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[Npeancnosue

Ilpennaraemas BaleMy BHUMAHWIO KHUT'A HAMWCAHA IO
MaTePUAIaM JEKIWNA [ MJIAIIIEKYPCHUKOB, KOTOPLIE |-
TaJUCh ABTOPAMU B Pa3HBIE I'OABI HA MEXAHUKO-MATEMaTH-
geckoM dakyabrere MT'Y. (B a1y e cepuio BXOAAT KHUTK
«Hawama Teopun MHOXKECTBy U «I3BIKM U MCIUCICHUA . )

Teopus BEIMUCIUMBLX (€ IIOMOILIBIO KOMIILIOTEPOB) (DYHK-
nui noasuwiack B 1930-e rogbl, KOraa HUKAKUX KOMIIBIOTE-
poB emé He O6bLT0. [lepBhIe KOMTIBLIOTEPHI OBLTN pa3pabOTaHbBI
B 1940-x rogax, u cpefu ux pa3zpaboTINKOB OLLT AHTINACKII
MaremMaTuk Anan TeOpUHD, OAVH U3 CO3AATEIEN TEOPUN BEI-
qucauMbix pyukiui. B 1936 roxy on ommcan aGcTpakTHEIE
MAIUKHEBL, KOTOPHIE TENePhb HA3BIBAIT MOUWUHGMY 1b10pun-
2a, ¥ MOYXKHO TIOJATATh, UTO UJeA XPAHUMOU B TTAMATU KOM-
TBIOTEPA TPOTPAMMBI OBLTa TMOACKA3aHA MTOKA3ATEJLCTBOM
TEOPEMEI O CYNIECTBOBAHUN YHUBEDCATLHOU MAImuHbl Thio-
puHTA.

Yike TopTOMY OCHOBHBIE TTIOHATUA TEOPUN BEITUCIUMOCTHI
(nnm, Kak TOBOPAT, OOIIEN TEOPUU AJITOPUTMOB) JOCTOUHBI
BHUMAHWA MaTEMAaTUKOB U mporpamMuctoB. Ho sTa Teopus
umeer u 60osee MUPOKUN KyAbTypHBIN acnekT. Qnun u3 eé
OCHOBATEJEH, AMEPUKAHCKAN MaTeMmaTruk Jvuib [locr, nu-
can B 1944 roxy, 9T0 «pOPMYINPOBKA DTOTO TOHATHS [BHIUA-
CIMMOCTY] MOXKET CHITPATH B NCTOPUN JUCKPETHON MaTeEMa-
TUKY POJIb, YCTYIAOIIYIO [T0 3HAYEHUIO JUIITH (hOPMYINDOBKE
MOHATHS HATYPAILHOTO TUCJIAY.

IMoxanyu, cenmyac 5To BhICKaseiBaHMe llocTa BHLITVIAIUT
NPEYBENNICHUEM: 33 TMOCACIHUAE AECATWICTHA CTAJIO ACHO,
YTO pa3Iudue Mexay OLICTPO U JOJAr0 pPeIraeMBIMU 331a-
H4aMHM He MeHee (PUIOCO(pCKU BAXKHO, I€M Pa3audue Mexny
ANrOPUTMUYECKH PA3PELINMBIMU U HEPA3PEMIUMEBIMY, U T€O-
PHUSA CJIOKHOCTHU BEIMUCICHUN CTAJAA OMHON M3 IMEHTPATBLHEIX
B JOTHUKeE (M BOOOIE B MATEMATHKE).

Mer co3HATENBHO HE KACAEMCS TEOPUU CIOKHOCTY BHIUU-
CTeHUN — 3TO OOJBINAA W OTAETbHAA TeMa. BMECTO 3TOTo



IIpeducaosue 7

MBI TIOTBITAINCH OTOOPATH IEHTPATbHEIE TIOHATUAA U (PAKTHI
OOBITEN TEOPUU AITOPUTMOB U M3IOKUTEH UX TOHATHO, CTAPa-
ACH He 33CJAOHATH MPOCTHIE OOIINe UAeH TEXHUUCCKUMY J6-
TasiMu. MBI He IpenonaraeM HUKAKUX CIEIUATBHBIX TPe-
BApUTEIbHBIX 3HAHWU, XOTS PACCUMTLIBAEM HA HEKOTOPBIM
YDOBEHb MATEMAaTUIECKON KyIbTYDhl (1 He OObsACHIeM, CKa-
KEM, 9TO TAKOE MHOXKECTBO, (PDYHKIUA WIN JEUCTBUTEILHOE
HCII0).

Haneemcs, 9T0 mepBoe 3HAKOMCTBO C TEOPUEN AITOPUT-
MOB JOCTABUT yIOBOIBLCTBUE. [l TeX, KTO 3aX09YEeT MTPOI0I-
KUTH 3HAKOMCTBO C DTOH TeOpueln (SBJSIIOLIENCs LEeHTPALb-
HOH 4aCTbI0 MATEMaTUYECKOU JOIMKHU), Mbl YKA3LIBAEM HA
c. 179 HexoTOpLIE U3TAHHBIE HA PYCCKOM S3BIKE KHUI'H.

ABTOpPBI TOAB3YIOTCSA CaydaeM HOGIarogapuTb CBOErO
yuurens, BaagmMupa Amuapeeruda YCIEHCKOTO, JEKIUH,
TEKCTHI ¥ BBICKA3BLIBAHUA KOTOPOrO TOBMUAIA Ha HUX (U
HA COJEPXKAHWE DTOU KHUI'M), BEPOATHO, JAXKE B OOIBIIEN
CTENeHu, 9eM aBTOPBI 3TO OCO3HAIOT.

IIpu moaroroeke TekcTa nCnoaL30BaHE! 3anucu A. Esdu-
mbeBckoro u A. Pomamenko (koropeiil Takxe npo4én npeg-
BAPUTEIbHBIA BAPUAHT KHUTK W HAIIEA TAaM HEMAJO OLId-
6OK).

OpurvHaI-MakeT IepBOrO U3JAHUA KHATH MOATOTOBICH
B.B.Illysanoesim; 6€3 €ro HACTOUYIABOCTY (BILIOTH 0 TO-
TOBHOCTHU PA3eIATh OTBETCTBEHHOCTH 33 OIIUOKH) OPUTH-
HAJI-MAaKeT BPSAI JU HOABUICA Obl K KAKOMY-I100 CPOKY.

Apropbl npmsHarensael Ecole Normale Supérieure de
Lyon (Ppanuus) 3a m044epKKy U COCTEIPUUMCTBO BO Bpe-
M HAIUCAHUS 3TOU KHUT'U.

IlepBoe m3gaHMe KHUI'M CTAJ0 BO3MOXKHBIM Oiarogaps
Poccunickomy ¢pouay (pyHIAMEHTAILHBIX HCCASIOBAHUU, &
Takxke U.B. fluenko, KOTOpEIN yrOBOPUI aBTOPOB TOAATH
TyAa 3aaBKy. BO BTOPOM M3MaHUU MCTIPABICHBI 3aMETEHHBIE
onedaTku (yBBI, MHOCOYUC/IEHHBIE) U TOCABIEHO HECKOJIBKO
sagad. Tperbe u3ganue nedaraercs 6e3 u3MeHeHUN (He CUu-
Tas 3TOU (PPA3bl, BLIXOIHBIX JAHHBIX U TONOJHEHUU B UMEH-
HOM yKasaTee).



8 IIpeducaosue

ITpocum coobmaTh 0 BceX OMIMOKAX U OMEYATKAX aBTO-
pam (BJIGKTpOHHBIe aapeca ver at mccme dot ru, nikolay
dot vereshchagin at gmail dot com; shen at mccme dot ru,
alexander dot shen at 1if dot univ-mrs dot fr; mo4ToBEIn
agpec: Mocksa, 121002, Boabmon Baacvesckuu nep., 11,
MoCKOBCKUU TIEHTD HEIPEPBIBHOI'O MATEMATHIECKOr0 00pa-
30BAHUA).

Haxkoner, mbr GrarogapvM COTPYIHWKOB, ACITUPAHTOB
U CTYAeHTOB Kadeapbl MATEMATUIECKOU JOTUKU MEXMATA
MTI'Y (orgeasnas 6uarogapuocrs — M. P. Ilenrycy, namen-
[IEMY HEMaJIO OIEYaTOK), 8 TAKXKE BCEX yHIACTHUKOB HALIAX
JIEKIINU ¥ CEeMUHAPOB W YUTATEICU TTPEIBAPUTENILHEIX BAPU-
AHTOB DTOU KHUT'H.

H. K. Bepewaeun, A. Hlens



1. Beluucnumblie pyHKuUMUM, paspelimmble
M NepeyvncnmMblie MHOXECTBA

1.1. Beluncanmble pyHkumm

Dyukuusa f ¢ HATYpATBHBEIMEA APTYMEHTAMU U 3HAYEHU-
AME HA3LIBAETCA 8bI4UCAUMOT, ECIU CYIMIECTBYET AICOPUTM,
€€ BLIMUCIAIOMIUY, TO €CTh TaKOU aaroput™m A, 4To

e ecar f(n) OmpemeneHO A1 HEKOTOPOr'o HATyDPabHO-
ro 7, TO aIropuT™M A OCTAHABINBAETCA HA BXOXE 7l U
negaraet f(n);

e ecmu f(n) He ompeneneHo, To atroput™M A He ocTaHa-
BIMBAETCS HA BXOJE 1.

Heckonbko 3aMedIanuy O TOBOIY 3TOTO O EAeIeHUA:

1. TloHATME BLIYUCAUMOCTH OTIPEAEIACTCA 316Ch Mg da-
CTUYHBIX QYHKIUN (00JACTHIO ONPEIETEHUA KOTOPHIX ABIA-
eTCs HEKOTOpPOe MOAMHOXKECTBO HATYDAIbHOrO psaga). Ha-
npuMep, HUD4e He OnpeienéHHas (QYHKUUsA BblMucauMa (B
KadecTBe A HAAO B3ATH IPOrPAMMYy, KOTOpPas BCEr[a 3alld-
KJIUBAETCA).

2. MoxHO 6BLIO OBI U3MEHUTDH OIPEIeIeHNEe, CKA3aB TAK:
«ecau f(n) He OmpexeaeHo, TO Iu60 AIrOpUTM A HE OCTaHA-
BAWBAETCA, INO0 OCTAHABINBAETCA, HO HUYET'O HE TIETATACTY.
Ha camowm gese 0T 5TOro HU9ero Obl HE U3MEHWIOCH (BMECTO
TOr0, 9TOOBl OCTAHABIUBATHLCSA, HUYEI'O HE HANEYATAB, aJl-
COPUTM MOXKET 3ALUKIUBATHCL).

3. Bxogamu u BEIXOZaMu aJCOPUTMOB MOI'YT OBITH He
TOJBKO HATYDAJbHbIE YUCIA, HO U JABOMYHEIE CTPOKK (CJIO-
Ba B anpasnre {0,1}), mapsl HATYpaTBHBIX YUCEN, KOHEY-
HBEIE TTOCJIEJOBATEIHLHOCTHU CJIOB M BOOOIIE JTIOOBIE, KaK TOBO-
PAT, (KOHCTPYKTUBHBIE OOBEKTED. [109TOMY aHAJIOrMIHBIM
06pa3zoM MOXKHO ONPEIEIUTh MOHATHE, CKAXKEM, BEIMUCIAMON
(GYHKINYN ¢ IBYMS HATYDPAILHBIMEU aPTyMEHTAMY, 3HAYECHIL-
MU KOTOPOU ABJIAIOTCA PAIMOHATBLHLIE UUCIA.
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s pyHKIUM, ckaxem, ¢ TeUCTBUTENLHLIMUA apryMeH-
TaMU ¥V 3HAYEHUAMU TOHATHAE BHITUCAUMOCTH TpeOyeT crie-
[IUAJBLHOTO OMpeneNeHus. SAeCh CUTYalNs CJIOKHee, OIpee-
JEHUA MOTYT OBITH PA3HBIMU, M MBI O BBIYUCAUMOCTH Ta-
KuxX PYHKIUU TOBOpUTH He Oygem. OTMETUM TOIBKO, €9TO,
Hanpumep, cuHyc (Ipu PasyMHOM OLPEAENEHUU BEIUUCIAMO-
cTH) BEMUCIUM, & QyHkima sign(z), passag —1, 0 u 1 opnm
x <0,z =0wux >0 coorBeTcTBeHHO — HeT. TOYHO TaK Xe
TpebyeT CHeNuaTbHOrO ONPENEJeHUsA BEIUUCINMOCTE (DYHK-
U, apCYMEHTAMU KOTOPHIX ABMSIIOTCI OECKOHETHBIE ITOC/]e-
DOBATEJBHOCTH HYJICH U €JUHUI U T. II.

4. HeCKOIBKO JECATUICTUN HA3A[] MOHATHUE AICOPUTMA
TPeGoBAIO CHenualbHOro pasbacHenus. Cendac («KOMIbIO-
TepHas IPAMOTHOCTE) ?) Takue OObACHeHUs BCE PABHO HUKTO
quTaTh HE OyAeT, MOCKOJABKY U TAaK SCHO, ITO TAKOE AJIro-
putM. Ho BCé ke HATO COOMOTATE OCTOPOKHOCTE, YTOOHI HE
MPUHATE 34 AJTOPUTM TO, 9TO UM HE ABIAETCA. BoT mpumep
HEBEPHOI'O PACCY K JeHU:

«Jokaxemy», 9TO BCAKAsA BEMUCIAMAsA QyHKOUs f ¢ HATY-
PATLHBIMY APTYMEHTAMHA U 3HAYCHUAMU MOXKET OBITH TIPO-
JOMKEHa, 10 BCIOAY ONPEASIEHHOU BHIYUCIUMON (HDYHKITUN
g: N — N. B camom pneme, eciu f BBIMUCAAECTCA AJICOPUT-
MoM A, To caenyommu airoputM B BoraucaseT GyHKIUIO g,
npogo/kampiyio f: «ecau A ocranasiausaercs Ha n, To B na-
éT TOT Xe Pe3yabTaT, uTo U A; ecin A He 0CTAHABIUBACTCA
Ha n, To B gaét pesyabrar (ckaxkem) O». (B wém ommbka B
STOM pacCykgeHnu?)

1.2. Paspewnmble MHOXeCTBa

MHOXecTBO HATYpPAIbHLIX duces X HA3LIBACTCA pa3pe-
WAUMBLM, €CIA CYIIECTBYET AATOPUTM, KOTOPBIM 10 JI060MY
HATYPATLHOMY 7 OTIpefeseT, TPUHANLIKUT I OHO MHOXKE-
cTBY X.

Hpyruvu croBamu, X paspermMo, €CIn ero Tapakmepi-
cmuueckas ymwkyus x(n) = (if n € X then 1 else 0 fi) Ber-
TUCAUMA.
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OdeBugHO, Iepecedenne, OOLEIUHEHNE U PA3HOCTL Pa3-
PEIIIMBIX MHOXECTB paspemmMbl. J1060e KOHeYHOe MHO-
JKECTBO PA3PEIINMO.

AHATOTUYIHO ONPENENAIOT PA3PEIIMMOCTE MHOXKECTB Tap
HATYPAIbHBIX YMCEJI, MHOXKECTB PALIMOHAIBHBIX ACET U T. II.

1. okaxwuTe, YTO MHOXKECTBO BCEX PAIMOHAJIBHBIX 9THCEI,
MEHbIIUX IUCTa € (OCHOBAHWA HATYPATbHBIX JOTapudMOB), pas-
peumo.

2. [ToxaxwuTe, 4TO HEYCTOE MHOXECTBO HATYPAIbHBIX IHCET
pa3pemmnMo TOrJa M TOJBKO TOrAa, KOUAAa OHO €CTh MHOXKECT-
BO 3HAYEHUN BCIOAY ONPEIEICHHOU HEYOBIBAIOIIEU BBIYUCIUMON
(byHKLH/II/I C HATYPAJbHBIMU aPryMEHTaMU U 3HAICHUAMU.

OTMeTuM TOHKUM MOMEHT: MOXKHO JOKA3aTh Pa3pelnu-
MOCTBH MHOXECTBA, HEKOHCTPYKTHBHO, HE IPEIBABIAA aJIr0-
puTMa. BOT TpaIuIMOHHLIN TPUMEP: MHOXKECTBO TEX 71, A
KOTOPBIX B YUCJE T eCTh HE MEHee 1 MeBATOK MOAPAI, Pas-
pemmumo. B caMoM gese, 5TO MHOXKECTBO COIEPKUT JIuOO BCE
HATYpAaIbHBIE HUCIA, JUOO BCE HATYPAJLHEBIE YKCJI3 BILIOTH
a0 mexkoToporo. B o6oux ciydasx oHo paspemmmo. Tem me
MeHee MBI TaK U He MPEIbABUIN aITOPUTMA, KOTOPHIU 110 N
V3HABAJ OBI, €CTh JU B 7T HE MEHEe 7, TeBATOK MOAPSII.

3. VIcrio130BaHEL JIM B DTOM PACCY K AEHUM KaKue-TO CBOUCTBA
qucaa w! UTO MBMEHWTCA, eCau 3aMEHUTh CIOBA (HE MEHee N 1Ie-
BATOK» HA «POBHO T NE€BATOK (OKPYKEHHBIX HE-IEBATKAMU )»?

CymecTByIOT Ju HepaspemuMeie MEOKecTBa! Cymect-
BYIOT — MIPOCTO MOTOMY, ITO AIMOPUTMOB (M TIOSTOMY Pas-
PEMMMBIX TOIMHOKECTB HATYDPAILHOIO DAAA) CIETHOE |d-
€0, & BCEX IOJIMHOXKECTB HATYPAIBHOI'O PsALA HECIETHOE
qucao. Bosee KOHKpeTHBIE IIPUMEDEL MBI €I1E IOCTPOUM.

1.3. Tepeyncanmbie MHOXECTBA

MHOXeCTBO HATYPAJBHBIX HHCEJ HA3BIBACTCA nNepeyl-
CAUMbIM, €CJIU OHO MEePETUCIACTCA HEKOTOPBEIM aJIIOPUTMOM,
TO €CTb €C/IU CYIIECTBYeT AArOPUTM, KOTOPHIA neYaraer (B
[IPOUBBOJBHOM IIOPAJLKE U C IIPOU3BOJBbHBIMHU IIDOMEXKYTKa-
MU BPEMEHH) BCE DJIEMEHTHL DTOr0 MHOXKECTBA U TOIBKO UX.

Taxon anrOpuTM He UMeeT BXO0Ja; HAMEIATAR HECKOILKO
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YHCeN, OH MOXET HAJOIrO 3aIyMAaThCA U CICIYIONIee THCI0
HAIEYATATH MOCHe GOMBIIOrO MEPepHBa (& MOKET BOOOIIE
GOMIbIIe HUKOT /1A HUYEro He HAlledaTaTh — TOra MHOXKECT-
BO GyAeT KOHEIHBIM ).

CymmecTByeT MHOTO SKBUBATEHTHLIX ONMpEIEIeHNN Tepe-
IUCAMMOTO MHOXK€ECTBA. BOT HEKOTODEIE U3 HUX:

1) MHOXeCTBO mEpeYuciuMoO, €CAi OHO eCcThb O01acThb
OTIPE/IeJIEHUA BHITUCIUMON (PYHKITUN.

2) MHOXeCTBO MEPEIUCIIMO, ECIN OHO €CTh 06IACTh 3HA-
YeHUN BBEIYUCIAMON (DYHKIINM.

3) Muoxectso X NEPEUUCAUMO, €CIH €r0 (KaK WHODAA
COBOPAT) (IIOIYyXapPAKTEPUCTUIECKAD (DYHKIUA, PAB-
uag () Ha smemenTax X u He onpegesénnas BHe X, BEI-
TUCAUMA.

YT106bI A0KA3ATh HKBUBAJEHTHOCTH DTUX ONPEIEJCHUN,
BOCIIOJIB3YEMCS BO3MOXHOCTBIO IIOMATOBOI'0 UCIIOIHEHNUS aJl-
ropuTMa.

Mycte X mepeducaserca HEKOTOPHIM aaropuTMoMm A.
Ilokaxkem, 9TO mosyxapakTeprucTUIecKas QYHKIAL MHOXKe-
crtBa X BBEMHMCAEMA. B camMoM mene, aaropuTM €€ BHITHCIe-
HUS TAKOB: MOJYYUB HA BXO YUCJIO 7, TOMIATOBO BHITOIHATE
aaropuT™M A, oxuaas, mOKa OH HamedaTaeT dmcio n. Kak
TOJTHLKO OH DTO CAEIAET, BHIAATEH HA BHIXOA () ¥ 3aKOHYUUTH
paboTy.

Hao6opor, mycts X ecTh 061acTh Onpenesenna (BbIau-
cauMon) (pyHKIMK f, BHIYUCIAEMON HEKOTODPBIM AJTODUT-
vom B. Torga X mepeducaseTcs TakuM aaropuTmoM A:

Hapaaneabso 3anmyckats B Ha Bxogax 0,1,2,. .., gexad Bcé
6oubie mwaros paboTel aaropurma B (cHavasa ogus mar
paborer Ha Bxogax 0 m 1; moTom no gBa mara paboThI Ha
Bxogax 0,1,2, morom mo tpm ma Bxogax 0,1,2,3 u Tak
Jaanee). Bce apryMeHTHI, Ha KOTOPBIX aaropuT™ B saxan-
ypBaeT paboTy, meYaTaTh IO Mepe OOHAPYKEHUA.
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NTax, MBI yCTAHOBUIN SKBUBAJCHTHOCTH UCXOJHOTO OTI-
peaenerus onpenenenusM 1 u 3. Ecam B TOABKO 4TO TIpU-
BEEHHOM OMUCAHUM aaroput™a A mevaraTh He apryMeHTHI,
Ha KOTOPBIX B 3akan4duBaeT paboTy, a pe3yJbTATH 3TOU pa-
OOTEL, TO MOIY4YaeTCA aJrOPUTM, IePeIUCAAIMUN 00JaCTh
sHadennyt Gyukuun f. OcTanocs emé yoequThes, 9T0 BCIKOe
MEPEINCIUMOE MHOXKECTBO €CTh 061aCTh 3HAYEHUN BBIUUCIN-
MOU (PYHKIIUHU. ITO MOXKHO CIEIATh, HANPUMED, TaK: MTyCTh
X ecTb 06JaCTh ONPEIEIEHUsT BEIYUCAUMON (DYHKIUY, BHIUU-
casemon HekoTopuiM aaropurmoMm A. Torga X ectb obaacth
3HAYECHUN (PYHKINN

b(z) x, ecin A 3akanamBaeT paboTy Ha
Tr) =

HE OIIPEIENeHO B IPOTUBHOM CIyYae.

Brraucaaromun 5Ty GyHKIUIO aTCOPUTM AEUCTBYET TaK XKe,
Kak n A, HO TOIBKO BMECTO Pe3yJabTaTa pPabOTHI AIrOPUT-
Ma A BELIAET KONMIO BXOZA.

Emé 0100 5KBHBAJIEHTHOE ONPENEJEHHUE IEPEINCITMOrO
MHOXKECTBA: MHOXKECTBO HATYPAILHBIX TUCEN IIEPETUCIUMO,
€CJIU OHO JUOO MYCTO, IMO0 €CTh MHOXKECTBO 3HAYECHUN BCIO-
1y OTIPENeIEHHON BEIMUCINMON (BhYHKINH ( [PYTUMUA CIOBAMU,
€ro DIEMEHTHI MOXKHO PACHIOJOXKUTL B BHIUUCIUMYIO TTOCJE-
JOBATEIBLHOCTD).

B camom mene, nycTh mepevdncaImMOe MHOXKECTBO X, 1e-
pedncasemoe aaropurmoMm A, Hemycro. BospméMm B HéM Ka-
KOU-TO DIEMEHT Tg. Temepb paccMOTPUM TAKYIO BCIOMY OTpe-
TEeTEHHYI0 (PYHKINIO G: eCJAU HA N-M Mare paboThl aarOpUT-
Ma A mOABIAETCA YUCAO ¢, TO MOMOXKUM a(n) = ¢; ecau xe
HUYEro He NOABAIETCs, TO nojoxuM a(n) = xg. (Mbr npes-
[OTAraeM, 9TO Ha JAHHOM MAare pafoTHL AArOPUTMA, MOXKET
MOABUTHLCA TOJBKO OMHO UHCAO — B TPOTUBHOM CIydae pa-
60Ty Ha0 pa3bUTh HA HOTee MEIKWE IIATH. )

3aMeTuM, YTO 3TO PACCYKICHUE HEKOHCTPYKTUBHO —
uMesi aaropuT™ A, MBI MOXKEM He 3HATh, ILyCTO JU Iepe-
YUCIIEMOE UM MHOXKECTBO WM HET.
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Teopema 1. Tlepecedenue u 0ObEIUHEHNE TIEPEIUCTUMBIX
MHOXKECTB TTEePEUNCANMEI.

< Ecm X m Y mepeuncasiorcea amroputmamu A u B,
TO UX O0BEAUHEHUE MEPEIUCIACTCA AATOPUTMOM, KOTOPBIN
napaieJbHo BeimoausgeT no maram A u B u nedataer BeE,
qro negataioT A u B. C nepecedeHreM HEMHOI'O CJIOXKHEE —
pPE3YILTATH PabOTH A U B HaJ0 HAKAIIUBATL U CBEPATDH
APYT ¢ APYTOM; UTO MOABUTCA OOMIEro — MevaTaTh. >

4. IIpoBenuTe >TO paccyxaeHue, UCIOIL3YA KaKoe-1udbo Apy-
I'O€ 3KBUBAJECHTHOE OIIpeae/JeHue IIepevaIncCJanMOCTH.

Kak MBI yBUAWM, IOIOJHEHWE IIEPEIUCAUMOIO MHONKE-
cTBa He 0053aHO OBITH [IEPEYUCIAUMBIM.

5. lHOr 12 TOBOPAT O TAaK HA3BIBAEMBIX (HEJEeTEPMHUHUDOBAH-
HBIX aIr0pUTMax» (OKCIOMOPOH, HO PACIPOCTPAHEHHBIN) — TAKOU
AJIOPUATM BKJIIOYa€T B cebsa KOMaHAbI THUIIA

n := IPOMU3BOJbHOE HATypPaJIbHOE HHCIO

(mocTaTowano, Bupouem, koMaHBI «n := ( mam 1», Tak KaK IpOm3-
BOJIBHOE IUCIO0 MOXKHO (HOpMEpoBaTh o 6mram). Hexzerepmman-
POBAaHHBIA aaropuTM (IPW OJHOM M TOM K€ BXOAE) MOXKET AeH-
CTBOBATH IIO-PA3HOMY, B 3aBUCUMOCTH OT TOI'0, KAKHUe (IIPOM3-
BOJIBHBIE» IUCJAa OyayT BHIOpaHBL. [JOKaxXuTe, 9TO MEPEIUCIAMOE
MHOXKECTBO MOXHO DKBUBAJIEHTHO ONPENEIUATH KAK MHOXECTBO
4qpcen, KOTOPBIe MOI'YT IOSABATHLCA HA BBIXOJE HEIeTEPMUHUDO-
BAHHOTO anropur™a (Ipr GUKCHPOBAHHOM BXOJE).

6. Jokaxwure, uTo ecam mEOxecTtBa A C N u B C N nepeun-
cauMBl, TO uX nexkapToso mpomssegenne A X B C N x N rakxke
IIE€PEINCINMO.

1.4. Tepeyncanmblie n paspewiMmbie MHOXECTBA

Teopema 2. Beakoe paspemmMoe MHOXECTBO HATYPAIb-
HBIX YHCET MePEINCINMO. EC.TII/I MHOXKECTBO A n ero gomoJ-
HECHUE (,ELO MHOXKECTBa BCEX HATYPAJBHBIX "II/ICQJI) nepeIncan-
MEI, TO A paspemmmo.

< Eciu npuHAAIeXKHOCTh Yucia K MHOXECTBY A MOox-
HO IPOBEPUTL HEKOTOPLIM AAIOPUTMOM, TO A U ero gomou-
HEHUE IMEePEINCANMEBL: HAaI0 IO OYepeaun IIpPpOBEPATH IIPUHAI-
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JexuocTh uncen 0, 1,2, ... u mevyaTaTh Te U3 HUX, KOTOPHIE
npuHagaexarT A (wim Te, KOTOpbie He npuHALIeKAT A).

B apyryio cTopoHy: ecan y HAC €CTb aICOPUTM, Iepetn-
cagiomun A, a TakxKe APYyrod AICOPUTM, MepedrCAAIONIIN
JOomodHeHue K A, TO 1A BBIACHEHUS NPUHANICKHOCTH 3a-
JAHHOrO "uceaa 1 K A Hano samycTuTb 06a 3TU AIropurMa
U XIAaTh, TIOKA OVH M3 HUX HANEYATAeT 7, (MBI 3HAEM, 9TO
PaHO WK TO3MHO POBHO OMWH W3 HUX DTO cAenaet). [locmo-
TPEB, KAKOU AJITOPUTM DTO CAENAT, MBI Y3HAEM, JEXKUT JU 1
BA >

DToT (PaKT HA3BIBAOT meopemoti [Idcma.

Oma roBopuT, YTO paspermmMble MHOXKECTBA — DTO ITe-
PEYNCINMBIE MHOXKECTBA, C TePEIUCTAMBIMU TOTONHEHUAMHA.
HampoTus, mepevuucirMbie MHOXKECTBA, MOXKHO OINDENEINTH
qepes paspernuMble:

Teopema 3. MuoxectBo P HATYpalIbHBIX 4UCe]I IEPEIU-
CIMMO TOTAA U TOJBKO TOT /1A, KOT A4 OHO ABISAETCS MPOEKIIN-
el HEKOTOPOT'O PA3PEIINMOT0 MHOKECTBA () Tap HATYPATb-
merx gucea. (IIpoexiusa morydaercs, eciu OT map OCTABATH
UX IepBBle KOMIOHEHTH: & € P < Jy((z,y) € Q).)

< IIpoeknus a060r0 MEPEIUCAAMOrO MHOKECTBA IEpe-
qucauMa (epeducIAouY AArOPUTM JO/LKEH JIUIIb Y AAIATH
BTOpPHBIE WIEHH TIAP), TAK UTO TMPOEKIHUA PA3PEINMOT0 MHO-
XKeCTBa TeM OoJiee TIepEeINCANMA.

Hamporus, eciu P — mepeuncamMoe MHOXECTBO, Iepe-
YUCIAEMOE AIMOPUTMOM A, TO OHO €CTh IPOEKIUs PA3PEIn-
MOI'0 MHOXKECTBa (), COCTOSILEro U3 BCeX TaKux uap (x,n),
YTO I TOABISETCA B TEYEHUU TEPBLIX 7 MIATOB PAOOTHI AJ-
roput™Ma A. (DTO CBOUCTEO, OYEBUTHO, PA3PEIINMO.) >

1.5. lNepeyncanmocTb U BBIYUCAUMOCTb

Mgt Bu1eI7, ITO TEPEIUCTAMOE MHOKECTBO MOXKHO OTIPe-
[ETUTH B TEPMAHAX BBIYUCIAMBIX (QYHKIUY (HATPAMED, KaK
00JaCThb ONpEeIeNeHus BurancanMon pyukuun). MoxHO cae-
JaTh U HA0OOPOT:

Teopema 4. @yuxuus f ¢ HATYPAILHLIMU APryMEHTAMU
U 3HAYEHUAMU BBIYUCINMA TOTAA U TOJLKO TOTIa, KOT/Ia eé
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rpaduk
F = {{(z,y) | f(z) oupegeneno u pasuo y}

ABISETCA TEPEYUCIUMBIM MHOXECTBOM MAD HATYPAIBLHBIX
qUCET.

< Iycres f Boraucauva. Torga cyrmecTByeT aaropurT,
MEPEYUCIAIONUN €€ 00JaCTh OIPEeIeJeHns, TO eCTh [1edaTa-
IOIUU BCe &, HAa KOTOPHIX f ompenenena. Eciu Temeps aia
KaXkKJ0r0 W3 TAKUX I BHIUUCJAATDL emé u sHadenue f(x), mo-
JYYUM AQATOPUTM, MEPEIUCAAIONIAN MHOKECTBO F .

Hanporus, ecin uMeercsa airopuTm, nepeducisomun F,
TO (PyHKIUA [ BBIYMACAACTCA TAKUM AJITCOPUTMOM: MMES HA
BXOJI€ 7, XKJIEM MOABJICHUA B F' Maphl, IepBLIA WIEH KOTOPOU
PaBeH 71; KaK TOJBKO TAKas Mapa MOABUIACK, MeIaTaeM eé
BTOPOU WIEH M KOHYaeM paboTy. [>

Mycrs f — wacTwanas GyHKIWUA ¢ HATYPATLHBIMEA apry-
MeHTamu u 3HadeHwaMu. O6paz muoxecTsa A npu f onpexe-
JSIETCS KAK MHOXKeCTBO Beex ducen f(n), mist Koropeix n € A
u f(n) onpeneneno. ITpoobpas muokecTBa A ipu [ onpeae-
JAETCA KAK MHOKECTBO BCEX TEX 11, IPU KOTOPHIX f(n) ompe-
JeJeHO U TIPUHALICKUT A.

Teopema 5. [Ipoobpaz u 06pa3 mepeducauMoOro MHOXKe-
CTBA IPU BHIYUCIUMOU QPYHKIUA IEPEIUCAUMBL.

< B camom geme, mpooOpas TEpPEIUCIMMOrO MHOXKe-
cTBa A TIPYU BHIYUCAUMON PYHKIUEA [ MOKHO TOJYIUTDH TaK:
B3aTh rpaduk f, mepeceds ero ¢ MepevrCIuMBIM MHOXKE-
crBoM N X A u cupoekTupoBaTh HA IMEPBYI0 KOODIUHATY.
Paccyxaenue njis o6pa3oB aHATOTUYIHO, TOABKO KOODIUHA-
THL MEHAIOTCSA MECTaMU. >

7. Ilycts F' — mepedmcamMoe MHOXECTBO IIap HATYPAIbHBIX
qucen. [lokaxure. 94TO cymecTByeT Bbraucaummas GyHKuoua f,
onpegeséHHAs HA Te€X W TOJBKO TeX X, AIA KOTODPBIX HAUAETCA Y,
npu K0TopoM (z,y) € F, npraém 3nagenue f(r) ABAgeTCA 0gHUM
u3 Takmx Y. (DTO yTBEPXK JEHUE HA3BIBAIOT HHOTAA Meopemoti 06
yruPopmu3ayus. )

8. [laHBI Ba IEPECEKAIOMMNXCA MePEeINCINMBIX MHOXeCcTBAa X
u Y. [lokaxure, 9TO HAUAYTCA HEIEPECEKAIOMMECA TIEPETUCIN-
mete MEOkectBa X' C X uY' C Y, gma xoropeix X'UY’ = XUY.
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9. Juodanmoevim HA3BIBAETCA ypPaBHEHUE, WMEIOIIEe BU[
P(xi1,...,xy) = 0, rae P — MHOrOWIEH C meabiMu Kodhdum-
eaTamu. JJOKaxkmTe, 9TO MHOXKECTBO AMO(PAHTOBBEIX yDABHEHUN,
VMEIUX IeTbie pemennda, nepeaucanmo. (OHO HepaszpemmMo: B
5TOM coCTOUT m3BecTHBI pesyabrar 0. B. Marusacesuya, asus-
mmuca pemenneM 3HaMennTou «10-u mpobaemsr 'mab6epran.)

10. He ccputasces Ha goka3aTeabcTBO TeopeMbl Depma, moka-
KUTE, 9TO MHOXKECTBO BCEX MOKA3aTeNed N, AJIA KOTOPHIX Cylie-
CTByeT pernenue ypasHeHusa " + y" = 2" B LEIBIX MOJOXKUTETb-
HBIX qmCIax, nepeancanmo. (Kak Tenepb m3BeCTHO, 9TO MHOXECT-
BO COOEPXKUT IMUb Iucaa 1 u 2.)

11. ITokaxwuTe, 9T0 BCAKOE OECKOHETHOE IEePEeUIUCINMOE MHO-
xecTBo MoxHO 3amucars B Buge {a(0),a(1),a(2),...}, rge a —
BEIMMCINMAA (PYHKIUA, BCE 3HATEHUA KOTOPOU PA3amdHbl. (YKa-
3aHUE: B XO[€ IEePEIUCICHAS YAALIEM TOBTODEHU. )

12. ITokaxwuTe, 9T0 BCAKOE OECKOHETHOE IMEePEeIUCINMOE MHO-
XKECTBO COJEPKUT OECKOHEYHOE Pa3PEIINMOe I[IOAMHOXKECTBO.
(Ykasaame: BOCHIOTB3yeMCA TPEABIAYIIEH 33Ja9Med U BBHIGEPEM
BO3PACTAOLLYIO MOANOCAEI0BATEILHOCTD. )

13. IToxaxwuTe, 9TO AIA BCAKOW BBIYUCAMMON (GyHKuMu f
CYLIECTBYET BhIUMCAMMAA (DYHKIUA, ABIAIOLIAACA «IICEBI000paT-
HOW» K [ B CIegyrolieM CMBICIe: 06J1aCTh ONpeNeJeHUus g COBIA-
naet ¢ obaacteio 3Hadenun f, m npu stoMm f(g(f(z))) = f(x) maa
BCeX Z, mpum KOTOPBIX f(Z) ompeaereHo.

14. [JelCTBATEILHOE YUCIO (¢ HA3BIBAETCA SbIUUCAUMBLM, €CIA
CyLIECTBYeT BbIYuCAuMasi GYHKIUA @, KOTOPas 10 JI000My panu-
OHAIBLHOMY € > () JaéT palmoHAIbHOE MPUOIIXKEHNE K (¢ C OIIHIO-
Kou He Goxee ¢, T.e. |a — a(e)| < € gua MO6G0Or0 PAMOHAILHOTO
€ > 0. (PapmonaspHOE THCIO ABJAETCI KOHCTPDYKTUBHBEIM O0BEK-
TOM, TaK YTO MOHATUE BEIYACIUMOCTH HE TPEGyeT CIennaIbHOT O
YTOYIHEHMUA. )

(a) Jokaxwure, ITO IUCIO ( BEITUCIAMO TOTA U TOJIBKO TO-
rja, KOrja MHOXECTBO DAIVOHAJIbHBIX IUCEJ, MEHBIINX (, Pa3-
pemnmo.

(6) Joxaxkwure, 9TO IMCIO (¢ BEIMUCIUMO TOrA U TOJIBKO TO-
ra, KOrAa MO0CIeJ0BATEeIbHOCTE 3HAKOB IPEICTAB/IAOIIEN ero Je-
CATHIHON (WM ABOWYIHON) APOGH BEIMHMCIMMA.

(8) JokaxwuTe, ITO IMCIO (@ BEIMUCIAMO TOTA U TOJIBKO TO-
rja, KOrga CymecTBYeT BEIYUCAUMAs I0CIeJ0BATEIbHOCTD PAIUO-
HATBHBIX IMACEJ, BEITUCIUMO CXOAAMAACA K o (MOCAeHee O3HATA-
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€T, YTO MOXHO aJII'OPUTMUICCKU YKa3aTh N 10 € B CTaHOAPTHOM
e-N-ompeneneHuu X0 qMMOCTHL. )

(r) IlokaxkwuTe, 9TO CymMa, IPOU3BEACHNE, PA3BHOCTD K IACT-
HO€ BBIYUCINMBIX rHeI.;IC’I‘BI/I’I‘eJIBHI)IX YuCeJa BBIYUCINMEBL. HOK&)KI/I—
T€, 9TO KOPEHb MHOT'OYJI€HA C BBIYUCINMBIMU KOS(i)q)I/IHI/IeHTa,MI/I
BBIIMCJIVIM.

(x) ChopmympynuTe m JOKAKUTE yTBEPKACHUE O TOM, ITO
nmpenea BBIIUCINMO CXO,E[HH.IGI/UICH n0CaIegOBATEIBHOCTHU BBIYUCIN-
MBIX AeﬁCTBHTeJILHBIX quceJ BbIYUCJINM.

(e) JercTBUTEILHOE TUCIO (v HABBIBAIOT TLEPEUUCAUMbIM CHU-
3Y, €CJIU MHOXKECTBO BCEX PDAIIMOHAJIBHBIX YINCEJ, MEHBIINX (¥, II€-
peancamvo. (IlepeamcamMocTs CBEPXY ONPEAeTseTCsa AHATIOTUT-
HO.) [0KaxXuTe, ITO TUCIO (v NEPETUCIAMO CHA3Y TOTAA U TOIb-
KO TOr'Ja, KOI'Ja OHO ABJAETCA IPEAEIOM HEKOTOPOU BEIYUCINMOU
BO3PaCTAOMIEH IOCAe0BATEILHOCTH PAIMOHAILHEIX THCE.

(x) Hoxaxure, 9TO AEMCTBUTEILHOE THUCIO BBIYUCIUMO TO-
T'la 1 TOJABKO TOI'Ja, KOI'Ta OHO IMEePEYIUCINMO CHU3Y U CBEPXY.

JanpHenme CBOMCTBA BLIMUACIMMBIX JEMCTBATEILHBIX
qUCEeT CM. B 3ajade 23.



2. YHuBepcanbHble PyHKUUN U
HEepa3peLnmMocCTb

2.1. YHueepcanbHble pyHKLMU

Ceriyac MBI OCTPOUM IIPUMED HEPEUUCIAMOIO MHOMKE-
CTBa, HE ABIAKINErOCA paspemuMeiM. [lpu >ToM Oyaer wuc-
TOJIB30BATHCSA TAK HAZBIBAGMAsA YHUBEDCATbHAA (DYHKITUA.

ToBopsit, uro dyekmua U IByX HATYPAIBHBIX apry-
MEHTOB SBSIETCA YHUBEPCAALHOY M KIACCA BBIMUCIAMBIX
(DPYHKIIUU OTHOTO apTyMEHTa, CIAN A KaXKJOT0 N PyHKINAA

Up:x—U(n,z)

(«cevenuer pyukuuu U npu QUKCHPOBAHHOM 7)) ABIACTCA
BBIUACAUMON W E€CJAM BCE€ BBIYACAUMBIE (QYHKIuEU (OLHOTO
aprymenta) Bcrpedaiorcsa cpegu U,. (Hanomuum, uro #u
dbyukuma U, au BEMMuCIMMbIE QYHKIMEA OJHOIO aPryMEHTa,
He 00SI3aHBI GBITH BCIOIY OMPENEJEHHBIMU. )

Ananormvanoe onpegeseHme MOXKHO JaTh W A OPYTUX
kiaaccos QyHKUUE (OQHOO apryMeHTa): Hanpumep, (pyHK-
mus U IByX apryMeHTOB OyA€T YHUBEDPCAIBHOU A KIACCA
BCEX BCIOAY OMPEACNEHHBIX BEMMUCIUMBIX (DYHKIUN OJHOTO
apry™menTa, ecam eé ceuenus U, ABIAIOTCI BCIOY OMpene-
JEHHEIMA BEIYUCIAMBIMYA (DYHKIAAMEA OJHOTO APTyMEHTa U
UCYEPUBIBAIOT BCe Takme pynkumu. O9eBuIHo, yHUBEPCATDb-
Hble QYHKIUY CYLIECTBYIOT ML JIOOBIX CI6THRIX KAACCOB (1
TONBKO [ HUX).

Kimoueryro poab B 3TOM pasgene urpaeT TaKOu (akT:

Teopema 6. CymecTByeT BBIMHCIEMAS (PYHKIUSA ABYX
APTyMEHTOB, ABIAIOINAACA YHUBEPCAILHOU (DYHKIUEH s
KJIACCA BEMUCIAMBIX (PYHKIWE OTHOTO apryMEHTA.

< 3amumeM BCe MPOrPaMMEI, BBEIMUCIAIOMNAE (hyHKITIN
ONHOT'0 apryMEHTa, B BLIMACIUMYIO IIOCAEI0BATENLHOCTH
Do, P1,... (Hanmpumep, B HOPsAAKE BO3PACTAHUA UX IJIMHBL).
IMonoxum U(i,z) paBHbiM pesyabrary pabOThl 4-OM ILPO-
rpaMMbl Ha BXofAe z. Torga dyuxiua U u O6ygeT mckoMou
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BEIYUCAUMOU yHUBepcanabHou dyukumen. Ceuenume U; Oy-
JeT BEIYUCAUMOUN (DYHKIMEH, BEMUCIACMON TTPOTPAMMON ;.
Asaroputym, Beraucasiomnn camy Gyuxiumio U, ecTh To cyIe-
CTBY MHTEPIPETATOP IJIA UCIOAL3YEMOr'O SA3BIKa IIPOrpaM-
MUPOBaHUs (OH IPUMEHsET [EePBLIA apIyMEHT KO BTOPOMY,
eC/IK OTOXKAECTBUTH IPOUPAMMY U €€ HOMep). >

15. Bce cevenusn U,, mzekoropon pyuaknuu U AByX apryMeHTOB
Beraucaumbl. Caegyer au orcooga, 4ro dyukuus U Beraucauma?

16. Jaure (eCTECTBEHHOE) ONPEIENCHNE MOHATHA BEITHCIA-
MOU PYHKIUM TPEX apryMEHTOB, YHUBEDCAJBHON 1A KIACCa BHI-
YUCAUMBIX (QYHKIWK ABYX apryMEHTOB, W NOKAXWUTE €€ Cylie-
CTBOBaHUE.

LIt MHOXKECTB KCIOAb3YETCSA AHAJOCMYHASA TEePMUHOJO-
rust: MEHOKeCTBO W C N X N HasBIBAIOT yHUBEPCAALHbIM TSI
HEKOTOPOT'0 KJIACCA MHOXKECTB HATYPAIBHBIX YUCEI, ECIU BCE
ceveHus

W, ={z|(n,z) e W}

MHOkecTBa W npunagmexar >ToOMy KIACCY M APYIHX MHO-
XKeCTB B KJIacce HeT.

Teopema 7. CymecTByeT mepedncanMoe MHOXKECTBO Tap
HATYPaJIbHBIX YUCEN, YHUBEPCAIbHOE IJIA KIacCa BCEX Iepe-
YHCAUMBIX MHOXKECTB HATYDAILHBIX THUCE.

< PaccmoTpum 061aCTh ONpEENEHUA YHUBEDCATBLHOU
dyukmumun U. Ona OygeT YHUBEDPCAIBHBIM MEPEUUCIUMBIM
MHOXK€eCTBOM, IIOCKOIBKY BCAKOE IMIEPEUNCANMOe MHOXKECTBO
ABAAETCA OOJIACTHLIO ONPENeNeHnsT HEKOTOPOU BLIYUCIUMON
dyuknun U,. >

17. Kakx mOCTpOUTH yHUBEPCAIbHOE MHOXECTBO, MCXOAA U3
TOI'O, YTO BCAKOE IIepevIruCJauMO€ MHOXEeCTBO €CTh MHOXECTBO
3HaYeHUU HeKoTopou ¢yukuuu U, 7

18. CywecTByer au paspemmMoe MHOXKECTBO Iap HATYPAdb-
HBIX YNCEJ, YHUBEPCAJAbHOE OJIA KJaaCCa BCEX Pa3pPEIINMBIX MHO-
JKeCTB HATYPAIbHBIX IuCex?

2.2. [lnaroHanbHas KOHCTPYKLMS

B npenergymem pasgene Mbl IOCTPORIN YHUBEDCAIBHYIO
DYHKINIO A8 KIACCA BCEX BBIYUCIUMBIX (DYHKIIUU OJTHOTO
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apryMmenTa. MOXHO Ju CAETATh TO ¥KE CaMoe A KIACca
BCIONY ONPENeJEHHBIX BEMUCIAMBLIX (hyHKIMA! OKashIBaeT-
Cs, ITO HET.

Teopema 8. He cymecTByeT BBIYUCIMMON BCIOAY OMpe-
NeTEHHON (PYHKIUY JBYX apryMEHTOB, YHUBEPCATLHOU A
KJIACCa BCEX BBEIMUCAMMBIX BCIOAY ONPEICTCHHBIX (DYHKIIAL
OJHOTO apI'yMEHTA.

< Bocmombsyemcs «IMarOHATBHOU KOHCTPYKIMEU» —
TOYHO TaK XK€ NOKA3LIBACTCA HECICTHOCTH MHOXKECTBA BCEX
6EeCKOHEIHBIX AeCATUIHBIX ApoGen. Ilycrs U — npousBoan-
HAA BBEIYUCAUMAA BCIOLY ONpPENeICHHAA (PYHKINA IBYX ap-
CYMEHTOB. PaccMOTpUM AUArOHATBHYI QYHKIMIO 4(n) =
= U(n,n). OueBuano, Ha apryMeHTe 1 QYHKIUA U COBIATA~
er ¢ yukuuen U, a dyuxuus d(n) = u(n) + 1 orauaaercs
ot U),. Takum 06pazom, BEIMUCANMAS BCIOLY OIpPEAEIEHHAST
dyuxuus d(n) oramdaercs or Beex cedeHunl Uy, U HOTOMY
dbyukuma U He ABIAETCA YHUBEPCATLHON. >

Tlovemy »TO paccyxaeHue He IPOXOMUT MIA KIACCa BCEX
BHLIYACAUMBIX (QYHKIuU (B TOM ducie dacTudHbix)? [lerno B
ToM, uTo sHavenne d(n) = U(n,n) + 1 Teneps He 06sg3aHO
ormmaaTeea or 3uadenus Uy, (n) = U(n,n), Tak kax 06a OHE
MOT'YT OBITH HE OIpEAEJICHEL.

Tem He MeHee, YACTb PACCYKICHUA OCTAETCA B CHIE.

Teopema 9. CymecTsyeT BeraucauMad GyHkima d (¢ Ha-
TYPAIbHBIMYA aPTYyMEHTAME ¥ 3HAYEHUAMHE ), OT KOTOPOU HU-
KAKaf BEIMUCIAMAA QYHKIMA [ HE MOXET BCIOAY OTIMIATh-
CAA: IJIA JIF0O0U BEMMUCIUMON QyHKIMY [ HAUAETCA TaKOe Yu-
cao n, 4ro f(n) = d(n) (mocaegHee paBeHCTBO HOHUMAETCs
B TOM CMBICJIE, 94TO aub0 06a 3Haderua f(n) u d(n) we onpe-
JeTeHbl, Ju00 008 OMPEIETICHBl U PABHBI).

< Tlo cymecTBy BCE yiKe CKa3aHO: TAKOBA MUATOHAJILHASL
dysakuna d(n) = U(n,n) (3geck U — BRIMmCANMAaA QyHKINL
IBYX apryMEHTOB, YHUBEPCAIbHAA A KIACCA BEITUCIUMBIX
¢yuxnuin oguoro aprymenta). Jlio6as Beraucaumas QyHK-
nus [ ecrsb U, upu nexkoropom n u noromy f(n) =U,(n) =
=U(n,n) =d(n). >
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Teopema 10. CymecTByeT BoraucauMas GpyHKIINASL, HE TMe-
IOIAA BCIOAY OIPEIENEHHOT0 BEIYUCAUMOTO PO TOIKEHIS.

< Takosa, nanpumep, dyukuus d'(n) = d(n)+1, rze d —
pyHKIMA U3 nIpequayien TeopeMsl. B camom gene, moboe eé
BCIOZY OLPEeeNEHHOE IPOLOIKEHNE BCIOAY OTANYIAETCA OT d
(B Tex MecTax, Tye dyukuua d onpeneseHa, Gyuxyua d Ha
enuHUIY Oosbire d M MOTOMY J000E MPOMOIKeHne (hyHK-
mun d’ oTamdaeTca oT d; TaM, Thae d He OIpefeleHa, J0oad
BCIOAY onpeaenéHuas QyHKUusa oTiudaercs ot d). >

19. [loxaxwure, 4T0o m cama GYHKIUA d M3 NOKA3ATEILCTBA
IPEeALIAYIIEN TEOPEMBI He MMEET BBIYUCAUMOTO BCIOAY OMpee-
JEHHOI'O MIPOJOJMKEHUS.

2.3. Tlepeyncnumoe Hepa3pewIMMOe MHOXECTBO

Terepb MBI MOXKEM M0Ka3aTh OOEIIAHHOE YTBEPXK IEHNE.

Teopema 11. CymecTByeT mepedncInMOe HEPA3PEIIIMOe
muoxecteo. (IlepedopmyaupoBka: cylecTByeT Iepeduc/iu-
MO€ MHOXKECTBO C HEIEePEYUCIUMBIM JOLOJHEHUEM. )

< PacemoTpuM Bhrucanmyo GyHkumio f(r), He nMe-
IIIYIO BCIOY ONPEAENEHHOTO BEIMUCANMOTO IPOOIKeHu. Fé
obunacTs onpenenenus F' Oy meT nCKOMBIM MHOXKECTBOM. B ca-
MoM gene, F' nepeducaumo (o 0qHOMY U3 OLpeIeNeHul I1e-
peuaucaumocru). Ecau 6pr F' Gb110 paspemumo, 70 QyHKIms

f(x), ecm xz € F,

9l@) = 0, ecrm x ¢ F
Ob11a 6bI BEIYUCIUMEIM BCIOAY OMPEACIEHHBLIM PO IO KECH-
eM pyukuuy f (Opu BorMUCIEHUY () MBI CHAMAAA IPOBEPSI-
e, gexuT au & B F', ecan aexur, To BeraucaseMm f(x)). >
TToresno mpocIeanTh, KAKOE MMEHHO MHOKECTBO B UTOTE
OKa3aJT0Ch TIEPEINCIUMEIM W HEPA3PEMMMbIM. JIerKO MOHATS,
9TO DTO MHOXKECTBO TeX 7, Ipu koropeix U(n,n) ompeae-
aeno. Ecim BcmomanTh KOHCTpYKImo dynxmun U, TO 3TO
MHOXKECTBO TEX 71, IPU KOTOPBLIX 7i-1 HPOrPAMMa OCTAHA-
BAUBaeTCAa Ha n. [lopToMy MHOTIA TOBOPAT, YTO «IpobIeMa,
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CAMOTIPUMEHUMOCTH (IIPUMEHUMOCTY IPOTPAMMBL K CBOEMY
HOMEpPY) Hepaspernmma.

3aMeTuM, YTO OTCIOAa CIEAYET, 9TO U O0JACTH OMpe/e-
JIEHUsA BCEU YHUBepCaabHOU GyHKimu U ABIgeTca mnepedu-
CAMMBIM HepaspermuMbiM Muox)ecTBoM nap. (Ecau 6br npo-
6JsieMa BBIACHEHWS IPUMEHUMOCTY IPOrPAMMEL K IIPOM3BOJIb-
HOMY apryMeHTy ObLia OBl paspermuMa, TO U ¢ JaCTHBIN
CIy¥9al — TPUMEHUMOCTD TPOTPAMMEI K cefe — OBLT OBl
paspemnmm. )

A1y Gonee o6IIyI0 — 1 HoJEe eCTECTBEHHYIO, YeM BBLAC-
HEHUe CAMOIPUMEHUMOCTH, — 33,434y (y3HATh, OCTaHOBUTCS
JV TAHHAA TPOrPaMMa Ha JaHHOM BXOJ€) HA3BLIBAIOT MHOTIA
«ipobaeMon 0CTaHOBKWy . (MHOIHME CaymaTenu KypCos Mo Jio-
THKE U TEOPUHN AITOPUTMOB IMOMHAT TAMHCTBEHHBIE U TPO3-
HBIE CI0Ba «IIpobreMa OCTAHOBKYU M MAIIHH THIOPUHTA, aJl-
POPUTMUYECKU HEPABPELIMMay, 1a2Ke 3a0bIB BCE OCTALLHOE. )

20. ITlyctes U — mepedyncaInMoe MHOXECTBO Iap HATYPATbHBIX
TUCea, YHUBEPCAJIBHOE NIA KJIaCCa BCEX MEPEIUCIUMBIX MHOXKECTB
HaTypPAIbHBIX 4ucel. /JoKaxwuTe, 9TO €ro «JUarOHAJILHOE cede-
me» K = {z | (z,2) € U} aABIAETCA MEPEINCIUMBIM HEPA3PEIIN-
MBIM MHOXE€CTBOM.

21. Hexoropoe MHOXECTBO S HATYpPAIbHBIX YUCEN Pa3perin-
MO. PaSJIO)KI/IM BCE€ 4YuCjIa m3 S Ha ITPOCTHhIE MHOXUTEIU U CO-
CTaBUM MHOXKECTBO D BCE€X IIPOCTBIX YUCEJ, BCTPEIAIOIINXCA B
3TUX Pa3iokeHuAX. MOXHO J1u yTBEPXKIAATH, ITO MHOXeCcTBO D
paspermmo?

22. MuoxectBo U C N X N paspemmmo. MoxHO au yTBEp-
XKOaTh, 9TO0 MHOXECTBO «HMXKHHUX TOYEK» MHOXECTBa U, TO €eCTb
MHOXeCTBO

V={zy) | (z,y) €eU) u ((z,z) ¢ U gusa Bcex z < y)}

saBaseTcs paspemmMbiM? MOXKHO 11 yTBepX) AaTh, 4T0 V mepedn-
caumo, ecau U nepedncanmo?

23. Ilokaxwure, 4TO CymIECTBYIOT NEPEINCIUMBIE CHU3Y, HO
HE€ BBIYUCINMBIEC YUCIa B CMBICTIE OHpeAeJIeHI/II;'I, JAaHHBIX Ha C. 17.
(Yxazamme. Paccmorpum cymmy paga 3. 27 F mo scem k w3 xako-
ro-1n6o nepeuncaumoro maoxecrsa P. Ona Bcerga nepedncanma
CHU3Y, HO OyJeT BBIYUCIUMOU TOJIHKO MpU paspemmmom P.)
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Mer BepHéMCﬂ K BBIYUCINUMBIM ,/IQI‘/JICTBI/ITGJIBHBIM qucjaaM
B 3aga4vax 31 m 61.

2.4. Tepeuncammble HEOTAENUMbIE MHOXECTBA

Heb6onbmas mogndrxanus pacCy K JeHus IO3BOIAET I0-
Ka3aTh YCUIEHNE MOKA3AHHOUN BBIIIE TEOPEMHI:

Teopema 12. CymecTByeT BbIMuCAUMAas (QYHKIUA, TPU-
HEMAoMas TOAbKO 3HadeHus 0 u 1 u He mMeOU@As BCIOY
OLPEAEJEHHOIO BEIYUCIIMOrO PO OLIKEHIA.

< Bmecro ¢pynxumu d' () = d(2)+1 MOxHO paccMOTPeTD
byHKIIIIO
1, ecau d(z) = 0,

d// —
@) 0, ecim d(x) > 0

(mmeeTcs B Buny, ato d’(x) me ompeneneno, ecau d(x) He
ompeneneno). Toraa a060e BCIOLY OMpefeJéHHOe TPOT0IKE-
mune Gyaxknmu d’ 6yaeT Io-TpeRHEMY OTANIATHECA OT d BCIO-
Iy ¥ IOTOMY HE OyI€T BHIYUCAUMBIM. [>

ODTOT Pe3yabTaT MOXHO IIEPEBECTU HA A3BIK HePedrCIn-
MBIX MHOX€eCTB. ['0BOpAT, 9TO ABA HEIEPECEKAIOIIMXCI MHO-
xectBa X u'Y omdeaaromes MEOKecTBOM C, €CIU MHOXKECT-
Bo C COMEPKUT OJHO M3 HUX W HE TePEeceKaeTCs C TPYTHUM.

Teopema 13. CymiecTByoOT IBa HEMEPECEKAMOUINXCA IIe-
PEUIUCAUMBIX MHOXKECTBa X U Y, KOTOPBLIE HE OTIEITI0TCS
HUKAKAM Pa3pPEelIMMbIM MHOXECTBOM.

<1 B camowm gere, mycts d — BoramcauMasn (pyHKITUA, IIPU-
HIMAIIas TOJbKO 3HaveHnsa 0 m 1 m He mMerouU@as BCIOY
OTPEIETEHHOTO BBIYUCANMOTO TpomomkeHud. Ilycts X =
={z|dx)=1} uY = {z | d(z) = 0}. Jlerko BuzeTs, 4TO
MHOXKecTBa X 1 Y mIepedaucauMbl. 1lycTh OHM OTIEIAIOTCS
paspemmuMbiM MHOXecTBoM C'; Oygem camrarth, 9to C co-
nepxuT X u He mepecekaeTca ¢ Y (ecam HA060pOT, mIEpen-
aéM K nomogHeHuo). Torma xapakTepucTuIeckas QyHKINA
muoxkectBa C (pasuas 1 sayrpu C u 0 BHe HEro) mpoaoi-
xaer d. >

3aMeTHM, 9TO 3TOT PE3YJIbTAT YCUIMBACT yTBEPK ICHUE
O CYIIECTBOBAHMHN TIEPEIUCINMOTO HEPAZPENIMIMOr0 MHOMXKe-
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cTBa (ecam JBa MHOXKECTBA HE OTICIUMEL DA3PEIIUMBIMU
MHOXECTBAMHU, TO HU OHO U3 HUX HE PA3PEIInMO).

24. Kak omucarh IOCTPOEHHBIE IIEPEIUCINMbIE HEOTAEINMbIE
MHOXECTBA B TEPMWHAX yHUBepCcaabHou dyukmma U(n, z)?

25. IlokaxwuTe, YTO CyLIECTBYeT CIETHOE YUCIO HEIEPECeKa-
IOIIMXCA HePEeYUCINMBIX MHOXK€ECTB, HUKAKIe qBA U3 KOTOPBIX He-
B35 OTJEINTH PA3PEIIMMBIM MHOXECTBOM.

2.5. lNpocTble MHOXecTBa: KOHCTpyKUus [locTa

CyecTBYIOT U IPYTHUe KOHCTPYKIUU TMEPEIUCTUMBIX He-
Pa3PENIMMBIX MHOXECTB. BOT onHa w3 HuX (IperIoKeHHAA
J.Hocrom).

HazoBéM MHOXECTBO UMMYHHbIM, €CIX OHO OECKOHEY-
HO, HO HE COMEPKUT OECKOHEYHBIX TMEePEIUCIUMBIX TTOIMHO-
)ecTB. [lepetucanmoe MHOXECTBO HA3LIBAIOT NPOCTMbIM, €C-
Ju ero gononHenue uMMyHHO. (OQ9eBuIHO, TAKOE MHOXECTBO
He MOXeT ObITb DA3PEeILMbIM. )

Teopema 14. CymecTByeT TpOCTOE MHOKECTBO.

<1 Ham HyxHO, YTOOBI IEPEINCAUMOE MHOKECTBO S nMe-
JIO UMMYHHOE [IONOJHEHUEe. DTO O3HAYAeT, 4TO S NOKHO
nepecekaTbes ¢ JI0ObIM GeCKOHEYIHBIM NePEedrCIUMBIM MHO-
KecTBOM. YTO6GH TapaHTUPOBATE 3TO, MOAE3HO AMT Kax A0-
TO TMEPEINCINMOTO MHOXKECTBa V NO0ABUTH KAKOU-TO €r0
aneMeHT B S (xoTs Ov1 gs 6eckonewnsrx V). Ilpu sTom Ha-
IO T03a00TUTBCA O TOM, YTOOBI BHE S OCTANOCH GECKOHEYHO
MHOI'O DJIEMEHTOB. JTO MOXHO MapaHTUPOBATH, ecau n06a-
BJIATH AOCTATOYHO OOJBLIAE DJIEMEHTHL (HAlpUMeED, U3 MHO-
JKeCTBa HOMED i MOOABMATH TOJIBKO OUH DJIEMEHT, TIPUTOM
O6aABIIInT 27).

O6mbsacaum koucTpykuuio nogpobuee. Illycrs W — yuu-
BEPCAIBHOE MEPEUMCINMOEe MHOXKECTBO Hap, Cpefud cede-
Hun W; KOTOPOTO BCTPEYAIOTCA BCE TIEPEIUCANMEIE MHOKE-
CTBA HATYDPAJbHBIX wucel. bynem HaswsaTs W; «epedn-
CJIMMBIM MHOXKECTBOM HOMED #» (IPU 3TOM PasHBIM HOMEPAM
MOXKeT COOTBETCTBOBATH OLHO M TO XKe MHOXeCTBO). Pac-
cvorpum muoxectBo map T = {(i,z) | (x € W;) u (z > 2i)}.
OTO MHOXKECTBO MepeuncanMo (Kak nepecedenne W u pas-
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pemmmmvoro MHOkecTBa {(i,z) | & > 2i}). lepeunciuss ero,
OymeM OTOpPACHIBATH TMAPHl, ¥ KOTOPHIX TEPBLIN WIEH YiKe
BcTpedasicsa panee. OCTaHETCI HEKOTOPOE IEePEeYUCIUMOe
nonmuokecTso 17 C T. PaccMoTpum Tenepn mepedamcaimmoe
MHOXECTBO S BTOPBIX WICHOB IIap, BXOAAmmX B 1.

ODTO MHOXKECTBO IIEPECEKACTCS ¢ JTIOOBIM GECKOHEIHBIM
epeducIuMBIM MHOXKecTBOM. B camom nene, eciu W; Gec-
KOHEYHO, TO OHO COMEPKUT U UUCIA, OOIBIIME 2¢, TTOITOMY
BT (a, 3Hauur, u 8 T') eCTh maphl ¢ NepBLIM WiIEHOM i. Bro-
pou wren Taxkou naper w3 1’ Gyger exars u B S, u B Wi,

C apyrou CTOpPOHBI, MHOXECTBO S uMeeT GEeCKOHEdHOe
TOTIOJHEHME, TTOCKOIBKY cpeau wucen oT 0 mo 2n — 1 Mak-
CUMYM 7 Da3JWYHBIX YUCEJ MOTYT NPUHALTEXKATH S (3T0
YUCIAA, TIOMABIINE B S ¢ OMHOU U3 MEPBLIX 1 BEPTUKAJICH —
BCE OCTaJIbHEIE OyAyT yxe Gogbie 2n). >

26. Jokaxwure, 9T0 6ECKOHEYHOE MHOXKECTBO, HE COAEpKALIee
OECKOHEeIHBIX Pa3penrMbIX TOAMHOXECTB, UMMYHHO.

27. okaxure, YTO CYILIECTBYET IEPEIUCINMOE MHOXKECTBO,
A KOTOPOT'O HPAMOHU IepPecIéT (IOCIeAOBATEILHOCTD DIEMEH-
TOB B NOPALKE BO3PACTAHUA 0€3 MOBTODEHUI) €ro JOMOJHEHUA
He OTPAHWYEH CBEPXY HUKAKOU BCIOAY OMPeNeJéHHON BEIYUCIUMON
dyuknumen. JoxaxxuTe, 9TO HTO MHOXKECTBO ABIAETCA TPOCTHIM.



3. Hymepauuu v onepauum

3.1. [naBHble yHMBepcanbHble pyHKLUM

OueBn THO, KOMTIO3UIUA ABYX BEIYACIAMBIX (DYHKITAN BHI-
uncaumMa. [Ipu 5ToM 5TO yTBepkK 1eHMEe KaxkeTcs «dheKTUR-
HBIM» B TOM CMBICJE, 9TO IO MPOrDAMMAaM ABYX (DYHKIUN
MOXKHO JICOPUTMUAYECKH IIOJNYIUTH IPOrPAMMY KX KOMIIO-
suury. B pasyMHOM sA3BIKe IpOrpaMMupOBaHUA OHA Oynger
COCTOATH M3 [ABYX HOAIPOrPAMM, COOTBETCTBYIOUINX ABYM
BBEIYUCJAUMBIM (DYHKIUAM, ¥ [IABHOU IPOCPAMMBI € €AWH-
crBerHOn cTpokon «return (£ (g(x)))».

OJ4HAKO MBI XOTMM [OBOPUTHL HE O IporpamMax (4ro-
OBl HE BAABATHCH B JETaIM S3bIKA IPOIDAMMUPOBAHUL), 8 O
momepax pyukuu. [1g 3TOro y Hac ecthb cpencrsa. Nmen-
HO, BCSIKas yHUBepcanbHasa pyakuusa U s Ki1acca BEIYUCIT-
MBIX (PYHKIUYA OJHOTO apryMEeHTa 3a1aéT HyMEepAalU DTO-
ro KJjacca: YuciIo n AsafeTcs HoMepoMm ¢yekuun U,: z —
— U(n, z).

Boobwe nymepayueii (6osee TOIHO, HAMYPAALHOT HY-
Mepayueli) IPOU3BOILHOIO MHOXECTBA F HA3BIBAIOT BCIOLY
ompeneréHHoe oTobOpaxenue v: N — F| obracTh 3Hade-
HUI KOTOPOro ecTh Bcé muHOkecTBo F. Ecmm v(n) = f, To
YUCT0 7 HABBIBAIOT HoMepom oObekTa f. Takum obpazom,
BCAKaA (PYHKIINA IBYX apr'yMEHTOB 33aJa€T HYMepAaIuio He-
KOTOPOT'0O KJIACCA (DYHKIMI OHOTO APTyMEHTa (M ABIACTCA
YHUBED CATBLHON [/ DTOTO KJIACCA).

Hama ment — cdopMyanpoBaTs u I0Ka3aTh TAKOE yT-
BepKAeHue: (IPU HEKOTOPHIX YCIOBUAX HA HYMEDAIU) BB
YUCIUMBIX (PYHKIWA) CYIIECTBYET AITOPUTM, KOTOPHIA IO
JIOOBIM JBYM HOMEDPAM BEIYUCIAAMBIX (DYHKIUA JAET HEKO-
TOPBIN HOMED UX KOMTIO3UIINN.

IIpexae Bcero MBI moTpedyeM, ITOOLI YHUBEPCATbLHAA
dhyHKIMA, 330aK01Ia8 HyMepannio, obuta seraucaumon. (Ta-
KHUE HYMEDAIuU HAa3bIBAIT 6blutcaumbimy.) OnHAKO 3TOr0
VCIOBUA MaJo: HaM TOTpebyeTcs, ITOOBI HyMeparusa ObLia,
KaK TOBOPAT, 24a6H10t (2édeaesoil).
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Iycts U — aByMecTHas BBIYUCINMAA YHUBepCATbHAA
(byHKIUA 01 KIACCA OJHOMECTHBIX BBIMACIAUMBIX (DYHK-
nuit (repmun «k-MecTHas (DYHKIUs» O3HAYAET «DyHKIIUs
k aprymenrosy). Eé naspiBalor e4a6m0l yHUBEPCAILHOU
$yuKIMen, ecay 11 1000 IBYMECTHOU BLIYUCIUMON (yHK-
1uu V' CyIecTBYET BCIOAY ONPEeIeIEHHAS BEIYUCIUMAs (PYHK-
uus s(m), LI KOTOPOU

V(m,z) = U(s(m), )

npu BCeX 1 U 2 (PABEHCTBO MOHUMAETCA, KAK OOBIYHO, B
TOM CMBICTE, IYTO JuOO0 003 3HAYEHUSA HE OTMPEIeJeHbl, JOO
ONPEIETEHBl U PABHEI).

Apyrumu croavu, Vi, = Us(pn), TO ecTh Qynkuus s gaér
o V-Homepy HekOTOpOu PpyHKIuu HEKOTOpLU U-HOMED TOU
XKe QpyHKIuu.

Teopema 15. CymecTByeT riaBHas yHUBED CATBHAAL PYHK-
.

< (Hepswin cnoco6.) ITokaxkeM, ITO OMUCAHHOE B I0Ka-
3areabcTBe TeopeMbl 6 (¢. 19) mocTpoeHne YHUBEDCATLHON
yHKIIMU 1aéT TIABHYI yHUBEpcaabHyIO (QyHkumio. Hamo-
MHUM, 9TO MBI TIEPEUUCIAIN BCE TIPOTPAMMBL Pg, P1, P2, - - -
KaKOTO-TO €CTECTBEHHOTO A3BIKA MPOrPAMMUPOBAHUA B TO-
pAIKe BO3pacTaHus uxX NauH U nosaramu U(n,x) paBHBIM
PE3yabTATY MPUMEHEHUA OPOrPAMMBEL Py, K Bxoxy &. IlycTs
TEIEePh €CTh KAKAA-TO APYras BLIAUCaIuMas pyHkmms V 1Byx
aprymenToB. Ham mano mo mobGoMmy HATypPaabLHOMY 17 IO-
JAy9uTh mporpamMuMy (GyHKOuUu Vi, TO €CThb (pyHKIHMH, KO-
TOpasA NOTYIUTCH, ecIrn B V 3a(UKCUPOBATL NEPBLI apry-
MeHT paBHBIM M. flcHO, 4To Takyio nporpaMmy (B 60ALIIMH-
CTBE A3BIKOB [IPOrPAMMUPOBAHUS) OLYIUTh JEI'KO — HAL0
TOMBKO B MpOrpamMMe aaa V 3aMeHUTb MEPBBI APTyMEHT
HA, ONpEIeTeHne KOHCTAHTHL (AN UCIOMB30BATH IIPOTPAMMY
aa VB KauecTBe MOATPOTPAMMEL, & B OCHOBHOU TIPOTPAMME
BBI3LIBATE V ¢ (PUKCUPOBAHHBIM TIEPBLIM apTyMEHTOM).

(Bropon cmoco6.) Ho MO:XHO n He BAAaBATHCA B NeTaIN
MOCTPOEHUA YHUBEPCATLHOU (DYHKIIUU, 8 BOCIOIB30BATHCA
JUTS (GAKTOM e€ CYIIeCTBOBAHMS.



[m. 1] TI'raenbie ynusepcasvrbie PyHKUUL 29

3aMeTuM CHAYAIa, YTO CYIIECTBYET BHIYUCAUMAA (DYHK-
mus TPEX APryMEHTOB, YHUBEDCAIbHAA A KIACCA BHIYH-
CIMMEBIX (PYHKIOUE ABYX apryMEHTOB, TO €CTh Takas (pyHK-
nusa T, 970 npu PuKcanum IepBOro apryMenTa cpean GpyHk-
mui T, (u,v) = T(n,u,v) BCTPEYaIOTCS BCE BBHIYUCIUMLLE
byHKIME ABYX apryMeHTOB.

Takylo QYHKIUIO MOXHO MOCTPONTE Tak. Pukcupyem
HEKOTOPYIO BEIMUCIAMYIO HYMEPAINIO Tap, TO €CTh BLIMH-
CAMMOE B3aWMHO OJHO3HAMHOE COOTBETCTBHE (U, V) <> [u, V]
mexay NxNu N; qucao [u, v], coorBercrsyiomee nape (u, v),
MBI Oy 1eM Ha3bIBATH HOMepOM dTou napsl. Eciu Teneps R —
IBYMECTHAA BLIYACIUMAA YHUBEDCATLHAA (DYHKINA 1A BEI-
YUCAMMBIX OJHOMECTHBIX (PYHKIAM, TO BLITUCAUMAA (PyHK-
nus T', onpegenéunasn popmyaon T'(n, u,v) = R(n,[u,v]), Gy-
IEeT YHUBEPCAMLHOU [/ BLIYACIUMEIX IBYMECTHBIX (DyHK-
muu. B camom gene, mycts F' — mpou3sBOSbHAA BBIMUCIU-
Masa PYHKIMA ABYX apryMEHTOB. PacCMOTPUM BLIMUCAUMYIO
ONHOMECTHYI (PYHKIHUIO f, ONPEICACHHYH COOTHOIICHUEM
f([u,v]) = F(u,v). lockoapky R yHmBepcaabHa, HAUAET-
€A 9ucao n, mis koroporo R(n,x) = f(x) npu Bcex x. laa
5TOrO 7 BHIMOMHEHH! paBeHcTBa 1'(n,u,v) = R(n,[u,v]) =
= f([u,v]) = F(u,v), n notomy n-oe cedenne pyuxkunu T’
cormanaet ¢ F. UTtak, yauBepcambHasa PYHKIINAI TPEX apry-
MEHTOB MOCTPOEHA.

Terneps UCHOMB3yEM €€ A ONPENeJeHUA TVIABHOM YHU-
BepcagbHOn dyukmu U asyx aprymenTos. Hedopmambuo
FOBOPSI, MBI BCTPOUM BHYTpb U BCE IPYTHE BLIMACIUMEIE
(byHKINE OBYX ApryMEHTOB, M TeM caMbiM U CTaHeT TaB-
Hon. dopmankHO ToBOPA, nosoxuM U([n,ul,v) = T(n,u,v)
u npoBepuM, 4To yukimua U 6yaer niasuou. Jobaa Boan-
cmuMas QyHKImMA Vo IBYX apryMEHTOB BCTPEYAETCA Cpenu
ceuenunt Gpyukuuu T': MOXHO HaliTu Takoe n, 4ro V(u,v) =
= T(n,u,v) mna Beex u u v. Torga V(u,v) = U([n,u],v)
IJIA BCEX U U ¥ U IOTOMY (PYHKIIUSA S, ONpeaeaeHHas (popMy-
aont s(u) = [n,u], ysoBiersopser TpeGOBaHUAM U3 OLpene-
JICHUA TVIABHOU YHUBEPCAIBHOU PyHKIWU. [>

HyMepam/m, COOTBCTCTBYIOIIINEC TJaBHBIM YHUBEPCAIb-
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HBIM (OYHKITUSAM, HABBIBAIOT 24G6HbIMY, WM 2E0ee6biMU.

Tenepb yxe MOXKHO AOKA3aTh TOYHBIA BAPUAHT yTBED-
K AEHUs, ¢ KOTOPOI'O MbI HAYMAJIM.

Teopema 16. Ilycte U — aBymecTHas IVIABHAS YHIU-
BepcaibHas (PYHKUUA LIS KIACCA BBIMUCAUMBIX (DYHKITUN
ONHOrO aprymenTa. Torga CyIIecTBYeT BCIOAY OIpeIeJEH-
Had (PyHKOUA ¢, KOTOpad II0 HOMEpaM p U ¢ IBYX (PYHK-
OUI OJHOIO apryMeHTa naéT HoMep ¢(p, q) UX KOMIIO3ULIUM:
Uc(p,q) €cTb xommosuims Uy o Uy, To ecThb

Ule(p,q),x) = U(p,U(g,z))

[UIS BCEX P, § U .

<1 PaceMOTpUM ABYMECTHYIO BEIMUCIUMYIO QYHKINO V
aas xoropon V([p,q],z) = U(p,U(q,z)). llo onpenenenuto
DIABHOU YHUBEPCATLHON (DYHKIIUU, HAUJETCA TaKasd BCIOLY
OTIpeICIEHHAs OJHOMECTHAS BEYUCIUMAS (PYHKIUA S, ITO
V(m,z) = U(s(m),z) nas scex m u z. Torna V([p,q],z) =
= U(s([p, q]), ) mw moTomy QyHKIHS ¢, ONpEAETEHHA COOT-
nowenueM ¢(p,q) = s([p, q]), Oyzer uckomoun. >

IloBTopum »>T0 mokazaTeasCcTBO HEepopMmatbro. Onpene-
JIEHUE TJIABHOU YHHMBEPCAMTLHOU (PyHKImMy TpebyeT, ITOOLI
IJISL JIEOOOT0 APYTOrO A3LIKA IIPOrPAMMMPOBAHUA, MJIA KOTO-
pPOr0 MMEeTCA BEMUCIAMBIA MHTEPIpeTaTop V, cymecTso-
BaJl OBl BLIMACIUMEIT TPAHCIATOP § IPOTPAMM HTOTO A3BIKA,
B nporpammsl a3bika U. (1A KpaTKoCTH MBI HEe Da3audaeM
OpPOrpaMMbl M WX HOMEPA W PACCMATPUBAEM 9UCIAO 11 KAK
U-tporpammy ¢yaximn Uy, .)

Temneps pacCMOTPUM HOBHIT CIOCO6 TIPOrPAMMUDOBAHMUA,
IPA KOTOPOM Tapa (P, q) OOBABIAETCS MPOrPAMMON KOMIIO-
sunuu qyHKIME ¢ U-nmporpaMMamu p u g. 11o yenosuio, Ta-
KH€e TTIPOTPAMMEL MOKHO AMTOPUTMUICCKNA TPAHCINPOBATEL B
U-mporpaMubl, 9T0 1 TPEOOBATOCH NOKA3ATh.

JI1000TIBITHO, 9TO BEPHO U 0OpaTHOE K TeopeMe 16 yTBep-
KIEHUE:

28. Ilycte U — gByMeCTHasA BBIYHCINMAA yHUBEDCAIbHAI
QyHKIMA 0 KIacca BEIMACIUMBIX QYHKIWI OJHOTO apryMEeHTa.
Ecau cymecrByer Bcroay onpenenéanas pyHKIUA, KOTOPAs 110 HO-
MepaM p U ¢ ABYX (PYHKIUU OJHOTO apryMEHTa JaéT KaKOU-1ubo
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HOMEp WX KOMmo3unuu, TO hyHkmusa U asrserca raasHOn. (Yka-
3aHUE: TMOKAXUTe, ITO MO0 kK MOXKHO AIrOPUTMUYECKU IOLYyIaTh
U-uomep yukumuz x — [k, z].)

EcTecTBeHHEI BOMTPOC: CYMIECTBYIOT JU BHEIUUCIUMEBIE
YHUBEpPCAJbHbIE (DYHKIUW, HE SBAOMMECA TIaBHbIMU! Mbr
YBUAUM [AaJbLIE, 9TO CYyHIECTBYIOT.

29. lsameHnM OnpefeneHne NIaBHOU yHUBEPCATbHON (yHKIMH
u OyzeM TPeGOBATh CyIeCTBOBAHUA «TPAHCIATOPAY S JIUIb IV
YHHUBEPCAJIBHBIX BEIMUCAINMEIX QyHkuun V' (a He 1 aio0bIX, Kak
panbme). [lokaxkure, ITO0 HOBOE OIPEAEICHUE DKBUBAJICHTHO CTa~
pomy. (Ykasanue: 1:00y10 GyHKIHMIO MOXKHO HMCKYCCTBEHHO IIE€Pe-
IeTaTh B YHUBEDPCAIBHYIO, «PACTBOPUBY B HEH JIIO0YIO ADPYTYIO
YHUBEPCATBHYIO (QYHKITHAIO. )

30. ITycte U — ramaBHas yHuBepcalrbHaa yHkmua. [Joxaxun-
Te, 9TO /A 10601 BEraucIuMon Gbyakmym V (m, n, T) CymecTByeT
TaKas BCIOAY ONpPENeJéHHAA BbraucamMaa pyskuusa s(m,n), 9To
V(m,n,z) = U(s(m,n),x) npu Bcex m, n u x. (Ykazauue: 06b-
eIUHUTHL M U T B Hapy.)

3.2. Boluncnumble nocnenoBaTeNsHOCTH
BbIYMCAUMBIX PYHKLMUM

Ilycrs mama mekoTOpas MOCIEIOBATEILHOCTL fo, f1,. .-
BLIMMCIUMBIX (DYHKIUE OTHOTO aprymenTta. Mol xotum npu-
OATH CMBICJA BLIPAXKEHUIO (IOCAEIOBATENLHOCTE § — f; BBI-
YUCAUMAY. DTO MOXKHO CAENATH ABYMS CIIOCOOAMU:

® MOXKHO HA3LIBATH 3Ty NOCJACLOBATENLHOCTD BBIMHC/IN-
mou, ecm GyHKnmsa F IByX apryMeHTOB, 3aJaHHAT
dopmyaon F(i,n) = f;(n), aBaaeTcs BLIYUCAUMON.

® MOXKHO HA3BIBATH 3Ty MOCIELOBATENbHOCTH BBEIMUCIU-
MOM, €CJU CYHMIECTBYET BBIMUCAMMAs TOCAETOBATENb-
HOCTB YUCET Cg,Cl,..., U KOTOPOU ¢; ABIAETCA Of-
HUM U3 HOMEPOB yHKIUU f;.

Bropoe ompegenerue (B OTIMYHE OT MEPBOTO) 3aBUCAT
OT BBIOOpa HyMepaIlnu.

Teopema 17. Eciu HyMepanus ABIACTCA BEITUCIAMOR (TO
€CTh COOTBETCTBYIOIIAA YHUBEDCATLHAA (DYHKIUA BHIUUCIA-
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Ma), TO U3 BTOPOIrO ONPEIEIeHNUd CaeayeT nepsoe. Feau my-
MepAaIus ABIACTCA K TOMY XKe TVIABHOK, TO U3 IEPBOrO ONpe-
JeJeHUsA CleLyeT BTOpoe.

(Bupegb, roBops O BBIMUCIUMOU NOCIEAOBATENBHOCTH
BBIYUCAUMBIX (DYHKIMEA, MBI OyJeM BCEr[a IIPenroJaraTh,
YTO HyMepalus ABAAETCSI IVIABHOU, TAK 9TO MOXHO HOJIB30-
BaTHCS JIOGBIM U3 IBYX ONPELENEHUN. )

< Ecin U — BeMuCINMAs YHUBEPCAIbHAA (DYHKIV,
a MOCJAEOBATEABHOCTD i +— ¢; BBIYUCAUMA, TO (PYHKIUA
F: (i,x) — fi(x) = U(c;,x) BRIMUCIIMA KaK DPE3YALTAT

TMOACTAHOBKY OMHOU BHIYUCINMON (PYHKIUU B IPYTYIO.

Hamporus, ecan pyuknma F' BEIMUCINMA, & YHUBEDCATb-
Haa yuxiua U ABIAETCA TIABHOU, TO (PYHKIIUAA-TPAHCIA-
TOP, CYIIECTBYIOMIAA TIO ONPENENSHNIO TVIABHOU YHUBED CATh-
HOM (hYHKIVM, KAK Pa3 ¥ AaéT TO § OIWH U3 HOMEPOB (PYyHK-
muu f;. >

31. IlycTes ¢dukcMpOBaHA TIABHAA yHWBEpCATbHAA (DyHKIWA
/A KIACCA BBIYACAUMBIX (DYHKIOWI OJHOTO apryMeHTa. loraa
BO3HMKAET HYMEDAIUA BBIMACIUMBIX JEUCTBUTEILHBIX THUCET B
COOTBETCTBUM C OMPEIETEHUEM Ha C. 17: HOMEPOM YUCIa (v ABJA-
ercs 1601 HOMEp M601 PYHKINY, KOTOPAA M0 PALXOHAILHOMY
€ > 0 gaér e-mpubImxeHue K q.

(a) IlokaxwuTe, 9TO CyMIECTBYET AATOPATM, KOTOPBIU IO JIO-
ObIM JABYM HOMEDAM [BYX BBIYUCIUMBIX NEUCTBATEIbHBIX TUCET
naéT (HEKOTOPBIT) HOMEDP WX CyMMBL.

(6) IlokaxkwmTe, 9TO HE CYMECTBYET AITOPUTMA, KOTODPBIA HO
m:060My HOMEpY JH000r0 BEITMCIMMOTO NEUCTBATEIHHOTO THUCIA
OTBEYAET HA BOIPOC, PABHO JIU 3TO TUCIO HYJIIO.

(8) Kax MBI Bugean B 3aga4e 14, BCAKOE BBIYUCIMMOE AEH-
CTBUTEIBHOE IUCIO MMEET BEIMUACANMOE NeCATIIHOE PA3I0XKEHUE.
ITokaxkwmTe, ITO TE€M HE MEHEE HET AITOPUTMA, KOTODPBIH IO JTI000-
My HOMEpPY JI000T0 BEITUCIAMOTO AEUCTBUTEABHOTO IMCIA DaET
HOMEp BBIMUCIMMOU (YHKIUN, 33 IAI0MEN €r0 JeCATIIHOE PA3I0-
XKEHUE.

3.3. [naBHble yHMBEpCanbHble MHOXECTBA

Ilo amamorum ¢ QYHKIUAMHU, TEPEIUCTAMOE MHOXKECT-
Bo W C N x N Ha3wIBaeTCsA 24a468HbIM YHUEEPCAALHIM NEPE-
YUCAUMBIM MHONCECTNE0M (IIIA KIACCA BCEX MEPEIMCAUMBIX
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noaMuoXecTB N), ecatu 11 06010 IPyToro NepedncanMoro
MuoxkectBa V C NxN nmanaércs Takas BCIogy onpeneéHHas
Beraucauman ¢pyukmua s: N — N, qaro

(n,z) eV < (s(n),z) e W

s Beex 1 1 x. (O9eBUAHO, 9TO U3 3TOrO CBOUCTBA CJAEIyET
YHUBEPCATLHOCTS. )

Kaxk u 11a GyHKIINN, MOXHO TIEpENTH K HyMeparmaM. Ka-
x1oe mHOKecTBO U C NXN 3agaét HyMepalnio HEKOTOPOTO
CeMEeNCTRA IOMHOKECTB HATYPATLHOTO PASA: TUCTO 7 ABJA-
eTcsa HoMepoM n-ro cedenusa U, = {z | (n,z) € U}. Ilepeun-
ciaumoe moaMmHokecTBo MHOKeCcTBA N XN 3a1aét Hy Mepatuio
HEKOTOPOT'0 CEMENCTBA IEePEYuCAUMBIX 10 IMHOXECTB HATY-
PAIBHOrO psAa; TAKUE HYMEPALUU HA3LIBAIOT 6bIYUCAUMbL-
mu. [lepeuncammoe muoxecreso W C N X N yrHupepcansHo,
€CAU U TOJBKO €CIM BCIAKOE MEePEIUCIUMOE IIOIMHOXKECTBO
HATYPAILHOIO psaja umeerT W-HOMEpP; OHO SBIAETCSA IVIAB-
HBIM TOTJa U TOJIBKO TOra, KOra Ji00as BEIYUCINMAS HY-
mepannda V (1:060ro cemMencTBa NepedncInMbIX MHOKECTB)
BBIUUCAUMO CBOAUTCA K W-HyMepauuu B TOM CMBICTE, YTO
Vi = Wy(n) A1 HEKOTOPOU BEIMUCIUMON (DYHKIMM § U 1A
BCEX 7.

Teopema 18. CymecTByeT IaBHOE YHUBEDCATLHOE TIEDE-
uncaumoe MHOKecTBO W C N X N.

<1 DTa TeopeMa ABIACTCSA OYEBUIHBIM CICICTBAEM TaKO-
IO YTBEPXK ICHUSL:

Jlemma. O6racth onpeneneHus IMABHOU YHUBEPCAIBLHOU
(DYHKIMU Ui KJIACCA BHIYUCAUMBIX (DYHKIUN OLHOIO apry-
MEHTA ABJAAETCS TVIABHBIM YHUBEPCAJbLHBIM MHOKECTBOM [Is
KJIACCa TMEPEIUCIUMBIX TOAMHOXKECTB N.

JokazareascTBo eMMEel. Ilycts U — romaBHag yHU-
BepcadbHaa QyHKIUA, a W — obJacTh e€ ompeIeneHus.
HOycte V. C N x N — mpomsBoJbHOE MEPEYNCINMOe MHO-
xecTBO. PaccMoTpuMm Burdmcaumyio ¢yukimuio G ¢ obiaa-
ctoio onpegenenusa V. Ilockonbky ¢yrkmma U sapaseTcs
TUTABHOW, HAMAETCS BCIOAY OMPEIETEHHAA BEIMUCANMAA HYHK-
mna s: N — N, gma xoropou G, = U,y npu Beex n. Torma
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paBHEI 1 obmacTu ompeferenus dymxuun Gy, u Uy, TO
ecthb V,, = Ws(n). >

32. IlocTpouTe rIaBHOE YHUBEPCAIBLHOE MHOXKECTBO HEIO-
CPEJCTBEHHO, UCIOIB3YA YHUBEPCATHHOE TOIMHOKecTBO N° (1m0
AQHAJOTUU C BBIIIE MTPUBEACHHBIM NMOCTPOCHUEM INIABHOU YHUBED-
cambHON QYHKIAN).

Kak m mas pyHKOMU, MBI TEmepb MOXKEM NOKA3BIBATD,
YTO PAa3JUYHLIM ONEPALUAM HAJT MHOXECTBAMU COOTBET-
CTBYIOT BBEIMKCIMMBIE IPe0OPA30BaHUA HOMEPOB. BoT b
OJWH [IPUMED TAKOI'O POLA:

Teopema 19. Ilycte W C N x N — ruaBHOoe yHuBep-
CaJbHOE MepeducaIuMoe MHOKeCTBO. Torga mo W-nomepam
OBYX MEPEUUCINMBIX MHOXKECTB MOXKHO AITOPUTMUYIECKY [10-
JYYATH HOMEP UX IIEPECeYeHUS: CYUIECTBYET TAKAs BBIUU-
CAVMAST BCIONY ONPENeNEHHAs PYHKIUSA IBYX apTyMEHTOB S,
9TO

Ws(m,n) =WnNW,

IVIA JIFOOBIX MBYX 1M U 7.
< Paccmorpum muoxkectBo V. C N x N, ompeneréunoe
TaK:

([m,n],z) eV oz e (W, NW,)

(31€Ch KBaJpATHBIE CKOOKU OGO3HAYAIOT HOMED MapHl) U
MPUMEHUM K HEMY ONpENeJeHUe TIABHOTO YHUBEPCAIBLHOTO
MHOXKeCTBa. >

Kax n gas pyHKIMN, TOHATHE BEIIUCAUMOCTH MOCIETO0BA-
TEIBPHOCTH IIEPEIUCANMBIX MHOXKECTB MOXKET OBITH OIperne-
JIEHO [BOSIKO: MOXHO CIUTATH BHIYUCJIUMOU IOCIEIOBATEb-
HOCTBL Vo, Vi,... CEeYeHUE NPOU3BOJBLHOTO MEPEIUCIUMOIO
MHOXkeCTBa V, a MOxHO Tpe6oBaTh, 9TOOBI II0 ¢ MOXHO OBI-
JIO AITOPUTMUYECKN YKA33aTh OAWH U3 HOMEPOB 1-I'0 <IEHA
MOCJEI0BATEILHOCTH B IVIABHOU HYMEPAIUU. DTU OIpeIeae-
HUs PABHOCWIBHEL { JOKA3ATEABCTBO IOJHOCTHIO AHAJIOTUIHO
PaCCYKACHUIO s HYHKINN).



4. CBOMCTBA FNaBHbIX HYMepaLuit

4.1. MuoxecTBa HOMepPOB

Haxuém ¢ Takoro npumepa. PaccMoTpum MHOXKECTBO HO-
MEPOB HUT[Ee He ONPENeJEHHOW (DYHKIUW 1A KAKOU-TUOO
DIaBHOU HyMmepamnuu. byaer Ju oo pasperrmumo? [pyruvu
CJIOBAMU, MOXKHO JIV 110 HOMEPY (DYHKITIYN B TVIABHOU HyMepa-
LIUY OLPENENNTh, ABIAETC JU 3Ta (DYyHKIUA HULLE HE OLpe-
IeaEHHON !

Ilpex e Yem oTBEYATH HA DTOT BOMPOC, 3aAMETHUM, YTO
OTBET HE 3ABUCUT OT TOr0, KAKAd TJIABHAS HyMEDAIUs BHI-
Opaua. B camom mese, ecin ecTh [Be pasHbIE [VIABHBIE HYMe-
panuy, TO OHM, KaK TOBOPAT, «CBOIATCAY APYL K APYLY: IO
HOMEpY (PYHKINU B OJHOU HyMEPAIMY MOXKHO aJICOPUTMUIe-
CKU TIOJLy9UTH HOMED TOU K€ (PYHKIMK B IPYTON Hy MEPALWH.
Ecar 661 B 0HON HyMEpaIlMU MOXKHO GBLIO GBI TPOBEPATH
(HUT'Ie-He-OMPeAeTEHHOCTEY (DYHKIUN, TO DTO MOXKHO OBLIO
Obl 1e1aTh U B APYrou (IPUMEHUB «pYHKIMU HEPEXOAay).

Caenyromas TeopeMa MOKA3BIBAET, YTO OTBET HA UCXO[-
HBIA BOIPOC OyIeT OTPULATEILHBIM.

Teopema 20. [lyctes U — npou3BOIBHAS TVIABHAS YHUBED-
caabHasg pyHkiua. Tormga MHOXKECTBO TEX 71, TPU KOTOPBIX
dyuxiua U, ABASETCA HUTE HE ONPENEIEHHON, HEPA3P eI~
MO.

< UcnoabayeM MeTOl, HA3BIBAEMBIA «CBEIEHUEM) — II0-
KaXKeM, YTO eCJaU OBl DTO MHOXKECTBO OBLIO PA3PENIUMBIM, TO
1 BOOOIIE JI000e MepPeInCauMOe MHOXKECTBO OBLTO ObI paspe-
mmmeM. (AT0, Kak MBI 3HAEM, HEBEPHO. )

IIycte K — mpoOuM3BOMBHOE MEPETUCINMOE HEPa3peIy-
MO€ MHOXKECTBO. PaccMOTpuM TaKyi BHEIMUCIAMYO (QYHK-
nuio V IByX apryMeHTOB:

0,ecmmn € K,
V(na Z') =
He onpegeneHo, ecau 1 ¢ K.
Kak Bugno, BTOpOU apryMedT 3TOU (PYHKIUM (PUKTUBEH,
U OHA TO CYIIECTBY COBMAMAET C MOIYXAPAKTEPUCTUICCKOU
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dbyuximmen muox)ecTBa K 0T eproro aprymenTta. QuesugHo,
2Ta PYHKIUA UMEET CeUeHusa ABYX TUNOB: mpu n € K cede-
Hye V), ABISeTCA HyJeBON QyHKIuen, npu n ¢ K — Hurge
He OIpeeaéHHON (PYHKIIAEN.

Tax xax Qyuknusa U ABIACTCA TVIABHOUN, CYIIECTBYET BHI-
YUCAUMASA BCIOAY OMpPENeNéHHAs (DYHKIUA S, MJIA KOTOPOU
V(n,z) = U(s(n),z) npuscex nu z, T.e. V;, = Uy(y). IloaTo-
My upu n € K suadenue s(n) apasercs U-HoMepoM HyseBon
dyuxnuu, a npu n ¢ K snadenue s(n) asasercsa U-nomepom
HuTAe He onpefenéunon dpyuknum. [losToMy ecan GBI MHO-
*KeCcTBO UU-HOMEPOB HUT/e He OMPEeIeIeHHON (DYHKIIUU Da3-
pemanoch ObI HEKOTOPBIM AITOPUTMOM, TO MBI OBl MOIVIZ
IPUMEHUTDL 5TOT aArOpUTM K §(N) U y3HATH, IPUHALIEKAT
au qucao n MuHOXKecTBy K mam mer. Takmm obpaszom, MHO-
KeCcTBO K OBLIO OB PA3PEIIMMEBIM B TTPOTUBOPEYIUN C HAIITUM
npeanoaoXKeHneM. >

B wacTHOCTH, MBI MOXEM 3aK/IIOYUTHL, 9TO HUTAE HE
onpenenéHHaA (PYHKIINA UMeeT GECKOHETHO MHOTO HOMEPOB
B JIO60U TVIABHOU HyMeparuu (MOCKONBKY JI060€ KOHETHOE
MHOXKECTBO Da3PEIINMO).

Kpome Toro, MOXKHO 3aMETHTh, ITO MHOKECTBO HOMEPOB
HUT/Ie HE ONpeneJéHHON (PYHKIINU HE TOJIBKO He P3P eImMOo,
HO ¥ HE TEPEIMCauMO. B camMoM mese, ero MONOJHEHne —
MHOXKECTBO BCEX HOMEPOB BCEX (DYHKIMU C HEImycTou o6Ja-
CTBIO OLPEIeIeHUs] — HepedncauMo. (DTo BEPHO A JOOOU
BEIYUCAUMOU HYMEPAIUNU, a He TOALKO A TVIABHOU: mapa-
JAeabHO Bhramcaaa U(n,x) A1a BCEX N W &, MBI MOXKEM Ie-
YaTaTh T€ 7, I/ KOTOPHIX OOHAPYKUWIOCH &, TPU KOTOPOM
U(n,z) oupenenerno.) A ecau NONOJHEHWE HEPA3PEIIUMOIO
MHOXKECTBA TIEPEINCAUMO, TO CAMO MHOXKECTBO HEIIEPEYH-
cammo (mo Teopeme Iocra, c. 14).

CupasepauBo u 6Gosee 00IIee yTBEPIK ICHIE, HA3BIBAEMOE
uHOrZa TeopeMon Ycmenckoro—Pauca. O6o3nadmM kiacce
BCEX BBIYUCIAMEIX (GPYHKIUU (OTHOTNO apryMenTa) depes F.

Teopema 21. Ilycte A C F — mpoOU3BOALHOE HETPUBHU-
AJIBHOE CBOUCTBO BEIYUCAUMBIX QYHKIUN (HETPUBUAILHOCTD
O3HAYAET, UTO €CTh KaK (PYHKINU, MY YIOBICTBOPIOIINE,
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Tak u QYHKIUNA, eMy He yIOBICTBOPSIOIIME, TO €CTh ITO
MHOXECTBO A HemycTo u He coBmagaer co Beem F). Ilycts
U — rmaBuas yHuBepcaabHas GyHKIUA. Torga He CyIecTBy-
eT aaropuTMa, KOTOPLIM 10 U-HOMEpY BLIYUCAUMOU (DYHK-
uu npoeepsi Obl, oG1agaeT au ona ceoucreoM A. Ipyrumu
caosamu, muoxectso {n | U, € A} mepazpemumo.

< IMocMoTpUM, TPUHAMIEKUT JU HUTE HE OTIPEeIeNEHHAL
dyuxnus (o6o3uauum eé () kaaccy A, 1 BO3bMEM IIPOU3BOIL-
HyIo dyukuuio £ «¢ gpyrou cropousn (ecau ( € A, ro € ¢ A
u HA060pOT).

[lanee memcTByeM Kak paHbIle, HO TOJBKO BMECTO HYJe-
BOU PYHKIIUY BO3bMEM (DYHKIMIO &: MOMOKUM

Vin.z) &(z), ecun € K,
n,T) =
He onpezeneHo, ecau n ¢ K.

Kak u pasbme, Gyuxmua V Oyger BeraucanMon (Iid mgaH-
HBIX 7 ¥ & MBI OXKUJAEM TOABJIEHUA 1 B MHOXKECTBe K, mocie
wero seraucageM £(z)). llpu n € K pyuxuwms V), coBmajgaet
c & mpun ¢ K — ¢ (. Takum 06pa3oM, IpoBepsis CBOU-
ctBo V,, € A (ecan Ger 5TO MOXKHO OBLIO CHEJIATH BOIPEKU
YTBEDKACHUIO TEOPEMBL), MOXKHO OBLIO Obl y3HATD, IPUHAL-
JEXKUT JU IUCI0 N MHOXKecTBY K winm wer. >

HexoTOpbIM HENOCTATKOM DTOTO NOKA3ATENLCTBA, ABJIA-
ercsi ero HeCUMMETPUYHOCTL (C OQHOU CTOPOHEL 0T A Mbl
OepéM HUrge He ONpemeJCHHYIO (PYHKIMIO, C APYIOU CTOPO-
HBI — J100y10). BoT Gosee cuMMeTpUIHEIN BapuaHT. [loka-
KEM, ITO e€CIN CBOUCTBO A MOXKHO pacmosHaBaTh mo U-Ho-
MepaM, TO JIOOBIE [TBA HEMePEeCEKAOIINXCA IePEeTUCIUMBIX
MHOKECTBA P m () OTHeIMMbL Pa3spemmMBIM MHOXKECTBOM.
Bribepem xaxme-uubyns nse pyHKIuEM & ¥ 1), HAXOAAIMECT
«110 pasusie cTOpoHed oT A. Paccmorpum dyuxmmio

&(z), ecu n € P,
Vin,z) = ¢ n(x), ecim n € Q,
He ompeieneHo, eci n ¢ P U Q.



38 Csoticmea 24a68HbIT HYMEPAUUL [ra. 4]

OTa QYHKIUA BEMMUCAUMA: I 3AMTAHHBIX 72 U T OXKUIAEM,
MOKa 1 MOABUTCA 060 B P, 60 B (), TOCe Uero 3anyckaeMm
BBIYUCJEHUE COOTBETCTBEHHO &(1) win n(x).

Ecmt n € P, To V, coBnagaer ¢ &; eciu n € (), TO
V,, coBnazaer c 7. llosToMmy, mpoBepsis, IPUHALIEKUT Ju V,
xaaccy A, Mbl Morn 661 pazpemumMo otgeants P ot Q. To-
JydaeM NPOTUBOpetne, KOTOPOe M 3aBepiiaeT dTOT Oojee
CUMMETPUYHLIN BAPUAHT [OKA3ATEIbCTBA.

Bropol BapuaHT n0Ka3aTeIbCTBA HOKA3LIBAET, ITO BEp-
HO CJIEAVIOIIEe YCUICHUE DTOU TeOPEMBL: [IJis JIOOBIX Pa3/Ird-
HBIX BBEIYUCIAMBIX (DYHKIUU © U %) U JOO0U TVIABHOU YHU-
BepcambHOn pyuknun U MHOXKECTBA BCex U-HOMEPOB (PyHK-
uu @ U QYHKIAU ) HE OTACIUMEBI PA3PEIIMMBIM MHOXKE-
cTBOM. (3aMeTuM, YTO HTU MHOXKECTBA HE NEDPEUUCAUMBL,
KAaK Mbl BIOCJIEICTBUK YBUIUAM.)

Termepn JerK0 YKa3aTh TPUMED BHUUCIUMON YHUBED CATh-
HOU (HYHKINU, HE ABJIAIOIIEUCA TuaBHOU. /locTaTowuHo cie-
JAaTh TaK, YTOOBl HUCOE HE OMpPeIeJeHHAs (YHKIUASI MMe-
JIa, @ IUHCTBEHHBIN HOMep. DT0 HecioxHo. llycrs U(n, ) —
[IPOM3BOJbHAA BLIYUCAUMASA yHUBepcaibHas pynkuus. Pac-
cmoTpuM MEOXkecTBO D Becex U-HOMEPOB Beex HyHKIUN ¢ He-
MyCTON 06JACTHIO ompeaeteHusa. Kax Mbl yke TOBOPWIN, DTO
MHOX€CTBO TIEepPeIncaInMo. PaccMOTpuM BCIOAY OIpe/eaeH-
HYI0 BBEIMUCAUMYIO (PYHKIUIO d, €ro mepeducyaonyo: D =
= {d(0),d(1),...}. Teneps paccmorpum dyukuuio V(i,z),
st koropou V(0,z) He ounpeseseHO HU LpU KAKOM I, &
V(i + 1,z) = U(d(i),z). [pyrumn croBamu, GyHKIuL Vp
HUTJIC HE ompefetena, a ¢ynxkoua Vipq cosnamaet ¢ Ug.
Jlerko moHATH, 9TO QYHKIUA V BBIYUCINMA; OHA YHUBED-
CAJIBHA TI0 TOCTPOEHUIO, U €JUHCTBEHHBIM V -HOMEPOM HUTIe
HE ONpeNeJéHHON (pYHKIMY ABAACTCSA 9ucio 0.

Ha camom fene cyuiecTByoT n 6071€€e DK30THIECKUE HY-
Mepanuu: Kax nokazaa Ppuabepr, MOXKHO MOCTPOUTEL YHU-
BEPCATBHYI) BBIYUCIUMYIO (DYHKIWIO, IS KOTOPOU KaXKIasd
BeraucauMas QyHKIUS OyJAeT MMETb POBHO OJWH HOMED.
CoOTBEeTCTBYIOIIME HYMEPALUWHA HA3BLIBAIOT 00HOZHAUHBIMU;
OYEBHUTHO, OHU HE MOT'YT OBITH TVIABHBIMU. 3abaBHAS mepe-
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(bopMyIMpOBKa: MOXKHO paspaboTATh TAKON ABLIK MPOTPAM-
MUPOBAHUA, B KOTOPOM KaXK Y0 TPOTPAMMHUCTCKYIO 3414y
MOXKHO DEIIUThL eIUHCTBeHHBEIM 06pasoM. (/lokazaTeabcTBO
STOU TEOPEMEL TPYLHO U HE MPUBOIUTCA, HA PyCCKOM A3BIKE
oHO ecth B KHmkKe A.W. Maabuesa «AaropuT™mer u pexyp-
cuBHble QyHKiuuy [5].) AHATOIrUYHOE yTBEDK JCHUE BEPHO U
[JIST HyMEPAITIY TIepEIUCINMBIX MHOKECTE.

4.2. HoBble HOMepa cTapbix yHKUMI

Teopema Ycnenckoro—Paiica nokaspiBaeT, 9TO B IVIAB-
HOM HYMEpalWd MHOXECTBO HOMEDPOB JIO0OU KOHKDPETHOU
byHKIIIU HepaspermmMo u noToMy 6eckoHedHo. Cendac Ml
JoKaxkeM 6osiee CHILHBLIA (PAKT: 110 HOMEPY 000K (PYHKINN
B TVIABHOM HYMEPALKMU MOXKHO AITOPUTMUYECKU MOJLYYATH
CKOJIBKO YTONHO OPYTUX HOMEPOB TOU ke (yHkuuu. Pop-
MaJBLHO 3TO MOXKHO BHIPA3UTh, HATTPUMED, TaK:

Teopema 22. Ilycts U — ruaBHas yHuUBepcaabHas (PyHK-
nua. Torga cymiecTByeT BCIOLY OnpeneaéHHAs (PYHKUUIL ¢
IBYX apryMEHTOB C TAKUM CBOUCTBOM: /s JIOOOrO i “u-
caa ¢(i,0),9(i,1),... sapusmorcs pasmuanbivu U-HOMepamu
dyukmun U;.

< Il1am TakoB: MBI MOCTPOUM JPYTYIO CUCTEMY MPOTDAM-
MUPOBAHUsA, B KOTOPOU 3aganHasa pyukuusa U; nmeeTr Gecko-
HEYHO MHOT'O IIPOI'PAMM. 3aTeM, IOAb3YACh TeM, YTO (PYHK-
s U — rnaBHAasA, Gy A€M «TPAHCIAPOBATEY 3TU IPOrPAMMBL
u noaydathk U-HOoMepa wmHTepecyoern Hac qyskmum. Ko-
HEYHO, HYKHBI CIEIIATLHBEIE XATPOCTH, ITOOB DapaHTUPO-
BaTh, ITO MOJYUUTCSA GECKOHEYHO MHOT'O Da3HBIX HOMEDOB:
BOOGINE TOBOPS, PA3HBIE MPOrPAMMEI TOCJAE TPAHC/IAIIA MO-
ryT caurbea. (Hanpumep, eciu B mamen cucreme nporpam-
MEPOBAHUA PA3PEIIeHBl KOMMEHTAPUK, TO HUIErO HE CTOUT
HAUTU CKOJBKO YTOJHO PA3IUYIHBIX MPOTPAMM [ OJHOU U
Tou *)e (PyHKIUYU, N0GABIAA PA3HbE KOMMEHTAPUHA K TIPO-
rpaMMe — HO eCIM TPAHCHATOpP HAYUMHAET CBOKO paboTy C
yAANEHIs KOMMEHTAPUEB, TO HUYEr0 XOPOLIEro He BEILAET. )

Bor xak peanusyeTcs ONMCAHHLIM Bhine IaH. IlycTob
h — npoumssonbHas dyukImA. [lokakeMm, 9TO CyIIECTByeT
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ANTOPUTM, OTHLICKUBAIOIINN OECKOHETHO MHOTO Pa3IMIHBIX
U-nomepos ¢yukimny h. (B Teopeme yTBepKAALTCA, 9TO 3TO
MOXKHO CIeJATh HE TOJbKO A KOHKPETHOU (PYHKIIUU f, HO
u ns Beex pyuxuuu U;, KaKk DOBOPAT, «PABHOMEDHO IO 4,
HO BPEMEHHO 3a0ygeM 1IpO 3TO0.)

Ilycte P — mepevdncamMoe HEpPa3permmMmoe MHOXKECTBO.
PaccmoTpum Beramcanmyio dbyHKITNO

Vin,z) h(z), ecoun € P,
n,x) =
’ He OIpejieneHo, ecau n ¢ P.

Cpenu pyskuuu V;, BeTpedaroTcs Bcero ase: ecau n € P,
10V, = h; ecrm n ¢ P, 70 V,, — Hurje He OMpeenéHHAL
pyHKIUA, KOTOPYIO MBI 0003HauuM dwepe3 (. Bymem moka
caurarhb, 910 h # { (npu h = ( »Ta KOHCTpYKIus He pabo-
TaeT u HaM noTpebyercsa dyTh Oolee CIOKHAs).

Tak xax U — ruaBHas yHuBepCaabHasA (DYHKIWA, TO Cy-
IIIECTBYET TPAHCIATOP S, meperoaamuu V-uomepa B U-Ho-
Mepa. [Ipu sTom

eneP=Uyyy=Vo=M
o n%P#US(n):Vn:C.

Takum o6pasom, ecau p(0),p(1),... — BoHUUCAUMOE TIE-
peunciaerve MEOXecTBa P, To Bee uncia s(p(0)), s(p(1)), ...
6yayTt U-nomepamu dyukiuu hi. Ilokaxem, 9410 cpeau sTux
quces GeCKOHEYHO MHOI'O PA3IMYHBIX (K IOTOMY MOXKHO BEL-
YUCIATH UX OJHO 33 APYTUM, NOKA He OOHADYKUTCSA HOBHIN,
elé He UCMOMb30BAHHEIN, HOMED QYHKUMHA f).

IIycte 510 He Tak, u muokectBo X = {s(n) | n € P}
koreuno. Torga X paspeumnmo. Eciu n € P, 1o s(n) € X
1o nocrpoenuto; eciu n ¢ P, o s(n) — HoMep ynkuuu
U TIOTOMY HE MOXKET MpUHALICKATH X (HAmOMHUM, 9TO h #
# (). Crnenoarenvuo, n € P pasmocunwuo $(n) € X, n
IOTOMY U3 pa3pemmMocT X ClIeIyeT pa3pemnMocTs P, 1To
IPOTUBOPEIUT IIPEATON0KEHHIO.

ODTO pacCyXIeHMe, ONHAKO, He IPOXOAWT, €Caum (PyHK-
s h HUrge He ompegenena. Xors uucaa s(p(0)), s(p(1)), ...
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mo-TipexkHeMy OyIyT HOMepamu h, HUYTO He TapaHTUPYeT
HAM, YTO CPEU HUX OECKOHEYHO MHOI'O PA3IUYHBIX. B pTOM
CIy4Yae MOCTYIUM YyTh XUTPEe W PACCMOTPHUM IOV BHI-
YUCAUMYIO PYHKIMIO &, OTIUYHY0 OT ( (HAampuMmep, TOXje-
CTBEHHO HyJeByI0). PaccMorpum aBa mepeducauMbix HEOT-
DEJUMBIX MHOXKeCTBA P 1 () ¥ BEIYUCIUMYIO (YHKIWIO

h(z), eciu n € P,
Vin,z) =< &(x), eciu n € Q,
He OTpeienieHo, eci n ¢ P U Q).

IMycTh s — TpancasaTop, nepesoasimuu V-aomepa B U-nome-
pa. Torma

e n€P=Uy=h
o nEQ:US(n):fa
en¢g PUQ = Uy =C.

Kak u panbme, aucaa s(p(0)), s(p(1)), ... GyayT HOMEpaA-
vu Qyuxuuu h. Ilokaxem, aro eciu h # £, TO MHOXeECT-
Bo X Takux uuces Hepaspemmmo (1 noToMy GECKOHEYHO).
B camom geme, ecim X paspemmMoO, TO MBI MOXKEM OTIe-
auTh P oT () pa3zpernmmMbeIM MHOKECTBOM. IMEHHO, MHOKECT-
Bo {n | s(n) € X} cogepxur P (10 mocTpoeHuio) u He Ime-
pecekaerca ¢  (mockoabky upu n € @ uuciao s(n) Gyger
HOMepOM (pyHKUuM U HOTOMY He MOKeT Jexkarb B X ).

TaxuMm 06pa3zoM, y HAC €CTh [BE KOHCTPYKIIUN, TTO3BOJA-
IOIYE TIONYYaTh APYTue HoMepa 3aganuon dpyukimu h. [lep-
Basl M3 HUX 3aBENOMO FOAUTCA (€T GECKOHEIHO MHOT'O HO-
BBIX HOMEDOB), eciy h XOTsa Obl [1e-TO OLPeeNeHa; BTopas
3aBEIOMO IEHCTByeT M Hurie He onpenenéunoun h. Ilycrs
HaM Temephb AaHa (GpYHKIUA h U 3apaHee He W3BECTHO, ABJA-
eTCA AW OHA HUT/E HE OMPENeTEHHON Wiau HeT. UTo Torga?
Torga MOXHO TPUMEHATH TAPALIETHEHO 00€ KOHCTPYKIUH,
[IOKA, OJHA U3 HUX HE aCT HaM TPeOyeMbLIU HOBLIM HOMED —
MEI 3HAEM, 9TO 10 KPAaHEeN Mepe OAHA U3 KOHCTPYKLIUK 00s-
3aHa CPabOTATH, XOTA U HE 3HAEM, KAKasd.
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DTO TIO3BOJIAET HAM TIPOBECTU PACCY K ACHUE PABHOMEPHO
mo 4. PopMaTBEHO TOBOPSA, HAMO JAEUCTBOBATHL TakK. PaccMmo-
TPUM B BHIYUCAUMEIE QyHKIUHU Vi u Vo ABYX apryMeHTOB,
OIIPENENEHHLIE COOTHOIEHUAMEI
. U(i,z), eciu n € P,

Vl([% n]7 JI) =
He ompejeneHo, ecan n ¢ P,
U(i,z), eciun € P,
Va([i,n],z) =< 0, ecim n € Q,

He ompejieneHo, ecam n ¢ P UQ

(P u () — (pUKCUPOBAHHBIE IEPEUUCIUMBIE HEOTIEIUMBIE
MHOXeCTBa, [u,v] — HoMep napel (u,v) B PUKCUPOBAHHOU
BblMuCaUMON HyMmepauuy 1ap). Ilockoasky U — ruasnas

YHUBEPCATLHAA QYHKITASA, MOXKHO HAUTY TAKAEC BLITUCTIMBIC
BCIOAY ONpefenéHHble QYHKINU $1 U Sz, 4T0 Vi([i,n],z) =
= U(Sl ([7’7 n])u :L’) u VQ([iv TL], x) = U(SZ([Za n])a .’IJ) Hycre p —
BCIOLy OIpeneIéHHasA (PYHKINA OTHOTO apryMEHTa, M KO-
topou P = {p(0),p(1),...}. Uckomyo QyHKOMIO § MOXKHO
onpeneauts Tak: ¢(i, k) ects k-oe (6€3 yuéra mOBTOpeHUN)
TUCAO B TOCTEIOBATEIBLHOCTT

s1([¢,p(0)]), s2([i, p(0))) 1 ([¢, p(1)]),
s2([i, (D)), s1([6, p(2)]); s2([1, p(2)]), - .. >

4.3. N3omophn3m rnaeHbIX HyMepauuit

JlokazaHHOE TOIBKO 9TO yTBEPKAEHUE O MOy IeHUN HO-
BEIX HOMEPOB UCMOJb3YETCA MPU JOKAZATEILCTBA TEOPEMBI
Ponxepca 06 mzoMopdusme MIABHHIX (ME16TeBBIX) HyMepa-
muu. Bor eé hopmynuposka:

Teopema 23. Ilycte Uy u Us — ngBe ruiaBHBbIE YHUBEDCAIb-
HbIE (DYHKIMM 0014 KIACCA BEMNMUCAMMBIX (PYHKIMHA OJHOIO
aprymenTa. Torga CymIeCTBYIOT ABE BCIOIY ONPENEIEHHBIE
B3AVMHO OOPATHHIEC BHEIYUCIUMBIE (DYHKIIUU S13 U S91, A
KOTOPBIX

Ui(n,z) = Us(s1a(n),z) u Usx(n,z) = Ui(sa1(n),x)
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Ipu JTIOOBIX 1 1 Z.

DTa TeopeMa MOKa3bIBAET, YTO TPAHCIATOPHI, CBO/IAIINE
OJIHY TVIABHYI0 HYMEDAIWI0 K IPYTOU U HAOOOPOT, MOKHO
BHIOPATH B3aUMHO OOPATHBIME, TAK 4TO JIOOBIE IBE IVIABHLIE
HyMepalyuy OTINIAI0TCS JUIIh BEIYACIAMON IEPECTAHOBKOU
HOMepPOB. (3amMeTum, YTO yTBEPKICHUE NPEALLAYLIEH Teo-
peMEl 22 ABAAETCA CIAEACTBUEM TeopeMbl 00 m3oMopduaMe
DIABHBIX HyMepaiui. B caMoM fene, IS HEKOTOPBIX TJIaB-
HEIX HyMepaluyd — HaIpuMep, A1 HyMepalul, II0JIy9aro-
[IIXCS U3 I3BIKOB MPOrPAMMUPOBAHUA, — €CTh CIOCOOLI O~
Jyd9aTh CKOJBKO yT'OAHO HOBBIX HOMEDPOB TOU K€ (PyHKIUH,
MO2TOMY B CIIY U30MOP(PU3IMA TAKOU CIOCO0 €CTh U JJIA JH0-
GOU APYTOU TVIABHOU HYMEDAIIUH. )

< Mubr OygeM mencTBOBATH NMPUMEPHO TAK Ke, KAK U
[IpHU NOKA3aTEAbCTBE U30MOPPUIMA CIETHBIX MIOTHBIX BCIO-
oY YOOPSAJOYEHHBIX MHOXECTB Ge3 HePBOrO U MOCAEJHETO
aneMeHTOB. [locTpoeHre NCKOMBIX GUEKIIN MPOUCXOTUT 10
maram. Ha k-M mare CTpOUTCA HEKOTOPOE B3AUMHO OHO-
3HAYHOE COOTBETCTBUE

ap <> by,az < ba, ... ap < by

MEXAY ABYMS KOHEYHBIMU K-DIEMEHTHBIMU TOIMHOXKECTBA-
MM HATYpaJabHOro psaga. [Ipm >ToM mis Kaxaoro i ducia a;
u b; ABJIAIOTCA HOMEpPAMMU ONHOU M TOU K€ (PYHKIUY, TOJb-
KO B pasublx HyMmepauuax (a; — orHocureanuo Uy, a b; —
OTHOCHTENBHO Uy).

Ha xaxaom 1mare mocTpoeHus MBI 100aBIgEM HOBYIO TMa-
Py aj <> by ¢ cOXpaHeHWeM yKa3aHHOTO CBOUCTBA. [Ipu s3ToM
MOCTEMEHHO ¢ O0EUX CTOPOH MBI BKIIOYUM BCE HATYPAJIbHBIE
qucaa. TeM caMbIM MBI IOMYYUM HCKOMOE B3AaWMHO OTHO-
3HAYHOE COOTBETCTBUE, X OHO Oy €T BEITUCAUMBIM, PA3 HAIIA,
KOHCTPYKITUA BEIYUACINMA.

Wrak, xak mer gobasiasem HoByio napy?! Ha 4érHbix ma-
rax Mbl 0epéM HAMMEHBIIEE HATYPAIbHOE UMCIO U, HE BXO-
[sI1ee B JEBYIO CTOPOHY COOTBETCTBUS (HE BCTPEUAIOIIeecs
cpeau a;). Ono sBasercsa U1-HOMEPOM HEKOTOPOU (DyHKIUK.
Hockonpky mymeparusa U, rIaBHAsS, MBI MOXEM TMOJIYYUTH
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HekoTophin Us-HOMep Ton xke dpyukimu. OG03HATUM ero v.
Ecau v He BCcTpevaeTcsa cpeu b;, 1e0 caeqano: Mel 10OaBI-
€M TIapy U < v K HaIlleMy COOTBeTCTBHUI. Ecau BcTpedaeTcs,
MBI TIOJAB3yeMcs TeopeMon 22 u noiay4uaem apyrue Us-HoMepa
TOU XKe (PYHKIUHU A0 TEX [OP, HOKA CPEIU HUX HE OKAKETCsA
HOBOI'O, €IIIé He BCTPEYaBLIErocsa cpeau b;.

Ha meuéTHBIX marax MBI IeMCTBYEM aHAJOTMYHBIM 00pa-
30M, HO HAUWMHAEM C HAMMEHBIIErO MHCJIa, HE BCTPEYAIONIe-
rocsa cpeau b;. >

3aMedanue s OPOrpPAMMUCTOB (KOTOpPOE He CJelyeT
BOCIPUHUMATEL CEPHE3HO): LOCKOJIBKY, CKAXKEM, [AaCKAlb U
CV MOXHO CUMTATL TVIABHBIMU HYMEpPAIMAMU, TO TO MOKA-
3aHHOW TEOpeMe CYIIEeCTBYIOT HE TMPOCTO TPAHCIATOPHL U3
NACKaIA B CU ¥ HA060POT, a B3auMHO obpaTHee. (Bupouem,
OCHOBHASI 9aCTh JOKA3aTEIbCTBA IPU DTOM HE UCIOAL3YeT-
Cs, IOCKOMBKY B IIACKAJe W CH B IPOrPDAMMY MOXKHO x06a-
BIATH KOMMEHTAPUN, TIONYIasI CKOTHKO YT'OTHO DKBUBAJIECHT-
HEBEIX TIPOTPAMM. )

AmanoruvyHas TeopeMa BEpHA M JJA TVIABHBIX HyMepa-
IUU MEePEINCIUMBIX MHOKECTB: JIOObIE [IBE TaKue HyMepa-
uy ©30MOPMHEL (OTIUIAIOTCS BEIYUCIUMOU ePeCTaHOBKOU
HoMepoB). [okasareibCTBO TakkKe NPOBOLUTCH AHAJLOIMY-
HO; CHAYATA HYXKHO TIOKA3aTh, IYTO B TVIABHOU HYMEDAaIUN O
AI000MY HOMEPY MOXKHO aITOPUTMUIECKHN TIOJYIUTh CKOTHKO
YTOJHO HOMEPOB TOro ke MHOxkecTBa. IIpu sToMm npumens-
I0TCA ABa croco6a — OOWH FOAUTCA A BCEX MHOXKECTB,
KpOMe IIyCTOrO, APYTOU [Jist MyCTOrO.

33. [IpoBeguTe 5TO paccyxk geHue MOAPOOHO.

4 4. Tepeuncaumbie CBONCTBA PYHKLMUN

Mer yxe Bugenu (reopema 21), 4ro Hukakue (HeTPUBU-
ATbHBIE) CBOUCTBA (DYHKIWMA HE ABJIAKTCA Pa3PEIIMBIMHE.
Ho HEKOTOpbIE ABIAITCA TEPEIACIAMBEIMU (B TOM CMBICTE,
YTO MHOXECTBO BCEX HOMEPOB BCEX (DYHKIMU, 0618, TAFOIIX
STUM CBOUCTBOM, mepeducauMo). Hampumep, TakoBo cBou-
CTBO (PYHKUMU «OLITH IAe-TO ONPENeJEHHOUY (CM. BBILE).
lpyroun npumep: ceoucTro «f(19) onpegenero u pasao 98».
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NmeeTca MOBOJIBHO MPOCTOE OMUCAHWE BCEX MEPEIUCTU-
MBIX CBOUCTB. UTOOBI €ro cdhopMympoBaTh, HaM TOTpely-
FOTCSA HEKOTOPHIE OTPEICTCHI.

Bynem nHaswiBaTh 00pa3yom GYHKIUIO C HATYPATLHBIMA
APryMEHTAMY U 3HAYEHUAMHU, UMEIONTYI0 KOHEIHYIO 00IaCTh
onpenenenusa. [IpyruMu caoBaMu, o6pa3er] ecTh KOHEIHBIN
CTIMCOK Tap (apT'yMeHT, 3HaueHne) (B KOTOPOM BCE apTyMeH-
el pazanysl). O6pasel MOXKHO PACCMATPUBATL KAK KOH-
CTPYKTHUBHBIE OOBLEKTHL (KOAMPOBATH IBOMYHBIMU CIOBAMHE,
HATYPAILHLBIMYA YUCJAAME U T.1.). DTO HO3BOAIET I'OBOPUTH
0 Pa3pemmMOM MHOXKECTBE O0pPa3UOB, IEPEIMCIAUMOM MHO-
JKecTBe 00pas3moB U T. II.

Kaxnomy o6pasity ¢ COOTBETCTBYET CBOMCTBO (DYHKIIAL
«IPOJOIKATE DTOT O6pasely, To ecTb MuOkecTBO ['(¢) Beex
(BBIMMCAMMBIX ) (DYHKIME, KOTOPBIE ABJAIOTCA IIPOLO/IKEHU-
amu t. (3ameTuMm B cKOOKaX, 4T0 MHOXecTBa ['(t) 06pasy-
0T 6a3y TOMOJIOTWH HA MHOXKECTBE BCEX BEITUCIAUMBIX (DyHK-
mui.) Jlerko mpoBepuTb, UTO MIA JO60r0 ¢ U A JHO0n
BEIMMCIAMON HyMepanmu U MHOXECTBO BCEX HOMEDPOB BCEX
dyuxuun w3 I'(t) nepeauciaumo. B camom gese, nago napaa-
JIEABHO BBIMUC/ATE 3Hadenus Uy, (T) 4/ BCeX N U &; KaK TOJb-
KO HAKOILICHHBIE JAHHEBIE O3BOJIAIT YTBEPK IATh, 9T0 Uy, €
€ I'(t), mago nevarare n. (Ecm U, € T'(t), To 970 06HADY-
KUTCA HA KOHETHOM INATE, TaK KAK O0JaCTh ONpeNeJeHUs
o6pasua { KOHedHA.)

Ilycte T — mpouw3BONBHOE MHOXKECTBO OOpasmoB. e-
pe3 ['(T) 0603HAIMM MHOXKECTBO BCEX BHIYUCIUMBIX (DYHK-
U, KOTOPHIE MPOAOIKAIOT XOTA Obl 0uH 06pasen u3 T, To
ecTb o0beannenue MHOKecTB I'(t) no Bcem ¢t € T. Teneps
MBI MOXKEM CHOPMYIUPOBATL OGEIAHHLIN PE3YIbLTAT:

Teopema 24. (a) Ilycrs T — upou3BosbHOE HEPEIUCLI-
MO€ MHOXKECTBO 00pastoB, a U — BEMUCIUMAA YHUBEPCATL-
Haa QYHKIUA 1A KIACCA BEITUCIAMBIX (DYHKIUH OTHOTO ap-
rymenTa. Torga MaOXKeCTBO Beex U-HOMEpPOB BCEX (DYHKITUN
u3 I'(T) nepeunciunmo. (6) Ilycts U — ruapHas yHEBEpCaIb-
Hag QyHKOus (I8 KIaCCa BBIYUCAMMBIX (YHKIUN OLHOIO
aprymenTa). IIycts § — HEKOTOpPOE MOAMHOXECTBO 3TOTO
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kaacca. Ecim muoxkectso {n | U, € G} Bcex U-HOMEpOB
BCex QyHKIMEA U3 Kiaacca § nepedncanmo, 1o G = D(T) naa
HEKOTOPOT'O TIEPEIUCIUMOTO MHOKECTBa 00pasios 1 .

Hanpumep, ynmOMUHABIIMEACA BBIIE KJIACC TAE-TO ONpe-
DEeMEHHBIX (PYHKIMEA COOTBETCTBYET MHOXKECTBY BCEX HEILy-
CTHIX 00pAasIoB (a TaKke, CKaXKeM, MHOXKECTBY BCEX 06pa3-
OB ¢ OJHORJIEMEHTHON OOJACTHIO OTPEICTCHNA ).

< Yactb (a) yTBepKICHUA NOKA3BIBACTCA JET'KO: HAIO
Hapa/uelbHO BBIMUCIATE Bee 3Hadenus U(n,x) um nepeun-
CJIATH BCe 00pa3nnl 13 1'; KaK TOABKO OOHAPYKUBALTCA, ITO
Kakas-TO w3 Qpynkuuu U, ABIACTCA TPOJOIKEHHEM KAKO-
To-TO obpasna u3 T, crenyeT medaTaTnb n.

CoepKaTeIBHON ABIACTCA 9acTh (6), Ie MBI UCTIOIb3Y-
eM TOT (aKT, ITO HyMepaIma ABIAETCA MIaBHOUW. Ham mo-
HaI00ATCSA IBE JIEMMBEL.

Jlemma 1. Ecuau Beraucanmas dyuknus h ABiseTcs mpo-
JOKEHNEM BBIYUCIAMON (DYHKITUY ¢, TPUHA ITEKAIIEN KIAC-
¢y G, To u pyHKuMa h npuHAMIEKUT Kiaaccy G.

Jlemma 2. Ecin Beramcanmas GYHKOUS ¢ IPUHAIICKUT
ki1accy G, To cymecrByeT QyHKIUA h C KOHEIHOU O0JACTLIO
oupepnenenus (o6pazen), IpUHALIEKAILAL Kaaccy G, nposo-
KEHUEM KOTOPOU § ABIACTCA.

(3amevanne B ckoOKax. B COBOKYMHOCTH 5T 1BE JEMMBbI
YTBEPKIAIOT, ITO JIOO0E MepeIuC.InMOe CBOUCTBO § ABIA-
eTCsl OTKPBITEIM B OIIMCAHHOU BBILIE TOLOJOIMH. )

TlokaxkeMm, KaK W3 THX JEMM BBITEKAET TPeOyeMoe yT-
BEDXKIEHME. 3aMETUM, YTO MHOXKeCTBO 1 Bcex 00pasIos,
TMPUHAAICKAIIX KIACCY G, mepeuucanMo. B camom mere,
1o 06pasily KaK KOHCTPYKTUBHOMY OOBEKTY (T.e. IO CImc-
Ky nap (apryMeHT,3HadeHue)) MOXKHO 1OoAy4IuTh ero U-Ho-
Mep, nockoabKy pyukuus U ssiaserca raasuaou. (Popmansb-
HO: paccMOTpuM GyHKImo (t, 2) — (3HadeHne obpasma t B
TOYKE 2) U IPUMEHAM ONPEIENCHNE TVIABHON YHUBEP CATBHON
¢yuxnun.) IlosToMy MHOXKECTBO T ABIAETCA TIEPEIUCTUMBIM
KaK IIPo06pa3 mepedncamMoro MHOKECTBA, BCex U-HOMepOB
Beex QYHKIUU U3 KIacca G.

Jlemmer 1 w 2 rapantupyror, aro G = T'(T). B camom
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nene, o aemMme 1 mobasa dynkiua ws ['(T) npunasmexut
xaaccy G, Tak Kak HEKOTOpas e€ dacThb npuHaaiexut G. C
IPYTOU CTOPOHEL, JeMMa, 2 TaPAHTUPYET, ITO BCAKAA PYHK-
nus g u3 G uMeeT KOHEIHYIO 9aCTh, IPUHA1eXKALLYIo G (Tem
cameiv 1 T') w noromy g € I'(T).

Ocranocey mpokasars aemmbl 1 u 2. IlycTs, B mpoTuBope-
quu ¢ JeMMOU 1, HeKOTOpas PYHKIUA § IPUHANIEKAT KIaC-
¢y G, a eé nponomxkenue h — ner. BosbMméMm mepeuuncaumoe
HEpaspenmMoe MHOKeCTBO K U paccMOTpPUM Takywo (QyHK-
U0 IBYX apryMEHTOB!

h(z), ectm n € K,
Vin,z) =
g(z), ecrun ¢ K.

OTa QyHKUUA BeYUCAUMA. B camoMm [nese, eé rpaduk, Kak
JIET'KO IIPOBEPUTH, IEPEIUCINM KaK 00beIuHeHne rpaduKa ¢,
yMHOXKeHHoro Ha N, u rpaduka h, ymaoxennoro va K. Ipy-
[CEMHI CJIOBaMH, 9TOOBI BEIMUCIATE V (n,Z), MBI 3alyCKaeM
mporecce mepedncienus K, a Takxke (MapaatelbHO C DTUM
nporeccoM) Berancienus g(x) u h(z). Pesyasrar BRIgaéTCs,
eCJIM 3aBEepIINIOCh BHUUCIeHue g(x) (B 9TOM ClIydae yxe He-
BaXHO, jgexuT ju n B K, rak xak h ecrn npogomxenue g)
WY eCJd 3aBEePLIMIOCH BEHucaeHre h(z) u K ToMy ke 1 00-
HapyXmiock B K.

IMockoasky dyrkuns U sgiagerca [NABHOU, CYIIECTBYET
BCIOY OMpeAeeHHas GYHKIMA S ¢ TAKAM CBONCTBOM:

eneK=Uyy =h=Uym ¢6;
on¢K:>Us(n)—g=>U €g.

Tem camMbiM gomonHeHne K K ABIgeTCS TPooOpPa3oM Tepe-
TUCAUMOTO MHOXKECTBA HOMEPOB (DYHKIIUU U3 G TPU BEIUU-
CJIMMOM OTOOPAXKEHUU § U MOTOMY (TeopeMa 5) Iepeducin-
Mo. IToaydyennoe npoTuBopedne 3aBepUIaeT JOKA3ATEILCTBO
JeMMbI 1.

JleMma 2 DOKA3BIBAETCA AHAJOIMIHBIM PaCCyKICHUEM.
IycTe (BONpEKU yTBEPKACHUIO JEMMEL) (DYHKITUA g TPUHAI-
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JEXUT KIAACCY G, HO HUKAKAA € KOHEYHAA YaCTh HE TTPUHAI-
JEXKUT DTOMY Kaaccy. PaccMoTpuM GyHKIINIO

g(z), ecau nocae z mwaros nepeducaenus K
Vin,z) = TIIICIO 1 €IIE He TOABUIOCK,

HE OMPEIETeHO, €CIN MOSBUIOCE.

Jlerko BugeTs, uro npu n ¢ K dynkuns V,, coBmanaer ¢ g, u
moToMmy npuHamaexkut G, anpu n € K dyuxuwns V,, apasercs
KOHEYHOU 4aCThio PYHKIWUK ¢ U TIOTOMY HE MPUHALICKAT G.
Hasee paccyxkiaem kak B jemme 1. >



5. Teopema 0 HENOABUXHOWN TOUKE

5.1. Hel'IOﬂ,BI/I)KHaﬂ TOYKa U OTHOLWIEHUA
3KBUBANEHTHOCTMHU

Teopema 25. Ilycts U — riaBHAs BBIUMCIMMAS YHUBED-
canbHasg PYHKIMA I8 KJIACCA BHIYUCAUMBIX (DYHKIUN OTHO-
O apryMeHTa, a h — MPOM3BOJbLHAA BCIOLY ONPeneaéHHAL
BLIMHCIUMAA (PYHKIAA OJHOrO apryMenTa. Torma cymecTsy-
er Takoe 1ucao n, 9o U, = Upp), TO ectb n 1 h(n) —
HOMEpa OMHOU (hYHKIIUN.

[pyrumu croBaMm, HeJIb3s HAUTH aJrOpuTMa, npeobpa-
3YIOIIEr0 TPOrPAMMBI, KOTOPHIU OBI IO KaXKJOA TPOTPAMME
JIaBaI APYTYIo (HE DKBUBAJEHTHYIO €H). DTy T€OPEMY HABBI-
BalOT meopemoti Kauwu o nenodeusxcnoti mowke wim meope-
MOlT 0 perypcuu.

< Mb1 6ygeM IeHCTBOBATH [0 AHAJOTMA C IOCTPOCHUEM
BLEIMHMCIUMON (PYHKIAN, HE MMEIOIEN BCIOLY OIpPEIETEHHOrO
BBIMUCIUMOrO IPOAO/KeHus (riasa 2).

PaccMoTpuM IPOM3BOIBHOE OTHOIIEHWE SKBABAJIEHTHO-
cru (koropoe MBI OygeM o0o3HAYaTh & = ) HA MHOKe-
CTBE HATYDPAILHBIX dmced. MBI TOKaXKeM, UTO CJIEIYIOIIne
[Ba CBOMCTBA 3TOM'0 OTHOIIEHUA HE MOTYT BHITIOMHATBCA Ofl-
HOBPEMEHHO:

o [ BCAKON BBIMUCIUMON (PYHKIMN f CYIIECTBYET BCHO-
Ay OIpeIeNéHHAS BBIMUCINMAS PYHKIUA ¢, ABIAIONIIA-
ACA €€ =-IPONO/KEHWEM (PTO O3HATAET, 9UTO €CIH
f(z) oupepgeneno upu nekoropom z, To g(x) = f(z)).

e CymecTByeT BCIOAY ONPEICIEHHAA BEUCIAMAA (DYHK-
nusa h, He UMEIIIAsd =-HEIOABUKHON TOYKA (TO €CTh
byHxnus, 111 koropou n £ h(n) nasa Beex n).

Ecau & = y — oTHOmEHNE paBeHCTRa (L = y), TO BTOpPOE
CBOMCTBO BBIIOAHEHO (moJoxuM, Hanpumep, h(n) = n + 1),
HO3TOMY He BBHIIOAHEHO HepBoe. TeopeMa O HemoIBUKHOU
TOYKe TIOMYINTCA, €CIN & = Y MOHUMATE Kak U, = U, (z
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U y — HOMEpa OJHOU W TOU ke PpyHKIUM). B sTOM ciaydae
BBHITIOMHEHO TIEPBOE CBOMCTBO, KaK MBI CEMYac yOegmMmcs, u
MOTOMY He BLITIOMHEHO BTOPOE.

TTouemy Brimosaneno nepsoe ceoucteo? Ilyctn f — npous-
BOJBHAA BLITUCAMMAA (PYHKIMA OJHOIO apryMenTa. Pacemo-
rpum pyukmuo Vn,z) = U(f(n),z). lockorbky U asua-
eTCA TVIABHOW YHUBEPCATLHOU (YHKIMEH, HAUJETCA BCIOIY
onpeneréHnas GyHKua s, 11 koropou V(n,x) = U(s(n), x)
OpY BCEX N U . ITa PYHKIMA 1 OyIeT HCKOMBIM =-IIPOAO.I-
xkernueMm. B camowm gese, ecau f(n) oupegeneno, To s(n) Gyger
APYTMM HOMEPOM TOU ke dpyuxkuuu, 9410 u f(n). (Ormerum,
aro ecau f(n) He ompeneneHo, To s(n) OyAeT ONHUM U3 HO-
MEPOB HUT/I€ HE ONPEIETEHHON (MYHKINA. )

A 3aBeprienns J0Ka3aTEILCTBA TEOPEMEL O HEIO IBUK-
HOU TOYKE OCTAJOCh IPOBEPUTDH, 9YTO YKA3AHHLIE B3 CBOU-
CTBA OTHOWIEHUS DKBUBAJIEHTHOCTH HECOBMECTHBL. JTO [1e-
JaeTca Tak xke, Kak B Teopeme 10 (pasgea 2.2), rae oTHO-
IICHUEM DKBUBAJCHTHOCTH OBLIO PABEHCTBO. BO3bMEM BBI-
YUCAMMYI0 QYHKIUI f, OT KOTOPOU HUKAKAA BLIMHCIAMAML
(YHKIMS HE MOXET OTIMYaThCs BCoay (HanpuMep, guaro-
HauabHyIo QyHKIUO £ — U(x,) i1 HEKOTOPOU BBIMUC/IU-
Mon yuusepcaabHon gyukuuu U). Tlo mpeanoroxenuio Cy-
MIECTBYET BCIOAY OMPENSIEHHOE BBIMACIUMOE =-TIPOJOMKE-
e g ¢pyukunu f. Pacemorpum dyuxmuio ¢(x) = h(g(z)),
roe h — BuMUCAMMAA BCIOAY ONpeneaéHHas (QYHKIWA, HE
UMENIAaA =-HemoaBMKHON TOYKK. Torna ¢t 6yaeT BCogy OT-
auaarkea or f. B camom nene, ecam f(x) ompeneneHo, To
f(x) = g(x) # h(g(x)) = t(z), m moTomy f(x) # #(x). Ec-
au xe f(x) He ompeaeneHo, TO >TOT GAKT caM 1O cebe yxe
omwmdaer f(z) u t(x). >

Teopemy O HEMOABUAKHOU TOYKE MOKHO MEPEhOPMY.IU-
pOBATH W TaK:

Teopema 26. Iycts U(n, £) — TIaBHAS BEIMUCIIMAA YHA-
BepcanbHasa (PyHKIUA /I KIACCA BEMMUCAUMEIX (DYHKIIUA OJI-
Horo aprymenra. llycrs V{(n,x) — npousBoibHas BbIdu-
camvas dyuknua. Torza ¢yskmun U n V copmajgamoT Ha
HEKOTOPOM CedeHMu: Haugércsa Takoe p, uro U, = Vp, T0
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ects U(p,n) = V(p,n) naa ao60ro n.

< Tax wax ¢yuxkuuma U ABIAETCA TIABHOU, HAMIEM
TAKyH BCIOLY ONPEIETEHHYI BBIYMCAMMYH (QYHKIUIO h,
gro V(n,z) = U(h(n),z) npu Bcex n u z. OcTajgoch B3AThb
B Ka4eCTBe P HEOABIKHYIO TOYKY pyHKuuu h. >

(IIpumep caencTBUs M3 DTOU TEOPEMBI: KAaK OB HU CTa-
paIuch paspabOTINKY, MM JIOOBIX IBYX BEPCUN KOMITAIATO
pa CyIIECTBYeT MPOrpaMMa, KOTOpasd OAUHAKOBO Pab0TaeT B
06enx BepCuax — HaNpPUMeD, 3alUKIUBACTCA U TAM, U TaM.
Bupodem, 310 BCE ke He HABEPHIKA, & TOALKO €CIU KOM-
OWIATOD 3a41a6T TJIABHYIO YHUBEPCAILHYIO (DYHKIMIO — HO
HA0 OYEeHb MOCTAPATHCA, YTOOBI 3TO OBLIO He Tak!)

IoyunTenbHO pasBepHYTH LENOUKY IPUBEIEHHBIX DACCY-
KIEHUM U IPOCIEAUTD, KAK CTPOUTCS HEOABUKHASL TOYKA.
Just marasgsoctu BMecto U(n, ¢) met GygeM nucars [n](x)
U YATATH 3TO «PE3YILTAT MTPUMEHEHUA TIPOTPAMMBI 71, K BXO-
ny o;

PaccyxaeHre HAUUHAECTCA C PACCMOTDEHUS «UATrOHAIb-
oy qyuxnuu U(z,T), KOTOPYIO TEleph MOXKHO 3alUCaTh
kax [z](z) (pesyabrar npuMeHeHus IPOrpaMMEL T K cebe).
[Manee MBI CTpPOMM €€ BCIOAY OMPEICTEHHOE =-TIPOJOTKE-
Hme. DTO feraeTcsa Tak. Boipaxernne [[z](x)](y) BErMumcIn-
MO B3ABUCAT OT [BYX APIYMEHTOB. MBI BCIOMUHAEM, 9TO
U ecrn riaBHas yHuUBepCadabHas (HYHKIWUA, U HAXOAUM Ta-
yto nporpasny g, wro [[g])(#))(y) = [[2] (#))(y) npm seex @
u y. lpu srom [g](z) oupeneneno apus Bcex z. Ilycrs Mol
XOTUM HAUTH HETOABUKHYH TOYKY TIpOrpaMmer i. Mul pac-
cMaTpneaem komnosunmio [h]([¢g](x)). DTo BEIparkeHMe BHI-
YUCAUMO 3aBUCUT OT X, U IOTOMY CYLIECTBYET IIPOIDaM-
ma ¢, maa xoropoun [t](xz) = [h]([g](x)) npu Bcex z. Dra
IporpaMMa OPUMEHUMA KO BCEM I, HOCKOIbKY TaKOBBL h
u g. Temeps HenogBuxkHON TouKOM GyzeT [g](t). IToOB y6e-
JANTBCA B DTOM, MBI JTOKHBI IPOBEPUTH, 9TO [[g](t)](z) =
= [[R]([g](¢)](z) mus Bcex x. B camom gese, o CBOUCTBY g
umeem [[g](t)](z) = [[t](¢)](z). Bcuomunas onpegenenue i,
5T0 Bblpaxenue MoxkHO nepenucarb kxax [[h]([g](¢)](z) —
9TO KaK pa3 1 TpebOBAIOCH.
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5.2. Nporpamma, nevyaTatowlas CBOW TEKCT

Kaaccudecknm mpuMepoM TPUMEHEHUA TEOPEMEL O HeTO-
IBIKHON TOYKE SABIAETCA TAKOE €8 CIeICTBUE: CYIIEeCTBYeT
nporpaMma, nedaraomasn (Ha J060M BXoe) CBOI COOCTBEH-
HEIA TekCcT. B camom meie, eciu Obl TaKOU IMPOrPaMMBL HE
OBLI0, TO IpeoOpa3oBaHUE

p — (uporpamma, KOTOpas Ha J0OOM BXO[e IedaTaer p)

HEe UMeJO Obl HEMOABUXKHON TOYKH.

DdopMaTBEHO TOBOPSA, BTO CICACTBAE MOXKHO BHIPA3UTH
TaK:

Teopewma 27. Iycts U(n, £) — TIaBHAS BEIYUCINMASA YHA-
BepcaThbHAA (PYHKINA JJIA KIACCA BCEX BHIUUCIUMBIX (DYHK-
1Y OJHOrO apryMeHTa. Torga CymecTByeT Takoe [Yucio p,
aro U(p, ) = p ans mo6oro .

B mporpammucTckux TepmuHax: mycts U(p,z) — pe-
3yJABTAT MPUMEHEHUA MTACKATB-TIPOIPAMMEL P K CTAHIaPTHO-
My Bxogy . (Yrounenusa: (1) MBI OTOXAECTBIAEM GUCIA U
HOCAENOBATEMBHOCTH GANTOB; (2) e IPOrpaMMa He 3aBep-
MaeT PabOThI, MBI CUMTAEM, 9TO PE3YIBTAT HE OMPEIeCH,
JajKe eClIU HA CTAaHIaPTHBIU BHIXOM YTO-TO IOCIaHO.) Sfc-
HO, 9T0 pyukusa U Gyner riaBHON yHUBEP CATLHON (DYHKIIH-
en. ITosToMy K HEll MOXKHO IPUMEHUTL CHOPMYIUPOBAHHOE
TOJBKO 9TO YTBEPKACHUE; HOLYIUM [IPOrPAMMY P, KOTOPas
Tpu JHOOM BXOE HA BLIXOAE Aa8T p.

ScHO, YTO BTO paccykaeHue NPUMEHHMO s JI060r0
AZBIKA TPOTPAMMUPOBAHUA; TO, ITO MBI YIOMAHYJIN SI3BIK
TMACKATh, POJU HE UTPAET.

34. [loxaxwuTe, 4YTO CYIIECTBYET MAaCKAIb-IIPOrPaMMa, KOTO-
pas mevaTaeT CBOM TEKCT 3a,10M HaIepé.

35. [TokaxwuTe, 9TO €CTH JBe PA3IXIHbIE TACKAIb-IIPOIDAMMEL
P u (Q ¢ TakuMu CBOUCTBAMH: IpOrpaMMa P IedaTaeT TeKCT
mporpaMmsel (), a mporpaMma () medaTaeT TEKCT MporpamMMer P.
(Ectz me Tpe6oBaTh pasamuama mexay P u ), To B xauectse P
u () MOXHO B3ATH OJHY U Ty XK€ MPOrPAMMY, TEIATAIONIYI0 CBOI
TEKCT.)
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BrimuiiemM SBHO TporpaMMy Ha MacKaje, MeYaTaloNIyio
CBOHM TEKCT. (DTO — XOPOIIas 3a0a9a IJA JOUTEICH TIPO-
rpamMupoBanus.) [ Hadata HanumeM HeOPMAIbHY IO UH-

CTPYKIIUIO HA PYCCKOM A3BIKE:
Yro6bl HammcaTh YTO-TO I[IOXOXKEE HA IIACKaJje, IOHA-
J00STCA HEKOTOpLIE TONOMHUTEIbLHBEIE XUTPOCTH, HO HAesd

JICHA: CTPOKOBAajA KOHCTAHTA HUCIOIb3yeTCs ABa pasa. Bor
OJWH M3 BO3MOXKHBIX BAPUAHTOB:

HAmedaTaTh JBA Pa3a, BTOPOH pa3 B KABBIUKAX, TAKOU
TEKCT: («HAMEIATATH JBa Pa3a, BTOPOU PAa3 B KABBIIKAX
TAKOH TEKCT:»

program selfprint;
var a:array[l..100]of string;i:integer;

begin

al1] :="program selfprint;’;

a[2]:=’ var a:array[l..100]of string;i:integer;’;
a[3]:="begin’;

al4]:="for i:=1 to 3 do writeln(alil);’;
a[b]:="for i:=1 to 11 do begin’;

al[6]:=’ write(chr(97),chr(91),i);’;

al7]:=’ write(chr(93),chr(58),chr(61));’;
al8]:=" writeln(chr(39),alil,chr(39),chr(59));’;
al9]:=’end;’;

a[10]:=’for i:=4 to 11 do writeln(al[i]);’;
al[11]:=’end.’;

for i:=1 to 3 do writeln(alil);

for i:=1 to 11 do begin
write(chr(97),chr(91),1i);
write(chr(93),chr(58),chr(61));
writeln(chr(39),ali],chr(39),chr(59));

end;

for i:=4 to 11 do writeln(alil);

end.

YuTad 5Ty TporpaMMmy, MOJE3HO UMETh B BUAY COOTBET-



54 Teopema 0 nenodsunchol moure [ra. 5]

CTBUE MEXAy CUMBOJAMU U UX KOTaMU:

a [ 1 : = ’ ;
97 91 93 58 61 39 59

Bugwo, 4To 3Ty nporpamMmy Jerko MOAU(pUIEPOBATH, ITO-
OBl OHA, CKAXEeM, II€YaTaja CBOU TEKCT 3aI0M Hamepén —
BMECTO KOMaHJ write m writeln, mevyaTalolnX TEKCT, Ha-
[0 HAKCATH KOMAHIBL, 3AMUCHIBAIOINNE €ro B dana (uim B
MaCCUB OAUTOB), & TOTOM KOMAHbI, TTEIATAIOIINE DTOT (HAKT
WM MacCuB B OOPATHOM HOPSAIKE.

CaenaB emé oquH HIAr, MOXKHO HOIYIUTH U JOKA3ATEIb-
CTBO TEOPEMBI O HETIOABMKHON ToUKe. [IycTs h — HEeKoTOpOE
TIpeo6Pa30BaHNE TACKATb-TIPOTPAMM, ¥ KOTOPOT'O MBI XOTUM
HAUTU HETOABUKHYI TOYKY. 1OTAa HAMUIIEM TPOCPAMMY
Hanogobue TOJALKO YTO IPUBEIEHHON, KOTOpas OyaeT 3amu-
CBIBATH CBOU TEKCT B CTPOKY P, 3aT€M HOPUMEHATH h K p,
TOJydas HEKOTOPYIO APYT'YIO CTPOKY (, & 3aTeM 3aIyCKaTh
uaTepruperaTop llackans Ha cTpoke q (MCIOIB3YA B Kade-
CTBE BXOZa MPOrPAMMBIL q BXOJ UCXOAHOU mporpammer). Ko-
HEYHO, 5Ta IPOorpaMMa yxKe He OyIeT TaKOU KOPOTKOU, TakK
Kak Oyger BkIOYATh B ceOs (M gaxe ABa pasa — IEpPBBIN
Pa3 IMPOCTO TAK, & BTOPOK Pa3 B KABBIMYKAX) WHTEPIPETATOD
TMACKAJIA, HAMMMCAHHBIA HA TIACKAJTE.

AcHo, uTo Takas nporpamMa GyaeT HEmoIBUKHOU TOY-
Kou nipeoOpa3oBanus h, Tak Kak €€ BLIIOHEeHNe HAIUHAESTCA
POBHO C TOr'0, YTO BEIYUAC/AAETCSA 3HaYeHne QpyHKInun h HA €€
TEKCTe, TOCJE Iero DTO 3HAUEHNE BOCTIPUHUMAETCA KaK TPO-
TpaMMa U TPUMEHAETCA K BXOIY.

Ha camom gene 3T0 10Ka3aTeIBCTBO B CYIIHOCTH IIOBTO-
pseT npenbigyinee, TOABKO B 60J€€ IPOrPAMMUCTCKUX TEP-
MUHAX.

5.3. CUCTeMHbIN TPIOK: elE 0HO AOKA3aTENLCTBO

Ecau monpocuts Jo6uTeseil pasHblX S3BIKOB MPOTrPaM-
MUPOBAHUA HAMUCATE HA CBOEM JIIOOMMOM SA3BIKE ITO BO3MOXK-
HOCTU KOPOTKYIO MPOTPAMMY, KOTOpasd OBl TledaTana CBOU
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UCXOJHLIM TEKCT, TO YEMIMOHOM, CKOpPEE BCEro, OKaKeTCs
KOPOTKaA MIPOrpaMMa, Ha, GENCUKe:

10 LIST

llero B ToM, 4TO B Oencuke ecThb komaHga LIST, xkoTopas
[eYATAT TEKCT MPOrPAMMBI U MOXET OBITH 3aIyIIEHa W3-
HYTPU IPOrPAMMEL.

IIpexae Bcero, >To xopomas ImyTka. Ho MOXHO OTHe-
CTUCH K HEU HEOXUJAHHO CEPhE3HO W HUCTOJL3OBATH DTY
U0 B €IE OMHOM [OKA3ATEIBCTBE TEOPEMBI O HEMOIBUK-
HOU TOYKe (TO4YHEE, B €I ONHOM BAPUAHTE TOrO K€ JOKa-
3aTeIbCTBA).

IIpex e Bcero 3aMeTuM, 9TO TEOPEMY TOCTATOYHO NO-
Ka3aThb A KAKOU-TO OJHOU INIABHOUW HyMepaimuu. B camom
JeJie, MyCTh A7 KAKOU-TO IPYTON TVIABHOU HyMEpaIluy CyIIIe-
cTByeT QYHKINA 6€3 HETOABUKHON TOYKH, TO €CTh UMEeTC A
crioco6 mpeo6pasOBBIBATE MPOIPAMMEBI B 3aBEIOMO HEIKBU-
BasieHTHBIE. TOr1a ¢ MOMOIIBIO TPAHCSAIWA TV U 06PATHO
TAKOU CIOCOO MOXKHO HAUTU U A/ IIePBOU HyMepanuu (s
KOTOPOU MEI TE€OPEMY CIUTAEM NOKABAHHON).

Temeps paccMOTPUM ALK MPOCPAMMUPOBAHUA, B KO-
TOPOM TIOMUMO OOGBLIYHBIX BO3MOXHOCTEN €CTh BCTPOEHHAA
IpOLEayPa

GetProgramText (var s: string)

DTa OPoUeIypa IOMEINAeT TEKCT HCXOAHOU IIPOrPaMMbI
B CTPOKy s. HecmMoTps HA HEKOTOPYIO HEOOBITHOCTH 3TOU
uaew, BIOJHE MOXKHO TPENCTABATH cefe WHTEPIpPEeTATOp
DTOTO fA3BIKA — ¥ UHTEPNPETANWA DTOU TPOIEIYPH HE
OPeaCcTaBIACT TPYLa, TAK KaK MHTEPIPETATOPY, PasyMe-
eTcs, OCTyneH TekeT nporpammbl. CuenaeM emé OIuH mar
U IpencTaBuM ceGe, 9TO B 3TOM A3BIKE €CTh TaKKe IIPOIe-

Aypa

ExecuteProgram (s: string)
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OTa mpolenypa TeperaéT YIpaBleHne MPOrpaMMe, TeKCT
KOTOPOU HAXOJUTCA B CTPOKE S, CANTASA BXOAOM DTOU TIPO-
CPaMMBI BXO[l MCXOTHOU TIPOrPaMMBbL (KaK CKa3aJ OBl HACTO-
SIIIUY TIPOTPAMMUCT, (II€PEIaBas MPOrpaMMe s JeCKPUITOP
BXOJHOI'O HOTOKa» ). /I B 2TOM Ci1y4ae HOHATHO, KaK JOIKEH
JEUCTBOBATH MHTEPIPETATOP SA3BIKA: OH JOMKEH PEKyDPCUB-
HO BBI3BATH CEOS HA COMEPKUMOM CTPOKU S U BXOTHBIX [aH-
HBIX.

Ham o6oramésunil 36K IpOrpaMMUPOBAHUSA, PasyMe-
eTCsA, MOMYyCKAET TPAHCIANNIO C HETO B OOLIYHBIC AILIKU
(TOCKOJBKY MMEET MHTEPIPETATOP) W HA00OpoT (Tak Kak
MOXKHO He TOAb30BATHCA HOBBIMU KOHCTPyKuusamu). I1oaTo-
My 3aaBaeMas UM HyMepaIusa BEIYACIAMBIX (PYHKIUU ABJIA-
erca riaBHou. Ilycte A — Bciogy onpeneiéHHas BLIYUC/IU-
Mas (PYHKIUA, ¥ KOTOPOU MBI XOTUM HAUTHU HETOIBUKHYIO
TOYKY. SaluilieM BBEIYUCAAONNN €€ alCOPUTM B BHU/JE TPO-
MEAYPHI HAIIETO SA3BIKA!

function Compute_h (x: string) : string;
begin

end;

(Ilpm >TOM HaM JaXke He HYXKHBI HOBBIE BO3MOXKHOCTIL.)
Tenepp HaNUIIEM IPOUPAMMY, ABJSIOLLYIOCA HEIOIBAXKHON
TOYKOU PyHKIUU h:

program fixed_point;
var s: string;
function Compute_h (x:string) : string;
begin
end;
begin
GetProgramText (s);
s := Compute_h (s);
ExecuteProgram (s);
end.
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Brimosnenre 5Tou TporpaMMBl Cpa3y ¥Ke CBOAUTCA K BHI-
TIOJHEHUIO TPOTPAMMBIL, TIOAYIAOIICNCA TPUMEHEHNEM K Hen
dyuximu b, Tak 9TO OHa OyAeT HEMOABIMKHOU TOYKOU IO
IIOCTPOEHUIO.

36. Ilycte h — ToxaecTsenHas GyHKImA, TO ecTb h(z) = z.
(Torga, pazymeerca, mob6as mporpaMMa OyAeT €€ HEemoJBUKHON
Toukou.) Kaxyo nMeHHO IporpaMMy nacT HaM TOJBKO YTO O~
cannasz koHCTpykuuma?! (OTBeT: mporpaMMy, KOTOpas 3aIUKINBA-
eTcs Ha I060M BXOTE.)

MEI TOTBKO ITO OOBACHUIN, KaK € TIOMOIIBIO A3BIKA C TO-
TMOJHUTEILHOU MPOIEAYPOU «IOJYIUTh TEKCT MPOrPaMMbDy
MOXHO [OKa3aTh TEOPEMY O HEemoaBUkKHOU Touke. Ho Mox-
HO PacCyKIaTh U B OOPATHOM HAIIPABICHUH U OOBLACHUTD,
[OYeMy [IPUMEHEHUE TEOPEMbl O HEIOIBIXKHOU TOYKE 3aMe-
HAET TAKYIO TOMOJHUTENLHYIO TPOIEIYPY.

B caMom mese, IyCTh MBI BMEEM TIPOTPAMMY P, B KOTOPOU
ecTh cTpoka GetProgramText (s). 3aMeHUM DTY CTPOKY Ha
onepaTop MpUCBAWBAHUA S := {, rge  — HEKOTOpasd CTPO-
KOBasi KOHCTAHTA. [loyanTes HOBas IPOrpaMmMa, 3aBUCAIIASL
or t. Hazoém eé p(t). Cormaco Teopeme 0 HEMOABIKHOU
TOYKe, CYIIECTBYET TakKoe 3HadeHume t, mpu KOTOPOM TIPO-
rpaMMHL ¢ u p(t) DKBUBATEHTHHI. 1Ipw 3TOM f BBHIOJHEHUE
IPOrpaMMEL ¢ SKBUBAJIEHTHO BEHITOJHEHUIO €€ TEeKCTa, B KO-
TOPOM B MOMEHT BEI30Ba Hpouenypul GetProgramText (s) B
CTPOKY S IIOMEMIAETCs TEKCT NPOrPAMMEL ¢ — €Yero MBI U
XOTENH.

Teneph cTAHOBUTCA MOHATHEE, TIOYEMY TEOPEMa O HEMO-
JBUXHOW TOYKE HA3LIBAETCA €INE TEOpeMou O pekypcuu. B
CcaMOM [efie, PeKypCus COCTOUT B TOM, UTO MBI BBI3BIBA-
€M MIPOTrpaMMy HU3HYTPHU €€ CaMOU. 3AeCh IPOUCXONUT JAKe
6oJIbIIe: MBI HE TOJIBKO MMEEM IIPABO BBI3BATHL IPOIDAMMY,
HO U MOXKeM MOIYYIATE TOCTYI K €€ TeKcTy! OOLIIHBIN BHI30B
JENCTBATENBHO ABIACTCA YACTHRIM CIYIAeM JOCTYTA K TEK-
CTy, TaK KaK MBI MOYXKE€M BBI3BATBL MPOUEAYPY UHTEPIPETAa-
nuu za >roM Tekcre. (Konedno, npu 5ToM HyKHO BK/IOYUTH
B COCTAB IIPOr'PAMMBL TEKCT UHTEPIPETATOPA HAIIET'O A3BIKA
IPOrPAMMUPOBAHNSA, 3AMUCAHHLIA Ha, 3TOM A3bIKE. )
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5.4. Heckonbko 3ameyanunn

BeckoHeuHOe MHOXECTBO HEMOABUMXHbLIX TOYEK

Teopema 25 (0 HEIOABUKHOU TOYKE) yTBEPKIAET CYLIe-
CTBOBAHUE XOTsA OB OMHOU HEMOABUKHOU TOYKH. Jlerko no-
HATH, ITO HA CAMOM jeje UX OECKOHEUYHO MHOT'O: B 00O03HAa-
YEHUAX DTOU TEOPEMHBI CYIIECTBYET GECKOHETHO MHOTO Yh-
cen n, mpu KOTOPEIX Uy, = Up(p)-

OTO MOKHO OOBACHUTD, HAIIPUMED, TAK: €Cau Obl HENO-
OBIUKHBIX TOYEK OBLIO OBl KOHEYHOE YUCIO, TO MOXKHO OBLTO
OBl U3MEHUTH (PYHKIUIO A B 3TUX TOYKAX TAK, ITOOBL HEIO-
MBUKHBIX TOYEK HE OCTATOCh. HemoCcTaToK 5TOT0 paccyx e-
HUA B TOM, ITO OHO HE TIO3BOMAET DPPEKTUBHO TEPEINCIATE
HEIOIBUKHBIE TOUYKH (YKA3aTh A JaHHOU QyHKImK h Gec-
KOHEYHOE [IePEIUCINMOe MHOXKECTBO, COCTOSMIIEE U3 €€ Hello-
OBUKHBIX TO4YeK). MOXHO caesars U 3TO, €CId BCIOMHUTH
MOKa3aTeIbCTBO TeopeMbl 25. B HEM HEMOIBMKHBIMU TOYKA-
MU OKa3BIBATUCE YUCIa [g](t), & GYHKIMIO g MOKHO BHIODATH
TaK, 9TOOBI BCe €€ 3HaYMeHUA ObLTU OOMIbIe TH0O0T0 HATIEPE
3aJaHHOrO 4ucia (Teopema 22, c. 39).

37. IIpoBegure 3T0 paccyxaeHne mogpoGHO.

HenopewxHhas Touka ¢ napameTpom

Ecau npeobpazoBarens nporpaMM BBIMACIAMO 3aBUCUT
OT HEKOTOPOI'O MapaMeTpPa, TO U HEMOABUKHYIO TOIKY MOXK-
HO BBIOPATH BBIYUCAMMO 3ABUCAIIEH OT 3TOrO MapaMeTpa.
TOYHBIN CMBICA HTOTO YTBEPXK IEHUA TAKOB:

Teopema 28. Ilyctes U — riaBHas yHuUBepcaabHAsS QPyHK-
IUA JJIA KJIACCA BEIMUCIUMBIX (DYHKIIUU OHOT'O APCYMEHTA, &
h — Bcioay onpeneaéHHas BRIMUcaAuMasn (PYHKII ABYX apry-
menToB. Torga cymecTByeT BCIOAY OOPEAETEHHAS BBIMACIA-
Masa (PYHKIUSA 1 OMHOTO ApryMeHTa, KOTOpasd MO JO60MY P
YKa3BIBAET HEMOJBVKHYIO TOUKY AXA (hYHKIMHU Ay, TAK 9TO
Un(p,n(p)) = Un(p), W11, ADyTuME CIOBAMHU,

U(h(p,n(p)),x) = U(n(p),z)

npu Beex p ¥ & (Kak 0OBIMHO, 06€ 49acTu MOIyT ObITH OLHO-
BPEMEHHO HE OTIPENeJEHbI ).
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< Mb1 Bugenn, ITO HEMOABMKHAA TOYKA CTPOUTCSA KOH-
CcTPpyKTUBHO. [lopTOMY eciam MBI UIIEM HEMOABUKHYIO TOUKY
A1 GyHKIUE hy, BEIMUCINMO 3aBHCAIIEH OT MapaMeTpa p,
TO ¥ pe3yJbTaT HAIIEr0 IOCTPOeHUI OyJeT BLIYUCINMO 3a-
BHCETDL OT IIapaMeTpa p.

Koneuno, M0x)HO OBLTO ObI (POPMATLHO 3AIUCATH PACCY-
XKIeHne, PeaJusyioliee 3TOT ILIAH, HO OHO JOBOJLHO I'DO-
MO34KO (K BpsLI I OT BTOI'0 AOKA3aTeIbLCTBO cTaHeT Gosee
TMOHATHBIM). [>

B »Ton TeopeMe MBI IpeanoJaraim, ITO CEMEUCTBO
dbyuxmun hy, cocrout u3 Bcrogy oupenenéuubix Gynkmun. Ha
caMOM 7efe 3TO He 00S3aTeNbHO: M1 MPOU3BOJLHOT'O BHI-
IHUCANMOrO CEMEUCTBA BEIMUCINMEIX GyHKUMR A, (FpyraMu
CJTIOBAMU, JJIS TPOU3BOJBHON BHIYUCAUMON (GyHKIUKA h IBYX
apPryMEHTOB) CYILIECTBYET BCIOALY OIDENeAEHHAS BEIIUCIUMAs
(PYHKIUA N OMHOIO APTYMEHTA ¢ TAKUM CBOUCTBOM: [IPU Ka-
xKA0M p ambo GyHKuus h, He onpeseneHa B TouIke n(p), ambo
n(p) ABIAETCS HENOIBIKHON TOIKON QPYHKIUU f,.

38. Y6enurech, 4TO mpUBENEHHAA B LOKA3ATEILCTBE TEOpe-
MBI 28 KOHCTDYKIWMA Kak pa3 u AaéT dbyHKmmio n(p) ¢ Takum
CBOMCTBOM.

39. O6beaunsan chelaHHBbIE BBILE 3AMEYAHISA, IOKAXNATE, ITO
10 0601 BbramcamMou GyHknmu h (3aZaHHOM CBOMM HOMEPOM
OTHOCUTEIbHO (HUKCHPOBAHHOW TVIABHOW YHUBEPCAILHOU (DYHK-
nnm) MOXKHO 3PHEKTUBHO yKa3aTh GECKOHETHO MHOT'O HCEI, Ka-
XKJ0€ U3 KOTOPHIX Ju00 GyAeT HEMOIBUKHOU TOYKOU A1 (QPyHK-
uuu b, 160 TOYKOU, TAe 3Ta (PYHKINUA HE OMPEAETCHA.

HeI'IO,CI,BI/I)KHaﬂ TO4Ka And NeEPeHUCNUMbIX MHOXECTB

Bcé ckazannoe moyru 6e3 M3MEHEHMH IIEPEHOCHUTCA HA
[VIABHBIE HyMeDPALUK IepeducauMbrx MEOKecTB (eciu W —
TVIABHOE YHUBEPCATBLHOE MEPEUNCANMOE MHOXKECTBO, TO BCSA-
Kas BEITUCANMAS BCIOY OIpeneaéHnas dyukiua h nuMeeT He-
IOABMKHYIO TOYKY N, IJs KoTopou W, = Wh(n)).

B camom gene, ecan W — ruiaBHOE YHUBEDCATBHOE TIEpe-
YUCANMOE MHOXKECTBO, TO K OTHOIIEHU) DKBUBAJIEHTHOCTH

a=bs W, =W,
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TIPUMEHNMO PACCYXKIEHUE U3 TOKA3ATETLCTBA TEOPEMEBI 25,
MOCKOJBKY J00as BEIYUCAUMAA QYHKIUA [ UMeeT BHIYUCIU-
MO€ BCIOJY OMpeneIEHHOEe =-TIPOJOIKEHUE.

IIposepum 5T0. /15 5TOTO PACCMOTPUM MHOXKECTBO

V = {(p,z) | f(p) onpenereno u (f(p),z) € W}.

Jlerko moHATH, YTO HTO MHOXKECTBO IEPEIUCAAMO (HAIDPU-
M€p, OHO eCTh O0JACTH ONPENEeJeHUs BBIYUCIAMOUN (DYHK-
muu (p,z) — w(f(p),z), roe w — BoraucauMas QyHKIUS
¢ obnacTrio onpegenenus W). Ilpu stom V,, = Wy (), ecmm
f(p) onpegneneno, u 'V, = @, ecn f(p) e onpegeneno. Bemo-
MuHaA, 9TO W ABIAETCA TVIABHBIM YHUBEPCATLHBIM MHOMXKE-
CTBOM, MBI HAXOIUM BCIOAY ONPENENEHHYIO (PYHKIUIO S, s
koropou V), = Wy(,y. Takum obpazom, W) = Wy, aun
Tex p, A KOTOPEX f(p) ompeneneHo, 9To u TpeboBaioCh.
40. ITIycte W — ruiaBHOE yHHBEPCAIBHOE MHOXKECTBO (I
KJacCCa BCEX IMEPEeIUCINMBIX IMOAMHOXECTB HATYPAJIbHOT'O pﬂ;(a).
(a) Hoxaxure, aTo HAUAETCA IMCAO T, Aasx KoToporo W, = {z}.
(6) IloxaxnTe, ITO HAUAYTCA PABIUIHBIE TIUCIA T U Y, AT KOTO-

pux W = {y} m W, = {a}.
Mpumep ncnonszoeaHus

IIpocrenmiee (XOTA HE OYEHb TUIWYHOE) NPUMEHEHHE
TEOPEMBL O HEMOABUKHON TOYKE — eIé OJHO JT0KA3ATEeNb-
cTBO TeopeMul 21 0 HEpaspermmMMOCTH CBOUCTB BLIYUC/IU-
MbIX QyHKIUI. B camoMm nese, mycTh €CTh HETPUBHAJILHOE
CBOMCTBO A BEIYUCAUMBIX (DYHKIIUU, KOTOPOE MOKHO PaC-
MO3HABATE O HOMEepaM (HYHKIMA B TVIaBHOW HyMmeparuu U.
Ilycts p — Kaxow-TO HOMEpP Kakou-To dyHkuun U,, obra-
JAIOIIEN 3TUM CBOUCTBOM, a ¢ — KAKOU-TO HOMED KAKOU-TO
¢dyuknun U,, um vHe obnagarommM. Torga dpyrknusa

h( ) q, ecan (l)yHKHI/IH Uw 06J1a,qaeT CBOIU/ICTBOM .A,
xT) =

p, ecan pyuknusa U, #e obragaer cBoucTBoMm A

OyIeT BEIYUCIUMON U He OYIeT MMETh HETIOBUKHON TOIKU.
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Naomopdpuam yHMBEpCanbHbIX MHOXECTB

Iycte U; m Uy — ABa MHOXECTBA AP HATYPATHHBIX
qucesa. Mul 6yfeM Ha3bIBATH UX GbIYUCAUMO U30MOPPHBIMU,
eC/Iy MOXKHO HAUTY BBEIYACAMMYIO IEPECTAHOBKY (OHEKLUIo)
i: N — N ¢ TakuM CBOUCTBOM:

(z,y) € U < (i(x),i(y)) € Ua.

Teopema 29. Jlro6ere nBa IVIABHBEIX YHUBEPCAJBHBIX MHO-
KECTBA, VLA KIACCA IIEPEINCAUMBIX [TOAMHOKECTB HATY PATb-
HOTO PSAIA BEMMUCIAMO M30MODPQHEL

< [lns Hatana 00BACHUM PA3HUITY MEXK Y DTOU TEOPEMON
1 TeopeMon 00 n30MOp(dU3Me IVIABHLIX HyMEPALINY IePeInC-
JIIMEBIX MHOXKECTB (CM. 3aMedanue B KoHIe pasnena 4.3). Tam
MBI IPUMEHAIN BEMUCIAMYIO MEPECTAHOBKY TOJABKO K HO-
MepaM, HO He K 3IeMEHTaM MHOXeCTB. B Temepermuunx 060-
3HAMEHUAX TEOPEMY 00 M30MOpQU3Me TVIABHBIX HYMEPAINN
MOKHO BaIlUCATH TAK:

(z,y) e Uy & (i(z),y) € Us.

3aMeTnM, YTO BBEIYUCAUMAA MEPECTAHOBKA, MO BTOPOMY ap-
T'YMEHTY COXpaHAeT YHUBepCATbHOCTH: ecim U C N2 —
IVIABHOE YHUBEPCAIBbHOE MHOXEeCTBO, a 4: N — N — Borum-
CJIMMAasl IePEeCTAHOBKA, TO MHOXECTBO Hap (Z,y), Adil KOTO-
pex (z,i(y)) € U, rakxke sBIgeTCA [VIABHBIM yHUBEDCALb-
HBIM MHOXeCTBOM. [loaTOMy U3 TeopeMbl 00 m3oMOpdusme
DIABHBIX HYMEDPAIUN TEPETUCANMBIX MHOXKECTB MOXKHO BHI-
BECTU TAKOE CICACTBUE: I BCAKOU BBIYUCIUMOU MEPECTAa-
HOBKM 4 HAIAETCA TAKas BLIYUCIIMASA [TEPECTAHOBKA, i/, ITO

(m,y) e Uy & (' (x),i(y)) € Us.

Ecmm mam moeessio u 4’ coBmATO ¢ 4, TO MEPECTAHOBKA i Oy-
ger TpebyeMon. MBI XOTUM 3aMEHUTH BE3€HUE CCHUIKOU Ha
TEOpEMy O HEIOABUKHOU TO4Yke. Ha »ToM myTu ecrh He-
CKOJIBKO TIPENATCTBHAN, HO BCE OHHU IIPEOMOJUMBI — ¥ MEI
Cermvac KOPOTKO OTHUIIEM, KaK.
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IIpex e Bcero HaMTO BCIOMHUTHL MOKA3aTETHCTBO TEOpe-
MBI 00 m30MOp(U3ME TVIABHBIX HYMEPAIUA W TOHATH, UTO
dyuxmms i’ (€€ HoMep) ATrOPUTMUIECKA CTPOUTCA 110 PyHK-
uuu i. [lasee MBI XOTHM COCJIATHCSI HA TEOPEMY O HEIIO [BIXK-
HOU TOYKe, HO mpobjeMa B TOM, YTO 3TO IIOCTpoeHue padbo-
TaeT TOJBKO /IS CIy€as, KOI4a (PYHKIU § ABIAETCA OueKIu-
en. [MooTOMY MBI JOMKHBI MOAU(PUIMPOBATEL KOHCTPYKIUIO
n3 TeopeMbl 00 n3oMOopdu3Me TaK, ITOOBI OHA OLLIA, TTPUME-
HUMa KO BCAKOU BBIUMCIUMOU (DYHKIIUU | U BCErAa NABAIA
OBl KAKYIO-TO OMEKINIO ¢'; TOrga HemOABMKHASA TOIKA, ABTO-
Marudecku Oyaer Ouekimen.

CopMyaupyeM COOTBETCTBYIOIIEE 000OIIIEHNE TEOPEMEI
06 m3oMopduaMe TIaBHLIX HyMmeparuu. [lagum mpensapu-
TeJBHO OJHO BCIOMOTraTeabHOe onpeaenenue. [lycre [: N —
— N — npousBonbHas ¢pyHKIUA. ByxeMm roBopuTh, 9T0 MHO-
xectBo A I-coomsemcemeyem muoxecrBy B, ecau ymbo B
ecTh 06pas A mpu orobpaxennn [, tu6o A ects mpoobpas B
npu ToM oTobpaxkenun. (Ecan I — Guekuus, 5Tu CBOUCTBA
PaBHOCHJIBHEL )

Ilycte Uy u Us; — mpowsBOIBbHBIE TVIABHBIE HYMEPALUN
MePEeInuCINMBIX MHOXKeCTB, a [: N — N — poraumciammast
dyukmua. Torga cymecTByer Takas BHMEACIAMAA OMEKIIV
i: N — N, uro npu m1060M k MHOXKECTBO C HOMEpOM k B HY-
mepamuu Uy I-cooTBeTcTBYyeT MHOXKECTBY ¢ HOMepoM i’ (k)
B Hymepauuu Us.

D10 0606menne TeopeMel 06 U30MOPQpU3ME TVIABHBIX HY-
MepaIui QOKA3LIBACTCA TAK XKe, KAK U CaMa, TeopeMa, U HO-
Mep PYHKIUY i MOXKET OLITh 3 HEKTUBHO MOTYICH IO HOME-
py dyuKumE /. ITO MO3BOIAET MPUMEHUTH OMUCAHHBIN TLIAH
un HauTu Omeknuio I, mpu xotopou i = I, 9To u Tpebosa-
JOCh. >

41. [IpoBeguTe 5TO pacCyk JeHUE TOAPOOHO.

AmanoruvyHas TeopeMa BEpHA, U A TVIABHLIX YHUBED-
CANBHBIX (DYHKIIUL.

Teopema 30. Ilycte Fy, F5: N — N — 1Be ruiaBHBIE yHU-
BepCaibHbIe (PYHKUWW IS BBIMUCAUMBIX (DYHKIUU OJTHOTO
aprymenTa. Torga HaugéTCsa Takas BBIYUCIAMAA MEPECTAa-
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HOBKA %, 9TO
Fi(z,y) = z & F(i(z),i(y)) = i(2)

IJIA JIFOOBIX HATYPAIbHBIX T, Y U 2.

42. TIpoBeguTe NOKa3aTEIbLCTBO 3TOU TEOPEMBI 10 aHAJOTUL
C MpeABIAYIIeN, UCIOAb3ysa TeopeMy Pomxkepca 06 mzomopopusme
rIaBHBIX HyMepanmu (c. 42, Teopema 23).

43. [okaxwuTe, 9TO B AI0O60M Pa3yMHOM (3aJa0MEM INIABHYIO
HYMEPAIUIo) A3bIKE MPOrPAMMUPOBAHUA CYIIECTBYET MOCIEI0-
BATEIBHOCTD PA3JIUIHBIX MPOTPAMM P, P1, P2, - .. C TAKAM CBOU-
CTBOM: IPOrpaMMa p; HEJATAeT HPOrpamMmy piti. (Ykasaxme:
WCTIOMB3YUTE TPEABIAYIIYIO 3a,1aTy. )



6. ™-CBOAMMOCTb M CBOUCTBA
NEPEYNUCIUMBIX MHOXKECTB

6.1. m-ceognmocCTb

Mel yxe BCTpedaanch ¢ TAKUM IPUEMOM: ITOOLI TOKa-
3aTh HEPA3PELIMMOCTh HEKOTOporo Muoxkecrsa X (Hanpu-
Mep, MHOXKECTBa BCEX HOMEPOB BCEX TIE-TO ONPeIeTEHHBIX
(DYHKIMK), MBI MOKA3BIBAIU, 9TO €CJIU OBl OHO OBLIO Pa3-
pemrMo, TO U Ja060€e MePEeIucanMoe MHOXKECTBO K ObLIO
paspemuno. [Jas 3TOr0 MBI CTPOWIN BBIYUCAAMYIO (DYHK-
uuo f Tak, YTOOBL MPUHALIEKHOCTE JI000r0 IUC/Ia 72 MHO-
wectBy K omnpegeaanach TPUHALIEKHOCTHIO ducaa f(n)
MHOXeCTBY X.

Cenvac MBI U3YIUM TaKUE CUTYAIUU OOJIEE TMOAPOOHO.

ToBopaT, 9T0 MHOXKECTBO A HATYPAJBHBIX UUCET M-CE0-
dumes K IpyroMy MHOXKECTBY B HaTypanbHBIX 4ucer, ec-
JU CYIIECTBYET BCIOIY OINpeNeNéHHAsA BBIYUCANMAA (DYHK-
maa f: N — N ¢ takum concTBOM:

reAs f(z)eB

A seex & € N. Takas GyHKINA HA3BIBACTCA M-céodauet A
x B. Obosuavenne: A <,, B.

Teopema 31. (a) Eciu A <,;, B u B paspeummno, 1o A pas-
peumno. (6) Ecau A <,;, B u B nepeuuciaumo, o A nepeyun-
cmumo. (B) A <y A ecmw A<, BuB <, C, 10 A<, C.
(r) Ecm A <, B, To N\ A <,, N\ B.

<1 Bce pTtm cpoucTBa mOUTHM OdueBMAHBI. [lycTh A <
<,n B 1 MBI nMeeM pasperaomui aroputM i1 B. Yrobnr
Y3HATD, IPUHA JIEKAT JHA JAHHOE I MHOKECTBY A, MBI BLIvH-
casiem f(z) u y3uaém, npusamaexur ju f(z) MHOXKecTBY B.
Jpyruvu crosamu, a(z) = b(f(z)), ecin a — xapaxTepucTu-
geckasd PYHKINA MHOKeCTBa A, a b — XapakTepucTuieckan
(YHKIUA MHOXKECTBa B; mosToMy ecau b BHMUCAEMA, TO U
(i BLIYMCIUMA, KAK KOMIIOBUINAA BLIIUCAUMEIX (DYHKIIUH.

Takoe ke paBEHCTBO MOXKHO 3aIMCATH IJISA (IOMYyXapPaK-
TEPUCTUICCKNX» (DYHKINU, TOITOMY U3 HepeancamMocT B
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creryer mepedncanMocth A. MoxHO cka3aTh U UHAYe: MHO-
KECTBO A ABIAETCA TPOOOPAZOM MEPEUNCIUMOTO MHOKE-
cTBa B Mpu BHIYUCAUMOM OTOOpAKEHUH f, M MOTOMY TIepe-
YUCAUMO.

Tox necrBennas QyHKIUA, O9eBUIHO, M-cBoIuT A K A.
Ecan pyuxmus f ceomut A x B, a dyukumsa g ceogut B x C,
TO

reAe f(z) e B g(f(x)) e,

Tak 970 koMmnosuuusa ¢pyukim g u f ceogut A x C.

Hakonen, ¢yukius, cogsmas A x B, Oyger CBOAUTD
n N\AxkN\B. >

BykBa «m» B HazBaHUU KCTOPUYECKN TPOUCXOAUT U3
TepMmuHa «many-one-reducibility»; BmpodeMm, kKak oTmeda-
er M.Cumncep B cBOEM ydeGHUKE 110 TEOPUU CIOKHOCTH
BBIYUCJIEHAN, BMECTO 3TOrO Jydlle TOBOPUTH «mapping re-
ducibility» (cBOAUMOCTH ¢ MOMOIIBID OTOGPAKEHUN), COXPA-
HAsA OYKBY M B O0O3HAYEHUMN.

OTmMeTuM, 9TO TO OIPENENEHNE HE CUMMETPUIHO OTHO-
CUTEIBHO MEPEX0na K TONOIHEHUIO, CJAN 3TO JeTaeTCA TOMb-
KO B O/THOM K3 MHOKECTB: BOBce He 00a3aTenbtHo A <, N\ A,
xoTa Beeraa A <, A.

44. Tloxaxnure, 9T0 A £, N\ A nas mepeducammoro mepas-
pemuMoro MmHOXKecTBa A.

OTMeTnM, 9TO MHOXKECTBa & M N ABIAIOTCA OCOOBIMU
CcaydaaMu aisa m-ceoguMocTu. Hampumep, qi060e paspemm-
MOe MHOXEeCTBO A cBoguTcs k a0b6oMy MHOXeCTBY B, ecin
TOMBLKO B me sBiasercs mycTeiM u He coBmagaer ¢ N. B ca-
MOM feste, ecu p € B, ¢ ¢ B u A pazpemmumo, TO CBOIAIYIO
(QYHKIINIO MOXHO TTOCTPOUTH TaK:

f(z) =1if z € A then p else ¢ fi.

Ecmu xe B mycto mam coBmagaeT ¢ N, TO TOIbKO MycTOE
MHOXeCTBO (cooTBeTcTBeHHO N) cBOAMTCS K B.

45. CymecTByeT I MHOXKECTBO HATYPAIbHBIX IHUCEI, K KOTO-
POMY M-CBOAUTCA TI060€ MHOXKECTBO HATYPAIHHBIX THCE!



66 m-ce0dumMocmb U CBOUCMEA NEPEUUCAUMBIE MHONCECTE [T 6]

6.2. m-nNonHble MHOXECTBA

Teopema 32. Cpenu mepevncinMBIX MHOKECTB CYIIECTBY-
0T HAUOOJBINNE C TOYKU 3PEHUS 1M-CBOJAUMOCTH, TO €CTh
MHOXKECTBA, K KOTOPBIM 17-CBOAUTCS JI00€ MepeInCInMOe
MHOX€ECTBO.

< TakoBBIM ABIAETCS yHUBEPCAJILHOE MHOXKECTBO (dop-
MaJbHO HAJO0 MEPEATH OT Map K ux Homepawm). Ilycts U C
C N x N — mepeuncanmoe MHOXKECTBO Tap HATYPAJILHBIX
YUCEN, YHUBEP CAIBHOE LIS KIACCA IEePEINCIUMBIX MHOXKECTB
HATYPAaIbHBEIX 4ucenr. PaccmoTpum MHOXKeCTBO V' HOMEPOB
BCex nap, sxogamux B U (41 KaKOU-TO BBIMUCIAMOU HyMe-
pauny map (z,y) < [z,y] € N). Ipyrumu crosamn,

V=A{lz,y] | (z,y) € U}.

Ilycte T — mpoOM3BOILHOE IMEPEUIUCANMOE MHOXKECTBO. To-
raga T = U,, upu HEKOTOPOM 1 U IIOTOMY

zelTozel, s (nz)elU < [n,z]eV.

Takum o6pazom, Gysakuus x — [n,z] ceogur T k V. >

Haubosbmme 0THOCHTENBHO 1M-CBOIUMOCTH II€PETHCIN-
MBIE MHOYXKECTBA HA3BLIBAIOT 1M-NoANbLMY (TOTHEE, M-NoaHbl-
MU 6 KAGCCE NEPEUUCAUMBIE MHOHCECTNE ).

3amerum, uro ecim K <, A 1A 0epeIncaAuMBbIX MHO-
xects K u A u npu srom K aBiaseTca m-moJIHBIM, TO U
A sBaseTcs m-NOaHBEM (B CHLy TPAH3UTUBHOCTH).

Ecau yauBEpCaIbHOE MHOKECTBO ABIACTCA TIABHBIM, TO
ero MUaroHAIb TAKXKE 17-TIOJHA:

Teopema 33. IIycte U C N x N — ruaBHoe yHuUBEDCAIb-
HOE MHOXKECTBO IS KAACCA IEePEIUCINMbIX MHOXKECTB. To-
rja ero «quaronantbuoe cevenuey D = {z | (x,z) € U} sBas-
€TCA 1M-TIOJIHBIM.

(B 9acTHOCTH, MHOXKECTBO BCEX CAMOIPUMEHUMEIX TIPO-
CPaMM ABJIAETCA M-IIOJHEBIM. )

< Oueuano, D nepeuucaumo. Ilycrs K — npousBosanb-
HOE TEPEYUCIAMOE MHOKECTBO. PACCMOTPUM MEPEUIUCIIMOe
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muaOX)ecTBO map V = K x N. Ero cewennsa V,, 6yayT amub6o
nyctel (mpu n ¢ K), aubo comanats co BceM N (npm n €
€ K).

ITockonpky MHOXKeCTBO U ABAAETCS TVIABHBIM, CYIIECTBY-
eT BCIOAY omnpenetéHHas (pyHKIUI S, A1d xkoropou V, =
= Us(n). Apyrumu caoBamu, Uy () coBnagaer ¢ Nupun € K
u mycro npu n ¢ K. Caegosarensno, s(n) € Uy (1 moTo-
My s(n) € D)mpun € K us(n) ¢ Uy, (mmoTomy s(n) ¢ D)
npu n ¢ K. Takum o6pasoM, s ceoaut K k D. >

46. [okaxxuTe, 9TO MHOXECTBO BCEX MPOrPaMM, OCTAHABIN-
Baromwmxcsa Ha Bxoge (), apirserca m-noaueiM. [Jokaxure, 4TO MHO-
JK€eCTBO BCEX IPOI'PAMM, OCTAHABIUBAMOIINXCA XOTA ObI Ha OHOM
BXO4e, ABAAECTCA M-IIOJHBIM.

47. Ilycte M — m-monnoe mepedmcarMoe MHOXecTBO. Ilo-
KaQXWUTE, 9TO CYyUIECTBYET AITOPUTM, KOTOPBIM MO HOMEPY JIO-
60U BCIOAY OonpeaenéHHON GyHKINU h yKa3BIBaET TAKOE IUCJIO 1,
aro (n € M) < (h(n) € M). (YkasaHue: 5TO yTBEPKJeHHUE CO-
CTaBAAET COAEPXKaHUE TEOPEMEBI O HeHOI{BI/I)KHOIjI TOYKEe OJId He-
KOTOpPOr'O OTHOIIECHUA SKBI/IBaJIeHTHOCTI/I.)

6.3. m-nonHoTa n acpdpeKTUBHAs
HENEPEeYUCNIMMOCTb

Teopus aaropuTMOB MO3BOJIET, KaK TOBOPSAT, «KOHCT-
PYKTUBM3UPOBATEY Pa3JWTHBLIE OmpeneaeHus. B kadecTse
IpuMepa BO3BMEM OlpefeaeHne 6€CKOHEYHOIO MHOMXKECTBA.
Yro Takoe GECKOHETHOE MHOXKECTBO! OTO MHOXKECTBO, KO-
TOPO€ COIEPXKHUT He MEHee 1 DIEMEHTOB MJad JI000r0 Ha-
TyparbHOTO 1. Temeph MOXKHO CKa3aTh TaK: MHOXKECTBO
Ha3bIBAETCA AP(HEKTUBHO O€CKOHEIHBIMY, €CIN CYIIECTBYET
AMTOPUTM, KOTOPHIN 10 JAI000MY 1 YKA3BIBAET 7 PABIMIHBIX
JIEMEHTOB DTOI'0 MHOXKECTBA.

48. ITokaxxuTe, YTO IPOM3BOIHLHOE MHOKECTBO A aBmaeTca >d-
¢$eKTUBHO 6€CKOHEYHBIM TOT'1a M TOJIBKO TOT'Ja, KOT1a OHO COJep-
XKUT GECKOHETHOE MEePETUCINMOE MHOXKECTBO (T.e€. GECKOHETHO,
HO He ABIAETCA MMMYHHBIM, CM. C. 25).

Cenruac Hac Oy geT uHTEpecoBaTh >(pPEKTUBHBIN BAPUAHT
TIOHATHUA HEMEPEINCIUMOCTU. ITO 3HAUUT, UTO MHOXKECT-
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BO A HemepeuncauMo? JTo 03HaYAeT (TPOU3M), YTO A OTIN-
YaeTCsa OT 0000 MEePEedInCINMOro MHOXKECTBA. EcTecTReH-
HO HA3BIBATH MHOXKECTBO A 3PDEKTUBHO HEMEDeInCINMbIM,
ecau mo JIo60MY MepedrcIuMOMY MHOXECTBY MOXKHO YKa-
3aTb MECTO, TJe OHO OTINYaeTCsa OT A.

Bonee ¢popmanbao, 3adguKcUpyeM HEKOTOPOE INVIABHOE
YHUBEpCaIbHOE nepedrcinMoe Muoxecrso W (1 rem caMmbiM
HYyMepaluio TePeInCINMBIX MHOXKECTB: YUCJIO 71 MBI CIUTAEM
HOMEpOM MHOXKecTBa Wp,). BygeM roBopuTh, 9TO MHOXKECT-
BO A ABaAeTCA 3fPermusno HenepeuuUCAUMbIM, €CAN CYIIe-
CTBYET TAKas BCIOAY ONpeAeTEHHas BeraucanMasn GyHkims f
aro f(z) € A AW, npu Beex z. (3gecs /A 03HaYaeT CUM-
METPUYECKYIO PA3HOCTh; ApyruMmu ciosamu, f(z) saBisercs
Toukon, rae A ormmaaerca or W,.)

3aMeTuM, 9TO 3TO CBOUCTBO HE 3ABUCUT OT BHIOOPA TIaB-
HOT'O YHUBEPCAIBHOTO MHOXECTBA, TAK KAK OT HOMEPOB OT-
HOCUTEJIBHO OJHOTO TAKOI'O MHOXKECTBA MOXKHO 3(pPEKTUBHO
IEPEXONUTH K HOMEPAM OTHOCUTEABHO APYTOro.

CroucTBo 3PHEKTUBHON HEMEPEIUCAUMOCTHA JOMYCKAET
[IPOCTYIO XapaKTePU3alKio B TEPMUAHAX M-cBOguMocTu. Ha-
YHEM € TAKOI'O IPOCTOrO HAOJIOJEHUS.

Teopewma 34. Eciu A <,;, B u A apdpextuBno nenepequ-
cauMO, TO 1 B a2dpdeKkTuBHO HEmepeIncanmmo.

< JTa TeopeMa ABIACTCA «3(PPEKTUBHLIM BAPUAHTOM)»
TeopeMbl 31, gacTh (6). To e caMoe MOXHO CKazaTh M O
eé mokaszaTesbcTBe. [lycTh MBI XOTUM HAUTH TOYKY, B KO-
TOpOU B OTINYaeTCA OT HEKOTOPOT'O MEPETUCAUMOrO MHO-
xkecrBa X. Paccmorpum gpyuknuo f, koropas m-ceogut A
K B. IIpoo6pas f~1(X) nepeaucmmmoro muoxectsa X 1pu
BEIYUCIUMOM OTOOpaXeHUN OyAeT TepPEuucauM, MO3TOMY
MOXKHO HAUTM TOYKY 77}, B KOTOPOU OH OoTamdaeTca oT A.
Torga B orimuaercs or X B Touke f(m).

YTo6bI cAeqaTh 3TO PACCYXKACHUE TOYHLIM, HAM HYXK-
HO JIWIIb [0KA3aTh, YTO HOMED TMEPEedUCIUMOrO MHOKE-
cra f1(X) MoxeT GBITL 3dPEKTUBHO TOIYHeH 110 HOMEPY
nepeducanMoro Maoxectsa X . [l 3T0ro Mbl JOKHBL BOC-
MOJIB30BATHCSA TEM, YTO HYMEPAIUA ABJIAETCA TVIABHOM —
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cXeMa TyT Ta XK€, YTO W TIPU BBIYUCICHUUN HOMEpa KOM-
TMO3UINYA [BYX BEIYUCIAAMBIX (DYHKIUHU, 3aJaHHBIX CBOUMU
Homepamu (Teopema 16). IIpoBegém 5TO paccyxkaeHue mo-
IpobHO.

PaccMoOTpuUM IepedrcauMoe MHOKECTBO

V= {(x,y> | <~Z’,f(y)> € W}

(OHO TEPEeYUCaUMO, MOCKOJBKY ABISETCA MPOOOPa3oM Iie-
pedrcauMoro MHOXecTBa W npu BeMECIEMOM OTOOpaxKe-
unn (z,y) — (z, f(y))). Jlerko Bugets, aro V,, = f~1(W,).
Tak xak MHOXKeCTBO W SABIAETCA TIABHBIM YHUBEDCATLHBIM
MHOXKECTBOM, TO CYIIECTBYET BBIYUCAUMAS BCIOIY OIpere-
JéHHAA QYHKIMA S, A1 KOTOpol Wy =V, = f~1(W,)
upu Bcex n. [Apyrumu cmopamu, pyHkius s mo W-mome-
py 1006010 mepevncanMoro MHoxecTBa gaét W-momep ero
npoobpasza mpu oToOpaxkenuu f, 4TO U TPeOOBAIOCH. [>

Teopema 35. CyIecTByOT MEPEYNCINMEBIE MHOXKECTBA C
5} HEKTUBHO HENEPEUNCIUMBIMEA JOMOJHEHIAMHA.

<l BuoBp paccMoTpuM amaroHaJbHOE MHOXKECTBO D) =
= {n | (n,n) € W}. Ero gononuerune Gyner >pdeKTUBHO
HemepeuncauMbIM. B camom pene, muoxkecta W, u D ogwm-
HaKoOBO cebsT BeAyT B TOUKe N, mooToMy W,, oTamdIaeTcs oT
pgornonenna K D B aron Touke. TakuM o6pa3oM, DOMOJHE-
ore K D 5pdekTUBHO HEmepeIncanMo, IpuiéM B KAIeCTBE
$yukiuu f u3 onpenenenns >(PpHEKTUBHON HEIEPEIUCIUMO-
CTU MOXKHO B3SITHb TOXKIECTBEHHYIO (PYyHKIHUIO. [>

W3 nByX mpeabIaymmx TeopeM OYEBUIHO CJAENyeT TaKOe
Y TBEPXK IEHUE:

Teopema 36. Besixoe m-nosnHOe nepedncamMmoe MHOXKECT-
BO uMeeT 3(PPEKTUBHO HEepeducanMOoe JOMOJHEHNE.

Ha camom mese Bepuo um o6paruaoe. UITo6b yOenuThCsa B
DTOM, JOKAXKEM TaKO! (PaKT:

Teopema 37. [lycte K — mepevncinMoe MHOXKECTBO, &
A sdpdextusno menepeuncanmo. Torga N\ K <,, A (um,
9T0 3KBHUBANTCHTHO, K <,y N\ A).

<1 Ha camom gmene Ham BaxHO yMmeHue >PPEKTHBHO OT-
JuYaTh A UM OT ABYX MEPEUYNCIUMBIX MHOXKECTB — OT
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MyCTOT'O U OT BCET'O HATYPATLHOTO paAga. Oranauts A oT my-
CTOrO MHOXKECTBA 03HATAET YKA3ATh DIEMEHT B A; OTIMINTh
OT BCEr'0 HATYPATLHOT'O DA O3HAYAET YKA3aTh DJIEMEHT
Bue A. IMeHHO 5TU B BEIU UCTOAL3YIOTCA IPU CBEACHUMN.
Bosee ¢popmansno, paccmorpum muOXkecteo V. = K x N.
Ero cewenus V,, mm6o nycrel (mpu n ¢ K), aubo coBnagarot
€O BCeM HaTypaabHBM psajgoM (tipu n € K). Hoabsyacs e,
YTO MHOXECTBO W ABJIAETCS TVIABHBIM, MBI HAXOJIUM BCIOTY
onpeetéHEy0 GYHKIMIO 8, A1a KOTopont W,y = @ mpun ¢
¢ KuW,,) =Nupun € K. IIycts f — dynxrms, obecne-
“uBaOUIAs 3(PPEKTUBHYIO HEIIEPEInCInMOCTh MHOXKECTBA A.
Torga f(s(n)) € Anpnn ¢ K u f(s(n)) ¢ Ampun € K.
[pyrumu caoBamu, kKommosuiua Gpyekiui f u s ceogut N\ K
K MHOXKeCTBY A, 4T0 u TpeGoBaIoCh. >

OTci01a 09EBUIHO BEITEKAIOT TAKUE YTBEPK ICHUS:

Teopema 38. Ilepeuncimmoe MHOKECTBO ABIAETCS M-I0J-
HEIM TOI'ZA M TOJBKO TOrJa, KOI'Aa ero nomnoaHeHue adgdex-
TUBHO HENEePednCIIMO.

Teopema 39. MuoxecTBO 3P(PEKTUBHO HEMEPEIUCTUMO
TOTJA M TOJBKO TOT/A, KOMa K HEMY 1M-CBOJUTCS JOTOJ-
HEHNe HEKOTOPOrO (BapUAHT: JIOOOT0) 11-TIOJHOTO MHOXKE-
cTBa.

OTmeTuM, 9TO HE BCAKOE HENEepEedUCJUMOE MHOXKECTBO
3(pPEKTUBHO HEMEPEIUCAUMO. JTO BUIHO, HAIPUMED, U3 Ta-
KOT0O (paKTa:

Teopema 40. Jlio6oe >ppeKTUBHO HETEPETUCINMOE MHO-
JKECTBO COAEPKUT OECKOHETHOE MEepPEeuUCaAuMOe MTOIMHOMXKE-
CTBO (T.€. HE ABILETCA UMMYHHBIM).

<1 B camowm nese, mycth MHOXKECTBO A addexkTuBHO Heme-
peancaumo. Torga oTamdum ero OT IyCTOro MHOXKECTBA, —
TO €CTh HAUAEM B HEM d1eMeHT. Iocae 3TOro OTINYNM ero OT
O/THO2IEMEHTHOT'0 MHO}KECTBA, KOTOPOE COCTOUT U3 DTOTO
DIEMEHTa, — U HAUAEM IPYTOu daeMeHT. /[lencTBys Tak, Mbl
MOXKET AJTOPUTMUYECKN HAUTYU CKOJb YIONHO MHOTO Pas-
JIMYHEBIX DJIEMEHTOB.

B sTOM paccykaeHun MBI HCIOAB30BAIA TAKOU (DAKT: IO
KOHEYHOMY MHOXKECTBY, 33 JaHHOMY CIIMCKOM €r'0 DJIEMEHTOB,
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MOXKHO MOJYYATH €r0 HOMEp (TOYHEe, OJUH U3 HOMEPOB) B
MTABHONM HyMEpaIliM TEePedncAnMBIX MHOKECTR. [louemy pTo
Tak? IlycTs pukcHpoBaHa, HEKOTOPAA BEIMUCIAMAA HyMepa-
1A KOHEYHBLIX MHOXKECTB. BymeM 0603HAYATE 7-0€ KOHEd-
HOE MHOXKECTBO B 3T0oU Hymepauuu depes D,,. Toraa D, Gy-
€T N-bIM CeYEHUEM IIePeducauMoro (1 gaxe pasperumoro)
MHOXKECTBA

D ={(n,z) |z € Dp}.

Ocraércs BOCIOIb30BATHCS ONPEIeJeHUEM TVIABHON HyMepar-
[UU MEPEIUCIUMBIX MHOXKECTB. >

IIpocTeie MHOXECTBA, KOTOPHIE, KAK MBI 3HAEM, CYIIE-
cTBYIOT (TeopeMa 14), ABIAIOTCA IPUMEPAMU IEPETUCTUMBIX
MHOXECTB, HE ABIIOMUXCA M-NoJHbIMU. VIMEeHHO Tak u BO3-
HUKJIO moHATHE mpocToro muoxkecrsa: IlocT uckan npumep
MEPEINCAUMOTO HEPa3pEeIMMOT0 MHOXKECTBA, KOTOPOe He
OBLTO OBI M-TIOTHBIM.

6.4. U3omoppu3mM m-noaHbIX MHOXECTB

B sToM pasgene MBI [OKaXKeM, ITO BCE M-TIOTHBIE MHOKE-
CTBA «YCTPOEHBI OAVHAKOBO» W OTIUIAIOTCA IPYT OT APyTa
TOJBKO BBIYUACIUMON TIEPECTAHOBKOU.

Teopema 41. Ilycts A u B — m-104HbIE IEPEYUCIUMBIE
MHOXKeCTBa. Toraa CyIecTByeT BEIMUCINMAA TEPECTAHOBKA,
(BEIMMCAMMOE B3AMMHO OJHO3HAIHOE cooTBeTcTBUE) f: N —
— N, mpu koropou A mepexoaut B B, T0 ecTh © € A &
< f(z) € B npu Beex .

< Mer §yneM HUCMOAB30BATHL TOT K€ TPUEM, UTO U B
MPUBEIEHHOM BHINIE [TOKA3ATEILCTBE TeopeMbl Pomkepca
06 uzomopdusMe riaBHbIX HyMepanun (cM. c. 42). Umenno,
MBI JJIST HAYAJIa JOKAXKEM TaKyIO JEeMMY:

JNlemma. I[Iycte A — m-TONHOE TIEPEIUCINMOE MHOKECT-
Bo. Torga cymectByer cnoco® mo 1000My HATYPaJIbHOMY
YUCAY N AITCOPUTMUYECKN YKA3aTh CKOJIBKO YIOIHO APYTHUX
HATYPAJILHBIX YHCEI, KOTOPBIE NPUHANLICKAT WIK HE [PHU-
Haaaex)aT A OTHOBPEMEHHO C 7.
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MokazaTenbcTBo AeMMbl. Kak u panbine, y Hac 6yAyT ABa
croco0a oMy YaTh HOBEIE YUCIA, KOTOPHIE BeAYT cels Mo OT-
HOIMeHUIo K A Tak xke, Kak u ucxonuoe. O auu u3 vux Oyger
rapaHTUPOBAHHO NABATH HOBOE 4UCIO, ecim © € A, apy-
rou — ecau ¢ A. Ilpu 5TOM MBI MOXEM HpUMEHATH 004,
He 3Hasl, KAKOU U3 CLy4aeB MMeeT MeCcTO Ha caMoM geie (u
MOXKEM TaK DTOI0 U He Y3HATH).

Ieprrin croco6 coctout B caepytomem. [lycts P — me-
pedncanMoe HepaspemrMoe MEOXKECTBO. PaccmoTpum mepe-
qucaumoe MuoxecTBo map A X P. Ouo ceogurcsa x A, Tak
kak A asasercsa m-noaasM. (BooGwe-To B onpegeneruu cBo-
OUMOCTH IILTA PEYb O MHOXKECTBAX HATYPAJBLHBIX UUCEI, 4 HE
map, HO, KAK BCEra, DTO HEe UIPAeT POIU — MAPBl MOXKHO
BBIMACAUMO HYMEPOBATh.) JpyruMu CIoBaMu, CyLIECTBYET
BBEIYUCJAUMAS BCIONY onpenenéunas pyuxkuus [ IByX HATY-
PAIBHBIX API'YMEHTOB C TAKUM CBOMCTBOM:

flnom)e A= (ne A)u(meP).

B uacrrocru, npu m € P aucaa n u f(n,m) ogHOBpeMeHHO
npuragtexkar win #e npuaagtexar A. ITostomy, pacmomo-
xuB P B BhMucInMyro nocaenosatensaocts p(0), p(l),. ..,
MBI MOXKeM BeHUCIATS uucaa f(n, p(0)), f(n,p(1)),... uno-
JAYYATh HOBBEIE YUCJA, KOTOPHLIE MPUHAIICKAT WIA HE TPU-
Ha1IeXxaT A OTHOBPEMEHHO C 7.

IIycte n € A. Tokaxem, 9T0 MHOXKECTBO X MMOJYIaeMBIX
TakuM 00pa3oM duces (BCe OHU B 3TOM CILydae TOXKe IPUHAL-
aexar A) 6ymer Geckoneuno. B camom geme, f(n,m) € X
npu m € P (no mocrpoennto X) u f(n,m) ¢ X npu m ¢
¢ P (mockoabky B sToM caydae f(n,m) ¢ A, a X C A).
Takum obpazom, dyukuus m — f(n,m) cBogur Hepaspe-
muMoe MHOXKeCTBO P k muOxkecTBy X, Tak 4T0 X Hepaspe-
IIAMO U IOTOMY O€CKOHETHO.

Temeps onwmitieM APYrou cnocol, KOTOPBIN MapaHTUPYET
yenex, ecan 1 ¢ A. Bo3apMéM [1Ba MepeUInCINMBIX HEOTLEIN-
MEBIX MHOXKecTBa P u (). PaccMorpum nepeducanmMoe MHO-
xecrso nap (A x P)U (N x Q). Iycrs Gyukuus f csogur
ero k A. OTo osnavaer, uro f(n,m) € A Torga m TOIBKO
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Torga, korga (n € Aum € P) umm m € Q. Kak u npexae,
npu m € P aucaa n u f(n,m) OTHOBPEMEHHO NPUHAIICKAT
WM He MPUHALIeKAT A, Tak ITO MBI MOXKEM CHOBA PACCMO-
Tperhb nocaegosarensaocts f(n, p(0)), f(n,p(l)),...; ocra-
JIOChH JIMILB IIOKa3aTh, 4T0 (ecau n ¢ A) B »TOU nOCIELOBA-
TENBLHOCTH OECKOHEIHO MHOTI'O PA3IMYHBIX WICHOB.

IIycte 5TO HEe Tak m MHOKeCTBO X BCEX WIEHOB DTOU
MOCTeNOBATENLHOCTH KOHewHO. [lo HameMmy mpenmosoxe-
auo X ne mepecekaerca ¢ A. 3amerum, uro f(n,m) € X
upu m € P (no nocrpoenuro) u f(n,m) ¢ X upu m € @
(Tak xak B oTOM caydae (n,m) OPUHAIIEKUT HALLEMY IIe-
peducanMoMy MHOXKeCTBY map u f(n,m) npusamiexut A).
Taxkum ob6paszom, poobpa3 MHOXKecTBa X TIpU OTOOpaxKe-
sum m — f(n,m) orgeaser P or (). Ho sror mpoo6pas
paspewmM (X paspemumo, u60 KOHEUHO, & YKA3aHHOE OTO-
OpaxkeHue BCIOAY OLPELENEHO M BBIMUCIUMO). A 1o Hamemy
TPEATIONOKEHNI0 MHOXKECTBA P 1 () HEmB3sa OTIeINTh Pas-
PEIIMBIM MHOKECTBOM.

WTax, MBI mpuBean ABa CHOCO6a MOMYyYaTh HOBHIE DJe-
MEHTBI, KOTOPEIE IPUHALIECKAT WK HE OpUHALIEKRKAT A o1-
HOBPEMEHHO C MCXOOHBEIM. IIpUMEHAS WX MapaIeabHO, MBI
HaBepHiAKA OOBEMCs pedyabrara. Jlemma nokasaHa.

Mycte Temeps A mw B — 1Ba M-TIOJHBIX TTEPETUCTUMEIX
MHOXKeCTBA. J[oKaxkeM, 9TO OHU OTJIUIAIOTCA JUIIL BEIUU-
CAMMOU IIEPECTAHOBKOM HATYPAILHOIO psaga. Bymem cTpo-
UThb 3Ty IE€PECTaHOBKY 1o maraMm. Ha k-om mare Mer mumeem
B3aUMHO OJHO3HAYHOE COOTBETCTBUE

ai Hbl,GQ Hb?y"'yak ku?

npu xoTopoM a; € A < b; € B npu Bcex i. Ha 4érHBIX
marax Mbl O6epéM MUHUMAJBbHOE YKUCJIO, HE BXOAAIIEE B Jie-
BYIO YaCTb 3TOr0 COOTBETCTBUA. cmonb3ysa dakT m-CBo-
qumocTn A k B, MBI HAXOAUM eMy KOMIaHbOHA. [Ipu »ToM
MOKa3aHHAA HaMU JEMMAa IO3BOJAET BLIODATH KOMIIAHBLOHA,
HE BCTPEYAIOMIEr0CS CPEIN Y2KE MMEIOIIIXCS CIPABA DIeMEH-
T0B. Ha HeY€THBIX mIArax MBI JEJAeM TO K€ CaMOe, TOIBKO
CIIpaBa HAIERO.
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B npemerne sToT mporiece 1a€T UCKOMYIO BEIMUCIUMYIO TIe-
PECTaHOBKY, CBA3bIBatomyio A u B. >

C TOYKM 3peHus TEOPUU AITOPUTMOB [TBA MHOXKECTBA,
OTJIMHAIOIINECS JUIb BEIYUCIUMOU IEePECTAHOBKOU, 061214~
0T ONUHAKOBLIMU CBOUCTBaMu. [lopTOMY IOKA3aHHAS TEO-
peMa TOKa3BIBAET, YTO IO CYIIECTBY MMeEeTCsA JUMIIL OJHO
TN-TIOTHOE MEPEIUCINMOE MHOXKECTBO (WM, 9TO TO K€, JUIIb
OJHO MEePeInCINMOe MHOXKECTBO € 3(M(PEKTUBHO HENepedIn-
CJIMMBIM JOMOJIHEHUEM ).

6.5. [poaykTuBHbIE MHOXECTBA

B sToM pasgesne MbI HCIIOAB3YEM TEOPEMY O HEIOIBUXK-
HOU TOYKEe JIsi IIOJLY9YeHUs TAKoro (HeOXUIAHHOI'O HA ep-
BBV B3[VIAL) PE3YJbTATa: Onpenenenne ¢ eKTUBHON Heme-
PEUUCIUMOCTH MHOXKECTBA A He M3MEHUTCA, CJAU MBI OT'pa-
HUYUMCA JUIBb (TIePEeIUCIUMBIME) TIOAMHOKECTBAMA MHOXKE-
crBa A.

3adukcupyeM HEKOTOPYIO TVIABHYIO HyMepaluio Iepe-
YUCIUMBIX MHOXKECTB (MHOXECTBO C HOMEPOM 71 MBI O003HA~
qaem W,). Tosopar, aTo MHOXKECTBO A ABIACTCA NPOJYK-
MUBHLIM, ECIAN CYWECTBYET BBIYUCAUMAA (HEe 06A3aTEIbHO
BCIOAY oupenenénHas) GyHKuus f ¢ TAKUM CBOUCTBOM: OHA
IprMeHrMa K 1000My HOMepY n a:060ro nogmuoxkectea W,
MHOXECTBA A 1 1aéT 21€MEHT B UX PA3HOCTH:

W, CA= f(n) e A\W,.

49. [JokaxurTe, YTO HPOAYKTHBHOE MHOXKECTBO HE MOXET
OBITH UMMYHHBIM.

Acuo, uro TpebGoBaHUA B ONpEIEJEHUM IPOIYKTUBHO-
CTU — JIALIEL 9aCTh TPeGOBaHuN U3 OnpeaeaeHus dPpPeKTrB-
HO HENEPEYUCAUMOTO MHOXKECTBAa, TaK UTO J00Ooe >Ppdek-
TUBHO HEMEPEUUCIUMOE MHOXKECTBO TPOJIYKTUBHO. Y TUBU-
TeJBHBIM 00Pa30M OKa3BbIBAETCA, YTO BEPHO M O0OpaTHOE.

Teopema 42. Ilyctb A — OPOAYKTUBHOE MHOXKECTBO,
K — mpousBosbHOE mEpeuncanMOe MHOXKECTBO. Torma mo-
moaaenne K K m-ceogurca x A.
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(U3 sToro caeayer, uro A ssasercsa >dpdheKTUBHO Here-
PEYUCAUMBIM, CM. BHIIIE. )

< Ilycrs f — dyHKIMS, KOTOpas CyMIECTBYET MO OMpe-
JETEHUIO MPOAYKTUBHOCTY (M NAéT DIEMEHT BHE ITOAMHOXKE-
CTBA C YKa3aHHBLIM HOMEPOM).

MBI TOCTPOUM BCIOAY ONPENeTEéHHYI0 BEIMUCIIMYIO (QyH-
KIINKO S C TAKNIMU CBOfICTBaI\/IHI

° x¢K=>WS(I):®;
e €K = Wy, ={f(s(x))}.

(sropoe cBoucTBO HOApasymesaer, 4ro f(s(x)) onpeneneno
npu z € K). Tllpexne 9eM aeqaTh 3TO ¢ MOMOIILI0 TEOPEe-
MBI O HETIOJBUKHON TOUKE, 3aMETHUM, 9TO B IEPBOM CJIydae
f(s(z)) onpemeneno u npuHAAIEKUT A: TOCKOIBKY MHOKECT-
BO C HOMEPOM §(Z) IyCTO ¥ ABIAETCS IOJMHOXKECTBOM A,
qucno f(s(x)) momxuo Gerrb aaementom A. Hamporus, Bo
Bropom cay4ae f(s(x)) me npunanaexur A. B camom pgese,
ecau OBI 3TO OBLTO HE TaK, TO MHOXKECTBO WS(I) OBLITO OBI O~
MHOXKECTBOM A, u moromy wucao f(s(x)) nomxuo GBLIO GBI
OBITE 3IEMEHTOM A, HE BXOIAIMM B 5TO MOAMHOXKECTBO —
a OHO BXOIWT.

TlosTOMy ecim HaM ymacTCA MOCTPOUTHL TAKYH (PYHK-
nuio s, To dyukuus z — f(s(x)) Gymer m-croguTL LOLOA-
HEeHme MHOXKeCTBa K K MHOXKeCTBy A, KAK MBI 1 0GeImanim.
Kak xe eé crpouts?

Ecan 6er Bo Bropom ceomicrBe (mia z € K) crosio
e f(s(z)), a, ckaxem, mpocto f(x), HUKAKON TPOOCIEMBI
OB He ObLT0. Kak OOBITHO, MBI PACCMOTPEIN ObI TP EUNCIN-
MO€ MHOXKECTBO Iap

V={{zy |lreKny=f(z)};

CEYEHUA DTOTO MHOXKECTBA UMENu Obl TPeOyeMBI BUI U
OCTAJOCH OBl TOJBLKO BOCIONB30BATLCA TEM, UTO HYyMepa-
usa — niaBHasA. Ho B Hamewm caydae, Korga B IPaBol 4acTH
BTOPOTO cBOMCTBA CTOUT f($(x)), TaK TPOCTO MOCTYMUTH
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HEMb3A: KaK B UCTOPUY O KYPUIIE U AUIE, AJIA MOCTPOeHUsa V
HAM HAO UMeTh (), a JJd NoCTpoeHus s(r) Ha10 uMeTh V.

VMEHHO Takoro pofa TPYAHOCTH TO3BOIACT MPEOJomIe-
BATL TEOPEMa O HENOABMKHON Touke. IlocTpoum BCiogy
OIPEIETEHHYIO BEITUCAUMYIO (DYHKIUIO ABYX apryMeHTOB h
C TAKWMHI CBOMCTBAMU:

o Q:LKéWh(x’t) = J;
ez c K= Wh(ac,t) = {f(t)}

(Tlogo6HBIE BEIM MBI JEIAIA MHOCOKPATHO — TOCJETHUN
pa3 B mpeapiayinem adsamne. Ormernm, uro f(t) MOXeT ObITH
u He ompegeneHo, Torga nox {f(t)} mel mommMaem mycrtoe
muoxecTro.) Ilo Teopeme 0 HenonBuKHOU TOuKe (A5 HEpe-
YUCAUMBIX MHOMXKECTB) IpU KaxiaoM ¢ yukuus ¢ — h(x,t)
IMeeT HeNmOJBVWKHYI0 TOYKY, W, KAK MBI TOBOPWIM B PAa3-
Je1e 0 HEMOABMKHON TOYKE C MTAPAMETPOM, DTY HEIOIBUK-
HYI0 TOYKY MOXKHO BBEIOPATH BLIMHUCIUMO 3ABHUCAIIEH OT .
Takum 006pasoM, CyIIECTBYET BCIOAY OIPEISTEHHAS BBIYUU-
cuMas PYHKIAA §, 1A KOTOPOH

Wi@) = Whia,s(a))
[IpHU BCEX Z. JTO PABEHCTBO MOXHO IPOLOJKUTE:

@, ecu xz ¢ K,

Wa@) = Whiaus(@) {f(s(2))}, ecan z € K
— 5TO POBHO TO, 9€TO MBI U XOTEIU. 3aMETHM, ITO 3HATE-
nue f(s(x)) onpegereno npu eex x (unave Wy, = O, n
f(s(z)) momkno Gerre oupeneneno). Tem cambiM, Teopema o
HETOABIKHON TOYKE TO3BOMAET OTHLICKATH B3AWMHO COTJIA-
COBAHHBIE A0 U KYPUILY W 3aBEpIIaeT TOKA3ATEIbCTBO. [>

IlepevncauMele MHOXKECTBA, TONOIHEHNs KOTOPHIX IPO-
AYKTUBHBL, HA3BIBAIOTCA Kpeamuenbimy (creative; mmorna
STO CIOBO MEPEBOMAT KAK «TBOpUeckuey). Hazpanme 065~
ACHAETCS TaK: DTO MHOXKECTBO (TOUYHee, ero JIOMOTHEHNE)
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foJee M300peTaATEeILHO, YeM 000U ATTOPATMAIECKUAN TTPO-
[ecC: eI KTO-TO MPEIaraeT Cnocod MopoXKIaTh HEKOTO-
DBIE DIEMEHTHI U3 JOMOJHEHUsA, TO B OTBET MOXKHO YKa3aThb
SNEMEHT NONOJHEHUA, KOTOPLIA HeJIb3d MOJTyIATL TaKAM
CIroco60M.

Kak MBI BUAMM, TBOPYECKIE MHOXKECTBA, MEPEINCIIMbIE
MHOXKECTBA € 3PQPEKTUBHO HEMEPEeTucANMEIM TOMOTHEHIEM
U M-TIOJTHBLIE MHOXKECTBA, — OAUH U TOT XK€ KJIACC, U JHOOEE
OB MHOXECTBA M3 3TOr0 KJIACCA B HEKOTOPOM CMBICIE M30-
MOPQHBI (OTINIAITCA JIUIID BHIMUCIAMON TTEPECTAHOBKON ).

Ecium MHOXECTBO IPOAYKTHBHO, TO MOXKHO IOPOXKIATD
€r0 DJIEMEHTHI CAeIYIOIIUM MHIYKTHBHBLIM Iponeccom. Ha
MEePBOM IIAre UMEETCA IyCTOe MHOXKECTBO. [IpuMeHuB K He-
MY NPOAYKTUBHYIO (DYHKIUK (T.€. (PYHKIUK, CYMIECTBYIO-
HIy1O [0 ONPEAEJIEHUI0 IPOLYKTUBHONO MHOXKECTBA), MBI IO
JyqduM HeKOTOpHIU djaeMeHT. OH 06pasyeT 0JHORIEMEHTHOe
[0 IMHOXKECTBO. [[pUMEHUB K 3TOMY [TOAMHOKECTBY IPOLYK-
TUBHYI (DYHKIUIO, TOAyIUM APYTOU saemeHT. K momydeH-
HOMY [BYX2JEMEHTHOMY IIOAMHOXKECTBY MOXKHO CHOBA TIPHU-
MEHUTH MPOJAYKTUBHYIO (DYHKIMIO U Tak fgajtee. Iloayaut-
¢l GECKOHEYHAA BLIMUCAUMAA MOCIENOBATEILHOCTD DJAEMEH-
TOB NPOAYKTUBHOI'O MHOXKECTBA. (DTO MBI yXKe Ieaiu, KO-
rjga OOKA3bIBAIU, ITO IPPEKTUBHO HENEPEIUCJNMOE MHO-
WKECTBO COAEPKUT OECKOHETHOE MePEIUCINMOe MOIMHOKE-
cTB0.) HO 5TOT MHAYKTUBHBIN MPONECC MOXHO «TPAHChHH-
HUTHO» IPONOKATE, IO KPANHEN MEPE €IIE HEMHOIO: UMes
[EPEIUCIMMOE IO IMHOXKECTBO HAIErO MPOAYKTHBHOIO MHO-
KecTBa (MHOXKECTBO ICHOB IIOCJELOBATENLHOCTH), MOXKHO
HAUTH €IIE ONVH JIEMEHT IPOAYKTUBHOIO MHOXECTBA (TaK
CKa3aTh, DIEMEHT HOMED w). J[06aBUM ero K TOCAe10BATENb-
HOCTHU, CHOBA NPUMEHWM MIPOIYKTUBHYIO (DYHKIMIO, IIOJLY-
qurca (w + 1)-BIi 31eMeHT U TaK Jajee, 3aTeM MOJy4UTCs
HOBas IIOCIEI0BATEIBHOCTD, (W« 2)-1 31eMeHT, (w - 3)-1,. . .,
w2-1t DIeMeHT U T. 1.

Ho, xonedno, noryIuTh TaKuM OGPA30M AJATOPUTM, Ie-
PEeHUC/SIOMUY IPOAYKTUBHOE (K [IOTOMY HENepeduCIuMOe)
MHOXKECTBO, HE yIACTCA.
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50. He mcmonb3ya TeopeMy O HEMOABUXKHOW TOUYKE (U Teo-
pemy 42), mOKaXkuTe, 9TO AIA BCAKOTO MPOAYKTUBHOIO MHOXKE-
crBa A cyumecTByer BCIOAY OmpegeaéHHaA BbIYUCIUMAA (QYyHK-
nus f, ana xkoropou W, C A sreuér f(n) € A\ W,. (Yxazanue:
gepegyure Wy € MyCTBIM MHOXECTBOM, KaK DTO EIAeTCA IpU
NOKa3aTEeIbCTBE JeMMBI K Teopeme 41.)

6.6. [Napbl HeOTAENMMBIX MHOXECTB

B sTom pazzene mMbI ChOPMyIMPYEM HEKOTODHIE DE3YIIb-
TATHI, KACAIOUINECS Map HEelepeCeKAKIINXCs IepedrnCInMbIX
MHOXKECTB. JTHU PE3YJIbTATHI TAPALIEIBHB TOJBKO YTO J0-
Ka3aHHLIM HAMK TEOPEMaM O I1-TOJHOTE, MTPOJYKTUBHO-
ctu, 3QPEKTUBHON HENEPEIUCAUMOCTH U 00 u3oMopghuaMe
M-IIOJHBIX MHOXKECTB.

IIycre A u B — xBa Henepecekamomuxcs MEOKecTBa (Ha-
TypaabHBIX dncen). HamoMHUM, 9T0 OHU HA3BIBAIOTCA HEOT-
METUMBIME, €CIU HE CYIIECTBYET PA3PEIINMOro MHOXKECTBA,
COEPKAIIEr0 OJHO U3 HUX W HE IEPECEKAOIErocs C APY-
ruM. DTO OOPEeAeTIeHIe MOXKHO IepedOpMyInpOBATE TAK: €C-
m W, m Wy — 1Ba HemepeCceKalomuxcaA IePeTHCIIMBIX MHO-
HKECTBA, cogepxamme A u B COOTBETCTBEHHO, TO OOLETUHE-
ume W, UW, cogepxuT He BCe HaTypaabHble uncaa. (Hawm
OyzeT ynoO6HO OOO3HAYATH NEPEIUCINMBIE MHOXKECTBA He-
pea W, u Wy, canras, aro W — riaBHOe yHHBEpCAIbHOE
MHOXKECTBO. )

Teneps sAcCHO, KaK MOXHO CHPOPMYIUPOBATH 3P PHEKTUB-
HBIM BAPUAHT DTOTO OMpeAeIeHns. ByaeM roBOPUTE, 9TO He-
nepecekatonmecsa MEOkecTBa A u B afiexmueno neomde-
AUMBL, €CIU CYIIECTBYET BhIMuCaAuMas (pyHKuwms h ¢ TakuMm
cpoucrsom: ecmu A C W, B C Wy u W, "W, = g, 10
h(z,y) onpenenesno u h(x,y) ¢ W, UW,,.

Onpenenenne HEOTACIUMOCTH MOXKHO CHOPMYIUPOBATH
YyTh-9yTh NHAYE: HE CYNIECTBYET BEIYUCIUMON (DYHKITAN (O, ,
KOTOpas ObLIa ObI BCIOAY OMPENENEHHOU, BO BCEX TOIKAX
MHOXeCTBa A paBHAIACH ObI HYJIIO, & BO BCEX TOYKAX MHO-
xecrBa B — epunuue. (Bygem caurars, uro (o — ruas-
Haa yHUBEpcanbHaa Gyukuus.) COOTBETCTBEHHO U3MEHUTCA
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7 >PPEKTUBHEIN BAPUAHT: MHOXKECTBA A 1 B cuavhno addex-
MUEHO HEOMIEAUMDbL, ECITU CYIIECTBYET BCIOY ONPEIeTEHHASL
BBHIYMCIUMASA PYHKIUA h, KOTOPA 10 JTIOOOMY 71 YKA3LIBAET
104Ky h(n), B KoTOpOU QyHKIUA @, «omubaercsy. Ommubka
BO3MOXKHA TPEX BUIOB: aubo ¢, (h(n)) e oupegeneno, auto
h(n) € A, BHO @,(h(n)) He paBrO HymO, MUOO h(n) € B, HO
wn(h(n)) He paBHO enuHULE.

51. ITokaxure, YTO U3 CUILHOU 3(PPEKTUBHOU HEOT JEIUMO-
CTH BEITEKAeT >PdEKTUBHAA HEOTAEAMMOCTD (ITO ONPABAbIBAET
HACIOJIB3yeMyI0 HAMU TEPMUHOJIOTHIO).

OO6paTHOe yTBEPKACHNE TAKKE BEPHO, HO [OKABLIBAETCA
HECKOJBKO CJIOXKHEE, U MBI K HEMY eIl BEpHEMCA.

CymecTByIOT U cUABHO 3 GEKTUBHO HEOTACINMBIE TIe-
peuncanmbie MEHOXECTBA? JIerko moHATH, UTO CTaHAAPTHAA
IUATCOHANBHAS KOHCTPYKIUA AaéT Mapy TAKUX MHOXKECTB, &
uMmenHO MHOXKecTBa {% | @, (x) = 1} u {x | p,(x) = 0}, mua
KOTOPHIX B KadecTBe PYyHKINA A MOXKHO B3sTh TOXKIECTBEH-
HYIO (DyHKIIHIO.

52. IIpoBepbTe sT0.

IIpogosmkas Haity aHAKOr MO (MK Ay MHOXKECTBAMY Y I1a-
pamu), OIpPEAeNUM [OHATUE 1M-CBOAUMOCTY A Iap. 34ech
Toxe Oyxer xsa BapumauTa. Ilycts (A, B) u (C,D) — aBe
HapHl HEMEPECEKAIONXCA ePEINCINMBIX MHOKeCTE (A He
nepecekaerca ¢ B, a C — c¢ D). Byaem roBopuTh, 9T0 BLIYA-
cauMas BCIOAy onpegenéuuas ¢yuxuus f m-ceodum (A, B)
% (C,D), ecu f(A) CCu f(B) CD.

53. (a) IToxaxwure, uro ecin f ceogur (A,B) x (C,D) u C
orgemmMo oT D paspemmMbIM MHOXKECTBOM, TO m A oTmeammo
ot B paspeummeiv MHOXecTBOM. (6) Ilokaxkwure, uTo ecau f cBo-
mut (A, B) x (C, D) u mapa (A, B) s3ddexTuBHO HEOTA€IHIMA, TO
u napa (C, D) s¢pdexrnsuo neorgeauma. (B) Ilokaxure, aTo ec-
m f ceogut (A, B) x (C, D) n napa (A, B) cuibHO 5P dHEKTUBHO
reorgeanma, o u mapa (C, D) curprO 3 dexTrBHO HEOTAEATMA.

Omnpenenenne CBOTUMOCTHA MOXHO YCHINTD, TOTPEOOBAB
JOMOMHUTENBHO, 4TOOk npu & ¢ AU B Bumonssiocs f(z) ¢
¢ CUD (gpyrumu caoBamu, f pomxkua cBoguth A x C u
opuoBpemenno B k D). B srom caydae Mbr 6ygeM rOBOPUTD,
ato f cuabno ceodum napy (A, B) x mape (C, D).
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Teneph MBI MOXKEM OTPEACTUTH M-NOAKOMY T CUALHYIO
M-No0AHOMY NI TIAPHl HENEPeCEKAIIINXCA TePeIncINMbIX
MHOXKECTB, TPEOysa 1M-CBOAUMOCTH (COOTBETCTBEHHO CHIb-
HOU TM-CBOIUMOCTH) JIOOOM TakO! HapLL K [AHHOU.

54. [Toxaxxure, 4TO ecau Mapa ABIAETCA CUILHO 3P PEKTUBHO
HEOTAEINMOU, TO OHA ABIAECTCA CAIBLHO M-MOJHOU. (YKasaHue.
IIycrte napa (A, B) cuabro ¢ dexTusro HEOTAeMMA, a (K, L) —
mobas mapa HemepeceKaolINXCA MePeInCANMBIX MHOXeCTB. 1o
MI000MYy HATYPAIBHOMY YUCIY & MOXHO IOCTPOUTE BBEIYUCIUMYIO
dbyakmmio 1, ¢ TakuMm cBomcTBOM: ecaum ¥ € K, To 1), Bcomy
OmpejeneHa M OTJAMIAETCA OT €IUHUILL JUAMIb B KOHETHOM YUCHe
TOYEK, IPUIEM BCE DTU TOYKHU mpuHaqmexar A; eciu x € L, 10 ¢,
BCIOAY OIPEeJeHA U OTINIAETCA OT HyJLA JUIIb B KOHETHOM IUCIe
TOYEK, IPUIEM BCE DTU TOYKM IpuHaniexart B; ecmmz ¢ K UL,
TO 1, paBHa Hymo Ha A u eaunune Ha B. YT0O6BI MOCTPOUTH
Takyio ¢pyuknuio, nepedncasem K u L; noka x He 00HAPYKMIOCH
B OJHOM U3 DTUX MHOXECTB, J06aBAsgeM B rpaduk 1), mapsl BUIA
(a,0) u (b, 1); xorga x 06HAPYKMBaETCA, HepecTpauBaeMci. [laree
0CTaéTCA BOCIOMB30BATHCA CBOUCTBAMY TIABHOW HYMEPAIWN { 1
CUIBHOU 3D PEKTUBHON HEOTAeanMOCThIo A n B.)

55. ITokaxure, YTO BCAKAA M-IOJHAA MMapa ABIACTCA CUIb-
HO >ddexTuBHO HeoTAemnMou. (Ykazanme: CuIbHO >PdEKTUBHO
HEOTJeInMasA Tapa CyIeCTBYeT U K Hell CBOJUTCA. )

13 chopMyIupOBaHHLIX B KAYECTBE 33,439 Y TBEPK ACHAN
BBLITEKAET, YTO CBOUCTBA 1M-IOJHOTEL, CUILHON 1M-IIOJHOTEI
U CHILHOU 3(P(PeKTUBHON HEOTAEJMMOCTH IIap HellepeceKa-
IOIIXCST MHOXKECTB DKBUBAJEHTHBL. MOXHO TOKa3aThb, UTO
U KAXKYIIeeca 00mee CIadBIM CBOUCTBO 3((PEKTUBHON HEOT-
JEeIUMOCTH DKBUBAJEHTHO uUM. PaccykaeHue mpu >TOM aHa-
JOTUYHO [OKA3ATEILCTBY TEOpeMbl 42 0 TOM, 4TO BCAKOE
KPeaTUBHOE MHOXKECTBO SAB/IACTCS 1M-IOJIHEIM. SAMETHUM, YTO
pasHuIa, Mexk Iy 3PpGHEKTUBHON HEOTACIUMOCTBIO U CUIBHOU
2(pHEKTUBHON HEOTACIMMOCTHLIO TIPUMEDPHO TaKasd XKe, KaK
MEX Iy TIPOAYKTUBHOCTHIO U 3D PEKTUBHON HEMEPETUCTUMO-
CTBIO.

56. Ilycts (A, B) — 5¢ddexTuBHO HeOTAeInMas Hapa Heme-
DPECEKAIOUINXCSA MEePEIUCIUMBIX MHOXECTB. Ilokaxure, 4TO OHA
ABAAETCA CUIbHO m-noaHou. (Ykasanue. IIyctes K u L — npous-
BOJIbHBIE HEMEPECEKAIINEC MepedncanMble MHOXeCTBa. 1lycTh
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h — Qyukuua u3 omnpeaeneHua 3PEGEKTUBHOU HEOT JEIUMOCTY
(MuOx)ecTB A u B). C HOMOIIBIO TEOPEMBL O HEIO ABUKHOU TOU-
Ke IOCTPOUTE BCIOAY ONPEeIEHHbIE BEIIAcauMble GyHKunyu T (n)
u y(n) ¢ makuvm ceomcTBamm: (1) ectm n € K, o Wy =
= A, Wy = BU{h(z(n),y(n))}; (2) ecimn € L, 10 Wy(,) =
AU {h(z(n),y(n))}, Wym) = B; (3) ecmmn ¢ K UL, To
Wany = A, Wy = B. BuBegure orcioga, uro mpu n € K
snavenue h(z(n),y(n)) onpegereno u mpuxazexur A, mpu n €
€ L suagenne h(z(n),y(n)) onpegeneno n npunanrexnr B, a npn
n ¢ KUL sunadenue h(z(n),y(n)) onpeneneno u nexur sue AUB.)

WTax, Bce deThipe cHOPMYIUPOBAHHBIX CBOUCTBA DKBU-
BaJeHTHHI. [Ipogomxas Halry aHAIOrMIO, MOXHO JOKa3aTh
“30MOP(PHOCTH JIOOBIX ABYX Hap 3P PeKTUBHO HEOTAETUMBIX
MHOXKECTB, [AJIs 9ero [IPeJBAPUTENLHO HAYINTHCA [I0LYIaTh
CKOJb YTOMHO MHOTO YHCENT, (3KBUBAJCHTHBLIXY TAHHOMY C
TOYKY 3PEeHUI maphl 2 GHEKTNBHO HEOT TETUMBIX MHOXKECTB.

Boaee TowHO, MyCTh MMEIOTCA HEMEPECEKAIOMINECS MHO-
xecrBa A u B. Hazosém gBa quciaa (A, B)-5KBUBAJEHTHEIMY
B JI0O0OM K3 CIEAYIOIIX TPEX cay4daeB: 06a OHM IIPUHAIJIE-
xkaT A, 00a ouu npuHagiexar B win 06a oHu HE IpUHAIIe-
war AU B. (Takum 06pasoM, eCTh TPU KJIACCA DKBUBAJICHT-
HOCTH — MHOXECTBO A, MHOXKeCTBO B 1 0cTaToK.)

57. Ilycte (A, B) — CWIBHO M-TIOJHAA Hapa HEIEPECEKaIo-
IIUXCs EPEYUCIUMBIX MHOXKECTB. IloKaxuTe, 4TO HO I060MY
qucay k MOXHO aIrOpPUTMHYECKH HOLYIATh CKOMb YTOJHO MHO-
IO Da3IMIHBIX 4HUCe], KOTopwle OyayT (A, B)-skeuBameHTHBI k.
(Ykazaume: geriCTByHTE IO AHATOTHMU C JOKA3ATEIbCTBAMU TEO-

peMer 22 u meMMblL K Teopeme 41.)

58. Ilycte (A1, B1) u (A2, B2) — nBE CIIBHO M-IOIHEBIE TAPHL
HeIepeCeKAINXCS TePEeIUCINMEIX MHOXeCTB. Torna oHn BeIYU-
CIMMO U30MOPQHEL B CAEAYIOLIEM CMBICIE: CYLIECTBYET BBIYUCIM-
mas nepecranoBka (6ueknms) i: N — N, npm xoropon i(A41) = A
u i(B1) = B,. (YkasaHue: IeUCTByUTe MO AHAJIOTUA C NOKA3a-
TeabcTBaMu TeopeM 23 u 41.)



7. Bbluucnenusa c opakynom

7.1. MawwuHbl ¢ opakynom

Ecan muOXecTBO B mM-CBOAUTCA K Pa3permMoOMy MHO-
xecTBY A, To u B paspemnmmo. Bosee Toro, ecim gaxe A u
HEpa3peImMo, HO y HAC eCThb NOCTYII K «OPaKyay» mii A, ko-
TOPBIN OTBEYIALT HA BOMPOCHL O MPUHAIJICKHOCTY TUCET MHO-
KecTBY A, TO MBI MOXEM C €ro MOMOIIBLI0 OTBEYATH HA BO-
IIPOCHI O MPUHAIJIEKHOCTH Yrcea MHOXKeCcTBy B. B camom me-
Jae, eciu f — cBOASIAA (DYHKIMA U €A MBL XOTUM Y3HATD,
TMPUHAAIEKUAT U HEKOTOPOE YUCIO T MHOXeCTBY B, mocra-
TOYHO CIPOCUTDH y OPAKYJA, MPUHAMLICKAT Ju f (1) MHOKE-
crBy A.

Jlerko BUIETH, 9TO 1M-CBOAUMOCTD KUCIOAB3YET BO3MOXK-
HOCTY OPAaKYyJa TOBOJBLHO OIPAHWYEHHBIM 00pPa30M: BO-IIED-
BBIX, OPaKyJay 3aJaéTcs TOJIBKO ONUH BOIPOC, BO-BTOPBIX,
OTBET HA 3TOT BONPOC U CUYATACTCS OTBETOM HA UCXOAHBIN
BOIIPOC O TPUHAMICKHOCTHY IUCTa & MHOXKeCTBY B. BoT mpu-
Mep, He YKIAJBIBAIOIANCA B TAKYIO CXEMY: UMEA OPAKYJ [
MHOXECTBA A, MBI MOXKEM OTBEYATH HA BOMPOCHI O MPHU-
HaguexHocTu uucen muoxectsy B = N\ A. 3zecs Bompoc
[MO-TIPEXHEMY OAWH, HO OTBET HA HEIO 3aMEHSIeTCS Ha IPO-
TUBOMONOXKHBINA. [[pyron npumMep: uMes OpaKyJ NJisi MHOMXKE-
cTBa A, MOXHO OTBEYATH HA BOMPOCH! O MPUHAIJICKHOCTU
mapsl HATYPAIbHBIX dncel MHOXKecTBY B = A x A. (3necw
OpaKyJIy HAJO 3aJaTh y¥Ke IBa BOIPOCA.)

IooTOMY ecTecTBEHHO KelaHme OTKA3ATBCA OT DTUX
OTPAHUYEHUU U AATH OOIIEe OMPEIeIeHIe CBOAUMOCTH MHO-
xkecrBa B x muoxecrsy A. Haubonee obiiee u ecrecTBennoe
onpejeneHue TakoBO: B cBoxuTcsa K A, ecau cylecTByer ad-
TOPUTM, KOTODPHIN paspelaeT MHOXKECTBO B mpu yclaosuwm,
YTO €My MPENOCTABIEH MOCTYI K OPAKYJIy, OTBEYAIIIEMY
Ha BOMPOCHI PO MHOXKECTBO A. B Gosee mporpaMMucTcKux
TEePMUHAX: €CTL AICOPUTM, COAEPIKAIIUY BLI3OBLI BHELIHEN
¢yuxknuu a(x:integer) :boolean (He ONMCAHHOW BHYTDU
ANCOPUTMA); DTOT AJTOPUTM PA3PEIIaeT MHOXKECTBO B, ec-
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JU BBEIBOBHI a(X) BO3BPALIAIOT MNPABUIBLHEIE OTBETHI TIPO
MHOXECTBO A.

OTOT BUJ CBOAMMOCTH HABBIBACTCA CE00UMOCTbIO NO
Tvropuney, nau T-ceogumoctoio. Obozuadenme: B <r A
osuavaeT, 4T0 B cBogurcs no Teiopunary k A. BoT Heckoan-
KO MPOCTHIX (PaKTOB PO T-CBOAUMOCTD:

Teopema 43. (a) Eciu B <, A, r0 B <7 A. (6) A <7
<7 N\ A npu mobom A. (8) Ecu A <y Bu B <p C,
10 A <y C. (r) Eciu A <7 B u B paspemunmo, To A paspe-
TITAMO.

<1 Bce 5Tu yTBEpXKACHUA TTOUTHA OUYEBUIHBI — TOACHUM,
Hanpumep, yreepxkaenue (B). [lycTs y HAC eCTh aIrOpuTM™
A1 A, BKIIOYAIOIINY BLEI3OBEI BHEIIHEN Pa3peIlaiolien Ipo-
neAypsl I B, a Takxke anropuTM s B, BKIIOYAOIUNA BhI-
30BBI BHemHen nponenypsl aas C'. Torga MOXHO 3aMEHUTH
BBI3OBEL BHEIIHEN B-Ipoueaypsl Ha 3TOT BTOPOU AJICOPUTM
U TMOJYYUUTCA PA3PEIIAONIAN AJITOPUTM a1 A, UCTIOIB3YIO-
[N BHI3OBHI BHEITHEN Tpoteayper g C. >

3aMeTuM, 9TO (B OTJIAYHE OT 17-CBOJUMOCTH ) HETIEPEIn-
CIUMOE MHOXKECTBO BIOJIHE MOXKeT T-CBOAUTLCA K TEPedn-
ciuvomy. Hampumep, HOMOIHEHNE TEPedancauMoro Hepaspe-
MEMOr0 MHOXKeCTBa K CBOAWTCS K CaMOMY MHOXecTBY K.

MoXHO T'OBOPUTH HE TOABKO O CBOAMMOCTH K MHOMKE-
crBy A, HO 1 BoOOIIE 00 AJrOPUTMAX, UMEIOMUX AJOCTYII K
opakyny mia MHOX)ecTBa A. IlycTh Takow agropuTM BEIYU-
CASeT HEeKOTOPYI (PYHKIWIO f. DTO O3HAYAET, HATIOMHUM,
9r0 ecau f(x) OUpENeneHo, TO Ha BXOAE & AITOPUTM OCTa-
HaBauBaeTcsa u gaér orser f(z), a eciu f(x) me oupegesne-
HO, TO He ocranasausaercs. ([Ipesnonaraercs, ecrecrBeHHO,
YTO OPAKYJ «HE 3aBUCAET» W BHIIAET OTBETHI, TPUTOM Mpa-
BUJILHBIE, HA BCE 3aJaHHBIC €My BOMPOCHL.) B nrTom cayvae
TCOBOPAT, UTO (4acTu9dHaA) QYHKINUA f BEIYUCIAMMA OTHOCH-
TeJILHO MHOXeCTBa A.

B mamem onpenenreHun CBOAUMOCTY BBI3BIBAEMAs BHEII-
B (QYHKOMA OPUHUMAJLA TOJALKO ABA 3HadYeHus («1ay ©
«uem). Takoe orpanuvenue BoBce He obasarenbuo. Ilycrs
a: N — N — npousBonbHas BCIOAY OMpeneaéHHas (PyHKITNS.
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Toraga MOXKHO TOBOPUTE O (PYHKIAAX, 6bIUUCAUMBLE 0THOCU-
MeAbHO (v BLIMACIAIONINE UX AMTOPUTMEI BKIIOYAIOT B CeOA
BBI3OBBI (pyHKIuUu . OpHAKO 3TO 0000UIEHNE HE ABISIETCSA
CYIIECTBEHHBIM:

Teopema 44. Yactuunas QpyHkuusa [ BLIYMCAUMA OTHO-
CUTEIBHO BCIOAY ONPENeJeHHOU (PYHKIWH (¢ TOUDA U TOMb-
KO TOIZa, KO/ OHa BEITHCAMMA OTHOCUTEJILHO MHOXKECTBA,
ABAAIOIIETOCSA TPAPUKOM (PYHKIIMA ¢, TO €CTH OTHOCUTEIHLHO
muOXKecTBa {(n,a(n)) | n € N}.

<1 B camom mene, ecam MBI MOXKEM BLI3LIBATE (DYHKIIIO (1,
TO MOXKEM ¥ OTBEIATH HA BOMPOCHI O IPWHALICKHOCTH MPO-
U3BOJBHOU Napel rpaduky GyHKIMA . HampoTus, ecim Mbl
MOXKeM paspeliarhb rpadguk &, To MOxeM HauTu «(x) pis
DAHHOTO T, 3a0aBasd MO OYEPEIN BOMPOCH! O MPUHAIICKHO-
ctu rpaduxy map (z,0), (z,1),..., MOKa He MOAYINM [TOTO-
KUTEILHBIN OTBET. [>

Omnpenensia BLIMACAUMOCTL OTHOCUTEIHHO (DYHKINHA
MBI TPEAMOIATATN, ITO (¢ BCIOAY ONPeneaeHa. JTO OrPaHMU-
9YeHNe NPUHIUINAILHO: 1A He BCIOLY ONpeNeIéHHbIX (PyHK-
WA MEXAaHW3M OOpAIeHUs K HUM (KAK K BHEIIHUM IIPOIE-
aypam) Tpebyer yrouHeHunn. JlomycTum, MBI BeI3BaIH (1),
a OKasatoCh, 9TO (PyHKIUA « He omnpegereHa Ha x. O3Ha-
gaeT JU 3TO, YTO AIMOPUTM «3aBUCAET» U YiKe He MOKeT
BBLAATEL pe3yabTar? WM MBI MOXKEM HapaIeIbHO PasBep-
HYTb KAKUE-TO BEIMHCJICHUA U B KAKAX-TO CIy9aAX BELIATH
pesyJabTaT, He T0XuIasch oTseTa oT afx)? MoxeM am MBI
NapaLIeTbHO 3AMTPOCATE HECKOIBKO 3HAMCHUN (DYHKIUU of
Ckaxewm, spasgercs au Gyuxuus f(x), 3agansas GOpMyJIon

0, ecin a(2z) nm o2z + 1) onpeneneHo,

flz) =

He OIIPEJeTIeHO B IPOTUBHOM Caydae

BEIYUCIUMOU OTHOCHUTEIBHO f Kopode roBops, B oTimtue
OT CJIy9as BCIOAY ONPEIEJEHHBIX (DYHKIUHN, TYT €CTh PA3SHBIE
(4 IPUTOM HE >KBUBAJEHTHBIC) BAPUAHTHL OLPEEJICHUN, U
BCerza Halo yTOYHATH, KAKOE MMEHHO IOHATHE MMEETCHA B
Buay. IloaTOMYy MBI, TOBODA O BBEIYUCANMOCTH OTHOCUTETH-
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HO HEKOTOPOU (hYHKIVU (v, TTPEATONATAEM, 9TO (DYHKITAA
BCIOZY OIIpeJeseHa.

59. ITycTs ecTh aBa pasauvubiXx MHOXecTBA X u Y. Byzem
paccMaTpUBAaTL IPOrPAMMBI, UMEIOMINE AOCTYI K ABYM OpPaKy-
aaMm qaa X u gas Y, u GYHKINN, KOTOPBIE MOXKHO BBIYUCIUTH C
TMOMOIIBIO TAKUX IMPOrpaMM. [lokaxuTe, 9TO 3TO OUpeaeJeHne He
NAaéT HUYEro CyIIeCTBEHHO HOBOI'O, YKa3aB TaKO€ MHOXKECTBO Z,
410 X-Y -BBIYUCIMMOCTD COBIAAAET C Z-BBIYUCAUMOCTBIO.

7.2. OTHOCUTENBHASA BLIYUCAUMOCT:
SKBUBAJIEHTHOE ONMMCaHue

Cenvyac MBI 0aJUM DKBUBAJEHTHOE OMPENEJCHUE BHIYUU-
cMOCTH (PYHKIUKM OTHOCUTEJNBHO (v, HE AMEINPYIOUIEe K
IpOrpaMMaM C BEI3OBOM OPaKyJa.

Mzur HasbBaIM 06PA3OM (DYHKINIO C HATYPAIBLHBIMUA ap-
I'YMEHTaMU U 3HAYEHUAMY, ONPELEIEHHYIO HA KOHEIHOM IO -
MHOXKECTBE HATypPaabHOrO psaga. Taxou obpasen 3azaércs
CTIMCKOM TIap (ApTYMEHT, 3HaYeHVe); 06PA3Ibl MOYXKHO BHIUU-
CIMMO TIPOHYMEPOBATh, TIOCIE IeT0 HE pa3antaTh o0paser u
€ro HOMEP ¥ I'OBOPUTH O PA3PEmMOM MHOXKECTBE 00pPa3IoB,
IEPeYnCANMOM MHOXKECTBE OOPa3IoB U T. 1.

JlBa 00pa3tia HA3BIBAIOTCA COBMECTHBIMU, €CTH O0BEIN-
HEHUe UX IpadUKOB €CThb IO-IPEeXHeMY I'paduk (QyHKIUH,
TO €CThL €CJIM HEeT TAKOM TOYKHU, B KOTOPOU 006a OHM ObLIA
OBl ONIpeNEeIEeHE] U IPUHUMALN PA3HEIE 3HATEHUA.

IIycte umeerca muoxectso M Tpoek Buga (z,y,t), rae
Z U Yy — HATypaJbHEBIE YuCIa, a t — obpaseu. Byzem roeo-
PUTh, 9TO ABE TPOUKU (Z1,Y1,t1) U (Ta,Ya,ts) Npomusope-
yam APYT APYTY, €CIA L1 = T2, Y1 F Y2, & 00pasuel ¢ U to
coBMecTHBI. MHOXeCTBO M OyaeM HA3LIBATL KOPPEKIMHBIM,
€CJau B HEM HET MPOTUBOPEYAMNX APYT APYTY TPOEK.

IIycts M — KOppeKTHOe MHOXKECTBO, & & — HEKOTOPas
dyakuna. Oréepém B M Bce Tpoukmu Buaa (z,y,t), JIA KO-
TOPBIX ¢ ABAAETCA YACTHIO (¢ (MpadUK ¢ ABIACTCA HOIMHOKE-
crBoM rpaduka «). Bxomgsmume B Hux 06pasipl COBMECTHBL,
no>ToMy (B CHIYy KOPPEKTHOCTHU) CPEAU OTOOPAHHBIX TPOEK
HET IBYX, ¥ KOTOPBIX TEPBLIE WIEHBI PABHBI, 8 BTODPHIE —
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HET. SHAYUT, OTOPOCUB TPETHYU KOMIIOHEHTHI B OTOOPAHHBIX
TPOUKAX, MBI TOJAYIMM TpapUK HEKOTOPOU (pyHKImU (BO-
o0uie ToBOpA, YacTuIHON). Bymem 0603HAYATH Ty (DyHK-
o M[a].

Teopema 45. Hactuunas gyukuus f: N — N Beraucaunma
OTHOCUTEILHO BCIOAY onpenenéunon ¢pyukumn «: N — N To-
I3 U TOJBKO TOT/A, KO/ CYIIECTBYET MePEeIUCIUMOe KOP-
PEeKTHOe MHOXKeCTBO Tpoek M, mus kotoporo f = M[a].

< IlycTe mmeerca mporpamma p, BeMUCASOW@AA [ ©
BKJIIOYAIOIIAA B ce0s OOpallleHusa K BHEIIHEH HIPOLeLype (.
Bymnem mis BceX HATYpPaAJbHBIX 7 MOAEIMPOBATHL pPabOTy
JTOV TIPOTPAMMBI HA BXOJE 7 TI0 BCEM MyTAM, TO €CTh Mpe-
AYCMATPUBAA BCE BO3MOXKHBIE 3HAYEHUA (1) A KAKIOTO
obpamenus K BHemmHen mnpoueaype. as kaxgoro n mo-
Jy9aeTCsA [IePEBO BAPUAHTOB — KAXKIOMY OODAIIEHUIO K
BHEIIIHEN IPOLEAYPE COOTBETCTBYET PA3BIIKA CO CIETHBIM
BeTBJIEHUEM. Ha HEKOTOPHIX BETBAX DTOrO J1ePeBA BEIYUCTE-
HUA 3aBEPIIAIOTCSA U TPOrpaMMa BELIAET OTBeT. Kak TOJbKO
MBI OOHAPYKUBAEM, 9TO HA BXOJE T BO3MOXKEH oTBeT y (Ha
HEKOTODOU BeTBU), Mbl 06pasyeM TpOuky (z,y,tl), rae t —
obpaser, cogepKalui BCe apryMeHTHI U 3HAY€HUs (PyHK-
AU (v, UCTIOJB30BAHHBIE HA DTOW BETBH.

IlonyuenHoe MHOXECTBO TPOEK, KOTOPOE MBI OOO3HA-
quMm M, 6yger mepeducanMbiM (ONKCAHHASA OPOLENypa Mo-
3BOJISIET BBLINUCLIBATE BCE €0 3JEeMEeHTh). B 3ToM MHOKe-
CTBE HET IPOTUBODEYAMX APYL APYyry Tpoek. B camowm
Jesie, ecau A OJHOTO W TOTO e T B HErO BOILIU TPOU-
KN (Z,y1,t1) 1 (Z,y2,t2) C Y1 # Y2, TO OHUL COOTBETCTBYIOT
PA3HLIM TYTAM B [epEBe BLIYUCICHUU Ha OTHOM M TOM ¥Ke
BXOAe T. JTU MyTH B KAKOM-TO MECT€ PA3OILIACH, TO €CTh
HA OJUH U TOT K€ BOIPOC B HUX OBLIN IOy Y€HEl PA3HEIE OT-
BETHL. DTU OTBETHI BOIILUIA B OOPABILL ¢ U {9, U TIOTOMY DTHU
00paslikl HeCOBMECTHRI. MTak, MHOXKeCcTBO M KOPPEKTHO.

Ilycte o — Bcloay ompegenéunas dyukimsa. [Ipucoenn-
HuM eé K mporpamme p. Ilocrze »TOro mporpaMma p BBIYU-
casier pyuxuuio f. Hoxaxem, uro f = M[a]. B camom ge-
ae, mycts f(x) = y, TO ecTh paboTa MPOrPAMMEL P HA BXO-
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ne T 1ajna OTBET Y. DTa paboTa BKIIYANA B C0S HECKOIb-
KO BLI3OBOB (DYHKIIUM (¢ ¥ COOTBETCTBOBATA HEKOTOPOH Be-
TBU PACCMOTPEHHOrO BhIME nepesa. [lycTs ¢ — obpasern, co-
IEPKAIAA BCE 3aIaHHLIE DU HTOM BOIMPOCHI U TOLYI€HHEIE
Ha HEX OTBeThl. Torma ¢ ABaseTca dacTwbio «. Kpome Toro,
Tpouka (z,y,t) Bxogur B MHOkecTBo M. CaegoBarenanHo,
Ma](x) ompeaeneHo u paBHO y.

Hanporus, eciu Ma)(z) = y, To cymecrByer Tpou-
Ka (x,y,t) € M, nas KOTOpou ¢ SIBAAETCSA 4acTbi0 (. JTa
TPOUKA COOTBETCTBYET HEKOTOPOU BETBU ACPEBA, BLIMMCIC-
aun. [TOCKOTBKY t ARIACTCA 9ACTBIO (, TPUCOCANHEHNE K
IpPOrpaMMe P BHEITHEH TPOIENYPhl (¢ TPUBEAET K TOMY, ITO
BEIMMCJIEHUA TOUAYT UMEHHO MO STOMY IIyTH, U IPOrPAMMA
OACT OTBET Y.

Urak, ans 10601 MIpOrpaMMBl P MBI TOCTPOUIN KOPPEKT-
HOE MHOXKECTBO M, KOTOpoe 3a1aéT Ty XK€ (PYHKIUIO, ITO
U OPOrPaMMa P, U IEPBAA MOJOBUHA YTBEPXKACHIA TEOPEMbI
DOKA3aHa.

Yro6E JOKA3aTHL BTOPYIO TOAOBUHY, TPEATIONOKAM, ITO
IMEeTCA KOPPEKTHOE MHOXECTBO M, W MOCTPOMM DKBUBA-
JEHTHYIO eMy IporpaMMy p. DTa nporpamma Oyger (mocae
LIPUCOENVHEHNs K HEU OpPAKy.Ja, BHIMUC/AIOWIErO () BbIMU-
caaTs pyakumio M[a]. Ilporpamma p AencTByeT Takx: MOIy-
UWB BXOJ Z, OHA TEPETUCIAAET MHOXKecTBO M m oTOupaer
B HEM TPOWKW, TIEPBLIM YIEHOM KOTOPBLIX ABASETCA . [laa
KaxXKJI0U TAKOU TPOUKHU (Z,y,l), BLI3bIBASL BHELIHIOI IPOLe-
aypy (3amaBas BOLPOCHL OPAKYJLy) MBL BBLICHSEM, SIBJISETCS
au t 9acThio pyHKIMy . Ecam apaseTcs, TO BuraucaeHune 3a-
KaHIMBACTCA W BBLIASTCA OTBET Y, €CAW HET, TIepCINCICHAES
MHOXkKeCcTBa M TpOJOMIKAETCA.

O4eBuIHO, YTO HOCTPOEHHAA IPOrPAMMA P BLIYUCAAET
dyskuno M[a]. >

60. IIpeamonoxmm, 9TO MBI IPOBEIM 3TO IMOCTPOEHHE B 00€
CTOPOHBI: CHAaYaTa MO KOPPEKTHOMY MHOXecTBY M MOCTpOmIM
HEKOTOPYIO IPOTPaMMy, KaK DTO ONUCAHO BO BTOPOU IOJOBUHE
NOKa3aTeqbCTBa, & 3aTeM O MPOrpaMMe MOCTPOMIA HEKOTOPOe
KoppekTHoe MHOx)ecTBOo M. Moxer mu M’ orrmuaarsca ot M?
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7.3. PenaTusmnsauus

IlycTs dukcupoBana HEKOTOPAs BCIOAY OINPEReIEHHASL
dyuxmua «. Torga BcA TEOPUA BHIYUCAUMEBIX (DYHKIUU MO-
KET OBITh, KaK TOBOPAT, «PEJATUBU3OBAHAY OTHOCUTEIb-
HO (v, €CJIU BO BCEX ONPENeNeHUAX U (POPMYJUPOBKAX 3a-
MEHUTH BBIYACIAMEIE (DYHKIUN HA (DYHKIUU, BEIYACIAMBIE
OTHOCUTEIBHO & (KOTOPBIE 1/t KPATKOCTY HA3LIBAIOT TAKXKE
a-evruucaumbimy). IIpu 5ToM Bee ¢hOPMYINPOBAHHEBIE BHIIIE
PE3YIBTATHI OCTAIOTCA B CHIE, U TOKA3ATENIbCTBA OCTAIOTCA
MOYTU TAKUMU KE.

B wacTHOCTH, MOXHO ONpEIENUTL MOHATHE TePeUUCAl-
MO20 OMHOCUMEALHO @ (WA (-NEPEUUCAUMO20 ) MHOKECTBA
JIOOBIM M3 DKBUBAJEHTHBIX CIIOCOOOB: KakK 06JAcCTh OIpe-
[EJEHUsA (-BBIYUCAUMMON (PYHKIUM, KAK MHOXECTBO 3HA4e-
HOU Q-BBYACIUMON (DYHKIIUU, KAK TPOEKIINID (-PA3PeIlu-
MO0 (Pa3pelmMMoro OTHOCUTENBHO (v) MHOXKECTBA U T. 1.
MoxHO yka3aThk u 601ee IpAMOe OIMUCAHUE KJIACCa (-TIepe-
YUCAUMBIX MHOKECTB.

Ilycte E — mpousBOIBbHOE MHOXKECTBO map BUAa (X, 1),
rae ¥ — gucio, a t — obpasern. Ilycrs o« — HeKOTOpas BCIO-
oy onpenenéunan gpyukuus. Orbepém B MHOKecTBe E Te na-
PBI, ¥ KOTOPBLIX BTOPHIE WIEHBI ABAAIOTCA YACTHIO (v; TEPBLIE
WIEHBI TAKUX TAP 00Pa3yioT MHOXKECTBO, KOTOPOE MBI 000-
snaunm Efa].

Teopema 46. MuoxecTBO X SBISETCA Q-TIEPEIUCTAMBIM
TOrZa U TONBKO Toraa, korga X = Ef«a] ana HexoToporo me-
peducaumoro Muoxecrsa E. (3ameTum, 4T0 B 5TOM ClLydae
He TpeOyeTcss HUKAKOTO CHENUAJbHOO YCJIOBHUS THITA KOp-
PEKTHOCTH. )

< IMycrs X ecTh 06MaCTD OIpeneneHns BEIYUCIUMOU OT-
HocuTensHO o pyHkuum f. Torga f = M[a] ana HekoTOpOTO
MEPEINCANMOTO KOPPEKTHOTO MHOXecTBa, M. OcTaBuMm OT
BCEX TPOEK B M TOIBKO MEPBLIN U TPETUN UICHBL; IOy TUTCA
HEKOTOpOe nepevucanmoe Muokectso E. Jlerko npoeeputs,
yro Efa] 6yzer o6aacreio onpenenenus Gyakuuu Mo = f,
tak uTo Efa] = X.
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Hamporus, nycts X = Efa] nas mexoroporo a. Torzga
PaCcCMOTPUM MHOKECTBO M, KOTOpOE MOAYIUTCA, €CIN B Ce-
peauHy Kaxgou mapsl u3 E pobasutk umcao 0. flcwo, uTo
muO)ecTBO M 6yner koppekTHbM u 4To M[a] 6yger dpyuk-
nuen, onpegenéuuon Ha X = Efa] u npunumaromen ToAbKO
HYyJ€BBI€ 3HAYCHUA. >

B o6branon (HepeJsaTUBU30BAHHON) TEOPUU AL OPUTMOB,
BaXKHYIO POJb UCPAET TeOpeMa 06 YHUBED CATBHON (PYHKIWH.
Ona 0cTaéTCa BEPHOU U TIOCTE PENATUBI3AIINN:

Teopema 47. Ilycth o« — BCiony onpeaenéHHas QyHKIIWA.
CymecTByeT BBIMUCIMMAA OTHOCATENBHO « (QYHKIASA JBYX
APTYMEHTOR, ABJIAKMAACA YHUBCPCATLHON IS KIACCA BBI-
YUCAMMBIX OTHOCUTENLHO @ (DYHKIIUEA OJHOT'O apryMEHTaA.

<1 Kak n B Apyrux cayvasx, MOXKHO HOYTH 6€3 M3MEHCHUN
BOCIIPOMUBBECTHU JOKA3ATEALCTBO COOTBETCTBYIOIIEN HEp eJis-
THBU30BAHHON TeopeMbl. PUKCUpyeM KaKOU-TO A3BLIK IIPO-
rpaMMupoBanus (IpejyCcMaTPUBAIOLIAN HA 5TOT Pa3 BbI3O-
Bbl BHEIUHUX IIPOLEAYD) U HEePEeHyMepyeM BCe HPOrDAMMBL,
KOTOPBIE BKIIOYAIOT B CEOs BHI3OBLI BHEITHEH TIPOICAYPHL O
Terepr B KAMECTBE YHUBEPCATLHON MOKHO B3ATH (DYHKITAIO

U,(i,z) = (pe3y bTarT IpUMEHEHU (-OU MPOrPAMMBL K ).

MEer mCHONL30BaAI HKHUU MHAEKC, ITOOBI MOAIEPKHYTD,
gTo GpyHKIMa U, 3aBUCUT OT «. BopodeMm, TEKCT BBIYMMCIA-
IOIIEN €€ MPOrPAMMBL OT (¢ HE 3ABUCHUT (XOTA, €CTECTBEHHO,
COJEPKUT BLI3OBHI (DYHKIUM ().

IloyunTensH0 NpUBECTH W APYTO€ AOKABATETLCTBO, KO-
TOpPOE ONMUPAETCA HA ONPEICTCHAE BEMMUCIMMOCTA B TEPMU-
HAX KOPPEKTHEIX IEePEIUCIAMBIX MHOKECTB.

PaccMoTpuM yHUBEpCATBHOE TEPEYUCIAMOE MHOKECT-
BO Z 4eTBEPOK BUAA (N,T,y,t), 0ae n, * 1 y — 4ucaa, a t —
o6pasen. T'oBops 06 yHHBEPCAILHOCTH, MBI MMEEM B BHIY,
9TO IPU PA3JMYHBLIX 7l CPEAM CEYeHUuN Z, CONEPKATCA BCE
HNepEeINCINMbIE MHOXKECTBA TPOeK.

Cpean »THX IEPEIMCINMBIX MHOXKECTB TPOEK MOTYT
OBITh ¥ KOPPEKTHBIC, I HEKOPPEKTHBIC. MBI XOTUM TIpUHY-
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IUTEJIBHO KOPPEKTUPOBATH HEKOPPEKTHLIE CEYCHUA, HE Me-
HAA KOPPEKTHHIX. [ pyruMy cIOBaMM, MBI XOTAM MOCTPOUTH
HOBOE TIEPEINCINMOE MHOKECTBO Z' ¢ TAKUMHU CBOUCTBAMHU:
BO-TIEPBLIX, BCE Ce9eHUA /' KOPPEKTHEBI; BO-BTOPBIX, €CIU
cevenue Z, IPU HEKOTOPOM 71 OLLIO KOPPEKTHO, TO OHO HE
w3MeHmiock (Z), = Zy).

DTO AEJAETCA MPOCTO: HYKHO MEPEIUCIATE Z, 0TOPACHL-
BasA (HE TPOMycKas B Z') DJIeMEHTHI, NOOABICHNE KOTOPHIX
IeIaeT HEKOTOPOE CEYeHME HEKOPPEKTHLIM. WTak, MbI mo-
CTPOWIA TEPEIRCANMOE MHOXKECTBO Z', YHUBEDCATLHOE A
KJIACCA KOPPEKTHBIX MEPEIUCAMMBIX MHOXKECTB.

Temepsb M€K0 yKa3aTh KOPPEKTHOE MHOXECTBO W, 3a-
[AMMIEe YHUBEPCATBHYIO (-BEMUCIUMYIO QyHKIN0. UMeH-
HO, Tpouka ((n,z),y,t) (Tenepb eé NEPBLIM “ICHOM SBJIET-
€A Iapa, TaK KAK YHUBEPCAMLHAA (DYHKIIUA 3ABUCAT OT TBYX
aprymenTos) npuaagrexut W, ecau (n,x,y,t) € Z'. Jerko
MOHATE, YTO MHOKecTBO W koppexTHo. [Ipn nansON QyHK-
WX (¢ 5TO KOPPEKTHOE MHOXKECTBO 3338 T HEKOTOPYIO (--BBI-
qucanMyto GyHKnmio U, IBYX apryMeHTOB; €€ N-0€ CeIeHne
ects Z, [, roe Z] — n-oe cevenne muoxectsa Z'. [losTomy
cpenu cevennu pynkuuu U, BCTPEIAIOTCA BCE (-BBIUC/IN-
MBIE (DYHKIUH, 9TO U TPeGOBAIOCH JOKA3ATh. [>

B peaaTuBU30BAHHOU TEOPUN ANTOPUTMOB UMEETCH, KO-
HEYHO, ¥ aHAJOI' IOHATUA [VIABHOU YHUBEDCAILHOU (QPYHK-
UK (-BEMUCTUMYIO (PYHKIUIO IBYX APTyMEHTOB HA3LIBAIOT
2406H0T YHUBEPCAALHOT PYNKUUET 044 KAACCE O-BLIUUCAU-
MOIL PynKyul 008020 AP2YMENMA, €CIU OHA (-BHIUUCAUMA,
YHUBEPCATbHA IJIA KAACCA Q-BEMUCIAMBIX (DYHKIIMU OJHOTO
APTCyMEHTA U A BCAKOW (-BLIMUACAUMON (GyHKIMEM V IBYX
APTryMEHTOB CyMECTBYET BCIOY ONPEIETEHHAA (-BEI'TUC/IN-
Mast (PYHKLMA § OAHOI'O apryMeHTa («IPAHCIATOD ), AL KO-
ropou V(n,z) = U(s(n),z) npu Bcex n u x.

O6wraaoe mokazaTenscTBO (¢. 28, Teopema 15) moOKas3bI-
BaeT, YTO IVIABHBIE YHUBEPCAJIbHbIE (DYHKIUW [ KIACCA
(-BEIMUCIAMBIX (PYHKIIME CyIECTBYIOT. Bonee Toro, MoxHO
3aMeTUTb, YTO NOCTPOEHHAS DU JOKA3ATEALCTBE (CM. BBI-
me) pyHKIMA § OyAeT He TOJIBKO (-BBHIYUCAMMON, HO U TIPO-
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CTO BHIYUCAUMOU (B OJHOM U3 BAPUAHTOB JOKA3ATEILCTBA
dYHKIHA § UMena BUL X — [n,z], Toe KBagpaTHBIE CKOO-
Ku 0603HAYAIT (PUKCUPOBAHHYIO BHIYUCIUMYIO HYMEPAIUIO
nap, a 1 — HeKOTOpoe (PUKCUPOBAHHOE FUCIO).

Y10o6HO, TOBOPA O HOMEpPAX (-BEIYACIUMBIX (DYHKIUH,
UMETH B BUAY UX HOMEPA B TAKUX (CUJIBHO TVIABHLIX) HY-
mepanusax. Ecrecrsennas nymepauus (LOPSAAKOBBIE HOMEDA
LIPOrpaMM) SBISETCS («CUILHO [VIABHOWY HyMepauuen.

ToBOps O PENATUBU3OBAHHON TEOPUU ANTOPUTMOB, MHO-
raa ynorpedusaoT Takyio merapopy. Illycts A — xakoe-To
HEPa3PeNnmMoe MEOXKECTBO. MOXKeT 0Ka3aThCsd, UTO €CTh Ta-
Kas BHE3EMHAs ITUBUIN3AIINA, KOTOPOW MHOXKECTBO A KaxkeT-
CA PA3PEIINMBIM; TVIAIA Ha YUCJAO &, OHU CPasy MOHUMAIOT,
JIEKUT JU OHO B MHOXKECTBE A mawm HeT, W 5Ta IPOBEPKa, —
TAKOE XKE DIEMEHTAPHOE TEHCTBUE B WX MIPOrPAMMaX, KAK Y
HAC CPABHEHWE ABYX IHUCEN. 10rma BCA UMX TEOpHUs AIrOpUT-
MOB Gy €T aBTOMATUYIECKYU PEIATUBU3OBAHHON OTHOCUTEIh-
HO A, HO OHM DTOTO 3aMEYATH HE OYAYT U MOTOMY MTPOUTYT
HAIM PACCYXKIAEHUS BILIOTH JO DTOrO pasjeaa (He BKIIOUYAs
ero) U COIVIACATCS CO BCeMM TeopeMmaMu. Boiee Toro, onu
MOI'YT IPOYECTb U 3TOT PA3AEN O PEIATUBU3AIUA — HO TO,
9TO A7 HUX OyAeT B-BuHaucanMbiM, 1A Hac Oyaer A-B-Bei-
YUCIUMBIM (BBIYUCIAMBIM € IBYMA Opakyitamu A u B).

Bopouewm, k aTon MeTadope He CTOUT OTHOCATHCA CIUIII-
KOM CepBbE3HO.

7.4. 0'-BblunCneHus

B aTom pasgese MbI pacCMOTPUM BHIYUCIUMOCTEH OTHOCH-
TEJIBHO 11-TIOJHOTO TIEPEYNCINMOrO MHOXKECTBA. JI100kie 1Ba
TAKUX MHOXECTBA M-CBOAATCA APYT K APYTY, U TeM Ooiee
T-cBogarca apyr k apyry. Ilosromy ecanm kaxas-To pyHK-
U BEIYUCAUMA OTHOCUTEABHO OJHOTO U3 HUX, TO OHA BHIYHU-
CIMMA U OTHOCATENBHO Apyroro. Takue PyHKInu HA3BIBAIOT
0’ -8LluUCAUMBIMY..

Bcnomunas, €ro muoxecrso nap {(p,x) | uporpamma p
3aBepuiaeT paboTy Ha BXOJE X} ABIAETCSI ONHUM U3 1M-TIOJ-



92 Buiuucaenua ¢ opaxyaom [ra. 7]

HBLIX TIePEeInCAMMBIX MHOXKECTB, MOKHO CKA3aTh, 9TO 0/-BEI-
YUCAUMBIE (DYHKIUW BBEYUCIAIOTCA MAITMHAMA, KOTOPHIM
OPUAAH CHEeMUATLHBI OPAaKyJ, PEIIAoIInil MpobIeMy OCTa-
HOBKHU: STOMY OPAaKyJIy IIOCELTAIOT NPOTPAMMY W BXOMI, U
OH OTBEYAET, OCTAHABAMBACTCA JU HTA OPOrPAMMA HA HTOM
Bxoge wiau He ocranasiusaercs. (IIpu sroM nocbuiaemas Ha
JKCIIEPTU3Y TMPOTPAMMA, — CaMaag OOLIIHAA, 6e3 OOpaIeHun
K OpaKyJy.)

Acuo, 9TO0 MO60E NmEpeIncamMOe MHOXKECTBO SABIAETCA
0’-paspemmMbIM, TaK KAK CBOAUTCA K M-TIOMHOMY TIepedn-
cimMoMy MHOXKeCTBY. (O6paTHOEe, OYEBUIHO, HEBEPHO —
JTOTIOMHEHNE K TIePEINCIIMOMY HEPA3PENIIMOMY MHOXKECTBY
rakxke 0/-paspemumo, HO He MePeTUCAUMO. )

Nmeerca crenyromee npoctoe onucanue 0/ -BEUCIIMBIX
dyuxIUN:

Teopema 48. (a) Ilycrs T — Bcioay onpenenéHHas BbIMU-
cmmMas pYHKIVA IBYX HATYPATBHBIX apryMeHTOB. llepen-
IéM K Tpefeny 1o BTOPOMY apryMeHTY, PACCMOTPEB (hbyHK-
IO

t: x— lim T'(z,n).
n—oo

(Dra pyukuusa yxe He 0013aHA OBITH BCIOLY ONPENEJIEHHON,
TAK KAK [IPU HEKOTOPLIX & YKA3AHHLIA IPEIET MOXKET HE Cy-
mecTBoBaTh.) Pynknumsa ¢ Gyger 0'-perancaumon. (6) Beakas
0’-peramcaumasn pyHKIMA ¢ MOXKET OBITH MOMTYICHA YKA3AH-
HBLIM 06PAa30M M3 HEKOTOPOU BEMMUCIMMON BCIOAY OITPeIeTCH-
HOU (pyukuvu 1.

< (a) Oycre T — BBMECIEMAA BCIOLY ONPENETEHHAS
dbyHKIHA ABYX aprymeHToB. HazoséM mapy (z,n) cTabmib-
son, ecmu T'(x,n) = T(x,m) 114 BAHHOTO T W IJIA BCEX 1M >
> n. 3aMeTuM, ITO MHOXKECTBO HECTAOUILHLIX MIAP Mepedn-
caumo (manas gse napsl (z,n) u (x,m) cn < muT(x,n) #
# T(z,m), MbL BKIIOYaeM 1apy (Z,7n) B NePEIUCACHUE BCEX
HeCTAOWIBHBIX Tap). [05TOMYy MHOXKECTBO HECTAGUIBHBIX
nap 0'-paspemmmo. JIpyrumum caosamu, 0'-aaropuTm gaa
JIOOOU TAPHI MOXKET MPOBEPUTD, CTAOUIBHA, U OHA.

PaccvorpuM Teneps cregyrommin  0'-aqropuTM  BBIMU-
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ceHus mpefenbHon (yukuuu t. [lony9aus BXOX &, MBI pac-
cMaTpmBaeM o ovepenu mapwl (x,0), (z,1),... n a1a Ka-
XK IOW U3 HUX MPOBEPAEM, ABIACTCA JU OHa cTabmisHou. Kak
TONBKO cTafuiabHas napa (x,n) OygeT oOHApyXKeHA, 3Hade-
uue T'(z,n) Bolgaéres B Kadecrse pesyabrara. OQdesuHo,
onucaHHb# 0'-aaropuT™ BEMUCIAET (PYHKINIO t.

(6) Mokaxem tenepn obparnoe yreepxkiaenue. Ilycro
t — wacTwaHaa 0'-BeramcauMan QyHKIHA OTHOTO apryMeH-
Ta. Ham HAZO TOCTPOUTE BEHUACAUMYIO (B OGEITHOM CMBICJIE)
BCIOY OUPEIETEHHYIO (DYHKIINIO TBYX apryMeHToB 1, mis
KOTOPOU

t(z) = lim T(z,n)
n—oo

npu Beex ¢ (M 06€ 9aCTH 3TOrO PABEHCTBA, OMPENeJeHbl Ol-
HOoBpeMenHo). IIpexae Bcero ™Mbl creqaeM cebe HEGOIBIIOE
nocaabneHue, paspemus GyHKIuu 1 TPUHUMATH TaKXke U
HEKOTOPOE CIENUATBHOE 3HAYEHUE, KOTOPOEe MbI OyaeM 060-
3HAYATE 3BE3M049KON. IIpu sTOM nlgr;o T(z,n) = a osnauaer,

9TO MPU BCEX AOCTATOYHO Gombiuux 7, 3uadenue 1'(x,n) pas-
HO @ (¥, B 4aCTHOCTHU, HE PABHO *).

Takoe mociabaeHne Ha CAMOM JeJe HECYIIIECTBEHHO: eCIn
B [IOCJIEIOBATEIBLHOCTH, B KOTOPOU €CTh 3BE3 OYKHU, KAXK VIO
73 HUX 33aMEHUTH HA IBA PA3IMYHBIX IOAPSAL MIYIIUX IeHA
(BCE paBHO KakKmx), TO MOCJIEAOBATEILHOCTH OyJeT MMETHb
NPEXHUN mpenet (WK MO-TPEXHEMY He UMETh IPeea).

Tenepnr ompegenum ¢pyukimio 1. Ilo npeamonoxeHuio
DYHKIUA t BEIYUCIACTCA HEKOTOPOU MPOTPAMMON P, UMEFO-
Men JOCTYI K XapaKTepUCTUIecKon (HyHKINKA HEKOTOPOTO
nepeancanMoro Muoxectsa K. O6osnauum wepes K, xo-
HEYHOE [OIMHOXKECTBO MHOkecTBa K, cocrosmee m3 Tex
€r0 DIEMEHTOB, KOTOPHIE YCIeaun OOHAPYKUATHC 34 7 MIATOB
nepedncaeana MHOXecTBa K. Berawcmaa T(x,n), Mbr cae-
JaeM 7N MIaroB PabOTHI TPOTPAMMEI P, TPU DTOM HUCIOIL3Y
BMecTo K ero xomeunoe mpubmmxenuwe K,,. Ecmu 3a >t
7 IIArOB [IPOrpaMMa p He AAcT 0TBeTa (4TO MOXKeT OBITH 10
Pa3HBIM NPUYMHAM — OTBEIEHHOE €U BPeMsa MOXET OBIThb
HemocTaTouHo, K, MoxkeT oTamdarhbesa oT K, na m BooOie



94 Buiuucaenua ¢ opaxyaom [ra. 7]

dyHKIMA ¢ HA £ MOXET OBITH He ompeneneHa), To T(x,n) =
= x. Ecum ke 3a n maros mporpaMma OTBET AACT, TO 3TOT
oTseT u OyaeT 3HadenueM 1 (x,n) (33 OMHUM UCKIOUICHUEM,
0 KOTOPOM MBI CKaXKeM I031Ke).

IlompoGyem gokazaTh, 4To t(x) = nILH;O T(x,n). Iycts
t(x) paBuo mexoropomy a. Torga pabora mporpaMmer p (¢
NPABWIBHBIM OpakyJioM K) depes HEeKOTOPOe BPEeMA 3aBep-
MIAETCA U AAET OTBET . [Ipu 3TOM BEIMMCIEHUN UCTIOAB3YET-
€A JIMIIb KOHEIHOE IHUCI0 BOIPOCOB K Opaky.Ly. IlosToMy mpu
JOCTATOYIHO GOJBIIOM 7t MHOXKECTBO K, B 3TUX MecTax yxke
OyneT coBmagarh ¢ K. Yeeawaus n emg, ecan Hag0 (ATOOk!
OHO TPEB3OILIO BPEMA PAGOTHL MPOTPAMMEL P), MBI MOXEM
PapaHTUPOBATEL, YTO HPU DTOM 7L W TPU BCEX OOIBIIUX 71
suadenue T'(xz,n) Oyzer paBHO a.

Ho maMm Ha1O €mé 10Ka3aTh, YTO €CaAu TPEeIet CYIIeCTBY-
er u paseH a, TO t(x) = a. 34eCb HAC 0XKUAAET TPYAHOCTD,
coctosaman B caexyiomeM. [lycrs npu macrosmem K pabo-
Ta MpOrpaMMH p He 3aBepuaeTrca. Ho TeMm He MeHee MOxkeT
MOMYIATHCA TAK, YTO TMPU KAXKJIOM 7, HAIIE BBIYUCICHUE 33~
BEPIIUTCS 33 CIET TOTO, UYTO MHOXKECTBO K, OTINIaeTCA OT
Hactosmero K, u gaxke CIydadHO BCE DTU BHLIYUCICHUS 1a-
IOYT ONUHAKOBLIU OTBET.

YTOOLI CIPABATHLCA € 3TOU TPYIHOCTBHIO, H3MEHIM OIIpe-
genenne GyHkumu 1. A MMEHHO, NOTOBOPUMCA, UTO €CIN
npu Beraucaenuu T(z,n) u T(z,n — 1) uporokoas o6pa-
MIEHUA K OPaKyJdy ObLIM PA3HBIMU (3aaBaJKCh PA3HBIE BO-
IPOCH! WY OBLIN MOSYYIEHBI PA3HBIC OTBETHI HA, OJUHAKOBEIC
Borpocet), To T'(z,n) = *. DTO HE MOPTUT HALIErO MPEIbI-
OYIIErO PACCyKIeHUA, IIOCKOAbKY TaM Ipu OOJBIIAX 7 3a-
JaBaeMble BOIIPOCHI U JABAEMEIE OTBETHI TAKHE X€, KAK B
(HACTOAIMIEM» BBLIYUCICHUU. 34TO TENEPh MBI MOXKEM OBIThH
YBEPEHBI, 9T0 ecan nocaenosarensaocts 1 (x,0), T (x, 1), ...
umeer mpegen, To u t(x) ompeneneno. B camom gese, ecan
OHA MMEET IPEJeT, TO COACPKUT KOHEUHOE TUCIO 3BE3NO-
9eK. SHAYUT, IIPU BCEX NOCTATOIHO GOJBIINX 71 OPAKYILY 3a-
DAIOTCSA OJHU W TE ¥Ke BOMPOCHL M MOTYIAI0OTCA OTHA U TE Ke
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OTBETHL. 3HAUUT, DTU OTBETHI MPABUILHEI, TaK KaK B TIpe-
mene K, crpemutca k K. IlooToMy HacTOSIIEE BHIYUCACHTE
TaK¥XKe 3aBepiaeTcs (¢ TeM e OTBeTOM). [>

61. ITpusenéunoe B 3aga4e 14 (c. 17) ompeneneHne BHIYUCIN-
MOI'O AGIL/,ICTBI/ITeJH)HOFO IUCJIa MOXKHO PEIATUBU30BATH OTHOCH-
TEeILHOTO JI0OOT0 MHOXECTBA A HOKa)KI/ITe, 9TO YUCIO (¥ ABJIA-
eTCa 0/—BBI‘-II/ICJII/IMBIM TOraa ¥ TOIBKO TOTr'da, KOT'la OHO ABJAACTCA
openeaoM BLI‘II/ICJII/IMOIL/,I IIOCIAeJOBATEIPHOCTH PAllUOHAJBHBIX TH-
ced.

7.5. HecpaBHuMble MHOXeCTBA

Omnpenenenne cBogumMocTu 10 ThiopuHrY (HATOMHUM,
110 A cBoguTcs o Tetopunry k B, ecau MHOXKeCTBO A pas-
pemmMo ¢ OpakyqaoM i B) MOXHO DaccMaTpUBATL Kak
€noco6 CPaBHUBATH 330AYMU PA3PEINECHUS PAIUIHLIX MHO-
xecrs «o Tpyaaoctwy. (Ecaun A <7 B, To 3aga4a pasperte-
HUA MHOXKECTBa A B HEKOTOPOM CMBICJE TIPOITE, TeM 331293,
paspelieHus MHOXeCTBa B.)

BosaukaeT MHOXECTBO €CTECTBEHHBIX BOMPOCOB, CBA-
3aHHBIX ¢ Takou kiaccudukarmen. Hampumep, cyiecTsyer
JU caMas TPYAHAA B MUDPE 3aJa4a PA3PELIEHUs, TO €CTh Ta-
koe muoxecrso A, uro B <7 A ana moboro muoxecrsa B?
OTBeT, KaK JErko MOHATH, OTPUNATENBHBIN: B PEIATHBA30-
BAaHHOM OTHOCUTEILHO A MUpe eCTh CBOUW HEPA3PEIINMBbIE
MHOXeCTBa (M jgaxke A-mepeuucanmbie A-HepaspemmMbie
MHOXKECTBA) — HOCKOJbKY TaM BLIIOJIHEHLI OOBIYHBIE TEO-
peMbl Teopur aaropurTMoB. (MOXHO TakXke 3aMeTUTh, 4To
[MOCKOJIBKY PA3JUYHBIX IPOrPaMM CYETHOE UUCJAO, TO IIPU
JI0O0M MHOXKECTBE A CeMENCTBO BCeX A-paspemmMbIx MHO-
WKECTB CIETHO. )

[lpyron, MeHee TPUBMATILHBIN BOTIPOC TAKOU: JHOOBIE JIN
JBa MHOXKECTBa cpaBHUMBI! OKa3BIBAETCA, ITO HET, KAK TIO-
Ka3bLIBAeT CICAVIONAs TeopeMa, mokaszanHas Kiwmau u Ilo-
CTOM.

Teopema 49. CymecTByior nBa MHOXecTBa A u B, mis
koTopeix A L7 B u B €1 A. DT MHOXECTBa MOXKHO B3iTh
0’-paspemuMbIMT.
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< MuoxectBa A u B IOMKHLI yIOBICTBOPATL TAKAM
TPeOOBAHUAM: HUKAKAA TPOTPAMMa, K KOTOPOU TPUCOEIN-
HEH B-0pakyJ, He pa3pelnaeT MHOXKECTBa A, 1 HuKakas mpo-
rpaMMa, K KOTOPOU NPUCOEIUHEH A-Opaky/, He pa3periaer
MHOXkeCTBa B.

Takum 06paszoM, UMEETCA CUYETHOE HUMCIO TPeOOBAHUN
(IOCKOIBKY ecTh cuérHoe Yucao nporpamm). Mer 6ygem 06-
CJIyKUBATH UX II0 OUepenu, Ka¥X I0€e 10 OZHOMY pa3y — obec-
[I€YUB BHIIIOJHEHNE HEKOTOPOIr'o TPeOOBAHMS, MBI YK€ K HEMY
BOzBpamaThea He Oyaem. [locre kaxkmoro mara 6ymeT Guk-
CUPOBAHO TIOBEJIEHNE MHOKECTB A U B Ha HEKOTOPBIX OTpe3-
KaX HATYPAJIBHOI'O PsAAA, TAPAHTUPYIOIIEE BHIIIOIHEHNUE YIKE
paccmoTpenHbIXx TpeboBanuu. Ha caenyromem maru 3t oT-
pe3ku OyayT OoJblile, 1 TAK Jajee — B IPeaeae MOLyIaTCs
oBa MEHOXKeCTBa A u B, yI0BICTBOPAIONINE BCEM TPEGOBAHNT-
aM. Bea xorcTpykumsa 6yger 0'-Boramcammon, Tak dTo pe-
3yJABTUpYOMMEe MHOKeCTBa OyayT 0'-paspemmMbivn.

Onumiem paccyxaenue 6osee noapoouo. Hazosém ¢pae-
MENNOM PYHKINIO, KOTOPAA ONPEIEICHA HA HEKOTOPOM (KO-
HEYHOM) HAYAILHOM OTPE3Ke HATYDAJIBHOIO DPALA U IPUHU-
maer suadenus 0 u 1. Byzem roeopurs, 94T0 MHOXECTBO
A coeaacosano ¢ PparMeHTOM @, €CJIU XaPAKTEPUCTHIECKAS
dbyuxma MmuoxkecTsa A mpogomxkaer a. [pyruMu croBamu,
COTVIACOBAHHOCTD € TAHHBIM (PPATrMEHTOM O3HAYaeT Ompene-
JEHHOE TIOBeeHNEe MHOXKECTBA Ha, HAYATLHOM OTPE3Ke HATY-
PaJBHOIO PsIA.

Ecau dpparMenT as; mpoaomxkaeT (GpparMenT di (TO eCTb
ompeneéH Ha OOJBIIEM OTPE3KE C COXPAHEHWEM IIPEeKHUX
3HAYEHUN HA MEHBLIEM), TO, OYEeBUIHO, COIVIACOBAHHOCTL C
HUM HAKJIAIBIBAET OOJbIIE OUPDAHUYECHUN HA MHOXECTBO.

Jlemma. Ilycte a mu b — nBa dparmenTa, a p — mporpam-
Ma, COAEPKAINAsA BLI3OBLI BHENIHEW npouenypul. Torga cy-
HmecTBYIOT npogo/nkenus a’ u b aTux pparMenToB ¢ TaKuM
CBOWCTBOM: HU I KAKUX MHOXKECTB A u B, cOnTacoBaHHBIX
ca’ m b, mporpamma p, IMes TOCTYT K XapaKTepUCTUIECKON
dyuxmn gaa B, He OygeT paspemaTrsh MHOXECTBO A.

[lokaszaB 3Ty JeMMY, MOXKHO TTOOYEPETHO PACCMATPUBATD
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BCE TPOrCPAMMEBI U TapPaHTUPOBATEL, YTO HU OJHA W3 HUX
He paspemaeTr A orrocurensao B. Ecau npu sToMm gepeno-
BaTh A m B B IPUMEHEHUU D>TOU JEMMEI, TO OJHOBPEMEHHO
MOXKHO FapaHTHPOBATH, YTO HU OLHA IPOrPAMMa HE pa3pe-
maer B oraocuTeasno A.

(3amevanme. OUeBUIHO, MOXKHO MPENOIANATH, UTO @
n b gimEHEE @ M b — WX BCerga MOXKHO MCKYCCTBEHHO yLIN-
HuTh. Torga B mpegese MbI TOTyIUM OECKOHEYHBIE T10CJIE 0~
BATEIBHOCTH, AB/IOIIMECT XaPAKTEPUCTHIeCKIMY (PyHKIU-
MU IBYX HCKOMBIX MHOXeCTB. Brpodem, 510 He 06sa3aTens-
HO: €CJIHM B IIpefefe BAPYD IMOJMy9aTCsi KOHEYHBIE (hparMeH-
THL — BO3BMEM JH00BIE MHOXECTBA, C HUMU CONIACOBAHHEIE. )

WTax, a1 NOCTPOEHUA MHOKECTB A 1 B 0CTAIOCh TOKa-
sars aemmy. (K Bompocy o 0'-BeramcauMocTu Mbl emé Bep-
HEMCIL. )

B ¢dopmymuposky gemMumbl MHOX)eCTBA A m B BXOAAT
HECHUMMETPUYHO, TODTOMY ¥ paccykaeHue OymeT HECuM-
MeTpuiHoe. PUKCUpPYyEM HEKOTOPOE HHUCJIO &, KOTOPOE He
BXOAWUT B OOJACTH oupepeneHus (GParMeHTa ¢, U 33 TaIUM
cefe BOIIPOC: CyLIECTBYeT JU TAKOe MHOXecTBO B, coria-
COBAHHOE C (HParMeHTOM b, 9TO IOCIe IPUCOENUHEHUS €r0
XapaKTEPUCTUICCKON (DYHKINKA K TPOTPAMME P DTa TIPO-
rpamMMa JaéT Ha BXOMAE & KAKOU-TO U3 OTBETOB «Ia» U «HET».
Ecan Takoro muoxecTBa HeT, TO BOOOIIE 3a00TUTHCA HE O
YeM — YTBEPXKAEHUE JeMMEI OyIeT BEPHBIM, €CJIKU IIPOCTO
nooxuth @' = a, b’ = b.

IIycTs Takoe MHOXKecTBO B cymectryet. [Ipocrenum 3a
paboTOn MPOrpaMMEL p Ha, BXOAE % IJIS DTOr0 MHOXKECTBa, B.
IMpex e UeM BHIZATL CBOU OTBET, IPOIPAMMA MOXET HEKO-
TOPOE KOHEYHOE YUCJIO0 PA3 BHI3BIBATH XAPAKTEPUCTUIECKYIO
¢dbyukumio maoxkecrsa B. BosbMmém dpparment b, ¢ KOTOpLIM
B cOrIacoBaHO, U TPUTOM JOCTATOYHO [IVHHLIN, 9TOOHT TIO-
KPHITH U 3apUKCUPOBATE BCE T€ MECTA, K KOTOPBIM 00paIa-
Jack mporpaMma p. Torga nporpavma p 6yeT 1aBaTb TOT
K€ CaMBI OTBET He TOJbKO i MHOXKeCTBa B, HO um mis
JMOOLIX MHOXKECTB, corMacoBaHHbIX ¢ b'. Ocraérca obecre-
YUTh, YTOOBI DTOT OTBET ObLT HEBEPHBLIM, YTO MOXKHO Cl€-
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JaTh, BKIAKYUB & B 06IaCTh onpeneneaus a’ u Buibpas a’(x)
MPOTUBOPEYAIINM 3TOMY OTBeTy. JleMMa moxasana.

OcTanocs Juib 0Ka3aTh YTBEPKACHUE TEOPEMbI, OTHO-
cameecd K 0/-BLIMUCIMMOCTH, IS 9€r0 HALO yOequThCA, ITO
nocrpoenue a’ u V' B JOKasaTEILCTBE JEeMMBI MOXHO Cle-
aark 0'-anropurMuyaecknm. Kao9eRoln MOMEHT 34eCh — OT-
BET HA CPOPMYIUPOBAHHBIN TIPU JOKABATEILCTEE JEMMBI BO-
mpoc. Konewuno, 6ykBaibHO mepedpaTh KOHTHHYYM BO3MOK-
HBEIX MHOXECTB B, COMIacoOBaHHLIX C (pParMeHTOM b, HEBO3-
moxH0. Ho 5T0 1 HE TpebyeTca — HaL0 IPOCTO IPOCMATPH-
BaThb BCE BapWaHThLI PaboThl mporpammer p. Korana ona 3a-
TaéT BOIPOC PO HE BXOJAIIEE B b IUCI0, TPOCMOTD PA3BET-
BJSETCA HA ABA HAMPABICHUA B 3aBUCUMOCTU OT IBYX BO3-
moxuocren. [loayuaeTcs BeTBANIEECS AEPEBO BAPUAHTOB, U
BOIIPOC COCTOUT B TOM, MOIYIAETCA TN OTBET «Ia» WA «HETH
XOTh Ha KAKOU-TO BETBU. A DTOT BOIPOC MOXKHO mepedop-
MyJUPOBATEH KAK BOTPOC O TOM, OCTAHOBUTCA JU HEKOTOPAA
nporpaMMa (a UMEeHHO, IPOrPaMMa, TPOCMATPUBAKIIAA T~
PAIETBHO BCE BETBU U OCTAHABIMBAIOIIAACS, KAK TOJBKO HA,
OJHOU U3 HUX IOABUTCA OTBET 42y WM (HET).

OTO 3aMeYaHue WM 3aBEPIIAET AOKA3ZATENILCTBO TEOPe-
MBI >

Tl'opazno Gosee CIO)EH BOMPOC O TOM, CYIIECTBYIOT JU He
npocto 0’-pazpemmmbie HeCpaBEUMEIE 0 ThIOPUHTY MHOXKE-
CTBA, & NePeInCINMbIE HECPABHUMEIE IO TBIOPUHTY MHOKE-
crBa. DTy upobiemy (Tax HasbBaemyoo npobaemy Ilocma)
HE33BUCUMO PEIIIN AMEPUKAHCKMY MaTeMaTnk Ppuabepr
u Annbept AbGpamorma MydHUK; WHTEPECHO, UTO AJIA TO-
CTPOEHUA MEPEIUCTUMBIX HECPABHUMBIX MHOXECTB OHU WC-
NOB30BAMA OMWH U TOT K€ MOAXOM, KOTOPLIA HOJTy9rI Ha-
3BAHUE (METOJ IPHOPUTETA).

7.6. Teopema Myunuka—Ppuabepra:
obujas CXema KOHCTPYKUUM

Teopema 50. CymecrByior HecpaBHuUMBIE 10 ThIOpUHTY
MEPEINCTUMBIE MHOKECTBA.
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MEI IpUBOANM TOKA3ATEILCTBO 3TON TEOPEMBI KAK TIPH-
Mep 06oJee M3OMPEHHON TEXHUKU, UCTONB3YEMOU B TEOpUM
BeraucIuMbx Qyrkn. O ITHAKO HATO UMETH B BUAY, 9TO B
1960-b1e u 1970-bie TOABI TIEPEIHINT KPAU 3TOU O06JACTY YIIER
IAMEKO 33 TOPU3OHT, U IIPUBOANMOE HUKE PACCYXK ICHUE CTa-
JI0 CKOpee 00pa3snoM MPOCTOTHI, €M CJIOKHOCTH.

<1 ITak, MBI XOTUM TOCTPOUTH ABA MEPEINCINMBIX MHO-
XKECTBA, HA OMHO U3 KOTOPHIX HE CBOAUTCA K JAPYTOMY IO
Trropurry. Mer GygemM CTPOMTH WX IO IMAIAM; HA KAaXKIOM
mare OyaeT W3BECTHA JWIIb KOHETHASA 9aCTh Oy IyIIuX MHO-
xkectB. Ham OymeT ynobHa Takas TEPMUHOJOTHUA.

Bynem HaswBIBATH 94EMEHINOM TPOU3BOIBHYIO APy KO-
HevHBIX MHOXeCTB (A, B) HaTypaabHbIX wucea. Bygem ro-
BOpUTH, 4TO daeMenT (A, B') npodoascaem siement (A, B),
ecm A C A’ u B C B'. MBI IOCTPOUM BLMUCIAMYIO IOC/IE-
IOBATEMBLHOCTE SIEMEHTOB, KAXK BN U3 KOTOPBIX IIPOI0MKA-
eT mpeaLIAYINul; B npenene (OOLeIUHEHNN) OHN AaNyT WC-
KOMEI® TIePEINCAUMEIC HECDABHUMEIC MHOXKECTBA.

Bynem HasbBATL ykazanuem I€TBEPKY KOHETHBIX MHO-
xects (AT A~ BT B7), B kortopoir AT ne nepecexaercs
¢ A~ u BT me nepecekaerca ¢ B~. CioBo «ykazanue» 065-
ACHAETCA TEM, UTO TAKUE YETBEPKN YKABLIBAIOT, €0 MBI
XOTUM OT 2IeMeHTOB: AT — 3T0 «mcia, KOTOpHIE NOMKHEL
BxoauTh B A, 8 A” — umcaa, KOTOPLIE HE MOMKHLI BXOAUTH
B A; anamoruuno mis B. PopMaibHO, MEL TOBOPUM, 9TO BJIe-
ment (A, B) coeaacosan c ykazanuem (AT, A~ BT B7), ec-
m At C A A-NA=09, Bt c B, B-NB = @. Byzem
TOBOPHUTH, ITO YKA3AHUE Ug CUALHEE YKABAHUA Uy, €CAU BCA-
KUI DJIEMEHT, COMIACOBAHHBIN C Uy, COMVIACOBAH U C %y (TO
€CThb KaXKIad W3 IETBIPEX YaCTEd YKA3AHUA MOKET TOMLKO
YBEIUIUTHCS).

Iycts «(X,Y) — mpomsBOIBLHOE CBONCTBO Maphl MHO-
xectB X,Y C N. C xkax[IbIM TAKUM CBOUCTBOM CBAXKEM
HEKOTODPYI UIPy ABYX mepcoHaxen — Pyxosoaureas (P)
u Ucnomuurens (U). Urpa nmpoucxogur rak: BHadaze U
npesrbaBIAeT P HEKOTOpPOe YKA3aHWe Uy M HEKOTOPHIU DJe-
MEHT €j, COTVIACOBAHHBIN C ug. MBI OyIeM Ha3BIBATH WX
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HAYAJIBLHBIM YKA3aHUEM W HAYAIbHBIM dieMeHToM. (Kak Ml
YBUJUM, B OKOHIATEILHON KOHCTPYKIIUU PYKOBOAUTEIEH Oy-
JeT HECKOJBKO, I HAYAIbHOE YKA3aHNE U DIEMEHT TOCTAIOTCA
CBEXEHA3HAYMEHHOMY PYKOBOAUTENIO OT €ro IIPeJleCcTBeH-
HUKOB — HO 006 »ToM pgaiablue). P orBedaeT HEKOTODLIM
YKa3aHUEM U1, OcIe 3Toro U BuibupaeT COrVIACOBAHHBIM C
HUM DJIEMEHT €1, 3aTeM P BHIOUpaeT uo, W BoiOUpaeT es u
Tak jgajaee (Urpa IPOAOIKAETCA GeckonewHo). [Ipu sTom:

o Kaxnuiu caenyronmuy BoibupaeMeiit 1 aaeMenT qoaKeH
POI0IKATE TPEILITYIIUA (M TOTOMY BCE OHU TIPOI0J-
KAKT HAYAIBHBIN); OH TAKXKe MOMKEH OBITH COTJIAco-
BaH C TOGICAHUM yKazaHueM P, HO MOxeT He OBITh
COIVIACOBAH C €r0 MPEABIYIIIMA YKA3AHAAMU.

e Bce ykasanua P momxubl OLITH CHIbHEE HAYAIBLHOIO
yKkazauuA (HO He O0A3aHEI OBITH CHIbHEE €r0 Mpenbl-
IYUIAX yKa3aHun!).

e Ecau ouepennoe ykaszauue P BowmiBaeT mat (TO ecTh
y 1 mer sremenTa, KOTOPLIA ObLI C HUM COIVIACOBAH U
PO I0JIKAJ IPEALLAYIIUAN 3IEMEHT ), TO UI'DA 3aKAHIU-
BaeTca u P mpourpriBaet.

e Ecam urpa 6eckonedna, T0 MBI cuuTaeM P mobeguTe-
JIEeM IIPDU BBINIOJIHCHUU IBYX yCJIOBHfI. HepBoe n3 HUX
COCTOUT B TOM, 9TO YKa3aHWUI P, HAYMUHAS C HEKOTO-
pPOro MOMEHTa UI'DBL, HE MEHAKTCH.

e Haxonemn, BTOpOE yCIOBHE COCTOMT B TOM, UTO Hpe-
meTbHBIE MHOXKECTBa X W Y YAOBIETBOPAIOT YCJIO-
Buto «(X,Y), 0 KOTOPOM MBI TOBOPWIM [0 HAYTALA
onucauusa urpsl. (Ecau i-vm saement e; ects (X, Y;),
10 X Y ecTb 06beIuHEHNA BO3PACTAIOMINX ITEITOYEK
muokecTB Xog C X3 C...uYpCYi C..)

ByneM Ha3LIBATE YCJIOBUE 6bIUePbIUHbIM, €CJU CYIIECTBY-
eT BBMUCINMAs (pearusyeMas alrOPUTMOM) CTPATErus A
P, rapamrupynomas ero Bemurpoin. JajlbHedmun miad geu-
CTBUU TakoOU. MBI TIOKAXKEM, UTO I JIOO0U TPOTPAMMEL P
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€ BBI30BAMU BHEIHEN TPOIEIYPHI YCJAOBHUE «P C OPAKYJIOM
s Y me paspemaer X» ABIACTCA BHIMCPHIIHEIM. (DTO pac-
CyXKeHNe B BHAUYUTEILHON Mepe IOBTOPSET PACCY K ACHUE U3
reopembl Kuunu —Ilocra, no mHeckoabko Gosee cioxuo.) Bo-
Jiee TOT0, MBI YCTAHOBUM, YTO COOTBETCTBYIONIAA CTPATET U
BBIYUCIUMO 3aBUCUT OT P.

C Ipyrou CTOPOHBI, MBI TIOKAYXKEM, ITO I JI0G0T0 IHCIa
BBIUTPHIMIHLIX YCJAOBUM (v, A KOTOPBIX CTPATErMH MOXKHO
BBEIOPATH BBIMUCAUMO 3aBUCIIIUMEA OT 4, MOXKHO HAUTH TAPY
[IEPEUIUCINMBIX MHOKECTB, ¥ JOBAETBOPSIIOILYIO BCEM YCJIOBHU-
saM. VIMeHHO 3TO mocjegHee paccykaeHue OyneT UCIOIb30-
BaTh WAEI0 (IPUOPUTETay: Y HAC OyAeT OMWH MCIOJHUTEND
M CUETHOE YUCIO PYKOBOJUTENEN, KOTOPHIM MPUCBOEHBI Pa3-
HBIE YPOBHU NPUOpUTETA (TVIABHBIN, MEHEE [VIABHBIN, CIIE Me-
Hee [VIABHBIA U T. 1.).

7.7. Teopema Myunuka—Ppuabepra:
BbIMIPbILLHBLIE YCIOBUS

Urak, nycth QukcupopaHa mnporpamma p, koropou P
XO4YeT IOMELIATH PAa3PemaTh MHOXKECTBO X OTHOCUTEILHO
mHOX)eCTBa Y. YT0 OH momxken miasa oToro aeaats? (Mer
GyleM OMUCHLIBATH BCE MPOUCXOJALIEE C M0 TOUKHU 3PEHMUA. )

B navane P nonry4uaer nekoTopoe ykazaHue u HEKOTOPBIN
3JEMEHT, C HUM COINVIACOBAHHLIM. Bce najibmedinne ykasa-
HUS JOJKHBI OBITH CHJIBHEE DTOr'0 — MBI BCErJa JTOJKHEI
VKa3hIBATL BKAIOYUTL OMpeneTéHHBIe uncaa B X u Y u mHe
BKJIIOYATh HEKOTOPBIE Apyrue (U TeX, W APYTUX — KOHed-
HOe MHOXecTBO). Kpome Toro, ecTh HEKOTOPHIN HAYAIBHBIN
AMEMEHT — HadaabHas napa Muoxects. Co Bpemenem U yBe-
JXYABAET HTU MHOMXKECTBA [0 COOCTBEHHOMY YCMOTPEHUIO;
EIMHCTBEHHOE, KAK MBI MOXKEM Ha DTO MOBIUATH — IaBas
YKa3aHu;.

Urak, uyTto xe mer meraem? Ha mepeom mare Bribepem
KaKOe-TO YHCIO &, HE BXOMAIIee B HAYAIbHOE 3HadeHume X
4 He 33TPOHYTOE HAYAJLHEIM yKasaHueM. B HameMm mepBoM
VKa3aHUM MBI TTOMPOCUM HE BKIOYATEH 3TO £ B X, TO €CTh
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mT006aBUM T BO BTOPYIO KOMIIOHEHTY HAYAIBLHOTO YKAa3aHUA,
KOTOPYIO MBI Koraa-1o obosaadamu A~ . (Ecau 61 MBI XOTE-
Jiu, ITOGBI TPOTPAMMA HE Pa3peiana Y , MbI OBl 1eNCTBOBAIA
CUMMETPUYHO U J00aBAAIA OBl YUCJAO0 B YETBEPTYIO KOMIIO-
HEHTy, KOTopas o6o3Hadatacs B™.)

Yro 510 Ham gaét? Ecam mbr 6ygem u ganbie 1y0aupo-
BATh MEPBOE YKa3aHUE, TO MBI JOOBEMCS, ITOOBI TUCTO I HE
IpUHAAIEKAT0 npenerbuoMy MHOX)ecTBY X. Ho ecim B xa-
KOU-TO MOMEHT Mbl IEPEAYMAEM U 3aXOTUM, ITOOBI T MPU-
Hagaexkaa0 X, 5TO MOXHO — NOCTATOYHO U3BATH & U3 A~
u no6GapuTh ero B AT, WTo He BEIBOReT TMaTa. (3aMeTuwm,
YTO DTO HOBOE yKasaHwme He OyIeT CUIbHee MPexHero — HO
TIO-TIPEXKHEMY OyIeT CUIbHEE HAYAJBLHOTO, & TOJBKO DTO U
Tpebyercs.)

Tak wmnmu wHadge, Mpl BeIOpaanm Takoe z, cOPMUPOBAIA
TIepBOe YKa3aHWe U TyOJIupyeM ero, MOKa He BUIUM TPUTUH
M3MEHUTL CBOE MHeHme. [[pUYuHBI DTM MOTYT COCTOATEH B
craenytomeM. Ha n-oM X0Ay Urphl MBI BBIIOJHAEM 7 IIATOB
pabGorel nporpaMmel p #a Bxoge x. (Hanomuum, uro p —
Ta caMmas MPorpaMMa, KOTOPOU MBI XOTHUM HE JaTh pa3pe-
mathk X ¢ opakyioM mag Y.) Ilpm sToM, KOrga mporpam-
Ma BBI3BIBAET BHEIHIOW MPOILEAYPY Mad Y, MBI MaéM OT-
BETHI B COOTBETCTBUU C TEKyIIUM COCTOAHUWEM Y (TO eCTb
B COOTBETCTBUU C IOCJCLHUM 3JEMEHTOM, HAanucaHnubiM U).
IMpexcraBum cebe, 9TO NEUCTBUTEALHO 33, 1 MIATNOB IOJLY U
¢s1 KAKOU-TO pesyabrar. Torga Mel OpoOyKIAEMCST U CMO-
TPUM, TPUHAITCKHOCTL W HEIMPUHAMTCKHOCTDL KAKUX DJe-
MEHTOB MHOXECTBY Y OBbLTa IPX DTOM HCIONAB30BAaHA, U (HUK-
CHpyeM TeKyllee IOJOXKEHNE el B HAIlleM CJAeIVIOMIEM U BCeX
nocaenyomux (60bLIE OHU MEHATHC He Oy Ay T) yKA3AHUAX.
Tem cambiM OygeT rapaHTHPOBAH TOT XK€ OTBET IIPOIDaM-
MBI P Ha TIPEIeTHLHOM MHOXECTBE Y. C Ipyrou CTOPOHBI, MBI
MOXKeM TOOUTHCA, ITOOBI & MPUHAATCKATO X MIN HET MO Ke-
JAaHU0 (ATOOBI He TPUHAIIEKANO, HE HALO [Ne1aTh HUYIEro,
9TOOBI IPUHAIIEKATO — IIEPEHECEM €r0 B MOJOKUTEILHYIO
yacTh ykasauus, cM. Beiue). Cgejnaem 310 Tak, YT00LL OTBET
TIPOT'PAMMEBI P CTaT HEMPABUILHLIM.
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TTokaxem, 9TO 3Ta CTpATErUA JEUCTBUTEIHHO BEIATPHIIII-
Haa. EcTe nBa caydasa. Ecin MBl B KakOU-TO MOMEHT TPOOY-
QUIACH, TO MO MOCTPOEHUIO MPOrPAMMA P TAET HEMPABUIb-
HBI OTBET HA YHUCJE T. ECau XKe MBI Tak U He IpOo6y IUINCh,
TO IporpaMMma p He gaéT Ha T HUKAKOIO oTBera (Ipu Ipe-
JeJIbHOM 3HadeHuu opakyuaa). Ilouemy? B camom gese, aro-
OO TAaKOH OTBET 3ABUCUT OT KOHCUYHOI'O YMCJIA BOIPOCOB K
opakyay u TpebyeT KOHETHOrO YKCIa MIAaroB pabOTH — TaK
9TO HA JOCTATOYHO JAJEKOM A€ UT'PHL, KOI'Ia BCE HYKHEIE
YUCJIa B OPAKYJIE MOSBATCSA U BPEMEHU HA BEIYUCIeHKE Oy 1eT
JOCTATOYHO, MBI JOJKHBI ObLIN ObI IPOOY IUTHCA.

BrrauciaumocTs Hamen crpareruu (B TOM HUC/IE BBIMU-
CANMAST 3aBUCUMOCTE OT MApPaMeTpPa, TO €CTh OT MPOrpaM-
MBI p) oueBugHA. OCTAIOCH OOBACHUTS JUIIb, TOYEMY TUCIO
PA3IMYHBIX YKa3aHUy OyAeT KoHedHno. Ha camMom mene ux mMo-
XKeT OBITh MAKCHMYM B3 — €CJAU MBI KOTIa-TO MPOOYK Ia-
JIUCB, 9TOOBL Jajee 3aCHYTh HaBeku (a ecau He npobyxaa-
JIUCB, TO BOOOLIE OAHO).

7.8. Teopema Myunuka—Ppuabepra:
METO/, npuopuTeTa

Teneps MOXKHO 3a6LITH 0 KOHKPETHOM NMPUPOLIE SIEMEH-
TOB M YKA3aHUI U MMOKA34Th, ITO €CJIU €CTh TOCAETOBATENb-
HOCTBL BBIUTPLIMIHLIX YCIOBUR (V1 , (X3, - - - , TPUIEM BEIUTPLIII-
HBIE CTPATErWH A P BEMMUCINMO 3ABUCAT OT 4, TO €CTh Ta-
pa TePEeTUCAUMBEIX MHOXKECTB, YIOBAETBOPAIOIIAL BCEM YCJIO-
BUAM.

g 5Toro npeacTaBuM Ce6I HA MECTE UCIOIHUTELA, HAT
KOTOPBIM €CThb IMOCIEI0BATENLHOCTL PYKOBOAUTENEH, IPU-
OpUTETEL KOTOPBIX yOBIBalOT (LEPBBIA — CAMBLA BAXKHBIM,
BTOPOU — MEHEe BAXKHBIN U T. 4.). Kax 1em u3 pykoBoguTe-
JIeW OTBEYAET 34 CBOE YCJIOBUE W UMEET CBOK BHLIUTPHIITHYIO
crpareruio. Buadase MBI HAUUHAEM UTPATH € TIEPBBIM PYKO-
BOAUTENEM U BEIIOJHATE €0 yKazanua. Koraa onu HAIWHAa-
IOT IOBTOPATLCA, MBI HATEEMCS, 9TO NEPBEIN PYKOBOAUTEID
y&e GOMbIe MEHATL UX HE OyAeT, U mepefaéM TeKYIIUH HJe-
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MEHT M TEKyIee YKa3aHme B KaTeCTBE HAMANILHBIX BTOPOMY
pPyKOBOAUTE, U urpaem ¢ HuM. (Bce ykasaHma BTOPOro
OyAyT CUIbHEE BPEMEHHO CTAOUIM3UPOBABIINXCA YKAZAHUN
nepsoro.) Korga ykazanus BTOpOro Toxe CTabUIM3UPYIOT-
€51, MOXKHO IOAK/IIOYUTH TPETHErO U T. X.

YTo xKe NpoucXoauT, eCI KaKOU-TO U3 PYKOBOIUTEJNEN
HEOXWIAHHO M3MeHWJI cBoé ykasanme? B nToMm ciydyae Mbl
cIeIyeM ero yKas3aHWio, He 00palias BHUMAHUA Ha YKA3aHU
MeHee MPUOPUTETHHIX, a Iepel HAMM W3BUHIEMCS U T'OBO-
puM, 9TO0 Hpuriacuin ux canimkom paxo. Ho 3aTem mbr cHoBa
[OCTEEHHO MPULVIALIAEM WX II0 TOHU KE CXEMe.

TlokaxeM, 9ITO KaXALIU PYKOBOJUTENbL PAHO WU TIO3.-
HO TOAYYUT BO3MOXKHOCTH OECCMEHHO PYKOBOAUTE. B camom
JieJie, IepBBIN BOOOIIE HUYEr0 He 3HAET O APYTHUX, TOCKOIBKY
€ro yKa3aHWs CAMBIE BAXKHBIE U BCErAa MCIOJHIIOTCA. JHAa-
YUT, B HEKOTOPHIM MOMEHT OH [EPECTAHEeT IaBATH HOBBIE
VKa3aHUA. SanylIeHHAs MOCAe DTOr0 WHKAPHAIUA BTOPOTO
PYKOBOAUTEA ViK€ HE BCTPETUT HUKAKUX TTOMEX, TMOCKOIb-
KY JUIIb U3MEHEHUE YKA3AHUY MEPBOTO MOXKET e TTOMEIIATh,
IO3TOMY U YKA3aHUSA BTOPOr0 CTAOMIM3UPYOTCs, u T. 4. [lpu
ITOM KaXKIBIU PYKOBOAUTEND KOOLETCA BLINOJIHEHUS CBOEIO
CBOUCTBA.

Tenepsh BUIHO, TOUEMY B ONPEAETEHUN UTPHI OBLIN BaXK-
HBl HAYATBHBIE DIEMEHTH U YCIOBUA — HACTOAImMYA PykoBo-
OUTENb JOJKEH TOOMBATBLCA CBOEO, MCXONA M3 JI000M Ha-
YaAbHOU cuTyauuu (KTO 3HAET, 4O Hero LOBEAyT e/ Ipe-
aeLgyue!).

BreraucanMocTh BCEX CTpaTerué BCEX PYKOBOAUTETCU
(TITFOC BBEIYUCAMMAA 3ABUCUMOCTH OT HOMEPa PYKOBOIUTE-
Js1) PAPAHTHUPYET BHIMUCAUMOCTD OIMUCAHHOTO MIPOLIECCA, TAK
YTO IOJMYyYIATCA MEPEIUCAUMEBIE MHOXKECTBA, KOTOPHIE yIO-
BJIETBOPSIOT BCEM YCJIOBUM.

ITO paACCyXKICHUE 3aBEPIIAET TOKAZATEIBLCTBO TEOPEMBI
Myunuka — Ppuadepra. >

62. TloxaxwuTe, 9TO CymIECTBYeT CUYETHOE UUCIO TEPEIUCIU-
MBIX MHOXECTB, HUKAK/€ IBa U3 KOTOPBIX HE CPABHUMBI 10 ThI0-
pHHTY.



8. ApudmeTuyeckas nepapxus

8.1. Knaccwl Xy, n 11,

MET yXe TOBOPIIN, ITO MEPEINCIUMEIE MHOKECTBA MOXK-
HO DKBUBAJICHTHO ONPEICIATH KK MPOEKIUK Pas3PeIInMBIX
MHOkeCTB: MEOKkecTBO A C N mepeducauvo Torga m TOIb-
KO TOT[a, KOTJa CYMECTBYET PA3pelmMOe MHOKECTBO B C
C N x N, mpoekmnuen KOTOpOro OHO ABIACTCA. Ecaum oTox-
NEeCTBIATL MHOXKECTBA CO CBOMCTBAMM, TO MOXKHO CKA3aTh,
9TO CBOUCTBO A(Z) HATYPAIBHBIX YUCEJ [EPEIUCANMO TOI I
U TOJBKO TOTJa, KOIA €r0 MOXKHO IIPEICTABUTEL B BIIE

A(z) < FyB(z,y),

rae B(xr,y) — HEKOTOPOE Pa3pemmMoe CBOUCTRO.

(B sToM pasene MBI IPEATIONATAEM 3HAKOMCTBO IATATE-
JIS1 C TPOCTENMNMY JOTHIECKIMU OO03HAYEHNAMEA: KBAHTOD
Jx uwTaeTcs KaK «CyILIECTBYeT I», KBAHTOD VI YUTAETCA
KaK «IJIA BCEX T», 3HAK A\ YUTAETCA KAK «M» U HABBIBAETCSA
KOHBIOHKITUEH, 3HAK V YUTAETCA KAK (MM M HA3BIBAETCA
IU3BIOHKIMEN, 3HAK — IATAETCA KaK ¢HEBEPHO, YTO» U Ha-
3LIBAETCA OTPUIAHMEM. KaK W PaHbIIe, 3HAK < O3HAYAET
PABHOCUIBHOCTD. )

Bo3HUKAET €CTECTBEHHBIN BOIPOC: 9TO MOXKHO CKA3aTh
npo Apyrme HabOpPHI KBaHTOpoB? Hampmmep, kakume CBOW-
CTBA MPEACTABUMEL B BUIE

Alz) & Fy32Cla,y, 2),

rage C' — paspemmMoe CBOUCTBO TPOEK HATYPAJIbHBIX Y-
cea? Jlerko coo6pasuThb, 9TO 3TO MO-IPEKHEMY IIE€PEIH-
CIMMEBEIE MHOXKECTBA. B caMoM Jgere, nBa TOAPAL WAYIAX
KBAHTOpa OMHOTO BUI4 MOXKHO 3AMEHUTH OJHUM, WCIOIb-
30BaB BLIYUCIUMYIO HYMEPAIWIO Map (KOTOPYIO MbI 0003HA-
qaeM KBaApaTHBIMU CKOOkamu): csoucTBo C') mis KoTopo-
ro C'(z,]y,z]) & C(x,y,z), Takxe paspemmmo, u A(z) <
< JwlC'(z,w).
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[Ipyron BOTIpOC: Kakue CBOUCTBA MPEJACTABAMEL B BHU/IE
A(z) & VyB(z,y),

rae B(x,y) — mexoropoe paspemmmoe cBouctso? OTBer:
Te, OTPULAHUA KOTOPHIX IEPEYUCIUMEL (KAK UHOILA [OBO-
pAaT, Konepeuuciumbic). B camom fese, mepexois K OTpuIa-
HUAM, UMEeM

-A(z) & ~VyB(z,y) & Jy(—B(z,y)),

a pa3pEeIMMBIE CBOMCTBA OCTAITCA PA3PCHIMMEIMU IPH IIC-
pexome K OTPUIIAHUIM.

Mamum obmee onpegenenne. CeoncTBo A npunadaexcum
KAGCCY Yy, €CAU €TI0 MOKHO MPEICTABUTDL B BUIE

A(z) & Fy1Vy23ys ... B(z,y1,Y2, - - - > Yn)

(B IpaBOU YaCTU CTOUT 7 4EPELYIOLUIUXCSH KBAHTOPOB) M/
HEKOTOPOT'O paspermmMoro csouctsa B. Ecau B npason da-
CTU TIOCTABUTHL 71 YEPEAYIONMXCA KBAHTOPOB, HAUYMHAA C
KBAHTOPA BCEOOIIHOCTH V, TO MOLYIATCSA OIPEIEJIEHUE KA -
ca Il,,.

OTMeTuM ABa CBOUCTBA, KOTOPHIE MBI TI0 CYNIECTBY YiKe
TOKABAJIM:

Teopema 51. (a) Ompenenenmne kaacca X, [I,] He ma-
MEHUTCS, €CAU B MPABOU YACTHU PA3PENIATH OOJbIIee IUCIO
KBAaHTOPOB U TPeGOBaThL, YTOOLL IEPBLIN KBAHTOD OLLT KBAH-
TOPOM CyLIECTBOBAHUA [BCEOOIIHOCTU| ¥ HUCIO PYILL OLU-
HAKOBHIX CTOAIIAX PAIOM KBAHTOPOB PaBHAIOCH . (6) OT-
PHUIAHAA CBOUCTB M3 KJIACCA X, TPUHAAICKAT Kaaccy 1, u
Ha000pOT.

< [l1a moxasaTeqnCTBA TEPBOTO YTBEPKIEHUA NOCTA-
TOYHO COGAVHATHL PAJOM CTOAIMINME OJWHAKOBEIE KBAHTOPHI
¢ TIOMOIIBIO HyMepauu nap. /s 1okazaTensscTBa BTOPOTO
HA,10 IPOHOCUTH OTPULAHKUE BHYTPH (MEHssA TUI KBAHTODA),
[OKA OHO HE OKAXETCS Yy Pa3PEeLIMMOr0 CBOUCTBa (Iie OHO
poJu He Urpaer). >
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M1 rOBOPUAT O CBOUCTBAX; HA A3BIKE MHOXKECTB MOXKHO
CKa3aTh TAK: MHOXKECTBA KJIACCA Y, MOJYIATCI U3 Paspe-
IIIMBIX ¢ TIOMOINBIO MOCAEJOBATEILHOCTY OTEPAINN «IIPO-
€KW — JOMOJHEHNE — IPOEKIINA — TOMOJTHEHNE — . . . —IIPOEK-
LIUsg», B KOTOPOU BCEr'O N olepanuyu npoekumm. Kaxmas
omepanusa IPOEKINU YMEHBIIAET Pa3MEPHOCTb MHOXKECTBA,
(4UCa0 apryMEHTOB ¥ CBOMCTBA) HA €MWHHUIY, TaK 9TO Ha-
YMHATH HAJ0 C PA3PelImMBIX TOAMHOKecTB NPT,

Teopema 52. Ilepecedenue um OOBEIUMHEHME [TBYX MHO-
JKECTB U3 KIACCA X, NPUHALICKUT Y., Ilepecedenne u 005-
eUHEHNE MBYyX MHOXKecTB u3 Kaacca II,, npunamiexur I1,.

< Y106HO BBIPA3UTH DTO YTBEPXKIEHUE HA JOTMIECKOM
A3BIKE, CKA3aB, YTO KOHBIOHKIWA UM [U3BIOHKIUA JHOOBIX
IBYX CBOUCTB M3 KJIACCA X, JeKaT B TOM XKe Kiaacce (aHa-
aorvano miast I1,). Ha srom xe s3bike yaobHO mpoBecTu u
JOKA3aTeIbCTBO: ECIU, CKAXKEM,

A(z) & yVzB(z,y,2),
C(z) & FuvvD(z,u,v),

TO

A(z) AN C(z) & JyFuVzVo[B(z,y, z) A D(z,u,v)],

3aMMCAHHOE B KBAPATHBEIX CKOOKAX CBOUCTBO PA3PEIIAMO U
OCTAETCA TOJIBKO COEIMHUTE MAphl KBAHTOPOB B ONUH, KAaK
OOBACHANOCH BHIME. AHATOTMYHO MOXKHO JAEUCTBOBATHL A
KJ1accoB X, u I, npu npowsBoisHOM N. >

Mgl onpeaensaiy KaIaccul Y., u I, m1s MHOXECTB HATY-
PAJIBHBIX YMCEJ; AHAJOTUIHBIM 0OPA30M 5TO MOXKHO CIEIATH
7 Ui MHOXKECTB TAD HATYPAILHBIX YUCENT, TPOEK U BOOOIIE
JMIOOBIX (KOHCTPYKTHUBHBIX OOBEKTOBY. 3aMETUM, UTO IIPO-
eKIINSA MHOXKECTBA AP, IPUHA LICKAIIEO KAACCY Y, TAKKE
IPUHAIIEKUT Ly, (IIOCKOIBKY 4B3 KBAHTODA CyLIeCTBOBAHUS
B HavaJe MOXHO OOBEAUHUTL B OLUH).

Jo6aBasa PUKTUBHBIE KBAHTOPHI, JIETKO YOEIUTHCA, ITO
KOKJBIU U3 JABYX KIACCOB X, u I, comepXuTca B KaxaoM
u3 KJIacCOB Yy, 41 1 I+ ;. Moxkso HamucaThb emé Tax:

S, UL, C Sppq NI, .
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Teopewma 53. Knaccwr X, u I1,, «<HactecTBEHHBI BHI3» OT-
HOCUTENTBLHO m-cBognmocTu: et A <,, Bu B € ¥, [B €
€ll,),ron A€ X, [4AcIl,].

<1 B camom gene, mycths A cBOAUTCA K B ¢ TIOMOIIBIO BCIO-
Iy OIPeIeJEHHON BEMMUCANMON PyHKIMK f, TO ecTh & € A &
< f(x) € B. llycrs B upunaaiexur, Hanpumep, KIaccy Ls,
TO eCTh

x € B JyVzIuR(x,y, z,u),

rae R — HeKOTOpOe paspemmmoe CEOucTBO. Torma
x€Ae f(xr) € Bs yVzIuR(f(x),y,z,u),

u ocrajgoch 3amerutTh, uro R(f(x),y,z,u) (kax cBoucTBO
4eTBEPKU (T, Y, Z,U)) PA3PEIIMMO. [>
63. Jokaxure, 9TO €CaIM MHOXKECTBO A NPWHAIIEKUT KIAC-
cy X, To MHOXeCTBO A X A TakXke IPUHAIIEKUAT HTOMY KIACCy.
64. okaxwure, 9TO ecain MHOXecTBa A u B mnpmHaazexar
KIACCY Xp, TO UX Pa3sHOCTH A \ B OIPUHANIEKUT KIACCY Lnt1 N
n Hn+1 .

8.2. YHuBepcanbHble MHOXecCTBa B X, M 11,

Jlo cux mop MBI HE IMOKA3aJIM, 9YTO KIACCH Y, u 1I,, nen-
CTBUTETLHO PA3AMIAIOTCA TIPU PA3HLIX 1. UTOOL MOKA3aTh
2TO, yOEAMMCA, ITO B KAXK IOM U3 DTUX KAACCOB UMEETCS YHU-
BEPCATBLHOE MHOXKECTBO (/11 COOTBETCTBYIOLIErO KJIACCA) U
9TO OHO HE IPUHALIEKAT MEHBLIIAM KIACCAM.

Teopema 54. s moboro m B kiacce Y, CyILIeCTByeT
MHOXK€ECTBO, YHUBED CAIBHOE I BCEX MHOXKECTB KJIACCa Ly .
(Ero nomoanenue 6ygeT yHUBEDCATbHBIM B Kiacce 11,.)

ToBops 06 yHUBEPCATHLHOM MHOXKECTBE U3 KJIACCA X, MBI
IMeeM B BIIY MHOKECTRO Map HATYPATLHEIX IUCET, KOTOPOE
NPUHALICKAT KIACCY L, W CPEIN CETeHUI KOTOPOrO BCTPe-
9AIOTCA BCE MHOXKECTBA HATYPAIBHLIX TUCENT, TPUHA,IIEKA-
e KJIaCCy Xi,-

< Jns knacca Xq (HEPEIRCIUMEIX MHOXKECTB) CYILIECTBO-
BAaHME YHUBEPCAJLHOT'O MHOXKECTBA MBI yke o6cyxaam. C
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€ro TMOMOIIBI0 MOXKHO TOCTPOUTL YHUBEPCATBLHLIE MHOXKE-
cTBa M 1A 60Jee BHICOKMX Kaaccos mepapxwu. (Haammars
HAJ0 C TIEPBOTO YPOBHSA, TaK KAK HA (HYJEBOM» YPOBHE He
CYIIECTBYET YHUBEPCAILHOI'O Pa3PeInMOro MHOKECTBA. )

Tlo onpenenenuto ceoncTra kaacca [y umernor Bug S(x) <
& Vy3zR(x,y, z), rae R — umekoropoe paspemiumoe CBOU-
cTBO. HOo mx MOXKHO PKBUBATEHTHO ONpPENEINTh M KAK CBOU-
crBa Buga S(z) & VyP(z,y), rne P — HEKOTOpOe mepedn-
cImMOe CBOUCTRO. Temeps yXke BUAHO, KaK TTOCTPOUTH YHU-
BepcaJbHOEe MHOXKeCTBO Kiaacca Ils. Bo3pMéMm yHUBEpCcaTbHOE
nepeducaumMoe cBoucTBo U(n,x,y), U3 KOTOPOro Gpukcaunu-
el PAa3JUYHLIX 71 IOIy4YaloTCsa BCE IePEYUCAUMLIE CBOMCTBA
nap HarTypaabHblx uucea. Torpa us csoucrsa T'(n,z) =
= VyU(n,z,y) Ipu pa3inIHBIX HATYPAIBHBIX 7} TOTYIAI0TCA
Bce Ilx-cBoncTBa HaTypanrbHbX wucen. C Apyrom CTOPOHHI,
caMo CBOUCTBO 1’ 10O MOCTPOEHUIO MPUHALICKNAT Kaaccy Ils.

Jonomnenne k yHuBepcateHOMY Ilo-MHOMXECTBY Oyaer,
OYEBUIHO, YHUBED CATBHEIM Y.o-MHOXKECTBOM.

AHATOrMYIHO MOXHO ZEUCTBOBATb W A4 Y3- U Il3-MHO-
xkecrB (ygoOHee CHAdala PacCyXkKAaThb O L3-MHOXKECTBAX,
TAK KAK B HUX BHYTPEHHUN KBAHTOD ABMAETCA KBAHTOPOM
CYIIECTBOBAHUA U 331a6T MEPEINCIUMOE MHOXKECTBO), U BO-
ob6mme aas Y.,- u Il,-MmHOXKECTB. >

Teopema 55. YuuBepcaabHOE Y,-MHOXKECTBO HE TIPUHAI-
JaexuT kaaccy Il,. AHagoruausIM 06pa30M, YHUBED CATLHOE
II,,-MHOXECTBO HE MPUHALICKUAT KAACCY Lpp.

< Paccmorpum yausepcambaoe X, ~cBoucTso T'(m, x). Io
OIPEIEICHUIO DTO O3HAYAET, ITO CPEJU ero CedeHult (I1oJLy-
YAIOLIUXCS, €CIU 3aPUKCUPOBATE M) €CTh BCE L,-CBOUCTBA.
Iycte T mpunamaexut xiaaccy Il,. Torga ero mmaromanb,
concteo D(z) = T(x,z), Takxe gexut B 1I,, (Hanpmmep,
noromy, 9to D <, T), a eé orpunanwe, ceouctso —D(x),
IPUHAIIEKUT KJIACCY Yy, HO DTOr0 HE MOXKET OBITH, TAK KAK
=D oramano ot Bcex cedenuir covcrBa T (OHO oTaMuaercs
OT M-T'0 Ce4eHust B TOUKe M), a 1T yHUBepcaibHO. >

U3 sron TeopeMbl cienyer, B YaCTHOCTH, 9TO JI000HU U3
Kr1accoB Y., u I, ABIAETCA COOCTBEHHBIM MOAMHOXKECTBOM
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MH000T0 U3 KAACCOB Lyyq U . (Mbl yBuguM BCKOpe, 9TO
maxke oobenuHeHue X, UIL, apaseTca coOOCTBEHHBIM IO IMHO-
KECTBOM TiepecedeHnst Yy NIl,4q.)

8.3. Onepaums ckauka

MEI XOTHM IOKA3aTh, 9T0 KIACC Y, COBIAAAET C KAACCOM
BCeX A-NEPEYUCAUMBIX MHOXKECTB IJISI HEKOTOPOI'O MHOMKe-
cTBa A (3aBUCAILIETO OT 7, €CTECTBEHHO). ITOOB OOBACHATD,
9TO 3TO 33 MHOXKECTBO, HAM MOHATOOUTCSA TAK HABBIBAEMAS
OmepaIusa CKaIKa.

IIycts X — npousBonbroe MuokecTBo. Cpenu X-mepe-
YUCAUMBIX MHOXECTB €CTh YHUBEPCAIBHOE. DTO MHOKECTBO
OyaeT m-TIOJHBIM B KJIacce X-TMepednciInMbIX MHOXKECTB B
TOM CMBICJE, 9TO BCe Apyrue X-mepevducinMble MHOXKECTBA
K Hemy m-cBogaTcsa. CBogdmas pyHKIUA, KaK Mbl BU/IEJIN,
umeer BUL & — [n,z] (1 BerducauMa 6e30 BCAKOI'O OPaKyJia,
KaK TOro U TpebyeT oupejejeHue m-CBosuMOCTH). Byxem
00603HaTATE Yepes3 X' a1060€e mM-TIOJTHOE MHOKECTBO B KIACCEe
X-TlepeIncanMeIx MEOXKECTB. MOXHO cka3aTs, uTo X' ompe-
JeJEHO C TOYHOCTBIO [0 M-DKBUBAJEHTHOCTH.

Boaee popmanbro, 6ymem roBOpUTh, ITO MHOXKeCTBA P
n () ABIAIOTCS M-3K6usasenmubimu, ecm P <, Q n Q <,y
<m P. (Jlerko BueTh, 9TO 3TO AEUCTBUTEIBHO OTHOIICHNE
SKBUBaJEHTHOCTH. ) Kiacc SKBUBATEHTHBIX MHOXECTB HA3BI-
BaiOT mM-cmenenpbio. Takum 06pa3zoM, MOXHO CKa3aTh, UTO
MBI I KaXKJIOIO MHOXKeCTBA X OIPENeluin HEKOTOPYIO
m-cTenens X',

Ananorwaaniv o6pasoMm onpegensaioT T-cmenewu (KOTO-
PBIE HABBIBAIOT TAKKE MbIOPUHZ0BLLMU CTNENEHAMY WA CMe-
NEHAMY HEPA3PeWUMOCTNY) KAK KIACCHL T-3KBUBANEHTHBIX
MHOXKECTB; MHOXecTBa P u () HaswBaoT T-3K8usasenm-
HbLMU, I IK6USaLenmubiMy no Teiopuney, ecim P <p @Q
u ) <7 P, TO ecTh ecaum KaxkjI0e U3 MHOXKECTB pa3pelu-
MO OTHOCHTEILHO apyroro. Eciu muoxecrsa P u () skBu-
BasieHTHHI 10 ThIOpUHIY, TO KIacC P-BBIMUCIUMBIX (DYHK-
U COBNANAET ¢ KAACCOM (Q-BBIMUCIAMEIX (DYHKIUH (8 KAACC
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P-niepeuncanMbIX MHOXKECTB COBMANAET C KJIACCOM (Q-Tiepe-
YUCIUMBIX MHOXKECTB). BBensa momaTtme T-cTeneHu, MOXKHO
CKa3aThb, 9TO M-CTeneHb X' onpenenaeTcs T-CTeneHbo MHO-
KecTBa X M TeM CaMBIM OIPENeJIeHO OTOOPAKEHHE MHO-
KecTBa Bcex T-cTemeHell B MHOXECTBO BCEX M-CTEIEHEH.
IDTO 0TOOPAKEHUE HABBIBAIOT 0NEPauueti CKauKa; MHOXKECT-
BO (TOYHEE, M-CTeneHb) X' HABLIBAIOT CKAUKOM MHOKECTBA
(Tounee, T-crenenn) X.

65. MoryT au npu 5ToM 0TOOpaXeHNN Pa3Hble 1 -CTemneHu me-
pexXxoauThs B OOHY U TY Xe m—CTeHeHL?

66. [Joxaxwure, 4TO0 MI00BIE€ IBA M-IOTHLIX B KJIACCE X MHO-
XKECTBA BBITUCIAMO H30MOPGHBI (OTIMIAIOTCA BBITACIUMOU IIe-
PECTaHOBKOIT).

67. IloxaxwmuTe, 4TO AxA II000r0 IEPEYUCINMOIO MHOXKe-
cTBa A MOXHO yKa3aThb TaKOe NeUCTBUTEIBHOE TUCAO (U, UTO
MHOXKECTBO BCEX PAIVOHAJBHBIX YUCEJH, MEHBIIUX (, 6y,21eT mnepe-
YUCAMMO U SKBABAJIEHTHO 10 ThHIOpUHTY MHOXeCTBY A.

OO6BIYHO, BIOpOYEM, ONEPANMI0 CKAYKA PACCMATPUBAIOT
ma T-crememsx, cauTas eé pe3yabTaToM 1 -CTeleHb, Comep-
xamyio X' (2T0 3akOHHO, Tak kKak T-kraccudukanus Gomee
rpybas).

Ham momanobsarca caepyiomme T-cremenn: 0 (cremnens,
cogepxkauias Bce paspemmmble MHOXecTBa), 07 (eé ckadok,
CTEIeHb M-IOJHOIO IEPEYNCANMOr0 HEPA3PEIINMOr0 MHO-
KECTBA; MHL €€ yKe paccMaTrpusann), 3arem 07 (ckadok cre-
meru 0), 0" u Tax pazee; BooGme 0"+ = (0(M).

Teopema 56. Ilpu moboMm n > 1 kiaacc X, COBIAZAET C
kaaccom Beex 00"~ _mepeuncanMbIx MHOXECTB.

(Iloka wro mer 3HaeM 310 npu n = 1.)

<1 TokaxkeMm CHaIaJIa, ITO BCE X, ~-MHOKECTBA IePEINCIU-
MBI oTHOcuTensHO 01 Do gemaerca MHAYKIMER 1O n.
IIpu n = 1 370 W3BecTHO. PaccMOTpUM Temepb MPOU3BOIL-
HOe MHOXeCcTBO X m3 Y. [lo onpegenenuto,

z € X & FyVzR(x,y,2),

rge R — paspemmumoe csoucrso. Csoucrso VzR(z,y,z)
IMeeT TEPeINCINMOe OTPUIAHUE. DTO OTPUIAHUE paspe-
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mmMo oTHOcHTenbHO 0/, Tak Kak m-CBOANTCA K M-TIOI-
HOMY TMEPEIUCIUMOMY MHOXKECTBY. SHAUUT, W CAMO CBOU-
ctBo VzR(x,y,2) paspemmnmo orHOcuTeasHo 0. IMosTomy
€ro NpOeKNus, MHOXKECTBO X, MEPEUnCIUMO OTHOCUTENb-
o 0.

AHanoru4Ho MOXKHO paccyKiarTh U mid 60abumx n. Ecin
X mpuHamIeKAT X3, TO

z € X & yR(z,y),

rae R npunagnexur IIy. Orpunanue R npunagmexut Yo (o
JOKa3aHHOMY ), moaroMy 0'-mepeuunciunmo, nosromy 0”-pas-
pemmMo, mosToMy caMo R Toxe 0”-paspenmmo, a ero mpo-
exrua 0''-mepeuncamma.

TlepBas moOTOBMHA TEOPEMBI JOKAZAHA.

s goKasaTensLCTBa BTOPOU MOJOBUHBI HAM TOTPeOyeT-
€A HEKOTOPOE CBOUCTBO KJIaCCOB X, u 1I,,. PaccmoTpum Ka-
KYH0-HUOY Ib BEIMUCAMMYIO HyMEPaIuio BCEX KOHCIHBIX MHO-
XKECTB HATypadbHLIX dmced. O6osHauumM 4epes D, koHed-
HOE MHOXKECTBO HOMED Z. /I IpOM3BOILHOIO MHOXKECTBA A
paccmoTpum MHOKECTBO Subset(A) Bcex KOHETHBIX TOAMEO-
KeCTB A, TOYHEe, MHOXKECTBO BCEX WX HOMEPOR:

x € Subset(A) & D, C A.

Jlemma 1. Ecin MHOXKECTBO A NPUHANJIEKUT KIACCY Xp
[ II,], To MHOXEecTBO Subset(A) Taxxke IpUHALIEKUT
kaacey X, [coorsercrsenso II,].

(YTBepx nenue >Tou JeMMbl 06006maeT chOpMyIupOBaH-
Hoe B 3agade 63 yTBepkaeHUe 0 MHOXKECTBE A X A: Temepb
MBI PACCMATPUBAEM He TAPHL, 8 MPOU3BOJBHEIE KOPTEXKU. )

JloxazarenscTBo JeMMBL. [lycTs MHOXKECTBO A TMpuHAL-
JIEXKUT, HAIPUMED, KIACCY Y3:

xr € A WVIAR(x,y, 2, 1),

rae R — paspemmMoe cBOMCTBO. Torjga MOXKHO 3aIIUCATh
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cBoncTBO {21, ..., 2, C A crenyiomum o6pazom:

E|<y1,...,yn>v<2’1,...,Zn>5|<t1,...,tn>[R(.’El,y1,Zl,t1)/\...
A R(xn,yn,zn,tn)]

dra HOopMyaa UCHOIB3YET KBAHTOPHI IO KOPTEXAaM HATY-
pauIbHBIX 4ucen (IepeMeHHOU AJIWHBL), HO UX MOXHO 3aMe-
HATH HA HOMEpA DTUX KOPTEXKEW B KAKOU-HUOYIb BHIUU-
cimMon HyMmeparuu. [Ipyu 5ToM CTOAmaA MOJ KBAHTOPAMU
dopmMyaa (OHA 3amUCaHA HECKOJBKO YCJIOBHO: CUMBOJIAYIE-
CKas KOHBIOHKIUA HA CAMOM JeJe UMEET NEPEMEHHYIO [IIu-
Hy) SIBJAETCS PA3PELMMEIM CBOLCTBOM HOMEPOB KODTEXKEH,
TMO2TOMY BCA MPABAA YaCTh ABIACTCA Yi3-CBOUCTBOM.

(Ha camMoM jesie MBI JOIYCTHIN €MI¢ OHY BOJIBHOCTD Pe-
YU MPaBasg YaCTh ABIAETCA HE CBOUCTBOM KOHETHOT'O MHO-
KecTBa {Z1,...,Tn}, & CBOUCTBOM KOpTeXa (YIODSLOIEH-
HOU [OCJEe40BATENbHOCTH) (Z1,...,%,). Ho nepexos or Ho-
Mepa MHOXKECTBA K HOMEPY KAaKOr'0o-TO KOPTEeXa, COmepKa-
IIIET0 BCE €0 DJIEMEHTHI, BEIYUCINM, TAK ITO MPOOIEMEl TYT
HeT.)

JlemMMma mOKa3aHa.

68. Joxaxure, aro eciu A npuHagrexuT kraccy L, [II,], To
u MHOXecTBO Intersect(A) HOMEPOB KOHEYHBIX MHOXECTB, IEpe-
CeKAnmMXCA ¢ A, IPUHAIIEKUT KIACCY Ly [IL,].

69. Ilycts cBoucTBo R(x,y) map HATYPAIBHBIX THCE IPUHAL-
JEeXUT KIACCY Np. IloKaxkuTe, IT0 CBOUCTBO

S(z) = (Vy < =) R(z,y)

OpUHALIEKUT Y,. (Orpanmuennwsm xBanTop (Vy < x) amraerca
KaK A BCEX Y, He IPEBOCXONIIIX T». )

Tlepexonsa K HOMOIHEHMAM, MBI HEMEIJICHHO MOy IaeM Ta-
KOE yTBEDKIEHUE:

Nlemma 2. Ecin A nmpunagrexut kiaaccy X, [I1,], To MHO-
wecTBo Disjoint(A), cocToamee 3 HOMEPOB KOHEIHEIX MHO-
KeCTB, He nepecekaromuxca ¢ A, npunagrexur 11, [Z,].

lMokazarenscTBo JeMMEL. He nepecekarnca ¢ A osmada-
eT OLITH IOJAMHOXKECTBOM NONOMHEHUA K A, m 0cTaéTca BOC-
HNOTB30BATECA TPEABIAYIICH JeMMO ¥ TEM, YTO JOTOTHEHNE
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K MHOXECTBY u3 kiaacca %, [II,,] mexwut B kmacce II,, [X,].
Jlemma noxkasama.

Termeps MBI MOXEM MTEPEUTH K [JOKA3ATEILCTBY TOTO
daxTa, YTO BCE MHOXKECTBA, IEPEINUCAUMEBIE OTHOCATEIb-
no 0"~ 1) mpumagrexar kaaccy ¥,. DTO TaKxKe JOKA3LIBA-
eTCA UHIYKIMEN 110 N.

Haxumém ¢ mepBOTO HETPUBMATBLHOTO CAYUAA: TOYUEMY
MHOXKECTBO, MEPETUCANMOE OTHOCUTENbHO 0, mexuT B Yo7
(3mecs MOXKHO 6bLIO ObI IPUMEHUTH Kpurepuln 0/-Boraucau-
MOCTH, IPUBEIEHHBIA BBIIIE, HO MBI IPEANOYUTAEM JEUCTBO-
BaThb 00 OOIWEN cxeMe, KOTOpasi POAUTCA U At 6OAbIuX n.)

NTax, mycTh HEKOTOPOE MHOXKECTBO A TIepedncanmMo oT-
rocuTensHo 0. Torga oHO MEPEINCAMMO OTHOCHTENBLHO He-
KOTOPOI'0 MEPEUUCANMOr0 MHOXKECTBA B, TO eCThb mepedn-
CIUMO OTHOCUTEABHO XaPAKTEPUCTUIECKON (DYHKIMY b MHO-
xkecrBa B. CoracHO IOKa3aHHOMY HAMU BEIMIE KPUTEPUIO
(Teopema 45, c. 86), 5TO O3HAYAET, YTO CYMIECTBYET TEPE-
IUCAMMOE MHOXeCTBO () map Buaa (z,t), nae & — 9IuciIo, a
t — oOpaaerr, 111 KOTOPOT'O

z € A& Ft[((z,t) € Q) u (b npogonxaer t)].

Bes orpanutenus o6IIHOCTH MOXHO CIATATD, ITO obpaserr ¢
[PENCTABAAET COOOU (PYHKIIMIO, OIPEIeJEHHYIO HA KOHEIHOM
MHOXECTBE U TpuHmMaionyto sHadenua 0 u 1. (Ecm y ¢
eCTh KaKue-TO APYrre 3HAYMeHWs, TO OH He MOXeT OBITh ta-
CTBIO XapPaKTEPUCTUIECKOU (PYHKINKA MHOXKECTBA B u poam
He urpaer.) Ycaosue «b Ipogo/iKaeT ty B TEPMUHAX MHOKE-
cTBa B 3Byunt Tak: B cOmEpXKUAT MHOXKECTBO TEX apryMeH-
TOB, Ha KOTOPHIX ¢ MPUHUMAET 3HaIeHne 1, n He TepecekaeT-
CA C MHOXKECTBOM T€X aPrYMEHTOB, Ha KOTOPHIX ¢ MPUHUMA-
et 3uadeHue (. [loaToMy BMeCTO 06Pa3lOB MOXKHO I'OBOPUTH
0 Iapax KOHEYHBIX MHOXKECTB; TOTJa BMECTO () HAJO pac-
CMOTpeTh IepednciuMoe MHOKecTBO P Tpoek Buaa (x,u, v)
7 HAMKACATH TAK:

z € A< Fuv[({(z,u,v) € P) n (D, conepxnrcsa B B)

u (D, ue nepecekaercs ¢ B)].
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Tenepr BMecTO «D),, comepxuTca B B» mHanumem «u €
€ Subset(B)», a Bmecto «D, He mepecekaerca ¢ B» nHa-
mumeM «v € Disjoint(B)». OcTaéTes 3aMeTuTh, 9TO BCe TPU
CBOHICTBA, COCJUHEHHLIE COK30M «M» B IIPABOU YaCcTH, IIPU-
HAIIEXKAT KJAACCY Yo M AK€ MEHBIIMM KJaaccam. MIMeHHO,
[IEePBLIE ABA MMPUHAIEKAT KIACCY 21, TaK Kak P um B me-
PeYuCAUMEL (I BTOPOT'O CBOUCTBA TPUMEHAEM JeMMY 1).
Tpetbe ke mpuHamiexuT kaaccy Il mo memme 2. IloaTo-
MYy MX KOHBIOHKIIUS IPUHAIIEKUT KIACCY Yo, U OMEPALILI
npoexiuy (KBaHTOPL! Ju3v) HE BBEIBOAUT 3 IIPEAEABL TOr0
kracca. Caydan n = 2 paszo6pas.

Hagee, ecn Kakoe-TO MHOXECTBO A HepednciumMo OTHO-
cuTenbro 07, TO IO ONpeneIeHrIo 5TO O3HAYALT, ITO OHO TIe-
PEUINCANMO OTHOCHTENIBHO HEKOTOPOTro B, KOTOpoe mepedn-
Mo OTHOCUTeabHO 07 1 moToMy JekuT B Ya. Ilocae aToro
BCE PACCY XK JEHUS [IPOXOIAT TOYHO TAK XKEe CO CABAIOM Ha 1.
ABanoruvaHo pazbuparoTcs u Bce CICAYIOue 3HAYCHUA 1. >

N3 noxasaHHOM TEOpEMBI HEMEJIEHHO BBITEKAET TAKOEe
CeICTBHE:

Teopema 57. Ilepeceuenne kiaccos X, N1l, coBmagaer ¢
KJIACCOM pas3pemmnMbrx oTHocuTensHo 007~ yuoxkecTs.

<1 B camom gene, peastusuzoBannas teopema [locra (Te-
opema 2, c. 14) yTBepxaaer, 4TO HEKOTODOE MHOXECTBO
saBisieTcsa X -pa3perrMbIM TOI A X TOABKO TOrLa, KO'/4a OHO
u ero pomonHenue X -mepeduciuMsl (31ech X — MpOU3BOIL-
HBIM OPaKya). >

Teopema 58. Kanace X, UIl,, saBaserca cOOCTBEHHBIM MO~
MHOXKeCTBOM KJaacca Yp41 NIl 4q.

< Benomumy, aro Takoe 0. D10 — cremens MHOKe-
crea X, sB/smomerocs m-noaHsM B kaacce 0"~ D-ogepednc-
JuMBIX MEOXKECTB. [Tockonbky X ABIAETCS mM-TIOTHBIM B YKa-
samHOM Kaacce, oHo He 0"~ D_pazpermmo, To ecTh ero go-
noaserne e apaaerca 00V -mepeuncanmbin.

SHAUUT, M0 JOKAZAHHOU TOJLKO ITO Teopeme X TpPUHAI-
JEKUT KIACCY Xy, & ero qomoanenue — ueT. Hamporus, mo-
nonaenue K X npuHamiexut 11, Ho me X,,. Paccmorpum Te-
eph «COeIMHEeHMey MHOXKECTBA X € ero AOTOJHEHUEM, T.e€.
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MHOXKECTBO
{2n|neX}u{2n+1|n¢ X}.

K »ToMy MHOXECTBYy m-CBOAATCA Kak X, Tak U €ro Io-
[IOJHEHUE, IODTOMY OHO HE MOXET OPUHANIEKATH HUA X,
uu I1,,. C apyrou cTOpOHBI, OHO, OYEBUIHO, PA3PEITUMO OT-
HOCUTEIBHO X, MOPTOMY TO MOKA3AHHOW TeOpeMe MPUHA-
JEXKUT U Zpiq, Uy, D>

8.4. Knaccudmkaums MHOXeCTB B UEpPapXUM

NuTepecHo mocMOTPETh, KAKOE MECTO PA3HbIE KOHKPET-
HblE MHOXECTBA 3aHUMAIOT B ONUCAHHOU HAME HEPAPXUHU.
Hampumep, 9T0 MOXHO CKa3aTh O MHOXKECTBE HOMEPOB Ka-
KOU-TO (PUKCUPOBAHHON BHITUCIVMOUN (HDYHKIUU B TJIABHOU
HyMepanuu?

Mu1 yke TOBOPWIM, 9TO MHOXKECTBO BCEX HOMEPOB BCEX
DYHKIUU ¢ HEMYCTOU OOMACTHIO OMPEICTCHUA TEPEINCINMO,
TO €CThb IPUHAMIEKUT Kiaccy Xi. CiaenoBaTeabHO, €ro no-
[IOJHEHUE, MHOXKECTBO BCEX HOMEPOB HUDAE HE OIpeIeeH-
HoM ynkuuu, npunagaexur kiaaccy II;. (Kaaccy X; omo
MPUHALICKATL HE MOXKET, TAK KAK HEPA3PEIINMO, CM. T€O-
pemy 21, c. 36.)

70. [loxaxuTe, ITO MHOXECTBO HOMEPOB HUT' 1€ HE OIPeIeNeH-
HOU pYHKIMM B TIO60U TIABHOW HYMEPAIWA ABIACTCA M-TIOJIHBIM
B Kaacce II; MHOXecTBOM.

A 9TO MOXKHO CKa3aThb O HOMEPAX APyrux (pyHKIUn?
Hanpumep, 94T0 MOXHO CKa3aTh O MHOXECTBE HOMEPOB TO-
KICCTBEHHO HyaeBOUM (hyHKIUU?! OKa3LIBAETCA, MOXKHO MO-
JYYUTH B HEKOTOPOM CMBICE TIOJHBIN OTBET Ha 3TOT BOTIPOC.

Teopema 59. (a) ITycts U — BEUHCIUMAA YHUBED CATBHAA
DYHKIMA AIA KTaCcCa BHYACTIAMBIX (GyHKIUA. Torma MHO-
KECTBO TEX T, TPU KOTOPHIX U, BCIOTY ONPENEJEHO U TO-
KaecrBeHHo pasuo (), npunamiexur xaaccy . (6) Ilycrs
U — riapnHas yauBepcaiabHas GyHKOus. Torga ykasaHHOe
MHOXECTBO ABMACTCA M-TIOMHBIM B Kaacce [15.
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3aMeTuM, 9TO TpeOOBaHUE TVIABHOCTU B MyHKTE (6) Cy-
[IECTBEHHO: B OHO3HAMHON HyMepamnu (M. c. 38) 5T0O MHO-
HKECTBO COCTOUT U3 EJUHCTBEHHOTO HOMEPA.

<1 NmTepecyromee HAC CBOUCTBO YHCAA 1 MOXKHO 3aIld-
caTh Tak: I Joboro k maugércsa takoe f, 4To 3a t ma-
roB BeraucaeHne 3uadenud U(n, k) 3akoHYInTCA B JACT pe-
syasraT 0. Boiienennas 9acTh ABIACTCA PA3PEIIAMEIM CBOU-
CTBOM, a TIEPET HEel CTOAT ABA KBAHTOPA KAK Pa3d HYKHOTO
Buga. Urtak, nyskT (a) goKas3aH.

Hokaxewm yreepxaenue (6). Ilycrs umeercs npousBoin-
moe MmHOkecTBO P w3 kiaacca Il,. Ilpu aTom

x € P& Vy3zR(z,y, 2),

rage R — mHekoTopoe paspemmmMoe cBOUCTBO. PaccMmorpum
Tenepb GyHkuuio S(z,y), BEMUCIIEMYIO TAKUM AJCOPUT-
MOM: TIepedupas BCe HUNCAA, WIEM YUCIO Z, Mg KOTOPO-
ro R(z,y,z); Kak TOIbKO (M €CaM) TaKoe HUUCI0 HAWAEHO,
BeIfaéM HA BexOA 0. AcHOo, ¥TO 2-0€ cevenue S, pyuxunm S
OyZeT TOXAECTBEHHO HYJEBOH (PYHKIWEH B TOM M TOALKO
TOM ciay4ae, korga & € P. [IpuMeHuM CBOMCTBO TNIABHOCTH
1 noxyuum QyHKImo s, 114 KoTopon Uy, = S;. Ona n Gy-
JeT CBOAUTH P K MHOXECTBY BCEX HOMEPOB TOXKIECTBEHHO
HyJeBou (QpyHKIUU. [>

Yro MOXHO cKazaTh npo apyrue (yuxuuu! laa Jxo-
60U BBIMUCIMMON yHUBEPCATLHOU (yHKImu U u a0601 BbI-
qucauMon PyHkuu f MHOXKeCTBO Bcex U-HOMEpOB (yHK-
uun f ssiasercsa lls-muokecTBOM. Bepen naxke 6omee cumib-
BB QakT: cBoncTso U, = U, (aucaa m u n ABIAHOTCA HOME-
paMu OHOU U TOU XKe (pyHKIWn) Asisgercs [ly-cBoncTBoM na-
peL (m,n), nosromy TeMm 6ogee 106Goe ero cedexue (T.e. MHO-
KECTBO BCEX HOMEPOB JI000M KOHKPETHOU (DYHKIIAU) B
erca Ils-muoxecTBoM. B camom gene, csouctso U, = U,
MOXKHO C(OPMYJIUPOBATh TaK: (1A BCAKAX T W f; HAUAET-
cs TaKoe to, 9TO ecau BeraucacHue U(m, ©) 3aBepmaeTcs 3a
t1 maros, To seraucaenue U(n, x) 3aBepmaercs 3a to maros
C TEeM XKe pe3yabTaTOM, W Hao60poT». Boimenennas 4acThb
pasperuMa, a 10 Heé crout I[ly-mpedukc.
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MoxHO fgaxke TOHATH, AMA KAKAX (PYHKIAU MHOXKECT-
BO HOMEPOB ABIACTCA llo-TIOMHBIM: Mia GYHKIUUA ¢ GEeCKo-
HEIHOU 00JaCThI0 onpeneteHusa. K 06aacTh onpenenenns
(PYHKIIUY KOHEYHA, TO MHOXXECTBO BCEX €€ HOMEDPOB ABJAET-
ca 0’-paspemuvbiv (u moTomy me Ily-nomHbM): BMen opakyn
V1A TIPOOJIEMBI OCTAHOBKM, MOXKHO YOeAUTHCA, YTO (PYHKIWUA
OmpeeNieHa BCIOAY, TAe OHA NOMKHA OBITH OnpeneseHa (mo-
CJIe 9€ro TMPOBEPUTH, UTO 3HAYEHUA TPABUILHEI), 8 3aTEM
IPOBEPUTL, YTO HU B OJHOU M3 OCTABIINXCA TOYEK OHA HE
oupegeeHa (IPOLECC IOUCKA TOYKY BHE JAHHOI'O KOHEUHO-
IO MHOXECTBA, B KOTOPOU (PDYHKIIUA ONPENEICHA, ABIAETCI
TIEPETUCAUMBIM TIPOIIECCOM U TIOTOMY €TI0 YCIEITHOCTH MO-
®eT OBITH MPOoBepeHa ¢ noMombi 0/-opakysa).

Ecnn xe pysxnma nMmeeT 6€CKOHETHYIO 00IaCTDb ONIpee-
JIEHUs, TO CYLIECTBYeT OECKOHEYHOE Pa3pPEIINMOEe MHOXKECT-
BO, BO BCEX TOYKAX KOTOPOI'O QyHKIMs oupeneneHa (3aga-
ga 12, ¢. 17). 3aTeM MOXHO MCIOIB30BATD TIO CYIIECTBY TY
K€ KOHCTPYKINIO, YTO U [JIA HYJIEBOU (DYHKIUU, HO TOJb-
KO BHYTPH DTOr'O TMOJAMHOXKECTBa (HE TPOras DJEMEHTOB BHE
HEro).

71. IIpoBeauTe 3T0 paccyxaeHue mogpOOHO.

72. IlokaxwuTe, YTO MHOXECTBO BCEX HOMEDOB BCEX BCIO-
oy oupenenéHHbIX GYHKIWU (B IMIABHOM HyMEPAaLWHU) ABJAETCH
II>-mmomsBIM.

73. B kakOM HarMeHbIIEM KIACCe apUPMETHICCKON NEPAPXII
JEXUT MHOXKECTBO HOMEDPOB BCeX (DYHKIME ¢ GECKOHEIHOU 001aa-
cThio ompefaenenua’ Byaer mm 0OHO m-mOTHBIM B 3TOM Kaacce?

74. Ilokaxure, 4TO A 110601 (He 0043aTEIbHO rIaBHOM! ) Hy-
MepaInuyu MHOXKECTBO BCEX HOMEDPOB BCIOAY ONPENeJEHHBIX (QyHK-
Uit HemepedaucauMo. Bonee TOro, 0OHO He MMEET MepeTUCIAMOTO
TIOAMHOXK€eCTBA, BKIIOYAIOMIEro B ce6a Xo0TA OBl II0 OTHOMY HOMe-
Py KaXAOU BBEIMHCIMMOU BCOAy ompexesénnor ynkumm. (Yka-
3aHUE: UCTIOIB3YUTE NMATOHAMBHYIO KOHCTPYKIIHUIO. )

B xuure X.Pomxepca ([8], maparpad 14.8) npusene-
HO MHOT'O Pe3YJIbTATOB IMOJOOHOrO POAa AJI MHOTUX ADPY-
I'MX CBOMCTB BLIYKUCIMMBIX (DYHKIIMA U IIEPEIUCIUMEBIX MHO-
xkectB. Hampumep, mia 106000 m-mogHoro MHOXKecTBa, K
MHOXECTBO BCEX €r'0 HOMEPOB ABJAAeTCA lo-monueiM. (3nech
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u Janee, TOBOPS O HOMEPAX, MBI IMeeM B BHAY IVIABHYIO HY-
MEPAIU TIEPEIUCANMEIX MHOXKECTB.) MHOXECTBO HOMEPOB
BCeX KOHEYHEBIX MHOXKECTB ABIAETCA Yo-IMOJHBIM. MHOXKeCT-
BO HOMEPOB MHOXKECTB, COLEPKAMUX XOTA OBl OJUH HOMED
6ECKOHETHOT'O MHOXKECTBA, ABAACTCA Yi3-TTOMHBIM. MHOXeCT-
BO HOMEPOB BCEX PA3PEIIUMBIX MHOXKECTB SIBJAETCA di3-110J-
HBIM. MHOXeCTBO HOMEDOB BCEX MHOXKECTB C KOHETHBIMU
JOMONHEHNAMY ABIAETCA Yg-IOJHBIM.

75. [lokaxkuTe mepeTuCaeHHbIe yTBEPKACHUA (MM IPOITUTE
ux JOKaszaTerlbcTBa B KHUre Pomxepca [8]).

76. PaccmoTpuM KBaHTOpP 3°°Z, KOTODBIM YUTAETCA KAK «CY-
mecTByeT GECKOHETHO MHOTO T, 411 KOTOpeX». [lokaxwure, 4TO
BCE CBOMCTBA U3 Kaacca Il (X TOIBKO OHM) IIpeaCTABUMEL B BUIE

3°°x (pazpemmumoe CBOUCTBO)

U 9TO BCe CBOUCTBA U3 KIACCAa X3 (U TOIBKO OHU) IMPEICTABAMEL
B BHUJE
3*°z Vy (paspenmmoe CBOUCTBO).

(AmamormvHOE yTBEpXKJAECHWE BEPHO W A CTAPUIMX KIACCOB,
cm. reopemy XVIII B pazgene 14.8 xuuru [8].)



9. MawwuHbl TetopuHra

9.1. 3a4eM HY>XHbl MPOCTbIE BbIYUCAUTENBLHbIE
moaenn?

Mo cux mop HaMm OBLIO yIOOHO CCHLIATHLCA HA IIPOrPaM-
MUCTCKAU OIBIT, MOBOPS 00 AIropuTMax, IPOrpaMMax, WH-
TEPIPETATOPAX, IOMIATOBOM BBIIOJIHEHUH U T. J[. DTO IO3BO-
JIAJIO HAM UTHOPUPOBATEH NETAMN IIOCTPOEHUA TEX I WHBIX
AJICOPUTMOB IIOA TEM NPENJIOrOM, YTO UUTATENb UX JEIKO
BOCCTAHOBUT (U1K XOTs1 GBI IOBEPUT — BCE-TAKU HE KA ABII
YUTATENb B CBOEU XUBHU [IUCAJI UHTEPIPETATOP IMACKALA HA
[ACKAJE).

Ho B HEKOTOPBHIX Caydasx >TOro HeAocTaTodHo. IlycTs,
HampuMep, MBI XOTUM T0Ka3aTh AITOPUTMUIECKYIO Hepas3pe-
IMMIMOCTE KAKOU-TO 330491, B ONPEIEJCHAN KOTOPOU HUIETO
He T'OBOPUTCS O HporpaMmax (B ®TOM Dasfgele, HapUMep,
MBI JOKaXKeM HEPAa3PEeIINMOCTh IPO6IEMbI PABEHCTBA CJIOB B
HOLYTPYINAX, 3aJaHHBIX 00Pa3yOMUME K COOTHOLIECHUSIMMY ).
ATO OOBIMHO geaeTcs Tak. Mbl MOKa3bIBaeM, ITO npobie-
Ma OCTAHOBKU CBOJUTCS K dTOU 3agade. /s 3TOro Mul Mo-
genupyeMm paboTy NPOU3BOIBHOIO AJCOPUTMA B TEPMUHAX
paccMaTpPUBAEMOU 331241 (MTO 3TO 3HAYUT, Oy AT BUIHO U3
IPUBOAMMOTO HUKe npuMmepa). [Ipu 5T7oM HaM BaxKHO, 9TO0BI
OTIpEIeTeHNE AMTOPUTMA, OBLTO KaK MOXKHO IIPOIIIE.

TakuM 06paszoM, HAII TIaH TaKOB. MBI OMUIIIEM TOBOJLHO
[IPOCTO OLPeAESeMbIN KIACC MAIUH (€r0 MOXKHO BEIOUPATH
I0-Pa3HOMY, MBI Oy €M UCIONB30BATH TAK HA3BIBAEMEIE Ma-
mmuel Teiopunra), 3areM OOBABUM, YTO BCAKAA BBIMUC/IU-
Masg QYHKIUA MOXKET OBITH BHIMUCICHA HA TAKOW MAIIUHE, &
3aTeM [OKAXKeM, 9TO BOIPOC 06 OCTAHOBKE MAamwHBL hBo-
PHHI'a MOXHO CBECTH K BOIIPOCY O PABEHCTBE CJOB B IIOJIY-
rpymnme.

[llpyras mpuumHa, MO KOTOPOU BAXKHBI TPOCTHIE BHIUU-
CIUTEMBHBIE MOIEIN (TaKUX MOJEIEH MHOTO — Da3HBIE BU-
a6l MamuH ThIOpUHTa, aapeCHBe MAIUHEL U T. 1I.), CBA3AHA
¢ TEOpHUen CIOKHOCTY BEIYUCICHUN, KOTa HAC HAYMHAET WH-
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TEepecoBaTh BpeMs BHIMIOTHEHUA mporpaMM. Ho sToT Bompoc
BBIXOJUT 33 PAMKM KJIACCHIECKOU TEOPUU AICOPUTMOB.

9.2. MawwHbl TelopuHra: onpeaeneHue

Mowuna Tvropunea umeeT 6eCKOHEUHYI0O B 06e CTOpPO-
HBEL Aenmy, Pa3ne€Huyio Ha KBaagpaTuku (auetxu). B xa-
KIOU AYEUKE MOXKET OLITL 3AllMCAH HEKOTOPBLIM CUMBOJ U3
(PUKCUPOBAHHOrO (U TAHHOU MALIMHBL) KOHETHOI'O MHOKE-
CTBa, HA3BIBAEMOrO aadasumonm naunoun Mammumusl. O qun u3
CUMBOJIOB a/(paBUTA BBHIIEICH ¥ HA3BIBAETCA (IPOOEJOMY —
IIPEANONAraeTCsA, ITO UBHAYAILHO BCS JEHTA MyCTa, TO €CTh
3alloTHeHa TpobesTaMu.

Mamuua TeropuHra MOXKET MEHATDL COIEPKUMOE JEHTHI C
TTOMOIITBIO CTETTUATBEHON YUTAIOMIEN U MTUIIYIIEN 20406KU, KO-
TOpas ABUKETCA BAOJb JEHTH. B KaX KM MOMEHT TOMOBKA
HAXOAUTCA B OGHOU u3 svyeek. Mammuua Teropusra noiydaer
OT roJOBKYU MHPOPMALMIO O TOM, KAKOH CUMBOJ Ta BUIUT, U
B BABUCUMOCTH OT 3TOr0 (K OT CBOEI'0 BHYTPEHHEIO COCTOs-
HUs) PElaeT, 9YT0 Ael1aTh, TO €CTh KAKOU CUMBOJ 3allUCATh
B TEKyLIeH S9elKe U KyAa CABUHYTHCI 1IOCIE 3TOr0 (HANEBO,
HAIIPABO WA OCTAThCA Ha MecTe). [Ipu sToM Takxke MeHseT-
sl BHYTPEHHEE COCTOSMHIE MAIMHBL (MBI IPEANOIAraeM, 9To
MAIIMHA, — HE CYUTAasA JEeHTH — UMEET KOHEUHYIO MaMATh,
TO €CTh KOHEYHOE 9MCJAO0 BHYTPEHHUX COCTOAHUN). Emé Ha-
O MOTOBOPUTHLCS, C 9€r0 Mbl HAYMHAEM U KOI'J3 KOHYIAEM
paboTy.

Taxkum oO6pazom, 9TOOH! 3a1aTh MaIuHy ThiopuHTa, Ha-
IO YKa3aTh CIeAVIONe O0bEeKTHI:

® NPOM3BOJBHOE KOHEYHOEe MHOKecTBO A (aspasum);
€r0O BIEMEHTEL HA3BIBAIOTCA CUMEOALMU;

® HEKOTODLIA BBLLAEGJCHHBIA cuMBOI ag € A (npobea, uin
nYcmot cumeon);

® KOHEYHOE MHOXKECTBO S, HA3BIBAEMOE MHOXKECTBOM CO-
CMOAHU;
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® HEKOTOPOE BBIIEIEHHOE COCTOAHWE Sg € S, Ha3bIBae-
MOE HAUGAbHBIM;

o Mmabauyy neperodos, KOTOPaL ONPELESIET IOBEICHIE
MAIIVHEL B 33BHCHMOCTH OT COCTOSHUSA B TEKYIIEro
cUMBOJIA (CM. HIDKE);

® HEKOTOpOE MOAMHOXKECTBO F C S, BIEMEHTHI KOTO-
POTO HABBIBAOTCA 3AKANUUMEADHOIMY COCTOAHUIMY
(momas B TAKOE COCTOAHWE, MAIIMHA OCTAHABINBACT-
o).

Tabsuia mepexonoB yCTPOEHA CISIYIONIM 00pa30M: I
KaxKI0U napbl (TeKyllee COCTOSHUE, TEKYIIUI CUMBOJ) YKa-
3aHa TPOMKA (HOBOE COCTOSHUE, HOBLIM CUMBOJ, CIBUL).
3neck capur — oHO u3 uucexr —1 (Baeso), 0 (Ha mecre)
u 1 (manpaso). Takum 06pa3oM, Tabiuua NEpexogoB €CThb
dyskuma Tuma S x A — S x A x {-1,0,1}, onpexenéunasn
Ha TEX MMapax, B KOTOPBIX COCTOSHME HE ABIACTCS BAKIIOYN-
TeALHEIM.

Ocraérces onucaTh noBegenne Mammuasl Thiopuura. B ka-
KLU MOMEHT MMEeTCA HEKOTOPAS KOHGUYDaUyud, CKIAIBI-
BAIOIIAACA U3 COAEPIKUMOrO JEeHTH ((POPMATLHO TOBOPA, CO-
OEPKIMOE JEHTHI eCTh TPOM3BOMLHOE OTOOpakeHue 7, —
— A), Tekywel 103UnKUu IOJIOBKY (HEKOTOPOE LEJI0e ICI0)
U TeKylero cocrosHus Mamuuel (saement S). Ilpeobpaso-
BaHME KOH(PUIYDAIUYU B CAEIYIOIIYIO IPOUCXOAUT II0 €CTe-
CTBEHHBLIM [IPABUIAM: MBI CMOTPHUM B TabauUIe, 9TO HAO e-
JATH IIA OAHHOTO COCTOSHHUA W IIA NAHHOI'O CHMBOJA, TO
€CThb BELACHAEM HOBOE COCTOSHME MAINUHEL, MEHAEM CHMBOJ
HA YKA3AHHLIA ¥ TOCIE 3TOTO CABATAEM T'OJOBKY BJIEBO, BIIPA-
BO WX OCTaBIAEM Ha MecTe. Ilpu 5TOM, ecm HOBOE COCTOA-
HUE ABIACTCA OTHUM U3 3AKTIOYUTEIBHBIX, pA00TA MAITAHLI
sakagamBaeTCa. OcTaéTca TOTOBOPHTHLCS, KaK MBI TMOAAEM
nH(GOPMAIIMID HA BXOJ MAITMHBI ¥ UTO CIATACTCA PE3YIb-
TaToOM €€ paboTHL. ByAeM CIMTaTh, YTO ANpaBUT MAIIAHEL,
noMuMo Tpobena, conepxuT cumboasl O n 1 (a Takxke, BO3-
MOXKHO, €Il KAKUe-TO CUMBOJIH). BXOI0M U BEIXOIOM MaIIH-
HLL OyIyT KOHEYHBLIC MOCICAOBATEIHHOCTH HYJCH W €IWHUAL]
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(mBOMUHBIE ca0Ba). BXOMHOE CTOBO 3ANMCHIBAETCA HA Ty CTON
JEHTE, TOMOBKA MAIIMHBI CTABUTCSA B €r0 IEPBYIO KIETKY,
MALIMHA, TPUBOAUTCSI B HAYAIBHOE COCTOSHUE U 3AILYyCKACT-
csa. Ecau mammna 0CTaHABINBAECTCS, PE3YIBTATOM CIATACT-
€L IBOUYHOE CJIOBO, KOTOPOE MOXHO IPOYECTb, HAMUHASL C
HO3ULMK DOJOBKU U ABUIASCH HAIPABO (IOKa HE MOsBUTCS
cumBou, ominaHel or 0 u 1).

Takum obpasom, aobas Mammua ThOpuHra 3a1a6T He-
KOTOPYIO YacTUYHYI0 (PYHKIUIO HA ABOUYHBIX CJIOBaX. Bce
Takue QYHKINYA eCTECTBEHHO HA3BBATD 8bIUUCAUMBLMY HA M-
wunar Tovropunea.

9.3. MawwuHbl ThlopuHra: obcyxaeHue

PasyMeercs, Haie ompeneneHne COAEPKUT MHOTO KOH-
KPETHBIX [ETATEN, KOTOPbIE MOXHO OBLIO OBl M3MEHUThL. Ha-
MpUMep, JEHTA MOXET ObITh OECKOHEIHOW TOJBKO B ONHY
cTOpOoHY. MOXHO TpUIATH MaIluHe ABe JeHTH. MOXHO ctu-
TATh, YTO MALIMHA MOXET JUOO HANKCATH HOBBIL CHUMBOJI,
b0 CABUHYTHCA, HO HE TO U Apyroe Bmecrte. MoxHO orpa-
HUYUTL aAhaBUT, CIATAA, CKAXKEM, ITO B HEM JOIKHO OBITH
poBuO 10 cuMeoaoB. MoxHO m0oTPe60BaTH, YTOOBL B KOHIIE HA
JIEHTEe HUYero He OblIo, KpoMe pe3yabTara paboThl (0cTalb-
HBIE KJIETKU AOJDKHBL OBITH IyCcThl). Bce mepeducaenusie u
MHOI'ME ADYTUE M3MEHEHUI He MEHAIT KJIACCA BBEIYUCIIMEBIX
Ha MamuHaxX TelopuHra ¢pynxuun. Komedno, ecTth u Hebe-
300unaHbIe M3MeHeHua. HanpuMep, eciu 3anpeTUTH MAallnHE
JBUTATHCA HAJEBO, TO DTO PATUKATIHHO TOMEHAET AeJI0 —
MO CYNIECTRY JEHTA CTAHET GECIOJe3HON, TaK KAK K CTAPbIM
3alMUCAM yKe Heab3A OyJeT BEPHYThCA.

Kak nousaTs, kakue namMenenus 6€300U,IHEL, & KAKIe HEeT?
Buaumo, TyT HEOOXOAUM HEKOTOPHIU OMBIT MPAKTUIECKOTO
TPOrPAMMUPOBAHUA Ha MaImmHaxXx ThIOpUHTA, XOTsA ObI He-
poabmion. [locme »TOro yxe MOXKHO TPEICTABIATL ceOe BO3-
MOXXHOCTH MAIITUHBI, HE BBIMTUCHIBAA TPOTPAMMEI TIOJHOCTBIO,
a PYKOBOACTBYSCH JUITL MPUOMM3UTEILHBIM omucanueM. B
KavdecTBe TPUMEpa ONMUIIEeM MAIWHY, KOTOpas yIBAWBAET
BXOHOE CJOBO (M3roTaBimBaeT ca0BO X X, ecam HA BXO[e
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6BLTO €I0BO X).

Ecmu mammsa BuguT mpo6es (BXOAHOE CIOBO TTYCTO), OHA
KOHYaeT paboTy. Ecam HeT, OHA BAIIOMUHACT TEKYIIHN CHM-
BOJT M CTABUT TIOMeTKY (B adpasuTe moMuMo cumpoaor 0 u 1
BYAYT emé ux «moMedeHHBIe BapuaHThh 0 u 1). 3aTeMm oHa
ABUKETCA HAIPABO JO IIYCTOM KJICTKM, HOCHE 9ero IIHIIeT
TaM KONMIO 3AIOMHEHHOI'O CHMBOJIA. 3aTEM OHA JBIKETCA
HAJIEBO JO MOMETKH; YTKHYBIIICH B HOMETKY, OTXOJUT Ha-
34,1 1 3aIOMUHACT CJACIYIONMI CUMBOJI M TAK AaJjee, IOKa He
CKOIIUPYET BCE CJOBO.

WMes HEKOTOPBIN OMBIT, MOXKHO 33 BCEMU DTUMU (ppa-
3aMU BUJETH KOHKDETHBIE KYCKHM MPOrPAMMBI JJis MAIIM-
HEl Thiopuura. Hampumep, cIOBa «3allOMWHAET CUMBOI U
JBUKETCS HATTPABO» O3HAYAIOT, UTO €CTh MBE TPYIIIEI COCTO-
SHUW, OJHA UL CATYAlUK, KODJA 3AlIOMHEH HYJb, JPyTast —
KODJa 3aIIOMHEHA, €IWHWUIA, U BHYTPU KaXKJIOU CPYIILL 3a-
IpPOrPaMMUPOBAHO [BIKEHME HAIPABO IO IIE€PBOU IIyCTOU
KJIEeTKH.

Nwmes emé wyTh OOMBINE OMBITA, MOXKHO TOHATH, ITO B
5TOM OTMCAHUN €CTh OMMMOKa, — HE TPETYCMOTPEH MEXaHU3M
OCTAHOBKH, KOT I BCE CIOBO Oy €T CKOTTMPOBAHO, TTOCKOTLKY
KOIINY CHMBOJIOB HIYEM He OTJIMYIAIOTCA OT CHMBOJIOB UCXO-
HOro cioBa. flcHo m TO, Kak ommOKy UCHPABATH — HAIO B
KadeCcTBe KOIMH [HCATH CIenuaIbHbe cuMBoabl 0 u 1, a ma
IOCTAeJHEM DTAalle BCe IOMETKH VIAJIUTD.

77. IlokaxwuTe, 9T0 PYHKIUA «0OpallleHIE», TIEPEBOPAINBAIO-
mas CJIOBO 3aJ0M HAIEDPE], BEIMUCINMA Ha MammHe ThIOpHHra.

[dpyrou npumep HeDOPMAIBLHOIO PACCYXkIeHUs: OOb-
ACHUM, IOYeMy MOXKHO He KCIONB30BATDL JOMOTHUTETHLHBIX
cuMBOsOB, KpoMme 0, 1 u mycToro cumBoaa. IlycTts ects Ma-
mmHa, ¢ OonpumM aadaButoM u3 N cumposoB. IlocTpoum
HOBYIO MAaIIIHY, KOTOpad OyIeT MOAeINPOBATL PAbOTY CTa-
POM, HO KaXJOW KJIETKE CTApOu OyJeT COOTBETCTBOBATH
60k w3 k xaeTox HOBoW. Pasmep Gaoka (uumcao k) Oymper
¢dprKCUpOBaH TaK, YTOOB BHYTPH OJOKA MOXKHO OBLIO OBI 3a-
KOJIWPOBATHL HYMAMU M €IUHUIIAMU BCE CUMBOJBI GOJBIIOTO
andasura. Ucxogusie cumBonsl 0, 1 u mycTon OyaeM KOIU-
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poBaTh kak 0, 33 koTopeM uayT (k — 1) myCTBIX CUMBOJIOB,
1, 3a xoropum uayT (k— 1) LyCTHIX CUMBOJIOB, ¥ I'DYIILY U3
k nycreix cuMBosoB. [lis Hadara HAZO PasIBUHYTH OYKBBI
BXOQHOIO CJOBA HA PACCTOSHUE K, 9TO MOXHO CAEJATH 6e3
JOLIOJIHUTENbHBIX CUMBOJOB (JOULs 40 KpalHel GYKBEL, OTO-
OBUraeM €€, 3aTeM IOUIA IO CJAeAYIOIIeN, OTOABUraeM €€ u
KPalHIOW U TAK Jajee); Ha 10 TOIBKO IOHMMATh, IT0 MOXKHO
UAHTHPUIUPOBATL KOHEIl CJIOBA KAK MTO3UIUIO, 33 KOTOPOU
crenyet 6ojee k mycTBIX CUMBOJIOB. fICHO, 9TO B BTOM mpo-
IIECCE MBI JOKHEI XPAHUTD B MAMATH HEKOTOPHIN KOHETHBIN
00BEM MHMOPMAITIYN, TaK ITO HTO BO3MOXKHO. Ilocme 3Toro
y&KE MOXKHO MOJEIUPOBATH PAbOTy MCXOMHOU MAIIWHEL IO
maraM, W A 3TOTO0 TOXe AOCTATOYHO KOHETHOUW MAMATHU
(T.€e. KOHEYHOT'O YHCIA COCTOAHWA), TAK KAK HAM BaXXHA
TOJBKO HEOOJBINAS OKPECTHOCTHL TOJOBKM MOIEIUPYEMOU
MarnmHbl. Hakomerr, Haa0 ckaTh pe3yabTaT 06paTHO.

YTBepxACHNE O TOM, UTO BCAKAA BLIMUCAUMAA (PYHK-
YA BLIYUCIUMA HA MammHe TBIOPUHTA, HABLIBAIOT ME3l-
com Twvropunea. KonedHo, ero CMbICI 3aBUCAT OT TOrO, UTO
NOHUMATE TO[ CIOBAMY «BEIMUCIAMAA PYHKIWA . Ecau morm-
MaTh UX B PACIUBIBIATO-UHTYUTUBHOM CMBICIE («DyHKINAA
BEIMUCIACTCA AITOPUTMAYECKH, TO €CTh MO T6TKUM, HEABY-
CMBICICHHBIM, OTHO3HATHEIM ITPABAIAMY WA 9TO-TO B TAKOM
pofie), KOHETHO, HU O KAKOM JOKA3aTeIbCTBE Tesnca Thio-
PUHTA HE MOXKET OBITh pedn. MoKHO JUIIL FOBOPUTE, ITO
MHOTOBEKOBasI TPAKTUKA, IeTOBeIecTBa 0T EBkmmaa 1o Kay-
Ta He BCTPETUIACH C IPUMEPOM AATOPATMA, KOTODBLIA He-
JB351 OBLTO GBI 3AIKMCATH KAK IPOrPAMMY MAIIMHEL THIOPUHTA
u 7. 1. Bupouem, emé oaun (He caukoM yoeguTenabHbl) ap-
CYMEHT NPUBENEH HIDKE.

Ho ecan moruMaTs CI0BO «BLIYUCANMAA» B Te3uce Thio-
PUHTA KAK «BBIYUCIUMAS C TTOMOIIBIO TPOTrPaMMBI Ha TTacKa-
JIe» U IPENCTABUTE ce0e Ha MUHYTY, YTO CUHTAKCUC U CEMAH-
THKA MACKAIBL-TIPOIPAMM TOYHO OMPEAETEHEI, TO Te3nC Thio-
PUHTA CTAHET y¥kKe YETKUM yTBEPKIEHUEM, KOTOPOE MOXKET
OBITH MCTUHHBIM WX JOXKHBIM, ¥ KOTOPOE MOXKHO JOKA3BI-
BaTh. KOHEYTHO, Takoe MTOKa3aTeqbCTBO MO HEOOXOIUMOCTHU
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TOKHO UCTIOAB30BATE (POPMATHLHOE OTMMCAHNE CUHTAKCUCA U
CEMAHTUKY [ACKAJIsg, U IOTOMY HHUKEM HE IPOBOJUIOCH, HO
Ui 60JIee MPOCTHIX BEIUUCIATEILHBIX MOIEJAEH 3TO AeUCTBU-
TEeIBHO MOXKHO (POPMAaNBHO A0KA3aTh. BIpodem, Takoro po-
& NOKA3aTeIbCTBA CPONHU NOKA3ATENBCTBY KOPPEKTHOCTH
[UIMHHOU [POrPAMMEI, M HOTOMY KEJIAIOMUX UX MUCATH W
TeM Oosee YUTATHL HEMHOI'O.

B sakmouenne o6cyx aenus npuBenéM 0OeIaHHLIN BEIIIe
apryMeHT B IIOJb3Yy TOO, YTO JI00as BEIYACIUMAA (PYHKIII
BeraucanMa Ha Mammee Teiopuara. Ilycrs ecth dymkiums,
KOTOPYIO UeJOBeK yMeeT BHIMUCIATH. llpm aToM, OH, ecTe-
CTBEHHO, JOMKEH HCIOJb30BATH KapaHjam u OyMary, Tak
KaK KOIUIeCTBO MHGMOPMAIINY, KOTOPOE OH MOXKET XPAaHUTH
«B yM€», OTPAHUYIEHO. BymeM cuMTaTh, YTO OH MHIIET HA
OTAeTBHBIX JucTax Oymaru. [lommMo Tekymero aucra, €eCcTh
cTomka 6yMar CIpaBa 1 CTOTKA CJIEBa; B JIOOYIO M3 HUX MOXK-
HO TIOJOXKUTL TEKYIINU JUCT, 3aBEPIIUB C HUM PaboTy, a u3
OPYTOU CTOTKU B3ATH CACAVIOIINA. Y JEIOBEKA €CTh KapaH-
pam u gactuk. Ilockoneky odenp menkue GyKBBEL HE BHUIHEL
YUCJIO OTYETAUBO PABIMHUMEBIX COCTOAHUN JACTA KOHEYHO, U
MOXHO CYUTATh, YTO B KAXKILIU MOMEHT HA JUCTE 3AIUCAHA,
oaHa OyKBa U3 HEKOTOPOI'O KOHEYHOI'o (XOTs U BechbMa 601b-
woro) aapasura. eroBex Toxe UMeET KOHEUHYIO HAMITD,
TaK ITO €r0 COCTOSHUE ECTH HJIEMEHT HEKOTOPOI'0 KOHETHO-
ro Mmaoxectsa. [Ipu 5TOM MOXHO COCTABUTH HEKOTOPYIO Ta-
OJUITY, B KOTOPOU 3aMUCAHO, YeM KOHUIUTCA ero paboTa Ha
JUCTOM C JTAHHBIM COMEPXKUMBIM, HAUYATAdA B HAHHOM COCTO-
AHUE (970 OyAeT Ha JUCTE, B KAKOM COCTOAHUU OYIET €1e0-
BEK U U3 KAKOW MAvKU Oy IeT B3AT caepyommn auct). Temeps
y&e BUIHO, UYTO JEUCTBUA UEIOBEKA KAK Pa3 COOTBETCTBY-
0T paboTe MAMUHBL THIOPUHTA ¢ GOABIIMM (HO KOHEIHBIM)
anpaBUTOM U GOABIIMM (HO KOHEIHBIM) TUCIOM BHYTDPEHHUX
COCTOAHUM.

9.4. ACCOLI,I/IaTI/IBHbIe ncyncneHus

Cenvac MBI WCHOMBL3YeM MAIMMHBL ThIOpUHTA, YTOOBI
JOKa3aTh HEPa3pelMMOCTh HEKOTOPOHU AJCOPUTMUYCCKOU
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TMPOOIEMBI, CBA3AHHON C TAK HA3KIBAGMBIMU ACCONMATURHE-
MU UCIUCHCHUAMU.

HamomuuMm, 94T0 aadasumom HA3BIBAIOT KOHEUHOE MHO-
JKECTBO, DJIEMEHTHI €0 HA3BIBAIOT CUMBOACLMU, WA OYKEaML,
a KOHEYHLIE [OCIEI0BATEILHOCTH OYKB — CA406aM1.

Ilycre pukcuposan anpasut A. Bysem naswBaTs npasu-
A0M TIPOU3BOJIBHYIO 3anuck Buga P — (), rae P u () — cioBa
sToro andgaBuTa (MBI CIATAEM, ITO CAMa CTPEIKA HE ABIA-
ercsa OykBon andasuTa). ByneM HA3BIBATL GCCOUUGTNUGHBIM
ucvucienteM KoHedHB Habop npasut. (I[lopamgok mpasui B
mabope He mrpaer poau.) Kaxmnoe mpasmio paccMaTpuBa-
eTCA KaK TPABUIO NMPeoOpasoBaHusa cJaoB. VIMEHHO, MBI TO-
BOPUM, YTO K CJOBY X MOXKHO MPUMEHUTH mpasuio P — @,
ecan B ca0Be X €CTh y9aCTOK U3 TOAPAL UAYIIuX OyKB (moa-
CJI0BO), coBuagaromuit ¢ P. B srom caydae ero pasperaercs
3aMeHUTh Ha (). Takux y4acTKOB MOXET OBITH HECKOJIBKO,
TaK YTO K OJHOMY U TOMY K€ CJIOBY MOXHO IPUMEHUTDH OJHO
U TO XK€ IPABUIO HECKOABKUMU pasHbiMu ciocoGavu. Kpome
TOr0, B UCIUCJIECHUN MOKET OBITh HECKOIBKO ITPABILI, IIPUMe-
HUMBIX K JAHHOMY CJOBY, U TOTJa MOXKHO IPUMEHATD JI000€
u3 Hux. [Tocae 5TOro MOXHO CHOBA MIPUMEHUTH TO XKE CAMOe
WM APYTO€ MPABWIO UCUUCICHUS, U TAK JAJee.

ITosTOpuM 5T0 onpeaenerue 6oree popmaabuo. ['oBopsaT,
ITO 4060 X MOKHCHO NPeobpa308amb 6 ca060 Y 10 npasi-
AGM Ucuucaenus I, ecan CymecTByeT KOHEWMHAS MOCIeI0Ba-
TEJIBHOCTE CJIOB

X =20,21,22,...,2k1, 2 =Y,

B KOTOPOU KaX[0€ CJIOBO Z; NOIYIAeTCS U3 MPEIBLIAYIIETrO
CJIOBa Z; 1 IO OJHOMY U3 TPABWI HCIUCIEHUSI I, TO ecThb
B I cymectByer Takoe mpasmwio P — @, uro Z;_1 = RPS
u Z; = RQS nas nexkoTopwix cioB R u S.

TakuMm 00pa3zoM, KaxkJOMy HUCIUCICHUK) COOTBETCTBY-
eT HEKOTOPOEe MHOXKECTBO TMap (JIOB — MHOXKECTBO TaKUX
map (X,Y), aro X MOxHO mpeo6pazoBaThk B Y IO MPABU-
JIAM DTOTO UCIUCTCHUA.

Teopema 60. /11 BCAKOTO MCINUCTCHUA 3TO MHOXKECTBO



128 Mawuner Toropunza [r1. 9]

nepeuncanmo. CyImecTByeT UCUUCAEHUE, IS KOTOPOrO 3TO
MHOXKECTBO HEPA3PELIUMO.

Mel mokaxeMm 3Ty TeOpeMy B caemyomeM pasxpene. Ilep-
BaA €€ JaCTh JOKA3BIBACTCA JEIKO: MHOKECTBO BCEX ITOC/IE-
OOBaTEILHOCTEN Zo — 41 — ... — Zj, COIVIACOBAHHEIX C
[IpABUJIAMU MCUUCICHUS, PA3PELIMMO U [IOTOMY IEepedrC/iu-
Mo. Ec/m 0T Kaxk 101 U3 HUX OCTaBUTH TOJILKO HATAIO I KO-
HEll, IOJIYYUTCA [MEPEeIUCICHIE NCKOMOI'O MHOXKECTBA.

OcTanochk HoCTPOUTEL NMPUMED HEPA3PELIUMOr0 aCCOUnar
TUBHOI'O UCUUCICHUS (UCUUCICHNUSA, A1 KOTOPOIO yKA3AHHOEe
MHOXKECTBO HEpaspemmMo). st 5TOro Ml moKaxeM, 4To pa-
60Ty MHO00N MAIMMHBL THIOPUHTA MOXHO B HEKOTOPOM CMBI-
CJIe MOJEINPOBATE C IIOMOIIBIO ACCOIMATUBHOIO UCIUCICHNS,
a 3aTeM BO3BMEM MCYUCIEHUE, COOTBETCTBYIOIIEE MAIINHE C
HEpa3peImMMOn IpOoOJeMON OCTAHOBKH.

9.5. Mogenuposanue MawuH TbopUHra

Teopema 61. Ilycte M — mamuua Teopunra, ampasuT
xoTopou BraodaeT 0 u 1. Torga MOXKHO TOCTPOUTE acCOUA-
TUBHOE UcHUucIeHne I ¢ TAKuM CBOMCTBOM: TBOMIHOE CIOBO Y
ABJIACTCSA PE3YJIbTATOM PAOOTHI MAIIUHBL HA JABOUTHOM CJO-
Be X Torjga m TOIBKO TOrAA, KOrga ¢iaoso [ X ] mo mpasuram
ncancaeHus I MOKHO mpeodpa3oBaTh B CJIOBO Y.

HamoMuuM, 4TO pe3yanrTaT pabOTHI MAIUHBI MBI OTIpe-
JeJTUIN KAaK MAKCAUMATLHBIN OJOK HYJEW W €IUHUI], HAUUHAA
C TIO3UIUAU TOJOBKU. 3aMETUM TAKXKE, ITO AJNPABUT UCUU-
creausa I comep:xkuT cuMBOABLI O U 1, TOTOJHUTENBLHBIE CUM-
BOJEL [ 1 ] ¥ MOXET COmEepKATH APYIUE CUMBOJLL.

78. IlokaxwuTe, 9TO eciu 6€3 JOMOJHUTEILHBIX CUMBOIOB [ 1 ]
YTBEDXK IEHUE TEOPEMBI He OyIeT BepHBIM. (YKa3aHUE: €CIU CI0-
BO Y MOXHO HTOJIYYUTH U3 CJIOBaA X II0 OpaBWIAM UCYUCICHNUA,
To croBo PY () moxuO moxyumrs m3 caoBa PX() mo mpaBmwiam
VUCIUCACHUA. )

< WUaes MogenupoBaHUsA COCTOUT B caemyiomeM. bymem
KOAUPOBATH KOHGUTYPALNIO Manubl ThiopuHra (ComepKu-
MO€ JIEHTHI, TTOJOXKEHUE TOJOBKY, COCTOAHUE) B BUIE CJIOBA.
Torma mepexoa OT KOH(GUTYPAINU K CAETYIONIEN 10 TPABU-
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JaM MammHbl ThIOPUHTA COOTBETCTBYET NMPUMEHEHWO Tpa-
BUJI& aCCOLUATUBHOI'O UCIUCACHUA.

Koreuno, gas 5Toro Haq0 NpaBUIBHO BEIOPATH KOLUPO-
Bauue. Mur 6yzeM nenars 3TO TAK: KOH(ATYPALs

komupyetcsa ciosoM [Ps@Q]. Takum o6pasom, aadaBuT Ha-
ero UCYUCIeHusa OyAeT BKJIYATH BCe OYKBBI auadaBuUTa
MaImmHbl ThIOpUHTa, BKIKOYAA TPOGET (KOTOPBIM MBI H30-
OpakaeM KakK «_»), U BCE €6 COCTOAHUA (MBI CIUTAEM, 9TO
MHOXKECTBO COCTOAHMA HE MEPECeKAeTCA € aadgaBUTOM), a&
TaKXke CHeNraAJbHBIE CUMBOABI [ m ]. 3aMeTuMm, €TO KO-
IUPOBAHME HE OMHO3HAYHO 33 CYET TOro, UTO CIOBO P
MOXKET HAYMHATHCA ¢ Mpobena, a CI0BO () MM KOHYATBHCA.

Hampumep, ecm a, b u ¢ — OykBbI ampasuTa, & s — CO-
CTOsAHWE, TO CJIOBO [absc] COOTBETCTBYeT COCTOSHUIO S,
JeHTe ...abc... W TOJOBKE HAIIPOTHUB C; CI0BA [_absc]

u [absc_] coorBercrByloT TOM ke koudurypauuu. Ipy-
rue OpuMephl KOAUPOBaHUS KOHQUIypauui: ciaoBo [sabc]
COOTBETCTBYET COCTOAHHK S, JEHTEe ...abc... U [OJIOB-
Ke HAmpoTWB a, cIoBO [abcs] — mente ...abc... C ro-
JOBKOH CIIpaBa OT C, a CIOBO [s] COOTBETCTBYET IIyCTOU
JIEHTE.

Temepr HAMO HANMCATL NPABWIA HAIIETO MCIUCICHUS.
Mur xoTuM, 9TOGHI K KOAY JH000U KOHMDUTYPAIUA OBLIO IPHU-
MEHUMO POBHO OJHO TPABIJIO W YTOOBI MOIYYAOIIEECS TPHU
€ro TMPUMEHEHUN CJIOBO GBLIO KOJOM CJAEAYIONIeN KOH(UTY-
panuu. TO MOXHO CAEIATH, TOCTPOIHO TIEPEBOASA TAOJUILY
mepexo 0B MaMHbl ThIOPUHTA Ha A3BIK mpaBmwi. 1lycTb,
Hanmpumep, B TaOIuLe eCTh NHCTPYKINS «HAXOIACH B COCTO-
AHUM S W 9UTasA OYKBY &, IEPEUTH B COCTOAHUE S, Haleda-
TaTh OYKBY &' M OCTaThCA Ha MecTer, Torga MbI BKIKYIAEM
B Hallle UCYUC/ICHUE IPABUIO

sz — s’z
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NucTpyknnsa «HaxoqdaCh B COCTOAHUU S U UUTasg OYKBY T,
[EPEUTHU B COCTOAHUE §', HAIEIaTATh OyKBY ' ¥ CIBUHYTHCA
BJIEBO» IIOPOXKAaeT IIPABUIA

asz — s ax’

nust Bcex OykB « andapuTa MamuHbl THIOpUHTA.

WucTpykius «HAXO4sACk B COCTOAHAU S U 4uTast OYKBY T,
[EPEUTH B COCTOAHUE §', HAlEIaTaTh OyKBY &' M CIBUHYTLCA
BIIDABO» IIOPOXKAAeT IIPABUIO

st —x's.

Ho nazgo emé mo3aboTuThCsa O CUTyalnn, KOraa ciosa P
wi () nycrel. s 5TOro HyXHLI Takue [IPaBUIa;

ecnu B Tabaulle eCTh UHCTPYK- TIPABUJIO
Ius. . .

quTaf & B COCTOAHUU S, IIe-
peuTu B cocTosHue s, Haie- [sz — [s'_a’
9aTarh 4’ W CABUHYTBCA Ha-
JIEBO

quTas Npodea B COCTOSHUA S,
epeiTy B COCTOSHME S, Hale- s] — s'a']
yaTaTh T U OCTATLCA Ha Me-
cre

‘II/ITafI aopoben B COCTO&/IHI/II/I s, as] — s'az']
[EPEUTH B COCTOAHME S’ | HaIIe- [s] — [s'_ 2]
9aTaThb &’ ¥ CABUHYTBCA HaJe-
BO

gyuTas Npodea B COCTOSHUM S,
IepelTH B COCTOSHUE s, Ha- s1 — a's']
[eYaTaTh &' U CIBAHY THCA Ha-
IPaBo

Oco6bie caydan, pacCMOTPEHHBIE B DTOU TAOIUIIE — 3TO CIY-
van mpobeaa Mmoj TOMOBKOW W TMYCTOTO CI0Ba (), a Takke
CABUTA HAJCBO MPU TyCTOM CJIOBE P.
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IlpuMenenre >TUX MPABWI MIAT 334 MIATOM MOIEIUPYET
IpOIECC BHMUCIeHWs Mammabl Teopuara. Ho namo emé
(IOATOTOBUTH BXOM» U «OIUCTUTH BhIXOA». Ilocie 3aBep-
uieHuss pabOTHL MAIIMHA OKA3BIBAETCS B HEKOTOPOM 3a-
KIIOYUTEIBHOM COCTOSHUM S, U KOJX KOH(PUI'YPALMU AMEET
pun [Ps@]. A maM Hago mOIy4YUThH CIOBO, ABJIAIOIIEECT pe-
3yapTaTOM PabOTHI MAIIKHEL 10 €CTh, IO HAIIMM IIPABUIAM
OLpefeIeHAs PE3YAbTATA, HANO0 YAAINTE P 1 OTKPHIBAIOIIY-
10CS CKOOKY, & TAaKXKe B () BBIIEIUTH MAKCUMAJIBLHOE HAYAIO
U3 HyJEU U €IUHUIl, U BCE TMOCICAVIONEe YIAIUTE. BOT Kak
2TO fAemaeTca. BBeaéM MOMOJHUTETBHBIN CUMBOJI <, TTPABU-
Ja § — <4 Ui KaXKI0TO 3aKIIYUTENLHOTO COCTOSHUA S,
mpaBmia @ < — < 17 Beex OyKB o u mpasmwio [« — >. Torga
CUMBOJ < TIOSABUTCA HA MECTE BAKIIYATEIHHOTO COCTOSHUS,
¢becT BCE cieBa OT cebsA, a B KOHIE BCTPETUT CKOOKY U
TMPEBPATUTCA B HOBBIM CHUMBOJ b. [l 5TOCO CUMBOMA, MBI
ucrnonedyem npasmia >0 — O, p1 — 1b uwprpa — Va
(mocaegnee nNpaBuUIO — M BCeX @ U3 aadaBUTA MAIIUHEL
kpome 0 u 1, a rakxe gas o = 1). CumBoa > nporyckaer
pesyabpTaT HaJMEBO OT cebsi U IPEeBpPAInaeTCs B CUMBOJI V.
A >TOT CHMBOJ YHHYTOXKAET BCE crpasa OT cebs M 3aTeM
CaMOYHUYTOXKAETCA B IIape C 3aKPLIBAIOIIENCA CKOOKON; Ipa-
BIJIA TAKOBBI: V& — V [JId BCeX CHMBOJOB (¢ U3 aJ(aBuUTa
MammHbl, a Takxke V] — A (A ofosmagaer mycroe cio-
BO).

OTHU MPABWIA TO3BOMAIOT BBEIISIUTEH PE3YJILTAT PAOOTHI
MAIIMHEL U3 KOa 3aKIIOYATEILHON KOHGUrypamuu. Temeps
y2K€ MOXKHO CKa3aTh, YTO MAIIWHA HA Bxone X NaéT pe3y.b-
TaT Y TOrJa M TOJBKO TOIAA, KOTJA 10 3THUM IIPABIIAM
u3 caoBa [soX] MOxHO moayduTsh cioBo Y. Enuncrsemnnoe
pasnuuaue ¢ GOPMYAUPOBKOU TEOPEMBL COCTOUT B TOM, UTO
TaM HET CUMBOJA Sg, HO 3TO UCIPABUTH JErKO: T0O6ABUM eIl
oguu cumsox [, mpasmio [ — ['sg, u BO BCEX OCTAIbLHBIX
npaBuiax 3amenuM [ Ha [/,

Tenmepn yxe BCE B TOYHOCTU COOTBETCTBYET (HOPMYJIU-
POBKe TeOpPEMBI, U J0Ka3aTEeThCTBO MOXKHO CYNUTATh 3aBep-
méHEbIM. (YBBI, aKKYPATHOE MPOBEICHNE TIOYTH OYEBUIHON
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uIen 9acToO TpeGyeT MepednCIeHnss MHOTUX JeTATeN, B KO-
TOPBIX K TOMY K€ JEIKO IPOIYCTUTh KAKOU-HUOY b CJay<dan
WY JOIyCTUTH OUubKy.) >

Temeps y:ke MOXHO IOCTPOUTH OOELMIAHHOE HEPA3PEL-
MO€ aCCOLUVATUBHOE KUCYIUCICHUE.

Bo3pMéM mepeuncanMoe HepaspemmMoe MHOXKeCTBO K.
BospMém mammmuy Trlopunra, xoTopas Ha Bxomax us K
OCTAHABIUBAETCA W JaET IMYCTOE CJIOBO, & HA BXOJAX He
u3 K He 0CTaHABIMBACTCA (TOIYXAPAKTEPUCTUIECKAA (DYHK-
U TEePETUCIUMOTO MHOXKECTBA, HATIOMHUM, BBEITUCINMA, U
TTOTOMY BBEIMUCANMA Ha MammnHe ThIOpWHTa 1O Te3ucy Thio-
PHHIA).

IlocTpoum acconmaTHBHOE UCIUCIEHUE, MOIEIAPYIOLIEe
3Ty MAIllMHY B TOJBKO YTO ONKMCAHHOM cMbicite. [lis mHero
HET AJIrOPUTMA, KOTOPBIM IO mape caoB X u Y BLIACHSET,
MOXKHO Ju npeobpaszosars X B Y. B camom mene, ecau 6br
TAKOU aJrOPUTM ObLI, TO MOXHO OBLIO OBI TPUMEHUTDL €0 K
caoBam [X] u A (mycToe cl0BO) U y3HATE, JEKUT JU CI0BO X
B MHOXeCTBe K Win He JIeXKUT.

9.6. [leycTOpPOHHME UCHUCNEHUS

OkasbIBaeTCs, ITO PACCYXKACHNE PEIbIIYIIero pasrena
MOXKHO HEMHOTO ycuanTh. HazoBéM acconmaTuBHOE UCINCTE-
mue (T.e. HAOODP MPaBWI) J6YCNOPOHHUM, ECIH OHO BMECTE
¢ KaXIBIM TpaBuwioM X — Y COXEPXKUT U CUMMETPUIHOE
npaBuio ¥ — X.

Teopema 62. CymecTByeT ABYCTOPOHHEE UCTUCACHAE, NI
KOTOPOI'0 HET AJrOPUTMA, BEIACHAIOIIErO, MOXKHO JIA IIOJIY-
YUTH ONHO CJOBO K3 APYIOrO IO IPABUIAM HTOIO UCUUCTE-
HUA.

< [l1a 10Ka3aTeasCTBA MBI BOCTIONIB3YEMCA TOU XK€ KOH-
CTPYKINEN ¢ HeGOMBIMMY M3MeHeHusMu. [[asa Hatuaza mpa-
Buno V] — A saMenuMm Ha mpaBmwio V] — x (MBI BCKOpe
YBUIUM, 3a9€M 3TO HY:KHO). [Tocae 5Toro aua Kaxaoro mpa-
BT JOOABMM OOpaTHOE. JTO HOBOE mcumcaeHue I’ Taxxe
MogenupyeT MarmuHy ThoopuHra:
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Jlemma. /[BouvnOe Ci10BO Y ABIAETCA PE3YILTATOM Pado-
Thl MAIIXHBL HA IBOMYHOM CJIOBe X TOLMA M TOABKO TOTA,
xorga caoBo [ X ] mMoxHO npeobpa3oBaTh B CIOBO Y x IO
npasuaaM ucaucienus I,

MokazaTeabcTBO JeMMBI. Kcan He mo6aBIATH 0OpATHBIE
npasuaa, T0 I’ HUYeM HE OTIMYAeTCA OT paHee TOCTPOEH-
HOI'0 MCYMCACHUs (KPOMe HOCAEAHEero liara, IAe OCTaércs
3BE310YKa — HO DTO, O4EBUAHO, HecyecTBeHHO). [looTomy
HaM Ha,I0 JIHUIIb I0KA3aTh, 9TO ecu [ X ] MOXKHO mpeobpaso-
BaTb B CI0OBO Y * IO IIpaBWiaM Mc4ucienus I/, To 3T0 MOXKHO
cpenars 6e3 nprMeneHus OOPATHHIX IPABWI, TOJABKO C IIOMO-
UIBI0 IPAMBIX.

HMokaseBaercs 370 Tak. HazoBEM «aKTUBHBIMEY CJAEIYIO-
mue CuMBOJEL andasuta ucaucaenus [': cuvpeon [ (koToperi,
HAIIOMHUM, 3aMEHeTCS Ha IIEPBOM XKe [Iare), BCe COCTOSHUs
MaIlKHEL >, <, V 1 *. TOr1a B KaxKJ10M IPaBUIe HAIEr O KUC-
YUCJEHUA CIEBA, U CIPaBa €CTh POBHO OJWH AKTUBHEIA CUM-
pos. CiegoBaTeIbHO, B 000K HOCIEI0BATENLHOCTH IPAMEBIX
1 obpaTHbx npasmi, coequmsomern [ X 1 ¢ Yx, Bce ciosa
COJIEPKAT MO OMHOMY AKTUBHOMY CHUMBOIY.

Tenepr Takoe mabmoJeHuEe: K CIOBY, B KOTOPOM OIWH
AKTUBHLIM CHUMBOJ, IPUMEHUMO He 00Jee OZHOrO IIPAMOLrO
npaBwia. (JTO JErKO IPOBEPUTH, IOCMOTPEB BCE IPABUIA;
MPUYUHA 30€Ch B TOM, YTO IPABUIA MOJEIUPYIOT PaboTy
JeTEePMUHUPOBAHHON MAIMHBI THIOPUHTA, B KOTOPOU CJe-
VIO KOHGUTYyPaus OIpeIeIeHa oqH03HaqHO. ) [ToaTomy
MOXKHO y,[[a.HI/ITB BCE OGpaTHBIe IpaBUIa U3 IIOCJIEeT0OBATECIb-
HocTH npeobpasopanuu [ X ] B Yx.

B camom gesne, paccMOTpuM mOCJeqHEE BXOXJAeHWE 0O0-
PATHOTO MPaBUIA B MOCJAEJOBATEIBHOCTD TPE0OPa30OBAHUM.
OHO He MOXeT OBITH CAMBIM MOCJHEIHUM B MOCAEI0BATEILHO-
CTH, TaK KakK OOpaTHOE TPABUIO HE MOPOXKIAET CUMBOJI *.
SHAYUT, 33 HUM CJIEAyeT MPUMEHEHHE KAKOO-TO MPSMOTrO
npaBuia. Ho ogHO mpsAMOe MPaBUIO0, KOTOPOE MOXKHO TIPH-
MEHUTH, YKE eCTh — 3TO TO, K KOTOPOMY OBLIO O0OpaTHO
Halrre o0paTHOe TMpaBmio. B cuty eTMHCTBEHHOCTH APYTOTO
TpAMOTO TpaBmiIa ObITh He MOxkeT. IloaToMy mpumeneHme
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00paTHOTO, & 33 HUM MPAMOrO MPABAIA MOXHO B3AUMHO CO-
KPATUTD U IOLYIUTH 60Je€ KOPOTKYIO MOCAEJOBATEABHOCTD,
B KOTOPOU CHOBa HAUTHU IOCAeHEE OOPATHOE IPABUIO U T. .
JlemMma goKa3aHa.

N3 meé cpasy xe ciaeqyeT CYIIECTBOBAHUE HEPA3PEIN-
MBIX JBYCTOPOHHUX ACCONMUATABHBIX UCIUCICHUU, KOTOPOE
7 COCTABIAIO YTBEPKACHUE OCHOBHOW TEOPEMBI DTOTO Pa3-
nena. >

9.7. MNonyrpynnel, o6pasytolne U COOTHOLLIEHUS

Certyac MBI OOBACHUM, KAK TOJIBKO YTO [NOKA3AHHOE
YTBEPKICHAE O IBYCTOPOHHUX ACCOLUUATUBHBIX UCIUCICHU-
AX nepeBoguTcsa Ha anrebpaudeckunt s3uik. (Hudgero nosoro
[0 CYIIECTBY IPU 3TOM HE YTBEPXKIAETCH, HTO MPOCTO IIe-
pesox.) Hanomuum HexoToOphIe CBeAeHUs U3 AIreOpEL.

IHoayzpynnotd Ha3BIBAETCA NPOU3BOILHOE HEMYCTOE MHO-
*KeCcTBO (G ¢ aCCONMATUBHOUN OMEPAIINEN, 3AMNCHIBAEMON KaK
YMHOXEHWE, TPUIEM CYIIIECTBYET eAUHUYIHBIN DIEeMEHT 1, mid
koToporo 1 X x = ¢ x 1 = x naa scex x € G. (llomyrpym-
nbl 6€3 eAUHUYIHOrO BIeMeHTa HaM He norpebyorces.) Ilycrs
G — mexoropas nonyrpynna. ['oBopsar, 9To MuOX)KecTBO A C
C G ABAAETCA MHONCECMEOM 00PA3YIOUUT NI TOIYTPYII-
bl G, €I BCAKAU 3JEMEHT MOLYTPYIIILI MOKET OBIThH OJLY-
YeH Kak [IpousBefeHue o0pasyrommx (BO3MOKHO, IyCTOe —
Takoe npoussegenue cuuraercs pasaniM 1). [loxyrpynna na-
3BIBAETCS KOHEUHO NOPONCIENHOT, €CIU OHA UMEET KOHETHOE
MHOXKECTBO 00Da3yIOIMNX.

Mycts A = {ay,...,a,} — anpasnr. Torga MHOKECTBO
Bcex ¢iioB B apaBure A ob6pasyeT mOXyrpymiy. YMHOXKe-
HUE B HEHM — 3TO KOWKQMEHAYUA CJIOB, TO €CTh MPUIUCHI-
BaHWE OJHOIO K APYyroMy. EIVHUYHBIA BJEMEHT — IMyCTOoe
cmoBo. O4eBuaHO, a1, .. ., A, ABIAIOTCA OOPA3YIOUUMEU 3TOU
noxyrpynnsl. (Tounee caegosano Gul roBopuTh 06 0LHOOYK-
BEHHBIX CJIOBAX KaK 00Pa3yIOIMX.) JTa HOJLyIPYIIa HA3B-
BAETCA 80000101 Noayepynnot ¢ 0OPAZYIOUIUMUA A1, . . . , (-
Byxem obosuavars eé F(aq,. .., a,).

Mycte G — mpom3BOABLHAA TIOAYTPYITA, A §1,-- -, Jn —
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JM00BIE €6 nreMeHTHL. Torga CymecTByeT eIMHCTBEHHBIN T0O-
momopduaM h noayrpyunnst F(ag,...,a,) B noayrpynny G,
ust koroporo h(a;) = g;. (omomopduzmom noryrpynn Ha-
3bpIBalOT O0TOOpaXKeHwue, Ipu KOTOPOM 00pa3 IpOU3BeIeHUs
pPaBeH Ipou3BeAeHUI0 00PA30B U €IUHULA NEPEXOIUT B eIU-
muny.) OH nepeBoguT CJAOBO U3 CUMBOJOB ¢; B IPOU3BELCHIE
COOTBETCTBYIOUIMX 3IEMEHTOB ¢;; 00Pa3OM MyCTOr'O CJIOBA
ABAAETCA eIMHUIHBIA diemenT. OueBuaHo, 06pas 3Toro ro-
MOMOP(U3MA COBIATAET CO BCeU moayrpymnmoun G Torjga u
TOJBKO TOTAA, KOTAA IEMEHTEHL g1, .. ., Jpn ABIIIOTCA 00pa-
ayrommMu rpynnst G.

Coomuowenusmy Mbl 6yneM HA3BIBATH PABEHCTBA BU-
ga X =Y, rage X u' Y — siaeMeHTE CBOGOIHOU IIOLYIPYII-
uet F(ai,...,a,), To ectb caosa B aixpasure A. [osopsr,
qT0 cooTHomenue X = Y BwlmoaHeHo B noayrpynme G ¢
BBIJCJIEHHBIMEI 3JEMEHTAMUA g1, . - - , §p, €CAU 00pa3bl caoB X
u Y 1mpu OOUCAaHHOM TOMOMOpQU3ME, TO €CTh IPOU3BEle-
HUsA COOTBETCTBYIONUINX SIEMEHTOB ¢;, paBHHL [lycTh nMeet-
€A HEKOTOPLIX Habop cooTHomenun X1 = Yi,..., Xy = Y;.
Bymem paccMaTpuBaTh pazaudHBIE TOAYrpynnsl G ¢ BhITe-
JIEHHBIMU 7} BJIEMEHTAMU, B KOTOPBIX BHITOJHEHBI BCE DTH CO-
OTHOIIEHVA, U B KOTOPHIX BHIJEICHHBIE DIEMEHTHI ABIAITCA
obpasyromumvu. (Hanpumep, noayrpynna u3 ¢IMHCTBEHHOT'O
eIUHUIHOTO DJIEMEHTA TaKkKe BXOAUT B ux uucio.) Cpenn Ta-
KUX TOIYTPYTIT, KAK MBI CEUIaC YBUIUM, €CTh «MAKCAMAJTh-
Has», B KOTOPOU BEIIOJHEHO MEHBLIIEC BCErO COOTHOIICHUN.

Beeném na croBax andasura A OTHOINEHUE DKBUBAJEHT-
HocTH, cuuTas, 4T1o P = @, ecin P M0XHO 1peoOpa3oBaTh
B () B ABYCTOPOHHEM ACCOIUATUBHOM UCUUCJCHUM C TTPABU-
aamu Xy < Yy, ..., Xy < Y. (Ipyrumu caoBaMu, B m060M
CJIOBE pa3pelIaeTcsa 3aMeHUTDb ero MOACIOBO X; Ha MOACIO-
BO Y; 1 Ha060poT.) OYeBUIHO, 3TO OTHOIIEHUE TEUCTBATEIb-
HO 6yeT OTHOIIEHNEM SKBUBAJEHTHOCTHU. 3AMETUM, YTO €C-
am P =@, to PR= QR u RP = R naa npou3BOJILHO-
ro ciaoBa R (B memovuke mpeoGpa3sOBAHMU MOXKHO JOMUCATH
KO BCeM cioBaM R cieBa miu crpaBa). PaccMOTpUM KJIacChl
SKBUBAJEHTHOCTH 3TOr0 oTHOmeHuA. Ha Hux MoxHO ompene-
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JIUTH OTIEPAINIO TTPOU3BEICHUA, CIUTAA TTPOUIBEICHUEM TBYX
KJIACCOB, COAepxkKalmmx cioBa P u (), KIacC, COmepxKaImn
ux xoukareHanmuio P(). OrMedeHHOE CBOMCTBO OTHOIIEHUS
SKBUBAJEHTHOCTH MaPAHTUPYET KOPPEKTHOCTH 3TOr'0 ONpe-
genenus (KIacC-IPOU3BEACHUE He 3aBUCUT OT BLIGOPA Lpe[-
CTaBUTEIEH B COMHOXKUTEIAX). TeM CaMBIM MBI IOJLy 4aeM 10~
ayrpynny G, B KOTOPOU €IUHUYHBIM 3JIeMEHTOM Oy IeT KIacce
IyCTOrO CJIOBA, & KJAACCHL §; = [;] SKBUBAJIEHTHOCTHU OIHO-
OyKBEHHBIX CJIOB OyayT obpasyiomumu. Eé obozuazanoT

f(al,...,an)/(Xl :H,...,Xk :Yk)

7 HA3BIBAIOT NOAYZPYNNot ¢ 00pa3yiouumy ay, . ..,a & CO-
omuowenuamy X1 = Yq,..., X = Y. fcwo, uTo B moay-
rpymnmne (G BBITOJHEHB UCXOAHBIE COOTHOImMeHus X; = Y;.
Jlerko MOHATE TakXke, 9TO B HEU HET HUKAKUX APYTUX CO-
OTHOIIEHUH, KPOME CJICICTBUN MCXOIHBIX:

Teopema 63. Eciu coormomernne X = Y BHIDOIHEHO B
IOJIyrpynme

]—"(al,...,an)/(Xl :1/1;~~-ka :Yk),

TO OHO BBITIOJHEHO B J000U moayrpynme G ¢ BbIIeJeHHBIMY
DAEMEHTAMU g1, - - ., §n, B KOTOPOU BBLITOJHEHBI BCE COOTHO-
mrenusa X; = Y;.

<1 B camom mene, cioBam X 1 Y COOTBETCTBYIOT X KJIaC-
CBI DKBUBAJTEHTHOCTH TI0 OMMCAHHOMY OTHOIIEHWIO, TAK YTO
13 X MOXHO TIONTYYUTH Y TIO NPABUIAM TBYCTOPOHHETO ac-
conmaTuBHOrO ucuciaennsa. Ho Bce oTu mpaBmia He MEHAIOT
3HAYEHVE DIEMEHTa B JI000U TOJYTPYINEe, B KOTOPOU BHI-
MOJHEHBI COOTHOMmEHUA X; = Y;, ¥ IOTOMY B JHOOOM TaKOU
mouxyrpynne cioBam X u Y 6yzeT COOTBETCTBOBATH ONUH U
TOT XK€ DJIEMEHT. >

79. PaccmoTpuMm noxyrpynmy ¢ aByMs 00pa3yIOMUMI a1 U 42
u cooTHOweHUAMHU a1a2 = A\, aza; = A. 9Iro 10 3a noayrpynma?

80. PaccmorpuM moxyrpynmy ¢ gByMs 00pa3yOLIIMA a1 U G2
¥ COOTHOLIEHUEM G102 = G2Q1. ITO 3TO 33 moxyrpymnua’

81. PaccmorpuM moxyrpynmy ¢ gByMs 00pa3yOLIIMU a1 U G2
u COOTHOmEHUAMA a1a1 = A\, azaz = A, aia2 = aza;. 9o 10 32
moayrpynmna?
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82. PaccMoTpuM mOXyrpynmy ¢ AByMsa 00pa3yIOUINMU a1 U G2
U COOTHOmEHUAMY aia; = A, azazaz = A, ai1a2 = azaza;. Ito
5TO 3a HOIyrpynma?

Tenepnb MBI MOXKEM CHOPMYAUPOBATEH YTBEPKJICHUE O CY-
MIECTBOBAHUY HEPA3PEMINMBIX AIBYCTOPOHHUX ACCOIUATIB-
HEIX MCYMUCICHUU B TEPMUHAX IIOJIyCPYIIIL.

Teopema 64. CymiecTByeT HOAYrPYIIa, C KOHEIHBLIM 9H-
¢j10M 00Pa3yIONMX ¥ KOHEUHEIM YUCJAOM COOTHOIIEHUH, B KO-
TOPOU 331343 MPOBEPKH PABEHCTBA IBYX CJIOB, COCTAB/ICH-
HBIX U3 00pa3yoluX, aIrOPUTMUAYECKY HepadpemuMa (HeT
AJCOPUTMa, KOTOPLIU IO ABYM CJOBAM TAKOI'O BUIA Y3HABA,
DABHBL OHU B 3TOU IOJYTPYIIIE WIA HE DABHBI).

<1 CoruacHO OMpeneIeHn0, PABEHCTBO ABYX CJIOB, COCTA~
BJIEHHBIX 13 00Pa3YIOMINX, O3HAYAET BO3MOXKHOCTEL Ipeodpa-
30BaTh OJHO M3 HUX B APYrOe MO IPaBWJIaM JABYCTOPOHHET'O
UCYUCICHNUSA, TaK ITO DTa TeOPeMa MPeACTABIACT COOOU Te-
pedopMyanpoBKy TeopeMul 62 (c. 132) >

Ora Teopema Oblra gokasana B 1947 roay mesasucumo ITo-
crom u Arapeem Amapeesmiem MapxoBeiv (Maagmmm); BCKO-
pe nocae storo I[Iérp Cepreesud HoBukos ycunmn eé, mocTpous
npuMep rpynnsl (& He TOIBKO IOLYIPYyHIE!) ¢ KOHETHBIM IUCIOM
06pa3y X 1 COOTHOIEHNUHT, 111 KOTOPOU IPo6IeMa PaBeHCTBA
OBYX CJIOB 13 00pa3youmx Hepa3pelmnMa.



10. ApudpMeTUHHOCTb BbIHUCAUMbIX
pyHKUUM

10.1. lNporpaMmbl C KOHEYHBIM YUCAOM
NePEMEHHbIX

Mu1 XOTUM TOKa3aTh, ITO TpapUK BCAKOU BHITUCIUMOUN
PyHKINYN ABIIeTCS apuPMEeTUIeCKIM MHOXECTBOM, TO €CTh
Beipasum gpopmyton apudgmMeruku. [is 3Toro yao6uo nepeu-
TH OT MammwH ThIOPUHrA K APYTOU MOAEH, KOTOPYIO MOXK-
HO YCJOBHO HA3BATH MAIIMHAMU C KOHEYHBIM YUCJIOM DEru-
CTPOB.

TporpaMMa, mas TAKOU MAIIMHLI UCTOJB3YET KOHETHOE
YUCT0 TIePEMEHHBIX, 3HAYEHUAMA KOTOPBIX ABIAIOTCA HATY-
paJbHBIE YUCAA. TUCIa 5TH MOTYT OBITH TPOU3BOJIBHOIO Pa3-
Mepa, TaK YTO MANINHA PEATLHO UMEET IIaMATh HEOIDAHU-
9eHHOr0 00bEMa. [IporpamMma coCcTOUT U3 HYMEPOBAHHBIX 110
mopsaky xkomaus. Kaxgas koManga uMeer OfuH U3 CIeLyIO-
IIUX BUJOB:

e a:=0
e a:=b
e a:=b+1
e a:=b-1

e goto (HOMep)
e if a=0 then goto (momepl) else goto (Homep2)
e stop

[ Tex, KTO He CTAJKMBAJICA ¢ KOMAHIOU goto, TOACHUM,
9TO MMeeTCsA B BUAY B KoMaHAe if: ecanm 3HadeHWe mepe-
MEHHOU a PaBHO HYJIO, TO JAJee KUCIOJHAETCA KOMaHAa C
HOMEPOM, YKA3aHHBIM HOcJe then (3T0T HOMEP — KOHKpeT-
HOe HaTypalbHOEe UHUCIO, He IPEBOCXOAAINee IUCIa, KOMAH
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B MIPOTPAMME); €CIN a HE PABHO HYJIO, TO JAJIBIIE BHITOIHA-
eTcA KOMaHIa C HOMEPOM, YKAa3aHHBIM mocrte else. Koman-
Ja goto 6e3 yCIOBUA BCETAa BHIIOJIHAET IIEPEX0] K KOMAHJe
C YKa3aHHLIM B HE HOMEPOM.

ITockonpKy MBI CIMTaeM, UTO 3HAMEHUSA IePEeMEeHHBIX —
HATypaJIbHEIE (IIEIble HEOTPULATENbHBIE) IUCIA, YCIOBAMCS
caurarh pazuocrs 0 — 1 pasmon 0 (Bupouem, 3T0 He Tax
BaXXHO — MOKHO OBLIO ObI CUUTATEL 3TO aBapuen).

Houasa 10 KOMaHIBEL StOp, IPOrPpAMMA, 3AKAHIUBAET pa-
60Ty.

Kak u gia mammme ToopuHra, moae3Ha HeKOTOPasa IPaK-
THKA nporpaMMupoBanusd. s TPeHuPOBKY HAIMIIEM IPOL-
paMMy caoxkerus aByX qucea. QHA IOMEIIAET B C CyMMY HH-
ces, KOTOphIe ObUTH B IepeMeHHBX a u b. Takas mporpamma
Ha TackaJje uMena OBl BUT

c:=a;
{zEBapranT: OoTBeT=CyMMa TeKymWMX 3HAIEHWA C ¥ b}
while b<>0 do begin

c:=c+1;

b:=b-1;
end;

NuuTupysa muka ¢ TOMOIIBIO OTIEPATOPOB MEPEX0 A, TOTY Ta-
€M MPOTrPaMMY JJIsA HAIEN MAITUHEL:

c:=a

if b=0 then goto 6 else goto 3
1=c+1l

b:=b-1

goto 2

stop

DO WN -

Temepb JerKO MOHATH, KAK HATUCATH TPOTPAMMEL A
BBIMATAHUA, YMHOXKEHUA (KOTOPOE DPEATU3YETCA KAK UK
C IOBTOPHEBIM CJIOKEHUEM), JEJEHUA C OCTATKOM (KaK YUl
emé JHreabC B 3a0LITOM HBEIHE KHUre «/urasekTuka npupo-
IBD, JEJEHME €CTh COKPAIEHHOE BEIYUTAHUE), BO3BEICHUA
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B CTEMEHB, TPOBEPKU MPOCTOTHI, OTHICKAHUA N-T0 TTPOCTOTO
YUCaa U T. . BooOIe o CpaBHEHUO ¢ MammHaMu ThoopuHTa
JTOT A3LIK (GONEE MPUBLIYEH U MOTOMY Jertde MOBEPUTH, ITO
HA HEM MOXKHO 3aIPOrPAMMEPOBATE BCE AITOPUTMEL.

EauncTeennoe, 9ero B HEM PEANTLHO HE XBATAET — 3TO
maccuBoB. HO 3TO serko 0GOUTH, MOCKOABKY €CTh YUCJa,
MPOM3BOJBLHOTO pa3Mepa M HAC HE MHTEPECyeT HUUCJIO Ore-
parmmi (Kak 5TO TMPUHATO B OOIIEH TEOPUH AITOPUTMOB).
BumecTo maccuBa GUTOB MBI MOXKEM XPAHUTDH YUCIO, TBOUY-
HOU 3AIUCHIO KOTOPOT'O OH ABJIAETCA, & IJIA MACCUBOB TIHCE]
BOCIIOJAL30BaTHCA, CKaXKeM, OCHOBHOM TeopeMou apudme-
TUKWA W XPAHUTH TOCTIENOBATENRLHOCTE (a,b, ¢, d, e) Kak [un-
cro 2¢3%5°7¢11¢. Ilpn »rom omeparmu a[il:=b u b:=al[il
3aMEHAIOTCS HA HEeOOJBIINEe TPOrDAMMBI, KOTODBIE COAEP-
JKaT IepeMeHHbIe a, b, 1 u emé HeCKOAbKO IepeMEeHHBIX.
(HacTbio »TUX HIPOrpaMM sABJSETCS HAXOKAEHUE IPOCTOrO
YUCAA ¢ 3A43HHBIM IOPSIAKOBBIM HOMEPOM. )

JIerko onmpeneauTh TOHATHE BEITUCIUMON (B DTOM MOJIe-
au) pyskuuu. IlycTh ecTh IporpaMma ¢ IByMA IE€PEMEHHBI-
MU X U ¥ (4, BO3MOXHO, npyruMn). [loMmecTuM B X HEKOTO-
pO€e 9uCa0 N, & B OCTANbHLIE NIEPEMEHHBIE IIOMECTUM HY.JIH.
3amycTum nporpammy. Eciu oHa HE OCTaHOBUTCA, TO BHIYH-
caseMas en (PYHKIMA B TOYKE 1 He ompeneneHa. Ecam ocTa-
HOBUTCS, TO COMEPKUMOE MEPEMEHHON ¥ MOCTe OCTAHOBKU U
OymeT 3HaYeHueM (DYHKIUH, BEIYUCAIEMOU HAIIEU MTPOTrPaM-
Mo (B Touke 1). DyHKIMS HABBIBAETCS BEIMUCIUMOR (B HTOU
MOJe/d), eC/IH CYLUIeCTBYeT BEIYUCJIONAs €€ IporpaMMa.

Kak Bcerga, npu onpegenenun Mbl (QUKCHPOBAIN PA3/IA-
HBIE TN, OOJBIIMHCTBO M3 KOTOPBLIX HE SABIAIOTCA CYIIe-
CTBeHHBIMU. MOXKHO OBLTO OB TOOABUTHL HEKOTOPHIE KOMAH-
OB (CI0XKeHNe, HAIPUMED ) — WU JaKe UCKIIOYUTE (HAIpu-
Mep, 6e3 KOIMUPOBAHMUA MOXKHO OOGOUTHUCH C IIOMOIIBLIO HEOO/Ib-
LIOU XUTPOCTH).

83. ITokaxwuTe, 9TO KJIACC BBIYUCIAMBIX (QYHKIUU HE U3Me-
HUTCA, €CIU KCKIIOYUTH W3 OIpeneJeHus KOMaHAY KOIUPOBA-
HuA a:=b.

Heckonrbko 60mee yIUBUTEALHO, UTO YUCAO TEPEMEHHBIX
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MOYXKHO OTPAHUYUTH, CKAYXKEM, COTHEN — HO U DTO HE TaK YK
CTPAHHO, €CJIU BCTIOMHUTh, 9TO MbI MOXKEM XPAHUTh B OJHOU
IIePEMEHHON LE/IBI MaCCHB.

84. IIposepbTe 3TO.

10.2. MawwuHbl TetopuHra u nporpaMmsl

TMocTpoenuas BLIYUCAUTEILHAS MOAEIL HE ciaabee Ma-
e ThIOPUHTa B TOM CMBICIE, YTO JO0YI0 BRIMUCAUMYIO HA,
ManmHax ThIOPUHra (DYHKUIUIO MOXKHO BBIYUCIATL U IIPO-
TPaMMOU ¢ KOHEIHBIM YUCJIOM TEPEMEHHBIX.

Teopema 65. Besaxas QyHKINA, BLIYUCANMAS HA MAII-
Hax ThIOpUHra, MOXeT OBITh BBIMUACJICHA ¢ HOMOIIBIO IIPO-
TPAMMBI OMMCAHHOTO BUIA C KOHEYHBIM YUCIOM ME€PEMEH-
HBIX.

CrenyeT yTOYHUTD, OTHAKO, YTO MBI UIMEEM B BUIY, TAK
KaK IS MAIuH ThIOPUHTa MCXOMHOE TAHHOE U PEe3YJbTAT
OBLIN TBOMYHBIMU CJOBAMU, & JJSA MPOrPAMM — HATYPATb-
HBIMU 9uCIaMu. MBI OTOXIECTBAAEM Te W IPYTHUE IO ecTe-
CTBEHHOMY [paBuWiy, Ipu Koropom ciaosa A (mycroe), 0, 1,
00, 01,...cooreercreytor umcaam 0, 1, 2, 3, 4. .. (9T006BI O-
JYYUTD U3 9UCIA CJIOBO, TPUOABUM K HEMY €IWHMUILY, TePEBe-
NEM B TBOMYHYIO CHCTEMY U OTOPOCHM €IUHUIY B CTAPIIEM
paspsge).

< Kak u panbie, MBI TpUBEIEM JUIIL TPUOIUIUTETLHOE
ONMCaHUe TOro, KaK MO MammuHe TbIOpUHra CTPOUTCS MPO-
rpaMMa ¢ KOHEYHBIM 9UCIOM MEPEMEHHBIX, BEITUC/IIIOMA TY
ke pyuxnmio. IIpex e Bcero KOH(pUryparuu MaIMHLL 10~
PUHTA HAAO 3aKOAWMPOBATHL umciaaMu. MOXKHO creraTs bTo,
HAIPUMED, TOCTABUB B COOTBETCTBUE KAXKIOW KOH(MUTYPAa-
U7 YeTHIPEe YMCIA: HOMED TEKYIIEro COCTOSHUA, HOMEp Te-
KYIIEro CUMBOJA (B sS9€UKe, IJe CTOUT I'OJOBKA MAILWHEL),
KOJI COXEPKUMOIO JEHTHI CJAEBA OT T'OJOBKHU U KO COIAEPKU-
MOT'O JIEHTHI CIIPABA OT I'OJOBKH.

Yrobel permmrh, KaK ynobHee KOTMPOBATL COMEPKUAMOE
JEHTHL CJEBA U CIOPaBa OT COJOBKM, 3aMETHM, YTO MAIIM-
na Trooopunra oOpaI@aeTcsa ¢ IByMs TOJOBUHAMU JEHTAMEI
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CJIEBA U CIIPABA OT MOJNOBKU Kak €O cTekaMu. (CTeKOM Has3h-
BAETCA CTPYKTYPA JAHHBIX, HATTOMUHAIOIAA CTOIKY JUCTOB.
B Heé MOXKHO TOMOXKUTE JUCT HABEPX, B3ATH BEPXHUU JUCT,
a Takke IPOBEPUTb, €CTh Ju emé aucTel.) B camom pgese,
[IPY ABMXKEHUU I'OJOBKY HAIIPABO U3 IIPABOI'O cTeKka 6epéTcs
BEDXHUU DJIEMEHT, 4 B JIEBBIU CTEK KAANETCS; IPU [BUKCHUN
HaMeBO — Ha060poT. CTEeKM JErkKo MOJEJUPOBATEH C MIOMO-
LI YUCEJ: HAIPUMED, €CJAU B CTEKE XPAHATCA CUMBOJLL ()
u 1, To go6aBiaeHuE HYAA COOTBETCTBYET ONEpanuu T — 2,
nobapieHue eIMHULILL — omepauuu & — 2r + 1, Bepxuun
3JIEMEHT €CTh OCTATOK IIPU [eJEHUM HA 2, a yIAJIeHre BepX-
HEro JIEeMEHTa eCTh fefeHne Ha 2 (C OTOPACHIBAHUEM OCTAT-
ka). [IpyruMu croBaMu, MBI BOCTIPUHUMAEM TBOMYHYIO 34~
MUCH YUCIA KAK CTEK, BEPIINHA KOTOPOT'0 HAXOJAUTCS CIIPA-
Ba, y MAAJIIEr0 pa3psaga. TOYHO Tak kKe MOXKHO UCIOAB30-
BATH N-UYHYK CUCTEMY CUHCIEHUS U NPEICTABUTEL CTEK C N
BO3BMOXKHBIMUA CUMBOJAMYU B KAXKIOU TO3UIUN.

Temeps, OCHOBHOU LMKJA MAIIMHLI THIOPUHIa MOXKHO 3a-
IHCATH KAK IIPOIPAMMY, OIEPUPYIOUIYIO C YKA3AHHLIMUA de-
THIPBMsA YUCIAMA (CUMBOJ, COCTOSHUE, JEBLIM CTE€K W Mpa-
BB CTEeK) — 0e3 0Co6BIX XuTpocTern. HO HECKOIBKO Bemen
BCE-TAKM HAJIO UMETH B BUIY.

Bo-nepseix, cTekr KOHEYHBI, a JeHTa OECKOHEYHA — MBI
MOMKHBI TOTOBOPUTHCA, ITO €CIU CTEK OMYyCTOIIAeTCS, TO
B HEr'0 aBTOMATUYECKU MOOABIAETCA CHUMBOJ mpodesa. Tem
CAMBIM OECKOHEYHBIN IIYCTOU XBOCT JEHTHI MOXET TPUCYT-
CTBOBaTH B CTEKE, KAK TEIePh MOBOPAT, BUPTYAIBHO.

Bo-BTOpBIX, HATOMHUM, YTO MBI JOTOBOPUINCH OTOXK-
JECTBJATL ABOMYHEIE CIOBA (KOTOPHIE MOJAIOTCA HA BXOJ
MawmuHbl ThioprHra) u ux KoAbl (KOTOPBIE XPAHATCS B LIepe-
MEHHBIX Hamel nporpaMmMsel). Ilosromy, nory«uus xkon Bxon-
HOT'O CJOBa, HAJO €0 pa3o0paTh MO CUMBOJAM U TOJOXKUTH
5TH CHMBOJBL OJVH 33 ADPYTHM B CT€K (OCHOBAHUA CUCTEM
CUNCIEHUs PA3HBIE, TAK YTO IPOCTO TAK MEPENUCATH DTO
Heub3s1). AHajsorudsble NpoOieMbl BO3HUKAIOT U IPU IIpe-
BPAILEHUM BBEIXOAa (4aCTH COAEPKUMOIO IPABOIO CTEKA) B
COOTBETCTBYIOIIEE YUCI0, HO BCE OHU JETKO TIPEONOJUMEL, 1
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MBI He OyeM BAABATLCA B MOAPOGHOCTH. [>

Bepuo u o6paTHOe yTBEpK ICHHE:

Teopema 66. Besikas ¢yHKImMsA, BEMUCIUMAA IPOTPAM-
MOU € KOHEYHBIM YHUCJIOM HEePEMEHHBIX, BHIMUCINMA HA Ma-
muae ToiopuHra.

< Ham Hano MOAEIMpPOBATL MOBEJEHUE IPOIPAMMEIL C II0-
MOLIBI0 MalmHbl Thiopunra. Bygem caurarh, 9T0 3HAYEHAA
MEePEMEHHBIX 3AMUCAHEl Ha JeHTe (B ABOMYHOU CHCTEME) U
Pa3IeNeHBl CIENNATLHEIM PA3IeIATEIBHBIM CUMBOJIOM. 10-
I8 MAIMHA MOXET HAUTY MO0V IEPEMeHHYIO, UAd OT Ha-
YaJga JEHTHl U CUYATAsA Pa3JeJUTEeNbHbIE CUMBOJBI, COCIATDH
YTO-TO C DTOU IEPEMEHHON U 3aTeM BEPHYTLCSA OOPATHO B
magano. (HeT HEOOXOIUMOCTH 3aMUCHIBATL HA JEHTE HOMED
UCTIOJHAEMON KOMAHIBI, TOCKOABKY KOMAHT KOHETHOE M0
7 MAIlIMHA MOXKET IOMHUTEH HOMED TEKYIIEN KOMAaHIbI KaK
9acTb CBOEro coctosanus.) Ouepauun npubaBICHUS U BLIMU-
TAHUA €JUHUIBI TAKXKE JEIKO BBINOJIHUMEBL B JBOMYHOUN 3a-
nucu (ecau ugTu cupasa zaueso). Hago Toasko umers B Bu-
Iy, 9TO pasMep UHUCIa MOXKET YBEIUIUTHLCA, U TOTA HYKHO
[UIsT HETO OCBOOOJUTL MECTO, CABMHYB BCE CHMBOJEBI CIIPa-
Ba OT roJOBKH Ha 0aHy noszunuio. (IIpu ymenbenun HyKHO
CABUHYTDH BJIEBO.) fICHO, 4TO 5TO TaKXe Jerko BHIIOJIHUTD C
[IOMOIIBIO MAIIMHBL ThIOpUHTA.

Ecau MBI 3amucbiBaeM 4ucia B ABOUYHOU CHUCTEME, TO
npobIeMBbl ¢ MEPEKOIUPOBAHUEM I[IPU BBOAE-BBIBOJE MUHU-
MaJbHEL (HAIO0 JUITL JOMUCATEL HYJIW A 3HAYEHUN OCTATbL-
HBIX MEPEMEHHBIX B HAYAJIE PAOOTH U BCTATH B HYXKHOE Me-
CTO JIEHTHI B KOHIIE). [>

10.3. ApudpMeTUUHOCTL BbIYUCAUMBIX PYHKLMIA

Cenvyac MBI JOKaXeM, UTO (PDYHKIUY, BHIYUCIUMEIE TIPO-
TpaMMaMi C KOHEYHBIM YNCJIOM TEPEMEHHBIX, apugpMeTrd-
HBI, TO €CTh UX IpaduKy ABIAIOTCA apUPMETUIECKUMU MHO-
x)ecTBaMu. B 5TOM pasiesne MBI BHOBB IIPEAIIOJArAEM HEKO-
TOpPO€ 3HAKOMCTBO YHTATENd € JOIMIeCKHMHN O0O03HavIeHU-
aMu, n OyJeM paccMaTpuBaTh apudmemuueckue Hopmyavl,
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COIepKAIIIE TIEPEMEHHBIE TI0 HATYPAJbHBEIM YUCIAM, DABEH-
CTBO, KOHCTAHTHI O U 1, ONepanumu CJIOKEHUA U YMHOKEHUS,
aoruueckue casku (W, WJIN, HE) u xBaHTODHI «IJ1s BCEX»
u «cymecTByeTy. DOpPMaNbHO T'OBOPA, MBI PACCMATPUBAEM
CUTHATYPY, COAEPKAIIYIO eJUHCTBEHHLIU IBYMECTHBIA mpe-
AUKATHBIM CUMBOJ (paBeHCTBO), ABe KoHcTanTe 0 u 1 u aBa
IBYMECTHBIX (YHKIIMOHAIBHBIX CAMBOJIA (CJIOKEHUE U YMHO-
wenne). [oBopsa 00 MCTUHHOCTH TAKUX (POPMYJ, MBI UME-
eM B BUJY UX UCTUHHOCTH B CTAHAAPTHOU MHTEPIPETAIUHN,
HOCHATENEM KOTOPOU SBJISAETCA MHOXECTBO N HATYpPaIbHBIX
quced.

Muoxectso A C NF maswBaeTca apugdmemuueckum,
eCIn CyHIeCTBYeT apudmeTndeckas GOopMyJa « ¢ Iapame-
TpaMu &1, ...,TE, KOTOPas ero IpeaCTaBMIeT B CJIeLyIOueM
cMbICae: (N, ...,ng) € A TOrga U TOJABKO TOIAA, KOI'AA
dopMyra « MCTUHHA [PU BHAYMEHUAX [MAPAMETPOB X1 =
=N1,-..,T = Ng-

Teopema 67. I'paduk m060U QYHKIUU, BHEITUCIAECMON
TPOTPAMMON € KOHEYHBIM YHUCJAOM TIEPEMEHHBIX, ABIACTCA
apuPMETUIECKUM MHOKECTBOM.

<A IIycrs f: N — N— Qyukius, BEIMACIAMAA HEKOTOPOR
nporpaMMon P ¢ KOHEYHBIM YUCIOM [I€EPEMEHHEIX K1, ..., kn .
Bymem cumTaTh, 9TO BXOJAHOU TIEPEMEHHOW ABIACTCA ki, a
BEIXOAHOU — ko. HaMm HyxHO HamumcaTb (GopMyay ¢ ABY-
MfA TEPEMEHHBIMU T, ¥, KOTopas ObL1a Obl UCTUHHA TOTIA
u ToabKO Toria, korga y = f(z). CocrosHue nporpaMmbl
¢ KOHEYHBIM YHUCJAOM IIEPEMEHHBIX HOIHOCTHIO ONUCHIBAETCA
3HAYEHUAMY TIEPEMEHHBIX U HOMEPOM TEKYIIeH KOMAaHIHL (B
MPOIECCOPAX COOTBETCTBYIOUINN PETUCTD YACTO HABHLIBAKOT
program counter, mo-pyCCKM CYETIUK KOMAaHT). JIerko mo-
HATb, YTO COOTBETCTBUE MEXKAY ABYMS MOCIEIOBATEIbHBI-
MU COCTOSHUSIMU IPOIPAMMBL ¢ KOHEIHBIM YUCJIOM IIEPEeMEeH-
HBEIX apupMeTUIHO. MBI UMeeM B BULY, YTO MOXKHO HAMCATD
apudpMeTIIecKyo GoOpMyIy

Step('Sl’"'7SN7p7sl17""S§V7pl)7

¢ 2N + 2 mepeMeHHBIMHU, KOTOpasg YTBEPKIAET, ITO JaH-
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Has mporpaMMa P W3 COCTOAHWA, TAe TIEPEMEHHBIC paB-
HHL S1,...,SN, & CIETUYNK KOMAH[ PABCH p, 3a OJWH IIar
[EPEXOANT B COCTOSHME, T/le TIePEMeHHbIe DABHBL S, . . ., S},
a cuéruuk xomang pasen p’. ([Jorosopumcs, 4To 3Hade-
mre p’ = ( COOTBETCTBYET OCTAHOBKE TporpaMmer.) Ta-
Kaa (pOopMyJa ABIACTCA KOHBIOHKIUEH OTACIBHEIX YTBEp-
KIEHNN, COOTBETCTBYIONMX KAXKAOW CTPOKE TPOTPAMMEL
[IycTs, HanpuMep, CTPOKa 7 IPOrpaMMBl IMEET BU Ko : =ks.
Toraa B KOWBIOHKIUY OyI€T <WICH BAIA

(p=T) = ((s1 = 51) A (s5 = s3) A\ (55
A(sy = N)/\(p’ZS))-

71 CTPOKM € yCIOBHBIMU II€PEXOJaMy THUIIA

3 if k;=0 then goto 17 else goto 33
B QopMyJe OyeT nBa KOHBIOHKTUBHBLIX “WIeHA (Ha IBa CIy-
“as [Iepexoma)

((p=3)A(s5 = 0)=((sh = s1) A Alshy = sn) A = 17))

((p=3)A(s5 # 0))=((s1 = s1)N. . . A(sy = sn)A (P = 33)).

Hazno emé nobaBuTh yTBepkgeHume 0 TOM, 4T0 npu p = 0
pabdoTa MpeKpamaeTcs, TO eCTh YTO NMepeMeHHbBIE Ha CIely-
OIIEM IIare COXPAHAIOT CBOM 3HAYEHUA, U ) 0CTaéTCAa paB-
HeIM 0.

Takum ob6paszoM, apupMeTUIHOCTL OJHOTO MIAra pado-
THI IIPOr'PAMMBL JOKA3aTh HECIOXKHO. OcTaéTes MIABHBIN BO-
IpOC: KaK 3alucaTh B Buge pOpMyJasl TOT (PAKT, 9TO Cylle-
CTBYET N0CACJ08GMEABHOCTMb TATOB, KOTOPAA HAIUMHAECTCA
C MCXOMTHOT'O COCTOAHUSA, 3aKAHINBACTCA B TAHHOM M B KOTO-
POU KaX LU IIAr TMPaBWIeH. TPYyAHOCTH B TOM, UTO 37€Ch
HYZKHO KaK OBl HAKCATL IIePEMEHHOE UHUCJIO KBAHTOPOB CY-
IIECTBOBAHUA — WM KBAHTOP «CYIIECTBYET KOHETHAs IIO-
CIeI0BATENHLHOCTD HATYPATBHBIX UUCEy.
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DTO NeMaeTCA C TTOMOIIBIO MPUEMa, TPAIUIUOHHO HABHI-
Baemoro B-pyuxiumen ['éneas. Bot uro umeeTca B BUIY.

Nemma 1. /s m06oro k MOXKHO HAUTU CKOJIb YTOJHO
GOJBIIOE TEJ0E MONOKUTENLHOE YUCAO b, IPU KOTOPOM TIep-
Bele k 4ienoB nocaegoBarensuocTu b+ 1,20+ 1,36+ 1,. ..
[ONAPHO B3AMMHO IIPOCTHI.

JoxazaTeascTro. J10601 0OIINN MPOCTON ASTUTEND ABYX
U3 DTUX YUCENT OyJeT AeINTEIEeM WX PA3HOCTU, TO €CTb HUh-
cna lb opu 0 < I < k; B3as b kpaTubiM k!, MBI rapanTupyem,
4TO OH OyAeT neauwTeaeM ducjaa b, HO BCe WICHBI HAIIEU HO-
CJIeIOBATEIBLHOCTY B3aMMHO IPOCTHL ¢ b. Jlemma mokaszama.

Nemma 2. [I1a 110601 OCIETOBATEILHOCTH Lo, L1, .- -, Tn
HATYPATLHBIX IUCET MOXKHO HAUTYU TAKWe YUCIA g U b, 9TO
Z; €CTb OCTATOK OT feneHus a Ha b(i + 1) + 1.

HMokazarenscTo. COMIACHO NMPEALIIyIIEn JeMMe, Ie/Iu-
reau b(7 + 1) + 1 MOKHO B3ATH B3AUMHO IPOCTHIMU (U CKOIb
YTOAHO GOJBIIMME ), OCTAETCA BOCIOIB30BATHCA (KATANCKOU
TEOPEeMOn 00 OCTATKAX». JTa TEOPEeMa YTBEPKIaeT, ITO €C-
JU TEJBIE MOJOXUTENIbHBIE 9UCAd di,...,d; B3aUMHO IIPO-
CTBI, TO NPU [TEJEHUU NEJIOT0 U HA HUX MOKET MOJIYIUTh-
¢ 10601 3aIaHHLI HaOOp OCTATKOB. B camom mese, Takux
uHabopos Oyger dids...ds; (HockonbKy npu geneHur Ha d;
BO3MOXHEL ocTatku oT 0 no d; — 1). Ilpu nesenuu [wmcen
u = 0,1,...,dids ...d; — 1 monydarmoTcsa pasHble HaOOPHI
ocraTkos (ecau gBa ducaa v’ u v’ 1a0T OAUHAKOBBIE OCTAT-
KH, TO UX Pa3HOCTb AEIATCA HA BCe d;, 9TO HEBO3MOXKHO
B CWIy B3auMHOU npocToThl). [lopToMy Hucen CTOIBKO XKe,
CKOJIIBKO HAOOPOB OCTATKOB, U JOMKHEI TOABATHCSA BCE HAOO-
peL. Jlemma 2 goxasaHa.

OTa JeMMa MOKA3BIBAET, YTO MOCAEN0BATEILHOCTD TPO-
U3BOJBHOU [JIUHBI MOXKHO 3aKOAUPOBATL TPEMs YUCAAMU @,
bun (nocrennee 4ucao — AauHa nocaegoBarensHocTu). Ta-
KIM 00Pa3oM, YCIOBHO TOBOPSA, MOXKHO 3aMEHUTEH «(DOPMYJIY»

Hxo, .. an)(Vi<n).. oz .. ]

(xkoTopas Ha caMOM JeJle He ABIAeTC apUDMeTUIecKon Ghop-
MYJIOU, TaK KaK COMEPKUT KBAHTOP TO KOHETHLIM TTOCAET0-
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BATEALHOCTAM) Ha, (POPMYILY

Ja I 3In (Vi < n)[...(ocraTox or memenms a va b(i+ 1) +1)...].

Mer 6y geM 3anuceBaTh OCTATOK OT AeaeHus a Ha b(i+1)+1
kak [(a,b,1) (orciona u HaszBaHue «GeTa-PyHKIUA ).
Bosppamasacs k Hamen nporpamme P ¢ KOHEYHBIM 4u-
CIOM TI€PEMEHHBIX ki,...,ky ¥ BHUNCIAEMON €U (PYyHK-
muu f, MOXHO 3amucaTh yTBepkiaeHue sBuga f(z) = y
TaK: CYIIECTBYIOT TAKOE GHUCJIO IIArOB 7, W TAKHE UCIA
a17b17a27b27"'7aN7bN7a7b7 aTo

e f(a1,b1,0),...,8(an,bn,0) ecTb npaBuIbHEIE HAYATL-
HEIC 3HAYEHUA TIEPEMEHHBIX (TIEPBOE PABHO Z, OCTAIb-
mee paeubl 0); (a,b,0) ecTh IpaBUIBHOE HAYATIBHOE
3HAUYEHUS CIETINKA KOMAHI, TO €CTh 1;

o a1 kaxaoro ¢ oT 0 1o n — 1 mMeeT MecTO

Step(ﬂ(alvblvi)w-.7ﬂ(a’N7bN7i)75(a’7b7i)7
B(CLl;blvi+1)7~-.7ﬂ(aN7bNai+1)75(a7b7i+1))7

TO €CThb KAX LU IEPEX0] COOTBETCTBYET MIPOIPAMME;

e ((as,bs,n) =y (3HAYEHUE BBHIXOIHOU IEPEMEHHON ko B
KOHIIe BbIuucaeHus pasuo y) u 3(a,b,n) = 0 (3uadenue
CIETYIMKA KOMAH[I B KOHIE BLIMACIeHHA PaBuO (), 9TO
0 HAIIEHN AOrOBOPEHHOCTH COOTBETCTBYET OCTAHOBKE
MAIIHE).

Nrax, apudpMeTHIHOCTL BEMUCAUMBIX (Ha MAIIKHAX ¢ KO-
HEYHBIM IUCIOM TIEPEMEHHBIX) (DYHKIMN JOKA3aHA. [>

Bcemomunas Teopemy 65, MBI 3aKTIOMAEM, ITO BCAKAA BBI-
qucauMas Ha MmammHe Tropunra GyHKIua apudMeTuyHa.
IIpunumas Tesuc ThOpUHra, MOXHO CKa3aTh, ITO I'padui
JIOO0U BBEIMUCAUMON (DYHKIUHU ABLICTCSI apupMeTUIeCKuM
MHOXECTBOM.
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10.4. Teopembl Tapckoro u [€aens

TMockoapky Tpaduky BEIMUCIAMBIX (DYHKIUKN apudme-
TUYHBL, OYEBHAJHO, PAa3pPeluMble X HEPEIUCAUMEBIE MHOXKe-
crBa TOXKe OynyT apudmermiecKuMu. LeM caMbIM MBI MO-
JKeM OMpaBIATH HA3BAHUE «APUPMETUIECKAA UEPAPXUSY IS
KJIACCOB Xy, u 1l,;:

Teopema 68. Ilpu ar0bom 1 a060E MHOXKECTBO U3 KJIAC-
ca X, wiu II,, apudmeruuno (ecrs popmysa apudmMeruxu,
BHIPAKAOIIAA TPUHAIEKHOCTE 3TOMY MHOXKECTBY ).

< Ilocse TOro, kKax MBI ZOKa3aIu apUPMETUIHOCTDH BBI-
YUCAUMBIX (DYHKIUHU, BCE ICHO — MHOXKECTBA U3 KJIACCOB L,
u 11, moay4YaroTcs HaBENMBAHUEM KBAHTOPOB HA, DAa3peIu-
MBIE MHOXECTBA, 8 Pa3PEIMMOe MHOXKECTBO apudMeTud-
HO. >

Bepuo u o6paTHoe:

Teopema 69. Besakoe apudMeTnaeckoe MHOKECTBO JEKUAT
B kaacce Y, uan I, a1 vexkoroporo n (1, eCTeCTBEHHO, A
Bcex GOIbIIUX Nn).

< Popmyiy, 3300 apUPMETHIECKOE MHOXKECTBO,
npuBeféM K IpPeIBapEHHOU HOPMaabHOU ¢opme (BbIHECs
KBAHTOPBL HAPYKY ). fcHO, 4T0 6eCKBAHTOPHAs YaCTh 3343~
€T pa3penmMoe MHOXKECTBO, IO3TOMY KCXOLHOE MHOXKECTBO
TIPUHAIEKUT KAKOMY-TO U3 KAACCOB X, man I1,.

MoOXKHO U He HCIOJL30BATL [IPEIBAPEHHON HOPMAILHON
(OpMBI, & IPUMEHATH MHIYKUWIO IO IIrHE (POPMYJEI U CO-
CAATHCA HA TO, YTO Mepecedenne, OObETUHEHNE U MOMOIHE-
HUE, & TAKXKE MPOEKIINS He BLIBOIAT 33 MPEIeisl apudMeTn-
Yeckon nepapxun (00BbEIMHEHNA BCEX KIACCOB L, u 11,). >

PaccmoTpum Temepb MHOXKECTBO 1, DIeMeHTaM#u KOTOPO-
T'0 ABJSAIOTCSA BCE UCTUHHBIE apudMeTudeckue GpOpMyasl 63
napaMeTpoB (TOYHEE, UX HOMEDPA B KAKOW-TO BEIYUCIUMON
HyMepanuu Bcex (GpoOpMyJa — 3TO 3HAYUT, ITO IO POpMyae
MOKHO QJIIOPUTMUYECKHU [ONYIUThL €€ HoMeD U Hao6opoT).

Teopema 70. JIro60oe apudMeTnIecKOe MHOKECTBO 1711-CBO-
JUTCA K MHOXKeCTBY 1.

<1 DTO yTBEpKAEHUE MOUYTH OUeBUIHO. [IycTh A — mmpo-



[m. 4] Teopemvr Tapcrozo u ['édeas 149

U3BOJBHOE apupMETHIecKoe MHOXecTBO. Ilycts a(z) —
popMyIa ¢ OTHON TTEPEMEHHON, KOTOPAA BHIPAYKAET TTPUHA-
JIEXKHOCTb MHOKECTBY A. DTO 03HAaIaeT, 4TO (n) NCTUHHO
Ipu TeX W TOJILKO TeX n, kKoTopsle npuHamiexar A. To-
rjga BoraucauMas GyHkuus 1 — (HoMep (pOpMyJILl, KOTOPas
ABJSETCS PE3YJAbTATOM HOICTAHOBKU KOHCTAHTHL 11 B (T))
m-ceogutr A x T. >

Teopema 71. Muoxkectso T He apud)MeTHIHO.

< [ocsre mpoOBeIEHHON HAME TIOATOTOBKA DTO YTBEPXK €~
HEE OYeBUAHO: ecau OBl 1 OBbLIO apUPMETUIECKUM, TO OHO
Jekan0 Ol B HEKOTOPOM KOHKPETHOM KJaacce X.,. [lockonn-
Ky BCSIKOe apudMeTHIeCKOe MHOXKECTBO cBoguTci K 1', TO
o TeopeMe 53 Bce apudpMeTUIECKNE MHOXKECTBA JEKAIN Ob
B bTOM KJacce. Ho MBr 3HAEM, ITO MHOXKECTBA U3 0OJEE BHI-
COKUX KJACCOB MEPAPXUU TOXKE apupMEeTUIHBI, HO B X, He
Jexar. >

Dra Teopema HasbBaeTcsa meopemoti Tapcroeo. Eé mox-
HO IPOYECTH TAK: MHOXECTBO apU(PMETHIECKAX HUCTUH HE
apudmerwano. Uan: noHsaTHe apudpMeTUIeCKON UCTUHET HE-
BEIPDA3UMO B apUPMETUKE.

Teopema 72. MuoxectBo 1T’ apudMeTUIECKUX UCTUH He-
[IEPEIUCIUMO.

< B camowm gese, mr060€ mepeducanmMoe MEOXKECTBO apud-
METU4IHO. >

DTO yTBEPXKEHUE HA3LIBACTCA meopemoti I'édean o ne-
noanome. Ero MoxuO nepedopMyImpoBaTh Tak: BCAKOE MC-
YUCIEHNE, TOPOXK JAoIee GOPMYIbl apUPMETHUKE (T. €. aaro-
PUTM, IEPEUUCASIONMA HEKOTOPOE MHOXECTBO TaKuX (Pop-
Mya1) aubo neadexsammno (IOPOKIAET HEKOTOPYIO JOKHYIO
opmyy), aubO Henoano (He HOPOKAAET HEKOTOPOU UCTUH-
HOU (hOPMYJIHI).

85. IToxaxure, 4T0 414 1006010 [N MHOXECTBO BCEX MCTUHHBIX
3aMKHYTHIX apudmeTnieckux Gopmyir, cogepxammx He 6omee N
KBAaHTOPOB, aqu)MeTI/I‘IHO.

86. Cq)OpMyﬂprﬁTe U NOKAXUTE aHAJOTUITHOE YTBEPDXK TCHUA
nasi GOPMys OrPAaHWIEHHOU KBAHTODHOU TIyOWMHBI (IHCIO BJIO-
KEHHBIX KBaHTOpOB) " Oasa CI)OpMyJI C OTPpAHUYEHHBIM YUCIOM IIe-
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pPEMeH KBAHTOPOB B MPEJBAPEHHOU HOPMAILHOU (opMe.

10.5. lNpsmoe aoKa3aTeNLCTBO TEOPEM
Tapckoro u [€aens

B mamem wsmoxenun teopembl Tapckoro m I'émens mo-
JAYIUIUCh KAK MPOCTBIE CAENCTBUA ONPEIETEHNN 1 (PAKTOB,
CBA3AHHLIX C Teopuen aaroputMmos. C OJHOW CTOPOHBI, DTO
TMO3BOJIACT JYHINE TTOHATH MECTO DTUX TEOPEM B OOIIEM KOH-
TEKCTE MAaTeMaTUYeCKOU JOTMKYM U Teopuu aaroputmon. C
OPYTOW CTOPOHLI, BO3HUKAET €CTECTBEHHOE XKEJIAHUE pPas-
BEPHYTH LIENOYKY U MOIyIMTH 0OM€e MPAMBIE TOKA3ATENb-
cTBa. TaKOBBIE MBI Cenvac U MPUBEAEM.

Haxumas gokasmiBaTh Teopemy TapCckoro, mpeanoso-
KUM, 9TO MHOXKECTBO HOMEPOB BCE€X MCTHHHBLIX apu(pMeTH-
geckux Qopmya (6e3 mapameTpos) apupmerwaro. IlycTsb
T — 5TO MHOXECTBO, & T(Z) — COOTBETCTBYIOIIAA (POPMY-
aa. Ileperymepyem Takxke Bce (GOPMYJBI C OJHUM MapaMe-
TpoMm x; nycrs Fy () — dopmyaa, umeromas Homep n B 30U
mymeparmuu. PaccMoTpum OpMy/Ly € €MHCTBEHHBIM Mapa-
METPOM I, YTBEPKIAOIIYIO, ITO PE3YJbTAT MOACTAHOBKU
KOHCTAHTH £ B Z-YI0 (GOPMYJIY C MapaMeTpOM JOXKeH. DTy
GopMyay MOKHO HANIMCATH TAK:

Fz(—7(2) A Subst(z, z, x)),

rge Subst(p,q,r) — dopmyaa ¢ Tpems mapameTpamu, BbL-
PaxKaIolWas Takoe CBOMCTBO: «P eCThb HOMep (B HyMepauuu
BCex (HOpMyJ €3 TApPaMeTPOB) TOU (POPMYJILI, KOTOPAA TO-
JYUUTCA, €CIU B ¢-10 (POPMYIY € OTHUM TAPAMETPOM MOACTA~
BUTb KOHCTAHTY ' BMECTO DTOr0 MapaMeTpay. SaNMCAHHOE
B KABBIYKAaX CBOUCTBO ONKCLIBAET I'PpapUK HEKOTOPOU BLI-
qucauMor GyHKUuM (COOTBETCTBYIOWIEN HPOCTHIM CUHTAK-
CUYECKMM NEMCTBUAM M MIEPEXOAy OT OJHOU HyMEPAIMH K
APYTOH) U TIOTOMY CYIIECTBYET BBIPAKAIIAA €10 POPMYIIA.

Nrak, Mbl Hamucamum HEKOTOPYIO (POPMYJIy C € TMHCTBEH-
HBIM mapaMeTpoM z. [lycTh ona uMmeeT HeKOTOpHIT HOMED N .
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IMomcTasum sTOoT HOMep NN BMecTO eé mapamerpa. [lomy-
qnTca HekoTopasa dopmyda 6e3 mapamerpos. Ma mocTpoe-
HUA BUAHO, ITO 3Ta (GOPMYyJIa UCTUHHA TOTJA U TOJBLKO TO-
raa, KOrja pes3yabTarT MOACTaHOBKU uucaa N B GopMmyay
womep N (To ecTb cama dra popmyaal) I0KeH.

TToayuennoe nmpoTuBOpeYre 3aBEPUIALT MPAMOE TOKA3a-
TeabCTBO TeopeMbl Tapckoro. Mbl BuamM, ITO HAM IOTPe-
f0BaNACh BHIPA3UMOCTE B apuUpMETUKE HE JIOOBIX BBIMUCIA-
MBIX (HYHKIWN, & OJHOU BIOJHE KOHKpeTHou. Ilpm mocra-
TOYHOM TEPIEHUN COOTBETCTBYIONIYIO POPMYIY MOXKHO-TA-
KU HAICATDH, ¥ TE€M CAMBIM JOKa3aTeJbCTBO CTAHET COBCEM
«OCS3aE€MBIMY.

Tenepb M3JI0KUM B TOM JKe CTIIE TOKA3ATEILCTBO TEO-
pembr ['énensa. Kax MBI yiKe TOBOPMIN, UCIMCICHUE — DTO
MEXaHU3M (QJTOPUTM ), KOTOPBIN MO3BOIAET MOPOXK TATH HE-
KOTOpBIE (POPMYJIBL A3BIKA APUPMETUKY (1A TPOCTOTHL Oy-
JeM CUYUTATH, 9TO MOPOXK JAIOTCA TOJBKO (POPMyIbl 6e3 ma-
pamerpos). Takum 06pa3zoM, BOZHMKAET HEKOTOPOE Lepetu-
CIMMOE MHOXKECTBO, KOTOPOE OOBIMHO 3aI3I0T KAK IIPOEK-
A0 PA3PEIIIMOr0 MHOXKECTBA. UMEHHO, BROJAAT HEKOTOPOE
moHATHE dokazamenbcmaa. IIpyu 5ToOM 10Ka3aTEIbLCTBA ABJIA-
I0TCA CJIOBAMU B HEKOTOPOM andasure. MHOXECTBO TOKa3a-
TEALCTB PA3PEIINMO, TO €CTh €CTh AATOPUTM, OTIAYAIOIIN
HACTOSIINE JOKA3ATEJbCTBA OT TEKCTOB, KOTOPBIA TAKOBBI-
MU He ABIAIOTCA. KpoMme TOro, ecTh (TaKKe paspermMoe)
CBOWCTBO [JBYX CJIOB & W Y, KOTOPOE TJIACUT, UYTO I €CThb
JOKa3aTeIbCcTBO dopMmyasl . IlepenymepoBas Bce TOKa3a-
TeAbCTBA U POPMYJLl ¥ BBHIPDA3UB YKA3ZAHHLIE PA3PEIIAMBIE
CBOUCTBA B A3LIKE apU(PMETUKMU, MBI IPUXOIUM K (DOpPMYJIe
Proof(z,y), KOTOpas UCTUHHA, KOTJA L €CTh HOMEP TOKa3a-
TENABLCTBA (POPMYJIBI ¢ HOMEPOM Y.

Teneps manuieMm GOPMyIy ¢ OTHUM TAPAMETPOM &, KO-
TOpas TOBOPUT, ITO PE3YJbLTAT MOACTAHOBKY UUCAA L BME-
CTO TmapaMeTpa B Z-yio GOPMYyIy ¢ OJHUM IIAPAMETPOM He
HMEEeT JOKA3aTeJIbCTBA!

—3z3p[Subst(z, z, z) A Proof (p, z)]
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ITa GopMyJaa UMeeT eIUHCTBEHHBIM mapaMeTp (); MyCcThb
eé HoMep B HyMepammm Takux ¢opmya pased N. Ilogcra-
BuM [N BMecTO mapameTpa. llonyuuTca dopmyaa 6e3 mapa-
MeTpoB . Ilo mocTpoenuro hopmysa ¢ UCTUHHA, KOT'LA pe-
3yabTaT HoACTaHOBKE N B N-10 OpMYIy C OJHEM Iapame-
TPOM HEIOKAa3yeM. A 5TOT pe3yabTar ecTh cama GopMyJaa o,
TakK UTO OHA UCTUHHA TOTa U TOILKO TOTIA, KOT'Ta HETOKA-
3yeMa. JHAYUT, HAIIE UCIUCTEHNE JUO0 TO3BOIAET NOKA3ATH
J0KHYIO GopMyTy @ (ecau ¢ J0XKHA; B TAKOM CIydae ero Ha-
3BIBAIOT HEANEKBATHLIM ), JUOO HE II03BOJSIET IOKA3AThL KC-
THUHHYIO (GOPMYILY .

3aMeTuM, 9TO 008 DTUX MOKA3ATEILCTBA HAMTOMUHAIOT
KaK TIOCTPOEHUE HETOMBUXHON TOYKU, TAK U KIACCUICCKUN
IapagoKC JIKeIa:

IYTBEP}K[[EHI/IE B PAMKE JIO)KHO‘

Boaee ToHKUN aHAIM3 TO3BOAACT YCTAHOBATHL, ITO JJIA
AI000 NOCTATOYHO GOraTon (HOPMATBLHOU CUCTEMBI (CKa-
KeM, 111 POPMAIBHOU apUPMETUKY UK TEOPUM MHOXKECTB)
MHOXECTBO [OKa3yeMbIX (opMyJ (TeopeM) M MHOXECTBO
ONPOBEPKUMEIX (HOPMYa (OTPUIAHUA KOTOPBLIX ABIAIOTCA
TEopeMaM) ABIATCA MEPEITUCTUMBIME 3(DHEKTUBHO HEOT-
geTuMBIME MHOXecTBaMu (cM. pasner 6.6). Do menaerca
OPUMEPHO TaK. PaccMOTpUM IBA MPOU3BOJLHLIX HEIEpece-
KAIOIMUXCA MTEPETUCANMEIX MHOXKECTBA A u B u Berumcu-
MYyI0 QyHKIMIO f, KOTOpas Ha BCEX 2IeMEHTax MHOKecTBa A
paBHa HYJIO, a Ha BCEX DIEMEHTaX MHOxKecTBa B pasHa 1.
Mocxonbky Hama GopMasbHasg CUCTEMA «IOCTATOTHO HOTa-
Tay, B Hel (/s JI060ro JAHHOTO YUCAA 1) MOXKHO HANUCATH
dopmyay F,, yreepxaaomyio, uro f(n) = 0. IIpu arom gas
n € A ¢popmyaa F, Oyzer noxasyemon (porokoa paborsr f
HA TAHHOM YUCJIE 7, 3ABEPIIAIONIMNACA TOTyIeHneM 0TBeTa (),
MOYXKHO MTPEBPATUTH B I0KA3ATEILCTBO TOTO, 9TO f(n) = 0),
anpu n € B ¢popmyaa F, OyaeT onpoBepxKUMON (IIOCKOIb-
Ky MOXHO okasarh, 4ro f(n) = 1). CaegoBarensHo, mapa
(A, B) m-cogurcst K nape (IokasyeMmble (hOPMYJIBL, OLPO-
BEpKUMEBIE (HOPMYJIET), U MOTOMY TOCTENHSAS Tapa SABIAETCA
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3P PEKTUBHO HEOT JEIUMON.

Emé onmo mo60neITHOE yTBEPK JEHIE, CBA3LIBAOIIEE Te-
OpHIO ATTOPUTMOB € (POPMATBHBEIMU CUCTEMAMU, TAKOBO. By-
€M TOBOPUTH, UTO OBE TPOTPAMMEL J0KA3YEMO PA3AUUHDL,
ecan MOXKHO (POPMATBHO JOKA3aTh (CKaxkeM, B (pOpMaTbHON
apudMeTHUKe), ITO CYMECTBYET BXO, Ha KOTOPOM OHU AT
pa3sHbIe PE3yIbLTATHL.

OKa3bIBACTCA, ITO MOXKHO TTOCTPOUTE MPOTPAMMY P C Ta-
KUM CTPAHHBIM CBOLCTBOM: HUKGKAA NPOPAMME § HE ABAA-
emea doxazyemo pazauunot ¢ p. llporpaMmmy p MOXHO ObI-
JIO0 OBL HA3BAThL aO0COIIOTHO HEIIO3HABAEMOM: Belb (PDOPMAILHO
OOKa3aB JH000e CBOUCTBO (@ 3TOH MPOrPAMMEI, MOXKHO OBI-
JO OBl TOKA3YEMO OTAWYUTL P OT TPOTPAMMEL ¢, HE 00Ia-
nawoomen 5TuM cBoucTBoM. (MBr mpeamonaraeM, 9TO MOXKHO
MPEIBABUTEL HEKOTOPYIO MIPOTPAMMY ¢, PO KOTOPYIO MOXKHO
(pOpMAIBHO A0KA3aTh, 9TO OHA He 001aJaeT CBOUCTBOM (.)

CyIecTBOBAHNE HEMO3HABAEMOU TPOTPAMMEL P JETKO
ClieyeT u3 TeOpeMBI O HEMOABMKHOU TOUKe. B caMom gese,
PACCMOTPUM CJAEAYIONME TPeoOpPa30BATENb IPOrPAMM: HO-
JIy9WB HA BXOJ MPOCPAMMY ¢, MBI IIepeCupaeM BCe IMPOorpaM-
MBI ¥ ¥ BCE JOKA3ATEILCTBA B (OPMATLHON TEOPUN, TTIOKA, He
HaUEM HEKOTOPYI0 MPOTPAMMY ¥, MOKA3YEMO PA3IUTHYIO
¢ 4. JTa mporpaMMa v u OyJeT pe3yIbTaToM TpeobpasoBa-
uus. Ecau 661 HEMO3HABAEMOU IIPOrPAMMBL He CYIIECTBOBAJIO,
TO 3TOT IpeoOpa3oBaTeisb ObLT Obl BEIMUCAMMON (PyHKIHEH,
HE MMEIOIICH HelOBUKHON TOIKH.

(Koneuno, 5T0 pacCykK[IeHUe HEeSBHO HUCIOAL3YeT MHO-
FOYUCIEHHEBIE CBOUCTBA (POPMAILHON TEOPUHU, KOTOPBIE MBI
HE TOJBKO He AOKA3AIM, HO Jaxe W He CHOPMYJIUPOBAJIH.
Hampumep, MBI HEABHO UCTIOAB3OBAJIN, UTO JOKA3YEMO DPa3-
JUTHBIE TPOrPAMMBL JEUCTBUTEIHHO PABAUIHEL, TO €CTh ITO
BBIBOVMBIE B HAIIEW TEOPUU YTBEPIK ICHUS O PAIUIUU TIPO-
rPaMM UCTUHHEL, & TakXKe MHOIOe Ipyroe.)

MOXHO OTMETUTE €I, ITO «HA CAMOM JeTe» HAIIa He-
[IO3HABAEMAS MPOrPAMMA HUT'IE HE ONPEIeJeHA, TOCKOIbKY
ecsu OBI OHA AaBaJa Pe3yJbTaT HA KAKOM-TO BXOJe, TO ObLIA
OBl JOKA3yeMO OTJIUIHA, OT MPOTPAMMEI, TAOIIEN IPYTOU pe-
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3yJBTAT HA TOM XKe Bxoje. [lomydaeTca mapagokc: MBI BPOJIE
OBl TOKA3AMN, 9TO HAMA (PYHKIUA OTIAIAETCA OT (CKAKEM)
BCIONY HYJeBOU (byHKIIUE, B TO BPEMA KAK HEMTO3HABAEMOCTH
KAaK Pa3 ¥ O3HAYAET HEBO3MOXKHOCTEL TAKOI'O JOKA3ATEJIb-
crBa. Pasragka »TOro mapajokca COCTOMT B AHAIM3E TeX
CaMBIX HESBHO CEJaHHBIX [IPEANONOKEHUN (B YacTHOCTH, O
KOPPEKTHOCTH (hOPMATBHON CUCTEMBI: M3BECTHAA «BTOpas
Teopema [€nens» TOBOPUT, UTO CpeAcTBaMU (POPMATLHOU
CHCTEMBL HEJb3s TOKA3aTh €€ HEIPOTUBOPEIUBOCTD).

10.6. ApudpmeTuyeckas mepapxusi u
4YUCNO NepemMeH KBAHTOPOB

Mui yeTaHOBIAN, YTO KIAACC apUPMETUIECKAX MHOKECTB
ecThb 00BeIuHEeHNe BceX KJaaccoB X, u ll,. [locmMoTpuMm mo-
opobHee, KaK CBI3aH HOMED KJAACCA € UUCIOM IEPEMEH KBAH-
TOPOB B apuPMETUIECKOU (POPMY.IE.

Yrobul cperaTh 3TO, HALO YTOYHUTH, KAKUE (POPMYJIbI
MBI CYATAEM OECKBAHTOPHBIMU. ECiu mpeacraBiiaTh ClIoxe-
HUE ¥ YMHOXEHUE TPEIVKATHEIMU CUMBOJAME, TO OECKBAH-
TOpHLIE (HPOPMYJIBI OYAYT JOTMICCKUMU KOMOUHAITUAMEA (HOp-
MYJI &; + @& = &) U &3 X & = &p; IPU DTOM yiKe IJIA 3AIINCK
GopMyanl a + b+ ¢ = d HaM MOHAJOOUTCS KBAHTOP: OHA 3a-
nuceBaerca kKak Ju((a+b=u) A (u + ¢ = d)). M xe, kax
3TO OOBIYHO fenaeTcsa, OyAeM CUYATATh CIOXKEHWEe M YMHO-
KeHne PYHKITNOHATHHBEIMYA CUMBOJIAMY M TEM CAMBIM Pa3pe-
M UCTOJIB30BATE MPOU3BOJBHBIE MHOTOWICHBI C TIEILIMUI
ko3 punueHTaMu B 6€CKBAHTOPHLIX gopMmyaax. Ilpu sTom
6eckBaHTOPHBIMU (hopMyaaMu Oy Iy T JOTHHYeCKUe KOMOUHA-
nuu Beipaxkeaun suga P = @, rae P u () — IpOou3BOJIBHEIE
MHOT'OYJIEHBI ¢ TIeIBIMU KoaddunmenTamu. Toraa BepHa Ta-
KasA TeopeMa:

Teopema 73. Muoxkecteo A C N mpuHAAIEKUT KIac-
cy ¥, (n > 1) Torga u TOABKO TOr[a, KOUAA MPUHAIIEK-
HOCTH €My BLIPAXKaeTcsas (POPMYJIOU B IIPEIBAPEHHOU HOP-
MaJIbHOU (popMe, HAYMHAIOUWIENCA C KBAHTOPA CYIIECTBOBA-
HUA ¥ COMEPKAIIEN 7 TPYNI OTHOUMEHHEX KBAHTOPOB.
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(Ilepexoas K TOMOJHEHWIO, BUANM, YTO MHOXECTBO TIPU-
HaAIeXUT Kaaccy Il, Torma m TOJIBKO TOrma, KOU'Ja TpHU-
HAIJIEXKHOCTh €My BBIPAXKAETCA B MPEABAPEHHON HOPMAJIb-
HOU (popMe € n IPyNnaMu OJHOUMEHHBIX KBAHTOPOB, HAYHU-
HAIOLIENCsl ¢ KBAHTOPA BCEOOIIHOCTH. )

< Mul gokaxkem DTy TeOpeMy Juillb OTYacTu. Bo-mep-
BBIX, €CIU MHOXKECTBO 3aJa6TCA POPMYJION B MPEnBAPEHHON
HOpMAaJBHOU (DOpPME C 7 TPYNIaMu KBAHTOPOB, TO OHO MPHU-
HAQJIEXKUT Kaaccy X, (mnu II, — B 3aBucumoctu oT TOrO,
KAKOW KBAHTOD IEPBLIM) — HAIOMHKM, 4T0 k IOADAL UIY-
X OJHOUMEHHBIX KBAHTOPOB MOXKHO 3aMEHUTH HA OJWH C
TTOMOIITBIO BEITUCIUMON OUEKITUN MEXK Iy N* u N.

Bousee cnoxuo noxasars ob6parHoe yrBepK enne. QCHOB-
HYIO TPYIHOCTHL mpeacTasaser caydaun n = 1. B 1970 rony
FO.B. Matuscesud, permas 10-i0 npotaemy I'man6epra, no-
Ka3aJI, ITO BCIKOE [IEPEIUCIUMOE MHOXKECTBO €CTh MHOXKECT-
BO HEOTPHUIATEILHLIX 3HAYCHUN MHOTOWIEHA OT HECKOJBKUX
TMEPEMEHHBIX C IEeABIMA KO3(MDDUITNEHTAMY IPUA HATYPATBHBIX
3HAYEHUAX IEPEMEHHBLIX. A DTO CBOUCTBO, OYEBUIHO, BAIIN-
CLIBaeTCA B BHUJe (POPMYJEL ¢ KBAHTOPHOU IPUCTABKOU U3
KBAaHTOPOB CyIIECTBOBaHUA. Tem caMbiM ciay4dadl n = 1 ObLI
pasobpas.

Ecan cunrars pesyabrar MaTusceBnya M3BECTHBIM, TO
JOKA3ATEILCTBO 3AKAHIUBACTCSA, MOCKOIBKY KAXKIBINA CIeIy-
IOIMIANA KAACC HOTYYIAeTCS U3 OPEIBIIYIIEr0 HABEIIMBAHUEM
O4YEPEIHOr0 KBAHTOPA.

ITocmoTpuM, 0AHAKO, ITO MOXKHO M3BIEYL U3 MPUBEICH-
HOT'0 HAMU MOKAZATEIHCTBA aAPU(PMETUIHOCTU BBEITUCIUMBIX
dyuximuu. IIycTs 1aHO TPOM3BOJBLHOE MEPEUUCIUMOE MHO-
KecTBO. Ero MOXKHO IpeicTaBuTh KakK OOJACThb Onpe[ese-
HUsl BBEIYUCAMMON (DYHKIUU, BCE BHAYEHUS KOTOPOU DPABHBI
HYJ0, ¥ TPUMEHUTE ONMUCAHHY0 HaMu npoteaypy. Toraa mo-
JyIUTCSA (HOPMYJIA, HAUMHAIIAACA C KBAHTOPOB CYIECTBO-
BaHUA (CYIIECTBYIOT YUCIA, KOAUPYIOUIUE MOCIEI0BATEIbHO-
CTU 3HAYEHNN KaXKIOU IEPEMEHHOU B CMLICJAE [J-KOIUPOBa-
mua no [énemo). 3arem upér KBaHTOP BCeOOMHOCTH (IO
HOMEDY Imara paboThl MPOTPAMMEL: HA KAaXKIOM IIare Ie-
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Pexof NOMKEH COOTBETCTBOBATEH MPOrpaMMe). 3aTeM UAET
dopmMyaa, KoTOpas ObLTA ObI GECKBAHTOPHOU, €CIU OBI HE CO-
JepaKaJa B ce0e OCTATKOB OT JeJEHUA OTHOI'O BEIDAXKEHNA HA
apyroe. Ho ux MOXHO yCTpaHUTL, JOOABUB €I KBAHTOPHI
BCeOOIIHOCTHU: yTBEPXK JEHUE THIIA

Vi[...ocTaTok ot genenusa P ua @) .. ],

rae P u () — HEKOTOpHIE BHIPAKEHUs, COACPKAIINIE Tepe-
MeHHBIE (M3 OnpefeaeHnsa 3-KOMUPOBAHNA) MOKHO 3aMEHUTD
IO OIpEeNeNeHUI0 OCTATKA Ha,

ViVuVo [([P=uQ +v) A (v < Q)] =1[...v...].

Cuae 10BaTEIBLHO, MBI MOXKEM MPEICTABUTE JI0O0E €D eIncaun-
MO€ MHOXKECTBO B Buae 3...3V...V-popmynas. Tem cambim
J1000€e MHOXKECTBO U3 KJIACCA Y, MOXKHO MPEACTaBUTL (Pop-
MyJOU B TPEIBAPEHHON HOpMaJbHOU dopme ¢ n + 1 rpym-
MaMy KBAHTOPOB, HAUMHAIOWIENCS ¢ KBAHTOPOB CYIIECTBOBA-
Hus, a 1000e MHOXKeCTBO u3 knacca Il,, MoXHO npescTaBuTh
dopmyaon ¢ n + 1 rpynnaMu KBaHTOPOB, HAYHMHAIOMIENCS C
KBAHTOPAa BCEOOITHOCTHU. [>



11. PekypcueHbie dpyHKLUM

11.1. TpMMUTHUBHO peKypCUBHbIE PYHKLMK

IIporpaMMBI ¢ KOHEYHBIM YHCIOM MEPEMEHHBIX HATOMU-
HaJu acceMbJep; paccMaTpPUBaeMble B TOM pa3fene PeKyp-
cuBHBIE (PYHKIUK CKODEe HAIOMHUHAIT (DYHKIMOHAIBLHOE
IPOrPAMMHUPOBAHNE, KO OXHU (DYHKIWH OIIPEIEAI0TCI
gepes gpyrme. Mol OygeMm paccMaTpuBaTh (PYHKIUU C Ha-
TYPAIBHBIMA APTYMEHTAMU U 3HAaUeHuAMEU. Boobime roBops,
PYHKIIIE MOTYyT OBITH HE BCIOY ONPENeIeHHBIMU, TAK UTO
roeopsa o ¢yukuuu n aprymedtoB (dysknuu uz N™ B N,
7-MECTHOU (DYHKIUK), MbL UMEeM B BUAYy (QYHKUIUIO, OIpe-
MEJEHHYI0 HA HEKOTOPOM moamuOXkecTBe N” cO 3HAMEHUAMET
B N.

Iycte umeercs k-mectras pyukuus f u k Tty n-mect-
HEIX QYHKUMH §1,...,Jf. Lorga u3 HEX MOXKHO CGHOPMUDO-
BATH OJHY N-MECTHYIO (DYHKIINIO

(1, e yxn) = flgr(x1, s n), oo s Gi( X1, - o, Tp))-

T'oBopstT, wTo onpeneséHHas TakuM 0O6PA3OM (PYHKIIHAS IIO-
JydeHa w3 QyHKIuu f w gi,...,gr C TOMOIILIO OMEPAINA
N0JCNANOEKY.

[Ipyras omnepainus, Ha3bIBAGMas OIEPALEU peKyp Cull,
WIA NPUMUMUEHOT PeKYpCuly, TPUMEHSeTCI K k-MEeCcTHOU
dyuxuuu f u (k+ 2)-mecraon gyuakuuu g. Eé pesyabrarom
oynet (k + 1)-mecTHas Gyukuua h, onpenejaseMas TaK:

h(zy,...,25,0) = f(z1,...,28);
h($1>~-~7?17kay+1) :g(wlﬂ"'axk7y7h($17"'7xkay))'

B mocrenosarensuocty A{x1, ..., %n,0), h(x1, ..., 2, 1),. ..
KaxkI0e 3HAUEHUE ONPeNeJaeTcsa 1epes IPEIbIIyIee, T03TO-
MY €CJIM KAaKOe-TO U3 3HAYEHWUN HE OMpPENeNeHO, TO He OIpe-
JEJEHBI U BCE IIOCACAYIOIIUE.

s equnoo6pasus 6ygeM CIMTaTh, ITO HYJIb-MECTHBIE
dyuxnun (QyHKIUA 6€3 APTYMEHTOB) CYTh KOHCTAHTHI; 3T0
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MO3BOJIACT PEKYPCUBHO ONMPEEIATH (DYHKIIUU OTHOU TIepe-
MEHHOM.

Hpumumueno pexypcusHbiMY HA3BIBAIOT (PYHKIINN, KOTO-
PBIe MOXKHO TIOIYYIUTH € TOMOINBIO ONEPAIMY MOACTAHOBKY U
PEKYpPCHU U3 CIEAYIOMUX 0a3uckbly GYHKIMNA: KOHCTAHTEL (),
oneparuyu npubaBJeHUsa eqUHULEL S: T — & + 1 u cemencrsa
(DYHKIINU TPOEKINU: 3TO CEMEUCTBO MM KaXkIoro k coaep-
KUT k WTYK k-MecTHBIX OyHKIWMR Tk (21, ..., 7)) = ;4.

DYHKINN TPOEKITNN TTO3BOJAIOT BHIMTOIHATE «HEOTHO-
POJHBIEY TONCTAHOBKU: CKAXEM, MOXHO MOJIYYATH (PYHK-
mmo (z,y) — f(g(z),h(y,z,y),z) w3 pymxumit f u h,
KOMOMHUDPYSI UX C (PYHKOAAMEU MPOEKIUM: CHAYAIA IOJLY-
qaem dymrkmmio (z,y) — g(r) (mogcTamoBKa T4 B g), 3a-
Tem (z,y) — h(y,z,y) (mogcranoexa 73,7, 75 B h), saTem
MOTyJIeHHBE TBe (PYHKIUM BMeCTe ¢ (PYHKIIen 7T% HoACTa-
BJsAeM B f.

TMoxcrasassa koucrauty 0 B PyHKIUIO NPUOABICHUS €1~
HULBL, Oy 4aeM KOHCTAHTY ((DPyHKLIWIO HyJs apryMeHToB) 1.
3aTeM MOXKHO MOJYYUTb KOHCTAHTHL 2, 3 U T. 1.

11.2. Tpumepbl NPUMUTUBHO PEKYPCUBHbBIX
pyHKUMIA

Kax u ¢ ApyruMy BLIMUCIATENLHBIMYA MOIEAAME, BAKHO
HAKONUTH HEKOTOPHIA IPOrPAMMUCTCKUH OILIT.

Cnoxenvne, @yukuus (z,y) — sum(z,y) =  + y noryua-
€TCsA C IOMOIIBIO PEKYD CUH:

sum(zx,0) = x;

sum(z,y + 1) = sum(z,y) + 1.

Hano, KOHEYHO, MPENCTABATH NMPABYI YacTh BTOPOTO Da-
BEHCTBA KAK PE3YJIbTAT MOACTAHOBKH. DOPMAIbHO FOBOPA,
h(z,y,z) B oupeneleHUM DPEKyPCUM HALO IOIOKUATH DaB-
HBIM 5(2), rae § — QYHKOUA TPUOABICHUS €IUHAIIEL.
Ymuoxenne. Gyukuns (x,y) — prod(z,y) = xy moryda-
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eTCA ¢ TTOMOIIBI0 PEKYPCUA (¢ UCTIONB30BAHUEM CJIOKEHUA):

prod(z,0) = 0;
prod(z,y + 1) = prod(z, y) + x.

AHATOrUYHEIM 06pPA30M MOXKHO TEPEUTH OT YMHOXKEHUA
K BO3BEJIEHUIO B CTEIEHbD.

YceuénHoe BbluynTaHue. MbI TOBOPUM 06 «yCEIEHHOM BBI-
YUTAHUMY € ~y = —ynpuz 2 yunx -~y =0mnpuz <y,
MOCKOJIBKY MBI MIMEEM J€J0 TOJBKO ¢ HATYPAIbHBIMU (IIeJbI-
MU HeoTpuuareabHbiMu) duciaamu. OgHomecTHas QyHKIU
yCeYEHHOI'O BLIMMTAHUA €IUHUNL! OLPENeIIeTCs PEKYPCUB-
HO:

(Pekypcusa 3aech GpopMaibHa, TAK KAK MPEIBIIYIIee 3HATE-
HUe He ucnoabdyercs.) [locae sroro yceuéHnoe BbIMUTAHUE
IS IPOU3BOJILHEIX aPTyYMEHTOB MOXKHO OIPENeIuTh TakK:

z=0=uz;

- (y+1)=(z+y) -1

11.3. lNpMMUTUBHO peKypCUBHbIE MHOXECTBA

ByneM HasLIBATL MHOXKECTBO NPUMUMUBHO PEKYPCUS-
HbLM, €CIH €0 XaPAKTEPUCTUIECKAA (PYHKIUA IPAMUATHBHO
pexypcuBHa. (BapuanT: eciu OHO ABASETCS MHOXKECTBOM Hy-
JieV TTPUMUTHUBHO PEKYPCUBHOU (DYHKIIUU; 3TO TO XK€ CaMOE,
TaK KaK MOXHO CJeJaThb MOACTAHOBKY B (DYHKIUIO & —
—1=a.)

Tepecedenne n 06BEINHEHNE TPUMATUBHO PEKYPCUBHEIX
MHOXKECTB NPUMUTUBHO PEKYDPCUBHBL (CAOKHAM WA TIEPEM-
HOXUM (PYHKIUM, MHOKECTBAMUI HYJIEH KOTOPBLIX OHU ABJIA-
1orcs). JononHeHe IPUMUTUBHO PEKYPCUBHOI'O MHOXKECTBA
TPUMUTHUBHO PEKypPCUBHO. OTOXKICCTBIAA MHOXECTBA CO
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CBOUCTBAMY, MOKHO CKa3aTh, 9TO KOHBIOHKIIUW, MU3HIOHK-
IV ¥ OTPUIAHNA TPUMUATHBHO PEKYPCUBHEIX CBOMCTB OYIyT
OPUMATUBHO PEKYPCUBHEL
CeoucrBa z =y u x £y HpI/IMI/ITI/IBHO peKprI/IBHbI (x =
= y TOrza U TOJIBKO TOrAa, korga (z —y) + (y —x) =0).
Dyuxuusa f(r), 3agaHHas COOTHOLICHUEM

f(z) =[if R(x) then g(x) else h(z) fi ],

OyZeT IPUMUTUBHO PEKYDCUBHOU, €CIM TAKOBBL (PYHKIUE
u h u ceouctBo R. B camom gene, f(z) moxHO 3amucaThb
kak r(z)g(x)+(1=r(z))h(z), oe r — xapakTepucTUIeCKan
dbyukuma ceoucTtsa R.

Teneps MOXKHO 3aMUCATH (GOPMYJLY A1 IPUOABICHASA €1~
HUIBL 10 MOAYJIIO 1 (AJs YUCEN, MEHBIIUX 1):

z+1modn=[ifzx+1=nthenOelse xz+1fi]

IMocae sroro pyaxknmio £ mod 7 (0OCTATOK OT NEJEHUA HA 1)
MOXKHO ONPEIENUTH PEKYPCUBHO:

0 mod n = 0;
(z + 1) mod n = (x mod n) + 1 mod n.
Tlokaxkem, 9TO OrpaHMYEHHBIE KBAHTOPEL, IPUMEHEHHEIE
K IPUMUTHBHO PEKYDPCUBHBIM CBOUCTBAM (MHOKECTBAM ), Na-
0T CHOBA TPUMUTUBHO PEKYPCUBHBIE CBOUCTBA. JTO O3HA-

9aeT, HapPUMEp, UTO ecau CBOUCTBO R(x,y) NPUMUTUBHO
PEKYyPCUBHO, TO CBOUCTBA,

S(x,2) = By < 2) R(z,y)

T(y,z) = (Vy < z) R(z,y)
TAKIKe IPUMUTUBHO PEKYPCUBHEL. ITOOL yOCAUTHLCA B DTOM,
3aMETVM, 9TO A1 PYHKIMA OTPAHUICHHEIN KBAHTODP COOT-
BETCTBYET MEPEMHOKEHUIO WM CYMMUPOBAHUIO: €CIU CBOU-
ctBo R(z,y) paBrocuwisno r(z,y) = 0, To

S(x,z) < H r(z,y) =0
y=0
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A mpomssenenune JErKo OMpPeNeInTh PEKYPCUBHO:

0
[y =r(z,0);

t+1

[Ir@v = |]]r@v]| - r@t+1);
y=0 y—0

€ CyMMHPOBAHMEM MOXKHO MOCTYMUTHL AHAJOTUIHLEIM OOpa-
30M.

TTocae >TOT0 JErKO 3aMETUTH, ITO CBOUCTBO «OBITH TIPO-
CTBIM» TIPUMUTUBHO PEKYDPCUBHO (UMCJAO GOJBINE €IMHUIIGL,
u mo60e MEHDBIIEE YHMCI0 WA MEHBIIE 2, UIU HE ABIACTCA
JesuTeneM).

Ilokaxem Temepb, 4T0 eciu rpaguk HEKOTOPOU (PyHK-
1y f TPYUMUATUBHO PEKYPCURCH U €€ 3HAYCHUA OTPAHNYCHBI
CBEPXY HEKOTOPOU TPUMUTHUBHO PEKYPCUBHOU (DYHKIUEN ¢,
TO cama QyHKIUA f IPUMUTHBHO peKypcuBHA. B camom me-
Je, eCIu r — XapakKTepucrudeckas (PyHKIUsA paduka, TO
ecrb r(z,y) = lupu y = f(z) ur(z,y) = 0mpuy # f(z)
(114 TPOCTOTH MBI PACCMATPUBAEM CIydal (pYHKIIUN OTHO-
ro apryMeHTa), TO

f(.’E) = Zy : T(.’B,y),
y=0

a CyMMHPOBAHME MOXKHO OIPPAHUIUTL CBEPXY BEIPAXKECHU-
eM ¢g(Z) 1 BOCIIOIB30BATHCS IPUMUTUBHON PEKYDPCUBHOCTHIO
OrPAHUYEHHON CyMMEI.

OTcro1a JErKo BHIBECTHU CIEAYIONIEE YTBEPKICHUE: €CIn
$hyHKIMA ¢ U CBOUCTBO R(%,y) NPUMUTUBHO PEKYDCUBHBL,
TO QPyHKIUA

z +— f(z) = naumennbmee y < g(x), gas xkoroporo R(z,y)

(ecam [/ HEKOTOPOT'O & TAKOT'O Y HET, TO MOJAraeM 3HAME-
Hue QYHKIUK PaBHBIM, cKaxeM, g(x) + 1) 6ygeT npumuTus-
HO pekypcuBHOU. B camom gene, rpadpux Gyakmuu f Jerko
OTIICATH € MOMOIMIBIO OTPAHTICHHBIX KBAHTOPOB.
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Takon crmoco6 ompegeneHns (QYHKIUU HA3BIBAIOT 02pa-
HUYEHHDIM OTLEPATNOPOM MUHUMUIAUUY — B OTJIMYINE OT HE-
OTPAHWYEHHOT'0, Tlle HET 3apaHee U3BECTHOU TPAHUIEL ().
Kax MBI yBUAUM, B HEOIDAHMYCHHOM CIydae ITOJLYdalomasacs
(dbyukuusa He 06sa3aHa OLITL IPUMUTUBHO PEKYPCUBHOM.

OrpasnveHHEN ONepATOP MUHUMUBAIANA MOYKHO MCIIOIb-
30BaTh, YTOOBI yOEAUTHCA, 9TO QYHKIUA T — (MAHEMATEL-
HOe TIPOCTOe [UCI0, GOJbIIee ) NPAMUTUBHO DEKYDCHBHA
(paccyxmerne EBkimaa 0 GECKOHEYHOCTH MHOKECTBA MPO-
CTHIX 9YHCE] YCTAHABIMBACT, ITO 3TO UUCJAO HE MPEBOCXO-
aut !+ 1, a paxTopuans npuMUTUBHO pekypcuseH). [locae
3T0ro QyHKIUA 7 — (N-€ IPOCTOE TUCJIO0) JErKO ONPEIeIi-
eTCsl ¢ TIOMOIIBIO PEeKYP CUM.

11.4. [lpyrve Buabl pekypcuu

CaoBa «pekypcuBHOe onpeaeteHue (hyHKIUNY MOXKHO I10-
HUMATDH U B GoJee MMUPOKOM CMBICJE, HEXKEIN MBI 3TO NeIAIN
(cM. BHIIE ONpEIEIeHNE PEKYPCUH, WA IPUMUTUBHOU De-
Kypcuu) — Kak J10601 crnocob 3a1aHusa HyHKIUN, KOTOPBIZ
CBA3LIBAET 3HAYEHUE (DYHKIMY B JAHHOU TOYKE C IPYTUMU €€
sHadeHwsME. Kak MBL yBU UM HEXKe Ipu 06Cy XK qeHun QyHK-
mnn AxkkepMana, eCTh TaknWe CXeMbI PEKYPCUBHLIX OMpee-
JIEHUH, KOTOPBIE BRIBOJAT U3 KIACCA MPUMUTUBHO PEKYPCUB-
ueix Qyukiuu. Ho ecTs u Takue, KOTOPBIE MOXKHO CBECTHU K
PACCMOTPEHHON HAMU CXEMe.

Mger mpuBeaéM MBa TPUMEPA MOCIECTHETO THUMA: COBMECT-
HOE ONpeNeNeHne HECKOMbKUX (DYHKIIUU U UCIOJb30BAHUE
MPOU3BOJBHBIX MEHBININX 3HAYEHUU APTyMEHTA.

CoemecTHast pekypcus. IlycTs aBe ogHOMECTHEBIE (DYHK-
mnn f ¥ g 330aHBI COOTHOIIEHUAMU:

f(0) = a,

9(0) = b,
f(n+1) = F(n, f(n),g(n)),
g(n+1) = G(n, f(n),g(n)),
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rae a u b — HeKoTophIe uncaa, a Gysknun F u G — npuvn-
TUBHO PEKYPCUBHLIC (DYHKIINU TPEX apryMeHTOoB. [lokaxkew,
9TO TOrAa (PyHKIUYU f ¥ ¢ IPUMUTHUBHO PEKYDPCHUBHEL.
Yro6e! JOKa3aTH 5TO, HAM ITOTPEOYETCA MPUMUATUBHO Pe-
KypCUBHAs HyMepauus nap — rakasd Gyukuus (z,y) — [z, y]
(HoMep maphl MbL 0003HAYAEM KBAaJPATHBIMU CKOOKAMU), KO-
Topas OblIa OBl IPUMUTHBHO DEKYPCUBHA BMECTE C IBYMA
06paTHEIME (PYHKIMAME ( JAIOIIAME TI0 HOMEPY MaphL €6 mep-
BB ¥ BTOPOU “iaeHsbl). Torga Mbl CMOXKEM HAMUCATH PEKYD-
cuBHoe onpenenenue wig pyuxuuu h(n) = [f(n), g(n)]:

h(0) =[a, b},
h(n + 1) =[F(n, p1(h(n)), p2(h(n))),
G(n, p1(h(n)), pa(h(n)))];

rae (YHKIUU Py U Py JAIOT MO HOMEDPY Maphl IIEPBBIA U BTO-
pou eé wiennl. Eciu gyHkuus h OpUMUTUBHO PEKYpPCHUBHA,
10 u pyskuuu f u g (komMnosunyu h ¢ GYHKIIUAME Py U Po)
TaK¥Ke TPUMUTUBHO PEKYDPCUBHEL.

Ocranock 00BACHUTL, KAK HAUTUH MPUMUATABHO PEKYP-
CHUBHYI0 HyMepanuio map. MOXHO 3aMeTUTh, 9TO €CTh MHO-
POWIEH BTOPOIO MOPSAIKA € ABYMS IEPEMEHHBIME, 3 [AIOIIN
B3anMHO oxHo3HaIHOE coorBeTcTBHe N X N — N. 3T0 coot-
BETCTBUE BUIHO U3 TAOJIUIIHL:

6
3
1
0

RSP

8
5 9
I[IpuMuUTUBHYIO PEKYPCUBHOCTEL OOPATHBELX OTOOPAXEHUN Pq
U Py MOXKHO YCTAHOBUTD, BOCIOIB30BABIINCH OrPAHNICHHON
MUHUMU3ANNEN, TaK Kak pi(n) €CTb MUHUMATBbHOE T < 1,
JUIs KOTOPOTO HanAéTCs y < M, IPU KOTOPOM [z, y] = n.
Menee cuMMeTpUYIHAsS HyMEPALUUA Iap MOXKET ObIThH 3a-
nana dopmyon [a,b] = (2a + 1)2° — 1. Moxno Takxke 3ame-
THTb, 9TO HAM HE Hy2KHO, 9TOOBI BCE IMCJIa, OLLIA HOMEPAMIA
KaKWX-TO Tap, ¥ BOCTIOMB30BATHLCA HyMeparmei [a, b] = 223,
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3aMeTUM B 3AKIIOYEHNE, YTO AHAJOTMIHAS KOHCTPYKITUA
MPUMEHUMA, s OOJIBIIEr0 YUCIa, OTHOBPEMEHHO ONpenes-
eMbIX PYHKIUYA U A8 PYHKIUA OT OOJBINErO UUCIa apry-
MEHTOB.

BoaspaTHas pekypcus. Caegyiomiee yTBEpXKIEHUE MOKA-
3BIBAET, YTO IIPU PEKYPCUBHOM ONPEIEIEHAN MOKHO UCIIOMb-
30BATH HE TOJBKO 3HAYCHUE B IPEABIAYIIEN TOYKE, HO ¥ JIO-
0oe TIpe/IecTByollee 3HAMEHNE.

Teopema 74. IlycTh dyHKIUA g OTHOTO APTYMEHTA, TPU-
MUTHUBHO peKypcuBHa, npuaéMm ¢(z) < x upu z > 0; mycThb
F — npuMuTHUBHO peKypCHUBHAA (PYHKIUI ABYX apryMEHTOB;
OyCTh ¢ — NPOM3BOJbHAA KOHCTAHTA. Toraa ¢yukiusa h,
ONpeIeaEHHAA COOTHOIEHUSIMEI

h(0) = ¢,
h(z) = F(x, h(g(z))) npn 2 >0

IPUMUTHURHO PEKYPCHBHA.

< YToObl J0KazaTh BTY TeOopeMy, HCIOIL3yeM CIefy-
IOIMIYIO HYMEPAIMo KOHEUHEIX MOCIEIOBATEILHOCTEH HATY-
PATBLHEIX HICET: HOMEPOM IIYCTOH HOCIe0BATEIFHOCTH CHll-
TaeM IECa0 1, HOMEPOM OJHORJIEMEHTHOH MOCIeIOBATEIb-
noctu {(a) cauraem «meno 2971 mocrenosaremsuocTs (a,b)
uveer HOMep 2°T13F! mocienoparemsroCTE (a, b, ) mMeeT
moMep 20T130H15¢+! i max ganee (ocHOBaHMA cTemeHen —
TpocThe TncTa). Byaem 0603HAIATE HOMEpP TOCIEJOBATETh-
HOCTH (@,b,...,z) 9epes [a,b,...,z]. DTa HyMepalus B He-
KOTOPOM CMEICIe IPUMHATHBHO peKypcuBHa. Komewno, Gy-
KBaTbHO 3TO HOHHIMATDL HEIBb3dA, TaK KAK HyMepaIus IIpe-
CTABIAET COOOH «PYHKIIMIO C TePeMeHHEIM THUCIOM apTyMeH-
ToBy. HO pasHbBIe CBA3AHHLIE ¢ HeH (PYHKIHM TPUMHUTHBHO
PEKYDPCHUBHBEL B 9aCcTHOCTH, TAKOBHI (bYyHKIIUN

o Length(z) = mmuna nocaesoBarensHoCTH € HOMEPOM

o Select(i, ) = i-Blil WIEH HOCIELOBATEILHOCTH ¢ HOMe-
poM z;
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e Append(z,y) = HOMED MOCTENOBATEILHOCTH, KOTOPAA
MOJMIYyY1aeTCA TPUNMUCBIBAHVUEM YHNCIa Y K TOCIeIOBa-
TEILHOCTH ¢ HOMEPOM Z.

Bce a1y pyuxknuu (1 gpyrue aHajiorutdHbe) CBOAATCA K Pas3-
JWYHBEIM OLlePalUAM C IPOCTBIMU YUCJAAMU U MHOXKUTELAMH,
KOTOPBIE MBI B CYIIHOCTH y¥Ke pa3bupaJu.

Teneps MBI TOKaXKeM, ITO (DYHKIUI

x — H(z) =[h(0),h(1),..., h(z)]
IPUMATHBHO peKkypcuBHa. B camom gere, H(0) =[], a
H(k+1) = Append(H (k), F(k+1, Select(g(k+1), H(k)))). >

11.5. MawwuHbl TblOpUHra M NPUMUTUBHO
PEKYPCHBHBIE PYHKLUM

Mgl paccMOTpean HECKOABKO Pa3JUIHBIX TPUEMOB MO-
CTPOEHUA TPUMUTHUBHO PEKYPCUBHBIX (pyHKImU. Tem He Me-
Hee OCTAETCA He BIOJTHE SICHBIM, HACKOJBKO DTOT KJIACC IIN-
pok. Cenvyac MBI MOKaXKeM, 9TO OH BKIOYaeT B cebs Bce
AOCTATOYHO OBICTPO BBIYUCIUMEIE (DYHKITIN.

Teopema 75. Jlwobas QyHKIMA, BLIYUCIAMASA HA MAIITH-
He TriopuHra He 607ee UeM 3a TPUMUTUBHO PEKYPCUBHOE
(OT AIMHBI BXOAa) BPeMs, IPUMUTUBHO PEKYDCUBHA.

<! Hamomu®M, 9TO MBI CYMTaEM BXOZOM M BHEIXOIOM Ma-
MHET THIOpUHTA, CI0BA U3 HyJeH W eauHuIl. IlO0CKOTBKY
apryMeHTaMW ¥ 3HAUYEHUAMU TPUMUTHUBHO PEKYPCUBHBIX
DYHKIUU ABAAIOTCA YUCIA, TeopeMa OyIeT UMeTh CMBICT,
TOJBKO €CIU MBI JOT'OBOPUMCS OTOXAECTBAATE YUCAA U CJIO-
Ba. Kak yxxe roBOpmioCch, MBI OTOXIECTBASEM HUCAO 73 CO
CJIOBOM, KOTODPO€ IOJXYIAeTCA IOCHE YV IAJICHUA CTapIIero ou-
Ta 1 B TBOWYHOM pa3JOKeHun <mciaa n + 1.

IIpm nmuTanuu paboTsl MamuH THIOPUHTA, C MOMOIIBIO
IporpaMM MBI KOIMPOBAIH COCTOSHME MAIIWHBL Y€ THIPHMS
qucnaMu (KO JIEBOU HaCTH JEHTBI, KOA LIPABOM YaCTU JIeH-
TEI, COCTOAHME U OYKBa MO ToJ0BKOW). IIpw sToM yno6HO
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OBLTO TAKOE KOAUPOBAHUE: JEBYHO UACTD JEHTHI MBI CAUTAIN
3aMUCHI0 IUCIA B CUCTEME CIUCACHUA, B KOTOPOU OCHOBAHUE
PABHO YUCIY CUMBOJOB B aIaBUTE MAIUHEI, 8 TPOOET CIu-
TAETCA HYJIEM; C IIPABOM YACTBIO JEHTHI MBI MOCTYITATA TAK
Ke, TOABKO B 06paTHOM nopsake (Miaguue paspsigbl y ro-
aoBku). IIpu sToM noGaB/IEHME WIM U3BATUE CUMBOIA Y IO-
JOBKHA COOTBETCTBOBAJIO IPOCTOUN apUpMETHICCKON OIIepa-
mun (yIaJgeHne — 3TO AeJCHNE HARJO, T0OABICHNE — YMHO-
JKEHUE HA OCHOBAHWME CUCTEMBI CUUCJHCHUA U caoxkenue). [Ipu
TAKOM KOQMPOBaHUM (PYHKIMU Hepexoga (deTvipe QyHKIUN
9YETBEIPEX APryMEHTOB, NOKA3BIBAIOIINE CAEAYIOIEE COCTOA-
HUE KaK (PYHKIUIO TPEIBIIYINErO), 3aIUCHBAITCA TPOCTH-
Mz HOPMYJAMA ¥ TPUMUTHUBHO PEKYPCUBHEL.

Teneps paccMOTPUM UTEPUPOBAHHYIO (DYHKINIO IIEpe-
X0Ja, KOTOPas TOBOPUT, KAKOBO OyIeT COCTOSHHWE MAIIH-
HBl ThiopuHra mocae ¢ maros. To4dHee, TyT UMEIOTCSI 1€ THI-
pe OYHKIUKM OT IATH APTyMEHTOB (TEPBBEIE YETHIPE apry-
MEHTa KOAUPYIOT COCTOAHUE, TATHIN TPEACTABIACT COOOU
qucno waros). Ux onpegenenue uMeeT BUI COBMECTHOU pe-
KypCum, KOTOPYIO MBI TOJBLKO €9TO paszobpamm. IlosTomy
5Ty (PyHKIUM NPUMUTUBHO DEKYPCUBHEL. DymeMmM CUMTATD,
YTO TOCTE TOABIEHUA 3aKIIOYATENLHOTO COCTOAHUU KOH-
urypanus MammuHbI He MEHAETCA. Ecam MBI 3HaeM, 9To
YUCJIO MIATOB PAOOTHI OTPAHUYEHO TTPUMUTUBHO PEKYPCUB-
Hou (pyHKIMEH, TO AOCTATOYHO MOACTABATL €€ Ha MECTO
LATOrO apryMenTa (4ucaa [Waros), 9Tobwl y6eauTses, 4To
3aKMIOUNTENLHAA KOH(PUTYDPALUA MAaIIUHEl ABJACTCA TPU-
MUTHUBHO DPEKYPCUBHOU (DYHKIMEN OT €€ HAYaJbHOU KOH-
durypanuu. CregoBaTenbHO, pe3yabTaT pabOTHl ABIAETCA
OPUMATUBHO PEKYPCUBHON (PYHKIIUA HAYAILHOI'O TAHHOTO.

DTO PACCyXIEHNE HEABHO UCIIONB3YET IPUMUTHBHYIO Pe-
KYPCHUBHOCTH PA3JUIHEIX (DYHKIUN, CBA3AHHBIX C TIEPEXOI0M
OT OJHOTO TPEACTABJICHUA JAHHBIX K ApyroMmy. Hampuwmep,
BXO[ MamuHbl ThIOPUHTa ABIAETCA TBOMYHBIM CJIOBOM, KO-
TOPOE MBI NOTOBOPUIKCH OTOXAECTB/IATEL ¢ HEKOTOPBIM K-
CIOM . DTOMY BXOIYy COOTBETCTBYET HAYATbHAA KOH(DUIY-
panna Mamuusl THIOPUHTA, KOTOPYIO MBI KOIUPYEM 9eTBED-
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xou ducen. Ham BaxHO, 9TO 5Ta 9eTBEPKA TPUMUTHUBHO Pe-
KYPCUBHO 3ABUCUT OT &. DTO JErKO MOHATH, TaK KaK Tpe-
o0pa30oBaHme CBABAHO C MEPeXOIOM OT OJHOU CUCTEMBI CUU-
cjaeHMsa K APyron (OQHO U TO XKe CJIOBO KOOUPYET Da3HLIe
YUCAA B PA3HBIX CHCTEMAX CUUC/ICHUs); IPUMUTHUBHYIO De-
KYPCUBHOCTH TakKuX (QPYHKIWU JEIKO yCTAHOBUTH C IIOMO-
IBIO OMMCAHHBIX BHIIE METOA0B. KpoMe Toro, HaM HAMO 13
BBIXO/IHOU KOH(MUTYPAIIUA TPUMATUBHO PEKYPCUBHO U3BJICTD
Pe3yabTAT U TAKXKE IePEKOINPOBATH €ro, a TAK¥KE 10 BXO-
Ay HOLYYUTH €ro fauHy (4T06bl HOACTABUTL B IPUMUTHBHO
PEKYPCUBHYIO (DYHKLUIO, ONPAHMHYUBAIOLIYIO YUCIO LIAIOB).
Ho Bcé 5T0 Takxke He BEIXOAUT U3 KPyTra Pa3oOpPAHHBIX BHI-
111e TPUEMOB, U TOAPOOHO OCTAHABIMBATHLCA HA DTOM MBI HE
Oyzem. >

Dra TeopeMa ybexkIaeT HAC B IPUMUTUBHOU PEKYPCHUB-
HOCTH MHOTHX JOBOJBHO CJIOXKHO OIPENeNsAeMbIX (DYHKIUH.
Hanpumep, paccMoTpuM GYHKIUIO 71— (7N-bII ACATAIHBIN
3HAK 9UCIa 7). U3BECTHO, YTO BEITUCAEHB] MULIMOHBI TAKAX
3HAKOB, TIO3TOMY €CTh BCE OCHOBAHUA IOJAraTh, ITO U3BECT-
HBIE AJTOPUTMEI PA0OTAOT HE CAUIIKOM J0Jr0 — ObLIO ObI
OYeHb CTPAHHO, eC/1u ObL BpeMst UX paboThl {JaxKe yIuThBas
Hey100CTBO MAIMHLL THIOPUHTA IJIA TPOrPAMMUDPOBAHIA)
HE ONEHUWBATOCH Obl, CKaxkeM, pyHKIUen ¢ X 2" mpu a0cTa-
TOYHO OOJBIIOM ¢. A Taxas OIEeHKA MPUMATABHO PEKYPCUB-
HA, 9TO IO3BOJSET COCAATHCA HA TOABKO YTO JIOKA3AHHYIO
reopemy. (Ha camom gese TyT Gosblion 3anac — Cymecrsy-
0T IPUMATHABHO PEKYPCHUBHEIE (DYHKIUH, KOTOPHIE PACTYT
ropaso oercTpee 2m.)

[llpyroe ommcanve KaaCCa TPUMUTHUBHO PEKYPCUBHBIX
dyuximu, 6omee MOHATHOE TPOrPAMMUCTAM: DTO (DYHKIUH,
KOTOPLIE MOXKHO BEIMUC/IATL IPOrPAMMOU, cogepxKaien if-
then-else-persienus u for-nuxier, Ho He cogepxkammue while-
MUKIOB (1 TeM 60Jee go t0 U PA3HBIX IPYTUX MAKOCTEN TUIA
U3MEHEeHnA mapameTpa for-umkaa BHYTPE nuKIA).

87. ChopmyampynTe u AOKAKUTE COOTBETCTBYIOIIEE yTBEP-
XK TEHUE.
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11.6. HacTu4HO peKypCUBHbIE PYHKLUM

OnepaTopbl IPUMUTHUBHON PEKYPCUU U MONCTAHOBKHU HE
BEIBOJAT HAC U3 KJIACCA BCIOAY ONpeneaéHubix ¢pyukmun. He
Tak OOCTOUT [ET0 C ONEPamopoM MUHUMU3AUULU, O KOTO-
pom MEI yxe ynomuHanu. O npumensercs K (k + 1)-mect-
mou ¢pyukumy f U 1aéT k-MecTHyO (PYHKIUIO ¢, OIpeme/s-
emyio Tax: g(Z1,...,Z) €CTh HAUMEHbIIee Y, A1 KOTODO-
ro f(z1,...,zk,y) = 0.

CMBICJ BRIJGJICHHBIX CJIOB ACEH, €Cau PyHKIUA f BCIOIY
ompepenerna. Eciu HET, TO TOHMMATDL UX HAJO TaK: 3HAYCHNAE
g(z1,...,2) pasHO ¥y, ecau f(x1,...,Tg,Yy) ONPELEIEHO U
paBHO HyJO, a Bce 3uadenus f(x1,...,yr,y’) upu y’ < y
OIIPENENEHBl M HE PABHBI HY.JIIO.

YacTo ucnonssyercs 0003HATCHTE

g($17~-~7$k) = Ky (f(xlw"vmkay) :0),

¥ IOTOMY OIepaTop MUHUMU3AUUY TakKXKe Ha3bIBalOT [4-0Te-
PAMOPOM.

AcHo, 9TO Takoe ompeaenreHre 00ECIeINBACT BHIMHC/IA-
MOCTB ¢, ecau BbramcauMa f (MbI mepebupaeM B TOPAIKe
BO3DACTAHUA BCE Y, OKUAAA TIOABICHUSA HYJICBOTO 3HAYCHUA).

88. Ilokaxwure, 94TO eCIM U3MEHUTH OIpPENeJeHUE U pas3pe-
mmts f(r1,...,%k,y’ ) OBITH He ompenenéuuniM mpu y < Yy, TO
QyHKIUA g MOXKeT OBITH HEBBHIYUCINMOU IIPY BBIYUCIAMON f.

Dyuxuu, moryIa0nmecs u3 6a3uCHBIX (HyJIs, IPOEKIIN
U npubaBIeHUs €IUHUIBI) C [IOMOIILIO OIEPATOPOB LOACTA~
HOBKU, [IPUMUATUBHOU PEKYPCUM X MUHUMU3AIUU, HA3BIBA-
IOTCS YaGCMUUHO PEKYPCUBHbIMY. Ecan Takaa QyHKIMI oKa-
3BIBAETCS BCIOAY ONPENENEHHOU, TO €€ HA3RIBAIT obfuepe-
KYpCusHol (PyHKIIUEN.

Takass cTpaHHAas TEPMUHOJOIWs, BUAAMO, CIOXKUIACH B pe-
3yJIbTaTE MEPEBOAOB C AHMNMIMUCKOro. [lo-anrauucku 6buim “prim-
itive recursive functions” (npuMuTEBHO pexypcuBHBIE (YHKIWIR).
3areM 6bLI0 JaHO Gomee obmee (general) MOHATHME BEIMUCIMMON
BCIOAY OIpPENeN6HHOU (DYHKUWM, X Takue HyHKIAU ObLIA Ha3Ba-
HbI “general recursive functions”. 3aTeM cTaau paccMaTpuUBaThL 1
gacTuanble (partial) Beraucamvbie GyskIMM, HasbBaa nx “partial
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recursive functions”. B pycckom xe s3bike caoBo “partial” moma-
JI0 He TYJa, ¥ BMECTO JaCTUIHBIX PEKYDPCUBHBIX (DYHKIUN CTAIA
TOBOPUTH O YACTUYIHO PEKYPCHUBHBIX (PYHKIWAX. 1a XKe y4acThb
IIOCTUIJIA U CIOBO “general”, KOTOpoe CTpAHHBIM 0GPa30M BOIILIO
B IpUIaraTelbHOEe «O0IepeKypCUBHAA» M O3Ha4YaeT, ITO (BYyHK-
oA BCIOAY OIpeeneHa.

Teopema 76. Beakas GyHKINSA, BEIMUCIUMAS C ITOMOIIBIO
ManmHbl ThIOPUHTa, SBISETCA YACTUIHO PEKYDPCUBHOU.

< IMycrs f — BBMEUCIMMAS ¢ TOMOIIBIO MAIIMHBL Thio-
puara (0603HAYNM 5Ty MammHy depes M) QyHKIUI 0THOTO
aprymenTa. Paccmorpum ceouctso 71'(x,y,t), cocTosiee B
TOM, 4TO MammHa M Ha BXoAe  HaéT OTBET y 3a BPEMs He
6omee veMm t. Kak MBI Bugenu Bhiie, 0 BXOAy MaimuHbl Thio-
PHUHIA U IO BPEMEHHU ¢ MOXKHO MPUMUTUBHO PEKYPCUBHO BbI-
YUCJIUTH €€ COCTOSHUE B MOMEHT £ SICHO, ITO MOXKHO TaKiKe
y3HaTh, 3aKOHYMWIA, JTU OHA PAOOTY, M eClIn 1a, TO OBLT JIX OT-
BeT paseH ¥. MTak, cBoucTso 1" TPUMUTUBHO PEKYPCUBHO.

Teneps 06bequHIM APTYMEHTHL § U t B TAPY € MOMOIIBIO
OPUMUTHUBHO PEKYPCUBHOU HYMEPALWH; MOJYIUTCSI IPUMU-
TUBHO pexypcusHas ynxmmsa 1", s xoropon T (x, [y, t]) =
=T(z,y,t); Temepb Mmoxuo Harmcath f(x) = py(p2T'(x, 2)),
rae p; AaéT TO HOMEpPY Maphl €€ MEePBLIN WIEH, & [z O3Ha-
YaeT «HaMMeEHBINee 2, NI KOTOPOro...». Takum obpa3ow,
dyukiua f ABIIETCS YACTUIHO PEKYyPCUBHOU. [>

Bepuo u o6parHoe:

Teopema 77. Besikas <acTUYIHO peKypCuUBHaA (HYHKITUA
BBEIUMCINMA Ha MammHe ThiopuHra.

< Jlerko HammucaTh TPOrpaMMy C KOHEIHBIM YUCJIOM II€-
PEMEHHBIX, BEIYUC/AIONIYIO JIOOYI0 YACTUYHO PEKYPCUBHYIO
GyHKIMIO (IOLCTAHOBKA CBOAUTCA K IOCIELOBATEILHOMY
BBIMIOJHEHUIO TIPOTPAaMM, PeKypcusi — K mukiay Tuna for,
MUHUMU3ANuA — K nukiay tuna while; o6a Buga mukios
JIETKO PEAIM3YIOTCA € TIOMOIIBIO ONEPATOPOB TIEPEXOIA).

IIocne aTOro ocTaéresa TOMLKO COCIATBCA HA TO, ITO BCA-
Kasi (PYHKIWS, BBIYACIACMAs OPOrPAMMON ¢ KOHEYHBIM Y-
CJIOM DErUCTPOB, BEIUUCAUMA HA MaluHe Thiopunra (Kak Mbl
Bugenu B pasgene 10.2; reopema 66). >
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TlosToMy ecam MBI BepuM B «Te3uc ThiopuHTa», TIACA-
AN, 9TO BCAKAA BEIYUCAUMAA (DYHKITUA BEYUCIAAMA HA Ma-
minae ThiOpMHra, TO MOMKHLI BEPUTH U B «Te3uC dépuan
(Besikast BerMuCIUMAs QYHKIMA 9aCTUIHO DEKYPCUBHA), TaK
9TO 3THU TE3UCHl PABHOCUIBHEL.

Ha camom gene mcropus 3mech CiaoXHEe W IPUMEPHO MO-
XeT ObITh ommcana Tak. OnpenereHre TPUMUTUBHO PEKYPCUB-
HOU yHKIME OBLTO HaHO BequkuM Jorukom Kyprom [émemem m
KCIOAB30BAHO KAK TEXHUIECKOE CPEACTBO IIPU A0KA3ATEIbCTBE
Teopemsl ['é€nens o HemomHoTe, B Hadaxe 1930-x romos. OH xe
Jaa ompejeneHue O0mepeKypCUBHON GyHKIuN (HE COBIAAAIOMIEe
C HPUBEAEHHBIM HAMHF, HO SKBUBAJICHTHOE €My). AMEPUKAHCKAU
aoruk Amonzo Yépu chopMyInpOBaI CBOU TE3UC A BCIOAY OIpe-
NeJEHHBIX (DYHKIWME, TIPEAIION0KAB, 9TO BCAKAA BEIYUCIUMAA BCIO-
oy ompenenéHHasA QYyHKIUA ABIACTCA OOMIEPEKYDCUBHOU. 3aTeM
aMEepPUKAHCKAN MATeMATUK KIWHU NpPENIOXWI PACIpOCTPAHUTH
3TOT Te3uc Ha PYHKIUHA, He ABIAIOLIUECT BCIOAY OIPEeIEHHBIMU.

TapamrenbHO AHTIXUCKAN MATEMATHK THIOPUHAT U aMEPUKAH-
ckmit MaTeMaTuK [loCT mpefroxmin cBom MOgear abCTPAKTHBIX
BBIYUCINTEIbHBIX MaumH (MaumHsl Thiopurra u I[locTa), oTanda-
IOIINECH UMb HEKOTOPEIMHA 1€TATAMME, ¥ BEICKA3A/IN IPEATION0Ke-
HEE O TOM, ITO TAKUE MAIIVHBL IOKPBIBAIOT BECH KJIACC AICOPUT-
MHUYECKUX NIPOLECCOB. BCKOpe €Talo sACHO, 9TO BBIYUCIAMOCTH
GYHKIUE Ha TAKMX MAIIMHAX PABHOCHIBHA TACTHIHON PEKyp-
cusnoctu. (McTopuieckue moApo6HOCTH MOKHO Y3HATD M3 KHUTH

Tax miu mHAYE, CeUvIac BBIPAKEHUA «Te3uC ThIopuHra», «Te-
3uc Yépuar, «resuc Ilocrar m T.1m. 06BIYHO ymOTpPeOIAIOT KaK
CHMHOHMMBI: 3TU TE3UCHI YTBEPXK AAI0T, 9TO UHTYUTUBHO IOHNMAEC-
MBIH KJIaCC BEIYUCANMBIX YaCTUYHBIX (QYHKIUN COBIALAET C Pop-
MaJBbHO ONPEeJeIeHHBIM KIACCOM YACTHIHO PEKYDPCHUBHBIX (DyHK-
it (Tesuc épya), BEIMUCINMBIX HA MAMIMHAX ThIOPUHTA (QYyHK-
mmit (resuc Teropwmara) m T. 1. [Ipm TakOM MOHMMAHAU MOXKHO
[JOKa3aTh PAaBHOCHIBHOCTH BCEX DTHUX TE3MCOB, TAK KAaK BCE M3-
BECTHBIE (POPMATHLHBEIC OMPENEICHUA BEIMUCIUMOCTHU (TACTUIHAA
PEKyPCUBHOCTD, MAIIXHEL ThIOpDUHTA U T. J.) IPUBOAAT K OJHOMY
7 TOMY XK€ KIacCy HpyHKIWIL.

(BameTmM B CKOOKax, ITO €mE OQHA BBITUCIATEIBHAT MO-
eI — HOPMAAbHbIE AA20PUPMbl, MU as2opummb, Maproea, ObI-
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mn  mpeanaoxkensl Auapeem AnpgpeesmdeM MapKOBBIM-MIAIIINM
(cBIHOM CTapIIEro, B 4€CTH KOTOPOT'O HA3BAHBI MAPKOBCKWE IICIH
¥ MapKOBCKHE IIPOLECCHI). JTo 06110 yxke B 1950-re roger. Map-
KOB IIUCAT CIOBO as20pudm depes «g. COOTBETCTBYIOIIUN TPUH-
mun (BCAKME aaropugM SKBUBAJICHTEH HODMATIBHOMY) OH Ha3bl-
BAI NPUKHYUNOM HOPMAAU3ayuL. B ero paboTax HOpMAaJILHBIE AJ-
rOpudMbI UCTOIL30BAMUCH MJIA IIOCTPOEHUA HEPA3PEIINMOro ac-
conmaTuBHOTO ucuncreHusa (cm. pasgex 9.4). Kpome Toro, Map-
KOB PEATbHO BBIMHACAI BO BCEX METANAX KOHCTPYKIMIO yHUBED-
CATBHOTO AATOPUTMA U MPOBEA TOTHOE JOKA3ATEILCTBO €r0 KOP-
PEKTHOCTH; KaXeTCsA, DTO TOCTIKEHWE OCTAETCA HUKEM He IO-
BTOPEHHBIM — HHM y KOT'O 0OJblIe He XBATUIO HACTOMYUBOCTH,
4TOOBI NJIA KAKOT'O-TO SA3BIKA MPOTPAMMUPOBAHUA HAMUCATH HA
STOM A3BIKE €r0 NHTEPIPETaTOP U (POPMAIBLHO JOKA3ATH €ro KOp-
PEKTHOCTE. )

Harmre nokazaTenbcTBO TeopeM 76 u 77 MO3BOISIET TaKkKe
MOJMYIUTH TAKOE CJAEICTBUAE, HA3BIBAEMOE WHOTIA TNeopemot
Kaunu o nopmaavnoti opme:

Teopema 78. Beakas yactudno pexypcusHas GyHkius f
IpeacTaBAMa B BUAE

f(x) = a(pz(b(z, 2) = 0)),

rage a u b — HEKOTOpPBIE IPUMUTHUBHO PEKypPCUBHBIE (YHK-
LIWH.

<1 B camowm mene, 11062 JACTUTHO PEKYPCUBHAT (DYHKITHA
BRIYMCINMA HAa MalmHe ThIOpUHTA, a CJeTOBATEIbLHO, Pe-
CTaBMMa B HY?KHOM HaM BH e, KaK BUIHO U3 JOKa3aTeJbCTBA
Teopemsl 76 (B kadecTBe a 6epéTcsa QYHKIMS, JAIOLIMN ep-
BBII “IEH Naphbl 110 eé HoMepy). >

Mer chopMyampoBanm Ty TEOPEMYy MLJIA CAydas OXHO-
MECTHOU (DYHKIUU f, HO AHAJOTWYHOE YTBEPKICHUE BEPHO
1 1A GYHKIUN HECKOIBKUX apTyMEHTOB (U [OKA3ATEAbCTBO
MOYTHU HE MEHAETCA).

89. IloxaxwuTe, 9TO OQHUM [4-OIEPATOPOM, IPUMEHSIA €ro I0-
caegHUM, He 0OOUTHUCH: HE BCAKASA IaCTUIHO PEKypDCUBHAA QyHK-
ouA IpeJcTaBAMA B BHJeE

f(z) = pz(b(z, z) = 0)
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rae b — HEKOTOpas NPUMUTUBHO PEKYPCUBHASA hYHKIIUI.

W3 Teopevbr Kiauun 0 HOpMAILHON (pOPME BEITEKAET Ta-
KO€ YTBEpXKIeHUe:

Teopema 79. Beskoe nepeducanmoe MEOXKECTBO €CTh IIPO-
eKIUs IPUMATABHO PEKYPCUBHOI'O MHOXKECTBA.

< Ilepeuncanmoe MHOXKECTBO €CTh OOIACTD OIIPEIeNeHNs
PEKYDPCUBHOU (DYHKINY; MIPEJACTABUE €€ B HOPMATBHOU (HOp-
Me, BUAUM, ITO 0OJaCThb ONPENETeHNUs eCTh MPOEKINI MHO-
xecrsa {(z,2) | b(z,z) = 0}. >

11.7. BbluncammocTb C opaKynom

Ormpejenenne Ka1acca IaCTUYHO PEKYPCUBHBIX (DYHKITAN
JIEPKO MOAUMDUIUPOBATE IJIA CIy9as BLIMUCIUMOCTH C OPAKY-
aom. IlycTh mmeeTcs HEKOTOpas BCIOLY OnpenecéHnas QpyHK-
nus «. Paccmorpum kaace Fla], koropeit cocrour u3 Ga-
3UCHBIX (PYHKIIUN, PYHKIIUA (¢ U BCEX APYTUX (PYHKIIUHA, KO-
TOPBIE MOTYT OBITH M3 HUX TIOAYYEHBI ¢ TIOMOIIBI TONCTA~
HOBKU, IPUMATUBHON PEKYPCUN W MAUHUMUI3ALINN.

(PopmanbHO MOKHO cKa3aTh Tak: Fla] ecTh MUHUMATL-
HBLI KJAACC, KOTOPBIU COAEPKUT Ga3uCHBEE QyHKIMM, (yHK-
U0 (¢ U 3AMKHYT OTHOCATEIBLHO TOICTAHOBKHU, TPUMUTHB-
HOU PEKYPCUM ¥ MUHUMUANAA. Takon MUHUMATBHBIN KIACC
CYLIECTBYeT — MOCTATOYHO B3ATH MEPECEeYEHNe BCEX KJIaC-
COB C DTUMU CBOUCTBaMHU. )

Teopema 80. Knacc Fla] cocrour us Beex HpyHKUMN, BbI-
YUCAUMBIX C OPAKYJIOM ¢ (TO eCThb C IOMOLIBIO IPOIPAMM,
BBI3LIBAIOIIAX (¢ KAK BHEIHIOK IPOIEAYDPY).

< Tpexme BCEro saMeTuM, UTO BCe (PYHKIUA U3 KIAC-
ca Fla] BBIMUCAMMEL C IOMOIIBIO TAKUX IPOrPAMM. ITO
MOXKHO OOBACHUTDL, HAIPUMED, TAaK. IIporpamMMel ¢ KOHed-
HBIM 9UCIOM II€PEMEHHBLIX BEIMUC/IAIN BCE TaCTHUIHO-PEKyD-
cuBHBIE (QyHKIUA. Ecam 106aBUTHL K HAM TPUMUTHUBHYIO
OTEepAIWI) BLIYACICHUA 3HAYEHUA QYHKIUU @ B 3aJaHHOU
TOYKE, TO OHU TOYHO TaK XK€ OyIyT BBUUCIATH BCE (DYHK-
nuu u3 xaacca Flal.

Bonee comepxaTeabHo 06paTHOE yTBEPKIEHUE: MBI XO-
TUM JOKA3aTh, YTO €CJAN HEKOTOPaA (IaCTUIHAA, BOOOIIE TO-
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BOp#A) QYHKINA BHIYUCAUMA OTHOCUTEIBHO (¥, TO OHA MOXKET
OBITH TMOMYYEHA U3 GA3UCHBIX (PDYHKIUA U U3 (¢ C MOMOIIBIO
MOACTAHOBKY, PEKYPCUU U MUHUMUBATIUN.

11 >TOr0 BCIOMHUM KPUTEPUA OTHOCUTEJLHOU BLIYH-
CJIMMOCTH, JAHHBIM HAMU BbILe B pasgene 7.2 (reopema 45).
Mycts QyHKIUMS f BBIMUCIMMA OTHOCUTEIBHO BCIOLY ONpe-
genéuaon (pyHKIM . Torga, Kak MBI 3HAEM, CYIIECTBYET
nepedIncanMoe MHOXKecTBO W Tpoek Buma (x,y,t), roe x
U y — HaTypaJbHbIE UKMCIA, a ¢ — 00pasusl (pyHKIUU C
KOHEYHOU 00/1aCTBIO OLpPeeIeHus), KOTOPOe SIBAAETCA KOP-
PEKTHEIM (TPOUKK C OAUHAKOBBIM I, HO DasHBIMU Y COAEp-
XKAT HECOBMECTHBIE OOPA3IIHI) U IJA KOTOPOTO

flz) =y e 3t ((z,y,t) € W n t ectp 9acTh QyHKIUM *).

Mur cervyac MOKAXKeM, YTO CBOUCTBO «f €CThb 9aCThb (PYyHK-
AU (» ABIACTCA TPUMUTUBHO PEKYPCUBHBIM OTHOCUTEIh-
HO (v: M0 XapaAKTEPUCTUIECKAS PYHKITIA TTOAYIALTCA 13 Oa-
3UCHBIX PYHKIUY U U3 (¢ C TOMOIIBIO OIEPAIIUY IO ICTAHOBKY
u pexypcuu. (Hamomuum, 40 MBI 0TOXK gecTBIsIEM 06PA3LBL
€ UX HOMEDPAMU B KaKOU-TO HyMepaluu; o eé BLIOOpe CM. Hu-
xe.)

ITocae »Toro ocramercs szamucath W Kak TpPOEKITHIO
NPUMUTUBHO DPEKypcuBHOrO MHOXecTma ((r,y,t) € W <
< Ju (v(z,y,t,u) = 0), roe v IPUMUTUBHO PEKYPCUBHA), U
3aMeTUTh, YTO

f(@) = pr(pz v'(2,2) = 0).

3pech v — OPUMHUTUBHO PEKYPCUBHAA OTHOCHTEIBHO
¢yukuus, pias koropou v'(z,[y,t,u]) = 0 Torga u TOABKO
Torga, xkorga v(z,y,t,u) = 0 u ¢ ecrb 4acTh QyHKUUM @, &
(OYHKUUA py BEIIETAET U3 HOMEpA TPONKM [y, t, 1] eé mepBuIn
qIeH Y.

Ocrasocs mokasaTh, 4TO MHOXKeCTBO {¢ | oGpaser ¢ Ho-
MepOM ¢ eCTh 9aCTh (PYHKIUY (| ABAAETCA IPUMATHBHO De-
KYPCHBHBIM OTHOCHTEILHO (. IIpu JOKa3aTeIbLCTBE MEL Oy-
IeM TIPEANOIaraTh, YTO HyMepanua 0OpasIiloB TAKOBA, 9TO
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caenyomue (PyHKIUNA TPUMATUBHO PEKYPCUBHEL (OHU OTpe-
JeJeHbl 118 00PA3IOB ¢ HEMYCTOW OOJACTBIO OTMpeTeJeHI;
[UIS TIyCTOrO 00pasia NOOMpeIeIuM UX KaK yTOIHO):

o last-x(#) — mHamboabluee u3 YMces, HA KOTOPOM OIpe-
nenés obpasel; ¢ HOMEPOM ;

o last-y(f) — smauenve QpyHkuuu-o6pasna ¢ HOMepoM ¢
B MaKCHMAJLHOU TOYKE CBOEU 0OJIACTHU ONpPEIeJeHUS;

o all-but-last(¢) — nomep o6pasua, KOTOPBIU LOLY IUTCS
13 00pasua ¢ HOMEPOM ¢, eCIH Y JATATH MAKCAMAILHY O
TOYKY OOJACTHU OMPEICTCHUS.

Torga MOXHO 3AMKUCATH TAKOE DEKYPCUBHOE OIMpenese-
HEE: oOpa3el] ¢ HoMepoM ¢ eCTh 1aCTh (PYHKIINU (v, €CIN JUOO
aror obpasen nycr, aubo «(last-x(t)) = last-y(t) u obpasen
¢ nomepom all-but-last(t) ecrs wacTh GyHkuuu Q.

ITO OmpeeNeHre UCIOMb3YeT «(BO3BPATHYIO PEKYDCHUION,
KOTOpast pazobpana B Teopeme 74 (c. 164); 3nauenue QpyHk-
UK OPEEIAeTCA PEKYPCUBHO Uepe3 e€ 3HAYEHUA B MEHb-
mmx Touykax. Hamo ToOabko BHIOpaTh HyMepanuio o0pas-
1oB Tax, 4To0sl all-but-last(t) Obwi0 Menblue ¢ g1s BCex t.
DTOT0 HECTOKHO TOOUTHLCA: HAIPUMED, MOXKHO HyMEPOBATH

006pa3ubl ¢ MOMOIIBIO IIPOCTHIX YUCEN, CUYUTas, 4TO obpa-

serr {{(a,b),..., (e, f)} umeer HOMep p&bﬂ) .. .pgfﬂ), rae

P; — TPOCTOE YUCIO C HOMEPOM § (TaK 4TO py = 2, p1 = 3,
P2 = 5, . ) >

3aMeTuM, 9YTO JOKA3ATEJLCTBO CTAJI0 OBl HEMHOIO IIPO-
1€, eCAY UCHOIL30BATH TOABKO «CILIOMIHBIE 06pa3uby (06aa-
CTBIO ONPENEICHUs KOTOPLIX ABJIAETCA HEKOTOPLIA HAYa/lb-
HEI OTPE30K HATYPAJBHOTO PALa) — TONIA MOXKHO HAYATH
€ TOrO, YTO YCTAHOBATH MPUMUTHABHYIO PEKYPCABHOCTD (OT-
HocuTensHO ) pyukmuu n — [a(0),a(l),...,a(n)]. Jerko
[OHATL TaKXkKe, YTO B ONPEIEJEHUM OTHOCUTEJLHOU BLIYU-
CJAUMOCTH MOXKHO OI'PAHUYUTHCA TOJIBKO CILIOIIHBEIMUY 00pa3-
IIaMMU.
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11.8. OueHkM CKOpPOCTU pocCTa.
PyHkumnsa AkkepmaHa

O6parumMcs Tenepb K BONPOCY, KOTOPHIU MOKHO OBLIO Obl
3aaTh yKe JaBHO: CYMIECTBYIOT JU OOGIIEPEKYPCUBHBIE, HO
HE TPUMUTHUBHO peKypcuBHbie ¢hyukunn? Mol mpuseném asa
JOKA3aTEILCTBA CYIECTBOBAHNUA TAKOBHIX. [lepBoe ucxoaur
13 O0IKX COOOPAXKEHUI:

Teopema 81. CymiecTByeT BCIOIY ONpEIeIEHHAA BEIMACIA-
Masd PYHKIMA IBYX APIYyMEHTOB, YHUBEPCATLHAA IJIA KIACCA,
BCEX NPUMUTHUBHO PEKYPCUBHBLIX (DYHKIUN OMHOTO apryMeH-
Ta.

OdeBugno, uro ecaum U — Takasa QyHKOUA, TO (PyHK-
s d, gas xoropon d(n) = U(n,n) + 1, 6yaer Bcioy onpe-
JEeJEHHON, BEIYUCIUMON U OYA€T OTANIATHCA OT JIOOOU MPHU-
MUTUBHO PEKyDCUBHOU (PpyHKUIuK (OT 1-Ol — B TOUKE 7).

<1 Beakas npuMEATUBHO PEKyPCHBHAA (PYHKIWA TIOLYIa-
eTca m3 6a3MCHEIX C IOMOIIBIO HEKOTOPOU TOCAEN0BATENTLHO-
CTH OIEPanui IMOACTAHOBKYA M PeKypcuu. JCHO, 9T0 Takyio
MOCAE0BATEILHOCTE MOXKHO OMUACATH CIOBOM B KOHETHOM
anpaBuTe — TAK CKA3aTh, IPOrPAMMOA (B KOTOPOU MOCJIE-
JOBATEJBHO OMPEIEIAIOTCA PAIMYHLIE TPAMATUBHO PEKYP-
CUBHEIE (DYHKIIMHY ¥ 1A KK IOW HAITMCAHO, 3 KAKUX APYTHX
OHA [OJIYy4aeTCs U C HOMOLIbI0 Kakux omepaumil). U3 Bcex
mporpaMM OTGEpEM MPOrpaMMBL A OJHOMECTHBIX (DYHK-
i (pasyMeeTcs, B KAa4eCTBE NMPOMEXKYTOUHBIX (DYHKITAN
MOYKHO WUCTOJIB30BATE (PYHKIAU C JHOOBIM UUCIOM apryMeH-
T0B). MHOXECTBO Takux IPOrpaMM PaspermMo, UX MOXKHO
IPOHYMEPOBATH BEMUCIUMEIM o6pasoM. Dyukuus (n,x) —
— (pe3yapTar npUMeHeHWs (QYHKUUM, 33JAHHOU [IPOrDaM-
MO HOMED 71, K 9UCAY ) GyIeT BEMMUCIAMA U 1O TIOCTPOE-
HUIO OyJeT YHUBEDCATBLHON JJIA KJIACCA TPUMUTUABHO PEKYD-
CUBHBLIX (PYHKIWN. >

O 1HAKO MHTEPECHO YKA3aTh U 60ee KOHKPETHYIO TP~
HY, MEMIAIONIYI) HEKOTOPEIM BEIMUCIMMBIM (PYHKIMAM OBLITH
OPUMATUBHO PEKYPCHBHLIMEM. BOT OnHA 13 BO3MOXKHOCTEN:
TPUMUTHUBHO PEKYPCUBHEBIE (DYHKIUN HE MOTYT OBLICTPO pa-
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cTU. DTa uies BOCXOINT K AKKepMaHy, KOTOPHIU MOCTPOUT
(DYHKIW, PACTYIIYIO OBICTPEE BCEX MPUMUTUBHO PEKYPCUB-
HBIX — Piynkyuio Axkepmana. Cerraac MBI M3I0KUM DTY KOH-
CTPYKIMIO (XOTs AeTalu IMOCTPOEHUs Oy AyT UHBIMHU).

Onpegenum mocae0BaTeIbHOCTD (PYHKIUU (g, O, . . . OT
omuoro aprymenTa. (Bce st dpyHkumu 6yayT BCIOLY ONpe-
nenéuabivu.) Momoxum ag(x) = x + 1. Oupenenss a;, MBI
Gymem mCrmop3oBaTh Takoe oGosmatenme: fI(x) osmara-
er f(f(...f(z)...), rae dyuxuus f wucnoabsoBaHa n paa.
Tak BoT,

ai(z) = "} (2)

(movuemy yg06HO IPUMEHATEH (DYHKIMIO (v;_1 POBHO Z + 2 pa-
32, Mbl YBUIUM 4UyThb LO3XKeE).

OdeBngnbie CBOMCTBA ((POPMATBLHO UX MOXKHO NOKA3aTh
O MHIYKIIAN):

e «a;(x) > x npu BCex i U x;
e «;(x) BOBpACTAET ¢ BO3PACTAHUEM I;

e «;(z) Boszpacraer ¢ Bo3pacraHueM ¢ (AL KAXKIOO
(PUKCUPOBAHHOTO I);

o a;i(z) =2 a;—1(ai-1(x)).

Termepb MOXHO ONEHUTH CKOPOCTH POCTA JIOOGOU MPUMU-
TUBHO PEKYPCUBHOUN (DYHKITUH.

Teopema 82. Ilyctp f — OPUMUTUBHO pEKYpPCHUBHAS
¢yukima n aprymenros. Toraa maugérca rakoe k, 9TO

flz1,...,2,) < ag(max(zy,...,z,))

IIDU BCEX T1,...,Tn.

<1 N gest mpocTa — MOMKHO OIEHUTH CKOPOCTb POCTA, KOM-
mo3utuy GyHKIWN, 3HAS OIEHKY JJA KAXKI0U U3 HUX; aHAJIO-
IUYHO 111 pexkypcun. PopManbHO [OBOPS, JOKA3ATEIHECTBO
KCHOJNB3YEeT (MHAYKIWIO 10 IIOCTPOEHUIO» NPUMUTUBHO De-
KYPCUBHBIX (DYHKITUN.
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11 GasucHBIX (DYHKINU yTBEpXKIEHUE OdeBHAHO. Ilo-
CMOTPUM Ha MOJACTAHOBKY. IlycTh

f(@) = g(hi (@), ..., ha(x))

(I KPATKOCTM MBI IUIIEM ONHY OyKBY &, UMEA B BUAY
BEKTOP mnepeMeHHBX). IlycThb «y ouenHmBaeT Bce (yHK-
muu hy,...,hy w dyskouio g ceepxy, To ecrb hi(x) <
< ay(max(z)) opu Beex ¢ m 2, a Takxke g(y) < ay(max(y))
(3mech max(u) 03HAYAET MAKCUMAJIBHBIN DIEMEHT B Ha0O-
pe u). Torga f(x) He mpeBoCXOAUT

an(max(hi (z),...,h(z))) < anv(an(z)) < ansi(x)

(MBI TIONB3yeMCA YKA3AHHLIMA BLIIE CBOUCTBAMEU (DYHK-
o ;).

Toxoxke (HO HEMHOI'O CJOXKHEE) €10 OOCTOUT € PEKYPCH-
en. IlycTs pyHKIMA f ONpEACTACTCa PEKYPCUBHO:

f(z,0) = g(x);
f(@,n+1) =h(z,n, f(z,n)).

(3mecy ¢ Takxke 00O3HAYAET HAOOD HECKOMBKUX [EPEMEH-
BeX.) [IycTs GyHKIUE g U /) OUEHUBAIOTCA CBEPXY (PYHKIIH-
en ay. Torga

f(z,1) = h(z,0, f(2,0)) < ay(max(z,0, f(z,0))) <
< ay(max(z,0,any(max(x)))) < an(ay(max(z)))

(B mOCIEIHEM IIEPEXOe MBI IOIB3YEMCS TeM, IT0 oy (t) > ).
Ananoruano f(z,2) < ay(ay(ay(max(z)))) u Boobme

flz, i) < oc[li,ﬂ} (max(z)) < ays1(max(i, max(z))),

qTO U TPeOOBATOCH J0KA3aTh. [>

3aMeTHuM, 9TO KaXKIbIM OMEPATOP TOJACTAHOBKYA WUIA PE-
KYpPCHU YBEJUYMBACT HOMED BEPXHEH OIEeHKH Ha 1, Tak 4To
dyuxius, B onpegenenur kKoropou He 6omee 100 omepaTopos,
pacTéT He OLICTPEE (101 -
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OueBNIHLIM CACACTBUEM TOJYIECHHOU OINEHKU ABIACTCA
TAKOE YTBEDXKJIEHUE:

Teopema 83. ®yukuma A(n) = a,(n) pactér GwicTpee
JI000U IPUMUTUBHO PEKYPCUBHON (DyHKIWX.

Ormerunm, 4To oupegenenue Gpyukuuu Axkepmana (Tou-
uee, pynknmu (n,x) — «p(r)) BOOIHE MOXHO HA3BATH De-
KYPCHUBHBIM — OJIHO 3HAYEHUE DTOU (PYHKIUY OMPEIeIIeTCA
qepes Apyrue, ¢ MEHBIINM MePBBIM apryMmeHToM. OHO SBJIS-
€TCsl IPUMEPOM PEKYPCUBHOI'O ONPENETEHNUs, HE CBOIAMIEr O
€A K IPUMUTUBHOU PEKYPCUM.

90. IloxaxxuTe, ITO MPAMOK MEPECIET (B BO3PACTAIOIIEM MO-
pagke) GECKOHEYHOr0 NPUMWTUBHO PEKYDPCHUBHOTO MHOXECTBA
MOXET He OBITH IPUMUTHUBHO PEKYDPCUBHOU (DyHKIIUEN.

91. IlokaxuTe, 9TO YHKIUA, 00paTHAA K NMPUMUTUBHO pe-
xypcusHou Omexnun i: N — N, MoxeTr He OBITH IPUMUTHUBHO pe-
KyDCHUBHOU.

92. TokaxwuTe, 9TO AJ1A TI000U O JHOMECTHOU TPUMUTUBHO Pe-
KypCUBHOU GYHKIWZ h ¥ A1 I060U TPEXMECTHOU IPUMUTHUBHO
PEKypPCUBHOU QYHKIUY § PEKYPCUBHOE OIPEAETCHNAE

f(2,0) = h(z);
flz,i+1) = g(x,1, f(2z,1))

3a4a€T NPUMUTHABHO PEKYPCHUBHYIO (DYHKUIUIO.
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