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[Npeancnosue

Ilpemnaraemast BanieMy BHUMAHUIO KHUTI'A HAMCAHA 110
MaTepUuaAIaM JeKIUN [ MJIAJIIEKYPCHUKOB, KOTOPLIE Hh-
TAJIUCh ABTOPAMHU B Pa3HbIE T'OMBI HA MEXaHUKO-MATEMATH-
geckoM dakyabrere MI'Y. (B ary ke cepuio Bxogar xkHuru
«Asbiky u ucuancaeHus u «BrraucIUMEBE QYHKINNY.)

OCHOBHBIE TIOHATUA TEOPUA MHOXKECTB (MOIIHOCTH, Op-
JQUHAIbL, TPAHCHUHUTHAL UHAYKIWA) BXOLAT B IUCJIO BEILEH,
KOTOpPBIE XOPOIIO OBI 3HATE JIOOOMY IPAMOTHOMY MATEMATHU-
Ky (Jaxe ecim OH HE ABIACTCA MATEMATHIECKUM JOTMKOM
iy o6y TonoaoroM). OBBIMHO PO HUX KOPOTKO IUILILYT
B IEPBBLIX [VIABAX YIEOHUKOB aHAIN3A, AareOphbl Wil TOMOJIO-
WU, CTEIIA MEePEeNTH K OCHOBHOW TeMe KHUTHM. A Xaib —
IpeaIMeT JOCTATOYHO WHTEPECEH, BAXEH U IIPOCT, ITOOBI
pacckasaThb O HEM HE TOPOILCH.

NMeHHO TakoW MOMYJIAPHBIN PACCKA3 MBI TEITAIACH Ha-
MUCATH, UMEs1 B BUIY CAMBIX PA3HBIX YUTATENEN: OT MOJ-
COTOBJEHHOTO IIKOJIBHUKA (3aXOTEBIIEr0 TEPENTH OT 0661
HA OJUMMMAIAX K UEeMY-TO 60Jee OCMBICACHHOMY) 10 TIPO-
(PeCCUOHAIBLHOI0 MaTeMaTuka (PEeLIMBIIEr0 IPOYUTATL [0
IOpOre Ha OTABIX, YTO YK€ TaKOe TPAHC(HUHUTHASA UHIYK-
1w, KOTOPYH Beeraa 3aMersaoor aemmon Llopra). [uaa 6oree
nOAPOOGHOT0 3HAKOMCTBA ¢ TEOPUEH MHOXKECTB YUTATENb MO-
KET OOPATUTHCA K APYTUM KHUTAM (HEKOTODHIE U3 HUX I16-
PEYUCIEHb B CIIUCKE JUTEPaTypH Ha ¢. 120).

ABTOpBI TOAB3YIOTCS CaydaeM HOGIarogapuThb CBOErO
yuurens, BaaguMmupa AmnapeeBuda YCIOEHCKOTO, JEKIUH,
TEKCTHI ¥ BBICKA3LIBAHUA KOTOPOrO TOBIUAIA Ha HUX (U
HA COLEDPMKAHWE DTOU KHUI'M), BEPOATHO, AaxKe B OGOabILen
CTENeHu, 9eM ABTOPHBI 3TO OCO3HAIOT.

Ilpu moAroTOBKE TEKCTa MCMOMB3OBAHLI 3amucu A. En-
¢umbesckoro u A.Pomamenko (koTopblil Takxke Ipodén
MPEIBAPUTEAbLHLIN BAPUAHT KHUTU U HAMET TAM HEMAJO
OIIMOOK).

OpurvHaI-MakeT IepBOro U3JAHUA KHATKA TOATOTOBIEH
B.B. IlysasoBeiv; 6e3 ero HACTOUYUBOCTH (BILIOTH JO T'O-
TOBHOCTHU PA3MNEIATh OTBETCTBEHHOCTH 33 OIIUOKH) OPUTH-
HAJI-MaKeT B[ JU HOABUICS ObI K KAKOMY-IUOO0 CPOKY.
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ApTopur npusaarensaer Ecole Normale Supérieure de Ly-
on (Ppannus) 3a NOZAEPKKY U [OCTEIPUUMCTBO BO BPEMs
HAMUCAHUA DTOU KHUTH.

TlepBoe um3gaHWe KHUTH CTAJO BO3MOXKHLIM Oiarogapsa
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Takxke U.B. flulenko, KOTOPBEIN yroBOPWI aBTOPOB TOAATH
TyIa 3aABKY.

Haxowren, Mbl 6arofapum COTPYIHUKOB, ACIHAPAHTOB
U CTYyAeHTOB Kadeapbl MATEMATUIECKOUN JOTUKU MEXMATA
MI'Y, a Takke BCeX yIACTHUKOB HAIUX JEKIUA W CEMUHA-
POB U YUTATENEH NPEABAPUTENLHEIX BAPUAHTOB DTOU KHUT'H.

IIpocum coobIaTh 0 BCEX OMMOKAX U OMEYATKAX aBTO-
pam (BJIGKTpOHHBIe aapeca ver at mccme dot ru, nikolay
dot vereshchagin at gmail dot com; shen at mccme dot ru,
alexander dot shen at 1if dot univ-mrs dot fr; mouToBBIM
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HOI'0 BO BTOPOM U3JAHUK [I0 BUHE ABTOPOB) BOCIPOU3BOLUT
BTODOE.

H. K. Bepewaeun, A. Hlews



1. MHoXecTBa U MOLHOCTM

1.1. MuoxecTBa

OcHOBHBIC TOHATHA 1 O6O3H3,‘{€HI/I}I7 CBA3aHHBIC C MHOXKe-
CTBaMM1 W OII€pallUAMU HaAJd HUMHA:

o Mnoacecmea COCTOAT U3 dAeMeHMO6. SanuchL £ € M
O3HAMAET, ITO T ABIACTCSI DIEMEHTOM MHOXKecTBa, M.

e [opopsar, uro MHOkecTBO A saBiaseTca nodmmosice-
cmeom MHOXKecTBa B (samucs: A C B), ecim Bce
DJIEMEHTH A ABIATCA DaeMeHTaMn B.

o Muoxecrsa A u B pasuv (3anuce: A = B), eciu oHu
COZEPIKAT OTHU U TE Ke SIEMEHTHI (IDYTUME CJAOBAMHE,
eciu A C Bu B C A).

e Ecim A — mommuoxkectBo B, He paBuoe Bcemy B,
TO A HA3BIBAIOT COOCMGENNbLM TOIMHOXKECTBOM B (3a-
mncek: A C B).

e Jlycmoe MHOXKECTBO & He COAEPKUT HU OTHOT'O Die-
MEHTa ¥ SABMAETCSI MOIMHOXKECTBOM JIOO0I0 MHOMKE-
CTBA.

o Ilepeceuenue A N B nByx muOoX)ecTB A m B cocTout
U3 DJIEMEHTOB, KOTOPLIE IIPUHALIEXKAT 000UM MHONKE-
crBaM A u B. 9TO 3aIUCEIBAIOT TaK:

ANB={z|z€Auxc B}
(auTaeTca: MHOXKECTBO TaKUX &, 9TO... ).

o Ob6wvedunenue AU B cocTOUT U3 DJIEMEHTOB, KOTOPHIE
IPUHAIICKAT XOTA OBl OMHOMY U3 MHOXKeCTB A u B:

AUB={z |z € Awnm z € B}.

e Pasnocms A\ B COCTOUT U3 DIEMEHTOB, KOTOPHIE TIPU-
HagnexaT A, HO He mpuHALIEXKAT B:

A\B={z|z€Anz¢ B}
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Ecau MmuO)ecTBO B ABIAETCA TOIMHOXECTBOM MHOXKE-
crBa A, pasHocts A\ B HaspiBaoT Takxe donosneni-

em B do A.

o Cummempuueckan pasznocmv A /A B cocTtouT u3 die-
MEHTOB, KOTOPHIE MPUHALIEKAT POBHO OJHOMY W3
MHOXKeCcTB A n B:

AAB=(A\B)U(B\A)=(AUB)\ (AN B).

e "epes {a,b, c} 0003HATAETCA MHOKECTBO, KOTOPOE CO-
OEPXKUT DIAEMEHTEI &, b, ¢ U He comepxuT apyrux. Ecan
cpenu a, b, ¢ eCTb paBHBIE, OHO MOXKET COACPKATL OIUH
mam nBa »aeMenTa. IlonoGHOE 0603HAMEHME MCTOMB3Y-
eTca U B MeHee (POPMATLHLIX CHTYAIMAX: MHOXKECTBO
WIEHOB TOCIEIOBATEABLHOCTH dg, A1, ... 0O0BHAIACTCA
{ag,ai, ...} mm naxe {a;}. Boree akKypaTHas 3amnCh
I/ TOrO 2Ke MHOXKeCTBa TakoBa: {a; | i € N}, roe N —
MHOXKeCTBO HaTypanbubrx ducea {0,1,2,...}.

IloraTNe MHOXECTRA TOABUIOCH B MATEMATHUKE CPABRHU-
TeJbHO HETaBHO, B KOHIe 19-ro Beka, B cBA3u ¢ paboTamu
Kanropa (cpaBHeHue MOIIHOCTEN MHOXKECTB), O KOTOPBIX
nongéT peds gaabiie (pasgen 1.3 um caepyiomme). Hexoro-
poOe BpeMsa Ha3ag STOT A3bIK [MLITAINCH BHEAPUTH B MIKOIb-
HOE MPEnoJaBaHue, OObACHAA YIEHHKAM, 9YTO y yPABHEHUA
2241 = 0 ecTh MHOKECTBO peImeHuH (BIpoYueM, mycToe), IT0
MHOXKECTBO PELIEHUY CUCTEMBL Yy PABHEHUN €CTh IIEPECEeICHUe
MHOXKECTB PELICHUI KAXK 00 U3 HuX (& A/ «COBOKYIIHOCTI
ypaBHeHNN — OOBeJUHEHNe), ITO B MHOXecTBe {2,2,3} He
TDPU DIEMEHTA, a ABA, U OHO PABHO MHOXeCTBY {2,3}, 94T0
o, {2} u {9,{g}} — >T0 Tpu COBEPLIEHHO PA3BHBIX MHO-
xKecTBa u T. 1. Ho BCé paBHO GOMBLIIMHCTRO MIKOJBHUKOB TaK
¥ He HOHAJIO, II0YeMY MHOKECTBO PCLIeHUH yDABHEHUS T2 =
= 4 MOXKHO 3anucHBaTL Kak {—2,2}, a MHOXKECTBO pelIeHu
ypaBHerua r° = —4 Helb3s BAMUCHBATEL Kak {J} (a Hag0 TH-
cath &). OTMETNM KCTATH €IIE ABA PACXOXKIEHUA: B IITKOJIE
HATYPAILHEIE YUCIA HAYMHAIOTCA C € IMHUIEL, & B HEKOTOPBIX
KHUKKAX — ¢ HyJa (MBI TOXKe Gy/leM HAa3BIBATH HYJb HATY-
parbHBIM guncioM ). Kpome Toro, urorga sMecto C mmrryT C,
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UCToNb3yA C A COOCTBEHHBIX MOIMHOXECTB (BMECTO Ha-
wero ).

Mgu1 npeamonaraeM, 9TO IepEYIUCAEHHBIE BBIIIE OCHOBHBIE
TIOHATUSA TEOPUN MHOXKECTB 00Jee Wi MeHee BaM 3HAKOMEL,
u OygeM JOCTATOYHO CBOOOIHO MMU MTONB30BATLCI. BOT He-
CKOJIBKO 33,13 s CAMOKOHTPOJIA; HAZEeMCsA, ITO OOJIbIINH-
CTBO M3 HUX He MPEJCTABUT A1 BaC OOJBINOTO TPYIA.

1. Crapenumu MaTeMaTUK CPEAH IIIAXMATUCTOB U CTAPEHIIIN
IAXMATHUCT CPEAU MATEMATUKOB — TO OJUH WIK TOT XK€ ICI0BEK
unn (BO3MOXHO) pasHbIe?

2. Jlyqmmi MaTeMaTHK CPeay MAXMATUCTOB ¥ JIy <INy MIaX-

MaTHUCT CPeId MAaTEMaTUKOB — 3TO OAUH WIM TOT K€ UEI0BEK
niu (BO3MOXKHO) pa3HbIE?
3. Kax bl 1eCATHU MaTeMaTUK — IIaXMAaTUCT, a KaX bl

IIEeCTON WAaXMAaTHCT — MaTeMaTuk. Koro 601bie — MaTeMaTn-
KOB WM IIAXMATACTOB — U BO CKOIBLKO Pa3?

4. CymecTtsytor au Takue mHOxecTBa A, Bu C, aro AN B #
#0, ANC=2u(ANB)\C =07

5. Kaxme m3 pasencts (a) (ANB)UC = (AUC)N(BUC);
(6) (AUB)NC = (ANCHYU(BNC); (B) (AUB)\C = (A\C)UB;
) (ANB)\C = (A\O)NB; (1) A\ (BUC) = (4 B)1

N(A\C); (e) A\N(BNC) = (A\B) (A\ C) BepHbL Ans 1:06BIX
muoxects A, B, C?

6. HpOBe,ZII/ITe nogpob6HOe ,HOKaBa,TeJILCTBO BEPHBIX PABEHCTB
TIpeabl AyIIen Bajatm, MCXONA W3 ompegerennu. (Joxaxem, ITO
MHOXECTBa B JE€BOU U MPABOU YACTAX PaBHBL. IIycTh & — mo60n
BJEMEHT JEBOU YaCTH PABEHCTBa. lorga. .. Ilo3ToMy T BXOAWUT B
mpaByio 1acTb. O6paTHO, IyCTs . . . ) [IpuBeanTEe KOHTPIPUMEPHI
K HEBEPHBIM DABEHCTBAM.

7. [lokaxxuTe, YTO CUMMETPHUIECKAsA PA3HOCTH aCCOIUATHUBHA!
AANA(BAC)=(AAB)AC pgun mobeix A, B u C. (Ykasanue:
CIOXEHUE [0 MOAYJIO 2 aCCONUATUBHO. )

8. Moxaxure, uto (A1 N...NA)A(BiN...NB,) C (41 A
A By)U...U(Ar A By) gaa mo6bix MHOXeCTB Ap,..., A, u
Bi,...,B,.

9. lokaxuTe, ITO €CIM KAKOE-TO PABEHCTBO (COxepKaIiee me-
PEMEHHBIE 1A MHOXKECTB 1 onepanuu (1, U, \) HeBepHO, TO MOXHO
HAUTHU KOHTPIPUMED K HEMY, B KOTOPOM MHOXKECTBA IIyCTHI WK
COCTOAT M3 OLHOT'O DIEMEHTA.

10. CKOIBKO PA3IMYHBIX BBIPAKEHUU AJIA MHOXKECTB MOXKHO
COCTaBUTH U3 MEepeMeHHbIX A m B ¢ moMOompo (MHOIOKPATHO HC-
TOMB3YEMBIX) OTIEPALINY TIEPECETCHNUA, OO BEIMHEHUA U PA3HOCTH?
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(IBa BBIpAXEHUA CINTAIOTCA OJUHAKOBLIMU, €CJIY OHU PABHEI IPA
JMI00BIX 3HAYMEHUAX MePEeMEeHHBIX.) TOT e BOIPOC mis TPEX MHO-
xecTs u ga n muEoxects. (Orser B o6menm caygae: 22 1))

11. ToT xe BOIPOC, €CIN UCIOIB3YIOTCA TOIBKO omepanuu U
z N. (Jas 1Byx 1 TPEX MEPEMEHHBIX DTO IHCJIO HECJIOKHO MOACIU-
TaTh, HO 00IIEN POPMYIBI AIA 7L MEPEMEHHBIX He M3BECTHO. DTy
3aady Ha3bIBAIOT TAKXKE 331a9€d O IUCJIe MOHOTOHHBIX OyJIeBBIX
(yHKIUI OT 1 APTyMEHTOB.)

12. CKOIBKO CyIIECTBYeT IOAMHOXECTB Y N-DIEMEHTHOIO
MHOXecTBa?

13. IIycTs MHOXECTBO A COTEPKUT N DIEMEHTOB, & €ro Mmof-
MHOXeCcTBO B cogepxur k saemenTos. CKOIBKO CyLlIeCTByeT MHO-
xects C, naa xkoropeix B C C C A?

14. MuoxectBo U cogepxur 2n smemeHTOB. B HEM BBIgETeHO
k mOoIMHOXECTB, IPpUIEM HM OJHO W3 HUX HE SBIAETCS IIOJMHO-
xkecTtBoM apyroro. KakoBo Moxer 6BITh MAKCUMAIHHOE 3HATEHIE
ancaa k? (Yxaszamme. MakcuMyM NOCTHraeTca, KOTAa BCE MOM-
MHOXECTBA UMEIOT IO 1 3aeMeHTOB. B camoMm gere, mpexcraBum
cebe, 9TO MBI HAYMHAEM C IIyCTOI'O MHOXECTBa M A00aBIAEM IIO
OJHOMY DJIEMEHTY, IIOKa He mouy4urcsa Maoxkectso U. B xozxe Ta-
KOI'0 IIPOILIeCCa MOXEeT IOABUTHCA He 00Jee OJHOT'O BBIJEICHHOT'O
MHOXKECTBA; C APYTOU CTOPOHBI, MOXKHO MOACIATATH MATEMATH-
YeCKOe OXKUJAHUE IUCIA BHIISICHHBIX MHOXKECTB IO TUHETHOCTH;
BEPOATHOCTHL TPOUTU 4Uepe3 NaHHOe MHOXeCTBO Z C U muHum-
MaJIbHA, KOAa Z CONEPXKUT N DIEMEHTOB, IIOCKOJILKY BCE MHOXKEe-
CTBa JAHHOTO Pa3MEpa PABHOBEDPOATHEL. )

1.2. Yucno snemeHTOB

Hucno 5AeMEHTOB B KOHEYHOM MHOXKECTBe A Ha3LIBAIOT
TAKIKEe ero mounocmyvio u obosnadaror |A| (a Taxxke #A).
(Bckope MBI 6yjeM T'OBOPUTH O MOITHOCTAX M IJA OECKO-
HevHBIX MHOXecTB.) Caenyromas GpopMyIa MO3BOIAET HAU-
TH MOIHOCTDH OGLEINHEHNA HECKOMILKIX MHOKECTB, €C/IN 13-
BECTHBI MOIIHOCTH KAaXK/JIOTO U3 HUX, & TAKKe MOIIHOCTU
BCEX MIEPECCUCHUN.

Teopema 1 (Popmyna BKAIOHEHUN U UCKITIOUEHUH).

|[AUB| = |A[ +|B| - [AN Bl;
[AUBUC| = |A| +|B| + |C|—
—JANB|—|ANC|—|BNCl|+
+|ANBNC;
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BooOme |4 U...U A,| paBHo

STIAT =D AN A+ >0 [AinA N Al ...

i i<j i<j<k

< DTO yTBEPXKIEHUE HECIOKHO [TOKA3ATH WHIYKIUEH
O 7, HO MBI IPABEIEM APYTOE NOKA3ATEIbCTBO. Dukcupyem
MPOM3BOIBHOE MHOXKECTBO U/, MOAMHOXKECTBAMEA KOTOPOTO
ABJAIOTCA MHOXKecTBa Ap,..., Apn.

Xapaxmepucmuueckot gynxyuet muoxkecrsa X C U Ha-
3BIBAIOT (PYHKINIO Xx, KOTOpasa paBHa | Ha saemeHTax X
un 0 ma ocrambHbIX snementax U. Omepanwm HAL IOIMHO-
KECTBAMEA MHOXKECTBA U COOTBETCTBYIOT OIEPAIAAM C WX
XapaKTEPUCTUICCKUME (DYHKIUAMU. B wacTHOCTH, TIepece-
YEHUIO MHOXKECTB COOTBETCTBYET IIPOU3BEIECHIE XaPAKTEPH-
crraeckux GyHxnmi: X anp(u) = X4(u)Xp(uw). Jononnenuto
(mo U) coorBeTcTByeT hyHKuma 1 — X, ecim X — XapakTe-
pucTUIeCcKas PyHKIUA UCXOTHOTO MHOKECTBA.

Yucao 31eMEHTOB MHOXKECTBA, MOKHO 3aIACATE KAK CyM-
My 3HAYEHWN €0 XapaKTepUCTUIeCKON (hyHKINN:

x] = 3 xx w).

O6nequnenne A; U. ..U AN MOXHO 3aIMCATEH KAK JOMOJHE-
HUE K [IEPEeCEeYeHUIO TOMOJHEHNI MHOXKECTB A;; B TepMunax
XaPAKTEPUCTUICCKUX (DYHKITAN UMEEM

XA0.04, =1 —=(1—=Xa,)---(1—Xa,).

PackpoiB cko6Ku B IPAaBOU YaCTU, MBL IOy TUM

> Xa = > XaXa; + Y XaXaXa, — -
i i<j i<j<k

U MPOCYMMUPOBAB JEBYIO U MPABYI 9aCTh MO BCEM DJIEMEH-

Tam U (06e onu ectb Gyukuuu na U), moaydum HopMyLy

BK/IIOUCHUN U UCKIIOYCHUU. [>
15. okaxwure, uro |[A; A ... A A,| pasHo

ZlAi‘_QZ‘AimAj|+4 Z ‘AiﬂA]‘ﬂAk‘—...

i<j i<j<k
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(k03P PUIMEHTH — TOCIEJOBATEILHEIC CTEMEHN NBOUKM).

IlomcuéT KOMM1eCTB DIEMEHTOB B KOHEYHBIX MHOXKECTBAX
OTHOCAT K KoMmOunamopuke. HekoToOprie HavYaTbHBIE CBEIE-
HUA U3 KOMOMHATOPUKY IIPUBEIEHBI JAJbIIE B KA4eCTBE 3a-
gad. Cenvyac HAC B TIEPBYIO 09€DEb UHTEPECYET CJACTYOITAN
TTPUHITATI:

€eCJIN MEXK Y ABYMA MHOXKCCTBAMU MOXKHO YCTAHOBUTDH B3a-
HMHO OZHO3HAaYHOE COOTBEeTCTBHE, TO B HUX OJHHAKOBOE
qJUCJAO 3JIEMEHTOB.

(BzauMHas OFHO3HAYHOCTHL TpeOyeT, YTOOBL KAXKIOMY DJe-
MEHTY IIEPBOI'O MHOXKECTBA COOTBETCTBOBAJ POBHO OUH JJIe-
MEHT BTOPOT'O M HA0GOPOT.)

BoT mHeCKOABKO TPUMEPOB MCHOJL30OBAHUA DTOTO MPUH-
una.

16. Ha oxpy:xuOCTH BEIGpaHEl 1000 6€abIx TOYEK 1 OJHA I€DP-
Has. dero 60uble — TPEYrOJIbHUKOB C BEPIIMHAMY B GEIbIX TOY-
KaX WIN 9eTHIPEXYTOIbLHUKOB, Y KOTOPHIX OJHA BEPIIWHA YEpHA,
a ocranpuble Tpu Geapre? (Pemenne: nx DOpOBHY, HOCKOIBKY Ka-
XKJOMY 4YeTBIPEXYTOIbHUKY COOTBETCTBYET TPEYTOIbHUK, 0Opa-
30BAHHBIA TPEMs €r0 OEJNBIMY BEPIINHAMU. )

17. Kaxux mogmHuoxecTB 6oabire y 100-31eMeHTHOIO MHOXKe-
crBa: MomHOcTH 57 win momHoctu 437 (Ykasanue: 57+43 = 100.)

18. [lokaxuTe, ITO HOCJIEAOBATEILHOCTEN MJIUHBI 70, COCTa-
BJICHHBIX U3 HyJEU U €IWHUI], CTOJBKO XK€, CKOIBKO MOJMHOXECTB
y muoxecrsa {1,2,...,n}. (Ykasanue: kax oMy IOAMHOKECTBY
X C {1,2,...,n} COOTBETCTBYET «XapPAKTEPUCTUIECKAA IIOCTE-
NOBATEILHOCTBY, HA 4-M MeCTe KOTOPOU CTOWUT eJUHUNA, eCIN U
TOIBKO ecmm i € X.)

19. [loxaxwuTe, 9TO MOCICAOBATEILHOCTEN HYJICH W €JUHIUII
IUIAHEBL 71, B KOTOPBIX YHCJIO eJUHUI DABHO K, DABHO IHCILy k-die-
MEHTHBIX IOJMHOXKECTB N-3JIEMEHTHOI'O MHOXECTBA.

DTO <HCIO HABBIBACTCA WUCAOM COMCManul u3 n no k
n o6osmagaercs CX B pycckmx xEmKKax; B WHOCTpAHHEIX
OGBITHO MCTIOMB3YeTCs 06o3Hattenne (}).

20. Toxaxwure, aro C¥ = Cn=F,

21. Joxaxure, aro CO + CL + ...+ C! =27,

22. IIycte U — HemycrToe KOHeYHOe MHOXkecTBO. [lokaxwure,
9TO MOJAMHOXKECTB MHOXeCTBa U, NMEIOIMX IETHYIO MOLIHOCTbD,
CTOMBKO %K€, CKOIBKO MMEIOMINX HEIETHYIO MOITHOCTD. (YKa3aHue:
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dukcupyem sreMeHT 4 € U 1 06beIUHIM B HapHI TOIMHOXECTBA,
OTINYIaImMueCa TOIBKO B TOYKE ’IL.)

23. Moxaxwure, aro C0 —CL4+C2 —.. . +(=1)"C" = 0. (Yxa-
3aHME: KAK DTO CBA3AHO C MPEAbIAYIICH 3a4a€n?)

24. Jokaxure ¢popmyry 6unoma Hvromona:

(a+b)"=Ca" +Cra" "o+ ...+ Cla™ ™" + ...+ Clb™.

25. Mokaxwure, 9T0 cOCOGOB PACCTAHOBKU CKOGOK (ykasbl-
BAIOMUX NOPAJIOK NEUCTBUN) B HEACCOMMATUBHOM TIPOU3BEICHUN
U3 N BJIEMEHTOB CTOMBKO XK€, CKOIBLKO CIIOCO60B Pa3bUTh BBIMYK-
aeit (n + 1)-yroapHMK HA TPEYTOJIBHUKK HENEepeCEeKAIOMIIMUC
auaronaaamu. ([as npowsBeeHus TPEX MHOXKWUTENEU €CTb BA
BapuanTa (ab)c m a(bc); ¢ APyrou CTOPOHBI, €CTH OBA CHOCO-
6a paspe3aTh IeTLIPEXYTNOALHUK Ha ABA TPEYTIOJIbHUKA, IPOBE-
I AAArOHATE. [l IPOM3BEEHMA TeTHIPEX COMHOXKUTEIEH U 1JL
HATUYTOIbHUKA UMEETCH 0 D BADUAHTOB.)

1.3. PaBHomolHbIE MHOXECTBA

[IBa MHOXKECTBA HABLIBAIOT PAGHOMOUHBIMY, €CTH MEK Y
HUMM MOXHO yCTAHOBUTH B3aMMHO OJHO3HAMHOE COOTBET-
CTBUE, TIPY KOTOPOM KaXKJIOMY 3JIEMEHTY OJHOTO MHOXKECTBA,
COOTBETCTBYET POBHO OJVH DJIEMEHT JPYTOTO.

Jl7151 KOHEYHBIX MHOXKECTB 3TO O3HAYAET, ITO B HUX OJU-
HAKOBOE YNCJIO DJAEMEHTOB, HO OMPEACTCHUE WMEeT CMBICT
u s GeckonedHbix mMuoxecrs. Hampumep, orpesku [0, 1]
u [0, 2] paBHOMOIIHEI, TOCKOJIBKY OTOOpakeHue & — 2 0Cy-
IECTBIACT UCKOMOE COOTBETCTBHUE.

26. [Moxaxwure, 4To JroOble aBa mHTepBana (a,b) u (c,d) Ha
MIPAMOU PABHOMOIITHEIL.

27. [Moxaxwure, 94TO AI00BIE OBE OKPYXKHOCTH HA ILIOCKOCTH
PaBHOMOIIHEL. [loKaxwuTe, 9TO JI00BIE JBa KPYr'a HA IIOCKOCTH
PaBHOMOIIHBI.

28. Moxaxwure, uTo moxyunrepsaa [0,1) paBHOMOWEH mOTy-
uuTepsany (0,1].

Heckonbko 6omee cIoKHA Takas 3aqava: TOKA3ATh, 9TO
nrrepsan (0,1) u ayu (0, +00) pABHOMOIIHEL. DTO IEIAETCA
TaK. 3aMeTuM, 4T0 oTobpaxKenue x — 1/x aBiseTcs B3auM-
HO OJHOBHAYHBIM cooTBercTBEeM Mexkay (0,1) u (1,4+00),
axz +— (x—1) — B3aUMHO OJHOBHAUHBIM COOTBETCTBUEM
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Mmexay (1,4+00) n (0,+00), MOPTOMY WX KOMIOBWIAA & —
— (1/z) — 1 sBAsAETCA UCKOMBIM B3AUMHO OJHO3HAIHLIM CO-
orsercrBreM Mexay (0,1) u (0, 400).

Boo0iie, Kak NOBOPAT, OTHOLIEHNE PABHOMOIIHOCTH €CTh
OMHOWEHUE FKBUBAAEHMHOCTY. DTO O3HATAET, ITO OHO pe-
Paekcusno (Kaxgoe MHOXKECTBO PABHOMOLIHO cCaMoMy cebe),
cummempuuno (eciu A pasHomoutno B, To u B paBHOMOII-
HO A) m mpansumusno (ecmn A pasHOMoOmHO B 1 B paBHO-
mowuo C, To A pasaomouso C'). CBOICTBOM TPaH3UTUBHO-
CTH MBI TOJBKO 9TO BOCIOIB30BAIACH, B3AB Jayd (1, +00) B
KavIeCTBe MPOMEIKYTOTHOTO MHOKECTBA.

Emé meckonbko mpuMepoB:

o MuOXeCTBO 0OECKOHEIHBIX MOCAEI0OBATEAbHOCTEN Hy-
Jed U eIVHULl PABHOMOIIHO MHOXECTBY BCEX OIMHO-
XKECTB HATYPAJbHOrO paga. (B camom nere, comocra-
BUM C KaXKJIOU IOCIELOBATEIBHOCTHI0 MHOXECTBO HO-
MEepPOB MECT, Ha KOTOPBIX CTOAT €JUHULLI HAIIPUMED,
MOCAE0BATEIBLHOCTD U3 OMHUX HYJEM COOTBETCTBYET
[IyCTOMY MHOXKECTBY, U3 OJHUX €IWHUI — HATYPAIb-
HOMY panxy, a nocremoparenbnocts 10101010... —
MHOXKECTBY I6THBIX THCET.)

o MHO0X)€eCTBO OHECKOHETHBIX MOCIEI0BATEIBLHOCTEN 1D
0, 1, 2, 3 paBHOMOIIHO MHOXECTBY O€CKOHETHBIX MO-
caeposareasuocrer nudp 0 u 1. (B camom gene, mox-
HO 3akogupoBaThk nudps 0, 1, 2, 3 rpynmamu 00, 01,
10, 11. O6partuoe mpeobpa3oBanmne pasOUBAET IMOCTE-
IOBATEJIBHOCTD HYJEW W eAWHUIl HA HaPhI, IOCAEe Y9ero
Kaxk 1as mapa 3aMeHaeTcsa Ha uudpy ot 0 xo 3.)

o MuOoxeCTBO 6ECKOHETHBIX OCIEI0BATEILHOCTEN P
0, 1, 2 paBHOMOIIIHO MHOXECTBY O€CKOHETHBIX TTOCTETO-
Bareasrocrer uudp 0 u 1. (Moxuo 66110 ObL IBITATHCS
paccykaaTh TaK: DTO MHOXECTBO 3aKIOYEHO MEXKIY
IBYMSA MHOXKECTBAMU OJHOU U TOU XK€ MOIIHOCTH, U TO-
TOMY PABHOMOIITHO KK IOMY U3 HUX. ITOT X0 MBICJIEN
IPABUJIEH, KAK IOKA3LIBaeT Teopema Kanropa—Bepn-
mrenHa u3 pasgena 1.5. Ho 31ech MOKHO 0GOUTUCE U
6e3 DTOU TEOPEMBI, €CTN 3aKOAUPOBATE udpet 0, 1 u 2
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nocaegoBaTerbHoCT MU (), 10 u 11: Jerko coo6pasuTh,
YTO BCAKAS MOCAEAOBATEIBHOCTD HYJEH U €IUHUIL O~
HO3HAYHO Pa30MBaeTCA Ha Takue OJOKY CJIeBa HATIPABO.
Taxon cnoco6 KOAUPOBAHUA HABLIBAIOT «TIPEMUKCHBIM
KOZOM».)

o IIpumep ¢ NOCTACAOBATENBHOCTIMU HYJCH W €IUHULL
MOXKHO O0O0OIINTH: MHOXKECTBO IMMOJIMHOXECTB JH000-
ro muOk)ecTBa U (0HO 06BIaHO oOo3Havaetca P(U)
U I0-aHIVIMICKU HA3BLIBAETCS DOWer set) PaBHOMOLIHO
MHOXECTBY BCeX ()YHKIWU, KOTOPHIE CTABAT B COOT-
BETCTBUE KaxXAOMY aJaeMeHTy x € U oamo m3 uucen 0
u 1 (mMHOXECTBO Takux (QYHKUUN OOLIMHO 0603HAHUA-
ot 2Y). (B camom gene, xaxaomy mMuoxecTBy X C U
COOTBETCTBYET €r0 XapaKTEePUCTUIeCKasa (PYyHKIIUA. )

M&I IPOOIKUM DTOT CIUCOK, HO CHAYAJIA [TONE3HO TOKa-
3aTh HECKOJBKO MPOCTHIX (PAKTOB O CUETHHIX MHOXKECTBAX
(PABHOMOLIHBIX MHOXKECTBY HATYDAJIbHBIX TUCEN).

1.4. CYéTHble MHOXeCTBA

MHOXECTBO HABBIBAETCS CUEMHbIM, €CIN OHO PABHOMOII-
HO MHOXEeCTBY N HATYDATbHEIX YHUCEI, TO €CTh €CIAU €ro
MOXKHO [PEACTAaBUTHL B BUAE {ZTq,T1,T2,...} (3L€Ch T; —
DIEMEHT, COOTBETCTBYIONUIMN 9UCILY 1; COOTBETCTBUE B3aMM-
HO OJHOBHAYHO, TAK YTO BCE T; PABJIUIHEI).

Hampumep, MHOXKECTBO TIEJALIX UHCea Z CIETHO, TaK Kak
eJIble YUCIa MOXKHO PACTIOIOKUTE B MOCAEI0BATETLHOCTD 0,
1,-1,2 -2,3 -3, ...

Teopema 2. (a) ToqMHOKECTBO CIETHONO MHOKECTBA, KO-
HEYHO WIH CIETHO.

(6) Beakoe 6eCKOHETHOE MHOXKECTBO COAEPKUAT CIETHOE
0 TMHOKECTBO.

(8) O6BbequEEHTE KOHEIHOTO WU CIETHOTO YUCIa, KOHEY-
HBLIX WM CIETHLIX MHOXKECTB KOHETHO MIA CIETHO.

< (a) Hycts B — MOAMHOXKECTBO CIETHOTO MHOXKECTBA
A = {ag,a1,aq,...}. Bubpocum us nocaegoBarenbHOCTH
ag,dt, ... TE WIEHBl, KOTOPHIE He TIpuHaAIexkaT B (coxpanan
NOPATOK OCTABIIKXCA). Torga OCTaBIIMECA WIEHB 0OPa3yIOT
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Au60 KOHEUHYIO MOCAEI0BATENLHOCTD (M TOTIa B KOHEYHO),
aub0 beckoneunyio (u rorga B cuéruo).

(6) Hycrs A Gecxoneuno. Torga OHO HEmyCTO UM comep-
JKUT HEKOTOPHIU JAeMeHT by. Byayum GeckoHedHBIM, MHO-
KECTBO A HE MCUEPIBEIBAETCA DAEMEHTOM by — BO3BMEM Ka-
KOU-HUOYAb APYyTOu »aeMeHT by, u T.n. [lomyuurca mocae-
JOBATEILHOCTE bg, b1, ...; MOCTpOEHNE HE MPEPBETCA HU Ha
KaKOM mmare, mockoabky A Gecxomeuno. Tenepn mmoxkect-
B0 B = {by,b1,...} u 6yeT uCKOMBIM CIETHBIM MOAMHOXKE-
cTBOM. (3ameTuM, 9To B BOBCe He 00A3aHO COBNAIATL C A,
naxe ecamu A caérHo.)

(B) IlycTh mMeeTcst CUETHOE UHCIO CIETHBIX MHOXKECTB
Aq, Ay, ... PacnosoxuB plIeMEHTH KaXJOTO U3 HUX CIEBa
Hanpaeo B nocaegoBarensHocts (A; = {a0,a:1,...}) u no-
MECTHB >THU MOCIEAOBATEILHOCTA APYT IMOM APYTOM, TIOLY-
UM TaOJHILY

oo Qo1 Go2 Qo3
Gip aix G2 @13
G20 a21 G22 @23
azp asi1 az2 as3

Teneps 5Ty TaOAUITY MOXHO PA3BEPHYTH B MOCAETOBATETH-
HOCTB, HAIIPUMED, IIPOXOAA 10 OYepPely AUAI OHAJIU:

oo, o1, ad10, Ap2,a11,020, Ap3,0a12,d21,430; - - -

Ecar muOXKecTBa A; HE TEPECEKATNCH, TO MBI TIOJIYIUIA UC-
KOMOe€ IIpenCTaBIeHue I/ UX O0beInHeHusA. Ecau nepeceka-
JIUCh, TO U3 TTOCTPOEHHON TOCIEA0BATEILHOCTY HAI0 BHIOPO-
CATH TIOBTOPEHNA.

Ecir MHOXECTB KOHETHOE YKCIO WIM KAKWE-TO U3 MHO-
KECTB KOHEYHBI, TO B DTOU KOHCTPYKIUU YACTU WICHOB HE
OymeT — M OCTAHeTCS JuO0 KOHETHOoe, JUO0 CUETHOEe MHO-
XKeCcTBO. >

29. OnucaHHBIA TPOXO/ MO AUATOHAIAM 33Ja6T B3aUMHO OJ-
HO3HAIHOE COOTBETCTBHUE MEXAY MHOXECTBOM BCE€X IIapD HATY-
paabaBIX qucen (koTopoe ob6oznazaerca N x N) u N. Jloo6onbrTHO,
<ITO DTO COOTBETCTBHE 3a4a8TCA IPOCTON GOPMYIOUN (MHOrOIIE-
HOM BTOPOU CTEIEHU C PAINOHAIBHEIME KO3 duuuenTamm). YKka-
XKHUTE 3TOT MHOI'OYJIEH.
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3ameuanve. B mokasarerbcTse yTBepKaenus (6) Teope-
MBI 2 €CTh TOHKUU MOMEHT: HA KaXK[IOM LIAre Mbl JOJK-
HBI BHIOPATDH OJIMH W3 OCTABIIAXCA DIEMEHTOB MHOXKECTBA A;
TaKWe DJIEMEHTHI €CTh, HO ¥ HAC HET HUKAKOTO MPABUIA, IO~
3BOJIAIONIEr0 TAaKOU BBEIOOp omucaThb. Ilpu Goee Gopmasb-
HOM MOCTPOEHUN TEOPUU MHOXKECTB TYT HYKHO COCIATBCSI
Ha CHennaIbHYI0 aKCUOMY, HA3bIBAEMYIO GKCUOMOT 6bi6opa.
3aKOHHOCTH DTOU AKCUOMBEI BEI3BIBAIA GOJBIINAE CIOPHL B Ha-
vage 20-70 BeKa, HO TOCTEMEHHO K HEU MPUBLIKIU, U OTU
CTIOPHI CENYAC TTOYTHU HEe BOCTIPUHUMAIOTCA. B cepenune Bexa
peaukuy jgoruk Kypr I'énenn gokazan, 970 akcuomy BLIOOpA
HEJB351 ONPOBEPIHYTh, MOJB3YICH OCTAILHBIMU AKCHOMAMU
TEOPUU MHOXKECTB, a B 1960-e TOIB aMEepUKAHCKUN MaTeMa-
Tuk ITox [Ix.Kosn moxasan, 9To €€ Heab3s W BLIBECTH U3
ocranbHbx akcuoM. (KoHEeYHO, HOHMMAHVE DTUX YTBEDK 16
HuU TpebyeT TMOAPOGHOr0 U3T0KEHUA TEOPUN MHOKECTB KaK
AKCUOMATUYIECKOU TEOPUH. )

30. Takol e TOHKMU MOMEHT (XOTsA ¥ MEHEe OYeBUJHBIN)
€CTb U B JOKA3aTeIbCTBe yTBepxk Aenus (B). Moxere au BB gora-
narbca, rae on? (OTBeT: MBI 3HAEM, 9TO MHOXKECTBA A; CIETHEHI,
TO €CThb YTO CymeCTBYE€T B3aMMHO ONJHO3HAYTHOE COOTBETCTBUE
vexay N u A;. Ho Hyx)HO BBIOpATbH U PUKCUPOBATH HTU COOT-
BETCTBUA, IIPEXK a€ YeM Y OaCTCA MOCTPOUTH COOTBETCTBUEC MEX Y
o6begunenuem Bcex A; u N.)

Emé meckonbko mpuMepoB CIETHBIX MHOXKECTB!

e MuoxecTso (Q pamuoHaIbHBIX Yucesa cIETHO. B camom
nene, pAMOHAJLHBIE YMCAa TIPEACTABIAIOTCI HECOKPa-
TAMBIME JIPOGAMEU C TEJBIM GUCAATENEM M 3HAMEHA-
TenseM. MHOXecTBO ApoOel ¢ TaHHLIM 3HAMEHATEIeM
cuérHo, nmooromy Q mpencraBumo B BHae 0O0BequHE-
HUSA CIETHOI'O IUCJI8 CIETHBEIX MHOXKECTB. Jaderas BIIe-
pén (cm. pasgen 1.6), ormerum, 9T0 MHOXKECTBO R Beex
IEACTBUTEILHBLIX YUCe] HECIETHO.

e Muoxectso N*, aneMeHTaMB KOTOPOro ABIAIOTCA Ha-
OOpbl M3 k HATYPAIBHBIX YUCEN, CYETHO. ITO JETKO
nokazaTh umHAyKimen mo k. [pu k = 2 MHOXKECTBO
N2 = N x N map HaTypalbHLIX 9Hcel Pa3bUBaeTCA
Ha CI€THOE “mca0 cIéTHBIX MHOKeCTB {0} x N, {1} x
x N,... (creMenTamMu $-ro MHOXKECTBA OyAyT MapHL,
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TIepBHIH IeH KOTOPHIX paseH i). [TosTomy N? cuérHo.
ApamormaaniM 06pazoM MHOXKecTBO N° Tpoek HATy-
PAJBHBEIX YHCe] pa3buBaeTCA HA CYETHOE HUCIO0 MHO-
xecTB {7} x N x N. Kax10e u3 HUX COCTOUT U3 TPOEK,
[EPBLIA WIEH KOTOPBIX (PUKCHPOBAH U IIOTOMY PABHO-
momHO MHOKecTBy N2, KoTopoe caéTao. TowHO Tax
KE MOXKHO IEPEHTH OT CISTHOCTH MHOXecTBa NF K
cuérHOCTH MHOXKecTBa NFFHL,

MHO0XeCcTBO BCEX KOHEUHEBIX [TOCIEI0BATEILHOCTEN Har
TYpaJbHBIX umMcea cuéTHo. B camom mese, MHOXKeCT-
BO BCEX ITOCIEJOBATEILHOCTEN NAHHOU JJIWHBI CIETHO
(KaK MBI TOJIBKO 9TO BUJEIN), TAK ITO UHTEPECYIOIIee
HAC MHOXECTBO Pa3bUBAETCA HA CIYETHOE UUCIO CIET-
HEIX MHOXKECTB.

B npeapraymem npuMepe He 0043aTEIBHO TOBOPUTE O
HATYPATBHBIX YUCAAX — MOKHO B3ATh JI000€ CIETHOE
(wmun KoHeuHO€) MHOXKeCTBO. Hampumep, MHOXKECTBO
BCEX TEKCTOB, UCIOAL3YIOMUX PyCCKul andasur (Ta-
KOUI TEKCT MOXKHO CUYATATH KOHEYHOU MOCICLOBATEIb-
HOCTBIO OYKB, MPOGEIOB, 3HAKOB TPENVHAHUA U T.1I.),
CI6THO; TO KE CAMOE MOXHO CKA3aTh O MHOXKECTBE
(BCEX MBICAMMBIX) KOMITBIOTEDHBIX IPOTPAMM U T. 1.

Yucno HABBIBAIOT GA2E0PAUNECKUM, €CITU OHO SBIACTCSA
KOPHEM HEHYJEBOI'O MHOIOWICHA C LEeJbIMU KOa(pdu-
IueHTaMu. MHOXKECTBO AIreOpanvecKux YUCea CI6T-
HO, TAK KAK MHOTOWIEHOB CIETHOE IUCI0 (MHOTOYIEH
3a126TCA KOHEYHOU MOCICIOBATEILHOCTHIO IEJAbIX U~
cer — ero KodpQUIUEHTOB), a KaKAbI MHOIOYIEH
UMeeT KOHEYHOE 9YUCI0 KOpHen (He Gosee 7 1A MHO-
[OYWIEHOB CTELEeHU 7).

MuoxecTBo nepuoguyueckux apobeu cuaérrno. B camom
nere, Takasds Apo0b MOXKeT OBITh 3AMCAHA KaK KOHEY-
HAA TOCAET0BATENILHOCTE CUMBOJIOB U3 KOHETHOT'O MHO-
xKecTBa (3ansras, uudpbl, CKOOKM); HAIpUMED, APOOH
0,16666. .. MmoxuO 3amucats kax 0,1(6). A Takux mo-
CJIEIOBATEMILHOCTEN CIETHOE MHOKECTRO.
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31. [Jokaxure, 4T0 10060€ CEMEICTBO HEIEPeCeKAIOUINXCS WH-
TEPBAJOB HA MPAMON KOHEIHO WK CIETHO. (YKA3aHWE: B KaXKA0M
VHTEpBATE HAUAETCA PAIUOHAILHASL TOTKA. )

32. (a) Joxaxure, 9TO 1060€ MHOXKECTBO HEMEPECEKAIOIIX-
€S BOCBMEPOK HA ILIOCKOCTH KOHEWHO mam cuéTHo. (BocmMép-
Ka — 00BLeIUHEHNEe IBYX KACAIOIIUXCA OKPYKHOCTEHR JTI00bIX Pas-
MepoB.) (6) ChopMyrmpynTe U JOKAKUTE AHAJIOTHIHOE yTBEP-
X aeHue auaA OyKB «T».

33. [JokaxmTe, YTO MHOXECTBO TOYEK CTPOrOr0 JOKAIbHO-
O MAaKCAMyMa 110604 (PYyHKIUYN NENCTBUTEIBHOTO aPIyMEHTa, KO-
HEYHO WIN CIETHO.

34. [loxaxwure, YTO MHOXECTBO TOYEK Pa3pLIBa HEyOBIBAaIO-
e QYHKIUM JeUCTBUTEIBHOTO apryMeHTa KOHEYHO WIU CIET-
HO.

Teopema 3. Ecau MmuOXEeCTBO A 6ECKOHEYHO, & MHOXKECT-
BO B koneuno wiu cuéruo, To obbeaunenue A U B pasHo-
MOIIHO A.

< Moxuo cuurars, uro B me nepecekaercs ¢ A (nepe-
CEYEHME MOXKHO BBEIOPOCHTHL M3 B, 0CTaHEeTCA MO-IPEeKHEMY
KOHETHOE WU CIETHOE MHOXKECTEO).

Buigeaum B A caérnoe nogmuoxecTeo P; ocrarok 060-
suaunM depe3 (. Toraa mam Hamo gokasarsb, uto B + P +
+ @ pasaomomuo P+ ) (3HaK + cuMBOIU3UPYET 0OBLEIUHE-
Hue Henepecekarommxcs MHoxecTs). [ockonsky B + P u P
00a CYETHBI, MEXIY HUMHU CYILIECTBYET B3aUMHO OJHO3HAY-
HOE COOTBETCTBUE. Ero Jerko mpo0MKUTL TO COOTBETCTRUS
mexay B+ P+ Q u P+ @ (kax bl sneMenT MHOXecTBa ()
COOTBETCTBYET caM cebe). >

35. IlpumennTe 5Ty KOHCTPYKIWIO U ABHO YKAXWUTE COOTBET-
cTBue Mex Ay orpeskoM [0, 1] u moxyurTepBamom [0,1).

36. Teopema 3 mokaswbiBaeT, 4TO ZOOABIEHHE CIETHOI'O MHO-
JKeCTBAa K OECKOHEIHOMY He MEHAEeT ero MOIIHOCTU. MOXHO JIu
cKa3aTh TO xke camoe npo yaarenue? [Jokaxure, 4To ecau A 6ec-
KOHEYHO U He ABJIAETCA CIETHBHIM, & B KOHEYHO MIM CUYETHO, TO
A\ B pasromommo A.

37. Hemeuxun matematuxk P./leqekuHj OpeIoXuil Takoe
onpegeseHue 6€CKOHEIHOI'0 MHOXKECTBA: MHOXECTBO OECKOHETHO,
€CIM OHO PABHOMOIIHO HEKOTOPOMY CBOEMY IOJMHOXECTBY, He
COBIIa Ja0OMIEMy CO BCEM MHOXKECTBOM. r[OKa;)KI/ITe7 9TO YKAa3aHHOE
JleneKuHI0M CBOUCTBO JEUCTBUTEIBLHO ONpEAenseT 6eCKOHEIHBIE
MHOXeCTBa.
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J06aBasIA KOHEYHBIE MU CIETHRIE MHOXKECTBA, JErKO MO~
HATH, 9TO OPAMas, BCE IPOMEKYTKYU HA [IPIMOKM (OTPE3KH,
MHTEPBAJEI, MOJIYUHTEPBAJLL ), Ty9d, IX KOHETHBIE WA CIET-
Hble OOBLEIUHEHUA U T. . PABHOMOIIHET APYT APYTY.

38. Ykaxure B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEXIY
muoxectsoM [0,1]U[2,3] U[4,5] U... u orpeskom [0, 1].

39. ﬂOKa)KI/ITe, YTO MHOXECTBO BCeX NMPAMBIX Ha IIIOCKOCTU
PaBHOMOIIHO MHOXKECTBY BCEX TOYEK Ha IIIOCKOCTH. (yKa3aHI/IeZ
1 TOYKU, ¥ IPAMBIC 3aJa0TCA MapaMU YUCeT — 3a HEeOOJBIITNMI
WCKJIIOIEHUAMI. )

40. [oxaxwuTe, 9TO MOTYMIOCKOCTH (TOYKM TLIOCKOCTH, JI€-
XKamue 00 OJHY CTOPOHY OT HEKOTOPOU NIPAMOHU) PABHOMOIIHA
WIOCKOCTH. (DTO BEPHO HE3ABUCUMO OT TOTO, BKIIOIAEM MBI I'Da-
HUYHYIO OPAMYIO B IOLYILIOCKOCTH WIA HET.)

Teopewma 4. OTpesok [0, 1] paBHOMOIIIEH MHOXKECTBY BCEX
OECKOHEYHBIX OCAE[0BATEIbHOCTEN HYJ/ICH U €IUHNALL.

< B camom gene, xaxgoe umcao ¥ € [0,1] zamuceBa-
eTcsa B BUJE OECKOHETHOU ABOMYHOU Apobu. IlepBhin 3HaK
srou apobu pased 0 mium 1 B 3aBUCHMOCTH OT TOrO, HONA-
JAeT JU YUCIO Z B JEBYI0 WU MPABYIO MOJOBUHY OTPE3KA.
Y7061 OTIpEeINTh CIeAYIONINT 3HAK, HAJI0 BHIOPAHHYIO TO-
JIOBUHY MONEIUTH CHOBA IIOIOJIAM U MOCMOTPETH, KYIa IO-
nagéT x, u T. 1.

ITO XK€ COOTBETCTBUE MOXKHO ONUCATEL B IPYTYIO CTOPO-
HY: [HOCJEIOBATEIBHOCTH ToZ1T2 ... COOTBETCTBYET THUCJIO,
ABJAIONIEECA CYMMOU PALA

To | L1 T2

5 + 1 + 3 + ...
(B 5TOM MOCTPOEHUN MBI UCIOIB3YEM HEKOTOPHIE (HDAKTHL U3
MaTEMATUIECKOT'0 AHAIN3A, YTO HE VAUBATEIHLHO — HAC UH-
TEPeCcyIoT CBOUCTBA AEUCTBUTENLHBIX IHCEL.)

OnucarHoe COOTBETCTBME MOKA YTO HE COBCEM B3AMM-
HO OJHO3HAYHO: ABOMYHO-DALMOHANBHBIE Yuciaa (apobu Bu-
ga m/2"™) umeror aBa npeacrapiaenus. Hanpumep, 4ucio
3/8 moxuHO s3amucaTth Kak B Buge 0,011000. .., Tak u B B
0,010111... CooTBeTCTBME CTAHET B3AWMHO OTHO3HAYHHIM,
ecau oT6pocuTh Apobu c eguHunen B nepuoge (Kpome gpo-
oum 0,1111..., xoropyw Hano octaBuTh). Ho Takux xpoben
CYETHOE YUCIO0, TO3TOMY HA, MOIIHOCTb DTO HE MOBIUAET. >
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41. Kakas gsomunas Apo6b cOOTBeTCTBYyeT uucty 1/37

B sToM gokasarenbcTBe MOXKHO OBLIO OBI UCIIOAL30BATDH
60Jee TPUBLIYHBIE AECATUYHBIE TPOOU BMECTO [BOMUHBIX.
Moayunnocs Grt, 1T0 0Tpe3oK [0, 1] paBHOMOIIIEH MHOKECTBY
Bcex OeCKOHEeYHBIX nocaepoBarensuocren mudp 0,1,...,9.
YTo6Ll mepeuTH OTCIONA K MOCICLOBATEILHOCTAM HYJIEH
U eIWHUIl, MOXHO BOCIOJB30BATHCA TPUEMOM, OMUCAHHBIM
Ha c. 13.

Tenepn BCE TOTOBO MJISI JOKA3ATEILCTBA TAKOLO yIUBHU-
TEJBHOTO (paKTa:

Teopema 5. Kpagpar (cO BHYTPEHHOCTBIO) DABHOMOIIEH
OTPE3KY.

< Ksagpar pasaomowmen muoxecrsy [0, 1] x [0,1] map
JENCTBATENBHBIX YUCET, KAXKI0€ U3 KOTOPHIX JEXKUT HA OT-
peske [0, 1] (MeTon koopauHaT). MBI yiKe 3HAEM, UTO BMECTO
YHCeJa HA OTPE3KEe MOXKHO TOBOPHUTH O MOCIELOBATEIBHOCTIX
mygern u eaunHuil. OCTAIOCH 3AMETUTH, YTO Mape MOCAEI0-
BATETBHOCTEN HYJeH W eIUHUL (ToL1Ly . .., YoY1Y2 - - -) MOK-
HO MOCTABUTH B COOTBETCTBHE MOC/IEIOBATEIHHOCTH-CMECH
ZoYoT1Y1ToYs ... U ITO DTO COOTBETCTBUE OYAET B3AUMHO
OMIHO3HAYHEIM. [>

OTOT pe3yabTar ObLI MOAydYeH B 1877 rogy HeMenkumMm MaTe-
maTukoM ['eoprom KaHTOpPOM M yaumBHI €ro CaMOro, MOCKOIBKY
IPOTMBOPEYIWI MHTYUTUBHOMY OLIYLIEHUIO (PAa3MePHOCTH» (KBa-
OPAT ABYMEPEH, IODTOMY BpOJe ObI JOMKEH COJepPKATh OOJIbIIe
TOYEK, IeM O JHOMEPHBIN 0TPe30K). Bor aro KanTop mucax Jexe-
xuuAy (20 mrona 1877 roga), 06Cy X 4asg BOIPOC O PABHOMOIITHOCTH
IPOCTPAHCTB PA3HOro 4mciIa m3Mmepenuin: «Kax MHE KaxeTcs, Ha
3TOT BOIPOC CIeAyeT OTBETUTH yTBEPAUTEILHO, XOTA HA IPOT-
JKEHUY PANA IeT A IPULEPKUBAICA IPOTHUBONOIOKHOIO MHEHIA .

B omgsom u3 orBeTHBIX mumceMm [legexkuHn oTMEdaeT, 9TO pe-
3yabrar KanTopa He JIuIaeT CMBICIA MOHATHE PA3MEPHOCTH, IIO-
CKOJBKY MOXHO PAaCCMaTPUBATH JIUIIb HEIIPEPBLIBHEIE B 00€ CTOPO-
HBI COOTBETCTBUSA, ¥ TOTAA NPOCTPAHCTBA PA3HON PA3MEPHOCTH
MOXHO OyA€T Pa3IuIuTh. DTa TUNOTE3a OKA3aI0Ch BEPHOU, XOTA
He TaKOW IPOCTOW; MEePBBIE MOIBITKU €€ JOKa3aTb, B TOM YUCIe
omHa w3 craTern KanTopa, cogepxamy OmmOKH, U TOJIBKO CILyCTsA
TPUALATE JeT FOLIAHACKUN MaTeMaTuk J1. Bpaysp gar mpasumis-
HOE NOKA3aTeIbCTBO. BpoueM, 0TCyTCTBHIE HEIPEPHIBHOIO B 06€
CTODPOHBI COOTBETCTBUS MEX Iy OTPE3KOM U KBaIPATOM JOKA3aTh
HECIOXHO; TPYAHOCTN HAUYMHAIOTCA B OOMBIINX DPA3MEPHOCTSX.
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(3ameTmMm Takxke, ITO CymIECTBYET HEMPEDPHIBHOE OTOGPAXKEHUE
OTpe3Ka B KBAAPAT, KOTOPOE IPOXOAUT IePe3 JI00YI0 TOIKY KBa-
apara. OHo HasbiBaeTcs «xpusou IleaHo».)

W3 TeopeMBr 5 JErko MOIyIUTh MHOTO JPYTUX YTBEPK T6-
HUU PO PABHOMOIIHOCTE T€OMETPUIECKUX OOHEKTOB: KPYT
PABHOMOIIEH OKPYKHOCTH, IIPAMasg PABHOMOIIHA ILIOCKOCTH
1 T.10.

MoxHO Takxke 3aMETUTb, 9TO HIPOCTPAHCTBO (TOYKU
KOTOPOT'O 3aJAI0TCA TPeMa KOopAuHaTaMu (,Y, 2)) PABHO-
MOIIHO IIOCKOCTY (HA0 3aKOAMPOBATH HAPY (T,Y) OAHUM
YUCAOM), U, CJAEIOBATEALHO, npaMmon. To xe camoe MOXKHO
MPOJEaTh U JJA TPOCTPAHCTB GOMBIIEN PA3MEPHOCTH.

42. [loxaxxmuTe, YTO MHOXECTBO BCEX KOHEYHBIX IIOCIEIOBA-
TEIBHOCTEH AEUCTBUTEIBHBIX IHCEI PABHOMOIWIHO R (MHOXECTBY
BCEX JEUCTBUTENBHBIX THCEN).

43. [lokaxwuTe, YTO MHOXKECTBO BCEX 0ECKOHETIHBIX IIOCJIEI0-
BATEIHHOCTEN JEUCTBUATEIBHBIX YUCET PABHOMOLIHO R.

OTMeTuM, 9TO MBI IOKA HE YMEEM JOKA3BIBATE, ITO MHO-
KECTBO ACUCTBUTEALHBIX ducel (KId MHOXKECTBO OeCKOHeY-
HBIX [I0C/IEAOBATEIBHOCTEN HyJeH U €AUHUL) HECIETHO. DTO
OymeT cmeraHo B pasgene 1.6.

MOLIHOCTE MHOXKECTBA AEACTBUTEILHLIX IUCEJ] HA3LIBa-
0T MOUKOCTNLH KONMUHYYME (OT JATUHCKOTO CJIOBA, O3HA-
YAOIIEr 0 «HEIPEPLIBHLINY; UMEETCA B BULY, 9TO TOYKA HA
OTPE3KE MOXKET HEIPEPLIBHO ABUIaTLCA OT OJHOIO KOHILA K

ApyTOMY).

1.5. Teopema KanTopa—bepHwTenHa

Ornpenenenne paBHOMOIITHOCTYA YTOYHAET UHTYUTUBHYIO
UIEI0 O MHOXKECTBAX «ONUHAKOBOI'O pasmepar. A kak ¢op-
MAaJIbHO ONPEIETUTh, KOIAa OHO MHOXECTBO «OOJbIIey APY-
roro?

T'oBopaAT, uTO0 MHOXKECTBO A 10 Mownocmuy He Ooabuie
MHOXeCTBa B, ecim OHO paBHOMOIITHO HEKOTOPOMY TIOMIMHO-
KecTBy MHOXKecTBa B (BoaMoxHO, camomy B).

44. HexTo npemIokmi1 Takoe OIIpeaeqeHne: MHOKeCTBO A nme-
€T CTPOr'0 MEHBIIIYIO0 MOIIIHOCTD, YeM MHOXeCTBO B, eciiu OHO paB-
HOMOIIIHO HEKOTOPOHU YaCTH MHOXECTBa B, He COBIAJAIOMEN CO
Bcem B. Ilouemy »T0 ompenerenme Heyaauno?! (Ykasanume. [lomy-
JIIPHBIE PACCKA3BI O TEOPUM MHOXECTB YaCTO HAYMHAIOTCA C TAKO-
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ro mapajgokxca, Bocxogsamero k Nammmnero. Kakux aucen 60abire —
BCEX HATYPAJIbHBIX YUCEl WIX TOYHBIX KBaapaTos?! C ogHOHI cTO-
POHBI, TOYHBIE KBAJPATHI COCTABIAIOT JUIIb HEGOMBIIYIO YaCTh
HATYPAIbHBIX IHCET; C APYTOU CTOPOHBI WX MOXKHO NOCTABUTH
BO B3aUMHO OJHO3HAYHOE COOTBETCTBUE CO BCEMU HATYPAIbHBI-
MU IHCIAMU. )

OTHotenne «uMeTh He OOJBIIYI0 MOIIHOCTBY 00JaJaeT
MHOTMMU €CTECTBEHHBIMU CBOMCTBAMU:

e Ecin A u B pasuomomubr, T0 A umeeT He OOJBILYIO
MOLIHOCTD, 4eM B. (OgeBugHo.)

e Kcm A wmeeT He GOMBINYIO MOIIHOCTH, UeM B, a
B umeeT He GOJBITYI0 MOIMHOCTE, eM C, To A ume-
er He Goublyio MomHocTh, YeM C. (Toxe necaoxHo.
Ilycte A HaxoAuTCsA BO B3AUMHO ONHOBHAYMHOM CO-
oreeTcTRuu ¢ B’ C B, a B HaxoiuTca BO B3amMHO
oguosnauHoM coorsercrsuu ¢ C’ C C. Torga npu
BTOPOM COOTBETCTBUU B’ COOTBETCTBYET HEKOTOPO-
my MEOX)ectBy C” C C' C C, kax nmokaszaHo Ha puc. 1,
u noromy A pasmomontuo C”.)

Puc. 1. TpausuTUBHOCTL CPABHEHUA MOLIHOCTEN

e Kcm A wmeeT He GOMBINYIO MOIIHOCTH, UeM B, a
B uMeeT He GOJBINYIO MOITHOCTD, YeM A, TO OHU paB-
HOMOLIHBL. (DTO BOBCE HE OYEBUAHOE yTBEPXKICHUE
COCTABIAET comepxkanme TeopeMbl Kantopa—BepH-
[ITENHA, KOTOPYIO MBI CENYac JOKAKEM.)
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e [lna mobwIX AByX MHOXECTB A u B BepHO (X0TA OBI)
OIHO U3 ABYyX: b0 A umeer He GOJALIIYIO MOIIHOCTD,
geMm B, 6o B nmeeT He GOMBIIYIO MOITHOCTE, YeM A.
([lokazaTeabcTBO 3TOr0 GaKkTa TPEGYeT TaK HA3HIBAE-
MOH «TPAHCHUHUTHON MHIYKIUW»; CM. pasgen 2.6, Te-
opema 25.)

Teopema 6 (Kantopa—bBeprwTeitna). Ecau Mmuoxectso A
PABHOMOIIIHO HEKOTOPOMY TOJIMHOXKECTBY MHOXKECTBa B, a
B paBHOMOIIHO HEKOTOPOMY IIOJIMHOKECTBY MHOXKECTBA, A,
10 MHOXKeCTBa A u B paBHOMOIIHEL.

< Ilycte A paBHOMONIHO TOAMHOXKECTBY B; MHOKe-
crBa B, a B paBnomomnno noaMuoxectsy A; mmoxecrsa A
(cm. puc. 2). Ilpm B3aUMHO OJHO3HAIHOM COOTBETCTBUU

Puc. 2.

Mexay B u Ay mogMuoxkecTBO By C B MEepexoanT B HEKOTO-
poe mogmuOxkecTBO Ay C A;. Ilpu 5TOM BCe Tpu MHOXKECTBA
A, By u As paBHOMOIIHLI, — U HYXKHO JOKA3aThb, 9TO OHU
PABHOMOIIHEI MHOXKECTBY B, miun, 9To To we camoe, Aj.

Tenepsb MbI MOXKEM 3a0BITH PO MHOXKECTBO B 1 ero moi-
MHOXECTBA U JOKA3BIBATH TAKOU (DAKT:

ectm Ay C Ay C Ag m As pasaOMoOmHO Ao, TO BCe Tpu
MHOXKECTBA PABHOMOIIHEL

([ns enmHOOGpasnsa MbI ToBOpUM Ay BMecTo A.)

IIycte f — QpyHKIMA, OCYMECTBAAINAA B3AMMHO OJHO-
sHadHOe cooTBeTcTBHE A9 — Ao (dyement x € Ay cooTseT-
crByeT saementy f(z) € As). Korma Ag mepexomut B As,
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Puc. 3.

MEHBINEE MHOXECTBO A MEPEXOAUT B KAKOE-TO MHOMXKECT-
Bo A3z C Ay (cM. puc. 3). AranorumaubiM 06pasoM caMo As
nepexonuT B HeKoTopoe MmHOxecTBo Ay C Az, Ilpu sTom
Ay C Az, Tak xkak Ay C As.

IIpogomkas Ty KOHCTPYKIIUIO, MBI IOIy9aeM yOLIBAIO-
Y10 MOCIEA0BATEILHOCTD MHOXKECTB

Ag DAL DAy DA DAL D ...

I B3aMMHO ONHO3HAYHOE coorBeTcTBHE f: Ay — Ao, mpu
KOTOpOM A; cOOoTBeTCTBYeT A;t9 (MHOTIA DTO 3AIUCHIBAIOT
rak: f(A;) = Aiqr2). Popmansro MoxHO onucarh A, Kax
MHOXKECTBO TEX JIEMEHTOB, KOTOPBIE TIOMYIAI0TCA U3 KAKO-
TO-TO DJIEMEHTa MHOXKECTBA Ay TOCTE N-KPATHOTO TPUME-
Henua pyHkumu f. AHanormdabiM 06pasoM As, i1 cocTOUT
U3 TEX W TOJIBKO TEX DJAEMEHTOB, KOTOPHIE MOJYy9aIOTCA W3
KAKOTO-TO DIEMEHTA MHOKECTBA Ap TOCJe N-KPATHOTO MPHU-
MeHeHus pyHxun f.
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3aMeTuM, 4TO MEepeceucHrne BCEX MHOXKeCTB A; Bmoame
MOXKET OBITH HEIIyCTO: OHO COCTOUT U3 TEX 3JEMEHTOB, ¥ KO-
TOPBIX MOXHO CKOJBKO yIOAHO pas 6pars f-mpoobpas. Te-
meph MOXKHO CKa3aTh TaK: MHOXKECTBO Ag MBI pasduam Ha
nenepecexatomwecs caou C; = A; \ A;11 u Ha cepaueBuHy

Caon Cy, C3, C4, ... paBHOMOmHE (DyHKIUA f OCY-
IIECTBAAET B3AUMHO OXHO3HAYHOE cooTBeTcTBHE MexIy Cg
u Cy, mexkay Co u Cy u 1. 11.):

c, Lo, Lo L.

To ke camMoe MOXKHO CKa3aTh IPO CJIOU C HEYETHBIMHU HOME-
paMu:

o Lo Lo L

MoxHo emé oTMeTuTh (ITO, BIPOUEM, HE IOHALOOUTCA),
gro ¢yrkmma f Ha MHOKecTBe C OCYMECTBIACT €ro Te-
pPecTaHoBKY (B3aUMHO OLHO3HAMHOE COOTBETCTBUE C CAMUM
cobon).

Tenepr 1€rKO TMOHATE, KAK MOCTPOUTH B3AMMHO OJHO-
3HagHOe cooTBeTcTBHE g Mekay Ag m Ay, [ycrs z € Ajp.
Torga COOTBETCTBYIOMMA €My HIEMEHT ¢(&) CTPOUTCS TaK:
g(z) = f(x) mpu ¢ € Cop um g(x) = x npu z € Copry WM
z € C (cu. puc. 4). >

Ay = Cy + C4 + Co + C3 + C4 + -+ + C
A1 = Cl + CQ + 03 + Cv4 + -+ C
Puc. 4.

UcTopusa >Ton TeopeMbl (Ha3bIBaeMOU Takxke Teopemon LIpé-
nepa—Bepumrenna) rakosa. Kanrop dpopmymmpyer eé 6e3 go-
Ka3aTelbCcTBa B 1883 roay, obemasn: «K aToMy #A emé BepHyCh B
oaHOH 60ee MO3AHeN paboTe U TOrJa BBIABIIO CBOCOOPA3HBIN UH-
Tepec >Tou o6men TeopeMbly. OQHAKO 3TOr0 O6EIaHuA OH HE BhI-
TOJHWI, U TIEPBHIE JOKa3aTerscTBa Obumn gqaust llpénepom (1896)
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u Bepamrennom (1897). Kak Bugno w3 paGoT u mucem KauTopa,
OH TIpeAIoIaral NOKa3blBaTh Ty TEOPEMy OJHOBPEMEHHO C BO3-
MOXHOCTBIO CPABHUTE MIO0BIE OBA MHOXKECTBa (CM. pasnen 2.6,
Teopema 25), HO KaK MMEHHO — ocTaérca HemoHATHBIM. (Pabo-
Ter KarTOpa M0 TE€OpPMM MHOXKECTB U €ro MUChMAa EPEBEJeHbI Ha,
PYCCKUI A3BIK [4]; BCE MTATHI AAIOTCA IO DTOMY W3 JAHUIO. )

Teopema KanTopa— BepumTenta 3HaIUTEILHO YIPOIIA-
eT [JOKa3aTeIbCTBA PABHOMOIMHOCTHU: HAIPUMEDP, €CAU MBI
XOTUM I0Ka3aTh, 4TO OyOJUK U AP B IPOCTPAHCTBE PABHO-
MOIIIHBI, TO AOCTATOYHO 3aMETUTh, IYTO M3 OyOaMKa MOXKHO
BLIPE3aTH MANEHHKUN AP (POMOTETUHHBIN OOABIIOMY ), & U3
mapa — MaJeHbKUU OyOanK.

45. ITocmoTpuTe HA TPUBEAEHHBIE BHIIIE 330241, I'1e TpeboBa-
JOCh QOKA3aTh PABHOMOIIHOCTD, U YO€OUTECh, YTO BO MHOI'UIX U3
HUX TIpUMeHeHue Teopembl KanTopa — BepHinTensa cuibHO yopo-
LW@AeT 1eJo.

46. [oxaxuTe, YTO BCe reoMeTpUiecKre (pUryphbl, COIEPKa-
mme XO0TA ObI KyCOYeK MPAMOU WIA KPUBOU, PABHOMOIIHEIL.

47. [lokaxuTe, 9TO €CIX KBAAPAT Pa30UT HA ABA MHOXECTBA,
TO XOTs OBI OQHO W3 HUX PABHOMOLIHO KBagpary. (Ykasamme. Ec-
JIV OJHA U3 JaCTEN COAEPKUT OTPE3OK, TO MOKHO BOCIOTIB30BATE-
ca Teopemon Kanropa—Beprmrenna. Eciu xe, ckaxeM, nepsas
TaCTh HE COAEPXKUT OTPE3KOB, TO B KaXOOM I'OPU30HTAJIBHOM
CeYeHMM KBaJpaTa €CTh TOYKa BTOPOU YaCTHU, U CHOBA MOXKHO
cocmarsca Ha Teopemy Kantopa— Beprmrenna.)

48. [lokaxure, 9TO ecam OTPE30K pa3buUT HA ABE YaCTU, TO
XOTsA OBl OJHA M3 HUX PABHOMOIITHA OTPE3KY.

To xe camoe MOKa3aTEILCTBO MOXKHO M3JIOXKUTEH OOIee
abcTpakTHO (U M36ABUTHCA OT YHOMUHAHWUA HATYDAILHBIX
qucea). Hanomuum, uro f: A — A; ecTb B3aMMHO OIHO-
3HATHOE COOTBETCTBUE MEXIY MHOXKECTBOM A m ero monx-
MuHOXKeCcTBOM As, a A — HEKOTOpOe MPOMEKYTOYHOE MHO-
xkecTBO. Hazosém muORecTBO X C A «(XOPOIIMMY, €CIU OHO
comepxkuT A\ A; M 3aMKHYTO OTHOCUTETBHO f, T.e.

XD A\ A)+ f(X)

(MBI UCTIOJIB3YEM 3HAK + I OOBENUHEHUA, TIOCKOIBKY 00hb-
eqUHsEMEIE MHOKECTBA 3aBEIOMO He MEPeceKanTes). Jerko
[POBEPUTD, UTO HEPEeceveHue JT000r0 CEMEUCTBA XOPOIIUX
MHOXKECTB XOpOIIee, IOXTOMY €CIU MBI IIepecedéM BCe XOpOo-
1II7e MHOXKECTBA, TO TOJYINM MUHUMATLHOE IO BKIIOUYEHUIO
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xopotree MHOKecTBO. Hazorém ero M. Jlerko mpoBepuTh,
yro muoxectso (A \ A;) + f(M) Gyzer xopomum, 103T0-
MY B CHIY MUHMUMAJbHOCTH M BKIIOUEHUE B ONpEACICHUU
XOPOIIer0 MHOYKECTBA MPEBPAIIAETCSI B PABEHCTRO:

M = (A\ Ar) + F(M).

Teneps BcEé roToOBO I mocTpoeHus Omekuuu g: A — Aj.
dra 6uekius coBnagaer ¢ f BHyTpu M M TOXIECTBEHHA
BHE M.

49. IIposeaure 3T0 paccyxaeHue mogpoGHO.

ITO paccyX)aeHne yao0HO IPYU MOCTPOEHUN AKCUOMATHU-
YECKOW TEOPUM MHOXKECTB, TaK KAK B HEM HE HYXKHBI HATY-
paubHble ducaa (KOTOpBE CTPOATCS gaxeko He cpasy). Ho
IO CYUIECTBY DTO TO XK€ CAMOE PACCYKIEHUE, MOCKOIbKY M
ectb CoUCyU. ..

50. IIycTe f — B3auMHO O JHO3HAYHOE COOTBETCTBUE MEeX Ay A
U HEKOTOPBLIM TIOAMHOKECTBOM MHOXeCTBa B, a g — B3auMHO 01-
HO3HAYHOE COOTBECTBUE MeX 1y B 1 HEKOTOPEIM 10 IMHOXKECTBOM
MHOX)ecTBa A. [Jokaxure, 9T0 MOXKHO TaK pa3bUTh MHOXECTBO A
Ha Hemepecekafomueca sactu A’ u A, a mEOX)XecTBO B — Ha He-
nepecexaronmecs sactu B’ u B” | 4To f ocymecTsaser B3ammuEO
onHO3HATHOE cooTBeTcTBHE Mexkay A’ u B', a g — mexay A”
u B”. (Ykazanme: MMEHHO 3TO MEI (DAKTUYECKN YCTAHOBUIM TIPU
nokazareabcTBe Teopembl Kanropa-Beprmrensa.)

51. okaxurTe, 9TO KBaApaT MOXKHO pa3bUTh Ha OBE da-
CTH TaK, YTO U3 MOJOOHBIX MM HYaCTEH MOXKHO CIOKWUTH KPYT.
dopMaTbHO: KBaApaT MOXKHO pa36buTh Ha gse wactu A u A",
a xkpyr — Ha aBe wactu B’ u B”, ama xoropmix A’ momo6HO
B’ a A” nomo6uo B". (Ykazanume: BOCIOTB3YHTECH TIPEIBIAYIICH
3ajaden.)

Tenepn, umes B Buay teopemy Kaumropa— Beprirrenna,
BEPHEMCS K BOIPOCY O CPABHEHUM MOIMHOCTen. [l maHubIx
MHOXECTB A 1 B TeOpeTuveckn MMeTCA IeTHIPE BO3MOK-
HOCTH:

e A paBHOMOIITHO HEKOTOPOU YacTu B, a B paBHOMOIIHO
mekoTopon dactu A. (B sToM ciaydae, kKak MBI 3HAEM,
MHOXKECTBA DABHOMOLIHEL. )

e A pasmomomno mekoTopou 4actu B, uo B ue paBHO-
MOIITHO HUKaKon gactu A. B aToMm caydae roBopAT, 9TO
A umeem menbwyro mowrocms, wem B.
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e B paBHOMOIIHO HEKOTOpOU dacTu A, HO A He paBHO-
MOILHO HuKakou yactu B. B aToMm ciydae rosopar, 4To
A umeem Goavwyro mowmnocmy, uem B.

e Hu A me paBrOMOmHO Hukakon 4dactu B, nu B me
PABHOMOIIHO HUKAKOU YacTu A. DToT caydan Ha ca-
MOM Jej€ HEBO3MOXKEH, HO MBI DTOT'0 MOKA HE 3HAEM
(cm. pasgen 2.6).

52. [lokaxkmre, 4TO CIETHOE MHOXKECTBO KMEET MEHBIIYIO
MOIITHOCTH, YeM JI000€e HeCIETHOe.

53. IIposepbre akkypaTHO, 4TO ecau A UMeEeT MEHBUIYIO
MOIIHOCTB, 4eM B, a B mmeeT MeHBUIYIO MOIIHOCTH, deM C, TO
A mveer MeHBUIYIO MOIHOCTE, YeM C' (TPaH3UTHBHOCTH CDABHE-
HUI MOIIHOCTEN).

3aMeTuM, YTO MBI XK€ J0Ir0 T'OBOPUM O CPABHEHUU
MOLTHOCTEHN, HO BO3AEPKUBACMCSA OT YIOMUHAHUA «MOIIHO-
CTU MHOXECTBa» KAK CAMOCTOATEIBHOTO OOBEKTA, & TOJILKO
CPABHUBAaEM MOIIHOCTY PA3HBIX MHOXKECTB. B mpunnune
MOXHO GbLIO GBI OIPENeIuTh MOIIHOCTH MHOXKECTBA A Kak
KJIACcC BCEX MHOXKECTB, paBHOMOUHBIX A. Takue kaaccwl pis
MHOXECTB A U B COBMaaloT B TOM U TOJIBKO TOM CJIyHae,
korga A u B paBHOMOIIHBI, TAK YTO (JIOBA (UMEIOT PABHYIO
MOIIHOCTELY Npuobpenn Obl OyKBAILHLIN CMEICI. IIpoGrema
TYT B TOM, 9TO TaKHX MHOXKECTB (PABHOMOIIHEIX MHOXKE-
crBy A) CHMIIKOM MHOI'O, IIOCKOJABKY BCE Ha CBETE MOXKET
OBITH UX dJaeMeHTaMu. X HACKOIBKO MHOI'O, 9TO 06Pa30BaATh
M3 HUX MHOXECTBO 3ATPYIHUTEILHO, 3TO MOXKET MPUBECTH
K napagokcaMm (cMm. pasger 1.6, c. 33).

W3 »Ton cuTyauuu eCcTb HECKOILKO BeIXOnoB. CaMbln
MPOCTON — TMO-TIPEKHEMY TOBOPUTH TOJBKO O CPABHEHUM
MOILTHOCTEH, HO HE O caMUX MOITHOCTAX. MoXHO Takxe BBe-
CTU IOHATHE (KJAACCA» — TaKOU OOJLIIOUM COBOKYIIHOCTH
00BEKTOB, UTO €€ VK€ HeIb3d CIUTATH DIEMEHTOM APYTUX
COBOKYIHOCTEN (¢€Cau BbI MOHMMAETE, O 96M A TYT TOJ-
Kyio» — pobasuna 661 CoBa u3 kuwkku o Bunnu-Ilyxe), u
CYUTATH MOITHOCTBIO MHOXKECTBA A KIACC BCEX MHOXKECTB,
paeaoMomEEX A. Emé oqun shixoq — nas xaxaoro A BeI-
6paTh HEKOTOPOE «CTAHIAPTHOE» MHOXKECTBO, PABHOMOII-
HOe A, ¥ Ha3BATL ero MOLIHOCTBIO MHOXeCTBa A. OOBYHO
B KAUECTBE CTAHIAPTHONO MHOXKECTBA O6E€PYT MUHUMATLHBINA



[m. 6] Teopema Kawmopa 29

OpANHAJ, PABHOMOITHBIN A, — HO 3TO MOCTPOEHUE YKE TPe-
Gyer 6osee HPOPMAILHOrO (AKCHOMATUIECKO0) IIOCTPOEHMUs
TEOpUM MHOKECTB.

KanTop rosopur o momuocTax Tak (1895): « Mowmocmbio niu
KaPOUHAALHLIM YUCAOM MHOXKECTBA M MBI HA3BIBAEM TO OOIIEe
MOHATHUE, KOTOPOE MOAYYaeTCA MPHU MOMOIIM HANIEd AKTUBHOU
MBICIATEILHOU CIOCO6HOCTH U3 M, KOorjga Mbl abCTparupyeMcs
OT Ka4e€CTBa €0 PA3JUYIHBbIX JJIEMEHTOB T U OT IIOPAJKa UX 3a-
maEuA. (. ..) Tax Kax W3 KaxXA0ro OTAEILHOTO DJIEMEHTA 1M, KO-
rJa MBI OTBJIEKAEMCsA OT Ka4eCTBA, IOLYIAeTCA HeKasd , e IMHIIA ",
TO CaMO KapIWHATBHOE THUCIO OKA3BIBAETCA MHOXKECTBOM, 00pa-
30BAHHBIM HUCKJIIOYUTEIBHO U3 €AUWHUI, KOTOPOE CYHECTBYET KaK
WHTELIEKTYaJIbHBIN 00pa3 WM KaK IPOEKIVsA 33 JaHHOT'O MHOXKe-
crBa M B Hamr pasym».

Tax win nHase, MBI Oy 1eM YIOTPEOIATh 0G03HAMeHNe |A|
A5 MOIIHOCTH MHOXKeCTBA A XOTa OBl KAK BOABHOCTE DEtdl:
|A| = |B| osnauaer, uro muoxecrsa A u B paBHOMOLIHEL
|A| < |B| osmadaeT, 9T0 A PaBHOMOIIHO HEKOTOPOMY TOJ-
MHOKeCTBY MHOKecTBa B, a |A| < |B| osnauaer, 4T0 A nme-
€T MEHBILYIO MOLIHOCTD, YeM B (cM. c. 27).

1.6. Teopema KanTopa

Kraccudgeckuin npumep HEPABHOMOLIHBIX OECKOHEIHBIX
MHOXKECTB (/[0 CAX MOP TAKOTrO TNpUMEpa y Hac He ObLIo!)
1aéT «auaroHaubHas KoHcTpykuus Kanropay.

Teopema 7 (Kantopa). MuoxecTBo 6€CKOHEUHBIX IIOC/IE-
TOBATEMLHOCTEN HYJEN W eIUHUI HECIETHO.

< IpeamomoxkuM, 4TO OHO cuéTHO. Torma Bce mocTe-
JOBATEILHOCTH HyJell M eIUHUAL MOXKHO I[EPEHyMepOBaTh:
g, A1, ... CocraBuM GeCKOHEYHYIO BHU3 TaOINILy, CTPOKA-
MU KOTOPOU OyAyT HAIIN MOCTEIOBATEIBHOCTH]:

Qg = Qpp Qo1 Qo2
ap = 019 Q11 Q12
Qy = Qo9 Q21 Q33

(1epe3 q; MBI O0O3HAMAEM j-H “WIEH §-H IOCIEIOBATENLHO-
ctu). Temepb pacCMOTPUM TOCAEI0BATEIBHOCTD, 00PA30BAH-
HYIO CTOANIMME HA TUATOHAMN WICHAMU Ao, 11, Q22, - - - ; €€
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i-M WICH €CTh (v;; ¥ COBIAIACT C 5-M WICHOM i-U IOCICI0BA-
TEJbHOCTHU. SaMeHI/IB BC€ YJICHEI Ha IIPDOTHUBOIIOJ02KHEIE, MBI
MOJIYYUM TIOCAEOBATEILHOCTS (3, ¥ KOTOPOU

Bi =1 — ay,

TaK 9TO [IOCAEI0BATENbHOCTD [ OTINYIAETCA OT JIOOOU U3 110~
CJIE0BATEILHOCTEN (v; (B IOBUILUY §) U IOTOMY OTCYTCTBYET
B Tabaune. A MBI IPEATIONIOKWIN, ITO TAOINI BKIOIACT B
ce0s Bce TOCAENOBATENBHOCTH — IIPOTUBOpedne. [>

W3 sTou TeopeMEl cieayeT, YTO MHOXKECTBO R nercTBu-
TEIBHBIX YMcead (KOTOpOE, KAaK MBI BUJEAM, PABHOMOIIHO
MHOXKECTBY IIOC/IEA0BATEABLHOCTEN HYJIeH U eIUHNUL) HeCIET-
HO. B wacTmoCcTH, OHO HE MOXKET COBHAAATL CO CIETHLIM
MHOXECTBOM AMTe0PANTIECKUX UUCET U TOTOMY CYIIECTBYET
OEACTBUTEIbHOE 9HCIO, HE SBIAIMIEECH AIreOpamdeCKuM
(He ABIAIOLIEEC KODHEM HUKAKOI'O HEHYJIEBOI'O MHOIOWIEHA
¢ TENOYnCICHHBIMEU KoddpuumenTamu). Takue Tucia HA3H-
BAIOT MPAHCUEHIEHINHBIMY.

K momenTy cosganma KanTopoMm Teopum MHOXECTB yxe ObI-
J0 W3BECTHO, YTO TAaKWe IUCJIA CyHIEeCTBYIOT. llepBLI IpuMep
TAKOr0 4uciIa MocTpoma B 1844 roxy dppaHIy3CKUU MaTeMaTUK
2K. JluyBuwirs. OH mokasai, 9TO YUCIO, XOPOLIO IPUOIMKaeMoe
PAIMOHATLHBIMA, HE MOXKET OBITH aIreOpamdecKuM (TakOBO, Ha-
npumep, uucio Y (1/10™)). Moxasaremscrso Teopemsr Jlmysmi-
Js HE OYEeHb CJIO0XKHO, HO BCE-TAKU TPeOyeT HEKOTOPBIX OIEHOK
OrpelHOCTY IpUOIKeHus; Ha ero ¢poHe noKa3aTeasbcTBo Kan-
TOpa, OnybIuKOoBaHHOE M B 1874 rony, BBITAALAT YUCTOU BO-
el poxycoM. DTa IMyGauKanua ObLIa MEPBOU PaBOTOU IO Teo-
pUU MHOXECTB; B €€ IepBoM naparpade J0Ka3bIBaeTCs CIETHOCTD
MHOX€ECTBA aIre0pandecKux Iucel, a BO BTOPOM — HECIETHOCTDH
MHOXECTBa AeUCTBUTEIbHBIX ducer. (Obmee ompeneseHMe pas-
HOMOWHOCTY ObLIO naHo KanTopoM Jaumip depe3 Tpu roga, ofn-
HOBPDEMEHHO C JOKA3aTeIbCTBOM DPABHOMOIIHOCTH NIPOCTPAHCTB
PA3HOT0 YUC/Ia M3MEPEHUM, 0 KOTOPOM MBI YK€ TOBOPWIM. )

OtmeTuMm KcTaTu, 9T0 B TOM Xke 1874 rony dpanmysckuu ma-
Temaruk [II. DpMuT 10Ka3a1, 9TO OCHOBAHUE HATYPAIBHBIX JOra-
pudMOB € TPAHCIEHAEHTHO, a YePe3 BOCEMb JET HEeMEUKUH Ma-
Temaruk P. JIuHaemMaH ZOKA3al TPAHCIEHAEHTHOCTH YUCIA T U
TeM CaMBIM HEBO3MOXHOCTH KBAaAPATYPHL KPyra.

B meckoabkux CICAYIOUINX 3a1a1aX MBI IpeanogaracM
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U3BECTHBIMU HEKOTOPHIE HAYAJIbHBIE CBEJEHU U3 KypCa Ma-
TEMaTUIECKOI'0 aHAIN3A.

54. [TokaxxuTe, YTO 41 BCAKOrO HECIETHOrO MHOXKecTBa A C
C R MOXHO yka3aTh TOYKY a, 1106asg OKPECTHOCTH KOTOPOU Ie-
pecexaercs ¢ A o HeCIETHOMY MHOXKeCTBY. (Y TBEpXK feHne ocTa-
€TCsA BepHBIM, €CIN CIOBA «HECUETHOE MHOXKECTBO» 3aMEHUTH HA
«MHOXKECTBO MOIIHOCTY KOHTUHYYMay.)

55. ITokaxuTe, 4TO J:0000€ HEIYCTOE 3aMKHYTO€ MHOXECTBO
A C R 6e3 n301upOBAHHBIX TOYEK UMEET MOLUIHOCTH KOHTHHYYMA.

56. IToxaxwure, 9yTo a060€e 3amkHyTOE MHOXeCTBO A C R am-
060 KOHEYHO, OO0 CYETHO, MO0 MMeEeT MOITHOCTH KOHTHUHYYMA.
(Yxazamme. Paccmorpum muOoxectBo B C A, cocTosmee m3 Tex
TOYEK MHOXECTBa A, B I1060M OKPECTHOCTH KOTODPHIX HECIETHO
MuOro apyrux todex u3 A. Ecim B nmycro, To A xoHedHo uium
caéTHO. Ecim B HemycTO, TO OHO 3aMKHYTO M HE IM€eeT M30JUDO-
BAaHHBIX TOYEK.)

OTa 33713493 MOKAZBIBAET, 9TO JJIA 3aMKHYTHIX TOIMHO-
JKECTBO IPAMOU BEPHA TUIOTE3a KOHTUHYYMA, YTBEPXK JA0-
1351, 9TO JI000€ [MOIMHOXKECTBO IPAMOHU JU00 KOHEIHO, JTIOO
caéTHO, b0 paBHOMOIIHO R. (KaHTOp, 1OKa3aBUIMH 5TOT
dakT, paccMaTPUBAL €r0 KaK MEPBBIM HIAl K AOKA3ATEdb-
CTBY THIOTE3bI KOHTUHYYMA I OOMEro cryvas, HO U3 3TO-
r'0 HIYEro He BHIIILIO. )

57. U3 mmockocTy BBIOPOCUIN IPOM3BOJBHOE CIETHOE MHO-
XKeCTBO TO4YeK. [JOKaxXuTe, 9TO OCTABLIAACH 9aCTh ILIOCKOCTH JIX-
HEUHO CBA3HA U, 00Jee TOro, MO0BIE ABE HEBLIOPOIIEHHBIE TOYKM
MOXHO COEJUHUTEH ABYX3BEHHOU JOMAHOU, HE 3aJEBAIOLIEU BBI-
OPOILIEHHBIX TOYEK.

Bepuémcs k nuaronaibHOM KOHCTPYyKuuu. MEBI 3HaeM,
YTO MHOXKECTBO MOCJAEI0BATEILHOCTEN HYJEN U €IUHUL] PAB-
HOMOIITHO MHOXECTBY HOAMHOXKECTB HATYPAJBHOTO pPALa
(KaxKIOMy IOAMHOXKECTBY COOTBETCTBYET €I'0 «XapaKTepu-
CTUYECKAA MOCIEI0BATEILHOCTEY, ¥ KOTOPOU €IUHUILI CTO-
AT HA MECTaxX U3 DTOr0 MOIMHOXECTBA). [[03TOMY MOKHO
nepedOpMYJIUPOBATE Ty TEOPEMY TaK:

H Mpmuoxectso N He paBHOMOIITHO MHOXKECTBY CBOMX ITOIMHO-
JKECTB.

Jloka3zaTeasCTBO TAKKE MOXKHO IIAr 33 IIArOM [IEPEBECTH HA
TAKOU A3BLIK: IYCTh OHU PABHOMOIIHEI; TOTA €CTh B3ANMHO
OMHO3HAYHOE COOTBETCTBHUE 1 — A; MeXIy HATypATLHLIMU
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TUCAAMY U TOAMHOXECTBAMY HATypalbHOTO psga. [Inaro-
HAJILHAS [OCIEI0BATENBHOCTD B 9TUX TEPMUHAX IIPEICTABIIA-
eT co00M MHOXKECTBO TEX i, A KOTOPHIX 7 € A;, a mocieno-
BaTeJhHOCTD [, OTCYTCTBOBABIIAS B TePEUNCICHNN, Telephb
6ygetr ero gounonuenuem (B = {i|i ¢ A;}).

IIpu 5TOM OKAa3BLIBAETCS HECYIIECTBEHHBIM, UTO MBI MMe-
eM [eJ0 C HATYPAJBbHBIM PAIOM, W MBI IPUXOAUM K TAKOMY
Y TBEDKICHUIO:

Teopema 8 (o6wasi dopmynuposka Teopembl KanTopa).
Hukakxoe muoxkecTBO X HE PABHOMOIIHO MHOXKECTBY BCEX
CBOUX IIOAMHOXKECTB.

< Ilycts ¢ — B3auMHO OJHO3HAYHOE COOTBETCTBUE
Mexay X u mHORecTBoM P(X) BCeX MOAMHOXECTB MHO-
xecra X. Paccmorpum Te saementer z € X, KOTOpHIE
HE IPWHAIEKAT COOTBETCTBYIOIIEMY UM IIOIMHOXECTBY.
Iyctes Z — 06pa3oBaHHOE MMM MHOXKECTBO:

Z={veX|z¢p)}

HMokaxeMm, ITO IOAMHOXKECTBO Z HE COOTBETCTBYET HUKAKO-
My daeMeHTy MHOKecTBa X . Ilycrs 510 He Tak u Z = ¢(z)
Uit HekoToporo aieMenTa z € X. Toraa

ze€Z e z2¢pz)e2¢ Z

(mepBoe — 1O HOCTPOEGHUIO MHOXKECTBA Z, BTOpOE — IO
npeanonoxenunto p(z) = Z). llonyuennoe npoTusopedue mo-
Ka3bIBAET, 9TO 7 AEUCTBATEILHO HUYEMY HE COOTBETCTBYET,
TaK 9TO ( HE B3AUMHO OJHO3HAYHO. [>

C apyrom, CTOPOHBI, JIO60E MHOKECTBO X pPaBHOMOII-
HO HEKOTOpOM wacTu MHOXKecTBa P(X). B camom nerne, xa-
KAOMY DJIeMEHTY & € X MOXHO HOCTAaBUTHL B COOTBETCTBUE
ogHO31eMenTHOE moamuoxkecTBo {x}. [osromy, Bcmomunas
OmpeJleJieHne CPABHEHUA MHOXECTB 1Mo MomuocTu (¢. 27),
MOXHO CKa3aTh, YTO MOLIHOCTH MHOX€eCTBA X BCErJa MEHb-
me MomHocTu MHOKecTBa P(X)

58. [oxaxmure, uro n < 2" nIa BCeX HATYPAIBHBIX T =
=0,1,2,...

B o6men ¢opmyampoBke Teopema 8 MOABIACTCA B paboTe
KauTopa 1890/91 roga. Buecro nogmuoxects Kanrop rosopur
0 (pyHKUIMAX, TpUHEMaomux 3HaveHusa () u 1.
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Ha camom gese MBI yxe TPUOTI3WINCHL K OMACHOW T'pa-
HUIIE, KOIIa HADIAHBIE IPEJCTABICHIA O MHOXKECTBAX [PU-
BOJAT K TPOTHROPEYMIO. B caMoM feme, paccMOTPUM MHO-
EKECTBO BCEX MHOXKECTB U, BJICMEHTAMU KOTOPOTO SBIAIOT-
¢4 Bce MHOKeCTBa. Toraa, B 4aCTHOCTH, BCE [I0IMHOXKECTBA
muO)ecTBa U OynyT ero smementamu, u P(U) C U, [aro
HEBO3MOKHO N0 Teopeme KanTopa.

ODTO PaCCyKIEHUE MOXKHO PA3BEPHYTH, BCIIOMHUB TOKAa-
3aTeNBCTBO TeOpeMbl KauTopa — MOMyIuTCsa TaK HA3LIBAE-
MBIZ napagokc Paccena. Bor kak ero oObIYHO U3aarator.

Tunuvabele MHOXKECTBA HE ABIAIOTCA CBOUMU DJIEMEHTA-
Mu. CkaxkeM, MHOXECTBO HATYPAIBHBIX umcen N caMo He
SIBJISAETCA HATYPAABHBIM YHUCJIOM M HOTOMY HE OyAeT CBOUM
anemernToM. OIHAKO B NPUHIAIE MOXKHO ceGe MpeIcTaBUTh
U MHOXKECTBO, KOTOPOE ABIACTCA CBOUM DJIEMEHTOM (HAIPH-
Mep, MHOKecTBO Bcex MHoxecTB). Hazosém Takue mHOKe-
CTBa «HEOOBLITHBIMUY. PAcCMOTpUM Temepb MHOXKECTBO BCEX
OOBIYHBIX MHOXKECTB. Bymer ju ouo 00wraHbIM? Ecau oHO
OBBIYHOE, TO OHO ABAETCSI CBOUM JIEMEHTOM U IOTOMY He-
oberanoe, u maobopor. Kak xe tak?

MoguduimpoBasHas BepCcHs DTOrO MapagoKca TaKoBa:
OyfeM HA3BIBATH IIPUIATATEIHHOE CAMOIPUMEHUMBIM, €C/IH
OHO O0JAJAET ONMUCHLIBAEMBIM CBOUCTBOM. Hampumep, mpuia-
raTelbHOE «PYCCKUMY CAMOIPUMEHUMO, a TPIIATATETBLHOE
«IMHAHBI HeT. [Ipyrou mpumep: NpuUiaraTeibHOe «TPExX-
CJIOXKHBIMY CAMOIPUMEHNMO, a «IBYCIOXKHBINY HeT. Temepb
BOTIPOC: OyAeT JU TPWIATATEIBHOE (HECAMOTPUMEHUMBIN)
camonpumMenumbiM? (JI060 oTBET O4YEBUAHO HPUBOAUT K
IPOTUBOPEIHUIO. )

OTcrona HeZAIeKO O MUPOKO M3BECTHOrO «IapaIoKCa
JIKETIa», TOBOPAIIEro «i JI'Y», WIM 4O HUCTOPUH O COJIaTe,
KOTOPBIU JOMKEH OBLT OPUTH BCEX COAAAT OTHOU C HUM Ha-
CTH, KTO He OpeeTca caM M T.TI.

Boseparmascs K Teopuu MHOXKECTB, MBL 00A3aHbI 1aTh Ce-
6e OTYET B TOM, YTO ILIOXOT'O OBLTO B PACCYXKJAEHUAX, IIPU-
Be X K MapaJokcy Paccera. Bompoc aToT gameko He mpo-
CTOH, 1 ero 00Cy XK IeHNe aKTUBHO ILIO BCIO [IEPBYIO [IOJIOBU-
Hy 20-ro Beka. Utorm sroro obcyx geHns TpUOIM3UTEILHO
MOXKHO C(HOPMYJIUPOBATHL TAK:
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o [lonaTue MHOXKeCTBa He ABIAETCA HETOCPEJICTBEHHO
OYEBUAHLIM; DasHble J0au (X HaydHbBlEe TPALULMN)
MOT'yT IIOHUMATh €0 IO-Pa3HOMY.

e MHOXeCTBA — CAUIIKOM aOCTPAKTHBIE OOBEKTHI M
TOro, 9TO0BI BOOPOC «& YTO HA CaMOM Jesae?y HUMen
cvbica. Hampumep, B pabore KanTopa 1878 roga 6vI-
Ja chOPMYIUPOBAHA KOHMUHYYM-2UNOME3q: BCIKOE
[IOAMHOXKECTBO OTpe3Ka Jub0 KOHEYHO, JTubO CHETHO,
Jaub0 PABHOMOIIHO BCeMy OTpesKy. (/[Ipyrumu caosa-
MU, MEXIY CIETHBIMU MHOXKECTBAMU W MHOXECTBAMU
MOIIHOCTH KOHTHHYYM HET IIPOMEXKYTOYHBIX MOIIHO-
cren). KanTop mammcan, 9T0 5TO MOXKeT OBITH J0-
Ka3aHO «C TOMOIIBIO HEKOTOPOT'O METOMa WHIYKIINH,
B K3JI0XKEHUEe KOTOPOr'o MEI He OyleM BXOOUTEH 34eCh
moApobHEey, HO HA CAMOM [eJie MOKa3aTh DTO eMy He
yaajgock. Boiee TOro, mOCTEmEeHHO CTAJO SCHO, HMTO
yTBEPKIEHNE KOHTUHYYM-IHIIOTE3Bl MOXHO CUMTATH
UCTUHHBIM WA JOXKHBIM, — IIPU 3TOM IOJYJIATCA
pPa3HBIE TEOPUN MHOXKECTB, HO B OOIIEM-TO HU OMHA U3
STUX TEOPUU He JIydlle NPYrOu.

TyT ecTb HEKOTOpAs AHAIOTUSA C HEEBKJINJOBOU MeOMe-
Tpuen. MBI MOXKEM CIATATD «IATHIN MOCTYIAT EBKIM-
Iay (depes ZaHHYIO TOYKY LPOXOAUT He Gosee OLHOU
OPAMOU, TAPALIEIBHON JAHHON) UCTUHHBIM. Toraa mo-
JYUUTCA TEOMETPUSA, HA3hIBAEMAA €BKINTOBON. A MOXK-
HO IPUHATH B KA4YE€CTBE AKCUOMBI IIPOTUBONOJOKHOE
YTBEDPKJICHUE: YePe3 HEKOTOPYIO TOYKY MOXKHO IIPOBe-
CTU JBe DPa3JUIHBIE TPAMBIE, MAPALTEILHBIE HEKOTO-
pou mpsmon. Torma mOLyIUTCS HEEBKJAUIOBA [€OME-
rpus. [OTMeTuM, KCTaTH, PacHpOCTpaHéHHOE 3a0i1y-
KJIEHUE: TTOUEMY-TO IMAPOKNE MACCHI MUCATEIEH O HAY-
K€ U [TaXKe OTIEeJbHBIE MATEMATUKYA B MUHYTHI 3aTMe-
auit (cM. crareio B Becruuke Akanemun Hayk, noces-
méHHy0 100men JI06aIeBCKOro) CIUTAIT, ITO B HE-
eBKJINJOBOU TEOMETPUN TAPALICTLHEIE TMPAMEIE TIepe-
CeKaloTCAa. JTO He TaK — HapaeJbHbIe MPAMBIE U B
eBKJINIOBOU, U B HEEBKJIUJOBOU T'€OMETPHUU OTPENEA-
IOTCS KaK TPAMBIE, KOTOPEIE HE TIePECeKAIOTCA. ]
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Bonmpoc o ToMm, eBkIMIOBA WA HEEBKIUIOBA TeOMe-
TPUS MIPABUILHA «HA CAMOM [I€Je», €CIu BOOOIIE nMeeT
CMBICJ, HE ABIACTCA MaTeMaTUIeCKUM — cKopee 00
5TOM CIeAyeT CIpammBaTh (pusukoB. K Teopum MHO-
JKECTB 3TO OTHOCUTCA B el€ OOJbIIEeH CTENEHN, i PA3Be
aro Teogorusa (KaHTOp HEOMHOKPATHO O6CYXKIAT BO-
TIPOCHI TEOPUU MHOXKECTB C MPOQeCCUOHATAMU-TEOTO-
raMu) Moryia Obl B [IPUHIMIE IPETEHAOBATH HA OKOH-
YATEJLHLIA OTBET.

e Ecam MBI XOTMM pacCy)AaTh O MHOXKECTBAX, HE BIA 1A
B IPOTUBOPEYNS, HYKHO MPOSBIATH OCTOPOXKHOCTDL U
u3berars ONpeneJEHHEIX BUIOB pacCyXieHud. beso-
nacHble ([0 KparHe:n Mepe MOKa He MPUBEAIINE K IIPO-
TUBOPEUNIO) TMpaBWia OOPAIIEHUA CO MHOXKECTBAMU
Cc(POPMYIUPOBAHLL B aKCHOMATHIECKOU TEOPUM MHO-
xecTB (popmanbHas Teopusa ZF, HazBaHHas B 4ecThb
[lepmeno u Ppenkenn). [o6aBUB K 3TON TEOPUN AK-
cuoMmy BBIGOpa, MomydaeM Teopuio, HazeiBaemyo ZFC
(choice no-aurmuiicku — BriGop). Ecte u gpyrue, me-
Hee TOMYyJIAPHBIE TEOPUH.

OzHaKo GOPMATBHOE IOCTPOCHUE TEOPUK MHOXKECTB BEL-
XOAUT 33 PAMKK HAIEro o6cyx genus. [losToMy MBI OrpaHn-
IMMCA HeDOPMATHLHBIM OMMCAHMEM OTDAHWTIEHUY, HAKIATbI-
BaeMBbIX BO M30€XKaHWe IPOTUBOPETUM: HEIb3sA IPOCTO TAK
PaCCMOTPETH MHOXKECTBO BCEX MHOXKECTB WM MHOXKECTBO
BCEX MHOXKECTB, HE ABTAKIIMXCA CBOUMH DIEMEHTAMH, MO-
CKOJIBKY KJIACC IOTEHINATLHBIX IPETEH IeHTOB CIUIIKOM (He-
0603pum». MHOKECTBA MOXKHO CTPOUTH JUMIb IOCTEHEHHO.
Hanpumep, MOXHO 06pa30BATH MHOKECTBO BCEX TOMMHO-
KECTB NAHHOTO MHOXKECTBA (akcuoma cmenewu). MokHO
PaccMOTPeTh NOAMHOXKECTBO JAHHOI'O MHOKECTBA, 00pa3o-
BAHHOE BJIEMEHTAMHA ¢ KAKIM-TO CBOUCTBOM (axcuoma 6vide-
aenua). MOKHO PACCMOTPETH MHOXKECTBO BCEX DIEMEHTOB,
BXOAMIIMX XOTA OBl B OQUH U3 DJIEMEHTOB JAHHOI'O MHOKe-
ctBa (axcuoma cymmvt). ECTb u 1pyrue akCMOMEL.

Wsnaras cBeneHus u3 T€OPUH MHOXKECTB, MBI Oy JeM CTa-
PATBCA NEPKATHCA NOAAIBIIE OT OMACHOM YEPTHI, M YKA3HI-
BATH HA OMACHOCTH B TEX MECTAX, KOTJa BOBHMKHET MCKY-
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IIIeHNUE K 5TOU YepTe NPUOIN3UTLCA. [loka 9TO Takoe MecTo
OBLIO OJHO: IONBITKA OIPEAEIUTE MOITHOCTh MHOXKECTBA KaK
KJIacC (MHOXKECTBO) BCEX DABHOMOIIHEIX €My MHOXKECTB.

1.7. dyHkuuu

[lo cux mop MBI CTAPAIUCH OTPAHNYUBATHCA MUHIMYMOM
dopMarbHOCTEN U TOBOPWIN O (PYHKINUAX, UX APTYMEHTAX,
3HAYEHUAX, KOMIIO3UIMYA U T.1. 6€3 IOIBITOK AaTh OMpeie-
JeHus >Tux noHaTun. Cendac MBI [aauM (POPMATBLHBIE OMpPe-
TETeHUS.

Ilycre A u B — nBa MHOXKecCTBa. PaccMOTpUM MHOXKECT-
BO BCeX yHopsagodeHHbx nap (a,b), rze a € Aub € B. 310
MHOXKECTBO HABBIBAETCA JEKAPMOBHIM NPOU36EIEHUEM MHO-
xkectB A u B un obosuauaercs A x B. (K Boupocy o Tom, uTo
TaKOe YIOPALOYEHHAs Iapa, MbL emé BepHéMcs Ha c. 41.)

Jio6oe mogmuoxecTBOo R MuHOXecTBa A X B Ha3bBaeT-
ca omuowenuem Mexay muoxectBamMu A u B. Ecium A =
= B, IOBOpAT O OUNGPHOM OMHOUWENUY HA MHOKECTBE A.
Hanpuwmep, HA MHOXECTBE HATYPATBHBIX YUCET MOXKHO Pac-
CMOTpPEeTh OMHAPHOE OTHOUIEHNE «OBITH JeIuTeNeMy, 0OBITHO
oGoanavgaemoe cuMBoaoM |. Torza MoxHO B npuHnune GuL10
6ol Hanucats (2,6) € | u (2,7) ¢ |. O6bIuHO, OAHAKO, BHAK
OTHOIIEHN TUIIYT MEXAY ob0bekTaMu (Hampumep, 2(6).

59. Bompoc mas caMOKOHTPOJIA: OTHOIIEHUs «OBITH [IEJIITe-
JIeM» U «JeIUTHCA Ha» — 3TO OOHO M TO XK€ OTHOIIECHUE WIN Da3-
mere? (OTBET: KOHETHO, PA3HBIE — B YHIOPAIOYCHHOU MAPE TOPA-
[OK CYLIECTBEH.)

Ecan aprymenTaMu GyHKIUU ABIAIOTCA DIEMEHTHl MHO-
KecTBa A, a 3HAYCHUAMEU — DJIEMEHTHI MHOXeCTBa B, To
MOXHO PacCMOTPeTh OTHOImeHue Mexay A u B, cocrosiee
u3 nap suga (z, f(x)). o ananoruu ¢ rpadukamMu QyHKIAN
HA MJIOCKOCTHU TAKOE MHOXKECTBO MOXKHO HA3BATH PapUKOM
dyuxuu f. C popManbHON TOYKY 3PEHUs, OTHAKO, yIO00Hee
HE BBOAWTH OTJAEIBHOrO HEONPEAEIIeMOr0 MOHATUA (PYHK-
1M, & BMECTO DTOTO OTOXIECTBUTL (BPYHKINIO C €€ Tpadu-
KOM.

Ornomenue F' C A x B nasviBaerca gyuxyuet uz A 6 B,
€CJIU OHO HE COJIEPIKUT AP C OMHAKOBLIM MEPBBIM WIEHOM U
PasHLIMU BTOPHIMU. [IpyruMu croBaMu, 5TO O3HAYAET, UTO
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oA Kaxaoro a € A cymectsyeT He 6omee omguoro b € B,
npu koTopom (a,b) € F.

Te ameMenTH @ € A, Iasg KOTOPBIX Takoe b CyIeCTBYeT,
obpasyior obaacmy onpedesenus yukumu F. Ona ob6ozna-
qaercs Dom F' (ot asrmmickoro caosa domain). [Tas jro-
ooro niaemenTa a € Dom F' MOXHO OUpeNeNuTh 3HGUEHUE
¢yuxuuu I ua aprymente a (¢B TOUKe Gy, KAK UHOLA [OBO-
PAT) KaK TOT €NUHCTBEHHBIN JeMeHT b € B, mis KoToporo
(a,b) € F. 3roT naemeHT 3anuchBaioT Kak F(a). Bce Takne
JEMEHTHL b 06pasyioT MmHuodcecmso 3nauwenuti pyukmun F,
KoTOpoe oboszHavaercsa Val F.

Ecau a ¢ Dom F'| 1o rosopsar, 4ro ¢pyHxuus we onpede-
4€HG HA (. 3AMETHUM, 9TO MO HAIEMY OMpEeIeIcHu0 (yHK-
mua u3 A B B He 00a3aHa OLITH ONIpeNeICHA HA BCEX DJIC-
MeHTaxX MHOXecTBa A — e€ 00JaCTb OHpeleJeHHs MOXKET
OBITH JIOOLIM TIOIMHOKECTBOM MHOXKecTBa A. CuMmmeTpud-
HBIM 00Pa30M MHOXECTBO €€ 3HAUEHUU MOXKET He COBIALATD
€ MHOXKeCTBOM 3.

Ecan obnacts onpenenenus ¢pyuxmuu f u3 A 8 B cosna-
naer ¢ A, To numyt f: A — B.

Ipumep: moxcdecmeennas dpyuxmusa idg: A — A mepe-
BoguT MHOXKecTBO A B cebs, upuuém id(a) = a gas moboro
a € A. Ouna npeacrasiser co60M MHOXKECTBO map BUAA (d, a)
s Beex a € A. (Magekc A B id 4 mHOrga omyckaioT, ecan
ACHO, O KAKOM MHOXeCTBE UAET Dedb.)

Komnoszuyuet neyx ¢pyukuumu f: A — Bug: B — C
HaspBaoT Qyuknuio h: A — C, onpegenéHuyo cooTHOLIe-
uveM h(z) = g(f(z)). Apyrumm cropamu, h IpejCTABIAET
060U MHOXKECTBO Tap

{{a,c) | {(a,b) € f u (b,c) € g xna nexoroporo b € B}.

Komnosunua ¢yuxiun obosnagaerca g o f (MBI, Kak u B
OOJBIMMHCTBE KHAT, IIUIIEM CIPaBa (PYHKINIO, KOTOPasA IPH-
MEHAETCS IEPBOH).

Omernano, KOMno3unusa (Kax Onepanyus Hal QyHKIAAMMA)
acconmaTuBHa, TO ecThb ho (f o g) = (ho f) o g, mosTOMY B
KOMTIOBUIINY HECKOIbKNX TOAPSA] UAYIINX (DYHKIMHA MOKHO
OIIyCKAaThb CKOOKU.

Ilycrs f: A — B. Ilpoobpaszom nogmuOoxkecTBa B’ C B
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Ha3LIBACTCA MHOKECTBO BCEX DJIEMEHTOB o € A, A1 KOTO-
prix f(z) € B'. Ouno o6oznauaerca f~1(B'):

J7HB)={z € A| f(x) e B'}.

Obpazom MHOKecTBa A’ C A HA3EIBAETCA MHOXKECTBO BCEX
3HaYeHM (YHKIUM [ Ha BCEX DJIEMEHTax MHoxkecTsa A’
Ono o6oznavaercs f(A):

J(A) ={f(a) lac A"} =

={b€ B| {(a,b) € f gna mekoroporo a € A'}.

Crporo rosops, o6osuauenne f(A’') moxer npusecTn x my-
Taune (OQHU W Te XKe KPYIUBE CKOOKU yIOTPeGIaioTcs
U A 3HAYCHUA (PYHKIUU, W 1A 00pa3a MHOKECTBA), HO
OGBLIMHO SICHO, 9TO UMEETCSA B BUIY.

60. Kakue u3 creayiomux paBeHCTB BEPHBI!

FA'NA") = f(A") N F(A");

FA"UA") = f(A") U F(A");

FIA'\ A") = f(A)\ F(A");
fFHB B = (BN (B
fH(B'UB") = (B UFTHB");
FUB\B") = fY(B)\ fH(B");
FHfAD) C A
FHfAN) D A
f(f71(B") C B';
f(f71(B") > B';

(g0 f)(A) = g(f(A));
(go ) HC) =F g 1 (C);

(3mece f: A—B,g: B—C,A,A" CA B ,B"CcB,C'cC.)

Wuorga BMecTO (GYHKIUUA TOBOPAT 00 OTOGPAKEHUAX
(pesepBupys TepMuH «pYHKIUAY I OTOOPAKEHUN € YU-
CJIOBBIMU apryMeHTaMu U 3HadeHusmu). Mol e 6ygem crpo-
O TPUAEPKUBATHCA TAKUX PABTUYUAN, YIOTPEOIAS CIOBA
«OTOOPAKEHNE» U «DYHKIUAY KAK CUHOHUMEL.
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Dyuxiua f: A — B Ha3LBaeTCA UKHDEKMUSHON, WU
unbexyuel, WIn 640NHCEHUEM, €CTU OHA IIEPEBOIUT DA3HLIE
DIEMEHTHI B pasHbIe, TO ecTh ecau f(ay) # f(as) mpm pas-
JUYHBIX G U 9.

Dyukmun f: A — B HasbBaeTCA ClOPLEKMUSHOT, WK
clopveryuet, WIN HaL0HCEHUEM, €CTN MHOKECTBO €€ 3Hate-
uuit ectsb Bcé B. (IHorga takue QyHKUMY HA3LIBAIOT 0MO-
opascenuamu wa B.)

OTHU ABa OmpejeneHus 60JIee CUMMETPUYHEI, YeM MOXKET
[IOKA3aThCA HA MEPBBIM B3IVIAL, KAK NOKA3LIBAIOT TAKUE 3a-
Jatu:

61. Jokaxwure, uro dyukuusa f: A — B saBasercs BIOXKeHU-
€M TOrjJa W TOJBKO TOrJA, KOUJa OHA MMEET 4e6Yi0 00pamuyio
dyukmmo g: B — A, To ecTh QYHKIUIO g, 411 KOTOPOU g o f =
=ida. Jokaxwure, uro dyukmus f: A — B ABIAETCA HAIOXKEHU-
€M TOr[a W TOJbKO TOTJA, KOTJA OHA MMEET Tpasyl 06Damuyo
dyukmmio g: B — A, aas xoropon f o g = idp.

62. Toxaxwure, 9To Gpyukuus f: A — B ABIAETCA BIOKEHIEM
TOrJa M TOJBKO TOrAA, KOUAA Ha HEé MOXKHO COKPAIIATH CJIEBA:
73 paBeHCTBA f 0 g1 = f © g2 CAEAyeT PABEHCTBO g1 = go (mma
M00BIX GYHKIWHA g1, g2, 00JACTH 3HAMEHAN KOTOPHIX COAEPKATC
B A). Mokaxwure, uro Gynknua f: A — B ABIACTCA HATOXKEHAEM
TOrja U TOILKO TOrAa, KOrAa Ha HEE MOXKHO COKPALIATH CIPAaBA:
73 PABEHCTBA g1 © f = g2 o f CIemyeT paBeHCTBO g1 = go (maa
m00bIX PYHKIUN g1, g2, 00IACTE ONPEAENeHNs KOTOPBIX eCTh B).

Oro6paxenue (pyukuus) f: A — B, koTopoe 0O1HOBpe-
MEHHO SBJSIETCS MHBEKIUEN U CIOPBHeKUuel (BIOXKEHUeM U
HAJIOXKEHVUEM ), HA3BIBAETCA Ouekyuell, WId B3AUMHO OIHO-
3HAYHBIM COOTBETCTBUEM.

Ecau f — Guekuus, To cymecTByeT 06pammuas QyHKIUA
f1, mas xoropoit f~(y) =z & f(z) =y.

63. MoryT Ju 111 HEKOTOPOU (hyHKIIUY JEBAsA U IIPaBas 06paT-
HBIE CYLIECTBOBATDH, HO OBITH PA3IMIHBI?

Hanovuum, uro MHOXKecTBa A m B paBHOMOIIHEL, €CJIN
cymecrByetT ouexkuus [: A — B. B kaxoMm ciy4ae cymecTBy-
eT wHBeKIus (Brokenne) f: A — B? Jlerko moHsTH, 9TO
BJIOXKEHUE ABIAETCA B3AVUMHO OTHO3HAYHBIM COOTBETCTBUEM
MexAy A ¥ HEKOTOPBIM MIOJAMHOKECTBOM MHOXKecTBa B, no-
DTOMY TaKO€ BJOXKEHUE CYIIECTBYET TOrAA U TOJBKO TOTJA,
Korga B B ecTh MOIMHOXECTBO, PABHOMOIITHOE A, T.e. KO-
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ra MOIIHOCTHL A He MPEeBOCXOAUT MOMHOCTH B (B cMbICTe
OLIpeleIeHus], JAHHOIO B paszgene 1.5).

YyTh MeHee OYEBUIAEH JPYTOU PE3yJbTAT: HATOKEHUE
A ma B cymecTByeT TOrja W TOJIBKO TOTAA, KOTCAA MOII-
HOCTL B He npeBocxomut MomHOCTH A.

B camom gene, mycTh Hamoxkernue f: A — B cymecTBy-
er. [lna xaxkgoro snemMenTa b € B Haugérca XoTa ObI OQuH
anement a € A, nis xkoroporo f(a) = b. Buibpas 1o oguomy
TAKOMY DJIEMEHTY, MBI OLYIuM IoAMHONKeCTBO A’ C A, KO-
TOPOE HAXOMUTCS BO B3ANMHO OMTHO3HAYHOM COOTBETCTBUU C
mHOXKecTBOM B. (3ech cHOBa UCHOAB3YeTCsE AKCHOMA BBIOO-
pa, 0 KOTOPOU MBI MOBOPWIX HA C. 15.)

B o6paTHyI0 CTOPOHY: €CIM KaKOe-TO MOAMHOXKECTBO A’
MHOXeCTBa A PABHOMOIIHO MHOXKeCTBY B u umeercs Guek-
mua g: A’ — B, 7o manoxenue A Ha B MOXHO IOAYyIATE, 10-
OTIpeenuB 2Ty OUEKINIO Ha, dIeMeHTax BHe A’ KakuM yrogso
o6pazom.

64. Hauigure omunbKy B TOM PACCY X ACHUY, HE INTas JAJIbIIE.

Ha camom gene Taxkoe MPOAOTKEHUE BO3MOKHO, TOTHKO
eciu B HemycTo, Tak 4TO NPABUILHOE YTBEPXKIEHUE 3BY-
auT Tak: HadokeHme A Ha B CyIecTByeT TOMBKO U TOJBKO
TOTa, KOrga B HemycTO ¥ paBHOMOIIHO HEKOTOPOMY TOI-
MHOXeCTBY A, wiu xkorga 06a MHOXECTBA IIyCThL.

B mamem mziaoxenunn ocTaéTces eme OauH He BIIOJHE TMOo-
HATHBIX MOMEHT: 9TO TAKOEe «yIopasodeHnas napa»? Hedop-
MaJIbHO T'OBOPs, 3TO CIocob u3 AByX 0ObEKTOB x u Yy obpa-
30BaTh ONWH OOBEKT (,y), IPUIEM DTOT CIIoco6 06IagaeT
TAKUM CBOUCTBOM:

(1,91) = (T2,92) & Ty =T WY1 = Yo.

B npunumme, MOXKHO TaK M CIATATH IIOHATUE YIOPSALOYEH-
HOU IApbl HEOHpPEedeIaeMbIM, a DTO CBOMCTBO — AKCHOMOM.
Omaaxo mpu (OPMaTBEHOM TOCTPOSHWU TEOPUM MHOKECTB
yA0GHO NCIIOAB30BATH TPIOK, IPH Ay MAHHBIA IOJbCKIM MATE-
vaTukoM KypaToBckuM, n n36€KaTh MOABIEHUA OTACILHOIO
HOHATUA yrnopsgodenHon mapel. (HamomuuM, ato {x} 060-
3HAMACT MHOXKECTBO, €IMHCTBCHHBEIM DJIEMEHTOM KOTOPOTO
ABasgerca x, a {z,y} 0b603HAUAET MHOXKECTBO, KOTOPOE CO-
MEepKAT T U Y W HE COACPKUT APYTHUX DIEMEHTOB. TeM ca-

meM {z,y} = {z} = {y}, ecim z = y.)
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Teopema 9 (Ynopsinodennas napa no KypaTtosckomy). Om-
pezemum (x,y) kax {{z}, {z,y}}. Torga BemOIHEHO yKa3aH-
HOE BBIIIE CBOWUCTEO:

<5L"1,y1> = <51727192> < T1 = T2 A Y = Yo

< Oycts (x1,y1) = (x2,y2). [lo onpenenenun 310 03HA-
qaeT, ITO

o {03y = {{za} {22, 123}

Teneps HYKHO aKKyPaTHO Pa306paTh ciaydau (He ILyTas Ipu
sToM & ¢ {z}). DTO yAO0OHO AeJIaTh B CAAYIONIEM TODAIKE.
Mycre cmagana ©1 # y;. Torga muoxectBo {x1,y1} cocTo-
UT U3 OBYX 3IEMEHTOB. Pa3 OHO IPUHANIEXKNT JEBOU IaCTU
PaBEHCTBA, TO TMPUHALICKAT W MPABOU. SHAYUT, OHO PaB-
HO qu60 {22}, mabo {xs,ys}. IlepBoe HEBO3ZMOKHO, TaK KAaK
OBYXDJIEMEHTHOE MHOXKECTBO HE MOXKET OLITH PABHO OJIHO-
DIeMEHTHOMY. 3HauuT, {z1,y1} = {Z2,y2}. C apyron cro-
POHEI, OJHODIEMEHTHOE MHOKECTBO {2} IPWHAMICKAT Je-
BOU YaCTU PABEHCTBA, IO03TOMY OHO IIPUHAIJIEXKUT U [IPABOH,
I HOTOMY PaBHO {Z2} (HOCKONBKY HE MOXKeT OBITH PABHO
aByxonemeHTHOMY). OTCIODA X1 = Z9 W Yy = Y3, ITO U TPe-
60BAJIOCE.

AHATOTUYHO MOXHO Pa3obpaTh CUMMETDPUYIHBIN CIydan,
KOT[a Zg 7 Y.

OcTanoch paccCMOTPETh CATYALMIO, KOTWIA L1 = Y1 U Ly =
= y3. B orom cayaae {x1,y1} = {21} u noromy seBas gacTe
JaHHOIO HaM paBeHcTBa ecTb {{x;}}. Anasoruunniv o6pa-
30M, IPABAs €T0 IaCTh €CTh {{Z2}}, n mOTOMY %1 = T2, TAK
9TO BCE YETHIPE DIEMEHTA L1, L2, Y1, Y2 COBIIATAIOT. [>

3aMeTuM, 9TO BO3MOXKHEI U APYTHUE ONPEICTCHUA YIIO-
PANOYCHHON TAPEI, IJIA KOTOPHIX AHAJOTMIHOE YTBEPKIe-
HEE BEPHO, TAaK 9TO HUKAKOIO «PHIOCOMPCKOrO CMBICIAY B
STOM OIpENEJICHU HET — DTO NMPOCTO YAOOHBIN TEXHUYIE-
CKUU TIPUEM.

65. [JokaxuTe yTBEpXKJeHUE TEOPEeMbl 9 1uA ynopadouernnot
napvt no Bunepy: (z,y) = {{2, {z}}, {{y}}}.
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1.8. Onepauun Haa MOLHOCTAMM

MoIHOCTY KOHEYHBIX MHOXKECTB — HATYPAJILHBIE UUCIA,
7 WX MOXKHO CKJIAALIBATH, YMHOXKATh, BO3BOAUTL B CTETEHD.
OTHU OIepaIuy MOXKHO 0000MIUTL ¥ Ha MOIIHOCTU OeCKOHed-
HBIX MHOXECTB, U IeJAeTCI 5TO TAK.

Ilycre A u B — nBa MuoxecTrBa. UTOOLI CIOXKHUTL UX
MOITHOCTH, HAI0 B3ATH MOIIHOCTHL MHOXKecTBa A U B, ecin
A u B ue nepecekatorca. Ecim OHE MEPECEKaITCs, TO UX Ha-
IO BAMEHUTH HA HENEPECEKAIOUINe s PABHOMOIIHBIE UM MHO-
xkectBa A’ m B'. MomuoCTs 00beIMHEHNA U Oy IET CYMMmOt
MOIIHOCTEN MHOXkeCTB A u B.

3ameuanus. 1. YTobbl u3b6eXKaATh YIOMUHAHUA MOIITHO-
CTeN KaK CAMOCTOATEILHBIX OOBEKTOB, CIENYET CUYNTATH
BBEIDAXKEHUE «MOIIHOCTH MHOXKecTBa C' €CTh CyMMa MOIIHO-
cren MHOXKECTB A u B» uIumoMaTuaecKuM BBIpAXkKEHUeM (a
CKa3aHHOE BHINIE — €ro ompegeneHueMm). Ho Mbl m1iaa y106-
cTBa OyaeM 4acTO nmpeHeOperaTb TAKUMHU IIPEIOCTOPOXKHO-
CTAMU.

2. B npunnune ciregoBano 6Ll IPOBEPUTH KOPPEKTHOCTD
JTOTO OMPEIETCHUA U [OKA3ATH, ITO MOIHOCTH MHOXKECTBA,
A'UB' HE 3aBICHT OT TOr0, KAKIE IMEHHO HEIEPeCEKAIOTIE-
ca muoxkectea A’ uw B’ (paBromommursie A u B) Mol BoibepeM.
(Yro, Bupodem, OIE€BUIHO. )

3. i KOHEYHBIX MHOXKECTB IIOJYYaeTCsa OOBIMHOE CJIO-
KEHNE HATYPATBHBIX TUCE.

4. Haxkowner, $GpopManbHO CIeIOBANO ObI €€ T0KA3ATh,
gro Takne A’ m B’ MOXHO BHIOPATBE. DTO MOXKHO CAETATH,
manpumep, Tax: nogoxum A’ = A x {0} w B’ = B x {1}.

Tocaeamen mpo6AEMEIL He OYAET TIPU OMPEACTCHUN NPOoU3-
sedenus MOIIHOCTEN KaK MOIIHOCTU JEKAPTOBA IIPOU3BELe-
ausg A x B. (Ho ocranpuble 3aMe9aHus OCTAIOTCA B CHTE. )

Tenepr onpenenum sozsedenue 6 cmenens. Ias 3TOro
paccmoTpuM (4 faHHBX A 1 B) MHOXECTBO BCeX (DYHKITAN
Bujga f: B — A (HADOMHIM: DTO 03HAYAET, YTO UX OOIACTH
oupegeeHus ectb B, a 061acTh 3HAYEHUE COTepKUTCE B A).
dT0 MHOKecTBO obo3Hauaerca AP u ero mommocTs u Gy et
PE3YIBTATOM ONEPAIINN BO3BEACHUA B CTETECHD.

Ecan MuoxecTBa A u B KOHEYHEI U comep:xaT a u b pie-
MEHTOB cOOTBeTCcTReHHO, To AP cogepxut xax pas a’ sme-
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MeHTOB. B camom fene, onpenenas ¢pyuknuioo f: B — A, mul
JOJ/DKHEL OIPENEIUThH €€ 3HAYEHNE HA KAXAOM U3 b dreMeH-
TOB. DTO MOXHO CHEJATH ¢ CHOCO0AMU, TAK YTO IOIYIaeM
Bcero a’ BapuanToB.

66. Jemy pasmo 0° cormacuo mamewmy onpegerenmo? (Orser:
eUHULE. )

Mpumep. O6o3mauum depes 2 Kakoe-HUOYAb MHOXKECT-
BO W3 ABYX daeMenToB, Hampumep, {0,1}. Yrto Takoe 2N7
To ompenenenuio 510 MHOXecTBO dyHkumn f: N — {0,1}.

Takue GYHKINE — HTO IO CYMIECTBY IOCIEJOBATENIBLHO-
CTU HyJeU U eIVHUI], TOILKO BMECTO fofifa... MBI mumem
F0), f(1), f(2),... (PopMaTbHO TOCIETOBATEILHOCTD BIIE-

MEHTOB HEKOTOPOrO MHOXeCTBa X TaK U OHPENeNIeTC —
kak pysxuma Tama N — X.)

3amerum, ato 2% pasmomommo P(X) (B wacTHOM CIy-
ae X = N MBI 5T0 mgOKa3wIBaIM; I OOIIErO CIy<as JOKa-
3aTEMBCTBO TAKOE XKe).

OOBIYHBIE CBOMCTBA CJIOXKEHUA U yMHOMXKEHUA (KOMMYyTa-
TUBHOCTB, ACCOLMATUBHOCTE M AUCTPUOYTHUBHOCTDL) COXpa-
HAIOT CIIY W UL apUPMETUKA MOIITHOCTEN:

a+b=b+a;
a+(b+c)=(a+b)+c¢

axb=>bxa;
ax(bxc)=(axb)xcg
(a+b) xec=(axec)+ (bxc).

PDopMaTbHO UX CAEIYeT YUTATDL, M30eras CJIOBA «MOIII-
HOCTB)Y KaK CAMOCTOATEIBHOIO OOBEKTA: HAIpUMED, a X b =
= b x a osnavaer, uro A x B u B x A pasHOMOWHEL (1 3T0
JIETKO TIPOBEPUTH: (Z,y) — (y, ) OyIeT B3aNMHO OJHO3HAY-
HBIM cOooTBeTcTBHEM Mexay Humu). OcrajibHble CBOUCTBA
JOKA3BIBAIOTCA CTOMb JKe NPOCTO. IyTh ClI0XKHEe CBOUCTBA,
BKJIOYAIONINE BO3BENEHNE B CTEICHb:
bt+c _ ab X ac;

(ab)¢ = a® x b°

(ab)c _ abxc_
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IIposepum mepsoe u3 mHux. U3 wero cocrour ABTC? (By-
geM caurarh, 4T0 B u C ue nepecekatorcs.) Ero saemenra-
MU ABIAIOTCA (PYHKIIUU CO 3HAYECHUAMI B A, ONpeNeaéHHbIe
ua B+ C. Takas QyHKINA COCTOUT U3 ABYX TACTEU: CBOETO
cyxenus Ha B (3Hadenus Ha aprymenrax u3 B ocraiorces Te-
MU K€, OCTATbHBIE OTOPACKIBAIOTCA ) U CBOETO cy)eHusa Ha C.
TeM caMbIM A1 KaiKJOTO dleMeHTa MHOkecTBa ABTC Mur
noxy<aaem mapy saemenTos u3 AP u A®. Dro u 6yer mcko-
MO€ B3aMMHO OTHO3HATHOE COOTBETCTBHUE.

C cooTBeTcTBUIEM Mex Yy MEHOKecTBaMH (A X B)Y m AC x
x BY mpbI TO)E 4acTO crankumpaeMcsa. Hampumep, saeMeHT
muOoxkecTBa (R x R)® ecth oTobpaxkenne Tuma R — R x R,
TO ecTb KpuBas t — z(t) = (z(t), y(t)) Ha mrockocTu. Takasn
KpuBas 3a1aérca napoun pyuxkmu ¢, y: R — R.

Cootsercreue mexay (AP)C u ABXC) perpeqaercs me-
ckonbKo pexke. Daement f € APXC) gpmaerca oTobpaxe-
muem B X C' — A, To ecTh, B OOLIYHOU TEPMUHOJIOTHUH,
dyHKIMEN nBYX apryMmenToB (nepsbii u3 B, Bropon us C).
Ecar saduxcupoBaTh B HEM BTOPOU ApryMEHT, TO MOMIY-
yurca pyuknus f.: B — A, onpemenéunas COOTHOIIEHU-
em f.(b) = f(b,¢) (Tounee, f((b,c))). Orobpaxkenue ¢ —
— f., mpurantexamee (AP)C u coorBeTcTBYeT BHrEMEHTY
f € ABXC) (OryacTu cxonHas KOHCTPYKIHS BCTPEIALTCA
B aarebpe, KOr[a MHODOWIEH OT NBYX MEPEMEHHBIX PaCCMa-
TPUBAIOT KAK MHOTOWIEH OT ONHOU TIEPEMEHHOU ¢ KO3 hu-
LUEHTAMU B KOJIbLE MHOIOWIEHOB OT BTOPOU [IePEMEHHOM. )

MoraocTs CIETHOrO MHOXKECTBA, CUMBOINIECKT 0003HA-
qaeTca Ng, MOIMIHOCTh KOHTHHYYMa (OTPE3Ka WIM MHOXKE-
cTBa GECKOHEYHBIX [IOCJAEI0BATEAILHOCTEN HYJAeH ¥ €IMHIL)
obosuauaeTcsa ¢. Ilo ompegenenuo, ¢ = 280,

(EcTecTBeHHEIN BOMPOC: KAKOB CMBICT mHAekca 0 B No?
4T0 Takoe, ckaxeM, N17 O6brano N 0603HAYAET HAWMEHD-
Iy HECIETHYIO MOIIHOCTH (KaK MBI YBHAIWM, TaKasd CyIIe-
cTByeT). [MmoTe3a KOHTUHYyMa, O KOTOPOU MBI YIIOMAHAIN
Ha c. 34, yrBepxaaer, 4To ¢ = N;p.)

MsBecTHBIE HAM CBOUCTBA CIETHLIX MHOXKECTB MOXKHO 3a-
MACATH TaK:

e Ng+n = Ny 114 koHEIHOrO N (00BEAVHEHTE CIETHONO
1 KOHEYHOT'O MHOXECTB CIETHO);
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e Ny + Ny = Ny (06benuHeHNE IBYX CIETHBIX MHOXKECTB
CuéTHO);

o Ny X Ny = R (oObeguHenue c4ETHOIO YUCIA CIETHBIX
MHOKECTB CIETHO).

OTcrona MOXHO (POPMATBEHO MOJYYUTH MHOTHE (DAKTHI
MaHUOyJIAnuaMu ¢ MomHocTsaMu. Hampumep, memodka pa-
BEHCTB

¢ x ¢ = 280 x oNo — 9Ro+Ro — 9Ro _

TMOKA3BIBAET, UTO MPAMAA W TIOCKOCTH PABHOMOIITHEI.
AnanorugasiM 06pasom,

CNO — (2?‘20)?‘20 — 2N0XN0 — 2&0 = c.

67. O6bsacunTe TOAPOGHO BBIKIALKY:
cte=1xc+lxc=2xc=2"x2% =20 =% =
68. IIposeprTe, uTO Ng X ¢ = .

IlpuBenéunnie HaMyu CBOMCTBA MOIIHOCTEN IOJIE3HO COYe-
TaTh ¢ Teopemon Kauropa— Bepumrenna. Hampumep, 3ame-
TUM, 9TO

c=2% <R <M=,

nosTomy No'° = ¢ (croBaMu: MHOXKECTBO BCeX OECKOHEd-
HBIX TIOCIE0BATEIBLHOCTEN HATYPATBHBIX TUCET UMEET MOIII-
HOCTb KOHTHHYYMA).

69. ITocrennee paccyxgeHue HEIBHO HCIOJIL3YET MOHOTOH-
HOCTH ONEDAIMK BO3BEACHWA B CTEIEHb IIA MOIIHOCTEH (ec-
ma; < as, o al < ab). IIpoBepbTe 5T0 U AHAIOTIYHBIE CBOMCTBA,
[JIA IPYTUX Omepanui (BIpOYeM, MOYTH OIE€BUIHBIE).

70. YcTaHoBuTE ABHOE COOTBETCTBUE MEX Iy IOCIEI0BATEIb-
HOCTAMHU HATYPAJTHHBIX IMCET U UPPALUOHATLHBEIMU IUCIAMY HA
orpeske (0,1), mcnoapdys menmble apobum, TO eCTh ApobH BHAA

71. IIposeppre, aro Ny = 2°. (Hanomumm, 9TO 1O TEopeme
KanTopa »Ta MOIHOCTH 6OJIBIIE MOIIHOCTY KOHTHHYYMA. )

72. KakoBa MOIUIHOCTH MHOXKECTBa BCEX HEIPEPBIBHBIX (DYyHK-
Ui ¢ JeNCTBUTEILHBLIMU apryMeHTamMu u 3HadeHuavu?! Cyre-
CTBEHHA JU 3/7€Ch HETPEPHIBHOCTH
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73. KaxoBa MOITHOCTH MHOXECTBA BCEX MOHOTOHHBIX (PYHK-
U C JeNCTBATEILHBLIMYA APTYMEHTAMU U 3HAICHUAMU?

74. MoXeT 1 CeMEUCTBO MOAMHOXKECTB HATYPAILHOTO PAAA
OBITH HECUYETHBIM, €CJAY M00BIE IBA €r0 DJIEMEHTA MMEIOT KOHEed-
HOe mepecedenre? KOHEUHYI0 CUMMETPUIECKYIO PA3HOCTH?

BroocaeacrBun MBI yBUAMM, 9TO 17 OECKOHEIHBIX MOII-
HOCTEn aXb = a+b = max(a, b), HO MOKa HTOrO MBI JOKA3ATH
me moxeM. llosTomy B 3agagax 47, 48 mam npurIILIOCH BOC-
MOJIB30BATBLCA OOXOMHBIM MaHEBPOM, YTOOBI JOKA3aTh, UTO
3 a+b=ccreayer a = ¢ wim b = ¢. Crenymoiee yTBep-
K aeHue 06001IaeT 3TOT IPUEM:

Teopema 10. Ecim MmuOX)ecTBO A1 X Ag X ... X A, pasdébuto
Ha Hemepecekaroumecs dactu By, ..., B,, To naugérca Ta-
KOE 4, TIPU KOTOPOM MOIITHOCTE 3; HE MEHBIIe MOIITHOCTH A;.

<1 B camom gene, paccMOTpPUM MPOEKIINI) MHOXECTBA,
B; C A x...x A, "a A;. Eciz xoTs OLI IIpA OJHOM 1
OHAa HNOKPBIBaeT A; MOJHOCTBHIO, TO Beé H0KazaHO. Ecau Her,
BBIOEPEM A KaXJOr'0 ¢ HEMOKPHITYI0O TOYKY ;. Habop
(x1,...,T,) HE BXOAWT HU B ONHO M3 MHOXKECTB B;, 4TO
[IPOTUBOPEYIUT [PEANONOKEHUIO. >

3amerum, 9T0 B GOPMYIUPOBKE HTOIO yTBEPK AeHUs (KO-
TOpOe MHOrAa HasbBaioT Teopemon Kéuura) rosopurcsa o
MEKAPTOBOM MPOU3BEIEHNN KOHETHOT'O YNCJIa MHOXKECTB, KO-
TOPOE MOKHO OLpeelnTh MHAYKTUBHO (ckaxkem, A X B X
x C' 6yner cocToATh U3 TPOoeK (a, b, ¢), KOTOpLIE CYyTh Maphl
({a, by, c)). MekapTOBO MPOM3BENEHNE CIETHOTO UMCAA MHO-
JKECTB y2Ke TaK He onpeaeninn. Berxon Takon: Agx Ap X As X
X ... (CaéTHOE UMCIO COMHOXKUTEJEH) MOXHO ONPELEJUTH
KaK MHOXKECTBO BCEX TOCIEIOBATEIBHOCTEN (g, A1, 42,y -, ¥
KOTOPHIX G; € A;, TO €CTh KaK MHOXECTBO BCeX (DYHKIIUU a,
onpeneaéuusx Ha N co 3HaueHUusAMU B OObeguHeHnN Beex A,
npuuém a(i) € A; nmpu Beex 4. [locae Takoro onpeneaeHns Te-
opema 10 Jerko nepeHocuTcs u Ha CYETHBIE (4 Takxe U HA
J00bIe) IIPOU3BEIEHUL.

Ilepexons k oTpunanuamM, Teopemy Kénnra MoxHO chop-
MYJUPOBATH Tak: ecau mpu Bcex ¢ = 0,1,2,... 111 MomHo-
cTen a; u b; BHIOJIHEHO HEPABEHCTBO b; < a;, TO

bo+bi+bo+...<agXxa; Xas X...



[m. 8] Onepayuu Had MOUHOCTNAMY 47

YauTwiBasg, 9T0 ¢ X ¢ X ... (CIETHOE MPOU3BEICHUE) PAB-
1O ™0, TO eCTH ¢, MOXKHO CHOPMY.IIPOBATE TAKOE CICACTBHE
TeopeMbl KéHura: ecin KOHTUHYYM Pa30UT Ha CIETHOE “U-
CJI0 TOAMHOXKECTB, TO OJHO 13 HUX MMeeT MOITHOCTH KOHTHU-

HyyMa.
75. [Joxaxute NoAPOOHO 3TO yTBEDXKACHUE.
76. Ilycte ao,a1,a2,... — MOLIHOCTH, OPUIEM a; > 2 IJA

Bcex ¢. llokaxwuTe, 4TO
a0+a1+a2+...<ao><a1><a2><...

77. Illycte mo < m1 < ma2 < ... — BO3PACTAIOWIAA IOCIEIO-
BATEIBHOCTb MOITHOCTEN. [[oKaxkuTe, 9T0 CyMMa Mg +m1 +mo +
+ ... He IpeACTABHMA B BUAE @’ ° HY /1A KAKOU MOLIHOCTH 4.



2. Ynopsigo4eHHble MHOXECTBA

2.1. OTHOWEHUS 3KBMBANEHTHOCTMU U NOpPsiAKa

HanoMuuM, 4TO OMHAPHBLIM OTHOIIEHUEM HA MHOXKECT-
Be X HaswBaeTca moagMHOxKecTBO R C X X X; BMmecTO
(z1,x2) € R wacro umyt 1 Rxs.

Bunapuoe ormomenne R Ha muOxecTBe X HA3BIBAETCA
OMHOULEHUEM FKBUBAAECHIMHOCTY, €CIN BHIIOTHEHBI CJIETYIO-
e CBOMCTBA:

e (peduexcuBnocTh) Rz ma Bcex ¢ € X
o (cummerpuunocts) Ry = yRz pas Bcex x,y € X;

o (rpamsurusnocts) 2Ry u yRz = xRz pas mobLIX die-
MEHTOB Z,Y,2 € X.

Nmeer MecTo cieayiomiee 09eBUAHOE, HO UACTO HCIOIb3YeE-
MO€ YTBepXKIeHUe:

Teopema 11. (a) Ecau muoxecrBo X pazbuto B 06benu-
HEHUE HEMEPECEKAIOIINXCS IO IMHOXECTB, TO OTHOIIEHUE ¢JIe-
KATh B OJHOM IOIMHOXECTBEY ABIACTCSI OTHOIECHUEM SKBU-
BAJIEHTHOCTH.

(6) Bceakoe OTHOIIEHWE SKBUBAICHTHOCTH IIOIYIAETCA
OMUCAHHBLIM CIIOCOOOM M3 HEKOTOPOTO pa3OumeHus.

<1 [lepBoe yTBepK AeHUE COBCEM OYEBUIHO; MBI IPUBEAEM
JOKA3aTeILCTBO BTOPOro, YTOOBI GBLIO BUIHO, I'j€ WCIOIb-
3YIOTCA BCE MYHKTHL ONpeIeJeHus dKBuBajgeHTHOCTH. UTak,
IycTh R — OTHOIIEHME SKBUBAJCHTHOCTH. /I KaK 10T0 Di1e-
MeHTa £ € X PACCMOTPHM €0 KAGCC IK6UBAACHTHOCTIUY —
MHOXKECTBO BCex y € X, misg KOTOPBIX BepHO T Ry.

[oxaxem, 9TO s ABYX PA3JUYHBIX T1, Lo TAKUE MHO-
KecTBa b0 He mepeceKkaroTes, audo coBnanaioT. IlycTs onu
[EPECEKAIOTCA, TO €CTh UMEIT OOmmi sjaeMeHT z. Torma
z1Rz u 23Rz, orkyna zRxs (cuMmMerTpuwdHOCTH) U 21 Rio
(TPaH3UTUBHOCTE), & TaKKe Lo Rxy (cummerpuanocTs). ITo-
sToMy Aas moboro z us xRz caenyer xoRz (TpamsuTus-
HOCTB) U HaOBOPOT.

Ocranocek 3aMeTUTh, 9TO B CAILYy PEQPICKCUBHOCTH Ka-
KLU DJIEMEHT £ TPUHAIICKUT 331aBAEMOMY UM KJIACCY, TO
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€CTh JEUCTBUTEILHO BCE MHOXKECTBO X pa3OUTO HA HEmepe-
CceKarommecsa KIaccul. >

78. Ilokaxwure, 9T0 TpeOGOBAHUA CUMMETPUIHOCTH U TPaH-
3UTHBHOCTH MOXHO 3aMeHUTH onHuM: TRz u yRz = zRy (upm
COXpaHeHUM TPeGOBAHMUA PedICKCUBHOCTH]).

79. CKOJIBKO PA3IMIHBIX OTHOUIEHUN SKBUBAIEHTHOCTH CYIIE-
creyer Ha mOXecTtse {1,2,3,4,5}7

80. Ha muOXecTBe M 3amaHO ABA OTHOIIEHUA YKBUBAJICHTHO-
cTu, 0603HAYAEMBIE ~1 U ~2, UMEIOLINE N1 U Ny KJIACCOB DKBUBA-
JEHTHOCTH COOTBETCTBEHHO. ByneT au ux mepecedenue T ~ y <
< [(z ~1 y) u (z ~2 y)] orHOweHNeM 5kBuBareHTHOCTH! CKOJIB-
KO y HEero MOXeT OblTh KaaccoB? ITo MOXHO CKa3aTb IpPO 06b-
€IMHEHNEe OTHOMICHUN?

81. (Teopema Pamces) MuoxecTBO BCex k-2IeMEHTHBIX mOA-
MHOXeCTB 6eCKOHeIHOro MHOXecTBa A pa3buro Ha [ kaaccos (k,
| — marypanbuble ucaa). [Jokaxure, 9T0 HALAETCA GECKOHETHOE
MHOX)ecTBO B C A, Bce k-3jieMeHTHBIE TOAMHOXECTBA KOTOPOI'O
[IPUHAMJIEKAT OTHOMY KIACCY.

(IIpm k = 1 570 04eBRAHO: ecau GECKOHETHOE MHOXKECTBO Pa3-
6MTO HA KOHEYHOE YMCIO KJIACCOB, TO OJUH U3 KJIACCOB OeCKOHe-
ved. [Ipu k = 2 u | = 2 yrBepx)aeHne MOXHO CHOPMYyIUPOBATH
Tak: 13 0€CKOHEIHOI'0 MHOXKECTBa JMI0JeH MOXHO BLIOPATH 100
6eCKOHEYHO MHOI'0 INONAaPHO 3HAKOMBIX, 100 GECKOHEYHO MHO-
O HONAapPHO HE3HAKOMBIX. KKOHEYHBIN BAPMAHT DTOr0 YTBEPXKIe-
HUA — O TOM, YTO CPeAu JIOOBIX IIECTHU JIOAEH eCTh aub0 Tpu
MONAPHO 3HAKOMBIX, MO0 TPU MONAPHO HE3HAKOMBIX, — U3BECT-
HAA 3272492 /A MKOJHHUKOB. )

MHOXKeCTBO KJIACCOB DKBUBAJIEHTHOCTH HA3BLIBAIOT (Hak-
MOP-MHOHCECTNBOM MHOKECTBA, X TIO OTHOUICHWIO DKBUBA-
aeatHocTH R. (Ecam oTHOmEHue cOMIacoBaHO C AOMOJHU-
TEJBHBIMU CTPYKTYpaMu Ha X, TOIYyIa0TCA haKTOP-TPYII-
0bl, (PAKTOP-KOABLA U T. [.)

OTHOIIEHNS DKBUBAJIEHTHOCTHY HAM HE Pa3 €IIe BCTPETAT-
€A, HO CeMYac HAIlla OCHOBHAA TEeMa — OTHOIICHU [TOPALKA.

Bunapuoe oTHomenne < Ha MHOXKeCTBe X Ha3BIBAETCA
OMHOULEHUEM YACTNUUHO20 NOPAOKA, €CIU BLITOJHEHL] TAKIE
CBOUCTBA:

o (peduexcuBHOCTB) & < & 41 BCeX & € X

o (AaHTUCUMMETPUYHOCTL) £ S YUy < & = ¢ =y 4isd
BCexX T,y € X
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e (TpaHBUTUBHOCTE) T < Yy Uy < 2 = & < 2 I BCEX
z,y,2 € X.

(Caenysa Tpaguumu, MBI HCIOAB3YEM CUMBOI < (a He OyKBY)
KAaK 3HAK OTHOLIEHUS MOPSAIKA.) MHOXKECTBO ¢ 3aJaHHBIM HA
HEM OTHOIIEHWEM YACTUIHOI'O MOPATKA HA3LIBAIOT %ACMUY-
HO YNOPATOUEHHDIM.

ToBopsaT, ITO OBa DAEMEHTA X,y TACTUIHO YIIOPATOUECH-
HOT'O MHOXKECTBA CPAGHUMbL, ecin T < y Wil § < T. 3a-
METHUM, ITO ONpeAeJeHIe TaCTUIHOTO TOPAIKa He Tpebyer,
9TOOLBL JIOOBIe IBa DJIEMEHTA MHOXKECTBA OLLIN CPABHUMEI.
HMo6aBus >T0 TpeGoBaHUe, MBI IOIY UM OIIPEIEICHUE AUHEl-
1020 NopAdKa (AUHETHO YNOPAJOUEHHO2O MHONHCECTNBA).

IIpuBeaéM HECKOTBKO TPUMEPOB YACTUIHBIX TOPSIIKOB!

e UNCIOBEIC MHOXKECTBA ¢ OOBIYHBIM OTHOIICHMEM IIO-
paika (31ech NOPALOK OyAeT JIUHEUHBIM).

e Ha mmoxkecTBe R X R Bcex map AeUCTBUTEILHBEIX YU~
CeJ MOXKHO BBECTH JACTUIHBIN TTOPAAOK, CIUTAA, ITO
(x1,22) < (y1,y2), ecm &1 < To U Y1 < Yo. DTOT TO-
psiok yxke ne Oyaer sunenssiv: napset (0, 1) u (1,0) ne
CPABHUMEL.

e Ha MHOXeCTBe (QYHKIIUU ¢ AEUCTBUTEILHBIMU APTy-
MEHTAMU ¥ 3HAYEHAAMI MOXKHO BBECTH IACTUIHEIA MO~
psiok, cauras, 4ro f < g, ecau f(z) < g(z) npu Beex
x € R. Dror nopsagok He OyxeT JUHEAHBIM.

e Ha MHOXECTBE MEJIBIX MOJOKUTENbHBIX YUCET MOXKHO
OIPEAEMUTE TOPATOK, CIATAA, ITO & < Y, €CIU T Oe-
JUT Y. DTOT HOPALOK TOXKE He OyAeT TUHEUHBIM.

e OTHOmEHNE «TIO00U TPOCTON ACAUTETh TUCTA & ABJIA-
eTCA TAKKE M NeJUTENEM TUCaa Y» He OyAeT OTHOIIe-
HUEM HOPAIKA HA MHOXKECTBE HEJIBIX ITOJOXKATENLHBIX
qucea (OHO PeQUEKCUBHO U TPAH3UTHUBHO, HO HE aHTU-
CUMMETPUYHO).

e Ilycte U — mpomsBosbHOE MHOXKECTBO. Torga Ha MHO-
xecree P(U) Bcex noaMuOXKecTB MHOXKECTBA U OTHO-
IIeHne BKAIOYEHUA C OyIeT JaCTUIHBIM TIOPSTKOM.
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e Ha OykBax pycckoro andaBuTa TPAIUIUA OMPEIETIET

HEKOTOPHI TopAMoK (a < 6 < B < ... < A). DTOT
HNOPSAIOK JUHEEH — TIPO JI00EIE TBe OyKBEI MOXKHO CKa-
3aTb, KAKAA U3 HUX paHbmie (Ipu HEOOXOAUMOCTH 3a-
[VIAHYB B CJOBaphb).

Ha coBax pycckoro anpaBuTa ONpenecH 4ekcuko2pa-
Puveckuii nopsarox (kak B caopape). PopMaIbHO Onpe-
IEIUTH €r0 MOXKHO TaK: €CIHA CJIOBO & ABIACTCA HAYA-
JOM CJIOBA Y, TO £ < Y (HATIpUMED, KAHT < KAHTOD).
Ecav Hu OfHO U3 CJOB He ABIAETCA HAYAJIOM JPYTOTO,
HOCMOTPHUM Ha HEPBYIO O HOPAIKY OYKBY, B KOTOPOU
CJI0BA, OTJAMYIAIOTCA: TO CJAOBO, TAe 3Ta OyKBa MEHDLIIE
B an(gaBUTHOM NOPAIKE, 1 OyIeT MEHBIIE. JTOT MOPA-
IOK TaKKe JUHEEH (MHAYE 9TO Obl TEeTAIN COCTABATEIN
caoBapen?).

Ornomenne pasenctBa ((z < y) & (z = y)) TakKke
ABJIACTCA OTHOIICHUEM YaCTUYIHOI'O IMOPAAKA, AJIA KO-
TOPOI'O HUKAKNE IBA PA3JUIHBIX 3JICMEHTA HE CPDaBHU-
MBI.

IIpueeném Teneps ObiToBOU mpumMep. IlycTh eCcTh MHO-
xkecTBO X KapTOHHBIX KOpo6Gok. Beném Ha HéM mops-
IOK, CIUTasA, 9TO T < ¥, eCau KOPOOKA & IEeIMKOM HO-
MEIIAETCA BHYTPh KOPOOKY y (Wi €Caid & U y — OJHA,
u Ta ke Kopobka). B saBucumocTy oT Ha6opa KOPOOOK
DTOT TOPALOK MOXET OBITH WK He OBLITH JUHENHLIM.

IIycTs #, y — 2/1€MeHTHl YaCTUYHO YHOPAOUYeHHOT'O MHO-
xkecrBa X. l'oBopar, uto ¢ < y, ecm ¢ < y u & # y. [laa
STOrO OTHOIIEHWS BLIIOJHEHBI TAKUE CBOUCTBA!

T £ x;

z<ylu(y<z) = z<z

(TlepBo€ OYEBUAHO, MPOBEPUM BTOpOE: €Canm & < y U Yy <

<z,

TOECTh & < Y, X Z Y, Yy < 2,y # 2, TO X < 2 1O

TPAH3UTUBHOCTH; €CIU ObI OKA3aJ0Ch, YTO L = Z, TO MBI ObI
nMean < Y < T U IOTOMY £ = Y II0 aHTUCUMMETPUIHOCTH,
9TO TMPOTUBOPEUUT TIPEAMOTOKEHUIO. )
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TepMUHOMOrTIECKOE 3aMEIAHNE: MBI YUTAEM 3HAK < KaK
«MEHBIIIE WU PABHO», & 3HAK < — KAK (MEHBIE», HEABHO
MPEATIONAras, YTO T < Y TOIA U TOJIBKO TOTIA, KOraa & < Y
wm ¢ = y. K c9acTbio, 3T0 IeUCTBUTEILHO TaK. Emé oxHo
3aMevaHue: Bblpaxkenue r > y («xr Gosblue y») O3HAUaeT,
4ro y < ¥, a BEIpaxKeHue ¢ > Y («r OOAbILEe WIu PABHO Y»)
O3HAYaeT, ITO ¥ < .

82. O6bsacHuTe, MOYEMy HE CTOUT YUTATb T < Y KAK «T He
60oabIIIe Y».

B HEKOTOPBIX KHMKKAX OTHOIIEHNE YaCTUIHOrO MOPAIKA
OLpeReIsieTCss KAK OTHOLIEHHE <, yIOBJIETBOPSIIOIIEE IBYM
YKA3aHHBIM CBOUCTBAM. B 3TOM ciydae oTHOmeHNE & < Y <
& [(z < y) wm (2 = y)] ABAAETCA OTHOIIEHNEM YACTUIHOTO
MOPAIKA B CMBICJIE HAIIETO OIP E/IeNeHNS.

83. IIposepbTe 3TO.

Bo msbexanue myTaHWIBI OTHOIIEHUE < WHOTIA HA3BI-
BAaIOT OTHOLICHUEM CMPO2020 NOPAJKA, & OTHOINEHHE < —
OTHOILIECHUEM HeCP02020 nopadra. O THO U TO Ke TACTUIHO
YHOPAIOYEHHOE MHOXKECTBO MOXKHO 331aBATh IMO-PA3HOMY:
MOXKHO CHAYAJA ONPENeInTh OTHOIIEHNE HECTPOrOro MOPSII-
ka < (pedaekcuBHOE, AHTUCUMMETPUIHOE U TPAH3UTUBHOE)
¥ 3aTeM U3 HEroO MOJIYYUTh OTHOIIEHUE CTPOroro nopsagka <,
a MOXKHO NEHCTBOBATL U HAOOOPOT.

84. Onyckas TpeGOBaHME AHTUCUMMETPUIHOCTHU B OLpeene-
HUAU 9aCTUYHOTO MOPAAKA, MOJYyIaeM OTpeneIeHre npeinopioxa.
JokaxuTre, 4T0 IO60U MPEAIOPALOK YCTPOEH TaK: MHOXKECTBO
NEIUTCA HA HEIEePEeCEeKAIOIINECT KAACCHL, IIPU DTOM & < Y [JIA JH0-
OBIX OBYX DJEMEHTOB T, Yy U3 OJHOT'0O KJIacCa, & Ha (PaKTOP-MHO-
XKECTBE 33aH YACTUIHBIA MOPAJOK, KOTOPBIA U ONPEAEIAET pe-
3YJAbTAaT CPABHEHUA ABYX 3JEMEHTOB U3 PA3HBIX KJIACCOB.

BoT HECKOIBKO KOHCTPYKIWU, MO3BOJAIONINX CTPOUTH
OJIHU YIOPSIOYEHHBIE MHOXECTBA U3 APYTHUX.

e Ilycts YV — moaMHOXKECTBO YaCTUYMHO YIOPIIOICHHO-
ro muoxectBa (X, <). Torga na muoxecrse Y Bo3Hu-
KaeT eCTECTBEHHBLIN YACTUIHBIN TOPATOK, UHIYUUPO-
sanmubili n3 X . PopMaIbHO TOBOPS,

(Sy) = (N xY).
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Ecau mopsagok wa X ObUT IUHEUHBIM, TO U WHAYIIAPO-
BAHHBIN MOPAJOK HA Y, O9€BUIHO, OYIET JUHETHBIM.

IIycte X u Y — nBa HemepeceKalomnxcs TacTUTHO
VIOPAZOYEHHBIX MHOXKECTBA. lorjga Ha mX 00Beau-
HEHUM MOXHO ONPENeIUuTh YACTUIHBIU MOPAJOK TaK:
BHYTPH KaXXJOI'0 MHOXECTBA 3/IEMEHTHI CPDABHUBAIOT-
¢l KaK paHble, a JoOOU BJIeMEHT MHOXKeCTBa X 1O
OTIp€e/IeJIEHUI0 MeHbIIe 000 dieMeHTa Y. 3T0 MHO-
XKecTBO ecTecTBeHHO obosHauuTe X + Y. (Mopagok
OyAeT JUHEUHBIM, €CIM OH OBLT TAKOBBIM Ha, KAXKJOM
U3 MHOXECTB.)

ITO ke O0O3HAYEHNE NMPUMEHAIT W A IIEePECEKAO-
muxcst (1 gaxe coBnagaomux MHOxecTB). Hanpumep,
ToBOps 00 ymopsgouennoM MHOX)KecTBe N + N, M1 He-
PEM IBE HEMepEeCeKANMeca KOMUU HATYPAIBHOTO PA-
ma {0,1,2,...} u {0,1,2,...} u paccMmaTpuBaeM MHO-
xectso {0,1,2,...,0,1,2,...}, mpmaém k < [ mpu Beex
k ul, a BHyTpU KaXKI0U KOIUU IMOPAIOK OOBIYHBIN.

IIycrs (X, <x) u (Y, <y) — gBa yIOPAZOIEHHELX MHO-
®KecTBa. MOXHO OMpegeuTh TOPAIOK Ha MPOU3BEIe-
Hun X X Y HECKOABKUMHU criocotaMu. MOXKHO CIUTATS,
aTO (T1,Y1) < (T2,Y2), ecmu 71 <x T2 U Y1 <y Yo (mO-
KOODAUHATHOE CPABHEHUE). DTOT MOPIIOK, OAHAKO,
He OyIeT JIUHERHBLIM, TAXKe eCAU UCXOTHBIE MOPAIKHA 1
ObLIY JTUHEUHLIMUA: €CIU IePBasd KOOPAMHATA OOJbIIE Y
OMHOU TIaphl, & BTOPasA y APYTOU, KaK UX CPABHUTH?
Y706b MOMYUIUTH JUHEUHBIN TTOPAJO0K, JOTOBOPUMCA,
Kakas KOOPAUHATA, OyIeT «TVIABHOW» U OymeM CHATaIa
CPAaBHUBATE 110 HE, a NOTOM (B C/Iydae DABEHCTBA) —
o apyrou. Eciu raasuon caurars X-KOOPAMHATY, TO
(x1,91) < {@2,y2), ecan 21 <x Ty WIK €CTU T = X2, &
Y1 <y ¥y2. OMHAKO TIO TEXHUYECKUM TIPUIUHAM yI100-
HO CYUTATh TJIABHOU BTOPYH KOoOpAWHATY. [oBOps
0 TPOU3BEACHUU ABYX JUHEUHO YIOPATOUECHHBIX MHO-
XKECTB KAK O JJUHENHO YIIOPALOIEHHOM MHOXKECTBE, MBI
B JaJbHEHIIeM [I0APa3yMEBAEM UMEHHO TAKOU IOPI 0K
(cHauANa CPABHMBAEM IO BTOPOU KOOPAUHATE).
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85. [loxaxmrTe, YTO B YACTUYHO YHNOPATOUEHHOM MHOXKe-
crBe N X N (mopAgok NOKOODAWHATHBIN) HET OGECKOHETHOTO
NIOAMHOXECTBA, JI00BIe IBA dJEMEHTa KOTOPOTro ObLIm OBI HeC-
paBHuMBL. BepHo i aHamtormyHoe yTBepxkaeHue it Z X Z7

86. [lokaxxuTe aHAIOTUYHOE YTBEPKACHUE NI N* (mopangok
TOKOODANHATHBIN).

87. Ilycts U — xOHEYHOE MHOXECTBO M3 1 daeMeHTOB. Pac-
cmoTpuMm MHOkecTBO P(U) Bcex moaMHOxkecTB MHOXecTBa U,
YVIOPASOYEHHOE N0 BKIYEHIMIO. KaKOBa MAaKCHMAJIBLHO BO3MOXK-
HAaA MOWHOCTH MHOXecTBa S C P(U), ecim MHIyIMpOBAHHBIN
Ha S HOpANOK JWHEEH! €CAU HUKAKWE ABA DIEMEHTA S He CpaB-
Humer? (YkasaHue: cM. 3agady 14.)

88. CKOIBKO CyIIECTBYET PA3INIHBIX IMHEMHBIX TOPAIKOB Ha
MHOXECTBE U3 7 3JIeMEHTOB?

89. [lokaxure, YTO BCAKAN YaCTUIHBIN TOPATOK HA KOHETHOM
MHOXECTBE MOXHO MPOJOMKUTH A0 JUHETHOTO («IPOJOIKUATH)
03HAYAET, YTO €CIN T < Y B MCXOTHOM IIOPsAJKE, TO U B HOBOM
DTO OCTAHETCA TAK).

90. /laHO GeCKOHEYHO€ YACTHUYHO YNIOPATOUEHHOE MHOXKEeCT-
Bo X. [lokaxuTe, 4YTO B HEM BCEr/la HAMAETCA Ju60 GECKOHEUIHOE
MMOAMHOX€eCTBO IOIAPHO HECPABHUMBIX JJIEMEHTOB, 100 6eCcKo-
HEYHOE IIO0JAMHOXECTBO, Ha KOTOPOM MHAYIMPOBAHHBLIN MOPAIOK
JITHEEeH.

91. (KOoHEYHBII BADMAHT TpeABIAYIIEH 3aa4u.) [JaHbl nesie
[TOJOXKUTEIbHBIE YUCIa T U N. [JoKaxXuTe, 9T0 BO BCAKOM TaCTUI-
HO yIIOPsAJOYeHHOM MHOXKECTBE MOIIHOCTH M+ 1 MOXHO yKa3aTh
160 m+1 momapHO HECPABHUMBIX IEMEHTOB, 60 n+1 monapHo
CPaBHUMBIX.

92. B cTrpouky Hammcanel mn + 1 pa3mmyusblx umcer. [Joka-
JKUTe, 9TO MOXKHO YaCTh M3 HUX BBIYEPKHYTH TAK, YTOOBI OCTa-
Jach 1100 BO3PACTAIOMIAA IIOCIEN0BATEILHOCTD NINHEIL M+ 1, au-
60 yOBIBaIOmAA MOCAEAOBATEIBHOCTS mawHBL 1 + 1. (Ykazamme:
MOXKHO BOCHOIb30BATHCA MPEABIAYIIEH 32 1aIel. )

93. PaccMOTpUM CEMENCTBO BCEX MOAMHOXKECTB HATYDAIbHO-
ro paja, ynopsanoueHHoe no BkiaodeHuoo. CymecTByeT au y HEro
JWHEVHO yNOPALOIeHHOE (B MHAYNWPOBAHHOM HODAAKE) HOICE-
mencTBo MomuocTH KoHTHHYyM? CymecTByer jm y HEro moace-
MEHUCTBO MOIIHOCTH KOHTHHYYM, JIO0BIE ABA IEMEHTA KOTOPOIO
HECPaBHUMBI !

DJEMEHT YACTUYHO YHOPAJOYEHHOO MHOXKECTBA HA3BI-
BAIOT HOUOO0ALULUM, €CTU OH OOJbIIe JI060r0 APYyroro ie-
MEHTA, U MAKCUMAADHbIM, €CIU He CYIIECTBYET OOJBIIETO
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aneMenTa. Eciu MHOXKECTBO He ABIACTCA JUHENHO YIIOPAI0-
YEHHBIM, TO DTO HE OJHO W TO ¥Xe: HAUOOJBIITAN DJIEMEHT
ABTOMATUYECKU ABAAETCA MAKCUMAJIbHBIM, HO He HA00OPOT.
(OguO 1em0 KOpoOKa, B KOTOPYIO MOMEMAETCA J0das Apy-
rag, gpyroe — Kopobka, KOTOpas HUKY/Ia O0Jbllle He IIOMe-
[IAeTCA. )

ABanoruyHEIM 06pa3OM OMPENETAIOTCA HAUMEHbULLE T
MUHUMAALHDLE DIEMEHTHI.

JIerko moHATL, 9TO HAMGOJIBLIINN DIEMEHT B JAHHOM €a-
CTUYHO YHOPALOYEHHOM MHOXKECTBE MOXKeT OBITH TOJBLKO
OJVH, B TO BpeMs KaK MaKCHUMAJbHBIX 3JEMEHTOB MOXKET
OBITH MHOL'O.

94. [loxaxwuTe, 4TO MOOBIE IBA MAKCUMAJBHBIX DIEMEHTA HE
CpaBHUMBI. raOKa)KI/ITe, YTO B KOHEYHOM YaCTUYHO YyIOPATZOYICH-
HOM MHOXeCTBe X 1 1100070 3JeMEHTa T HAUAETCA MAKCUMATb-
HBIN DJEMEHT Y, GOIBIINN WIN PABHBIN .

2.2. aomopduambl

[lBa 9aCTHYHO yHNOPALOYEHHBIX MHOXKECTBA HA3BIBAIOT-
CA UBOMOPPHBIMY, €CTU MEXKIY HUMU CYILIECTBYET U30MOP-
$u3M, TO €CTb B3AMMHO OJJHO3HAYHOE COOTBETCTBUE, COXPa-
mswomee nopAgoK. (ECTeCTBEHHO, ITO B 5TOM CIydae OHU
PABHOMOLIHBL KAK MHOXeCTBA.) MOXHO cKasarh Tak: Guex-
uus f: A — B HaswbiBaeTCAa M30MOPPU3MOM YACTUYHO YIIO-
PATOUEHHLIX MHOXECTB A u B, ecin

ay <ay & fla1) < flaz)

[UIA JHOOBIX DJIEMEHTOB a1,ads € A (caeBa 3Hak < 0603HATAET
NOPATOK B MHOXKeCTBEe A, cripaBa — B MHOXeCTBE B).

O4eBUIHO, YTO OTHOIIEHNE N30MOP(MHOCTH PEDIEKCUBHO
(xaxk 10e MHOKECTBO U30MOPQHO caMoMy cebe), CUMMeTPU-
Ho (ecau X mzomopduo Y, 10 u HA060pOT) U TPAH3UTUBHO
(3Ba MHOXECTBA, U30MOP(QHLIE TPETHEMY, U30MOP(HBL MEXK-
ay cobon). Takum 06pazoM, BCE IACTUIHO YIOPALOICHHIE
MHOXKeCTBa pa3OMBAIOTCA HA KJIACCH M30OMOP(HBIX, KOTODHIE
HA3LIBAIOT Nopadxosuimy munamu. (IIpaBaa, kak u ¢ Mor-
HOCTAMY, TYT HEOOXOIMMa OCTOPOXKHOCTL — HU30MOP(HEIX
MHOXKECTB CJIUIIKOM MHOI'O, X IIOTOMY I'OBOPUTH O IIOPAJKO-
BBIX TUITAX KAK MHOXKECTBAX HETB3A.)
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Teopema 12. KoHeunbie AMHENHO YIOPAIOUEHHBIE MHOXKE-
CTBa M3 OMMHAKOBOTO THUCJIA DJEMEHTOB M30MODPQHBI.

<1 Koneunoe IUHENHO yIOPATOIEHHOE MHOKECTBO BCET A,
AMEeT HAMMEHBIINAHN 3JIEMEHT (BO3BMEM JIOOOT BIEMEHT; €CJIn
OH HE HAVMMEHBINN, BO3LMEM MEHBIIMN, €CAW W OH HE HAU-
MEHBINNN, EIIE MEHBIIMN — U TAK Jajee; IOJIyIuM yObIBAO-
Iy ODOCAEAOBATENBHOCTD & > Y > 2 > ..., KOTOpasg paHO
WY O3 IHO AOJKHA 06opBarhes). [Ipucsoum HamMenbmemy
aaeMeHTy HOMep 1. I3 ocTaBImXcsa CHOBA BRIOEPEM HAUMEHb-
AN DIEMEHT W TPUCBOUM eMy HoMep 2 u Tak jganee. Jlerko
TMOHATH, ITO MOPATOK MEXKIY DJIEMEHTAaMU COOTBETCTBYET
MOPSAAKY MEXIYy HOMEPaMH, TO €CTh YTO HAIIE MHOXECTBO
uzoMmopouo Muoxecrsy {1,2,...,n}. >

95. [lokaxuTe, YTO MHOXECTBO BCEX LEJBbIX IIOJOXKUTEIbHBIX
neaurener yucaa 30 ¢ OTHOIIEHNEM «OBITh ASIUTEIEM» B KAIeCTBE
OTHOLIEHUA MOPAAKA M30MOP(IHO MHOXECTBY BCEX IIOJMHOXKECTB
MHOXecTBa {a, b, c}, YIOPALOIEHHOMY [0 BKIIOYEHUIO.

96. Bygem paccmarpuBarh (PUHUTHBIE IOCIEIOBATEIHLHOCTH
HAaTYPAIbHBIX YUCEI, TO €CTh IIOCIENOBATEILHOCTH, ¥ KOTOPBIX
BCe WIeHbI, KpoMe KOHedHOro umciaa, pasebl (. Ha muoxecTse
TAKUX MOCJAEI0BATEIbHOCTEN BBEEM MOKOMIIOHEHTHBIN IOPAIOK:
(ag,a1,...) < (bo,b1,...), ecm a; < b; mpu BCcex i. [Jokaxure,
9TO DTO MHOXKECTBO M30MOPQHO MHOXKECTBY BCEX MOJOXKUTETb-
HBIX LIEJBIX YUCEI C OTHOLICHWEM «ObITh JeIUTEeNIeM» B KadeCTBe
MOPAAKA.

BzaumuO 0gHO3HAYMHOE OTOOPAXKEHUE HACTUTHO YIIODA-
JOYEHHOT'O MHOXeCTBa A B cebs, ABIAIOIMIEECA U30MOphU3-
MOM, HA3BIBAIOT G8MOMOPPHUIMOM FACTUIHO YIOPIIOUEH-
moro mHOXkecTBa A. ToxngecrBennoe orobpaxeHue Bcerga
ABIAETCS AaBTOMOP(U3MOM, HO MJA HEKOTODBIX MHOXECTB
CYIIECTBYIOT U APYyTHe aBToMOpdu3Mbl. Hampumep, oTobpa-
XKeHue mpudaBaeHuA equannsl (x — ¢ + 1) aBasercsa aBToO-
MOP(PU3MOM HACTUYHO YIIOPSAJOUYEHHOI'O MHOXKECTBA Z Ie-
aplx gucen (¢ ecrecrTBeHHBIM nopsgkom). [as MHOXKecTBa
HATYPAJbHBIX THCET TA XKe (hOopMyaa He TaéT aBTOMOPQU3-
Ma (HeT B3aMMHOM OJHOZHAYHOCTH).

97. IloxaxwuTe, 4TO He CYyWIECTBYET aBTOMOPOU3MA yIIOPAI0-
9YEeHHOI'O MHOX€CTBa N HATYpPaJbHBIX YTHCEJ, OTIXIHOI'O OT TO-
XK OECTBEHHOTO.
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98. Paccmorpum MHOXecTBO P(A) BCex MOIMHOXECTB HEKO-
TOPOro k-3IeMEHTHOTO MHOXECTBa A, 4aCTUYHO YyIOPAJOYCHHOE
M0 BKJAKOYEHU. Hamaure IUCI0 aBTOMOP(U3IMOB DTOTO MHOXKE-
CTBa.

99. HOKa)KHTe, 9TO MHOXECTBO ILEJBbIX IIOJOXWTEAbHBbIX Y1H-
ceJ, YaCTUIHO YIOPAJLOUEHHOE OTHOIIEHUEM (T NETUT Y», UMeeT
KOHTUHYYM PA3JIUIHBIX aBTOMODP(MU3MOB.

Bor HeCkOnIBKO HpPUMEDPOB DABHOMOIIHBIX, HO HE K30-
MOP(HEBIX JUHENHO YIOPALOIEHHEX MHOXKECTE (B CIIY TEO-
peMbl 12 OHE JOMKHBEL OBITH GECKOHETHBIMH ).

e Otpesok [0,1] (¢ OOBLIMHBIM OTHONIEHWEM MOPAAKA) HE
m30MOpdgEeH MHOXKeCTBY R, Tak KaK y HEPBOrO €CTb
nHanbonpmui daement, a y sroporo mer. (IIpw wmso-
Mopdu3Me HAamOOIbIINY SJIEMEHT, €CTECTBEHHO, 10.-
*eH COOTBETCTBOBATH HAMOOJBIIEMY.)

e MuoxectBo Z (uenbie 4mcaa ¢ OOBIMHBIM MIOPSIKOM )
He w3oMopduo MuoxecTBy Q (pauuoHajbHbIE YUCIA).
B camowm zene, nycrs «: Z — Q apisercs uzomopgus-
MoM. BosabMéM mBaA COCETHUX MENBIX TUCTA, CKAXKEM, 2
n 3. llpu usomMopduaMe o UM TOTKHBEI COOTBETCTBO-
BaTh KAKWE-TO [BA PAMOHAIBHBIX uucaa «(2) m «(3),
npuuéM a(2) < a(3), Tak xak 2 < 3. Ho Torga paun-
OHAJBHBIM 4duCIaM MexaAy a(2) u a(3) JomKHBL COOT-
BETCTBOBATE IEJBIE IUCIA MEXY 2 U 3, KOTOPBIX HET.

e Bosee CIOKHBIU mpuMep — MHOXeCTBA Z u Z + Z.
Bospmém B Z + 7 nBe xonuu Hyas (U3 TOU U APYTOU
KOMIOHEHTHI ); MbI o603ua4damm ux 0 u 0. Ilpu aTom 0 <
< 0. Ilpu m3omopduaMe uM JOIKHE COOTBETCTBOBATD
IBa LeJIBIX ducaa a u b, mis xkoropeix a < b. Torma
BceM aneMenTaM Mex 1y 0 1 0 (MX 6eckoHeTHO MHOTO:
1,2,3, ..., =3, =2, —1) AOMKHBEI COOTBETCTBOBATHL

TUCTIa MEXIYy a 1 b — HO UX JNIIL KOHEYHOE YHUCIIO.

OTOT MPUMED MPUHIUIUAILEHO OTANIACTCA OT MPEIbI-
OYIIUX TEM, YTO 3[€Ch PA3HUIY MEXIY CBOUCTBAMU
MHOXECTB HeJb3s 3anucaTth popmyaou. Kak rosopsr,
VIIOPAIOYMEHHBIE MHOXKECTBA Z U 7 + 7 «2I€MEeHTaPHO
SKBUBAJEHTHED) .
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100. JoxaxxuTe, 9TO JUHENHO YIOPALOICHHBIE MHOKECTBA Z X
XN u Z X Z (¢ onucasnHLIM BBIIE HA C. 53 TOPAJKOM) HE T30MODP(d-
HBI.

101. ByayT au #u30MOpPMHBI IMHENHO YIOPATOICHHBIE MHOXKE-
crBa N X ZuZ X Z?

102. ByayT au #u30MOpPQHBI IMHENHO YIOPALOICHHBIE MHOXKE-
crBa Q X Z u Q x N?

Orobpaxenue T +— +/2& OCymECTBIACT H30MOP(U3M
mexcny unreppanavu (0,1) u (0,v/2). Ho yxe me Tax mpo-
CTO TOCTPOUTH M30MOP(MU3M MeXKIY MHOXKECTBAMU PAIMO-
HAMBHBIX TOYEK BTUX HHTEPBAIOB (TO ecTh Mexay QN (0,1)
1 Q N (0,v2)), TOCKOIBKY yMHOXKeHMe Ha /2 TIepeBOIuT
panMoHAJLHEIE MCAA B WppaIlnMoHaIbHBIE. TeM He MeHee
“30MOPOU3M MOCTPOUTH MOXHO. [lag »>TOr0 HAMO B3ATH
BO3PACTAONINE IIOCTENOBATENIBHOCTY PAIMOHAJBHBIX “HUCEJ
0<x <22 < ...m0 < 1y1 <y < ..., CXOAALIKECS
COOTBETCTBEHHO K 1 1 /2 1 IIOCTPORTE KyCOMHO-THHERHYIO
dbyuxmIO f, KOTOpasA TIEPEBOAUT X; B Y; W JUHENHA, HA Ka-
®KJIOM 13 OTDPE3KOB [Z;,Z;+1] (puc. 5). Jlerko moHsTh, 9TO
OHa OyJeT MCKOMBIM M30MOP(MU3IMOM.

\/>A

yo |--

Y1

0 21 X2 Vl

Puc. 5. Jlomanas ocymecTBIIeT U30MOPPUIM.

103. IToxaxure, 9T0 MHOXECTBO PAIMOHAILHBIX IUCEI UHTEP-
Baaa (0,1) m maoxecTso Q msomopdusr. (Ykasanue: 31ecs TOXE
MOXHO IIOCTPOUTH JOMAHYIO; BIPOYEM, y STOU 3aJa¥H €CTh U APY-
roe peleHne, KOTOPOe HaduHAETCs € TOro, 9T0 GyHKImUa & — 1/x
IEepEeBOAUT PANMOHATLHEIE YUCTIA B PAUOHATBHBIE. )
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Bonee crnoxkuas KOHCTPYKIUA TPEOYyeTCsS B CICAYIOMIEN
3anade (BUAUMO, HUYETO TPOIIE, 9€M COCAATHCA HA OOIIYHO
Teopemy 13, TYT He IPUIYMAEIIE).

104. [lokaxxure, 9T0 MHOXKECTBO ABOUIHO-PAMUOHAILHBIX IU-
cex marepsaia (0, 1) msomopduo muoxectsy Q. (Iucao camraer-
CsL J80UUHO-DAYLUOHAALHLM, €CII OHO mMmeeT Bug m /2", roe m —
LeI0e YuciIo, a N — HATYDPATBHOE.)

[Ba anemenTa z, Yy JUHEHHO YIOPSAJOICHHOIO MHOXKECTBA,
HABBIBAIOT COCEOHUMU, ECTU T < Y U HE CYIMIECTBYET DJAEMEH-
Ta MEXJY HAMH, TO €CTh TAKOTO Z, U4T0 ¥ < 2z < y. Jlunen-
HO YIOPSJOUEHHOE MHOXECTBO HABBIBAIT MAOMHbIM, €CIN
B HEM HET COCENHUX DJIEMEHTOB (TO €CThb MeXIy JIOOLIMU
ABYMSL €CTh TPETHH).

Teopema 13. Jlro0bIe 1BA CYETHBIX TWIOTHBIX JJUHENHO YIIO-
PATOYEHHBIX MHOXKECTBA 0€3 HAMOOJIBINEr0 W HANMEHBIIIETO
3JEMEHTOB U30MOPQHBI.

< Iycrs X u Y — ganubie Ham MHOXKecTBa. TpeGyembin
n30MOpGhU3M MeX Iy HUMU cTpouTcs o maram. Ilocre n ma-
TOB y HAC €CTh JBA N-DJIEMEHTHBIX MOAMHOXKeCTBA X, C X
u Y, C Y, 2JeMeHTHl KOTOPBIX MBI OyJeM HA3LIBATH «OXBa-
YEHHBIMI», ¥ B3aMMHO OJHO3HAYHOE COOTBETCTBHUE MEXIY
HEMHE, coxpaHsmwiee nopsiok. Ha ogepesnom mare mer Ge-
PEM KAKOHU-TO HEOXBAYEHHBIN BJEMEHT OJHOIO U3 MHOXKECTB
(ckaxkeMm, MHOXKECTBA X ) U CPABHUBAEM €T'O CO BCEMU OXBa-
veHHbIME djaeMeHnTaMu X . OH MOXKeT OKa3aThCa JUO0 MEeHb-
11e Beex, aubo 60bIme, 1160 TOTACTb MEX Ay KAKUMUA-TO IBY-
Ms. B Kax oM U3 C1y9aeB MBI MOXKEM HAUTYU HEOXBAMEHHBIN
s1eMeHT B Y, HAXOAAIIUNICA B TOM Ke IoJ0oXKeHuu (6omabiue
BCEX, MEX Y TIEPBLIM U BTOPHIM OXBAYEHHBIM CBEPXY, MEX Iy
BTOPBEIM U TPETBUM OXBAYEHHBIM CBEPXY U T.T.). Ilpu sTOM
MBI TIQJB3YEMCS TEM, YTO B Y HET HANMEHBINEro DJIEMEHTA,
HET HAMOOJBIIEr0 U HET COCEIHUX DIEMEHTOB, — B 3aBUCHU-
MOCTH OT TOI'O, KAKOU 13 TPEX caydaes umeeT MecTo. [locae
3TOro MbI 106aBigeM BEIODAHHEBIE DIeMEHTHL K X, U Yy, Cau-
Tasg UX COOTBETCTBYIOUIUMU APYT APYTY.

YTo6bl B mpeaese NONyIUTb U30MOPHUIM MEKAY MHO-
xecTBaMu X M Y, MBI JONKHBI ITO3A00TUTHCA O TOM, 9TO-
OBl BCe 2JIEMEHTEl O0O0MX MHOXKeCTB OBLTM PAaHO WIX IIO31-
HO OXBAYEHBI. JTO MOXHO CAETATH TAK: MOCKOILKY KaXKI0e
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13 MHOXECTB CIETHO, TTPOHYMEPYEM €r'0 DJIEMEHTHI U Oy 1eM
BHIOVDATH HEOXBAUEHHBIN DIEMEHT ¢ HAVMMEHBIITIM HOMEPOM
(Ha HeuéTHBIX marax — us3 X, HA YETHBIX — u3 Y). DTO
cooOpaKeHue 3aBepIIaeT JOKA3aTEIHLCTBO. >

105. CkOIBKO CyumecTByeT Hem30MOP(MHBIX CIETHBIX MJIOTHBIX
JWHEVHO yNOPALOIEHHBIX MHOXECTB (IPO HAWMEHBIIAU W HAU-
GoabIINY 31eMeHTHl Hudero He usBecTHO). (Orset: 4.)

106. IlpuseguTe mpuMep ABYX ILMIOTHBIX JWHEUXHO yIIOPAIO-
YI€HHBbIX MHOXECTB MOITHOCTHU KOHTHUHYYM 0e3 HauMMEHBIIEro M
HAMOOIBIIErO BIEMEHTOB, HE ABIAMMXCA m30MOpdHbME. (YKa-
3aHmMe: BO3bMuTe MHOXECTBA Q + R u R+ Q.)

Teopema 14. Beakoe cuéTHOE JUHEMHO YTIOPATOYUEHHOE
MHOK€ECTBO U30MOPQPHO HEKOTOPOMY MOIMHOXKECTBY MHOMKE-
crea Q.

< 3amMeTuM Cpa3y ke, 9TO BMECTO MHOXKecTBa Q MOxHO
OBLIO B3ATH JIOOOE ILIOTHOE CYETHOE BCIOAY IIOTHOE MHO-
JKEeCTBO 0e3 TIepBOTO U MOCJASTHETO DJIEMEHTOB, TaK KaK OHU
BCE N30MOD(HHI.

JloKka3aTeabCTBO DTOTO YTBEPKACHAS MPOUCXOAUT TAK
Ke, Kak U B TeopeMe 13 — ¢ TOU pasHuUIen, 4TO HOBBIE He-
00paboTaHHBIE 3JIEMEHTE 6EPYTCA TOJALKO C OAHON CTOPOHLI
(13 TAHHOT'O HAM MHOXKECTBA), 4 TMAPHl K HUM TIOA0UPAIOTCA
B MHOXKECTBE PAIMOHAIBLHBIX UHUCeT. >

107. MauTe apyroe A0OKa3aTeIbCTBO TEOPEMHI 14, 3ameTus,

4T0 110600€ MHOXKEeCTBO X M30MODP(HO MOIMHOXKECTBY MHOXECTBA
Qx X.

2.3. PyHAUPOBAHHbIE MHOXECTBA

Ipunnun MaTeMaTu4ecKOn MHAYKOAM B OJHOM U3 BO3-
MOXKHEIX (DOPM 3BYYHT TaK:

Ilycte A(n) — HEKOTOpOE CBOUCTBO HATYPAIBHOI'O UH-
caa n. Ilycrs mam ynasock gokasats A(n) B mpenmogo-
xenuu, 910 A(m) BepHO Aag BCex m, MeHbIUX 1. Torga
cBoucTBO A(n) BEPHO A/ BCEX HATYPAIBHBIX TUCEI 1.

(3ameTuM, UTO MO yCIOBHMIO nOoKazaTeabcTBO A(0) BO3-
MOXKHO 6€3 BCAKUX MPEINOJOKEHUN, MOCKOJIBKY MEHBIINX
“qucea HeT.)

[l KAKIX 9aCTUIHO YIOPALOIEHHEIX MHOXKECTB BEPEH
anagoruyubi npuHnun? OTReT faéTca CAeIYIOMEeN TPOCTON
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TEOPEMON:

Teopema 15. Crenyromme Tpu CBOUCTBA YACTUIHO YIOPA-
NOYIEHHOT'O MHOKECTBA X PABHOCUILHEL

(a) mo6oe HemycToe OAMHOKECTBO X MMEET MUHAMAIb-
HLIA 3JEMEHT;

(6) me cymecTByeT GECKOHEYHOU CTPOrO yOBIBAIOLIEH 110
CIeIOBATEIBHOCTU g > T1 > T3 > ... DIEMEHTOB MHOXKEe-
cTBa X

(8) mas MHOXecTBa X BEPEH NPUHUWN WHIYKIUU B CJE-
ayiomen gopme: ecau (npu Kaxgom ¢ € X) U3 UCTUHHO-
ctu A(y) mias Bcex y < x clregyer mcruHHOCTH A(Z), TO
cBoncrBo A(z) Bepuo npu Beex . POPMaAIBHO DTO BAIKUCH-
BAIOT TaK:

Ve (Vy ((y < ) = Aly)) = A(z)) = Vz A(x).

< CHavana TOKaXKeM DKBUBATEHTHOCTH TEPBHIX JBYX
ceoucTs. Ecmum g > x1 > z2 > ... — OeckoHeIHAsA yOBI-
BAIOIAA TOCIEIOBATENBHOCTD, TO, OUEBUIHO, MHOXECTBO €€
3HAYEHUN HE UMEET MUHUMAILHOIO DAeMEHTa, (141 KaXK0r0
aneMenTa caegyowmit ewé menbine). ITosromy uz (a) ciue-
ayer (6). Hanporus, eciu B — HemycToe MHOXKECTBO, HE
UMEOIIee MUHUMAJLHOTO DJIEMEHTa, TO OeCKOHETHYIO YOBI-
BAOIIYIO TOCIEN0BATEILHOCTD MOXKHO IOCTPOUTE Tak. Bo3b-
MEM TPOUBBOJLHBLIN dreMeHT by € B. Ilo mpeanomoxenuio
OH He ABJIETCS MUHUMAJILHBIM, TaK YTO MOXHO HAUTHU b €
€ B, nns xoroporo by > by. llo Tem xe mpuymHaM MOXKHO
Hautu by € B, mas xkoroporo by > by u T. 1. [omydaerca
OeckoHeTHAsA yOBIBAIONIAS MOCAEI0BATETLHOCT.

Temepnb BLIBEAEM TPUHIIUT UHAYKINU U3 CYIIECTBOBAHUA
MUHUMAJILHOI'O DJIEMEHTa B Jio6oM moaMuoXkecTBe. [lycThb
A(z) — IpOU3BOIBLHOE CBOUCTBO BJIEMEHTOB MHOXKecTBa X,
BEDHOE HE Ui BCEX DJIEMEHTOB Z. PaccMOTpuM HemycToe
MHOXECTBO B Tex plIeMeHTOB, I KOTOPBIX CBOUCTBO A He-
BepHO. IlyCcTh £ — MUHWMATBLHBIN DIEMEHT MHOXKECTBA B.
ITo yciaoBuo0 MEHBIMX 3JEMEHTOB B MHOXKECTBe B HeT, mo-
sromy aasa Beex y < x ceoucTBo A(y) Bemoaneno. Ho to-
[a 00 IPEINOJIONKEHUIO JO/KHO OBITh BEIIOAHEHO U A(x) —
TMPOTUBOPEINE.
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OcTanock M0Ka3aTh CYIIECTBOBAHNE MUHUMATILHOTO DJe-
MEHTA B JHOOOM HEMYCTOM TIOAMHOXECTBE, UCXO/A U3 TPUH-
muna uHAykiua. [lycts B — mogMHOXKECTBO 6€3 MUHUMATD-
HBIX 371eMeHTOB. [lokaxkeM o uHAyKIuu, 9To B nycro; apy-
rumu caoBaMu, B kadecrse A(z) Bosbmém cpoucrso z ¢ B.
B camom gese, eciu A(y) BepHO 4s Beex y < T, TO HUKAKOU
2JEMEHT, MEHLINN &, He JexkuT B B. Ecau 681 ¢ texan B B,
TO OH OBLT OBl TAM MWUHMMAJBHBIM, & TAKUX HET. [>

MuoxecTBa, obaagaomme cBoncTeaMu (a) — (B), Ha3bIBa-
0TCA Pynduposanmbimu. Kakue ecTb npuMepsl PyHIMPOBAH-
unix mMuoxkects? IIpexiae Bcero, Hall UCXOIHBIA IIPUMED —
MHOXECTBO HATYDPAIBHBIX TUCEJ.

[pyrou mpumep — muOXKecTBO N X N map HaTypatbHex
qucea (MeHbIE Ta Mapa, Y KOTOPOW BTOPOU “WIEH MEHBIIE;
B CJAydae PABEHCTBA CPABHUBAEM IepBhie). B camom nese,
uposepum ycaosue (6). Ham 6yner yg06H0 chopmyauposarsb
€ro TaK: BCAKAA IMOCIEAOBATEILHOCTD Uy = U] = Uz = ...
DJEMEHTOB MHOXKECTBA, PAHO WM TO3IHO CTAOWIM3UPYETCA
(BCe WIeHBI, HAMMHAA ¢ HEKOTOPOT'O, PABHLL); OUEBUIHO, UTO
2TO DKBUBAICHTHAA (hOPMYIUPOBKA.

IlycTh nama mpouW3BOILHAA MOCIEAOBATEILHOCTD Map

(o, y0) = (x1,y1) = (T2,y2) > ...

Ilo onpegenenuio nopsiaxa (CHadasa CPABHUBAIOTCA BTODLIE
WIEHBL) Yo = Y1 = Y2 = ... U TOTOMY MOCJAEAOBATEILHOCTH
HaATYPAJbHBIX IMCET Yf; C KAKOTO-TO MecTa He MeHsgeTcs. [lo-
CJIe DTOrO y¥Ke I; JOMXKHBEI yOBIBATH — U TOXe CTaOUIn3u-
pyorcsa. IYTo u TpeboBaIOCh.

To ke camoe paccyxkieHue IpuUroguo u B Oojee obiien
CATYaIUN.

Teopewma 16. Ilycts A u B — ngBa pyHIUPOBAHHEIX Ua-
CTUYHO YHOPSATOUEHHBIX MHOXKECTBA. 10Taa WX TpOm3Bene-
uume A X B, B KOTOpOM

<a1,b1> < <a2,b2> = [(bl < bz) nIn (b1 = b2 u ap < CLQ)],

ABAAETCA PYHIUPOBAHHEIM.
< B nocregoBarensuoctu (ag,bo) = (a1,b1) > ... crabu-
JIM3UPYIOTCA CHAYAMa BTODPHIE, & 3aTE€M ¥ TEPBLIE WIEHBL. [>
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OTcrona BHITEKAET AHAJOTMYHOE yTBEpkKAeHue miasa N X
x N x N, z1a N* mm Boo6Ime mis mponsBeseHnsa KOHETHOTO
qucaa, GyHINPOBAHHBIX MHOXKECTB.

Emé npomme pokazars, uto cymma A + B aByx dyHau-
POBAHHBIX MHOXECTB A u B QyHAMpOBaHA: TTOCAETOBATEID-
HOCTb Zg < 1 < T2 < ... JubO LEIUKOM COAEPKUTCA B B
(4 MBL cebLIaeMCs Ha PYHAUPOBAHHOCTE B), aubo cogepxKuT
snaeMenT u3 A. B mociegnem ciydae Bce caeqyomume 3JieMeH-
THI TAKXKe TPUHALTIERAT A, 1 MBI UCTTOAB3YeM (PYHAUDPOBAH-
HOCTEL A.

YacTo B IPOrpaMMUPOBAHUA (MU B OJUMINATHBIX 38~
Jadax) HaM HYXKHO JOKA3aTb, 9TO HEKOTOPBLIU IIPOLECC He
MOXKET IPOJOKATHCA GeckonevHo noaro. Hanpumep, Hamn-
CaB UWKJI, Mbl JO/KHEL YO IUTHCA, YTO PAHO WIK IIO3LHO U3
HETO BRIMAEM. JTO MOXKHO CAEIATH TAK: BBECTU KAKOU-TO
HATYDAIBHBIN TAPAMETD M YOEMUTHCA, ITO HA KAXKIOM IIIa-
re [MUKJIA 3TOT MapaMeTp yMeHbImaeTcsa. Toraa, eciu cenyac
3TOT napameTp pase N, TO MOXKHO MaPAHTUPOBATH, 9TO HE
mo3xe geM depes [N maroB NUKJI 3aKOHIUTCA.

Oauaxo GBIBAIOT CUTYALWU, B KOTOPBIX YUCJIO IIATOB 3a-
paHee OLIEHUTH HEJb3sl, HO TEM HE MEHee FapaHTUPOBATEH 33~
BepILIEHNE NUKJIA MOXHO, [IOCKOJIBKY €CTh IapaMeTp, IPUHNI-
MAIOIINN 3HAYEHUS B (PYHIUPOBAHHOM MHOXKECTBE M yOLIBA-
IOIIAY HA KAXKOM IIare KA.

Bot npumep oauMmmarHon 3a1a4u, Ta€ MO CYIIECTBY Ta-
KOe PACCyXAeHNe U UCIOJb3YETCA.

BusnecMen 3akIr0unI ¢ IEPTOM CIEIKY: KAXK IBIA T€Hb OH
TaéT 4épTy OAHYy MOHETY, M B OOMEH IOJIYyYaeT JIOOOU Ha-
60p MOHET IO CBOEMY BBEIOOPY, HO BCE 3TH MOHETHI MEHBIIIETO
JOCTOUHCTBA (BUAOB MOHET KoHe4HOe 4uci0). Mensars (win
HOLYYaTh) JEHBIU B APYIOM MecTe OU3HECMEH HE MOXKET.
Korga moneT 60mbIIIe HEe OCTaHETCs, OM3HECMEH IIPOUTPHIBA-
eT. /lokaxuTe, 9TO PAHO WIN MO3THO IEPT BHINCPAET, KAKOB
OBl HU OBLT HAYATLHBIN HAGOD MOHET y OU3HECMEHA.

Pemenne: nycts umeetcs k Bugos MoueT. UckoMmein ma-
paMeTp OmpegennM TAK: MOCIUTAEM, CKOIBKO MOHET KaK I0-
ro BUJA €CTh y OusHecMeHa (1n; — YMCI0 MOHET MUHUAMALL-
HOI'O AOCTOMHCTBA, Mo — YACIO CJAESYIOMIAX, U TAK AaJee
10 Ng). 3aMETHUM, 9TO B PE3YJLTATE BCTPEIM C IEPTOM Ha-
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6op (n1,...,Ng) yMeHbIIAETCA (B CMBICIE BBEJEHHOTO HAMUI
TTOPAIKA, KOTJI4 MBI CDABHUBAEM CHAYATIA TOCACTHUE IEHHI,
3aTeM TPEINocaenHue u T. 1.). [IoCKOIbKY MHOXKECTBO NF
PYHIAUPOBAHO, DTOT IPOIECC TOMKEH 0O00PBATLCA.

108. VimeeTca KOHEIHAA MOCAENOBATENBHOCTH HYJIEU W equ-
Hun. 3a OJWH HIAT Pa3PemaeTca CAeIaTh TaAKOe JeHCTBHAEC: HAauTH
B Hert rpyuny 01 um 3amernuts Ha 100. . .00 (mpm 3TOM MOXHO HaNU-
CaTh CKOIBKO yrogHO Hyaen). [JokaxuTe, 1TO TAKHE MIArW HEIb35
BBINOJHATH G€CKOHETHO MHOI'O Pa3.

109. PaccMoTpuM MHOXECTBO BCEX CJIOB PYCCKOTO ajuda-
BuTa (TOTHEE, BCEX KOHETHBIX MOCAEIOBATEIBHOCTEU DPYCCKUX
6yKB, HE3ABUCHMO OT CMBICIA) C JEKCUKOTPAPUIECKIM MOPATKOM
(cm. c. 51). BygeT m 5T0 MHOXECTBO (yHAUPOBAHO?!

110. PaccMOTpUM MHOXECTBO HEBO3PACTAIOIINX IIOCICOBA-
TEILHOCTEN HATYPATBLHBIX YUCET, B KOTOPLIX BCE WICHBI, HATWHAA
C HEKOTOPOTr'O, PAaBHBI HYIIO. BBeéM B HEM NMOPAIOK TAaK: CHAYA-
Ja CPAaBHUBAEM IIE€DPBBIE WIEHBI, IPU PABEHCTBE NMEPBHIX BTOPHIE
u T. 1. Jokaxure, 9T0 5TO (MMHENHO) YHOPAZOICHHOE MHOKECT-
BO (pyHIUPOBAHO.

111. PaccMOTpUM MHOXK€ECTBO BCEX MHOT'OWIEHOB OT O JHOU IIe-
peMeHHOU T, KO3(pPUIUEHTH KOTOPBIX — HATyPAJIbHBIE YUCTA.
Yuopsgouum ero Tax: MHOrowiIeH P Goubliie MHOrOWIeHa (), ecin
P(z) > Q(z) ana Bcex moctaroano Goapmmx . [lokaxuTe, 9TO
3TO OMpeAeIcHUe 3a1aéT IUHEWHBIA TOPAAOK U YTO MOLYIAIOIIe-
€Csl YIOPALOYeHHOE MHOXKECTBO (DYHIUPOBAHO.

2.4. Bnonxe ynopsgo4eHHble MHOXECTBA

DyHAMPOBAHHBIE JUHENHO YIODALOYEHHBIE MHOXKECTBA
HA3BIBAIOTCA 6N0AKE YROPAJOUEHHBIMY, & COOTBETCTBYIOIINE
HOPAAKA — nNOoAHbIMU. [ JTMHENHBIX TOPSAIKOB OHATHS
HAXMEHBIIEr0 ¥ MUHUMAIBHOIO BJIEMEHTA COBHIAAIOT, TAK
9TO BO BIOJIHE YIOPALOYEHHOM MHOKECTBE BCAKOE HEILyCTOE
HOAMHOKECTBO UMEET HAUMEHBIINY JIEMEHT.

3aMeTnM, YTO YaCTUIHO YIOPSAOMEHHOE MHOXKECTBO, B
KOTOPOM BCSIKOE HENYCTO€ TOAMHOKECTBO UMEET HANMEHB-
UK 3JEMEHT, ABTOMATUYIECKN SABIAETCS JUHENHO YIOPAL0-
TeHHBIM (B CAMOM Zefe, BCIKOE NBYX3/IEMEHTHOE MHOXKECTBO
UMeeT HAUMEHBIINE JIEMEHT, IO3TOMY JI00bE IBA HIEMEHTA
CPABHMMEI).
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IIpuMeps! BHOMHE YHOOPATOMEHHBIX MHOXKecTB: N, N +
+k (31ech k 0603HAMAET KOHETHOE JUHEUHO YIIOPALOICHHOE
MHOKeCTBO U3 k smemenTon), N+ N, N x N.

Haima ness — moHATH, KAK MOT'YT OBITH YCTPOEHBI BIIOJI-
HE YHOPATOYEHHBIE MHOXKECTBA. HavuHEM ¢ HECKOALKUX IIPO-
CTBIX 3aMEYAHUN.

e Bronne ynopsagodeHHOE MHOXKECTBO MMEET HANMEHb-
mun saevent. (Henocpescreennoe caegcrsue onpene-
JIEHUL. )

o [lg KaxXaOro DJEMEHTA T BIOJHE YIOPALOYEHHOI'O
MHOXECTBA (KpOMe HAMOOJBIIEr0) €CTh HEMOCPEeICT-
BEHHO CJCAYIOIAN 33 HUM DJIEMEHT y (3TO 3HAYWT,
9TO Y > X, HO He CYLIECTBYeT 2, A1 KOTOPOro y > z >
> z). B camom nese, eciu MHOXKECTBO BCEX D/IEMEHTOB,
OOJIBIINX T, HEIIYCTO, TO B HEM €CTh MUHUMAILHBIN DJIe-
MEHT ¥, KOTOPBIA U OyJeT UCKOMBIM. Takou sIeMeHT
JOTHMYHO O0OO3HAYATHL T + 1, Cleqyommn 3a HUM —
r+2uT. I

e HexoTopble DJIeMEHTH BIOJHE YIODAAOYEHHOI'O MHO-
XKECTBA MOLYT HE MMETHb HEIIOCDPELCTBEHHO NPEeNbIAY-
mero. Hampumep, B muoxectBe N + N ects aBa ie-
MEHTAa, HE UMEIOLINX HEIOCPELCTBEHHO HIPeIBIIYIIErO
(HAMMEHBIINH DIEMEHT, a TaKKe HANMEHBIINH DIeMEHT
BTOPOW KOMAY HATYPAIBHOTO pAAa). Takme nreMeHTH
HA3LIBAIOT NPedesbHblMy.

e Beakum aaeMeHT yHopsALOYeHHOT0 MHOXKECTBA, MMeeT
BU[ Z + N, TAE Zz — NPENeJbHEN, & 1 — HATYPAILHOE
qucao (0603HAYMEHUE Z + 7 HOHUMAETCSA B OIUCAHHOM
BbILIE CMBICIE). B camoMm gede, eciu z He NpeeibHBIN,
BO3BMEM TIPEALIAVIINNA, €CIN W OH HENpeIeJbHBIn —
TO €ro MPEALIAYIINA U T. 1., TOKA HE MOUAEM 0 Tpe-
IeTbHOrO (6ECKOHEYHO MPOAOIKATHCA ITO HE MOXKET,
TaK KaK MHOXECTBO BIOAHE ynopsaodeno). OueBugHo,
TAKOE IIPEACTABIEHUE OLHO3HAIHO (y 2JIEMEHTA MOKET
OBITH TOJBKO OJUH HEMOCPEICTBEHHO TIPEABI YN ).
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e Jlto60e OrpaHMYeHHOE CBEPXY MHOXKECTBO DIEMEHTOB
BHOOJHE YTOPAAOTEHHOTO MHOXECTBA MMEET TOTHYIO
BepxHIOK rpadb. (Kax 06brdH0, mogMHEOKECTBO X 4a-
CTUYHO YHNOPATOYEHHOT'O MHOXKECTBA A HasbBaeTCsa
02P AHUNEHHBLM CBEPTY, €CAU OHO UMEET 8EPTHION 2Pa-
HUYY, T.€. DIEMEHT a € A, i1 KOTOPOro T < a Ipu
Bcex ¢ € X. Ecam cpenm Bcex BepXHUX TPAHUIL TAHHOTO
TMTOIMHOXKECTBA €CTh HAMMEHBINAA, TO OHA HA3BIBAETCS
mounotli seprueti 2pansio.)

B caMoM gene, MHOXECTBO BCEX BEPXHUX TPAHUI HEMTY-
CTO U TIOTOMY NMEET HAUMEHBIINN DJeMEHT. (3aMeTnm
B CKOOKaX, YTO BOMPOC O TOYHOU HUKHEU TPAHU JJIA
BIIOJIHE YIOPATOICHHOTO MHOKECTBA TPUBHAIEH, TAK
KaK BCAKOE MHOXKECTBO UMeeT HAMMEHBIIUN 3JIeMEHT. )

Ilycts A — mpOUW3BOMBHOE BIOMHE YHIOPAAOIEHHOE MHO-
kecTBO. Ero Haumensum saemenT o6osaadum depes 0. Cae-
OVIOIIMK 33 HUM 3JeMEeHT 0003HaduM 4epes 1, caemyiommu
33 1 — <epe3 2 u T. 1. Ecau MHOXKECTBO KOHEWHO, IPOIIECC
5ToT 06opBEéTCA. Keam 6eCKOHEYMHO, MOCMOTPUM, HCUEPIa-
JI U MBI BCE DJIEMEHTH MHOXKeCcTBa A. Feam mer, BozbMéM
MUHUMAJILHBIA BIEeMEHT u3 ocrapumxcsa. O603HA4UM ero w.
Coreyromui 3a HUM DJIeMeHT (eC/H OH eCTb) 0003HaYuM w +
+ 1, 3areMm w + 2 u T. 1. Ecay m Ha >TOM MHOXECTBO HE
UCYEPTIAETCA, TO BO3LMEM HANMEHBINNU BJIEMEHT U3 OCTaB-
IIUXCs, HA30BEM €r0 w - 2, U MOBTOPUM BCIO TIPOIEAYPY. 3a-
TeM OYAYT w -3, w-4 u T.1. Ecin u Ha 5TOM MHOXKECTBO
HE KOHYUTCA, MUHUMAJILHEIU U3 OCTABIIMXCA SJIEMEHTOB Ha-
30BEM w?. 3arem mongyT w? + 1, w? +2, ..., w? +w, ...,
Wtw-2, ., w2, w3, Wi L (MBL HE ToAcHSeM
cemvac moapPOOHO OO03HAYECHNUA).

Yro, cOGCTBEHHO TOBOPSA, MOKA3LIBAET DTO PACCYXKIe-
mue? [lonbITaeMCA BLLICINTE HEKOTOPEIE yTBEPK 1eHus. [pu
DTOM MOJE3HO TAKOE ONPEIETeHNe: eCAU JUHENHO YIOPAI0-
YeHHOEe MHOKECTBO A pazbuTo Ha nBe (HEmepeceKarmmecs)
vactu B u C, mpuuém m060u daeMeHT B MeHbIne Jgi060ro
anemenTa C, TO B Ha3LIBAIOT HA%GALHLIM OMPE3KOM MHO-
xkecrBa A. [dpyrumu ciaoBaMu, DOIMHOXKECTBO B JMHENHO
YTIOPALOYEHHOTO MHOXKECTBA A ABIACTCA HAYATHLHBIM OTPE3-



[m. 4] Bnoane ynopadouennbie MHONCECMEA 67

KOM, eCT1 JII0001 >1eMeHT B MeHbIie mo60ro saemenTa A\ B.
Emgé ogua mepedopmymuposka: B C A ABaseTCa HAYATIBHBIM
oTpeskoM, ecau u3 a,b € A, b € Bua < b crenyer a € B.
3aMeTUM, YTO HAYaJbHBIM OTPE30K MOXKET OBIThL IyCTHIM
WK COBIAJATL CO BCEM MHOXKECTBOM.

OTmeTuM cpasy xKe HECKOABKO IPOCTHIX CBOUCTB HAYAIb-
HBIX OTPE3KOB:

e HavanbHBIN OTPE30K BIIOJHE YIOPALOUEHHOT'O MHOXKE-
cTBa (KaK, BIPOYeM, 1 JI060€e MOIMHOXKECTBO) ABIACT-
CA BIOJHE YHOPATOYECHHBIM MHOXKECTBOM.

e HavambHBIN OTPE3OK HAYAILHOTO OTPE3Ka €CTh Ha-
YATBHBIM OTPE30K MCXOTHONO MHOXKECTBA.

o O0Benuuenue MOCONO CEMENCTBA HAYAMBLHBIX OTDE3-
KOB (B OJHOM W TOM K€ YIOPALOYEHHOM MHOXKECTBE)
€CTh HAYAJBHBEIA OTPE30K TOT'O K€ MHOXKECTBA.

o EciM © — NPOU3BOJLHBIN DIEMEHT BIOJHE YIOPALO-
YeHHOT'0 MHOXKecTBa A, To MHOXecTBa [0, 2) (BCE DIE-
MeHTH MHOXkeCTBa A, Menpume ) u [0, ] (sIeMeHTEL
MHOXKeCTBa A, MeHbIle Win PaBHBIE Z) SABIAIOTCA Ha-
AIBHBIMU OTPE3KAMU.

e Beakun madanpHBIM OTpPe30oK I BIONHE YHOPALOYEH-
HOI'O MHOXECTBa A, He COBIAJAIONIMU CO BCEM MHO-
xkecrBoM, umeer Bui [0,2z) gas Hekoroporo z € A.
(B camom mene, eciu I # A, BO3bMEM HAUMEHBIIAN
saeMenT ¢ B MHOXecTBe A\ I. Torga Bce MeHBIMe Hie-
MEHTHI TPUHAAAEKAT [, caM & He mpuHaaIexuT I u Bce
O4IBIITE T DAEMEHTHI He MPUHALICKAT [, MHAYe TOIy-
YUI0CH OBL IPOTUBOPEUNE C ONPEIEACHUEM HATAIBLHOIO
oTpesKa.)

e JI06BIe 1BA HAYAIBHBLIX OTPE3KA BIIOJIHE YIOPALOICH-
HOI'O MHOXKECTBA, CPABHUMBI 110 BKJAIOYEHUIO, T. €. OJUH
ecTb HOAMHOKecTBO apyroro. (Caegyer u3 npeasbiay-
Iero. )

o HavaibHEBEIE OTPE3KU BHOJHE yIOPSIOYEHHOI'O MHOXKE-
cTBa A, yNOPALOYEHHEIE TO BKIIOYEHUIO, 00Pa3yIOT
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BIIOJHE YTOPSAJOYEHHOE MHOXECTBO. JTO MHOXKECTBO
COCTOUT M3 HAMOOJBIINETO daeMeHTa (Bcé A) u ocTars-
HOU wacTu, usoMopduon muoxkectBy A. (B camom ne-
JIe, HadalbHBIE OTPE3KN MHOXKeCTBa A, He COBIALAO-
mue ¢ A, umeror ug [0, z), u coorBercTBue [0,%) <> &
OyeT u3oMopdu3MoM.)

Boseparumcs x HamemMy paccy X IEHUIO C OCIEI0BATEb-
HEIM BBLIEJEHUEM DPA3IWYHEBIX DJIEMEHTOB K3 BIOJHE YIODS-
JOYEHHOI'O MHOXKECTBA. Ero mepByio 4acTh MOXKHO CIMTATH
MOKa3aTEILCTBOM TaKOT'0 YTBEDXKIEHUS: €CIU BIOJHE YIIO-
PATOUYEHHOE MHOXKECTBO OECKOHEYTHO, TO OHO UMEET HATaTh-
HBEI OTPE30K, n30MOpGHBIN w. (['OBOPsA 0 MHOXKECTBE HATY-
PAIBHBIX YKUCET BMECTE C MOPIAAKOM, OOBIYHO yIOTPEOAIIOT
oGoanavenue w, a ue N.)

Ho nma »Tom mame paccyxaeHume He OKaHUMBaeTCA. Ero
CTEAYOWAs YACTh MOXKET CINTATHCS JOKA3ATEJLCTBOM Ta-
koro ¢axra: mmbo A m30MOPPHO HEKOTOPOMY HAYAILHOMY
OTPe3Ky MHOXKecTBa w2, mb0 OHO UMEeT HAMAIBHBIA OTpe-
30K, m3omopdu w2. (31ech w? — BMOMHE YIOPAAOUEHHOE
MHOXKECTBO AP HATYPAJbHBEIX YUCEJ: CPABHUBAIOTCS CHAYA-
JIa BTOPBIE KOMIIOHEHTHI AP, & MPU UX PABEHCTBE — IIE€p-
BEIE.)

Boofme BepHO Takoe yTBepkKAeHWE: A JIOOBIX ABYX
BIOJIHE YHOPSAOYEHHBIX MHOXKECTB OJHO WM30MOP(HO Ha-
YaJBHOMY OTPE3KYy ADPYLOro, M IOKA3aTEJBCTBO COCTOUT
6onee Wiy MeHee B IOBTOPEHUM IPOBENEHHOI'O PACCyKIe-
uusg. Ho 9TOOB cenaTs 5TO aKKypaTHO, HYXKHA, HEKOTOPAS
MOATOTOBKA.

2.5. TpaHchUHUTHAS MHAYKUUS

TepMUHEL «MHIYKIUSA» U «PEKYPCULY 9aCTO yIOTPeOIsIoT-
cs1 Buepemexkky. Hampumep, onpenenenne gpaxkropuaia n! =
1-2-3-...-n kax dyukmun f(n), a1 koropon f(n) =
=n-f(n—1)mpun >0n f(0) = 1, HASLIBAIOT U «MHIYK-
TUBHBIMY, U «PEKYPCUBHBIMY. MbI 6y1eM CTapaThCsa pasrpa-
HUYMBATH 3TU CJIOBA TAK: €CJAU Pedb UAET O JOKA3ATEILCTBE
9ero-To cHadana gaa n = 0, 3atem mian = 1,2, ..., npuaém
KaxJ0e YTBepXKJIeHNe OMMpaeTcs Ha MpeIbIIyIiee, TO DTO
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undyryus. Ecau xe MBI ompeneiseM 9To-TO CHAYANA I 1 =
=0, moroM a1 n = 1,2,..., IpuiéM oupeeieHne KaxK 10ro
HOBOT'O 3HAYMEHUA UCTOIb3YyET PAHEE ONPEAEJCHHBIE, TO 3TO
DPERYPCUA.

Hama, menb — HayIuTbCA IPOBOAUTE UHIYKTUBHLIE TO-
Ka3aTeIbCTBA U JaBATH PEKYPCUBHLIE ONIPEAECACHIA He TOMb-
KO I[JIA HATYPATLHBEIX GUCEJ, HO U A APYTUX BIOJHE YIIO-
PATOIEHHBIX MHOXKECTB.

JoKa3aTeascTBa M0 UHAYKIUKA MBI YK€ OOCYXKIAIU, TO-
BOpsA 0 (PYHAUPOBAHHLIX MHOXKecTBax (cM. pazgea 2.3), u
CelIac OrPAHUIAMCA TOMBKO OJHUM IPUMEPOM.

Teopema 17. Ilycte A — BHOJHE yHOPALOYEHHOE MHO-
®ecTBo, a f: A — A — Bospactamomee oTobpaxenue (To
ects f(x) < f(y) mpm z < y). Toraa f(x) > x nuaa Bcex x €
cA

< Coruacuo npunuuny uaaykuuu (reopema 15, c. 61)
JOCTATOYHO AOKA3aTh HepaBeHCTBO f(z) > x, upeanonaras,
aro f(y) > y npu Beex y < z. IlycTs 570 HE Tak u f(x) <
< z. Torga o monorouuoctu f(f(x)) < f(x). Ho, c apyron
CTOPOHBI, DJA€MEHT y = f(x) MEeHbBIIE &, U MOTOMY MO MpeJ-
nonoxenuio uagykuuu f(y) >y, To ects f(f(z)) = f(x).

Ecau yroaHo, MOXHO B ABHOM BHUAE BOCIIOIB30BATHCA Cy-
MIECTBOBAHMEM HAMMEHBIIErO 3JEMEHTa, ¥ U3J0XKHATE 3TO Ke
paccyxkaeHne Tak. llycTh yTBEPK IEHUE TEOPEMbI HEBEPHO.
Bosemém HamMenbinee x, aaa kotoporo f(z) < x. Ho Torma
f(f(x)) < f(x) mO MOHOTOHHOCTH ¥ OTOMY & HE ABIACTCA
HAMMEHBIIAM BOIPEKHA MPEIOI0KCHUIO.

Hakonen, 3T0 paccyXaeHue MOXHO IEPECKa3aTh U TaK:
ecin & > f(z),10 10 MOHOTOHHOCTH

x> f(x) > f(f(@)) > F(f(f(2) > ..,

HO GECKOHEYHBLIX yOLIBAIOIINX IOCAEIOBATENLHOCTEN B (DyH-
TUPOBAHHOM MHOXKECTBE OBITH HE MOXKET. [>

Teneps nmepenaém k pexkypcuu. B ompegeneraun ¢paxTopu-
ana f(n) seipaxanock gepes f(n — 1). B obuen curyamun
3Hadenue f(n) MOXKET HCIOIB30BATH HE TOJBKO OJHO Ipe-
OBEIAYINEE 3HAYEHWE (PYHKINU, HO W BCE 3HAYEHWA HA MEHb-
mwmx aprymenTax. Hanpumep, MOXHO OnpeneanTsb QyHKIIO
f+ N — N, ckasas, uTo f(n) Ha eTUHAIY GOIBINE CyMMBI BCEX
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NpenpIymnx 3Hadernit, 7o ectb f(n) = f(0) + f(1) +... +
+ f(n—1)+1; 5T0 BIOMHE 3AKOHHOE PEKYPCABHOE OIpenese-
HEUE (HAJ0 TOJBKO TIOACHUTD, 9TO MYCTAA CYyMMAa CIMTACTCA
pasuou nyo, Tak uro f(0) = 1).

112. Kakyio ¢yuknuio f 3agaér Takoe ompejaeneHue’

Kax 00600muTh 5Ty €XeMy Ha TPOU3BOJLHBLIE BITOJHE
YIOPATOIEHHBIE MHOXKECTBA BMECTO HATYDAIBHOrO pAaa?’
IIycte A Bronme ynopsgodeno. MBI XOTUM IaTh PEKypPCHB-
HOe onpegenenue HekoTopou gpyuxkuuu f: A — B (rge B —
HeKOTOpoe MHOXecTBO). Takoe oupeneneHue LOKHO CBs-
3BIBATH 3HadYeHUe f(x) HA HEKOTODPOM diaeMeHTe £ € A co
suadenuamu f(y) npu Bcex y < x. Jpyrumu caoBaMu, pexyp-
CUBHOE Ompefesenue 3a1a8T f(x), mpeamnosaras n3BeCTHBIM
orpanuvenue GyHkumy f Ha HadaabHbBIM oTpe3ok [0, z). Bor
TO4YHAA (POPMYJIUPOBKA:

Teopema 18. Ilycte A — BHOIHE yHOPSIOYEHHOE MHO-
xecTBO. [IycTh B — mpom3BoabHOE MHOXKECTBO. [lycTh nme-
eTCA HEKOTOPOE PEKYPCUBHOE MIPABUIO, TO €CTh 0TOGDaKe-
mHue F', KOTOpOe CTABUT B COOTBETCTBHUE DIEMEHTY T € A u
¢yuxuuu g: [0,2) — B HEKOTOPBIU 2aeMeHT MHO)KecTBa B.
Torna cymecTByeT u equHCTBERHA Qynkmms f: A — B, mis
KOTOpOU

f(@) = F(z, flio.e)

npu Beex ¥ € A. (3mecw flj,) o6o3mataeT orpanumtenue
¢yuxnuu f Ha HavaupHBIM O0TPe30K [0, Z) — MBI OTOpPACH-
BAEM BCC B3HAYCHUA (PYHKIIUU HA DICMEHTAX, OOMLIINX WIN
DaBHBIX .)

<1 HedpopmanibHO MOXKHO pacCy X JaTh TaK: 3HaUeHUE [ Ha
MUHUMAJILHOM 3JEMEHTE ONPEEeJeHO OJHO3HAYHO, TAK KaK
IpeabIIyIIX 3HaMeHnid HeT (cyxenue fljg o) mycro). Torga
7 HA CIEIYIOUIEM DIeMeHTe 3HadeHune QpyHKIMu f onpenere-
HO OJHOBHAYHO, MOCKOJBbKY Ha TPEABAYIMX (TOYHEE, eUH-
CTBEHHOM TpensiayIieM) pyHKIuA f yKe 3a1aHa, U T. 1.

Konedno, 3170 HALO aKKypaTHO BBIPA3UTH (POPMAIBLHO.
Bort kak 510 memaercs. [Jokaxem 0 MHIYKIIUHA TAKOE YTBEP-
XKIEHUE O TPOU3BOJLHOM BJeMeHTe a € A:
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CyIlecTBYeT U eANHCTBEHHO OToOpaxenue f orpeska [0, a
B MHOXecCTBO B, a4 KOTOporo pexkypcuBHOe ompejee-
Hue (PaBEHCTBO, IPHUBEAEHHOE B yCJIOBUY) BBIIOJIHEHO DU
Bcex z € [0, al.

Bynem HaswBaTh oTrobpaxkenue f: [0,a] — B, obnagatomee
YKa3aHHLIM CBOUCTBOM, KOppeKkmHubim. Taxkmm 06paszoM, MbI
XOTUM AOKA3aTh, 9TO IIA KAXkKAOrO @ € A €CTh € TUHCTBEH-
HOe KOppeKkTHoe orobpaxenue orpeska [0,a] B B.

ITockOmbKy MBI PACCYKIAEM 110 MHAYKINU, MOKHO IIPe-
MOMATATh, 9TO IV BCEX ¢ < @ DTO YTBEPK,ICHAE BHIIOJIHEHO,
TO €CTh CYyMECTBYET W AMHCTBEHHO KOPPEKTHOE OTOOpake-
ure f.: [0,¢] — B. (KoppekTHOCTE f. O3HAYAeT, 9TO MpU
Bcex d < c¢ 3uadenue f.(d) coBnagaeT ¢ npejIMCAHHBIM IO
PEKYPCUBHOMY IIDABULY.)

Paccmorpum orobpaxenus f., um f., Oaa IBYyX pas-
JUYHBIX €] U Co. llycTh, Hampumep, ¢; < co. OTOGpaxke-
uye f., onpejeneHo Ha GoabimeM oTpeske [0, cz]. Ecan orpa-
HUYUTH f., Ha MeHbImi oTpesok [0,¢i], TO OHO coBmAZET
¢ fe,, IOCKOIBKY OIDAHUYIEHIE KOPPEKTHOI'O OTOODAKEHUs
HA MEHBLIMU OTPE30K KOPPEKTHO (3TO O4YeBUIHO), & Mbl
[peAnoIaral eIuHCTBeHHOCTE Ha oTpeske [0, ¢1].

Takum 06pazoM, Bce 0TOOpaxKeHus f. COMIACOBAHBI IPYT
¢ IPYTOM, TO €CTh IPUHUMAIOT OAMHAKOBOE 3HAYCHUE, €CIN
ompemeneHbl OMHOBpeMeHHO. OOBEeIVMHNE WX, MBI ITOLYIaeM
HEKOTOpOoe efuHoe orobpaxenue h, oupegenéunoe Ha [0, a).
IIpumenuB Kk ¢ u h PpeKypCUBHOE MPABWIO, IMOIYUIUM HEKO-
Topoe 3Hadenue b € B. [oonpeneanm h B TOuUKe a, TOIO-
xuB h(a) = b. loayunres oro6paxkenne h: [0,a] — Bj;.aerko
MOHATE, 9TO OHO KOPPEKTHO.

YToO6k! 3aBepIINTE WHIYKTABHBIN MEPEXO, HAIO IIPOBe-
puTh, 40 Ha orpeske [0, a] KOppEeKTHOE 0TOOPAKEHIEe €I 1H-
crBeHHO. B camom gene, ero orpanuyenus na orpesku [0, c]
npu ¢ < @ OOKHBI COBNALATE C f., MOBTOMY OCTAIOCH MPO-
BECPUThH OMHO3HAYHOCTD B TOYKE @ — ITO TAPAHTUPYETCA pe-
KYPCHUBHBIM OINpeeJeHreM (BLIPAXKAONMM 3HAYEHUE B TOU-
Ke a [epe3 mpensiaymme). Ha 5ToM MHAYKTUBHOE TOKa3a-
TENLCTBO 3aKAHIMBAECTCA.

OcTanock Jumb 3aMETUTD, YTO IS PA3HLIX 0 KOPPEKT-
HBIE 0TOOpakeHus oTpe3kos [0, a] cormacoBaubl APYT C APY-
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roM (Cy:KeHue KOPPEKTHOI'O OTOOPAKEHNUA HA, MEHBIINU OT-
PE30K KOPPEKTHO, MPUMEHAEM €IUHCTBEHHOCTH) U TIOTOMY
BMECTE 33Jai0T HeKoTopyio dyukumio f: A — B, yaosie-
TBOPAOLIYIO PEKYPCUBHOMY OIpPeIEIeHNIO.

CyuiecTBoBanue QOKa3aHO; €IUMHCTBEHHOCTL TOXKE IIO-
HATHA, TAK KaK OUPAHUYEHNE 3>TOU PYHKIUM H3, 000U OT-
pesok [0, a] KOPPEKTHO M MOTOMY ONHOBHAYHO OMPEAEIEHO,
KaK MBI BUAeId. >

Ilpex e yem IPUMEHUTH 3TY TEOPEMY U MOKABATH, YTO
U3 IBYX BIIOJHE YIIOPALOYEHHLIX MHOXKECTB OJHO ABIAETCH
OTPE3KOM IPYI'oro, HaM MHOTPebyeTcsi e€é HEMHOI'O yCOBEp-
LIEHCTBOBaThL. HaM Hamo mpenqycMOTpeTh CUTYAIUIO, KOIa
PEKYPCUBHOE TIPABIIO HE BCIOAY ompeaenaero. [lycTs, Hampu-
Mep, MBI OTIPEAEIAEM MOCIENOBATEIBHOCTD AeNCTBATEIBHBIX
YUCeNT COOTHOIIEHUEM X, = {g&p_1 U HAYATIHHBIM YCIOBU-
eM g = a. [Ipy HEKOTOPLIX 3HAYEHUAX G MOXKET OKa3aTh-
€A, 9TO IOCTPOEHUE IIOCIEA0BATEILHOCTH 0OPLIBAETCS, II0-
CKOJBKY TAHT'EHC HE ONPENeNEH M COOTBETCTBYIOIIErO ap-
TYMEHTa.

113. [dokaxxuTe, YTO MHOXECTBO BCEX TAKUX (MCKIIOUYUTEIH-
HBIX» @ (KOrJa MOCIeN0BATEAPHOCTD KOHETHA) CIETHO.

AHalornIHaa CUTyansa BO3MOXKHA, U IJIA OOIIEro CIydast.

Teopema 19. Ilycts oToOpaxkenue F', 0 xOTOpOM Iu1a
pednb B Teopeme 18, ABIAETCA TaCTUIHBIM (1A HEKOTOPBIX &
u Gpyukuun g: [0,2) — B OHO MOKeT OBITH HE OIPEIENIEHO).
Torma cymecTsyeT GpyHKIUA f, KOTOpPas

e b0 ompeneneHa Ha BCEM A U COMIacOBaHa C PeKyp-
CHUBHBIM OTIPeIeTeHuEM;

e OO ONMpEemeNeHa HA HEKOTOPOM HAYATLHOM OTPE3-
ke [0,a) u Ha HEM COIVIACOBAHA C PEKYPCUBHBIM OIpe-
IeJTeHueM, PUIEM A TOYKKA ¢ U (PYHKIUU [ PeKyp-
CHBHOE TPABWIO HempuMeHmMO (oToOpaxkenme F me
OIIPEIEEHO).

<1 ITO yTBEPK ICHUE ABIACTCA 0O0OIIEHNEM, HO O THOBPE-
MEHHO ¥ CIeICTBUEM IpeaLiayiner TeopeMer 18. B camom ne-
ae, nobaBuM K MHOxecTBY B cneunansaeii saement L («He-
ONPENETEHHOCTLY ) ¥ MOAUPUITUPYEM PEKYDCUBHOE MPABIIO:
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HOBOE€ TIPAaBMJIO JAET 3HadeHwe |, Korma crapoe OBLIO He
ompeneneno. (Ecan cpenn sHadeHnn GyHKINT HA TPEIBILY-
X apryMeHTaxX yXkKe BCTPeYatoch |, HOBOe peKkypCuBHOE
OpaBwIo TOXKe naéT 1.)

IIpumenur Teopemy 18 x MOUDUIMPOBAHHOMY IPABUILY,
oLy UM HeKoTopyo ¢pynkuuio f'. Eciu sra GyHKINA HUT 1€
HEe TIPUHUMAET 3HAYeHusA |, TO peaqnsyeTcs mepBas U3 IBYX
BO3MOXHOCTEH, yKazaHHeX B Teopeme (mpu f = f'). Ecam
xe GpyHknua f' npuHEMaeT 3HavMeHHe | B KAKOU-TO TOYKE,
TO OHA UMEeT TO Ke 3HadeHue | u BO BceX OONBIINX TOYKAX.
3aMeHUB 3HAYEHUE | HA HEOUPEIeJEHHOCTDH, MbI IOLY9IaeM
w3 ¢pyrkumu [ ynknmio f. ObaacTb onpemencHus QyHK-
mn f ecTh HEKOTOPHIM HAYAIBHBIN OTpe3ok [0,a) u pearn-
3yeTCsA BTOPas BO3MOXHOCTB, YKa3aHHAA B (POPMYJUPOBKE
TEOPEMHI. [>

114. ChopmymupynTe m NOKAKUTE yTBEPKAEHHE 00 OTHO-
3HAYHOCTH (PYHKIUY, 33 JaHHOM YaCTUIHBIM PEKYPCUBHBIM Ipa-
BUJIOM.

Tenepb y HaC BCE TOTOBO I [OKA3ATEABCTBA TEOPEMBI
O CPABHEHWW BIIOJHE YTIOPATOYEHHEX MHOXKECTB.

Teopema 20. [lycts A u B — nBa BIIOTHE yIOPATOUCHHEIX
MHOXeCTBa. Torma mu6o A n30MOpPPHO HEKOTOPOMY HATAIb-
HOMY OTPE3Ky MHOXKecTBa B, mu60 B u3oMop¢dpHO HEKOTOPO-
My HaYaJbHOMY OTPE3Ky MHOXKecTBa A.

< OrMeTuM npexkie BCero, 9T0 HAYaIbHBIN OTPE30K MO-
XKET COBMAAATH CO BCEM MHOXKECTBOM, TaK UTO CAyYal U30-
MOpPQHBIX MHOXKECTB A n B TakXke MOKPHIBACTCA DTOU TEO-
peMon.

Onpenemum orobpaxenue f us A B B TakuMm peKypCcuB-
HBIM [IPABWJIOM: UL JIOGoro a € A

f(a) ecTs HamMeHBIIME BAEMEHT MHOXECTBA B, KOTOpBIH
He Bcrpedaerca cpean f(a') npu a’ < a.

DTO NPABUIO HE ONPELETIECHO B TOM CJAydae, KOTJa 3Ha-
venus f(a’) npu @’ < a nokpeaioT Beé B. Ipumenss Teo-
pemy 19, MuI mony4daeM PYHKINO f, COMIACOBAHHYIO C DTUM
mpaBuiIoM. Temepb PACCMOTPUM BA, CAYIas:

o Dyukuwus f onpegenena Ha BcéM A. 3ameTuM, 9TO pe-
KYDPCHUBHOE OTpejeleHne TapaHTUPyeT MOHOTOHHOCTS,
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MOCKOIBKY f(a) ompegenseTca KaK MUHUMATLHBIN eIé
He WUCIOML30BAHHBIM DJIEMEHT; 9YeM OOJbIIE ¢, TEM
MEHBIE OCTAETCA HEUCIONb30BAHHBEIX DJIEMEHTOB U
HOTOMY MUHHMAJBHEIL DJIEMEHT MOXKET TOJBKO BO3-
pactu (U3 OmpeneneHWA CACAYET TAKKE, ITO ONWHA-
KOBBIX 3Ha4eHu OblTh He Moxer). Ocraéresa Jmmb
IPOBEPUTD, 9TO MHOXKECTBO 3HaYeHUN QyHKIUU f, TO
ects f(A), OGyaeT HAYATBLHBEIM OTPE3KOM. B camom ne-
ae, mycThb b < f(a) naa HekoTOpPOro a € A; Ha 10 IPOBE-
PUTb, ITO b TakiKe ABIACTCA 3HaYeHHEM QyHKIUA f.
MedCcTBATENLHO, COMVIACHO PEKYDPCHUBHOMY OIpeIese-
o f(a) ABASETCA HAMMEHBIINM HEUCIIOIb30BAHHBIM
3HAYEHUEM, CJICNOBATEIBHO, b YK€ UCTOMB30BAHO, TO
ecThb BeTpevaerca cpean f(a’) mpu o’ < a.

o Dyuxknusa f ompeneneHa JUIMb HA HEKOTOPOM HAYMATb-
HoMm orpeske [0,a). B srom caydae »TOT HaYAIbLHBIN
orpe3ok usomopdern B, u pyHKuua f ABIAETCS UCKO-
MBIM u3oMopduamoM. B camom mene, pas f(a) e ompe-
JeJeHO, TO CPeU 3HAYMEHUN (PYHKIUU f BCTPEIAIOTCA
BCE DIeMEHTH MHOXecTBa B. C npyrou ctopous, f co-
XpaHsAeT MOPALOK B CUIY PEKYPCUBHOI'O ONPEIENCHUA.

Takum 00pa3oM, B 000MX CAyYIagX YTBEPXKIEHUE TEOPEMBI
BEpPHO. >

MowxeT 1 6BITH TakK, 9TO A M30MOPPHO HATATLHOMY OT-
pesky B, a B uzomopdHO HauaabHOMY 0Tpesky A7 Her —
33 UCKAYEHUEM TPUBUAILHOTO CIydad, KOT/a HAYATLHBIE
OTPE3KU MPEACTABIIIOT co6ou camu MHOXecTBa A u B. 910
BLITEKAET M3 TAKOT'O yTBEPK TCHUA:

Teopema 21. Hukakoe BHOJHE YIOPAIOYEHHOE MHOXKECT-
BO He M30MOP(HO CBOEMY HAYAIBLHOMY OTPE3Ky (He COBIa-
JAIOIEMy CO BCEM MHOXKECTBOM).

< IlycTh BmOmHE yHOPALOYEHHOE MHOXKECTBO A m30-
MOP(HO CBOEMY HAYATLHOMY OTDPE3KY, HE COBIAMAOIIEMY CO
BCeM MHOXeCTBOM. Kax MbI Bugenn Ha c. 67, 2TOT 0TPE3OK
umeer Bug [0,a) mas mekoroporo saementa a € A. Ilycrs
f+ A—10,a) — usomopdusm. Torga f crporo Bospacraer,
u 1o TeopeMe 17 mMeeT MecTo HepaseHCTBO f(a) > a, 94TO
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MPOTUBOPEYIUT TOMY, ITO MHOKECTBO 3HAYCHUN DyHKIUA f
ects [0,a). >

Ecirn muOXecTBO A M30MOP(MHO HAYAIBHOMY OTPE3KY
MHOXeCTBa B, a MHOXeCTBO B n3oMop(dHO HAYAILHOMY OT-
PE3KY MHOXKECTBA A, TO KOMIO3UIIUA DTUX M3OMOPPUIMOB
Ja8T m3oMOpGU3M MEXKAY MHOXKECTBOM A U ero HAYATBHBIM
OTPE3KOM (HAYANbHBEIL OTPE30K HAYAIBLHOI'O OTPE3Ka €CThb
HAYAIBLHBIA 0TPE30K). DTOT HAYAALHBIN OTPE30K 06A3aH CO-
BIIAJATH CO BCEM MHOXECTBOM A, TaK 4TO 3TO BO3MOXKHO
auiik eciu A u B uzoMopdHEL

CxazaHHOE NO3BOJSET CPABHUBATH BIIOJIHE YIIOPSAOYEH-
Hble MHOKecTBa. Eciu A u3oMOpdHO HAYAILHOMY OTPE3KY
MHOXecTBa B, He coBmajgaomeMmy co BceM B, To roBopsr,
UTO NOPAJKOSHIT mun muoxncecmea A menbiue nopadxosozo
muna mnoxcecmea B. Ecan muoxkectsa A m B msomopd-
HBL, TO COBOPAT, ITO Y HAX 00UHAKO6bIE NOPATKOBHLE TUNDL.
Hakonen, ecir B u3oMop(dHO HAMAILHOMY OTPE3KY MHOMKE-
crBa A, TO roBOPAT, 9TO NOPAdKO6bI mun muoxcecmen A
boavwe nopsadkosozo muna muoxcecmea B. Kak MBI TOIBKO
YTO MTOKA3AJIN, BEPHO TAKOE yTBEDXKICHUE:

Teopema 22. [lia a06bIX BIIOJHE YIIOPAIOIEHHBIX MHO-
kecTB A u B uMeeT MeCTO POBHO OJUH U3 YKA3AHHBIX TPEX
CJIy9IaEeB.

Ecaun Bpemenno 3a6LITh 0 Npo6/1eMax OCHOBAHUN TEOPUN
MHOXECTB U OINPEAEIATH MOPAIKOBBIA THUI YIOPALOICHHO-
O MHOXECTBA KaK KJIACC U30MOPQHBIX EMY YIIOPSIOIEHHBIX
MHOXECTB, TO MOXKHO CKa3aTh, 9TO MBI OMPEICIUIN JUHEH-
HBIM TOPAJOK Ha TOPAJKOBHEIX TUIMAX BIIOJHE YIIOPSIOTEH-
HBIX MHOXECTB (Ha 0pJunasar, KaK TOBOPAT). DTOT MOPA-
ook Gyner moaueiM. Mbl nepedopMyaupyeM 3TO yTBEpK Ie-
HUE TaK, Y4TOObI M30eraTh yIIOMUHAHUA KJIACCOB.

Teopema 23. Beskoe HEMyCTOE CEMEUCTBO BIIOJHE YIOPA-
JOYEHHBIX MHOXKECTB UMEET «HAUMEHBIIUU 3IEMEHT» — MHO-
JKECTBO, U30MOP(MHOE HAYAIBLHBIM OTPE3KAM BCEX OCTANBHBIX
MHOXECTB.

< Bozpmém kaxoe-To muoxkectBo X cemenctsa. Ecau oHO
HavMeHbIee, TO BCEé noka3ano. Eciu HET, paccMOTPUM BCe
MHOXECTBA CEMEUCTBA, KOTOPBIE MEHbBIIE ero, TO €CTh U30-
MOD(HET €ro HAUaTbHBIM oTpeskaM Buja [0, z). Cpean Bcex
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TAaKNX 3JIEMEHTOB T BBIGepeM HaI/IMeHBHII/IIU/I. TOI",ZL& COOTBET-
CTBYIOIIIEE €My MHOXKECTBO U OyleT HAMMEHBINM. [>

CJIe,E[CTBI/IeM AJOKa3aHHBIX TE€OpeM ABJIACTCA TO, 9TO JIO-
6516 ABa BIIOJHE YIOPANOYCHHBIX MHOXKECTBa CPAaBHUMEI IIO
MOmHOCTH (OJHO PABHOMOMIHO MOAMHOXKECTBY APYTOro).
Cenvac MBI YBUAUM, UTO BCAKOE MHOXKECTBO MOXKET OBITH
BIIOJTHE yHOpsgodeno (Teopema llepmeno), u, cae10BaTeabHO,
JHO6];>I€ IBa MHOXKeCTBa CpaBHUMBI II0 MOITHOCTH.

2.6. Teopema Llepmeno

Teopema 24 (Llepmeno). Beakoe MHOXKECTBO MOKET OBITH
BIIOJIHE YIIOPAIOTIEHO.

<1 Toka3aTeabCTBO 3TON TEOPEMBI CYIIECTBEHHO MCIIONb-
3yeT aKCHOMY BBHIGODPA M BLIBBIBATO OOBIINE HAPEKAHUA CBO-
el HEKOHCTPYKTUBHOCTBIO. Ha CIYETHBIX MHOXKECTBAX TOJ-
HBII TOPANOK yKasarh Jjerko (mepenecsa ¢ N). Ho yxe Ha
MHOXKECTBE NEMCTBUTEILHEIX TUCEN HUKAKOTO KOHKPETHOrO
LOJIHOI'O IOPSAKA YKa3aTh HE yAASTCs, U A0Ka3aB (C [IOMO-
MBI AKCHOMBI BEIGOPA) €r0 CYMIECTBOBAHUE, MBI TAaK U HE
MOXKeM cebe TOT MOPAJOK TIPEeJCTABUTh.

O6bsacHuM, B KaKOU (POpMe HCIOIB3YETCS aKCUOMA BhI-
6opa. Ilycte A — gamnoe maMm MHOX)eCTBO. Mbl npunumaeM,
YTO CYyMECTBYET (hYHKIUA ©, ONPEIeTEHHAS HA BCEX TIOIMHO-
KECTBAX MHOXKecTBa A, kpome camord A, koTopas ykasw-
BAET OJMH U3 DJIEMEHTOB BHE DTOr0 MOMMHOXKECTBA!

XCA=p(X)ecA\X.

ITocne Toro, xax Takas YHKINA (PUKCHPOBAHA, MOXKHO
HOCTPOWUTH TIOMHBIM MOPAAOK Ha A, M B 5TOM TOCTPOEHUN
yKe HeT HUKAKOW HeOTHO3HAYHOCTH. BOT Kak 5TO AenaeTcs.

Haumenpumm anemeHTOM MHOXKECTBA A MBI 0OBABEM
aneMeHT ap = ¢(D). 3a muM naét saement a1 = @({ag});
[0 TIOCTPOEHWIO OH OTJIMYAETCA OT ap. Jlajnee cremyeT oie-
MeHT a2 = ¢({ap,a1}). Ecin MHOMXECTBO A GECKOHETHO, TO
TaKOU MPOIECC MOMKHO NPOLOJIKATE U MOIYIUTh HOCICL0BA-
TEJIBHOCTE {dg, a1, ... } daeMenToB Muoxecrsa A. Ecau no-
CJIEe HTOr0 OCTAIOTCA EIIE He HCIOIb30BAHHBIE SJIEMEHTEL MHO-
xectBa A, paccmoTpum saement a, = ¢({ag,a1,az2,...})
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u Tak OygeM MpOoAOIKATh, MOKA BCE A He KOHYUTCA; KOTIa
OHO KOHYUTCSA, TOPATOK BBIOOPA SJMEMEHTOB M OyI€T MTOTHBIM
mopAIKoM Ha A.

Koneuno, mocrenusas ¢pasza HyKIAETCA B YTOUHEHUN —
YTO 3HAYUAT «Tak OygeMm npoposxkarey?! Bozuukaer xena-
HUE [PUMEHUTL TEOPEMY O TPAHCHUHUTHOU pexkypcuu (y
HAC OYEHBb TMOXOXKAA CUTYAINS: CICAVIONINU DIEMEHT Ompe-
JETAETCA PEKYPCUBHO, €CJIN U3BECTHB BCe mpenwiaymme). U
2TO MOXHO CIEIATh, €CJIU Y HAC €CTh IPYToe BIOIHE YIOPA-
JOYEHHOE MHOXECTBO B, ¥ MOAYYNTb B3AUMHO OJHO3HAYHOE
coorercrue b0 Mexay A u dacteio B, mubo mexay B
u dacteio A. B mepBoM caydae BCE XOpOLIO, HO I 3TOTO
HAJ0 UMETh BIIOJHE YIOPATOUEHHOE MHOXECTBO B 1o kpan-
HEU Mepe TOU e MOITHOCTH, ITO U A, Tak 4T0 mosydaerca
HEKUU TIOPOYHBIN KPYT.

TeMm mHe MeHEe M3 HETO MOXKHO BEIMTH. MBI caenaem >To
TaK: PACCMOTPUM BCE IOTEHIMAJbHBIE KyCOUKH OyIyIIEro
MOPAAKA U YOSIUMCS, UTO UX MOXKHO CKJICUTh.

Iycts (S,<g) — HEKOTOPOE TOAMHOKECTBO MHOXKE-
cTBa A W 3aJaHHBIN Ha HEM NOPAAOK. ByaeM TOBOPUTH,
910 (S, <g) ABIAETCA KOppekmubim Hpazmenmom, eCIu OHO
SIBJISIETCA BIIOJIHE YIIOPSIOYEHHBIM MHOXECTBOM, IIPUIEM

s = ¢([0,5))

g moboro s € S. 3xecs [0, §) — HaYaIbHBIA OTPE30K MHO-
KeCTBa S, COCTOAMMN U3 BCEX 3IEMEHTOB, MEHBIINX § C TOY-
KU 3PEHUsA 33JaHHOrO Ha S mopsaska.

Hampumep, MHOXKecTBO {¢(@)} ABIAETCA KOPPEKTHBIM
¢dparMeHTOM (MOPAZOK 3AECH MOXKHO HE YKA3BIBATH, TaK
Kak sneMeHT Bcero oauH). Muoxkectso {p(2), o({p(2)})}
(IepBbIM U3 BBIIMCAHHBIX JIEMEHTOB CIMTAETCSA MEHBIIUM
BTOPOI'0) TAKIKEe SBJIAETCA KOPPEKTHHIM (parMeHToM. JTo
NOCTPOEHUE MOXKHO HPONOKATH M MaJbIIEe, HO HAM HAI0
KAKUM-TO O0pa3soM (IIEPECKOYUThLy 4depe3 OeCKOHeUHOe (U
OYeHb OOJBIIOE B CMBICAE MOITHOCTH) FHUCAO MIATCOB 3TOU
KOHCTPYKITUN.

Ilram Takon: MBI JOKAXKEM, ITO JIOOLIE IBA KOPPEKTHBIX
(dbparmMenTa B OIPEIEIEHHOM CMEICAE COTIACOBAHBIL, TIOCIE Te-
0 PacCMOTPETh OOLENUHEHNE BCEX KOPPEKTHLIX (hparMeH-
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T0B. OHO OygeT KOPPEeKTHBIM U OyAeT COBIAJATL CO BCEM
MHOXECTBOM A (B IPOTUBHOM CJIYYAE €0 MOXKHO OBLIO OBI
PACIIUPUTE U TIOIYIUTH KOPPEKTHHIN (PPArMEHT, HE BOIIE]-
mui B 06beJUHEHE).

JNlemma 1. ycte (S,<s) u (T, <7) — IBa KOPPEKTHHIX
dparmenrta. Torga oauH U3 HUX ABIAETCA HAYAIBHBIM OT-
PE3KOM APYroro, Ipu4éM MOPsIKU COIVIACOBAHEL (4Ba 0OmuUX
AJIEMEHTA BCE PABHO KAaK CDABHUBATH — B CMBICIAE <g WA B
cMpIcTe <r).

3amerum, 94T0 no Teopeme 20 oauH u3 GPArMEHTOB H30-
MOpgEH HATATBEHOMY OTpe3Ky Apyroro. [lycts S msomopden
HavagbHOMy oTpe3ky T m h: S — T — ux msomopdusm.
Jlemma yTBepxgaeT, 9To m3oMopdusM h ABIAETCA TOXKIE-
CTBEHHBIM, TO ecTb 410 h(z) = x upu Beex x € S. Joxaxem
5T0 MHAyKuuen 1o £ € S (5T0 3aKOHHO, TAK Kak S BIOJHE
YIOPAAOIEHO TIO ONPENENCHUI0 KOPPEKTHOrO (PPArMeHTa).
NuayKTUBHOE TIPEANONIOKEHNE rapanTupyer, 9to h(y) = y
s Beex y < x. Ml xoTuM gokasath, 9To h(x) = xz. Pac-
cMoTpuM HadanbHele orpesku [0,z)s u [0,h(z))r (¢ Tou-
KU 3pEeHus IopAgKoB <g u <p coorBercrsenno). Ounu co-
OTBETCTBYIOT APYT APYLY Opu maoMmopdusme h, mo3TOMY
MO TPETIONOKEHUIO NHAYKIIMYA COBIATAIOT KAK MHOXKECTBA.
Ho mo ompegenennio koppexktroct & = ([0, 2)) n h(z) =
= ([0, h(z))), Tax wro x = h(z). Jleuma 1 toxazama.

PaccmoTpuM 00BequHeHNE BCEX KOPPEKTHBIX (PPArMeH-
ToB (kax MHOXKecTB). Ha 5ToM 00BEANHEHNN €CTEeCTBEHHO
ONpEIeJaEH JUHENHBIN TOPAJOK: AT BCAKAX ABYX DJIEMEHTOB
HaAércs pparMenT, KOTopoMy oHu 06a npuHagiexar (Ka-
KABIM IPUHALIEXKUT CBOEMY, BO3bMEM OOJbIINNA U3 (par-
MEHTOB), TAK UTO WX MOXKHO CpaBHUTH. 110 semme 1 mopsa-
JOK HE 3aBUCAT OT TOTO, KAKOW (PPATMEHT OyAeT BHIOpaH
[UIST CDABHEHMUA.

Jlemma 2. 310 00BeAUHEHNE OyAeT KOPPEKTHBIM (ppar-
MEHTOM.

YTo6B 1OKA3aTh JEMMY 2, 3aME€THUM, UTO HA DTOM 00b-
eIMHEHUY OTIPEIeIEH JUHENHBIN TOPAL0K. OH Gy 16T MOMHBIM.
[ pasmoodpasusa 0O6BACHIM DTO B TEPMUHAX yOLIBAIOMIAX
nocaenoBareabnocren. Ilycrs 29 = 1 > ...; BO3bMEM KOp-
PEKTHBIN (pparMeHT F', KOTOPOMY TTPUHALICKUT Lq. U3 Jgem-
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MBI 1 clemyeT, 9TO BCe &; TAKXKe MPUHALICKAT 3TOMY ¢hpar-
MEHTy (IOCKOABKY (pparMenT F Gy1eT HAYaJbHBIM OTPE3-
KOM B J1060M GosbineM dparmenTe), a F' Bmonse ynopsagoduen
IO ONPEEJEHUIO, TAK UTO MMOCJAEOBATEALHOCTD CTAOUIN3U-
pyercsa. Jlemma 2 nokasasa.

YTBepxkaeHue JeMMBL 2 MOXHO 1epedOpMyIUPOBATh Ta-
KuUM 00pa3oM: CyIecTByeT HauGOAbIIUI KOPPEKTHEIN (hpar-
MeHT. OCTaloCh JOKA3aTh, YTO HTOT GparMenT (0603HATUM
ero S) BkavaeT B ceba Bcé MHOKecTBO A. Ecm S # A,
BO3BMEM daeMeHT a = ¢(S), He mpuHaLIEKamMUU S, U 10-
6aBUM €ro K S, CIUTAasg, YTO OH OOJIBINE BCEX DJIEMEHTOB S.
IMoxyuennoe ynopsigouennoe muoxecrso S’ (cymma S u og-
HODJIEMEHTHOI'0O MHOXKECTBa) Oyaer, OYeBUIHO, BIOIHE YIIO-
panodeno. Kpome Toro, yciosme KOppeKTHOCTH TAKKE BEI-
MOMHEHO (A ¢ — TIO TIOCTPOEHUIO, MJIA OCTAJIBHBIX DJIEMEH-
TOB — MOCKOJBKY OHO OBLIO BHIIOMHEHO B S). Takum o6pa-
30M, MBI OCTPOWIN OOJBIIANA KOPPEKTHEIM (PPArMEHT, ITO
[IPOTUBOPEYUT MAKCUMAJBLHOCTH S. JTO PACCYyXKICHUE 3a-
BEPIIAET TOKA3aTeIbcTBO TeopeMsr llepmerno. >

Kax mbI yike roBopmiu, u3 TeopeMbl llepmeno u Teope-
MBI 20 0 CpaBHEHUM BIOJIHE YIOPAJOUCHHBLIX MHOXKECTB HE-
MEIEHHO BBITEKAET TAKOE YTBEDK TEHUE:

Teopema 25. U3 m1:06bIX ABYX MHOXKECTB OJHO PABHOMOIII-
HO OAMHOXKECTBY NPYTOTO.

IlorAaTHue BHOJIHE ymOpaAZOdYeHHOr0 MHOXecTBA BBEI KaHTOp
B pabore 1883 roza; B ero mrorosou patore 1895-1897 rozos
MIPUBOAUTCA JOKA3ATEILCTBO TOr'0, YTO JIOObIE IBA BIIOJHE YIIO-
PASOTEHHBIX MHOXKECTBA CPABHUMBEI (OJHO M30MOP(MHO HATAIBHO-
My OTDPE3KY APYroro).

YTBepxkaeHua 0 BO3MOXKHOCTH IIOJHOI'O YIOPAZOYEHU JTI000-
U0 MHOXECTBa M O CPaBHEHHW MOLIHOCTen (Teopemsbl 24 u 25)
HEOJHOKPATHO BCTpedaloTcsa B paborax Kanropa, HO Hukakoro
BHATHOI'O [NOKAa3aTeJbCTBA OH HE NMPENIOXKWI, U OHO OBLIO JAHO
mmb B 1904 rony memenxkum maremarukom J. [lepmenro.

2.7. TpaHcduHuTHas nHaykums u 6asuc [amens

Broonne ynopsimodennnie MHOXKeCTBa u Teopema Ilepme-
JIO TIO3BOJIAIOT TMPOLOMKATE WHIYKTUBHBIE MTOCTPOEHUSA B
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TPAHCUHATHYIO O6MACTD (E€CIU BEIPAXKATHCA TOPKECTBEH-
HO). [oscHUM 5T0 HA pUMEpPe U3 JUHEHHON AITeGPHI.

Besikoe MHENHO HE3ABUCHMOE MHOMXKECTBO BEKTODOB B
KOHEYHOMEPHOM IPOCTPAHCTBE MOXKET OBITH JOMOJHEHO IO
6asuca. Kak »ro moxasbiBaerca? Ilycts S — mannoe HaMm
JUHENHO HE3ABUCUMOE MHOXKECTBO. Kciam OHO He ABIseTCA
6a3mMcoM, TO HEKOTODBLII BEKTOD Ly epe3 Hero He BBIpa-
kaerca. [JobaBum ero x S, MOAYyUUM JIUHETHO HE3ABUCAMOE
muOoxkecTBO S U {%¢}. Eciit u oHO He sBiIteTca GasucoMm, TO
HEKOTOPLIM BEKTOp #1 Ye€pe3 Hero He BLIPAKAETCA, W T. 1.
JIn60 Ha KaKOM-TO IIare MBI MOAYIUM OA3UC, JUOO TPOTIIECC
He 00OpBETCA M MBI TIOMYIUM OECKOHEUHYIO TOCAENOBATENb-
HOCTBb JUHEVHO HE3aBUCUMBIX BEKTOPOB, ITO MPOTUBOPEIUT
KOHEYHOMEPHOCTH.

Termnepsb ¢ TOMOIIBIO TPAHC(HUHATHON MHAYKINHA (TOYHEE,
pPeKypCuM) MBI H30aBUMCA OT TPEOOBAHUA KOHETHOMEDPHO-
cru.

Ilyctes namo mMpoOMBBOJIBHOE BEKTOPHOE MPOCTPAHCTRO.
ToBOpAT, 9TO MHOXKECTBO (BO3MOXKHO, OECKOHETHOE) BEK-
TOPOB AUHETHO HE3ABUCUMO, ECIU HUKAKAA HETPUBUAILHAA
JUHEeNHAs KOMOHHAIMSA KOHEYHOT'O YACIA BEKTOPOB U3 3TOI0
MHOXKECTBA He DAaBHA HyMO. (3aMeTuM B CKOOKAX, YTO [OBO-
PATH O OECKOHEYIHBIX JUHEUHBLIX KOMOWHAIMAX B MPUHIATIE
MOYKHO JIUIITE €CIU B TPOCTPAHCTBE ONPEIETeHA CXOINMOCTh,
9ero Mbl Cemdac He mpepnoaaraeM.) JIMHenHO He3aBUCUMOEe
MHOXKECTBO BEKTODPOB Ha3LIBAeTCHA 0Oasucom [ameasn (win
LIPOCTO 6a3UCOM) NAHHOIO IPOCTPAHCTBA, eC/IH JI0O0U BeK-
TOp IPEICTABUM B BH€ KOHEYHOU JUHEUHON KOMOMHAITAN
DJEMEHTOB 5TOr0 MHOXKECTBA.

Kak u B KOHEYHOH CUTYaLNN, MAKCUMAILHOE JUHENHO He-
3aBUCUMOE MHOXKECTBO (KOTOPOE€ CTAHOBUTCS JMHENHO 3aBU-
CUMBIM TIPU NOOABICHUH JHOOOT0 HOBOTO BJIEMEHTA,) ABJIACT-
Cs1, OYEeBU,THO, DA3UCOM.

Teopema 26. Besikoe JIMHEHHO HE3ABUCHMOE MHOXKECTBO
BEKTOPOB MOXKET OBITH pacumpero g0 6asuca ['amess.

< Iycrte S — JMHENHO HE3ABHUCHMOE ITOJMHOXKECTBO
BeKTOpHOro npocrpaxcTea V. Paccmorpum Bnonue ymops-
DOYEHHOE MHOXKECTBO I HOCTATOYHO OOJNBINON MOMIHOCTH
(GombIment, YeM MOIMHOCTHL TpocTpaHcTBa V). Onpemerum
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dyuxmmio f uz I 8 V ¢ moMoImpio TpaHCHUHUTHON PEKYD-
cum:

f (@) = saemenT mpocTparcTBa V| He BEIDAKAIOIIMHCA JH-
HEWHO 4depe3 sjaeMeHTH S u 3Hadenus f(j) npu j < i.

3aMeTHnM, 9TO HTO PEKYPCUBHOE MPABWIO OcTaBaseT f (i) He-
OTPEETEHHBIM, €CTM TAKOT'O HEBBLIPA3UMOTO DJIEMEHTA He CY-
mectByeT. (KpoMe TOro, MOXKHO OTMETHTH, ITO MBI CHOBA
UCIIONB3yeM aKCUOMy BbIOOpa. Bosee moapo6HO caemoBaio
OBl CKa3aTh TaK: [0 aKCHOME BEIOOpA CYLIECTBYET HEKOTOPAs
PyHKINA, KOTOPAs [0 KAXKIOMY [IOAMHOMXKECTBY IIPOCTDAH-
cTBa V, depe3 xoTopoe He BCE V BBIpaXKaeTCs, YKA3LIBAET
OJIVH M3 HEBLIPA3UMHBIX DJIEMEHTOB. 3aTeM 3Ta (PYHKIINAS UC-
TIONB3YETCA B PEKYPCUBHOM OlpeaesaeHuu. BropoueMm, akcmo-
Ma BHIOOPA U TAK YK€ HCIOJB30BAHA MJIA MOKA3ATEIHCTBA
reopemsl Llepmeuno.)

DTO ompenereHue TApAHTUPYET, ITO [ ABIACTCA UHD-
ektuen; Gosee TOTO MOXKHO YTBEpPXKAATh, 9TO BCE 3HAYE-
HUA f BMeCTEe ¢ MHOXKECTBOM S O00Pas3yoT JUHENHO HE3ABU-
CHUMOE MHOXKeCTBO. B camoMm gerne, mycTh JuHENHAs KOMOU-
HAIWA HEKOTOPLIX 3HAYeHUN PYyHKUUUA f U DIEMEHTOB MHO-
kecTBa S paBHA HyM0. MOXHO cq4uTaTh, 9T0 BCe KO3 hu-
[UEHTHl B 3TOU KOMOWHAIIMU OTJIUYHBI OT HyJaa (OTOPOCHB
HYJEBHIE CaaraeMble). Bxonsamme B KOMOWHAIMIO 3HAYCHUA
¢yuxnun f umeror Bua f(i) npu pasmauasbix i. [locMoTpum
Ha TOT M3 HUX, KOTOPLIA UMeeT HaubOObIIee i; IO IOCTPOe-
HUIO OH JOJRKEH OBITH JUHEUHO HE3ABUCUM OT OCTAIBHBIX —
IIPOTUBOPEYLE.

TockoapKy MBI TPEATOIOKWINA, ITO MHOXKECTBO | uMe-
€T OOJBIIYI0 MOITHOCTD, YeM V, PEKYPCUBHOE ONMPEIeICHNE
3anaéT QyHKIUIO He HA BCEM I, a TOMBKO HA HEKOTOPOM Ha-
yaabHoM orpeske [0,1), a B TOUke { PEKyPCUBHOE [IPABUIO
He onpegeneno (Teopema 19). 1o 03HaYaeT, YTO BCE BEKTO-
PHI IPOCTPAHCTBA V' BEIPAKAIOTCS Uepe3 DJeMeHTH MHOXKe-
ctBa S n sHaveHns gyuxumnu f Ha npomexyTke [0,1). Kpome
TOT0, KAK MBI BUIEIN, BCE DTYU BEKTOPHI HE3aBUCUMBL. Takum
06pa3oM, UCKOMBIN 6A3uC HAWgeH. [>

Ha camom gere moxHO 060UTHCHL 6€3 MHOXKECTBA, OOIb-
e MOIITHOCTH, YNOPALOYAB caMo mpocTpaucTso V. Ilpm
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5TOM Ha KaXKIOM ITare peKypcuu Hago JrO0 T0OABIATH OUe-
PEeNHON DIEMEHT K OyAyIneMy 6asucy (ecam OH HE BHIPAKA-
eTCA uepes MpebIIyIme), Jn60 OCTABIATE 0a3uc 6e3 usMe-
HEHU.

115. IIpoBegure >T0O paccyxkaeHue mOAPOGHO.

Bazuc lN'amens MoxkeT OBITH UCTIOAB3OBAH AJS TOCTPOE-
HUA PA3HBIX 3K30THUYeCKuX IpumepoB. Bor mexoToprie us
HUX:

Teopema 27. Cywecrsyer (Bciogy onpenejéHHas) QyHK-
mia f: R — R, qma xoropon f(z +y) = f(z) + f(y) npm
BCEX & W Y, HO KOTOPAas HE €CTh YMHOXKEHNE HA KOHCTAHTY.

< PacemorpuM R kax BeKTOPHOE MPOCTPAHCTRO HA MO~
aem Q. B mém ects 6asuc lamens. Ilycte a — oaun us
BeKTOpOB Gazuca. Paccmorpum dyukimio f, koTopas ¢ Ka-
KOBIM 9UCIOM T (PAaccMaTpUBaeMblM KAk BEKTOD B IPO-
crparcrse R Hag noaem Q) conocrasiasier ero q-Koop JUHATY
(ko> PUIUEHT TIPU (¢ B €AVHCTBEHHOM BHIDAKEHUU T Iepe3
BEKTOPHI Oazmuca). JTa PpyHKkuua aunenHa Han Q, mosTomy
flz+y) = f(z)+f(y) g eeex z,y € R. Ona oTawana OT Hy-
ast (f(a) = 1) u npuHMMAaeT JUIIL PALKOHAIBHELE 3HAMEHUS,
[IO3TOMY HE MOXKeT OBITh YMHOXKEHHEM Ha KOHCTAHTY. [>

116. ITokaxmnTe, 4TO BCAakas PyHKUMsa, 00IaAIOMIAA YKA3AH-
HBIMEH B Teopeme 27 CBOUCTBAMH, HE OrPAHMYCHA HU HAa KaKOM
orpeske u, 6oaee TOro, €8 rpadguk BCoLy mioTed B R2,

Teopema 28. Anaurusasie rpynnsl R 1 ROR uzomopdpHb
APYT APYTY.

< Pacemorpum R kak BexTOpHOE mpocTpancTBO Hax Q
u BEIOEpeM Oasuc B »TOM mpocTpancTse. OueBnaHO0, OH Gec-
xoHeueH. Bazuc B R @ R MoxkeT OBITH COCTABJIEH M3 OBYX
qacTen, KaXIasd U3 KOTOPLIX IpPeACTaBaaeT cobou 06asuc B
omxHoM u3 sk3eMiuApoB R. Kax MbI yBUIMM 49yTh MO3Ke
(eM. pasgen 2.9), mis q06000 GECKOHEYHOIO MHOXKeCTBa B
YABOEHHAA MOIIHOCTH B (MOUHOCTE 06BeIUHEHNA IBYX HE-
MEePEeCEeKAIOMMXCA MHOKECTB, PABHOMOIIHEIX B) paBHA MOII-
moctu B. Hakonerr, ocTanoch 3aMeTUTh, YTO MPOCTPAHCTBA,
HaJ OJHUM ¥ TEeM XK€ IMOJeM ¢ DPABHOMOIIHBIMU 0a3ucaMu
u30MOPQHEL KAK BEKTOPHBIE IPOCTPAHCTBA U TeM Gojee Kak
rpynnel. >
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117. MokaxuTe, 9TO TH060U 6a3UC B TPOCTPAHCTBE R HA I MO-
aem Q mmeeT momEOCTE KoHTHHYyMA. (IIpy goKa3aTeTLCTBE TPU-
TOAATCA PE3yAbTATH paszaera 2.9.)

Mg Bugenu, 9TO TPAHCHUHUTHAA WHIYKIUSI O3BOJIAET
IOKa3aTh CcyllecTBoBaHue 6a3uca B JI0O0M BEKTOPHOM IIPO-
crpancree. [Ipogomxas »Ty JIMHEIO, MOXHO JOKA3aTh, ITO
Jr00BIe ABa 6a3MCa BEKTOPHOT'O TPOCTPAHCTBA PABHOMOIIHEI.
(TakuMm 06pa30OM, TOHATUE PA3MEPHOCTH KAK MOITHOCTHU 6a-
31ca KOPPEKTHO OIpeaeNeH0 U Aud OeCKOHETHOMEDHBIX BeK-
TOPHBIX NPOCTPAHCTB.) MBI BEPHEMCA K DTOMY IO3XKE, HA
c. 93 (reopema 36).

OTMmeruM, 4TO cyuiecTBoBaHMe 6asmca lamens MOKHO
UCIOJB30BATE U B MUPHBIX LEIAX», a HE TOJBKO JJII IOCTPO-
€HUs DK30TUIeCKUX IpuMepoB. U3BecTHas «TpeThsa npobie-
Ma l'mnpbeprar cocTosna B ZOKA3aTEABCTBE TOIO, 9TO MHO-
TOTPAHHUKM PABHOIO OOBEMA MOI'YyT He ObITH PABHOCOCTA-
BJEHBL. (DTO 3HAYUT, YTO OJVH U3 HUX HEMB3A PA3PE3aTh HA
MEHBINNE MHOTOTPAHHUKY U CJIOKWUTL U3 HUX IPYTON MHOTO-
rpasHukK.) s MHOrOYTOJIBHUKOB Ha IUNIOCKOCTU CUTYAllUA
UHAs: €CAU ABA MHOIOYI'OJIBHUKA DABHOBEAUKY (MMEIOT PaB-
HYIO ILUIOLIA ), TO OHU DABHOCOCTABIEHEL.

Teopema 29. Ky6 Henb3s paspesaThs HA 9aCTH, U3 KOTO-
PBIX MOXKHO OBLIO GBI COCTABUTH NIPABUALHBIN TETPadaAp (He-
3aBUCUMO 0T 0OBEMA IIOCJAELHErO).

<1 Beeaéum nousatue nceadoobséma MEOTOTpanHUKa. Kak
1 00BEM, 1ICeBN000BEM OyAeT aIAUTUBEH (€CIU MHOTOTDAH-
HUK Pas3buT Ha 4HacTU, CyMMa HX ICEBI0OOBHEMOB PaBHA
1ceBA000BEMY UCXOLHOI'O MHOI'OIDAHHUKA,); [1CEBL000BEMBL
PABHBIX MHOIOI'PAHHUKOB OyayT paBHbl. OTcCoga crepyer,
YTO TICEBAOOOBEMBI PABHOCOCTABICHHBIX MHOTOTDAHHUKOB
OyayT paBHBI. MBI mOoAGepéM TCEBAOOOBEM Tak, ITOOHI y
kyba OH PaBHAJCA HYJIIO, & Y TeTPa3Apa HET — U NOKa3a-
TeJBCTBO OyIeT 3aBepIIeHo.

IlceB1000BEM MHOTOT'DAHHUKA MBI OMPENEINM KaK CYM-
My > lLip(a;), Tae cymma Gepérces mo BceM pEGpaM MHOTO-
CpaHHVKA, [; — IIuHA 1-10 pebpa, (; — ABYTPAHHBIA YTOJI
upu »ToM pebpe, a ¢ — HexoTopas pyHkums. Takoe onpe-
JeeHre aBTOMATAYECKH [aPAHTHAPYET, ITO PABHBIE MHOIO-
TPAHHUKU WMEIT PABHBIE TCEBAOOOBEMBI. UTO HYXKHO OT
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dyHKIIIU @, 9TOOH mceBn000BEM ObLT agauTusen?! [Ipen-
CTaBUM cebe, ITO MHOTOIPAHHUK Pa3pe3aeTCsa MIOCKOCTHIO
HA JBe YaCTHU, U INOCKOCTD IPOXOIUT Ye€PEe3 yKe UMEIOIIeeCs
pebpo mmue [. Torga 1ByrpaHHb yIoa & IPU STOM pedpe
pasbuBaerca Ha aBe 9acTh [ 1 ¥. [[05TOMY B BLIpaKeHUM 115
nceB000bBEMA BMECTO CaaraeMoro lp(a) HOosaBIsIOTCS caara-
emeie lp(B) + (), m o(a) momxuo pasaaThCa ©(8) + p(v).
Kpowme Toro, paspesaionas mIiocKOCTs MOXKET 00pasOBaTh
HOBOE pebpO, IEePeCeKINCh ¢ KAKOU-TO rpanbio. O603HaINM
naumHy 3Toro pebpa za l’. Torga B mceBnoo6bEMe MOABATCA
craraemste 'p(a) + U'p(r — ) (aBa 006pasoBaBmmxCsa OBY-
PAHHBIX y[VIa AOLOJIHUTEALHEL), KOTOPBIE B CYMMe JOJIKHEL
PABHATHCA HYJIIO.

Temepb ACHO, KAKAMEU CBOUCTBAMHU [OJNKHA OO TATH
dyuxmua . Hyxuo, atober ¢(8 + v) = ¢(8) + ¢(v) u aro-
61 () = 0. Torga nceBn006BEM Gy €T U BIPAMB A1 JUTH-
BeH. AKKypaTHas IpoBEpKa TPEOYeT TOIHOTO ONpPENeJeHns]
HOHATUS MHOIOI'DAHHUKA (4TO HE TaK U IPOCTO), U MEL eé
OpOBOAUTEL He OyaeM. HaniamHO alAMTUBHOCTH KAKETCA
OYEBUTHON, OCOOEHHO €CJIM Y9IeCTh, YTO BCE PABPE3HI MOXK-
HO TIPOBOJUTH ILIOCKOCTAMY (IIPU DTOM MOTYT MOJYIUTHCA
foJjee MeJKUe IaCTH, HO DTO HE CTPAIIHO).

Urak, nia 3aBeprieHus PaCCyXKIEHUA AOCTATOTHO IIO-
crpouts pyHKIMIO @: R — R, mma koTopoun

* o(B+7) =9(B) +p(y) ara seex B, € R;

e p(n) = 0 (5TO CBOMCTBO BMECTE C HPEABIAYIIAM [a-
paHTUpyeT aiAUTUBHOCTD IICEBA000HEMA);

e o(m/2) = 0 (ncerg006BEM Kyba PABEH HYJIO; 5TO CBOU-
CTBO, BIIPOYEM, JEMKO CACIYET U3 ABYX MPEIBIIYIINX );

e p(f) # 0, rge § — gByrpaHubll yroa npu peépe npa-
BUJIBLHOT'O TETPAdIPA.

CymecTBeHHO 31€Ch TO, YTO OTHOUeHue §/m uppaim-
onaabuo. IIpoBepum »T0. BricoThl ABYyX cocemiHux rpaHel,
OIlyllleHHBIE HA 00miee pebpo, 00pa3ylT PaBHOOGEIPEHHLIN
TPEYTOTBHUK CO CTOPOHAMM /3, /3, 2; HAI0 JOKA3aTh, 9TO
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VIVILI 3TOT'O TPEYTOJLHUKA HECOM3MEPUMEL C . Y ToOHee pac-
CMOTpPETH He f#, a IPYron yroa TPeyrolbHUKA (ABa APYTuX
yIvia TPEeyTrOJTbHUKA PaBHHI); 0603HadIuM ero (. DTo yroma
IIPAMOYTOJIBLHOIO TPEYTOMBHIKA CO cTopoHamu 1, v/2 u /3,
Tax uTo (cos B+ isinB) = (1 + +/—2)/+/3. Ecan 681 yrox 4
OBLI COM3MEPUM C 7, TO U 3 OBLT OBl COM3MEPUM, IIOITOMY
HEKOTOPasi CTENEHb HTOI0 KOMILIEKCHOI'O YHC/Ia PABHSIACH
6p1 exuuaune. MoXHO npoBepruTh, OLHAKO, YTO HTO HE TaK,
TIOCKOTBKY KOMBIO wucen Buga m +ny/—2 (m,n € 7) eBku-
MTOBO ¥ PA3JOKEH!Me HA MHOXKUTEIN B HEM OMTHO3HAMHO.

JlagpHenIee mpocTo: paccMoTpuM umciaa 7 u 6. OHnm
HE3aBUCUMBI KaK JJEeMEHTHl BEKTOPHOT'O TPOCTpaHCTBa R
mag Q, gomoaunM ux 0 6asuca u paccMoTpuM Q-IuHenHLIN
dyuxmmonan ¢: R — Q, paBubn kodddunuenty npu 6 B
pasnoxenuu no 3romy Gasucy. O4ueBugHO, Bce TpebOBaHUA
npu >TOM OyAyT BHIIOJHEHHI. [>

118. IToxaxwuTe, YTO HEKOTOPOE YCIOKHEHIE DTO'0 PACCY XK A€~
HUA MO3BOJAET 060UTHCH 6e3 Gasuca ['amena: TOCTATOYHO OIpe-
A€JATh Y HE Ha BCEX ,E[efICTBI/ITeJILHbIX YUCIaX, a TOJAbPKO Ha JIH-
HEMHBIX KOMOMHAIUAX YIVOB, BCTPEYAIOMMXCA MPU Pa3pe3aHun
Ky0a u TeTpasgpa Ha 4aCTH.

2.8. Jlemma LlopHa n e€ npumeHeHus

B coBpemeHHLIX yueGHUKAX PEAKO BCTPEUIACTCA TPAHC-
(PUHUTHAA UHAYKINA KaK TAKOBAsA: OHA 3aMEHAETCA CCHLIKOU
Ha Tak HaszwiBaeMmywo Jemmy llopma. Cemyac Mbl moKaxkeM,
KaK DTO HEJAeTCs, HA HPUMEpPE TEOPEMBI O CYIIECTBOBAHUN
6a3uca B IMHEWHOM MIPOCTPAHCTBE.

Teopema 30 (nemma Lopra). Ilycre Z — gacTudano ynops-
JOYEHHOE MHOXKECTBO, B KOTOPOM BCSKAs IENb UMEET BepX-
HIOIO Ipanniy. Torga B 3TOM MHOXECTBE €CTh MAKCAMAJIb-
HBIU DIEMEHT, 1, 60Jee TOrO, IJ JO0TO DIEMEHTa @ € 7 Cy-
IMECTBYET DAEMEHT b > @, ABIAIOIINNCA MAKCUMAILHEIM B Z .
(Lenv — T0 NOAMHOXKECTBO, JIOOBIE IBA DJIEMEHTa KOTOPO-
IO CpaBHUMBL. BepxHsas rpaHuna nenu — 31eMeHT, GONbII
WY PABHLIY JIOOOI0 3/IEMEHTa LElu. )

< Ilpexae Bcero ormeTuM, 9TO Z JUNIb YACTUYHO YIIO-
PALOYEHO, HODTOMY HALO PA3AMIATH MAKCUMAJbLHBIE U HAW-
foabImMe >AeMeHTHL. 110 3TOU e TPUYUHE MLl BLIHY XK JCHBI
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yOOTPEOIATH MPAMMATAYIECKN HEKOPPEKTHY IO KOHCTPYKITIIO
«OONBIINT WIN PABHBIN JO60T0 (JI060MY?)», TOCKOIBKY CKa-
3aTh «HE MEHBIIE JH00r0» (CTAHIAPTHHIN BHIXO U3 TIOIOXKE-
HUs) O3HAYAJI0 Obl U3MEHUTH CMBICIL.

JloxazaTeabCTBO MOBTOPAET PACCYXK EHUsS IPU ITOCTPOe-
Hun 6as3uca, HO B Goaee OOLIEN cuTyanuu (Temepb y Hac He
JIMHENHO HE3aBUCHUMEIE CEMENCTRA, a IIPOU3BOALHLIE 3JIEMEH-
L Z).

Ilycrs mam OpOMBBOJALHBEIN 3JI€MEHT a. llpeamomoxu,
YTO HE CYILIECTBYeT MAKCUMAJILHOI'O 3JIEMEHTA, OOILLIErO
WIA PABHOTO a. JTO 3HAYUT, 9TO s Jio6oro b > a Hau-
nércs ¢ > b. Torga ¢ > a m moToMy HauaéTcAa d > ¢ U T. 1.
[Tpogomxkas >TOT NpoIecC TOCTATOTHO MO0, MBI HCUEPIAa-
€M BCE DJEMEHTHI Z W OPUAEM K IPOTUBOPEUUIO.

ITposeném paccyxaeHne akKypaTHO (MOKA ITO MBI [a-
Xe He WCIOMb30BAIM YCJIOBUE JEMMBI, KACAIOIEECA LETEH).
BosbMéM BIosHe yoopsmoOdeHHOEe MHOXKECTBO I TOCTATOYHO
Hoabwon mMowHocTy (Gomnbien, YeM MouHocTs Z ). ocTpo-
UM CTPOro Bo3pacraronlyo pyukumioo f: I — Z mo Tpasnc-
urnTHON pexypcun. EE sHaueHne Ha MUHUMATLHOM DJIEMEH-
Te | OymeT paBHO a. [Ipeamono:kmM, ITO MBI yKe 3HAEM BCE
€€ 3HAYEHUs HA BCEX DJIEMEHTAX, MEHBIINX HEKOTOPOrO .
B cury MOHOTOHHOCTH 3TU 3HAYEHUs [IONAPHO CPABHUMEL.
IlosToMy cymecTByeT uxX BepXHSsA IDAHULA S, KOTOPAas, B
YaCTHOCTH, OOJBIIE WX PAaBHA G. BO3bMEM KAKOU-TO BJe-
MeHT t > $ u monokuM f(i) = t; MO0 MOCTPOEHNI0 MOHOTOH-
HOCTb COXpaHuTca. Tem caMbiM I pPABHOMOIITHO YacTH Z, ITO
MIPOTUBOPEYUT €0 BEIOODY.

B sToMm paccyxaenun, popMaabHO TOBOPA, €CThH MPOHe:
MBI OJHOBPEMEHHO OmpejaenaseM (PYHKINUIO M0 TPAHCHUHUT-
HOU PEKYPCUU U JOKA3BIBAEM €€ MOHOTOHHOCTDL € MOMOIIBIO
TPaHCHUHUTHOU MHAYKIuU. Haie pexkypcuBHOEe ompemese-
HUE UMeeT CMBICJ, JIAIIb €CJIU Y2Ke IOCTPOEHHAsS 9aCcTh (PyHK-
U7 MOHOTOHHA. DOPMATBLHO MOBOPS, HAI0 BOCIOIB30BATHCA
TeopeMon 19, cuuTas, UTO CIACAYIONEE 3HAYEHNE HE OMpee-
JIEHO, €CJH Y3Ke TIOCTPOEHHBIN YIACTOK HE MOHOTOHEH, U I0-
Jy9uTh QYHKIN, OIPeIeJeHHYI0 Ha BCEM [ min HA HAYAIB-
HoM orpeske. Eciu oHa ompeznenena Ha HEKOTOPOM HAYAIb-
HOM OTpe3Ke, TO OHA MOHOTOHHA Ha HEM IO TOCTPOEHWIO,
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MO3TOMY CJAETYIONIEE 3HAYCHUE TOKE OMPENEIeHO — TPOTH-
BOpeune. >

Kak w mpu mocrpoenun Oasuca Lamens (zamada 115,
c. 82), MOXHO OGOUTHCH €3 MHOXKECTBA, OGOJBIIEN MOIIHO-
ctu. Boosne ynopsgoduM MHOXKECTBO Z C IIOMOIIBIO Teope-
mbl [epmeno. DTOT MOpALOK HUKAK HE CBA3AH C UCXOTHLIM
IOPAIKOM Ha Z; MBI OyJgeM O00O3HAYATL ero CHUMBOJIOM .
[MocTpouMm ¢ TOMOIIBIO TPAHCHUHUTHON PEKYypCUU (PYyHK-
w0 f: Z — Z ¢ Ttakumu conmctBamu: (1) f(z) > a mun
aoboro z € Z; (2) f MOHOTOHHA B CJELYIOIIEM CMBICTE: €C-
mz <y, o f(x) < f(y); (3) f(2) He MOXeT OBITH CTPOrO
MeHbIIE 2z (B CMBIC/IE UCXOAHOIO HOPSIAKA <) HU IIPU KAKOM Z.

Jenaercs aro Tak. SHadernue f(zp) Aia <-HAMMEHBIIETO
DIEMEHTA, Zg MBI TIOJOKYUM PABHBIM JU00 @, ub0 Zg (mocaen-
Hee — eCu 2o > a). HadeHue f(z) A1A OCTATBHBIX Z €CTh
JmbOo BepXHss rpanuma sHadenun f(z') npu 2’ < z (no npeg-
MOOKEHNIO MH YK MHOXKECTBO TAKAX 3HAMEHUN TUHENHO
YIOPATZOIEHO U IOTOMY MMEET HEKOTOPYIO BEPXHIOK I'DAHMU-
ny ), ambo caMo 2z (HocaeIHee — eCau 2 > Q).

B cuiy MOHOTOHHOCTH MHOXECTBO 3HAMECHUN QYHKIUA |
JVHENHO YTOPAIOICHO W WMEET BEPXHIOK TDAHUILY. OTa
rparuna (06o3HaYuM e€ () Gouiblie WM paBHA a (KOTOPOE
ectb f(20)) U ABALETCA UCKOMBIM MAKCUMAJILHLIM DJIEMEH-
ToM: ecan < z mas Hekoroporo z, o f(z) < f < z, uro
IPOTUBOPETAT CBOUCTBY (3).

119. IIpoBenure >TO paccyxgeHue mOLPOGHO.

Temepts NOBTOPUM [JOKA3ATETHLCTBO TEOPEMH O 06a3u-
ce, ucnoarbsysa jgemMmy opra. [ycts V' — mpousBoabHOE
BEKTOPHOE MPOCTPAHCTBO. PACCMOTPUM YaCTUYHO YIOPS IO~
YEHHOE MHOXECTBO Z, COCTOSIIEE U3 JUHENHO HE3ABUCUMBIX
monmuoxkecTs npocrpancrea V. llopsagox ma Z 3agaérces
OTHOIIEHUEM «OBITH IIOAMHOXKECTBOMS.

IIpoBepum, 4T0 ycaoBus seMMEL BEITOAHEHEL. [IycTh mme-
eTCA HEKOTOpasd Ilellb, TO €CTh CeMEUCTBO JUHEMHO HEe3ABU-
CUMBIX MHOYKECTB, MPUYIEM JIOOBE TBA MHOXKECTBA, DTOrO Ce-
MenCTBa cpaBHUMBL. OOLEeIUHIM BCE DT MHOXKECTBA, U TIOKAa-
JKEM, UTO MMOJYIEHHOE MHOXKECTBO Oy AeT TUHEUHO He3aBUCHU-
MBIM (Te€M CaMbIM OHO OyaeT BepXHel I'DAHULEN DJIeMEHTOB
nerm). B camom mese, HeTpUBUAIBHAA JUHENHAA KOMOWHA-
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IIAA BKAIOYAET B 0 KAKOE-TO KOHEUHOE UUCIO0 BEKTOPOB,
KQKJIBIU U3 CBOETO MHOXKECTBA. DTUX MHOXKECTB KOHETHOE
YUCJI0, U TIOTOMY CPEIN HUX €CTh HAUOOJBINEE MO BKIHOUIE-
HUIO (B KOHEYHOM JUHENHO YIOPSI0U€HHOM MHOXKECTBE €CTh
HAMOOJIBIINN JJIEMEHT). DTO HAUOOJbIIEE MHOKECTBO COLep-
XKUT BCE BEKTOPLI HETPUBUAIBLHOU JAHENHON KOMOUHAIIWH,
U JVHEUHO HE3aBUCUMO TIO MPEANONOKEHNI0, TaK UTO HAIa,
HETPUBUATLHAA JUHENHAA KOMOUHAIIUA OTIAYTHA OT HYJA.

Takum o6pasomM, MOXKHO HpuMeHUTH Jemmy llopma u
3aKII0YATD, YTO JI060€ JUHEMHO HE3aBUCUMOE MHOMXKECTBO
BEKTOPOB COJEPKUTCA B MAKCUMATHHOM JUHENHO HE3ABUCH-
MOM MHOXKECTBE BEKTOPOB. K HeMy yxke Heabs3si T00ABUTH
HH OJHOIO BEKTOpa, HE CO3JAB JUHEUMHOU 3aBUCUMOCTH, U
OHO SABJAETCSA UCKOMBIM GA3UCOM.

AHATOTUYHEIM 00pa3OoM MOXKHO [OKA3ATH CYIIECTBOBA-
HEUE OPTOrOHATLHOTO 0A3UCA, B TIILOEPTOBOM MPOCTPAHCTRE
(Tam ompegesenue 6a3uca APyroe: Pa3pemanTcs 6eCKoHe -
HBIE JMHEUHBIE KOMOWHAINN, TIOHUMAEMbIe KAaK CYMMBL psi-
[OB) WK CyLIECTBOBAHUE 0a3UCA TPAHCUEHIEHTHOCTH (MaK-
CUMATBHAA ANITe0PANTIECKN HE3ABUCUMAS CUCTEMA DJIEMEHTOR
B DACIINDPEHNH TIOJEN).

Mur npuBegéM APYrOU MpuMep npuMeHenus jJeMmer 1op-
Ha, TJe (PUTYPUPYIOT YiKE M3BECTHLIE HAM TIOHATHUA.

Teopema 31. Besakuit 9aCTUYHBIA MOPSAIOK MOXET OBITH
IPOJO/KEH 10 JUHEUHOrO.

< HOyers (X, <) — YaCTUYHO YHOPSALOYEHHOE MHOKECT-
Bo. Teopema yTBepkKIaeT, 9TO CYyUIECTBYET OTHOIICHUE MO-
pagka <’ ma X, mpopgoskarouiee UCXOAHOE (PTO 3HAYUT,
yrorz <y=1z < y) 7 SBJAIOLIECECs OTHOLICHUEM JUMHEHHO-
ro mopaaka. (Kcratu, orMeTuM, 9TO CIOBO WIMHEHHOTO» B
(GpOpMYIUPOBKE TEOPEMHBI HEMb3SA 3aMEHUTH HA CJIOBO «IOJ-
HOT'O» — HATNPUMED, €CJIN UCXOIHBIN TMOPAJIOK JUHEUHBIN, HO
HE IIOJIHBII. )

T'ororack k npuMenenuto Jemmer [lopHa, paceMoTpuM Ha-
CTUYHO YTIOPATOYEHHOE MHOKECTBO /Z, DIEMEHTAMU KOTOPO-
ro GyayT dacTudHble mOpAAKA HA X (TO €CThb HOAMHOXKE-
crBa MHOXkecTBa X X X, obnagaronme cBOUCTBaMu ped.iek-
CUBHOCTHY, TPAH3UTUBHOCTH ¥ AHTUCUMMETDUIHOCTH ), YIIO-
PAMOYEHHBLIE TIO BKIAIOUEHUIO: <1 CIUTACTCA MEHBIUM WU
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paBHEIM <o, ecu <o MPOAOMIKAET <1 (M3 = <1 Y Caeny-
er T <y ).

Jlerko npoBeputh, 4T0 ycaosue geMMel llopHa BeIonHe-
HO: €CJIU Y HAC €CTh CeMEUCTRBO YaCTUIHBIX TOPATKOB, JUHEH-
HO YMOPAJOYEHHOE 0 BKIKYEHUIO, TO OOBEIUHEHUE DTUX
MOPAAKOB ABIAETCA YACTUIHBIM MOPAAKOM, W DTOT TOPA-
1ok Oyger Bepxuen rpamunen cemencrsa. (IIposepum, Ha-
npuMep, 4To 00bequuenune 06aa1aeT CBOUCTBOM TPaH3UTHB-
socTu. [lycTh o <1 ¥ B OHOM U3 MOPAIKOB ceMencTna (K1),
ay <2 2 B APYTOM; OIIVH U3 TIOPAIKOB (HATpuUMep, <1) Ipo-
JOMKACT NPYTOU, TOTAA £ <1 §Y <1 Z W TMOTOMY & < 2
B oObenuHeHny. PedrekCuBHOCTD U AHTUCUMMETPUYHOCTD
LPOBEPSIOTCA CTOAb K€ IPOCTO. )

CurenoBarensuo, no gemme llopua wa muoxecTBe X cy-
MECTBYET MAKCUMAILHEIN TaCTUIHLIA IOPALOK, TPOLOIKA-
oy uexogubil. O6GosnaduMm ero xkak < (ILyTaHUUBL C UC-
XOJHBIM MOPANKOM HE BO3HMKHET, TAK KAK MCXOTHBIN HAM
foabie He HyxkeH). HaMm HaJ0 MoOKazaTh, 9TO OH OyAeT Ju-
HenubiM. [lycTh z,y € X — 1Ba HECPABHUMBIX HJIEMEHTA.
PacimpumM mopagox 10 HOBOTO mopAnka <, Ipw KOTOPOM
z <' y. DTOT HOBEIU MOPALOK ONpPENeaAeTcA Tak: ¢ < b,
ecar (1) a < bwwm (2) a < z uy < b. Hecnoxuo npo-
BEPUTh, 9T0 <’ OygeT JaCTUIHBIM MOPAIKOM. Pedaekcns-
HOCTb OYeBHUAHA. LpaH3umTuBHOCTE: ecmx a < bu b < ¢,
TO €CTh YeTHIPE BO3MOKHOCTHU. Feau B 060UX CIyvaax uMe-
er MecTo caydan (1), To a < b < ¢ u Bcé ouesugno. Ecau
a < becuy (1), ab<cBceuny (2), ma<b<zu
y < ¢, tak uTo a <’ ¢ B cmy (2). AHasormaHO paccma-
TPUBACTCA M CMMMETPUIHBIN caydan. Hakoren, nBykpaTHas
ccblIKa Ha (2) HEBO3MOXKHA, Tak Kak Torjaa (a < z), (y < b),
(b < z) u (y < ¢), u monydaeTca, 9410 ¥y < b < x, a MBI Ipej-
[OTAraau, 9TO T W iy He CPABHUMEI. AHTHCMMMETPUIHOCTD
JOKA3BIBACTCA aHAIOrMIHO. Takum 06pa3oM, OTHOmeHne <’
OyZeT IaCTUIHBIM MOPAAKOM, CTPOrO COAEPKANUM <, ITO
MPOTUBOPEIUT MAKCUMATHHOCTH. [>

120. ITokaxure, 4T0 I11060€ OUHAPHOE OTHOIIEHNE (€3 IUKJIOB
(zmka o6pasyercs, ecan xRz, wmu t RyRx, mm t RyRzRx u T. 1.)
MOXKeT OBITH IPOJOIKEHO N0 JIUHENHOro nopagxa. ([las xomed-
HBIX MHOXECTB IMOUCK TAaKOI'O IPOOOTXKEHUA OOBIYHO HA3BLIBAIOT
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«TOTIOJIOTHYIECKON COPTUPOBKOMY. )

121. MHOX€eCTBO Ha ILIOCKOCTU HA3BIBACTCA GbINYKAbIM, €C-
1 BMECTE C JI00BIMI ABYMA TOYKAMU OHO COAEPXKUT COCOUHAIO-
WK UX 0TPe30K. [lokaxkure, 9TO I100BIE JBa HEIEDEeCEKAIOUINX-
CA BBINYKJIBIX MHOXECTBa MOXHO pPa3OeauThb HPHMOIL/'I (Ka)K,HOe
MHOXKECTBO JEXUT 0 OJHY CTOPOHY OT IPAMOU, BO3MOXKHO, Ie-
pecekaace ¢ men). (Ykazaume. Ucnoassysn memmy LlopHa, MOXHO
pPacCIIIpUTEL UCXOAHLIE HelepeceKalomumueca MaoxecTsa A m B no
B3aMMHO JOIIOMTHUTEIBHBIX BBHINIYKJIBIX MHOXECTB A/ n B/. BaTeM
MOXKHO yOeauTbcsa, 4To rpammma mexay A’ u B’ mpeacrasaser
CO60U mPAMYIO. )

2.9. CeoncTea onepauuit Ha, MOLLHOCTSAMU

Tenepb MBI MOXKEM [OKA3aTh HECKOJIBKO YTBEPKACHUN O
MOITHOCTAX.

Teopema 32. Eciu A Geckonedno, To MHOXeCcTBO A X
x N pasromorno A.

<1 Bmosue ymopsamounm mMuOX)ecTBO A. MBI y)e 3HaeM
(cM. c. 65), 9TO BCAKUN DAEMEHT MHOXKECTBA A OJHO3HATHO
OPEeACTABIACTCA B BUAE 2 + 7i, TAe 2 — IPEIeILHEIN SICMEHT
(He UMEIOIMU HEIOCPeACTBEHHO IPEALLIYIIero), a n — Ha-
TypaIbHOE YUCIO. JTO O3HA4YaeT, YT0 A paBHOMOUIHO B X
x N, rme B — MHOXECTBO TpenelbHbx siaeMeHToB. (TyT
eCTh HeGOJBIIAA TPYAHOCTh — TOCAETHAA CPYTINA DJIEMeH-
TOB KOHEYHA, €CJIU B MHOXKECTBE €CTh HAMOOMBIINY DJEMEHT.
Ho mu1 yxe 3naem, 4To no6aBieHre KOHETHO'O WK CIETHO-
'O MHOXKECTBA HE MEHAET MOIIHOCTH, TAK ITO STUM MOXKHO
upexeGpeds. )

Tenepns yTBepkaenue TeopeMur ouesuauo: A X N pasHo-
momtHo (B X N) x N, to ects B X (NxN) u rem cambiv B x N
(mpousBeieHne CIETHBIX MHOXKECTB CIETHO), TO ecTb A. [>

IIo teopeme Kanmropa—Bepumrrenna orcioga ciregyer,
YTO NPOMEXYTOuHbIEe MowHOcTH (B wacruocru, |[A| + |A],
a Takxke M1000e npousBegeHue A U KOHEYHOI'O MHOXKECTBA)
copmagaioT ¢ |A|. Emé oqHO0 creIcTBIE MOTE3HO BHLICANTE:

Teopema 33. CymMa ABYX GECKOHETHBIX MOITHOCTEN PaB-
HA WX MaKCUMYyMy.

< Ilpexpge BCEro HAOMHUM, YTO JIOOLIE OBE MOIIHO-
cru cpaBuuMbl (Teopema 25, ¢. 79). Ilycrs, ckaxem, |A| <
< |B|. Torza |B| < |A| + |B| < |B| +|B| < [B| x X =



[n. 9] Cesoticmea onepayutt Had MOUHOCTNAMY 91

= |B| (mocrenHee HEPABEHCTBO — YTBEPXK ACHUE TIPEIBIIY-
men TeopeMsr). OCTagTesa BOCIOMB30BATHCA TeopemMon Kam-
Topa— BepHirrenna n sakaodnTs, uTo |B| = |A + B|. >

Teneps MOXKHO I0Ka3aTh 60JE€ CUILHOE YTBEPKICHHE.

Teopema 34. Eciu A 6eckonedno, To A X A paBaomoI-
o A.

< 3aMeTuM, 9TO A CIETHOI'O MHOXKECTBA (KAK, BIPO-
9eM, ¥ [/ KOHTHHYYMa — HO 3TO CeMYaC HE BAXKHO) MBI 3TO
yxke 3HaeM. [losToMy B A €CTh MOIMHOXKECTBO, PABHOMOLI-
HOE CBOEMY KBAAPATY.

PaccMoTpuM ceMENCTBO BCEX TAKUX MOAMHOKECTB BMeE-
CT€ C COOTBETCTBYIOMMMYU OMEKIMAMUA. DJIEMEHTAME >TOrO
ceMmenctra 6yayT mapkr (B, f), rie B — moaMHOXKeCTBO A,
a f: B — B X B — B3auMHO OJIHO3HAYHOE COOTBETCTBHE.
BBeaém HA 5TOM CeMeNCTBe YacTUIHBIN HOpAnoK: (B, fi) <
< (B, f2), eciu By C By u orpanudenue oroGpaxkeHus fo
Ha By coBmagaer ¢ f; (puc. 6).

B,

B,

By

B,

Puc. 6. OTobpaxkenne f; — B3aUMHO OJHO3HAYHOE COOTBET-
CTBUE MEXY MATBIM KB3JAPATOM W €r0 CTOPOHOU; fo noba-
BJIAECT K HEMY B3aXMMHO OOTHO3HAYTHOE COOTBETCTBHUEC MEXKIY

Bg \ B1 1 «yI'OJIKOM» (B2 X B2) \ (Bl X Bl)

Teneps npumenum gemmy Hopua. [las sToro myxuo yde-
AUTBCSL, 9T0 JI000e JUHENHO yIOPsA0IeHHOe (B CMBIC/IE O~
CAHHOTO TIOPAAKA) MHOXKECTBO MAp YKA3AHHOTO BUIA UME-
eT BepXHIOW rpanuny. B camom fese, o6bequHuM BCe TEp-
BBIE KOMITOHEHTHI DTUX Map; nycTb B — ux o6bequHeHUE.
Kak 06brun0, coracoBaniocTs 0T06pakenui (rapanTupye-
Masi OpeJeeHreM HOPAKA) 03BOJSIEeT COeQUHUTE 0T0Opa-
XKEHUA B OHO. ITO 0TOOpaxkenue (Ha3oBéM ero f) oroOpa-
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xaer B B B x B. Ouo 6yner uubextuen: 3uadenus f(b)
u f(b") npm pasamunex ¥ u b’ pasamunbl (Bo3BMEM 6O
IIee M3 MHOXKECTB, KOTOPLIM mpuHamaexat b n b’; ma mém
f ABsercsa unbeknyen mo npeaunogoxenuto). C Apyrou cro-
pombl, f sBASETCA CIOpBeKknuen: auad aobon napo (W b) €
€ B X B B03bMEM MHOXKECTBA, W3 KOTOPLIX mpomsouum b’
u b", BoIbepeM u3 HUX GOJBIIEE U BCIOMHHAM, 9TO MBI UME-
JY B3AUMHO OJHO3HAIHOE COOTBETCTBUE MEXKIY HUM U €0
KBaIPATOM.

IIo memme Ilopua B HameM YaCTUYHO YIOPAIOYEHHOM
MHOXKECTBE CYIIECTBYET MAKCUMAILHEIA SaeMeHT. IlycTh
aror saemeHT ectb (B, f). Mbl 3maem, uro f ecrb B3a-
WMHO OJHO3HAYHOE cOOTBeTCTBUMEe MeXkaAy B m B X B u
notomy |B| = |B| x |B|. Teneps ecTh ABe BO3MOXKHOCTH.
Ecar B pasuomornuo A, To B x B pasuomontao A X A u
Bcé pokazano. OcTasoch paccMOTpeTh ciaydan, korga B me
PABHOMOLIHO A, TO €CTh UMEeeT MEHBIIYI0 MOIHOCTE (601b-
IV OHO UMETh He MOXKeT, Oy 1ydr MO IMHOXECTBOM ). [IycTh
C — ocrasmascsa gacts A, To ects A\ B. Torga |A| = |B|+
+ |C| = max(|B|, |C|), crenoarensno, C' pasaOMOImHO A U
6ompme B mo mommoctu. Bosbmém B C wacte C’, pasmo-
mommyo B, w nonoxum B’ = B + C' (puc. 7). O6e wactn

A

B C

Puc. 7. Ipogomxkernue coorsercrbusa ¢ B wa B’ = B + (',

muO)ecTBa B’ pasromomusr B. Ilostomy B’ x B’ pas6usa-
eTcsa Ha 4 9acTH, Kakaad U3 KOTOPBIX paBHOMOIIHA B X B, 1,
CJIEI0BATENLHO, PABHOMOIIHA, B (HAamoMHUM, 9TO y HAC €CTh
B3aMMHO OAHO3Ha4HOe cooTBercrBue [ Mexay B u B X B).
CooreercTBUe f MOXKHO IPOJOKUTE 4O COOTBETCTBHA |
vexay B’ mw B’ x B’, 1onoiHuB €ro COOTBETCTBUEM MEXK-
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ay C' n (B’ x B')\ (B x B) (»Ta pa3sHOCTb COCTOUT U3 TPEX
MHOXKECTB, PABHOMOIMHEIX B, Tak 4To pasHomomHa B). B
uTore MBI moaydaeM O0abmyio mapy (B’ f’), uro mporum-
BOPEYUT yTBEPKIEHUIO JEMMEI 1[0OpHA O MAKCHMAILHOCTH.
Takum 06pa3oM, STOT CIydall HEBO3MOKEH. [>

Briesem Temeps HEKOTOpPBIE CJAENCTBUA U3 JOKAZAHHOTO
YTBEPK TeHU.

Teopema 35. (a) Ilpoussenenne AByX GECKOHETHBIX MOII-
HOCTeN paBHO GoJbinen n3 Hux. (6) Ecau MuOX)ecTBO A Gec-
KOHEYHO, TO MHOXKeCTBO A" Bcex mocjae10BaTeabHOCTEN 1JIu-
Bl 1 > 0, cocTaBIeHHBIX U3 daeMeHTOB A, paBHOMOIIHO A.
(8) Ecau muOx)ecTBO A GeCKOHEYHO, TO MHOXKECTBO BCEX
KOHEYHBIX TIOCIENOBATETLHOCTEN, COCTABIEHHBIX U3 DJIEMEH-
TOB A, pasHOMOIIHO A.

< IlepBoe yTBepkKIEHWE TOKA3BLIBAETCA IIPOCTO: €CJAH
|4 < |Bl, o |B| < | [ x |B| < |B| x |B| = |B].

BTopoe yTBepxkaeHHME JETKO NOKA3BIBAETCA WHIYKIHEH
o n: ecm |A"| = |A|, To A" = |A"| x |A] = |A] x |4] =
= |A|.

TpeTbe TOXkE MPOCTO: MHOKECTBO KOHEMHBLIX MOCIEI0BA-
TenpHOCTER ecTb 14+ A 4+ A% 4+ A% + .. .; kaxaas u3 gacren
(kpoMe TIepBOU, KOTOPOU MOXKHO TPEHEOPEdh) PABHOMOII-
Ha A (MO AOKa3aHHOMY), M MOTOMY BCE BMECTE ecTh |A| X
X NO = |A| >

3aMeTuM, UTO M3 MOCAEIHETO YTBEPKIEHWA TEODPEMBI
BBITEKAET, YTO CEMEHCTBO BCEX KOHETHBIX IOIMHOKECTB
0ECKOHEYHOI'0 MHOXKECTBA A MMEeT Ty e MOIIHOCTB, YTO
u A (mogMuoxecTB He GOJIbLIE, YeM KOHEYIHLIX MOCJIEeLOBa-
TEJLHOCTEH W HE MEHBINe, 9€M OTHOXIEMEHTHEBIX IIOJIMHO-
KECTB).

122. Ilycrs A Gecxomeuno. Jokaxure, aro |A%| = [24].

123. PaccMOTpUM MOIIHOCTE (¢ = Ng + 270 +2(2N0) +... (cuér-
Haa cymMma). Ilokaxwure, 9T0 @ — MUHMUMAJIbHAA MOIIHOCTD, KO-
Topasa 6oabme momuocten maoxects N, P(N), P(P(N)), ... Ilo-
Kaxure, 9T0 a0 = 2% > (.

Temeps MBI MOXKEM [OKA3aTh YIOMUHABIINEECS DPAaHee
YTBEPKIEHNE O PABHOMOIITHOCTY GA3UCOB.

Teopema 36. Jlrobrie gBa 6asuca B GEeCKOHEIHOMEPHOM
BEKTOPHOM TPOCTPAHCTBE UMEIOT OJUHAKOBYIO MOITHOCTbD.
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< Mycts gamsl gBa 6a3uca — TEepBEIX U BTOpOU. [aa
KXKJOTO BEKTOpA U3 MEPBOTO 6a3nca (PUKCUPYyeM KaKOU-
Jau60 Cocod BHIPABUTH €r'0 Yepe3 BEKTOPEL BTOPOr'o 0A3UCA.
B sTOM BHIpaxkeHHMm y4acTByeT KOHEYHOE MHOXKECTBO BEK-
TOpOB BTOpOro 6asmca. Takum 006pasoM, €CTb HEKOTOPAS
yHKINA, KOTOpasg KAXKIOMYy BEKTODY IepBOro 6a3mca cra-
BUT B COOTBETCTBHUE HEKOTOPOE KOHETHOE MHOXKECTBO BEK-
TOPOB BTOPOro. Kak MBI TOJIBKO YTO BHU/IEJNU, BO3MOXKHBIX
3HAYEHUN DTOU PYHKIWN CTOILKO JKE, CKOJBKO DJEMEHTOB BO
BTOpoM Hasuce. Kpome Toro, mpoobpas Kaxkaoro 3HAIEHUI
COCTOUT W3 BEKTOPOB IIEPBOIO 6a3KCa, BEIPAMKAIOIIUXCA He-
pe3 gaHHbl (KOHeYHBIN) Ha0op BEKTOPOB BTOPOIO, U LOTO-
My KOHEYeH. BEIXOAUT, 9TO MEepPBHEU 6a3uC pasbUT HA TPYTI-
TIBL, KaX A3 TPYIIa KOHEYHA, & BCErO TPYII He OOJIbIIe, TeM
BEKTOPOB BO BTOPOM Oazuce. [loaToMy MOMIHOCTH IEPBOrO
6a3uca HE TPEBOCXOAUT MOIIHOCTH BTOPOIO, YMHOKEHHOU
Ha Ng (0T 4ero, Kak Mbl 3HAEM, MOIMIHOCTL OECKOHEYHOI'O
MHOXECTBa He MeHAeTcs). OCTamioch TPOBECTH CUMMETPUY-
HOE PacCyXAeHNe U COCaaTheAa Ha TeopeMy KanTopa— Bepn-
mTenHa. >

2.10. OpauHansl

Kax MbI yxe roBopmwIn, opoiura.iom HA3LIBACTCA TOPAI-
KOBLIU TUI BIOJHE YIOPAJOYEHHOIO MHOXECTBA, TO €CThb
KJIacC BCEX WM3OMOP(MHBIX €My YHIOPALOYEHHBIX MHOXKECTB
(ecrecTBeHHO, OHU OyAyT BIOJHE YIODSAOUCHHBIMY).

Ha opaunasax eCTeCTBEHHO OMPEAEIACTCA TMHEUHBIN TO-
paAnok. YTOORI CPABHUTL ABA OpAWHAIA @ U 3, BO3BMEM UX
mpencrasureau A m B. [lpumenum Teopemy 22 u mOCMO-
TpUM, Kakou u3 Tpéx caydaesB (A u3oMOpPHHO HAYATILHOMY
orpesky B, orymunomy ot Bcero B; muoxecrsa A u B uso-
MOpQHBL; B n30MOPQHHO HAYAIBLHOMY OTPE3KY A, oTamaHOMYy
ot Bcero A) mmeer mecto. B mepsom crydae a < 3, BO BTO-
poMm a = 3, B TpeThem a > .

Mui OTBIEKAEMCS OT TPYAHOCTEU, CBA3AHHBIX ¢ OCHOBA-
HuAMU Teopuu MHOXKecTB (cM. pasgea 1.6); kak GopMaIbHO
MOXKHO OIIPABAATh HAIIU PACCYXKIEHUSI, MBI €meé 06CYIUM.
IMoka 9TO OTMETUM HEKOTOPHIE CBOUCTBA, OPANHAJIOR.
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e Mur ompegenmin Ha OpPAWHAMAX JUHEUHBIA MTOPSIOK.
OTOT MOPANOK OyIeT TOMHBIM: JH000€ HETYyCTOe CeMel-
CTBO OPJNHAJIOB UMEET HAUMEHBIINN DIEMEHT (Teope-
Ma 23; pa3HULA JUIIL B TOM, YTO MBI He YIOTPeO/IAIN
TaM CJIOBa «OPAUHAJY, & POBOPUIU O IPELCTABATESIX ).

e Ilycte @ — HeKOTOpBIM OpAuHAL. PaccMoTpuM Ha-
gaabHBl 0Tpe3ok [0, @) B kaacce opauHanos (o6pa3zo-
BAHHBLIM BCEME ODAUHAIAMYU, MEHBIIAMHU (¢ B CMBICIE
YKA3aHHOT'O TMOPAIKA). DTOT OTPE30K YIOPATOUEH MO
Tuny @ (TO €CTh W3OMODP(MEH MPENCTABATEIAM Op Y-
Hama «). B camom gere, mycts A — OOUH U3 TpEI-
craBuTenen opauHana «. OpAIUHAILL, MEHBIINE (v, CO-
OTBETCTBYIOT cOOGCTBeHHBIM (He coBuagamomum ¢ A)
HaJaIbLHBIM OTpeskam MHOkecTBa A. Takme orpeskm
nmeroT Buf [0, a) 1 TeM caMbIM HAXOMATCA BO B3ANMHO
OJHO3HAYHOM COOTBETCTBUM C DJEMEHTAMU MHOXKE-
crBa A. (Jlerko mpoBepuTb, YTO BTO COOTBETCTBUE
COXPAHAET HOPSLOK.)

Ckazannoe MOXHO mepedOpMyJIUPOBATD TAK: KAXK IBIN
OpMHAA YTIOPALOIEH KAK MHOKECTBO MEHBIINX OPIH-
magoB. (B o1HOM U3 GOPMATBEHEIX TOCTPOEHUN TEOPUN
OPIMHAJOB KAXKJKIN OPIUHAT DABEH MHOXKECTBY BCEX
MEHBIIUX OpJUHAJIOB. )

o OpauHan HABBIBAECTCA HENPEOEAbHbIM, €CIN CYIIECTBY-
eT HEMOCPEICTBEHHO MPEAIIeCTBYIOMMI eMy (B CMBICJE
YKa3aHHOI'O IOpsigKa) opaunHai. Fcau rakoro mer, op-
OUHAI HA3LIBAIOT NPedeabrblm.

e Jio60e orpaHuMeHHOE CEMENCTBO OPAMHAIOB HMEET
TOYHYIO BEPXHIOK I'PaHb (HAMMEHBIINYA OpAUHAJL, GOIb-
WUl WiM PAaBHBIL BCeM OpAUHAJLAM ceMencTsa). B
CaMOM JeJie, BO3BMEM KAKOU-TO OPAMHAT {3, ABJIAIO-
IIMICSA BepXHen rpaHnien. Torga Bce OpAUHAJLL Ce-
MEUCTBA U30MODP(HBI HAYAIBHBIM OTPE3KAM MHOKE-
crBa, B, npencrapistomero opaunaa (. Ecau cpexn
3TUX OTPE3KOB €CThb camo B, To # GyaeT TOYHON BEPX-
Hell TPaHbIo (M HAMOOMBIIAM DJIEMEHTOM CEMENCTBA).
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Ecan wer, To 5TH oTpesku nmetot sug [0,b) mmsa pas-
JUYHBIX DJdeMeHToB b € B. PaccMoTpuMm MHOXKECTBO S
BCcex Takux 2aeMeHTOB b. Ecau S we orpanuveno B B,
TO [ Oymer TOYHOU BepxHeu rpanbio. FEcau S orpa-
HUYEHO, TO OHO MME€ET TOYHYI0 BEPXHIOIO I'DAHbL S, U
[0,5) Oyaer TOYHOU BEpXHEHU I'DAHBIO CEMENCTBA.

MoXHO CKa3aTh, 9TO CEMEUCTBO OPAUHAIOB — 3TO KAK
OBl YHUBEPCAIBHOE BIOJHE YIOPSIIOYCHHOE CEMEUCTBO; JI0-
60€e BIOIHE YHOPSJOYEHHOE MHOXKECTBO H30MOPQHO HEKO-
TOPOMY HAYAJBLHOMY OTPE3KYy 5TOr0O ceMeucTra. llosToMy
MBI HEMEJIEHHO TPUAEM K TPOTUBOPEUNIO, €CJAU 3AXOTHUM
pPaccMOTPETh MHOXKECTBO BCEX ODAUHAJOB (BEob IJA BCA-
KOI'O BIIOJHE YHOPAJIOYEHHOI'O MHOXKECTBA €CTh eIl O0Jb-
mee — 100ABUM K HEMY HOBBIKM 3JIEMEHT, OOJLIINEA BCEX Ipe-
ABLIYIAX ). DTOT MAPALOKC HABKIBAETCA napadokcom Bypa-
au-DPopmu.

124. [lokaxuTe, YTO TOYHAA BEPXHAA I'PDAHb CIETHOTO IHCIA
CYEeTHBIX OPDAVWHAJOB CY€THA.

Kaxk xe paccyxkaars 06 OpIUHANAX, HE BOALAA B IPOTHU-
Bopeuus? B nmpuHImMIE MOXKHO 3aMEHATH yTBEpKAeHUs 00
OpAMHAIAX YTBEPXKACHWAMU O UX NPEICTABUTE/IX U BOC-
TPUHUMATE YIOMUHAHUA OPANHATOB KAK «BOJMLHOCTL PEYM».
[pyron noxxon (mpennoxeHHbn hor HemMaHoM) TIpAMeH-
eTCSA TIPYU AKCUOMATHYIECKOM TTIOCTPOCHUN TEOPUN MHOKECTB,
¥ COCTOUT OH MPUMEPHO B CJAEAYIOIIEM: MBI OOBABIIEM Ka-
JKABIU OPAWHAT PABHBIM MHOXKECTBY BCEX MEHBIIUX OpJUHA-
a08. Torga Munumansaem opauaan O (LOPSAKOBBIA TUIL IIy-
CTOTO MHOXKECTBA) OyAeT MyCTHIM MHOXKECTBOM &, CIAELYIO-
Uy 33 HUM OpArHAT | (TOPAIKOBEIU TUT OTHORJIEMEHTHOT'O
muOkecTBa) Oyner {0} = {@}, saTrem 2 = {0,1} = {2, {2}},
3={0,1,2} ={9,{9},{9,{g}}},4={0,1,2,3} uT. 1. 3a
HUMU CJelyeT OpAuHal w (IOPALKOBEL TUI MHOXECTBA Ha-
TypanbHBIX wmcen), pasaeim {0,1,2,3,...}, motom w+ 1 =
= {0,1,2,3,...,w}, moroMm w + 2 = {0,1,2,3,...,w,w +
1} m T 1

Mur me 6ygeM roBOPUTH MOAPOOHO OO0 AKCHOMATHYEC-
ko Teopum MHOXkecTB Ilepmeno— Ppenkens, Ho aBa 06-
CTOATENBCTBA CJAEAYyeT UMETh B BHUAY. BO-LIEPBBIX, B HeH
HET HUKAKUX OOBEKTOB, KPOME MHOXKECTB, U €CTh aKCU-
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OMA IKCMEHCUORAABROCTNY (AT 00 BHEMHOCTIL), KOTOPAA
TOBOPUT, UTO JBa OOBEKTA, COMAEPIKAIINE OTHA U TE JKE DIie-
MEHTHI, PABHHL. 1103TOMY CYyIIECTBYeT JUIIL OAUH OOBEKT,
HE COOepXKALMU BJIeMEHTOB (IycToe MHOXKeCTBO). Bo-Bro-
PLIX, B HEH €CThL aKCUOMa Pynduposanus, KOTOPas TOBOPUT,
9TO OTHOIEHWE € (PYHIAPOBAHO: BO BCAKOM MHOXKECTBE X
€CTh DIEMEHT, ABIAIIINNCA E-MUHUMAILHBEIM, TO €CTh DJie-
MenT z € X, maa koroporo X Nz = &. Orcoga creayer,
YTO HUKAKOE MHOXKECTBO I HE MOXKET OBITH CBOUM DJEMEH-
ToM (uHade mas MHOXKecTBa {2} Hapymazach Obl aKCHOMA
DYHAUPOBAHUS).

125. BriBeauTe m3 aKCUOMBI (PYHAWPOBAHUA, UTO HE CYIIE-
CTBYeT MHOXECTB T, Y, Z, AJA KOTOPBIX T € Yy € z € T.

DurocopCkn HACTPOEHHBIN MATEMATUK OOBACHUI Obl
CMBICT AKCHOMBI (PYHANPOBAHMA TaK: MHOXKECTBA CTPOATCA
13 paHee IOCTPOEHHBIX MHOXKECTB, HAUWHAA C IIYCTOI'O, U
HODTOMY BO3MOXKHA UHAYKIUSA [0 HOCTPOEHUIO (IOKA3BIBAs
KakKoe-Iub0O CBOUCTBO MHOXKECTB, MOXKHO PACCYXKIAThL WH-
OYKTUBHO U NPEINONIATATb, YTO OHO BEPHO IS BCEX €r0
DIIEMEHTOB).

Teneps MOXHO OmpexeIuTh OPAWHAILI TaK. bygem ro-
BOPUTE, YTO MHOXKECTBO T MPAH3UMUEHO, €CITU BCIKUN DJe-
MEHT MHOXECTBA X ABAAETCS IOIMHOXKECTBOM MHOXECTBA T,
TO €CTb eCJil U3 z € Yy € x creayeT z € z. Hasosém op-
OUNGAOM TPAH3UTUBHOE MHOXKECTBO, BCAKUHU DJIEMEHT KOTO-
pPOT'0 TPAH3UTHUBEH. JTO TpeOOBAHME IapaHTUPYET, ITO HA
aIeMeHTax 0600 OpAUHAIA OTHOIIEHNE € ABAAETCA (CTPO-
CUM) YACTUYHBIM [OPSIIKOM.

Axkcnoma QpyHAUPOBAHMA TAPAHTUPYET, ITO IACTUIHBIN
MOPAAOK € Ha JT000M OpIMHAE ABIIETCS (PYHIUDPOBAHHBLIM.
IMocae >Toro Mo UHAYKIUYM MOXHO AOKA3ATh, YTO OH ABJA-
ercs JUHeRHBIM (U, CJIeJ0BATENLHO, IIOJHBIM).

126. (a) Ucnonpsys ompeneneHne OpAMHALA KAK TPAH3UTHUB-
HOT'0 MHOXECTBA ¢ TPAH3UTUBHBLIMY 3JIEMEHTAMH, JOKAXKUTE, 9TO
smeMeHT opamHaxa ectb opamHaa. (6) Ilycte @ — opammax (B
CMBICIE JAHHOTO HaMU ompegeneHus). [JokaxuTe, ITO OTHOIIE-
Hue € Ha HEM ABIAETCA JaCTHIHBIM mopsaakoMm. (B) Jloxaxwure,
9TO s IFOOBIX DJIEMEHTOB a,b € (v BEpHO POBHO OJHO U3 TPEX
cooTHomeHn: 1160 a € b, m60 a = b, 6o b € a. (Yxazauue:
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WCTIOMB3YUTE NBOMHYIO WHAYKIWIO 0 (GyHAMPOBAHHOMY OTHOIIC-
HUIO € HA @, 4 TAKXKe aKCUOMY dKCTeHCmoHarbHOCTH.) (r) [loka-
XUTE, 9TO OAWH OPAWHAT M30MOPGEH COGCTBEHHOMY HAYAIBHO-
My OTPE€3Ky APYTOTO TOT[a U TOIBKO TOTJA, KOTAA ABIAETCA €T
smemenToM. (Takum 06pa3oM, OTHOmEHWE < HA OPAWHAIAX KaK
YIOPAJOIEHHBIX MHOXECTBAX COBIHAAAET C OTHOLIEHNEM IPUHA-
aexHOCTH.) [loKaxkmTe, ITO KaX b OpAWHAL ABIACTCA MHOXKE-
CTBOM BCEX MEHBLIIUX €TI0 OPIUHAJOB.

3aMeTuM eI, 4TO eIV KaXKALIUH OpAWHAI €CTh MHO-
JKECTBO BCEX MEHBINNX €r'0 OPJAWHAIOB, TO TOYHAS BEPXHAA
rpaHb MHOXKECTBA OPAUHAJIOB €CTh UX 00LETUHEHNUE.

Mer e OymeM mOAPOOHO PA3BUBATH DTOT MOAXOA U
MO-TPEeXRHEMY OyIeM HAWBHO MPEACTABIATEH CeOe OPJANHAILL
KaK TIOPSAIKOBLIE TUIBI BIOJAHE YIIOPIIOYEHHBIX MHOXKECTB.

Tlpex e ueMm mepenT K CJAOKEHUIO U YMHOXKEHUIO Op Y-
HAJIOB, OTMETHM TAKOe CBOUCTBO:

Teopema 37. Ilycts A — mOAMHOXKECTBO BIIOJIHE YIIOP-
nogennoro muoxecrsa B. Torma mopsgkoBBIM TUI MHOXKE-
cTBa A He MPEBOCXOAUT MOPATKOBOTO TUIIA, MHOXKECTBA 5.

< OrMeTuM Cpasy XKe, ITO PABEHCTBO BO3MOXKHO, TAXKe
ecin A ABIAETCA COBCTBEHHBIM MOAMHOXKecTBOM B. Hampu-
Mep, 96THBIE HATYPATLHBIE YUCIA UMEIOT TOT XK€ TOPAIKO-
BBIU TUII W, YTO U BCE HATYPAJbHBIE TUCA.

Paccyxgasa 0T NpOTUBHOrO, TPEANONOKAM, UTO TOPA-
KOBBIM Tull MHOX)ecTBa A Goabmie. Torga B uszomopdHO He-
KOTOPOMY HA4YaILHOMY OTpPe3Ky MHOXecTBa A, He coBmana-
romemy co Bcem A. Ilycrs ag — Bepxuss rpanuna (B A)
3TOrO OTpeska, a f: B — A — COOTBETCTBYIOIINA U30MOD-
¢usm. Toraa f crporo Bospacraer u noromy f(b) > b nua
Bcex b € B (Teopema 17). B wactrocTn, f(ag) > ag, HO mO
npeanooxenuio Jaodoe 3uadenue f(b) MeHblIe gy — IPOTU-
BOpetne. >

2.11. ApudpmeTunka opamHanos

Mui ompefennan CyMMy U MPOU3BECHNE JUHENHO YIOPA-
IOUeHHBIX MHOXKECTB B pazaene 2.1. (Hamomuum, aro B A +
+ B saementer A npemmectsyior saementam B, aB A X B
MBI CHAYAIA CPABHUBAEM B-KOMIIOHEHTEL Iap, a B CIy4ae uX
paBeHCTBa — A-KOMIIOHEHTHL. )
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Jlerko poOBEPUTH CACAYIOMINE CBOUCTRA, CAOKEHUA:

Cnoxenne accommatusro: « + (8 + ) = (a+ 3) + 7.

Croxenne He KOMMYTATUBHO: Hampumep, 1 + w = w,
HO w+ 1 #w.

OueBngno, a +0=0+a = a.

CyMMa BO3pPACTaeT Mpu POCTE BTOPOTO APTyMEHTA: €C-
au By < fBa, To a4+ B < a+ Po. (B camom zene, nycrhb
£1 M30MOP(PHO HAYAILHOMY OTPE3KY B [2, OTIUIHOMY
oT Bcero (5. [lobasuM K 5TOMY M30MOPGUIMY TOXK Te-
CTBEHHOE OTOODAKEHNE HA (v ¥ TOIYINM M30MOP(U3M
MeXAy a + 1 M HAJATBHBIM OTPE3KOM B  + [, OT-
JUYHBIM 0T & + F5.)

CymuMa HeyOBIBaeT IpU POCTE IEPBOr'0O ApTyMEHTA: eC-
m ooy < az, 10 a1 + 8 < az + S, (B camom pgese,
a1 + § n30MOpQHO MOIMHOXKECTBY B Qs + 3. ITO MOJ-
MHOXKECTBO HE ABJACTCA HATAJbHBIM OTPE3KOM, HO MBI
MOKEM BOCIIOIB30BATHCA TeopeMon 37.)

Omnpegenenne CyMMBI COTVIACOBAHO ¢ 0603HATEHUEM v+
+ 1 mas caegyromero 3a « opaunaia. (3gecs 1 — mo-
PSLAKOBBII THII OGHO3JIEMEHTHOrO Muoxecrsa.) Creny-
fomuM 3a « + 1 opaunanom Oyger opaunan (« + 1) +
+l=a+(1+1)=a+2nurT.1

Ecin o > [, TO CymiecTByeT eIMHCTBEHHLIU OpPIU-
HaI 7, A1 xkortoporo  + v = a. (B camom gere,
B m30MOp(HO HAYAALHOMY OTPE3KY B (j OCTABIIAACA
9acTh U OYyJeT UCKOMBIM opAnHaioM . Exuncreen-
HOCTb CJEIYeT U3 MOHOTOHHOCTH CJOKEHUs IO BTOPO-
My apryMEHTY.) 3aMeTHUM, 9TO 3Ty ONEePAIMI0 MOXKHO
HA3LIBATD (BEYUTAHUEM CJICBAY.

«BBIYUTAHEE CTIPABay, HATPOTHUBR, BO3MOKHO HE BCETIA.
IMycts a@ — mexoTopwin opaunHas. Torga ypaBHeHWE
8+ 1 = « (orHocuTeabHO ) MMeeT pelleHue TOraa
U TOMLKO TOTJA, KOTJa (¢ — HENPEeIeILHLIN Op IUHAT,
(T.e. KOTIa @ UMEET HAUOOMBIIAN DIEMEHT).



100 Ynopadouennvie muoxrcecmasa [ra. 2]

Ompegenenne CyMMBI IBYX OPAWHATOB B CUJIY ACCOIAA-
TUBHOCTY MOXKHO PACIPOCTPAHUTH HA JTI000€ KOHEYHOE Uh-
C10 OpAMHAJIOB. MOKHO OmpemeauTh M CYMMY & + Qo +
+. .. C9ETHOU HOCJIEI0BATEALHOCTHU OP ANHAIOB (DJEMEHTHL (y;
OPeJIIeCTBYIOT dMeMEHTaM «; Ipu 4 < j; BHYTPH KaxKIO-
ro a; nopsgok npexuunn). Kak aerko npoesepuTs, 10 MHO-
JKECTBO JEUCTBUTEILHO Oy IeT BIIOJHE YIOPALOICHHBIM: ITO-
OBl HANTY MUHUMAJILHELIA DJCMEHT B €r0 IOAMHOXKECTBE, PAC-
CMOTPUM KOMIIOHEHTHI, KOTOPHIE DTO TIOAMHOXKECTBO 33,16Ba~
eT, BEIOEPEM U3 HUX KOMIIOHEHTY ¢ HAMMEHDLIIUM HOMEPOM
U BOCIIOJIB3YEMCS €€ TIOJTHOU YIOPSJOYEHHOCTHIO.

B sTOM mocTpoeHnN MOXKHO 3aMEHUTH HATYPATLHBEIE TU-
CJTa HA DJIEMEHTHI TPOU3BOILHOTO BIIOJIHE YIIOPATOYEHHOTO
muOX)ecTBa I u onpenenuts cymMmmy » o A; ceMencTBa BHOIHE
YIOPSAAOYEHHBIX MHOXKECTB A;, MHIEKCHPOBAHHOIO DJEMEH-
TaMu |, KAK HOPAJKOBLIM THUII MHOXKECTBA BCEX [ap BUIA
(a,1), ma koTopbix a € A;. Ilpu cpaBHeHNN map CpaBHUBA-
I0TCA BTOPHIE KOMIIOHEHTHI, 8 B CIyYae PABEHCTBA U MEPBLIE
(B coorBeTcTByWOmEeM A;). Ecim Bce A; m30MOpPQHBL OTHO-
My U TOMY K€ MHOXKECTBY A, MOAydaeM y¥Ke U3BeCTHOE HaM
onpeneirenue npoussenenus A x I.

Tenepb nepenaéM K yMHOXKEHUIO OP IUHAIOB.

e Ymuoxenue accouuatusHo: (af)y = a(87). (B camom
Iese, B O0OMX CIy9aAx MO CYIIECTBY IOTYIaeTCA MHO-
KECTBO TPOEK; TPOUKU CPABHUBAIOTCA CIPABA HAIEBO,
[OKa He OOHAPYKUTCS PA3/IUIKE. )

e YMHOXeHZE He KOMMYTATUBHO: HAIIPAMED, 2w = w, B
TO BpeMd KaK W - 2 7# w.

e Ouepugno, - 0=0-a=0ua-1=1-a=a.

e Brimosnserca ogHO M3 CBOUCTB AMCTPUOY TUBHOCTH:
a(f +v) = aff + ay (HenocpescTBEHHO ClIefyeT u3
oupepnenenus). CuMMeTpUYHOE CBOMCTBO BBLIOIHEHO
He Bcerga: (1+1) - w=w#w+w.

o IIpom3Benenue CTPOrO BO3PACTAET NPKU YBEAWYEHUU
BTOPOr0 MHOXKUTEA, ecan nepsbin He pased 0. ([laa
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pasHOOOpasusA BEIBEJEM 3TO M3 paHee JOKA3AHHBIX
cBOUCTB: ecan By > 1, TO fBs = By + 8, Tak 4TO
afBs = a(f1 +6) = ab +ad > af.)

e [Ipouspenenne He yOBIBAET MPU BO3PACTAHUU MEPBOTO
muokuTeRd. (B camoM geme, ecm ay < @z, TO o 3 130-
MOP(pHO TOAMHOXKECTBY (aff. ITO MOAMHOKECTBO HE
SBIAETCA HAYAILHBIM OTPE3KOM, HO MOXKHO COCJAATHCA
Ha Teopemy 37.)

o Jlro6ou opauHAT, MEHBIMN 3, OTHO3HAYHO TIPENCTa-
BuM B Buge af + o', rae f/ < fua < a.

(B camoMm gese, mycTh MHOXKECTBa A u B ynopanodess:
mo tunaMm « u 3. Toraa A X B ymopagodeHo 1o TUILy
af. Beaxun opaunan, MeHBIIME o, €CTh HadalbHBIN
oTpe3oK B A X B, OrpaHnYeHHBIN HEKOTOPBIM DJIEMEH-
ToM {a,b). Hawansuemt orpesok [0, (a,b)) cocTout us
nap, y KOTOPBIX BTOPOU WICH MEHBINE b, a TAKKE N3
map, y KOTOPBIX BTOPOU WIEH PaBeH b, a MEePBLIA MEHb-
we a. OTcoga caeiyer, YTo 3TOT HAYAIbHBIN 0OTPE30K
uzomopden A x [0,b) + [0, a), Tax 4ro ocraéres 1odo-
xuth ' =[0,b) m o/ = [0,a). Temeps mpoBepuM OTHO-
sHAMHOCTD. IIycts af’ +a' = aff” +a". Ecm 8/ = 37,
TO MOXKHO BOCIIOIB30BATHCA OJHO3HAIHOCTHIO JEBOI'O
BLIYMTAHUA U TOMYIUTh, 910 = . OcTtaérca mpo-
BEPUTL, 4T0 3’ He MoxkeT 6BITh, cKaxkeM, MeHbIne 3.
B arom cayuae 3 = 3+ 8, u cokpamas aff’ caesa, mo-
ayaumM, 910 o = ad + o/, 9TO0 HEBO3ZMOXKHO, TaK Kak
J€BaA JACTh MEHBIC (, & TMPAaBasg 9aCTh OOJBINE I
paBHa )

e AmajormuHoe «IeieHne ¢ OCTATKOM» BO3MOMKHO U A
M06BTX opAnHAIOB. [lycTs o > 0. Torga aroGon opau-
HaJ 7 MOXHO pa3JeluTh C OCTATKOM Ha &, TO €CTh
[IPEICTAaBUThL B Buge AT + p, rage p < «, U IPUTOM
€IMHCTBEHHBIM 00OPa30M.

(B camoM pgese, CyLIECTBOBAHUE CJIEAYET U3 IPEALLLY-
IEro YTBEPKACHUA, HAAO TOIBKO B3ATH JAOCTATOYHO
6oasioe B, 4TOOE aff ObLIO COJBINE 7, CKaxKeM, J =
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= v+ 1. EIVHCTBEHHOCTh JOKA3LIBAETCA TAK Ke, KaK
U B MIPEALIAYIIEM TYHKTE. )

e IloBTOpsa germenme ¢ ocTaTkoM Ha « > 0, MOXHO IIO-
CTPOUTH TIO3UIMOHHYIO CUCTEMY CUMCICHUA IJIA OPIU-
HAJOB: BCAKMHA OpmHAT, MeHbmmn oft! (3gecs k —
HATYPAJbHOE UUCJIO), OAHOSHAYHO IPEICTABAM B BUIE
o B +af B +. . +afi+Bo, rae i, .-, Bi, Bo —
OPIUHAJBI, MEHBIIUE (.

127. [na xkakux opauHaaos 1 + a = a?
128. [na xkakux OpAUHAIOB 2 - @ = af
129. Kakue opArHaIBI IPEACTABAMEL B BUIE W - (/!

130. Jokaxwure, 9T0 @ + 3 = (3 TOrga U TOABLKO TOTa, KOraa
oaw < B (3mece a u f — opauHAIEL).

131. [oxaxwure, 4To eciu a + [ = [ + @ 41A HEKOTOPHIX Op-
OWHAIOB U 3, TO HAUAETCA TAKOW OPAMHAM Y U TAKWE HATY-
pPAIbHBIE YUCIA M U N, 9TO @ = ym 1 3 = yn.

132. OnpemeauM omepaunmio «3aMEHBI OCHOBaHWA» C¢ k > 1
Ha | > k. YT0OBI NIpHMEHUTH DTy OmEPALUI0 K HATYDPAILHOMY
YUCIYy T, HaJO 3allUCaTh N B k-MMHOU CUCTeMe CIUCICHUA, a 3a-
TeM MPOYECTh DTY 3amuch B [-uanou cucreme. (OueBUIHO, IUCTO
IpM 5TOM BO3PACTET, €CAM OHO GBLIO 6OabIIe miu paBHO k.) Bosb-
MEM IPOU3BOJBHOE UUCIO N U OyJeT BBINOJIHATH HAJ HUM TaKHe
omepanuy: 3aMeHa OCHOBAHUA C 2 Ha 3 — BEIYUTAHUE eIVMHULBI —
3aMeHA OCHOBAHUA C 3 HA 4 — BEIYUTAHNE €IUHANBI — 3aMEHA OCHO-
BaHUA C 4 HA 5 — BBIYUTAHUE eqUHUIEI — . .. [lokaxuTe, YTO paHO
WIN TO3JHO MBI IOXYYUM HyJIb U BBIYECTH €JUHUIY He YAACTCA.
(Ykazarme: 3aMeHWTE BCe OCHOBAHWA HA OPAUHAI W; MOLYyIATCA
yOBIBAIOMIAA TOCIEAOBATEILHOCTD OP AXHAIOB. )

2.12. NHayKTuBHbIE OnpeaeneHust U CTeneHu

Meur onpe ey CIOKEHEe U yMHOXKEHNE OP IUHAJIOB C I10-
MOUIBIO SBHLIX KOHCTPYKIUHA MOPSIKA HA COOTBETCTBYIOIIUX
MHOXeCTBaX. BMECTO 2TOro MOXHO ObLIO OB UX ONPEIEIUTH
WHIYKTHUBHO.
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Teopema 38. Croxenne op IuHAJIOB 00Ia0AET CJIETYIONTA-
MU CBOMCTBAMMA:

a+0=q;
a+(B+1)=(a+08)+1;
a+y=sup{a+ |5 <~} g npegensroro v # 0.

OTHU CBOUCTBA OJHO3HAYHO OIPENENSIOT OMEPAIMIO CJIOKE-
HUA.

< [IBa mEepBBIX CBOUCTBA OYEBUHBL, IPOBEPUM TPETHE.
Ecir § < 7, 10 a+f < a+y, Tak 910 o + vy GyaeT BepxXHen
rpamuien Bcex cymm Buga o + 3 npm S < . Hano npose-
PUTH, YTO DTA TPAHUINA TOUYHAA. IlyCTh HEKOTOPHIN OpIU-
HAJI T MEHbBIIE & + . YOeAUMCs, ITO OH MEHbBIIE & + [ mis
HexkoToporo 3 < 7. Ecin 7 < a, Bcé oueBuano. Ecm 7 > a,
TIpeaICTaBUM €ro B Buge 7 = «a + 0. Torma a + 0 < a +
+ v u noromy ¢ < 7. [JoCKOABKY OpAMHAT Y TpeIeIbHBIN,
0 + 1 Tak:ke MeHbIIE Y U OCTAETCA MOJIOKUTE J = 0 + 1.

YKasaHHBIE CBOUCTBA OJHO3HAYHO ONPENe/SIOT OIepa-
IUIO CIOKEHUS, TAK KAK OPEACTABIAIOT COG0U PEKYPCUBHOE
oupegenenue 10 3 (eciu eCThb gBe OePALUY CJIOXKEeHUs, 0613~
JAIOIINE >TUMU CBOUCTBAMHU, BO3LMEM MUHUMAILHOE [, MId
KOTOPOT'O OHU PA3INIAKTCA U T. 1.). >

AHATOTUYHO MOXKHO OTPENEINTD U YMHOKEHUE:

Teopema 39. YMHOKeHME OPAMHATIOB OOJIANAET CJIETYHO-
UMY CBOUCTBAMU:

al = 0;
a(f+1) =ap+q;
ay = sup{af | 8 < v} s npegenvHoro v # 0.

OTH CBOUCTBA OJHO3HAYHO ONPEIEIAIOT OMEPAINIO YMHOKE-
HUA.

< [loka3aTeabCTBO AHAJOTMYHO, HYKHO TOJBKO MTPOBE-
puUThH, UTO ecam T < QY A TPEIeIbHOro vy, To T < af
misa HekoToporo 3 < 7. Kak mer Bugeau ua c. 101, opou-
Hasu T uMeeT BuA T = avy' + o mpm 7 < 7y; ZOCTATOYHO
nomoxuTh 3= + 1. >
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BosaukaeT ecTeCTBEHHOE KEJAHUE OMPEIeIUTh OTepa-
A0 BO3BEICHUA B CTEMEHB. MBI yKe O CYIECTBY OMpPeIen-
JIM BO3BENICHUE B IEIYH MOJOKUTEJIBHYIO CTENeHb (o ecTh
IPOM3BEAEHUE 1 COMHOXKUTENEN, PaBHbIX a). [pyrumu cio-
BaMu, ecau A ynopsagodeHo mo Tuimy <, TO MHoxecTtso A"
[IOC/EI0BATENbHOCTEN MINHEL 1 C 2aeMenTamu u3 A ¢ o6par-
HBEIM JIEKCUKOTDADUICCKAM MOPAIKOM (CDABHEHHE CIIPABA
HAJIEBO) YIOPAJOYEHO MO TUIY .

Caenyronmuu mar — ompegenuts o . [lepsas uges, mpu-
XOJAmasa B rooBy — B3aTh MHOxKecTBo AV Geckomeunbrx
NOCTENOBATENLHOCTEN W ONPEIETUTEL HA HEM MOJIHBLIA MOPA-
mok. Ho xak ero BBectn — HesacHO. [[oaToMy MOXHO mOIIpPO-
OOBATL ONIPENENUTh 6036edente 6 CMmenenb MHIYKTUBHO C
TTOMOIITBIO CJAEAYIONTAX COOTHOIICHUN:

Q =a’ - o

= sup{a” | B < v} mma npeneasHoOTO ¥ # 0.

Q
)
|

Teopema 18 (0 TpaHCQUHUTHOU PEKYDPCUM) apaHTUPYET,
9TO TH COOTHOIIEHUA OJHO3ZHAMHO OIPENEIAI0T HEKOTOPYIO
OTEepAIo HaJl OPAUHAIAMEA, KOTOPAsd U HABLIBAETCA BO3BE-
TCHUEM B CTETCHb.

3ameuanme. TyT onATL MBI IOAXOAUM K ONACHOW TDAHU-
e MapagOKCOB U BLIHYKIEHLI BEIPAKATLCA YKJIOHIMBO. Ha
CaMOM [eJI€ TEOPEMA O TPAHCHUHUTHON PEKYPCHN TOBOPHIA
06 ompeneseHnu (PYHKIUK HA BIIOJHE YIOPALOIEHHOM MHO-
JKECTBE, 4 OPAMHAILI He 06PA3YIOT MHOKECTBA — WX CJNTI-
KoM MHOTO. Kpome Toro, B HeN muta pedb 0 (QyHKIUSIX CO
3HAMEHUAMEA B HEKOTODOM 3aJaHHOM MHOXECTBE, KOTOPO-
ro 31eck Toxe HeT. [lonoOHbIE MHAYKTUBHEIE OIMpPeneJeHns
MOXKHO KOPPEKTHO OOOCHOBATEL B TEOPUEM MHOMKECTB C HC-
NOIB30BAHUEM TAK HABBLIBAEMOU GKCUOMbL NOJCMAHOEKY, HO
MBI 06 DTOM TOBOPUTE HE OyaeM. BMmecTo nTOro Mur gagnm
ABHOE ONMCAHUE BO3BENECHUA B CTEIEHBb, CBOOOIHOE OT DTUX
npobJeM.

YTo6El NOHATE CMBICA BO3BEIEHUS B CTEIEHDL, IOCMO-
TPUM, KaK BBIVLIAUT opguHail «“ (mjisi HEKOTOPOro «).
Mycts A — MHOXECTBO, ymopsaodeHHoe mo tuny . Op-
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IVHAT @ TIO OTPENeJeHUI0 €CTh TOYHAA BEPXHAA I'PaHb o
A HATYPAIbHBIX 7. OpauHan @ €CTh MOPAIKOBBIM THII
MHOXKECTBa A", YIOPAIOIEHHOrO B 0OPATHOM JEKCUKOTDA~
¢uveckom nopsagke. YToOb HAUTY TOYHYO BEPXHIOI I'DAHD,
upegcrasuM MHOXKecTBa A" Kak HadalbHbIE OTPE3KU APYD
apyra. Hanpumep, A% coctomt u3 map (ai,as) u OTOXKIe-
CTRIAETCA C HAaYaTBHBIM OTpeskoM B A3, cocTosmmm mus
Tpoek (a,as,0). (3meck 0 — HamMeHbIINM daeMeHT B A.)
Temeps BUAHO, 9TO BCe MHOXKeCTBa A" MOXHO paccMaTpu-
BaTh KaK HAYAJIbHBIE OTPE3KU MHOXKeCTBa A%, cocrosiero
U3 OECKOHEHUHBIX HOCIELOBATEILHOCTEN dg,d], ..., DJIEMEH-
TBL KOTOPBIX IpuHagtexar A U B KOTOPBIX JUIIb KOHEYHOE
U0 WIEHOB 0Tau4aHO oT HyJ. ([locaennee Tpebosanue ae-
JaeT KOPPEKTHBEIM ONpe/IeNeHne 06paTHOrO JeKCUKOrpadu-
9YEeCKOr0 MOPAAKA — MBI HAXOIUM CAMYIO IPABYIO IO3ULIUIO,
B KOTOPOU MOCJAEZOBATENILHOCTH DABIMYAIOTCA, U CDABHU-
BaeM KX 3HAYEHUs B 3TOU mosuuuu.) B obGbesusenuu sru
HAYAIBHBIE OTPE3KN NAI0T BCE A% TaK 9TO 3TO MHOKECTBO
C OMMCAHHBIM TOPATKOM MMeeT THUll .

Ananornyuoe yTBEpKICHUE BEPHO W A JHOOOTO MOKA-
3aTeNA CTENEHN.

Ilycte A m B — BHOOMHE YyHOPATOYEHHBIE MHOKECTBA,
AMEIONIVE TIOPAIKOBEIE TUIEL @ 1 3. PaccMOTpuM MHOKECT-
BO [B — A] cocrosmee u3 oTobpaxenuit B B A, uMeromux
«KOHEYHBIN HOCUTENb) (PABHBIX MUHUMAIBHOMY daeMeHTy A
BCIOLY, 38 UCKJIIOYEHUEM KOHEYHOI'0 MHOXKeCTBa). Beegém
Ha [B — A] nopsigok: eciu fi # fo, BeIOepeM HAUOONBIIUT
smemenT b € B, mua koroporo f1(b) # f2(b) u cpasaum f1(b)

Teopema 40. YkazagHOE IPaBWIO 3a4a6T MOIHEIM IOPA-
JOK Ha MHOXeCTBe [B — A] 1 HOPSAKOBLIN THUI HTOCO MHO-
KECTBA €CTh A .

< Ham HAZO TPOBEPUTD, 9TO YKA3AHHBIN MOPALOK ABJIA-
©TCs TOMHBIM ¥ ITO BBHITOJHEHBl TPEOOBAHUA WH IYKTUBHOIO
OLIPEIeICHUs CTEeHN.

HazoséMm nocumenem snementa f € [B — A] mHOXKeCT-
Bo Tex b € B, mua xoropex f(b) > 0 (3zecy 0 oGosHaga-
er HauMenblmn sieMenT MuHOKecrsBa A). Hazosém panzom
dyHKIUE f HAMOOMBLIIUN BJEMEHT HOCUTENA (M0 Ompegene-
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HUIO HOCUTENb KOHEYEH, TaK ITO HAUOOJLITUU BJEMEHT Cy-
mecTByeT). Panr onpenenés i Bcex QYHKIUN, KPOME TO-
XK I€CTBEHHO HYJIEBOU, KOTOPAS ABIACTCA MUHUMATBHBIM DJ16-
MeHTOM MHOx)ecTBa [B — A]. Yem Goablue panr GyHkuum,
TeMm Goabire caMa (PYHKIUA B CMBICTIE BBEIEHHOIO HAMH IIO-
pAIKa.

IIycre nopsigok va [B — A] e aBasercs noaseiM u fo >
> f1 > f2 > ... — yOBbIBamwIIaA TOCIEI0BATENBHOCTE DJe-
MeHTOB [B — A]. Bee nnementn f; oramuner ot 0; paccMo-
TPUM WX DPAHTU. DTHU PAHCU OOPaA3yIOT HEBO3PACTAIONIYIO
NOCTENOBATENLHOCT, TOXTOMY HAYUHAA C HEKOTOPOrO Me-
cra crabuiusupyiorcs (MHOKecTBO B Bnoane ynopsigode-
HO). OT6pocuM HAaYAIBHBIA OTPE30K U OyJeM CYUTATh, 4TO
€ CAMOT'O HAYATA PAHTU BCEX HIEMEHTOB YOBIBAIOIIEN TTOCIE-
JOBATEIBHOCTHU OJNHAKOBH U PABHBI HEKOTOpPOMY b. B coot-
BETCTBUU C onpenenenueM, suadenus fo(b), f1(b), ... obpasy-
0T HEBO3PACTAINIYIO MOCIEAOBATEILHOCTD, TOSTOMY HAMH-
Has ¢ HEKOTOPOro Mecta crabuwiusupyiorcsa. Orbpocus Ha-
YAJIbHBEIA OTPE30K, OyaeM CYMTaThb, 9TO BCe f; UMEIT Oau-
HAKOBHIM paHT b m onunHaxosoe s3Hadenwe f;(b). Torga sma-
genus f;(b) He BAMAKT HA CPDABHEHUA, U IOTOMY UX MOXKHO
s3aMennTh Ha 0. [Tonyuum yORIBAIONIYIO TOCIEI0BATEILHOCTh
anementoB [B — A] ¢ panravu menbiue b. YTo6w! 3aepmTh
PACCyKIEeHUE, OCTAETCA COCIATHCA HA IPUHIAN WHIYKIAN
IO MHOXKeCTBY B.

(Bonee GpopManbHO, pACCMOTPHEM BCE GECKOHETHO yOBIBA-
OIYE TTOCAENOBATEALHOCTH. Y KayKIOU U3 HUX PACCMOTPHUM
PAHT MEPBOTO DIEMEHTA. PacCMOTPUM T€ U3 HUX, ¥ KOTOPBIX
STOT PAHI MUHMMAJILHO BO3MOXKHLIN; IIyCThb b — DTO MUHU-
MaJIbHOE 3HaYIeHne. B 10601 TAKOU IOCIeI0BATEALHOCTH BCE
37eMeHTH uMeloT padr b. U3 Bcex Takwx mOC/IeJOBATEIHHO-
cren fg > f1 > ... BHOepeM Ty, y KOTOpou 3HadeHue fo(b)
MUHUMAIHHO; BCE CICAVIOMNE €€ WIEHB UMEIT TO XK€ 3Ha-
wenve B Touke b (T.e. fi(b) = fo(b)). 3amenun sHaveHue B
TOYKe b HyAEM, MOIyINM OECKOHEUHYIO YOLIBAIOIIYIO TTOCIe-
DOBATEMLHOCTE K3 DJIEMEHTOB MEHDLIIErO PAHTa, 9TO MPOTH-
BOPEYUT IPEINOOKEHUIO. )

Teneps mokaxeM, 9TO TAKOE ABHOE ONPEAENEHUE CTEIE-
HU COMACOBAHO C MHAYKTUBHBIM OmpeaencHueM. /11 koned-
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HEIX 71 370 oueBuaHO. [lycth v = S+1. Kakoso (aBHOE) onpe-
nemerue 7 ? Ilycte B ynopagoveno no tuny 3. Tormga mer
JMOMKHBL T06ABATHL K B HOBBIN HAMOOMBIIUY BAeMEHT (060-
3HAYUM €ro M) U PaccMoTpers orobpaxkenus BU{m} — Ac
KOHEYHBIM HOcUTeeM. SICHO, 9T0 Takoe oToOpakeHue 3a1a-
ércsl napol, coCTOoAel w3 ero cyxenus Ha B (koropoe Mo-
®KeT ObITH TPOM3BOMLHBIM DIEMEHTOM MHOXeCTBa [B — A))
U 3HAYMEHUs Ha m. [Ipu ompemeseHun MOPAIKA MBI CHAYAIA
CPaBHUBAaEM 3HAHUEHUs HA 171, a IOTOM CyXeHws Ha B, To
eCThb [MOJIYHeHHOE MHOKECTBO usoMopduo [B — A] x A, uro
u TpebOBaIOCH.

IlycTh Tenepb ¥ — HEHYJAEBOU HPEIETLHBIA OPIUHAT U
MHOXeCTBO C' yuopagodeHo mo tumy . Kak yeTpoeHo MHO-
xecTBO [C'— A]? OaeMeHTHI, paHT KOTODBEIX MeHbBIIE ¢ €
€ C, 006pasyoT B HEM HAYATLHBIN OTPE30K, U DTOT HATATD-
HBIM 0Tpe3ok m3omopder [[0,¢) — A]. A camo MHOXKeCT-
Bo [C — A] sBasercsa obbejuHeHUEM 3TUX HAYAILHBIX OT-
Pe3KOB (LOCKOIBKY KaX ALY DJIEMEHT dTOr0 MHOXKECTBA UMe-
€T KOHEYHBIM HOCUTENhL) W MOTOMY €r0 MOPAIKOBEIA THII
ABJAGTCA TOYHOU BEPXHEW TPAHBIO WX MOPATKOBBIX TUIOB,
9T0 U TPeOOBaIOCH. >

HenocpecTBEHHBIM CJIEICTBAEM STOR TEOPEMHBI ABJIACTCA
TAKOE YTBEPKICHUE:

Teopema 41. Ecin a u § — cuérHole opauHainl, TO o+ 3,
af u o cabrum

< [Ij1st cyMMBI U IPOU3BENEHUST YTBEPK JCHIE OUEBHU THO.
[l cTemeHn: ecau MBI TTIPOHYMEPOBAIN BCE DIEMEHTHI BIIOJ-
HE YIOPAJOYEHHBIX MHOXKECTB A m B, TO J060U dJeMeHT
MHOKeCTBa [B — A] MoxeT OHITH 3ajaH KOHEUHBIM CIIHC-
KOM HATYDPAJIbHBIX YUCEI (HOCUTENb U 3HAYMEHUs Ha DJIEMEH-
TaxX HOCUTENIs), & TAKUX CHUCKOB CYETHOE 4UCIO. [>
133. Jokaxwure, uro o™’ = o - a” gByma cmocoGamm: mo
UHAYKINU U C UCIIOJAb30BaHUEM ABHOT'O ONpPENCICHNUA CTEIEeHU.

134. Jloxaxwure, aro (a®)? = of7.

135. Jokaxure, uTo ecan « > 2, To o > af.

136. [okaxwure, 9T0 ecm w” = a + B AIA HEKOTOPBIX OPaU-
HaJIOB «, § u 7y, To aubo S = 0, mbo f = w”.

137. Kakue OpAWHAIBEI HEIb3sA IIPEACTABUTL B BULE CYMMBI
OBYX MEHBIIUX OpJUHAIOB?
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138. Jlokaxure CI6THOCTE & 1 CI6THEIX @@ 1 B, ncnonb3ys
VHIYKTUBHOE ONPEAeIeHNE CTEIeHNU.
139. Jan HEKOTODLIN OpAUHAL ¢ > 1. YKaXuTe HauMEeHbIIIN
opguuan 3 > 0, gaa xoroporo af = . (Ykasauume: aro Gyger,
© 2
ecIu YMHOXUTh & Ha CTeneHHou pax 1 +z +z° + z2+ .. .?)

OTMeTUM BaXKHYIO PA3BHUILY MEXKIY OMNEpAIlued BO3Bee-
HUA OPJVHAJIOB B CTENEHb W DAHEE PACCMOTDPEHHBIMU OIE-
palMAMYU CJAOXKEHUA W yMHOXKeHUus opamHamos. Oupemenas
CyMMy W TPOU3BENEHUE OPIUHAIOB, MEI BBOAWIA HEKOTO-
PBIF TOPAZOK HA CYMME U IPOU3BEIEHUE COOTBETCTBYIOMIMX
MHOXKECTB (B OOBIYHOM CMEICJE), 34€Ch K€ CAMO MHOXECT-
BO [B — A] ompegenseTca ¢ y9€TOM MOPSAKA W OTINIHO
or AB. (B wactHOCTH, pM CcHéTHEIX A M B MHOXKECTBO
[B — A] caétro, a A® — mer.)

fABHoe onucanue MHOXECTBA [B — A| HO3BOJIET NOHATD,
KaK YCTPOEHBI €r'0 HA4albHBIE OTPE3KH, TO €CTh KAKOU BULJ
MMEIOT OpJWHAILI, MEHbIIIEe .

Paccmorpum HekoTopyio dyukumio f € [B — A]. Ilycts
OHA OTJAWYHA OT HyJS B TOYKax by > by > ... > b, u mpu-
HEMAaeT TaM 3HAUEHUd aj, 42, ..., Aj. Hac HHTEpecyT BCe
dbyuximn, Meubine GyHKIUN f.

Bce omm paBubr Hymo B TOukax, Ooabmmx by. B ca-
MOH TOYKe b; OHH MOI'YyT OBITH JuOO MeHBIIE G, JUOO
paBHb ;. Jlro6as QYHKINA MEPBOTO TUMA, MEHBINE JHOO0U
¢dbyukumn Broporo Tuna. MYHKIUM MEPBOTO TUIA MOTYT
OPUHUAMATE JHOOBIE 3HAYEHUs A B TOYKAX, MEHBIIMX by, a B
Touke by umetor suadenue u3 [0, a;). Tem caMbIM KX MOXKHO
OTOXKIECTBATH € daeMeHTaMu MHOx)ecTBa [[0,b1) — A] X
x [0,a1), ¥ IpM DTOM OTOXKIECTBIEHUN COXPAHAETCS TODPS-
TOK.

Dyuxnuu Broporo tuna (paBHbIE @) B TOYKe by) CHO-
Ba pa3sbUBAIOTCA HA IBE KATETOPUM: Te, KOTOpPHE B TOY-
Ke by MEHBINE a; M Te, KOTOPHE B by paBHHL ay. DyHKIUN
NEPBOM KATETOPUU OTOXKIECTBIAIOTCA C DIEMEHTAMMU MHO-
xecrsa [[0,b2) — A] X [0, az). yHKIMH BTOPOU KaTEropuu
CHOBA pa30ObEM Ha YaCTHU B 3aBUCUMOCTH OT UX 3HAYEHUS B
Touke bg n T. 1. Taknm o6pazoM, [0, f) Kak ymopsgodeHHOE
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MHOX€eCTBO M30MOP(MHO MHOXKECTBY

[10,b1) — A] x [0,a1) + [[0,b2) — A] x [0,a2) + ... +
+ [[07bk) - A] X [O,Gk).

Iepexoasn k opaunasaM (Ha4AILHBIE OTPE3KU — 3TO MEHb-
[ye OpAUHAJLL), HOLYYaeM TaKkoe yTBeDKACHUe:

Teopema 42. Beakuit op uHaT, MeHBIINN | IpegcTan1a-
eTCA B BUIE

aﬁlal + aBZaQ + ...+ aﬁ’“ak,

roe 5> 81 > B > ... > B, aa1,aqs,...,a; < a. Takoe
[pPeICTABICHIE OMHO3HAYHO U JH00asd CyMMa, YKA3aHHOTO BU-
A SABIAETCA OpPIUHAIOM, MEHBIINM .

<1 BO3MOXHOCTBE TAKOTO MPEACTABIEHUA MBI YK€ JOKa-
samm. [locregnee yTBepKI€HNE CIEMYET U3 TOrO, ITO MH06asA
CYyMMa TAKOT'O BH/IA ABIACTCA HAYATILHBIM OTPE3KOM B MHO-
wectBe [B — A] (rme A m B ynopsgoveHsl MO TUNAM
u 3) U pa3sHBIM CyMMaM COOTBETCTBYIOT DA3HbIE HAYAJIbHLIE
OTpe3Ku. [>

DTO yTBepkaeHue 00OOIAET ONMMCAHHYIO HAMHU PaHee
(c. 102) «no3unuoHHy0 cCUCTeMY 0O03HAYEHUN C OCHOBAHUEM
Q» 1A OPIMHAIOB, MeHBLIUX oF; Temeph BMeCTO k MOMKHO
ACTIONB30BATE JHOON OpIUHA.

MoxHO 6110 6BI CPa3y CKa3aTb, MITO HJIEMEHTAMU MHO-
xecTBa [B — A] aBasioTcs GpOpMaIbHBIE CYMMBL BAA

ooy +aPay + ...+ aPray,

(e B>p01>...>Bruaq,...,q < Q) C CTECTBEHHLIM
HOPAAKOM Ha HEX.

Temnepsb yke TOHATHO, KaK YCTPOEHLI OPAUHATLI B TIOCTE-
IOBATEILHOCTH

w w®
w? W)
IepBobii 13 HUX 06Pa30BaH «OTHOITAKHLIMUY BLIPAXKEHUAMUI
BUIA
b1 bo by
wlay +wias +... +wrag,
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rae a; u b; — HarypasbHbe uncaa (u by > ... > b). Ecin B
KadecTse by, ..., b, paspemmTh NMUCATh JIOOBIE «OIHODTANK-
HBIE» BBHIPAKEHUSA YKA3AHHOTO BHUA, TO MOJYYEHHBIE «IBYX-
5TaXKHBIEe» BEIPAKEHUS yIOpAgodeHsl no tuay w @ ), Paspe-
LIUB B [I0KA33TEIAX IBYXITAXKHLIE BLIPAKEHMA, MBI [TOJLY IUM
TPEX>TAKHEIE BEIPAKEHUA, KOTOPLIE 00pPa3yIoT CAeIyIONI
opAuHAL U T. 1. Ecin o0beIUHNTL BCE DTU MHOXKECTBA, TO
€CTb HEe OPAHNIMBATE YUCIO DTaXKeN (KOTOPOe A KaXKI0-
IO BBIPDAXKEHUA TEM HE MEHEE KOHEYHO), TO MOJTYIATCA MHO-
JKECTBO, YIOPAIOIEHHOE II0 TUILY

sup(w, w?, W@ )

STOT OPAMHAT 0003HAYAETCS €.
140. [Joxaxwure, ITO

sozw—}—w“’—i—w(ww)—i-...

141. OnpegennM A1 HATYPATbHBIX TUCEI ONEPALIO «TOTAIb-
HOU 3aMeHBI OCHOBaHWA k Ha I» (3mece k m | — HaTypatbHBIE
amncaa, npmiém | > k) caegyrommm 06pa3oM: JAHHOE IHUCAO N 3a-
nmieM B k-MYHOM CHCTEMe, TO €CTh Pa3JoXHuM IO cTemeHaMm k,
MOKa3aTeln CTeIeHel CHOBA 3alMIIeM B k-MIHOHI CUCTEMe, HOBLIE
MOKA3aTeqN TaKXKe PA3JI0KUM U T. . 3aTE€M Ha BCEX YPOBHAX 3a-
MEHUM OCHOBAHUE Kk Ha OCHOBAaHWE | ¥ BEIYUCINM 3HAYEHUE [TOLY-
9MBLIErOCS BhIpaXkeHus. [Jokaxure, 9TO HA4YaB C 10000 N U BBI-
HOJHAA MOCICAOBATENILHOCTD ONEPALNU «BBIYUTAHUE €IUHUIIBI —
TOTAJAbHAA 3aMEHA OCHOBAHUA 2 HA 3 — BBIYUTAHUE €IUHULLI —
TOTAJAbHAA 3aMEHA OCHOBAHUA 3 HA 4 — BLIYUTAHUE €IUHULLI —
TOTAJAbHAA 3aMEHA OCHOBAHUA 4 HA 5 —...», MBI PAHO WIN IIO3THO
3aléM B TYNUK, T.€. MOLyIATCA HYJTb U BBIYECTH €IUHULY Oy-
et Heab3a. (YKasaHue: 3aMEHAM BCE OCHOBAHWA CPa3y Ha OpIW-
HaJ w; MOJIYYUTCA yOBIBAIOUIAA IOCIeJOBATEILHOCTE OPAMHAIOB,
MEHBIINX £0.)

2.13. TlpunoxeHus opamMHanos

B 6oabmmHCTBE CIydaeB PACCYXICHUA C UCTOJB30OBAHU-
eM TPAHCPUHATHOU UHIAYKIUU U OPAUHATIOB MOKHO 3aMe-
HUTH CCBLIKOU HA JemMy 1IopHA; Ipu 3TOM paccy Xk IeHue cTa-
HOBUTCS MeHee HaIVIAIHBIM, HO (POPMAILHO O0Je€e IPOCTHIM.
Tem He MeHee OBLIBAIOT CUTyaINMM, KOT'Ia 3TOTO CAEIATH He
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yaaérca (Mo KpanHen Mepe, HEeACHO, KaK Obl BTO CIeNoBa-
JO [ENaTh), U TIPUAXOIUTCA TOAB30BATHCA BIOJHE YIODAIO-
YEHHBIMU MHOXECTBAMU B ABHOM BHuAe. B TOM pasmene mbr
IPUBEIEM IBA MOAOOHBIX IpUMEPA.

Ilepeoir u3 Hux kacaercs Gopeaeckux MuoxecTs. (s
IPOCTOTHI MBI PACCMATPUBAEM IO IMHOKECTBA TeUCTBUTENb-
Hon mpaMon.) CeMercTBO TOAMHOXKECTB JEUCTBUTEILHON
MPAMOUN HA3BIBAETCA O-a42e6p0il, €Cin OHO 3aAMKHYTO OT-
HOCUTEILHO KOHEYHBIX U CUETHBIX TEPECEUeHUN U 00BeIu-
HEHWH, & TaKXKe OTHOCUTEJBHO MEepexona K JIOMOJTHEHUIO.
(D10 03HAUAET, YTO BMECTE € KAXKABIM MHOXKeCTBOM A 5T0
CEMENCTBO COmepKUT ero mnomonHeHme R \ A, m BmecTe ¢
JIOOBIMU MHOXKECTBAME Ag, A, ... CEMEUCTBO CONEPKUT UX
obwenuuenne Ag U Ay U ... n mepecedenme Ag N Ay N...)
Ipumep: cemencrso P(R) Beex MOAMHOXKECTB MPAMON, OU€-
BUIHO, ABJIAECTCA O-aIre0pOU.

Teopema 43. CymecrByeT MUHUMAIbHASA g-aiarebpa, co-
JepIKalas BCe OTPE3KN [a, b] Ha mpaMon.

<1 @opMaATBHO MOXKHO PACCYKIATH TAK: PACCMOTPUM BCE
BO3MOXKHEIE 0-aIreOpnl, cojgep:kaime oTpesxn. Ux mepece-
venue Oyger o-aarebpon, u Toxke OyIeT COAepkKaThb BCE OT-
pesku. (Boobue nepecedenue mo6oro cemercrsa o-aare6p
Oyaer o-aireGpoll — DTO OYEBUIHOE CJAEACTBUE OIpere/e-
HuA.) DTa o-aaredpa u 6y1eT UCKOMOU. >

MuoxecTBa, BXOAAIINE B DTY MUHAMATLHYIO 0-aarebpy,
HA3BIBAIOT 60PEACECKUMY.

142. [loxaxuTte, ITO BCAKOE OTKPHITOE U BCAKOE 3aAMKHYTOE
HOAMHOXECTBO IPAMOU ABAAETCA GopeneBckuM. (YkaszaHume: OT-
KPBITOE MHOXECTBO €CTh O00'beuHEeHNE CONePKAIMXCA B HEM OT-
PE3KOB C PANMOHAILHBIME KOHIIAMIL. )

143. [lokaxwure, 94T0 mMpooOpa3 JI0O60ro 6G0PEIEeBCKOrO0 MHO-
JKECTBA IIPU HEIPEPBIBHOM OTOOPaXKeEHUU sABJIAeTCA 6OPeaeBCKUM
MHO2KE€CTBOM.

144. Tlycts fo, fi1, ... — MOCIEAOBATEILHOCTD HEMPEPBIBHBIX
(QYHKIIUN ¢ NeNCTBUTEIHHBIMA apryMeHTaMu U 3HaYeHuaMu. [lo-
KaXNUTe, YTO MHOXECTBO TOYEK I, B KOTOPBIX IIOCICIOBATEIb-
HOCTE fo(Z), fi(x), ... UMeeT mpexen, ABIACTCA GOPEIEBCKUM.

Bopenesckue MHOXECTBA UIPAIOT BAXKHYIO POJIb B de-
ckpunmusnoti meopuy muoxcecme. Ho MbI XOTUM JIUIIE IPO-
JEeMOHCTPUPOBATE MCTOAL30OBAHNE TPAHCHUHUTHOU UHIYK-
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mun (BpAL JU JETKO 3aMEHAEMOU Ha WCTIOJb30BAHUE JEM-
mer HopHa) Ha TpUMEpE CIEIYIONIEN TEOPEMEL:

Teopema 44. CemencTBO BCex OGOPEIEBCKUX MHOXECTB
IMeeT MOITHOCTh KOHTHHYYMA.

< Kracc 60peneBckux MHOXKECTB MOXKHO CTPOUTH IIO-
crenenno. HaunéM ¢ OTpe3KOB U JOMOJMHEHUN K OTPE3KaM.
Ha crenyromem mare paccMOTPUM BCEBO3MOYKHBIE CUETHRIE
mepecevenns n OObEINHEHNA YKe MOCTPOSHHBIX MHOXKECTB
(OTPE3KOB U NOMOJHEHUA K HUM).

145. [oxaxwuTe, 9TO IPU HTOM TOLYIATCA (Cpeau MPOYEro)
BC€ OTKDPBITHIE U BCE€ 3aMKHYTHI€ IO JMHOXKECTBa IIPAMOU.

Jlasee MOXKHO PAaCCMOTPETEH CUETHBIE OOBETUHEHUS U TIe-
PECeUYeHnA yKe TTOCTPOEHHBIX MHOXKECTB U T. 1.

Bonee popmanbro, mycTh By — CEMEUCTBO MHOXKECTB,
COCTOAINEE W3 BCEX OTPE3KOB W MOMOJHeHuu K HuM. Ompe-
neauM B4 1 O MHAYKINN KaK CEMENCTBO MHOXKECTB, ABJIA-
IXCA CIETHBIMEU OOBEIVMHEHUAMEI WU TIEPECETCHUAMU MHO-
xects u3 B;.

Bcee cemenctra B; cocToAT m3 GOPEAEBCKUX MHOKECTB
(mockoabKy cuérHOe O0BeIUHEHUe WM IepecedeHue 6ope-
JIEBCKUX MHOKECTB sBisercs GopeaesckuM). AcuepubiBaor
Ju OHM Bce GopeneBckue MHOX)ecTBa? BooOiie roeops, mer:
€CJIU MBI BO3BMEM TIO OHOMY MHOXKECTBY M3 KaXKJI0TO KJIAC-
ca B; mas Bcex ¢ = 0,1,2,... W paccCMOTPUM HX CUETHOE
mepeceveHne, TO OHO BIIOJHE MOXKET HE MPUHAAICKATH HU
ozuoMy u3 kiaaccoB. IlosTomy MBI paccMmorpuMm kaace By,
InpeacTaBisomun cobon obbequnenune Bcex 3; mo BceM Ha-
TYPATBHBIM 4, 3aTeM B,11, By 2 1 T. 1. O6beaunenne >Tou
MOCTETOBATENBHOCTI KJIACCOB €CTECTBEHHO HAa3BAThH B,o U
TMPOJIOMKATL TIOCTPOCHIE.

HMamum popManbroe onpenenenue B, maa ai000ro opau-
HaJIa (. JTO JETAETCA C MOMOINBIO TPAHCHUHUTHOU PEKYD-
cun. Nmenno, npu o = § + 1 anemenTamu kiacca B, 6yayT
c4YéTHBIE OOBEJIVHEHUS W MEPECEYCHN MHOKECTB M3 KJIac-
ca Bg. Ecim oo — mpegenbubin opauuan, oTanduae oT 0,
TO K1acc B, mpexcrasiser cobon oObeanuenue Bcex Bg mo
BceM [ < a. (Kxacc By Mb1 yxe onpeaenuimn. )

W3 onpepnenenus crenyer, aro B, C Bg npu a < 8, Tax
YTO MBI TIOMYYaEM BO3PACTAIOIIYIO IEMb KAACCOB. Kax nnim
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KJIACC 3AMKHYT OTHOCUTEILHO MEPEXOa K TOMOJIHEHUIO (114
HAYAJTBHOT'O KJIacca MBI 00 3TOM MO3a00TUINCE, TaJjee 110 WH-
aykumu). Bee kmacent By, copepkaTcs B Kaacce 60peaeBCKuX
MHOXECTB, TAK KaK MbI IPUMEHSIEM JWIIL ONepalud CIET-
HOr'O OOBEAVHEHUS U IEPECEeYEHNsI, OTHOCUTEIHLHO KOTOPBIX
KJIacC GOPEJEBCKUX MHOXKECTB 3aMKHYT.

BosrukaeT BOIpoC: Kak aJeKO HYKHO IPONOIKATD 3Ty
KOHCTPYKIMIo? OKa3weBaeTCsA, YTO NOCTATOYHO JAOUTH IO
TIepPBOT'O HECYETHOTO OPINHAJIA.

IIycTe Ny — HaUMeHBIIUN HECIETHHIN OpAUHAL. (DTO —
CTaHIapTHOE A Hero obo3Hadenue.) Jpyrumu ciosaMu, Ny
€CTh CEMEUCTBO BCEX CUETHBIX OPAUHAJOB, YIIOPSAIOTEHHBIX
OTHOIIEHNEM < Ha OpAWHAJAX.

JNlemma. Krace By, 3aMKHYT OTHOCUTEIBHO CUETHEIX 00b-
eIVHEHUN U EPECEeIEHNN U TTIOTOMY COMEPIKUT BCe GOPETen-
CKUe MHOXECTBA.

JokazareascTBo meMMmbl. IlycTs mMeerca cuéTHAA HO-
CIeI0BATENLHOCTL MHOXKECTB By, By,..., IpUHAIICKAIIAX
By,. Opguman Ny — npemenbHbld, u kiaacc By, sABIgeT-
¢s1 oObeuHeHneM MeHbInX KiaaccoB. Ilopromy kaxnmoe u3
MHOXKECTB B; NPUHAMIEKUT KAKOMY-TO Kiaaccy By,, rie
Q; — HEKOTODLIN OPAWHAJI, MEHBIMKN Nj, T.€. KOHEIHBIN
mwin caérHeM opanHat. Hosoxum f = sup; o;. Opauuan §
€CTh TOYHAA BEPXHsAA IPAHb CYETHOrO YUCJAA CIETHBIX Op-
OUHAIOB U moToMy cuéredH. B camom gene;, paccMoTpum
OPAWHANBI (v; KAK HAYAILHBIE OTPE3KU B KAKOM-TO OOJb-
meM opauHaze (HampuMep, B Nj); UX TOYHAA BEPXHAA TPAHD
OymeT OOBeAMHEHNEM CUETHOT'O MMCIA CUETHBIX HATYATHLHBIX
OTPE3KOB U MTOTOMY OyJeT CHETHBIM OP IAHAJIOM.

Tenepn mepBoe yTBepKIeHUE JEMMBI OY€BHIHO: Bce B;
JnexarT B Bg, a HOTOMY UX O0beuHeHre (WK IepecedeHne)
aexur B Bgyy u Tem Gotee B By, (nmockoasky S + 1 ecrs
CYETHBIN OPAUHAJ U MEHBIe Ni).

Taxum o6pazom, kaace By, ABILeTCA o-aarebpou, coaep-
KAIEN OTPE3KU, U TOTOMY COAEPKUT BCE OOPEIEBCKUE MHO-
xkecTBa. JleMMma mokasaHa.

Kaxk Mur yixe orMedanu, Bce Kaaccul B, cocroaT us Gope-
JIEBCKUX MHOMKECTB, TaK 9TO KJIACC By, COBIALAET C KIACCOM
BCEX OOPETEBCKUX MHOMKECTB.
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YTo MOXKHO CKa3aTh PO MOIMHOCTE KaaccoB? Kaace By
AMEET MOIIHOCTH KOHTHHYYMa (OTPE3KN 3a1al0TCA CBOUMU
kouuamu). Ecim kaace B, mMeeT MOUIHOCTH KOHTHHYYMa,
TO U CAeLYOIn KaacC Byy1 MMeeT MOIIHOCTH KOHTUHYYMA,
(KaxXK OB €U0 BJIeMEHT 3a438TCsA CI6THOU [OCAeI0BATEIbHO-
CTBIO BIEMEHTOB MPeIIIeCTBYIONero Kiacea, a ¢ ° = ¢). Ka-
KLU TIPEAETLHBIN KIACC €CTh OOBeIUHEHNE MPEILITYIINX,
U TIOKA MBI HE BBIXOAUM 33 TPEAENLI CISTHBIX OpAUHAJIOB,
obbenuuenne >T0 OyaeT CIETHO, a (Ng = ¢, TAK YTO MBI HE
BEIXOAUM 33 npegensl kouTunyyma. Haxonen, By, ects 06b-
eUHEHKE HECUETHOIO YUC/Ia IPEeAbIAYIINX KAACCOB (a UMeH-
HO, Nj KJIAccoB), HO Tak Kak N < ¢, To (N = c.

Taxum ob6pasom, kiaacc By,, OH ke K1acc Bcex 6openes-
CKUX MHOXECTB, IMEeT MOIIHOCTH KOHTHHYyMa. [>

O6braHO OCTpOeHUE GOPENTEBCKUX MHOXKECTB HAYMHALT-
€51 HEMHODO uHade. IMEHHO, HA HUKHEM YPOBHE PACCMATPU-
BAaIOTCA [BA KAACCA: OTKPBITHIE U 3aMKHYThIE MHOXKECTBA.
Ha crenyromeM ypoBHE HAXOAATCA KIACCH Fy, (CI6THBIE 06B-
eIUHEHNA 3AMKHYTHIX MHOXECTB) u (75 (CI6THBIE TIEpecede-
HUA OTKPHITHIX MHOXKECTB). ¢ Ha ypOBEHB BHIIIE JEXKAT
CYETHBIE TIEPeCeYeHnI MHOXKECTB u3 I, u cuéruble 00beau-
menusa Muoxkects u3 Gy, u T. 1. Takou nogxon asaserca 60-
Jiee eCTECTBEHHBIM € TOYKK 3DEHUs TOMOJOTUH, MOCKOIBKY
OTPE3KU Ha MPAMOU HUYEM He 3aMeUaTeIbHBL. MOXKHO Tpo-
BEPUTH, UTO PABHUIA MEXIY TAKUM MOAXOAOM ¥ HAIIUM
ONpeNeIeHNEM HEBEIUKA,.

146. [ToxaxwuTe, 4TO nepecedeHne qByx I, -MHOXeCTB ABIAET-
ca F,-muOXecTBOM (1 BOOOmE Kaacchl F,, Gs, a Takxke KIacCHI
CIeAYIOMNUX YPOBHEU, 3aMKHYTHI OTHOCUTEIHHO KOHEYHBIX 00b-
eVHEHUN U IIEPECEeYeHNN).

147. okaxwure, 9T0 F,- m G5-MHOXKECTBA J€KaT B Kaacce B2
B COOTBETCTBHUU C HAIllCH KIACCUPUKAIMEN.

148. [loxaxwure, 9TO BCAKOE MHOXKECTBO Kiracca Bs oramua-
erca oT HeKOTOporo F,- mmu Gs-MHOXeCTBa He Gojee 4eM Ha
CY€THOEe MHOXEeCTBO.

149. okaxure, ITO BCAKOE MHOXKECTBO Kiacca B3 aBasercs
CIYE€THBIM TlepecedeHmeM F,-MHOXeCTB MIM CIETHBIM O0BbeauHe-
HreM (G5-MHOXECTB U YTO AHAJOIMYHOE yYTBEPXK JEHUE BEPHO I
60see BHICOKUX YPOBHEU HAIIEU MEePAPXUN.

150. [loxaxuTe, YTO CYIIECTBYeT OTKDPHITOE€ MHOXECTBO Ha
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ILTOCKOCTY, CPEAU BEPTUKAILHBEIX CEYEHUN KOTOPOTO BCTPEYAIOT-
€Sl BCE OTKPBITHIE TIOAMHOXECTBA NpAMOU. JokaxuTe, 9TO Cyle-
crByeT (G5-MHOXKECTBO Ha IIOCKOCTW, CDEAUN CEYEHUU KOTOPOTO
BCTpevaroTcsa Bce G5-TOAMHOXKECTBA NpAMON. [JokaxuTe aHAIO-
TUYHBIE YTBEPXK JEHUA A CICAYIOUNX YDPOBHEN.

151. Iloxaxwure, uyro cymecrByer (G5-MHOXKECTBO, HE ABJIA-
omeeca F,-mHOXecTBOM. [lokaxmTe, 4TO CyIIECTBYyeT CUETHOE
obbenunenne (G5-MHOXECTB, He fBIAIOLIEECI CIETHBIM Iepecede-
auem F,-mHOXECTB n T. 1. (YKa3aHuWe: BOCHOIb3YUTECH IPEIbI-
OyIIEen 3aJaen. )

OpAMHANBI YACTO MOABIAIOTCA TPU KIACCUPUKAIIAN D~
MEHTOB TOI'0 WIM WHOI'O MHOXECTBA IO «paHram». Hampu-
Mep, MOXKHO KJIACCU(PUIUPOBATH JIEMEHTHL (DYHIUPOBAHHO-
'O MHOXEeCTBa.

Teopema 45. Ilycte X — QyHIUPOBAHHOE MHOXKECTBO.
Torpga cymecTByer u eguHCTBEHHA (DYHKUUA Ik, onpeneséH-
Hag Ha X U NPUHUMAIOIIAS 3HAUEHWS B KJIACCEe OPAUHAJIOB,
IUIA KOTOPOU

rk(z) = min{« | & > rk(y) pas moboro y < x}

(npu mr060M = € X).

<1 Onpenenum MHOXKECTBO X, PEKYPCUEN N0 OP IUHATY (v:
X, cocTouT u3 BCeX »JaeMeHTOB T € X, I KOTODHIX BCE
MeHbize uX (B X ) 5JeMEHTH IPUHALIEKAT X 3 ¢ MEHBIIIMUI
uHIEeKCaMu 3:

reXy & Vy<z)(3s<a)lye Xp).

3amerum, 4TO 31eCh (Kak U B (POPMYJUPOBKE TEODEMBI)
3HaK < HCIOAB3YeTCs B ABYX PA3HBIX CMBICAAX: KAK IOPs-
ook Ha X ¥ Kak TOPAJOK Ha OpAUHATIAX.

O<eBuHO, 9TO C POCTOM (¢ MHOXeCTBO X, pacTér (rTou-
Hee, He yObiBaer). [Jokaxem, 4TO OpPU AOCTATOYHO OOIL-
oM (¢ MHOXeCcTBO X, TOKphiBaeT Bcé X . Ecan To He Tax,
To w3 3 < v crenyer X3 C X, (IpOMBBOIBHBIN MUHIMAJIb-
HBIH BJEMEHT, He Jexkammi B Xg, mpuHagtexut X, ). Ilo-
sTOMy oToOpaxenue o — X, OyJeT UHBEKINer, ITO HEBO3-
MOXHO (BO3bMEM OpguHal, 10 MowHocTH Goabmui P(X);
OPEIMIECTRYIONINX My OPAUHAJIOB YKE CAUIIKOM MHOTO).
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Teneps onpegennm rk(z) Kax MUHUMAILHOE (v, TIPU KOTO-
pom z € X,. Ecm vk(z) = an y < z, To tk(y) < a. (B ca-
MOM fefe, o ompeneaenunio X, m3 ¢ € X, u y < & cregyer,
aro y € X npu Hekoropom S < «a.) HaoGopor, ecin gis
HEKOTOPOTO OPANHATA Y BEIIOIHEHO HepaBeHcTBO rk(y) <
npu Beex y < z, to rk(z) < . B camom gexe, Torga Jjuo-
GO 2MeMEHT Yy < & NPUHALIEKAT HEKOTOpoMy Xg ¢ f§ <
(monoxum @ = rk(y)) u moromy = € X, u rk(z) <.

Wrak, nocrpoennas namu gpyuknus rk obaaraer Tpeby-
€MBIM CBOUCTBOM. EIMHCTBEHHOCTH NOKA3aTh COBCEM JIETKO:
ecau ecTh aBe Takue (PYHKIUK, PACCMOTPUM MUHAMAILHYIO
TOYKY B X, HA KOTOPOU OHU PA3JIUIAIOTCSI, U CPa3y Ke Ho-
JyYuM IpOTuBOpetne. >

B wacTHOCTH, CUETHBIE OPANHAIE MOXKHO UCTIOIB30BATH
JUIA KAACCADUKAIINY [EPEBBEB, B KOTOPHIX HET GECKOHETHBIX
nyren. Mol 6yzeM pacCMaTpUBATL KOPHESbie JePesbs € KO-
HEUHBLM UAU CUEMHbIM Semeaentem (Y KAKAOU BEPIIUHBL
KOHEYHOE WK CYETHOE IUCJIO ChIHOBEH), B KOTOPBIX HET Dec-
KOHEYHOU BETBU (MOCAEIOBATEILHOCTH BEPIIUH, B KOTOPHIX
KaXk1ad €CTh CHIH TIPEIBIIYIINEN ).

DopMaTBEHO TAKOE AEPEBO MOXKHO OMPENEIUTh KAK MOJ-
MHOXeCTBO T MHOXecTBa N* KOHEYHLIX MOCJIEJOBATENILHO-
CTeH HATYPATbHBIX YACEN, 3aMKHYTOE OTHOCUTENBHO B3ATUA
upedukca (ecau IOCAELOBATENILHOCTE HpuHatiexur 1, To
MH000U €€ HAYATBHBIN OTPE30K TIpUHAMIEKUT T'). DIeMEeHTH
MHOXECTBA, 1T MBI HA3KIBAEM 6EPULUHAMY TEPEBA; BEPIIUHA Y
€CThb CbiH BEPIUIUHEL &, €CIAN Y TMOJYIACTCA U3 & TPUTHACHIBA-
HEEM CIPaBa KAKOT'O-TO OJHOrO ducja. Bepiwuua y ssiasercs
NOMOMKOM BEPUIHEL I, €CJIA Y TIOLYIACTCA JOOABICHUEM K &
OJHOT'O WU HECKOJBLKUX UUCE.

Mzt rosopuM, 9TO B gepese 1 wem Geckoneunoti eemsu,
€CJU He CYNIECTBYeT GECKOHETHOU MOCAeNOBATEILHOCTH Ha-
TYyPaIbHLIX YHUCEJ, BCE HAYala KOTOPOU mpuHajgzexar 1.
B srom caydae oTHOIEHRIE TOPS KA

Yy < T < Y eCcTb HIOTOMOK T

(GYHAUPOBAHO ¥ MOXKHO IPUMEHUTDH IPEIBIAYIILYIO TEOPEMY,
OTIpEIeB PAHTH BCeX BepimH aepeBa 1. Paur ero xopha
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(mocaenoBarersuocTy aauHbl ) U OyneM HA3LIBATD PAH20M
depesa.

Teopema 46. (a) Panr mo6oro nepesa (ONUCAHHOTO BIAA)
ABIAETCA CIETHBIM OPIUHATOM.

(6) Besaxuyt c46THBIY ODAMHAT SABASETCS PAHIOM HEKOTO-
poro mepesa.

< (a) HMycTs par HEKOTOPOrO E€PEBa, TO €CTh PAHD
€ro KOPHS, ABMAETCSA HECIETHBIM OpAmMHAanIoOM. Torga paHr
OJHOTO U3 CHIHOBEHW KOpHA Takxke Hecuéred. (B camom me-
Jie, TOYHAA BEPXHAA IPAHL CIETHOrO MHOXKECTBA, CUETHEBIX
Op IVHAJIOB ABIAECTCA CIETHLIM OPIUHAIOM; 3TO CTAHOBUTCA
ACHBIM, €CJIU PACCMATPUBATE DTU OPAUHAIL KAK HAIATLHEIE
OTpe3Ku OOMBIIEr0 — TOTAa TOYHAA BEPXHAA T'PaHb OyAeT
00BenMHEHnEM. ) Y 3TOr0 CHIHA B CBOIO 0YEPEIb €CTh ChIH He-
CYETHOTO PaHra u T.A. DTOT MPOIECC HE MOXKET 000pBATH-
€S, ¥ MBI TIOAY9I3eM GECKOHEYHYI0 BETBL B IIPOTUBOPEYIUN C
IPEATIONOKEHUEM.

(6) DTO yTBEpKIEHUE MOKABHIBAETCA WHIYKIUEH: MTYCTh
( — HAUMEHBIINN CIETHRIN OPAWHAI, A4 KOTOPOT'O TAKOTO
nepesa HeT. Torga A1a BCEX MEHBIINX ODIWHAJIOB IE€DEBbA
ecThb. Bo3pMéM 5TU AEpPEBLA U CHEJAEM UX MO AEPEBBAME C
06LwMM KOpHEM (UX KOPHU CTAHYT CHIHOBLAMU 3TOr0 OOLIEro
kopus). HoBoe mepeBo Takike mmeeT C48THOE BETBICHUE U
PAHT €r0 KOPHs PaBeH «. >

152. IlycTe uMeeTcsa CUéTHOE AepeBO, He nMeloliee HeCKOHe -
HBIX BeTBeH. [IPEeAmosokuM, YTO B KaXJOM €r0 JUCTE HAXOJUT-
€A OTPE30K MW JOMOJHEHWE A0 OTPE3Ka, a B KaXJOU BHYTDEH-
HeI BepIIMHE CTOMT 3HaK IepecedeHusa uaum o6beguHenma. Kax
COIIOCTABUTH TAKOMY [J€PEBY HEKOTOPOe GOpeIeBCKOe MHOXKECT-
B0? (Yka3aHme: HOKaXWTE, ITO B KAXK JOU BEPIINHE MOXKHO €IWH-
CTBEHHBIM O0GPA30M HAIMCATb HEKOTOPOE MHOXKECTBO, COIVIACO-
BaHHOE ¢ moMeTKaMu.) Ilokaxure, 9TO BCe GOPEIEBCKUE MHOXKE-
CTBA MOI'YT OBITH IIOJLYyY€HBI TAKUM CIOCOOOM.

[lepeBbs ¢ mOMeTKaMU, PACCMOTPEHHBIE B DTOU 3aJate,
MPEICTABIAIT COO0U KaK Obl GECKOHEIHBIE (POPMYJIBL, CO-
CTABJICHHBIE U3 OTPE3KOB U MOMOJHEHUU K HUM C MOMOIIBIO
onepanuit C46THOr0 0OLeAUHEHNS U [iepecedeHus (KOHeTHEIe
[€PEBbsi COOTBETCTBOBAIK Obl KOHEIHBIM Gopmyaam). Mox-
HO YCJIOBHO CKa3aTh, YTO OOpEeNeBCKUE MHOXECTBA — 3TO
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MHOXK€ECTBA, BEIPAXKAIOMMECA C IMOMOIIBIO TaKAX (POPMY.I.

153. [lokaxuTe, YTO CEMENCTBO GOPENEBCKUX MHOXKECTB MMe-
€T MOLIHOCTh KOHTHMHHYMA, MCHOAb3YyA «0eCKOHeYHBIe (HOPMY-
JbI» — Pa3ME€YE€HHBIE N€PEBbsA, B KOTOPBIX HET OECKOHEIHBIX
BeTBen. (DTO AOKA3ATEIBCTBO 06X0AUTCA 6€3 OpAMHAIOB, TPAHC-
(pUHUTHON MHAYKIVY U Jaxke JeMMBI IJopHa — XOTsA U UCIOAb3yeT
aKCHoOMy BBIGOpA.)

B sakmiouenue npusenéMm ckopee 3a0aBHBIM, 9€M BaXK-
HBIA, IPUMEpP UCIOJb30BAHUA TPAHCHUHUTHON PEKYPCHAU U
OpAWHAJIOB.

Teopema 47. CymecTByeT MHOXKECTBO TOYEK HA TLIOCKO-
CTH, KOTOPOE TTEPECEKACTCS C KAXKJIOU TIPAMOU POBHO B IBYX
TOYKAX.

[Be mapannenbHbIe TPSAMBIE TOYTH YTO YIOBJAETBOPSIIOT
sroMy Tpe6GoBaHUo (UCKIIOUEHUEM SBJSAIOTCS JUIL 1apa-
JenbHBIe uM npaveie). Ho m36aBuThea OT 5TOr0 UCKIKYeHna
HE TaK IPOCTO.

< TpeboBanus K MHOXECTBY MOXHO CHPOPMYJIUPOBATH
TaK: HUKAKUE TPU TOYKU HE JEXKAT Ha OJHOU MPAMOU, HO
Jm06as IpsAMas MEPECEKALT ero He MEHEee 9eM B IBYX TOYKAX.

Bymem cTpouTh 53T0 MHOXKECTBO TPAHCPUHATHOU PEKYP-
cuen. [lycTh @@ — MUHUMATBLHLIU OPAWHAT, AMEFOITIA MOIII-
HOCTh KOHTUHyyMa. (Ecam KOHTUHYyM-THUIOTE3a BEpHA, TO
OH COBIAIAET C Ny, HO 3TO HAM HE BaxHO.) Torna MHOXKECT-
BO BCEX MEHBIIUX OPAWHAJIOB MOXKHO MOCTABUTH BO B3AUMHO
OJHO3HAYHOE COOTBETCTBUE C MHOXKECTBOM BCEX IIPAMBIX HA
mockocru. Ilycrs lg — mpsamas, coorBeTcTByOMAA OpAN-
HATY < Q.

[ xaxgoro B < o MOCTPOMM MHOXKeCTBO Mg, B KOTO-
POM HUKAKWME TPU TOYKU HE JIEXKAT HA OJHOU IPAMOU, CAETY-
fomyM 06pazoM. OO6BeAVHUM BCE MOCTPOEHHBIE PAHEE MHO-
xecrsa M., npu Bcex v < . MoryT i B 3TOM MHOXKECTBE
(o6o3nauuM ero T') xKakue-TO TPU TOYKU JEKATH HA OJHOU
mpavon? Ecau ga, TO 3Tu TOYKU GEPYTCA U3 KAKUX-TO MHO-
xects M, , M,,, M.,; BO3bMEM HanOOIBIINN U3 OPIUHATOB
1, Y2, Y3; B COOTBETCTBYIOIIEM MHOXKECTBE OyAyT TPU TOY-
KU, JEXKAIINE Ha OJHOU IIPAMOM, 9TO IPOTUBOPEYUT IIpEel-
MOJIOKEHUIO WHIYKIUN.

ITocmoTpuM, BO CKOMLKUX TOYKAX TepecekaeT mpamad g
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muOX)ecTBO 1. Takux TodYex (MO NOKA3AHHOMY) HE GOJBIIE
nByx. Ecam ux poBHO ABe, TO BCE XOPOIIO M MBI HOBBIX TO-
4geK He fgo0aBideM, cuuTad, 4To Mg = T. Ecim ux MeHb-
me, TO MBI JOJRKHBEL TOOGABUTH HOBBIE TOYKM (JO ABYX), HO
TOJIBKO TaK, YTOOLI IpU ATOM He 06pa30BaJOCh TPEX TOYEK,
JIEKAIMX Ha OJHOU Hmpsamon. IpyruMu cIoBaMu, HEIB3SA 40-
6aBIATHL TOYKM, KOTODHIE JeXKAT HA TlepeceveHnu [g ¢ mps-
MBIMHU, TIPOXOIANIAMY Y€PE3 MAPHI VKE UMEIOIUXCA TOIEK.

CKOIBKO TAKUX IPAMBIX (TO €CTh CKOJIBKO Hap yKE nMe-
roumxcsa Touek)? Ilo mocTpoenuio BUAHO, 9TO BCe yIKe UMeIo-
[IyeCcs TOYKY JEXKAT [0 [Be HA KaxKJOU IpaMou [, npu vy < f.
(Crporo roeops, 3T0 ciegyer BKJAIOYUTL B MHAYKTUBHOE
npeanoaoxenne.) TakuM oOpasoMm, MHOXKECTBO T’ IO MOII-
HOCTHU eCTh 23 = 3, a map Touek He Gombie 32 = § < ¢. Ilo-
STOMY B3ANPEIIEHHBIE TOYKMA COCTABIAIT JULIL Malyl (IO
MOIIIHOCTH]) YaCTh IPAMOK [3, I MOXKHO BLIODATEH IBE paspe-
MEHHEBIE TOYKH.

Temeps ocTanoch 06bLeINHNTE MHOXKecTBA Mg 11 BCEX
opanHAMOB [ < (@ U MOJAYYINThH UCKOMOe MHOXKecTBO. (Ilo
YCJOBUIO TPU TOYKU HA OTHOU TPAMOU B HEM TOABUTHCS HE
MOT'YT, & BCAKas MpAMasg OyleT PAHO WM TO3AHO PACCMO-
TPeHa U ABEe TOYKHU Ha Hel OyayT obecrnedexsl.) >

154. Hanaure ommbKy B CAEAYIOMIEM «OMPOBEPKEHUH THUIIO-
TE3bl KOHTUHYYMa»: IyCThb Ni = ¢. Ymopagoamm orpe3ok [0, 1]
mo tuny N;. Paccmorpum GyHKIMIO OByX IEPEMEHHBIX, PABHYIO
enquanne HA mape (r,y), ecam T < y (B CMBICAE DTOTO HOPAIKA), U
HYJIO B OCTAJIbHBIX CIydYasx. Torga npu GUKCEPOBAHHOM T (DYyH-
xua y — f(z,y) paBHA eguHUIE BE3[e, KPOME CIETHOTO MHOKE-
CTBa, ¥ MOTOMY MHTerpupyema u f f(z,y)dy = 1 mpu mo6om .
C mpyrou croponsl, ¢yaknua z — f(x,y) paBHa HyTIIO BCIOAY,
KpoMe CI8THOTO MHOXKeCTBa, Tak 1710 [ f(z,y) dz = 0. Hoxyw1a-
eM mpoTuBopedne ¢ Teopemoun PyObuHM , KOTOpasd yTBEPKAAET,

/01 (/Olf(fv,y)dy) dﬂc:/ol (/f(ny)dm) dy
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