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HHEAUCJIOBUE K HATOMY U3AJAHNIO

ITacTosamee nATOe M3 KaHME OTINIAETCA OT MPEABIAYIIETO e TBED-
TOr0 UCIPABICHUEM DAAA MOTPEIIHOCTEN U ONEYATOK.

Asrop OGaarogapur B.IO.IlaguoHoBa ® pezakTOpa KHUIH
B. B. fliiesko 3a moire3Hble 3aMEIAHUA.

Cenrabps 1998 r. H. I'eavpand

HHEAWCJIOBUE K YETBEHTOMY U31AHNIO

B macTosmee deTBeproe wu3gaHme AO0ABICH HOBBIA Iapa-
rpad «Temsoproe mpomssegenwe» (§25), HAIMCAHHBIL COBMECTHO C
M. 1. I'paesbim. JJo6GaBaensr Takxke I. 6 B § 9 1 TeKCT, HalleIaTaHHBIL
MeakuM mpudToM, B KOHLE 1. 2 § 23.

Asrop Gmarogapur umrareren A.D. Kapuosckoro (r.Kaynac) m
FO. T IImenakoBa (r. MockBa) 3a 3aMedaHWs, [MO3BOIMBLINE UCIPa-
BUTBH PAJ OMEIATOK U IOTPEIIHOCTEN.

Mexabpe 1970 r. . T'eavand

HHEAUCJIOBUE K THETBEMY U31AHNIO

ITacTosamee TpeThe U3 JaHUE OTIMIAECTCA OT BTOPOI'O PALOM IIepe-
[eJIOK U JOOABICHUN B PA3IMIHBIX MECTaX KHUTH.

ITan6onee cymrecTBeHHOE NOOGABIEHUE — HOBOE IOKA3ATEIHCTBO
TEOPEMBI O IPUBEIEHUN MATPULEI K XKOPAAHOBOU HOPMAIbLHOU (popme
(§19).

3a moMmoIs B mepepaboTke kHuru A 6rarogapio B. Ilomomapesa u
3. 5. lanupo.

IImarogapio Takxke pemakropa kuuru II. fI. Burenkmua 3a psafg
LIEHHBIX COBETOB.

Mexabpb 1965 r. . T'eavand



6 NPEANC/IOBUE KO BTOPOMY W3JAHUIO
HHEANCJIOBUE KO BTOHOMY U3AHUIO

BTopoe m3gaHme OTIMIAETCA OT IEPBOrO PAAOM CyUIECTBEHHBIX
M3MEHEHUN W JONOMHeHmd. Ilambojee KPYNHBIMU W3 HUX ABIAIOTCA
caegyiomme: BKIIOYEHBl IBa NOOABICHNA, IIOMEIICHHBIE B KOHIE KHU-
M O BEIYUCIATEIbHBIX METOAaX JUHEXHOU AIre6PEl U O TEOPUH BO3-
MyIeHnd, qo6aBIeH maparpad, IOCBAMEHHBIU SKCTPEMAILHBIM CBOM-
cTBaM COOGCTBEHHBIX 3Ha4YeHUU, u maparpad o A-marpmmax (§§17 m
22), 3aHOBO HANWCAHA [VIABA O XOPZAHOBOU HOPMAIbHOU ¢dopme im-
HEMHOT0 mpeobpa3oBaHMA, mepepaboTaHa deTBepTaa riiasa. Kpowme
TOro, CAEJAHO MHOIO 0o/ee MeIKux mo0aBleHMA u u3MeHeHun. Ilo-
BBI TEKCT HANMCAH MHOWO cOBMeCTHO ¢ 3. fI. Illamupo.

Breipaxaro 6aarogapaocts A.T. Kypoumy, npegocrasuBmiemy B
MO€e PACIOPAKEHUE 3AMUCU CBOUX JEKIWU IO TEH30PHOU airebpe. 3a
pAA meHHBbIX 3amedanuin 6rarogapio C. B. @ovuHa.

IInaronapio raxxe M. JI. Ilerauna 3a momomp mpu odopMiIeHIN
DPYKOIIACHU U PAJ COBETOB.

Cenrabps 1950 r. H. I'eavand

HHEAUCJIOBUE K HEHBOMY U31AHUIO

B 0CHOBY HACTOAIIEN KHUTHW MOJOXKEH KyPC JMHEHMHOU AJIreGphI,
YUTAHHBIA ABTOPOM HA MEXAaHUKO-MAaTEMATHIeCKOM daxyabTeTe Mo-
CKOBCKOI'O T'OCYJapCTBEHHOI'0 yHuBepcurera u B [leropycckoMm rocy-
[JApCTBEHHOM YHUBEDCUTETE.

B manmcaHuu 3TOU KHWUTM IPUHAT 3HaIuTeabHoe yaactue Cepren
Bacuiresnd @omus. Ero nomoms 6b11a HACTOIBKO CyLIIECTBEHHA, ITO
6e3 Hee >Ta KHUIa BPAL JU MOIVIa ObITH HAIKUCAHA.

ApTop BeIpaxaer Gaarogapuocts gouenty III'Y A.E. Typenko-
My, OPEJOCTABUBIIEMY B IO PACHOpAKCHUE 06paboTaHHbIE 3AIUCKA
JIEKINY, YUTAHHBIX aBTOpoM B 1945 r., a Takxke [. A.IlankoBy, BHU-
MaTeIbHO MPOYUTABLUIEMY PYKOIUCHL W CAETABIIEMY DAL LEHHBIX 3a-
MEYAHUMN.

ITlekoToprie MecTa B TekcTe HamedaTaHbl MeakuM mpudTom. [Itu
pa3ensl He UCHOIB3YIOTCA B OCHOBHOM TEKCTE U IMPU IIEPBOM MOBEPX-
HOCTHOM YTEHUU MOT'YT OBITH IIPOILYIIEHEI.

AusBapp 1948 r. H. I'eavpand



'TABA 1

n-MEHHOE HHOCTHAHCTBO. JINHENHBIE
A HUWJIMHENHBIE ®OHMBI

§ 1. JIunennoe (adpdpunHOE) N-MEPHOE MPOCTPAHCTBO

1. Onpenesenue JUHEMHOT O IPOCTPAHCTBA. 1acTO mpu-
XOAWTCS BCTPEIATHCI C 00BbEKTaMu, HAJ KOTOPBIMHA IIPO-
M3BOMSATCA OMEPAIMAN CIOXKEHUA W YMHOXEHUS HA <UCIA.
Bpusegem HECKOIBKO MPUMEPOB.

1. B reomeTrpunm obbeKTaMMU TAKOrO POJA SABIA-
IOTCSI BEKTOPHL B TPEXMEPHOM IPOCTPAHCTBE, T.e€. HAIpa-
BIEHHBIE OTPe3KU. Bpu 5TOM, ecinu ABa HaIpPaBIEHHBIX OT-
pe3Ka MOXHO COBMECTUTH MapaIeTbHBIM IEPEHOCOM, TO
CIATAETCA, ITO OHU OIPENENAIOT OUH W TOT XK€ BEKTOP.
BosTtoMy yao6HO Bce 5TH OTpE3KH OTKIAABIBATE OT OJHOU
KAKOU-TMO0 TOYKH, KOTOPYIO MBI Oy IeM Ha3BIBATEH HAYAIOM
xoopauaaT. Qnepanus CIOXeHUs BEKTOPOB, KAK U3BECTHO,
OIIpeNeNaeT A CISAYIOMMUM 06Pa3oM: CyMMOU BEKTOPOB & 1
19 MBI CIATAEM [AATCOHAIb TaPAIEIOrPAMMA, CO CTOPOHAMY
z u y. sBecTHBIM 00pPa3oM BBOAUTCA TAKXKE yMHOXEHUE
Ha YucJja.

2. B anreb6pe MBI BCTpEIaeMCA C CHCTEMAMU 7
aucen ¢ = (£1,&9,...,&,) (Hampumep, CTPOKM MaTpPUIHL,
COBOKYIHOCTBH KO()(PUIUEHTOB TUHEHHON (POPMBI U T. 1. ).
I,Z[JI}.{ TaKUX CUCTEM oOnepanum CJI0XKECHUA W YMHOXCHUA
Ha YUCIAa OOBIYHO ONPENENAOTCS TaK: CyMMOU CHUCTEM

x = (&,&,...,&) uy = (n,n2,...,N,) HA3BIBAETCA
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cucrema z +y = (&1 4+ 11,82 +12,- -+, §n +1y). Bpomssese-
HueM cucteMbl ¢ = (£1,&2,...,&,) HA 9UCIO A\ MBI CIATAEM
cucremy Ax = (A1, Ao, ..., A&y).

3. B aHamrum3e oOmpenerdioTCs OMEPAIIAN CIOXKEHUT
(GYHKIMEA ¥ yMHOXEHWS WX HA IUCIA. B magbHedImeM Mbl
[UL OTIpefieJIeHHOCTH OyIeM PacCMaTpPUBAThL COBOKYITHOCTh
BCEX HEMPEePHIBHBIX (DyHKIUY, 33 JAaHHBIX HA CeCMeHTe [a, b].

B npuBenenHbIx IpuMepax OJHU U T€ XKe OLMEPAINH CJIO-
KEHUSA ¥ YMHOXEHUS HA UUCIa MPOU3BOAATCA HAJ COBEP-
HOICHHO PAa3HbIMHA O6'I)eKTa,MI/I. I[JIH TOrO rITO6I)I U3y1IUTH BCE
TaKue OPUMEPHI C €IWHOU TOYKY 3PEHUs, MBI BBEIEM IIO-
HATUE JUHEUHOTO, win apPUHHOTO, IIPOCTPAHCTBRA.

Ounpenpmeanenune 1. Muomeecmso R saemenmos
T, Y, 2, ... nasvisaemes aunetinvin (aPdunnvin) npocm-
PAHCTBOM, ECAL:

a) KaANCOLIM DBYM IACMENMAM T U Y NOCMABAEN 6 COOM-
8EMCMBUE IACMEHM Z, HA3IBGEMbIT CYMMOU IAEMERMOE T
U Y; CYMMA IAEMEHMOB T U Y 0003HaAUGEMCA UeEPE3 T + Y,

b) kaxcdomy saemenmy T u KaHAOMY wUCAY A U3 HEKO-
MOoPo20 NOAA NOCMABAEH 8 COOMBEMCINBUE IACMEHM AL,
HA3bI8AEMbIT NPOUBEICHUEM IAEMEHMA T HAE YUCAO .

Bru omepanuum [OTXKHBI yIOBIETBOPATH CIEAYIOUIUM
TpeGoBaHUAM (aKCHOMAaM):

L I°s+y=y+x (KOMMYTATUBHOCTD).
2° (z+y)+z=2+ (y+2) (accommaTmuBHOCTS).
3° Cywecmsyem asaemenm 0 maxot, umo x+0 = x
Oas a100020 x. BraemenT ) HABBIBAETCA HYACBbIM IAEMEH-
mos.
4°  Mlasn waxncdoz20 T cywecmsyem saemenm, 060-
anauaemvili wepes —x, maxot, wmo x + (—x) = 0.

II. 1°1-z ==,
2° a(fr) = af(z).
III. 1° (a+ B)x = az + Pz,
2° a(r+y) = az + ay.
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Mbl HE CIyYallHO HE CKA3aJd, KaK UMEHHO ONpeness-
OTCA ONEpAIU CIOXKEHWS W YMHOXeHus Ha umcia. Ot
DTHUX OIEPAlMH TPeOYyeTCa TOMBKO, ITOOBI OBLIN BBLIIOJIHE-
HBI CPOPMYJIUPOBAHHBIE BBIIIE AKCAOMEBI. B03TOMY BCAKMM
pa3, KOr'Jla MBI BCTPEJIAeMCs C OIEePAlUAME, YIOBIETBOP-
IOIAMY IEPETNCIEHHBIM BBIIIE YCIOBUAM, MBI BIPABE CIU-
TAaThb WX ONEpPAlUAME CJIOXEHWsS W YMHOXEHWSI Ha <THUCIA,
a COBOKYIHOCTH DJIEMEHTOB, MJIA KOTOPHIX DTHU OIEPAIUN
YCTAHOBJICHBI, — JUHEUHBIM ITPOCTPAHCTBOM.

Bpenocrasmsgem auTaTeato npOBEPUTH, ITO B IPUBEICH-
HBIX mpuMepax 1—-3 5Tu aKCHOMBI BBHITIOJIHEHBI. BosTOMY
1-3 ABAAIOTCA TPUMEPAMU JUHEUHBIX TPOCTPAHCTB.

BaccmoTpuwm erie HECKOIBKO MPUMEPOB.

4. COBOKYITHOCTb BCEX MHOTOWIEHOB CTEIEHUW, HE Mpe-
BBIMIAIOMEN HATYPAIBHOIO YUCAA 7, ¢ OOBIYHBIMU OMEPa-
TUAMUY CIOXKCHUA MHOT'OJICHOB M YMHOXEHUA UX Ha TUCIA
obpasyer JUHEHHOE IPOCTPAHCTBO.

BaMeTI/IM, 9TO MHOXECTBO MHOI'OWICHOB CTCEIICHUW 77 HE
o6pa3yeT JUHEMHOT'O MPOCTPAHCTBA, TAK KAK CYMMa NBYX
MHOT'OWIEHOB CTEIIEHW 7. MOXET OKa3aThCA MHOTOWIEHOM
60Jee HU3KOU CTEMeHU: HATIPUMED

(t" 4 1) + (—t" + t) = 2t.

5. BremenTtamu mpocrpancTBa R ABIAIOTCA MATPUIBL
nopsazaka n. Cymmoit matput |(ag; || 1 ||bik|| BassBaeTca ma-
rpuna ||a;; + bik||, npomsBegernem maTpuus ||a;;|| Ha Un-
c10 A — marpuna | Aa|. Byressim saemenTom mpum sTOM
OyeT MaTpUIlA, COCTOANAL U3 OqHUX HyJder. MOXHO mpo-
BEPUTH, 9TO BCE AKCHOMBI JIXMHENHOTO IPOCTPAHCTBA 3/€Ch
BBIIIOIHEHBL.

6. COBOKYIIHOCTb BCEX MHOI'OWIEHOB CTEIEHU, HE IIpe-
BBILIAIONMIEN HATYPAILHOTO YHCIA 1, ¥ UMEIOLUUX T0M0XKMI-
TelbHbIE KOD(PUIMeHTH, He 00pa3yeT JMHEHWHOrO MPOC-
TPAHCTBA: ecau MHOrowieH P(z) BXoguT B 5Ty COBOKyI-
HOCTb, TO —P(z) B Hee He BXOIWT.
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7. Be obpasyeT JUHENHOTO MPOCTPAHCTBA M COBOKYII-
HOCThb HENPEPBIBHBIX (DYHKIUU Ha CerMeHTe [a,b] Takux,
aro |f(x)| < 1: w3 Toro, aro |fi(z)| < 1 u |fo(z)] < 1, me
creayer [fi(x) + fa(w)| < 1.

BieMeHTH IMHEMHOTO TPOCTPAHCTBA MBI OyeM HA3bI-
BaTh 8exkmopamu. To 06CTOATEILCTBO, ITO DTO CIOBO |a-
cro ymorpebaserca B 6Goxee y3KOM CMBICIE (Tak, KaK B
npuMepe 1), He NOIXKHO HAC CMyWIATh. ['eomerpuyeckue
IpEeCTABIEHNS, CBA3AHHBIE C DTUM CJIOBOM, IOMOTYT HAM
VACHUTD, & WHOTJA U IPEABUIETH, DAL PE3YIHTATOB.

Ecau aucaa A, y, ..., y9acTByOm®re B OIPEIEICHUN JIT-
HEMHOI'0 NMPOCTPAHCTBA, BEIIECTBEHHBI, TO IIPOCTPAHCTBO
HA3BIBAETCA 6EU,ECMEEHHBIM AUHETUHBIM NPOCTPAHCTNEOM.
Ecau xe oTu wucaa A, i, . .. 6€pyTCs U3 MOJST KOMILIEKCHBIX
4qucen, To R HA3BIBAETCA KOMNAECKCHBIM AUHETHBIM NPOCM-
PAHCMBOM.

ITomee 0610, MBI MOXEM IIPEAIOIAraATE, ITO A, 4, ... — DIEMEHTHL
npowmssoasroro nouas K. Torga R HaspBaeTcsa aunelinbim npocmpamc-
meom Had nosem K. MHOrHE IOHATUA 1 TEOPEMEL, M3/IaraeMble HIKE,
B 9aCTHOCTH, BCe COAEPKaHUE 3TOr0 napar'pa(pa, aBTOMATUYIECKH IIe-
PEHOCATCA Ha JWHEUXHBIE OIPOCTPAHCTBA HaJ JoObM moaeMm. OgHAKO

B riase I MbI OygeM 0OBIMHO MpEANoJaraThb, 4To R — BemecTBeHHOE
JIIHEHHOE IPOCTPAHCTBO.

2. Yucro msMepenuu (pa3sMEpPHOCTH) MPOCTPAHCTBA.
Baxuyio poab B gaibHeneMm OyaeT UrpaTh MOHATHE JU-
HEWHOU 3aBUCUMOCTHU ¥ JUHEUHOU HE3ABUCUMOCTU BEKTO-
POB.

Oupemeanenue 2. Ilycmv R —aunetinoe npoc-
mparwcmeo. Bexmopvt T,y,z,...,U HA3bIBAOMCA  AU-
HEtHO 3ABUCUMBIMU, ECAU CYWECMBYIOM MOKUE UYUCAG
o, B,7,...,0, uz Komopwuiz xoms 6bl 00HO OMAUUHO 0T, HY-
AR, UMO

ar+ Py +vyz+...+60v=0. (1)

BekTopsl, HE ABIAIOUMEC JUHETHO 3aBUCAMBIMY, HA3bI-
BAIOTCSA JUHEWHO HE3ABUCUMBIMU. [[pyruMu cioBamu,
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BEKMOPBL Ty Y, 2, - - - , UV HA3LIBAIOMCA AUHETHO HE3ABUCU-
MBIMU, ECAU PUEEHCITLE0

ar+Py+vz+...+0v=0

B03MONHCHO MOMbKO Npu . =B =v=...=60=0.

BycTbs BEKTOpHL Z,¥, 2, ...,V JAHEUHO 3ABUCAMBI, T.e€.
IyCTh OHU CBSA3aHBI COOTHOIIeHWeM Buaa (1), B koTopom
XOTs Obl OWH U3 KOX(PPUIMEHTOB, HAIPUMED (¥, OTIUIEH
ot nyad. Torma

ar =—0y—vz—...—0v
7, Pa3JIeJuB HA (¢ U IOJOKUB
B8 0
2=, =y, ., 2=
o ) a My ) a Ca
TTOJLY WM
r=Ay+pz+ ...+ (v (2)
Ecnu BekTOp T BhIpaxkaeTcsa dYepe3 BEKTOPHL ¥, 2, ...,V
B BUje (2), TO MBI OyieM TOBOPUTD, UTO & €CTh AUHEiHAL
KOMOUHAYUA BEKTOPOB ¥, 2, ..., V.
Taxum 06pa3oM, ecau 8eKMOPbL T,Y,Z, ...,V AUHEUHO

3a68UCUMDL, O TOMA Obl 00UN U3 HUT ABAAEMCA AUHEUHOU
KombuHayuet ocmaabnbiz. MBI IpegoCcTaBIsgeM UATATEIO
IIPOBEPUTH, YTO BEPHO M OOpaTHOE, T.€. UTO BEKMOpbI,
odun u3 Komopouixr ecmb AUHEUHaA H0M6UHGIUUJI, ocmadsab-
HbILT, AUHEUHO 3a6UCUMDL.

Yunpaxuenusa 1. IlpoBepurs, 94TO ecim cpeiu BEKTOPOB
TyY, 2, ...,V UMEETCA HYJEBOU BEKTOP, TO 3TU BEKTOPHI 00A3aTeIb-

HO JMHEWHO 3aBUCHUMEL.
2. Iloxa3aTk, 9TO €CIU K IMHENHO 3aBUCAMBIM BEKTOPAM L, Y, Z, - - -

n06aBUTH elle TPOU3BOILHEIE BEKTOPHI U, U, . . ., TO BCE DTU BEKTOPBI
BMeCTe Takxe OyIyT JUHEHHO 3aBUCUMBIL.
3. Iloxa3aTb, YTO €CIU BEKTOPHI ¥, Z, . ..,V JUHEWMHO HE3aBUCUMbI
¥ BEKTOP & €CThb WX JUHEeHHAA KOMOWHAIIL
r=ay+PBz+...+dv, (3)

TO npexcrasiaeHue (3) eqUHCTBEHHO.
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Yxaszauue. [IpegnoroxuTs, 9TO €CTh APYroe NpeACTaBICHAE:
r=aiy+fiz+...+ 010, (4)

U BBIYECTH paBeHCTBO (4) u3 paseHCcTBa (3).

Bepengem Temeps K OMpeAeNeHUIO MOHATAA YUCAG U3-
mepenuti (paszmeprocmu) TPOCTPAHCTBA.

B cOBOKymHOCTM BEKTODOB HA NPAMOU BCAKUE IBA
BEKTOPA MPOMOPIUOHAILHEL, T.€. JUHEHHO 3aBUCUMEI. Ba
IIOCKOCTY MOXKHO HAUTH B JUHEWHO HE3ABUCUMBIX BEK-
TOPA, HO YXKe BCAKUE TPU BEKTOPA, IUHEWHO 3aBUCUMBI. Fc-
az R — COBOKyIHOCTH BEKTOPOB TPEXMEPHOI'O IPOCTPAH-
CTBa, TO TPU JUHENHO HE3aBUCUMBIX BEKTOpPa B R HauTnm
MOXHO, HO BCAKUE YETHIPE BEKTOPA, JUHENHO 3aBUCUMBI.

Mubi BUAUM, 9TO MAKCAMAJIBHOE YUCIO JUHEMHO HE3ABU-
CUMBIX BEKTOPOB Ha, MPAMOU, IJIOCKOCTHU, B TPEXMEPHOM
IPOCTPAHCTBE COBIIAMAET C TEM, YTO B M€OMETPUU IPUAHSI-
TO HA3BIBATH YUCJIOM M3MEPEHUU IPAMOM, ILJIOCKOCTH, IIPO-
crpaucTBa. EcTecTBeHHO mOSTOMY Cremyiomiee obuiee

Onpemeanenue 3. Jlunetinoe npocmpancmso R
HA3LIBAEMNCA N -MEPHBIM, ECAU 8 HEM CYWECMBYEM 1 AU-
HEUHO HE3ABUCUMBIL BEKMOPOS U HEM OOAbULELO YUCAL AU-
HEUHO HE3ABUCUMBIL BEKINOPOS.

Eciz B mpocTpancTtBe R MOXHO HAUTH J000€ SHCIO
JUHENHO HE33BUCHMBIX BEKTOPOB, TO R HaswiBaeTca 6ec-
KOHEUHOMEDHBIM.

BeckonevynomepHbie TPOCTPAHCTBA COCTABIAT IPE/[-
MET CIEeNUAIbHOrO udyderus. Mur OygeM B DTOU KHUTE 3a-
HUMATBHCA B OCHOBHOM MIPOCTPAHCTBAMHU KOHETHOI'O MCIA
M3MEPEHUN.

Bangem B kax10M U3 PACCMOTPEHHBIX BBINIE IPUMEPOB
1-5 pasaMepHOCTB COOTBETCTBYIOLMIErO IPOCTPAHCTBA.

1. Kak mb1 yxe ykasauau, B npocTpancTse R npumepa 1
MMEeTCs TPU JAHEHHO HE3aBUCUMBIX BEKTOPA, & BCAKUE
YeThIpE BEKTOPA JMHEUHO 3aBUCUMBL. BosTomy R Tpex-
MEpHO.
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2. R—1upoCTpaHCTBO, BEKTOPAMU KOTOPOr'O ABIAIOTCS
CUCTEMBI 7, IeUCTBUTEILHBIX TUCEI.

B sToM mpocTpaHCTBE MOXHO YKA3aTh 1 IHHETHO HE3a-
BHCHMBIX BEKTOPOB, HaIIpUMep

xry = (1707"'70)7
T2 = (0713"'70)7

2, = (0,0,...,1)

(MBI IpEOCTABIAEM IUTATENO JOKA3ATH, ITO DTU BEKTO-
PBI IEUCTBUATEIBHO IUHEUHO HE3ABUCUMBI).

Yupaxuenne. Ilokazars, 4T0 BEKTOPBI

r1 = (771177712) . '7771“)7
w2 = (0, 722, ...,72),
r3 = (07 07 "'77’3“)7
Zn=0(0, 0, ...,7%nn)

B npocTpancTse R Takxke MMHENHO HE3aBUCUMEL (711722 . . . fnn 7# 0).

3. R—mupoCTpaHCTBO HENpepHIBHLIX GyHKIUA. BycTh
N — npousBoasHOe nemoe uucao. Torpa dyuknuu fi(t) =
=1, fot) =t, ..., fn(t) = "' ~! obpasyroT coBokymHOCTD
N JIuHENHO He3aBUCHMBIX BEKTOPOB (0KA3aTEIbCTBO Mpe-
JOCTaBIsgeM 9YuTaTexo). Mbl BUAUM, ITO B DTOM HOPOCT-
PAHCTBE UMEETCS MPOU3BOIbHOE TUCIO JAHENHO HE3ABUCH-
MBIX PYHKIUH, T.e. R 6eCKOHETHOMEDHO.

4. R—mpoCcTPaHCTBO MHOI'OWIEHOB CcTemeHn < n — 1.
B mem n mMuOrOwreHoB 1,t,...,t" | ImHEHHO HE3ABUCHMEL

5. B mpocrpancTBe kBaapaTHbIX MaTpul ||ak || mopsa-
Ka 7. BCE MAaTPHUIBI, Y KOTOPHIX HA OJHOM KAKOM-Iu0O Me-
CTe CTOUT EIUHUIA, & HA OCTAIBHBIX MECTAaX HYJIU, JAHEH-
HO HE3aBUCUMEHI.

B mpumepax 1, 2, 4 u 5 MBI HamUIL CHCTEMY TaKUX
JUHEXHO HE3aBUCUMBIX BEKTOPOB f1,..., fn, ITO KaXIBLIN
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BEKTOD ¢ €CTh UX JUHEUHAs KOMOWHANUA. 1ToOB ycTaHO-
BUTH, ITO PA3MEPHOCTH KAXKJAOTO U3 DTUX IPOCTPAHCTB
PaBHA IUCIY BEKTOPOB f1,..., f;, HAM OCTaeTCA JOKA3aTh,
ITO B OTUX HIPOCTPAHCTBAX HEIb3A HAUTHU NPYTON CUCTEMBI
JUHEUHO HE3aBUCUMBIX BEKTOPOB (1,...,J; B KOJIUIECTBE,
IpeBOCXOAAmEM 7. BToT GakT MOXHO BHIBECTH U3 CJIELY-
OIIEeN IOJE3HON JIEMMBI, KOTOPOU MBI HEO THOKPATHO Oy 1eM
MOJB30BATHCA U B HAJTLHEUAIIEM.

Jlemwma. Iycmp 6 aunetinom npocmpancmase 3adana
cucmema u3 86eKmMopos

f17 ] fk'
ITycmo, daaee, kasxcdvild uz sexmopos
gi,---5 91
ecmb AUHETHGS KOMOUHAYUS 6ekmopos fi,..., fr. Toeda,
ecat 8eKMopwl gi, .. ., g; AuKelino Hesasucumbvl, mo | < k.
[lpyrumu ciaoBaMu, Cpenu JUHEWHBIX KOMOWMHAUIWMUA K
BEKTOPOB f1, ..., f; HE MOXET OBLITEL GOJbIIe YeM k IMHEHO

HE3aBUCUMBIX.

JokasaTeabcCTBO JEMMBI IPOBEIEM IO WHAYK-
uuu. bpu k£ = 1 ona oveBmaua. bpeamomoxum, 9T0 IeMMa
BepHa Mg k — 1 BekTOpoB fi,..., fr_1, I JOKAXeM IIPHU
DTOM, ITO OHA BEpHA M1 k BEKTOPOB.

Urak, mycTs cpenu IMHEMHBIX KOMOMHAIIMYA BEKTOPOB

Jio-o5 fi

€CThb JIMHETHO HE3aBUCUMBIE BEKTOPHI g1, . . . , §i:

g1 = o fr + ...+ o fr,
g2 = o1 f1 + ... + s fr,
(5)

g =anfi+...+aufi

Bam mamo mokasars, uro | < k. Ecam Bce xoaddunuen-
THI IpU f}, PABHBI HYIO, JEMMa [OKA3aHA, TAK KAK B DTOM
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clIydae, IO OPEeJIONOXKEHUI UHAYKIAW, AMEeT MeCTO pa-
BercTBo | < k — 1, a sHaumT, u mogasuo, [ < k. Bycrn
XOTA OBl OWH U3 KO3 PUIUEHTOB NpU fj, HATIPAMED Qf,
HEe paBeH HyI0. UTO6GB IPOBECTYU UHIYKIIWIO, MBI TOCTPO-
uM | — 1 HOBBIX JUHENHO HE3ABUCUMBIX BEKTOPOB, KOTOPHIE
OyIyT JUHEUHBIMA KOMOWMHAIUAMYA BEKTOPOB f1,..., fr_1.
[l 5TOrO M3 MOCAETHETO0 PABEHCTBA BHIPA3ZUM f:

Jr—1.

1 agq

Te=gro =g

_ ALk—1
QL k

Bro BRIpaxeHme nas fr moaCTaBMM TENnepb B KaxXI0€ U3
nepsbix | — 1 pasencts (5) m cobepem mMOZOGHBIE <IEHBI.
Mpb1 momyvmM paBeHCTBA CIEAYIOMETO BUIA:

(04
g1 — igl =pBufi+...+ Brr-1fe—1,

g2 — —gl Borf1+ ...+ Bok—1fr—1,

k
g =0-11fi+.. .+ Bt k—1fr-1.

Bru paBencTBa 03HAYAIOT, ITO KaX LI 13 | — 1 BEKTOPOB

g’ =g alkg g' s Q| 1k
1 — 91 — s ey -1 — Yi-1—
Qi Qg
€CTh JUHENHAd KOMOMHAIMA BEKTODPOB f1,..., fx—1. HEc-

JAM MBI JOKAXEM, ITO OHW JAHEUHO HE3ABUCUMBI, TO, IIO
IPEAIONOXEHIIO NHIYKIAT, OTCIOAa Oy IeT CAeIOBATH, ITO
l—1<k—1T.e.l <k

TakuM 06pa3oM, HaM OCTAIOCH MOKA3aTh, ITO BEKTO-
PHL g}, ... ,9]_, JTMHEHHO He3aBUCHMBL. Bo »To mourm owe-
BUHO. [[eACTBUTENABHO, IPENIOMOKAM, ITO Al, ..., A\j_1 —
TaKue IuCIa, ITO

Alg'l +...+ >\z—1gf,1 =0,
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T.€. ITO

a Q|—1,k
A1 <91 - ﬁm) +..+ N (gz1 - a—lkgz> =0.

BackpriBas cKoOKM, ITOLYIaeM:
Agr+Aege+ .o+ o191 —

ap_
- <>\1% + ... —|—>\l1ﬂ> g =0.
Qi Qi

Tak kak BEKTOPHI g1, .. ., ] JAHENHO HE3ABUCUMBI, TO BCE
K03 PUIUEHTH B MOCIETHEM PABEHCTBE PABHBI HYJI. B
YACTHOCTH, A\] = A2 = ... = N\j_1 = 0, a 3T0 03HAYAET, ITO
BEKTODHI ¢!, ..., g, | ITMHEHHO He3aBUCUMBEIL. JleMMa moaHo-
CTBIO TOKA3aHA.

W3 moxaszaHHOUW JeMMBI BBITEKAET CAEAYIOMIWHA, IACTO
OKA3BIBAIOIIUNCS MOJE3HBIM PE3YIbTAT: €CAU 6 NPOCMPaH-
cmee R cywecmeyiom k aunetino He3a6ucumblis 8eKmMoOpos
f1, -+, fx maruz, umo Kaxcdwili sexmop u3z R ecmb uzx Au-
Helnas Kombunayus, mo npocmpancmseo R k-mepro.

JloKa3aTeabCTBO DTOr0 (PAKTa, BBUAY €0 MPOCTOTH MBI
OCTABIAEM YUTATEIIO.

B xaxmom u3 npumepos 2, 4 u 5 Takas cucrema ObLra,
BoiOpana. Takum 00pa3oM IMOKa3aHO, YTO B IpUMEpPax 2
7 4 pa3zMepHOCTH MPOCTPAHCTBA PABHA N, a B IpuUMepe H
Pa3MEepHOCTD MIPOCTPAHCTBA PABHA N°.

Yunpaxuenue. Ilokazars, 4To ecaiu BeKTODHL fi, ..., fi, BXO-

OAIME B yCJIOBUE JEMMBI, IUHETHO 3aBUCUMEL, TO | < k (a He TOIBKO

1< k).

3. Basuc u KOOpPAMHATEL B 71-MEPHOM IIPOCTPAHCTBE.

Ounpemeanenue 4. Co8okynHocmsd N AUHETHO He-
308UCUMBIE BEKMOPOB €1,€9,. .. ,En MN-MEPHO20 NPOCTPAH-
cmea R wasvieaemcesa 6a3ucom 6 R.

Banpumep, B mpocrpamcTrBe R, pacCMOTPEHHOM B
npuMepe 1 (TpexmepHOM mnpocTpaHcTBe), Gasuc obpa-
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3yiloT JioOble TPU BEKTOpa, HE Jexalue B OIHOU
IIOCKOCTH.

Bo ompenenenuio n-MepHOro IpPOCTPAHCTBA B HEM Cy-
MIECTBYET 7, JUHENHO HE3ABUCUMBIX BEKTOPOB, T.€. CyIIe-
cTByeT Oasuc.

Hoxancem, umo npouzsoabuyo cucmemy ud k aurneti-
HO HE3A8UCUMBLY 8ekmopos f1,..., fr, 2de k < n, momxcHo
donoanums do 6a3uca 6 n-meprom npocmpancmse R.

Byctb eq,...,e, —xakou-mmb6o Gasuc B R. Ecam 6w
KaX B U3 BEKTOPOB €1,...,€, OBLI JUHEUHOU KOMOUHA-
Iuer BEKTOPOB f;, TO, CONIACHO JeMMe, Mbl UMeIu ObI, ITO
n < k, B TO BpeMaA Kak, II0 IPEANOIOXeHno, k < n. 3Ha-
9T, CPEAU BEKTOPOB €1, . . . , € €CTb XOTA OBl OIWH, HAIIPU-
Mep €p, , He ABIAOIIHACS TMHETHON KOMOMHATIME BEKTOPOB
fi,.-., fr. JobGaBus BeKTOD €y, X f1,..., fr, MBI HOXYTIM
cucremy u3 k+ 1 BEKTOPOB, KOTOPBIE MO-IIPEXHEMY JTAHEH-
HO He3aBUCUMBI (o4eMy?).

Ecaz k +1 < n, TO cpenu BEKTOPOB €, ..., €, CHOBA
€CTb BEKTOD €p,, He ABIAIOIIINACA JUHENHON KOMOMHAIMEH
BEKTOPOB f1,..., fk,€p,. [lo06aBAM U DTOT BEKTOP K CHCTe-
Me. BToT mporecc MOXHO TPOJOIKUTL A0 TEX MOP, MOKA
MBI MOUAEM IO 7, JUHEWHO HE3aBUCUMBIX BEKTOPOB, T.e€.
oo 6asuca. Bror 6asuc cogepxut fi,..., fr, 1 TEM CAMBIM
HaIllle YTBEPXKJACHNE MTOKA3AHO.

Teopewma 1. Kaowduii esexkmop T u3 n-meproz2o
npocmpancmaa R moxcno npedcmasums, u npu mom edun-
CMBEHKbIM 00Pa30M, KK AUHETUHYIO KOMOUHAYUIO BEKMO-
pos ba3uca.

doxasaTeuanbcTBso. Bycrs BekTOpHL €1, €3, ...,€E5,
ob6pasyroT 6asuc B R. Bpucoeauanm Kk HUM IPOU3BOJILHBIT
BekTOp x u3 R. BekTopos z, €1, €3, ..., ¢, yxe n+1. Bosro-
My IO ONPEIENeHUIO N-MEPHOI'0 MPOCTPAHCTBA OHU [OJIXK-
HBI OBITH JUHENHO 3aBUCUMBI, T. €.

aoT + are] + ases + ...+ aye, =0, (7)
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rjle He BCE (v; PABHBI HYJIO. JUCIO ¥y 3aBEJOMO OTIUIHO
OT Hyxs, TakK Kak mHade u3 dopmyast (7) cregoBana Obl

JUHEVHAsA 3aBUCUMOCTDb BEKTOPOB €1, €2, . .. , €y,
Bripasum u3 (7) BekTOp
(&% (0% 0%
=M, — Loy — ... - e,
o %)

Mb1 gokasanu, 9TO Kaxaelil BEKTOP - € R *) ecTh nunen-
HasA KOMOWHAIAA BEKTOPOB €1, €3, .. ., €p.

[lokaxeM Temepsb eIUHCTBEHHOCTD MOJYIeHHOT'O PAa3JIo-
KEHUA. Bpenmnosoxum, ITo CymecTBYIOT NBA PA3IOKECHU:

$25161+5262+...+§n6n

r=_E&er+Ees+...+& e,

BI)I“II/IT&?I, IOy 1M

0= (& —&er+ (Lo —&lea+ ... + (&n — &)en.

Taxk kak ey, eo,...,€e, JUHEHHO HE3ABUCUMEI, TO DTO BO3-
MOXKHO JINIIb, €CIN
! ! _ !
-G =L §G=...=,—§ =0,
T.e
_ ! _ ! _ ¢!
51_517 52_527 RS §n_§n
EauHCTBEHHOCTD PA3IOKEHU JOKA3AHA.
Ounpenpgeaenune 5. FEcaueq,eo,...,e, ecmb 6a3uc
8 N-MEPHOM NPOCMPAHCMBE U
r=§1e1 +&2ex + ...+ Epen, (8)
mo wucaa €1, &2, ..., &y HA3BIBAIOMCS KOOPIUHAMAMY BEK-
mopa T 8 6a3uce €1,€9,...,6,.
Teopema 1 osmadaeT, 4TO npu 3adammom Oasuce eq,
€2, ..., En KAKHCILL BEKMOP UMEET KOOPIUHANBL U NPUMOM

00H03HAUNHO Onpedesennble.

*) 3ammcws x € R o3HavaeT, ITO £ npuHAAIexRuT R.
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Ecnu BekTop = mmeer B 6asuce e, es, ..., e, KOOPAUHA-
THI 517 527 s 7§n7 a BEKTOD Y — KOODAWUHATHL 1)1, 7)2; - - -, T]n,
T. €. eCIN

z =&1e1 +&ex + ...+ Epep,
Yy =mner+ne2+ ...+ Npen,

TO

r+y= (& +mer + (&2 +m)ea+ ...+ (& + mn)en,

T.e. BEKTOD ¥ + y uMmeeT koopauHatTsl &1 + 11,82 + 12, . ..
ooy &n + . BexTop Az mmeer koopamHATHL A1, Aés, ...
e, A

Takum 06pa3zoOM, nNPU CAOHCEHUYU BEKMOPOS T U Y UL
Koopdunambl craadvisatomes. Ipu ymmosxcenuu sexmopa
Ha YUCAO A €20 KOOPOUHAMbBL YMHOHCAIOMCA KA IMO YUCAO.

AcHo Takxe, ITO HyIEBOU BEKTOP, U TOJIHKO OH, IMEET
BCE KOOPAWHATHI PABHBIMU HYJIIO.

Bpuwmepsl. 1. [aacrydas TpexMepHOroO IMPOCTPAH-
CTBa HAIE OIPEAETICHNE KOOPAUHAT BEKTOPA COBHALAET C
AMEIOMAMCA B AHAIUTUIECKOU I'€OMETPUM OIpPeAeTIeHIeM
KOOD/MHAT BEKTOPA B HEKOTOPOU (BOOOIIE FOBOPA, HE MPS-
MOYTOJBHOM) CUCTEME KOODAUHAT.

2. Bycrs R—mnpoCTpaHCTBO, BEKTOpPaMé KOTOPOT'O
asastorca cucrembl £ = (&1,&2,...,&,) m3 n aucen. Bosb-
MeM Gasuc (CM. ynpaxaeHue Ha ¢Tp. 13)

er = (1,1,1,...,1),
€2

I
—
<

—_

—
‘:—t
~

en = (0,0,0,...,1).

Baugem xoopamHATHL 7)1,7)2,...,7, BEKTOpa I =
= (&1,&,...,&,) B oTOM Gasuce. Bo onpegenenuio

r=mer +nex+ ...+ npenp,
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T. €.

(517627"'3571/) :n1(131771)+n2(031731)+

+1(0,0,...,1) = (n,m +m2, - A m2 o).
Takum oO6paszoMm, ducaa 101,12, - - .- , p HAXOOATCA U3 CIELY-
FOLIeN CUCTEMBI yPABHEHUN:

m= 517
m +n2 = o,

m+n+...+n0, =&,

OTKYZa

m=%&, m=&—&, ..., Mh=E& —&—1.

Baccmorpum Teneps B R 6a3uc, B KOTOPOM CBSI3b MeX-
oy koopamHaTtamu BekTopa x = (&1,&9,...,&,) U ducua-
mu &1, &9, ..., &, OIPENEIAONIAMEA 3TOT BEKTOP, Haunbosee
npocra. Bycts

Torga

z=(£,8,...,6) =
=£1(1,0,...,0) +£5(0,1,...,0) + ... +£,(0,0,...,1) =
=&er +&e+... .+ Een.
Taxkum o6pasom, 6 npocmparcmee R, 2de xanxcdviti sex-

mop onpedeasemca rkax cucmema n wuces (E1,€2,...,&n),
MU YUCAG MONCHO MPAKMOBAMb KAK KOOPIUHAMbL 6eK-
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mopa © = (£1,&2,...,&,) 8 6asuce ey = (1,0,...,0), es =
=(0,1,...,0), ..., e, = (0,0,...,1).
Yupaxuenue. [lokaszars, 4TO B 11060M Hasuce
e = ((111,(112,~~~,a1n);
e2 = (az21,a22,...,02,),

en = (An1,an2,-..,Qnn)
KOOPAWHATEL 11,12, - . . , o BekTOpa T = (£1,&2,...,&n) CyTH ImMHEN-
Hele koMOuHanuy qucern 1,82, ...,&xq.

3. R— mpoCTpaHCTBO, BEKTOPAME KOTOPOT'O SABJIAIOT-
CA MHOTOWIEHHI cTemeHn < 7 — 1. BpocrenmmM Gasucom
SABIAETCSI COBOKYIHOCTH BEKTOPOB €1 = 1, eo = ¢, ...,
en = t" 1. Koopgumaramu mmorowriena P(t) = agt" ! +
+ alt’“2 + ...+ a,_1 B oTOM Dasuce ABIAIOTCA, KAK JETKO

BHAETH, er0 KODMPUIUEHTHL A, A1, .. ., 0p_1-
Bribepem Teneps apyrou Gasuc:
I I ! 2 I n—1
e1=1e=t—a, es=(t—a) ..., e, =({t—a)"" .

Kaxgpin muorowren P(t) moxer 6uiTh 1o dopmyne Ten-
JOpa IpeCcTaBIeH B BALE:

pn—1)
P(t) = P@) + P@)(t— )+ ...+ T (e 0y,
Takum o6pasom, B sToM Gasuce P(t) umeeT KOOpAUHATHI
/ P(n_l)(a)
P(a),P (a),...,m.

4. N3omopdu3M n-MepHBIX IPpOCTPaHCTB. B paszobpan-
HBIX BBIIIE IIPUMEPAX HEKOTOPHIE IMPOCTPAHCTBA, C TOUKHU
3PEHUA PACCMATPUBAEMBIX 3[€Ch CBOUCTB HE OTIUYAOTCSH
IPYT OoT apyra. TakoBwl, HaIpUMep, OOBIYHOE TPEXMEPHOE
npocrpancTso R npumepa 1 u npocrpancTso R/, B KoTO-
POM BEKTOPBHI OIIPEAEIAIOTCA KAK TPOUKN JEACTBATEAbHBIX
qucena. B camoMm gene, BEIOpaB B R onpeneneHHYIO0 CUCTEMY
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KOOPIWHAT, MBI MOXEM KaXK JOMY BEKTOpPY u3 R mocTaBuTh
B COOTBETCTBHUE COBOKYIMHOCTH TPEX €ro KOOPAWHAT, T.e€.
BEeKTOp IpocTpancTsa R'. Bpu cioxernn BEKTOPOB KOOpP-
OAHATH UX CKIAJBIBAIOTCA, & MPUA YMHOXEHWUM HA HGHUCIO
BCE KOOPAWHATHI BEKTOPA YMHOXAITCA HA TO Iuciao. bo-
DTOMY reoMeTpudeckue (PaKTHI, BHITEKAIOUIUE U3 OIpPee-
JIEHUA JUHEUHOT'O MPOCTPAHCTBA, KOTOPHIE UMEIOT MECTO
B R, MBI MOXeM mapajlIelbHO M3IOXUTL KaK B R, Tak u B
npocTpancTee R Tpoek [ucerr.

Bockoabky equHCTBEHHBIME OTIEPAIUAMEI, KOTOPHIE BBE-
IEHbI B JUHEWHBIX MPOCTPAHCTBAX, SABIAIOTCA OMEPAIA
CIOXKEHUsA BEKTOPOB M YMHOXEHUsA BEKTOPA HA YUCJIO, TO
€CTECTBEHHO BBECTH CJAEAYIOIIEe

Ounpenpmeaenune 6. Jlunetinvie npocmpancmsa R u
R’ nasvisaomes uszomopPruimu, ecau mexrcoy 6exmopami
z € R u sexmopamu ' € R' moxcno yemanosumo 63a-
umMHo 00n03HaAuNOE coomeemcemeue *) x < ' max, wmo
ecau 6eKmopy T coomeemcmeyem sexmop ', a eexmopy
Yy coomeemcmsyem eexmop y', mo

1° eexmopy x +y coomeemcmeyem sexmop x' + vy,

2° sexmopy A\x coomeemcmeyem 6exkmop Az’ .

W3 ompegenenus wsomopdusMa ClIeqyeT, UTO eciau

Z,Yy,... —BeKTOpel W3 R, a x’,y,... — cooTBeTCTBYyIOMMIE
uM BeKTOpH 3 R, To pasencTsBo Az + py + ... = 0 pas-
HOCMIBHO paBeHCTBY Az’ + py' + ... = 0. CregoBarensHo,

JUHENHO HE3aBUCUMBIM BEKTOpaM 3 R COOTBETCTBYIOT -
HeWHO He3aBUCUMBbIE BeKTOphbl u3 R', m o6paTHO.

BosaukaeT BOmpoc, Kakue MPOCTPAHCTBA U30MOPQHBI
Mexay coOOU U KaKue HeT.

*) CooTBercrBHe, YCTAHOBICHHOE MEXAY DIEMEHTAMHA ABYX MHO-
xecTB R u R', Ha3BIBACTCA B3AMMHO OJHO3HATHEIM, €CJIM:

1° xaxgoMmy saeMeHTy u3 R COOTBETCTBYET OOUH U TOALKO OIWH
saemenT u3 R,

2° KaxOBI DIeMEHT w3 R COOTBETCTByeT mpH 3TOM OJHOMY I
TOJBKO OJHOMY daeMeHTy u3 R.
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Asa npocmpancmea paziuunoti pasmeprocmu 3a6edo-
MO He uzomopduvt dpye dpyey.

B camom gere, mycts R m R’ mzomopduer. U3 caeran-
HOT'O BBIIIE 3aMEYAHUA CAEAYET, ITO MAKCUMAIHLHOE TUCIO
JWHEMHO HEe3aBUCUMBIX BEKTOpoB B R m R’ omHo m TO Xe,
T. €. pasmepHOocTE npocTpancTs R u R’ pasuer. Cregosa-
TEIBHO, MPOCTPAHCTBA PA3IUTHON PA3MEPHOCTH HE MOTYT
OBITH MEXIY COOOU M30MOP(QHEL.

Teopewma 2. Bcenpocmpancmea, umerowue 00wy U
My Hce PA3MEPHOCTL N, U0MOPPHbL Ipye dpy2y.

MDoxaszaTeabcTBo. Bycrb R u R'— gBa n-mep-

HBIX IpocTpaHcTBa. Beibepem B R 6asuc ej,ez,...,6, U B
R’ xaxou-mu6o Gasuc €}, €h, ... el,. BoctaBum B cooTBeT-
CTBUE BEKTODPY

r=%&e +&e+ ...+ ey, (9)
BEKTOp

x' = E1e] + &en + ..+ ey,

T. €. INHENHY0 KOMOMHAIINIO BEKTOPOB €, ¢ TeMHU Xe K0odd-
dunuentamu, 9To u B (9).

BTo coorBeTcTBHE B3amMHO OAHO3HAYHO. B camoMm me-
Je, KaXIBIM BEKTOP T MOXET ObITH OJHO3HATHO IIPEACTa-
Bred B Buge (9). Bosromy wucna &;, a 3maquT, u BeKTOp ',
OIIPENeNAI0TCA IO BEKTOPY & ONHO3HAYHO. BBUIY paBHO-
IpaBHOCTH, B HAIIEM IIOCTPOEHUH, MPOCTpPaHCTB R u R/,
KaxJoMy ' oTBedaeT dieMeHT u3 R M IpUTOM TOJIBKO
ONTVH.

W3 ycTaHOBIEHHOrO 3aKOHA COOTBETCTBUSA CPA3y CACITY-
er,9roectn T <> ' my <>y, ro x+y < '+y' u \x < A\,
Nzomopdusm npoctpancts R u R, Taxum o6pasom, noka-
3aH.

Wrak, enMHCTBEHHOU CYIIECTBEHHOU XaPAKTEPUCTUKON
KOHETHOMEPHOT'O JUHENHOIO MPOCTPAHCTBA, ABIACTCA €TI0
Pa3MEpHOCTb.
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B §3 bl eme BepHEMCS K MOHATHUIO U30MOPPU3MA IO
IPYTOMY TIOBOLY.

5. BoanpocTpaHCcTBa JHHEMHOT'O IIPOCTPAHCTBA.

Onpegenenue 7. Iodnpocmpancmeom R' npo-
cmpancmsa R wasvieaemcs cosoxynnocms saemenmos
u3 R maxuz, ymo owu camu ob6pa3yrom auxeldnoe npoc-
MPAHCMBO OMHOCUMEsdbHO Ydce deedennbly 6 R onepayud
CAOHCEHUA U YMHOHCEHUA KO UUCAA.

Wuave roBOpA, COBOKYNHOCTL R’ bI1eMeHTOB ,y, ... U3
R o6pasyeT JuHERHOE MOAIPOCTPAHCTBO MPOCTPAHCTBA R,
ecmums z € R,y € R crenyer z +y € R', \x € R'.

Bpuwmepsl. 1. BymeBoe mnoampocTpaHCTBO, T.e.
IOATIPOCTPAHCTBO, COCTOAIIEE U3 €IUHCTBEHHOT'O SJIeMEH-
Ta — HYyJIA.

2. Bce mpocTpanctso R.

BymneBoe moampocTpaHCTBO U BCE MPOCTPAHCTBO HA3BI-
BalOTCA OOBIYHO HECOOCMEEHHbLIMY IOAIPOCTPAHCTBAMHA.
Bpusegem meckorpko 6osee COAEPKATEABHBIX IPUMEDOB
MIOAIIPOCTPAHCTB.

3. R— TpexmepHoe mpocTpaHcTBO. baccmoTpum Ka-
Ky10-1ub0 miockocThs B R, mpoxomsiryio depe3 HadamIo KO-
opaunat. CoBokymHOCTb R’ BCeX BEKTOPOB, JeXalluX B
DTOU IUIOCKOCTH, €CTh IOANPOCTPAHCTBO.

4. B mpocTpaHCTBE, BEKTOPAMHU KOTOPOILO SABIAOTCI
cucremsl n aucen z = (£1,&2,...,&,), COBOKYIHOCTb BCEX
Tex BeKTOpoB = = (&1,&9,...,&,), aaa koropeix & = 0,
ofpasyeT MOANIPOCTPAHCTBO. Bomee 06110 COBOKYIHOCTD
BeKTOpOB T = (£1,&2,...,&,), VAOBIETBOPSIOUINAX YCIOBUIO

a1+ axés + ... +anéy, =0,

rae ai,ag, ..., 0, — KaKue-TO (PUKCUPOBAHHBIE YUCIA, 00-
pa3yeT moIrpoCTPaHCTBO.

5. B mpocTpaHCTBe BCeX HEPEPBIBHBIX (PYHKIIMHA COBO-
KYIHOCTHh MHOI'OYWIEHOB CTENEHUW < T ABIAETCI HOIIIPO-
CTPAHCTBOM.
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O4eBmrIHO, 9TO BO BCAKOM MOAIPOCTpaHcTBe R Kakoro-
au6O MPOCTPAHCTBA R COMEPKUTCA HYJIEBOU DIEMEHT IIPO-
crpaucTBa R.

Bockonabky mai060e mOATPOCTPAHCTBO caMoO O cebe
SABIAETCA JUHEMHBIM MPOCTPAHCTBOM, TO BCE TAKUE IMOHA-
TUA, KAK 0A3UC, TIUCIO M3MEPEHWU IMPOCTPAHCTBA U T. 1.,
KOTOpBIE MBI BBEJIU BHIIIE, IPUMEHUMEL U K OAIPOCTPAH-
crBaM. Tak Kak B MOAIPOCTPAHCTBE HE MOXET OBITH 6OJIb-
e JIUHENHO HEe3ABUCUMBIX BEKTOPOB, I€M BO BCEM IIPOCT-
PAHCTBE, TO PA3MEPHOCTL 4100020 NOINPOCMPAHCMEA He
nPesoCToduUm PA3MEPHOCMU BCE20 NPOCMPAHCMBA.

Ynpaxuenna 1. [Joxka3aTh, ITO eCIH IOAIPOCTPAHCTBO R’
npocTpaHcTBa IR mMeeT Ty xke pa3zMepHOCTE, YTO U BCe IPOCTPAHCTBO
R, To oHO coBnagaer c R.

2. Hoxazarh, 4T0 ecmu R; nu Ry — moampoCcTpaHCTBa IPOCTPAH-
crBa R, u ectu Ri C R> u pasmepHoctu R; u R» coBmajgaioT, TO
R, = R».

B xaxmgom mpocrparncTBe R MOXHO CTPOUTH MOIIPO-
CTPAHCTBA CICAYIOMMUM OOIAM NPUEMOM: BO3bMeM B R
IPOU3BOJIbHOE (KOHEYHOe WM OGECKOHEIHOE) MHOXECTBO
BEKTOPOB ¢, f,g,...; Toraa cosoxynnocmy R ecex aumneri-
HOIE KOMOUHAUUT BbIOPAHHbLIT 8eKkmopos e, f,g,... ecmb
nodnpocmparncmso npocmparcmea R. [lercTBuTensHo,
CKIAbIBasg MeXIy COOOM M yMHOXAasd Ha YUCAa JAHEH-
Hble KOMOWHAIIMKM BEKTOPOB €, f,g,..., MBI CHOBa IIOIY-
UM JWHEUHBIE KOMOMHAIIAY BEKTOPOB €, f, g, ..., T.e. die-
MenTwl 13 R'. BorydyenHoe TakuMm 06pa3oM HOAIPOCTPAH-
ctBo R’ maszwBaeTca noonpocmpancmeom, nopoxrcoeHmbim
gexmopamu e, f,g,... OHO ABIAETCA HAUMEHBIIUM JUHEN-
HBIM IIOAIIPOCTPAHCTBOM, COAEPKAIIAM JaHHBIE BEKTOPBI
e’ f’ g’ tet

Iloonpocmpancmeo R', noposcdennoe aunetino nezasu-
CUMBIMU BEKMODAMY €1, €2, . .., CL, ABAAEMCA k-MePHLIM U
8EKMOPLL €1, €2, ..., €, 00pa3yom 6 nem basuc. [lercTBu-
TenbHO, B R’ mmeeTca cucrema k JMHEMHO HE3aBUCHMBIX
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BEKTOPOB, UMEHHO, CAMHU BEKTOPHI €1, €3, . .., e,. C apyrou
CTOPOHBI, €CIN T1, L2, - - - , L] — MIPOU3BOILHBIE TUHEAHO He-
3aBUCHMBIE BEKTOPHI u3 R’, TO Tak Kak OHUM ABIAIOTCA -
HEUHBIMU KOMOMHAIUAMYA BEKTOPOB €1,€3,...,€L, TO, CO-
rnacuo aemme 1.2, | < k. CrepoBarensno, R’ k-meprO
7 HAGOP BEKTOPOB €1, €3, ..., €, €CTh OJWH U3 BO3MOXHBIX
6azucos B R'.

Yupaxueunne. [lokasars, 94TO0O B N-MEpPHOM IPOCTPAHCTBE
CyIIeCTBYIOT HOAIPOCTPAHCTBA BCEX MEHBIIUX PAa3MEPHOCTEH.

Ecau uckaioanTs u3 pacCMOTPEHUS HE IIPEACTABIAIONICE
WHTEepeca HyJIeBOe IOAIPOCTPAHCTBO, TO CAMBIMA IPOCTHI-
MU ABIAIOTCA OTJHOMEDHBIE IOAIPOCTPAHCTBA. basuc Bes-
KOr'0 TaKOI'0 IOAIPOCTPAHCTBA COCTOUT M3 OJHOI'O BeK-
Topa e;. Takum 06pa3oM, OTHOMEPHOE HOATPOCTPAHCTBO
COCTOUT U3 BEKTOPOB BUJA (€], I'ie o — IIPOU3BOJIBbHOE TH-
CJIo.

DpubaBuM K KaXAOMYy M3 BEKTOPOB (€] ONWH U TOT
XKe BEKTOpP Zg. MBI TONIyYINM COBOKYITHOCTL BEKTOPOB BHIA
T = x9+aey, rae o npoberaetT Bce TUCIA, a €] U Tg — PUK-
CHPOBAHHBIEC BEKTODPBI. BTy COBOKYITHOCTB BEKTOPOB €CTe-
CTBE€HHO, II0 aHAJOT'UM C TPEXMEPHBIM IIDOCTPAaHCTBOM, Ha-
3BATb NPAMOT B IUHEHHOM IIPOCTPaHCTBE K.

Ananoruvno, BekTOpH Buga ey + Pes, Tae €1 u eg —
(pUKCHPOBAHHBIE JIUHEAHO HE3ABUCUMBIE BEKTOPBI, a
“ [ — OpPOU3BOJBHBIE YUCAA, O0PAa3ylT ABYMEPHOE MOj-
npocTpancTBo. COBOKYIHOCTH BEKTOPOB

xr = xo + aer + Pea,
rae o) — PUKCUPOBAHHBIA BEKTOD, MBI HA3BIBAEM NA0CKO-
cmuv1o (AByMEDHOM).

Yupaxueunnsa 1. Ilokazarp, 4TO B IPOCTPAHCTBE, I'L€ BEK-
TOpaMu ABIAIOTCA CACTEMEL 1 teucTBuTeabHbIX aucer (€1, €2, ...,&n),
COBOKYIIHOCTH BEKTOPOB, yAOBIETBOPSAIOUMX COOTHOIIECHUIO

a1€1+ a2+ ...+ an&, =0
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(a1,az2,...,an — GUKCHPOBAHHBIE IUCIA, HE BCE PABHBIE HYJIIO), 06pa-
3yeT MOANPOCTPAHCTBO pa3MepHOCTH 1L — 1.

2. IlokasaTp, 4TO ecau aBa moAupocTpancTBa R u R mpocTpasn-
crBa R mMeoT O0UmM NI HYJIEBOU BEKTOD, TO CYMMa HX pa3Mep-
HOCTEH He IPEBOCXOAUT pasMepHocTH R.

3. IlokasaTh, YTO Pa3MEPHOCTH IO AIIPOCTPAHCTBA, IOPOXK ICHHOI'O
BEKTOpaMU €, f, g, ..., paBHA MAKCAMAJIbLHOMY YUCITY JUHEHMHO HE3ABU-
CHUMBIX BEKTOPOB Cpequ HUX.

6. Bazmoxenue npocTpancTBa R B mpsaMyo cyMMy HOA-
npocrparcTs. CymMmMa M mepecedYeHHe IOAIPOCTPAHCTB.
Byctb 3amaHBl gBa MOAIPOCTPAHCTBA 7-MEPHOI'O MIPOCT-
paucTBa R. O6o3naqum ux R n Ro.

Ounpenmeanenue 8. FEcau xaxcdvid sexmop T npoc-
mparcmaa R mooxcno, u npumom eduncmeennvim 00pasom,
npedcmasums Kak cymmy 08Yyr 8eKmMopos

T =1z + T2,

2de xr1 € Rl, a Ty € RQ, mo 2080pAM, YMo NPoCmMpaHcmMm-
60 R pa3aoHcero 6 NPAMYNO CYMMY no&npocmpancme R1
U RQ.

Bro 06BI9HO 3anKCHIBAIOT TaK:
R=R;® Ry.

Teopewma 3. fas mo2o umobvt npocmpancmeo R
PA3AG2AAOCH 8 NPAMYIO cYymmy nodnpocmpancme Ry u Ra,
docmamouno, wmoow:

1. Hodnpocmpancmea Ry u Ry umesu moavko odum 06-
wut sekmop © = 0 (nyaesoti sexmop).

2. Cymma pasmeprocmeti 3muz noonpocmpaHcms 6biia
pasHa paszmeprocmu npocmpancmea R.

lokasaTeabcCTBoO. BubepeM HEKOTOPHI 0as3uc
€1,...,€ex B mognpocrpancree Ry u 6asuc fi,..., f; B mox-
npoctpaucTse Ry. Bockonbky cymma pasmeprocTen Ry u
Ry ecTb m, TO 00LIEE YUCIO DTUX BEKTOPOB k + [ = n.

Bokaxem, 94T0 BeKTOPHI

€1,---,€k, f17"'7fl
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JWHENHO HE3ABUCHMEL, T. €. 06pa3yioT 6a3uc mpOCTPAHCTEA,
R. [lercTBUTEIBHO, MyCTH

Ater + .o+ e Fprfi o+ fi =05
OTCIOTa

Ater+ .o+ Aep = —pifr — oo — i fi

JleBas 9acTh 5TOr0 PaBEHCTBA €CTh BEKTOD u3 R, a mpaBas
3 Ry. Tak Kax, 1o yCI0BUIO, @ IMHCTBEHHBIN OOMIUA BEKTOP
Ry u Ry ecTb HYJEBOU BEKTOP, TO

Ater + ...+ Apep =0,
prfi+ ...+ fr = 0.

Bo kaxgeii u3 HabOPOB €1,...,e; U fi,..., fi cocTouT
U3 JUHETHO HEe3aBUCUMBIX BEKTOPOB, TAK KaK DTO OA3UCHI
B R u Ry. Bosromy m3 nmepsoro pasenctsa (10) caemyer,
9TO

(10)

Al=...= X =0,
a U3 BTOPOTO CIEAYET, ITO
m:...:ulzo.
CuemoBaTeabHO, CUCTEMA, €1, ...,€eL, f1,..., fi cocrouT

73 7 JMHEMHO HE3ABUCUMBIX BEKTOPOB, T. €. 3TO €CTh 0A3MC
B mpocTpaucTee R.

Mub1 moKa3aau, YTO OPU BHIIOJHEHUN YCIOBUU TEOPEMBI
cymecTByeT 6as3uc, mepBbie k BEKTOPOB KOTOPOro 06pasy-
oT 6asuc B Ry, a mocrequne | —6asuc B Ry.

BpousBonbHBI BeKTOp T M3 R MOXHO Pas3IoXUThL IO
BEKTOpaM dTOoro Hasmca

r=aqrer+ ...t agep +Gifr+ ...+ 6ifi

Bpu sTom
T =ai1e1+ ... +arep € Ry

ze =Pifi+...+Bfi € Ra.
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Takum ob6paszom,
T =1+ T2,

rae x1 € Ry mw xo2 € Ry. BokaxeMm, 9TO 3TO pa3joXeHUe
€IMHCTBEHHO. b peamomoxuM, ITo CymecTBYIOT IBa PA3JIo-
XKEeHU:

r=x1+x9, THe x1 € Ry, x93 € Ro,

n
! / ! !
T =T + Tg, roe I, S Rl, To S RQ.
BerauTas BTOpoe paBeHCTBO U3 IEPBOTO, IOLYTACM:
!/ /
0=2z1 — 27 + 22 — 79,
OTKya

xl—xﬁ:xé—xg.

Tak Kak BEKTOp, CTOAIIANA B JEBOM IACTHU PABEHCTBA,
NpUHAMIERUT Ri, & BEKTOp, CTOAIIMNA B MPABOU TACTH,
NpUHAMIEKUT R, TO KaXABIA W3 DTUX BEKTOPOB PABEH
HYJIO, T. €.

$11 =T,
113’2 = I2.

EguucTBEHHOCTD Pa3iOXKeHus JOKA3AHA.

HJomycTrM, 9T0 HAM 3a[aHO ABA IPOU3BOJBHBIX IIOLIIPO-
crpancTBa Ry u Re nuHEWHOrO mpocTpancTsa R.

Jlerko mpoBepuUTH, YTO COBOKYIHOCTH BEKTODPOB, IIpU-
HAaIIeXANUIX 000UM STUM II0JIPOCTPAHCTBAM, TAKKE €CTh
nognpocTpancTBo Ry nmpocrparcTsa R.

Bro mogmpocTpaHCcTBO HA3BIBAaeTCA nepeceuenuem Ry n
Ry u o6o3HavaeTcs

Ry = Ry N Ry.

Banpumep, eciu Ry m Ry — nBa ABYMEPHBIX MIOIIPO-
CTPAHCTBA TPEXMEDPHOr'0 MPOCTPAHCTBA (ABE ILUIOCKOCTH,
OpOXOISNIE Uepe3 Hadalo KoopauHat), To Ry N Ry ecThb
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ONHOMEDHOE MOAIPOCTPAHCTBO (OpAMad, MO KOTOPOU Iie-
PECEKAITCA STU MIOCKOCTH).

Bo mBym mommpocTpancTtBaM R; m Ry MOXHO IOCTPO-
WTh €ellle OJHO HOAMPOCTPAHCTBO, KOTOPOE HA3BIBAETCA UX
cymmoti. OHO ompeaenseTca CIeAYIOUIM 00Pa3oM.

BexTopamu 5TOro moanpocTpaHCTBA ABIAIOTCA BCEBO3-
MOXHBIE CyMMBI BHIA

r = x1 + T2, (11)

rae x1 € Ry, x2 € Ro.

Jlerko mposepuTh, UTO daeMeHTH BuAa (11) obpasyior
noanpocTpancTBo. bTo moampocTpaHcTBO R Ha3wmBaeTcA
CyMMOU moampocTpancTB Ry u Ry u o603HaaeTCA

R:R1+R2.

3aMeTuM, ITO, B OTJAMIAE OT IPAMOU CyMMBI IBYX MO~
IPOCTPAHCTB, 3aMUCh IeMeHTa U3 R B Buge (11) moxer
OLITH HEOJHO3HAYIHOMU.

Yunpaxuenune. [lokazars, 4TO CyMMa ABYX PA3IMYIHBIX IBY-

MEepHBIX IOAIPOCTPAHCTB TPEXMEPHOI'0 IPOCTPAHCTBa R ecTh Bce
9TO IPOCTPAHCTBO.

Nwmeer MmecTo crepyromas TeopeMa

Teopewma 4. Ilycmv zadawvt dsa mnodnpocmpan-
cmea Ry u Ry npocmpancmea R. To2da cymma pazmepro-
cmeti R1 u Ro pasna pasameprocmu ux cymmbl Naoc pas-
MEPHOCTND NEPECEUECHUA.

HJoxaszaTeasbcTBo. BuilbepeM B mepecevdeHUn
Ry = Ry N Ry 6a3uc

€1y...,€k. (12)
[lomomamM >TOT 6A3KC C OJHOU CTOPOHEL 40 6asuca B Ry:
617"'7€k7f17"'7fl (13)

¥ C APYrou CTOPOHBI q0 Gasuca B Ro:

€1,--,€k, 915+ -+, 9m- (14)
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Bokaxem, 94T0 BeKTOpHI

fl?“‘7fl7617"'7€k7gl7"'7gm (15)

ob6pasyroT 6asuc B cymme R = Ry + Ro.
CHaduana MOKaxeM, ITO 3T BEKTOPHI JUHEMHO HE3ABU-
cuMBI. [[eCTBUTENbHO, IIyCTh

AMfit o ANfit e+t pgep +rigit .+ Vmgm = 0.
Toraa
M+ Nfitper+.. o Fpger = —1191 — - .. — Vmm-

JleBass wacTh DTOrO PaBEeHCTBA e€CTh BeKTOp w3 R, mpa-
Bag —u3 Ro. Takum obpasom, oTa mpaBas 9acThb €CTh Of-
HOBpeMeHHO BeKTOp u3 Ry u u3 Ry, T.e. npunagrexut Ry
U, 3HAYUT, BEIPAKALTCA KAK JMHENHAS KOMOUHAIMS 6a31UCa,
e1,...,er moaupocTpancTea Ry:

—V1g1 — ... — VUpgm = C1€1 + ...+ cpeg.

B cwry aumenHou HesaBucuMOCTH BeKTOpoB (14) »To
BO3MOXHO TOJBKO, KOU'a BCE KOd(PduiumeHTH — Hyau. B
YaCTHOCTH, V| = ... = Vpy, = 0, T.e.

Afir+ o N fi+per + .+ pger = 0.

W3 muaenHOU He3aBUCHMOCTH BeKTOpOB (13) momydaem,
9TO 7 BCe KODPPUIAEHTHL A1, ..., Al, [i1,- - ., bk PABHBI HY-
ao. TakuM 06pa3oM, JTUHEMHAA HE3aBUCAMOCTH CHUCTEMbI
(15) mokasaHa.

BokaxeM Telepb, 9TO BCAKAN BEKTOp £ € R BhIpaxa-
eTcA KaK JHHeHHAd KOMOMHAIMA BEKTOPOB DTOU CHCTEMBL.
Bo onpegeneanio R BEKTOP £ MOXHO IPEICTABATH B BUJE:

T =T+ T2,

rae x1 € Ry, 9 € Ry. Tak xak x; € Ry, TO ero MOXHO
OpeACTaBUTh KAK JUHENHYI KoMOuHAnmMiO BeKTOpoB (13).
Ananoruvso o € Ry v 2o MOXHO NPENCTABATD KAK JAHEH-
Hy0 KoMGuHammio BeKTOpoB (14). CkiragbiBas, MOJLY<UM,
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9TO BEKTOP & NPENCTABUM KAK JUHEAHAA KOMOWHAIIMAS CH-
cremsl (15).
UTax MBI IIOLY9IUIN, ITO BEKTOPLL

fla"'afla €1y--5€ky Jly---,9Im,

C OJHOM CTOPOHEI, JIMHEMHO HE3aBUCUMBI U, C JPYT'OM CTO-
POHBI, BCAKUY BEKTOP U3 R €CTh X THHEeNHAS KOMOUHAIIVA.
B cmry samedanma Ha cTp. 16 orcioga cremyer, 9TO >TH
BeKTOpHI 06pasytoT 6a3uc B R. Ttak, Mbl umeeM k BeKTO-
pos (12), ob6pasyromux 6asuc B Ry, k + [ BekTopos (13),
obpasyromux 6asuc B Ry, k+m BekTopos (14), o6pasyro-
mux Gasuc B Ry, u k + [ + m BexkTopos (15), o6pasymomux
Gasuc B R = R+ R,. YTBepX) neHue TeopeMbl 0OpaliaeTcs,
TaKuM 06pa3oM, B TOXIECTBO

k+0)+(k+m)=(k+1+m)+k.
Teopema moka3saHa.

Yunpaxuenune. lIposepurb Teopemy nqra caydad, korga R
u Ry — gByMepHBIE IOAIPOCTPAHCTBA TPEXMEPHOI'0 IPOCTPAHCTBA.

W3 mokazaHHOU TEOPEMBI CIeAyeT, HAIPUMED, ITO ABYM
15-MepHBIM TOATPOCTPAHCTBAM «TECHO» B 28-MEPHOM TIPO-
CTPAHCTBE — OHHU IEPECEKAIOTCA 0 KPAWHeN Mepe o IBY-
MEpPHOMY HOIPOCTPAHCTBY (IIOCKOCTH). [[elcTBUTENbHO,
cyMMa uX pasMmepHocTen pasHa 30, a pasMepHOCTbL CyM-
MBI HE MOXET, KOHEYHO, IPEBOCXOIUTH PA3MEPHOCTHU BCETO
IIPOCTPAHCTBA, T.e. 28.

Yonpaxuennsa 1. Kakopo HamMmeHbIIee 9UCIO W3MEPEHAU
IPpOCTPAaHCTBA, B KOTOPOM AB€ ILIOCKOCTH MOI'yT IepecedbCsa B TO'I-
xe?

2. Moxasare, uyro ecmu &1 N R2 ecTh HylIeBoe mMOAIPOCTPAHCTBO,
o R = Ri + R» ectb upsmas cymma Ry u R, T.e. R= R @ R».

W3 pesyabTara >TOr0 yopaXHEHUs BUIHO, YTO TEOPE-
Ma 3 DTOr'0 MYyHKTA €CTh YACTHBIA CAydal TeopeMbl 4.

Yupaxueunne. Ilokasars, uTo eciu mmeercs pasimoxenue IR
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B IPAMYIO CYMMY R=Ri &R
=Iu 2,

T0 nepecedenue Ry u R> paBHO Hy[IIO U, CIeJOBATEIBLHO, CyMMa Pa3-
MEPHOCTEN 3>TUX HOAIPOCTPAHCTB PABHA M.

7. Bpeo6pa3oBaHue KOOPIMHAT IIPU U3MEeHEHNH 6a3uca.
Byctb e1,€9,...,e, me), el ... el — nBa 6asuca n-mepHO-
ro IpOCTpaHcTBa. BycTs, falee, Kax B BEKTOD €; BbIPa-
KAeTCsa depe3 BEeKTOPHI mepBoro 6asuca ¢popMmyiaMu

€1 = a11€1 +az1e2 + ... + apieéy,

€y = a12€1 + ag2e2 + ... + ap2ey, (16)

€, = a1p€1 + agpea + ... + appey.

Torga mepexonq oT mepBoro 6a3mca KO BTOPOMY 3aJa€TCA
marpunen A = ||a;;||, ompegeauTens KOTOPOU OTIMYEH OT
HyJ1q *).

O6o3HauuM dYepes &; KOOPpAMHATHI BEKTOPA & B MIEPBOM
Gasuce, a 4depe3 & — ero KOOPAMHATEL BO BTOPOM Gasmce.
Baigem, Kak BHIpaX)aloTCsA KOOPAUHATH & depes &;.

Mz nmeem:

! I I I ! I
z=2E&e +&er+ ...+ e, =8 +Ee5+ ...+ e
BOACT&BHB B 2TO paBeHCTBO BMECTO e;; nx Bpra)KeHI/Iﬂ qe-
pe3 e;, MOLYIUM:
!
r=&e1+6ea+. . HEnen = (a11e1taziea+. . . +apien) +
!
+&5(a12e1 +ager+. . . +anze,)+

+ & (a1ner +aznez+. . .+apnen)-

Tak Kak e; TMHEHHO HE3ABUCUMBI, TO KO3 PUIMEHTHI IPU
HUX B TPABOU U JEBOU YACTAX PABEHCTBA OUHAKOBHI.

*) Ecuau 6b1 onpenemarens MAaTpUnsl A GBLT DABEH HYIIO, TO BEK-
TODBI €1, €5, ..., e, ObLIM 6Bl ITUHEIHO 3aBUCHMEIL.
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Bonxy4aem:
51 = aufll + algfé 4+ ...+ aln&“
Eo = anf] + ands + ...+ ank),

gn = anlé{ + an?fé +...+ anngb

CpaBuum dopmyast (16) u (17). Mexay HuME ecThb aBa
CYIECTBEHHBIX OTIMIAA: BO-TIEPBBIX, IOMEHATACH MECTAMMA
IITPUXOBAHHBIE W HEIITPUXOBAHHBIE OyKBBI M, BO-BTOPBIX,
B ¢opmyrax (16) mpum cyMMUpPOBAHUM MEHAETCA MEPBHIN
uHIEKC, a B popmynax (17) Bropom.

Taxkum oOpasom, koopdumwamuvr & 6eKkmopa T 6 nep-
80M 0a3UCE BLIPANCAIOMCA Uepe3 KOOPIUNAMbL MO20 Hee
sexmopa T 60 6mMopom basuce ¢ nomowpto mampuuys, A’
mpancnonuposannot x A.

BToT pesyabTaT MOXHO IPEACTaBAThL U B APYTOA (HOp-
me. Beummm ypasrenus (17) ormocumremsno &,&h, ... E.
Boxyanm:

(17)

& = b11&1 +biada + ... + bin&n,
€y = ba1&1 + baa + ... + banén,

&L = bnlfl + bn2§2 +...+ bnnfna

rae b, ABIAIOTCA DIEMEHTAMU MATPUIILI, OOPATHOU K Ma-
rpune A'. Taxum 06pa3oM, MBI BHAUM, GTO KOOPOUHA-
mbl 6EKMOPE NPEOOPAZYIOMCA € NOMOWDIO Mmampuyb, B =
= ||bixl, asasrowetica o6pammnoti k A', 20e A" — mampuya,
MPAHCNOHUPOBaNKas K mampuye A, 3adarowet npeodpa-
308aHUE OG3UCH.

§ 2. EBKIMI0BO IPOCTPAHCTBO

1. OnpepneneHne eBKIMAOBA IPOCTPAHCTBA. B mpensr-
aymem maparpade amaenHoe (ad@uHHOE) TPOCTPAHCTBO
OBbLIO OIpEAEeNeHO KAK MHOXECTBO IEMEHTOB (BEKTODOB)
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C 3aaHHBIMU B HEM OII€pAIVAMU yMHOXECHUA Ha TUCIA U
CIOXKEHV.

C moMomIpo 5TUX OMEepaldil MOXKHO C(POPMYIUPOBATH,
9Td TAKOE MPAMadA, MIOCKOCTh, TUCIO U3MEPEHUU MPOCT-
PAHCTBa, 9T TAKOE MAPAICAbLHBIE MPIAMBIE U T. 1.

O gHAKO HTUX MOHATUYN HEJOCTATOYTHO, ITOOH OXBATATH
BCe MHOT006pasume (PaKTOB, COCTABIAIONMX COAEPKAHUE
TaK HA3BIBAEMOU €BKINIOBOU reoMeTpun. bamnpumep, B o1-
HAX TEPMUHAX CIOXKEHUA M YMHOXKEHUI HA UUCIO MBI HE
CMOXEM MOaTh OIpEACJCHUEC [NIWUHBI BEKTODA, yIVia MEXOYy
BEKTOPAMU, CKAJIAPHOTO NMPOW3BEAEHWA BEKTOPOB W T. 1.
BsecTu 5Ty mossTUsA TpOINE BCEro CaeayommM 06pa3om.

BriGepem B kKadeCTBE OCHOBHOT'O TOHATHE CKAJAPHOTO
NPOU3BENEHUA, KOTOPOE OMPENEINM AKCUOMATHIECKH.

B TEPpMUHAX CIOXKECHUA BEKTOPOB, YMHOXECHUS UX HaA IU-
ClIa, W CKAJAPHOTO MPOU3BEAEHUA BEKTOPOB MbI CMOXEM
Pa3BUTH BCIO €BKINOOBY I'€OMETPUIO.

Oupemeanenue 1. Ilydem 2o8opumbv, umo 8 ee-
wecmeennom npocmparwcmee R onpedeseno craasproe
npoussedenue, ecau KaHcAoU nape eexkmopos x,y € R
nOCMAaBAEHO 8 COOMBEMeMBue JeticmsumelbHoOe UUCAO,
Komopoe 0003navum uepes (T,y) npuuem Imo coomeems-
cmeue obaadaem caedyowumy ceoticmeamu (yIOBIETBO-
PAET CIEAYIOMIAM AKCHOMAM):

1° (z,y) = (y,z), m. e. ckaaaproe npoudsedenue cum-
MEMPUUHO.

2° (Az,y) = X(z,y), 2de X — deticmeumenvnoe wuc.ao.

3° (z1+ z2,vy) = (z1,y) + (z2,y) (Jucmpubymusnocmo
CRAAAPHO20 NPOU3BEIENUA).

4° Cranasproe npouszsedenue 8eKmopa ¢ camum cobot
neompuyameavro: (x,z) > 0, u 06pawaemcs 6 nyab, AUULb
ecau x = 0.

AdPunnoe npocmpancmso, 6 KOmMoOpom onpedeseno
cKaasproe npoussedenue, YI08AEMBOPAIOULELE YCAOBUAM
1°4°, mvr nasvisaem e8KAUIOBHIM.
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Bpuwmepumn. 1.Boxsekropamu npocrpancTsa R mbr
OyZeM MOHMMATH BEKTOPBI U3y9IaeMOr'0 B HIEMEHTAPHOU
FeOMEeTpPUU TPEXMEpPHOro mpocrpancTBa (mpumep 1 §1).
CkalapHOe Ipou3BeqeHre BEKTOPOB ONpPeNeIuM KaK Mpo-
U3BeNeHNe UX JIVH HA KOCHHYC YIVIa MeX 1y HuMu. MOXHO
[IPOBEPUTH, 9TO AKCUOMBI 1°—4° MeNCTBUTEILHO BHIOIHE-
Hbl. MBI IPEOCTABIAEM 3Ty MPOBEPKY IUTATENIO.

2. BexkTopaMu npocTpancTBa R MBI Ha30BEM BCAKYIO CH-
cTeMy n IeUCTBATEIbHBIX uucen ¢ = (&1,&2,...,&,). Cio-
XKEHUE BEKTOPOB 1 YMHOXKECHUE UX HA INCJI0 OIIpEAEaINM TaK
(opumep 2 §1):

T+Y= (51 +7717€2+772,---afn+77n)a
Az = (A1, Ao, ..., M),
riae

x:(§17£27"'7§n)7 y:(77177727"'777n)-

CkanApHOE MPOU3BEIeHNE BEKTOPOB T U Y OIpeneaum ¢hop-
MYyJIOu
(z,y) =&m +Ene + ...+ .

Jlerko mposepuThb, 9TO akcuoMmbl 1°-3° mercTBUTENb-
HO BBINOJHEHbI. Akcnoma 4° Takxe CIpaBefinBa, TaK Kak
(z,z) = Y. > 0 u (z,2) = Y& = 0 Tomeko mpm
SLi=&=...=§ =0.

3. Baccmorpum npumep 6osee obmmit, 4em npumep 2.

BekTop mo-mpexHeMy OmpeaeanM KaK COBOKYITHOCTD 7
MeNCTBUTEIbHBIX [mcen. CloxXeHne BEKTOPOB U yMHOXE-
HUEe WX HA 9IUCIa OMPENeInM TaK Xe, KAK B mpuMepe 2.

3aganumca HekoTopou Marpuuen |a;x||. Cxamaproe
MPOU3BEeHNEe BEKTOPOB L U Y OIpeaeauM (OopMyJIon

(,y) = ani&im + aéing + ... + arpéinn +
+ a1 &om + aéone + ... + az,bon, +

+ an1&nm + an2lnn2 + . .. + annnin. (1)
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BOCMOTPHM, KaKue yCJIOBUA HYXHO HAJOXHUTH HA Ma-
rpuny ||a;k||, 9T06GBL BBIpaxkeHue, ompegersemoe GHOpPMY-
aou (1), AEMCTBUTEIBLHO YAOBIETBOPAIO BCEM AKCHOMAM
CKAJIAPHOr'O MIPOM3BEICHUA.

Bemocpencreernon mpoBepkon yOex aeMCca B TOM, ITO
aKCHOMBI 2° U 3° BBHINOJHEHBI I BCAKOM MATPUIHL ||a||.
A Toro ITo6bI OBLIA BHIIOJIHEHA aKCHOMA 1°, T.e. ITOOBI
BhIpaxkeHue (z,y) ObLI0O CAMMETPUYIHBIM OTHOCUTEIBHO I
7 Yy, HeOOXOMUMO M TOCTATOTHO, ITOOBI

ik = Qi) (2)

T.e. 9T00BI MaTpuna ||a;;|| 6p1a cuMMeTpuIHON.
Axkcuoma 4° TpebyeT, 4TOOBI BEIpAKEHUE

(z,2) = Y ainbil (3)

ik=1
OBLIO HEOTPUIATENBHO MLt J00bIX £1,&2,. .., &, 1 obpama-
JOCh B HYJIb, Julllb ecin &1 =&y = ... =&, = 0.

OxHOpPOAHBIM MHOrOUICH («KBagpaTwdHas (HOpMay),
ompeeaseMbint (hopMyaon (3), HA3BIBACTCA NOAOHCUMEALHO
onpedesernnbimM, €CIA OH TPUHUMAET JUIIb HEOTPUIATEN b
Hble 3HAYEHWA U OOpAlaeTCsA B HYyJb, JUIIbL KOTAa Bce &
paBHH Hya0. AKcnoma 4° Tpebyer, cieqoBaTeIbHO, ITOObI
kBagpaTudHasg Gopma (3) ObLIA MOIOKUTEILHO OIPEeNeH-
HOW.

Urax, Beakaa marpuna ||a;;|| 3amaer ckamaproe mpo-
u3BeeHue, onpegeasemoe hopmyaon (1), ecam TOIBKO 3Ta
MaTpHIA CUMMeTpUYHa [ycioBue (2)] u cooTBeTCTBYOMWASL
er kBaapaTuIHas (HpOPMa — IMOJOKUTENILHO OMPEIeTCHHAS.

Ecin B kagecTBe MaTpuist ||a;;|| B3ATH equHIIHYO Ma-
TPHUILy, T.€. MOAOKUTH G; = 1 u a;, = 0 (i # k), To cka-
JAAPHOE mpom3Benenue (xr,Yy) IPUMeT BU/

=1
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7 MBI IIOJYyIUM €BKJINAOBO IIDOCTPAHCTBO, OIPEOCICHHOE B
npumepe 2.

01
Yupaxueunne. [lokasars, uro marpuuna 1 o) Hempurox-

HA U DOCTPOEHUs CKAMLAPHOrO IPOU3BeAeHs (COOTBETCTBYIOMWAL €U
kBagpaTwiHas GOpMa He ABIAETCA MOIOKHUTEIHHO ONPENENeHHON), a

11
MaTPHIIA (1 2) ompeaenseT CKAIAPHOE IPOU3BEAEHHE, YIOBIETBO-

paromee akcumomam 1°—4°.

B manprenmem (§6) OyayT ykasaHbl IPOCTHIE YCAOBUA,
JAIOUMe BO3MOXKHOCTH IPOBEPUTH, Oy€T JU JAHHAA KBa-
apaTuaHas (HOPMa TOJOKUTETHHO OMPENETCHHOMN.

4. BexkTopamu npocTpauacTBa R mbr Oy1em Ha3bIBATH HE-
npepbIBHBIE DYHKINN, 33 IaHHbIE HA HHTEepBaste (a,b); cka-
JAPHOE MPOU3BEACHUE TAKUX (PYHKIUN ONPENeInM KaK WH-
Terpaj UX NpOU3BEIeHUI

b
/ £ (t)g(t) dt.

MoOXHO TIPOBEPUTH, YTO HMPHA TAKOM OIIPEAENEHUYN CKAJIAD-
HOT'O TIPOW3BEAEHUA AKCHOMBI 1°—4° BBHIIOJIHEHHI.

5. Bymem camrars BeKTOpaMu MHOTOWIEHBI OT { CTere-
Hu He Boime 1 — 1. CkanrapHOe npousBeeHne IByX MHOTO-
WIEHOB OIpPENeNnM KaK U B IMPEILIAYIIEeM IIpUMepe:

b

(P,Q) = /P(t)Q(t) dt.

a

Axcmomsr 1°—4° mposepsoTca Kak u B npumepe 4.

2. [avua BekTOpa. Yroa Mexay BekTopamu. Omnpene-
JUM C TMOMOIIBI0 BBEIEHHOrO MOHATUSI CKAJIIPHOTO MPOU3-
BEJICHUS JJIUHY BEKTOPA U YOI MEXIY BEKTODAMU.
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Ounpenpmeanenue 2. Jaunot eexkmopa x 8 e8KAUJO-
BOM MPOCMPARCNEE HA3LIBAECTNCA YUCAO

V(). (4)

[anny BekTOpa x 6yneM 0003HAYATH |Uepes |z .

EcrecTBenno moxenars, ITOOBI yroJa MEXIy BEKTOPA-
MU, IIAHA BEKTOPA W CKAJIAPHOE MPOU3BEACHUE ObLIN CBA-
3aHBI OOBIYTHBIM COOTHOIIEHUEM: CKAJSAPHOE IIPOU3BEICHUE
BEKTOPOB PABHO IIPOM3BEAECHUIO UX [IJIUH HA KOCUHYC yIVIa
Mexay HuMu. Tak Kak B 9ToU dpase CMBICT BCEX CJIOB, KPO-
M€ CJIOB «yTOJI MEXIy BEKTOPaMW», HAM YK€ M3BEeCTEeH, TO
DTUM HPEAIUCHIBACTCA CIeAyIoUee

Oupemeanenue 3. Yeaom mencdy 8eKxmopamu T u
Y Mbl HA308EM UUCAO

(z,y)
= arccos
4 EITk
T. €. IIOJOXKNM
z,y
cosp = {50, 0<p<n (5)

BeKTOpr L U Y HA3BIBAIOTCA OPMO20HAALHbIMU, €CIN YT O
™

MEX Ny HUMHU PABEH T. €. eClIn

57
(z,y) = 0.

C moMouIp0 BBEIEHHBIX MOHATAN MOXHO MEPEHECTH HA
eBKJINOBLI IPOCTPAHCTBA PAJ TEOPEM DIEMEHTAPHOU T'e0-
meTpuu *).

Baccmorpum oxuu npumep. Eciu & # 4y — opTOroHaIb-
HBIE BEKTOPHI, TO Z + iy €CTECTBEHHO CUNTATDH JUATOHAIBIO

*) MoxHO 66110 651, KOHETHO, OIIPELEIUTE EBKINA0BO IPOCTPAHC-
TBO MHA4e, YeM B II. 1, BBeJsA aKCHOMATUIECKY IIOHATUA JINHBI BEKTO-
pa m yraa MexAay BekTopamu (a He ckarapHoe npounssegenue). O nHako
COOTBETCTBYIOIIAA CACTEMa AKCHOM ObLIa ObI 6OJEe CAOKHOMU.
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NPAMOYTOJIBHUKA CO CTOpOHAMU T 1 Y. [okaxem, 9T0
1z +y” = |z* + |y|%,

T.e. K8adpam Jaunbl JUGZOHAAU NPAMOY20AbHUKG DPGBEH
cymme K8aopamos Oaum J8YT €20 HENGPAAAEALHBIL CMOPOH
(Teopema Budaropa).

HdoxaszaTeasbcTBo. bo ompenerenunio KBagapaTa
MIMHBI BEKTOPA

z+y)*=(z+y,z+y).

B cuny aucTpuby TUBHOCTH CKATAPHOTO IPOU3BEAEHN (AK-
cuoma 3°)

(@ +y,x+y) = (z,2) + (z,y) + (y,2) + (4, 9).
B cuny opTOroHAILHOCTH BEKTODPOB & U Y
(z,y) = (y,2) =0.
CuemoBaTeanbHoO,
4+ yl* = (@,2) + (y,9) = |2 + |y,

9T0 U TPeOOBAIOCH JOKA3AThH.
Bty Teopemy wMOXHO O06OOHIUTL: ecAu BeKMOPbL
T,Y,%,... NONAPHO OPMO20HAALHBL, TO

lz+y+z+... 2=z 4y +]z2+...

3. BepaBencrBo Komm-BynsakoBckoro. B nmpegbigymem
OyHKTE y HAC ocTajica mpober. Mbl ompegenwaun yroa ¢
MEX Iy BEKTOPAMHE T U Y (POPMYJIOn

(z,y)
e

st Toro 9Tob6br MOXHO OBLIO ONPENEIUTE (Y U3 DTOrO
PaBEHCTBA, HYXKHO NOKa3aTb, YTO

CoS =

(z,y)
~ ~
21|yl
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nin, 9To TO XK€ caMoe, ITO

(z,y)*

je?yl* =

(2,9)* < (,2)(y,y)- (6)

Bro mepaBencTBo HaswBaeTcia wepasewcmeom Kowu—Ily-
HAKOBCKO20.

Urax, das mozo umobbl umemyv npaso onpedeiumo y2oa
mencdy dsyma sexmopamt, Gopmyaoti (5), mvl doasxrcuvl do-
Kazamv nepasencmso Kowu-Ilynaroscrozo *).

YTO6H JOKA3aTh €ro, pACCMOTPUM BEKTOp T — ty, Tae
{ — IPOM3BOIBHOE AeNCTBUTEMbHOE Iuca0. COrTacHo akcu-
ome 4° CKaIApHOrO MpPOW3BENCHUA

(‘T - tyVT - ty) 2 07
T.e. 0aa Jqoboro t
t2(yuy) - 2t($,y) + (LE,.’E) 2 0.

Mubi BUAUM, YTO CTOSIIANA CIEBA KBAAPATHBIA OTHOCH-
TEIBHO ¢ TPEXWIEH MPUHUMAET JHUIlb HEQTPUIATEIHHLIE
suadenus. CreqoBaTeNbHO, TUCKPUMUHAHT YPABHEHUS

t2(yay) - 2t($7y) + (xvx) =0

HE MOXeT OBITH IIOJIOXKUTEJNBbHBIM, T. €.

(xvy)2 - (LE,lE)(y,y) < 07

9T0 M TPeOOBAJIOCH TOKA3ATh.

*) B mpmmepe 1 m.1 sroro maparpada HET HaJOOHOCTH TOKa-
3bIBaTh 3TO HEPABEHCTBO. r[[eI'/JICTBI/ITe.lII:»HO, TaM B CUIYy OPUHATOI'O B
BEKTOPDHOM MCYUCICHUU OIIPpEACJCHUA CKAJAPDHOI'O IIPOU3BEAECHUA BeE-
(z,y)
|z(lyl
yTIIa MEXIy BEKTOPAMH U MOPTOMY OHA IO abCOMIOTHOU BEIMIUHE HE
upesocxogut 1.

JAINHA €CTh KOCHHYC HEKOTOPOI'O yXKe 3apaHee OIIPpeaeJeHHOI'O
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Yupaxuenue. /Joxkazars, 4TO 3HAK paBeHCTBa B (6) mmeeT
MECTO TOTJa X TOIBKO TOTJA, KOTAa BEKTOPHL T U Y JAHEUHO 3aBUCH-
MBL.

IIpumepsn. Mo goxasamm HepaBeHCTBO (6) A1A akCHOMATIIE-
CKW 33JaHHOT'0 €BKAMJOBA MPOCTPAHCTBA. [la3bepeM, Kak BBITVIAIAT
STO HEPABEHCTBO B MPUBENCHHBIX BhIe (II. 1) mpuMepax eBKJIMJOBBIX
IPOCTPAHCTB.

1. B npumepe 1 mepasencTso (6) He O3HATAET HIIETO HOBOTO (CM.
CHOCKy Ha cTp.41).

2. Tax xax B mpuMepe 2 CKaIApHOE MPOU3BELEHUE 3aaeTCA POP-
MyIou

(x,y) =D &,
i=1
TO

(w,2) =Y &, (W) =>_n;
i=1 i=1

IO>TOMY HEpaBeHCTBO (6) mMmeeT 31eCh BUL:

n 2 n n .
dotm ) < (D) (Do
i=1 i=1 i=1

3. B mpumepe 3 ckanasgpHOe Mpom3BeIeHUe UMeeT BUL:
n
(@,y) = > anim,
ik=1
rae
Aik = Qg (2)

n

Z aix€ile = 0 ©)

ik=1

nast mo6bix ;. Ilosromy HepaseHCTBO (6) 0O3HAaIaeT:
Ecau wucaa air yoosaemsopatom ycaosuam (2) u (3), mo umeem
MECTO HEPABEHCTE0

n 2

Z aipline | < Z air&ik

n n
ik=1 ik=1 ik=1

AikTiMNk

Yupaxueunne. [lokasars, 4T0 ecam 4ucaa a;j yIOBIETBOPsI-
for ycaosusm (2) u (3), To a?, < aiiakk. (Y kasanue. Bubpars B
TOJBKO UTO BBIBEJAEHHOM HEDABEHCTBE CIEHUAILHBIM 00Pa3oM IUCIA

&1, N, M2,y M)
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4. B nmpumepe 4 ckanApHOe NPOU3BeJEeHUE 3aJACTCA MHTErDAIOM
b
/f(t)g(t) dt, mosromy HepaBeHCTBO (6) mmeeT BuA:

/bf(t)g(t)dt 2 </bf2(t)dt-/bg2(t)dt.

IITo HepaBeHCTBO UIpaeT BaXHYIO POIb B PA3HBIX BOIIPOCAX AHAIHU3A.

BpuBenem mpuMep HEpaBeHCTBA, ABIAIOIMIETOCA CJIE-
cTBueM HepaBeHcTBa Komm—bB yHAKOBCKOTO.

s 410601z 6eKMOPO6 T U Y 8 €8KAUIOBOM NPOCTNPGH-
cmee R umeem mecmo Hepasencmso

|z +y| < |z|+ [yl (7)
HJokaszaTeasncTso.

o +yl* = (z +y,z +y) = (z,2) + 2(2,y) + (4,9);
Tak Kak (B cumay HepaBeHCTBa Komu-ByHIKOBCKOrO)
2(z,y) < 2|z[ly|, To
z+yl* = (zty, z+y) < (z,2)+2le|lyl+ (v, y) = (2]+y])%

T.e. [z +y| < ||+ |y|, 4T0o 1 TpeboBamocy gokasaTs. (Cwm.
rakxe §3, cTp. 63.)

Yunpaxuenue. Ilanucars HepaBeHCTBO (7) B KaX OM U3 IPU-
MEepOB €BK/IUIOBLIX IIPOCTPAHCTB, Pa300pPAHHBIX B HAadYale DTOrO IIa-
parpada.

B reomeTpum paccTOSHME MEXAY ABYMA TOYKAMU I
u y*) ompenenseTca Kak MIWHA BEKTOpa T — y. B obuem
CIydae m-MEepHOTO €BKJIMAOBA IIPOCTPAHCTBA 0npedesu
paccmosnue mexcdy T uy Gopmyaot

d=|z—yl

*) Mer 6ygem 0603HAIATH OAHOU U TOU ke GyKBOU BEKTOD U TOT-
Ky, ABIAIOLLYIOCA €r0 KOHIOM (BEKTOPBI MBI IPOBOAUM U3 HATAIa KO-
OpAMHAT, CM. CTP. 7).
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§ 3. OproronaasHbIn Gasuc.
N30M0pdu3M €BKINIOBBIX NPOCTPAHCTB

1. Oproronanbubim Gasuc. B §1 Mb1 BBeqm mOHATHE
6a3uca (cucrembl KOOpAMHAT) abPUHHOIO TPOCTPAHCTBA.
B adduaHOM NpOCTPAHCTBE Yy HAC HET OCHOBAHUU MpeEN-
MMOYUTATH ONHU OA3UCHL APYIUM — TaM Bce 6A3UCHI PABHO-
LpPABHEL ¥).

B eBkimmmoBoM mpocCTpaHCTBE CymeCTBYIOT HamboJee
yao0HbIE 6A3UCH, & UMEHHO OPTOrOHAIBHbIE Oa3uckl. OHu
Ur'PAIOT 3[ECH TY XKe POJb, ITO U IPAMOYT'OIBHBIE CUCTEMBL
KOOPJWHAT B AHATATAICCKOU T€OMETPUMN.

Onpegenenune 1. Ilydem 2080pumb, umo n 8ex-
MOPO8 €1,€3, .. .,6En, KU 00UH U3 KOMOPLIT HE PABEH HY.A10,
00Pa3ym 0PMO2OHAALHBIL 6A3UC 8 Th-MEPHOM EB8KAUIOBOM
npocmpancmee R, ecau onu nonapro opmozonaavhvl. Bex-
Mopbvl €1,€2,...,€, 00PA3YIOM 0PMOZOHAALHBIT HOPMUPO-
B8aHHBIL 6a3UC, ECAU OHU NONAPHO OPTNO2OHAALHBL U UMEIOM,
Kancovil dauny 1, m. e. ecau

1 opu =k,

0 mpm i #k. (1)

(eirer) =

[ust Toro 9To0BI JAaHHOE HAMU OIpeAeNeHre OpPTOro-
HaJBHOTO 0a3uca OBLIO KOPPEKTHBIM, HEOOXOAMMO MOKa-
3aTh, YTO BXO/AIINE B OIIPEAEICHUE BEKTOPHI €1,€9, . . ., €y

*) TOYHBIU CMBICK 3TOr0 yTBEPXK AeHUA TAKOB. Eciu BHIMATEIEHO
IOCMOTPETh IpUBEAEHHOE B §1 nOKasaTeabcTBO m3oMopduaMa ad-
PUHHBIX OIPOCTPAHCTB, TO JErKO 3aMETHUTH, ITO TaM JOKAa3aHO He-
CKOJIBKO 0Ooublne, 4eM CHOPMYyIMPOBAHO, a MMEHHO, NOKA3AHO, UTO
MeX [y ABYMs N-MEPHBIMU IPOCTPAHCTBAMA MOXHO YCTAHOBUTD H30-
MOpP(HOE COOTBETCTBHUE TaK, YTOOLI 3aJaHHLIN 6a3UC OQHOT'O MIPOCT-
PAHCTBA IePeIIeT B 3aJaHHBIA 6a3UC APYTOro MPOCTPAHCTBA. B gacT-
HOCTH, eciu B R 3amaHel oBa 0asmca €1,€2,...,en U €1,E5,...,€0,
TO cymecTByeT n3oMopdHOe oTobpaxenue npocrpancrsa R na cebs,
pu KOTOPOM IIEPBBIA 6a31C IEPEXOIUT BO BTOPOM.
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JEUCTBATEILHO 00pa3yioT 0as3uc, T.e. JUHEMHO HEe3aBUCH-
MBI.
[lokaxeM 3TO, T.e. MOKAXEeM, ITO PABEHCTBO

)\161 + )\262 +...+ Anen =0 (2)

BO3MOXHO JIUIIb, CIA A] = A9 = ... = A, = 0. YMHOXUM
o6e JacTu paBeHCTBA (2) CKAJAPHO Ha e1. Bouayamm:

Ailer,er) + Ae(er,e2) + ...+ Ap(er,en) = 0.
Bo mo onpegereHnio opTOroHaILHOIO H6a3mca

(e1,e1) #0, (e1,ex) =0 mpm Fk #1L.

Cneposarensuo, A\; = 0. Ananormano, ymaoxas (2) cka-
JAPHO HA €3, morydIuM, 9T0 Ao = 0 u 7. 1. Mbr mokasamm,
TaKUM 00Pa3oM, 4TO €1, €3, ... , €, JUHENHO HE3ABUCUMBI.
HrobbI MOKA3aTH CYIMIECTBOBAHWE OPTOrOHAJBHBIX 0a-
3UCOB, BOCIOJIB3YEMCs TaK HA3BIBAEMBIM NPOUECCOM OPMO-
20HAAUBAYUU, KOTOPHIX IACTO BCTPEIACTCA B CE€OMETPUH.
OH cOCTOUT B TOM, 9TO U3 JAHHBLIX JUHENHO HE3ABUCUMBIX
BEKTOPOB f1, ..., [ CTPOATCA M MOMAPHO OPTOrOHAIBHBIX
BEKTOPOB €1, . . . , €.
Omnummem »ToT mporecc. BycTh maHbI m TUHETHO He3a-
BUCUMBIX BEKTOPOB [1,..., fm.
Bo sTuM BeKTOpaM MBI TOCTPOUM IMPOIECCOM OPTOTO-
HAJIU3AIAA 17 TTOMAPHO OPTOTOHAIBLHBIX BEKTOPOB.
Bomoxum e; = fi. BekTop ey 6ymem umckaTh B BuUe:
es = fo+ aey. Hucao a mogbepem Tax, 9To0H (€2,€1) = 0,
T.e. (fo + aep,e1) = 0. Orcroga
(f2,e1)
(e1,e1)”
Bpenmnonoxum, 94T0 MOTAPHO OPTOrOHAILHBIE U OTJIUY-

HBIE OT HYJSI BEKTOPHI €1,€9,...,€L | y¥XE€ MOCTPOEHHI.
BekTop ej mmem B Bume:

ex = fr +Ater +... + Ap1eg1, (3)
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T. €. BEKTOD € MBI IIOJNYy'Ia€M U3 BEKTODA fk «ACIIPABJICHU-
eM» ero C MOMOIIbIO JUHEHHON KOMOMHAIMU YKe IMOCTPO-
€HHBIX BEKTOPOB €1, €2, ... ,Ck 1.
Koo punmernTsr Ai, Ao, ..., A\p_1 HAXOOUM U3 YCJIOBUSI
OPTOTOHATLHOCTHA BEKTOPA
CL — fk + )\161 +...+ )\k_lek_l
K BEKTOPAM €1,€9,...,E% 1!

(fk+)\lel+---+>\k71€k,1, 61) :0,
(fk+)\lel +---+>\k716k,1, 62) :0,
(fe + Aier + ...+ Xg1ek—1, ex—1) =0.

Tak Kak BEKTOPHI €1, €2, ..., €6, 1 TOMAPHO OPTOrOHAIBHBI,
TO OTU PABEHCTBA 3aIUCHIBAIOTCA B BUJE:

(fr,e1) + Ailer,er) =0,
(fr,e2) + Az(ez,e2) =0,

(frrer—1) + A—1(ex—1,€x-1) = 0.

Orcroga
)\1 :_(fkael) )\2:_(fk762)
(e1,€1)’ (e2,€2)’ ’
(4)
N s = _Seer—1)

k—1 = — 7. -

(ek—1,€k-1)
[lo cux mop He OBLIO WMCIOAB30BAHO TO, YTO BEKTO-
pet f1, fo,..., f;n JUHENHO He3aBUCUMBbI. MBI HCHOIB3Y-

eM DTO NpU [JOKA3ATEILCTBE TOrO, YTO I[MOCTPOECHHBIN
BEKTOD €} OTJAUYEH OT HYJA. 3AMETHUM IIPEIBAPUTENb-
HO, 9TO BEKTOD €, eCTb JUHEUHAs KOMOWHAIUA BEKTO-
pOB e1,€9,...,€x 1, fr- DO BEKTOp e 1 MOXHO 3ame-
HUATH JUHEMHOW KOMOWHAIMEN BEKTOpA fr_ 1 U BEKTOPOB
€1,€2,...,6g_o u T. 1. OKOHIATEILHO MBI IOMYIaEM, TITO
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BEKTOD €f 3allUChIBACTCA B BUIEC

er =a1fi +asfo+...+ap_1 -1+ [ (5)

Teneps sicHO, 9TO e # 0. [leNCTBUTEIBHO, B HIPOTHUB-
HOM CIydae IpaBasd 49acTh paBeHCTBa (D) Obuia ObI Hy-
JIeM, 9TO IPOTUBOPEYIUT JUHEMHON HE3ABUCUMOCTH BEKTO-

poB f1, fo,..., fr, Tak Kak Koo PumenT mpu fr pasex 1.
Urak, nokazano, aro ey # 0.

Mgl IOCTPOWIN IO BEKTOPAM €1,€9, ...,€6x_1 U fi BEK-
Top er. Takum xe o6pasoMm mO ej,ey,...,€; A fry] MBI

[IOCTPOUM €)1 # T. .
Bpoporxas sror mpoumecc no Tex mop, moka He OyayT
MCYEPIAaHbI 33 aHHBIE BEKTOPHI f1, fa,. .., fm, HOnydaem m
OTJAMYHBIX OT HYJS W MOMAPHO OPTOrOHAJBLHBIX BEKTOPOB
€1,€2,...,€n. [JokaxeMm Temeps CICAYOUIYIO TEOPEMY.
Teopewma 1. Bo 8caxom n-mepHom npocmparncmee
CYWeCMBYIOM 0PMO2OHAALHBIE OA3UCHL.
doxasaTeancTso. Bo onpenerenuio n-mepHOro
npoctpancTBa (§1, m. 2) B HEM CymeCTByeT Kakou-To Oa-
3uc fi,..., fn. C moMoup0 Iporecca OpTOrOHAIU3AIUA U3
HEr0 MOXHO TOCTPOUTH OPTOTOHAJILHBIN GA3UC €1, . .., €y,
ITO U TOKABBIBAET TEOPEMY.
Ecnu 3aMeHUTEH BEKTOPHI €f, BEKTOPAMU

TO 3TO OyayT, KaK HETPYAHO BUAETH, IOIAPHO OPTOrO-
HAJbHBIE BEKTOPHI JJIVHEL 1, T. €. MBI IOy YAM OPTOIOHAJIb-
HBEIM HOPMUPOBAHHLIN Ga3uC.

Berpyauno Bumgerh, uTOo Takmx 06a3UCOB CyUECTBYyET
MHOrO. [lelcTBUTENLHO, yKe U3 JaHHOrO 6asuca fi,..., fn
MOXHO IOCTPOUTH Pa3HBIE OPTOrOHAJIBHBIE OA3UCHI, €CIU
Ha4YMHATH MOCTPOEHUE C PA3HBIX BEKTOPOB fi. Bo3nuee, B
ri. I, MBI paccMOTpuUM BOIIPOC O TOM, KAK CBA3AHBI MEX Iy
oGO Pa3INIHbIE OPTOrOHAILHEIE GA3UCHI.
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IIpumeps oproromaauszanuu 1. Ilycte R— Tpex-
MepHOe IpocTpPaHCTBO. lIpomecc oproroHaim3annu B HEM O3HAYA-
eT ciaefywollee: MyCThb AAHBI TPU JUHEMHO HE3ABUCUMBIX BEKTODA
f1, f2, f3. Ilomoxum e; = fi. IIpoBogum 3aTeM ILIOCKOCTBH depe3
€1 = fi 1 f>» U B DTOU IIOCKOCTU BHIGMpPAEM BEKTOD €2, OPTOrO-
HAJIBHBIX K €1. IlakOHEI, BO BCEM IPOCTPAHCTBE HAXOIAWM BEKTOD,
OPTOTOHATBHBIN K €1 U K €2 (T. €. K HOCTPOEHHON PAHEE IIOCKOCTH]).

2. IIycts R — TpexMepHOe IPOCTPAHCTBO, BEKTOPAMHI B KOTOPOM
MBI CUATAEM MHOT'OYIEHBI CTENEeHN He Bhle BTopou. CKaIapHoe mpo-
U3BeJEHUe 3348 IUM (HOPMYJION

/ PHQ() dt.

Bekropsrt 1,t,t? o6pasyior 6asuc B R. IIpuMennm k sToMy Gasucy
IpOLEeCC OPTOrOHAMM3ANUY: €1 = 1; BEKTOP ez mieM B Buge: t + - 1;
M3 yCIOBUSA OPTOrOHAIBHOCTH

1
0:(t+a-1,1):/(t+a)dt:2a
21

noxygaem o = 0. 3Hauut, e = t. BexTop e3 mmem B Buge: t2+Gt+-1.

W3 ycmosuu oproroambHOCTH moaydaem 3 = 0, v = -3, T-€ e3 =
1 . 1
=t 3 OKOHYATEILHO 0Ly YaeM OPTOrOHAIBHBIN Gasuc 1, ¢, T 3
Ecmu pa3zaeanTs Kax bl BEKTOP HA €ro JIAHY, TO IOLYyIAM OPTOrO-
HaJIbLHLII HOPMUPOBAHHLIN 0a31C.
3. I[Iycte R — npOCTPaHCTBO MHOI'OYIEHOB CTEIEHN HE BBIIIE IeM
n — 1. CkaxapHoe IpoU3BeqeHNEe ONPEIeSNM TAaK XK€, KAK U B IPeLbl-
AYIIEM IIPUMeEpEe.
Bosbmenm 6asuc 1,¢,¢2,...,t" L. IIpouecc oprororamsanmy opu-
BOAUT HAC, KAaK U B IIpUMepe 2, K IOCIEIOBATEIHLHOCTH MHOI'OYIEHOB

2 1 ,3 3
1, ¢t 3 t 5t,

TIT; MHOT'OWIEHBI C TOYHOCTBIO 0 MHOXKUTEIEH COBIA AT C MHOIO-
WIEHAMU
1 dF(t2 = 1)k
2k gl dth
KOTODBIE HA3BIBAIOTCA MHOrowreHamu Jlexanapa. Muorowrensr Jle-
XKaHApa 00pa3yloT OPTOTOHAJBLHBIN, HO HE HOPMUPOBAHHBIN 6a3mC
B R. YMHOXaa KaXIbIl U3 DTUX MHOTMOYWIEHOB HA COOTBETCTBYIOIIUI
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MHOXUTENIb, MBI MOXEM IIOCTPOUTH OpTOFOHaJII)HBII‘;I 1 HOpMUDOBAH-
HBIZ 6A3UC; €ro dIeMEHTHL Oyaem o603HaIaTh 1epes P (t).

Bycrs e,e9,...,€, —OpPTOrOHAIBHBIN HOPMUPOBAH-
HBIA 6A3UC €BKAMIOBA NpOocTpaHcTBa R. Bangem, kak BbI-
paxaeTcs CKaIIPHOE IPOM3BEAEHUE [BYX BEKTOPOB 4Yepe3
X KOOpAmHATHL B 3TOoM bOasuce. Bycrs &1, &9,...,&, — KO-
OPJUHATEL BEKTOPA T, & 1)1,72, - - - , Tjp — KOOPIUHATHI BEK-
TOpa Yy B 3TOM Oa3mce, T.e.

x = ey +&e2 + ...+ ey,
Yy =mey+mnex+ ...+ Npen.
Torga

(z,y) = (&re1 +Eaea + ... +E&nep, mer +mpea+ ... Fnpey),

7 TaK KaK
( ) 1 mpm =k,
€;,€ek) = .
bk 0 wmpu 1 #Ek,
TO

(z,y) =&m +&ne+ ... + &, (6)

T.€. 8 HOPMUPOBAHHOM OPMO2OHAALHOM OG3UCE CKAAAPHOE
npoussedenue J8YL BEKMOPOB8 PABHO CYMME NPOU36eIeHul
ux coomeememsywus Koopdunam (cp. mpumep 2 §2).

Yupaxueunnsa 1. Ilokazarp, 4T0 B mpomsBoIpbHOM OGasuce
fi, f2,. .., fn cKamAPHOE MpOM3BEAEHUE 3a0ALTCA (POPMYJION
n

(@,y) = > aunkim,

ik=1

rae aik = Gki, a £1,€2,...,&n MW M1, 72, . .., Jp — KOOPAMHATEL BEKTO-
POB & ¥ COOTBETCTBEHHO Y.

2. [TokaszaTs, 94TO ecau B HEKOTOpOM Oasuce fi, f2,..., fn CKaIAp-
HOEe IIPOM3BEJEHUE 3a4aeTCA (POPMYION

(r,y) =&m +Enm2 + ...+ Eunn,

rae &1,€2,...,&n ®m N1, M2, ...,y — KOODOUHATHI BEKTOPOB L U Y, TO
5TOT 6a3UC ABIAETCI OPTOrOHAILHBIM X HOPMUPOBAHHBIM.
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Bangem koopauHATHI BEKTOPA £ B HOPMUPOBAHHOM OP-
TOTOHAJBHOM bOas3uce €1, e, ..., ey,.
Byctn

xz=2¢&1e1 +&er+ ... +Eep.

YMHOXUB 06€ JaCcTH DTOT'0 PABEHCTBA CKAIAPHO HA €7, IO-
Iy IUM

(z,e1) = &i(er, e1) +&alez,e1) + ... +&ulen,e1) =&

n, aHAJOTUIHO,

52 = (x,eg), ey fn = (x,en). (7)

Nrakx: xoopdunambl 6eKmopa 6 0pmo2oHasbHOM HOPMUPO-
B6AHHOM 6a3uce CYymbv CKAAAPHDIE np0u33€a€Hu.ﬂ a1Mmo2o 6ek-
mopa Ha coomeemcmeyruue 6G3UCHb1/€ BEKMOPDbL.

CkanspHOe MpOoU3BeIeHNe BEKTOPA & HA BEKTOpP € JJIH-
HBbI €AMHNIIa €CTEeCTBEHHO Ha3BaTb npoe%‘uueii BEKTOpa T
Ha BeKTOp e. /lokaszaHHOE yTBEpXKIEHHE O3HAYUAET, |UTO,
KaK ¥ B AaHAIATUIECKON PEOMETPHUH, K00PIUHAMbL 6EKMOPA
6 0PMO20HAADHOM HOPMUPOBAHHOM 6G3UC€ CYymbv NpPoexyuu
21020 6EKMOPaA HA 6@3UC'Hbl€ BEKMOPbL (Ha OCH KOOpau-
HAT).

Opumepsn. 1. IIycts Po(t), Pi(t),..., Py(t) — sHOpMEUpOBaH-
HBIE MHOTOWIEHBI JIexaHapa HyJIeBOU, MEPBOH, ..., NM-U CTEIEHU.
IIycrs, namee, Q(t) — DPOM3BOIBLHBIN MHOTOWIEH CTEHEHH n. llpen-
crasuM Q(t) B BUE IUHENHON KOMOMHAIIMY MHOTOWICHOB Jlexanapa.
COBOKYTIIHOCTE MHOTOWICHOB CTemeHum < n obpasyor (n + 1)-mep-
HOE JMHEerHOe npOoCTPaHCcTBO, Py(t), Pi(t),. .., P,(t) o6pasyroT opTo-
TOHAMBLHBLIA 6A3WC B HeM. 1103TOMY BCAKUM MHOTOYIEH CTEHEHW < 7
TIpeacTaBUM B BUE

Q(t) = coPo(t) + c1Pi(t) + ... + cn Pu(t).

KosddunmenTsr c;, kak 310 crenyer u3 (7), BEIYACIAIOTCA M0 HOp-
MyJTaM

o = / Q)P(2) dt.
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2. ITaccmorpum Ha maTepBate (0,27) cucremy QyHKIUIL
1, cost, sint, cos2t, sin2t, ..., cosnt, sinnt. (8)
x muHenmHAa KOMOWHAIIMA

P(t) = %0 +aicost+bisint +axcos2t + ...+ by, sinnt

Ha3bIBA€TCA TPUTIOHOMETPDUICCKUM MHOTI'OWIECHOM 7N-T'0 IIOpAAKA. CO—
BOKYIIHOCTHh TPUIOHOMETPUIECKUX MHOTOWIEHOB N-I'0 MOPAAKA 00pa-
syer (2n+ 1)-meproe npocrparctso Ri. Onpexemnm B R1 cxatapHOe
nmpousBejeHue, KaK OOBIYHO, T. €. IIOJOXUM

(P,Q) = / P(H)Q(t) dt.

Jlerxo nposeputs, 1T0 cucteMa (8) GyaeT OPTOrOHAILHBIM (GA3MCOM.
[encTBUTEIBHO,

2w

/coskt cosltdt =0, ecmm k#I,
0

27

/sin kt cosltdt =0,

0

27

/sin kt sinltdt =0, ecim k#L.

0

Tax xax
27 27 27
/sin2 ktdt = /cos2 ktdt =m, a /1 dt = 2,
0 0 0

TO QYHKIANI
L ! cost, L sint, ... L cos nt, L sinnt (8")

Var' NG v NG

06pa3yoT B R1 OPTOrOHAIBHBEIA HOPMUDPOBAHHBIA OA3UC.
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2. BepueHgukyasp u3 TOYKM HA HOANPOCTPAHCTBO.
Kparyamuee paccTosHme OT TOYKH [0 NOANPOCTPAaH-
cTBa ™).

Onpemenenne 2. Ilyemv Ry —nodnpocmpan-
cmeo eskaudosa npocmpancmaa R. Mbr 6ymeMm roBopuTh,
9T0 BeKTOp h € R opTOoroHameH HmOAIPOCTPAHCTBY R,
€CIu OH OPTOTOHAJEH JTI0O0MY BEKTOPY & u3 Rj.

Ecaun BexkTOp h OpTOrOHAJIEH BEKTOPAM €1,€9,...,Em,
TO OH OPTOrOHAJIEH JI000U X JUHEMHON KoMOuHanuy. [len-
CTBUTEJIBHO, U3 PABEHCTB

(h,e;) =0
CleayeT, 9TO I JTIOOBIX TUCeT A1, A2,. .., Ay,
(h, A1e1 + doeg + ...+ Amem) =0.

BosTromy, mas Toro wTo6bl BeKTOp h OBLI OPTOrOHAJEH
M-MEPHOMY HOATPOCTPaHCTBY R, nocTaTodno, 4To6sI OH
OBLT OPTOr'OHAJIEH 17 JIHHeﬁHO HE3aBUCUMBIM BEKTOpAM U3

R, (6aszucy B Ry **)).

Yupaxueunne. [lokazars, 4T0 COBOKyIHOCTEH BCEX BEKTOPOB
y € R, OpTOroHAIBHBIX K HOAIpOCTPAaHCTBY R, Takxke obpasyer
noaunpocTpascTBo npocrpancrsa R. IITo nmognpocrpancTBo Ha3bIBa-
eTCsA 0PMOo20HAAbHbIM JONOAHERUEM K TIOAIPOCTPAaHCTBY Ri B mpoc-
TpaHcTBe R.

Baccmorpum B mpocTpancTBe R HEKOTOpOe m-MepHOe
noanpocrpancTso Ry ***) m BekTop f, He mpuHamIIEKA-
i Ry. BocraBum 3amady: OnycTUTh NEPIEHIUKYIAD U3
rouku [ wa Ry, m.e. natimu eexmop fo usz Ry makod,
umobvr sexkmop h = f — fo 6bia opmozonasen Ri. Bek-
TOpP fo HA3BIBAETCA IPU DTOM 0PMO20HAALHOU NPoeKyuet

*) IITOT myHKT MOXHO IPU IEPBOM UITEHWUU HPOILYCTATH.

**)  [dasa caygas, korga Ri €CTb IWIOCKOCTD, 3Ta TEOPEMa B DIEMEH-
TApHOU T'eOMETPUM HA3BIBAETCA TEOPEMOU O ABYX IEPIEHJUKYIAPAX.

***) IlaamepHOCTH CaMOro mpocTpancTBa R mra HAC Hecyie-
crBenHa. OHO MOXeT OBITH faXke GECKOHEIHOMEDHBIM.
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gexmopa f na nodnpocmpancmso R;. Beckonrbko mosxe
MBI YBUUM, ITO DTA 333494 BCEra UMEET PeIleHue, IpHu-
ToM enuHCTBeHHOE. Cervdac MbI MOKAXKEM, ITO, KaK U B
DIEMEHTAPHOU TeOMETPHUH, IEPIEHAUKYIAP €CTh KPATIan-
Ilee pacCTOSHUE OT TOYKY M0 MOANPOCTPAHCTBA. [pyrumu
CIOBaMMU, TOKAXEM, 9TO ecau fi ecmb omauunviti om fo
sexmop u3 Ry, mo

|f = fil > |f = fol-

llercTBUTENBLHO, BEKTOP fo — f1, KAK PA3sHOCTH ABYX BEK-
TopoB u3 R, npmramiexur R u, cieqoBaTeIs-HO, OPTOrO-
Hasen BekTopy h = f — fy. Bo Teopeme Budaropa umeewm:

If = fol?> +1fo— filP =1f = fo+ fo— AP =If — A?
W, 3HAYWT,
|f = fil > |f = fol-
Bokaxem Temepb, Kak (paKTHIECKHM BBIYUCIATHL IO f

€r0 OPTOrOHAMBHYO IPOEKIHUIO fj HA MOANIPOCTPAHCTBO R
(T.e. omycTuTh nepnenaukyaap u3 f wa Ryp). Bycrs 6asuc

IoAIIPOCTPaHCTBA R1 COCTOUT M3 BEKTOPOB €1,€2,...,Emy.
Bymem uckars BexkTOp fy B Buge
fg =c1e1 +cae9 + ... -I—cmem, (9)

riae KOdQUIUEHTHI ¢, HAUIEM U3 YCIOBUA OPTOTOHAIBHO-
cru [ — fo x Ry. Ilaa Toro 9To6b 5Ta OPTOrOHAIBHOCTD
UMeIa MECTO, HEOOXOIUMO M AOCTATOYHO, YTOOBI BBHIMIOJ-
Hanuchk m pasescTs (f — fo,ex) =0 (k=1,2,...,m), T.e.

(fo,ex) = (frex)- (10)

Boacrasnas cioga Bmecto fj ero Beipaxenue (9), moryda-
€M CHCTEMY 11 yPaBHEHNU

ci(er,ex) +calez, ex) + ...+ cmlem, ex) = (f,ex)
(k=1,2,...,m) (11)

OTHOCHUTEJIBbHO YTHUCEI C;.
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BaccMoTpuM cHadana OTAEJBHO 9aCTO BCTPEYAIOLUIAN-
CA CIydad, KOrga 6a3uc e, es, ..., €, — OPTOrOHAILHLIN 1
HOPMUPOBAHHBIA. B 5TOM ciaydae 3amada pPemaeTcsa O0CO-
6enno mpocto. [leucrBurensro, cucrema (11) mpespamia-
€TCA B TAKOM 0a3uce B CUCTEMY PABEHCTB

ci = (f,ei), (12)

Cpa3y onpejeldilInx HyXHbIe KOX(M(GUIUEHTHI.

Tak Kak B KaxXJOM 7M-MEPHOM HOIIPOCTPAHCTBE MOXHO
BLIOPATH OPTOrOHAIBHBIM HOPMUPOBAHHBIA 0A3UC, TO MBI
JOKa3aJId, TAKUM 00pa3oM, 9To y kaxcdozo sexkmopa f cy-
wecmsyem, u NPUMOM MoAbKO 00K, 0PMOZOHAALHAL PO~
exyua fo wa nodnpocmpancmeo Ry.

Bepremcs Temepp K CIydYal IPOU3BOABHOIO 0Oasuca.
B sToMm cayuae cucrema (11) Takxke NOMIKHA UMETH €JUH-
CTBEHHOE pelreHue. [[eNcTBUTENbHO, BEKTOD fj, HO TOKa-
3aHHOMY, CYIIECTBYeT M IPUTOM TOJBKO OAWH. B Gasmce
€1,€9,...,€n BEKTOP fo MMeEeT BIOIHE ONpeIeNeHHbIE KO-
OPAMHATHL C1,C2,...,Cpn. 1aK KAK DTH YUCI3, yIOBJIETBO-
pator cucreme (11), To pTa cucrema mMeer, CaeIOBATEb-
HO, equHCTBeHHOE pemenne. Cucrema m ypaBHEHUU C He-
U3BECCTHBIMM MOXET MMETh €AMHCTBECHHOC PDEIICHUE, JUIIb
ecIu ee ompeaeauTensk oTanydeH oT uyad. Orcioga cienyer,
9T0 onpegeanTens cucreMsl (11)

(e1,e1) (e2,e1) ... (em,e1)
(e1,e9) (e2,e2) ... (em,e2)

(e1,em) (€2,em) .. (em,em)

OTIWYEH OT HyJada. BTOT ompemeanTeas HA3BIBACTCI ONpe-
deaumenem I'pama 8exmopos e1,€9,...,Em.

Hmax, nycmov 3adano nodnpocmpancmaso Ry ¢ 6asucom
€1,...,En U Npoussosbrbiti sexmop f npocmpancmsa R.
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Opmozonaavras npoexyus fo sexmopa f na Ry umeem
6ud
fo=ce + ...+ cmem.

IIpu smom, ecau 6a3uc ey, €s,. .., ey OPMOZOHAACH, TIO
Cp = (fa ei)‘
Ecau ace 6asuc ey, ..., e, npoussosen, mo Koddduyuen-

mbui ¢; onpedeastomea Kok pewenue cucmemwi (11).

Bpumep 1. Conoco6 HaMMeHBIIUX KBa-
OIPpaToB. Bpeamojoxum, YTO BEIUYUHA, Y €CTb JAHEH-
HaAd QYHKIUA BEIUUUH L1, ..., Ty, T.€. 9TO

Yo =C1T1 + ... + CnTm,

rge ci,...,Cy — ODOCTOAHHBIE, HEM3BECTHBIE HAM K03(pdu-
nueHTH. JacTo KoahPUIUEHTH C1, . . . , Cy OUPENeNsOTCA
DKCIepUMEHTAIbHO. [[Js 5TOro mpom3BOAUTCA DAL U3MeE-
PEHUN BEIUYUH X1, ...,Tmy, U Y. OOO3HAYMM pe3yabTaThI
k-T0 m3mepeHus I4€pe3 Lk, - - - , Lk U, COOTBETCTBEHHO, Y-
KoadpdunmenTsr ci,...,c, MOXHO OBLIO ObI MOMBITATHCA
OIPEeNUTh U3 CUCTEMBI YPABHEHUN

r11c1 + 22162 + .. + TmiCm = Y1,

I12C1 + I22C2 +...+ Tm2Cm = Y2, (13)

TinCl + TopC2 + ... + TinCm = Yn-

3[ech 4uCI0 yPaBHEHUHM 7 PABHO HUCILY HIPOU3BELEHHBIX
U3MEPEeHUN U OOBIYHO NIPEBOCXOAUT YUCJAO HEU3BECTHBIX
(n > m). Tak kKaKk U3MEPEHUE BEAWTHH L1, ..., T,y HE-
n30€XHO CBA3aHO C IOCPEMHOCTAMHY, TO cucreMa (13), Bo-
o01ie roBops, IPOTUBOPEYUBA U O €€ TOYHOM PEIICHUN ['O-
BOpPUTH GeCcMBICAeHHO. Boaromy ypasaenusam (13) mox-
HO yJOBJIETBOPUTH JUIIbL MPUOIMX)eHHO. TakuM 06pa3om,
CTABATCA 3314493 DA3bICKATh TAKWE 3HAYCHWS HEU3BECT-
HBIX Cl, . .. , Cm, IPA KOTOPBIX J€BBIE 9acTu ypaBHeHus (13)
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OblT OB BO3MOXHO Oosiee OMM3KM K COOTBETCTBYIOIINMM
mpaBbBIM YacTAM. B kadecTBe «Mephl 6au30cTHy GepeTrcd
TaK Ha3BIBAEMOE K68AJPAMUUHOE YKAOKEHUE JEBLIX IaCTEN
YPABHEHUHU OT CBOOOMHBIX LIEHOB, T. €. BEIUILHA

n

2
Z(ﬂﬁmcl + TopCo + ...+ Tk Cm — Yk)© (14)
k=1
Bam HyXHO HAUTH 9UCIA, C1, C2, . - - , Cp, IPUA KOTOPHIX KB~

OPATUYIHOE YKJIOHEHWE MMEeT HAaWMEHbIee 3HaxeHune. by
3aJady HAa MUHUMYM MOXHO PEUIUTH HEIOCPeICTBEHHO.
Onnako ee peuieHHE MOXHO Cpa3y MOIYYATH U3 PE3yib-
TaTOB, U3J0XKEHHBIX BBIIIIE.

B camom gmene, paccMOTpHUM n-MEpPHOE €BKJINIOBO IIPO-

CTPAHCTBO M B HEM BEKTODHL €] = (T11,%12,...,%1n),
€3 = (T3, Ton)y s Em = (Tt o) B =
= (y1,-..,Yn). BpaBere wactu ypaBuHenuu cucremsl (13)

ABIAIOTCA KOMIIOHEHTAMHU BEKTOPA, [, JeBbI€ aCTH — BEK-
TOpa

ciel +cgeg + ...+ cpepn,.

Bripaxenwue (14) ecTb, clIeqoBaTeIbHO, KBAAPAT PACCTOA-
HUA BEKTOPA c1e1+ coeo+. ..+ Cpepy oT BekTopa f. Takum
obpa3omM, ycaoBue, ITOOBI KBAJPATUIHOE yKIOHEHWE OBI-
JIO MUHUMAJIBHBIM, PABHOCWILHO CICAYIONIEH 3a1a€e: BhI-
OpaThb 9mUCaA €1, C9, . . . , Cy TAK, ITOOBI PACCTOSHUE OT BEK-
Topa f mo BekTopa fo = cie1 + cee2 + ... + cpepy OBLIO
nanMmenbuM. Eciu o6o3HadnTs vepe3 R mogmpocTpan-
CTBO 7-MEPHOT'O MPOCTPAHCTBA, COCTOSAIIEE U3 JUHEHHBIX
KOMOWHAIIUY BEKTOPOB €1, €9, . . . , €y *), TO 324298 COCTOUT
B HAXOXJIEHWU MPOEKIUYU BEKTOPa [ HA DTO MOAIPOCTPAH-
ctBo. Kak mbr Bugenn (popmyaa (11)), aucra ¢i, ca, - . ., Cpy,

*) Mer npegnoxaraem,1To paur marpuusl cucremsr (13) pasen m
U, CIe0BATEILHO, BEKTOPHL €1, €2, . . ., €y JAHEMHO HE3ABUCHMBL.
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pelaoIme 3Ty 33434y, HAX0AATCA U3 CUCTEMBI Y PABHEHUT

(e1,e1)ei+(e2,e1)ea+. ..+ (em,e1)em = (f,e1),

(e1,e2)c1+(e2,e2)co+. ..+ (em,e2)em = (f, e2), (15)

(617 6m)cl+(627 6m)CZ"i‘- . -+(6m7 6m)cm = (fu 6m)u
riae

n n
(fren) =D wrgysi (eier) =Y wijag.

Cucrema (15) HasbIBaeTCA B DTOM CIydae cucmemot
HOPMAAbHBIE YpasHenul. VTak, npubimkeHHOe pelleHue
cucrembl (13) cocrouT B 3aMeHe ee HOPMAIBHOW CHCTE-
mou (15) m ypaBreHwu ¢ m HeM3BeCTHBIME. V310XKEHHBIT
MeTOJ HA3bIBAETCA CNOCOOOM HAUMEHDUWUL K6AJIPAMOS.

Yupaxuenune. [lemmrs no ciocoby HamMeHbIINX KBAIPATOB
cucTeMy ypaBHEHUAU

2¢c =3,
3c =4,
4c = 5.

Memenune. er = (2,3,4), f = (3,4,5). [lopmassras cucrema
CBOAUTCA B 3TOM CIydae K OJHOMY YPaBHEHUIO:

(617 61)0 = (elaf)7

_ 40

29c = 40; =5

[as cryqas, korga cucrema (13) ects cucrema n ypas-
HEHUH C OMHUM HEU3BECTHBIM

ric = Y1,
To2C = Y2, (13,)
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pelieHue 3aIueTca CIeayomuM 06pa3om:

n
> TRYk
(m,y) _ k=1
‘Tlow T
) 2
> Ty
k=1

Bpubmuxennoe pemenue cuctembl (13') moxer GbITH mC-
TOJKOBAHO I'€OMETPUIECKN KaK IIPOBEOCHUE I€PE3 HATAJIO
KOOPJWHAT TPAMOU, MPOXOAAMIEH «BO3MOXKHO Gosee Gim3-
KO» OT COBOKYIHOCTH TO4eK (z1,Y1), (T2,Y2),..., (Tn,Yn)-
Yucao ¢ mpeacTaBiaeT TOrAA YLIOBOM KO3 PUIMEHT Ta-
KOU IIPAMOM.

MIpumep 2. IIpubaruxenue GYHKIUUA TPHUTO-
HOMETDPHUIECKHIMHU MHOTrOIaAeHaMu llycts f(t) — He-
KOTOpas HempephIBHAA QyHKINA, 3aanHas Ha uarepsare (0, 27). Ya-
CTO OBIBAET HYXHO I0106paTh TPAUTOHOMETPUIeCKHUT MHOTO4IeH P (1)
JAHHOTO MOPAAKA, BO3MOXKHO MeHbIIe oramvatoumucs ot f(t). B ka-
4gecTBe Mephl OTKIOHeHUs P(t) or f(t) MBI BO3bMEM KBaApaTHIHOE
YKJIOHEHME, KOTOPOe 3a4aeTCsa hOPMYIOn

27
[uw-rora. (16)
0
Urax, ToOYHAA IOCTAHOBKA PACCMATPUBAEMOU 3aaMK TAKOBA: cPedy
8CET MPULOKOMEMPUUECKUT MHO20UAEHO0E NOPATKA N

P(t) = %0 +aicost+bisint+ ...+ ancosnt + by, sinnt (17)

Hatdmu mom, K8a0PAMUUKOE YKAOKEHUE KOMOPO20 0M 3a0aHHOT PiyH-
xyuy f(t) murumaanro.

Beegem B paccmorpenme mpocTpaHcTBO R HenpepboIBHBIX (PyHK-
mun zHa orpeske (0, 27). CxamripHOe IPOM3BENEHUE B HTOM IPOCTPAH-
CTBE 3a0aJUM, KaK OOBIMHO, MHTErPATOM

2
(f.9) = / F(D)g(t) dt.
(0]
[mnHa BEKTOpPaA BHIPAKAETCA TOrAa (GOPMYION

|l =
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U CIeN0BATENbHO, KBaAPATUIHOE yKIOHEHUE (16) ecTs B HameMm mpo-
CTPAHCTBE IPOCTO KBaapar paccrosuusa oT f(t) mo P(t). Tpurono-
MeTpuieckue MHOrowreHsl Buga (17) obpasyror B R moampocTpan-
ctBO R pasmepuoctu 2n + 1. [lam Hyx)HO HauTu smeMedT u3 R, Ha-
XOJAMUNICA Ha MUHUMATBHOM paccrosumu oT f(t). Ilta 3agaga cHOBa
PEIIaeTCa OMyCKAHWeM MEepIeHAuKyaapa u3 Toaku f(t) Ha moampo-
cTpancTBo R;.
Tak xak pyHKIIUM

cost sint cosnt sin nt

1
e =—F——, €1 = ——, 2= ——, ..., E2np_1 = —F—, €2 =
vor’ v vEl vE T
00pa3yT OPTOrOHAJILHBIN U HOPMUPOBAHHBIN (A3UC B 3TOM MOANPO-
crpaHcTBe (CM. mpuMep 2 TpeabIAYIIEro MyHKTA), TO PEIICHUEM >TOU
339U CIyXKUT IUHEUHAA KOMOUHAINA 0a3UCHBIX BEKTOPOB

P(t) = chkek, (18)
k=0

rae
Ck = (f7 ek)7

T.e., BCHOMHHAA ONpeJeleHne CKaJIAPHOI'O IPOU3BeJeHNsA, IMeeM:

27 2w
co = \/%_ﬂ /f(t) dt;  cop—1 = ﬁ /f(t) cos kt dt;
0 0

27
CQk:ﬁ/f(t)sinktdt (k=1,...,n).
0

Iloacrasman ¢, m e, (k =1,...,n) B dopmymxy (18), mbr mpmxoamm,
TakuM 06pa3oM, K CACAYIOUIEMY PE3YILTATY: 044 Mo20 wmobbl onpe-
deaums MPU2OHOMEMPUUECKUTE MHOZOUAEH

P(t) = %0 + Z(ak cos kt + by, sin kt),
k=1

K6adpamuuHoe YKkaonenue Komopozo om 3adannot, gywkyuu f(t) mu-
HUMAALHO, HaJo onpedesumsb KoddPuyuenmst ay, by no Gopmysam

27 27 27
ao = %/f(t) dt, ap = %/f(t) coskt dt, by = %/f(t) sin kt dt.
0 0 0

Tax OnpefeIeHHBIE YUCIA G, b HA3BIBAIOTCA KodPPuyuenmany
Dypve byuxumum f(t).
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3. UsomopdusM eBKIMAOBBIX HPOCTPAHCTB. Mbr pac-
CMOTpPEIN pAJ NPUMEPOB 7-MEPHBIX EBKJIUJOBBIX IIPO-
CTPAHCTB. BTU mpoCTpaHCTBA OTIUYIAIUCH OJHO OT APY-
rOro BO BCAKOM CJIydae CIOCOO0M 3aJaHusa BEKTOPOB (Tax,
B mnpuMepe 2 §2 BEKTOpP €CTh COBOKYIIHOCTH 7. IHCEN, B
npuMepe 5 § 2 — MHOTOWIEH U T. 1.).

BosaukaeT BOmpoc: Kakue u3 STUX TPOCTPAHCTB IEH-
CTBATEJIbHO PA3AAYHBI U A KAKUX PABIUINAE SBIACTCA
JUIIb 9UCTO BHEIUIHUM, T.€. PA3IUTHBI JUIIL CIIOCOOHI 3a-
JAHUSA DTUX OIPOCTPAHCTB?

[us Toro 9Tobbr BOIPOC OBLI TOYHO MOCTABICH, HYXK-
HO OIPENeIUuTh, KAKWE B, €BKINJIOBBIX IPOCTPAHCTBA MBI
OygeM CYMUTATh JUIIb HECYIIECTBEHHO Pa3IMIaIOUIAMUCS
(n30MOpGhHBIME).

Ounpenpmeanenune 3. [Jsa esrxaudosviz npocmparc-
mea R u Ry naswisatomcea uzaomop@Pubimu, ecau mercdy ux
IACMEHMAMYU MONCHO YCMAKOBUMb B3GUMHO 00HO3HAUKOE
coomeememeue x <> x' (¢ € R, ' € R') max, umo:

1° Bcavwz < 7' wy <y, mox+y < '+, m.e.
ecau sexmopy T € R coomsemcmeyem eexmop x' € R,
a sexmopy y € R coomeemcmeyem sexmop y' € R', mo
cymme T + 1y coomsememeyem cymma ' +y'.

2° Ecau x < x', mo Az <> \x'.

3° Ecauzx < ' uy <y, mo (z,y) = (2',y), m. e. cra-
AAPHBIE MPOUZBEIEHUS COOMBEMCMEYOUUT NAP BEKMOPOE
PasHbL MEHCAY COBOT.

Takum o6pa3om, eBkaAmAOBHI HpocTpancTBa R m Ro
“30MOP(MHBI, €CAU OHU W3O0MOP(HBI KAK JUHEUHBIE IIPOC-
TPAHCTBA X DTOT U30MOP(PHU3M TAKOB, ITO OH COXPAHIET
CKAJsIDHOE IIPOM3BELEHUE COOTBETCTBYIOMINX BEKTOPOB.

Ecaz B kxakomM-HuOynb M-MEPHOM EBKJIXUIOBOM IIPOCT-
panctBe R mokasana Teopema, chOpMyIMpPOBAHHAAL B TEP-
MWHAX CJIOXKEHUs, YMHOXEHUA HA, IUCIA U CKAISIPHOTO IPO-
73BeNEeHUA BEKTOPOB, TO 3TA XK€ TeOpeMa BEPHA U B 1I0O00M
n30MOp(pHOM eMy ImpocTpaHcTBe. B camom gene, ecim Kak
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B GOPMYJIUPOBKE, TAK U B JOKA3ATETHCTBE TAKOU TEOPEMBI
3aMEHUTDb BEKTOPHI U3 R COOTBETCTBYIOUMME UM BEKTOPa-
vu w3 R', To B cmry coucts 1°, 2°, 3° onpenenreHus m3o-
MOp(hU3Ma BCE PACCYXKAEHUA OCTAHYTCA CIPABEIIMBBHIMU,
T. €. COOTBETCTBYIOIIAA TeopeMa BepHa u B R,

BepreMcsa K BOpoOCy, mocTaBIeHHOMY panee. OKa3biBa-
eTCsA, ITO UMEET MECTO CJCMYIOAa

Teopewma 2. Bce eskaudosvr npocmpancmea dam-
HOt pazmeprocmu u3omopPnv, mencdy cobot.

MdokaszarexanbcTso. [JokaxeMm, 4TO BCe n-Mep-
HBIE E€BKJIMOBBI MMPOCTPAHCTBA M30MOP(HBI CIENUAIbLHO
BBHIOPAHHOMY («CTAHAAPTHOMY» N-MEPHOMY MPOCTDPAHCTBY.
Tem cambiM OyeT MOKA3aHO, 9TO BCE N-MEPHBIE €BKJIWI0-
BBl IPOCTPAHCTBA, W30MOP(HBI MEX Y COOOM.

B kadsecTBe TAKOro CTAHAAPTHOIO N-MEPHOTO MPOCT-
pancTBa R’ MBI Bo3bMeM paccmoTpennoe B §2 (mpumep 2)
HPOCTPAHCTBO, B KOTOPOM BEKTOD OIPEAEIAETCI KAK CO-
BOKYIHOCTH JI€UCTBATEAbHBIX qmcer 7' = (€1,&,...,&,), a
CKAIAPHOE Mpom3BeneHue BeKTopos =’ = (&1,89,...,&,) 1

vy = (m,72,---,Nn) 3a0aeTca HoOpMyJION

(") =&m +Eam + ... + Euin.

Byctb HaM maHO Kakoe-1ub0 n-MepHOe €BKINI0BO IIPO-
cTpaHCTBO R; BHIGEpEM B HEM HOPMUPOBAHHBIA OPTOIO-
HAJIBHBIA 0Aa3UC €1, €9, ... ,6, (MBI HOKA3aIu paHee, ITO BO
BCAKOM €BKJIMIOBOM IIPOCTPAHCTBE TAKOU HA3UC CYIIECTBY-
er). BocTraBum B cOOTBETCTBHE BEKTODPY

x=2¢&e +&ex+ ... +&en,

COBOKYIHOCTB 1 uucern £1,&s,...,&,, T. €. BEKTOP

l‘, = (51,527- .. 7571)
m R

Bokaxem, 9T0 yCcTaHOBIEHHOE COOTBETCTBUE €CTh M30-
MOppu3M.



62 n-MEPHOE IMPOCTPAHCTBO [ra. 1

Bro coorBercTBue B3ammMHO OxHO3HATHO. Byx)HO 1IpO-
BEpUTH, ITO BBHIMOJHEHHI yciaoBusA 1°-3° ompemeneHus m3o-
MopdusMa.

Csouctsa 1° u 2° 0YeBUIHEL.

Bposepum cBomcTBO 3°, T.€. PABEHCTBO CKAJIAPHBIX
MPOU3BEEHUN COOTBETCTBYIONUMX APYC APYry Iap BeK-
TOpoB. Boab3ysack BeiBegerHOU BhIIE (CTp.49) dopmynon
Ui CKAJIAPHOrO IPOU3BEAEHUS B OPTOTOHAJIHLHOM HOPMU-
poBaHHOM bOa3uce, mMeeM:

(z,y) =&m +Ena + ...+ Enin.

C apyro#l CTOPOHBI, O ONPEAENCHUIO CKAIAPHOTO MPOU3-
Befenus B npocrpanctee R’ (mpumep 2 §2) umeewm:

(@, 4') = &am + Eama + .. + Entin
Takum o6pazom,
(z,y) = («',y),
T. €. PABEHCTBO CKAJAPHBLIX IPOU3BEICHUN NTOKA3AHO.
Teopema MOTHOCTHIO AOKA3aHA.

Yunpaxuenue. [Joka3zaTs 3Ty TeopeMy MeTOLOM, aHAJIOTMYI-
HBIM [0Ka3aTeIbcTBY B m. 4 §1.

W3 Teopembr 06 m3oMOp(du3Me MOXHO BHIBECTH HHTE-
pecHoe creacTBue: 0060 TEOMETPHUYIECKOE YTBEepXK JeHUE
0 [IBYX WIH TPEX BEKTOpPAaX NOCTATOYHO IPOBEPUTH B W3-
BECTHOM W3 DJIEMEHTAPHOU T'€OMETPUM TPEXMEPHOM MPOC-
TpancTBe *). B camom gerne, iuHeNHAA KOMOWMHALUA DTUX
BEKTOpPOB 06pa3yeT HOAIPOCTPAHCTBO HAIIET'O IPOCTPAH-
cTBa He Oosee Tpex m3MepeHuu. B cumy Teopembl 0 u30-
MOp®du3Me 3TO MOAIPOCTPAHCTBO M30MOPGHO OOBIYHOMY
TPEXMEPHOMY HPOCTPAHCTBY (160 €ro MOAIPOCTPAHCTBY )

*) Teomerpmieckonl TeopeMOU MBI OyZeM Ha3bIBATH yTBEDXKZe-
HHUE 0 BEKTOPaX, KOTOPOE MOXET OBITH COPMYIUPOBAHO B TEPMUHAX
CIOXEHNA BEKTOPOB, YMHOXKEHHUA WX HA IUCIA U CKAIAPHOT'O IIPOU3-
BEICHUA.
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7, CJIeI0OBATENIBHO, HAIllE YTBEPXK JeHUE TOCTATOYHO IPOBeE-
PUTH B MOCIEHEM MPOCTPAHCTBE.

B wacTHOCTH, cHpaBeqIMBOCTbL HepaBeHCTBa Komm—
ByHAKOBCKOrO (ABIAIOIErOCS YyTBEPXKACHUEM O Hape BeK-
TOPOB) CIEAYET W3 TOrO, ITO OHO BEPHO B DIEMEHTAPHOU
reomerpun (cM. mpumep 1, crp. 42). Mbr momxydaem, Ta-
KuM 00pa3oM, HOBOE [OKa3aTelIbCTBO HepaBeHcTBa Komu—
BynakoBckoro.

Eme oauu npumep. B § 2 Mb1 1okasanu HepaBeHCTBO (7)

|z +y| < |x] + [yl

B sneMeHTapHOW reOMETPUE 3TO HEPABEHCTBO O3HAYTAET,
9TO [IMHA AWATrOHAIN IapaJjlelorpaMMa He IPEeBOCXOIUT
CYMMBI OIWH OBYX CMEXHBIX CTOPDOH, X JOKAa3bIBaeTCA B
I060M yuebHUKe daeMeHTapHon reomerpun. CienoBaTens-
HO, B CWJIY CKa3aHHOI'O paHee, 3TO HEPaBEHCTBO CIIpaBel-
JUBO B JI0O0M €BKIMIOBOM IpOCTpaHCTBe. Teopema 0 m30-
MopdusMe gaeT HaM, TaKUM 00pa3oM, BO3MOXHOCTD IIOTY-
9UTh, HAIIpUMep, HEPABEHCTBO

b b

b
/ (F() + g(t))2 dt < / 721 di + / g(t) dt,

a a

Asasromeecs HepasencTsoM (7) §2 B mpocTpancTBe QyH-
kiuy (mpumep 4 §2) Kak HEHOCPEICTBEHHOE CJIEJCTBUE
TOJBLKO 9ITO CHOPMYJIUPOBAHHOU TEOPEMBI U3 DJIEMEHTAP-
HOH I'€OMETPHH.

§ 4. BumHenHbIE U KBapaTUYHbIE ()OPMBI

B sTom maparpade mbr 6ygemM OmaATh 3aHUMATHCA ad-
(UHHBIM IPOCTPAHCTBOM, & UMEHHO, OyAeM U3ydaThb IPO-
CTEUIINe YUCAOBBIE (PYHKIUU OT BEKTOPOB B adGHUHHOM
IIPOCTPAHCTBE.
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1. JIunennaa ¢pyukuma. Bpocrenmen pynkmuen B ad-
(PMHHOM TIPOCTPAHCTBE SABIACTCA JUHEUHAA (PYHKIIVA.

Onpenmeanenue 1. I'ogopam, umo 6 afdunnonm
npocmpancmee 3adana auretnas Gynrkyui (aunetinan
Popma), ecau Kancdomy 6eKMOPY T NOCMABAEHO 6 COOM-
sememeue wucao f(r), max 4mo npu IMom BbINOAHEH
YCAOBUA:

1° f(z+y) = f(z) + f(y).

2 T(Az) = Mf().

Bribepem B n-MepHOM MPOCTPAHCTBE IPOU3BOIbHBIN 0a-
3UC €1,€9,...,E,. TaK KaK KaX b BEKTOP £ MOXHO IIPE]-
CTABUTDH B BUE

r = 5161 + 5262 + ... -I—fnen,
TO B CHIY CBOUCTB JUHEWHOU (PYHKIIUU UMEEM:

f(x) = f(&ier + e + ... +&peyn) =
=1 f(er) +&af(e2) +... +&nf(en).

Urak: B n-meprom npocmpancmse ¢ 3adanubim 6G3UCOM
aunetinas Pynryus moxcem O6vimb npedcmasaena 8 sude

f(@) = a1&s +ado + ... + anky, (1)
ede a; = f(e;) — nocmoannvie, 3a8uciuue AUWD OM Bbi-
bopa 6asuca, a &1,&,...,&, — Koopdunamosl sexmopa 8

amom ba3uce.

Takum 06pa3oM, JAHHOE BBIIIE OMPEIeJEHUe JUHEHHON
(yHKIUE COBIAAET, IO CYIIECTBY, C IPUHATHIM B aaredpe
ompeeseHreM TMHENHON (hyHKIuYU (TMHETHON (POPMBI ); Ha-
IO JIUIIb UMETh B BAJY, 9TO B HallleM ClIydae Koadduuum-
€HTHI 3aBUCAT OT BbIOOpA Hasuca.

BriacauM, Kak MEHAITCA KOIMPOUIMEHTHI JUHEHHOU
(yHKIUM TTPU 3aMeHe OJHOTO 0A3UCa, APYTUM.

Bycrs e1,ez,...,e, m €),¢e,, ... e, — nBa Gasuca B R.
BycTb, anee, BEKTODPHL €, BHIPAXalOTCA depe3 Gasuc e,
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€,..., e, hopmyramn
e; = ayiel +agres + ...+ apien,
€y = aq2e1 + Qe + ...+ ap2ey,
€, = Qipel + Qopea + ... + appeény.
Bycrs B Gasuce eq, es, ..., e, IuHeNHAA (DPYHKIUA BHIPAKA-
eTca popMyJIon
f(.’I)) = alfl + agfg + ...+ anfn,
a B 6asuce €}, ¢, ..., e, — dopmyaon
fla) = i) +asdy + .- + apdy,.
Tak kak a; = f(e;), a a, = f(e},), TO
ay, = flager + aopep + ... + apgen) =
= aypfler) + agpfle2) + ...+ anrflen) =
= (1501 + QKA + ... + QpkGy.
Mub1 BuAMM, CIEIOBATENBHO, 9TO K03 PPuyuenmot sunetinot
gopmvr npeodpasyomes npu neperode k dpyz2omy 6a3zucy

max Jce, Kak 6exkmopel 6a3uca (WM, KAK WHOT A TOBOPAT,
Koepeduenmno BeKTopaMm 6a3mca).

Bpuwmep 1. B npocrpancTse, BEKTOpaMU KOTOPOT'O
ABIAIOTCA HempepbiBHBIE QyHKIUE (1), 33 aHHBIE HA OT-
peske [a,b], paccmorpum dyuxknuio f(y), 3agaayo dop-
MyJION

Bra pyukuus nuHenHa, TaK KaK BBITOJHAIOTCA ycaoBusa 1°
u 2°.

JlecTBATENbHO, MIEPBOE M3 HUX O3HAYAET, 9TO MHTE-
rpaj CyMMBbI PABEH CyMMe MHTErpPaJoB, 4 BTOPOE O3HAYA-
€T, 9TO MOCTOAHHBIA MHOXUATEIb MOXHO BEIHOCUTD 33, 3HAK
HHTErpala.
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Bpumep 2. B Tom ke mpocTpaHCTBE PacCMOTPHAM
dbyuknuio f(p), onpenerernyo cregyomum o6pa3om. Boi-
6epem Ha oTpeske [a,b] HekoTOpOE 3HAYECHUE t = t(y U TO-

fp) = p(to).

Bposepbre, aro sra dyakuma f(¢) Takxke auHENHA.

2. Bwmmnennsie ¢popmel. CyIIeCTBEHHYIO POIb B JAJlb-
HeumeM 6y 1y T UrpaTh OWINHENHBIE U KBAJPATHIHBIE (DYH-
kuu (HOpMBI).

Ounpegenenune 2. Mwu ezosopum, umo A(z;y)
ecmo Ousunetinas Pynryua (Ousunetdnas gopma) om eex-
MoPo8 & U Y, eCa:

1° npu Purcuposannom y A(z;y) ecmov aunetdnas Pymn-
KYus om &,

2° npu Purcuposannom r A(x;y) ecmob aunetinas Pym-
KYyus om y.

WNubivu croBamu, B CHLy ONpEEJSCHUA JUHEUHON (DYHK-
nwu yeaoBusa 1° m 2° 03HATAIOT COOTBETCTBEHHO

1° A(zy + z23y) = A(z13y) + A(z2;9),
A(Az;y) = AA(z;9).
2° Az y1 +y2) = Alz; 1) + Alz; 92),

A(z; py) = pA(z;y).
Bpuwmepsl. 1. BaccmoTpuMm n-MepHOE IPOCTPAHCT-

BO, B KOTOPOM BEKTOP €CTh COBOKYIHOCTBL 1 JIHCeI. Boso-
XKUM

A(z;y) = annéim + ar2&ima + ... + apnéainn +
+ ao1&om1 + anéons + ...+ a2,82m, +

+ anl§n"71 + an2§n"72 + ...+ anngnnna (2)

rae 2 ectb BekTtop (&1,&2,....&n), a Y— BEKTOp
(m,m2, -+ yMn). DPopmyma (2) onpenenser OwmimHER-
Hyio QyHKOuo. B camom gere, ecium 3adUKCHUPOBATH ¥,
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n
T.€. CIUTATD 71,72, .., p HOCTOSHHBIMUA, TO Y. GikéiMk
3aBUCAT OT §; JUHEWHO, T.€. eCTb JIHHefIHa.;k qolyHKumI
or z = (£1,&2,...,&,), a npu nocrosanbix &1,&9,...,&,
dbopma A(zr;y) — aueerHA GYHKIUA OT Y.

2. B mpocTpaHCTBE, B KOTOPOM BEKTOPAME ABJIAIOT-
ca HenpepwiBHbIE GyHKIUU f(t), PACCMOTPHAM CJIEAyIOMIUI
npuvep OwmrerHON (ynkumu. Bycrs K (s,t) — HEKOTO-
pas HenpepboIiBHAA (PYHKIUA IEPEMEHHBIX § U t. Boaoxum

b b
A(fig) = / / K (s,6)/(s)g(t) ds dt.

A(f;g) ectb OunmuenHas GHyHKIUA BEKTOPOB [ 1 g.
llercTBUTEABHO, yCaoBusa 1° u 2° TPOBEPAIOTCA TaK XKe,
KaK 1 B npuMepe | mpeabiymero myHKTa.
Ecmn K(s,t) =1, To
b b

Afrg) = /b /b fe)atyasdi= [ fs)ds [ g0y

a a

r.e. A(f,g) ecTts npousBemeHwe JIMHEMHBIX QYHKIUN

b b
/f(s) ds w /g(t) dt.

Yunpaxuernue. Ilokasars, aro ecau f(z) u g(y) — 1uHenHbIe
¢yuxuun, To nx npoussegenue f(z)-g(y) ecTs OumamHenHas QyHKIWA.

Ounpengenennme 3. Iuaunetdnas @Pynryus (pop-
Ma) HA3LIBAEMCA CUMMEMPUUECKOT, €Cal, 0as AOObIT 6ek-
mMopPo8 T U Y UMEETM MECTO PABEHCNBO

A(z;y) = Aly; o).
B npusenernom Britiie mpumepe 1 onpenenennaas popmy-

nou (2) bwmmeennaas popma A(z;y) cummerpuaHa TOrAA M
TOILKO TOTIA, KOTAA A;p = (i NJIA JIOOBIX 7 1 k.
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Craasproe npoussedenue (z,y) 6 e6Kaudo8om npocm-
PAHCMBE ABAALMCA NPUMEPOM CUMMEMPUNECKOT, OUAUNET-
ot opmor.

B camom gmerne, akcumomsr 1°, 2°, 3° ckaJIspHOTO mpoU3-
BefeHuA (§2) Kak pa3 U O3HAYAIOT, ITO CKAIPHOE IIPOU3-
BeJIeHNE eCTh CUMMeTpUIecKas OuInHernHaa Gpopma.

3. Marpuna 6utunenHon ¢popmsel. Mer onpegermim Gu-
JUHENTHYIO (POPMY aKcumoMaTu4decku. Bribepem Temepb B
N-MEPHOM IIPOCTPAHCTBE KAaKOU-In00 6asnc ey, ez, ..., e,
BhIpasuM OmwimHennyio Gopmy A(z;y) depes KOOpIMHATEL
&,6,...,6,1un1,n2,. ..,y BEKTOPOB & U Y B 3TOM Oa3uce.
Mer umeeMm:

A(z;y) = A(&rer+E2ea+. . . +Enen; mertnees+. .. Anpen).

B cuny cBoucts 1° u 2° GunuaernHOU HOPMBI

A(&rey +&ex + ...+ Epens mer +mpea + . pe,) =
=&mA(er;er) + &mpA(ersez) + ... + & Alersen) +
+ &omA(e;er) + ampAlersez) + ...+ LomnAlezs en) +
+ fnnlA(em e1) + €n772A(€n; 62) +...+ gnnnA(em en)a

UIu, KOpOodie

Alz,y) = D Ales er)&imi-

ik=1

O6o3nasaum nocroaunwie A(e;; ey ) 1epes a;x. Torga nmeem:
npu 3adarnom 6a3uce €1, €, . .., ey BCAKAA OULUNCTHAL
Gopma 6 n-meproM NPOCMPAHCMEE MONCEM ObIMb 3ANUCA-

Ha 6 sude
n

Alwsy) = Y anbing, (3)

ik=1

2de £1,&9, ..., &, —KoOPIUHAMBL BEKMOPA T, G 11,72, . - -
.y — KoOpIuKamMBL  BeKkmopa Yy 6 Jdawnom basuce.
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Hucaa a;p 308ucam om 6bi6opa 6a3uce U BLIUUCAAIOMCA
no Popmyaam

aik = Alei; eg).- (4)
Marpuna A = ||a;;|| HasBIBaeTCA Mampuyetd Ouauneti-
noti opmwr A(z;y) 6 6asuce ey, eg, ..., ep.

Taxum o6paszom, B Kax oM Oasuce OuianmHenHas GOopMa,
A(z;y) onpenenserca coen marpunen A = ||a;i||.

IIpumep. IIycte R— TpexmepHOE HIPOCTPAHCTBO, BEKTOPAMU
KOTOpOro asmaorca Tpouku ducer (€1,&2,£3). 3aganum B R Gmm-
mennyio gopmy A(x;y) dopmymon

A(z;y) = &am + 282m2 + 3Esns.

Bospmem B R B KauecTBe 6a3mca TPy BEKTOpa

€1 = (17171)7 €2 = (1717_1); 63:(17_17_1)'

TMangem marpuny A G6mmuuennon ¢popmer A(z;y) B 3TOM Gaswmce.
B cuny (4) moxyamwm:

a1 =1-14+2-1-14+3-1-1=6,
a12:a21:11+211+31(—1)207
aze=1-14+2-1-143-(=1)-(=1) =6,

aiz=az3 =1-14+2-1-(-1)+3-1-(-1) = —4,
a23=a32=1-1+2-1-(—1)+3~(—1)~(—1)=2,
ass=1-1+2-(=1)- (=1) +3- (=1) - (=1) = 6,

6
A= 0
—4

N OO

4
2
6

Taxwum o6pazom, ecru 0603amTh wepes (€1, €5, £3) u 1,15, N3 Koop-
AMHATHL BEKTOPOB T U j B 6a3uce eg, €2, e3, TO

A(z;y) = 661my — 4€1m5 + 6E5m5 + 265m3 — 4€am| + 2E3m)5 + 6€315.

4. Bpeo6pazoBanue MaTpUIbI GWIMHENHOU (POPMBI IPU
usMeHeHuu 6asuca. BycTh maHbBI B N-MEPHOM TPOCTPAHCT-
Be aBa Oasuca: er,es,...,en, 4 f1, fo,..., fn. BycTs Bek-
TOpHL f1, fo,..., fn BBHIpAXAIOTCI Uepe3 BEKTOPHI 6a3mca
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e1,e2,...,e, bopmyramn

f1 = C11€1 + C91€2 +...+ Cn1€n,
f2 = ci2e1 + ca2e2 + ... + cp2ep,

(5)

fn = cipe1 + Cope2 + ... + Cpnén.

Takum o06pa3om, cik, Coy - - - , Cpk — KOOPIUHATHI BEKTO-
pa fr B 6asuce e, eq,...,e,. MaTpuiy
C11 C12 ... Cip
Co1 €92 ... C
C = | C2 c2 2n
Cnl Cph2 ... Cpp
Ha30BeM MAaTpHUIEH mepexona oT 6a3uca e, e, ..., e, K 0a-
3ucy f17f27 s 7fn-
Bycrs A = ||aj|| ects MaTpuna GurunaenHOM (HOPMBI
A(z;y) B Gasuce e, eg,...,e,, a B = ||bj|| — marpuna
TOou X)e OumnuHenHou Gopmbl B H6asuce f1, fo,..., fr,. Bama

3ajada COCTOMT B TOM, 4TOOBI 10 Marpuue ||a;| HanTn
marpuiy |big -

Bo onpenerenuio [dpuopMUyJIa (4)] bpg = A(fp; fq), T-e.
bpq — 3HadeHwe OmmuHenHOM hopmbl A(z;y) npu © = fp,
Yy = fg A1 TOro 9TOGHl HAWTH €ro, BOCIOAb3YeMCH
dbopmyaon (3), moacrasus B mHEe BMecTO &1,&9,...,&, @
N1,72,--.,7y KOODAMHATH BEKTOPOB f, um f, B Gasuce
€1,€2,...,€pn, T.€. IUACAA C1p,C2p,...,Cnp U Cl1q,C2q,---,Cngq-
Boxyunm:

bpg = A(fp; fo) = Z ik CipChq- (6)

ik=1

Bro ects uckomas ¢popmyia.
SanuiieM ee B MaTpudHOU (dopme. [lag 3TOro moJao-

XKUM c;i = ¢;p; TAaKEM 06pa3oM, c;)i ABIAIOTCA dJIEMEeHTaMU
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marpunsl C', Tparcnoruposarron Kk marpune C. Torga

n
!/
bpg = E Cpi®ikChg-
ik=1

B maTpuuaOU dopme 5TO O3HATAET *):
B =C'AC. (7)

Urak: ecau A u B cymb mampuyvt Ouaurnetinot gop-
mvt A(z;y) coomsememeenno 6 0a3ucar €1,€a,...,en U
fi, fo,..., fn, mo B =C'AC, 2de C — mampuya nepero-
da om 6azuca ey, es,...,en K 6azucy fi, f2y... s fn, a C' —
MAMPUY G, Mparcnonuposannas x mampuye C.

5. KBagparuunsie (pOpMEL.

Ounpengenenwme 4. Ilycmv A(z;y) — cummempu-
weckasn Ouaunetinas gopma. Dynkyus A(x;xz), Komopas
noayuwaemes uz A(x;y), ecau nosorcums y = T, HA3bI6A-
emes Keadpamuunoti Gopmot.

*) IlpowmsBenenme AByX MATPHUL ONPEETACTCA, KAK W3BECTHO,
TAK: DIEMEHT NMPOW3BEJIEHUA MATPWUI, CTOAIMN HA II€PECEICHUN i-1
crpoku u k-ro cToabma, paBeH CyMMe IPOU3BEIEHAU BJIEMEHTOB i-
I CTPOKM HEePBOM MATPHUIBI HA COOTBETCTBYIOIIAE SJIEMEHTHI K-T0
CTOI6Ia BTOPOU MATPHUIEL. Y 10OHEE >TO MIPABMIIO 3AMUCHIBATD B BUIE

dOopMyIBI
n
Cik = E @iabak,
a=1

€ Qiq — DIEMEHTHI IEPBOM MATPHUIILL, & by, — 3IEMEHTHI BTOPOH Ma-
Tpunsl. OTCOAA, IPUMEHAL 3TO IPABWIO ABAXK ABI, MOXHO IIOLYIUTh,
9TO MPOW3BENEHNe TPeX MAaTpPuUIl Buraucasercsa Tak: ecim D = ABC,
TO

n
di = E GiabagCar.
a,f=1
Ecmn A’ — marpuna, TparcnoEmpoBanHas K Marpune A, TO dIeMeH-

n
tor marpunet A’ BC umetor Bug Y. aaibapCsk-
a,B=1
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A(z;y) HasbiBaeTCa OuauHETHON (HOPMOU, NOAAPHOT K
kBagpaTudHOu dpopme A(zx; ).

Tpe6osanue cummerpudaoctu Ghopmbl A(z;y) B ompe-
IeJeHUYM KBaPATUIHON (DOPMBI OIPABABIBAETCA CJIELYIO-
M TIpPeIIoKeHNeM, KOTOpoe 6e3 3Toro 66110 6B HEBEPHO.

Hoaspuas Popma A(x;y) odnosnauno onpedeasemcs
ceoeti keadpamuunoti gopmoti A(x;x).

lokasaTeabcTBso. /3 onpenenenns OCNIMHENHOR
(bOPMBI JIETKO CAEYEeT, ITO

Az +y;z +y) = Alz; z) + Az y) + Aly; z) + Aly; ).

Orcioga B cuny cuvmerpun (T.e. paBeHcTBa A(z;y) =
= A(y; x)) noxygaem:

Alzzy) = Al +yiz+y) — Al ) — Aly: )]

B mpaBoi 9acTm 3TOr0 paBeHCTBA CTOAT 3HATCHUA KBAAPA-
TUYHOU (POPMBI; CICAOBATEIBHO, MbI JOKA3AIM, ITO OWIn-
nerHasa popma A(z;y) onpenenaerca cBOen KBa paTHTHON
dbopmon ).

BI)IIHe MBI YX€ NOKa3aJaX, ITO BCAKAIA CUMMETPUICCKAI
Ounuuennas ¢popma A(x;y) 3anmMCHIBAETCA 9€pe3 KOOPAU-

*) @ymkuma A(r;x), HOIyIeHHAA W3 MPOU3BOABHOU (HE 00a3a-
TEIBHO CUMMETPUIeCKOn) 6mmuennou Gopmer A(z;y), MOxXeT OBITH
MOJIyYeHA ¥ U3 CUMMEeTPHYeCKON OUINHEnHOU (HopMon. [encTBuTe s
HO, mycTh A(7;y) — DIpom3BoabHAA OWIMHENHAA (POPMA; TOT A

Ai(z;y) = 5[A(z3) + A(y; 2)]

€CTh CHOBa OMIuHEenHas (pOopMa U MPUTOM, KAK MOXKHO BUIETH, CHM-
MeTpuiaeckad. 1lo

Ai(z;z) = S[A(z;2) + Az 7)) = A 0),

N

r.e. Ai(z;y) npusogur Hac (Upm ¥y = &) K TOU XK€ KBAJPATHIHON
dbopwme, aro u A(z;y).
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HATHI BEKTOPOB I U Yy B BUAEC

n
Alwsy) = Y ainbime,
ik=1
e a;; = Gg;. bodToMy:
searasn Keaodpamuunas Popma A(x;z) npu zadanwmom
ba3uce svipasxcaemcs Popmyaoti

n
Alws o) = Y andib,
i,k=1
rae a;; = ap;. BBegeM eme OIHO BaXHOE
Ounpegenenune 5. Keadpamuunas gopma A(x;x)
HA3BIBALTNCA NOAOHCUMEALHO ONpedeaennoti, ecal dai #10-
6020 sexkmopa x # 0

A(z;z) > 0.

Bpuwmep. A(r;z) =E2+62+...+ &2 apuaerca, oue-
BU/IHO, MTOJOXUTEIHHO ONPENETCHHON KBAPATUIHON POP-
MOH.

Bycrb A(x; ) — HOMOXUTEIBHO OHpeNeeHHAS KBAAPa-
tuaHasg dopma u A(x;y) —ee momspuas dopma. B cmiy
chHOPMYIMPOBAHHBIX BHIIIE OMPENENEHAN DTO O3HAIAELT:

1° A(z;y) = A(y; @)

2° A(z1 + z9;3y) = Alz13y) + A(z23y).

3% A(Az;y) = AA(z;y).

4° A(z;z) 2 0m A(z;z) > 0 mpu = # 0.

Mpbr BramM, 9TO DT YCJIOBHUs COBIIQAAIOT C AKCHOMA-
MU CKAJISPHOTO MPOU3BEAEHUA, CPOPMYIUPOBAHHBIMU B § 2.
CuenoBaTeabHo,

cKaaaproe npoudsedenue ecmo Ousunetinas gopma, co-
0MBEMCMBYIUWAL NOAOHCUMEALHO Onpedesennoti Keadpa-
muunots gopme, u a0bas maxas Gopma moxrcem Ovimb
NPUHAMG 3G CRAAAPHOE NPOU3BEJEHUE.

BosTomMy MBI MOXEM OMpEReanTsh €BKINIOBO IPOCTPAH-
CTBO CIemyomuM 00pa3oMm.
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Egraudosvim npocmpancmeom masvisaemcs apdunnoe
nPOCMPAHCNBO, 8 KOMOPOM BbIOPAHG KAKAA-HUOYIb Puk-
CUPOBAHHAA NOAOHCUMEADHO ONPEICACHHASA KEAOPAMUUHAS
dopma A(x;z). 3nauenue A(x;y) coomeememsyrowed *)
etl buasunetinotl Gopmvl cuuUMaemcs NPy 3Mom CKAALPHLIM
npouzeedenuem **) sexmopos T u y.

§ 5. BpuBeaenue KBagpaTUIHON HPOPMBI
K CyMMe KBaJpaToB

Mpe1 3HAEM yXKe, ITO BBIPAXKEHUE KBAIPATUIHON (DOPMBI
A(z;x) 9epe3 KOOPAMHATEL BEKTOPA T 3aBUCUT OT BHIOOPA
6a3uca. B aToM maparpadge OymeT MoKa3aHo, KaK IPUBECTH
KBaIPATHIHYI0 GOPMY K CyMMe KBaIpaTOB, T.€. BHIOPATH
Takou 6asmc (CHCTeMy KOODIWHAT), B KOTODOM KBapa-
TUIHAA (HOPMa UMEET MPOCTON BU]

Am; ) = ME&T + Aol + - + Mk (1)
Bycrs B HEKOTOpOM Gasuce f1, fo,. .., f, umMeem pasen-
CTBO
n
A, ) = > awnime, (2)
ik=1
Tae 11,12, - -,y — KOOPAWHATH BEKTOPA T B 5TOM 06as3u-

ce. Bymem mocTeneHHO mpeo6pa3oBEIBATL 06A3UC TaK, ITO-
6b1 B opmyre (2) mpomaanu NpOU3BENEHUA KOODAUHAT
C Pa3IWYIHBIMU WHAEKCAMM. TaK KaK KaxnoMmMy mpeobpa-
30BaHUIO 6a3MCa OTBEYAET OUpeaeJeHHOe Ipeobpa3oBaHmTe
KoopauHAT (cM. § 1, 1. 6) 1 06paTHO, TO MBI MOXEM MUCATH
¢dopmyabl 1pe0Opa3OBaHUA KOOPAUHAT.

[ns npusenenua popmer A(r;x) K cymme KBaapaToB
HAM HYXHO OygeT, 9TOOBI XOTh OAWH U3 KOd(h(DUIMEHTOB

*) Mer yxe gokasamm, 9To GurmHenHaA GopMa A(x;y) oqHO3HAT-
HO ONIPEAEMAETCA CBOEN KBagpaTtwanou dhopmon A(z;x).
**) Beuue ono o6osmavansoces (z,y), a ue A(z;y).
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akk, (xko>ddunment npu 7?) 6bLT OTAXIEH OT HyaA. Broro
BCEra MOXHO NOOWTHCA. [[eMCTBUATENBHO, IIPEMOTOKIM,
110 dopma A(x; ), He paBHAS TOX JECTBEHHO HYJIIO, HE CO-
JIEepXKUT HU OTHOTO KBAIPATa IIEPEMEHHOT0; TOTAa OHA CO-
JIEepPEKAT XOTA ObI OMHO IIPOU3BENECHNE, HAIPUMED, 241271 7)2.
3aMeHUM KOOPAMHATHI 7); U 7)2 O (HOPMYIaM

M= 1+ 0,

2 =1L = M,
HE M3MEHAA OCTAIBHBIX MEPEMEHHBIX. Bpu »TOoM mpeobpa-
30BaHMY “WIeH 2a12717)2 mepeiger B 2a12(n — ni), u Tak
KaK, 110 TPEATIONOKEHNIO, a11 = 22 = 0, TO OH HE C 9eM HE
MOXET COKPATHUTBCA, T.e. KOdMPUIUEHT P 77’12 OT/INYICH
OT HyJIA.

Bygem remepb cumrTarTh, 9TO yke B dopmyrne (2) ko-

sddunuent a1y # 0 *). Bergeaum B Hamen KBaIpaTHIHOR
(hopMe WIeHBI, COAepKAaIIIe 1)y :

2
a1ny + 2a1amn2 + ... + 2a1,M17n-
JlOIIOMIHUM 3Ty CYMMY [0 IIOMHOr'O KBAAPAaTa, T. €. 3AIUIIEeM

ee B BHUE

an i + 2a19mng + - . .+ 201,10, =
1
= —(anm + ...+ amn)? - B, (3)
all

rae vepe3 B Mbl 0603HAYWIN “LIEHBI, COAEPKAIINAE JUIIb
KBaPAaThl M IOUAPHBIE MPOWU3BEAECHUA TWIEHOB (1272, ..
..., Q1p7y. Bocae moxcranoBku Beipaxenus (3) B (2) pac-
cMaTpuBaeMasd KBajJpaTudHas GpOpMa IPUMET BUL

A(.T,.T) = (a11771 + ... +a1n77n)2 + SN

ail

") Ecmm ai1 = 0, 2O oTamien oT Hyas k0>hQPUUMEHT npU KBa-
apare Kakou-HuOyAb APYTOU KOOPAWHATHI, TO K PACCMATPUBAEMOMY
CIy9ai0 MOXKHO IPUATH, MHAYE 3aHYMEPOBAB BEKTODPEBL €1, €2, ..., En,
4TO TaKXe SBIIeTCA HEKOTOPBIM Ipeobpa3zoBaHueM >TOro 6as3uca.
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'€ HEBBINMCAHHBIC “WICHBI COAEP2XKAT TOJBKO NEPEMECHHBIC

7]2, e ,ﬂn.
Bomoxum

Ny = anm + ane + ...+ a1y,

*

Mo = 12,

Torpga xBagpaTuvHas ¢popMa OPUMET BU[

n
1 *2 * ok k
Alz;z) = —ni” + E @ik M-
arl .
i,k=2
n
* k0% v
Bripaxenne 3 ajy7;7j BIOIHE AHANOMMYHO NPABOX
i,k=1

qacTu (HOpMYyasl (2) ¢ TOU TOIBKO PA3HUIEU, ITO OHO HE
COZIEPXKUT MEPBOU KOOPAMHATHL. B peamnomnoxum, 910 Koadh-
dunuenT a3, 7 0 (9TOro, Kak MBI BHEIN, BCETJA MOXHO
DOOUTHCA TPOCTHIMY BCIOMOTATEIBHBIMY TIPE0OPA30BAHN-
avum). Torga MOXHO TPOU3BECTH HOBOE, AHAJOTHIHOE Hep-

BOMY, Ipeobpa3oBaHUE MEPEMEHHBIX 0 (hOPMYIaM

*kk *
m ="M,
kk k k * k k k
Ny = U907y + Qo373 + ...+ A9y, 7y,
*kk *
773 = 7737
ok *
M = Tin

B HOBBIX mEpeMeHHBIX (HOPMA MIPUMET BHU[

n
1 1
Alyz) = —ni™ + =" + Y afini ;"
i 22 ik=3

Bpogoaxas »>TOT mpOIECC, MBI MOCHE KOHEYHOT'O YUCIA
IaroB mpuaeM K mepeMeHHbIM &£1,&9,...,&,, B KOTOPBIX
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dbopma A(zr;x) Oyaer umeTs Bu
Az z) = &+ X8+ ..+ Anéh,

npuieMm m < n.

Mgl mpefocTaBIgseM FUTATENI0 BHIMACATH TPeodpa3o-
BaHUe 6a3MCa, OTBEYAIIECE KAXKAOMY U3 IIPOU3BEIEHHBIX
npeobpasoBanuu KoopauHaT (cMm. m.6 §1), u ybegurnes,
ITO HAIIK NPE06PA3OBAHUA AEUCTBATEILHO MEPEBOAAT 6a-
3uc cHOBa B 6a3mc, T.e. ITO HMOXyIeHHBIE W3 Oa3mca B pe-
3yJbTaTE MPeoOpa30OBAHUA BEKTOPHI CHOBA JWHEHHO HE3a-
BUCHMBI.

Boaaras B caygae m < n, 910 Apy1 = ... = Ay = 0,
MBI IPUXOIUM, TAKUM OOpPa30M, K CIEAYIOIIEN TeopeMe:

Teopewma. Ilycmo 8 n-meprom npocmpancmee 3a-
dana npoussoavnas Keadpamuunas Gopma A(x;x). Toada
8 R cywecmsyem 6a3uc ei,€a,...,€,, 6 KOMOPOM MG
Keadpamuunas Gopma umeem 6ud

Az m) = MEF+ X5 + .+ M2,
ede £1,&, ..., &, —Koopdunamuvr, eexkmopa T 6 Oasuce
€1,€2,...,€n.

IIpusegem mpuMep NPUBEAEHUA KBAAPATAIHOU (POPMBI K CyMME
KBaAPATOB II0 ONUCAHHOMY MeTOAy. IlyCTh B TPEXMEPHOM IPOCTPaH-
cTBe ¢ HEKOTOphIM GasucoM f1, fa, f3 3amana kBagparwasas dhopma

A(z; @) = 2mn2 + 4mns — 05 — 83

ITomoxum ,
m =Tz,
n2 = 7717
3 = 77,3-

Torga momy4anm:
A(w; @) = —n)” + 2nim) + dnhmi — 85
[amsmre, moaarasa

*

no=—n1+n,
7 12,
T3 = 771,37

*
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MBI [IOJYYUM HOBOE BBHIDAXKEHWE 1A KBAAPATUIHOUN (HPOPMBEL:

Aw;z) = =2 + 05 + s — 83

IIpeobpaszoBanue
&1 =1,
2= 5+ 2n3,
s = 3

BBIJCIAT M3 Halllell KBaJPATUIHOH (POPMBI €Il OAUH IOJTHBIA KBa-
apatT, mocie 1ero hbopMa IPUMET KAHOHUIECKUN BUI:

A(zyz) = =& + & —12¢5.

Nmes dbopMyIst, BEIDAXAIOMIUE 1], 175, ..., 1, I€pe3 11,
12,...,MNp, 3aTeM N7, ..., n" aepe3 Ny, N5, ..., N, © T. 1.,
MBI MOXEM IIOLYy9UTh BhIpaxkeHue koopauaar 1,&2,...,&,
“epe3 MepBOHAYAIBHBIE KOOPIUHATEL 11,12, - - - , Int

§1=cuum +ci2me + ... + CipTn,
§o = co1m + co2m2 + ...+ Conin,

En = Cn1 + Cu2m2 + ... + CppTin-

Tak, B mpuBeeHHOM BbIIIE IpUMEPE >TU GOPMYJIbI UMEIOT BUL

&1 =m —n2,
2=m + 2ms,
&= n3.

Benomunas (§ 1, . 6), aro maTpuna, garomas npeobpa-
30BaHME KOOPAUHAT, ABIACTCA OOPATHOU W TPAHCIIOHUPO-
BAHHOW K MaTpuie npeobpa3oBaHmMA 6a3WCa, MBI MOXEM
BBIPA3UTh BEKTOPHI HOBOT'O OA3MUCA, €1, €2, . . . , € T€PE3 BEK-
TOpPEL cTaporo 6asmuca f1, fo,..., fu:

er =diif1 +diafo + ... +dinfa,
ez = do1 f1 +daafo + ...+ day fr,

€n = dnlfl +dn2f2 + ... +dnnfn-
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Ecau B mponecce npusBegenns HaM HI Pa3y HE IPUXOIUIOCH
IIPOU3BOAUTH IIpeoOpa30BaHud, MEHAIOIIEI'0 Cpa3y ABe KO-
OpAMHATH (Takoe npeobpa3oBaHue, KAK MbI IIOMHUM, IIPU-
XOJUTCS COBEpPUIATDH, KOrAa B MpeoOpasyemMon (popme OT-
CyTCTBYIOT KBapaThl KOOPAUHAT, IUO0 €CIU IPUXOJUIOCH
MEHATH HyMEpalui), To (GOpMyIbl IpeoOpa3OBaAHMUA UMe-
0T BU[

§1=cum +ci2me + ... + CipTn,
§o = co2m2 + ...+ Canln,

gn = Cnn'in,

T. e. MATPUIA TPEOOPA3OBAHNSA ABIACTCA TAK HA3BIBAEMOU
TPeyroibHOU MaTpuien. JIerko mpoBepuTh, YTO MATPUIIA,
npeobpa3oBanua 6a3uca OygeT B 9TOM Clydae TaKXKe Tpe-
YTOJBHOU MATPULIEH BUIA

e1 =di1fi,
ez = do1 f1 + daa fo,

€n = dnlfl +dn2f2 + ... +dnnfn-

3aeck dgp — anrebpamdeckoe QONOIHEHWE SIEMEHTA Cqg
MaTpUIEL ||Cik||, mereHROE HA OmpeeruTeNns STOM MaTpHU-
IBL

§ 6. BpuBeaenue KkBagpaTUIHON POPMBI K CyMMe
KBaPaTOB TPEYrOJIbHLEIM Ipeol6pa3oBaHMEM

1. Borom naparpade MbI yKaxeM emre OquH Crrocob mo-
cTpoeHusa 6a3uca, B KOTOPOM KBaApAaTUIHAA (HPOPMa IPU-
BOAUTCA K CyMMe KBaIPaTOB. B oTimtiue oT npemabigyero
maparpada Mbel gaguM GOPMYJIBI, BEIPAKAOIINE UCKOMbBIT
6asuc e, e, . .., e, HENOCPEACTBEHHO Y€pPe3 UCXOMHBIN Oa-
3uc (a He B HECKOJBKO IIAr0B, KaK B §5).
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Bpu osTom, omgmako, Mbl gOMXKHBL Oymem Ha (oOpmy

A(z;y) u ucxogubm 6asuc fi, fo,..., fn HAIOXUTH CIexy-
Iolllee OrpAHUYEHUE: MYCTh ||a;|| — MaTpuna GuinHenHON
dopmbr A(z;y) B 6asuce fi, fa,. .., frn. MBI npegnonoxum,

YTO CAEAYIOUEe MUHOPHI MATPUIHI ||a;|| Bce OTAMYIHBEL OT
HyJ1q *):

i a1l a12 . .
Alzall?é()) Ap = #07 )
a1 022
ail a2 a1n (1)
a1 @ a
A, = |21 022 2n £0
an1 Gp2 Gnn
B xaxmgom 6asuce fi, fo,..., fn kBagparuanas dpopma

A(z; z) nmeer Bupg

A(z,z) = Y ain&ibe, rae ag = A(fi, fu)-

ik=1

Bama menb — onpeneauTs BEKTOPHL €1, €2,...,€, TakK,
9IT00OBI

Alejie) =0 mpm i#k (i,k=1,2,...,n). (2

Bpomnecc, ¢ moMompo KOTOporo »To 6yIeT ¢aeIaHo, co-
BIAJAET C IPOIECCOM OPTOTOHATM3AIAY, OIMCAHHBIM B II. 1
§ 3, eCaIM 3aAMEHUTDb B 3TOM MPOLECCe CKAIIPHOE IPOU3BE/Ie-
HUE BEKTOPOB NIPOU3BOALHOU OuimuenHou dhopmon A(z;y),
yaoBieTBopsomen ycaosuam (1).

*) MoxHO mokasarh, ITO TO TPeGOBAHME DPABHOCIIBHO TOMY,
9TO NPU NPUBEJCHUY KBAJPATUIHON POPMBI K CyMME KBAPATOB MO
MeTOay, OMUCAHHOMY B §5, a11 # 0, a3 #0 u T. 1.
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Byaem mckaThb BEKTODEHI €1, €2, . .., €, B BAIE

e1 = a1 fi1,
ez = a1 f1 + a2 fa,

(3)

€n = anlfl +an2f2 + ... +annfn-

Koo puumeHTsl o) MOXHO ObLIO ObLI HAUTHU W3 yCIOBHUH

(2), mogCTABUB B 5TU yCIOBUA BMECTO €1, €2, . . ., €y UX BHI-

paxernusa u3 (3). OgHAKO 5TO HEYAOOHO A BHIYUCICHUM,

TaK KaK [MPUILIOCH ObI PEIIATh yPaBHEHWA BTOPOU CTEIeHN

OTHOCHUTEIBHO (jk. BOCTYIUM MO>TOMY HECKOIBKO MHAMIE.
Ecan

Aleg; fi) =0 mma i=1,2,...,k—1,
TO U
Aleg;e)) =0 g i=1,2,...,k—1.
JlecTBATENBHO, MOACTABIAL BMECTO €; BHIPAXKEHUE
anfi+apfo+ ...+ aifi,
MOy IaEM:
Aeg;ei) = Aleg; ainfi +aiafo+ ...+ aiifi) =
= apAleg; f1) + anAleg; f2) + ... + aiiA(ex; fi)-

Taxum o6pazom, ecmm A(eg; f;) = 0 pasa mo6oro k u aas
ao6oro i < k, Toum A(eg;e;) =0 mua i < k, u crenosarens-
HO, B CHJIy CUMMeTpUM OMIMHENHOU (HPOPMBI U s ¢ > Kk,

T.€. e1,€9,...,€e, — Tpebyembin Oa3uc. Bama 3amada cBe-
IEHA, TAKUM 00pa3oM, K CJAeqyIOIIen:
onpeneanTb KOdQPUIUEHTHL (g1, Ok2, - - - , Ak, TAK, ITO-

OBI BEKTOP

er = apfi +agafo+ .o+ gk fi
YAOBIETBOPAI yCIOBUAM

Aler; fi) =0, i=1,2,...,k—1. (4)
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Brumu ycroBmsaMu BeKTOD e, OmpenesieTrcs ¢ TOTHO-
CTBIO MO MOCTOAHHOIO MHOXHUTENA. 3apUKCUPYEM DTOT
MHOXUTEIb ¢ IIOMOIIbI0 TpeboBaHuA

Aler; fr) = 1. (5)

Mubr yBugum cendac, aro ycaosuamu (4) m (5) BexkTOp ef
OIIpeIeJIeH yXKe OTHO3HAMHO.

Boacrasus B (4) u (5) BeIpaxeHue 1 €, MBI TIOLY TUM
CIEAVIOUIYIO CUCTEMY yPABHEHUU IIEPBOU CTENEHU OTHOCH-
TEABHO (f;:

aptA(fi; f1) + a2 A(f15 f2) +- .+ e A(f1; f) =0
aptA(f2; f1) + anoA(f2; f2) +. ..+ A f2; fr) =0,

1 A(fe—1; f1) + ar2 A(fr—1; f2) + ...
oo+ appA(fr—1; fr) =0,
a1t A(fr; f1) + ar2A(fr; f2) +- o+ awe A(fr; fr) = 1. )

Onpenenurens >TOU CUCTEMBI yPABHEHUU PABEH

A(fi; f1) A(fis f2) - Alfrs fr)
Ay, = A(fas 1) A(f2s f2) oo A(f2s fr) (7)

A(frs f1) Afrs f2) - A(fes fr)

u 1o ycaosuio (1) oriuden ot Hyas. Bosromy peuenue cu-
cremel (6) cymecrByer um egmHCTBeHHO. TakuMm 06pasom,
3a0a9a HAXOXEHUA BEKTOPa €p HAMU PElIeHa A JI060-
ro k.

Bangem reneps koapduumeHTs b KBAIAPATUYIHOU
dbopmer A(z;x) B 6Gasuce e, es,...,e,. Kak HaM yxe m3-
BECTHO,

N
)

bi, = Ales;er).

Bo mocrpoenmio sroro Gasuca, A(e;;er) = 0 npu i # k,
T.e. by, =0 mpu ¢ # k.
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Boramcanm by = A(eg; e ):

Alegser) = Aler; ap1fi + akafo+ ...+ i fr) =
= ap1Aler; f1) + caroAler; fo) + ... + appAler; fr) ¥)

u B cury ycaosun (4) u (5)

Alex; er) = apg.
Yucno apr MOXKHO HauTH u3 cucTeMbl (6); cormacHO mpa-

Buny Kpamepa
Ap-1
Apf = Ak; )

rage Ay | —omnpemerurenb, aHATOTMIHbIA (7) TOPAAKA
k — 1, u rae nomoxeno Ag = 1.
Takum ob6paszom,
Ap_y
Ay

b = Alex;er) =

Nrak, mokaszaHa ClIemyiomas
Teopewma 1. Ilycmo 8 6asuce f1, fa,..., fn K6adpa-
muunas gopma umeem 6ud

A(z;z) =Y agming, tae  aig = A(fi; fr)-

IIycmo, daaee, onpedeaumenu

Alzau, AQZ a1 di2 s ey
a21 a22
ailr a2 ... Qip
An — a1 G22 ... Q2n
an1 an2 Qnn

omauunv, om wyas. Toeda cywecmsyem 6asuc eq,es, ...
vy €n, 8 Komopom A(x;T) 3anucwieaemca 6 sude cymmbl

*) BeIKIagka CHIBHO yCIOXKHHIACH OB, €Car ObI MBL 3AMEHWIH €
€ro BbIpaXEHWeM 4depe3 f; U Ha IePBOM, U Ha BTOPOM MeCTe.
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K8a0dPaAMO8 CACOYIOUUM 00PA3OM:

A A Ap_q
Awsz) = T+ TG+ + 3G

ede & — Koopdunamol 8eKmMoOpa T 8 6A3UCE €1,€2, ..., Ex.
BroT cnocob npusegenus KBagpaTuIHON POPMBI K CyM-
M€ KBapaTOB OOBIYHO HA3bIBaeTCA memodom Arxobu.
daMedanue B mpomecce goKa3aTerbCTBa TEOPe-
MBI MBI IPUINLIA K HEKOTOPOMY BIIOJHE OIPEAeJEeHHOMY 0a-
3uUCy €i,€s,...,6e,. BTO, KOHEYHO, HE O3HAYIAET, 4TO Oa-
3uUC, B KOTOPOM KBaApaTUIHAA (pOpMa IPUBOIUTCA K CyM-
M€ KBaJpaToB, BOOOIIEe eIuHCTBEH. [[eMCTBUTEILHO, eCian
B3ATH ADPYrOM MCXOHBIN 6asuc fi, fa,..., fn (maxe mpo-
CTO, €CI¥ 3aHYMEPOBATH €r0 BEKTOPHI B APYTOM IOPALKE),
TO ONMUCAHHLIN BHIIIE IIPOIECC MPUBEIET HAC, BOOOIIE T'O-

BOpsA, K ApyroMmy 0asucy ej,es,...,e, (He DOBOpS yXe O
TOM, ITO 6a3uc ey, €y, ..., e, He 00I3aTETHHO NCKATH B BU-
ze (3)).

IIpuwmep. IMaccmorpum xBazparmanyio popmy
267 + 3616 + 4616+ 6 + 65
B TPEXMEPHOM IPOCTPAHCTBE C 06a3MCOM
fi=(1,0,0), f2=(0,1,0), f3=1(0,0,1).

CooTBercTByOMWAA el OUInHENHAA (HOPMa UMEET BUJ
3 3
Alz;y) = 26 + S8 + 2603 + S€m + Eanz + 26 + Lans.

Boerancaue ompegeantemn Aj, Az m Ag, mOIyImM, 9TO OHM DABHEI
1

COOTBETCTBEHHO 2, 7 —41, T.e. H OJWH U3 HUX He HyIb. Y CIOBUA

TEOPEMBI, TAKUM 00Pa30M, BBIIOIHEHBL. [1010XKNIM

er =aifi 2(01170:0),
a2 f1 + a2 fo = (@21, @22,0),

es = as1fi + as2fo + assfz = (as1, a3z, as3).

€2

Kosddumumenr 11 Haxogum u3 ycrosus

Ae1; f1) =1,
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1
T.e. 2011 = 1, mim a1 = 5 W, 3HAYUT,

er=1fi= (%00)

st a21 1 g2 UMeeM ypaBHEHUs
Ale2; f1) =0 m Ales; f2) =1,
I 3 3
2a21 + 522 = 0; 5021 + a2 =1,
OTKyaa
a1 =6, = -8,
T.e. ez = 6f1 —8f>» = (6,-8,0).
TTakonen, nua a1, 32, 33 IMEEM CUCTEMY YPABHEHUN

Aes; f1) =0, Ales; f2) =0, Ales; f3) =1,

T.e 5
20431—1-504324-20&33:0,
3
501314-0132 =0,
2031 +asz =1,
OTKYy I
S VT R
ST T T T Op
T.e

_ 8 12 1, (8 12 1
es =17 h 17f2+17f3_(17’ 17’17)
KBagparuunasa q)opMa B 6a3uce el, €2, e3 IMeeT BUT

2 1 .2
Az;z) = Cl+— 2+— 3= (1 8C2+1—7§37
rae (1, (2, (3 — KOOpAUHATHLL BEKTOpa & B Oa3uce eq, €2, €3.

2. Beime npu qoka3aTerbCTBe TeOpeMbl 1 MBI HE TOIb-
KO mocTpomiau 6a3uc, B KOTOPOM JaHHAA KBA[PATUIHAA
¢dopma 3amuceiBaeTCA KaK CyMMa KBaJIpaTOB KOOPAWHAT,
HO U IOJIYYIWJIN BIOJHE ONpeeleHHble BRIDAXEHUA NId KO-
3¢ PUNIEHTOB IPU STUX KBaIPaTaxX, & UMEHHO:

1 A AV}
Al ? A2 » An ?
TaK 9TO KBagpaTUdIHad (popma mMeeT BU]

1o Ay Ap—1 .9
s g+ S (8)
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BTO MAa€T HaM BO3SMOXHOCTB HaﬁTH INCJIO IIOJOXKUTEIBbHBIX
¥ OTPUIATENbHBIX KOD(PPUIIMeHTOB nIpu KBaapaTax. men-
HO, ecau A; 1 1 A; IMEIOT OIUHAKOBLIE 3HAKH, TO KO3(pdu-
IWEeHT 1Ipu 522 [IOJIOXKUTEJEeH, €CIU Xe UX 3HAKU Pa3IUIHEI,
TO 3TOT K0P PUIMEHT OTPULIATENEH, T.€. TUCIO OTPHUIla-
TeJbHBIX KO2(pPUIUEHTOB IPU KBafpaTaxX PaBHO IUCILY IIie-
peMeH 3Haka B pALY

1,AL A, ..., Ay

Nrak, nokasaHa crepymoiias TeopeMa.

Teopewma 2. Hucao ompuyamesvhbix x03PPuyuen-
moe npu Keadpamaz Koopdurnam 6 Kakonuueckom sude (8)
K8aIpamMUUKOt PopMbL PABHO YUCAY NEPEMEH 3HAKGE 8 TO-
caedosameavrocmu onpedesumednet

laAlaAZa-"aAn *)

Bycts, B wactHOCTH, A1 > 0, A >0, ..., Ay > 0. To-
rga cymecTByeT 0asuc e, es,...,ep, B KOTOPOM KBaJapa-
TU9HaA popmMa UMeeT BU]

Alz;z) = ME2+ Mol + ... + M2,

npudieM Bce \; > 0. CaegoBarensuo, A(x;z) > 0 gusa Bes-
KOT'O T, ¥ IPUTOM PABEHCTBO

Az ) =D Nl =0
BO3MOXHO, JIUIIb €CJII

S=86=...=6=0.
Nuage rosops:

Ecau A1 >0, Ay >0, ..., A, >0, mo xkeadpamuunas
Popma A(x; ) — nosorcumenbro onpedeseHnas.

*) Mer nmokasamu, KaKk HAUTH IUCIO ITOJNOXKUTEILHBIX K OTPHLIA-
TeJbHBIX KBAAPATOB IPU OIPEIEIEHHOM CIOCO0e IPUBEIEHUA KBa-
apaTwaHON (HOPMBEI K CyMMe KBaApaToB. B cregyiomem maparpade
OyzeT IMOKa3aHO, ITO 3TO UHCJIO — OJHO M TO XK€ IIPU BCeX Crocobax
npuseneHusa GOPMBL K CyMMe KBaAPATOB.
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O6parro, mycTs A(Z;%)— HOMOKUTEIBHO ONPEHENEH-
Hag KBaJpaTwaHaa gopma. BokaxeMm, 9T0 B 5TOM CIydae

Ap>0 (k=1,2,...,n);

UL DTOTO ToKaxeM pasbine, 910 Ay # 0. Bpennonoxum
MPOTUBHOE, T.€. ITO

A(fr; f1) Alfrs f2) - A(f1; fr)
Ay, = A(f f1) A(fas fo) - A(f2s fr) 0;

A(fes f1) A(frs f2) -0 A(fes fr)

TOrZa, OJHA U3 CTPOK DTOrO OIPENEIUTENI eCTh JUHENHAL
KOMOWHAIAA OCTAJbHBIX, T. €.

i A(f1s fi) + p2A(f2; fi) + - + e A(fes fi) =0,
©=1,2,...,k, rge me Bce 41 paBHE Hym0. Bo Torga

a ClIenoBaTEIbHO,

Alpr fr +pafo+ oo+ pwfes pfi+pafo+. oo+ pefe) =0,

B TO BpeMsda Kak

pifi+pafo+ .o+ prfr # 0,

9TO MPOTUBOPEYUT ONPEIEICHAIO MOJOXKUATEABHO OIPeIe-
JIEHHOU KBAIPATUIHOU (DOPMHBI.

Carenosareasno, cormacHo Teopeme 1, A(x;x) moxHO
[IPUBECTHU K BUIY

A(z;z) = )qf% +...+ Anfi,
riae
A
AV
Tak Kak A1 DOJOXUTEILHO OIPeNeJeHHON KBapaTud-

HOU dopmbl Bee A > 0, To m Bce Ay > 0. (Bamomuunwm, a0
Ap=1.)
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UNrak, HamMmu moka3ana

Teopewma 3. Ilyemv A(z;y) — cummempuueckasn
busunetinas dopma u f1, fo,..., fn — 6a3uc 8 n-meprom
npocmpancmge R. /[as mozo umobvr keadpamuumnas
gopma  A(z;z) Obiaa noaorcumesvro onpedesennot,
He06L0duUMO U dOCMaAMmouno, umobvl

A1 >0, Ay>0, ..., A,>0.

Bra Teopema HazwBaeTca ycaosuem Cuabsecmpa moao-
KATEILHON ONPEASTeHHOCTH KBAAPATHIHON (HOPMBI.

Msr Morim GObI B3ATH BMECTO fi, fo,...,frn KaKOW-1m6GO OPYrOU
6a3MC W HANNCATH YCJAOBUA IMOJOKUTEILHOU OMPENEIeHHOCTU (hHOp-
bt A(x;x) Iepe3 BEKTOpBI DTOr0 HOBOrO 6Gasmuca. B gacTHOCTH, €c-
JM MBI B Ka49eCTBE HOBOI'O 0a3WMCa BO3bMEM T€ K€ CaMble BEKTODHI

fi,f2,..., fn, HO TOIBKO B OPYrOM IOpPAJKE, TO HOBBIMA MUHODA-
va A1, As, ..., A, GyAyT Pa3IMIHBIE TIABHBIE MUHOPHL *) MAaTPUIBI
[laik||. OTcroma BEITEKAET MHETEPECHOE

CuaegcrBue. Ecau sce 2aasubie munopvr A1, Aa ... A, ma-

mpuybt ||air|| Keadpamuunot gopmvr A(z;z) 6 dannom 6asuce noao-
AHCUMEABLHBL, TRO B00OUE BCE 2AABHBIE MUHOPBL IMOT MAMPUYBL NOAO0-
HCUMEALHBL.

B camom pgene, ecam Bce MmHOPBI Aj MaTpuubl ||ak|| momoxm-
TeapHbl, TO popma A(z;x) mosoxurersHo onpenerennas. Illycrs A —
KAKOU-1m60 INIABHBIA MUHOD MATPuUE! ||a;k|| @ mycTs p1,p2, ..., pr —
HOMEpa BXOJAUMX B HETO CTPOK M CTOXOLOB >TOM MaTpuubl (Tax
KaK MUHOD — INIABHBIM, TO 3TH HOMEPA AIA CTPOK W CTOXOLOB 0.-
Hu u Te xke). [lepecTaBuB B MCXOAHOM 6a3mCe BEKTOPHI C HOMEPAMHA
P1,P2,. .., Pk HA IEPBOE, BTOPOE U T. 4., k- MECTO U 3aIHUCaB B 5TOM
HOBOM (a3uCe yCIOBHA IOMOXKUTEILHOU ONPEAeIeHHOCTH GOPMEL, IO~
ayaam A > 0.

3. Onpegemremu I'pama. BesyabTaTsr aTOro maparpa-
(hba MBI MBIOKUM CEAIAC A CIYUasd, KOTIa B KAYeCTBE KBa-

OpaTUIHOU (HOPMBI BHIOPDAHO CKAJAAPHOE IIPOU3BEICHUE B
€BKJINOBOM IPOCTPAHCTBE, T. €.

A(z; x) = (2, x).

*) TnaBHBIME MEHOPAMU HA3BIBAIOTCA T€, TP COCTABICHUA KOTO-
PBIX BBIAEIAIOTCA CTOXOIBI C TEMH XK€ HOMEDAMU, ITO U CTPOKH.
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Mgl 3HAEM, YTO CKAIAPHOE IIPOU3BEAEHNE BEKTOPa ¢ COOOU
€CTh TOJOXUTENbHO OIpeIeNeHHas KBaApaTudHas popma,
1 00paTHO, KaXIasd CUMMETpHYECKasas OWInHEeHHas (op-
Ma, KOTOPOU COOTBETCTBYET IMOJOXUATEILHO OIPeIeTeHHAg
KBagpaTudHasg ¢opMa, MOXET OBITh MPUHATA 33 CKAJAD-
HOe mpou3BeleHme. bodToMy BCsAKasg TeopeMa O MOJOXKU-
TEeIbHO ONPENETeHHBIX KBAAPATUIHBIX (POpMaX SABIAETCA
OMHOBPEMEHHO HEKOTOPOU TEOPEMOH O BEKTOPAaX B €BKJIM-
TOBOM TIPOCTPAHCTBE.

Bycts e1,e9,...,6, —BEKTOPB B €BKIMJOBOM IIPOCT-
paHCTBe.
Oupegemurens
(e1,e1) (e1,e2) ... (e1,ex)
(e2,€1) (e2,€2) ... (e2,e)

(exre1) (exs€2) - (exsex)

Ha3BIBAETCA onpedeaumedem I'pama >TOU CUCTEMEL BEKTO-
POB.

Teopewma 4. Onpedesumenv I'pama aro60t cucme-
MbL B8ekmopos ecezda Goabwe uau pasen Hyao. On pa-
gen Hya mozda U Mmoavko mozda, kKo20a BeKMOPbL

€1,€2, ..., €L AUHEUHO 3ABUCUMDL.
HdoxasaTeuasnbcTso. Bycrs BekTOpEHL €1, €2, . . ., €
JUHETHO HE3aBUCUMBI. BaccMoTpuM OunnHenHyoo Gpopmy
A(z;y) = (z,y),

rae (2,y) — CKaaapHOe MPOU3BEIeHNE BEKTOPOB & u Y. To-
rga omnpeermTens 'pama ecTh ompemeruTens Ayg, pac-
cMoTpeHHBIN B 5ToM maparpade [cMm. dopmyay (7)]. Tax
kak A(Z;T)— IMOIOKUTETBHO ONPEIENeHHAS KBAIPATHI-
Hasg ¢popma, TO, B cuiry Teopemsr 3, Ay > 0.

[lokaxeM, 9TO B CIy9dae JUHENHO 3aBUCUMBIX BEKTOPOB
ompegeauTent ['pama paBeH Hyqaro. [lelCTBUTEIBHO, €Can
€1,€2,. .., €, JMHENHO 3aBUCAMBI, TO XOTh OMUH U3 HUX, HA-
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IpUMED €, eCTh JUHENHAA KOMOUHAIUA OCTAIbHBIX:
€ — )\161 + )\262 +...+ Ak_lek_l.

Bosromy mocremusas crpoka B onpemeanTene ['pama ecThb
JUHETHAA KOMOWHAIMA OCTAJbHBIX. SHAYAT, OH PABEH HYy-
aio. Teopema mOJHOCTBHIO JOKA3aHA.

B kxadecTBe npumepa paccMoTpuM onpeaeaunTens I pama
IBYX BEKTOPOB T U Y:

_ |(z,z) (z,9)
A2 =2 (y,y)

YrBepxaenne, 4To Ag > 0, IpeBpaLIAETCA B DTOM CIydae
B HepaBeHCTBO Komu—-ByHAKOBCKOrO.

IIpumepsr. 1. B eBxamaoBoMm TpexmepHOM IPOCTPAHCTBE (K
HA INIOCKOCTY) OIPENEeUTErb

A2 =1y2) (yy)

(z, ) (w,y)‘

AMeeT CIeAYIOUNI MeOMeTPUIECKAN CMEBICT: Ay PABHO KBAAPATY ILIO-
Ay IapaLIeIorpaMMa, ITOCTPOEHHOrO Ha BEKTOPax & 1 y. B camom
Jiele, IO OIpeNeJeHNIO CKAJIAPHOrO IPOM3BELeHNs

(z,y) = (y,z) = |z||y| cos ¢,
rae ¢ — yroa Mexay BeKTopamu T u Y. IlosTomy
As = |zyl* — |a|*|y|® cos® o = |z|?|y|* (1 — cos® p) = |x|*|y|*sin” o,

T.e. Ay PABHO KBaJpaTy ILUIOMALA TAPALIEIOrPAMMa, IOCTPOEHHOTO
Ha BEKTOPAX & U Y.

2. B TpexmMepHOM IpPOCTPAHCTBEe 00BEM MapaIelelunena, IO-
CTPOEHHOT'0 Ha BEKTOPAX &, Y, Z, KAK MOKA3BIBAETCA B AHATUTUIECKOU
reoMeTpHUH, PABeH abCOTIOTHOU BEIMYNHE OIDEIeINTeNA

X1 T2 I3
v=1Y1 Y2 Y3,
Z1 R22 Z3
rae T;,Yi,%; — KOODAWHATBEI BEKTOPOB Z,Y,2 B OPTOIOHAIHLHOM O0a-

3uce. BeramcauM kBaapaT >TOr0 ONpeneIuTelrs, YMHOXKAA CTPOKA HA
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CTPOKMU. Muzr MMOTYyIUM:

$‘%+$%+$§ T1Y1+T2y2+x3Yys T1z1+T222+T323
v® = |y yratysrs yiHys+ys Y121ty 2ot+yszs | =
z1X1+2202+2303 z1Yy1+22y2+23Y3 Z%“'Z%‘*‘Zg

(z,2) (z,y) (v,2)
=|(wz) (y,y) (v,2)].
(z,7) (2,9) (2,2)
Takum 06pa3oM, OmpegeruTens ['pavMa BEKTOPOB &, Y, 2 PABEH KBa-
apary o0beMa Mapa/lIelenuiesa, IOCTPOEHHOIO Ha DTUX BEKTODAX.
AHanornyHO MOXHO IOKa3aTh, YTO OHpeaernTens I ' pama k BeKTO-

OB T ...,w B k-MepHOM IpPOCTPaHCTBE * aBE€H KBa aTy OIIpe-
) ) )
JeIUTerI
r1 T2 ... Tk
Yi Y2 ... Yk
; (9)
w1 w2 Wik

rge x;, COOTBETCTBEHHO Y; M T.J. — KOODAMHATHI BEKTOPA &, COOT-
BETCTBEHHO Yy U T. . B KAKOM-HIOY b OPTOrOHAIBHOM 0asmce.

Ilo amamorum ¢ TpexMepHBIM IPOCTPAHCTBOM MOIY.Ib OIp€eIeIN-
rensa (9) Has3bBAIOT 06BEMOM K-MEPHOrO MapallIelenulesa, OIpese-
JIA€MOr0 BEKTOPAMU &L, Y, . .., W.

3. B mpocrpancTse dynkunu (npumep 4 § 2) onpexemrens ['pama
MUIIETCA TaK:

/bff(t)dt /fl ) fa(t /fl ) fi(t

b b
/ e fa(t) dt / fe () dt / f2(t) dt

*) Oas HAC, KOHEYHO, HECYIIECTBEHHO, ITO Pa3MEPHOCTH IIPOC-
TpaHCTBa paBHa k. B memcTBETEIbHOCTH MPOCTPAHCTBO R MoOxeT
IMETh IPOU3BOABHOE (gaxke OGECKOHETHOE) 9UCIO HM3MEPEHHU, IIO-
CKOJIbKY HAIll PACCY¥XKIEHUs MOI'YT OBITH OTHECEHBI K IOAIPOCTPAaH-
CTBY, IOPOXAEHHOMY BEKTODAMU I,Y, ..., W.
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7 NOKA3aHHAsI HAMU TEOPEMa O3HAIAET:

Onpedeaumenv I'pama cucmemor ynkyut > 0. Aaa aunetinot 3a-
sucumocmu cucmembs Pyrkyul Heobrodumo v docmamouro, wmoowl
uz onpedeaumenv I'pama 6bia pasen Hyi0.

§ 7. 3akoH MHEpUMHI

1. 3akon wmepuuu. Bpusoas kBagpaTuvHyio (OpMy
A(z; ) K cyMMe KBaIpaTOB, MOXKHO [IO-PA3HOMY BBIOMDATH
TOoT 6a3uc, B KOTOPOM dTa (opMa OPUBOJUTCA K CyMMe
KBapaToOB, T.e. K BUIY

Al;z) =) NE. (1)
1=1

Bce Te )\, KoTOpBIE OTIAWYHBI OT HYJA, MOXHO, 3aMe-
HAA BEKTOpPHl 0asmca MM IPONOPIMOHAJBHBIME, CIEIATH
paBabiME +1. TakuMm 06pa3zoM, KAHOHUYIECKHU BUI (POP-
Mbl A(Z; %) B HEKOTOPOM COOTBETCTBYIOMIAM OODPA30M IIO-
mobpaHHOM Oa3wuce BIIOJHE MOXKHO XapaKTepU30BaATH KOJIU-
9eCTBOM KOD(P(PUIMEHTOB, PABHBIX COOTBETCTBEHHO HYJIIO,
+1 m —1. Tax xak MBI MOX€eM IO-Pa3HOMY BHIOMPATH TOT
6a3uc, B KOTOPOM KBaApPATUIHASI (POPMA 3AMUCHIBACTCA B
BH€ CyMMBI KBaIPATOB, TO BO3HUKAET BOIIPOC, 3ABUCHUT JIX
KOINYIeCTBO KOD(P(MUIUEHTOB, PABHBIX HYJII0, +1 1 —1, oT
BBIOOpA 0a3uca WIM XKe DTU 9UCIA 3aBUCAT JUIIL OT KBa-
apatmaaon Gopmer A(x;2) (ABIAIOTCA €€ MHBAPUAHTAMMY).

Banpuwmep, ecin kBagparuanas dopma A(x; ) B HEKO-
TOopoM basuce ej, e, ..., e, IMEET MATPUIY

laikll,
rge a;; = A(e;;ex) u Bce onpenennTenn

11 @12 ... Qlp

ailr ai2 a21 22 ... Q2n
Alza,n, AQZ ,...,An:
ag1 A22|° 7 e e e e e e e e
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OTIUYIHBI OT HYJf, TO, KAK Mbl HOKA3aIM B M. 2 MPEIbIIY-
wero naparpada, Bce A; B popmyre (1) oTamaHsr OT HyIs
u npu npusegenun A(z;z) K cymMMe KBagpaTOB IO OIU-
CAHHOMY TaM CHOCO0Y 9HMCIO OTPHUIATEILHBIX KO2(hQuIa-
€HTOB PABHO IHUCITy IIEPEMEH 3HAKA B PAY ONPEICIuTENen
1,ALAg, . A

Bo MBI MOIIH B3ATH APYrol MCXOAHBIN Gasuc €f, e, . ..

., el (Hampumep, XOTA GBI B3ATH Te XK€ CAMBIE BEKTODHI,
HO B JPYTOM IIOPAJKE); IIPA STOM IMOTYIAeTCA APYyras Ma-
rpuna [|al, || u apyrue onpexgemarenn

! ! !
1 27"'7Ana

U 3apaHee COBEPIIEHHO HEACHO, IIOYEeMY IMCJIO IEpEMEH 3Ha-
Ka B 000WX CIyvasgX AOMXKHO OBITH OJHO W TO XKe€.

B sTom maparpade OygeT mokasaHa CAeqyOUAs Teope-
Ma, HA3bIBAEMASA 34KOHOM UHEPYUYU KBaAIPAMUYH0ot Popmbl:

Teopewma 1. Ecau xgadpamuunas dopma npusede-
Ha JBYMA PABAUUHBIMU CTLOCOOAMU (M. €. 8 JBYL PABAUUHbLE
6a3ucar) K CYymMme K6aopamos, mo YUca0 NOAOHCUMEAL HIL
K02 PPuyUEnMmos, Max AHe KaK U YUCAO OMPUYGMEAbHBLT,
8 000UT CAYUGAT 00HO U O KHCe.

Tak xkak obmiee 9uca0 KOXPPUIUEHTOB \; B KAHOHUIE-
CKOM BH€ KBaAPATUIHOU (POPMEL PABHO 7, TO OTCIOMIa, He-
IIOCPEACTBEHHO CIEAYET, 4IMo UucAo koddduyuenmos A;,
PABHBIL HYAI0, MAKHCE ECMb UHBAPUAHM, KEaJPamUUHOT

Popmbi.
HdoxaszaTeasbcTsBo. Bycrs B 6a3uce e, es,..., e,
kBagpatudHasg popma A(x;z) umeer Bupg *)
2, (2 2 g2 2
Alm;z) =G+ &+ + 6~ — - —&pg (2)

") Kosdpduuuenter A; B popmyre (1) MOKHO, Kax MBI 3HAEM, CLe-
aarb paBupiMu +1 wmim 0. Te wmensr, naa xoropeix A\; = 0, MBI B
dopmyrax (2) u (3) omyckaewm.



94 n-MEPHOE IMPOCTPAHCTBO [ra. 1

upu dToMm €1, &9, ...,y — KOOPAWHATHEL BEKTOPA I, T. €.

x=~E&e +&er+ ... +&ep +Epriepr -
...t §p+q€p+q +...+ fnen.

Bycte B 6asuce f1, fo, ..., fn 9Ta Xe kBagpaTuIHas GpopMa
uMeeT BUJ

Almsz) =i+ 05+ 4 — gy — - — s (3)

rae  11,7M2,...,N, —KOOPAWMHATHEI BEKTOpa B Oasuce
fisf2y---, fn- Bam myxsHO gokasaTb, uto p = p’ um
q = ¢'. BpeamomoxuM, 9TO 3TO HE TaK, HAIIPAMED, IIyCThb
p>p.

Bacemorpum moanpoctparcTteo R, cocTosamee m3 Jm-
HEeHBIX KOMOWHAIIMNA BEKTOPOB €1, €2, ...,e,. OHO mMeeT
p m3mepenuit. Boampocrpancteo R, cocroamee m3 Jm-
HEIHBIX KOMOWHAIIMA BEKTOPOB fpii1, fpr42,-.., fn, WMe-
er n — p' wsmepenmin. Tak kak n — p' + p > n (mbo
MBI TPEIOIOKWIA, ITO p > p'), TO CyUECTBYeT BEKTOD
z # 0, aexammin Ha nepecedenuu R u R”, T.e. Takon,
9TO

$:§161+§262+...+fp€p

n

T = 77p’+1fp’+1 +...+ 77p’+q’fp’+q’ + . .
B 6asuce ep,e2,...,€, DTOT BEKTOD HMEET KOODIAHATHI
§1,62,-..,&,0,...,0, B Gasuce f1, fo,..., f, OH EMeeT Ko-
opaunaTs 0,0,...,0,7,41,...,7,. Boacrasaaa aTu Koop-

IUHATHL B GopMyJsl (2) u (3), MBI OXYIUM, C OLHOU CTO-
POHBI,

Alsz) =G+ &G +...+6 >0 (4)
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(Tak kak He Bce uncaa 1, &s, . .., &) PABHBI HYIIO), & C APY-
COM CTOPOHEI,

A(z;z) = —77127,Jrl - 77§I+2 — = 7712,,+q/ <07%. (5

Mgl mpuIIM K TPOTUBOPETMIO, CAENOBATEILHO, HEPABEH-
ctBo p > p' HeBO3MOXHO. TOYHO Tak Xe€ MOKA3LIBAETCA
HEBO3MOXHOCTL HepaBeHCTB p < p', ¢ > ¢ m q < ¢'. Ta-
KM 06pa3oM, 3aKOH WHEPIMU A KBATPATHIHBIX (POPM
MOKA3AH.

2. Banr kBagpaTuaHOM (POPMBEL.

Onpegenenune 1. Hucao omavunbix om uyas xo-
afPuyuenmos \; 8 Kanmonuueckom eude K8adpamMuuHoL
Popmvl Ha3vi6aeMCA pareom KEaIPaMUUKOT Hopmbl.

Kak yxe 6bLI0 yKa3aHO BBHINIE, U3 AOKA3AHHOTO HAMMU
3aKOHA WHEPIIMY HEMOCPEICTBEHHO CIeAYeT, 9TO PAHT KBa-
OPATUYIHON (POPMEI 3aBUCHAT TOALKO OT CaMOU (POPMBI, a
HE OT CHmoco0a ee MPUBENEHUsA K KAHOHUIECKOMY BHUIY.
BocmoTrpum, kak pakTUUeCKn HAUTH PAHT KBAAPATAIHON
dopmbr. [[as1 3TOrO MbI OIPEIEJUM PAHT KBAAPATUIHON
¢opwmel, HE mpuberas K ee KAHOHWIECKOMY BuIy. BomyT-
HO MBI IOJYYUM ONPEIENCHUE OLHOTO MOANPOCTPAHCTBA,
TECHO CBA3AHHOI'O C JaHHOUW OMIMHETHOU POPMOU.

Oupenmeanenue 2. Ilysesvim nodnpocmpancmseom
dannoti Ouaunetinot Gopmvr A(r;y) mvi masvieaem co6o-
Kynrwocmv Ry sexmopos y, ydosaemsopaowur yci08u0
A(z;y) = 0 dan arwbozo sexmopa x € R.

Jlerko BugeTs, uTO Ry MEMCTBUTEILHO €CTb IIOAIPO-
crpaHcTBO. B camom gene, mycTb ¥yi1,Yy2 € Ry, T.e.
A(z;y1) = 0 m A(z;y2) = 0 gua moboro z € R. Torga
A(z;y1 +y2) = 0 1 A(z; Ayy) = 0 gus mo6bIx T U A, T. €.
y=1y1+y2 € Rpm A\y; € Rp.

") B dopmyxe (5) Hemp3a BMECTO 3HaKa < IOCTAaBUTH 3HaK <,
TAK KaK, XOTHA CPEM IUCEI T)p/ 41, - - -, Jn €CTb OTIMIHBIE OT HyJ, HO
BO3MOXKHO, ITO Ny 41 = Np/42 = ... = Npr4q = 0.
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BocraBum Bompoc: Kak HaUTH OOATPOCTPAHCTBO Ry?
Bycts fi1, fo,. .., fn —xakou-mu6o Gasuc B R. [lmxa Toro
9TOOBI BEKTOD

y=nifi+nfot...+mfa (6)

MIPUHAAIEKAT HYJEBOMY IIOAMPOCTPAHCTBY, TOCTATOTHO,
9T00BI

A(fi;y) =0 pma 1=1,2,...,n. (7)

[leMCTBATENBHO, €CIN DTH PABEHCTBA BHIIOIHEHBI, TO U [JIA
ao6oro z umeeMm A(z;y) = 0, Tak Kak BCAKAU BEKTOD T
€CTh JUHENHAA KOMOUHAINA 6A3MCHBIX BEKTOPOB.

Bogcrasras B (7) BmecTo y ero Boipaxerue (6), MBI
OPUXOAUM K CIEAVIOUIEN CUCTEME yPABHEHUM:

A(fi; mh +mfo+...+nufn) =0,
A(fo; mfr +mfo+ ...+ 0 fa) =0,

A(fus mfi+m2fo+ ... +10ufn) =0,

unn, ecam nonoxutsb A(fi; fi) = ak, X cucreme

arim + apne + ... +aipn, =0,
as M1 + agen + ...+ agn, =0,

ap1M + ap2n2 + ... + appny = 0.

COBOKyIIHOCTBH BEKTOPOB ¥, KOOPAUHATHL 11,72, . - . , T}y, KO-
TOPBIX ABIAIOTCA PEMICHUAMHI DTOU CUCTEMBI, U 00pa3yeT
HyJeBoe moampocTpancTBo Ry. Kak w3BecTHO m3 Teopun
JUHEUHBIX YPABHEHUN, PA3MEPHOCTb 3TOrO MOANPOCTPAH-
CTBa PaBHA N — T, TA€ T — PAHT MATPULBL ||ak]|-

Mub1 MOXeEM Tenepb CAEIATh CASAYIOMUN BEIBOLI:

Iane mampuywt ||a;i|| Gusunetinot gopmour A(z;y) 6 ne-
Komopom 6asuce He 3a8uUCUM OM 8bIOOPA 3M020 6a3uUca
(xors cama maTpuna ||a;k||, kak MBI 3HaeM u3 § 5, 3aBucCAT
oT BBEIGOpA Gas3mca).
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B camom gmene, paHT >TOM MaTPUILI PABEH N — T, T/IeE
790 — Pa3MEpHOCTh HYJEBOTO MOANPOCTPAHCTBA. BymreBoe
XKe MOANPOCTPAHCTBO HU OT KAKOU CHCTEMBI KOODIAHAT
BOOOIIIe HE 3aBUCUT.

CsikeM paHT MATPUIEI KBAIPATAIHON POPMBI C paH-
COM CaMOM KBaAPaTUIHOX (POPMBI. BaHroM KBaapaTUIHOR
(bOPMBI MBI HA3BAIM UUCIO OTIWIHBIX OT HYJSI KBAJPATOB
B KAHOHUIECKOM BHj€ KBaApATUIHOUN $HOpMbI. Bo B KaHO-
HAYECKOM 0a3uce MATPUIA KBAAPATUIHON (POPMBI MMEET

B AL 0 0
0 A 0
0 0 A,

Y paHr DTOU MATPHUIBI PABEH 7', DA€ T — YUCIO KOd(pdu-
[MEHTOB, OTIAUYHBIX OT HYJs, T.€. PABEH PAHIY KBaIpa-
Tu9HOU (PopMbI. Tak KakK paHr MaTPUILI KBAAPATUIHON
(opMBI, KAK MBI MOKA3AJIH, HE 3ABUCUT OT CUCTEMBI KO-
OpJIVMHAT, TO U B JIOO0U IPYTOU CUCTEME KOODAUHAT PAHT
MATPUIIBI KBAJPATUIHON (POPMBI PABEH PAHTY CAMOU KBa-
ApaTuaHON GHOPMBEL *).

Wrak, HamMu qOoKa3aHA CIeAYIOMIAA

Teopema 2. Mampuyvt xeadpamuunoti Gopmvr 8
PABAUYHBLE CUCTIEMAT KOOPIUHATN, UMEOM, 00U U MOM, Hee
pane . IImom pane pasen wucay xK6adpamos 8 KAHOHUYE-
ckom sude Popmul, Ko3PPuyUEHMBL NPU KOMOPLIL OMAUYU-
Hbl OM HYAA.

Takum 06pasom, Mg TOrO YTOOB HAUTHU PAHT KBAIPa-
TUYHOU (POPMBI, HYX)HO BBIUYUCIUTL PAHT €€ MATPUILI B
KaKOU-HUOYIb OHOU CHCTEME KOOPIUHAT.

*) Ioap3ysach TeM M3BECTHBIM M3 TEOPHE MATPHUI (PAKTOM, ITO
PaHI MaTPULBL HE MEHAETCA IIPU YMHOXKEHUN €€ Ha I00yI0 HeocoOeH-
HYIO MaTPUILY, DTOT PE3yIbTaT MOXHO HOJLYIATH U HEIOCPEACTBEHHO
73 BBIBEJEHHOU B §4 (HOPMyJIBI IPeoOPa30BAHUA MATPUIBLI OUIMHEN-
HOHU (opMbI npu m3MeHeHuu Oasuca B = C'AC.
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§ 8. KomIuiekcHoE 71-MepHOE MpOCTPAHCTBO

Bo Bcex mpensiaymmx maparpadax Mbl BCIOAY, KpOMe
TeX CILy9aeB, KOrQa 3TO 0C060 OrOBapUBAIOCH, UMEIH IEJI0
C OPOCTPAHCTBOM HAJ IOJEM BEIIECTBEHHBIX THCEN. Bsjp
U3J0XKEHHBIX BBILIE PE3YJIbTATOB CIPABENIUB I JIH000-
ro ocHOBHOrO mnoas. [lna manpHenmero ocoboe 3HaYMEHUE,
KPOME IPOCTPAHCTBA HAJ IOJEM BEIIECTBEHHBIX dncel, Oy-
€T UMETh IIPOCTPAHCTBO Ha O IIOJEM KOMIIJICKCHBIX YIHCEJI.
Basbepem comepxanue mpeasIymmx naparpados npume-
HUTEIHHO K DTOMY CJIY9aio.

1. KoMIwiekcHOe JuHETHOE IPOCTPaHCTBO. Kak yKashI-
BAIOCH B § 1, BCe M3JIOXKEHHBIE TAM DE3YJIbTATHI CIPABE[-
JUBHI Ui OPOCTPAHCTBA, HAJ JIOOBIM [OJEM U, 3HAYUWT,
B 9aCTHOCTH My IPOCTPAaHCTBA Had IIOJEM KOMILICKCHBIX
quceJI.

2. KoMiuiekcHO€e €BKJIMA0BO IPOCTPaHCTBO. Komriuiekc-
HBIM €BKJINOBBIM POCTPAHCTBOM HA3BIBAETCA KOMILIEKC-
HOE JUHEMHOE IPOCTPAHCTBO, B KOTOPOM BBEIEHO CKAJAD-
HOE NMPOM3BEJEHUE, T. €. KaxkJIOU mape BEKTOPOB I U Y TO-
CTABICHO B COOTBETCTBUE KOMILIEKCHOE [uCJIO (X,%), mpu-
€M BBIIIOJTHEHBI CJACAYIOIUE aKCUOMBI:

1° (z,y) = (y,z) (mox (y,x) MBI HOHEMAEM <HCIO, KOM-
IUIEKCHO CONIPSAXEHHOE ¢ (Y, T));

2° (Az,y) = Az, y);

3° (z1 4+ 22,y) = (z1,9) + (22,9);

4° (z,z) ecTh BElIECTBEHHOE HEOTPULATEILHOE FHUCIO,
paBHOe Hy.II0 Juinb npu £ = (.

U3 axcmom 1° u 2° caenyer, wro (z,\y) = Az, y). dei-
CTBUTEJBHO,

(z, \y) = Ay, x) = X(y,z) = Az, ).

Nanee, cmpasenmmso paseHCTBO (7,41 + y2) = (z,y1) +
+ (z,y2). B camom neue,

(z,y1+y2) = (1 +y2,2) = (Y1, 2)+(y2, ) = (2, y1)+(z, y2).
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Axcmoma 1° oTmmaaeTCa OT COOTBETCTBYIOIEH aKCMOMBI 1° mas
BEIIECTBEHHOT0 €BKINJ0BA IPOCTPAHCTBA; IIPU MEPEX01e K KOMILIEKC-
HOMY IPOCTPAHCTBY MBI HE MODVIZ OBI COXPAHUTBH akcwoMmer 1°, 2°, 4°
BEIIECTBEHHOT'O €BKIUI0BAa NMPOCTPAHCTBA (€3 M3MeHeHHH. B camom
nexe, ecam GBI

(z,y) = (y,2),

TO

($7 )‘y) = )‘($7 y)'
IIo Torga

Az, Az) = N (z, z);
CII€0BATEIbHO, B IaCTHOCTH

(iz,iz) = —(z,z),
r.e. aucaa (z,z) u (y,y), rae y = ix, ObuM OB PA3HBIX 3HAKOB, ITO
TPOTHUBOPEYUT axcuome 4°.

BpuMepbh KOMOIEKCHBIX €BKJIUWIOBBLIX
npocTtpaHcTB. 1. BekTopom mpocrpancTBa R MBI
Ha30BEM CHCTEMY 7. KOMILIEKCHBIX uucen. CloxeHue Bek-
TOPOB M yMHOXEHWE UX Ha HUUCIA ONpeNeIuM OOBITHBIM
ob6paszom. CkansgpHOe pou3BeqeHre BEKTOPOB

$:(£17§27---7§n) n y:(771,7727---777n)
3aganuM GHOPMYJIOn

(,y) = &My + &y + ... + Ty,
MBI DpefoCTaBIAeM UUTATEII0 MPOBEPUTH, UTO AKCHOMBI

1°—4° Bemmoauensl. B 9acTHOCTH, CKAXAPHOE IPOU3BEICHIE
BEKTOpa C CAMMUM COOOM 3amaeTca GpopMyaIon

ra 7 ra 2 2 2
(@,2) =68 + &8+ + &Gl =G+ 16"+ + &l

2. BexTopsl B mpocTpaHcTBe R onpenennM, KaK U B IpU-
mepe 1. CkausgpHoe mpousBeenue 3a1aeM (HOpMyIon

n
(z,y) = Z aik&iMg
ik=1

rae G;; — 33aHHbIe KOMINIEKCHBIC YIHUCIA, YAOBICTBOPIIO-
W€ YCAOBUAM:
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@) Qi = Qi

B) > aix&i&y, > 0 msa aobbix €1, &a, . .., &, u obpamaer-
csa B Hyab juib npu & =& = ... =&, = 0.

3. BexTopamu mnpocrpamcTtBa R Mbl Oygem camTarh
dbyHKuMu or t, 3agaHHBIE HAa OTpe3Ke [a,b] m npuHUMA-
folre KOMIUIEKCHBIe 3HadeHusd. CKalApHOe NpOou3BeIeHue
OBYX TAaKNX (PYHKIUU OompeneanM (popMyIon

b
(f(t),9(t) = / f(t)g(t) dt.

MoxHO TPOBEPUTH, ITO BCE AKCUOMBI CKAIAPHOI'O IPOU3-
BEEHUs [IPU DTOM BBIIOJHEHBI.

Aaunoti eexmopa x HasoseM V (z,z). U3 akcmomsr 4°
cIenyeT, UTO MIWHA BEKTOPA HEOTPHUIATENIbHA U 0Gpaa-
eTCs B HYJb JUIIb I HYJeBOT'O BEKTOPA. TaK KaK CKAJAP-
HOE TPOM3BENEHUe NBYX BEKTOPOB, BOOOIIE TOBOPS, KOM-
IUIEKCHO, TO MBI HE OyAeM OIpeAeiiTh yIia MEeXIy BeK-
TOpaMu, & BBEJEM JHIIb MOHATHE OPTOTOHAIBLHOCTH IBYX
BEKTOPOB.

Bexmopvt © u Yy HA3bI6AIOMCA OPMOLOHAALHBIMU, ECAU
(z,y) =0.

3. Oproronanbaem Gazmc. M30Moppu3M KOMILIEKCHBIX
€BK/MI0BEIX mpocTpaHcTB. OpPTOrOHAIBHBIM (a3UCOM B
N-MEPHOM KOMILIEKCHOM €BKJIUOBOM MPOCTPAHCTBE HA3LI-
BAaeTCA COBOKYIHOCTD 7 TIOMAPHO OPTOTOHAJBLHBEIX HE PaB-
HBIX HYJIO BEKTODPOB €1,€9,...,€,. Tak Xe, Kak B §3, mo-
Ka3BIBAETCA, ITO BEKTOPHI €1, €3, ... ,E, JUHETHO HE3aBU-
CHUMEI, T.e. 00pa3yioT 6a3uc.

CymecTBoBaHEE OPTOrOHAJIBHOIO 0a3MCa B KOMILIEKC-
HOM 7-MEDHOM €BKJIZJOBOM IPOCTPAHCTBE HOKA3BIBACTCS
IPOIECCOM OPTOTOHAMU3ANUN, B TOYHOCTU COBIIATAIOIIAM
C IPUBEJEHHBIM B § 3.

BripasuM ckaafpHOE OPOM3BENEHUE IBYX BEKTODPOB I
7 y depe3 ux KoopauHaTwl £1,&9,...,&, U N1,12, ..., B
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OPTOrOHAJIBLHOM HOPMHUPOBaHHOM Oasuce. Mbl uMmeem:
x=¢&re1t&eat...+&en M Yy =mert+nert...+pen.
Toraa

(z,y) = (&rer+E&ea+.. . +E&nen, mer+mes+...+npe,) =
=& + &My + .-+ EaTly-

(Cp. mpumep 1 sToro maparpada.)

Beipasum xoopauaaTH £ BEKTOPA T B OPTOrOHAILHOM
HOPMUPOBAHHOM 0a3uce depe3 BEeKTOPHI 06a3uca U CaM BeK-
Top z. Nmeem:

x=2¢&e +&er+ ... +E&ep.
YMHOXaA CKaIApHO 00€ IaCTH PABEHCTBA HA, €;, Oy TAM:

(z,e;) = &1(e1, e)+Ea(e2, €)+. . . +&i(ei, €)+. . . +Enlen, )

win
(LE, 6i) =&

Tak xe, Kak 1 B § 3, TOKA3BIBAETCSA, ITO BCE KOMILIEKC-
HBIE EBKAUIOBBI ITPOCTPAHCTBA MAHHOTO YUCIA, W3Mepe-
HUM 1 ©30MOP(MHLI MEX Y COOOM.

4. Bununeunsie u kBagpaTudHsie ¢opmel. Bee ompe-
neneHus (MMHENHOW ((DYHKIUU, KBAAPATHIHON (DOPMBI
u T.1.), BBeJeHHbIE B §4 (33 UCKIIOYEHUEM TOHATHA TIO-
JOXUTEILHOU OMPENENCHHOCTH] ), UMEIOT CMBICH [JIS JTAHEN-
HOT'O IPOCTPAHCTBA HAJ JIOOBIM IIOJEM, B TOM YHCIE U HAT
oJieM KOMILIEKCHBIX ducen. O qHAKO B CIydae KOMILIEKCHO-
IO JUHEWHOT'O TPOCTPAHCTBA MOXKHO €IIle MO-[PYyTOMY BBe-
CTH 3TU MOHATUA; A HAC MMEHHO DTOT BTOPOHU CIIOCO6
OymeT maxe Homee CyIIeCTBEHHBIM.

JluHevHbe PYHKIIUU MEPBOrO U BTO-
poro poga. DyHKIUA, CTABALAI B COOTBETCTBUE Ka-
KAOMY BEKTOPY KOMILIEKCHOE YUCIO, HABBIBAETCH AUMHEL-
Hotl Pynryueti nepsoeo poda, €CIW OHA YAOBIETBOPAET
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caenqyromuM yCJIOBUAM:

1° fle+y) = fz)+ fy),
2 F(\) = Af(@).
Bro coBnamaer ¢ onpenenenueM gunenHon QpyHKIuy B § 4.

Junetinoti pynryuetd 8mopo20 poda Ha3BIBACTCA PYyHK-
IusA, YAOBICTBOPAIOLIAA YCIOBUAM

1° flz+y) = flz)+ f(y),

2 f(Az) = Xf ().

Tak xe, Kak 1 B §4, MOXHO IOKA3aTb, ITO BCAKAA JI-
HerHasg YHKIWA IEPBOrO PO MOXET OBITH 3aIUCAHA, B
BUEC

f(z) = a1&1 + a2 + ... + anky,
rae £; — KOOPAMHATHL BEKTOPA T B 6a3uce e1,€e9,...,€,, a
a; — IOCTOAHHEIE, a; = f(e;).

Beakan xe auberHas (QYyHKIUA BTOPOTO POJa MOXKET

OBITH 3AIMCAHA B BHAIE

f(@) =b1&; + &y + ... 4+ bp&,,.

OueBugno, aro ecam f(x)— muHenHAA (DYHKIUA TEPBOTO

poxa, To f(x) — muHenHas HYHKIUA BTOPOTO POAA.

Kak 6pwio ompegeneso Beime (m.2, §4), GuiuHenHON
(byHKIUEeN HA3BIBACTCA (QYHKIUA IBYX BEKTOPOB A(x;y),
JVHEUHAA 10 KaXJIOMy U3 apryMeHTOB. Bamudue B KOM-
IUIEKCHOM IIPOCTPAHCTBE ABYX THUIOB JUHEMHBIX (DYHKIUN
OPpUBOAUT K CYIIECTBOBAHWIO IIEJABIX YE€THIPDEX TUIIOB 6I/I—
JUHETHBIX (PYHKIUYA — IMHEUHBIX IEPBOrO POAA W MO I U
o Y, MEPBOr0 PoOAa IO T W BTOPOrO POAa IO Y, BTOPO-
ro poja 1o & ¥ HEepBOro IO Y W BTOPOrO poja 1mo o6oum
aprymedTaM. Bo TpeTull u YeTBEPTHIN THUILI KOMILIEKC-
HO COIIPpAXEHBI COOTBETCTBECHHO KO BTOPOMY U IIEPBOMY, a
OUIMHENHBIE (DYHKIUU [IEPBOTO THUIIA, OMPEIEAAIOTCA B KOM-
IVNIEKCHOM IIPOCTPAHCTBE 6yKBaJH)HO TaK X€, KaK U B BE-
MIECTBEHHOM. B03TOMY MBI OCTaAHOBUMCS MOAPOOGHEE JIUIIE
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Ha, OmiamHEWHbIX (popMax BTOporo Twuma. [las KpaTrkocTu
Oy/eM HA3bIBATH WX MPOCTO OmimHenHbIMU. VTak, BBEIEM
caenyromee OmpeIeIeHue:

Oupepgenenune 1. Ilydem 2osopums, umo A(z;y)
ecmy Ouaunetinas Gynrwyus (Popma) om eexmopos T u y,
eca

1° npu gurcuposannom y A(z;y) ecmov aunetinas Pymn-
Kyus nepsozo poda om I;

2° npu gurcuposannom T A(x;y) ecmv aunetinas Gym-
Kyus 8mopoeo poda om y. Vam, naaqe:

1° Ay + 205 y) = A($1 y) + Az2;y),

Az y) = AA(z3y),
2° A(z;y1 +y2) = Az y1) + Az y2),
A(z; py) = i A(z; y).

Bpumepom OGuiamHenHON (DYHKIUU ABIAETCA CKAIIPHOE
Ipom3BEeaICHNE B KOMINVICKCHOM €BKJIXIOBOM IIPDOCTPAHCTBE

A(z;y) = (v,y),
paccMaTpuBaeMoe KaK (PYHKITASA BEKTOPOB & u y. Ipyrum

npuMepOoM OGuIMHERHON (HOPMBI B KOMILIEKCHOM TTPOCTPAH-
CTBE ABJIAECTCA BBIPAKEHUE

)= awlmy,

ik=1
paccMaTpUBaEMOe KaK (PYHKIIUA BEKTOPOB
z=¢&er+&ert.. . +Ee, Moy =mert+nert.. . +nue,.

Jlerko mpoBepuThb, UTO YCIOBUS, ONPEAEIAIONe OuInHen-
HYIO (PYHKIWIO, IPA 3TOM BBIIIOJHEHEI.

Bycts ey,e€9,...,€, — HEKOTOpPHIA 6a3UC B 7-MEPHOM
KOMILIEKCHOM IpocTpancTse. bycrs A(z; y) — Ominnennas
(dbopMa, T ¥ y MOXKHO 3aIlMCATH B BUJE

r=§1e;+&ex+.. .+, Yy =mniert+nes+...+ ey
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Toraa
A(z;y) = A(Gre1+&eeat. . . +Enen; mertneat.. . +nnen) =

n
=) &mpAleis ex).
ik=1
Marpuua ||a;x|| w3 gucen
aik = Alei; ex)
HA3BIBAETCA Mampuyel busunetinot gopmvr A(x;y) B Ga-
3uUCe €1,€2,...,€En.

Ecan B Gumunennon dopme A(x;y) moaoxuts y = x,
TO moryumrca pynkuma A(z;x), Ha3BIBAEMAaA K6GOPAMUY-
noti opmoti (B KoMmmekcHoM npocrpanctse). Cupaseniu-
BO CJEAYIOIIEE yTBEPXK TCHUE:

Beaxaa 6uaunetinas gopma 00mo3nauno onpedeasemcs
ceoeti keadpamuunoti gopmot *).

NoxasareasctTso. Bycrs A(z;x) —kBagparu-
qHad GopMa, a T U Y — OIPOU3BOIBHEIE BEKTOPHL. JIerko
IPOBEPUTH, YTO UMEET MEeCTO TOXAECTBO **)

1 . . ,
Az y) = Al +yi2 +y) +iA(z +iy; @ +iy) —

— Az —y;2 —y) —iA(x —iy;z —iy)}. (1)
Bripaxenwue, crosmee cupasa B dopmyae (1), npencrasis-
eT cOO0U KOMOMHAIINIO 3HAYECHUU KBAJAPATUIHOU (POPMBI
UL BEKTOPOB T + Y, £ — y,  + 1y u x — 1y. Caesa cTout
3HaYeHUE OMIMHENHOU (POPMBI IS ITPOU3BOJBHBIX BEKTO-
poB z u y. Takum o6paszom, OunuHenHAA POPMA OJHOZHAY-
HO OIpEeNaeTCsa CBOeH KBaAPATUIHOU (HOPMOM.

*) B oramdme oT onpegeneHHBIX B § 4 GOPM B BELECTBEHHOM IIPO-
CTPAHCTBE, NI KOTOPBIX COOTBETCTBYIOLIEE yTBEDPXKACHUE CIPABE-
JMBO JMIIb AL CUMMETPAIECKUX OUIUHENHBIX GOPM.

A
**) Ywmrareas gomkeH noMHUTH, 1T0 A(z; A\y) = MA(z;y) n, cue-
oBaTeNbHO, B YacTHOCTH, A(T;1y) = —iA(x;y).
FZ( ) ) ) )
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Oupemeaenue 2. [lusunetdnas @opma na3visa-
emca IPMUMOB0t, eciu

A(z;y) = Aly; z).

BTo nouaTHe ABIAETCA aHAJOIOM IOHATUA CAMMETPHU-
9eCKOU OMIMHENHOU (POPMEI B BELIECTBEHHOM EBKJIMJOBOM
MPOCTPAHCTBE.

[as Troro uro6sr popma A(x;y) GBLIA 5PMATOBOU, HEOO-
XOJUMO U NOCTATOYHO, 9TOOBI €€ MAaTpUIa ||a;;|| B Kakom-
aub60 6a3uce yIOBIETBOPAIA YCIOBUIO

ik = Q-
[encrureasno, ecan dpopma A(zr;y) spmurosa, TO
ak = Aleiser) = Aler; i) = g

O6parHo, ecan a;; = Gi;, TO

Alwiy) = ainkly = > arimkl; = A(y; v).

damMedaHnue Ecm B kakoM-mumbo 6a3uce MaTpHIa,
OUIMHENHOU (POPMBI yAOBICTBOPAET YCAOBUIO Gk = Gki, TO
DTO XK€ YCJIOBUE BBIMOJIHEHO A MATPUILI DTOU OUIMHEN-
HOH (hOpMHI 1 B 1I060M ApyroMm 6asuce. B camom gerne, ecian
B KAaKOM-IO0 6a3mce paBeHCTBO 4, = G; AMeeT MeCTO, TO
A(z;y) ABIAETCA 5PMUTOBOU GHIMHEMHOU (HOPMOU; HO TO-
raa 7 B 1000M npyrom Oasuce a;; = G-

Ecnu 6ununennas gopma 5pMATOBA, TO COOTBETCTBYIO-
mas el KBAJApATUIHAA (POpPMa TOXKE HA3BIBAETCA DPMUTO-
BOM.

Aasn mozo umobvr 6uauretinas gopma A(zx;y) bvia sp-
Mumosot, neobrodumo u docmamouno, wmobwvr A(x; ) 6vi-
A0 BEUWECMBEHHO DAk A100020 8EKMOPY T.

MDoxaszaTeansncTso. Bycrs dopma A(zr;y) spmu-

toBa, T.e. A(z;y) = A(y; z). Torga, nonaras x = y, nomry-
qaeM:

A(z;x) = A(z; x),
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T.e. wncao A(Zr;x) paBHO CBOEMy CONPSKEHHOMY W,
suaunT, BemecTBeHHOo. Ob6parHO, mycts A(z;x) Beme-
CTBEHHO M moboro BekTopa z. Torma A(z + y;z +y),
Az +iy;z +1y), Alz —y;2 —y), A(z — iy; ¢ — iy) Beue-
CTBEHHBI, U m0>TOMY 73 ¢dopmyasl (1) HemocpeacTBEHHO
BuUIHO, 9TO BhipaxeHusa A(z;y) m A(y;x) ABIAIOTCA KOM-
IIEKCHO COTPSAXKEHHBIMU.

CrnencrsBue. Keadpamuunas @opma spmumosa 6
MoM U MOALKO 8 MOM CAyuae, K020a OHA NPUHUMGEN,
MOALKO BEULECTNBEHHBIE 3HAUEHUA.

[lelCcTBUTEIBHO, TOABKO 9TO ObLIO JOKA3aHO, ITO A
spMuTOBOCTH GunuuenHou dhopmbr A(z;y) HEOOXOAMMO M
DOCTATOIHO, 9TO0B A(%; ) ObLIA BEIIECTBEHHA 1A BCEX L.

Bpumepom spMuUTOBOU KBAIPATUIHON (POPMBI ABIAETCS
dopma

A(z;z) = (2,2),

rae (z,x) O3HAYAET CKAJIAPHOE IIPOM3BENEHUE BEKTOPA I C
camuM co6ou. [lercTBuTenbHO, aKCMOMBL 1°—3° CKaJIApHOro
NPOM3BEACHUA B KOMILIEKCHOM E€BKJIMJIOBOM MPOCTPAHCTBE
03HAYAIOT, 9TO (,Y) €CTh 3PMUTOBA OmamHEeNHAA (HOpMa,
u mo>TOMY (I, ) €CTh DPMUTOBA KBAAPATUIHAA (POPMA.
Ecau, kak u B §4, Ha3BaTh MOJIOKUTEIBHO OIPENEICH-
HOU KBaPATUIHYIO (POPMY, yAOBICTBOPAIOILYIO YCJIOBUIO

A(z;z) >0 mpm =z #0,

TO KOMIUIEKCHOE €BKJIUOBO MIPOCTPAHCTBO MOXKHO OIpee-
JUTH KaK KOMILIEKCHOE JUHENHOE MPOCTPAHCTBO, B KOTO-
POM 3aTaHa MOJOXUTEIHLHO ONpPENeJeHHAs SPMUTOBA KBa-
ApaTuvIHaa popMa.

AnanmoruvyHO TOMY, KAaK 3TO CAEIAHO B BEIIECTBEHHOM
MPOCTPAHCTBE, MOXHO MOKa3aTh, 9To ecim A u B cyThb
MaTpuibl OmwinHenHON GopMbl A(Z;Yy) COOTBETCTBEHHO B
6asucax ei,e9,...,ey 1 f1, fo,..., fn, TO

B =C*AC,
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rae C' — maTpuna nepexoga ot 6asuca eq, e, ..., e, K Oa-
sucy fi, f2,..., fn, a C* —MaTpuna, TpaHCIOHUPOBAHHAA
U KOMILIEKCHO-CONpaXeHHasa K marpuie C.

5. Bpusegenue kBagpaTuiHOM GOPMEI K CyMMe KBaApa-
TOB.

Teopewma 1. ITyecmo A(x;x) — apmumosa keadpa-
MUYHES POPMG 8 KOMNAEKCHOM APPUHHOM NPOCTPAHCM-
ge R. Toeda 8 R cywecmsyem 6a3uc e1,€a,...,€y, 68 KO-
mopom ama Keadpamuunas Gopma umeem 6ud

A(z;z) = M&EEL + Aol + ... + Mbnys

ede \j — sewecmeenmbl.

I[ OKa3aTeEeabCTBO MOXHO IHOLIYIUTH, IEPEHOCT
MOYTHU NOCIOBHO AOKA3aTEIbCTBO COOTBETCTBYIOMICH TEO-
PEeMEI B BEIIECTBCHHOM IIDOCTPAHCTBE.

OnxHako BBUAY TOT'O, 9TO B § H DTO I0KA3ATEALCTBO U3-
JIOXEHO 0e3 YACHEHWA ero reOMeTPUYIECKOU CTOPOHBI, MbI
3/1eCh BKPATIIE IOBTOPUM DTO JOKA3ATEIBCTBO B MHOM, 6O-
Jee CeOMEeTPUYIECKOM, m3aokeHuu. [las >Toro Mbl Oygaem
OMIMH 33 APYTUM BLIOUPATH BEKTOPHI TOrO 6a3UCa, B KOTO-
poM (popMa MPUBOAUTCA K CYMMeE KBAAPATOB.

Bribepem BekTOD €; Tak, 9T0 A(eg;e1) # 0; 5T0 BO3ZMOXK-
HO, TAaK KaK B IPOTUBHOM CJIy4ae Mbl uMenu 661 A(z;z) =0
L 1060r0 T, a ClefoBaTelIbHO, B cuiy dopmyast (1),
u A(z;y) = 0. B (n — 1)-meprom mpocrpancte R,
COCTOAIIEM W3 BEKTOPOB I, yAOBICTBOPAIOUIMX YCAOBUIO
A(er; ) = 0, BeIOepem BeKTOD ey Takom, 9To A(eg;es) # 0,
u T. 1. BTOoT mpouecc npogoIKuM [0 TEX MOp, ITOKA MBI HE
upugem K nogupocrparcrsy R, B koropom A(z;y) = 0
(R(") MOXeT OKa3aThCA COCTOALEM UMb w3 Hyli). Ecin
R ornmano ot HyJIS, TO BHIOEPEM B HEM ITPOU3BOJLHBIN
6A3UC €y11,€r42,--.,€En. BMECTE C MOCTPOEHHBIMU BEKTO-
pamu ej,€s, ..., e, OHU 00pa3yioT 6as3uc e, e, ..., e, BCe-
ro R.
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Bo mocTpoenuto
Alej;er) =0 pma 1 <k,
a 3HAYUT, B cury pMuToBOCTH DOopMbr A(z;y),

Alese) =0 mpgna 1>k,

Aej;ex) =0 pma i # k.
BosTomy, ecan
z=¢&e +&es+ ...+ e,
— IPOM3BOJLHBEIN BEKTOP, TO
A(z;z) = L&  Aler; 1) +E28r Alers e2) +. .. +En€p Alen; en).-

Bpm sTtom umcra A(e;;e;) BEWECTBEHHBI, KaK 3HAYEHUA
spMuToBOU KBagparwaHou dopmbl. O6ozmagas A(e;;e;)
qepes \;, UMeeM:

A(zyz) = M&i&y 4+ Q&b+ .o+ M6y, =
= M|E)7 + X&) 4 ..+ Aalén]?

6. BpuBegeHme >PMHUTOBOM KBagpPaTUIHOM (POPMBI
K CyMMe KBajpaTOB TPEYrOJAbHBHIM IPeo6pa3soBaHMEM.
Bycrs A(z;z) —>spMuToBa KBagpaTudHas GpOpMa B KOM-
IIEKCHOM JIMHEMHOM MPOCTPAHCTBE W €1,€3,...,6E, — Oa-
3uc. MBI OyIeM MpeAnoIaraTh, ITO OMpPeIeTATE

a1 a12 ... Qinp
a11p a12 a21 G22 a2n
Alzalla AQZ ) ) An— 3
as1 a22| " e e e e e e
Gnpl an2 ann

rae a;; = A(e;;ex), ormmansr ot Hyas. Torga, Tak ke Kak
u B §6, MBI MOXEM HAMMCATH (POPMYJIY AJIA HAXOXKTCHUA
6a3uCOB, B KOTOPHIX KBaApaTuIHAA (GOPMa MPUBOAUTCA K
CyMMe KBaJpaTOB. BTu (pOpMyIbl B TOYHOCTH COBIIAIAIOT
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¢ dopmyaamu (3) u (6) §6. Bpu sTom cama kBagpaTuIHAA
(dopMa B HOBOM 6A3WCE MMEET BH]

I
rae Ay = 1. Orcoga, B 9aCTHOCTH, CAEAYET, ITO OMpEae-
aarenn Ay, Ag, ..., /A, BEUECTBEHHH; NEMCTBUTEILHO, €C-
J¥ 3PMUTOBA KBAJPATUIHAA POPMA MIPUBENEHA K KAHOHMU-
geckoMmy Buay (2), To koadpdunmenTts \; paBasl A(e;;e;) u
BEIECTBEHHBI.

A A
A(z; ) = A—2|§1|2 + A_;|€2|2 +...F

Yunpaxuernue. /[Joxka3aTb HENOCPEACTBEHHO, UTO €CIN KBa-
npatuaHas dpopma A(x;z) spmumrosa, To ompesemmuremn A, As, ...
..., /A, BeEIIECTBEHHBHI.

Tak xe, kKak u B §6, MBI TOIydIaeM, UTO Jad MO-
20 umobvl spmumosa keadpamuunas Gopma A(zr;x) Obi-
4G NOAOHCUMEADHO onpededennoti, Heobrodumo u do-
CMamouHo, umobbl nocmpoernvie no Hed onpedesuments
Ay, Ag, ..., Ay OBLAU NOAOHCUMEALHDL.

Hucao ompuyamenbuvlz KodPduyuenmos npu xsadpa-
Maz 6 KAHOHUuECKOM Bude IPpMumosoli Keadpamuunol
Popmbl pasro uucay nepemer 3uaKa 8 NOCACIOBAMEALHO-
cmu onpedesumenet

1, Ay, Ay, ..., A

7. 3akoH nHepnuu. meer mecTo TeopemMa, JOKA3ATEIb-
CTBO KOTOPOU HUYEM HE OTIMIACTCA OT NOKAZATEIHCTBA
COOTBETCTBYIOIIEA TEOPEMBI B § 7.

Teopewma 2. Ecau apmumosa ksadpamuuras @op-
MG umeem 6 08yx 0a3uCHT KoHoHuueckul 8ud, Mo wucCAo
NOAOHCUTNEALHBIL, OMPUYAMEALHBIT U HYAEBBIT KOIPPHUYU-
enmos 8 060UT CAYUAAT 00HO U MO JHce.

Bouarue panra xBaapaTuaHOU GOPMBI, BBEIEHHOE HA-
M7 B §7 I CIydas BEMECTBEHHOT'O MPOCTPAHCTBA, Iepe-
HOCUTCA 6€3 M3MEHEHNN M Ha KOMILIEKCHBLIN CJLyIal.



'TABA 11
JIMHENHBIE HHEOHHA30BAHMA

§ 9. JIunennsle npeo6pa3oBaHUA U ONEPALMM HAJ HUMHA

1. OcuoBHbIE onpegereHus. B npenbigymen riase Mbl
u3ydaau (PpYHKIUA B N-MEPHOM JUHENHOM HPOCTPAHCTBE,
IPUHAMAIOLIYE TUCACHHBIE 3HAMCHNA (JIMHENHbIEe (OyHKIIUN,
KBaApaTWYHBIE W T.7[.). Bo B pale ciIydaeB BO3HUKAET
MOTPEOHOCTh PACCMATPUBATEL (PYHKIMM TPYTrOro BHIA, A
AMEHHO, PYHKIMYU, KOTOPBIE TOYKAM ITPOCTPAHCTBA CTa-
BAT B COOTBETCTBUE CHOBA TOYKM TOT'O XK€ MPOCTPAHCTBA
(a He uymcaa). Bpocrenmumu cpegu GYyHKIUN TAKOT'O POAA
SABIAIOTCA JUHEUHBIE TPEOOPA30OBAHMUA.

Oupemeaenue 1. Ilycmv xaxncdomy eexmopy x
N-MEPHO20 NPOCMPAHCMNBE NOCMABAECH 6 COOMBEMCMBUE
gexmop y amoz0 sce npocmpancmea. Pynxyuro y = A(x)
Mbl HA308EM NPEOOPA30BAHUEM NPOCMPAHCMEs R.

IIpeobpaszosanue A Has3vidaemces AUHEUHBIM, €CAU BbI-
NOAHEHBL CALIYIOUSUE YCAOBUMA:

1° A(zy + z2) = A(z1) + A(z2),
2° A(Az) = MA(x).

Tam, rjge 5TO He CMOXET MPUBECTH K HEJOPA3YMEHUAM,
Bmecto A(z) mbt Oygem mucars Az.

Bpuwmepmn. 1. Baccmorpum TpexmepHOE €BKINIOBO
npocTpaHcTBO R u B HeM mpeo6pasoBaHme, COCTOAIIECE B
moBOpOTe R BOKPYr KaKOU-TOO OCH, TMPOXONAIIEH Uepes3
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Hy1b. Kax oMy BEKTOPY & CTaBUTCA B COOTBETCTBUE BEK-
TOp Az, MOMYyYEHHBIN U3 HETO JAHHBIM ITOBOPOTOM. ¥ CJIO-
Bua 1° m 2° mpoepsaioTca 6e3 Tpyna. bposepum, HaIpu-
mep, ycaosme 1°. A(xy + x9) O3HAYAET, YTO BEKTODPHI T
7 To CHAYAJA CKIAJBIBAIOTCS, a 3aTEeM IOJYIeHHBIA BEK-
Top noBopauuBaerca. Azr) + Axry 03HAIAET, ITO BEKTOPHI
1 U To CIEPBA HOBOPAUMBAIOTCA, a 3aTEM CKJIAIBIBAIOTCA.
AcHo, ¥TO B 060UX CIydasx pe3yJbTaT OLUH U TOT XKe.

2. Bycte R/~ HEKOTOpas ILIOCKOCTH B TPEXMEPHOM
npoctpancTBe R, mpoxogdmasn depe3 Hyab. BocTaBuMm B co-
OTBETCTBUE KaXIOMy BEKTODPY & ero mpoekmuio r' = Az
Ha 3Ty ILIOCKOCTb. YcaoBuA 1° u 2° omATh JErKo IpoBe-
psatorcsa. Banpumep, 1° o3HadaeT, 9TO HPOEKHUSA CYyMMBI
paBHA CyMMe TIPOEKIIAHN.

3. Baccmorpum addurHOE N-MEPHOE IPOCTPAHCTBO, B
KOTOPOM BEKTOD OIpefeleH KaK COBOKYIHOCTD 7 GHCEI.

Bycrts ||ai;|| — mexoropas marpuna. Bocrasum B coor-
BETCTBHE KaXJJOMY BEKTODY
T = (513527"' 7€n)
BEKTOD

y:A‘T: (77177727"'77771)7

e 7); BEIYUCIAIOTCA IO (popMyIam

n
ni= il
k=1

Yeaosusa 1° u 2°, onpenensionye JUHERHOE TPEOOPa3o-
BaHUE, IPOBEPAIOTCA 6€3 TPyAa.

4. BaccmoTpuM n-mMepHOE MPOCTPAHCTBO, dJIEMEHTAMU
KOTOPOr0 ABIAITCA MHOTOWIEHBI cTernenn < 1 — 1.

Bomoxum

AP(t) = P'(1),

rae P'(t) —uopoussoanas muorowena P(t).
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Bro npeobpaszosanne — aunennoe. [lencTBATEIBHO,
1° (P1L(t) + Po(1)) = Pi(t) + P(t),
2° (AP(t)) = \P'(t).

5. BaccMoTpuM IpPOCTPAHCTBO, B KOTOPOM BEKTOPAMMU
asasoTcsa Henpepoisable Gyakuuu f(t), 0 < ¢ < 1. Bouo-
KUM

Af(t) = /f(T)dT.
0

Bpeobpasosaune A — nmunennoe. /[lelCTBUTEILHO,

19 A(fr + f2) = [ [f1(7) + fa(7)]d7 =

t

fi(r)dr + /f2(7) dr = Af1 + Afs,

0

c:\“c:\H

t

t
2 A(NS) :/)\f(T)dT:A/f(T)dT:AAf.
0 0
6. BaccMoTpuM TO Xe IPOCTPAHCTBO, YTO U B IPUMe-
pe 5. Bycrs k(t,s) — menpepwiBHas GyHKIUA, 3aIaHHAA B
kBagpare 0 <t <1, 0 < s < 1. Boaoxum
1

o) = 45(0) = [ K(t.5)7(s)ds.
0
BposepbTe camu, 9TO 3TO NpeoOpPa3OBaHUE JUHEUHO.
Cpenu auHedHBIX TPeoOpPa3oBaHu 0COOYIO0 POJIb Urpa-
0T CIeAYoIUe TPOCThie MPpeobpa3OBAHMS:
edunuuroe npeobpazosanue FE, crasamee B cooTseT-
CTBUE KaXOMY BEKTOPY DTOT XK€ CAMBIA BEKTOP, T.e€.

Ex =ux;
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nyaesoe npeoopazosanue O, cTaBsilee B COOTBETCTBUE
KaXOMY BEKTODPY & HYJEBOU BEKTOD:

Ox = 0.

2. CBa3p MeX/Jy MaTPHLAMM M JMHEMHBIME IpeoGpa-
30BaHMAMU. BycTh e1,€9,...,6€, —HEKOTOPHIX 06a3uc B
N-MEPHOM NpOCTpancTBe R m A —auuenHoe mpeobpaso-
Bauue B R.

Aas 410061z 1 6eKMOPO6 g1, g2, ..., gn CywECMByem od-
HO U MOAbKO 00HO aunelinoe npeobpazosanue A, maroe
4mo

Aey = g1, Aes=g9, ..., Aep,=gy.

HoxkaxeMm 3T0. BokaxeMm cHavama, 9TO HIpeoOpa3oBa-
Hre A OMHO3HAYHO ompenenseTca BekTopamu Aep, Aes,. ..
..., Aep. [lencTBUTEILHO, IYCTH

z=¢&1er +&er+ ... +&nepn (1)
— mpou3BOIbHEIM BeKTOp u3 R. Torma

A.T = A({lel + 5262 + ...+ fnen) =
= §1Aer + &Aes + ...+ §pdey, (2)

U, CIeqOBaTeIbHO, Az OTHO3ZHATHO ompeaeadeTca mo Aeq,
Aes, ..., Ae,.

Tenmeps mnokaxeMm, 9YTO [ BCAKAX BEKTOPOB (1,
92, -,y CyWIECTBYeT JUHENHOE mpeobpasoBanme A, Ta-
koe, ¥ro Ae; = g¢;. [aa >TOro mocTaBuM B COOTBET-
CTBUE BEKTOPAM €; BEKTOPHI ¢;; TPOU3BOJBLHOMY XK€ BEK-
Topy * = &1e1 + ... + €6, TOCTABAM B COOTBETCTBHE
BekTOp £191 + ... + &ngn- Tak kak BeKTOp & BbIpaxaerT-
€S 9epe3 €] OJHO3HAYHO, TO €My CTABUTCA B COOTBETCTBUE
BIIOJIHE Ompeaesenusin BekTop Ax. Jlerko nposepuTs, 9T0
TaK OIpedeJeHHOe IpeobpasoBanne A IUHENHO.
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O6o3Ha4YMM KOOpPAMHATHI BEKTOPa ¢, B Oasuce eq,

€2, ..., €n TEPE3 A1k, A2k, - - - » Ak, T. €. TOMOKAM
n
gr = Aep, = Zaikei- (3)
i=1
Cosokynuocts wmcen a;, (i,k = 1,2,...,n) obpasyer ma-
TpUILY
A = [k,

KOTOPYIO MBI HA30BEM MaAMPuyel sunetinoz2o npeobpazosa-
nua A 6 bazuce ey, ez, ..., en.

Urakx, mb gokasamu, 910 mupum 3adanmom 6asuce
€1,€9,...,E, KaHcIOMY aunetinomy npeodpazosanuto A 00-
HO3HAYHO COOMBEMEMBYEM Mampuyua ||a;k||, u, o6paTHo,
Karcdoli mampuye ||a;i|| odnosnauno omeewaem aunetinoe
npeobpazosanue, onpedeasemoe popmyasamu (3), (1), (2).

Mui Bugum, TakuMm 06pa3oM, 9TO JUHEUHBIE MPeodpa-
30BaHUA MOXHO OIMXACBIBATH C MIOMOIIBIO MaTpPHUIl X1 MaTpPU-
ObI ABAAIOTCA TEM aHAWIATUICCKUM allllapaTOM, C IOMOIOBIO
KOTOPOT'O U3Yy9IalOTCA JUHENHbIE IPe0OPA30BAHNA B KOHET-
HOMEPHBIX [IPOCTPAHCTBAX.

3aMeTuM, ITO OpU U3MEHeHUH 6A3UCa MATPUIA, COOT-
BETCTBYIOIIAA TAHHOMY JUHEMHOMY IIPe0OpPa30BAHUIO, BO-
ob1re TOBOpPA, U3MEHUTCA.

Bpumepmn. 1. Byctb R— TpexmepHOe IPOCTPAHC-
TBO, A — IMHENHOE MPeoOpPa30BAHUE, COCTOAIIEE B MPOEK-
TUPOBAHUU KaXAOTO BEKTOPa HA IMOCKOCThL X Y. Bpumem
3a 6a3KUC eMUHUIHBIE BEKTOPHIL €1, €2, €3, HAIIPABICHHBIE 10
ocaM KoopauHaT. Torga

A61 = €1, A62 = €2, A63 == 0,
T. e. MATPUIIA IpeobpasoBanusa A B >ToM 6a3uce UMeeT BUL
100
010
000
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Yunpaxuenue. Ilautu MaTpumy TOro xe mpeo6pa3oBaHUiL B
6asuce e, ey, e, Tae

i ! !
e; =e1, ey =¢e€3, ez3=e1+e2+es.

2. Bycts E — emuanvyHOE TIpe0OpPa30OBaHUE U €1, €9,. ..
.en, — 06asuc B R. Torga

Aej=¢; (1=1,2,...,n),

T. €. MATPUIA €IUHUIHOrO Ipeobpa3oBaHud B JII0O0M Oa-
31Ce UMEeT BUJ

10...0
01...0
00...1

Jlerko Takxe BHAETH, ITO MATPHUIA HYJIEBOIO Ipeobpas3o-
BaHUA B JI0O0M 0as3uce COCTOUT CILIOIIL W3 HYJIEH.

3. Bycts R-—mOpoCTpaHCTBO MHOT'OWIEHOB CTENeH!
< n — 1. Bpeo6paszoBarune A — qudpepeHnupoBaHue, T. €.

AP(t) = P'(t).

Bribepem B R 6a3uc caexyoommum 06pa3om:

t2 tnfl
61:13 ex =t, 63257 ) en_(n_l),
Torga
, , t2 !/
AGIZIZO, Aeg—tZI,A€3:(5> —t—eg,

Takum o6paszoM, MaTpuia IpeoOpasoBaHua A B 3TOM
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6a3uce mMeeT BU

010...0
001...0
000...1
000...0
Bycrs A— nunennnoe mpeobGpa3oBaHue, €1, €3, ..., 6y —
6asuc B R u ||a;;|| — maTpuna npeobpasosanus A B sTOM
6a3uce. Byctn
€r = 5161 + 5262 + ...+ fnen, (4)
Ax =ni1e1 + ez + ... + Npee. (4"
Bangem Beipaxenue KOOPAUHAT 71,72, - - - , ) BEKTOpa, Az
gepe3 koopauHaTH £1,&2, ..., &, BekTOpa . UMmeem:

Ax = A(&el +&er+ ...+ €n€n) =
= &1(aner + anes + ...+ anrey) +
+ & (ar2e1 + axer + ... + anzen) +
+ &n(aiper + agnes + ...+ appen) =
= (an1& +a2ée + ... +a1nén)er +
+ (a21&1 + ag2éa + ... + agnép)es +

+ (an1é1 + an2éo + ... + annén)en.
CaenoBareabno, cpasauBas ¢ (4'), norygaem:

m =anéi +a12§2 + ... + ainén,

ne = a21é1 + a2é2 + ... + a2,

Mn = an1é1 + an2éo + ... + apnén,
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I KOPO{e:
n
ni=Y alk. (5)
k=1

Takum oOpasoM: ecau aunetinoe npeobpazosanue A
umeem 8 dannom bazuce ey, eq, ..., e, mampuyy ||a;x|, mo
bazucHble 8eKMOPbL NPEOOPA3YIOMCE C NOMOWDBIO CMOAO-
yo6 amoti mampuywt [Popmyaa (3)], @ Koopdunamer npous-
804bHOZ0 8EKMOPA — € NOMOWBIO ee cmpok [opmyaa (5)].

3. CioxeHne 1 yMHOXEHHE JUHEHHBIX IIPeo6pas opaHui.
JIuHenHBIE IPEOOPa30BaHMA MOXKHO CKJIAALIBATL U yMHO-
KATh.

Onpegenenue 2. Ilpoussedenuem AUHEUHBIT
npeobpazosanuti A u B naszwisaemces npeobpasosanue C,
cocmoawee 68 NOCALIOBAMEALHOM BUINOAKEHUY CHAYAAA
npeobpazosanus B, a zamem npeobpazosanus A.

lpyrumu crosamu: C = AB o3uadaeT, 9TO M JH060-
ro x Cx = A(Bz).

Bpoussenenune muHenHBIX MPEOOPA3OBAHUN €CTh JUHEU-
HOe mpeoOpa3oBaHME, T.€. yIOBIETBOPIET yCaIOBAAM 1°
u 2° onpenenenus 1. [lercTBUTENBHO,

C($1 + $2) = A[B($1 + .'ch)] = A(Bxl + Bxg) =
= ABx1 + ABxy = Cz1 + Cxs.
BepBoe paBeHCTBO HANMCAHO HA OCHOBAHUU OIIPEIEJCHUSI
[IPOU3BENEHNA, BTOPOE Ha OCHOBAHUMU CBOMCTBa 1° mia B,
TPEThE B CHUIYy TOTO XK€ CBOUCTBA M A u, HAKOHEI, JeT-
BEPTOE ONATHL-TAKU B CHIY ONPEIEJICHUA TIPOU3BEICHYA.

Awnanormano nokaswsaerca, 1o C'(Ax) = ACx.

Ecain F — eguangnoe npeobpasosBanue, a A — npous-
BOJIBHOE, TO JIETKO MPOBEPUTH, ITO

AE = FEA = A.
Kaxk o6wI1HO, onpepenseM cTeneHn npeodpasoBanusa A:

A2=A- A A>=A%-A ... ur.I
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Kak u gia «mcen, monaraem, mo onpegeresmio, A = F.
OueBugHO, ITO
AT — AT AT
Bpuwmep. R—upocrpanctBo MHOrowienos P(t)
crenenu He Bhime 1 — 1. OnpemenruM B HEM mpeobpas3oBa-
mne D dpopmyaon

DP(t) = P'(1),

rae P'(t) — npoussoanas muorowiena P(t). Torpa nus mro-
6oro P(t)

D?P(t) = D(DP(t)) = (P'(t)) = P"(t).

Bro paBencTBo ompegerser mpeoGpasosamme D?. Ama-
JOTWYHO MOXKHO ONpEIeTuTh mpeobpasopamume D3P(t) =
= P"'(t),... 3amerum, 9To B fanHOM Ccrydae D" = 0. [en-
CTBUTEIBHO, TAK KAK BEKTOPAME IIPOCTPAHCTBA, ABIAIOTCA
MHOT'OYIEHBI cTeneHun < 7o — 1, To

D"P(t) = P (t) = 0.

Yupaxueunne. Bribepem B mpoCTpPaHCTBE MHOI'OYIEHOB CTe-
LeHU He BbILe, 4eM 7 — 1, 0a3uc, yKa3aHHBII B IpuMepe 3 II.2
sroro maparpada. IlanTu B 3TOM 6a3uce MaTpPULLL IPe06Pa30BAHNAL
D,D* D, ...

Mgt 3HAaEM, 9TO HpH 3aMaHHOM 06asmce e1,e9,...,6, Ka-
KAIOMY JUHEMHOMY TPEOOPA30BAHUI0 OTBEYAET MATPUIIA.
BycTb npeobpaszosanuio A orsevaer marpuna ||ag||, mpe-
obpazoBaamio B — marpuna ||bi||; mangem marpumy ||cik ||,
oTBevayio npeobpaszosanuio C = AB. B cuny ompeme-
JeHus MaTpuilsl npeobpasoanua C' MBI ©MeeM:

Ce = Zcikei- (6)
[

Hanee,

n
j=1 j gt
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CpasauBas koaddunuenTtsr npu e; B pasencrsax (6) u (7),
HOTyTaeM:
Cik = Zaijbjk- (8)
J

Mer Bugum, 9T0 21eMEHT Cj MaTpuibl C eCcTh CymMMa, mpo-
M3BENEHUN DJIEMEHTOB (-U CTPOKU MarTpunbl A Ha COOT-
BeTCTByIOIME aeMeHTHl k-ro cronbua marpursl B. Tak
OlIpE/IeNeHHAs MATPUIA HA3BIBACTCA HPOU3BEJCHUEM Ma-
Tpunsl A Ha MaTpuny B. Urtak, ecin npeobpaszoBanuio A
oTBevaeT MaTpuna ||a;||, a npeobpaszosanmio B — maTpu-
ua ||b|l, To mpomsBemneHnIo >TUX TPEOOPAZOBAHUN OTBE-
qaeT MaTpuna ||c;k ||, ABAAOmAACA TpOoM3BEEHNEM MATPWIL
laix || m ||bik||. BpousBemerune MaTpu BIucaseTcs Mo Gpop-
myaze (8).

Onpenmeaenue 3. Cymmot suneldnviz npeobpa3o-
sanuti A u B naswsaemcs maxoe npeobpazosanue C, Ko-
mopoe KaHcAOMY 6EKMOPY T CMABUM 8 COOMBEEMCMEUE
gexmop Az + Bzx; unate rosopsa, C = A + B osnadaer,
aro Cx = Ax + Bz mia mo6oro .

BycTb npeo6pasosauue C ecTb cymMMa Ipeo6pa3OBAHUN
A u B. Torga, 3uas maTpuisl npeobpaszosanuu A u B, ger-
KO HauTu Marpuny npeobpasosanus C. [ledcTBUTEABHO,
nycrhb ||a;kl|, coorBercTBerHO ||bik||, cyTh MaTpuubl npe-
o6pasoBanus A, cooTBeTCTBEHHO B, T.e€.

Aey, = aes, Bep= Y byes,
i i
u ||cik|| — maTpuna npeobpasosanus C, T.e.
Cep = Zcikei.
i
Taxk xak C = A + B, T0o
Cey, = Aej, + Bey, = Z(aik + bix)e;

)
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W, CJIEAOBATEIHHO,
Cik = ik + big.

Marpuna ||a;; + bix| maseBaeTca cymmoun marpun ||a|
u ||bi||. Urax: mampuya cymmvl aunetinbiz npeobpasosa-
HUllh PABHA CYMME MAMPUY, COOMBEMCMEYOUUL 0MIEAD-
HbIM CAG2AEMDLM.

Oneparuu CI0XeHus U yMHOXEHUS JUHEMHBIX IPeodpa-
30BAHMHU yAOBICTBOPAIOT OOLITHBIM [JIA CJIOXKEHUA W YMHO-
XKEHUA YCIOBUAM, d MMEHHO:

1° A+B =B+ 4
90 (A+B)+C =A+(B+C);
3° A(BC) = (AB)C;

4o {(A+B)C:AC+BC,

C(A+B)=CA+ CB.

3aMeTuM, 9TO yMHOXEHUE JUHENHBIX Pe0Opa30oBaHNN,
BOOOIIE TOBOPA, HEKOMMYTATUBHO. [[€eACTBUTENBHO, BO3b-

MeM JUHENHOE Ipeobpas3oBanmne A ¢ MaTpuIen U JI-

HerHOe mpeoOpas3oBanue B ¢ MaTpuuen

11|t o]l (21
0 1|1 1) = |1 1"

o =152

AB # BA.
Msbr moram 661 6€3 6OIBIIOr0 TPyAa AOKA3aTh PABEHCTBA
1°—4° memocpencrBerHHo. bo B sTOM HEeT HEOOGXOIUMOCTH.

10
1 1)

TO
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B camom gene, Mexay JUHEUHBIMEA TPEOOPA3OBAHUAMU U
MATPHUIAMYA YCTAHOBIEHO B3aMMHO OJHO3HAIHOE COOTBET-
CTBUE, IIPUIEM CyMMe COOTBETCTBYET CYMMA, a IPOU3BENe-
Huio — npousBenenue. [laa maTpur popmyast 1°—4° moka-
3BIBAIOTCA B KypCe alre6phl; B CIIY YCTAHOBICHHOT'O COOT-
BETCTBUA OHU aBTOMATUYECKU MMEPEHOCATCA HA JUHEUHbIE
mpeobpa3oBaHUA.

Onpegenum eme Ipou3BeqeHNEe JUHEMHOT'O IPeoOpa3o-
BaHua A Ha 9mcIO \; mog npeobpaszoBaHneM AA MEHI Oyaem
[OHUMATH IPE0OPA30BAHUE, KOTOPOE KAXKAOMY BEKTODY T
crasuT B coorBercTBHE BeKTOP A\(Az). flcHo, 9T0 eciu au-
HerHOMY mpeobpasoBarmio A orsewaer marpuna |aik||, To
npeobpasoBanmio A\A orBevaeT marpuna ||Aa;kl|.

Yunpaxuenne. IIpoBepuTh, 9TO MHOKECTBO BCEX JUHEMHBIX
npeo6pa3zoBaHUU IPOCTPAHCTBA R ¢ BBEIEHHBIMU 34€Ch ONEPAAAMEA
CIOXKEHUA U yMHOXKEHUA Ha, IUCI0 006Pa3y 0T JUHEXHOE IPOCTPAHCTEO.
Kaxosa ero pasmeprocTs?

YMes HaXOUTh CYMMY ¥ IPOU3BENCHUE THHEUHBIX IIpe-
00pa30BaHUY, MOXHO Teleph HAUTH JIOO0M MHOTOWIEH OT
npeo6paszosanma A. Bycrs P(t) = aot™ + apt™ ' + ...
...+, — npomsBoabHbIM MEOrOUIeH. Torga nox P(A) Mbr
OHUMAEM JUHENHOe peobpa3oBaHue, OnpeaeIeHHoe (hop-
MyJIOu

P(A) = apA™ + a; A"+ .. +a,E.

IIpuwmep. ITaccmoTpuMm nmpocTpaHcTBO R, d1eMeHTaMu KOTOPO-
ro ABIAIOTCA (PYHKIUUW, ONpEeNeNeHHBIE HA mHTepBaxe (a,b) m mme-
Iollle IIPOM3BOJHBIE BCEX MOPALKOB. B »TOM IpOCTpaHCTBE PacCMO-
TPUM JUHENHOE Mpeobpa3oBanue D, KOTOpOe Kaxk 0N HYHKIUK CTa-
BUT B COOTBETCTBHUE €€ IPOU3BOAHYIO, T. €.

Df(t) = (b,
MycTs Temeps HaM 3agaH MHEOTOWIEH P(t) = agt™ +ait™ ' +. ..+ am.
Torga P(D) ects aumuenHOe mpeoOpa30OBaHUE, KOTOPOE IIEPEBOIAT
dbyukuuio f(t) B

PD)f(t) = aof "™ () + arf" D (t) + ...+ amf(t).



122 JIMHENHBIE NPEOBPA3OBAHUS [ra. 11

B COOTBETCTBMM C BBCACHHBIMM BBHIIIC OIIPEACICHUAMN
CJIOXEHUA W YMHOXEHHUA MATPHUI[ MHOTOWIEH OT MATpPH-
ubel A MH 3amaeM GHOpPMYJION

P(A) = apA™ + a; A™ ' + ... +a,E.

IIpuwmep. Ilpegmomoxmm, uro A — Tak Ha3bBIBaeMasd JUArO-
HATbHAA MATPUIA, T.€. MATPUNA, Y KOTOPOU HA BCEX MECTaX, KPOME
rIaBHOU gmaroHamu, ctoar mymu. [lanmgem p(A). Mer umeem

A1 0 0 ... 0
A= 0 X0 ... 0 :
Torga
A0 0 ™0 0
A2 |0 X O . oamo [0 A 0
00 ..... )\i 00 ..... =
Orcrona caeayer, ato ecta P(t) = aot™ + ... + am—1t + am, TO
P(/\1) 0 0
P(A) = 0 PX)... 0
0 ..... ()P()\n)

ITanru P(A).

MoxHO OnpeenuTs He TOTBKO MHOTOWIEH OT MATDUIIHL,
HO ¥ BOOOMIE (DYHKIMIO OT MATPHIEL, HAIpIMED e, sin A,
u T

CoBOKyIIHOCTH MaTpuUl, N-ro Hopsagka obpasyer, Kak
MBI yx)e ynomuHaau B §1 (cTp. 9, mpumep 5), ammennoe
OPOCTPAHCTBO, €CAU ONPEAEIUTH CyMMY U NPOU3BENCHUE
MATPHUIL HA IUCI0, KaK 00br9HO. BTO mpocTpancTso nMeer
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n? mamepenumit (Kaxas MaTPUIA 3aJaeTCA CACTEMOW 7

qmcen); mosToMy Beskme n’ + 1 MaTpuI IMHEHHO 3aBUCH-
MBI, BaccMOTpUM HOCIEN0BATEILHOCTD CTEIEeHer HEKOTO-
por MaTpuIs A:

2

2

E, A, A% ..., A".
Tak xak ux n? + 1, TO OHE JIUHEHHO 3ABUCHMBI, T. €. CyIIe-
CTBYIOT YHCIA Gg, 1,02, .. ., 0,2 TAKWE, ITO

aBE + a1 A+ ayA% + ... +an2A"2 =0.

Mgl moxyuwmau cAeqyoumil WHTEPECHBIW BBIBOM: MJIA Ka-
XKOU MATPHUIBLI MOPALKA 7 CYHMIECTBYET MHOTOWIEH CTe-
memn n? Taxow, uto P(A) = 0. YKa3aHHBEIA 3/1eChb OYCHB
IPOCTOU BBEIBOJ CYIIECTBOBaHUA MHOrOWIeHa P(t), misa Ko-
toporo P(A) = 0, obragaer aBymsa HegocTaTkKamu. Bo-
MEPBLIX, HE YKA3aH CIOCO0 BBHIYUCICHUA TAKOT'O MHOT'OMWIE-
HA ¥, BO-BTOPHIX, CTEIEHb TAKOI'O MHOTOWICHA 3aBHIIICHA.
B mencTBUTEILHOCTY MBI HECKONBKO MO3XKE MOKAXKEM, ITO
IUIA KaX oW MATpUIbl A CyIIeCTBYeT MHOTOWIEH CTeIe-
HU 7, OY€Hb IIPOCTO CBA3AHHBIM C MATPUILEN U 0OPALIAIO-
IUUCSA B HYJb [IPU MOJACTAHOBKE B HEMO DTOU MATPHUIIHL.

4. O6parnoe npeoGpasosaunue. flxpo u o6pa3 npeobpa-
30BaHMA.

Onpenmeaenue 4. Ilpeobpazosanue B wnasvisa-
emes obpammnuim k A, ecau AB = BA = E, 2de E —
edunuuroe npeobpa3osanue.

B cuny oupemernenms E 310 o3Hawaer, 9To mis Jar060-
ro x B(Axz) =z, T.e. ecim A nepesoaut x B BeKTOp A1,
TO obpaTHOe npeobpaszoBanue B mepeBoguT BeKTOp AT
o6paTHO B BeKTOp . BbpeobpazoBanue, obpaTHoe mpeobpa-
soBarmio A, o6o3uagaerca AL

Be mnsa Bcsakoro mpeobpasoBaHusa CymecTByeT obpaT-
Hoe. Banpumep, mpeobpasoBanue, COCTOAIIEE B MPOEKTU-
POBaHMU TPEXMEPHOr'O MPOCTPAHCTBA HA ILIOCKOCTH XY
(cM. mpumep 1 m. 1), oueBugHO, HE MMeeT OGPATHOrO.
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C nonarurem 06paTHOroO Ipeobpa3OBaHUA CBA3AHO OHA-
Tre 06paTHOU MATPUIbl. Kak M3BECTHO, MM KaXIOU Ma-
Tpuisl A, yrosrerBopsomen ycaosuio Det(A) # 0, MoxHO
ompezemnTs MATpUIY A !, yIOBICTBOPAIONIYIO yCIOBIIO

AA'=A'A=E. (9)

Bra marpuma A ' HasbBaeTca oGpaTHON K Marpuie A.
Ee MOXHO HaUTH, pellas CUCTEMY JUHEHHBLIX yPaBHEHUH,
SKBUBAJICHTHYIO MATPUIHOMY paBeHCTBY (9). BaemenTsr ee
k-ro cToabma OKaXyTCs PABHBIMU MUHOPaM k-U CTPOKHU
MaTpuibl A, IeleHHBIM Ha, ee OnpeneauTens. Jlerko mpo-
BEPUTH, ITO TaK COCTABJIEHHAA MaTPHUIA At Y IOBJIETBO-
psieT ycaoBuaMm (9).

Tak kak mpu 3aJaHHOM 6a3UCe MEX Ty MATPULIAMU U JIU-
HEUHBIMY IPE0OPA3OBAHUAMY MMEETCA B3AMMHO OJHO3HAT-
HOE COOTBETCTBUE, COXPAHAIONIEE OMEPAIUIO YMHOXEHUA,
TO, das mo20 umobvl npeobpazosanue A umeso obpam-
Hoe, HeoOLoduMO u dOCMAMOUHO, WMOObL €20 MAMPUYG
8 KAKOM-HUOYIb 6A3UCE UMEAA ONPEIEAUMNERd, OMAUUHbLT
om Hyas, m.e. umeass 6 pane n. BpeobpazoBanue, ume-
foree 06paTHOE, HA3BIBAIOT HEBbLPONHCIEHHIM.

C npousBOJILHBIM JUHEUHBIM peobpasoBanueM A cBs-
3aHBI [BA BaXHBIX MOAIPOCTPAHCTBA — AJP0 U 06Pa3 DTO-
ro npeobpa3oBaHUI.

Onpemeaenue 5. Cosokynwocmb M esexmopos
suda Az, 2de © npobecaem sce R, nasvisaemcs o6pazom
npocmparncmaa R npu npeobpazosanuu A.

[pyrumum croBamu, 00pa3 TPOCTPAHCTBA, — 3TO MHOXE-
CTBO TE€X BEKTOPOB Y, s KOTOPLIX ypaBHenue Ar = y
mMeeT x0TA Ob1 OMHO pemenwme. fIcHO, 9TO y 06paTHMOro
npeobpa3oBanusa 00pa3 ecTh BCE ITPOCTPAHCTBO.

Bokaxewm, aro M ecmbv nodnpocmparncmao npocmpan-
cmea R. [eucrBurensno, nycts Yy € M n ys € M.

Bro 3rHa4uT, 9TO CylIECTBYIOT L1 U T3 TaKUe, U4TO Y| =
= Ax; u yo = Axy. Bo Torga y; + yo = Az + Axy =
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= A(z1 + x2) m, 3HaawmT, y; + yo € M. Amanormano, ecau
y= Az, To \y = Mz = Adz, T.e. Ay € M.

CaemoBaTeabno, M aBiseTcs mogmpocTpancTBoM. bas-
MEPHOCTH 3TOr0 MOANPOCTPAHCTBA HA3BIBAETCA PAHIOM
npeobpasoBanna A.

b puwmep. Baccmorpum mpeobpasoBanue A, cocTos-
Imee B IPOEKTUPOBAHUYA TPEXMEDPHOI'O MpOCTpaHCTBAa R B
mnockocTh XY (mpumep 1, m. 2). O4eBugHO, 9TO 06pa3 5T0-
ro npeo6pa3oBaHUA €CTh IIOCKOCTh XY .

Yunpaxuenune. [lanucare MaTpuiny IpOHM3BOIBLHOIO IIpe-
obpasoBanua A B 6asuce, mepBble k BEKTOPOB KOTOPOL'O SABIAIOTCA
6a3mcoM B o6pa3e MPOCTPAHCTBA IIPXA 3TOM IIPeoOpa30OBaHUU.

[lpyruM BaXXHBIM TOATIPOCTPAHCTBOM ABIAETCA AAPO
npeobpasoBanusa A, cOCTOAEE M3 BCEX BEKTOPOB, MEpe-
XOAMAX TIPU DTOM TPe0OpPa3OBAHUY B HYJIb.

Onpegenenue 6. Cosoxynnocmv N 8exmopos x
makuz, yumo Ax = 0, wasvisaemcsa A0pom npeobpa3osa-
nua A.

AcHO, 9TO AAPO TaKKe €CTh MOAIPOCTPAHCTBO MPOCT-
pancTBa R. [leucrBurensuo, eciu Az; = 0 u Azy = 0, TO
A(zy +x9) = Azy + Azg = 0. Touno Tak xe, eciu Az = 0,
To Alz = Mz =0, T.e. N ecTb MOANPOCTPAHCTBO.

Od4eBuaHO, 9TO ecium A — HEBBHIPOXK JEHHOE IPEOOpPa30-
BaHUE, TO €ro AAPO COCTOUT U3 HyJA (T.e. CUCTEMA OLHO-
POOHBIX ypa,BHeHI/Iﬁ C OTJIUYIHBIM OT HYJA OIPEACIUTENICM
UMEET TOJBKO HYJEBOE DEIIeHUe).

Yupaxuenue. [lanucars marpuiy npeobpaszosanus A B 6a-
3uce, mepBble k BEKTOPOB KOTOPOr'O €CTh 0a3uC AAPA.

Bpuwmep. Bycte R-—nOpoCTpaHCTBO MHOI'OWIEHOB
crenenu < n — 1 1 mpeobpasosaune A — quddepernupo-
BaHUe, T.€.

AP(t) = P'(t).
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Axpo sToro npeobpaszoBaHus COCTOUT U3 MHOIOUIEHOB
P(t), paa xoropeix P'(t) = 0, T.e. u3 xoucTaHT. Takum
o6pasoM, aapo N 3mech 0 THOMEPHO.

O6pas A cocrout u3 muOrowieHnos suga P'(t), rae P(t)
uMeeT cTemeHb < n — 1, T.e. M cocToMT M3 BCeX MHOTO-
WIeHOB cTeneHu < n — 2. Basamepnocts M paBHa n — 1.

BacemoTpuM Temeps mpeobpasoBanue A2, koTopoe 3a-
maercsa pOpMYJIon

A?P(t) = P"(t).

s npeobpasosanua A% sgpo N cocrouT m3 BCEX MHOIO-
WIEHOB HE BBILIE IIEPBOU CTeneHu, a 00pa3 u3 BCEX MHOIO-
wieHoB crenenu < 1 — 3 (uposepwre!), T.e. N nBymepHO,
a M mmeer pasmepHOCTB N — 2.

Amanormaro y npeobpasosanus A3 sapo TpexmepHo, a
00pa3 mMeeT Pa3MepHOCTb N — 3 U T. I.

Baxkownern, npeo6pasoBarue A” B 3TOM Ciliydae ecThb HY-
naeBoe npeobpasoBanue. Ero agpo N = R, a o6pa3 cocTouT
TOJBKO W3 HYJIA.

Ba sToM mpumepe BuUAHO, UTO HpU BO3BEIEHWUM IIPE-
o6pa3oBaHUA B CTENEHb €r0 AP0 pacmupsaeTcs, a oOpas,
Ha060pOT, yMeHbHIAeTCA. Bpru 5TOM pasMepHOCTH AAPA
KakK Obl XapaKTepu3yeT CTeleHb BBIPOXKAEHHOCTH Ipe-
ob6pasoBanua. Yem Gogblie AApO, TeM MeHbIIe 00pa3 u
TeM «0oJee BBIPOXKICHHBIM» ABIACTCA Ipeobpa3oBaHume.
Kpanaumu caydasmu aBisioTCS HYJIeBOe MpeoOpa3oBaHue,
AIpoM KOTOpOro ssiserca Bce R, a o6pa3 paBeH HYy.JIO,
", ¢ APYTOU CTOPOHBI, 0OpaTuMoe npeobpasoBanue, 06pa-
30M KOTOPOr'O ABJSIETCA BCE MPOCTPAHCTBO, a AAPO PABHO
HYJIIO.

Bpu sTom cymma pazmepHOcTEn Aapa U 00pa3a BCEraa
OCTAETCA PABHOU PAa3MEPHOCTH BCET'O MPOCTPAHCTBA.

Nmeer mecTo obmas Teopema.

Teopewma. Iycmv A —npouseoavroe aunetinoe
npeobpazosanue n-meprozo npocmparcmea R. Cymma
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pasmeprocmeti adpa u 06pasza npeobpazosanus A pasha
PABMEPHOCIIY 8CE20 NPOCTMPAHCINEA.

HdoxaszaTeascTBso. Bpegmoroxum, aTo aapo N
npeobpasopanus A mMmeer pasMmepHOCTDb k. BeiGepem B N
6a3uc m3 BEKTOPOB €],...,€E, W MOIOJHUM ero mao 6asuca
€l,---,€ky€Ektl,--.,En BO BCEM MPOCTPAHCTBE K.

Baccmorpum BekTOpHL A€k 1, ..., Ae,. MHOXeCTBO 1u-
HEUHBIX KOMOWHAIIMA DTUX BEKTOPOB OOpasyeT MOAIpPO-
CTPaHCTBO, KOTOpoe coBmaxaeT ¢ M — o6pa3om npeobpa-
30BaHMA A.

[encTBUTEILHO, MYyCTH § — NPOU3BOILHBIM BEKTOD
u3 M. Torga, mo oupeeneHno, CymeCTBYeT BEKTOP T Ta-

kou, uro y = Az. Tak xak ej,...,e, —06aszuc B R, TO
T = 7yi1e1 + ... + Ypen. Bo Tak kak Ae; = ... = Aep, =0
(e1,...,ex — b6asuc B agpe), TO y = Ax = Ypy1Aepry + ...
cooF nAep,.

Bokaxewm, aro n — k BexkTopoB Aeg1,.. ., Ae, muHenHO
HE3aBUCUMBI.

[lerCTBATEIBHO, MyCTh CYMEeCTBYIOT IUCIA (/j, HE PaB-
Hble OJHOBDEMEHHO HYJII0 W Takwe, 910 «ajAerii + ...
...+ ap_rAe, = 0. BaccmoTpuMm BeKTOp & = vj€fqq + ...
oo+ ap_gen. Torga Az = A(agegsq + ... + ap_gep) =
= oy Aegi1+. . . Fap_gAe, =0, T. €. T IpUHALIEKAT AAPY.
MBI OpHILIK K IPOTUBOPEYNIO, IIOCKOILKY, C OMHOU CTOPO-
HEI, £ KaK DIEMEHT AApPa MPEeICTABUM KaK JUHENHAA KOM-
OMHAIIMA HEPBHIX k OA3MCHBIX BEKTOPOB, a, C IPYTOU CTO-
POHBI, & = (1€k4+1 + ...+ Qp_k€y OBLI 3a1aH KaK JMHEWHAA
KOMOWHAIUA €4 1,...,€Ey. DTO IPOTUBOPEYIUT €UHCTBEH-
HOCTU MPEACTABICHUSI BEKTOPA T Uepe3 BEKTOPHI 6A3uUCa.
CaenoBaTenbHO, BEKTOPEL A€k 1, . . . , Aey, IUHETHO HE3ABH-
CUMBI.

Mgzr mokasanu, 9TO CymecTByeT 1 — k IMHENHO HE3aBU-
CUMBIX BEKTODPOB TaKWUX, YTO JIOO0U BeKTOp 00pa3a ecTh
UX JUHEUHAS KOMOWHAIUA, T. €. Pa3MEPHOCTE 00pa3a paBHA,
n — k, 970 1 Tpe6OBAIOCH TOKA3ATh.
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5. CBaA3b MeX/y MaTPHUIIAMM JUHEMHOT'0 mpeobpasosa-
HUA B pa3an4Heix 6asucax. OQHO U TO Xe JUHETHOE Mmpe-
06pa30oBaHME MOXET B PA3JIUIHBIX 0A3UCAX UMETH Pa3int-
HBIE MATPUIEL (CM., HAIDUMED, yIPaXHEHWe K npumepy 1
. 3 sroro maparpada). BelacHIM, KAK U3MEHAETCSA MaTPHU-
113, JUHEXHOT'O IpeoOpas3oBaHuia A mpu mepexojie OT OLHOIO
6a3umca K Ipyromy.

Bycts B R namer aBa 6aswmca: ej,€s,...,e, U f1, fo,...

., fn- MaTpurmy nepexoma ot 6asmca e, es,...,e, K Oa-
sucy fi, fo,..., fn 0003Ha4YMM depe3 C, T.e. TOIOKUM

f1 = C11€1 + C91€2 +...+ Cn1€n,

= cy9€1 + C22€2 + ... + Cp2ey,
f2 12€1 2262 n2€n (10)

fn = cipe1 + Cope2 + ... + Cpynen.

Beemem BcmomorarembHoe JuHenHOE npeobpasosamme C
TIOJIOXKUB

Ce; = f;.

Ero marpuna B 6asuce ej,e€s,...,€, CONIACHO (HOpMyIaM
(2) u (3) u.3 6yner C.
O603HAYMUM MATPUILY JUHEHHOTO mpeobpasoBanus A B
6asuce ey, €9, ..., e, qepe3 A = ||a;||, a B 6asuce fi, fa,. ..
.y fn 1epe3 B = ||bj;||. Umase rosops,

Aey, =Y ae, (10)
i=1
Afe = birfi (10)

=1

Bama nens — Boipasuts maTpuny B gepes marpunsr A
u C. 3aMeHMM [JIg DTOrO B MPABOU ¥ JEBOUM IACTAX (HOp-
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myaet (10”) fr gepes Ceg u f; gepes Ce;. Mu1 Gy iem umeTs:

n
ACe, = g biCe;.
=1
Bpumenum k o6eumM €ACTAM HTOTO PABEHCTBA Mpe-
obpasoparme C~! (OHO cymecTByeT, Tak KaK BEKTODHI
f1, f2y- .., fn nuHEenmHO He3aBUCUMBI). MBI mOTyIMM:

n
C 'ACe;, = Zbikez’-
i=1
Mo Buamm, «wTo wuHTEepecyoomas Hac Marpuna | bl
ecTs Takxke Marpuia mnpeobpasosamma O 'AC B 6asu-

ce e1,e9,...,6,. Bpu nepeMHOXEeHNU NPEOOPA3OBAHUN UX
MaTPHUILI B TaHHOM 6asuce e, e, ..., e, MePEMHOXAITCI.
Boaromy

B =C7'AC. (11)

Marpuust A u B, cBasanabie cooTHomenreM (11), Hasb-
BaIOTCA N0IPOOHBIMU.
Urak, wmampuya B npeobpasosanus A 6 6asuce

fi, fo, .-y fn noayuaemca uz mampuyvs A npeobpazosa-
nus A 6 6asuce ey, ea,... e, no gopmyae (11), 2de C —
MAMPUYG neperoda om 6a3uca €1,€s,...,e, K 0a3ucy

fla f27 s afn (¢0p'My‘/La (10))

6. JIuneunoe npeoGpa3oBanue npocrpancrsa R; B npo-
crpaucTBo Ro. Oupenensas muuenHOe mpeobpasoBanue A,
MBI PAKTUICCKU HUT' e He TOIb30BAINCH TEeM, ITO BEeKTOPBI
r u Ar IpUHANIEKAT OJHOMY M TOMY XK€ IPOCTPAHCTBY.
Bosromy, moBTopssa mocroBuO onpenenerue 1 m. 1, MOXHO
OIPEIeNUTh TAKXKE JUHENHOE TPeoOpa3oBaHue MTPOCTPAH-
crBa R; B npyroe npocrpauctso Rs.

Bce ckazannoe B aToMm maparpade 6e3 xkakux-aubo Cy-
IECTBEHHBIX U3MEHEHUN MEPEHOCUTCA HA Takue npeobpa-
soBaHuA. OCTAHOBUMCA HA ONMEPANUAX CJAOKEHUS U yMHO-
XKEHNA JUHEHHBIX IPe0oOpa30BaHNM.



130 JIMHENHBIE NPEOBPA3OBAHUS [ra. 11

Bycrs A u B — aunenHbie npeobpa3oBaHus IPOCTPAH-
crBa R; B mpocTtpancTBO Ry. Torga, kak m B 1. 3, MOXHO
onpenenuTh ux cymmy A + B: C = A + B osmagaeT, 9T0
Czx = Az 4+ Bx ana moboro x € R;.

Bpoussenernne AB B 5TOM ClIydae CMBICIA YXe HE HMe-
er. OOHAKO MBI MOXEM OIpeneIuTh mpoussenenne AB B
TOM CIydae, KOrjaa B — auHenHOe mpeobpa3oBaHmMe mpoc-
TpaucTBa Ry B Ry, a A— nunennoe mpeo6pa3oBaHme MPo-
crpaucTBa Ry B R3. B sTom caydae AB ects, mo onpene-
JIEHUIO, IMHENHOE Tpeobpa3oBanue npocTpancTsa Ry B R,
COCTOAIIEE B MOCJIEJOBATEIHEHOM BHITTOIHEHUN CHAYAIA, TIPe-
obpasoBanusa B, oro6paxamiiero R B Ro, a 3aTem mpe-
obpasoBanus A, orobpaxaiomero Ry B Rg3.

BBeAeHHbIe onepanmuun CJIOXKEHUA U YMHOXCHUI JIHHefI-
HBIX TPE0OPA30OBAHUN yAOBIETBOPAIOT ACCOINUATUBHOMY U
AUCTPUOYTUBHOMY 3aKOHAM.

3amadva. YCTAHOBUTDH, KAK U3MEHAECTCSI MATPUIIA, JIU-
HEeXHOro npeobpasoBanusa R B Ro npu 3amene 6a3ucoB B

R1 n R2.

§ 10. NuBapuanTHBIE [0 AIPOCTPAHCTBA,
c06CTBEHHEIE BEKTOPHI ¥ COOCTBEHHEIE 3HAYEHUSA
JMHEMHOT 0 Mpeo6pa3oBaHus

1. IuBapuaHTHEIE MOANIPOCTPAHCTBA. BycTs R — mog-
MPOCTPAHCTBO NpPOCTpaHCTBa, R um A —iauHenHoe mnpe-
o6pasoBanme B R. Boolmie roBops, oisi OpOW3BOJBLHOTO
x € Ry, Az ¢ R; *). Banpuwmep, ecin R —eBkaugosa
IWIOCKOCTh, | — mpousBoabHas npsaMas u A — mOBOPOT HA,

m
YPOL ¢ = &, TO OYEBUJHO, ITO [ aoboro £ # 0 u npu-

Hagmexamero Ry, Az ¢ R;. OfHAKO MOXET CIy4YUTHCA,

*) Bammcr Az ¢ Ri osmadaer, 4TO BeKTOp AT He mpmHALIEKHAT
noaupocTpaHcTBy Ry
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9TO HEKOTOPBIE MOAMPOCTPAHCTBA MEPEXOMAT CAMU B Ce-
0a mpu JuHEenHOM IpeobpasoBanuu A. Beemem ciemyrouiue
OIIpeeNeH .

Onpemenenune 1. Iyecmv A —aunetinoe npeot-
pazosanue npocmpancmea R. Jlunetnoe nodnpocmpan-
cmeo Ry masvisaemca uneapuanmmbim omuocumesdbro A,
ecau das Karcdoz2o sexmopa T u3 Ri eexmop Ax maxace
npunadaencum Ry.

Bpu usydenun amHenHOro mpeobpasoBaHua A B UMHBa-
PUAHTHOM MOAIPOCTPAaHCTBE R MOXHO, TakuM 00pa3oM,
paccMaTpuBaTh TO Ipeobpa3oBaHue TOILKO B Ry .

TpuBraIbHEIME MHBAPUAHTHBIMU IIOAIPOCTPAHCTBAMU
ABIAIOTCA MOANPOCTPAHCTBO, COCTOAIIEE JUIIL U3 HYJA, U
BCe MPOCTPAHCTBO.

Bpuwmepumn. 1. Bycrs R— TpexmepHOE IPOCTPAHCT-
BO 1 A — MOBOPOT BOKPYT HEKOTOPOU OCH, TTPOXO [AILIEN de-
pe3 Hyab. IHBapUAHTHBIME MO [IIPOCTPAHCTBAMY IIPU DTOM
ABIAIOTCA: &) OCh BpalleHWA (OJHOMEPHOE WHBAPUAHTHOE
HOJIIPOCTPAHCTBO), 6) IIOCKOCTH, IPOXOAAIAA Iepe3 Ha-
9JaJ0 KOOPAUHAT ¥ OPTOrOHATBHAA K DTOU ocu (AByMepHOe
MHBAPUAHTHOE HOIIPOCTPAHCTBO).

2. R—miockocTh. BpeobpazoBanume A 3aKI0OIaeTCA B
PACTAXEHNHN ILIOCKOCTH B A| pa3 BAOIb Oocu X W B Ay
pa3 Bmoab ocu Y. VHade roBopsA, €CIu BEKTOpP Z PaBeH
§1e1 + §aez, To Az = M&iep + Aoey, TaE €1,e2 —enn-
HUYHBIE BEKTOpPHI Ha ocax. KoopaumHaTHble Ocu X m Y
ABIAIOTCA B DTOM CIyvae OJHOMEPHBIMUA WHBAPUAHTHBIMU
nognpocTpancTBamu. Beam A\; = Ao = A\, 70 A sABaseTcs
npeobpazoBanremM moA00usA ¢ KO3 PUIMEeHTOM mozobusa .
B sToMm ciaydae kaxgas npsamas, OPOXOAAIIAsS Yepe3 Ha-
9aJ10 KOOPAMHAT, ABIAETCSI MHBAPUAHTHBIM IOJIIPOCTPAH-
CTBOM.

Yupaxuenue. [lokazars, 4To ecau A\; # A2, TO B mpumepe 2

HET HUKAKNX APYIUX OJHOMEDHBIX WHBAPUAHTHBIX IIOAIPOCTPAHCTB,
KpPOMe yKa3aHHBIX BBIIIE.
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3. RiCOBOKyHHOCTI) MHOI'OYWJIEHOB CTEIICHU HE BBIIIC
n — 1. Jlunennoe npeobpazosanue A — nuddpepeHnupona-
HUe, T. €.

AP(t) = P'(t).

CoOBOKYIHOCTh MHOT'OWIEHOB, CTENEHb KOTOPBIX MEHBIIE
niaz paBHa k, rae k < n — 1, o6pasyeT nHBAPUAHTHOE IO -
MpPOCTPAHCTBO. [lencTBUTENbHO, AUddHEPEHINPYA MHOTO-
wieH cTeneHd < Kk, MBI IOJY<UM MHOTOWIEH, CTEIEeHb KO-
TOpPOTO CHOBA HE MPEBOCXOAUT k.

Yupaxueunne. [Jokaszars, 4T0 B mpuMepe 3 HUKAKAX WHBA-
PHUAHTHBIX IOAIPOCTPAHCTB, KPOME YKA3aHHBIX, HET.

4. R— npou3BOJIBHOE N-MEPHOE NIPOCTPAHCTBO. JInHen-
HOe mpeobpasoBanme A 3a4aeTCA B HEKOTOPOM 0asuce
€1,€2,...,C, MATPULEHA BUIA,

a11 a1k Q1,k4+1 Q1n
k1 -.. Okk  Qkk41  --- Qkn
0O ... 0 ak+17k+1 e ak+1,n
0 0 an k+1 Anp
B sToMm crydae mognpocTpaHCTBO R, MOPOX IeHHOE BEKTO-
pamu e, ey, ..., €, THBApUAHTHO. [[0Ka3aTeIbCTBO 3TOTO
MBI IIpefocTaBideM dnTaTeno. Eean, kpome Toro,
ai,kH:...:ain:O (lglék‘),

TO TOANPOCTPAHCTBO, MOPOXKICHHOE BEKTOPDAMA €fy1,
€k+2- - - » €, TaKXKe OyJeT WHBAPUAHTHEIM.

5. R— npou3BOJBHOE N-MEpHOE NPOCTPAHCTBO, A —
MPOU3BOJBHOE JUHENHOE MPeOOPA30BAHME B 3TOM MPOCT-
paHCTBE.

Torga o6paz M u adpo N npeobpazosanus A asastom-
CA UHBAPUAHMHLIMU NOONPOCMPAHCMBamy. [lencTBrTE -
HO, ycThb y € M. Torga Ay € M B cuny oupenenenus M.
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Touno Tak xe, eciu £ € N, o Ax =0 € N.

BroT mpocron ¢pakT GymeT NCIOAL30BAH B AAJIbHEUIIEM
MpU NMPUBENEHUYN TPOU3BOIBLHOTO TPeOOpPA3OBAHUA K MIPO-
CTEHUIIEeMY BHUIY.

BycTb mamo mpocTparcTso R u muHenHOE Tpeobpa3oBa-
Hze A B »TOM mpocTpancTBe. Bpenmonmoxum, uTo R pas-
JOXWMO B TIPAMYIO CYMMY NOBYX WHBAPUAHTHBIX IIOIIPO-
crpancTB Ry pasmeprocTu k u Ry pasmeprocTu n — k (cM.
crp. 27). Torga B 6asuce ey, ..., €y, IepBbe kK BEKTOPOB KO-
Toporo qexar B Ry, a mocreguaue (n — k) — B Ro, MaTpu-
na npeobpasoBaHua A COCTOUT U3 [IBYX KJIETOK Pa3MEPHO-
cred k un — k, CTOAIMUX HA AUATOHAIMU, & HA OCTAIBHBIX
MeCTax CTOAT HYyJaIU, T. €.

ailp ... aig 0 e 0
azr ... a2k 0 ce 0
a a 0 ... 0
A= | kk
0 0 akt1k+1 Gft1,n
0 ... 0 Gpgy1 --- Gpp

2. Co6cTBEeHHBIE BEKTOPHI M COOCTBEHHBIE 3HAYEHUS.
Ocobyio poab B gajibHenmeM OyAyT UTPATh OJHOMEPHBIE
MHBAPUAHTHBIE IOAIPOCTPAHCTBA.

Bycte R; —omHOMEDHOE MOAUPOCTPAHCTBO, IOPO-
XKJIeHHOe BeKTOPOM = # 0 (T.e. COBOKYIHOCTH BEKTOPOB
Buga «ax). flcHo, 9To mua Toro 4robel R OGBLIO MHBApHU-
AHTHBIM, HEOOXOIUMO ¥ TOCTATOTHO, ITOOB BEKTOp AT
aexana B Ry, T.e. 6bLI KPATEH BEKTOPY &:

Ax = \z.

Oupemeaenue 2. Bekmop © # 0, ydosaemso-
patowuti coomwowenuto Ar = Ax, wasvisaemcs cob-
CMEEHHBIM BEKMOPOM, G COOMBEEMCMBYOULEE UUCAO N —
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cobecmeennbin  3navenuem (TaPAKMEPUCTNUYECKUM — UU-
caom) aunetinoz2o npeobpazosanus A.

Urak, ecin £ — cOGCTBEHHBIN BEKTOP, TO BEKTOPHL (T
06pa3yoT 0JHOMEPHOE WHBAPUAHTHOE IIOIPOCTPAHCTBO.

O6paTHO, BCe OTIWIHBIE OT HYJISA BEKTOPHI OJHOMEDPHO-
0 MHBAPUAHTHOT'O MOAIPOCTPAHCTBA ABIATCA COOCTBEH-
HBIMH.

Teopewma 1. B xomnaexcrwom npocmpancmse *) R
gcakoe aunetinoe npeobpazosanue A umeem xoms Obi 00UH
cobcmeenubili 8eKMOP.

MokaszaTeabcTso. Bubepem B R kakou-mubo
0asuc ey, es,...,e,. Jlunennomy mnpeobpaszoBanuio A B
»TOoM 0a3uce COOTBETCTBYET HEKOTODPas MaTpuua |ak|.

Bycrts

$25161+5262+...+§n6n

— npom3BONbHEIM BekTOp m3 R. Torma koopamuHaTsl 7)1,
N2, ..., Nn BEKTOpa Az BEIPAKAIOTCA CICAYIOMMUME (HPOPMY-
damu (cM. m.2 §9):

m = a11&1 +a2ée + ... + a1én,
N2 = a21§1 +a22é2 + ... + a2,n,

M = an1é1 + an2é2 + - - . + annén.
YcaoBue TOro, 9TO BEKTOP COOCTBEHHBIN, T. €. PABEHCTBO

Az = Az,

*) [lokasaTeabCTBO TEOPEMBI IPUTOLHO AJIA IPOCTPAHCTBA HAJ
JIOOBIM anre6pandecKuM 3aMKHYTBHIM IOJNEM, TaK KAaK UCIOIb3YEeTCT
JIMIIb CYIIECTBOBAHME DEIIeHns y ypasHeHus (2).
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3aIKCHIBAECTCA B CAEAYIOUIEM BUIE:

a11&1 + a12és + . .. + a1pén = N1,
a21§1 + a2és + ... + a2y = Ao,

an1&1 + an2éo + ..+ & = A,
nJian
(a11 = N& +aée + ... + a1,y =0,
az1é1 + (az2 — A&+ ... +a2,8, =0, (1)

an1§1 + an2§2 +...+ (ann - A)gn =0.

[lna noKa3aTeabCTBa TEOPEMBI Hy XXKHO JOKA3aTh, TAKAM
06pa3oM, ITO CYMECTBYIOT IUCIO A U Iuciaa £1,&,...,&,,
He BCe paBHBIE HYJIO, yAoBIeTBOpsaoomue cucreme (1).

YeaoBueM CymiecTBOBAHUA HEHYJIEBOT'O PEIIEHUsA OHO-
poxHOU cucTeMbl (1) ABIAETCA PABEHCTBO HYJIIO €€ OIpe-
IEeJATEIA

all — A a12 [N a1p
a1 a9y — A ... a9op, =0. (2)
anl an2 Anpp — A

Mgl nony9uau ypaBHEeHHE CTEIEHN 7. OTHOCUTENbHO . BTo
ypaBHEHME uUMeeT XOTA Obl OguH (BOOOIIE TOBOPS, KOM-
IUIEKCHBIN) KOPEHb Ag.

Boacrasus B cucremy (1) BMecTO \ KOpeHb Ay, MBI IIO-
JIy9UM OJHOPOJHYIO CUCTEMY JUHEUHBIX yPABHEHUN, OMpe-
JeTUTENs KOTOPOU PABEH HYJIIO, M MMEIOULY 0, CJAE[0BATEMb-

HO, HEHYJIEBOE DeIlIeHue éo), féo), . ,é}(LO). Torma BexTOp
2@ =% + el + ...+ Ve,

O6ymeT cO6GCTBEHHBIM BEKTOPOM, a Ag — COOCTBEHHLIM 3HA-
YCHUEM, TaK KaK

Az® = Agx(o).

Teopema moka3saHa.
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damedganue Tak Kak [OOKA3aTEIHLCTBO TEOPEMBI
ocTaeTca B Cuie, eciu mpeobpaszoBanume A paccMaTpuBaTh
HE BO BCEM NPOCTPAHCTBE, & B JMIOOOM €ro WHBAPUAHT-
HOM TOANPOCTPAHCTBE, TO 6 A1000M UHBAPUAGHMHOM N00-
NPOCMPAHCBE CYWECTBYEm TOMA Obl 00UH COBCNBEHHbIT
gexmop npeobpasosanui A.

MHorowien, CTOAIMU B JEBOU YACTU ypaBHeHUsA (2),
Ha3BIBAETCA TAPAKMEPUCTNUUECKUM MHOZOUAECHOM MATPU-
el npeobpasoBanus A, a camo ypasHeHwe (2) zapaxme-
PUCTNUYECKUM WIA BEKOBLIM YPGBHEHUEM DTOU MATPHUIIBL.
B mpomecce mokasareabcTBa TEOPEMBI MBI ITOKA3AJIU, ITO
KOPHU XaPaKTEPUCTAIECKOrO0 MHOIOWIEHA CyTh COOCTBEH-
HbIE 3HAYEeHUA npeobpasosanua A u, o6paTHO, COOCTBEH-
HBIE 3HAYEHUA Npeobpa3oBaHus A CyTb KOPHE XapaKTepu-
CTUYIECKOI'O MHOI'OYJICHA..

Tak kak cOOCTBEHHBIE 3HAYECHUA TPE0OPA3OBAHUS OITPE-
[IeJIEHBI HE3aBUCUMO OT BhIOOPa 6a3uca, To, CIeJ0BaATEIBHO,
7 KOPHU XaPaKTEPUCTUICCKOrO0 MHOTOWICHA TAKXKE HE 3a-
BUCAT OT BBIOOpa 6a3uca. MBI MOKaXeM mqajee HeCKOJbKO
6oublie *), a UMEHHO, 9TO CaM LAPAKMEPUCTNUYECKUT MHO-
2ouaen He 3asucum om evibopa 6a3uca, U TOITOMY MBI B
JaJbHEenmeM OyleM HA3BIBATH €U0 TaPaKMeEPUCTNUUECKUM
MHO20UAEHOM npeobpazosarus A (a He XapaKTepUCTHIe-
CKAM MHOTOYIEHOM MATPHUIBL npeobpasoBarus A).

3. Cpeaum IWHEHHBIX TPEOOPA3OBAHUU B WM3BECTHOM
CMBICJIE TTPOCTEHIINMY ABIAIOTCA T€, KOTOPBIE UMEIOT 71, JIU-
HEUHO HE3ABUCUMBIX COOCTBEHHBIX BEKTOPOB.

Bycts A—Takoe mpeobGpasoBanue, a e€1,€s,. .., €, —
€ro JUHENHO He3aBUCUMBIE COOCTBEHHBIE BEKTOPHI, T. €.

Ae; = Nie; (i=1,2,...,n).

*) U3 Toro, 4T0 KOpHM XapaKTEPUCTUIECKOrO MHOTOWIEHA OFHI
¥ Te Xe IS Pa3HBIX 0A3UCOB, elle He CAefyeT, ITO CaM MHOT'OYIEH
HE 3aBUCAT OT BbIOOpa 0a3mca; ampuopu BO3MOXKHO, YTO B Pa3HBIX
6a3mcax KPATHOCTH DTHUX KOPHEU Pa3JIMIHBL.
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Bpuwmewm ey, e9,. .., e, 3a 6a3uc 8 R. Basencrsa
A61 = )\161,
A62 = )\262,
Ae, = \pe,

03HAYAIOT, 9TO MAaTPUI NpeobpasoBanusa A B aToM Gasuce
uMeeT BUJ

A1 0 0
0 Ao 0
0 0 An

(aBaserca duazonaavnoti mampuyet). Taxkum o6Gpasom,
UMeeT MECTO

Teopema 2. Ecau aunetinoe npeobpazosanue A
UMEEM T AUHETHO HE3ABUCUMBIL COOCMEEHHBIL 8EKMOPOS,
mo, euibpas ur 3¢ 0A3UC, Mbl NPUBEJEM MAMPUYY NPEOOPa-
308anus A ¥ duaeonaavnoti Gopme. Obpammo, ecau 8 He-
KOMOPOM 0A3UCE MAMPUUG NPEOOPA308AHUA JUA2OHAALHA,
Mo 8Ce BEKMOPLL 3M020 OA3UCH ABAAIOMCS COOCMEECHHBIMU
BEKMOPAMU.

SamMedanue OTMETUM OIUH BAXHBIA CIy4dal, KO-
rIa JUHENHOE NpeoOpa30OBAHUE 3aBEIOMO UMEET 7 JUHEU-
HO HE3aBHCHUMBIX COOCTBEHHEIX BEKTOPOB. BpenBapureins-
HO 3aMETHUM CIeAYIOIIee:

Ecau ey, eq,..., e, — cobcmeenubie sexmopvi npeobpa-
308anuis A u coomsememeywue UM COOCMBEHHbIE 3HG-
YEHUS A1, A2y« - vy Ak, TONAPHO PABAUYHDL, O €1,€2, ... ,CL

AUHETHO HE3ABUCUMDL.

Hua k = 1 yrBepxaeHre 09eBUIHO. BycTh Halre yTBep-
X aeHue BepHO miad k—1 BEeKTOpPOB; HOKaXeM ero i k Bek-
TOPOB. BpeAnoIoXrM IPOTUBHOE, T. €. IPEAIOJOKAM, ITO

are] + ages + ...+ agep = 0, (3)
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npudeM XOTsa Obl OUH n3 KOd(PIUIUEHTOB (j, HAIPpUMEDP
(1, OTIMYEH OT HYJIA.

Bpumenum k o6eum dacTsaM paBeHCTBa (3) mpeobpaso-
Baune A. Bomyaum

A(ajer + ages + ...+ ager) =0,

ajAie; + aghges + ...+ apiger = 0.

Borauras u3 mociegHero paBeHCTBA PABEHCTBO (3), YMHO-
XKEHHOE HA A\, MBI IOy MM BBIPAXKECHUE

041(>\1 — )\k)el + 052(>\2 — )\k)eg +...
vt g1 (A1 — Ap)er—1 =0,

rae nepBbi KO PUIUEHT MO-MPEXHEMY OTJIUYIEH OT HYJIA
(Tak xKax Mo ycaoBmio \; # A\ npu i # k). Mser npumim
NPOTUBOPEYMIO, TAK KAK 10 WHAYKTUBHOMY IIPEATIOI0XKE-
HUIO BEKTOPHI €1,€9,...,€ | JAHEHHO He3aBucuUMbI. OT-
CIOJIa, HETTOCPEACTBEHHO CAEIYET, ITO:

Ecau zapaxmepucmuueckuti mMuo20usen npeobpa3osa-
Hus A umeem n Pa3AUNHBIT KOpHEl, MO MAMPUYa npe-
obpazosanus A mosxcem Ovimb npusedena ¥ dUA2ZOHAALHOT
Popnue.

[leNCTBUTEIBLHO, KAXKIOMY KOPHIO A; XapaKTepPUCTUIe-
CKOT'O YPABHEHWA OTBEIAET XOTA OBl OJAWH COOCTBEHHBIN
BekTOp. Tak Kak COOTBETCTBYIOIINE DTUM BEKTOPaM COO-
CTBEHHbIE 3HAYCHUsA (KOPHU XaPAKTEPUCTUICCKOrO ypPaB-
HEHUs) BCE PA3JIMYHBL, TO, COMVIACHO AOKA3AHHOMY BHIIIE,
MBI UMEEM 7, JUHEUHO HE3ABUCUMBIX COOCTBEHHBIX BEKTO-
pOB €1, €3,...,¢e,. BEciau BekTOpHI €1, €9, . . ., €, IPUHATD 33,
6asuc, To MaTpulla npeobpaszoBanua A OygeT IUATOHAIb-
HOW.

Eciu xapakTepucTUYeCKII MEOTOWICH UMeeT KPATHELIE KOPHM, TO
IUCIO JII/IHteIHO HE3aBUCHUMBIX COOCTBEHHBIX BEKTOPOB MOXeET OBITH

menbiie, 1veMm n. [Tanpumep, npeo6pa3oBanue A B IpOCTPAHCTBE MHO-
COWIEHOB CTENEHMU He BEHIIe n— 1, cTaBsaee B COOTBETCTBUE KX I0MY
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MHOT'OWIEHY €r0 IPOU3BOJHYI0, IMeeT JIHUIIb OJHO COOCTBEHHOE 3HATe-
gue A = 0 1 oguH (C TOIHOCTBHIO 40 MPOMOPIUOHATBHOCTH) COOCTBEH-
Het BekTOp P(t) = const. B camoM gere, 5if 1060r0 MHOTOYIEHA
P(t) crenenu k > 0 mmorowren P'(t) umeer crenens k — 1, u moTomy
paserctso P’ (t) = AP(t) BoamoxuO ymms, ecm A = 0 u P(t) = const.
CrenoBaTelnbHO, 4 5TOrO Ipeo6pa30BaHUs HE CYLECTBYeT 0a3UCa,
B KOTOPOM €My COOTBETCTBOBaJIa Obl AMArOHAIBHAA MATDPHIA.

B rmase III 6yger mokasaHO, ITO €Ci A €CThb M-KpaT-
HBIU KOPEHb XapPaKTEePUCTUICCKOTO YPABHEHU, TO €My OT-
BedaeT He Holee YeM 1 JIUHENHO He3aBUCUMBIX COOCTBEH-
HBIX BEKTOPOB.

Buxe (B §§ 12 u 13) MBI yKax)eM HEKOTOPBIE KAACCHI JIW-
HEUHBIX MPeoOpPa3OBAHUN, TPUBOJUMBIX K [UATOHAIBLHOU
dopme. Borpocy 0 TOM, K KAaKOMYy IPOCTEUIIEMY BUIY MO-
XKeT ObIThb TPUBENEHO MIPOU3BOILHOE JUHENHOE TPeobpas3o-
Bauwue, Oymer mocssameHa raasa 111

4. XapakTepuCTHIECKMA MHOTOWIEH. B II.2 MBI yxe
OIPEIeNUIN XaAPAKTEPUCTUIECKUN MHOTOWIEH IPe0oOpas3o-
Banua A kak onpegenurens marpunbl A — AE, rqpe A—
MaTpuna npeobpaszosanus A, a E —enuHuvHas MaTpu-
na. [lokaxeMm, 9T0 XapaKTEePUCTUIECKUN MHOTOWIEH HE 3a-
BuUCUT OT BbhIOOpa Oasuca. [JeMCTBUTENBHO, IPU MEPEXOIE
K apyromy Oasucy marpuia A npeobpaszoBanus A npu-
uumaer Bug CT'AC, rae C ecTb MaTpuua mepexoga K
HOBOMY 6asucy. Taxmm o6pa3zom, B HOBOM 0Oa3uce Xapak-
TEePUCTUIECKAN MHOTOWIEH €CTh OMPEeAEIUTENh MATPHUIBI

C'AC - \E. Bo
|C 'AC-)\E| = |C 'AC-\C 'EC| =|C {(A-)\E)C|,

7 TaK KaK ONPEeIeIUTeNb IPOU3BEICHNsA PABEH IIPOU3BENe-
HUIO OIIPEeIeanTeNe, TO

|IC'AC — \E|=|C'||A - \E||C| = |A - \E|,

¥ yTBEPXKIEHUE MOKA3aHO. Takum 00pa3oM, MBI B [aJbHEN-
IeM MOXeM ['OBOPUTH O XapaKTEPUCTUIECKOM MHOTOIIeHE
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npeobpasoBanma A (a He 0 XapAKTEPUCTUIECKOM MHOTO-
“wWieHe MaTPUIbl npeobpasoBanus A).

Yuopaxuenusa 1. [Tautm XapakTepUCTUIECKUN MHOT'OUICH
MaTPHIIBI

Ao 0 0 .0 0
1 X 0 .0 0
0 1 X ...00
0 0 0 1 o

ay a2 a3 ... QAp-—1 Qn

1 0 0 ... 0 0

0 1 0 0 0

0 0 O 1 0
Omeem. (=1)" (A" — a1 A"t —a2A""2 — ... —ay).

Bripazum XapakTepUCTUYECKAA MHOTOWIEH SABHO Ye-
pes aieMenThl MaTpuibl A npeobpasosanus A. Beraucaum
cHavama Gonee oOmME ompegeauTent (KOTOPHIU TO3XKE B
§ 12 mam Toxe Bcrperurca): |A — AB|, rne A u B— 1Be
3a/laHHBIE MATPULBL. BaM HYXHO, CIeJOBATEIHLHO, BBIYU-
CIUATH CACAYIOMAA MHOTOWIEH OTHOCATEIBHO A:

aip — Abi1 aiz — Abiz ... ai, — by,
ag1 — Abo1 agsg — Abog ... ag, — Aba,
QW= T T T
ap1 — Abp1 @p2 — Abp2 ... app — Abpp

Tak KaK B 9TOM OIIPEAEIUTENTe KAXKIBIA CTOIOEI €CTh CyM-
Ma ABYX CTOJOLOB, TO OUPEAENUTETs MOXET OBITH Pa3Jo-
®eH Ha cymmy onpegerarener. CBoGomubin wieH B Q(A)
eCThb

ail a1 ... Qip

az1 a2 ... Q2p ) (4)
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fAcuo, a0 KoaPPuyuenm npu (—N)* 6 Q()\) pasen cymme
onpedeaumenets, KaAcovl U3 KOMOPLIT NOAYUALENCA 3aME-
noti 6 (4) Kakuz-aubo k cmoabyos mampuywt ||a;x| coom-
8EMCMBYIOWUMY CNOAOYaMY Mampuyby ||bk||.

Bepengem reneps k Beramciaenuioo |A — AE|. [lasa BbI-
aucrenna kodddummenta mpu (—A)F Me1 gomKEHEL B3ATH
CYMMY OIpEAEeIATENEH, KaX bl U3 KOTOPHIX IOy IaeTCs
3aMeHOU Kk CTOAOIOB MAaTpuubl ||a;| k crombuamum enu-
HUYHOX MATPHUILL. B0 KaX b TaKOU ONpENEIUTeNb €CTh
raaBHbIM MEHOD (n — k)-ro mopsaka marpuust ||all. Ta-
KM 06pa3oM, OKOHYATENIbHO, LaPaKMepucmuueckuti muo-
eouaen P(N) mampuyvt A umeem 6ud

P() = (=1)"A" =pi A" ppA" T — £ ),

2de p1 ecmb cymma OUAZOHAADHBIL IACMEHM OB, Do — CYM-
MG 2AGBHBIT MUHOPOB 6MOPO20 NOPAIKG U M. J.; HAKOHEY
Pn ecmob onpedesumend mampuybt A.

Yucaa py,p2,-- -, Pn, IOCTPOEHHBIE IO MaTpuIle A mpe-
00pas3oBaHuA A, 3aBUCAT JHUIIL OT CAMOrO IIPE0OpPa3oBa-
HUA, IOCKOJABKY STUM CBOUCTBOM, KAK MBI TOKA3aId, 06JIa-
naeT xapakrepuctudeckun maorowieH. Cpenu koadduru-
€HTOB P; HAMOOJBIIYIO POJb UIPAIOT Py — OUPEAESIUTEND
MaTpuibl A U p; — CyMMa AUACOHAJIBHBIX DIEMEHTOB Ma-
Tpunsl A. Cymma Oua2oHasbHblE IAEMERTNOE MAMPUYDL Ha-
avisaemcs caedom mampuyvs A. Cren marpunsr A 0603Ha-
qaerca tr A (oT amrmmuckoro caosa trace — caen). flcmo,
9TO CIel MATPUIBI PABEH CyMMe BCEX KOPHEU XapaKTe-
PUCTHYECKOrO MHOTOWICHA (COOCTBEHHBIX 3HAYEHWN ), IPU-
€M KaX LI KOPEHb CIMTAETCA C TOU KPATHOCTBIO, C KO-
TOPOU OH BXONUT B XaPAKTEPUCTUICCKAN MHOT'OIEH.

Yupaxuenusa 1. Iokasars, uro eciu A u B — maTpuust

N-T0 MOPATKA, TO
tr AB = tr BA.

2. Ilokazarp, 4T0o eciaum C — HEBBIPOXK JEHHAsA MaTPUUBL N-T'O IIO-
PAAKA, TO AIA JIOO0U MATPUIBl A N-rO MOPALKA MMEEM:

trC'AC =tr A.
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Borauciaenue coOCTBEHHBIX BEKTOPOB JUHEUMHOI'O IIpe-
o0pasoBaHua TpeOyeT 3HAHUA COOCTBEHHBIX 3HAYCHUU W,
CIeIOBATENBLHO, PElIeHUs yPABHEHUA 7-U CTEINeHN — Xa-
PAKTEepUCTUIECKOrO ypaBHeHUA. B 0ZHOM BaXXHOM HacCT-
HOM CIydae KOPHE XapaKTEPUCTUIECKOTO MHOT'OWIEHA
MOXHO HAUTY HEMOCPEICTBEHHO.

Ecau mampuya npeobpazosanus A mpeyeoavruas, m. e.
umeem 6ud

a1 aiz a3 ... Gin
0 aso 43 ... Qop
0 0 aszs ... azp y (5)
0 0 0 ... ann
Mo COOCMBEHHDIMU 3HAUEHUAMY OYOYM YUCAG, CMOAUUE
G OUGZOHAAU, M. €. G11, 022, - - - 5 Gyp-

B camom gene, XxapakKTepPUCTUIECKUN MHOT'OWIECH [IaH-
HOU MAaTPUILI BEIYUCAAECTCA HEIIOCPEACTBEHHO U €CTh

P()\) = (a11 — )\)(agg — )\) - (ann — )\),
n CaeaOoBaTCIBbHO, €0 KOPDHU — 411,322, .. .,0pn-

Yunpaxuernue. [lauTu COGCTBEHHBIE BEKTODPHI, OTBEYAONIAEC
COOGCTBEHHBIM 3HAIEHUAM 11, 422,433 TPEYTOIbHON MaTpuusl (5).

B 3akmi09€HmE >TOr0 MyHKTA YKAXKEM OJHO HHTEPECHOE CBOUCTBO
XapaKTePUCTUIECKOTO0 MHOTOWIeHa. Kak MBI yXke yKasblBaaw B II. 3
npegerymero naparpada, CymecTByeT Takou MHOrowieH P(t), 1ro
€CIM B HEro MOACTABUTH BMECTO t MaTpumy A, TO OH 006paTWTCA
B Hyab. MBI mOKaXeM CEMIac, ITO OJHUM M3 TAKMX MHOTOWICHOB
ABIAETCA XapPaKTEPUCTUICCKUN MHOTOWIEH. [[OKaXeM IpeaBapuTeIsb-
HO JIEMMY:

JTemma. IIyemb muozousen

P =aod™ + e A™ .+ am
u mampuya A CB8A3AHbBL COOMHOWEHUEM
PO\E = (A - \E)C()\), (6)

2de C(\) — mmnoeouaen om X\, KosPPuyuenmot Komopozo A6a0MCA
MAMPUYAMU, M. €.

CAN=Co\" ' +CI\N" > +...+Cp1, Ci— mampuypi.
Tozda P(A) = 0.
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3aMeTuM, YTO 3Ta JEeMMA ABIAECTCA 0000IIEHNEM HA MHOI'OWIEHBI
C MaTPUYIHBIME KOdddunueHTamu TeopeMsl [lesy.
HoxasaTexasncTso. Mol umeem:

(A= AE)C(\) = AC o1 + (AC -5 — Crpmi)N +
+(AC—3 = Cr2)N 4 ... = CoA™. (7)

CpaBHuBasg MexIy COGOM KOX(PPUIMEHTH! HPU OJUHAKOBBIX CTeIe-
HAX A B 00€MX YacTAX PaBeHCTBA (6), MBI IOIydaeM IOCIEeLOBATENb-
HOCTb DABEHCTB:

AC 1 = amE7
ACp_2—Cp1 = am—1E7
Acm73 - Cm72 = am72E7

ACO — Cl = alE,

- Co = aoE.
YMHOXEM Tenepsb ciaeBa IepBoe paBeHcTBO Ha FE, Bropoe Ha A,
rperse Ha AZ, ..., mocaegmee ma A™ u caoxuM mx. MBI mOLy<dEM

cupaBa P(A) = amE + am—1A + ... + a0A™, a caesa 0. Taxum
obpaszom, P(A) =0 u remMa gokasaHa *).

Teopema 3. Ecau P(\) — zapaxmepucmuseckut mno2ouien
mampuyvt A, mo P(A) =0.

NoxasareascrtTso. [laccmorpum marpuiy, o6paTHyO Ma-
rpuie A — AE. Msr uveem (A —AE)(A—AE)™! = E. Kax u3BecrHo,

obOpaTHas MaTpULa MOXET ObITH 3AIIMCAHA B BUIE

-1_ 1
rage C(\) —marpmna m3 MumHOPOB (n — 1)-ro mopsgka MaTpPUIBL
A — M\E, a P(\) —onpegemrens marpunst A — AE, T.e. xapaxre-
pucTuaeckuin MEOrowIeH Marpunsl A. OTcioa

(A—AE)C(\) = P(\)E.

*) B amre6pe Teopema Ilesy moka3selBaeTCA TEM, ITO B DABEH-
cTBo (6) moacTasaaerca A BmecTo . 314eCh, KOHETHO, MBI HE BIPABE
DTOr0 CAeIaTh HEIOCPEICTBEHHO, TaK KaK A €CThb 4uCIo, a A — Ma-
rpuna. OgHAKO, IO CYIIECTBY, MBI CAETAIN TO XK€ camoe. [encTau-
TeabHO, k-¢ m3 paseHcTB (8) momyummoce cpasHeHmeM B (6) KO2d-
¢uumentos npu A¥. YmuOoxas ero ma A¥ u ckiageBas 3avem Bce
PaBEHCTBA, MBI, II0 CyLIECTBY, moAcTaBiieM A BMecTo .
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Tak xak »memenTamu MaTpunbl C()\) ABIAIOTCA MUHODBI MaTPHIIBI
A — A\E, T.e. MHOIOYWIEHBI CTEIIEHN He BHIIIE 1 — 1 OTHOCUTEIBHO A,
TO CONVIACHO OKA3aHHOU JIEMME

P(A) =0,

1 TeopeMa AOKa3aHa.

3aMeTHnM, ITO €CIN Y XapPAKTEePUCTUIECKOI'0 MHOI'OWIECHA MaTPH-
bl A HET KPATHBIX KODHEH, TO He CyIIECTBYeT MHOI'OY/ICHA CTEIeH!
HUXE N, 00paIlaomeroca B HYJIb IPU MOJACTAHOBKE B HErO0 MaTpH-
et A (cM. cregyomee yIpaKHEHNE).

Yupaxueunune. [lycte A— amaronambHas MaTpULa BALA

A1 0 ... 0
A= 0 A2 ... 0 7
0 0 An

rae Bce amcaa A; pasmmaubl. [lantu muorowren P(t) Bo3moxHO Goaee
Huskon crenenu, guaa koroporo P(A) = 0. (Cu. npumep B §9, m. 3.)

§ 11. JIuneunoe mpeoOpa3oBannue,
CONIPAXKEHHOE K TaHHOMY

1. CBasb MeXJy JMHEHHLIMM IIPEOGPA3OBAHUAMM U Ou-
JUHEMHBIMU (pOpMaMu B €BKJIMJ0BOM MPOCTPAHCTBE. MbI
paccMaTpuBaau paHee B adPUHHOM IPOCTPAHCTBE OT [€b-
HO JWHEWHBIE MPeoOpa3OBAHUA W OTAEIHHO OUIMHENHBIE
dopmel. B caydae eBkiammoBa mpoCTpaHCTBA MeXAy O6u-
JUHEHBEIME GHOPMAMY W JUHEMHBIMU IPe0oOpa3OBAHUAMEI
CYyIIECTBYET TECHAA CBA3Db *).

Besxomy aunetinomy npeobpazosanuio A omeeuaem 6
eskaudosom npocmpancmee Ouaunetnas Gopma A(x;y),

") Tax xak B gamHOM 0asmce Kak JWHEMHBIE IPEOOpPA3OBAHU,
Tak u OWIMHENHbIE (POPMBI 3aJAOTCA MATPUIAMHI, TO MOXKHO OBLIO
6Bl TONBITATHCA B adGUHHOM IPOCTPAHCTBE IOCTABATHL APYT APYTY
B COOTBETCTBUE JUHEMHOE NMPEeOOpPa3OBaHMe W OWIMHEHHY (OPMY,
3aJaBaeMble OqHOU u Tou xe marpuner. OgHAKO 3TO COOTBETCTBHE
6BLTO GBI CIyIalHBIM. [[eNCTBUTEIBHO, €CJAN B OJHOM 6a3MCe MATPHUIIBI
O6umuHernHOU GOPMBI U IMHEMHOTO IPeoOpa30BaHUA COBIAAIOT, TO B
aApyrom 6asuce oHH O6yayT yike, BOOOIIE I'OBODsA, PA3IMIHBI, TAK KAK
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3adasaemas Gopmyaot
Alz;y) = (Az,y).

[eucreurensuo, byuknua A(z;y) = (Az,y) ygosieTBops-
eT yCIOBHAM, OIPENeIAIIM OmImHenHy 0 popmy. Mmeem:

1° (A(zi+z2),y) = (Az1+ Az, y) = (Azy,y)+(Az2,v),
(Adz,y) = (AMAz,y) = AM(Az,y).

2° (2, A(y1+y2)) = (z, Ay1 + Ayz) = (2, Ayr) +(z, Ay),
(z, Apy) = (z, nAy) = i(z, Ay).

Boxkaxem, 4To npeobpasoBanue A onpenensaeTcs cOOT-
BercTByOmen ournaenHon Ghopmon A(x;y) OLHO3ZHATHO.
Byctn

A(z;y) = (Az,y)

n

A(z;y) = (Bz,y).
Torga

(Az,y) = (Bz,y),
T.€

(Az — Bz,y) =0

mpu mepexoge K Apyromy 6asucy mMarpuna A OmimHETHON (hOPMBI
nepexogur 8 C'AC (C' — maTpuna, TPAaHCTIOHEPOBAHHAA K MaTDHU-
ue C) (cv. §4), a marpuna qureiiHOr0 mpeobpasosanms — s CLAC
(cm. §9).

BHUMATEILHEI YATATENb CMOXKET 3aMETUTh, YTO YCTAHABIABAE-
MO€ HUXE€ COOTBETCTBME MEX Iy OUINHETHBIME (GOPMAMU U TUHEHHBI-
MU Tpeo6pa3soBaHUAMU B €BKIMJI0OBOM IIPOCTPAHCTBE COCTOUT B TOM,
YTO COMOCTABAAIOTCA APYT APYTY JIUHEHHBIE TPeoOpa3oBaHud 1 GUIm-
HerHble GOPMEI, MATPHUIIBI KOTOPEIX B HOPMUPOBAHHOM OPTOIOHAIb-
HOM 0a3;ce MOMyYaloTCA OJHA W3 APYIOUM TPAHCIOHMPOBAHUEM; DTO
COOTBETCTBHUE, KaK CACIyeT U3 JATLHEHIIEro, yXkKe He 3aBUCUT OT BbI-
6opa 6a3uca.
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UL 0000 BEKTOPA Y; HO 2TO 3Ha4uT, 9o Arx — Br = 0.
Taxum obpasom, Az = Bz maa moboro z, T.e. A = B.
OHO3HAMHOCTDL HOKA3aHA.

NmeeT MecTo m obpaTHOE.

Bycts R — KOMIIIEKCHOE €BKJINJOBO IPOCTPAHCTBO M
nycts A(z;y) — Omnunaennas ¢popma B HeM. Bribepem B R
KaKOU-In00 OPTOrOHAJABLHBIM HOPMHUPOBAHHBIM 0a3uc eq,
€2,...,¢e,. BEcan
r=¢&e1+&ex+. .. +Epe, U oy =mnie1+iper+...+nuen,
To A(Z;y) MOXHO 3amUCATH B BHIE

Alz;y) = an&ily + a2ife + ... + a1,617, +
+ 21827 + 228272 + - . . + a2,827,, +
+ an1§nMy + an2énlls + -+ Annénly,- (1)
Bocrapaemcsa npeacTaBuTh 9TO BHIDAXKEHNE B BUE He-
KOTOPOTI'0 CKAJIAPHOro mpousseenusd. [las aToro mepenu-
meM ero creayomuM oO0pa3oMm:
A(z;y) = (ané +aanéo + ... + @)y +
+ (a12é1 + a2éa + . .. + an2én)7s +

+ (a1n&1 + agnéo + ... 4 Apnén)M,-

Bsegem B paccMoTpeHme BEKTOD 2 C KOODAUHATAME

G =an&i +anlo+ ... +anén,
Co = a12&1 + aée + ...+ ap2éy,

Cn = a1,&1 + a2pé2 + ... + ann&n.

BekTop z momydaeTcs U3 BEKTOpPA & JUHEUHBIM IIPeobpa-
30BaHUEM C MATPUIEU, TPAHCIOHUPOBAHHOW K MATPHUIE
|laik|| 6mimaennon dopmer A(zx;y). Bro npeobpasosanue
MBI O0GosHaxMuM OykBou A, T.e. momoxum z = Axz. Mw
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noayvaeMm, CaeaoBaTeJIbHO, ITO

Alz;y) = QT+ QI + - - + GaTly, = (2,y) = (A, ).

Urax, scaroti busunetinot gopme A(r;y) 6 esraudosom
npocmpancmee omeeuaem maxoe aunetinoe npeobpasosa-
nue A, umo

A(z;y) = (Az,y).

Takum 06pa3zoM, MBI JOKA3aIM CIEAYIOUIYI0 TEOPEMY.
Teopema 1. Dopmysa

A(z;y) = (Az,y) (2)

YCManasAusaem 6 esKAudo80M NPOCMPAHCMEE B3AUMHO
odno3HauHOE coomeemcemaue mencdy buaunetinbimu Gop-
MAMU U AUHETHBIMU NPEOOPA30BaAHUAMU.

W3 OAHO3HAMHOCTU COOTBETCTBUSA, yCTAHABINBAEMOTO
dbopmyaon (2), cregyer, 9TO OHO HE 3aBUCAT OT BHIOOpA
6asuca.

Ca3b MeX 1y OMIMHENHBIMU (POPMAMU W JUHEUHBIMU
MpeoOpPa3OBAHUAME MOXHO YCTAHOBATB W IPYTHUM CIIOCO-
60M. A UMEHHO, KaX IYI0 OMINHENHYIO (POPMY MOXKHO IIPE]I-
CTaBATH TAKXE B BUE

Alz;y) = (2, A%y).
[as sroro B popmyure (1)

A(zyy) = an&imy + a126i7y + ... + a1 617, +
+ a2182m + a22627y + ... + aopéom, +

+ anlgnﬁl + an2§nﬁ2 +...+ annfnﬁn

MBI OyqeM BBIHOCATH 3a CKOOKu koopmuHATH £1,&2,...,&,
BEKTOpa . BOBTOpsAA CHOBA MpeXHWE PACCYXKAEHUS, MBI
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IOy 9aeM:

Az;y) = &(an®y + a12ly + ... + a17,) +
+ &o(a217y + a2fy + ... + a?,) +

+ fn(anlﬁl +ap2fy +... + annﬁn) =
=& (@nm +an2 + ... + @) +
+ &o(@orm + Toanp + ..+ Gopny) +

+ & (@i + Tpam2 + - ..+ Cptn) = (2, A%y).

Bpu aTom marpuna npeobpasoBanus A* moaydaeTcsa u3
MaTpuIs npeobpaszoBanusa A B Ir060M 0pmo2onaabHoM Oa-
3UCEe MEPEXOJ0M K TPAHCIIOHUPOBAHHOU U 3aMEHOU ee Hie-
MEHTOB KOMILIEKCHO CONPAKEHHBIMMA.

3aMeTHuM, IYTO B HEOP TOTOHAJBHOM GA3UCe CBA3L MEXK Iy
MaTpuiaMmu npeobpasosanuu A u A* Goaee ciIoxHA.

2. Onepamusa mepexoga ot npeobGpazoBanua A K comps-
XKEeHHOMY (omepaius *).

Oupemeaenue 1. Ilyemv A — aunetinoe npeot-
PA306aAHUE KOMNAECKCHO20 €6KAUIOBA NPOCMPAHCMEBA.
IIpeobpaszosanue A*, onpedesennoe ycaoguem

(Az,y) = (z, A™y),

HA3bIBAEMNCA CONPANCEHHbIM K A.

Teopema 2. B eskaudosom npocmpancmse Kaxic-
domy AuMETHOMY NPEodPA30BAHUI OMBEUAEM CONPANCEH-
HOE NPEoOPA3068AHUE U NPUMOM MOALKO 00HO.

MokaszaTensbcTso. Jluaennomy npeobpaszosa-
HUIO A OJHO3HAYHO COOTBETCTBYET COLMIACHO Teopeme 1
sroro maparpada Owmuennas dopma A(z;y) = (Az,y).
Bry 6unmuaenHyo GOpMY COMMIACHO CKA3aHHOMY B KOHIIE
.1 MOXHO HpeACTABATH, U IPUTOM ONHO3HATHO, B BUJIE
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(z, A*y). OkOHIATETBHO MBI IMEEM:
(Az,y) = Az;y) = (2, A%y).

Mampuya conpaxcennoz0 npeobpadosanus A* noayua-
emca u3 Mampuybl npeoopa3osanus A 8 opmo2onaibHOM
6a3uce neperodom K MPAHCIOHUPOBAHHOT U KOMNAECKCHO
CONPANCENHOT MAMPUYE, KAK DTO NOKA3aHO B 1.1 3TOr0
naparpada.

Bepexong ot A k A* MOXHO BHIPA3UTH B BUE MTPABUIA:
ecau B Boipaxkenun (Ax,y) mbl xeraem A nepebpocuTs Ha
BTOPOE MECTO, TO K HEMY HYXXHO IPUIIKUCATH *.

Onepanus mepexoga or mpeobpasoBanua A Kk comps-
®eHHOMY npeobpaszosanuio A* («onepamus *») cBazama ¢
onpeeseHHbBIMY BhIe (§ 9) onepanusamu CI0KEeHUsS 1 yMHO-
KEHUA JTAHEUHBIX MPeOo6pPA3OBAHUN CACTYIOUUMA COOTHO-
MICHAAMMY:

1° (AB)* = B*A*.

2 (A% = A.
3° (A+ B)* = A* + B*.

4° (MNA)* = \A*.

5° E* =E.

JlokaxeMm, HAPUMED, ABA MEPBHIX U3 DTUX CBOUCTB.
1° (ABz,y) = (Bz, A*y) = (v, B*A™y).

Bo, ¢ apyrou croponsr, o onpeaereanto (AB)* nmeem:
(ABz,y) = (z,(AB)"y).

CpaBHuBag TpaBble YACTU DTUX IBYX PABEHCTB U BCIIO-
MHUB, 9TO JUHEWHOE MPeo6pa3OBaHME OJAHO3HATHO OIMpe-
IENAeTCa COOTBETCTBYIOMEN OWIMHEHHOU (POPMOU, IMOIy-
qaeM:
(AB)* = B*A*.
2° Bo ompenenenuio A* umeeM:

(Az,y) = (z,A™y).
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O6o3uauum Bpemenno A* gepes C. Torga

(Az,y) = (z,Cy),
OTKYyZIa
(yv Am) = (Cyv $)

3aMeHUB y Uepe3 T, a T 9epe3 Y U IMOMEHSIB MeCTaMU IIpa-
BYIO U JIEBYIO IaCTU dTOI'0 PABEHCTBA, IOLYIUM:

(Cz,y) = (z, Ay).

Bo sTo paBernctBo m osHataer, uro C* = A, m Tak Kak
C = A*, To
(A*)* = A.
Yuonpaxuennsa 1. [oka3aTe TakuM ke CIOCOO0M CBOUCTBA
3°-5°
2. [Mokasars cBoucTBa 1°—5°, mMOAB3yACH TeM, ITO MATPHUIA Mpe-
obpasoBanusa A™ momydaercsa m3 MaTpuibl npeobpasoBanus A B op-

TOrOHAJIBLHOM Oa3uce TPaHCIIOHUPOBAHUEM U1 3aMEHOU BCEX JIEMEHTOB
KOMILVIEKCHO COIIPAXKEHHBIMU.

3. CamoconpsxeHHEIE, YHUTAPHEIE M HOPMAJILHEIE JIH-
HeuHble npeo6pa3oBanma. Onepanus * B U3BECTHOU Mepe
AHAJOTMIHA OMEPAINY EPEXONa OT JAHHOI'O KOMILIEKCHO-
r0 9HUCIA (¢ K CONMPAXKEHHOMY . BTa aHAJIOTUA He CIyJau-
Ha. [[eNCTBUTENBHO, IJIA MATPUI MEPBOTO MOPAMKA HAJ
KOMILIEKCHBIM TOJIEM, T.€. [ KOMILIEKCHBIX 9HCEN, OIle-
panusa * Kak pa3 U COCTOUT B 3aMEHE JAHHOT'O IMCIA KOM-
IVIEKCHO COIIPAXEHHBIM.

Cperl[I/I BCE€X KOMIIVIEKCHBIX YUCEJL |,qel‘/,IC'I‘BI/I’I"eJII)HI)Ie qan-
ClIa, XapaKTEePU3YITCA TEM CBOMCTBOM, 49TO & = «. [las
JUHETHBIX IPE00PA3OBAHUN AHAJIOIMIHOE TOHATHE ABIACT-
CA BECHMA CyNECTBEHHBIM.

Oupemeanenue 2. Junetinoe npeobpazosanue A
HA3BIBAETNCA CAMOCONPANCENHBIM (UAU IPMUMOBBIM), ECAU

A* = A.
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Bokaxem, 910 das mozo, umobvl aunetinoe npeobpazo-
ganue A ObiL0 Camoconparcenubim, Heobrodumo u docma-
mouno, umobvl buaunetinas Gopma (Ax,y) Oviaa spmumo-
601.

B camom gese, spmuroBocTs dopmul (Az,y) o3Hauaer,
ITO

(Az,y) = (Ay,z). (a)
CamMoconpsaxeaHocTs npeobpaszoBanus A o3zHagaeT, 4T0
(Az,y) = (=, Ay). (6)

Jlerko BugeTs, uTo pasencTsa (a) u (0) SKBUBATEHTHBHI.
Besikoe xommrekcuoe wucao ( mpeacTaBuMo B Buge ( =
= a+1i0, rae a u J— AEeUCTBUTEIbHBIE YUCIa. AHaIOrMY-
HO:
Beakoe aunetinoe npeobpasosanue A moxcem 6vimy 3a-
nucaro 6 sude

A= Al + iAQ (3)7

2de A1 u Ay — camoconpascennbie npeobpPa306anUL.
[lerCcTBUTENLHO,
A+ A A A*

A= 5 +1 %

Beegem o603HaeHMS
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n
c (A=A DL e Lo e
2_< 2i >_ (A=A =47 - AT =
1, 4 B
= —5; (A" = 4) = Ay,

T.e. A; 1 Ay — caMOCOIpsAXKeHHBIE IPeoOpPa30BAHNAL.

TakuMm 06pa3zoM, CaMOCOIpAXEHHbIE TpeoOpa3OBaHUA
UTPAIOT CPEIU BCEX IUHENHBIX TPeOOPA3OBAHUY POIb, AHA-
JOTUYHYIO POJU MEUCTBUTEIHHBIX TIUCEN CPEIU KOMILIEKC-
HBIX.

Yupaxueunusa 1. /Joka3aTb €IMHCTBEHHOCTDL IIpeACTAaBIE-
Hua npeobpasosanua A B suge (3).

2. [Toka3aTb, YTO IUHENHAA KOMOUHAIUA C JEUCTBATEIHLHBIMUA KO-
>dduureHTaME CAaMOCOIPAKEHHBIX IPE0OPa30BAHUN €CTh CHOBA Ca-
MOCOIIPSAXKEHHOE IIPe06Pa30BAHLE.

3. Moka3arh, 4TO eciu A — IPOU3BOIBLHOE JTUHEUHOE MPeobpa3o-
BaHue, TO nmpeobpasoBanua AA™ u A"A — caMoCOIpPAKEHHBIE.

MIpumevanue. B ormmune o koMmmiekcusrx ducea, AA™, Bo-
obuie roBops, He paBHO A"A.

Bpoussenenne 1Byx caMOCOIPAXEHHBIX JUHENHLIX IIPe-
00pa30BaHUU HE €CTh, BOOOIIE [OBOPA, CAMOCOMPAKEHHOE
npeob6pasoBanue. MiMeeT MecTo ciaemyromas

Teopewma 3. IIycmv A u B — camoconpaxcennwie
aunetinbie npeobpadosanus. Aas mozo umoobvr npeobpaso-
sanue AB 0bli0 MaKxice CamoCONPANCEHHBIM, HeoOTOIUMO
u docmamouno, wmober AB = BA, m. e. umobvr npeobpa-
so6anus A u B 6biau nepecmanosourb.

HdoxasarTteasncTso. Bam gano, aro

A*=A un B*=B.

Msbr umimeMm HEOOXOAMMOE W [OCTATOYHOE YCJIOBHE TOTO,
9T00BI BBIIOJHAIOCH PABEHCTBO

(AB)* = AB. (4)
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Bo
(AB)* = B*A* = BA.

CrenosareasHo, paBeHCTBO (4) IMEET MECTO TOTAA U TOMb-
KO TOT[a, KOTJa

AB = BA.

Teopema moka3aHa.

Yupaxuenue. [oxkaszars, aro eciu A u B — camoconps-
JKeHHbIe IIpeoOpa30BaHmUA, TO CAMOCOIPMAXKEHHBIMU Oy Ay T 1 Ipeobpa-

soBauus AB + BA un i(AB — BA).

AHATOrOM KOMIIEKCHBIX 9HCEN, PABHBIX IO MOMIYJIIO
eUHUIE, T.e. TAKUX, 9TO zZ = 1, ABIAIOTCSA YHUTAPHBIE

mpeobpa3oBaHUA.
Onpenmeanenue 3. Jluneinoe npeobpazosanue U
nasvieaemcsa ynumapnoim, ecau UU* = U*U = E *).

Apyeumu  caosamu, 0as YHUMAPHO20 NPEOOPA306AHUS
U* = Ufl

B § 13 MBI mO3HAKOMUMCA ¢ BECHMa MPOCTOU MeOMETPH-
YECKOW MHTEPIPETANNEN YHUTAPHBIX IPEOOPA30BAHUN.

Yunpaxuenua 1. JlokazaTb, ITO IpOU3BeJeHME IBYX YHHU-
TApHBIX IPEO0OPA30BAHNN €CTh CHOBA YHUTAPHOE IPeoOpa3OBaHUe.

2. TlokasaTb, uTo ecau U — yHuTapHoe npeobpasoBanue, a A —
camocompmkenHoe mpeobpasosanme, T0 U~ ' AU — Takxe camMoco-
MIPAXEHHOE.

Buxe (B §15) MBI fOKa)eM, 9TO BCAKOE JIMHEMHOE IIPe-
obpa3oBaHUE MOXHO TPEACTABUTH KAaK ITPOU3BEIECHUE Ca-
MOCONPAXEHHOTO Ha YHUTAapHOEe. BTy TeopeMy MOXHO pac-
CMATpUBATH KaK 0000IIeHre 3anuch KOMILIEKCHOTO TUCIA
B TPUTOHOMETPUIECKOU (hOpMeE.

BBemem emie 0gHO ompeneneHue.

*) B n-meprom mpocrpancrse ycaosua U'U = E uw UU* = E
SKBUBAJIECHTHEI. B 6€CKOHEIHOMEPHOM MPOCTPAHCTBE DTO — OBA Pas-
JUYHBIX YCIOBUA.
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Ounpemeanenue 4. Jlunetinoe npeobpazosanue A
HA3bIBAEMCA HOPMAAbHBIM, ecau AA* = A*A.

[IJ1s1 KOMIUIEKCHBIX UCeJ HET HATOOHOCTU B AHAJIOTUI-
HOM TOHATWUM, TAK KAK YMHOXEHUE KOMILIEKCHBIX THCEN
KOMMYTAaTHUBHO M, 3HQYUT, (X(x BCEI'Ja PaBHO ((X.

Berpyamo y6equTbesa, ITO KAK CAMOCOMPAXKEHHEBIE, TAK
7 YHATAPHBIE TPEOOPA3OBAHUA ABIAIOTCA TACTHBIMU CIY-
JaAMU HOPMAJBHBIX MPE0OPa30BAHUMN.

Bonee meTasbHOMY M3yUeHUIO OTIEIBHBIX KIACCOB JIHU-
HEWHBIX TPe0OpPA30OBAHUY B €BKJIUIOBOM IIPOCTPAHCTBE OY-
QYT MOCBSAIIEHBI TaJbHEUIINE maparpa@bl 2TON riaassl. bpu
DTOM MBI TIOLY9AM [JIA PA3JUIHBIX TUIIOB MPEe00pa3oBaHU
BEChbMA MPOCTYI0 FEOMETPUYIECKYIO XaPAKTEPUCTUKY .

§ 12. CamoconpsxeHHEIE (3PMUTOBHI) IMPE06pPa3OBAHMUA.
OHOBpEMEHHOE IIPUBEJEHUE MaPhl KBAJPATUIHEIX
dopMm Kk cymMMe KBagpaTOB

1. Camoconpsxennsie npeobpa3osanusa. B sTom napa-
rpade MBI 60ee TOAPOOHO M3YyIUM KIACC CAMOCOIPIXKEH-
HBIX MPEe0OPA3OBAHUN 7-MEPHOT'O €BKJMUIOBA, IIPOCTPAHCT-
Ba. BbTm mpeo6pa3oBaHUSA YACTO BCTPEYAIOTCA B PA3IUI-
HBIX npuiokeHuaX. (CymecTBeHHY0 POIb CAMOCOIPSKEH-
HBIE IPe0oOpa30BaHmsA, TPaBAa B OECKOHETHOMEPHOM IPOC-
TPAHCTBE, UTPAIOT B KBAHTOBOM MEXAHUKE).

Jlemma 1. Cobcmeennvie 3HaueHUs CAMOCONPANCEH-
HO020 NPeodPa3068aAHUA 6EUECTTLEEHHDBL.

HJokazarexasbcTBo. Byctb £ — cobcTBeHHBIT Be-
KTOP CaMOCONPIXKEHHOro mpeobpasoBarusa A m A — coor-
BETCTBYyIOIIee COOCTBEHHOE 3HAYEHUE, T. €.

Ax =dz; x #0.
Tak xaxk A* = A, To

(Az,z) = (z, Ax),
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T. €.

(Az,z) = (z, Az).
BriHOCA A 38 CKOGKY, HOJLYIAM:
Mz, 1) = Mz, ),

u Tak Kak (z,z) # 0, To A\ = )\, 9T0 1 Tpe6oBaIOCh JOKa-
34Th.

JJemma 2. Ilyemv A — camoconparcennoe sunetinoe
npeobpazosanue 6 n-mepHom npocmparncmse R u e —ezo
coocmeennbiti sexmop. Cosoxynwocmv Ry eexmopos =,
opmozonasbruir K e, ecmvb (n — 1)-meproe nodnpocmpan-
CMBO, UHBAPUAHMHOE OMHOCUMEALHO NPeobpa3osanus A.

HJoxasaTreuascTso. CoBokynHocTs R] BEKTOPOB
%, OPTOTOHAIBHBIX K €, oOpasyeT (n — 1)-meproe mogmpo-

CTPAHCTBO.
Bokaxem, uro R| uHBapMaHTHO OTHOCUTEILHO A.
Bycts z € R;. Bro smaumr, aro (x,e) = 0. Torga m

(Az,e) =0, T.e. Ax € Ry. [lencTBuTEeaBHO,
(Az,e) = (z,A%e) = (x, Ae) = (x, Xe) = A(z,e) =0.

Mgzr rokazanu, 1To mpeobpas3oBanue A He BHIBOJUT BEK-
TOpHL, TpuHaaIexamue Ry, 3 R, T.e. 1oKa3aiau, 9TO IO-
MPOCTPAHCTBO R MHBAPUAHTHO OTHOCUTEILHO A.

Teopewma 1. Ilycmv A — camoconpasxcennoe npe-
00pa308aHUE 8 N-MEPHOM €68KAUI0BOM mpocmpancmae R.
Tozda cywecmsyem n NONGPHO OPMO20HAALHBIT COO-
cmeennbir 6exkmopos npeobpazosanus A. Coomsemcemey-
owUe UM COOCMBEHHBIE 3HAUEHUA 6EULECTMNEEHHDL.

HJoxasareuascTso. Cormacao Teopeme 1§10 B R
CyLIECTBYeT XOTsA ObI OMUH COOCTBEHHBIA BEKTOP €] MHpe-
obpasoBanus A. B cuiny mremMbI 2 COBOKYITHOCTB BEKTOPOB,
OPTOrOHATBHBIX K €1, oOpasyer (n — 1)-mepHOoe mHBapu-
anTHOE moxmpocTpancTBo R;. Bymem ganee paccmarpu-
BaTh Haire npeobpasoanue A b B Ry. B Ry cymecTsy-
eT COOCTBEHHBIM BEKTOp €9 (CM. 3aMedaHue K Teopeme 1
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§10). CoBokymHOCTH BEKTOPOB 3 R, OpTOrOHAIBHBIX K
ez, obpasyet (n — 2)-MepHOE MHBAPUAHTHOE IOAIPOCTPAH-
cTBO Ry. B HEM cymecTByeT COGCTBEHHBIN BEKTOP €3 U T. .

Msr moaydaeM, TakuM O6pasoM, 7. MOMAPHO OPTOrO-
HaJBHBIX COOCTBEHHBIX BEKTOPOB €1, €3,...,e,. Cormacuo
jJemMe 1 cOOTBETCTBYyIOIIME UM COOCTBEHHBIE 3HAYEHUS Be-
EeCTBEHHBI. TeopeMa TOKa3aHa.

Tak xak mpousBegeHue cOOCTBEHHOIO BEKTOPA HA JIO-
00€e OTIMIHOE OT HYJIA IUCIO €CTh CHOBA, COOCTBEHHBIN BEK-
TOp, TO BEKTOPHI €; MOXHO BEIOPATH TaK, YTOOBI UX [JIMHBI
PaBHAJINUCH CAVMHUIIEC.

Teopewma 2. IIycmv A — camoconparcennoe npe-
obpasosanue 6 n-meprom npocmpancmae. Toeda cyuwe-
cmeyem 0pmo20HasbHbil 6a3uUc, 6 KOMOPOM MAMPUYA
npeobpa30sarus Jua2oNaAbHG U Bewecmeenna. Bepno
maxxce u obpamuoe.

HoxasaTeuancTso. Bubepem B katecTse 6asuca
IIOCTPOEHHBIE B TeopeMe 1 IOIapHO OPTOrOHAJIbHBEIE COO-

CTBEHHBIE BEKTOPEL €1,€2,...,€x.
Torga

A€1 = )\161,
A€2 = )\262,
Aey = Apey,

T. e. B 3TOM Ha3uce MaTpulla npeobpaszoBanus A umeer BU[
A0 .00
0 A 0

; (1)
0 0 An

e BCe \; BEIECTBEHHEL.

O6paTHOo, nycTh MaTpuia npeobpasoBanus A B opTo-
rouanbHOM Gasuce umeet Bug (1). B oproromamsroM HOP-
MUPOBAHHOM 06a3mce MATPUIA CONPAKEHHOTO Ipeobpas3o-
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Banua A* moaydaerca w3 MaTpunbl npeobpasoBanus A
TPAHCIIOHUPOBAHUEM ¥ 3aMEHOM KaXIOTO DJIEMEHTa KOM-
IUIEKCHO conpsikeHHbIM (cM. § 11). Bponenas sTu oneparum
Han MaTpunen Buga (1) (rge Bce \; BEIIECTBEHHBI), MBI IO-
ayauaMm Ty xe camyio marpuiy. CiregoBarenabHo, mpeobpa-
3oBaHUAM A 1 A* COOTBETCTBYET OMHA U Ta XK€ MATPHIA,
T.e. A = A*. Teopema MOIHOCTHIO JOKA3AHA.

OTmMeTuM erie CIeAyIOIEe CBOMCTBO COOCTBEHHBIX BEK-
TOPOB CAMOCOIIPSKEHHOTO IIPE0OPA3OBAHUA: COOCMEEHHLE
BEKMOPYL, COOMBEMCMEYNUUE PA3AUUHBIM COOCMEEHHBIM
BHAUCHUAM, B3AUMHO OPMO20HAALHBL.

[encTBUTEIBLHO, TYCTH

A61 = )\161, A€2 = )\262, )\1 75 )\2.

Nmeem:
(Aep,es) = (e1, A%eq) = (e1, Aeg),
T.e
Ai(er, e2) = Xa(er, e2)
nian

()\1 - )\2)(61,62) =0.

Tak xKak A1 # Ao, TO

(61, 62) = 0

3dameuanue U3 n0ka3aHHOU TEOPEMBI CIEAYET, UYTO HATJAIL-
HO-T'€OMETPUIECKUY CMBICI IPOM3BOILHOIO CAMOCOIPAKEHHOTO Hpe-
00pa30BaHUA TAKOB; B IPOCTPAHCTBE BBIAEIAETCA 70 IOMAPHO OPTO-
FOHAIBHBIX HalpaBaeHUI (COOCTBEHHBIX HampaBaeHun). Kaxgomy m3
ITUX Hal'[paBJIeHI/II‘/JI CTaBHUTCA B COOTBETCTBUEC AEI‘;ICTBI/ITeJIBHOe qucCIo
(co6¢cTBennOE 3HAIeHNE). [0 KaXKAOMY M3 D>TUX HANPABICHWI IIPOW3-
BOQUTCSA pacTaKeHWe (CKaThe) IMPOCTPAHCTBA B |)\;| pa3 u, Kpome
TOr0, 3ePKATBHOE OTPAXKEHNE B ILIOCKOCTU, OPTOrOHAILHOU K JaHHO-
MY HaOPaBJICHUIO, €CJIU COOTBETCTBYIOIIEE )\l OTPUIIATEIbHO.

BapaarensHo ¢ HOHATIEM CAMOCOTIPIXEHHOrO peobpa-
30BAHUA BBOAUTCA IMOHATHE DPMUTOBOM MATPHUIILI.
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Marpuna |a;;|| HasbBaerca apmumosot, ecam a;, =
= G-

Acwo, aTo M1 TOro 4T06HI TpeotpaszoBanue A OBLIO Ca-
MOCOIPXEHHBIM, HEOOXOUMO U TOCTATOTIHO, ITOOLI €ro
MAaTpUIa B KAKOM-HIOY b OPpTOTOHAJIBHOM 6a3uce ObLIa Dp-
MUTOBOH.

Yupaxueunne. Bosecru marpumy

(v %)

B 28-10 cTemens. Y x a3 aHue. llpuBecTn 5Ty MaTpuiy K auaro-
HAJIBHOU (pOpMeE, 3aTEM BO3BECTH €€ B YKA3aHHYIO CTEIEeHb 1, HAKOHEII,
BEPHYTBCA K IpexHeMy 0a3ucy.

2. BpuBeaenue K ri1aBHEIM ocAM. O THOBpeMEHHOE IIpH-
BefleHHE MapHl KBaAPATUIHEIX (OPM K CyMMe KBajJpaTOB.
Bpumenum nomydensasie B m. 1 pe3yabTaThl K KBaIPaTHI-
HBIM (OpMaM.

Mpui 3HAEM, 9TO BCAKOW DPMUTOBOU OMIMHENHOU (popMe
COOTBETCTBYET CAMOCOIPSKEHHOE JUHEUHOE TPeo6pa3oBa-
Hue. I3 TeopeMbl 2 3TOro maparpada BHITEKAET BaXKHAaA

Teopewma 3. IIyemv R —eskaudoso n-meprnoe
npocmparcmeo u nycmv A(x;y) — apmumosa 6usuretnan
gopma ¢ R. Toeda 6 R cywecmsyem opmoconasbHbil
HOPMUPOBAKHLIT 0a3uc, 6 KOMOPOM COOMBEMCMEYIULAA
A(z;y) weadpamuunas @opma 3anuceieaemcs 6 sude
CYMMbL KBAIPATNOG:

Alw;z) =Y MGl

ede \; sewecmeennbl, a & — Koopdunamur sexkmopa T ).

*) B §8 mbr gokasamm, 9TO B a@funnom DPOCTPAHCTBE MONKHO
BCAKYIO KBAJPATWIHYIO (MIN, ITO TO XK€ CaMoOe, BCAKYIO SPMHUTOBY
6mmuHenHy0) GOpMy NPUBECTH K CyMME KBAADATOB. 3AECH MBI [JII
e6KAuJ06a TPOCTPAHCTBA JOKA3BIBAEM 604€€ CUAbHOE yTBEDXKICHHUE,
AMEHHO CYIIECTBOBAHUE HOPMUPOBAHHOZO 0PMO20HAALH020 6a3Uca, B
KOTOPOM [JAHHASA 3PMUTOBA (HOPMa MPUBOJUTCA K CyMMe KBaIPATOB.
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Hoxasareasctso. Ecm A(z;y) —spMurosa 6u-
auHenHaa popMa, T.e.

A(z;y) = A(y; o),

TO (cm. §11) cymecTByeT Takoe CaMOCONPAKEHHOE JTUHEN-
HOe mpeobpasoBanue A, 9T0

A(z;y) = (Az,y).

Bri6epem B R B KadecTBe BEKTOPOB OPTOTOHAIBLHOI'O HOP-
MUPOBAHHOrO 0as3mca CHCTEMY MOHMAPHO OPTOrOHAIHLHBIX
COOCTBEHHBIX BEKTOPOB CAMOCOIPSIKEHHOTI'0 Tpeobpa3oBa-
Hua A (970 Bo3amoxHO B cmry Teopemsr 1). Torga

Aep = Mer, Aeg = Ages, ..., Ae, = Apey.
Bycrts
z=~E&e +&er+...+&en, y=mnrer+imest...+nen.
Tak xak
1 mpm =k,
(eirex) = {0 npu ¢ #k,
TO

A(z;y) = (Az,y) =
= (L1der+8&Aer+. . +E&pAen, mert+mezt.. . +ipe,) =
= (>‘1€161+>‘2€2€2+- . -+>\n€nena niert+nzea+. . -+77nen) =
= A&7+ A2ally + o+ ATy
B wacTrOCTH,
Alz;z) = (Az,2) = |G + X&) + ..o+ Mlél?.

Teopema mokasaHa.

Baxoxgenue B eBKIMIOBOM IIPOCTPAHCTBE OPTOrOHAIE-
HOI'0 HOpPMHUPOBAHHOI'O H6a3uca, B KOTOPOM JaHHAA KBapa-
Tr9Had HOpMa IPUBOJUTCA K CyMMe KBaJPAaTOB, HA3BIBA-
eTCS IMPUBEICHUEM DTOU (POPMBI K IVIABHBIM OCAM.
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Teopewma 4. Ilyecmv R — agdunnoe n-meprnoe npo-
cmpanemso u A(x;z) u B(x;z) — dee apmumossr keadpa-
muunble Gopmbl, npuuem gopma B(z;x) — nososrcumenvro
onpedeaennas. Toeda cywecmsyem 6a3uc, 6 Komopom obe
amu Gopmbl 3aNUCHIBAIOMCA 8 BUIE CYMMbBL KEAIPAMOB.

doxaszaTeascTBo. Beegem B R ckanapHOe mpo-
usBefenue, nonoxus (z,y) = B(xz;y), rae B(x;y) — orse-
varomasn B(z;x) bumunennas ¢popma. Bro aBisercsa 3akoH-
HBIM, TaK KAK aKCUOMBI CKAJIAPHOI'O IPOU3BENCHUA O3HA-
9a10T, 910 (Z,y) ecTh 5pMUTOBA OmIuHEenHAS POpMa, COOT-
BETCTBYIOIIAA IMOJOXUTEIBHO ONPENENIeHHON KBAPaTHI-
uou ¢opme (§8). BpocrpancTteo R cramer, Takum o6pa-
3oM, eBkanaoBbiM. Cormacao Teopeme 3 B R cymecTsyer
OPTOrOHATBHBIN *) HOPMUPOBAHHBIN OA3UC €1, €2, . .., €, B
KoTOpoM (popma A(z; ) IPpUBOAMTCA K CyMMe KBaAPATOB,
T. €. K BAAY

Az z) = M|&P + Al + .+ A&l (2)

B HOpMEUpOBaHHOM OPTOrOHAIBHOM 0A3UCE CKAIAPHOE IPO-
n3BCACHUEC MMEeT BUI

(z,2) = &1 + |&7 + ... + [l

B(z;2) =[G + &l + ... + [€a]*. (3)

Mer mHanwmu, TakuM o6paszom, 6a3umc, B KOTOpoM 00e KBa-
aparmaasie popmet A(x;z) u B(x; ) 0odnospemenno npu-
BOJATCA K CyMMe KBAaIPATOB, 9TO U TPEOOBAIOCH.

B Teopeme 4 mokasano, uro B R cymectByer 6a3uc, B
KOTOPOM DPMUTOBHI KBagpaTudHbie (GopMbl A u B uMmeroT
Bug (2) u (3). Bokaxem, kak HAWTH 9UCIA A1, A2, - . ., Ap.

*)  OTHOCHTEIBLHO BBEAEHHOIO0 HAMM CKAJAPHOTO IIPOM3BEICHUA
A A

(z,y) = B(z;y).
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B xamoHMYIeCKOM BHAE MATPUILI KBAADATAIHEIX (POPM
A un B umeroT Buj

A1 0O 0 10...0

A— 0 A 0 ’ B 01...0

00 ..... )\n 001
CuenoBaTeabHoO,

Det(A—AB) = (A1 — AN (X2 —A) ... (An — A). (4)

Bpu nepexone k gpyromy 6a3ucy MaTpPUIBI 3PMUATOBBIX
kBagapaTmanabix Gopm A u B nepexogar B A; = C*AC n
B, = C*AC. Booromy, ecau €1, €, ..., €, — NPOU3BOIb-
HBIA 6a3uC, TO B 3TOM Oa3uce

Det(A; — AB1) = Det C* - Det(A — AB) - Det C,

T. €. OTVInYaeTCA JUIIb ITOCTOAHHBIM MHOXHUTEJIEM OT BBI-
paxernus (4). OTcioma CaeLyeT, ITO UUCAUL A1, A2, ... An
ABAAIOMCA KOPHAMU CALOYIOULE20 YPABHEHUA

all — )\bu a19 — )\b12 cee Qlp — >\b1n
as1 — )\bgl asy — )\bgg . Q9p — )\bgn -0
ant — Abp1 Gp2 — Abp2 ... Gpp — Abpy

rae ||aig|| w |[bix|| —marpunsr dopm A(z;z) u B(z;z) B
KaKOM-HUOy b 6asuce €1, €2, ..., €ey.

3dameganue TpeOGoBaHUe MOMOKUTEILHOU OMPEIEIEHHOCTH
OMHOU U3 (POPM ABIAETCA CYUECTBEHHBIM, O Y€M CBUAETEILCTBYET
CTeAYIOUMY IPUMED: ABE KBaIPATUIHbIE (POPMBI

A(z;z) = |§1|2 - |§2|27 B(x;z) = 5152 +52317

73 KOTOPBIX HU OJHA HE ABIAETCA MOJOXKHUTEJIHHO ONPEIEeJCHHOHN, He
MOryT OBITH OJHOBPEMEHHO IPUBEIEHEL K CyMMe KBaaparoB. B camom
aene, mepBor GopMe COOTBETCTBYET MAaTPHUIA

1 0
A= (o)
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B:((l) é)

TTaccmorpum maTpuny A—AB, rae A — BeleCTBeHHBIN mapamMeTp. Ke
IeTepMHHAHT pPaBeH —()\2 +1). Tax Kax OH HE MMEET BEMIECTBEHHBIX
KOpHEeH, TO, COMVIACHO CKa3aHHOMY BHIIIE, 06€ (pOPMBI HE MOT'YT OBITH
IpUBEAEHBI O JHOBPEMEHHO K CyMMe KBaAPaTOB.

a BTOPOU — MaTPUILA

§ 13. YuurapHusie npeoOpa3oBaHus

Mui onpegenunu B § 11 yHuTapHusie npeobpa3oBanus pa-

BEHCTBOM
UU*=U"U =E. (1)

Bro onpenenrenne uMeeT npoCcTON reOMEeTPUIECKUU CMBICI.
A mmenno:

Bceakoe ynumapnoe npeobpazoganue U 8 e8kaudosom
n-Mmeprom npocmpancmee R coxpamsem craaspnoe npo-
uzeedenue, m. e.

Uz, Uy) = (z,y)
dasn ecex x,y € R. Obpamno, ecaroe aunetinoe npeodpa-
3oeanue U, coxpansowee cKaiiproe npoussedenue, yYrnu-
mapwro [m. e. ydosaemeopsem ycaosuio (1)].
B camom mene, ecim mauo, uro U*U = E, To
(Uz,Uy) = (2,U"Uy) = (z,y).

O6paTHo, ecau aua JIOOBIX BEKTOPOB T U Y

(Uz,Uy) = (z,y),

(UUz,y) = (z,y),

(U Uzx,y) = (Ez,y).

Tak kak u3 paBeHCTBa OWIMHEHHBIX (HOPM CJAemy-
€T PABEHCTBO COOTBETCTBYIOUIMX NIPEOOPA3OBAHUU, TO
U*U = E, T.e. U yauTapHoO.
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B wacTaOCTH, IpM & = Yy UMeeMm:
(Uz,Uz) = (z,),
T. e. ynumaprnoe npeobpazosanue U ne mensem daun 8ex-
mopos.

Yupaxuenue. [[oka3zaTs, 4TO €CIM TUHENHOE IPEOOPa30OBa-
HUE COXpaHAET OIUHBI BCEX BEKTOPOB, TO OHO YHUTAPHO.

3amnuireM yCIoBrs YHATAPHOCTHI JUHETHOTO ITPeodpa3o-
BaHUA B MaTpudHon (opme. [aa >Toro BeibepeM KaKou-
au60 OPTOrOHAJILHBEIA HOPMHUPOBAHHBIA 0asuc e,es,...
...,en. Bycts B 3TOM 6asuce mpeobpasoBanuio U coot-
BETCTBYET MATPHUIA

ayp a2 ... aip
a1 a2 ... aop (2)
anl1 Ap2 ... App

Torga compsxenHoMmy mpeobpaszosanuio U* cooTser-
CTByET MaTpuUIa

a1l G21 ... Gpl
a2 422 ... Qp2 (3)
a1p G2n Gnn

Ycaosue yuurapuoctu UU* = FE o3HadaeT, ITO HIPOU3-

BegeHne marpurn (2) n (3) ecTs eguHUYHAS MaTpuna. Hc-
JIU IEPEMHOXUTD UX U IPUPABHATEL DIEMEHTHI IPOU3BEIe-
HHUA COOTBETCTBEHHLIM JJI€MEHTAaM €JUHWIHOU MAaTPHUIHL,
TO IIOJY'IUM:
n n
Z Ajalin = 1, Z Aialko = 0 (Z # k) (4)
a=1 a=1
Urak, 6 0pmo2onaivHom HOPMUPOBAHHOM 0aA3UCE YCAOBUE
UU* = E o3nauaem, 4mo cymma npoudsedenuti saemen-
moe Kakol-aubo cmporu mampuyvt npeobpazosanus U na
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IACMEHMBL, CONPANCEHHBIE K IAELMENMAM OPY20l CMPOKu,
PABHA HYMO, G CYMMA KBaIPamMOo8 MoJysetl dAEMERMOE A10-
6ot cmpoxu pasua edunuye.
Tak kak U*U = E TakXe ecTh yCJIOBAE YHUTAPHOCTH,
TO MBI IMEEM TaKXKe:
n n
Z Uailai = 1; Z AaiGak = 0 (Z # k) (5)
a=1 a=1
Bro ycaoBue aHaIOrmIHO IpEaBIAYIIEMY, HO BMECTO CTPOK
B HEM YYACTBYIOT CTOJOIBI MATPUIIHL.
Ycaosue (5) mMeeT DPOCTOM IeOMETPUYECKHUN CMBICI.
[leCTBUTEILHO, CKAIIPHOE IPOU3BEIEHNE BEKTOPOB

Uei = a1 + agiez + ...+ apiep

Uer = aiper + asges + ... + apren

PABHO Y Gailak (TAK KaK €1, €2, . .., €, —DTO OPTOrOHAIb-
HBIA HODMUPOBAHHBIU GA3KC); IOITOMY

1 mpm =k,
. (6)
0 upm 1 #k.

CaenoBaTenabHO, 044 mMo20 4mobbl aunetinoe npeobpa-
308aHUE ObIAO YHUMAPHBIM, HEOOLOJUMO U JOCMATMOUNO,
4mMobObl 0HO NEePesoduso Kakol-4ub0 0pmMo20HaAbHbIT HOP-
MUPOBAHHBLT 6a3UC €1, €2, . ..,€E, CHOBA 8 OPMO2OHAALHITY
u Hopmuposannbili 6asuc Uei,Ues, ..., Uey.

Marpuna |aik||, >1eMeETH KOTOPOU YIOBAIETBOPAIOT
ycaosusaMm (4), ambo, 9To TO ke camoe, ycaosuam (5), Ha-
3BIBAETCA YHUMAPHOT MomPuyeli. YHUTAPHBIE MaTPUIBI
ABIAIOTCA, KAK Mbl BUEIN, MATPAIAMYA YHUTAPHBIX MIPe-
00pa30BAHUN B 0PMO20HAALHOM HOPMUPOSAHHOM Oa3uce.
Tak kak mepexom OT OAHOTO OPTOrOHAJIBHOIO HOPMUPO-
BAHHOT'O K APYTOMY 3a0aeTCi YHUTAPHBIM IIPeo0pa3oBa-
HZEM, TO MATPUIA MEePexona OT OJHOTO OPTOTOHAILHOTO

e = {
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HOPMHUPOBAHHOI'O 6a3uca K APYyrOMY TAKOMY XKe ABIAETCH
VHATAPHOU.

BocMoTpum, kK KaKOMy IpOCTERIIEMY BUIY MOXKHO [IPH-
BECTH MATPUIY YHUTAPHOT'O IpeoOPa3OBAHUA IIPU COOT-
BETCTBYIOIIEM BBIOOpE Ha3mca.

Jlemma 1. Cobcmeennvie 3nauenus yHUMAPHO20
npeobpazosarus no Modymo pasHv 1.

lokasaTelbCTBO. BycTs £ — cOOCTBEHHEIN Be-
KTOp yHHTapHOrO npeobpaszosanus U u A — cOOTBETCTBY-
ouee COOCTBEHHOE 3HAYEHUE, T. €.

Ur =Xz, z#0.
Toraa
(z,7) = (Uz,Uz) = (Az, A1) = A\(z, 1),

T.e. A\ = 1, 3masur [\ = 1, 410 1 TPe60BAIOCH JOKA3ATH.

Jlemma 2. Ilyemv U — ynumaprnoe aumnetinoe npe-
06pazosanue 6 n-meprom npocmpancmae R ue —ezo cob-
CMBENHBIT 8EKMOpP, M. €.

Ue=Xe, e#0.

Tozda (n — 1)-meproe nodnpocmparncmeo Ry, cocmoswee
U3 6EKMOPOS T, OPMOLOHAALHVIT K €, UHBAPUAHITVHO OMHO-
cumeavro U.

NDoxaszarTeancTBO. Bycrs z € Ry, T.e. (r,e) =
= 0. Boxkaxem, uro Uz € Ry, T.e. uro (Uz,e) = 0. B
caMoM perne,

(Uz,Ue) = (U'Uzx,e) = (z,e) = 0.

A rmax kax Ue = Ae, To A(Uz,e) = 0. Bo B cury memmsr 1
A # 0, nosromy (Uz,e) =0, r.e. Uz € Ry. CregoBarens-
HO, MOATIPOCTPAHCTBO K| mHBapmaHTHO OTHOCHTETHLHO U.

Teopewma 1. Ilyemv U — ynumaproe npeobpazo-
ganue 8 n-meprom esraudosom npocmpancmee. Tozda
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cywecmsyem m NONGPHO OPMO20HAALHBIT COOCMEEHHBIT
sexmopos npeobpasosanus U. Coomsemcmeyiowue um
coOCmeEenHble 3HAUEHUA NO MOJYAI0 PABHbL €OUNHUYE.
JokxasareanbcTso. B cury Teopemsr 1 §10 mpe-
obpasoBanue U, Kak U BCAKOE JUHEWHOE TIPe06pa3oBaHue,
uMeeT B R xora 6b1 omuu coGeTBeHHBIM BeKTOp. O60-
saavuMm ero e;. Cormacuo nemme 2, (n — 1)-MepHOe mOZ-
IpoCTpaHCTBO R, cocTosiiee m3 BCEX BEKTOPOB MPOCT-
paHcTBa R, OPTOrOHAIBHBIX K €], MHBAPUAHTHO OTHOCH-
reasuo U. CrepnoBareabHo, B Ry mMmeercsa xoTsa Obl OQuH
COOCTBEHHBIN BEKTOp €9 npeobpasoBanuma U. Yepes Ry
0003HAYMMM WHBAPUAHTHOE IIOANPOCTPAHCTBO, COCTOSIIIEE
73 BCEX BEKTOPOB, MPUHAAIEXKAMNX K| M OPTOrOHAIBHBIX
K e3. B Ro cOAepXuUTCA HEKOTOPHIM COOCTBEHHBIA BEK-
TOp ez npeobpasoBanwsa U u T.1.; mpOJOIXKAL DTOT HPO-
[IECC, MBI TOCTPOUM 7, TOIMAPHO OPTOrOHAIBHBIX COOCTBEH-

HBIX BEKTOPOB €1, €2, ..., €, npeobpasosanua U. CorracHo
aemMme 1 coOGCTBEHHBIE 3HAYEHUA, COOTBETCTBYOIME COO-
CTBEHHBIM BEKTOPAM €1, €2, ..., €y, II0 MOIYJIO PABHEL 1.

Teopema 2. fas xascdozo ynumapno2o npeobpa-
3osanus U 6 n-meprnom npocmpancmsee R cywecmeyem
HOPMUPOBAHHBLIT OPMOZOHAALHBIL 06a3uc, 8 KOMOPOM Ma-
mpuya npeodbpazosanus U duaeonasvra, m. e. umeem 8uo:

A O 0
0 X 0
L : (")
0 0 An
NPUUEM A1, A2, ...y Ay — YUCAG, NO MOJYAI0 DPaBHBIE edu-

Huye.

HdoxaszarteasncTso. Bycrs U— yaurapuaoe npe-
obpasoBanme. Torma m MOMapHO OPTOrOHAJIBLHBIX HOPMU-
POBaHHBIX CO6CTBeHHbIX BEKTOPOB, IOCTPOEHHBIX B IIpE-
OLIAYIIEH TeopeMe, 00pa3yioT MCKOMBIM Oasmc. [lemct-
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BUTEJBHO,

Uei = \ex,

Uey = Aze,

Ue, = A\pen
7, CIeJ0BATEIbHO, MaTpura npeobpasoBanus U B 6asuce
€1,€2,...,e, umeer Bup (7). Yucna Ai, Mg, ..., Ay O MOZY-

ato paBHB 1 B cuiry gemMmbl 1. Teopema gokasana.

Yupaxueunnsa 1. Jokazars, 4TO BEDHO u OOpaTHOE, T. €. eC-
1 B HEKOTOPOM OPTOrOHAJIBHOM 0asuce MaTpuna npeobpasosanus U
mveer Bug (7), To U yamTapHO.

2. [lokazaTk, 9TO ecam A — caMOCONPAKEHHOE IPeoOpa3OBaHUE,
T0 mpeobpasoBanue (A —iE) ' (A+iE) cymecrByer u ABIACTCA YHE-
TApPHBIM.

3. [Iycte U — yuurapHOoe npeobpasoBanme. [Joka3arb, YTO €CIn
npeobpazosanue U — E o6parumo, TO npeobpa3oBaHue

A=i{U—-E) " (U+E)
CaMOCOIIDAXKEHHOE.

Tak Kak MaTpPHUIA Mepexosa OT OTHOIO OPTOrOHAJILHOT'O
HOPMHUPOBAHHOI'O 0a3Mca K IPYTCOMY 3aJaeTCA YHUTAPHOU
MaTpPHUIEH, TO MOMYIEeHHEIN B 5TOM Haparpade pesyabTaT
MBI MOX€EM B MATPUIHLIX TEPMUHAX CHOPMYIUPOBATD CJIE-
ayromuM 00pa3oMm:

Bycrs U —3apannas yHuTapHas mMaTpuna. lorma cy-
mecTByeT Takas yHuTapHas marpuma V', aro U upexpcra-
BUMa B BHUIE

U=V_'DV,

rae D — guarosanbHas MaTpUIA, y KOTOPOU 10 AUACOHA-
JM CTOAT 9YUCIA, 10 MOAYII0 paBHBIE 1.

AnanoruaHo, ocHOBHOU pe3yabTaT B 1. 1 § 12 B MmaTpmd-
HBIX TEPMUHAX (POPMYJIUPYETCA TAK:

Bycrs A —3agannas spmuToBa MaTpuna. Torga A Mo-
XKeT OBITH IPENCTABICHA B BUE

A=V~DvV,
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rae V —yuurapHas marpumna, a I — quaronanbHas Ma-
TPHUIA, Y KOTOPOU IO JAATOHAJIN CTOAT BEIIECTBEHHBIE -
cia.

§ 14. BepecTaHOBOYHBIE JUHEMHEIE IPE06Pa3OBaAHMA.
B opMmanbHbIe Ipeo6pasoBaHus

1. BepecranoBounsie mnpeolpa3oBaHua. Mbl Bugemn
(§12), 9TO AIA BCAKOTO CAMOCOIPSXKEHHOIO JIUHEHHOI'O
npeo6pa3oBaHUA €CTh CBOM OPTOTrOHAILHLIN HOPMUPOBAH-
HBIZ 6A3UC, B KOTOPOM €0 MATPHUIA TUATOHATHHA. MoxeT
0Ka3aThCA 9TO A HECKOABKHX CAMOCOINPSXKEHHBIX Mpe-
00pa30BaHUN CYMECTBYET OAUH O0mUA 6a3uc, B KOTOPOM
MATPHUIBI BCEX DTUX MPEOOPA3OBAHUUN IUATOHAIBHBI. Mbl
BBISICHUM 3/1€Ch, IPU KAKUX YCIOBUAX DTO BO3MOXHO. Bas-
0epeM B MEPBYIO OYepelb CIydadl ABYX MPeoOpa3OBaHUN.

JJemma 1. Iyemv A u B — dea nepecmanosounvls
AUHETHBIL NPeodPa308aHUA, M. €.

AB = BA.

Toeda cosoxynnocmv 6cer co6CMBEHHLIT BEKMOPOS Npe-
obpazosanus A, omseuawWuUr JaGHHOMY COOCMEEHHOMY
anauenuto X, obpasyem (8MeCME ¢ HYAEBbLM BEKMOPOM)
nodnpocmpancmeo Ry, unsapuanmmoe 0mMHOCUMEALHO
npeobpazosanus B.

JoxasarTeanbcTBo. BamMm HyXHO mokasars, 4TO
eciu

T € Ry, mT.e. Az =z,

TO 1

Bre Ry, T.e. ABzr = \Bz.
Bo Tak xak AB = BA, To
ABz = BAxz = BAx = ABuz,

7 JEMMa JOKa3aHa.
Jlemma 2. Jhoovie dsa nepecmanosounbis npeobpa-
3080HUA UMEIOM 00WUL, cOOCMBERHBIT 8EKMOD.
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HJoxaszarteasrcTBo. Byctrb AB = BA u R),—
IOATIPOCTPAHCTBO, COCTOAIIEE U3 BCEX TAKUX BEKTOPOB Z,
aro Ax = Az, rge A— cob6CTBEeHHOE 3HAMEeHHe Ipeobpa-
soBauua A. Cormacuo semme 1, R) MHBAPUAHTHO OTHOCH-
TeabHO B. BosTOMy B HEM CymiecTByeT BEKTOpP Xp, COO-
cTBeHHBIN Mg B. BToT BeKTOp ABIIETCA COOCTBEHHBIM U
mia A, Tak Kak BCe BEKTOPHI U3 R) ABIAIOTCA COOCTBEH-
HBIMZ J1d A.

3damevgaunue. Ecim AB = BA, To, Boobiie roBo-
P, HE BCAKUU BEKTOP, COOCTBEHHBIN misa A, sBiasgeTcsa cob-
crBeHHBIM 1 M B. Banpumep, eciu A ectb eguHUYHOE
npeobpasoBanue F, TO 1y HEro a000d BEKTOP T ABJIAET-
ca cobcrBerasiM. OMHAKO & BOBCe He OyneT cOOCTBEHHBIM
BEKTOPOM [JIs JIFOOOT0 IepecTaHoBOYHOrO ¢ F mpeobpazo-
BaHUA, TaK KaK ¢ F/ mepecTaHOBOYHBI BCE JUHEUHBIE MIPe-
obpa3oBaHu.

Teopewma 1. Ilyemv A u B — dga camoconpsaxcen-
HbIT AUHEUHBIT NPE0OPA3068aAHUA 8 KOMNACKCHOM T-MEDHOM
npocmpancmee R. [as mozo umobvr 8 R cywecmsosan
0pMOo2oHaAbHLIY 0a3uc, 8 Komopom npeobpazosanus A u
B odnospemenno npusodamea k duazonaavnoti gopme, ne-
06L00uM0 U docmamouro, 4mobvl OHU ObIAL NEPECMAHO-
sounvs (T.e. AB = BA).

HokxaszarTeabrcTBO. [locTaTOoOIYHOCTBH. BycTh
AB = BA. Torga, B cuiy JeMMBI 2, CyLIECTBYET BEKTOP
€1, COOCTBEeHHBIN U a1 A, 1 qisa B, T.e. Takou, 9ITO

Aey = Aie1, Bep = per.

(n—1)-meproe noanpocrpancTso Ry, oproronamrsHoe x €1,
MHBAPMAHTHO Kak a1 A, tak u qaa B (cm. memmy 2 §12).
Bymem paccmarpuBaTs npeobpasoBanusa A u B gumb B R .
Cormacuo memme 2 B Ry cyliecTByeT BEKTOD €2, COOCTBEH-
HBA U A A, u qus B:

Aeg = Agea, Beg = pges.
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COBOKYITHOCTH BEKTOPOB U3 R, OPTOrOHAJIBHBIX K €2,
obpasyeT (n — 2)-MepHOE HPOCTPAHCTBO, WHBAPUAHTHOE
KaK OTHOCHTEIbLHO A, Tak m oTHOCUTEenbHO B, u T. 1. Bpo-
JOJXKAsg DTOT MPOIECC, MBI MOIYUIUM 7, MOHMAPHO OPTOrO-
HAJIBHBIX BEKTOPOB €1, €2, . . . , €, COOCTBEHHBIX KaK misd A,
TakK u aaia B:

Ae; = Niej, Bei=pie; (1=1,...,n).

Bpumem BekTOpHI €1,e€9,...,¢e, 3a 6asuc B R. Torga oba
npeobpazoBanus A u B 3anumryTcsa B AUArOHAIBHOU (POP-
me. Jocrarounocts ycaoBua AB = BA mnokasaHa.

Beo6xoaguMmocTb. BycTh B HEKOTOPOM OpPTOTO-
HaJbHOM 0a3mce MaTpHUILL mpeoOpasoBanuil A u B guaro-
HAJBHBI. JIIO6I)I€ AUAarOHAaJBbHBIEC MAaTpPUOBI, KAK 3TO JEI'KO
NPOBEPUTH, MTEPECTAHOBOYHBI MeX Ay cobou. Bo ecam ma-
TpuLbl TPEOOPA3OBAHUN B HEKOTOPOM 0a3uce mepecTaHo-
BOYHBI, TO IEPECTAHOBOYHLI M CaMU IIPe0OPa30BAHUA.

Yupaxuenue. Illycrts U; u U; — nepecTaHOBOYHBIE YHUTAD-
HBle IpeoOpa3oBanud. /[loka3aTh, ITO CyIIECTBYeT 0a3mC, B KOTOPOM
OHU OJHOBPEMEHHO 3alNCHIBAIOTCA B AMArOHATILHOU (pOpMeE.

3ameuanue. Teopema 1 mepeHocurca Ha 1:060€ MHOXKECTBO
TIOMAPHO MEePeCTAHOBOYHBIX CAMOCOMPAXKEHHBIX Mpeobpas3oBanuu. Jo-
Ka3aTeIbCTBO IMOBTOPAETCA NOCIOBHO, TOIHKO BMECTO JEMMBI 2 HC-
TIOIb3YyeTCA CIeAYIOMA

Jemma 2. YV 4106020 MHONCECTNEA NONAPHO NMEPECTNAHOE0Y-
oIl AUHETHBIT NPeodpasosanut ecmb 00wyt cobcmeeHubill 8eKmop.

MJoxaszaTeascTBo OygeM BecTH IO MHAYKIUU. B ogHOMED-
HOM mpocTtparcTse (n = 1) memma ogesmana. [Ipeamosoxum, 9To naa
NIIPOCTPAHCTB PA3MEPHOCTH < 7 JeMMa JOKa3aHA M JOKAaXeM ee A
N-MEPHOT'0 IIPOCTPAHCTBA.

Ecan xax b BekTop u3 R ABIAETCA COGCTBEHHBIM A KaX OO
73 paccMaTpuUBaeMbIX npeobpasosanuu *) A, B, C, ..., To Bce gokasa-
Ho. lIpeamonoxmM mo3TOMYy, ITO XOTA OBl OUH BEKTOD HE ABIAECTCA
COOGCTBEHHBIM A KAKOTO-IuO0 W3 HAIIUX MPEeoOpa3OBAHUU, HAIPU-
Mep gaa A.

*) IIro osmagaer, uTo kaxmoe m3 mpeobpaszosammu A, B,C,...
KPATHO eIMHUIHOMY IPe06pa30BaHMIO.
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O6o3HaunM depe3 Ri COBOKYIHOCTB BCEX COOCTBEHHBIX BEKTO-
poB mpeobpaszoBanua A, 0TBeYarOMIX KAKOMY-HUOYAb COOCTBEHHO-
My 3uadeHnio A. CormacHo semme 1, Ri MHBApUAHTHO OTHOCHUTEIb-
vo B,C,... (m, camo co601 pasyMeeTCsa, MHBAPDUAHTHO OTHOCHATEIb-
10 A). IIpm 5ToM R; €CTh HOANPOCTPAHCTBO, OTAMIHOE OT HYJIEBOT'O
u or Bcero R m mMeromiee, CIe10BaTeIbHO, Pa3MEPHOCTbL K 1 — 1.
Tak xak IO IPEAMOJOXKEHUIO AJIA IPOCTPAHCTB PA3MEPHOCTH, MEHb-
LIen 4eM n, TeopeMa A0Ka3aHa, To B R mpeobpasosauusa A, B, C), ...
AMEIOT OO COOCTBEHHBIN BEKTOD, U JEMMa NOKA3aHa.

2. Bopmanbubie npeo6pasoBanusa. B §§ 12 u 13 mur
O3HAKOMIINCH C IBYMs KJIACCAMU JAHEUHBIX TPEeoO6pa3oBa-
HUW, TPABOJAUMBIX B HEKOTOPOM HOPMEPOBAHHOM OPTOrO-
HaJbHOM 0as3uce K AuaroHaJdbHOU (opme. Celrdac MBI BbI-
SACHUM, KAKOB OOIIMUA BUJ BCEX TAKUX NPeO0OpPA3OBAHUMT.

Teopewma 2. Jas moeo umobvl cyw,ecmsosas op-
MO20HAALHBIL 0a3uC, 8 KOMOPOM Aunetinoe npeobpa3oea-
nue A npusodumcs x dua2onaavnot gopme, Heobrodumo u
docmamouno, wmoobi

AA* = A A.
(Taxue npeobpazosanus mvr wazsaau 6 §11 HopmasvHbl-
HJokaszaTeabcTBO. BeobxoaumocTs. Byctb

B HEKOTOPOM OPTOTI'OHAIHLHOM HOPMUPOBAHHOM Oa3uce Ma-
Tpua Tpeobpa3oBaHnsa A TUATOHAIBHA, T.€. UMEET BU]

A0 ... 0
0 Ao 0
0 0 An

Tak xak 6a3UC OPTOTOHAILHBIN U HOPMUPOBAHHBIN, TO Ma-
Tpuna npeobpaszoBanua A* umeeT BU

MO ... 0
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Marpursl mpeobpasoBanuun A u A* nuaroHaabHBL U, 3HA-
YUT, TEePECTAHOBOYHLI MeXay cobou. CremoBaTenbHO, Ime-
PECTAaHOBOYHLI U caMu mpeobpasoBanus A u A*.

NocraTouHOoCTh. Bycts A u A* mepecTaHOBOYIHEI.
Torga, coraacuo aemme 2 sToro maparpada, y A m A* cy-
IeCTBYeT OO COOCTBEHHBIN BEKTOP €1, T. €.

A61 = )\161, A*61 = Kui€e1 *)

(n — 1)-mepHOe moampocTpancTBo R, cocTosuee u3 Bek-
TOPOB, OPTOrOHAJIBHBIX K €], HHBAPDUAHTHO KAK OTHOCH-
TeIbHO A, TaK M OTHOCUTEILHO A*. [leNcTBUTENLHO, IYyCTh
z € Ry, T.e. (z,e1) =0. Torga

(Axael) = (va*el) = (xvulel) = El(xvel) =0,

T.e. £ € Ry. UuBapmanTHOCTL R OTHOCHUTENIbHO A mO-
Ka3aHa. AHAJIOIMYHO MOKA3LIBAETCA MHBAPUAHTHOCTL Ry
OTHOCUTEIBLHO A*.

Bpuwmenss x Ry Ty xe gemmy 2, moxydum, 910 B R Ccy-
HIECTBYET BEKTOP €9, COOCTBEHHBIN OJHOBPEMEHHO W A
A, m s A*. Yepes Ry o6o3uaum (n — 2)-MepHOE TOAIPO-
CTPaHCTBO, COCTOAIIEE M3 BEKTOPOB MOAIPOCTPAHCTEA, Ry,
OPTOrOHAJBHBIX K €2, W T.n. bpomomxkas takum obpa-
30M, MBI HOCTPOUM 7, IOIAPHO OPTOTOHAJBHBIX BEKTOPOB
€1,€2,...,€n, KAXK BN N3 KOTOPBIX ABIAETCA COOCTBEHHBIM
kak aasa A, Trak u gus A*. BekTopw e, e, ..., e, 006pa3y-
0T OPTOTrOHAJBLHLIA 0asuc, B KoTopoM Kak A, Tak m A*
IPUBOAATCA K AUACOHAIBLHOU (POpME.

[lpyroe 10oKa3aTelIbCTBO AOCTATOYHOCTH.
Boaoxum

A4 A A— A*

Al— 2 3 AQZT

Bpeob6paszosanua A; u Ao — camoconpsaxenusie. Ecau A
u A* nmepectanoBOYHBI, TO A] 1 Ay TakXke MepecTAHOBOY-

*) Ynpaxuenume: 5OKa3aTb, ITO [1 = 1.
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vel. B cmy Teopembr 1 mHacTosmero maparpada npeobpa-
soBaausa A; u Ay MOryT GBITH OJHOBPEMEHHO MPUBEIEHBI
K amaroHaabHOU gopme. Bo Torga m A = A + 1Ay Takxe
3aIUCHIBACTCA B QUACOHAIBLHOU (hOpME.

Ecau A — camoconpskenHoe npeobpa3oBaHue, TO

AA* = A*A = A,

T.e. A HOPMaAbHO. BOPMANBLHBIM ABIAETCA TAKXKE BCA-
KO€ YHUTapHOE NpeoOpa3oBaHUe, TaK KAK B DTOM CIydae
UU* = U*U = E. Boaromy Teopema 2 sToro maparpada
COMEPKUT KAK IACTHBIN CIydan pesyabrars §12 (m. 1) m

§13.

Yupaxueunnsa 1. [lokazars, 9T0 11060€ MHOXECTBO IIOIAPHO
MEePECTAHOBOIHBIX HOPMAJbHBIX NMPEO0OPA30BAHUN MPUBOJUTCA OTHO-
BPEMEHHO K IMATOHAILHOUN (POpMeE.

2. Toka3aTb, 9TO BCAKOE HOPMAaJabHOE IpeobpasoBanme A moxer
OBITH 3AIKMCAHO B BUE

A=HU =UH,

rae H — camoconpsxennoe mnpeoOpasoBanme, a U — yHuTapHoe,
npuiem H u U mepecTaHOBOYHEL.

Y xaszaunue. Boibpars 6asuc, B kxoropom A u A" npusogarcs
K IUArOHAJILHOU (popMe.

3. doxazars, uro eciiu A = HU, rage H n U nepecraHOBOYHBI,
H — spmuroBo, U — yuurapuo, To A — HOpMaabHOE IpeoGpa3oBa-
HUe.

§ 15. Basaoxenue JMHEHHOro npeolpa3oBaHusa
B IIPOM3BEJEHNE YHUTAPHOrO U 3PMUTOBA

Beskoe KOMILIEKCHOE YHMCIO MOXHO PAa3lIOXWUTh B MPO-
M3BEJEHUE TOJOXUTENBHOrO YUCI, W 9UCIA, MO MOMYJIIO
paBHOrO enuaMIE (TaK HA3BIBAEMAA TPUTOHOMETPUIECKA
$bopMa KOMILUIEKCHOTO 9uCaa). MBI XOTUM MOTYy9IWThH 118
JUHETHBIX Pe0OPA30BAHUN AHAJOT TAKOTO PABJOKEHUA.

AnanoroMm wucen, mo MOAYJIIO PABHBIX E€IUHWUIIE, SBILA-
OTCA yHUTAPHBIE JUHENHbIE TpeoOpasoBaHua. AHAIOTOM
MOJOXUTEIbHBIX JAEACTBATEILHBIX FUCET ABIAIOTCA TaK
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HA3BIBAEMBIE TIOJIOXATETHHO ONPENEICHHBIE JUHENHBIE TPe-
obpa3oBaHUA.

Onpenmeanenue 1. Jluneinoe npeobpazosanue H
HA3bIBAETNCA TOAOHCUTNEALHO onpedesenubim, ecau H ca-
moconpaxcenno u (Hz,x) > 0 das awbozo x.

Teopewma 1. Beakoe nesviposcdennoe aunetinoe
npeobpazosanue A mooxcem 6vimb npedcmasaeno 6 sude

A=HU (mbo A=U H),

ede H (coome. Hp) — HEBLIPONCIENHOE NOAOHCUMEALHO
onpedeaennoe, a U (cooms. Uy) — ynwumapnoe npeobpazo-
8aHUE.

Camo T0Ka3aTeIbCTBO MBI IPOBENEM HECKOIBKO MO3XKe:
Ccervac MBI BLIACHUM, KaK 10 A HAUTH COOTBETCTBYIOIIE
H un U, eciuz ykaszanHOe B TeopeMe 1 pa3yoxkeHUe BO3MOXK-
HO; DTO MOACKAXET HAM IIYTh I JOKA3ATEIbCTBA TEOpe-
MBI.

Bycts A = HU, roe H — mOJOXUTEIBHO OIMpPEIeJeHHOE
HEBBIPOXI€HHOE mpeobpasosanue, a U — yHHTApHOE Hpe-
obpasoBanue. H nerko Beipa3uThb depes A; B camom jese,

A*=U*H* =U"'H,

OTKYyIa
AA* = H?.

CrenoBaTeabHO, MIA TOro ITOOB HauTH H, HyXHO «u3-
BJIEYb KBaAPAaTHBIN KopeHuby u3 AA*. 3mas A u H, serko
nonyuuts u U, nonaras U = H ' A.

[oka3aTeabcTBy TeopeMbl 1 MpEAIONuLIeM TPHU JEMMHBI.

Jlemma 1. Kaxoso 6vl nu 6via0 aunetinoe npeobpa-
soeanue A, npeobpazosanue AA* — noaosxcumenvro onpe-
deaennoe. Ecau A ne sviposcdeno, mo AA* maxoce ne 6bi-
posxcdeno.
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lokaszaTensbcTsBo. bpeobpazosauue AA* moao-
KATEILHO OmpeaeneHHoe. [[encTBATENbHO:

(AA*z,z) = (A%z,A*z) > 0
mia aoboro x. Kpome Toro,

T.e. AA* — camocompsaxeHHOe MPeoOpPa30BAHME,

Ecau mpeobGpaszoBanme A He BBIPOXIEHO, TO NETEPMU-
HAHT MaTPULH ||a;;|| mpeobpasoBanus A B 1060M OpTOro-
HAJTBHOM 0Oas3mce He paBeH HyJIO. /[leTepMUHAHT MATPUIIHI
||@ix || mpeobpasoBarma A* B TOM ke Gasuce ABIAETCA KOM-
IUIEKCHO COIIPAXKEHHBIM K IeTEePMUHAHTY MAaTPUIH ||ak || u,
CJIEIOBATENLHO, TAKXKEe HE PABEH HYJII0. BO2TOMY B TaHHOM
CIydae NeTEePMUHAHT MATPHUIBI, COOTBETCTBYIOUUHA Ipe-
obpasoBanuio AA*, He paBeH HYJIO, & DTO O3HAYAET, ITO
npeobpazoBanune AA* — HeBBLIPOX JEHHOE.

Jlemma 2. FEcau B — noaoxcumenvno onpedesernoe
npeoopasosanue, Mo €20 COGCMBEEHHBLE 3HAUEHUSL HEOMPU-
yameavuvl. OO6pammo, ecau 6ce cOOCMBEHHBIE BHAUEHUS
camoconparcenno2o npeoopazosanus B weompuyamenn-
Hot, mo B — noaoscumenvro onpedesenmnoe npeobpasosa-
Hue.

HJoxaszaTenrbcTBO. Bycth B  HOIOXHUTEIHLHO
onpeneneno u Be = Ae. Torma

(Be,e) = Ae, e)

u Tak Kak (Be,e) > 0u (e,e) >0, To A > 0.

O6paTHO, TycTh BCe COOCTBEHHBIE 3HAYEHWSI CAMOCO-
IpSAXEHHOTO Ipeobpa3oBanus B HeOTpUIATETLHBI, €,
€2,...,6, — HOPMUPOBAHHBLIY OPTOTOHAJLHLIN 0a3HUC, CO-
CTOAIINKA M3 COOCTBEHHLIX BEKTODPOB IpeoOpasoBaHua 3.
Byctn

$25161+5262+...+§n6n
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— mpou3BOIBHBIM BeKTOp u3 R. Torma

(Bz,z) =

= (&1Bei +&Bex+. .. +&,Bey, Srer+&zea+. .. +Eue,) =

= (Gidrer+&doea+. .+ nen, S1e1+82eat. . +Enen) =
= MG+ Xl&l + o Al (1)

U TakK KakK Bce \; HeoTpuuareibusl, To (Bz,x) > 0.
Bameuanue. U3 pasencrsa (1) HemocpegcTBeHHO
BUIHO, 9TO €CIU BCE \; MOJOXWUTEIbHBI, TO Mpeobpa3oBa-
uue B He BBIPOXEHO U 06pPATHO.
Jlemma 3. FEcau B — noaoxcumeavno onpedeserrnoe
npeobpa308anue, Mo CYUECMBYem MmaKoe NOAOHCUMEAbHO
onpedeaennoe npeobpazosanue H, wmo H?> = B (mbl 3a-

nuwen smo max: H = VB = B%) IIpu smom, ecau B we

abipodicdeno, mo u H ne sviposcdeno.
HdoxaszaTeuasbcTBo. Bubepem B R opTOroHaIL-

HBEIA 6a3uc, B KOTOPOM B 3aIMCLIBAETCA B AMATOHAILHOUI

dopwme:

A 0 0
B 0 Mo 0 7
0 . 0 ..... )\n
A1, A2, ..., Ay — cobcTBenHbIe 3HaYeHuA B. CoraacHo jeM-

Me 2 Bce \; = 0. Bomoxum

rjge 9ucaa /)\; BHIOMPAIOTCA HEOTPUIATEILHBIMEA. B Cury
TOU Xe JeMMBI 2 mpeobpasoBanre H mOmoXUTEIBLHO Ompe-
neneno. bpu srom, ecim B HE BRIDOXAEeHO, TO (CM. 3ame-
qaHme K aemme 2) \; > 0, smasuT, n /A; > 0 u, cregosa-
TeabHO, H He BBIPDOXIEHO.
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Bepennem Teneps Kk qokasaTeabcTBy Teopemsr 1. BycTh
A—mo6oe HEBHIPpOXKIEHHOE JWHEMHOE IpeoOpa3oBaHUe.

Bomoxum
H =+VAA*.

B cuny moxasamabix memm 1 m 3, H ecTh HEBBIPOX [EHHOE
IIOJIOKUTEIBHO OLpefereHHoe Tpeobpa3oBanue. BomoxnMm,
najee,

U=H'A (2)
Bpeob6pazosanme U yauTapHo. B camom nerne,
UU*=H '"AH'A)*=H '"AA*H '=H 'H’H ' =E.

U3 (2) cregyer,aro A = HU. Teopema nokasaHa.

Omneparuio u3BIeIeHUA KBAIPATHOI'O KOPHA, IPUMEHEH-
HYIO B 3TOM maparpade, MOXHO HCIOIL30BATE MJIA JOKA-
3aTEIbCTBA, CACAYIOUErO MPEIOKECH:

IIyemv A u B — dsa camoconparcennviz npeobpa3osa-
HUA, npuuem A — HeBLPOHCIEHHOE NOAOHCUMEALHO ONPe-
deaennoe npeobpazosanue. Tozda cobecmeennvie 3HAUEHUA
npeobpazosanus AB sewecmeenmb.

HdoxaszaTenasbcTBso. Mb 3HaeM, ITO XapaKTepu-
CTUYEeCKUEe MHOTOWIEHBI (& 3HAYUT, U COOCTBEHHBIE 3HAME-
HUA) TPeoOpa3oBaHUI

X=AB u C'XC
coBmagaioT. bomoxum C = A3, Torma
C~'XC = A 7ABA? = A’BA?,
Jlerko BHAETH, ITO HOIYICHHOE IPEOOPA3OBAHNE ABJIA-
€TCA CAaMOCOIPAXKECHHBIM:
(A2BA2)" = (A2)"B*(A2)" = A2 BA>.
YTBepX aeHne TOKA3aHO.

Yupaxuenue. [loxkasars, 4ro ecau A u B — m0I0XUTEILHO
onpenereHHbIe NPeoOpPa30BAHUsA, M3 KOTOPHIX OZHO HE BBIPOXK IEHO,
TO npeobpaszosanue AB mMeeT HEOTPHUIATEIbHBIE COGCTBEHHBIE 3HA-
YeHUA.
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§ 16. JIuneunsie npeo6pa3zoBaHUA B BELIECTBEHHOM
€BKJIMIOBOM IIPOCTPAHCTBE

B sTom maparpadge Ml GymeM 3aHEMATHCI JUHEAHBI-
Mu Ipeo6pa3oBaHUAME B BEIIECTBEHHOM IpocTpancTse. U3
MATEpUAI JAHHOU TVIABBL A STOTO AOCTATOYHO 3HATH
cogepxanue §§ 9-11.

1. Bce ompegenenus §10, a uMeHHO OmpeaeJeHUS WH-
BapUAHTHOIO HOAMPOCTPAHCTBA, COOCTBEHHOI'O BEKTOpA,
COGCTBEHHOTO 3HAYMEHWS, ObLIM BBENEHBI A JUHEHHOTO
IpPOCTPAHCTBA HAJ IPOU3BOJIBHBIM MOJEM U IODTOMY HMe-
IOT CMBICJ TAK¥Xe W JUIA BEIIECTBEHHOTO JUHEUHOT'O MPOC-
TPAHCTBA.

CyumecTBeHHYIO POIb BO BCEM TEOPUU UTDAIa AOKA3AH-
Hasg B § 10 TeopemMa 0 TOM, YTO B KOMILUIEKCHOM ITPOCTPAH-
CTBE BCAKOE JMHEMHOE IpeoOpa3oBaHME MMEEeT COOCTBEH-
HBI BEKTOD (OJHOMEPHOE WHBAPWAHTHOE MOAIPOCTPAH-
cTBO). B cayvae BemecTBEHHOrO MPOCTPAHCTBA DTA TEO-
pema HeBepHa. banpuMep, MOBOPOT IIOCKOCTH BOKPYT Ha-
9aJa KOOPAUHAT HA, YLOI, OTIUYHBIA OT K7, IPEACTABIAET
cobou nmuHEenHOE peobpa3oBaHMe, He UMEIOIIee HU OHOI0O
OJHOMEPHOT'0 MHBAPUAHTHOTO moanpocTpancTsa. OmxHako
“MeeT MeCTO CAeAYIOas TeopeMa:

Teopewma 1. V gcakozo auneiinoeo npeobpazosa-
nus A 8 sewecmeennom aunetinom npocmpancmaee R cy-
wecmeyem 00HOMEPHOE UMY OBYMEPHOE UHBAPUAGHMHOEC

noonNpPoCMpancmaso.
doxaszaTeanbcTBo. Bubepem B R 6asuc eq,
€2,...,6en. BpeobpaszoBanuio A oTBedaeT B dTOM Oasmce

marpuna [|aig |-
Baccmorpum cucremy ypaBHEeHUR
a11é1 + anéo + ...+ a1nén = A,
az1&1 +ae + ...+ aén = Ao, (1)

an1é1 + an2éo + ...+ appén = A&y
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u Gy1eM mckaTh s Hee Hemyaesoe pemenne &9, £9, ... €0
Taxkoe perieHue CymecTByeT TOr[a X TOIALKO TOT A, KOTIa
OTIpeJeIuTeNb

all — A a12 e A1p
a1 agy — AL a9op,
anl Gn2 app — A

PABEH HYyJI0. BpUpaBHAB €ro HyJI0, MbI TOIYYIAM ypaBHe-
HUE€ N-U CTENEeHW OTHOCUTEIHLHO A C BEIIECTBEHHBIMU KO-
sddunuenramu. BycTs A\g eCTh KOpeHb 3TOr0 ypaBHEHU.
Bo3MOXHBI nBa CIydas:

a) Ao €CTh BENECTBEHHBIN KOPEHb DTOTO yPABHEHUS.
Torga MOXHO HAUTH BEIIECTBEHHBLIE HE BCE PABHBIE HYJIIO
amcna £9,£9, ..., &0, apnmonmecs pemennem cucremsr (1).
Cunras ux KOOPAMHATAMYI HEKOTOPOI'O BEKTOPa & B HGasuce
€1,€2,...,€y, MbI MOXeM cucTemy (1) mepenmcars B BUgE

Ax = Nz,

T.e. T TOPOXAAaeT OJHOMEPHOE WHBAPUAHTHOE MOJIIPO-
CTPaHCTBO.
b) Ao = a@ + i3, T.e. \g kommrekcuo. BycTs

1+, S+, ooy &y iy

ecTb pemenue cucreMbl (1); HOACTABIAL DTH UUCIA BMe-
cro £1,&2,...,&, B (1) U OTgeNAA BELIECTBEHHYIO 9aCTh OT
MHMMOU, MBI TOXYIA€M:

a1é1 +a2éo + ...+ aéy = a1 — P,
a91&1 + a92és + ... + agnén = als — O,

an1é1 + an22 + ... + anpén = & — By,
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n COOTBETCTBEHHO

aim + aene + ...+ a1y = any + BEq,
a21M1 + agome + . .. + aopny, = any + B,

ap1M + ap2ne + ...+ appfn = any, + Bfn

BYAeM TEICPhb 513 527 s 7€n (COOTB' m,n2,--- 77771,) Ccn-
TaTh KOODAMHATAMM HEKOTODOIO BeKTOpa & (COOTB. )

B R; Torga coornomenus (2) u (2') MoxHO 3anmcaTs cie-
AyromuM 00pa3oMm:

Az = ax — By; Ay = ay + Bz. (3)

Basencrsa (3) 03HAYaIOT, 9TO ABYMEPHOE MOAIPOCTPAH-
CTBO, TIOPOX JEHHOE BEKTOPAMU X U Y, UHBAPUAHTHO OTHO-
cuTeabHO A.

B manbuenmem Mbr 6y 1eM 0OJIb30BATHCA TEM, 9TO B [ABY-
MEPHOM WHBAPMAHTHOM MHOJIPOCTPAHCTBE, OTBEUAIOMEM
KOPHIO A\ = « + i3, npeobpasoBanme umeet Buj (3).

Yupaxuenne. [Jokaszarh, 4TO B BEIIECTBEHHOM IIPOCTPAH-
CTBE HEYETHOrO IMCIA H3MEPEHUH (B TaCTHOCTH B TPEXMEDHOM) Y
KaXJOr0 JAHEMHOrO HPeo0pPa30BaHUA €CTh OTHOMEDHOE MHBADUAHT-
HOE IIOAIPOCTPAHCTBO.

2. CamoconpsaxeHHbIe TPe06Pa30OBAHU.

Ounupemeanenue 1. Junetinoe npeobpazosanue A
8 sewecmsennom e8kAudosom npocmpancmee R nasvisa-
EMCA CAMOCONPAHCEHHBIM, ECAU JAi AI00bIT BEKMOPOS8 T U Y

(Az,y) = (2, Ay). (4)

Bycrs e1,e9,...,€, —OpPTOrOHAIBHBIN HOPMUPOBAH-
HbIM 6a3uc B R u

r=§1e;+&ex+.. .+, Yy =mnier+nes+...+ ey
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Bycrs, nanee, (; — koopauHaTh BeKTOpa 2 = Az, T.e€.
n
G=> airék,
k=1
rae |laik||— marpuma npeoGpasosanus A B Gasuce eq,
€2, ..., en. CregoBaTensHO,
n n
(Az,y) = (2,9) =D _Cmi= Y awlemi
i=1 ik=1

Anamorudno,

(z, Ay) = > ai&img. (5)

ik=1
Takum o6pasom, ycaosue (4) o3HA4aeT, 9TO
Qi = Qkj-

Urak, das moz2o umobvr npeobpazosanue 6bia0 camo-
CONPAHCEHHBIM, HEOBTOUMO 4 AOCMAMOUHO, YMOobbl 8 0p-
MO20HAABHOM HOPMUPOBAHHOM 6A3UCE €20 MAMPUYL ObLAG
CUMMEMPUUH .

Beskas cumMerpudeckasn Ouwimaensas dpopma A(z;y) B
MPOU3BOILHOM GA3UCE UMEET BUJ

Alwiy) = > amtimn, (6)

ik=1

rae a;; = ap;- Cpasausas (5) u (6), nomygaem caemxyrommia
pesyJabTarT, KOTOpI)II;JI MBI UCIIOJIb3yEM I OOKaA3aTEIBCTBA
TeopeMbl 3 3TOro maparpada:

Aasn  6carol cummempuueckot Ouaunetinoti @Gopmbl
A(z;y) cywecmeyem makoe Camoconpa*cennoe npeoopa-
so6anue A, wmo

A(z;y) = (Az,y).
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Bokaxem, 9T0 mia KaXgoro CaMOCOIPIXKEHHOT'O Ipe-
00pa30BaHMUA CYIIECTBYET OPTOrOHAILHEIN 0a3UC, B KOTO-
POM MaTpHIa >TOro npeobpa3oBaHus AMATOHAJILHA.

HokazaTeabcTBO OyIeT OCHOBAHO HAa COmepXaHWU II. 1.
[lpyroe gokasarerbCcTBO, He 3aBucamee ot 1. 1 (u, cregosa-
TEeJIbHO, TEOPEMBI CYIIECTBOBAHUA KOPHA aIre6paniecKoro
ypaBHeHUs), cM. B § 17.

BpenBapurensHO MOKAXKEM CIEAYIOIIAE JTEMMBL.

Jlemma 1. YV scarkozo camoconpaxrcennozo npeobpa-
3080HUA CYWECMBYEM 00HOMEPHOE UHBAPUAHMHOE NO0-
nPOCMPAKHCME0.

NoxkaszarTteansbcTso. Cormacao Teopeme 1 >TO-
ro maparpada KaxaoMy KOPHIO A XapaKTEPUCTUIECKOTO
YPaBHEHUA OTBeYaeT ONHOMEPHOE MHBAPUAHTHOE IOAIPO-
CTPAHCTBO, €CAW A BEUIECTBEHHO, W [IBYMEPHOE — €CIH A
KOMIIJIEKCHO. BOSTOMy, M 1OKa3aTeJabCTBA JEMMEI 1OCTa-
TOYHO MOKA3aTh, 9TO BCE A BEIIECTBEHHHI.

Bpeagmonoxum, aro A xomiuiekcHo. Bpm mokasaTennb-
cTBe TeopeMHl 1 MBI I TAKOro A = « + i3 MOCTpOMIN
[Ba, TAKWUX BEKTOPA & U Y, ITO

Az = az — Py,
Ay = Pz + ay.
Bo Toraa
(A.T,y) = a(x,y) - IB(y7y)7
(xv Ay) = ﬁ(xv $) + a(xv y)'
Tak kax (Az,y) = (x,Ay) TO, BEIYUTAA U3 BTOPOLO
PABEHCTBA MEPBOE, UMEEM:

u Tak Kax (z,z)+(y,y) # 0, To B = 0, T.e. A BemecTBEHHO.

JJemma 2. Ilyemv A — camoconpasrcennoe npeodpa-
308anue, a e —eeo cobcmsennviti sexmop. Tozda coso-
kynwocmb R’ eexmopos, opmozonasbnviz €, obpasyem
(n — 1)-meproe unsapuanmmoe nodnPoCMpParcmeso.
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MDoxaszaTeabcTso. Acro, 9T0 coBOKynHOCTE R’
BEKTOPOB & € R, OpTOrOHAIBHBIX BEKTOPY €, ecThb (n — 1)-
MepHOE MOAMPOCTPAHCTBO. BokaxeM, aro R mHBapmaHT-
HO OTHOCUTEIBLHO peobpasoBanusa A.

Bycrs z € R/, T.e. (z,e) = 0. Torga

(Az,e) = (z, Ae) = (z,Xe) = A(z,e) =0,

T.e. u Az € R'.

Teopewma 2. Cywecmsyem opmozonasbrbit HOP-
MUPOBAHHBILT 6A3UC, 8 KOTROPOM MATPUYA CAMOCOTDANCEH-
H020 npeobpazosanui A Juazonasbra.

NdoxasareansbcTso. Cormacao remme 1 mpeo6pa-
3oBanue A mMeeT XOTs Obl OUH COOCTBEHHBIN BEKTOD €.

O6o3naaum wepes R’ mognpocTpancTBo, cocTodmee u3
BEKTOPOB, OPTOrOHAMLHBEIX 1. Tak kak R’ mHBapmanTHO,
TO B HEM, COIMIACHO TOW Xe JeMMe 1, TakXke CyIIeCTBYeT
cOOCTBEHHBIN BEKTOP; 0003HAYUM €ro es. bpomonxkas 310
IOoCTPOCHUE, MBI IIOJLYyIUM T CO6CTB€HHBIX BEKTOPOB, U3
KOTOPBIX KaXIbIU CACIYIOIIANA 110 TOCTPOEHUIO OPTOrOHA-
JIeH K IPeABLAYIIUM, T. €. IIOAYyIAM 7 IOIaPHO OPTOrOHAIb-
HBIX COOCTBEHHBIX BEKTOPOB €1, €9, . . . , €.

Bribepem nx 3a 6as3uc B R. Tak kak

Ae; =Ne; (i=1,2,...,n),

TO MaTpula mpeobpa3oBanusa A B 5ToM 06a3uce UMEET BHU

A1 0 0
0 A 0
0 0 An

T. €. ABIAETCA NUATOHAIBLHOU MATPUIEN.

3. BpuBegenue KBagpaTMIHOM (POPMBHI B OPTOrOHAIb-
HOM 6a3uce K cymme kBaapaTos. (B pusegenue kx ruasHeIM
ocaM.) BycTs B n-MepHOM €BKIMJIOBOM MPOCTPAHCTBE 3a-
maHa cuMMmerpudeckas Ommumennas dopma A(x;y). Kax
OBLIO MMOKA3aHO BHIIIE, KAX IO CUMMETPUIECKON OUIMHEN-
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HOU popme A(z;y) COOTBETCTBYET TakOe JUHEMHOE CaMO-
coupsixkenHoe npeobpaszosanue A, uro A(z;y) = (Az,y).
Cortacao Teopeme 2 5Toro naparpada, CymecTByeT Op-
TOTOHAJLHLIA HOPMUPOBAHHBIN 0A3HC €1, €3, . . . , €y, COCTO-
AWMU 13 COOCTBEHHBIX BEKTOPOB mpeobpasoBanus A (T.e.
Takou, 9To Ae; = \;e;). B sToM Gazuce Mbl mmeem:

A(z;y) = (Az,y) =
= (A(&1e1 +&ex+...+&nen), mer+mea+...+npe,) =
= (>‘1€161+>‘2€2€2+- . -+>\n€nena niert+neez+. . -+77nen) =

=AM&im + Aolome + -+ A
Boaaras y = x, norydaem CIeAyIOUIyI0 TEOPEMY:
Teopewma 3. ITyemov A(z;x) — Keadpamuunas @op-
M 8 N-MEPHOM eKaudosom npocmpancmse. Tozda cywe-
Ccmeyem opmo2onasbHbll HOPMUPOBanKbLL 6a3uc, 6 KOMo-
POM IMG KBAOPAMUUHAL POPME uMmeem UJ:

ZZAK?-

Tak xak A1, A, ..., Ay ABIAIOTCI COOCTBEHHBIMU 3HAYEHU-
amu A, TO OHU MOT'YT OBITH HAUAEHBI U3 XaPAKTEPUCTUIE-
CKOrO ypaBHeHUs MaTpuust ||ag|.

[as caydas TpeXMepHOro IPOCTPAHCTBA NOKA3AHHAA 3J4€Ch TEO-

peMa PacCMaTPUBAECTCA B AHAIMTHICCKOU reoMeTpun. JlencTBATeIB-
HO, B 9TOM CIy4dae ypPaBHEHHE
A(z;z) =1

ecTh ypaBHeHue ueHTpaJIbHon HOBEPXHOCTH BTOpOro mopaaka. Op-
TOMOHAJBHBIN HOPMEPOBAHHBIA (a3uC, 0 KOTOPOM HIET Pedb B Te-
opeMe 3, eCTb B DTOM ClIydae CHCTEMa KOOPAUHAT, B KOTOPOH IO-
BEPXHOCTH HMEET KAHOHWIECKHUI BHJ, & BEKTODHL €1, €2, €3 ABIAIOTCA
HANIPABICHWAIMI [IABHBIX OCEH MOBEPXHOCTH BTOPOrO MOPALKA.

4. OxHOBpEMEHHOE MPUBEJEHNE NMAPHI KBAJPATUYHEIX
dopM K cymMMe KBaJpaToB.

Teopewma 4. Ilycmv 8 n-meprom npocmpancmee R
sadanbi dee Keadpamuunvie gopmvr A(x;x) u B(x; ), npu-
wem fopma B(x; ) nosorcumeavno onpedesennasn. Toeda
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8 R cywecmeyem 6a3uc, 8 Komopom 06e 3mu Keadpamuy-
Hbie GopMbL 3aNUCHIBAIOMCA 6 BUde CYMMbL K8aOPAMOB.
NJoxasareasbcTBo. Bycrb B(z;y) — GwimHen-
Hag ¢opMa, COOTBETCTBYIOIIAA KBaApPATUIHOU QopMe
B(z;z). Omnpegerum B R cKalApHOe OPOU3BEICHUE

dopmymon

(z,y) = B(z;y).
CormacHo mpeasiaymen Teopeme B R cymecTByeT HOpMU-
POBAHHBIN OPTOTOHANBHBEIN *) 6A3UC €1, €2, . .., €y, B KOTO-

poMm dopMa OPpUBOAUTCA K CyMMe KBaApPaTOB, T.e.
n
Alz;z) =) NEf (7)
=1

CkaIapHBII KBAaApaT B HOPMUPOBAHHOM OPTOIOHAIL-
HOM 0Oa3mce MMeeT BHU:

(#,0) = B(a;0) = ) _ & (8)
i=1

Urax, B 6aszuce ey, e, . .., €, 00€ KBaApaTUIHBIE (POPMBI
3AIMCHIBAIOTCA B BUJE CyMMBI KBaApaToB. Teopema moka-
3aHA.

5. OproronansHble NpeoOpa3oBaHUS.

Onpegenenune 2. Juneinoe npeobpasosanue A
BEUCCMBEHHO20 N-MEPHO20 €8KAUIOBAE NPOCTNPAHCMEA Ha-
3bIBAEMCA OPMOZOHAALHOIM NPEOOPA0BAHUEM, ECAU OHO
COTPAHAEM CKAAAPHOE NPOu3BedeHue 8eKMOPos, m. e.

(Az, Ay) = (z,y) (9)
das 6cex x,y € R.
Boaaras B pasenctse (9) z = y, moaydaem

|Az|* = [a]?, (10)

*) B cmeIcae onpegereHHOro HaMm B R CKAIPHOrO mpomsBene-
HUSL.
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T.€. 0OPMO2OHAGABHOE NMPEOOPA30BAHUE COLPAHAEM JAUHDL
8EKMOPO8.

Yupaxuenune. [Joxazars, aTo ycaosue (10) apaserca gocra-
TOYHBIM YCIOBAEM OPTOTOHAIBHOCTH JIXHEMHOT'O IPeOoOpPa3OBaHUA.

Tak xakx

(z,y)

|z{y]

7 TaK KaK U YUCIUTENb, 1 3HAMEHATEJIb B DTOM BBIpaXe-
HAM HE MEHAITCSI IPU OPTOrOHAJIHLHOM IIpeo6pa3oBaHuUu,
TO OPTOrOHAJIBHOE MPeoOpPa3OBAHNE COXPAHAET YIVIBI MEX-
Iy BEKTOPAMU.

Bycts e1,e9,...,€, —OpPTOTrOHAILHBIA HOPMUPOBAH-
vb Gasuc. Tak kak mpeobpasoBanue A COXpaHAET yIUIbL
MEXy BEKTOPAMU U WX [IMHBI, TO BEKTOpPHI Aej, Aeo, ...
..., Aep, Takxe 006pa3yIOT OPTOrOHAJBHBIM HOPMUPOBAH-
HBIU 6a3wuc, T.e.

Cos @ =

1 opm =k,
Ae;, Aey) = 11
(Aei, Aex) {0 opu i #£ k. (11)
Byctb Teneps ||a;;|| — Marpuna npeobpasoBaHus B Op-
TOMOHAJBLHOM HOPMHUPOBAHHOM 0asuce e, es,...,e,. Tak

KaK CTOJOIBI 3TOM MATPUIBI ABIAIOTCA KOOPAWHATAME
BeKTOPOB Ae;, To ycnosue (11) 3anmceiBaerca caegyrommm
obpa3om:

i (1 npm =k, (12)
azlaazaak_ 0 wmpum i #k.

Yupaxuenune. Ilokasars, aro ycaosua (11), a crenosarens-
HO, m ycaoBus (12), ABAAIOTCA NOCTATOYHBIMHA YCIOBUAME OPTOLO-
HAJIBbHOCTHU Ipeobpa3oBaHus.

Yenosua (12) MOXHO 3ammcaTh B MATPUIHOUN (OpMe.
n
[eNCTBUTEIBHO, Y. Gailek CYTh DIEMEHTHI IPOU3BEICHU

a=1
MAaTPHUIBLI HA €e TPAHCIOHUPOBAHHYIO. BosTOoMy ycmoBusa
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(12) o3magatoT, 9TO NPOU3BEIENUE MAMPUYL KA €€ MPAHC-
NOHUPOBAHHYIO ecmb edunuunas mampuya. Tak Kax ompe-
MEIATeIb MPOU3BeJeHUA MATPUI] PABEH MPOU3BEICHUIO UX
ompemenruTeNre, TO MBI TOAYYaeM TAKXKEe, ITO KBAJAPAT
OIpeJenuTeNs MATPULB OPTOTOHAIBLHOIO MIPeoOpa3oBa-
HUA PaBEH eIUHUIE, T.€e. ITO 0npedesumend MAmpPuybl op-
MO20HAALHO20 NPpeobpazosanus pasen 1.

OpToronaabable IPeOOPaA3OBAHMS, ONPEAETUTENDL KOTO-
PHIX paBeH +1, HA3BIBAIOTCA COOCMEEHHbIMU, A T€, OTIPEIe-
JUTENh KOTOPHIX paBeH —1, HA3BIBAIOTCA HECOOCMEEHHbI-
MU.

JlokaxeM cienyioliee CyIeCTBEHHOE CBOMCTBO OPTOrO-
HaJbHBIX MPe0OpPA3OBAHUN.

Jlemma 3. Fcau Ry —nodnpocmpancmso mnpocm-
pakcmsa R, unsapuanmuoe omHocumespHo opmoz2oHa.ib-
HO20 AUHElr020 NPeobpasosanus A, mo e20 opmo20Haib-
noe donoanenue Ry, m.e. cosokynnocmy ecex sexmopos,
0PMO20HAALHUIL K Kadcdomy T € Ry (cMm. ynpaxnenwe Ha
cTp. 52), makace ecmvb UKBAPUAHMHOE NOINPOCMPAHCMEO.

NoxaszarTeabcTBO. Bycts y € Ry, T.e. (z,y) =
= 0 maa Beakoro r € Ry.

Bokaxewm, ¥ro mpu stom (z,Ay) = 0 gaa BCAkoro
r € R;. Tak xak mpeo6GpasoBanue A OpTOrOHAIBHO, TO
OHO HEBBIPOXEHO u ero obpas Ha Ja000M WHBAPUAHTHOM
OIPOCTPAHCTBE COBHALAET C DTUM HOAMPOCTPAHCTBOM.
Bosromy Becsikoe x € R) nmpencTaBuMoO B BHJE

xr=Az, rme z€ Rj.
Orcioma (z,Ay) = (Az, Ay) = (z,y) = 0, T.e. Ay € Ry.

Jlemma mokasama.

Yupaxueunne. [Jokaszars, 4TO mpomsBegeHme IABYX cOOCT-
BEHHBIX WIA ABYX HECOOCTBEHHBIX OPTOrOHAIBHBIX MPEOOPa30BAHUAU
ecTb COOCTBEHHOE OPTOrOHAJBHOE IIPE0Opa30BaHMUe, & IIPOU3BEIeHUE
Cco6CTBEHHOI'O Ha HECOOCTBEHHOE €CTh HeCOOCTBEHHOE OPTOIOHAJIBHOE
upeobpa3oBaHue.
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3amMeuanue. llazzereHue OpPTOrOHAIBHBIX NPEO6DPA30OBAHMN
Ha COOCTBEHHBIE X HECOOCTBEHHBIE CBA3aHO C TE€M, YTO OPTOIrOHAIb-
HOe IpeoOpa3oBaHMe, KOTOPOE MOXKHO IOIYYUTh HEIPEPLIBHLIM IIe-
PexoaoM OT eJUHUYIHOI'0 Mpeobpa3oBaHuaA, 0043aTeIbHO COOCTBEHHO.
[encrBurensHo, mycTh A; — OpTOrOHAIBHOE HIpeoOpa3OBaHUe, He-
IPEPBLIBHO 3ABHUCAIIEE OT MapaMeTpa ¢ (3TO 3HAYUT, ITO HIEMEHTHI
MaTPHUILBI 3TOT0 IPeo0pa30oBaHUA B KaKOM-INO0 6a3uce HeIpepbIBHO
saBucAT OT t), mpuwaem Ag = E. Torga onpegeanTens 3T0Oro mpeobpa-
30BaHUA €CTh TaKXKe HempepblBHAA GyHKnua oT ¢t. Tak kak Hempe-
pBIBHAA (PYHKUNA, IPUHUMAIONIAA TN 3HaYeHna +1, 1omxHa OBITH
mocTosaHHON, a mpu t = 0 onpenemmTens peobpasoBanusa A; paseH 1,
Tounput # 0 onpesernrens npeobpasosanusa A; paser 1. Vcnonbsys
TeopeMy D dTOro maparpada, MOXHO IOKa3aTh 1 0OpaTHOe, a MMEH-
HO, 9TO BCAKOE COOCTBEHHOE OPTOI'OHAIHLHOE NMPe0oOpa30oBaHUe MOXKET
OBITH IIOJMYYI€HO HEIPEPBIBHBIM U3MEHEHUEM U3 €AUHUTHOI'O.

Nsy4aum oproromnasbubie mpeo6pa3oBaHus B OJHOMEP-
HOM ¥ JBYMEPHOM IIPOCTPAHCTBAX. BUXe MbI yBU UM, ITO
M3yYEHUE OPTOrOHAJIBHBIX NMPe0OPA30BAHUNA B IPOCTPAHC-
TBe JI000r0 YUCIa U3MEPEHUN CBOAUTCSA K DTUM MPOCTER-
muM CIy1asaM.

BycTb € — BeKTOp, MOPOX JAIOUAN OJHOMEPHOE IIPOCT-
PAHCTBO, B KOTOPOM 33/IaHO OPTOTOHAJIBHOE MTPeobpas3oBa-
mne A. Torga Ae = \e u Tak Kak B CIILY OPTOrOHAILHOCTH
(Ae, Ae) = (e,e), To A\%(e,e) = (e,e), T.e. A = £1.

TakuMm 06pasoM, B OJHOMEPHOM NPOCTPAHCTBE €CThb
JUIIb Ba OPTOTOHAJIBHBIX TPeOOpa3OBAHUA: MPeoOpaso-
Banme Ar = x u mpeoOpasoBanme Ar = —x; mepBoe u3
HUX COOCTBEHHOE, & BTOPOe — HEeCOOCTBEHHOE.

Baccmorpum oproronanbHOe mpeoOpasoBaHUWE B ABY-
MepHOM npocTpancTBe R. BycTs €1, eo — OpTOroHaIbHBIN
HOpMEpOBaHHBIE Oasuc B R. Bycrs manee mpeoGpasoBa-
Hue A B 3ToM 6asuce 3a1aeTCA MATPULEH

a
05 (13)

Bazbepewm cuadana caydan cO6CTBEHHONO OPTOrOHAIBLHOTO
npeoOpa3oBaHus, T. €. TOToXuM ad — By = 1.



§16] TPEOBPA3OBAHUA B BENIECTBEHHOM IIPOCTPAHCTBE 189

YcioBre OpTOrOHATBEHOCTH IPe0Opa30BaHUA O3HAYAET,
9TO mpousBegeHue MaTpuisl (13) HA ee TPAHCIOHMPOBAH-
HYIO €CTh €IUHUIHAA MATPHUIA, T.€. ITO

G5 =03) &

Tak kak onpegeauTens MaTpuis (13) paBen eguHuUIE, TO

RS

U3 (14) u (15) cregyer, 9To maTpuna npeobpa3oBaHUIL B
9TOM CIIy4ae MMEET BUJ

(572)

rae a® + 2 = 1. Bomaras a = cosy, 3 = sinp, moxy-
9aeM 9ITO 6CAKOE COOCMBEHHOE 0PMO20HAAbHOE Npeobpa-
306aHUE 8 0BYMEPHOM MPOCTMPAHCNEE UMEET 68 0PMO20-
HAALHOM HOPMUPOBAHHOM Oa3UCe MAMPUYY 6ula

cos —singp
sing  cos
(OBOPOT B INIOCKOCTHU HA YLOX ).

Bycrts Temeps A-—HecoOGCTBeHHOE mIpeobpa3oBaHUe,
T.e. ad — By = —1. B s3T0OM caydae XapakKTepUCTUIECKOE
ypasHenue MaTpuibl umeet Bug A2 — (a+6) A —1 u, cregosa-
TEJIBHO, UMEET BEIIeCTBEHHbIE KOPHU. SHAYUT, ¥ Tpeobpa-
30BaHna A uMmeerca cob6CTBeHHBIM BEKTOp €, Ae = Ae. U3
OPTOrOHAIBHOCTHU IPeobpa3oBaHus crenyer, 9To Ae = *e.
Bo oproronansaoe npeo6pa3oBaHue HE MEHAET YIIOB MEX-
Iy BEKTOPAMU W UX [JIUH. SHAUYUT, OPTOTOHAJBHBIN € BEK-
TOp €] HEPEXONUT HOCTe HPeoOpPa30BaHUSA B BEKTOD, Op-
ToroHaabHbn Ae = +e, T.e. B £e1. Urak, B Hasuce e, e;
MaTpuia npeobpasoBanus A uMmeer Bu

1 0
0 £1/)°
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Tak kak onpemenuTers MATPUIBLI HECOOCTBEHHOT'O IIpe-
06pa3oBaHUsA paBeH —1, TO BO3MOXHBI JWIIL CIEAYIOIINE
KAHOHUYECKWE BUILI MAaTPUILI HECOOCTBEHHOT'O OPTOTO-
HAJIBHOT'O IIpe0bpa3oBaHUA B IBYMEDHOM IMIPOCTPAHCTBE

(%) (o))

(3epkanbHBEIE OTPAKEHAA OTHOCUTEILHO OJHOU U3 OCEH. )

Baugem Temepb HpOCTEHINMU BUA MATPHUILI OPTOLO-
HAJBHOTO TPeOOPA3OBAHUA JIA CIYYUadA MPOCTPAHCTBA JIIO-
00ro 9mciIa M3MEPEeHnH.

Teopewma 5 Iycmv A — opmozonasbroe npeobpa-
308anUe 8 N-MEPHOM e8KAuUdosoMm npocmpancmsee R. B R
cyuecmsyem opmo20oHaAbKbit HOPMUPOBAKHBIY Oa3uc eq,
€2,...,6n, 6 KOMOPOM MAMPUYA Npeobpazosarus A ume-
em eud

1

-1
cos 1 —siny;
siny;  cos

Cos @ — sin g,
sinyg  CoS Yy

Bce anemenmot, Kpome BbINUCAHHBIT, CYMb HYAU.
NoxkaszarTteansbcTso. Cormacao Teopeme 1 >TO-
ro maparpada B R MoxuHO BBIOpaTH AM60 OTHOMEDPHOE,
aub0 MBYMEDHOE WHBAPUAHTHOE MIOAIPOCTPAHCTBO RW,
Ecaun cymecTrByeT OgHOMEpHOE WHBAPUAHTHOE MOIIPO-
crparcreo R, 1o 0603HaumM wepes e cogepkammiica
B HEM BEKTOp €IUHWIHON IIMHBEL. Eciu xXe ogHOMEpHOro
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VHBAPUAHTHOI'O HOAIIPOCTPAHCTBA HET, TO BO3bMEM [ABY-
MEpHOE U 0603HAMUM FYepe3 €1, €3 er0 OPTOTOHAILHBINA HOP-
MUPOBAHHEIN GA3MC.

B cxy4ae, ecan R(M OMIHOMEPHO, TpeobpasoBanme A
uMeeT B HeM Bui: Ax = tux.

B cay4gae, eciu mogmpocTpaHCTBO RM IBYMEpPHO, Ha-
mre mpeoOpa3oBaHUWeE ABAAETCA B HEM COOCTBEHHBIM OPTO-
TOHAJBHBIM Pe06pa30BaHueM (TaK KaK B IPOTUBHOM CILIy-
qaes B R() cymecTBoBato 6B 0HOMEPHOE MHBAPUAHTHOE
HOAIPOCTPAHCTBO), U, CIeAOBATEILHO, A numeeT B RW ma-

Tpumy

cosp —singp

sing cosp )’
CoBOKYITHOCTH R BEKTOPOB, OPTOIOHAJIBbHBIX KO BCEM BEK-
ropam w3 RV, cormacHo n0KA3aHHOU BBIIIE JIeMMe, €CTb
CHOBa WHBAPMAHTHOE MOJMPOCTPAHCTBO. _

B waBapmanTHOM moampocTpaHcTBe R CHOBa HAXOIUM
OHOMEPHOE WIN AByMEPHOE MHBAPUAHTHOE NOAIPOCTPAH-
CTBO, BbIOMpaeM B HEM 0a3WC U TaK Jajee.

Mubi moaydum TakuM 06pa3oM N MOMAPHO OPTOTOHAb-

HBIX BeKTOPOB mianHabl 1. Bpumem nx 3a 6asuc 8 R. Torga
MaTpuia mpeobpa3oBaHuA B 3TOM Ha3uce 6ygeT UMeTh BU

-1
cosp; —siny;
siny;  cos

COS Y, — Sin Yy,
sinpp  COS Pk
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e CToAIre 1o quaroHaau £1 oTBedaoT OHOMEPHBIM WH-
BAPUAHTHLIM MOANPOCTPAHCTBAM, & (KIETKI»

cos p; — sin;
sing;  cos;

— OBYMEPHLIM WMHBAPWAHTHHIM HOOANpOCTpaHcTBaM. Teo-
peMa IoKa3aHa.

3ameuanue. IlazoBeM npocmbim epawenuem COGCTBEHHOE
OPTOrOHAILHOE MpPeoOpa30oBaHUe, MPEACTABIAIIEE COO0U MOBOPOT
B HEKOTOPOWM [ABYMEDHOU ILIOCKOCTU U OCTABJAIIICE HEU3MEHHBIM
(n—2)-MepHOE TOATPOCTPAHCTBO, OPTOTOHATIBLHOE K DTOU IIOCKOCTH.
Taxum 06pa3omM, IpoOCTOE BpallleHUe eCTh Npeodpa3oBaHue, MATPULA
KOTOPOI'0O MOXET OBbITH IIPpUBEJEHA K BHAY

1

cosp —sinp
siny  cosp
1

1

IIpocmvim ompaxceruem MBI Ha30BEM HECOOCTBEHHOE JIUHEMHOE
npeoOpa3oBaHue, MEHAIOIIEE HAIIPABICHUE BCEX BEKTOPOB, IIPUHA IJIe-
KAIUX HEKOTOPOMY OJHOMEPHOMY IOAIPOCTPAHCTBY, HA IIPOTUBOIIO-
JIOXKHOE M OCTABJIOMIEE HEM3MEHHEIME BEKTODEL ero (n — 1)-meproro
OPTOrOHAJIBHOIO gomoaHeHus. Taxkum 06pa3oM, MPOCTOE OTpAKEHUE
ecTb peobpa3oBaHue, MATPUIa KOTOPOI'O B HEKOTOPOM 0a3uce mMe-
eT BUJ

1

1

ITonp3yscy pesyapraToM TeopeMmbl 5, HETPYLHO [MOKA3aTb, ITO
BCAKOE OPTOIOHAJIBHOE IPE0OPA30OBAHUE MOXKET OBITH IPEACTABICHO
KaK IPOU3BENeHNEe HEKOTOPOrO IUCIA MPOCTHIX BPAIICHUN U IPOCTHIX
oTpaxeHuu. [[0Ka3aTEILCTBO IPENOCTABIAETCA TUTATENTIO.
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§ 17. BkcTpeMaibHBIE CBOMCTBA COGCTBEHHBIX 3HAYCHUM

BaccMoTpuM caMOCOIpsAXeHHOE JUHETHOe Tpeodpa3o-
Banme A B mM-MEpPHOM €BKJIWAOBOM NPOCTPAHCTBE. MuI
MOKaXeM, UTO ero COOGCTBEHHBIE 3HAYEHUA MOXKHO TIOIY-
YUTH, PACCMATPUBAA HEKOTOPYIO 33,1a My HA MUHAMYM, CBSI-
3aHHYI0 C cooTBeTcTBywomern A kpagpaTu<aHon ¢(HOpMOn
(Az,z). Bro, B 9acTHOCTH, IO3BOIUT NOKA3ATh CYIIECTBO-
BaHUE COOCTBEHHBIX BEKTOPOB, HE MOJL3YACH TEOPEMOU O
CYLUIECTBOBAHUY KOPHS YPaBHEHUs N-U CTerneHu. bru skc-
TpEeMaJIbHBIC CBOﬁCTBa IIOJIE3HBbI TAaKX€ IIPU BBIYUCJICHUN
coOCTBEHHBIX 3HadYeHUU. MBI PACCMOTPUM CHAYAN, BEIe-
CTBEHHOE TPOCTPAHCTBO, & 3ATEM IIEPEHECEM IIONy IeHHBIE
PEe3yIbTATHL HA CIy4Yall KOMIUIEKCHOTO TPOCTPAHCTBA.

[okaxeMm cHadasIa CAELYIOMIYIO JTEMMY.

Jlemma 1. Ilyemv B — camoconpadicennoe auret-
HOe MPeobPa306aAKUE 8 BEUECNBEHHOM NPOCMPAHCMNBEE
maxoe, wmo keadpamuunas @Gopma (Bz,x) meompuya-
meabha, m. e.

(Bz,z) 20 daa awbozo x.
Toeda, ecau das Hekomopo20 T = e
(Be,e) =0,

mo u Be = 0.

HJoxaszaTeasbcTBso. bokaxem, 9T0 mia Ja060r0
BekTopa h mmeem (Be,h) = 0. [lag sToro nomoxum r =
= e + th, rge t— npousBoabHOE UnCIO, a h — BekTOp. To-
ra uMeeM

(B(e +th),e +th) =
= (Be,e) + t(Be,h) + t(Bh,e) + t*(Bh,h) > 0,

T.e. Tak kak (Bh,e) = (h, Be) = (Be,h) n (Be,e) =0, To
2t(Be,h) + t?(Bh,h) > 0 gna mobeix t. OTcioga cregyer,
aro (Be, h) = 0.
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Nencreurensro, byuxuua at + bt? opu a # 0 menser
3HAK B TO4UKe ¢ = (), MBI e IOJIYIMIN, ITO BEIPAXKEHIE

2t(Be, h) + t*(Bh, h)
I TI0OBIX § HEOTPUIATETBLHO, CIeT0BATENBHO,
(Be,h) = 0.

Tak kak h npoussBoabHO, TO Be = (), wT0 u TpeboBaioch
[OKa3aTh.

Bycts A -—mHekoTOpoe €aMOCOIPSAXKEHHOE JIWHEHHOE
npeobpa3oBaHMEe B 7-MEPHOM BEIIECTBEHHOM €BKJIUIO-
BoM mpocTpancTse. COOTBETCTBYIONUYI0 A KBaIPATHIHYIO
dbopmy (Az,z) 6ymeMm paccMaTpuBaTh Ha edunuunol cfe-
pe, T.e. Ha, MHOXECTBE BEKTOPOB I, A KOTOPBIX

(z,z) = 1.

Nwmeer mecTo cremyromas TeopeMa.

Teopema 1. IIyemv A — camoconpajxcennoe au-
wetinoe npeobpazosanue. Tozda coomsemcmeyowas A
keadpamuunas gopma (Ax,x) docmueaem na edunuunol
cepe munumyma Ai. Bexmop ey, wa xomopom amom mu-
HumMym docmuzaemcs, ecmob cobcmeennbili 8eKmop npe-
00pa3osanus A, G 3HGUEHUE MUHUMYME N] — COOMBEM-
cmeywee cO6CMBERHOE 3HAUEHUE IMO20 NPEe0bPA306a-
HUSA.

HdoxaszaTenasbcTBo. Equandnaa cdepa  ecTb
OT'PAHUIEHHOE 3aMKHYTOE MHOXECTBO B 7-MEPHOM IPO-
crpacTBe. Bosromy (Az,z), Kak HempepbIBHAA HA HEM
(YHKIMSA, TOCTUTAET MUHUMYMA B HEKOTOPOU TOYKE €.
O6o03Ha4uM >TOT MEHUMYM depe3 A;. Torpa umeem

(Az,z) > N\, ecmm (z,z)=1, (1)
npuIeM

(Aep,er) = Ay, rme (e, e;) =1.
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3anuem HepaBeHCcTBO (1) B Buge
(Az,z) > A (z,z), rme (z,z)=1. (2)

OHo cupaBemauBO A BEKTOPOB AJAUHBI equHmna. Tak Kak
IIpY YMHOXEHUU T HA HEKOTOpOe YUCIO (@ KaK IIpaBad, TakK
U JeBagd YACTH HEPABEHCTBA YMHOXAIOTCA HA (2, TO OHO
CIIPABEIUBO VI BEKTOPOB JIOOOU MIUHBI (IIOCKOIBKY JIIO-
60U BEKTOP MOXHO MOJIYYATH U3 BEKTOPA, JAJIUHBI AHUATIA,
YMHOXEHHEM ero Ha HEKOTOPOe TUCIO ().

Bony4iennoe HepaBeHCTBO MOXHO IEPENNCATH TAK:

(Az—Xiz, ) >0 pguag mobbIx
npudeM M T = e] UMeeT MeCTO
(A61—>\1€1, 61) =0.

Bro 3uauur, uro npeobpaszosanue B = A — M E yno-
BaETBOpAET ycaoBusaM jaemMbr 1. OTcooma, IpuMeHss DTy
JEMMY, ITOIyTaeM:

(A — >\1E)€1 = 0, T. €. A€1 = )\161.

TakuMm o6pa3oMm, e ABIAETCA COOCTBEHHBLIM BEKTO-
poM mpeobpaszoBanua A, COOTBETCTByIOUUM COOCTBEHHO-
My 3HadeHHIO A\1. Teopema mokasaHa.

[aa HAXOX AeHUdA CIeAYIOMmEero cOOCTBEHHOT'O 3HATECHUS
paccMOTpUM BCe BEKTOPHL M3 R, OpTOroHaJbHBIE K COO-
CTBEHHOMY BeKTOpy ej. Kak 6vwio mokasamo B m.2 §16
(memma 2), sTu BeKTOpPHI 06pasyior (n — 1)-MepHOe moj-
npocTpaHcTBO R, "HBapUMAHTHOE OTHOCUTEIBHO IIpeobpa-
30BaHMA A.

OTbicKuBasg MUHUMYM KBaapaTuaHON (opmbl (Ax, 1),
npu ycaosum (2, ) = 1, B 5TOM NOAIPOCTPAHCTBE MBI IPU-
IeM K HOBOMY COOCTBEHHOMY BEKTODPY €2 U COOCTBEHHOMY
3HAYEHUIO 9.

O4eBugnOo, 9TO A9 > A1, Tak Kak MuHUMYM (AZ, ) BO
BCEM IPOCTPAHCTBE HE MOXET ObITH OOJbIIIE, YEM MUHUMYM
Tou ®e (PYHKIUU B MOANPOCTPAHCTBE.
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Caenyrommit cOOCTBEHHBIN BEKTOP MBI IMIOJYYUM, PeInas
Ty Xe 3amady B (n — 2)-MEpHOM HHBAPUAHTHOM HOIIIPO-
CTPAHCTBE, COCTOAIIEM U3 BEKTOPOB, OPTOTNOHAIBHBIX U €]
u eg. 3HaueHue MuHUMyMA (Az,x) B 5TOM mOAIPOCTpAH-
cTBe OyaeT TpeTbUM COOCTBEHHBIM 3HAUEHUEM.

Bpomomrxas sToT mpomece, MBI MCUEpPIaeM BCE 7. COO-
CTBEHHBIX 3HAYEHUN U COOTBETCTBYIOUUX UM COOCTBEHHBIX
BEKTOPOB HAIIETO TIPeOoOpa3OBAHYA.

Muoraa ObIBAET MOJE3HO OMPEAEIUTH BTOPOU, TPETUU U T. 1. COO-
CTBEHHBIC BEKTODHI HpeO6paaOBaHHH u3 3aJaY¥ Ha MaKCHUMyM WIA
MUHUMYM HEIOCPEACTBEHHO, HE CINTaA IIPU 3TOM M3BECTHBIMU IIPpE-
ABLAYIITUE CcOOCTBEHHEBIC BEKTOPBHBI.

IIycte A — camocompsxeHHOe IuHenHoe mpeobpasosanue. O60-

3HAYHUM depe3
A< <A

ero coOOCTBEHHBIE 3HAUEHUA, PACIIOJOXKEHHbIE B BO3PACTAOIIEM IIOPAI-
Ke, a 9epes €1, ez, ..., ey — COOTBETCTBYIOIINE UM HOPMUPOBAHHEIEC U
OPTOrOHAJBbHEIC COOCTBEHHBIE BEKTOPBHBI.
IIOKa.)KeM7 9TO ecAU Mbl 603bMEM Nepeble k cobcmeennvir 6exmo-
pos
€1,€2,...,€

u nopoxcdennoe umu nodnpocmparcmao S, mo das 4106020 6eKMOPa
T u3 S umeem mMecmo Hepasencmaeo

Ai(z,z) < (Az,z) < Ae(z, ).
[lenCTBUTEIBHO, yCTh
r=¢&e +&ex+ ...+ Erek.
Tak kak Aer = Apex, (ex,ex) =1, (ex,e;) =0 mpm @ # k, To
(Az,z) = (A(L1e1+E2e2+ .. +Erer), Ere1+Erea+ ... +Eper) =
= (Ar€iertA2€2ea+ . .. +Ap€rer, Erer+Eaeat ... +Erer) =
=M€} + Al + ..+ M

Kpome Toro, Tak kak BEKTODEHI €1,€2,...,€; OPTOTOHAIBHBI U
HOPMUPOBAHBI, TO

2 2 2
(w,z) =& +&+.. + &
1, CIeJOBATEIBHO,

(Az,z) = A&+ X +. .+ Xebi > M(E+E +...+ &) = Mi(z, 7).
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Anamoruuso
(Az,z) < Mi(z, 2)
U, CIeL0BATEIBHO,
A1($71}) < (Aa:,x) < Ak(x:x)

IIycte Temepr Ry — mpowmsBoipHOE mMOAIPOCTPAHCTBO N — Kk + 1
m3veperuil. B § 7 (zemma . 1) MBI goKa3amm, 9TO ecam Cymma pa3Mep-
HOCTEU ABYX HOAIPOCTPAHCTB N-MEPHOr0 IPOCTPAHCTBA IPEBBILIAET
N, TO CYIIECTBYET OTIXIHBIA OT HyJA BEKTOP, IPUHAIICKAII 060-
M noanpocrparcTeaM. CregoBarenbro, Tak Kak (n—k+1)+k > n,
TO CYIIECTBYET BEKTOP o, MIPUHAMICKAIMU KaK Ry, Tak m mOAIpPO-
CTPaHCTBY S, MOPOXKIEHHOMY BEKTODAMU €1,€2,. .., €. MBI MOXEM
CIWTATH, 9TO IJAWHA €ro paBHA 1, T.e. aT0 (T, T0) = 1. Tax xax BCIO-
oy B S, kax mbI yxe nokasanna, (Az,z) < A\k(z,z), T0 (ATo,T0) < Ak

Nrak, Mp1 goxasamu, 4To B Rj cymecTByeT BEeKTOD Xo AIWHEBI 1
TAKOMU, ITO

(Azo, o) < Ak

ITo Torga n mogasuo, munumyM (Az, ), rae £ npoberaeT BCe BEKTOPEL
muHbl 1 w3 Ry, Takxke MEHBIIE WIN PABEH Aj.

Takwmm 06pa3om, das wobo20 (n — k + 1)-meproeo nodnpocmpan-
cmea Ry

min(Az, z) < Ag,
ede (r,x) =1 ux € Ry.

3aMeTuM, ITO Cpeau MOAIPOCTPAHCTB R pasmepuoctu n—k + 1
ecTb Takoe, maa koroporo min(Ax,z), x € Ry, (r,z) = 1, B TOT-
HOCTHZ paBeH A\g. TakuM mognpoCTPaHCTBOM ABIAETCA HOAIPOCTPAH-
CTBO, COCTOsAIEe U3 BEKTOPOB, OPTOrOHAJIBHBIX IepBBIM kK — 1 c06-
CTBEHHBIM BEKTOPAM €1, €2, ...,Ck—1. [ EACTBUTEIBHO, B 3TOM Mapa-
rpade MBI JOKA3aIM, ITO ( mi)n 1(Aalc7 T), PACIPOCTPAHEHHBI O BCEM

T,r)=
BEKTOPaM, OPTOrOHAALHBIM IEPBBIM k — 1 COGCTBEHHBIM BEKTOpaM,
paBeH Ag.

Wrak, MBI gOKa3aqu CreAyolee yTBePK JeHue:

IIyemy Ry, — nexomopoe (n — k + 1)-meproe nodnpocmpancmeo
npocmpancmea R. Toeda munumym (Ax,z) das écer ¢ u3 Ry maxuz,
umo (z,z) = 1, menvwe uau pasen \,. Hoonpocmpancmeo Ry mosxrcro
8b16pAMb MAK, YMOOLL IMOM MUHUMYM PABHAACK Af .

IITo yTBEpXk eHIE MOXKHO 3aIlMCATDH CJACAYIOMEN (HPOPMYJION:

max min (Az,z) = Ag. (3)
Ry (z,z)=1
TERy,

B sToum dopmyae min 6eperca mo yKa3zaHHBIM BEKTODaM, a Inax
10 BCEBO3MOXKHBIM HoampocrpancrsaMm Ry pasmepuoctu n — k + 1.
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3 1OKa3aHHOU TEOPEMEI CIeLyeT:

ITycmp A — camoconpaxcennoe aunetinoe npeobpasosanue, a B —
noaoKcumesbro onpedesennoe auretdnoe npeobpazosanue. Iycmo
A < A2 £ ... < Ay — cobemeennvie 3nauenus A, a p1 < p2 < ...

. < pin, — cobemeennvie 3nauenud A + B; moa(?a e < pie-

[lenCTBUTEIBHO, BCIOLY

(Az,z) < (A + B)z, ).
CregoBarensno, B mo6om (n—k+1)-meprom mogupocrpaucTtse Ry,
IMeeT MECTO HEPABEHCTBO:
min (Az,z) < min ((A+ B)z,z).
(z,z)=1 (z,z)=1
TERy TERy,

31—[3,‘11/1’1‘7 MaKCUMyM JIEBOI‘/JI “IaCTU 10 BCEBO3MOXHBIM IIOANIPOCTPAaH-
crBaM R), He IPEBOCXOAUT MAKCUMyMa HpaBoX 4acTh. Tak Kak B CHILy
(OpMyIBI MAKCHMYM JIEBOM YaCTU PABEH \j, & MAKCUMYM IIPDABOU Da-
BEH [lk, TO A\p < [k, 9TO U TPEOOBAIOCH JOKA3ATH.

Bepenecem mosnyveHHBIE pe3yabTATHI HA CIyIall KOM-
IIEKCHOT'O MIPOCTPAHCTBA.

151 >TOrO HAM TPUAETCA 3AMEHUTD JUIIL JeMMy 1 cie-
OYIOIIEN JIEMMOM.

Jlemma 2. Hycmv B — camoconpaxcennoe npeobpa-
3080HUE 6 KOMNAECKCHOM NPOCMPAHCIMEE, U COOMBEN-
cmeywwas emy apmumosa dopma (Bx,z) ne ompuya-
meabHa, m. e.

(Bz,z) 20 das awbviz .

To2da, ecau das mexomopozo e (Be,e) = 0, mo u
Be =0.

HdoxaszaTeasbcTBso. Bycrs { — npousBoabHOE Be-
MEeCTBEHHOE IuCIo, a h — BekTop. Torga

(B(e + th), e + th) >0,
i, tak kak (Be,e) =0, To
t[(Be, h) + (Bh,e)] + t*(Bh,h) > 0
s moboro t. OTcioma cregyer, 9To

(Be,h) + (Bh,e) = 0. (4)
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Tak xkax h TpomsBOILHO, TO, 3aMeHsAsa h Ha th, moxyvIaeMm

(Be,ih) + (iBh,e) =0, T.e.

—i(Be, h) + i(Bh,e) = 0. (5)
U3 (4) u (5) noxygaem, 94To
(Bea h) =0,

7 Tak Kak h mpoumsBoibHO, TO Be = 0. Jlemma mokasama.

Bce ocransube TEOpeMbI 3TOr0 maparpada u ux I0Ka-
3aTeIbCTBA, MEPEHOCATCA Ha CIYyYall KOMILIEKCHOT'O MIPOCT-
paHCTBa 0€3 BCAKUX M3MEHEHUMN.



'IABA III

KAHOHUYECKHUY BUJ HHOU3BOJIbLHBIX
JIMHEMHBIX HHEOHHA3OBAHUMN

§ 18. BopmanbHas popmMa JMHEHHOr O
npeo6pa3oBaHuA

B ruase II MBI mO3HAKOMWINCH C PA3IUIHBIMUA KJIACCA-
MM JUHEXHBIX IPe0OPa30BaHUNA N-MEPHOI'O IIPOCTPAHCTBA,
nMermmux n JIHHeﬁHO HE3aBUCUMBIX CO6CTB€HHI>IX BEKTO-
poB. Mu1 3HaeM, 9TO B 6asuce, COCTOAIIEM U3 COOCTBEHHBIX
BEKTOPOB TaKOr'0 IPeoOpa30BaHUsA, ero MATPUIA WMEET
0COGEHHO MPOCTOUN BU[, TAK HA3BIBAEMYIO MUATOHAILHYIO
dopmy.

OmHAKO <HUCIO JTUHEWHO HE3aBUCUMBIX COOGCTBEHHBIX
BEKTOPOB y JMHEMHOrO IIpeoOpa3oBaHUA MOXKET OBIThb
MeHbIIe, YeM 1 *). Bpumep auHeMHOrO npeobpa3soBaHU €
HEJOCTATOYHBIM UCIOM COOCTBEHHBIX BEKTODPOB MBI IIPU-
Be/[eM HECKOIbKO mo3xke (cMm. Takxke § 10, m. 1, mpumep 3).
Takoe npeoOpa3oBaHUE 3aBEIOMO HE MOXET OBITH IIPUBE-
IEHO K MUATrOHAJIBHOU (POopMe, TaK Kak 0a3uc, B KOTOPOM
MaTpUIa TPeoOpPa30BAHUA AMATOHAIBHA, COCTOUT U3 COO-

*) IlamomHmM, 9TO €Car BCe KOPHU XaPAKTEPUCTUIECKOTO MHOIO-
WIEHA PA3IAIHBL, TO IPEeOOPa30BaAHMe UMEET N INHENHO He3aBUCUMBIX
co6¢cTBeHHBIX BeKTOPOB. [ToaToMy, nis Toro 4rober 4uciao co6CTBEH-
HBEIX BEKTOPOB OBLIO MEHBIIEe YeM 7, HeOOXOQUMO HAJIWINe KPATHBIX
KODHEIl y XapaKTePUCTUIECKOT0 MHOTOWIEHA. TakuM 06pa3oM, 3TOT
CIyqayl ABIAETCA B HEKOTOPOM CMBICIE UCKIIOIATEIbHBIM.



§18] HOPMAJIbHASA ®OPMA JIMHEAHOIO NPEOBPA3OBAHMA 201

CTBEHHBIX BEKTOPOB. BO3HMKAET BOMPOC: KAKOB IPOCTEN-
MWK BAJ MATPHUIBI TAKOT'O JUHEXHOTO MPEOOPA3OBAHMS !

B »Toit rmaBe MBI I MPOU3BOJILHOTO MPe0OPa3OBAHAA
yKaxeM 6a3uc, B KOTOPOM €ro MATPHUIA MMEET CPABHU-
TEIBHO MPOCTOU BUJ (TaK HA3BIBAEMAA HCOPIAHOBA HOP-
maavras Popma). B caydae, Korga GuciIo IUHEUHO He3a-
BUCHMBIX COOGCTBEHHBIX BEKTOPOB MPEOOPA3OBAHUA PAaB-
HO Pa3MEpPHOCTH MPOCTPAHCTBA, DTA HOpMAaJbHAA (HOpMa
COBHAMAET C NUATOHAILHOU. MBI ChOpMyIupyeM cerndac
OKOHYATEJIbHBIA PE3yIbTAT, KOTOPLIU AOKaxeM B § 19.

IIyemv 3adamo npoudsosvroe aunetinoe npeobpa3osa-
nue A 6 Komnaercrhom npocmparcmae n uamepenud. Iped-
noaoxcum, umo y A umeemea k (k < n) aunetdno nezasu-
CUMBLE COOCNBERNBIL 8EKMOPOB

617f17"'7h17

COOMBEMCMBYIOWUT COOCMBEHHBIM 3HAUCHUAM N1, A2, . . .
ooy Ak To2da cywecmsyem 6asuc, cocmoswut us k epynn
sexmopos *):

€1,-..,Cp; fla"'afq;"';hla"'uh57 (1)
8 Komopom npeobpasosanue A umeem caedyrowull 6ud:
A€1 :)\161, A€2:€1+>\1€2, ey Aepzepfl—l—)\l@p;
Afi=Xaf1, Afa=fi+Xafe, -y Afg=fe1+r2fg @)
Ahy=Mph1, Aho=hi1+Agho, ..., Ahs=hs 1+ A;hs.

Mbi BuguM, 9TO OA3UCHBIE BEKTOPHI KAaXIOU TPy
MepexXoAT MpPU HAeM TPeoOPA30BAHUU B JUHEUHYIO
KOMOMHAIIMIO BEKTOPOB TOU Xke rpymnbl. OTcoma cie-
OyeT, 49TO KaXgasg Cpylna OasuCHBIX BEKTOPOB MOPO-
KIAET TOAIMPOCTPAHCTBO, MHBAPUAHTHOE OTHOCUTEIBLHO

") HAcuo, aro p+q+...+s = n. Ecim xe k = n, To kaxgas rpynna
COCTOUT U3 OJHOI'0 BEKTOPA, a UMEHHO COGCTBEHHOI'O BEKTODA.
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npeobpasosanua A. BaccmoTpum HeCKOIbKO MmogpobHEe
npeobpasoBanue, 3agaBaeMoe dhopmyramu (2).

B mogmpocTpaHCcTBe, MOPOXJEHHOM KaXXIOU 'PYIIION,
€CTh COOCTBEHHBIM BEKTOP; HANPUMEpP, B MOANPOCTPAH-
CTBe, HOPOX/JEHHOM BEKTODAMH €1, €2, ... ,€p, TAKAM COO-
CTBEHHBIM BEKTOPOM ABJIAETCA €7].

BekTop €2 HA3BIBAIOT WMHOTA IIPUCOCAWHEHHBIM COO-
CTBEHHBIM BEKTOPOM MEPBOrO MOPAAKA. BTO 3HAYMUT, 9TO
Aey TIPONMOPIMOHAIBHO €9 ¢ TOYHOCTBIO 10 COOGCTBEHHOTO
BEKTOpPA, KaK dTO BUJHO U3 PABEHCTBA

Aey = Aeg + €.

AnanmoruvHo eg,eq,... HA3BIBAIOT MPUCOCTUHEHHBIMY BEK-
TOpaM# BTOPOT'0, TPETHErO U T. [[. MOPAIKOB.

Kax bt u3 HUX ABIgeTCA «KakK Obl COOCTBEHHBIMY, T. €.
COOCTBEHHBIM C TOYHOCTBIO [0 HPUCOEIUHEHHOT'O BEKTOPA
HU3IIEro MOPALKa

Aek = )\16k + €p—1.

Takum 06paszom, 6a3uC KaxAOI0 MHBAPUAHTHOI'O IO[-
IIPOCTPAHCTBA COCTOAT M3 OJHOIO COOCTBEHHOI'O BEKTO-
pa ¥ TAKOro Xe KOJUYECTBA MPUCOEIUHEHHBIX, KOTOPOE
HYXHO [00aBUTH, ITOOBI HOAYIATH 0A3WC NAHHOTO IOJ-
IIPOCTPAHCTBA.

Bokaxem, 9TO B KaX/AOM M3 DTUX IOJIPOCTPAHCTB
AMEETCsA, C TOYHOCTBIO MO0 MHOXHUTENI, AUWb 00uH COO-
CTBEHHBIN BEKTOP.

[lercTBUTEIBHO, PACCMOTPHUM, HAIPUMED, MOAIPOCTPAHCTBO, HO-
POX IEHHOE BEKTOPAMHU €1, €2, . . . , €p. JLOMYCTHM, 1TO HEKOTOPBIU BEK-
TOP W3 DTOr0 IOAIPOCTPAHCTBA, T. €. HEKOTOPAA JUHENHAA KOMOUHA-
nuA BUAA

cier + cae2 + ...+ Ccpép,
rje He BCe Cx PABHBI HYIIO, ABIACTCA COOCTBEHHBIM BEKTODOM, T.e.

A(cier + caea + ...+ cpep) = A(cie1 + caea + ... + cpep).
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IloacTaBaaa BMECTO JEBOU YaCTU €€ BhIpaXeHme mo dopmyram (2),
TOIyTaeM PABEHCTBO

cider +ea(er + Aer) + ...+ cplep—1 + Aiep) =
= Xcie1 + Acaes + ...+ )\cpep.

Orcioga, TpupaBHUBAsA KOD(PQPUUUEHTHI IPU KAXKIOM U3 0a3UCHBIX
BEKTOPOB, MMEEM CHUCTEMY YPABHEHUU [JIA HAXOXJCHUA BEIUIUH
)\,Cl,CQ,...,Cp:
ciA +c2 = e,
Ca2A1 + 3 = Aea,
Cp71>\1 +cp = /\Cpfl,

CpAL = A¢p.

Ilokaxem mpexae Bcero, 94To A = A;. JelCcTBUTENBHO, eCau Obl
A # A1, TO U3 IOCIELHEr0 PABEHCTBa MbL mMean Obl ¢p = 0 u 3a-
TeM ’3 OCTAIBHBIX PABEHCTB Cp_1 = Cp—2 = c2 = c1 = 0. Uraxk,
A = A1; Torga m3 mepBoro ypaBHeHus umMmeeM c2 = (), u3 BTOpOroO
¢cs =0wm .4 00 ¢p = 0. 3Ha4UT, COOCTBEHHBIN BEKTOD PABEH Ci€]
U, CIeOBATEIbHO, C TOYHOCTHIO O MHOXKUTE/S COBIALAET C IIePBLIM
BEKTOPOM COOTBETCTBYIOUIEN I'PYIIILL.

Bommumenm maTpuny npeobpasosanus (2). Tak kak Bek-
TOPHI KaXJOU TPYIIIL IPeoOpa3ylTcA B JMHEUHBIE KOM-
OMHAIIMY BEKTOPOB TOU XK€ IPYIIILI, TO B IEPBLIX P CTOJI0-
[aX MATPHUIBI IPeobpa3oBaHUsA MOT'YT ObLITH OTJIMYHBI OT
HYyJIA JIWIIb JEMEHTHI IEPBLIX ) CTPOK, B CACAYIOMINAX ¢
CTOMOIAX MOrYT OBITH OTVIMIHBI OT HYJA JIUIIb DJIeMEH-
ThI, CTOAOIME B CTPOKAaX C TEMHU XK€ HOMEpaMHu, ITO U Yy
2TUX CTOJAONOB, u T.n. Takum oOpa3zom, B maHHOM Oa3u-
ce marpuna npeobpasoBanus OyaerT cOCTOATh w3 k Kie-
TOK, PACIIOJIOXEHHBIX 10 TIABHOU AMATOHAJM, a BCE DIEMEH-
ThI, HE IPUHAJIEKAIINE HU OJHOU U3 DTUX KIETOK, OyayT
PaBHBL HYJIIO.

st TOoro 9ToOB MOHATDH, 9TO CTOUT B KAXJJIOU KIETKE
MaTpPHUIBI TPeoOpasoBanusa A, OCTATOYHO €elle pa3 HaIu-
CaTb, KaK IPeo0pa3yloTCA BEKTODPBI OJHOM T'pPYIOBL. Mbl
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nMeeM:
Aep = Meq,
Aex = e + Aeg,
Aep—l = ep—2 + >\1€p—la

Ae, = ep—1 + Aiep.

BcnomumHas, Kkak CTpOUTCS MATPUIA, OTBEYAIOMAS TaHHO-
My mpeobpa3oBaHmIO 6a3mca, MOTydaeM, ITO KIETKA Ma-
TPHUIBI, COOTBETCTBYIOMIAA TAHHOU TPYIITE BEKTOPOB, UMe-
eT BUJ
A 1 0O... 00
0 Ay 1...0 O
A= . (3)

0 00... 0N

Bca xe MaTpuma OKasbIBAETCA COCTABACHHOU M3 TAKHUX

KJIeTOK HOPAAKOB P, (,...,S COOTBETCTBEHHO, T.€. MMeEeT
BA[
A1 0...0
0 A 1...0
0 00...\
A 10 0
0 A1 0
............. , (4)
0 00... X
A 10 0
0 A 1 0
0 0 0... X

Iie BCE DJEMEHTHI BHE KJIETOK — HYJIU.
3aMeTHM TaKXe, YTO He BCe \; 0043aHbI OBITH PA3INt-
HBIMH.
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Yupaxuenue. IlaiTu Bce MHBapUAHTHLIE IOAIPOCTPAHCTBA
npeobpa3oBanua ¢ MaTpuuen (3).

XoTs npuBeeHHAA 346Ch HOPMATbHAA (OPMa BEINVIALUT CAOKHEE,
4eM, HAIPpUMeEp, AMArOHAJIbHAA MATPULA, OJHAKO U C HEW MOXKHO 10-
CTATOYHO IPOCTO NPOM3BOAUTE aarebGpamdeckue omeparuu. Mbl mo-
KaxXeM, HAIPUMEP, KaK BEIYACIUTb MHOMOWIEH OT MaTpuus! (4). Ma-
rpuna (4) mMeer Bug

A,
A,
A= ,
Ay
rae A; — OTAEIbHBIE KIETKV, & BCE HEBLIMUCAHHBIE DJIEMEHTHI — HY-
au. Torga
2 m
Al ) Al
. A3 Ay
A‘z - ) ) Am = )
2 T Am
Ak Ak

T. €. JUIA TOT0, YTOOEI BO3BECTHU B HEKOTOPYIO CTENEHb MaTpUIy A, no-
CTaTOTHO yMETh BO3BECTH B DTy CTEMEeHb KaXKIYIO U3 KIeTOK. IlycTo
reneps P(t) = ao + a1t + ... + amt™ — IPOU3BOIBLHBEI MHOTOLICH.
Tornma merxo BUAETH, ITO

P(A))
P(A:
P(A) = 4
P(Ay)
ITokaxem Teneps, kKax BeraucauTb P(A;1), T.e. MHOTOWIEH OT 0f-

HOU KJIETKU HOpMaIbHOU dhopMbl MarTpuust (3). Jusa sToro samumem
marpuny (3) B Buge

A :>\1E+I,

rae E — equHUYHAA MaTpHUIA IOPALKa p, a MaTpuna I nMmeer Bujg
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3amermm, uro marpunst 12, I3, ... IP™! umeor crenyommuit Bug *):
001 . ...0 000 ...01
0001...0 000...00

P=|............. L I = ;

000 .0 000 00
000 .0 000 00

a

r=rt=_.=o.

Tenepb HETPYAHO BLIYUCIATEL TPOU3BOILHLIM MHOI'OWIEH OT MaTpPH-
uer (3). deucrBureasro, muorowrer P(t) moxno o dopmyre Tetopa
IpPeACTaBUTEL B BUIE

P(t) = P(\1) + (t — A1) P (M) + wp”(,\l) +...

t—A1)"™ (n
L+ L2 ey,

rae n— cremeHb MHOrowreHa. llogcraBass BmecTo t Marpunmy Ap,
nMeeM:

A; — M E)?
P(A)) = POWE + (AL — ME)P'(\) + %P”(Al) +...
L WM B pon
n!
IIo Ay — M E = I, crenoBaTeasHO,
P : P n
P(Al):P()\l)E-i-P’()\l)I-i- 2('/\1)12-{-...-{—%1 .
Hoacrasaas smecro I, I%, ... IP™! ux BBIpaxKeHnusa u yamTHBafg, 9T0
I? = I*™! = ||| = 0, nooyyaeM OKOHYATEIbLHBI BHJ MATPHIbL
P(A:):
P'(A1) P"(M\1) PP-D(\)
P(M) —y 21 T T (p—1)
_ P'(\) Pr=2(\)
P(A)) =
( 1) 0 P()\l) 1 (p*Q)!
0 0 0 P(\)

") IIpome Bcero »ro cocuurarb Tak. Mbr umeem Ie; = 0,
I§2 =e€1, ..., IeZP = ep_1. CJIe;mBar_['eJIbHo,3 I?e; = 0, 12(;2 = 0,
I363 =e1 ..., 13 ep = ep—2. Ananoruuno, [°e; = I°ex; = [°e3 = 0,
I’es=ey, ..., I°ep =ep_3.
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Msr BuamM, TakuM 00pasoM, 4TO, AJAA TOIO ITOOBI BEIYHCINTDH
MHOTOWIEH OT OQHOU KJIETKM HOPMaJbHOU (POPMBI MOPALKA P, H0-
CTAaTOYHO 3HATHh 3HAYECHUE 3TOI'0 MHOT'OYJIC€HA U €I'0 IPOU3BOAHBIX MO
mopsagka p — 1 B Touke A1, rge A\ — COGCTBEHHOE 3HAUEHUE, OTBe-
qasorree kiaerke. Orcoga creayer, 4To ecan Marpuna A mMeeT HOp-

MarbHYI0 GopMy (4) ¢ KIeTKaMu IOPAAKOB P, (, . .., S, TO JIA BEIYA-
crenus marpuusl P(A;) gocrarodHo 3HaTh 3HadeHusa P(t) B Touxax
t = A1, A2,..., Ak C IpOM3BOAHBEIMU 10 mOpPAAKOB p—1,q—1,...,5s—1
COOTBETCTBEHHO.

Mpbr gokaxeMm CIedyIouyio Teopemy.

Teopewma. Ilycmv 68 KOMNACKCHOM T -MEPHOM NPO-
cmpancmse 3adano aunetinoe npeobpasosanue A. Toeda
MOAHCHO HaUmU 6a3uc, 6 KOMOPOM MEMPUUG AUHETHO-
20 NPeooPA308aAHUL UMEEM HOPMAALHYWO Fopmy. Apyeumu
CAOBAMU, MOHCHO HAUMU 6A3UC, 8 KOMOPOM AUKETHOE Npe-
obpazosanue umeem sud (2).

[lBa HE3aBUCHMBIX NOKA3aTEILCTBA CHOPMYIAPOBAH-
HOM Teopembl OyayT mambel B §19 m 20. Kpome Toro,
BAXHAA TEOPUA WHBAPUAHTHBIX MHOXWUTEICH U A-MATPHUI]
IaeT HAM TPEeThbe HE3aBHCUMOE [TOKA3ATEILCTBO HTOTO
pe3yabTaTa.

§ 19. BpuBegenue npoN3BOILHOrO IMpe06pa3oBaHusa
K HOpMAILHOM (opme

Mser yxe ynoMmunanu B § 18, 4T0 B caydae, Korjia y mpe-
oOpasoBanusa A He XBaTaeT JUHENHO HE3ABUCUMBIX COO-
CTBE€HHBIX BEKTODOB (T.e. KOrga mMX |YUCJIO MEHBIIEC Da3-
MEPHOCTH TIPOCTPAHCTBA), 6A3WC MPUXOAUTCA JOMOTHATH
3a CYeT TaK HA3BIBACMBIX NPUCOCAMHCHHBIX BEKTOPDOB (I/IX
TOYHOE ompegeneHue OyaeT JAHO Ty Thb mo3xke). B aTom ma-
parpade gaercsa crnocob mocTpoenus 0asumca, B KOTOPOM
MaTpuia npeobpazoBanus A uMeeT KOPIAHOBY HOPMAJb-
Hyo ¢opmy. Bror 6asuc mbr HEemocpexcTBeHHO Habepem
73 COOCTBEHHBIX W IPUCOCAWMHEHHBIX BEKTOPOB, W TAKOU
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crtocob BHIOOPA ABIAETCA, B HEKOTOPOM CMBICIE, Hamboee
€CTeCTBEHHBIM *).

Bepen stum maparpadoM MBI PEKOMEHAYEM TUTATETIO
nepeunTaTh 0.4 §9 u pa3obpaTh mpUBEeLEHHBIE TaM MPU-
MEpHI.

1. Co6CTBEHHBIE M IPUCOE{UHEHHEIC BEKTOPEI JIMHEHHO-
ro npeo6Gpa3oBanua. Bycre \) — HEKOTOpPOE COOCTBEHHOE
sHadeHue npeobpasoBanua A. Mel yxe umenu paHbIiie Ta-
KO€ OIIpe/IeIeHIeE.

Onpegenenune 1. Bekmop r # 0 naszwsaemcs
coOCMEEHHbIM 6EKMOPOM Npeodbpa3odanui A, omaseuaio-
WUM COOCTNEBEHHOMY 3HAYEHUIO Ng, ECAU

Az = Xz, m.e. (A—XE)z=0. (1)

BaccMOTpuM COBOKYIIHOCTBH BCEX BEKTOPOB, YIOBJE-
TBOpsromux ycaosuio (1) npu duxcuposannoMm ). flcwo,
9TO COBOKYITHOCTD DTUX BEKTOPOB ABIACTCS IOAIPOCTPAH-
CTBOM IpOCTpaHCTBA R.

Mgt o603Ha UM €10 N)(\i). Jlerko BugeTh, ITO N/&) VHBa-
PUAHTHO OTHOCUTEIBHO IpeobpasoBanusa A (mposepbrel).

3ameTum, 9T0 MOANPOCTPAHCTBO N ;\(1) COCTOWUT U3 BCEX
COGCTBEHHBIX BEKTOPOB mpeobpasoBanma A, oTBevdaommx
CcOOCTBEHHOMY 3HAYEHUIO )y, K KOTOPBIM H0OABIEH €IIe Hy-
AE60U 8EKMOP.

Onpegenenue 2. Bexkmop T Ha3bi8aEMCA NPUCO-
edunennbim sexmopom 1-20 nopadka npeobpazosanus A,
0MBEUAIOUSUM COOCTNBEHHOMY ZHAUEHUIO Ao, ECAU BEKMOP

y=(A—-XNE)x

ABAAEMCA COBCNBEHHBIM BEKMOPOM Npeobpadosanus A.
Bycts Ay — cobcTBerHOE 3HAMEHNE Ipeobpasopanua A.

") Cwm. raxxke I. B. [Ipockypaxkos, CoopHEK 32121 110 11~
HeuHOU airebpe, Mae UMeeTCsa aHAJIOTMIHOE NOKa3aTeIbCTBO.



8 19] NPUBEJEHUE K HOPAMAJILHOM ®OPME 209

BaccmoTpum moampocTpaHCTBO, COCTOSAIIEE U3 BCEX
BEKTOPOB T, I KOTOPBIX BBIIOIHEHO YCJIOBUE

(A= XE)*z =0, (2)

T.e. aapo mpeobpazosanus (A — A\gFE)%. O6osmamum >T0

N@. @
nogupocrpancTso Ny s N\ ABIAETCI MHBAPUAHTHBIM
IIOANIPOCTPAHCTBOM mpocTpaHcTBa R. B camom gene,

IyCTh, T € Ni?

, T.e. (A — X\oF)?z = 0. Bam mago g0ka-
3aTb, 9TO 1 BeKTOp Az € N)(\?, T.e. aTo (A— M\ E)?Az = 0.

Bo npeobpasosanme A mepectanosouno ¢ (A— M\ E)?, T.e.
(A —XE)*Az = A(A — \E)?*z = 0.

Baccmorpum Heckombko 60iee mogpoOHO CTPYKTYPY
npocTpancTBa N g) B meM ecTh BEKTOpPHBI ABYX TUIIOB.
Ecmu z € N;\(l)), T.e. (A — NFE)z = 0, T0o nogasao u
(A= XE)’z =0, m.e. ¢ € Ni?. Taxum 06pasom, N/S))
LIeJIUKOM COJEPEKUTCS B N/g?. Ecm = € Ng), HO T ¢ N)(\i),
T. €.
(A—XE)x #0,
(A= XE)%z =0,

TO T — IPUCOEIUHEHHBIN BeKTOp 1-ro nopsaaka. /leucrsu-
TenbHO, B oToM caydae y = (A — Ao E)z ecTtb coGCTBEHHBIT
BEKTOP.

T 6 N

akuM 06pa3oM, MOAIPOCTPAHCTBO NNy @ IOLyIaeTCH,
1

ecau K mopupocrpancTesy N ;\0) I00ABATH IPUCOETUHEHHBIE

BEKTOPHI 1-ro mopAgka.

k
AnanmoruvyHO BBOAMM TOAIPOCTPAHCTBO N)(\O), COCTOd-
mee U3 BCceX BEKTOPOB I, AJII KOTOPBIX

(A= XNE)fz =0. (3)
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Bro mommpocTpaHCTBO WHBApWMAHTHO OTHOCHUTEIBLHO
6 A A N
npeobpasosanua A. flcHo, aro nognpocrpancTso Ny * co-

k—1
LEPXKUT OpeAblayllee IOAIPOCTPAHCTBO N>(\0 ).
Ounpenmeanenue 3. Bexkmop x Ha3vieaemcs npuco-
eduHERHbIM BEKMOPOM k-20 NOPAOKG, €CAU BEKMOP

y=(A—-XE)x

ecmb npucoedunenubiti sexkmop nopadka k — 1.
Bo uHAyKIMu MOXHO MOKa3aTh, 9TO €CAU I — IIPUCO-
e[IMHEHHBIN BEKTOP k-T'0O MOPAIKA, TO

(A - AOE)kx 7& 0,
(A= XE)**z = 0.

Jpyrumu croBamu, TPUCOEIWHEHHBIM BEKTOPOM Kk-T'O
o (k+1)
OPAKA HA3BIBAETCSI BEKTOD, npuHALIex)ammu N o u

(k)

He npuHagrexamuyn Ny 7.

Bpuwmep. Byctse R-—1nOpoCcTpaHCTBO MHOIOWIEHOB
creneau < 1 — 1 u npeobpaszosanne A — quddepennupo-
BaHUeE:

AP(t) = LP().

Jlerko BuzmeTh, aTo A = 0 ecTb co6cTBeHHOE 3HAUEHME. CO-
OTBETCTBYOIIUN eMy cOOCTBeHHBIN BeKTOp P(t) = const.

(k)

Baugem maz sToro (l;g)eoﬁpaBOBaHI/Iﬂ npocTpancTsa Ny .

Bo onpenerenuio N cocront u3 Bcex MHOrowieHoB P(t),
mra koropeix A¥P(t) =0, T.e.
dF
dtk
Bro 6ynyT BCe MHOrOWIEHBI, CTEIEHb KOTOPHIX HE IIPEBBI-

maet k — 1. BpucoenmaenarpiMu BekTopamu k-ro mopsagka
OyoyT MHOTI'O-WIEHBI, CTEIEHb KOTOPBIX B TOYHOCTH PABHA

k—1.

P(t) = 0.
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B sToM mpumepe pasMepHOCTb KaXIOT'O U3 IMOIAIPO-
k
cTpaHCTB paBHa [V, # OHa pacTeT oT 1 10 m BMecTe

¢ pocrom k. BommpocTpaHcTBO Nén) Ve COBIIAJAeT CO

BCeM IIPOCTPAHCTBOM R, m ecim MBI 3aXOTHM OIpeNeInTh
1 2

Nén+ ), Nén+ ) u . II., TO BCE DT MOAIPOCTPAHCTBA Oy Iy T

COBIIAIATH C Nén).

k+1
Jlerko BugeTh TakXe, ITO B DTOM IpUMEpPE AN(E pR -

k o
é ) Bro creanyeT U3 TOro, ITO KaXIbld MHOI'OJICH
cremeHn k ecThb OpomM3BOAHAsA OT MHOI'OYWIECHA CTEIICHU

k+1.

Yunpaxuenue. IlokazaTs, 9T0 4 J1060T0 IUHEUHOTO IIpPe-
oOpasoBanua A mMeeT MECTO BKIIOYEHUE

(A= XE)NIY c N,

Bycrts A — mumennoe mpeobpa3oBaHue, a Ag — ero co6-
CTBEHHOE 3HaYeHHme. DOKaxeM, €TO MTOAMPOCTPAHCTBA

N(l) N(Z) CHAa4JAJIa CTPOr0 BO3PACTAIOT C POCTOM WH-
Ao ? Ao 7 p p p
eKca, a 3aTeM, Ha4nHasA ¢ HEKOTOPOr'o HoMepa p < 7, 9TOT
) bl bl
POCT IpeKpaIaeTcs, T. €.

+1
N = N

(CM. IpUBEJEHHBIN B HTOM IYHKTE IIPUMED).

(k)
Msr yxke mokasadiu, 9T0 KaxX 10e MoanpocTpancTso N o

k—1
comepxutr N §0 ), T.€e. 9TO C yBeIWICHHEeM HOMepa IOJ-

(k)

k
npoctpancTBa N \o » & BHAYHAT, ¥ UX Pa3MEPHOCTH, MOLYT
TOJTBKO yBEIWIUBATHCH.
Tak xak Halle TPOCTPAHCTBO KOHEYHOMEPHO, TO [JIA

1
KaKOro-TO P < 7 MBI BIIEPBHIE TIOXY 9uM, ITO [V g =N )(ﬁ +)
(cM. ympaxsHeHue Ha CTp. 25).
1 2
[okaxem, 9TO B DTOM CIydae N)(ﬁ—l_ ) — N)(ﬁ—l_ ) — e

T. €. 9T0 JaJbHEUIIEr0 BO3PACTAHUA IO AIIPOCTPAHCTB IPO-
UCXOMUTHL He Oymer.
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[ledcTBUTEABHO, TMPEAIOJOKHAM IPOTUBHOE, 3 UMEHHO,

9T0 Ngﬂ) = )(\’;), HO miasa HekoToporo ¢ > ( mommpo-

0 .
CTPAHCTBO Nyo)ﬂ—'_ ) cTporo 6ouble, 4eM Nyo)ﬂ). Torma

CYIIECTBYET BEKTOP & TaKOW, 9ITO
Ic N/{’;HH), z ¢ N)(\ﬁ)+z’)‘
Bro suaunT, 9TO
(A—XNE)PT 2 =0, wo (A—XNE)Tz#0. (4)
O6o3masmM gepes y BekTop y = (A—NgE)‘z. Torga mepsoe
u3 paBeHCTB (4) O3HAYAET, 9TO Y € Ngﬂ), a BTOpPOE, ITO
y ¢ N)(\’O’ ), 9ITO HEBO3MOXHO, TaK KAaK IOAIPOCTPAHCTBA

N )(\ﬁ oy N yo) ) 1o IPEeIION0XKEHAI0 COBIATAOT.

Urak, mycrs A9 — HEKOTOpOEe COOCTBEHHOE 3HATCHUE
npeo6pasoBanusa A. OCHOBHBIM Pe3y/IbTATOM DTOrO IIYHK-
Ta ABIAETCSA [OCTPOEHWE MHBAPUAHTHOIO IOAIPOCTPAH-

crBa N yo) ), COCTOSIIEr0 U3 BCEX COOCTBEHHBIX U IIPUCOEIH-
HEHHBIX BEKTOPOB, OTBEYAOUIAX DTOMY COOCTBEHHOMY 3HA-
YIEHUIO.

Kpowme Toro, B . 3 Ham nonagoburcsa 6omee geTanbHAIL
CTPYKTYpa N)(\’; ) A UMeHHO, 0603Hadaa depe3 N/g;) momI-
IPOCTPAHCTBO, COCTOAIIEE W3 MPUCOETUHEHHBIX BEKTOPOB
mopanka < kK — 1, MBI MOXyYIuIn BO3PACTAMIYIO HETOYKY

MHBAPUAHTHBIX IIOAIIPDOCTPAHCTB
(1) (2) (p)
0C N,/ CNy C...CNy’ (5)
Bce wwieHBI 5TOU HEMOYKN Pa3indHbl. BoampocTpancTBo
(k)
N Ao COCTOHUT IPH BTOM U3 BCEX BEKTOPOB Z, 1A KOTOPBIX

(A= XE)*z =0,

T.e. BTO ecThb Apo npeobpasosarma (A — A\gE)F.
Bpeob6paszosanue A — \gF mepeBoauT Kaxaoe U3 MOJ-
OPOCTPAHCTB HEenodKy (5) B mpeuecTByoIee.
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2. BrifieneHue moAmpoOCTPAHCTBA, B KOTOPOM IpeoGpa-
3oBanue A mMeeT TOJIBKO OJHO COGCTBEHHOE 3HAYEHUE.
Byctbs A —HekoTOpOE cOOCTBEHHOE 3HATEHE IIPeobpas3o-
Bauusa A. B 5TOM myHKTE MBI OKaXeM, 9TO MIPOCTPAHCT-
BO R MOXHO Pa3lIoXWUTh B HIPAMYIO CYMMY [IBYX WHBApPU-
AHTHBIX IOAIPOCTPAHCTB, B IEPBOM U3 KOTOPBIX Ipeobpa-
3oBaHme A mMeeT JUWIIL OMHO COOCTBEHHOE 3HAYEHUE Af,
a BO BTOPOM y Ipeobpa3oBaHusa A yxe HET cOOCTBEHHOI'O
3HAYCHUA Aj.

Be orpamwtmBas o6mHOCTH, MOXHO CYATATH, €UTO
A =0.

NlercrBuTensno, nycrb A; # 0. Baccmorpum npeoGpa-
soBarme B = A— A\ F; onO yxe umeet cOOCTBEHHOE 3HAYE-
Hue, paBHOE Hy0 *). O4YeBMAHO TakXe, ITO WHBAPUAHT-
HBIE TOANPOCTPAHCTBA npeobpaszoBanun A u B coBnajga-
0T.

Urak, Bupeas mbl OygeM cIuTaTb, ITO Mpeobpa3oBa-
Hume mmeer cobcrBennoe sHadenme A = (. [Joxaxem Ha-
Ile yTBEPXKAEHWE CHAYAJNA MJIA JACTHOTO CIydas, KOTUAa 8
nPOCMPAHCBEE HEM NPUCOEIUHERHBIL BEKMOPOE, 0MEEUa-
OUWUL IMOMY COOCTNEEHHOMY 3HAUEHUIO, G €CMb MOALKO
cobecmeennvie sexmopv, **).

Bam myXHO mocTpouTh [ABa WHBAPUAHTHHIX MOAIPO-
CTPAHCTBA, IpaAMasg CyMMa KOTOpHIX paBHa R. B xadectse
[IEPBOrO U3 HUX, B KOTOPOoM A = () ecTh eguHCTBEHHOE COO-
CTBEHHOE 3HAYEHWEe, MOXHO B3iATb COBOKYIHOCTH Vg BCEX

*) B camom geme, ecim A1 — COOGCTBEHHOE 3HAYEHHUE MPEOOpPa3o-
Banua A, r.e. Af = Mif (f #0), o Bf = (A— ME)f =0, T.e.
f — cobcTBenubit BeKTOp B, 0TBeYaiomuu COGCTBEHHOMY 3HAYEHUIO
A=0.

**) Xorsa moTom Hame yTBepxKAeHHE OyeT HE3ABUCAMO TOKA3AHO
s OOLIEero Cirydas, paCCMOTPEHME 3TOr'0 IaCTHOI'O CILydas IOJE3HO,
TaK Kak, BO-IIEPBHIX, HA HEM 00JIe€e BBILYKIO BUJHA OCHOBHAA UAES JO-
Ka3aTeIbCTBA U, BO-BTOPBIX, CTAHOBUTCA OYEBUAHOU HEOOXOIUMOCTH
BBEIEHUA MOANPOCTPAHCTB, OTIMIHBIX OT BBeAEHHBIX 31eCh No u M.
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COOCTBEHHBIX BEKTOPOB, OTBEYAIOIINX COOCTBEHHOMY 3HA-
weHuo A\ = () wim, ApyruMu cioBaMu, AApo npeobpasosa-
Hua A.

B xadecTtBe BTOpPOro MOANPOCTPAHCTBA BO3bMEM
o6pa3z M mpoctpaucTBa R mpm mpeoGpasosanuum A, T.e.
COBOKYITHOCTH BEKTOpPOB y = Az, rme z mpoberaer Bce
npoctpancTBo R. Jlerko BugeTs, 9TO KaXA0€ U3 DTHUX MO[-
OPOCTPAHCTB UHBAPUAHTHO (3TO NOKa3aHO B I.4 §9).

[lokaxeMm, ITO OHM [TAIOT PA3NOKEHWE MPOCTPAHCTBA
B mpamyio cymMmmy. Tak Kak CyMMa PasMEpHOCTEH Aapa U
obpasa ana mo6oro npeobpasosanus A pasma n (cm. 1.4
§9), TO TOCTATOIHO NOKA3ATDH, ITO MEPECEICHUE DTUX TIO/I-
MPOCTPAHCTB PABHO HY.JIIO.

Bpenmonoxum, 9T0 3TO HE TaK, T.€. LyCTh CyUECTBYET
BekTOp Yy # 0 Takou, auroy € M ny € Ny. Tak xak y € M,
TO OH UMEET BU

y = Ar, (6)
rae £ — HeKoTopbin BeKTOp 3 R. Tak xak y € Ny, To
Ay=0, rme y#D0. (7)

BasencTso (7) o3Hawaer, 9TO Y €CTh COOCTBEHHBIN BEK-
TOp mpeobpaszoBanusa A, oTBedaromuy COOGCTBEHHOMY 3Ha-
qenuio A = (0, a paBeHCTBO (6) mpw 5TOM O3HAYAET, UTO T
€CThb MPUCOENUHEHHBIN BEKTOP MEPBOT0 MOPALKA, OTBEYA-
OIIUKA TOMY %€ COOCTBEHHOMY 3HAUEHUIO. MBI Xe mpe/mo-
JOXWIKM, 9TO y npeobpaszoBanusa A HET NPUCOETUHEHHBIX
BEKTOPOB, OTBEYAOMAX COOCTBEHHOMY 3HaIeHUIO A = (.

Takum o6pa3omM, TOKa3aHO, ITO mogmpocTpancTsa M u
Ny HE IMeT 00mKX BEKTOPOB, KPOME HYJEBOTO.

Bcenomunas, uro cymma pasmMepHOCTEn 00pasa u sapa
paBHA 7, MBI MOJyYaeM OTCIOA, YTO TPOCTPAHCTBO R
Pa3IoXmMO B NOPAMYIO CYMMY WHBAapPUAHTHBIX IHOIIIPO-
crparcts M u Ny:

R=M®e Nj.
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daMedanue U3 npuBegeHHOro BhHIIE JOKA3ATEb-
CTBa BUIHO, 9TO 00Pa3 U AP0 UMEIOT IepecedeHne, 0TI -
HOE OT HyJA B TOM U TOJBKO TOM CIydae, KOTaa mpeobpa-
3oBaHme A UMeeT MpUCOeTUHEHHBIE BEKTOPHI, O TBEYIAOIINE
cobcTBeHHOMY 3Ha4UeHUIO A = ().

Bazo6paHHbI YaCTHBEIM CIydal gaeT HaM HAEI TOro,
KaK IIPOBOUTE MOKA3ATEILCTBO B O0IIeM ciaydae, korga A
“MeeT TaK¥Xe U IPUCOETUHEHHBIE BEKTOPHI, OTBEYAIONUINE
cobcrBerHoMy 3HaueHuio A = (. BogmpoctpancTtso Ny
Ipy 3TOM OKa3bIBACTCA CANMIKOM Y3KUM, X €I'0 €CTECTBCH-
HO paCHIMPUTH 3a CYET AO0ABJEHUS BCEX MPUCOEIUHEHHBIX
BEKTOPOB, OTBeYamnX coOCTBeHHOMY 3HadeHuio A = ().
Bropoe xe mognpocrpancTBo M OKa3bIBAETCS IIPU DTOM
CaMmKOM GoabmuM *).

Urak, paccmorpum BBemeHHOEe B 1.1 WHBApUAHTHOE

IO JIIPOCTPAHCTBO Nép ), cocToslee u3 Bcex COOCTBEHHBIX
7 TIPUCOEIUHEHHBIX BEKTOPOB MpeobpasoBanusa A, oTBeda-
fouux cobcrBeHHoMy 3HadMeHUO A = (. Kax MbI momHUM,
OHO ABJAETCA AapoM mpeobpasoBanua AP, T.e. cocTouT u3
BCEX BEKTOPOB I, MJIA KOTOPHIX

APz = 0.

B kagecTBe BTOPOro craraeMoro mpsAMOM CYMMBI MBI
BosbMeM mognpocrparctso M(P) — o6pas mpocrpancTea
R npu Tom xke npeobpaszoBanuu AP.

Jlerko Bumern, uTo M (P) rakxe WHBAPUAHTHO OTHO-

cutenbHO npeobpaszoBanusa A. [leucTBuTeasHo, ecan y €
e MP) r.e y= APz, To

Ay = APy = AP(Ag),

T.e. Ay raxxe npuragiexur M P,

*) Yro M «CImmKOM BEIWKO», BEAHO IPH 5TOM HE TOIBKO U3 CO-
00paXeHui1 Pa3sMePHOCTH, HO TAKXKe U U3 TOro, 4To M mepecekaercs
naxe ¢ camuM Ny, a HE TOIBKO C €r0 PaCIIApEHUEeM.
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Teopewma 1. Ilpocmpancmgo R modxrcHo paszao-
HCUMD 8 NPAMYIO CYMMY UHBAPUAHMHLIE NOONPOCTPAHCING

Nép) uM®), IIpu smom nodnpocmparcmeo Nép) cocmoum
MOALKO U3 COOCMBENHBIT U NPUCOCIUHERHBIL BEKMOPOS,
omaeuatouur cobcmaennomy 3uauenurio A = 0, a 8 nod-
npocmpancmee M®) npeobpazosanue A obpamumo (m. e.
A = 0 we asasemca cobcmeeHHbiM 3HAUCHUEM NPEOOPA30-
sanus A 6 nodnpocmpancmse M(p)).

s moKas3aTerbCTBA, MEPBOr0 YTBEPKACHUA HaM, KaK
“ B PACCMOTPEHHOM BBIIIE YACTHOM CIy4ae, AOCTATOIHO

IIOKa3aTh, YTO IE€peCcevYeHre MOAIPOCTPAHCTB Nép ) M®)
paBHO Hym:0. [[omycTuM IPpOTUBHOE, T. €. IyCTh CYyUIECTBY-

er BekTOp Yy # 0 Takoit, aroy € M®) uy € Nép). Tak kax
ye M® 1o

y = APz, (8)
Hanee, Tak Kak y € Nép), TO

APy = 0. 9)

Bo u3 pasencts (8) u (9) caemyer, 9T0 CymecTByeT Takou
BEKTOD I, IS KOTOPOTO

APx #£0
¥ B TO X€ BpeMdA
APy = APy = 0.
BTo 3HaYuT, 9TO & €CTH TPUCOEIUHEHHBIM BEKTODP Mpe-
obpazoBanusa A ¢ co6cTBeHHBIM 3HadeHmeM A = 0, He

NIPUHA IEXAIIAYA IO IPOCTPAHCTBY Nép ), 9TO HEBO3MOXK-

HO, TaK KaK Nép ) cocromr ms Beex Takmx BEKTOPOB.
TakuM 06pa3zoM, MBI TOKA3aJdM, ITO MEpecedeHue Nép )

n M®) papro Hya0. Tak kak cymMMa pa3sMepHOCTEN DTUX

HOJAIPOCTPAHCTB paBHA N (2TO AAPO u 00pa3 mpeobpa-
soBauua AP), To oTciOAa cregyer, 9TO HPOCTPAHCTBO R
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PacKIagbpIBa€TCA B IPAMYIO CyMMY DTHUX IIOATIPOCTPAHCTB!
R=MPgNP. (10)

[lokaxeMm Temepb BTOPOE YTBEPXKJAEHUE TEOPEMBI, T.e€.
aro B mogupocrpanctee M (P) npeoGpasoanne A me nmeer
HYJEBOT'O COOCTBEHHOTO 3HAYEHUA. [eMCTBUTENBHO, €CIu
661 510 6bLI0 He Tak, To B MP) cymecrsoBan Gs BeKTOpP
x # 0 Takom, 9TO

APy = 0.
(p)

Bo aro pasencTBo o3Hagaer, aTo € Ny, T.e. ABIACTCI

o6mumm BekTopom M P Nép), a MBI JOKA3aJIu, YTO TAKUM
BEKTOPOM MOXET ObITH TOABKO HYJIb.

Teopema moka3aHa MOJHOCTHIO.

Ternepp MBI MOXEM OCBOOOAUTHCA OT MPEAMOJOXKEHUS,
9TO BBIJENEHHOE MOAIPOCTPAHCTBO OTBEYAET HYJIEBOMY
COOCTBEHHOMY 3HAYEHUIO, U CIUTATH YCTAHOBICHHBIM CJIE-
ayromun GaxT.

Ecau Ay — nexomopoe cobcmsennoe 3nauenue npe-
obpazosanui A, mo npocmparncmso R moxcno pazioxncums
6 NPAMYIO CYMMY UHBAPUGHMHBLLT nodnpocmpancme Ry u
R, 8 nepsom u3 komopwiz npeobpasosanue A umeem moab-
KO COOCMBEHHOE BHAUEHUE A1, G B0 BTNOPOM BCE COOCMNEEH-
Hbie 3HaueHud A omauunvt om Ai.

BpuMenas mory<deHHBIN Pe3yIbTaT K IPeoOpa3sOBaHMIO
A B mpocrpancTBe R M K HEKOTOPOMY COOCTBEHHOMY 3HA-
9E€HUIO A9 DTOro npeoOpPa3OBaHWI, MBI «OTIIENAM» WHBA-
PUAHTHOE IMOAIPOCTPAHCTBO, OTBEYIAIONIEE COOCTBEHHOMY
3HAYEHUIO A\g. Bpomomxkas >ToT mporecc, 1noka #He OyayT
UCYEePIaHbl BCe COOCTBEHHBIE 3HAYEHUs IPeOoOpPa30BAHUA
A, MBI TOIYyYUM [OKA3aTEAbCTBO CAEAYIOMEN TEOPEMBI:

Teopewma 2. Ilycmov npeobpazosanue A npocmpan-
cmea R umeem k pasauunvic cobcmeenwnbis 3nauerud
Alyeeoy M. Tozda R moomcro pasaoxncums 8 NpamMyl0 Cymmy
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(p1) (Pr).
k UHBAPUAHMHBLT no@npocmpaucms N/\1 yae ’N/\k :
_ ar(p1) (Pr)
R=N""eo..oN. (11)

Kaacdoe uz nodnpocmparcme Ny:") COCMOUM MOALKO
U3 CO6CMBEHHBIT U NPUCOCIUHEHHBIT BEKMOPOS, 0MEEUGI0-
WUT COOCMBEHHOMY SHAUEHUIO N;.

JpyruMu cioBaMu, MIA KaXAOTO % CYHMIECTBYET TaKOe

IUCIO P;, ITO A BCEX T € Ngi)
(A—NE)Piz =0.

Y Hac ocTrasach eme TOJbKO OJHA, BIPOYEM, HE Me-
Hee BaXHasd 337a49a — BRIOpPATH B KaXJOM W3 3THUX IOJ-
mpocTpaHcTB 6a3uC, B KOTOPOM MaTpHUILa IIpeoOpa3oBaHUA
“MeeT XOPJAHOBY HOpMaJIbHYIO ¢hopMmy. Bro 6ygem caemna-
HO B CIEAYIOIIEM IIYHKTE.

3. Bpusegenue K HOpMAILHOM (OpME MATPHILI C O]-
HUM COGCTBEHHBIM 3HAaUeHUeM. B ciaydae, eciu npocTpaH-
CTBO COCTOUT TOJHLKO M3 COOCTBEHHBIX BEKTOPOB, Oa3ucC B
IIPOCTPAHCTBE MOXHO BHIOMPATH MPOW3BOJLHO W MATPHUIA
npeo6pa3oBaHUA B 3TOM 0a3UCe MMEET QUATOHAMLHBIN B,

B o6meM ciaydae HEOCTOPOXHBEIA BEIOOP 6a3mMCa MOXET
3aIIyTaTh KapTHUHY.

YT10681 BEIOPATH 6a3uC, B KOTOPOM MATpHIA Ipeobpa-
30BaHUA UMeeT HamboIee MPOCTON BU, MBI OyIeM TAHYTh
LIEMOYKN COOCTBEHHBIX W MPUCOEIWHEHHBIX BEKTOPOB, BhI-
6paB HeKOTOpHIA Gazuc B moanpocrpancree NP u mocre-
[OBATEJIBHO IPUMEHSA K BEKTOpaM »Toro 6asuca npeobpa-
3oBaHme A.

Beegem npeaBapuTenbHO HEKOTOPHIE IOHATHSA, ¥ I00HbBIE
UL AJIBHEIIErO.

Ounpenmeanenue 4. Bekmopvl u3 npocmpancmea
R waswvisaromces omuocumenvno aunelino He3a6UCUMbBIMU
nad nodnpocmpancmsom Ry, ecau Hukarxas uxr aunetdnas
KOMOUHAUUA, OMAUYHGL 0M HYAH, He npunadiexcum Ry.
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3aMeTuM, 9TO BCAKUE JUHENHO 3aBUCUMbIE BEKTODHI U3
R OTHOCUTEIHHO JIUHEHHO 3aBUCUMBI HAM JOOBIM MONIPO-
CTPAHCTBOM.

Onpemeanenue 5. Illazucom mnpocmpancmsea R
omuocumenvno nodnpocmparncmesa Ry waswisaemcs ma-
KAA CUCMEMA €1, . .. ,€CL AUHETHO HE3ABUCUMBIE 8EKMOPOS
u3 R, komopaa nocae nonosnenus Kaxum-1uodyds 6a3ucom
u3 Ry obpaszyem 6a3uc 60 ecem npocmpancmse.

Taxkou 6a3uC JErKo MOCTPOUTE. A 3TOro MOCTATOYTHO
BRIOpATH KAKOU-HUOYAb 6asuc B R, JOMOIHUTE €ro a0 Oa-
31Ca BO BCEM IPOCTPAHCTBE U 3aTEM OTOPOCUATH BEKTOPHI
ucxomHOro 6asmca u3 R;. Yucmo BEKTOPOB B TAKOM 0MHO-
cumeabHoM 0a3uce PABHO PA3HOCTH PA3MEPHOCTEN IPOCT-
PaHCTBA ¥ MOAIPOCTPAHCTBA.

Beskyro cucTeMy OTHOCUTENBHO TMHENHO HE3ABUCUMBIX
BeKTOPOB Han i MOXHO MOMOMHUTH OO OTHOCHATEILHOTO
6aswuca. [lias >TOro HyX)HO K BRIOpAHHBIM BeKTOpaMm ma06a-
BUTBb KaKOU-HUOY b 6a3uc moanpocTpancTsa Ry. Boxyanr-
€Sl HEKOTOPAsA CUCTEMA BEKTOPOB 13 R, KOTOphIE, KaK JErKO
MPOBEPUTD, TUHENHO HE3ABUCUMBL. ITOOHI MOLYIATH OTHO-
CUTEIbHBIN GA3UC, HyKHO NOMOJHUTDL DTy CUCTEMY 10 6a-
31ca BO BCeM IpOoCTpaHcTBe R, a 3aTeM oTOpOCUTEL 6asmc
IOTIPOCTPAHCTBA.

Urax, mycts mpeobpasoBanme A B mpocTpancTse R
“MeeT TOJBKO OAHO cOOCTBEHHOe 3HadeHme. Be orpanum-
quBasg OOIIHOCTY, MOXHO MIPEAIOJOXKUTH, 9TO OHO PABHO
HYJIIO.

BaccmoTrpum croBa menouky (5) mognpoCTpaHCTB, mMO-
Jy9I€eHHBIX B II. 1:

ocnNVc...c NP =N =

k
rae mOAIPOCTPAHCTBO Né ) ecrs Aapo mpeobpasoBa-
mms A¥. Tax kak mpeoGpaszosanme A B mpocrpascTse R
HE MMEEeT OTIWYHBIX OT HyJsI COOCTBEHHBIX 3HAMEHWN, TO,
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ouesngro, N(P) coBmagaeT mpyu 5TOM CO BCEM IIPOCTPAHC-
TBOM R.
BribepeMm B MakCUMAJIbHOM W3 DTHUX IOAIPOCTPAHCTB

Nép ) Gasmc oTHOCHTEIBHO cofepkKamierocsa B HeM IIOAIPO-

CTPAHCTBA Nép -, BycTs BekTOpHI 3TOrO 6a3mca 6yayT

€1,...,€q-
O‘ieBI/I,D;HO, 9TO0 3TO OyAyT HOPUCOCAUHEHHBIE BEKTOPBI

(p — 1)-ro mopsaaka. Mbr yxe Bugenu (cM. ynpaxHEeHUE HA

cTp.211), aro ANép) C Népil). BosTomy BekTOpHI
Aey,. .., Aeq

N(P—l) B -l
JexaT B 0 . OKaXe€M, YITO 3THU BEKTOPHBI JUHEUHO

-1
HE3aBUCHUMBI B Nép ) OTHOCHUTEJIBbHO JeXalllero B HEM

N(p—Q) -
MOANPOCTPAHCTBA [V . IleucTBUTEIHHO, IyCTH HE BCE

a;=0m

2
ajAe; + ...+ aghey = Alarer + ...+ aqeq) € Nép ),
Torga BekTOop £ = aje;+...+agye, € N(pfl) a TOo IPOTHU-
i\ PT =aie;r... q€q 0 , p
BOPEUHT IPEAIOJI0KEHUIO, ITO BEKTOPHL €1, . . . , € JXTHEHHO

-1
HE3aBUCHUMBI HAJ Nép ),

Nép_l)

. MbI moyymM Toraa g+ S BEKTOPOB

Ael,...,Aeq,fl,...,fs,

KOTODBIE MPEICTABIAIT COO0M MAKCAMAJIBLHOE TUCIO JIU-
HEUHO HE3aBUCUMBIX IIPUCOEIUHEHHBIX BEKTOPOB MOPALKA
p— 2.

CHOBa IPUMEHNM K 5THM BeKTOpaM mpeobpasoBanue A

[omomaum BexTOpsl Aey, ..., Ae; no 6asuca B
(r—2)

OTHOCUTEIBHO Nop B

—2
U TOJIYyYUeHHYIO CHCTEMY BEKTOPOB U3 Nép ) [TOIIOIHUM,

—2 -3
KaK ¥ BHIIIE, 10 6a3mca B Nép ) orHOCHTETBHO Nép ),
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Bpogoaxas sToT mpomecc, MBI AOUAEM OO IIOAIPO-
CTPAaHCTBA Nél) u BbeIOEpEM 0a3mC B DTOM IPOCTPAHCTBE,
COCTOANIAA 13 MAKCUMAJILHOI'O YHCIa JUMHEMHO HE3aBUCH-
MBIX COOCTBEHHBIX BEKTOPOB.

Bacnonmoxum momy<ueHHbIE BEKTOPHI B CAEAYIOMIYIO Ta-
Omuiy

€1 €q
Aey Aeq Ji. s

BexkTopbl HUXHEN CTPOUKE 0Opa3yoT 6a3uC B IOAIPO-

(1)

crparcTBe N '. BeKTOpHE ABYX HMXHHUX CTPOYCK 00pasy-

(2)

2
10T 6asuc B IV, TaK KaK dTO eCThb 6a3uc Né ) oTHOCHTETE-

(1)

1
HO N, ’'B coeuHEeHUH C 6A3ECOM Né ), BexTophr Tpex HUXK-

HUX CTPOYeK o6pa3yioT 6a3uc B Né3) u T. 1. Bakoner Bce

BEKTOPHI Tabmuibl 06pa3yoT 6a3uc B Nép ), T.e. BO BCEM
mpocTpaHCcTBe R.

BokaxeM, uTo B »TOM 6a3mce MaTpuia mpeobpaso-
BaHHA A wMeeT XOpAaHOBY HOpMalbHy dopmy. [len-
CTBUTEIBHO, PACCMOTPHUM MPOU3BOIBHBIN CTOXOEI TaOIA-
ust (12), HampuMep, 1S ONpeJeJeHHOCTH EPBHIN.

O6o3masuM aaa yaobera AP ey uepes €, AP 2e; —
gepe3 €z W T.[. U PACCMOTPHUM [JEUCTBUE IPeoOpPa3oBa-
HuA A Ha KaXIbId U3 dTUX BeKTOpOB. Tak kak €1 — cob-
CTBEHHBIM BEKTODP, OTBEYAIOUUN HYJIEBOMY COOCTBEHHOMY
3HAYEHWIO, TO

Ae; = 0.
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Hamnbime, Mo onpegeneHunio,
Aey = AAp72€1 = Apilel =e;

1 aHAJOTI'T'THO

Takum obGpasoM, mpeoOpasoBaHue A MMEPEBOAUT BEK-
TOPHL TIEPBOT'O CTOJOIIA CHOBA B cebs, T.e. IOAIPOCTPAH-
cTBO R, HATAHYTOE HA DTU BEKTOPHI, THBAPUAHTHO OTHO-
cutenbHo A. MaTpura npeobpa3oBanua A B MOAIPOCTPAH-

cree Iy B 6asuce eq,...,€, UMEET BUJ
010 00
001 00
............ ’ (13)
000 01
000 00

T. €. DTO €CThb XOPJAHOBA KJIETKA, OTBEYAIOMAas COOCTBEH-
HOMY 3HadeHmI0O A = (. AHAJTOrMYHOE MHBAPUAHTHOE IIO-
IPOCTPAHCTBO OTBEYAET KaXJOMY U3 CTOJOIOB Tabau-
uet (12), # pasMepHOCTH KaXIOr0 TAKOI'O MOAIPOCTPAH-
CTBa PABHA IHMCIY BEKTOPOB B COOTBETCTBYIOMIEM CTOJOIIE.
Tak kak maTpumna npeobpaszoBanus A B 6a3uce, COCTOAIIEM
U3 BEKTOPOB Kakoro-mmbo croxbua rabmuusl (12), mmeer
Bug (13), To marpuma nmpeo6pa3soBaHWA BO BCEM MPOCT-
pancTee R B Gasmce, COCTOAIIEM M3 BCEX BEKTOPOB Talau-
uer (12), cocTouT U3 KOPAAHOBBIX KIETOK, TUCIO KOTO-
PBIX PABHO 9UCIY CTOJOIOB B >TOU TabIune, a pa3Mep Ka-
XKIOU KIETKHM PABEH IUCITy BEKTOPOB COOTBETCTBYIOUIErO
cToabia.
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Ecaz BmecTo mnpeo6pasoBanusa A paccMOTPETb IIpe-
obpasoBanme A + A\ E, To, Tak Kak MaTpuIia mpeobpaso-
BaHUA A\ F/ AuaroHagbHA, MBI IOXYYAM TOT XK€ PE3yJIbTaT
I IpeoOpa3soBaHUA MPOCTPAHCTBA R, MMEOIIEro TOoJab-
KO OJHO CcOOCTBEHHOE 3HAYEHWE, PABHOE IPOU3BOJLHOMY
qucay A;. CoOTBETCTBYOIINE XOPJAHOBHL KJIETKU MaTPHU-
el mpeobpasoBarus A + A\ F 6yayT uMeThb BUA:

A 10 0
0 Mq1...0
............. . (14)
0 00...Xx

Bcnomunas Tenepb, 9TO [ MpPOU3BOABHOTO mpeobpa-
30BaHUA A MBI MOXEM pa3jOXUTh MPOCTPAHCTBO R B cym-
My WHBAPUAHTHBIX MOAIPOCTPAHCTB, B KaXAOM U3 KOTO-
PHIX mpeobpasoBanue A mMeeT TOJILKO OZHO COOCTBEHHOE
suadenue (cM. ¢popmyay (11)), MBI moxydaeM OTCIOLA IOJ-
HOE J0Ka3aTelbCTBO TeopeMsl § 18.

§ 20. [Ipyroe n0Ka3aTeILCTBO TEOPEMBI O IIPUBEIEHII
K HOpMAIbHOM (opme

Bro mokaszaTenbcTBO MBI OyAeM BECTH [0 WHIYKITUH,
MMEHHO MPEANONOXNM, UTO IA JUHEHHOIO IPeodpa3oBa-
HIA B IPOCTPAHCTBE 1 M3MEPEHNN TaAKOU 0a3UC CyIIECTBY-
eT, U JOKAXEM, 9TO Mbl MOXEM HAUTHU HYXHBIA 0a3UC B
npoctpancTse 1 + 1 muamepenuin. [ng qoxasaTeascTsa Te-
OpEMBI HAM MOHAAO0UTCA CIEAYIOMAL

Jlemwma. Y scarozo aunetinozo npeobpazosanus A
8 MN-MEPHOM KOMNAECKCHOM npocmpancmee R cywecmsy-
em zoms 6vi 00no (n — 1)-meproe unsapuarmmuoe noonpo-
cmpancmeo R'.
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HoxkxaszaTenscTBso. bBaccmorpum mpeobGpa3oBa-
Hre A*; y Hero, Kak u y BCAKOrO IpeoOpa3oOBaHUA, €CTh
cOGCTBEHHBLIN BEKTOD €

A¥e = De.

Bokaxewm, ato (n—1)-meproe nognpocrparctso R, co-
CTOAIIEE W3 BEKTOPOB I, OPTOTOHAIBHBIX *) €, T.e. IId
KOTOpHIX (z,e) = 0, uHBapumanTHO oTHOCHTEIbHO A. [leu-
cTBUTEIBHO, IycTh & € R/, T.e. (z,e) = 0. Torga

(Az,e) = (z,A%e) = (z,Xe) =0

u, 3HauuT, Az Taxxe npunagiexut R'. NaBapmanTHOCTD
noanpocrpancTtea R’ oTHOCHTensHO mpeobpasoBaHma A
TOKa3aHa.

[okaxem Temepb chOPMYJIUPOBAHHYIO BBIIIE OCHOBHYIO
TeopeMy 3Toro maparpada.

Bycts A — npousBoabHOE JUHENHOE IPe0Opa30BaHue B
(n+ 1)-mepuom npocrpanctse R. Cormacuo remme, B R cy-
ECTBYET 7-MEPHOE MOAMPOCTPAHCTBO R, MEBapMAHTHOE
oraHocuTenbHO A. Tak Kak B n-MEpHOM MPOCTPAHCTBE MBI
IpeanoIaraeM TeOpeMy AOKa3aHHOU, TO B R’ cymecTByeT
6a3nc, B KOTOPOM JUMHEUHOE Ipeobpa3oBaHMe MMEeT HOP-
MaabHy©0 dopmy. O603raaum >roT Gaszuc B R’ gepes

61,62,...,€p; fl,fg,...,fq; ey hl,hg,...,hs,

rae p+q+...+s =n. B srom 6azuce muuenHoe npeobpa-

*) Mer 3gece ucnompdyeMm Haamdme B R CKATAPHOrO mpomsBene-
HUS, T.€. cuuTaeM npocTpaHcTBo R eBkiamnoeeiMm. [lesHaunrenpHbiM
M3MEHEHUEeM JOKa3aTeIbCTBA MOXHO OCBOGOAUTHCS OT STOrO IPEAIIO-
JIOXKEHUA W Ha IPOTMKEHUM BCEH IMIABBI CIUTATh R ab@uEHBIM IpO-
CTPAHCTBOM.
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30BaHUE B N-MEPHOM mognpocTpancTee R umeer Buj
Aey = Areq,
A62 = €1 +)\1 €9,

Ae,=ep_1+Aiep,
Af1= A2 f1,
Afa= fi+Xafe,

Homonaum >ToT 6a3uc KakuM-HUOYAh BEKTOPOM €, KOTO-
PBII BMECTE€ C €1,€2,...,€p; f1,[2,.-., fqgi -5 hi,ho,...
..., hg cocraBusger 6a3uc B R.

Bpumenum k e mpeobpasoBanue A u pa3JIOKUM IOLY-
YEeHHBIN BEKTOP Ae 1o BekTOpam Hasuca:

Ae =aner +...+apep +Bifi+...+Bfg + ...
...+(51h1+---+6sh3+7—e*)'

Mgt moxem cautaTh, 9To T = 0. B camom gene, ecan B He-
koTOpoM Gasuce A mmeer HOpMAILHYIO GopMy, TO A — TFH

*) Jlumemnoe mnpeo6pasoBamme A wumeer B (n + 1)-mepHOM
mpoCTpaHCTBe R COGCTBEHHBIE 3HAYEHUA A1, A2, ..., A\; 1 T. [lercTBU-
TEeIbHO, HAaIWIIEM MaTpuuy npeobpasoBanHus A B Gasuce ep,es,...
covepifi, foy ey gy oo shiyha, oo hgse. Oma Gymer TpeyroabHOR
MaTpHIeH, B KOTOPOHU II0 AMATOHAMNA CTOAT THUCIA A1, A2,..., g U T.

Tak kKak COOCTBEHHBIME 3HAYCHUAME TPEYTOJBLHOU MATPUIBI
ABIAIOTCA YHCIA, CTOAmME M0 guaroHamu (cm., Hanpumep, § 10, m. 4),
TO A1, A2,..., Ay & 7 OyayT cobcrBenubivm 3uadeHuavu A B (n + 1)-
MEPHOM MpOCTpaHcTBe. Takmm 06pa3oM, IPHU IEePeXoAe OT HHBAPH-
AHTHOrO N-MepHOro K (n + 1)-MepHOMYy HPOCTPAHCTBY ZOGABHIOCH
OIHO COOCTBEHHOE 3HAYEHUE: T.
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TaKXe UMeeT B 3TOM 0asuce HOpMaIbHYO dopmy. Bosro-
My, ecan T # 0, TO MOXHO BMecTO mpeobpasoBanusa A pac-
cMoTpeTh npeobpasopanne A—7E, npuiem Au A—TFE, co-
VIACHO CAETAHHOMY 3aMETAHUIO, UMEIOT HOPMAJIbHYIO (hOop-
My B OTHOM M TOM Xe Ha3muce.

Mgzr mosaraeM, CIeqoBATEIbHO, ITO

Ae =ajer +...+opep +Bifi +...
coiF Byfqg o O01he + .+ 0shs. (1)
Terneps mocTapaeMcsa 3aMEHUTH BEKTOP € BEKTOPOM e TaK,

9TO0BI TOCAE DTOM 3aMeHBl BeKTOp Ae’ cramr BO3MOXHO
npome. Bygem uckaTh BekTop € B BUAE

e':e—%lel—...—%pep—,ulfl—...
coo—pgfg— .. —wihy — ... —wshg. (2)

Mer nmeem

Ae' = Ae — A(scie1 + ... + s5ep) —
—A(u1f1+...—i—,uqfq)—...—A(w1h1+...+wsh5),

i, noas3yack gopmyon (1),

Ad =ajer + ...+ apep, + Bifi+ .+ Bofg+ -
cooFOhi 4o+ 0shy — AGsrier + ..+ pep) —
—A(prfi+ . pgfy) — oo — Alwrhy + ... Fwshy). (3)

KoaddbunumenTsr s, ..., 25 (i1, .. g} -+ Wiy-..,Ws MBI
MOXEM BHIOPATH NPOU3BOABHO. Boxbepem nx Tak, 9TOOH B
npaBou gacTu Gopmy.sl (3) 0CTATOCH KAK MOXHO MEHBIIE
CIaraeMBbIX.

Mubi 3HAEM, 9TO KaXAOU T'pymme 0a3MCHBIX BEKTODPOB
N-MEpHOro mognpocTpancTea R/, B KoTopoM mpeobpaso-
Baume A mmeeT HOPMAJABHYIO (POPMY, OTBEIAET CBOE COO-
CTBEHHOE 3HAYEHUE A1, A9 4 T. 1. MBI paccMoTpuM OTHeab-
HO [IBA CIydYasd, & IMEHHO pa3bepeM CHAYAMA CIyIan, KOT I,



§20] OPYTOE JOKA3ATEJBCTBO TEOPEMBI O IPUBEIEHUN 227

HU OJHO W3 DTUX COOCTBEHHBIX 3HAYEHUU HE PABHO HYJIIO,
a 3aTeM CIydayd, KOrga 5TO He Tak.

Bas6epem mepsoim caydan, korga Ay # 0, Ag # 0, ...,
Ak # 0. B aTOM cIygae MBI MOKaXkeM, ITO BEKTOP € MOXHO
BHIOpaTh Tak, 9T0Ob Ae' = 0, T.e. momobpaTh s, ..., ws
Tak, ITOOBI BCE CIaraeMble B IPAaBOU dacTé (3) COKpaTu-
auchb. Tak KaK BEKTOPBHI KAXKJAOU TPYIIILI MEPEXONAT IPU
npeoOpa3oBaHUU B KOMOWHAIIMIO BEKTOPOB TOU Xe TPYII-
MBI, TO BEKTOPBHI PA3AUIHBIX TPYII MOXHO YHUITOXATD
HE3aBUCUMO APYT OT apyra. bokaxewm, kak mono6parTs KO-
> punmenTsr 1, 39, . .., %, 9T00b B mpaBou dacta (3)
COKPATHUINCh BEKTOPHI €1, €2,...,€p. LICHBI, COAePKaIIme
STW BEKTOPHI, UMEIOT BHA

ater + ...+ opep, — A(scier + ...+ 3ep) =
=aje; + ...+ ape, — A€ —
—my(er + Aiez) — ... —agpep—1 + Migy) =
= (a1 — A1 — m)er + (ag — 201 — 23)e2 + ...
cooF (apo1 — 1A — p)ep_1 + (ap — 3551 )ep.

Bpupasausas mym0 ko3 hunuenT opu e,, OnpeerieM 7,
ITO BO3MOXHO, TaK Kak Aj 7 0, 3aTeM, IpUpPABHUBAA HY-
JII0 KO3DPUIUEHT TIPU €)1, ONPENEIAEM 32, | U TAK JATEe
10 1. Takum 06pa3oMm, Mbl yHUYTOXuIU B (3) <IeHBI C
€1,€2,...,€p. AHATOIrMYHO BBIMUCIAEM APYTHE TPYIIIEL KO-
a¢pPpunmesTOB.

Mebr mosyamiu, Takum 06pa3zoM, BEKTOpP €', mas KOTo-
poro

Ae' =0.

[ob6asasiz >TOT BeKTOp K uMelomeMycs 0a3ucy, IOIy-
qaeM Gasuc €';er,e,...,€p; f1, fo,. .., fq;-- 3 hi,ha, .. b
B (n + 1)-MepHOM TPOCTPAHCTBE, B KOTOPOM mpeobpa3o-
BaHUE WMeeT KaHOHMYeCKuu Bui. BekTop € obpasyer
IIpY 5TOM OTAEILHYIO IPYIILY ¢ COOCTBEHHBIM 3HAYMEHUEM,
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PaBHBIM HYJJIIO (CJIeAOBa,TeJH)HO, C CO6CTBeHHbIM 3HAYICHU-
eM T, ecin OBl MBI HE PACCMATPUBAIN BMecTO A mpeobpa-
soBanue A — 7E).

BaccmoTpuMm Teneps BTOpOHU CIydad, a MMEHHO IIyCThb
HEKOTOPHIM TPYIIIAM BEKTOPOB 6a3mCa B N-MEPHOM MPOC-
TpaHCTBe R COOTBETCTBYIOT COOCTBEHHBIE 3HAYMEHUA MIPE-
oOpasoBanua A, paBHble HyJIiI0. TOorga B IpaBoM YaCTHU
dbopmyast (3) y Hac 6y IyT craraeMbie JByX COPTOB — COOT-
BETCTBYIOIIE T'PYINAM C OTIUIHBIMU OT HYJSI COOCTBEH-
HBIMU 3HAYICHUAMU U I'DYIIIAM, A1 KOTOPBIX CO6CTBeHHoe
3HadeHue paBHO Hym0. C rpynnaMu, y KOTOPBIX COOCTBEH-
HBIC 3HAYICHUA OTJIUTIHBI OT HYJA, Mbl MOXEM IIOCTYIIUTH
TaK Xe, KaK U B IIEPBOM CIydae, T.e. 1oabopoM Kodhdu-
NUEHTOB YHUITOXUTH BEKTOPHI B pason dactu (3). Jomy-
CTUM, 9TO MOCJE 3TOU ONEPAIu y HAC OCTAHYTCA, HAIIPU-
Mep, TPU IPYHIIBI CIATAEMBIX €1,€2,...,E€p; f1, f2,- .., g5
g1,92;,---,gr C COOCTBEHHBIM 3HAYEHWEM, PABHBIM HYJIIO,
T.€. 9T0 A1 = Ao = A3 = 0. Torga

Ad' =arer+...+ape, +Bifit. By Syt A1+
et Vg — AQcier + ..+ 2pep) —
—Alpfr+ ..+ pgfe) — Al + ... +vrgr). (4)
Tak kak A1 = Ay = A3 =0, TO

Ae; =0, Aex=e1, ..., Aep=ep_1,

Afi =0, Afe=fi, ..., Af;=fe1,

Ag1 =0, Ag2=g1, ..., Agr=gr1.
Bosromy /mHenHas KOMOMHAIMA BEKTOPOB €1,€2,...,Ep,

BXOJAIIAA B NPaByl 9acTh paseHCTBa (4), OygeT mmeThb
BU]

Q1] + ...+ Qpep — o] — ... — Hpep 1.
Bonmaras s = a1, ..., 2y = Qp_1, MBI YHAITOXUM 3J€Ch

BCE ClIaraeMble KpOMe OJHOI'O, PAaBHOI'O (ype,. Bpogeras Ty
XKe omepanuio B rpymnax fi,..., fy ¥ g1,...,gr, MBI IOTy-
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YUM BEKTOp €', IS KOTOpPOro

A€ = apep + By fq + rgr-

CrygallHO MOXET OKa3aThCA, 9TO «p = (B = v = 0;
TOr/Ia MBI IIPUXOAUM K BEKTOPY €', IS KOTOpPOro

A =0,
U TOTJa, KaK U B IEPBOM CIydae, Halle npeobpa3zoBaHue
‘. . .
yxe B Gasuce €;er,ea,...,ep; f1,f2,..., fgi-..1hi,ho,...

..., hs umeeT HOpManLHYIO opmy. Bektop €' B aTOM Ciy-
gae o6pa3yeT HOBYIO KJIETKY C COOCTBEHHBIM 3HAYEHUEM,
PABHBIM HYJIIO.

Bycts Temepsr xoTAa 6B OAMH u3 KO>(MPUIMEHTOB
oy, By, Yr OTIMIEH OT Hy1d. B sTOM ciaywae, B oTimIue oT
pPacCMOTpPEHHBIX paHee, HAM HPUAETCA [IJIA MIPUBENEHUST K
HOPMAJBLHOU (POpPME TaKKe M3MEHUTH HEKOTOPHLIE U3 BEK-
TopoB 6asuca, yxe mmeomeroca B R, Bacmomoxum wmcaa
P, q,r IO UX BeauduHe. BycTh, Hanpumep, p > g > r. Toraa
CTPOMM HOBYIO TpyIIy, HA9UMHAA C €, caeayommM oOpa-

/ ! ! ! / _ /
soMm. Bomaraewm e, = €', e, = Ae, |, €, | = Ae,, ...,
e = Ael,. Mb1 umeewm, ciegoBaTensHo,
I N
Cp+1 =€
1 I -
ep = A€,y = apep + By fy + Vrgr,
! _ !
€p—1 = Aep = apep_1 + ﬁqfq—l + Yr9r-1,

! !
Cp—r+1 = Aep—r—i—Z = apep—r+1 + Bgfq—r+1 + Vg1,

/ o / o
€p—r = Aepfr+1 = apepr + Bofg-r,

3aMeHHM Temepb BEKTOPHL €', €1, es,. .., e, 0a3uca BEKTO-
» €1, 62, » Ep
paMu

!/ !/ ! !/
€1,€2;5- - 7€p7 ep-}-la
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a OCTaJIbHBIC OCTaBUM 663 MN3MCHCHWA. MI)I IOy IM TOTr' La
HOpMaJbHYI0O dopMy mpeoOpa3oBaHUA, IPUIEM pPa3MepPHI
MEePBOU KJIETKU YBEIMYUMINCHL HA euHUIly. Teopema mou-
HOCTBIO [OKAa3aHA.

Mgl BuAMM, 9TO B MPOIECCE MOCTPOEHUA HOPMAIBLHOU
(OpMBI HYXKHO OBLTO Pa3andaTh ABA CIydad.

1. Caygan, korga no6asieHHOE COGCTBEHHOE 3HAMEHUE T
(MBI €ro momaraiu paBHBIM HYJIO) HE COBHANAET HU C OJ-
HUM U3 OPEXHUX COOCTBEHHBIX 3HAYEHUU Al,..., ;. B
9TOM CiIyd4ae no0aBiaAIach OTAEIbHAA KJIETKA IEPBOr'O IMO-
pagKa.

2. Cnyuan, korga K00aBJIeHHOE COOCTBEHHOE 3HAYEHUE
COBITAJAJO C OJHWM U3 yX€ MMEBIIUXCI. B d>TOM cirydae,
BOOOIIIE TOBOPs, Pa3Mep OJHOU M3 MMEBIIUXCA KIETOK yBe-
amauBasica #Ha 1. Ecam xe kosddunuenTs «, 3,7y paBHBI
HYJIO, TO, KaK U B IIEPBOM CIyd4ae, MOo0OaBIAIACH HOBAA
KJIETKA.

§ 21. TuBapuaHTHBIE MHOXHTEJIA

B sTom maparpadge MBI yKaxeMm CIOCO6, DAIOUUA BO3-
MOXHOCTb HAXOAWUTH XOPJAHOBY HOPMAILHYIO (GOpPMY JIH-
HEMHOro npeobpasoBaHud. V3 pesyabTaToB >TOr0 mapa-
rpadga OymzeM Takxke BEITEKATL OO CUX IOD elle He TOKa-
3aHHAA €IUHCTBEHHOCTEH DTOU (POPMEL.

Onpegenenme. Mampuynr A u A, = C AC,
2de C — npouseoabHnas HEBLIPONCICHHAS MAMPUYA, HA3bI-
8410MCA NOJOOHBIMU.

Ecan marpuna A nogobua marpure As, To 1 06paTHO,
As nonobua Ajp. [lenicTBATENBHO, IYCTD

A, =C7'AyC.
Torma orcrona

A, =CA,C !,
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T.e. ecan nonoxuts C ! = C, umeem:
Ay, =C['AC

u, creqoBaTeabHo, As momobua Aj.

Jlerko Takxe mokazaTb, YTO ecau aBe MaTpunbl A u
As o06HBI OMHOU U TOU Xe MaTpule A, TO OHI TOTOGHBL
Mexay cobou. [lencTBuTenbHO, MyCTh

A=C;'AC, A=C,"'A5C:.
Torga CT'A1C = C;'A5C)5, 1. c.
A, =C,C;'A,C,C7 1,
7 €CIN HMOJOXUTH C2C;1 = C, To noxy<um:
A =C'A,C,

T.e. A; 1 As TOJOOHEL.

Bycrs A — maTpurna npeobpasopanus A B HEKOTOpOM
Oasuce. Bpu nmepexone k npyromy 6asucy marpuma A same-
HAeTca mogobuon eit Marpuneir C 'AC, rge C — maTpu-
1a mepexoga oT mepsBoro 6azuca ko Bropomy (§9). Takum
obpa3oM, mOoAOOHBIE MATPHUIBI —DTO MATPUILHI OJHOTO U
TOT'0 XK€ JUHEHHOrO MpeoOpa30BAHUA B PA3JUYHBIX 0as3u-
cax.

Bama 3agada —no maTpuile mpeoOpasoBaHUsL MOCTPO-
ATh UHBAPUGHIMbL CAMOTO TPEOOPA30OBAHUA, T. €. BBIPAKE-
HUS, 3ABUCAILUE JUIIb OT caMoro npeobpasosauus A. [Ipy-
TUMHK CIOBAMHU, HAM HYXHO MOCTPOUTH (QPYHKIWU OT 3HJe-
MEHTOB MAaTPHIIbI, COBIAAONUUE IId MOJOOHBIX MATPUII.

Onuu TakOU MHBAPUAHT ycTaHOBJAeH yxke B § 10. Umen-
HO, TaM OBIIO TOKA3AHO, ITO XaPAKTEPUCTUICCKAN MHOTO-
wieH MaTpuisl A, T.e. onpenennTens MaTpuibl A — AE:

Dy (A) = |A - >‘E|

HE MeHAeTCA npu 3ameHe Marpunbl A mogobHOM Ma-
Tpuner. MBI HOCTpOMM 3A€Ch PAL HHBAPUAHTOB, CPEIHU
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KOTOPBIX OyI€T COAEPKATHCA U XaPAKTEPUCTUICCKUI MHO-
TOUIEH; OHU OY YT NoAHOt CuCmemoti UH8APUAHMOE, B TOM
CMBICJIE, YTO U3 UX COBIAJICHUA JJIA TBYX MATPWUIL CASTYET
nogobve >TuX MaTpPHI.

Bycrts A — npousBoabHAA MATPHIA N-I0 MOpAaKa. Mu-
HOpHI k-To mopsagka mMarpuisl A — AE CyThb HEKOTOpHIE
MHOrOWIeHEL 0T A. O6o3nauum uwepe3 Di(X\) ur nauboab-
wutl obwut deaumenv *). B wacrrocru, D, (\) — oupexe-
auTeas MaTpuisl A — AE| T. e. XapaKTepUCTUIECKAN MHO-
rowien MaTpuiibl A. B gagbHereM Mbl MOKaXeM, ITO BCEe
Dy ()\) aBastoTCA MHBADUAHTAMA.

3amerum, aro Dy, (\) pemurcs wa D,_1(\). [leucrsu-
TenbHO, 1o onpegeneruto Dy, 1 (A\) Bce Munopst (n — 1)-ro
nopaaka geaarca wa Dp_1()\). Basamaras ompegemmrens
Ha, CYMMY [IPOW3BEIEHUN DIEMEHTOB KaKOU-HUOYIAb CTPO-
KU HA UX aareOpamdecKue JONOJHEHUs, MbI IOLyIaeM, 9TO
u onpeneanrens Dy (\) pemarca va D,,_1(\). Aramoruano,
Dy_1(N\) memurcs vHa Dy _o(N\) u T. 1.

Yupaxuernune. auntu Dy(N\) (k= 1,2,3) gas marpuns

X 1 0
0 X 1
0 0 Xo

Omsem. D3(\) = (A — o), D2(\) = D1()\) = 1.

JJemma 1. Fcau C —npou3soiprnas Hes8bIpoHcIeH-
HAA MOMPUYG, MO obwue HaubosbuLE JeAUMELT MUHO-
poe k-20 nopadra mampuy A — AE v C(A — \E) cosna-
darom. Awnaso2uunoe ymeeprHcoeHue UMeEm MeCMO U Oad
(A - )\E)C.

*) Hanbompmmi 06UMY NEIUTENb OIPELETEH C TOTHOCTBIO 4O TH-
caoBoro muOxuTeNA. Mbl Beibupaem Dy () Tak, 9T00BI cTApIUi KO-
addunuenT 6eu1 paser 1. B wacTrOCTH, eciu MUHOPE! k-TO IOpAIKa
B3amMHO IPOCThI, TO Dj(A) = 1.
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Hoxaszarteasctso. Crpoku marpus: C(A—\E)
ABIAIOTCA JUHEHHBLIMA KOMOWHAIMAMU CTPOK MATPUIIHI
A — \E c koo(pPpummeHTaMu, ABIAIOMMMACT DIEMEHTAMI
maTpunst C, T.e. He 3aBUCAIIMEA OT A. [[eNCTBUTEIHHO,
0603HAYMM “Iepe3 a;r, daeMeHTsl MaTpusl A — \E u depes

ar). amementsr MaTpunsl C(A — AE). Torna, Hanpumep,
n

aly =) cijazp,
7j=1
T. €. dnemenThl epBou crpoku marpunst C(A — \E) asua-
FOTCS IMHENHBIMY KOMOUHAIUAMEI CTPOK MaTpuibl A — \E
C Kop(dunueHTaMu Ci;. AHamOrnYHO MOKA3BIBAEM DTO U
UL APYTUX CTPOK.

Bosromy munop marpuust C(A — AE) paznaraerca Ha
cymmy MuHOPOB Marpunsl A — AE ¢ HEKOTOPBIME 9H-
caenabiMu KO3 dunuenTamu. CaegoBaTeIbHO, BCAKUNA 1€~
JuTens MUHOPOB k-ro mopsagka marpunst A — AE Gyger
TaKXe [eIUTeleM MUHOPOB TOI'0 XKe IOPIIKA MaTPUIbL
C(A — AE). Tax xax or marpunsl C(A — AE) MBI MO-
xeM mepeitn Kk mMarpune A — A\E ymuoxennem ma C !,
TO U OOPATHO, KAXKABIA ACIUTEIb> MAHOPOB Kk-TO MOPAIKA
marpunsl C(A — AE) ABigeTcsa neiuTereM MAHOPOB k-I'O
mopsagka marpunbl A — AE. Crenosarensuo, y A — AE n
C(A — \E) obuue nenrurenrsn MUHOPOB k-rO HOPSAKa CO-
BIIATAIOT.

Jemma 2. Y nodobneir mampuy mmozousenvt Dy ()
cosnadaom.

MoxasareabcTso. Bycrb Au A = C7!AC —
aBe 1mogo6Hbe MaTpuibl. COrIacHO NPEABIAYLIEH JeMMe,
o0mue HAMOOMBIINWE AEAATENN MWUHOPOB Kk-T'O HOpSIAKa Y
A — AE u (A — AE)C coBuagaor. Bo Tou xe aemme co-
BIALAIOT MeXAy coOou obiue HAnOOIbIINE AeTUTENIN MU-
HOpOB k-ro mopagkay C~H(A - AE) u C™'(A - \E)C =
= A’ — \E. Cregosarersno, Di()\) gia A mw A’ pasab
MeXay COOOM.
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Tak kak npu nepexojie OT OQHOTO 0A3UCA K APYTOMY Ma-
TPHUIA IMHEUHOI'O IPeoOpa30oBaHMa 3aMeHAETCA MO0A00HOH,
TO U3 JIEMMBI 2 BEITEKAET CJEIYIONAg

Teopewma 1. Ilycmv A — aunetinoe npeobpazosa-
nue. Toeda wauboavwutli obwuti deaumeav Dy(N\) muno-
pos k-20 nopadka mampuuyvs A — A\E, 2de A — mampuya
npeobpazosanus A 6 wexkomopom 6aszuce, ne 3a8ucCuUmM Om
svibopa 6a3uca.

Bepengem k Boraucaenuio MEOrOwieHoB Dy () misa nan-
HOT'O JUHENHOro npeobpasosanusa A. B cury Teopewmsr 1,
IPH WX BHIYUCJICHUN MOXHO MOJb30BATHCA MATPUIIEH JIU-
HEUHOro npeobpas3oBanus B Jai0O60M Oasuce. Boibepem Ga-
3UC, B KOTOPOM MaTPUIA JUHENHOTO PE0OPa30BAHMA MME-
eT XOPAaHOBY HOPMaTbHYIO (hopMy. BaM HyXHO, caenoBa-
TENBbHO, BEIYUCAUTH MHOTOWIEHB Dy (\) nas marpunsr A,
MMEOIEN HOPMAJIBHYIO (HOPMY.

Bangem cuagana Bce Dy () ama MaTpuIsr n-ro mopsagka
BUIA,

X 1 0...0
0 1...0
............. , (1)
0 00..1
0 0 0 ...\

T.e. A OJHOU «KIETKM» HOPMaIbHOU ¢HopMBI. MbI nMeem
D, (A) = (A= o)™ Ecau B marpune (1) 3a1epkayTh 11Ep-
BBIZ CTOJAGEN ¥ MOCIEAHIOI0 CTPOKY, TO HOLYIMM MAaTpPU-
ny Aj, B KOTOPOU [0 AUATOHAIU CTOAT EQUHWIILI, & Ha
Auaronansio Hyau. Bosromy Dp_1(A) = 1. Beruepkusas
ganee B MaTpune A CTPOKM U CTOIOLBL C OLUHAKOBBIMU
HOMEDAMU, MBI CMOXEM [0Ka3aTh, 9T0 U Dj_9(N) =

= Di(A\) = 1. OxkoHYaTEIbHO MBI MMe€eM, UTO 044
omdeavrnoti kaemru [mampuyvt (1)] nocaedosamesvrocmo
Dy(N) caedyrowan:

A=X), 1, 1, ..., 1.
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[anee, 3ameTum: nycmsv mompuya B umeem eud

B; 0
0 By’

2de By u By — xakue-aub60 mampuybt nopadkos ni u ns.
Toz20da omauunbie 0Mm HYAs MUHOPLL M-20 NOPAIKA MAMPU-
yvt B umetom sud

Ay =ADAR)

ma? mi +mz =m,

2de A%i — MUHOPBL M1-20 nopsdka mampuuybt B, a
Agl — MUKOPBL M2-20 Nopadka mampuyv, Be *). lenctsu-
TEIbHO, €CIW BHIJEJUTH Te€ U3 MEPBHIX N1 CTPOK, KOTO-
pble BXOOAT B COCTAB AAHHOTO MWHOPA, W PA3IOKUTDH IO
HUM MZHOpP (BOCIOJB30BABIIUCHL Teopemonu Jlammaca), To
5TOT MUHOp Oymer ambO paBeH HYJIIO, AUOO WMETH BU

A Al

Bangem reneps muaorownensr Dy (\) aas npou3BoasHON
MaTpuibl A, UMeIIen XOPAaHOBY HOPMAJIBLHOK (POpMy.
Mu1 mpegmonoxum, 9TO B MaTpuile A mMeeTcs p KIETOK,
OTBEeYAOMNX COOCTBEHHOMY 3HAYEHUIO A1, (¢ KIETOK, OT-
BEYAIOMINX COOCTBEHHOMY 3HAYEHUIO Ag, u T. 1. OG03HAYIUM

MOPAAKY KJIETOK, OTBEYAIOUNX COOCTBEHHOMY 3HAYEHUIO

A1, I€pe3 ny, Ny, ...,Np (N1 =ng =n3 > ... > np).
Marpuma B = A — AE pacnagaeTcsa Ha OTIeIbHBIE
KIeTKU B;, m3 KOTOpHIX, HampuMep, B uMeer Bum
Al — A 1 0 ... 0
0 A=A 1 ... 0
By=| ...
0 0 0... 1
0 0 0 ... x—2A

") Oramwamemr ot myms mmHOp Ajp k-ro mopagka marpuunsl B

1
MOXKeT, KOHEIHO, MMETb BHJ A,(c), T.e. OBITH COCTABIEH U3 DIe-
merToB Bi. B srom caydae mpI ero sanumrem (GpOpMAIbLHO B BUIE

A = A,(Cl)A((f), e IMOJOXKEHO A(()2) =1.
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Boramcanm cuagamra Dy (), T.e. onpegeawTens MaTpPHIbL
B. OH paBeH TpOW3BEIEHUIO OmpeaeanTesen Marpul B,
T. €.

Dn(A) — ()\ _ )\1)m+n2+...+np(>\ _ )\2)m1+m2+,,,+mq o

Bepengem reneps k Beraucaenmio D,_1(\). Tak kak
Dy_1(N\) ects gemmrens muorowrena Dy (A), To Dy_1(\)
COCTOUT U3 MHOXHUTEIEH A — A\, A — Ao, .... Boraucium,
B Kakou crenenu B Dp_1(A) Bxogur A\ — A;. [usa sToro
3aMETHM, 9TO MPOW3BOJLHBIA OTIMIHBIA OT HYyJA MUHOPD
(n — 1)-ro mopsaaka marpuust B = A — A\E umeer Buj

Aoy = AVAD AR
rae ti+to+. . .+t = n—1, Ag) MUHOPHI IOPAAKA T; MATPH-
ubl B;. Tak Kak cymMMa IOPAIKOB MIHOPOB AS), ... PaBHA
n — 1, TO OUH W TOJBLKO OAWH U3 3TUX MUHODPOB MMEET
MOPAOK HA €IUHUILy HUXKE, IeM MOPATOK COOTBETCTBYIO-
men MaTpuisl B;, T.e. mMOIyYaeTcsa U3 COOTBETCTBYIOUIEN
KJIETKA MATPUILI B BHIYEPKUBAHUEM OJHOU CTPOKU U Of-
HOTO cTOMOma. MBI BUgean, 9TO B OTAEABHOU KJIETKE MBI
MOXEM BBIYEPDKUBAHUEM OJHOU CTPOKU W OAHOT'O CTOJIOIA
HNOMYyYUTH MAHOD, PaBHBIU equaune (cMm. cTp. 234). Boaro-
My MBI MOXeM moa006paTsh A, _1 Tak, YTOOB KAKOU-HUOY Ib
OJIVH W3 MUHOPOB Ag) CTal PABHBIM EIUHUIE, HE MEHIA
P DTOM OCTAJIBHBIX, PABHBIX ONPENEIUTENAM COOTBET-
crByoumx kiaerok. OTcioga ACHO, 9TO, MJIA TOCO 9TOOBI
MONYYUTh MUHOP, COAEPKAIIAA A — A| B BO3MOXHO Gosee
HU3KOU CTEMEHU, JOCTATOIHO BEIYEPKHYThH CTPOKY U CTOJI-
6el B KJIETKe, OTBEYAIOMEN A| U MMEIONEN HauOOJbIINN
MOPAJ0K, & UMEHHO MOPAJ0K 711. TakuM 00pa3omM, HanbOOIb-
wuit 06wumy genurens Dy _1(A) muropos (n — 1)-ro nopsg-
Ka COAEPXKUT A\ — A\ B CTEHEeH: N2 + N3 + ... + nyp.

Awnanormano, cpegm MUHOPOB (1 — 2)-r0 MOpAAKa HAW-
HU3IIYIO CTEIEHb A — A\ COAEPXUT MHUHOD A, 9, IOIy-
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YEHHBIA BHIYEPKUBAHUEM IO CTPOKE U CTOMOIY U3 KIETOK,
COOTBETCTBYIOIIAX COOCTBEHHOMY 3HAYEHWIO A| W HMEIO-
UX MOPAAKA Ny U ng. Takum obpasom, D, o(A) comep-
XKHUT A — A B cTenmeHu n3 + n4 + ... +n, 1 T. 1. Bakonern,
Dy, p(X), Dy—p-1(A),..., D1()\) BOBCe HE COTEPKAT X — Aj.

CoBepIIeHHO TaK Xe Mbl BBIACHAEM, B KAKUX CTENEHAX
B Dy () BxoaaT MHOXATEIH A — Aoy, A — A3, ...

VTak, MBI JOKA3aId CIEAYIONEe yTBEDXK JCHUE:

ITycmov mampuya npeobpasosanus A umeem xHopdano-
8Y HOPMAALHYIO POPMY, 8 KOMOPOU UMEEMCA P KACMOK

nopadkos ni,na,...,n, (N1 = ng = ... = n,), omeeua-
VUL COOCMBEHHOMY 3HAUEHUIO N1, ¢ KAEMOK NOPAIKOS
mi,ma,...,mq (M1 > ma > ... > my), 0MEEUAOWUT

COOCBENHOMY 3HAUEHUIO A2, U M. d.; Mo20a
Dn(>\) — ()\_ )\l)n1+n2+n3+...+np ()\_)\2)m1+m2+m3+...+mq. )

Dp_1(A

b

)\_)\l)n2+n3+...+np ()\_)\2)m2+m3+...+mq e,

)\_)\l)n3+...+np ()\_)\2)m3+...+mq e,

Bpu srom, maumuaz ¢ D, ,(\) mHOXHTETL (A — A1)
3aMeHfAeTCA efumHMIEN, HadmHad ¢ D, ,()\), MHOXHTeIb
(A — A2)" 3aMeHseTCSA €IUHULEH U T. .

Baccmorpum BaxHBIM mpuMep. BycTh cobcTBEHHOMY
3HAYEHUIO \] OTBEYAET JWIIb OMHA KIETKA, OPATOK KOTO-
pOM paBeH M1, COOCTBEHHOMY 3HAYEHUIO A — TOIBLKO OJI-
HA KJIETKA MOPAIKA 1M1, A3 — OTHA KJIeTKA MOpAIKa ki
u T. 1. (T. €. COGCTBEHHBIE 3HAMEHUA, OTBEIAIONINE PA3IUI-
HBIM KJIeTKaM, pasauansl). Torga D;()\) umeer Bug

Dp(A) = (A =AD" (A= A2)™ (A= Az)* ..,
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Ykazaunbi Beime o6mwuu Bug aaa Dy ()\) mokasweiBaer,
94TO BMeCTO MHOrOWIeHOB Dy (\) ygo6Hee BBECTH UX OTHO-
IeHnA

By = 2
D—1()
Muorowienst Ej()\) Ha3BIBAIOTCA UHEAPUAHINHBIMY MHO-
scumensamu. Takum obpazom, ecaum mampuya A umeem
HCOPOAHOBY HOPMAALHYIO POpMY, 6 KOMOPOT UMEemcs p
(KACTOKY NOPAJKOS N, N, ... Ny (N1 =Ny = ... = ny),
OMBEUAOUWUL COOCMEERHOMY 3HAGUEHUIO N1, ¢ (KACTMOK)
nopadkos mi,ma,...,mg (M1 > mg > ... > my), omse-
YAOUWULT COOCMBERHOMY ZHAUENUIO Ay U M. 0., MO UHEAPU-
anmmuoie mruoxcument Ex(N) umerom sud

Ep(A) = (A= A)" (A= A)™ ...,
Ep (A=A =2)" (A= A)" .,
Epo(A) = (A= A1)" (A= A)"™ ...,

Mgl BuamM, 9TO 3aJaHUE MOCICAOBATEIHLHOCTH WHBA-
puaHTHBIX MHOXHUTenen F, (M), E,_1(\),... HOIHOCTBIO
OlIpenensaeT KOPAAHOBY HOPMAIbHYIO (hOpMYy MaTpuIlsl A;
COOCTBEHHBbIE 3HAMEHUA A; MOIYIAIOTCA KAK KOPHU ypaB-
uerusa E,(\) = 0. Baamepsr xe ny,ng,...,n, KIETOK, OT-
BEYAIOUIAX JAHHOMY COOCTBEHHOMY 3HATEHUIO A1, PABHBI
CTEIeHAM, C KOTOPBIMHU ABYWIEH A — A\ COITEPXKUTCA COOT-
BeTcTBeHHO B Fp(N), Ep_1(N),...

Msr Teneps B cocTosHUE CHOPMYAAPOBATH HEOOXO MM~
MBIE ¥ IOCTATOYHBIE YCJIOBUS CYIIECTBOBAHUA Ha3uUca, B KO-
TOPOM MATPWUIA, JAHENHOrO MPEeOOPA30BAHUA NUATOHAb-
HA.

Las mo2o umobvy cyuecmseosan 6a3uc, 6 KOMOPOM M-
mpuya nNpeobpasosanus Oua2onaabHa, Heo0ToduUMo U Jo-
CMAMOUHO, UMOObL UHBAPUAGHMHBIE MHONCUMEAY IMOT M-
MPUYbL UMEAY AUULL TPOCTNBLE KOPHU.
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[ledcTBUTENBHO, MBI BHJEIU, YTO KPATHOCTU KOPHEH
A1, A2,... WHBAPHUAHTHBIX MHOXHUTEICH OIPENEIAIOT IIO-
PAOKA KIETOK B XOPAAHOBOM HOpMaabHOE ¢dopme. Bpo-
CTOTA KOPHEU MHBAPUAHTHLIX MHOXUTEJIEH O3HATAET, Ta-
KM 00pa3oM, ITO 5TU KJIETKHU MEPBOTO MOPALKA, T.€. ITO
KOPAAHOBA HOPMAJIbHAA POPMA MATPUIIEI CBOAUTCA K TUA-
TOHAJIBHON.

Teopewma 2. Jas mozo umobvl dee mampuuybt ObLAU
1n0do6Hbl, Heobrodumo u docmamouno, ¥mobvl UL UHEAPU-
GHMHBIE MHONCUMEAY COBNAJAAU.

HdoxasareabcTBo. Mb gokazam (remma 2),
9TO y mOAOOHBIX MATPUIl COBIAAAIT MHOTOWIEHB Di ().
CuenoBaTeabHO, COBIAMAIOT U MHBAPUAHTHBIE MHOXUTEIN
Ek(X), aBrsiomuecs MX OTHOUICHUAMY.

O6paTHO, IyCTh MHBAPUAHTHBIE MHOXUTEIN MaTpuUl] A
un B coBmamaroT. MbI 3HAEM, ITO Kax Aas MATPUIA 01006~
Ha, HEKOTOPOU MaTpWIle, UMEIOIIEN XOPJAHOBY HOPMaJb-
Hyio popmy. Tak kak uaBapuaHTHBIE MHOXUTEM Y A u B
COBIAIAIOT, TO UX HOPMAJbLHBIE KOPAAHOBH (POPMBI TOXKE
copmagaiorT. Takum o6pazom, MaTpuibl A u B momoGHBL
OMHOU W TOW XK€ MaTpHIle u, 3HaduT, A momobua B.

Teopewma 3. Iopmasvnas gopma aumnetinozo npe-
00Pa308aHUA 0OHOZHAUHO ONPEICARETNCA CAMUM AUHECTHbIM
nPeobpPa3’0B8aHUEM.

HdoxaszaTeasbcTsBo. Marpunsl mnpeobpa3oBaHUA
A B pasmmuHbIX Oasmcax mogoOHBI. Tak Kak ImOomoOHLIE
MATPHUIBI UMEIOT OUHAKOBbIE MHBAPUAHTHBIE MHOXUTEIN,
a4 MHBAPUAHTHBIMYU MHOXHUTEIAMU OTHO3HAYHO ONPeness-
eTcA HOpMaJbHad ¢dopMa, TO HOpMaJbHadA (popMma JaHHO-
IO JUHETHOTO TPe00pPa30BaHUA OPEIeJeHa, OMHO3HAYHO, U
TeopeMa, TOKA3aHA.

MbI B COCTOSAHUU TENEph HAUTU XKOPIAHOBY HOPMAJb-
HYIO (OPMY MATPHUIB JUHEUHOTO TpeobpasoBanus. [lis
DTOr0 AOCTATOYHO B3ATH MATPUIY JUHEUHOTO Hpeobpa-
30BAHUA B KAKOM-HUOYIb 6a3Wce WM HAUTH WHBAPUAHTHHIE
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MHOXUTea MaTpunbl A. Basznoxus MHBapMAHTHBIE MHO-
xuTenu B npoussegerue Buga (A — X)) (A — A2)™ ..., MBI
OyzeM 3HATH KaK COOCTBEHHbIE 3HAYEHUA, TAK ¥ OTBEIAIO-
e UM MOPSAKY KIeTOK.

§ 22. A\-MaTpuusl

1. A-marpuner (MOIMHOMUAILHON MATPUIEH) HA3BIBA-
eTCA MaTPUIA, SIEMEHTAMUA KOTOPOU ABIAIOTCA MHOT'OMIE-
HBI OTHOCHATEIBHO HEKOTOpOu OykBbl A. CTemeHb0 A-Ma-
TPUILI HA3BIBACTCS HAMBBICIIAA U3 CTEIEHEN MHOTOICHOB,
BXOIAIIAX B COCTAB MATPHUILL. SICHO, 9TO A-MaTpuia cre-
[IEHU 7 MOXET OBITH MPENCTABICHA B BUAIE

AN + AN+ A,

rae Ay — maTpunsl, yxe He 3aBucamue ot A ¥). JacTHbIR
CIydYall \-MaTpUIl HAM YK€ BCTPEYAICI HEOAHOKPATHO, &
nMeHHO MaTpulbl Buga A — AE. Besyabrarhl, KOTOpBIE MBI
MOMyYUM B 3TOM maparpade, IIsd CIydasd A-MaTpPUll BHIA
A — AF comepXaT KaK YACTHBIA CIy4aydl MHOIUWE U3 pe-
3YJbTATOB, MMOJYIEHHBIX B IPEABIAYIINX Maparpadax 3Toun
TJIABBL.

A-MaTpHUIbl BCTPEIAIOTCA BO BCEX BOIPOCAX MaTeMAaTHUKH. 1ak,
HAIIPUMED, PEIIeHne CHCTEMBI OTHOPOIHBIX IUHEXHBIX auddepeHnn-
ATBHBIX YPABHEHUI IMEPBOrO MOPALKA C IMOCTOAHHBIMU KO3 DUIUEH-
TaMu

dy; .
d’; :;aikyk (i=1,2,...,n) (1)

UIeTcsa 0OBIYHO B BHE
Az
Yk = cre”, (2)

rge A U ¢p — HEKOTODbIe nmocTosHHbIe. I uX ompenereHus moacTa-
BuM GyHknmm (2) B CECTEMy W COKPATHM YDAaBHEHHE HA e, Msr

*) Boarom naparpade M1 6ygeM MaTPUALBEL 0603HATIATH CBETIBIMI
OyKBaMU.
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MOJIYYUM CUCTEMY JIUHEUHBIX YDPABHEHIN

n
Aci = E QikCk,
k=1

MaTpuna koropou ectb A — AE, rie A — marpuna u3 ko punmes-
toB cucremsl (1). Takmv 06pa3oM, u3ydeHue CUCTeMbI auddepenTy-
aIbHBIX ypaBHeHuH (1) TECHO CBA3AHO C A-MaTpHILEN IEePBOU CTEIeHN
oTHOCUTETBHO A\: A — AE.

Anamoruvso, uccrenoBaHue CACTEMbI YPABHEHUN MOPAIKA BBIIIE
IEpBOr0 MPUBOAUT K UCCICAOBAHUIO A\-MATPUI[ BEICUIAX CTeneHen. [la-
pUMep, UCCIeJOBAHNE CUCTEMBI YPABHEHNIN

n n n
4’y dyp _
Zaik Fro i Zbika + Zcikyk =0
k=1 k=1 k=1

IpUBOAUT K uccreqoBanmio A\-Marpums AN’ + BA+C, rae A = ||aix]|,
B = jbix|l, C = |lcik]|-

Mub1 paccMOTPUM CENYaC BOIPOC O KAHOHUYECKOM BUJIE
)\—Ma,TpI/IH OTHOCHUTEJIBHO TAK HA3BIBACMbBIX 3JIEMECHTAPHBIX
peobpa3soBaHUN.

BremenrapubiMu npeobpa3oBaHUAME A-MATPUI] HA3BI-
BAaITCA NMPeobPaA3OBAHUA CIAEIYIOMIAX TUIOB.

1° BepecranoBka Mex 1y cO00K ABYX KAKUX-INOO0 CTPOK
TN CTOAOIOB MATPWUIIBL.

2° BpubaBieHne K CTPOKE KaKOU-IuO0 APYTOU CTPOKH,
YMHOXEHHOU Ha HEKOTOPBIX MHOTOWIEH (), U, AHAJIOT Y-
HO, mpubaBieHne K CTOJOIy APYroro CToJa0Ia, YMHOXEH-
HOT'O HA HEKOTOPBIM MHOT'OWIEH.

3° YMHOXeHUEe CTPOKZ WM CTOJOIA HA HEKOTOPOE -
CJI0, OTJIUTHOE OT HYJIA.

Ounpenpgeanenue. Jse A-mampuuyvlh HaA3bl8aAIOMCA
IKBUBAACHMHBIMU, €CAU 00HA MONCEM OLIMb NOAYUEHI U3
Opyeot Hexomopot NnocaedosamesbHocmvio dAEMEHMaP-
HHLL NPeobPa308aHUT.

O6paTHOE K KaXIOMy DJEMEHTAPHOMY Hpeobpa3oBa-
HUIO €CTh CHOBA DJEMEeHTapHOe npeobpasoBanue. Bro mer-
KO TPOBEPAETCA Ui KAaXAOr'0 U3 TPEX TUIOB DJIEMEH-
TapHbIX mpeoOpasoBanmu. Tak, ecam A-marpuma B(A)
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nomydaerca u3 \-marpunst A()\) nepecTaHOBKOU CTPOK, TO
0OpATHOU IIEPECTAHOBKON CTPOK MBI MOXeM u3 B(\) momy-
quTh A(A). Ecan B(\) moxy4aercs uz A(\) npubasieHnem
K k-1 cTpoke i-1, yMmHOXeHHOU HA p(A), TO, o6parHO, A(X)
MOXKHO OIyIuTh u3 B(\) npubasrenueM K k-1 CTpOKe i-1,
YMHOXEHHOU Ha —@(\).

U3 cpenaHHOro 3aMe9aHus CIAeLyeT, 9TO eCId A-MaTpPU-
na K () skBuBamenTHa L(\), To u obparno, L(\) skBu-
BatenTHa K (A). B camom geme, mycts w3 K(A\) npumene-
HUEM HeKOTOpOfI IOCaeI0BATCABHOCTHY JMIEMECHTAPHBIX IIDEC-
obpasosanun noaygaerca L(A). Torga, npumenss x L(\)
B 06paTHOM noOpAke 0OpaTHBIE IPe0O6Pa30BAHUA, MBI IPU-
zem k K()\).

Ecan ase A-marpuust Ki(A) u Ko()\) skBuBaneHTHB He-
koTopou marpune K (\), TO OHI DKBUBATEHTHBI MEX Y CO-
oou. [[eNCTBATENBHO, €CIN CHAYMAIA, MTPOBECTH IOCIEI0BA-
TEIBHOCTH DJIEMEHTAPHBIX MPE0OPA30BAHNN, TIEPEBO AIX
Ki(\) B K()), a 3aTeMm sieMeHTapHbIE IPEOOPA3OBAHMUA,
nepesogamue K (A) B Ko(\), To mbr nmepesegem Kj(\) B
Ks(X), T.e. Ki(\) skBuBanenTHa Ko(A).

OcuoBHOUI pesyabTaT 1. 1 5TOro maparpada COCTOUT B
JOKA3aTEILCTBE TEOPEMBL O TOM, UTO BCAKYIO A-MATPUILY
MOXHO DJIEMEHTAPHBIMEU NPEOOpPA30BAHUAMEA IIPUBECTH K
AVACOHAIBLHOMY BUAY. [JOKA3aTeIBCTBY TOrO MpesIoxe-
HUA IPEAIONUIEM JEMMY:

Jemma 1. Ecau saemenm ayr () 8 A-mampuye A(X)
He PABEH MYAI0 U ecal He 8ce daemenmbl aik(A) mampu-
yvr A(N) deasmes nwa mmozousen ai1(N\), mo moxcno no-
dobpambv axsusasenmuyto A(N) A\-mampuyy B(X), das xo-
mopot aaemenm by (\) makoce ne pasen wyao u umeem
cmeneny boaee nu3kyo, uem aiq(N).

JoxasaTeuabcTso. Bpegnonroxum cHagama, 9TO
He geasumica Ha aq1(A) snement matpunsr A(\) HaxoguT-
ca B mepBou cTpoke. BycTs, Hanpumep, a1, (\) HE geauTcsa
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Ha a11(\). Torga a1k (\) MOXHO mpexcTaBUTL B BUAE
a1k(A) = a11(A)e(A) + b(N),

rge ¢(A) —uactroe, b(A) # 0-—ocraToxk OT KereHHA
a1k (A) HA @11 (A\) 1, cregoBaTeaBHO, cTEmeHb b(\) HEXe, YeM
crenenb aq1(A). Berarem u3 k-ro cToabua mepBBId, YMHO-
xkeHHBI HA @(A). Boryunm marpuny, rae BmMecTo aix(A)
cTOUT Temepb MHOrowieH b(\), mmeoomuu 6oree HU3KYIO
cremnenb, 1eM a11(A). BepecraBaaa Temeps k-u croaber ¢
nepBBIM, MBI IepeBeaeM b(A) B JI€BBIM BEPXHUU yTOI.

BaccmoTpum Teneps caydan, KOrga BCe DIEMEHTHI Tep-
BOU CTPOKM U TIEPBOTO CTOAOUA AEAATCA HA d11(A), a HEKO-
TOPBIN DIEMEHT k() He gemurcs Ha a1 (A). Bror caygan
MBI CBEIEM K MPEAbLAyIIEMy Caeayomum o0pasom: a;1(A)
pemarca Ha a11(A), T.e. mmeer Bug a;1(N\) = @(A)air ().
Borarem u3 - CTPOKM NIEPBYIO, YMHOXEHHYIO Ha ().
Torma a;1(\) 3amenuTca HyaeMm, dIeMeHT a;(\) 3aMeHUT-
ca aremenToM af(A) = ai(A) — @(A)ag(X), xoropsi
no-mpexHeMy He geauTca Ha a11(A) (Tak Kak ajx(A) mo
OpeAIoNOKeHno geautcsa Ha ai1(A)). BpubaBum Teneps
1-10 CTPOKY K mepBou. Tak Kak Ha IIEpBOM MeCTe B i-U
CTPOKE Temepb CTOUT HYylAb, TO a11(\) HE U3MEHWTCH, a
Ha k-M MeCTe B IEepBOM CTPOKE Temepb OydeT CTOATH
arr(A) + ai(A) = argA) (1 = 9(N) + aix(A) u, cregosa-
TEIBbHO, B IIEPBOM CTPOKE MMEETCA DJIEMEHT, He MeJIAIAACT
Ha a11(A). MBI cBeam 5TOT caydal K paCCMOTPEHHOMY BbI-
e u, CIeIOBATENBLHO, JEMMA, JOKA3AHA.

B pgasbHeniem Mbr Gy[ieM MOAb30BATHCA TAKXKe CJe-
AYIOIMAM 3aME€YIaHUEeM: €CIN BCE SJEMEHTBI )\—Ma,TpI/IH])I
B(A) mensrcs Ha HekOTOpHU MHOrowieH F(\), To mno-
CJIe DIEMEHTAPHBIX NpeoOpa3oBanui Han marpunen B(A)
MBI CHOBQ IOJYYIUM MATPULY, 3JICMCHTHI KOTOpOﬁ OeIATCA
Ha E(N).

Bepeigem Teneps K IPUBEIEHUIO A\-MATPUIBI K AUACO-
HAILHOMY BHUY.
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Mbr Moxem cauTaThb, 9TO ¢11(A\) # 0, Tak Kak, ecau B
MATPHIE €CTh XOTh OJWH HIEMEHT, OTAUIHBIN OT HYJIA, TO
[epEeCTAaHOBKAMU CTPOK M CTOJOIOB €r0 MOXHO IIEPEBECTH
Ha DTO MecTO. Ecim He Bce DIeMEHTH MATPUIBL AEIATCA
Ha a11(A), TO MBI MOXeM CHOCOOGOM, YKA3aHHOM B JEMMe,
3aMEHUTb MATPUILy SKBUBAJIEHTHOU, B KOTOPOU DJIEMEHT,
CTOAIIAY B IEBOM BEPXHEM yIUIy, UMeeT GoJee HU3KYIO CTe-
[eHb W IO-MIPEeXHEMY OTJIWYeH OT Hyasd. Ecaiu He Bce die-
MEHTHI JeJATCA HA HEero, TO Mbl MOXEM OINATDH IOHU3UTH
CTEIeHb 3TOr0 DIEMEHTA U T. . BPOIECcC 3aKOHIUTCA, KO-
raa Mbl npugeM K Mmatpune B()), B KOTOPOU BCE DI€MEHTHI
pemsites Ha byp(A).

Tak kak saemeHTsI bia(N), . . ., b1y (A) mepBon cTpoku ne-
aarcesa Ha, by1 (), TO, BBIMMTAA M3 BTOPOrO, TPETHErO U T. [I.
cTOJ0IA TEPBBIA, YMHOXEHHBIN HA COOTBETCTBEHHO MO0~
OpaHHBIE MHOTOWIEHBI OT A\, MBI MOX€EM OOpPAaTUTH B HYJb
2-u, 3-#, ..., N-U DIEMEHTHI IEPBOU CTPOKU. AHAJIOTUIHO
o0paTuM B HyJb BCE DJIEMEHTHI, HAYMHAsA CO BTOPOTO, B
nepsoM croabrne. Tak kak B marpure B()\) Bce sremen-
THL JeAWINCh Ha bi1(\), TO B MOIYyYEHHOM MATPHUIE BCE
DIEMEHTHl Takke pnenarTcs Ha bip(A). Basgemum Bce sie-
MEHTHI IEPBOU CTPOKU HA, CTAPIIUA KOSMPUIUEHT MHOTO-
wieHa bi1(\). Ba mepBoM MecTe mONTYyUIMTCS MHOTOWIEH CO
crapuuM Ko>hGUIneHToM 1, KOTOPBIM MBI 0003HATUM e-
pe3 Fj1()\), a HA OCTATBHBIX MecTaxX OyAyT MO-IPEXHEMY
HYJIN.

Mpbr npunum, TakuM 06pa3oM, K MATPUIE CJAELYIOUIEro
BHUIA:

BCE DIEMEHTBI KOTOPOU aenaTcs Ha Fip(A).
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Mpb1 MOxem Tenepb moBTOPUTH ¢ MaTpunen (n — 1)-ro
nopsagka ||cp(A)|| Te xe omepammm, 9TO ¢ MaTpUIEn N-roO
MOPALKA. 3AMETHUM, ITO BCAKOE DIEMEHTAPHOE IIPeoOpa3o-
BaHUE MATPULHI ||cik|| €cTh B TO ke Bpems dIeMeHTapHOe
npeobpasoBanme MATPUIEL (3), TAK KAK B IEPBOU CTPOKE
u croxabre Bce HIeMeHTH, KpoMe E()\), paBHBI HYJIIO.

Takum o6paszoM, MBI OOpATUM B HYJb BCE JJIEMEHTHI
BTOPOU CTPOKH W BTOPOrO CTOJONA, KPOME AMATOHAIb-
HOr0. BOJyYeHHBIN [UATOHATBLHBIN DIEMEHT (CTapIIuU KO-
5>dPUOMEHT KOTOPOTO TAKKE CINTAEM DABHBIM €IWHUIE)
o6osnaaum Fy(\). Bee snementst ¢, (A) gensres ma Fp(N).
BosTomy Bce manbHenmue sreMeHTapHbIE TPe0Opa30BAHM
BCEr[a MPUBOAAT HAC K dIeMeHTaM, geramumca Ha Fip()\).
B uactrOCTH, F2(A) gemurca vHa Ej(N).

Mur mpunwiu, TakuMm 06pa3oM, K MaTpPHUIE, ¥ KOTOPOU
B IEPBBIX IBYX CTPOKAX M CTOJOIAX BCE DJIEMEHTHI, KPO-
Me MUArOHAJBHBIX, PABHBI HYJIIO, & IO AUATOHAIU CTOAT
Eyi(A\) u E3(X), upuuem Ea () gemurcs va Ep(A). Mbt cmo-
XKeM MPOAONKATEL 3TOT IPOIECC ajlee, IOKa He MPUBEIEM
BCIO MaTPHUIly K AAACOHAILHOMY BHUAY. MoXeT, KOHEUHO,
OKa3aTbCA, ITO Mbl 3AKOHUMM IIPOIECC PAHbIIE, MPULA K
MAaTPHIE, COCTOAIIECN CILIONUIL U3 HyJIEH.

Nrak, mokaszaHa ClIemyromas

Teopewma 1. Beakas A-mampuya Moxcem Obimb
IACMENMAPHBIMY NPEOOPA30BAHUAMY NPUBEIEHa K BUIY

Ei(\) 0 0 0
0 Ex()\) 0 0
0 ..... 0 ..... OEn(A)

ede mmozouaenvt Ei(N\), cmoawue no Jduazonaau, ume-
om cmapwue KodPduyuenmot, pasubie eJUHUYE, MHO20-
uaen Fo(X) deaumesn nwa E1(N), E3(N) deaumea na Eo(N),
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E4(N) na E3(X) u m. d. ITmom 6ud #a3bi8aemcs HOPMAAb-
1ot Juaz2onasvnots Gopmot A-mampuuybl.

KoHedHO, HEKOTOpOE [UCIO MOCIeJHUX MHOLOWICHOB
Ei()\) B maTpune (4) MOXeT 0Ka3aThCA PABHBIM HYJIO:

Eri1(\) = Ers(A) = ... = 0.

Bameganume. Mo npuseam marpumy A(A\) x HOP-
MaJIbHOMY AUATOHATBHOMY BUY, B KOTODOM KAX AbI [Ua-
TFOHATBHBIA DIEMEHT AEeJWTCA Ha MPeAmecTByommia. Keam
HOCTABUTH Cebe MeabI0 MPUBEIEHUE MATPUNBI K KAKOMY-
HUOyIb NIUATOHAJIBLHOMY BHUIY, oTOpOCcHB TpeboBaHUE [e-
JUMOCTH, TO 333493 PEMIaeTCA MPOIIE.

[lercTBATENBHO, MIA TOrO 9TOOBI OOPATUTH B HYJb
BCE DJEMEHTHI MEPBOU CTPOKM W MEPBOrO CTOJONA KPO-
Me a11(A), ZOCTATOYHO, ITOOBI STH DIEMEHTHL (& HE BCe
DJIEMEHTHI MaTpPHUIbl) gerunuch Ha a11(A). Kak Bugao us
IOKA3aTeIbCTBA, JEMMBI, IS TOTO ITOOBI TOrO AOCTUI-
HYTb, TPeOYeTCA rOpa3l0 MEHbIIEe YUCIO HIEMEHTAPHBIX
npeo6pa3oBaHUM, YeM [JIA IPUBENEHNA K HOPMAJIbLHOU T~
roHaabHOU (popme. OGpaTUB B HyJb BCE DIEMEHTHI IEPBOU
CTPOKH W TEPBOrO CTOAOHA, KPOME NUATOHAILHOT'O, MBI
MOXEM MPOAEIATH TO XK€ CaMOe C OCTABIICUCA MATPUIEN
(n —1)-ro nopaaka u T. 1., nOKa MaTpuna He OyIeT IpuBe-
JeHa K IUArOHAILHOMY BUAY. BTUM ImyTeM MOXHO NpUBe-
CTH MATPUIy K PA3JIAIHBIM IUATOHATBHBIM (opMaM, T.e.
IuaroHaidbHas (opMa HE ONpeIeNeHa OJHO3HAYHO. B cie-
AYIOIEM IMYHKTE 3TOr0 maparpada Mbl IOKaXeM, ITO HOp-
MAALHAA TUATOHAABHAA (POPMA NAHHOU A-MATPUILI OIIPe-
IeJAeTCA yXKe OTHO3HATHO.

Yunpaxuenue. IlpuBectu A-marpuiy

A=A 0
( 0 ,\—,\2>7 A # sy

K HODMAJIbHOU AUarOHAILHOM (opMme.
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Omeem.

<(1) (A - /\1)0(>\ - ,\2)> '

2. B bsToM myHKTE MBI [MOKaXeM, UTO HOPMAJILHAA
MUATOHAJIBHAA (POPMA TAHHOU MATPUIIEI OIIPEAEICHA OTHO-
3HAYHO. /[ 5TOr0 MBI MOCTPOUM CUCTEMY MHOT'OWIEHOB,
CBA3AHHBIX C JAHHOU A-MATPHUIEH, KOTOPBIE HE MEHAIOTCA
MpH DIEMEHTAPHBIX MPeOoOpPA3OBAHUAX W KOTOPHIMHU, KK
MBI YBUIUM, HOPMAJIbHAA AUATOHAIBHASA (POPMa A-MATPH-
[BI BIOJHE OIPEIeIIeTCs.

Bycrs mama npoussBoabHas A-marpuina. Baubonbimi
O0UMU [eIuTenb BCEX MHUHOPOB k-0 TMOPAAKA JaHHOU
A-marpunst 0603HaauM depe3 Dy (). Tak kak HanOOIbIIAT
obIMI KeIuTenb OIPEAETeH C TOIHOCTHIO N0 MOCTOAHHOTO
MHOXUTEJsA, TO OyJieM CIMTaTh, 9TO cTapumi Ko3huim-
eat y Dy()\) pasen eguaune. B wacTtrOCTH, ecam 0Ot
HAMOOJIBIIAY TeIUTENb> MUHODOB K-T'O HOPAAKA PABEH IIO-
CTOAHHOM, TO MbI nonaraeM Dg(\) = 1.

[lokaxeM, 9TO BIeMEHTAPHBIE MPEOOPA3OBAHUA HE Me-
HAIOT MHOTOWICHOB Dg(A), T.e. 9TO y OSKBUBAJEHTHBIX
A-Marpur; MEOrOWIeHb Dy () coBmagaor.

[l1sa preMeHTapHLIX IpeoOpa3oBaHuy Buaa 1°, mepecra-
BIMIOMIAX CTPOKYW WM CTOMOLBI, DTO OYEBUIHO, TAK KAK
MpU HUX KAXABIA MUHOD k-0 MOpAAKa Jub0 BOBCE HE Me-
HAETCA, TMO0 MEHAET 3HAK, MO0 3aMEHACTCA NPYTUM MU-
HOpOM k-TO MOpSAAKA, UTO, KOHEIHO, HE MEHAeT OOLIero
HaMOOJIBIIEr0 ACIUTENI BCEX TAKUX MUHOPOB. AHAJIOrUY-
HO, HE MeHAIT Dy ()\) sremenTapubie TpeoOpa3OBaHMA BU-
ma 3°, Tak KaK Ipu 3TUX IPeoOPa30BaAHUIX MUHOPHI CAMOE
Ooublilee YMHOXAIOTCS HA, MOCTOAHHOE. BaccmoTpum Te-
mephb dJIeMeHTapHOoe mpeobpa3oBaHue BUAa 2°, HAIPUMED,
npubaBUM K i-My CTOXOIY j-i, yMHOXeHHBIA HA (). Bpm
DTOM MUHODP k-rO HOPAAKA BOBCE HE M3MEHUTCH, €CAN OH
COMEPXKUT U 4-U U j-U CTOAOIBI 1UOG0 €CI OH HE COAEPKUT
HZ OJHOTO U3 HUX.
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B cayuae xe, eciim MUHOD COOEPXKUT (-1 CTOIOEI U HE
CONEPXKUT j-TO CTOJOIA, TO €r0 MOXHO HPEICTABATEL KAK
KOMOWHAIIAIO [BYX MUHOPOB, KOTOPHIE UMEIUCH Y UCXOTHON
MaTpuibl. TakuMm 06pa3oM, HanOOJBIINKA OOUIUY AeIUTEND
MUHOPOB k-TO TIOPAAKA X B 3TOM CIydIae HE U3MEHUTC.

Ecau Bce MuaOpHI MOpsaka k, a CIeg0BaTEILHO, U Goee
BBICOKUX HOPSAKOB, MaTpuibl A(A) paBHBI Hy/I0, TO MBI
6ynem cuanrarh Di(A) = Diy1(A) = ... = Dy(A) = 0. 3a-
METHUM, ITO U3 COBIAJCHUA Y BCEX SKBUBAJICHTHBIX MATPUII
MHOrOwWIEeHOB Dy (\) cregyer, 9T0 SKBUBATEHTHBIE MATDH-
bl UMEIOT OJWH U TOT XK€ DAHT.

Bangem muorownensr Dy (\) aas maTpunbl, nIpuBegeH-
HOU K HOPMAJIBHOU JUATOHAJIBHOU (POpME:

ExA) 0 ... 0
0 E(\) ... 0 )
S G

3aMeTuM, U9TO y AUArOHAJILHOM MATPUIBI OTINIHEL OT Hy-
JIA TOJBKO [VIABHBIE MUHODHI, T. €. MUHODBI, B KOTOPBIE BXO-
AT CTPOKM M CTOIOIBI ¢ OJMHAKOBBIME HOMepaMu. Bru
MEHODEL UMeIoT B Ej (A)Ej, (A) ... Ej, ().

Tak xax FEy(\) memmrca va FEi(\), F3(\) gemmrcs
Ha F5(\) m T.x., TO HAMOOMBIIUY OOIIMU [EIUTETH MU-
HOpoB mepsoro nopsagka Di(\) pasen Ej()). Tak kaxk
Bce MHOrowienol Fj(A\) gemsrcs ma Ej(A), a Bce MHO-
rowrenbl, kpome Ei()\), memarca ma Fi(\), TO mpousse-
nerme F;(N)Ej(A) (i < j) Bcerga gemmTca Ha MEHOD
E{(A)E2(N). Takum ob6pasom, D2(A) = Ej(A)Ea(N). Tax
kak, kpome Toro, Bce Fi(\), kpome Ei(N) m Fy(N), me-
aarces Ha E3(X), To Ei(A)Ej(N)ER(N) (i < j < k) gemurca
Ha MuHOp K1 (A\)E2(N)E3(M\) u, cregoBarensuo, D3(N\) =
= E1(A)Ea(N) E5(N).

Takum ke o6pa3oMm s MaTpuisr (4)

Di(\) = E\(NE2(\) ... Ex(\) (k=1,2,...,n). (6)
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O4eBugHO, 9TO €cau, HAMMHAA C HEKOTOPOro 7, .11 (A) =
=E.9(A\)=...=E,(A\) =0, 10 Dry1(A) = Dyia(N) =
=...=D,(\)=0.

OTciofa momyvIaeTcs, 9TO IS A-MATPUIILI, WUMEOIIen
HOPMAJTBHYIO AMAroHAAbHYIO ¢opmy (D), AuaroHaabHbBIE
saeMeHTHl Fj () BeraucasoTes mo ¢gopmyram

Dp(N)
Ey(\) = ——4.
Y= 5
Bpu srom, ecim Dy11(A) = ... = Dp(A) = 0, To mago
nonoxuth F, () =...=E,(\) =0.

Mnozousenvr  Ep(\) waszviearomes uH6apuaHmmbimy
mHoxHcumensmu. B §20 MBI yxke ompemenwaud wx IS Ma-
Tpur Buga A — \E.

Teopewma 2. Iopmasvnas Jduaz2onasvhas @opma
dannot A-mampuyvy A(N) onpedeasemcsa no wetd 0dwo-

anauno. Ecau Di(X) (K = 2,3,...,r) — nauboavwui
obwuti deaumenv munopos k-zo nopadra mampuyvt A(N),
a Dyy1(A) = ... = Dyp(X) =0, mo saemenmyvt HOpmaabrot
Juazonaavroti gopmoi (5) onpedeastomes no Gopmyaam
Dy(A)
B\ = 2N e g9,
k( ) Dk—l()‘) ( )
a
E.1(A) =Er 90X =...=E,(\) =0.

MokaszaTeabcTso. Mb mokaszaam, 9TO IPH dJe-
MEHTAPHBIX NpeobpasoBanmaAx MHOTOUMeHBl Di()\) HE Me-
HAIOTCA. Boaromy, ecam marpuna A()\) sDKkBuBaJeHTHA nUA-
rOHATBHON HOpMaabHOU MaTpune (5), To Di()) y HEX CcO-
BrnagaioT. Tak kak aaa maTpunsl (5) MBI MOTyImIn, 9TO

Di(A) =E1(N)...Ex(N) (k=1,2,...,r; r<n)

u 910 Dy 1(A) = Dyyo(A) = ... = Dy(A) =0, To Teopema
JAOKA3aHA.
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Careagcrsue. fasn mo2o umobvl dee \-mampuybl
A(N) u B(\) 6viau axsusasenmubl, neobrodumo u docma-
mouno, wmobvl das wuzr cosnadasu muozousenvy Di(N),
Ds(V), .., Da().

[eucrurensuo, ecau muorowieHsl Di(A) y A(A) =z
B()) coBnagaioT, TO 5TH MATPUIBI SKBUBAJICHTHBI OJIHOU
U TOU e HOPMAJILHOU NUATOHAJILHOU A-MATPHIE U, CIEeI0-
BATEIbHO, DKBUBAJICHTHBI MEX Iy COOOM.

3. Basosem A-marpuny P()\) o6paTumon, eciu MaTpu-
na [P(\)]~! makxe ects A-marpuma. Ecim Det P()\) paBen
HOCTOAHHOW, OTIAMYIHOUN OT HyJs, To P(\) obparuma. [leu-
CTBUTEIBLHO, DJIEMEHTH 0OOPATHON MATPUIIEI PABHBI MUHO-
pam (n — 1)-ro mopsaka, nerenaeiM Ha Det P(A), T.e. B
HAIIEM CJIydae OHU OyAyT MHOTOWIEHAMM OT A M, 3HAYUT
[P(M)]7Y, 6yzeT A-MaTpumnes.

O6patno, eciu P(\) obparuma, To Det P(\) = const #
# 0. B camom pgeme, mycts [P(A)]! = Pi()\). To-
rga Det P(\) Det Pi(\) = 1, a npoussegenme AByX MHO-
I'OYJIEHOB MOXET 6bIT]) TOX OICCTBECHHO DPAaBHO €IWHUIIC
Juiaib B TOM Ciayvae, eCax MHOI'OYJIEHBI CYyThb OTJaUI-
HBIE OT HyJd nocTosHHble. TakmMm 00pa3oM, MBI IIOKa3a-
M, 9TO A-MAMPUUG 06pamuma moz2da u moavko moz2da,
Koeda ee onpedeaument €CmMb NOCMOAHHGR, OMAUUHAS
0OMm HYAA.

Bce obpaTuMble MATPUIBI SKBUBAJIECHTHHI €JUHUIHOU
MaTpure. B camoMm nene, ompeneauTens oO6pATUMOU Ma-
TPUIBI PABEH MOCTOAHHOW, OTIMYHOU OT HYJA, U 3HAYUT,
D,(\) = 1. Tak xak D,()\) memurca ma Dy(\), To 1
Di(A) =1 (k =1,2,...,n). Bosromy Bce mHBapHaHTHbIE
mHOXUTEeM Ej(A) 06paTUMOM MAaTpUIBI PABHBI 1, 1 HOp-
MaJbHaA AMArOHAIbHAA GopMa MId HUX OyJeT COBIAIATH
C eQUHUTHON MATPUIIEH.

Teopewma 3. Jas mo2o umobvr A\-mampuyvs A(N)
u B(\) 6viau axsusasenmubl mencdy coboti, neobrodumo
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U dOCMAMOUN0, YMoobl CYULLCMBOBAAY 0OPAMUMBLE \-M-
mpuyvr P(X) u Q(\) maxue, umo

A(A) = P(A)BAN)Q(N). (7)

MDoxaszarTeansnctTso. [lokaxem CHadaza, ITO €C-
au matpunsl A(A) u B()\) S5KBUBAIEHTHBI, TO MOXHO IO-
npobpats obparumbre Marpunsl P(A) m Q(A) Tak, 9To-
6bI BHIIOJIHAJIOCH paBeHcTBO (7). s 5Toro 3amMeTum, ITo
KaxJI0e IeMeHTapHoe mpeobpasoBanue A-marpunbl A(N)
MOXKHO OCYIIECTBUATH, yMHOXasd A(A) caeBa wim copasa Ha
HEKOTOPYIO 00PATUMYIO A-MaTPHUILY — MATPUILY DTOCO SJe-
MEHTAPHOTO MPeoOpa3OBAHUA.

BokaxeM 5T0 [JI1 BCeX TpeX TUIOB DJIEMEHTAPHBIX Mpe-
obpasoBanuil. BycTs mana A\-marpuna

an()\) alg()\) aln()\)
A()\) _ agl()\) agg()\) agn(A)

YT06BI HOMEHATH MECTAMU, HAIPAMED, IE€PBLIX U BTOPOK
CTOAOLBI (COOTBETCTBEHHO CTPOKHU) DTOU MATPHIIEI, HATO
yMHOXUTH A(A) cupaBa (COOTBETCTBEHHO CjIeBa) Ha Ma-

TpHIy

010...0
100...0
001...0], (8)
000...1

IOJIYIC€HHYIO U3 €IMHUIHOU IEPECTAHOBKOM TEX Xe CTOJI0-
1oB (WIm, 9TO BCE PABHO, CTPOK).

YT06b yMHOXUTE BTOPOU CTOAGEN (COOTBETCTBEHHO
cTpoky) marpunsl A(A) HA YMCIO (v, HYX)HO YMHOXUTH
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A(\) cupasa (COOTBETCTBEHHO CI€BA) HA MATPUILY

100...0
0O a0...0
001...01, (9)
000 1

MOMYIECHHYIO W3 eMUHITHON TAKXe YMHOXKEHUEM Ha, ( BTO-
poro croabua (uiu, 9TO BCe PABHO, BTOPOU CTPOKH).

Baxkowen, 9To6s1 npubaBuTh K mepBoMy cTorbmy A(N)
BTOPOU, YMHOXEHHBIN HA (), HaZ0 yMHOXUTEL A(\) copa-
Ba HA MATPHILY

00...0
e(A\) 10 ...0
0 01...0/[, (10)
0 00...1

MOMY YEHHYIO C IIOMOIIBIO TOU XKe OlepAlUy U3 eqUHUIHOU,
a 9TOOBI MPUOABUTDL K IIEPBOM CTPOKE BTOPYIO, YMHOXEH-
HyI0 Ha ©(\), HyXKHO yMHOXUTH A(A) caeBa Ha MaTpumy

1 o(A) 0 ...0
01 0...0
0 0 1..0], (11)
0 0 0..1

KOTOpPasd TaKKe MOIYIAeTCA U3 eIUHUTHON C MTOMOIIBIO CO-
OTBETCTBYIOIIEr'0 3JeMEHTAPHOI'O IPeoOpPa30BaHUA.

Mer BuguM, TakuM 06pa3oM, ITO MATPULEL SJIEMEHTAPHBIX Ipe-
00pa30BaHUN — 3TO MATPHUIBI, MTOLYYEHHBIE OJHUM DIEMEHTAPHBIM
npeobpaszoBanueM u3 E, nmpudeM, 4T00bI IPOU3BECTU DIEMEHTAPHOE
npeobpas3osanme Han croabmamu, A(\) HAZO yMHOXATH HA MATPUIY
npeobpa3oBaHms CIPaBa, a IT00B IpeobpasosaTs cTpoku, A(A) Hano
YMHOXKATH HAa COOTBETCTBYIOIIYIO MATPUIY CJAEBA.
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MOXHO COCINTATH ONPEACTUTENb KX T0M 13 IIPUBEICH-
Heix MaTpur (8)—(11) u, Takum 06pa3oM, IPOBEPUTD, ITO
OH paBeH OTAUYIHOU OT HyJA IOCTOAHHOU; CJIEJOBATEIBHO,
BCE DTU MATPUILI 00paTUMBL. TaK Kak OMpeaeInTensb Ipo-
U3BENeHWA MATPUI] PABEH MPOU3BEIECHUIO ONPEIeIUTENeN,
TO U IPOU3BENEHNE MATPHI] HIEMEHTAPHBIX Ipeobpa3oBa-
HUU €CTh 0OpATHMasA MATPUIIA.

Tak kak Mbl mpegnomoxuiu, 4to A(N) u B()\) skBu-
BaleHTHBI, TO A(\) MOXHO NOIYyYATH, IPUMEHAT K
B()\) HEKOTOPYIO LENOYKYy DJIEMEHTAPHBIX TPeoOpa3oBa-
aun. Kaxgoe sremenTapHoe npeobpa3oBaHne MOXHO OCY-
WeCTBATHL, yMHOXaA B () Ha 06paTuMyio \-maTpuity; cie-
JoBaTenbHO, Bech nepexox or B(A) xk A(M\) moxHO momty-
quTh, ymMHOXaA B()\) mocaegoBaTensHO Ha HEKOTOPYIO CO-
BOKYITHOCTB O0OPATUMBIX A-MaTPHI] CIEBA, U AHAJOTHIHO HA
HEKOTOPYIO COBOKYITHOCTH CIIpaBa. Tak Kak mpom3BeneHue
00paTUMBIX MATPHUI] TaKXe eCTh 00paTuMas MaTPHUIA, TO
nepBas 9acTh TEOPEMBI TEM CAMBIM JOKA3AHA.

Orcoga caeayer, 9TO BCAKaA 06pATUMas MATPHUIA €CTh
[pOUW3BEeHNe MATPUI] DIEMEHTAPHBIX MPeOOpPA3OBAHUM.
[eucrBurensHo, Beakas obpatumas MaTpuna (Q(\) sKBuU-
BAJEHTHA EIUHWYHON MATPUIE M IOSITOMY MOXET OBITH
[pEeACTABICHA B BUAIE

Q(A) = PL(NER(N),

rge Pi(\) u P,(\) —mpoussBegeHus MaTPHUI] DIEMEHTApP-
HBIX IpeobpasoBanuit. Bo 510 3HaqMT, 9TO M cama Q(N) =
= Pi(A)P3(\) ecTh npousseneHne MaTPUILL HIEMEHTAPHBIX
peobpa3soBaHUN.

Brum 3amedanmeM MOXHO BOCIIOAB30BATHCA IS HOKA-
3aTeJbCTBA, BTOPOU MOJOBUHBI TEOPEMBI. [|edCTBUTEIBHO,
LyCTb TaHO, ITO

A(A) = P(A)BAN)Q(N),

rge P(A\) u Q(\) obparumbl. Bo, cormacHO TOIBKO €TO
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CHETAHHOMY 3aMedYaHuIo, yMHOXeHue cieBa Ha P(A) u
cupaBa Ha (Q(\) DKBUBAIEHTHO HEKOTODOU COBOKYIIHO-
CTH DIEMEHTAPHBIX MPeoOpPa30BAHAN, IPOU3BEICHHBIX HA
B()). Takum o6pasom, A(\) skBuBamenTHa B()\), 9TO 1
TpebOBAIOCH MOKA3aTh.

4. *) B oTom myHKTE MBI Oy/I€EM 3aHUMATHCA A-MATPH-
mamu Buga A — AE, roge A— nocroauraa marpuna. OCHOB-
HOU BOIIPOC, KOTOPBIU Oy IeT PEIeH, 3T0 BOIPOC 00 SKBUBA-
JEHTHOCTH A-MaTpul nepsou cremean A—\F u B—AE ™).

Jlerko Bugers, uTo ecaim maTpunbl A m B momo6HBI,
T.e. CyIIECTBYeT TaKasd HEBBIPOXKJEHHAA MOCTOAHHAA Ma-
rpuna C, uro B = C'AC, o A-marpunst A—\E u B—\E
SKBUBAJEHTHHI. [[eNCTBUTEILHO, €CIn

B=C"4C,

TO

B—-\E=CYA-)\E)C.

Ta,K KaK IIOCTOSHHAA HEBBIPOXACHHASI MaTpuUla €CTb
YACTHBIM CIy9ald OOpPaTHUMOM A-MATPHUILI, TO, IO TeEO-
peMe 3, W3 DTOrO PABEHCTBA CJAEIYET SKBUBAJICHTHOCTD
A—-—)AEuB - )\E.

Mgz1 mokaxeM o3 Hee U 0OGPATHOE, ITO U3 SKBUBAJCHT-
HocTu A-MaTpuny A—AE u B—\E ciegyet momo6ue MaTpHIl
A m B. OTcioga MBI TOIYy<IUAM, B YACTHOCTHU, HOBOE TOKA-
3aTEILCTBO TOT'O, ITO BCAKAA MATPHUIA MOA0OHA MATPHIIE,
AMEIOIIEeN HOPMAJIBHYIO XOPJIAHOBY (POPMY.

*) IITOT myHKT MOXHO IPOMYCTHTH, TAK KAK OH COACPKUT APY-
roe, HesaBucuMoe OT §§19 m 20 mOKA3aTEIBCTBO TOrO, YTO BCAKYIO
MaTPHUITy MOXKHO TPUBECTH K KOPAAHOBOU (popMe.

**) IIpomssombHas A-marpuna mepson cremenm Ao + AAi, y ko-
topou Det A; # 0, >KBUBaTeHTHA HEKOTOPOU MaTpure Buga A — \E.
[enctBureasHo, B 3ToM caydae Ao + AA; = —Al(—Afle — AE)
u, 0603HaYaA —A;le qepe3 A, mmeem Ag + AA1 = —A1(A — AE),
OTKyJAa IO Teopeme 3 CIefyeT SKBUBAJCHTHOCTH Marpum A — AE u

Ao+ MA;.
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[oka3aTeabCTBY MPEAIONLIEM JEMMY:
Jlemma 2. Ilpoussoabuyio A-mampuyy

PA) =P\ +P X" +... +P,

MOHCHO Pasdeaumyb caesa na mampuyy suda A — AE (2de
A — 410604 NOCMOANNKGA MAMPUYG), M. €. MOHCHO HATMU
maxue mampuyvt S(A) u R (R nocmosanna), umo,

P(\) = (A - AE)S()) + R.

Bpormecc menenus, ¢ mOMOIIBI0 KOTOPOI'O TOKA3LIBAET-
CA JIEMMa, OTIXIAETCA OT OOLIYHOrO JeJeHNA MHOT'OWIEHOB
TOJBKO TEM, ITO IIPDU YMHOXEHUW HEJAB3A U3MEHATH IIOPA-
[MOK COMHOXUTEICH.

Bycts

PN =P X' +P X"+ ...+ P,

rae Py — MoCTOSHHBIE MATPHUIIHI.
Jlerko BugeTh, ITO A-MaTpHIA

P()\) + (A — AE)PyA™!

O6ymeT MMeThb CTeleHb He BbIme 7, — 1.
Ecan

P\ + (A= AE)PA" L =PI 4 PN 2+ ...+ P,
TO aHAJOI'MYIHO MHOI'OYJICH
P(A) + (A= AE)PA" L 4 (A — AE)P{ A" 2

€CTb MHOTOWIEH CTEIeH! He BhIIIe 1 — 2. Bpomomxas 3ToT
MIPOIIECC, MBI IPUAEM K MHOTOICHY

P(\) + (A= XE)(PoA™ L + PIXY 2 4 ...)

CTENeH’ He BLIIIE HYJEeBOH, T. €. He 3aBucameMy ot A. O60-
3HAYMB MOIYYEHHYIO MOCTOAHHYIO MAaTpuily <uepe3 R, mbr
TTOJIY UM

PA) = (A= AE) P A" = PpA"? — ]+ R.
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Ecmu Temeps 0603HAYUTE MHOTOWIEH B KBAPATHBIX CKOO-
kax 4epe3 S(A), To MbI GyeM uMeThb

P(\) = (A - AE)S()) + R,

T. €. IeMMa, JTOKa3aHa.
AHAIOTMYIHO MOKA3BIBAETCA BO3MOXHOCTH EJICHIUA
cmpaBa, T.e. cymecrBoBanume Marpun Si(A) m R Takux,
ITO
P(A) =S1(\N)(A—AE)+ R;.
3aMeTHM KCTATH, 9TO 3[4eCh, KaK U B OObIYHOUM Teopeme llesy,
MOXHO yTBEpXaaThb, ITO

R =R, =P(A).

Teopewma 4. fas mozo umobvr \-mampuyvt A—\E
u B—A\E 6biau 3%8uBaAeHMMbL, HEOOT0JUMO U DOCTNATNOU-
1o, umobwvt mampuybt A u B 6biau nodobwbL.

HJoxaszaTeuabcTso. [locrarounocTs Oblia AOKa-
3aHa B HadYage dTOr0 IMyHKTa. [lokaxeM HEOOXOAMMOCTD.
Bawm Hamo mokas3aTh, 9To eciin A-MaTpunbl A—AE u B—AE
DKBUBAJIEHTHBI, TO MaTpulltl A u B mogob6uel. Bo Teope-
Me 3 CyWecTBYIOT Takue obpaTumbre A-mMarpunsl P(A) u

Q(A), aro
B —)ME =P(\)(A—-XE)Q()). (12)
Bokaxem cmagama, aro B pasenctse (12) P(A) m Q(N)
MOXHO 3aMEHUTDH IOCTOTHHBIMYA MATPULAME.
C sron nersio pazgeaum P(\) ma B —\E caesa, Q(\) —
cupaBa. MbI nomyYum paBeHCTBA,
P(A) = (B = AE)Pi(}) + P,
Q(A) = Qi(A) (B — AE) + Qo,
rae Py u (Qo — IOCTOAHHBIE MATPUILBL.
Boacrasum B dopmyny (12) seipaxenume mus P(A\) u
npousBeneM yMHOXeHue. Mbl oy qum:

B-AE = (B—AE)P,(\)(A—AE)Q(\) + Py(A— AE)Q(N).

(13)
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Bo BTOpoe caaraemoe MOACTABAM BBIPAXKEHUE /A
Q()\), mpousBeeM yMHOXEHHE U IEPEHECEM CIAraeMoe
Py(A — AE)Qo B 1eByI0 9aCTh PABEHCTBA. MBI IOLYIHM:

B —\E — Py(A—\E)Qo = K()), (14)
rae

K(\) =(B—-AE)PI(\)(A—-AE)Q(N) +

+ Py(A - AE)Q(N) (B — AE). (15)
U3 pasencrsa (13) cregyer, uro Py = P(\) — (B —
AE)P;()\). 3amenus atuM BeipaxenueMm Py Bo BTopoM cia-
raeMoM, [OLYIUM:

K(A\) =(B—-AE)PL(N)(A—-XE)Q(N) +

+ P(A)(A—-AE)Q1(N\)(B — \E) —

— (B~ AE)PL)(A - AB)QL(N) (B — AB).  (16)

Bo u3 pasencrsa (12) Mbl uMeem

(A= AB)Q(\) = PTH(N)(B — AE),

P(\)(A - \E) = (B - \E)Q ().
Boabsyschk sTuMu paBeHCTBaMU, MBI MOXEM BBECTHU MHO-
XuTeilb B — AE B KOHEII IEPBOr0 X HAMAJIO BTOPOr'O CJAAra-

eMoro B BoIpaxenuu i K (), mocIe 9ero moiry<uM OKOH-
JaTeJbHO

K(\) = (B =AB)[PLAN)PTIN) + Q1 (NQ1(N) —
— PI(A)(A = AE)Qi(N)](B = AE).

Mokaxem Teneps, uro K(\) = 0. Bopaxenue B kBagpar-
HBIX CKOOKax, B cury obparumoctu P(A) u Q()), ecTb MHO-
rowieH OTHOCUTEIbHO A. [[oka)xem, 9TO OH paBeH HYJIO.
Bpeamnonoxum, 9T0 3TOT MHOTOWIEH OTJAWYEH OT HYJIA W
umeeT creneHb m. Berpyano ybeagursea Torga, 1o K ()
uMeeT creneHb M + 2 u Tak Kak m > (), ABIAETCA MHOTO-
“WIEHOM He HUXe BTOpou cremeHu. Bo m3 pasencrsa (14)
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crepyer, aro K(\) me Bemue nepson crenenu. Creposa-
TENbHO, BHIPAXKEHWE B KBAJPATHBEIX CKOOKAX, 4 3HATAT, W
K(\) =0.

Mz monyumnu TakuM 06pa3oM, ITO
B — \E = Py(A — A\E)Qo, (17)

rge Py m (o — IOCTOAHHBIE MATPUILI, T.€. B DABEHCTBE
(12) moxuo MaTpunst P(A), Q(\) 3aMEeHATH TOCTOAHHBIME
MATPULAMHY.

CpaBauBasg K03PPUIUEHTHI PU OEPBOU CTEINEHU A B
o6enx vacTax paseHcTBa (17), MbI noxygaem

PyQo = E,

OTKYIa ClelyeT HEBBIPOXK JEHHOCTH KaxX JOU u3 MaTpull Py
u (Qo ¥ paBEeHCTBO

Py =Qy".
CpaBHeHnre CBOOOMHBIX WICHOB TA€T
B = PyAQo = Qy "AQy,

T.e. B u A nogo6usr. Teopema mokasaHa.

Tak Kak yciaoBreM dKBUBaJeHTHOCTH A — AE u B — \E
CIYyXUT COBIAJECHWE WX WHBAPUAHTHBIX MHOXUTEIEH, TO
73 MOKA3aHHOU TEOPEMBI CIAEAYET, ITO, das Moz20 4mobbl
mampuuybt A u B 6biau nodobuvl, neobrodumo u docma-
mouro, wmobbl unsapuawmubie mroxcumenu y A — AE u
B — AE cosnadaau meaxrcdy coboti. Bokaxem Temneps, 9T0
gearas mampuya A nodobra mampuuye, umerouwets rcopda-
HOBY HOPMAALHYIO Popmy.

s pToro paccmorpum mMatpuily A — AE u HaugeMm ee
MHBAPUAHTHBIE MHOXUTEAN. 5O DTUM MHBAPUAHTHBIM MHO-
KUTENAM MOCTPOUM, KaK ObLIO yKa3aHo B § 21, marpuiy B,
MMEIOIIYIO XOPAaHOBY HOpMaibHYO popmy. Tormga B — AE
MMeeT Te XKe WHBAPUAHTHBIE MHOXUTeau, 970 u A — \F,
u, 3HAMUT, B mogobua A.
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Kak 6bu10 ykazano Ha cTp.254 (CHOCKA), M3I0KEHHOE
B 1.4 aBaserca apyruM, 3amerdiomuM §§ 19 u 20, mokasa-
TEILCTBOM TOTO, FITO BCAKAA MATPHUIA MOLOOHA MATPHUIE,
IMEIOIIEN KOPAaHOBY HOpMAaIbHyo Gopmy. C apyrou cTo-
POHBI, KOHEYHO, COMEpXKaHUe 1.4 MOXeT ObITh HEmoCpen-
CTBEHHO BBIBEIEHO u3 comepxanua §§ 19 mim 20 u 21.



'TABA IV
HOHATHUE O TEH30HAX

§ 23. ConpsxeHHOE (JBOMCTBEHHOE) IIPOCTPAHCTBO

1. OmpegeneHue CONMPSXEHHOT'0 IPOCTPAHCTBA. BycTh
R — nuuennoe npocrpauacTso. OgHoBpemMernHo ¢ R gacTo
paccMaTpuUBAIOT APYroe, TECHO CBA3AHHOE C HUAM IIPOC-
TPAHCTBO, TAK HA3BIBAEMOE COMPXKEHHOE MPOCTPAHCTBO.
s Toro 4Tobel CHOPMYyIUpPOBATH OMpPEIEIeHUe COMPs-
KEHHOT'O TMPOCTPAHCTBA, BEPHEMCA K MOHATUIO JUHEHHOU
(yHKINN, BBeIeHHOMY HAMHU B 1. 1 §4.

Jlunennon ¢GyHKumen Mbl HaszBaau GyHKIUO f(x),
T € R yIOBIeTBOPAMOULYIO YCIAOBUAM:

1° f(z+y) = fz)+ f(y),

2 F(Aa) = M(a).

Bycts e,e9,..., e, —06a3uc B n-MEPHOM MPOCTPAHCT-
Be R. Ecin

z==¢e + &+ ...+,

—BekTop u3 R, To quHenHas pyHkuusa B R moxer GbITH
sanucana B Buge (cm. §4)

f(z) = f(ler + e+ ...+ E,) =
= a1 +axl® + ... + anl™,

rae Kod(pOUIMEHTH G1, A2, - - . , Gy, ONPEIEIIONIAE JTUHEN-
HYI0 PYHKIWIO, BEITUCIAIOTCA 0 GOPMYIaM

a1 = f(e1), az = f(e2), ..., an = f(en). (2)

(1)
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Kak »To scao w3 dopmynwr (1), npu zadanwnom 6a3u-
CE 1,69, .., En BCAKUM T YUCAAM G1, 02, . . . , Uy OMEEUAET
AURETHAs PYHKYUA, NPUMOM MOALKO 00HA.

Bycrs f u g — aunennsie pyaxknum. VX cyMMOu Ha3bI-
BaeTCA (PyHKIUA h, CTABAMIAA B COOTBETCTBUE KAXKIOMY
BekTOpy x uucio f(z)+ g(z). Bpoussegenuem muHENHON
byHKIMY [ Ha 9UCIO (@ HA3BIBACTCA (DYHKIUA, CTABAIIAA B
COOTBETCTBUE KaXKAOMY BEKTODPY T wmciao o f (x).

O4eBUIHO, YTO CyMMa JUHEUHBIX (PYHKIWKA U IPOU3BE-
[IeHUe JUHETHOU (DYHKIUU HA, YUCIO €CTh CHOBA, JUHEHHASL
dyukuua. Bpu srom, ecan aunennas GyuHkumsa f 3amaer-

CA IUCIHAMUA G, A2, . - - , Op, & §— ducaamu by, ba, ..., by, TO
f + g 3amaerca wucaamu a1 + by, as + ba, ..., an + by, a
af —daucaaMu Qai, Ao, . . . , Qly.

Takum 06pa3oM, MHOXECTBO 3aJaHHBIX B R JIMHEXHBIX
dbyHKIME 06pa3yeT JUHENHOE IPOCTPAHCTBO.

Oupemeaeunue 1. Ilycmv R ecmbv n-meprnoe npo-
empancmso. Ilpocmpancmeom R, conpancennoim x R, movt
HA308EM AUHETHOE NPOCTNPAHCMBO, BEKIMOPAMU KOMOPO20
Asas0MEs aunetinbie Gynryuu, 3adannvie 6 R. Cymma 8
R’ onpedeasemca wax cymma aunetinoiz Pymxuyut, a npo-
uzeedenue eexmopa u3 R na wucao — xax npoussedenue
AUHETHOT GYHKUYUYU MG YUCAO.

Tak kak mpu 3amgaHHOM 6asuce ei,es,...,e, B IPOCT-
parcTBe R Kaxmas muHerHas (PYHKIUA OTHO3HAMHO 3314~
€TCA CUCTEMOMU 7 TUCEI A1, a2, . .., Ay, IPAIEM CyMMe DYyH-
KIUU OTBEYAET CYMMa, YUCEN, TPOU3BEIEHUI0 DYHKIUU HA,
« IpOM3BeieHne Iuces a; Ha o, TO ACHO, uTo R’ m3omopd-
HO IPOCTPAHCTBY, B KOTOPOM BEKTOD OIPEIENCH KaK CO-
BOKYIHOCTB 71 IUCEIL.

3uaauT, npocmpancmso R', conpaxcennoe % n-mepro-
My npocmparwcmey R, maxace n-mepro.

Ecmu npocrparcTea R u R paccmaTrpusaioT 0gHOBpeE-
MEHHO, TO BEKTOPHI u3 R HA3BIBAIOTCA KOHMPAEAPUGHM-
HbIMU, & BEKTOPH 3 R’ xosapuanmmuvimu. B mambrenmem



262 MOHATUE O TEH30PAX [ra. v

CUMBOJBL Z,Y,... OyayT O3HAYATH daeMeHTHl u3 R, T.e.
KOHTPaBAPUAHTHBIE BEKTOPHI, a f,(,... — DIEMEHThl U3
R, T.e. KOBApMAHTHEBIE BEKTOPHL.

2. BuopToronarbusie (Bzaumubie) Gasucel. B nanbaen-
meM Mbl OyieM 3HaYeHue JUHEUHOU PyHKIuu f B TOYKE &
o6oszuaanTs uepes (f,r). Takum oOpasom, kKaxmon mape
f € R u x € R orneceno wucao (f,z), npuaem

1° (f?xl +$2) = (faxl) + (faxQ)a

2 (f:Az) = A(/, ),

3 (M, z) = A(f, ),

4° (f1+ fa,z) = (f1,2) + (f2, 2).

BepBoe 1 BTOpoe U3 3TUX COOTHOLUIEHUN — DTO 3AIMUCAH-
Hble B HOBBIX OOO3HAYEHUAX PABEHCTBA

flx1+m2) = f(z1) + f(z2) m f(Az) = Af(2),

ABIAIONIVECS ONPENeNeHueM JUHENHOU (YHKIWU, 3 Tpe-
The U YeTBEPTOE — ONPENEICHUs IPOU3BECHUS JUHEHHON
(YHKIMM HA GUCIO W CyMMBI JuHETHBIX GyHKIuA. CoOoT-
HomeHus 1°—4° HAIOMUHAIOT MO BHEIIHEMY BUIY AKCUOMBI
2° u 3° ckamsproro npousseperus (§2). Bago aums mon-
YePKHYTb, 9TO B TO BPeMs, KaK CKAJIIPHOE MPOU3BENCHIE
€CThb YHUCI0, OTHECEHHOE Mape BEKTOPOB OJHOT'O U TOTO XKe
(eBKIMOBA) MPOCTPAHCTBA, (f, ) €CTh YUCI0, OTHECEHHOE
mape BEKTOPOB, OMUH U3 KOTOPBIX IMIPUHAICRKUT adPUHHO-
My mpocTpancTBy R, a apyrou — apduHHOMY IPOCTPAHC-
By R’

Bekrope 2z € R u f € R’ MbI Ha30BEM 0PMO20HAALHBI-
MU, €CIn

(f,z) =0.

Takum obpaszom, xoTs B adpPuHHOM TpOCTpaHcTBe R
(B OTIMYME OT €BKIMAOBA) HET MOHATHUA OPTOTOHATBHOCTH
IBYX BEKTOPOB &,y € R, MOXHO roBOpuTh 00 OPTOTOHAJIB-
HOCTH BEKTOpOB 13 R k BekTopam m3 R'.
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Ounpemeaenue 2. Ilycmv ey, eo,..., e, — ba3uc
6 R, a f'.f? ...,f" —6a3uc ¢ R'. Mv nazosem smu
6a3ucvl 6uOPMO2OHAALHLIMY (B3AUMHBIMUY), €CAU
) 1 mpu 1=k
'eg) = "o (,k=1,2,...,n). (3
(fak) {0 pu ’L#k (7 » 4y 7) ()

BBenem cumBoa 0%, mOI0XKUB
i\ ko

5i = {(1) EEE 2#: (,k=1,2,...,n).
Toraa
(f' er) = oL
Ecam ey, e9, ..., e, —6azuc B R, To (f, ex) aBuaorca au-

claM® aj, ONpeeIdlluMy JuHernyo Gyakmuoo f € R’
[cM. popmyry (2)], Tak kak (f,ex) ecTs apyras ¢opma 3a-
nucu Beipaxenus f(ey).

3 5TOro 3amMevaHnsa CAeAyeT yTBEPXKICHUE:

ECAU €1,€9,...,E, — NPOU3BOALHLIL 6a3uc 8 R, mo 8
R' cywecmeyem, u npumom moavko odumn, 6Gaszuc f1,
2, .., f" maxot, umo 6asucw ei, e, ... e, u fL1F2 ...

. J™ buopmozonasvubl (83auMHbL).
[eiicTBUTEILHO, U3 paBeHCTBA (3) mMeeM

(flael)zla (flaeQ):Oa R (fl,en):()_
Taxum o6pa3oMm, 31ech 3akaHb aucaa a; = 1, ag =0, ...,
an, = 0. Tak KakK MO BCAKAM YHUCIAM G; MOXHO MOCTPOUTH
eMHCTBEHHYIO JMHeHHYI0 GyHKImio, To f! ompegeneHo, u
[P DTOM OJHO3HAMHO. AHAIOIWYHO OmpegeraeTca f2 pa-
BEHCTBaMU

2 2 2
(fael):()v (f7€2):17 RS (faen):()
u T.1. Bocrpoennwie Bexkropsr fL, f2, ..., f" w3 R (m-
HEVHbIEe (DYHKIINN) JUHENHO HE3ABUCUMBI, TAK KaK OTBETa-
IOIIME KAXOMY W3 HUX CACTEMBI TUCEH (1,02, - - . , Gy JIHU-
HEMHO HE3aBUCHMBI MEX Y cOO0M. MBI MOCTPOMIN, TAKIM
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00pasom, 6asuc, OUOPTOrOHAILHBIN OA3UCY €1, €9, ..., €, U
MOKA3aJIu €ro eINHCTBEHHOCTD.

B manpHenmeM Mbr 6ymeM MOIB30BATHCA MPUHATHIMEA B
TEH30PHOM HCYUCICHUU OOO3HAMEHUAME, & UMEHHO, €CIU
B HEKOTOPOM BBHIPDAXEHUU OAWH W TOT XK€ HHIEKC CTOUT
OJIUH Pa3 BBEPXY, a IPYTOU pa3 BHU3Y, TO DTO O3HATAET,
YTO [0 HTOMY UHIEKCY IPOU3BOAUTCA cCyMMupoBaaue (0T 1
po n). CaM 3HAK CyMMUPOBAHUA » , MBI IPU 5TOM OyaeM
OIyCKATh.

Banpuwmep, £'; osmagaer £y + 2ny + ... + £"n,.

Nmes B R u R’ 6uoproronaibable 6a3uUChl, JETKO BbI-
HCIATH KOOPAWHATHL JI06Or0 BeKTOpa. Bycrs ¢; u fF—
6rOPTOrOHATBHEIE Ga3uChl. BaligeM KoOpAMHATH ¥ BEKTO-
pa x € R B 6asuce e;. Mu1 umeem

z = Ele;.
Orcroga
(f*,2) = (f*,€er) = €'(f*, ) = €167 = €~

CregoBarensro, koopdunamuv £F sexmopa = 6 6asuce
€1,€2, ..., €y BHIUUCAAIOMCES NO HOPMYAGM

¢ = (f*, ),

ede f¥ — Gasuc, e3aummnbrii ¢ 6asucom e;.
AnmanoruvHo moxydaeM, 9To Koopdunambl 1; eexmopa f
6 6asuce f* sviuucasromesn no Gopmysam

ni = (f,e:)-

Bycts e1,€9,...,e, 1 fr,f2,..., f" — IBA B3aMMHBIX
(6uoproronanbHbix) 6asuca. Beipasum seauauny (f, ) de-
pe3 KOOpAMHATHEL BEKTOPOB f u x B Ga3ucax ej,€,...,€n,
u f1, f2,..., f" coorBercrBenno. Bycrs

z=Elei+&%e+.. 4+, u f= 771f1+172f2+. A
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TOr 3

(f,2) = (S +mf> 4. Annf", ert&ert. . +E"en) =
= (f", ex)mi® = 51imfk = €'

1 f2
Uraxk, ecau ey, es,...,en —06a3uc 8 R, f*, f~, ..., f" —
saaummnbili ¢ Hum 6asuc 6 R', mo
_ 1 2 n
2de &1, €2,... " —Kkoopdunamvr sexmopa x € R 6 6a3u-
CE €1,€2, .. sEn, G N,N2, -, — KOOPOUHAMBL BEKMOPA
f € R' 6 6asuce f1,f%, ..., f".
1 f2
dameuganue Ecmey,es,...;epufrfo ... f"—

IpOU3BOJIbHEIE 6a3uchl B R u R’ cooTBeTcTBEHHO, TO
i, ck
(fa $) = %mf )

i (i
rae aj = (f'; ex).
Mpb1 BuguM, 9TO BO B3aUMHBIX 6asucax 3HadeHue (f, )
3AIMCBIBACTCA OCOOGEHHO MPOCTO.

WTak, MBI TOCTPOWINA COOTBETCTBHUE, OTHOCAIIEE KK IOMY JTUHEH-
HOMY HPOCTPAHCTBY R npyroe mpoCTpaHCTBO, a MMEHHO COMPAXKEH-
HOe TTpocTpancTBO R'. MBI MOXeM Teleph yCTaHOBUTH COOTBETCTBUE
MEX Iy TUHEMHBLIMY TPeo0pa30BAHUAMY TIPOCTPAHCTB.

IIycts R1, Ry — mBa IMHEWHBIX TpOoCcTpaHcTBa u R, R) — mpoct-
PAHCTBA, UM CONPsKEHHBIE. KaXI0My JIUHEMHOMY HPeoOpa3OBAHUIO
A mpocrpanctsa R; B Ry MBI IOCTaBMM B COOTBETCTBUE JIMHEHTHOE
npeo6pasosanue A’ mpocrparcrsa R5 B R, KoTOpOe ompenenm cie-
AyIOmUM 06pa3oM.

IIycts fo € R, ©1 € Ry. Macemorpum (f2, Az1); mpu dukcupo-
BAHHOM f2 3TO JMHEAHAA PYHKIWA OT L1, T.€. MOXKET OBITH 3aIIUCAHA
B Buge (f2, Az1) = (f1,71), rae fi € R}. llomoxum mo ompeereruio
fi = A'f>. Tloxy1aemoe mpeo6pazopanne A’ HA3BIBAETCA CONPANCEH-
noim K A. tak, ecin A — IuHenHOE Ipeo6pa3oBaHMe IIPOCTPAHCTBA
R; B R, TO conpsaxeHHOE eMy HpeoOpa3OBaHUE €CTh JUHENHOEe IIpe-
obpasosarume A’ mpocrpancrsa RS, B R, 3amaBaeMoe TOXIECTBOM

(A fa, 1) = (fo, Azy).

YCTaHOBEM OZHO BaXXHOE CBOUCTBO OIEDPALNU IEPEXOqa K COMPA-
KEHHOMY mpeobpazoBanmio. IlycTts A — amHEHHOE Hmpeobpa3zoBaHUe
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npocrpaucTsa R1 B Ry, B — aunenHoe mpeoOpa3oBaHue MPOCTPAHC-
TBa Rz B R3. O6Go3nauuMm depes BA KOMIO3UIMIO >TUX MPEOOpa3o-
BaHUN, T.e€. IMHEMHOE IpeobpasoBanue mpocTpancTBa R B Rs (mo
ompegencamio BAr = B(Ax) naa mo6oro © € Ry).
ITokaxem, aTo
(BA) = A'B'.
B camom gere, COrIacHO OIIPENETCHIIO MMeeM:
((BA)'f,z) = (f,BAz) pmamobeix © € R u f € RS,

C apyrou croporer, (A'B'f,z) = (B'f, Az) = (f, BAz). Conocra-
BIAA BTU PaBeHCTBa, MBI BuguMm, uto (BA)' = A'B’.

Yunpaxuenne. [JokazaTb, 9TO JuHENHOE Npeobpa3oBaHUE,
conpmxennoe xk A', ectp A.

3. Baaumosamensemocts R u R'. B npensrgymem us-
ngoxennn R m R’ wurpamm pasauaHyo poab. MBI MOKaxeM,
ITO OHM COBEPIIEHHO PABHOIPABHEBI, T.€. ITO BCE TEOpe-
MBI OCTAHYTCA CIPABEIJIUBLIMHU, €CIU MBI TTOMeHIeM R u
R’ poramu.

Mu1 onpegenuan R’ kak COBOKYIHOCTH TUHEUHBIX (DyH-
kimuit B R. UYTo6BI yCTaHOBATH paBHONPaBHOCTL R m R/,
JTOKaXeM, 9TO BCAKasA aunerHas yukuus o(f) B R moxer
ObiTh 3amucana B Buge (f, o), Tae Lo — GUKCUPOBAHHBINA
BekTOp u3 R.

BycTs ej,es,...,e, —HeKOTOphI Oasuc B R um f!,
2, ..., f"—B3ammuwi ¢ Eum 6asuc B R'. Jlunernas dyn-
kuus ¢(f) moxer GbITH 3anUcaHa B BUIE

o(f) = alm +a2772 +...+a"n,,

TAC 71,72, .. . 7 — KOOPAMHATH BeKTOpa f B Gasmce f!,
f2,...,f". BaccMOTpEM BEKTOp Z(, MMEIOIUN B Oa3mce
e1,€e,...,e, KOOpamHATH a',a?,...,a". Torga, Kak MBI

BUEIU B II. 2,
(f,z0) = a'm +a’ma + ...+ a"ny
7, CIe[OBATEIbHO,

w(f) = (f,w0)- ()
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Bra dopmyna ycramaBimBaeT B3aMMHO OJHO3HATHOE
COOTBETCTBUE MEXIY JUHEUHBIMU (PYHKIUAMU @, 3aTaH-
veiMu B R’ m BekTOpamu xy € R.

Mbr MOXeM HO3TOMY BO BCEM W3JIOXKEHWW CIATATH R
OPOCTPAHCTBOM JIMHEMHBIX QpyHKIMEA Hax R, 3amaBas oTm
auHenHble (yHKumu dopmyaon (5). Brum ycranosieno
nomHOe paBHOHpasue Mexay R u R'.

3aMeTuM, YTO MPU OJHOBPEMEHHOM WM3y9IeHHU HTPOCTPAHCTBA M
CONPSKEHHOT0 MPOCTPAHCTBA MbI yIOTPEOIAEM JIUIIb OOBITHBIE /A
BEKTOPOB OIEPALIUAY CIOKEHUA U yMHOXKEHUA Ha IACIO B KaXK I0M IIPO-
crpaHcTBe u omepanuio (f, ), CBA3BIBAIOLIYIO IEMEHTHI 060MX IIPO-
cTparcTB. MOXHO MOPTOMY OaTh APYTO€ ONPEAETCHUE HaPhl COMPA-
KEHHBLIX IPOCTpaHcTB R m R', mpum KOTOpPOM WX paBHOIpaBHE He-
MOCPEACTBEHHO BUAHO. IITO OmpeaeneHne COCTOUT B CAEAYIOMIEM: MBI
paccMaTpuBaeM IIapy N-MepHBIX mpocTpancTe R m R u xaxmon ma-
pe BexkTopos = € R, f € R’ ornocum «mciao (f,z), TpeGys mpu aTowm,
9TOOBI BBIMOJIHAIACH yCI0BAA 1°—4° mpeapIIymero nyHKTa U yCJIOBUEe

5° U3 (f,z) =0 das aroboeo x caedyem f =0 v uz (f,z) =0 das
arbozo f caedyem x = 0.

KopoTko rosops, mapa COMpMKeHHBIX TpocTparcTs R u R’ — aTo
mapa N-MEePHBIX IPOCTPAHCTB C BBEEHHOU JOIOJHUTEIHHO OMEPAIEn
(f, ), yROBIETBODAIOMEN NEPEIUCIEHHBIM yCIOBUAM.

damMedaHue. B2 Mb 10Ka3aau, ITO I KaXKI0-
ro 6asmca B R cymiecTByeT M MPUTOM €IWHCTBEHHBIN B3a-
uMHBEA ¢ HUM Gasuc B R'. U3 paBHompasma mexnay R m
R’ crepyer, aro mua Beakoro Gasuca B R cymecrsyer m
MPUATOM €IWHCTBEHHBIN B3AUMHBIN ¢ HUM 6a3uc B R.

4. Bpeo6pazoBanna koopauaatr B R m R’'. Ecim mur
paccMaTpUBaeM KOOPAMHATHI BEKTOPOB T € R B HeEKo-
TOpoM 6asuce e1,€2,...,€,, TO KOOPAUHATH BEKTOPOB
f € R' mb1 GymeM, Kak MpaBUiIO, paCCMAaTPUBATEL B HGa3mce
L f2, ..., f™, B3auMHOM K 6Gasucy e, es, ..., e,. Bepeigem
B R ot 6asuca ej, ey, .., e, K HOBOMY Oasucy €}, eh, ... el
7 MyCThb

e = cfek (6)

— (pOpMyJIEI 3TOTO HmEpexoaa.
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O6o3naqas wepes f1, f2,..., f" 6a3uc, B3auMHbIH ¢ Ga-
3UCOM €1,€a,...,6n,, a depe3 f'1, 2, .. f'™ —6asuc, B3a-
WMHEI ¢ GasucoMm €}, e, ..., el maigem marpuy ||b¥|| me-

pexona ot Gasuca f' k Gasucy f'°.
Baigem cragara obpatayio e Mmarpumy ||uf|| mepexoma

ot fILF2 R L
fE=uif. (6")

I,Z[JI}.{ 9TOr'o BBIMUCIAUM NOBYM:A crnocobamu BBIDAXCHUE

(f%, €):

(fF,el) = (f¥,cfeq) = (", ea) = cf,
(¥ el) = (ub s, cf) = ub.

Orciona nmeem cf = uf, m.e. marpunma ||uf| ssrserca

TpaHCIOHMPOBaHHOU *) k marpune nepexoga (6). Caemo-
BaTEILHO, MAMPUYA NEPeroda

k k i
ff=br (7)
om fLf% . 0" ok L7200, ' pasna  mampuye,
MPArCnonuUposannoti x mampuye, 006pammuot mampuye
||| neperoda om e, ea,... e, k€], ey, ... el

BoiicHuM Temepb, Kak IIpeobpasyloTCsa KOOPIUHATHI
BekTOopoB B R u B R'. BycTs é’i—KoopranaTbI BEKTOPA
z € R B Gasuce eq,e,...,e, 1 &'* — ero KOOpIMHATEL B
HOBOM Gasmce €),¢e), ... el .

Toraa

(f5z) = (f, €leg +ep+ ... 4+ E",) =&

(Fh2) = (1", €1 + % + ... +¢Me)) = ¢

") Mer roBopumM, 9T0 Marpuua ||uf|| aprsercsa TpancmonmpoBaH-
HOU kK Marpume mepexofa (6), Tak kax cymmuposamme B (6') mpoms-
BOJUTCA 10 APYT'OMY WHIEKCY.
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Boaromy
o (1) — (bR ) = BE(FF ) = Bigk

Urak,

15 _ i ¢k

£ = 0L, (8)
T. € KOOPJAUHATHEI BEKTOPOB B R mpeo6pasyoTcsa Mo TeMm
xe popMyTaM, UITO W BEKTOPH B3amMHOro Oasuca B R
AnanornvHo, KOOpAMHATEL BEKTOPoB B R’ npeobGpasyioTcsa

mo TeM xe (popMyJaaM, 9TO W BEKTOPBI B3AUMHOIO 0a3mca,
B R, T.e.
nj = i (9)
Mpb1 Mmoxem TakuM 06pa3zoM, CPOPMYIMPOBATE CIEAYIO-
mee IpaBmWiIo: Npu Neperode om cmapoti Cucmembl Koopou-
Ham K H060T 00bEKMbL, UMEWUE HUNCHUL UHIEKC, npe-
obpasyomes mampuyeti ||cF||, o6vexmo, umerowue sepz-
nuti undexc, npeobpazyomes mampuyed ||bY|, o6pammoi
Fll-

K ||c;

Tor daxT, a0 MaTpuma ||bF|| asaserca o6paTHoi K Ma-

k

Tpue ||c;||, BBIpaxaeTca COOTHONICHUAMM

bl =51, bl =6l

5. BpocrpaucTBo, compsxkenHoe K eBkauaoBy. Orpa-
HUYIUMCA OJIA IIPOCTOTHL €EBKJANAOBBIM IIPDOCTPAHCTBOM Ha, I
I10JIEM AeﬁcTBHTeJIBHbIX quceJI.

Jlemwma. Ilyemv R ecmb n-meproe e8Kaudogo npo-
cmpancmso. Tozda waxcdyro aumetinyo Pymryulo 6 Hem
MOHCHO 3ANUCAMb 8 6uUJe

fz) = (2,y),
2de y — Purcuposannbili 6exmop, 00n03KaUHO onpedease-
muiti aunetinoti pynxyued f. Oopammuo, xaxcovild sexmop y
onpedeasem aunetnyio gynrkyuo f(x) = (z,y).
NokaszaTeabcTso. Bubepem B R HEKOTOpHIT
OPTOTrOHAJLHLIM HOPDMHUPOBAHHBIN 0a3uC €1,€9,..., 6.
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Jlunennas ¢yuxuusa f(z) B 5TOM Gasuce MOXeT OBITH 3a-
[KCaHA B BUJE

f(z) = a1t + asf® + ...+ ant™.

BeemeMm BEKTOD Y C KOOPAUHATAMU (1,02, .- -, (y. LaK
Kak 06asuc e, e, ..., e, — OPTOrOHAIBHBIN, TO

(xz,y) = alfl + a2§2 + ...+ a g™

Msbr mokazanm, TakuM 0Opa3oM, CYHIIECTBOBAHHE TAaKOT'O
BEKTOPA ¥, ITO I J000r0 T IMeeT MEeCTO PABEHCTBO

f(z) = (z,y).
[lokaxeM Temepb, 9TO TAKOU BEKTOP OMPEREIIeTCA Olf-
HO3HaYHO. BycTb

fl@)=(z,y1) n f(z)=(z,12).
Toraa
(xayl) = (xayZ)a

(z,91 —y2) =0
ms aoboro x. CremoBarenbo, y1 — Yo = 0. OmHO3HAY-
HOCTBH JOKA3aHA.

TakuMm 06pa3oM, B CIydae eBKIN0BA, IPOCTPAHCTBA MBI
MOXeM KaxAblil onemenT f w3 R' 3aMeHUTH COOTBETCTBY-
IOIUM DJIeMeHTOM y w3 R u mpum sTom Bmecto (f,z) mum-
cathb (y,x). Tax xax npu 00HOBPEMENKOM UBYUEHUL NPOC-
MPAHCNBA U CONPANCEHHO20 MPOCMPAHCTNEG Mbl YNOMpe-
basem AuWb 00bIUHbIE 044 BEKMOPO8 ONEPAYUY U ONEPG-
yuro (f,x), ceazvmearowyto saemenmuvr f € R u x € R, mo
MbL MOKHCEM 8 CAYUAE €8KAUIOBE NPOCTNPAHCMEE 3AMEHUMD
fnay, R na R u (f,z) na (y,z), T.e. OTOXAECTBATH €B-
KJIUJ0BO IPOCTPAHCTBO C COMPAKEHHBIM K HEMY TTPOCTPAaH-
creoM R’ *). BTo BEIpaXarOT MHOTIa U TAaK: B €BKIUJOBOM

*) Ecam R— adbdunnoe n-meproe mpocTparcTso, To R’ Taxxe
n-MepHO u, caegoBarensao, R u R maomopdusr. Ilo ecmu GBI MBI OTO-
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OPOCTPAaHCTBE MOXHO 3aMEHUTH KOBAPUAHTHBIE BEKTOPEIL
KOHTPABaPUAHTHBIMU.

Bpu TakoMm oTOX 1ecTBIeHNN IpOCTPaHCTBAa R u comps-
XKEHHOI'0 K HEMY IPOCTPaHCTBa R’ MOHATHE OPTOrOHAIDL-
HOCTHU BEKTOPOB = € R u f € R', BBegeHHoe B myHkTe 2,
epexXoquT B OOBIYHOE [ €BKJIWA0BA IPOCTPAHCTBA IIO-
HATHUE OPTOTOHAJIHLHOCTHU ABYX BEKTOpOB u3 R.

Bycts e, ey, ..., e, — OIpOM3BOIbHEIA 6asuc B R, a f!,
f2,..., f"—BsaumBBEIA ¢ HEM (6MOPTOTOHANLHBIN) Gasmc
B R'. Tak xak B clIydae eBkaIMA0Ba mpocTpancTBa R u R’
OTOX OECTBJICHBI, TO MBI MOXEM CYINTATHh BEKTOPBI 6I/IOpTO—
POHAJIBHOIO K €; Gasuca f k pakxe BexTopamu u3 R.

BriacHuM, Kak HaM HAUTH B DTOM CIydae 0 0as3ucy
e1,ea,...,e, 6asuc f1, f2,..., f". Boipasum caaqama e; we-
pes fk:

e = ginf".
Bam Hyx)HO HauTn KO>PPUIUEHTH g;). [aa 5Toro yMmHo-
KM CKAJIAPHO 06e 9acTu PABEHCTBA HA €

(BZ', 6&) = gik(fku ea)'

Tak Kak, B CHIy B3aMMHOCTH (6MOPTOrOHAIBHOCTH) Ga-
sucoB fF u eq,

(fka €a) = 5547
TO
(eia 604) = 9ik5§ = Gia-
Wrak, ecau 6asuc f k 6ropToroHaneH K 6a3ucy e;, TO
ei = g, (10)

rie MaTpHUIa g;; BBIYHUCIIETCA IO (popMyJIe

Jik = (eiaek)'

wpaectsmm R u R’ | mam npumocs 681 BMecTo (f, x) mucats (y, T), rae
Yy, T € R, T.e. MBI TeM caMbIM BBeJau ObI B R CKAIAPHOE MPOU3BEACHUE.
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Orciona, paspemms coorromenue (10) oTHOCHTETBHO
f*, umeem:

fi _ gikek, (11)
rae g“C — MaTpuna, o0paTHaA K gk, T. €.
9" Gak = O}
Yunpaxuernue. Bokasars, 9T0

g* = (f", ).

§ 24. Tensopsr

1. Bommuennsie pyskmuu. B mepBon riase MBI m3y-
YUY TUHEHHbIE U OWINHENHBIE (PYHKIMY B 7-MEPHOM ad-
¢duraOM mpocrpancTBe. Ux ecrecrBernHbiM 006001IeHIEM
ABISAIOTCA TONWINHERHBIE (DYHKIWY, 3ABUCAIINE OT TPOU3-
BOJIBHOI'O 49MCIA BEKTOPOB. Bpu sTOoM MBI Oymem paccma-
TpuBaTh QYHKIIAN, 3ABUCIIINE KaK OT BeKTOPOB u3 R, Tak
u oT BeKTOpoB u3 R’

Oupenmeanenue 1. Iloauaunetinoti gynryuet

l(x7y7“‘;f7g7"')7

3asucawet, om p 6exkmopos T.y,... € R u q eexmopos
f+9,... € R (R'— npocrpanctso, conpsaxennoe k R), na-
3018aEMCA PYNKYUA, AUHETHAA OMHOCUMEALHO KAHCI020
U3 aAPLYMENMO8, K0204 0CMAALHBIE AP2YMEHMBL PUKCUPO-
6AMDL.

Bampumep, eciu 3apUKCEPOBAHBI BCE BEKTOPHI, KPOME
epBOro, TO

Wz +a"y,. .5 f,9,...) =
:l(xlﬂy?"';f’g"")+l($”7y7"';f7g7"')7
LAz, y, .. 5 fr9,---) = N(z,y,.. .5 f,9,.--).
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Ananormaso

z,y,...; " + " g,...) =
:l($7y7"';f,7g7"')+l($’y"";f”7g7"')7
Wz,y,...snfrg,...) = pul(z,y,...5f,9,...).

To xe camoe u I APYTUX apTyMEHTOB.

Bomwmnuennyo GyHKINO, 3aBACAIIYIO OT P BEKTOPOB
u3 R (KOHTpaBapHaHTHBEIX BEKTOPOB) U ¢ BEKTOPOB u3 R’
(KOBApMAHTHBIX BEKTOPOB) MBI Oy/€M HA3BIBATD 70AUMAU-
netinot Pynkyuet muna (p,q). BaccMmoTpuM HEKOTOpBIE
TMOJWIAHENHBIE (DYHKITAH.

Bpocrenmme nonmumvaensbie GyHEKIUT— 3TO QYHKIII
tuna (1,0) u Tuna (0,1).

Bomumrennas pynkuma tuma (1,0) —>T0 nuHenHas
(YHKIMIA OT OZHOIO BEKTOPa, B pocTpancTse R, T.e. Bek-
TOp mpocTpancTBa R’ (KOBApUAHTHBIN BEKTOP).

Ananoruvso, kak 3T0 GbLIO TOKA3aHO B 1.3 MPEABIAY-
wero naparpada, nommmeernaas pyuknusa tana (0, 1) 3a-
naeT BeKTOp u3 R (KOHTpaBapuaHTHBIN BEKTOD).

Bomumnrennsre pyHKun, 3aBUCAIME OT IBYX BEKTOPOB
(6unuuenHble PyHKIMH), OBIBAIOT TPEX TUIOB:

«) GYHKIUY, 3aBUCALIE OT ABYX BEKTOPOB M3 IIPOCT-
pancTBa R,—>5T0 BBeneHnubie B §4 GminHenHbIE (YHKITN
B mpocTpaHCTBe R;

() dyHKIUM, 3aBUCALE OT ABYX BEKTOPOB B HPOCT-
parctee R',— »T0 6mimnennbie pynkmum B R;

v) yHKUMEU, 3aBUCAIIEE OT OJHOrO BeKTOpa u3 R u of-
HOro BekTopa m3 R'.

DyHKIMY TPETHETO TUIA, TECHO CBA3AHBI C JUHEUHBIMUI
npeobpazoBanuamu. [lencTBUTEIBHO, TYCTh

y = Az

— auHenHOe nmpeobpasoBanue B R. BocTpoum 6uinaenHyo



274 MOHATUE O TEH30PAX [ra. v

dyHKIAIO

(f, Az),

JWHETHO 3aBUCAILYIO OT BeKTOpoB = € R u f € R'.

Mub1 MmoxeM, TakuM 06pa30M, KaX JAOMY JUHEHHOMY ITPe-
00pas3oBanuio B R OJHO3HAYHO COMOCTABUATH OWIMHEHHYIO
dyHKOUIO THIY 7.

Kak u B §11 ruaser II, moxuno noxasars u o6parHOe, T.e. 4TO
KaX 01 OMIMHENHON (GYHKIWK THIMA 7Y OTBEYAET JUHENHOe IPeobpa-
3oBanue B RR.

2. BuipaxeHus I NOIWIMHENHON (PYHKIMM B TaHHOM
cucTeMe KOOpAMHAT. Bepexos 0T 0HOM CHCTEMBI KOOPAH-
HAT K APYrou. BeIACHUM, KaX BBIPAXKAECTCA TOJUIAHETHAA
(GYHKIMA 9epe3 KOOPAMHATHI T€X BEKTOPOB, OT KOTOPBIX
ona 3asucuT. [[na TOro 9T06L HE MUACATH CIMNIKOM [JIAH-
HBIX (DOPMYJ, IPOBEAEM PACCMOTPEHUE HA CIy9ae MOJUIA-
nernou Gyuknum [(z,y; f), 3aBACAIEN OT ABYX BEKTOPOB
u3 R u ogroro Bektopa m3 R’ [bynkuus tuma (2,1)].

Buibepem B R HEKOTOPBIN 6a3uc €1, €g,...,e,, a B R —
B3auMHBIE ¢ HUM Gasuc f1, f2,..., f". Bycrs

z="=Ee, y=nle;, f=Gf
Toraa
o, y; ) = U e ej; Guf ™) = €7 Gel(ei €55 fF).
Nrax: npu 3aganabix B R u coorseTcTenno B R 6azu-

cax ei,eg,...,e, m f1 2, .., f" nomuiuneinas GyHKIAA
[(x,y; f) sanuceiBaeTCa B BUgE

le,y; ) = af;&'n (i,

rae £, COOTBETCTBEHHO 7, COOTBETCTBEHHO () — KOOPIU-
HATBI BEKTOPA, I, COOTBETCTBEHHO Y, COOTBETCTBEHHO f.

Yucaa afj, oupenessromue Gyaknmio [(z,y; f), 3agaorcs
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dopmymon
a; = (e, €53 f*)

U 3aBHUCAT, TaKuM 00pa3oM, oT BeIGopa 6asucos B R u R'.
Ananornvnas ¢opMyaa mMeeM MECTO A MOJMINHEH-
HOU (PYyHKIMM OOIIEro BUIA:

W,y gy ) =alf &) gy (1)

e TUcIa agj.'.'.', OTIpeNeNAIONINe TONWINHENHY O (YHKITIIO,

BBEIYHUCAAIOTCA IO (POPMYIaM
a’:js :l(eiaeja"';frafsa--')' (2)

Bosichum Temeph, Kak U3MEHSIETCA CHUCTEMa, HHCEl,
OIPeIeNAONAA TOIWINHERHYIO (POPMY, IIPU U3MEHEeHUN Oa-
3UCa.

Bycts B R 3aman 6asuc eq,es,...,e, u B R — Bzanm-
Heii ¢ HuMm Oasuc f1, f2,..., f". Bepeiigem k HOBOMY Oa-
sucy e}, eh,...,el, B R u B3aumuOMy ¢ HEM Gasucy f'!,

12 ! /
..., fme R.

Bycrh mepexon ot 6asuca e, es,...,e, K Gasucy e,

e, ..., e 3amaerca popMmyramu
I _ B

€ = Cptg. (3)
Torga mepexox ot Gasmca f1,f2%,...,f" k 6Gasmcy f'!,
f2,..., f'™ 3agaeTca dpopmyramMu

!/ «

7 = bafe, (4)
rue ||b§|| — MaTpuULa, TPAHCIOHUPOBAHHAS K MAaTpWUIE,
ob6paTHOU K ||cg||

B

dopmyrna (3) mOKa3BIBAET, UTO FUCIA Co HPU (DUKCH-
POBAHHOM (v ABIAIOTCA KOODAMHATAMUI BEKTOpa €., B 6a-
3UCE €1,€9,...,6n. AHAJIOTUYIHO YUCTA b§ npu (puKCupo-
BaHHOM (3 ABIAIOTCA KOOpAMHATaMHE BekTopa f'7 B Gasmce

AT RN



276 MOHATUE O TEH30PAX [ra. v

i7", ONpeNeNTIomUX Ha-
uy noamnvHenHyIo QyHKuuio B Gasucax €], eh,....el m
'Y £, f'™. Msl 3Haem, 1To

R (CATRNS L LRR)

, MBI TOJIXHBL B (opmy-

Baugem cucremy dmcen «

a

BosToMy, 9TOOLI HauTH a”

ay (1) Bmecro 4,17, .. .5\, s, - . . TOLCTABATH KOOPIAHA-
THL BEKTOPOB €, ey, ... f', f'¥, ..., T.e. mcna cff cJ’B, e
b, b7, ... Mel noryqaeM TakuMm 06pa3oM:

a;;s — br bs ZE

Urax, cucmema wucea ags- onpe(?enmowuz noAuAUNET -

nyto Pymryuto 1(x,y,...; f,g,...) 80 B3AUMHBIL 0Q3UCAT
e1,€2,....en u fr 2, .., ", npu nepezode K HOBYIM 63a-
umnim 6azucam ey, eh, ... e u f'U 2 0 f™ npeobpa-
3yemcs no _(ﬁOpMme,M

i = W] )
2de ||cl|| — mampuya, 0npe0enmow,aﬂ npeobpazosanue 6a-
3uca ey, es,...,En, ||b7H — mampuya, onpedesouas
npeo6pa306aHue 63aumnozo ¢ wum 6azuca fr, f2, ..., f".

BT0 MOXHO BHIPA3UTH Cﬂe;(ylomen bpason: na HuAcHue
underchl cucmempl wucen aii detdemesyem mampuya ||c7 Il

HG BEPTHUE um?embz—,/wampuua ||b‘Z|| (cp. §23, n.4, rpe
PaCCMOTPEHBI (POPMYJIBI A IPEOOPA3OBAHUA KOODAUHAT
KOBAPMAHTHOT'O ¥ KOHTPABAPUAHTHOI'O BEKTOPOB).

3. Onpeaenenue Teuzopa. OOGBEKTHI, C KOTOPBIMU MBI
BCTPEYANUCH HA MPOTAKEHAU DTOM KHUTU (BEKTODHI, JIU-
HedHbIe (DYHKIWY, JAHEUHBIE TPEOOPA3OBAHUM, OUIMHEN-
Hble (DYHKIMU W T.[.), ONPEAENAINCH B KaXaoM 0Oasumce
CBOEU CHCTEMOU 4YHUCel. bampumep, BEKTOD ONPEeNsaIca
B KaxXx0M 0a3uce CUCTEMOU 7, IUCEJ — CBOUMU KOOPIUHA-
Tamu. Jlunennas GYHKIUA ONpenerseTcs B KaxaoM 0a3u-
ce TaKXe CHCTEMOH 7 IUCEeT — CBOUMU KO>(PPUINECHTAMM.
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Jluaennoe npeobpa3oBaHue OIPEAeIIeTCa B KaX 10M 06a3u-
ce CHCTeMOM 1’ <Imcel— MATpPHUIEH JIHHEHHOrO mpeobpa-
30BaHUA. BunuuenHas GYHKIUA ONPEEIIeTCS B KaX JOM
fasmce cucTeMOl 1’ <Imcel — MATPUIEH DTOH OMIMHEHHOMN
dbopmbl. Bpu nmepexoze oT ogHOM cuCTEMBI KOOpAUHAT (6a-
31Uca) K OPYTOU CUCTEMA [UCENT, ONPEeAeNAIONUas TAHHBIN
006bexT, mpeobpa3yeTcsa onpeaeleHHBIM 00pa3oM, IpuIeM
3aKOH TPEOOPA3OBAHUSA PA3NUYICH A PABIAIHBIX OO0BEK-
ToB. Banpumep, kak BekTOp w3 R, Tak u auHenHas QHyH-
Kiusa B R 3a1af0Tcsa cucTeMOn n 9ucen, OqHAKO IPHU mepe-
xoe K Apyromy 6as3mcy oHE mpeoOpa3yloTcd MMO-Pa3HOMY.
A MOMHON XapPaKTEPUCTUKU BCTPEUAIOMICHCA BEIUIMHBL
MBI OOJJMXKHBI 3a4aTh HE TOJbBKO 3HAYCHUA COOTBETCTBYIO-
IUX 9UCET B KAKOU-TOO CUCTEME KOOPJUHAT, HO U 3aKOH
npeo6pa3oBaHUA COOTBETCTBYIOUEH COBOKYITHOCTHU HCET
[pu mepexojie K APYrod CUCTEMe KOODAWHAT.

B nymkTax 1 n 2 sToro naparpada MbI BBEJIU ITOHATUE
MOMMIMHENHON (DYHKINU, KOTOPASA OIPEINACTCA B KAXK JOM
mamEOM 6asuce cuctemon nF wmcen (2), mpeobpasyrommx-
¢ IpU mepexofe K Apyromy 6asucy mo dpopmyaam (5). B
CBA3U C HUM BBOJUTCA CJIEAYIOIIEE OMPE/IeJeHAE, UT'PAOIIEEe
BAXHYIO POJb BO MHOTHX pa3fenax (pU3UKU, TeOMETPUU 1
anrebpHI.

Onpegenenune 2. Ecau xandotd cucmeme xoop-
duram 8 n-mepHom afifunrom npocmpancmee omuecena
cucmema nPT4 yucen ai? (MMCIO HUXHEX MHJEKCOB 060-
3HAYEHO {Uepe3 P, BEPXHUX — €Uepe3 (), Npuuem npu nepe-
zode om 00not cucmembl KooOpAuKRamM K IPY20Tl MU YUCAA
npeobpasyomes no gopmyae

aff = cfe) byl el (6)
ede ||CZ|| — Mampuya, 360a10Was nepexod om 00no2o0 6a-
suca 6 R x dpyeomy, a ||bl|| — mampuya, mpancnonupo-

sannas k& mampuye, obpamnot % ||cl|, mo mvr 2060pun,
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umo Ham 30dan menzop. IImom mewnszop nasvieaemca p
Pa3 KOBAPUAHMHbIM U ¢ PA3 KONMPAEAPUAHMHbIM. ducso
p+q nasvieaemes paneom (8asenmmuocmoio) mensopa. Ca-
MU WUCAQ Q7" HAZBIBAIOMCA KOMNOKERMAMU MEKIOPA.

Tak Kak CHCTeMa TUCEJT, OIIPeAEIAIONAX TOJUIAHETHY O
(byHKIUIO OT p BEKTOPOB m3 R m g BekTOopos u3 R, npm n3-
MeHeHnHu Oasuca mpeobpasyercs Kak pas mo gopmyae (6),
TO KaX IOU TAKOU MOJMINHENHON (DYHKITUA OJHO3HATHO CO-
OTBETCTBYeT TEH30D paHra p + ¢, p pa3 KOBAPUAHTHBIN
u ¢ pa3 KoHTpaBapuaHTHBIM. OOpATHO, KaXIOMYy TEH30-
Py OJHO3HAYMHO OTBEYAET MOJUIMHENHAA QYHKIMA. B nans-
HEUIIEM CBOWCTBA, TEH30POB W ONEPALMK HAJ| HUMU MBI Oy-
€M M3y9aTh HA (MOJEAN» TMOJAIMHENHBIX (DYHKIAN, XOT,
KOHEYTHO, MOJUINHENHBIE (DYHKIMK ABJIAIOTCA JUIIH OJHON
73 BO3MOXHBIX PEaJu3aluil TEH30POB.

BpuBenem HEKOTOpEBIE TPUMEDPHI TEH30POB.

1. Cxanxnsap. Ecim kaxgou cucreme KOOPAMHAT OT-
HECEHO ONHO M TO Xe (PUKCHPOBAHHOE HUCIO G, TO ero
(hOpMATBHO MOXKHO TAKXKe CIATATH TEH30POM, 3 MMEHHO —
TEH30POM HYJEBOr0O panra. TeH30p HyJIeBOrO pAHTa HA3LI-
BAETCA CKAJIIPOM.

2. KourTpaBapuaHTHHEN BeKTOp. Bekro-
py m3 R B Kaxg0M 6a3uce COOTBETCTBYET COBOKYIHOCTE 7
€ro KOOpIMHAT, KOTOPbIE IIPH IIepexojie K APyromy 6asucy
mpeobpasyoTea mo popMyIam

0"t = bl
1, CIEOBATEIBHO, MPEACTABIAIOT COOOM KOHTPABAPUAHT-
HBEIA TEH30p paHra 1.

3. Jlunennas GyHKuua (KOBaAapHUAHT-
HBLU BeKTODp) ducaa a;, OUpemensonye JNHENHYTO
dyuKIHIO, Tpeobpal3yioTca mo popMyaIaMm

!/
a; = ¢ a;
U, CIeOBATEIHLHO, 00PA3YIOT KOBAPUAHTHLIA TEH30P PaH-
ra 1.
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4. Buanuumeunnasa dyumkuwma bycrs A(z;y)—
6wimHenHas gopma B mpocTparcTBe R. OTHeceM KaxmIo-
My 6asucy MATPHUIy TaHHOW OWMIMHEXHOU (HPOPMEBI B DTOM
6asuce. MBI OMyYIMM TIPA 3TOM TEH30D PAHTa [IBA, NBAXK-
Ibl KOBAPUAHTHBIN.

Ananoruvno, 6unnHenHaa GopMa OT BEKTOPOB T € R,
f € R' ompenenser TeH30p paHra aBa, OQWH pa3 KOBa-
PUAHTHBIA ¥ OJUH Pa3 KOHTPABAPUAHTHLIN, & OMIMHENHAA
dbopma oT BeKTOPOB f, g € R' onpenenser TeH30p, ABAXK AbI
KOHTPABAPUAHTHBIN.

5. Jlumevwune npeobpasoBaunusa bycrs
A — nunenHOe peobpaszoBanue B mpocTpancTee R. OTHe-
ceMm Kax oMy Gasucy marpumy |a¥|| npeo6pasosamms A B
»TOoM Oaswmce, T.€. MOJOKUM

Ae; = a¥ey,.

Boxkaxem, aTo ||af|| €CThb TEH30D PaHra ABa, OUH Pa3 KO-
BAPUAHTHLIA M OAWH pPa3 KOHTPABAPUAHTHBIN. [lencTBU-
TENBbHO, IyCTh MEPEX0] K HOBOMY 6asmcCy samaerca ¢dpop-
MyJION

! o«
i — G Ca

e

U, CIeIOBATEILHO, OOpATHLIN Hepexom — (HOPMYJIOn
e; =b%,, rme bYck =%

Toraa

r_ fe% _ L« _ a fB
Ae; = Acj'eq = ¢ Aeq = cila

o€ = ciaagbge%.

Taxum o6pasom, marpuna ||ai¥| npeo6pasosanms A B 6a-
3uce €, umeer Bug
'k _ B ank
a; = a,C; bﬂ’

9TO M JOKA3BIBAET, 9TO MATPUIA JUHEUHOTO TPeobpa3o-
BaHuA A eCTb TEH30p BTOPOTO PaHTa, OJAWH Pa3 KOBAPU-
AHTHBIM 1 OAWH Pa3 KOHTPABAPUAHTHLIN.
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B uacTHOCTH, emuHMYHOMY TpeobpasoBanuio F B Ka-
XK TOM 6a3uce COOTBETCTBYET eIUHUTHAA MATPHUIIA, T. €. Ch-
CTeMa, TUCeN
1 ompm =k,

ok =
0 mpm 17 #k.

)

Takum obpazom, 5f OPEeACTABIAET COOOU MPOCTEUIIUI
TEH30D PaHra [IBa, OJUH Pa3 KOBAPUAHTHBLIN M OJUH Pa3
KOHTPaBapUaHTHHIU. TeH30p 5;“ WHTEPECEH TEeM, ITO €ro
KOMIIOHEHTHI B JIO00U CHCTEME KOOPAUHAT OJHU U T€ XKE.

Yupaxueunne. [lokasars HemocpeiCTBEeHHO, ITO €CIu B Ka-
XKIOU CHCTEME KOOPAMHAT 33aTh CUCTEMY IUCE

st = 1 opu =k,
CT 0 mpm i #k,

TO 3T0 OyaeT TEeH30D.

[lokaxeMm Tenepb ABA MPOCTHIX MPEIIOKEHUA O TEH30-
pax.

IIycmv umeromes dea men3zopa 00UHAKOB020 MUNG.
Toeda das pasewcmea men3zopos docmamouno, 4moovl
UL KOMNOHEHMbL 8 KAKOM-HubYds 6a3uce Oblau coomeem-
CcMEEenHo PasHbl. [[pyruMu CIOBAMEU, U3 TOT'O, ITO KOMIIO-
HEHTBI DTUX IBYX TEH30POB PABHBI B KAKOU-IUOO CHCTEME
KOOPJWHAT, CIEAYET, ITO UX KOMIOHEHTH COOTBETCTBEHHO
PABHBI B IPOM3BOJBLHON CUCTEME KOOPAUHAT. BTO mpemio-
XKEeHUe OYEBUIHO; AEUCTBUTEILHO, TaK KakK 003 TEH30pa
OMHAKOBOTO THUIA (T.€. UMEIOT OHO W TO XK€ TUCIO KOBa-
PUAHTHBIX ¥ KOHTPABAPUAHTHBIX WHAEKCOB), TO OHU IIPE-
00pa3yioTca mo OJHWM M TeM Xe (POPMyJTIaM, U TaK KakK
WX KOMIIOHEHTHI B OJHOU CHCTEME KOOPAWHAT TI0 MPETIO-
JIOXKEHUIO PABHBI, TO OHU PABHBI U B JIOOOU IPYTrOU CUCTE-
M€ KOOPJWHAT. 3aMETHUM, 9TO MPEIOI0KEHUE, 9T0 004
TEH30Pa OJUHAKOBOI'O TWIIA, ABIACTCA COBEPUIEHHO 00132~
TenrbHEIM. Banpumep, kak OwanHeNHAA (POpMa, TAK W JIu-
HEHHOE NMpeoOpa30BaHNE OIMPENEIIIOTCA B JAHHOU CUCTEME
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koopauHaT MaTpuiei. O IHAKO U3 COBIAACHUI MATPUILL JIU-
HEMHOr'0 Mpeobpa3oBaHua U OMIMHENHOU (POPMEL B OTHOU
KAKOU-TAO0 CUCTEeMe KOOP IUHAT He CAeyeT UX COBIIANCHIE
B APYTOH.

IIpu 360auHbBIT P U q MbL MOHCEM NOCMPOUTND MEH3OP
muna (p,q), KOMROKEHNMbL KOMOPO2O 68 KAKOM-HUOYIb 00-
nom 6azuce paswvr nPTY naneped 3adannvim wucaam. [o-
KaXeM DTO.

BycTb B HekoTOpoM 6asmce HAM 3aJaHA CACTEMA, IU-
cen a;-"js.'.'.'. Bruvu guncramu 3amaercsa noauiauHenHaA QyHK-
st [(z,y,...;f,...) no popmyxe (1) m. 2 sroro maparpa-
da, rae £, cooTs. 1’ U T. 1., KOOPAUHATH BEKTOPOB I,
COOTB. Y U T. A. B 6asuce e;. Tak Kak ¢ mormauHenHon GpyH-
KIMeN OMHO3HAYHO CBA3AH TEH30D, TO MBI MOIYYIUIA TEM
CAMBIM TEH30p, YJOBJIETBOPAIOIINN II0CTABICHHBIM YCIOBH-
AM.

4. Tensopsl B eBKIN0BOM npocTpaHcTBe. HEcau R ecTh
N-MEPHOE eBKJIWJ0BO MPOCTPAHCTBO, TO, KAK MBI BUIEIN
B II. 5 § 23, MOXHO YCTAHOBUTH U30MOP(HOE COOTBETCTBUE
mexnay R u R Tak, 9To ecim y € R COOTBETCTBYeT aite-
menty f € R/, To

(f, ) = (y,2)

s aoboro x € R.

Ecau Mb1 Teneps B HOJUIMHENHON (DYHKITUN, 3ABUCIIEN
OT p BEKTOPOB T, Y, ... u3 R u ¢ BexkTopos f,g,... u3 R 3a-
MEHUM BEKTOPHI u3 R’ UM COOTBETCTBYIONMMHU BEKTOPAMMI
U, V,... W3 R ,TO MBI TIOAYyYIMM TIOMUIUHENHYIO (DYHKIIIO
(x,y,...;u,v,...), 3aBUCALLYIO OT P + ¢ BEKTOPOB u3 R.

Bangem xosdpdunmentor dynkuwmn [(z,y,...;u,v,...)
no koddpunuentam bysxuun [(z,y,...; f,g,...).

rs... v Y
Byctn ;" — KO3(pPUIUEeHTH NOJUTAHENHON (PYHKIINNA

Wx,y,...5f,9,...), T.e.

a:]s = l(@i, S/ERRE ;fr7 fs7 T )’
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U IycTh bjj. .. — KOI(DOUIMEHTH HOIMIMHENHON (DyHK-
uuu [(z,y,...;u,v,...), T.€.
bij..rs.. = l(€irej, ... i€, €5,...).

Msr gokasanu B 11. 5 § 23, 9TO B €BKIUJOBOM IPOCTPAHCTBE
BEKTOPHI €} 0asmca, 6GMOPTOrOHAILHOIO f*, BBIPAXKAIOTCA
Jepe3 BeKTOpHI 6asuca f* mo ¢popmyaam

er = gralf a,
rie
git. = (€iex)-
Boacrapasaa BMECTO €, ... HX BHIPAXKEHHUA, IIOLYIAEM

bz]rs - l(eiaeja o3 6py €y ) =
= l(eiaeja"' ;goﬂ“faagﬁsfﬂv"') =

:gargﬁs...l(ei,ej,...;fa,fﬂ,...) =
af...
=G9arfBs--- Q5 -

BBI/Irqy YyCTAQHOBJICHHOI'O COOTBETCTBUA MEXAY ITOJUIN-
HEUHBIMU (PYHKIUAMEA ¥ TEH30PAME MBI MOXEM CHOPMY-
JUPOBATH MOJYYEHHBIN PE3YIbTAT IS TEH30POB:

Ecau afjs_'_'_' — men30p, nocmpoenublli 6 esKAUdo8oM
npocmpaxrcmee, P pa3 Ko8apuaHmMHubll u q pa3 KoHmpasa-
pUG,’HmeMj, mo Nno HEMY MOHCHO TLOCTPOUIND HOBbBIL TMEH-
30p bij...rs...; asaauwutics p+ q pa3 Kosapuarwmubvim. Bra
OII€epalua Ha3bIBACTCA OIllepaluer OIIYCKaHUA HWHIACKCOB.

Omna ompepgensercsa GpoOpMyIon

bij...rs... = Gar9ps - - - a%ﬂ
Jik ABIAETCA NBAXK bl KOBAPUAHTHBIM TEH30pOM. [lencTsu-
TeIbHO, g = (€, €r) MPEeACTaABIAIOT COO0OU B NAHHOU CH-
creMe KoopauHaT KO3hGUIUMEHTH HEKOTOPOU OMIMHENHON
(bOpPMEI, & UMEHHO CKAIAPHOI'O MPOW3BEACHUA. BBULY ero
CBS3U CO CKAIADHBIM NPOU3BENEHUEM (METPUKOU) HPOCT-
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PAHCTBA MEH30P (;;, HA3LIBALMNCA MEMPUUCCKUM MEH30-
POM.

CoBeplileHHO AHAJOTUYHO OMEPAIAN ONYCKAHUA WHIEK-
COB MOXHO BBECTH OIEPAINIO IOTHUMAHUI UHIECKCOB C IO-
MOIIBI0 (POPMYJIBI

bij...rs... — gaig,é’j o ag%,

rae g'* mmeer cMbica, ykasammbIi B § 23, . 5.

Ynpaxuenue. I[lokasars, uro ¢*¥ — gBammer koBapmaHT-
HBIX TEH30P.

5. Omepanuu Haj TeH3opamu. BBuny ycTaHOBJIEHHOU
CBA3U MEXIy TEH30PAMU W TOJWIAHENHBIMYA (PYHKIAIA-
MU MBI 6yIeM ONPENeNATh OMEPAITU HAJ MTOJUIAHETHBEIMI
GyHKIMAMEU. 3a0KUCh TOJAYYIEHHBIX PE3yJbTATOB B IIPOU3-
BOJIBHOM 0a3mce AacT HAM COOTBETCTBYIONIYIO OMEPAIHAIO
HaJ TeH30paMU.

CnoxeHnwue TeH30pOB. bycrs

Uy, f,9.-.), U@y ifg,..0)
— JIBe TMOMMIMHEeNHbIe (GYHKIIMKA OT OJHOI'O U TOTO XK€ Y-
CJ1a, BEKTOPOB U3 R 1 0THOTO U TOT0 X€ IUCIa BEKTOPOB U3
R'. Onpenenum ux cymmy [(2,y,...;f,9g,-..) dbopmyaon

Wz,y,...:f,9,...) =
=1"(z,y,...;f,9,...) + 1" (z,y,...; f,q,...).
ScHOo, 9TO BTA CyMMa eCTh CHOBA MOJUINHENHAS PYHK-

IUA OT TOTO Xe IuciIa BeKTopos u3 R u u3 R'. Croxenne
TEH30POB OMPENEIAETCA MO3TOMY (POPMYJION:

rS... __ _ITS... nrs...
Qi = QT AT

YMHOXeHUE TeH30POB. Bycrs
z,y,...;f,9,...) m 1"(2,...;h,...)

— IBe NOJWINHENHbIE DYHKIWY, U3 KOTOPBIX MepBas 3aBU-
cut ot p' BekTOpoB 3 R m ¢' BekTOopoB m3 R', a BTOpas —
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ot p" BekTopos w3 R u ¢” BexTopos mz R'. Onpegerum
dysxuuo [(x,y,...,2,...;f,g,..., h,...) dopmyron

Hx,y,....zy. o5 (09, s hyol) =
=U(z,y,...;f9,..)N'(z,...;h,...).

Oynknua | HA3BBIBAETCA MMPOW3BEJCHUEM IOMUIMHETHBIX
dyuxmui I’ n 1", Bokaxem, 9T0 [ ecTh nonmImHeTHAS (yH-
kmus, sapucaman ot p' + p” sexkropos uz R u ¢ + ¢ Bek-
TopoB u3 R'. [leNCTBUTENLHO, TP IIPOBEPKE TOTO, ITO

Wz, yyoooszye o5 frgyeeyhyil)

€CThb MONWINHENHAA PYHKINSA, MBI (GUKCHPYEM, TIO0 OUEPE/IH,
BCE BEKTOPHI, KPOME OJHOI'O; IPU 3TOM SICHO, 9TO | eCTh
JUHENHAA (PYHKIUA OT BEKTOPA, OCTABLIEr0CA He3a(PUKCH-
POBaHHBIM.

Bripa3uM KOMIOHEHTHI TEH30pa, OTBEYAOUIET0 IPOU3-
BeICHUIO MOoMMInHenHbIX pyakmmi I’ u I”, 9epes koMmmonen-
THI TEH30POB, OTBEYAIONAX CAMUM DTUM MOJUIAHETHBIM
dyuaknuam. Tak kak

a;;s = ll(ei7 eja cee ij fsa e )7
n
a;;” =1"(ei,ej,...; [T f5,..0),
TO
Akl = i

Bra ¢popmyna onpegenser, TakuM 06pa3oM, IpOU3BEICHIE
IBYX TEH30POB.

Cseprka Teunsopa. Bycrsl(z,y,...;f,9,...)—
nonmaMHeNHasAs (QYHKIWA, 3aBUCANEAA OT P BEKTOPOB
Z,Y,... 13 R (p > 1) u q BexTOpoB f,g,... m3 R' (¢ > 1).
Mbl moCTpOMM IO HEU TOMMIMHENHYIO (DYHKIUIO, 3aBU-
camyio oT p — 1 BekTopoB m3 R um ¢ — 1 BekTOpOB m3
R'. Bribepem s 5TOro Kakou-mubo 6asmc eq,es, ..., e,
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B R u Bsaumubmi ¢ muM Gasuc f1, f2,...,f" B R. By-

€M Temepb BMECTO T ¥ [ MOACTABIATH COOTBETCTBEHHO
1. 2. . n *

e1, fiee, [ . en, [ U paccMoTpuM cymMMy )

U(y,...50,...) =llea,y,- -5 f*,9,...). (7)

AcHO, 9TO KaXI0€e CIaraeMoe, a 3HAYAT U BCA CyMMa, €CTh
DOJVIMHENHAS PYHKIWA OT ¥,... U ¢,... Dokaxewm, 49T0,
XOTA KaX7oe claraemMoe 3aBUCUT OT BbiOOpa Oaswmca, mo-
CTPOEHHAA HAMU CyMMa OT BBIOOpa 6a3mca yxke He 3aBU-
CHT.

Bepengem gus sToro x gpyromy 6asucy €f,eh, ..., el
I COOTBETCTBEHHO K B3aWMHOMY ¢ HuM 6asucy f', f'2,...
..., f'™. Tak Kax MBI HE MEHAEM IIPHA ATOM BEKTOPOB ¥, . . .
g, ..., TO MBI MOXeM UX (PUKCHPOBATH U JOKA3LIBATDH HAIIE
yTBepxkaenue niusa ounuaenron ¢opmel A(z; f). Urak, nam
HYXHO J0Ka3aTh, 4T0 ecau A(x; f) — Oununennas ¢hopma,
TO

Alea; f*) = Alen; f')-

Ecan mepexon ot Gasuca €1, €2, ...,e, K 6asucy e, e, ...
..., €l 3agaeTca hopmyaon

/ k
€ = C; €k,

To mepexox or Gasmca f1, f2, ..., f" k Gasmucy f'', f%,...
..., f'™ zagaeTca ¢popmyon

fk — cl_ffli
L
BosTomy
Al ') = A(cEer; f'@) = cE Aley; 1) =
= Aleg; b f'*) = Alex; f5),

*) Ilamomumuaem, 9TO €CIM B HEKOTOPOM BBIPAXKEHUYW OJUH M TOT
xKe mHAEKC (B JAHHOM CIydae (v) BCTPEIaeTCH BBEPXY W BHU3Y, TO IO
HEMY IPOU3BOAUTCA CyMMUDPOBAaHUE.



286 MOHATUE O TEH30PAX [ra. v

T.e. A(eq; f¢) BENCTBUTENHHO HE 3ABUCAT OT CUCTEMBL KO-
OpJWHAT.

Bangem mo xkoaddunuenram dopmet [(x,y,...5f,g,...)
koa(pdunuenTsr popmsr (7). Tak kax

ai =1(ej .5 f°%.0)

n
Ulej,...s f5...) =learejy-- 5 f 550 00),
TO
al =agi. (8)

1S... 4 rs...
Tenzop aj’’, NOAYUEHHbT U3 g5

3bI6AEMCA C6EPMEKOT men30pa a;’".

ScHO, 9TO CBEPTKY MBI MOXEM IIPOBECTHU HE 00I3aTEh-
HO IO [IEPBOMY BEDPXHEMY W IIEPBOMY HUXHEMY HHIEKCAM.
O6s13aTEIBHO JUIIb, ITOOBI CyMMUPOBAHAE ITPOU3BOIWIOCE
II0 OAHOMY KOBAPDUAHTHOMY U OAHOMY KOHTDABAPUAHTHO-
My umHAekCy. Ecim 6B MBI CyMMHEPOBaJIW, HAIPUMED, II0
ABYM HU2KHVUM WHOEKCAM, TO IOJIYYICHHAsA CUCTEMa “TUCET
He 00pa30BBIBata ObI TEH30pa (TAK KaK P MEPEXome OT
OJHOU CUCTEMbI KOODAWHAT K APYTOU DTHU HUCIA HE Mpe-
00pa30BHIBAINCE OBl IO IPEANUCAHHOMY TEH30DY 3aKOHY
npeoOpa3oBaHm).

3aMeTuM, 9YTO B CIy4dae CBEPTKU TEH30Da, PAHTA, BA, MbI
HOMY9aeM TE€H30D HYJIEeBOI'O PaHra (CKAIAp), T.e. YUCIOo, He
3aBUCAIIEE OT CUCTEMBI KOOPIUHAT.

Baccmorpennasa HaMu B 1.4 omepanusa ONYCKAHWA WH-
[EKCOB €CTh HE 9TO UHOE, KAK CBEePTKA MPOW3BEJEeHUA TaH-
HOT'O TEH30pa U METPUIECKOTO TEH30pa gir (B3ATOrO CO-
MHOXUTEIEM COOTBETCTBYIOUIEE IUCIO Pa3). AHAJIOrMYHO,
OJHUMAHUE WHIEKCOB €CTh CBEPTKA IPOU3BEICHUSI NaH-
HOT'O TEH30pa W TeH30pa, g~ .

Bpusegewm eme npumep. Bycrs afj — TEH30D PaHra TPH,
a bj" —rensop panra asa. Vx mpousBeneHume eCTb TeH-

km _ k pm
30p ¢ = z’jbl paHTra nATh. Kciu Teneps CBEpHYTH 5TOT

no gopmyae (8), na-
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TEH30D, HAIIPUMED, II0 MHAEKCAM % W 11, TO MBI HOLY9IUM
TEH30p paHra TpHu. ECIu MBI TOIYI€HHBIN TEH30D eIIe pas3
CBEpHEM, HAIPUMEP, M0 UHIEKCAM j u Kk, TO MBI TOLYIAM
TEH30p paHra OAUH (BEKTOD).

Bycts a‘g u bf,f — [Ba TEH30Pa PAHra ABa. Y MHOXEHUEM
7 CBEPTHBIBAHUEM MOXKHO IIOCTPOUTH IO HAM HOBBIM TE€H30D
paHra asa:

ct = albl,.

Ecim Temsopsr a! u b}, TpakTOBATBH KaK MATDUIHI JIMHEH-
HBEIX NPeoOpa3OBAHMM, TO IOJYYEHHBI TEH30P €CTb Ma-
TPHUIA IPOU3BECHNUA DTUX MPEOOPAZOBAHUM.

Msr MOoxeM TakXke HOCTPOUTH IO JTaHHOMY TEH30DY
paHra ABa ) PAJ MHBAPUAHTOB (T. €. THCeN, He 3aBUCSIIX
OT CHCTEMBI KOOPJUHAT, — CKAJAPOB), & UMEHHO:

@ B a

Go, GQ03,

Beemennsie HaMu onepanuu HAJ TEH30PAMU JAIOT HAM
BO3MOXHOCTB [0 [JAHHBIM TEH30PaM CTPOUTH PAL HOBHIX,
MHBAPUAHTHO CBA3AHHBIX C HAMU, TEH30POB.

BpuBenem HEKOTOpBIE IPUMEPHI.

Oneparuenn yMHOXEHUs MBI MOXEM W3 BEKTODPOB IO-
CTPOUTDH TEH30PHI CKOJIb YT'OMHO BBICOKOI'O paHra. bycTs,
HanpuMmep, ! — KOOpJUHATEL KOHTPaBAPUAHTHOTO, & 1)j —
KOODJAUHATH KOBapHMaHTHOro BekTopa. Torga {'n; ecTs
TEH30p paHra ABa. AHATOTMYHO, B3AB GOJbIIEE TUCIO BEK-
TOPOB, MOXHO MOJIYIATH TEH30PH 60Jee BHICOKOT'O PAHTA.
3aMeTuM, ITO HE BCAKAU TEH30DP MOXHO IOIYIATH YMHO-
XKEHUEeM BeKTOPOB. MOXHO, OMHAKO, MTOKA3ATh, ITO BCAKAN
TEH30p MOXeT OBITH IOLYYeH U3 BEKTOPOB (TEH30pPOB PaH-
ra O[WH) OIEPAIUAMA CIOKEHUSA U YMHOXECHU.

IeapiM panrOHAJBHBIM MHBAPDUAHTOM OT JAHHOU CHCTEMBI TEH-
30POB HA3BbIBAETCA MHOIOWICH OT KOMIIOHEHT TEH30pPa, KOTODBLIA HE
MEHAETCA IPU 3aMeHe KOMIIOHEHT TeH30DOB B KAKOU-HUOYAb CHCTEME
KOODAUWHAT WX KOMIOHEHTAMU B APYTOU CACTEME KOODAUHAT.
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VImeeT MeCTO CIeAyIOIAg TeopeMa, KOTOPYIO MBI He GyAeM JOKa-
3bIBATh:

Ecnu 3agaHa HEKOTOpaAsA CUCTEMa TEH30POB, TO BCAKWUN IEJABIA Pa-
III/IOH&JII)HI)II‘/JI UHBApUaHT, HOCTpOeHHBII‘/JI II0 JaHHBIM TE€H30paM, MOXHO
MOJIYYUTHh U3 HUX OIIEPAlUAMU IIEPEMHOXKEHUA TEH30POB, CIOXKEHUA U
YMHOXEHUA Ha IUCIa U IIOJHOI'O CBEPTHIBAHUA (’I‘. €. CBepThIBAaHUA II0
BCEM HHJEKCaM).

6. CuMMeTpHMieCKHEe U 3HAKONEPEMEHHBIE (aHTHCUMMeE-
TPUYECKHE) TEH3O0PHI.

Ounpemeanenue 3. Tenzop Ha3vI8GEMCA CUMME-
MPUYECKUM N0 JGHHBIM UKIEKCAM, ECAU NPU 41060T nepe-
CMaH08KE IMUL UKIEKCOB KOMNOHERMBL MEH3OPA HE MEHA-
tomes *). Ianpumep, CumMmempuurocms mern3opa no nep-
8bIM 08YM UHIEKCAM 03HAUGETN, UMO UMEEM MECTNO PAGEH-
cmeo

@ = A
Ecmm I(z,y,...;f,g,...)— COOTBETCTBYIOWAA TEH30DY
af,ﬁ moMMIMHENHAA POPMa
i, K
x5 frgy...) = afb€nf oo Xspag - (9)

TO CUMMETPUIHOCTHL TEH30pPa IO HEKOTOPOU I'PYIIIE HH-
MEKCOB, KAaK STO HEMOCPEACTBEHHO BHUIHO U3 (POpPMY-
bl (9), DKBUBAJIEHTHA CUMMETPUIHOCTU MOIATAHETHON
(pOPMEI IO COOTBETCTBYIOIIEN I'PYIIE BEKTOPOB. Tak Kak
A CAMMETPUIHOCTH IOAMIMHEMHOX (OPMEBI II0 HEKO-
TOPOUM TPYIIEe BEKTOPOB AOCTATOYIHO, ITOOHI af,ﬁ ObI-
JA CUMMETPHUYHHI II0 COOTBETCTBYIOIIMM WHIEKCAM JIUIIH
B OJHOU KaKOU-HUOYAbL CHCTEME KOOPAWHAT, TO OTCIOIA
CIeyeT, 9TO ECAU KOMNOHEHMbL MEH30PA CUMMEMPUY-
Hbl 8 00MOT cucmeme KOOPIUHAM, MO MAKAA HCE CUMME-
mpus 0ydem umemv mecmo u 8 4000t dpy20t cucmeme
KoOpIUNAM.

*) Camo co6ou pasymeeTcs, ITO pedb MAET JUb 00 MHIEKCAX
OJHOU W TOU XK€ IPYNIbl (BEPXHUI TN HYDKHEH).
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Ounpenenenwme 4. 3unaxonepemennvim (anmucum-
MEMPUNECKUM) HABLIBAECMCA MEH30P, KOMOPLI MEHAEM
BHAK NPU nepemene A100bL I8YT UHIEKCO8 MECTNAMU.

Bpu sTOM mpeamonaraeTcs, KOHEIHO, 9TO Y 3TOTO TEH-
30pa BCE MHIEKCHI OJMHAKOBOI'O XapaKTepa, T.e. Ju00 BCe
KOBapUAHTHBIE, JUOO BCe KOHTpaBAPUAHTHBIE.

W3 onpeneneHus 3HAKOIEPEMEHHOI'O TEH30Pa HEIOCPe -
CTBEHHO CJEAyeT, 9TO IIpH JIOOOU MEepeCTAHOBKE WHIEK-
COB KOMIIOHEHTHI TEH30pa HE MEHAIOTCA, €CIU IePEeCTAHOB-
Ka I€THadA, 1 MEHAIOT 3HaK, €C/IU IMEePECTaHOBKA HEYICTHA.
SHAKONEPEMEHHBIM TE€H30PAM COOTBETCTBYIOT 3HAKOIEPE-
MEHHBIE HOHHHHHeﬁHBIe q)yHKHI/II/I

Hoavaunetinas Pynryus 1(z,y,...), 3asuciswas om p
gexmopos ,y,... u3 R, nmasvieaemes 3narxonepemennot,
ecal npu nepecmanoske 41000l nNapvl u3 6EKMOPOB T, Y, . . .
BHAK PYHKYUY MEHAETNCA.

[iAa OpoBEPKM 3HAKOIEPEMEHHOCTH IIOJMIMHEMHON
PYHKIIMM JOCTATOYHO HIPOBEPUATH 3HAKOIEPEMEHHOCTH
KOMIIOHEHT COOTBETCTBYIOIIEr0 €M TEH30pa B KAaKOU-
aub0 ONHOUM CHCTEMe KOODAMHAT, KaK DTO HEImoCpen-
crBeHHo crenyer u3 dopmyast (9). C apyrom cropo-
HBI, 13 3HAKOIIEDEMEHHOCTY MMOJUINHENHOUN (PYHKIAU CJe-
IyeT 3HAKOIEPEMEHHOCTh COOTBETCTBYIOUETO €M TEeH30-
pa (B mobou cucreme koopaumuar). CregoBaTelIbHO, €C-
J¥ KOMIIOHEHTHI TEH30pa 3HAKOIEPEMEHHBI B KaKOU-Iu60
OMHOU CHCTEeMEe KOOPAMHAT, TO DTO XK€ WHMEeT MECTO
u B Ja000M [IPYrOM CHCTEME KOODAWHAT, U, 3HAYUT,
TEH30D ABIAETCA 3HAKONEDEMEHHBIM (AHTUCUMMETPHYIE-
CKUM).

BI)IHCHI/IM YUCJIO HE3ABUCUMMBIX KOMIIOHEHT aHTUCHUMME-
TPUIECKOTO TEH30pa. ByCTh, HAPUMED, (i) €CTH 3HAKO-
nepeMeHHb TeH30p panra 2. Torma a;, = —ak; 4, CIemo-
n(n —1)
—
AHaNOru<HO, J1A 3HAKOIIEPEMEHHOI'O TEH30DA Gjjj; “IACJIO

BaTEABbHO, YIHUCIO PA3IUTIHBIX KOMIIOHECHT pPaBHO
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n(n—1)(n —2)

3! ’
KOMIIOHEHTBI C OAMHAKOBBIMU MHAEKCAMU PaBHBI HYJ/IIO, a

KOMIIOHEHTHI, OTAUIAIONMECA JUIIb MOPATKOM WHIEKCOB,
OIIPENEIAIOTCA OMHA I€PE3 NPYTYIO.

AHAIOru9IHO, YUCIO HE3ABUCUMBIX KOMIIOHEHT 3HAKOIIE-
pemennoro Temsopa ¢ k mHgekcamu (k < n) pasro CF.
(OTau9HBIX OT HyIA 3HAKOIEPEMEHHBIX TEH30POB € YUCIOM
WHIEKCOB OOJbIIe, YeM N, He CYHIECTBYET, TaK KaK Y 3HAKO-
IEPEMEHHOI'O TE€H30Pa KOMIIOHCHTHI XOTA 6bI C ABYMs1 onoun-
HAaKOBBIMU MHACKCAMHA DABHBL HyJIIO, a €eCaI’ 9UCJI0 MHOCKCOB
MPEBBIMIAET 7N, TO ¥ KaX IO KOMIIOHEHTHI COBIAAAIOT, 110
KpalHEN Mepe, NBa WHIEKCA. )

Baccmorpum 6osee moapoOHO 3HAKOIEPEMEHHBIM TEH-
30p C N MHOCKCAMM. Ta,K KaK BCe prHHbI o0 7 pa3/InIHBIX
WHIEKCOB, IPUHUMAIONINX 3HAaYeHre OT 1 10 n, OTIm9atoT-
Cd JUIIb IMOPAAKOM, TO y TaKOr'o TEeH30pa e€CThb JUIOb O/1-
HA HE3aBUCHMAasA KOMIIOHEHTA W OH UMEET, TAKUM 00pa3oM,
CIEAVIOUTNI BUI.

PA3JILIHBIX KOMIIOHEHT DpPaBHO TaK KaK

Bycts 41,%9,...,%, — HEKOTOpasd IEePECTAHOBKA, HUHUCET
1,2,..., n. Boroxum ais. , = a. Torga

iriy...i, = Ta, (10)

rIe «+» OTBEYAET Y€THOU IO JCTAHOBKE, a «—» — HEYETHOU.

Yupaxuenue. Ilokazars, 4TO Hpu Iepexoge K APYLOU CH-
cTeMe KOODAWHAT YHCIO A12.., = G YMHOXUTCA HA OIpeIeIuTerb
MaTpHUUBI Iepexoaa.

BamumeM nommmmeenHy0 (QyHKIA, COOTBETCTBYIO-
HIyIO 3HAKOIEPEMEHHOMY TEH30DPy C N MHAEeKcaMu. B cury
dopmyasr (10) ona umeer Bun:

& & o &
i _ g |M M2 -

l(x,y, s ,Z) = ai1i2minfilni2 .. C
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Mui mokasanu, TaKuM 00Pa3oOM, UTO OINPEIEJUTENh U3
KOOPJWMHAT BEKTOPOB €CTh, ¢ TOYHOCTBIO N0 MHOXUTEJ,
eIMHCTBEHHAA 3HAKOIMEPEMEHHAA TOMUIAHETHAA (PYHKIIIA
OT 7. BEKTOPOB B N-MEPHOM JUHEAHOM ITPOCTPAHCTBE.

Onmepanusa cumMmMmerpupoBarHua Mo Mo-
XKEM [0 BCAKOMY TEH30PY MOCTPOUTH HOBBIA TEH30D, CUM-
METPUIECKUY [T0 HEKOTOPOU HAEPE 33, JaHHOU I'PYIIIe UH-
IEeKCOB. BTa omeparusa HABBIBAETCA CUMMETPUPOBAHUEM U
COCTOUT B CJAEIYIOUIEM.

BycTs 3a1aH HEKOTODBIM TEH30D, HAIPUMED, Gj iy. i}
CUMMETPHUPOBAHUE €0, HATIPUMED, II0 TTEPBHIM k MHIEKCAM,
COCTOUT B MOCTPOEHUU TEH30PA,

1
Aligin.ip)iprre — %! E Aj1jo. Jribg1-
rle CyMMa pAaCIpPOCTPAHIETCA IO BCEM IEPEeCTAHOBKAM
91592y -+ 5 Jlc MHIEKCOB 11,12, .. ., 1. Dampumep,
1

a(ilaiQ) = E(ailiZ + aigil)-

Oneparnusa cuMMETPUPOBAHUA TEH30pA 1O rpymme u3 k
WHIEKCOB 11,1%2, . . . , i 0003HaAYAETCA CAenyIomuM 06pa3oM:

Aj1 o5y (irin.. k)"

Onepanusa albTEepPHUPOBAHUSA BBOIUTCA
AHAJIOTUYIHO OIEPAIIAN CUMMETPUPOBAHUI U NAET BO3MOXK-
HOCTBH IO JAHHOMY TE€H30pPY IOCTPOUTH TEH30p, 3HAKOIIE-
PEMEHHLIN [0 JAHHOU TpyIne uHaekcoB. OHa ompenenser-
cA crenyiommM o6pa3oMm:

1
a[iliQ...ik]ik+1... = H Ziajljz-..jkik+1...7
rie CyMMa PaCIPOCTPAHIETCA MO BCEM I[IEPECTAHOBKAM
1592, - -5 Jk AHOEKCOB %1,%2,...,%, & 3HAK OIPENEIACTCA
YEeCTHOCTBHIO MM HEYETHOCTBIO BTOfI nepecCTaHOBKHT. Ba—
npumep,

Aliyis] = (ai1i2 - ai2i1)'

DN | =
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Onepanus aabTepHUPOBaHUA 0003HAYAETCA CKOOKa-
MU [ |; B HUX 3aKJIIOYAI0OTCA T€ WHIEKCHI, 10 KOTOPBIM TEH-
30D AIbTEPHUPYETCA.

Bo Bcakum k BexTopam £'1,7'2, ... (" MOXHO MOCTPO-
ATb AHTUCAMMETPUAYIECKAN TEH30D

azlzz...zk — 5[217,’22 . Clk}’ (11)

rae gepes Elipiz . (] 0603HaHeH TEH30P, MOJYIYEeHHBIN

a,JII)TepHI/IpOBa,HI/IeM TEH30pa gz (%, Kak meTpymHO

YCMOTPETDH U3 HAIMCAHHOU q)opMyJH)I, KOMIIOHEHTAMM DTO-
r0 TEH30pPa ABIAIOTCA MUHOPHI K-T'0 MOPALKA CIETYIOUEN
MaTPHUIILL U3 7. CTOJOIIOB:

5 ' 52 s
n
nt n? ...
¢t ¢? ¢"
Bocrpoernwin Tenzop (11) obmagaer Tem CBOMCTBOM,
9TO €CIM K KAKOMY-aub0 13 BeKTopos ', 1", ... nob6aBuTh

JUHETHYIO0 KOMOWHAIAIO OCTAJbHBIX, TO TEH30p ¢'l’* oT
DTOr'0 HE UBMEHUTCA.

Baccmorpum  k-MepHOE TOATIPOCTPAHCTBO N-MEPHOTO
npocrpaucTBa R. BocraBum Bompoc o Tom, 4TO6BI OXa-
PAKTEpU30BATDH HTO k-MEPHOE TOAIPOCTPAHCTBO CUCTEMON
9UCeN, T.€. BBECTH KOOPAWHATHI MOAIPOCTPAHCTBA.

k-meprO€e moAmpOCTPaHCTBO nopom;(aeTc;{ k JIuHENHO
He3aBHCHMBIME BekTopamu £, 7%, ..., (% . Bpu sToM pas-
HBIE CUCTEMBI n3 kK BEKTOPOB MOI"yT MOPOAUTEH OJHO U TO
X)e moAanpocTpancTBo. OQHAKO HETPYAHO MOKA3aTh, X MBI
IPeROCTABIAEM 3TO IUTATENI0, ITO €CIN ABE CUCTEMBI BEK-
TOPOB MOPOXJAIT ONHO U TO XK€ MOAIPOCTPAHCTBO, TO
MMOCTPOEHHBIE 110 KAXJA0U U3 HUX TEH30PI

ai1i2~~~ik — g[ilniz L Czk]

COBIIa AT C TOYHOCTBIO TO MHOXWUTEJA.



§ 25] TEH30PHOE NPOU3BEJEHUE 293

Taxum 06paszom, TeH30p G'"2"  MOCTPOEHHBIN MO BEK-
Topam £, 02, ... (", IOpPOXJAOIIAM HEKOTOPOE IOAIPO-
CTPAHCTBO, OMPEIEJAET 3TO MOAIPOCTPAHCTBO.

§ 25. TensopHoe npousBegeHue

1. Teusopuoe npoussegenne R @ R. B mepsou riase
MBI M3ydaiu OuIuHenHbe QYHKIUUA B a@OUHHOM OPOCT-
parcTBe R. 31ech MBI IOKaXeM, 9YTO OuIuHenHbIE Py HKIAN
MOXHO TPAKTOBATH U KaK JUHEAHBIE PYHKIUU B HEKOTO-
POM HOBOM MPOCTPAHCTBE. BTO NMpOCTPaHCTBO, HIpaolee
OYeHb BAXHYIO POJb, HA3BIBAETCA TEH30PHBIM IPOU3BEIE-
HueM R u R (no-gpyromy, TeH30pbsIM KBagpaToMm R) u 060-

2

suagaerca R ® R win Q) R. [JaauMm ero ompeneneHue.
BaccMoTpuM BCeBO3MOXHEIE YIIOPAZOYUEHHLIE TAPEL L, Y
oremeHToB m3 R. Kaxnyioo Takyioo mapy 6yaeM HAa3bIBATD
MEH3OPHLIM Npoussedenuem T U y u 0003HAYATL T ® Y.
O6pasyem (popMaTbHbIE KOHEIHBIE CYyMMBI TAKUAX MAP:

X=z21®y1 +... + T @ yj. (1)

Bpu sTOM QopMasbHBIE CyMMBI, OTIMYAIOIIAECT TOJBKO
MOPAJKOM CIAraE€MbIX, MBI HEe OyIeM Pa3imdaTh MEXIy CO-
6ou. 3anuck (1) ozradaer, Takum 06pPa30OM, TOIBLKO TO, ITO
HAM 3aJaH0 MHOXECTBO k map I1,Y1;...; Tk, Yk-

Beegem mas Beipaxenwun Buga (1) onmepanuu CaoxeHws
1 yMHOXeH:A Ha Imcao. CyMMy ABYX TAKMX BBIPAXKEHUM
ompeseauM KaK pe3yabTaT (pOPMAIBLHOIO JOMUCHIBAHUA K
[EPBOMY BHIPAXKEHUIO BTOPOrO:

(21@y1+. ..+ 2k QYk) + (Thy1 OUk1+- - -+ T 1 OUYppt) =
=21@Y1 + ...+ Tt ® Yt (2)

Bpoussegenue Ha IuCIO A OmpenenuM Tak:

Mz @y +. . .+ 2 Qup) = Az1) Qy1+. . .+ (Azp) Qup. (3)
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Brement 0 ® 0 6ymem HA3BIBATH HY.4eM TEH3OPHOr'O IIPOU3-
BeleHnA 1 0003HAIATH KOPOTKO depes 0.

Mbl fomXKHBEI eme OOBACHUTDL, KAKAE BHIPDAXKEHUA BHU-
na (1) camrarmorca pasasiMu. Bynem npeanosaraTs, 9To

1) (x1+x2)®y—x1®y—x2®y:0 *);

2) 2@ (y1+y2) — QY1 — QY2 =0

3) Az)®y —z® (Ay) =0.

Kpowme Toro, npupashniem nyaio 410060e euipaxcenue, no-
ayuaroweecs u3 swpaxcenut 1), 2), u 3) caoxcenuem u
YMHONCEHUEM HG UUCAO.

Teneps dea evipascenus X u X' suda (1) 6ydem cuu-
Mamv PasHbLMU, ECAU UT MONCHO NPEBPAMUMDb 6 00UNAKO-
svie, npubasass ¥ X u X' svipascenus, pasuble nyao, m. e.
ecau cywecmsyiom maxue evipaxcenus Z = 0 u Z' = 0,
umo X + Z coenadaem ¢ X' + Z'. OdeBugno, 4TO BBe-
JEHHOe OTHOUIeHKe paBeHcTBa peduekcusHo (T.e. X = X)
u cummerpudHO (T.e. u3 X =Y crenyer Y = X); merko
[IPOBEPUATH, 9TO OHO 00JALAET TAKXKE UM CBOMCTBOM TPaH-
sutuBHOCTH (T.e. w3 X =Y u Y = Z crenyer X = Z).

B pesyapTaTe MBI MOTy9IaeM IPOCTPAHCTBO, DIEMEHTHI
KOTOPOT'0 — KJIACCH PABHBEIX MEX Iy COOOU BHIPAXKEHUM BH-
ma (1), a croxenue ¥ yMHOXEHUE HA TUCIO OMPEIEICHBI IO

dbopwmyram (2) u (3).

3aMeTHM, YTO OIepALMY CIOKEHUA M YMHOXEHUS HA THCIO MBI
BBeJIN 10 TOr'0, KaK OBLIO OBI OIIPeJeJeHO OTHOLICHNE PAaBEHCTBa ABYX
oipaxenuu (1). IlosTomy HaM HyXHO ObLIO yOEAUTHCA B KOPPEKT-
HOCTH OIPENEeJeHUN DTUX OINEePALAN; UMEHHO HYXKHO NOKa3aTb, ITO
cymma Beipaxkenmu (1) m mpow3sBegeHEE HA IUCIO HE MEHAIOTCA IPU
3aMeHe DTUX BHIDAXKEHWU Ha paBHbIe. [ITa mpocTas mpoBepKa Mpeno-
CTaBIAETCA IUTATETIO.

Berpyano yb6eaurbcsa, 9TO HOCTPOEHHOE MPOCTPAHCT-
BO ABJAETCA JUHEUHBIM IPOCTPAHCTBOM. Bokaxem, HAIpU-

*) Toxee mogpo6uO, 5T0 03HAIAET, ITO (L1 +T2) Y+ (—21) Y+
+(—z2)®y=0.
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Mep, ITO g KaxXgoro X CymecTBYyeT JJEMEHT, eMy IPO-
TUBOMOMOKXHBIN. BTO M0CTATOYHO MPOBEPUTDH IS SIEMEH-
ToB Buga X = x ® y. U3 ycaoBus 3) npu A = 1 momydaem
TQy+(—z)®y =0, T.e. Y = (—) ® y ABIAETCA DIEMEH-
TOM, MPOTUBOMOIOKHEIM X .

Bocrpoennoe maumHENHOE NTPOCTPAHCTBO HA3BLIBACTCA
men3oprbim npoussedenuem R Ha R m obo3HATaeTCA de-
pe3 R® R.

Urak, mvi onpedesuau mensoproe npoussedenue RQ R
KaK AUHETHOE NPOCMPAHCMEO, IACMEHMAMY KOMOPO2O
ABAAOMCA HOPMAAbHBIE BLIPANCEHUS 6Uda T1 @ Y1 + ...
coo + T @ yi, 2de z;,y; — saemenmor u3z R. Tounee, sae-
mernmamu npocmparncmea RQR asasomes Kiaccobl pasHby
mencdy coboti sviparcenuti 6uda 1 Qy1+. . .+xp Yy (ycro-
Bue paseHCTBa AaHO Beime). Cuodcenue 6 R ® R u ymmo-
dHeenue na wucao onpedeasiomes no gopmyaam (2) u (3).

Ormernm, uTo u3 ycaosuu 1)-3) caepyer:

(1 +22) Q=21 QY+ 22 ®Y;
@ (Y1 +1y2) =2 QY1 + 2 yo;
AMz®y) =)@y =28 (\y).

BosToMy B TEH30DHOM IpOW3BEIEHUU MOXHO PACKPBI-
BaTh CKOOKU 1O OOBITHOMY IIPABUIY:

(>\1$1 +...+ Amxm) & (u1y1 +...+ Hnyn) =

=) Nipjlzi @ ;).

i=1 j=1

2. CBasp MeXxy GuiMHEMHBIMUM (pOpMaMu B IIPOCTPAaHC-
TBe R u munenmnniMu pyukuuavu B R @ R. Bokaxem Te-
nepb, Kak 1o OmmmaenHon popme Ha R MOXHO mOCTPOUTH
JIMHEVHYO (YHKIU HA TEH30PHOM mnpoussenenuun R @ R.
Bycrs 3amama Ownmummennas dopma f(z,y) ma R. Como-
craBuM en auHenHylo ¢yskmmio F(X) va R ® R. s
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preMeHTOB X = T ® Y IMOIOXKUM

F(z®y) = f(z,y);

LA IPOU3BOIBHOTO X = 21 @ Y1 + ... + T @ Yy momaraem

F(X) = f(z1,y1) + - + f(2k, Yk)-

Y06 onpegenerue F'(X) GbLI0 KOPPEKTHBIM, HyXKHO,
9TOOBI HA PABHBIX BBIDAXEHWAX (QyHKOUA F npuHEMATa
OMHAKOBBIE 3HAYEHUA. YOEAUMCA, ITO DTO Tak. [las aTo-
ro NOCTATOYHO MOKa3aTh, 9T0 F(X) = 0 Ha BBHIpaKeHHAX
Buga 1), 2), 3) (cTp. 294). BpoBepum, Hanpumep, 9TO

F((r1 +22)Qy—21Qy —22®y) = 0.

B camom nerne, umeem:

Fl(z1+22)Qy -1 ®y—22Qy) =
:f(x1+$27y)+f(_$la )+f( r2,Y )
:f(xlay)_'_f(x%y)_f(x17y)_f(x27 ):0

O4eBuno, aT0 nocrpoennas mo f(z,y) dyakuma F(X)
Ha R ® R nuuenna, t.e. F(X +Y) = F(X)+ F(Y) n
F(AX) = AF(X). O6parho, eciu F(X) —munennas QyH-
kuus Ha R ® R, To en cooTBeTCcTBYyeT OuamHEenHAS (HPOPMA,

Ha R:
f(z,y) = F(z®vy).

Wrax, MBI yCTAHOBMIM €CTECTBEHHOE B3aUMHO OJHO-
3HAYHOE COOTBETCTBUE MEXAy OwInHEeHHBIMU (HOpMaMuU
Ha R n muaerabiMu Gyuknuavu Ha R Q@ R.

3aMeTHuM, 9TO DTO COOTBETCTBHUE JUHENHO; UMEHHO, €C-
Jau OunuHenHbIM hopMaM f1, fo 0OTBeYaIOT IMHENHBIE (DYH-
kuuu F u Fh, To ux auaennou kombuuanumu A1 fi + Ao fo
orBedaeT pyukmusa A\ F] + Ay Fy. Takum ob6pasom, mocTpo-
€HHOE COOTBETCTBUE ABIAETCI U30MOPPUIMOM MEXK Y TTPO-
crpaactBom B(R) 6wmmrernnabx ¢popm Ha R m npocTpanc-
tBoM (R ® R)" nunennnix ¢pyukuui Ha R ® R.
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3. BasmepHOCTh TeH30pHOro Mpom3BegeHus RQ R. [lo-
KaxeM, IT0 R ® R — KoHeunoOMEPHOE NPOCMPAHCMEO PA3-
meprocmu n?, 20e n — pazmeprocms R.

3amanum 6asuc ep,...,e, B mpocrpancTse R. Byctsb
Z,1 — OPOU3BOIbHBIE BEKTOPHI U3 R; Pa3lIoXuUM UX IO BEeK-
TopaMm 6asmca:

x=2E&er+...+&en, Y=mer+...+mpen.

Torga

n
r@y= Y &nile; ®e;).
ij=1
Taxum 06pas3oM, T ® y, a 3HAYUUT, U JIOOOU IPYTON BEKTOD
m3 R ® R ABIgeTcsa IMHEMHON KOMOMHAIMEH n° BEKTOPOB
e; ®ej.

Y6emumcsa, 9TO BEKTOPH €; @ € IMHETHO He3ABUCUMBL.
11 5TOr0 BOCIOAB3YEMCA CAEAYIOUEN MPOCTOU JEMMOM,
[OKA3aTEeNBECTBO KOTOPOU MPEAOCTABIACTCA TUTATENO.

Jlemma 1. Ilyemv L — aunetinoe npocmpancmeo u
Xo (a=1,...,N) —sexmopvi uz L. Ecau das kaxcdoeo
a=1,...,N cywecmeyem aunetinas Pymryus Fo(X) na L
makas, umo Fo(Xo) =1 u Fp(Xg) = 0 npu f # a, mo
sexmopvl X, AUHETHO HE3ABUCUMDBL.

3agaguM Ia Kaxmaoro ¢ = 1,...,n JuHenHyo (YHK-
nuio fi(z) Ha R Takyio, uro fi(e;) = 1 u fi(ej) = 0 mpm
j # i. Tak KaK BEKTOpHI €1,..., e, 00pasyoT 6asuc B R,

TO TakKasg (PYHKIWA CYHIECTBYET W eIUHCTBEHHA. Bomoxum

Dyukuua fij(x,y) aBrserca GummuenHOUM Gopmon Ha R;
BHAYTAT, COTVIACHO M. 2 €d COOTBETCTBYET JUHENHAA PYyHK-
nua F;j(X) sa R ® R Takas, 9T0

Fij(x @ y) = filz) f;(y)-
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Y6exumcsa, aTo sra auHenHaA pynknya Fij(X) pasma 1
Ha €; ® ej 1 paBHa () Ha OCTAIbHBIX BEKTOpaX ey & €.
B camom nene, Fij(ey ®ejr) = fi(ey) fj(ejr), u mame yTBep-
XKJIEHUe Cpa3y caeayer w3 onpepeneHus Gpyukuuu f;(x) u
fi().

B cumry memMMEBI DTUM AOKa3aHO, ITO BEKTODHL €; & €
JWHEUHO HE3ABUCUMBI. TaK KakK, C IPYTOU CTOPOHBI, TIO HIM
pacKIageIBaeTCA JI0601 BeKTOp B R® R, TO BEKTOPHI €;®e;
obpasyior 6asuc B R ® R. Takum o6pa3oM, pa3zMepHOCTH
R ® R paBna umcry BeKTOpPOB €; @ €;, T.e. paBHa, n?.

4. Tenzopuoe mpousBegenne R; Q ... ® R,,. Ompe-
nexsas TeH30pHOe mpouwsBeneHume R @ R, MBI (haKTUIECKN
HUT/Ie HE MOJb30BAIUCH TEM, ITO BEKTODPHL £ U Y B IPOU3-
BegeHU” = @ y 6€PYTCA U3 OJHOTO U TOTO XK€ IPOCTPAHCT-
Ba. BoaTOMYy, MOBTOPAA TOCIOBHO OIpeAeNeHn . 1, MOXHO
OIpeneIuTh TAKXKe TeH30pHOe mpousBenenne R ® Ry nByx
pasau4HbIX TpocTpancTB R u Ra.

Eciu eq,...,ey, —0a3uc 8 Ry, a fi,..., [, —0a3uc B
Ry, To Gasucom B R ® Ry ciryxar mn BeKTOPOB €; @ f;
(i=1,...,m;j=1,...,n).

OrmeTum, 910 pocTpancTBa R ® Ro u Ry ® Ry pas-
JIMTHBI IO OIIPEeACHICHUIO.

AnanoruvyHo ompegenseTcsi TEH30PHOE MPOU3BEIEHUE
JA000r0 YUCIa JAHEUHBIX [IPOCTPAHCTB. Tak, Hampumep,
DIEMEHTAMI TEH30PHOr0 HpousBenenus R ® Ro Q@ R3 aBis-
oTca GOpMAaTbHBIE CyMMBI

T1QY1 ®z1+ ... + T Quyr ® 2, (4)

rue T; —oaeMmeHTs u3 Ry, y; —osaemenTsr u3 Ro m 2; —
sneMeHTHl M3 R3. Onepanuu CIOXEHUA W yMHOXEHUA HA
YUCI0 ONPENeNATCA TAK XK€, KAK W B CIydae ABYX CO-
MHOXUTEIEH. UTaTeno NpeaIaraeTca yCTaHOBUTH, Ka-
Kue BhIpaXeHwmA Buga (4) mpm >TOM CregyeTr CIuTaThb
PABHBIMU.
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TensopHoe npowusBefeHUE 1M JUHEUHBIX IPOCTPAHCTB
m

Ry,..., R, gacto obosmavawoT Ttak: Q) R;. B cayuae, ko-
i=1
rja BCe COMHOXMTEIN R; COBOAJAIOT C OJHAM M TEM Xe

IpoCTpaHCTBOM R, MX TEH30pHOE IPOM3BeNeHUE HA3BLIBA-
m

eTcs -1 TeH30PHOU CTeleHbIo 1 0003HadaeTcsa Tak: Q) R.
5. CBA3b MEXy TE€H30PaMM M JJIEMEHTAMHU TEH30PHBIX
npousBefeHuu. Mbl MOKaxXeM, 9TO JIOO0U TEH30p B IPO-
cTpaHCTBe R MOXHO pacCMaTpPUBATH KAK DJIEMEHT HEKO-
TOPOr0 TEH30PHOro npoussBenenusa. CHadamra yoequMcsa B
DTOM [JISI TEH30POB PAHTa 2, MBAXK bl KOBAPUAHTHHIX.

Cormnacuo §24, n.3, TeH30p paHra 2, IBaXAbl KOBAPH-
AHTHBHIN, 3a0aeTCA Gmiuaennon ¢popmon Ha R. Bo MBI yxe
3HAEM, UTO MeXIy OMIMHEeNHBIMHU (popMamu Ha R u jau-
HeMHBIMU (YHKIuAME Ha R ® R mMeeTcs eCTeCTBEHHOE
B3aMMHO OJHO3HAYHOE JUHEHHOE COOTBETCTBHUE. SHAYUT,
B CHIy DTOT'0 COOTBETCTBHUA JIOOOU TEH30p paHra 2, aBa-
KBl KOBAPUAHTHBIA, MOXHO PACCMATPUBATH KAK JUHEU-
Hylo dyHknuio Ha R ® R, T.e. KaK 3JeMeHT COUPSIXKEHHOI O
npoctpancTea (R ® R)'.

C Apyrou CTOPOHBI, MBI YCTAHOBUM CENYIAC €CTECTBEH-
ueit m3omopdusm (R ® R)' = R' ® R'. B cuny sroro uso-
MopdusMa, TI000M TEH30P paHra 2, ABaXIbl KOBAPUAHT-
HBIU, MOXHO PACCMATPUBATL KAK SIEMEHT U3 TEH30PHOT'O
npomssenenna R @ R'.

Bocrpoum uzomoppusm (R R) = R'® R'. Bycrs F €
€ER QR t.e.

F=flog+...+fed,
rae f!, ¢' — mumeinble Gysknmz Ha R. MBI JOIKHEL COMO-

crasuth F snement w3 (R® R)', T.e. aunennyto GyHKIUIO
F(X) ma R® R. Oupegerum 5Ty GyHKIMO 10 Gopmyaam

Flz®y) = f{2)g' (y) + ... + f'(2)g' (2),
Flz1@yi+... 4z, @ yk) = Flz1 @ y1)+. ..+ F (25 @ yp).-
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Yurarento npepraraercsa yoeauTbCsa, 9TO dTU (HPOPMYJILI
TENCTBUTEIHLHO ONPENeNAoT JUHEHHYI0 GyHKIIIo Ha RQ R
7 <ITO MOCTPOEHHOE COOTBETCTBUE — M30MOP(U3M.

BaccmoTpuM Temepb TEH30pBI paHTa 2, TBaXIbl KOH-
TpaBapuaHTHBEIE. KaX el M3 HUX 33a0aeTCA OWIMHEXHON
dopmont Ha R'. Bo mexny 6mimaenabiMu ¢popmamu Ha R
nauaennbiME GyHKuuaAMu Ha R’ @ R’ umeercs ecrecTsenHoe
B3aMMHO OJHO3HAYHOE JUHENHOE COOTBETCTBHUE. JHAMUT,
TEH30PBHI PAHra 2, ABaXIbl KOHTPABAPUAHTHBIE, MOXHO
paccMaTpUBATh KAk >IeMeHTH npoctpancTsa (R @ R')' =
=RQR.

Bepeninem k o6memy caydaro. BaccMoTpum TeH3O0PBI
paHra p + ¢, p pa3 KOBAPUAHTHBIE W ¢ Pa3 KOHTPaBA-
puanTHbe. U3 §23, .3, MBI 3HAeM, 9YTO UM OJHO3HATHO
oTBevaT noawanHenabe Gyakuun [(x,y,...; f,g,...) oT
P BEKTOPOB T, Y, ... u3 R u q BekTopos f,g,... uz R’

Bogobuo Tomy, kak »TO memasoch B .2 mis Owin-
HEUHBIX (HOPM, MOXKHO YCTAHOBAUTH ECTECTBEHHOE B3a-
AMHO OJHO3HAYHOE JUHEWHOE COOTBETCTBHE MEXIYy Ta-
KuMU nonuniuHenHeiMu dyskuuamu [(z,y,...; f,g,...) &
JUHEUHBIMEA (QYHKIUAMA HA TEH30PHOM IPOU3BEICHUN
R®..QROR' ®...0 R

~~ ~~

P pa3 q pa3

Uwmenno, ecim F(X) — muenHas GyHKIWA HA TEH30PHOM IIPOW3-
/ / v v
BeeHIM R Q... ROR ®...® R) TO €U OTBEYaeT MOJUINHENHAI

g

P pa3 q pa3
dynxmua l(z,y,...; f,9,...) or p BexTopos u3 R u ¢ BexTopos u3 R':
Wz, y,...;f,9,...)=FzQy®.. fRg®...). (5)
O6parHo, eciu 3amana nommamHenHas oynkuma [(z,y,...;f,9,...),

TO CymecTByeT (M HPUTOM €IWHCTBEHHAA) JWHEMHAA (PYHKIWA HA
TeH30pHOM HpomBegeHMI R® ... R ROR ® ... ® R'j VY ZOBJIETBOPA-

v

P pas q pas
fomasn coorHouenuto (5). (Jokasars.)
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SHAYWUT, TEH30PHI PAHTA P + ¢, P Pa3 KOBAPUAHTHBIE W
¢ Pa3 KOHTPAaBAPUAHTHBIE, MOXHO PACCMATPUBATD KaK JIH-
HerHble GyHKIUI HA R® ... @ RO R' ® ... ® R, T.e. kax

pa3 q pa3
QJIEMEHTBI U3 COIIPAXCHHOI'O IIPOCTPAaHCTBA

(R®...9R®R'®...0R)) =

P pa3 q pa3

*R'®...9RQR®...0R.

-~ -~

p pa3 q pa3

6. TenszopHOe IpoM3BEJACHUE JMHEMHEIX MpeolGpaszoBa-
Huu. MBI HAy9IWIUCh 0[O KaXJI0U Iape JUHEHHBIX IIPO-
crpaHcTB Rj, Ry cTpowTh HOBOE JUHENHOE MPOCTPAHCT-
BO — MX TeH30pHOE npoussegenue R ® Ro. Oaaako >Tum
3a/1a9a He 3aKaHIuBaeTCca. MOXHO elle 1Mo JUHEUHBIM [Ipe-
00pa30BaHUAM B KaxXA0M u3 npocTpancTs R, Re mocTpo-
UTh JAHEUMHOE TPEe0OPA30BAHUE B UX TEH30PHOM IIPOU3BE-
JCHUU.

Wraxk, mycTs 3a1aHbl TuHENHOE TpeobpasoBanue A npo-
crpancTBa Ri B Ry u qunenHoe npeobpaszosanue B npoct-
pancTBa Ry B Ry *). MBI HOCTPOMM 1O HUM JMHEHTHOE IIPE-
obpasoBaHme nmpocTpaHcTBa ) ® Ry B R ® Ry, xoTOpoe
Oy/aeM Ha3bIBATH TEH30PHBIM IPOU3BEIEHUEM Mpeobpaso-
Baauu A u B u o603Ha9aTh Yepes A @ B.

BaccmoTpum TensopHoe npoussenenne Ry ® Ry mpo-
cTpaHcTB R u Ry. BamomauM, 410 smeMenTaMu R ® Ro
ABIAAIOTCA (HOPMATBHBIE CyMMBI

1 @Y+ ...+ Tk O Yp,

rnezr; € R,y € Ry, 1=1,...,k.

Tenzopubim npoussenaenanem A® B auaenHOro npeobpa-
soBarusa A npocrpancTBa Ry B Ry u auHenHOro npeobpa-
soBauua B mpocrpaHcTBa Ry B Ry HA3BIBACTCA JUHEUHOE

") Muorga sro 3anuckiBator Tak: A: Rj — Ri u B: Ry — R».
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npeobpasosanue C' npocrpanctsa R Q@ Ry B R1® Ry, onpe-
JelrseMoe CIeAYIoUmMM 00pa3oM:

Clti@yi+ ...+ 2, Qug) =
= (Az1) ® (By1) + ... + (Azg) ® (Byk) ).

Bonee o610, ecim uMeIOTC [Ba JUHEMHBIX IPOCTPAHC-
TBa R1,S1, IBa IPyrux IMHENHBIX TPOCTPAHCTBA Ro, So u
JuHenHbIe Ipeobpasopauua A: Ry — Sy u B: Ry — So,
TO MOXHO AHAJOTMYHO ONPENeIuTh JUHEMHOEe Tpeobpa3o-
BaHUE

ARB: R ® Ry — 51 ®S5s.

OrMeTuM, €YTO KaXAOMY JUHEMHOMY MTpeobpa3oBa-
HEUI0 A mpocTpaHcTBa R ecTecTBeHHBIM OO6pa3oM OTBe-
JaeT JIMHENHOE MpeoOpa3oBaHue MPOCTPAHCTBA R ® Ry, a
uvenuno A ® 1, rae 1 — eauHUTHOE TpeOOpA3OBAHME; AHA-
JOTMYHO KAaXAOMY JUHEUHOMY Tpeobpa3oBanuio B mpocT-
PaHCTBA R2 MO2XHO IIOCTAaBUTH B COOTBETCTBUE JII/IHQEIHOQ
npeobpasosanre 1 ® B mpocrpancTa R ® Rs.

YcTaHOBUM, KaK BHIPAXKAETCA MATPUIA IUHEWHOrO Ipe-
obpazoBanusa C' = A® B 4yepes3 MmaTpuiibl 1peobpa3oBaHun
A u B. 3agagum 6as3uc eq, ..., €, B upocTpancTse R u 6a-
3uc fi,..., fn B mpocrpancTee Ry. Torga BekTOpEH €; ® f;
o6pasytoT 6a3uc B TeH30pHOM npousBegeHuu R @ Ro.

Bycts A = ||a;;|| — maTpuna npeobpaszoBanua A B 6a-
3uce €y, ...,ey; B -—wMarpuna npeobpa3oBanud B B 6a-
suce f1,..., fn, T.€.

Aer, = awei, Bfi=Y bulj.
: o

=1

Torga C' = A® B npeobpasyeT 6a3suCHbBIE BEKTOPH e & f;

*) Jlerxo mpoBepuTH, ITO OHPEEICHIE KOPPEKTHO, T.€. DABHBIE
BBIPAaXKEHUA IPeobpa3yloTcA B PABHBIE.



§ 25] TEH30PHOE NPOU3BEJNEHUE 303

10 CIAeAYIOmen (popmyre:

Clex ® f1) = (Aex) @ (Bfi) =YY awbjiler @ fi).

i=1 j=1

Takum 06pa3zoM, MATPUIA JHHETHOrO mpeobpasoBarusa C
ectb Marpuna C = |¢jpl mopagka mn, cTpoku u
CTOJIOUBI KOTOPOU 3aHYMEPOBAHBL IIAPAMU WHIEKCOB (i, 7),
t=1,...,m; 5 =1,...,n. Bpuasrom ¢;j = a;;bj;. Takas
maTpura C Ha3BIBAETCA KPOHEKEPOBCKUM NPOU3EEICHUECM
MaTpu A u B.

YnunpaxHueHUue BupasuTh, ompegeraTens KPOHEKEPOBCKOTO
npouwssefenusa marpunm A u B depes ompemermrem marpunm A
u B.

7. Ilonarue GpyHKTOpa. B 5TOU raBe MbI pACCMOTPEIU HECKOIBKO
THUIIOB ONEPAlMU HA[ JUHEAHLIMEA OIPOCTPAHCTBAME, KK, HAIIPUMED,
oIepanuy mepexoaa K COMPMKEHHOMY MPOCTPAHCTBY WU TEH30PHOE
ymuOKerue. [Jagum obmee onpeneaeHne TaKuX OIepAlnn.

Mui 2060pum, wmo 3adan rosapuawmubili Gynwkmop (mwm Goaee
TOAPOGHO, K08aPUAHMMBLY PYHKMOP 6 KAME20PUU AUHETHVIE NPO-
cmpanems ), ecau 3a0aH0O NPAEUAO, CONOCTMABAXIOWEE KAHCIOMY
aunetinomy npocmpancmsy R nexomopoe aunelinoe npocmpancmeo
F(R) u xascdomy sunetinomy npeobpazosanuio A: Ri —> Ro mne-
Komopoe aunetinoe npeobpazosanue F(A) npocmpancmea F(R:1) 6
F(R3) (B rammx o6o3nadenusnx, F(A): F(R1) — F(Rz)). IIpu smom
nPednosazaomes BbiNOAHEHHBIMY CACOYOULUE YCAOBUL:

1) ecau 1 — edunuunoe npeobpasosanue 6 R, mo F(1) — edunuu-
noe npeobpazosanue 6 npocmpancmee F(R);

2) ecau A: Ri — Ry u B: Ry — R3 — 0d6a aunelinbiz npeobpa-
308aHUA, MO

F(BA) = F(B)F(A).

TIpumepom KOBapHAHTHOTO (PYHKTOPA ABIAETCA TEH30PHOE YMHO-
wenue. lmenno, nycrs S — dukcuposannoe npocrpaactso. OTHECEM
Kax oMy JuHEenHOMY npocrpanctBy R mpocrpancrso F(R) = R® S
7 KaXJOMy JuHEMHOMY mpeoOpasoBanmio A: Ry — R, muaenHoe

*) Iouarme GyHKTOPA MOXKHO BBECTH AT IPOU3BOILHOHN KaTe-
ropun. O6mme onpegeneHna KaTeropuu 1 GyHKTOPa CM., HAIIPAME
b )
B kaure: C. Jlenr, Aare6pa, «Mup», 1968.
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npeobpasosanme F(A) = A® 1 npocrpancrsa R1 ® S B R, ® S. Ile-
TPYAHO NIPOBEPUTH, ITO IPHA STOM CBOUCTBA 1) @ 2) BBINOIHAIOTCA;
TakuM 06pa3oM, F — KOBapUAHTHBIA (PYHKTOP.

AmanormaHO OmpeaeaseTCa KORTPABapUAHTHLEIA GyHKTOD. Mot 20-
sopum, wmo 3adar Kowmpasapuawmuvlt @gynxmop F, ecau 3adano
nPasUL0, CONOCMAsasouee Karcoomy aunetdnomy npocmpancmey R
nexomopoe aunetinoe npocmpancmeo F(R) u warcdomy aunetinomy
npeobpazosanuto A: Ri — Re mexomopoe aunetinoe npeobpasosa-
nue F(A): F(R2) — F(R1). IIpu 3mom npednosazaemcs 6bino-
HEHHLIMU Ycao6ue 1) u ycaosue

2') ecau A: Ri — Ry u B: Ry — Rz — dea aumnetinvis npe-
06pas3osarus, mo

F(BA) = F(A)F(B).

IIpumepoM KOHTPaBapUAHTHOrO (HYHKTOPa ABIAETCA OMEPAIAL
mepexoaa K CONPAXKEHHBIM MIPOCTPAHCTBaM. VIMEHHO, OTHeceM Ka-
XK IOMY JMHETHOMY IIPOCTPAHCTBY R COmpsakxeHHOe eMy IPOCTPAHCTBO
F(R) = R' n xaxnomy amreitHOMy mpeobpazosanmio A: Ri — Ro
compsmxennoe npeobpaszosarme F(A) = A'. llerpynzo mpoepuTs (cM.
. 2 § 23), aT0 mpu 3TOM cBOMCTBA 1) m 2') BREIMOMHAIOTCA; TakwM 06pa-
30M, F' — KOHTpaBapumaHTHBEIT (PYHKTOP.

3agada. Ilycte S — QuUKCHPOBAaHHOE JIUHEMHOE IIPOCTPAHCT-
Bo. O6o3raqmm 1epes Hom (R, S) npocTpanCcTBO BCEX IMHEMHBIX Ipe-
ob6paszoBaru A: R — S. [I1a 106010 IMHEXHOrO MPOCTPAHCTBA R
nomoxum F(R) = Hom(R, S). Mbr onpegernmn, Takum 06pa3oM, ome-
pammio F' Ha MHOXECTBe JUHEUHBIX IMPOCTPAHCTB. Tpebyerca ompe-
nemTh F Takxke Ha MHOXKECTBE JMHEHHBIX IPEOOPA3OBAHUU TAKAM
o6pa3omM, 4T00bl F' cTAI0 KOHTPABAPUAHTHBEIM (PyHKTOPOM.

8. CummMeTpuyeckas M BHEUIHASA CTENEHU. Bapsany c
TEeH30pHBIM npousBeaeHueM R R moJe3H0 TakXke paccMa-
TPUBATH CUMMETPUIECKYIO CTEIEHb W BHEIIHIOK CTEIeHb
npocTpaHcTBa R; 0COGEHHO BaXXHBIM IMOHATUEM SBIACTCS
BHEIIHSAA CTENeHb. BT IPOCTPAHCTBA CTPOATCA AHAJIOT U~
HO TE€H30PHOMY IPOW3BEICHUIO.

Baunmem c¢ ompegeneHums CHMMETPHIECKOTO KBaIPaTa
S%(R). BanoManM, 9TO dmeMeETAME TPOCTPancTBA R ® R
SIBJISIOTCS BBIPAXKEHUA

L1 QY1+ ...+ Qyg, (6)
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rue x;,y; —aaemenTsl u3 R. Bpu sTom npegmosaraercs,
9T0

1) (1 +22) QY —21 QY — 22y = 0;
2) z@ W +y2) — TRy —z Ry = 0;
3) (AM)®y—z® (Ay) =0.

Brementot t @y u y ® £ B R® R saBastorcsa upu y # .,
1[I0 OLPEIENEHNIO, PA3IAIHBIMH.

Opnako mHOrZA yAOOHO BBECTH IPOCTPAHCTBO, B KOTO-
PoM r QY =y Q.

st >Toro momonuuM ycaosus 1)-3) caegyrommm:

4) T®y—yQxz=0.

Bpupasraaem Takxe HyJII0 1 BCE JUHEMHBIE KOMOWHAIIW
Boipaxenuit 1), 2), 3) u 4). [IBa Beipaxenus X u X' Buga
(6) Oymem Tenepb CUATATH PABHBIMHU, €CIU A HUX CyIIEe-
cTByIOT Takue Beipaxenusa Z =0u Z' =0, yro X + Z n
X'+ 7' cosnagaror.

B pesyapTaTe MBI MOMy€MM JWHEUHOE MPOCTPAHCTBO,
DIEMEHTHI KOTOPOT'O — KJIACChI PABHBIX MEXIy COOOU BbI-
paxenun Buja (6), a omepanuu CIOKeHUs U YMHOXEHUA Ha
YUCIO ONpPENeNeHbl, KAK U I TEeH30PHOTO MPOU3BEICHUA
R ® R, mo dopmynam (2) u (3). (Qurarero npegraraercs
yOeIUTHCA B KOPPEKTHOCTH ONPENENCHUN STUX OMEePAI
7 B TOM, 9TO BCE AKCUOMBI JMHETHOTO ITPOCTPAHCTBA 3/€Ch
BBIIIOJHEHBL.) BTO IPOCTPAHCTBO HA3BIBACTCA CUMMEMPU-
weckum Keadpamom npocmpancmesa R m o6o3nadaerca de-
pes S%(R).

Ynpaxuenme. [Joxasars, uro pasmeprocTs S2(R) paBHa

n(n + 1)

5 , TIe n — pa3MepHocTs R.

[pyruM BaXXHBIM HOHATUEM ABIACTCA BHELUIHUA KBa-
apat R. YTo6b1 5TO IpOCTPAHCTBO TOCTPOUTH, JOIMOJHUAM
ycaosusa 1), 2) u 3) caegyommm ycaoBuem:

4" r®x=0.
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Bocre sToro mMur onpenenum paBeHCTBO ABYX BbIPaXKe-
Hun BuAa (6) mOZOOGHO TOMY, KaK DTO yXKe AeNAIOCH s
TEH30PHOT'0 Ipom3BefeHna R @ R m q1a cHMMeTpHIecKo-
ro xBagapata S2(R). Bory1aemoe mmHEHHOE TPOCTPAHCTBO,
DIEMEHTHI KOTOPOT'0 — KJIACCHI PABHBIX MEXIy COOOU BbI-
paxeHun Buga (6), HA3BIBACTCA BHEWHUM KEAIPAMOM NPO-
cmpancmsa R u o6o3Hadaercsa depes R A R (no-apyrowmy,

2
AR).

Jlem™ma 2. B npocmpancmse R N R umeem mecmo
PABEHCMB0

rRQy+yx=0. (7)
B camom mene, umeeM:
1Qyty®r=(2+y)®@@+y) - r0r-y®yY.

Takum obpa3om, BbIpaxeHHEe T & Y + Yy @ T ABIACTCA
JMHETHOUN KOMOWHAIUEN BeIpaxkeHunn suga 4'), w, 3HaqnT,
OHO PABHO HYJIIO.

Bripaxenue r ® y, paccMaTpuBaeMoOe KaK DJIEMEHT u3
R A R, HA3BIBAIOT BHEWHUM NPOU3BEICHUCM BEKMOPOS T
u y m obo3HavaloT Tak: T A y. Basenctso (7) osmauaer,
9TO BHEIIHee IIPOU3BefeHNe BeKTOPOB aHTUCUMMEeTPUIHO:
TANy=-—-yAzx.

Moxaxem, aTo S?(R) u R A R MOXHO OTPEIEIUTb U KaK TOATPO-
crpancTBa B R ® R; TouHee, B R ® R umeoTCA MOATPOCTPAHCTBA,
ecTecTBeHHEIM 06pasom m3omopdusie S°(R) u R A R.

[l >TOro 3a1aauM B IpoCcTpancTBe R ® R auHenHoe npeobpa3o-
BaHUe 0, oIpegenaseMoe Mo ¢hopMmyre

o1 @Y1+ ...+ QU) =1 O T1+ ... + Y O Tp.

O4eBuAHO, 4YTO ero KBaApaT eCTb EeAUMHUYHOE NnpeobGpa3oBaHue:
o2 =1.

ITaccmorpum gBa mogumpocrpancrsa B R & R — mognpocTpaHCTBO
H; saemenToB X, nasa koropeix 0 X = X u nogupocrpanctso Ha sie-
merHToB X, masa koroperx 0 X = —X. [Itu nmognpocrpancTBa MMeOT
HyJZeBoe mepecedeHme, Tak Kak m3 ycaopud o X = X nw oX = —X
cregyer, aro X = (. Iloxaxem, 94TO mx mpsMas CyMMa eCTb BCe
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npoctpancTBo R ® R. B camom geme, mpeacTaBuUM TIOO0U DIEMEHT
X w3 R® R B Buge cymmor X = X; + Xo, rge X = %(X + oX)

u X, = %(X — 0X). Ouesngno, uro 0 X; = X1, t.e. X1 € Hi, n
oXo = —X2, T.e. Xo € Hs.

ITokaxewm Temeps, 4T0 npu ecrecTBeHHOM OTOOpaxenuu R® R Ha
S%(R) B Hy.Ib IEPEXOAAT BCE DJIeMEHTHL 13 Ho, M IPUTOM TOILKO OHIL.
B camowm gexe, nycte X € R® R nepexoaut npu 3ToM 0TOOpaXeHNHN
B HyJb; Torga X PaBHO JMHEMHOU KOMOWHAIWW BEIPaxKeHU! Buaa 4),
T. €. BEIDAXEHUN T QY —YyRx; crenopareabuo, 0 X = —X, 1.e. X € Ho.

O6parno, nycts X € Ha, T.e. 0 X = —X; Torga X = %(X —oX);

crenoBaTenbHO, X PABHO THHEUHOM KOMOMHAIINY BHIPAKECHUI B 4)
U, 3BHAYUT, MEPEXOJUT B HyJIb mpu oTobpaxenmu R ® R wa S?(R).
TTockonbky R ® R sBasercsa npsamou cymmoun Hi m Ha, To sTuM
IOKa3aHOo, ITO mpu oTobpaxenmu R® R ma S?(R) moampocTpaHCTBO
H, m3omopduo orobpaxaercs ua S (R).
Mrak, mbr ycramoBmwm m3omopdusm mexgy S2(R) m moampo-
crparnctBoM H; C R ® R snemenToB X, n1a kKoTopeix 0 X = X.
Amnanormyno ycranasiusaeTca uzomopdusm mexay R A R u mon-
npoctparcTBoM Ho C R ® R smemenToB X, 111 KoTopeix 0 X = —X.
Yunpaxuenune. Illycte ep,...,e, —0asuc B R. [loxa3ars,
9TO DIEMEHTEI e; A ej, Tae ¢ < j, obpasyioT 6asuc B R A R.

m

9. Buemnsas crenens \ R. Teneps ganum onpegeneHue
m

BHemHen cremnenu /\ R npocrpancTBa R A1 mpou3BOIb-
m
HOro m. Baccmorpum m-1o Tenszopuyio crenens Q) R. Ba-
m

HOMHUM, 9TO dJIeMeHTaMu mpocrpaHcTsa Q) R asiasioTcs
(popMaIbHBIE CyMMBI BEIPAXKEHUN BUIA,

51 ® T Q... QR Ty, (8)

rae z; € R, npuaeM HEKOTOPbIE U3 TAKUX CyMM CIATAIOTCA
paBHBIME MeX [y cobou. BpupaBHsaeM OMOJHUTETLHO Hy-
JI0 BCE BBIpaXeHus BUAA (8), y KOTOPBIX COBIAJAIOT XOTA
OBl IBa COMHOXHUTENA, a TaKXe JI00bIe UX JUHEUHbIE KOM-
6unamum. To TMHETHOE TPOCTPAHCTBO, KOTOPOE MPH 3TOM
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IOy Ia€TCA, Ha3bIBACTCA sHewHel m-i cmeneuvbro npocm-
m

pancmea R u obosnagaerca gepes )\ R.

Bripaxenne 1 @ 2 @ ... ® Ty, PACCMATPUBAEMOE KAK
m

saeMeHT u3 J\ R, HA3BIBACTCA BHEWHUM NPOU3EEIEHUEM
8EKMOPOB X1, ..., Ty K 0003HATAECTCA L1 AT, .. \NTp,. Be-
TpyAHO yoeauThea (IOZOGHO TOMY, KaK DTO yXKe AeIal0Ch
IS CIIy9as JBYX COMHOXWUTENEN ), 9TO 8HEUHEE NPOu3sede-
HUE 6EKMOPO6 AHMUCUMMEMPUYUHO, T.€. OHO MEHIET 3HAK
MIpU TIEPECTAHOBKE JIOOBIX MBYX COMHOXUTEICH.

Cpenu BHEIIHUX CTemeHeW MPOCTPAHCTBA R mMeeTcsa
JUIIL KOHEYHOE YUUCAO OTAUYHBIX OT HyJad. VIMeHHO, mo-

m
kaxeM, 9ro /\ R = 0 opu m > n, rjge n— pa3mMepHOCTH R.
Hasa sToro 3amanum 6asuc ey,...,e, B IpOCTpaHCTBe R.

Basmaras BexTopsl 3 R mo smemenTam 6asmca, MBI ybHe-
X JaeMcd, ITOo Joboe BHelTHee Ipou3BefeHue £ A ... A Ty,
m

a 3HaYUT, U mo6ou saeMeHT u3 /\ R, ABIAETCA JMHEMHOU
KOMOMHAIIMen BEIpaXeHuu e;, A ... Ae; . Bo ecim m > n,
TO B KaX/JOM BBIpaXeHuu €;; N ... A e; COBIALAIOT XOTA
OBl [Ba COMHOXWTENA; 3HATNT, Bcerga e; A ... Ae;, = 0.

m
Urax, A R =0 upu m > n.

n

Bokaxem Takxe, aro npocmpancmeo \ R, 2de n —
pazmeprocms R, asasemcs 00HOMEPHBIM NPOCMPAHCT-
som. B camom geme, cpenm ameMeHTOB e;; A ... A e;, OT-
JIMYHBL OT HYJA TOJBKO T€, Y KOTOPBIX MHIAEKCHL 11, ...,y
TIONAPHO PA3JUTHH U, 3HATUT, ABIAIOTCA IEPECTAHOBKAMM
wHIEKCOB 1, ..., n. Tak xax BHeIIHee IPOU3BEIEHIE BEKTO-
POB AHTUCUMMETPUIHO, TO TAKWE OTIUIHBIE OT HYJII DJe-

MEHTBI COBIIaOA0T, C TOYHOCTHIO OO 3HAKA, C JIEMEHTOM
n

e1 A...Aep. Bockonbky mo6on saement u3 \ R asiserca
JIVHENHON KOMOUHAIIMEN BEKTOPOB e;; A ... A €; , TO TeM
CaMBbIM OH KpaTe€H BEKTOPy €1 A ... A ey.
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Yupaxuermua 1. [lycrts eir,...,e, —6azuc B R u e =

n
= > ajie; — mobele n BekTOpoB m3 R. JlokasaTe, uTo €] A ...
~

...Ae, =aei A... ey, Tae a— oupegeauTens MATPUIE ||a;;||.
2. Ilycre ei1,...,e, —0asuc B R. [loka3aTb, 4TO BBIPAXKEHUT

m
eiy N ... N €ip, Tae i1 < G2 < ... < im, OOpasyor Gasuc B A R.

m
ITa OCHOBAaHMM >TOr0 BBIYUCIATEH PAa3MEPHOCTH mpocTpaHcTsa /A R.

3agava. [lare (mo amamorum co ciydaeMm m = 2)
ompeeneHue m-u cuMMmerpudeckon cremnenu S (R) mpoc-
TpaHcTBa R masa moboro m.

10. TensopHoe mnpouU3BeJeHUE EBKINJOBBIX IIPO-
crpaHcTB. bycts R;—eBKaIMI0OBO NPOCTPAHCTBO CO
cKanApHbIM npoussegaenueM (z,z')y, Ro— apyroe eBkau-
JIOBO IIPOCTPAHCTBO CO CKANAPHBIM pousBegerueM (y, y')s.
Torma B mxX TeH30pHOM mpousBemeHuu R; ® Ry MOXHO
€CTEeCTBEHHBIM 00Pa30M BBECTH CKAJIAPHOE MPOU3BEICHUE.

CHavana ompeaenuM ero [Iisf Hapbl BEKTOPOB & @ y U
7' ® ¢/, momarasa

(z®y, 2 ®y) = (z,2)1 (y,9)e-
Ecmu Teneps
X=21Q@uy +... + 7 @y,
X' =zl@y +...+t1,0y

— IPOM3BOJIbHBIE BEKTOPHI u3 R ® Ry, TO mOmoXuMm:

k l
(X, X)) =) (i @y, 2 @ 9)). (9)
i=1 j=1
Yurarento npemiaraerca ybOeauTbCsa, YTO BBIPpAXKe-
Hue (9) AEMCTBUTENBHO 33aJa€T CKAIAPHOE NMPOUW3BENEHUE
Ha Ry ® Ry. Nmenno, ono umeer cmbica Ha Ry @ Ry (T.e.
coxpaHseTca npu 3amene Beipaxenun X u X' Ha paBHbIC)
¥ yIOBIETBOPAET BCEM AKCHOMAM CKAJIAPHOT'O MPOU3BEIe-
HUAL.
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Bpocrpancrso R; ® Ry ¢ BBeleHHBIM B HEM TaK CKaJAP-
HBIM [POU3BENEHUEM HA3BIBACTCI MEH30PHbIM NPOU36ede-
Huem esraudosuir npocmpancms Ry u Ro.

3aMeTuM, ITO €CIH €1, ..., €y — OPTOHOPMUPOBAHHBIN
6asuc B Ry, a fi,..., fn—OPTOHOPMUPOBAHHLIA Ga3uUC
B Ry, TO BEKTOpPHI €; ® f; 06pa3yioT OpTOHOPMUPOBAHBIN
6a3uc B TeH30pHOM mpousBenenun R Q@ Ry. B camom mene,

(e; ® fj,ex @ fj) = (ei, e )1(fy, fir)2-

3HAYKT, 5TO BEIpaXeHue papHo 1 mpu i = 7', j = j' m paBHO
HYJIO BO BCEX OCTAIbHBIX CIydasx.



JOBABJIEBUNE
TEOHMS BOSMYIIEHUN

Tounoe BLIYKCIEHHME COOCTBEHHLIX 3HAYEHAU M COO-
CTBEHHBIX BEKTOPOB CaMOCOIPAXEHHOIO JUHEMHOI'O IIpe-
00pa30BaHUA 9aCTO HATAJIKUBACTCA HA 3HAMUTEAbHBIE BbI-
qucauTeabubie TpyaHocTu. OQHUM U3 PACIPOCTPAHEHHBIX
METOOB IPUOJMKEHHOIO BBIYUCACHUS COOCTBEHHBIX 3HA-
YEeHMU B KBAHTOBOU MEXAHWMKE M BO MHOI'MX 3aAa9aX TEO-
pun KOIeOAHUU ABIAETCSA TAK HA3BIBAEMBIN METOI BO3MY-
meHuil. BToT MeTox, IPUMEHUMBIT K IUHEUHBIM peobpa-
30BaHMAM KaK B BEIIECTBEHHOM, TaK U B KOMILIEKCHOM IIPO-
CTpPaHCTBe, IPpybO TOBOPA, COCTOUT B CJAEAYIOIIEM: IIYyCTh
M3BECTHBI COOCTBEHHEIE 3HAYEHNUA U COOCTBEHHBIE BEKTOPEI
HEKOTOPOr'0 CaMOCOIPAXKEHHOI'0 JUHENHOr'O IIPeodpa3oBa-
mna A. Baccmorpum mpeobGpaszosanue A + B , roge B—
IPOM3BOJIBLHOE CAMOCOIpPAXKEHHOe IpeobpasoBanue. Torma
co6cTBeHHbIe 3HaeHna A 4+ B cyTb QyHKIuu oT €. Mox-
HO IOKa3aThb, 9TO mpu € — ( cCOOCTBEHHBIE 3HAMEHUS U
BeKTOPH. A 4+ £B cTpeMaTcsa K cOOCTBEHHLIM 3HAYEHUAM U
BekTOpaMm A. 3ajada COCTOUT B HAXOXJEHUM (IIOIIPABOK)
K COOCTBEHHBIM 3HAYMEHUAM M BEKTOPAM IIPU 3aMEHE IIpe-
obpasoBanus A na A + eB.

§ 1. Cryvan HeKpPaTHHBIX CO0CTBEHHBIX 3HAYCHUHA

Bycts A wmmeer pasaum<sbie COOCTBEHHBIE 3HAYMECHUA
Al,A2,...,\y ¥ IyCTb €1,€3,...,€E, — COOTBETCTBYIOIINE
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“M HOPMWUPOBaHHBIE COOCTBEHHBIE BEKTODHI. DBycTh, ma-
aee, B —xkakoe-mu60 qpyroe CaMOCOMPAXKEHHOE JUHEMHOE
npeobpasoBanune. CobGcTBeHHbIE 3HAUEHWSA TPeoOpPa3oBa-
Hua A + eB o6osHaumm 4epe3 Aj(g), A2(€),..., An(e), a
COOTBETCTBYIOIUE COOCTBEHHBIE BEKTODHI— 1epe3 ej(e),
e2(€), ..., en(e). Moxuo mokazaTs, 910 A (€) U ek (e) aBua-
I0TCA HEIPEepBIBHBIMU U AuddepeHnupyeMbIMu HyHKITAA-
mu ot €, mpuideM Ag(0) = Ag, a ex(0) = ex. Bpencrasum
9TU (pyHKINU B BAJE

Ak(e) = Xk -I-E)\S) +...

ex(e) = ep + f—:eg) +...9

6 AL g eM

y/eM CHAYAMA UCKATh A~ ¥ €, T.€. (IABHYIO TaCTh

nonpasku K e = ex(0) u Ay = A\g(0). Mbr umeem
(A+eB)eg(e) = Ae(e)er(e),

T. €.

(A+eB)(eptee’ +...) = OuterllV+. . ) (ex+eelV+..).

CpaBHEM TWIEHBLI TEPBOU CTEMEHU OTHOCUTEIBLHO £ B 06X
9aCcTAX paBeHCTBA. MBI moxyIuM

Ae,(cl) + Bey = Ake,(cl) + )\g)ek. (1)
YmuOoxuM 06e gacTu (1) ckarapHO Ha ey:
1 1 1
(Aeh) ex) + (Ber, ex) = Mn(ey) ex) + 2 (e, ex).
Tak Kak, B CHILy CaMOCOIPSIKEHHOCTY IIpeobpa3oBanus A,

(Ael), ex) = (e, Aeg) = Al ex),

*) Muororoume 34eCh ¥ JaIbHEUIIEM O3HAIAET, ITO OTOPOLIEHO
claraeMoe MOPALKA BEHIME MEPBOrO IO CPAaBHEHMIO ¢ €. MbI He mumem
BMECTO MHOrOTOYIHA 0(£), ITOOBI HE 3arPOMOXK NATH U3JI0KEHUL.
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TO
(Bek, ex) = Ag)(%@k) = A;(gl)-

Orcooga
MY = (Beg, er), (2)

1 TIepBas MOJOBUHA, HAIIICH 33,1491 TAKUM 00Pa30oM PeIeHa.

BbraucanM Teneps NIaBHBIN WJIEH MOMPABKA K COOCTBEH-
HOMY BEKTOPY € (€), T.e. eg). [lna >TOro ymMHOXWMM CKa-
aspHO 06e wacTu paseHcTBa (1) Ha e;, rge i # k. Tak kak
BEKTODHI €, U €; ODTOTOHAIBHEL, T. €. (e, ¢;) = 0 upui # k,
TO MBI OIYIAM

(Aegcl), ei) + (Beg,e;) = Ak(eg)a e).
Bo, aHATOrM9IHO TpeabIAyIeMy, Mbl IMeeM
(Ael(cl)’ei) = (ei”,Aei) = Ai(e](gl)aei)a

IIO2TOMY ( )
(1) N Bek,ei .
(ey, 762)_m7 i # k. (3)
COBOKYIHOCTD DTUX PABEHCTB U OMPEAEIIET BEKTOP e,(cl).
Bamuuem ¢opmyast (2) u (3) B koopauHATHOU DHOPME.
g sToro ynobHee Bcero BEI6pATh B KadecTBe 6a3uca cob6-
CTBEHHBIE BEKTODEL €1, . . . , €}, (HEBO3MYIIEHHOIO» IIpeobpa-
soBarusa A. Marpumy npeobpasoBanusa B B sToM Gasuce
obo3masmmM wepes b;;, T.e. Bej = Y bjpe, u, cregoBaTens-
HO,
(Bej, ei) = byj.
(1)

KoopaueaTsl BeKTOpa e,  — IMIABHOIO LICHA (IIOIPAB-
Ky — 0603HaHUM depe3 &1, ...,k ..., &, T.€.
el = e ...+ € (4)
Lk —Gl€él n€n
", 3HAYUT,

¢ = (e e).
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Dopmyast (2) u (3) nprobperyT Bug
AQ’ = i, (2)
R s (3)
(1) (1)

CaMm BekTOp €)' ompefenaeTca IucraMu & = (ek1 ,€;) TO
dbopmyze (4). Y HAC OCTATACH HEOLPEAEIeHHOU k-5 KOOD AU-
Hara {. OHa onpenenseTcsa u3 yCioBuA HOPMUPOBKH COO-
CTBEHHOI'O BEKTOpa, T. €. n3 yCJI0BUA, rITO6I)I MJINHA BEKTO-

(1)

pa e +€e;’ + ... Oblia paBHa efuHuULe. Mbr umeem

(ek+se,(€1) +..., ek+se,(€1) +...)=1,
1 1
(exs ex) +[(el er) + (ep el +... = 1.
CpaBHUBasg WIEHbI [PU MEPBLIX CTENEHAX £, UMEEM

(e,(cl), er) + (ek, e,(cl)) = 0. Bromy ycJIoBUIO MOXHO yIOBJIE-
TBOPUTb, [OJaras *)

§k = (ei”,ek) =0. (5)

OKOHYaTEIbHO UMeeM

A,(cl) = bk, ()
(n —~ by .
e, = Zl o e, (IT)
2k

rae by, = (Beg,e;), a Ay — COOCTBEHHbIE 3HAMEHUA (HEBO3-
MYIIEHHOr0» TIpeobpa3oBanusa A.

*) B KOMILTIEKCHOM CIydae (e,(cl), er) + (ex, e,(cl)) = 2Re(e,(cl), er), 1

1
MBI MOIVIZ OBI CIUTATH (e,(C ), €k) He TOIbKO HylIeM, HO K IPOM3BOJIb-
HBIM 4YACTO MHUMBIM 4uciaoM. [ITo cBa3aHO ¢ TeMm, 4TO HOPMEUDOBKA
COOGCTBEHHOI'O BEKTOPA ONPEEIAET ero B KOMILIEKCHOM CILydae ¢ TO4-

HOCTBIO JO MHOXUTEJIA, IO MOAYJIIO PAaBHOI'O eIWHUIIE.
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Mus noxy4enus popmyr (I) u (II) Mer BEIGpaan 6a31C, COCTOAIINR
73 COOCTBEHHBIX BEKTOPOB mpeobpasosanusa A. IIpu mpoumssoabHOM
6azuce popmyrsr (2) m (3) Takke OIpeRELAIOT )\,(cl) u e,(cl). 9065
noxyauts dopmyasl, anatormaasie (1) u (II) B mpomssombsEOM OPTO-
COHAIBHOM (a3uce, HaJO 3HATH TOABKO KOODAWHATHL BEKTOPOB €j U
MaTpuny npeobpasoBanus B B aToMm 6a3uce. IlycTs marpuna B ecTs
[|1Buvll, & e,(cl) = (cgk)7 . ,c&’“)). Torga m3 (2) noxysaem

n
M= 3 B,

p,v=1

a u3 (3) momydaeM CUCTeMy YPABHEHHU IJA ONPEACICHUA KOODIWHAT

(1, ...,(n BEKTODA e,(cl):

glcf) + §2cg) + ...+ Cncgf) =

Zﬂuuc;(j)cz(/k)
:% (l:l,?,,k—l,k—{—l,,n)

ITegocraromee ypaBHEHHE CHOBA IOLyIaeM u3 ycaoBus (5) HOpMHUPOB-
KI BeKTOpa ey (£):

G+ Gel + L+ el = 0.

Tak Kak BEKTODEI €1, . . . , €, JAHETHO HE3ABUCUMBI, TO OIMPEAEIuTeNb
STOU CUCTEMBI OTIMIEH OT HyJd, u 9ucaa (1, (2, . .., (, ONpegeraoTca
73 Hee OJHO3HATHO.

Banmgem Tenepb co6CTBEHHbBIE 3HAMEHUA BO BTOPOM MIPH-
GIMKEHWUH, T. €. C TOIHOCTHIO [0 LICHOB IOPAJKA £°.

Mu1 Bugenu, 9TO, OIS TOrO 9TOOLI HAUTH COGCTBEHHOE
3HaveHwWe B mepsBoM npubamxenuu [popmyaa (2)], mocra-
TOYHO OBLIO 3HATH COOCTBEHHBIM BEKTOP B HYJEBOM MpU-
OauxeHunr. AHAJOTUYHO, A TOrO YTOOBI HAUTHU BTOPOE
npubimxenre K COOCTBEHHOMY 3HAYEHUIO, HAM TOCTATOY-
HO OyzeT 3HaTHh COOCTBEHHBIE BEKTODHI B IEPBOM mpub/u-
xeunu. Mbr mmeem

(A +eB)ek(e) = A(e)ex(e).
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Boacrasum B 5TO paBeHCTBO:
ex(e) = e + 6621) + 62622) +...,
M) = M+ ex) + 20?4
¥ CPABHUM WieHbI npu £2. Boryanm
Be,(cl) + Ae,(f) = A,(f)ek + )x,(cl)e,(cl) + )\ke,(f). (6)
(2)

[na Toro 9TO6B HAUTH ), ', YMHOXIM CKaIAPHO 00 [a-
CTH 3TOTO PABEHCTBA HA €j. Y IUTHIBAA, ITO (Aegf),ek) =
= (e,(f), Aey) = Ak(e,(f), €k ), MBI IIOJLY IUM
1
(Bel(g )7616) - >‘( ) + >‘( )(32 )76k)

Tax xak, B cuiry (5) (e; ), ex) =0, To
AP = (Bel), e).

Bo e,(cl) = > ¢&;e;. Boacrasnas, moryvaem B cuiry (pOpPMYJIbI
(3) mas mepBOro mpUOIMKEHUS

Z” Z” (Bey, ei)(Bei, ep)
_ . . _ €L, €4 €, €L
B &i(Beisex) = ; Ak = Ai ’
1=1 1=1
itk

a Tak Kak (Bey,e;) = (Be;,er), TO OKOHIATEIHHO IMEEM
Z |(Beg, ei)|” Bek,ez
Ak —
z;ék

riae e, — COOCTBEHHBIE BEKTOPHI, & A\, — COOCTBEHHBIE 3HA~
geHus npeobpaszoBanuia A, wiu
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3angaua. [ManTu nompaBku Aasa COGCTBEHHOIO BEKTOPA BO BTO-
pPOM HpUOIMXKEHUW, yMHOXKAA CKATAPHO 06e IacTu paseHCTBA (6)
Ha €;.

Omeem.

el(f) _ZZ & _;’:byk _)\k)

i#£k ];ék
_ bkkbzk T
DB v v — Ap) Z v — A2 2
z;ﬁk #k
Kpome ykazaHHBIX yPABHEHUH HAI0 BOCIOIb30BATHCA TAKKE yCJIOBH-
€M HOPMUPOBKH, T. €. PABEHCTBOM

(er +5e(1) + 526,(5) +..., e+ 66(1) + 62615,2) +...)=1.

§ 2. Cxy4yau KpaTHBIX COGCTBEHHBIX 3HAYEHUN

Baccmorpum Teneps caydain, Korga A €CTh r-KpPaTHOE
cobcTBerHOe 3HadeHue TpeobpasoBanusa A. O6o3uadum |e-
pes

f17f27"'7f7‘ (1)

Kakue-1ub0 7 IONapHO OPTOrOHAIBHBIX COOCTBEHHBIX
BEKTOPOB Mpeobpa3oBanusas A, OTBeYAIOMIUX >TOMY COO-
CTBEHHOMY 3HAYEHUIO A. 3aMeTuM, 9UTO, TaK KaK ¢€;
(1=1,2,...,7r) OTBEYAIOT OQJHOMY U TOMY Xe COOCTBEHHO-
My BHAMEHWIO A, TO JUHEHHAA KOMOWHAINA DTUX BEKTOPOB
Takxke OymeT cOOCTBEHHBIM BEKTOPOM, OTBEYAIOUIAM DTO-
My COOCTBEHHOMY 3HAYMEHWIO. BTUMU JIMHEUHBIMEA KOMOU-
HaIIAMU UCYEPIBIBAIOTCA BCE COOCTBEHHBIE 3HAYEHU IIpe-
obOpasoBanua A, oTBedaronye cOOCTBEHHOMY 3HAYEHUIO A.

Bpu 3amene nmpeotbpaszosanus A Ha A + B cobcTBeH-
HOEe 3HA'UYeHWe IepecTaHeT, BooOIle roBopsA, OBITH KpaT-
HBIM, U BMECTO A MBI MOIYYAM 7" PA3IAIHBIX COOCTBEH-
HBIX 3HaYeHUN A1(£), A2(€),..., A (¢). CoorBercrByomue
HODMUPOBAaHHEBIE COOCTBEHHBIE BEKTOPH 0O003HAYUM 1Uepe3

e1(e),ex(e), ..., er(e).

ITanpumep, ecim A — enmamaHOEe mpeobpasoBanme, T.e. A = FE,
B N-MEPHOM IPOCTPAHCTBE, & B — NPOM3BOABLHOE CAMOCONPAKEHHOE
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npeo6pa30BaHue C MOMAPHO PA3IMIHBIMY COOCTBEHHBIMY 3HAYEHUAMUA
Al,.--,An, T0 A = E umeer n-xkpaTHOe COOGCTBEHHOE 3HAYEHUE 1, a
A+eB = E+&eB nMeer n pa3IndHbIX COOCTBEHHBIX 3HaYeHHN 1+ €,
1+ Xoe, ..., 14+ Ape.

AHanoruvHO Cay9ar TpPOCTHIX COOCTBEHHBIX 3HAYEHUN
Ai(€) m e;(e) aBaaroTca menpepruBEBIME U qudPepeHnupy-
embiMu pyakmmaMu oT €. Bpm e — 0 \;(¢) crpemarcs
cob6cTBeHHOMY 3HadeHuio A, T.e. k \;. MbI nmeem

M) = hi+eal + 2P 2)

[st cobcTBeHHBIX BeKTOPOB €;(£) npeobpasoBanus A+eB
MBI IMEEM AHAJOTHIHOE PABEHCTBO
_ M, 2.2
ei(e) = e +ee;’ +ee¢ + ..., (3)
e = liII(l) ei(¢), n 3Ha"UT, €; €CTH COOCTBEHHBIN BEKTOD Mpe-
E—

ob6pasoBanua A, oTBedaOIINN COOCTBEHHOMY 3HAMEHUIO .
CremoBaTeNbHO, €; eCTh KaKad-TO, 3apaHee HaM HEU3BECT-
Has, TuHenHas kombuHanus BeKTopos (1). Takum o6pasom,
B OTJIXYUE OT CIydasd HEKPATHBIX COOCTBEHHBLIX 3HATEHUM,
caM¥ e; TaKXke MOJIeXaT ONpeleleHnio. BoacTtaBuM B pa-
BeHCTBO (A + eB)ei(e) = Ni(e)e;(e) Bopaxenus (2) z (3).
CpaBHEBasA, KAK ¥ B IPEILLAYIIEM CIy4dae, KO3 OUITUEHTH
Ipu €, IOJIyIaeM

Be; + Aegl) = )\651) + Agl)ei, i=1,...,7 (4)
3/ech BEKTOp €; SABIAETCA, KAK ObLIO YKA3AHO, JUHEHHOU
KOMOUHAIMEN COOCTBEHHBIX BEKTOPOB f1, ..., fy:

ei =mf1+mn2fo+...+nfr
(1)

Bama meas — HAUTH THCIO A,

Myevesr-
Ymuoxan 06e gactu (4) cKarapHO Ha [, DOILyIIM

(Bei, fi) + (A, fi) = e, 1) + AP (s, fi),

¥ BEKTOp €;, T.e. TUCIa
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v s (Aef’), fi) = (e, Afi) = Mu(ef”) fo),
(Bej, fr) = Agl)(ei,fk)-

Boacrasnas B €BYI0 9aCTh 3TOr0 PABEHCTBA, BMECTO €; Er0
BLIDAXKEHUE U 3aMedasd, ITo (e;, i) = 1Nk, MOLyIUM

T

S Bl fi)np = A, (5)
p=1
nian
> bty = A, (1)
p=1
rue

(Bfps fr) = brp-
(1)

Nrax, 1ucaa A\, ’ ABIAIOTCA COOCTBEHHBIMY 3HATCHUAMEI
marpunst ||bgyll, k,p = 1,2,...,7, T.e. onpegenaoTcs u3
yPpaBHEHUA

Det [|bix — Aoik|l = 0,

a BEKTOp €; OmpeaenaseTcsa hpopMyIon

ei=mfi+...+nfr,

rje 4ucaa 7); HaxogaTrcs u3 ypasuenuu (I).
AnanorudHo MOXHO OBLIO OLI HAUTH IONPABKHU K COO-

(1) (2

CTBEHHBIM BEKTODAM, T.€. €, €; ", U CIeAyollue MOnpaB-

(2)

2
K K COOCTBEHHBIM 3HAYCHUAM, T.€. \; .
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