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BBEIOEHHE

IOuddepennnanbias reoMeTpHs — 3TO 4aCTh MaTeMaTHKH,
KoTopasi H3yuaeT reoMeTpHYecKHe o6pasbl, B IEPBYIO ouepelb
KpHBLIE H TOBEDXHOCTH, a TaK¥Xe ceMeHCTBa KPHUBHIX H IIO-
BEpXHOCTeH MeTOJaMH aHaJH3a OeCKOHeYHO MaJsblX. Xapak-
TepHBIM JJI AH(pdepeHnHaNbHOH reoMeTpUH  SBJISETCA TO,
YTO OHA HW3yuaeT NPeXJe BCEro CBOHCTBA KPHBBIX H MOBEPX-
HOCTeH «B MaJsioM», T. €. CBOHCTBA CKOJb YrOAHO MaJibIX
KYCKOB KDHBBIX H IOBEpXHOCTeHl.

HuddepennuanbHasi reoMeTpHsi BO3HHMKIA M Pa3BHBAlach
B TeCHOH CBSI3M C aHAJIU30M, KOTOPHIH caM B 3HAYHTEJILHOH
CTeMeHH BBIPOC M3 3ajauy reoMeTpHd. MHorue reomerpuye-
CKHe TOHSATHS NPEAIIeCTBOBANH COOTBETCTBYIOUIHM MOHSATHIM
ananu3a. Tak, HanpuMep, NMOHSATHE KAacaTeJbHOIH IpequIecTBo-
BaJIO MOHSITHIO NMPOHM3BOAHOMH, MOHSITHE NJIOWAAH M O6beMA —
MOHATHIO WHTerpana.

BosnukHoBeHHe nuddepeHnHabHOR reOMETPHH OTHOCHTCS
Kk mnepBoii nosoBuHe XVIII Beka u ¢BA3aHO C HMeHaMH
JI. D#inepa u I'. Momxa. IlepBoe cBogHOe couuHEHHe MO
TEOpHM TOBepXxHocTell Obl1o HamucaHo MonxkeM («IIpuioxke-
HHe aHaju3a K reoMeTpuu», 1795 r.).

B 1827 rogy TIaycc ony6snnkoBan paboty «Ofluee uccie-
JIOBaHHE O KDHUBBHIX IIOBEPXHOCTSX», KOTOPOH 3aJIOXKHJA Oc-
HOBH TEOPHH ToOBepXHocTell B ee coBpeMeHHoM BHie. C Tex
nop AuddepeHnnalbHas reoMeTpUsl nepecTaja ObITb TOVIBKO
NpUJIOXKEHHeM aHaJii3a H 3aHsJa CaMOCTOsITeIbHOE MeCcTO B
MaTeMaTHKe.

Otkpoitie H. M. Jlo6aueBCKMM HeeBKJIHOBOH reoMeTpUR
CHITPaJIo O'POMHYIO POJIb B DAa3BUTHHU BCeil FeOMETPHH, B TOM
yucie U guddepenuuanvHofi. Tak, B 1854 r. B. Puman
cBoeli seknuelr «O rumoresax, Jeamux B OCHOBAHHSIX reo-
MeTPUH» 3aJI0XKHJI OCHOBbl TaK Ha3blBaeMOH pPHMAHQBOf reo-
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MeTpMH, KOTopasi B TPHMEHEHHH K MHOIOMepHBLIM MHOrooG-
pasusiM HaxXOQUTCS B TAKOM e OTHOIIEHHH K TreOMeTpHH
N-MEpPHOTO €BKJHMJOBA NPOCTPAHCTBA, KaK BHYTPEHHsisS TIeo-
MeTpHS NPOHM3BOJILHON NOBEpXHOCTH K €BKJIHJOBOH reOMeTpHH
Ha IJIOCKOCTH.

Teoperuko-rpynnoBasi Touka 3penus P. Kunefina, usao-
JKeHHasl B ero «JpJiaHreHckoil nporpamme» (1872 r.), B mpu-
MeHeHMU K JuddepeHUManbHOH reoMeTpuM Obljia pasBUTA
. KapraHoM, NOCTPOMBIINM TEOPHIO MPOCTPAHCTB I POEKTUB-
HOH M abHHHOH CBS3HOCTH.

B Poccuu mkony nuddepeHnnalsHON reOMETPHH CO3[aMHU
®. Munguar u K. M. IleTepcoH, OCHOBHBIE MCCJIENOBaHHS
KOTOPBHIX TOCBSILIEHH BONpOCaM H3ru6aHMsl MOBepXHOCTedl.
ITH uccyenoBaHUsA ObIIM TPOJOJIKEHH B paboTax MHOTHX
PYCCKHX U COBETCKHX TI'€OMETPOB.

B ocHoBy HacTosiiefi KHHMIH IOJIOXKEHB! JIEKIHH aBTOpa
no puddepeHnualbHOR TeoMeTPHH Ha (HU3UKO-MaTeMaTHye-
CKOM (akyJabTere XapbKOBCKOrO yHHBepcuTeTa. ABTOp Ipe-
cJIef0BaJ Lielb AaTh CTPOroe H3JI0XKeHHe OCHOB JH(depeH-
I{HaJIbHOA TreOMeTPHH M THUMHUHBIX JJIs Hee MeTOJOB HCCJefO-
BaHHUsl, He Hapyulas IPH 3TOM 3HAYHTENbHO YCTAHOBUBIUHXCS
Tpaguuuil, Bonbmol dakTHueckuii Martepuas mno AuddepeH-
HHaJbHOH reoMeTPHM BblHECEH B YNpaxKHeHMs M 3aJauy,
pellleHHe KOTOPHIX fBJIeTCA 00s3aTe/ibHbBIM YCJOBHEM IIpH
TIOJrOTOBKE CTYIEHTOB-Te€OMeTDPOB.



YACTb TEPBAS
TEOPUSI KPUBbIX

Frasal
NOHSATUE KPUBOW

Kpusasi sBjisieTcsi OJHMM H3 OCHOBHEIX OGBEKTOB, pac-
CMaTpHBaeMbIX B JU(depeHnanbHON reoMeTpun. B HacTosmedt
rjaBe Mbl BBHISICHUM TOHSTHE KPUBOH B TOH Mepe, B Kakoi
aToro TpedyeT LajbHeillee H3JIOXKEHHUE.

§ 1. Anementapnas kpusas. [lpoctas kpueas.
OoOuwas KpuBad.

OnpenesieHHI0 TOHSTHSI KPUBOH Mbl MNPEANOUIIEM HEKO:
TOpble CBeleHHsI 06 OTOGPaKEHHsIX IPOU3BOJLHOTO MHOXKECTB2
TOYeK B MPOCTPaHCTBO.

[Mycts M — mo60e  MHOXKECTBO TOYEK MPOCTPAHCTBA.
ToBopsT, 4TO 3anaHo omobpasccerue f MHOXecTBa M B mpo-
CTPAaHCTBO, eC/lH KaxJoi Touke X MHoxectBa M mocras-
JIeHa B COOTBeTCTBHEe Hekoropast Todka f(X) mpocTpaHcTsa,
Touka npoctpancta f(X) HasweiBaeTcss o06pasom Toukd X.
MuoxectBo Touek (M), cocraBieHHOe u3 06pasoB BCex
Touek MHOecTBa M, HaspiBaercs o6pasom MHOxKecTBa M,

Oro6paxkenue f MHOXecTBa M HasbiBaercsi 00H0-00HO-
BHAYHbLM, €CJM  00pasbl  PA3JIHYHBIX TOYEK  PA3/IHUHbL.
[lycte [ opmHo-onHO3HAuHOe oroOpaxenue. Torza ecrect-
BeHHBHIM 00pasoM onpejeneHo orob6paxkeHue [~1 MHOXKe:
ctBa f(M), koropoe Touke f(X) conocraBisieT Touky X,
Jto otobpaxkeHHe HasbIBaeTcs obpamuoim K f.

Oro6paxenne [ MHOxecTBa M HasbiBaerTcs Henpepois-
HbiM, €ciM, KakoBa Obl HM Oblia Touka X u3 M M uucao
e >0, cymecrByer unciao 8> 0 Takoe, 4TO AJs JIIOGOH
Toukd Y u3s M paccrosnue Touku f(Y) or f(X) meHbue e,
KoJIb CKOpo paccrosinde Y ot X MeHblure 3,



IMycts [ omHO-OofHO3HAYHOEe M HempephIBHOE OTOOpa-
xenne M. Ecau orobpaxkenue f~! mMHoxecTBa f{M) Tak-
e HemnpepriBHO, TO [ Ha3bIBAETCS MON0A02UYECKUM OMO-
6pascenuen. OTHOcHTeNbHO MuoxecTBa M M ero ofpasa
f(M) npu TOMONIOrHYeCKOM OTOGpax<eHHH [ TrOBOPAT, YTO
OHH 20MEOMOPPHbL UM MONOA0CUHECKU IKBUBANEHMHbL.

OnpegenuM 3j1eMeHTapHYI0 KPHUBYIO.

MuoxecTBO 7 TOYEK NPOCTPAHCTBA MBI GyJieM HasbiBaTb
3/1eMEHMAPHOLl KPUABOL, €CNH 5TO MHOXECTBO SIBJIsieTcsi 00-
pasoM OTKDHITOTO OTpe3Ka MpsIMOH INpPH TONOJIOTHYECKOM
OTOGpaXKeHHH ero B NPOCTPAHCTBO.

Ilycrs y— anemeHTapHas KpuBasgs M a <! < b — orpe-
30K, 06pa3oM KOTOpOro TIp# OTOOpaxKeHHH [ sBiAsieTcs
xpuBas. Ilycts fi(f), f2(f) ¥ f3(f) — KOOpAHHATHEI TOYKH
KDHBOI1, COOTBETCTByIoOWLell Touke ! orpeska. CucreMy pa-
BEHCTB

X = fl (t)t !/ = fZ(t)r 2= f3 (t)
Ha3bIBAIOT YpAsHEeHUAMU KPHUBOH <Y B INapaMeTPHUYECKOM
dopme.

MuoxecTBo G TOYeK NPOCTPAHCTBA HA3LIBAETCS OMKPbL-
moim, €caM Iyl Kaxnod ToukH X 3TOr0 MHOXKECTBA MOMXKHO
yKasarb 4HcaI0 € > ( Takoe, 4YTO BCe TOYKH INPOCTPAHCTBa,
paccTosiHusl KOTOphiXx OT X MeHblue &, TOxe NpHHajJjexarG.
OueBHAHO, MHOXECTBO, COCTABJIEHHOe H3 JIIOGOH COBOKYyI-
HOCTH OTKDBLITBIX MHOXeCTB, OYJeT OTKPBITHIM.

Okpecmrocmeto Touku X TNPOCTPAHCTBA HA3BIBAETCS JIIO-
00e OTKPLITOE MHOXECTBO, COJepKallee 3Ty TOUKY.

MuoxectBo M Touek NpPOCTPAaHCTBA HA3bIBAeTCs CBSI3-
HBIM, €CJHM He CYLIeCTBYeT OTKDHITHIX MHOxecTB G’ u G,
pas6uBaromux MHOXecTBo M Ha jaBe yactu — M’ u M”,
OfHAa M3 KOTOPBHIX TNpHHajgJdexana 6wl Toabko G, a jpy-
rasi — Tonbko G”.

OnpenenuM Tenepb NMPOCTYIO KPHBYIO.

MHoXecTBO Y TOYeK NPOCTPAHCTBA Mbl OyjieM Ha3LIBaTb
npocmoil Kpugod, eciu 3TO MHOXECTBO CBSI3HO H Yy Kax-
JIoH ero Toukd X eCThb Takasi OKPEeCTHOCTb, YTO PacroJio-
XKeHHasi B HeH 4acTb 7y SBJSIETCS 3JIeMEHTAapHOH KpUBONL.

CrpoeHue NpocTOil KPUBOH «B LIEJIOM» BHISICHSIETCS CJle-
Aylouieil TeopeMo#:

O6paz omkpoumoeo ompe3ka Uil OKPYICHOCMU RPU MONO-
A02UMECKOM OMOOPaNceHUuU 8 NPOCMPAHCMBO eCcmo Npocmasn
Kpusas.
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O6pamno, at0bas npocmas Kpueas ecme o6pa3 omkpoi-
mozo ompe3ka UAU OKPYICHOCMU NpU  MONON0SUHECKOM
omobpaxcenuu 6 npocmparcmeo. KoOpoTKO 3TO BBIpaaioT
CJIOBAMH: NPOCMAR KPUEAS 20MEOMOPPHA UAUL OMKPLLMOMY
OMpesKy UAU OKPYICHOCMU.

Mbl He GyaeM NPHBOAMTL HOKA3aTeJIbCTBO 3TOH TEOPEMBI.
3aMeTHM TOJNBKO, YTO YKa3aHHOe B HeHl CBOHCTBO MpPOCTOM
KpHBOH ObITb TOMEOMOP(HOH OTKPLITOMY OTpe3Ky HJIH
OKPYKHOCTH TOJIHOCTBIO XapaKTepHU3yeT ee H, CJeJ0oBaTellb-
HOo, MpocTasi KpHBasi MoXeT OHITb oONpelejeHa 3THM CBOIi-
CTBOM.

[Ipocras -xpuBasi, roMeoMopdHast OKPYK-
HOCTH, Ha3biBAaeTCsl 3aAMKHYymol.

OxpecTHocTbI0O TOYKH X Ha 1npocToil
KPHBOH 7 HasbiBaeTCsl o0Ilasl 4acTb KPHBOH 7
H HeKOTOPOH INPOCTPAHCTBEHHOH OKpecT-
toctd Toukd X. CorsacHo onpeneneHH0, y
KaXJ0H TOYKH NPOCTOH KPUBOH eCTb OKpeCT-
HOCTb, SIBJIAIOLIASCS 3JIeMEHTapHOH KPHBOH.
B panbHeiiieM, roBopsi 06 OKPEeCTHOCTH
TOYKH Ha KDHBOH, Mbl GyJleM HMeTb B BHIY Yepr. 1.
TaKylo 3JIeMEHTapHYI0O OKPeCTHOCTb (4epT. 1).

[lycte mpoctass KpuBas 7y siBJasieTcsi 0O0PasoM OTKPHI-
TOTO OTPe3Ka HJH OKPYXHOCTH g IPH TONOJOTHYECKOM
oto6paxenun f. Ilyers X — nponsBosibHasi TOUKa g H W —
Jqo6asi ee OKpecTHOCTb. Torpa o6pa3 ® mpu OTOGpaKeHHH
[ siBnsercst okpectHocThio Toukd f(X) Ha kpuBoit 7v. OG-
paTHO, JI06asi OKpecTHOCTb TOYKH f(X) MoxeT GbITb mosy-
yeHa TaKHM 00pasoM.

Oro6paxenne [ MHoXxecTBa M B mNpPOCTPaHCTBO Hashl-
BAeTCsl A0KAABHO MONOAO2UYECKUM, €CJH Yy KaxXJOH TOUYKH
3TOr0 MHOXECTBAa eCTb OKPeCTHOCTb, B KOTOPOH OTOGpaxe-
Hue f Tomosoruueckoe. .

- MHOXeCTBO 7 "TOYeK NpOCTpaHCTBA Ml 6yJieM Ha3blBaTh
obujell Kpueoil, ecl¥ 3TO MHOXECTBO sBJseTcsd 00pasoM
fIPOCTOH KPHBOH NpPH JIOKAJbHO TOMNOJIOTHYECKOM OTOGp axe-
HUHM ee B NPOCTPAHCTBO.

Msni 6ynem roBoputh, 4To OTOGpa)keHue f; MPOCTOH KpH-
80l1 7, U oTOOpa)keHue f, NPOCTOH KPHUBOH T, ONpejessioT
OJHY M Ty iKe OOLLY0 KDHBYIO 7Y, €CJH MeXJy TOYKaMH
KPHBBIX 7; M 7s MOXeT ObITb YCTAaHOBJIEHO TOMOJOTHYecKoe
COOTBETCTBHE, MPH KOTOPOM 06pasbl COOTBETCTBYIOIHX TOYEK
5THX KDHBBIX Ha KPHBOH 7| COBHajaloT.




UTo6H MOSICHUTH BTOPYIO YacTb JAHHOTO ONMpeJesIeHHs,
npusBegem npuMep. Ha yept. 2 usobpaxeHa ofmas Kpusas.
ATy KpHUBYIO MOXKHO MpEJCTaBHTh KaK 06pa3 OKPYIKHOCTH
NpPH  JIOKAJbHO TONOJIOTHYECKOM OTOOpaKeHHH JBYMSI pas-
JHUYHBIMH  CHOCO0AaMH, KOTOpble C TOYKH 3peHHsl JAaHHOro
omnpejesieHus AAOT pasaudHbele KpuBble. HarsnsigHo uX MoxHO
npeacTaBuTh cefe Tak.

[Myctb TOUKa MABHXKETCA MO OKpyxHocTH. Torpa ofpas
ee asuxercs no kpueodd. Ilpu 3TOM Touka-o6pas, npoxops

KpMBYIO, MOXET 3aHHMAaThb IOCJIe-

4 JOBaTesJIbHO moJioxkeHusi 1, 2, 3,

! R 4, 2, 5, HO MOXET NpPOXOZHUTb
KpMBYIO M B nopsjke 1, 2, 4, 3,

2, 5. Oro6paxeHusi, COOTBeET-

2 cTBylOUIMe 3THM OOXOZawm, orpe-
JeJIAI0T pas/iMuHble oOLlHe KpH-
Uept. 2. Bble, XOTS1 K3aK TOYEUHble MHOXKe-

CTBa OHH M COBMAJAIOT.

[Tyctb oOwiast KpuBasi | siBJsieTCsl 06pasoM MNpH JIOKaJb-
HO TOMOJIOTHYECKOM OTOOpaXKeHHH f B IPOCTPAHCTBO NPOCTON
kpuBoil y. OkpecTHocTbio ToukH f(X) Ha KpHBOH | Mbl Gy-
IeM HasbiBaTb o0pa3 Jiro060H OKpecTHOCTH ToukH X Ha
KpuBO# 7 mnpu otobpaxenuun f. Tak kak orobGpakeHue f
B JOCTaTOYHO MaJjIOH OKPeCTHOCTH TOYKH X sBJIsleTcsl TO-
nonoruyeckuM, To f(X) Ha | HMeeT OKPeCcTHOCTb, SIBJISIO-
Lylocs 3JeMEeHTapHOH KpPHBOM.

Taxum ofpasoM, uccaedogarie 060U KPUBOU «8 MALOM»
Modxcem Obvimo CBE0EHO. K  PACCMOMPEHUD  3AeMEHMAPHOL
Kpusotil.

§ 2. Peryasipnas kpnsas. CnocoGbl aHaJMTHYECKOTO
3a]aHUSl KPHBOI

KpuByio 7 Mul OyjmeM HaseBaThb peryJaspHod (k pas
nuddepenuupyemoii), ecau y KaXJOH TOYKH 3TOH KpHBOH
€CTb OKPeCTHOCTh, JONYCKAIoLasi peryJsipHyl0 napaMeTpH3a-
HHIO, T. €. 3ajaHHe YypaBHEHHSIMM B MapaMeTPHYECKOH
¢dopme:

x=0H{), y="F0), z=[(),

rae [y, f2, fa — perynspHble (kB pa3 HenpepblBHO aH(bepeH-
nupyemole) ¢GyHKuuH, [Ipu k = 1 kpuBas HaspiBaeTcsl 21a0-
Kol. S
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KpuBass HaspiBaeTesi anaiumudeckod, ecad OHa B JO-
CTaTOYHO MaJIOH OKPECTHOCTH Ka)KJOH CBOed TOYKH AOmy-
CKaeT aHAJUTHYECKYIO mapaMmeTpusauuio (pyHKuuu f;, fo,
s — aHanuTHYECKHE).,

B panbhefimiem ™Mbl OGyjeM paccMaTpHBaThb UCKJIIOUH-
TeJIbHO peryJisipHble KpHBHIE.

Kak mnokasano B mnpeawipylieM naparpade, KpuBasi B
OKPEeCTHOCTH KaxKJOH TOYKH MoOXKeT ObITb 3afiaHa ypaBHe-
HHSIMH B NapaMmeTpHuyecKoil copme

x=x(), y=y@®), z=2(1),
rae x(f), y (f), z(f) — dyHKuUUH, ompeJesieHHbIE B HEKOTO-
poM HHTepBane a <t <b.
EcTecTBeHHO BO3HHKaeT BONpOC, Korja cuHCTeMa pa-
BEHCTB

x=x(), y=y(), z=2() (a<t<b)

onpefieisieT peryJaspHyl0 KpPUBYIO, T. €. KOrjia 3TH paBeH-
CTBA MOXKHO paccMaTpuBaTh Kak YpaBHeHHs HEKOTOpOH
KkpuBoi? OTBET Ha 3TOT BONPOC BO MHOTMX CJydassx AaeT
cjepyolas Teopema.

Teopema. Ecau x(f), y(f) u z(f) peeyrsapreie pynryuu,
ydosaemeopsouwyue  Ycaosuro

2O +y?O)+22()>0 (@<t<b),
mo cucmema paseHcms
x=x(), y=y(@), z=2z(@{@ (a<i<))
AGASIEMCA  YPABHEHUAMU Hekomopol Kpusod . dma kpusas
ecmb 00pa3 ompeska a <<t <<b npu soxkarerHo monoaoeu-

Yeckom omobpascenuu, Komopoe mouke t ompe3ka Conocmas-
Afem  mouky npocmparcmsea ¢ koopOunamamu x (t), y(f),
z(2).

3mecb B JlOKa3aTeJIbCTBE HYKIAeTcsl TOJbKO YTBepxKie-
Hile O JIOKAJbHOM ~OJHO-OHO3HAYHOCTH YKa3aHHOTO oTo0pa-
KeHusi. JlokaxeM 3To yTBepiKJeHHe.

Eciu yTBepKIeHue HeBepHO, TO CVILECTBYeT TaKoe £,
B CKOJIb YTrOZHO MaJjiofi OKpPecTHOCTH KOTOpPOro MOXKHO YyKa-
3aTh I, U I, (f; + ¢,) Takue, 4TO

x{t) —x(t) =0, y(t) —y(t) =0, z(f) —2z(t) =0.
ITo TeOpeMe O cpeaHeM OTCIOJA TMOoJydYaeM:
x' (%1) = 0) y, (82) = 01 Z’ (%3) = 0,



rae ¥, 8,, 85 sakmouennt Mexny f; u f,. Tak Kak f; u f,

CKOMb YropHO OJIM3KH K f,, TO IO HEeNpephiBHOCTH (QYHK-
wik % {8), y' (t), 2 (¢)

X' (t) =0, y () =0, 2'(f) =0,
a, CJIe0BaTeNbHO,

x2 (o) + Yy () + 22 (¢) = 0.
Mbl npuMIIIE K TNPOTHBOPEYHIO. Y TBEpXKAEHHe J0Ka3aHo.

HekoTopeie KpuBhIE TIpH MNOAXOAslleM BhiGope oceit
KOOpPJAHHAT X, Yy, 2 AOMYCKAalOT NapaMeTpH3auHMIO BHAA

x=t y=9¢(@), z2=¢() (@<t<b),
HJIH, YTO TO XKe,

y=9o), z=9#x (@<x<b).
Dra napameTpH3alus BO MHOTHX CJydYasiX OKasbIBaercs
oco6eHHO yao0HO#. B cBA3sM c 3THM BO3HHKaeT Bompoc:
Korga KpuBasi XOTd OBl «B MajJOM» [ONYCKaeT TaKyl mna-
pamerpusanuio? OTBET Ha BONpOC JaeT CJefyiowas Teo-
pema: -
Teopema. [Tycmb | — pecyisapHas .Kpusas,

x=0{), y=5hH{), z2=f({) (a<t<b)
ee pecyiApHAA NAPAMEMPU3AYUA 8 OKPECMHOCIU MO4KU
(X0s Yo 20), coomeemcmsyroueld t==1,. Iycmo 6 asmoii
mouke ['1(t)#+ 0. Toeda e Odocmamouno maroli okpecm-

Hocmu mouxku t, Kpusasa | Mmooxcem Ooimb 3a0aHa YypasHe-
HUAMU: '

y=9¢), z=19(x),

Tle ¢ U ¢ — peryasipHble QyHKIHH OT X.
HeficTBUTENIbHO, MO TeopeMe O HesBHBIX (yHKIUSAX
cymecTByeT peryasipHas ¢ysknus X(x), paBHas {f, Ipu

X = X, U yJOBJETBOPAIOILASl YDABHEHHIO

x=f1(X(x))
AN Bcex X, OJIM3KHX K X,. Juddepenuupys sTo ToxKIe-
CTBO mNpH X=X, HaxoauMm | ={";(f)X (x,). Orciona
A’ (x) #+ 0. Takum o6pa3oM, GYyHKUHS X (X) B OKPECTHOCTH X,
MOHOTOHHA, H, CJIeOBAaTeJbHO, INPH JOCTAaTOYHO MaJoM o
oTo6paeHue oTpeska X, — 3 < x << Xx,+ 3 Ha ocb f, 3aja-
BaeMoe paBeHCTBOM ! = X (x), OyJeT TOMOJOrHYECKHM.
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Orciofa cJjefyeT, 4YTO OKpeCTHOCTh X(x,—9) <t <
< X(xy4-8) xpuBOo#i Y MOXKeT ObITb 3aflaHa ypaBHEHHSIMH

y=F@x), z=HEE) (x—23<x<x+3).

Teopema pokasana.

Paccmotpum Teneph HesiBHOe 3ajaHue KpuBod. Ilpuuem
IJ1s TPOCTOTHl CHayasja OrpaHHYMMCS IJIOCKHMH KPHBBIMH.

KpuBasi HasbiBaeTcsi NA0CKOU, €CJIH BCe ee TOYKH NpH-
HaJJIeXXaT HEKOTOpOi mJocKocTH. DypeM cuutaTh, 4TO 3TOH
IJIOCKOCTBIO SIBJISIETCA MJIOCKOCTb XY.

Mbl GyfeM TroBOpHTb, YTO IJIOCKas KpHBas 3ajaHa
ypaBHeHHEM

¢ (x, y) =0,
BHIPaXKasi 3THM TOJbKO TO, YTO KOOPAHHATHI TOYEK KPHBO#
VIOBJIETBOPAIOT HAHHOMY YypaBheHHio. IIpu 3TOM MOryT
CYLLeCTBOBaTb TOYKH INVIOCKOCTH, YIOBJIETBODSIIOILLHE 3TOMY
YpaBHEHHIO M He NPHHAJJAeXallde KpUBOH, a MHOXe-
CTBO BCeX TOYeK MJIGCKOCTH, YAOBJETBOPSIOLINX YpaBHEHHIO
¢ (x, y) =0, MoxXeT He ObITb KPHBOH B CMBICJIE ONPeJeJIeHH T,
JlaHHOro B NpejbiaylleM maparpage.

B cBsi3u ¢ 3amaHMeM KpDUBBIX ypaBHEHHEM B HeSIBHOM
BHJe BaXKHYIO pOJb MrpaeT cjaefylollas TeopeMma:

Teopema. Ilycmo ¢ (x, y) — peeyarsipHas pynkyus nepe-
mennox  x, Y. Hycme M — muoocecmeo mouex naockocmu
Xy, yO008AeMBOPAIOUYUX Y PABHEHUIO

?(x, y) =05
(X0 Yo) —mouka smoz2o MHONCECMSBA, 8 KOMOPOU cpi—|—
+ CP§=/=O. Toeda y mouku (xo, Yo) ecme OKDPECMHOCMb
makas, uwmo &ce npunadiexcaujue el MOYKU MHONCECmea
M o6pasyrom pezcyrsipryto INeMEHMAPHYIO KPUBYIO.

Hoxazameavcmeo. TlycTb [Jist ONpefeseHHOCTH B TOUKe
(%o, 40) ¢, 0. Tlo Teopeme o0 HesIBHBIX (YHKUHAX Cylile-
CTBYIOT yHcJa 8 M ¢ GOJIbLIHE HYJSI M pery/spHas ¢YHK-
uusa ¢ (x), onpeneneHHass B MHTepBajie X, — 8 < x < Xo - 9,
TakHe, UYTO BCe TOYKH (x, ¢ (X)), X —d<x<x,+ 9
YAOBJNETBOPSIOT ypaBHeHHIO ¢ (x, y)=0, mnpuyeM 3STHMH
TOYKAaMH HCUEpPINBIBAIOTCS BCE TOYKH NPSIMOYTOJIBHHKA Xo —
— 0 < x<xo+38, yp—e<yy<yo+ e, yIOBIETBOPSIOLIHE
ypaBHeHHIO ¢ (¥, y) = 0. DneMeHTapHas KpuBasi, O KOTOPOil
HjeT peub B TeopeMe, 3aJ]aeTCsl ypaBHEHHEM

y=9x) (ro—3d<x<x+29).
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Teopema pokasana.

CooTBeTcTByIOIAs TeOpeMa I/ NPOCTPAHCTBEHHBIX KpH-
BbIX COCTOMT B CJIEAYIOILEM.

Iycmo @ (x, y, 2) u $(x, y, z)— peayrapuvle QYHKyuu
nepemennox x, y, 2. Ilycme M — mnoxcecmeo mouex npo-
CIpancmea, YyoosaemeoPAUUX YPABHEHUAM

e(x, y, 2)=0, ¢(x, y, 2)=0,
(%0, Yo, 2o) — MOUKA BMO20 MHONCECMBA, 8 KOMOpol pane
mampuybe

(% Py ?z)

q”x “Py q)z

pager Osym. Tozda y mouku (x5, Y, 2,) ecme makas

OKPECMHOCMb, 4mo 6ce NpuHadiexcaujue el MOYKU MHOXNCe-

cmea M o6pasyrom pecyaspHyio INeMEHMAPHYO KPUBYIO.
JokasaTenbCTBO 3TOH TeOpeMbl TaKXKe OCHOBAHO Ha

NpUMEHEHHH TeopeMbl O HefiBHBIX (YHKIUAX W NpHHIH-

HHaJbLHO He OTJIHYaeTcsl OT J0Kas3aTeJbCTBAa COOTBETCTBYIO-

Hlefi TeopeMbl JJIsl MJOCKMX KPHBBIX.

§ 3. Ocobble TOYKHM PeryJsipHbIX MIOCKHX KPHBBIX

Ilycte ¢ — peryasipHas mJjockass KpuBas u P — Touka
Ha Hell. Touka P KpuBOH 7Y HasbBaeTcsl 00b6IKHOBEHHOLL
moukoli MO OTHOIUEHHIO K JaHHOH CTENeHH DeryJ/sipHOCTH X,
ecqM KpuBas jonyckaeT k pa3 puddepeHmupyemyio napa-
METPH3alMI0 B OKPECTHOCTH 3TOH TOYKH

x=x(t), y=y(,
yIOBJIETBOPSAIIOILYI0O B TOouke P ycaoBuio: x'2 4+ y'2 =0,
Ecan ke Takoii mnapameTpusauuu He cyllecTByeT, TO P
Ha3plBaeTcs 0coboll moukou.
Ipumep. Touka =0 xpusoi

x=8y=1 (—l<t<+1)
OObIKHOBEHHAsl MO0 OTHOLIEHHIO K JBaxKibl AuddepeHnupy-
eMbIM NapaMeTpu3anusaM, H60 KpHuBasi JONMyCKaeT 3KBHUBa-
JIEHTHOE 3ajaHue

r

=t y=+|1 (—l<t<]).
OnHako, Kak Mbl YBHAUM HHXKe, Touka f =0 sBasercs
QcoGofi 1O OTHOILUEHHIO K aHAJHTHYECKHM NapaMeTpH3alHsiM.
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B wmacrosmem mnaparpade - Mpl pacCMOTPHM TNOAPOGHO
Bompoc 00 OCOOBIX TOUKAX MJIOCKHX aHAJHTHUECKHX KPHUBBIX
[0 OTHOLUIEHHIO K AHAJMTHYECKHM MNapaMeTPHU3alHsIM.

Jlemma. [Tycme | — anaaumuueckas kpusas u O — mouka
#a neil. Toe0a npu nodxodsauiem evlbope oceil Koopounam
KPUBYID MOXCHO NAPAMENPU308amb MAK, 4mo ee YpPasHeHUus 8
okpecmuocmu mouku O 6yoym umems 8ud:

X = alf”',
Yy=>bt™m 4 byt 4 ..., Ny < My .

Hoxazameaocmeso. [Ipuvem Touky O 3a Haualo KOOpPAHMHAT.
TlycTb
X = a;8™ 4 op8™ 4 ...
y =P+ Bos™ + - -
Kakas-HuOyAb aHaJUTHYeCKas napameTpusauus Kpusoi. He
orpaHuuuBas OﬁLLlHOCTH, MOXHO CYHTATb, YTO TOUKeE O coor-
BETCTBYyeT 3HaueHHe mnapaMeTrpa S=0. MOXHO CUHTaThH
Takxe, uto n; < m,. (Ecin n; > m;, MoXHO mnOMeHATH po-
JSIMH X H Y).
BBeneM HOBBINI nmapaMmeTp £, CBSI3aHHbLII C S PaBEHCTBOM
1

(08" 4 ops"™ - - - )”*

t=s \ a,s™
Ilpn Takom BeIfOpE MapaMeTpa YypaBHEHHSI KPHUBOH | B OK-
pectHocTd ToukH O HMeIOT BHA:
= altﬂx’
_l/"—-—bltm‘—l"bztmz—'— tet
4YTO H-TpeGOBaJOCh JOKa3aTh.

Teopema. ITycme 6 okpecmuocmu mouku O anaiumuue-

cKas Kkpueas 3a0aHA YPABHEHUAMU
X = alt"',
Yy=Dbytm L bytm: .., Ny < my.

Toeda, 0i3 mozo umobser mouka O 6oiaa 0coboli moukol
Kkpusot, Heo6xo0umo u 00CMamouHo, 4mobde. xoms 6ot 00HO my,
He 0eauaocv Ha ny.

Hoxkaszameavcmeo.

Heo6xonumocTb. Bo-nepBeix, 3ameruM, uTo Bce
M, ¥ n; He MOTYT OHITb YeTHBIMH, TaK Kak Torga s
CKOJIb yrofHo ManbiX ¢ x(f) =x(— 1), y(t)=y(— 0. 1. e.
HapyLIEHO YCJIOBHE OJHO-OJHO3HAYHOCTH OTOGpa)KeHHus B
CKOJIb YrOJHO MaJsIod OKPecTHOCTH TOYKH ¢ = 0,
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Ilycts Bce m, xpaTHH n,(n,, OueBHAHO, HeueTHO). Bme-
JeM BMmecTo ! napametp s = ™. Torja ypaBHeHHS KpHBOH
B OKpecTHOCTH ToukH O NpHMyT BHA:

X =as,
y=>bsk+ bysk + ..

OueBupHo, Touka O, COOTBETCTBYIOLIAsl 3HAYEHHIO Mapa-
Metpa s = 0, sBiseTCA OOBIKHOBEHHOH TOYKOH KpHBOH.

HoctatounocTs. Ilycts x0T 6wl OfHO m, He je-
Jutcsi Ha n;. IlokameM, uto Touka O — ocofast Touka.
Ecnn Touka O OGbIKHOBEHHasi, TO B ee OKPECTHOCTH KpHBas
JONycKaeT NapaMeTpusauuio x=f,(s), y=/[(c), rme f; u
f» — aHaNMMTHYeCKUe QYHKIHMH, YIOBJIETBOPSIOLIUE TIPH ¢ = G,
oTBeyatomeMy Touke O, ycioBuio f;% 4+ f32 = 0.

Tak kak f, (9)/f; () =y (t)/x (), a y(¢)/x(f) nmpu t—->0
CTPEMHTCSi K KOHEUHOMY Ipejielly, paBHOMY f2 (60)/f1 (50), TO
fi #+ 0 B Touke O W, cjegoBaTeJbHO, Hallla KpPHUBasi IO TeO-
peMe mpeibAylliero naparpacda JONycKaeT 3ajaHHe ypas-
HeHHeM

y=¢ox)=cx+cx®+ ---,
rie ¢ (x) — anajanTuueckass dbyHKuus ot x. IloacraBniss B 3TO
ypaBHeHHe X = x(f) ¥ y = y(f), MONy4HM TOXKJIECTBO

blt”“ + bztm’ + e = Clall“"‘ + Czaft2n1 + A

Orciona caepyer, yTo BCe m, KpaTHH 7,. Mbl npuiau K
NpoTHBOpeuHio. TeopeMa JOKasaHa MOJHOCTbIO.

Sameuanue. Ecau Touka O ocobast,

npuyeM 7, ¥ m; YeTHbE, TO OHA HAa3bl-

) BaeTCsl MO4KOL 6038pama 8mopozo pooa.
KpHuBasi B OKpeCTHOCTH 3TOH TOYKH HMeeT
0 BHJ, NOKAa3aHHBIA Ha 4epT. 3a.

Ecan Toyka O ocobast, nmpuueM m, He
NeJUTCS Ha n; M n, 4YeTHoe, a m; He-
yeTHoe, To O HasplBaeTcsl MouKoOL 603-
8) epama nepso2o ‘poda. Bup Kpusoit B
OKDECTHOCTH TaKOH Oco60H TOYKH IOKa-
3aH Ha uepT. 36.

0 IlpocTofi RoCTATOYHB U NpPH3HAK
TOro, 4TOObl TOYKa KPHBOH Gbla 0CO0Oi,
Uepr. 3 JlaeT CJefyomas Teopema:

Teopema. [Tycme anHarumuueckan Kpu-
ean 7 68 okpecmuocmu mouku O 3a0ana ypasHenuamu

x=x(), y=y(),
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ede x(f) u y(f) — anarumuueckue ynkyuu napamempa t.
ITycmoe nepsvle omauiroie om HYyas npoussooHsie Gynkyuu x (t)
u y(t) umeom nopadku n, u m; COOMBEMCMBERHO, npuHem
ny <<m.

Toeda mouka O 6ydem ocobol, ecau m, He deaumcs Ha n,.
I pusem mouxa O 6ydem mouxol eo3spama emopozo poda,
ecau ny u my oba 4emmbie, u MouKol 603spama nepsozo pooa,
ecAll N, 4emro, @ M, He4emHo.

OTa TeopeMa HeNOCPeJCTBEHHO BHITEKaeT H3 NpenbIly-
mei.

‘B 3ak/oueHHe paccMOTpUM BOMpPOC 00 OCOOBIX TOYKax
NJOCKMX aHAJUTHTECKHX KpPHUBHIX B CJydyae HesiBHOrO 3a-
JaHuA.

[MycTh muockasi aHaJAMTHYecKasi KpHBAas | 3ajaHa ypaB-
HeHHeM

¢(x y =0,
rae ¢ (x, y) — aHanuTHYecKas (YHKIMSA NepeMEHHBIX X H Y.

Ecan B Touke O (¥,, y,) KpHBOH 7 ¢f + cpfﬁko, TO 3Ta
TOYKa KpHBOH $BJAETCA OOLIKHOBEHHOH TOYKOH, Kak To-
Kasano B § 2. Takum o6pasomM, OCOOBIMH MOTLYT ObITh
TOJILKO T€ TOYKH KPHBOH, B KOTOpHIX ¢, = ¢, =0.

He orpannumBasi OOLIHOCTH, MOXKHO CYHTaTh Touky O
HauaJoM KoopAHHaT. B oxpectHoctH Touku O kpuBas 7y
JOMyCKaeT NapaMeTpH3alluio BHAA

X = a 1™,
Y= bit™ + bgt™ + .-,

NpHYeM MOXKHO CUHTaTh, 4TO n, < m,. B mnportuBHOM ciy-
yae MOXKHO TOMEHSITb OCH X M y. [as Toro uto6bl ompe-
HequTb, sBasiercss Ju Touka O ocoGoii TOUKOH KpHBOH H
BBLIICHATb XapakTep OCOGEHHOCTH B 3TOH TOYKe, JOCTAaTOYHO
3HaTh MOKasaTenu M, m,, m,,

Janast Toro uToOBl ONMpeNeNHTb 3TH MOKa3aTesNH, BOCMOJb-
3yeMcs TOXJECTBOM

¢ (x (), y(&)=0.
ITycTh pasnokeHHe QYHKIHH ¢ (X, y) MO CTENEHAM X, Y
HAYMHAETCS YI€HAMH BTOPOH CTeleHH

@ (%, Y) = axx® 4 2ayxy + Qgoyy® + - - -
Dypem pasnuvuaTh TpH caydas
1. @gpe —aj, >0. 2. G200z = a}, <0.
3. @yl —a;; =0.
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IloBopoToM oOceft KOOpAMHAT MOXHO HOCHTBCS TOroO,
4YTO B pasJioxeHWH (QYHKUMH ¢ (X, y) B CTENEHHOH pSJ ujeH,
cojepxamuii xy, 6yIeT OTCyTCTBOBATh.

IMoncraBasis B pasnoxende GyHKUMH ¢ (%, y) x(7)
¥ y (), monyuum ToxaecTBO oTHocuTesnbHo f. Ilpu n, < m,
HU3MIYI0O CTermeHb !, paBHYI 2n;, HMeeT TONMbKO OJHH
q.neﬂ—azoaft?"x. Orciona asy, = 0, 4TO HEBO3SMOXHO HH B Iep-
BOM, HH BO BTOopoM cuydae. OcraeTcsi NpeANOJIOXKHTb, YTO
n;=m,. Torga B nepBHIX ABYX CJAydYafX HHU3WIYIO CTENeHb

2491 2.9m
YMEIOT WIEHBI Opa;f2™ M agb,2™. B mepBoM ciayuae u sTo
HEBO3MOXKHO, TaK KaK Oy H Qg OJHOIO 3HaKa, a U3 TOX-
JECTBA CJELYET, UTO dyya: + Ggeb: = 0.

Taxum o6pasoM, B mnepBoM cJyyae He CyLIECTBYeT
AQHA/NNTHYECKOH  KpPHBOH,  YJOBJIETBODSIONWCH  ypaBHEHHIO
¢ (x, y) =0 u copepxamell Touky O. B stom ciyuae B f0-
CTaTOYHO Majioil okpectHocTH ToukdH O BooOlle He cyuiecT-
ByeT TOueK, OTJMHYHBIX OT O, yJOBJETBOPSIOMHUX ypABHEHHIO
¢ (x, y) =0. Korga KpuByl0 onpefejsiioT KaK reoMeTpuue-
CKOe MeCTO TOYeK, YAOBJETBOPSIOUIUX YPaBHEHHIO ¢ (X, y) = O,
TaKyl0 TOYKY Ha3bIBAIOT UB0AUPOBAHHOU 0C060L 1mouKoll.

[Tpumep. leomerpuyeckoe MecTo TOYEK, YJIOBJETBO-
psiiomux  ypaBHeHuio (x®2 4+ y?*)(x— 1) =0, cocTtoutr wu3
npsamoit x =1 u Touku (0, 0), KoTopass sBAseTCA H30JHpO-
BaHHOH TOUKOH 3TOr0 IeOMETPHYECKOro MecTa.

B TperbeM ciydae MOXKHO CUHTaTb @y, = (, TakK Kak
Qy0ay, = 0. Pa3snoxenne yHkuuu ¢ (x, y) uMeeT BHL:

@ (X, §) = Aooy® + Ay’ + - -
[IpennonoxuM, 4TO as, + 0. 3STo cooTBeTCTByeT B OOlIEM
clyyae TOMy, UTO GOPMBI @, = AggX® 4 2a11Xy + Qgey? H
Pg = Qgox3 + -+ - -+ Qggy® He UMelOT OOImUX JAeauTene.

IMoncraBadas x(f) u y(f) B pasjoxeHne GyHKUHH ¢ (¥, V),
3aMeyaeM, YTO WIEHAMH C HHU3IUMMH CTENEeHSIMH f SIBJISIOTCS
aozbfﬁ'"l M agait®, Orciofa caenyer, uto 2m; = 3n,,
T. e. my He peautcs Ha n,. CiegoBatenbHo, Touka O siBJs-
eTcsi 0oco6oil TOUKOH KpHBOii.

Oka3srniBaeTcst, eC/¥ CUUTATb rm; ¥ N; 062 YETHHIMH, TO
BCE M, OKa3bIBAIOTCS UETHLIMH, TaK KaK JIMHEHHO M OJHO-
ponHO BhIpaxaroTcs uepes m; H n;. Ho, Kak GO OTMeUeHO
paHee, n; M Bce m, He MOTYT ObBIThb uYeTHBIMH. [JosToMy
Y4eTHO TOJBKO n;. DTO 3HAYMT, 4To ocobas Touka O sBsA-
€Tcsl TOYKOH BO3BpaTa IepBOro poja.
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[Tpuwmep. Hauano KoopmuHaT pJs noJyKyGHYeCKOH
napabosbl y? — x® = 0 sBIAeTCA TOYKOH BO3Bpara MEPBOro
poga (uept. 4).

PaccmoTpuM, HakoHel, BTOpoil caydail. B stom cayuyae
(YHKUHUIO ¢ (X, ) MOXHO NpEACTAaBUTb B BHJE

¢ (x, y) = Ax* + 2Bxy + Cip,

rie A, B, C — aHajuTHYecKHe
GYHKIME OT X, Y, PaBHble COOTBET-
CTBEHHO @y, 0, a,, B Touke O m,
CJIE[lOBATEJIBHO,  YZLOBJIETBOPSIOLIYE 0 x
BOJIM3H 3TOH TOYKH HepaBeHCTBY

AC — B*< 0. TlosroMmy B MaJjoH

okpectHocTH ToukdH O

¢ (x, y) = C(y — %k (x, y)) X Yepr. 4.
X (y — xE3 (x, 1)),

rage £, U £, — KODHH KBaJpaTHOro

ypaBHeHuss A -+ 2Bt + C& = 0. CrepoBaTenbHO, BO BTO-
poM cJiyyae reoMeTpHuYecKoe MeCTO TOYeK, YAOBJIETBOPSIOMIHX
ypaBHeHHIO ¢ (x, y) = 0 B okpecTHocTH TO4kH C, COCTOHUT U3
JIByX aHAJIMTHYECKHX KPUBBIX y— x&; (x, y)=0, y — x&, (x, y)=0,
LU Kaxjaod u3 KoTopbix Touka O siBjisieTcss OOGBIKHOBEHHOM
TOYKOH, TakK Kak

2 (g — #5050 ) b = (0, 0) £ 0.

Korga kpuByio onpenensior
KaK reoMeTPHYeCKOe MeCTO TOYEK,
YIOBJIETBOPSIIOUMX  yPABHEHHIO
¢(x,y) =0, Touky O B paccma-
TPHBAeMOM CJIy4yae CYHTAIOT TeM
He MeHee O0COGOH H HashHIBAIOT
Y320800 TOYKOH,

[Tpumep. Teomerpuueckoe
MECTO TOY€K, YZOBJIETBODPSAMOIIUX
ypaBHeHHIO (¥ 4 y?)? — 2a% (x® —
— 4?) = 0 (nemHuckara bepHynsnu, uepT. 5), B OKPECTHOCTH
y3aoBofi Toukd (0, 0) COCTOMT M3 IByX aHAJUTHYECKHX KpH-

sux A4, u BB,

Yepr. 5.
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§ 4. AcUMNTOTH MJIOCKHX KPUBBIX

IycTb Y — He3aMKHyTas KpHBas,
x=x(@), y=y) (@<t<d)

ee ypaBHeHH$sI. ['OBOpAT, YTO KPHBasi YXOAUT B 6ECKOHEUHOCTh
C OJIHOM CTOPOHBI, €cM Npu ¢ ->a (uau npuf — b) x2 () +
+ y?2(f) > oo, Ecam xe u npu f{—a u npu £ —>b x2(f) +
-+ 42 () > co, TO rOBOPAT, YTO KPHBAsl yXOAUT B 6€CKOHEYHOCTh
¢ ob6enx cTopoH. OueBHAHO, CBOHUCTBO KPHBOH YXOAUTh B
6eCKOHEYHOCTb He 3aBHCHT OT €€ IapaMeTpPH3alLlHH.

Ilycte kpuBass | YyXOAHT B O€CKOHEYHOCTb, HampHMep,
npu t->a x? 4+ y? > co. I[lpsmas g naspiBaercs acumnmomot

KPHBOH 7, ecau paccrosiHue d (f)

Y TOYKM KpHBOH 7Y OT mNpaMmoil g

CTPEMHTCS K HYJIIO, Korjat-—»a
(uepT. 6).

dft) f Teopema. Jlaa mozo umobeot

& Kkpueas <, 3a0aHHAA YPABHEHUAMU

x=x({), y=y({) (@<t<b),
I/ 10 z yx005 8 beckoHeuHocme npu t —a,
umesqa acumnmomy, Heo6x00UMO
¥ u docmamouro:
1. lIpu t—a xoms 661 00HO
u3 0syx omnowenuti y (£)/x (%)
Uepr. 6. um x (t)/y (t) cmpemumeca K ko-
Heuromy npedeay. Ilycmo 0as
onpedesennocmu y (¢)/x (f) - k.
2. Ilpu t - a u 8bIN0AHEHUL NEPBO2O YCAOBUA BbLPAKCEHUE
y (t) — kx (t) makace cmpemumca K npedery.
Ecau smom npedea o6osnauume [, mo ypasHenue acumn-
momot 6ydem

y—kx—1=0.
Hoxasameascmso.
Heo6xopumocts. Ilycts g:

y—kx—1=0

acumnrTora Kpusoii 7. Belpaxenne

Yt — kx(t)—1
18



C TOYHOCTBIO N0 IOCTOSTHHOT'O MHOXHUTENSI PaBHO pacCTosi-
HHIO TOUKH (f) KpHBOH 7 OT nmpsiMoit g. A Tak Kak g acuMmm-
TOTa, TO
yt)—kx(t)—1->0 *)
npH
t—>a.
Ilpn t—>a x(f)> o, Tak KaK B NPOTUBHOM CJyuae
y(t) —kx(f) —! He MOXKeT ocTaBaThCsi OrpaHHYEHHBIM MpH
t—>a (x*(f) + y?(f) > o). A torma us (*) nosnyuaercsi, 4To

y@O)/x(t) >k
y () —kx(t) ~1,
Heo6xopxumocts joKasana.
HocratouHnocts. Tak Kak mpu ¢t —+a

y@)/x(@)>k n y(t) — kx(t)>1,
e y({t)—kx(t)—1-0.

A 310 3HauuT, uro TOYka (f) KpHBOH Y mpH f - a Heorpa-
HUYEHHO NpUOJIHKAeTCs K HpSIMOM

y—kx—1=0,

KOTOpasi siBJifieTCs, TaKHM o0pas3oM, acHMNTOTOH.
Teopema mokasana.
IIpumep. Kpuras
x=t y=25(=1<t<1)
(BeTBb rumepOoOJIB)) YXOAUT B OECKOHEUHOCTb MpH ¢ — 1
(uept. 7). -
[Mpu t—>1
x)y®)~>0, x({#)—0-y()—~1.
CiienoBaTesibHO, KpUBasi MMeeT aCHMITOTY
x—1=0.

PaccmotpuM Temepp Bompoc 00 acHMNTOTaX KPHBOH, 3a-
JAHHOH ypaBHeHHeM B HesiBHOM BHJIe ¢ (x, y) =0.

Kak Obli0 oTMeueHo, ypaBHeHue ¢ (X, y) = Oonpenenser
KPUBYIO JIHLIb B TOM CMBICJE, YTO TOYKH KDHUBOH yHOBJIe-
TBOPSIIOT ypaBHeHHIO ¢ (X, y) =0, Ho, BooOlle roBops, He
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HCUEPMBIBAIOT BCEX TOUEK MJIOCKOCTH, OOJAfAloLNX 3THM
CBOHMCTBOM. 3ajaya O pasbiCKaHHH acCHMITOT KDHBOH, 3ajaH-
HON ypaBHeHHeM ¢ (¥, y) =0, siBJsieTC He BIOJIHE OIpeje-
JgeHHo#. IIpencrapnsiercss BO3MOXKHEIM YKasaThb TOJbKO HEKO-
TOPYIO COBOKYNMHOCTb MPSIMBIX, COAEPXKAUlYI aCHMITOTHI.

Mpl  orpaHuumMcs ciaydaeM a/nreOpauuyecKuX KPHBBIX
(¢ (x, y) — MHOrOUYJIeH OTHOCHTEJIbHO NEPEMEHHBIX X H Y).
[Tyete (X, §) — npousBosbHAs
y TOYKA ACHMITOTHI

x=X+k, y=pg-+pu
— ypaBHeHHe aCHMITOTHI B Mapa-
MeTpuyeckoli  ¢opme. Ofo3HauuM
Q () Touky KpHBOM, GIMKaANIIYIO K
Toyke (u) acumMnToTsl. KoopauHAaTHl

Toukn Q (u)
1 x(u)=%+ hu+ E(u),
Yepr. 7. y) =9+ pu+ (),
rie

E(u) u n(u)—>0 mpu u - .
OGo3HauuM @, COBOKYIHOCTb 4J/IEHOB CTEIIeHH £ B MHOrO-
yeHe ¢, Torga:

¢ = <Pn+cpn—1+ cre +<P0'
Ioncrapnssa B ¢ (x, y) x = x(u), y = y (4) ¥ BeIIENSAS UIEHH,
cogepxamue u” H 4", monyuyum:
o px@) gy =ule, (A W)+
+ uﬂ-—l {x ((Pn ()" l"‘)))\ + Y (cpn ()" P‘))P + an—l ()&, l"')} + e

B npapo#i uyacTH paBeHCTBA He BHIMHCAHBI YIEHH, HMeEIOIHE
NOpAA0K Hume w1,
Tak kak ¢ (x(u), y(u))=0, a, caenoBaTe/bHO,
1
7 ? @), y)->0 mpr u >0, 10 ¢, (A, p)=0.
AnasornyHo noJsyyaem
(@ b+ 7 (2n (s ) + €0y (A, p) = 0.
Tak kak (¥, y)— NPOU3BOJILHASL TOYKA ACHMIITOTHI, TO

9TO PaBEHCTBO €CTb ypPaBHEHHE ACHMIITOTHI,
I[Ipumep. CocTaBUTb ypaBHeHHE ACHMIOTOT TUIEPGOJILI

X —3xy+ 22+ x+1=0.
P2 (A, p) = A2 —3hp. + 2p2 = 0.

HmeeM:
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Orcioma pas A U ¢ NOJy4aeM C TOUHOCTBIO JIO HECYIECTBEH-
HOTO MHOXKHTEJNSI JBe CHCTeMbl 3HaueHHu# A =1, p=1; A = 2,
p= 1. [logctaBasAs 3TH 3HAYEeHHs B MOJYYEHHYIO BhIOIe
¢dopmyay, HaXxOQUM AaCHMIITOTHL:

—x+y+1=0 x—2y+4+2=0,

YNMPA)XHEHHU S K TJIABE 1

1. Toyka M ABHXKeTcS B NPOCTPAHCTBE TaK, UTO €€ MPOEKIMS Ha
IJIOCKOCTh XY DPaBHOMEPHO JBHXKeTCH MO OKPYXHOCTH x2 4 y?=a%c
yI7I0BOH CKOpOCTBIO ®, a NMPOEKUHs HAa OCb Z JABHIKETCS PaBHOMEDHO
CO CKOPOCTbIO ¢. KpHBasi, KOTOPYIO ONHCHLIBae€T Touka M, HasmiBaercs
npoctoit BUHTOBOH JHHHeH. COCTaBHTh YypaBHEHHE BHHTOBOH JIHHHH B
napameTpuueckoli ¢opMe, nNpHHAB 3a napaMerp BpeMs f. CuuTaThb, 4FO
B HauaJbHbl MOMeHT (f = 0) KoopAHHaTH ToukH M cyTsb a, 0, 0.

OTBeT. x =acosof, y =a sinwt, z=ct.

2. IlpocTass BHHTOBas JHHHA (ynpa)kHeHHe 1) mMpoekTHpyeTcs Ha
IJIOCKOCTh XY NYYKOM nNapasjleibHBIX MNPSIMBIX, o6pasylomux yroa #
c ocwlo z. Haiitu ypaBHeHHe mpoekuuH. IIpH kakoM 4 mpoekuusi 6yjaet
HMeTb ocoOble TOUKHP? BEISCHHTb XapakTep OCOOBIX TOYEK.

Orteer. Eciu myd4oK nNpOeKTHPYIOMIHX NPSIMBIX NapajjeseH IJI0CKO-
ctd YOZ, 1o ypaBHeHHSl NpPOeKUHH GyAyT

x=acosot, y=ctigd+ asinot.

aw
[poekuuss GyneT HMeTb ocoGble ToukH, ecan tgd= e Ocobrie
TOUKH — TOYKH BO3BpaTa NepBOro poia.

3. OKpyXHOCTb pajfiHyca a paBHOMEPHO KaTHTCS 6e3 NMPOCKaNb3bl-
BaHHSl Mo TNpPSIMOA g co CKopocThio v. HaliTu ypaBHenne KpHBOH T,
KOTOPYIO OMHCHIBaeT Touka M, HeMOJABHKHO CBSI3aHHAsl C OKDPYKHOCTBIO.
[Tpn KaKoM yCTOBHH KpHBast Y HMeeT OCOGble TOUKH? BBLISCHHTL Xapak-
Tep OCOGBIX TOYEK.

Otser. Eciu npsMyio g npHHSATE 33 OCb X H B HayaJlbHHIH MOMEHT
Toyka M HaXOAUTCA HAa OCH Y HHIKe LEHTPa OKPYMKHOCTH, TO YPABHEHHS
KpuBoO# | 6yayT

4 ot
x=vt'—bsm? , y=a—bcos i

rae b — paccrosinHe TOYKH M oOT LeHTpa OKpYyXKHOCTH. KpHBas nMeer
oco6ble TOYUKH, eClH TouKa M Ha OKPYXKHOCTH (B 3TOM cjydae KpHBas
Y HaspiBaercs yuxaoudod). Ocobble TOYKH — CyTb TOYKH BO3BpaTa
nepBoro poja.

4. JloxasaTh, 4TO KPHBasf, 3aflaHHas yPaBHEHHEM

2 2 2
Ixf %+ |y|®=a? (actponna),

ABNSETCS aHaJIHTHuecKod KpuBoll. Hafitw ee ocoGrie TOYKH. BrisscHHTB
xapakTep 0coObIX TOYEK.
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OTBer. Kpusaﬂ JONyCKaeT OYEBHAHYIO aHAJNUTHYECKYIO NMapaMeTpH-
3alllo

x=acos¥t, y=asindt,
a cJeloBaTeNbHO, aHajduTHueckas. Oco6ele Touku: (0,1), (0,-— 1), (1,0),
(—1,0). Oco6sle TOUKH — TOYKH BO3BpaTa MEPBOrO PoAa.

5 CocTaBHTb ypaBHEHHS! aCHMITOT KPHBBLIX:
1. x=asint

y=a (cos t + Intg %) (TpaKrtpuca).

2. x3 + y8 —3axy =0 (auct [lexkapra).
OTser.

1. x=0.

2. x+y+a=0.

3AJAYA H TEOPEMBDI K I'JIABE 1

1. Ilyctb
x=x@), y=y@), z=2()
KaKasi-HHOyAb TNapaMeTpH3aulusi 3/eMeHTapHOH KpuBoil. Toraa umwo6as
Ipyras mapaMeTPH3alHsl HMeeT BHJ
x=x(a(v)), y=y((x)), z2=2(a(x)),
rae o (t) — HenmpephIBHAasg CTPOrO MOHOTOHHAs (QYHKIHS.

2. Kakasi crenmenb pery/spHOCTH KpHBOH, 3aJlaHHOH ypaBHEHHEM B
HesaBHONH ¢dopMe ¢ (x, y)=0, rapantupyerca n-kpatHoit HuddepeH-
nupyeMocTbio QyHKUMH ¢, ecan @2 + <p; #+ 0? Moxer au KpuBas o6na-
nath GOabuieH peryJspHocThio? ITocTpoHTb mpuMep.

3. INocTpouTb npHMep KpHBOi, KoTopas He gonyckana Gul IviaJKo#
napaMeTpH3alMH HH Ha KakKoH cBoell uacTH.

4. Tlycth nlockasl aHalMTHuecKas KPHBasi Y B OKPECTHOCTH TOYKH
(x0, Yo) 3anaetcs ypaBHeHHeM ¢ (x, y)=0, rie ¢ — aHaluTHYecKas
¢ynkuus. ITycTe B Touke (X, Y,) OYHKIHSA ¢ H BCe ee MPOH3BOAHBIE
Jo n— l-ro mopsijKka paBHB HYJIO. JloKa3aThb, YTO €CJAH BCE KOPHH

MHOTOuJIeHa
P 2
PO = Z ¢ xkayl
k+i=n

BellleCTBEHHB H PAasjHYHB, TO A/ KPHBOH y Touka (x,, Y,) fiBAsieTCH
OGLIKHOBEHHO! TOYKOH B cMbIcie onpejenenus § 3, ra. I.

5. HaiiTH YC/IOBHS CYLIeCTBOBAHHS aCHMNTOTHl MPOCTPAaHCTBEHHOH
KpHBOH

(%o, Yo)

x=x(), y=y(), z=2z(),
yxoxsumeil B GeCKOHEYHOCTb MPH f—> @, AHANOTHYHBIE MONYYEHHBIM B
§ 4, ra. 1 pas miockofi KpHBOH. !
" C¥cTaBuTb ypaBHeHHE ACHMITOTHL
6. CocTaBHTb ypaBHEHHE acHMNTOT ajreG6paHuecKoil MPOCTPaHCTBEH-
HOH KPHBOH, 3aJlaHHOH YDaBHEHHSIMH B HeSBHOM BHJe

(X, Y, 2) =0, "H(Xv Y, 2) =0,
rae ¢ H ql—MHOI‘OqJIeHbl OTHOCHTe/IBHO X, Y H 2, MOJAOGHO TOMY Kak
9TO CHENaHO AJs MAOCKHX KpHBHX B § 4, M. L.
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IFarasa Il

MOHATHUSA AJid KPHUBbIX, CBA3AHHDBIE C NMOHSTHEM
CONPUKOCHOBEHH I

Iycte M u M — MHOXeCTBa TOUEK NMPOCTPAHCTBA, HMEIO-
uve ofuyio touky O. Ilycts X — mpousBosibHasi TOYKa MHO-

xectBa M, h (X) — ee paccrosiHme oT MHoxectBa M (Tou-

Has HHXHSIS CpaHb pacCTOSIHH{I ToueK MHOXKectBa M oT
tToukd X) u d (X) — paccrostnue ToukH X ot Ttouku O.

Mu Gynem roBopuTh, uTO MHOXKecTBO M conpukacaemcs
c MHO)kecTBoM M B Touke O, eciiu otHouterue A (X)/d* (X) (a>1)
CTPEeMHTCS K HyJI0, Korga Toyka X HeorpaHH4eHHO MpH-
6nuxaercs K

C nomollbi0 TMOHSITHS CONPHKOCHOBEHHS! BBOASTCS MHO-
rHe MOHATHS JJisi KPHBBIX. MBI paccMOTpUM HMX B HAcCTOs-
meHd riase.

§ 1. BekropHas (yHKuHs CKaJASIpPHOTO aprymMeHra

B nanbHeiiiieM H3JIOXKeHHH Mbl OyJieM IIHPOKO IIOJb-
30BaThCSl 3JIEMEHTAPHBIMH CpEJCTBAMH BEKTODHOrO aHAJIK3a.
B CcBA3H C 3THM HamnOMHHM OIpeje/ieHHe HEeKOTOPHIX II0-
HATHH.

[lycts G — mo6oe MHOXKECTBO TOYEK Ha MpsiMOii, ILIOC-
KOCTH MJIM B MPOCTPaHCTBe. ['OBOpAT, uTO Ha MHOXKecTBe G
3ajaHa eexmop-gpynkyus f, ecqm Kaxpoid Touke X 3TOro
MHOYeCTBa COMoCTaBjeH BekTop f(X).

Ins BekTOp-OYHKUHMHA Tak »Ke, KaK H JJi CKaJspHBIX
GbyHKUHA B aHamu3e, BBOAMTCS MOHsATHe. npedesa. I'oBopAr,
uto f(X)—>a mpu X—->X,, ecmu |f(X)—a|->0 npu

- X,.

Jns BekTOp-QYHKUMHA HMEIOT MECTO TeOpeMhbl O TMpepele,
aHaJIOTHYHble TeopéMaM O Inpejene AJS CKAJISPHBIX (QYHK-
uuii. Hanpumep, ecau f(X) u g(X) eexmop-pynxyuu,
a MX) — ckarapuan pyuskyus u npu X - X, f(X)—>a,
g(X)—=b u M(X)—>m, mo

f(X)+g(X)>axb,
AX) - f(X)—>m -a,
[(X)-g(X)>a-b,
f(X) X g(X)—>axb.
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Joka3aTeqbCTBO 3THX YTBepXKAEHHH TNPHHUWNHAJILHO He
OTJINYAeTCs OT JOKAa3aTeJbCTBA COOTBETCTBYIOUIMX yTBEp-
KAEHUH [N CKadApHBIX GyHKUMA B aHaquse. [lyis nmpuMmepa
JIOKaxeM Ioc/efiHee yTBepXueHue, VMeem:

IF(X) x g(X)—axb|=
= |(F (X)—a) X (g (X)—b)+(f (X)—a) x b—(g (X)—b) xa|<
<[FX)—allgX)—bl+][(X) — allb] + lg(X)—b]al.
Orciona caenyer, uto |f(X) X g(X) —ax b|—>0 mpu
X - X,. A 3to 3Hauut f(X) X g(X)—>a X b.

Jns BekTOp-GYHKUHH BBOJHTCS MOHSTHE HENPepbIBHO-
cmu nojpo6HO TOMY, Kak AJsl cKansipHbX ¢yHKIuH. MeHHo,
¢yHkuus f(X) HasblBaeTcsl HeNpephlBHOM B Touke X, ecau
f(X) > F(Xo) npr X ~ X,.

Myemo [(X) u g(X) — eexmop-pynxyuu Henpepoisroie
8 mouke Xy, a AN(X)—ckarapHas ¢pynkyus, HenpepoisHAA
8 amoti mouxe. Toeda eexmop-pyrKyuu

MX)F(X), F(X)xg(X), [(X)xg(X),
a makace ckarapraa pynkyua  f(X) - g(X) HenpepoisHo
8 mouke X,. DTO CBOHCTBO HENpPEpPHIBHOCTH $IBJISETCS MPOC-
TBIM CJIEICTBUEM CBOHCTB Ipejena.

INoHATHe NpPOH3BOAHOM.

IMycts  f(f) — BekTOp-DYHKLHUSA, oONpenejeHHass Ha OT-
peske. [oBopAT, uTO BeKTOp-QYHKUUS [ HMeeT B TOUKe f
oTpe3ka npoussodHyo, ecJu CYIeCTBYeT INpejes OTHOLIEHUS

fe+mn—ri@
h

npu A 0. ITpousBognas B Touke ¢ oGo3Hauaetcs f’(f).
Ecau f(t) u g (t) — Ougpgpeperyupyemoie 6 mouxe t eexmop-
pynryuu, a \(t) — ougpgpepenyupyeman 6 smoil mouke cxa-
AAPHAR  pynkyus, mo A(E)f(t), [(f) £ g(t), [() X g(t),
() g(t) cymo ynryun, Ouggepenyupyemoe 6 mouxe t,

npuuem
(M) = NTF+ N
e =i=+g,
(Fxg)y=Fxg+ixg,
(fey =fg+fg'"
S1u dopmynsl AHddepeHIHPOBAHUS NOIYYaAOTCs GYKBalb-

HO TaK e, KaK COOTBETCTBYyMoLlHe (OpMyJibl AHPdepeHIH-
POBAaHHA CKaNAPHBIX (YHKIHH B aHaJ/H3e.
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TlponsBosnas BekTop-GYHKUMH f’(f) HasbiBaeTcsl BTOPOH
npousBogHo#l GyHKuMU f(f) ¥ obGosHauaercs f” (f). Anamo-
THYHO OmpejiesisieTcsl TpPeThbsl, 4YeTBepTass W T. A. IPOH3BOA-
HbIE,

DyHKIHUS, UMeomass HelpephiBHEIE NPOU3BOAHBIE JO R-TO
nopsjKa BKJIIOYHTEJSbHO Ha oTpe3ke (a, b), HaspIBaeTcs K
pas Ougppgepenyupyemoti pyukyuel Ha 3mom ompeske.

[lycte e, e, e;— TPH BeKTOpa, He Jexamue B OJHOH
nockocTH, Kaxplii BEKTOp 7 JONyCKaeT mpeicTaBieHue B BHJIE

r = xe, 4+ ye, + zes:
YHCJa X, Y, 2 ONpeNeNsiloTCs OJHO3HAYHO M Ha3bIBAIOTCSH
KOODAMHATaMH BEKTOpa r OTHOCHTeNbHO 0asuca e;, e, es.
ITyctb r(¢f) BekTOp-®OyHKUMS, 3afaHHAs Ha OTpe3ke.
OnpepenuM Tpu ckansipele ¢yHkuuu x (¢), y(¢), z(t) ycmo-

BHEM
r(ty=x({t)e,+y(t)e,+ z2(¢)e.

Torna, ecau ¢ynxyuu x(t), y(t), z(t) nenpepeisHor uiu
Ougppepernyupyemot, mo eexmop-pynkyus r(t) HenpepoigHa,
coomsemcmeenno Oughgpepenyupyema. O6pamHo, ecau sexmop-
pynkyus r(t) HenpepeisHa uiu Ouggepenyupyema, mo pyHk-
yuu x(t), y(t), z(f) Henpepsienol, coomeemcmaeenHo Ougdge-
peryupyemo.

Jns nokasaTenbCTBA BTOPOrO YTBEpIKIEHHS DaBeHCTBO
r(t)y=x()e; + y(t)e, + 2(f) e; yMHOXKHM CKaJsIPHO Ha BeK-
TOp e,, TEepPINeHJUKYJADHbIA BEKTOpaM e, H e3. Torjaa Io-
aydauM x (f)(e;e; ) =r(f)e,. Orciopa BHIHO, YTO HeNpephIB-
HOCTb WJIH . JU(GhepeHIpyeMoCTb BeKTOP-OYHKIUHA r (f) BJle-
yeT 3a co0oH HelpeprIBHOCTb, COOTBETCTBEHHO AuDdepeHIupy-
eMOC(Tb, ¢yHKuME x(¢f). AuanoruuHo aas ¢yHKuMi y(f)
u z(f).

Hrn sexmop-gpynxyuii umeem mecmo opmyra Tediropa.
Hmenno, ecau f(f) n pas Ougpgepenyupyemas yrkyus, mo

Flt+ 80 =F@O)+ M (O + - + 55 (O @) + <, A,
rae |e(f, Af)| -0 npu Af - 0.
B camom gene, f(f) = x(t)e, + y(¢)e, + 2 (f) es. Ho

x(E+ At = x(8) + A’ () + -+ + o (O (1) + &),
YU+ B =y O) + Aty () + - + 57 GO (0) + =),
2(t+ At = 2(t) + Atz (1) + - + o (2O () + <),
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YMHOXKast 3TH paBEHCTBa Ha ey, €,, €3 COOTBETCTBEHHO, CKJIa-
AviBasi ¥ 3aMeuasi, uto x*) (f) e, 4+ y® (¢) e, + 2® (H)es = [P (¢),
nonygaeM c¢opmyay Teftnopa Ans BekTOp-PyHKIHHU f(£).

IToHsiTie wWHTerpasa B cMbicje PumaHa Ajs BeKTOpHOMH
byHKUMH BBOAHTES OYKBaJbHO TaK e, KakK JJs CKaJsip-
HOH ¢yHKunu. VHTerpanm BekTOp-pyHKIHUH obnajfaeT OObIU-
HEIMH cBoficTBamu. HMmeHHo, ecau f(f) wenpepowsnas Ha om-
peske a < t < b sexmop-gpynxyua u a < c <b, mo

b c b
§N0ﬂ=§ﬂom+§mow.

Ecau m — nocmoanuas, mo
b b

(mityat =m ( f@yat.

a
Ecsiu r— nocmosunsui eexmop, mo

b

Xrﬂﬁdb:rfﬂﬁdt

a
b b

(rxiwat=rx{faeat.

Hmeem mecmo ¢opmysra Ougpgepenyuposanus Heonpedenen-
HO20 UHMme2paiq

ft)dt =f ().

L3
dx

Ry

B sakjioueHve 3aMeTHM, 4TO NapaMeTpHYeCKoe 3aJaHHe
KpUBOH ypaBHEHH MU

x=x(t), y=y(),z=2()

9KBUBAJEHTHO 3a/laHHIO €€ C MOMOULLbI0 OJAHOIO BEKTOPHOro
YpaBHEHHS

r=rf)=x({@)e.+y@)e;+z(t)es,

Tle e, e, e;— e[MHHUHble BEKTOPH, HMeIOllMe HampaBsJe-
HUS KOOpPAHHATHHIX ocedl X, y, 2.
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§ 2. KacatenbHasi KpuBOii

IMycte Y —kpuBasi. P — Touka Ha Hell U g — mpsMasd,
npoxojsias yepe3 TOuKy P. Bo3bMeM Ha KpUBOH TOuky Q
4 0003HauMM ee pacCTOSIHME OT TOYKH P U mpsiMoil g uepe3
d ¥ h COOTBETCTBEHHO.

Mmu 6yzeM HaselBaTb NpsMYIO g Kaca-

meabroli K KpHBOH 7 B Touke P, ecau g
h/d -0, xoraa Q - P (uept. 8). 7
Ecau kpusas y 8 mouke P umeem ka- p

cameabhyto, mo npamas PQ npu Q- P
cxodumeca K amoi kacameasroid. O6pamno,
ecau npamasa PQ npu Q- P cxodumcsa «
Hekomopou npamoil g, mo 3ama npamas Ae- Q
asemca KacameasHoti. s JlokasaTesbCTBa
3TOr0 YTBEpXKJAEHHS JOCTaTOYHO 3aMETHTh,
uto h/d ecTb cHHyC yria, o6pa3yemoro mps- Yepr. 8.
MbeiMH g u PQ.

Teopema. 'iadkan kpueas | umeem 8 KaxcOol mouke Ka-
CamebHylo U NPUMOM eOUHCMBERHYIO.

Ecau

=r(f)

8eKMOPHOe YpasHerue Kpueol, mo kacameabHas 6 mouke P,
coomseemcmeyrouel. 3Ha4esuro napamempa t, umeem Hanpas-
nexue sexmopa r’ (t).

Hokaszameascmso. JlonycTuM, KpHBasi | B TOUKe P, cOOT-
BETCTBYIOLIEH 3HAYeHUIO NMapameTpa f, HMeeT KacaTesbHYIO g.
[TycTh © — eAMHHYHBIH- BEKTOp, HMEIOIHH HaNlpaBJeHHe Mpsi-
Moit g. Paccrosinve d TOYKH Q, COOTBETCTBYIOLIEH 3HAUCHHIO
napaMerpa t -+ Af, or Touku P paBHO |r(f + Af)—r(1)|.
Paccrosinve A Touku Q OT KacaTenbHOH paBHO |(r(f -+ Af) —
—r(#)) X t|. Tlo onpeleseHHI0O KacaTe/lbHOH

[(r (¢ +88)—r (@) Xr|

h
= T =r0] — 0 mpu Af 0.
Ho
[+ A)—=r@) X <] _
[r (¢4 A8y —r ()]
(r(¢+8) —r@®) ‘
TN L lroxe
r¢+488)—r) | 1@
Af I
Or1ciona
r'() x==0.



A 3T0 BO3MOXKHO TOJMBKO TOTAa, KOTAa BEKTOD T MMEET Ha-
npasseHre BekTopa r’(f). Takum oGpa3om, ecin KacaTesbHAast
CylllecTByeT, TO OHa HMeeT HampaBJjieHHe BekTopa r’ () H,
CJeloBaTe/bHO, eJHHCTBEHHA.

To, uro mpsiMasi g, mpoxoasiias uepe3 Touky P u ume-
Iolas HanpasJeHHe BekTopa r’(f), fIBJSeTCSl KacaTesbHOH,
TaKXe CcIpaBelJ/IMBO, MO0, KaK IOKa3blBAlOT NpejbIAyLiHe
BBIK/JAJKH, AJs TaKOH NpsiMOH

40
@1, [FrOxrel_,

P (r (¢t + A8 —r () X
4T T 0+ —r@] [ 1
Teopema Joxa3aHa MOJHOCTHIO.
3Hasi HanpaBJieHHe KacaTeJIbHOH, HeTPYIHO COCTaBHTH ee
ypaBHeHHe. JleficTBUTENBHO, eC/IM KpUBAs 33laHa BEKTOPHBIM
ypaBHeHHeM r = r (£), TO BEKTOp 7 IPOH3BOJILHOH TOYKH Ha
KacaTesJbHOH MOXHO NpPEeACTaBUTh TaK:

F=r(t)+ A (b).

Sto U ecTb ypaBHEHHWe KacaTeJbHOH B IapaMeTpHUYecKOH
¢dopme (mapameTp A).

BrolBefieM ypaBHeHHe KacaTesbHOH IJIf PAa3MHYHBIX CIy-
yaeB aHaJHTHYECKOTO 3aJlaHHsl KPHBOH.

ITycTh KpuBasi 3ajlaHa ypaBHEHHSAMH B MapaMeTPHYECKOH

dopme

x=x(t), y=y@), 2= 2(1).
TaKoe 3ajJlaHue KpHBOﬁ 3KBHBAJIECHTHO BeKTOpHOMy 3aJJaHHIO
r=r(t)=x({)e, +y()e,+ z(t)es,

rie e, e, €s—eJIUHHUYHBIE BEKTOPH 10 KOOPAHHATHHIM
ocsiM. 3aMeHssl BEKTOPHOe ypaBHeHUe

F=r(t)+ M ()

TpeMsl CKaJspHBIMH, NOJIyYHM ypaBHEHHs KacaTeJbHOH, COOT-
BETCTBYIOIHE NapaMeTPHYECKOMYy croco0y 3aJaHus

F=x(t) 0 (1), T=yO + Ay (), Z=2(0) + 22’ ()
WM B 3KBUBaJEeHTHOH dopme

X—x) _y—yl) _z—20
X (@) PE0) )
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Ecau KpuBas IJoCKad M 3ajlaHa ypaBHEHUAMH

X=X(t), y=l/(t)’
ypaBHeHHE ee KacaTeJbHOH 3amHILEeTCA TaK:
x—x() _§—y@®
PO yo -
YpaBHeHHe KacaTeJbHOH B cJyyae 3aJlaHHsl KPHBOH ypaB-
HEHHAMH

y=y), z=2(x) *)

NpPOCTO MOJyYaeTCs M3 ypaBHEHHS KacaTeJbHOH AJA ciaydas
napaMeTpHyeckoro 3ajaHus KpHBOH. J[OCTaTOYHO 3aMeTHTb,
uTO 3ajlaHHe KPHBOH ypaBHeHHMAMH (*) 3KBHBaJeHTHO napa-
METPHYECKOMY 3a/laHHIO

x=t, y=y), z=2z().

YpaBHeHHsl KacaTeJbHOH K KpHBOH, 3aJaHHOH ypaBHe-
HUAMH (*), 3aMHIIyTCA TaK:

_I—ym) _z—2(x)
¥ (x) z'(x) ?
UIM B 5KBHBAJICHTHOH Qopme
G=y®)+y ¥ E—x),
z2=2z(x)+ 2" (%) (¥ —x).
B uacTHocTH, eciM KpHBasi IJIOCKasi M 3a/laHa ypaBHEHHEM
y =y (x), TO ypaBHeHHe KacaTeJbHOH K HeH Oyler

y=yx) +y () (F—x).

CocTaBHM, HaKOHeI[, ypaBHEHHE KacaTesJbHOH K KPHBOH,
3aJlaHHON ypaBHEHUSAMH

(P(x1 Y, Z) =Or "P(x’ Y, Z)=0,
B TOUKe (X, Yo, Z), T/le PaHT MaTPULEI

(?x ¢y ?Z)
, be by b2
paBeH AByMm. ITycts

=x(t), y=y@), z=2()

Kakaf-HMOyAb peryJjsipHas napaMeTpusalus KpUBOH B
OKPEeCTHOCTH TOUKH (Xo, Yo, o).

X—x
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YpaBHeHue kacartenpHOfl K KPHBOM B TOuKe (Xo, Yo, 2o)

X=Xy _Y—Y _2—2

X0 Y0 2
Takum o06pa3oM, AJsi MOJYyYeHHS YpaBHEHHMS KacaTesbHOH
JOCTATOYHO 3HATb X :Y, :2,. BBIUHCIHUM 3TH OTHOLIEHHS.
FMeeM ToxpecTBa ¢ (x(f), y(¢), 2(f)) =0, ¢ (x(¢), y(),
z(1))=0. [OuddepeHuupys 3TH ToXKAecTBa no f, OyleM
HMeTh:

(Pxx’ + (Pyy, + chz’ = 01
$x" + 94" + 2" =0.

Orciona
V xl _ yl _ 2'
Py Pz Pz Px Px ‘ﬂy‘ !
Yy ¥z bz $x bx by
M ypaBHeHHE KacaTeJbHOH NpUMET BHA:
;—xo =§—yo - z—z
Py P2 Pz Px Px ¢y’
by $z b2 gx $x by
rje NpPOM3BOAHBIE @, ¢, ... ¢, B3ATH B TOUKE KacaHHs:

(xO’ Yo, ZO)'
Eciau KpHBasl IJIOCKasa ¥ 3aflaHa ypaBHEHHEM ¢ (x, y) = 0,
TO YypaBHEHHE KacaTeJIbHOH 6y,£LeT

X — Xo !;— Yo
Px —9y
lIJIﬂ BbIBOJA 3TOro ypaBHeHHﬂ JOCTATOYHO 3aMeTHuTh, UTO

3ajlaHie KpHUBOH B IMJIOCKOCTH Xy ypaBHeHHeM ¢ (x, y) =0
SKBHBAJEHTHO 33JaHHI0O e€e B IPOCTPAHCTBE YpaBHEHHUSMHU

e(x, y)=0, z=0.

HopmaabHoti TINIOCKOCTBIO KPHUBOH B TOuKe P HaswiBa-
eTcsl IJIOCKOCTb, INPOXOAsIas dyepe3 TOuky P mneprnespu-
KyJISIpHO KacaTespHOH B 3Toii Touke. CocTaBHUTb ypaBHEHHe
3TOH MJOCKOCTH TOCJe TOro, KakK H3BEGTHO YpaBHeHUe
KacaTeJIbHOH JJis Jo0oro cjayuyas aHaJIMTHYeCKOro 3afaHUf
KpUBOH He COCTaBJfeT TpyAa H IMpejAjaraeTcsd B KauyecTse
JIETKOr'0 yIpa:KHEHHH,
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§ 3. Compukacalomascsi NJIOCKOCTb KPHBO#H

[Mycte | —kpuBast ¥ P — Touka Ha Hel, & — IJIOCKOCTb,
npoxojsimas yepe3 Touky P. OGo3HauuM ‘A paccTosiHuE Ipo-
H3BOJIbHOH TOYKM Q KpHBOH OT IJIOCKOCTH & U d — paccTosiHHe
3TOH TOYKH OT TOYKH P.

Mul GyneM HaspiBaTh IJIOCKOCTBL O  conpuxacaroujetics
MJIOCKOCTbIO KpUBOH 7 B Touke P, ecim ortHowenue h/d* — 0,
xoria Q - P (uepr. 9).

Teopema. Pecyarapras (no xpained mepe, 08ascObl He-
npepoisro Oughgheperyupyeman) kpusas Y 8 Kascool mouke
umeem conpukacarouyyrocs naockocms. Ilpu smom conpuka-
caowjascs naockocme aubo eduxcm-
8enHas, aubo arobas NAOCKOCMb, CO-
Oepoauias KacameavbHyrw K Kpusod,
Asasemca conpukacarowelics. Ecau

r=r(t)

YpasHexue Kpugoi Y, Mo CORPU-
Kacaruasacs nAoCKOCmb 68 mouKe,
coomeemcmeyrouietl 3HAYEHUO napa-
mempa t, napasresbHa eeKmopam
r'() u r"(@). Yepr. 9.

Hokasameabcmso. IlycTb o — compukacalomasncs MmJo-
CKOCTb KpHBOH Y B Touke P, COOTBeTCTByIOwEH 3HAYECHHIO
napamerpa f{. OGO3HauMM e — €IUHHMYHBIA BEKTOpP HOPMaJH
K mjockocTH a. PaccTosinde TOYKH Q, COOTBEeTCTBYIOLLel
3HaueHUio mapaMertpa ¢+ Af, oT niockocTH a

h=le(r(+At)y—r()].
PaccTosuue 3Tod TOUKH oT P
d=|r(t+At)—r(@)]|.

HmeemM:

o lere+an—r@)| _
CErin—rmr =

er' (1) +er” (9 el

h
a:
s t
_’e (r’ () A+ r_2(_) A2 4 §1At2) s 5 o
=! (7 (OB T e500)° = 7T L e .
Tak xak npu At -0 h/d* >0, e, ¢,~0, a|r'(f)]|+0,
10 er'(t) =0, er"(t)=0. Takum o6pasoMm, ecau compuka-

carollascs IJIOCKOCTb CYILECTBYET, TO BEKTOPH r' (¢) u r” (f)
napaJJie/ibHel €H.
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B Tom, uto compuKkacawomascsi MJOCKOCTb BCerja cylie-
CTBYeT, HeTPYAHO YOeauTbcs. [LJ 9TOro Bo3bMeM IJIOCKOCTb d,
napaJjiesbHylo BeKTopaM r’ (f) u r” () (M0 OTHOWIEHHIO K HY-
JIEBOMY BEKTOPY MBI CUHMTaeM J00yl0 IJIOCKOCTb eMy mnapaJ-
JensHolt). Torpa er’ (f) =er”(t)=0 u,

’
€
r'T(,t-)%Ez,'-é-O I'[pH At—>—0.

Takum o6Gpa3oM, B KaKAOH TOUKe KPHBOH CYIllecTByeT
conpuKacawomascsa miockoctb. OueBHAHO, CONpHKAacaOIasCs
IJIOCKOCTh, OyJAyuM mapaJjJesbHa BekTopam 7’ (¢) u r”(¢),
OyZeT elMHCTBeHHOMH, ecan BeKTophl r’(f) u r”(f) He mapan-
JenabHbl. Ecsi Ke 9TH BeKTOpHl NapaliieslbHbl (HJIH BEKTOp
r"(t) =0), To mobas NI0CKOCTh, IPOBeJEeHHAs uepe3 Kaca-
TeJbHYI0O K KpHBOH, OyjgeT CONpHKACaroWeHCs INJIOCKOCTBIO.

Teopema nokasana.

CocTaBHM = ypaBHEHHe colpHKacamolleficd MJOCKOCTH.
Ilycts r = r (f) — BeKTOpHOE ypaBHeHHMe KPUBOH H f — 3Ha-
YyeHHe NapameTpa, CooTBeTCTBYollee Touke P Kpupoi. ITyctb
B 3TOA TOYKe r'(f) u r"(f) He mnapajuesbHble BEKTOpHI.
Torpa r’(t) X r"(f) GymeT BEKTOPOM HOpMaJ/H COINpHKAcCaio-
meficss njockocTd. Ecin 7 0603Ha4UTh BEKTOP IPOH3BOJILHOH
TOYKH CONpHKacaloleicsi MIOCKOCTH B TOuYKe P, TO BEKTOpH
F—r() un r'(tf) X r" (f) nepnenaukyasipubl. Orcioga ypas-
HeHHe colpHKacamolleiics NJI0CKOCTH

h
CJIeJOBaTEJIbLHO, =

F—r®) @ ) X 1" () =0

HIH
F—r@), r' ), r" () =0.

V3 »srtoro ypaBHeHHS JAjsd cJydyash [apaMeTpHUeCKOro
3ajlaHusl KpUBOH

x=x({), y=y{), z=2(f)

nojydyaeMm ypaBHEHHE conpuxacaxomeﬁc;i IJIOCKOCTH B BHJE

3"C__'x(t)’ g‘"!/(t), E—Z(t)
@) oy 2 =0.
")y 2@

BriBoji ypaBHeHHsl CONpHKacaiouledcss MJIOCKOCTH AJIst
JAPYTHX cJyYyaeB aHAJHMTHYECKOTO 3aJaHHsl KPHBOH MNpejo-
CTaBJIsIeTC YHTATeJO,
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Kaxpaa npsMas, mnpoxofgsuiasi uepes TOYKY KpHBOA
MEepNeHAHKYISIPHO KacaTe/bHOH, HA3bIBAeTCs HOPMQA6I0 KPH-
Boii. Cpeau STHX mNpsAMBIX B Cjaydae, KOrja COMNpHKAacaiw-
mascs MNJOCKOCTb SIBJSIETCSl €JHHCTBEHHOH, BbIJEJISIOTCA
JiBe 3aMmeuaTtesibHble MNpPSIMBIE: 24A6HAS HOPMALb — HOpMaJb,
Jexauasi B CONpPHKAacalowelcs IMJOCKOCTH, U Ouropmare —
HOpMaJjib, NepIeHAUKYAsipHAS CONPUKACAIOIEHCs MJIOCKOCTH.
Tak Kak H3BeCTHO YypaBHeHHe KacaTeJbHOH M CONpHKa-
caiolllefics TJIOCKOCTH, TO BLIBOJ YpaBHEHHH TIJIaBHOH HOp-
Mand M OGHHOpDMajM He COCTaBJsieT TPYyAAa H IPeJOCTaB-
JIsleTC UMTATeNI0O B KauecTBe YIPa)KHEHHUS.

§ 4. ConpHKocHOBeHHe KPHBbIX

[lycte 7 M 4’ — 3neMeHTapHble KpHBhE, HMeloulne 06-
myio Touky O. Bosbmem Ha kpuBoit |’ Touky P u o6o-
3HaUUM A ee pACCTOsSIHME OT KpPHBOH 7|, a d — pacCTOsiHHe
OT TOYKH

Mbl GyzmeM roBOPHUTH, YTO KpHUBast |’ HMeeT C KPHBOH
v B Touke O conpukocHosenue nopsdka n, ecJH OTHOLUEHHe

h/d* -0, gorga P -0 (uept. 10).

Ilycts 7 1 7’ — ofiMe KpuBHIE, HMeolKe OOLLYIO TOY-
Ky O. Mol GyleM roBopuUTb, 4TO KpHBas 7’ HMeeT C KpH-
Boii | B Touke O CONPHUKOCHOBEHHE [O-

psfKa N, €caH 3JeMeHTapHas OKpecT- 4
HocTh TOUuKH O KpHBOil |’ HMeeT cOmpH-
KOCHOBEHHE TMOPsIKa N C 3JIeMeHTapHOi z ?

OKPECTHOCTBIO KPHBOH 7. _
Teopema. [Tycmoe | Uy — pecyaaproie

naockue Kpusele, ¢ (x, y)=0— ypas- ’
Herue Kpusoil v, a x =x(t), y=y(f) —

ypasrenus kpusod y'. Ilycme e mou- ¢

ke O (x9, Yo) ‘Pf + ‘?’z +0. Yept. 10.

Toz0a, 0232 mozo umober kpusas |’ ¢
kpusoid | 6 mouke O umeaa conpuxocHo-
senue nopadka n, Heobxodumo u Aocmamouno, 4mobvl npu t,
coomeemcmeytoujem mouxe O, BbINOAHAMCL YCAOBUSL:

P, yO) =0, GE®, yO) =0, ...,
& o), ye) =0.
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Hoxasameascmeo. Tlyets M Touka kpusoit |’. Ilo ompe-
nenenMio ee paccrosinne h (M) oT KpUBOH 7 eCTb TOUHasn
HHXKHSS TpaHb pacCTOSHHH TOYeK KpUBOH 7| OT TOYKH M.
Ilpu pocratouHo#t GausocTd Touku M kK O 3Ta TOuHash HHUXK-
Hsisl TPaHb JOCTHraercsl JJisi HEKOTOPOH TOYKH M KpHBOii 7.

[Tokaxem, uto orpesok MM HanpaBJieH 1o HOpMaJIH KPH-
Boit 7 B Touke M. B camom pene, mycTb r (S) — BEKTOp TOU-
KW KpMBOH 7, a m— BekTop Toukn M. KBagpar paccros-
HHsl TOYKH M OT TOukH KpuBO# paBeH (r(s) — m)®. [las s,
COOTBETCTBYIOLLErO MHHHMYMY 3TOFO PacCTOSIHHS, HMEeM:

— (r(s) —m)? =

otkyaa (r(s)—m)r’(s) =0, a 310 3Hauur, uto BekTOop MM
HanpaBJ/leH 110 HOPMaJii KPUBOH | B Touke M.
[Tycth &, m — HampaBasiiOLlHe KOCHHyChl npsiMoit MM.

Kooppunatel Touku M uepe3 KoopiauHaThl ToukH M Moryr
6bITb BbIpa)KeHbl CJE1yIOIUM O0pasoM:

x=x-+th y=y+h,
rae h — paccrosHue Toukn M ot kpuBO# 7.

KoopauHatel x, y Toukn M, Kak TOYKH KPHBOH 7, YNOB-
JIETBOPSIIOT ypaBHeHHIo ¢ (x, y) = 0. Takum oGpasom,

¢ (x +Eth, y+nh) = 0.
Orciona

¢ (x, y) + the, (x, y) +vhe, (x, y) +hR =0,

rae R orpanuueno B okpectHocTd TOUukH O (xq, o).

[Mpu x-—>x, y->y, BhHpakeHue E¢, -+ nPp, CTPEMUTCH
K Tpefeny, OTJHYHOMY OT HYyJsl, TaK KakK MpeACTaBJsieT
cofoll CcKansipHoe IpPOU3BEAEHHE JBYX BEKTOPCB C KOODAM-
HaramMmd &, W H ¢@,, 9, KOTOpHle B TpejesNe OTJHYHBl OT
HyJs M HaNpaBJIeHE! MO HOpMATH Kpusoﬁ 1 B Touke O. Ta-
KHM 06pa3oM, BelHUHHA h = + h*R’ wpu M->0

Eox + 19, + NPy
MMeeT MOPSALOK ¢.

Ilycts M Ha KpuUBOH 7Y’ COOTBETCTBYET 3HAYEHHIO Napa-
metpa . Torga ee paccrosnue or O, paBHoe

lr@) —rt) | =1 —1) (r" (to) + ) I,
npu poctaTouHoil Gmusocty M K O uMeer mopsuok |f—t,|.
Orciopa cJefyeT, 4To AJsi TOro 4ToGBl KPHRasi 7’ HMesa
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¢ kpuBOil 7 B Touke O CONMPHUKOCHOBEHHe TOpSAKa 7, HEol-
XOIHMO H JOCTAaTOYHO, YTOGHI

px @), y()

T— )" — 0 npu ¢ 1,

Ho 310 3Hauur, uto BCe uJeHBHl pPAa3OXKEHHSI (QYHKIHUR
¢(x(f), y(@®) no crenensm (¢t —1f,) AO N-rO BKJIOYHTEJILHO
pPaBHBI HYJIO.

Teopema nokasana.

IIpumep. Haiitn napaGony Buga

y—@+ax+ ... +ax") =0,
KOTOpasi ¢ KpHUBOH

y=29(
B Touke (0, ¢ (0)) UMeeT CONMPHUKOCHOBEHHE AN-TO MOPSAKA.
CorJyiacHo Teopeme mpu x =0 u £=0, 1, ... n.
dk
m(cp(x)—ao—alx— ...—ax")=0.

Otkyza
, L in
a=¢0), a,=¢"0), ..., a&=7;27(0).
Hckomass mapaGosa: .
Y=2O) + ¢ Ox+5e" O+ ... +590).

§ 5. OruGarouas cemeicTBa KPHBBIX, 3aBHCALIHUX
OT mapametpa

Myete S { 1.} — cemeiicTBO
IIaJIKUX KPHUBBIX Ha IJIOCKOCTH,
3aBHCSIIUX OT TMapaMerpa o.
[nagkass KpHBasti | HasblBaercs
oeubaroujeli cemeicTBa S, ecsH
OHa B KaXJOH CBOeil TOUKe Ka-
caercsl XOoTsl Obl OJHOW KpHBOH
ceMefiCTBA H KaXIblM CBOMM
OTpe3KOM KacaeTcsi 6eCKOHeYHOro
MHOXKeCTBa KDHBHIX ceMeficTBa
(uept. 11).

Ipumep. I'nagkaa kpuBas,
He MMelomasi INPAMOJHHEHHbIX
yUYacTKOB, sBJseTCs orubarnoulei
CBOHX KacaTeJsbHEIX.
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Huxecnenyromas Teopema B H3BECTHO! CTeNeHH pernaer
BONPOC O HaXOXJeHHH orubarueil.

Teopema. ITycmbv kpuseie |. cemeiicmea S 6 obracmu G
3adaromces ypasHeruamu

p(x, y, )=0 a<<a<b,

20e ¢ — Henpepolero Ougbeperyupyeman QyHKYUL no ecem
apeymenmam, yoosaemeopAIOUAS YCA0BUIO ¢ cpj + 0.

Tozeda oeubarouwsan y cemeiicmea S (ecau ona cyujecm-
eyem) 3a0aemcs YypasHeHUIMU

. Py, =0, ¢ulx,y, 0=0
B TOM CMHICJE, YTO JJIs KaxJOH TOUKH (X, y) oruGaromiei
MOXHO yKas3aTb TakKoe a, 4TO CHCTeMOH 3HaueHHH X, y, a
6yAyT YJIOBJETBOPATbCA 06a ypaBHeHHss ¢ =0 u ¢, = 0.

. Hokazameavcmeo. Tlycte P (x, y) — MpOH3BOJIbHAS TOYKA
orubaronieii y. MoryT npepcraBHThCS [Ba CJay4asi:

1. B Touke P kacaercsi 6GeCKOHEYHOE MHOMKECTBO KPHBBIX
ceMelCTBA: Yo, Yagr - -«

2. B Touke P KacaeTcsi TONIBKO KOHEYHOE YHCJIO KDPHBBLIX
CeMeHCTBa: Ta;y - .. Yan-

Paccmorpum mnepBolil cayuaii. He orpannuusasi ofuisocTHy,
MOXKHO CYHTATb, YTO MOCJE[OBATEIbHOCTh UHCEN &, CXOIXHUTCS
K HEKOTOpOMYy 04 (a < a3 < b). Takx kak Touka P npuHapg-
JIEXKHT KaXJOH KPHUBOH Yq,, TO ¢ {x, y, a,) = 0. Orcrona

‘P(x, Y, a’k)—?(xn Y, al) = (ak_al) Pa (xv Y, a*) =0’
Tae o* 3akjgoueHO Mexay o, H «,. CJenoBaTesbHO,
¢a(x, y, a¥)=0. Ilpn & u > 0 a, U a, > a,, MOITOMY

(P(x» Y, ao) = Ov P (x: Y, ao) = 0,
4 yTBEepXKJIeHHEe TeOpeMbl B IEPBOM CJydae JOKAa3aHo.

PaccmorpuM BTopo#i cayvaii. JlomycTHM, TeopeMa He-
BepHa M, CJefoBaTesIbHO, NpH Jiobom a,(k=1, 2, ... n)
Pa (xv Y, a’k) 7+ 0.

OG03HauuM ®, 3aMKHYTYIO €& — OKDECTHOCTb TOUKH 0
Ha oTpeske (@, b) m O Mmaneii oTpe3ok oru6aromel y, co-
Jepxkautuit Touky P. Ecnm e ¢urcupoBaTh, a 8 B3fTh J10-
CTAaTOYHO MaJILIM, TO AJISI BCSKOH KpHBOH 7,, KOTOpast Kaca-
ercsi d, o NMPUHALJIEKHT OJHON M3 OKpecTHocTell w,. Ecan
JONYCTHTb NMPOTHBHOE, TO JIErKO NPHXOAMM K BBIBOJY, UTO
B Touke P KpHBOIl Y Kacaercsi HEKOTOpasi KpHUBasl cemeficTBa,
OTJIMYHAsl OT KPHBBIX Ya,, 4TO HEBO3MOMHO.
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OGo3HauuM M, MHOXKECTBO TOUEK OTpe3Ka 8, B KOTOPHIX
KacawoTcs KpHUBble 7, NpPH a  w,. OueBHAHO, m, SABJSETCA
3aMKHYTBIM MHOXKecTBOM. [TocTpouM oOTpe3oK 8, mpHHajJjexXa-
muil 9, o6AajalI(Mi IO OTHOMIEHHI0 K KaXJOMy MHO-
KEeCTBY /M, CJeJyIOUUM CBOHCTBOM: JIHGO MHOXKECTBO 1M,
COJIEPIKHUT IIOJHOCTBIO - OTPe30K 8, JIMG0 OHO He COAEpKHT HH
onHo#l ero Touku. Takoil orpe3ok & crpoutcs mpocro. CHa-
yajia CTPOHM OTpe30K d’, NpHYeM, ecaH OTpPe30K & cojep-
KHUTCA LEJHKOM B fi;, TO moJaraem 3’ = 93, ecau & He mno-
KPbIBA€TCSI MHOXKECTBOM 71;, TO B KayecTBe 8’ GepeM OTpe3oK
Ha JOMOJHUTEJNBHOM K /1, MHOXKecTBe 8 — m,. asbiie ana-
JIOTHYHBEIM CIOCOGOM CTPOMM OTpe3oK 8" ¢ MOMOUIbI0 OT-
peska 3’ M MHOXeCTBAa My U T. A. KOHEYHBIM YMCJIOM TaKHX
omepanuii Mbl NPHUXOJHM K OTpe3Ky 8, o6JajamoiieMy ykKa-
3aHHBIMH CBOHCTBaMH.

[TycTe MHOXeCTBO m, cojepxHuT oTpesok 8. Ilpu pocta-
TOYHO MaJIOM & CEMEHCTBO KDHBHIX 7o B OKPECTHOCTH TOYKH
P npn o c w, MoxeT GbITh 3aJaHO ypaBHEHHEM

b, y) =a,
rge ¢ (x, y) — HenmpepeIBHO nglq)tbegeﬂunpyemaﬂ yHKUHS,
yloBJIeTBOpAOmas ycsoBuo ¢, + ¢, # 0. 10 crenyer us3
Halllero NpejoJIoKeH sl 0 TOM, YTo B Touke R ¢, (x, y, a,) = 0.

KpuBasi 7 Ha oTpe3ke 6 MoxeT OHITb 3ajaHa ypaBHe-
HUSMH x =x(f), y=y (), rme x£(/) u y(f{) — HempeprBHO
nuddepeHnupyemble (YHKIHH, YAOBJIETBOPAIOLINE YCJIOBHIO
x4y # 0. ObosHaunM « (f) 3HaYeHHE MapameTpa o C Wy,
OTBeyamwllero KpHBOH 7., Kacawollelics oTpe3Ka 8 B ToUKe
(x (), y (). OueBugHo,

a(f) =9 x@), y@©)
ABJIsleTcsl HenpepbiBHO AH(depeHuupyeMoli (pyHKuIMeH.

Hnmeem

o' = '*P,\x’ + kl"_t,/y,-
Tax kak x’ M y’ — KOMIOHEHTH KacaTeJbHOro BeKTOpa
KpuBOH 7, ¢, U ¢, -— KOMIIOHEHTHl BEKTOpPA HOPMAJM KpHBOH
Y« (f), @ KpUBBIe 7. (f) ¥ 7 KacaloTcsi B Touke (f), T0 o’ =0
H, cJefoBaTesIbHO, o = const.

Takum o6pasoM, BAOJb OTpe3Ka 8 KPHBOH Y Kacaercs

TONBLKO OAHA KpHBAas 7T, CEMEHCTBA MpPH « C W, CJe0Ba-
TEJbHO, BO BCEM ceMeilcTBe S Haiijiercsi He Gojiee n TakHX
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KPHBBIX. A 1o onpenejeHHio orubaroieil HX JOMKHO ObITh
6ecKOHeYHOe MHOXXecTBO. Mbl NPHIIM K INPOTHBOPEYHIO.

TeopemMa paokasaHa.

3ameuanue. CHcTeMe ypaBHEHHH

Yepr. 12.

¢ (x, Y, Cl.) = O,

Cpa (xr yr a) = O’
BooOIle roBOpsi, MOTYT YAOB-
JIETBOPSATb KPHBLIE H He SIBJISAIO-
muecs: orubaromeii. Hanpumep,
ypaBHeHHI0 orubaiolel cemeii-
CTBa KDHBBIX

(x—oa)P+(y—ao)?—
—3x—a)(y—a) =0,
yIOBJIETBOPSIeT MpsiMast X =y,
KOoTopasl, OJHaKo, He SIBJIsieTCs
orubaromes. dra mnpsmas co-
CTOUT M3 y3JIOBbIX TOYeK KpH-

BhIX ceMmeiicTBa (uepT. 12).

YMPA)XHEHHS K TJIABE 11

1. s BHHTOBOH JIHHHH

x=cost, y=sint, z=t

B Touke (1, 0, 0) coctaBHTb ypaBHEHHS:

a) KacaTesbHOH,

6) compHKacarolmencs MIOCKOCTH,
B) HOpMaJIbHOHM TMJIOCKOCTH,

r) rJ1aBHOH HOpMaJiH,
) GHHOPMAJIH.
OTBer. YpaBHeHHe KacaTt

ypaBHeHHE CONMpPHKacarowy

ypaBHeHHe HOPMaJbHOH

x—1 y
1

€JIbHOM :

0

efics MJIOCKOCTH:
y— 2z2=0;

MJIOCKOCTH:
y+2z2=0;

ypaBHeHHE rjaBHOM HOpMaJnu:

ypaBHeHHe GHHOPMaJIH:

0

x—1 A
1

y=z=0;
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2. CocraBuTh ypaBHeHHe KacaTeJbHOR K KDPHBOH, 3allaHHOA ypas-
HEeHHAMH
Aty +2=1x+yr=x
8 rtouke (0, 0,l).

y _z=—1

I~ 0 °

3. Hafitn ypaBHenue napaGonn BHJa
y=x+ax+b,

x
OtBer, =

Kacaiomeficsi OKpyXKHOCTH

Kt yt=2
8 Touke (1, 1).

OtBer. y == x2 —3x 4 3.
4. Ha#itn KpuByio y = y (x), eciH H3BECTHO, YTO AJHHA OTpe3Ka Ka-

caTesibyoR MeXJy TOYKOH KacaHHsi H TOYKOH nepeceyeHHs KacaTelbHOM
€ OCbIO X MOCTOSIHHAa W paBHa a.

Orser. TpakTpuca:
a—Var =43 —
ctx=aln —7—+ Var— 4

5. Ha 6unHopMansix npocToi BHHTOBOM JIHHHH OTJIOXKEHBl OTPE3KH
onHOl ¥ Tofi ke AnuHbl. HaliTh ypaBHenHe KpHBOH, oGpasyeMoli KOH-
{amy 3THX OTPE3KOB.

OtBer. BuHTOBas JHHHA.
6. [Tox KakHM yrJoM mepeceKalTCs KPHBLIE

xy=c;, xX2—yt=0cy?
7. Ecim KpHBas | Ha IJIOCKOCTH nepeceKaeT KDPHBLIE CeMeficTBa

¢ (x, y) = const (<pi + q:; + 0)
0] NPSAMHIM YIJIOM, TO OHa YJAOBJIETBOPfeT ypaBHEHHIO
dx _ dy |

Fx 9
JlokasaTs. v
8. HaiiTu ceMeficTBO KpPHBLIX, NepeceKaloUHX MOJ MPSAMbLIM YIJIOM
BCe OKPYXKHOCTH, NMPOXOAslIHe yepe3 1Be JaHHble TOYKH MJIOCKOCTH.

Orser CeMeficTBO OKpyXKHOCTeH.

9. Hafitn ypaBHeHHe OKDYXHOCTH, HMelolled ¢ mapa6oJioii y = x?
B ee BepuIHHE COMPHKOCHOBeHHe BTOPOrO MOPAAKA.

Otser x® 4 y® =y.
10. Hafitn oru6amomyio ceMeficTBa MNpPAMBIX, OTCEKAIOMHX OT KOOP-
ZunatHoro yria XOY TpeyroJbHHK ¢ MJIomajbio 2a2.

OtBer. BeTBb paBHOGOKOH runmep6oJIbl xy = a®, pacmosiokeHHast B
yrae XOY

11. Hafith ornGaiomyio ceMedCTBa NPAMBIX, Ha KOTOPBIX KOOpPZH-
HaTHble OCH BbIPE3aloT OTPEe30K MOCTOSHHOH AJHHBI 4.

OrBer. Actponja: R R
Ix1® +1yl® =a?®.
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12. Hafitn oru6aiomyio TpaeKTOPHA MaTepHaJbHOR TOUKH, BhiGpa-
ChHiB1eMOR K3 Hauaja KOOPAHHAT CO CKOPOCTBIO Ug.

Orser. Ilapa6osa 6ezonacHocTH

— 8%
y 2vz+2g

(g — ycxkopenune CHJHl TSIKECTH).
13. Haiitu oru6aiomyio CBeTOBHIX Jyuell, HCXOASILHX M3 Hayaja
KOOpDJHHAT IOCJIe HX OTPaXKEHHS OT OKPYKHOCTH

x® + y? = 2ax.
Oteer. Yautka [lackaas:

(** + 4> —2ax)* +‘—1§—2(x2 +y’—1—i,g)=0-

3AJIAYM U TEOPEMBI K IJIABE II

1. Tlyctb Y — kpuBasg U P — Touka Ha Hefl, g— mpsiMasi, OPOXONs-
masi yepes pasjiHyHbleé TOYKH KpHBOH R u S. 'oBopsAT, uTO KpHBas Y
HMeeT B TOuKe P KacaTeJIbHYI0O B CHJIBHOM CMBLIC/IE, €CJIH NpsMble g
npt R u S— P cxonarca K HeKOTOPOH npsaMolt gp.

Jloka3aTs, 4TO eC/IH KpHBasi IVIaJKasi, TO OHAa HMeeT B Kax/ofl Touke
KacaTeJIbHYIO B CHJIBHOM CMEICJIe, 3Ta KacaTeJbHasi COBnajaer ¢ Kaca-
TeJbHOH B CMEBICJe OOBIYHOrO OnpejneseHHsi, NaHHOro B § 2.

Ecan kpuBasi HMeeT B KaxJOH TOUKe KacaTeJbHYIO B CHJbIOM
CMBIC/Ie, TO OHAa (KpHBasg) riaagkas.

2. JlokasaTb, YTO €CJH KacaTeJbHble [JajKoH KPHBOH NPOXOAAT
yepe3 OJJHY U Ty Ke TOYKY, TO KpHBas npeAcTaBJser co60H OTPe3OoK
npsiMoit, HJII MOJYNPSAMYIO, HJIH LEJNYI0 NpPSMYIo.

3. IlokasaTb, 4TO KacaTeJbHbie BHHTOBOH JIMHHHA

x=acoswt, y=asinwt, z=bt

HaKJOHEHH MOJ NOCTOSHHEIM YrJOM K MJ0CKOCTH xy. [TokasaTth, uTo
rjaBHble HODMaJH BHHTOBOH JIHHHH [epeceKarnT oChb 2.

4. VuBepcuell HasbiBaeTcs Takoe MpeoGpa3oBaHHe, MPH KOTOPOM CO-
OTBETCTBYIOLUIHE TOYKH PACIONaraloTCs Ha OJHOM, HAylleH H3 HEKOTOPOH
(UKCHPOBAHHOH TOYKH S (LeHTPa HHBEDPCHH) MNOJMYNPsMOMH, a mpoHu3Be-
JeHHe paccTosHHii HX OT S mocTosHHO. J[oKasaThb, YTO NPH HHBEPCHH
yribl MeXAy KPHBBIMH COXPaHSIOTCS.

5. JlokasaTb, 4YTO ecJH KacaTeJbHble KPHBOH mapaijesbHH HeKo-
TOPOH NJIOCKOCTH, TO KPHBas IJOCKas.

6. IIpy KaKoM YCJIOBHH NpsSMBIE gy

{a1(t)x+b1(’)!/+01(t)2+d1(t)=
a()x+ b))y + ca()z+dy (f) =

ABJAIOTCA KacaTeJbHLIMH K HEKOTOPOH KPHBOH
x=x(t), y=y), z=2z(t).
Hafity 3Ty KpHBYIO.

0,
0
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7. CocTaBHTh ypaBHeHHe CoONpHKacarouleficsi MIOCKOCTH KPHBOR, 3a-

JaHHOR ypaBHEHHIMH
¢(x, 4, 2)=0, "I’(xy Y, z) =0,
B TOuKe (Xg, Yo, 20)-

8. Ilyctb Y — KpuBasg H P — Touka Ha Hefl, a — MJIOCKOCTH, NPOXO-
Jsimasi yepe3 pasjHuyHble TOYKH KpHBoH Q, R u S. ToBopsaT, uTO KpH-
Bas | WMeeT B TOYKe P CONMPHKAcalomylocs MIOCKOCTh B CHIBHOM CMBIC-
Jle, ecJH MJOCKOCTH a nNpH Q, R u S— P cxoxstcs K HeKoTtopoil mioc-
KOCTH ap.

JlokasaTb, YTO €CJH peryjsipHas (IBaKXbl HelpepeBHO AuddepeH-
uupyemasi) KpHBasi B TOuKe P HMeeT eJHHCTBEHHYIO CONPHKAaCaloILyloCs
NJ0CKOCTh B OGLIYHOM cMbicle (§ 3), TO OHA HMeeT B 3TOH TOuUKe CO-
TIPHKACaIoLULyIocsl [JIOCKOCTh B CHJIBHOM CMBIC/IE H OHH COBHNAJAIOT.

9. BocCTaHOBHTH KPHBYIO

x=x(@), y=y(), 2=2()
Mo ee CONPHKAcCAamoWMUMCH IJIOCKOCTAM

Atyx+B@®)y+C(t)z+D(t)=0.
10. HokasaTh, uTO ecJqH BCe CONMPHKACAIOMIMECS MJIOCKOCTH KPHBOR
NpPoXOJsIT yepe3 OAHY H Ty 2Ke TOYKY, TO KpHBas mJoCKas.
11. loxkasaTb, 4TO ycJIOBHe, HeOGXOJAHMOe H JOCTaTOYHOE AJf TOro-
yT06bl KpHBas
x=x(), y=y(), z=2(1)
6blna MIOCKOA, COCTOHT B TOM, YTOGHI

’ ’

X z
X'’ yll 2" |=o.
X' ylll 2/ -

12. JTokasarb, 4TO CBOWCTBO CONPHKOCHOBEHHS KPHBHX B3aHMHO,.
T. €., ecjd TJIajKasi KDHBast Y, HMeeT C IJIaJKoff KDHBOH Yp CONPHKOCHO-
BeHHE MOPSAKa n, TO KPHBas Y, HMEeT C KPHBOH |, B TOH XKe TOuKe CO-
NPHKOCHOBEHHEe MOpAnKa n.

Iloka3aTh Ha mpuMepe, 4TO TpeGoBaHHE TIJIAJKOCTH CYHIECTBEHHO.

13. IlycTb KpHBHE Yy, Y2 H Y3 HMeIOT 00llyl0 TOUKY P, B KOTOpO#H:
KpPUBbie Y3 H Y2, Y2 H7Ys HAXONATCA B CONPHKOCHOBEHHH IOpAAKa n.
Torga KpHBHIE Y; H Y3 HMelOT B P Takke CONPHKOCHOBEHHE MOPANKA .

14. JokaszaTb, 4TO ec/iM KpHBasi B KaxKJOH TOYKEe HMeeT CONPUKOC- .
HOBEHHMEe TPEThEro Mopsiika ¢ ConpuKacawueics NI0CKOCTbIO, TO 3Ta KPH~-
Basi nJocKas.

15. Mexay ToukaMH KOOPAHHATHEIX OCeHl X H Y YCTaHOBJIEHO NPOEK-
THBHOE COOTBETCTBHE - 8

ax 4
y_'(x-l-ﬁ’ ad — By +# 0.

Iokazath, 4YTO CeMeHACTBO NPSIMEIX, COEAHHSIOMUX COOTBETCTBYIOIHE
TOUKH ocefi, orn6aeT KPHBYI0O BTOPOro HOpsifKa.

16. JlokasaTb, 4TO €CJIH OJHOMapaMeTpHUecKOoe ceMeHCTBO KPUBHIX:
Ha TUIOCKOCTH 3ajaeTcst ypaBHEHHSMH

s o ¢y aB)=0, flgB)=0,

npaueM f, 4 fﬁ #+ 0, To oru6amomas 3TOro ceMefcTBa YJNOBJIETBOPSET
ypPaBHEHHSM

9=0, f=0, g, +h,=0, g+1z=0
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® TOM CMBbIC/IE, YTO AJS Kaxaof ToukH (X, y) orubaroule MOKHO yKa-
3aTb Takde a, 8 H A, KOTOpble BMecTe ¢ X H Y GyAyT Y/OBJIETBOPATHL
YKa3aHHHIM YeTHIPEM YpPaBHEHHSM.

YpaBnenne oruGaroueil B HessBHOM BHJAE MOXeT GbITb MOJYYEHO My-
€M MCKJ/IOuYeHHs a, B, A H3 3THX ueThipeX ypaBHEHHi

Frasa 111

BOMPOCbl TEOPHH KPHUBbLIX, CBA3AHHBIE
C MOHATHEM KPHUBU3HbLI U KPYYEHUS

§ 1. Aauna ayrn kpuBoii. EctecTBeHnas
napameTpH3al us

Ilycte y — aneMeHTapHas KpHBas, sBJAsIomasicss o6pasom
OTKDBITOrO OTpPe3Ka g NpPH TOMOJOTHYECKOM OTOOpaXKeHHH f.
OrHocutenbHo JoMaHofi I” (uept. 13) ™Mbl 6yaeM TrOBOPHTS,

4TO OHA ANPABUAbHO 6NUCAHA B KpH-
gBy}O Y, €CJH mnpoofpasbl ee BepLUHH
Ha g CJefyloT ‘B TAaKOM JXe Mopsike,
KaKk ¥ Ha JjomaHoii. CBoiicTBO JioMa-
HO#l OBbITb NMPABHJILHO BIHCAHHON B KPH-
BYI0 He 3aBHCHT OT romeomopduama f.
KpuBasi HasmiBaeTcsi cnpamasemod
8 okpecmrocmu mouku P, ecam 3ta
TOYKAa HMeeT 3JIeMEeHTAPHYIO OKpecT-
HOCTb TaKylo, 4YTO BCe MPaBHJIbLHO
BIIHCaHHLIE B Hee JIOMaHble PaBHOMEpPHO
Yepr. 13. orpaHuueHsl 1o ajuHe. Kpuas, crpsim-
JsieMasi B OKPeCTHOCTH KaXKMAOH CBoei

TOYKH, HA3LIBAETCS! NPOCTO CHPAMASEMOL.

Orpe3koM KpHBOH Mbl OyJ€M Ha3pBaTh ee 4acTb, rOMeo-
MOpDHYIO 3aMKHYTOMY INpfIMOJIHHeHHOMY oTpesKy. Jaunoil
Odyzu ompeska (MU IPoCTO Ayroi) 6yaeM Ha3blBaTh BEPXHIOW
TpaHb JJIHH NPaBHJbHO BIIHCAHHBIX B 3TOT OTPE30K JIOMAHBIX.

Teopema. [1a0kas kpusas | cnpamasema. Ecau

r=r()
ee 2aadkasn napamempusayua u 1 (a <t < b) — ompesox Kkpu-
8ol |, mo OAuHa 3mo20 ompesKka
b

s ={1r@la.

[
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Hoxasameasscmeo. Ilycts P — npousBosibHASE TOYKA KpH-
Boil M r =r (f) — rnagkas napaMeTpu3anus KpHUBOH B OKpe-
CTHOCTH 3TOH Toukd. OuUeHUM AJHHY TNPaBHJLHO BIHCAHHOM
B OKPeCTHOCTb & < ¢ < ToukH P JomaHoii I,

Ilycte ¢y, ts, ... ¢, — 3HaueHHs mapaMeTpa, COOTBETCT-
BYIOLlMe TIOCJIeNOBaTe/NIbHBIM BepIUHHAM JiomaHo#. JIJIHHA
3B€Ha JIOMAHOH, COeAMHSIONEro BepluHbl (f,_,) 4 (¢;), paBHa
|r(t,)—r(t;—y)|. Oauna Bceii toMaHOM

s(N = E‘_ |r(t)—r (=) |-

VimeeM:

4

re)—rt) = § road.
A
Orciona '
4
Py —ritdl< § 17 @ 1dt < =t )M,

t.
—1

rae M — noctosiHHas, yjaoBJeTBOpsOMWas ycaoBuio |1’ (f) | <
< M. CienoBaTelbHO,

s < ME(t,—t,_) = M@ — ).

Taxum 06pa3oM, AJNHHbI JIOMAHBIX I, BIHCAHHBIX B OCTATOY"
HO MaJIyl0 OKPECTHOCTb TOYKH P, orpaHHYeHbl B COBOKYMHOCTH
H, CcJefOBaTeJbHO, KpPHBasl | CIpsiMJsieMa.

Haiigem anuMHy oTpe3ka | KPHBOH Y, 3aJaHHOrO ypaBHe-
HUeM

r=r(), a<it<hb.

Bo-nepBbix, 3aMeTHM, 4TO, [JOCJOBHO NOBTOPSS NpeIbIAY-
lliee paccyxaeHHe, ybexjaaeMcss B DPaBHOMEpPHOH OrpaHHYeH-
HOCTH JJIMH JIOMaHbIX, BIIMCAHHBIX B OTPE30K f CaenoBa-
TeJIbHO. JAJIMHA AYTH o‘rpesxa} KOHEeYHa.

Brnumem B oTpesok f Jgomanyio I', yJIOBIeTBOPSIOLLYIO CJie-
LYIOiLUM YCJIOBHSIM: 1)~ LJMHa JoMmaHoil ' oTjauyaercss oT

LJMHBl AYI'H OTpe3ka 7 He 06ojee ueM Ha e, 2) AJsa Bcex
i|t,,,—1t,] <8 3pecb e u 3 — yo6ble MONOKUTENBHBIE YHC-
Ja. CyuiecTBOBaHHe TaKOH JOMaHOH HeTPYAHO YCMOTpeTh.
B camom pene, cyuiectByer Jiomanas I, yjoBJeTBOpsIOLLAs
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flepBOMY YCJIOBHIO NO ONpeleNeHHIO AJMHB JYyTH OTpes3Ka
kpuBoii. IlomosiHsisi ee HOBBHIMM ® BepIIMHAMH, MblI He Hapy-
[IaeM TepBOro ycJoBHsi. Bmecte ¢ TeM 3TUM MOMOJHEHHEM
MOXKHO yJIOBJIETBODUTH ¥ BTOpoMy ycJjoBuio. [Ipu sToM MOXHO
CUMTATh TaK¥kKe, UTO HAuyaJbHOH BEepLIHHOM JIOMaHOH sBJseTcs
Touka (a), a KoHeuHoH — (b).

Hmeem:
b
Nlr@y—rl={1r @+
1 a b
+{Z<t.-— 17 @)1= (17 1) +
+ {2 [r@)—r(t—)| — 2 (t L) |7 ()] } ™

JleBast yacTb 3TOro paBeHCTBA OTJIMYAETCsl He GoJjee yeM Ha
e oT s(y) mo mocrpoennio I'. Urto Kacaercsi mpaBoH yacT,
TO OHa CKOJIb YrOZHO GJHM3Ka K

b
{1rwiae.

JleficTBUTENBHO, BTOpPOfi uJieH mNpaBoil 4YacTH MaJj BMecCTe
c 8 mo ompejeNeHHIO HHTerpana.
Tperunit uneH pgomyckaer mpeacTaBJIeHHe

It' t[
2|1 [ @ at] —21” r ()| at
i—1 i—1

H, CHEAOBaT&HbHO mo aGCoNIIOTHOM BeJIHUKMHE He TNIPEBOCXOHUT

Y S |r' () —r' (t)|dt—§e(t)dt
z—1
rae ()~ 0 nmpu 3 - 0 B cusy paBHOMEPHO HEMpPEPEIBHOCTH
¢ynknuu s’ (f). Hrak, Tperuii useH paBeHcTBa (*) Maa
BMecTe C O,
Takum oOpasoM, Mbl NMPUXOAMM K BHIBOLY, 4YTO AJIMHA

OTpe3Ka | KDHBOH Y CKOJIb YrOJHO MaJO OTJHYaeTcs OT

b
Vir @) at,

a, cJjenoBaTeJibHO, paBHA eMy.
Teopema JAOKa3aHa MNOJIHOCTbIO.
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ITycTs Y — cnpsivisieMass kpuBasi, r = r (f) — KaKas-HU-
6ynbp ee napamerpusauus. Ilycts s(f) — QJMHa LyrH oTpeska
ot kpuBoit Y. Ompenenum GyHKUHMIO o (f) yCTIOBUSMH:

o (t) = s(2), ecqu ty <t
o(t) = —s(f), ecam ty>t;
[o} (to) = O.

dyukuus o(f) crporo MoHoToHHA. TlostoMy ¢ MexHO mpu-
HATb B KayecTBe napaMerpa Ha KpuBoil. Takylo mapamerpu-
3anui0 Mbl GyleM HasblBaTb eCHeCm8eHHOl.

Teopema. EcmecmsenHas napamempusayus pe2ysspHot
(k pa3 Ougpgepenyupyemoti, anarumuuecxoti) kpugoti 6e3 oco-
6bix movex asasemcs peeyaapuot (k pas ougpgdepenyupyemod,
coomeemcmeenno anasumuyeckoi). Ecau r = r (o) — ecmecm-
6EHHAA NApPAMempus3ayus Kpusod, mo

if’(O)l =1.

Loxazamesscmeo. Tlyctb r = r (t) — Kakasi-HUGYAb pery-
JisipHasi mapaMeTpPH3audsi KPUBOH .Y B OKPECTHOCTH MPOH3-
BOJIbHOH TOYKH, COOTBETCTBYIOIlefl 3HAUeHWIO Mapamerpa oj.
Jlns Kaxporo orpeska, MpHHAJJ/ENKALIEr0 3TOH OKPECTHOCTH,

umMeeM
t —e
s—a= |V 7@ at.
ty

Tax kak do/dt =]/;’2 (t)>0, ar(f) k pas pauddepenunu-
pyemas ¢yHKuus OT f, To f siBasiercss k pas puddepeHuH-
pyeMoii ¢yukuueii s. Ho st o, 6Ju3KHX K o, r (o) = 7 (£ (3)).
Orcilona caenyer, uto r(s) — peryasipuas (k pas auddepen-
uupyemasi) GyHKLHS.

ds - dt de — dt

Cien0BaTeNbHO,
Ir' (@)= 1.
Teopema pnokasana.
B sakmouenne maguMm GOpMyJil st OJIMHBL AYTH pery-

JIIDHOH KDHBOH J1Jis1 Pa3/MYHBIX CJy4YaeB aHAJHTHYECKOro
3aJJaHus1 KPHBOMI.
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1. KpuBast 3ajana ypaBHeHusiMH:
x=x({), y=y@), z=z(».

ty f!
st t)=[lr@at =V +y7 2.
ty t,

2. KpuBasi 3ajana ypaBHEHHSIMH:
y=yx), z=2(x),

S(x1, xp) = S V14 y?+22dx.

Ilnsi MJOCKHX KPHBBIX, JIEXKAIKX B MJIOCKOCTH XY, B 3THX
¢dopMynax Hamo MOJOXKHUTb 2’ = 0.

§ 2. Kpusuana kpuBoif

[Tycts P — mpou3Bo/ibHAsI TOYKA pEryJsipHOH KpPHBOH 7
u Q — Touka KpuBOH, Osuskass K P. OGosHauum A% yron
MeXJy KacaTeJbHBIMH KPHBOH B TOU-
kax P u Q, a |As| — pauHy AyrH OT-
peska PQ xkpusoit (uept. 14).

Kpueusroii xpuBod | B Touke P
Mbl GylieM HasplBaTb INpejies OTHOILe-
Hus Ad/| As|, korpa Touka Q — P.

Teopema. Peeyrapunas  (Osascdot
Henpepoisro Ouggeperyupyeman) kpu-
eas umeem 8 kaxcOou mouke onpede-
neHHyto Kpususty k,. Ecau

Yepr. 14. r=r(s)

eCIMECMBeHHas napamempusayua Kpueod, ma
ky=r"(s)|

[Tycts Toukam P # Q COOTBETCTBYIOT
3HaueHUs mapameTpa s u s -+ As. ¥Yroa Ad
paBeH YIVIy MeXAy eIHHHYHBIMH Kaca-
TeJbHBIMH BeKTOpaMH 1 (S) =7'(s) u
< (s -+ As) = r' (s + As).

Tak kak Bektopbl t(s) U t(s+ As)
elMHHYHEIe H of6pasylor yroa Ad, To

(s 4 As) — < (s)| = 2sin 3 (aepr. 15).
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[ToaTomy
2 A% . A%
[t(s+A)—=(s)] _ “%"F S p

[3s] T TAT T A (&)
7

3ameuas, uto A% >0 npu |As| -0 no HenpepbIBHOCTH < (),
H nepexofsl K INpejiesy, NOJTYYUM:

|7 (s)| = k.

Teopema noxasana.
[lycth B RaHHOH# TOYKe KPHUBOH KPHBH3HA OTJHMYHA OT

1 ”
HyJisl. PaccMOTpHM BeKTOp v = ;—r"(s). Bekrop v epunmu-
1

HBIfl U pacloJIOXXeH B CONpHKAacalomeHcss MNJIOCKOCTH KPHBO:
(§ 3ra. II). Kpome TOro, 3TOT BEKTOp mNepNeHIUKYJSIPEH
KacaTeJIbHOMY BEKTOPY T, TaK Kak 12 = | H, cJiejoBaTe/bHO,
tt’ = tvk; = 0. TakuM 06pa3oM, 3TOT BEKTOp HampaBJ/eH Mo
rJ1aBHOH Hopmaju KpuBoi. OueBHJHO, HanpaB/ieHHE BEKTOPa
v He M3MEHHTCS, eC/IM M3MEHHTh Hayajo OoTcueTa AYT S HMJH
HanpaBJieHHe oTcueTa. B panbHeifiuieM, roBopsi 06 eIMHHYHOM:
BeKTOpe IJIaBHOH HOPMa/u KPUBOH, MHI GyIeM HMEeTb B BULY
BEKTOD V.

OueBHAHO, BEKTOp T X v = HamnpasJieH N0 OuHopmalr
KpHBOH. DTOT BeKTOpP Mbl GYJAeM Ha3blBaTb eOUHUUHLIM 6€K-
mopom buHopmasu Kpueol.

Haiinem BbIpaxkeHue pJisi KPHUBHU3HBI KDHBOH B ciayyae
Jio6oro mnapameTpHueckoro 3ajanus. IlycTh KpuBasi 3anaHa
BEeKTODHLIM ypaBHEHHEM

r=r(t).

Bripasum BTOpYIO NPOU3BOAHYIO BEKTOP-(PYHKIMH 7 MO AYre s
yepe3 MpoU3BOAHbIE MO f. VMeem:

r'=r.s’.
Orciona
r'e =s'2,
CurezoBaTeNbHO,
r__ r
re = Vs
JHuddepeHnupys 3T0 paBeHCTBO elle pa3 Mo f, MOJYUHM:
s’ r’ _ (r'r'yr’

sS

SV Wy
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Bo3Bofs 3TO PaBEHCTBO B KBAJpaT M 3aMeuasl, yTo s'2 =
=r’%, 6yieM HMeTb:

2’ — (r'r l/)g

kf = (r'2)3

€@JIH, 4YTO TO K€ CaMmoe,

_ (" xrm?
k% - W— .

‘Orciofia AJ1s1 KPHUBM3HE KPUBOH, 3aJaHHON ypaBHEHHSIMH
x=x@), y=y@), z=z(@),

€101y 4aeM

kY =

Z”x”

!/lzu
Z x’
(x’2+y'2+z’2)3 .

Ecan KpHBas IIJIOCKAsi H pacroJio’keHa B IJIOCKOCTH XYy,

g &Y — gy
N R

Ecnu nuiockasi KpuBasi 3ajlaHa ypaBHeHHeM y = y (x),

L
K=t -

3ameuanue., KpuBuaHa KpHBOH IO ONpefeNieHHIO He-
orTpunarenbHa. [as IJIOCKHX KDHBBIX BO MHOTHX CJydYasx

M

‘ k<O

>0

Yepr. 16.

11e/1ec006pa3sHO OTHECTH KPHBHM3HE 3HaK,
CUMTasi ee B OQHHX CJIy4asiX MOJIOXKHTE/b-
HOi, B JApYrux — orpuuatejabHoii. Ilpu
5TOM TOJIB3YIOTCS CJIEAYIOLHUM coobpaxe-
HueM. KacatenbHnlil BekTOp 7’ (f) KpHBOH
NpH ABUIKEHHH BJOJb KDHBOH B Halpas-
JIEHWH BO3PacTalOLIUX ! IOBOpauyHBaercs.
B 3asucumocmu om Hanpaserus epaue-
Hus eexmopa r' (t) KkpususHy cuumarom
NOAOKHCUMEAbHOU Ul OMmpPUyamesbHoL
(uept. 16). Ecam onpepenutb sTHM ycJo-

BHEM 3HAaK KDHBHM3HBI IVIOCKOH KpDHBOH, TO JJS Hee MOJy-

yaeTcsi popmya:

. xllyl — yflxl o x’lyf — ylxl
k= ———— W k= —.
*"2+ g (=" +y®?
B uactHOCTH, /151 3ajaHHsl KPHBOH ypaBHeHHeM y = y(x)
k= _y_s um k= ___y__a .
I+y7 I+yy?T



B 3akoueHune HafifieM Bce KpHBHle, HMeEIOIHE B KaxJo#
TOYRe KPUBH3HY, paBHyl Hy/mo. KmeeM:

ky=[r"(s)| =0.

Orcioga r"(s) =0 wu, cuaenoBatesnHo, r(s) =as-+ b, rae
a u b — NoCTOSIHHblE BeKTOPHI.

Takum o6pasoM, kpusas, umewoujas 6co0y KPUBU3HY, pas-
HYro Hyao, asasemcs aubo npamot, aubo omxpsimsim ompes-
Kom npamoi. O6paTHOe TaKkKe BEpPHO.

§ 3. Kpyuenune kpuBoii

[lycte P — npousBosibHast TouKa KpuBOH 7 M Q — Touka
KpuBoO#, 6mu3kas K P. OGo3nauum A yros Mexay compu-
KacCaloUmMMHCA  JIOCKOCTSIMH
KpuBoi B Toukax P u Q,
a |As|— anuny ortpeska PQ
kpuBoil. [log -abcoaommoim
Kpyuernuem \|k,| xpuBoit | B
Touke P MBI GyleM mNOHHUMATL
npegen orHoweHust Ad/|As;
korna Q - P (uept. 17).

Teopexa. Pezyaspran
(mpuoicOsl Henpepol8Ho Ougpge-
PeHyupyeman) Kpueas 8 Kax-
Ooii mouke, 20e KpueusHa om-
AUMHQ Om - HYAR, umeem onpedeneHHoe abCOAOMHOE Kpy4e-
Hue | ky|. Ecau

YepT. 17.

=r(s)
ecmecmeenRan napamempusayus rcpueozi. mo
’ " v
k — | (’ 1 ryr )l .
] = K

Hokasameavcmeo. - Ecnin kpuBusHa xpusoit y B Touke P
OTJMYHA OT HyJsA, TO MO HeMpepbLIBHOCTH OHA OTJMYHA OT
HyJs B TOYKax, GJu3KHX K P. B kKaxpoli Touke, rpe KpH-
BH3HA OTJIHYHA OT HYJA, BeKTOpHl 7' (s) H r”(S) OTJIHYHBI
OT HyJd H He mapajnenbHbl. [TosTomMy B KaxJoil Touke Q,
6au3Kkoil K P, cyuecTByeT ompejiesieHHass CONpHKacawomasacs
MJIOCKOCTb. ’ ‘

IMycte B(s) u B(s + As) — enuHHYHBIE BEKTOPH GHHOP-
Masu B Toukax P u Q kpuBo#t 1. ¥Yroa A¥ paBen yray mMexay
BekTOpamu B (s) u B (s + As).



Tak xak BekTopbl PB(s) u B(s+ As) eIlHHPl'-i\I-;)bIe u ob6pa-
syt yron Ad, To |B(s+ As) —E(s)| = 2sin-5 . [lostomy

25iné§ smA—&
Bls+a9—B()| _ "3 "7
[s] [as] i Tas

Otcioga, mepexojisi K npefeay npu |As|— 0, nonyuaem
| ks | = | B"].
1

BekTop §’ mepnennukyasipen B, Tak Kak B'f = /? [32) =0.
HeTpynHo BuZeTb, YTO OH NepHEHAHKYJSPEH H .

B camom pene

B':(‘c)(y)':‘:' Xv41TXxVv,

Ho <’ ||v. Tlostomy B" =t X v, oTkyma caegyer, uro B’
nepneHuKynsped t. Takum oGpasoM, BekTop B’ mapajsesieH
BEKTOPY v H, CJIEOBATeNbHO,

EARSICINE

1 X p
HOJJ,CTaBJ'Iﬂﬂ croga v = —r H p— » NOJIyYHUM:

|k | ='(’_;€v_’_)_',

Teopema jp0Ka3aHa MOJHOCTHIO.
Onpenenum Tenepb Kpy4exue KPUBOH.
V3 napasisesbHOCTH BeKTOPOB ' W v CJeftyer, uTo npu
ABHXXEHHHM BJOJb KDHBOW B CTOPOHY BO3DAaCTAIOIHX S CO-
NPHUKACAIOWAACS MJIOCKOCTh KPHBOi
NOBOPAYMBAETCS OKOJIO KacaTe/bHOM
KpPHBOH. B cBAA3M ¢ 3TUM MBI onpe-
Oeaum Kpyuenue KpUBOL paBeHCMEoMm

k2=i|k2|

u 6ydem 6pames 3uak (+), ecau epa-
v Wjenue KacamenvHoll naockocmu npo-
ucxodum e wanpagienuu om B K v,
u (—), ecau epawerue npoucxoaum
Uepr. 18. 6 Hanpasaenuu om v k B. Onpe-
Ae/IHB TaK KpYyueHHe KpHBOH, Oy-
aeM uMeTb k, = B'v uau

(r ” rIII

ks kf

ﬁ



Haiinem BEIDaXKEHHe NI KPYYEHHS KDUBO# B Ciydae JfoGo#
peryJsipHol napame’rpusauun r =r(t). Nmeem:

p— — " 12 n
re=r't’, r't’t 4 r't’,
rsss — r///tra + {f , f”},

rae {r’, r"} — nuHelinas komGuHauus BekTopos r’ u r”. Tlog-

CTaB/isiA HaliJleHHble BbIpaXKeHus 1Jaa r., r; u r"_ B dop-
N SSS

1
MyJny Aasi ky W 3ameuas, uTo ¢'? = -, MOJyYHM

k - (rl’ rll’ rlll)
2 (rl % f_”)2 .

B sakmouenue storo maparpada HaiiieM BCe KDHBBHIE,

y KOTOphIX B KaXJAOH TOYKe KpydyeHHe paBHO HyJio. Hmeem:
ky =B’y = 0.

Tak kak, kpome Toro, B’r =0 u B'B=0, 70 B'=0, B=
= B, = const.

BekTopel t u § mepnengukynasipubl. Ilostomy r'8, = 0.
Ortciopa (7 (s) — o) Bo = 0, uTO 3HAUKT KpUBasl JIEKHUT B MJOC-
KOCTH, 3aJlaHHO/ BeKTOPHBLIM ypaBHeHHeM (r — ry) B, = 0.

Hrak, xpusas, y komopol kpyuewnue 8 KaxcOoi mouke
pasHo Hyao,— naockas. O6paTHOE TaKKe BEPHO.

§ 4. ®opmyabni Ppene. HarypaibHbie YypaBHEHHS] KPHBO#

Tpu nmonynpsimble, HCXOAsiue W3 TOYKH KPHBOH U HMelO-
lIlMe HampaBJIeHUS BEKTOPOB T, v, B, ABJAAIOTCA peOpaMu Tpex-
TpaHHOTO yrya. DTOT TPeXIPaHHBIN yros HasklBaeTcsl ecme-
CMBEHHLIM M PEeXSPAHHUKOM.

[Ipu mccnenoBaHHH CBOHCTB KPHBOH B OKPECTHOCTH IIPO-
M3BOJIbHOH TO4KH P BO MHOTHX CJy4yasx OKasbiBaeTcsl yA00HBIM
BHIGPaThb [EeKapToBY CHCTeMy KOODAHHAT, MNpPHHSB Touky P
KPHBOH 3a Haua/JO0 KOOPAMHAT, a OCH eCTeCTBEHHOTO Tpex-
rPaHHMKA — 33 OCH KOOpAMHAT. Huke MBI mojiyuuM ypaBHe-
HHe KPHBOH NpHU TaKOM BbI6Ope CHCTEMBI KOOpAHHAT.

Brlpa3uM npousBofgHBIE BEKTOPOB T, v, § 1O Ayre KPHBOMH
yepe3 caMH BeKTophl T, v, . Mwmeem

! = f” —_ k1V.

[ns noaydyenus B’ BCIOMHHM, uTO BekTOp B’ mapaseseH v,
a p'v = k,. Orcioga
p’ = kgv.
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Haxouer,
V=BX1) =3 Xt+BXxt=kyXt+EBXV=

= — (ks + kyf).
Cucremy c¢opmya
T = Ry,
vi= —kit— k),
! 3 kzv

Ha3plBaloT ¢opMmysaamu Ppene.

Haiinem pasioxeHne pajuyc-Bektopa r (s + As) B okpe-
CTHOCTH TpPOH3BOJNLHOH TOUKH P, COOTBeTCTBYyIOUIEH Ayre s,
10 OCSIM eCTeCTBEHHOTO TPeXrpaHHHMKa B 3Toil Touke. MMeem:

’ A2 " A3 /4
r(s + As) = r(s) + Asr (s)+-2s—r (s)-i—%r s+ -
Ho B Touke P r=0, r'=rx, r"=ky, r'" =kpy — kit —

—kkB, ... Hu T, A, Takum oGpazom,
kiAs3

ris+ As) = (As— 5 +..,)T+kk,és2+Léss+...)v +
(=R

Orciofa, NpHHUMAs KacaTeJbHYIO, IMIaBHYIO HOpMaJb H Gu-
HOpMaslb 32 OCH X, Y, Z [eKapTOBOH CHCTeMbl KOODAMHAT,
' roJiy4yaeM ypaBHeHHEe KPHBOH, OTHeCeH-

v HOH K OCSIM €CTEeCTBEHHOro TpeXIpaHHHKa

kiAs®

x=As —

y [lpoekuun KpHBOH Ha IJIOCKOCTH

€CTeCTBEHHOTO TPeXTPaHHHKA B OKPECTHO-

CTH €ro BepUIMHBl 3aJalOTCs COOTBET-

A CTBYIOUIUMH MapaMH 3THX YpaBHEHHil.

Bux npoexkuuit npu k&, #+0 u k, =+ 0 no-

Kasad Ha yepT. 19.

Mbl BujenH, uTo Ko3dhhULHEHTH pas-

Yepr. 19. noxenus GyHkuuu 7 (s 4+ As) B pan no

cTeneHsiM As BbIpaxaioTcs TOJbKO yepe3

KPHBH3HY M. KpyyeHHe KpPHBOH. ITO JaeT OCHOBaHHE MOJa-

raTh, 4TO KPHBHM3HAa M KpyyeHHe B KaKOH-TO Mepe omnpege-
JAI0T KpuByl0. M neACTBUTENbHO, HMeeT MecTo
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Teopema. [lycmo k,(s) u ky(s)— aoboie pecyrspHole
pynkyuu, npudem ky(s) > 0. Toeda cyujecmeyem u npumom
e0UHCMBEHHAS, C MOYHOCMbI0 00 NONONCEHUS 8 NPOCMPAHCMEe,
Kkpusas, 041 komopol k,(s) aeasemca kpueusHod, a k,(s) —
KpydeHuem 8 mouke, coomeemcmeyioujels Oyee s.

Hoxasameavcmso. Ecnn KpuBasi, cyLiecTBOBaHHE KOTOpPOM
yTBepXJaeTcss TeopeMoH, JAeHCTBHTENIbHO CyIIEeCTBYeT, TO
e[VHHYHble BEKTOpbl KacaTeJIbHOH, TrJIaBHOH HOpMaJau U GH-
HopMasnu 3Tol KpuBo# <t (s), v(s), B(S) ynOB/JIeTBOPSIOT CH-
cteMe AuddepeHIHaNbHBIX ypaBHEHHH

¢ =k
1 = —kiE — kL *)
U= kyn

B cuny ¢opmyn Ppene.

EcTecTBeHHO MO3TOMy MpH pasbiCKAHHH HHTepecyolled
Hac KpUBOH (C KPUBH3HOH k, (S) M KpyueHHeM K, (s)) obpa-
THTbCA K pelleHHsM cucTeMbl (¥).

Ilycts £(s), m(s), G (s) — pelieHre 3TOH CHCTEMHI, yJAOB-
JIETBOpsilOlllee HauyaJIbHBIM YCJOBHAM: TpH S=3s,, &= 1§,
n=my (=208, rae &, Mo, Co— TpH €IUHHYHBIE B3aUMHO-
nepreHJUKyAsipHble BEKTOPH], CMEIIaHHOE INPOHM3BeJeHHe KO-
TopbiX (89, Mo, Go) = 1.

ITokaxeM, 4TO BeKTOPHI £ (5), 7 (5), & (S) eAMHHUHEIE U B3aUM-
HO-NIepNeHAHKYIspHble NpH Jio6oM s H (&, v, () = 1. L1 sToro
BbiancauM (2)°, (%)’ (€3)’, (En)’, (n0)’, (CE)’. Mcnonb3ys ypaBHe-
HHUS CHCTEMHl, AJI1 3THX NPOU3BOJHBLIX NOJIyYaeM Cjefylouiue
BBIpaXKeH!s:

() =2k, (En), (En)" = ky (n?) — Ry (83) — &, (80),
() = —k, (En) —ky (nC),  (n0)" = Ry (n?) — ks (C2) — &y (£C),
(€2 = 2k, (n0), (L))" = &, (nC) + k. (Em).
PaccmaTtpuBas 3TH paBeHCcTBa Kak cHCTeMy AudbdepeH-
IUa/NbHbIX ypaBHeHMR Anasa £2, w2, (2, &y, 7(, CE, 3ameuaem,
YTO OHa yJAOBJIETBOpWeTCS 3HaueHusaMu §2 =1, 2 =1, 2 =1,
tn=0, n¢ =0, ¢ =0: C mpyro#t cTOpoHbI, 3Ta cuCTeMa
VIOBJIETBOpSieTC 3HaueHHsIMH £2 = £2(s), 72 =72 (),
(C&) =C(s)E(s). OGa atm pemreHuss COBMAJAIOT MNpH S = S,,
a CcJeJloBaTeJbHO, MO TeopeMe O eAMHCTBEHHOCTH pelleHHs
COBNAfalOT TOXKJAECTBeHHO. MTak, Hoas Bcex s
B2k )=1, 2@ =1, ...L06)E06)=0.

[Mokaxewm, uto (5(s), 7m(s), C(s))=1. Tak kak &, 1,
{ — elMHHYHBIE B3aHMHO-NIEPNEHAHKY/IAPHbIE BEKTOPH, TO
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(E, m, Y = +1. Cmemannoe mnpoussegenne (£, m, {) Henpe-
PLIBHO 3aBHCHT OT §, IIpH S =S, OHO PaBHO -1, mo3ToMy
OHO paBHO -+1 nasa Bcex s.

PaccMoTpum Tenepb KpuBYIO 7, ONpe/lelIsieMyi0 BEKTOPHbIM
ypaBHeHHeM

r=§E(s)ds.

Bo- -nepBbIX, 3aMeTHM, 4YTO NapaMeTpHU3alus KpHBOPl v
ectecTBeHHasi. B camom nene, aauHa AYTH OTpe3Ka S3S KpH-
Bo#i 7 paBHa

S|r'(s)lds= S[E(s)|ds=s—so.

KpuBussa xpuBod 7 paBHa |r"(s)|=|E'(s)| = k;(s). Kpy-
yeHHe KPHBOH Y DaBHO

ety Gk Bt k)
TR = k3
_ Gk bk b CRE—RO) g o
ky

Takum o6pa3oM, KpuBasi | HMeeT B TOYKE, COOTBETCTBYIO-
mef ayre s, KpUBH3HY R, (S) U KpyueHUe R, (S).

CyliecTBOBaHHE KpHUBOH JoKasaHo. JlokaxeM eAUHCTBEH-
HOCTb.

Ilycts 7; U Yy, — ABE KpHBHIE, KOTOphle B TOYKaxX, CO-
OTBETCTBYIOIIUX Ayre S, HMEOT OAUHAKOBLIE KPHBU3HEI & (S)
U KpyueHHs Fk,(s). CoBMecTHM KpHuBble 1, H 7Y, TOUKaMH,
COOTBETCTBYIOUIUMH Jyre So, H €CTeCTBEHHBHIMH TPeXTpaHHH-
KamMu B 3THX Toukax. Ilyctb 1y, vy, By ¥ 7y, v,, B, —enu-
HUYHBle BEKTOpbl KacaTeNbHbIX, IJIABHEIX HopMaJjiefi u Ou-
HOpMaJlefl KpHBBIX 7, M T, COOTBETCTBEHHO.

Tpoiiku BexTOp-QYHKUHH T, (S), v, (5), B1(S) M T3 (S), v, (s),
By (S) fIBIAIOTCS peLIeHHSIMH CHCTeMbl ypaBHeHHH IJs €, 7, C.
HauanpHple 3HaueHHsl 3TUX pelleHuit cosnajaioot. OTcioda
CJleflyeT, YTO DEUIeHHs COBNAJAIOT TOXKAeCTBEHHO. B wacr-
HOCTH, T, (S)=1,(s), uiu r,(s)=r,(s). Varerpupys 31O
paBeHCTBO B IpefieNlaX Sy, S, NMONYUYHM:

r (S)Er2 (s).

TakuM o6pa3oM, KpHBas 7Y, OTJIHYaeTcss OT 7Y; TOJBKO
I0JIOKEHHEM B NPOCTPAHCTBE.

Teopema Joka3aHa NOJHOCTBIO.
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CucTeMy paBeHCTB
ki =k (s), k,=Fky(9)
HAa3BIBAIOT HamypateHoimu ypasrenusmu Kpusoi. CorsacHo
JOKa3aHHON TeopeMe Kpueas HAMyYypPasbHoLMU YPABHEHUAMU
onpedeanemca O0OHO3HAYKO C MOYHOCMbI0 00 O0BUNCEHUS.

§ 5. Mnockue Kpusble

B stoM mnaparpage Mbl paccCMOTPHM COINpPHKAcCalOLLlyoCs
OKPYKHOCTb IJJOCKOH KPHUBOH, 3BOJIIOTY H 3BOJIbBEHTY.

[lycte 1 — naockas kpuBasi, P — Touka Ha Hell. OKpyx-
HOCTb %, NMPOXOAsLlast uepe3 TOYKY P, HasplBaeTcs conpu-
KQcarouetica OKpy*cHoCcMoto0 KpUBOH Y B TOuke P, eCJiH KpHBas
B 3TOH TOYKE C OKPYKHOCTbIO HMEET CONpPHKOCHOBEHHE BTO-
poro mopsaka. LleHTp compHKkacalolelicsi OKPYKHOCTH Hasbl-
BaeTCSl YEHMPOM KPUBU3HbL KPHUBOM.

Haiigem conpukacaiolyocss OKpyKHOCTb peryJisipHOH KpH-
BOi 7 B Touke P, rie kpuBH3Ha OT/MYHa OT HyJs. IlycTb
r =r(s) — ecTecTBeHHass MapaMeTpU3alUsl KpuBOH. Y paBHe-
HHE MpPOH3BOJILHOH OKPYXKHOCTH HMMEET BHJ

(r—ap —R*=0,
rlie a — BEKTOD LEHTpa OKPYXKHOCTH, a R — paauyc.

Cornacno Teopeme §4 riu1. I1 a5 conpukocHOBeHHs BTOPOro
nopsjika KpHBOH Y C OKPY>KHOCTbiO B TO4Ke P Heo6xoAuMo
H JIOCTATOYHO BHIMOJIHEHHE B 3TOH TOYKe C/AeAYIOLIUX YCJIOBHIA:

(r(s)—a—R2=0,

SO —ap — R =2(r () —a)r' (5) =0,

L(r(s) —ay — R?y = 2 + 2(r(s) — @) " (5) = 0.

M3 3Tux Tpex yc/oBHil mepBoe BhipaxKaeT
cofoif TO, YTO TOuKa P JIEKUT Ha OKPYK-
HoctH. M3 BTOporo ycijoBHs BHAHO, YTO
BEKTOp (r (s) — a), HanpaBJeHHbIH U3 LlEHTpa
OKDYKHOCTH B TOYKY P, mnepneHAHKYJIsipeH
KacaTeJIbHOM K KpHBOH; 3TO 3HAUYUT, YTO
UEHTP OKDYXKHOCTH JIEXKHT Ha HOpPMaJu KpH-
Boit (uepT. 20). TpeTbe yci0BHE onpegesnsier
paauyc kpyra. B camom pgene, r'2(s) =1,
r"(s)= kv ¥ TaK Kak |r(s)—a| B Touke P Yepr. 20.
ecTh pajauyc Kpyra R u BekTop (r(s) — Q)
napassesed BeKTopy v, To | — Rk =0. Takum oGpasom,
pajHyC CONpPHKAacalOLIerocsi Kpyra paBeH pafHyCy KpPHUBH3HBL
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kpuBofi. Otciopa cielyeT, YTO ecjiM KpHBH3Ha B Touke P
paBHa HYJIO, TO He CYLIECTBYeT CollpHKacalolledcs OKpyX-
HOCTH KpHBOH B Touke P. B 3TOM ciydyae OKpYyXHOCTb BbI-
poXJaeTcss B NMPAMYIO, M KacaTesJbHas KpHBOH HMeeT ¢ Hei
(kpHBOH) CONpPHKOCHOBEHHE BTOPOro MOpAAKa.

Mpl Hamau pajgMyc M TNOJNOXKEHHEe LEeHTpa COMNpHKacalo-
merocst kpyra. OnpeliesuM Tenepb 380.410my KPUBOH.

DBoMOTOH KpHBOH HAa3bpIBAETCS TEOMETPHYECKOE MeCTO
IIEHTPOB KPUBU3HBI KPUBOH.

HaiigeM ypaBHeHue »3BOJIOTHI pEryJiipHOH KpHBOH
Ilycte r=r(s) — ecTecTBeHHass MNapaMeTpU3aLUA KpPUBO
Torja BeKTOp LEeHTpPa KpPUBH3HbI KPHUBOH

I.
)%

.

;=r+%\'.

Brisichum, uto npeicTaBJseT co6oil 3BosoTa KpHBoi. Mal
OrpaHUYHMCSH PAaCCMOTPEHHEM CJIEAYIOLINX OCHOBHBIX CJIyYaes:

1. Boonb Bceit kpuBoit k' (s) >0 uan k' (s)<0 u k(s)
He ofpaiaeTcss B HYJb..

2. Bronb Bceit kpuBoéi k'(s) >0 uan k’'(s) <0, k(s)
obpalllaeTcsi B HyJb NpU S = S,.

3. Ooa s<sy kR (s) >0, s s> s, k' (s)<0, k' (sy)=0,
k" (so) # 0, k(s) He obpamaerca B HYy.Ib.

B nepBom ciyuae 3BoJIOTAa MNpejacTaBasieT cofoil pery-
JSpHYI0 KpHBYl0 6e3 ocoObix Touek (yepT. 2la). HeficTBH-
TEJbHO,

, vy k 1Y k'
r =<r—|——k—) =‘C+(—F+V(?)>=—Vk~2#0,

Bo Btopom ciyuae 3BoJOTAa pacrnajaeTcs Ha JBe pery-
JISIpHBIE KDHMBbLIE, fBJISIOIIMECS 3BOJIOTAMH 4YacTefl KpHBOil
18<S U s>s, (uepr. 216).

B TperbeM ciyuae 3BosOTa mNpeAcTaBJsieT co0OM pery-
JAPHYI0 KpuBYy10. Touka 3BOJIOTH, COOTBETCTBYIOLLASl TOY-
Ke S, KpHBOH, sBJseTc 0cO00H TOUKOH, HMEHHO TOYKOH
Bo3BpaTa nepBoro poAa (uept. 218). ITokaxem 3to.

Ilpu s =s,

~ 1Y ~ 1/ 1\"
r__ ) = " —_ 2 -
N EN SN TR
”n m
o _ (_L _l
=2k +“(k) :
OtneceM 3BOMIOTY K NpPAMOYTOJIBHLIM KOODAMHATAM, IPHHSIB
TOuKy Q (Sy) 3BOJIIOTH 3a HayaJo KOOPAMHAT, @ KACaTe/bHYIO
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M HOpMaJb KpuBofi 7 B Touke Q(s,) 3a HampaBjeHus ocefl
x n y. Tlpn Takom BbIOOpE CHCTEMBl KOOpPAHHAT OyaeM
HMeTb:

a)

Orciona caenyer, uto Touka Q(s,) 3BoO-
JIOTBl sIBJIieTCA OCOGOH TOUYKOH, HMEHHO
TOYKOH BO3BpaTa NepBOro poja.

PaccmoTpuM HekoTOpHIE CBOHCTBA 3BO- 5)
JIOTHI.

IlycTb Y — peryJspHas KpuBasi, AJs
KOTOpo# Bciofy k’(s) coxpaHseT 3HaK
U k(s) Hurge He oOpaliaeTcs B HYJb.
B 3Tom cayuae, Kak Mbl NOKasaJu, 3BO- Y
JIIOTA Y KPHBOH | SIBJIAETCHA peryJsipHOM S
KpUBOHl 6e3 0coOBIX TOUeK.

Hafigem pauHy JQyru oTpeska 3Bo-
JIIOTH, COOTBETCTBYIOLIErO OTPE3KY &S,
KpHuBoil. Mmeem:

s (51, 52)=j§l?’lds=i§l(%)'ld3, 4) ¥

Otciopa, Tak Kak k' coXxpaHsieT 3HaK,
no.ty4yaem:

L3

=<\

=<1

~ 1 1
$(Sy, S3) = | —7— — 77— |.
(51, 52) ’k(sz) k(S1)| ¥
So
Takum obpasom, @Auua ayéeu ompeska Uept. 21.
360410MbL  PABHA  AGCOMOMHOL  BeAUHUHE
pasnocmu  paduycos KPUueuUsHbl KPUBOL 8 MOYKAX, COoOmeent-
CMBYIOWUX KOHYAM 3MO020 OmpesKa.
IMokaxem, 4TO 3Jeomoma <y sA8asemca ozubarouel Hop-

maneid kpueod y. IeAcTBUTENbHO, TOYKA Q(S) 3BOJIOTHI Je-
XKHUT Ha HOopMaJM KpuBod B Touke Q(s). Kacarenpnas 3Bo-

- ~ 1\
MoTH B Touke Q(s) nMeeT HampaBjeHue r’ = v (T) , a cje-

JOBaTeJIbHO, COBMAJaeT C HOpMaJblo KpHBOil B Touke Q(s).
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ITycts KpuBas 3ajaHa ypaBHEHHSIMH:
x=x(t), y=y().

Hajizem ee sBomoTy Kak oru6aiollyl0o HopMaseldl KpHUBOH.
YpaBHeHHe HOpMaJsH

k= x) ' O+G—yE)y )=0
CnenoBaTtenbHO, orubaioilasi 3afaeTcsi ypaBHEHHSMH
E—0)x+@—yy =0
GE—x)x"+@G—yy —x*+y?)=0
Orciona mosyuyaeM fJsi ¥ H J CJAeAyiOllUe BhIPaXKEHHS:

-~ ’ ’2+y’2 7 — ’ ’2+y'
xX=x yy”x'—x”y” y—y+xw

Jso1b6enmoll KpHBOH Y Ha3piBaeTcs Takash KpuBasi Y, IO
OTHOLIEHHIO K KOTOpOH KpuBasi | siBJsercs sBomoroi. [lycTs

r =r(s) — ecTecTBeHHas IapaMeTpH3alHus KpuBoi y. Bexrop
TOYKH 3BOJILBEHTHI 7 (S), OUEBHAHO, AONMYCKAET NpeJcTaBjeHHe

7(s) =r(s) + A (s) % (s).
HOuddepenuypys 3T0 paBeHCTBO IO S, MOJY4YHUM

r' =1t Mt My,

Orciona, Tak Kak r’ meprnenaukyJaspen t, A’ = —1. Caeno-
BaTeJbHO, A = ¢ — s,

Takum o6pasom, ecqu KpuBasi HMeeT 3BOJIbBEHTY, TO OHa
3ajlaeTcsl ypaBHeHHeM

;=r(s)+t(c-s),

rae ¢ = const. Jlerko y6eauTbcsi, 4TO KaxJasi KpHBas 3a-
JaBaeMast ypaBHeHHeM (*), HMeeT CBOeil 3BOJIIOTOH KpHBYIO 7
M, CJEJOBAaTeNbHO, SIBJSIETCS /15 Hee 3BOJIbBEHTOH. Y paBHe-
HUe 3BOJbBEHTH B CJjydae MPOU3BOJBLHOH MapaMeTpH3alHu
KPUBOH 7Y, OYEBHU]IHO,

F—r(t)— L= (’) SV 7T dt.

/2 (t



HJM B CKaJsipHOR dopme

e f) — 2O S‘ X2 () + y'2 (¢)dt.
J=y(t) — =28 X 2(8) + y2 () dt.
gy=y() Vo0 VX2 + 9 ()

HarasgHo o6pa3oBaHue 3BOJILBEHTHl MOXKHO NpENCTaBHTb
caenyrouum obpasom. Ilpencrasum ce6e HEPACTMKHMYIO HHUTD,
HATAHYTYlO Ha 4YacCTb KpuBOH T,
COOTBETCTBYIOILYIO § << C C KOHIIOM
B Touke Q(c). Ecau 3Ty HUTBH, OT-
TACMBasi 3a KOHell, CMaThiBaTb C
KpHBOil, TO KOHEI| HHTH ONHCBHIBAeT
3BOJIbBEHTY KpHBO# (uepr. 22).

BHIICHHM, YTO NpeicTaBaseT Co-
6ol 3BOJIbBEHTa B JBYX OCHOBHBLIX
cJIyyanx: Q(s)

1) nas Bcex s < c¢ KpHBOH K (5) Yepr. 22.

He ofpamiaercsi B HYJlb;

2) k(s) obpamaercas B HYJb TOJIbKO npu s =s;, MpuYeM
k' (s)) +0.

B nepsom cayuae 3BOJIbBEHTA €CTh PeryJisipHas KpHBas

6e3 ocobeHHocTed. JleHCTBHUTENLHO,

_ P === = —(s— ) kv 0.

Bo BTopoM ciyuyae 3BOJIbBEHTA TaKkKe
AIBJISIETCS]  peryJsipHoil KpHBOH, HO TOY-

Ka Q(s;) 3BOJbBEHTH sBJjsieTcsi 0coboi
TOYKOH, UMEHHO TOYKOH BO3BpaTa BTOpO-
ro popa (uept. 23). s noka3aTesbCTBa
3TOrO YTBepXKJAeHHS HaJ0 OTHECTH 3BOJIb-
C BEHTYy K MPSMOYTOJbHBIM J€KAPTOBBIM

KOOpAMHATAM, NpHHAB Touky Q(s;) 3a
¥ HayaJIo KOOpAHHAT, a 32 OCH KOOpIHHAT—
npsiMple, TNapaJJesbHble KacaTeJbHOH H

Yepr. 23. HOpMaJu KpHBO# 7 B Touke Q (s)).

YNPA)XHEHHS K T'JIABE 111

1. Haiith nanuy orpeska —a < x << a napa6osbl
y=>bx®
2ab V1 4 4a202+41n(2ab +V 1 + 4a%?)

OTBeT. s = o
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2. Hafitu anuny ortpeska KpuBoft

x=acht, y=asht, z=at

Mexay Toukamu O u f.
OtBer. s=a}/2sht.
3. Haiith pauHy AYrH acTPOHABI
x=acos®t, y=asindt.
OrBer. s = 6a.
4. Hafith anuny orpe3ka 0 < ¢ << 2n UHKJIOHAB!
x=a(t—sint), y=a(l —cost).

OtBeT. s = 8a.

5. Haiitu Bhipa)keHHe IJIHHBI IYTH KPHBOH, 3aJaHHOH ypaBHEeHHeM
B MOJISAPHBIX KOOPJHHATax
=p®).

2
Otger. s (34, %) = S Vp’ + p'2 dd.
8

6. HaliTh KpHBH3HY KpHBOIi:

. .t
x=1(—sint, y=1—cost, z=4sin—.

OIBel. k ——Vl +Sl|] -
! 4 2

7. Haiith KpPHBH3HY KpPHBOH, 3ajaHHOH ypaBHEHHUSMH B HeSBHOM
BHJE
x+shx=siny +y,
z+e2=x+In(l1+x)41
B Touke (0, 0, 0).
OtBet. k) = V_g_ﬁ .

8. HaliTh KpHBH3HY H KpyueHHe B MNPOH3BOJLHON TOYKe KpPHBOH,
3aJlaHHOH B YNpaXKHEHHH 2.

1 P 1
2ach®t’ "*  2ach®t”
9. BuluucauTh KpyueHHe KPHBOH
x=achtcost, y=achtsint, z=at.
OtBeT. ky = —acht.

10. INokasaTh, YTo KpPHBH3HA H Kpy4YeHHe MPOCTOH BHHTOBOH JIHHHH
MOCTOSIHHBI.

11. HaiiTu BbIpaxkeHHe AJs KPHBH3HBI MJIOCKOH KDHBOH, 3ajaHHOH
ypaBHeHHeM B MOJSPHBIX KOOPAHHATAaX.

ST
(‘ + (%/’2)?

OTBerT. k; =

OtBer. &k, =



12. Tokasate, yT0 KpyueHHe KDHBOM
r=aSb(t) x b’ (f) dt,

rae b (t) — BeKTOp-pyHKHSA, yAOBAeTBOPsOUlas YyCaA0BHAM |b(f)]| =1,
b’ (f) #+ a — NOCTOSAHHO.

13. TloKa3aTb, YTO OTHOWEHHe KPHBH3HBI K KPYUEeHHIO KPHBOH
x=a Ssina(t)dt, y=a j cosa(f)dt, z=bt
MOCTOSHHO.
14. Halitu 3BosoTy mapaGosbl
y? = 2px.
Otser. Tonyky6uueckass mapaGoua:
27py* = 8 (x — p)*.
15. HafiTh 3BOMIOTY TPaKTPHCHI

x=—a{lnfg% + cost), y=asint.
Orser. llennas JaHHHA:
x
y=ach e

16. HafiTH 3BOJIIOTY acTPOMABI
2

2
3

[x]® +yl® =1
Otser. Actpouza:

2
3

2
lx+y|® +1x—y|® =2

17. HaiiTu 3BOJIbBEHTH Kpyra
x2 4+ 42 = R2.
_OrBer. x = R (cos % + (3 —¢)sin §).
Yy =R (sin¥ — (% —c) cos $).

18. Hafith BCe mylocKHe KpHBHIE C NAHHLIM HaTypaJbHHIM ypaBHe-
HueM k= k(s).

OtBeT. x = j‘ sin a (s) ds, y= S cos a (s) ds, rie a(s) =
= S k (s)ds. ‘

3AJAYH U TEOPEMbI K TJIABE HI
1. ®yukunsa [ (f), 3agaHHas B HHTepBase a <! < b, HaswBaeTcH
dyHKIHeH orpaHHyYeHHOH BapHallUH, eCaAH AJS JIOGBIX fy, fp, ...
TaKHX, 4T0 a < t; < < ... <f, < b, CyMMH

Y7 —f =)l
k

PaBHOMEPHO OrPaHHYEHH.

, tﬂ
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JlokasaTb, uTO KpHBas Y CnpsAmJseMa TOrja M TONbKO TOrAa, Koraa
OHa JONYCKaeT B OKPECTHOCTH KaXJOif CBOefl TOYKM NapaMeTpH3alHIo
x=x(t), y=y@), z=20),

rae x(¢), y(t), z(f) — yHKUHH orpaHH4YeHHOH BapHallHH.

2. Jloka3aTb, 4TO ecJH KpHBasi o6GjajaeT OQHHM H3 CJeAYIOIHX
yeThHIpeX CBOHCTB:

1) xacaTesnbHble KPHBOH 06pa3yioT MOCTOSIHHBIH Yrosl ¢ HeKOTOPEIM
HanpaBJIeHHEeM,

2) GuHOpMaJH KPHBOH 06pa3yloT MOCTOSIHHBIA YroJ ¢ HeKOTOPbIM
HampaBJIeHHEM,

3) raaBHbIe HOPMAaJH KPHBOH NapajjiesibHbl HEKOTOPOH [MJIOCKOCTH,

4) oTHOumIEHHEe KDHBH3HBI K KPYYEHHIO KPHBOil MOCTOSHHO, TO OHA
o6nafaeT OCTajJbHLIMH TPeMsI CBOHCTBaMH.

Haiiti obmuil Bua KpuBO#, ofjajfaioliel 3THMH CBOHCTBaMH.

3. JlokasaTb, YTO €CJIH KPUBH3HA M KPyueHHe KpHBOH MNOCTOSIHHBI
H OTJIMYHBI OT HYJS, TO 5Ta KPHBass eCTb NMpPOCTasi BHHTOBAS JIHHHSA.

4. JlokasaTb, YTO €CJIH MeXJy TOYKaMH JBYX KPHBbHIX YCTaHOBJIEHO
B3aUMHOO/JHO3HAYHOE COOTBETCTBHE, NPH KOTOPOM GHHOPMaJH KPHBHIX
B COOTBETCTBYIOULHX TOYKAX COBMajamT, TO KpHBHIE MJIOCKHE.

5. Jloka3aTb, 4TO J06ast KpHBasg C MNOCTOSIHHBIM Kpy4YeHHEM H OT-
JHYHONH OT HyJsl KPHBH3HOH MoXeT ObiTb 3ajlaHa BEKTOPHLIM YypaBHe-
HHeM

r=ch(t) < b () dt.

rje b (f) — HeKoTOpass BeKTOP-QYHKIHS, yAOBJIETBODSIONIAS YCJIOBHSAM:
|b@)|=1, & (t)+*0.

6. BocctaHoBUTD KPHBYIO, €C/IH 3ajJaHa OJHA H3 TPeX BEKTOpP-QYHK-
uuit T (s), v (s) uau B(s).

7. Ecnu MeXJy TOYKaMH JBYX KPHBHIX MOXeT ObITb YCTaHOBJIEHO
COOTBETCTBHE TaK, YTO B COOTBETCTBYIOUIMX TOYKaX 3THX KPHUBBIX Kaca-
TeJIbHble MapajjieJibHbl, TO T[JaBHble HOPMalH U GHHODMaJH TOXe ma-
paJiesibHel. JlOKa3aTsb.

8,. Kpusbie 7, H 7y, Ha3bBalOTCS KpuBbLIMH BepTpana, ecam Mexnay
HHMH MOXeT ObITb YCTaHOBJIEHO B3aHMHO-OJHO3HauYHOE TOYEYHOe COOT-
BeTCTBHe, MPH KOTOPOM TIJIaBHble HOPMAJH B COOTBETCTBYIOUIMX TOYKaX
COBNAjaloOT.

TToka3aTe cilenyiollHe CBOHCTBA KPHBHIX Yy, Yo'

a) paccTosiHUe MXKAY COOTBETCTBYIOL(HMH TOYKAMH KPHBBIX Yy H Ya
NOCTOSIHHO;

6) KacaTe/ibHble KPHBBIX Y; H Yy B COOTBETCTBYIOIHX TOYKax ofpa-
3yI0T NOCTOSIHHBIH yroua;

B) KpDHBH3HAa M KpyYeHHe KaXHoH H3 KPHUBBIX CBSI3aHLI COOTHOIIe-
HHEM

asin 8%, + a cos 3k, = sin 8.

rfle @ — paccTosinie MeXAy COOTBETCTBYIONIMMH TOYKaMH KPHBBIX yi,
Y2, @ % — yrosn Mexay KacaTeJIbHBIMH B COOTBETCTBYIOLIHX TOUYKaX.

. 83. Jloka3aTb, 4TO ecJlH KPHBH3HA H KpyueHHe KpPHBOH CBS3aHL! JIH-
HeHHOH 3aBHCUMOCTBIO

asin %k, 4 acos $4, = sin §,
TO KpHBas sBAseTcA KpHBod Deptpana.
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8,. JlokasaTb, 4TO KpHBaf, 3a/laBaeMasi BEKTODHHM ypaBHeHHeM
r=aSe(t)dt +b je(t) x ¢ () dt,

rae e (t) — BeKTop-pyHKUHA, YNOBJETBOpSAOMAA ycJOBHAM |e(f)|=1,
|e' (t)| =1, aeasetca kpusoit Beptpana. W o6paTHo, J00ast KpHBas
Beprpana MoxeT GbITb 3aJlaHa BeKTOPHHIM YPaBHEHHEM TaKOro BHJA.

9. Ilyctb kpHBaA 7Y, mNOJNyuyaeTCs MNPOEKTHBHLIM npeoGpa3oBaHHEM
u3 KpuBoH v;. JlokasaTb, uto eciH B TouKe P KpuBOH y; KPHBH3Ha,
(KpyyeHHe) paBHa HYJIO, TO B COOTBETCTBYIOULEH TOuKe KPHBOH Y5 KpH-
BH3HA (CODTBETCTBEHHO KpyuYeHHe) TaKxKe paBHa HYJIO.



YACTb BTOPAS
TEOPHUWUSA NOBEPXHOCTEMHW

FCraea IV
NMOHATHE NOBEPXHOCTH

§ 1. daemenrapHas nosepxHoctb. [lpocras
noBepxHoctb. O6LAsi MOBEPXHOCTb

O6aacTb Ha MJIOCKOCTH Mbl GyJeM Has3bBaTh 34eMeHmap-
Hot 06J1aCTbIO, €CJIM OHA fABJISeTCsl 06pa3oM OTKPLITOrO Kpyra
NpH TOMOJOTHYeCKoM oTobpaxkeHHH. Takum o6Gpasom, 3Je-
MeHTapHasi o6JacTb — 3T0 006s1acTb romeoMopbHas Kpyry.

[lycte | — npoctasi 3aMKHyTasi KpHBas Ha IJIOCKOCTH.
HMsBectHa Teopema )Kopaana o ToM, uTO mpocTas 3aMKHY-
Tafg KpHBasfd pa36HBaeT MNJOCKOCTb HA jABe 00JacTH W fBJSA-
eTcsl TrpaHuLeH JJs Kaxaod u3 sTux obsacreil. Onna u3
obsacTell koHeuyHa, apyras — 6eckoHeyHa. OkasbiBaercs, KO-
HeyHas obsacTb roMeoMoptdHa Kpyry. Takum o6Gpasom, sHym-
PEHHOCIMb Keadpema, nPamoyeo.abHUKA, 8HYMPEHHOCTMb 3AAUN-
ca — ace amo 3remenmapHsie ob6aacmu.

OnpenenuM 3JeMEHTapHYO MOBEPXHOCTb.

MHoxecTBO @ TOuek MpPOCTPAHCTBA Mbl GyfeM Ha3blBaThb
91eMERMAPHOL NOBEPXHOCMbIO, €CJIH OHO fABJAETCH 06pa3oM
3J/leMeHTapHOH 06JIaCTH Ha MJIOCKOCTH IPH TOMOJOTHYECKOM
oTOOpax<eHUH ee B NPOCTPAHCTBO.

[lycts @ — snemenTapHass moBepxHOcTb H G — 3yeMeH-
TapHas 06/acTh B IJIOCKOCTH, 06pa3oM KOTOpPOH MNpH TOMO-
JIOTHYECKOM OTOOpakeHHH f sBasiercs mosepxHocTb P. [ycThb
4 ¥ U — [EKapTOBbl KOOpAHMHATHI NPOH3BOJIbHOH TOYKH, MpH-
HajpJexaulell o6JacTH, X, Y, 2 — KOOPJHHATH COOTBETCTBYIO-
el ToukH noBepxHocTH. KoopauHaTthl X, y, 2z TOYKH MO-
BEPXHOCTH CyTb (GYHKLUHMH KOOpAMHAT TOukH obJjactu G:

x=fl(u: U), !?=f2(u» U)’ Z=f3(ur U). (*)



DTy cucTeMy DaBEHCTB, 3ajaiollyio oToGpaxkenyié f o6aacta. G
B NPOCTPAHCTBO, HA3bIBAIOT YPAGHEHUsMU TIOBEPXHOCTH B-Ia-
paMeTpHuecKod ¢opMe, 4 H U HAa3BIBAIOT KPUBOAUHELHOIMU
KoopOuHamamy Ha TOBEPXHOCTH.

YpaBHeHusi (*) npu (HUKCHPOBAHHOM 4 WM U 3afaioT
KDHUBYIO, JIEXKAILYI0 Ha NOBEDXHOCTH. DTH KpPHBhIe HasbiBa-
IOTCSL KOOPOUHAMHAHbIMU AUHUAMU. '

MHoxecTBO @ Touek TIpPOCTpaHCTBA Mbl OyleM HAaskIBATH
npocmotl NOBEPXHOCMbIO, €CJIM 3TO MHOMKECTBO CBfI3HO M KaXK-
Jast Touka X 3TOro MHOXKECTBA MMeeT OKpecTHOcTb G Takylo,
4TO 4acTb P, pacnosiokeHHast B G, sIBJsieTCH 3JieMeHTapHOM
MIOBEPXHOCTBHIO.

DneMeHTapHas TOBEPXHOCTb SBJSETCS NPOCTOH IMOBEPX-
HocThio. Ho 3neMeHTapHBIMH NOBEPXHOCTSMH JaJleKO He HC-
uepILIBAIOTCS BCE MPOCTHIE TOBEPXHOCTH.

Hanpumep, cdepa sBasercs npocTol
NOBEpXHOCTBIO, HO He 3JIeMeHTapHOH. — <

IIpocTEie NOBEpXHOCTH Hesb3sl OXa-
pPaKTepH30BaTh B LEJIOM O6LLO U NPOCTO,
KaK 3TO OblJIO CjlellaHO JJ151 NPOCTBIX 4 o
KpuBLIX. HekoTopoe mnpejcTaBienye o epT. 23
pa3Hoobpasuy MpPOCTHIX MOBEpXHOCTeH AaeT clepyollee cood-
paxenue. Ecau u3 npousgoabnoil npocmod nosepxHocmu
yoaiums a060e 3AMKHYmMoOe MHONECMBO MOYeK, HO mMakK,
4mobbl He HAPYUWIUMb C8A3HOCMIL OCMABIUeNiCA Hacmu, mo sma
ocmaswasca 4acme 6ydem makdce NPocmol 1oeepxXHOCMbIO.

ITpocTass nMoBepXHOCTL HA3LIBAETCS NO.IHOU, €CJIU TIpeesb-
Hasl To4ka AJs Jo6oi -CXOopsiuelicss mocienoBaTeNbHOCTH TO-
ueK NOBEpXHOCTH TaK¥Ke sBJfETCS TOYKOH nmoBepxHocTH. Ha-
npuMep, cdepa, napaGoJouf CyYThb [OJHBIE TOBEPXHOCTH,
a chepHYeCKHH CerMeHT He SBJISETCS MOJHOH noBepxx-iOCTbro
(peub #a1eT o chepHuecKoM cerMeHTe Oe3 orpaanHBafomen
€ro OKpYXKHOCTH).

Ecam npoctas nonHas MOBePXHOCTb ABJSETCH KOHEUHOH,
TO OHa HaabiBaeTcsi 3amkHymoii. Kpome cdepbl, 3aMKHYTOH
MOBEpXHOCTBIO SIBJIAIETCS, HAaNpHUMep, TOp — IOBEDPXHOCT, NO-
Jlydaemasl BpallleHHeM OKPYXKHOCTH OKOJIO 'npwoﬁ nexaren
B TMJOCKOCTH OKPY)KHOCTH I/I He nepecexa}omen OKpY}KHOCTb
(uepT. 24).

OnpenenuM MOHSTHE OKPECMHOCMU TOYKH Ha npocrou no-
BEpXHOCTH.

OkpecTHOCTBIO TOUKH X -Ha l'Ip'OCTOf:X» noBepxHocTH P Ha-
3biBaeTcs ofuias 4acTb NOBepXHOCTH P UM HEKOTOpO# 'mpo-
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CTpaHCTBeHHOR oKpecTHOCTH ToukH X. CorslacHO onpeiesieHHIo
y KaxXJOH TOYKH IpPOCTOH IOBEPXHOCTH €CTb OKPeCTHOCTb,
SIBJIAIOLLAACS 3JIEMEHTApHOM NOBEPXHOCThIO. B panbHelimenm,
ropopsi 06 OKpPEeCTHOCTH TOYKH Ha MOBEDXHOCTH, Mbl Oylem
HIMETb B BHAYy TaKylO 3JIeMEHTapHYI0 OKpDeCTHOCTb.

MuoxectBo @ Touek mpocTpaHCTBa Mbl GyfeM HasbBaTh
obujeil nosepxHOcHbIO, €clii OHO ABJseTCsl 00pasoM IpOCTOM
NOBEDXHOCTH TIPH JIOKA/JBbHO TOMOJOTHYECKOM OTOGpaXKEeHHH
€e B NpPOCTPAHCTBO.’

Mrr GyneM roBopuTbh, 4TO OTOOGpaxeHue f, mpocToi mo-
BepXHOCTH P; M oTo6paKeHue f, MPOCTOH MOBEPXHOCTH P,
ONpEefeNAIoT OJHY H Ty Xe OOILyl0 NOBepXHOCTb P, ecin
MeX1y TOYKaMH noBepxHocTel @, u D, MoxkeT GHITH yCTa-
HOBJICHO TOINOJIOTHYECKOe COOTBETCTBHE, MPH KOTOPOM 0Opasbt
COOTBETCTBYIOLNX TOYEK 5THX MOBEpXHOCTEH Ha NOBEPXHOCTH
& cosnagaior.

[Tycte ofmas noeepxHocTb D sBAIsSIETCS 0Gpa3oM MPOCTOMH

MOBEPXHOCTH ¢ NpH JIOKAJBHO TOMOJIOMMYECKOM OTOGpaxe-
Huu f. OkpectHOCTBIO TOuKH f(X) Ha moBepxHOCTH @ MBI Gy-
JleM HasbiBaTb 06pa3 Jo60H OKpecTHOCTH TOYKM X Ha Io-

BepxHocTH @ mpu orobpaxennu f. Tak kak oToGpaxeHue f
B JOCTaTOYHO MaJsIOH OKDECTHOCTH TOUKH X SBJS€TCS TOIO-
JoruyeckuM, 10 f(X) Ha @ HMeeT OKPECTHOCTDb, SIBJISIOLLYIOCS
3JIeMEHTapHOH MOBepXHOCTHIO. TakuM obpasoMm, uccsedosarue
2060t NOBEPXHOCMU <8 MAAOM» CBOOUMCA K PACCMOMPEHUIO
S/EMEHMAPHOL NOBEPXHOCTIL.

§ 2. Peryasiphasi MOBepPXHOCTb. AHAJHTHYECKOE
3ajJlaHue MOBEPXHOCTH

Us onpegenenuss ofumell NOBEDXHOCTH CJELYeT, 4TO
y KaxkJOHd ee TOUKH CYIIECTBYeT OKPECTHOCTb, SIBJISIOMIASCA
3J1eMEHTapHO! IOBEpXHOCTHIO.

ITosepxuocts @ Mbl GyneM HaswlBaTh peeyaaprol (k pas
auddepeHupyeMoii), ecau y KaXIOH TOYUKH 3TOH TOBEpX-
HOCTH €CTb OKPECTHOCTb, JONYyCKAawLlas peryaspHyilo mnapa-
MeTpH3aluyio, T. €. 33[jaHHe ypaBHEHHSIMH B IlapaMeTpHUYECKOH
¢dopme

X = fl(us 0)9 y = fz(u, U), 2= f3(ur U),
rie f,. fs [s— peryaspunie (kB pa3 HenpepelBHO jucdde-
peHiMpyeMble) (YHKIHH, 3aJaHHbIE B 3JEeMEHTapHOH o6Ja-
ctd G nnockoctH wuv. Ilpu 2 =1 noBepxXHOCTL Ha3biBaeTCs
eaadkod.,
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IToBepXHOCTL HA3BIBAGTC QHAAUMUYECKOL, €CN OHa
B JOCTAaTOYHO MaJjOi OKpEeCTHOCTH KaXJOH CBOed TOYKH
ZIONYyCKaeT aHaJHMTHYeCKyl0 NapameTpH3auuio (GyHKUHH [,
fs, [s — aHanuTHYeCKHE).

B panbpHeiieM Mbl GyfieM pacCMaTpHBAaTb HCKJIIOUHTENbLHO
peryJsipHele MOBEpXHOCTH.

CorJyiacHO onpefesieHHI0, peryJisipHas MOBEPXHOCTb B OK-
PECTHOCTH Ka)KAOH CBOeH TOYKH MOXeT ObITh 3afiaHa ypaB-
HeHUSIMH B mnapameTpHuyeckodl cdopme

x=x(u,v), y=y(u,v), z=2(u,v),
rie x(u,v), y(u, v), z(u, v) — peryaspHble GYHKUUH TIe-
pPeMEeHHbIX 4, U, 3aJaHHBIE B HeKOTOopoH o6sactH G mioc-

KocTH uv. EcrecTBeHHO BO3HHKaeT BOMpPOC: KOTJa CHCTeMa
paBeHCTB

x=x(u,v), y=yu,v), z==z2(u,v),
rae x(u, v), y(u, v), z(u, v) — peryJspHbie GYHKUUH B He-
Kotopo#i of6nactH G NMNOCKOCTH uU, — 3ajiaeT IOBEpXHOCTh?
OrBeT Ha 3TOT BONpPOC BO MHOTHMX CJYdYasiX AaeT CJeAylolas
TeopeMa:

Teopema. Ecau x(u,v), y(u, v), z(u, v) — peeyraproe
pynxyuu 6 obracmu G naockocmu uv, yoosaemeopsaulUe
YCA08UI0 — PaHE MAmpPUYbL

(xuyuzu)
xvyvzv

ecrody 6 G pasen Osym, — o cucmema pasercms
x=x(u,v), . y=yu,v), z=2(u,v)

aadaem uexomopyto nosepxHocmv D. Ima nosepxrocmo ecmo

o6pas npocmoii nosepxwocmu G npu  A0KAA6HO monooeu-

weckom omobpascenut, komopoe mouke (u, v) obracmu G

CONOCMasAAem mo4Ky npocmpaxcmea ¢ koopouramamu x(u, v),

y (4, v), z(u, v).

B 31oll Teopeme B J0OKa3aTeNbCTBE HYXIAETCs, OUEBHJIHO,
TONLKO yTBEPXK/JEHHE O JIOKAaJbHOH OIHO-OAHO3HaYHOCTH
yKasaHHOro orobpaxenusi. JlokamxeM 3TO.

IlonycTuM, YTBepXKIeHHE HEeBepHO, TOrAa CYUIeCTBYeT
TOuKa (Ug, U,) B obsmactu G, B CKOJIb YTOLHO MaJIoi OKpecT-
HOCTM KOTOpPOH MOXHO YyKasaTb JiBé pasjiMiHbie TOYKH
(uy, v)) ¥ (4y, V) TaKue, 4TO

x(ul, 01) - x(ug, Ug) = O, y (ul UI) —_ y (uz, 02) = O,
z(uy, v;) — 2 (ug, vs) =0.
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Vimeem:
x(Uy, V1) — x(Us, V) = (x(4y, v1) — x (4y, Vz)) +
+ (x (uy, 0)) — x (U, 02)) = (v; — vs) X, (uy, ¥y) +
-+ (ul - u2) Xy (8;’ 02) =0.
Anajnornuso: '
Y (uy, 1) — Y (Ug, Vg) = (U3 — Va) Y, (o, Bs) +
+ (U —uy)y, (®;, v2) =0,
z(Uy, v;) — 2 (Us, Us) = (U — V3) 2o (uy, ¥5) +-
+ (U — uy) 2, (5, vy) = 0.
TNpunuMasi BO BHUMaHUE, YTO U; — U, U; — U, He DaBHH

HYJIIO OJHOBDEMEHHO, M3 IOJy4YeHHBIX TpeX PaBEHCTB 3aKJIO-
YyaeM, YTO pPaHT MaTpHIbI

(xu (1 v2), ¥, O3 va), 2,5, 02\)
Xy (uh 8l)r Yo (uh 19z)r 2, (ul’ 1(}3).

MeHbllle [ABYyX, T. €. €€ JeTepMHHAHThl BTOPOro mOpsAKa
paBHBI HYJIIO. Tlo HEINIPpEPBIBHOCTH q’)yHKH.HI':I Xy Xy o-r 2y
OoTCloja cJjenyer, 4TO BCe AETEpMHHAHTBI BTODOro mnopsaka

MaTpHIbI
xuyuzu)
(nyDzv

B TOuKe (Uo, Vo) PaBHEI HYJIO, T. €. DaHI MaTpHULLl MeHblle
IBYX. Mbl NpUILJIM K TPOTHBOPEUHIO. YTBEpKAEHHEe J[OKa-
3aHo.

HekoToprie moBepXHOCTH NpH TNOAXOAAIlEeM BreiGope oceil
KOOpJMHAT X, Y, 2 JAONYCKalOT MapaMeTpHs3amuio AJs Bceil
TIOBEPXHOCTH BHAA

x=u, y=vu, z=f(Wu,u),
Tae f(u,v) — dyskuus, onpeneneHHas B o6snactd G mioc-
"KOCTH 4v. YpaBHeHHS 3TOH IOBEPXHOCTH MoOryT ObITh 3a-
(JINCaHBl B 9KBHBAaJICHTHOU cdopme

=[x y).

Takas mapaMerpusauusi NOBEPXHOCTH OTJIHYaeTCss GOJib-
auoH HarasnHoCTbIO. COOTBETCTBHE MEXIY TOYKAMH I[OBEpX-
HOCTH M TOYKAMM OGJIAaCTH TJIOCKOCTH XY OCYIIeCTBJISETCS
IIpOEKTHPOBaHHEM NPSIMBIMH, MapaJlieJbHBIMU OCH 2.

HesiBHOe 3ajaHMe IOBEPXHOCTH.

M Gyzem roaop;m; uTO MOBEPXHOCTL & 3adana- ypas-
Heruem

CP()C, Y, Z) =‘0’
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BbIpaxasl 3THM TOJBKO TO, YTO KOODAMHATH TOYEK INOBEpX-
HOCTH YJOBJieTBOPSIOT JNAHHOMY ypaBHeHHIO. [lpu sTOM
MOTYT CYIIEeCTBOBAaTb TOYKH IPOCTPAHCTBA, YJOBJIETBOPSIO-
e JAaHHOMY YpaBHEHMIO M He IMpHHaJJexalllie IOBEpX-
HocTH .

[pu paccMOTpeHHH MOBEPXHOCTEH, 3aJaHHBIX ypaBHEHHEM
¢ (x, x, z) = 0, BaxKHyI0O pOJIb HIpaeT CJeAylollas Teopema:

Teopema. Ilycme ¢ (x, y, 2) — peeyrapHas GyHukyus ne-
pemennolx x, y, z. Ilycme M — mHoscecmeo mouex npo-
cmpancmea, yoosiemeopawuux ypasrenur ¢ (x, y, z) =0,
(xo, _/0, zo) — Mo4Ka  3mo20  MHOXCeCmea, 6 Komopou
<Px+(P —|—cp #+ 0. Toeda y mouku (xo, Yo, 20) ecmo okpecm-
wocmb | maxas, 4mo ece mouku mrogcecrnea M, npunadie-
scaujiie amoti oKpecmrocmu, 06pasyrom pecyAapryio  saemer-
MAPHYIO NOBEPXHOCHILb.

Hoxazameasscmeo. IlycTb nJs onpenesieHHOCTH B TOUKe
(%0, Yo, 20) ¢, + 0. Tlo Teopeme O HesIBHHIX (DYHKUMSAX Cylle-
CTBYIOT uHcaa 8 M e Gosblle HYJas H perynaspHass ¢yHK-
uus ¢ (x,y) onpeneneHHas B 006JaCTH |x — X, | <3,
|y —yo| <8 Takue, uto BCe TOUKH (X, y, ¢(x, Y)),
|x—x0|<8 |y~J0|<8 YAOBJIETBOPSIIOT ~ YpaBHEHHIO
¢ (x, 2) =0, mpu4eM STHMHM TOYKaMH HCUEpPIEIBAIOTCSA
BCE TO'-IKPI napajnenenunefa |x—x,| <9, |y—y,| <3,
| z—z¢| < e, yloBJeTBOpAIOLINE YpaBHEHHIO ¢ (¥, y, 2) = 0.
duieMeHTapHasi MOBEPXHOCTb, O KOTOPOH HJAET pedb B TeO-
peMe, 3ajilaeTcsl ypaBHEHHEM

2 =“k(xv y);]x'—xol <8v Iy—yol <B,
Teopema nokasaHa. '

§ 3. CneumnajbHble MapamMeTpH3aUHH MOBEPXHOCTH

Peeyarsnpras nosepxrocme 8 oxpecmuocmu kaxcdoil ceoeti
mouku Oonyckaem GecHiCAeHHOe MHONCECTMBO Napamempusayui.
JelcTBUTEIBHO, NYCTh

x=x(u,v), y=yW,v), z=2(u, v) —
Kakas-HHOYAb NapaMeTPH3alHs NOBEPXHOCTH B OKPECTHOCTH
TOUKH Q (o, V). _
Eciau ¢ (a, B) u ¢ (a, B) — mobule perynasipHble (QyHKIMH,
yAOBJIETBOPSIOILHE B TOUKE (%, By) YCJIOBHAM
uo = ¢ (a0, Bo), | PatPp

Oo = b (c, Bo), |bats |70
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TO YpaBHEHHS

X=x (? (G, B)’ ‘P (a’ p))

y=y (@B ¢(xp)

2=2 ((P (a" p)' (‘p (a’ B))
JaloT TaKXke peryJspHyl0 MNapaMeTpH3alHio IMOBEPXHOCTH.
DTO OUEBHIHEIM 00pa30M BBLITEKAET H3 TOro, 4To (popMyJiaMH,

u=ea, B)a v=q)(a, B)
3aJlaeTCsl TOMNOJIOTHYeCKoe OToOpa)KeHHe JOCTaTOYHO MaJIoi
OKDECTHOCTH TOYKH (&g, Bp) TJIOCKOCTH & Ha. HEKOTOPYIO
OKPEeCTHOCTb TOYKH (&g, Uy) TJIOCKOCTH WU.

Ilpr wHccnefoBaHHHM pETyJSpHBIX MOBepXHOCTEH ObiBaeT
NOJIE3HO MOJIb30BATbCS CHNENHAaJbHBIMH HapaMeTpH3alHsIMH,
PaccmoTpum HaubGosee ynotpeGHTEeNbHBIE H3 HHUX:

Teopema. ITycmoe P — peeyrsapHas nosepxHocme u

x=x@. ¥, y=y@v), z2=2(,0)

Kakasa-nubyOv ee peeyarapras napamempusayus 8 oKpecm-
Hocrmu mouku P. Ilycmo e mouxe P

xuyu
xvyv ?I: 0-

Toz0a 6 oxkpecmHocmu P nosepxrocmoe @ donyckaem 3a-
danue ypasHexuem

z=f(x,y)
20e [ — peeysrapran yHKyus.

Hokasameavcmeo. Tlo TeopemMe O HesBHBIX GYHKIUAX
CYIIeCTBYIOT peryJspHbie QyHKUMH U (X, y), U(x, y), KOTOpEHIe
NpH MOACTaHOBKE UX B YPaBHEHHA X = x (4, V) H y = y(u, v)
ofpalialoT X B TOXKJECTBa.

Tax kak
xuyu uxvx — l
XY, [l 1,0, ’
TO
uxvx
+ 0.
ub’vy
BBoast HoBble mapaMeTprl o H 3 corslacHo ¢opmyJaam
u=u(p), v=0(xf),
noayyaem:

x=a y=0, z2=2(u(xf), v(z B).
Hau, uto TO XKe camoe,

z2= f(x, ).
Teopema pnokasana.
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Teopema. ITycme @D — peeyasapHas nosepxHocme, U, v —
ee peeyarspHas napamempusayus. Iiycme 8 okpecmrocmu
mouku (Uy, Uy) 3a0ansr 08a Ougpdpeperyraivholx ypasHenus

A, (u, v)du+ B,(u, v)dv =0 *)
A, (u, v)du + B, (u, v)dv =0,

Koappuyuenmor Komopvix 8 mouxe (Uy, Vp) YyOo8AemeopsaOm
YCA08UIO

A,B,
AyB,

Toz20a & oxpecmrocmu 3mod mMo4KU noeepxHocme P MONCHO
napamempusosame mak, 4mo KoopOUHAmHole auKUU Gydym
UHMe2PaLbHBIMU Kpusuimi ypasrenuld (*).

Hokasameascmeo, He orpanuyuMBas OOLIHOCTH, MOXHO
cuntath Ay =0 u B; +# 0. Ilyets v = ¢ (@, u) — peuieHHe
fIepBOro U3 ypaBHeHHH (¥), KOoTOpoe mpH U = u, obpallaercs
B8 a, a u={(B, v) — pelleHHe BTOPOro ypaBHEHHs, KOTOpoOe
apH U = v, obpamiaercss B . YpaBHeHHS Vv = ¢ (a, 4) H u =
= ¢ (B, v) pa3pelIUMBl OTHOCHTEJBHO & H 8 COOTBETCTBEHHO
B OKDPECTHOCTH TOYKH U,, Uy, TAK KaK

#+ 0.

0
a—::lqeO OpH U = U,,

g—g’-=lﬁe0 IpH U = 0,.

IMycts & = a(u ,v) u B =P (¢, v) 374 pewenus. [Tokaxem,
qTo .
a‘upu
%fy

Tak xaxk a(u, ) = const ecTb HHTErpaJ nepBoro M3 ypas-
HeHHH (*), TO ypaBHeHHs

Adu+Bdv=0u a,du+ adv=0
coBMmectHH. Otcroga

+ 0.

a’uau
AHaJIOrHYHO
=0.
B.Bo
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Ecnn npeanosoXuts, 'uTo
aua'v
B84
TO HEMEINJICHHO TIoJy4aeTcs
AlBl
A,B,|
a 3TO HEBO3MOXHO. I/ITaK,

%%

Bubo

Orcioga caepyer, uto o (4, v) U B(u, v) MOKHO BBECTH
B KauecTBe HOBHIX NapaMeTpoB Ha nosepxHoctd. Ecau sTo
clesiaTh, TO KOOpPJHHATHHIE JUHUH (a = const u [ = const)
GyAyT HHTEerpasibHBIMM KpPHBHIMH ypaBHeHHH (*). :

Teopema pmokasana.

Sameuanue, Cucrema ypaBHeHI«m (*), xoropas ¢ury-
puUpyeT B (OpMYyJHPOBKE TEOpEMBbI, YacTo ObIBAeT. 3ajaHa
OJHUM ypaBHEHHEM BTOpOH CTeNeHH

Adu® 4- 2B du dv 4 C dv? =0.

CooTBeTCTByIOIEE YCJOBHE Ha KO3(h(PHIHEHTH CBOZHTCA
K HepaBeHCTBY

£0.

B

i

AC—B%<0.

§ 4. OcoGbie TOYKA HA PeryJasipHOil MOBEPXHOCTH

Touky P perynspHO#l NMOBepXHOCTH MHI GyJaeM Has3bIBATh
00bIKHOBEHHOU TOYKOH TQ OTHOLUEHHIO K JaHHOH CTeleHH
PETYJIIPHOCTH kR, €C/IM MOBEPXHOCTH JOMyCKaeT R pa3 Au¢-
(epeHIIHpYEMYIO [TapaMeTpH3alHUIo

=xu,0), y=y(u,v), z=2(, V)
B OKPECTHOCTH 3TOH TOYKH, YJOBJETBODSIOILYIO YCJOBHIO:

paHI‘ MaTpHUEL
(xuyuzu>
xvyuzu

B Todke P paBen aByM. B nporuBHOM cay4aei Touka P
HasbiBaeTcsl ocoboi. JIMHHA Ha TMOBEPXHOCTH, BCe TOYKH
KOTOPOH  ABJIAIOTCSA OCOOEIMH ' TOYKaMH, Ha3blBaeTCs 0C000L
AMuruel,
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I moBepXHOCTEH pacCMOTpPeHHe BONpoca 06 OCOBHIX
TOYKax MNpefAcTaBjaseT coboii Gojiee TPyAHYyIO 3ajauy, uem
AJIST KPUBBIX, Mbl OrpaHHYMMCH HCCJIEIOBAHHEM MNPOCTEHIIHX
cJlyuaes.

Ilyctsb

x=x(,0v), y=y(u,v), z=2z(,v)

perysspHas napaMeTpH3anus NOBEPXHOCTH B OKDEeCTHOCTH
ToukH Q. IlycTh paHr maTpHIlbl

(xuyuzu)

xvyvzv

BCIOJYy B OKPECTHOCTH Q paBeH jgByM, KpoMme caModl TOuku Q,
B KOTOpOH OH MeHblle JBYX.

ByzneM nosb3oBaThCS BEKTODHOH 3amHCbI0 yPaBHEHHS
MOBePXHOCTH r = r. (i, v), TAe r (u, v)=x(u, v)e, + y (¢, v)e,+
+z(u, v)e; (e, €, e; —eIVHUUHBIE BEKTOpHl, Hampas-
JIeHHHE 10 ocsiM X, y, Z). Toraa ycjoBHe TOro, 4TO pPaHr
YNOMSIHYTOM MaTPHIBI PaBeH JBYM HMJH MeHblle JIBYX, CBO-
AUTCA K TOMy, 4TO 7, xrvan W 1, X1, =0 coorser-
CTBEHHO.

Beesem B paccmoTpenue BeKTop-dpyHKumo

- ry X'ry

E_,Irux rol - *)
HenocpencTBeHHo mpoBepseTcsi, YTO OHA MHBAPHAHTHA OTHO:
CHTeJIbHO Npeo6pa3oBaHUsi KOOPAHMHAT C AKOOHAHOM GOJIbLIMM
gynd. Ecanm xe AxoOMaH MeHblle HYJ, TO OHA: MeHseT
TOJILKO 3HaK. NN

Touxa Q noeepx/-tocmu 6ydem saeeaomo ocoéou ecau npu
P —Qtp #e cmpemumes Kk onpedenenromy -npedery. B camom
gene, ecau Q OOBIKHOBEHHAs TOYKa, TO B €e OKDPECTHOCTH
MOXKeT. GbiTb -BBEJieHAa perysisipuas mnapamerpusaunus (a«, B)

Takasi, 4TO re X370 B TOUKe Q M, CIEJOBAaTEINbHO; NIPR
P Q

Iy X'rg _ ry X }v
Ira X £gl T Ty X A
CTPEMHTCS] K ONpENENEHHOMY Mpefesny.
3aberasi HEeCKOJIbKO BIepej,, 3aMeTuM, uto ‘£ (u, v) sBJAA-
eTcd.€IMHUYHBIM BEKTOPOM HOPMajid K TNOBEPXHOCTH B TOY-
Ke P. Hopmanab K NOBEepXHOCTH onpeneiseTcss He3aBHCHMO
OT KaKOH-1H00 KOHKDETHOH NapaMeTpH3AIMH IOBEPXHOCTH.
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Ecan Touka Q — OOLIKHOBEHHAs! TOUKA MOBEPXHOCTH, TO HOP-
MaJjib MOBEPXHOCTH B OKPECTHOCTH 3TOH TOYKH HelpepbiBHO
3aBHCHT OT MOJIOXKEHHs] TOYKH M, CJIeJOBaTeJbHO, eAHHHYHBIH
sekTop £(4, v) mpu P —>Q cTpeMHTCs K OlpeleJeHHOMY
npelesy — eIHHHYHOMY BeKTOPY HOpPMalHd IOBEPXHOCTH
8 Touke Q.

I[Tpumep. Touka (0, 0) Ha moBepxHOCTH

L

x=ud, y=03, z=(u® + v9°

(uepr. 25) sBisieTcas ocoboil Toukoi. HeTpyano mnposeputs,
qto & (4, U) He CTPEMHTCS K OINpelesNeHHOMYy Ipeleny, Korja
U ¥ U TpOM3BOJBLHBIM 00pasoM cTpe-
z MATES K HYJIO.
Homnyctum tenepp, ytonpu P —Q
Ep CTPEeMHTCS1 K OIIpefile/leHHOMY IIpe-
neny &. Torma paccMOTpeHHBIH TOJb-
KO 4TO NpH3HaK He JaeT OTBeTa Ha
Bonpoc Oyfer Jsu Touka Q ocoboit
TOYKOH HJIH OOBIKHOBEHHOH.

P [TycTb KpHBOMHHEAHEIE KOOPAHHATEHI
/ 0 TOUKH Q — u, u v,. BosbMeM B mJoc-
y KOCTH W4V Majbli T[pPOCTOH  KOH-

TYD 7Y, OXBATHIBAIOWHMEA TOUKY (Ko, Uy)-

Hepr. 25. IlycTh 7 — COOTBETCTBYIOUINH KOHTYP

#a noBepxHocTH. CrnpoeKTHpyeM KOHTYp Y Ha IJIOCKOCTb G,
TIPOXOAAIILYI0 Uepes TOUKy Q, NepHeHAUKYJIAPHYIO BEKTOPY &q.

Ecnu npoexuus | KOHTypa Y Ha IJIOCKOCTb ¢ He OXBa-
THIBa€T TOYKH Q HJIM OXBaThiBaeT ee Gosiee OIHOro pasa,
T0 Q 3aBefoMO ocobasi TOYKa.

IlonycTHM, yTBepxKJeHHe HeBepHO M  — OOLIKHOBEHHasl
Touka. TorAa moBepXHOCTb JONMYCKaeT NapaMeTpH3aIHIO
r=r(a, ), yroBIeTBOpsiOMYI0 B Q YycJoBHIO 7, X rg= 0.
OTKyja crefyerT, 4TO r, H ry HepaBHbIe HYJI0 W Hemapal-
JieJIbHble BeKTOPHI.

[lyets a = oy +E(f) 1 B =P+ n(f) — ypaBHeHHe KOH-
Typa v. Tora KOHTYp B NJOCKOCTH o, 3aJaHHBIl ypaBHe-
HHeM

r=r(Q+E@r.(Q +n)rsQ),

Majlo oTaH4aercs OT §. M Tak Kak 3TOT KOHTYp moJaydaeTcs
auHHBIM npeoOpa3oBaHHEM H3 |, TO OH, a C HHM H KOHTYP T,
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OIMH pa3 OXBaThiBaeT TOUKY Q, MoZOGHO TOMY, Kak KOH-

TYP Y TOUKY (39, B)-
[Tpumep. Touka (0,0) Ha moBepxHOCTH

x=u*—1® y=2uv, z=ud

(uepr. 26) sBnsiercs ocoGoil. Ilpu o06Xole OKPYMKHOCTH T
u? 4 v? = e?— COOTBETCTBYWOUlAsA TOYKA | — MPOXOAHT JBaxk-

bl OKpYXKHOCTb X% 4 y? = e*. Takum o6pa3om, | OXBaThl-
BaeT Touky (0,0) ABaxKnwl.

3¢
y x

Yepr. 26. Yepr. 27.

[Ipumep. Bce TOUKH MOBEpXHOCTH
x=u, y=1uv: z=103

pacrnosioxeHHble Ha ocH x-0B (v =0), sBasIOTCH OCOGHIMH
(uepT. 27). 34ecb IJIOCKOCTb ¢ SIBJISIETCS IIOCKOCTBIO Xy.
KOHTYp 7 COOTBETCTBYIOILEH OKPYXKHOCTH T: (Xx—a)? + y? = &2
pacroJiaraeTcsi LEJHKOM B MOJYMJOCKOCTH y >0 (Tak Kak
y = v%) H, cjelloBaTeNbHO, HH pa3y He OXBATbIBAET TOUKY
Q(a, 0) ocu x-0B.

Ocobast MUHHSA THNA, PAacCMOTPEHHOTO B 3TOM IpHMepe,
Ha3sblBaeTcsl pe6pom 6o3epama moBepXHocTH. Kaxnas mioc-
KOCTb, NMeprneHAMKyJsipHas pebpy BO3BpaTa, IepecekaeT Io-
BepXHOCTb IO KPHBOMH, /sl KOTOpoHl TOuka pebpa Bo3BpaTa
siBJIsieTcs1 0co00H TOUKOH — TOuKO# Bo3BpaTa. B paccmortpen-
HOM INpHMepe TaKMMH CedeHHSIMH SBJSIOTCSA NMOJYyKyOHueckue
napaboJibl.

B 3akjioueHHe — HECKOJMIBKO CJIOB 00 0cOOBIX TOYKax
NOBEPXHOCTH, 3aJaHHOH ypaBHeHHeM ¢ (x, y, 2) = 0.
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Bo-nepBbiX, 0COOBIMH TOYKAMH IOBEPXHOCTH MOTYT OBITB
TOJILKO Te ee TOYKH, rle ¢, = ¢, = ¢, = 0. JleHCcTBUTENILHO,
ecqu B TOYKe (Q MOBEPXHOCTH OJHA M3 YaCTHHIX HPOH3BOA-
HBIX, Hamnpumep, ¢, =0, TO NOBEPXHOCTb B OKPECTHOCTH
TOYKH @ J[ONMYyCKaeT peryJisipHyl0 NapaMeTpH3aldio BHIa
r=1¢(x, y) OTKyJa cleflyeT, 4To Q ABJAETCS OOBIKHOBEH-
HOH  TOUYKOH.

ITycte B Touke mosepxHocTH Q (Xy, Yo, 20) ?, = ¢, = ¢,=0.
Pasnaraa ¢yskuuio ¢ no ¢opmyse Teitsopa B OerCTHOCTPl
TOYKH Q, MOJydYHM:

Qg1 (X — X0 + Qo (¥ — Y0)* + @33 (2 — 20)% +
+ 2a,5 (x — Xo) {y — Yo) + 2a,13 (x — xo) (2 — 2p) +
+ 2a53(y — yo) (2 —29) + R =

OkasbiBaeTcsi, 4TO €M KBajpaTHuHas dopMma 3, a.itf,
sIBNISieTCsl OTIpefie/IeHHOH, T. e. oOpalllaeTcsi B HYJb TOJBKO
Korjia BCe £, paBHBl HYJIO, TO B JOCTATOYHO MaJIOH OKpe-
CTHOGTH TOYKH (X, Yo, 2o) HH OJiHA TOYKA TNPOCTPAHCTBA,
KpOMe CaMOil TOUKH (Xy, Yo, 2o), HE YHOBJETBOPSET ypaB-
HeHHo, ¢ (x, y, 2) =0. Ilostomy mnoBepxHocTp @ He MOXKeT
OblTb 3aflaHa ypaBHeHUeM ¢ = (0 B OKPECTHOCTH TOYKH Q.

3amedaHue. Yacto mnojl NOBEPXHOCTHIO, 3aAaHHON
ypaBHeHUeM * ¢ (x, y, 2) =0, NOHHUMAaIOT TeoMeTpHYECKpe
MecTO TOYeK MPOCTPAHCTBA, YAOBJETBOPSIOMUX ypaBHEHHIO
¢ = 0. IIpu Takom onpefeneHHH NOBEpPXHOCTH TOYKY B pac-
CMOTPEHHOM TOJIBKO . YTO CJydae Ha3bBAIOT U30AUPOBAHHOL
0co60il TOUYKOH. '

Hpumep. Feomerpuqecxoe MeCTO TOUEK, leOBJIeTBO-
PAIOIIUX  ypaBHEHHIO P+ +2)(1—x2—y2—23) =
€OCTOUT H3 coepsl x? -+ 42 +z2—1 u rtouku (0, O, O)
KOTOpasi fIBJIIETCS H30JIHPOBAHHOH TOYKOH 35TOrO reOMETpH-
YecKOro Mecra.

Ecau KBaJIpaTHYHAsA dopma Y a;tf sBIseTcs 3HAKO-
nepeMeHHOH, HO He pasjaraeTcsi B NpOH3BeJeHHE JIBYX JIH-
HeHHBIX (OpM, reoMeTpHYeckoe MeCTO TOYeK NpPOCTPAaHCTBA,
yAOBJIETBOPSIIOIIUX ypaBHeHHIO ¢ (x, y, 2)=0, BOAU3M
TOUKH (X9, Yo, 2o) MMeeT dopMy, O/NH3KYI0 K KOHYCYy BTOPOro
nopsiika, ypaBHeHHe kotoporo ¢ (x, y, 2)—R =0. Ecanu
[OBEPXHOCTb OMpEJENA0T KaK reoMeTpHYeCKoe MeCTO TOYeK
NpOCTPAHCTBA, YAOBJETBOPAIOIHUX ypaBHEHHIO ¢ (X, y, 2)=0;
TO:B 3TOM CJy4ae TOUKY . (X, Yos 2,) HAasBIBAIOT KOHUYECKOL
TOYKOIL.
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MMpumep. Hauvano koopauHAT SBJISETCS KOHHYECKOH
TOUKOH TeOMEeTPHYECKOrO MecTa TOYEK, YJOBJIETBOPSIOMIUX
Y PaBHEHHIO

o+ 12+ 2P — 202 (22— —y?) =0
(uept. 28).

Ecan kBajpatHuHas dopMa Y, a;t; pacmagaercs B Ipo-
u3Be/leHHe JBYX JIHHEHHBIX (OPM, MOI'YT IpPEACTaBHTHCS
pasjuyHple cayyau. Touka Moxker
ObiTh ocoboif  (HampuMmep, TOUKa
(0, 0, 0) nmoBepxHocTH xy — 23 =0)
U1 OOBIKHOBeHHOM  (Hanmpumep,
Touka (0, 0, 0) moBepxHocTH Xy —
— x22=0). B atom cayuae HeoG-
XOJHMO MCCJEJloBaTh JaJsibHefIune
YJIeHBl pasJoKeHUsl QYHKUHH @.

PaccMorpenuss Bcex mocjeqyo-
IIHX TJIaB OTHOCATCS TOJBKO K 00-
J1acTSIM TOBEPXHOCTH C OOBIKHOBEH-
HEIMH TOyKaMu. B wacTHoctH, nist Yepr. 28.
ynorpebasieMbIx napameTpH3anui
npejnosaraeTcsl BHIIOJHEHHBIM ycioBue r, X r, # 0. B panb-
HelillleM 3TO CIelHaJbHO He OroBapHBAeTCs.

YNPAXHEHHSI U 3AJIAYH K TJIABE IV

1. CocraBuTh YypaBHEHHE NOBEPXHOCTH, 06pa3yeMOil MONYNPSMEIMH,
KOTOpble HCXOAAT H3 TOUKH (a, b, ¢) u mepecekaroT napaGony
z2=0, y? = 2px.
OtBer. (bz — cy)® = 2p (2 — ¢) (az — cx).
2. Haifitn ypaBHeHHe NHJIHHApA ¢ O6pasyOIHMH NapaJJiebHbIMH
l'lpﬂMOl'f'l X = Y =2, ONHCAHHOI'O0 OKOJIO 3JIJIHIICOHAa
x2 4 4y 4922 =1.
OtBer. (x+ 4y + 92)2 — 14 (x% + 4y + 922 — 1) = 0.
3. HaiiTu reomeTpHyeckoe MecTo mpoeKiuil LEHTpa 3JJHMICOHIA
Xt g 22 1
b2 + 2
Ha €ro KacaTeJbHbE IJIOCKOCTH.
OtBer. x%a2 4 y2b2 + 220% = (x% 4- 42 4 22)2.
4. CocraBHTb ypaBHeHHe TOBEDXHOCTH, KOTOpas MOJyYaeTcs NpH
BpallleHHH KPHBOH

x=9), z=4%u), y=0
OKOJIO OCH 2.
OtBer. x =9 (u)cosv, y=¢ (u)sino, z={ (u).
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5. [IpsiMas g paBUXKeTCS B NPOCTPAHCTBE TaK, YTO BHIMOMHSAITCA
caefyollHe yCJOBHS:
a) mpsiMasi BCe BpeMs MepeceKaeT oChb 2 MOJ NPSIMBIM YIJIOM;
6) TOYKa mepeceyeHHA npAMOH g C OCbIO Z PABHOMEPHO JABHIKETCH
CO CKOPOCTHIO @;
B) npAMas pPaBHOMEPHO BpaIlaeTcsi OKOJIO OCH 2 C YIJIOBOH CKo-
pOCTBIO ©.
CocTaBHTh YpaBHEHHE MOBEPXHOCTH, KOTOPYIO ONHCHIBAET NPH CBOEM
JBH3KEHHM npsMas g.
OTBeT. x =vcCoswu, y="vsinou, 2 =au.
3nech u — BpeMsl, a U— pacCTOSHHe TOUYKH NOBEPXHOCTH OT OCH 2.
TloBepXHOCTh HA3BIBAETCH NPOCTOH BHHTOBOH MOBEPXHOCTBIO HJIH 2eaus
Koudom.
6. Tlycth Tpu ceMeficTBa moBepXHOCTeH 3aJalOTCA ypaBHEHHIMH:
¢ (%, y, 2) = u = const, ¢ (x, y, 2) = v = const,
% (x,y, 2) = w = const.
JlokasaTh, UTO €CJAH B TOuKe (X, Yo, Zo) AKOOHAH
D b X)
D(x, 4 2) 7
TO BCe TPU ceMeliCTBAa B OKPECTHOCTH 3TOH TOYKH MOXKHO 33a4aTh BEK-
TOPHLIM yPaBHeHHEM:
r=r(u, v, w).
TloBepXHOCTH pa3/HUHLIX CeMeHCTB mosyualTcs npH u = const, v=const
H w = const.
7. TIoBepXHOCTbIO NepeHOca Ha3blBaeTCs NOBEPXHOCTh, OGpasyeMas
NPU MOCTYNaTeJbHOM NepeMelleHHH OJHOH KPHBOH BJOJb APYroOit KPHBOM.
JlokasaTb, YTO MOBEPXHOCTb MepeHoca MoXeT GhHiTh 3ajaHa. ypaB-

HeHHeM

r=e¢ ) +¢ @,
rae ¢ u { — BeKTOp-QYHKLUMH, H3 KOMX NIepBaf 3aBHCHT TOJbKO OT U,
a BTOpas TOJBKO OT 0.

8. [Toka3aTb, YTO MNOBEPXHOCTb, SABJAIIAACH EOMETPHUYECKHM
MeCTOM CpejHH OTPe3KOB, KOHILbI KOTOPHIX NPHHAAJIEXAT ABYM JaHHBLIM
KPUBHIM, €CTb IIOBEDXHOCTb NépeHoca.

9. Hafitn ocobyio JHHHIO Ha nceBjiochepe

. . . u
x=sinucosv, y=sinusinoy, z=cosu+lntg?.

Oteer. Ocob6as JuHHSA U = %— pe6po BosBpara.

Fraea V

OCHOBHBIE MOHSATUSA 1Jis1 NOBEPXHOCTEM,
CBSI3AHHBIE C MOHSATHEM CONPHUKOCHOBEHHS

§ 1. KacaTenbHasi MJOCKOCTb TMOBEPXHOCTH

[Tycte @ — noBepxHocTh, P — TOYKa Ha Helt M & — IJIO-
CKOCTb, Npoxojsumias uepes Touky P. BospMmem Ha mnoBepx-
HOCTH TOUYKYy Q U 0003HAYUM ee pacCTOSHUA OT TOYKH P
H NJIOCKOCTH o 4epe3 d W h COOTBETCTBEHHO.
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Mnu GyleM HaseBaTh TJIOCKOCTb 6 KacameAbHoll nio-
CKOCMbl0 TIOBEPXHOCTH B TOuKe P, ecau ortHowenue h/d -0,
koraa Q — P (uept. 29):

Teopema. [@'iadxkas nosepxrocme D umeem 6 KaxcOolk
mouke KacameabHylo NAOCKOCb W NPUMOM eOUHCMEEHHYIO.

Ecau r = r (4, v) kakasa-Hil6YOb
21a0Kas napamempusayus nosepx-
HOCmU, MmO KacameabHas NAo-
ckocms 8 mouke P (u, v) napaa-
seabHa  eekmopam r,(u, U) U
r,(u, v).

Hokasameavcmeso. onycTum,
nosepxHoctb @ B Touke P (4, v)
HMEET KacaTeJbHYIO IJIOCKOCTD G,
[lyctb n — eAMHHUHBIH BeKTOp,
neprneHAHKYJISPHEIH NJIOCKOCTH d. Yepr. 20.
Paccrosnne d Touku Q (4 + Au,
v+ Av) or Touku P (u, v) paBHO |r(u-+ Au, v+ Av)—
—r(u, v)|. PacctosHue ToukH Q OT IJIOCKOCTH @ paBHO

| (r (@ + Au, v+ Av) —r (4, v)n|,

h _ J(r(u+A8u, 04 A0)—r (4 0)n|

dT Jrwtbdg, oF M) —7(y 0)] °
CornacHo onpegenennto h/d -0, xoraa Au un Av HesaBH-
CHMO cTpeMsTcss K Hymo. B uacTHoCTH,

J(r (u + Au, v) —r (4, V) n|
Jr(u+ Au, v) —r (4, V)|

-0 npu Au -0,

Ho

|(r (u 4 Bu,0) —r (u, 0)n| _

[r @+ Au, o) —7(u,0)]
r(u + Au, v) —r (4, v)

n ‘

Au | |7y (u, v) 0|
r(u+ Au, v) —r (1, v) |ry(u,0)] °
Au

Takum oGpasom,
r,(u,v)n=0.

Tak kak r,(u,v)+0 (r,(u,v) Xr,(u,v)+0), To paBen-
ctBo r, (4, v)n =0 BO3MOXHO TOJBLKO B TOM cJydae, €CJH
BeKTOp 7, (1, V) mapaJesieH IJOCKOCTH .

AnasnoruyHe nokasblBaeTCsi, 4TO BEKTOp r,(u, U) ToXe
napajjesneH IJIOCKOCTH @, M TaK Kak BeKTopH r, (4, V)
U r,(4, V) OTIHYHBL OT HYJd M HenmapasJedbHbl (r,(u, v) X
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X r,(u, v) # 0), To KacaTesqbHas NJOCKOCTE, €CJIH OHA Cyle-
CTBYET, €AHHCTBEHHAas.

JlokaxxeM Temepb CYIIeCTBOBaHHE KacaTeJIbHOM  ILIO-
ckoctd. IlycTh miockocTe o mapaJsJesbHa BekTOpaM 7, (4, v)
u r,(u, v). [lokaxeM, 4TO OHa ABJNSETCS KacaTeJbHOH IIO-
CKOCTBIO NOBEPXHOCTH B Touke P (u, v).

Hnmeem:

h _ |(r (u+ Au, v+ Av)—r (u, v)) n|

d ~ |r(u+du, v+ bv)—r (g, v)]

_ 1(run) Bu + (ron) Ao 4 ey VauE Fae?|
|7y Au+rUAv+szl/Au2+Av2[ o

Au
) s o+ 1o )V—_A =

Au +r Av +
“Vair+ o2 | "V iuE + be?
t7e | e | U |ey| cTpemarcs k Hymo, korga Au, Av— 0.

JlonycTyM, CylLiecTByeT ToOCJefoBaTeJbHOCT map Ad,
Av, cxopsiuxcsi K HYJI0O M TakUX, YTO COOTBETCTByIOUJ.EE
uM h/d > ¢ > 0. VI3 nocnenoBatencHoct! nap Au, Av MOXHO
BBIIEIUTh TaKylo MOANOC/ENA0BATENbHOCTb, JJIsi KOTOPOH
OTHOILEHHUS

(run

+]

’

€2

Au - Av
V huZ - A2 VAu2 + A2
O6yayt cxoautees. IlycTh € M 7 — mpelesbHEIe 3HAYEHHS
aTHX BblpaxkeHH#. Oueupno, £ + % = 1. Ilepexonsa x mpe-
JleJly OTHoWleHHs h/d 1o BbleJeHHOH IOANOC/eN0BaTeNb-
Hoctd map Au, Av, nonquM
l(ru”)g"‘(’vn)"”
d [ 14§+ ron] ’
Tax kak (r,n)=0, (r,n)=0, a r,t+rm=+*0 (r, u r,He-
mapaanenbibl), 1o h/d - 0. Ho 3T0 mpoTtuBOpeuut TOMY,
Y70 BCE JIOMpeJesbHble 3HAYeHHS % N0 NpeiNoJOXKEeHHIO

6oapie € > 0,

Teopema J0Ka3aHa IOJHOCTBIO.

3uasi HampaB/leHHe KacaTeJbHOH TJIOCKOCTH, HeTpyAHO
‘HamucaTh ee ypaBHeHHe.

IlycTe r— BeKTOp TNpPOM3BOJNIBHOH TOUKH KacaTesbHOH
TIJIOCKOCTH MOBepXHOCTH B Touke P (u, v). Toria BeKkTOpHI

;—r‘(u, v), r,(u, v), r,(u, v) mapajJeNbHB KacaTeJbHOH
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MJIOCKOCTH, CJeJOBaTeJbHO, HX CMeIIaHHOe MNpOH3BeNeHHe
paBHo Hymo. OTciofa ypaBHeHHe KacaTeJbHOH IJIOCKOCTH:

(r—=r(u, v), ru(u, v), ro(u, v)) =0.
IlycTh moBepXHOCTb 3ajlaHa ypaBHEHHSIMHU

=x, v), y=y, v), z=2(4, ).
M3 BEKTOPHOrO ypaBHEHHS KacaTeJbHOH IIOCKOCTH CJie-
JIyeT, 4YTO YypaBHEHHE KacaTeJbHOH MJIOCKOCTH, COOTBET-
CTBYylolllee TaKOH - opMe 3ajaHHsI MOBEPXHOCTH, OylIeT:

X—x(u, v), y—yu, v), z—2z(u, v)

x, (u, v) Yu (u, v) z,(u, v)|=0.

X0 (4, 0) Yo (u, ) 2 (4, v)

YpaBHeHHe KacaTeJbHOH IJIOCKOCTH IIOBEpXHOCTH, 3a-
JaHHOH ypaBHeHHeM 2z = z(x, y), moayyaerca H3 HaifjeH-
HOro TOJMBKO 4TO. JIOCTAaTOUHO 3aMETHTh, YTO 3aJaHHEe IMo-
BEDXHOCTH YypaBHEHHeM 2 = 2Z(x, y) ecTb JHIIb KpaTKas
3aNiCh NMapaMeTPHYeCKOro 3ajaHHs

=u, y=v, z=2z(u, v).
ITosToMy ypaBHeHHe KacaTeJIbHOH IJIOCKOCTH B CJy4yae 3a-
JlaHHsl NOBEpPXHOCTH YypaBHeHHeM Z = z(x, y) OyZer

X—x, y—y, z2—2

1 0 2z y|=0

0 1 z,(x, )
HJIH

Z—z—pE—x)—q@H—y =0.

rjie depes p U g ofo3HaYeHH! NepBble NPOH3BOAHBIE (PYHKIIMH
z(x, ). 5

Haiinem, HaKoHen, ypaBHeHHe KacaTelbHOH IJIOCKOCTH
JUIS calyuast 3aflaHisl TOBEPXHOCTH ypaBHeHHeM ¢ (x, y, 2) = 0.
Ilycts (¢, y, 2) — TOUKA OBEPXHOCTH, B KOTOPOH ¢ +4- ¢2 4
+cpzqe0 ux=xu v), y=yu, v), z=2(u, v)— Ka-
Kas-HHOyIb Tyajikasi MapaMeTpU3alHsl MOBEpXHOCTH B OKpe-
cTHocTH 3TOH TOukM. Ecau nopcraBuTh BMecTO X, Y, 2 B
ypaBHeHUe NOBepXHOcTH X (4, v),-y (4, v), 2 (4, .v), TO -HO-
JIydHM TOXJECTBO OTHOCHTeJbHO . ¥ 0. JluddepeHuupys
3TO TOXJECTBO, B TOUKe (X, Yy, 2) MOJYUHM:

Py + PyYu + P22 =0,"
uXo + P Yo + P20 =000 -

6 7-770 81



PaccmaTpuBasi 3TH paBeHCTBA KaK CHCTEMY YpaBHEHHH 17153
P, ¥, ¢, U pewas ee, MONYYHUM:

Px _ Py Pz
Yu 2y 2y Xy Xu Yu
Yo 2y 2y Xy Xv Yo

ﬂJ’[ﬂ ciydas rnapaMeTpu4yeckoro 3ajaHus NOBEPXHOCTH ypaB-
HeHHe KacaTeJbHOH MJIOCKOCTH —

b2l L G-y |> M +a—2 |
Yo 20 2 Xo Xv Yo
[lpuHEMas BO BHUMaHHE NOJYYEHHYIO BHILIE [POMOPLHIO,
noJjyuyaeM ypaBHEHHe KacaTeJbHOH MJIOCKOCTH NOBepXHOCTH
¢(x, ¥y, 2) =0 B TOUKe (X, Yy, 2)

Hopmaavio moBepXHOCTH B. Touke P HasbiBaeTcsi mpsiMas,
npoxoasilas 4epes TOYKy P mnepneHAUKyJ/SPHO KacaTelb-
HOH TJIOCKOCTH B 3TOH TOUKe.

CocTaBiTh ypaBHEHHe HOpMaJjM, MOCJe TOr0 Kak H3Be-
CTHO YypaBHEHHe KacaTeJbHOH IUIOCKOCTH AJ pPa3JHYHBIX
cJyyaeB 3ajaHHfl MOBEDXHOCTH, He COCTaBJISeT TPYJa U Npel-
JlaraeTcs B KauyecTBe ylpaxKHeHHs.

& — x) =0.

§ 2. Jlemma o paccTOSiHMM TOYKH OT MOBEPXHOCTH.
ConpHKOCHOBEHHE KDHBOW W MOBEPXHOCTH

[Tycte @ — moBepxHOCTh M Q — MpPOH3BOJIbHAS ~ TOYKA
npoctpanctBa. PaccrosiHuem ToukM Q OT moBepXHOCTH @ Ha-
3bIBAaeTCS TOYHAs HUXKHAS FPaHb PACCTOSHHH TOYEK MOBepX-
HOCTH OT TOYKH Q.

Jlemma. [ycme @ — 2aa0kan nosepxuocms, 3a0aHHARA
ypasreruem ¢ (x, y, 2) =0. [ycmo 6 mouxke O (x4, Yo, 20)

nosepxnocmu > + goi + ¢ +0.

Ecau Q(x, y. z) — mouka npocmparcmea, 6auskasn k O,
HO He NpuHAOAexHawas NoBepxXHOCMU, MO npu noOCMAHO8Ke
KoopOunam mouku Q 6 ypasuenue nogepxwocmu P noayua-
emcsa geauduna A\, umerouyas nopsdok eeauwuns: h — paccmos-
HUA mouku Q om nOBEPXHOCMU 8 MOM CMbICAE, H4MO OMHO-
wenue Nh cmpemumces K onpedereHHomy npedery, OmMAUY-
HOMY om HYaa, Koeda mouka Q HeozpanuteHHo Rpubauxca-
emcs k O, ocmasasce 6He nosepxrocmu.
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Hokaszameascmeo. Tak kak Touka O NPUHALJIEKHT IO~
BEpXHOCTH P, TO cyllecTByeT € > (0 Takoe, 4TO BCE ‘ TOUKH
NpocTpaHCTBa, YAaJeHHble OT ToukH O Ha paccrosHHe,
He T[peBOCXOjsilllee €, M YNOBJETBODSIOUIHE ypPaBHEHHIO
¢ (x, y, 2) =0, mpuHanIexKaT NMoBepXHOCTH P.

ITyctb Touka Q HAXOAUTCA HA pACCTOSHHH MeHbIleM

€
5 or toukn O. Ilyete P, — mocienoBaTeNbHOCTh TOUEK

TIOBEDXHOCTH, PACCTOSIHUS KOTOpHIX OT Q cTpemsTcs K pac-
CTOSHMIO 3TOH TOYKH oT noBepxHoctH P. Touku P, ofpa-

3yl0T OrpaHH4Y€HHYI0 IIOCJI€A0BATE/JIbHOCTD (HX pacCToAHHUsA

€
oT Q MeHbl1lle -2-) , ITO3TOMY MOXKHO BBIAECJNHTb CXOASALLYIOCS

NOJIOC/Ie10BATENLHOCTb U3 IOCJEOBAaTEIbHOCTH ToueK P,.
He orpaHuuuBas OSWHOCTH, MOXHO CYUHTaTbh, 4TO CaMa MO-
cJefloBaTeNIbHOCTb P, cXomuTcs K HeKOoTopod Touke P,
B’ cuny HempeprIBHOCTH (YHKUMH ¢ B OKPECTHOCTH TOYKH O
TOuKa P ynoBJeTBOpsSieT ypaBHeHHIO ¢ (x, y, z2) = 0. Orciona
caepyer, 4To Todyka P mnpuHapgexut nosepxHoct . Ta-
KUM obpa3oM, ecqd Touka Q gnocratoyHo 6Gauszka K O, 1O
HUXKHSAA I'paHb PAcCTOSHHUHA TOYEK MOBEDXHOCTH OT TOYKH Q
JOCTHraeTcs JAJs HeKOTOpOH ToYKH P, npHHapsexalleil mno-
BEpPXHOCTH.

[Tokaxkem Temepb, 4TO OTpe3oK PQ HamnpaB/eH MO HOp-
MaJHu K noBepxHocTH B Touke P. Ilycte r=r(u, v)— Ka-
Kass-HUOY[b rJajKasi napaMeTpH3alus NOBEpXHOCTH B TOY-
ke P ua— Bektop Touku Q. Tak xak dyHkuus (r (1, v) — a)?
IOCTHraeT MUHMMyMa B TOYKe P, TO JO/MKHO OHITH

(r—a)ry =0,

(r—a)yr, =09,
HO 3TO M 3HAUYUT, 4TO OTpe3ok PQ HampaBleH MO HOpMAaJH
K TOBEPXHOCTH B Tauke P,

Ilycts X, y, z — KoopauHatel Toukn P, & v, { —Ha-
npasJisiiolllie KOCHHYCHl HOPMaJii MOBEPXHOCTH B TOouKe P,
X, Y, 2— KOOPAHHATH TOYKH Q M h — pacCTOsHHE MEeXIy
toukamMd P u Q (uept. 30).

Hmeem:

x=x-+th y=y+1h, 2:——2—I-Ch.
Taxk kKak Touka P NpHHANJIEKHT NMOBEPXHOCTH, TO
e(x+Eth y+nh, 2+ Ch)=0.

6* 83



Orciona
?(x y, )+ h(o.t+ o+ ¢,0) 4+ he =0,

rae e >0 mpu Q- 0.

Henst 370 paBeHCTBO HAa h M mNepexoAs K INpeleay IpH

Q -~ 0, noayuum:
<p(x,_hy,z) - —(#:& + ?,m + 9:L)o0

BbipaxkeHHe B MpaBOH 4YacTH OTJHYHO OT HyJsl, TakK
KaK NpeicTaB/JseT CO0OH CKaJsipHOe MpOM3BeJeHHe mapad-

JIeJIbHBIX, OTJIHYHBIX OT HYJIS Bek-
q ToPoE G m Q) (20 2 ¢.)

JleMMa noKa3aHa MOJIHOCTBIO.
IIpuMeHNM JOKa3aHHYIO JeMMY

K BOIPOCY CONPHKOCHOBEHHUST KpH-

BOH C IOBEPXHOCTHIO.

Ilyctsb @ — anemenTapHas no-

BEPXHOCTb M 7| — 3JleMeHTapHasi

Yepr. 30. KpHBas, HUMempoumHxe OOLLy0 TOY-

Ky O. Ilyctb h — paccrosHue

MPOM3BOJILHOH TOYKM Q KpHBOH OT moBepXHOCTH. Mbl Gy-

JeM TOBOPHTb, YTO KpHBas 7| C NOBepXHOCThi0O P HMeeT

conpuxocroserue nopadka n, ecaiu h/d" - Q, korma Q — P.

ConpukocHOBeHHe oOmedl KpuBOH ¢ o6LleHl NOBEpXHOCTHIO

OyneM IIOHMMaTb KaK CONPHKOCHOBEHHE 3JIeMEHTapHBIX
okpecTHocTell ofuiedl TOYKH.

Teopema. [Tycme D — asemenmapras peeyrsapras no-
8EPXHOCMb U Y — PESYAAPHASA Kpueas, umeioujue oduyio
mouxy O. Hycmo ¢ (x, y, 2) =0— ypasnerue nosepxocmu
8 oxpecmnocmu mouku O, npusem 6 mouxe O 92 4 cp + 2 0;

x=x(t), y= y(t), z_z(t)—peeyﬂﬂpuaﬂ napa,uempuaa-
yus kpusoll | 6 okpecmrocmu mouku O, npudem 8 mouke
x'24y? 4 22£0.

Tocda 0an moeco, umobor Kpusas | umera C nogepx-
.Hocmoto P 8 mouke O conpuxocHoserue nopadka n, Heobxo-
Oumo u Oocmamouro, umober npu t, coomeemcmeytoujem
anouxe O, 661NOARAAUCL YCA08UA

e(x(®), y(t), 2() =0, S9=0, .. To—0.

Jlokazameascmeo. TlycTe Touke O COOTBETCTBYeT 3Ha-
qegue =ty [Ipy Q =0 ¢ — ¢,.
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CornacHo Jsemme ¢ (x(f), y(f), z(f)) HMeeT mNOpSANOK
paccTosiHust Toukh Q or nosepxHoctH P. Urto Kacaercs
paccTosiHus Mexay ToukaMH Q W O, To OHO HMeer mOps-
IOK |t — ¢y|, Tak Kak
0= 17 (1) 0.

— ‘o
ITosTOMy 1715 CONPHMKOCHOBEHHSl n-ro Nopsiika KpHBOH f§
¢ noBepxHocTbi0 @ B Touke O Heo6XONUMO H JOCTAaTOYHO,
4yTOOBl TpH [ = f

e (), y (@), 2(8)
(£ —to)n
A 5TO BO3MOXHO TOTJAa M TOJBbKO TOrja, Korga npu f=f,
¢ynkuusa @ (x(f), y(¢), 2(f) u ee npousBogHEIE A0 N-TO
nopsifika paBHBl HYJIO.

Teopema poka3aHa.

Ipumep. Haiinem conpuxacarowyyiocsa cepy KpuBoi,
T. €. Takyilo cdepy, ¢ KOTOPOH KpHBasi HMeeT CONPHKOCHO-
BEHHE TpeTbero NopsAiKa.

ITycTb r = r(s) — ecTecTBeHHasl NapaMeTPU3alHUs KDPHBOH.

YpaBHeHHe cephl

(r—a) =R,
rie a — BeKTop leHTpa cdepsl, a R — paauyc. IloxacraBasis
B 3TO ypaBHeHue r =r(s) U JAH(depeHuupys, INOCAeL0Ba~-
TeJILHO TO0JydYaeM:

(r—a)r=0,
(r—a)ky + 1=
(r—a) (k}y — Ryt — kikB) = 0.
OTtkyna
(r —a) ki + 3 =
Hrak,
(r—a)r=0,
1 k1
(===, C—af=—j.
Orciona

=|r—al= l/(%)z-}—(k—ifgz)z.

a=rt@—n=r+ g+t ‘3’“‘



§ 3. Compuxacarommiics napaGosoua. Kaaccuduxauus
TOYEK MOBEPXHOCTH

ITycts @ — peryJsipHas (IBaxKAbl HempepuiBHO AHbbepeH-
nupyeMasi) noBepXHocTb U P — Touka Ha Heit. Ilycts U —
nmapa6osouj, ¢ BepLIMHON P, Kacalomuics IOBEPXHOCTH B
3T0il Touke. OGo3HauuM h M d pacCTOSHUS TNPOU3BOABHON
TOYKM Q NMOBEpXHOCTH OT mnapabosoufa M TOYKH P cooT-
BeTcTBeHHO (uepT. 31).

[MapaGonoun U HasbiBaeTca conpuxacarouyumcs napabo-
A0uQ0M TIOBEDXHOCTH B TOUKe P, ecau ortHoweHHe h/d?-- 0,
Korna Q — P. Ilpu sTOM BHIpOXK[eHHe mapabosioHja B mapa-
6OMMYeCKHH UWJIHHAD HJM IJIOCKOCTb
He HCKJIIoYaeTcs.

Teopema. B kasxcdoli mouke P
peeyasproti (OsaxcOvl HenpepvleHo Oucg-
gepenyupyemoii) nosepxrocmu P cyuie-
cmeyem u npumom eOUHCMeeHHbLl (O-
npukacarouutica napaboaoud U, e ua-
cmHocmu evLpodxcoarouyulics 8 napaboiu-
4ecKUull YUAUHOpP UAU NAOCKOCMb.

Iloxazameabcmeo. BBemeM B mpo-

Yepr. 31. CTPaHCTBE MNPAMOYrOJbHBIE JeKapTOBhI

KOODAMHATH X, Yy, 2, NPHHSB TOYKy P

3a HayaJlo KOODJHMHAT, KacaTe/JbHYIO MJIOCKOCTb B TOYKe P—

3a IJIOCKOCTb Xy H HOpMaJb K HeH — HOpMaJb K TMOBepX-
HOCTH — 33 OChb 2.

[lpn TakoM BEIGOpE CHCTEMBI KOODIHHAT MOBEPXHOCTh
B OKDECTHOCTH TOUKH P. MoXeT GBITb 3ajaHa ypaBHEHHUEM

z=2z(x, py),
rae z(x, y) — nBaxknel nuddeperuupyemMas QyHKuUHS B OK-
pectHoctH ToukH (0, 0). ITokaxkem 3ToO.
[lyets r =r(u, v)— kakas-HUGYAb ABaXAb AubdepeH-
uHpyeMast napamMeTpu3allisl NMOBepXHOCTH. TaK KakK BeKTOp
ry X r, + 0 W HanpaBjeH 1Mo OCH 2, TO

XulYu
XoYv

Orciona, Kak nokasano B § 3 ra. IV, caenyer, uto moBepx-
HOCTb B OKDECTHOCTH P jomyckaeT 3ajaHue ypaBHEHHEM

z=2z(x, y),

+ 0.
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rae z(x, y)— pBaxnanl auddepeHuupyeMass byHkuus. 3a-
MetuM, uTto 2(0, 0) =0, Tak Kak Touka P mnpHHAJJIEXKHUT
nosepxHoctH, a z,(0, 0) u 2,(0, 0) paBHH HymoO, TaK Kak
KacaTebHas MIOCKOCT> @ B P z = 2,0, 0)x+2,(0, 0)y
JO/DKHA COBMNAJaTh C IVIOCKOCTBIO 2 = 0.

YpaBHenue napabosouna U, a TakKe ero BBIPOXKIEHHS
B napalofHuecKUil UMJMHAP M MNJOCKOCTb MOTYT OBITH 3a-
JaHbl ypaBHEHHeM BHJA

z2— —;— (ax® + 2bxy + cy?) = 0.

IonycTuM, B TOYKe P cCyllecTByeT cONpHKacalouuiics
napaGosioni. [lokaxkeM, 4To OH eAMHCTBeHHBIH. IlycTb

z— %(ax2 + 2bxy + cy?) =0

ypaBHeHHe CompHKacatoulerocsi napa6oJionnia. CorsacHo JieM-
mMe mpeAblAymero mnaparpada, IpH MOACTAHOBKE KOOpAHHAT
ToykH Q B ypaBHeHHe napaGoJIoMAa MoJydyaeTcsl BeJHUYHHA A,
uMelollas NMOPSAJOK PacCTOSHHS TOYKH Q oT mnapaGosouna.

[Tostomy Exz_ -0 nmpu Q- P.

Pasnarasi GyHkuUHIO ¢ (X, y) B OKPeCTHOCTH HauaJja Ko-
opauHaTt no ¢opmyJe Teiinopa, momyuum:

®(x, §) = 5 (rx* + 255y + 1y?) -+ (& + g9 ey (x, p),

rle r, s, ! — 0003HAaueHHsA BTODHIX NMPOM3BOAHBLIX ¢, a &; (X,
y) >0, xorma x, y—0. IloacraBnas KoopAMHATH X, Yy,
¢ (x, y) Toukn Q TOBEpXHOCTH B YpaBHeHHe napaGosonja,
MOJy4HM:

=%{(r—a)x2+2(s—b)xy+(t——c)y2}-|-

+ @+ v elx, y).
Ksanpat paccrosnus Touku Q or P
EF=x+y 492, y) =22+ y* + (P + ¥ e (x, v),
vie ¢, >0 npu Q - P.
Tak kak oTHolleHue A/d* CTpeMHTCS K HYJIO, KOrja
X ¥ y He3aBHCHMO CTPEMATCH K HYJIO, TO 3TO OyJeT HMeTb
MecTo ¥ Torja, Koraa, Hampumep, y=0, a x> 0. Ho B

3TOM cJydae

! (r— a) x* 4 x%,

A
@ x2 4 x2e,
A
dz

H, CJeoBaTeJIbHO, -0 npu x -0 Torga M .TOJBLKO TOTAAQ,
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KOrlla g = r.- AHaJlorHuHO moOKasbBaertcs, uto ¢ =£. [lo-
Ka)keM, HakoHell, 4yTo b =s. Jlnd 3TOro mpeamoJoxuM,
UTO X U y CTPeMATCS K HyJIO, HO TaK, 4YTO BCerja x =y.
Toraa

A (s — b) x® + 2x%,

&= T oxe ):I-szeg .
Orciofia BHAHO, 4TO ycioBHE 5 —>0 mnpH x--0 Bieuer 3a

coGoii paBeHCTBO b =ss.

TakuM o6pasoM, €c/M CONpHKAcaloUUHC napaGoJoH,
B Touke P cyulecTByeT, TO OH eAHHCTBeHHHIH. Ero ypas-
HeHHe OTHOCHTEJbHO BblépaHHou HaMH CHCTEeMBl KOOpDAHHAT

z— Ll 4 95y 4 ty7) = (*)

TlokaxeM Temepb, YTO NapaboJOH] (*) BCeErjga sBJseTCA
comnpukacalomumcs. B camom fene, aas storo napaGosonia
,\'2 ?) e
b= 0 o 40,
Teopema JHOKasaHa nonHoc'ruo

CymecTBOBaHHE H €IUHCTBEHHOCTH
compHkacaionierocsi napa6osoufia mos-
BOJIET JaTh CJeAYyIOLlyl0 KJaccHdu-
KaLHIO0 TOYEK IOBEPXHOCTH:

1. Touka MOBepXHOCTH Ha3bIBaeTCS
JAauUnmu4ecKoll, ecyii ComnpuKacaroLuii-
J csl mapaGoJsion], B 3TOH TOYKE sIBJIsETCS

- 3JUIMTITHYECKMM  1apaGosouioM (cM.
yepTex 32a).

2. Touka nMOBepPXHOCTH HasbIBaeTcs
eunepboauteckol, ecau COIpHKacalo-
4) muiicas mnapaboJOHA B 3TOH TOUKe
ABJSETCS THNepOosHYecKHM mnapabo-
JoujoM (ueprex 326).

3. Touka moBepxHOCTH HasblBaeTcs
napaboauqeckod, €clM  CONpHKAacaio-
wmuiics napa6oJioul B 3TOH TOYKe BbI-
poxaaercss B napaboJHYecKUH M-
JUHAD (uepTex 32B).

4. Touka nOBepXHOCTH Ha3bIBaeTCA
MO4KOL YnAOWeHUS, eClIU CONpHKacalo-
urHiicss napa6osoull B 3TOH TOYKE BHI-
pOXKAaeTCcs B MJOCKOCTb (KacaTeJbHYIO
Yepr. 32:: TIJIOCKOCT : TOBEPXHOCTH) (4epTex. 32r)s

a)




B 3ak/moueHne 3aMeTHM; UTO -n000GHO mMoOMY KAK Kaca-
MmeabHas NAOCKOCMb NOBePXHOCMU B80CRPOU3800UM  (opmy no-
8EPXHOCMU 8 OKPECMHOCMU MOYKU KACAHUS 8 Nepsom npu-
baudicenuu, conpuxacarouuiica napaboaoud eocnpousgodum ee
60 6MOPOM NPUBAUNCEHUU .

§ 4. Orubawias cemeiicTBa TOBePXHOCTEH, 3aBUCALINX
OT OJHOTO HJM JIBYX NapameTpoB

IMycts S{F.} — onHOmapaMeTpHyeckoe cemeHCTBO TIJIaj-
KHMX TOBeDXHOCTeH, 3aBHcfllee OT napameTpa o. [Jjagkas
noBepXHocTb F -HasmbBaeTcs. oeubawoujed cemeiictBa S, ecnu
OHa B KaxJoH cBoefl TOYKe Kacaercss no KpaiiHe#i Mepe
OJIHOHl TOBEPXHOCTH ceMeHCTBA M KaxXKAbLIM CBOHM KycC-
KOM KacaeTcss OeCUHCJEHHOro MHOMKECTBa IIOBEpXHOCTeH ce-
MeHCTBa.

Teopema. [Iycms 3adano oOwonapamempuueckoe cemeil-
cmeo esadxkux nosepxrocmed S{F.}:.

eix, 4y, 2, ) =0, a<<a<gh,

20e ¢ HenpepoisHo Ougeperyupyemas no ecem apeymeHman
2 i .2 2
pynryusa, yoosremsopsowasn ycroguro 92+ ¢, + ¢, + 0.
Toe20a, ecau eradkana nogepxrocme F sgasemcs ozubar-
well amoeo cemeiicmea, mo oHa 3a0aemcs YpABHEHUAMU

<P(x! Y, 2, U.)=O, Pa (X, ¥, 2, U.)=0
B TOM CMBICJIe, 4TO IJs KaxXKJOH TOYKH (x, y, Z) MOBepx-
HocTd F MOXKHO yKasaThb TaKoe o, 4TO UYeTHIpbMS BeJHYH-
HaMH X, Y, 2, o OyAyT YJNOBJETBOPAThLCA 00a ypaBHEHUS
¢=0u 9,=0.

Jloxka3aTesbCTBO 3TOH TEOPEMBl IO CYIIECTBY NpecTaB-
JisieT co0ofi- MOBTOpPEHHe J0Ka3aTeJbCTBA COOTBETCTBYIOMIEH
TeopeMbl AJs KpuBHX (§ 5, ra. II), moatomMy Mbl H3JIOXKHM
ero MeHee NofxpoGHO. '

Ilycte P (x, y, 2) — npoK3BoJbHAS TOUKA MOBEPXHOCTH F.
ByneMm pasnavyaTth ABa Ciayuas:

1. B Touke P kacaeTcst 6eCKOHeYHOe MHOMXECTBO -TIOBEpPX-
HocTeill cemeficta: F,, F,,

2. B Touke P KacaeTcsl TOJbKO KOHEYHOE YHCJIO NOBEpX-
HocTell cemelicTBa: Fo, ... Fa,. ’

Paccmotpum nepBhii caydail. He orpanuuuBas o6muocTH,
MOXHO CYHTaTh, YTO MOC/IEI0BATENLHOCTb UHCEJ &, CXOLUTCS
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K HEKOTOpOMy a,. Tak Kak ¢ (x, y, 2, &) =0 mpu Jio-
60M'k_, TO

cp(x, Y, 2, a‘k)—(P(x’ Y, 2, a’l)=
= (ak— a't) Pa (xv Y, 2, 0.*) =0.

Otkyma ¢ (x, y, 2, a*)=0. TIlepexons k mnpeneay mpu &,
1l — oo, mogydaeMm

?(x, yv 2’ aO) =O’ (Pa (x’ yv Z, 0.0)=O.

Us nepBoM cJjiydae yTBEpXKJACHHE TeOopeMbl AOKa3aHOo.

Paccmorpum BTOpo#t caywaii. JlomycTHM, yTBepiKaeHHe
TeopeMbl HEBEDHO H, CJeOBaTeNbHO, NpH JwoboM kR (kR =
=1,2, ... n) e.(x, y, 2, a;) = 0. O303HaUNM w, 3aMKHYTYIO
€-OKpDEeCTHOCTb TOUKH &, M [ Masblfi KycOK MmoBepXHOCTH F,
cogepxamuii Touky P. (Ilog KyckoM INOBepXHOCTH Mbl IO-
HMMaeM 3aMKHYTYIO 06JIacThb Ha MOBEPXHOCTH, T. €. 06J1acThb
BMecTe ¢ ee rpanuuei). Ecam kycok f pocratouHo man u
F. kacaercsa f, TO a NpHUHAAJIEXKHT ONHOM M3 OKPECTHO-
crell wj,

OGo3HauuM 1, MHOXECTBO TOYeK f, B KOTOPHIX KacaloT-
Csl TOBePXHOCTH F, ¢ napamMeTpoM o, NpUHAAJIEKAHIUM .
Kaxpnoe MHOXecTBO m, 3aMKHyToe, CyliecTByeT KyCOK IIO-
BepXHOCTH f, cojepxamuiics B f u ofaagawouuil mo OTHO-
IIEHHIO K KaXJOMy MHOXECTBY 1, CJEYIOMHM CBOHCTBOM:
KaXKJ0e MHOXEeCTBO m, JHOO CONepKHUT f, JuM60 He coxep-
KHUT HM OfHOH ero TOukH. Kycok f cTpoHTCS TOYUHO Tak xKe,

KaK OTpe30K 8 B JJOKa3aTeJbCTBE COOTBETCTBYIOLIEH TEOpPEMBI
JUIS KPUBHIX.

IlycTts [ npuHagnexkuT m,. Tak Kak ¢, (x, y, 2, ) + 0,
TO NPU JOCTATOYHO MAJIOM € NMOBEpXHOCTH F., 1J151 KOTOPHIX
a C W}, B OKDECTHOCTH TOYKH P 3ajaioTcs ypaBHeHHeM

b, y, 2)=a,
rie ¢ — HenpepoiBHO auddepeHuvpyemas QyHKUUS, YIOB-

JeTBOpsiomas yeoBHo ¢ + 2 + ¢ # 0. Ilosepxmocts F

Ha KycKe f MoXeT OHITb 3ajaHa ypaBHeHMsMH: X = x (4, v),
y=yu, v), z2=2(u, v, roe x(u, v), y(u,v), z(u, v)—
HENpepLBHO Ju¢depeHirpyeMble (QyHKUMH, YAOBIETBODSIO-
e YCJOBHIO r, X r, % 0.
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OGo3nauum o (4, U) 3HaueHHe MapaMeTpa o C ®;, OTBe-

yajolero noBepxHocTu F,, Kacamwoulefica Kycka | B Touke (X, v)
a(u, ) =9, v), yW v), 2 v).
o (1, U)—OueBHHO, HenpepbIBHO AU depeHnHpyeMas GyHKIHSA.

Hmeem:
o, = “Pxxd + q”yyu + q"z?u’
U‘v = q)xxu + ll)yyv + ll‘)zzv'
Tak xak BekTop®l (X,, Y,, 2,), (%, Y., 2,) SBJIAIOTCS Kaca-
TeJbHbIMH BeKTopamHu nosepxHocTH F, (4, ¢,, ¢,) — BekTOop
HOpMaJli TnoBepXHocTH F,, a mosepxHoctH F u F, Kacaiorcs,
to a, =0, a, = 0. CaeroBatenpHo, a = const.
TakuM ofpasoM, Kycka [ KacaeTcsl TOJbKO OJHA TOBEpX-
HOCTb ceMeficTBa NpH & C W;, H, CJEJOBAaTEJbHO, BO BCeM

ceMeiicTBe Haiinercss He Gonee n Takux mnosepxHocteil. Ho
[0 onpejeseHulo orubamoueil uX AOKHO ObiTh GeCKOHEYHOe
MHOXecTBO. Mbl mpHumuIM K mnpoTHBopeuuio. Teopema po-
KasaHa.

ITycts S {F.p} — ABynapaMeTpuyeckoe ceMeHCTBO TIJaf-
KHX noBepxHocTeidl. [agkas noBepxHocTb F HasweiBaeTcs
ocubarouiely ceMeHcTBa S, ec/iM OHAa B KaXKIOH CBOEH TOUKe
Kacaercsl XOT Obl OfHOH TOBEDPXHOCTH CeMeHCTBa U BIOJb
KaXJoH KpHMBOH Ha mnosepXHocTH F e€ KacaeTcsi GecyuciieH-
HOe MHOXECTBO NOBEpXHOCTeH ceMeHCTBa.

Teopema. Ozubaroujas Osynapamempuueckoeo cemeticmea
nogepxrocmedl

elx, 4y, 2 0 B=0, a<a<b c<B<d,
ecmu @2 4 cpz + ¢2 +# 0, 3adaemcsa ypasHenuamu
<P=0’ CP‘1=O: CPB=0'
B nanbHeiilneM H3JI0XKEHHH 3Ta TeOpeMa HaMH He HC-

NoJIb3yeTcsl, MO3TOMYy Mbl He OyAeM NpPHBOAUTH ee JOKa-
3aTesbCTBA.

§ 5. OruGaomas cemeiicTea MJIOCKOCTEH, 3aBHCSIMUX
OT OAHOro mapamerpa

BrisichiM cTpoenue mnoBepxHocTH F, sBisomefics Oru-
6arollell ofHOmapaMeTpHYeckoro cemeHCcTBa MJIOCKOCTEH.
YpaBHeHHe IJIOCKOCTeH ceMeHCTBAa 3amHileM B BEKTOPHOM
dopme o
rb(a) 4+ a(@) =0,
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4YTO COOTBETCTBYET CKaJIﬂpHOﬁ 3anucH
xb, () + yb, (@) 4 2bs(a) + a(e) =0.

He orpanuuuBasi OGUIHOCTH, MOXHO CYHTaTh BeKTOp b enu-

HUYHBIM, TaK KaK ypaBHeHHE BCerja MOXHO pasjeMThb Ha

16 (@) |(5(2) # 0). ~
OTtHocuTesbHO - BeKTOp-pyHKuMi b(a) ¥ a(a) Mbl 6yaem

npexnosarath JABYKpaTHyl0 nuddepeHIHpyeMOCTb H, KpoMme

Toro, GyneM cuuTath, yTo b’ (a) U b”(a) OTIMYHBI OT HYJA.
Orubatomass F yaoBleTBOpsieT ypaBHEHUSAM

rb+a=0, rb'+a" =0. *)

Ilpu ¢(HUKCHDPOBAHHOM a 3TH YypPaBHEHHS ONpPENENSIOT
npsMylo g.. Takum o6pa3oM, noBepxXHOCTb F ONUCHIBaeTcA
npsMOH g..

PaccMoTpHM TPH IJIOCKOCTH:

rb + a= 0’ rb/ + al — O, rb” + all — 0’ (**)

A3 KOMX TepBble JBe onpejensior orubawoulyro. OTHOCH-
TeJIbHO 3THX TpeX IVIOCKOCTeH MOXXHO CJeaTbh TpH OCHOB-
HBIX TNPEJIIONOKEHHS:

1. Tpu mnuockoctH (**) He HMeIOT OOIWIMX TOYEK HHU MNpH
KakKkoM a.

2. Tpu nuockoctn (**) nepecekaioTcsi B €JHHCTBEHHOH
Touke S, OJHOH M TOH XKe AJNA BCeX a.

3. Tpu mnaockoctH (*¥) mnepecexkaloTcs B Touke S(a),
MOJIO}KEHHE KOTOPOH CYIIECTBEHHO 3aBHCHT OT 4 B TOM
cMbicsie 4TO ecad 7 (&) BekTop ToukH S(a), To 7' (a) = 0.

Paccmorpum mepsuiii cayuait. IlyeTe n (o) — egMHHUHBIHR
BEKTOp NpsMOii.g.. Mmeem:

bn=0, b'n=0, b'n=0.

OuddepeHunpysa nepsbie ABa pPaBEHCTBA, MOJTYYHM:
b'n+bn" =0, b'n+4b'n =

Orciona bn’ =0, b’'n’ = 0. Tak kak, kpome Toro, .n'n=_0,
T0 n’ =0 u, cJenoBaTeJbHO, N He 3aBHCHT oT a. Hrak,
B 3TOM CJyyae Bce IpsiMble g, TNapajJielbHel H MOBepX-
HocTb F, Oyayd4d o6pa3oBaHa MNPSMBIMH g, fBJSAETCA YU-
auHOpudeckod (uept. 33a).
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Bo BTOpPOM CJyyae TNpsIMBIE g, TNPOXONAT uepe3 (DHKCH-
pOBaHHYIO TOYKY mnpocTpaHcTBa (S) H,

noBepxHOCTh F — Koruueckasn (4epr.

336).

CJIeA0BATECJIbHO,

PaccmoTpum, Hakonen, tpetuit cayuaii. ITokaxkem, urto
8 amom caydae npamvie g., obpasyrouwue nosepxrocms F,

Kacaromcesa Hexomopoul Kpugol (4epT.

33B).

[TycTh 7 (%) — BEKTOp TOYKH NepecedeHHs MJOCKocTeH (**).

Hmeem:
fb+a=0, 7b'4a =0,

Huddepenurpyss nepoe paBeH-
CTBO ¥ BBHI4MTass M3 Hero BTOpOE,
nonyuuM r’'b = 0. AHajoruM4HO M3
BTOPDOrO H TpeTbero IoJjydaercs
7'b’ = 0. Otcropa 7' |l(b X b).

Tak Kak npsmas g. NPOXOAHUT
yepe3 TOUKY S(a) H mNepneHAUKY-
JspHa BeKTtopaM b u b’, TO oOHa
napaijenbHa BeKTopy b X b'| 7
U sBJsieTCs, TaKHM o0pa3oM, Ka-
caTeJbHOH K KpPHBOH

r=r(a),

onuchBaeMoit Toukoit S (a). dTta Kpu-
Bas HasmBaeTcsi pe6GpoM 603gpama
[IOBEpXHOCTH.

PesysbraThl HacTosiiero mnapa-
rpada MOXKHO pe3IOMHPOBATH CJle-
JAyHIlel TeopeMoii:

Teopema. OQaeubaroujas oCHona-
pamempuyeckozo cemelicmsa nAoc-

7b" +a” = 0.

a)

5

9,

Gt

Kocmell 8 OCHOBHbIX Caywasx npedcmasasem cobol o0biacme
Aub0 Ha YUAUHOPUYECKOL nogsepxHocmu, Aub0 HA KOHU4ECKoLU
nogepxnocmu, Aub0 HA NOBEPXHOCMU, 06pa308aHHOL Kaca-
MEeAbHOIMU NPOCMPAHCMBEHHOU KPUBOLL.

Jlerko yGenuThC HENOCPEACTBEHHO, YTO WM OOpaTHO B
KaxJoM H3 3THX CJyyaeB KacaTeJlbHble IIJIOCKOCTH ofpa-
3YIOT OfHONapaMeTpHyecKoe cemeiicTBo. Ilpepsaraercsa mpo-

BEPHUTb 3TO B KayeCTBE€ YyNpaxKHEHHs.
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YNPA)XHEHHS K [JIABE V.

1. CocTaBHTb ypaBHeHHE KacaTeJbHOH IJIOCKOCTH K 3JIJIMICOHLY
a2 g 22
ZtTrta= 1
B Touke (x/, y’, z’)
Otser. ——+ b2 —|- — —l

2. CocTaBuTh ypaBHeHHe KacaTeJIbHOH MJIOCKOCTH K cdepe
x=acosvsinu, y=acosvcosu, z=asinv
B Touke (a, 0, 0).
OrBer. x —a=20.

3. lokasaTh, YTO BCe KacaTesJbHbe MJIOCKOCTH MMOBEPXHOCTH, 3a-
JIAaHHOH ypaBHeHHeM
Y
(2,

NPOXOJAT uepe3 Hayajlo KOOPAHHAT.
4. TlokasaTb, YTO NOBEPXHOCTH
x4y 2% = ax,
x4 y? 4 2% =By,
x2 42 422 =1z
nepecekalTcs MOJ MPSIMbLIM YTIJIOM.
5. IlokasaTb, 4TO HOpMajH MOBEPXHOCTH
x=¢(u)cosv, y=¢ (u)sino, z=1{y (u)
nepecekawT OCb 2.
6. Haiitu noBepxHOCTb, 06pa30BaHHYI0 HOPMaasAMU K MOBEPXHOCTH
y=xtgz
BLOJb NMPSMOA
T
Yy=x, 2= 7
OrBet. ['unepGoaunueckuii napaGosioun.

7. CocTaBiTb ypaBHEHHe CONMpPHKACAoLLerocss napaGoouaa K 3JJHM-
COHAY, 3ajlaHHOMY B ynpaxHeHud | B Touke (0, 0, ¢).

- 1 (x* 2
Otser. z—c(l—?(zz-+b—2)).

8. Uccneposate xapakrtep Touek (3JIMNTHYECKHE, rHepGONHYECKHe,
napaboJsiHyecKHe, TOUKH YMNJIOULEHHs) HA NOBEPXHOCTSX BTOPOro MopsjKa.

9 Hual‘iru N0JIOKEHHE IleHTPa M pajHyc conpukacamwouefica coepbl
BHHTOBOH JIHHUH

x=acost, y=asint, == bt
B Touke (a, 0, 0).

b2 b2
Otser. Lleutp (— ' 0, O); paavyc a + e
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10. Hafita oru6armuryio ceMefficTBa apoB
x—a)?+ P+ 22=1
Orser. uanuap y2 + 22 = 1.
11. Haiitu oruGaiouyio ceMefficTBa njockocTefl, OTCEKAOMUX OT KO-
OpAMHATHOrO yria x, y, z> 0 TeTpasAp MOCTOSIHHOro o6beMa.
OtBer. xyz = const.

3AJJAYH U TEOPEMDI K INIABE V

1. [loxa3aTb, 4TO €CJH TrJajKas MNOBepXHocTb P H MIOCKOCTb @
HMEIOT TOJNIbKO OJHY OOILYI0 TOUKY P, TO IJIOCKOCTb SIBJIsieTCs Kaca-
TeJbHOH IJIOCKOCTBIO NMOBEPXHOCTH B TOuke P.

2. JlokasaTb, 4TO KacaTejbHbleé TMJIOCKOCTH MOBEPXHOCTH NepPeHOCa

r=U() + V()

BROJIb KaXJOHK KPHBOK mepeHoca (MHHHH u = const U v = const) mapan-
JNeNibHBl HEKOTOPOH npsMoii.
3. Ilokasatb, uTo ceMeficTBa CODOKYCHEIX 3JIJIMICOUI0B, OXHOMOJBIX
W JABYNOJHIX THNEP6OIOH0B, 3ajaBaeMble ypaBHEHHAMH
X2 - 42 + 22
a2 —h " h2— " 2 —

=l,

nepecexkamTcs NOA NPSMbIM YIJOM.

4. JlokaszaTb, YTO €CJH NMOBEPXHOCTb KacaeTcsl MJIOCKOCTH BJOJb
HEKOTODO# JHMHHMH, TO KaxJas TOYKa 3TOH JIHHHH siBJsercs JK60 mapa-
GonueckoR TOuKoOH, JHOO TOYKOH YMJIOULEHHS.

5. [1ycTh @ — nmoOBepXHOCTb, P — TOYKA Ha Hell H a — KacaTeJibHas
nJI0CKOCTb B Touke P. JlokasaTth ciepyioliee:

1) ecan Touka P sjaunTHYeckas, TO BCe TOYKH MOBEPXHOCTH P,
nocTaToyHo Gnuskue k P, pacnosoxeHbl C ONHOA CTOPOHBI MJOCKOCTH a;

2) ecau touka P runep6ojnueckas, TO HafiJyTCs CKOJb YTrOAHO
6au3KUe K P TOUKH NOBEPXHOCTH, PachOJIOXKEHHBIE C PasHbIX CTOPOH
NJIOCKOCTH a;

3) ecan Touka P napaGonHuecKas WIH TOYKA YIJIOLIEHHS, TO MOT'YT
npeacTaBuTbCsl 06e BO3MOXKHOCTH (MPHBECTH NMPHMepH).

6. Jloka3aTb, YTO NpPH NMPOEKTHBHOM, B YacTHOCTH addHHHOM, mpe-
o6pa3oBaHHKH CBOMCTBO TOYKH OBITh 3JJIHNTHYECKOH, runep6osnHyecKon
HJIM TOYKOM. YIJIOIEHHS! COXPaHsieTCA.

7. Jloka3aTb, 4TO €CJIM BCe TOYKH KPHBOH Y Ha NMOBEPXHOCTH SIBJIfA-
I0TCS TOUKAMH YIUIOLIEeHHS, TO KpHBas MJOCKas.

8. ByneM HasbiBaTb KPHBYIO cpepuueckoil, eC/li Bce ee TOYKH MPH-
HajJekaT HeKOTOpoH codepe.

[ycTtb

r=r(f)

HekoTopass kKpuBas H P (f)) — mpousBo/bHas Touka Ha Hel. Jlasa Toro
yToGHl 3Ta KpHBas Gblia chepruyeckoi, He06XOAUMO H IOCTATOYHO, YTOOE
KpuBasi, 3aJlaHHasl ypaBHeHHEM

_ r(t)—r(t)

= —L—
[r@—rpP’
6bij1a NJOCKOH. [lokasaTb.
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9. IlycTh y — MPOH3BOJMbHASL KPHBAasi Ha NMOBEPXHOCTH P, mpoxoxs-
was yepes Touky P. ITokasaTh, 4TO KacaTe/bHas K KPHBOH Y B Touke P
JIeXXHT B KacaTeJIbHOA MJIOCKOCTH K TNOBEPXHOCTH B 3TOH TOuKe.

- 10. Nyets U — conpukacaomuiics napa6osou] MNOBepXHOCTH P B
Touke P. JlokasaTh, uTO Ji06as KpHBAash Ha MOBEPXHOCTH, MPOXOAAILAS
uepe3 TOYKy P, uMeeT B 3TOi TOYKe C MapaGOJIOHIOM CONPHKOCHOBEHHE
BTOPOro Nopsijka.

11. [okasarb, yTo mnpH Jo6OM aHaA/JHTHYECKOM mNpeoGpa3oBaHHH
fapocTpaHCcTBa

x'= 1 (X, Y, 2)v y, = P2 (x'l Y, Z), 2= Ps (X, Y, 2),

THhE 91, P2, P3— AHANHTHYECKHe (YHKUHH C SKOGHAHOM, OTJIHMYHEIM OT
HyJisi, CBOHCTBO KPMEOH H NOBEPXHOCTH HaXOAUTbCS B CONPHKOCHOBEHHH
JlaHHOTO MOpsSiiKa COXpaHseTcs.

12. Jloka3aTb, 4TO ec/H Kpail MOBEPXHOCTH NPUHALNERKHUT HEKOTOPOH
TJIOCKOCTH, TO JHGO 3Ta NMOBEPXHOCThb SABAsETCS 06AacCTbi0 HAa 3TOH MJO-
CKOCTH, JIH60 Ha NMOBEPXHOCTH €CTb 3/UVIHNTHYECKHe TOUKH.

Jloka3zaTe, 4YTO Ha 3aMKHYTOH IOBEPXHOCTH €CTb 3/IHNTHYECKHE
TOYKH.

13. IokasaTb, uTO ecAW NpsMas HMeeT C MOBEPXHOCTbIO BTOPOro
fI0psiika CONPHKOCHOBEHHE BTOPOrO MOPSiAKA, TO 3Ta MpsMast BCS JIEXKHT
Ha MOBEPXHOCTH.

14. [okas3aTb, 4TO ceMeliCTBO MNOBepXHOCTed, 3aJaHHBIX YypaBHe-
HHAMH

¢ (x, ¥y 2) =g,
Tle ¢ — perynsipHas (yHKUHMA NepeMeHHBIX X, Y, 2, He HMeeT orub6ao-
ek .

15. Ecau Bce HOpMalH IOBEPXHOCTH TIepeceKaioT HEKOTOPYIo Mps-
MyI10, TO NMOBEPXHOCTb $IBJSIETCS MOBEPXHOCTbIO BpalleHHsi. [[oKa3aTh.

16. [okasaTb, 4YTO €cJH HOpMa/lH MOBEPXHOCTH IPOXOASAT uepe3
OJHY ‘H Ty Xe TOuKy, TO 3Ta IOBEPXHOCTb eCThb Cdepa WIH 0GJacTb Ha
cepe.

Crasa VI

NMEPBAS KBAJIPATHYHASI $OPMA NMOBEPXHOCTH
W CBA3AHHBIE C HEH BOMPOCbl TEOPUM
MOBEPXHOCTEH

Ilycte @ — peryJisipHas NOBepXHOCTb, r =r(u, V) — Ka-
Kas-HUOYJb ee peryJisipHass IapaMeTpU3auuss ¥ n — eJUHHY-
Hbifi BEKTOp HOpMa/H K NOBEDXHOCTH B TOUKe (u, V).

B TeopuM mnoBepxXHOCTEH BaXHYI pOJb HrparwT TPH
KBajipaTHYHbIe (POPMBI, CBS3aHHbIE C MOBEPXHOCTHIO:

dr®, —drdn, dn®.
IlepBass kBappatuuHas ¢opma I = dr?* sBasieTcs moJo-
JKUTENbHO ONpeNe/IeHHOH, TaK KaK OHa IPHHHMMAaeT TOJIBKO

HeOTpHIlaTe/IbHble 3HAueHHs M OoOpamaercss B HyJb TONbKO
npu du =dv=0. B camom jene, ecau dr’=0, To dF =
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=r,du+r,dv=0. A tak kKaxk (r, Xr,)+0, T0O 3TO BO3-
MOXHO TOJIbKO NMpPH YyCJOBHH du = dv = 0.

Husi koabduLuueHTOB NnepBoi KBaApaTHYHOH (HOpMHI 1O-
BEPXHOCTH Mbl OyJeM ynorpeGisTh o6osHaueHus: r2=E,
(r,r,) =F, r’=G. Takum oGpasom,

I =dr? = (r,du + r,dv)?® = r2du® + 2 (r r.) dudo + r’dv® =
= Edu?® 4 2F du dv + Gdv?.

B nacTosuell ryaBe Mbl pacCMOTPHM HEKOTOpEIE BONPOCHI
TEOPHH TOBEPXHOCTEH, CBSI3aHHbIE C MNEpBOH KBaJpaTHYHOM
topmoii.

§ 1. JlinHa KpuBOil HAa MOBEPXHOCTH

Ilycte @ — mpocTasi MOBepXHOCTh M 7 — Jexalllas Ha
Hefi kpuBas, P,— Touka, oOuWlasi AJs KPHBOH M TOBEpX-
HOCTH, r =r(u, U)— Kakad-HHOyJbp MNapamMeTpu3auus IO-
BEPXHOCTH B OKPECTHOCTH TOUkKH P,, a r = r(f) — Kakas-
HUOYAb TMapaMeTpU3alus KPHBOH B OKPECTHOCTH 3TOH TOUKH.
TlycTs u,, Uy U fp — 3HAUGHUS NapaMeTpoB, COOTBETCTBYIO-
mue Touke P.

Ilpun pocratouHo MasnoM 3 KaxAas Touka P (f) KpuBoO#,
|t —¢y| <9, nNpUHALJIEXKHUT MapaMeTPU30BAHHOH OKPECT-
HocTH TOukH P, mnosepxHoctu. CieloBaTesbHO, KaxAOH
Touke P (f) O0AHO3HAYHO COOTBETCTBYIOT 3HaueHus u (f) u
v(f) Tak, uto r(f)=r(u(®, v(t). PaBenctBa u = u(f),
v=uv(f) Ml OyieM Ha3bBaTb ypaBHEHUSIMH KpHBOH Ha
MOBEep XHOCTH.

[Iycts @ — peryasipHasl TOBEpPXHOCTb, T — DPeryJspHas
kpuBast Ha HeH. Ilyerb r=r(u, v) U r=r(f) — ux pery-
JISipHBlE TapaMeTpH3alli¥ B OKPEeCTHOCTH TOYKH P,, yIOB-
JIETBOPSIIOIHE OOBIMHEBIM YyCJOBUSAM r, X 1,0, r'2(f) + 0.
Torna B ypaBHeHHSX- KpMBOH Ha NOBEPXHOCTH

u=u(t), v="o(l)
¢byHkuun u(f) ¥ v(f) cyTb perynaspHble (GYHKUHH, NpHYeM
u®(t)+v2(f) #0.

s JoKasaTeJbCTBA 3TOrO0 YTBEPXKAECHHA JOCTATOYHO
[NPUMEHHUTbL TeopeMy O HEefIBHEIX (QYHKLIHUAX K CHCTeMe ypaB-
HeHUH

x(O)=x(, v, yO)=y, v, z(@)=z(4, ),
'OTHOCHTE/IBHO KOTOPLIX 3apaHee W3BECTHO, WYTO quHKLmu
u(t), v(f) UM yJIOBJIETBOPSIOT.
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[Tycts Tenepp @ — ofuwiasi MOBepXHOCTH M | — obmias
Kpubasi. [lo omnpenenennio moBepxHocTb P sBJseTcH 06pa-

30M HEKOTOPOH MNPOCTOH TOBEPXHOCTH P MNpH HEKOTOPOM
JIOKaJIbHO TOTOJIOTHYECKOM OTOOpaXKeHHH ¢ B IPOCTPAHCTBO.
Mu Gynem roBopuTb, YTO KpHBasi Y JIEKHT Ha MOBEpX-

HOCTH P, ecqM Ha NMOBEpPXHOCTH P CyllecTByeT KpHuBasi 7,
006pa3oM KOTOpOH NpH OTOOpaXKeHHH ¢ SBJSAETCS KpHBas 7.

Orciona caenyer, 4to ecau r = r(u, U) — napaMeTpusa-
LHsI TOBEPXHOCTH @ B OKPECTHOCTH ° TOYKH ¢ (P) M r =
= r () mapameTpH3alHsi KpUBOH B OKPeCTHOCTH 3TOH TOYKH,
TOo HalpyTca yHKuuMM u = u(f), v= v (), yAOBJIETBOPSIO-
mue paBeHCTBY r(f) =r (u(t), v(¢)). Takum obpasom, xkpu-
8YI0 HA NOBEPXHOCMU ece20a MONCHO 3a0amb 8 OKpPecmHOCmu
kascooti mouxu pasencmeamu u = u(t), v =v (), npuuem,
ecau nogepxHocms U Kpueas pezyaapHe, mo u(t) u v(t)
pezgyasipHole pyrkyuu.

PaccmoTpuM JJaKMHY KpHBOH Ha moBepxHocTH. [Tycth @ —
peryJsipHasi TIOBepXHOCTb M r =r (4, V) —ee peryJspHas
napamerpusauusa. Ilycte y — peryasippas kpuBasi Ha IoO-
BEPXHOCTH, 3aJlaHHasl YypaBHeHUsIMH u =u(f), v =v(f).
Haiinem BbipakeHHe MAJMHBI JyTH OTpe3Ka KpPHBOH C KOH-
namu B Toukax P, () u P(f).

Hnmeem:

t t
stbo, y={ir®ldt={|r@e, veylda=

to t,

drw, o= | V1,
1(Ps. P) 1 (Po, P)
rae I — nepBasi KBajpaTHyHasi ¢opMa NMOBEPXHOCTH.

Mpl BHANM, uYTO [/l H3MEpeHHs [JIHH KPHUBBIX Ha NO-
BEPXHOCTH JOCTaTOYHO 3HATh IEPBYI0 KBaJpaTHYHYyIO Gop-
My NOBEpXHOCTH. B CBf3M ¢ 3THM roBOpAT, YTO TepBas
KBajJpaTHyHas (opMma 3allaeT Mempuxky TOBEPXHOCTH, H 4acTO
Ha3bIBAIOT €€ AUHELHbIM NEMEHMOM NOBEPXHOCMU.

[lepBasi kBafpaTHuHas ¢opMa He onpefenseT MOBEpX-
HOCTb OJHO3Ha4HO. JIerko NpHUBECTH NpHMephl pas3/IHYHbIX
TIOBepXHOCTeH, KOTOpble NPH COOTBETCTBYIOUIEH IapaMeTpH-
3anMu OYAyT HMMeTb OJHHAKOBBIE KBaJpAaTHUYHbIE (OPMBI.
Ho ana AByX npoeu3Bo/IbHO B3SITHIX NOBepXHOCTeH, BooOlle
rnBopsi, He CyLIeCTByeT MNapaMeTpH3alMH, JJs KOTOPhIX
nepBble KBaJpaTHYHbIe (OPMBI NOBepXHOCTeH coBmajasd Obl.
Mkel eme BepHeMCS K 3TOMY BOIpOCY.
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§ 2. Yron Mexay KpUBBIMH Ha MOBEPXHOCTH

Beenem nonatue wanpasienus Ha noBepxHoctH. Ha-
npasieHHeM (du:dv) Ha moBepxHocTH P, 3ajaHHOH ypas-
HeHHeM r = r(u, v), Mbl OyJleM HasblBaThb HallpaB/leHHE BeK-
Topa dr =r,du + r,dv. 3To HanpaBJjieHHe Mbl GylieM Hasbl-
BaTb MHorja npocrto (d).

Yenrom mexncoy Hanpasrenuamu (du:dv) u (Qu:3v) Mul
6yleM Has3biBaTb YroJl MEXAY BeKTOpaMH

dr=rdu+rdo n ¥ =rdu+ro.

Haiinem BhpaxkeHHe AJs1 yIyla MexAy HampaBJeHHSAMH
(d) u ().
Hmeewm:
dr -8r=|dr| |8r|cos®
dr?® = E du? + 2F dudv -+ G dv? = I (d)
0r?2 = E du? + 2F dudv + Gdv? = I (3)
drdr = E dudu 4 F (dudv -+ dvdu) 4 Gdvdv = I (d, 3).

Orciofa aas cosd mosydaeM caefyiollee BhlpaxKeHHE:

1, v)
p__1@d
S = VT@ T

Mebl GyneM roBOpHTb, YTO KpHBasi Y Ha TOBEPXHOCTH,
3aJaHHON ypaBHeHHeM r =r (4, U), B TOUKe (4, U) UMeeT Ha-
npaBnenue (du :dv), ecnn Bektop dr = r,du + r, dv siBasieTcsi
KacaTeJbHbBIM BeKTOPOM KPHBOH B 3TOH TOUKe.

KpuBas Ha mnoBepXHOCTH, 3aJlaHHas YPaBHEHUSIMH U =
=u(f), v=uo(t), B Touke (u(f), v(f{)) HMeeT HampaBJeHHE
@ ()10 (1), )

Ecau 1Be KpuBHE Y H 7 Ha IOBEpXHOCTH P HMelOT 00-
HlyI0 TOUKY (4, v), TO yesom MEXKAYy HHMH B TOYKe (4, 0)
OyZeM HasbiBaTb YroJ MeXJAy HX HalpaBJeHUSIMH B 3TOH
Touke. TakuM oOpa3oM, yros MexAy KpHBBIMH Ha HOBepX-
HOCTH — 3TO YTOJ MeXJY KacaTeJbHbHIMH K KPHBBIM H, CJe-
JOBaTeJbHO, OH He 3aBHCHT HYM OT IapaMeTpH3alliM NOBepX-
HOCTH, HM OT MNapaMeTpH3al{H KPUBOH.

ITpumep. KoopaunaTHble JUHHHM Ha NOBEPXHOCTH (JIH-
HUH u = const u JuHHM U = const) uMelOT HanpaBleHHs
(0:dv), (u:0). ITosaToMy Aas yraa MexAy KOOPAWHATHBIMH
JIMHHUSIMH TIOJlyyaeM BhIpaXKeHHe

Eduvdu ___F
V Gdv® V Esu? VEG®
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Orciofia cjieflyeT, 4TO KOOPOUHAMHAS Cemb Ha Nosepx-
Hocmu  0pmo2oHasbHa (K0OPOUHAMHbIE AUHUL Nepecekaomcs
100 npameim yeaom) mozda u moavko moeda, xoeda F = 0.

IlycTe B OKpPecTHOCTH TOYKH (Ug, Up) PpEryJspHOH mo-

BEPXHOCTH @ 3aJaHO CeMeHCTBO KPUBBIX HAa MOBEPXHOCTH
ypaBHeHUsMH ¢ (4, v)= const, mnpuueMm B TOuke (U, Up)
92 + 92 0. TocTpoum BTOpOE CEMEHACTBO KPHBHIX, OPTOrO-
HajibHOe mepBoMy. [y 3TOro, mpejanoJsarasi, 4To BTOpOe
ceMeliCTBO CYIIecTBYyeT, COCTaBHM JHddepeHanibHOe ypaB-
HeHHe JJifl JIMHUH BTOpOro ceMeicTBa.
. HanpaBnenne muHMM nepBoro cemeficTea B TOuke (i, 0)
oyzer (9,:—¢,). Ecaum o00603HauuTh HanpaBjieHHEe JIMHHH
BTOpPOro ceMeilicTBa B 3To#l Touke (du :dvu), TO yc/lOBHE OpTO-
rOHAJILHOCTH 3THX HampasjeHuil Oyner

¢, du + F (9,dv — ¢, du) — Go,dv =0

d1o U ecTb Au(depeHalbHOE YypaBHEHHE JHMHUH BTOPOrO
cemelicTBa.

Teopema. B oxpecmrocmu kascdoll mouku nosepxHocmiu
MOJCHO 68ECMUL  PE2YASAPHYIO OPMO2OHAAbHYIO Napamempusa-
yuto, npuvem 00HO Cemelicmso KOOPIUHAMHbIX AUHULL MOJCem
boimb 631Mo0 NPOU3BOALHO .

HeiictButenvHo, mnyctb ¢ (¢, v) = const — cemeficTBO
KDHUBBHIX Ha TOBEpXHOCTH, TAe ¢ (4, v) peryasipHas QyHKUIHs,
yAOBJIeTBOpsIOMAst yCIoBHIO ¢* + ¢2 = 0. PaccMorpum 7ABa
-JAuddepeHHATbHBIX YPaBHEHHUS:

¢, du+ ¢,dv=0,.

(E¢, — F9,)du + (F¢, — Ge,) do = 0.
HHTerpanbHble KpHBHIE II€PBOTO ypaBHEHHSI CYTh KpHBHIE
'3aJlaHHOrO CeMeHCTBa, a MHTerpajbHble KpHUBLHIE BTOPOTO ce-
MeHCTBa — HX OPTOTOHAJILHBIE TPAEKTOPHH.

. CoranacHo § 3 ri. IV moBepXHOCTH MOXKHO mNapaMeTpH-
30BaTb TAK, UTO YyKasaHHBle ceMeficTBa OyAyT KOOpJHMHAT-
HBIMH JIMHMAMH, TaK Kak

E¢,— Fo,, Fo,—Ge,
?, ®, N
= E¢? — 2F¢,¢, + G2 # 0

B CHJIy ONpefesIeHHOCTH NepBoi KBaIlpaTPI‘lHOH ¢dopMsI.
Teopema nokasana.
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§ 3. Muomanbs noBepxHOCTH

Ilycts F —rnaaxas noBepxHocTb, G — o0nacTh Ha Hel,
OrpaHHYEHHAss KOHEYHBIM YMCJIOM KYCOYHO-TVIAAKHX KPHBBIX.
Paso6beM o6snactb G Ha MaJible 006/1aCTH KYyCOYHO-TIVIaAKMMH
kpuBbiMH. IlycTe g —ofHa u3 Takux obaactell. Bospmem
B 00J1acTH g TPOU3BOJBHYIO TOUKYy P H CIpoekTHpyeM 3Ty
obJjacTb Ha KacaTeJbHYI0 IJIOCKOCTh B Touke P. Ecau 06-
JacTb g JOCTaTOYHO MaJja, TO S5TO NPOEKTHPOBAaHHE OJHO-
OJHO3HAUYHOE W B KAacaTeJbHOH INIOCKOCTH NOJyYHTCS 00-

JIacTh g, OTpaHHYeHHAs TaKKe KYCOYHO-IJIaJIKHMH KDHBBIMH.
O603nauuM o (g) miomwans obnactd g (uept. 34).

Tloa naowadso obnactu G nosepx-
HocTH F Mbl OyJeM MOHMMAThb

lim Y s (g),

rie CyMMHpOBaHHE pacIpOCTpaHsIeTCs]
Ha Bce oOnactH g pasbuenus G, a
npefieJibHBIH  Nepexojl OCYIIECTBJSETCS
IpH YCJIOBHH, YTOo objacTH g pasbue-
Husl G HeorpaHHYeHHO YOLIBAIOT IO Yepr. 34.
CBOWUM pasMepaM.

JanHoe ompefejeHue NJOLMAAH MOBEPXHOCTH BIIOJHE CO-
OTBETCTBYeT HarJsAHOMY INpEICTABJEHHIO 00 H3MEepeHHH IJIO-
a4, KOTOPOe OOBIYHO CBASHIBAIOT C pa30HeHHeM IOBepX-
HOCTH M «CIPSIMJIEHHEM» OTJANbHHIX KYCKOB. MEI mokaxewm,
YTO MJIOWIa[b NOBEPXHOCTH B CMEBIC/IE JAHHOI'O OINpefe/ieHHs:
JeldcTBUTENBbHO O00JIafaeT XapaKTepPHbIM JJis Hee CBOHCTBOM
aJJUTHBHOCTH, a TaKxKe HafjleM ¢opMyay AJs BHIYHUCIIEHHS
NJoaAu B Cjydyae NMPOM3BOJIbHOH NapaMeTpH3alMH MOBepX-
HOCTH.

l'Ipe,unonome AJis1 NPOCTOTHI BBIBOJAA, YTO HA TMOBEPX-
HOCTH MOXKET OLITb BBeleHa eJHHas TJajKas napameTpH-
3auusa

r=r(u, v,

O6nacty G Ha NOBEpPXHOCTH COOTBETCTBYeT HeKoTopasi 00-

nactb G MJOCKOCTH UV, OTpaHHYEHHAas KYCOYHO-TVIaJIKHMH
KPHBBIMH, a pasbueHuio o6jacTd G KyCOUYHO-TIaJKUMH KpH-

BLIMH Ha 00JacTH g cooTBeTcTByeT pa3buenue obmactu G
KYCOYHO-TVIaJIKHMH KDHBBIMH Ha o0saacTd g.
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Onpeneaum miowazab o(g) obmactd g. Haa 3Toro BBe-
JIeM INpSMOYTOJIbHble JeKapTOBBl KOOPAMHATHI X, y, Z, NpH-
HSIB TOUKY P NOBepXHOCTH 3a HauaJo KOOpAHHAT, KacaTeJsb-
HYIO IJIOCKOCTb B P 3a IJIOCKOCTb Xy, a HOpMajb K HeHl —
3a OCb 2.

Kycok g mnoBepxHocTH F B JleKapTOBBIX KOOpJAHHATax
3ajaeTcsl ypaBHEHHAMU

x=xu, v, y=yu,v), z=2zu, v), U v)cg.
PasencTBamMu

x=xu,v), y=yu, v) @ vyycg

YyCTaHaBJMBAeTC B3aHMHO-OJHO3HayHOe OTOOpaxKeHHe o6na-
CTH g Ha g. Yncaa u, v MOXHO paccMaTpHBaTh KaK KPHUBO-
JIMHefHble KOOpAHHAThl B 00JacTH g.

Ilnomane ob6aacTH B KpPHBOJAMHEHHBIX KOOpAMHATaX, Kak
H3BECTHO, BBIUHC/AETCA N0 (dopMyJie

@ =[]
g

BekTop r, X r, HanpaBJ/leH 10 HOPMaJIH K NMOBEPXHOCTH, a TaK
KaK B TOuKe P HOpMaJb COBIajaeT C OCbl0 2, TO B 3TOMH
Toyke abcoMIOTHAsi BeJHYHHA BeKTOpa r, X r, paBHa abco-
JIOTHOH BeJMYHHE €ro KOMIOHEHTHI IO OCH 2, T. €.

XX,

vy dudv.

xuxv
YuYo

Orciofla Mo HenpepbLiBHOCTH CJEAYeT, YTO JAJs JIOOHIX U, U
u3 g

|r,xr,|=

[ x5,
£| yuyv

’=[ru erl-—|—€g(u, U),

TAe &; CKOJb YTOAHO MaJio, €CJIH MaJbl pa3Mepnl 00JIaCTH g.
Ins cymMMel nuouwiafiet o (g) uMeeM:

Zo(g) =Zg~5 (r, xr,| + ¢4 (u, v))dudv =
g

=SS[r~ xrvldudv+ESSegdudv.
G 7



Ecau pasbuenne obnactu G Ha o6nacTH g JOCTATOYHO MeJ-
£0€, BEeJMUHHbl & B CHJY DAaBHOMEPHOH HeNpepLBHOCTH
r, X r, B G MeHbllIe MPOH3BOJLHO Majoro & > 0.

{losTomy -
X §eatuto] <2 Fo @) = e @,
4

rie o (G) — nmomans obnactu G.
Orciopa ciefyer, 4To NPH HEOrpPaHHYEHHOM YOLIBAHHH
odjacredd g pasbuenus obmactu G

2 a(g) - S‘-S |r, X r,}dudo.

G

TeM campm AOKAasaHo CylleCTBOBaHHE IJIOLIAAH H HalleHo
BBIpaxKeHHe JJis1 Hee

c(G)=SS|ru X r, |dudv.

AZIMTHBHOCTb NJOMIAAH MOBEPXHOCTH CJEAYyeT H3 ajjH-
THBHOCTH MHTerpaJja. JleficTBuTeNbHO, NycTh objaacTh G pas-
6uBaeTcss KyCOYHO-IaJkol KpHBOH Ha jBe o6macti — G,
u G,, nyctb G, u G, — COOTBETCTBYIOIIHE 06/1aCTH TIJIOCKOCTH
uv. Mmeem:

gg!ruxrvldudv=SSIruer]dudv+
51

G

+ Sj |r, X r,|dudo.

G,
0 (G) = o (Gy) + o (Gy),

4TO W BbIpaxkaeT co0ofi CBOHCTBO ajNMTHBHOCTH ILIOMIANH
IOBEPXHOCTH. ’

Tenepb, KOrfla ajAMTHBHOCTb MNJIOWIAAM JOKa3aHa, IpH
¢aKTHUECKOM BBIUMCJIEHHH IJIOLIALH NOBEPXHOCTH MBI MOXKEM
pasOHTh NMOBEPXHOCTb HAa YACTH M B KaXJOM W3 3THX yacTeld
f0/Ib30BAaTbCS CBOEH NapaMeTpHu3aiuei.

B sakmioyeHue TmoKaxKeM, UYTO IJIOILAAb [OBEPXHOCTH
onpelenseTcss TOJbKO €e MNepBod KBajpaTHYHOH (OPMOi.
JlelCcTBUTENBHO,

A 3TO 3HAUHT:

|ry X r, @ =rir®— (r,r)* = EG— F2
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Orciona
g = S S VEG————FZ du dv.

B yacTHOCTH, €C/M TNOBEPXHOCTb 3aJlaHa ypaBHEHHEM Z =
= Z(X, y)

o= (VTT P T Fdxay.

§ 4. KondopmHoe oTtobpakeHue

Ilycts @, u D, — peryaspHble MOBEPXHOCTH. TOMOMOrH-
uyeckoe OTOOpa:KeHHe IOBEpXHOCTH P; HaA MOBEpPXHOCTb D,
Ha3bIBAETCS KOH(POPMHbIM, €CJIH OHO COXPaHSeT YIJIbl MEXAY
KPHBBIMH B TOM CMBICJIE, YTO COOTBETCTBYIOIHE KpHBBIE Ha
3THX TOBEPXHOCTSAX IepeceKaloTcsl MOJ OJMHAKOBEIMH yIJIaMH.

Teopema. Ecau pecyasnpreie nosepxrocmu ©, u D, napa-
Mempu3osars. maK, 4mo Koapguyuenmor ux nepevix keaopa-
muytslx (opm NpPonopyuoHaibHel, Mo omobpascerue 00HOLU
nosepxHocmu Ha O0pyeyro, NpU KOMOPOM CONOCMABAAIOMCA
Mo4KU ¢ 00UHAKOBLIMU KOOpPOUHAMAMU, KOHEDOPMHO.

- Obpamwno, ecau nosepxrocmu D, u D, napamempusosams
mak, 4mo coomeemcmeue moex ¢ 00UHAKOBbIMU KOO POUHAMAMU
KOHGOpMHO, mo nepevie Keadpamuuroie Gopmol nosepxrocmed
NPONOPYUOHANbHEL.

Hoxazameascmeso. Ilyctb

I, = Edu? + 2F dudv 4 Gdv?
I, = MN(Edu? + 2F dudv - Gdv?)

nepBele KBajpaTHuHbe (GOpPMH noBepxHocTelt @, u D,. Ecau
otobpaxenyne P, Ha D, 3ak/IOUaeTCs B CONOCTABJIECHUH TOUEK
C OJMHAKOBLIMH KOODJAHHATaM#, TO COOTBETCTBYIOLIUE KPHBLIE
HMEIOT OJMHAKOBHIe BHYTPeHHHE YypaBHeHHs U = u (f), v =
= v (f) 4, cjefoBaTeNbHO, AJs YIja MeXIy COOTBETCTBYIO-
IUMH KDHBBIMH MOJIyuaeTcsl OJHO H TO 3Ke BHIpaxeHHe, T. €.
otobpaxenye KoHbopMmHo. IlepBas wacTb TeopeMbl JOKas3aHa.

JlokaxxeM BTOPYIO YacTb TEOPEMHI.

Ilycts (#, v) — NpoH3BOJIbHAS NapaMeTpHU3alus MNOBepX-
Hoctu @,. IlapamerpusyeM noBepxHOcTh D,, COMNOCTaBJIsis
IIPOU3BOJILHON ee TOYKe B KauecTBe KOOPAHHAT KOODAHHATHI
COOTBETCTBYIOIIEH TOUKH D, INpH KOHPOPMHOM OTOOpaxKEeHHH.
Ilycts

I, = E,du? 4 2F dudv + G,dv?,
Iy, = Eydu® 4 2F ,dudv + Gpdu?
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nepBble KBajpaTHUHbe GOPMBI MOBEPXHOCTEM, COOTBETCTBYIO-
mue 3THM napaMerpusanusM. [lokaxeM, 4TO KO3(pUUHEHTHE
E,, F,, G, nponopuuoHansibl E,, F,, G,.

B cuny KoHOPMHOCTH OTOGPaKEHHS] OPTOTOHAJBHOCTH.
HanpaBnenuii (d) m (8) oTHocuTesbHO ¢OpMEI [, BiedYeT 3a&
co60il OpPTOTOHAJNBHOCTb MX OTHOCHTeNbHO ¢opmel [o. Ilc-
3TOMY H3

E,dudu + F;(dudv + dodu) + G,dvdv =0
caenyer

E,dudu - F,(dudv + dvdu) 4 G,dvdv = 0.
Orcrona, uckioyasi du, 8v, mosyyaem:

Eydu+ Fydv _ Fydu+4G,do
Ezdu-l-ngU _ngu+02d0.

Beuapy npousBosna du u dv mpu dv = 0 mosyyaem

E, F,
E, R’
anpu du =0
Fl_Gl
TG

Teopema noka3aHa MOJHOCTHIO.

Kongopmuoe orobpaxeHue, MOMHMO TOTO YTO OHO COXpa-
HSIeT YIJbl, 0GJajaeT elle OLHHM 3aMeyaTeJbHbIM CBOHCTBOM..
HMenHo, docmamouno mansie coomsemcmayroujue ueypor Ha
NOBEPXHOCMAX NPU KOHMOPMHOM OMOOPANCEHUU 68 nepeom
npubauscerun nodobret. JlelicTButenbHo, nycts F;— Majas
¢urypa Ha moBepxHocTH P;. PaccTosiHie Mexay ee TOYKaMH
(u,v) u (u+ Au, v+ Av) B mepBoM NpPUONHKEHHH PaBHO-

E Au? 4 2F Au Av 4 G A2,

PaccrosiHue MeXJy COOTBETCTBYIOIIMMH TOYKaMH GUrypsl F,
Ha TNOBEPXHOCTH P, B NEPBOM MNpPHOIHKEHHH

ME Au? + 2F AuAv + G Av?),

Takum o6pa3oM, Ko3pPHLUHEHT HCKaXKeHHS paBeH \ U, cje-
JloBaTeJbHO, MOYTH NOCTOsIHEH, ecau ¢urypa F; AocTaTouHO
MaJia.

Teopema. Iycms D, u P, — pecyrapHele nosepxHocmu
u Py, P, — npousgosbHbie mMo4ku HQ Imux no8epxHOCMAX.

Toeda cyujecmeyem KoHpOpMHOe 0mMOGPadHCeHUe HeKOmo-
poii oxpecmuocmu mouku P, nogepxwocmu D, Ha Hekomopyto-
okpecmrocme mouku P, nosepxrwocmu P,.
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Jloka3aTesbCTBO 3TOH TEOpEMEl OCHOBAHO Ha BO3MOXKHOCTH
H1apaMeTPHU30BaTb PEryJspHYI0 IOBEPXHOCTb B OKPECTHOCTH
TIpDOH3BOJILHOM TOYKHM TaK, 4YTO ee MNepBas KBaJpaTHUYHasi
«bopmMa NpH 3TOH MapaMeTpPHU3allMH HMeeT BHI:

I = \(u, v) (du?® + dv?).

Mb He 6GylleM NpPHBOAHTH [OKa3aTeJbCTBA 3TOrO yTBEp-
DKJIEHHSI, YKaXKeM TOJIbKO, UTO ecJ¥ NoBepXHocTH P, n P,
M1apaMeTpPH30BaTh TaKHM 00pa3oM B OKDECTHOCTSAX Touek P,
u P, coOTBEeTCTBEHHO, TO
KOH(OpMHOe oTOoOpaxeHHe
OKPeCTHOCTH TOYKH P; mo-
BepxHOocTH @P; Ha OKpecT-
HOCTb TOUYKU P, moBepxHo-
ctH P, nmoJjyuaercss IpH co-
MOCTABJIEHHH TOYEK C OJH-
HAKOBBIMH  KOOpJAHHATaMH.

B 3akJouenue npupejieM
npuMep KOHGMOPMHOrO OTO-
Opaxkenusi cdepbl Ha IJIOC-
KOCTb.

Ilycte ® —cdepa pa-
Juyca R ¢ IIEHTPOM B TOUKe

Yepr. 35. 0, 0, R). Paccmorpum oTo-

6paxeHue chepbl @ HA MJIOC-

KOCTb XY, KOTODOE 3aKJIOYaeTcsl B IpPOEKTHPOBAHHH ee H3

gqomoca S (0, 0, 2R). dto oToGpaxKeHHe HA3LIBAETCS CHEPeo-
-2pacpuueckoli npoexyueii (dept. 3D).

BBezeM B KauecTBe KpHBOJIMHEHHBIX KOODAHHAT YIJHI U
‘Yl U, NOKa3aHHble Ha uepTexe. [Ipy 3TOM ypaBHeHHs IJoOC-
‘(KOCTH —

x=2Rtgucosv, y=2Rtgusinv.
.a cdepsl —
x=2Rsinucosucosv, y=2Rsinucosusinv,
2= 2R sin%u.
JIMHeHHbIH 3JIeMeHT MJIOCKOCTH

; 4R? .
ds? = osia (du? 4 sin®u cos® u dv?),
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a cdeps —
ds® = 4R? (du® + sin®u cos? u dv?).

Orcrofa 3akiouaeM, 4To OTOGpaXKeHHe KOH(DOPMHO.

§ 5. U3omerpuuHbie nosepxHocTH. H3rnGanue
MoBePXHOCTEM

IToBepxHocTH P; U P, HA3LIBAIOTCA UBOMEMPULHBIMU,
€CJIH CYLIecTByeT OJAHO-OJHO3HayHoe OTOoOpa)KeHHe TMOBepX-
HOCTH &; Ha TNOBEPXHOCTb P,, IPU KOTOPOM COOTBETCTBYIO-
li¥e KpHUBble Ha STHX IIOBEPXHOCTSIX HMEIOT OJHHAKOBHIE
JUIMHBEIL.

Teopema. Ecau peeyasipuvie nosepxrocmu D, u D, moxcHo
napamempusosame Mmak, 4mo ux nepeole Keaopamuurele Gopmot
6yoym O00UHAKOBbL, MO NosepxHocmiL uzomempuursl. H3aome-
mpuueckoe omoOpaNceniie 3aKA0HAEMCA 8 CONOCMAagAeHUU mo-
dek ¢ 00UHAKOBbLIMU KOOpOUHamamu.

O6pammno, ecau nosepxrocmu ®, u D, usomempuynol, mo
OHU Mo2ym Obimb NAPAMempU308aHbl MAK, 4MO UX nepssle
kxeadpamuytvie opmer 6yOym 0OUHAKOBbL.

Hoxkasameascmeo. TlepBasi yacTh Teopembl oueBupHa. Jlo-
CTATOYHO 3aMETHUTb, YTO €CJM KpHUBas 7, Ha MOBEPXHOCTH P,
3ajiaeTcsl ypaBHeHHsSIMH u = u ({), v = v(f), TO COOTBETCT-
ByIOIlass efi KpuBas Ha IOBEPXHOCTH P, 3alaeTcsi TeMH xKe
ypaBHeHHsIMH « = u (f), v =0 (f), U BocnoJb3oBaThCA (Op-
MyJ0# AJa AJHMHBI OyTH KPHBOH.

JloKaxkeM BTOpYIO YacTb TEOPEMEI.

Ilycte P, — npousBoJibHAasi ToYKa MOBEPXHOCTH P, H
r =r,(u, v) — mobas peryJaspHas napaMeTpu3allis MOBepX-
HOCTH B OKPECTHOCTH 3TOH TOYKH.

[ycts P, (u, v) — TOUKa MOBepXHOCTH PD,, COOTBETCTBYIO-
mas no usometpun P, (u, v), u r, (4, V) — BEKTOp 3TOH TOUKH.
Y paBHeHUe

r=r,(u, v)

3aJlaeT HEKOTOPYIO MapaMeTpH3aLHI0 NMOBEPXHOCTH P, B OK-
pecTHocTH TOuKH P,. Perynsphoctb 3TOH NapaMeTpHU3alUH
noka He MoxeT ObITb YCTAHOBJIEHA, 3TO MOXKeT OBITb Cle-
na”o B ra. IX. Ho jpomyctuM, napaMerpusauus r = r,(u, v)
noBepxHocTH D, perysasipa. Ilokaxem, yto nepBast KBajpa-
THYHasi ¢opMa NOBEPXHOCTH P, MpH Takol MapaMeTpHU3aLUH
COBNajiaeT C nepBoil KBaJpaTHUYHOH ¢opMoil moBepXHOCTH D;.

[Tyctb 7; — MpPOM3BOJIbHAS KpHUBasi Ha MOBEpPXHOCTH Py,
u=u(t), v=uv(f)—ee ypaBHeHus. CooTBeTcTBYyIOLlas eH
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110 U30OMETPHH KpHBasi Ha MOBEpPXHOCTH D, 3ajjaeTcs TeMH xKe
ypaBHeHHsiMH. [ToaTomy

P4
(VEWT T oFuv + Gotdt =
to

i
= S' V E,u’ + 2F,u’v’ + G2 dtf.
i

Tak Kak 3TO paBEHCTBO BepHO NpPH JOGOM /, TO MOALIHTE-
rpajibHble @YHKUMH paBHBl. Tak Kak KpHBasi |; COBEpILEHHO
NpPOM3BOJIbHA, TO MOJABIHTErpajibHble GYHKIHHM paBHBL JJIsi
JIOObIX 3HAueHMH 4’ M U’, a 3TO BO3MOXKHO TOJBKO IpH
E,=E;, Fi=F, G, =G,.

Teopema JokasaHa.

PaBHEIE TOBEPXHOCTH, OYeBMJHO, H3oMeTpHuHH. OGpar-
Hoe, BooOllle roBopsi, HeBepHo. HeTpyaHd ykasaTb mpumepst
H30METPHYHBIX M B TO XKe BpeMsl He paBHBIX ApPYr ApYry
nosepxHocreii. IlpuBeeM npumep.

TIpamoyronbHas obnacts 0 < x <+, 0 <y < 1 Ha moc-

KOCTH Xy M30MeTpUuYHAa oOJacTH Ha UuJuHApe X%+ y? =1,
onpefeaseMoit ycaosusamu: 0 <z <1, x>0, y> 0. Jocra-
TOYHO 3aMeTHTb, YTO YKa3aHHas o6jacTh Ha UMIHHJApE HO-
nyckaetT MNapaMeTpH3alHlo: X =cosu, y=sinu, 2=y,

O<u< -;— , 0 <v < 1. JIunelHblil 3JIeMEHT LUHJIHHAPA, COOT-

BeTCTBYIOIINH TakoH mnapamerpusauuu, du?-+ duv®. Orcroza
BHJHO, 4TO OToOpaxKeHHe, 3ajaBaeMOe PaBEHCTBAMU X = u,
Yy = v, U30MeTpHYecKoe.

Tak Kak yriel MeXAy KpHBBLIMH Ha MOBEPXHOCTH H IJIO-
Iajb MOBEpXHOCTH OMNpeJeJslOTCS MepBod KBaApaTHYHOM
¢opMOli TNOBEPXHOCTH, a M30OMETPHYHBEIE IOBEPXHOCTH MpH
COOTBETCTBYIOIIEH NapaMeTpH3allMd MMEIT OJMHAKOBEIE Iep-
Bble KBaJlpaTHUYHBIe (DOPMBI, TO NpuU U30MEMPULECKOM OmMOoDOpa-
HCEHUL COXPAHAIONICA YyeAbl MexHcOy KpUusbimu U niowjadu, T. €.
COOTBETCTBYIOLHE KPHBbIE H30METPHUUHBIX TMOBepXHOCTel 06pa-
3YIOT OJMHAKOBBIE YTJIB, & COOTBETCTBYIOLIHE 00AaCTH UMEIOT
OJMIHAKOBbIE TJIOLIAJH. .

Mebl mokasasu Ha IpHMepe, YTO pa3/IHYHblEe IIOBEPXHOCTH
MOT'yT HMeTb INPH COOTBETCTBYIOLLEH MapaMeTpH3aLUH OAH-
HaKOBbIe MepBble KBaJpaTHuHble ¢opMbl. BosHuKkaer Bompoc:
B KaKOil CTerneHH omnpejie/iseTcsi MOBEPXHOCThb IepBOH KBaJpa-
THYHOH (OpMOH M CYIIECTBYeT JH IOBEPXHOCTb, HMEIOIIast
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NIPOM3BOJILHO 3aJlaHHYIO KBaJpaTHYHYIO (opMy cBoell mepBoi
KBaJpaTH4HOH (opMoH ?

OkasbiBaeTcsl, NOBEpXHOCTb B MaJjIOM» HaJleKO He OlIlpe-
JlenseTcs cBoed nepBoi kBajpaTHuHOH ¢opmoit. MspecTHa,
Hanpumep, ciaeaywooias Teopema. Jlas kascdod docmamouHo
manoli okpecmrocmu @ mouku P anaaumudeckoti nosepxrocmu
CYUECMBYIOM. NOBEPXHOCMUL, U30MEMPUYHble W U He pagHole ell.

HekoTopble NOBEpXHOCTH «B I|eJIOM» TepBOH KBaApaTHY-
Hoil copMoll ompedensitoTcs oAHO3HauHO. Tak, Hampumep, Aro-
6as peayaapHaa 3amMKHYmMAs 8oinykian nosepxHocme D nepeot
Keadpamuuroli gopmoti onpedessieincsi OOHO3HAYHO, B TOM
cMBelcJie, YTo Jobast peryJisipHasl noBepXHocTh D', H3oMeTpHu-
Hasi @, paBHa . MOXKHO Ha3BaTb JAOCTATOYHO IIMPOKHI KJjacc
GecKOHEUHBIX NOBEPXHOCTEH, OJHO3HAYHO ONpeJesieMblX Iep-
Bol KBajpaTHuHOH ¢opmoii. B KkayecTBe mnpumepa noBepx-
HOCTH 3TOro KJlacCa MOXHO yKasaTb Jt0OOH 3JJIHINTHYeCKHH
napa6oJsions.

H3eubaruem TNOBEPXHOCTH HA3bIBaeTCs TaKasl HelpephiB-
Hasi ee JedopManusi, TPH KOTOPOH AJIHHEI KPUBHIX Ha IOBepX-
HocTH He u3MeHsoTcs. Harssinoe npefctaBienue o6 M3rH-
6aHHU NOBEPXHOCTH MOXeT JaThb M3rubaHHe jucta OyMmard.

Tak kak npu U3rHOaHHH TOBEPXHOCTH JJIMHBEI KPUBBIX He
M3MEHSIIOTCS H, CJIeJl0BAaTebHO, MOBEDPXHOCTh B JIIOO0H MOMEHT
u3rnbaHusa H30MeTpPHYHA HCXOJHOH IOBEPXHOCTH, TO MPU CO-
omeemcimeyrueli. napamempusayul nepsas  KeadpamuuHas
gopma npu u32ubAHUU NOBEPXHOCHU HE U3MEHAEMCS.

OkaspblBaeTcsi, NMOBEPXHOCTH «B MaJIOM», KaK IpaBMJIO, H3-
rubGaembl. Tak, HampuMmep, HMeeT MecTo TeopeMa: y Kaodol
MOYKIL QHANUMUHECKOL NOBEPXHOCMU, He ABAAOUelics mouKoLl
YnIowenus, cyujecmeyem oKpecmrocme, 0onyckarouas Henpe-
poisrble uzaubanus.

Cpedu nosepxuocmeti «8 YeAOM» CYULECMBYIOM NOBEPXHOCMU,
He donyckaroujue Henpepoisrolx uszeubanuii. Taxosol, Hanpu-
Mep, 8ce 3aMKHymble 8bINYKAble NOBEPXHOCINUL.

YNPAXXHEHHS K IJIABE VI

1. HaiiTu nepBylo KBanpaTHyHYyl0 (OPMy NOBEeDPXHOCTH BpalleHUs
x=¢(u)cosv, y =19 (u)sinv, z=1¢ ().
Oreer. I = (9’2 4 ¢'%) du® + ¢ dv?.

2. TlokasaTh, YTO NMOBEPXHOCTb BPAlLleHHS MOXHO NMapaMeTPH30BaThb
Tak, 4TO ee NepBas KBajpartHyHas ¢opMa GyjieT HMeTb BHA:

I = du® + G (u) dov?.
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3. Hafitu jpJuMHY AyrH KpHBO{, 2alaHHOX YypaBHeHHeM 4 = v, Ha
MOBEPXHOCTH C MepBOfl KBaJApaTHuHOH (OpMOM
I = du?® 4 sh? u dv?.
OrBer. s =|shuy—shu,|.

4. Haifitu yroj, Nmoi KOTOPHIM NepeceKaioTcss KOOpPAHHATHBbIE JIHHHA
X = Xg, Y = Yo Ha TIOBEPXHOCTH Z = axy.
atx
OtBer. cos ¥ = odo —

Vl +a2x§V1 +a2y§‘

5. INokasaTtb, uTO Ha rejqHKoOHIE

=aucosv, y=ausinv, z=bo

KOODJHHATHAs CeTb 4, U OPTOrOHa/bHA.

6. HaiiTn cemeficTBO KDHBBIX, NepeceKalolUX MOA MPSAMBIM YIVIOM
npsMonnHeiiHble ob6pasyouine x = const mapa6ononna z = axy.

Oreer (1 + a2x?) y? = const.

7. Hai#itu kpusele Ha cdepe, Nepecekammue ee MepHAHAHB MOX
MOCTOSIHHLIM YIVIOM (TaKHe KpUBbIE HA3BIBAIOTCS JIOKCOAPOMBI).

8. HaifitTh mJomajgb ueThHpeXyrolbHHKAa Ha reluKoHie (ymnpaxHe-
HHe 5), OrpaHHYEHHOr0 KPHBLIMH;

u=0, u=i, v=0,v=1.
a

OTtBer. ¢ = -g— (V§ + In(l + Vﬁ)),
9. INokasaTb, uTo MuOmWAaAH obnacteil Ha mapaGononpax
— i 2 I 2
- P] (X I" Yy )1
z = axy,

NpPOEKTHPYIOIIHECS HAa OAHY H Ty e 06/1acTb IJOCKOCTH XY, PaBHHI.

10. IlokasaTk, 4TO ec/iH MOBEPXHOCTh NONYyCKaeT TaKylo MapaMerpH-
3anM0, NPH KOTOPOH KO3(bHUHEHTH NMepeoit KBaipaTHYHOH (GOPMEI He
3aBHCAT OT 4 H U, TO 3Ta TNOBEPXHOCTb JIOKAJbHO H3OMETPHYHa IJIOC-
KOCTH.

3AJAYH H TEOPEMbI K [JIABE VI

1. Hokasate, uto ecau U (x, y) u V (x, y) — BelmecTBeHHas H CO-
OTBETCTBEHHO MHHMAas 4acTh (YHKIHMH KOMIJIEKCHOrO IlepeMeHHOro X -+ iy,
TO IIIoWAaAH obnacTefl MOBepXHOCTel

z2=U(x, 9), 2=V (x, ),

NPOEKTHPYIOIIHXCA HA ORHY H Ty Ke 06JacTb IUVIOCKOCTH XY, PaBHBI.
2. JlokasaTb, 4TO CymecTByeT KOHGOpDMHOE OTOGpa)KeHHe MOBepX-
HOCTH BpaiieHusi (ynpaxHeHHe 1) Ha IJIOCKOCTb, TPH KOTOPOM MepH-
JHaHBl MOBEPXHOCTH (JMHHH U = const) mepeXxoAasT B NpsMble, MPOXO-
JAsiMe yepe3 HAyaJO KOODJHHAT, a Napasield (JHHHH u = const) —
B KPYrH C LleHTPOM B Hauyaje KOOPAHHAT.
Paccmorperh uyacTHBI ciayvaif, Koraa

¢ (4) = cos u, § (u) = sinu (chepa).
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3. Jlokas3aTb, UTO CymecTByeT KOHDOPMHOe OTOOpaKeHHe MOBEpPX-
HOCTH BpalleHHsl Ha IJIOCKOCTb, MPH KOTOPOM MEPHAHAHBLI H MapaJjiientn
MOBEPXHOCTH TNepeXoiAT B mpsimbie x = const, y = const.. Paccmorpers
yacTHHAl cayyalf, Korja moBepXHOCTb — cepa.

4. JlokasaTp, uTO cepy naxe JIOKaNbHO HeJb3st H30METPHUECKM:
0TOGpa3uTh Ha MJIOCKOCTD.

5. Eciu U (x, y) + iV (x, y) aHanHTHYeCKas QYHKIMS KOMILIEKCHOM!
nepeMeHHOH X - iy, MpHYeM B TOuke (Xo, Yo)

UxVy

U V # 07
¥y

TO OTOGpaKeHHe IIJIOCKOCTH Ha ce6s, MPH KOTOPOM TOUYKe C JeKapTo--

BLIMH KOOPAMHATaMH X, y CONOCTABJASIeTCS TOuKa C JeKapTOBLIMH KOOP--
aunatamu U (x, y), V (x, y), koHpopMHO. [loKa3aTs.

6. ITyctsb .
ds® = E du® + 2F du dv 4 G dv*
NuHeAHbIAl 3/€eMEeHT aHaJMTHYeCKOH moBepXHocTH. PaccmoTpuM pudde-
peHLHaIbHOE yPaBHeHHe
E du? 4 2F dudv 4 Gdv2 =0
B KOMIIeKcHoR o6nactu. Ilyctsb o (4, v) = const — pemrenune 3Toro ypas-

Hennst, U (x, y) u V (x, y) — BeulecTBeHHAsl H MHHMasl YyacTH QYHKUUW
¢ (x, y). Torna, ecau

UuVu
UV

TO OTOGpaKeHHe NMOBEPXHOCTH HAa TJIOCKOCTb, NPH KOTOPOM TOuKe (i, U}
MIOBEPXHOCTH COMOCTABJASETCHA TOYKA IIOCKOCTH C HAEeKapTOBBIMH KOOp-
auHatamu U u V, saBaserca koHpopmHbiM. (Ha 3TOM MOXKeET GBITb OCHO-
BaHO /I0Ka3aTeJbCTBO TeopeMbl § 4 ri. 6 Ans ciyuyast aHaJUTHYECKHX
nosepxHocref).

7. OtoGpaxkeHHe OAHOM TMOBEPXHOCTH Ha JPYrylo Ha3hIBAETCS IKGU-
apeaibHbim, €ClH COOTBETCTBYIONIHE NIPH 3TOM OTOOpaXKeHHH 06/1acTHi
HMEIOT OIMHAKOBble INIOIaNH.

JokasaTb, 4TO eCclH OTOGpaxKeHHe OJHON MOBEPXHOCTH HAa JApPYyryio
KOH(GOPMHO M 3KBHapeasbHO, TO OHO H30MeTpHYecKoe.

8. JlokasaTb, u4TO JI060€ H30OMEeTpPHYeckoe OTOGpaXKeHHe MJIOCKOCTH:
Ha cebs ecTb JHGO JBHXKEHHe, JIHOO JBHXKEHHe C 3epPKaJbHBIM OTOGpa-
JKeHHeM.

9. &, 1 P, — H3OMETPHUHBIE IOBEPXHOCTH, r = ry (4, V), r=rs (4, V)—
HX napaMerpusauuu. Msomerprueckoe oTofpaiKeHHe 3aK/I04aeTcs B CO-
TIOCTaBJEHHH APYT APYTy TOYeK C OJHHAKOBLIMH KOODJHHATaMH.

[Tycrb &, p — TIOBEPXHOCTD, 32/1aBaeMas ypaBHEeHHeM r=Ary (u,v) +

+ pre (1, v). JloKasaTe, uTO TOBEPXHOCTH P | H P,  H3OMETPHUHHI.

10. [Tokasath, YTO cyulecTBYeT H3OMeTPHYECKOe OTOGpaiKeHHe re-
JIMKOHJa

#0)

X=ucosv, y=usinv, 2= mo
Ha KaTeHOHu[

. a
x=acosB, y=asinB, z=marcchz,

NpH KOTOPOM TNPSAMOJHHERHBIM 00pPasyiollMM FeJHKOHAA COOTBETCTBYIOT
MepHAHAHbl KaTeHOHJa.

11}



11. HoxasaTw, uto Jo6ass BHHTOBasl NMOBEPXHOCTb NONMYyCKaeT H30-
‘MeTpHyeckoe OTOGpakeHHe Ha HEKOTOPYIO NMOBEPXHOCTb BpalleHUs, NPH
KOTOPOM BHHTOBBHIM JIHHHAIM COOTBETCTBYIOT NapaJuend (Teopema Bypa).

12,. CeTp KpUBBIX Ha NOBEPXHOCTH Ha3biBaercs ceThio Uebhiiuesa,
~eCiu Y Jo60ro ueThblpexyrojbHHKa, o6pa3yeMoro JHHUAMH CeTH, MpPOTH-
-BOIIOJIOXKHEIE CTOPOHB! PaBHHI.

Jlns Toro uto6H KOODAMHATHAs CeTb HAa NMOBEPXHOCTH Ghlia uebhi-
AUEBCKOH, HEeO6XOAMMO M JOCTaTO4YHO, uTo6H E,= G, =0. Jloka3aTb.

12,. loka3aTh, uTO eCcJH KOOpAMHAaTHAasf ceThb uelhlIeBCKast, TO
KOOpIHHATH! U, U MOXKHO BHIGpaTh TaKHM 006pa3oM, 4TO JIHHEHHBIH 3ie-
.MEHT MOBEPXHOCTH NpPHMET BHJ

ds? = du? 4 2 cos o du dv 4 dv?,

T le ®— yroj, o6pasyeMblfi KoOpJHHAaTHBIMH JIHHHSIMH.
123. JTokasaTh, YTO Ha MOBEPXHOCTH INepeHoca

r=U @+ V(@)

&OOPJHHATHbIE JIHHHH 06Pa3yloT 4YeOhlleBCKYIO CeTb.

TCrasa VII

BTOPASI KBAAPATHYHASI ®OPMA NOBEPXHOCTH
U CBA3AHHBIE C HEW BOMPOCbI TEOPUH
NMOBEPXHOCTEH

Ilycts @ — peryJasipHas moOBepXHOCTb, r =r (4, U) —
®akas-HHOyJb ee peryJaspHas IapameTpusauus, n(u, v)—
®JIMHHYHBIH BEKTOp HOpPMa/lH NOBEPXHOCTH B Touke P (u, v).

Bropo#t kBajpaTHuHO# (OPMOH NOBEpPXHOCTH Ha3bIBaeTCS
KBaJipaTHuHasa QopMa

—dr - dn = (—r,n,) du* + (—r,n, — r,n,) dudo +
+ (—r,n,) dvi.
Jlns xoaddunyentoB sTolt ¢opMbl Mbl GyaeM ynoTpebsATh
cjefylomye 0603HaUYeHHUS:
—ron, =L, —rnn,—rn,=2M, —rnn,=N.
Tak kak dr - n =0 u, cieloBaTeNbHO,
d(dr - n) = (d* - n)+ (dr - dn) =0,

TO

Il =d% - n=(r,,n)du®+ 2(r,n) dudv + (r,n) do?.
-Orciofa

L=r,n M=r,n, N=r,n.
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Tak kak n=(r, X r)/|r,xr,), a |r,xr,|=VEG—F?
TO :

Xuu Yuu Zuu
Xu Yu Zu
=(’uu’u’v)= Xo Yo 2v
[ru X rol VEG=F"’
Xuv Yuv “uv
Xu Yu 2y
M = (’uv’u’v)___ Xv Yo 20 |
lru X ro| VEG—=F "’
Xov Yoo 2vv
Xu Yu 2y
N = (ryvrurv) | Xv Yy 2y

lruxro|  VEG—F °
B uacTHOCTH, ecqM IOBEDXHOCTh 33JlaHa ypaBHEHHEM 2 =
=2z(x,Y), TO

L___ff_.__ M= Zxy
V1+zx+z l/l-{-zi-{—zz
N = 2yy

Pl-l—zi—]—zjc

§ 1. KpuBu3Ha KpuBO#, Jexauieii HaA MOBEPXHOCTH

Ilycts @ — peryJisipHasi NoBepXHOCTh, 7 = r (4, U) — Kakas-
HUOy/Ab ee peryJaspHas mNapaMeTpHs3alus, 7| — peryJspHas
KpHBas Ha IIOBePXHOCTH, IPOXOJs-
masi yepes Touky P (u, v) U uMelo-
mass B 3TOH TOYKe HalpabJjeHUe
(du : dv). Ilyctb r = r (S) — ecTecTBeH-
Hasi nmapaMeTpH3alus KPHBOH 7.

PaccmoTpuM ckansipHoe  mpou3Be-
Jlenue (r'n). Bexwop r” HampaBisieH IO
TJ1aBHOH HOpMaJH KpHUBOH, a IO Be-
JIMUMHE paBeH KpHBH3HE KpHBOH,
Orciofa cienyer, 4To

(r"n) = kcos#¥, Yepr. 36.

rie k — KpHBU3HA KPHBOH, a % — yroa, obpasyemelit riaB-
HOil HOPMaJIbIO KPHBOH M HOPMAJIbIO K IIOBEPXHOCTH (4epT. 36).
Ho

rn_(ruuu’2—|—2ruvu'v’+r 0'2—|—r u”-[—rv")n—
o =(rn) et 2(r n) ey o (rg ) v

8 7.770 i13



[TosTomy
' ke sﬁ_Lduz-l-QMdudv-l—Ndv2__I_I
SV = Faw@ +oFdudv+Gaw® ~ 1"
[TpaBasi yacTb 3TOr0 paBeHCTBA 3aBHCHT TOJBKO OT Hanpas-
JieHns: KpuBo#i B Touke P (u, v). Takum obGpasom,

kcosd = k, = const

B Touke P (4, v) AJasT Bcex KpHUBBIX 7|, NPOXOASIIMX uepe3
3Ty TOYKY H HMEOIIHX B Hell OAHO M TO Ke HampaBleHHe
(T. e. OIHY H Ty Ke KacaTeJbHYIO).

Paserncmeo

kcos® = ky = const
cocmasasiem colepxcarue meopemvt Menoe.

Bennuuna k, HasbiBaeTCs HOPMAAbHOL KPUBU3HOLU TIOBEPX-
HOCTH B JaHHOM HamnpaBjaeHuH (du:dv). C TOYHOCTBIO [0
3HaKa OHAa DaBHA KpMBH3HE KpPHUBOH, KOTOpas MOJy4aeTcs
B CEUEHHH MOBEDXHOCTH C IIOCKOCTBbIO, TNepreHJHKYJIsIPHOH
KacaTeJIbHOH IJIOCKOCTH M COfepiKallell HanpaBJseHue (du : dv).

Hopmanenaa kpususna nosepxrHocmu 6 OQHHOM Hanpasie-
Huu cosnadaem ¢ HOPMAA6HOU KPUBUBHOU conpukacarouje-
eocs napaboaouda 6 mom e HanpasieHuu.

JleficTBHTEJbHO, €C/IH MOBEPXHOCTb M CONpHKacaloMHUics
napaboJyionJi ee B Touke P OTHeCTH K NPSAMOYTOJIbHBIM Je-
KapTOBbIM KOODAWHATAM, MPUHSB KacaTeJbHYIO MJIOCKOCTb
B 3TOH TOuUKe 3a IJIOCKOCTb XYy, a HOpMasb K HeH 3a och z,
TO TOBEPXHOCTb H NapaboJsionA 3aJal0TCsl ypaBHEHHSIMH

z2=2(x,Y)
zZ2 = %(Zxx lpxz -+ 22,\‘_1/ [ny + Zyylp y2)'

Orciofia BuAHO, YTO INepBas U BTOpasi KBaJpaTHYHbIE (GOPMBI
NOBEPXHOCTH W mnapabosionjia B Touke P OIHHAKOBHI, a Cie-
J0BaTeJNbHO, PaBHbI HOPMAJbHbIE KPHBH3HBI.

[TpuBesienHOe coobpaxeHHe MO3BOJIAET HaHTH ypaBHEHHe
conpHKacamwlilerocss napabojoMJia B CHCTeMe KOOpAHHAT,
€CTeCTBEHHO CBSI3aHHOH C MpPOM3BOJILHOH MapaMeTpu3anueit
(1, v) NOBepXHOCTH, MPHHAB KacaTelbHYIO NJIOCKOCTb B TOYKE
P (uy, vy) 32 MJOCKOCTb Xy, HOpDMaJb K Hell —3a ocb 2 U 7,
r,, N — 3a 6a3HCHbBIE BEKTODHI.

YpaBHeHne mnapaboJionjia, OUEBHAHO, MOXKHO 3aMHCaTh
B BHJE

r=(u—u)r,+ (©—00)r,+

2 1A (4 — o) + 2B (1 — g) (v — vo) 4 C o — Vo)) .
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HopmanbHast kpuBH3Ha napaGoJionja B HanpasJeHuu (du : dv);
6yner
A du? 4 2B dudv 4 C dv?

ri du?® + 2 (ryry) du dv +- r: dv?’
CpaBHHBasi 3TO BhIpaKeHHE C HOPMAaJbHOH KPHUBH3HOH MO-

BEPXHOCTH B TOM XK€ HaNpaBJE€HHHW H NMpPHUHUMASA BO BHHMa-.
HHE, 4YTO du u dv IIPOHU3BOJIbHEI, 3aKJ/IIOYaeM:

A=L, B=M, C=N.
IoatoMy ypaBHeHHe mapaGosojia B mapaMeTpHuecKoll dopme
X=U—Uy Y=0V—U,,
= T AL (4 — o) + 2M (4 — ) (0 — 00) + N (0 — v},
YTO 3KBHBAJIEHTHO
= 5 (L2 + 2Mxy + Ny,

OTyI0:KUM H3 TPOU3BOJBbHOR TOUKH P (1, ) MOBEPXHOCTH

1
.| 1]
B KaxJoM HamnpasJieHuH (du :dv).OTpe3oK, paBHBIH i?l ,

rie k — HOpMaJibHast KPUBH3HA MMOBEPXHOCTH B 3TOM Hampas-
JeHHH. [eoMeTpHueckoe MeCTO KOHLIOB 3THX OTPe3KOB Ha-
3bIBaeTC UHOUKAMPUCOL KpUBU3Hb. TIOBEPXHOCTH B TOuke P
(uept. 37).
UacTo Ha3bIBAalOT ee Takke undukampucoti [Jronena.
BoisicHuM, 4TO mnpefcTaBiseT co0oii~ MHAHMKaTpHca KpH-
BU3HBI. [lsf 3TOro BBeleM B KacaTesJbHOH IIJIOCKOCTH IO-
BEPXHOCTH IeKapTOBEl KOOpAHMHATH, NPUHSB TOUKY KacCaHHf
32 HayaJoO KOOpAMHAT, NpsMbie, COAEpxKalilie BEKTOpHl 7, H
r,,— 3a OCH KOOpAVWHAT, a CaMH BeKTOpH r, H r,— 3a Oa-
3HCHbIe BeKTOpHl. ITycTh x M y —
KOOPAMHATH TOUYKH HHIMKATPHUCH
KDUBH3HBI, COOTBETCTBYIOIEH Ha- %
npassenuto (du : dv). Vmeem: 4 >

1
|12 rudu4r,do

xr,+yry = '? |rudu+rydo|”

Bo3Boas 3TO paBeHCTBO B KBajpar

W 3aMeuasi, 4Yto X:y = du : dv, To- Yepr. 37

Jydaem:
E du? 4 2F dudv + G dv?
2 2 = =
Ex* + 2Fxy + Of = Tqm opdudo T N a*] —
Ex® + 2Fxy 4+ Gy?

T Lx* F2Mxy + Ny2[ °
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Orcrona
| Lx® + 2Mxy + Ny?| = 1.

STo U ecTh ypaBHeHHe MHAMKATPHCH KPHUBH3HHI.

Takum ob6pasoM, urOukampuca KpususHe. npedcmagasem
coboll 3aaunc — 6 saraunmuyeckoil mouke nosepxnocmu (LN —
— M2 > 0), napy corpsocentbix eunepbos— 8 eaunepboiue-
cxoti mouke (LN — M? < 0), napy naparirerbHeix Npambix —
6 napaboaueckotli mouke (LN — M2 = 0).

- QOueBHHO, nosepxHocme U ee conpukacarouuiica napabo-
A0u0 umerom OOHY U my ogice UHOUKAMPUCY KPUBU3HBL.

HHankaTpuca KpHBH3HEI MOXKeT ObIThb BBeleHa H Jpy-
TuM, GoJsiee reoMeTpuyeckuMm, cnocoboMm. ITyctb P — npous-
BOJIbHAs TOYKA MOBEPXHOCTH M o — KacaTeJsbHas IJIOCKOCTb
B 3TOi Touke. OPosHaunM M, reomMeTpHyeckoe MeCTO TOYEK
TOBEPXHOCTH, PacCTOSHHE KOTOPHIX OT o paBHO A. Iloasepr-
HeM ero npeo6pa3oBaHUIO noxoﬁm OTHOCHTeNbHO LeHTpa P

¢ Ko3hduuueHTOM noJobus —— V_. ITonyueHHO® MHOXECTBO TO-
uek 0003HAYNM —V_EMh'

YpaBHeHHe IOBEPXHOCTH, €CJHM KacaTeJbHYIO IJIOCKOCTb
B P nmpuHATHL 3a IUIOCKOCTb XY, a HOPMasib 3a OCh 2, OyaeT

= 5 (rx® + 250y -+ 1) + (¢ + 59 ¢ (x, ),

rae e(x,y) >0 npu x, y—0. Orcrona Touku M, ynoBie-
“TBOPSAIOT YPaBHEHHIO

h= 5|0 + 250 + t47) + 02+ ) e (v, 9)] .

Tak Kak KOOpDAMHATHI TOYKU M3 V_ M, orauyalTcs OT

‘KOOpJIUHAT COOTBETCTBYMOUieH TOukKH M, MHOXHTEIEeM Vh
"TO OHH YJOBJIETBODPSIOT ypaBHEHHIO

5 (e 250y 15?) + (2 4 52) e« (VE, yVR) l .

Orciopa BuaHO, uto npu h -0 M, cxoauTcs K UHJHU-

V’

KaTpPUCE KPHBH3HBI.
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§ 2. AcuMnTOoTHYeCKHe HampaBJeHHsl. ACHMMNTOTHYECKHE )
JuHuM. CompsiKeHHble HamnpasJeHHS. COl‘lpﬂ)KeHHble
CeTH Ha TMOBEPXHOCTH

Hanpasnenue (du:dv) Ha peryjsipHoil MOBepXHOCTH P
B Touke P (4, U) Ha3bIBAGTCHA QCUMNMOMUYECKUM, €CJIH
HOpMaJibHasi KpPHMBH3HA IIOBEPXHOCTH B 3TOM HalpaBJieHHH
paBHa Hymio. Takum oOpasoM, HanpasjeHue (du :dv) Gyner
aCUMITOTHUYECKHM TOrZA U TOJILKO TOTJAa, KOTAA BHIMOJHSETCS
ycJIoBHE
Ldu? + 2M dudv + N dv? = 0.

OT1ciofa ciefyer, 4YTO 8 IAMUNMUYECKOE mouKke Nogepx-
HOCMU He Cyujecmeyem acuMmMMOmu4ecKux Hanpagaenuti, 6 eu-
nepboaudeckoli mouke cyuwjecmeyem 06a QCUMRMOMUYECKUX
HANPagAeHus, 8 napaboautecKkoll mouke — 00HO QCUMAMOMU-
4eckoe HanpasieHue, HAKOHEY, 8 MO4Ke Ynioujerus aboe
Hanpasexie A8ASEMCA ACUMNMOMULECKUM.

Kpmaaﬂ Ha TOBEPXHOCTH HAa3BIBAETCS QCUMMIMOMUYECKOL
AUHUell, eCNU ee HanpaBleHHe B KaxIOH ToOuKe ABIIACTCS
acumnroruyeckuM. OTciofia cjefyeT, 4TO

Ldu?+2Mdudv+ Ndv2=0

ecTb AuddepeHnHanbHOe ypaBHEHHE aCHMITOTHYECKHX JIMHHUH.

Ecau -Ha nogepxnocmu pacnonosicena npamas, mo OHa,
o4esudro, 6ydem acumnmomuyeckoll AuHUel.

OTMeTHM OJHO NpOCTOe CBOMCTBO acHMNTOTHYeckKuX. Ka-
camenbHas NAOCKOCHb NOBEPXHOCMU 8 KaxcOol Mmouke acumn-
momu4eckoll MHUL ABASEMCA CONPUKACAIOWELICS NAOCKOCHLbIO.
HeficTBUTENBHO, €CIM B TOUKe P acUMNTOTHYECKOH 7Y KpH-
BH3HA paBHA HYJIO, TO KaCaTeJbHAsl MJIOCKOCTh NMOBEPXHOCTH
B Touke P gBisercs colpHKacawollefica yiKe IOTOMY, 4Ta
OHa IPOXOAHT uepe3 KacaTeJbHyH KpuBoH. Ecam xke Kpu-
BH3HA Y B Touke P OTJIHYHA OT HYJA, TO KacaTeabHas
IJIOCKOCTb COJCPXKHUT BEKTOpPHl dr M d%r (mepBHI NOTOMY,
4TO NJIOCKOCTb KacaTesbHasl, a BTOPOH MOTOMY, YTO KpHBas
Y acHMIOTOTHYeckas H, CJeJOoBaTesNbHO, YAOBJETBOPSET YCJO-
Buio d% - n=0). Orciona cJjefyer, 4YTo ¥ B 3TOM CJjyuae
KacaTesJbHasl IJIOCKOCTb $IBJsieTCS CONpHKacalomeics mJoc-
KOCTBIO aCHMIITOTHYECKOH .

BrIsicHHUM, NpU KakOM YCJOBHH KOOpAMHATHHIE JMHHUH Ha
MOBEPXHOCTH 4 = const ¥ v = const 6ylyT aCHMITOTHYECKHMH.
Toxcrasnsis mocsefoBaTesbHO 1 = const 1 v = const B ypaBHe-
HHE aCHMIITOTHUECKHX, 3aKJIOuaeM, YTO KOOPOUHAMHAS cemb
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6ydem acumnmomuueckoll mozda u moasko moeda, Ko20a Koagh-
Quyuenmor L u N emopoti keadpamuurnoti ¢opmbL pasHer HY .

Teopema. B oxpecmrocmu 2unep6oauueckoli mouku no-
eepxHocmu 6cez0a Moocem Obimb 68eCeHa napamempusayui,
‘npu Komopoll KoopOuHamHbiMu AUHUAMU O6YOym acumnmomu-
weckue.

310 crenyer u3 obumeir Teopemm § 3 rui. IV, Tak kak
ACHMNITOTHYECKHE JIMHUM YJOBJIETBOPSIOT ypPaBHEHHIO

Ldu? 4+ 2M du dv + N dv? =0,

JAJI7 KOTOPOTO YCJIOBHSl YIOMSHYTOH TEOpeMBl BHINOJHEHL!
(LN — M2 <0).
~ Tlycts P — npou3aBosibHasi TOUKa NOBepXHOCTH D, (du : dv),
(3w :dv) — nBa HampaB/ieHHs B TOYKEe P Ha MNOBEPXHOCTH.
‘Hanpasnenuss (d) u (3) Ha3BIBAIOTCS CONPANCEHHbIMU, €CTH
cojlepXKallie HX NpsAMbE g, U gs SABJAIOTCA COMNPSXKEHHBIMH
JHaMeTpaMH HHJAHMKaTpHch [lioreHa B Touke P.

Takum obpasom, Ajs Toro, ytoGwel HanpasseHus (d) u (3)
OblIM CONPSXKEHHBIMH, HEOOXOAMMO H JOCTATOYHO BHINOJIHE-
'HUS YCJIOBHS

L dudu + M (dudv + dvdu) + N dvdv = 0.

HenocpencTBeHHON mNpoBepKOH MOXKHO YOeAUThCH, UTO
ycJloBHE COMNpSKEHHOCTH HampaBjdeHHi d M 3 Jomyckaer
KOMMNAaKTHYIO 3allHCh:

dr -3n =0 wnau o - dn=0:

Acumnmomudeckue HANPAsAeHUS ABATIOMCL CAMOCONDAHCEH-
HbLMU.

ITycTb Ha NMOBEPXHOCTH MMeeM JBa ceMeHCTBAa JIMHHUI —
Yo« ¥ 7g,— 0Opasyiomue CeTb B TOM CMBIC/E, YTO Yepe3 KamK-
Y10 TOYKY IIOBEPXHOCTH NPOXOAHT MO OJHOH JIHHHH Kax-
Joro cemefictBa. Torja cerh JiMHUH, oOpa3oBaHHasi ceMefcT-
BaMH T, M 7§, HA3BIBAETCS CONPANCEHHOL Cemoro, €CJH JIMHUH
CeTH pasJIMUHBIX CeMeHCTB B KaxJOH TOYKe MMEIOT Comlps-
JKEeHHble HanpaBJIeHHS.

Ecau KoopAHHATHAs CeTb SIBJISIETCS CONPSKEHHOH CeThIo,
TO Ko3pduureHT M BTOpolt KBajapaTHuHOH (POpMBI MmOBepX-
HOCTH paBeH HyJo. UYUtobbl y6eauTbC B 3TOM, AOCTATOYHO
‘3anMcaTh YCJOBHE CONMPSKEHHOCTH AJs HanpasJjeHui (du :0)
u (0:90).

B oxpecmuocmu  kascdoli mouku nosepxHocmu, He s8AAN-
‘ujetica moukol ynioujeHus, moxcem Ooumo 68edeHa napamemnt-
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pusayus mak, 4mo koopOuHamuele Auxuu 6yoym o06pa3ossi-
eame conpsscennyto cems. Ilpu smom 00HO cemelicmeo Koop-
OUHAMHbIX  AUHLG  MOXCHO 83AMb  NPOU3ROALHO, AUULL Obl
AUHUL 3MO20 cemelicmea He UMeAl QCUMNMOMUYeCKUX Ha-
npagieruil.

§ 3. I'naBHBIe HanmpaBJeHHS Ha MOBEPXHOCTH.
JIHHHUN KPHBH3HBI

Hanpasnenue (du:dv) Ha MOBEPXHOCTH Ha3bIBAeTCH 2.4a8-
HbIM HANPAGAeHUeM, eCJH HOpMaJibHasi KpHBHM3HA IOBepX-
HOCTH B 3TOM HampaBJIeHHM JOCTHraeT 3KCTPeMaJsbHOro
snaueHusi. Takum oOpasoM, 3mo He 4mo uHoe, KAK HAnpas-
AeHus, cosnadaloujue C HANPABAEHUAMU Ocell UHOUKampucot
KPUBLL3HYL,

Orciofa cjenyer, 4To B KaXXJ0H TOYKe IOBEPXHOCTH B 00-
1eM csyyae JBa IVIaBHbIX HampasJjeHHus. CoBnajasi c Hanpas-
JIEHUSIMH Ocell HHAMKATPUCHl KPHBH3HBI, 2/Q6HbIE HANPAB/EHUS
OpPMO2OHANbHL U CONPANCEHbL, A CJIELOBATENbHO, YAOBJETBO-
PAIOT YCJIOBHSAM

I1(d, %) =Edudu-+ F(dudv + dvdu)+ Gdvdv =0
(OpTOrOHANBHOCTB),
11(d,d) = Ldudu+ M(dudv + dvdu) 4+ N dviv =0
(COnpSIKEHHOCTD).
Hckaouass M3 3THX ypaBHeHHH du W 80, MONyUHM:
Edu+ Fdv, Fdu-+ Gdo
Ldu + Mdo, Mdu+ N do| =%

910 ¥ ecTb HeOGXOAUMOE M JOCTATOUHOE YCJOBHE JUIST TOTO,
uToOsl Hanpassenue (du : dv) ObLIO I'VIABHEIM HAaNpaBJIeHUEM.
Ero MoxHO 3amucaTb M B JApyro#, O6ojee CHMMETPHYHOL
dopme: .

dv? — du dv du?

E F G |=0. (*)

L M N

['napHble HampaB/eHHsl He ONpelesieHBl B JABYX CJydasx:
B CJlyyae TOYKH YIJIOLIEHHS, TaK Kak B Heil yioboe Hampas-
JieHHe SIBJIseTCs TJIaBHBIM (HOpMaJsibHasi KpHBH3HA B JIIOOOM
HanpaB/eHMH paBHA HYJIO), H B ClELHaJbHOM CJydae 3.-
JIMNITHYECKON TOYKH, KOTAa MHAMKAaTpHCa KPUBH3HBL — KPYT;
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TaKasi TOuka HasblBaeTCs wiapogol. B mapoBoil Touke Tak xKe;
KaK U B: TOUKe YIJIOUlEHHS, Jiioboe HampaBlieHHe SBJSETCS
IJIaBHBIM. JTO OOCTOATENLCTBO OTPaX€HO B YCJOBHH (¥),
onpejlessiollleM I'1aBHble HanpasJjeHusi. OHO yHOBJeTBOpSETCs
TOX/JAECTBEHHO TOJILKO B JBYX cayuasix: L=M =N =0
(TOuKa YNJOILEeHHs) U B cjayyae MPONOPLHOHANBHOCTH KO3(-
¢unMeHTOB TIepBOH KBaJpaTHYHOH (opMbl KodddHIHEHTaM
BTOPOH KBajpaTHYHOH (opMsl (1IapoBasi TOUKa).

HopMaiibHble KPHBH3HBI IOBEPXHOCTH, COOTBETCTBYIOLLHE
IJIaBHBIM HaNlpaBJIeHUSIM, HA3bIBAIOTCS 2AQBHbIMU KPUBU3HAMU.

Teopema Poxnpura. Ecau nanpasasenue (d) ssarsemcs
2AQ6HBIM HANPABAEHUEM, MO

dn = —kdr,

20e k — HOpMAAbHAA KPUBUSHA NOBEPXHOCIU 8 3IMOM HANPAs-
aenuu. O6pamno, ecau @ nanpasrenuu (d)

dn = \dr,

mo (d) asasemca 2AaBHOIM HANPABACHUEM.

Hoxasameavcmeo. Ilycte (3) — Apyroe riaBHOe Hampas-
JieHUe, NepleHHKY/IsipHOe NepBoMy. BekTtop dn, 6yayuu nep-
NEeHAUKYJSPEH 7, JONMYCKaeT MpeicTaBJeHHEe

dn = \dr 4 por.

YMHOXasi 3To paBeHCTBO Ha Or u 3aMeuasi, uto dndr =0
B CHJy CONpsKEHHOCTH HanpasJjeHudl (d) u (8) m dr - 8r =0
B CHJY OpTOTrOHAJILHOCTH 3THX HalpaBJeHHH, MOJYYHM:

2 =0,

Orciona p = 0. Wrak, dn = \dr. YMHOXasi 3TO paBEHCTBO
Ha dr, MOJIyuMM:
(dr dn) = Adr?.

Otciona cienyer, urto A= —k. [IpsAiMoe yTBepXkJeHue J0-
Ka3aHo.

Iokaxem obpaTHoe yTBepxJeHue. IlycTb HampasJeHue
(d) TakoBo, 4TO

dn = \dr.

[TokaxeM, 4TO OHO fiBisieTcsi TIJ1aBHBIM. [TycTh (8) — Ha-
npaBJieHHe, nepneHAukyJaspHoe (d). Torjaa, ymHOXKasa pa-
BeHCTBO dn = Adr Ha O, nonyuum dndr =0. Ho 310 3Ha-
4{T, YTO HanpasJeHus (d) u (3) conpsikeHHble. Tak Kak OHH,
KpOME TOro, OPTOFOHAJIbHBI, TO OHM [JIaBHHIE,

120



JluHus Ha TIOBEPXHOCTH Ha3LIBAeTCH AuHUel KpUEUSHbL,
€C/IM ee HalpaBJileHHe B KaXKAOH TOUKe SIBJSAETCS TIJIaBHBHIM:
HamnpaBJjIeHUEM,

Orciofia cienyet, 4ToO

dv? — du dv du?
E F G|=0
L M N

ABJsieTca AuddepeHINaNTbHEIM ypaBHEHNEM JIUHUHE KPUBU3HHI.

Eciu koopOunammsie AuHUL HQ NOBEPXHOCMU ABAAIOMCSE
AUHUAMU  KPUBL3HbL, mo Koappuyuenmor F u M nepeot w
COOMBEMCMBEHHO BMOPOLL K8AOPAMUUHbLX opMm pastsl Hy o,
F=0, B culy OpTOroHaJIbHOCTH KOOpAMHATHOH CeTH, &
M =0 B cuny conpsKEHHOCTH.

Teopema. B oxpecmuocmu kascdoti mouku P nosepxrocmu,
He sgAfowelics Waposoli mo4Kol UL MOYKOL YnAoueHus,
N0BEPXHOCMb MOJNCHO NAPAMEmpPU308amb MaK, 4mo Koopou-
HamHble AUHUU GYOym AUHUSAMYU KDUBU3HOL.

HefictButesnpHo, AudpdepeHLHalbHOe YpaBHEHHe JIHHHUIT
KPUBH3HEI HMeeT BHJ

Adu? 4+ 2Bdudo + Cdv?2 =0. (**)

Tak kKak B KaxkJod Touke, Oau3KOH K P, eCTb ZBa M TOJIbKG
JiBa IJIaBHBIX HaNpaBJIeHHs, TO TpeXuJeH

A 4 2Bt + C8

MMeeT JBa BellecTBeHHBIX KopHs. Iloatomy AC — B2 < 0.
ITo Teopeme § 3 ra. IV orcioma crepyer, 4TO cyllecTByeT
napamMeTpHu3alus, NpH KOTOPOH KOOpAMHATHBIE JIUHHH OyAyT
HHTErpaJbHbBIMH KDHBBIMH ypaBHeHus (*¥), T. e. JHHHAMU
KpUBH3HHI.

B 3ak/ouyeHMe [OKaxKeM OJHY TeopeMy, KOoTopas B He-
KOTOPBIX CJIy4YasiX IIO3BOJISIET IIPOCTO HAXOAUTh JIHHHH KpH-
BH3Hbl NOBEPXHOCTH.

Teopema. Ecau 0Ose nosepxwocmu nepecekaromcs 60016
Hekomopoll Kpusol | no0 NOCMOSHHLIM Y2iOM U ecad Ima
Kpueas seAAemcs AUHUed KPUBU3HbL HA O0OHOL U3 NosepxHO-
cmell, mo oHa O6ydem aunuell KpueusHel u Ha Opyeoll.

Hoxazameascmeo. Tlpn InuddepeHIHPOBAHUN BIOJb KpH-
BOH | Ha MepBOi NOBEPXHOCTH HMeeM:

dn1 = )\1 dr.
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Jns1 BTOPOH NOBEPXHOCTH
dny, = Ay dr -+ pn; + vn,.

YMHOXKHMM 3TO pPaBeHCTBO CKaJsApDHO Ha n; H n,. Toraa
TI0JTy UM

nydny = p(nd) + v (myny),

nydny = p(nny) + v (n).

Ho n,dn,=0, n,dn,=d(nn,) —n,dn, = —n,dn, =
= —n,Adr =0. ’
‘TakumM o6pa3som,

pni + v (mny) =0, p(mn,) + vnj = 0. (**%)

Ecan noBepXHOCTH He KacaloTcsl BIOJIb KPHBOH 7, TO nini —
— (n,ny)? = | n; X ny|? # 0 1, ciefoBaTesnbHO, paBeHCTBa (**¥)
BO3MOXKHBl TOJMbKO, ecau p=v = 0. Ho toraa ass BTOpOil
NoBepXHOCTH dn, = A, dr, a 3HAYUT 7| SBJSETCA JUHHel
KPUMBH3HEI /IS BTOPOIl TOBEPXHOCTH.

Ec/i MOBepXHOCTH KacaloTcsl BJOJb KPHUBOH Y, TO yTBEP-
KJeHHe TeopeMbl OUYEBHJHO, TaK KakK B cHJly TeopeMbl Poa-
pura, ecju HampaBjeHHe JIMHHHM 7| SBJSieTCs TIJIaBHBIM Ha
‘OJIHO! TIOBEPXHOCTH, TO OHO OyJleT IJaBHBIM H Ha Jpyroi.

Caeacreue. Ecau cgepa (uau naockocme) nepecekaem
KaKy-1ubo nosepxHocniy no0 NOCMOAHHOIM Y2A0M, MO AUHUSA
nepecedeHus ABASEMCA AUHUEL KPUBU3HbL.

dTto cjefyeT M3 TOTo, UTO Ha chepe (uau Ha naockocmu)
A06as Kpusas ABAAEMCA AMKUel KPUBU3HLL.

§ 4. CBaA3b Mexly IJaBHLIMA KPUBH3HAMH MOBEPXHOCTH
H HOPMaJIbHOIl KPHBHM3HOH B NPOM3BOJBLHOM HampaBJEeHHH.
Cpeansis ¥ rayccoBa KpPHBH3HA NMOBEPXHOCTH

BblpasnM HOpMasbHYIO KPHBH3HY MOBEPXHOCTH B IIpO-
M3BOJMILHOM HAMpaBJeHHH Yepe3 TIJIaBHble HOPMaJsbHble KpH-
BH3HBI. [{JI1 3TOro BBeJeM IPSMOYroJibHbIE JeKapTOBBl KOOp-
JUHATHl X, Y, 2, TIPUHSIB KacaTeJbHYI0 TMJOCKOCTh IOBEpX-
HOCTH B NpoOM3BOJbHOH Touke O 3a MJIOCKOCTb Xy, a HOp-
MaJslb NOBEPXHOCTH — 33 OCb z. BrlbepeM HampaBiieHHsI oceit

X, Yy TaK, uTOoGHl OHU COBNAJAJIH C IVIABHBIMH HallpaBJIeHHSAMH
B Touke O.
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IMycts 2 = z(x, y) — ypaBHeHHe NOBEPXHOCTH B OKpeCT-
HoctH Toukd O mpu TakoM Bhibope KoopAHHaT. B Touke O
. =0, z,=0. Ilostomy B Touke O

I'=dx®+ dy?,
I_rdx2—|—2sdxdy—|—tdy

Tak kak Hampasnenuss (0:dy) u (dx:0) B Touke O, Kak
TrJlaBHBIE HAIlpaBJIEHHs, CONPS2KEHBI. TO s=0 H, cJenoBa-
TEeJLHO,

I = rdx® 4+ tdy?.

Orciofla HOopMasbHasi KpHBH3HA B NPOM3BOJILHOM Hampasiie-
p p p p
HUH (dx :dy)
_r dx® + ¢ dy %
k dxz + dy2 M ( )

Bepsi nanpaBienusi (0:dy) u (dx:0), BuauM, uto r u ¢
SIBJISIOTCS] TVIABHBIMH KPUBH3HAMH.

ITlycte & — yroJ, oOpasyemblii NpPOH3BOJBHLIM Hampabiie-
HueM (dx:dy) c rnaBHbIM HanpasieHueM (dx :0), ks — HOp-
MaJjibHasi KPMBH3HA B 3TOM HampaBJieHHH, R, U k, — TJiaBHbIE
KDHBU3HBI, COOTBETCTBYIOIKe HanpasieHusM (dx :0) u (0 : dy)
COOTBETCTBEHHO. TOr/la U3 BbIpaKeHHs1 HOPMaJIbHO# KPHBU3HEI
(*) nonyuaercsi gopmyasa IJiisepa 048 HOPMAALHOL KpPUBU3HSL
8 NPOU3BONHOM HANPABACHUL

Ry — k, cos* % + k, sin? 9.

U3 dopmysel ditnepa ciepyer, uTo JJs IMOJYYEHHUST HOP-
MaJbHOH KPUBH3HBI IOBEPXHOCTH B INPOM3BOJIBHOM Hamlpas-
JIeHUM JOCTAaTOUYHO 3HATb IJIaBHble KPUBH3HBI IIOBEPXHOCTH.

HaifineM BbipaKeHHe JJsl TJIaBHBIX KDHBH3H B cJjydae
Ja000ro napaMeTpHuyecKoro 3aJaHusl NOBEPXHOCTH.

Ilycte k, U k,—rJaBHble KPHMBU3HBEI MOBEPXHOCTH H
NYyCcThb JJs ONpeleTeHHOCTH k; > k,. B TakoMm cayuae, kak
MBI 3HaeM, k; SIBJSIeTCSI MaKCHMyMOM, a R, — MHHHMYMOM
OTHOLUEHHUS KBaApaTHUHBIX (opM

11 _ LE® 4 2Mtn + Nn?
= Ee FoFtn+ G

[yctb %, m 3HaueHWs TepeMeHHBIX £, v, IJA KOTOPBIX
9TO OTHOUTEHHEe JOCTUraeT MaKCHMyMa (CyLlecTBOBaHHE Ta-
KHX §€ M 7 HaM yxKe u3BecTHO). Torga JJjs Bcex &, 7

11 — kI <0,
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fnpuyeM JIJs t=%tunq =? JocTturaercsi paBenctBo. Otcioza
cJenyeT, YTO JJsl 3THX 3HaYeHHH '
(Il —kD); =0,
(I —kI), =0,

LE + My — &, (E% + Fn) =0,
ME + Ny — k, (FE -+ Gy) = 0.

Hckmioyasi M3 3THX pPaBeHCTB & M v, TMOJYYHUM ypaBHeHHe
Ias k.

L—FkE, M—EF
M —FkF, N—kG
ITpoBoAst aHAJIOrHUHBIE DAacCykKIAEHHSI s K, MoJaydaeMm

TO Xe ypaBHeHHe. TakuM oOpasoM, eiaéHble KpususHo. k; w
ky cymo KopHu keadpammuozo ypasHeHus

L—kE, M—FkF
M —EkF,” N —kG
T. €.

k2 (EG — F?) — k (LG — 2MF + NE) + (LN — M2) = 0.

OrnpeniesiMM Tenepb MOHSTHE CPejHEH W TayCCOBOH KpH-
BU3HBl NoBepXHOCTH. IlosycymMMa ry1aBHEIX KPUBH3H IOBepX-
HOCTH

=0,

H = 5 (ky + k)

HasblBaeTCs cpedwell KpuBU3HOU TIOBEPXHOCTH.

HasBanue «cpenHsii KpHBH3HAa» ONpPABALIBAETCS CJENYIO-
IIMMH ee CBOHCTBAaMH.

Ecau ks u k8 & — HOPMAaJbHbIE KDPHBH3HBI TOBEPXHOCTH

2

B IByX B3aUMHO-TIEPNIEHAHKYIAPHLIX HANpaBJIeHUsX, TO HX I10-
JyCcyMMa paBHa cpeJHeH KPHBH3He MOBEPXHOCTH.

CpeflHee 3HaueHHe HOPMAaJbHBIX KPHBM3H [OBEPXHOCTH
B JJaHHOH TOYKE MOBEPXHOCTH

2

1

%S ko 9
0

paBHO ' cpeAHell KpuBH3He mnoBepxHocTH. O6Ga 3TH CBoiicTBa
6e3 TpyAa mosyvailoTcs M3 QopMyJsl Disepa.
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IlponsBepenue riIaBHBIX KPUBH3H NMOBEDXHOCTH Ha3bIBACTCSA
2ayccosol, UM NOAHOU KPUBUSHOL TOBEPXHOCTH

K = klkg.

Haiinem Bbipaxkenue MJIsi cpefHell M rayccoBO il KDHBH3HBI
TIOBEPXHOCTH uYepe3 KO3(h(UUMEHTH NEpBOH M BTOPOH KBaj-
PaTHYHBIX (GOPM.

ITockoNIbKY TJIaBHble KPHBH3HEIL k;, R, MOBEPXHOCTH YJOB-
JIETBOPSIOT ypaBHEHHIO :

#* (EG — F?) — k(LG — 2MF + NE) - (LN — M?) = 0,

TO 10 CBOHCTBY KOpHE# KBaApaTHOTO ypaBHEHHS MOJyuaeM

1 1 LG —2MF 4+ NE
=gtk =g —F

LN — M2
K=hkk,=F—p -

B uyacTHOCTH, €c/iH NOBEPXHOCTb 3aJlaHa YpaBHEHHEM Z =
=z (x’ ),
H=1d +q*)r—2pgs + (1 + p*) ¢
2 (1 +p* + g2
rt — s?
K=avmsor
tie p, g, r, S, { — obpuHble 0003HAYEHHS AJIS TNPOU3BOAHBIX
GYHKIHHA 2 (X, Y).
3aMeTuM, 4TO 3HAK TraycCOBON KPHUBH3HEI ONpefesseTcs
BplpaxkeHueM LN — M2, TloatoMy eayccosa KpueusHa no.o-
HCUMENbHA 68 INMNMUYECKUX MOYKAX, OMPUYAmenrbHa 8 au-
nepboautecKux U pasHa Hyato 8 napabo- M
AUMECKUX MOUKAX U MOYKAX YNAOULEHUS.
ITyets M — mo6oe MHOXKECTBO TO- n
4YeK Ha mnoBepXHOCTH. OTyoXKUM H3
npousBoNbHOH TOoukH O eIMHHUYHBIE
BEKTODPHl HOpMaJlell OBEPpXHOCTH B TOY-
kKax MHoxkectBa M. KoHuwel sTHX HOp- n
Masieil 0o6pasyl0oT HEKOTOpOe MHOXKe-
ctBo M’ Ha epuHuyHO#H cdepe. ITo
MHOXE€CTBO HasblBaeTcsi chepuueckum
usobpaxceruem Muoxecta M (uepr. 38).
CylecTByeT 3ameyaTesibHasi CBAA3b
MeXIy INJOLIaJbl0 MOBEpXHOCTH, ILIO-
Iazipio0 ee chepuyecKoro H3oOpaxeHust Yept. 38.

?
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H raycCoBOH KPHBH3HOH [OBEPXHOCTH. IDTa CBS3b BHIpa-
KaeTcs Clefylolieli TeopeMoi:

Teopema Taycca. Ommuowenue naouadu cgepuueckozo
usobpascenus 0biacmu HA NOBEPXHOCMU K HAowadu 3moil
obaacmu cmpemumcs K abCOMOMHOMY 3HAYEHUID 2QyCCOBOLL
KpususHel ¢ Oannoi mouke O nogepxnocmu, koeda 06aacmb
cmsaausaemcs K 3moil mouke.

Mbl mpuBefieM J0Ka3aTesJbCTBO 3TOH TeopeMbl B MpeJAIo-
JIOXKEHHH, YTO rayccoBa KpuBu3Ha B Touke O oTjMuHA OT
HyJs, a obaacte @, craruBamomasics K Touke 0, orpaHuuena
KOHEYHbIM YHCJIOM KYCOUHO-TJIAJIKUX KpHBHIX. Jlesio B TOM,
uyto cepnyeckoe H3obpaxenue obsactu G, ecau B Touke O
rayccoBa KpHMBH3HA paBHA HYJIIO, MOXeT He GbITb 06/1aCThIO.
IToaToMy p1s1s1 paccMoTpeHHMsl oOliero cJjyuasi cjiefoBano Gbl
ONpefle]IUTh TMOHATHE IJIOLIaAu AJist J060ro MHOXKECTBa.

Htak nycts O — anjMnTHYecKasi WJH TrunepGoJuyecKas
TOYKa NoBepXHocTH H (G — ob6JsiacTb, pacnoJioXKeHHasi B Ji0-
CTAaTOYHO MaJiofi OKpecTHOCTH Touku O, orpaHuyeHHas Ko-
HEeYHBIM YMCJIOM KYCOYHO-TJIAIKHX KPUBHIX.

[TapameTpusyeM noBepXHOCTH B OKpecTHOCTH Touku O Tak,
4TOGBL KOOD/IHHATHbIE JIHHHH, npoxonsmue vepe3d Touky O,
UMeJM B 3TOH TOUKE rJIaBHBIE HaIpaBJIEHHS.

YpaBHeHue

r=n(u v),

rie n(u, v) — eIMHHYHbIH BEKTOpP HOPMaJH K IOBEDXHOCTH,
npejcTaBiser coboff MapameTpH3alMI0 €JUHHYHOH Cephbi
B okpectHocTH TOoukH O’, cootBercTBylOmell Toyke O moO-
BepxHocTH. [leficTBHTeIbHO, B Touke O’ ycaoBue n, X n,+ 0
OUeBHIHEIM 00Opa3oM BHINOJHSETCS, TaK Kak n, = —Rkyr,
n,= —~k,r,, a MO HeNpepLIBHOCTH OHO BHIIIOJIHAETCS M B He-
KOTopo#t okpecTHocTH 3Toi ToukH. Cdepuueckoe wu3sobpa-
xkeHue G’ obmactu G, ecimn obnacte G pacnoJiokeHa B J0-
CTaTOYHO MaJsioli OKpecTHOCTH ToukH O, mpejcraBisieT coboi
06s1acThb, OrpaHHYEHHYIO KOHEYHBIM YHCJIOM KYCOYHO-TVIAAKHX
kpuBbelx. Ee muomans

c(G’)=SS|nu X n,|du do.
G

Tak kak mjaomanb obmacta G

s (G) = SS|r X r,| dudv,
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TO
a(G") N |1y X 1y (0
a(G) " |ruXrylg)

Teopema pokasaHna.

== ]klkg l.

§ 5. JluHeiiuaTbie MOBepPXHOCTH

IToBepxHOCTE @ HA3BLIBAETCS 34eMEHMAPHOL AUHELHAmOE
nosepxHocmoto, €CJAM depe3 KaxkJylo TOYKy P 3Toif moBepx-
HOCTH TNPOXOJHUT INpsMasi, KOTopas HMeeT C NOBEPXHOCTBHIY
o6LINH OTPe30K, cojepxKalluii TOUKy P, IpHYeM KOHILI 3TOro
OTpe3ka He NpPHHAJAJEXaT NMOBEPXHOCTH.

ITpumep. Ilycts a(u) u b (1) — nBe BeKTOpP-PYHKIHH,
onpejie/eHHble B OKPECTHOCTH TOYKH U = U,, yAOBJIETBOPSIO-
1Ke B 3TOH TOUKe YCJOBHIO: b (4o) = 0, b (1) X a’ (4o) #+ 0.
Torpa BeKTOpHOE ypaBHEHHE

r=a()+ob), lu—u|<e |V <e (*)
NpH AOCTATOYHO MAJIOM € OIpejesseT 3JeMeHTapHYIO JHHeH-
4aTylo TMOBEPXHOCTb.

HeficTBHTeNIbLHO, NPH JOCTAaTOYHO MaJjoM & r, X r,+ 0,
TaK Kak OpH u=u,, 0=0, r, X r,=a’(ue) X b (i) 0.
Otciona cJjenyer, 4To NPH AOCTATOYHO MAJOM € yDaBHEHHE
(*) meficTBHTENBHO oOmNpefesisieT NMOBEPXHOCTb. 1o, uTo 3Ta
MOBEPXHOCTb €CTb 3JIeMeHTapHas JuHeHdaTast NMOBEPXHOCTH,
cjefyeT M3 TOro, 4TO Yepe3 NPOM3BOJBLHYIO TOUKy (u4’, v')
5TOH MOBEPXHOCTH NPOXOAUT mnpsiMast r = a (u’) 4 tb(u’). Ee
OTpe3oK |f| < e JIE)KUT Ha MOBEPXHOCTH, a KOHIBI He MpH-
HalJsexaT ef.

[ToBepxHOCTE P Ha3bIBaeTcsl obuwjell AuHelivamoil nogepx-
HOCMbfo, €CJIM KaXKJas .ee TOYKa MMeeT OKPeCTHOCTb, SIBJISIO-
LLYIOCSl 3JIEMEHTApPHOH JIMHEHYaTOH MOBEPXHOCTHIO.

IIpsiMosMHeliHble OTpe3KH Ha JHHEHYaTOH MOBEpXHOCTH
HasBIBAIOTCA NPAMOAUHEUHOIMU 00pa3YouUML.

Tak kaxk uepe3 KaxKAyl0 TOUKY JHHEHUATOH MOBEPXHOCTH
NPOXOAHUT NpSIMOJIMHefHash oOpasyollas, TO B KaxKJoH Touke
JMHEeHYaToH MOBEPXHOCTH €CThb HalpaBJeHHe, B KOTOPOM HOp-
Ma/JbHasd KPHBH3HA MOBepXHOCTH paBHa HyJso. Otciopa cue-
LyeT, uTO Ha AuHeluamou nosepxHocmu He Mmodxcem Obiumb
aarunmuueckux mouex. layccosa KpususHa aunetivamot no-
8EPXHOCUL OMPUYAMENbHA UAUL PABHA HYMO.

ITpamorunedinoie obpasyrouyue ABAAOMCA  acumnmomuye-
CKUMU AUHUAMU.,

127.



Hafinem nokanpHOe napameTpHueckoe npelcTaBjeHHe Nnpo-
#3BOJIbHOH JIMHeHYaTOH TOBEepXHOCTH, T. €. NapameTpuue-
CKOe INpeJcTaBjieHde B JOCTAaTOYHO MaJIOH OKPECTHOCTH Mpo-
¥U3BOJIbHOH TOUKH P.

Byzem pasmnuaTh ciefylolline ciayyau:

1. Touka P runepbosnyeckas.

2. Bce ToukH AoCTaTOYHO MaJjioH OKPECTHOCTH TOUKH P na-
paboJnyeckue.

3. Bce TOUKH B OKPeCTHOCTH TOYKH P — TOYKH ymJO-
LIeHHUS.

B nepBoM ciyuae, mo kpafiHed Mepe, OAHO ceMe#CTBO
ACUMIITOTHYECKHUX JIHMHUH B OKPECTHOCTH TOUKM P — npsiMble,

HeficTBuTebHO, MO0 BCe acHMITOTHYECKHE JIMHHH B OK-
pectHocTH TOYKM P npsiMble, 1u60 HaBAyTCA CKOJNb YrOAHO
OsM3Kue K P acHMNTOTHYECKHE T, HE SBJSIOLIHECS NPSMBIMH.
Ho Toraa Bce acuMnroTHyeckHe mnepecekalomiue y CyTb Nps-
MBbI€e.

Ecau r = a (1) — ypaBHeHUe aCHMIITOTHYECKOH 7, a b (1) —
€JIMHUYHBIH BEKTOp BTOPOTrO aCUMITOTHYECKOTrO HalpaBJIeHHs],
TO MOBEPXHOCTb B OKPECTHOCTH TOUKH P MOxeT ObITb 3aJiaHa
ypaBHEHHEM

= a (u) + vb (v).

Paccmorpum BTopo#l cayuait. B a3ToM ciyuae mpsiMmosiu-
HeliHple oOpasyolue sABJASIOTCS JUHUSMH KPHBH3HBEL. Yepes
Kaxaylo TO4Ky Q, 6au3KyI0 K P, mpoXOoAUT TOJbKO OJIHA
npsiMmoiMHeliHasi obpasyomas. [IpoBefieMm uepe3 Touky P KpH-
BYIO Y r =a(u) Ha TNOBEepPXHOCTH TaK, 4TOObI HalmpaBJjeHHe
ee B TOuke P He cOBNMajajio C HanpaB/leHHeM oOpasylollel.
Envauuneifi BekTop b (1) obpasyiolmeill siBisieTcs: peryJsip-
HOH (yHKnHe# oT u. B oxpecTHOCTH TOuKH P NOBEPXHOCTb
MOXKeT ObITb 3aJlaHa ypaBHEHHEM

r = a(u) 4 vb (u).

Tperu#t cnyuait. Tak kak Bce Touku, Gmuskue K P, cyTh
TOYKH YIJIOLIEHHS, a B TOYKE YIJOMIEHHs Jio0oe HampaB-
JieHue sBJIsleTCs TVIaBHBIM M HOpPMaJibHasi KPHBH3HA B JI0OOM
HanpaBJieHUH paBHa HYyJIO, TO Mo TeopeMe Pojpura B Ok-
pectHocT TOukH P dn = 0. CnefoBatesbHO, n = 1y = const.
Tak kak ndr=0, 10 ny(r—ry)=0. Takum o6pasom,
B TpeTbeM clyyae JOCTATOYHO MaJias OKPeCTHOCTb TOuku P
ectb obaacTb. miockoctH. Ilycth ao U b, — JoOble He3aBH-
CHMBle IIOCTOfIHHbIE BEKTOpHI, NpHHajJexKallue  3TOH MJo-
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ckceTH. Tora NoBepXHOCTb B OKPECTHOCTH TOUKH P MoxeT
ObITb 3aKaHa ypaBHEHHEM

r=agu + byv.

Hrtak, Bo Bcex pacCMOTpPeHHBIX HaMH CJAyYasix Junelia
mas nosepxHocme 8 O0CMAMOYHQ MAAO0Ll OKPECMHOCMU KA
doti mouku Oonyckaem napamempusayuto euda

r=a(u) 4 vb (u).

Tenepb MBI pacCMOTPUM BaXHBIH KJacC AMHEHYATHIX I10-
Bep XHOCTeH, TaK Ha3blBaeMbIX pa3BepPTLIBAIOLIHXCS MOBEPX-
HOCTEH.

TloBepxHocTe @ HasniBaeTcs passepmosaroujelica nosepx-
HOCmbl0, €CIM OHA JIOKaJbHO M30METPHYHA MJIOCKOCTH, T. €.
€CJIM Y KaXHOH TOYKH Takol MOBEPXHOCTH €CTb OKPECTHOCThb
H30MeTpUYHas 06JacTH Ha IJIOCKOCTH. ]

OxkasbiBaercsa, 041 mozo 4moboi nosepxHocmo 0biaa pas-
gepmoisarouelics, Heobxodumo u O00CMmamodHo, 4Mobbl y Hee
eayccosa kpususna 6ctody Geiaa pasHa Hymo (ta. VIII § 2
ra. IX § 6). Takum ob6pasoM, pa3BepTHIBAIOUIUECS MOBEPX-
HOCTH MOXHO onpeje/uTh KaK NMOBEPXHOCTH C HyJieBoii rayc-
COBOH KpPUBH3HOM.

I'Ioaepxuoc'rb siBJsioILascs  orubarole OJIHONapaMeTpH-
YEeCKOro ceMeHCTBa IJIOCKOCTeH, ABJSeTCS Pa3BepThiBalOLIeHCs
TIOBEPXHOCTHIO. lleuc'rame.nbﬂo B cuny Teopembl Ponpura
HanpaBJ/ieHHe BJOMb NpPAMOJHHeiiHOH obpasyollell sBJseTcs
IJIaBHBIM HanpasJeHueM. I Tak Kak HOpMa/ibHas KPHBH3HA
B 3TOM HampaBJIeHHH PaBHA HYJIO, TO pPaBHA HYJIO rayccoBa
KpMBH3HA.

Mayuum crpoeHHe pa3BepTHIBAIOILEHC MOBEPXHOCTH B
OKPECTHOCTH TPOM3BOJbHOM ToukM P. Bynem pasnuuate gBa
cayuasi:

1. B okpectHoctn Touku P cpenHsas kpuBHM3Ha H = 0.

2. B okpectHocTH ToukH P cpepHss kpuBH3Ha H = 0.

B nepBom c/iyuae ryiaBHble KDHBH3HBI IOBEPXHOCTH B KaX-
Joii Touke, 6/u3Kol K Touke P, paBHb Hymo. Cre0BaTeNbHO,
KaxkJas Touka, 6;au3Kas K P, sBJiseTcss TOUKOH YIJIOMIEHHS.
Ho Torpa, Kak 6bl10 MOKasaHO Beillle, Y TOYKH P eCcTh OK-
PECTHOCTb, sIBJsiIOLIAACS 06JaCTbiO IJIOCKOCTH.

Paccmotpum BTOpoll cayudaii. Bsegem Ha noBepxHOCTH
KOOpJMHATHYIO CeTb W3 JHMHHA KpuBH3HbL. [lycTb JHHHH u
(t. e. v =const) 6yayT Te JHHHH KPHBM3HBI, BIOJb KOTO-
pBIX HOpMaJ/ibHAasi KPUBH3HA NMOBEPXHOCTH PaBHa HYJIIO.
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ITo Teopeme Poppura n, =0, Tak Kak HopMasbHass KpH-
BH3Ha B HaNpaBJeHHH JIMHMM « paBHa Hymo. Orciofa cie-
JyeT, YTO HOpPMaJ/J{ K TMOBEPXHOCTH BROJb JIMHHH 4 Mapaj-
JIEJIbHBIL.

IToxkaxeM, 4TO JIMHUMH U — NpsMble JUHUH. FImeem ryn = 0.
Orciona BROAb JMHMM « nosnydaeM (r —rg)n=0. Takum
obpa3om, JHHMA & miockas. [lanee, Bektop n,+ 0 Hampa-
BJIEH 1O HOpMa/Ju JHHMH 4. A Tak Kak (n,), = (n,),=0,
TO HOpPMaJIM JIMHHM « napa/enbHel. Ho 3To Moxer GrITh
TOJIKO TOT/Ja, KOTja JIHHHA « NpsMasi.

Hrak, B oOouX cCay4asiX, pa3sepmol8arouyascs nogepx-
HoCmb Agasemca aureluamoil, 60016 nPAMOLUHeLHbLX 00 pasyro-
WUX KacameabHas naockocmo He mexsemcs. Takum o6pasoM,
BO BTOPOM M3 pACCMOTpPEHHBIX CJydaeB KacaTeJabHas ILIO-
CKOCTh 3aBHCHUT TOJILKO OT OJHOro mnapamerpa (v) H, cJjaeno-
BaTeJIbHO, PA38ePMbIBAIOUAACS NOBePXHOCTL Asasemca oeuba-
rouell oOHonapamempu4eckoeo cemelicmea niockocmel.

§ 6. IMosepxHoCTH BpalleHHS

[MoBepxHOCTb F Ha3bIBAETCS NOBEPXHOCMbIO 8PAUIEHUR,
ec/qM OHa o6GpasyeTcss NpH BpaUleHHM HEeKOTOpPOH KpHBOMH
0KOJIO ocCH. JIMHHM TIlepeceyeHHsi IIOBEDXHOCTH C IIJIOCKO-
CTSIMH, TNPOXOJSLIMMH Yepe3 OCb Bpa-
LeHHs, Ha3blBAlOTCH mepuduanamu, a
JUHUM [epeceyeHUst C IJIOCKOCTSIMH,
TIePTIeHANKYASPHBIMA OCH, Ha3bIBalOTCS
napaasreaamu (4ept. 39).

CocTaBHM ypaBHeHHe IOBEPXHOCTH
BpallleHHsl, KoTopasi ofpa3yercsi NpH
BpalleHUH KPHBOH 7.

=¢ @), z=19),
pacrosioxKeHHO# B IJIOCKOCTH XZ OKO-
a0 ocu z. Touka (¢ (u), 0, ¢ (»)) xpwu-
Yepr. 39. BOil | NPH INOBOpOTE KPHBOH Ha yroJa
U MEepexoiHT B TOUKY
(p (w)cosv, ¢ (u)sinv, $(u).
Orciona ypaBHEeHHe MMOBEPXHOCTH BpallleHHs:
x=¢(U)cosv, y =19 (wsinv, z =19 ().
Jlunun v = const CyTh MepHAHAHbI INOBEPXHOCTH, a U =
= const — mapaJesn.
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IlepBasi kBajpaTuuHasi (opMa NOBEPXHOCTH ~—
I = (9% 4+ §'%) du? 4+ ¢2do?,
Mbl BHIUM, uTO mepuluaHer U napasieiu NOGEPXHOCHIL
epawenun obpasyiom opmozorasbHyo cems (F = 0). Bopo-

yeM, reOMETPHUUECKH 3TO OUEBUJHO.
Bropas kBagparuuynas ¢opMa NOBEDPXHOCTH —

=YY gy Vo g,
1/‘{”2 F 92 V‘P'2 Ty

Mel BHAMM, uYTO mapajJied M MepujiHaHel 06pasyioT Co-
npsixeHnyio cerb (M = 0). Tak kak, KpoMe TOro, 3Ta ceTb
OpPTOrOHANbHA, TO NAPAAIEAL U MEPUOUAHbL ABAAIOMCA  AU-
HUAMU KPUBU3HbL, DTO SICHO W reoMeTpHUecKH, HOO MJIOCKO-
CTH, MpPOXOJslliHe Yepe3 OCb M TepPHNeHAHKYJspHble OCH, Te-
peceKaioT NMOBEPXHOCTh BpAlleHHS TOJ IOCTOSTHHBIMH YIJIAMH.
CoryiacHo caefctBuio TeopeMul § 3 ra. VII aumuun nepeceue-
HUA (T. e. MepHUJHaHbl U MNapaijienu) NOMKHbEl ObITh JIHHHS-
MH KPHBU3HBL.

OTHOCHTENIBHO NepBOil W BTOPOH KBAaAPATHUHEIX (oOpM
MOBEPXHOCTH BpAallleHHs] CYINECTBEHHO 3aMeTHTb, YTO KO3(h-
(UIHEHTH 3THX (OPM 3aBHCAT TOJBKO OT U.

HaiineM rsaBHble KpHBH3HBI TOBEPXHOCTH BpalleHHs.
[TycTh R, — XpUBM3HA MepHAMAaHA, R, — KPHBH3HA napaJJe-
g, ¥ — yroJ, o6pasyeMbili KacaTelbHOH MepHIHAHA.C OChio
noBepxHocT#. Tak Kak IJIOCKOCTb MepHjHaHa [epeceKaer
MOBEPXHOCTb MOA NPSIMBIM YTJIOM, TO HOPMAAbHAA KPUSU3HA
nogepxHoCcMu 8 HaANnpasieHul mepuduana pasHa KpususHe me-
puduasa, T. e. ky. Jna KpHBU3HLI INOBEPXHOCTH ‘B HaNpae-
JIeHHH MapaJjienu no TeopeMe MeHpe mosyyaeM 3Hauenue
ky, cos®. Beanuuna k,cos® uMeeT npocToit reoMeTpHYECKHUH
cMelca. MmeHHO, ecau obosna4ums d Oaury ompeska HOpma-
au nogepxrocmu 0o mouku nepecewerus ¢ oceio (depT. 39),
mo

1

¥=—.

ky cOs y

B 3axusiouenune storo maparpada nocmpoum npumep no-

BEPXHOCMU BPAUICHUST HOCMOAHHOU OMpPUyamessoHoll eaycco-
80Ul KpUBUS3HYL.

Ilyctb OCbi0 BpalleHHs! SBJASAETCS OCh 2. Y paBHeHHe Me-
pUAHaHA MOBEPXHOCTH B IIOCKOCTH X2

x = x4{2).
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HopManbHass KpHBH3H3 MOBepXHOCTH B HAmpaBleHHU MepH-
JAuaHa

Y —
(14 x"2)3/,
Hopma.nbl-laﬂ KpHBH3HAa TOBEPXHOCTH B HANpaB/IECHHH Ia-
pansienu
1
x(14+ x'2) 1y °
OTC]O)la rayccoBa KpHBH3HA NOBEPXHOCTH
p— x/l
K= x(1+x2)2°
YMHOXasi 3T0 ypaBHEeHHe Ha xx’, MOJNYYHM:

ron

— XX

T+ 77

By = —

Kxx' =
HuTerpupys, monyyum:

1
T+ 2"
rjie ¢ — INpoOU3BOJIbHAA MNOCTOSAHHAS. ,U.Jlﬂ BO3MOXXHOCTH AaJib-

Helillero HMHTErPHPOBAHHA B 3JIEMEHTApPHBIX (YHKUHAX MO-
gdoxuMm ¢ = 1. Torga

Kt 4+c=

2 _ —X*
Kx? = T

[Monoxum x" = tgd. Mmeem:

Kx? = —sin?4$, x=V1_Ksin8.
Jaiee,
cos? ¥
1 1
_V_K< in$

Otciona z = 1/—1_1( (cos% + Intg %) +ec.

IToctosnuas ¢ He CymeCTB€HHa, OHa COOTBETCTBYET CHABHTY
MepHAHaHa napaJuieslbHO OCH,
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YpaBHeHHe MepHMaHa:

1 .
X = ——sind
V—xk

V_ (cos% 4 Intg )

Ora KpuBas Ha3bIBaeTC mMpakmpucol.
OTJHYNTENIbHBIM CBOHCTBOM e€e  SIBJISIETCH
TO, YTO OTPE30K KacaTeJbHOH OT TOUKH
KacaHHsi [0 OCH 2z MNOCTOsiHeH. Takum
ofpa3oM, HalilecHHass HaMH TOBEPXHOCTb
nosiyyaeTcsi BpallleHHeM TPaKTPHCH. ITa
MOBepXHOCTb HasblBaeTcss ncesdocghepoii.
Ee ypaBHenus:

X = ! sin ¥ cos

_Vj <P,
y=Vl_Ksin~Ssin<p,
V— (cosﬁ-Hntg )

Yept. 40.
INpencrtaBnesue o ¢opme mnceBrocdepr paer uept. 40.

YNPA)XHEHHSA K [JIABE VII

1. .BbiuHcauTh BTOPYI0O KBajpaTHyHYylo ¢OpMY I/ BHHTOBOA mno-
BEPXHOCTH
X=ucosv, y=usino, z=uo.
2 du dv

OtBer.

1

2. Haifitn HOpmanbHyl0o KPHBH3HY mnapaGoJonpa z=?(ax2 + by?)
B Touke (0, 0) B Hanpapienun (dx :dy).

o 5 adx® 4 bdy?

TRET. k=" e a

3. INokasaTb, uTo NpH JIOGOR napaMeTpHU3auMH IVIOCKOCTH BTOpast
KBajJpaTHyHas (OpMa TOMXKAECTBEHHO paBHA HyJI0, NpH JioGoi mapame--
TPH3aUMH c¢epnl BTOpas KBaJpaTHYHas (opMa NpPONOPLUHOHAJbHA
nepBo#.

4, HaiiTH acuMnToTHYeCKHe JIHHHH NMOBEPXHOCTH

x oy
z-——?+;‘.
1 1

F‘—?=Cza

OTBer. x =0y,
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5. OnpenenuTh aCHUMNTOTHYECKHEe JHHHH KaTeHOHMAA
x=chucosv, y=chusino, z=u.
OrBeT. u + v = const, ¥ — v = const.

6. Iloka3aTb, uTO Ha rejUKOHJE OJHO CEMeHCTBO aCHMNTOTHYECKHX
COCTOHT M3 NPSIMBIX, @ APyroe H3 BHHTOBHIX JIHHHI.
7. Ha noBepxHocTH

ax® 4+ by? +-c22 =1
HafiTH ceMefiCTBO JIMHHH; conmpsiKeHHoe ceMmelicTBYy y = const.
OtBer. 1 — by? = Ax2,
rae A — NpOH3BOJILHOE MOCTOSIHHOE.

8. IlokasaTb, yTOo KpHBHIE mepeHoca (4 = const, v = const) Ha mo-:
BEPXHOCTH IepeHoca

r=U@+V(@):

06pasyioT CONpPSKEHHYIO- CeTh.
9. OnpenenuTh IVIaBHbIe KPHBH3HBI mapaGosionaa

. =a (x® + y*) B Touke (0, O, 0).

Otger. 2a, 2a. )

10. OnpepenuTh JHHHH KPHBHU3HBEI Ha TelMKOHJE
x==ucosv, y=usino, z=co."

OTBer.

In(u + Vit ¢%) — v = cosnt,
In(u 4+ Vuz + ¢?) 4+ v = const.
11. Ha#iti nuHEHKM KpUBU3HEI mapaGoJioHa.
z=axy.
OTBer. .
In (ay + 1/1 + a?y?) & In (ax + 1/1 + a%x?) = const.
12. HafiTi cpelHIQI0 H rayccoBy KpHBH3HY napafoJiouia z = axy
B Touke x =y =0.
OrBer. K = —a?, H=0.
13. TMoka3aTb, YTO CpeAHssi KPHBH3HA eJIMKOHAA PaBHA HYJIO.
14. TlokasaTb, YTO CpeiHSs] KPHBH3HA KaTEHOHa
Vx+y®
z=ach ——
a
‘paBHa HyJIo.

15. Toka3aTh, uYTo €cNH CpelHsis KPHBH3HA MNOBEPXHOCTH paBHA
HYJI0, TO aCHMITOTHYECKAsi CeTb OPTOTOHAJbHAs.

3AJAYH N TEOPEMbI K IJIABE ViI
1. Ilycte r =r (4, v) — nNpou3BOJbHASA MNOBEPXHOCTb, (Ug, Ug) —
NOC/EeL0BaTeNbHOCTh TOUEK, CXOAfIascs K Touke (u,, Uy) ¥ (@:b)—

HanpaBs/leHde B TOuKe (i,, ¥y), B KOTOPOM HOpMaJ/ibHasi KPHBH3HA MO-
BEPXHOCTH OTJHMYHA OT HYJIA.
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Iokasath, uTo ecnu mpH k- oo
ur—u, a

Ve — Uy >
TO HampaBJleHMe NPsAMOH MepeceyeHHsl KacaTeJbHHIX MJIOCKocTefl MoBepx-~
HOCTH B TOYKax (g, Uyp) H (up, Ur) CXOAUTCA K HanpaBJieHHIO, CONps-
JKeHHOMY (a :b).

2. JloxkasaTb, 4TO NpPH NMPOEKTHBHOM, B YAaCTHOCTH adHHHOM, mpe-
06pa3oBaHHH NMOBEDPXHOCTH COMNPSIKEHHAs CeTb MEPEXOXHT B COMPSIKEH-
HY10, aCHMITOTHYECKasl CeTh MEePeXOJAHT B ACHMNTOTHYECKYIO.

3. CeueHHsI MOBEPXHOCTH NYYKOM IJOCKOCTeH, MPOXOASIMUX uepe3
NPOU3BOJIbHYIO NMPSIMYIO g, W JIMHHM KaCaHHsi 3TOH NOBEPXHOCTH C OMHCaH-
HEIMH OKOJIO Hee KOHYCaMH, HMEIOIHMH BepIIMHB HAa mpsMo# g, o6pa-
3yIOT CONMpsiXeHHYIo ceTb. J[oKasaTh (Teopema Kenmurca).

4. JlokasaTb, UTO KpPHREIE TMepeHoca Ha NMOBEPXHOCTH HepeHoca

r=U@+V(©)

(t. e. Kpusble u = const, v = const) o06pa3ylOT CONPAKEHHYIO -CETh.
5. llokasaTb, 4TO Ha moBepxHoctaX [leTepcoHa

_Tlw+V@
ST+ Vi)

rae U u V—Bektopunie, a U u V ckanspubie GYHKIHH YKa3aHHBIX
aprymeHToB, cemefictBa u# = cosnt U v =const o6pasyloT compskeH-
HYIO CeTb.
6. Ecin kamxpaas TOYKAa TOBEPXHOCTH SBJAseTCS IIAapOBOH, TO MO-
BEPXHOCTb eCcTb chepa WM o6iaacTb Ha cdepe. IlokasaTh.
7. HaiiTu mapoBbe TOUKH Ha 3JJHNCOUIE
xa y2 22
@ty ta=1
8. JlokasaThb, UTO eC/IH aCHMITOTHYECKHE JIHHHH PA3/IHYHEIX ceMefcTB
HMeT B HX oOmell TouKe OTJHYHbIE OT HYJf KDHBH3HBI, TO OHH HMEIOT
paBHbBIe N0 BeJIHYHHE, HO MPOTHBOMOJOXHEIE TIO 3HAKY KPyueHHs.
AGcomoTHasi BeNHYHHA KPyueHHs paBHa aGCOMIOTHOMY 3HAYEHHIO
rayccoBofl KPHBH3HBI TOBEPXHOCTH B IaHHON TouKe (TeopeMa BesbTpa-
MH — DHHemnepa).
9,. Mycrb r (4, v, W) BeKTOP-OYHKUMS aPryMEHTOB 4, U, w. [oka-
3aTh, UYTO €CJH
Tyly = Iy = ref, =0,
TO
Fuofw = Fowlu = Twulv = 0.
9,. ITycTh MMeeM Tpu cemeilicTBa MoOBepXHOCTEN:
¢ (x, 9y, 2) = const, ¢ (x, y, 2) =const, X (x, y, z) = const,
npHueM sIKOGHAH
Do v, 1)
D (x, y, 2) :
FoBopsAT, uTo yKasaHHBle cemelicTBa 06pasyioOT ° mMPUOPMOZOKANLHYIO

CHCTEMY MOBEPXHOCTel, eC/H JMoCbie [Be MOBEPXHOCTH paanmmux ce-
MeliCTB mepeceKaloTcs MOJA NPAMBEIM YIJIOM.
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JlokasaTh, YTO MOBEPXHOCTH PA3JHUYHLIX CeMeHACTB TPHOPTOrOHAJb-
HON CHCTEMB! NepeceKaloTCs] MO JIHHUSAM KPHBH3HBI.

9;. HaiitH JMHHM KpHMBH3HB H3a NOBEPXHOCTH BTOPOro MopsijaKa

ax® +By* + 22 =1,
BK/IIOYHB €e B TPHOPTOTOHANLHYIO CHCTeMY COGOKYCHHIX MOBepXHoCTel
BTOPOro MOPsSAKA.

10,. IloBepxHocTb ¢ Ha3biBae1Csl napasseabHol TNOBEePXHOCTH F,
ecJiy OHa SIBJIsSeTCH reOMeTPHYeCKUM MeCTOM KOHIOB OTPEe3KOB IOCTOSH-
HOM JJ/IHHBI, OTJIOXXEHHBIX HAa HOpPMaJAX moBepXHocTH F. Byaem cunrtaTh
COOTBETCTBYIOIUHMH TOYKaMH moBepXHocTed F M ¢ KOHLH OTPE3KOB,
O KOTOpPBIX HIET peub B ONpeJeseHUH.

ITokasatp, uyTO:

1) kacaTenbHble TJIOCKOCTH B COOTBETCTBYIOUIMX TOYKaxX MOBepX-
HocTeli F H ¢ mapajJjeJsibHh;

2) cBOCTBO HapaJ/ieJbHOCTH B3aWMHO (T. e. eclu & mapaJiienbHa
F, To F napannearia @);

3) AVHMAM KPHUBH3HBI MOBEPXHOCTH F COOTBETCTBYIOT JIHHHH KpH-
BH3HHl MOBePXHOCTH P.

10,. Eciu Touka P moBepXHOCTH F He sIBAsieTCS HH IIApPOBOM TOY-
KoM, Hil TOYUKOH YM/IOLLEHHS, TO B OKPECTHOCTH TOYKH P NOBEpPXHOCTH
napajjeipisie F M pa3BepTHIBAIOIIMECS IOBEPXHOCTH, OGPa3OBaHHbIE
HOpMa/isiIMH [OBePXHOCTH F BAOJb JIMHHH KDHBH3HH, 06pasyioT TpHOp-
TOrOHaJLHYIO CHCTeMY mnoBepxHocTeil. loka3aTs.

10,. Toka3aTb, YTO NPH HHBEPCHH JIMHHH KPUBH3HBI JaHHOH MOBepX-
HOCTH MepexXONsT B JHHHM KDHUBH3HBI NpPeo6pa3oBaHHOH MOBEPXHOCTH.

104. JokasaTb, uTto NPH KOHGOPMHOM OTOGPaXKeHHH IPOCTPAHCTBA
Ha ce6s chepa mepexofHT B chepy HJIM MiocKocTb. Onmepasich Ha 3To,
10Ka3aTb B CBOX OuYepejb, uTo JoGoe KoHpOopMHOe npeoGpasoBanue mo-
JiyuaeTtcs npuMeHeHHeM Npeo6pazoBaHHii moa0oGHUs, ABUMKEHHs, 3epKallb-
HOTrO OTOGpa)KeHUst H HHBEPCHH.

11. BbipasuTb cpefHIOl0 H FayCcCOBY KPHBH3HY MapaJieNbHOH mo-
BEPXHOCTH Yepe3 CPEJHIOI0 H FaycCOBy KDHBH3HY [aHHOH MOBEPXHOCTH
H pacCTOsHHe MeXIy NOBePXHOCTAMH.

12;. TlycTe noBepxHocTb F

= f(u1 v)

noasepraercs nepopMalHH TaK, YTO K MOMEHTY ! OHAa MEPEXOAUT B MO-
BepPXHOCTb Fy

r=f(u, v) +t\ (4, V) n.

Joka3aTb, 4TO NMPH MajblX ! H3MeHeHHe NJOMAAH MNOBEPXHOCTH, 06Y-
cloBJIeHHOe JledpopManuell C TOYHOCTBIO [0 YJIEHOB MNOpPSIAKAa f, DPaBHO

2t j \Hda,
F

rae H — cpepHss KpuBH3HA MOBePXHOCTH F, a do — 3jleMeHT mJowWanu
3TOH NOBEPXHOCTH.

12,. TlosepxHoCTb F HaspiBaeTCH MUHUMANGHOL, €CIH Y KaxjaoH
TOYKH P 3TOH MOBEPXHOCTH €CThb OKPECTHOCTb », OrPaHHYEHHAss MPOCTOH
KPUBOH ¥, Takasi, 4To Jio6as NMOBEPXHOCTb C KpPaeM Y HMeeT MJouaib
He MelbllYIO, YeM OKPecTHOCTb w MOBepXHOcTH F. JlokasaTtb, 4TO MH-
HHMa/bHAas NOBEPXHOCTb HMEET DaBHYIO HYJIO CPeNHIOI0 KPHMBH3HY.
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13. [TokasaTb, uT0 chepHyecKoe 0TOGPaKeHHEe MHHHMAJBLHON MOBepX-
HOCTH B OKDECTHOCTH KaIOH TOUKH, He siBJstiouleficsi TOUKOH ymuiomye-
HHSA, KOHDOPMHO.

14. TlokasaTb, yTO0 miomanb ob6nactTdH G orpaHHYeHHOA KpHBOR 7
Ha MMHMMaJbHOH MOBEPXHOCTH PaBHa

1
c=7S(r, dr, n)
v

(dopmyaa lIBapua).

15. JlokasaTb, Y4TO €C/IH MHHHMaJbHasi MOBEPXHOCTh JIHHeHuyaTasi.
T0 OHa JHGO MJIOCKOCTb, JHOO reHKOHJ.

16. Iloka3aThb, YTO €C/IH MHHHMa/lbHasi TNOBEPXHOCThL SBASETCH [MO-
BEPXHOCTHIO BpallleHHs, TO OHA JIHGO NJOCKOCTb, JIHGO KAaTEHOMA.

17. Hafith B KBajpaTypax Bce MOBEPXHOCTH BpallleHHS C MOCTOSIH-
HOH rayccoBoll KPHBH3HOH.

Farasa VI
OCHOBHBIE YPABHEHHUSI TEOPUH MOBEPXHOCTEH

B nByXx npemmiayliuxX ryaBaX Mbl PacCMOTpeNH psA BO-
NpPOCOB TEOpPHH INOBEpXHOCTEH, /IS pelleHHs KOTOpHIX 10CTa-
TOYHO 3HATh TOJIbKO MEpBYIO H BTODPYIO KBaJpaTHUHBIE (op-
MBI TIOBEpXHOCTH.

EcTecTBeHHO BO3HHMKaeT BOMpOC: B KAaKOH CTeleHH mep-
Basi U BTOpasl KBajpaTH4YHbIe (OPMBI NOBEPXHOCTH OIpeje-
JISIOT TOBEPXHOCTb M KAKHM YCJIOBHSIM JIOJKHBI Y] OBJIETBO-
pATb KBajpaTHYHbIe (OpPMBI

E du? 4 2F du dv + G dv?,

Ldu? + 2M du dv + N dv?

IJs1 TOro, 4ToGHl CyllecTBOBasa [OBEpXHOCTh, AJS KOTOPO#
9TH KBajpaTHyHble (POpMbI OBLIM NEpPBOH M COOTBETCTBEHHO
BTOpO# KBajpaTHYHBIMH (popMamu?

OTtBer Ha 3TOT BOmpoc OyAeT AAaH B MOCJeLHeM napa-
rpade Hacrosiuiefl rsaBel TeopeMoil Bowme.

§ 1. JepuBaunuonHbie Gopmyabi

[epuBanuoHHbIe (OPMYJBl AJS1 HOBEDPXHOCTH SBJSIOTCSH
anajoroM ¢opmya Ppene s kpuBbiX. OHH JalOT Bbipaxe-
HHUSl JJIS TIPOM3BOINHBIX BEKTOPOB r,, I,, M 4Yepe3 3TH BeK-
TOpEl M KO3((hHUHEHTH TepBOil M BTOPOH KBaJpaTHUHBIX
¢opm nosepxHocTd. [Tonyuum sTH GopMyJIHL.

© 137



Tak kak BekTOpHl r,, r,, N HE JexaT B ONHOH MJIOCKO-
CTH, TO JIOGOH BEKTOp AOMNyCKaeT INpejcTaBjieHHe B BHIE
JUHeHHOH KOMOMHALUMH BeKTOpOB r,, r,, n. B uacTHOCTH,

— T 2
ruu - I-llru + l-.llrv + }\llny
1 2
Ty = T1ar, + [3r, + ke,
1 2
rvv I‘22ru + r22rv + )\2271,
u = ol + %f, + Gont,
v = anfu + azzrv + azon.
. k o
IMokaxeM, uro koadduuuenTsr [y, Ay, aypeficTBUTEND-
HO BbIpaxaloTcs Yepe3 Ko3(pdHIHEHTH NepBoi U BTOPOH KBaj-
paTHUHBLIX (GOpPM NOBEPXHOCTH.
Bo-nepBHIX, 3aMeTHM, YTO KOI(DPUIHEHTH &9 H Gy PABHEL

HYyJIIO0. JlJisi aTOrO JOCTAaTOYHO YMHOXHUTL MNoOcJefHHe [Ba
paBeHCTBa CKaJIIpHO Ha n. an 3TOM IOJYYHM:

N = oy, NN = dg.

I

n
n

Ho
1 1
nn= - n?,=0, nn= 5 (n?, =0

Yrto6bl MONY4YHTbL BHIPAXKEHHS [JS G;; H 05, YMHOXKHM
PaBeHCTBO

n, = ayr, + opr,
CKaJspHO Ha r, H.r,. [Tomyunm:
— L =o0y,E + a,,F,
— M = a;F + 0,,G.
Orciona

—LG+MF  _ LF—ME
EG—F® @ "2 = EG_F* "

AHa/IOTHYHO MOJYYAIOTCS Oy H Ogy.

_ NF—MG __ —NE+MF
= F—F 0 2T TEG=Fr -

0y =

Jns nonydeHus KOIDMULUHMEHTOB Ay, Ajp, Ayy YMHOKHM
nepsple TpU popmyJiel Ha n. [lomyuum:

Mi=L, Ag=M, X =N,
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Yro6bl NOJYYHTb BBIpAXKEHHSA AJSA KO3(DDHIHEHTOB I"'fj,
YMHOXKHM TIepBHIE TPH paBeHCTBAa Ha r, U r,. Ilpu atom

o k
NOJyYuM IIECTh COOTHOMEHMH A Ko3pdumuentos ;.

TLE + T4 F = %
TLF 4+ T%G=F,—

rizE + Fsz = %Ew

[LF +ThG = 5 G,

[LE =T%F = F,— +.G,,
[LF + T3%G=4G

v

V3 sTux mlecTH ypaBHeHMH MOXHO HaHTH BBHIpa)KeHHe
ANA mecTH KosdouuuentoB I'5;. Mul He 6yjeM BLITHCHIBATH
3HaueHHs KoshduumentoB [%;, sameTum swmwb, uTo OHH, B
OTJIMYME OT APYTUX KO3D(PUIHEHTOB, B6LPANCAIOMCA MOALKO
Yepes Koappuyuenmor nepsoti Keadpamuuroli Gopmel U ux
npousgooHsLe.

Takum ofpasoM Mbl NOKasaju, YTO MPOW3BOLHBIE BeEK-
TOpOB r,, r,, N JNEHCTBHTEJbHO BBHIPAXKAIOTCA 4epe3 BeKTOph
r,, r, 1 n c KoshpHUIHEHTaMH, 3aBUCSIIUMH TOJILKO OT KO3-
(HMLHMEHTOB NepBOH M BTOpOH KBaJpaTHYHBIX (OPM MOBEpX-
HOCTH. ,

B 3akuouenue HaiiieM Kosbdunuents I  ans cayyas,
Korja nepBafl KBajpaTH4Hasi (popMa MOBEPXHOCTH HMEET BHJ

© I =du? 4+ G dv2,

IMoacraBass B ypaBHeHHS pJs I“f,— E=1, F=0, nony-
4HM:

I, =0, I3 =0,
1G
=0, Th= “2‘?“:
1 1G
Fél =7 Gu’ rgz =7 G—v .
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§ 2. Popmyam laycca — Flerepcona — Kopauuu

IlepBasi u BTOpass KBajpaTHYHBIE (POPMEI MOBEPXHOCTH
He He3aBHCHMHI. CBsi3p MeXJy KO3(pdHIHEHTaMH 3THX ¢opM
MOXeT ObITb MOJy4eHa CJEeLYIOLHM 00pa3oM.

Hmeem oueBHAHBIE paBEHCTBA:

(ruu)v - (ruv)u = Ov
(rvv)u - (ruv)v = 0,
(nu)v - (nv u = 0.

Ecnu B 3THX paBeHCTBax BhIpaKeHHs B CKoOKax 3aMe-

HHUTb COIVIACHO JIepUBALMOHHBIM (opMysaM H nociae Audde-

pPeHUUpOBAaHHA e€lle pa3 BOCHOJbB30BATHCH TaKoii 3a1vxe1-101"4,
TO Mbl IIOJIYYHM TpH BEKTODHBIX paBEHCTBa BHJAA

Alru + BlrU—I—C1n=O,
Azru—l-Bgrv—I-an:O,
Agr, + Bgr, 4 Can =0,

rge A;, A, ..., C3— usBecTHHIM 00pa3oM IIOCTPOEHHHIE
BhIpaXKe€HHs M3 KO3(p(DHIIMEHTOB NEepBOH H BTOpPOH KBajpa-
THYHBIX (OPM HOBEDXHOCTH M HX NpOH3BOAHBIX. M3 3THX
TpeX BeKTODHBIX COOTHOLIEHHH CJeAYyeT NeBATh CKaJSpHBIX:

A, =0, B,=0, C,=0,
A2=O_, B2=0, C2=0,
A;=0, By=0, C,=0.

Hafinem psa npuMepa coortHomenue B, =0. B; mpex-
cTaBjsieTr co0oH Ko3hdHUHMEeHT TmNpu r, B BhIpaXKEHHH
w = (r,,), — (r,,), mocne cooTBeTCTBYIOLEH 3aMeHbl IPOU3-
BOAHBIX BeKTOPOB M, r, U r, COIJIaCHO [JePHBAIIHOHHEHIM ¢oOp-
MyJiaM.

Hmeem:

© = ([yr, + Ty, + Ln), —
— (or + Do, + Mn), =
= ([ + Tiaru + Tir + L) —
— ((Th2)uro + Tioruu + Therue + My} + (1, 0},
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rae {r,, N} COAEPXKHT TOJBKO BEKTOpPH r, M n. 3aMeHss
BEKTOPH. 7yyy Tuys Towy N, H N, COMNIACHO JA€PHBALMOHHBIM
dopmyJaM, MOJYyYHM:
2 1 2 2
o= {5, + I T+ Iy
2 1 2 2 2
- (r 2)u I“12 I-‘11 I“12
LN — M2
—Err— Fﬂ} ro + {r, n}.
Taxum o6pasom, coomomeHHe B, =0 umeer BuJ:
LN — M? 2 2 2
EG—Fz = {(F Dot ThTe+ ... — I3 T}
Y3 3T0ro coOTHOINEHHS MOJYYalOTCS Ba)KHbBIE CJIEJCTBHUS:

1. Tayccosa kpususHa nosepxHOCMU BbLPANCAEMCA IMOALKO
uepes Koapduyuenmot nepeoil keadpamuuHoi Gopmer U ux
npoussoOnsie (meopema [aycca).

2. Tak kak H30MeTpHYHBIE MOBEPXHOCTH IPHU COOTBET-
CTByIOllleH MapaMeTpH3allMid HMelT OJHHAKOBHE IepBble
KBaJpaTHuHble (OPMBI, TO 6 COOMBEMCMBYIOWUX MOYKAX
usomempuyHble NOBEPXHOCMU UMEIOM OOUHAKOB8bIE eaycCco8bl
KPUBU3HOL.

3. Tak Kak pa3BepTHIBAIOIIMECS IOBEPXHOCTH JIOKAJBHO
H30METPUUHBI IJIOCKOCTH, TO 2AYCCO8A KPUBU3HA Y PA36EPMibL
BAIOU4UXCA NOBEPXHOCMED DABHA HYAK.

OkaspiBaetcs, cpeiu JeBsTH cooTHowenudt A, =0,...,
C; = 0 pasnuyHeiXx Tosbko TpH. ONHO W3 HUX, BhIBEIEHHOE
HaMH, BlepBole nogyudeHo [ayccom. [IBa Apyrue moJsydeHsl
K. M. Tlerepconom, nosxe Maitnapan u Kogmamuu.

STHM TpeM COOTHOIUEHHSIM MOXKHO MPUAATH CJEAYIOLLYIO

q)OpMyI
LN — M? 1 EEE,
EG—F® — (EG—F°) 13 13: 13:

1 - E,—F, F,—G,
T WECF i(v EG—F? ) - (V EG—F )}
(Popmyaa Taycca).

(EG — 2FF 4- GE) (L, — M,) | ?gh
—(EN —2FM + GL) (B, — F}) T GG.N

EE,L
(EG—2FF 4 GE)M,—N,) | |FF'Mm| = 0.
— (EN — 2FM + GL) (F. — Gu) GGN

(Popmyan Ilerepcona — Kopauuu).
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§ 3. CymecTBOBaHHE M €AHHCTBEHHOCTb MOBEPXHOCTH
C 3aJaHHBIMH NepBOil M BTOPOIl KBaJAPaTHYHBIMH
dopmamu

Hmeer MmectOo caenymomas teopema Bonwue:
Teopema. [Tycmes

E du? ++ 2F du dv 4+ G dv?,
L du? 4+ 2M du dv + N dv?

Oge atobble keadpamuursie opmbl, U3 KOUX nepeas A6Asemcs
noaoxcumenvro ~onpedesenrol. Ilycme 041 Kosghpuyuenmos
amux opm soinosnsomen ycaosun Iaycca — [emepcona —
Kodayyu.

Toeda cyuwjecmeyem u npumom eOUHCHBENHAS C MOYHO-
cmol0 00 NOAOKHCEHUS 8 NPOCHIPAHCMBE NOBePXHOCMb, 044
Komopoti smu @QopmoL ABAMOMCA NePeoll U COOMBEMCIMBEHHO
6Mmopoti Keadpamuursimu Gopmany.

Hoxazameabcmeo. PaccMOTpUM CIIEAYIOLYIO CHCTEMY AUb-
(depeHIHAJNbHBIX YpaBHeHHH ISl BeKTOp-GyHKuuH &, 7, (:

t,=TLt+ M + LG,
§, = Tt + Ty + M,
M, = 16 + T + MG,
m, = T3t + Tgon + NG,
G, = anf + agam,
Cp = tgf + age,

rae Koshduunents I'j; U a; H3BECTHBIM 06Pa30M BBIpAXKEHHI
yepe3 Ko3(PUIHMEHTh 3aJaHHBIX KBaJpPaTHUHBIX (OpM.

U3 Teopun JuddepeHuHaNbHBIX YypaBHEHHH H3BECTHO,
YTO 3Ta CHCTEMa HMeeT M NPUTOM eIHHCTBEHHOE pelIeHHe
NpH 3aJlaHHBIX Haua/bHBIX 3HAUEHHAX (3HaueHUAX &, 7,
B KaKOH-HHOYAb TOUKe (Uy, Uy)), €CJH BLINOJHEHBl YCJOBHS
HHTETPUPYEMOCTH, T. €. €CJIH paBeHCTBA

'(FhE + r%i’l + MQ), — (38 + [5n + NO), =0,

(ona6 - 1), — (0226 + tgem), =0
BBINIOJMHAIOTCA TOXKIACCTBEHHO B CHJY ypaBHEHHﬁ CHCTEMEI.
TaKHM 06pa30M, yCJIOBHA HHTErpHPYEMOCTH CBOAATCA K
ycaoBusim ['aycca — Ilerepcona — Kopauuu.
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Tak Kak AJs 33aJlaHHBIX HaM KBaJpaTH4YHHIX (OpM yCJo-
Bus [aycca — Ilerepcona — Kofauuu BbIOMHEHB, TO AJA
paccMaTpuBaeMoil cHCTeMbl JAH(depeHuHaNbHBIX YpaBHEHHH
BLIMOJIHEHB! YCJIOBUS MHTErpPHPYEMOCTH. _

[Mycts &, Mo, 0o — TPH BekTOpa, YAOBJIETBOPSIOLLIHE
YCJIOBHSIM

2 — 2 ___
£ = E (o, Vo), &m0 = F (4o, Vy), Mo = G (o, ¥p),
2
Elo =0, Mol =0, L= 1.

[lycets §, M, {— peiieHne HameH cHCTeMbl, YJOBJIETBO-
psiolllee HAyaJbHOMY YCJOBHIO: & (Ug, Ug) =&, MUy, Vy) =
="y, C(ug, V) = L.

Tak kak &, =7, TO CyleCTBYeT BEKTOP-PyHKIHsA r (i, V),
Ans kotopod r,=¢§ r,=. [lokaxeM, 4YTO NOBEPXHOCTh,
3ajlaBaeMasi BEKTODHBIM YypaBHEHHeM r =r (i, U), B OKPecT-
HOCTH TOUYKH (Uy, U,) UMeeT NepBOH KBajApaTHUHOH ¢opmoil

E du? + 2F du dv + G dv?,
a’ BTOpOHl KBaApaTHYHOH (opMoH
L du?+ 2M du dv + N dv?.

BbipasuM npou3BOAHbIE IO U W U LIECTH BeJHYHH £2, 72,
(2, &y, nC, (& yepes 3TH Ke BEJMUHMHE], HCIOJb3Ysl ypaBHe-
HHSl HaleH cucreMbl. TOTAa NMOJMYyYHM IBEHAJUATb PABEHCTB:

(Ez)u = Rl (82’ 712, [ ')’
(Ez)u =R, (8%, 7, .. ),
Cee e *)
(CE)U = R12 (221 le’ .. ')7
rie Ry, Ry ..., Ry, — nuHelHble OXHOPOAHBIE BLIPANKEHHUS
OTHOCHTeNbHO &, %, ..., CE.

[Benafnatb paBeHeTB (*) MOXHO paccMaTpHUBaTh Kak
cucreMy AuddepeHuHaNbHBIX ypaBHeHHH anas &, 7%, ..., (k.
dra cHcTeMa YJOBJETBOPUTCS, ecad BMecto £2, 72, ..., (E
noactaBute E, G, ..., 0 COOTBETCTBEHHO, B YeM MOXKHO
yOeduThCcsl HemocpelcTBeHHOH mnpoBepkoil. O6a 3TH pelueHus
UMeIOT OJAMHAKOBHIe HauaJibHble 3HAUEeHUs (3HAUEeHHUs] B TOUKE
(tp, 0y)). OTcCrOfa B cuJy €AHHCTBEHHOCTH pelIeHHs CJeAyerT,
4TO

E2=E) T[2=G) En=Ft EC=0, C'T]':O, C2= l.
Tak kak r,=¢, r,=7, TO
2 _ g2 =y — 2 e
fu—f‘. _E’ rurv_En“‘F’ ry ="n —G'
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Takum 06pasoM, MOCTPOEHHAsi HAMH MOBEPXHOCTb UMEET
nepBoH KBaApaTHYHOH ¢opMOH
E du? 4 2F du dv + G dv2.

Hanee, Tak kKak & =71(=0 u (2= 1, To { saBnsieTcs
€[IMHHYHBIM BEKTOPOM HOpPMaJH MOCTPOEHHOH INOBEPXHOCTH,
M, cJefloBaTeNbHO, KO3(D(UIHEHTH BTOPOH KBajpaTHYHOH
¢opMbl TMOBEPXHOCTH 7 = r (4, U) paBHH

£.8, &5 .t

IlpunuMass Bo BHHMaHHE BbIDaXKEHUs] ITPOU3BOAHBIX §,,
§, U 7, uepe3 &, m, { u cootHowenus (=0, n{ =0, 2=1,
HaxoluM:

§L=L, tLl=M, nL=N.
Takum 06pasoM, noctpoeHHasi MOBEPXHOCTb HMeeT

L du? 4 2M du dv + N dv?
BTOPOHl KBaZpaTH4YHOH ¢opMoii.

CyulecTBOBaHHe TNOBEPXHOCTH C 3aJlaHHLIMH TEpBOH |
BTOpPOH KBaJpaTHUHBLIMH (hOpMaMH HOKa3aHO.

JlokaxXeM Tenepb €IHHCTBEHHOCTb TaKOH MOBEPXHOCTH
C TOYHOCTBIO IO IOJIOXKEHUS B NPOCTPAHCTBe.

[lycte @, u D, — ABe NMOBEpPXHOCTH, y KOTOPHIX COBIAa-
JaloT INepBble W BTOpble KBajpaTHuHbie GopMbl. COBMECTHM
nosepxHoctd D; u P, AByMs COOTBETCTBYIOIIMMH TOYKaMH
(TOuKaMM, OTBeYalOIUMH OJHHAKOBBIM 3HAYEHHSM MapaMeT-
poB, HampuMmep (4,,7p)), COOTBETCTBYIOILMMH HanpaBJeHUSMH
¥ HopMaisAMHM. Takoe coBMellleHHe BO3MOXHO Ojarojaps
COBNAJEHHUIO MEpBHIX KBaApaTHuHKIX dopM. [Tyets r = ry (u, v)
U r=r,(u, v)— ypaBHeHHS IIOBEDXHOCTEH [MOCJE TAaKOTO
COBMellleHHU .

Cucrema anddepeHuuanbHbiX ypaBHeHu# aaa § 7, G,
OYEBHMJHO, YJOBJIETBOPSAETCS, €CJH B3fTh

E=rlu, T].=rlv, C=n1
HJIH
E=r2u, T]=r20, C=n2.

A Taxk Kak o6a 3TH pelIeHUs COBNAJAIOT B TOUKe (U,, Uy),
TO OHH COBMAJAOT TOXKAecTBeHHO. MTak,

ry(u, v)=r,,(u, v), ry, (u, v)=ry, (1, v)
UM
dry(u, v) =dry(u, o).
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OT1kyaa
ri(u, v)=ry(u, v)+ec.
Tak Kak Npu U = U, 0 =10, r ="ry T0 ¢=0 U, caenosa-
TeJbHO, (4, v) = ry(u, v).
Hrak, nosepxHoctn @; u D, paBHBl C TOYHOCTHIO JQ

IBHXKEHHS M 3epKaJIbHOTO OTpayKeHHS.
Teopema n0KasaHa NOJHOCTHIO.

3AJJAYH H TEOPEMbI K TJIABE VIII

1,. IMokasaTk, uTo ec/H JHHEAHEI 3/7€eMEHT MOBEPXHOCTH
ds? = \ (du? + dv?),
TO rayccoBa KPHBH3HA noaepxﬂocm

K=—2—)\Aln;\’

rage A — oneparop Jlanjaaca:

(2

A= ou? + 002)

1,. TokasaTe, YTO MOBEPXHOCTb C JIMHEHHLIM 3JIEeMEHTOM
ds? — du? 4 dv?

@+ 0* +0)

HMEET MOCTOSHHYIO FayCCOBY KPHBH3HY.
2,. IokasaTb, YTO €CJ/IH JHHEHHbIH 3JEMEHT MOBEPXHOCTH HMeeT BHJA
ds? = du? + 2 cos  du dv + duv?,
TO rayccoBa KPHBH3HAa NOBEPXHOCTH
‘ ()
uv
sin ®

2,. JlokasaTb, uTO JioGasi yeSpllIeBCKasl CeTh Ha IJIOCKOCTH 3ajaercs
BEKTOPHHIM ypaBHEHHEM
r=¢(u) + ¢ ).
Cetb o6pa3yloT KpHBble & = const H v= const.
3. Hafitu cumBoan Kpuctodpens 1" JJIS clydasi, KOria JHHeAHbIR
BJIeMEHT TOBEPXHOCTH HMeeT BHJI

ds? = \ (du? + do?).

41. l'onaaa'rb, 4YTO €CJIH KOOpJAHHAaTHAasA CETb Ha MOBEDXHOCTH aCHMII«
TOTHYE€CKas, TO HMEIOT MeCTO PaBEeHCTBa:

1
5 (EG—F*)(InK), + FE —EG =0,
1
+ (EG—F*) (InK), FG,— GE, =0,
rie K — rayccoBa KPHBH3HAa IMOBEPXHOCTH.
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4,. JloxasaTb, YTO ACHMNTOTHYECKHE JIMHHH Ha MNOBEPXHOCTH C MO-
CTOSIHHOM OTpHLATENEHOH KDHBH3HOH 06pasyloT ueObIIIEBCKYI0 CeTbh.
Y1 o6paTHO, ecaM acHMNTOTHYeCKas CeTb Ha IOBEPXHOCTH ueGhlleBcKas,
TO rayccoBa KpHBH3Ha NOBEPXHOCTH MOCTOSHHA.

5,. Ecau koopauHaTHAasi ceTb HAa INOBEPXHOCTH COCTOHT H3 JIMHHA
&pHBH3HBI, TO Gopmyubl Ilerepcona — Kopauud npHHUMAOT BHA--

L =HE ,
0 v
N =HG ,
u u
tae H — cpenHsifi KpUBH3HA NoBepXHOCTH. IToKasaTe.
5,. Ecin Ha MHMHHMasJbHOH IOBEPXHOCTH 34 KOODAMHATHbIE JIHHHH

TIPUHATH JHHHH KPHBH3HBL H COOTBETCTBYIONIMM 06pasoM BEiGpaTh mapa-
MeTpHl ¥ ¥ U, TO [lepBasi H BTOpasi KBaJpaTHuHble GOPMbl NPHMYT BHA:

[ =\ (du? + do?),
I = du? — do?.

Jlokasats. )

5;. Ilycts Ha MHHMMaJbHOH NOBEPXHOCTH BBeJEeHbl KOODAHHATH
WU, U KaK B 3ajaue 5,. JloKasaTb MOCJeJ0BaTeJbHO CleAYIOUlHe YTBep-
2K eHHS:

1) ecau r (u, v) — BEKTOp TOYKH MOBEPXHOCTH, TO

Ar =0,

rape A — oneparop Jlamnaca. Takum o6pasoM, KOOPAMHATHl X (4, U),
4y (1, v), z(u, v) BeKTOpa r (4, V) CyThb rapMOHHYECKHE (yHKLUH:

2) ecan f; (w), f2 (@), fs (@) (w= u + iv) — aHa/AHUTHYeCKUEe (YHK-
ILHH C BellecTBeHHOH yacTelo x (4, v), y (4, v), 2 (4, V) COOTBETCTBEHHO,
TO -

Fi+F3+F3=0.

55. Ecnu f; (w), fs(w),[s (@) — TpH JoGble aHanUTHUECKHE DYHK-
AIMH MePeMeHHOH w = u - (v, YJOBJIETBODPSIOUIHE YCJIOBHIO

Fi+Fa+F3=0

# 9 (u, v), 92 (4, v), @3 (1, v)— BelecTBeHHble YaCTH 3THX QYHKUHI,
TO NMOBePXHOCTb, 3ajaBaeMasi ‘ypaBHEHUSMH

x=1¢1(, 0), y=92(u, v), 2=15(n, v),
‘MHHMMaJbHas. JlOKa3aTh.

5;. [loxasaTb, 4TO Jio6asd MHHUMAJibHasi MOBEPXHOCTb MOXKeT GHITh
'3aj1aHa yPaBHEHHSIMH

x=Re S (92 () + 2 (w)) dw, y = Rei S (9% (0) — {2 (0)) dw,
z—Re S %ip () ¥ (w) dw,

rthe ¢ H ¢ — aHanuTHyecKHe yHKUMH @ =u + v, a Re oGo3Hauaer
BELIeCTBEHHYIO 4YacCTb.
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Taasa X
BHYTPEHHSI1 TEOMETPUS NOBEPXHOCTEH

Ilon BHyTpeHHe#dl reoMeTpuell MNOBEPXHOCTH MOHHUMAIOT
pasiesn reoMeTpuH, B KOTODOM H3yYalOT CBOACTBA IMOBEpPXHO-
CTH M QUryp Ha Hel, 3aBHCAIIHE TOJbKO OT JAJIMH KDHBHIX
Ha MOBEpXHOCTH.

[To oTHOWEHHMIO K peryJsipHbIM MOBEPXHOCTAM MOXKHO
CKas3aTb, YTO HX BHYTPEHHsS TEOMETPHS H3ydyaeT CBOMCTBA
noBepxHocTel M GHUIYp Ha HHX, OIlpeflesisieMble T[epBOH
KBaJipaTHyHOH (HOPMOH.

O6GbeKTaMH BHYTpPeHHeHl T[eOMeTpPHH SBJSIOTCS IJIHMHBI
KpDHBHIX Ha TOBEPXHOCTH, YIVIbI MEXKAY KpPHUBLIMH, MJIOLIAAH
obsiacTeli, rayccoBa KpUBH3HA MOBEPXHOCTH.

B Hacrosie#t rnaBe OyAyT pacCMOTpEHbl HOBBIE NMOHATHSA
I/ TOBEPXHOCTeH, CBfA3aHHBIE TOJBKO C ee INepBOH KBaA-
patnyHolt ¢opmoill, M, TakuM oOpa3oM, TpHHAJJIEKALIHE
BHyTpeHHell reoMeTpHH MOBEPXHOCTH.

§ 1. Ieone3nueckas KpUBH3HA KPHBOIl
Ha MOBEPXHOCTH

IMycte @ — pery/sipHasi NMOBEPXHOCTb M Y — KpHUBasi Ha

Heil. IlpoBesieM B mnpousBonbHOM TOyKe P KpHBOH | Kaca-
TeNBHYIO MJIOCKOCTb & K IIOBEPXHOCTH H CIIPOEKTHpyeM

MaJIyl0 OKPECTHOCTb TOYKM P KpHMBOH Y Ha 3Ty NJIOCKOCTb.

Toraa mnosnyuuM HEKOTOPYIO KPHBYIO | B IJIOCKOCTH a. KpH-
BH3HAa 3TOM KpUBOH B Touke P HasbiBaeTcs eeode3uueckoll
Kkpueustol KpuBoil y B Touke P. [eoliesnueckas KpHBH3Ha
B TOuKe P cuuTaeTcs MOJIOXKHTEIbHOH HJH OTpHILATeNbHOH
B 3aBHCHMOCTH OT TOro, oOpasyeT JH BpallleHHe KacaTellb-
HOM KpHMBOH Y TpH MPOXOXKAEHMH TOUKH P ¢ HampasieHuem
HOpMalH K IIOBEpXHOCTH MpaBblid
unv neBeld BUHT. Haliiem Beipaxe-
HHEe /I Teole3HYeCKodl KPHUBH3HBI
KpDHBOH.

IlpoBesieM uepes KpHUBYIO | LH-
JHHJDHYECKYIO TOBEPXHOCTb C 00-
pasylollMMH  NepHneHAHKYJISAPHBIMH
naockoctd o (gepr. 41). ITo Teo- Uepr. 4.
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peMe MeHbe KpHBH3Ha k KpuBo# | B TOouke P u kpu-
BH3HA x KPHBOH | B TOH XKe TOUKE CBS3aHbl COOTHOLIEHHEM

kcosd = x,

rie % — yros, ofpa3yemblii TJaBHBIMH HOPMaJsiMH 3THX
KPHBEIX. .
HyCTb I’—r‘(S)—eCTECTBeHHaﬂ napaMeTpHsalHus KpH-
BO#l 7, T M v — elUHHUYHbIE BEKTOPbl KacaTelbHOH M rJaB-
HOW HOpMajH KpHBOIl 1] n — elMHUYHBIA BEKTOp HOpPMa/H
k nosepxHoctd. Toraa r’ = Ev, T X n HanpaBJeH 1O HOp-

‘MaJii KpUBOH Y -B Touke P M, cJefloBaTe/NbHO, C TOYHOCTHIO
JAO 3Haka

x=kcosd =(r", ', n).

;H,e,peﬁnem K TPOH3BOJIbHOH MapaMeTpuU3alUH KPHBOMH :(
HNmeem:

t
F‘l/ . ;’ ( 1 )'
ss — ftt T~
I | I7¢ |
nO)lCTaBJIHH HaH}leHHble BbIpa>K€HHA f H f:s B CI)OpMy.Hy

s », MOJYUYHM:

1 T T
|.;,|s (", r', n),

The AuddepeHUMpoBaHHE 1O napaMmeTpy f.

. Tlyctb r'=r(u, v) kKakas-HuOyAb peryJspHas MapaMeTpH-
3allis TOBEPXHOCTH B OKPECTHOCTH TOYkH P u u=u(f),

U = v (f) — ypaBHeHHs KpPHUBO# { B OKPECTHOCTH 3TOH TOUKH.
Torza

r(t) =r(), v(t)
r'=ru +ry,
r=r I '2+2r MU 4 vV =
=W +A)yr,+ @+ B)r, + Cn.
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rae
A =THu'" 4 2Tu'v’ + Tho™?,
B=Thu? + 2Thu'v’ + hv'e,
C=Lu?+4 2Mu’v’ + Nv'2,
T[ToAcTaBaAs BhIpaXkeHHs 7’ M r" B GOpMyay s x, IOCJE
MPOCTHIX BHIYHCJIEHHH MOJMyYaeM:
_ VEG —F?
*= (Eu'? + 2Fu’v" + Gu

T, U —v'u’ + Av' — Bu').

Tak Kak BeJHUHHBI I‘f,- BBIPaXKaloTcsl TOJILKO Yepes Koad-
¢uIeHTs NepBOH KBaJpaTHYHOM (OPMBEI MOBEPXHOCTH, TO
2eo0e3uueckas KpUusBU3HA Kpueoll HA nosepxHocmu onpedeas-
emca MoAbKO MEMpPUKOL nosepxHocmu u, c1e008amenbro, He
U3MEHAEMC NPU U32UBAHUL NOBEPXHOCMU.

Haitgem dopmyay A4S reofe3nyeckodl KPHBH3HBI KPHUBOMH
B cjyyae, eCJd NepBasf KBaJpaTHuyHas ¢opMa

I = du® 4 Gdv?,
B stoM cayuae, kak mokasano B § 1 ru. VIII,
r}l = 0’ I‘il = 0'
16
r112 =0: F:2=?_Gl")
1 1 2 1 G
r22=—?6u, I“zz=7?".
Orcioza
1 ’
A= — ) GuU 2,
G 1 G
___u 1,7 __v P
B = g uv + TGV
CuieloBaTeJ ILHO,

Vo

*= WEECoonh

1%y G u'20’)
2G G :

1
L 4 _— U —_— ’3 —
(u v v — 5 G

§ 2. leonesnyeckne JHHHUM HA MOBEPXHOCTH

KpuBasi Ha NMOBEPXHOCTH Ha3blBaeTCA 2e00€3U4ecKoll Au-
Hueli, eCli y Hee B KaxJOH TOUKe reoje3nyecKas KpPUBHU3HA
paBHa HYJIO.
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Teopema. [las mozo umobor kpusas | borra 2eodesuteckot
Heobxo0umo U 00CMAamouno, 4mobbl ee eAQBHASL HOPMA.1b
8 Kaodoli mouke, 20e KPUSU3HA OMAUYHA OM HYAA, C€O8NA-
0aia ¢ HOPMAALIO K NOBEPXHOCHIU.

Joxasameascmseo. Kak nokasaHo B HNpelplAyllieM [apa-
rpade, reojie3uueckas KpHBH3HA

* = (r'"r'n).
[r P
rje r — BEKTOp TOYKH KPHBOH, a JAH((epeHIHpPOBAHHE — MO
ayre. Tak kak 7" =Fkv, 10 x=0 TorAia M TOJBLKO TOrNa,
korfa npu k #0 v| n. Teopema Aokasana.

Caencreue. Ecau Ose nosepxwocmu kacaromcs 6doab Kpu-
80ll, KOmopas sBAfemMCA 2e00e3u4ecKoll Ha OOHOU U3 HUX,
mo ona 6ydem eeoleguueckoli u Ha Opyeod.

Hnsi Toro utoObl NOJNYyYHTh AH(GhepeHIHAIbHOE YpaBHe-
HHe Teofle3NYeCKHX, JOCTATOYHO NMpPHPABHATH HYJIO BHIpaxKe-
HHE JJIs reojle3nyeckoil KpHBH3HBL. Takum o6pasom, Audde-
pEHIHATbHOE yDaBHEHHE TeOo/le3UYecKHX

u'v' —o'u’ + Av' — Bu' = 0.

HekoTopasi HeomnpeJeNeHHOCTb B 3TOM YypaBHEHHH (ypaB-
HeHHe OJHO, a HEeH3BeCTHBHIX (YHKUHH ABe — u (f) u v (f))
00BbsCHSETCS Te€M, YTO Ha KpHBOH MOryT ObITb BBeJEHHI pas-
JIMUHBIe TapaMeTpH3alHtH.

Teopema. Yepes kasncoyro mouxy Ha peeyaspHol nosepx-
HOCmU 8 A06OM HANDPABACHUL MOXCHO NPOGECIU U NPUMOM
eOUHCIMBEHHYI0 2€00e3UeCKYO.

Hoxazameavcmeso. HyCTb P (u,, v,) — npou3BOJILHAS TOYKA
MOBEPXHOCTH U (44, U,) — MPOU3BOJILHOE HalpaBJIEHHE B 3TOM
TOUKeE.

PaCCMOTpHM cucteMy JAuddepeHIHaNbHBIX ypaBHEHHMH

uw+A=0 v+B=0.

[lyetb u=u(f) nu v=0v(f) — pelleHHe 3TOH CHCTEMHI,
yIOBJIETBOPSIOLLlee HAaYaJbHBIM YCJIOBHAM

u(ty) =y, v(to) = vy, U’ (ty) = ug, V' () =vg.
Toraa xpuBas Ha NOBEPXHOCTH, 3aJlaHHAasi ypaBHEHHsIMH
u=ul(), v=uv(),
SIBJISIETCS TEeOJE3HUECKOH, TaK Kak
uv —ov'u 4+ Av' — Bu' =0.

150



Sra reosiesuueckasi MPOXOAUT Yepe3 TOUKY (uq, vp) ¥ uMeer
B 3TOH TOIKe HamnpaBsieHue (U, :U,). IlokaxeM, 4YTO OHa
eJlHHCTBEHHaf.

[ycte uyepe3 Touky (4, U,) Ha TMOBEPXHOCTH TPOXOAAT
IBE reofle3HYecKHe 7T; M Y, HMEIOLIHME B 3TOH TOUYKE OLHO
U TO Xe HampasieHHe (i, :0,). IlycTh A onpeneneHHoCTH
uo+0. Torna B OKPECTHOCTH TOYKH (&g, U,) 0Oe KpHBHIE
MOryT OBITh 3aJlaHbl yPaBHEHHSIMH

v="0,(u), v=r0y(u).
VYcnoBue paBeHCTBA HYJIIO TeOJe3HYECKOH KPUBH3HBI KpH-
BBIX T, T2
—v; + Av;, —B =0,
—uv, + Av, —B = 0.

TakuM ob6pasoM, GYHKIHMH ) (4) U Uy (4) YAOBJETBOPSIOT
OJHOMY M TOMYy e AH(QepeHIHaJbHOMY YpaBHEHHIO IpH
ONHHUX M TeX Ke HayaJbHBbIX YCJIOBHAX

’

‘ v
U (uO) = UO» U (uO) = u—zl ’
’
. [
Uy (o) = 0y, U, (o) = uio’ .

Orciofa caeayer, 4to vu; (U)=wu,(4), T. €. KpUBBE T,
N Yy COBNAJAIOT B OKPECTHOCTH TOYKHU (i), Up), @ CJeloBa-
TeJIbHO, COBNajatoT BooOlle.

TeopeMa JoKa3aHa.

I[Mpumep. leodeauveckue aunuu Ha cdnepe cymo Goabliue
Kpyeu u moabko oHu. efcTBUTENbHO, KaX Al O0IbIION Kpyr
ABJISIeTCA reojlesUyeckodl mo mnepBofi Teopeme. M3 Kaxaoi
TOYKH B JIIOOOM HampaBJieHHH MOXHO NpoBecTH GOJbIIOH Kpyr
H, CJElOBaTeNbHO, 1O BTOPOH TeopeMe GOJIBLUIHMH KpPYraMH
HCYEpNBIBAIOTCSl BCE reofle3uyecKue,

§ 3. Honyreone3nueckass mapameTpusalusi MOBEPXHOCTH

[TapamMeTpHsauusi NOBEPXHOCTH Ha3biBAeTCs MOAy2eole3u-
4ecKou, ecM OHa OPTOTrOHaJbHA H OJHO CeMeHCTBO KOOpPAH-
HaTHBIX JIHHHMH COCTOMT U3 reoJie3UYecKHX.

Teopema. [Iycmv | — kpusas Ha nosepxHocmu u P —
moiuxka Ha wei. Toeda 6 oxpecmuocmu mouku P moscem Gouno
6sedena noayeeole3uueckasn napamempusayus max, 4mo 00HO
cemelicmso KOOPOUHAMHbLX AURUL cocmounm U3 2eo0esuqeckux,

NEepNeHOUKYASPHOLE Y, @ 8MOPOe U3 UX 0OPMOLOHANbHOLY MPa-
exmopuil.
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Hoxasamenrscmso. Tlycts (¢, v) — Kakas-HuGyAbL mnapa-
MeTpusanus nosepxHocTH. Kpupas | B okpecTHocTH P MoXeT
ObITb 3ajaHa K60 ypaBHeHHeM v = f (), u6o ypaBHeHHeM
u=7f(v). [lycte Ans omnpejeneHHOCTH 7 3ajaeTcsd YypaBHe-
HueM v = f(u).

PaccMoTpyM ceMeficTBO KPHBBIX B OKpecTHOCTH P, 3a-
JaHHOe ypaBHEHHAMH

v — f (u) =const.
Cornacuo Teopeme § 2 ra. VI nosepxHocTh Jomyckaer opTo-
rOHaJIbHYIO0 NMapaMeTpH3alHuio, NPH KOTOPOH OJHO CeMeHCTBO
KOODAHHATHBIX JINHUH COCTOMT H3 KpPHBHIX U — f(u) = const,.

Orciona caefyer, 4TO, He OrpaHH-
yhBas OOIIHOCTH, MOXHO CYHTaThb KpH-
3yl0 Y KOOpAMHATHOM JIHHMeH u = u,
(4g ¥ Uy — KOOPAMHATHL TOUKH P),

[IpoBeeM uepes NpoH3BOJIBHYIO TOY-
Ky (4o, t) KpPHBOH 7 reofe3uueckyio
1s TEpHeHAMKYJApPHYI 7y (uepT. 42).
Ipu ¢, Gu3koM K U,, 3Ta reofesnueckas
MoxXeT ObITh 3ajlaHa ypaBHEHHEM

v=u(u, t),
rae v (1, t) — QyHKIHA, YAOBJETBOPAOLIAsA 10 ¥ yPaBHEHUIO
reofle3HyecKHX

—v"+ Av' — B =0.

U3 teopemel o auddepeHUHpYyEMOCTH pelleHHH Audbe-
pEHL(HAJIbHBIX YPaBHEHHH IO HAYaJbHBIM JAHHBIM CJefyeT
peryJsipHocTb GyHKUHH U (4, £) mO ¢.

Taxk Kak v (&, t) = ¢, TO 1pH MaJIOM | u—u, | Ov (4, ¢)/0t + 0.
D10 mo3BosisieT pas3pelinTb YpaBHeHHe v = U (4, {) B OKpecT-
HocTH P ortHocuTeabHo f. Ilosmyunm:

t=¢(u, v).
Ouddepennupys paBeHCTBO v = v (u, f) Mo v, MOJY4YHM:
l =v(u, 1),
Orcrona
¢, #+ 0.

YpaBHenusamu ¢ (u, v)="¢ = const s3ajaioTcsa reojesnye-
ckue 1, Tak kak <p:—l- ¢o# 0, To mo Teopeme § 2 ri. VI
CyLIecTBYeT OpTOTOHAaJbHAasl NapaMeTpH3alHss IOBEpXHOCTH
B OKpeCTHOCTH P, mnpH KOTOPOH OJHO CeMeHCTBO KOOpAH-
HaTHBIX JIMHHH COCTOMT H3 KpUBHIX ¢ (4, v)=const, T. e,
reofie3u4eckux ;.

Teopema pokasaHa.
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BrisicHuM, Kakofi BUJ HMeeT nepBast KBajpaTHuHas ¢opMma
TOBEPXHOCTH, €CJM NMapaMeTPU3alHsi MOoJyreofesnyecKas.
Tak kak mapameTpusainus opToroHanabuasi, To F =0 n,
C/le0BaTeNbHO,
I = E du? 4+ G dv2.
OpHo ceMeliCTBO KOODAHHATHBIX JIMHHUH, Hampumep, JHHHH

v = const, reoje3nyeckue. rIOJ.ICTaBJIHﬂ v=const B ypaBHe-
HHE TreoJe3HUYECKHUX

u'v' —v'u' 4+ Av' — Bu' =0,
nosyyaem
B=0,
OTKyga

T. e. E He 3aBucur or o.

HesaBucuMocts E OT U MO3BOJISIET YMPOCTHTH MEPBYIO
KBaJpaTHYHyl0 (opMy BBeJleHHeM BMeCTO 4 HOBOIO Napa-

MeTpa U, CBA3AHHOro C U COOTHOLUCHHEM
du = V'E (u) du.
ITpn stom nepBas kBajpaTHyHas ¢opMa NpPHHHMaeT BUA
I'=du?+ G de.
YTo6bl NMOHATbH I'eOMETPHUYECKHH CMEIC MapameTpa u, no-
CTaTOYHO 3aME€THUTb, YTO JJIHHA OTpE3Ka Jobo# reojge3uue-

CKOH#l v = const, 3aKJIIOYEHHOr0 MEXKAY JIUHHAMH U = €, U = Cy,
He 3aBHCHT OT U U paBHa |c; — G, .

BBefeHueM HOBOro mapameTpa v, CBS3aHHOIO C U COOT-
HolenueM dv = Va(v, o) dv, MOXKHO JOOHTBCS TOrO, 4TO
nepBasi KBajpaTHyHas $HopMa MOBEPXHOCTH OYyAeT HUMETb BHJ

I =du?+ G (u, v)de?,
npudeM G = 1 BLOJL JIHHHH U = U,

Ecnu iuHHS 4 = u, TOXKe reojesndeckas, TO H3 ypas-

HEHHS reo/le3HyecKX cjeflyerT, 4To BAOJb 3Toi JuHuu G, = 0.

§ 4. Kpatyaiiuine Ha MNOBEPXHOCTH

KpuBas 1 Ha NMOBepXHOCTH, COeIHHsIOWIAss TOYKH P u Q,
HasblBaeTcsl Kpamuatiwed, ecaun Jobass KpuBas Ha IOBepX-
HOCTH, COeluHsAIIas Toukh P u Q, uMeeT AJMHYy He MeHb-
1ylo, 4eM KpHBafd f.
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Teopema. I'eodeauteckas Ha OocmamodHo Maiom ompeske
asasemca kpamyadweld. Boaee mouHo, ecau Y — 2eode3useckasn
u P —mouka Ha nei, R u S — mouku eeodesuueckoti, docma-
mouno 6auskue K P, mo ompe3ok RS eeole3uueckoil ssasemcs
Kpamuatiwed.

Hoxasameaocmeo. IlpoBeem uepe3 Touky P reopesu-
YecKyio |, NepHeHAUKYJASpPHYIO |, M NOCTPOMM MOJyreoje-
3HYECKYIO KOOPJAMHATHYIO CeThb, INMpPHHSB 33 CeMeHCTBO JIMHHI
U TeoJie3HYeCcKue, MepneHAuKy/sapHbe |. BriGepeM mapamerpol
U M U Tak, 4ToObl TOYKe P COOTBETCTBOBAaJIM 3HAUEHUS U =
=0 =0 ¥ JUHEAHbI 3]€MEHT NMOBEPXHOCTH UMeJ BHJ

I = du? 4 G dv?.
Honyctum, oTpesok RS reopesuueckolt | He siBasieTcs
KpaTyaflleli U | —KpHBasg Ha IIOBEPXHOCTH, COEAHHSIONIAsi

TOukKH R n S ¥ umelomas JJIMHY MeHbIIYIO, YeM OTpe3oK RS
reoJie3auyeckoi 7.

Ecmu touku R u S pocraTouHo 6iaus3kn K P, xpuBasy
MPOXOAHT BuyTpH OKpecTHocTH U, Touku P, rie onpejenena
noslyreofie3uyeckasi napaMeTpu3anus u, v.
ITokaxeM 3T0.

[lycte paccrosinnme TOYKH P gm0 rpa-
HULUBl  oKpectHoctH U, OGombme e>0.
BosbMeM Touku R u S Ha paccTosHUH

€
MeHblIeM - OT P (paccrosiHue nO KpH-

Boii 7). Ilycte R, u S, —nepBas u rmo-
CJefHAS TOYKH [epeceueHHst | C rpaHuuei
U, (uepT. 43).

Hmeem:
PR+RR,>¢, PS+8S >-¢.
Orcrona
PR + PS4+ RR, + S8, > 2.
Ho

Ek1+§§1<ﬁ+ﬁ<e

M MBI TIPHXOAMM K TpoTHBOpeunto. MTak, KpuBas y mpoxo-
JIMT BHYTpH oKpecTHocTH U,
IMycrs

u=u(), v=uo()
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ypaBHeHust kpusof y. Ee nauna

© @
s@) = S,Vu'2+ Gu'2dt > S lu'jdt > |ug —ug|.

Ho |up — ug| — 5710 )e anuna orpeska RS reoiesnueckoi. 7.

Mpl npuLIH K NPOTHBOpPEUHIO.

Teopema fokasaHa.

Teneps, KOrjla yCTaHOBJICHO, YTO reojle3uyecKne fBJIAIOTCA
KpaTyafIUMK HA JOCTATOYHO MaJIOM yyacTKe, HX ypaBHeHHe
MoxeT OpITb 3alHCaHO KaK ypaBHeHHe Dijepa IJs (yHK-
LHOHAaJa

I= SVEu'z +2Fu’v’ + Gu™ dt,
T. €.

d ' d '
¢, —L 0, =0, &,— 7, =0,

rae

® =V Eu? + 2Fu'v’ 4 Guv".
§ 5. Teopema 'aycca — Bonne

IMycte G — romeomopdHas Kpyry o0JacTb Ha peryJsp-
HOM noOBepXHOCTH @, OrpaHHyYeHHas 3aMKHYTOH KYCOUHO-
peryJasipHOd KpHBOH Y. 3ajajuM HampaBJieHHe Ha KPUBOH f
Tak, 4TOOBl NMpu 0OXOAe KPUBOH B 3TOM HANpaBJEHHH C TOH
CTOPOHBI TOBEPXHOCTH, Ky/la HanpaBJieHa HOpMaJib 1, 06j1acThb
G ocraBajmach crpasa.

O603HauNM * reofie3HyecKyl0 KpHBH3HY KPHBOH 7, B Npo-
U3BOJIbHOH TOuKe, a o;, &y, ... &, — YIJB, OOpasyemble
3BeHbSIMM 71, Y2, ... Y, KPUBOH# 7Y co
cropoHbl obnactu G (uept. 44). Hwmeer
MecTo cJaedyomas

Teopema Faycca — Bonne.
~ O
Lgxds—l—L(w—ak):Q‘m—SSKdo, @
e k ¢ O\

2de K — eayccosa xpususna nosepxwocmu,

a UHMme2puposarue 8 npasol uwacmu pa- Hepr. 44.

geHcmaa 6vinoanaemcs no naowadu obracmu G.
B wacmuocmu, ecau y — peeyaspras kpusas, mo

Sv.ds=21r—SSch.
7 G
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Hoxaszamesscmeo. 1Nt MPOCTOTH H3JIONKEHUS TPeJNONO-
JKHMM, 4TO KpMBasl Y peryJssipHa u Bo Bced o6sactH G MOXKeT
6bITh BBefileHa IOJyreofie3nyeckasl mapaMeTPU3aLUsl MOBepX-
HOCTH.

[NpunuMasi BO BHHMaHHe (JOPMYJy JJs1 TeOfe3HUecKoi
KPHBH3HBEI KPHBOfl B IIOJyreojie3HYeCKHX KOOpAMHATaX, IO-
JydenHyio B § 1, 6yaeM uMeTh:

VG ( nor w1 1G,
1ds—m?) uov —ovu —36,40 '—?(Tu
Gu

-5 u'? ) dt = —d arcthG — 0" (VG), dt.
Tak kax ¢yHKuus arctg MHOrosHauHasi W ee 3HaAueHUs,

oTBevdawnye OAHOMY H TOMY K€ 3HAYEeHHIO aprymMeHTa, OTJ/IH-
YalTCsl HA KpaTHOe w, TO

S —d arct Vf,v

rie k — HEKOTOpOe 1ieJioe YHCJIO.
Hanee, mo ¢opmyne I'puna — Octporpaackoro

g_ VG, d0=SGS(V5)uud”dU=
_SS(VG)““VEdudU=SS—-KdG-

Takum o6pasom,

Sxdsﬁkﬂ+SS—ch.
1 G

OcraeTcs BBHICHHTb, Y€MY PaBHO LeJIOe YHCJIO K.
Hmeem:

kr = S — darctg VGU
T

Ecnu 661 G = 1, To BequunHa kx Gbla Gbl YTJIOM, HA KOTO-

pHII TIOBOpAUMBaeTCsl KacaTesbHasi KPHBOH Y Ha IJIOCKOCTH U,

COOTBETCTBYyIOLIEH KPUBOH Y Ha NOBEPXHOCTH, NpH o6Xoje

3TOi KpuBOH. BesHunMHa 3TOro yrJia, Kak M3BeCTHO, p4BHA 2.
Tak Kak BeJMYHHA HHTErpaJa

S darctg ™0 (0 (4, v) > 0)
T
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HENpepHIBHO 3aBHCHT OT A (4, v) ¥ paBHa 2= npu A(u, v) =1,
TO OHa paBHa 2r s mo6Goi ¢yHkuuu A(u, v) > 0, B yacr-
HocTH, mpu A (u, v) = V/G.

Teopema JoKasaHa HOJHOCTHIO.

T'omeomopdHras kpyry obsacTb Ha MOBEPXHOCTH, OrpPaHH-
yeHHasi TpPeMsl TeOfle3MUeCKHMH, Ha3bIBAeTCH 2e00e3UHeCKUM
MPeYeoNbHUKOM .

Teopema I'aycca — BoHHe B NpHMeHeHHH K Treoje3uye-
CKOMY TPeyrOJIbHHKY JaeT:

a+@+1=w+SASch.

Orciona crefyer, UTO cymma Yyzao8 2eode3uyeckoeo mpe-
Y2ONbHUKA HA NOBEPXHOCMU C  NONONCUMEAbHOU KPUBU3HOL
boablie T, HA NOBEPXHOCMU C OMPULAMENbHOU KPUBUSHOU
MeHbUle T, HA NOBEPXHOCMU C HYAe80ll KPUBU3HOU pasHa .

§ 6. IloBepxHOCTH NMOCTOSIHHON rayccoBOH KPHBH3HBI

Ilycts @ — NOBEPXHOCTb NMOCTOSIHHOH rayccoBOH KPHBH3HBI
K un P — mpousBosibHasi TOYKa Ha 3TOH NOBEpPXHOCTH. Bse-
JleM Ha TIOBEPXHOCTH P TONYTe0fe3nYecKyIo napameTpH3allHio
B OKPECTHOCTH TOUKH P, HMCXONl W3 MpOH3BOJILHOH reoje-
3uyecKoil, npoxopsuleil yepes touky P. Ilepasi kBajppatuu-
Has ¢opMa MOBEPXHOCTH OyJeT UMeTb BUJ:

I = du? 4 Gdu?,

npuyeM MOxHO cuutath, uto G(0, v)=1 u G, (0, v)=0

Tax kak rayccoBa KpHBH3Ha MOBEPXHOCTH IOCTOSIHHA H
paeHa K, To KoabduuueHt G foJiKeH YIOBJETBOPSATb IU(-
(epenuyaJbLHOMY ypaBHEHHIO

(VG +KVG=0. *)
(B ciyuae mosyreoze3snyecKol napaMeTpH3alMH TOBEDPXHOCTH
rayccoBa KpuBuH3Ha K = — (VG)uu/(l/G))
Bypem pasiuuate Tpu caydasi:

I. K> 0.
2. K <0.
3. K=0.

B nepeom cayuae obmuit Bug J/ G, yIOBJIETBOPSIONIErO
ypaBHeHHIO (¥), Oyner

VG = A(v)cos V' Ku + B(v)sin )/ Ku.
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Tak xak G(0,v) =1uG,(0,v)=0,T0 A(v)=1u B(v)=0.
Takum oGpasoM, B ciaydae K > 0 cyumecTByeT mapameTpusa-
I1¥Sl TIOBEPXHOCTH, IPH KOTOpO#l mepBasi KBajpaTuuHas ¢opMa
HMeeT BHJ:

I = du? + cos? V' Ku dv®.

Anasoruuso, BO BTOPOM CJy4yae MepBasi KBajpaTHYHas
¢opma noBepxHocTH OyHeT:

I =du? +ch? ) —Kudw.
Hakonen, B TpeTheM ciyuae
[ = du? + do?.

Teopema. Bce nosepxrocmu nocmosnHol, pasHoli K,
2ayccosoll Kpusu3Hol, A0KAAbHO usomempuurs. Boaee moeo,
ecau P, u D, — nosepxnocmu nocmosHHoU eayccosol Kpu-
susnst K, P, u P, — npousgoibreie mouku Ha amux noeepx-
HocmAax, Iy u I, — npoussoabHble HANDABAEHUA 8 IMUX MOH-
Kax, mo cyuwecmsyem UoMempuueckoe omobpascertie okpecti-
Hocrmu mouku P, nosepxrocmu ®; Ha oxpecmuocms mouku P,
nosepxrocmu D,, npu xomopom Hanpasiewuro l, Ha nogepx-
Hocmu P, 8 mouke P, coomeemcmsyem Hanpasienue l, Ha
nogepxrocmu P, 8 mouke P,.

Ilns pokasartesbcTBAa 3TOH TEOpPeMBI JOCTATOUHO B OKpe-
CTHOCTSIX ToueK P; u P, Ha noBepXHocTiX P, H ‘P, BBeCTH
HoJlyreofie3nyecKie NapaMeTPU3alMd HCXOSl W3 reojie3uue-
CKHX HamnpasJieHHH [; u l,. Ilpu 5TOM mepBhle KBajpaTHUHbLIE
¢opMbl OBepXHOCTeH OYAYyT OAMHAKOBEI, M TpeGyeMoe H30-
MeTpuyecKoe OTOOpaXKeHHe IOJy4aeTcsi NPH CONOCTABJEHHH
TOYEK C OJMHAKOBBIMH KOOpPAUHATAMH.

3AJIAYH U TEOPEMBI K I'JIABE IX

1. TlokasaTh, 4YTO €CJHH Treoje3HyecKas JIHHHS SBJIsSeTcs OJLHOBpe-
MeHHO aCHMMTOTHYECKOM, TO OHA mpsMas.

TlokasaTb, YTO €CJH reoje3uyeckasl siBJAsi€TCS OJHOBPEMEHHO JHHHEH
KPHBH3HBI, TO OHA MJIOCKas. ;

2. Ilycte 1 —reopesnueckass H P — Touka Ha Hefl. [lokasaTh, uTO
ecsiu Touka Q reoje3nueckolf JocTaTouHo 6aHM3Ka K P, To oTpe3ok PQ
reojiesnyeckoil Gyner Kparuaiiiiell Mo CpPaBHEHHIO CO BCEMH CrpsiMJisie-
MBIMH (2 HEe TOJbKO KYCOYHO-IJIaAKHMH) KPHBLIMH, COEJHHSIOMHMH TOUKH
P 1 Q Ha MOBEPXHOCTH.

Joka3ath, uTo OTpe3ok PQ reonesnueckoil y sBASETCS €IMHCTBEH-
HOM KpaTuaiimeil, coepuusiiomeli ToukH P H Q Ha NOBEPXHOCTH, €CJH
Toyka Q gocTaToyHo GnH3Ka K P,
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3. Iokasark, 9To y TOuKM P Ha perynspHOfi NOBEPXHOCTH eCTb
OKPECTHOCTh, B KOTOPOH MoxeT GbiThb BBeJeHa MNoJyreojesHueckas ma-
paMeTpH3alHsi HMCXOAs M3 Jo6Gofi reofesnueckod, mnpoxojsiell uepes
TOYKy P.

4., Hcnonp3yss naBe mpejbIAyluHe TeOpeMbl, JAOKa3aTb, 4TO Jobas
Kparuafiiuiasi Ha peryJisipHofl NMOBEPXHOCTH fBJSETCH reoie3HYecKoil.

5. Jloka3aTh, YTO KaKoBa Gbl HH Gblla OKPECTHOCTb Q TOUKH P Ha
peryJisipHoil NMOBEPXHOCTH, BCErja MOXHO B HeH yKa3aTh OKPEeCTHOCTb ®
TaKylo, 4To Jllo6ble JBe TOUKH OKPECTHOCTH ® MOXHO COeXHHHTBH KpaT-
yaiielt BHYTpH Q.

6. Jloka3aTh, YTO Ha NOJIHOK MOBEPXHOCTH JOGbIe IBE TOYKH MOXKHO
COeMHUTL Kparuafiuefl.

7. IlokasaTb, YTO ypaBHEHHE Treojle3HYeCKHX B CJyyae MoJyreoje-
3Hyeckoll mapaMmeTpusaunu (ds? =du? + Gdv®) MoxeT GbITb 3alHCaHO
B gopMme:

da oVG

dv ou '
rae a — yrodi, moJ KOTOPLIM reofie3HyecKasi mepecekaer JHHHH v = const.
8. INokasaTb, YTO €CTH KpHBAst Y Ha NOBEDXHOCTH, 3ajlaHHasi ypas-
HeHUAMH u = u (a), v = v (a), HCOBLITHIBaeT RedbopMalHio, epexos K Mo-
MeHTy { B KpuBylwo u=u(a)+ A(a)f, v =0v(a) + p(a)#, TO 06yCJI0B-
JIEHHOE 3THM H3MEHEHHe JyrH KPHBOH Y

. 0 b od., 0o , 2
As-—tg(a—;7\+-5;p+a—u,)\ +a—v,y.)da-l-0(t),

1 .
rie &=V Eu'® + 2Fu’'v’ 4+ Guv'2, a O (£2) o6o3nauena uactsp As, nMeio-
masi nopsifok He HHXe (2.

BpinosHsas HHTerpHpPOBaHHE MO YacCTAM H Npejmnosiarasl, YTO KOHLE
KpHBOH Y NpH AedopMaluH OCTAlOTCS HENOJABHXXHEIMH, NOKa3aTh, UTO

op d dop 0p d (i
T 1

9. Hcxoass u3 CBOMCTBA reofie3HYeCKHX OBITh KpaTyafllUHMH Ha JO-
CTATOYHO MaJIOM YyuacTKe, IOKasaTh, YTO YPaBHEHHs TIe€0JE3HYECKHX
MoryT GbITh NpeicCTaBJieHsl B ¢opMme

99_£<?£’)___ ?2__"_(2?)_0
ou  da\ou’ ' dv  da\dv’
rne & =V Eu'® + 2Fu’v" 4+ Gu'2. B uactHoCTH, ecJH
&=VT+Go3, .
yPaBHEHHE reoje3HUeCKHX GyHer:
1 Gyu'®

2 d Gv'
——— — [ ——=]=0.
V1+Gv? du V1+Goe
10. TokasaTb, 4TO reojie3aHyecKHe JHHHH Ha NMOBEDXHOCTAX Bpalle-
HHSl HaXojsTcs B KBajgpaTypax.
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11;. TMokasaTte, YTO ypaBHeHHe reofe3HUeCKHX JJs NoBepxHocTed
C JHHEeAHLIM 3JIeMeHTOM

ds? = (U (u) + V (v)) (du2 + dv?)
(3TH MOBEPXHOCTH Ha3bLIBAIOTCH MOBePXHOCTAMH JIMYBHJIS) NPHBOAHTCSA

K BHLY
d (Udv2 — Vdvz) -0
du? +dv2 |~

OTclofa cienyer, 4To reojile3HyecKHe JIHHHH Ha TaKHX NOBEPXHOCTAX
HaxojsiTcsa B KBajpatypax. MMenno:

(==t lmte

11,. lokasaTb, YTO NMOBEPXHOCTH BTOPOro MOPSIAKA SBJSAIOTCA MO-
BepxHocTAMH JInyBHaasA. KoopAHHaTHas ceTb, OTHOCHTENBHO KOTOPO#
JHHEeHHBIA 3JleMeHT HMeeT BHJ

ds? = (U + V) (du? + du?),

COCTOHT M3 JIHHMH KPHBH3HHI (cM. 3apauy 93 ra. VII).

12,. TMoka3aTh, YTO B OKPECTHOCTH NPOH3BONBHOR TOYKH P pery-
JISIPHOH MOBEPXHOCTH MOXeT GbiTh BBeJeHa MoJyreojesHueckas mnapa-
MeTpH3aUHUs U, U, OTJIHYAIOMAACS CAEAYIOUHM: JHHHH U — reofe3HuecKHe,
NpoXoisliHe uepes TOUKY P, JHHHH U — reofle3HyeckKHe OKDPYXKHOCTH
c uedtpoM P. Ecnn B KauecTBe napaMeTpoB B3fiTh: U — reoje3Hueckoe
paccTosiHHe oT P, a v — yroJj, o6pasyeMuiif reojie3HyecKoll ¢ HeKOTOp bIM
(MKCHPOBaHHEIM HamnpaBjieHHeM B TOYKe P, To JHHeHAHBIA 3j1eMeHT mo-
BEDXHOCTH NpPHMET BUX:

ds? = du? 4+ Gdv3.
Korpa u - 0, G - 0, (1/5)“ -1, —Q/-g)l'-‘ - K (P), rne K (P)—ra-

VG
yccoBa KpHBH3Ha B P.
12,. Tlycte {(r) — pnuMHA reoje3HYecKol OKPYKHOCTH C LEHTPOM
B TOYKe P NOBEPXHOCTH H paiuycoM r. JlokasaTb, YTO
. 2rr—I(r
lim —3() =
r-0 r

T
T K@),

rae K (P) —rayccoBa KpHBH3HAa B Touke P.
13. IlokasaTb, 4TO reojle3HYecKHe JIHHHH MOBEPXHOCTH C JIHHEHHHIM
3JIEMEHTOM

ds? — du? + dv? 4 (udv — v du)?
- (c? 4 u® + v2)2

CyThb:
au + Bv 4+ Y =0 (a, B, Y — nocTosiHHBIE).
14,. IlokasaTb, YTO ypPaBHEHHIO
" Pov 8 2?110 ’2 Puu .,
—v"+ =0 —v — v =0
+ Pu + Pu + Pu

YIOBJIeTBOPSIET
= €19 + €3 (€3, C; — NMOCTOSAHHEIE).
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14,. [TokasaTtb, YTO €CM ypaBHEHHE Treoe3HYECKHX B MOJyreoje-
3HYEeCKHX KOOpJHHaTax
1 1G G
Vg Ot g5 it G v =0

HMeeT HHTerpaJ BHJa
v =19 (&, v) + C3

rie ¢; U C; — NPOH3BOJIbHEIE MocTOsiHHBIE, TOo G = U (4) V (v), u, cuae-
JOBaTeJIbHO, FayCCOBa KPHBH3HA MOBEDPXHOCTH BJOJb JHHHH 0 MOCTOSIHHA.

143. Oto6paxkeHHe onHOH MOBEPXHOCTH Ha APYryio Ha3blBaeTcs reo-
Le3HYeCKHM, ecJIH MPHU 3TOM OTOGpaXKeHHH reoje3nueckue ogHofl noBepx-
HOCTH COOTBETCTBYIOT reojiesnueckuM apyro#. M3 sapauu 13 caepyer,
4YTO MOBEPXHOCTH MOCTOSHHOH raycCOBOH KPHBH3HBI HONYCKalOT reoje-
3HyeCKoe OoToOpaxkeHHe Ha IJIOCKOCTb.

JlokasaTb, YTO TOJBHKO NOBEPXHOCTH MOCTOSIHHOH raycCOBOA KPHBH3HBI
o6najaioT 3THM CBOHCTBOM (TeopeMa BeabTpamu).

15,. Tlyctb Ha reomesuyeckoift 7y, mpoxopsued BOAH3H ToukH O
MOBEPXHOCTH, B3ATH JABe GnH3KHe TouKH A u B. Ilycth % — yron reo-
ne3nueckoro tpeyrosbHuka AOB npu BepuinHe O, a @ — COOTBETCTBYIO-
WHA yros MJIOCKOro TpPeyroJbHHKa ¢ TeMH xe cToponami. ITokasaTs, uto

] *
. 3 K
rae ¢— MJomaib reoje3nyeckoro TpeyroibHHKa, a K* 6ausko K rayc-
COBOH KPHBH3HE NMOBEPXHOCTH B Touke O, €GJH TPeyroJbHHK JOCTaTOYHO
MaJ.
15,. ITycts A — reojesnyecKHil TpeyronbHHK, ColepKaiiuil Touky P
noBepxHocTH. IlycTb #;, 3;, #3 — yrub 3TOrO TpeyronbHukKa, a a,, ag, ag —
yrabl COOTBETCTBYIOWIErO IUVIOCKOTO TPeyroJibHHKa (CM. NpeAblAyllyio
3apauy). JloKa3aTb, YTO TPH OTHOLUEHHS
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1
cTpeMaTcs K ofleMy npepesy —S-K(P), KOrjia TPeyrojbHHK A CTHArH-

Baercsl K Touke P (teopema laycca).
16. TloBepxHocTy F; H F, Ha3bpBaloTCA NOBEPXHOCTAMH LEHTPOB

NOBEPXHOCTH F, €CJI1  OHH 06p83y10TC$l KOHIIAMH OTpPE2KOB }.'LJIHHblk—
. 1

1
H k—(kl U ky — ryaBHble KPMBH3HB F), OTK/NaJLIBacMBIX Ha HOpMaJsix
2

noBepxHocTH F. Mexay noBepxHocTsiMH Fy, F» H F ecTecTBeHHBHIM o6pa-
30M yCTaHaB/HBAaeTCsl COOTBETCTBHe ToueK. FIMeHHO, COOTBETCTBYIOWIHMH
SIBJSIOTCA TOUKH MOBepXxHocTell, Jexalyue Ha ONHOH W TOH XKe HOpPMaJu
K F. JlokasaTb, YTO JIHHHSIM KPHBH3HbI MOBEPXHOCTH F COOTBETCTBYIOT
reojesyyeckHe JUHHH MOBepPXHOCTEH LEHTPOB.
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