712. Ipu A == 0 cucrema HecoBMecTHa. IIpn A = 0 oHa coBMecTHa, u ofiuee
pelieHne MMEeT BHA

—5x3— 13x,—3 —Tx3—19x,—7
X = 3 5 4 , Xp= s 5 4 .

718. Ilpu A =0 cucreMa HecoBMecTHa. [Ipu A 5= 0 oHa coBMecTHa, u obuee
R _4—2 go_x ——9}”—16-—§x x——l— .
pmHenMeeTBﬂnxl—T—s 30 x2_——57\« 5 £ 4—‘}\"

714. Tlpu A =1 cucrema HecosMectHa. [lpu A =~ 1 ona coBMmecTHa H oObliee

43 —8\r 9 5 1 5
PELICHHE HMERT BHIL X| = —g—go= — & X5, Xy = m_i_ T %o o=+

718. Cucrema coBMecTHa mnpu Jio6oM 3uadeHun A. Ilpu A =8 obumiee peme-
HHE HMMeeT BHJ Xy =44 2x; —2x, x3=3—2x, rie x;, Xx;— CBOOGOXHHIE
HeuspecTHhe. Ilpn A £ 8 obmee pemenne nMeer Bun x; =0, X, =4—2x,
x3 =3 —2x,, Tie x, — CBOGOJHOE HEH3BECTHOE.

716. Cucrema coBMecTHa npH mobbix 3Hadenusnx A. [Tpu A =8 obmee peure-

HHe uMeeT BHI X3=—1, x,=2— x — 7 X2 TRe Xy, Xg — CBOOOIHBIE HEH3-
4 2
BecTHHe. [lpu A =£8 obmee pemenne HMeer BHI X, = T g K Ka=— 1,

x,=0, rae x; — cBo6onHOEe HEH3BECTHOE.
717. flpu (A—1)(A42) =0 cucreMa HMeeT eJHHCTBEHHOE DEIICHKE,

Xy== Xg== X3 =

m . [Tpu A =1 obuiee pemenne uMeer BUA X = 1 — xy — x5,
Flle x; U x; — cBoGoxHbe HensBecTHue. Ilpn A = — 2 cucremMa HecoBMecTHA.
718. Ilpp (A—1)(A+3)5=0 cucTeMa uMeeT eJUHCTBEHHOE pelleHHe:

X=X =Xyg=x,= Ilpu A = 1 o6mee pemeHue umMeer BUL X} =1—x, —

A3
— X3—X,, TAC X, X3 X,— CBOGOXHHE Heu3BecTHHe. [lpm A =—3 cucrema
HECOBMeCTHa.
) — 22
719. [pu A (A3) =0 cucTeMa uMeeT eIMHCTBEHHOE PElIEHHE: Xy = Z%T—%:?j’
A1 M —a—1 _ _

B=TaTe) o= ATy Mpu A =0 u npu A=—3 cucrema
HECOBMECTHA.

720. Ilpu A (A 4 3)=~0 cucTeMa uMeeT €IHHCTBEHHOE pelieHue: x; = 2 — A2,
Xg=2A—1, x3=A%+2A2—A—1. llpi A==0 obmee peuleHne uMeer BUL
Xy=—X;— X3 TI€ X, X3;— cBoGoxume HeusBecTHoie. Ilpu A = —3 obuiee
PelIeHHE HMEET BHJ X) = Xy = X3 [Je X3 — CBOGOJHOE HEH3BECTHOE.

721. Ecau a, b, ¢ —nNONMapHO pasAMUHH, TO CHCTEMA HMEET €NMHCTBEHHOE
pelueHue: ‘

_b—d=d) | [d—ad—¢ ,_(@d—a)@d—h)
TU—ae—a T e=a0—0" ‘T e—ae—0"

X
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Ecan cpenu uucen a, b, ¢, d nMeerca TOALKO IBA PA3AUUHBIX, HPHYEM a7=b Hau
astc¢ uim bs~c, TO pemeHde 3aBHCHT OT OJHOro nmapamerpa. Hampumep: B cay-

qae d=asb=c ofuee pellcHHe HMeeT BHUI X = —Z—_;Z—-= 1, y= Z_;
fle Z-—cBOGOHOe HeM3BECTHOE, HrpalIee pOJb YNOMAHYTIOrO mNapameTpa,
OnpeNeNaIoNero pelmenue.

Eciu a=0b=c=d, TO peileHHe 3aBHCHT OT IBYX NapaMeTpoB, O6Miee
pellleHne HMEeT, HANpPHMEp, BHL X = | —y — 2, TlIe y, 2 — cBOGOJHBIE HEH3BECT-
nwe. Ecan cpenu uucen g, b, ¢ IBa pasiHuHE M d HE DAaBHO HH ONHOMY H3 HHX
HAH €CIM @= b = 5= d, TO CHCTEMA HECOBMECTHA.

722. Npu D=abc—~a—b—c-+20 cucrema uMeeT eIHHCTBEHHOE
pelene:

=D =1,
= D ;

B 3TOM cayyae HyJeBhle 3HAYEHHS MOI'YT MMeThb KaKkHe-N400 ABa HEH3BECTHBIX
OJHOBPEMEHHO, MPHYEM TpeThe HEeH3BECTHOE H COOTBETCTBYIOM(HI MAPAMETD PaBHBI
eausune. Hanpumep, x =y =0, 2=c=1. Eciu D =0, nputemM o1H0 U TOALKO
ORHO M3 dHcea a4, b, ¢ OTAMYHO OT eAUHHLBl, TO pElleHHe 3aBHCUT OT OILHOrO
napaMerpa; Hampumep, Mpu a4 == b=c=1 obuee pemeuue umeer Buf x =0,
y=1-—2 B 3TOM ciyuae OJHO HJH JBA HEH3BECTHHX 063aTEILHO PABHBL HYJIO.

Ecau a="b=c=1, 10 obuiee pemieHHe HMeeT BHL X == | — y — 2, mpHUeM
OJHO MAH JBa U3 HEH3BECTHHX MOTYT paBHATbca HyMo. Ecau D =0 u uu oaHo
M3 uucel g, b, ¢ He paBHO eNMHHIE, TO CHCTeMa HecosMecTHa. Caywait D =0,
HpHUEM OXHO H TOJbKO OZHO M3 YHCeN &, b, ¢ PaBHO €NUHHIE, HEBO3MOMXEH.

728, Eciu D=abc—a—b—c-}2 0, To cucteMa uMeeT efHHCTBEHHOE
peluetue:

2

N y___(a—li)(c—l); z=(a-—l)b(b-—1)-

_ abe—2be+b4c—a __abc—2actatc—b
= D » Y= D
__abe—2abt-at-b—c

= D .

Ecan D=0 u 10JbKO ONHO M3 YHCEN &, b, ¢ OTAMYHO OT ENMHHIIH, TO peHIeHHe
BaBUCHT OT OXHOrO MapaMeTpa, HampuMep, NpH & 5= b = ¢ =1 obiuee pelesde
uMeeT BHA X =1, y = — 2, r’ie¢ 2 — cBOOOHOe HeusBeCTHoS, Ecima = b=c =1,
10 pellleHHe 33BHCHT OT ABYX IIaDaMETPOB U ofllee pelleHHe HMeeT Buj X =1 —
— y—2, TAe y, 2 — cBobONHHe HeuapectHole. Eciu D =0, npuueM Bce yucaa
a, b, ¢ OTIMYHHL OT €NMHHHM, TO CHCTeMa HecoBMecTHa. Cayualt D =0 u TOabBKO
OlHO ®3 YHCeX @, b, ¢ paBHO eluHHlIle HeBO3MOkeH. Y kasaHwue. Ias xoka-
3aTesbCTBA HECOBMECTHOCTH CHCTeMH B cayuae D =0 npu ycaosuu, 4TO BCe
yuciAa a, b, ¢ OTAMYHBI OT EXMHHUIE, IOKAa3arTb CHPABEIJAUBOCTb TOXASCTB:
D—Dy=2(—1)(c—1), D—Dy=2(a—1)(c—1), D—D,=2(a—-1) (6—1),
rae Dy, Dy, D,-—COOTBETCTBEHHO WHC/AHTENM B HAMMCAHHBLIX BHIIIE BBIPAKEHHAX
aas X, y, 2.

724. Hanmpumep, ofmee pemenue; xy=8x3—7x, X;=—6x3-5x,
PyHramentaabHaf CHCTEMa pelIeHuil:

Xy I X2 X3 Xy

8|—61 0
._7|5 o | 1
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725. O6mee pemenue: X3 = — % x4 5xp x, = -% Xy —7x,.

PyHzaMeHTaNbHAd CHCTEM@ pelIeHuH:

X1 X2 X3 Xy

5
Lo |—5[+

o[~

0 | 1 | 45| ~7

728. OGmee pemenue: x, = — 9x1+6x, 481 X5 = 35 2%, 4%y

4 ! 4 -
PynpaMeHTaIbHas CHCTEMa peUIeHHH:
~ X1 X2 X3 Xy X5
91 3
1 0 0 |— = 7T
3| 1
0 0 1 —2 1

727. CucreMa HMeeT TOABKO HyJeBoe pemieHHe, PyHIAMEHTANIbHOH CHCTEME
pelieHnd He CymEeCTByeT.

728. OGmee peienne; x, = =% F3x—10x S0 dxs

11 P e i1
PyupaMeHTaAbHAA CHCTEMA pEIICHHIL
Xy Xq X3 X4 Xs
1 0 0 —1—91 —-—%
o |1 ]o 2L
o | o |1 |-8 &

729. CucreMa UMeeT TOJBKO HyJeBOE pelIeHHe.
7380. O6mee pelleHME: X = X, — X5, Xy = X4 — Xg, X3 = X4
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PynaamenTanbHas CHCTEMa pelIeHHI:

X1 | X9 ‘ X3 Xy | Xsg ‘ xe
vl o] t]o | o
1] oo o] 1]o
o |-t oo o1
781. O6umee pewenue: x; =0, x2=ﬁ—_§ﬁ5—, x4==0, Te X3 Xz— CBO-
Gonusie HeU3BeCTHHe. PyHIaMeHTanbHAs CHCTEMa pelueHuit
Xy X9 X3 Xy X5
1
0 5 1 0 0
2
0 -3 0 0 1
732. Obuwiee pemeHue: X, = — 3x3 — Sx5, Xy =243 -} 3x5 x, =0, rae X

X5 — CBOBOZHBIE Heu3BeCTHhie. PyHIAMEHTalbHad CHCTEMA PEIISHHH;

Xlllexa x4|x5

—3|2]1|0|0
—5]310[0{1

788, x, =13¢, x,=2¢, x3=7Tc.

736. X1=4CI, .x2==802. x3=——301+302, Xy =C—Cq

731. X1 =2C], Xq = Cg, JC3=3CS, )C4=—’301-—C2—403, X5 = — C3.

738. X = 1401, Xy = 4202, X3 = 42¢,, X4 = ——301 +3C2 —9C3, X5 =—'801 +
+ 8('2 _— 1003.

739. Xy =0 —7027 Xg = 201 + 6C2' X3 == Cy +302, Xy =— 401, Xg = — 5C2.

140. x,=1lc), xy=33¢y, x3=-—24¢—57¢y, X, =5, 5¢y, X5=—¢;—C.

741. Ctpoxn marpuusl A He 00pasyioT, CTPOKH Marpuubl B o6pasyworT.

742, Yersepras cTpoka BMecTe€ ¢ MOGHMH JBYMS M3 NEPBBIX TPEX CTPOK
obpasyer HYyHAAMEHTANLHYIO CHCTEMY, @ OCTaJbHbIE CHCTEMEl CTPOK — HE 0OPasyIoT.

748. Y xazauue. B nepsoit yacTu 3anauu NPHMEHHUTb Pe3yabTaT 3ajaun 734,
Bo BTopo#i 4aCTH MOKa3aTh, YTO €CAM 3HAUEHUS CBOOOJHBIX HEM3BECTHEIX B HEKO-
TOpPOA CcHCTEME pellleHud XAlT AMHEHHO 3aBHCHMBIE CTPOKH, TO M BCA CHCTEMa
pelueHHi JUHEHHO 3aBHCHMA.

748. Yxasaunue. [lpunucaTh k MaTpume CUCTeMBl CBEpXy Ji00yio U3 ee
CTPOK H OIpeleauTesb MOAYUEHHOH MAaTpuIbl PA3JNoMHTh 1O MEPBOH CTPOKE.
Vicnoxb3oBath 3anauy 746.

749. YacTHoe pemenne: x, = —2, xy=—06, x;=7. Obmee peueHne:
X =—-—20, x2=—6C, X3 =Te.
750. YactHoe pemenne: x;==3, x,=—2, x;=0. OGumee pemenue:

X, =38 x2=—2, x;=0
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751. YactHoe pemeHue: x;, =—6, X, =11, x3=—9, x,=4. ObGuee pe-
menve: X; = 6¢, xy=—1l¢, x3=9¢, x,= —4c.

752. YacrtHoe pemienne: x; =3, x3 =0, x3=4, x,=0. O6mwee peiuenue:
X, =3¢, x3=0, x3=4¢, x,=0.

n n
a) 2 ainj=251 (i=12..., s); 6) 2 alej=7\.b[ (=1 2,... 9.

j=1 j=1

755. B o6oux cayuasx HeOGXOAMMBIM H JNOCTAaTOUHBIM YCJIOBHEM ABAAETCA
OIHOPORHOCTb NAHHOH CHCTEMBI.

756. Ilpu ycaosuM, uT0 cymMa koaddunueHTOoB NAHHOH JHHEHHOH KOMOH-
'H3UHKM pABHA €AHHHULE.

757. llepBoe nHeuspecTHoe B /M060M pelneHHH MPHHHMAeT 3HAYEHHE, paBHOE
Hyao. Ecix ko3dGuIMEHTH 1D BCeX HEM3BECTHBIX, KPOME IEPBOro H, HalpUMED,
BTOPOrO, PaBHB HYNIO, TO BTOPOE HEH3BECTHOE NPHHHUMAET ONpeJe]eHHOE 3Haye-
HHE, KOTOPOE HAXOMMTCH M3 YDaBHEHHS, COLEPKAINEro HeHyaeBoH kKoadduuueHnt
IIpH BTOPOM HEH3BECTHOM, eCau OTGPOCHTb TaM BCe WJeHB! C JPYTHMH HeH3BecT-
HEIMH; B 3TOM C/yyYae BCE HEH3BECTHBIE, HAUMHAA C TPETbEro, MOTYT MPHHHMATb
mo6ue snaveHud. Ecau xe, mo kpaitnei Mepe, TPH HeH3BECTHHIX (Hampumep, X,
Xy M X3) BCTPEUAOTCA C HEHYJEBHIMH KodpduuueHTaMH, TO BCE HEH3BECTHBIE,
KpOMe MepBOro, MOryT NPHHUMATh JioOble 3HAaYeHHd, NPHYEM HX 3HauCHHUA
B KaXJOM pEUIEHHH CBA3aHbl OJHHM COOTHOIIEHHEM, MOJYYEHHBIM H3 Jboro.
YDaBHEHUS CHCTEMB, COXEPKAEro HEeHYAeBOH KO3MGdHUIHEHT NpH BTOPOM HEus<
BECTHOM, €CJH BLIODOCHTb 4JEH C NEePBHIM HEU3BECTHHIM.

PagencTBO HYJMO BceX k03 GdHIHEHTOB NPH NMepBOM HEH3BECTHOM HJH NPH
BCEX HEH3BECTHBX, HAaYMHAsg €O BTOPOroO, NPH YCJAOBUAX 3alayn HEBO3MOXKHO.

* 758. Heo6x0a¥MbBIM H HOCTaTOYHHLIM YCJIOBHEM JJs 9TOTO HBJAETCA TO,
9TO6K PAHr MATPHULE U3 KOIPOHIHMEHTOB PH HEH3BECTHLIX YMEHbINAACH HA €Au-
HUIlYy TIDH BBHIYEPKHBAHMH K-rO CTOAGHA, WHBIMH CcaoBamy, 4TOOH k-# croaben
He OblA JHHeHHOH XOMOHHAauWeH OCTAAbHBIX CTOAGIOB 3TOH MAaTPHILHL

759. Paar pacmupennoii Marpuusl (u3 k03b(dUHUEHTOB NMPH HEH3BECTHHIX
¥ CBOGOAHHIX YJEHOB) NOMKEH IIpY BHUEPKHBAHUM R-TO CTOA6HE YMEHbHIIAThCH
Ha €JHHHLY.

760. ¢ =ad —bc=0.

761. Oxno ycaopue, BHIpamalomee HepaBeHCTBO Hyalo ompexeautens D mo-
panka r,  (s—r)(n—r-+1) ycioBul, BHpaKalOMHUX PABEHCTBO HYAl Ompe-
neautenedt (r-4-1)-ro nopsgaxa, oxafimaswomux D.

[TocnexHne ycnoBHA HE3aBHCHMBI, TAK KaK KaKAOE CONEPMMT SAEMEHT, HE
BXOAAMHUHA B ADYrHe YCJIOBHSH, CTOAIIMH Ha NepeceUeHHH OKANMJSAIOUHX CTPOKHA
H CTOoA6GUa W uMelmuit MHOXuTEeaAp D £ 0.

762. Jlu6o, mo xpaiiHeHt Mepe, ABa W3 uucexn aq, b, ¢, d, ¢ pasHH —1, Aubo
HH OJIHO H3 HHX He paBHO —I1, HO TOrza

a b ¢ d e
aFT Trrrtepr tager T =t

763. A=af+bg-+ch=0. Yxaszauue. CIOXHTb BCe YPaBHEHUS, Npel-
BapuTeNbHO NOMHOXHB HX COOTBETCTBEHHO Ha Ax, Ay, Az, Af. Ilonyuus ycaoBue
A =0, onpejenuTeNp CHCTEMbl MOXHO BHUHCIHTL KaK KOCOCHMMETPHYECKMH Mo
sanave 547. ,

764. [ x, y, 1 768. | x y 1
X3 ¥ 1|=0. x y 1|=0.
X3 Y3 1 Xg Y2 1
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788. a, h ¢
a; by ¢, = 0; 310 ycaoBHe ABJAAETCHA NOCTATOUHLIM, €CJH B CAyuae

as b3 C3
Tpex MapaiieNbHBIX NPAMBIX CUMTaTh uX obmieii Toukoit HecoGcTBEHHYIO (Gecko-
HEUHO YAANEHHYI0) TOUKY HAaHHOrO HampaBacHud. Ecau He aonyckats ueco6-
CTBEHHBHX TOUEK, HEOOXOAMMHM M JOCTATOUHRIM YCJAOBYeM OyIeT paBeHCTBO

a; b] a4y bl Ci
paHros ZBYX MaTpun | @, by | u (@ by ¢g |-

as b3 as ba C3
X onl
X3 Y2 1
767. Paur Matpuus JRomxen OGLITb MeHee Tpex.
Xn Yn 1
a b ¢
768. Tlpn nonymeHun HeCOGCTBEHHHX TOueK par Marpuum | %2 bz e
a, b, ¢,
nomxeH OuTb MeHee Tpex. IIpH HelONymeHHH HECOGCTBEHIBIX TOYEK PAHT OpH-
a b
BeJleHHOM MaTpHUB IOMKeH COBMazaTh ¢ PAHTrOM Marpuup | 22 I
a, by
L 24 2 . 2
769 | 4yt x4 oy 1 770. | 4y x y 1
2 2 2 2
x3+yz X ¥y 1 0 Xi+y1i #oy1 0
2, .2 = 2, 2 =
x3+y3 x3 ¥3 1 X3+yy ¥ Yo 1
21 2 2 42
Xyt s xg ¥y 1 X3+y; %3 ¥ 1

771 x2 -} y?—4x—1=0. Uenrp B Touxe (2,0). Pamuyc pasen ¥ 5.
772. Y xasauue. Wconoabsosars orBer 3amaud 770,

778. |2 xy y? x y 1

x% *1¥1 Y% X n 1

X3 Xy, ¥ Xy ¥y 1

X3 X3Y3 Y% x3 y3 1
X3 XYy Vi Xy ¥y 1
X5 X5Y5 )’g x5 ¥5 1
x2 y2
774&. TunepGona g 9= 1.

775. 242+ 7y?+y —8 =0. 10 — 2/IMNC € HEHTPOM B TOUKE (0, — TII)

15 ,— 15
¥ [TOJAYOCAMH IAJUHBI %-VM n g, TpuueM 60Jp1asd OCb MNapasieibHa OCH

a0CuHCC, @ Manas JEXUT Ha OCH OpJHHAT,
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776. X Y & 1 7717. X y z 1
X3 ¥y 2 1 -0 1 1 11 -0
X3 Y3 23 1 2 3 —1 1
L7 TR 1 3 —1 —1 1

um 4x+y--32—8=0.
778. Ecau onyckarh HecofCTBeHHBEe (GECKOHEUHO yAaleHHbe) TOUKH, TO
a b ¢ d;
a, by ¢y d
7 =0.
a; by c; d,
ay by ¢y d,
Ecau xe He nolycKkaTb HECOGCTBEHHBX TOUEK, TO PAHT MaTPHIBL
far by ¢ 4,
a, by ¢ dy
as by ¢3 ds
l_d4 by ¢ d,
HE JI0/DKEH M3MEHAThCS NPH BHIYEPKHBAHHH MOCJIELHEro CTOA6LA.

.779. Panr marpuns
a b ¢ 4,

ay by ¢y dy

n b;l tn dp

paBed XAByM M He M3MEHAETCA IPH BHUEPKHBAHHM IOCJAEAHEr0o CTONGHA.
780. | x2}-y24-22 x y 2z 1
x%‘l‘)’%‘l"*’% Xy oz 1
B+ x oy oa 1|=0
x§+y§+z§ X3 ¥3 23 1
Xtyitea xy oy oz 1
781. x?y?4-22—x—2=0., lleutp HaxoIuTC B TOUKE (

L

20, o).

3
Paauyc pasen 5

782. Cucrema Tpex JNHHEHHBIX ypaBHeHHi ¢ JIByMA HEH3BECTHBIMH, B KOTO-
POH pacmmpenHas MarTpHUA H TPH MaTpuHbl KO3((MUIHEHTOB IPH HEH3BECTHBIX
Jas no6oi mapbl ypaBHeHuH BCe UMEKT paur 2.

783. Cucrema Tpex JuHEHHBIX ypaBHEHHI ¢ IBYMSl HEM3BECTHLIMH, B KO-
TOpOP:I paHry MaTpul u3 K03 (HUKEHTOB IPH HEHUSBECTHBIX B Jo6OH mape ypas-
HEHMH DaBHBHI JABYM, a PaHr pacliYMpeHHOH MATpHUBI DaBeH TPeM.

784. Cuctema Tpex ypaBHeHHi C TpeMs HeM3BECTHHIMH, B KOTODOH paHr
BCEX MaTpul H3 KOIP(PHIHEHTOB IOPH HEM3BECTHHIX JMIOOBIX IBYX, a Takke BCeX
TPeX ypaBHeHHH pAaBHH ABYM, a paHr pacllipeHHOH MaTpHIBI PaBeH TpeM.



785—796] OTBETSHI 305

785. Cuctema 4YeTHpeX JHHEHHBIX YpaBHEeHUH C TPEMA HEH3BECTHBIMH,
B KOTODOH paHru Marpull M3 KO03()(UIMEHTOB NpH HEM3BECTHBIX JHOGHIX Tpex
ypaBHeHHH DaBHBl TPEM, a PaHr PACHIMPEHHON MAaTpHubl paBeH 4.

786. YeTpipe naoCKOCTH IPOXOAAT Yepe3 OAHY TOHUKY, HpHUEM HHKAKUE
TpH 43 HUX He NPOXOAAT Yepes OAHY HPAMYio.

787. Ecau He paccMaTpHBaTh HecOGCTBeHHble (GECKOHEUHO yHaneHHEIE)
npsAMBle M TUIOCKOCTH, TO ypaBHeHus Buaa Ox+O0y=a u Ox-+0y+0z=a
Opyu 4, He DaBHOM HYJIO, He HMEIOT TE€OMETPHUECKOrO CMbIC/I, a HpH @ == 0
VIOBJNCTBOPAIOTCS KOODAMHATAMH JO0OH TOYKM ILIOCKOCTH HJM INPOCTPAHCTBA.
Vickmouas ypaBHEeHHS! TAaKOro BHAA M 0603HAuas PaHr MATPHUb U3 KOI(DHIMeH-
TOB IIPH HEU3BECTHHX Yepe3 r, a PaHl PACUIMPEHHOH MaTpulbl Yepes r,, HMeeM:

Jlng cucTeM ¢ ABYMS HEU3BECTHBIMH:

L. r=2, r; =3. Cucrema He uMeeT pemenuil. IlpaMbpie He mpPoxoisT uepes
OJlHYy TOUKY, IpH4eM XOT OBl JBe NPAMBIE Pa3IUUHB H HEPECEKalnTCA.

2. r=r; =2 CucreMa uMeeT eJAUHCTBEHHOe peinenue. [IpaMble npoxoasr
gepe3 OIHY TOWKY, MpHUeM XOTst Gbl JABE NPAMble DA3NUUHBL

3. r=1, ry=2. Cucrema He umeer pemenud. [IpsaMble mapamnejbnnl nau
COBNAJAOT, NpuueM XOTd Obl JBe HPAMBIE Pa3AUUHBL

4. r=r;=1. Pemwenne 3aBUCHT OT OAHOrO mapaMerpa. Bce npameie co-
BIIANAIOT.

Jas cucTeM ¢ TPeMA HEH3BECTHBIMU:

1. r=3, r =4. Cucrema He umeer pemenuil. [lnockoctu He npoxomsar
gepe3 OfHY TOYKY, NpHUEM XOTS GBI TPH U3 HMX PA3AHUHBI H NIPOXOLAT Yepes
OIHY TOUKY.

2. r=r; =23, CucremMa uMeer ejnHcTBeHHOe peureHue. Ilnockoctu npoxogar
uepe3 OAHy TOUKy, NpHyeM XOTa Obl TPH M3 HHX HE HNPOXOAAT uepes OJHY
npAMyio.

3. r=2 r;=3. Cucrema He umeeT pemenuii. IlrockocTn He mnpoxoxar
uepe3 OAHY TOYKY, upHueM XOTa 6bl TPH ILIOCKOCTH pasiHuHbl H Jio0Oble TPU
pasanuHbBe TAOCKOCTH Ju60 He HMeloT OOmell TOukH, JAHGO NPOXOUAT Yepes
OJIHY HpAMYIO.

4. r =r,; = 2. PemeHue 3aBHCHT OT 0oJHOro mapamerpa. Bce mnockocru npo-
XOJAT Yepe3 ONHY MPAMYIo, NpHUeM XOTA Obl ABE H3 HHX DPa3JHUHBL

5. r=1, r;=2. Cucrema He uMeeT peureHuil. [lI0CKOCTH MapamieAbHH MK
COBHARAIOT, IpuYeM XOTd 6Bl JBe H3 HUX Pa3aHUHBL

6. r =r, = 1. Pewenue 3aBucut or AByX mnapamerpoB. Bce maockoctu co-
BIIAjAIoOT.

Otnea IlI. MaTpuue M kBagpaTudHble §OpMBI
788. (5 2) 789. (aa+by aﬁ+b6) 790. /1 5 —5

70 co+dy cpd-dd 310 0]
2 9 —7
781 (11 —22 20\ 792 (10 17 19 23] 798. (86 4 2
9 —27 32|, 17 23 27 35 50 —5 —10
13 —17 26 16 12 9 2/ 77 17 71|
7 1 310 {09 8 7
796. 2 0
0 0 (0 3)'

794. (o o>. 795. Io 8
0
lo o

0)
oj‘
0

S O O O

0
0
0
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797. /1 0 O 798. (1 0 0 O 799.'(13 —14
(0 2 0\), 0200 21 ——22)’
0 0 5/ 003 0}
000 4
800. (304 —61\ 80t /1 O —
(305 -—62)' (0 1) NPH N YETHOM, (3 _2) NpH 7 HEUYETHOM.
802. (cos no. — sin na) 803. ()7 0]
sin na cosna/*
A
[ o Ak
804. (1 n 805. (Ai‘ ARl
(o 1)' o a )
808. [ 536 .. a2t l)
013 (L_'_QIL'L
, Tle n—TMopafoK MaHHOH MAaTpHLAL.
(n—2)(n—1)
o011, —
2
000... 1
807. (1 ¢, , Ci_, C3_;...cCil)
0 1 Gy Ciy...Chd
0 0 1 C cn3
0 . O 0 0 .. l. .)
808. (3197 —1266 809. /190 189 --189
(7385 —-922)' (126 127 —126),
252 9252 251

811. a) i-a u j-9 CTPOKH nNpoM3BeeHHS MOMEHAIOTCA MecTaMu; 6) k i-i cTpoke
Tmpou3BeNeHus NpubaBuTCa J-2 CTPOKA, YMHOXEHHas Ha ¢; B) i-H M j-# cTOAGUHE
UpOHU3BEACHUA HNOMEHAIOTCA MeCTaMH; T) K i-My CTOJ0Iy NPOH3BeAeHHs mpuba-
3UTCA j-CTOAGEN, YMHOXEHHBIH Ha .

822. /1a
(3b a--3b

823. a 36
(- 56 a9

), rie @ 1 b — mobuie yucaa.

), rie ¢ u b — mobnie yycaa,
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824. /2 b ¢ 828. (a b ¢ d
(Oab). 0.a b ¢
00 a 00 acdf

[0 004

826. c=cos—2—:§£+isln-2kn—n k=01, 2,..., n—1), n—nopanok Ma-

Tpuubl A,
8217. 21 —23 15 828. /0 0 0
f(A)=(—13 4 10). (0 0 O)_
—9 22 25 000

830. ¥V xa3aHue Marpuusl NOpSAKA 71 CYHTATH N?-MEPHHMHA BEKTOPAMH,

83t. Y xasaunue. [lpuMenurr 3anauy 814.

3ameuanue B 3agaue npeanosaraercd, 4TO SAeMeHTH Marpunm A u
B —uucna. Jlas noas xapaxkrepuctuku p < 0 peayabTar HeBeped. Tak, pa# Ma-
TPHLl NOpAAKA p

010...0 0o0606.,, O 0
A 001,..0 1 00,. 0 O
= . . H B=
. . . . » 0 oo O 0
0 0 0 s 1 0 .2n * e & o e 2
000...0 000...p—10
umeeM AB— BA=E.
832. /a b
c a)' riae a, b, ¢ — mobuie uducaa, YAOBACTBOPAIOIIHE COOTHOLIE-

a0 a?+4be=0.
833. Y kasanue. Hcnoassysa saxauy 829, nokasars, 410 eciu A= (a z),
10 Af= (a4 a)*"1 A ‘
834. + E wan f _Z), rae a2 be=1.

835. Eciu [A|£0, 10 X =0; ecau [A| =0, Ho A == 0, npuueM oTHomIe-
HYe 3AEMEHTOB MePBOr0 CToabua MaTpuisl A K COOTBETCTBYOUWIMM 3AEMEHTaM
X y
—ax —ay
BTOPOro cToa6ua MaTpuus A paBHH HYMO, HO XOTA OB OXMH SJEMEHT NEepBOro

2-ro croabua = a, 10 X =( ) npu mobbix x, y; ecau o6a aeMeHTa
€T0N61a OTAMYEH OT Hyad, TO X=(x y) ¢ mobuMu X, y; ecak A=0, TO
X — mo6as Matpuua.
836. (——2 1 ) 837. 7 —4) 838. 1 ( d —b
3y —a)” (—-5 3/ ad — be )
839. ( cos o sina) 840. 1—1 1 841. 8 29 —11
—sina cosa/’ (——38 41 —34), (—5 18 —7),

21 —29 24 1-—3 1

—¢ al”*
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842. /—7), -2 —1, 843. 1 2 2
( 5l —1 —1/3). '/9(2 1 —-—2),
—2 11 2 —2 1
844. 11 1 1] 8485.( 2 —6 —2%6 17
y, 1 1 -1 —II —17 5 20 —13
1 —1 1 —1]" —1 0 2 —1
1 —1 —1 1 | 4 -1 —5 3
846. (1 —1 0 ...0) 847. (1 —1 1 —1 ... (=1)*!
0 1 —1...0 0 1 —1 1., (D2
0 0 1... 0\- 0 0 1 —1.,. (=3
0 0 0...1 0 0 0 o0.. 1
n — MNopagoK lIaHHOﬁ MaTpubl.
848. (1 —a 0 0...0
0 1 —a 0...0
0 0 1 —a... 0}
0 0 o0 o0...1
849. 1 0 0 0 0 0)
—a 1 0 0 . 00
@@ —a 1 0 00
g 2 —a 1 0ol
(__a)n (__a)n—l (_a)n—2 (_a)n—s. —a 1
850. (1 —2 1 0...0 ©
0 1 —2 1..0 0
0 0 1 —2...0 0
6 0 0 0..1 —2
0 0 0 0...0 1
851. n n—1 n—2 n—3 1
n—1 2(n—1) 2(n—2) 2(n—3) 2
1 n—2 2(n—2) 3(n—2) 3(n—3) 3].
n+11h 3 2(n—3) 3(n—3) 4(n—3) 4
1 2 3 4 n
82. /2—n 1 1. 1
1 -1 0. 0
1 0 —1 . o |
1 0 0.. —1
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853. 2—n 1 1 T |
1 1 2—n 1 1
P 1 1 2—n ... 1 .
.1. . .1. . .1. .. ..2.—.'1
854. le—n—a 1 1 1
1 1 1—n—a 1 1
a(nta) 1 1 l—n—a 1
. | ....1....1 ...... l_n_a
855. 1—as 1 1 1
a? aa, aa, v aa,
1 1— ays 1 1
aya, a ayaq ” axa,
,-—-ls— 1 1 1—a;s 1 ’
34 a3y a3 . a3,
111 ..... 1 _a”s
| % @ aa; a,

te s =14t o b o
857. (— 7 5 12 —19]
3 —2 =5 8
41 30 —69 1 |°
[—59 43 99 —159
858. l—s 145 1 e 11

1 1 1—s 14s ... 1 1 n(n41)
Ts| 1 1 1—s ... 1 1 |»™esS=—775—
1+ 1 1 cis 1 l—s

Yxaszanue B cucreMe ypapuennit 1ns snementoB k-ro ctoabua ofpate
HOH MaTpHUIipl M3 KaXJOro YPaBHeHHfl OT MepBOro A0 (72— 1)-r0 BHUECTb Cle-
Iylomiee U noayderHble 72— 1 ypasHeHHit caomuTh. Bce HeussecTHHE BbipasuTh-
yepea k-e.

859. h—s h-ts h ... B & ]
1 h h—s h+4s ... o &
nhs | & k h—s.. h h |
lh-}-s h h h h—s
rae s=na+h-—£—%_—l)—cymma 9JEMEHTOB KAaKOH-HHOYAb CTPOKH (HIK:

¢TOAN61a) AAHHOH MaTpHILL
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860. 1 1 1 1 ... 1 ]
1 el g2 =3 . g—(-D

1l &2 et g8 2D}

" 1 g3 P e ? . g—3(n-1)
Ll e_(‘n‘l) 8_2("_1) e-—3(n—1) .. e_(n_l)z

Y xasauue. Hanucarb ypaBHEHHS C HEM3BECTHBIME Xj, Xy, ..., X LIS
-OnpejeNeHr SNEMEHTOB Xk-ro cToabna ob6patHoi Martpuile. Kawnoe ypaBHeHue
TIOMHOXHTb Ha TaKYI0 CTENEHb €, 4TOOH KO3GGHIUEHT mpH ONPENENEHHOM HeH3=
BeCcTHOM X; o6paruiac B eaunuuy. [loxyueHHne ypasmenust COMCHTD.

861. (—; ——;) 862. (g :i) 863. (:1; i)

864. /6 4 5 865. /1 2 3 866. /1 1 1
( 2.1 2 ) . ( 4 56 ) . ( 1 2 3 ) .
3 3 3 7 8 9/ 231
867. O6wuil Bux pemeHns:

(2+3L’1 3+3Cz
2

), TAe ¢; U 3 — Mo6He wuCAa.

[ Ca
888. OGwuit Bujg pemeHun:
2—301
[} —-71_-— .
, Tle ¢4 H ¢3 — NPOU3BOABHLIE UHUCAA.
9— 3¢,
Cy 1

869. Peuwenus He cymecrByer.
870. O6Gmui By pemreHds:

7—3¢, 5—3cy 7—3¢;
( ¢ s 3 ), TAE ¢y, C3, C3— NPOU3BOABHBIE THCHA.
5¢,—9 5¢3—3 8¢;—7
871. (1 1 1...1
01 1,..1
00 1...1]
000...1

872. B matpune A™! coorBercTBenHo: a) MOMeHAKTCA MecTaMmu I-f u j-ft

- v 1
€TOA6UR; 6) i-H CTOAGEn YMHOXHTCS Ha —c-; B) u3 j-ro croabua Buiuterca [-if,
YMHOXEHHBIE Ha . ,
Ipr npeoGpa3oBaHMH CTOMGIOB MATPHUN A aHANOTHYHO YKA3AHHOMY Me-
&moTcst cTpoku Marpuiw A”L
8179. Al = (E,,,—U)
0 E I
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881. Ilpu ymuoxennu A caeBa Ha H, Bce CTPOKH A CABUralOTCA Ha OXHO
MECTO BBEPX, MPHUYEM NEpBas CTPOKAa HCYE3AET, a MOCAEAHAN 3aMEHACTC HYNEBOi.

Tpn ymnomenun A cnpaBa Ha H|, anaaornuHoe u3MEHEHHE NPOUCXOIHT CO-
CABHroM CToJ610oB BnpaBo. Ilpu yMHOxeHuu Ha /_, caeBa (cmpaBa) MPOUCXOAMT
TaKOH e CABMI CTPOK BHH3 (COOTBETCTBEHHO CTOJIGLIOB HaleBO).

890. Yciosne AB = -— BA ynoBneTBOpsieTCS, HanpHMED, AAS MaTpHIL:
010 O 0 o010
—1 0 0 0 0 001
= B= N
A 000 —1) -1 0 0 0}
001 0O 0 —-100

Yxasanue. Ilpn nmocrpoennn marpun A 4 B BOCHONb30BaTLCA YKa3aHHEM
Kk 3apaue 1747.

897. Y xasaune. McnoabaoBaTh 3HaueHHe B3AHMHOrO omperexurtens (3a-
naua 506) u cBeCTH 3ajady K NpefHAyILEi. '

898. YV xaszanue. MHcmoapsosars yxasanue k Npepbiaymieit sazave.

899. Yxasanue. McnoassoBars ToxaecTBO 3anaun 502 wau dopmyny
Buns — Komu B 3amaue 499.

900. Y xa3anue Vcnoabsosarh ToXAECTBO 3aaun 504.

901. YkasaHue. Mcnoabsosats ¢Qopmyay Buus — Komm B 3amaue 499.

902. Yxasauue. HMcnoapsoats dopmyay Buns — Komu B sapaue 499.

903. Y kaa3aHnue. Mcooabsosars 3agaun 896 u 507.

804. Y xazanne. Ucnoabsosare sanauy 507.

805. /[InaronajsHne 3JeMEHTH paBHH = L.

908. [lnaronaibHee SJEMEHTH IO MOAYJIO PABHH efuHHIE.

913. Yxasanue. Hcnoassosars ¢opmyay Buns — Kourn, xaunyw B 3a-
Raue 499, uam ykasauue k TOit xe 3apave.

915. Y ka3 aHue. Bocnoapsoparhes npeinAymedi sanaueit.

920. Y xa3aunue Bocnosbsoarbcs 3apayed 913.

921. Ykasanue. Ipumenntsr Tteopemy Jlanxaca, nepaBencrso Komm —
Bynsakosckoro u ¢gopMmyay Buns — Kommu (cm. 3agaun 503 n 499).

922. Yxasaunue. Ilycte n—uucao crpok A, B, C; k— uucio CTOaAG-
noB B, I —uncno croabuos C. IlpoBeputh BHNOJAHEHHE HEPABEHCTBA B CAYUYasx
k+l>nupar A<k4I1<Ln

Mokasare, uto npu k -} [ = n 3anaua cosnanaer ¢ npexnaymeil. fposepurs,
PO HEPaBEHCTBO o6pamaercd B PaBeHCTBO npu kI <n ¥ AONOJAHHTEJBHOM
ycaosuu B’.C.=0. Haxonen, B cayuae, xoraa paur A=k -1 < n, IONOAHUTE
A 1o xBagpaThHoH Matpuus (A4, D) =P = (B, Q), rae Q = (C, D), npu noMomu
n—k—1I nHeliHo He3aBMCHMBIX cTOAGLOB TaK, 4To6H A’D =0 (310 MONHO:
clenath MyTeM IIOCTPOEHHA (YHAAMEHTANbHOH CHCTEMBl DelIEHMil OJHOPONHOH
CHCTeMBl ypaBHeHHH ¢ MaTpuuei A’), IpUMEHUTh MPEIBIYINHH caydyalh K MaTpu-
naMm P=(A D) u Q=(C, D) u npunsto Bo BHUMauue, uT0 P=(B, Q) u
|P'D|>0.

9238. Yxasanue Heckoibko pas npuMenuTh HEPaBeHCTBO NpeabAyllei
3ajaun.

924. Y xasauue. [IpuMeHuTs NOBTOPHO HepaBeHCTBA 3ajaun 922.

925. Y xa3anue. IlpuMeHnTs paccyxAeHHs, aHANOTHYHBIE NPUBENCHHBIM
B yKasaHHM K 3agaue 922.

926. Y ka3 aHue. [ToBTOPHO NPHMEHUTh HEPABEHCTEO NpeAbAymEH 3anaun.
U MCIOJH30BATH OTBET 3afaud 532,

927. Ilepecranoska i-d u j-# CTPoX HaH i-ro u j-TO cToA6LOB mOAydaercs
OpU YMHOMEHHM HA MAatpuuy, S1eMeHTH KOTOPOH prp =1 Aad k, He paBHoro i, J,
pij=pji=1, a Bce OCTaXbHHE HYIH.
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YwmuoxeHnue i-# cTpoku (cTonbua) Ha uucao ¢ == 0 monywaercs mpu ymHo-
WEHWd Ha MAaTPULY, OTJHYAIOUIYIOCS OT €IYHHYHOH JUINb TeM, 4TO I-H 3JAeMEeHT
TAABHOH AuaroHanw a;; paseH c. Ilpubamnenue x i-H cTpoke j-H CTpoKku, yMHO-
WEHHOH HA ¢, MOAYHAETCA NDH YMHOMEHMM CJIEBa Ha MATpHIy, OTIHYAILYIOCH
OT CAMHUYHOH AHIID TEM, YTO BAEMEHT p;j==C.

Jas anaJorHYHOTO NpeoGpasoBaHus CTOAGIOB HANO YMHOXMTL Ha aHAAOTHU-
HYI0 MaTpuly, ¥ KOTOPOH pj; = c.

Ykaszauue Jna onpeieieHus Biuia HCKOMBIX MaTpHUL NpOJenaTh A4aHHOE
3J€MEHTapHOe MpeofpasoBaHHe Hajl eJHHUYHON MaTpHUeH, NOPALOK KOTOpPOH pa-
BEH YHCAy CTPOK MaTpuikl A B cayuae npeoOpPasoBaHus CTPOK M uuCAy CTOAG-
uos A B cayuae mpeo6pasoBanusi cronbuos. llpoBepurs, uTO mMOayueHHBHIE Ma-
TpHILI YAOBAETBOPAIOT TPeGOBAHUAM 3aRauH.

B. Y kasauue. Mcnoabsosatp sanauy 927 u mokasats, uto nmpeoGpaso-
_BaHHE THNA d) MOXHO 3aMEHHTb HECKOJbKUMH IIPe0oOpPa30BaHMAMH THIIOB 6) U B).

929. YV xasanue. Bocnons3oBathea safgauamu 617 u 927.

930. Ykasauue. Mcmoabsosars 3agauy 623.

981. Yxasanue [lpumenurs k marpune A sagawy 929 u BOCIOAB30-
-Bathca sagayamu 915, 930 u 914.

833. ¥ kazauune. Wcnonbsosars sanauy 927.

934. 24 3 —4 —8] 935. ,—1 2 —1.
=B -1 2 7, Ye =% 35 ).
0 1 =2 3y Yo 3ls =y

—5 0 1 1

e386. (—'/s Yo —T[s 1)
7

—e s Sl —Fs
VETY PRy PR U
Yo M = 1

938. Yxasauue. [an noxasarenbcTBa HEOGXOAUMOCTH NPUHATHL 3a B ao-
6ot HenyaeBoil croaben MaTpuub A.

939. Y xazanue. [lpu nokasarenncTse HeOGXOAMMOCTH MPUHATL 3a B Ma-
Tpuly #u3 JIOOBIX r JMHEeHHO He3aBHCUMBIX CTOAGHOB MaTpuus A; i-ii croabeln
Marpuupl C €OCTaBHTb U3 KO3(HUMEHTOB B BRIpAXEHHM (-0 croabua A uepes
-croabum B. Mcnoassosats 3azauy 914.

941. Y xasauue. Ucnonpsosars 3agaun 626 u 931.

943. Yxasaunue. llenouncneHHeIMH SAEMEHTAPHBIMH NpPEOODPA3OBAHHAMH
-TIDHBECTH JaHHYyl0 Matpuily A k nopManbHoH Matpuue. Jlng 910rO, BHIOpaB Hau-
MEHBIIHH 10 a6COMOTHOH BEAWYHHE U3 He PABHBIX HYJNIO 3JEMEHTOB, IyTeM HeJO-
YUCJEHHBIX 3JEMEHTAPHBIX MPEOOpPa3OBaHUit 3AMEHUTH 3JIEMEHTHL CTPOKH U ¢TOAONa,
B KOTODHIX CTOHT 3TOT SJEMEHT, MX OCTaTKaMu Ipu fedeHud Ha Hero. [loBTo-
“PATb TaK, NOKA BCE 3JMEMEHTH i-H CTpOKH H j-rO cTOAOHA, KpoMe a;; He 06pa-
TATCH B HYyAb. Ecau kakoii-1o sneMeHT ap; B HOBOH MaTpulie He AENUTCA HA 4y,
TO K [-i cTpOke mpuGaBHTH k-0 M BHOBb HepeHiTi K ocTatky. IloBTOpATH Tak,
NOKa BCE SAEMEHTBl HEKOTOPbIX p-H CTPOKH H ¢-TO CTOAOUA, KPOME dpg OyryT
HYJAMU H BCE JPYyrde sjleMeHThl OyIyT AeJHTbCA HA a,, 3aTeM NEPEBECTH Q,q
B JeBBIH BEPXHHH yroa M Hauarb aHANOrHuUHbIE NMPEOBGPa3OBaHHA C YMEHbIICHHOH
‘Marpuilelf, MOAyYEHHOH BblYEPKUBAHHEM TNEPBOH CTPOKM M nepBoro croabua, u
T. 1. Jlas joKka3aTefbCTBAa €NMHCTBEHHOCTH HODMaibHOH (POPMEI 0603HAYUM ue-
pes dp HamGoabWuil OGWHMA jJeauTeNb BCEX 3JAEMEHTOB MaTpHUb A, padra r
-C m CTpokaMu u n croabuaMu npu k=1, 2, ..., r u noaoxum dp="0 npu
I < k< m, n IlokasaTh, 4TO AenuTedd MHMHOPOB dj HE M3MEHSIOTCA NpH LEAO-
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qUCAEHHBIX 3JEMEHTAPHBIX MPEO6Pa30BaHUAX H YTO SJEMEHTH ¢, &, ... Ha I1aB-
HOHl AuaroHai¥ HOPMAaJbHOH MAaTpUILLM, SKBHBAJEHTHOH A, cBA3anHOH ¢ getute-
ASMY MHHODOB PaBEHCTBAMH dp == ey, €, ..., &p (k< m, n), oTkyna

ek=7d—k—(k=1, 2 o uep=0nmnmr<km, n
k-1

944. Yxasanue. Ilpy nokasaTenbcTBE BOMOMHOCTH TpeGyeMoro mpeg-
CTaBJEHHSI HCNOJAb30BATh 3anauy 927. Ilpm HOKa3aTeAbCTBE €JMHCTBEHHOCTH M3
aByx mpencrasaenuii A= PR, = P,R, BuBectd, 410 Matpuna C = PZ,‘IP1 =
= RyR{ ! gBif€TCA NENOUHCACHHON, YHUMOIYJASDHOH W TPEYrOAbHOH, 3AEMEHTH
KOTOpPOH Ha IJaBHOH JMaroHaju MOJOXKWTEJbHB H, 3HAUMT, PaBHH eJvHHLE. 3a-
TEeM, TpupaBHuBas B paBeHcTBe CRy =R, (k-+1)-#, (A4 2)-ii u 1. 1. sneMeHTH:
k-# cTpOKM, MOKa3aTh, UTO. BCe 3AE€MEHTH Marpuubl C chpaBa OT raaBHOH Ana-
roHamd paBHu Hymo, T. e. C=EFE.

45. Y xaszauue. Mcnoavsosate sanauy 927.

949. Pemenue. [lpusenem matpuny A k BepxHelt Tpeyroabnoi Marpuue C
CAEAYIOIUMY SJIEMEHTApHLIMI NIpeoGPa3oBaHusAMKE CTPOK: @y ='d| == 0. Buiuuras
NEPBYI0 CTPOKY, YMHOMEHHYIO Ha NOAXOAAHME UHCAA U3 OCTANLHBIX CTPOK, MpHu-
BejeM Matpuuy A x Bupy

a) a2 a3 ... ayp l
1 1 1
0 ay a a
22 23 e 2n
Al= . . . . 3 - - . . . ’
1 1 1
l 0 ap a3 ... a,,

TaK KaK IpU 5TOM MHHODH, COJepKauiue NepBYI0 CTPOKY, He H3MEHHAUCh, TO
d, =a“aé2 # 0, oTkyna: 452 # 0. Boiuuras BTopylo ctpoky Marpuum A! ¢ mox-
XOSIIHMH MHOXHTENAMH U3 HHIKEJEXAUHX CTPOK, 06paTHM B HyJib BTOpHE 3Je-

MEHTH 3THX CTPOK M T. A. [lociae r maror ofparatca B HYJb BCE 3JAEMEHTH MEp-
BBHIX 7 CTOAGLOB, CTOfIKE HIXKe IuaroHand. Tak Kak paHT NOJyYeHHOH MATDPHLLL

A" = C pasen paury A, . e. paBeH r, TO BCE 3M€MEHTH NOCAEIHHX 71— r CTPOK
MaTpuibl C PaBHHL HYJIO W, CAEA0BaTeNbHO, C — BePXHAA TPEYroJbHAS MATPHLA..
B cuny sapaun 927 C = PA, rie P— npousBefieHHe Psifa HUKHUX TPEYTOJbHBIX

MaTpHn, T. €. CHOBAa HHXHsf Tpeyroaphas Marpuua A=P~1C= BC, rae

B =P~ — yuxusa TpeyroibHas Martpuua. JTHM CYIeCTBOBAHHE pPa3JOKEHUS:
BHia (2) nokasato.

IMycts mano moGoe npexcrasachue Buza (2). Ilo popmyse mas MuHopos npo-
u3BefeHnd Marpun (3asava 913) umeem:

1,2 ...,k—1,1i
A(l, 2,...,k-1,k>“
= 2 B( 11 29 o-nk—ly i) C(jlr j2v ---1jk—h jk)r

"< h<o <, Jis Jar eoey Jo—1s Jr 1, 2 ..., k—1¢%

Ho nepsuie & cToabuos Marpuus C comepaT Jullb OXMH MUHOD R-IO NMOPAIKA,
OTIHYHHIA OT HYJd, IO3TOMY:

1,2, ..., 6—1, 1,2, ..., k—1,1 1, 2 ...,k

A =B =
(17 2!ono’k_11 k) (1, 2, .a.,k—'l, k)C(l, 2,..., k)

=bi1bag ves bpoty parbinCinCo oo crpi=k k41, .., k=12 ...,7) (3)
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Toxraras aaech { = k, naipem:
dk=b“b22 cee bkaanz vse Cpp (k= l, 2, “ooy I'). (6)

Hens (6) ma a#anOruyHOe pPaBEHCTBO ¢ 3aMeHod & Ha k—1, moayyum (3).
Jeas (a) Ha (6), noayuum nepsyo us ¢opmya (4). Bropas dpopmyaa moayuaercs
aHanOTHYHO,

[lycte D — mo6aa HeocoGeHHasi NHArOHajbHas MaTPULA C SJAEMEHTaMH
d,,dy, ...,dyuaraasnoil tuarodann. Toraa A=BC=(BD) (D~1C). Marpuua BD
fnonyuaercs M3 B yMHOXKeHHeM CTOJIGUOB Ha tfl, dy, ds, ..., d,. Matpuna D~ 1¢c
nonyuaetcst u3 C ymHOWeHueM CTpok Ha Dy ", Dy, ..., D;l. MostoMy puaro-
HanpHble aneMenTH B u C moxno Gpars moSpiMe mpu ycaosusax (3). B npowus-
Benennd BC 3jaeMEHTH NMOCACAHUX A — 7 CTOAOLOB B yMHOXKAIOTCH Ha 3AEMEHTH
nocaeauux n—r ctpok C. [TosToOMy eciu OZHH M3 STHX 3JAEMEHTOB MOJOKUTDH
paBHBIME HYJIO, TO IPYTHE MOXHO B3iTb JIOOBIMH.

951. Y kasauue. [lpumennts pemenue 3agaun 949 M mokasaTs, 4TO mpu

d
yCAoBUAX bpp = Cpp = ]/dkkl ycnoBust (3) yaoBaeTBopsloTca H ycaosus (4)

nawt: bip=cp; (=k+1, k+2,...,n k=12 ...,71)

6 2 4
852. AB = C = (Cy)), re ,C“=(9), c12=(9 6), Cor= (), Cpy=
6 2 4
=1, cz(C“C”)= 99 6.
C21022 8 g 1

954. Y x a3auue. PaccMoTpers npousBenenye i-# KAETOYHOH CTPOKH Ha i-#
KJeTOUHbI cTroabel.

7. P —xBajpartHas KACTOUHAA MATPHLA C KBAaJPATHLIMH - €IMHHYHBIMH
KJAETKAMH NOPAAKOB my, My, ..., Mg 1O TAABHOH JHArOHaJH, NPUYEM KJETKA,
€ToAIas Ha IlepeceyeHHH {-H KJAETOUHOH CTPOKM M j-rO KJAETOYHOrO CTOa6LA,
COBIIalaeT C MaTpuued X, a BCe OCTaabHble BHEAHATOHAJbHBIE KJETKA PaBHH
Hymo. AHaJIOrHYHO () — KJeTOYHAs MATPHIA ¢ KBAZPATHBHIMH €IMHHYHBLIMH KJeT-
KaMu TMODSAKOB 1Ny, N, ..., Ny HA IMaBHOR Jmaronans, Marpuieit ¥ Ha mepece-
YeHUH f-fi KJAETOYHOH CTPOKH I-IrO KJIETOYHOTrO CTOAGLA M HYJNEBBIMH KJCTKaMH
Ha JPYFHUX MecTax.

958. Y kasanue M3 BTopoH kaeTOuHON CTPOKH BBIYECTb HEPBYI0, YMHO-

SKEHHYI0 CJAeBAa HAa MaTpHIUy CA™L g noJab3ysch mHpelbiaymedt sanaueil, noka-
3ath, YTO OPH 3TOM DaHr He H3MEHHTCH.
959. Pemenune. Tor me paa azeMEHTapHBIX MPeOGPAa30BaHUH, KOTOpPBIH
A B

nepesofuT Matpuny R B R, muepesoaut Marpuny T =|.

4 B,

B8 marpuny T, =( 0 X—CA-B
Tak Kak sieMeHTapHble npeo6pa3’oBaHus He HM3MEHAIOT PAHra MaTPHIBl, TO PAHT
T,=paury T=n u paur A, =paury A=n. [lostomy X —CA~B=0;
X=CA™!B,
960. —20 8 11\. 8BL x=1 y=2 =2=3
Al = 17 —7 -9
-2 1 1 .

—C ——CA"‘B)

>. Mo mpenwinymeit sanaue paur T paseH 7.
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9 8
62. X = .
? X 2 3

963. Pemenue. CsoiicTBa a) u 6) Aerxo cAefylOT H3 ONpEAEAEHHS KPO-
HeKepoBCKOTo npousBeleHns. Has nokasaTeabctBa B) 6yAeM NuCaTb B KauecTBE
WHACKCOB NpM BSJEMEHTaX KDOHEKEPOBCKOTO NpOu3BEJEHHS He HOMepa map,
a camu naphbl (IpuyueM gncia ofHOH nmapw 6yneM mucaTh paiAoM H 6e3 CkoGok).
Noaoxum AB=F, CD=G, FXG=H, AXC=P, BXD=Q. Torna

m n
hllla, W= f‘n 18y 1= 321 4y, Sbsa N 121 i, tdf: Ja =

= g 81,5, 1%, 1,91, 1, = § Piypy, st9st, 1,7,

otkyia H = PQ. :

964. a) Jlas nmpaBoro npsMoOro npou3BefieHHs HAafO B3fTh JEKCHKOTpadu-
geckoe pacnoaowenue map: (I, 1), (1, 2),..., (L n), 2 1), (2, 2),..., 2 n),...
<o ey (m, n). g nesoro — pacneaoxenue (1, 1), (2, 1), ..., (m, 1), (1,2), (2,2), ...
very (M, 2), ..., (m, n), nonyvaoneecs nyreM AeKcuxorpaduyeckoil 3aucy Tex xe
n3p, YMTAEMHX CnpaBa HaxeBO. Cpoicrea 6), B), T) HENOCPEACTBEHHO BHTEKAOT
u3 ompenenenus. CBoHCTBO 1) CaelyeT H3 COOTHOWEHHH B) MpeABAywEeH H r)
Hacroamed 3anaun. CBOMCTBA 1€BOrO IPOH3BENEHHS BHTEKAIOT U3 COOTBETCTBYIO-
IMMX CBOWCTB NPaBOro npu noMomM cooTHomeuuit 6).

985. Y kazaunue. [lokasarb, uTO H3MeHeHHE HYMEPAUUH Nap He MEHAET
onpeneauteas | AX B|, u, noabsysacr CBOHCTBOM B) 3ajaud 963, mpepcrasuth
s10 8 Buke | A B1 = (AER) X (E,B) | = [ AX Bl | En X BI= [ 43CEsIX

m .

968. Y xasanme. Hcnoapsosars moaoxenue, 1uto M3 | A| =0 crenyer
paur A <1, noxasannoe B sanaue 630.

967. Pemenne. Moxowum AB = C n 0603HaUHM COOTBETCTBEHHO UYepe3
Ajj, Bij, Cj; anreGpauueckue nonoanesus, a uepes M;; Nyj Ppj— MmuHopu
BAEMeHTOB B i-i CTpoke u j-M croabue Marpun 4, B, C. ,

Torpa, mpuMensis BHpaKeHne MHHOPAa NPOHM3BEJAEHHS ABYX MAarpHL uepe3
MHHOpH 3THX Marpui (3agava 913), HaxoRHM: :

n
Gj=Cpu= (1) Py=(—1)/* 3 M;Ny=
k=1

n n n
= kz (DI My (1 Ny = ) 4By = kz;lBikAkjr
=1 Rl -

orxyna € =B. 4.

Jas Beocobennmix Matpun A u B tor Me peayabTar noJyuaercs Kopoue
Taic no npenwinymedi sanave A=|A|- A”Y; orciona (AB) =|4B|(AB) ' =
=1A|-|B|B 1A™ = BA. Jing MaTpun c uUMCJIOBLIMH BNEMEHTaMH CAyyaHl B~
POXIEHHBIX MaTpUI[ TOJAYYaeTCd NpejeibHLIM TepexoioM. MHorouaeH ot A,
pasHbi#t ompeneantemo | A--AE |, umeer creneHs n u He 6oiee n KOpHeH.
HoaToMy MOXHO B3%Thb NOCJAENOBATENLHOCTD UHCEN: Aq, Ag, «u., klim Ar=0

=>00
TaKyw, 4T0 Matpuihl A+ A,E u B-}- AxE Gyayr ueocobennmmu. Ilo noxasan-
HoMY [(A 4 ARE) (B - ALE)} " = (B+ME)” - (A4-M,E)”. Tlepexons x mpeneay
npu k —> co, noayuum (AB) = BA.

968. Yxazanue a) Crnenyer us sanayn 913; 6) nokasarh 1as cayuas,
korka |A|]=0, noap3yacb 3asaued 747, a pam | A] 5= 0 — coOTHOWEHHEM
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ﬂ:]A[-CA"IC, rie . C -— nuarosalbHad MaTpuma ¢ sJjemenramu 1, —1, 1,
—1 ... Ha raaBHOH Aumaroxanm.

969. Y xaszanue. IlpuvMenurs 3anauy 913.

970. HanpuMep, HyMepanus cOueTaHH# B JeKCHKOrpaguueCKoM NOpaike, IpH
KOTOpOM coueranue i; <iy < ... <i, NPELIIECTBYET COUETAHUIO J; < [z <... < Jp
“€C/IM epBas OTIHYHAs OT HYJAs Pa3HOCTh fi — iy, jo—is, v.., Jp—ip MONOKHTEAbHA,

971. Yxasaunue J[loxa3aTh NpelIOKECHHOE PABEeHCTBO CHauana s Tpe-
yroabHo# Matpunbel A, NOAb3yACh TEM, UYTO H3MEHEHHEe IOp4lKa HyMepauuu
-COYEeTaHHH He MEHSeT ONpeleuTe]s acCOUMHPOBAHHON MAaTpuubl Ap, H MPUMeHss
npeanzyiyio 3azady. OGwu#t cayuyali cBeCTu K TpeyrOJbHBLIM MarpHUAM NpH

nomomu 3azau 928 u 96
972. Pemenue B cuny sanaun 956 us AB = E, cenyer A,B,=Ey,

rae N=C5; orciona
E A(j" Jo eeer jp)B(ilri2v--nip)_
AT PR | ki, ko, ouy k
1< <iy < <i,<n b P2reve Op b B2 e Bp

P
1, ecin D (Js—ko)?>=0,
s=1 h<Jji<...<lJp )
= 1 nj. 2
14 (<k1<k2<-..<kp< ()
0, ecin Y (Jg—ks)?>0
s=1
C apyrofi cropoHsl, no Teopeme Jlamaaca HaxoxuM:
p
R . > (Lg+Rg) I ’
2 P | st K kyooo) kB,
S e RO
by i2‘ ten lp iy ey lp_p

,1<il <ly<iie <lp<n

|41, ecau é(js'—ksy_—’oy
= = @)

14
0, ecm D\ (Js—ke)?>0,

s=1

THe ij<iy< ...<ip_,BMecTe ¢ I; <iy< ...<i, m Kj<ky<...<Kk,_,
BMecTe € £y < kp < ... < k, COCTaBAAIOT MOJHYIO CHCTEMY HHJIEKCOB 1,2 ...n

Tak Kak cucreMa Juueidlubix ypaBHeHuil ¢ HeocoGenHoll matpuueit A, mpu
.3a1aHHBIX CBOGOIHBIX UJEHAX HMeeT eJMHCTBEHHOE pelleHHe H TaK Kak NpaBhie
YacTy PaBEHCTBA (3) OTIHYAIOTCSA OT NPABHX YacTeH COOTBETCTBYIOIIKX PABEHCTB (2)
TOABKO MHOMHTEJeM |[A|, TO TakuM e MHOXHTeNeM JOJKHB OTAMYATLCHA H
JieBble YaCTH, OTKYIda H BHITeKawT TpeGyembie pasenctsa (1).

973. Y xaszauue, llpumenuts Teopemy Jlamaaca u 3anauy 903.

974. Ykasauue. [pumenuts Teopemy Jlamaaca u sazauy 903.

975. /1 O 976. /A +1 0 977. (1 0

(0 M)’ ( 0 x8+m—2x—2)' (o 7»2-1—5?»)'

978. A —1 0 979. /100y 980. /A 0O O
(0 (x+1)(x_1)3)' (oxo), (0 AL 0 )

000 0 0 M4a2
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981. 10 0 982. /1 0 0 983. /10 0
(o 10 ) (o EEE Y ) (OA 0 )
00 (h—2) 0 0 2A84-21242 0042/

984. Y xasaHue. JIokasaTb, YTO MHOFOYACHHI Dy, (1) e vaMensiiotes npu
9JieMEHTapHbIX npgoépasosaﬂmx H 4YT0 B Clyyae HOpMalbHOH XHaroHaibHOH

dopurt Dy N =[] E:(») k=12 ..., n)

i=1

985. /1 0 0
(0 AA—1H(r—2) 0 )
v 0 0 AA—D){(A—2)
986. /1 0 0
( 0 A 0 )
00 AA—1DHERA—2(H—3)
987. (1 0 0 O ]
0 p 00
00 p ol rie p=A—1y(A—2) (A —3) (A —4),
00 0 p
988. (1 0 0 O I
0O p 0 O
00 p , Tle p—NpOM3BEJEHHE MHOTOUYJEHOB &, b, ¢, d,
JeJEeHHOE Ha MPOU3BelieHNe CTapmmux KoaddhuuuenToB
0 0 0 p? 3TUX MHOTOYJEHOB.
989. /4 0
f (7:1) g)(k)) , rie d(A) —Hauboabmuit ofmuit penuTenn
¢

MHOrOuNeHOB f (A) ¥ g (A), uMeomui cTapmuil Ko3(bQUIHMEHT, paBHLIA eAUHHLE:
H ¢ — NpPOH3BEJIEHHE CTAPIIMX KO3P(ULUEHTOB 3THX MHOTOUJCHOE.

990. /1 0 0
(0 fer 0 )

0 0 rfgn
991. ( abc 0 0 )
Sfgh
0 abe N E
0 0 fgh

The a, b, ¢ — COOTBETCTBEHHO HaU6OIbIIHE OGIME NEAHUTEAH IJs guh fuh,
S u g, B3aTble cO cTapmuMu KoaddHIHeHTaMH, PaBHBIMH €IHHHULE.

992, ( ab¢ 1
= ° 0
2
d*fgh o |,
abe
0 o J&r

a )
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981. /10 0 982. /1 0 0 983. /10 O
(0 1 0 ) (0 A-A 0 ) (OAA 0 )
00 (A—2)8 0 0 2A*4-2A24-2 00 A2

984. Y xasaHue. Jokasarb, yTo MHOrounens Dy (A) He H3MEHSIOTCA IPH
9/eMEHTapHBIX TPEOOPA3OBAHMAX M HTO B Clyuae HOPMalbHOH IMAroHalbLHOH
k

popun DM =[[ E:(») (:=1,2, ..., n).

i=1

985. /1 0 0
(0 AA—=D (A —2) 0 )
v 0 0 AA—1 A —2)
986. /2 0 0
( 0 A 0 )
00 AA—1DHA—2)(A—3)
g987. (1 ¢ 0 0 ]
0 p 0O
=((i—1 — —3) (A —4),
00 p ol TEP=C—DOA—A0—HC—H
00 0 p
988. (1 0 0 O l
0 p 0 O
0 0 , TAe p—Hpou3BejeHue MHOrOuJieHOB a, b, ¢, d,
14 IeJeHHOe Ha mpou3BelieHne cTapmx KoadhHuuueHToB
|0 0 0 p? 5THX MHOTOYJEHOB.
a89. 4()) 0
( F) g ) , rae d(A) —uauboabmuii oOmwmil penuTeNb
cd (A)

muorouneHoB f (A) u g (A), umeromuii crapmuii xkoddduIyeHT, paBHBIH eAHHULE
M ¢ — NPOU3BeJeHHE CTAPLIHX KO3()QULHEHTOB 3TUX MHOTOU/ICHOB.

990. /1 © 0
(0 fgr 0 )

0 0 rgh
991. (abc 0 0 )
Sfgh
0 ohe o |
0 0 fgh

THe a, b, ¢ — COOTBETCTBEHHO HauboabiuHe ofmue Aeauteau nag g M A, f u A,
S U g, B3dTble €O cTapuME KO3b@HUMEHTaMH, PaBHBIMH EAUHHIE.

992. ( abc 0 0

d
drfgh
abe

0
feh
0 0 —

J
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rie d —nauboapmuit obmui Remuteab f, g U h; u @, b, ¢ — COOTBETCTBEHHO
Han6oapmmue obwmye jeanmteay g w A, f M h, f U g, IpHYEM CTapliHe KO3(-
¢$HIMEHTH BCEX MHOI'OWIEHOB 4, b, ¢, d paBHH €IHHULE.

993. (1 0 0 O 994. (1 0 0 O
010 0 01 0 O
001 o] 00 a2 o
0 0 0 A 00 0 A2
993. (1 0060 0
0100 o
0010 O |, ree F(A)=2A54-5A*+4A3 -} 3A24-24-1.
0001 o
0000 £(1
996. (1 0 O 0
g (1) (1) g , ecan P50, uam
0 0 0 [(A+40)-p2)?
10 0 0 ]
01 0 0
00 (htap 0 , ecan P=0.
00 0 (A )2
997. /1 0 0 998. /A—1 0 0
0 A—3 0 ) ( 0 A—1 0 )
0 o0 (A — 3)* 0 0 (A—1)2
999. (1 1
1 0
1 .
. , Te 71— NOpAKOK AAHHON MAaTPHUHL
0 .
k a)

1000. Sxeupanentin. 1001, He skBuBaNeHTHH.

1002. Matpuusl A u C 5KBMBaJEHTHH MEXIy €060 M HE SKBHBAICHTHH
Matpuue B. 1008. Eauununas matpuna.

1005. VY xa3anue Bocnoabzosarbcs TeM, 4TO 3jJeMeHTapHOE Hpeobpaso-
BaHHe CTPOK MATpHUM A CBOAMTCA K yMHOXeHHI0 A cneBa (a CTOJGLOB cnpaBa)
Ha CHenualbHYl0 YHUMOAyAspHylo A-maTtpuuny. Hanee, ecam B=PP;_, ...
oo PLAQ1Q: ... Qy e P, Qj —crenmansible YHUMOLYJAPHBIE A-MaTpHIHI, TO
noxoxuth P=PPs ;... P IE, n Q=E;Q,Q:...Q; Ilpu nokasareascrse
JHOCTaTOYHOCTH HMCIOAb30BaTh OTBET 3amauu 1003

1 1
1 Ao— e Mg Al
1 0 - )
1006.3:(“29 1);P=( 2 );Q= ) ? 3
- A\—2a+3 1—A ZM—A+g
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2 0 10 1 —a—22
1007.3_(7”"' ) P=( );Q=( )

0 A2}4r-)-4 —11 —A AS-22241/°
/10 0 —2.—3 0 2a414
1008. B=(0 A—1 0 ); P=( -3 —1 4 );
0 0 A—A? 1 0 —1
1 —A A2 —A 41 0
Q=( A —MAE—A2A41 0],
—A—1 At—2 1

1009. Hanpumep, . -
P=(—3m+gx+s 37»2—-—9}»4—4). 0= 7 “TI
— 224615 242—6A43/° 0 :
1010, Hanpuwmep,
. I -1\, (=AM fA41 —22242A42
P=(0 1 ) Q=( A—1 2h—1 )
1011. Hanpumep, ]
1 0 0 —22—1 —Ar—1 —A4A
P=(lll+8 —11 0); Q=(2A2+x+2 A+Ar4-1 A3—x2—1),
-1 -2 1 0 0 1
1012. Haupuwmep,

» 1 0 0 fmhl =L —A2
P=(——3A2—-2?»+1 LAY 1); Q= —A42 —241 —22 )
— 6A2—4A+4 202420 —1 2 A—1 A Al

3 1 -3 =5 0
1013. Hanpuwmep, P = (1 0 ); Q= ( 5 8 O),
0o 0 1

0 1 0, 1 —s3
1014. Hampumep, P=1{ —1 4 0 |; Q=(— - )
-1 0 1 205
1015. E, (W) =1, 52 M)=A—=1 E;(M)=A—1) R —1).
1016. £, (k)=7»+ Ey(MY=M—1; E3(A) = A?—A.
1017. £, (M) =A? -{—1 E,(AN)=M—M-4A—1 E;(A)=E Q)=
1018. E,(A)—l EQ(A) A2—A1; Es(x)—xa—{—l E,(A)=0.

019. E,(M) = ... =E,(M)=1; Epy; (M) =
1020. E (M) = ——E,,_ M=1 E, (7»)*()»-—01)" ecir P £0,
E (M= . -—E,l(k)-K-—a ecan §=0.

Ykas a nue. llpu B == 0 nokasarb, uT0 Aeaurteanr MHHOPOB D, (A)=1.
Hag storo yGeauThCs, 4YTO MMHOp, MOAYYeHHBIH BHYEPKHBAHHEM MEPBOrO
croabua H MoCAelHeH CTPOKH, He oﬁpamaercn B HyAb IPH A =0.

1021. A +1, (A —1)% 1022, A1, A—1 A—1

1028. Dxementapabix peautedeii ue cymechyeT

1024. A1, A—1% A—1, A+2, A+2 A4+2
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1025. DieMeHTapHHX JeiuTeneil ne CymecTByer. ‘

1028. B noae pauuosanpHbix uucen: A1, A2 —3; B noae zefcTBUTED-
nmx uncex A2-+1; A-+V3, A—¥3; B nose KOMIMEKCHHX uHCeM: A i,
A—i, A+V3, A —V3.

1027. B noac paunoHaabHbX uucen: A?2—2, (A24-4)2, A2-4-4; B none geit-
crBuTenbHEX uncel A-+V2, A—VZ, (A2-+4)2 22+ 4 B n0OMe KOMILIEKCHBIX
ancer: A+V2, A=V, (A4 2i)2 (A —2i)2, A=42i, h—2i.

1028. B ros¢ pamuoHaaAbHBIX YHCEd W B Toac AeHCTBUTEABHBIX YHCEN:
(A—1)2, A1) A1, (A2 —A-+ 12, 42— A 1; B HONe KOMINEKCHBIX YMCEN:

(=13 (A12, A+1, (x—-liéﬂ)z, (A—:%-@)z.

A_1+2:V3 ’ A_1——;'V3 .

1029. (1 0 0 0 0)
0 A1 0 0 0
0 0 a—1 0 ol.
0o 0 0 A —2a21 o,
0 0 0 0 0
1080. (1 0 0 0
0 A2 0 0
0 0 A42Mr—ar—8§ 0 I
0o 0 0 A5 — 1204 + 4822 — 64
1081 (1 0 0 0 0}
0 a—1 0 0 0
0 0 22pA—2 0 0
0 o 0 ASAM—BA—A2pBL—4 O
o 0 0 0 0}

1032. Y kaganue. Ilycth e (A)— kakoi-HuGysb HEOPHBONHUMHINE MHOMKHU-
TeAb, BXOJAIMA B pa3loKEHUE XOTA 6Bl ONHOrQ AHATOHAJLHOTO 3JEMEHT4,
§— YHCJO JHArOHAaJAbHBIX 3JNEMEHTOB, OTJHYHBIX OT Hyad, u 0oy <oy ..,
... <{ @3 — COBOKYWHOCTb HOKa3aTeled CTENEHW, ¢ KOTOPHIMU ¢ (A) BecTpeuaerca
B 3TuX aaeMentax. floxasars, 9to npu k=1, 2, ..., 5 Aeaureap MuHOpoB D, (A)

U +0+ ees +Q w
zequtcss Touno Ha [e(A)] ' 2 E a nupapuantHuit MuOMuTEAn Ejp (1) —

TOUHO Ha [e (A)]ak.

1083. YV ka3 aHue DIeMEHTapPHBIMH NPe0obpa30BAHMAMY NPHBECTH KAMYIO
AHArOHANbHYI0 KJAETKY K JHaroHaibHOH (Hanpumep, K HODMaabHOMH) dopme K
BOCHOAb30BATbLCA MpeibIyineit 3asauei.

1034, {1 0 0 0
0 A(A41) 0 0
) AR @A—1) 0 :

) 0 A (A 1) (b — 12
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1035. (1 0 0 0 )
0 A—dr 0 0
0 0 —4r 0
00 0 AM—d
1085. (1 0 0 0
((; f(()}”) f(()k) g , TIe f(A) =A%+ A2 —6A.
0 0 0 [Fp
1087. (1 © 0 0 | 1088. (1 © 0 0
0 A2—1 0 0 0 A—1 0 0
0 o (A2—1)2 ] ' 0 0 A—~10
0 0 0 (A2— 13 (0 o 0 0
1039. (1 0 0 0) 1040.(1 0 0 0 )
01 0 0 01 0 0
00 a2—4 0 00 A2+A—6 0
00 o o 10 o 0 MHr—6
1041 (1 O 0 0 0)
0 A—1 0 0 0
0 0 az—1 0 0
0 0 0 At—2)241 0
lo o 0 0 0

1042. D\ =1, D, =2 Dy=4, D,=320.

1048. D, =3, D,=18, D;=324, D,=11664.

1045. Y xazanue. [lpn jokasarenbcTBe CYIIECTBOBAHHA MPENCTABJACH.s
JAHHOTO BHJA BOCMOJB30BAaTbCA Ipelbiiymed 3afauedl. IIpm nokasaTeabcTBe
€IMHCTBEHHOCTH M3 JBYX NpEACTaBAEHHH JNaHHOrO BHIA A =P R = PR,
BHIBecTH, 4T0 Marpuna C = Py 1Pl = RyR{ ! apaserca YHHMOAYJAAPHOHR M Tpe-
yroanHO# A-MaTpuue#, sAeMEeHTH KOTOpOfl Ha rJaBHOH JAHMAaroHaid HMEOT CTap-
muit koadduuuenT, paBHbBIH eNuHHIE, W, 3HAYMT, CaMH DaBHBl eAMHHUE. 3areM,
npupaBHiBas# B paBeHcTBe CR; = R, sieMeHTH k-H CTPOKM M NpHHHMAaf BO BHH-
MaHHe ycJIOBHE JJA cTeneHell saeMeHTOB R; u R, NOKasaTbh, 4TO BCE SJEMEHTH
matpuu C copasa OT TJABHOH [uaroHaiu paBHbl Hydo, T, €. C — eluHHYHas
marpuua. [Toayuuts orciofa paBeHcTBa Py =P, u R, = R,.

1 -2 2 4

1047. Hanpumep, A (2 _4), B (1 2).

1048. Ckanspubie Matpunsl, Y k asaHue. [lokasars, uto ecaiu AT =T A
Aaa mo6oil HeBBIpOXAcHHOK MaTpuust 7', TO 9TO BepHO #aaa Bcex marpuy 7.
Iuas sToro BHipoxzeHHylo Marpuny T npeicTaButh B Bufe I = (I —aE) - ok,
rae a@ = 0 u Bb6pano tax, uto |7T —akE | 5= 0. 3areM npumenuts 3agauy 818.

3aMeuanue. YKasaHHHIH Merof pCUICHHS MOXKET OKAa3aTbCA HENPHTOj-
HBIM JJS MaTpull C 3/eMeHTAMH H3 KOHEYHOTO MOJd, e MOKET He HaHTuCh
9JeMeHTa G C HYXHbBIMM CBOHCTBaMHu. MeTox, NpHUroOIHBIH #As MaTpul C 9Je-
MEeHTaMu M3 JI000ro MoAf ¥ He MCmoJb3ylomuit 3asauu 818, coctout B Crepyio-
wem: qas [ == j o6o3uauuM 4epes Fy; Matpumy, OTAHYAOILYIOCHA OT ELHHUYHOH
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JUIb TeM, 9TO ee sieMeHT B - cTpoxe H B j-M CTOAGUE paBeH exuHMIe.
B pasenctse AF;;= F;;A npupaBuseM sieMeHTH B i-H cTpoke u j-M cToabue,
a 3ateM B i-# cTpoke M i-M e croabue.

1049. 3a marpuny 7 MOXKHO B3Th MATPHUY, TOJYUYEHHYI0 M3 €AUHHYHOR
niepecTaHoBKOH i-# u j-# cTpOK.

1050. Y ka3 auue. BocnoabaosaTbes mpexniayineil sagauei.

A+4+1 A1 12 3
1058. A=(B-—-AE)(3A—|—2 3A 2)+(3 1 2).

A4+2 2% 1 2 31
A2ooa 1 5 —2 3
1059. A=(2}»2 3A 2)(8——7»5)—{—(6 —3 2).
A2 A =2 7 —5 4

1060. Y xazanne. Mcnoavsosars sagauy 1005. .
1061. Pemenue. Nycts P=(B—AE)P; -+ Py u Q==Q,(B—AE)-}Q,.
Vicnonb3yst 9TH COOTHOLIEHHS, PaBEHCTBO
B—AE=P(A—AE)Q 4y
MOMCHO IPHBECTH K BHAY
B—AE—Py(A—AE)Qy=P(A—AE)Q,(B—AE)}-
+(B—AEYP,(A—AE)Q—(B—AE)P, (A—AE)Q,(B—AE).
MMoxactaBass cwoxa Ha ocHOBaHuu paseHcrBa (1)
P(A—AE)=(B—AE)Q™! u (A—AE)Q=P 1 (B—AE),
TIOAY §UM:
B—AE—Py(A—AE)Q,=
=(B—AE) PP+ Q7IQ; — P (A—AE) Q] (B —AE),
Buipaxenne B KBaApaTHBIX cKOOKax B TpaBoH WacTH 3TOrO paBeHCTBA
NOMKHO PAaBHATbCA HYJIO, TaK KaK HHaue NpaBas d4acTb HMeaa Gl cTemeus
OTHOCHTENABHO A He HHXe JBYX, TOTJA Kak CTeNmeHb JeBOH 9acTH He BHIE elH:
nunpl. [loatoMy B —AE = Py (A— AE) Q,. TlpupaBuxBa B 3TOM paBeHCTIBE
koadbuuneHTH NPy A M cBOGOAHBIE uAeHB, HAaxOAMM: PyQ =F u B =P AQ,.
1063. Mono6un. 1084. Ione6un, 1085. Marpuunt A n C 1nopobum

Mexay Cco6ol, HO He Mozo6HW Marpune B. .
1066. Marpunst B u C noRoGHH Mexiy coGoil, HO He TOROGHH MaTpuue A.

1 -2
1067. Hanpumep, 7 = ( { 3) . Yxasanwne. [l nonydewna mo

BO3MOXXHOCTH NPOCTOFO OTBET2 Haj0 CTPEMHTbCA COBEPUIaTh HauboJaee mpocThie
sJleMeHTapHble npeoGpasoBaHus cToA6LOB Matpuy A —AE u B —AE

2
. H , T =
1088. Hanpumep (__ 1 10

A-—AE x HopManbHO#t nuaroHaabHoO¥ GopMe H3 BTODON CTPOKH, YMHOWEHHOH
Ha 6, BHUECTb MEPBYI0 CTPOKY, yMHOweHHYio Ha A - 16, a w3 mepsoro croaua,
YMHOXEHHOro Ha 6, BHUeCTh BTOpOH croaGen, ymHOWeHHu# Ha A — 17. Auano-
THYHO TpeoOpasoBaTh Marpuuy B — AE.

1089. Hanpuwmep.
PHAEP 1 —3 3
T=(2 -3 1).

1 -2 1

. ¥Yxasauue. [na npuBefieHHS MaTPUIbl
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1070. Ykaszanue. TIoRyunTb ¢z KaKk CyMMY BCEX COMHOMMTeAeH, CTOS-
mux B onpepenurene | A— AE| npu npousBeleHusiX MO £ 5JAeMPHTOB IJaBHOH
JiAaroHanM ¥ B3ATHX npH A= 0.

1071 4, =d’ 4o+ ... +a, Ay= ... =A,=0. Yrxasanue. lpu-

MEHHMTb NPeARAYILYIO 3anauy.
1074. Y xasanue. INpumenurs sanauy 1070 x marpune B=A—AE u
NOKa3aTh, YTO XapakTepuCTuueckuil MuorowieH |B —pE| marpunst B nocae
3aMEeHH | = A — A, NEpeXOfMT B XapaKTepHCTHueCKHH MHorounded |A—AE|
MaTpuust A.
1073. [lns TpeyronbHo# MarpHOH BHAA

he a3 a3 ... a,
A= 0 7\,0 Q33 oo Qg R
0 0 0 ... 3
rae a;, ;41 # 0 (i=1,2 ..., n—1) 6yrer d=1. ing anaroHassHo#t MaTpuubl

nopsjaKa n, B KOTOPOH p 9]€MEHTOB INIaBHOH JHaroHany paBHH Ay OyneT d = p.
1078. Y x a3 anue. Jloxasats, uTo

IA‘I—AE|=(_A)"IA‘II.IA—-%EI.

1077. Y kasauwue. [lepemuoxxurs paBeHCTBa
[A—AE|= (R —~27) (ha—4) ... Ap—A),
[A+AE[=MFV A+ A) ... Aa+4)

M 3aMenuTh A? Ha A.
1078. Yxasanue. Papencrso |A—AE}=@A;—A)(A,—A) ... (A, — 1)
NEPEMHONKHTh CO BCEMHM PABEHCTBAMH, NOJAYUYEHHHIMH H3 HEro 3aMeHod A Ha

Aty Ay, ..., AE,_y THE ek:cosz-;f-+isinzgi (k=12 ..., p—1 u

B NOAyueHHOM paBeHcTBe 3aMeHuTs A Ha A.

$
1079. Pewmenue. Ilyev f(A)=a, H (A—u;), kpome TOro, ¢ (A) =
. 7=

n $
=[] &:—7). Honaran A=A 8 f(A), noayunm: f(A) =g, II (4—u;B).
=1 j=l
Tepexons OT MATPHI K ONPENCAMTENTM, HAXORHM:

n

A="SA—E="S =”S A, —n)=
lri=a [EA=pEl=a [T o@p=ai I} TT . —w)
=1 [ao h — u,)] o | Bch)

j=1 i=1

iml

N

' $
C npyroii ctoponn, | f(A)|=af [[om))=R{, 9.
Jj=1
9080. ¥V x asanne. IlpuMeHHTh paBeHCTBO NpeXHIyIReH 3a%auM K MHOro-
gaeny g (X) = f (x)— A, rae A— NpoH3BOALHOE UHCIO. A
1081. Y xaszanne. INpumenurs pasencteo |f(4A)l= IT%;_} H HCIOJb~
soBath 3anaun 1079 u 1080,
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1082. Yxasanue Ecau xors 6u oxHa us marpunt A, B HeBHIpOxAeHHa,
TO yTBepxkJeHnwe BbTekaer u3 mopobus matpuii AB u BA (cum. 3agauy 1047).
B ofmeM cayuae MOwHO mpumeHHTh 3agaux 920 u 1070. [dasa martpum Hajy moaeM
¢ GecKOHEUHHM (MMM AOCTAaTOYHO OGOJbIIKEM) YHCIOM 3JMEMEHTOB H3 BHINOJHEHHS
Tpe6GyeMOro paBeHCTBA ISl HEBBHIPOXKICHHBIX MATpPHIl CAEAYET €ro TOXAECTBEH-
Hoe BbioAHeHue. HaxoHen, 1AS MaTPHI ¢ YHCJIOBBHIMK JIECMEHTAMH DPaBEHCTBO
IS BHIPOWAEHHOH MATpuisl A MOXHO NOJYYHTh IyTeM HpEeleJbHOro Hepexoa.

Hampumep, ‘ecan Ay, Ay ..., Ap— XapaKkTepHCTHHYECKHE UHCAA BHIPOMJCHHOH
marpunsl A, TO 6epeM MOCAe]OBATEIbHOCTb YHCENd &), & ..., TAKYW, 4TO BCE
OHW OTAHUHHW OT Ay, Ay ..., Ay M Lim €, =0. Marpuna A, = A — ¢,E HeBHI-

k>0
poxneHda. 3uaunt, |ApB— AE|=]BA,—AE|. Tlepexoas K npeleay upu
&k —> 00, NMONYHUM HYXHOE PABEHCTRBO.
1083. XapaxkTepucTHUECKHE YHCAA (C yUeTOM KpaTHOCTH) OyayT: Ap = f (ep),

rie f(x)=a, +axtax’+ ... +ax" ! w sk=cos&;5+isin-2%k~

(=0, 1,2 ..., n—1). Yxasauue. [lpuMenutb BHpaOKeHHe IIT NUPKYASHTA
us 3anatu 479 k nupkyasury | A—AE|, rie A — napaMerp.

1084. Pemenue [Ilpumenas 3anauy 304 k ompenemuremo |A—AE],
TIE A — XapPAaKTEPUCTHUECKOE YHCIO, MOJOKHM &+ f = —A, aff =—1. Toraa
|A—AE|=a"+a" B+ ... +Pp" U3z aPp=—1 naxomum a0 u p == 0.
Hdanee a == P, Tak xax u3 o=0 u | A—AE|=0 caegoBano 6ul o =f =0,

antti_prl a\?+! o 2nk
Mostomy |A—AE| = —————— =0, oTKyla (——) =1, = =cos ——
. . 2nk o
~+isin T (k=12 ..., n), k=0, rax Kak B—# 1. Pemas s10 ypas-
HeHue coBMecTHO € aff = -1, HaxoguM: a= =+ i(cos %—{—isinz—%—l),
ﬁ——-:ti(cos Tk ~isin nk . 3pech 3naku =+ Hago Oparb aaa o u §
n+1 n—+1 -
coBnajaomumMy, Tak kak of=—1. Orciona A=—(a+B)= F 2 cosn—n_g—l-
(k=12 ..., n). Bce stu uncaa nomxHel OblTh XapaxkTepucTHueckumu. Ho
Cpelr HUX HMMEIOTCA PaBHHE, TaK KaK COS ik = — 08 (nyl—ka
P P ’ R n+1 ¢
Bce pasauunble uucaa comepxarcs B cucreMme
. nk
Ak—21c05n+1 k=12 ..., n)

Ho cremens xapakrepuCTHYECKOrO MHOTOUW/IEHa paBHA 7. 3HAYHT, NOCJHEHAA
CHCTEMA CONEPKHUT BCE XapAKTEPHCTUYECKHE YHC/AA, MPUUEM KPATHBIX KOpHeEH Her.

1085. Y kazaunune. [okasars, uTo kKaerka JXKopaana nopsaka k ¢ €HC-
JOM G HA AWArOoHA M wuMeeT eAWHCTBEHHLIl sieMeHTapHHil neantenb (A — o),

MNocTpouts mopraHoBy Matpuuy Aj kaetku XopraHa KOTOPOH HaxonATcs
B YKa3aHHOH CBS3H C 3]IEeMEHTApHBIMH JeauTeasaMum Matpuubl A — AE, u, noxb-
ayach sagavamu 1033 m 1061, noxasath, uto Marpuunl A u A; nopobum. Ilpn
JOKa3aTedbCTBE ELMHCTBEHHOCTH, NOJb3yAck B3anaveli 1005, yGemutbes, dTO
XapaKTEPUCTHU e s M€ " MATPUUBI NBYX MOAOGHKX IKOPHNAHORBIX Marpuy B u C
SKBHUBAJIEHTHH M M3 COBNAJEHHA DJEMEHTAPHBIX Aeauteneit marpun, B —AE u
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€ — AE, cuoBsa mpuMeHsasa 3agauy 1033, y6enutbes, uro marpuusl B u C cosna-
JaloT ¢ TOYHOCTBIO JO MOPALKA KJAETOK.

1086. (1 000 0 0)

(== R o R e R e
[ = i -
[~ I =
SO -~ O o
<
(=

1087. [ —1 0o 0 0

L
—
(=]
-0 X

(=2 -
<
L
<
(=~ I~ A ]

0 0 0 —1
o o o0 0 05

1088. 3anaua nocTasiaeHa HeBepHO. TakHX HHBAapHAHTHBHIX MHOWHTEMeH
y Marpuupl A— AE 4eTBep1oro nopsjka He MOMXET ObITb.

1090. /2 0 0 1031. ,—1 0 Oy 1092. ,—3 0 O
(0 2 1). ( 0 —1 1). ( 0 —3 1),
06 2 0 0 —I1, 0 0 —3
1088. /1 0 0 1094. /—2 0 0\ 1095. ,0 0 0
(o 1 1). ( 0 —2 1). (o 0 1).
001 0 0 —2 000
1086. /1 0 0 1087. /1 0 0 1098. /1 1 0
(o 0 1). (0 2 0). (o 1 1).
000 00 3 001
1099. /1 0 0y 100. /3 0 0\ 101. ;a0 0 O
(0 1 o). (0 —1 1). (0 a 1).
00 —1 o 0 —I 00 a

102. /11 O 0 103. /1 0 0
(o 241 0 ) (0 € 0),mee=—--;-i%zl/§—

0 0 2—i 0 0 e :
OJHO H3 KOMIJACKCHBIX 3HaYeHHUH Y -1-.

1104. /1 O 0 1105. (1
(o 243 0 )
0

0
of .
0 2-3i 1}
1

O == O

0
1
0
0

[ =T~ R ]
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106.(2 1 0 01 107. (1 1 0 0}
0200 01 o0 0
0021} 00 —1 1
0 0 0 2 00 0 ~—1

108. (0 1 0 0] 109. (1 1 0 0...0 0)
0000 0110...00
0600 1§ 0011..00]
0000 0000,.11

0000...01]})

110. To ke, yto B 3anaue 1109. 1Mt. To ke, uTo B 3amave 1109,

me. (n1 00 00 m3. (1 0 0...0
0n1t1o 0o 020..0
00 a1 0 0] 00 3...0/]°
0000...n1 000...n
0000... n

4. (o, 0 0 ... 0 )
0 a O 0 n
0 0 a...0 , THe @, G, ..., &,_; Bce 3HaweHHd } a?
0 0 0 ... Ty

T. €. a,=a(cosl—+z sin zu_k_) (k=012 ..., n—1).

118, Omna xsnerka XKopjpaHa ¢ 4HCAOM O Ha TaBHOM AUMArOHAJM,
T118. B nose pauuoHanbHHX umcea nojobHa MaTprue

100
(0 2 0).
0 03

1119. B nose BeulecTBEHHBIX wHcea NOAo6GHA Marpuue

2 0 0
0 V3 o |
0 0 —V3

1120. B nose KOMIIEXCHHX uHcea nolo6Ha MaTpuue

1 0 0
(02+& 0 )
0 o0 2—3

1121. He nono6ra auaroHaabHOM MaTPHLE HH B KaKOM mOJe.
1128, JluaronanbHas MaTpuHA € SJAEMEHTAMH Ha rAaBHOH Xnarouany, pas-
HMMH HYAI0 MIE eAMHHLE,
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1126. [uaronaibHas Matpuna ¢ saeMeHTaMu 1 Ha ruaBHOH# AMaroHaaH.
3ameuaHHue. ym?pmne;me He BEepHO JAJf MAaTpHI Hal NOJEM XapaKTe-
= E u Matpuua
0 1) PHRa 10 1
TOHaJAbHOH B CHAY €IMHCTBEHHOCTH XOPIAHOBOH (GOpMHL.
1127. Ecan n— nepuon Matpuunl A, T. e. HauMeHblIee H3 HATypaibHHX

uucen k, aas kotoppix Af = E, 10 guaroHanbHas MaTpHIa HMeeT Ha [AaBHOH

pucrukn 2, Hanpumep, ( He TDPHUBOAHTCA K Aua-

n
JMarOHalH HEKOTOpHe M3 n sHauenuit kopus V1. 3ameuanme. Pesyaprar
He BepeH; JJf MaTpHIl Haj HOJAMH KOHEYHOH XapaKTEpUCTHKH, Hampumep Aas
MaTpHLN NOPAAKA < P HaA NOASM XapPaKTEPUCTHKH p.

110...0
a=[01 1.0

000.,.1

cnpasemmBo pasenctso A” = E.

1128. a) A—1; 6) A.

1129. [las cxanspupix Matpul A==aF u ToabKO pad Hux, Jas AanHoro
nopanKa n Takas MaTPHUA TOAbKO OfHA.

1130. (A —a)”. 1134. A2—4A 4. 1133. A2—5)14-6.

1136. Hanpumep, pas Marpuiy

100 0) 1100
0100 0100
o011 " joo11
[o 0o 01 lo 0o 01

oAy =(A—1)% Y (A)=(A—1)% 1o 3TH Marpuubl He NOROGHH B CHAY €NUH-
CTBEHHOCTH XOPAaHOBOH (POPMB MmoGOH MaTpHIBL

M7, (of Clat-1 Clat-? Clat-t .. Cp-lat-r)
0 af C},ozk’l Ciozk"2 C;’_2ak””+2
Lo 0 0 0 a®

apn k< n—1 3nech caenyer nonowuts Cy =11 C{ =0 aaa k<s.
188. Yxasanue. [oroxurs A=0E 4 I u B paBencrse

' ’ 4 ($)
r@ =@+ 52—+ L0 a4 L@ ey

(s — cTeneHb MHOrouiaeHa f (X)) MONOXHTb x = A.

1140.- Onna kaetka XoppaHa ¢ 4yucaoM 02 Ha JKHArOHAJH.

141, Ecau n > 1 nopsgok kaetku JKopraHa A ¢ HyJaeM Ha QHaroHafH, TO
xopraHoBa dopma MaTpuubl A? COCTOHT M3 ABYX KACTOK C HYJEM Ha JHArOHAMH,

n n—1 n41

HMEOIHX MOPAIKH < TP UETHOM n 1 —5—, -;

Ykasaunue, [Noab3ysace sagauedt 1130, HaliTy MuHMMaAJbHBIE MHOTOYJCHH
sarpun A u A? ¥ IOKa3aTh, YTO KAETKH KOPHAHOBOH (opMbl MaTpuunl A? uMernT

n n+t1

NOPAJKH HE BHIIE 5 AJd YETHOro n u 5

npyd HEYETHOM 7.

Aas HeuertHoro n. Ilposeputs,
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4TO Aeantenb MuHOpoB Dg,_, (M) Marpuubl A2 -—AE paBeH eluHHHe, U Ralee
NOKa3aTh, 4TO XOpHaHoBa dopma Matpuubl A2 coxnepXHT He 6oaee ABYX KJETOK.
1143. Vickomas Marpuna copepxur aBe kaetxn KopraHna ¢ uncaoM @ Ha

n n—1 n-+1
AUArOHANM, WMEIOUHX NOPANKH - NPH HUETHOM n HIM —p5— H _2*— fipu He-
YetHOM n. ¥ k a3aHue. [IpuMenuTs nBe nNpenbaymue 3aAauu.
1144, Pemenwue. Ilycth A= TBT™Y rae A— naunas Marpuua o

B,
B, 0
B = ° . -_
0 B,
ee xkopipaHoBa ¢dopma ¢ kaerkamu Kopnana
M 1 0.,..0

g0 M 1.0
0 0 0...
Torna A’ =T'~1BT’, Mycms

U HMEeT TOT e MOpANOK, uTo B; u -
H, )
H, 0

lo Hy
HenocpencTBeHHbIM  NMEpEMHOXEHMEM  HaXOAMM: B; =H,'IBiHi H, 3HAYuT,
B’ = H™'BH, NMostomy A’ =T'"\H™1BHT' =T'"IH IT™1ATHT' = C~'AC,
rie C=THT’/—caMMeTpuueCKan, HEBHPOXIEHHan MaTpuna. [Tosoxum D=CT1A4.
Torna D' = A’C’ 1= C7!ACC™'=D. Taxum oGpasoM, MaTpuua D Taxxe
cummetpuuna ¥ A=CD.

1145. Ecmu Ay, Ay ..., A, — XapaxkTepHCTHUECKHE UMCAA MATPHLL A (C yue-
TOM HX KPaTHOCTH), TO XaPAKTEPUCTHUECKHE 4HCAa MaTpunM A, (Takxe c yve-
TOM WX KpaTHOCTH) paBHBl uuciaM A, }”"2 cee Ay (1<i1 << ... < tp<n),

! p
T. €. BCEBO3MOXHBIM [POH3BENEHHAM N0 P M3 XapaKTepHCTHYECKHX UHCEea Ma-
Tpub A,

Y xaszanne BbiaCHuTb, 4TO NMPH H3MEHEHHH HyMepauHH COueTaHuil no p
u3 n uncea 1, 2, ..., n marpuna A, mepexomuT B NOAROGHYI0 C HEH Marpuuy,
HCHOMb30BaTh 3amayy 970, mepeiitH k sopaaHopod ¢opme A; U NpUMEHHTH
CBOHCTBA aCCOHMMPOBAHHBIX-MATPHI, U3 3agaun 969,

1948, Ecau A, Ay ..., Ap— XapaKTEPHCTHUECKHE UHCJIA Avpg, ..., g
XapaKTEpUCTHUECKHe uucaa B, TO xapaxkrepucruueckue uucaa A X B pasuu
Apy =12 ..., pi=12 ..., 9.
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Pemenue. [lycts kpoHekepoBckoe mnpousBefenve A X B ompegensercsa
PACTIONOMEHHEM Gy, Uy, ..., Gpgmap uncen (4, ) (=12, ..., p; j=1, 2,..., 9).
‘Tpancnosumus o; 0 ¢; Bu3biBaer B Matpuue A X B nepecranosxy i-H u j-# crpok
W i-ro W j-ro cTonGuoB, H, 3HAYMT, NEPeBENST 3Ty MaTpuuy B NOAOGHYW el
(3amaua 1049). Tak kak moGas mepecTaHOBKAa CBOJMTCA K DAAY TPaHCHO3HLIUH,
TO XapaKTEePUCTHYECKHE YHCAA BCEX KPOHeKepPOBCKUX mpousseleHuit A X B cosmna-
JAI0T ¥ MOXHO PaccMaTpuBaTh, HampHMep, NpaBoe npamoe mpousBelenue AX B
(3amaua 964). Tycts A pasuserca C 'A,C u B=D"'B;D, rae Aj u Bj—
WOPAAHOBBL MaTpuupl. [IpuMenss cBoiicrBo B) 3anaun 963, Haxomum: A X 'B=
=CTIA,C X' DTIB;D=(C™' X ‘DN (A; X 'Bj) (C X'D). Mo ceoitctBy
1) sazaun 964 mmeem: C™1% ‘D™ 1= (C X "D)~ L. 3nauur, marpuupt A X B n
Aj X 'B; mopoGHm M MxX XapakTepHCTHYecKHe 4ucaa comasawot. Ho 4;X'B;
#ABNACTCA TPeyroabHOR Matpuuell ¢ ajaementamu Apj{i=1, 2 ..., p j=1,
2, ..., ¢) Ha I'IaBHOH pyaroHaiH, 4TO M JOKA3biBAaeT Hallle yTBEpKIEHHE.

1147, Yxasauue. Ilokasars, 910 g (A)= h (A) TOrAa ¥ TOJLKO TOTJa,
xorga g (A)— k(M) neaurca Ha P (A).

1149. B naHHOM cAyuae MHHUMAJbHBI MHOTOYJeH COBHAlaeT C XapaKTepH-

CTHYECKHM (C TOYHOCTHIO 10 3HaKa). 7 (A) eCTb OOGBYHBIH HHTEPMONALHOHHHH
MHOTOYJeH Jlarpanxa.

A—ME) ... (A—Ap_1E) (A—hAp1E) ... (A— AnE)
e—A) oon e—Rp—) A —RAprn) ... e—RAp)

=Y, 10t
k=1

rae Ay, Ay ..., Ay— XapaKTepucTHUeCKHe YHCAA MaTpuibl A (10 ycaoBHio pas-
JHUHHE).
1150. 7 (\) ectb ofbiunnil uHTEepnioAsuMonHbik MHOrounen Jlarpawxa

A—ME) ... (A— g 1E) (A—hppiE) ... (A— M\ E)
Gp—2A1) oo Ap—2g1)) Ap—Aps1) oo (Ap—Ay)

s
A=Y 5 ond
FA= Y f ()
k=1
1151. Pewmenue. [loxaxeM, BO-NEPBHX, YTO eCAd HHTEPHOMALHOHHBIH

muorouaex Jlarpawika — CuabBecrepa r (A) CymecrByer, TO OH Ompelesercd
paseHcTBamu (1) u (2). Ilycts

rd) _ ST % rp ]
v —E!L(k_,xk)rﬁ“'*‘(x—xk)J @

pasnoxenue ApoGH Ha upocrelimme. YMHOMAA 3TO pPaBeHCTBO Ha P (1), mOAy4HM
paseHctBo (1). Jlas ycranoBnenus paBeHCTB (2) YMHOMHM paBeHCTBO (3) Ha

(A — Ap)'%. TMoayuum:

L) ban s (h— AR e )T Q=) R (B), (4)
Y (M) 2

rae ¢ (A) — palmoHaabHast (YHKUMS, HMEW0IAS CMBICA HpH A = A, BMecTe €O
BCE2MH CBOHMM mpou3BonHbiMu. Bepsa ot o6eux uacteii pasenctBa (4) (j—1)-10
NPOH3BOJHYI NpH A=A, 4 NOJAB3YSChb TeM, YTO 3HaveHus r (A) m f(A) ua
CIEeKTpe Marpuubl A coBNAjA0T, MB M NOAYYHM paBeHcTBa (2). Bo-BTOpHX, mo-
KaxceM, UYTO MHoroujeH r (A), ompegenenHniii pasencrsamu (1) u (2), asagerca
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HHTepIIOJlﬂl.lPIOHHHM MuorouneHoM Jlarpamika — CaabBectepa aas dynkuuu f (1)
Ha cnektpe Marpuunl A. W3 pasenctBa (1) BuaHo, uTo cTemeHb 7 (A) HuKe
crenend P (A). Janee, moaoxum

P =0, 0, ,(r—h)t oo o, ARy R

H3 paseHctB (2) cne,ll_yer, 9TO NpH A = A, SHaueHHs OyHKOuHM 9, (A) u ee mpo-
M3BOAHBIX TOPAAKA j < r, COBNANAIOT COOTBETCTBEHHO CO 3HAUECHHAMH GyHK-

A
J®_ H €e NpOM3BOAHBIX TOro ke mnopsaaxa. [TosTomy, nmosaras A = Ap

AR s

B paseHeTBe 1 (M) = 2 Py, ) by, (A) ¥ paBeHCTBAX, TIONYYCHHBHX U3 HErO j-KpaT-
k=1

IHH

HuM AuddepennupoBatueM (j < r,), MB TONyuHM:

A =rD0g) (=01, ..., ry—5 k=12 ..., ),

T. e. 3HaueHus r (A) u f(A) na cuekrpe ManHlel COBIIA3I0T.

1152 F(A)=[aE+b(A—ME)] (A— x25)3+[c5+d<A—x25)+
) _
+e(A—ME)2](A—ME)?, rae a~m, b_—(———-l—)‘f (Ay) -+
1 ’ . f(}"2) e

‘l‘(}\,l —-7»2)3f A1), ¢c= (——_7» ALK d=— ( }» )3f(7lz)+(}» i )2f (A2),

3 1

e=mf(7~2)—w——)3f'(7»2)+ 2! Tt 5 S (Ra).

154. Yxasanue. Ilokasarb, YTO 3HAUEHHA MHTEPNOJSLUOHHOIO MHOrO-
uynena Jlarpamxa — CuabBecrepa r(A) oas f (A) Ha cnexkrpe Mmarpuun A coBmna-
JAIOT €O 3HaueHusMu f(A) Ha cOeKTpe- KakHOfl kaeTkd Ap M NPUMEHUTH
3anauy 1147.

(a-1)
158. r (3) = 7 (0)+ 7' (0) A4 L=O. (0) Mo .. (" 1(;)!) =1
f"(0) AR )

FO F© —1

A= ” 772
A 0 FO) FO - =y
e e e

f(A) uMeer cMbica mast w060 dyHkuuu f (A), Aa9 KOTOPOH oNpeleaeHH 3Ha-

wenns £ (0), f/(0), ..., F"7P(0). Z1
136, ()= @+ @ Ot Lo® gyt 4 LD _gyet,

(n—1)!
” n—1)
@ f @ s LU ’(i_l‘f’,)
F(Ay= : 772w |,
W=l 0 r@ r@ .Gy
l-O...()..‘.O'....".f:((.l)’.j

7 (A) umeer cyptca’ aag moboit dynxuun £ (A), Aas KOTOPOH CywiecTBYIOT 3Hawe-

s f (@), £ (9), ..., [ V().
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1160. Y ka3 auwme. TlpuMenuts npeasaymyio 3aaady.
1162, (3.210.-2. 310 2(3100—2100)\ 188, _ /—24 25
( —3 (3100 —_ 2100) 3101 __2101 ) 2 (_25 26) ¢

H4. 1 71 1165. /12 2 0 2\ .
:t—4—( ) :t—s-( ) :I:( ); BCEro 4YeTHpe

—19 3 13 3 1
MaTpHIHL.
1M86. (4¢e—3 2—2¢ 1967, (222 —¢?
(6e—6 4—3@)' (e"’ 0 )
1168. ,3¢—1 e —3e 41
( 3e e-+3 -—3e—3)=(e—2)A2+A+E.
de—1 e+-1 —3e
1M89. /3 —15 6
( 1 —5 2 ) , €cad OpaTh BeUeCTBEHHOE 3HaueHHE Jorapudma.
1 —5 2

O6mee peureHHe HMEET BHA
34 2nin —15 6
( 1 —5 -+ 2nin 2 ) .
1 -5 24 2nin

rae i =V =1 u n— no6oe ueaoe YUCIO.
1n70. /1 —1
W o)
1171. Yk asanue. HMcnoavsoBars 3azauy 1159.
M72- YxazaHue Hcoonbaosars zazauy 1159.

178, || =¢° rae s=a,, +tan+ ... 4+ a,, — caen marpunu A,
M74. Y xasauune. Vcooapsosarb 3amauy 1161,

175, yltyl—y: M76. yi—yi—yl MT7. ¥yl
78, yi—yl—y2—yl M7 yifyi—yi  MBO. yliyI_y%

xl=yl——2—y2+3y3’ x2=7)’2——6‘}’3y Hy=-3Ys
1
181 yi+yi—5 x=5n+y, n=n+r n=—ntn
182,y — 2 — 3% x =y —yo— Yy Xy=YtYo—Yy Xg=Jy
1 5 1o
n8s. yityi—y5 fi=g V=gVt gV
1 = 1 —_ 1 1
x2=—§V3y2+-3—]/3y3, x3='§'V§)’z+§ V 3ys.
2 2 2 3 1 1 1 1
WA yi+yi—yi a=—pn—g itV n=—gytg

1 1
x3=7)’1 +7)’2-
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185. 32 —y2 x1=y1—y2—1}’3, x2=)’i+)’2—)’4, 2xs=y3, Xy=Yy
186. yi+y;—yi—% 11 =5V — 5 VI + g VEy—

— 6 o= 3 . anc | p—
629 —— 629y, xz——Vlsyz--ﬁlfssy3+€2-§1/629y4, x3=—1—7-l/85y3+

+ 629 V629y4, x4= 7 ' 629)74.

1 1 1
M87. 2+ 103+ 190, yi=x—grta Y=g X — 5
1
Ya= ) X3
2 2 2 2 1 1 1
1188. 3y} — 30y; 1+ 530y5; ¥y =x; —{——3-x2— TXy V2= T3 X 55 %

1 1 1 1
¥3 20 x5 1189. 2% + 6y2 —6y3+2y4, M= X g Ky Y= 7x2+.6_x3_

1 3
Y= -—x3+ 2 "4—-—2-x4
“90- xl-—-}’l—’3)’2—6}’3: Xy =Yy 3ys Xx3=ys
1 ., —
191 x1=2V2)’1+V2)’2+5)’3; xz=—2-V2y1+y3; X3 == Y3.
- 3 - 3
N92. x, =y;, o=V 2y,+4ys x3‘=V2)’1—§‘V2)’2—(3+7V2 ) Ya.

2. _ . — s IR . —
198, vy, yi=auxtaxt ... X, Yo=Xg Y3=x5 .. Vi =
=X Yi=X5 Yit1=Xigp ..o Yn=Xp, €Cau a; 5= 0.

4
194, 31+ 3 Bt B+ ood R
y,=x1+—2—(x2+x3+ cor xR

3 4 5 n—1
n95. i —y— i~ i g — ey

$1=5 (42D F Ea bt o A

—

Yo=r-5 (X — x2);

y3==x3+l-(x4+xs+ e ]

Yn = Xp.
VY xasanne. Cpectu k npexsiaymei 3ajave.
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M9€. Ecau n verno: yi —y3+yi—yi+ ... +53_ —3%
g = xi+x1+21+xz+2 (=1,35 ... n—3);

X — XX o
5 (=246, ...,n—2)

Y=
Xp_1-+Xxp Xp_1 — Xp
Yn-1 12 » In l2 )

Ecau n meserno: yi—ys+yi—yit ...+ o—¥i i

y:=ﬁm (=135 ..., n—2)
yi=xi—_1—_’;i_+_’fw_l (=246, ..., n—1)

)'n—xn
n—1 1
197. P 3’1+ 1 )’2+ + )’n—2+'2‘y3:_13
Xtk o dxa

h=x1—

n—1 !
yg = X3 — X3txg+ ..+ xn
2 2 n_2 ’
Yn-1=Xp-1— Xn;
Yn= Xn

n
— T2
Vkasanue. [lpeacrasutes gopMy B BUjE fi = " p L Ex?—— 72‘ XX

=1 i<j

¥ IPUMEHKTh METOA HHAY KUK, JIPYrol nyTh COCTOHT B CERYIOMEM: COBEPIIHB Mpe-

06pA30BAHKE 2) == X| — S} 23 == X3 —§; ...; Zp_| = Xp—1 —§; 2y = Xp ¥ CIOKHB
n—-1 n-1

STH paBeHCTBa, NpuBeieM (opMy 2 (x;—s)? & Buay: 2(2 254D 2z )
i=1 i<j

Vicnoas3ys oreer sanaum 1194, moayuum: 2y1+—2-y2+§y3+ -{—’-1__—1 y,,_l.
Ipu 3TOM CBA3b CTAPHIX M HOBHX HEH3BECTHLIX MOJYUYAETCH CPABHUTICIBHO

CAOXHOH.
1198. (n—l)ﬁ—)’g—')’g— -—y?,;
1
Y1 =-§ (xl+x2—|—x3+ e +xﬂ);
1
Yr=rg (=Xt Xt xt .. 2

)’a=%(—'xl—x2+xa+ eee +Xn);
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O6fpatnoe npeo6pa3oBaHHE HMEET BHAI X;==Y;— Yz Xo=Ys—¥3 ...;
Xp_1=Yn-1—¥n Xn=Y1-+¥n Y kasanue. lipumenurb npeoGpasobanue

a=xtx2-4 ... Ffxp
Zy=dp+ X3} oo g
2y =X,
1199. Y xasauue J[loxkasareapCTBO  aHAJOTHUHO NOKA3aTEABCTBY 32KOHA
HHEPUHHU.

1200. Y x a3 anue. Mcnoab3osaTh mpeawaymylo 3a1auy.
1201. PopMb f; H f; 3IKBMBAJNEHTHB MeXJy COOOH H HEe IKBHBAJICHTHH

dopme f.
1202. Popmul fo H f; SKBHBANEHTHW MEWAYy COBON M He SKBHBAAEHTHBI
dopMe fi. .
1203. B. xomnaekcHoft o6aacth n--1; B BemecTseHHOH obaacTu
(n+1(n+2)
5 .
1204. Panr — ueTHOEe YHMCJO, CHFHAaTypa paBHa HYJIO.

n—|s
1205. [———Q—I——I-] -+ 1, rae [x] o6Gosnawaer HauGoabliee neioe YHCAO, HE

npeBOCXOAdlee X.

0. Yxazauue. Jaa [0Ka3aTeabCTBa YTBEpWAEHHA 6) paccMOTpeTb
¢popmy fo=f-4¢eg, rae €>0 u g—cymMMa KBalpatoB HeussecTHmX. [Ipn
LOKa3aTeJibCTBe HeOGXONMMOCTH MNpOBEpPUTb, 4TO f >0 W UTO AIA COOTBET-
CTBYWILHX rAaBHLIX MHHOPOB D n D, dopm f u f, umeer Mecto: D = limoDe.

- e->
ITpy 1oka3aTeabCIBE JAOCTATOYHOCTH MNPOBEPHTb, pasnaras D, mo crTemeHsM e,
yto Dy > 0, H noxasarb, 470 AAR JMOGHIX 3RAUCHHH HEHIBECTHBIX HMEET MECTO

f=limf,, Tlpumepn. Popma fi= ——xg HAH HEBLIDOXJAEHHAd ¢opMa
e>»0

f2=—x§+2x1x3 MMEIOT YIJOBbiE MHMHODHI HEOTPULATEAbHBIMH, HO CAMH He
ABJSAIOTCS HEOTPHILATEJbHBIMH.

[Ipn noKasaTe’AbCTBE YTBEPKICHHS B) NpMMEHuTh 3azauy 1208.

[Tpu jpokasatTenbCTBe YTBEPXAEHMS ) npuMenutb 3anady 916 u npusepe-
Hue f K HOpMaabHOMY Buiy, nokasas, uto A= D’BD = (BD)' (BD), rze
D — Matpunia mpeo6pasoBanust, a B — marpuua ¢opMB B HODMaJbHOM BHUJE.

212, 1> 2 12|3.m<]/§. 21, —08< A <0,

1215, TpeGyemmx sHaueHuil A He cymecTByer.

1216. Tpebyembix 3nHaueHHil A He CyLIECTBYeT.

1217. Yxazaune. Ilyctb g=/f--12 rae I=c¢,x, -} ...} ¢,x, Mensas
NOPANOK HEW3BECTHHIX, NPHHTH K CJAydaw ¢, 7= 0, coBepwWHTL mpeobGpa3oBakue
yw=x (=12 ..., n—=1), y, = —— M J0Ka3aTb, 9TO JIA HOBHIX dopm

n
Dgl =Dfl+ciDn_1, rae D, _,— yraosoit MuHop nopaaka n—1 dopmu f.
1218. ¥V kasaunue. IlpeacraBurh dopMy f B BHIe

2
fman(ntS2 ot G ) £ )

a4

i, NOAbL3YSACh HpenbAylued 3ajgaueid, MOKasaTy, 4TO D/=a“D/, L a ,Dq,.
1219. Y xasauue Mcnonb3oBats KaHOHHYECKHH BHJ AQHHOH (GOPMBL



1220—1226) ‘ OTBETH 335

1220. Pemenne. Ouepnuio, w10 (fi+fa )= (i )+ (fa &)- Tlpr-
poas obGe ¢opMb K HODMaabHOMY BUAY, HaiineM f= Zyl, g= 221, iz

i=1
Y zj—.rmnei’mue GopMHE OT Xy, X3 ..., Xy B cHAY OTMeueHIbIX cnoﬁcm KOM-

r s
nosumun uvmeem: (f, g)= > N (y?, zzj)
=173

n n
PaccMoTpuM oaHO M3 caaraeMmux (Y% 2%), THE Y= D dpXp 2= I bpxs.
Py =1

n

Torna y>= | apaixpxs; 22 = Z bpbixpxy (¥, 2%) = 2 apabpbyxpx; =
k=1 RI= BI=1

2 apbpxp | >0 npu MOGHX BEIIECTBEHHLIX 3HAUEHHSX Xy, ..., X, OTciona
k=1
(f, ) >0, ueM yTBepxieHHE a) [OKA3aHO. HyCTb tenepp f >0 n £>0

dopMy g NpUBENEM K HOPMAJIBHOMY BHLY: g = Zyl, rae ¥, = Zq”xj

i=1

n
(i=1,.., myu|Ql=|g;;|+0. Tora (£, &) = (f,y?). Hoy?= 2 ;9% [ Xnr
i=1 J k=1

n

n

2

OTKYy A (f y.)= kzlajkqijqikxjxk= Z @i (915%)) Qin¥r) 2 >0 B cuay

jik= J k=1

f > 0. Ecan npu HekortopoM ¢ GepeM 3Hauenue x; = 0, To cymecTByer { Takoe,

910 ¢, 7= 0 (usaue 6b110 6bt B BepTHKaXbHbIXx uepTax Q =0). 3nauwt, B cuay
n

f >0 taxxe (f, y))= ; 5 (9:7%7) (4in%p) >0 u (f, &) >0
221. Y« aka aHue, l'lpu JIOKa3aTeAbCTBe yTBepxAeHus O) paccMOTpETh
¢opMbl fp= 2 ajjxixj (k=12 ..., n).
i, j=
1222. Y xasauue. HeoSxoqumocTs yenosnit (2) cresyer U3 HEMBMEHHOCTH
YrioBbiX MMHODOB NpPH TpPEYroOJbHHIX Npeo6Gpa3zoBaHUAX (CMOTPH NpEeNBAYILYiO
3ajauy).

Tak ke nokaswpiB210TCs paBeHcTBa (3). JIocTaTOYHOCTh MOXHO AOKA3aTh HHAYK-
nuell MO YHCAY HEU3BECTHBIX A.

224, /= — 20+ 205 6=t} m=yt+yV

;)’1—'—1/3)’2

w2, fi=yi+yd a=41-2% =2V +3V 2y
=gV —2V

1226. f1=9y?+9y3—9y§; gl—Y?+y§+y§; X =V
xz=6y1—-—V2ya, xs— V2yz~|—6V2ya
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1227 f — 2 2 2__3 2, — 2 2 2 2, —
cSi=yit+ys+ys v g&1=Y1+¥:t+y3+yg xl—)’1+)’2+
1 1 1 1 1

+ytys ==Y =g =gt s g Ve =gV — 2y -
1 1

-3 )’3+7}’4-
1228. £, = +23 428~ 7% e =+ 40d m=ant
2 1 2 4 4

+3 Vst gy n=gY—g Vst 3V X3=Y3—2y5 X4 =Y.

2 2 2, 21 20 o2 . .
1229. f, =7+ 2y5—3y5; &1 =Y+ Yo+ Y5 X1 =Y1— Yo Xo=— Yo+ ¥3
X3 = — 3y, 42y
1230. Yxasauune. [lokasars, uro kopHm A-ypaBHeHus mapol ¢opM He
U3MEHSIOTCA MpH A0GOM HEBLIPOXACHHOM JHHEHHOM IPeO6PA30BaHHH HEH3BECTHBIX.

1.
1281. Henp3s, Tak Kak KOPHH A-ypaBHeHus 1 =& 7 L.

1282. Hennss, Tak KaKk KOPHH A-ypaBHeHHs i%iﬁ.

1283. Ilpu noxxoaswed Hymepauuu nMeer Mecto: A, =1 (=12 ..., n).

1234. 3y% —_ yg — 5y§. 1285. Syf — yg — 2y§. 1237. JxBuBajeHTHbI.
1238. JxBHBAJICHTHHI.

1%39:{_)51 =12y, — 17yy; X9 =38y, -+ Ty,. 1240. x, =y, {2y
Xy = 9Y) Y
* 1242, y Kasanme. Toxa3aTk, uTo XapakTepucTuueckuil Muorounet [ A—AE|

He U3MEHSAeTCH NpH OPTOTOHAJLHOM npeobpasoBaHuu (GopMur f.
1243, 457 -4y — 2% 1244, 6y2 6y -+ 9y2

1245. 371V 3} Vi 1248, 31+ (1 +VTD) i+ L=V D)y

n

1247. 2 cos _n—:'lf_l- y%. Yxasanue. PaccMotpers yaBoeHHyl GopMy W
k=1
pelath aHaJOruyHo 3ajave 1084.

1248, 3yf+6y3—|—9y§; x1=%y1—%y2+—§-y3; x2=% y1+%y2
—':13—)’3§x3=""3‘ +—§-)’2+%}’3-

1249, 9y 1 18y2 — 9y5; x1=%y1+%)’2—%>’32 x2=———13-y1+
+%y2+%y3; x3=—§—yl—%y2+%ya-

1250. 3y7 46y —2y%  x; = 1—/1—_5 y1+71—_6— Yo+ T/I—_Q—ysz

Xg == =

e R -
V§ i VB 2 V§ Yas 3 VE 1 V-B 2
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1251, 557 —y3 —y% —= Yot it

+ “173’2—‘—17)’31 x3=—1_—- yi— -T:)'z-
Ve V2 V3 V6
1252, 9y7+ 18y; + 183 ¥y =%y1—%m+§y3; Xy = % yi— —;—yz —
§ Ya xs—-—.h‘Jt‘ ?, Y2+‘;1T)’3-
1253. 3y; —6y); x, = —3~ it eV I+ % V 2y5; xy =—;; Y= % V 2y5
KXy = ‘% i+ % V 2y, —%V—Q)'s-
254, 92+ 9y — 9y x = -2— )’1 +i Viy,+ % Voyy xp= —13— vy —
—%V_ng; xy= 3 2 yl——l/2y2+ Vde
1255, 2y7 - 4y2 — 2y —4y%  x = -2— O F Yot ya vy K= _;_ %
K= Yityetys —ya) %3 = -}2— (= yi— Yohystya) Xo= % (1—yotYs-—a)
@56, 47+ 85+ 128 — 0% m=g 0t Ryt m—yX
X —=y2— Yat Y4 £ =%(y1 Y= Ya—Yai X =%(y1 — Y2t Y=y
1257, 5y —5y;--5y5  xy = % VB @4y x= % V5 (11— 255
aa= V3@t x=3 V(520
1258. 2] — 4y x = %V 2y K= % V72 (v — ys)
Xy = % V204 = -; V2052 — ya).
1259, 957+ 92+ 92 x =y xy= % (Vo4 255+ 2y4)
= % @Yzt ys—2y) xy= % (22 —2y3+ ¥4
1260, 557 5y5 -+ 5y: —8y% x; = % V'3 @2y 4 s
xo= g VB0 20 ma=yy x= g VB @+ 30
s =—113-VT3 (3y2 —2y4).
261 0} L3 — 63 —6%  m=yi =1V ()

J 1 — 1 —
xa=g]f5(—2)'2+>’4); x4=—1'6“V10()’3+3}’5); x5=1—0]/10(3)’3—)’5)-
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1 .,—
1262. 5y} —5y5 4555 — 5y5+ 595 1 =5 V5 @+
1., = 1 = 1 =
=5V 50:—2) =5V 100G+ x=-5VT0(—y5+ 3y

1. = 1.+
x5=—5-]/5(2y5+}’a); xo=3V5()’5—2)’a)-

n 1 2 1 1 2. 1 .
1263. 5 y1+‘2‘}’g+---+'2—>’m ylzﬁ'(xl+x2+"'+xn)'
1
= m— X X eee x_-—i——lx i=2,3,.-.,ﬂ.
Y Vi(i-—l)[l+ it e g —E—D X ( )
1264. n;l yf———%yg—-—;—- Vi— ... —-——;—yi; npeofpasoBaHHe  MOWKHO

B3STb TO MKEe, YTO M B NpeikAylleH 3anave.

1265. Yrxasanue. [Noxasars, 4TO mpH OPTOrOHANLHOM TPEOGPA3OBAHHK
KBaApaTuuHoi . QOPMB XapaKTEPUCTHYECKMH MHOTOUJEH ee MaTpHUB He H3Me-
HferTcs.

1266. PopMu f u h OPTOTOHAJNLHO SKBUBAJAEHTHH MewAy COGOH, HO He
OPTOTOHAJbHO 3KBHMBAJEHTHH dopme g.

1267. PopMn g ¥ h OPTOrOHaALHO SKBHBAAECHTHH Mex1y coGoi, HO he
OpTOTOHANbHO SKBMBAJIEHTHH ¢opme f.

1269. 2 2 1)
‘;’ :1” : 100
R R (R
r 2 2
E 3 ~ 3
1270. 2% o 1y3)
5 5
2 2 _ 1 4 = L0
o= |2vs —1vs —Lvs, B———(O : o).
) 9 9 A 0 0 10
E 3 3

1271. Yxasaunne. Ioabayscy yxazamuem x sanave 1074, mokasars, 4ro
XapAKTEPHCTHUECKHE YHCAA MATpHHBl A — A E MOJyYalTca BHUMTaHMEM A, U3
XapaKTEPHCTHYECKUX uuces] MaTpuUsl A, U npuMeHHTh 3amavy 12.42.

1272. Y xasanue. [TpuMennts mpeinaymyio 3anauy.

1274. Martpuna ¢ NONOXHTEAbHEIMH YIAOBMMH MHHODAMH TOIJA H TOJRKO
TOFAa OPTOrOHaNbHA, KOTJa OHa ABJAETCH EIHHHYHOH.

1275. Pemenue, Kpagpatnunas dopMa f ¢ Mmarpuuedi A’A noaowu-
TeabHo onpefeacHua (3agaua 1207); 3uauut, TPEYroabHHM NpeoOpa3oBaHueM ee
MOXHO IIPHUBECTH K KAHOHHYECKOMY BHAY C HOJNOMHTENBHBIMH KO3(dHIUEeHTaMH

A Mgy ooy Ay (samaua 1222). Ecam C—wmaTpuna »3Toro npeobpasoBaHus,
D — nuaronaxbhias Marpuua ¢ saementamu V iy, V2, ..., V A, Ha auaronam

(npHueM Bce 3HaueHHa KopHeH B3ATH NoJokuTeapHbiMH), 1 B= DC, 10 A’A=
= C’D?C = B’B, rue Marpuua B ynosierBopser Tpe6OBaHMAM 3ajauM,

Monosnm Q = AB™), Toraa Q'Q=(AB™Y) .(AB™ 1) = B)7'.(4'4).B ' =
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=(B") '.8’B.B1 == E, 1. e. matpuna Q oprorouanssia u A= QB; ecan eue
A= Q,By, 1o matpuna Q71.Q, = B B,™! oproronanbua M Tpeyroibna, ¢ noJo-
JKHTEJAbHBIMM 9JEMEHTAMH Ha JHArOHaAdM. 3HAYHT, 9TO EJMHHYHAA - MATDPHILA,
otkyia Q=Q, 0 B=B,.

1276. Pemenue. Jlokaxem yTsepwlcHHe a) xasd mpencraeiehua A= QB
Tpebyemoro supa. Marpuna A’A cuMmerpHuHa, M kBanparuunas dopma c sroi
MarpHuei NONOXHTENLHO ONpelencnHa (3agaua 1207). [lostomy cywmecrsyer opro-
ronasbnas Marpuna P takad, uto A’A = P’CP, rae C — auaronaabuas MaTpHia
€ NOJOXHTEAbHBIMH 3JEMEeHTaMH A;, Ay, ..., A, Ha guaronaan. Ilycte D — nua-

ronaibHas Matpuua ¢ saeMentamu VA, VA, ..., V A, Ha Iuarosams, nmpuiem
B3ATH TNOJOKHTEAbHbE 3HAauenua kopusa. [loaowum B = P'DP = P~IDP. O1-
€02 caefyer, uTo B — CHMMETPHUECKAast MATPHLA ¢ HOJAOKHUTEJNbHRIMU XapaKre-
PHCTHYECKHMH YHCAAaMH. 3HAuYMT, KBagparuuHas d¢opma ¢ MaTpuiueir B nono-
WUTEAbHO OHpefenseHHAa M YrAOBble MUHOPH €e noxowuTeabybl, Janee A'A ==
=P7ICP =P 1DP =P~ DP.P7IDP = B% Tosowum Q= AB~!., Toraa
-1\ - r=1,,7 - - -

A=QBu QQ=(AB"YY (AB™N)=B"""(A"4).B"'=B~18%.B" 1 = E. 3ua-
yuT, MaTpHila Q OpTOroHanbHA. :

Iyctb naupl ABa npenctasaeHus Tpebyemoro suna: A = QB = Q,B,. Torxa

4

Ad= B%: B O6oanaunm uepea Ay, Ay, ..y Ay By, Moy «ony By Yy Vo -n v Va
XapakTepHCTHUECKHE YHCAA COooTBeTCTBeHHO naa A’A, By, B, pacnoaomeHune
B HeBO3pacTaioumeM nopsaxke. Bce 3TH uyMcAa NOJAOKHTEAbHHM U pﬁ:h,:v%
(i=1,2 ..., n) (3anava 1077). 3uawur, y,=v, (i=1, 2, ..., n). Mycrs C u
D —— puaroHanbHbie MATPHUBLE C 3JEMEHTaMH Ay, Ay, ..., Ap U My, Mo, ..., Uy HA
Zuarodanu. CyuiecTBYIOT OPTOroHansubie Matpuunl U u V takue, uto B, = U'DU,
B, =V'DV.3uaunt, B} =U'CU, B} = V'CV;otxynaU'CU = V'CV,CUV’ =
== UV’C. Marpana W = (w;;)] = UV’ nepecranopouna ¢ C. ITokaxem, uto ona
nepecranosouna ¢ D. Ecau Ay = A}, 10, Buucaan snement marpuunt CW = WC
B i-ii cTpoke u j-M cToalue, HaiineM, uto w;; = 0. Takum obpasom, ecau mpen-
craputh Matpuuy C B BHIe KNETOUHO JHATOHAABHONH MATDHUB € AHATOHAABHBIMU
giaetkamd Cy, C,, ..., Cp TaK, 4TO B KaXAOH KJAETKE NHATOHANbHBEE SAEMEHTDH
O/MHAKOBB, a B PAa3HBIX KJIETKaxX — pas3iuuHbl, TO MaTpuua W sBasercs Kae-
TOYHO AMarOHaAbHOH C jxaroHaabHbiMu kietkamu W, W, ..., W, tex we no-
paakos, uto u C,, C,, ..., Cp. [Ilo nmoctpoenuo marpuusl D oHa Taxxe Gyner
KJAETOYHO AMAroHAJbHOH € ZHaroHaabHuiMu kaeTkamu D, D,, ..., Dp 1ex we
[OPSAAKOB M DAaBHHIMHM JHArOHAJAbHLIMH SJeMEHTaMH B KaxuioH kaerke, Tak kak
DW;=W;D; (i=12 ..., k), 10 DW=WD. Orciona DUV'=UV’'D;
U’DU= V’DV, T. €. Bl =Bz.

[Moab3ysch GYHKUUSAMH OT MaTpHI, MOXHO NPOBECTH J0KA3aTEAbCTBO KOpOUE,

Ecau A= QB — npeacraBaenue uckoMoro Buga, 10 A’A=B? B= VA’A,
IIpHYEM XapaKTepHCTHYECKue ducia B nonoxureabunl. TakuM o6pasoum, B ssaiercs
3HaueHueM GYHKUHMH V& (rne 6eperca apubMeTHuecKoe 3HauCHUE KOPHA) NpH
A= A’A. Tak kax XapakTepHCTHUECKHE yuCAa MarTpHUsl A’A HOAOKuTeAbHH, TO
9TO 3HAYEHHE MMEET CMBICH, ONpeJeNCHO OJHO3HAUHO M, KAK MHOTOYJEH OT CHM-
metpuyHOi Martpuusl A’ A, 6yner MaTpulieil cuMmeTpuueckoit (3agaun 1148, 1151),
Moaaras Q = AB™1, y6eauMmcs, Kak BBlLeE, uTO Q OpPTOroHanbHa.
MpencraBaenne A= B,Q, noayyaerca aHartOTHYHO NPH AOMOIH MaTpHLH AA”,
YrtBepijaeHHe 6) JOKasblBaeTcd TaK Xe, KaK a), ¢ 3aMeHOH IOJOKUTEJbHO Olipe-
NeneHHBX (GOopM 3PMHTOBBIME IMOAOXKUTENLHO OMpefeneHHbIMu QopMamu. Y TBep-
WIeHue B) CAEIYET M3 €AMHCTBEHHOCTH NpeACTaBACHHMH, YKa3aHHBIX B a) H B 6).
Ono wmomeT GHTb NOKa3aHO TaKKe IpHBEJeHHEM MaTpuus B B caywae 1) u
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Mmarpunet A B cayuae 2) K JAHAroHaJAbHOMY BHIY NP NOMOIIY OPTOrOHaAbLHOH
(yuurapHo#t) Marpunsl (cM. 3agauy 1595). Torma u3 yrBepucienus 1) Jerko cae-
EyeT €IHHCTBEHHOCTh NPeXCTaBJeHMH, YKa3aHHBIX B a) M 0).

Otgea IV. BexkTopHble MpOCTPAHCTBA K UX JHHelHbIe
npeoGpa3oBanusd
1277. (1, 2, 3). 1278. (1,1, 1). 1279. (0, 2, 1, 2).
1280. x; = —27x] — Tlxy —4lxy, Xy = Ox] 4 20x5+Oxg  xp3=4dx] +
+ 12x4 - 8x3.

1281, i, = 2]+ xy— x5 xy=— 3]+ xh— 2y -} xy Xy =] — 255+
+ 2x — xy; x4=x{—x;+x;——x2.
4 n
1282. a) a,, a,, ay ..., ay 6) f (), f'(w), f 2(!(1) y eees 1(—:%(‘)-.

1283. ;1 —a a? —a? ... (—])"a”

0 I —2  3® ... (=171 gt |

0 0 0 0o ... 1

B aroit marpuue B (2} 1)-M croabne croar uucaa (— 0)*, Cﬁ‘l(— a)*-1,
Ci-2(—a)f-% ..., Cl(—u),1,000...,0

1284. a) llomensioTcss MecTaMu ABe CTPOKM, 6) MOMEHSIOTCS MeCTaMu 1Ba
cToa0ua; B) NPOH3OHAET CUMMETPHUHOE OTPAaXXEHHE MAaTPHIHl OTHOCHTEJLHO ee
HeHTpa.

1285. He ssaserca. 1288. He apaserca.

1287. flBasercs, ecan NaHHAas NPAMas NPOXOAHT 4YePe3 HAYAJNO KOODIAMHAT,
He ABJASETCH B NIPOTHBHOM CJYy4ae.

1288. fsasercs. 1289. He asaserca. 1290. He sapaserca. 1291, Ssasercs.

1292. He suBasetca. 1298. {sasercs.

1294. Bce npocTpaHCTBO; BEKTODHI, JEWAIMHE B 000N NAOCKOCTH, IPOXOAS~
meit uepe3s HauaJNO KOODAMHAT, BEKTODHI, JeWKal(He Ha oGO nMpAMOH, mpoxoxs-
meil uepes HauaAO0 KOOpHMHAT, U CAMO HAYaJA0 KOOPAMHAT, T. €. OJMH HyAeBoH
BEKTOP.

1295. He gepuo.

1297. Basuc o6pasywr, Hanpumep, sektopwt (1, 0, 0, ..., 0, 1), (0,1,0, ...,0,0),
0,01...,00,...,0,0,0, ... 1, 0). Paauepuocts paBHa n— 1.

1298. basuc 06pasyoT caeiylomue BeKTOPH: ecau Rk — HoMmep 6a3ucHOro.
BEKTOpa, TO ero KoopiawHaTta ¢ HoMepoM 2k — 1 paBra 1, a ocTajbuble KOOpAH-

nt1
], rae [x] oGosnauaer nauboabnice

’ n+1]

ueJoe 4ucao, He NMpeBocXoldiee .x. PasMepHocm paBHa [ 5

HaTel paBHE mymo, k=12 ..., [

1299. bBasuc o6pasyioT BeXTOPH, yKasauHble Kak 0a3ucHbie B OTBETE npe-
AbAyLIEH 3ajaud, ¢ A0OABJEHHEM €le OAHOTO BEKTOpA, Y KOTOPOrO KOOPJMHATH
€ YeTHBIMH HOMEPaMM paBHH eJiuHHLE, a C HeYeTHHIMH — HYMO, PasMepHOCTDH

pasHa 1+[n 5 1. .

1300. Basuc o6pasyior sextopw (1,0,1,0,1,0,.,.) 1 (0,1,0,1, 0, 1, ...).
PasmeprocTb paBHa 2.
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1301. Bazuc ofpasyior, nampumep, Marpuunt E;; (i, j=1, 2, ..., n), rae
E;j — maTpuua, d1eMeHT KOTOpPOH B i-# CTpOKe ¥ j-M CTOJNGUE paBeH eldHHIE,
a BCE OCTaJbHHE 3JEMEHTH PaBHBH HyMo. PasMepHocTh paBha n?

1302. Basuc o6pasyior, HanpuMep, MHOTOWJeHb: 1, X, x2%, ..., x Paamep-
HOCTb paBHA n— 1. .

1308. Basuc obpasyior, nanpuMep, Matpuumt Fi (< Js i, J=1,2, ..., n),
rae Fij— matpuna, y KOTOPOH sJeMEHTH f;j= fj; = 1, a Bce ocTajbHbIE 3Je-

n
MeHTH — HyJu. PasmepHocts paBHa -’L;———ll
1804. Basuc obpasywor, nanpumep, matpuubt G;j (i < J; i, j=1,2, ..., n),
rie (;; — MaTpuua, 3JEeMEHTH KOTOpo# g;;=1, gj==—1, a Bce ocTaibHble
n(n—1)

9JeMEHTH — Hyau. PasMepHOCTb pasHa 5

1808. Basuc o6pasywor, HampuMep, Bektopu (1, 0,0, ..., 0, —1),
0 1,0 ...,0 —1),..., 0,00, ..., 1, —1). PasaMepnocts paBHa n— 1.

1310. Pasmepnocrtb paBHa 3. Basuc 06pasyioT, HaupuMmep, BEKTOPH @y, d,, .
1811. PasmepnocTs paHa 3. Basuc o6pasylor, HalpUMep, BEKTODH &, dy, ds.
1312. Hanpumep, x| — x3—x, =0, x4 43— x, =0.

1313. Hanpumep, x, — x, — 2x3 =0, x; — x,+ 2x, =0, 2x) -+ xp — x5 = 0.
1B17. s=3, d=1. 1818. s =3, d=2.

1319. Pewmenne. Ilpasuno 1) nokasuBaerca aerko. HoxaxeM npasuio 2).

Tax kak umcaa Xip ovor Xy Yy o000 ¥y, YHOBJICTBOPRIOT DABEHCTBY (1), 10
1 k
¢ = ]Zl yibi= ]Zl x;@; Tlostomy Bextopht ¢; (i = 1, 2, ..., d) nprHagaexar

kak L;, Tak u L,, a 3Hauut, u ux nepeceuenuto D. Ilyctb x — moGoit Bekrop D.

Ou BrIpanaercsl xak uepe3 6asuc L;, Tax u uepes 6asuc L,. 3unauut, x =a,a, +

+ ... ‘opar=p0,0,-4 ...+ P;b;. D10 03uauaET, 4TO CTPOKA YUCEN Uy, ..., Up,

B1, ..., B; ecTb pelenue cucTeMn ypaBHeHuii (1) H NOTOMY JUHEHHO BHIpaXaeTcs

uepes (yHnamMeHTaabHylo cucreMy pemenuit (2). Ilycts vy, ..., v, — Kkoaddu-
d

MEHTH 3TOro BhipaxeHusa. Toraa ﬂ].= 2 \B 2T (j=1,2, ..., 1), otkyza
i=1

! 1 d d 1 d
x=268,=3 (2 Yi"if)"i" 2 Vi( 2 yiibi>= 2 viey
Jj=1 1\i=1 i=1 Jj=1 i=1

J=

Urak, 060l Bektop X € D nuueiino Bhpaxaerca uepe3 Bextophl (4). Haxowen,
cucteMa (4) AuHeHHO HE3aBUCHMA, TAK Kak MaTPHLIA KOOPAMHAT 3THX BEKTOPOB
B 6asuce By, ..., b; conepxur MuHop (3) mopsiaka d, OTJAMUHBIA OT HYyJs.

1320. Basuc cymmMb 06pasyioT, HampuMep, BEKTOPH @, @y, b;. Basuc nepe-
ceueHHs COCTOHT U3 OJHOrO BeKTopa ¢ =2a,-+a;=b,+b,= (3, 5, 1).

1321. Basuc cyMMbl 06pasyior, Hanpumep, BEKTOPH @;, @, @i, D, Basuc
nepeceuenus, HanpuMep, b, = —2a, + a; 4 a;, b, = da, — a, — 2a;

1322, Basuc CyMMBl COCTOMT, HAaNpPHMEDP, M3 BEKTOPOB &;, @3, &3, D). Bazuc
nepeceyeHus, HaNpUMeEp, U3 BEKTOPOB ¢, =@a; -+ @, +a;=b,+ b, = (1,2, 2, 1);
€;=2a;,+2a;=08,-+b,= (2, 2, 2, 2).

1328. Ilpoekuus BexTopa e; Ha L, mapaaneabno L, umeer i-10 KoOpAMHATY
n—

1 —1
»@ OCTaABHHE — ——, NPOeKIUHS Ha L, napaaaenbHo L, uMeer BCE KOOp-

1
AWHATH PaBHBIMH —-.
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1329.

1 1 1 1]
1 T Y 0 g
1 1 1 1 ;
A=|7 1 T A=|T7 0 A
i 1.. .1. ..
9 g e 1 —g Ty e 0

1834. Y xasanue. PaccMoTpers mapaMetpuueckue ypaBHEHHs NPAMBIX
Xx=a,+ad, x="0s+ b, rae a, a,, b, b, — nauuble BEKTOPHL.

13385. Bektopn a;— by, a4, b; AoMKHB OHTH AMHEHHO 3aBHCHUMHL.

13385. VckoMbie ycnoBHA COCTOAT B TOM, 4YTO BEKTOPDH @, ¥ b, auHeliuo
HE3aBUCHMBI, a BEKTOp @y— b, JAHHeliHO BHIpamaeTca uepes @, u b,. Ecm
ay— by =tia, 4 £;b,, TO TOUKa mepeceueHHA 3a4aeTCA BEKTOPOM @y — f1a, =

— Yp 2V1.

1337. (—2, —5, —1, 1, —1). 1388. (0, 1, —1, —2, —3).

1339. Heo6xoxumbie H AOCTATOYHLIE YCHOBHS COCTOAT B TOM, UTO 4eTBepKa
BEKTOPOB @y — ¢, By—¢, @, b, nuneiino 3aBucHMa, a Kakias H3 ABYX TPOeEK
a,—¢, a, by u by—c¢, a;, b, auueiino HezaBucuma. Mckomad npamas umeer
ypaBuene x = ¢ - df, rae d = Ay (@o— €) + hoa; = A3 (by — ¢) + A,b,, npuuem
KO3pOHIHEHTH A; M A3 CTAHYHB OT Hyas.

Toukn nepeceueHus 310 NMPAMOH C HAHHBIMM NPAMBIMH HMEIOT BHI:

A 1 A 1
¢+ g-a=ct-d u bo—{-h—:b,:c-l—Ta—d.

1340. x=c+-df, rae d=(®6 7,- -8 —Ii), M2 2 -3 —4),
My (—4, —5, 5, 7).

1841, x=c-}-dt, rne d=(, 1,0, 3); M;(2 3,2 1), My(l, 2 2 —2).

1344. Ecau ABe NIOCKOCTU TPEXMEPHOrO NMPOCTPAHCTBA UMEIOT OOWIYI0 TOUKY,
10 OHM MMelT 00wyl npsaMylo. Ecau mIockocTs M TpexMepHoe JuHeiiHoe MHOro-
-06pasye YETHPEXMEPHOr0 MNPOCTPAHCTBA MMEIOT OOMmYI0 TOUKY, TO OHH HMMEIoT
.o6myto mpauyio. Ecix ABa TPEXMEPHHX AHMHEHHBIX MHOroo0pasus YeTHpexMep-
HOTO NMPOCTPAHCTBA UMEIOT OOUIYI0 TOYKY, TO OHH HMEIOT OGHIYI0 IJIOCKOCTD.

1345. Jnn yno6crBa kaaccHHMKANHM PasHHX ClAydaeB BBEAEM IBE MaTpHIbL:
A —Marpana, no cr1oabuaM KOTOPOH 3amvCaHbl KOODAHHATHL BEKTOPOB @, Q»,
b,, b, B-—wMarpuua, noayueHHas u3 A IpHINHCHIBAHHEM CTOJ6UA KOOPXHHAT
BEKTOPa @y — by [lycre panr A=r,, paur B =r, BoaMmoxkeH ofuH M3 mectu
CRYYALH:

1) ry =4, r;=2>5. [l10CKOCTH He JexaT B OAHOM YeThiPEXMEpHOM MHOrO-
«00pa3uu (NI0CKOCTH abCOMOTHO CKPEIUBaIOTCH).

2) ry=ry==4. [I10CKOCTH MMEIOT OAHY OOILYI0 TOUKY, 3HAYMT, JEXKaT B Of-
HOM YeTHIPEXMEDHOM, HO He JIeXaT B OfHOM TpPeXMepHOM MHOroo0pasuu (njo-
CKOCTH afCOMOTHO MEePECEeKAloTCs).

3) ry==3, ry=4. [lnocKOCTH HEe HMEIOT QGIYX TOYEK, ACKAT B OAHOM YeThi-
PEXMEpHOM, HO He JeWaT B OXHOM TPEXMEPHOM MHOroo0pasuM (IJIOCKOCTH CKpe-
IMBAIOTCA NADAMIENbHO NPAMOH, HMeHHO: 06e OHH NMapaine/]bHbl IPAMOHA C ypas-
HEHHEM altl + agtz = b1t3 + b2t4).

4) ry==ry = 3. [lnockoctTH JNexar B TPEXMEPHOM INPOCTPAHCTBE H Iiepece-
HAIOTCH HO NPAMOH.

5) ri =2, ry=23. Ilaockoctn He MMelOT OOWMX TOUEK, HO JNCIKAT B OJHOM
“TpeXMEPHOM NPOCTPAHCTBe (MAOCKOCTH MApajienbHbl).

6) ry=ry=2. [1n0CKOCTH COBMANAIOT, 73 > r;>>2, TaKk KaKk o0e Mapn Bek~
“TOpOB @, @y u B), b, AuHelHO HE3aBHCHUMBI.

t847. ¥ xasauue. Becrn A0KkasaTeabCTBO MHAYKUUEH mo uucay .
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1348. OxTaszp ¢ BEPUIHHAMH B TOUKAX:
(1) 1) '—’lr _l)y (11 —]i ll —])r (L —lv '_]1 1)1
(_1» '—lv 1, l)y ("_11 l’ _1! l)v (—1) ]1 1’ -1)-

Y kasanue. [pu onpenescHun KOOPAKUHAT BEPIUH YYECTb, YTO BEPIUHHH HCKO~
MOTO CeyeHHS ROMKHH ObiTh TOUKAMH IEpPECeUeHHs CEKYIero NOATNPOCTPAHCTRA:
¢ pebpamu ky6a, H 4TO BAOJAb Kaxjnoro pe6pa kyb6a TpH KOODAHHATH PaBHH +1,
a yeTBepTas MeHnsercs ot +1 go —1.

3 1 1 1
1349. Tetpasap ¢ . BepmHMHAMH B TOUKax: (T’ T T —T)'

_ 13 ,i_l) (ﬁi 13 L) (_l 113
(4'4’ 4 4] 4’ 4’ 4 ap 4 TR 4’4)"

Y kasaunune Halitu npoekuun BepunH.

1350. ¥V x a3 aHue. [Ipunats nannuiil KOHew Auaronanu 3a Hauano, a pe6pa,
M3 Hero BHXOJAIHE, —3a OCH KOODIMHAT M IIOKA3aTh, YTO PACCMATPHBAEMHIE
NapaileabHbnie AuHefiHbie MHOTOOODa3ks ONPENEANIOTCT YpaBHEHUsMU

et o dxa=k (=012 ..., n)

a TOUKa MepeceueHus IMaroHain ¢ k-M u3 arux MHorooﬁpaaun HMeeT Bce Koop-
IMHATH PABHLIMH OJHOMY H TOMY Xe 'mcny— (k=0,1,2 ..., n)

1352. BquHennaﬁ dopma g moamna 6HTb CUMMETDHUHA, T. €. &ij==aj;
(¢ Jj=1, 2,...,, n), a cooTBEeTCTBylomas eH KBaipaTuuHads d¢opMa [ =
n

2 a;jx;xj— MOJNOKHTENbHA ONpefeleHHa; (e;, ;) =a;; (i j=1,2, ..., n)
i j=1

1857. MoxHo no6aButh BeKtopw (2, 2, 1, 0), (5, —2, —6, —1).

1358. Moxno no6aButh BeKTOpH (1, —2 1, 0), (25, 4, —17 —6).

2 2 1
1359. OpnH M3 BekTOpoB + (3, ~3 ~—3-).
1 11 1\ (1 1 11

1360. Hanpumep: (2, —5 _«_2_), (.2., — g~ 'i')'

1381. (1, 2, 2 —1), (2,3, -—3 2), 2, —1, —1, —2).

1362. (1, 1 —l —)(

1863. (2, 1 —1) G 2 —3 —1), (1, 5 1, 10).

1366. Hanpnuep: b, = (2, ———2 —1, 0), 2_-(1 1, 0, —1).

1367. Hanpumep: 6x, ~—9x2—x3 0, x2+x4~0 .

1869. Ilycts a,, @y, ..., @y—6asuc L. Nmem y B Buge y= | ¢;aj-

j=1

VYMuOXas 3TO PaBeHCTBO cxangpno Ha @; u 3aMeuas, uto (a@; y)= (@i X), no-

JAy4YaeM CHCTEMY YpaBHEHmii 2 (@, ajyej=(a, x) (i=1, 2,..., k), xoropas
j=1

N0 CMBICAY €1, C ..., Cp LOMKHAa HMeTb eIMHCTBeHHOe pemenve. Haigs y,
nojaraeM z2=Xx-—y.

1370. y=3a,—2a,= (1, —1, —1, 3); 2= (3, 0, —2, —1).

1871 y=2a,—a,=(3, 1, —1, —2); z-—( 1, —1, 4).

1372. y = (5, —5, —2, —1); z-—(2 1, 1, 3).

1373. y KasaHue BhBecTH cooTHOmEHUE

Jx—aPP=|(x—x)—yP+ly—(a— x5} %
rAe Yy — OpPTOroHajbHas MPOEKNuA X — X, Ha L.
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13874. a) 5, 6) 2.

1875*. Y xazauue. [lonoxum x—x,=y-4-2, rie ycL, 2£L* o za-
nade 1373 d?= (2, 2). Ilyctb y =A@+ Asao+ ... 4 Arap. W3 mocaenuero
-croabua onpepeanread G (ay, Qs ..., @y, X — Xp) BHYESCTh NPEABIAYIIHE CTOAGLBL,
YMHOXEHHBIE COOTBETCTBEHHO HA A, Ay, ..., Ap, U [OKA3aTh, 4TO HA MecCTe
{@;, X — X,) HOJAYYUTCA HY/b, & HA MeCTe (X — X, X — X;) Oymer (X — X, 2) =
= (2, 2).

1876. Y xasauue. Ilycts 4, € Py, uy,CPy y—O0pPTOroHaNbHAA JPOSKUUA
X{ — X, Ha L. BriBecTH paBeHCTBO

Jiy— s 2= (%, — %) —y P+ 1y + (0, — %) — (0 — %) >

1377. 3.

1878. Pemewnune. [IpumeM oAHYy H3 BepwHH NepsBoif rpaHd 3a Havano
xoopaunar. [lycTb papyrae BepuidHB NEPBOH rpanu 3ajaloTCA BEKTOpaMu X,
X, ..., Xp, @ BEpIIHHB BTOPOH TIpAHH — BEKTOPAMH Xp..(, ..., X, MieMm pac-
CTOSHHE MeX(IY JMHHEeHHBIMH MHOrooGpa3dfiMl, ONpelNeNeHHHIMH BEPIUHHAMH 3THX
rpaueii (3agaua 1346). dtu MuOroobpasus —

Xt oo o dxpty v (Sp—X)terd o F Ko — X)) b X
VickoMoe paccTOsiHWe PaBHO AJAMHE OPTOTOHANBHOA COCTaBAAINEH 2 BeKTOpa X,

OTHOCHTEJbHO MOANPOCTPaHCTBA L, HATAHYTOrO Ha BEKTOPH X, ..., Xp,
Xpi1— X oo Xp_| — Xy YMHOXAA PAaBEHCTBO
Xp=XtF .. Xple - Kpr— X b+ o F S —Xn) b -2
Ha BEKTOPBL Xy, .., Xy Xp+1—Xm o0y Xpoy — Xy, HOAYUHM YDABHEHHA:
1 1 1

htght .. +glh=x3

1 | 1

ghtt+ .. +5lh=gi

PO o . ..

1 1
shtght ...+

.
.
.

1

i

2
1 1 1.
tk+1+'§tk+2+ +7tn—1=-—7,
5 b g+ Lt =— 1,
3 k1 E+2 —{-5 el =—15
ettt oty =
g “ktl 5 “k+2 n-t ="
OTKyAa, CKAannBad MNepBbie k2 u nocaeaue n —k-—1 ypasuennd, serko Haxo-
A £y = e =tk=m; tpri= o =lp_ =— —F" Mostomy 2=
_Ket o X xt X
I — PN R Orciona BHIHO, YTO 2 - COSAUHAET

UEHTPHl JAaHHBIX rpasdeit.

Tak kak paccTosHue Mexay MHOroo0pasuaMH, ONPENCNCHHLIMU BepINHHAME
JaHHBIX rpaHell, N0 A0KA3aHHOMY DPaBHO PACCTOAHUIO MEWAY HEHTpaMH 3THX Tpa-
Hell, To OHO u GyleT paccrosHHeM MexAy 3TuMH rpadamu. Bossoas B kBajgpar

: n4-1
BpipaXeHue A% 2 ¥ M3B/ACKAd 3aTeM KOpeHb, HAXOzHuM: {2 |= +

2 (n—%) (k1 1).
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1879. Ykasanue. Haiith o u3 ycaorus (x—ae, €)=0. lpu zoxasza-
TEALCTBE ENHHCTBEHHOCTH Ofe 4aCTH PAaBEHCTBA O - € - 2; = 0€ - 2, YMHOXHTE
CKanapHo Ha e. '

1380. Y kasaunue. PaccMOTpETh CKalAPHWA KBaJpaT BeKTOpa y = X —

k

— 2 a;€;, Tae o; = (X, €;), U NPUMEHUTH CBOACTBA B) ¥ T) NpeanaymieRk sagaun,

i=1
1881. Yxaszanue. [lepBuit cnoco6: paccmorperh CKaJApHHH KBajapar
(x4-ty, x+ty) Kax HeoTpUNATEAbHHH KBaApaTHWH TpexuieH or £ Bropoil
croco6: npu y == 0 npencraBuTh X B Bujae X =oay-+2, rae (y, 2) =0, noxa-
3arb, uTO (X, X)>02(y, ¥), UpHUeM B3HAK DABEHCTBA HMeEeT MECTO TOraa M
TOJBKO TOrJa, KOTAa X == Gy, W BHIACHHUTb, UTO

& ¥ =c@ 9Ny <(x 0.

Tperuit cnoco6: NPUMEHHTh HEPABEHCTBO 3akaud 503 K KOOPHMHATAM BEKTODOB X
W ¥ B OPTOHODMHDOBAHHOM Oasmuce.

1382. Ykasanue. [Ilepmii cnocoG: paccMoTpeTh CcKalspHBIH KBajpar
(x4-ty, x+ty), rae t=s(X, y) KaK HEOTPULATEAbHBIA KBaApaTHHIA Tpexujen
oT s (s — pelicTeuteasnoe). Bropoit cnoco6: npu y == 0 noaoKuTE X = ay -+ 2,
rie o— KOMIJEKcHoe uucao u (y, 2) =0, nokasars, uro (x, X)>aa(y, ¥),
npudYeM 3HAK PABEHCTBA HMEeT MeCTO TOTAa H TOJAbKO TOria, Koria X =oay, u
BHIICHHUTH, UYTO

(%, ¥) (, X)=aa (3, y) (¥, ¥) < (%, X) (¥, y).

Tpertu#i €nOCO6G; NPUMEHHTH HepaBeHCTBO 3axauu 505 K KOODIUHATAM BEKTOPOB X
H y B OpPTOHOPMUpPOBaHHOM Gasuce.

b 2 b b
1384. ( [reew dx) < [urrds. [(gemax
a B a a

1885. AB=BC=AC=6;, / A=/ B=/ C=60°

1386. AB =05 BC=10; AC=5V'3 £ A=90% / B=60% / C=30°

1889. Yxasaunune. Ecau pebpa samanst BextOpaMu @y, @, ..., @, TO
paccMOTpeTh BhIpaXeHHe | &) +ay - ... +a, %

1890. Y kasanne. Paccmorpers Buipawenne Xy |2 jx—y |2

1393. [Ipu HeueTHOM n OPTOrOHAAbHBIX NHAroHaaeH HET, NpPH n = 2k uckKo-

MOE YHCAO PaBHO 7Cﬁ= ch-l.
1894. -V lim aVn=oo.

n->»co

1 . n
1395. ¢, = arccos Vn : n]_l_;“w Pn =73 §1a= 60°.

aVn
1396. R = 5" Mpn n=1,2 3 R<a upu n=4 R=a, npu n > ¢
R>a.
1398. Y xasanue. [loxasars, 4TO Hauad0 AHATOHAMM MOKHO COEIUHHTH

¢ mo6oit Apyro# BepmuHOH uemouyxoil pefep, U BOCIO/B30OBATBCA NpPEXBLAYIIEH
sanaveit. . :

1399. ¥ xa3anue. Mcnoavsopats sagauy 1379,

1400. Pemenue. cos(x, y)= I-’if"—lv.ll = l;"l'"’lv;l = ‘Ii} .
Ne ®Y) _ y) _lyliy] el
€088 ) = T YT ST Iyl T Ty ] 00 O Y Sy = s
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3uak paBeHCTBAa BO3MOXEH TOTJAa M TOABKO TOrKa, korAa cos(y, ¥')=1, 1. e.
a0 3anaue 1399, xorpa y' =a-y mpu a > 0. :

1401. arccos ]/ %. 1402, 60°, 1408. 30°.

1405. arccos ';2;' Yrkasanue. llycts @; —sexkropus Ay A; (i =1, 2, 3, 4).

PaccMoOTpeTh ABA BEKTOPA @f; - @ofy H A3t; - a,fy; MOKA3aTh, UTO KBAAPAT KOCH-
(& +-2:)? (8 1-20)?
4(H{+titg 419 (6 +tita + 1)

MyM dyHkuun (£ —{—t2)2 [pH YCAGBHH, YTO tf—l—tltr!-tg =1

1406. 45°. Y xasaunue. MckaTh MHHHMYM YINIOB BEKTOPOB BTOpOil mio-
CKOCTH € MX OPTOrOHANbHHIMH NPOEKLHAMU Ha NEPBYIO IJOCKOCTb.

HyCa yraa MeWJy HHMA paBeH

, U HAHTH MaKcH-~

1407. Ykasanue. [loxasats, 9T0 KaxnAas u3 cucreM fy, ..., fp 4
£ -+ Q¢ ABAAETCA 6a3sHCOM MOANMPOCTPAHCTBA Ly, HATAHYTOrO Ha BEKTOPb
€y, ..., €y 410 (f; &) =0npu { 5 j, HakoHel, 4YTO B paBEHCTBE gy = ¢ fi + ...
oo +cpfr BCE KO3QDUUHEHTH C|, €5, ..., Cp—; PABHH HYIIO.

1408. Yxasauue. Ilonowus (x2—1)® =u,(x), mnpopepurs, uro

+1
u?(il):O npu j < k M, MHTErpupys MO 4acTaM J‘uﬂ’) (%) x7 dx neckonvko
+1
pa3, NOKa NOA 3HAKOM HHTErpana He MCUE3HET MHOXHTEeAb BUAA x°, NMOKA3aTh, UTO
3TOT HHTerpan pasen Hymo npu j=0, 1, ..., k—1. Buisecru otciona tpeGyemoc
+1

PABEHCTBO: f Pij(x)Pr(x)dx=0 npu J o k.
-1
1409. Py (x) =1, Py (x) =%, Py (x) = % (Bx2—1), Py (x)= % (5x%—3x),

k
— L (35,4304 L N ye-ici @D ejek
Py (x)= A (35x4—30x243). Py (x) YT Z:f)( ) F e — 1) x

b— DVQJ—k)12k-]

AYET BHUIYCTHTb BCE€ CJAaraeMble¢ C OTPHLATENbHBIMH I[IOKA3aTeNdAMH CTENCHH X,

k
= 2(_1)""1 (1 8.5 ... -@—1 x2/=* npuuem B 9THX BHpPAKEHHAX CAe-
j=0

2 2 ___i k.
1410. Vm—i- . Pemenue. INoaoxum (x 1)* = up (x) u BHIHCIUM

ckaaApHelit KkBagpat (Py, Pp). Vaterpupya no vactaM, HaxomnuM:

+1 +1
J‘ ul® () o () dx = — J.ug”l)(x) () dx = ...
-1 -1

+1 ’ +1

ver = (1) J u, (%) 62 (x) dx = (2%) ! f (1 —x)® (14 2)* dx.
,—1 -1
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CuoBa HHTErpupya no 4acrdaM, HaxOAUM:

+1 +1
J‘(l—x)” (A4 x)tdx= k_’f_l f(l—x)k"l(l—l—x)’”ldx:
-1 -1

+1
_ k1 - _ (k ’)2 22k+l

T RN RFD) .. @R !“‘*”‘) W= GRICEFT) "

OTKyAa !
1 k12 Q%1 2
(Pr, P = ——— (20)1 —& 1) = :
2% (k1) QR (2k+ 1)  2k+41
M. P,(1)=1. Ykasanne. [llpumenutr Kk BHpaxeHuio Py (x)=

k . .

-t . [(x 4 1)® (x — 1)*] npasuao Jleii6unua Anddepenimpopanus mpo-
okR)  dx®

H3BENEHHS.

Q! Ck 1.3.5.....2k—1
2k (k1)? 2k k!
crapmnil  kosddunuent noamHoMa Pp(x) (k=0,1,..., n). Ykasanue.
Wcnoabsosars 3anauu 1407, 1408, 1409.

M4, Ykasanune. [Tloroxus x®=[x"— f(x)] - f(x), noxasars, uro
MHHHMYM JOCTMTaeTCs TOTAA ¥ TOJALKO TOTAA, KOTAA f (x)— OPTOrOHaAbHAs CO-
€TaBafIoman &g x” OTHOCHTEILHO MO AMPOCTPAHCTBA MHOFOUJEHOB CTeneHy < n—I1
(3anaua 1373), u mpuMenuth 3anauyu 1410, 1412 u 1413

¥M18. g (a;, a,) paBeH KBajpaTy NJOIALH NAPaNIeNOrPaMMa, MOCTPOEHHOrO
Ha BEKTOpax a;, @;. g (@i, @, a;) paBeH KBajJpaTy ofbeMa napajieienunena,
TIOCTPOEHHOTO HA BEKTOpax @, @, Q.

1418. Y xazanne. PaccMoTpeTh CHCTEMY OIHOPOIHHIX NMHEHHHX ypaBHe-
Huil ¢ onpeneanteneM g (a;, @y, ..., @z).

1417. Y kasanne. MckaTh B3auMHBIH 6a3uc u3 COOTHOMIEHHI

1412. P), (x) = Cpfp (%), rie Cp=

n
fi=Dcirer (U=1,2...,n.
k=1

1B, a) T=(S’)"}; 6) T=(5’)"!. 3nech wTpux 03HavaeT TPaHCTIOHHPOBA-
HHE, 2 YepTa — 3aMEHY 3JEMEHTOB KOMILIEKCHO CONPSKEHHBLIMH.

419. Y xasanne. lepeuli cmoce6: nokasarts, uro onpeneautens I'pama
g(ay, ..., ap) paBeH KBaapaTy MOLYJS ONpeleAuTe]s W3 KOOPAMHAT BEKTOPOB
@), ..., G B MoOOM OPTOHODMHPOBAHHOM 6a3suce k-MepHOTO NOANPOCTPAHCTBA,
COZlePKAEro 5TH BEKTOPH.

Bropo#t cmoco6: nokasaTbh, 4TO HeOTpHHaTenbHas KBajapatHunas ¢opma
(@ + ... Fapxp, a1x;+ ... Fapxp) or x4, ..., X; 9BASETCA NOJOKHTEALHO
OnpeneNeHHoH TOrAa M TOALKO TOTAa, KOra BEKTOPH &, ..., O AMHEHHO He3a-
-BHCHMBL.

Tpertnii cnoco6: noab3ysach HeM3MeHHOCTbIO onpeieauteas I'pama npu Opro-
FOHaNH3aLHH BEKTOPOB (3amaua 1415), mokasath, 9TO ecau BeKTOPR by, ..., bp
NOAYYEHH H3 @y, ...,.@; NPONECCOM OPTOrOHAAH3ALMH, TO & (@1, ..., Gp) =
=|b;1*...|8,|% u npumenntp 3azauy 1413,

. YxasaHnue. llepsuil cnocol: samerus, 4TO HCKO-

“wet, ————
Ccs. Van1

MOe PacCTOSHUE paBHO AAMHE OpPTOrOHaabHOH cocTaBasiomel pextopa — x*
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OTHOCHTENbHO MOAMPOCTPAHCTBA MHOTOUJACHOB CTeNeHM He Boimie 7 — 1, mpume-
HUTb NpelhAyWYIO 3afauy K 3anauy 418.
Bropo#t cnoco6 (He ucnoassyiowuii 3asaun 418). uckomoe pacctosHue naer
1

MHHUMYM HHTErpaia J [f (x))% dx, rae f(x) — MHOrOWIEH n-# CTEIIEHH CO CTAPLIUM

0
k09 PULHEHTOM, DAaBHBIM elHHHIE. JTO MO3BOAAET H3MEHEHHEM IPEleJOB HHTEe-
rpanuy CBECTH 33ady K COOTBETCTBYIOIIEMY 3KCTPEMalbHOMY CBOHCTBY NOJHHOMA
Jlewaunpa (sagaua 1414).
1422. Yxasaunue. [lpumenuts sagauu 1413 u 1415.

n n

1423. | D2| < [ D) |4, | npuuem suax pasenctsa mMeer Mecto Toria u
. i=1 j=1
" .
TOJbKO TOTJa, KOr'Aa aubo Z aipjp=0 (5 J; i, j=1, 2, ..., n), mbo onpe-
F=1

aenuteab D cOepKHT HYJEBYIO CTPOKY.
1424. Y xazanue. B BextopHoM npocrpancTBe R, BBeCTH CKaiaipHOe
n

npoussefienne (X, ¥) =1 Zlaijxiyj, Te X, ..., X, H Y, ..., ¥, — KOOPAH-
) J=

HAaThl COOTBETCTBEHHO X M Y B HEKOTOpoM Oasuce ey, ..., €, NPOCTPaHCTBa Ry

nokasatb, 410 Dy= g (e, ..., €,), ¥ OpuMeHuTh 3ajauy 1422

1425. Y kaszaHnue. Hcnombsosath 3anauy 1210, r).

1428. Y xa3sauwue, IlpuMmeHur, cBOHCTBA 3PMHTOBHIX (OpM, aHANOTHYHBIE
CcBOHCTBaM BeliecTBeHHBIX (OpM, ykaszaHHbiM B 3agaue 1210 (cm., Hampumep,
®. P. I'aurmaxep «Teopusa marpun», Focrexusaar, 1953, ra. 10, § 3,9).

1427. Y kasauue. Hcnonssopars paccyx/JeHHS MEPBOrO M TPETHEro CHO-
co00B, yKasaHHBIX B oTBeTe K 3anaue 1419.

1428. Yxasanue. [lpumenutp 3amauy 1422

1429. Pemenue. [lycts mpouecc OpTOroHaMH3ALHU MEPEBOAUT BEKTOPH
a, ..., ap by, ..., b; B BEKTOPH €y, ..., Cp, dy, ..., d}, a BeKTOPHl by, ..., By —
B BEKTOPH €, ..., ¢;, OpPTOroHajbHas COCTaBJAIOLIAs BEKTOPA €; OTHOCHTEIbLHO
noxnpocrpanctsa L; HaTAHyTOrOo Ha @y, ..., @ by, ..., B;_;, coBmajaer ¢ d
B camom neue, b,=y,+e, ricy, nmHedino BhIpawaeTcs uepes bl, e bi—v

4 e; OPTOTOHAJEH K 3THM BEKTOpaM. e, =yi-+z, rae yQELi, a 2 OpTOTrOHAJEH
4 7 y
k L;, Ho Torna b, =(y, +y;)+2 rae y,+y;€L;, a z oproronanen L;. 3ua-

yut, no 3anave 1413 z;=d; u |d;|<|e;|, nprueM 3HAK PABEHCTBA 3aBEAOMO
UMeeT MECTO NpH yCJOBHH (2), IOTOMY 4TO el=bi—-—yi BLIpAKaeTCd uepes

by, ..., b; u, 3Ha4uT, OPTOrOHANEH K &), ..., Ay By, +.., b;_1. Tlo 3anaue 1415

HMEEM: )

g@y .. ap by, ., )= P -l D-(d 2. 1d D)L
(el -(le e le)=g(ay, ..., ar) g (b, ..., )

uTo JokasbiBaeT HepasencTBo (1). Hpu ycaosuu (2) |d;|=|e;| (=1,2,...,0)

1 HepaBeHcTBO (1) ofpamiaerca B paseHcTBO. Ecau ay, ..., @p wd by, ..., by

JIMHEHHO 3aBHCHMBI, TO HpaBas 4acTb HepaBeHCTBa (1) obpauiaeTcs B HYJb, a TaK
KaK JeBag YacTb HEOTPUIATE/bHA, TO MBI CHOBZ 1OJyYaeM DaBeHCTBO.

[Tycth, 06paTHO, HepaBencTBO (1) obpamaerca B pasencrso. Torxa no mpenbi-
aywemy [eq |2 ..t fepl2eldy 2. dif=]e 2. |epl2-lel?... lel? or-
Kyna qubo cymecrtByer {<(k rtaxoe, yro [¢;|=0, 1. e @, ..., Gp JHHEHHO -
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3apucumul, aubo cymectnyer i I Taxoe, uto |d;{=1¢;|=0,1. e by, ..., B
auHefiHo 3aBucHMBL, Jubo |d;|=|e;| (i=1, 2, ..., I), orkyra caexyer, 4ro
BCe €;, 3 3HAuUuT, W Bce b; (Kak HMX JuHelHble KOMOWHAUMM) OPTOrOHALHEL
K ay, ..., Gy, T. € BHIOJAHIETCA ycJaoBHe (2).

17430. Yxaszauue. [lpuMeHuTb HpefnAYIIYI0 33auy.

1481. Y xazaunue [lpumenuts 3agauu 1425 m 1429,

1432. Y kaszauue. [lpumenurp 3agaun 1426 u 1429,

1483. PemeHue. a) nmyctb uyucaa cucremsl (1) fBJAAIOTCH PACCTOAHHAMH
BCEBO3MOXHBIX Nap BepmuH My, My, ..., M, n-MepHOro CcuMIEKC3, MNpUUEM

ay=MM; (@ j=012 ..., ni>})). @)

O6o3Hauum uepes e¢; BekTop, Haymuit u3 My B M; (i=1, 2, ..., n). Toraa
uMeeM:

2 : .
%o = (8p &) (i=12..,ny -
2 ;o s s
a;;=(e;—e;, e;—ej) G ji=12 ..,mi>).
U3 3TUX PaBEHCTB HAXOAHM CKaXApHLIE MPOU3BEJCHHA BEKTOPOB €y, ..., €,
(ei! ei) = a[o (i = 1) 21 vy n)y
ajo+ ajo—ay , : S C))
€ e)=—5—— @G Jj=L2..,mi>)
TIpuMensin 9TH COOTHOUICHMS, HanumeM MaTpuny 'pama BeKTOpOB €4, ..., €,
a Q39+ 10— an anot+ a1 —am
o 9 “ee 5
Qgo - a1p — ay Qg Qo+ Agp — Qpy
2 2 . )
Qng+ Q10— Ant  @not+ G20 — Ao ,
“an ﬂﬂo ]
Tak xax touku My, M ..., M, ue nexar B (n— l)-mepHOoM MHOroo6pasiH,
TO BEKTOpH €, €, ..., €, AMHeHHO He3asucuMmbl. OO6o3Hauas uepes Dy yrhosoil
MHHOp mopsaika k MaTpuupl (5) u npuMeHaa 3afauy 1419, moayuaem
D,>0 (k=12 ... n. ©)

Hrak, ycaoBusi (6) sBasioTcs HEOGXOAUMBIMH JJd TOrO, YTOOB UMCJA CH-
crembl (1) ObIIH PACCTOAHMSIMH BEPIIMH n-MepHOro cummiaekca. [loxkaxeM, 4To
3TH ycaoBUS JocTaroudel. [Ipu BbioaHenuu ycaoBuil (6) Marpuua (9) sBasercs
marpuuedi I'paMa auHeHiHO He3aBHCHUMOH cMCTeMbl BEKTODOB €y, ..., €, (CM. 3a-
gauy 1352 wmam 1210, B) ). IlostoMy BepHbhl paBeHcTBa (4), OTKYAa BHITEKAWOT
pasenctBa (3). Ipurumas Hauano koopaunar 3a M, a komey BexTOpa €; 3a M;
({i=1 2,..., n), MOJyuHM BBHIIOJHEHHE PABEHCTB (2), 4TO u TpeGOBaJIOCH.

B cayvae 6) HeOOXOAMMBIM M JOCTATOUHBIM YCJIOBHEM §BJAf€TCS HEOTPHIA-
TEJIbHOCTb BCEX INIaBHBIX (@ HE TOABLKO YIVIOBHIX) MHHOpOB MaTpuum (5). Heo6xo-
IHMOCTb JOKa3hBaeTCA TAK e, KAK B cayiae a), ¢ TOH pasnHued, 4T0 BEKTOPH
€, ..., g MOryT ObIThb JMHEHHO 3aBHCHMBL JIOCTaTOYHOCTh JOKA3BIBACTCA INpH
noMouy 3agasn 1425 mam 1210 r).

1434. (coso - sina
sina cosa)’
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1433. /0 0 1 010
(l 0 0), €CJH €, NMEePEXOAUT B €; M (0 0 1), ecau e, ne-

010 1 0 o/ pexomut B e,
®36. /1 0 0, 1437. ;1 00 1“88. (1 1 1)
(ooo). (010). 3 3 3
000 0 0 0/ 111

3 3 3|

111

13 3 3

1439. lNepsue % sneMeHTOB raaBHONH AuaroHanu MaTpHUB NPeoGpa3’OBaHusE
PaBHB! €llMHMLE, @ BCE OCTaJbHLIE DJIEMEHTH DPABHB HYAIO.
. B i-M croabue Martpuu Npeo6pa3oBaHHA CTOAT KOODAMHATHl BEK-
Topa b; B 6asuce aq,, ..., @,

0 11 :
41, ¢ auHeiino. Aq,———(2 0 1). 1442. ¢ He sBageTCA JAMHEHHBIM.
3 —1 1

1 —1 1
1443. ¢ ne spaserca JnHeiinuM, 1444. ¢ nuneitno, Ay = (0 0 1).

, 0 10
2 —11 6 —6 11 5
1445. (1 7 4). 1445, .1_(-12 13 10).

2 —1 0 3 6 —5 —5
1448. B Gaasuce e, e, e; matpuna 1 2 3
(246),
3609
B Gasuce b, b,, b; marpuua 20 5 5}
3 3
16 4 .
-3 3 4
| 8 -2 6]
M49. a) npH YMHOXCHUM CleBa 6) npr yMHOXEHHM CnpaBa
a b 00 a 0 ¢ O
c d 00 0 a 0 ¢
00a b b0 4 of
0 0 ¢c 4 0 b 04
430.2) (01 00...0 6) {01 00...0)
0020...0 0 010..0
000 3...0], 000 1...0},
0.0 0 0...n 0000...1
0000...0 0 000..0)
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145% B Marpune nepectasfTCA i-% H j-51 CTPOKM H i-f # j-A CTOAGIHL

452.23) (1 0 2 1 6) (-2 0 1 0
2 35 1 1 —4 -8 —7
3 —1 0 2ff 1 4 6 4}
I 123 1 3 4 7

14358. /1 0 0O 1454. /1 2 2
(O 2 0). (3 -1 -—2),

003 2 -3 I
1457. ( 44 44 ) 1458. ( 109 93 ) 1481. 2,
—29Y, —25/° 34 29/°

M84. YV xa 3anue. [IpuMennts NpeAsaymyo 3anauy u onpeneaenne GyHK-
1i¥H OT MaTpuin (3anaua 1148).
8. Ay =A;=2A3= — 1. Co6creeHunie BekTopw HmewoT Bum ¢ (1, 1. — 1),
rae ¢#0.
1488. A, =A,=2A;=2. CoGcTBennne BekTopw HMeT BHA ¢ (1, 2, 0) +
+ ¢ (0, 0, 1), rne ¢, ¥ ¢, He PaBHH HYJIO OZHOBPEMEHHO.
MB7. A, =1, A;=»%;=0. Co6cTBeHHHe BEKTOPH JIAf 3HAYSHHA | HMET
sugc(l, 1, 1). a s A=0—Bun c(l, 2, 3), rae ¢#0.
« M=My=2%;=1. CofcTrennne BeKTOPH umenT BHA ¢ (3, 1, 1), rae

c70.

1489. A, =3, Ay=A;= — 1. Co6CTBeHHbE BEKTODPH JJA A =3 HMEIT BHJ
¢ (1, 2, 2&, a g A=—1-—sug c(l, 2, 1), rae ¢%0.

M70. A, =2A;=1, Ay=— I. CobcTBeHHble BekTOPH AMA A =1 UMeloT BHJ
(2, 1, 0)4+¢c2(1, 0, —1), a g A= —1 Bug ¢ (3, 5, 6), rae ¢; U c, He PaBHH

HyJI0 OLHOBPeMeHHO H ¢7#(.

I My =1, Ay=2+3i, A3=2—3i, CobCTpennsie Bekropu At A=1
umeror BUE ¢(l, 2, 1), nmm A=2+3i—Bug ¢(83—3i, 5—3i 4), naa A=2 —
— 3i—BHa ¢ (3+3i, 5+ 3i, 4).

MT2. A, =Ay=1; A3=A4,=0. Co6cTenHre BeKTOPH s A =1 HMEIOT BHJ
€(0,0,0, 1), a mas A=0—n8ug ¢;(0, 1, 0, 0)+¢,(0, 0, 1, 0), rae c7=0 u ¢
M C; HE DPABHH HYJIO OZHOBDEMEHHO.

78. Ay =Ay=1, A;=A,=0. CoGcTBeHHbE BeKTOPH I/ A= | HMEIOT BHL
€1(1,0,1,0)4+¢,(0,0, 0, 1), a gjaga A=0—mug ¢ (0, 1,0, 0)+¢,(0, 0, 1, 0),
T/1e YHCJA €y H C; He PaBHB HYJIO OJHOBDEMEHHO.

W474. ), = 2. CoGerrennsie BeKTopsl uMeloT BuA ¢y (1, 1,0, 0) +¢2 (0, 0, 1, 1),
TAe ¢; H c; He paBHp HYJO ofAHoBpeMenno. M4TT. Y ka3 anue. IIpuMenurs
3ajgaun 820 u 1476.

"9, o, =(1, 1, 1), 100
a=(l, 0, 0), (0 2 o),
az=(l, 0, —3); 00 2

480. Marpuiia K AHArOHaJBHOMY BHAY He NPHBOAHTCA.

48t o, =}, 1, 0, 0, 200 O
a;=(l, 0, 1 0), 020 0
as=(1, 0, 0, 1), 002 o0
ag=(1, —1, —1, —1); 000 ~-2

W82, Marpuua X J4aroHaNbHOMY BHAY He NPURCAMTCA
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1483. o, = (1, 0, 0, 1) 10 0 0)
a,=(©, 1, 1, 0), 01 0 o
a;=(0, —1, 1, 0), 00 —1 0
a;=(—1, 0, 0, 1y 00 0 —I1

1484. Hanpumep:

1 0. 0 —1)
o1...—-1 0

y Ao [ ,
0 1. I o
1 0. 0 1

TAe 0O BTOPOH IMATOHAJAM 3JEMEHTH BhIle raaBHOH puaronams pasHel —I1,
a Huxe -1, IIpH HEUETHOM £ HAa NepecedNeHHH JHaroHaieil MOMET CTOATb Kak
-1, tak u —1. JuaronanpbHas MaTpuna B uMeeT Ha rJaBHON IHaroHasu CBEPXY
n n4-1 .

5 mpH UETHOM 1 i —5—— MpH HEUECTHOM /1 9IEMEHTOB, PaBlbIX -1, a ocranblbie
8M:MEHTH P iBHH —1.

Yxasanue. PaccMoTperb JauHefiHoe mnpeo6pa3oBaHue ¢ n-MEPHOrO mpo-
CTpaHCTBa, uMelomee Matpuny A B HexoTopoM 6asuce, HaliTH 6asuc, cocTofuinii
M3 COOCTBEHHBHIX BEKTOPOB 3TOr0 Npeobpa3oBaHus, H HPUMEHUTh 3anauy 1477.

1486. Jlio6boie ABa 3aeMeHTa Qp U O,_p4y, PABHOOTCTOAIHE OT KOHHOB
no6oYHOR JAMAroHaaH, NOMKHHL Ju60 006a ObITh OTAMYHHM OT Hyad, aubo o6a
o6pamarbcad B HyJb. ‘

Ykasanue. PaccMoTperh auHeHHOe mnpeo6pa3oBaHue ¢ n-MEpHOrO Mpo-
CTPaHCTBa, COOTBETCTBYIOmee MaTpuue A B HEKOTOPOM 6a3HCe, H MPHMEHMTb
sanaun 1117, 1132, 1484.

1487. EnuncrBenHoe cOGCcTBEHHOE 3HauYeHHe — A =10; COOCTBEHHBIC BEKTOPHl —
MHOTOUJEHBl HYJNE€BOH CTeneHw.

1491. Pemenne CHauana JoKaxeM PaBeHCTBO

pasM. L = pasm. oL 4 pasm. L, 1)

rae L,—nepeceuene L ¢ saipom ¢~ '0 npeoGpasosauus ¢. Haa asroro 6asy

a,;, a, ..., @p TOANpocTpancTea L, ponmonHuM Bextopamu by, b, ..., B; 1o

6asnl L (mpu L, =0 oTCyTCTBYIOT BEKTODH @;, npu Lo = L — BexT10pH b;). Bek-

TOpH 9By, ¢bs, ..., pb; obpasywor 6a3y ¢L. B camom nene, ecan yEoL, 10
1

k I
y=ox e XEL Ecan x= D wia;+ 3 Biby, 10 y=qx =, Pipb;, TaK Kak
i=1 i=1 i=1
ga;=0 (i=1, 2,..., k). Bextopu ¢b;, @by, ..., ¢b; JuHEHHO HE3aBHCUMHI,
l 1 1 k
Tak Kak u3 > Pigb; =0 crenyer 3 fib;€ L, otkyna 3 Bib;= 3 wa; u,
i=1 i=1 i=1 i=1
sgauntT, B;=0 (i=1,2,...,0).
WUrak, pasm. L = {4 & == pa3m. oL -} pasm. L,.
a) U3 (1) B euny Ly < ¢~'0 naxonum:

pasM. L = paam. oL -+ pasm. Ly < pasym. oL -} ned. ¢;
pasm. L — ned. ¢ < pasum. ¢L.

Hanee, pasm. gL = pasaM. L — pasm. Ly < paam. L.
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6) TMonoxum ¢~ 1L =L’ Tak kak 0CL, T0 9~ 0o~ 'L=L" u L'[1¢~10=

= @~10. INpumenas. (1) ¢ sameno#t L na L/, noayunm:
paaum. L’ == paam. ¢L’ -+ ned. ¢. @)

Tax xak ¢L’ < L, 1o pasm. @L’ < paam. L u 1o (2) pasm. L’ < pasm. L} ned. ¢,
yeM JOKa3aHO BTOPOE M3 HepPaBEHCTB 6

IMoxaxeM, ut0 ¢L' = L1gR,.

Tax xak 9L’ L u oL’ c9R, 10 9L ' < L\9R, Ecau xCLNPR, 71O
X=0x', rae X’ Co~'L=L', 1. e. xCoL’. Orciona L(19R, < ¢L’.

Tax xaxk pasm. (L4 @R,) < n, 71O, HCTONb3Ys CBA3b PAa3MEPHOCTH CYMMBI H
nepeceueHnsl NOANPOCTPaHCTB (3apaua 1316), moayuum:

pasm. L’ = paam. (L19R,) = pa3m. L - paam. ¢R, — pasm. (L +¢R,) >

> paam. L - pasm. 9R,; — n = pasm. L — ned. ¢.
Orcioza B cuay (2) Haxopum:

paaM, L' = pasm. L’ - ned. ¢ > (paam. L — aed. ¢) 4 ned. ¢ = pasu. L,
yeM J0Ka3aHO IlepBoe H3 HepaBeHCTB 0).

1492. Y xasanue. PaccmorpeTs npeo6pasoBaHua @ K ) NpOCTPAHCTBA R,
¢ MaTpHuaMid A u B u IPUMEHUTDb NPebIAYILYI0 3aa4y K NOANPOCTPAHCTBY L=yR,,.

1494. ExuncreenHoe cobctBeHHoe 3HaueHue A = 1. CoGCTBEHHBIE BEKTOpH
uMelor Bux ¢, (@, - 2a,) + ¢z (@, + a3+ 2a,), rae ¢, c; He paBHB HYJIO OXHO-
BpPEMEHHO.

1495. Y kaszanue PaccmoTpers MarpHiy mpeoGpasoBaHus ¢ B Gasuce,
HepBLIMH BEKTOPaMu KOTOPOTO SBJSIOTCH JMHEHHO HE3aBHCUMBIE COGCTBEHHBIE
BEKTOPHI @, MIpHHAANeKamue Ay Jpyro# nyTh cBsidaH ¢ BpuMeHeHHeM 3anauu 1074,

1501. Hyxesoe nmoanpocTpaHCTBO U HOANPOCTPAHCTBO Ly, COCTOSAMUE U3 BCEX
MHOro4JeHOB cremenu <k (B=0,1, 2,..., n).

1503. MuBapuanTHHIMH DOANPOCTPAHCTBAMH Gy Ay T: HYJ€BOE NOANPOCTPAHCTBO
H modoe MOANPOCTPAHCTBO, HATAHYTOE HA KaKyl0 YTrOAHO NOJCHCTEMY BEKTOPOB
6asuca ay, @s, ..., @y WX YUCIO DaBHO 2"

Y kazauue. IpuMenss sagauu 1495, 1502, mokasats, uto M060e HeHyneBOE
HHBAPHAHTHOE MOANPOCTPAHCTBO L mMeeT 6asuc, sBAAIOMHUHACA NONCHCTEMOH Bek-
TOPOB @, &g, ..., Qp.

1504. Ilpaman ¢ GasucHbiM BekTOpOM @, = (2, 2, —1), mobas npsamas mio-
ckoctd L ¢ GasucHeIMH BeKTOpaMH @ = (1, 1, 0) u a;=(1, 0, —1), 1. e. mao-
CKOCTH X — Xy~ x3 =0, caMa 3Ta MAOCKOCTb L, Mmo6Gas MIOCKOCTb, IIPOXOAAuiast
yepe3 BEKTOP @), BCe MPOCTPAHCTBO M HYJAESBOE MOANPOCTPAHCTBO.

1505. lipamas ¢ 6asucusiM Bexktopom (1, —2, 1), miockoCTb ¢ GasHCHBIMEK
sexropamu (1, 1, 1) n (1, 2, 3), 1. e. mIOCKOCTh € ypaBHeHUEeM x| — 2x; + X3 =0,
BCe NPOCTPAHCTBO U HYyJdeBOe HOLNPOCTPAHCTBO.

1509. A, =1, X, ;=0. KopHeBble MOAIPOCTPAHCTBA COCTOAT M3 BEKTOPOB
s :»1 =1:c(l, 1, 1); ana Ay, 3=0: ¢; (1, 1, 0)4-c; (1, 0, —3).

10. A; = 3, A,, 3= — 1. KopHeBble MOANPOCTPAHCTBA COCTOAT H3 BEKTOPOB
aa A=3:¢(1, 2, 2); nag Ay, 3=—1 ¢ (1, 1, 0) ¢, (1, O, —1).
1511. A, 3 = —1. Bce npocTpaHCTBO s1BAETCSH KOPHEBBIM MOANPOCTPAHCTBOM.

1512. )\, , =2, A;, 4 = 0. KopreBble HOANPOCTPAHCTBA COCTOAT M3 BEKTOPOB!
g Ay, =2¢(1,0,1,04¢c (1,0 0, 1);
g Ag, 4 =0: ¢, (1, 0,0, 0) ¢, (0. 1, 0, 1).
1515. a) JlioGoe uncao o ABaseTcs coOCTBeHHHIM 3HaueHueM. COOTBETCTBYIO-
mue emy coGCTBEHHBIE BeKTOpHl HMelT Bui ce™*, rme ¢ == 0;
6) KOpHEBOE NOANPOCTPAHCTBO, COOTBETCTBYIOLIEE YHCAY O, COCTOMUT H3 BCex
dyuxkuut suna (ay+a x4 ... 4 a,x") ™, rae ay ay, ..., ay— NoGbE UHCAA
H n— a06oe uenoe HEOTPUNATEAbHOE UHCAO,
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1517. Ecan MunuManbHE MHOTOWIEH g (A) = A" — ¢,A" " — ¢, A" 2— ..
v..—Cj, TO MaTPHHA MPEOGPA3OBAHHA @ KMEET BUJ

0 00...0 CI]
0 0...0 [
0

.........

1518. XopaaHoBa KaeTka

e 1 0...0)
0 al..0}
000...a

1520. [Ipu n =2 NOBOPOT MJIOCKOCTA HA YFOA & 5= k7 He O6NaNaeT MHBa-
puaHTHHIMH TpaMbiMy. [loampocTpaHcTBO L TOra M TOMbKO TOTKA CONEPKHUT
OPAMYI0 HEMOIBHMKHHIX TOYEK, KOrka nmpeo6Gpa3’oBaHHE ¢, HHAYNHPOBAHHOE Hpe-
obpasoBanneM ¢ Ha L, o6aagaeT cOOCTBEHHHIM 3HAu€HUEM, PABHBIM eIMHHIUE.

1528. Yxazauue. [Ipn nokasaTelbcTBe YTBEDKAEHHA a) HCMOJAL30BATh
paseuctBo 1= A, (A)u; ()4 hy (M) ug (A), rae uy(A) u u, (A) — MHOrOUAEHH
OT A; 6) BHBECTH H3 a). .

1524. o (A)=(A—1)2(A—2). Ry=L,+L,, rae L, numeer 6asuc f, =e¢,,
Jo=e,—e;3 a Ly,—6a3uc fy=e,.

Yxkasanue, Ilpy oTeickanuu g (A) HCIIONL30BATH 3anady 1485,

1525. ¢ (M) =(A—2)(A—3). Rg=L,+ L, rae L, umeer, Hanpumep,
Gasuc fi=e e, fo=e —e; a L, — Ga3uc 2e; — Se, — Ges.

1526. g (M) =[A—(a, a))A. R;=L,-} L;, rae L, HaTsaHYTO Ha BEKTOD @
u L, 06pa3oBaHO BCeMH BEKTOpaMH, OPTOrOHaJbHbLIMH K &.

1827. Ecan Ay — co6CcTBeHHOE 3HAYeHHE ¢, TO KODRAHOBa (HOpPMa COCTOUT
43 ONHOH KJNETKH HOpsiiKa n ¢ A, HA AMAarOHaAH.

1528. Pemenue. A) MNonoxum: f; (}»)=—f—(—}”)—-ﬁ =12 ..., s
(A—2)
Muorounensl f; (A) B3aWMHO HPOCTH. 3HAYHUT, CYLIECTBYIOT MHOTOWIEHH #; (A)
$

(=12 .., s) rakue, uto 1 = Y, f;(A) h; (), oTkyna ans moGoro BexkTOpa X:
fss)

x= x; 4))
Fpey

k
e x; = f;(9) ki (¢) xEPy 1ak xak (9 —Ae) ' xi=f (@) ks (9) =0 mo Teo-
peme [amuabtona — Koau, B cuay xotopo#t f (@) =0.
EnuncrsenHocTs pasnoxennus (1) 10CTaTOYHO KOKasaTh AAf X = 0. [IpuMenss
§

K o0eMM 4acTaAM DaBeHCTBa 2 x; =0 npeoﬁpaaoBaHHe' Ji (p), moayuum:
; i=1
&
fi(9) x; =0, Tak xak f; (9) x; =0 npu j = . llanee, f;(A) u (A—24,;) ! B3auMHO
npocThl. 3HaYHT, CyWeCTBYIOT MHOrouseHn p (A) u g (A) rakue, uto

1=pM) fiM)+a ) A—21)"%

oTKyAa .
%= p @) f1(®) X1+ 9 (@) (@—Ae)  x;=0.
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DTHM HOKa3aHO, YTO MPOCTPAHCTBO R, eCTb NIpaMasa CyMMa NOANPOCTPAHCTE P;
(=1, 2,..., s), u nocTtpoeHre McKkoMOro 6asuca cBefieHo k cayvaw B). B cay-
Yae MHHHMaJbHOIO MHOIOUJEHAa PacCYXAEHUS AHAJOFHUHH (CM. 3anauy 152«13').

B) Mocratovho XOKasaTh, YTO yKa3aHHOE NOCTPOEHHE HA KAXAOM IIare BO3-
MOXHO (TO eCTb BEKTODH, JAOMOJHAEMble 10 6asuca Rj, AMHEHHO HE3aBHCHUMH)
H 4TO BEKTOpH BCEX IOCTPOCHHBIX CepHd 006pasylor 6as3uc npoctpaHcTBa R,
Kaxno#t cepuu B Martpuue npeofpa3oBaHus | COOTBETCTBYET, OUEBHIHO, XOPAA-~
HOBa KJETKa C HyJeM, a B MaTpuue npeo6pa3oBaHus @ = Aqe - COOTBETCTBYET
KJieTKa ¢ A, Ha AuWaroHauu.

Bo3MOKHOCTD NOCTPOEHHS HA KaMAOM Iare AOKa3blBAETCHA HHAYKTHBHO A
h=~k k—1,..., 1. [lpu k= Fk Bexkropn Mo6oro 6asuca R,_, BMeCTe C BEKTO-
PaMH BLICOTH %, HaYMHAOWMMM CEePHH NepBOrO INara, no NOCTPOeHHIO O6pas’yioT
6asuc Ry. [Ipennonoxuy, 4TO yie MOCTPOEHH CEPHHM ¢ HauaNbHEIMH BEKTOPaMK
BHCOTH > A-}-1, mpuueM BCe BEKTODH BHICOTH /£ -}-1 noOCTpoeHHBIX cephil
X, +.y X, BMECTE C BEKTOPAMH Y, ..., ¥, awboro 6asuca Ry, o6pasyior 6asnc Ry .

Tloxaxem, 4YTO BEKTOPH BBICOTH A: YXj, ..., PX, NMOCTPOGHHHX Cepuil BMeCTe
¢ MOOKIM 6a3ucOM 2y, ..., 2, Ad R;_, auHeiHo He3asucumul. Ilyctb

P r
21 chx; -+ 21 d,-z,- =0. 2)
i= j=

TMpumenss k o6enM HacTaM 9TOTO pPaBEeHCTBA NpeobpasoBanue Y1, monyaum

14 4

P* Y ¢;x;=0. INostoMy Bektop Y, c;X; UPUHALAEKHT Rj ¥ AUHEHHO BHIpa-

i=1 i=1

xaercs uepes ero 6asuc ¥, ..., yg. W3 auHedHOd HE3aBNCHMOCTH BEKTOPOB
X1 000 X Yir oo oy ¥y (KaK 6a3HcCa Ry ) BHTEKEET, 4T0 ;=0 (=1, 2, ..., p).
MNostomy u3 pasenctsa (2) Burexaer, yro d;j =0 (j=1, 2, ..., r); sTuM joKa-
3aHO; YTO BEKTOPH BBICOTH 2 HOCTPOEHHHIX paHee cepuil BMeCTe € BEKTOpaMH
ao6oro 6asuca Rp_, MOXHO IONOAHHTL 0 6a3uca Ry. [IpHuaB nonoinurtesbHule
BEKTOPH (eCAH OHH CYINECTBYIOT) 32 HayaibHbHE BEKTOPH HOBBIX cepHH, MH
HaxOJUM, HYTO NPELHONOWEHHe, CAelaHHOe Buille Aasl Ry, BHIIOJHEHO Telepb
Aas Ry H MOCTPOEHHE MOMXHO BECTH Aanblie.

flycth yxasaHHOe MOCTpOeHue BHINORHEHO jas A=k, k—1, ..., 1 (B xei-
CTBHTEJALHOCTH Ga3HC BCEro NPOCTPAHCTBA MOXET NOAYUMTBCS H PaHbIlle, ueM
Mu poiineM no h=1). Tak kak R, He uMeer 6a3uca, TO MO AOKA3IAHHOMY BeK-
TOpPH BBICOTBI | NOCTpoeHHBIX cepuii obpasylor 6a3uc Aas R;; 3HAUUT, 9TH
BEKTOPH BMeCT€ C BEKTOpaMH BBHICOTH 2 MOCTPOCHHHIX cepuii o6pasyior 6asuc R
u 1ak nanee. HakoHen, BEeKTOpPH BBICOTH < 2 — 1 NOCTPOEHHEIX CEpHi BMECTe
€ BEKTOPAMH BEICOTHI £ 3TuX cepuii 06pasyior 6asuc Rp. MHbIMYU C1OBaMH, BEKTOPH
‘BCEX MOCTPOEHHHIX Cepuit o6pasyioT 6a3nuc BCcero MPOCTPaHCTBA.

B) Mycts C = A, —AE. Tak kax matpuus B* u C* mopo6uw, T0 panr
matpuubi C? pasen r, (h=01, ..., & k1-1). Kaxnoit x0p1aHOBOH KJaeTke
Matpuusl A, ¢ A, Ha uMaroHaIM B MATpHUE C COOTBETCTBYET KJAETKA TOro Ke
nopsAka ¢ HyaeM Ha AnaroHand. Ecam D — Takaa kaeTka Mopsjka p, TO paur
kaetkn D% npu k=0, 1,2, ..., p pased p—h, anpu h=p, p+1, ..., &,
k41 pased Hymo. KieTke ¢ A, == A, MaTpHupl A, COOTBETCTBYET B MaTpulle C
KJAETKAa € YHCIOM A;— Ay 5= 0 ua auaroHanu. Panr mio6oit ee cTenehu paseH ee
nopaaxy. Paur Matprun C* pasen cymme paunros ee kaetok. Ioatomy npu nepe-
xone or Marpums C*1 g marpuue C” panr momMxaeTcs poBHO Ha UHCAO KAETOK
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marpunsl C ¢ HyJeM Ha AMaroHald, HMELHMX Hopaiakd > A. OTcioxa
k

Exi=rh_,—rh (h=1, 2,..., k). (3)

imh
BblunTas 0TCI03 aHATOMHYHOE PABEHCTBO € 3ameHOH £ HAa A1 (npu 2 < k),
noayyuM cooTHomwrenus (@) pjas A=1, 2, ..., k—1. Tak KaK KJeTKM HOPAIKOB

BHIIIE k2 € A, HA AMArOHaIX B MaTpHIe AJ OTCYTCTBYIOT, TO Fp ==r, ,,, H NpU

h=~F cootHomeHne (3) JAeT: Xp=rp_—Fp="rp_y—2rp-rpgsy, TO €CTH
COOTHOmIeHue (0) BEpHO M Aad h =k,

1530. f, =], 4, 3), 210
f2=(, 0 0), AJ_—-.(O 2 0).
f:=301), 00 2

1531 f, = (1, —3, —2). 010
=0, 0, 0), AJ=(0 0 o).
fa=(, 0, 1), 000

1582. f, = (6, 6, —8), ~1 10
=610, AJ=( 0 —1 o).
fi=Q 1, —1), 0 00

1538. f,=(3 1, 1), 310
Ffa=1(1, 0, 0), A,=|0 3 0).

3=1(5, 0, 1); 00 3

1534, £i=(1,1,1,1), 110 0)
fo=(—1, 0,0, 0), A - 0100
fi=(1,10 0), J7100 1 1}
fi=(0, 0, —1, O); (0 0 0 1

1585, f, = (—1, —1, —1, 0), 2 1 0 0)
f=2100), 4_]0200
Sa=(1,0 0, 1), 7710 0 2 of
fi=(3 67 1) [0 0 0 1

1536. Ilpu vernHom m:

fi=e, fa=ey fs=¢s5 ..., fno=¢€u_y, [, (8o Jn=¢én
5 -+
2 2

n
Marpuna A ; COCTOMT K3 JBYX KIETOK XKopnaHa mopsaaka 5 € HyJeM mo rias-
HOH AuaroHand. [lpu HeueTHOM n:
fl=elr f2=e3r f3=85, ooy fn+1 = €py fn+1 1=82’ ey fﬂ=en—l'
+

2 2
n4+1 n—1
Marpuna A ; COCTOHT H3 JBYX KJGTOK Kopnana mnopsaaxos 5~ "5

¢ HYJEM 10 I'MaBHOH xuaroHaju.

15387. ¢ s#BAaseTcs OTpaXKeHHEM MPOCTPAHCTBA R, B HEKOTOPOM IMOAIpPO-
CTpaHCTBe L; MapaiieNbHO HEKOTOPOMY JIONOJHHTEJNbHOMY IOANPOCTPAHCTBY Lo.
MupiMu coBamn R, €cTb Npamas cymMa Ly u L, npuueM gx =X, eciu xC L,
ugx=—x, ecnu XCLy
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Yxaszauue. [lepsnii cnoco6: mpusats 3a Ly u L, COBOKYNHOCT! BCEX X,
I3 KOTOPBIX COOTBETCTBEHHO QX ==X U QX = — X, H INOJIOXHTb

1
x=7(x+<px)+%(x—§ox)-

Bropoit cnoco6: paccmorpers Gasuc, B KOTOpOM Marpuua Ag uMeeT xopfa-
HOBY GopMmy.

1588. ¢ sBaseTcAd NPOEKTUPOBaHHEM TNPOCTPAHCTBa R, Ha HEKOTOpOe NMOJX-
NIpOCTPAHCTBO L; NApaiieJbHO HEKOTOPOMY JONOJHHTEAbHOMY HOLHPOCTpAH-
ctBy L, Wumimu cnoBamu, R, ectb npamas cymMma L; u L, mpuueMm ¢X =X,
ecan XCLy, u px =0, eciu XEL,.

Y kasanmue. Ilepsuit cnoco6: mpudars 3a L; u L, COBOKYyMHOCTH BCEX X,
AJst KOTOPBIX COOTBETCTBEHHO QX = X H @X = 0, ¥ MOJOXKUTD X = QX | (X —@X).

Bropoit cmoco0: paccmotpeTh 6asuc, B KOTopoM MaTpuna Agp HMeeT XKopia-
HOBY (hOpMY.

15389. a) laa Gasuca e, e, e; mpeoGpasoBaHHe @ ONpeleNieHO TaK:

e, =e; @e;=e; ¢e;=70;

6) ge, = e,, pe;=—e;, pe;=0 (B ciygae OPpTOHODMHPOBAHHOro 6asuca ¢
6ygeT NPOEKTUPOBAHHEM Ha ILNIOCKOCTb €], €5, COEJHHEHHBIM C IIOBOPOTOM 3TOH

e
IJIOCKOCTH Ha yroJd —2—).

1541. 3 6) 1542. , 36 —37 —15 1548. /4 —2 2
—1 =3/ 30 30 14 1. 2 —1 11.
26 27 9 1 21

1544. ¢* — npoekTHPOBaHHE HAa GHCCEKTPHCY BTOPOH H YeTBEpTOi YeTBEpPTH
mnapaanensHo ocu Oy. .

* *

1845. Yxasanune. [loxasar, uto ecim 2CL;, u#€L, 10 9 2=0,
o*u=u. _

1547. Y ka3 aHue. [lokazars, YTO OPTOrOHaJbHOE JOMOJIHEHHE K OJHOMEp-
HOMY MONNPOCTPAHCTBY, HHBAPHAHTHOMY OTHOCHTEIBHO CONPSIKEHHOTO Npeofpa-
30BaHug (¥, UHBADHAHTHO OTHOCHTEJBHO .

1548. Y xasanune. [loab3yacy npelninymeli 3agaueH, NOCTPOUTD LEHOUYKY
noxnpocrpancts R, oL, D ... DLy, rae Lp— k-MepHOE NOANPOCTPAHCTEO,
HMHBApHaHTHOE OTHOCUTENbHO ¢, U NPUMEHHTh 3ajauy 1355.

1549. 3X1 -_ 3)(2 + X3 = 0.

1853. Y xazauue. PaccMOTpPeTh PABEHCTBA

((Pei» f]) = (eiy (P*f]) (i! j= 11 2: ey n)'
1554. Y kasanue. [lepelitTu K OpTOHOPMUPOBAHHOMY 6asucy.

1555. 128 313 454\  1556. 5 5 3
A= 3 117 145]. A =5 —1 2.

—61 —197 —245 3 6 0

1557. 2 3 —1 1558. 0 —4 4
A =[5 2 —1]. A= 0o —8 7].

34 0 —7 —2 5

1562. Hanpumep, npeo6pasoBanne ¢, nepeBoasiee BEKTOP X =(X|, X, .., Xp),
BajaHHHA  KOODAMHATAMM B OpPTOHOPMHPOBAHHOM 6asuce, B BEKTOD QX =
= (|x], %2 «+ay Xp), COXpaHACT CKANADHBIE KBAAPATH, HO HE JHHEHHO.
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Y kazaHue. Jlna I0Ka3aTeabCTBa yTBEPHAEHHS O JHHEHHOCTH ¢ NMOKa3aTh,
410

(9 (ax+ by) — apx — boy, @ (ax+-by) — apx — bgy) = 0.
1868. a) UA 1= AU; 6) UA 1= A'U.

k-1
1566. Y xasanue. [lokasars, uTo cymecTByer BEKTOp x; =x,~— Z X,
i=1
(6bITb MONET, PaBHHI HyJO), AAf KOTOPOTO (x;, x)=0(@=12.., k—1),
k-1
YTO, MOJOXHB y; =y,— 2 0¥, 0N/ 94M CHCTEMEl BEKTOPOB Xy, ..., Xp_1, x,;
i=1
MYy, ..., Vo1 Y; C PaBHEIMH MatpuuaMu ['pamMa, M MPHMEHUTb MeTOA Mare-
MaTHYeCKOH MHAYKIHM.
1567. Y k a3 aHue. [Ipumenurs 3agauy 1499
1568. Pemenue. a) Ecau gz=1A2, 10 (92, ¢2) = A (R 2) = (2 2),
orkyrla AA=1wu|A|=1.
6) Hycts @2y =M 2), @22= A2y, Ay Ag. Toraa (21, 22) = (921, 92) =
= A1Ay (2, 25), OTKYZA3, YMHOXAdA HA A, M NPHHHUMad BO BHHMaHUE, 4TO Agh; = 1,
Ha#imeM Ay (2, 25) = Ay (24, 25) H, 3HAYHUT, (2, 25)=0.
B) [lyctb X u Y —croabusl koopauHAaT X 4 y. [lepexond K KOOpAMHATAM
B paBsesctse @ (X - ¥) = (a - pi) (x 4 yi), noayuum AX -} AYi = (aX —pY) 4
+ (BX - aY) i, oTkyna, npupaBHuBast IeHACTBUTENbHBE H MHHMbIE YaCTH, HAXOJAHM:
AX=aX—fY; AY =fX+{a¥, uro nokasuiBaer pasenctsa (l). ¥YMHOXas
noYJIeHHO nepBoe u3 paBeHcTBa (1) - caMo Ha ceGf ¥ NpPUMEHSA COOTHOMUIEHHE
a?4-§2=1, noayaum (¢, %) =(x, x) = (24P [x 2 =[x |2 +-P* |y |’ —
— 20f (x, y). [lepeMuowan pasencrBa (1), HaxoauM:
(9%, ¢¥) = (%, ) = (@ +P) (x, ) =f (| x P~y ) + (&> — ) (%, ¥)-

Taxum o6pasoM, jpns BeanmuuH |[x|*—|yp|? u (x, y) mocae coxpauieHus
Ha P moxyuaeM CuCTEMY ypaBHEHui:

BlxP—|y+20x9)=0 a(|xPP—|y)—26(x, y)=0,
TaK Kax onpeu.e.rlmenb CHCTEMBl OTAHYEH OT HYJH, TO
[Xx?—[y?=0 u (x,¥)=0.

r) Ecin ¢ uMeer BemeCTBEHHOe COGCTBEHHOE 3HayeHHe, TO MMEETCH OLHO-
MepHOe HHBapHaHTHOE NOANPOCTPAHCTBO. B TPOTHBHOM CJayuae NEPEXOAHUM

K yHuTapHOMy HpocTpanctBy. VIMenno, GepeM B yHHTapHOM mpocTpaHcTBe R

OPTOHOPMHPOBAHHBIA 6asuc e, ... €. Bexropsl u3 R;, pMelolue B 9TOM 6asuce

BEIECTBEHHbE KOOPAMHATH, OOpPasylT €BKJAMIOBO MPOCTPAHCTBO Ry, BAOKEHHOE
4 B

B R,. Ilpeo6pasoBanue ¢ nmeer B Gasuce €y, ..., €, BEUIECTBEHHYI OPTOTOHAIb~

Hylo matpuny A. dr1a Marpuna B jgaHHOM Gasnce ompefenfeT YHUTApHOE Npe-
o6pa3oBanHe ¢, coBnajawilee ¢ ¢ Ha R,. [Ipeo6pasopanue ¢’ UMeET COGCTBEHHOE
snavenne o-4Bi, rae f == 0. Ecan x - yi — cooTBeTCTBYIOIIHNI €My COGCTBEHHBIH
BEKTOP H X, Y— BEKTOPH C BEIIECTBEHHHIMH KOOPAHHATAMH, TO BHLIMOJHSAIOTCH
pasencrsa (1). 3HauuT, moANpOCTPaHCTBO mpocTpaHcTBa R,, HATAHyTOE Ha BEK-
TOPH X M §, MHBADHAHTHO OTHOCHTEILHO .

1570. a) lna moboit yuutapHoit MaTpunml A cymecTByeT YHUTapHas
Mmarpuia Q Takas, 4to Marpuuna B = Q’AQ jauaroHaibHad ¢ 3AEMEHTAMu Auaro-
Ha/lH, PaBHLIMKH N0 MOAY/MIO €AYHHUE,
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6) Tlpoctpanctso R, sBAseTcd OpaMoit CyMMOH MONApPHO OPTOTOHAABLHHIX
ORHOMEDHHX H JIBYMEDHHX MOANPOCTPAHCTB, WHBAPHAHTHBHIX OTHOCHTEIBLHO @.
TpeoGpasoBatHe ¢ OCTABASET BEKTOPb ONHOMEDHHIX MOANPOCTPAHCTB HEH3MEH-
HHIMH HJIH MEHSET HX Ha NPOTHBONOJOMHEIE, & Ha JIBYMEDHOM NOANPOCTPAHCTBE
BHSHBaeT I0OBOPOT Ha yroa y. Jas mo6oi opTOroHaabHOH MaTpHIL A cymectsyer
OpTOrOHaNbHAA MaTpuua ( Takas, UTO MAaTpHLA B = Q’AQ nMeeT KaHOHHYECKHH
BHJ, YKa3aHHbH B sajaue.

YV kasakue McnoabsoBats safaud 1567 u 1569 m npuMeHuTh MeToX MaTe-
MaTudeCKOH HHAYKUHMH.

1 10 0
'511- fl-"—"'——"(ly 11 1)1 B=<0 Al 0)'
Vs 00 —1
1
== 1; 01 —1 y
1- .
—_ ——— 1, —'2, 1;
f3 .'/—6—( ) ;
1572. f,=—é—]/:‘2-(l, 1, 0), L oo
f2=(01 01 l)! B=(0 0 1).
0 —1 0

fo= 5 VEQ -1 0

1 _ _
1878, fi=———(—2—V72, —4—3V2,V?2),
13. f Vaave ( V V2, V?2)

1 —
fz=ﬁ7‘—(61/2, —2—V72,2—-V2),

1 = .
f3=7§7—(°’ Vi—s8VzZ,Viet+syV2)

1 0 0
o —247VZ _Vet+ny?
B=|" —12 — 1z |.
o Vatsyz —247V2
V) 12
1574. 1 0o © 1 1 1
gﬁ V6 0
o L1 Y3
B= 2 2|, o=|ivs —+V® ~Lyzl.
3 6 2
0 —Vs 1 1 1 1
0 —7— 3 |5v3 —5v% V7
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1575. 1 (1) 1 0 } _é_ VT _% VI 0]
B=|" T 7]/3— y Q=]1_,= 1./5 .
= V2 —5V2Z o
o —tys L 2 2
| T 2 2 0 0 —1]
1576. 100 0) 1 1 1 1)
01 0 0 2 2 2 2
000 —1 = .
L =l 1_1 1
2 T2 2 2
1 1 1 I
) 7 2 2
1577. 1 0 o 0] 1 0 1 0]
0 —1 00 1 1 0 —1 0
= , ==—V2
B 0 0 01 Q 2 Ve 0 1 1
0 0 —1 0 lo -1 o1
1578. 10 0 2 2 1 ;
B = (0 i 0 ) , 3 3 3
00 —i -2, 1, 2
Q st 3t 03
1, .2, 2
L 3° 73 3
1584. ¢ aubo ToMAecTBeHHOE mpeolfpasoBaHue, JAHNGO CHMMETPHS OTHOCH-
TeJIbHO HEKOTOporo mnoxmpoctpancrsa L pasmepHoctn k=0, 1, 2,..., n—1,
T. . X=X g modoro X U3 L u ¢x = —x Aaa J0o60ro X U3 OpPTOroHalb-

Horo pomoasenus L*

1585. flz(%, % %) B=(2 12 g).
2 1 2 ° 0
(i -3-3)
RIS |
90 0
1586. f, — 712__ 717 0), B=(0 9 0).
: 1 ) 00 27
r= (7w~ 7w 7w
helZ -2 3)
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| 2.0 0
1887, f, = —(1, —1, 0), B={0 4 o).
V2 00 4
f2:V—12——<1, i, 0),
f:=(0,0, 1)
5 0\ Ld4i 140
1588. B=(0 _1), 155 =
L =2
V3 V6
1589, 20 1 p2—i 1
B=(0 8); C=T€_(—1 2—{—1‘)'

1590. Vxasanue. Ilycrs £;;— MaTpuua, y KOTOpoil B i-H CTpoke H j-M

cToable CTOMT elMHHIA, a HA OCTAAbHBHIX MeCTax Hyax. PaccMorpeTh MaTpuus
Bcex npeofpasosaHnii B OPTOHOPMHPOBAHHOM: 6asuce:

Elh E2h sy Eﬂlv El2y E221 co ey En2v teey Eﬂll'

1591, 2) UA=A'U; 6) UA=A'U.

1592. /[Be BemlecTBeHHble KBafpaTuyHble GOPMBL TOrAa H TOJBKO TOraa
TPUBONATCA K KaHOHMUECKOMY BHILY OZHHM M TeM € OPTOTOHaAbHHIM mpeoGpa-
30BaHMeM, KOrja HX MaTpUUB NepecTaHOBOUHH., JB€ IOBEPXHOCTH BTOPOro
flopAaKa TOTHA M TOJLKO TOTJa MMEIOT NapasleipHble TJaBHBIE OCH, KOTJa Ma-
Tpulbl H3 KO3dHIEHTOB NP YJIEHaX BTOPOH CTelleHM MX ypaBHeHHi nepecra-
HOBOUHBL, ¥ Ka3aHue. JlokasaTh, UTO NMOAMPOCTPAHCIBO L Bcex cOBCTBEHHBIX
BEeKTOPOB NpeobpasoBanus @, NPUHALNEKANNX ONHOMY H TOMY e COGCTBEHHOMY
3HaueHHi0 A, Oyier HHBAPHAHTHBHIM OTHOCHTENAbHO BTOPOro mnpeoGpa3oBanus 1.

1593. Ecau
an bi
a3 by
A= ' H Bj= [ :
[ Gin bin
(=1, 2, ..., n) —cToabIp!, ABALIOIIHECT OPTOHOPMUPOBAHHBIMK COGCTBEHHBIMH
BEKTOPAMU COOTBETCTBEHHO P u Q, TO n? martpuy Xijz AiB; G j=1,..., n),

rne B k- cTpoke u [-M cToalue Matpuusl X;; CTOMT NPOH3BEACHHE a;xbj;, OOpa-
3yI0T OPTOHOPMHpOBaHHBIH Ga3uc cOGCTBEHHBIX BEKTOPOB MpeobpasoBanuit ¢ u P,
npuueM nio60# TakOH 6asuc HOJyuaeTCs YKa3aHHBIM CrIocoBoM H3 HEKOTOPHIX
‘OPTOHOPMUMPOBAHHEX 6a3nuCOB COGCTBEHHBIX BEKTOpOB Matpuu P u Q.

1594. Ecau, nanpumep, JuHeiinoe mpeoGpasoBanue ¢ INIOCKOCTH B OPTOHOP-

MUpOBAHHOM 6asuce 3alaHO MaTpuueH (0 _1> u Bektop x = (I, 1) 3axan koop-

JUHATaMK B TOM e Oasuce, 10 (9x, X) = —1.

1595. Y xasanue Moxuo ucnoaszosath 3anauy 1276 B). Ilpome pac-
CMOTPETh MATpuubl Npeobpa3oBaHuit ¢, Y, ¥ B OPTOHOPMHPOBAHHOM GasHce CoOG-
CTBEHHBIX BEKTODOB. Hpe0oOpasOBaHus .
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1596. Y kasanue. CyuecrsoBande JOKa3HBaeTcs, kak B 3agaue 1276,
EavHcTBEHHOCT NpOLE AOKA3aTh, NMOAb3yACh NMpeimnylleH sanaued.

12
1897. Co6cTBeHHBe 3HRYCHHA Npeobpa3oBaHHA ¢ MATpHUEH ( 9 l) paBHH 3,

—1, 1. e. He aBasIOTCA 06a MONOKUTEJbHBIMH.
1598. g_ VQ_ —;—VQ_ V2 ———V—
lvz ivz gﬁ L%}

1599. S 1., 1 =
—2-1/2 —71/2 71/2 --2-1/2 .
3. = 5 o 1l e 1=
~5VZ VI \gVZ V2
00. ( 14 2 _4) ( 2 1 2)
3 3 3 3 T3 3
2w 2y 2 2 1
3 3 3 3 3 31
4z o ompg 120 2
173 3 3) (3 3 3

1602. Y kaszauue. Hafitn HeBHpOXIZEHHOE Mpe0Ofpa3oBaHue ) Taxoe, YTQ
P
2 = ¢, U N0Ka3aTh, UYTO npeobpasoBanue y—1 IBJISIETCA CaMOCONPSIKEHHBIM,
P
1603. Y xaszaunue. Ilycts ¢; u P, — caMmoconmpsxeHHbe npeo()pasosaﬂm

C HEOTPHUATEJbHLIMH COGCTBEHHBIMH 3HAUEHHAMHM TaKue, UTO (p%-_cp u xpl Y.

Ecau ¢ HEBHPOXIEHHO, TO, MOJOXKHUB Y = @P;, NOKa3aTb, 4TO 0 =@ (plwl.

1605. Y kazanue PaccMorpers Matpuuy mpeofpasosaHus B 6asuce co6-
CTBEHHHIX BEKTODOB.

1606. Y xaszauune. PaccMorperh opTOHODMHDOBaHHMH 6a3nuc, B KOTOPOM
ManHHa ¢ AMaroHaJbHA, K COBEPINUTb MEPeXOX K HOBOMY OasHcy.

7. Ykasauue. Ilokasars ,l[ﬂCTpHﬁYTHBHOCTb ofepalHd mepexoia
or A H# B k C. PaccMorperb Juneiinbie npeo6pas3oBaHus ¢, 1, X, 3aKaHHbE
B HEKOTOPOM OPTOHOPDMHDOBAHHOM 6asuce YHHTAPHOTO NpPOCTpaHCTBa R, MAarTpH-
wamu A, B, C. Pa3butrb npeoGpasoBaHus ¢ H P Ha CyMMbl HEOTPHUIATENbHBIX
CaMOCONpSIKEHHBIX NpeobpasoBanuii padra 1 ¢ Matpuuamu A, ... A, u B ...

Bs [Toabsysace samaueit 1606, mokasath, uto npeoGpasoBaHHe ¢ MaTpuueH
(A;, Aj) B ToM xe 6asuce HeoTpuuareasHo. Haxonen, moabsysach 3apaueit 1604,
MOKa3aTh, YTO NPe06Gpa30BaHHE ), HEOTPHLATENBHO.

1809. Y kasatime. JOKASHBAeTCH AHATOTHUHO COOTBETCTBYIOIEMY CBOH-
CTBY CaMOCOMNPSKEHHOrO Npeo6DPa30BaHHU.

1610. Pemenne. CpoiicTBa a) u 6) IOKa3bIBAWTCSA aHANOTHUHO COOTBET- ~
CTBYIOUIMM CBOMCTBAM CaMOCOMPSKEHHOrO npeoGpasoBaHus.

Hoxa3aTeabcTBO cBOiiCTBa B): nycthb X M ¥ — cTOAGUH KOODAWHAT COOTBET-
cTBeHHO X H Y. Ilepexoas K KOOpauHATaM B PaBEHCTBE @ (x-l—yz) = Bi (x + yi),
noayaum: AX 4 AYi=—pY 4 pXi, on(yna, NIPHPABHHUBAs ACHCTBUTENbHLIE U
MHHMBEIe 9acTH, HaxomuM: AX = — BY, AY = BX, ut0o foka3piBaeT pasexcTso (1).
Tak xak Matpuna A BemiecTBeHHA, TO JIJIH BELIECTBEHHOTO BEKTOpPA 2 BEKTOP {2
M UHCAO (@2, 2) BEHISCTBEHHB. I[loatoMy (g2, 2) = (2, —@2)=—(2, 92)=
= — (92, 2) u, 3HauuT, (92, 2)=0. YMHOWada BTOpOe u3 paseHCTB (I) Ha ¥,
uatizem: P (x, y)_((py, ¥)=0, orkyna (x, y)=0. ¥YMHOxKas nepBoe u3s pa-
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pencts (1) Ha y, 2 BTOpPOE Ha X M CKJaABBas, NOJYYHM BBHIY BEIeCTBEHHOCTH
aucaa (p¥, X)=f (£, x), uto P (X —|y|?) = (¢, ¥) + (py, %) =(px, y) +
+ (%, o¥) = (9%, ¥) — (¢x, ¥) =0, otxyna |xX[=|y|.

Jloka3aTeabCTBO CBOKCTBA T). eclu npeobpasoBaHue ¢ umeer yucio 0 cob-
CTBEHHbIM 3HAYEHHEM, TO MMEETCA OJHOMEPHOEe HHBAPHAHTHOE NOLNPOCTPAHCTBO.
B npOTHBHOM CAydae NEPEXONMM K YHHTaDHOMY HpOCTPAaHCTBY. VMenno, Gepem

4 o
B yHMTapHOM NpoCTpaHcTBe R, opTOHOpMHpOBaHHBI Gasuc ey, ..., €, Bexropm
'
us R, uMeomue B 3T0M GasncCe BeINECTBEHHHIE KOOPAHHATH, OGPa3ywT eBKJH-

/
JIOBO MPOCTPAHCTBO R, BaoxeHHoe B R,. [lpeoGpasoBanue ¢ umeer B Gasuce
e, ..., e, BElIeCTBEHHYI0 KOCOCHMMETpHUECKYI0 MaTpuny A. JTta MaTpuua B naH-
HoM OGasnce ompelenseT KOCOCHMMETPHUECKOE NPeo6pas3oBaHHE ¢’ YHUTApHOrO
J

npocTpaHcTBa R, coBmajaiomee ¢ ¢ Ha Ry IlpeobpasoBanne ¢’ uMmeer co6-
crBenHoe sHauenue B; 5= 0. Ecim x -} y; — cooTBeTCTBYIOMUN COGCTBEHHMIT BEK-
TOp, A€ X M P — BEKTOPH € BEIIECTBEHHHMH KOODAHHATAMH, TO BHIIOJHAIOTCA
pasercTBa (l). 3HauuT, NOANPCCTPAHCTBO, HATAHYTOE Ha X H Y, HHBAPHAHTHO.

1611, a) [Jlna mobOH KOCODMHUTOBOA MaTpuubl A CYHIECTBYeT yHUTapHas
Matpulia Q Takasl, 4TO MaTpHUa B=Q~! AQ nmaronambua ¢ 9MCTO MHUMHMH
BJeMEHTaMH Ha [MArOHaNH, HEKOTOPHE M3 KOTOPHIX MOrYT PaBHATBCA HYJIo,

6) IlpocTpaHCTBO ABJAAETCS MPAMONR CyMMOH OpPTOrOHaJbHHX MeXAy co6ol0
OJIHOMEPHBIX * M JIByMEpHBIX NOANPOCTPAHCTB, HWHBAPUAHTHBIX OTHOCHTENbHO .
flpeo6pasoBaiue @ TNEPEBOAMT BEKTOPH OXHOMEPHHIX MOANPOCTPAHCTB B HY.b,

4 Ha JBYMEpHOM TNOANPOCTPAHCTBE, COOTBETCTBYWOIUEM KJAECTKE , BBI3hI~

—B0
n .
BaeT MOBOPOT HA yrod =, COCNMHEHHMHA C yMHOXeHHeM Ha uico —f. [ag o-

6oit BeleCTBEHHOH KOCOCHMMETPUYECKOH MaTpHUB A CymeCTByeT BeulecTBeHHas

OpTOrOHaJbHas MaTpuna Q Takas, YTO Marpuna B=Q"AQ HMEET KaHOHH-
ueckMil BHJ, UpUBENEHHBIH B TEKCTe 3ajauH.
Yxasauue, Hcnonbszosare 3amaun 1609 u 1610 u npumenuts Meron,

MaTeMaTHIeCKOH HHIYKIUH.
1614. Ecmu A —xocospMutoBa MaTpuna, TO Matpuua B=(E— A) X

><(E—{—A)’1- YHUTapHad, HE HUMEKHIas XapaKTEPHCTHUECKOTO YHC/AA, PAaBHOTO
—1, u, o6paTHo, ecan A— yHuTapHas MaTpulia, He MMEOINas XapakTepHcTHue-

CKOro uHucaa, pasHoro —I, To Matpuna B = (E — A) (E+ A)’l — KOCO3PMUTOBA.
Ananoruudas CBA3b HMEETCHs MEX ]y BeLIECTBEHHBIMM KOCOCHMMETPUUECKUMH H

OpTOTOHAJbHBIMH MATPHULAMH.
Pemenne Pasbepem awmp cayyadh yuurapHoro mpocrpanctBa. Ilycrb
B pasenctBe (1) @-— KococHMMeTpuueckoe mpeobpasosanue (p* = —¢). Torma

V=(+e) le—N=c—p) et =+ E—p) =y}

TaK Kak e ¢ u (¢e— @)~ ! nepecTaHOBOUHEL 3HAuHT, P — YHHTAPHO. 3aMeTHM,
410 (& i—q))“1 CYHIECTBYIOT, TaK KaKk umuciaa = | He aBIAIOTCH COBCTBEHHBIMH
3HaueHusiMu @ (3ajaua 1610, mynkt a)). Jlaxee,

ety=C+Pe+e) +e—EtpT =2+ (@
1, 3HAuUnT, P He MMeeT COGCTBEHHHIM 3HaueHueM umcaa —I. Kpome rtoro, @ Bh-
pamaerca uepes Y mpH NOMOUIH PAaBEHCTBA, aHAKOrHuHOro paseHctBy (1). B ca-

MoM fieae, H3 paBenctBa (o) naxomum: e+ =2(e+) "L p=2(+9) '—e=
=2@+9) " —(e+ ) ¢+ §)~ ' =(e— ) (e+¥)~". Tycts, obpatio, 5 pa-

penctBe (1) ¢ — yHurapHoe mnpeoGpasoBaHHe, He uMmellee COGCTBEHHHIM
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snauenneM uncaa —1. Torma Pr=(+¢) ' e— N =(+ o D" 1e—q¢ H=
= @+8) " 90" (g— &) =—(e—9) (¢ +¢) ' = —, TaK Kak e — @ u (e - ¢)
116PeCTAHOBOYHBL. 3HAUMT, 1 — KOCOCHMMETpHUECKOe TNpeobpasoBanne. Kpome
TOro, @ BHIpAWAeTCs uepes 1 NpH MOMOWIM DPABEHCTBA, AHANOTMYHOIO PaBeH-
ctBy (1). To nOKa3LIBAETCA CHOBA NPM IOMOIM PABEHCTBA (0) AOCJIOBHO, KaK
puime. Takum o6GpasoM, paseHcTBO (1) OTOGpawmaer BCe KOCOCHMMETDHUECKHE
1peobpasoBanua Ha YHHTapHHE, HE HMeline cOGCTBEHHEIM 3HAUEHHEM YHCIA
—1, u o6paTHO, MpHYEeM OIHO M3 3THX OTOOpameHHH ABAseTCH OOPATHBHIM A
npyroro. 3To AOKa3biBaeT, 4TO 00a OTOGpaxeHus B3aUMHO OXHO3HAUHEL

1616. Ecnu matpuia A — KOCO3PMHUTOBA (MM BEIECTBEHHAas KOCOCHMMETPH-
yeckas), TO Marpuua e — yHHTapHa (COOTBETCTBEHHO ODTOTOHAJbHA).

1617. Pemenune. [lo sagaue 1559 npeobpasosanve 9 Gyner camoconps-
wenuwiM. Ecan Aq, ..., A, — coGCTBEHHBIe 3HAYEHHS @, TO OHU BEILIECTBEHHH K

no sanaue 1161 cobcrsenunie anauenus e® 6yayre !, ..., e ", 1. e. ¢¥ moxo-
KMTEAbHO onpeneneHHo. ITokakeM, YTO PA3NUUHBIM CAMOCONPSIKEHHHM IIpeol-
pasoBaHuAM @ H ¢ COOTBETCTBYIT pasinuHble npeobpasoanus ¥ u e®' . Tyers
e?=¢%: ¢ o6nagaeT OPTOHOPMHDOBAHHbIM 6a3NCOM COGCTBEHHHIX BEKTODOB

@y, ..., Ayt Qo =Ma; (i=1,2, ..., n). Ilycrs @’ — no6oii co6CcTBeHHbBI
n
BekTOp NpeoSpasosanus ¢’ co sHauenneMm A’; @’ = D x;a;. Toraa no sanaue
izt
n ! n

A
vy r g o
1464 % a’=e""a’ = ¥ ¢ xa. C npyroii cropoun, e¥a’= 3 %=
i=1 i=1
n 'y ’
— Z xie ta; tak xak ¢¥ @" =e%’, 10 X;=0 113 Bcex Tex i, mIw KOTOpPHX
i=1 .

e’”i =+ e"', " e}“’= e"', ecan x; == 0. Tak kax A; ¥ A’ BEHIECTBEHHBI, TO H3
n n n
x; # 0 crenyer A;=1". TlostoMy @@’ = ) x9a;= ) xha;= 3, xh'a;=
i=1 i=1 i=1
=A'a’ =¢’a’. Tax kax ¢’ ofaanaer 6a3ucoM COGCTBEHHBIX BEKTOPOB M Ha 3TOM
6asuce coBmanaer ¢ @, 10 ¢ = ¢’. IlycTh P -— n060e NONOKUTEABHO ONpeseeH-
Hoe npeoGpasoBanue. CyllecTByeT OPTOHOPMHPOBAHHHEIH Ga3uC, B KOTOPOM Ma-
TpUUa Y AMaroHaqbHa € TONOMHUTEAbHBIMH JEMEHTAMH W;, Wy, ..., W, Ha IHa-
ronaau. MonoxuM A;=Iny; (=1, 2, ..., n), rue A; — Ben{eCTBeHHOE 3HaueHHE
norapudMa, 4 OyCTh MPe0SpPA30BAHHE @ B TOM e §a3uce 3afaHO AHArOHaibHOR
Mmarpuneif ¢ 3neMEeHTaMu Ay, ..., A, Ha auaronanu. [Ipeo6pasosaHue ¢ — caMo-
conpaxennoe, 1 P = e%,

1625. Y kasanwue. [lpuMenutd 3agauy 1507.

1626. Eciu r—panr ¢, T0 YuMCIO TaKuxX npeoBpasoBaHuil paBHO A7,

1627. Y xasauue. Joxazare paBeHCTBO

(px — Ax, @x— AX) = (¢"X — Ax, ¢"x — Ax).

1628. VYV xasanwue. [lpumedurs nmpeabizyliyio 3agauy.

1629. Y xasauwue. IlpuMennTs 3amauy 1627,

1630. Ykazanue. [lpumenntp 3amaun 1627 u 1629,

1631. Y xasanwme. Heckoabko pas nmpuMenntb 3anauy 1629,

1632. Ykaszauue. [Ipn nokasarenbCTBe HEOGXONUMOCTH NPUMEHHTb fBe
upepniayiiye 3azaud. Ilpm jpokasarelbcTBE NOCTaTOYHOCTH MOKa3aTh, HTO Npe-
o6pasoBaHie @ YHHTAapHOTO IPOCTPAHCTBA, 06Jajalolee HOpMaJibHbIM CBOHCTBOM,
o6lanaeT OPTOHOPMHPOBAHHBIM OasucoM cOOCTBeHHBIX BekTopoB, Cayuail eBkan-
JOBa MPOCTPAHCTBA CBECTU K CAYYA0 YHUTAPHOTrO.

1638. Y kasaHnue. [IpuMeHuTh mpeAbIyLIyIO 3a1auy.
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JlonoJnenue

1684. 1) Ia; 2) na; 3) na; 4) na; 5) Her; 6) ner; 7) mer; 8) na; 9) Her;
10) ma; 11) na; 12) mer; 13) na; 14) na; 15) ma; 16) ma; 17) mer; 18) na; 19) mer;
20) na; 21) na; 22) nma; 23) ma; 24) na; 25) wer; 26) na; 27) ma; 28) pa; 29) ma;
30) na; 31) ma; 32) met; 33) Her; 34) ma; 35) mer; 36) na.

1637. Y kaazauue. [leppnil cnoco6: nokasarts, 410 | a | =1 xaa moboro a
H3 nanHo# rpynmel G mopsamka n. Ilpu n > 1 B3ate B G saeMeHT &= cos{ -
-} isin{ ¢ HaVMMEHBLIUKM MOJOKHTEJbHBIM apPryMEHTOM { H IOKa3aTh, UTO

G=1{1, b, b2, ..., b""1}.

Bropoit cnocof: moabaysch TeopeMmoit Jlarpamxa, mokasath, uro a” =1 gna mo-
6oro a us Q.

1638. a) Ozna rpynnma—nukAMYecKas Tpynna TPETbEro NOPAAKa—C JEMEH-
TaMu e, @, b v Tabnunei

e a b
ele a b
ala b e
blb e a

B npencTaBiAeHHH NMOACTAHOBKAMH MOXHO IOJOXHTB: ¢ — enunuia, = (1 2 3),
b=(132),

6) Jse rpymnme:: 1) mukJAHYECKass rPyNIa YeTBEPTOTO HOPAAKA ¢ ASMEHTaMH
¢, a, b, ¢ u Tabaunei

e a b ¢
ejie a b ¢
ata b ¢ e.
blb ¢ e a
cic e a b

B mpencrasieHHH NMOICTAHOBKAMM MOXHO MOJNOXHTB: ¢ — exuuuua, ¢ = (1 2 3 4),
6=(13)24),c=(1432);
2) ueTBepHan Ipylna C 3JieMEHTaMu e, a4, b, ¢ U Tabauueit

leabc

Q% o o

¢
b
a
e

(S-S
o o8 S
LN S N N

B npencraBieHHH NOACTAHOBKAMH MOMHO MONOMHTL: € — enununa, ¢ = (1 2) (3 4),
b=(13) @24, c=(4) 223).
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8) JlBe rpymnnmbi: 1) nuxapueckas rpymna meCTOro MOPALKA € 3AEMEHTAMH
e, a, b, ¢, d, f v tabauuel

leab‘cdf
ele a b ¢ f
aja b ¢ d f e
bYb ¢ d f e a .
clec d f e a b
dld f e a b ¢
flf e a b ¢ d

B MPEACTaBACHUU NOJACTAaHOBKaMHU MOXKHO NMOAOKHTh:! € — €NUHHUUA, a =
—=(123456), b=(135)(246), c=(14) 25) (36), d=(1523)(264),
1

f=(1635432); )
2) cumMMeTpuueCKasd rpynna TpeTbeil CTEMEHH C NESMEHTaMu ¢, a, b, ¢, d, f
M Tabanlei
I e a b ¢ d f
ele a b ¢ d f
ala b e d f ¢
b|b e a fc¢c d-
cjec fd eb a
dld ¢ f ae b
fFlf dc ba e

B npencraBieHuy MOACTAHOBKAMM MOXHO NOJIOXKHTb: € — eIMHMNA, a4 = (1 2 3),
b=(132),c=(2),d=@23), Ff=(13)

Y kasanue. IToxaszath, 4T0 ecad B rpymne G NOpAAKAa n HUMeeTcs MHO-
wecTBO 1 u3 k sneMeHTOB, k£ < n, KOTOpPOE CaMO #BJAAETCHA rpymmoif npm ome-
pauMu yMHOXeHuda, 3afaHHOH B (, TO, YMHOxasd BCE 3JeMEHTHl U3 /1 Ha 3Jje-
MEHT X, He Jexaiiuif B f1, Mbl NOAYYHM k2 HOBBIX 3JeMeHTOB rpynust G. [Tostomy

k<—;—. 3a H MoxHO B34Tb MHOXKECTBO 3JEMEHTOB ¢, @, a2, ceey ak'l,
a® — 2. Hanpuumep, B cayuae B) 2), T. €. 119 HEHUKIHUECKOH Ipymnu G mMeECTOro
nopsaxa, RomxHO OwmTh k< 3. Ecau 6bl 6b10 @ =¢ aas mwoboro a us G, to
yeThpe sAeMeHTa e, &, b, ab o6pa3oBanu Gbl rPynny, YTO HEBO3MOXKHO. SHAUMT,
CYIIEeCTBYeT 3JEMEHT &, Jif KOTOpOoro a?==»5 == ¢, Ho a® =e¢. YMHOWad 3Je-
MEHTH ¢, @, a’ Ha HOBBIH 3JeMeHT ¢, MOJYUYHM BCe IHECTb 3JEMEHTOB rpynusl G
B BUIE ¢, a, a2= 0, ¢, ac = d, a%’c = f. Hago nokasatp, uto ¢?=d?= f?=¢
U ca= a’c= f, Hanpumep, eciu 6vl 6blIO ca == ac, TO, YMHOKas CJeBa CHa-
Yajla Ha ¢, a 3aTeM Ha a?, moayuuM: a’cac= fd=1¢, orkyna fd=4d4d?u f=d,
4YTO HEBO3MOMKHO,

16389. 'pynna Terpasapa umeeT mopsaaok 12, kyGa u oxrasipa —24, noie-
Kasapa u uHKocasipa—60. ¥ kasanue. Paccmorpers Bpamenus, nepeBoasiiiue
IAHHYIO BepiiuHy A B HEKOTOPYIO BeplHHY B (He 06a3aTenbrO OTAHYHYI OT A),
H NOKAa3aTh, YTO.IODPALOK I'PYNNHI PaBeH nk rae /i — YUCJIO BEPUIHH H B — YHCIO
pebep, BLIXOAAIHX U3 OIHOH BEPLIMHBL

. Ykasanue. Kaxzomy saementy x pauxo#l rpynnst ¢ nOCTaBHTb
B COOTBETCTBHE OTOOpameme a4 ->ax Lid Jo6oro sjaemeHra a us G.

rie
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1846, = 1,

1648, Yxasanune, a) Paccmorpers (ab)?” u (ab)?’, rne p — nopsamox ab.
6) Paccmorpetn (ab)”, rae p —nopsinox ab, u nokasarh, uro a’=b"P=e.

Mpumep 1. Haa siaementoB az=e, b=a~! ycaosue (1) BHodHEHO,
a (2) —uer, YTeepxaenne G) He BHIIOJHEHO, TaK Kak INOPSAKH @ H b paBHH
Mexay cofoll M He paBHBI €JHHHLE, a MOPALOK ab =e paBeH eauHHLe.

ITpumep 2. Daementl a=(1 2), b=(1 2 3) cuMmmerpudeckoit rpynnm S;
HMEIOT B3aHMHO IpocTue mopsikd 2 u 3. Yeaosue (1) He BHINOJHEHO, TaK Kak
ab= (1 3), ba=(2 3), a (2) BHOOJHEHO., YTBepxKAeHHe 6) He BHIMOJHEHO: @ IO-
paaxa 2, b nopsgka 3, ab mopsanka 2.

8) OGe uactu pasenctBa a® = b’ po3pmcHTEL B cTenens s, paBHYI MOPAIKY b.

ry IpumMep 3. B nuxiauveckofi rpynne {a} BOCbMOrc HOpPAKA 3JAEMEHTHE
a, a®, a® uMelor nopsaaok 8, Ho aa®= a' mopsaka 2, aa®=a® nopagka 4.

1649. 2) u 3) mas 1); 4) u 11) gaa 10); 1), 2) 3), 13), 14) aaa 8); 15)
ans 16); 20) u 21) nan 18); 20) naa 21); 24) nas 23); 23) u 24) mas 26); 29)
u 30) aas 31); 34) pas 36).

1653. DBeckoneunas IMKJAHYECKAs TpYyla, BCE LUKJIHYECKHE TDYNIH TNpo=
CTHIX IOPAAKOB M €IMHHUHAs Tpynna,

1654' a) G ={a}a {a2}1 {as}v {e};

6) G ={a}, {a%, {a°}, {a*}, {a®}, {a®}, {a'}, (e}

B) G={es a, br C}, {a}’ {b}, {C}, {e};

r) NpHMeHSS 3aMHCh NOACTAHOBOK B IHKJaX, MONYYAM IOATPYMBN

Sy (12 3) {1 2)) {1 3))h {2 3)) {ek

I) HOpMaJbHEMH Leadreasmu 6yayr Si, {(1 2 3)}, {e).

eg Y xasaunue. Pasroxenne Ha IHKJIH NOJACTAaHOBKH M3 Ay MOXeT conep-
KarTh AWML UUKJAL AJUHEH 1, ABa HHMKJIZ JUHHH 2 WA OAMH LUMKJI AJHHBL 3.
TlosToMy A; He ¥MeeT LMKJIHYeCKOH IOATPYNNH HIECTOrO IOPSXKa (CM. 3anavy
1648 a), G) ) #H Bce ee 3JeMEHTH BTODPOro MOPAJKA NePeCTaHOBOUHHL. 3HAuuT, Ay
He HMeeT noArpynmnu, n3oMmopbuod S;. Ho umobas rpynma mectoro nmopsiaxa
an60o SIBASIETCST UHKJAUYecKOH, au6o HaomopdHa S; (3amaua 1638 B) ).

1658. BwoGupaem B (G /moGele sJeMeHTH: cHadaJa -a7=e, 3areM b=e, q,
3aTeM ¢ e, 4, b, ab. Torpa ocraibHEIMH aJeMeHTaMH rpynnu G 6yayr ab, ac,
be, abe, Tpyrna G abeneBa (3amaua 1636). Fpyuna G umeer caegyowne 16 nox-
rpyur: {e}, {e, a}, {e, 8}, {e, c}, {e, ab} {e, ac}, {e, bc}, {e, abc), {e, a, b, ab},
{e, a, ¢, ac}, e, b, ¢, be), fe, a, be, abe), {e, b, ac, abe), {e, ¢, ab, abc},
{e, ab, ac, be}, {e, a, b, ¢, ab, ac, be, abc} =G,

7. B anauTHBHON 3aImuCH BCe HOATPYINBl HMEOT BHA -

Go={a}, Gi={pa), G,={p’a} ..., Grey ={p""'d}, Go={p*a}=(q)..

Oun 06pa3yloT yBLIBAIOWYIO HEMOYKy HOATPYII COOTBETCTBEHHO HOPSIKOB: .p%
pk_l, pk_z, oo py L

¥Ykaszaunue. Hcunonbsomars samauy 1656 6) wau nokasaTh, YTO MO~
rpymna {sa), rae 0<s< p* cosnanaer c¢ moarpymnoit {p'a), rae s=p't,
0<{I<k un t He JenuTcs Ha p.

1658. 2) Ykasauue. PasjoXATb NOACTAHOBKY HAa LHKJH H IPOBEPHTD,
4ro (iligig Ve lk) = (11i2) ([)ia) v (i]ik).

6) Ykasauue. [Iposepurs pasencrso (1i) (1j) (1) = (ij).

B) Ykasanue. Ilposepurb, uro npoH3BelleHHe JBYX TPAHCIO3HLHE cJes
AyiomKM 06pasoM BhipaKaeTcst 4epes TPOHHBIE LHKJIHL:

(if) (ik) = (ijk),  (if) (kl) = (ijk) (ilk).
r) Pemenne. Ilycts G —moArpynna 3HakOmepeMeHHOR rpymue Ay, 1os

POXKAEHKRAA MHOMXECTBOM YKa3aHHBIX TPOMRBIX LHKJOB, H I, j, k— paraunbie
yucsaa, G6svmuve IBYX (IpH n =3 yTBep:KAeHHEe OYEBHIHO, a MPH n =4 JaHHOE
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HIKe JO0Ka3aTeAbCTBO cokpamaercs). Bmecre ¢ mukaom (1 27) rpynna G co-
Jepxut obpatnbifl saement (I 2 1), sateM G cofepxur

12HA2hHGeD=AinUG2nE2n A2 H=@ij.

INpu n=4 rpynma G yxe COAEPKHT Bce TPOWHBIE WUKJIH. [lpu n >4 oHa co-
zepxut (1 2 8y (1)) (B2 1)=( j k). 3uauur, G cogepxur Bce Tpofinble
UMKABL M [0 NYHKTY B) COBMajlaeT ¢ Aj.

0.- Yxaszanue. Ilycrs K — MHONECTBO BCex aieMentoB rpymusl G,
He NmpHHagAeKaumux k 7, u a — mo6o# anement u3 K. Iokasats, uto, yMHOX s &
Ha BCe 3JeMenTnl u3 H, moayuuMm Bce saementn K. BuiBecTH OTCiOfa, 4TO,
YMHOXAR @ HA BCe 3AeMeHTH u3 K, moaydus Bce saeMeHTH u3 /1. B uactuocry,
a? NpUHALAEKHT K f1.

1661. IlpumepoM MOxeT CIYKHTh YeTBEDHAs IDYNNA C 3JEMEHTAMHU ¢, a, b, ¢
(cM. otBer 3amauu 1638). OHa uMeeT TP LUKJHUECKHE NOATPYIIB BTOPOrO IO-
paaka: {a}, {0} n {c}.

¥Yxazanue. Jokasarb, 4TO NpPH BO3BEJEHHH B KBaZpar BCEX TPOHHBIX
un;%lgg MBI IIOJYYHM CHOBA BCe TpOHHbIE LUKJbL, H MCINOAb30BaTbh 3afauu 1658
U .

1662. a) Y xasanue KawgoMmy Bpaumenuo terpasapa ABCD coorser-
CTBYeT MOJCTAHOBKA ero BepuiuH. [Ipou3BeleHHI0 ABYX BpAUleHU#H COOTBETCTBYET
TIpOM3BEAEHHE COOTBETCTBYIOIUX NMOACTAHOBOK., JIBYM pasjuuUHbIM BpPaleHUSIM §
H [ COOTBETCTBYIOT JAB€ Da3JH4YHbIC MOJACTAHOBKY, TaK KaK HHaYe HETOXIe-
CTBCHHOMY BpAlleHHI0 sf ' COOTBETCTBOBAaJa Obl TOXIECTBEHHAsk NMOJACTAHOBKA,
cOoXpaHawulad BCe BepmuHn Ha Mecte. [lo orBery sanmaum 1639 rpynma retpa-
971pa K3OMOPPHA MOArPyune ABEHARUATOTO MOPANKA CHMMETPHUecKOH rpynnsl S,.
Jlanee, MOxHO auGO NPOBEPHTHb, HYTO BCE IOACTAHOBKY, COOTBETCTBYMIOINIHE Bpa-
LeHHAM TeTpasipa, 4eTHhie, Au60 HCnoJAb30BaTh 3agauy 1661.

Pemenune, Lenrps rpaHefi okrasgpa sBAAWTCS BepmMHAMH Ky6a.
IMostomMy rpynumbt k¥64 u oxrasipa usomopodus., KaxnoMmy spamennio xy6a- co-
OTBETCTBYET MOACTaHOBKa €ro yeThipex AuaroHaneH. Ilpoussesenuio BpauleHuit
COOTBETCTBYET NIPOH3BENieHHe COOTBETCTBYIOUIMX MOACTaHOBOK. PaccMoTpuM Bce
BpallleHHd Ky0a. IJT0 — TOXIECTBEHHOE BpalieHWe, BOCEMb BpALleHHH BOKPYT

. 2n 4n . "
JMaroHajeid Ha yrasl - H 3 wects BpaILEHHi BOKpPYr oce#l, NPOXOAAMIHX
4yepe3 cepelliHy MPOTHBOMOMOMHLIX pebep, Ha Yroa 5t v AeBATh BpalleHu# BOKPYT

o . 1
Ocel, NPOXOAfIUMX 4epes UEHTDE MPOTHBONOAOMHHIX TpaHedf, Ha yras —

< iy Yueno atux spamenui: 14 84-6-4-9=24. ITo oreery 3agauu 1639

MM¥ HCYEPNBIBAIOTCA BCe BpalleHusd Ky6a. HemocpencreenHo#t mposepkoit y6Ge-
WAAeMcs, UTO TOABKO Npu TOWACCTBEHHOM BpallleHHM BCE YeThipe AWaroHaiu
ocrawrca Ha Mecre. OTciola, Kak B NYHKTe a), BHBOZHM, YTO rpymnna Kkyb6a uso-
MopdHa rpynme HOACTAHOBOK YETHIPEX 3JAEMEHTOB, HMelomled mopapok 24, 1. e.
cuMMeTpuueckol rpymne Sy

B) Pemenue Uesrps rpaneii nojexasipa sBiAfIOTCS BEPIIMHAMU HMKO-
casapa. [loatomy rpynmel RojeKasjipa u uKocasfipa usoMopduel. [las kammoro
pe6pa MKOCas3Apa MMEETCH OfHO NPOTHBOIOJOXHOE MapajielbHOe eMy pefpo H
JiBe Dapel NepneHAHKYJIIpHRIX K HeMy pebGep: pebpa oaHOH mapbl HAaYHMHAWTCA
B BEpiMHax rpaHel, NPUMHKAIOMUX K NanHoMy peGpy, a pebpa Ipyroii napsl
TPUHALJeKaT IPaHAM, UMEIOINM BepIlMHAMU KOHIBI NaHHOrO pe6pa, Pefpa oa-
HOI M3 9TuX AP DapafielbHbl, a PasHbIX Hap — NEpPUeHANKYAAPHH MemAy co-
6oif. Taxum 06pasoM, Bce 30 peGep XeasTcs Ha NATh CHCTEM MO MIECTH B KAMIOH
cucreme. Pebpa onsoll cucTeMbl JauGo NapajaenbHbl, JH60 MEPNEHIHKYAADHHI,
a pefpa pasHbIX CHCTEM He HapajjeipHb ¥ He neprneHAukysapusl. C xamaod
cucreMoli peGep cBA3aH OKTasip, BEPUIMHAMH KOTOPOTO CAYKAT cepeluHbl pebep
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MaHHOH cuCTeMbl. JTHM oOmpelieieHb NATL OKTA3JPOB, BHHCAHHBIX B HKOCA’AD.
KaxaoMy BpamIeHMI0 HKOCA34pa COOTBETCTBYET NMOLCTAHOBKA MATH YKABAHHBIX
cucrteM peGep (Mau COOTBETCTBYIOMMX HM OKTasapos). Ilpoussesenuto ABYX Bpa-
HEeHKH COOTBETCTBYET IPOM3BEfeHUEe COOTBETCTBYIOIIMX NOACTAHOBOK. Paccmo-
TPHM BCe BpallleHWfl MKOCas3aApa. ITO — TOXAECTBEHHOe BpameHune; 24 BpauweHus
BOKPYT KaXIOH U3 mect ocelf, NPOXOAAIIHX Yepes MPOTHBONOAOMKHEE BEPLIMHH,

2n 4m  6n 8n . . o
Ha yrasl 5 " T; 20 BpameHuM BOKPYL KawIOH U3 JeCATH oceH

. 2n 4r
NIPOXOJAUIMX Yepe3 LEHTPHl MPOTHEONOMOKHHIX [paHeH, Ha YraM —— K

3 3"’
15 Bpammenuit BOKpYr Kamgoil 3 mATHaAHATH oceH, MPOXOMAIMX Uepe3 CePeSUMHBI
IIPOTHBOMOIOKHEIX pebep, Ha yroa m. Hucao stux BpaweHui: 1 24 4~ 20+ 15=
=60. Tlo orsery 3azaud 1639 uMu HcuepmbpBalOTCA BCe BpALEHHA HKOCA31pa.
Henocpencrpennoit npoBepkoi y6exzaeMcd, 4TO A KaKAOTO HETOWAECTBEHHOTO
Bpauenus Hafizerca pebpo, mepesojidlieecs TaHHBIM BpalleHUEM B Ipyroe pepo,
He napajjeiAbHOE M He NEepNeHNHKYJASPHOE K JaHHOMY pe6py. [losToMy Toabko
TOXAECTBEHHOMY BPAILIEHHIO COOTBETCTBYET TOXECTBEHHAs MOICTAHOBKA CHCTEM
pe6ep. Otciofa, Kak B NyHKTe a), BHIBOJAHM, UTO TPyHMa HKocazapa uioMopdua
noArpynne nopsaaxa 60 cuMmmerpuueckoit rpymnel Ss. Ilo 3apaue 1661 ara moa-
rpynna coBAiAeT CO 3HAKONEPeMEHHOH rpymmoi As.

1668. Y xasauusa a) llpuMenutp 3agauy 1667. 6) IlokasaTe, 4T0 Kawibll
CMEXKHBIH KJAACC COLEPKHT TOYHO OJHY NMOACTAHOBKY, OCTABJAIOLIYI0 HAa MecTe
yucno 4,

1669. Ecan B pasnowenus JaHHOH MOJACTAHOBKYM § HAa He3aBHUCHMblE UHKJIBL
BCTpevaeTc k; UMKJAOB JJAuHM [;, i==1, 2, ..., r, IpHUEM yuTeHH BCE IUKAHI,
BKJAIOYASA H LMKAB JJAHHBL 1, TO YHCJO IOZCTaHOBOK, MEPECTAHOBOYHBIX € HOX-

p
CTAHOBKOI §, paBHO H (D! -l?i. Cunran 0! = 1, MOXHO HCKOMOE HHCAO 3amu-
i=1

carb HHade. [IycTh j; — uMca0 NMKAOB JJUHBL {, BXOJSIIUX B Pa3NOMCHHC NOL-
CTAHOBKH §, rle i=1, 2, ..., n, u €¢I UUKAOB JJIHHB [ B pa3NOMEHHH HET,

n
10 nonoxeto j;=0. Toraa mckomoe uucio paeto II(jz‘)"'iji'
i=1

Yxaszanue. Uuxapl oxuoft u TOH ke auHB [, BXONANIME B pasJoxe-
HHE §, OpH TpaHCHOPMHPOBAHUH NOACTAHOBKOH X, MEPECTAMOBOYHOH C §, MOryT
JIMIIb [IEPECTaBMAThCH MWy co0oH, HpUueM TEepBOe YHCAO KaKkoro-anbo luxja
MOXCT mepedtd B Ja0Goe wucAO AGOro HMKJIa TOH ke ANHHBL, BXOAALIErO
B Pa3NOXEHHE TONCTAHOBKH S.

1670. Y kasauue. PaccMOTpeTe KOMMyTaTop hlh2h1“1h2"1 3TUX BJAEMEH-
TOB.

1873. Y xasauune Hcmoab3osats szamaum: 1671 B caywae a), 1672
B cayuae 0).

1674. Ecnu B pasnomenuu NAaHHOH MOACTAHOBKH § HA HE3aBMCUMbIC LIHKJBL
BCTpEYAETCH %; WHKAOB NAMHB [; {==1, 2, ..., r, OpH4E€M YUTEHH BCE UUKIH,

!

BKMOYAS U WMKAHL JAuHBL 1, TO HCKOMO® 9nCA0 PABHO . Jro4ucao

r
| 1 RO
i=1
MOXHO 3aI{caTb MHAu€, NOAB3YACh APYTHM BLIPAKCHHEM 3HAMEHATeNsi, YKasaH-
HBIM B OTBeTe 3afauyu 1669. :
1675. Y xasanue. OG03HauuTL Yepe3 ap UYHCAC KJACCOB CONPAKEHHBE
BJEMEHTOR C p* aneMenTaMH u, NONL3YACH 3afaueit 1673, nokasats, 4TO @+ 41 p 4=

+ap ... =pt
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1876. VY xasanue. Ecau H cogepxur muxa (afy) u o/, p/, v/ — nobuie
paznuunpie yucaa ot 1 no n, to Tpaucopmuposars wuka (o fy) noacranoskoit

a p oy & e ...
,x:(a, B’ v & & ...)°
rae 8’ u ¢ BwOpaHW Tak, UTO MOXCTAHOBKA x YeTHa. Mcnoab3oBarp 3ajiaud
1667 u 1658 B).

1677. Pemenue. a) Bce 60 BpameHnit, cocTaBasion{ue rpynny HKocas/pa,
yKazaHnn B orBeTe 3ajauM 1662 B). ToxAecTBennoe BpameHue SBIAMETCS eAHHunEH
TPYAAM H COCTaBAfeT OfHH kaacc. CompsikeHHBe SAEMEHTH HMEIOT OJHHAKOBHIH
NOPAROK. JAEMEHTaMU [ATOrO MOPAJKAE ABAAOTCA 24 BpamieHHA HA yrabl —2—’5”1,
k=1, 2, 3, 4, Boxpyr kamioil u3 mWecTH ocel, NMPoxoAdalilux yepes MPOTHEONO-
JOXHbie BepIIMHH. [lon BpauleHHEeM BOKPYT BepIIHHH A Ha yroa o 6yieM HOHH-
MaTb BpauleHHe BOKPYr Ocu, Apoxoisuieil uepes A ¥ NPOTHBONOJOMHYIO BEPLINHY,
Ha yroa o WMPOTHB YacOBOH CTPEJKH, €CIH CMOTDETh BIOJb OCH OT A K HpOTH-
BOMOJNOXHOH BepmivHe, ¥ KaXHOH BepIIMHEI OTMETHM OJHH M3 NJIOCKHX YIJOB
¢ jaanHofi BepmuHo#. Kakjoe BpalleHHe HKOCa’Apa BMOAHE XapaKTepu3yeTcd
yxasanueM BepuMHEI B, B KOTOpPYI NEpPEeXOAdT AaHHas BepmuHa A (B Moxer
COBMaAaTh ¢ A), U IIOCKOTO yrJa fnpu B, B KOTODHIil mepexoiuT OTMEUEHHHIT
yroa npu A. MNoatomy kaxxoe BpamieHue x, nepesoaamee A B B, npeacraBasercs
B BHIE HNPOM3BENEHHS X = y2, Ille Y NEepeBOAUT OTMEueHHHi yroa A B 0TMeueH-
HBI yron B, a z ecTh BpalienHe BOKPYT Bepimuanl B na yroa a. O6paTHbli ase-
MEHT x~!==2~ly~! ecTh NpOHM3BelCHHE BpaleHus 2! BOKpyr B Ha yroa—a u
BpalieHHd y ~!, NepeBOIAMEro OTMeYeHHRH yron B B orMeuensbi yroa A. Ilycte
Telepb & — BpamleHue BOKPYT BepiHbl A Ha yrox ¢ u x— moGoil aneMeHt
rpynne, nepesonswnii A B B. Ilpexcrasiss x B BuAe NPOU3BEACHUA X = y2,
K3K YKa3aHO BHIIE, HalileM, YTO CONPSIKEHHBIH ajeMeHT x~'gx=2z"ly~lgyz
ABJSETCS NOBOPOTOM CHOBA HA yroda ¢, HO Yxe BOKPYr sepumuHbl B. B wacthocTH,
ecai A m B -— npoTHBONONOXKHEE BEPUIMHE, TO NOBOPOT BOKPYr B Ha yrox a
COBNaNaer ¢ MOBOPOTOM BOKPYr A Ha yroa 2m —a. TakuM o6pa3soM, Bce Bpaule-

£14 8n
HHA BOKPYF BEpIIMH Ha YIVH 5 " 5" NpUHALJEKAT ONHOMY Khaaccy conps-
4n 61t
WEHHHIX 3JIEMEHTOB, TaK Xe KaK U BCe BPAllEHHs HA YrAH 5 M5 MNoka-
2n in
JMEM, 4TO BpAUICHHS gy H g, BOKPYT BEpPmHHH A Ha Yrasl & " NpHHAx~

Jexar pasnMuHmM kaaccaM. Ecam x nepesogutr A B Apyryio BepwmuHy B, 10O
x71gx eCcTh BpamleHue BOKpYT B u aubo He Gymer BpamenneM BOKpyT A, an6o

7 .
(ecin B mporusomonoxHa A) GymeT BpalueHueM BOKpYr A Ha yroi - e
x~'g.x % g, Ecan we x-— Bpamenue BOkpyr A, T0 g H X -— 3]eMEHTH LHK-
JAWYECKOl (M, 3HAUAT, KOMMYTAaTHBHOH) NOArpyNNbl BpauieHuii BOKpyr A H CHOBa
x7lgx =g, 5= g,

WMtak, Bce aneMeHTH nATOro mopsjka pa36uBalOTCA HAa JABAa KJacca mo 12
9JEMEHTOB. AHAJOrHUHO, OTMevas IO ILIOCKOMY Yriy KawuAoH rpauu ¥ mo Bep-
HIMHE KaXIoro pe6pa, ybenumcs, uro 20 sjieMEHTOB TpeThbero Hopsaxa (Bpatue-

2n 7 o
—3~ 1 —3~ BOKPYr OCefl, MPOXOJAIKX Wepe3 HERTPH MpOTHBOMO-
JOXHBIX PpaHeH) COCTABAMIOT ONMH KJAacC H 15 aneMEHTOB BTOPOTO NOpAAKa (Bpa-
IIEHHS Ha yrod & BOKPYT ocell, NPOXOAAIINX yepe3 CepelArHb MPOTHBOMOMOKHEIX
pebep) Takxe COCTaBASIOT ONHH KJjacc.

6) HopManbubift geavTens NOMKEH COCTOATH H3 LEAbIX KJACCOB, AOJMKEH CO-
JepiaTh eIUHHLY, H €ro NOPAKOK AOJIKEH AENHTb MOopanok 60 rpymmbt HkoCa3Apa.
Mo nyHkTy a) kJacCH CONPSAMEHHBIX 3JEMEHTOB COLEpPXKAT COOTBETCTBEHHO

HHSL Ha YTJbI
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1, 12, 12, 20, 15 snementoB. M3 aTHX YuCeNd MOXHO COCTABHTL JHIIL JBE CYMMH,
Braovalomue chaaraemoe I u geaaumue qucao 60, uMenso 1 u 60. 310 gaeT Aump
JBa HOPMAJbHBIX JENHTEN — eAUHUUHYIO nonrpyrmg H BCIO rpynmy.

1678. Y kasaunue. Ilpumenurs 3anaun 1662 B) u 1677 6).

1681. 'omoMopdu3M BNOAHE OnNpeneaseTcs 06pa3oM o6pasyIoLiero 3AeMenTa 4.
Husxe ykasausl Bo3MOXHBIE 06pa3bl 5TOFO 3JMEMEHTa:

a) a060# 2AEMEHT TPYINH; 4HCAO FOMOMOP(U3IMOB PaBHO n;

6) e, b3, b, b9, 512, blS;

B) e, b, b% b3 b4, b5

r) e, b5, b'9 ) e.

1683. a) lluxauueckas rpynna {@} 4eTBEpPTOro nopanxa, rie ag = a2

6) uukJaMueckas rpynna {¢} BTOPOro MopaAnka, rie ag = as

1) moAe BHYETOB MO MOAyJAiO 5;

€) KoAbUO BHIUETOB O Moxyaio 6;

%) KOJbLO BBHIYETOB MO MOLYJIO Il

1685. a) Llukauyeckas rpynma nopsixa r;

6) uMkaxdeckas rpymna HOpARKa O;

B) UMKJIMYECKas rpynma nopsika 6;

) LUKJAMYECKAs rpynna mopsaaka 2.

1888. Y xasauus B caywasx r), 4) u 3) Baccmorperb oTobpaxeHue
f(2)=2" a B cayyae e) — oTOOpaKEeHHe g (2) = IR

1691. B rpynne S, moarpynna { (1 2) } uMeeTr MHAeKC 3, HO He COEPKHUT
saemenTa (1 3) mopasnka 2.

1698. Yxaszauue. [llpexnonoxus, uto G/Z — uuxavueckas rpymmna, Bbi-
6patb B Kaacce, CAyxaueM I Hee O6pasyloluM SIEMEHTOM, AEMEeHT & H Mo-
Kas3aTth, 4TO @ H Z mOpOXAAT Belo rpymny G.

1694. Pewewnue. [lpuMeHHM HHAYKOMIO NO NOPAAKY n rpyunsl G. Has
n=2 rpynna G — uukInYecKkas BTOPOr0 MOPsALKa, U TeopeMa I Hee BepHa.
ITycts TeopeMa BepHa Aas BCEX PYNN, NOPALOK KOTOPHIX MeHbIue n, # G — rpynna
nopazxka n. Ilyctb cnavana G kxoMMyTatuBHa. Bepem no6oit snement a, oTaudHbIH
oT exuuuun ¢ rpynnsl G. Ero nopsgok & > 1. Ecau £ peautca nHa p, k = pgq, 10
aneMenT a9 umeer nopanaox p. Ecau £ He peautcs Ha p, 10 nopamok n’ dakrop-

rpynni G’ = G/{a} rpynn G no uukauueckoil moarpymne {a} pasen %< n

¥ deautcd Ha p. [To npeanonoxennio HHAYKUuH G’ COAEPXKHUT 9AEMEHT &' mopsaika p.
Mycte b — snement rpynnn G, Bxojsmuit B cMexHsil kaace b'. M3 b'P = ¢,
rie ¢’ —ezuHuua rpynnsl G’, clenyet, uto b7 comepxutcs B moAarpymme {a}, T.e.
bP = a!, otkyna bP% = a'* =, Ecan b¥ =e¢, 10 b'* = ¢’ u k neaurcs wa mops-
LOK p 3JeMeHTa b’, 4TO HeBO3MOWCHO. 3Hauut, b*F = ¢, Ho b* =+ ¢, T.e¢. anemMeHt
b* umeer nopanox p.

[Tycts Tenmeps rpynna G unekommytarusua. Ecan cywecrByer moxrpynna f7,
ornuuHas OoT (, MHAEKC KOTOPOH He JeNMTCs Ha p, TO MOPAAOK H MeHbwe n
U peavres Ha p. Ilo mpeinoaoxenuio HHAYKLuU /I CONEPKHUT 3EMEHT MOpAAKA p.
Ecau xe unaexcs Bcex mogrpynn rpyunsl G, OTAMYHBIX OT (G, AeATCA Ha p,
TO YMCJO SAEMEHTOB, CONMPSKEHHBIX JMOOOMY sJieMeHTy rpynnsl G, He BXOAAILIEMY
B ee UCHTp Z (3anauza 1664), meautcs Ha p (3amava 1671). Tax kak mOpsioK n
rpynnel G Takike JeAATCA Ha p, TO M MOPANOK HeHTPa Z JENMTCA HA p ¥ MeHblle
n, 1ak kak G HekomMMmyrarHBHa. [lo NpeAmOAONKeHHI0O HHIYKIUH Z COAEPKHT
8JEMeHT mopsauKa p.

1698. Y xasauue. Bocnoap3osarbcs mpepwbinymeii samauef.,

1701. a) {a} = {3a) + {2a};

6) {a} = {42} -+ (3a};

B) {a} = {15a} 4 {20a} 4 {12a};

r) {a} = {22564} 4 {1002} + {30a}.
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1702. Yxa3sauue. B cayuae B) ucnoas3dosats 3anazy 1700 6).
1703. Y xasanud. a) [IpuHats cooTBeTCTBEHHO 3a A M B MHOweCTBa
BCEX 3JEMEHTOB a4 ¥ b u3 U, mna kotophx pa =0 u gb=0; 6) paccMoTpeTh

&, R r
pasIOXKeHus n= p'p,® ... pS nopsaxa n rpynnet G Ha NPOCTHIE MHOKHTENR
U NIPHMEHHTDb a).
1704. a) G (3); 6) G (

(2,2); B) G(2,3) 1) G8), G(2,4), G2 2 2%
1) G(9), G(3 3) ¢) G4 (2

2,3); %) G(l6), G(2,8), G(4,4), G(2,2,4),
G(2,222); 3) G@§3), G(2,4,3), G(2,2,23); n) G(235); k) G(49)
G(2,2,9),G433),G(2,233)1G(163),G(283), G(4,4,3),G(224,3),
G(2,2,2,2,3; M GH*,3.5), G(2,2,35);, n) G(9,7), G(3,3,7); 0) G(8,9),
G(2,49),G(2,229), GB,3,3), G(2,4,33), G223, 3); n) G@4,25),
G2 2,25, G4 5 5), G2, 2,5,5).

1708. Eci Z, — nukanyeckas rpynna nopsaixa 2 1 Z — GeckOHeuHas IHK-
JAuYecKas rpynma, TO HCKOMOe mpsAMoe pasnoxeuue axtop-rpynnbt G/H umeer

B

R

) Zo+Zy+Zs 6) Zy+Zg B) ZyhZohZs 1) Zo 424 1) Z,+ 2
e) Zo+Zy+Z; ®) Zy; 3y Z4Z; n) Z; x) G/H — nyaesaa rpynma.

WckoMOro pasioxeHus HE CyHieCTBYer.

1706. B) I'pynna G enHHCTBEHHBIM ODPA30M Pa3NaraerTcsa B NPAMYI0 CYMMY
noprpyni: G= A;+ A, ... 4 A, rie A;—uukanueckas noArpynna nepanxa p;.
Jlio6as noarpynna /A rpynnel (J, OTAM4Hag OT HYJAeBOH, ABAAETCA NPAMOH CyM-
MOH HEKOTOPHX U3 moirpynm A; Yuecno Bcex moirpynm pasHo 25. Y kasaHnue,
Wcnoap30BaTh NYHKT 0) U NOKa3aTh, YTO ecau h -— obpasywomas noarpynust H,
1o H #aBaserca npsMoi CyMMOH Tex moarpynm A;, KOTOpHE COnepxar HeHy/eBbe
KOMIOHEHTH 3JeMeHTa A. )

1707. Yxasauua B) Jaa pokasareabcrBa pasnoxenus G =FH
B3ATh M06OH sAeMenT a, BHe F/, 3areM mnwoGoif aneMeHT a, BHe {H, a,} u 1. 1.
u nojoxuts K= {a;, @ ...} i

r) Jlo6as noarpynna H nopsaxa P pasnaraeTcs B OPSMYI0 CYMMY ! HHKJH-
YyeCKUX NOArpymm mopsaika p. IlycTb 3To pasioweHHe HMeeT BHJ

H={a;} +{a:} +... +{a}.

A
NPOQ

HaxoauM uwucnao Bcex cucteM (a4, dg, ..., a;), ONPeJeeHHbIX YKa3aHHRIM 06pa3oM

I Bcex mnoArpynm [/ nmopsika p’. Tax kak a, # 0, TO 149 a,; uUMeeM p"—l
BO3MOXHOCTeH. Tak Kaxk @, JEXHT BHE LWKJAHYECKOH moarpynnel {a,}, 10 Aas a,
uMeeM p* — p BosMOxHOCTEd M T. . AHAZOTHUHO HAXOAMM UHCAO BCEX CHCTEM
(@, as, ..., @), naomux oxuy rpymny H mopsaka p’. Uncno BCex moarpymu
nopaixa p! paBHO YaCTHOMY IBYX HAHJEHHBIX 4HCEd.

1708. Y xasauue CHauara paccMoTpeTh cayuail OpHMapHOH rpymmel,
3aTeM B3fTh PA3JOXKEHHE IPYNNB Ha NpUMapHHIE KOMMOHEHTH (3azaya 1703 6))
M OpuMeHuth 3axazy 1700 6).

1709. Kouasno. 1710. Koanuo.

1711, Koapuo. [pu n =0 noaysaem HyJeBOE KOJbHO, COCTOsNIEE U3 OAHOTO
uucaa 0, kotopslii 6yxeT emuHuned Koabua ¥ caMm jgasa cebsa o6paTHeM. Hyuxesoe
KOJBIO He Gy[eT MoJeM, TaK KaK HoJe JOMKHO cojepxarb 06ojiee OZHOTO dJIEeMEHTa.

1712, lose. 1718. [lose. 1714. Toxe. 1715. Koabuo.

1716. [lose. 1717. Koavuo. 1718. Iloae. 1719. Koavuo. 1720. Koabuo.

1721. Koabuo. 1722. Koabuo. 1723. Koabuo.

1724. Marpuusl ¢ paulOHaJIbHBIME @, b 06pasyloT moJae, a ¢ JAeHCTBUTE/b-
HBEIMH 4, b — KOJBLO, HO HE moJe.

1725. [loavHOMBl OT CHHYCOB M KOCHHYCOB M NOJUHOMH OT OAHHX KOCHHYCOB
00pa3yioT KOJbLO, @ OT OJANMX CHHYCOB He ofpasylor. Y kasauue. JMas
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JIOKa3aTeAbCTBA, UTO TOJMHOMBI OT CUHYCOB HE O6PasyloT KOJbila, HEHMOJAb30BAThL
70, YTO TpPOU3BEJEHUE JBYX HEUETHHIX dyuknuit apasercs ynxuuei uvernoi.
1726. He obpasyior. ¥ k a3aHue. MCnoab3ysa HeNpUBOANMOCTb MHOrOYJIEH

S 3, 3
x3—2 Haj nojeM panMOHAJBHBIX 4YMCEJ, JOKa3aTb, 4YTO 1/2 .]/2 =V4 e
DPHHALNEKNT PAacCCMATPUBAEMOMY MHOMECTBY.

3/, 3.
1727. -4% (54+9V2—V4). Yxasanue. [is noxkasateabcTsa oxHO-

3HAaYHOCTH WCIOAb3OBATh HENPUBONUMOCTb MHOTOYJMEHA X*— 2 Haj nOJeM pauyo-
HagbHbIX 4Ynced. Jas OTbICKaHHA OGPATHOTO SJEMEHTa UDHMEHHTL METOJ Heompe-
JeneHHEX KOd(hhuuIMeHToB.
1 8, — : J—
1728. ' = 5= (1915 4 11V/%5).
1729. Y xasanue. McnoabsosaTb CBOHCTBO HeNpHBOIMMOIO MHOrOYJcHa
GbITh B3AHMHO NPOCTHIM C JIOOBIM MHOTOY/JEHOM HM3mEH CTemeHH.
1
1780. 1= 105 (101 4~ 37a 4 4a?).
Yxasanue. Ecan ¢ (x) = x2—x--3, TO METOAOM HEONpEEACHHHX KO3(-
$UnuenToB HalTH MHOrouAeHH f; (x) UepBOR CTemenu M ¢; () BTOpOH cTemeHw,

yIoBJeTBOpsomHue paBeHCTBY f (x) 11 (x) -9 (x) ¢; (¥) = 1, ¥ moA0KHUTH B 3TOM
paBeHCTBE X = (.

0— _
1782. Hanpuvep, f, (x)={ g x < 0, s (x)={x g x <0,
x—nas x>0, 0—pag x>0,

1784. Jleauteau nyna uMewT Buzn (@, 0), rie a == 0 u (0, &), rae b == 0.

1787. Marpuus, B KOTODHX SJASMEHT B JEBOM BEepXHEM yriy OTIHYEH OT
HyJasi, He OyAyT JeBLIMH (HO OYAyT NpaBHIMH) JEIUTENAMH HyJs.

1738. Y xasanue. Packpurh CkoOkM B mnpomssefienun (a-}-0) (e e)
IBYMS Da3HBIMH CIOCOGaMH,

1740. Matpuus nopsaka 73> 2 ¢ 3JeMEHTAMH M3 JaHHOIO 0OAA HpPH yCao-
BHH, UTO BCE CTPOKM, HauyHHasi CO BTOPOH, COCTOAT M3 HyJaell, o6pasyioT KOabUO
C HECKOJbKMMH JEeBbIMM €IWHHLAMH, a4 IIPH AHAJOTHYHOM YCJOBHH s CTONG-
HOB — € HECKOJAbKUMH NPABHIMH €AHHHHAMH.

1742. Ykasauwue. [IycTb @ —aneMeHT KOJbLA, OTAMUHBIA OT HyJd,
Tloka3aTh, 4TO COOTBETCTBHE X —>aX, Tle X — JI000H 3/leMeHT, ABASETCA B3aUMHO
ONHO3HAYHBIM OTOGpakeHueM RAHHOIO KOablla Ha cebs.

1743. Y xasanue. Hcnoabzopars sanauy 1742,

1747. Y xasanue. Haiitu marpunum E, /1, J, K, coOoTBETCTByOIHE €Ad~
uuuaM 1, {, j, k, ¥ npoBepuTb TabJHIy yMHOMeHud Jud HuX: /? = J?=K2=—FE,
IJ=—JI=K, JK=—~KJ/=1, KI=—IK=J.

1749. Bosmoxubl aHLIb JBa TaKUX aBTOMOP(HU3MA: TOXIECTBEHHLIH u mepe-
BOAALMI KawJ0e YHCIO B CONMPSKEHHOE.

1750. V x a3 aHue. [lokasars, 4T0 MoGoe YHCJIOBOE NOJE COJEPIKUT YHCIO0 1,
3aTeM HeJbie H, HakoHel, ApoGHbe YHCa.

1751. Y ka3 auue PaccmoTperh 06pa3sni eMHUIIM, HEABIX M IPOGHBIX UuCedN.

1752. Y kasanue. [lokazath, YTO INOJOXKHTEJIbHOE YHCJIO, KaK KBajpar
AelicTBUTEADHOrO YKCAa, MEPEeXOAUT B MOJOXHTEAbHOE. 3aTeM, NOAb3YNCH TeM,
YTO MEWAY IBYMS PA3NHUHBIMY JeHCTBHTEJbHBIMH YHCIAMH JEXUT PalHOHAJbHOE,
Y COXpaHEHHEM PALUOHAJbHBIX UHCeN, AO0KAa3aTh HEM3MEHHOCTb MKGOro AeficTBH-
TEJBHOrO YHCJa.

1753. BosMoxHB! aMIUb JBa TaKUX OTOGPAXEHHA: TOMIECTBEHHOE H Nepe-
BOLAEE N11060e KOMILIEKCHOE UHCAO B COMNPAKEHHOE.

1756. Ilo moxyno 3 cucTeMa HeCOBMECTHa, a MO MOLYJI0 5 OHA MMeeT
eIUHCTBEHHOE peliieHve ¥ =2, y=3, 2=2,

1757. Ilo mMonymo 5 cucreMa HECOBMECTHA, @ IO MOAYMIO 7 OHa MMeeT eluH-
CTBEHHOE pemleHne X =2, y =6, 2=25,
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1758. a) x1-2,6) 1. 1789, a) 1; 6) 5x |- 1. 1780. a) x2 x4+ 2 6) 1.

1761. a) Pemenue. [lpeanonowxum, 4to f(x) u g (x) HMEOT HAX noieM
pauHOHaAbHBIX gucea ofwuit nemutenb d (x) nojoxuTeNbHOH cremenn. Torza
fx)y=a(x)d(x), gx)=0b(x)d(x), rre a(x), b(x), d(x)— MHOrouneun
¢ pauMOHANbHBIMH KO3(duuMeHTaMu. BblHOoca ofume 3HAMEHATENH H O6mue
HauGoAbIIMEe jeNuTead WHCAHTedeH kospouumenton u npumensas nemmy aycca
O mnpou3BeleHdd TPHMHUTHBHHX MHOTOUAEHOB, moayuuM: f(x)=a, (x)d, (x),
g (x) =15y (x) d; (x), Tie BCe MHOTOUACHH HMEIOT LEABE KOSP@HUHEHTH, CTe-
newp dy(x) paBHa crenenu 4 (x) u crapmuii xosdduiment 4, (x) He Aeautca
Ha p. Tlepexons K NMOJI0 BHUYETOB 110 MOAYJAK p, NOAYyYHM OOINHI JeauTeab mojo-
WHUTEJALHOM cTemeHd aaa f (X) u g (x) Hal 3TUM NOJEM, UTO HEBO3MOMHO.

6) Muorouneunt f(x)=x, g(x)==x-}-p B3aHMHO NPOCTH Haj NOAEM pa-
UUOHANABHKIX YHCEA M PAaBHH X, T. €. HE B3aWMHO IPOCTH, HaJA TOAEM BLIYETOB
no MouyJio p. ,

1762. Yxaszanue. Ecau f(x) u g(x) B3auMHO IIPOCTH, TO, MOAYYHB pa-
BenctBo f(x)u(x)+ g(x)v(x)=¢, rae u(x), v (x) — MHOTOWIEHB! C LEABLIMH
k09pdHUMEHTAMH M ¢ -—IEJ0€ uMCIO, AOKasaTh, 410 f(x) u g (X) B3auMHO
NpOCTH HAJ NMOJAEM BHIUETOB [0 JMIOGOMY OPOCTOMY p, He JeqsueMy c.

P';);S ngxzs_a{;n(bcgi og?e;;ﬂsg‘ yrxae_lxz)?x)ulemi{sx_4 HCTONBL30BaTh 3afauy 1761.

«(x (x4 x . o (x4-3) (x2-H4x - 2). 1768. (x24-1) (2
+ x -} 2). 1768, (x4 x4 1) (x2 - 2x - 4). T2 X D (2

1767. fi=x2 fo=x?F 1=+ 12 fai=xtx=x(x+1), fi=x2}
—+ x 4+ 1 HenpusomUM.

1768. /= x5, fo=x 4+ 1=+ )24 x41),

fr=xttx=x (x4 12 fi=204 12 =12 (x4 1),

fs =%+ x 41 HenpuBonuM, fs=x*-4 x2-1 HenpupoguM.

fi=x3t 2t x=x(?tx41), fr=x+x2Fx+1=(x4-1)

1769, fi=x241, fo=x24x+42, fi=x24+2x}+2

1770, f,=x242x41, fo=x342x-}2,

fom B f a2 42, fi= 042 4,
fo=x4x2+x+2 fe=x3+4+x"42x+41,
fr=x*4+2x2t x4+, fo=x+42424 2442

1771. YxasaHnue. [lpumenns xemmy [aycca, u3 pasnoxenus f(x) Ha
B3 MHOMKHMTENS C PALMOHANbHBIMH K03dGUIMEHTAMH NOMYYHTh PA3NOKEHHE Ha
ABa MHOXHUTEAS ¢ ueasiMu kosbduunuenramu. Muorounen f (x) = px?-}(p+
+ 1 x4 1=(px-}1)(x+41) npusonum Hax mOAEM PANHOHANLHHIX UYHCEA, HO
[0 MOLYMO p paBeH X -1 H, 3HAUHT, HENPHUBOLHM.

1772. Y xaszaHue. [IpeanonoxuTs NPOTHBHOE, NPUMEHMTb pa3jiOKeHUe
rpyansl G B npAMOE NpOU3BEJEHHE NPHMADHBIX IHKJIAYECKMX NOATPYNN, MC-
noab3oBath 3aiauy 1700 B) u TeopeMy o TOM, uro ypashen#e x" =1 B noae Z ,
numeeT He 6oJiee n PAaTUYHBIX KOPHEH. :

1778. Pemenune. ChHavara noxaxeM JeMMy H3 TeopuH rpynn. Ecau asa
afeMenta @ U b HuKIudecko#l rpymnst G He ABAAIOTCA KBafpaTaMH, TO MX HPOH3-
Bejenye fABAAETCA KBAjJADPATOM.

Mnuoxectso H saeMmentos us G, ABIAOWMXCA KBajpaTaMH, eCTb HOArpynna.
dakrop-rpynna G/H — nukauueckas. Ecmu C = cH —ee ofpasyiomas, To U3
¢2CH caenyer C? = ¢?H = H. 3naunt, wnu H = G, nau G/H — rpynuna sToporo
nopsinka 4 ab&afl -bH = H, 1. e. ab ectb KBajpar.

Otcioaa caepyer, 4TO 0O JMI0GOMY NPOCTOMY MOAYMO P OLHO M3 wucex 2,
3, 6 cpapmuMO ¢ kBaipaTtoM. B camoM fene, npu p==2 umeem 2=07% npu
P =3 taxke 3=02 Ecau p > 3, 170 2 # 3 MOKHO PACCMATPHBATH KAK BAEMEHTH
MYAbTHILIAKATHBHOA rpynne G nois Buueros no Moaynio p. Coraacho 3a-
nase 1772 rpymna G — WUKIMYECKAs M TNO JieMMe, JOKA3aHHOH Bhime, ecAu
2 1 3 — e kBagparH, TO 2.3 =6 — KBaapar.
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Mmuoroaaen

FO=G=VZ—VHG-VI+VDa+VI-VDU+VI+V3)=
=xt—10x2-1

HeNpUBOAKM Haj NOJAEM DAUMOHAIbHBIX UHMCEN, TAK KaK JHHEHHble MHOXHTENH H
HX NPOM3BEJCHM# IO JiBa HE ABIAIOTCA MHOTOWIEHaMH C PAlMOHAALHHIMH KO3d-
dunuenTamu.

Myctb Zp—mone BHUETOB MNo mpocToMy Moxymo p. Ilo pokasannomy cy-
IeCTBYET 3J1eMEHT a € Z,, 1ast KOTOporo a*=2, uam a*=3, umm a’?=06. Ecm
a?2=2, 10 x*—10x?2+1=(x242ax—1)(x? —2ax—1); ecau a2=3, 10
xt—10x2 41 = (x24-2ax4-1) (x2 —2ax -+ 1); ecan a? =6, 10 x* —10x24-1 =
= (¥2 — 5} 2a) (x* — 5 — 2a).

1774. Y xa3zauwue. [loxasarb, 4TO €CiH 4 = ae, TO ¢ — eIWHKlA.

1778. a) a = p B KOAblE BHYETOB MO MOAyMO p?% 6) a==p B KOABUE BH-
geToB MO Moiyaio p”. 3mecs p— mo6oe nenoe uyuchao, Goapinee 1.

1779. Yxasanue Jas uucaa z=a-4 5V —3 Beectu nopMy N (2) =
=2z .2 == a%-}3b% Hokasars, 4T0 N (2, < 29) = N (2;) N (2,), 111 pansoro M > 0
CYIEeCTBYeT AHIIb KOHeYHOe MHOXECTBO uHced z ¢ N (2) < M, peaurenamu enu-
NMIH ABAKIOTCA JMIb =+ 1, jeauTenb 2 ¢ HauMenbinell Hopmoii, Goabmiei 1, sB-

A€TCA TIPOCTHIM.
1 1 1 1 1

1780. Y ka3aune. Paccmorpers pasnonenns 2=22 .22=22 .24 .24~ |

1781. a) Vrxean; 6) monkonblio; B) mieald; I) HEe fBAseTCd MOArPymNmoH ai-
AMTHBHOH TPYIHNIH; 1) NMOIAKOJBLO; €) MOArpYHna alJMMTHBHOH rpymmbl; XK) HAean€;
3) NOAKOJBLO; H) HAeal;, K) HAearx; J) He ABAAETCS NOATPYNNOH aAJUTHBHOH
rpYIHIH.

1785. Y kasanwue. IToxasars, yto MmoGoit ugean / mopoxnaerca cBouM
3JEMEHTOM @4, OTAHYHBIM OT HyJAf H HAUMEHBUIUM B CACAYIOIEM CMBICIE: &) MO
abconoTHOH BeanuuHe; 6) MO CTENEHH; B) No MOIyMo. B kaxpoMm ciyuae uc-
NOJBb30BATh CYUIECTBOBAHHE JEJEHUA C OCTaTKOM HAa ajeMeHT & == 0, npuuem
OCTaTOK WJAH DaBeH HYJIIO, HWIM MeHbLIe AeJuTe]s B YKa3aHHOM BHILE CMBICIC.

1791. Ecan ne == 0 aaa mo6oro n = 0 u3 Z, 10 ¢ — usoMopdusM, u ¢ (Z)
usomoppHo Z. Ecau ne =0 pas nekortoporo n = 0 u3 Z u ny— HauMeHbIee
NIONOKHTENLHOE YHCJAO, AAS KOTOPOro n,e =10, 10 ¢ (Z) n30MOpPHHO KOJBLY BHi-
YeToB MO MOJYJNIO M,

1792, 6) Uernipe cMeXHHIX KJacca, cocToslIue M3 wucex a -} bi co cpoii-
ctBaMu: 1) @ u b ueTHw; 2) a 4eTHO, & b HeueTHO; 3) a HeueTHO, a b UeTHO,
4) a u b Heuernw; B) kaacc B, comepxamuit 1-}-i, aBasercs ZeauteneM HyJs,
npuueM BZ=0. 1799. Yucao aneMeHTOB paBHO p".

1800. 1. R—Koxbuo ¢ JeauTeNMU HYJd, DPAacCMATPUBAEMOE KaK MONYJAb
Hall camuM COGOH, A M g — jgeautenu Hyas, Aasg xotopux Aa=20. 2, G = {a} —
HHKAHYECKas TPyNNa mopsaka n (C alMHTHBHOH 3aNHCBHIO OMEPAllHH), PaccMaTpu-
BaeMas Kak MOAYJb Haj KOJbLOM leablXx yuced. Toraa na =0. 4

1804. Y xasauue. [lpumenuts 3anauy 1647 B).

1807. 6) [lycTb ¢ u b-—1Ba pa3nuuHBIX 3JAEMEHTa BTOPOrO NMOPSIKA YET-
BepHOil rpymnnl (cM. oTBeT 3agauu 1638 6)). Ecan paccmarpuBath 9Ty Ipynny
KaK YHMTapHHH MOLyJb HaX KOJBLOM MLeablX uucea (nIpu OGLIYHOM YMHOXEHHU
SJEeMEHTOB TPYmusl Ha uucaa), T0 O(a) u O (b) COBNANAOT C MHOXKECTBOM YeT-
HHX guced, HO {a} 5= {b}.

. Yxasauue. JloxaszaTb, uTO MHOMKeCTBO / Bcex AL R, nxa KOTO-
poix Aa € A, ecTb ugean kosbua R.

1809. MuoxecTBo A BCEX 3AEMEHTOB C KOHCUYHBIM HYHCAOM HEHYJEBBX KOM-

NOHEHT,
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1810. 6) [Ipumep 1. B koavue Z; BmueTOB MO MOAyMO 6 kak Moayxe
Hajx caMuM OO0l 9jeMeHTH 2 M 3 AIBJAIOTCH IePHOAHYECKHMH, A HX CyMMa 5
He ABJASETCH NMEPHOXHUYECKHM 3JIEMEHTOM.

IMTpumep 2. Nlyctb R—xkoabuo map (x, y), e X U y —Iedsle YHUCIa,
a CJOXEHUe WM YMHOWKEHHe MAp IMPOM3BONATCH IO KOMNOHEeHTaM (3amaua 1734).
Auements a == (1,0) u b = (0, 1) aBasorca peaureasmu wyas. Ecau R paccmartpu-
Batbh KaK MOXLyJb Haj caMuM coboi, 10 a u b OynyT nepuolmqecxnmx aJeMeH-
tamy, tak Kak O (@) — MHOXKecTBO Bcex map Buiza (0, y) u (b)—Bcex nap
Buaa (x, g).Ho aaement a -+ b= (1, 1) uMeer nopsaakoM HleeBOPI saement (0, 0).

1811. Ykasanue. [llonoxurs a=a’d, PH=p0 M0Ka3aTh, 4TO

a’f’d(a4-8)=0u ayb=0.

1812. ¥ ka3 aHuue. [okasatp, uto M ecTh npsAMas CyMMa HEHYJEBHIX HOA-
Monyneit M; kawAbli M3 KOTOPHIX COCTOMT M3 BCeX 3jaeMeHTOB M, mopsaku ko-
TOPBIX NOPOXIEHBl CTENEHAMH NPOCTOro sieMeHTa p; u3 R.

1813. Yxasanue, PaccMorperh o6benunerne Monyaeit M.

1819. Y xasanue. [lokasars, uto b > A+ b ectb romomopdHoe 0T06pa-
wenue B Ha (A4 B)/A, u npuMeHuTb TeopeMy O roMoMopdusMax JAas MoxyJed.

1820. Y xazauue. [pumenutrs uuaykuuio no n. Ilpu n =1 npuMennts
3agaud 1815 u 1818. Tpu n > 1 npexmosomurb, uro B M cymecrsyer 6ecko-
HeyHas BO3pacTaiomias Uelb pasauyHbIX moaMonyreit M, — M, < ..., nonoxuTh

0

A={x}, B=U M,, M; = M, N A u noxasats, 4To uenp M,i cTabHaAM3MpyeTCA Ha
i=1

HEKOTOPOM Mk=AnB 3areM npuMeHuTb TeopeMy 06 u3oMopdusMe (CM. 3a-
Aauy 1819) u wucmoabzoBarb 10, utO akrop-monyas M/A umeer n—1 obpa-
3YIOLIKX.

1822. Yxasanue [lpu joxasareabcIBe 6) pPACCMOTPETh BHIpAWEHHE
d+1)(x+y) ’

1823. &) npOCTpaHCTBO V 6eckoHeuHOMEDHO.

1825. Ykazanue JoKkaswBaTh U0 HHAYKUHH HAH IIOJOKHUTh B JduHeHHOM
cooTHomeHny x =1, 2, 22, ..., 2"~ 1L

1826. Y kasanue. B cayuaax B), r), 1) aAuddepenunposats iBa pasa u
NPUMEHHUTh HHAYKLHIO,

1827. Y xa3zanue. Mcmonn3osars onpenenmenb BaunxepMonuna.

1829. PasmepHocTs paBsHa k+}l 1= Ck+n 1« Yxasauue. Baarp sa 6asy

o
B8CE ONHOWICHB H KaKJAOMY OINHOUWIEHY BHAA x1‘x2 ... X, MOCTaBUTb B COOT-
BETCTBHE CTPOKY '
1...1x1...1x...1...1x,
S S N e
a, pas a, pas o, pas
n Y
1830. C;_ ,. Yxasanue. [lonowurs x; = Tt H CBEeCTH K TIIpenh-
n+1

AyweR sataue,

1831. 6) PasmepHocts L pasua n; B) pasMepHocTs L, paBHa n—k-1;
r) L’ ne aBasieTcss MOILNPOCTPAHCTBOM.

1832. Y xasaHue. Ilpu noxasareibcrae HEOGXOAUMOCTH NMOJYUYUTh DPABEH-
¢80 B=CA, rae C — HeBHIpOXJAEHHAT MaTpula U3 KO3(QOHIMEHTOB B BHpa-
weuuax cucremsl (2) uepes (1). Tlpu AoxazaTeabcTBE AOCTaTOYHOCTH NPHUNHCATHL
K Marpulie A CHH3y CTPOKY KOOpAWMHAT BeKTOpa B; H, BBIUKCASS DAHT METOAOM
OkafiMJenns, NOKa3aTh, YTO PAHT MOJAYYeHHOH ManHubI paBeH k.

1836. r) Iycts Ha maockoctu xOy L= Ox, M= Oy, L’ — moGas mpamas,
NPOXOJAAlLAs YePes HAuaA0 KOOpAMHAT K owmtmaa OT Oceii, @ — NPOCKTHPOBa-
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nne na L napamnensno M, ¢, — npoexkruposatue Ha L’ mapamneapno M. Toraa
§192 = @) 7= @2 = @z¢;. Ycaosue (3) He BHUIOJHEHO, HO Py H Qg ABAAIOTCH
TIPOEKTHPOBAHH AMU.

Yxasauus 6) [lokasarh, 4TO €CHH @) H @, HAEMNOTEHTHH, TO @) - @
WAEMIOTEHTHO TOTAA ¥ TOABKO TOMAY, KOTAA @199 4 §o@; = 0. YMuOKad 370 pa-~
'BEHCTBO CJepa W CIpaBa HA @), JOKA43arb €ro 3KBUBAACHTHOCTh ycaosuio (1).
8) Hcmoanays a), cBectu B) K 6). r) M3 ¢;@;x =X BuBECTH @,X = @X = A,
3areM HCOOJL30BATh HpPEICTaBACHHE X = QX - (€ — @y) X.

1837. Y kazauue. Paccmorpets (9 (X -} X2), ¥) 1 (9 (Ax), y).

1838. % ¥'10.

1839. Eciu L — nmoAnpoCTPaHCTBO BCEX BEKTOPOB, Y KAXIOr0 M3 KOTOPHIX
JHIIb KOHEYHOEe YHCJO KOODAHHAT OTAMYHO OT Hyas, 10 L¥*=0, L+ L*=L=+V,
wLH*=V=L.

1841, Ilycrb A — Matpulla npeoGpasoBanus B OPTOHOPMMpPOBaHHOM Oasuce.
a) [1oBOpOT NJOCKOCTH Ha HEKOTODBIH yroA BOKPYr Hauala KOODAMHAT, eCad
} A| ==+ 1; 3epxanbHOe OTpaXeHHE MIOCKOCTU B HEKOTOPOH MpAMOii, fipoxoasiueit
yepes Haualo KoOpAuHAT, ecau | A|=—1. 6) losopor mpocTpancrsa Ha Hexo-
TOPHI YTOJ, BOKPYT OCH, NPOXOJsAlleil Yepes Hauano koopaunar, ecmt | 4| =+ 1;
TNOBOPOT, YKa3aHHbIH BIMIE, C NOCICAYIOUMM 3EPKANBHEIM OTPANKEHUEM MPOCTPAH-
CTBa B ILIOCKOCTH, MPOXOAAuled yepe3 HAYano0 M NEpPNEeHIMKYNSPHOHR K OCH Bpa-
wenns, ecan |A|=—1

1842. ITosopoT BOKpYT OcH, OnpeseneHnoi Bektopon f= (1, 1, 0), ua yroa
¢ =60° B orpuuareAbHOM HampasiaeHuH. Y ka3aHue. Bexrop f umeM kak
coGCTBEHHBIH BEKTOP, Npunaaaexamuit cobcTBeHHOMY 3Hauenmio 1. Yroa noso-
poTa & HAXOAWM U3 YCIOBHs 2cos 0+ 1 = a,; + asy 4 @35, NOMyuenworo us
MHBAPHAHTHOCTH CAGAA MATPHiEL npeoCpasoBanus ¢. Jast ompenenenus Hanpasie-
HYs [OBOpOTa GepeM BEKTOp, He JeMaulmid Ha OCH BDAIIEHHS, HANpHMEp e,, ero
o6pas (e, ¥ BEKTOP Ocu f ¥ MIIEM 3HAK ONPEAENMTENs M3 KOOPJHHAT 5TUX TPeX
BEKTOPOB, T. €, OPUEHTAlHI0 TPOHKH BEKTOPOB €, e, f.

18438. a) Hynesoe npeoGpasosanue; 6) MOBOPOT Ha yroa /2 B HONOMKH-
TEJbHOM HJH OTPHIATEJbHOM HANDPABJCHHH C NOC/AEXYIOUIMM YMHOXKEHHEM Ha He-
OTpHIaTeIbHOE UHCR0; B) ¢X = a X X. llpu a = O npeobpaszosanue ¢ cBOAUTCH
K TMPOEKTHPOBAHHIO BEKTOP2 X HA IIOCKOCTh, NEPHEHAHKYJAPHYIO K BEKTODY a,
TOBOPOTY BOKPYT @ Ha Yroa 7/2 B NONOMHMTENbHOM HANPABAEHHA M YMHOXEHUIO
Ha AMHHY a. ¥ ka3auue. PaccMOTpeTs Marpuny npeoSpasoBaHHs ¢ B OpTO-

Q12 Qg3
HOpMHpOBaHHOM 6asuce A=| —a, 0 Q3 | M NOJOXKHTb @==(a,, a,, a;),
—aiy —day 0
TAC @y = — Qg3, Qg = — Q) = Qy3, A3 = — a)s.

1844. Y x asauue. [Ipn noxasateabcTBe AOCTATOUHOCTH PACCMOTPETh CKa-
aspuoe mpoussenenre (¢ (x-+3), x+ ).

1845, Y wxasauue. Haiitu Gasuc e, e, ..., e, nua xoroporo [ (e)) =1,
le)= ... =1(e;)=0.

1848. Y xasaune. Ilpennonomurs, uro !, (a) %0, I;(B) 0, u pac-
CMOTpeTh BekTop @+ b.

1849. Y xazanue. Jokasars, uto ecan b (x, ¥) 0, 10

5 (%) LW
———— == = ) 55 (),
L® Loy
Paccmorperb npoussenenue (I (x) — Mg (x)) I (X) u npuMenuts sagauy 1848,
0. Y xasaunue. IlpuMenntsr 3agaun 1846 um 1849,
1851. Y xasanue. IlpuMenuts 3agauy 1848.
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1 (x)
l(a)
1858. Ykasanue. Jnd Henyaesbix ¢yHxkuuf B3ATH BEKTOP @, HE Jewa-
L(a)
I (a)

1854. a) OpmomonocTHbit rumepGosonn; 6) ABYNMOMOCTHRIA rumep6oOUL,
Y kasauue. [lepeliTh K OZHOPOAHBIM KOOpHMHATAM,

1856. Ecau e, ..., e,— HopManbubiit Gasuc (B kotopoM Jf(X) samuch-
‘BaeTCA KBAIPATHYHOA (OPMOH HOpMaibHOro Bupa), mpuuem f(g)=1 (=1,
2., flep=—1(0=p+1...,r); f(ep) =0 (k=r+41,..., n), 103a
MCKOMBIA 6a3uC MOXHO B3Tb, Hanpumep,

fi=etep (=1...,p); fi=—eyte (J=p+1 .., 7r)
fr=ep, (k=r41, ..., n).
Y xa3zauue. Jlokazarb, 4TO BEKTOPH
fi] =el+ef (i=l»"'- o ]=p+1' LERY) f‘);
gij=e—ej (=1L ..., pj=p+L.. 1)
By =ep (k=r-1, ..., n) H30TPONHH K 4EPE3 HUX BhIpaXaerca Gasuc ey, ..., e,.

1857. Y ka3 anue. Hcnoabsosars sazasn 1306 u 1856,
1858. Y kaszaHnue. Paccmorpum cayuait 6) mpu yciosuu p<gq. Baas

1852. Yxaszanue. [ToNOXUTD Y = X —

.

mui B S, NONOKHTL A = H npuMenuTth 3anauy 1852 6).

Banuch f (X) =xf+ ces +xi-——x§+1 —_ —-—x;",+q ¢dopMoii  HOpMaJbHOro
Buja, npoBeputb, YT0 K COJEpKHT MOANPOCTPAHCTBO L, 3alaHHOE ypaBHEHUAMH
x,—xp+1=0...., xp——x2p=0, x2p+|=0,..., xP+q=0, (1)

TipuueM pasMepHOCTb L paBHa n—g. 3areM OPERNONOKHUTH, 4T0 K COMEPKUT
TIOANPOCTPAHCTBO L' PasMepHOCTH § > n—.g, 3aAaHHOE YPABHEHHAMH

n

D ayxy=0 (=1,2..., n—s), @
j=1
J0BaBHTL K HUM YDaBHEHHSH
x1=0,-.., xp=0, xp+q+]= ooy x”=0 (3)

4 NpUiTH K NPOTHBOPEYHIO,
1859. a) Pemenue. Ecan f(x) B noaxoasumem 6asuce 3amucarb B HOp-
MaAbHOM BHIE, TO YpaBHEHHE MOBEPXHOCTH S 3amulIeTCs TaK:

2 2 2 2
Xt X=X — e —Xp=1 n
Ecau p = 0, To Ha S Her AedcTBuTeNbHBIX TOUeK. [IpH 3TOM min (p—1, g) =—1.
“TeopeMa BepHA, €CAH CYHTAaTh PA3MEPHOCTb IYCTOTO MHOXKECTBA paBHOH —I1,
“Tlyers p >0, Toraa Ha S uMentcs TOukH, Hampumep, (1, 0,..., 0), T. e,

HyAbMepHBle MHOrooGpasud. Ilycts P — MHOrooOpasse MakCHMaabHOH pasMep-
HocTu k, Bxojsmee B S. P 3amaeTcd CMCTeMOH 7 — &k JAMHEHAHO HE3aBUCHMBIX
_ypaBsHEHHI

n
D ajxi=8 (=1 2..., n—k). @
j=1

D1a cucreMa He MOueT GHITh ONHOPOAHOHN, TaKk Kax HyJaeBOe pELICHHE He YIO-
BaerBopsaer ypasHeHHi (1). Jlas mpocTOTH NPEANOJOXHM, HTO ompexeurenb d
nopsaka n— k u3 x03pPHLUHCHTOB NPy NEPBHX 71— kK HEH3BECTHHIX OTAHYEH OT
Hyan, Torga obuieé pemende cucTeMBl (2) MOXHO 3amHCaTh Tak:

X =0y ottt Xn—kt1t oo Fln¥ntcyar E=12 .., n—k). @)
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Paccmorpum (n - 1)-mepuoe npocrpanctBo V. Bepem B HeM mob6oit 6asuc
H cuuTaeM, uTo V¥, HaTAHyTO Ha IepBHE n BeKTOpoB Ga3uca.
PaccMoTpuM OIHOpDOZHYIO CHCTEMY YPaBHEHHH

n
Z aljxj—‘bixn+l=0 (i=11 21 LR ﬂ——k); (4)
j=1

kospdumients Takue xe, kak B (2). Ee obulee pemenne nMeeT BHi
Xi=¢Ci, pop+1¥Xn—pr1+t oo0 FCnXa ¢, ni1Xarnr (=1 2,..., n—k) (5)

TaKUMH e kosddunuentamu, kak B (3).
3arem paccMoTpuM KoHyc K, 3ajaHHmil ypaBHeHHeM

2 2 2 2 2
X+ Xy — X — s — Xy — X =0 )

JoxaxeM, uro (% -} 1)-MepHoe nmoznpocTpaHcTBO L, *afaHHOe CHCTeMOH (4),
aexut B KoHyce K. JlioGoe pemenue cucreMbi (4), B KOTOPOM X,.; = 1, Hocae
OTO6pacHBaHHA X,.,; JdaeT pelieHue cucteMH (2), T. e. Bektop u3 P S. Ho
TaKkoe pelieHne yAoBJeTBOpseT ypaBHeHulo (6) H, 3uauut, jexnt B K.

Ecan x — mo6oe pemenre cucTeMn (4), B KOTOPOM X, =a %0, TO

%xEK, orkyia x K. Ilyctb X =(ay, ..., 04_p, Op_ttp --., &y, 0)— perte-

nue cucteMn (4) ¢ X,y =0. Cymectsyer pemenue X' cucreMu (4), B KOTOpPOM
CBOGOJHHE HEH3BECTHBIE MMEIOT 3HAUEHUS:

1
Xnak+1 =% ptiseen Xp=10py, Xpyy =T =12...).

Hs dopmya (5) acHo, qTollim x! = x. Mo noxasannomy smime x! €K, Iepexons
-» 00
B paseHcTBe -(6) mocle NOACTaHOBKM B HeM koopaunat X! k mpeneay mpu I —»co
noayuuM X € K.
Wrak, L < K. Wapexcn uvepuun K pasuet p, ¢-+1. Tlo sanave 1858
k=41 min(p, ¢-}+1), otkyna k< min(p—1, q). .
[lycts K’ — koHyC ¢ ypaBHeHHeM

1 e — X5 =0, @

rAie 3HaKH COBMAJAIOT CO 3HAKaMH COOTBETCTBYIOWHX uJeHOB ypasueHus (1). Ilo
sagave 1858 komyc K’ comepwut mnoampocrpaHcTso L’ pasMepHoCTH &=
= min (p—1, ¢), Jexallee B NONPOCTPAHCTBe ¢ ypaBHeHHeM x; = 0. BoabMeM
B V, Bextop @ao=(1, 0, ..., 0). Torna S conepxur muoroo6paane P’ = a,- L’
pa3mepHoCcTH k= min (p—1, ¢). Y TBepxkjaeHHe a) AOKa3aHO,
6) Ykazaunue. llpu r <n ceectu 6) Kk a) B r-MEPHOM NPOCTPAHCTBE.
1860. a) 1; 6)0; B) 1, 1) 0; ) 1;€) 1; ) n—1; 3) n—2; u) O; ¥) 1,

ecit n>2; 0, eciu n=2; n) 1; M) nenas vactb

S e —

B =n—1, ecu n

n
2 2

1
HeTHO; (n—1), ecau n HeueTHo.

1861. 6) Yxasanue Halitu cucreMun JuHeHHBIX ypaBHeHHH, 3alal0UIHX
JeBoe U TpaBoe AAPO. .

1862. basuc L") obpasyet Bextop (3, —1), a 6asuc Ly — Bexrop (2, —1).

1863. 6) Ykazanue. [lycts 1 <r<n Baars dynknuio, MaTpuua Korto-
pofi B HEKOTOPOM Gasuce uMeeT B JEBOM BepXHeM YIJy KBalpaTHYI0 HEBBIPO-
WACHHYIO KAETKY MOPSIAKA 7, He SBASIOINYIOCH HM CHMMETPHUYECKOH, HH KOCOCHM-
METPHYECKOH, @ Ha OCTAJbHBIX MECTAaxX — HY/H.
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1864. Y xasanue. Hcnonp3oBarb HyJeBOE NOANPOCTPAHCTBO (YHKIMU
b(x, y).

( 1!);)65. Yxasauue. [lokasat, 4TO KOODHAHHATBl BCEX BEKTOpOB us L*
YAOBJACTBODPAIOT MAaTpuuHOMy ypaBHemnio BAY =0, rme A— marpuua b (x, y)
B HexoTOpoM Gasmce HmpocTpancrsa V, B — MaTpHIlla, 110 CTPOKAM KOTOPOH cTOAT
KoopauHaTh Jio6oro Gasuca nopnpocrpaHcrsa L B pansom 6asuce V,, Y — croa-
Gen, xcopruHar BexTopa Y€ L* B ToM e Gasuce.

1856. Ilepsoe nokasarteanbcTBo. Tak Kkak b(x, y)5=0, no
b(x, x)=0, TO CyuleCTBYIOT BEKTODPH X|, X; TaKkue, 4T0 b (X;, Xy) 7= 0. ¥YMuoman

OJYH U3 3THX BEKTOPOB HA MOJYYUM BEKTOPHL €, €3, Iasa KOTOpLIX

b (xlv x2) ! .

b(e;, e;)=1. Bektopel ey, e; NUHEHHO HE3aBHCUMBL, TaK KAK €CAH €, == (e,
TO b (e, €;)=o0ab (e, e))=0. Ilycrb L;— AByMepHOE MOANPOCTPAHCTBO, HaTH-
HYTOE Ha e, €, u L,— MHOXecTBO BCeX ¥ &V, Takux, uro b (x, y) =0 s
moboro xCL;. Tlo sanaue 1865 L, — moanpoCTPaucTBO Pa3MepHOCTH > n—2,
Ilepeceuenne L; u Ly COACPXHT quuUIb HYACBOH BEKTOD, TaK KaK ecan xC L,
T0 Xx=q¢; | e, Ecmt xCL, 10 b(e, x)=0b(€, x)=0 u b(e, )=
=b(ey €;)=0;, b(e, e)=—0b(ey,e)=1 orkyaa a;=0, a;=0, x=0.
Tlo sapaue 1296 pasmeproctb L, pasHa n—2 u V, ectb npamas cymma L,
u Ly Eciu wa Ly eme b(x, ¥) =0, 10, KaKk BHIE, CYMECTBYIOT BEKTODPH €y,
e,CLy, nas Kotophix b(e; e)=1 u 1. 1 [Ilocne KOHeUHOro uucaa IDAroB
npuieM K MOANPOCTPAaHCTBY Ly, Ha kotopoM b(x, )=0. Ecan L, — ue-
HyaeBoe, To OepeM B HeM moOOH Gasuc €354y, ..., €. BekiopHl ey, ey, ..., €,
006pasyioT HCKOMBIH 6asuc.

Bropoe nokaszaTeabcTBO!). DT0 N0Ka3aTEALCTBO MAET IpaKTHUE-
CKHii METOJ HAXOMJIEHHS HEBBIDOMAEHHOTrO JHHEHHOrO Npeo6pa3oBaHHs Heu3-
BECTHBIX, HPHBOJSIIEr0 JaHHYI OuauHelinylo ¢OpMy K yKa3aHHOMy B 3anaue
KaHOHUUECKOMY BHAY.

- n
ITycts B HekoTopoMm Oasuce & (x, y) = Z @;jx;y ;. 3a cueT MaMeHeHwd
i, j=1
HyMepaluK HeH3BECTHBIX MOXKHO CHHTATh 4;;5~0. 3anumem dopMy B BuIe

b{x, My=x1 @2yt -+ Fapys) —yi (@t ... Fapx)+0(x, ¥)
# COBEpIUHM HEBHIPOMJEHHOE NMpeoGpa3oBaHHe HEU3BECTHHIX

4 4 4 4
Xy = X[, Xg=appXgt oo F-a1uX,, X3 = X3 o0y X=X,

H Takoe xe mpeoGpasopanue aas y,. Moxyuum:
b(x, ¥) = x{yy— Xoy1 F by (%, ¥).

Ecan by(x, y) He comepxur xé, yé, TO MOCTynmaeM ¢ He# aHanoruyno. Wnaue
n
4 ’ 4
by (%, )= N 2aijxiy'j, rhe ay, 5= 0 pas Hexkoroporo &, 2 < k < n. Cosepuus
i j= )
HeBBIPOXKAEHHOE HpeoO6pa3oBaHUe HEH3BECTHBIX

r_ ! I4 ’ 4 / ” 4 " /
X =X —QggXg— oo —QgpXy, Xg =Ko, eue, X=X,

¥ Takoe e mnpeobpa3oBaHue y;, noayuuM b (X, y)=x;'yg—xgyf+b3 (x, ),

” ” 4
rae by (X, ¥) He COAEPHHT x;" X9, Yi» y;. Ecau b, (%, ¥) 0, 10 noctymaem
€ HeH aHaJOrMYHO.

)y A, . Maabvyes, OcHOBH AuHedHOH anre6pH, u3A. 2, focrexnsnar,
1956, crp. 217,
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1867. b (x, ) =wVr— U0 ugw,—uuy =%+, np= Xy -
+ 243 — x,, Uy = X3 Uy=06x, 0 TaKOE Ke BHpaweHue U; IEPe3 ;.

1868. b (X, ¥) = Vo — WU - Uty — uyv;; 1) = X, ~ 45y, U= X542,
3 = X, U, = — 8x,y H TAKOE Xe BbIpaXeHHe U; Yepe3 ;.

1869. Ha matpuyHOM fi3blKe MOJyuaeM yTBRepK[eHue: AAd TOrO YTOGH jelt-
CTBUTENbHAS CHMMETPHUCCKAs MaTpuua A GmJa opTOroHanbHO NONOGHA MaTpHue,
¥ KOTOpO#l Bce /IEMEHTH TVIABHOH JNHArOHAanH paBHB HYJI0, HEOOXOLMMO ¥ 10-
£1aT0uHO, uTO6H caeX A ObiA pasen nyuo,

Ykasanue. IIpn ROKasaTeabCTBE JO0CTATOUHOCTH MNPHMEHUTb HHAYKUKIO
no n. Ilpu n > 1 B3aTh A060H OpTOHOPMHpORaHuHH 6asuc fi, fo ..., fr. Ecau
OH He JieWMT Ha KOHYCE, TO 110KasaTh, 10 CYIECTBYIOT BEKTOPH f, fy, ana
koropeix f(f) >0, f(f;) <0, u 32 nepsuif BexTOpP UCKOMOrO 6a3ica B3sth
BEKTOP €, MOoAy4YeHHLi HOPMHPOBAHUEM Bekropa f;— Af; T4e A Hafizeno us
yeaosus f ( fi--Af5) =0.

1870. Y xasanue, [IpuMeHuTh CBOKCTBO: yeThpe pasiMuHbe TOYKH TOFAA
# TOJABKO Torjaa oOOpa3yloT NapaaJeNorpaMM, KOrja UX paiHyChl-BEKTOPHI yao-

BJETBOPAIOT YCAOBUIO X -~ X3 == Xo -} X4
1875- X =—-11"|-3t{_4t2, x2=2—'t1 +t2, x3=t1, X4=t2.
1876. xl=—-——2-+—§-tl+-2—t2, Xo=1|, x3=3—4ty, x,=0, x5 =1,

1877. 3)(1-—XQ_JC3=8, xl—QXQ+X4=3, 5.’51—2Xg—.)€5=7.

-{—8'8{)8. X =4kt x3+2=0, 20, —3x,—x,-F-7=0, x5, —5x2— x5}

1882, [lycto 7 u r’ — COOTBETCTBEHHO PAHLH MATPHI

a b o a b ¢ d
A=1}a, by ¢y u A= a; by ¢y d, 5
as by ¢ ay by cg d;

g H r;j~ COOTBETCTBEHHO panru Marpun us I-ii u j-i crpok matpui A u A’

BosMOowubl Crefyouie [ATb CAYYaeB, AJ% KOTOPHIX HeOOXOXHMBI M AOCTa-
TOYHBl YKAa3aHHbIE 3HAYCHUS DAHIOB.

1) Tpu MAOCKOCTH NPOXONST Yepe3 OfHY TOUKY: r =r'==3,

2) TPU MIOCKOCTH He HMeloT OOLIMX TOueK, HO TONAPHO MEPECeKanTCd IO
apsaMbiM (00pasyioT HpHSMY). r=rp="rg=rog=2 r' =3

;
3) IBe IMIOCKOCTH HAPAMIEJbHB, a TPETbl HX MCPECEKaeT: rip=1, r=
4 !
=Pl =Tri3=Try=2, r =3 4 182 aHAIOTMIHBHIX CAyUan;
4) TpH IOCKOCTH UPOXOAAT HEpe3 OAHY NPAMYIO: F==[|p==1Fj3 =13 =
=r=2
4 7 14 ’
5) TpH MIOCKOCTH HAPAMICALHBL r=1, rig=ria=rog=r =2.
1883. [lycre 7 W ' — COOTBETCIBEHHO PAHTH MATPHL

fa, b Cl] a b ¢ dl]

as bz Co ay b2 Ca d2

H
asz b;; C3 a3 b3 C3 d3 '
ay b* Cy l [+ 73 b4 Cy d4

Bo3MOXKHB YeTHIpE cayuas:

1) r=3, r' ==4; upaMble cxpemupanTca; 2) r=r'=23, npaMble nepece-
gaorcst; 3) r =2, r’ = 3; npaMpie napaineapusy; 4) r=r’==2; npaMsle cosna-
AAIOT.
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1884. Tlycth r ¥ r’ — COOTBETCTBEHHO PAaHTH NPOCTOR M paCIMHPEHHOMR
MaTpuy o6befiuHenHofl cucTeMn ypaBuenuii (1) u (2). BosMoxHH nsiTh cayuaes:

1) r =r’ ==4; naocKoCTU NepecekalnTCs B OAHOH TOuke; 2) r=3, r' = 4;
TWJAOCKOCTH CKPEIMMBAIOTCA M TMapajiefbHBl NpAMOH, 3aiaHHOH TeMH TpeMs u3
ypaBuenuii (1), (2), y KOTOpHX JeBHE HaCTH JMHEHHO HE3ABHCHMH; 3) r==r'=3;
IIOCKOCTH TEpeceKaloTcs N0 npaMoit; 4) r == 2, r’ = 3; NJIOCKOCTH NapaniebHl;
5) r=r'=2; naockocTu COBNAazAIOT.

18885. Ilyctb 7 B 7’ — COOTBETCTBEHHO PaHI¥ MaTPHL

a; Qg.... an) " (al @y ... 04y C)
by by ... by by. by ... b, dJ
BoaMoxHnbl TpH Cayuas:
1) r = r’ = 2; runepniIOCKOCTH NepecexalnTcs no (1 — 2)-MepHOli NAOCKOCTH;
ay _ a, ___
5, B =
panienpHsl; 3) r=r’ =1, runepnIocKoCTH COBNAAAIOT.
1886. Y kasaunue. [puMenuts 3agauy 1874 u cooTBeTcTBylOLlee CBOii-
CTBO HOANPOCTPAHCTB.
1888, 1889 1 1890. Y xaszanue. [lpumenurs 3anauy 1887.
1891. Ecau ;|| 7y, TO %5 = ®;; ecan whn,, 10 5= a, 4 (L; 4 Ly).
1893. [lycTes nJOCKOCTH 7| 3aJaHA CHCTEMOH ypaBHeHMi

a ¢
2 r=1 r'=2 1 e = —bl + - runepmiockocta fa-
n

anXi~+ ... Faipxa=cy
e e 1)

a1 Xy + oot agpxp=cg,

@ NAOCKOCTh g — CHCTEMOH

buxi+ ... +bipxy =4y,

P)

buxi+ ... T bppxy=d,

’

B NYyCTh ry, I} K Iy, f;———COOTBeTCTBeHHO paHrn Martpunn u3 xosbhduIHeHTOB
NpH HEH3BECTHWX W pacmupeHHoll Marpunm cucreMm (1) u (2), 7 u r/ — pauru
Marprubi 43 K03D@UUHEHTOB UpH HEU3BECTHHIX M PACUIMPEHHOH Matpuubi 00b--
€NMHEHHOH CHMCTEMBI, CocTosied u3 Bcex ypasHenuit cuctem (1) u (2). Urobu
cucremnt (1) u (2) 3azaBanu NAOCKOCTH, HEOOXOAMMO M JOCTAaTOYHO, YTOGH Kax-
Raf u3 HUX Gbhina COBMECTHA, T. €. ry =r; Hry= ré. [lpy BLIMOJHEHHH 3THX
YCAOBHH JJf NApajiNelbHOCTH JaHHBIX MAOCKOCTEH HEOGXOIUMBI M IOCTaTOYHH
YCHOBHS: r=max (ry, o), r' =r—+1. .

1895. a) Muororpansuk P 3anaetcs cHCTeMOH HepaBeHCTB X, >0, x.>0,
x3>0, X4>0, x1+x3<l, JC1+X4<1, x2+x3<], XQ+x4<l;

6) TpeXMepHBIMH IPaHfiMH SBJASIOTCH UETBIPE YETHIPEXYTOMbHBLIX IMUPaMUALL
OABCD ¢ sepuunoi D, OABCE ¢ sepmuuoit E, ODEFA ¢ BepmmHoii 4,
ODEFB ¢ Bepmunofi B, u uernipe terpasapa ACDF, ACEF, BCDF, BCEF.
Yxasaunue Uepes xaxanie dYeTnipe TOUKH, HE Jexamue B OfHOH ABymep-
HOH MAOCKOCTH, MPOBECTH TPEXMEPHYI0 MIoCKOCTs. Ecan Z a;x; = b — ypasHe-

HHE TaKoH NAOCKOCTH M MJf KOOPAMHAT BCEX JAHHBIX TOYEK HJAM Eaix,->b,

ni 2 a;x; < b,- TO COOTBETCTByIOluEE HEPABEHCTBO BXOAHMT B CHCTEMY Hepa-

BEHCTB, 3aM2I0MIMX MHOrOrpaHsuk P. Brmykaoe 3aMulkaHne BCeX TOUEK, Jexa-
IHX B JaHHOH TpPeXMepHOH MJOCKOCTH, OyleT TpexMepHOH rpaHbl0 AAHHOrO
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mHororpaiiuka. Haunpumep, Touku O, A, B, D onpeneJsiorT TpeXMepHY iJo-
CKOCTh ¢ ypaBHeHHeM x,=0. Jlss Bcex maHubX Touek x; =>0. ITosToMy Hepa-
BEHCTBO X, >0 BXoAMT B HCKoMylo cucreMy. Ha TpexmepHofi miockoctu x4=0
JexaT nath AaHebix touek: O, A, B, C, D. HMx Buinyxjaoe 3aMEKaHHe eCTh
NHpaMHAa, HABJAIOIAACA TpPeXMepHOH rpaHslo MuororpauHuka P, Hanporus,
uveTipe Toukd O, A, B, F onpenensioT TPexXMepPHYIO IJIOCKOCTb C ypaBHEHHEM
X3—x4=0, npuyeM xaaa Touku D uMeeM x;—x4>0, a 141 Toukd E HmeeM
x3—x4<<0, 3HauydAT, 3Ta NJOCKOCTH HE NPUBOLHT K HCKOMOMY HePaBEHCTBY
M He CONepXKHMT rpaHu MHororpanuuka P, [/as yMeHblueHHs YHCJIa paccMaTpH-
BaEMHX YeTBEDOK TOYeK HaX0 yuecTh, uTo JaBe uersepku OABC u ODEF
PaBHONPABHB U JIeXKaT B ABYMepPHLIX NJOCKOCTAX.
1888. a) Muororpannuk P 3amaerca CHCTEMOH HEDABEHCTB

120, %20, 2320, x,20, x1+x<1, L+, ntya<L

6) TpexMepHbIMH rpaHsMu ssJsioTcss kKy6 OABCDEFG u IlmecTh YeThipex-
YroJbHHIX MHPaMHA c o6wed sepunHodt [, a umenno: OBCFH, OACEH,
OABDH, ADEGH, BDFGH, CEFGH.

1897. Ilare sepunn A(L, I, 1), B(1, 1, —=2), C(l, =2, 1), D(-2, 1, 1),
E(——;—, —%, —%) MHororpaHHHK HMeeT IeCTb TPEXYroJdbHHX rpaHed
ABC, ABD, ACD, BCE, BDE, CDE u npeacrasiasier coGoi JABa TeTpasipa
ABCD w BCDE ¢ o6mum ocroBauueM BCD. )

© 0180981. a) Terpasap ¢ Bepmumamu (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0),

6) om?aa}xp ¢ mepunuamu (1, 1, 0, 0), (1, 0,1, 0) (1,0, 0, 1), (0, 1, 1, 0),
{0, 1,0 1) (0,0, 1, I);

B) TpexyroJpHaf npusMa ¢ ocHoBaHusMH B Toukax (1, 0, 0, 0), (0, I, 0, 0),
0,0 1,0mun(001) (01,0 1), (0,01, 1);

r) kpagpat ¢ sepuruamu (1, 0, 1, 0), (1,0, 0, 1), (0, 1, 1, 0), (0, 1, 0, 1),

1899. 2) 8; 6) 28; B) I4; 1) 2; n) 7; e) 4 x)7; 3) 6 u) 3; K) 3; ) I;
M) 6; H) 5; 0) 12, ¥kasaunue Baectm cHCTeMy KOODAMHAT M PACCMOTPETH
mapaMeTpuuecKue ypaBHEHHsl NpPSMON M IJIOCKOCTH B BEKTODHOH (opme,

1901 ) o, =g (e,)(i=1,2, ..., n). 1902, F(p)=0(x), p€V,.

1904. A= C*AC, rae C — marpuua mnepexoja OT cTaporo 6as3nuca K HOBOMY,
sanucaduasg 1o cToJbuaMm.

1808. A'= D*AD, rae D=(C*)—l u C — Mmarpuga mepexojga OT CTaporo
Gasuca K HOBOMY, 3alMCaHHAs MO CTOJGIAM.

~ 1906. A'=C"'AC=D"AC, rze C — Matpuua nepexoja oT craporo 6asmca

K HOBOMY, 3allUCaHHasl O CTOAGHAM, ¥ D=(Cl’)" .

1907. 6) F(x, 9) =@ (x), xCV,, 9g; €V,

1308. Ykasanue. 6) Basts ceeprky a;qb™ tensopa a,-;bkl, rae b*¥ — ren-
30p C KOOpAUHATaMH b% = g% B onmom Gasuce, ITpumenntsb 3agauy 1907
1918, /2 1q =a“(71)"(12) e R(ig)
O, e, T AR R (D) e m (L)
1914. a£1{2 §"= (—~1)°*f, rge s—uncno wuEBepcHi B NepecTaHOBKe
g e g
iy, i3y ++« in,a I —B NEpecTaHOBKE jy, fz, ..., jn, €CJAH HHAEKCH CBEDXy H CHHU3Y

pas/MyHbL; B IDOTHBHOM CJydae yKasaHHasd KOOpAMHATa paBHa HYJIO.

1917. Husapuant, pasunil uuciay 0 Bo Beex GasHcax.

1918. Ykasauue, a) [Iposepurh 5T0 A KaXAOTO U3 NPABHJ IKBHUBA~
JIGHTHOCTH, YKa3aHHWX BO BBeJEHHU K 3TOMy maparpady; 6) AJs AoKasaTelbCTsa
HeOOGXOIMMOCTH NpH X5+0 B3ATh CBEPTKY 1O ¢ co coficroM @ (x)=<0, Hin
JOKa3aTe/bCTBa HOCTATOYHOCTH aan mapel x0’ mosoxuth 0=0x B mape 00;
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B) BasuTh ceptky ¢ ¢’ € V', maa xotoporo ¢ (x})=1, ¢ (x})=0 (j = i)
r) HCIOJb30BATH B).

1923. 6) gu=ge=1 gu=gu=cose B) g”"*‘g”:Tr}éE“;
Cos a
g12=g21=___m, r) e1=-—sm2—a_(e1—-—32 cosa)=(l, —ctga) e*=

1 1
= (—e, cos ¢} &) =|0, ——]; = xlyl 1y2 291
s (ereos ot e = (0, )i W) (6 9) =yt (elyr iy X
W cosa-+ x2y?2, rae x=x'e | x%e, y=yle,d-y’ey; €) ey=-—¢y =
xt x?
yhoy?
1924. Tlpu nepexoje K HOBOMY 6asuCy ¢ TOH e OpHEHTanWeH ) He u3Me-
HReTcd, a ¢ ApYroil opueHTauuel — MeHseT HampasiaeHue, Bekrop y noaywaercs

=|sinal, &, =¢ep=0; x) S=r¢; xly/=|sina]

1
13 X NOBOPOTOM Ha yroda '—2— B OTpUUATCJbHOM HAIpPaBJACHHH 10 OTHOUIEHUIO

k opueHTauuu 6asuca €, €, Y kasanue. [Ipn BHACHEHNA 3aBUCHMOCTH ¥ OT
6asnca HCNOAL30BATh HMHBAPHAHTHOCTH TEH3OPHBIX ypaBHeHMH. [as BugcHeHus
reoMeTpuu4ecKof CBA3M X H Y PAcCMOTPEeTb OPTOHOPMUDOBAHHEIH 6asHc.

1925. [lpu nepexoze k HOBOMY 6a3uCy C TOH e OpHEHTauueH BeanuuHbl by;
H3MEHATCH KaK KOOPAMHATHI ABAMIbl KOBapuaHTHOro reusopa. [Ipu nepexone
K 6asuCy € MPOTHBONOAOKHOH OpHEHTauued BeAMYHHB §;j NOTOAHHTENBHO Me-
HAIOT 3HAaK. y

i PR
1926. aijk = giagjﬁak (l, Js k= 11 2; ey ﬂ).
YxaszaHue. CBepHyTh 0o0e 4acTd AaHHOTO B 3ajaue PaBEHCTBA C &ia'8 g

mo i M j, NCMOAB30BATL COOTHOWIEHHE &;5:&'% = 0%, W MmOCAe 3TOrO HM3MEHHUTH
oGosnaueHus {, j Ha @, f u o', P’ Ha i, j.

1928. S = 5 k=1 Yxaszanrue [Iiomair wuckars no dopmyie

S = —;— bc sin A wau ucnoap3oBath 3anauy 1935.

1929. Q(—4, 2, 0). Yxa3anue Hanucare napamerpuuecxue ypaBHEHHA
npaMoii PQ B KOHTPaBapHAHTHHIX KOODAMHATAX.

1980. Ykazanue. [lpu nokasareabcrBe 6) B31Tb OPTOHOPMHPOBAHHEL
6asuc e, €, €3, €, TIe &, HaNpaBJeH IO U, a @, €; €, Aewar B OAHOH Tpex-
MepHOlt IIOCKOCTH € X, ¥, 2 M OJMHAaKOBO C HHM# OpueHTupoBansl. Hcmoubso-
BaTh BhIPAXEHUE ODHEHTHPOBAHHOTO ob6bema mo dopmynam (17) u (18) us Bae-
IeHua K 5TOMY mnaparpady.

1981. Mnpapuant, paBubiit uucay n B moGom Gasuce. 1933. 6.

- 2 1 —1
Vﬁ » V.ﬁ ’ V._l-) C TOYHOCTLHIO

1934.6) G,—|—5 5 —2{, B) (
2 -2 1
I0 3Haxa.
1935. Y kazanue. IlepBril cnocoG: npuHATL AaHHBIE BEKTOPH 32 6a3uc;
BTOpO#i CNOCOG: BHOpPaTh OPTOHOPMMPOBAHHBIK (a3uc.
sin o (axq -4 by, +¢)
1937. d=
Va*+ 5> —2abcosw
1938. Ykasanue. [lepefiTu k oproHopmupoBaHHOMY Ga3ncy ¢ TOH xe
opHeHTauueH.

. ¥xasauue. [IpumMennts 3anauy 1936,
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