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IIpeauciaosue

B nocieaHue rogsl MHTEPEC K TOMY, YTO HA3BIBAETCA (KBAHTOBHIE KOM-
NLIOTEPLD, HEOOEMANHO BO3pOC. Y 1esa UConL30BaHUA BO3MOXHOCTEN KBAH-
TOBOM MEXAHUKM IIPH OPraHU3ALMM BEIYUCJAECHUHU BLINIALUT BCE Gosiee npu-
BJIEKATEILHON, HAYATH] DKCIEPUMEHTAILHEIE pabOTHL B 3TOU 06JIaCTH.

O HaKo MepCneKTUBH (PU3MYECKON PEATU3AlLMU KBAHTOBBIX KOMIbIOTE-
POB NTOKa, COBEpIIEHHO HesAcHEL. CKopee BCEro, 3TO He10 HECKOIbKHUX Aecs-
TuieTu. OCHOBHBIE HOCTUXKEHUA B DTOM OOJACTH HOCAT IIOKA YUCTO MaTe-
MaTUYECKUN XAPaKTep.

DTa KHAra NPEeJHA3HAYEHA [JIA MEPBOHAYAILHOO 3HAKOMCTBA C MaTe-
MATHYEeCKOM TEOpHEM KBAHTOBHIX BhruuciaeHud. [laa ygob6crTBa uuTarens
BHA4YAIE NAETCA KPATKOE BBEJIEHUE B KIACCUYECKYIO TEOPHIO CI0KHOCTH BhbI-
YUCJICHHH. 3aTeM NOLPOGHO M3J1araloTCsA OCHOBL TEOPUN KBAHTOBBIX BEIMH-
CJCHUU, BKIIOMAA ONMMCAHNE OCHOBHBLIX M3BECTHBLIX K HACTOALIEMY BPEMEHH
3(PHEKTUBHLIX KBAHTOBBIX ATTOPUTMOB.

OcHOBY KHMI'M COCTAaBUIM MaTepuaias Kypca «Kinaccuyeckoe u kBaHTO-
BO€ BbIYUCIeHnes, npountannoro A. lllenem (knaccudeckue BLIMUCAEHUS) U
A. KuTaebiM (KBAHTOBEIE BHIMUCICHHA) B Briciiem komienke MaTeMaTHKH
HeaaBucumoro MoCKOBCKOIO yHUBEPCUTETA B BeceHHEM cemecTpe 1998 r.
IIpu nD0oArOTOBKE KHUTH TaKXKe HCIIONb30BATKCH MaTepuansl kypca Physics
229 ~ Advanced Mathematical Methods of Physics (Quantum computation),
koroperi Beu Jx. Ilpeckunn (John Preskill) u A. Kuraes (npu yuactun
A. JJangana (Andrew Landahl)) B KanudopHaiickoM TEXHOJIOMUYECKOM MH-
cruryte B 1998-1999 y4. r.

HeobxoquMEle 4Jig 9TE€HUs >TOM KHUCM 3HAHUA HEBEJMKHU. B cyniHocTH,
NOCTATOYHO 3HAHUA JUHEUHOU a1reOpul B 00meMe CTaHJAPTHOrO YHUBEPCH-
TETCKOTO KypCa, JIeMEeHTAPHOM TEOPUM BEPOATHOCTEN, NIEMEHTAPHON Teo-
PUH 9MCe] ¥ MUHMMAJTIBLHEIX IPEACTABJICHUN O TEOPUM AIrOPUTMOB (Hanpy-
M€p, MMETh HABBIKM NPAKTUYECKOrO IPOrPAMMHMPOBAHNA HETPHBUAILHBIX
ANTOPHUTMOB).



0603Ha9eHnn

o 4 ><

[}:;Hﬂ

f(n) = O(g(n))
f(n) = Q(g(n))
f(n) = poly(n)
F,

Z/nZ

Ly

(Z/nZ)"

B
Spy(n)
ESp,(n)
C

z*

U(M)

AuabioHKuMa (aormveckoe UJIN)

KOH'BIOHKIMA (storugeckoe M)

OTPULAHHKE

CJIOXEHUE 110 MOAYII0 2 (a Takxe npAMas CyMMma
JMHENHEIX TIPOCTPAHCTB)

UMIUIMKALUA (JIOTU4ecKoe ClefoBaHue)
JIOrMYECKasA DKBUBAJIEHTHOCTD

MHOXECTBO KOHE€YHHIX CJIOB B ajadasute A
nycToi cuMBOa (poGei) B aadaBUTe MAINHL
Teropunra

(PYHKIMA NEPEXOJOB MAIKMHEL ThiopuHra
cBOAMMOCTS npeaukaTos no Kapny (L, cBogurca
x Ls) (c. 30)

cywectByer Takoe uuciao C, uro f(n) < Cg(n)
cymecTtByet Takoe yuciao C, 4ro f(n) > Cg(n)
TO xe camoe, 4To f(n) = O(n°W)

KOHEYHOE T0JIE U3 ¢ BJIEMEHTOB

KOJIbIIO BEIYETOB 110 MOAYJIO 7

ajfUTHUBHAA rpynna xoabua Z/nZ
MYJbTUILIMKATABHAA CPYNNa 06PATHMEIX
aneMenToB Z /nZ

(= Hom(E,U(1))) — rpynna xapaxTepor abereBoi
rpymnue E

CUMILIEKTHYECKAA [PYNIa Haj mojeM By
paamepaocTH 1 (c. 131)

pacUIMpEeHHasA CUMILIEKTUYIECKas PYIIia Hajl [oteM
F» pasmepuoctu n (c. 130)

MHOXECTBO KOMILIEKCHBLIX YHCeJ

KOMILTEKCHOE CONIPAXKEHUE

CPYIIa YHATAPHLIX ONEPATOPOB HA
npocTpascTee M



SU(M)
SO(M)
Ca,b,...)
Men

L(M)
LNV, M)

(¢l
1€)
(€&lm

o(a, B, -

A-B
U[A]
Try A
Il
Il e

- lle

b

CTICIMATLHAA YHUTADHAA PYINa Ha

npocrpancTee M

CTeNMATLHAA OPTOrOHAMbHAS TPYINa Ha eBKIKAOBOM
npocrpancTee M

HIPOCTPAHCTBO, MOPOXK AEHHOE BEKTOPAMH &, b, . ..
NPOCTPAHCTBO JHHEHHBIX QYHKIHOHAIOB

Ha npocTpancTBe M

7-1 TEH30PHAA CTEIEHb

IIPOCTPAHCTBO JUHEMHBIX ONEpATOPOB Ha M
IIPOCTPAHCTBO JUHEHHBIX 0TO6paxenuit u3 N B M
Knaccuyeckui 6ut (MaOXectso {0,1})

KBAaHTOBHIA 6uT (q-6uT, npoctpancteo C2 — c. 48)
6pa-BexTop (C. 51)

keT-BekTOp (C. 50)

CKaJSIPHOE IPON3BEIeHHe

SPMHUTOBO COMPAKEHHBIA ONEPATOD

obpaTtumoe xonuposanue 6uta (Controlled NOT)
{c. 55)

ob6paTuman GyHKINA, COOTBETCTBYIOWan GyaeBoit
dyuxkuun f (c. 54)

TOX/IECTBEHHLIM ONEPATOp HA nmpocTrpaHcTee L
YHHTAPHBIA ONEPATOP, COOTBETCTBYIOLINN
nepecranoske G (c. 54)

oneparop U ¢ kBaHTOBHIM ynpasieHueMm (C. 58)
npoekTop (OnepaTop NPOEKTHPOBAHHUA) HA
nOoANPOCTPaHCTBO M

., 0, Br) 6a3ucHbIe onepaTophl Ha npocTpancTse BE” (c. 128)

npeo6pa3oBaHMe MATPUI IWIOTHOCTH p — ApB
(c. 123)

OlIepaTop, ACHCTBYIOWMA HA KBAHTOBLIA PErUCTD
(MuOxecTBO q-6uTOB) A (C. 52)

YACTMYHBLIM CJief] OT onepaTopa A mo
npocrpancTey F (c. 77)

HopMa BekTopa (c. 62) uiu onepaTopHas HOPMa
oneparopa (c. 62)

cieposas HopMa (c. 121)

HOpMa JJA IPeo6pa3oBaHui MATPHI INIOTHOCTH
(c. 123)

MOIIHOCTE MHOXECTBA WX MOAYJIb IACIA



xs ()

(z,9)

a =b (mod q)
a mod g

5]

Pr(A]
P([)
P(p, M)

cumpoa Kpouekepa

XapaKTepUCTNIeCKad GYHKIHUA MHOXKECTBa S
HaubOoNBIWIUY OOIME JeIuTedb £ U Y

CPaBHEHME 110 MOAYJIO ¢

OCTATOK IO MOAYJIIO ¢

IpeACTaBIeHUEe PALMOHAIBLHOTO Yucia a/b B Buge
HECOKPATHUMON ApOo6H

BEPOATHOCTL COORITUA A

YCJIOBHAA BEPOATHOCTS (B Pa3iMYHBIX KOHTEKCTAX)
KBAHTOBas BEPOATHOCTL (C. 76)

Obo3nauenus mampuy:

1 /1 1 10
H=E<1 —1)’ Kz(o z)

01 0 —i 1 0
. T v z
Marpuusl [laym:  o° = ( 1 0) , o¥= (1 0), o’ = (O 1)

20)
23)
36)
28)

0603HAUENUA CAOHCHOCTIHBIT KAGCCOB:

MA  (c. 104) BQNP  (c. 104)
M (c. 42) PP (c. 72)
T (c. 42) PSPACE (c. 20)

BQP (c. 72)



Breaenue

Bce KOMIBIOTEpE], HAYNHAA OT TaK M HE TTIOCTPOCHHON (AHAIMTHYIECKON
mammuspy Yapabsa Ba66unxal) u kowuas Cray’eM, OCHOBAHBEI HA OZHUX U
Tex e npuHnunax. C JOrM4ecKoN TOYKM 3PeHHs KOMIIBIOTEp COCTOMT M3
6MTOB (NepeMeHHLIX, IPUHMMAIMX 3Havenusa 0 wim 1), a mporpamma —
3TO NMOCIEOBATEILHOCTE OIEPALMM, KaXJasd U3 KOTOPHIX HCIIOJL3yeT He-
6osbmmoe 4uc10 6uToB. KoHeuHo, HOBEE KOMNIBIOTEPH paboTaioT OHICTpee
CTapheIX, HO IPOTPECC B 3TOM HanpasieHuu uMmeer npegen. Tpyaso npen-
1T0JIOKHUTE, YTO Pa3sMep TPAH3UCTOpA WIM AHAJIOTMYHOIrO dJ1eMeHTa 6yaer
menbime 1078 M (muamerp aToma BOIOpoJa), a pabodas YacTOTa — 6OMb-
me 10'® T'n (wacTora aToMHBIX nepexogos). Tak 4TO Jaxke CynepKOMIIbIO-
Tephi OyLyIIero He CMOTYT DeWaTh BRIMHCINTENbHHE 3ajJa4y, HMELme
IKCNOHEHYUAILHYI CIOXHOCTb. PaccMOTpUM, HApUMep, 3ajady O passio-
JEHMH [eJOr0 YUCia T Ha IpocTele MHOXKWUTeMM. O4YeBHAHBIH Crocob —
3TO NONPOGOBATHL PA3JAEIUTh T Ha YMCHA OT 2 10 /z. Ecnn uucio ¢ umeer
7 3HAKOB B JBOMYHOM 3aIlCH, TO NPUAETCA mepebpaTh ~ /T ~ 2n/2 pa-
puanton. CylleCTByeT XMTPOYMHHH AJTOPUTM, PEWAIOMKMA Ty Xe 3a4a1y
npumepHo 3a exp(cn'/?) waros (¢ = const). Jaxe B 3TOM ciydae, YTOOH
PAa3/10:KNTh HA MHOXUTEIN YUCIO U3 MULTNOHA 3HAKOB, He XBATUT BPEMEHN
xu3un Beenennon. (BoamoxHo, ecTh u 6oJee abdpeKTUBHBIE aJIMOPUTMHI,
HO OT 3KCIIOHEHTHI, II0-BHANMOMY, H30aBUTHCA HE yAACTCA.)

CymecTByeT, OAHAKO, APYroy Cnocob YCKODHUTH MPOLECC BHIYUCJICHUS
VIS HEKOTODHIX CIELMAIBHBIX KaaccoB 3agad. Jleno B TOM, 9YTO OOLIYHEIE
KOMIILIOTEPHI HE MCIIOJIL3YIOT BCEX BO3MOXHOCTEH, IPeJOCTaBIAEMEIX IPU-
pOJoH. DTO yTBePXK AeHHEe MOXKET MOKA3aAThCA CMIUKOM OUE€BUAHBIM: B IPH-
pojie eCTh MHOXECTBO IIPOLIECCOB, COBEPINEHHO HEIIOXOXHKX Ha Olepaunuy ¢
HYJIAMH ¥ eAMHMUAMH. MOXHO NOIEITATHCA MCIOJIL30BATE OTH [IPOLIECCH

DB366ugk Hauan paboTy Haj MPOEKTOM «2HATMTHYeCKOH MammHeb B 1833 roay.
IIpenonaranoCb, 4TO, B OTJIMYME OT yXKe€ CYMIECTBOBABMIMX B TO BpeMA BBIYMCIMTENb-
HREIX YyCTPOWCTB, 3TO OyleT ynueepcasbubiti KOMubTep. Bab6uax nocsaTun paspaborke
KOMITbIOTEpa BCIO XM3Hb, HO €My Tak ¥ He yJalOCh OCYIIECTBUTb CBOIO MeuTy. (Bosee
[IpOCTasA, HO HEYHUBEPCAIbHAA «PA3HOCTHAA MaIlMHa» 6blia MOCTPOEHA YaCTHYHO, HO PO~
eKT OblJ BOOJHE peasucTHydeH — B 1991 rogy mammunHa 6bl1a IOJHOCTHIO BOCIIPOM3BeJeHa
no yeprexam Bab6naxa.)
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1A CO3JaHMs AHAJNOrOBOW BRIYMCIMTEJNbHOM MamwmHel. Hanpumep, nurep-
(epeHIna CBeTa MOXKET UCIOMb30BATHCA /1A BHIYUCIECHHS IPeOOpa3oBaHuA
dypre. OqHaxo B 60ALLIMHCTBE CIy4aeB BEIMMPHIL B CKOPOCTH He ABIACTCA
IPMHUMIMAIBHBIM, T. €. ¢1a60 3aBUCAT OT pasmepa ycTpoucTsa. [Ipuuuna
3aKJII0YaeTCA B TOM, UTO VPAaBHEHHA Kaaccuueckot Gusukm (Hampumep,
ypaBHenua Makcpesuia) 3dpeKTHBHO DelalTcsa Ha OOLIMHOM LH(POBOM
koMmbioTepe. UTo sHauuT >¢dpekTuBHO? Brraucienune nHTepdEePEHUHOHHON
KAPTHMHBL MOXET 33HATh B MILTHOHHL Pa3 GOJIblle BPEMEHH, 1eM PeaIbHbIN
9KCIIEPMMEHT, IOTOMY YTO CKOPOCTh CBETA BEJNHMKA, a [AJMHA BOJHBI MaJa.
OIHAKO ¢ yBeJIHYEHHEM Pa3Mepa MOJEINUPYEMOH (PU3MIECKOU CHCTEMBL KO-
JMYECTBO HEOOXOMUMBIX BBITMCAMTENBHEIX ONEPALMH PACTET HE CJIMIIKOM
6BICTPO —- CTENMEeHHBIM, WIH, KaK NPUHATO MOBOPUTH B TEOPHH CJIOXKHOCTH,
noaunomuasbnbim o0pasom. (Kax mpaBmio, 4ucao omepauui npomnopuuo-
HaabHO Bendune Vi, rie V — 06mém, a t — Bpems.) Takum obpasom, Kiac-
CHYeCKad (PM3MKA CIMIIKOM (IPOCTa» € BHIMUCIMTENLHOU TOYKH 3pEHM.

KBaHTOBas MEXaHHKa YCTPOEHA B DTOM CMEICJIE I'Opa3j0 MHTepeCHee.
PaccMOTpUM, HampuMep, CUCTeMY M3 1 cnuHOB. Kax bt cnuH o6rajgaer
aByM#A GasncHBIME cocTosuuaME (0 = «COMH BBEPX» M 1 = «CIIMH BHHU3)), &
BCA CHCTeMa MMeeT 2" Ga3UCHHIT COCTOSHMM |T1,...,Tn) (KaXAad M3 me-
PEMEHHEIX I1,...,T, NpunuMaer 3Hadenue 0 wm 1). CoruacHo o6uuM
OPMHIMIAM KBAHTOBOH MEXAaHMKH, BO3MOXHBLIMU COCTOAHUAMH CHCTEMBI
ABIAIOTCA TaKXKe CYnepnosuyuu BUAA ). . Czq,ozniT1y- -y Tn), TAE
Czy,..z, — KOMILICKCHBIE YHCIa, HA3BIBAEMBIE amniumydamu. SHAK CyM-
MBI 3/ieCh HYXHO HOHMMATH 4uCcTO (opMasibHo. Cynepnosunds sBIAETCA
HOBEIM MAaTEeMATH4YeCKUM O0OBLEKTOM — BEKTOPOM B 2"-MEPHOM KOMILIEKC-
HOM mpocTpaHcTBe. KBaJpaT MOAYJA AMILIUTYARI, |Czy,. 2|, PaBEH Be-
POATHOCTH OGHAPYXHUThH CUCTEMY B GA3UCHOM COCTOSIHMH !Ty,...,T,) TIPHU
M3MEpEeHMH 3HAYEeHWH nepemeHHBX Zj. (OTMeTuM, 4TO Taxoe U3MepeHue
paspymaeT cynepnosuuuio.) CieJoBaTeqbHO, TOIKHO BHIIOJIHATHCH YCIO-
BHE ). lezy...zn|? = 1. HTak, obwee cocrosHue cucTeMHl (T.e. Cy-
IePIO3UIUA) — ITO BEKTOP €AMHUYHON JJIMHLL B 2"-MEDHOM KOMILIEKCHOM
npocTpancTee. AaMenenne cOCTOAHMA 33 ONMpPeeJEHHBIA IPOMEKYTOK Bpe-
MEHM OIMUCHIBAETCA YHHTApPHOM MaTpuued pasmepa 2" x 2". Ecin npome-
XYTOK Bpemenu odenb Manx (< h/J, rae J — 3Heprus B3auMoIedcTBus),
TO 3Ta MATPHUIA YCTPOEHA AOCTATOYHO NPOCTO; KX LI U3 €€ HIEeMEHTOB
MOXHO JIETKO BEIMMCJIMTh, 3HAA B3aUMOIEHCTBYE MeXAy cnuHaMu. Ecin xe
MBIl XOTHMM Y3HATh M3MEHEHUWE COCTOSHUs CHCTEMEI 33 OOJBLION MPOMexXy-
TOK BpEMEHH, TO MPUAETCA IEPEMHOKATL Takue MaTpuupl. [ia sToro Tpe-
6yeTcs SKCIOHEHIMAJALHO Goablioe 4uMcio omepauui. B HacTosuee BpeMs
HEM3BECTHO HMKAKOI'O crocoba ynmpOCTHTH JAHHOE BBIMHCICHME M, CKOP®::
BCEro, MOJEJNMPOBAHME KBAHTOBOW MEXAHUKH ABIACTCA DKCHOHEHIMATbHU



10 BBEJEHHE

CJOKHOU BHIYMCAUTEILHOM 3ajader. OIHAKO TO XKe caMoOe yTBepXjJeHne
MOXHO C¢HOpPMyJMPOBATH MHAYE: KBAHTOBAA CHCTEeMa 2(h(PEeKTHNBHO «pela-
eT» CJIOXHYIO BEINHMCAWTENBHYIO 33Ja4y — MOJeJupyeT camy cebd.

MOMHO JM MCIOAB3OBATH KBAHTOBHIE CHCTEMbI [JIA PEIIeHHs APYTHX
BLIYMCANTENBHEX 3aja4? KakoBa fomxHA OHITH MaTeMaTHYecKad MOJelb
KBAHTOBOT'O KOMIIBIOTEPA, B TOM e CTENeHH He 3ABUCALIAA OT (PUINIECKON
PEAIM3AIMH, UTO U MOJEIN KIACCHIECKHX BLMHCIeHMAS)? DTU BOTPOCHI,
II0-BHAMMOMY, BrepBhIe 6pumn nocTasieHsl B kaure IO, M. Manuna «Burun-
cammMoe 1 HeBeruuceauMmoe» (1980 r.). Oum obcyxgamuch Takxe B paboTax
P. ®estamana n gpyrux asropos. B 1985 roay M. Houu [27] npeanoxu
KOHKDETHYIO MaTeMaTHIeCKYI0 MOJelb — KBAHTOBYIO MallMHy ThIOpHHTa,
a B 1989 rony — 3KBUBAIEHTHYIO, HO 60jee yTOOHYI0 MOJeb — KBAHTOBEIE
cxemnl [28, 47).

Yro Takoe kBaHTOBasA cxeMa? [IycTh B HaIeM PaCHOPAXEHUH MMEETCS
N COMHOB, KaXABIA M3 KOTOPHX HAXOZUTCA B OTAEJLHOM AIMYKE U Hje-
AIBHO M3OMMPOBAH OT OKPYXKAWLIEro Mupa. B KaXAbIi MOMEHT BPEMEHM
MBI MOXKEM BHIGPATH, MO HAIlEMY YCMOTPEHMIO, JI00bIe JBA CIIMHA M TIOJed-
CTBOBAaTb HA HUX JI060H yHuTapHOUN MaTpuuen 4 X 4. IlocnegoBaTensHOCTD
TAKUX ONEPAIMH HA3LIBAETCA K8AHMO80l cremot. Kax asn omepanus onpe-
nelAeTcs Napoil HOMEPOB CIIMHOB M IIECTHAUATHI0 KOMILIEKCHRIMU YHCIa-
MM, HO3TOMY KBAHTOBYIO CXEMY MOXHO 3aIHCaTh Ha Oymare. JTO CBOErO
poja NporpaMma s KBAHTOBOI'O KOMMBIOTEPA.

Y1068 MCHOMHIOBATH KBAHTOBYIO CXEMy AV BHIMMCICHHMS BYHKIMU®)
F:B® - B™, HyXHO yMe€Tb BBOAUTbL BXOJHKEIE JAHHBIE, IPOAEJILBATL BbI-
YMCJEHNA M CYATHIBATH PE3YALTAT. BBECTH B KBAHTOBHIA KOMIILIOTEp MO-
1€ JORATEIBLHOCTD (T, - . - , &) HYJEH ¥ €AUHUI] — 3HAYUT IPATOTOBUTD HA-
4ATLHOE COCTOAHME |T1, . . ., Tn, 0,...,0). (O6HEM BXOAHEIX JaHHBIX 71 OOBIY-
HO MeHbIIE O6IIEro KOMMIeCTBa «I4eeK NaMATHy, T. €. cnuHoB, N. Ocrapmm-
ecs AUeNKH 33MOMHAIOTCA HyAaMu.) K Ha4arbHOMY COCTOAHMIO TPUMEHAETCA
KBAHTOBAS CXeMa, 3aBUCAMIAA OT peuwaemoti 3adanu, HO He OT KOHKDETHBIX
BXONHBIX JaHHBIX. B MTOre BO3HMKAaeT KBAHTOBOE COCTOSHHE

|¥(z1,...,2a)) = Z Cyryoyn (T1s ey Tn) [YL5 -, UND,

Y1,-- YN

2)Haubosee MIBECTHON MATEMATHIECKOH MOAENBIO OCGLIMHOIO KOMIBIOTEPA ABIAETCA
MamuHa TeiopuHra. BOILIIMHCTBO MOAEIEN NOAUKOMULALRO IKEUBAIERMNLL APYT APYTY,
T.e. 3aj4a4a, paspemmMas 3a L waros B 0HOM MoJead, paspemmma 3a cL” maros B
APYrOM Mojaenu, rae ¢ M k — KOHCTaHTHI.

3) Tio6as BLIYMCINTENLHAA 32]a9a MOXKET ObiTh NpejCTaBleHa B TakoMm puje. Hanpn-
Mep, eCli¥ MBI XOTHM PEIaTh 3ajady O Pa3NOKeHNH [el0ro YUCIa T Ha TPOCTHIE MHOXH-
e, T0 (Z1, ..., Tn) = « (B ABOUTHOM 3anucK), & F(T) — COMCOK NPOCTHIX MHOXHUTENCH
(B HeKOTPO TROMYHOM KOAMPOBKE).
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saBucamee oT (I),...,Zn). Temepb HyXHO cuuTaTh pe3yibrar. Ilpes-
[OJaraeM, 4TO OTBET JOMKEH COAEpXKaThCA B NMEPBHX M OHTax CTPO-
ki (Y1,...,YN), T-€. ME HIEM Takue (Y1,..-,Ym), 9TO (Y1,..-,Ym) =
= F(z1,...,Tn). [Jaa nonydeHns oreBeTa NMPOU3BOAUTCA M3MEPEHHME 3Ha-
YEeHHH BCEX CIMHOB. Pe3yibTaToM uM3aMepeHHs MOXET GHITh 410644 MOCHe-
AOBaTENIbHOCTh Hynel u egusuil (Y1,...,YN), 6EPOAMHOCTL NOMYIUTD €€
paBHa |cy,, . yn (Z1,-- -, ZTn)|?. TakuM 06pa30oM, KBAHTODEI KOMIIBIOTEP MO-

KeT, ¢ HeKOTOPOM BEPOATHOCTLIO, AaTh Jaioboi oTBeT. KBanTOBas cxema
ABIAETCA (IPABWILHOMY INA AaHHOM YHKuMM F, eciu mpaBMJIBHBEIA OT-
BeT (y1,..-,Ym) = F(21,...,Tp) NOIy49aETCA C BEPOATHOCTBIO, JOCTATOY-
HO 6iamM3KOH K euuune. IIOBTOpUD BCE BLIYMCJICHHE HECKONbKO Pa3 M BHI-
6paB TOT OTBET, KOTOPHIM BCTPEUALTCA Jallle, MOXKHO CHUSUTh BEPOATHOCTD
OMHUOKHA JO CKOJb YIOJHO MAJIOH BEIMIMHEL

MBI TOJBKO YTO cOPMyJIUpOBaIM (OMycKas HEKOTOPHE NOAPOGHOCTH)

MaTeMaTHYeCKYI0 MOJEJb KBAHTOBOI'O BHIMUC/IEHUA. Temeph eCTeCTBEHHO

3aJaTh ABa BOIPOCA.

1. /JT1a kakuX 3aJa4 KBAHTOBOE BHIMUCICHUE JAET BRIUTDHIUI 10 CPABHEHMIO
¢ Kaaccuyeckum? '

2. Kakyio CHCTEMY MOXHO HCIONB30BATH LI (PU3MYECKOH pealn3ainuu
KBaHTOBOI0 KOMIObIoTepa? (DTo He 06a3aTEIBLHO JOMKHA 6T CHCTEMA
CIIMHOB.)

ITo noBoAy mepROro BONpPOCa cenyac U3BECTHO Clefgylomee. Bo-nepBrIX,

Ha KBaHTOBOM KOMIIBLIOTEPE MOXKHO MOIEIUPOBATH JIOOYI> KLAHTOBYIO CH-

CTEMY 32 NOAUNOMUGALHOE HMCIO MWArOB. DTO NMO3BOJAMT (IPH HAIMYHH

KBAaHTOBOI'O KOMIBIOTEPA) NPEICKA3BIBATL CBOMCTBA MOJCKYJT W KPUCTAl-

JIOB, IPOEKTHPOBATh MUKPOCKOIMYECKME DNEKTPOHHBIE YCTPOUCTBA pa3Me-

POM B HECKOJBKO AecATkoB anrcrpeM. (Celuac Takde yCIPOMCTBa Haxo-

IATCS Ha mpelete TeXHOJOTMYEeCKHX BO3MOXKHOCTEH, HO B OyaylneMm OHH,

BEPOATHO, Oy1yT IPUMEHATHCA B OOBIMHBIX KOMIbIOTepax.) Bropon mpu-

Mep -— PAa3JIOKEHME HA MHOXHMTEIM M AHAJIOCMYHEIE TEOPETHKO-4UCIOBBIE

3aja4d, CBA3AHHBE ¢ abeneBniMu rpynnamu. B 1994 rogy II. Iop (P. Shor)

NPHUAYMaJ KBAHTOBEIA arropuTm?), MO3BO/AOMMI Pa3IoKUTE HA IPOCTHIE

MHOXMTEIM 4UcIo U3 n 3HakoB 3a n’(logn)* maros (k = const). dror

KPacHBLIA PE3YJIbTAT MOXKET MMETh CKOpee BPelHOe, “eM [I0Je3HOe IpH-

MeHeHMe: pa3Jaras YMCJIa Ha, MHOXKHTENN, MOXKHO MOAOMPATh KIIOYM K IIH-

¢dbpaM, NOAAEeNEBATEL IEKTPOHHBIE nognuck ¥ T. 4. (BopoueM, TpyanocTn

Ha IIyTH CO3JAHUA KBAHTOBOI'O KOMMBIOTEPA CTOMb BEJIMKH, YTO B TeYeHMe

YEcau He BAABATBLCA B TOHKOCTH, KBAHTOBBHI AIOPUTM —— 3TO TO Xe CaMoe, YTo
KBaHTOBaA cxeMa. OTANINE COCTOUT B TOM, YTO CXEMa ONpejeneHa A8 3a4a4H PUKCH-
POBaHHOIrO pa3mepa (n = const), a aIrOPUTM ONpejeNéH Aaa BCeX N Cpasy.



12 BBEAEHUE

6mmkaimmx 10 JeT noab3oBaTeIn InGPOB MOTYT CnaTh crnokonno.) Tpe-

THH [pPUMep — 3TO MOMCK HYXHOW 3alnCH B HEyNOpAJOueHHOU 0asze jJaH-

HLIX. 3/€Ch BLIMTPHIII He CTOJIb 3HAYUTEJIEH: 1/ HAXOXK JeHIA OTHOM 3auCH

u3 N Tpebyerca nopadka v/ N omnepaumii Ha KBAHTOBOM KOMIIBIOTEPE BMe-

cro N onepaumii Ha kJaccudeckoM. Ha 2ToM cnucCoK n3BECTHBIX NPUMEDPOB
32KAHYMBAETCA — HE IOTOMY YTO KBAHTOBHE KOMIBIOTEPHl (€CHONE3HEI
1A APYTHEX 34434, a IOTOMY YTO T€OPHA KBAHTOBHIX BEIMUCJIEHUN MOKA HE
paspaboTana. BygeM HaIeATHCA, YTO CKOPO TIOABATCA HOBHIE MaTeMaTH4e-

CKHe MeH, KOTOPEIE NO3BOIAT NPUAYMATEH HOBLIE IPUMEDHI.
dusMyecKas peaTH3anua KBAHTOBOI'0 KOMIBIOTEPA — YPE3BbIYANHO HH-

TepecHas, HO CIOKHAA 3aJa4a. Eié HeckoNbKO JeT Ha3a[ BEICKA3LIBAIUCH

COMHEHMA B €6 NPUHLIMIMAILHOM paspemuMocTy. Jeno B TOM, 4TO Joboe

VHHTAPHOE IPeo6pa30BaHUe MOKHO PEATH3OBATH JHIIL C HEKOTOPO! TOYHO-

cTbi0. KpoMme Toro, cucremy CIUHOB WM AHAIOTUYHY IO KBAHTOBYIO CUCTEMY

Lleb3A TIOMHOCTBIO 3AIMTUTE OT BO3MYIIEHMH CO CTOPOHHEI OKPYXKaromen

cperst. Bed aTo JOMKHO NPUBOAUTE K NOIDEIIHOCTAM, KOTOPHIE OyAyT Ha-

KAILTMBATLCA B Ipouecce Beruucaenusa. Jepes L ~ 67! maros (rge § —

TOUHOCTD KAJKIOI'O YHUTADPHOTO Npeo0pa3OBaHUA) BEPOATHOCTH OMMOKH

CTaHeT NOpAJKa equHuIbl. K C4acThio, 3Ty TPYIHOCTb MOXHO NPEOJOIETD,

MCIIONB3YA Keanmosbie kodvl, ucnpasasowue owudru. B 1996 rogy II. Illop

IIPEIOKHIT CXeMy KOPPEKLMM OmMOO0K B MPOLeCCe KBAHTOBOI'O BEIYHCICHNIA

(fault-tolerant quantum computation), koropasa Obl1a BCKOPE yCOBEPILEH-

cTBUBaA. OKOHIATEIBLHBIN PE3yIbTAT COCTONT B clegyiomweM. CymecTByeT

HEKOTOPOE NOPOroBOe 3HAYEHHe TOTHOCTH dy, TaKoe ITO mpu & < Jy BO3-

MOMHO CKOJIb YI'OQHO JIMHHOE KBaHTOBOE Bhrauciaenue. Oguako mpu § > &y

OMIMEKY HAKAILTMBAIOTCS GBICTPEE, 1€M UX yAaETCa HCIpasaaTh. I1o pa3HbiM

oteHKaM, 8o aexuT B uHTepBate ot 1072 1o 1078 (Tounoe anayenue 3aBucHT

OT XapakTepa BOIMYIUEHMH M HCIOJIb3yeMON CXeMBl KOPPCKUHMH OiIMGOK).
WTak, npuKyunUabkbiE IPEIATCTBAN 1J1 PEeATH3aIuI KBAHTOBOI'O KOM-

uboTopa HeT. OAHaKo 3a4a4a CTOAb TPYAHA, ITO €€ MOXKHO CPABHUTH C 3a-

Jadent 06 YIpaBIAeMOM TE€PMOALEPHOM CHHTe3e. B camoM aene, HeOOX0AMMO

¥ACBIETBOPUTH HECKOALKHM IOYTH HECOBMECTUMBIM TPEOOBAHMAM.

1. DIeMeHTH KBAHTOBOIO KOMIBIOTEPA — KBAHTOBBLIE OMTHI (CIIMHBI UJIH
ITO-TO NOJO6HOE) — HOKHEL OBITH M30IMPOBAHK APYT OT ApPYra U OT
OKPYAaIOIEH CPebl.

2. Heob6xoquMo MMeTH BOIMOXHOCTE U30MPATENBHOTO BO3JCUCTBHA HA Na-
PY KBaHTOBHIX 6MTOB. (BO3MOXHO, NOTpedyeTcA HECKOIbKO THIIOB BO3-
IefcTBMA HA OJHY M TY e Tapy, ONUCHIBAEMBIX Da3IuIHBIMHK YHUTAp-
HBIMM OTIEPATOPAMH.)

3. Kaxgblii U3 YHHTAPHEIX ONEPATOPOB LOMKeH OLITH DeAlu3OBaH C TOY-
HOCTBI 3 < &y (CcM. BbIIE).
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4. PeamuayeMule onepaTopbl ZOKHEI OHITH JOCTATOYHO HETPHBHAJILHBI.
To4nee roBOPA, OHM JOKHEL 06PA30BLIBATD TOANbLY 6a3uc, YTOOH JI0-
60¥t ApYrolf ONepaTop B ONpPEJeNeHHOM CMEICIE BHIPAXKAJICA 1€Pe3 HUX.
B nacTosee spems CYIECTBYET HECKOIbKO IOAXO0J0B K npobireme pea-

JIM3AIUA KBAHTOBOI'O KOMIIBIOTEPA.

1. OrgenbHbe ATOMB WIM HOHEL. OJTO NepBas M Hauboaee XOpOIIO paspa-

GoTaHHAs M/ed, OHA CYLIECTBYeT B HECKOJbKMX BapuanTax. [as npexcra-

BJICHUA KBAHTOBOI'O 6MTa MOXHO MCIOAB30BATH KaK OObIYHbIE JIEKTPOHHEIC

YPOBHH, TaK M YPOBHM TOHKOM #1 CBEPXTOHKOM CTPYKTYDEL. Nmeerca skc-

HepUMeHTAIbHAA TEXHNKA, NI03BOAIIAS Y I€PKUBATD OTACIbHBIA HOH WIN

ATOM B JIOBYLIKE U3 NOCTOAHHOI'O MAarHUTHOIO UMM [EPEMEHHOI0 JJIEKTPH-

4EeCKOro MOJfA B TeYeHHe MINTEILHOro Bpemenu (nopaika 1 uaca). Mou

MOXHO (OXJIaANTh» (T. €. IOMACHTh KOJeGATEIbHOE JBIKEHHe ) IPU OMOLIK

Ja3epHOro Jyd4a. [log6upas IIMTEIbHOCTb M HACTOTY Ja3ePHBIX MUMIYJb-

COB, MOXKHO TIPUIOTOBUTH IPOU3BOIBHYIO CyNEPIO3UIHIO OCHOBHOTO M BO3-

6yx aéunoro cocrosumi. Takum 06pasoM, yNpaBIATE OTJAENbHBIM HOHOM

JIOCTATOYHO JErKo. B JOBYIIKY MOXHO TaKXe MOMECTUTD ABa Wi Goubiee

“MCJIO MOHOB HA, PACCTOAHUN HECKOILKO MUKDOH JPYT OT APYTa M yNpaBIAThH

KAKIBIM ¥3 HUX B OTAeabHOCTH. O/HAKO OPraHU3OBATH B3aHMOJEHCTBHE

MeX/ly MOHAMM JOCTATOYHO TPYAHO. [l1g 3TO! e NPeJIOKeHO HCIOIB30-

BATh KOJUIEKTHBHBIE KOIE6aTENbHEE MObI HOHOB (OOBLIMHEIC MEXAHUIECKUE

KOJIeGaHMA C YACTOTON B HECKOAbKO Merarepu). [Ipyroi cuoco6 (a1a Heu-

TpaJbHEIX ATOMOB): NOMECTUTL ATOMBI B OTAEJIbHEIE DJIEKTPOMATHUTHLIE

PE30HATOPHI, CBA3AHHEIE APYT C APYroM (MOKa HEMOHATHO, KAK JTO Peasu-

30BaTh TexHumuecku). HakoHeu, TpeTuit cnoco6: Npu MOMOIIM HECKOJIbKHX

Ja3€pHBIX JyHelt MOXHO CO3JaTh I€PHOINIECKUN TIOTEHIMA {«wnTHUecKyO

peméTKy»), YAEpPKUBAIOIMHE HeBO30Y XK JEHHEIE ATOMEL. Ipu 3TOM BO3MOXK-

Ha CUTyalus, KOTAa BO30YXJAEHHHE aTOMBI MOTYT CBOOGOJHO ABHUIaThCA.

Takum o6pasoM, BO30yxKJad Ha KOPOTKOE BPeMsA OAMH M3 aTOMOB, MBI 33~

CTABIAEM €r0 B3aUMOAeHCTBOBATE C COCEAAMHA. DTO HANpABJIEHHE IKCIIepn-

MEHTAJIBHON (PM3UKH CeHdac GBICTPO PA3BMBALTCAH M, NO-BUIKMOMY, NMEET

60Jb1IME TEPCIIEKTHBEL.

2. SIjepHBIM MarHATHEIA pe3oHaHC. B MoseKyie ¢ HECKOJIBKUMH Pa3AUUHDI-

MU S1JEPHEIMA CTIMHAMM [POM3BOJLHOE YHMUTAPHOE NPeoOpa30BaHKe MOXHO

peaJM30BATh NPH NOMOIUM TNOCIEIOBATEALHOCTH HMIIYJIbCOB MArHATHOTO

moas. DTO GBLIO MPOBEPEHO SKCIEPUMEHTANLHO NPHM KOMHATHOM TeMre-
paTtype. OJHAKO A1 NPUTOTOBJIEHNA HAYAJILHOIO COCTOAHUA HEOOXOguMa
remneparypa < 1073K. IloMnmMO TpyAHOCTe# ¢ OXJAax[IeHUEM, IPH TAKOH

TeMIepaType BO3PACTAIOT HEXeJNaTelbHbEe B3AUMOIEUCTBIA MOJEKY T APy T

¢ gpyrom. Kpome Toro, HenoHATHO, KaK H36UPATENLHO BO3JE€UCTBOBATH Ha

JAHHBIA CIIMH, €CITH B MOJEKYJle €CTh HECKOJIbKO OAHHAKOBBIX CIIMHOB.
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3. CrcTeMH cBepxmpoBogaumx rpany’d. [Ipy CBEpXHU3KUX TeMIEpaTypax
eMHCTBEHHOH CTeneHbI0 CBOOOALl MMKPOCKONUUECKON CBEPXIPOBOALALICH
rpany’sl (AMAMETPOM B HECKOIBKO COTEH aHICTpeM) sABideTcs eé 3apsag. Ou
MOXKeT U3MEHATHCA Ha BeJMUNHY, KDATHYIO ABYM 3apagaM JIeKTPoHa (1o-
CKOJIBKY DJEKTPOHEL B CBEPXITPOBOAHMKE CBA3AHLL B Naphl). MeHsas BHEIIHNH
DMEKTPUYeCKUN MOTEHUMAT, MOXHO ZOOUTHLCA TAKOM CUTYALMM, KOrJa ABA
3apAJOBBIX COCTOAHUA Oy YT UMETH MOYTH OJUHAKOBYIO JHEPIUIO. DTH ABa
COCTOSHHUA MOXKHO HCIIOJIB30BATh B KAUeCTBe OA3UCHEIX COCTOAHUN KBAHTO-
Boro 6uTa. I'paHy/ bl B3aMMOJEMCTBYIOT MEXY COOOM MOCPEICTBOM KO-
3e)COHOBCKUX KOHTAKTOB ¥ B3AMMHOM DJIEKTPUIECKON EMKOCTH. DTUM B3a-
HMMOJEUCTBHEM MOXHO yNpaBiaTh. OCHOBHAA TPYJHOCTb COCTOUT B TOM,
YTO HYXHO YNPAaBJATbH KaXJOU PAHYJOH B OTHEJLHOCTH, TIPUUEM C BEI-
COKOHM TOYHOCTbIO. I10-BMAMMOMY, DTOT MOAXO0 NMEPCIEKTHBEH, HO A1 €r0
peanuzanuu moTpebyeTcs co3jaHue HOBOU TEXHOJOTUH.

4. ApwoHBI. AHMOHEI — 3TO OCOOHIE BO30YXJ€HUA B JBYMEPHEIX KBAHTO-
BBIX CHCTEMAaX, B 9aCTHOCTH, B JBYMEPHOH DJEKTPOHHOM KUJKOCTH B Mar-
auTHoM mone. Oaun u3 asropos (A.K.) cumraer sToT moaxon Hambosee
MHTepecHEIM (MOCKOABLKY OH Xe ero u npugyMan [32]), mosTomy omumiem
ero 6oJsiee OAPOOHO.

OcHoBHOM TPO6JEMOH MIPH CO3AAaHMM KBAHTOBOI'O KOMIBIOTEPA ABIAET-
€51 HeO6XOAMMOCTb PEATM3ALMH YHUTAPHEIX MPeo6pa3oBaHuil ¢ TOYHOCTHIO
§ < 8g ~ 1072 = 1078, na sroro, kak npaBmiIo, TpebyeTCsa KOHTDOJHU-
POBATEL TAPaMeTphl CUCTEMEI C elté Gosbiied TOYHOCTHI. O IHAKO MOXKHO
IpejCTaBUThL CHTYAIMIO, KOTJa BEICOKAA TOYHOCTH JOCTUMAETCA aBTOMa-
THUYECKH, T.e. UCIPABJEHHE OMMNOOK MPOUCXOAUT HA (U3NIECKOM YDOBHeE.
TIpuMepoM ABJIAIOTCA ABYMEPHBIE CUCTEMBL C AHUOHHBIMU BO36Y XK JeHUAMU.

Bce yacTuibl B TPEXMEPHOM NPOCTPAHCTBE ABIAIOTCA 60 6030HAMY,
an60 ¢pepmuoramu. BosHopas dyHkuus 6030HOB HE MEHAETCA IMPU HepecTa-
HOBKE [IBYX HYaCTHII, 4 BOJHOBAA PYHKUMA GPEPMUOHOB YMHOXKaeTCA Ha —1.
B s060M cayuae mpu BO3BpAIIEHMM KAXKA0M M3 MaCTHUL HA IpeXHee MECTO
COCTOSIHME CHCTeMbI HE€ MEHAETCA. B AByMepHBIX CHCTEMAX BO3MOXKHO 60-
Jlee CJIOXKHOe MoBefeHue. Ilpex e BCero 3aMeTMM, YTO pedb MOWAET He 00
3JeMeHTAPHEIX YaCTUIIaX THIIA DIEKTPOHA, a O BO3OYKACHUAX, WIN Tedek-
TaxX B JBYMEPHOH 3JEKTPOHHOM XUAKOCTU. Takue BO3OyKJEHUA TIOXOXKH HA
«HACTOAMWME» (T.€. DIEMEHTAPHHIE) YaCTHLB], HO 00JaJal0T HEKOTOPBIMU
HeOOBIYHBIMU CBOMCTBAMHU. B036y:k 1eHne MOXET MMEeTh APOOHHIM 1EeKTPH-
4qecku# 3apas (mampumep, 1/3 ot 3apaja saexktpona). [Ipu apuxenuu ogHo-
ro Bo30yX AeHUA 60KpYy2 Opy2020 COCTOAHME OKPYKAIOIEN UX DIeKTPOHHON
JKUIKOCTH MEHAETCA CTPOrO ONpENENEHHBIM 06Gpa30M, 3aBUCAILUM OT THIIA
BO36YXJEHUH U OT MONO0402U% MYyTH, HO HE OT KOHKPETHOH TPAaeKTOPHH.
B npocTeiimeM clydae BOIHOBAA GYHKIUA JOMHOXKAETCA Ha ducao (e27/3
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[/ AHMOHOB B ABYMEDHOM 3JIEKTPOHHOM XUIKOCTH B MAUHUTHOM IIOJ€E [IDH
tdaxTope 3anonnenus 1/3). Boabyx qeHus ¢ TaKuM CBOMCTBOM HA3LIBAIOT-
ca abeaesbimt anuonamu. Jpyroi npuMmep abeJeBHIX AHMOHOB OmMUCaH (HA
MaTEMaTHYECKOM A3LIKE) B pasgerne 14.11.

Bonee uETEpECHE Heabetesbl aHUOKbL, KOTOPHE IOKa He HAabMoJaInch
akcnepuMeHTanbHO. (Teopusa npenckasbiBaeT CyleCTBOBaHUE HeabeseBhIX
AHNOHOB B JBYMEDPHOM 3JEKTPOHHOM XXM IKOCTH B MAUHUTHOM IOJe IpH dak-
Tope 3anonHenus 5/2.) IIpu HanMIUM HECKOIBLKMX HeabeneBhIX AaHMOHOB CO-
CTOSTHME JJEKTPOHHOM XU IKOCTH ABJIAETCA BHIPOXIEHHBIM, IPUYEM KpaT-
HOCTh BBIPOX/EHHUA OKCIIOHEHUMAJLHO 3aBHCUT OT 4MCIa aHUOHOB. [py-
TMMH CJIOBAMH, CYNIECTBYET HE OJHO, 8 MHOI'O COCTOSHHMU, KOTOpHIE MO-
IyT 06pa30BLIBATL NMPOM3BOJbLHEIE KBAHTOBHIE cynmepmo3uiuu. Ha Takyio
CyTepIO3UIMIO HEeb3f HUKAK BO3IEMCTBOBATD, HE II€peMelasd AHHOHBI, TI0-
9TOMy OHA M/eaJbHO 3allMIleHa OT Bo3MyeHun. Ecan o6BecT ofuH aHUOH
BOKPYT APYrOro, CyIepIO3ULUsa OABEPrHETCA ONpeNeJEHHOMY YHUTAPHO-
My Npeo6pa3oBaHu0. DTO NPeOoGPA3OBAHNE ABIACTCA GOCOAIOTMHO TNOUHbIM.
(Ommumbxa MOXET BOSHUKHYTh, TOJBKO €C/IN AHUOH «BBIPBETCA Y HAC M3 PYK»
BCJIEACTBHE KBAHTOBOTO TYHHEIMPOBAHMUA).

Ha mepBeiit B3raA [, IPOEKT C KCIOJIb30BAHUEM AHUOHOB BHINVIALUT HaH-
MeHee peaaucTH4HO. IIpex e Bcero, aGeseBb aHUOHBL HE TOIATCA /1A KBaH-
TOBBIX BHIMHCJICHUH, 8 HEAGEEBH eIE TOMLKO NPEJCTOMT HAUTH B IKCIEPHU-
MenTe. J[1a peanu3anuy KBAHTOBOI'O KOMIILIOTEPA HY XHO KOHTPOIMPOBATD
xaxncdyo M3 YaCTHUL, KOTOPble OYAyT ABUrATHCA Ha PACCTOAHMUAX MOPAAKA
nOJed MMKPOHA APYT OT APYra. DTO YPE3BHIYAMHO CJOXKHAA TEeXHUIeCKas
3agaya. OIHAKO, ¢ y1€TOM BHICOKUX TPeOOBAHUH K TOYHOCTH, OCYIIECTBATE
m060M U3 TMEePEYUCIEHHBIX BhIE NOAXO040B HUYYThH He Jerde. Kpome Toro,
UJes MON0A02ULECKO20 KOAKTNO6020 BbINUCAEHUR, JEKALIASA B OCHOBE MOJ-
XOJa ¢ aHMOHAMH, MOXET BOILIOTUTHCA KAKUM-Iu60 ApyruM cnocoboM. Ha-
IpUMED, 3AIUUIIEHHAA OT BO3MYILICHUN KBAHTOBAA CTeNeHb CBOGOIBI MOXET
BO3HMKHYTH Ha KOHIIE «(KBAHTOBOM MPOBOJIOKM» (OJHOMEPHOI'O IPOBOJHNKA
¢ HEYETHBLIM YHCJIOM PACIPOCTPAHAIOIMAXCA JIEKTPOHHBIX MOJ, HaXO slIe-
roca B KOHTAKTE C TPEXMEPHHIM CBEPXIIOBOJHUKOM ).

HT&K, niesa KBAHTOBOI'O KOMIIBIOTEPA BBITVIAIAT CTOJb X€ 3aMaH1HBO,
CKOJb HepeasucTnaHo. HaBepHoe, Tak e BOCTIPHHUMAJCA TIPOEKT OOBIYHO-
ro KoMmbloTepa BO BpeMeHa apaw3da Ba66ugxa, uaobpeTenue KOTOpPOro
6LLIO PEAJM30BAHO JNLIL CTO JET CIycTd. ByleM HaleAThCS, YTO B Hame
BpeMs HAYYHO-TEXHUYECKHI IPOrpece UAET OhICTpee, TOITOMY He IPHAETCA
KAATH TaK AOACO. BO3MOXHO, JOCTATOYHO OZHON CBEXEW MAeH ILIIOC He-
CKOJIBKO JIET Ha paspaboTKy HOBOW TEXHOJOTHH. . .



Yacts I

Kiaaccmueckue BLITHCICHUA

1. YTo Takoe amropuT™M?

HedopMaIbHO @420pums — 3TO OFHOIHAYHO ONpeJeNéHHas COBOKYII-
HOCTb MHCTDYKIMH 1O MPeOOPa3OBAHMIO MCXOJHLIX JAHHBIX B PE3yJabTaT,
IpUYEM BCe MHCTDYKLNH OAEMENMAPHbL, T.€. DM MX BLINOJHEHMN «HAM
NPUASTCA TOMLKO MEXaHMYECKH CIeJOBATH MPENMUCAHMAM, KAK eCM Okl MBI
GeUM pO6OTAaMH: OT HAC He MOTpebyeTCA HM MOHUMAHWA, HH MCKYCCTBA,
HH u3obperareapnocTmy [5, ¢. 270]. dopMaIM30oBaTE 3TO MOHATHE MOXKHO
Pa3IMYHLIMK CIIOCOOAMH.

1.1. Maumms: Teiopurra. Mammna Teiopunra (cokpaménno MT) oa-
HO3HAYHO 3ajaéTca ykasanueM Habopa (S, o, A, Q,qo,0), roe S, A, Q@ —
KOHEYHbIE MHOXECTBa, npuiéM A C S; . — HekoTOphIA aeMeHT S\ A; go —
HEKOTOpPHIA 21eMeHT @, a 6 — HeKoTopas (qaCanHaﬂf’), BOOOGIIE TOBOPA)
dyukuna 3 @ x S B Q@ xS x {-1,0,1}.

Cocrapasiomue yacty MT HasbIBalOTCA Tak:

S — andapnr,

_, — IycTOW cuMBOJ (Ky mpoben),

A — BremHu# andasBuT,

Q — MHOXECTBO COCTOAHHMHU YIPABIAIOIIErO yCTPONCTBA,
go — HAYAJBLHOE COCTOSHUE,

6 — (yHKUMA IE€PEXOJ0B.

Cocmoanue MT 3agaérca Tpoiikou (o, p, q), rae 0 — GECKOHEYHOE CJI0-
BO B aldapute S, T.€. NPOM3BOJIbHAA MOCIEJOBATEIBHOCTD Sg,- .-, Sny - - -
2JEMEHTOR S; P — HEOTPMIATENbHOE Leoe Hucao; ¢ € Q. CUMBOJHL CI0Ba
o 6y/[ieM, KaK 3TO IIPMHATO, PEACTABIATH 3AIMMCAHHLIMA HA 4enme, pasbu-
TOM Ha sueliKu, IO A4elKke HA CAMBOJ. Ha JleHTe Takke MMeeTCA 20406Ka,

5)[loa yacTu4HOM yHKUMER Ha MHOXecTBe X 3/€Ch U [Jajee NOHMMACTCA (YHKUUA,
061aCTh ONpeeNeHua KOTOPOH COmepXuTca B X.
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KOTOpasd PacHoIOXeHa Ha, AYeHKoH ¢ HomepoM p. Harasgno 510 n306pa-
XKaeTcs TaK:

Tlonroxenue romoBxuU

\Y
Agentku LS()‘SlJ...ISp‘...
0 1 p

Homepa aueex

MoMumo neHTH MamuHa ThIOpUHTa UMEET Ynpasaiiouiee Ycmpoucmeo, Co-
CTOAHME KOTOPOr'o 3a1abTCs BAEMEHTOM ¢ MHOXecTBa Q.

Cocroauns MT MeHAIOTCA AMCKPETHO. 33 OAUH TAaKT pabOTHl ynpasJs-
IOlle€ YCTPOHCTBO BHITIOMHACT CJEAYIOWME AedcTBUA (mosaraeM, uro MT
HAXOAUTCA B COCTOAHMK (7, P, q)):

a) wwmaem CUMBOJ, HAXOJAIMIACA 0] TOJIOBKOM (T. €. OMpeseaeT sp,);

6) ebiuucasem 3HaueHue QyHKOMHM Nepexolos: 6(q,sp) = (¢', s, Ap) (ecmu
(YHKIMA MepexoloB Ha mape (g, $p) He ONpeJeleHa, TO OCTAHABIUBACT
mamuny TelopuHra);

B) 3anuchiéaem Ha JEHTY B SYEHKY P CUMBOJ §, CABHUIaeT T'OJOBKY Ha Ap
¥ IEPEXOAUT B COCTOsAHME ¢ (APYTMMH CJIOBaMH, HOBOE COCTOSHME Ma-
MHE 33138TCA TPOUKOH ((S0, - -, Sp~1, S, Sp+1s-+-), P+ AD,¢'));

r) ecam p+ Ap < 0, TO ocTaHABIMBAET MAIIUHY.

Toxanyi, BCAKME COMVIACHTCA, YTO 5TU JeHCTBUA He TPpeOyIoT HU MOHU-
MAaHHUs, HU UCKYCCTBa, HE H306peTaTeNbHOCTH.

Pa6ora mamuunm Thiopunra GyleT Bcerga Ha4YMHATBCSA M3 COCTOAHHUA
(aw...,0,q0), r€ 33 KOHEYHBIM CJIOBOM @, COCTOAIIMM M3 CHMBOJOB BHEI-
Hero andaBuTa (MHOXKECTBO Takux CI0B obosHasaercs A*), ciegyer Gec-
KOHEYHOE CJIOBO, IEJNKOM COCTOAIIEE 3 MyCThix cuMBoa0B. CioBo a Gy eM
Ha3wBaTb 6zodox MT. B n10601 MOMEHT BpeMeHHU CJOBO, 3aNMCAHHOE Ha
JIEHTE, OHO3HAYHO 3AIMMCLIBAETCA B BUIE O....., I'Jie MOCIEJHAN CHMBOI
CJI0Ba 0 —- HE MYCTOH, a 33 HUM HAYT TOJBLKO IyCThIE CUMBOJHL. Bysem
HaA3LIBATH CJOBO 0 UCTOALIYEMOT UACTNBIO AEHTNL.

Brmonnas ogun TakT paGOTH 3a ApyruM, MamuHa TEIOpHHTa MOpOX Ja-
eT NOCAEAOBATEILHOCTL COCTOAHUM

(00707(10), (Ul,Pl,fh), (02,P2,‘J2): R

Ecan MT ocranaBinBaeTcs, HCIIOAB3YeMas YACTh JEHTHI B JOCTUCHYTOM
Hepen OCTAHOBKOH COCTOAHUM HA3HIBAETCA pedyabmamon paboTs MT.

1.2. Borumcmamule pymakimm U paspewmmMeule mpexukaTe.  Kaxjas Ma-
mmHa Teiopuara M sbluucagem IacTHIHYO QyHKOMIO oy 3 A® B A%,
oTobpaxaroulyo Bxoq a B peayabraT paborsl MT Ha Bxoge a npnm ycio-
BUM, UTO pe3yibTaT paGoTH ABIAETCA CJIOBOM BO BHemHeM aidarute. [ia
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BXOJIOB, HA KOTODHIX MAalllMHA He OCTAHABJIMBAETCA WIM PE3yJbTAT COAep-
HKHUT CHMBOJBL 13 S\ A, byHkiMa ¢ He onpegeterna. U3 onpegenenns AcHO,
410 mobas MT BerMucidger poBHO OfHY GYHKUMIO (ORITH MOXET, HUr e He
ONpefeEHHYI0).

Ompepeserne 1.1. Yactuunas dyukuua f us A* B A* HaskIBaeTCs 6bi-
wucaumot, eciu cymectryeT MammHa Trhiopunra M, xas kotopon ¢y = f.
IIpu sToM 6ynem roBopute, 94To f évluucauma Ha M.

He Bce dyHKIMK BRIYHCAUMEL DTO ACHO M3 CPABHEHMA MOUTHOCTH MHO-
KeCTBa PYHKIMN (KOHTMHYYM) 1 MOLIHOCTH MHOXeCTBa MamuH Thiopunra
(cuérroe MHOXecTRO). Bonee muTepecHuie mpumepk cM. B 3aga4ax 1.3-1.5.

Ilon npeduxamom GyaeM NOHMMATHL HEKOTOPOE YCAOBHE, KOTOPOE Bhi-
nonHAeTcA (NPeAUKAT MCTHHEH) MM He BHIUIOJHAETCA (NPEIMKAT JIOXKeH)
Jasa kaxgoro cioBa u3 A*. OnpeienéHHnle TakuM 06pa3oM, NpeIUKATH
JIETKO OTOX AECTBIAIOTCA C A3bikaMu (I0AMHOXKECTBAMHU CIOB B A*) — mpe-
JAMKATY COOTBETCTBYET MHOXECTBO CJIOB, Ha KOTODHIX OH MCTHHeH. Kax J0-
My NIPEJHKATY COMOCTABUM ZAPAKMEPUCTIUNECKYO PYNKYUI0, KOTOPASA PaB-
Ha 1 Ha MHOXECTBe (JIOB, IJIA KOTODBIX NPEAMKAT MCTHHEH, u paBHa ( Ha
MHOXECTBE CJOB, AJA KOTOPHIX NPEIMKAT JOXeH. Mu 6ygeM 0603HAYATE
XapaKTePHUCTHYECKY0 GYHKIMIO TAaK XK€, KaK M caM IpeiukaT. Ilpegnkar
Pa3pewum, eClii ero XapakTepUCTUIeCKan QyHKIUA Berancauma. O Mamu-
He ThiOpHHra, BHIYACIAIOMENR XaPAKTEPUCTHIECKYIO (DYHKIMIO IPEANKATA,
Oy eM POBOPHTbH, YTO OHA JAET OTBET {«Ja» WiIM (HET») Ha BOMPOC «MCTHUHHO
J¥ 3HaYeHUe TNPeJUKATa Ha Bxoge a?»

IonaTuA BEYACIAMOK (DYHKIMA ¥ PaspeiMMOro npegukaTa GyIyT uc-
NOJB30BATHCA U A1A DYHKIHMH (IPEIMKATOB) OT MHOIMX MEPEMEHHBIX.

IIycre A — HekoTOpHIA andaBUT, a n — HATypaiabHOE uucao. IlycTs
M — mammua Triopunra c suemnnM ardasurom AU {#}. [loctpoum ua-
CTHYHYI0O QYHKIMIO Prrn U3 (A*)™ B A* Tak: oy nlar,...,an) = y, ec-
JH Pe3yabTaT pabOTH MammHbl M Ha Bxoge oy #as# ... #a,# coBnajaer
co cnoBoMm y. Ecim MamuHa He OCTAHABAMBAETCA MAM HA JEHTE 3AIIMCAHO
4TO-HMOY AL He TO (HampuMep, CUMBOJIH He W3 aiadasura A M T.1.), TO
@M n{C1,...,0,) He ONpeseneHA.

Onpepenerme 1.2. Yactuynan oyuxums f us (A*)" B A" HasmBaer-
CA 6biuuCcAUMOT, €M CymecTBYeT MaummHa TeblopuHra M, m1a KoTOpoH
PMn = f .

IIpeaukaT OT HECKOJLKHMX NEPEMEHHBIX PG3PEULUM, €CIH er0 XAPaKTe-
pucTudeckan GYHKIUMA BHIYACIAMA.

Hac 6yayT unTepecoBath pecypcbi, Tpebyrommecs 411 BuYuCaenuit. Jba.
BaXHEHIIUX PECYPCa — 6peMA M NAMAMb. BYJIeM rOBOPHTD, YTO MAINMHA
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Toiopuara M pabotaet 3a Bpems Tas(n), ecrum mMakcumaibHoe (IO BCEM
BXOJaM [JMHH 71) KOIM4eCTBO TAKTOB, KOTOpOe mpopaboraer M 10 octa-
HOBKM, paBHO Tnp(n). Amanorudno, maumua Teiopunra M paboraer Ha
namaTa Sy (n), ecin nanbonee yiaréHHOe OT HA4aIa JEHTHI MOJ0XKeHHe I'o-
JIOBK¥ NP BLIMUCJIEHUAX HA BXOJ3X JJIUHEL 1. PaBHO Sp(n).

1.3. Buumcnenns Ha Maumiax Teropunra. OueBugno, 9tro MT 3agaér
ANCOPUTM B CMBICIE TIPUBEJEHHOrO BHIIE HE(POPMAILHO'O ONpefeIeHUS.
O6paTHoe yTBepXAeHUEe HA3LIBAETCA me3ucom Hépua:

10001 ar2opumm moxcem Ooimd peaauzosan mawunot Toropunzar.

He BaaBasce B o6cyxaenue Teauca Hépya, 3aMeTHM, YTO B HACTOSAIIEE
BpPEMA HET CePLE3HBIX OCHOBAHMHI MOABEPraTh €r0 COMHeHu. Bce uapect-
Hble B HACTOANIEE BPEMs ANTOPATMHI DEANU3YIOTCA MAlIMHAMU ThHIOpHH-
ra. [logpo6Hoe M3TOXKeHNEe TEOPUU ANCOPUTMOB YUTATENL MOXKET HAWTH B
kuurax {1, 5, 6, 10, 13, 16, 17]). Mul e OrpaHEYMMCH KPATKAMH Hedop-
MAJIbHBIMM TIOSICHEHUAMM NPHEMOB MPOrPAMMUPOBAHUA HA, MamuHax Thio-
pUHTa.

BoamoxnocTu Maumust TeiopuHra npu TakoM HedhOopMaabHOM 06CY XK ae-
HUM — 3TO BO3MOXKHOCTH YEJOBEKA C OFPAHNYEHHOHN IaMATHIO, KAPAHIAIOM
U JACTHUKOM, KOTOPOMY BPYYMJIM HEOIDAHMIEHHON (6€CKOHEYHOM) TOMMIMHEI
Terpalb. CTpaHUUbl TETPAJN MMEIOT OrDAHMYEHHHIN pa3Mep (BCe BO3MOXK-
HblE BapPUAHTEI 3ANONIHEHUA CTpaHUIE 06pasywT aapasut MT npu crpo-
rom onucanuu). Ha nepBeix cTpanunax TeTpagu 3aIMCaHO BXOJHOE CIOBO —
10 OHOMY CHMBOJIY (M3 BHEIIHEro ajiaBuTa) Ha cTpaHuLy. HeqoBek Moxer
JIICTATh TETPaAb, CTUPATH CHMBOJLI, 3ANKCHIBATL HOBRIE. 3aKAHYUBAETCA
9Ta ero AesTeJbHOCTb TEM, YTO OH 33KPHBAET TeTPaib (CABHL TOJOBKH
BIEBO B roaoxeHuu 0) ¥ BO3BPALIAeT Pe3ybTaT CBOEH PabOThL.

[IpencraBuB ceba B TAKOU CATYAUNH, JETKO COOOPA3NTE, YTO MOXKHO, 3a-
[IOMMHAA HECKOJBKO CUMBOJIOB, BHINOJHATD JIOOKE AEUCTBUA HA OrPAHNEH-
HOM KOJIMYeCTBE MOAPSS UAYIIUX CTPAHUI];, MOXHO CTABUTh HA CTPAHUUAX
LOTIOHUTEAbHLIE IOMETKH (OrPAHMYEHHOE KOJIXIEeCTBO Ha, KAX O ); MOXHO
JUCTATh TETPAJb, [IOKA HE HAUAETCA HY KHAA TIOMETKA; MOXHO KONUPOBATE
CHMBOJH Ha CBOOoaHEIEe cTpaHuisl Terpasu. CBoGOLHEIE MEeCTa HA CTpPa-
HHI[AX MOXHO TAaKXe HCIOAL30BATH MJA XPAHEHHUA BCIOMOIATENbHBLIX CJIOB
POU3BOJALHON JJIMHH (KaK ¥ BXOJHOE CIOBO, OHH 3aNUCLIBAIOTCA MO OJHOMY
CHMBOJIY HA CTPAHMILY ), HAJ KOTOPLIMHM MOXET NOPaloTaTh APYTOU YeI0BEK
(970 Ha3LIBaeTCsA ¢BRI3OB HNOANPOrpaMMED). B 9acTHOCTH, 3TH BCIOMOra-
TeJbHbIE CI0BA MO3BOJAIOT MOLJEPKUBATH cuémuuxy (LEJOIUCIEHHEE 16-
pemenHzie). Mcnons3ys caéTankn, MOXHO aJpeCcoBATLCA K AYeNKAM ITaMATH
110 UX HOMEPY.
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Hockoneky onucanne mo6oit Mammubl THIOPHHTA ABIAETCA KOHEYHBIM
O6BEKTOM, CrO MOXHO 3aKOJUPOBATh CJIOBOM B HEKOTOPOM afidasute. B Ha-
el He)OPMATBLHOM CUTYAIMHU JICTKO IIOHATD, YTO CYIIECTBYET YHUBEPCAAb-
naa mawuna Teropunza U, xoTopas, nony4as Ha Bxo mapy ([M],z), saér
BBIXOA ¢ (7). 3aeck yepes [M] 0603HAUCHO OMMCAHNE HEKOTOPOH MAIIMHEL
Teropunra M. JedCTBUTEILHO, NPENIOJOXKAM, 9TO TeTpajb HAYMHAETCA
CC CTPaHML, A€ 3AMMCAHBI MHHCTPYKUMHU 10 naboTe. TOrAa BHIMOIHATE 3TH
MHCTDYKIMM MOXKHO CIEAYIOMMM 06pa30M: MOMETUM TEKYIIylo CTPAHHLLY;
NpOJUCTaeM TETPalb A0 HAYATBLHOTO Pa3jena, COAEPKAMIEro MHCTPYKIUH;
HalEM HYKHYIO MHCTPYKIMIO; BEPHEMCA HA3AJ M BLITOJIHUAM €6,

1.4. CaoxnocTHnte kmaccel. He pgi1s BCAKOW BBIMMCIMMOM YHKIMU
MOX(HO pealbHO OCYIIECTBMUTEL BHIYMCIEHME €€ 3Havenus. CylecTBOBaHME
aJrOPUTMa He O3HAYAeT, ITO HAM MO CHIAM NpPOAEIATh BCE MPCANMCAH-
Hble feucTBUA. [IpenaTcTBUe MOXET 3aKmO4aTBLCA B TOM, 9TO TpeGyeMmble
AA ITOrO BEIMUCIEHUS PECYPCHl CIMIKOM BeaukH. [loaTomy Hac unTeEpe-
CyeT He CTOJNBKO CYLIeCTBOBAHME AITOPUTMA /IS PEIICHUA 33124, CKOJILKO
cymecTBoBaHue sPdexmuenozo aszopumma.

PopMaATU30BATH ITO MOHATHE HENPOCTO. [IPpUHATHIH ceituac cnocob co-
CTOMT B TOM, YTO BHIJEIAIOTCA KJIACCHI T€X (DYHKUMH WIM [PEIUKATOB,
BBIMMCJIEHUE KOTODBIX BO3MOXHO NP 33JaBA€MBLIX OFPAHMYEHUSIX HA IO-
TpebaseMble pecypcsl. [IpuHaiIeXXHOCTD GYHKIMK TOMY WM MHOMY CAOMC-
HOCTHOMY KAGCCY CIYXKUT YZOOHOM XapaKTePUCTUKOM BO3MOKHOCTEH e
3(p(PEKTHBHOrO BRIMUCICHUA, HE CBA3AHHON C KOHKPETHHIMH PeaTH3aluAMM
ANrOpUTMOB.

HauGonee BaxkHbIe KIACCHI [OJYYAIOTCA, €CIM HAKIAJBIBATH OrPAHUYe-
HUS HA POCT BPEMEHH PabOTH 1/ WK UCTIOBL3YEeMOH NAMATH B 3aBUCHMOCTH
OT JIMHEI BXOJHOIO CiI0Ba. A HauboJee BaXXHOE PA3TWyMe MexIy dbdek-
THUBHBIMU U HE3()GEKTHBHEIMM BBIMUCICHUAMHU 331a8TCA QYHKIUAMH 70-
AUHOMUEAHO20 pocma. Pynknus f(n) -—— NONMHOMHAIBLHONO POCTA, €U
JJIA HEKOTOPOM KOHCTAHTH 4 NPH AOCTATCYHO GOMBINKX 70 BHIIIHAETCA
HepaBeHCTBO f(n) < n®. B sToM ciyuae Gyaem MCIONB30BATH 0603HAUEHHE

f(n) = poly(n).

Onpegenenme 1.3. Ilpeauxar f na mumxecTse B* nmpurastexur xrac-
cy P (4 HABHIBAETCA NOAUNOMUGALHO BBINUCAUMbLA), ECIM €TO XAPAKTEPH-
cTHiecKas GYHKIUA BEMUCIMMA HAa MalldHE ThIOPWHTa M, I1A KOTOpOM
Ty (n) = poly(n).

Onpegenenwe 1.4. IIpeankar f Ha muoxecTse B* npuuasrexnt kiaccy
PSPACE, ecau ero xapakTepucTuyeckan (pyHKIMA BEYACIAMA Ha, MAIIHHE
Teiopuura M, gas koropoit Sp(n) = poly(n).
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ITo amasorumu ¢ npegukaTaMH MOXHO ONPENenuTh U PynKuyuy, sbluu-
CAUMBLE 30 TLOAUHOMUGALHOE 6PEMA, U PUHKUUU, BLILUCAUMBIE HA TLOAUNO-
muaabrot namamu. Jna xkaaccoB TAKUX HYHKUUH TAKXKE HCHIOIB3YIOTCA
obosHadenua P u PSPACE, Tak YTO TOYHBLIA CMBICA 3THX OBO3HAYEHHH
HY»XHO BOCCTAHAB.IHBATE U3 KOHTEKCTA.

1.5. Cxemni. Cxema (6ysneBa) — 5TO CHOCOO BBIMMCINTL (DYHKLHUIO
f: B* - B™". [ToMuMO MCXOOHHIX NEPEMEHHLIX Ij,...,T,, OIA KOTOPHIX
BBIYUCJAETCA 3HA4YeHue f, CxeMa UCIHOAb3YEeT HEKOTOPOe KOJAMIECTBO BCIO-
MOI'aTeJLHBIX [IEPEMEHHBIX Y1, - . ., Ys ¥ HEKOTOPHIA HAbO0D (6a3uc) GyaeBsix
(T.e. npuanMatonx 3HadveHus 0 win 1) dyuxumn F. Cxema S B Gasnce
F omnpegenfeTcs MOCIEI0BATEABHOCTLIO npucsausanut Y7, ..., Y,. Kaxgoe
npucBauBasue Y; umeer Buf y; := f;(uk,, ..., Uk, ), vae fj(-) € F, a nepe-
menHas uy, (1 < p € r) — 2T0 MO OAHA U3 UCXOAHBIX NMEPEMEHHBIX Tt
(1 €t € n), mbo BCHOMOraTelbHas IEPEMEHHAA Y, C MEHBIINM HOMEPOM
(1 £ 1 < ). Taxny o6pa3omM, A1 KaXJOrO HAGOpA 3HAMCHUM MCXOIHBIX
MICPEMEHHEIX MOCIEJOBATENLHOE BHITOJHCHUE NPUCBAUBAHUY, BXOIAIMUX B
CXeMy, OSHO3HAYHO ONpEeNeNAeT 3HAYEHUA BCEX BCIOMOraTeNIbHLIX mepe-
MEeHHBIX. Pe3yabmaemom 6bluucienus CIUTAIOTCA 3HAYECHUA MOCICIHHUX 11
TICPEMCHHBIX Ys—m+1y---,Ys-

CxeMa sbivucasem QyHKUuo f, eCm 014 JIOORX 3HAYEHUH I,..., Ty
PE3YJIbTATOM BLIMUCAEHUA ABAACTCA f(Z1,...,Zn).

CxeMa HasbIBaeTCA opMy40i, €CIM KaXK A BCIOMOTATENLHAS IEPEMeH-
Has UCIONB3YeTCs B IPABOM YaCTH MPUCBAMBAHUA TOJBKO 01UH pas. (O6bry-
Hble MATEeMaTHIeCKHe QGOPMY./ibl MMEHHO TaK 3a/JaI0T MOCHeJ0BATCILHOCTD
NPUCBAMBAHUM: (BHYTPW» GOPMyJI HE MPUHATO UCMOAB3OBATH CCBLIKH Ha X
4aCcTH WM Apyrue HOpMy.IbL.)

CxeMy MOXHO TaK¥ke IPefCTABIATD B BUE OPUEHTUPOBAHHOI'O AIIMKIH-
4ecKoro rpada, y KOTOporo repuuHsl BXogHou crenenu 0 (8zodv) mome-
“YeHbl UCXOJHLIMH NEPEMEHHBIMM; OCTANbHBIE BEPIIMHE (fiynkyuonatbuble
JaeMenmbl) TIOMeYeHbl (hyHKUMAMH B3 Gasuca (IipH 3TOM BXOHAA CTeNeHb
BEpIIMHEL JOJKHA COBNAZATHL C KOJIMYECTBOM aPTyMEHTOB €€ NMOMEeTKH);
peébpa moMeveHbl YHCIaMU, YKA3BIBAIOIIUMY HOMEpa, apr'yMEHTOB; BEPIIUHEI
BhIxOAHOU cTermeHu ( (6biTodbl) NOMEYeHHl MEPEMEHHBIMU, ONUCHLIBAIONIM-
MM pe3yabTaT paboThl cxembl. Brluuciaenue Ha rpacde onpeaeaaeTcs WH-
TYKTUBHO: KaK TOJBbKO M3BECTHH! 3HAYEHMA BCEX BEPIIMH Yi,...,Yk,, U3
KOTODPLIX BeIyT péOpa B JAHHYIO BEPIUMHY v, BEPIIMHA U MOJYYaeT 3Ha4e-
e ¥y, = fu(yr, ..., Yk, ), TA€ fi — GasucHas pyHKUMA, KOTOPON NOMEYeHa
BepwnHa. [Ipy nepexone k rpady CXeMBI MBI ONYCKAaeM NECYULECTEENNbLE
NPUCBAUEEHUA, KOTOPLIE HU Pa3y HE MCHOB3YIOTCA Ha MYTH K BBLIXOJIHBIM
BEPIINHAM, TAK YTO OHU HUKAK He BIMAIOT HA PE3YJALTAT BHITUCACIIHA.
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Basuc HasbIBaeTCA noanvlu, ecan Aus aobou Gyaesol dyHKuME f ecThb
cxeMma B 3TOM Oaauce, Buruncasoman f. Scuo, 4To B noauoM 6as3uce Mox-
HO BBIYMCIUTHL NPOU3BONLHYIO ¢yHKIMo f: B* — B™ (Takyro dyHKumo
MOXHO MPEJACTABHTEL KaK YHIOPAJOYEHHBIN HA0ODp U3 m GyAeBbIX GYyHKUMH).

Bynesa ¢dyskuua MoxeT OHITb 3aj7aHa Tabuuuen 3Havenuit. Ilpupegém
TabINUBL 3HAYEHUH 1A TPEX yHKIUH

NOT(z) = -z, OR(z1,22) =1 V 2o, AND(z1,T3) = T, A 2o
(ompuyarue, Ju3bORKYUR, KOHBIONKYLL), OOPABYIOIIMX MOMHBIN 6a3HC, KO-
TOpBIM 6yAeM CYMTATh CTAaHAAPTHEIM. B naabweitmeM umeroTca B BUIY Cxe-
MBIl MMEHHO B 3TOM 0a3uce, eCJIM ABHO HE YKA3aHO YTO-THOO MHOE.

£ | NOT 1, =z, | OR T, T3 | AND

0 1 0 0] 0 0 0 0
1 0 0 1 1 0 1 0
1 0 1 1 0 0
1 1 1 1 1 1

KOHBIOHKIINA U AM3BIOHKUMSA ONPEJEIAITCA A IPOU3BOJILHOTO YHCIE
OyJ1IeBBIX IepeMEHHBIX aHAJIOTHYHLIM 06PA30OM: KOHBIOHKIMA PaBHA 1 TOAb-
KO TOrja, KOrja Bce apryMeHTHI DABHHL 1, 3 IU3BIOHKIMA paBHA 0 TOJBKO
TOTfja, KOT4a Bce apryMeHTH paBHE (. B crangapTHoM 6asuce OHH O4YeBH -
HBEIM 06Pa30M BHIUUCIAIOTCSA cxeMaMH (K Jaxe hopMyaaMu) pasmepa 1 — 1.

Teopema 1.1. Baauc {NOT, OR, AND} — noanvii.

MoxaszaterscrBo. Jumepaaom GyneM HA3LIBATE NEPEMEHHYIO WM €€
orpunanne. KoHbIOHKIMEN TnTepaaon (3TC CXeMa M Jaxe hOpMYJIa) Jerko
IPEACTABATEL PYHKIMIO X4 (T), KOTOpaA IPHHUMAET 3Ha4eHue 1 POBHO OJUH
pa3: npu r = u. Eoin u; = 1, BK110YaeM B KOHBIOHKIMIO IIEPEMEHHYIO T;,
ecin u; = 0, TO BKIOYaEM B KOHBIOHKIMIO ;. [IpouasosbHan dyHkuus f
MOXeT OLIThH IIPEeJCTABJEHA B BHIE

f@y=V . (1.1)

u: f(u)=1
B TakoM cayuae rosopaT, uro f mpeacTapieHa B JudbiOMKMUEHOT HOD-
saawnol Popme (IHD), T.e. kak IMIBIOHKUMH KOHBIOHKMH JuTepaion.®)
Kak yxe roBopuioch, IUIBIOHKLIUA HECKOJILKIX NEPEMEHHBIX BLIPAXKAETCA
dopmyJoN B cTaHIAPTHOM Ha3uce. O

Pazmepom cxeMbl HA3BIBAETCH KOJAMYECTBO IPUCBAMBAHUY B cxeMe. Mu-
HHMAaJbLHBIM Pa3Mep cxeMul B 6asuce F, BEIMUCGIAIOEH (hYHKIAIO f, Ha3hiBa-
eTca cxemnott caoxcnocmbiro dyaxuuu f B 6azuce F u ob6o3nadaercs cx(f).

6) lanee nam emé NOTPEGYETCA M KOWBIOHKMUBHGA HIPMGALNAR $OPMA (KHD) —
KOHBIOHKIUMA AHIBIOHKUMH JKTEpaIoB.
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Tlepexo 0T 0HOTO HOJIHOTO KOHEYHOTO Ha3uca Kk ApyTroMy IIOJHOMY KOHEY-
HOMy 6a3MCy MEHAeT CXEMHYI0 CIOXKHOCTH QyHKuuMH Ha MHOXuTens O(1).
Tax 9T0 B ACHMOTOTHYECKMX OLEHKAX BHIOOD KOHKPETHOIO IOJHOro 6a3uca
HEBaXKeH ¥ Mo3ToMy ByaeM ucnonsaosaTh ob6o3Havenue c(f) 4asa cxeMHOM
CJIOXKHOCTH f B KOHEYHOM TIOJHOM 6a3suce.

Kaxamm npeaukar f Ha MHOXecTBe B* ompegenser nocieaoBaTelb-
HOCTb OyJeBuix GyHKuuM fr: B* — B caeayromum o6pasom:

falz1, 22, 20) = flT122.. . 20),
re ClpaBa CTOMT XapakTepucTudeckan ¢pyHKUuA npeauxara f.
Ompepeserme 1.5. Ilpegukar f npuHagnexur wiaccy P/poly, ecin
c(fn) = poly(n).
Teopema 1.2. P C P/poly.

JokazatenscTho. Ecanm MT paboraer 3a MOIMHOMUAIBLHOE BPEMS, TO U
NaMATb, KOTOPYIO OHA KCIOAL3YET, OrpanuyeHa noauHoMom. IlosTomy Bech
IOPOUECC BEIMUCJAEHUA HA BXOJHOM CJIOBE £ [JIMHEL 1 MOXKHO NpEACTABUTH
mabauyett stivucaenus pasmepa T x S, rge T = poly(n), S = poly(n).

t=0 FO,l

t=1

t=j [ [
=j+1 T

t=T

S K;rox

Crpoxa ¢ HoMepoM j Tabumuwr 3anaér cocrogue MT mocne j TakTos
paborsl. CumBonsl Iz, 3amucannsie B Tabivue, NpHHAIEXKAT andasy-
Ty S x {@ U Q}. Cumson T onpegenser napy (CMMBOJ, 33IMCAHHBIA B
k-i1 agedike mocae j TaxTos PabOTH; COCTOAHUE YIPABIAIOLIErO yCTPOU-
CTBa MOCJE j TAKTOB PabOTH, €CAM T'OJOBKA HAXONUTCA HAJ k-U AYEHKOH,
B NPOTHUBHOM CJIy4ae BTOPOH 3JEMEHT Mmapu — ). [aa mpocToTs Takxe
CYMTAEM, YTO €CJY BLIMUCICHNE 3aKAHYNBAETCA IPH HEKOTOPOM BXOME 33
T' < T TaxTOB, TO CTPOKH C HOMepaMH, 66abummu T’ IOBTOPAIOT CTPOKY
¢ Homepom T,

TlocTponTh cxeMy, BLIMMCISIONIYIO 3HAYEHNA NPEIUKATA HA CJIOBAX AJIH-
HBI 11, MOXHO caegyioimM obpasoM. Cocmosnue Kaxcdoth Kaemxu mabauybl
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MOXHO 3aKOJAMPOBATEL KOHEHYHEIM (He 3aBUCALMM OT 1) YHCAOM OYJeBBIX
nepeMeHHuX. UMeTcs 1oKadbhble NPAsULL CO2AACO8AHUR, T. €. COCTOAHHIE
KaxJoH K1eTKM [' B CTpOKe HMXe HyJIeBOM OfHO3HAYHO ONpeeaseTcs CO-
CTOAHUAMH KJIETOK B IIPESEIAYIIEN CTPOKE, JEXKAUINX HEMOCPEACTBEHHO HAL
nannout (I'), nesee nannon (I',) n npasee gaunon (I'7). Kaxnaas nepemen-
Had, KOAUPYIOWIad COCTOAHME KiaeTKH I') ecTh dyHKUMA OT mepeMeHHHX,
Koaupyromux cocroauus kietok IV, TV, T . Bee st dpyuxumu MoryT 66Th
BBIYUCICHEI CXeMaMM KOHEYHOro pa3Mepa. O6LeMHAA 3TH CXEMEBI, OJYIHM
CXeMy, BBIMHCAAIOLIYIO BCE [I€PEMEHHBIE, KOIUPYIOUIMEe COCTOAHUA KICTOK
TabauLbl; pasmep 3Tou cxeMu 6yger O(ST) = O(nPM),

Ocranoce 3aMeTuTh, YTO MepeMeHHbIe, KOAUPYIOLIME YaCTh KIeTOK Hy-
JIEBOU CTPOKH, ONPEAEIAIOTCA BXOLHHM CJIOBOM, a TepeMeHHbIe, KOANPYIo-
IMe OCTAJbHBLIE KIeTKU HYJCBOM CTPOKHM, ABIAIOTCA KOHCTAHTAMU. YTo6L
Y3HATb Pe3ybTAT BEIMHCIEHUA, HYXKHO ONPEIEIUTE CHMBOJ, 3AIINCAHHLIN B
HYNMeBOH siMellKe JIEHTHl B KOHUE BRIYUCIeHUS. Be3 orpanuvenns o6muocTH
MOXHO CYATATh, 4TO COCTOAHMA KJIETOK TAONUIEI KOZUPYIOTCA TAK, 4TO
OJiHa M3 KOAMDYWOIIUX NMEPEMEHHHIX PABHA 1 TOABKO B TOM CJy4ae, KOI'[a
B seike 3amucana 1. Toraa snavenne sToil mepemenHol aas koga [rg u
Oy ieT pe3yJnTAaTOM BBEIYHUCICHUA. 0

3ameganme 1.1. Kuaacc P/poly mmpe wracca P. Jobol dyskuun ot
HATYPAJIBLHOIO aprymenta ¢(n) co 3HAYeHMAMHE B B MOXHO CONOCTABHTHL
npeaukar f, no nmpaeBuay f,(z) = ¢(zl), rae |z| o6osnavaet anumy cuo-
Ba . OrpaHnyeHue TAakOro NpeauKaTa HA CJIOBA JJIMHHI 12 TOXJAECTBEHHO
paBro U mam 1 (B 3aBucumocTy OT 7). CxeMHas CAOKHOCTD TaKuX (yHKIMIA
orpaHMveHa KOHCTaHTOMU. [loaToMy Bce Takie UpeIUKATH ITO OMPEIENCHHUIO
npuHaAIekatT P/poly, xorsd cpeiu HUX €CTE ¥ HEPA3PeIINMbIE TTPeTUKATH.

CnpaBegmuBo cieyiollee YCUICHHE TEOPEMEL.

Teopema 1.3. f npunadaexcum P mozda u moavxo mozda, xozda

1) f e P/poly;

2) cywecmeyem MT, xomopas no wucay n 2a épems poly(n) cmpoum cxe-
MY BHINUCACHUR fr.

JokasarerbcTBo. —> [laHHOE B A0Ka3aTeabCTBE TEOpensl 1.2 onuca-
HHMe HeTPyAHO npeBpaTuTs B MT, KOTOpasg CTpoMT cxeMy BEIYMCNEHUA f,
33 NOJMHOMHAJIBHOE IO N BpeMs (cxeMa f, UMeeT IPOCTyk) CTPYKTYPY: Ka-
XK Jas MePeMeHHaA CBA3AHA C IPEALIIYIIMMIA OJHUMH 11 TEMH XK€ MPABUIAMU
COTJIACOBAHMNA).

<= C(Croxp ke npocto. Beranwiaem pasmep sxoqHoOro CACBa. 3aTeM
CTPOMM IO 3TOMY PA3Mepy CXeMy S, BEIMUCICHWS fiz|, ACHOME3Y A yKABaH-
Hyi0 B yciaoBur 2) mammuny. [locae aToro Buraucnsem S|z|(z) HA MammHe,
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KOTOpasa 10 ONMNCAHNK CXEMEl B 3HAYEHUAM BXOJHBIX IIEPEMECHHHIX BHIYH-
CJIA€T 3HaYEHNE CXEMhI 3a IIOJMHOMHAJIBHOE OT AJWHEL BXOJa BpeEMA. 0

Jaxam

1.1. HocTponTte Mammuy TeOpUMHTa, KOTOPAsA 3aMUCHIBAET BXOLHOE BO-
MYHOE CA0BO B O6PATHOM MOpAJKE.

1.2. Tloctponte Mammuy ThiopuHra, KOTOpas CKIaLLIBaeT ABA IUCIA,
3aNUCAHHLIE B JBONYHOM cucTeMe. A onpeaenéHHOCTH CIATANTE, YTO 3a-
[IHCH YKCEN Pa3feieHbl CHEHUAILHEIM CHMBOIOM andaBUTa «+i.

1.3. [JokaxuTe, YTO HE CYMECTBYeT AITOPHTMA, KOTODPLIM 10 MAalllMHe
TeropuHra U BX0Ay OnpegenseT, OCTAHOBUTCA JIX OHA HA ITOM BXOJE.

1.4. [JokaxwuTe, 4TO HE CYMIECTBYET AITOPUTMA, KOTOPHIM BHITUCLIBAET
OJHY 3a APYrOd BCe MAIIMHBL THIOPMHIa, KOTOPBIE HE OCTAHABIMBAIOTCA,
6yAy4M 3alyIEeHHLIMU HA [IyCTOH JIEHTE.

1.5. Hycte T(n) — MakcuMaanLHOE BpeMdA, KOTOPOE MOXeT NPONTH A0
OCTAaHOBKM MaiMHb! THIOpHHTE ¢ 7 COCTOAHMAMY M 72 CHMBOJIAMu andaBuTa,
ecam e€ 3anyCTUTh Ha nycTol JedTe. Jokaxure, 9To pyukuus T (n) pacrér
6nIcTpee JMI60H BHIMUACIMMON BCIOAY onpeaeaénHoun ¢pyHkuuu b(n), To ecThb
lim[T'(n)/b(n)] = +oc.

Ha6op s1eMEeHTAapHBIX MHCTPYKUMW y OMUCAHHBLIX Bhiue MamuH Thio-
punra kpanse 6egen. merorca pasHooGpasnnle ux 06001ieHns, HanpuMep,
MHo2oAenMOounbie MAIMHEL ThiopuHra. B oT/M4Me OT onucaHHON BhILIE, Ta-
kad MT umeeT HeCKONLKO (KOHEYHOE MHOXECTBO) JIEHT, KaXJasA CO CBOEH
TCOJIOBKOH, YIPABJISAIOWIEMY YCTPOUCTBY SOCTYIIHAI CUMBOJIBI, HAXOAALIHMECS B
AIeNKaX, HA KOTOPHIX PACHOJONKEHHI MOJOBKH JEHT. BhigeNeHsl [Be JEHTH:
8T00Mas, C KOTOPOH Pa3pernaeTcs TOJbKO IMTATHL CHMBOJLL, U 6bIZO0HAR,
HA KOTOPYIO PA3PEIAeT A TOJBKO IHCATL CHMBOJL. OCTANbLHEIE JEHTH Ha-
3BIBAIOTCA pabouumu. MHOrONEHTOUHAA MAITUHA HA3KIBAETCA k-JTEHTOYHOMN,
ecau y Heé k pabounx jgent. [JercTBue 3a TakT PpabOTHL COCTOUT B H3MEHE-
HUHM COCTOAHHA YNPABIAIGMIErO YCTPOHCTBA, M3MEHEHNH CUMBOJIOB B A4Ye€H-
Kax NOJ I'OJOBKAMM M M3MEHEHHH IONOXKEHHH FOJOBOK HA JeHTax (Kaxaas
FOJIOBKA CABHTAETCA He GoJiee, YeM Ha OSHY MO3ULUIO). DTO JEHCTBHE OSHO-
3HAYHO ONPERENAETCSA COCTOAHHEM YIIPABJIAILIEr0 YCTPOKCTBA U HAGOPOM
CHMBOJIOB B A4YEMKAaX MO rOJOBKaMu. ECan OedCTBHE BHINOJHHTL HENb3f,
MAILIMHA OCTAHABINBAETCA.

B navane paboTHl MHOIOJIEHTOYHON MAlIMHLL THIOpHHIa BCe JEHTH IIy-
CTH, KPOME BXOJHOH, Ha KOTOPOM 3amucaH BXxojA. Pesysbrar paboTsl Ma-
IIMHB] — COCTOSIHKE BBIXOJAHOH JEHTHI B KOH1IE PAGOTHI.
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Ecau naTepecoBaThCA CI0XKHOCTBIO AJITOPATMOB ¢ TOYHOCTBIO JO ITOJH-
HOMMAJIBHO OFPAaHUYEHHOI'0 MHOXUTeE/IA, MHOIOJEHTOYHBIE MAILIMHKI HUYe-
ro He JOOABIAIOT IO CPABHEHMIO C OMTMCAHHBLIMM BBIIE MAUMUHAMY C €0UN-
cmeennoly senmod.

1.6. Joxaxwure, 4TO ABYXIEHTOYHYIO MAINHY THIOpUHIa, pabOTAIOILYIO
3a Bpems T'(n) 2> n Ha BXOJaX JIWHHL N, MOXKHO MOJE(MPOBATHL HA MAIIKHE
C eIMHCTBCHHOU neHTOoM 3a Bpema O(T?(n)).

1.7. okaxuTe, 4TO TPEXJIEHTOYHYIO MAITUHy ThIOpUHra, pabOTAOLIY IO
3a Bpema T'(n) 2 n Ha BXOJaX AJIMHBI 7, MOKHO MOJEINPOBATH HA IBYX-
aenro4uon 3a spema O(T(n) log T'(n)).

1.8. Ilycts M — mamuna TeIOpHHTa ¢ €JHHCTBEHHOM JEHTOM, KOTOPAd
KOMUpYeT BXONHOE CJOBO (IPMOMCHIBAA €0 KOMKIO CNPABa OT CAMOro CJIo-
Ba). Ilycts T'(n) —— MakcHMaIbHOE BpeMsa €€ pafOTH Ha BXOJAAX ANUHEI 11.
Hokaxwure, uto T(n) > en? ana HexoTODOrO £ M 414 BeeX 1. ITo MOXK-
HO cKa3aTk npo 1'(n), kKOTOpPOe ecTsL MUHMMANLHOE BpeMs eé paboTHL Ha
BXOJax JIMHEL 17

1.9. PaccMoTpuM A3BIK NPOrpaMMHPOBAHUSA, B KOTOPOM ecTh Bcero 100
HATyPAJbHEIX IEPEMEHHLIX, Pa3pelu€HHbIe Onepaluy — npubanieHye U Bhl-
yuTanue 1, paspelwéHHas npoBepKa — He papHA JM NepeMeHHasn HyJwo. Pas-
peuieHo ncnoas3oBaTh if-then-else un while, HO pekypcud He pa3peleHa.
JoxaxuTte, 4TO C MOMOIIBIO MPOrPaMM Ha TAKOM fA3bIKEe MPOr'PAMMHUPOBa-
HUA MOXKHO BHIMUCIATH JIOOYIO BRIYHCAUMYIO (DYHKIIUIO.

1.10. ITocTpoiTe airOpUTM, ONPEAENAIOLIMIH, ABIACTCA AU JAHHLIN Ga-
3UC NOJHLIM. BaducHBIE GYHKUMK 32 JaHE] TaONMNAMN SHATCHUK.

1.11. IlycTs ¢, ecTb MakCUMyM CIOXHOCTH ¢ f) no BceM GyJeBriM dbyH-
xuaMm f oT n nepemeHHHX. [Jokaxute, yto 1,99 < ¢, < 2,01" mpu zxo-
CTATOYHO OOJBIINX 7.

1.12. Taybunotl cXeMBl HA3HBAETCA MAKCUMAJIBLHOE YUCJIO JJIEMEHTOB HA
NyTH OT BXOJOB K BrIxoAy. Ilokaxure, 4To mobyi0 GpyHKUMIO MOXKHO BHI-
YUCIKUTH CXeMOM IViyOuHbL He Gouee 3 M3 emeHTOB NOT U M3 3J1eMeHTOB
AND n OR c npO¥3BOJIBHEIM YHCJIOM BXOJOB.

1.13. HokaxuTe, 4TO eciu u3a cxeMu rayouusl O(logn), BerucIaomen
dyuxumo f: B* — B™, BHIGPOCHTHL BCe HECYIECTBEHHBIE NPMCBAMBAHUA,
TO MOJYYEHHAA CXeMa MMeeT MOJHHOMHAILHEIA IO N + m pa3Mep.

1.14. IlocTpoiiTe cxeMy, KOTOPaA CPARHUBAET B3 71-GUTOBBIX YMCIA U
umeer paamep O(n), a ray6uny O(logn).

1.15. a) locrpoiiTe cxeMy cioxeHHs IBYX n-OMTOBBIX YMCed pa3Mepa

O(n).
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6) ToT xe BOHPOC, €CIH AOHOJIHMTENLHO NOTPe6OBaTh, YTOOK riybuHa
cxemu 6uu1a O(logn).

1.16. ®Oyukuua MAJ: B* — B pasra 1 Ha ABOMYHBIX CI0BAaX, B KO-
TOPHIX MHCJIO efuHUL Goibiie aucia Hyned, u 0 — Ha OCTANbHBIX CIOBaX.
HocrpoiiTe cxeMy, BLIMMCAAOMIYIO Ty (PYHKIMIO, Pa3Mep CXeMbl JOJXKEH
6LITH JUHEeH 1o 1, raybuna — O(lognloglogn).

1.17. TlocTpoiiTe cxemy pasmepa poly(n) u rny6uHs O(log? n), koTopas
NpOBepseT, CBA3AHKI JM NyTéM ABe BepliMHh B rpade. ['pad na m Bepiun-
Hax, KOTOpbIE IIOMeueHsl uuciaMu oT 1 go m, sagaérca n = m(m — 1) /2
6yaeBLiMu niepeMenHbiMu. IlepeMennasn z;j, rae i < j, OUpelenseT, eCTh Jau
B rpade pe6po, COeINHAKIIEe BEPIIMHEI §  j.

1.18. Tlycrs cxema ray6unn 3 u3 dnementoB NOT u us saementos AND
1 OR ¢ NpOM3BOMLHBIM YUCIOM BXOI0OB BHYUCIAET CIOXKEHUe 11 GUTOB 110 MO-
aymo 2 (pynkuusa PARITY). Tlokaxure, 4TO pa3Mep CXeMbl HE MEHbIIE ¢
O HeKoToporo ¢ > 1.

1.19. Hycts fi, f2,... — HOCIEZOBATEILHOCTD OyJIeBHX (GPYHKIUA OT
1,2,... aprymentos. IlokaxuTe, 4TO CIEAYIOIINE BA CBOUCTBA PABHOCHIb-
HEI:

a) CymecTByeT NOCIe0BATENbHOCTD BRIMUCIAIIIMX 3TH GYHKUNKN $HOp-
MyJ, pasMep KOTOPHIX He IPEBOCXOJUT TIOIMHOMA, OT 7;

6) CymecTByeT NOCIeAOBATEIbHOCTS BEIMUCAAIONINX 3TH hYHKUMH CXEM
ray6uner O(logn) ua anementos NOT, AND u OR (c zByMa BXOgaMu).

1.20. [JokaxmuTe, 9TO CyUIECTBYET PA3PENIMMEIM IPEIUKAT, KOTODLIA
npuHaaaexut P/poly, Ho He npuHagirexut P.

2.. Knacc NP: cBogumocTh M mosoTa

2.1. NP — knacc npefAKaToB, BHIMCIHMEIX 32 IOIHHOMBATLHOE BpeMA
HeJeTePMUHMPOBaHHLIME MaumHamu Triopunara. TepMmuH «HeJeTepMUHH-
pOBAHHEINY HEYTAUHHM, HO OH yXe CTAJI CTAHAAPTHHIM.

Kiacc NP onpeneaén Tonsko aas npegukaTos. ['oBopaT, HanpuMep, 4TO
«CBOUCTBO I'pada ,,uMeTh FaMUILTOHOB uuka’“ npunagaexur NP».

Me! JaauM HECKOJBKO OrpeneJesni 3Toro kracca. Ilepeoe ucmnonbayer
HOHATHE KedemepMuNuPosannot mawunbt Toropunea. YCTpPORCTBO HeeTep-
munuposanHoi maumubl (HMT) Takoe xe, Kak ¥ OOLIMHOM (JeTepPMHUHHU-
POBAHHOMW), 33 OAHMM HMCKIKOYeHneM. Y ynpasifmwoulero ycrpoicrsa HMT

) IN'aMuabMON08 YUKA — 3AMKHYTHIN IyTH B rpade, TPOXOJALINIA Yepe3 BCe BEePIINHEL
rpacda POBHO 10 0AHOMY pa3y. I'pad, B KOTOpOM ecThb XOTA ObI OAUH raMUNLTOHOB LMK,
Ha3bLIBAETCA 2QMUALINONOBLIM.
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€CTh 0COOLIE HeleTePMUHUPOBAHHEIE COCTOAHMA. HaxoaaCch B TAKOM COCTO-
auuu, HMT MoxeT BRITONHMTH 04HO U3 HECKOIBKHX Aeucrsun. [losTomy y
HMT Bmecto ¢ynkumu nepexoaos ects Tabauua, B KOTOPOH /1A Kask A0H
IapHl (COCTOAHME YNPABIAIOWIEro yCTPONCTBA, TEKYIMI CHMBOJ Ha JIeHTe)
BMECTO €AMHCTBEHHO BO3MOXXHOT'O BADHAHTA JEHCTBHUI (M3MEHEHHE COCTOA-
HUA YIPABIAIOLIErO YCTPOUCTBA, 3aIMCh CHMBOA HA "€HTY, CABUL TOJIOBKH)
yKa3aH HabOp BO3MOXHHEIX gedcTBui. O6LIYHEE, JleTePMUHAPOBAHHEIE, CO-
CTOAHMA CTAHOBATCS YACTHBIM CIY4aeM, KOT1a TAKOH HabOp COCTOMT POBHO
U3 OJHOT'O BAPDUAHTA AEeUCTBHHM.

ITymv evivucaenus HMT onpegenserca BHIOOPOM OJHOTO M3 BO3MOXHHBIX
NIepexX0A0B Ha Kax oM TakTe paboTu. HegeTepmMunnposannocTs mpusoaut
K TOMY, 9TO myTel Bhuucienus aia HMT, paGoraromei na JAHHOM BXO[-
HOM CJIOBE, OKA3KIBAETCA MHOLO.

Ompeaenenme 2.1. Ilpeauxar L npuHagniexut kaaccy NP, ecan cyme-
crByioT HMT M u noaunom p(n) Takne, uro

L(z)=1 == cymecTByeT IyTh BLIMHCICHUS JAOIIUA OTBET «Ja» 3a
Yy Y Yy ) pit
BpeMs, He mpeBocxogaiee p(|z|);

L(z)=0 = (1 eapuanm onpedesenus) HET YKAIAHHOTO BHILIIE Iy TH;
(2 sapuanm onpedeaenus) Ha MOGOM My TH BEIMUCICHHS
OTBETA «[1a» HE MOMYYaeTCA.

3ameyamme 2.1. IIpuBeleHHEIE BADMAHTH ONpEIEICHIA SKBUBATCHTHDL.
“ITO6GH MCKTIOYHTL BOIMOXKHOCTH OTBETOB «a» HA [IMHHBIX MyTAX BHIYU-
CleHuMA, JocTaTo4yHO B3ATh HMT, umurupyromyio ucxoanyio HMT u noa-
CUTRIBAIOLIYIO KOMHMECTBO cAenanHbx ncxogHorn HMT maros. Korga un-
CJI0 mAarop npessimaet p(|z|), MalmHa oCcTAHABIHBAaETCA.

dameyamme 2.2. B npegniaymem paccyxjennau AOIYLIeHa OJHA TOHKAsA
ommbka. B onpegesenun Hudero He ckasaHo O HOIMHOME p(n), kpome pak-
Ta ero cymectsoBaHua. Ecan kosdpduumedTH noiuaoma, HEeBBIMUCINMEL, MO~
I'yT BO3HMKHYTb IIPOGJIEMEI C YKA3AHHBIM BHILIE CIIOCOGOM CBEIEHMA OJHOTO
onpefeeHna K APYyromMy (HyXXHO BEIYMCINTL 3HAYCHHE noanHoMa). Uto6u
B JanpHedmeM M36eraTh 3TOM CIOXKHOCTH, Oy JeM CYATAThL, YTO HOJIMHOM
HMeEEeT LeJhle KO3PPULNEeHTHI.

dameyamme 2.3. Hemocpescrsenno us onpegenenus 2.1 cregyeT, 4YTo
P C NP. flsasercsa au 510 BrIoyenne crporum? JoBoabHO MHTEHCUBHEIE,
XOTa ¥ Ge3ycrelmnnle, NONETKH OTBETHTE HA 3TOT BOIPOC NMPOJOIKAITCA
yxe noytu 30 set. Hegasno C. Cwmeitn Brnouws npoGaeny P = NP B uncio
TPEX BaXKHEMIINX MATEMATHYECKMX NPOGIEM CACAYIOLIEro CTOMCTHA (ABe
Apyrue — runore3a Pumana u runoresa Ilyaukape).



Kiaacc NP: CBOAHMOCTDL M TIOJHOTA 29

Bropoe onpegenenne knacca NP npeacrabiserca 60osee eCTeCTBEHHEBIM.
OHO uCHOABL3yeT MOHATHE MNOMMHOMMANBLHO BHIYACAMMOrO MpEJUKaTa OT
ABYyX nepeMenHex. OnpegeneHne TakoOro npeiuKaTa nomydaeTcs KoMOuHa-
nuen onpegenenuit 1.2 u 1.3. [loa pasmepom Bxoga ais npeaukara R(zx,y)
MOXHO MOHMMATDB Takxke wik |z|+ |y|, wmm max(|z|, |y|) — noayuarca sxBu-
BaJIEHTHBIE OIIPENEICHU.

Onpegenenune 2.2, [peankat L npunagnexut kiraccy NP, ecau on npeg-
crasum B dopme L(z) = Iy ((ly| < ¢(j=)) A R(z,y)), rae ¢(-) — nommsom,
a R(-,+) € P.

Hpemep 2.1. Hycts R(z,y) = «y €CTb raMUALTOHOB IMKJ B rpade T».
Bonee TOYHO HyXHO CKa3aTh TAK: «Z €CTb ABOMYHBIA KOJ HEKOTOPOr'O rpa-
da, & ¥y — KOJ raMHIbTOHOBA IUMKJIA B DTOM rpade (MCIOB3yeM TakKoe
KOAMPOBaHUE, TIPM KOTOPOM KOJ HUUKJIa He JIUHHeE KoJa rpada), Takue
4TO...». Boseméwm ¢(n) = n. Torga L(r) 6yzeT B TOMHOCTH O3HAYATD, 9TO
B rpade HAUAETCA raMIILTOHOB IMKJI.

Teopema 2.1. Onpedeaenus 2.1 u 2.2 Ix6usaIENMNDL.

HJoxasaremncrBo. Onp. 2.1 = omnp. 2.2. Uycts ects HMT M u no-
JauHOM p(n) ua mepsoro onpegeineHus. Pacemorpum npeznkat R(z,y) =
= Y €CTb NPOTOKOJ PaboThl M HA BOBMOXKHOM NYTH BRIYMCJICHUS CO BXO-
JOM T [AIOMEro oTBeT , Aa“ 3a Bpemsa, He mpesocxogsaiuee p(|z|)». dauna
TAKOr'o UPOTOKOJIA MK PA3yMHOM KOJXPOBAHUH JIMHEHHO 3aBUCUT OT Bpe-
MeHH BBLIMUCJIEHUA (eCiu MCIOAB30BATH B KaYeCTBE MPOTOKOJA ONUCAHHYIO
B JOKa3aTeJbCTBe TeopeMHl 1.2 Tabuauiy BHIMUCIEHUA, TO KBAJPATUYHO),
HO3TOMY B KadecTse ¢(n) [AJsA BTOPOro ONpeleleHUs MOXHO B3ATb p(n)
(p%(n)), yMHOXeHHEI HA TIOAXOAANIYIO KOHCTAHTY.

YTo6Ll 3akOHYHTL JOKA3ATENLCTBO B 3TOM CIyHae, OCTAIOCH NpOBe-
puTh, uyro R(-,-) € P. JT0 noyru oueBuAHO. MBI JOMKHBI NPOBEPUTH
npoTtokoa Hekotopoin HMT, pafoTarowwen 3a IOIHHOMBAILHOE BpeMs. JTO
3aiMET HAC IIPUMEPHO HA TO XK€ Bpemsa (COBEPIIEHHO HE3AYEM CMOTPETSH HA
OHY AYEUKY DKCIOHEeHIUAABHO JOIro).

Omnp. 2.2 == omp. 2.1. Ilycts ecTs R, ¢ u3 onpegenenusn 2.2. [loctpo-
uM M nns onpemenenna 2.1. Ona pa6oTaer B ABa dTamna.

Buauane M nedemepmunuposanno nuwem y (KOTOPHIA B CHIy OImpe-
fejeHus 2.2 cymecrsyer A14 J060OT0 CJIOBa z, 41d Kortoporo L{z) = 1).
I'oBopsar ewg, uto M «orragssaer (“guesses”) y. Boaee To4no >TO 03HAa-
qaeT, 94To M HaXoAUT MpABHI KOHEL BXOAHOTO CJIOBa, CABUIa€TCA emé Ha
OJHY SY€NKYy BIIPABO, 3AMMCHIBAET B HE€ #, €mé pa3 CABUraeTCa BIPABO ¥
IEPEXOAUT B TAKOE HeJe TEPMUHUPOBAHHOE COCTOAHME, B KOTOPOM OHA IH-
IIeT OAUH U3 CHMBOJOB HA JEHTY, CABHCACTCA BIPABO M BLIGHDAET MeEXIY
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COXPAHEHMEM ITOrO COCTOAHMSA U NEPEXOJOM B (YKe JeTepMHHMUPOBAHHOE)
COCTOsAHUE HAYAIA CIEAYIOMIEro 3Tala.

Hocse 3aBepwenus mepBoro srama Ha JeHTe, MOMHUMO BXOJHOTO CJIO-
Ba T, 3alMCaHO ellé M CI0BO Y. Temepe M 0CTan10Ch BEIMMCINTEL 3HAYE-
Hue npeaukara R(z,y) 3a moIMHOMMATLHOE BpEMA. DTO MOXKHO Cle1aTh,
MCIIOIB3Y A JeTePMUHUPOBAHHLIA AJITOPUTM, CYIUECTBYOMMEA B CHIY ONpe-
JejeHud 2.2. O

Emgé oarno onpesenenne xnacca NP ects ne 60see ueM BapuanT ompeje-
JeHus 2.2, HO MMEHHO B Takou (opme ero yao6Ho 0606mars u NOJY4YaTh
ONpejeeHnsa APYrUX CIOXKHOCTHBIX KJIACCOB.

Omnpeperenne 2.3. MMeroTca gBa nepconaxa: kopoas Arthur (ApTyp),
YMCTBEHHBIE CIIOCOGHOCTH KOTOPOrO MOJWHOMMAJIBLHO OFDAHMYEHH!, H BOJ-
we6uuk Merlin (Mepsun), KOTOPBIl HHTELIEKTYATLHO BCEMOTYI M 3HAET
NpaBUIbLHEIE OTBETHI Ha BCe BOonpockl. Kopoas A untepecyeTcs HekoTOpEIM
ceoucteoM L(z) (Hanpumep, «ecThb Ju y rpada raMiwisTOHOB UMK ), & BOJ-
mebanK M xo4eT, YTOGH KOPOJIL NPU3HAT HAIMYHE 3TOrO CBOMCTBA (uy,
CKaxeM, rpad CTPEMUTCA K 3BAHHIO MaMWILTOHOBA M Aan M maaTky). A
He JJOBepseT CBOEMY BOMIIEOHUKY, 3HAA €0 KOPHICTOIIO0ME, M XO4eT UMETh
BO3MOXHOCTh CAMOCTOATEILHO TPOBEPUTH NpeAIoKeH M M oTBer.

HosTomy onm aeitcTByoT Creyromum o6pasoM. A u M 06a cMOTpAT Ha
1080 2, Mocie ero M coobmaer HeKOTOpPYIo MHpOPMALHIO (CI0BO ), KO-
Topas JomxHa y6eauts A, uto L(x) = 1. Ucnonsaysa sty undopmaumio, A
IpOBEPAET y6eAUTEALHOCTE apPIyMEHTOB M HEKOTODBIM IIOTMHOMHAILHLIM
CIoco6oM.

B srux tepmunax ompegenenne kiaacca NP moxHO copMyanpoBaTh
Tak: cBOMCTBO L mpuHagiexuT kiaccy NP, eciu y ApTypa ecTb moaumo-
MHATbHBLIA CIIOCO6 IIPOBEPATH Y6EANTENLHOCTD J0BOAOB Mepiuna, npuiém:

L(z)=1 =y M ectb cnocob y6eauts A B 3TOM;
L(z) =0 = kax 601 M Hu w3ompsica, A He OBEPHT, YTO L(z) =1.

OKBHBAIEHTHOCTb ITOrO ONpPEJEIeHHA ONpeeeHHI0 2.2 He BhI3bIBAET
coMHeHMH. [leHCTBUTENLHO, H3-3a IOJIMHOMEATLHOM OrPAHMYEHHOCTH KOPO-
1 A, coobienne Boame6HUKa M JOMKHO UMETH NOMMHOMMATbHEIH pa3Mep.
B ocTanbHOM pasnuuusa MEex Iy ONmpefeJeHNAMH YMCTO BHEIIHHE.

2.2. CpopgumocTs @ NP-momsoTa. ClOXHOCTH BEIMHCJIEHHA NPEIUKA-
TOB MOXHO CDaBHMBATh, HOAB3YACH CJAEAYIOLMM OIpeIecHUEM.

Omnpepenenne 2.4. Cpogmmocts mo Kapmy. Mpeaukar L; cBoguTcs k
npeukaty L» (o6o3mavenue L; o« Ls), ecm cymecTsyeT Takas dpyHKUMsA
f € P,uro VY Li(z) = L2(f(2)).
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CroanmocTs mo Kapmy Takxke HashIBAIOT MOTMHOMMATLHOM CBOAMMO-
CTBIO, & Y4CTO — HPOCTO CBOAUMOCTHIO.

Jemma 2.1. ITycmv Ly < L. Tozda
a)L2€P=>L1€P; 6)L1¢P=>L2¢P, B)LzENP=>L1€NP.

JloxasarembcTBo. IIyHKT a) COBEPIIEHHO OYEBHJEH — YTOOBI BHIYH-
CAMTL 3HaYeHue npeaukaTa Lq, 10CTATOYHO IPUMEHHTH KO BXOAY T (YHK-
M0 f, & K pe3yJbTaTy €é pabOThl — NPOrpaMMy BRIMUCICHAA L.

IyukT 6) ClefyeT U3 MyHKTA a).

MynxT B) Taxxke mpocT. Ero MoxHo 06bacHATE no-pasnomy. Hanpumep,
tak: Mepmun coobmaer Aptypy f(z) (A1MHA KOTOPOrO OrpaHM¥eHa HEKO-
TOPBIM TIOJMHOMOM b OT AJMHHL T, IOCKOUIbKY f € P) u cioso y, KoTOpOE
y6expaet Aprypa B ToM, 4to Ly(f(x)) = 1. ApTyp Takxke MOXeT npose-
PHUTB, YTO eMy JAeRcTBATeNbHO coobueno f(z). Ucnoapays onpenenenne 2.2,
MOXHO HAINCATh HENOYKY SKBUBAJEHTHOCTEH

Li(z) & Lo(f(x)) © 3y ((yl < a(lf@)D) A R(f(2),9)) &
& 3y ((lyl < (=) A R(f(2),v))-

Nomuuom r(|z|) B mocaesHeM BEIPaXKeHMH — 3TO KOMIO3ULHA IIOIMHOMOB ¢
u h. O

Ompepenerme 2.5. [peaukar L € NP nasmBaerca NP-noanvix, ecin
mobon npeaukaT u3 NP k Hemy cBognTCA.

Ecan HekoTopuit NP-nonHEIA NpeAMKAT MOXHO BHIYUCIATDH 33 BpeMA
T(n), To moGoi npeauxat w3 NP MoxHO BhumcaaTh 3a Bpemsa T'(n€) nuia
HEKOTOpPOro hMKCUPOBAHHOrO uncia ¢. Takaa noreps 3¢HeKTUBHOCTH CHH-
TAeTCA B DTON HayKe HeCYIECTBEHHOH.

NP-nosiHbe NPEAUKATH CYIIECTBYIOT, IPUBEIEM NPUMEDHL.

BHITOJIHUMOCTD. 3afaéTca NpeJuKaToM

SAT(x) <= =z ecTb GopMyJIa C GyJeBRIMHU EPEMEHHBIMU ¥ CHMBOJA~

mu (=, V, A), KOTOpas NCTHHHA TIPH HEKOTOPHIX 3Hade-
HUAX TEPEMEHHHIX.

Teopema 2.2 (Kyk, Jlesmn). 1) SAT € NP; 2) SAT — NP-noana.
Cnepcreme. Ecau SAT € P, mo P = NP.

JloxasaremscTpo (Teopemnt 2.2). 1) Mepauny AOCTATOYHO COOOIMTHL
ApTypy 3Ha4YeHHMs NEPEMEHHBIX, BXOJAAMX B (GOPMYJy, IPH KOTOPHIX OHA
NCTHHHA. APTYp CIpPaBUTCS C NPOBEPKON HCTUHHOCTH NOJYI€HHOTO BHICKA-
3LIBAHMI.

2) Mycts npeauxaT u3 NP, KOTODHIA HYXXHO CBECTH K SAT, umeer Buj

L(z) = 3y ((Iy} < a(lz])) A R(=z,v))-



32 KJNACCUYECKHUE BBIYUCIEHUA

PaccvoTpum Tabnuny Beraucienus (cM. JOKasaTeanCcTBO Teopems 1.2)
Ana MT, soraucamoweit R(z,y) (Bxogom sBiserca napa z#y). Byaem uc-
TMOJB30BATH T€ XK€ MePEMeHHEIe, ITO U B JOKA3aTeAbCTBe TeopeMsl 1.2 (ko-
Abl COCTOAHMM KJETOK TAaGMMULI BHIYMCICHUA). ITOOH Tabauna BeIMUCIe-
HUA COOTBETCTBOBAJIA NPABWILHO NMPOBEJEHHOMY YCIEMIHOMY (C OTBETOM
¢[1a») BLIMUCIEHUIO, JOKHEL BHINOAHATHLCA JOKAJIbHBIE IPABAJIA COTIACOBA-
HUA A KaXJOU YeTBEPKM KIeTOK BUAa [P ¥ pe3y bTaT A0MKeH GhiTh
«dar. Kaxoe Takoe npapmio 3a4aérca GpOPMYIOH OT MepeMEeHHBIX, OTBe-
4alUMx Ju60 PacCMaTPUBAEMON 4YeTBEPKe, JUOO HYJEeBOH A4elke CaMon
HIDKHeH CTpoku Tabmnsl. Onpegeanm GopMyny ¢, Kak KOHBIOHKIHMIO BCEX
9TUX (OPMYJ, B KOTOPhIE IO/JCTABJEHH 3HAYEHMA IEPEMEHHBIX, KOAUpY-
IOIUX BXOA T#Y, JOTNONHEHHBIH CUMBOJAMHU o JO AmuEbI |z + 1 + ¢(|z]).
3HaveHus, COOTBETCTBYIOLIME T U #, ~— KOHCTAHTEI, [I03TOMY IIEPEMEHHLIE,
OT KOTOPKIX 3aBUCHUT 3Ta (GOPMYIa, OTBEYAIOT ¥ M KOJAaM BHYTDEHHUX fde-
ek Tabmuupl. Tak 4TO MOXHO CYMTATh, YTO GHOPMYJA Y, 3ABHCUT OT Y M
€Illé OT KaKMUX-TO II€PEMEHHBIX, KOTOPhIE MEI OG03HAYUM 2.

Wrak, Ml comocrasuim cioBy = ¢hopmyay ¢.(y,z), KoTopas 1o mo-
CTPOEHHMIO 00JajaeT crefyomuM cBoicTBoM. Ecan Bumomnserca R(z,y),
TO HAWAETCA TAKOH HAaGOp 3HAYEHMH 2(Z,y), Npu KOoTOpoM . (Y, z(z,y))
MCTHHHA (3TH 3HaYeHusa omuchBaiOT pabory MT Ha Bxoge z#y). A ecm
R(z,y) e BrmosHAeTcs, TO ¢, (y, z) Beerga JoxHa (IOCKOABKY IO CYTH
YTBEpXK/JAET, UTO BRIMCIEHHE Ha Bxofde (z,y) Jaér oTeeT «ga»). Takum
obpasom, npu L(z) = 1 takas gopmyna unoraa (mpu HeKOTOpLIX 3HAYEHM-
Ax y) uctunua, npu L(z) = 0 — Bcerga noxHa. O

Apyrue npumepst NP-notHEIX 3224 NOMYHal0TCA C IOMOIIBIO CIEqYIO-
LIEH JIEMMbI.

Jlemma 2.2. Ecau SAT < L u L € NP, mo L — NP-noanas. # eoobue,
ecau Ly — NP-noanas, Ly < Ly u Ly € NP, mo Ly — NP-noanax.

JokasarenabcrBo. J0oCTaTOYHO NPOBEPUTHL TPAH3UTHBHOCTHL CBOAUMO-
cti: e Ly o« Lo, Ly o< Lg, To Ly o« L3. Ona cregyer ma Toro, 4To
KOMIIO3UIUA JABYX MOJUHOMHAIBHO BENUCINMBEIX QYHKIMH ITOJMHOMHUAILHO
BBRIMUCIHUMA. O

3-KH®. 3agaérea npejuxaTom

3-SAT(z) <= z ects 3-KH®D, koTOpas HCTHHHA MCTHHHA NP HEKOTO-
phIX 3Ha4deHnax nepemeHHuX. 3-KH® — 3T0 KOHBIOHK-
nMA IUIBIOHKIMA, KaX1ad U3 KOTOPHX COAEPXHUT TpH
JuTepana.

3-SAT takxe NP-nosna. 9To ycrananiupaercs ceefjenueM K uei SAT.
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Teopema 2.3. SAT x 3-SAT.

HokazaremscTBo. ComocTaBuM JI0G0U CXeMe B CTAaHAAPTHOM Oa3uce
takyw 3-KH®, BEIMOJHMMOCTL KOTOPOM PABHOCHILHA TOMY, YTO BBIYH-
caseMas CxeMOn (QYHKINA He paBHa ToxgecrBeHHo 0. B sty KH® 6yayr
BXOJHTb BCE TIEPEMEHHBIE CXEMBL (Z1,...,ZLn U Y1,-..,Ys — UCIOIL3YEM Te
e 0603HaMeHNA, 9TO U B ONpeleseHun CxeMul). [/ 2Toro nocTpouM BHA-
qade KOHBIOHKIMIO K" yCIoOBHH, 03HAMAIOMX, YTO KAXK/IaA U3 BCIIOMOTa-
TEeJIBHBIX IEPEMEHHLIX §J; UMeeT 3HAYeHNe, COOTBeTCTBYIOIee MPABON YacTH
npucsanBanus Y;. ECTb Tpu THna TaKMX yCIOBHI (OHE COOTBETCTYIOT TPEM
6a3UCHLIM (DYHKINAM), W KaXK LM MOXHO 3anucath B Buje 3-KHD:

(y<=> (271 Vl?z)) = (271 V:E2V—\y)/\(—l$1 \/JTQVCI/)/\(.’EI V—\:Ezvy)/\
A(=zy V oz Vy),
(ye (@ Az))=(@1 Va2V y)A (o Ve Vay) Az V -z V-oy) A
A (“(El V xzq V y),
(y& -z)=(zVy)A(-zV-y).
[Moxcrapnas stu 3-KHD 8 K| monyunm 3-KHD K'. Uckoman 3-KH®D ume-
et Bug K = K' Ay,. JelcTBUTEALHO, UCTHHHOCTH K PABHOCWUILHA yTBEpP-
K JEHUIO: BCC NPACBAMBAHUS BBHINOJHCHBI ITPABUILHO ¥ B PE3yJbTaTe MOIY-

ynaack 1 (ys = 1). SHAYMAT, CCIAM IIPH KAKUX-TO 3HAYEHUAX NMCPEMEHHBIX T;
cxeMa BeLAaeT 1, 7o I BRIMOIHUMA, B HAOGOPOT. 0

Ewig oaue npocTor npuMep CBeIEHMs.

3agada ILIIT (uesoancaeHHOr0 AMHERHOTO NporpaMMupoBanns). [Ja-
Hi CHCTEeMA JUHEHHBIX HepapeiucTs ¢ ueasiMu kodgdunnentamu. EcTe au
v Hed megouucaenHoe pemenue? (ApyruMu CiI0BaMM, CO8MECTIHG JA CHC-
Temar)

B »ToH 3ajave BX0J0M SBAAETCA MATPULA KOX(PGMUIMEHTOB M BEKTOD
npanbix dacten. To, uro ILJIII € NP, ne cocem oueBnano. OxaspiBaeTcs,
4TO B KaXECTBE NOACKA3KM MeparuH MoxeT coo0uTs ApTypy 3HAMEeHHA Tie-
PEMEHHLIX, IIPHA KOTOPBIX BBLIIOJIHEHL! BCe HepaBeHcTBa cucTeMnl. o ompe-
JENCHUIO, AJUHA DTOTO COODLIEHUs! A0iKHA OBITH MOJNHOMHUANTLHO OUPAHM-
qeHa. MOXHO J0KA3aTh, ITO M3 CYHICCTBOBANMUA 1EA0YNCICHHOTO PeeHns
CIeAyeT CyIeCTBOBAHKE HEJOYHCICHHOTO PelIeHn, Pa3Mep 3alucl KOTOPo-
'O OI'PAHMYEH MOJMHOMOM OT AIMFLI 3aUcu cucTemsl, cM. [14, . 2, §17.1].

Cpeaém reneps 3-KHD x ILTIH. MMoecrpoum no 3-KHD cucremy am-
HEMHBIX HePABeHCTB. JleJ0 mMeieHHEIX [TCPEeMEHHBIX BO3BMEM CTOSBKO XKe,
CKOABKO CCTh HYACRBIX NEPesesiniX. DByacBod TePeMEeHHCH 7; CONGCTABUAM
puIpaxenue p;. OTPULAHAK HeDeN oY~ COTOCTABAM BEIPakeHne 1—p;.
Kaxaon amavionkumn X; V Xp V X, (X, -— 1uTepansi} comocTasum



34 KJIACCHYECKHE BBIYUCJAEHUA

HepaBencTBo P; + Py + P, > 1, B koropom Pj, Py, P,, — Bripaxenus,
COINOCTABJIEHHBIE JTUTEPATAM JUIBIOHKINH.

Hcxomas cucrema cogepxut Jis Beex ¢ HepaBeHcTBa 0 < p; < 1, a Tak-
€ BCE HEPABEHCTBA, CONMOCTaBIeHHbE An3bIoHKIMAM n3 KH®. Ouesugno,
49T0 BHINOJIHUMOCTh 3-KH® paBHOCHIBHA COBMECTHOCTH TAKOH CHCTEMEL.

Jameqanmme 2.4. Eciu He Tpe6oBaTh IEI0YHCIEHHOCTH DeLIeHu#, TO
NPOBEPUTEL COBMECTHOCTEL CUCTEMEI THHEMHBIX HEPABEHCTB MOXHO 34 ITOJIU-
HOMuaneHOe BpeMA. IIpameprr Taxux anropurmos (Xauuana, Kapmapkapa)
Takxe cM. B (14, 1. 1, §13, §15.1].

O6umpubnit cnucox NP-mosmbix 3agad cogepxurcs B kuure Ispu u
Hxoncona [3]. Kak npaBuio, ux NP-oJHOTA QOKA3BIBAETCA ¢ MOMOLIBIO
ceeaénui. Ipuse éM Heckoabko npumepos NP-noanex 3aad.

3-PACKPACKA. [lam rpad. CnpammBaercs, MOXHO M PACKPACHTDb €r0
BEepIIMHEI B TPU LBETA TaK, YTOOB KOHIE KaXAOrO pe6pa OLLIM IOKpa-
IIEHH B Pa3Hble UBeTa. (AHanornynas 3ajada 2-PACKPACKA pemaeTcs 3a
TOJMHOMUAIBLHOE BPEMA. )

Kiuka. Maner rpad u uuciao k. CropammsaeTcs, ecTh ¥ k-2J€MEHTHOE
MHOXECTBO BEpUIMH rpada, JOOHE JBe BEPHIMHBI KOTOPOI'O COEIMHEHLI
pebpoM.

Jagaun

2.1. Jlokaxure, 4TO 3aj4a4a NPOBEPKHN BuINOIHUMOCTH 2-KHD (kOHB-
IOHKLIMY IN3BIOHKLMM, KaX A4 U3 KOTOPHIX COAEPKUT [JBA JUTEpPasa) Ipu-
HaAIeXuT P.

2.2. JloxaxmnTe, 4TO 3aaua 06 >ATEPOBOM HYTH B HEOPHEHTHUPOBAH-
HOM rpage (CymecTByeT JM MyThb, NIPOXOAAIMME 110 BCeM pE6Gpam POBHO IIO
OJHOMY pasy) nmpuHALIeXUT P.

2.3. Hpegnonoxum, aro knacc NP cosnagaer ¢ P. [okaxure, 4T0 B
9TOM CIy4ae 33 NMOJMHOMMAJILHOE BPEMA MOXKHO HE TOJBLKO POBEPUTEH BEI-
MOJMHUMOCTE (GOPMYJIEI, HO M HAWTH 3HAYEHUA [IEDEMEHHEIX, IPH KOTOPEIX
OHA UCTMHHA (aHATOIMYHO /1A MAMIIBLTOHOBA LUKJIA U T.1II.)

2.4. JlokaxwuTe, 9TO 33,1244 O NAPOCOYETAHUAX (eCTB N MAILYMKOB ¥ N
NEBOYEK, M3BECTHO, KAKUE NMAapPhI CONIACHH ApPYyT ¢ ADYTOM TAHIEBATH; HA X0
ONpefeNIuTh, MOXKHO JU YCTPOUTDL TaHEL], B KOTOPOM BCe 7. MAJbYMKOB U N
[eBOeK COeIUHEHH B Maphl) npuHaatexut NP u, 6oxee Toro, NpWHA IJIe-
xur P.

2.5. Hoctpoure
a) nonuMHOMHMaIbHOE cBefenue 3ajaun 3-KHD « sagaqe KJMKA;
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6) TOT XKe BOIPOC, HO AONOJHUTENILHO TpebyeTcs, 4TOOBI KOJUYECTBO pe-
menu#t coxpansanocs (ecau 3-KH® F npu ceejeHny COOTBETCTBYET Iapa
(rpad H, pasmep k), TO KOJUIECTBO BBIITOIHAOUIMX HAOOPOB TIEpEMeH-
HBIX gaa F paBHO konmuwdecTny kauk pasmepa k B rpade H).

2.6. ITocTpoure
a) noaunomuasbHoe ceefenue 3anadn 3-KHD k 3azade 3-PACKPACKA;

6) TOT XKe BOMPOC, HO JONOJIHUTEABLHO TpebyeTcs, YTO0bl KOMUIeCTBO BhI-
NOJTHAKIMX HAG0PoB mepesMenHbix A Jiobou 3-KHD paBusnocs 6b1 we-
CTHUKPATHOMY KOJMUCCTBY 3-PACKPACOK COOTBEICTBYIOMEro e rpada.

2.7. Mokaxure, 4To cregyromas 3aiava apagerca NP-noauon: 1au Ha-
6op u3 He 6oJee IeM 7. TUIOB KBAJAPATHKOB 1 X 1, HA CTOPOHAX KOTOPBIX
HAMUCAHB KAKUC-TO GYyKBBI; JaH CMUCOK JOINYCTHMBIX Hap OYKB M CIHCOK
IPAHMYHBIX OYKB; CIPALIMBAETCS, MOXKHO JU KOPPEKTHO CJIOXKHUTL M3 KBa-
JpaTHKOB Habopa GOJBIIOH KBaApaT pasMepa 71 X n (Tak, YToOB Ha IpU-
MBIKAIOLUIUMX CTODOHAX KBAADATUKOR OBLTH TOJBKO TOMyCTHUMBIC NAPHI OYKB,
a HA I'PAHUIE KBAIPATA — TOALKO I'PAHMYIHBLIE OYKBBI).

2.8. JoxaixuTe, YTO OpeIuKaT «r — JABOMUHAS 3AMUCH COCTABHOIO M-
caay npuHaLexut NP.

2.9. [Joxaxure, 9TO NPCAUKAT «I — JBOMHAA 3AIUCH IPOCTOIO TUCIAY
npunagaexut NP.

3. Beposaruoctunie arropurmel u kiaacc BPP. IIposepka
IPOCTOTHl IHMCIA

B BeposatHocTHeix MT (BMT), Kak u B HeleTEpPMUHUPOBAHHBIX, UMe-
FOTCA COCTOAHMSA, U3 KOTOPBIX BO3MOXEH [1€PEX0] B HECKOJIBKO (Boabie o1-
HOro) cocrosunit. OTauane COCTOMT B TOM, 4TO cocrosHue, kyga BMT
IeJAeT TIePexo/l, OMPEefeNsdeT A Pe3YIbTaTOM HEKOTOPOro CJIy4auHOr 0 MIpo-
necca («noa6paceIBaHUsA MOHETHD ). Hy)XHO OrOBOPHTBL, KAKHE MOHETHL [10-
nyckawTca. Hanpumep, ecau B3ATb MOHETY, BEPOATHOCTDL BBHIIAEHUT T'ep-
6a 418 KOTOPOW PABHA HEBLIYUCIUMOMY YHUCAY, TO BO3MOXHOCTH BMT,
HCHOAB3YIOMEN NOAOPACHBAHUE TAKOU MOHETHI, OyAyT OoJblue, YeM Xo-
TENOCHh OBI; OHA CMOXKET BBIYUCAUTL M HEKOTOPHIE HEePA3PEIIUMBIC MNpe-
JIUKATHL.

OO6BIMHG CIUTAIOT, YTO BEPOATHOCTH BBIMACHUA OJUHAKOBBI A1 00eux
CTOPOH MOHETEHI, & PE3yAbTAT HOAOPACHIBAHASL OTOX JECTBAACTCA C YUCIOM
0 nm 1.

Xora gaa BMT Heabss ckazaThb, KAKOH B TOYHOCTH OTBET OHA BLIJACT,
MOXHO OTIPEJENUTh BEPOATHOCTH TOr'O WM UHOTO OTBETA.
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Onpegenenne 3.1. Ilpesuxar L npunagiexur kaaccy BPP, ecan cyme-
ctByoT Takue BMT M u noausoMm p(n), ¥ro Mammua M 3aBeioMo ocTa-
HOBUTCA 3a BpeMs, He mpeBocxoismee p(|z]), mpueém

L(r) =1 = M c BepoaTHOCTHIO Gonbinen 2/3 naét oTBET «gay;

L(z)=0 = M ¢ BepOATHOCTbLIO Goblel 2/3 naéT OTBET «HET».

~ Ecau B 2TOM OIpeJeJeHrH 3aMEHATE YuciIo 2/3 Ha m060e PUKCUPOBAH-
HOe 1ucio, 66asiee 1/2, kiacc BPP we mamennrcsa. Ecre npocron cnoco6
OOBUTHECS BEPOATHOCTH, CKOIb YyrogHO Gamskod x 1. Bo3pmém Heckorbko
OJUHAKOBBIX MAllIMH, 3aIIyCTUM HX BCe, 4 OKOHYaTeJIbHBIM pe3yapTaToM 6y-
€M CYMTATL MHEHMEe 6OJLIIMHCTRA. Ecau BepOosSTHOCTE NPABUIBLHOIO OTBE-
Ta I8 KaXI0T0 3K3EeMILIAPA MAIIVHLL PaBHa ¢ > 1/2) To MOXKHO JOKa3aTh,
4YTO BEPOATHOCTH IPABWIBHOI'O OTBETA IIOoCJEe I'OJOCOBAHNA 71 MAalllUH HE

menbiie 1 — A", rge A = 2y/c¢(1 - ¢) < 1.

3ameuanume 3.1. IlpegcraBute dusnyveckyo peammsanno HMT ouens
TPYAHO (BCIOMHHMM, UTO HAM NPUAETCA MIOMECTUTDL B Heé BCe3aHAaWKy Mep-
J'IPIHa). A BE€POATHOCTHBIC MAIIINHEI BIIOJHE MOI'Y T MEICJINTBCA KaK DeaJIbHBIC
ycrpouctsa. [loaromy npeauxkars u3 kiacca BPP Bmonne MoxHO cduTaTs
peaJbHO BBI"TUCINMBIMHA.

Kaacc BPP MoxHO onpeeaunTs u ¢ IOMOLIBIO IPEIMKATOB OT JBYX IIe-
PEMEeHHBIX, KaK 3T0 ObLIO caesano pis kaacca NP.

Onpegenenne 3.2. Ilpeauxar L npunanrexut kiaccy BPP, ecan cyme-
cTBYIOT Takue noauHoM ¢(-) u mpeaukat R(-,-) € P, uro

L(z)=1 = goans caoB r gmuau ¢(|z|), A1 KOTOPHIX BEIIOIHEHO
R(z,r), 6onbue 2/3;

L(z)=0 = pgona caoB r auuHe ¢(|z|), A1A4 KOTOPHIX BBHIMOJIHEHO
R(z,r), menbue 1/3.

Teopema 3.1. Onpedeaenus 3.1 u 3.2 sx6usasenmubl.

Hokararenmserso. Onp. 3.1 = omnp. 3.2. Iloaaraem g(n) = p(n) (ko-
JMYECTBO MOAOPACHIBAHUI MOHETHI HE NPEBOCXOAMT OOIIEero 4mcaa aeu-
creun). Onpenenum npegukat R(z,r) = «vammua M Ha Bxoge T JaéT OT-
BeT ,,1a“ IpM YKA3aHHOU B T MOCJIEIOBATENLHOCTH PE3YILTATOB N0AGPACKH-
BAaHMH MOHETED. DTOT IIPEAUKAT MO OYEBUAHBIM [IPUYMHAM YIOBIETBOPAET
onpejeneHuIo 3.2,

Omp. 3.2 = omp. 3.1. CayuaitHo BEIGMpaem cr0BO r AauHH ¢(|z]) 1
MOJCTABAAEM B MPEIUKAT, 3aT€M BRIYMCIAEM 3Ha4YeHUe npeinmkara. Takas
BMT yposnerBopsieT onpeaeieru:o 3.1. O
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Onpenenenne 3.2 gomyckaeT cIefymolee Haraal-
HOe TOojKOBaHMe. OTMETUM Ha ILIOCKOCTH (ZT,Y) TO4-
ku u3 MuOxectsa {(z,y) : R(z,y) A (Jy| = q(z]))}. ¥
Ilna ¢ = zo paccmorpum cedenne {(z,y) : R(z,y) A
A(ly] = q(|z])) A(z = o)} aTOr0 MHOXeCTBA. [Ipesn-
kar R(-,-), y1acTByrommii B onpejercHun 3.2, obaa-
IaeT TAaKNM CTPAHHLIM CBOHCTBOM, YTO Mepa TOro
CeueHHs TIpH J060M g 6o Gombire 2/3, 160 MeHb-
we 1/3. DTo pa3fenfeT 3HAYEHHA T HA [BE KaTero- z
PHUK: OJHA COOTBETCTBYET MCTUHHOCTH NpegukaTa L, \»\i
Apyras — JOXHOCTH. ze L

Knaccuueckuit npumep 3aga4dun u3 BPP npeacrasnser NIPOBEPKA NPO-
CTOTBI YHeIa: JAHO YHCIO N, TPEBYeTCA ONPEeleIuTh, IpocToe Jau oHO. [lid
5TOH 3a,Ja4H CYIECTBYET BEPOATHOCTHBIA AIrOPUTM, PAGOTAIOIIMH 34 I10-
JMHOMHATBHOE BpeMs; OH OyJeT Cerdac OMUCAH.

z¢gL

3.1. Heo6xoguMnle cBefeHRs HA TeopHn wucen. [loapoGHOe n3noxeHue
2NEMEHTAPHON TEOPHH *“IMCe] COACPXKUTCA B KHUTe [2]. Met anms HAOMHEAM
IBE TEOPEeMBI, KOTOPbIE Oy 4y T BAXKHBI IPH aHAIM3€e PAOOTHI AT OPUTMA NPO-
BEPKH IIPOCTOTHl YUCIA.

Manas teopema Pepma. Ecau n — npocmoe un { a, mo a®t = 1
(mod n).

Kuraiickas TeopeMa 06 ocTaTkax. [[ycmb n = uv — paziomcenue wucta
na 63aumno npocmute muoxcumean. Tozda Z [nl = T [uli> Z [vZ.

Jpyeumu CA06aML, CYWECTIEYETN 63GUMHO 00HOZHAUHOE COOT6EMCMEUE
MeHCOY OCTNAKAMU OM OCAEHUA HA T U NAPAMU OCTGINKCS 0T JEACHUA
na u u #a v. (4 amo coomeemcmeue Ysancaem ONEPAUUL CAONCEHUR U
YMHOHCEHUSR. )

H> manou Teopemsl Depma caenyer, uTo a” ! # 1 (mod n) mossoageT
YTBEpXJaThb, 9TO N — COCTaBHOE (IOBOPAT, 4TO @ ABJIAETCA ceudemenem
HEIIPOCTOTHI YMCIa 1). ITO CBHAETEIBCTBO KOCBEHHOE — ABHOIO Pa3Joxe-
HUA 7 HA MHOXKWUTEIW Mbl He MOIy4aeM — M CHIbHOE: JaCcTo J0CTATOYHO
npoBepku npy a = 2!

O nHaKo npoBepky Majol TeopeMbl PepMa 1axe [PH BCEX ¢ MOXKET OKa-
3aTBCA HEAOCTATOYHO. AATOPUTM IIPOBEPKH OyNeT UCMOIbL3OBATE CBIIETe-
neit em@ ogroro THna: ecim b2 = 1 (mod n), a b # 1 (mod n), To n —
cocTaBHOe; N 1 b — 1 uMetoT obmmi gennrens, 66apumi 1. IlosTomy cange-
Tesam TAKOro BUAa (BOOGIIE MOBOPA, TOPa3 o Gonee PEIKO MOABIAIIIAECH)
[O3BOJAIOT CPaly e YKa3aTh padioxeHHe n (IPOTUB MPOCTOTHL KOTOLO-
[0 OHU CBMETEILCTBYIOT) HA IBA MHOXHUTENS 3a NOJIMHOMHUAIBHOE BpeMs
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(HauboabIMA OOWMH JemuTenb (Z,y) ABYX YUCEN I M Y MOXKHO HAWTH 33
[NOJMHOMHUATLHOE BPeMsl, CM. HUXKE).

3.2. Heo6xoguMuEie CBEJeHHA M3 AT OPHTMHAICCKON TEOPHH MCeJ.
ApudMeTnieckue onepaluu HAJ IMCIAMHA MOXHO BBINONHATEL 34 MOJHHO-
MMATLHOE BPEMA OT JJMHBI MX 3amucH (Yucio n 3amuceiBaeTcd [logn] =
= O(logn) snakamu). Hanpumep, cxemMa yMHOXEHMA YUCET 7, T CTOJAOM-
koM umeet pasmep O(lognlogm), pacTymui KBaAPATUYHO OT AJIMHBI BXO-
Aa. XOTA KBaJApaT OT JJIUHBI BXOJa yXKe JOCTATOYHO MaJ, YTOOH ObIThH
MOJMHOMMNANBLHEIM, 3aMETUM, YTO [ YMHOMXEHUA N-3HAYHBIX YNCET €CTh
u Gonee 3kOHOMHBIE cxeMbl pasMepa O(nlognloglogn), eM. (1, p.7.5] nau
[7, T. 2, p.4.3.3].

B MoaynapHon apudmeTuke (apudMeTHKE OCTATKOB O MOIYJIO 33 JaH-
HOT'O 9UCHA ¢) MOXHO BBIMMCJIUTE " MO MOZYJIO § CXEMOHN NOAMHOMHAIb-
HOT'") pa3Mepa OT AJIMHBL BX04a (a,n, q) (B 06pI4HOM apudMeTHKe Jaxe pe-
3y.JILTAT BO3BEACHUA B CTEINEHb MOXET NMEThL DKCIIOHEHUINATILHBIA Pa3Mep).
{14 3TOro HYXHO BEIMACIUTE OCTATKY OT CTENEeHEn a2 Tocef0BATENLHEIM
BO3BEJECHUEM B KBAJAPAT M 3aTEM MEPEMHOXKUTEL T€ U3 MOIy4eHHBIX YUCe,
KOTOPBIM COOTBETCTBYIOT 1 B [BOMYHOM 3AIMCH THCJIA 7.

Hanboapmnit oOmui getuTens ABYX THCEA MOXKHO HAWTH, MOJL3YACH
anropuTMoM EBkimza, MCHONB3yOMNM DEeKypCHBHO PaBEHCTBO (T,y) =
= (y,z mod y). Ecim gemnTh 66aniuee 9ucio Ha MeHbLIEE, TO 33 KaxXAhle
[OBa 11ara AJMHA 3aMNCKH MEHBIIETO YMCJI4 YMEHbIIAeTCA HA KOHCTAHTY.

CyuiecTByeT Takke ajJrOpUTM NPOBEPKHU TOrO, YTO U3 YMCJIA U3BJICKA-
€TCA HYALIeJO KOPEHb k-M CTEeNeHH. DTO MOXHO CAeIATh, HANAA JOCTATOIHO
TOYHO NPUOAMAKEHHOE 3HAYEHME KODHA M BO3BeAA Omkaumiee K HeMy le-
J0€ uucao B k-0 crenens. HauTu npubimxénnoe anadenne §/T MOXHO C
TOMOILIBKY PEKYPPEHTHON NOCNIEA0BATEILHOCTH

1 xz
Any1 = z ((k - Da, + a—ﬁ:) ,

ccant BRIGPATE HOAXO JAlIee 3HAYEHME gg. [eTann 3Toro (NoMMEOMHAAILHOTO)
AJArOPHTMA OCTABIAITCA YUTATENO LA CAMOCTOATEILHOTO 06 1yMEIBAHUA.

3aMeTnM, 4TO BCE CXEMbl, O KOTOPHIX NLIA Pedb BLIIIE, MOryT ORITH
imocrpoeHsl MT 3a noamHoMmuansnoe Bpemsa. Tak 4To Bce nepevdrciaeHHLIe
3aJa4¥ NPUHA IIEeXaT Kiaaccy P.

3.3. AnropuTM HpPOBEPKH NPOCTOTH. BXO/: uncio n.

HIAr 1. IIpoBepsaeM 4érnocTs n. Eciu n = 2, To OTBET «n — MPOCTOE»,
eci N — 4érHoe U 60xAbIIE 2, TO OTBET «N — COCTABHOE», B IPOTUBHOM
cIydae mepexoquM K mary 2.
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IIIAr 2. [IpoBepseM, M3BNEKAETCA JM M3 N HALIENO KOPEHb k-# CTeileHu
opu k = 2,...,|log,n|. Eciu naprekaercs, TO OTBET « —— COCTABHOEY,
HHAYe MepexoquM K mary 3.

IIIAT 3. 3anuceiBaem 1 — 1 B Buge 2% -1, rae k > 0, a | — negérroe.

IIIAT 4. Beibupaem caydadHOe @ cpefu 1ucet ot 1 go n.

HIAT 5. Bermeasiem af, a?, ..., a®! no mogyaio n.

ITPOBEPKA 1. Ecmn ™! Z 1 (mod n), To oTBeT « — COCTABHOE).

. , i
IIPOBEPKA 2. Ecau naitgeso raxoe j, aaa koroporo a® ! 2 £1 (mod n),
jt+1
aa” '=1 (mod n), To OTBET ¢n — COCTABHOE).
B NpOTUBHOM CIIyHae OTBET « — IIPOCTOR).

3.4. Anams amropuTMa.

Teopema 3.2. Ecau n — npocmoe, Mo ONUCAKHbIY BbIULE GA20PUMM
sceada (¢ sepoamuocmbio 1) evidaém omeem «n — npocmoer.

Ecau n — cocmasnoe, mo omeem «n — cocmasnoer 6ydem noaydwen ¢
sepoamuocmvio = 1/2.

3ameuanme 3.2. ‘ITOOB MOTYYNTH MOJMHOMUAJBLHBIA BEPOATHOCTHBIX
ATCOPUTM NPOBEPKH MPOCTOTHL YACAA B CMBICIE ONpejeldeHuA 3.1, HyXHO
ABaXK bl IPUMEHUTE MPUBEAEHHBIN atropuT™. Torga BepoATHOCTE OMOKK
cTaneT MeHbiue 1/4.

Jokasatenbctso (TeopeMmul 3.2). U3 ckazanHOro BRIE CIexyeT, MTO B
IOKa3aTenbCTBE Hy KIaeTCA TOIbKO BTOPOE YTBEDXK AeHue.

Hycte 7 = uwv = 1 (mod 2), rge (u,v) = 1 (ecim Tarore npeicrapie-
HUA HET, TO Ha mare 2 6yzeT ofHApyXeHa HempocToTa). Ecm (a,n) > 1,
TO mpoBepKa 1 [0Js TAKOrO @ 3aBe1OMO OOHAPYXKHUT, 4TO 7L ~-— COCTABHOE.
Tak 4TO ZOCTATOYHO AOKA3aTh, YTO HE MEHBILE MOJOBMHBI T€X 4, KOTOPHIE
B3aMMHO IIPOCTHI ¢ N, OGHADYKUBAIOT HEIPOCTOTY "TUCIIA.

O6osnauuM rpymy (Z /uZ)* wepes U, rpymmy (Z/vZ)" —— gepes V. Ua
KUTAKCKON TEOPEMH 06 OCTATKAX CJeAyeT, 4To rpynmna (Z /nZ)* uaomopd-
Ha U x V (u30M0pdUsM 3a3aETCH eCTECTBEHHBIM 06Pa3oM —— BHIMHCICHAEM
OCTATKOB 110 MOAYJIIO U U MO MOAYJIO V).

Paccmotpum muoxkecta UK = {z* 1z € U}, V¥ = {z* : £ € V}. D10
noarpynnsl B U u V cooTBeTCTBEHHO (pou3BejeHne k-X cTeneHen ecTsb k-1
cTeneHnb, 06paTHHI K k-it crenenu ecth k-a crenens). Tax uro |U|/|U* —
mesroe 1ucao. Bosaee Toro, orobpaxenne T — £ aprtercea roMoMophu3IMOM
[PYIHII, IO3TOMY TMCIO ITPOOGPA30B IIPK 9TOM OTOOPaKEHIH O AUHAKOBO [ifl
Beex anemenToB UF.
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Ouesuguo, uro U# C Ul (crencuei KBaipaTOB He OOJBIIC, €M BCEX
crenenen). [I0oTOMyY MOLyvIacM mapy HEBO3PACTAMIMX LENOIeK MHOKECTB
U'u¥>... 20" D{1}, ViovE o ovrlo (1),

JanpHermiiee paccy® A°PHHC PA3OUBACGTCA HA AHANIS HOCKOMBKAX CI1YIaeB.
1. Iyere U™ # {1} wam V1 £ {1},
110661 MpoNTH MPOBEPKY 1 B anropuTMe, HYKHO IOCIE BO3BCACHHS B
(n—1)-10 crenens noayuuTh napy octatkos (1, 1). llockoarky npoobpa-
308 Kaxaoro uuciaa ua U"! # {1} ogunakoBoe KOAMHMECTBO, BEPOAT-
HOCTb NOJIy4eHu napsel (1, 1) ge peiuie 1/2.
2. Mlycre UM =V7 ! = {1}.
Mockoaeky | — meaétuoe, ~1 € U'N VY 1 e mataéres takoe t = 25,
0< s <k, uro U =V ={1},a U # {1} wm V' # {1}.
bBygeM 10Ka3BIBATH, UTO € BEPOATHOCTBIO i€ MeHbLie 1/2 B 5ToM MecTe
LPOBEDKA 2 AIrOPATMA OGHAPY KUT, 4TO 1 - cocTasHoe. B gaanom cay-
qae a2 = 1 (mod n), Tak 9T0 HYKHO IO Th, ¢ KAKOH BEPOATHOCTLIO
o' ne pasno 1. PacemorpunM aBa caytad.
a) Oumo wa vuoxects U, V' pasno {1}. Hycrs, wainpumep, Ul =
= {1}. B a10M Ciyuae MOXHO YTBepKAATD, 110 a' Z —1 {mod n)
(ovrarny —1 OpH geNeHUM HA 7 COOTBETCTBYCT IApa OCTATKOB
(—1,—1) npu nejleHuu Ha u, V).
MOKIIO paccy®aaTh TAK xe, kak 1 B caydae 1. € BeposTHOCTBIO
se mesblie 1/2 noaywusm napy ocrarkon (1, a), a £ 1.
G) Oda stomectsa Ul V! comepxaT M0 Kpalkiieil Mepe ABa DJICMEHTA,

uycts U] = ¢, [V = d. B 5ToMm cayyae MOKET NOIyIUTHCI Kak
a' = 1 (od n), tak 1 @' = —~1 (mod n), HO BEPOATHOCTEH HTOTO
e npesocxoant 2/(ed) < 1/2. 0

Sanveqamme 3.3, Ular 2 B arropurme n3GuITOICH, AOTOIHHTEIEEBIMU
COLGPIKCTMANMY ) CTAHARTUBACTCA, 1T0 A 4 1ucea puga mb nposepwa 1,

SOART ‘Ip'r‘ti}liflb?{blﬁ orBeT o 5:)}Ia‘IPI’F(,‘JI].)HOI;1 BCDOATHOCTBG.

3.5. BPP u cxeMuasg cI0XHOCTS.
Teopema 3.3. BPP C P/poly.

JokasatenvcrBo. Maes nokasarenrcTBa COCTOMT B TOM, YTOOBI yCH-
JUTH OlleHKy BepoaTHocTen ¢ (1/3,2/3) ao (6,1 —£). Yueno & g0/mkHO GRITE
HACTOJBKO MAT0, ‘FTO0B! MOXKHO OBLIO BBIOPATH TAKOE CJIYIAHHOE CJIOBO Yy,
MU KOTOPOM PACCMaTpPUBaeMb NtpeankaT u3 BPP conanaer ¢ Rz, yo).

CyTb 31€Ch B TOM, 4TO IOBTOPEHUE ONBITOB 34 MOJMHOMUAILHOE BPEMSA
DKCTIOHEHIIMAIBHO YMEHBIIAeT OLIEHKY BEPOATHOCTY OMMOKY €, HO HE MEHs-
eT pasmep Bxoaa |x|. HosroMmy MOXKHO 10OMTHCA BBITOAHCHHA HEPABEHCTBA
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£2171 < 1. Tlpy TakoM COOTHOWIEHMM MCXKAy € W |x| Bcerga Han4érca ciy-
JalHOE CJOBO, M1 KOTOPOTro HeT OIMMOOK HU 1IPU KaKHUX I.
eACTBETEILHO, BCIIOMHIM HaraaaHoe ToakoBamme BPP, gannoe nocie
Teopemsl 3.1. Eciu gosasn ca0B 7, Ha KOTOPLIX HNPOHCXOJUT OmuOKa, I1A
KaxKJOr0 T HE IPeBOCXOANT £, TO A0 TeX CJIOB I, Ha KOTODBIX IPOKCXO-
AUT omubKa XoTda OBl AT OJHOI'O T, HE IPEBOCXOIUT 22171 < 1. 3naunr,
HAWYTCS M TAKUE 7', HA KOTODPHIX HET OMOOK HU IPH KAKOM . O

DTO THUNHYHOE HEKOUCTPYKTHBHOE [OKA3ATEIbCTBO CYIIECTBOBAHMA.
Mul A0KA3BIBAEM, ITO BEPOATHOCTb TOI'O, UTG OOBLEKTA € HYXHBLIMH CBOH-
cTBamu He cymecTByer, menbie 1. Ho aro u osnavaer, 4To xoTa 66l OqUH
TaxKon 0OBEKT CYIIECTBYCT.

4. Wepapxusa CJ0XHOCTHBIX KJACCOB

HanoMHMM, 9TO MBI OTOXJAECTRIICM A3BIKM U IPEIUKATHI, KaK OIMKCAHO
Ha ¢. 18. B wacTHoCcTH, 3amuck z € L osnavaer L(z) = 1.

Onpepenemme 4.1. Ilycrs A — HekoTOpHIN Kiaace A3kkos. Kiace nonoa-
HCHMH CO-A COCTARIAIOT JONMOJHEHUA KO BCeM g3blkaMm u3 A. dopManabHO
LeA < (B*'\L)€co-A.
Henocpeacteenno ua onpeaenenunt kaaccos P, BPP, PSPACE creayer,
4to P = co-P, BPP = co-BPP, PS’ACE = co-PSPACE.

4.1. Urpsl, B KOTOpHIe MTPaloT MaunmHel. PaccMoTpuy 4T ¢, B KOTO-
PYIO UIpAlOT ABa UIDOKa, OyJeM uX HaswBaTh Geawbe (B) u wépHpe ().

Hrpokxam coobmaeTcs HEKOTOPOE CIOBO T, ¥ OHM JeIaml »OIEl 1O OYe-
pexut (w; — mepeeit xon Oexbix, by — mepBHM x04 uépubix u T.1.). Ka-
EIBI XOZ MOXeT ObITh omucad ctoBoM gmuHbl p(|zl|), rae p{-) — Heko-

TOpBLIA MOAMHOM. Urpa 3aBepliaetcs nocjie HeKOTOPOro, 34 Hee 3afaHHO-
ro, 1uciaa x010B.8) Pe3yabrar Mrphl ONMCHIBAETCA HEKOTOPBIA! TiPEANKATOM
W (z,wy,b1,...) € P, HCTUHHOCTH KOTOPOr'0 03HAYAET, ITO LolUCpan Ge-
abe (HU9bMX He ObIBA€T, TAK 9TO TOXKHOCTE W O3HawaeT, ITO BBIMIDAIHA
yépuble). [Ipegukar W 3aBUCUT OT MCXOZHOIO CJOBA ¥ XO108, CACJAHHBIX
UTPOKAMM: W1, ... — OenbIMH, b1, ... ~— 4épHeMu. Ilockonexy P samkHyT
OTHOCUTENLHO IONOJHEHUH, pegukar B(-) = ~W(-), yTBenx ja10lui BLI-
UTPBIL YEPHBLIX, TAKXe IPUHALTEXKUT P.

OTcyTrerBue HUMBUX U KOHEHHOCTD MUCIA XOJ0B TaPaHTUPYIOT MPH 3a-
TAHHOM T CyLeCTBOBAHME BEIMTPBIUTHON CTPATErnu JuO0 114 OedbiX, JI100

8)Ha camOM [eje HpaBaJIO 3ABEPIICHNA UTPBI MOXET OBITh ¥ ClOXHEe, Ecay ecTs sepx-
HAA OLUCHKa HA TMCIO XOJOB, TO MOXHO BCerIa AOMOMHUTH SHCIO XOAOB ¢ ITOA OUeH. A,
HUKaK He YIMTHIBAA JAOLUOJHMTENbHbLIC XOAbl DY NOABEASHUM PEe3YyIbTaTa WIPEL
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aas gépubix. (PopmanbHOe J0KA3ATENLCTBO JEKO MOy 1aeTCA WHIYKIHER
no uncay xo408.) [lo3TOMY Kax O UIrpe MOXHO CONOCTABATE ABA B3AUMHO
JOTIOJHUTEIBLHEIX MHOXKECTBA

L, ={7 : B uMeeT BLIMIDLILIHYIO CTPATETHIO

Ly ={z : '] uMeeT BHIMIPHIIHYIO CTPATCIHIC .

Muorune CJI0XKHOCTHBIE KJAACCHL MOXKHO OIpPeNeIuTh KaK MHOXeCTBA Lw

(ntu L), COOTBETCTBYIOUIME TeM WM MHbIM pujam urp. Hampumep, umo-
Jy4daeM cJefyolie KAacChl.

P:

NP:

co-NP:

V.,

(1P

MmHOKecTBa Ly, (kak u Ly, BOpOYEM) LA UI'P, B KOTOPHIX HUKTO HE
de1aeT XOJ0B.
MHOKECTBA Ly MJIA UUP, B KOTOPLIX Oeable genawT 1 xox. Apyrumu
CJIOBAMH, 3TO MHOXECTBA BH1A

{z:3w W(z,w)}.
MHO¥eCTBA Lp 41 UTp, B KOTOPHIX Gensle genawoT 1 xoa. Apyruvu
CJIOBAMH, 9TO MHOXECTBA BUAA

{z :Yw Bz, w)}.

. MHOXKeCTBA L, A1 urp u3 2 xoa0p: 1 xoa 6egawx, 1 X041 I€pHEIX.

Apyrumu ¢10BaMH, 3TO MHOXKECTDA BHAA

{l‘ : Swl Vbl VV(IE,U)l,b])}.
(T0BAMM DTO MOXKIHO CKa3aTh TaK: €CTH TAKOU XOA OeJIBIX, YTO, Kak
{11 HU CBIMpaJM 4Y€pHBIE, Oesble BHUI PBIBAIOT.
vuoxkectsa Ly pa urp u3 2 xog0B. [Apyrumu ¢I0BaMH, 3TO MHOMXKE-
¢TBA BHIA

{z :Yw, 3by Bz, wi,b1)}

. MHOMKeCTBA Ly 408 Up M3 k X010B (B 3aBHCHMOCTH OT 9€éTHOCTH K

HOCJAe IHUMHU XOIAT Jub0 4épHbIe, an60 6eavie). JApyrumu croBaMu,
3TO MHOACCTBA BUIA

{r: 3w Vb ... Qeye W(z,wy1,by,...)}
{(ecim k aétHOe, TO Q) =V, yp = by /2, ec k HEMETHOE, TO
Qr =3, Yk = Wkg1)/2)-
MHOXecTBa Ly 445 urp u3 k x010B (B 3aBUCUMOCTH OT ETHOCTH Kk
HOCAETHAMHA XOAAT nubo 4épHbe, b0 Geasle). [ApyruMu croBamu,
2TO MHOXECTBA BHUJI3

{Jt IVU)I 31)1 Qkyk B(m,wl,bl,...)}
(ecm k wérnoe, TO Q) = 3, yx = by /2, €cam k HeuETHOE, TO
Qr =V, Y = Wirg1)/2)-

Kaacewsr L u I B3aumuo gonogsuTebHs: 2 = co-Il;, Iy = co-Xy.
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Teopema 4.1 (Jlayreman [35]). BPP C X, N1I,.

HJoxasareabcTBo. [lockoapky knacc BPP 3aMkuyT oTHOCHTENBHO A0O-
MOJHEHNH, JOCTATOYHO MOKa3aTk, 4T0 BPP C Y.

Jlna 5TOro HyKHO HAayYHTBHCH (POPMYIMPOBATH CBOMCTBO «MHOXECTBO
CONEPKUT MHOI'O BAEMEHTOB» ¢ MUCIOJB30BAHHEM KBAHTOPOB CYILIECTBOBA-
HusA 1 BceobmuocTu. Mut ¢aenraeM 5To, nmpeanosaras, 4To pacCMaTPUBAIOT-
€A TMOAMHOXKECTBA HEKOTOPOM KOHe4YHOM rpymnkl. Ilycte G — rpynmna, a
X — moamuoxectBo G. CBOMCTBO, KOTOPHIM MHEL OyJeM OTJIMYAThL 60jb-
IIMe MHOXECTBA OT MAJLIX, COCTOMT B TOM, YTO HEKOTODhLIM KOJUYECTBOM
COBUI'OB MHOXeCTB3 X MOXHO NOKPHTH BCIO [PYNILY

31,06 JoiX =G. (4.1)

YT0o6m BHOpATH MOAXO/ANIEE 3HAYEHHEe k, HYXKHO HAWTH CIydad, KO-
raa (4.1) 3aBeAOMO BHINOMHAETCS, B KOT A4 3aBEJOMO HE BHIIOTHAETCA.

Ecan

k| X| < |G|, (4.2)
ycaosue (4.1) 3aBeZOMO JIOXKHO.

Ycnosue (4.1) 3aBefOMO MCTHHHO, €CJM A CAYYANHLIX HE3ABUCHMBIX
g1, - - -, 9k BepoATHOCTb cobuitus | J; g; X = G 6oasme 0. Jpyrumu ciopamy,
Pr[G\ (U, 9iX) # 2] < 1. BepoATHOCTH TOrO, 4TO CiIydaiHbli cABUr X He
[OKpHIBAET (He COAEPKHUT) HEKOTOPHIN (PUKCHUPOBAHHKIM DJICMEHT, PABHA IO
oueBuauRnM npuauHaM 1 — |X|/|G|. BeposatrocTs TOro, uTo k ciy4anHbBIX
CABUIOB He MOKPHIBAIOT (PUKCHPOBAaHHEIM diemenT, paBna (1 — |X|/|G])*
(MOKPEITHA PAIHBIMA CABUIAMHM — HE3ABUCHMEIE COOmITHS). [IockoabKy mo-
kpuiBaercs |G| anemenTos, BeposrrocTs cobutua Pr{G\ (U, ¢:.X) # @] ne

7 2
6oapme |G| (1 — | X|/|G ¥ (BeposTHOCTS 06BeAMHEHNA COOLITHI HE GOabIIIE
CYMMEI BEPOATHOCTEN >TuX cobuiTnin). Urak, npu

G| ( - %’)k <1 (4.3)

ycaoBue (4.1) 3aBefOMO BHIIOJIHAETCA.

PacemoTpuM Teneps vexoTophi a3uik L € BPP. [Ian mero, kak 065-
ACHAJOCH BHINIE, MOXHO HAWTH NOJMHOMHANBLHO BEIYMCIKMLIA TPEIUKAT
R(z,y) u nommsuom p(-) Takue, uto yncao | X,|/2P(2) rae X, = {y: (jy| =
= p(|z])) A R(z,y)}, pasnudaer croBa, NpUHAJJIEKANIHNE A3BIKY (411 HUX
oHO 601bme 1 — €), ¥ CI0BA, A3LIKY He NPHHAAIEXKAIME (JIA TAKMX CIOB
5TO uucIo Menbme €). [lapaMeTp € Mul BHIGEPEM MO3XKe, CRHYAC OTMETHM,
YTO ero BeIMYMHA MOXET OHITh DKCIOHEHUUAILHO MANA, KaK OOBLACHAIICH
Ha c. 36 nocse onpegenenus 3.1.
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BeeséM HCKYCCTBEHHO CTPYKTYPY I'PYIIILL HA MHOXECTBE CJIOB §f JJIHHBL
p(Jz|) Tax, 4TOOH mpou3BeseHME M OOpALICHHE DJIEMEHTA B OTOHU pyIme
OBUIM TOJMHOMHUAILHO BHIMKCAMMBIMKM (HAIpUMEpP, B KAYECTBE CPYINOBOM
oTepalnny BO3bMEM MOKOMIIOHEHTHOE CI0XKEHHE 110 MOAYJIIO ABA). SaIlMIeM
creayouee Ya-ycloBue

3g1,---, 9% Yy ((lyl = p(l2))) =
2> ((YenX)V(yegpXe)V---V(yegXy))).

Jpyrumu cioBaMH, pACCMATPUBAEM TAKYIO HIPY: Geble CBONM XOJ0M Hal3bl-
BaoT k cA0B (21€MEHTOB I'PYMNNLL), 8 YEPHBIE — OJUH DIEMEHT, KOTOPbIH, 10
HX MHEHVIO, Hé IOKDHT CABUTaMM MHOXeCTBa X, Ha (JIOBA ¢;, HA3BAHHLIE
6enbIMu.

Yceaosue (4.2) B aroMm caydae umeeT Bug ek < 1, a ycuaosue (4.3):
2plzlek < 1. DTu ycnoeus BHMOAHAIOTCA TIpY TIOAXOISIEM BnIfope ma-
pameTpoB. Moxuo B3aTb k nopaaka p(|z|) u € mopagxa p~!(|z|). O

3ameuanme 4.1. NmMmeeTca paccyxjeHHe, KOTOPOE «IIOKA3LIBACT», YTO
BpeMsl BRIYUCIeHHA QYHKIMKE U3 kiaacca BPP MoxHO cienaTs, no-BugmMo-
My, MEHbIIIEe on’ aaa goboro €. Ugea coctouT B TOM, YTOOBI UCTIOIL30BATH
IeHepATOpH ncesdocayuatinbir yucen. Takon remepatop mo Habopy 6UTOB
AJuHBL k cTpouT Habop aauHbl k', rae k' > k. Ecan npu 5ToM BHIGMpaATh KO-
pOTKHe HAbOphI CJIy4aWHO, TO JJIMHHBIE HAOODH OYIyT pacrpeaeleHbl TAK,
YTO BBIYUCAMTENLHOE YCTPOMCTBO C OMPAHMYEHHBIMH pecypcamMu (Hampw-
MEp, NOIHHOMUATbHAA MAIMHA THIOPUHIA) HE CMOXET OTJIUYUTD UX OT MO-
HACTOMIEMY CAyYaWHBIX. DTO MOACHEHUE 3aMEHAET TOYHOE OMpelesieHue
MCeBACCAYYANHOTO IM€HepaTOPa, KOTOPOe HaM He MOHA,J00UTCA.

CymecTBYIOT 1M NCEBAOCIYYalHbIe TeHEPATOPLI, HeU3BeCTHO. Mx 3aBe-
nomo Het, ecni P = NP. Ho B 3ToM cayuae P = ¥ = BPP.

Ecau xe P # NP u ecTb nceBgocaydansble TeHEPATOPE], TO MOXHO Ha-
XO/UTH 38 YKa3aHHOE BhIle Bpems 3Hatenne Gpyuxkunn [ € BPP, Bpruncasa
suavenus npeiukara R(z,y) u3 onp. 3.2 TOABKO 4JA NCEBAOCIYIARHBIX Y.

Ocraérea «webonbiiony nedeKT B 9TOM PaCCYXACHHH: OHO HE IPOXO-
gur upn P # NP u oTCyTCTBUM ICeBIOCAYYaWHLIX eHepaTopoB. Takas
CHTVAalls CYUTAETCA MAJOBEPOATHOM.

4.2. Kmace PSPACE. Kak yxe roBopmioch, B 3TOT KJIACC HOIIA1a-
10T Te QYHKIUU, KOTOpHIE MOTYT O6bIThb BeiymuciaeHsl Ha MT, ucnosasayro-
el aMATh, OCPAHMYEHHYIO IOJIMHOMOM OT JJMHBI BXOAHOrO ¢oBa. Kiace
PSPACE Tax:ke MOXHO OIUCATH, UCMONb3Ys UTI'DHI.

Teopema 4.2. L € PSPACE mozda u moabkxo moada, xo2da cywecm-
8YEM MAKAA UZPA € NOAUHOMUALLHLIM O JAUHbL 6T00H020 CA0BQ UUCAOM
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70006 U NOAUHOMUAALHO BHIUUCAUMBLM Pe3ysbmamom, umo L = {xl E ume-
e 6bIUZPLIUINYI0 CTPATE2UI}.

Jokasatemberso. <=  [lokaxem, 9TO A3LIK, OUpegedAeMbIl UTPOH,
npusagaexut PSPACE. Ilycts uucao xogon orpanudeso p(|z|). Onpene-
JUM 1O HHAYKIUM Habop Mammu Teropunra My maa k = 0,...,p(|z]). Ka-
xaaa My 10 3aJaHHOMY HadYaly Urpsl ©,wi,bi,... AIuMHBEL k ompeiengeT
HaJIMIMe BRIMCpBLIIHON cTpaTterun y b. [ocaeguen B sToM pagy mammbe
M |2y HYXHO mPOCTO BRIYUCAUTH npejukat W (r,wy,...). Mammuaa My
nepeGupaeT Bee BO3MOXHEIC BADHAATHL (k + 1)-r0 X048 M KOHCYAbTUPYETCA
¢ My TO MOBOLY OKOHYATCJABLHEIX DE3YJbTATOBR UIPHL. L€ oleHka UrpHI
COCTABAACTCH OUeHbL MPOCTO: €I TEKYIIUK X04 ¥ B, To gocraTouHo Hau-
TH OAMH XO0J, TpU KOTOPOM M} 1 TapaHTHUPYET BBIMIPHIIHYIO CTPATETHIO
ara B. Ecmu texymuu xog y I, To npu Bcex mapuaHTax My JOmKHA
OOHApPYXUTL BHIMCPHILHYIO cTpaTeruio a1a b. Mammua M, omperenger
HAJIUYMe BBLIMCPBILIHON cTpaTerud Aasia b B caMOM Hadame UIpHl U 1A eé
paboTBI HAM Hy XKHO UCTIOIH30BATE BCIO MIOCIEA0BATEILHOCTS Mame M. Ho
KaxJas U3 3TUX MAIIMH UCIOIR3yeT HeGOAbIIYo (HOIMHOMUAIEHO OFPAHM-
YEHHYIO) NAMATH, TAK YTO BECH NPOLECC NOTpelyeT UMb NOJUHOMHAIBHO
OFPAHUIEHHOU MAMATH.

— IlycTs ecTs Mmamuna M, pacno3Haiomas BXOX JeHIe CIOBA B A3BIK
L 54 nOTMHOMUAILHOU MaMATH. Bo-nepBbIX, 3aMeTUM, ITO BEIYMCICHHE HA
naMaTu S 6eCCMBICICHHO TIPOBCANTE J0abiue, ueM Bpema 29(5) (Bcé nauner
HOBTOPATHCA HOCJIE TOrO, KAK MBI UCYIEDIIAEM BCE COCTOAHUS HAIIEHd CUCTe-
MBI, 8 ux He Gosee 1em |A|%-]Q|-S, rae Q, A — cOOTBETCTBEHHO MHOXECTBO
COCTOAHNH YIPABIAOLIEr0 yCTPOUCTBA U aldaBuT paccmMarpusaemont MT).
ITosToMy MOXHO cHUTATEH 6€3 OrpaHUHMEHUA OOMHOCTH, ITO BpeMA PabOThHI
mammusl M orpanudeno 27, rae ¢ = O(p(|z|))-

Y106k OBLIO TPOLIE ONUCLIBATL UIPY, TOTpebyeM, YTOOH NOCIE 3aBep-
menua seraucierusa MT coxpansia 6e3 u3MeHeHul JOCTUIHY TOE COCTOAHUE.

Wrpa sakaovaerca B cregyiomeM. benble yTBepxAaloT, YTO OTBET Ha
BXOQHOM CJIOBE I PABEH «Ja», & Y€pHbIEe XOTAT 3TO IIPOBEPUTH. bennie ¢BO-
UM [ePBLIM XOJO0M JEKIaPUPYIOT COCTONHME Mammubl M (CTpOkKa, 3almMcaH-
Hasd HA JEHTE, [MOJOXKEHUE YUTAIOWEN [OJOBKH, COCTOAHUE YIDABIAIOILETO
ycrpoitcTsa) nocie 2971 TaxTos. UépHbIE CBOMM X00OM BHIOMPAIOT OAWH U3
IIPOMEXYTKOB: OT Hadana 10 (2971)-ro Takra wim ot (297 !)-ro Takra 10
xoHna. Bennie nexaapupyioT cocrosaue M B cepeiuHe 3TOr0 IIPOMEXKY TKa.
Janee Bcé nosropaercsa: Y BpibupaeT o4HY U3 MOJOBHHOK, B gexrtapupyer
cocrosaue M B cepeiuHe BHIGPAHHOU NOJOBMHKY ¥ T. J.

Urpa 3akan4uBaeTca, KOrja QJUHA IPOMEXKYTKA CTAHOBUTCA PABHOM 1.
PesynbraT onpegenserca Tak: AnA 000MX KOHLIOB dTOrO IPOMEXYTKA B
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npouecce urpel OplIM HasBaHHEL cocTosanua M. Ecau cocrosume mpasoro
KOHIIZ TIOMYy4aeTCs U3 COCTOAHUA JEBOI'O KOHIA 3a OAUH TakT paboTnl M,
10 B BomMrpanu, uHave Buurpaiun 9.

Ecmu orBeT M Ha ClOBe T JEHCTBUTENBHO «1a», TO OEIBLIM HYKHO BCE
BpeMA I'OBOPUTH NPABIY, DTO FADAHTUDPYET UM BLIMIDHIII.

Ecmu orser M Ha cioBe £ — «HET», TO IPU M060M X04€ BeIbIX Ha OJHOM
M3 MPOMEXYTKOB (MM HA ofoux) GyneT coaepxaTrsca ommbka. I gomken
YKa3bIBaTh KA KN Pa3 UMEHHO DTOT MPOMEXKYTOK. O

dagaua 4.1. [JokakuTe, NTO KIACC A3BIKOB, DACIO3HABAEMBIX HeleTep-
MHUHHDOBAHHLIMY MAIUMHAMM, PACOTAIONIMMY HA NIAMATH S, COACPKUTCA B
KJIACCe JA3BIKOB, PACTIO3HABAEMBIX A6 TEPMUHMPOBAHHBIMU MAIIMHAMH, Pabo-
TanoumMu Ha namata poly(S).

B kavecTBe caegcTBUA TeopeMbl 4.2 MOJYYaeM BKJIIOYEHUA BCEX OIpe-
JEJEHHRIX BHIIE KAaCCOB X, Il B kinacc PSPACE. Baaumuoe cooTHOLIE-
HHUE DTHUX KJACCOB MOXHO M300pPa3uTh AMATPAMMOM BKJIOYCHUH, TIOKA3AH-
Hout cneBa. Ha sron amarpamme oT 66apmiero x1acca K MeHBINEMY MOXHO

MPOUTH, ABUTAACEH MO CTpeakaM. Buusy pac-

@ noJaraeTca kaacc P, oTpevaomui urpam ¢

0 x010B, 3aTeM HUIYT MOMOJHAINME IPYT
APYra KJACCHI, OTBEYAIONIME UIPAM C KO-
HEYHBIM 9UCJIOM XOJ0B (s OZHOO XO4a
ato NP u co-NP, ana asyx xomoB — X,

@ @ u II; u 1. 1.). 3aBepiaeTca >Ta AMarpaM-

ma kaaccoM PSPACE, koropwmu onpeaens-

m €TCA NIPOU3BOJBHBEIMY UTDAMH C OJHHUM €CTe-

5Pp @ @ CTBEHHEBEIM YCJOBHUEM — BPEMSA UIDHI JOJK-

HO OBITH MOJMHOMHAJIHHO OCPAHUYEHO DPa3-

MepOM BXOJHOrO 10Ba. MBI yke J0Kasa-

JIM BCE BKJIKOUEHHA, U306PaKEHHBIE HA DTOU

e guarpamMme. Hu mpo O/HO U3 BKIIOTEHUN,
CAENYIOIMX U3 DTOU [UATPAMMEI, HEU3BECT-

HO, ABJAETCA JIU OHO CTporuM. BuITh MoxkeT, ckaxeMm, P = PSPACE. C apy-
O CTOPOHBL, BO3MOXKHO 1 Tak, 1To PSPACE = EXPTIME, rae EXPTIME
0603HadaeT (He PACCMATPUBABIINICA HAMH) KAACC A3BIKOB, BEITHCIMUMBIX 33
sKCTOHeHIMaIbHOe Bpems 2P°Y () Brnpouem, HanGonee MOMYJADHA ['UTTOTe-
33 0 TOM, YTO BCE BKJIOUEHUs, N300paXKEHHBIE HA JUATPAMME - - CTPOTHE.

3agaya 4.2. Mawuna Terwopunza ¢ opaxysom A — 310 MT ¢ gomonnu-
TeJIBHON 0peKyabrot JeHTON, Ky 18 OHa (MAIIMHA) MOXET 3aMACHLIBATEL CACr
Ba, a 3aTeM 33 OAUH TAKT PAOOTHI IPOBEPATE, IPUHAATEKUT JU 3AMUCAHHOC



WNEPAPXHMA CIOXHOCTHBIX KJIIACCOB 47

Ha OpakKyJabHOU meHTe ciaoBO A3blKy A. [lo gByM caoxuocTHbM Kiaccam X
1 Y MOXHO onpeleanTsb kiace XY Takux s3bIKOB, KOTOPHIE PACHO3IHAOTCA
MalllMHAMH M3 Kjiacca X ¢ opakysaaMmu U3 ).

Hoxaxmure, yto PP* = PIx C ¥p ) NI,

B xnacce PSPACE cywecTByioT mojsbie 3a 1241 (OTHOCHTEIBHO [OINHO-
MHAABHOU CBONMMOCTH). [IpocTedimi BApUAHT MONYHAeTCA IPUMEHEHHEM
IpebIAyInel TeOPEMEI.

3axAa49A TQBF. 3agaérca npegukarom

TQBF(z) & =z ecrb uctunHas GyaeBa ¢popmyna ¢ keantopamu (True

Quantified Boolean Formula), r.e. popmyna Buga

Q: Yi--. Q':IynF(yla .- -7yn)a
rge y; € B, F — HekoTopas Jorudeckas ¢opMmyiaa, a

Q; — mubo V, mu6o 3. Ilo onpenenenuso, (Vy; A(y;)) =
= (A(0) A A(1)), a (By1 Ay1)) = (A(0) v A(1)).

Teopema 4.3. TQBF PSPACE-noana.

HJokasateascTBo. IlocTpoum ceegéume swboro sswika L € PSPACE
k 3anade TQBF. [asa atoro npeeparum MT, BHMMCAAIOMYO pe3yabTaT
urpu (npegukat W(-)), B cxeMy, a XOIBl MTDOKOB 3aKOAUPYEM OyJeBbIMH
nepeMeHHLIMH. TOrfa HaTMYKe BHIMTPHIIIHON CTPATErM) ¥ HEIbX 33 1a6TCa
yCIOBHEM

Jw] Jwi ... Bwf(lz” Vo) ... Vb’f(lz’) S(z,w},wi,...),
rge S(-) 0603Ha4aeT PEIYABTAT BHIYUCICHHS IO CXEME.
Yro6u ipeBpaTUTEL S B 6yseBy ¢opMyny, 106aBUM HOBBIE IEPEMEHHEBIE
yi (3HAUEHME, BHIMUCIEHHOE DY i-M NPUCBAMBAHMM B CXeMe) U 3ameHuM S(-)
Ha popMyay BHIA
Juy,.. -aaypaamep cxemm (Y1 & R)A--- A (ys & Rs) Ny,
rje s — pa3Mmep CXeMbl, R; — mpaBas 4acTh i-I'O IPHCBANBAHML.

Tloce »ToM MOACTAHOBKY MOAYYUM KBAHTUGHUIEPOBAHHYIO 6y1eBy Gop-
MYJy, KOTOpPad UCTHHHA B TOYHOCTHM mif T € L. 0



Yacts 11

KBanToBuie BEIMCICHHS

Kax yxe roBopmiocs Bo BBejEeHMH, OOBIYHbIE KOMIIBIOTEPHI HE UCTIOIb-
3YIOT BCEX BO3MOXHOCTEH, IPEJOCTABIACMBIX IPUPONOH. B HUX BRITIOJHA-
I0TCA MPEOOPA30BAHMA HA KOHEYHBIX MHOXECTBAX COCTOAHUM (IeHcTBUA C
0 m 1), a B Ipupojie €CTb BO3MOXHOCTh A€JIATDH YHUTapHBIE Ipeobpa3oBa-
HMA, T.e. JeNCTBOBATbL Ha GeckoHeyHOM MHOxkecTBe.?) DTa BO3MOXKHOCTD
OMHMCEIBAETCSA KBAHTOBOM MEXaHUKOH. YCTPOUCTBA (peatbHble mim BOoGpa-
XaeMble), HCIOJb3YIOLME 3Ty BO3MOMKHOCTbH, HA3BIBAIOTCA KBAHTOBBIMH
KOMITBIOTEPAMU.

3apaHee HEACHO, YBEeTUYMBAIOTCA MY BEINHUCINTEILHBIE BO3IMOMKHOCTH
IpH nepexojie OT MpeodpPa3OBaHUM KOHEYHBIX MHOXKECTB K YHUTAPHLIM IIpe-
00pa3oBaHUAM KOHEYHOMEDHBIX MPOCTpaHcTB. Celyac ecTh OCHOBAHUA II0-
JaraTh, YTO TAKOE yBeIMdIeHUe JeHCTBUTEILHO NpOUCXoAuT. B kadecTse
IIPpUMEPA MOXKHO NPUBECTH 3aJa4y O PA3JOXKEHUN YUCAA HA MHOXKUTEIHU:
J1A OOBIYHEIX KOMIILIOTEPOB HEU3BECTHBI IOJIMHOMUAILHBIC AIrOPUTMEI €€
PeIlenns, a A KBAHTOBLIX KOMIBIOTEPOB TAKKE AJI'OPUTMEI €CTh.

OG6LraHBI KOMIBIOTED PABOTAET C COCTOAHMAMHU M3 KOHEYHOI'O HHC-
na 6rToB. Kax/bni GUT MOXKET HAXOZUTHCA B OJHOM W3 ABYX COCTOAHHH
0 mmm 1. CocTosHMe BCEH CHCTEME! 3aJaéTcA yKa3aHMeM 3HAYEHWH BCeX
Guros. [looTomy muOMecTBO cocTosnmi B® = {0,1}" xomHeuHo nm MMeer
MOIIHOCTL 2.

KBanToBHI KOMIIBIOTED PabOTAET C KOHEYHBIMK HAGOPAMH 3JeMeHTap-
HBIX COCTOAHMHU, Ha3bIBaeMbIX ¢-OMTamu. Kamawli q-6MT UMeeT 1Ba BEI-
AENEHHBIX COCTOAHUA (€CIM CYMTATH -OMTHI CIMHAMH, TO 3TO COCTOAHUSA
«COMH BBEPX» M (CIIUH BHU3»). YKA3aHUE BBHLAENCHHBIX COCTOAHMM /15 Ka-
XKAOr0 q-OMTa CHCTEMBI 3a44ET HEe BCE BO3MOMKHEIE COCTOIHUA CHUCTEMEI, a
TOABKO OasucHble. BO3MOXHE Takke JI06bIe JHHEHHBIE KOMOHHAIMY Ba3HC-
HBIX COCTOSHMH C KOMILIEKCHBIMH KoaddunnenramMu. basucHbie COCTOAHNA

9 Koueuno, HACTOAWEH GECKOHETHOCTH B npupoje ne 6uiBaeT. B nannoMm caydae geao
B TOM, 9TO yHUTapHOE Npeo6pa3oBaHNe MOXHO 3a4aTh JHIIL C HEKOTOPOH TOYHOCTHIO —
noApo6HOCTH CM. B pasjene 7.
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Ml 6yeM 0603HA4ATD |Z1,...,Ly), Dhe ; € B, wm |z), rge £ € B™. Ipo-
M3BOJBLHOE COCTOAHME CUCTEMBI MOXET ObITh MPEeACTaRIeHo B Bugel?)

W= L emlanzhme 3 el =1
(ZT1,...,Zn )EB? (21, 2n)EB"

IIpocmpancmeo cocmoanutl OiA TAKOW CUCTEMBI — KOHEUHOMEpHOe {pa3-
MepHOCTH 2™) IPOCTPAHCTBO HAJ IOJEM KOMILIEKCHBIX Hcel.

Cocrosane
O6GLITHOr0 KOMMOBIOTEpa KBaHTOBOr0 KOMIIbIOTEpa
O0 .--0 6ure oo - 0O q-6uTEI
1 L2 ... Tn T; €EB 6asucuoe: |z1, 22, ..., Tn), z; €B

npomssonbHOE: Y. Cx|z), TaE Y |co)* =1
r€B™ z€B?

He6oubmoe yTOYHEHME: eClM YMHOXATD BEKTOD » . Cz|T) Ha $azosbiil mno-
acumeap €' (i — BEIECTBEHHOE), TO HNOMYYUTCH PUINIECKN HEOTIMU-
Moe cocTosHue. TakuM 06pa3oM, COCTOSHUE KBAHTOBOI'O KOMIBIOTEpPA —
ATO BEKTOP €IWHWYHOM JJIMHBI, 33JaHHEIN C TOYHOCTHIO 40 (Ha30BOTO MHO-
KNTEA.

Briuucaenne MOXKHO MPEICTABIATD KAK MOCAEOBATENILHOCTL Ipeobpa-
30BAHHUH Ha MHOXECTBE COCTOAHMM cucTeMpl. OnuiieM, kakue npeobpaso-
BaHUA BO3MOXKHBI B KJIaCCUIECKOM, 4 KAKNe — B KBAHTOBOM CJIy4ae.

Kraccraeckus crydan: KsanToBrnm caygait:
mpeobpasoBanua — 370 GpyH- | MpeoGpasoBaHMA — ITO YHUTAPHBIE ONEPATOPHI,
kouu u3 B" B B". TO €CTh ONEPATOPHI, COXPAHAOLIME JIUHY BEKTO-

pa Y |ea|®
r€B™

3ameuanme. Bc€ ckasaHHOE OTHOCUTCS TOMLKO K 38MKHYTBIM CUCTE-
MaM. Peanpubiii KBAHTOBHIM KOMIIBIOTED — DTO YaCTh OOJBIIOH CHCTEMBI
(BcenenHot), B3aMMOJENCTBYIOWAA C OCTAILHBIM MuUPOM. KBaHTOBEIE CO-
CTOAHUA U TIPeo6Pa3OBaHuA OTKPHITHIX cucTeM OyIyT PaCCMOTPEHBL B Pa3-
penax 9-10.

Tenepb HYXHO AaThH (POPMATHLHOE OIpefeseHne KBAHTOBOIO BBIMUCTIE-
HuA. KaKk U B K1acCHYECKOM CIIytae, MOXKHO OIPEeJEeNUTh KBAHTOBLIE Ma-
muHEl ThIOpUHra WM KBAHTOBbIE CXeMbl. Mbl BHIGHpaeM BTOPOH IOAXOM,
KOTOpBLIA yao0Hee 10 psALy MPUIHH.

10) Cko6ku |...) B 3amucH |1p) He 0603HAYAIOT HUKAKOM ONEPALMH HaJ OGBLEKTOM 1) —
OHM TPOCTO YKAa3bIBAIOT HA TO, 4TO 1) ABIAETCA BEKTOPOM.
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5. Ompegenenms U 0603HaICHHA

IpocTpanCTBO COCTOAHME cHCTeMbl 13 1 q-6MToB C? MOXHO 3aHCATE
B BHe TeH30pHOro npousseenna C2 ® ... (2 = (C2)®n. CoMHOXHTEH
COOTBETCTBYIOT NPOCTPARCINGY COCTMOANUT 00n020 ¢-buma.

Tensopuoe mpouasefenre AByX upocTpascrs L u M, B KOTOPHIX HK-
cuposans! 6asuckr {ey, ..., e} u {fi,..., fin}, MOXHO OTIpefeTUTE KaK IpO-
CTPaHCTBO ¢ 0a3MCOM M3 DJIEMEHTOB €; ® fi. (B nanHoM caydae e; ® fr, —
3TO TO Xe caMoe, 4To (€;, fr), T. €. IPOCTO napa BeKTOpoB.) PazaMeprocTs
TEH30PHOI'O IPOU3BEAEHNA PABHA [ (IPOM3BE(EHMIO PA3MEPHOCTER COMHO-
XKUATENEH).

Taxoe onpenenenre neunsapuanmuo, T. €. 3ABUCAT OT BHIGOpa 6a31ICOB B
HEepeMHOXAEMEBIX OPOCTPAHCTBAX. MOXHO IaTh uN6apuanmMHuOe OUpPEefele-
nue. [ 3TOro paccMOTpMM BHadase IPOCTPAHCTBO (6eCKOHEIHOMEDHOE)
c b6asucom e® f,rae e € L, f € M — nponssonbHLE BEKTODH M3 TEPEMHO-
XaeMBIX MpocTpaHcTB. TenzopHoe npousBegenme Oy aeT GaKTOPIPOCTPAH-
CTBOM 3TOI'0 IPOCTPAHCTBA N[O IOANPOCTPAHCTBY, MOPOXKEHHOMY BEKTO-
paMu BHIA

(e1+e)@f-a®f-edf,
e@(fitfo)—e®fi—e® f,
(Ae) ® f —e®(Af),
AMe® f)—(De)® f.
JApyruMu ciioBaMu, yKa3aHHbBIE BEKTOPHI CYMNTAIOTCA paBHEIMu (.

MoKHO I0KA3aTh, YTO AAHHBIE ONPEACTCHNS SKBUBAJEHTHEL.

B namem cayyae umeeTcs ecTeCTBEHHBIM BHACACHHREIM 6a3UC (COOTBET-
cTByIomMit BhIeeHHbM cocTosmaM): gux C — {[0), 1)}, a ana (C2)®" —
{lz1,...,24)}, z; € B. TIpocrpanctso C? ¢ BEEIEHHRIM 6a31COM 0603HA~
gaerca yepe3 B. BuigeneHHbIN 6a3uC CIMTACTCA OPTOHOPMUPOBAHHEIM, 3TO
3a1a€T CKANAPHOE TPOU3BeJeHMe Ha IIPOCTPAHCTBE cocToanuM. Koaddumu-
€HTHI Cz,, .. 7, PAIOKEHHS BEKTODPA |t)) MO 5TOMY 6a3UCY HABBIBAIOTCH GM-
naumyodamu. Ux GU3MIeCKUA CMBICA COCTOMT B TOM, 9TO KBAJPAT MOAYJIA
AMILIMTYAHL [Cq, ...z, | MHTEPIPETUDPYETCA KAK BEPOATHOCTHL OGHADYKHTH
CUCTeMY B AaHHOM 6a3UCHOM cocTOAHMM. Kak 1 ZOKHO GHITH, CyMMapHasA
BEPOATHOCTE BCEX COCTOAHMH PAaBHA |, HOCKOJBLKY [JIMHA BEKTODA MPeJIo-
JaraeTca efuHn4HOH. (BepoaTHOCTH 6yAyT noApO6HO 06CY K AATHCA HOIKE:
[0 HEKOTODBIX MOD MEI 6yeM 3aHMMATHCA JUHEHHON ATre6poy — HM3y4aThb
YHHTADHBIE OIIEPATOPH HAa MPOCTpaHcTBe BO™).

Mzl GygeM MCIOABL3OBATHL (M YK€ MCHONL3OBAMM) NPMHATHIE B (DU3MKE
00603HaYeHHA, OTHOCAWMECA K BEKTODAM U CKANADHOMY NPOM3BEICHUIO B
ruas6epToBOM mpocTpaHcTBe (x BBéa [upak). BexTopel o603Ha4aoTCa
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|£), ckanaproe npomssegenune — (¢|n). Ecm [§) = Y aqlz) u |n) =
= Y. blz), o ({|n) = 3, aib,. (Bnecsr u garee a* ofo3HaYAET KOM-
IJIEKCHOE Cconpshkenre.) B 3anmmen BeKTOPOB CKOGKM HYXHBI JIUIIL A
KDPacOTBD —— OHM YKA3HIBAIOT HA THUN OOBEKTA M HPUIAIOT CHMMETDHIO
o6o3HatennaM (cu. Huxe). Bmecto |€) MOxHO 6BLIO 6B HAINCATE IPOCTO
¢, xota 510 u He npuHaTo. [losTomy [& + &) =€) + &) — u To, n apyroe
obo3naaer sekTop & + &s.

CkaIapHOe MPON3BEIeHNE AHTUIMHEHHO IO nepsomy aprymenty!) u -
HEUHO O BTOPOMY, T. €.

(&1 + &) = (&ln) + (&0, (Elm +m2) = (€lm) + (€ln2),
(cElm) = c*(&lm), (Elen) = cllm).

Ecau B 0603Ha€HIM CKATAPHOTO IPOU3BEAEHUS B3ATH JEBYIO TIOJIOBUHY,
TO NOLYyYNM Opa-sexmop (€|, T.e. TMHEUHBIM GYHKINOHA HA KEM-6EKMOPaT
(BeKTOpAX HAIero NMPOCTPAHCTBA). DBpa- U KeT-BEeKTOPBHl HAXOATCA BO
B3AaUMHO OJHO3HaYHOM cooTBercTBud. (TeM HE MeHee, HYXKHO UX KakK-TO
pas3InvaTh — MMEHHO JJIA 5TOr0 1 OLLIM BBEJEHHl yIIOBHE CKOOKH.) H3-3a
AHTWIMHEMHOCTH CKAIAPHOTO IPOM3BEICHHUA [10 TIEPBOMY APTYMEHTY MMEEM
paBenctBo (c€] = ¢*{£|. Bpa-BeKTOp MOXHO 3aNMCATh B BUJE CTPOKH, & KeT-
BEKTOP — B BUJE CTOAOLA (YTOOGBI €r0 MOXHO OBLIO YMHOXHUTL CI€BA HA
MATPHILY ):

(€l = o0l + i1l = (chcD)s 1€) = col0) +r]1) = () .

C1

Jamncek (£|Aln) (A — nMHEHHBIM OMEPATOP) MOMKHO TOJNKOBATDH JBOA-
KO: 60 KaK CKaIipHOe IpousBejenue BekTopa (¢| Ha BekTop Aln), anbo
kax — (£|A ma |n). Tax nossasercsa conpsaxentsi onepatop Af: mo ompe-
pencrumo, (At¢] (6pa-nexrop, coorsercTayomui A'|¢)) papen aunerHOMY
dynkunonany (€]A. U3 onpenenenns cpasy cleayer, 1To

(ATeln) = (€| Aln).

Ywuumapusiti onepamop — 3TO JUHENHBIA ONEPATOD, COXPAHAIOIIUN CKa-
JAPHOE NPOU3BeJeHre. Y CIOBUE
(nl€) = (UnlUig) = mU'Ule)
skpuBateHTHO ToMy, aT0 U = I (rae 7 — ToxgectpeHHLIt omepaTop).
Hauie onpejcnenyie CKAIAPHOro TpousBegenusa 5 B5" coraacoBaHo ¢ TeH-
30PHBIM TDOU3BEJACHIEM:

;

(@l @) (Im) @) = @m) (&)

N <
1 O6pature BHUMaHME, YTO MATEMATHUKHN OOBIMHO CUMTAIOT, YTO CKATAPHOE NPOM3BE-
IIEHUC B YHATAPHOM NPOCTPAHCTBE AUTUIMHEHHO MO 67MOPOMY APTYMCHTY.
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B nanbreimenm 6y 1eT UCIONB30BATHLCA MERIOPHOE NPOUIBEDENUE ONEPATNO-
pos. OHO JeilCTByeT B TEH3OPHOM NIPOM3BEACHMH NPOCTPAHCTB, HA KOTOPBIX
AEHCTBYIOT COMHOXWTEH, [0 IPABILTY

(A® B)l¢) ® |n) = Al§) @ Bln).

Ecsin onepaToph! 3a1aHL B MATPAYHOM BUIE B HEKOTOPOM Oasuce, T.e.
A=S"auliykl, B=" bili) (k|
7.k ik

(1€rKO OHATE, ¥TO |j) (k| — uHeiHslA oneparop: |7)(k| |€) = (k|€)|})), To
MATPUIHBIC DAeMeHTHI onepaTopa C = A® B uMmeoT Buj Cliky(im) = @jtbran.

Brraucienue cOCTONT Mo npeobpa3oBaHUi, CINTAEMBIX 3IEMEHTAPHBIMY
(BLIIOIHAEMBIX 33 €IUHHILY BPEMEHH).

DaeMeHTapHOe IPeOGpPA3OBaHUME | DIEMEHTAPHOE IIPeo6Pa3OBAHKE B KBAHTOBOM
B KIACCHYECKOM clyyae: Takad | cAyvae: TEH3IODHOE MPOM3BEJEHME IIPOUIBOID-
dynkuma wa B® » B", xoropas | moro yHuTapsoro oneparopa, aeiicTByome-
32BUCHT OT HeGOALIIOro (He 3a- | rO Ha TacTm comuoxurerenn B rae r ma-
BHCAWEro oT 1) umcaa 6uro u | 10 (r = O(1)), B TOXACCTBEHHOr'O OIEPATO-
HU3MEHAET TAKXKC HeOOABIIOE YM- | pPa, AEMCTBYIOUIETO Ha OCTATLHBIX COMHOXH-
¢J10 6uTOB. Teaax.

TenaopHOe IpoM3BeeHMe HEKOTOPOro onepaTopa U, AeHCTBYIOWEro Ha
MHOX€eCTBE -OMTOB A, M TOXJECTBEHHOIO ONEPATQpA, JEUCTBYIOWIEro Ha
OCTANBHBIX ¢-6uTax, Oyaem oboonavars U{A]. (B wactnocrn, U[L,...,r] =
= U ® I o603Ha4aeT IeHCTBME Ha NEpBHIX r q-6GuTax.)

Ilpumep 5.1. Ilpusegém matpuuy oneparopa H[2], neiicTsyomero B

npocrpanctee B9, Oneparop H = % G _D JEHCTBYET Ha, BTODOU ¢

6uT, HA OCTATLHBIX (-6MTaX AEHCTBUE TOXAECTBeHHOe. BasucHble BeKTOPL
PACIIOJIOKEHEL B JEKCUKOTpaduteckoM mopaike: ot |000) go |111).

10 1 000 0 O

01 0 100 0 0

10-1 000 0 O

1101 0-100 0 O
H[2]’“"f‘200001010
00 0 001 0 1

00 0 010-1 0
00 0 001 0 -1

C aTOro mMecra HaYMHAETCA BHIMUCANTENLHAR CIOXHOCTD. IlycTh 1 = 2,
torga U — nekoropaa marpuua 4 x 4, U ® I — maTpuna pasmMepHOCTH
2" x 2", y KOTOpOH IO AMarOHaIM CTOAT O6aoku u3 matpuu L. Dta Ma-
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TpUIA MpeJCcTaBiAeT OAMH B>JIeMEHTapHBIA mar. Koraa npuMenseTrcs He-
CKOJBKO TAKNX OMNEPATOPOB K Pa3HbIM NapaM ¢-OMTOB, peayabTaT Oyaer
BLIMIAAETH ropa3fo cioxHee. He BUaHO cnocoba ONpeenuTs 3TOT Pe3yib-
TaT, KpOMe NpAMOro nepeMHoxerusa MaTpuil. [fockorbky pasmepst MaTpHIl
SKCIOHEHIHMATLHO BEIUKH, NOTPeOyeTCs SKCIOHEHIMANLHOE BpeMs [UIA UX
nepEeMHOMXKEHHA.

3aMeTUM OIHAKO, 9TO BEIMHMCJICHIE MATPUIHEIX 2JIeMEHTOB BO3MOXHO Ha
HOJHHOMHUATBLHO OrpPAHMYeHHOHN maMATH. [lycTh HYXKHO HAUTH MATPUIHBIN
anemeHT Uy omeparopa

U = UG, k) U D Gior, kict) - - U2, k) U, k.

O4eBuAHO, 9TO

(UU)._“.Uu)) = > U4, ..Ul (5.1)
T

ETE2
Tiwtyeeos

(3mece g, - - . , & — CTPOKA AIMHOM N GuTOB.) [lna BHMMCICHMA 3TOM CyM-
MBI gocTaTouHO (I — 1)-ro perucTpa A XPaHEHUA TeKyMUX 3HAYeHUM
Zi-1,...,T1, €WE OJHOrO PETUCTPA ANA XPAHEHUSA JACTUYHOU CYMMBI U He-
KOTOPOrO (PMKCUPOBAHHOI'O KOJMYECTBA PETUCTPOB [/ BEIMUCIEHUA NPO-
MEXKY TOIHLIX TPOU3BENEHHUN.

Onpegenenne 5.1. Keanmosasx crema. lycmv A — nexomopoe mno-
Hcecmeo yrumapnns onepamopos (6asuc). Tozda xeanmosas crema 6 6a-
auce A — amo nocaedosameavrocmo Ui[A1}, ..., Ul[Al], ede A; — mmno-
acecmea q-6umos, U; € A.

Onepamop, peaau3yemviti K6anmMoeol cremotli. Imo onepamop
U: B®" — B®", paswwid Uj[A;] - ...  Ui[A4].

DTo onpeieleHNE HE OUEHb XOPOIIO, TAK KaK He YIUTHIBAET BO3MOXK-
HOCTBL MCHOJB30BAHUA JONOJHMTEILHOM IAMATH B NPOLECCEe BLIMUCICHUS.
[ToaToMy faauM elé OIHO OIpeleleHue.

Onepamop U: B®" — B®", peaausyemblii cxemoti 6 pacuiupen-
HOM CMbicae. Imo maxoi onepamop, WMo npoussedenue

W =UlA] ... - UilA1),

deticmeyrowee wa N g-6umos, N > n, dasa wobozo eexmopa |€) € Be®”
ydosaemsopaem yeaosuo W (|€) ® |0N~)) = (U]E)) ® |0V ).

Takum 06pa3om, MEL «G€pEM HAIIPOKAT» JONOJHUTENbHYIO NAMATH, 3a-
NOJHEHHYIO HYJIAMY, M AOJKHBI BO3BDATUTH €€ B IpexkHeM cocTosHuu. Ka-
KO#l CMBICA WMeeT Takoe onpefeneHue? 3adeM HYXHO TpeOOBaTb, YTOOR!
JOTIOMHUTENbHEIE (-GUTHI BepHyuch B cocTosnue [0V~™)7 Ha camom ge-
Ji€ 5TO YCJIOBHE YUCTO TEXHUIECKOE, OJJHAKO BaXHO, YTOGBI BEKTOP COCTO-
SHUS B KOHIIE BEIYUCJACHHMA ObL1 pasaodcum, T.e. mmen euj |€') ® |n') (c
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npou3BoIbHEIM |7)')). Eca 5TO Tak, TO mepsas MoACHCTEMa HAXOAMTCH B
ONpeAesIEHHOM cOCTOAHMH |{'), MO3TOMY NPO BTOPYIO MOACHCTEMY (ZOMO-
HUTEJBbHYIO [1aMATH) MOXHO 3a6HITh. B IpoTUBHOM Ci1y4ae, cOBMECTHOE CO-
CTOsSHUE IBYX IOJICUCTEM OKA3hIBAETCA «3allyTaHHHM» (entangled), moaro-
My IEpPBYIO NOACHCTEMY HEIb3A OTAEIUTH OT BTOPOH.

«..Heap2a OTCOGANHATE KBAHTOBRIH ILAHTED OT KBAHTOBOIO
KOMIIBIOTEDA, IT0Ka HAET paboTa, HHaYe O4MH Hin 06a npubopa
HCIIODTATCA.»

A. lens

6. CooTHoOIIEHME MEXJAY KIACCHIECKAM M KBAHTOBHIM BBI-
“MCJIEHHEM

Kraccugecknit 06bexr, COOTBETCTBYIOIMHE YHUTADHOMY ONepaTopy, —
nepecTaHoBk4. Jo6ou nepecranobke GG: B¥ — B ecrecrBenno comocTa-

BISETCA YHUTApHHI oneparop G B npocrpancree BO* | neficTytommi no

paBuIy @[1\ def |G).

AmasiornyHo oupegeneHno 5.1, MOXHO ONpege UuTh 06PATUMBIC KIACCH-
9ECKHME CXEMBI, DealU3yIOIue nepecTaHOBKM.

Oupepenenne 6.1. Ob6pamumas xaaccuueckas crema. [Tycmo A —
Hexomopue MHONCECTNB0 nepecmanoeor euda G: B — BY (6asuc). Obpa-
MUMAA KAGCCUNECKAR cTema 6 6asuce A — smo nociedoeameavnocmy ne-

pecmanceor Ur[A], ..., Ui[A[], ede A; — muoncecnea Eumos, U; € A.
Iepecmanoexa, penausyeman o6pamumoii cremoti. Imo npous-
sedernue nepecmanogor Uy[A]] - ...  Upj4,].

Hepecmancexa U, pearudyemar cremotli 8 paculupenicm cmbi-
cae. Fino maxas NepecmMaro8Ka, Mo NPouIsedente HePeCmanosok

W =UlA] ... Ui[Ad]

(deticmeyowee na N 6umos, N > n) das awboeo + = B* ydosaemsopaem
yeaosuo W(z,0N ) = (Uz,0V 7).

B xaxux cryvanx GyHKUMIO, 3aJaHEYI0 6yIeBON CXeMOH, MOKHO DEOIH-
30BaTh 06paTuMOil cxeMoi?! QO6paTUMBIE CXeMH PEANM3yIOT TOJBKO iepe-
cranoBky. IlpeogoneTs 3Ty TPYAHOCTE MOXHO TakK. BMecTo ushIMHCIEHKS
dyuxuuu F: B* — B™ Gyzem peraucasts dyuxuuts kg BV — Brtm
3aflaHHyIo cooTHowenneM Fg(z,y) = (5, y @ Fix)) {3aecs @ osmavaer no-
6uTosoe cnoxenue mo MoAy o 2). Torga snavenue F{x) MOXHO HGAYIATH
trak: Fg(z,0) = (z, F(z)).
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Yrobbl MOXHO OBLIO BHMUCAATH (YHKIMH, 3aJaHHEC OyjleBhHIMH CXe-
MaMH B TIOJIHOM 0asmnce, HEOCTATOYHO B3ATH 0a3uC AJIs OOPATUMEIX CXeM
M3 IepecTaHoBOK Ha AByx OuTax. OkaseiBaeTcs, 4TO J0bas MepecTanosn-
ka HA ABYX O6uTax g: B2 — B? aBaseTca iuHCkHOW (ynkumMen (mpu ecre-
CTBEHHOM OTOX IECTBJICHHM MHOXeCTna B u moas s gsyx saementon [ ):
g(z,y) = (cx®by@®c,dr D ey ® f), rae a, b, c, d, ¢, f € Fy. llosTomy BCe
BYHKIMHA, BLIMUCIAEMBIE OOPATHMBIMK CXeMaMu B Oasuce U3 NepecTaHOBOK
HA ADBYX OUTaX, ABIATCA JHHEHHBIMU.

A BOT DEPECTAHOBOK HA TPEX OUTaX yKe AOCTATOYHO, YTOOBI peanu3o-
BaTh 100y pysknuo. [Ipyn sToM He 06A3aTENbHO UCIONB30BATEH BCE TIe-
PECTAHOBKH, KOCTATOYHO BKMIOMMTL B 0asuc JMIIL 1Be GYHKIMM — OT-
puuanue — n aaemenm Todfoau Ng: (z,y,2) = (T,y,2 @ zy). Ilpu sTom
MMEeTCA B BUAY PeaIN3yeMOCThb B PACIIMPEHHOM CMBICJE, T. €. MOXKHO OpaTh
HANPOKAT 6UTHL B cOCTOAHMM () ¥ BORBpAIIATEL UX UOC/IE OKOH'IAHUSA BBIMU-
CJIEHUH B TOM XXC COCTOSHUMU.

3ajgaua 6.1. [okaxure A1 0OPATHMBIX CXeM HOJHOTY 0a3uca, cOCTOA-
ero U3 oTpulanua u saemenTa Todyponu.

Jlemma 6.1. ITycmo $ynxyus F: B* — B" peaausyemca 6yaesoi cze-
moti pasmepa L 6 mexomopom 6azuce A. Toeda wmoxcno peaauzoeamb
Sywwyuro (¢,0) = (F(x),G(z)) obpamunmoti czemoi pasmepa O(L) 6 Oa-
auce Ag, cocmosuem uz gywsyut fo (f € A), a maxace @ynryuu

@: (2,y) = (x, 29 y).

3ameuanue 6.1. [omumo «monesnoro» oreeta F(r) cxema, ykasannasa
B (hOPMYIMPOBKE JEMMBL, IPOU3BOAUT «mMycopy G ().

3ameuanue 6.2. CogepKaTeabHbI CMBICA onmepauuy @ —— obpaTumoe
KonupoBatue outa (ecan HauanbHoe 3Havenue y papHo ). B smreparype
514 onepauua o6eriuo nasssaeTca Controlled NOT no mpuusam, kOTOpse
CTAHYT ACHEIMU W3 JAJbHEHIIErO.

3ameuanme 6.3. [pumensas qysxuuio (¢): (a,b) — (b,a) MoxHO Me-
HATH 6UTH MecTamu B 3amucu. O6paTuTe BHUIMaHKe, ITO A1 NEPECTAHOBOK
GUTOB JOCTATOYHO Takxe uMeThb B 6asuce @), Tak Kak

(). k= @U. K@ k. @ [ K]

JloxasareabcTBo. BoabMém cxeMmy, Buruucamomyo F. Ilycrs Bxoaneie
IepeMeHHBe — 3TO Z1,...,Tn. BCIOMOraTeNbHBIE NMEPCMEHHBIC CXEMBL U
GUTBHL PE3YALTATA — ITO Tpil,---,&LntL; B OOPATHMON CXeMe COMOCTa-
BMM MM SONOJHUTEILHBEIE OMTHI, UMEIOIIME B HAYAILHOM COCTOAHUM 3HA-
qenue 0.
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Kaxpoe npucBamsanuc B cxeMe umeer Bux Tnvk = frlzj,....71,),
fr € A jr.... 1y < n+ k. B obparumoit cxeme aHAIOroM TIPUCBAMBAHUSA
OyAeT NeMCTIBUE NePecTaHOBKU (Tj,,...,T1,,Tnek) i= (e, .. a1,

Tpik), T.€ Tpik = Tppk O felzj... . z)

HNockonrKy HavanbHLIE 3HAYEHMS AOMOIHUTEILHEBIX [IEPEMEHHBLIX ObLIH
passbr 0, X KOHE'THBIE 3HaueHns Gy 1yT TAKUMM XKe, “aK U B OVJICBOH cxeMe.

OcTanock NOMEHATL MeCTaMM OUTHI, YTOOHI IIOJYYUThL YKA3aHHBIM B
VCIOBUM (hOPMAT OTBETA.

Becy mponece Bbrdmcaenus yao6HO mpeicTaBHTD CIEAYIOMIEN CXEeMOH
(12 NPAMOYTOTLHUKAME [IOAMUCAHG KOIMYECTBO OUTOB, BHYyTPH — HX CO-
JepKUMOe):

n L—m m
N O
"""" NPUCBAUMBAHUA 110 CXEME
L T I?En+1 ~TL~m] F(z)
nepecTaHoBky OUTOB
IL F(z) { G(z) .

Jlemma 6.2 (oumctka Mycopa). B ycaosuaz aesmmbr 1 moxcno npoi3ee-
cmu svivucaenue Gynsuun Fy o6pamumnoti cremnii pasmepa O(L+n+m)
(c ucnoavzosanuem donoanumeavnoir 6umos).

JoxazarenscTBo. [1a oumcTku Myeopa 6yseT ucnons3oBana o6patu-
MocTh. H306pasun nponece sbrMucaenus [y, cxemndt, Aator H4HON TOH, 4TO
OpUBENEHA B JOKARATEALCTEE JeMML! 6.1,

n L m
I ‘ :
B R
- BBLIYUCICHHE TIC CXEME U3 JOKABA-
m L+n—m M TeIbCTBA AeMMBL 6.1

caoxenne F(x) 1 y no Moxyio 2

GOPATIOHEE BLIMUCICH ],
TN o] CHCJAHMBIX %A TIENBOM ILATE
l z ] 0 'F (r)®dy l A :

O

3aMevanme 6.4. OOpPATUMBIMU BLITHCICHIAM 3aMETEPECOBAINCH TIPH
HONBITKE OTBETUTH HA BONPOC, Kakasd DHEPIUA Hen(Gvo IMMa 10U BEMMUCTEH U
(knaccudecknx). AHATH3 TOKA2AT, UTN IIYTEPH DHEERTUKR MOAHO YCTPEMUTD
K HY.EC 2JIA BCEX BRIMUCIUTEILHBIX Ollepalini, KpoMe HeoOpaTuMbrx. Korjga
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OpOU3BOANTCA HeoOpaTUMad omepanus (HAMpUMep, CTUpaHHe 6MTA), ABa
PasIMMHEIX Jorndeckux 3HavcHusn (0 u 1) cranosarca oamuaxossimu (0).
O 4HAKO PUBKMICCKUC BAKOHH HA MUKDOYPOBHE ABIAKTCA OOPATUMBIMY, 10~
ATOMY OTVIMUHE MEAKY CTAPBIMU COCTOAHIAME (0 1 1) A01AHO COXPAHNTBCA
B KAKMX- TG HOKOHTPOMUPY MBIX (PU3UIECKUX CTCHEHAX CEOGOABL. DTO MOK-
HO MHTCPIIPETUPOBATE KAK BO3pacTaHue Oecnopsaika (SHTpOnum), KOTopoe
B KOHEMHOM CUeTe HPOABUTCA B OKPYAAIOUICH Cpeie B BUAC Tea. Beauau-
Ha dHEPTUM, TPeOyemon AIA CTUPAHUA OJROIO OUTa, o'eHb Mada (x kT),
HO koHe'Ha. [loTepsa bneprum us-3a HEOGPATUMOI'O CTUPAHUA HH(OPMALNK
npy pOPMATUPOBAHMH XKECTRKOTO ucKa éMkocToio | 16 pasra 3-10~ Y Tk,
UTO HPUMCPHO COOTBETCTBYET 3aTPATAM DHEPIUM HA CABUI I'OJOBKH INCKA
Ha TIOJIOBUHY QHAMETPA ATOMA BOJAOPOJA. DTO HA MHOTO MOPAJKOB MEHbIIe
PEATLHOTO NMePEeMEMIEHN NONOBKY DU POPMATHUPOBAHMM.

C apyroit cTOpoOHBI, CCIM EMKOCTh AUCKOB OYAeT PAcTH CTOIL Ke Gbi-
CTPO, KaK B HacTOALee Bpemda, To K Koy XXIII Bexa g1a dopmaTupona-
HUA JKCCTKOTO AMCKA HOTPEOYETCA 2HCPIHA, COOTBCTCTBYIOMA 1'0JOBOMY
maayenuio Comna.

Jexina 08 o4ueTKE MYyCONa MOKasLIBAeT, ITO MOXKHO H30eKATh TAKUX
MOTCPb IHOPI'MH, CBI3AHHBIX ¢ HEOODATHMOCTbLIO BBIMUCICHIN.

Moxno Takke MOKA3aTh, 4TO MOOOC BEMUCIEHHUE, TPeOylolee nams-
TH L, MOXKHO DCUIMIVBATE OOPATUMBIM O0PA30M € MCIOIL3OBAHIEM TAMA-
v, He npessmnonen L Mpuseain HabPOCOK JAOKA3ATEILCTRA.

Hockoabxy 3agatia TOQBF PSPACE-noasa, To JOCTATOYHO BBMUCIATE
2 HeOOJIBIION IAMATH 3HAMCHUE (HOPMYALE

dey Yy o Jew Yyum f(e .- Ty, 2) (6.1)
wpH ye1oBuy, ITo (-] BormcauMa 6y1eBOH CXeMON HOGOMBIIONo pa3Mepa L.
Hokaxen, 4o B 9TOM cayuae sHasIeHTe GOpMYab 6.1 MOKHO BLIMHCTUTD HA
namatu O{ L+ ). Boraacicaue 6y1eT Oprasu3oBaHO PeKypPCUBHO, HAMUHAA
€ BHYTDEHHUY KBAHTOPOR.

Hrobw sranemrr Yo F(r, 2). Bermcetum F(0, 2), sanecés peayisTart
R OAHY JAOUCIEATEILHYIO MICHKY, 3aTeM BhiuucauM {1, z) n 3anecém pe-
BYabTAT B APYrYo sivcuky. [locae serancaum Vz F(z, 2) = F(0,2) AF(1, 2)
M PEBYILTAT 3aHECEM B TPETHIO A9eHKY. I T0OBl YOPATH MYyCOp, IPOKPY THM
BCE BEIMHC/CHHSA, KPOMC [IOCJAEJHETO ara, B 00pATHOM HAIPABACHHUM.

Pasoopapnmes amatornmbmy o6pasom ¢ dopmyaon Ja F(x,z), npn-
XOMUM K TAKOMY BBIBOAY: AGOaBIeHME KBAHTOPA MO GY1eBOH NEPeMEHHON
YBETHIMBAET TPEOYeMyIo MaMATh He 60/ee eM a KOHCTAHTY GUTOB.

B s3akmo1enne cOpMyaMpPyeM TEOPEMY O BEIMUCICHIN OOPATHMBIX byH-
KUMH, KOTOPAA ABJIAETCA MIPAMBIM 06061eHneM JeMMbl 6.2,
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Teopema 6.1. ITycmv F u F~! sviwucaumvt 6yaesvimi cremamu passe-
pos < L. Tozda F' peaausyemca obpamumots cremoil pasmepa O(L + n).

RoxasaTemberso. [Jaércs clelyomen ¢XeMOM BBLIMUCACHMH (118 Ipo-
(TOTE! HE YKa3aHBI OUTHI, KOTOPHie «GepyTCA HAPOKATY IPU BHIYNCICHUH
u3 aeMmel 6.2).

n n
z 0

z | F{z)
e NepeCTaHOBKA GUTOB

' npmvenenue (F~l)g (mo cxeme us gokasaTenbcTBa JeM-
F(z) Mer 6.2) gaér B npaBom perwcrpe z ¢ F~H(F(z)) = 0

BhlunCIeHHe Fg 1o exenme B3 JOKA3aTeIbCTBa JeMMbL 6.2

7. Ba3uchl A KBAHTOBBLIX CXEeM

Kak ppi6paTh 6a3mC 114 BEIMUCJICHUH B KBaNTOBLIX cxemax? YHUTap-
HHIX O[IepaTopoB GCCKOHEYHO MHOrO, HOXTOMY IGO0 HOJHBIM Ha3uc JoJ-
KEH COAEPEITH OCCKOHEYHOE KOMWIRCTRO DHICMEHTOB, .1MO0 MBI JOMM¥HBI
0C1afUTh YCJIOBME TOYHOM PEANTN3yeMOCTH ONepaTGPA CXCMOM, 3AMEHUB ero
Ha yCIOBHE IDPUOMINKEHHON PeAIM3yeMGCTU. Ml paccaoTpuM o6e BOBMOXK-
HOCTH.

Tounas peasmsanma.

Teopema 7.1. Basuc, codepmcawut 6ce ynuriapubie dnepamopwvl, deti-
CTRBYI0ULUE A NAPAT §-OUMO06, TLOIGOAAETL PEtautosams w060l yrnumap-
WOl ONEPATNOD 6 PACILUPCHHOM LMBLEAE.

s [oKA3ATENECTBA HTOH TEOPEMLT BBEACM RAKHEIR KI5 CC OIEPATOPOB:
ONEPAMOPbL ¢ KEAHMOBLIM YNPABAENT EM.

Onpegenerme 7.1. Onpedeanst no cacpamopy - B2 — B® une-
pamop A(U): B ®@ B®* — B @ B®" ¢ woanimissbim ynpasasiowium
g-6UTNOM (NEPBDIT COMMONCUTNECAD) CACLYIT LMY OO IOULE HUAMIL:

AU) 0) @ &) = [0} = |8,
AO) ) @[8) = (1) & 7€)
- I'padudgecku Oyaert m3vipaxares o1epaTop
A{X) ¢ ¥BaHYOBEIM yIpERICHEAM KAK MOKA3AHO
HAa PICyHKe. 3epXHAA JLHKS COOTBETCTBYET Mep-
BOMY COMHOXHTEJIO, HVKHAA JUHAA —— FTCPOMY.

(7.1)

' Y
4
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HanpapieHue CTpesok cCOOTBETCTBYET HAPABICHAIC NEPEMHOXEHHMA ONepa-
TOpOB (CcHpaBa HANEBO).
Ham nmorpebyroTca TakxKe ONEPATODPHL ¢ HECKOJILKMMH YIIPABISIOIIMMA
q-6uTamu:
k ]z, ) ®16), e Ty - ... xp = 0,
ASO) |z, .. z) ®1E) = { |Z1,. .., 2k) ® UJE), ecmay-... 2 = 1.
(7.2)

IIpmmep 7.1. Tlycts o® def o ((1) (1)) Torpa A(o”) = @, aA%(o%) =

= Ag (s1emenT Toddoau).

Tenepe mocTpoum saemenT Todbdoan, MCNIOE3Y A TPEOGPA3OBAHUA IBYX
q-6utoB. [lna Havana HaWgeM mapy OMepaTOpOB, yAOBIETBODAIOIIMX CJe-
AyomeMmy cooTHomenuro XY X 1Y ™1 = ig®. Hanpumep, rogurca Takas

napa:
1 {1 i 1 0
X‘E(i 1)’ Y‘(o -1)'

HoAcHUM reOMeTPHIECKUH CMEICT 3TOM KOHCTDYKUMH. YHATADHAS TPYII-
ma U(2) gencTByeT Ha TPEXMEPHOM E€BKJMIOBOM HpPOCTPAHCTBE. UTOGHI
ONMCATb 3TO JIEUCTBHE, 3AMETHM, YTO IPMUTOBEI MATPULLL 2 X 2 ¢ Hy’xe-
BBIM CJI€[IOM 00Pa3yoT TPEXMepHOe eBKJINAOBO MPOCTPAHCTBO: CKAIAPHOE

[IpOU3BeLeHME 3a1aETCA HOPMYIOH 3 Tr(XY), opToHOpMUPOBaHHEIN Ga3uc
06pasyoT mampuybt layau

0 1 0 —i 1 0
T v 2z
=0 0) = 70) - ()

Yuutapuent oneparop U € U(2) geiicTByeT Ha 3TOM NpPOCTPAHCTBE Tak:
U: Ew— UEU!. Moxuo aokasats (cM. [8, §11.12]), wro onucanHoe neii-
cTBHE 3a1aéT uaomopduam U(2)/U(1) = SO(3), rae U(1) — moarpyn-
na ¢a3oBex cauros, a SO(3) — rpynna moBOpoOTOB B TPEXMEPHOM HpO-
CTPAHCTBE (T. €. TPYINa OPTOrOHANLHEIX MPEOOPA3OBaHMM C JeTepMUHAH-
TOM, DaBHEIM 1).

Hpn sTOM fedcTBaM 0 COOTBETCTBYET OBOPOT BOKPYT OCH z Ha 180°,
X cooTseTcTBYeT mOBOPOT BOKPYr z Ha 90°, a Y cOOTBETCTBYeT MOBOPOT
BOKpDYT z Ha 180°.

Ha puc. 1 uao6paxeno rpadudeckoe NpeacTaBIeHUe CXeMbl, BHIYHC/IA-
omen aaement Todbdomu ¢ momompio oneparopos A(X), A(Y) u A2(—i).
Hocneguuit — 3T0 ynpapnsemerd JBymsa GHTamu Ga3OBLIA CABMI (yMHO-
xeHne Ha —i). lposepum >1y cxemy. IlycTh Ha BXOA MOJa8TCA BEKTOD
la) ® |b) ® [€), rae a,b € B, |¢) € B. Ecma = b = 1, 1o k [£) Gyzer
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Puc. 1.

npumenés onepatop —i XY X 1Y ™! = o% t.e. |0) u |1) B TpeTrem q-6uTe
nepecTasIfioTea. ECId xe xoTa 66l OUH U3 YIPABIAIINX GUTOB paseH 0,
TO K |£) OyAeT npuMenéH TOX JeCTBeHHRIN ONepaTop. JTO U €CTh AeUCTBUE
anemernta Toddonu.

C nomMompio aaemenTa Toddosm MOXHO pPeaiu3oBaTh Ja00YI0 epecTa~
HOBKY 0A3MCHBIX BEKTODPOB (C UCIUJIB30BAHNEM AONOJIHHUTETLHOM NAMATH).

MoxaxeM, kak peamsosats onepaTop A¥(U) aia mo6oro k, nedcTsys
TOJABKO Ha Napsl q-6uToB. [ aToro Takxe norpebyercs JONOTHATEILHAA
naMaTh. BygeM crpouts oneparop W, mencTByowmun B npoctpancTee N
q-6uton BEN u y10BIETBOPAIONIUH YCIOBUIO

W (Ju) ® [0V 1)) = A) ) @ [0V 4,

(TTpenocTepexenue: 5To ycaosue He o3HavaeT, utro W = A(U) ® I.)

Cywecrsyer o6parumasn cxema, P pazmepa O(k), BRIMHCLIIOIAA TPOU3-
BedeHHe BXOAHBIX OUTOB (C MYCOPOM); IpadUYeCKH OHa NPEACTABICHA Ha
puc. 2 {cBepxy 0603HAMEHO YUCI0 GUTOB B Kk JOM M3 BHILEJCHHBIX (par-
MEHTOB HaMATH).

1 N-1 k ., N—-k
1T ... Tk G(xl,...,mk) <L- Llyeee 3T 0
Pnc. 2.

Ha puc. 3 mokasaHo, KaK ¢ MOMOILLIO ¢xeMbl P U GrepaTopa ¢ 04HUM
YIPaBIAIOLNM (-6MTOM IOCTPOUTH omepaTop 17 (V). Mul npuMenseM cxe-
My P, a 3atem — obpaTHylo cxemy P '“", TMOCIE YEro BCE BCTIOMOraTeRnLHBIe
GUTHI BO3BPAIIAIOTCA B UCXOJHOE COCTOAHNE. B npoMe. Ky TKe CaMOU BepXHEn
JIMHUM COOTBETCTBYET OUT CO 3HAYECHHUEM I *. .. Tk. ENG MBI M HCNOAB3YEM
IJ yTpaBieHusa onepatopoM U, AeHCTBYIOUMM "4 CAMOW HIGKHEW JUHUW.
Apyrum cniocobom AF(U) moxuo 2amucats xax P A(U)P.

Heiicteue AF(U) MoxnO ommucarh Tax: Ha NOAUDOCTPAHCTEE, HOPOXK-
néaHoM BekTopamu |1,...,1,0) u |1,...,1,1), gercTByer oneparop I/, a Ha
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T < 1 2 k 1
T2 =

Tk

-— P—l P e
G(z)
-— e
0 : 0
Puc. 3.
OPTOrOHAJIBHOM JOMNOJHEHUM K ITOMY MOANPOCTPAHCTBY — TOXKJIECTBEH-

Hb1i onepaTop. Hamma cresyomasn 3a1a4a: peatusopaTh OIepaTop, KOTOPHIH
YCTPOEH TaK e, HO HeTDUBUAJILHOE IEUCTBUE OCYMIECTBIAETCA HA IIOJ]-
NPOCTPAHCTBE, HATAHYTOM Ha IPOM3BOJNBHYIO NAapy OA3UCHBIX BEKTOPOB.
IIycTe MBI XOTUM peajM30BaTh NPOM3BOJLHLIA ONEPATOP B IIOAIPOCTPAH-

CTBE, HATAHYTOM Ha Gas’uCHbIE BEKTODH |Z) U |y), rae & = (T1,...,Ty),
y= (yl, ceYn)y T4, Y € B HyCTb f — Takas nepecranoBka, uro f(z) =
(1,. ,0), f (y) = (1,. ,1). Torga HyXHEI HAM ONEPATOD NPELCTA-

BJIAETCA B BH/E f TAR= 1(U ) f (Hamomuum, uTo f — OmepaTop, COOTBET-
CTBYIOIIMY IIEPECTAHOBKE f.)

Hrak, Ha napax 6a3MCHBLIX BEKTOPOB MbI MOXEM JEeHCTBOBATH MPOM3-
BobHO. [loka Bce ucnoab3oBaHHBIE cxeMbl MMeam pasmep O(n), Tak 4TO
NIOCTPOEHHBIE IEHCTBUA peanuayioTca apdextupHo. Creayomas 1acTh He-
addekTusHa. MMeeT mecTo crenyroman jeMma.

Jlemma 7.1. Jwbas ynumapnas mampuya U 6 npocmpancmee CM mo-
acem Ovimb npedcmasaena 6 eude npoussedenus M(M — 1)/2 mampuy
suda

1 0
0
0 ... 1 0o ...
a b a b
0 ...... (c d) 0o ...... , 20e (c d)eU(Q).
0 i 1 0 0
....................... 0
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3aMeTuM, YTO B HameM cay4dae M = 2", Tak YTO NOMyYaeM npeicTaBiIe-
HY€ B BUJ€ NPOM3BECHUA IKCIIOHEHIUATHLHOI'O GOIBIIOr0 YUCIA GA3MCHBIX
OIIEPATOPOB.

Ilpubinnk éanas peamsanua.  Teneps nepeliéM K KOHETIHBIM 6a3HCAM.
B 5ToM ciiyuae BOBMOXHO TOILKO MPUOIMIKEHHOE NIPEICTABICHIE OIIEPATO-
POB MpOM3BCACHUAMU Ca3UCHBIX. “ITOOH Onpese nTE NPHOMDKSHAYIO Pea-
JIM3ALMIO, HAM TOTPeSyCTCA HOPMA Ha [IPOCTPAHCTEE ONCPATOPOB.

Ha nmpocTpancTBe COCTOAHMR ¢CTH HOpMA ”IE)H = /{£]&). Ona, xax un
J100as HOpMa, 10 ONMPCAEICHMIO ¥ IOBIETBOPAET CACAYVIOUINM VCIOBHAM:
=0, C =0,
(1] { S0, eom {g 0. (7.3)
16 + ]| < {[1E)]] + [|1m) |l (7.4)
[[l&)] = lel[[1&)]]- (7.5)

Beeném Teneps Hopmy Ha npocrpanctse oneparopos. Ilycrs N -— mpo-
CTPAHCTBO ¢ HOpMou. [IpocTpancTBoO OnEPATOPOB, AEHCTBYIOUINX HA HEM,
MOXHO npegcTaBuTh kak L(N) = N @A™ (usomopdmanm nagaercs maTpu-
HbIM TIpeJcTaBieHueM . a;jx|j)(k}).

Onpepenenme 7.2. Hopma onepamopa X (max nasvieaesmas onepamop-
HAA HOPpMA, 6000Ule 2080pa, ecb U dpy2ue) pasha

X161
Xl = .
XTI =" s ]

3amerum, ut0 || X||? — nauboarmee cobeTennoe wneo onepatopa XX,
ITa HOpMa OGJIATACT BCEMH IEPEYMCAEHHBIMM BBIIE CBOMCTBAMIU HOp-
MBI, @ KPOM€ TOrO0, €II¢ HeCKOIbKMMHU CIIeNUpUIeCKUMU:

XY < XY (7.6)
XH) = IX1l; (7.7)
IX® Y| = IX]IIYi], rge X € L(N), Y € L(M). (7.8)

[okasaTenpCcTBA 3TUX CBOUCTB HOPMBI TOAYHAIOTCA HEMOCDPEICTBEHHO
U3 ONPENENEHUA U OCTABMLIIOTCA B KAYECTBE yIPAKHEHUA.

lanum Tenepnb onpejereHue TPUOIMKEHHOM peatnsyeMocTy. Eean uc-
KOMBIH onepaTop — U, TO ero npumok8HHAA pealn3anns oyzeT o6o3Ha-
qarnea U.

Onpegenenne 7.3. Onepamop U npedcmasasem onepamop U ¢ mowu-
nocmwio 6, ecau U — U} < 6.
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Y 3TOro ompeneneHus ecTh JBa 3aMeYaTeIbHBIX CBONCTEA. Bo-nepsrrx,
€CTM MBI MMEEM ITPOU3BE/IeHne HeCKOIbKUX onepaTopoB U = Uy, -...-UsUy,
KaX /bl M3 KOTOPBIX MMeeT CBoe mpubimkenne Uy ¢ TOYHOCTDHIO Ok, TO
NPOU3BEAEHHE ITUX TPUOIMKEHIH U = UL e 0201 upubmmxaer U ¢
TOYHOCTHIO Y Ok (Owubxu naxanauseawmes Aunetno):

Lo/ A A D S
J

[locTaTovHO paccMOTpETH mpuMep ¢ ABYMA OnepaToOpPaMu:

10Uy = UsUs || = 10201 — U) + (T — Ux)Uhl €
< ||0:(0, ~ U+ (T2 =U)UL|| < |0l H(Ul—*Ul)H”"“(UQ—UQ)“ ULl =
= I(T = Ul + (T2 = U))|-

B arout Brikiagke mocregnee paBeHCTBO COpaBeanBoO Oarogaps yHUTap-
noctu oneparopos. (Ecin paccmaTpusaTs HEYHUTAPHLIE ONEpATOPHI, TO
OWMOKM NMPUGINKEHNAA MOTYT HAKAILIABATHCA ropasjo GeICTpee, HaIpUMep,
SKCIOHEHIMATLHO. )

Jameyanme 7.1. Beskas Mofenb, mpeTenayoman Ha PeLIeHUE CACKHEIX
38,121 KaKUMU-TO peaIbHbIMU (PUIMIECKUMM HPOLECCAMM, IOMXKHA 06A3a-
TEJILHO M3YMaThCA HA NPEAMET YCTOMIMBOCTH K OMMUOKAM MPHOIAKEHUA.
(B peanbHOM XM3HM ApaMeTphl MOGOr0 (GU3MIECKOro IIpOLIecCa MOXKHO
3aJaTh JUIIb ¢ HEKOTOPOM TOYHOCTBIO.) B 4acTHOCTH, BEIYMCIEHHME C DKC-
TIOHEHIMATBHBIM HAKOIIEHMEM OLIUOOK MOYTH 3aBeJOMO GECIOe3HO C NpaK-
TUYECKOU TOYKH 3PEHUA.

Bropoe cpoitcteo nonarus «U mpeactaiser U ¢ TOMHOCTBHIO &» MEI
copmyanpyem B 60see 061IIEM KOHTEKCTE.

Onpegenerme 7.4. Onepamop U: B® — B®" npubauscaemcs 6

pacwupenrom cuvicae onepamopon U: B3N — BEN ¢ mounocmow §,
ecar das 4106020 |£) uz BO" guinoaneno

177 (16) ® 10N ™)) = Ule) ® [0V =) < 4]l1¢)]. (7.9)

Cdopmynpyem »To onpeieneHue ems ogHuM criocoboM. Beeném ome-
patop V: B#" — B¥N xoropuit geiicteyer mo npasumry V 1) = &) ®
® |0V ~™). Oneparop V me YHUTapHBIA, HO M3OMETPUYHLIA. YCJIOBHE U3 TIO-
CJIEJJHETO ONPEAENEHNsI MOXHO NEPEeINCATh TaK

UV -VU| < 8. (7.10)

Paccyx renne npo nakomnienue omm6ok IpOXo4UT U B 3TOM cay4ae (4ro,
KOHEYHO, CJIe/yeT NPOBEPUTh).
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CrpaBe JIMBO CIeAyIOEe YTRepXK Aerue: ecau U npubmmkaer (B paciumn-
pensoM cmbicie) U ¢ Todnoctsio §, To U~! mpubmmxaer U~! ¢ Toit xe
TOYHOCTRIO §. DTO crenyeT u3 Toro, 4ro ||Wi XWsy|| = || X|| gaa yaurap-
HBIX oniepaTopoB Wy, Wy, YMuOXas BhIpaxeHue o HopMod B (7.10) cnera
Ha U1, a cupasa — na U™!, moayunM cegcrsue u3 mepasencTsa (7.10):
1T~V — VU1 < 6.

Onpegenerme 7.5. Bydem naszwmeamv 6azuc A noanbim, ecau arwobot
ynumaprtit onepamop U moxcno ¢ ar060t mounocmvio npedcmasums 8
PACWUPEHHOM CMBLCAE KEANMOB0MU cTemoli 6 6azuce A.

Teopema 7.2 (cm. [4]). Basuc Q = {H, K, A(0%),A*(0%)}, 2de

1 /1 1 10
-0 ()

agasemca noanvin. (Taxon Hasuc 6ygeM HABHIBATH CTAHAAPTHEHIM. )
Jokas’aTeasCcTBO 3TOM TEOPEMBI CIeAYEeT U3 pDeleHus 3a4a4 7.5-7.9.

3amedqanme 7.2. Eciau ybpars u3 6asuca Q KBAHTOBBIA deMeHT Tod-
¢oau, oH nepecTaeT O6bITH MOAHBIM. O THAKO MHOIME BaXXHBIE BBIMUCICHUA
MOXHO [Ie1aTh U B TAKOM ycedeHHOM Oasuce. B yacTHoCTH, Kak OyaeT Bug-
HO B JAJBHCUIICM, CXeMBI, KCOPABIAIOIIUE OUITMOKY, MOXKHO DEAIN30BATE €3
anementa Tohdoau.

MoXKHO OUEHHTL CIOXKHOCTB peaamsanuu oneparopa U B aToMm 6asuce.
Ecau U: B®" — B9" 70 MOXKHO PEATU3OBATE 3TOT ONEPATOP ¢ TOMIOCTEIO
§ xkpanToBOM cxemou B 6asuce Q pasmepa L = exp(O(n)) - poly(log(1/4)).
Ecau marpuvnere saementst U 3aJaHpl B IBOUTHOM 3AlLMCH, TO DTa CXe-
Ma cTponTea 1o U ¢ HOMOWbIo HEKOTOPOro AIrOPUTMa IPHMEPHO 33 TO
e BpeMs (MHOKUTENU U CTCIEHH HOJMHOMA MOTYT OTAuYaThed). Maes mo-
CTPOEHUA TAKOI'O AJrOPHATMA JerkKo yCMaTpuBaeTCs u3 3aaa4 7.1 u 7.11.

dagasm

7.1. [JoxaxuTe, ITO BCE ONEPATOPHI HA OJHOM (-OUTE B COMETAHUM C
onepatopoM A(g®) o6pasyior noasbi Ha3uc. Pemenue q01xH0 OBITE [OCTA-
TOMHO HDDEKTUBHEIM: JOMKEH CYLIIECTBOBATL AATOPUTM, KOTOPLIA CTPOUT
CXCMY, PEANM3VIONIYIO TPOMIBOILHLIH onepaTop U Ha n ¢-6uTtax, 32 Bpemsa
expl{O(n)) - poly(log(1/4)).

7.2, Jdokaure CroHCTR: ONEpaTOPHOR HOpMEL {7.6- 7.8)

7.3. Ilycts onepatopsl Uy NPROAUKRIOT B PACIHIUPEHHOM CMBIC/IE Ollepa-
Topet Uy ¢ TotHOCTRIO O), 1 < k < L. Joxkaxure, '1to oncparop Uy -...- U
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npubIMKAET B PacCIIMPeHHOM cMeicae omeparop Ug - ... - U; ¢ TodHO-
CTBIO ) 0.

7.4. Ilycts oneparop U npubimxaeT B PACIIMPEHHOM CMEICJE ONepa-
Top U ¢ TouHocThwo 4. [lokaxuTe, 4To cymecTByeT oneparop W, TouHo
npeacTaBisomui U B pACIIMPEHHOM CMBICJE, T. €. BHIIOJIHAETCA PABEHCTBO

W (l&) @10V = (Ule) ® o™,
u Takou, uto ||[W — U|| < O(9).

7.5. Ilycts yuurapHsii onepaTop U: B®™ — B3" yiopreTBopaeT ycaIo-
suo U|]0) = |0). Ilocrponre peanusyromyio A(U) cxemy pasmepa 6n + 1 B
6asuce Q U {U}, ncnoassyromyio onepatop U oauH pas.

7.6. Ilycte X,Y — uexommyTupylomme snemedTn rpynnus SO(3) —
HOBOPOTHL HA YIVIBI, Hecowdmepumrule ¢ 7. [Jokaxure, 94TO rpynma, mo-
poxaénHas X u Y, o6pasyeT BCiogy mioTHoe noaMHoxecTBo B SO(3).

7.7. Ilycte M — yHHTapHOE IPOCTPAHCTBO pasmepHocTH > 3. Pac-
cmotpum noarpynny H C U(M) — crabuimsaTop 0JHOMEPHOT'O OAIPO-
CTPAHCTBA, IMOPOXJAEHHOIO HEKOTODHIM €AMHMYHEIM BEKTOpOM [£) € M.
IIycts V — OpOM3BOMBLHLIM YHETADHLIM ONEPATOP, HE COXPAHAIOLUIMM TIOJ-
npoctpanctso C(|€)). MokaxuTe, uTo MHOXecTBO oneparopos HUV1HV
nopoxaaer scio rpynmny U(M).

(3ameTnm, uTo B ycaoeuu 3Tou 3agauu U(M) u H MOxHO podakTo-
pu30BaTh N0 nOArpynmne ¢asoseix casuros U(1)).

7.8. MokaxuTte, 4TO ONEPATOPH U3 CTAHIAPTHOI'O 0A3UCA NMOPOXKAAIOT
BCIOAY TWIOTHOE MHOxecTBo B U(B®2)/U(1).

7.9. JokaxwuTe, 4TO $Ha30BLIE CABUI'YM MOXHO PEAJU3OBATEL B CTaH1apT-
HOM 6a3uce, UCIIOAB3YA HAIIPOKAT JOMOJHUTENLHEIE q-OHTHI.

7.10. Jokaxure, 4T0 oTpuuanue o° u saemenm Jotiua A2(R), rae
R = —iexp(miac®), @ — uppanuoHAIbLHOE, 06Pa3yIOT MOJHEIHM 6a3MC Aid
KBAHTOBOT'O BLIMUCJIEHHS.

7.11. [Tokaxwure, yro mobou onepaTop U, NEUCTBYWOIMEA HA OZHOM
q-6uTe, MOXeT OHITH NPUOIMKEHHO PEATH30BAH B PACHIMPEHHOM CMEICHIE C
ToYHOCTHIO § cxemoi pasmepa O(log®(1/8)) B cTanzapTHOM Gasuce, u ecTh
[OJMHOMHKAIBHEIN AITOPATM OCTPOEHUA 3TOM CXEMHI 10 onucaHuio U.

JTa 33a1a4a LOBOJBHO CIOXKHA, K €€ PEUICHHIO JYYIIEe NPKUCTYIATh IOCJe
3HAKOMCTBA ¢ pasfeqamu 11 u 12 n pemrenus s3agadu 12.3 (kBanTOBOE NpE-
obpaszosanue Pypre). lipeanaraeMui nyTh pemeHusa ABIACTCA JOCTATOYHO
M30PEHHHIM. B cTaThe [4] 611 HCONB30BaH Gotee IPAMOK (HO TOXKe Heode-
BUIHBIN) [OAXO0J, IPK KOTOPOM TIOJAy4aeTca cxema pasmepa poly(log(1/4)).
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8. Ompepgenenne KBaHTOBOrO BhrauciaeHusa. IIpumepnr

¢«...Mpl HE MOXEM IPHMEHHTL 3J€Ch 3ADABBIH CMBICT,
MEI MOXEM TOJBKO CTPEMHTBHCA NOHATH BHY TDEHHIOIO JIO-
T'HKY 3TOro 6€3yMusa, KOTOPAaA HABEPHAKA €CTh. . . »

A. Ilens

IToka Mu1 onucanu paboTy KBAHTOBOIO KOMIIbIoTepa. Tenepb nopa, onpe-
[IeJIUTh, KOrLa 3Ta paboTa NMPUBOLUT K PELIEHUIO MHTEPECYIOIMEH HAC 3a-
naxu. Onpegesenne Gy IeT NIOX0XKe HA ONpeJeieHre BEPOATHOCTHOTO BbIYU-
CJIEHUA.

IIycrs ecth dynkmua F': B” — B™ . PaccMOTPUM KBAHTOBYIO CXEMY, Pa-
6otatomyio ¢ N 6utamu: U = Uy, - ... - UsU; : BN — B®N . Hedopmanbho
roBOpA, 3Ta cxeMa BbraucaseT F, ecnu nocie npuMenenusa U K HavalbHOMY
coctoanmio |z,0™ "), MbI, «TOCMOTpEB» Ha TIepBBIe M GUTOB, ¢ 604bW0l Be-
poamnocmobio «yBuguM» F(z). (OcraibHbe q-6UTH MOTYT COLEPKATH IIPO-
M3BOJIbHLIM MYCOD.)

HyXHO TOJBKO OrOBOPUTD, YTO TAKOE 3Ta BEPOATHOCTD. CJ0BAa, «[TOCMO-
TPEB» U (YBUIMM» B TOYHOM CMBEICJIE O3HAYANIOT, YTO MPOU3BOLUTCA U3IMEPE-
nU€ 3HAYEHUH COOTBETCTBYIOLMX q-6uToB. B pesynbrare uamepenus moryT
NOJTY4YaThCA PA3HBIE OTBETHI, KAXIOMY COOTBETCTBYET CBOS BEPOATHOCTbD.
Hmke (pasges 9) 3T70T BOnpoc paccMaTpuBaeTca noapobuo. s Toro, 4ro-
OHl [aTH ONpeJe/ieHMe KBAHTOBOI'O BLIYUCICHUA GyHKIMH F, 1OCTATOYHO
(ne BraBasch B 06CyxkgeHMe (PUINIECKUX OOBACHEHMH >TOro GaKTa) [PH-
HATH CJAEIYIOILEE: 8EPORMNOCTNL NOAYUEHUR HAZUCHOZ0 COCTROAHUA T TPU
UBMEPENUU COCTNOANUA |1P) = Y C;|T) pasna

P(ly),z) = |eo|”. (8.1)

Hac unTepecyeT BepOATHOCTD TOMO, 9TO KOMIBIOTED 3AKOHYMT PafOTy
B coctrosHud Buga (F(z),z), roe z — aoboe.

Ompepenenme 8.1. Crema U = Up - ... - U3U; svivucasem F, ecau das
4106020 T BHINOAHEHO

S (F@), 21U |z, 0V )" > 1~

2de € — nexomopoe Puxcuposannoe wucao, menwvwee 1/2. (Obpamume enu-
sanue, ymo F(z) uz cocmoam u3 paanoeo xoauvecmea 6umos, Toma cym-
mapnas dauna (F(z),2) u (z,0V ") odunaxosa u pasna N.)

Kak ¥ 119 BepOATHOCTHBLIX BHIYUCJIEHUH, BHIGOD € HECYUIECTBEHEH, IO~
CKOJIBKY MOXHO 3allyCTUTh HECKOIBKO 3K3EMILIAPOB CXEMEI HE3aBUCHMO M
BHIOPATh TOT Pe3y/IbTAT, KOTOPHIM moaydaeTca 4awe Bcero. Us onenxw,
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npuBeaEéHHOM Ha C. 36, ciegyeT, YTO A1 YMEHbLIEHHA BEPOATHOCTH HEyaa-
yu B N pa3 nyxHo B3anTh O(log N) sk3emmuapor cxemur U. Bu6op caMoro
9aCTOr0 pe3ylbTaTa Pealu3yeTcA KIACCHMYEeCKOH CXeMOH, MCIOIbL3YIOMen
¢dyukmio ronocopanuns MAJ(x1,...,z,) (oHa paBHa 1, korja Goaee monoO-
BHUHEI €€ apryMeHTOB PaBHHI 1, u paBHa 0 B IpoTHBHOM ciry4ae). DyHkuus
MAJ(z1,...,z,) peammayeTca B noaHoM Gasnce cxemoit pasmepa O(n log n),
TaK 4TO noTepsa >Pp¢GeKTUBHOCTH IPH YMEHBLICHHH BEPOATHOCTH HeyTadu
B N pad sanaérca muoxureaem O(mlog N loglog N).

J3agaqa 8.1. JlokaxuTe, 4TO IpUBEJEHHOE PACCYXKACHUE ABIACTCA KOD-
PEKTHBIM B KBAHTOBOM Cay4ae: pyHkuna MAJg pearnaosana B Bujae o6pa-
THMOM CXeMEHl, Ha BXOJ KOTOPOH MOAAIOTCA BHIXOAHKIE q-OHTEL 71 KOIIMI CXe-
Mul U,

8.1. KsamToBsul nouck: amroputm [posepa. Wtak, MuI uMeeM onpege-
JICHHE KBAHTOBOI'O BHIMUC/IEHUA. Tenepp MOXHO 3aHATBHCA CPABHEHUEM 3¢-
(peKTUBHOCTH KJIACCHYECKOT'O ¥ KBAHTOBOI'O BuiyuciaeHus. Bo Beegenuu ymo-
MUHAJHUCh TPH OCHOBHHIX IPUMEPA, A/ KOTOPHIX KBAHTOBOE BHIYHCJIEHUE
OKal3kIBaeTCAd, NMO-BUAUMOMY, 3P deKkTuBHEeEe KIacCHIecKoro. Mul HaYHéM ¢
TOr'0 M3 HHX, B KOTOPOM KBaHTOBOE€ BhIYMCJEHHE 3aBeAOMO d(pdeKTUBHEE
(XOTA yCKOpeHMe JMIb «IOTMHOMHUATLHOe) ).

JanuMm onpenenenne ywusepcaabnoti nepebopnoti 3adawy B KIaccHde-
CKOU ¥ KBAHTOBOM NMOCTAHOBKE.

IlycTs uMmeeTca yCTPOKCTBO (CM. PHCYHOK), KO-

TOPOE 10 BXOAaM T M Y ONPeJeNAeT 3Ha4eHHe HeKo- A(z, y) .
Toporo npeaukata A(z,y). Hac uarepecyer mpe- ] Y
gukaT F(z) = 3y A(z,y). IT0 noxoxe Ha onpege-

nenue knacca NP, vo ceiuac HaM HegocTynHa BHY- TH“’

TPEHHAA CTPYKTYPa YCTPOHCTBA, BLIYUCIAIOMIErO

npeauxaT A. B Takux ycaoBMAX HA KIaCCHYECKOM KOMIbIOTEDEe 3HauYeHme
npeaukata F(r) Helb3s BHYUCAMTDL GhIcTpee, YeMm 3a N = 2" maros, rje
T — KOJH4eCTBO OMTOB B 3aLUCH Y.

OxasrIBaeTcs, 4TO Ha KBAHTOBOM KOMIBIOTEPE MOXKHO BHIYHCIHTL 3HA-
1enue npeaukaTa F'(r) u jaxe HalTH y, Ha KOTOPOM BrmoJHeHo A(z, y), 3a
ppema O(V'N). TlonyueHn! Takxe U HIXHUe OLEHKH, MOKA3LIBAIOLINE, YTO
B OTOW NOCTAHOBKE KBAHTOBHIE YCTPOMCTRA JAIOT
JIMIIB TOTMHOMHMATBLHOE YCKOPEHHE MO CPABHEHHIO C
KJIACCHYECKUMMU.

B kBaHTOBOM! IOCTAHOBKE 323444 BEITJIALAT TaK. T Tz
Bxoa = mo-npexxHeMy KIaCCHYeCKH, HO caM «4ép-

HEIH ANMK» — KBAHTOBOE YCTPOWCTBO, M BXOJ ¥

Lnds U. &=
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(BapmanTH oTBeTa) MH GyAeM CYMNTATL KBaHTOBHM. IloaTOMy Ham
opakya (mid «4€PHEI AMMK») 3aaét omeparop Uz, AEHCTBYIOMME 0O
OpaBHIY
— ly)v ecn A(z,y) =0,
v ={ ) o A =1

HyxHo BrruncauTs 3Havenne F(z) u HayiTn «oTBET» Yy (OPH KOTODOM
punouner A(z,y)).

PeayabraThl, 0 KOTODEIX yXe YIOMMHAJIOCH, (GOPMYJIMDPYIOTCA TaK
(cM. [31, 48)): cywecmesyrom dee xoncmanmur Cy; u Ca maxue, wmo ecmp
czema pasmeps < Ci1VN, pewawwar 3adavy dax 4106020 npeduxama
A(z,y); 6 das moboti czemvt pasmeps < CoVN cywecmsyem npeduxam
A(z,y), npu xomopom 3adana ne pewaemcs na 3mot creme (M. e. crema
daém menpasusbnuili omeem ¢ seposmuocmyvio > 1/3).

Mu pa3bepéM ympOUIEHHYIO MOCTAHOBKY: CYUTAEM, YTO «OTBET» CyLIe-
CTBYeT 4 €JUHCTBEH, 0G03HAYUM €ro 4epe3 Yo; HyKHO HAUTH Yo. Cxema,
KOTOPYIO MHl AJIs 3TOT'0 MOCTPOUM, OyAeT NIPHMEPOM «IIPAMOI0s KBAHTOBO-
IO BHIYUCJIEHNS; OHa Oy eT OMMCaHA B TEPMUHAX MPe0oGpa3soBaHui 6A3MCHEIX
BEKTOPOB.

PaccmoTpum gea oneparopa:

U = I - 2lyo)(vol
w V=I-206)¢, raeld)=—=3lu).
Py

Oneparop V B mMaTpnuHOH $opMe MOxeT GHITH 3amUcaH Tak (HAmo-
MHUM, yTO N = 2"):

2 2
-5 N
v=|
2 2
—-]—V- e I—N

Omnepatop U nam 3anan (aro opaxy.). IloctpouM KBaHTOBYIO cxemy,
Brraucsiiomyio V. JeicrBoBaTh GyaeM Tak: mepesegem |€) B [0") HekoTo-
prIM onepaTtopoM W, 3aTeM npumenum oneparop Y = I — 2|{0")(0"|, mocae
4ero npumennm W1,

IlocTpouts oneparop W, koropunt nepesogut |£) B [0™), mpocTo. D10
W = H®" rae onepatop H — u3 crangapTHoro 6asuca (cM. c. 64). Heit-

cTBUTENBHO, [€) = \/—-12_: (l0y +[1)®", a H: -\}—5 (|0Y + 1)) = |0).
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Tenepns nocTpouM peanusaiuio orneparopa Y. Uenoabsyem obpatumyio
KJACCHYECKYI0 CXeMy, pealuaylomyo onepatop Z: B*T! — Brtl

Z!aov"'aaﬂ> = IaO@f(a17a27"'aa‘n):alv-“:an);
fla a,) = 1, ecma; =...=a, =0,
Lyewsfn) = 0, ecim3j:a; #0.

(C TOYHOCTBIO IO NEPECTAHOBKU APrYMEHTOB, Z = j/’;;.) Nockoasky f nme-
€T MAJIYI0 CXEMHYIO CIOXHOCTD (B KJIACCUIECKOM CMBICIE), 10 JemMe 6.2 1ia
BHIYMCJIeHUA Z CYLIECTBYET HEeOOAbIIAA cxeMa (B KOTOPOH «6epyTea Hampo-
KaT» JOIOJHATEILHEIE -OUTHI).

Cxema, peasmayiowas onepatop V, uaobpaxena Ha, puc. 4. Henrpaibvuas
4acTh, BKJAOYAKOWAd B cebs Z, 0° u Z, peanuayer onepatop Y. B cxeme
ucroasayerca oneparop o° = K? (K w3 cranaapTHOro 6asuca).

0 CLO:O
-] -
] W W
] Z Z =

0 0

0 0

Puc. 4.

3ameTum, uTo W2 u Z? 1eficTBYIOT TOXIECTBEHHO HAa BEKTOPAX C Hy.JIe-
BHIMM 3HAYEHUAMH (-OMTOB, B3ATHIX HAMpokar. [losToMy pemarouryo poib
UCpaeT OnepaTop o, NeUCTBYIOIIMHA HA BCIOMOTATEIbLHBIA (-0UT, KOTOPHIH
TAKXe He MEHAETCA NOCJAE BCErO BHIIMCIEHUA.

ITycTs Bac He cMyIIAET TO, YTO 0° AEUCTBYET TOJBLKO HA «yIPABAAEMBII
q-6UT, & MEHAETCA B PE3yJbTATE BECh BeKTOP. Boolule, pasiudue Mexmty
«ITEHHEM» U (3AlUChIO» B KBAHTOBOM CJy4dae HeaOCOJIOTHO H 3aBMCUT OT
BeIGOpa Gasuca. [IpuseséM cOOTBETCTBYIOIIKI TpUMEP.

Hanwuiuem marpuny A(c®): |a,b) — |a, a®b) B Gasuce —15 (|0) & |1)) mas

7

Kaxkaoro ua q-6ur. JpyruMu CJIoBaMy, 3alMIIEM MATPHULY U OMEPATOPA
X = (H® H) Ale*) (H® H). Cxema 1A 3TOT0 oneparopa usobpaxena
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®) )
Oa@n0

Puc. 5.

Ha puc. 5. cnoabaya pasencrso A(o®)|c,d) = |c, ¢ & d), nanaéM aeiticTBue
X Ha 633MCHOM BEKTODE:

Xla,b) = 5 (H® H)A(6®) 3 (=1)* e, d) =

2
¢,d

_ %(H®H)Z(_1)ac+bd|c’c®d> =

c,d
— % Z (—1)wc+bl(c+d)(—-1)ac+bdla’,b') —
a’,b’,c,d
1
=33 260 - Wa il B) = la @ b.b).
a’ b’

Hrak, B 6asuce (J0) & |1)) ynpaBastomuil ¥ yIpaBJAeMbIA OUTEL TOME-

1
V2
HALMCH MecTaMd. Kakol 6T «yIPABIAIIIMALY , LM KAKOU «IUTAETCA» , 3ABU-
cuT OT BHIOGOpa Gasuca. PazymeeTcs, Takoe MOJOKEHHE AEI NPOTUBOPEHAT
HAIleH KJACCHMYeCKOM MHTYWUMU. TpY/HO IPEACTABUTL, KAK IPHU IMEpexo-
Je K Apyromy 6a3ucy KBAHTOBBLIN IPUHTEDP BAPYT CTAHOBUTCA KBAHTOBBIM

CKAHHEDPOM.

3agaua 8.2. Yro 6yjeT, eciu UBMEHATH 6a3KUC TOALKO B OJHOM OuTe?
Hanpumep, kak 6yneT BHIDVIAAETH MATPU-
113 OIepaTopa, CXeMa KOTOpOro usobpaxe-

@ @ @ Ha Ha pucyHke? [lonpobyiTe Takxe mome-

HATDL 6a3UC B Jpyrom Oure.

<+

Bepu8MCA K HNOCTPOEHMIO CXEMBL LA yHUBEPCAILHON MePCOOPHOM Da-
raun. Opakyn U = I — 2|yo){yo| HAM 3a1aH, 1 MBI PealN30BAIM ONEPATOP
V = I—2|€){£|. U3 BexTopa |0™) MOXKHO MOy 9UTH BEKTOP |£) IpUMEHEHHEM
onepatopa W (W? = I). Teneps ¢ nomorsio oneparopos U u V' mocrpo-
¥M U3 BeKTOpa |£) MCKOMBIE BexTOp |yo). [las aToro 6ysem moouepenHo
gelicTBoBaTh oneparopamu V, Ut

L VUVUIE = (VU)*[8).

Yro mpu aToM noaydaerca? l'eomeTpuvecku o6a omepaTopa €CTb OTpa-
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XEHUA OTHOCHTENBLHO runepriockocT. Ilognpocrpancreo £ = C(|€), jyo))
HWHBAPUAHTHO OTHOCHUTEILHO OGOUX ONEPATOPOB, &, 3HAYUT, U OTHOCHTETh-
Ho VU. Ilockonbky BekTOp |£) MpHHAATEXHUT ITOMY NOANPOCTPAHCTBY,
JOCTATOYHO pacCMOTPETH AeuctBue VU Ha HEM.

KoMnosunua aByx OTpaxxeHMit OTHOCHTEIb- . alvo)
HO IBYX NIPAMBIX €CTb MOBOPOT HA YABOCHHHIH
YTOI MEXAY 3TUMH NPAMBIMHA. YTOJ JErKO BLI-

HUCIATE, (€|yo) = Lo sin f, T.€. 9TH Nps-
vN 2
MBl€ MOYTH NepneHAuKyaapHul. [losTomMy MoxHO
Hamucars VU = —R, rge R — moeopoT Ha Ma- \

aet yroa ¢. Ho torga (VU)® = (—1)°R®, rae \
R® — noBopot Ha yron sp. 3Hak Hac He WHTe- !
pecyer (a3oBhie MHOXHTEIN HE MEHAIOT BEpo-

aTtHocreit). Ilpu 6ombuux N umeem ¢ ~ 2/v/N. Torga nocre s = n/4vVN
MTEPALMA UCXOAHEIH BEKTOD NMOBEPHETCA HA YO 8¢ & T/2 M cTaHeT Gun-
30K K MCKOMOMY BEKTOpPY. JTO M O3HAYAeT, YTO CUCTEMA OKAXKETCA B CO-
CTOSHHMH |yo) C BEPOATHOCTLIO, OIMIKOM K €AMHHLIE.

Ecmm pemaercsa nepeGopuas 3aja4a B 06meir nocTanoeke (T.e. OTBe-
TOB MOXeT OBITb HECKOJIBKO, & MOXET He GHITb BooOwe), TpebyoTcs 4o-
NOJHUTEJILHbIE TEXHUYECKHE YXHmpenua. Jucio WAaros 411 moBopoTa OT
HCXOJHOI'O BEKTOPA K KAaKOMY-HMOYAbL BEKTOPY M3 MOANPOCTPAHCTBA, MO-
POX/EHHOr'0 BEKTOPAMM OTBETOB, OOPATHO MPONOPHIMOHAILHO KODHIO U3
YUCIA PElIEHKH.

8.2. YnuBepcamsnas xBanTOBas cxeMa. BTopoit M3 mpurmepos, yIoMs-
HYTHIX BO BBEZEHHH, — MOJEINPOBAHHE KBAHTOBOMEXAHUYECKHX CHUCTEM.
OTO HEYETKO NOCTABJEHHAA 3a]a4a, TAK KaK GOJIBUIYIO POTH B HEH Mrpa-
eT BHIOOp KOHKDETHOM CHCTEMbl ¥ BHIAEJEHHE «CYUIECTBEHHBIX» CTENeHew
cBOGOAbL. C MaTeMaTH4eCKOM TOUKH 3PeHus, 601ee KOPPEKTHO I'OBOPHUTH O
MOJETMPOBAHNM KBAHTOBLIX CXEM.

KBaHTOBEIE CXEMBI MMEIOT KOHCTPYKTHMBHOE ONHMCAHHME, CIM yKal3aThb
TOYHOCTB, C KOTOPOH M3BECTHEI MATPUYHLIE MEMEHTHI ONepaTOPOB, BXO-
Aaumx B cxeMy. IlycTe ecTh onmcanue kBaHTOBOM cxeMul Z, pasmepa < L
¥ TOYHOCTH . DJIEMEHTAMM ITOH CXEMBI MOTYT GHITh JIOGHIE YHUTapHEIE
onepatopul Ha 7 = O(log L) q-6uTax (Tax 4TOOR MOIHAA JIMHA ONMCAHAA
cxeMel He npesbiiana poly(L,log(1/4)) ). O6oarauum onepaTop, peamnsye-
MBI 3TOM cxemoH, depe3 Op(Z).

U3 peayapTaTor 3aga4 7.1 u 7.11 cregyer, 4T0 MOXHO NOCTPOMTD YHU-
eepcaabrylo xeanmosyro czemy U pasmepa poly(L,logl/d), koropas M-
A€IMpyeT paboTy NMPOM3BOILHON KBAHTOBOM CXEMEI CJELYIOLIMM O6Da3oM.



72 KBAHTOBBIE BBIYUCJEHUA

Ecan 3agaHo onucanne HekoTopon cxemul Op(Z) paamepa L u e€ Bxog |€),
TO

|viz) 210 - 12y @ Op(2)I6) | = O(L9).

8.3. KpanToBme amopaTMu ® xiaacc BQP. o cnx nop Mm paccma-
TPHUBAIX HEOZHOPOAHEIE BEIYUCJIEHUSA (BRIMUCIATUCH OyleBr GyHkuuu). An-
TOPUTMBI BEIMUCIAT ¢YHKUMH Ha CJIOBAX MPOM3BOJBHOM AiMHEL Omnpe-
JeJIeHHe KBAHTOBOI'O AJIrOPUTMA MOXHO JAaTh, MCIOJIb3YS YK€ BBEJCHHBIC
kBaHTOBHE cxeMHl. Ilycts ects dynkuua F: B* — B*, giuna peayabTa-
Ta — MOJMHOM OT JUIMHE BXoJa. E#1 conocrannserca nocieioBaTelbHOCTD
6yJ1eBbiX GYHKUME (OTPAHMIEHUA HA BXOAM JIMHE 1) F,: B* — B™(?),
Keanmosbiil aseopumsm i Beraucienus F — 3To OJAHOPOAHAA MOCIEA0-
BAaTEJBHOCTD CXeM, BHMHCIAOLmMX F,. «Qauopognas» o3HagaeT, 9TO 1O 7t
MOMHO MOCTPOUTH OMMCAHNE COOTBETCTBYIOMIEH CXEMBI Ha OOBIMHOH MOJH-
HOMHATBHO OrpaHuveHHoU Mammue Thiopuara. Bygem roeopuTs, 4TO al-
ropuT™ paboTaeT 3a Bpema T(n), ecin pa3Mep cxeMEl, BRYHCLTIOmen F,,
pasen T'(n).

3ameqanme 8.1. MoxHO onpeleruTs KBaHTOBYIO MaIMHy ThiOpHHra u
HEMOCPEJCTBEHHO Y€pe3 CYNEepNo3ULUMMA PAIMYHEIX COCTOAHMM JeHTsl MT
(nepBonavanbHoe onpegenenne /1. Ton4a 66110 umenno Takum). Hame onpe-
JEJEHNE OKAIBIBAETCA DKBHBAJIEHTHLIM.

Ompegencrme 8.2. Pywxyus F: B* - B* npunadaexcum xaaccy BQP,
eCAll eCTNb KBANMOBbIT GA20PUMM €€ SbINUCIENLA, Pabomarwutl 30 6PeMA
O(n?) dan nexomopoti xoncmanmet d.

Kaxk coornocuresa xiacc BQP ¢ cioxHocTHRIMM KiIaccaMu, BBEIEHHEIMM
panee? o

3ajgaqa 8.3. Jokaxwure, uTo
BPP C BQP C PP C PSPACE.

Kaacc PP cocTouT u3 npeankaToB BHAA

Q@) = Iy : Bolz, 1)} < Hy : Ra ()} ),

rae Ry, Ry € P, ¥ yYMTHIBAIOTCA TOJBKO Y C JJIMHOM MEHbIIE HEKOTOPOTO
noauHoMa ¢(z).

ITO MOYTH BCE, YTO M3BECTHO O COOTHOUEHNAX mexay BQP u apyru-
MU CJIOXKHOCTHBIME KiaccaMu. KOCBeHHOe CBHAETEILCTBO B IOIB3Y CTPOTO-
ro skiaodenus BPP C BQP paér cymecTtsoBanue 3¢hpeKTUBHEIX KBAHTO-
BHIX &ITOPATMOB A/l HEKOTOPHX T€OPETHUKO-YNCIOBRIX 3a4a4, TPAJUIHMOH-
HO CYMTAEMBIX TPYAHEIME (CM. pasnen 12).
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3aMeTHM TakKXe, YTO B MOC/E/]Hee BPEMs MOABKINCH HHTEDECHHIE Pe-
3YJBTATHL O KBAHTOBHIX AHAIOrAX HEKOTOPHIX 60Jiee CHIBHEIX CIOXKHOCTHRIX
KJacCOB (He ONMCAHHLIX B 4acTH I).

3aga1a 8.4. IlocTpoiTe KBAHTOBKIE CXEMEI IOMHHOMUAILHOTO pasmepa
B 6a3uce U3 ONIEPATOPOB Ha JBYX -GHTAX, KOTOPHIE BRIOIHAIOT CIEAYIOMIHNE
JEeHCTBUS:

a) A 3ajaHHOro yucia ¢, 1 € ¢ € 27, 3amucansoro n JBOMYHLIMH LU pa-

g—1
ME, Ipeo6pa3oBaTh cocrosnue |0") B cocToanne [y, (q)) = —1-5 > i)
Jj=0

6) npeobpasosats ¢ — 1,0") B |g — 1) ® |t,(q)), cumTas, uTo q 3amucano
7. ABOMYHEIMHU IU(PPAMH;

B) BBIMOJHMTH Npeobpasopanue Dypne Ha rpymne Zj npu k = 2™;

k-1
[]klfli) = \_/l‘l—; EGXP (27”%) ’y)v
y=0

CUMTas, 4TO T U Y 3AIHUCAHEI N JBOMYHHIMU IHpPaMu; (B 3TOM CIy4qae
HaluTe cxemy pasmepa O(n?)).

9. KBanToBHIE BEpOATHOCTH

Ilepeiiném Tenepb K 06CYXKIECHMIO HEKOTOPHIX «(U3MIECKMX» ACTIEKTOB
KBaHTOBHIX BeraucIeHni. [IycTs cucTeMa H3 n q-6MTOB HAXOJMTCA B COCTOA-
Hmm [Y) = 3° cz|z). KoaddbmumenTrt pasnoxenns o BhlgeneHaoMy 6a3ucy
(KIacCH4ecKMX COCTOAHMI) HA3KIBAIOTCA AMILTATYLAMH. Keagpar moayns
AMILTUTYABI |C;|? PaBeH BEPOATHOCTH OGHADYXMTH CHCTEMY B COCTOSHHM
T (cpaBuute ¢ (8.1)). JpyruMu CIOBAMM, IPH UIMEPENUL COCTOSHHA ITOMH
KBAHTOBOM CHCTEMBI GyAyT NOMYYaTHCA KIACCHIECKHE COCTOAHMA, PACTIPe-
JAenEHHBIe Kak |cz|?.

Omnpegenéunas popmynon (8.1) peanimHa 06J3436T OCHOBHBIMU CBOM-
CTBaMM OCLIMHOM BepoaTHOCTH. TOT akT, 4TO KBAAPAT MOMYJIA AMILIATY-
Abl — 3TO BEPOATHOCTH HAGMIOJEHUA CUCTEMB B COCTOSHUY &, COMIACYEeTCS
C TeM, ITO PU3UIECKHE COCTOAHUA B KBAHTOBOM MEXAHUKE COTBETCTBYIOT
BEKTOPAM eJUEMYHON JJNHKL, 4 TpeoOpa30BaHUA 3TUX COCTOAHUM HE MEHf-
I0T JJIMHEL, T.e. yHUTAapHHL. [leitcTBuTensHo, (Y1) = Y |cz|? = 1 (cymma
BEPOATHOCTEN paBHa 1), a npuMeHenne GpuandecKu peaiu3yemMoro onepaTo-
pa JOXKHO COXPAHATH ITO COOTHOLIEHHE, T.€. JONKHO OBITH YHHTAPHBIM.

DPopmyant (8.1) IOCTATOYHO AnA ONpefeJeHHA KBAHTOBOI'O BhHIYHCITE-
HuA ¥ ki1acca BQP. Oanako ecTb BOmpoCH, B KOTOPBIX TO onpeaeIeHue
OKa3hIBAETCA HEYJOOHBIM WM HENPUMEHMMHIM. [[Ba OCHOBHBIX NpUMepa:
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M3MEPAIOLLNE ONEPATOPH ¥ AJICOPATME, IOCTPOEHHBLIE HA MX OCHOBE, M 3a-
Ja4a NOCTPOEHUA HAAEXKHEIX KBAHTOBLIX CXEM M3 HEHATEKHEIX JIEMEHTOB
(ucnmparnenne ommMGOK).

IlosTOMy MHI IOCTPOMM ONpPEJEICHHE KBAHTOBOU BEPOATHOCTH, B KOTO-
poM 06061aeTca KaK TO, 4TO MBI Hamo4aeM (COCTOSHME CUCTEME), TaK H
peayapTaT Habmogenusa. K aromy obwemy onpegesnennio My npuaém, pac-
cMaTpuBas paj npumepos. [ Havyana nepenuumeM yxe noay4eHHOe BhIpa-

JKE€HHEe 11 BEpOATHOCTH B BHAE
n’

lez|* = |(plz)|* = ¢|$ (z]¥),
rAae 1epes I, 0603HaMeH NPOEKTOP Ha MOANPOCTPAHCTBO, NOPOXK AEHHOE |T).
Yrobul cAenaTh CIEAYIOLMA mWar K o0leMy ONpefejeHHI0 KBAHTOBON
BEPOATHOCTH, NTOACYNTAEM BEPOATHOCTH TOT'0, YTO NEPBLIE 1 GUTOB UMEIOT
3a/JaHHOe 3Ha4eHue ¥ = (Y1,...,Ym)- JJa4 3TOr0 NpeACTaABMM COCTOAHUE B
m

BUJEe IBYX OJOKOB T = . HNmeem
P([$),y) = D_P(¥), (1,2)) = 3 _(¥| I, 2)w, 2l|¢) = (¥ lw)wl®I|v) =
= (Y|Imly). (9.1)

I o 31€CH 0603HAYAET MPOEKTOP HA MOANPOCTPaHCTBO M = |y) @ BR(n—™),
®opmy.a (9.1) 3agaér onpejeneHne KBAaHTOBON BEPOATHOCTH M B TOM CJIY-
4ae, korga M — NpPOM3BOJBLHOE NOANPOCTPAHCTEO.

B sToM caydae mpoekTop Ha noanpocTpancteo M C N onpegenserca
kak [Ty = Z]. lej){ej|, rae e; mpoberaioT 11060 OPTOHOPMAPOBAHHHIN
6asmnc M.

3ameqanme 9.1. Bemnunna Zz| (F(z),2| U |z,0N—™) |2, KOTOpas Hc-
MOJNb3YeTCA B ONpeJeNeHN BHYNCIeHNA ¢pyHkuun n3 B® B B™ xBanToBOM
cxemo# (cM. c. 66), paBHa P(UI:c,ON“"),M), rae M = |F(z)) @ BN—™.
Ewé pa3 HaIOMHUM CMBICH 9TOro onpegenenusa: cxema U = Uy - ... - Uylh
puuncager F: B® — B™, ecim gia a1060ro £ BEPOATHOCTL HAOIOACHUA

NPaBWILHOrO OTBeTa F'() moc/e NpUMEHEHUA CXEMBI K HAYalbHOMY COCTO-
amuio Ulz,0N~") 6onpue 1 ~ €.

JIpoexTOpH He ABAAIOTCA (PU3MYECKH PEATH3YEMBEIMH ONEPATOPAMH,
TO4YHEe [OBOPsA, OHM HE OMMUCHIBAIOT IEPEXO] OT OJHOT'O COCTOAHMA CHCTe-
MH K APYT'OMYy 3a ONpPEJeIEHHBIA NMPOMEXYTOK BPEMEHH. Takou mepexon
OIMCHIBAETCS YHUTAPHBHIMHM OmepaTopamu. Bcé xe, nomyckas HEKOTOpY1o
BOJBLHOCTB, IPOEKTOPAM MOXHO NPUJATHL puanieckuy cmuica. IIpoexTop
BHAEJAET 4aCTh COCTOAHMM CUCTEMEHI M3 BCEX BO3MOXHEIX. IlpeacTaBbTe
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¢puabTp (YCTPORCTBO, & HE TEOPETUKO-MHOKECTBEHHOE IOHATHE), KOTOPBIM
[IPOIYCKAET TOJLKO CHCTEMBL B COCTOAHUAX U3 M. Eciu Ha Taxon ¢puisTp
HOJATh CACTEMY B COCTOAHUH |3}, TO CKBO3b PUIBTP NPOULET CHCTEMA B CO-
croauuu |€) = Maqfep). CymmapHas BepOATHOCTD BBLJETEHHBIX COCTOAHUM,
BOOGWIE TOBOPA, MenbIe 1, ona pasHa p = (€|&) = (Y|IIa|p). Uucno 1 —p
onpejeiseT BePOATHOCTL TOTO, UTO CUCTEMA CKBO3b (UIBTD He IPOUIET.
CpaBHUM CBOUCTBA KIACCHYECKON M KBAHTOBOW BEpOATHOCTH.

Kraccudeckas BepOATHOCTD l KBanToBafg BepOATHOCTH
Oupepenenne
Cobvitne M C N — moamuoxectBo | CobbiTue M -— IOAIPOCTPAHCTBO He-
HEKOTOPOT0 KOHEYHOr'0 MHOXKECTBA. | KOTOPOi'0 KOHEYHOMEDHOIrO YHUTAPHOro

npocTpanctea N.

Pacnpeaenenve BepoaTHOCTel 3aja- | PacnpegeneHne BepoATHOCTeH 3ajaércs
érca dpyuxumetr w: N — R co cpoir- | BekTopom cocroanus |¢), (i) = 1.

cTeamu a) »_ w; = 1; 6) w; > 0.
Bepoaruocrs: Pr(w, M)=3". ., w;. | Bepoatnocts: P(|¢)), M) = (¢[Tm]y).

CsouctBa
1. Ecau M), N M2 = @&, To 19, Ecmm My L Mo, To
Pr(w, M1 U M) = P(y), M1 & M) =
= Pr{(w, M1) + Pr(w, M2). P(jy), M1) + P(|y), M2).
2. (B o6wem ciy4ae) 29, Ecau Taq, aq, = aq, I ag,, TO
Pr(w, M1 U M;) = Pr(w, M1)+ P(|y), M1 + M2) = P(|y), M)+
+Pr(w, M2) — Pr(w, M N Mz). +P(|¢>,M2) — P(I¢>7M1 N Mz)

3ameTum, uTo yeaosue M; L My sksuBaneHTHO yeaoBuio Il ag Hag, =
= TLpg, Tpg, = 0.

Ecau ecTh IBa HEOPTOTOHAJIBHLIX TOATIPOCTPAHCTBA C MYCTHIM IIepece-
YeHMEM, TO KBAHTOBAA BEPOATHOCTDL HEOOA3ATENLHO a4 MuTHBHA. [IpuBeem
npocTon npumep, korga P (&), M1 & Ms) # P(|§), M1) + P(|§), M3).

Oycts |€) = |0), M; = C(|0)) (qmuehHOE MOAIPOCTPAHCTBO, MOPO-
x Jennoe sextopom |0)), Mo = C(|n)), npuuem (¢|n) 6immako k 1. Torga

1= P(j§), M1 & M3) # P(|§), M1) + P([¢), M) # 1+ 1.

Nrak, MbI ompegennad B Haubosee o6WeM BHAE TO, YTO MBI U3MEDAEM.
Tereps HyKHO 0606UTEL TO, HAJ Y€M [IPOBOAUTCA UaMepenue. B peayasTa-
T€ TOJYHUHMM OIpEjeleHie BEPOATHOCTH, 0000mAaIee KaK KAACCUIECKYI0,
TaK 1 KBAHTOBYIO BEPOATHOCTD.

PaccMOTpHM paclpefeneHne BePOATHOCTEN HA KOHEYHOM MHOXKECTBE
KBaHTOBHIX cocTosrmi {|&1),...,|¢&)}. BepoarnocTs cocroanus [€;) 060-
3HAYMM Pj, O4EBUAHO, 1TO ). p; = 1. IlogcumTaem BepOATHOCTH HAGIOge-
HUA COCTOSHMUA B IOATIPOCTPAHCTBE M:
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ZPkP |€k), M Z;Dk (ErlTadlér) = D o Te(1€6)(EITIa) =
k
= Tr(pllr), (9.2)

rie uepes p oGO3HAYEHA MAMPUYA naomuocmu'?) p = Yok Prlér) (€. TTo-
caennee Bripaxenue B (9.2) m mpumeMm 3a oflee ONpPEETICHHE BEPOAT-
HOCTH.

3agava 9.1. [lokaxwTe, 4T0 OnepaTopsl Buga p = 9, pi|éx) (€| -— aro
B TOYHOCTH SPMUTOBHI HEOTPUIATENLHO ONpPeIeNEHHEIE ONEPATOPEL CO ClIe-
J0M 1, T.e. OnepaTOpHI, Y AOBIE TBOPSIONINE YCIOBHAM:

Dp=p% 2V (mlpln) 20,  3) Trp=1.

B panbHeuimeM mon sampuieti naomuocmy TOHAMAETCA JH00R OnepaTop
C 3TUMU CBOUCTBAMH.

‘Paccyxaenue o «pactpeeeHun BePOATHOCTEN Ha KBAHTOBLIX COCTOS-
HUAX» HOCHJIO BCIOMOTATENBLHLIM XapaKTep. 3aAa4a COCTOMT B TOM, ‘ITO-
OB1 OOOONIUTE IIOHATHE KBAHTOBOI'O COCTOSIHUA TAaK, YTOOBI OHO BKJIOA-
J0 B cebs KaaccuIeckne pacnpegeienus Beposaruocren. [lonyyennnimn namu
orBeT (mocaeanee BeipaxkeHue B (9.2)) 3aBUCHT JUIL OT MATPUULL [JOT-
HOCTH, TIO3TOMY MbI MOXEM MOCTYJIUPOBATE, UYTO 0OOGIIEHHBIE KBAHTOBBIC
COCTOSHAA ¥ MATPUUBI IUVIOTHOCTH -— OTO OJHO M TO e (Takad aKcuoMa
He TPOTUBOPEYUT (uauiecKuM HabmwogenusM). Ecam cocrosHue zanaer-
ca ogauM BexkTopoM (p = |€){{|), TO OHO HA3BIBAETCS “UCTbIM, €CIU CO-
CTOsIHYE 3aJaeTcA ObMel MATPHUIEH IMIOTHOCTH, TO OHO Ha3LIBAETCA CME-
ULAHHBLM.

Ompeaenense 9.1. [lis KBAaHTOBOrO COCTOAHWSA, 3aJABAEMOI0O MATPH-
HeH IIOTHOCTH P, ¥ MOATPOCTPAHCTBA M BEPOATHOCTS «coObITHY M pas-
ma P(p, M) = Tr(plr).

Nuaronamersie MaTpuust p = 3, w;j|j)(j| cooTseTcrByOT KIACCHYE-
CKUM DaclpeeIeHuAM BEPOATHOCTEH HA MHOXECTBE 0A3MCHEIX BEKTODOB.
ITO 03HAYAET, YTO HPH BEMUCICHHU BEPOSTHOCTH IO OOMIEH KBAHTOBOU
dbopmyIe I1s AMArOHATHLHON MATPHIEL ¥ KOOPAMHATHOLO OANIPOCTPAHCTRA
M (HaTaHYTOro Ha 4acTh CA3MCHBIX BEKTOPOB |a): a € M) momyuaer-
CS TO Xe, 4TO ¥ [PH BLIYUCJICHUHU 110 OOBIMHON KJIACCHIECKOH (HOPMY.JIE:
P(p, M) = Pr(w, M).

12)B 1eficTBUTEALHOCTH TO ONEPATOP, a4 HE MATPHIA, OJAHAKO HA3BAHME «(MATDPHLA
IJIOTHOCTH» yXe CTaI0 TPaAMLMOHHBIM. BripoyeMm, B anbHenmeM Mbl 9acTo 6y 4eM UMETb
B BUAY MMEHHO MATpUily, T.€. OIIEPATOP, 3AIUCAHHBIM B BbIAEIEHHOM Hasuce.
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llpogomxuM cpaBHeHMe CBOMCTB KJIACCHYECKOM M KBAHTOBOW BEPOAT-
HOCTH, [IOJ NOCJIeHe# MBI Gy ieM Tenepb NOHMMATL Obilee OmpejeseHue C
ucnons3oBaHueM MaTpun mwioTHocTH. (CoiicTsa 19 1 29 ocTaores B cune).

Knaccuyecxas BeposTHOCTD j KpanToBas BeposTHOCTD

CsoucTBa

3. Ha mMHOoxecTtBe N = N; x N, 3azaHo
pacnpenenenre BepOATHOCTEN BHAA W)k =
= w(l)wk ). Umeerca gBa MHOXeCTBA HC-
xoz0B My C Ny, M; C N,. Toraga Be-
POATHOCTH MepeMHOXalorca: Pr(w, M; x
M2) = Pr(w(l), M1) Pr(w(z), Mz)

3%. Ha npoctpanctse N = N1 N,
3ajaHa MaTpHMUA ILIOTHOCTH BHJAA
P1®p2. UMeeTca aBa noanpocrpan-
CTBa M1 g N1, Mz g Nz. To-
rja BEPOATHOCTH TaKXe IEPEMHO-
xaorea: Ppr ® pa, M1 @ M3) =
= P(p1, M1) P(pz, M2).

4. IMeeTca coBMecTHOE pacnipeseneHme Ha
MHOXecTBe Ny X N2. UnTepecyiomee Hac
COGRITHE HE 3aBMCHT OT MCXOJa BO BTOPOM
MHoxecTBe: M = M; x N,. BepoarnocTs
TAKOTO COGBITHA BBIPAXAETCA Yepe3 Ipo-
€K DaclpejeNeHNA Ha NEPBOe MHOXe-
crBo: Pr{w, My x N2) = Pr(w', M}), rze
w; =Y, wik.

49. B KBaHTOBOM CIy4ae OrpaHmuye-
HHe Ha OHY M3 IOACUCTEM 33 1aeTCA
onepaunen B3IATUA YACTHIHOTO CJe-
Aa (cm. amxe). IloaTomy, gaxe ecan
KCXOJHOE COCTOAHME GBLIO YMCTHIM,
NOJy4€HHO€ COCTOAHNE IO JCACTEMEI
MOXET OKA3ATHCA CMEIIAHHEIM:
P(p, M, ®N2) = P(Ter p, Ma).

Onpepenemnnme 9.2. Ilycts X € L(N; ® My) = L(N;) ® L(N,). Yacmus-
it caed oneparopa X no npocrpanctsy N, onpefenen cienyowmm o6pa-
aom: e X =3 A, ® By, 10 Trp, X = Y Am (Tr By,).

JlokaxeM, 4TO 3TO onpeseseHne KOPPEKTHO, T. €. HE 3aBHCHUT OT BHIGODPA
C1araeMhix B npeicTastenuu X = Y A, ® By,. llaa atoro 3adbukcupyem
HEKOTOpBIE OP TOHOPMHUPOBaHHKIE 6a3UCHI B pocTpancTBax A, Ny u BrIpa-
3MM YaCTHYHLIA CIe] Yepe3 MaTpuiHble aeMeHTH X kr = (7, 7| X |k, K').

Hycrs A = 3 aft i) (k| u By = Z b7 15')(k'|. Toraa
gk

X= 30 Xipuli )k K| =3 An e B = 3

7.3k, k! 7.3 k. k'.m

a;?; ;’}k' !]7 ]I>(k’ k’l

¥ JACTHYHBLIN CJIefl PABEH

Try, X = Zza,k(zbu)mu:l 35" Xl (kl-
ik 1

m jk
PaCCMOTpHM npuMep, KOrja B3sATHE YACTHYHOTO CJIeJa OT MATPMUH.
ILTOTHOCTH, COOTBeTCTByIOIJ.Ieﬁ YUCTOMY COCTOAHHIO, NIPUBOJNT K MaTpH-
e IJIOTHOCTH, COOTBeTCTByIOIJ.IeiI CMEIIAHHOMY COCTOSIHHIO.



78 KBAHTOBBLIE BLIYUCJIEHUA

fyews N = N = 5, 2 p = [90] 2 ) = 75 (0,0 +11,1)). B

3TOM CIy4dae p = Z |a, a) (b, b|, mosTOMY moIy4yaem
a,b

T = 3 Sl = (7 0,).

JTa MaTpHIA COOTBETCTBYET CMEIIAHHOMY COCTOSHMIO (YMCTHIM COCTOS-
HMAM COOTBETCTBYIOT MaTpHilel panra 1). Bosee Toro, 3To cMemannoe co-
CTOfAIHME SKBHBAJIEHTHO KJACCHMYECKOMY PACIpefeeHuIo BepoaTHocTel: 0
1 umetoT BepoaTHOCTH, paBHue 1/2. TakuMm 06pa3oM, oTOpacHIBaHKME BTO-
poro q-6uTa NIPUBOAUT K YUCTO KJAACCHYECKOMY pacClpeieeHHI0 BePOATHO-
cTelt Ha mepBoM q-6uTe.

YrBepxgerme 9.1. Jhob6oe cuewannoe cocmoanue p € L(N) npedcma-
sumo xax wacmuunbtii caed Trr(JY)(¥]) om wucmoeo cocmoanus 66avwet
cucmenvy, [) € N ® F, npuuém moxcno cuumams, umo dimF < dimN.

Joxkasaremcrpo. Ilonaraem F = N™. Tak kak p HeOTPHUATEIBLHO
onpegesea, To cymectyer /p € LNV) = N ® N*. [lokaxem, 4To aisa
[¥)) = /p BEImOaHEHO ucKoMoe, T.e. p = Trar-(|\/p){/pl)-

IlockoabKy p SpMUTOBA, OHA ,qnar*ona.:maye"rcn B HEKOTOPOM OPTOHOD-
muposanHoM Gasuce {|¢;)}. Torma p = 3. p]|£] &l aly) = Vp =
= Z \/El&] (&l m [Nl = ng VPiPe(I€5) ® (&) (|6k) ® (€kl). Braan B
YACTHYHLIN Clell BHOCAT JHIIb ciaaraemele ¢ j = k. IToatomy Trar ([1){(¢]) =

“Z;I%‘EJ (&l = p- g

3agaua 9.2. IlycTs umeerca yucroe cocroanue |¢p) € N @ F. Jokaxu-
Te, 4TV CYMIECTBYET TaK HA3wBaeMoe paldaoxcenue Hluudma:

¥) =D Al&) @ Ins),
J

rae 0 < A; < 1, a maoxectsa BekTopos {|¢;)} C N u {|;)} C F apnsorca
OPTOHOPMAPOBAHHHIMH.

3aMeTHM, 4TO yMcIa A2 — 3TO HeHyJIeBEIe COGCTBEHHKIE YMCAA JaCTHY-
nex cregos p = Trr([Y)(¥]) u o' = Tea(|¥)(Y]). (Taxmm obpasom, me-
HyJeBule cob6cTBenHbIe uucaa p u o' cosmagaior.) OTcioga clesyeT, 4TO
B3ATHE YACTUYHOIO CJIELa OT YNCTOrO COCTOSHUA NPHBOAUT K YUCTOMY CO-
CTOSIHMIO TOT A3 ¥ TOJBKO TOr'Ja, KOTAa MCXOLHOE COCTOSAHME Pa3fioKMMO:

) =16 @ In)-
3agaua 9.3. Ilycts |¢1),|t)2) € N®F — ABa YMCTHIX COCTOAHUA, TAKUX
aro Tre(|[yYn)(¥1]) = Trx(lv2)(Y2|). Hoxaxue, aro |¢h2) = (Ix @ U)lyr)

[J1 HEKOTOPOTro yHUTapHOro oneparopa U na npoctparcree F.
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10. duaugecku peammdyemble Npeo6pa3oBaHMA MaTPHLL

IVIOTHOCTH

Temeps onumieM, Kakue NPeo6pa3s0OBaHUA MATPHUI ILIOTHOCTH JOIYCTH-

MBI ¢ (PUBMYECKON TOYKH 3PEHHA.

1.

YHATAPHHIR ONepaTOp NEPEBOAUT MATPUILY INIOTHOCTH TUCTOrO COCTO-
auusa p = |£)(¢] B MaTpuny p' = U|E){(€|UT. EcTectBenno cuntars (mo
JMHEAHOCTH), 4TO TaKOH Xe (POpPMyIOH 3343eTCA U JeUCTBUE YHATAp-
HOT'O OepaTopa Ha NPOU3BOJIbHLIE MATPHIE! ILIOTHOCTH:

pr UpUT.
Bropo#t THN Npeo6pa3sOBaHMA COCTOMT BO B3ATHM JaCTHIHOTO CIEAA.
Ecanects p € LN ®F), To ombpachiéanue 6mopoti cucmembl 3a1aeTCA
npeobpa3oBaHuEM

pr— Trrp.
BcenoMuENM, 4TO HaM ellé OHIBAET HYXKHO 6paTh HANPOKAT (-OMTHL B CO-
crosauu 0. [lycTs ecTs cocrosnue p € L(B®™). PaccMoTpuM uaoMeTpu-
yeckoe (COXpaHsollee CKaJAsPHbIE npoussejenus) pioxenue V: B —
— B®N B pocTpancTBO 60JbIIElH PA3MEPHOCTH, 33 4aBaeMOe hOpMYJIoH
1€) % |€) ® |0V ~"). MaTpuua IIOTHOCTH p IP¥ STOM IPe06pasyoTCs B
p® |0V ~")(0N~"|. faa mo6oro H30MeTPUHecKoro BIOXKeHus V 1o aHa-
JIOTHH TOJATAEM

pra VpVi

Bynem cuuTaTh, 9TO fusunecku peatudyemble npeobpasosaniis Mampuy

NA0MHOCTNY €CTH B TOYHOCTH KOMIIO3UIIMHY JI060r0 Yucia npeobpasoBaHui
tuma 2 u 3 (cayvak 1 — 4aCTHEIA cIydal npeo6pa3oBanua TUNA 3).

3agaua 10.1. [JoxaxuTe, 4T0 m060e PU3NIECKH pearusyeMoe npeobpa-

30BaHMe MaTpHl mioTHocTH uMeer Bug p — Tre(VpVl), rae V: N —
- N ® F — H30MeTpHYECKOe BJOXKEHHE.

Onepannus B3ATHA YACTUYHOTO CJEAa 03-

HavaeT 3abriBanue (OTOPACHIBaHME) OJHOM
u3 moacucTem. IlokaxeM, 4TO Takasd MH-
TeprnipeTalua ABIAETCA PAa3yMHOH, 8 HMEH-
HO, TaJbHemmaa cyap6a OTOPOILIEHHOU CH-
cTeMHl He BIMAET HA BEJMYHMHEL, XapaKTe-
pU3YIOUINE OCTABIIYIOCA cucTeMy. Bospmém
CHCTEMY, COCTOALIYIO M3 ABYX TOJCHCTEM
M HAXOJAIIYIOCA B HEKOTOPOM COCTOSHMH
p € LNV ® F). Eciu MBI BHIGpacHBaeM BTO-
pyio cucTeMy (B MYCOPHYIO KOP3WHY), TO

@
V.

et
1]
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oHa OyJeT TOABEPraThCA HEKOHTPOJUPYEMHIM BO3AEUCTBUAM. IlycTh MBI
MPUMEHWIHA Kakou-To onepatop U k nepsou cucreme. [lonyuumm cocTogaue
v= (U®Y)p(U®Y), rae Y — NpousBoibHBIN YHATAPHBIR ONEPATOP
(medicTBHE MYCODHOM KOD3UHEL Ha MycoD). Ecau Mb1 XOoTuM HaWTH BEpOAT-
HOCTb Aa moampocTpancTBa M C A, oTHOCAIIEroca K IepBOU cuCTeMe
(Mycop HaC He MHTEpECYeT), TO OHA HE 3ABUCUT OT Y U DABHA

P(y, M@ F) = P(Trry,M) = P (U(Trr p)Ut, M) .

31ecs mepBOe PABEHCTBO — 3TO CBOMCTBO 49 KBAHTOBOM BEPOSTHOCTH, &
BTOpPO€E PABEHCTBO — HOBOE CBOUCTBO:

Trr (U Y)pUaY)) = U(Trrp) Ut (10.1)
3agaua 10.2. [lokaxnre Toxgectso (10.1) ana wacTuvsOrO CIaeaa.

3agaga 10.3. 3anumem jumennnm oneparop T: L(AN) — L(M) B ko-
OpAMHATHOM BHJE:

Tk = Y Ty wli k|-
3.k
JlokaxuTe, 4TO (UIMIECKAA peaau3yeMOCTb 1 DKBHBAJIEHTHA HAOODY M3
TPEX yCAOBUM:
a) > u Twjykk) = ik (cumpon Kponekepa);

6) TGiywr) = Ty

B) T{(j j)(k'k) — HEOTPHIATEIbHAA MATPHMUA (1O MAPAM MHJIEKCOB).
3agaga 10.4. Joxkaxwure, 4To aunennw onepatop 1T : L(N) — L(M)

ABIAETCA (PUBMYECKH PEATU3yeMbIM NPEoOPa30BAHUEM MATDHI] ILIOTHOCTH

TOr'ja B TOJLKO TOI'[a, KOI'[a BLIMOJHEHLI TPU YCAOBHA:

a) Tr(TX)=Tr X gna moboro X € L(N);

6) (TX)' =TX'! gna mo6oro X € L(N);

B) T ABnAeTCA BIOJHE NOJOXKHTEILHEIM MPeO6pa3oBaHueM. A UMEHHO, JJIs
mo6oro mpocrpancTBa § npeobpasoBamme T ® Ip(g): LN®G —
— LM ® G) oTobpaxaeT HEOTPUIATENLHLIE ONEPATOPL B HEOTPHU-
HATEILHBIE.

10.1. HMoAc4ET BepOATHOCTEH AJA KBAHTOBOrO BHYHCIeHMd. Temeps,
uMes OOIME ONpEEeNeHHs KBAHTOBOM BEPOATHOCTH M (PH3MUECKM DEATH-
3yeMoro npeo6pa3oBaHUA MATPUL INIOTHOCTH, MOXHO BHIYUCAATL BEPOAT-
HOCTH, BXOAAIME B ONpPEJEJEHUE KBAHTOBOI'O BHIMHCJIEHM:, BYMS CIOCO-
6amu. IlycTe MBI MCIONB30OBAIM NPU BLIMHCAEHUAX NONOIHUTEABLHYIO NOJ-
cuctemy. Ilocne Toro, kak OHa cTaja HaM He HYXHA, MBI MOXeM BHIODO-
CHTb €€ B MYCODHYIO KOD3MHY, a IPDH IIOACYETE BEPOATHOCTH B3AThb 4a-
CTHYHHM CJIe[ 10 IPOCTPAHCTBY COCTOAHUN JOMOJHUTENLHOU 10 CUCTEMEI.



IIPEOBPA30OBAHUA MATPUL NJOTHOCTH 81

A MOXHO TAHYTH BECb 3TOT MYCOP AO CaMOI'0 KOHIA U CUATATL BEPOSAT-
HOCTBL A1 coberTui uga Mj @ Ny (pas yx MBI HepecTaqu uCnoIb3oBaTh
BTOPYIO NOACUCTEMY, TO HUKAKHUE IeTalH €€ COCTOAHUSA HAM HE BaXKHBLL —
HaM GE3Pa3antiHO, YTO UMEHHO MPOU3OUAET ¢ UCTONL3OBAHHOU TTOACUCTE-
MOM B MyCOpHOM Kop3uHe). Kak yxe roBOpHIOCH, STH BEPOATHOCTH PABHBL:
P(p, Ml ® Nz) = P(TI'_/\/2 P, ./Ml).

3amedanne 10.1. Hetpyauo onpeaeants Hoaee o6uryo MogeIs KBAHTO-
BOI0O BLEIYUCJAEHUA, B KOTOPOU JJIEMEHTAPHLIMM JIEUCTBUAMHU SABISAIOTCH MO~
XOAAmKe 1peo6pa3soBaHNA MATPHL IIOTHOCTH O6IUEro BUa (He 0643aTeb-
HO yHUTapHble onepaTopsl). Takas Mogens 6olee aleKBaTHA (U3NIECKOHN
CUTYallMM, KOr'Ja KBAHTOBBIA KOMOLIOTED B3aUMOIEUCTBYET C «OKPYXKalo-
et cpegoy. C BLUMCAUTENLHOM TOYKU 3DEHUA HOBas MOJENb SKBUBA-
JIEHTHA CTAHAAPTHOM (eC/1M B 0O0MX CJIydasX UCTOAL3YeTCs MOMHEIN 6a3uC).
Oanako B Mogenu ¢ O0MuUMH OpeobPa3OBAHUAMYU MATPUL IIOTHOCTH BO3-
MOXHO 60see eCTeCTBEHHOE OnpeeleHne NOANDPOrPaMMEL 1 KBAHTOBOI'O
BEIYUCIEHUSA, TOCKOJBKY DE3YJAbTAT PAGOTH KBAHTOBOU CXEMEI — BEPOAMN-
noemuas Gynryus. 3aeck Mbul He OyIeM IaBaTh DTOIO ONPENeTeHUs U OT-
CLLIAEM 3aMHTEPECOBAHHOrO YmraTens K [20].

10.2. ITorepsa xorepentnoctH (decoherence). PaccMoTpum B kadecTse
npuMepa npeobpa3oBaHUe MATPHUL IJIOTHOCTH, KOTOPOE «3a0LIBAeT» BHe-
AUATOHAILHEIE 3TEMEHTHI:

p = pieli) (k| B " purlk) (K.
ik k

TloxaxeM, 4TO OHO «hU3UYECKHM DEATHIYEMO», T.€e. MOXKET OBITh HOCTPOE-
HO KOMIIO3MIMEH ONMCAHHHIX BHIIE IpeoSpasoBanud. Byjgem cTponts 510
npeobpa3oBanue B TpH mara. BHavane 106aBUM HyJeBHle GUTHL:

p = p®[0){0].

3arTem ckomupyeMm OGpaTHMBEIM OODa3OM HUCXOLHEIE OUTHI B J0OaBIEHHEIE.
O6patnMoe konupoBarue 3ajaeTcsa ouepatopoM A{o®): |a,b) — |a,a & b).
TTonyuaem

Ale®) P
p 10001 "> pjeld, 5) (k. k.
Ik
A Temepb BO3LMEM YACTHYHBIN CJ1ef N0 AoGapneHHBIM 6utaM. TTosydum
JVATOHANBHY IO MATPUILY

S perlk) (.
k



82 KBAHTOBBIE BHIYUCJIEHHA

IIpepocTepexernne. PaccMOTpeHHAA HAMHU «OIEPALMA KOMMPOBAHMA

17 = 14,9, > piklidkl =Y pield, )k, k|
5k gk
(KOMIO3MIMA MEPBBHIX ABYX NpeoOpa3sOBAHMM) HA CAMOM Jele KOIMPYeT
TOMBLKO 6a3MCHLIE COCTOAHMUA. 3AMETUM, YTO KOINMPOBAHHUE MPOU3BOAbHOZ0
KBAHTOBOI'O COCTOAHMA [§) > [£) @ |€) aABnseTca HenMHENHEIM OmepaTOpOM,
IO2TOMY He MOXeT ObITHL PeATM3OBAHO (PU3NYECKH. B nanbHedmeM komnu-
poBaHue Bcerja OyAeT ONpeelaAThCA OTHOCHTEILHO HEKOTOpOro 6asuca.

3ameuanme 10.2. PaccMoTpenHoe npeo6pa3oBalie IIEPEBOSUT JII000E
COCTOAHME B KJacCuieckoe (C JUArOHAJTLHOM MATPULEH IUIOTHOCTH), MC-
[OJb3ysl KOMUPOBaHME GMTOB. ITO MOXHO MHTEPHPETHPOBATHL TakK: €CAl
NOCTMOANKO Habarwdamsb 3a cucmemot (deaamsv Konuu), mo cucmema 6y-
dem secmu ceba xKax Kaaccuuecxas. B ciayydae ogaoro g-6ura TO Xe caMoe
npeobpa3oBanue (OOHYJIEHNE BHEIMArOHANLHEIX DJIEMEHTOB) MOMKHO ITOJY-
9UTh, €CJIM IIPMMEHUTE OIEPATOP 0 ¢ BEPOATHOCTEIO 1/2:

1 1
prr —p+ zofpo’.
2 2
Ilogo6Hbm Hpouecc Ha3LIBAETCA CIyYaWHBIM c60eMm ¢a3bl: cocToAHme |1)
JAOMHOXAeTCsA Ha (a30BHIH MHOXMTeIs —1 ¢ BepoaTHOCTBIO 1/2. Takum

o6pa3oM, cot $a3bl maxice nPusodum K MOMY, YN0 CUCTREM BE0EMm Cé-
6a KK KAACCULECKAR.

3agaga 10.5. Ilycrs mmeercsa ¢pusutdecku pearnsyemoe npeobpasoBaHue
T: L(N) = L(N®F) co creayroumum coitcteoM: Trx(Tp) =,p ana moboro
9ucTOro cocroauua p. [lokaxure, 4to torga I'X = X ® v (gaa moboro
omeparopa X ), rfe Y — HEKOTOPasa (PUKCUPOBAHHAA MATPHIA ILIOTHOCTH
Ha mpocTpaHcTse F.

Takum 06pa3oM, Heb3s HOTYYUTH HUKAKOU MH(POPMAUUHK O HEHIBECT-
HOM COCTOSIHWH p, HE BO3MyIlas 3TO COCTOAHUE.

10.3. Hameperme. [Ipu onucaHuM KBAHTOBHIX AITOPHTMOB YacTO OHI-
BaeT eCTECTBEHHO CYUTATb, UTO HAPALY ¢ KBAHTOBLIM BBIYMCIMTENLHEIM
YCTPOWCTBOM HCHOIL3YETCA U Kiaccudeckoe. OCHOBHOM MEXAHW3M B3aMMO-
OEMCTBUA MEX 1y KBAHTOBOM M KJIACCHYECKOHW YACTAMHU COCTOUT B UIMEPE-
Huy KBAHTOBLIX PECHCTPOB, JAIOLIEM KIACCHIECKHA Pe3yIbTaT.

PaccMOTpUM CHCTEMyY, COCTOSALIYIO M3 IBYX YacTed, — KBaHTOBOM (N)
u knaccudeckon (K). Tlo xaaccuveckuM KOOpAMHATAM MATPHLA ILIOTHOCTH
OVATCOHAJILHA!

p=> piru (1)K @ (D) =Y wy®@ & (1H4),

Gk {
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rrew; =y, ; Pjjii -~ BEPOATHOCTb MMETH KIACCHECKOE COCTOAHME [, a one-
parop v\ = w, L Zj, & Pjkil 0612 1a€T BCEMY CBOMCTBAMM MATPHULI IUIOTHO-
cru. Takum 06pa3oM, KBAHTOBO-KJIACCHIECKOE COCTOSHIE BCEr 13 PasaoXu-
MO H3 «yCJOBHBEI®» (10 AHAJOTHMH C YCIOBHBIMM BEPOATHOCTAMM) MATPHULEI
motrocty 7V . ByeM uCnonp30BaTh 414 TAKOTO CITyyas ClIeLMaIbHOe 060-

3HAMEHME: p = Y, W) (YO, =%, (wt’Y(l),l)-

MycTe uMeeTCA PAJ B3AMMOUCKIIOYAIOIIHMX BO3MOXHOCTEH, YTO BHIpa-
KAeTCs PAlIOKEHHeM NMPOCTPAHCTBA COCTOAHMA B NMPAMYIO CYMMy MoONap-
HO oproroHajbHeix moanpoctpancts N = @ Lj, rae & = {1,...,7} —

JEQ
MHOXKECTBO BO3MOXKHOCTEH (JeMCTBUTENLHO, CTH IIOATPOCTPAHCTBO L1 Op-
TOrOHAJNBLHO MOATPOCTPAHCTBY L2, TO A1A Mo60M MATPHULUEI IIOTHOCTH
p € D(£,) sumomnserca P(p, L2) = 0).

[Ipeobpa3oBanyue MaTPHI ILIOTHOCTH, KOTOPOE MBI Oy JeM Ha3hIBATDb U3-
Mepenuem, COCTOMT B TOM, 4TO [JA COCTOSHMH M3 NOANPOCTPAHCTBA LCj
(M3MEpAIOIHMIl TPUGOP» MOMELIAET B KIACCHIECKUM PErHCTP HOMEp COCTO-
AHUA J:

ecun |€) € L;, To [E)(E] = (1)(€],4) - (10.2)

XoTs namepetine oTobpaxaet npocrpancteo L(N) B LN ®K), peays-
TaT BCEraa AMArOHAJEH 0 BTOPOM KOMIOHEHTe. II03TOMY MOXHO CYMTATE,

T
wT0 Mamepenue orobpaxaer L(N) B @ L(N).
=1
I |€) € L£; Bumonnserca pasenctso [€)(¢| = Mg, [€) (¢, . oaTo-
MYy M3 COO6PAXKEHHH TMHEHHOCTH MOXHO JOONPEAeTUTE M3MEPEHUe Ha BCeX
OCTAIBHLIX MATPHLAX IJIOTHOCTH

p Z (Hﬁ,‘pnﬁj:j)
J

¥ IPUUATHU K CJIEJYIOMEMY OMPENeNeHHIO.

Ompejenenue 10.1. (JemepmMunuposanublm) U3MePEHUEM HABHIBA-
eTcA Mpeobpa3oBaHHe MATPHI IWIOTHOCTH

p = S P, L;) (1,4), (10.3)
J

rae 19 = P(p, £5)7" x T, plle;.

MO3HO CKa3aTb, YTO j — JTO PE3YAbTNGIN UIMEPENUA, P(p, L;) — Be-
POATHOCTD MOJNYYATH JAHHEIA PE3yJIbTAT, & 49} — cocToarne namepsaeMon
CHCTEMBI TIOC/Ie M3MEPEHMA TIPH yCIOBMHM, 9TO MOAyHeH pe3yabTaT j. Ecim
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MBI M3MepAEM HCTHIE cocTOAHus, T.€. p = |€)(€], To YY) = |n;)(n;|, rae
" VP.L)
IIpuBeséM mpocrefimuni npuMep uamepenus. CaenaeM gBe konuu GUTA.
Hycrs Mg, = |0)(0|, a [Tz, = |1)(1}. Toraa

Poo  po1
= — 0)(0l, 0) + 1)(14, 1).
p= (%0 2%) o> (oualo)0l,0) + (a1, 1)

Jdagasa 10.6. «KnanTosas Tesemoprammm» (cm. [21]). Ilycts mmeroTca
TP q-0MTa: NEPBLIA U3 HUX HAXOIUTCA B IPOU3BOJLHOM (3apaHee HeU3BECT-

HOM) COCTOAHHMH p, BTOPOH M TPETHH — B COCTOAHMH [€p o) = % (IO, 0) +

+i1, 1)) IIpousseém Ha X MepBHIMH fBYMA q-GMTaMM M3MEPEHHe, COOTBET-
CTBYIOIIEe OPTOrOHANBHOMY PA3IOKEHHIO

B®? = C(|€oo)) ® C(l601)) ® C(l€10)) & C(l€11)),
rae |Eap) = %Z(—l)"c lc,c ® a).

Ilokaxure, 4uTO MCNOABL3YA PE3YNBTAT UIMEPEHMA M OCTABLIMHCA TDETHH
2

q-6MT, MOXXHO BOCCTAHOBUTH NCXOAHOE COCTOAHHUE p. JalMIIMTE BCIO MOCTe-
AOBATENBHOCTH AEHCTBUM (M3MEPEHHE X BOCCTARHOBJIEHME) B BIAE KBAHTOBOH
CXEMEL

Jdameqamme 10.3. DTOT OPOLECC MOKHO NPECTABAATE TAKMM OGDPA30OM.
Honyctum, yro Ammca xouer mepesars Bo6y'® keunroBoe cocrosnme p
O KJACCH4eCKOMy KaHaly CBa3M (Hanmpumep, no teredory). OkasniBaercs,
4TO DTO BO3MOXHO, eciu Aymca u Bo6 3apanee mpuroTOBUIM COCTOAHME
|€00) ¥ B3s1M OT FETO MO MONOBUHKE — OAHOMY q-GHTY. AJTMCA IPON3BOAUT
M3MepeHHe U coobaeT pesyabTaT Boby. 3aTem Bo6 nepesoaut cBok q-6ut
B COCTOAHME p.

11. Hamepsromme omepaTops:

Baeaém ocobrrii Kaacc onepaTopos -— usseparousue onepamopui. Ilycrs
€CTh IPOCTPAHCTBO COCTOAHMI N @ K, npirriem mepabiil COMROXHTCIb Pa3-
JIOXEH B MPAMYI0 CYMMY MONAPHO OPTOrOHAIBHLD. NOINpocTpancTn: N =
= @ L;. Toraa Beakui onepatop Buga W = Z Tig; ® U; Oyaem nasuBath

J j
UIMEPAIOUSUM..

13)31u gBa mepcoHaxa BCTPEYAIOTCA NPAKTHYECKA B AI0GOH CTAThe MO KBAHTOBLH Te-
OpHH HH(POPMALHMH.
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Y065 ONpaBAaTh TAKOE HABBAHKME, PACCMOTPUM CJeIYIOIIHIA TPOLeCC.
IycTh UMeeTCs HEKOTOPOE COCTOSIHMUE, ONMCHIBAEMOE MATPHIEH TVIOTHOCTH
p € L(W). Hoacoeaunum npubop; COBMECTHOE COCTOSHNE CHCTEMBI U IIPU-
60pa ONMUCHIBAETCA MATpULEd IIOTHOCTH p @ [07)(0™| (MBI cuMTaeM, ITO
BO BTOPOM COMHOXHUTENE, OMMCHIBAIOIIEM PUGOD, €CTh BbIJEJICHHBIA 6a3uc,
Hanpumep, 4To aTo B®").

Teneps npumensem uamepstomun onepatop W. llonyyaem cocrosnne

W (p (0" )W = 3T plle, @ U 0) OV

(3€CHh MBI BOCIIOIB30OBATACH XAPAKTEPHUCTUIECKMMI CBONCTBAMMA POCKTO-
pa IOt =11, II? = 1I).

U nocrennee geMcTBye: MPUOGOP CTAHOBATCA KIACCHUECKMM. DTO O3Ha-
qaeT, ITO MATPHIA JMATOHAIM3YETCS O BTOPOMY COMHOXHTemo. IJocMo-
TPUM, BO YTO NEPEXOAAT TP PTOM BTOPHIE COMHOXKUTEIM B HAIMCAHHOM
cyMMme:

B = 6] SOUHEN R (max xax (1) |, = (Klk))
k
Teneps 3anuiem nonylmanﬁCﬂ pe3yJabTaT:

ZZ (Hﬁ pllc, |(KIU;0) ) ZZP (k|7) (Tg; pllg, k)

TJe BBEACHBI YCAOGHbIE 6EPOATIHOCTIY P(k\j) = I(klUj|0)|“. 3aMeTuM, 4To

A7 M3MepeHusi (KaK OHO OBLIO ONpPEAENeHO B IpEABIAYIIEM pasjede)

P(kl]) = 6j, MOITOMY TOJBKO HMTO ONMCAHHLIA NPOLECC MOXKHO HA3BAThH

«BEPOATHOCTHLIM M3MepeHHeM». BpejéHHBIE TakuM 00pasOM KBAHTOBHIE

VCIOBHBIE BEPOSATHOCTH BeyT cebsl KaK OOBIMHBIE, ECTM PACCMATPUBAIOTCS

[POU3BEICHUS U3MEDSIOIIMX ONEPATOPOB, MOCTPOCHHEIX HA OJHOM M TOM

€ OPTOrOHATHLHOM Pa3iOoXKeHUH POCTPAHCTBA COCTOSHUM (CM. HIXKE).
IIpuBeeM IpUMepHl N3MEPSAIOIIMX OIEPATOPOB.

1. Omneparop A{U) = o ® I +II; ® U, nedcTByIOmMuUA Ha NTPOCTPAHCTBE
B®N, — n3aMepsomui.

1’. HeTpuBHATLHO, 9TO OH M3MEpSAOIIMM M 10 BTOpoM kKommnoreHTe. [lo-

ckonbKy U — YHUTApHEI ONEPAaTOp, €ro MOXHO Da3jOXUTb B CYM-

My IPOEKTOPOB Ha COGCTBEHHBIE NMOAmpocTpaHcTBa: U = Zj A,
1 0

|)\j| = 1. Torga A(U) = Zj(no +)\jH1) ®H5j = Zj (0 A) ®Hﬁj.
j

B >ToM caydae yCIoBHBIE BEPOSTHOCTH PaBHBI P(Olj) =1mn P(l]j) =0,
MO3TOMY TAKOM ONEPATOD, XOTA U ABIAETCA H3MEPSIOIINM IO OTIpe/ene-
HUIO, (PAKTUYECKA HUYEro He M3Mepser.
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damevanme pus Qmsukon. [lycts U —
onepaTop ¢asoBoro CABMra CBETA NPU IPO-
XOX/EHMA CKBO3b CTEKIAHHYI MJIACTHHKY.
Mbr MOXeM pa3fieruTh Jayd cBeTa Ha JBA,
NPONYCTHB €r0 Yepe3 NOLYNpPO3pavyHoe 3ep-
KaJio, 3aTeM OJMH M3 II0JyYeHHBIX JTyYeH NPOIYCTHTb YePe3 CTEKIAHHYIO
ITACTUHKY, & 3aTeM 3aCTABUTE NOJTYYCHHBIC B PE3YILTATE AyIM MHTEpP(E-
pupoBats. [lo kapTune wHTepdepeHUMN MOXHO Y3HATHL (HA3OBEIA COBHT.

Maremarnieckmit BapwanT IpejHAyIero NpUMepa. AHAJIOIOM NOIY-

H

1 /1 1
OPO3PAYHOro 3epkata OygeT cayXuTh oneparop H = 7\ 1) Kak

BMJHO U3 NPMBEJCHHOU BEINIE KADTHHKH, €rO HYXKHO NPUMEHATHL B Hauaje
u B koH1e. CTPOro roBops, paccMoOT™ "M OIIEPaTOp

EU)=(H& "AU)(HQI).
Ecan nasanbueiit BexTop nmeer Bug [9) = n)®[€) (|€) € L), To Z(U)|4) =
="} ®1§), rae

L1 1\ (1 0\ 1 (1 1\, 1[1+X 1-X
=7\ 1) Lo ) Bl -1 l”>‘§<1—/\j 1+/\j)|”>'

R;
Hosromy =Z(U) = Z%— G t :\\j };:\\j) ®I1;,. Teneps mogcumraem yc-

J
JOBHBIE BePOATHOCTH. COBCTBEHHBIC YMCIA YHUTAPHOTO ONEPATOPA PABHBI

10 MOAYJIIO 1, IO3TOMY MOXKHO IOJIAraTh A; = €27 . B peayabrare umeem

1+ A

2
14 cos(2my)
5 = .

P(0]5) = 0IR;0)[ = 2

B raibueiinieM MMEHHO ¢ OMOILBIO TAKOTO OIEpPATOPa MbI Gy1eM oLe-
HUBATH COOCTBEeHHbIE wMcaa. Jlasg 3Toro npugercs 6paTh pasHbe GUTHL B
Ka4eCTBEe NEPBbIX COMHOXHUTeNeH (passbie «ipnbopsb). Koneuno, ciexyer
yO€AUTBCA, YTO ITO KOPPEKTHO (T.e., YTO BEPOATHOCTU BYAYT IEPEeMHO-
KATHCA).

CrolicTBa M3MepmioUMx onmepaTopos. Mer 6ygeM paccMaTpuBaTh M3-
MEpAIOIME OTIEPATOPEI, COOTBETCTBYIOIME O JHOMY M TOMY XK€ OPTOrOHAIb-
HoMy pasnoxenuio N = P, L;.

1. IlpousBe feHne H3IMEPIOUMX OXIEPATOPOB — H3MEPSIOUNLA OTIePaTOp.
[leMCTBUTENBHO, MYCTh €CTh BA U3MEPAIOMUX ONEPATOPA

w0 =3 RrRVel, aw® =S RP e,

2 M
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Hockonsky Ig Iz, #0 & j =k, umeem
@) _ (2) p(1)
wOw® =3 "RVRY o1,
J
2. YcioBHLIE BePOATHOCTH A NPOB3BeJACHAS M3MEPAIONAX «PasHLIMHU
nprGopaMu» ONEPaTOPOB LEPEMHOXAIOTCA. Boxee Touno, mycts RV =
=R'®1,a R® = 1® R?. Torga P(k, k2 |j) = P k1|1 Py (k2 | ). 9o

PaBEHCTEO CJIeyeT HENOCPEJCTBEHHO U3 ONpe/IeeHHA YCJIOBHEIX BEPOATHO-
CTEeN U M3 OYEBHAHOTO TOXKACTBA

(@l ® 6l) (V10 Uz) (im) © Im)) = (lUInm) (€alUelme).

3. dopMyaa nOMHON BepOATHOCTH. I[YCTh €CTh U3MEPAIOLIMA ONIEPATOP
W =Y R; ® Il,. Ecm npumenuts ero k cocrosanuto |0)(0] ® p, rae p €
€ L(V), To BepoATHOCTh HaOIIOAEHHA COCTOAHMA k MOXHO 3amucaTh B
BUJE:

P(W(0)(0| @ )W, CIK) @ N) = D P(k|1)P(p, ;)
J

HoxazaTeabcTBo. W(]O) (O|®p) Wt=y=3% (Rj|0)(0|R;)®l'I1;jpl'[,;]..
J
Panee 6uuio Aokasano, uro P(y, C(|k)) ® N) = P(Try v, C(|k))) . Hazee,

Tiv v =Y (RI0)OIR]) x Tr (ILg, p11, )
J

TTockoabky
Tr (Mg, pllz,) = T (n%jp) "n(n,; p) ©p (L)),
[0y 4aeM NCKOMOE BEIDaXKEHUE P('y, C(lk)) Z P kl J a

3agaua 11.1. JoxaxuTe GOpMyay MOJHOA BEPOATHOCTH HANPAMYIO, HE
HCIIOAB3YA B3ATHA YaCTUYHOTO CIefa.

3agaga 11.2. «OGpaTamoe mamepenues. Ilycte W = Z;zl g, Ve —
usmepsionnit oneparop, Vil0) = 3-, _ ¢y,.(k)|y, 2). (Mmeerca B Buay, 4o
omepaTopul Vi AeHCTBYIOT Ha M + S Q-OMT; nepeele m g-6uT (T.e. y) —
(II0JIE3HBIH PE3YAbTAT», OCTANbHEIE § q-6GUT (T. €. 2) — «mycop».) JomycTum,
410 V u3MepseT nexoropywo dyskumo f: {1,...,t} = B™ c BepoaTHOCTEIO
omubku K €, T. €.

OO Zlcf(k) )W 2 1-e.
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ITocTpoiiTe ¢ ucnonnsosanmem W u W~1 kBaHTOBYIO CXEMY IOIMHOMUATE-
HOTO pa3amepa, Pealn3yrLyo ¢ To4HOCTHI0 O(e!/2) HOBHIM M3MEpAIOLIMIA
onepaTop

t
U= Zﬂck ®Qrky, TaE Quly) = [y D).
k=1

{(Paspemaercs «6paTh HaNPOKaT» AOHNOIHMTEILHHE q-OUTHL. )

12. BricTphie XBaHTOBLIE AITOPATME

EauHCTBEHHOE HETPUBMAILHOE MCIOIL30BAHME KBAHTOBEIX CBOMCTB 114
BEIMMCIEHUH, KOTOPOE Ml YK€ PACCMOTDENH, — 3TO PELICHBe YHUBEDCATb-
HOM MepeGOPHOM 3a a4y aaroputmoM [posepa, nanoxenHbIM B pasgene 8.1.
K coxanenuio, mpu 3TOM ZOCTHrAETCA JHIIEL MOTHHOMUAILHOE YCKODEHHME.
TIooToMy HMKaKMX CepLE3HHIX CNEICTBHIH A TEOPHH CJIOXHOCTH BhIYM-
cacunit (tuna BQP D BPP) amroputM I'poBepa me gaét. B Hacrosmee
BpeMs HeT JOKA3aTeNbCTBA TOrO, ITO KBAHTOBHIE BHIYHUCJCHUA [TPEBOCXO-
AST IO CKOPOCTY KJACCHYECKNE BEPOATHOCTHHE. HO ecTh KOCBEHHLIE CBH-
JIeTeabCTBA B NMOJAB3Y TAKOTO yTBepxaAeHuA. Ileppoe M3 HUX — mpuMep
3adavu ¢ opaxyaom (T.e. MPOUEAYPON THINA «IEPHOCO AMMKA»), HIA KO-
TOPOH CYIIECTBYET NMOJAMHOMMAIBLHHIA KBAHTOBLIM anTODHTM, B TO BpEMA
KaK JI000M KJIACCHIeCKHH BEPOATHOCTHHIA AATOPHTM JKCIOHEEnmater.!4)
JtoT npuMep, noctpoenssn [. Caitmonom [42], HasbiBaeTca 3adaved o
cxpoimotl nodepynne 6 (Z3)*. B janpueiineM Mbl pemMM Takxke 3aja-
4y O CKPHITOH moarpymne B Z*, 0606maomy o Bce pe3yibTaTHL U3 HTOTO
pasgena.

3AAAYA O CKPHITOM NOATPYIIIE. Ilyets G — Kone4yHas rpynna, npuyém
3aJaHO HEKOTOPOE NPEjCTABIEHHE DIeMeHTOD (G TBOMYIHBIMH C0Bamu. Mme-
eTCs YCTPOUCTBO (0pakya), Beucasionee dynkmmo f: G — B® co creny-
IOIIMM CBOMCTBOM:

fle)=fy) < z-yeD, (12.1)
rge D C G — HekoTopas 3apaHee HeM3BeCTHaA noarpynna. Hyxuo maiTn
3TY HOACpYIIy.

12.1. 3agava o ckpuTol nogrpymre s (Z;)*. M1 pacemorpum cdop-
My IMPOBAHHYIO BHIIE 33734y B ciydae G = (Z2)*. DieMer T 9TOM TpPymIIEl

14)Cnesyer MMeTb B BUAY, YTO CAOKHOCTb 33JAY € US4XY.0M HaCTO OTIMYAETCA OF
CJIOXKHOCTH OOBIYHBIX BHIYMCIUTEILHBIX 334549, K.1ACCHY2CKYE TPUMep — feopeMa O TOM,
uro IP = PSPACE [36, 37]. OpakyabHhiil ai8.10r 3TOr0 yTBepxAeHusa Hepepen [30]!
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MOXCHO TIDeJCTaBIATL CTPOKAMM IJIHMHE k U3 HyJedl M eAMHHI; CPyHIoBas
onepanus — NobUTOBOE CJAOKEHUE IO MOAYIIO 2.

Jlerko moka3arTb, 4TO HeNb3A OGHICTPO HAMTH «CKPHITYIO MOATPYIITY»
Ha KJacCH4YecKou BepoaTHOCTHOM Mammue. (Kiaccuveckas Mammza mo-

CHUIAET Ha BXO[ «IEPHOrO AWMKA» CTPOKH T1,...,T; W DOIYIAeT OTBETHI
Y1, .-, Y- Kaxgeni crefyonui BONPOC £; 3aBUCHT OT NpebIIYLINX OTBe-
TOB Y1,...,Y;j~1 ¥ HEKOTOPOTO CJAYy4alHOI'O YUCIA T.)

Yrepxpemme 12.1. ITycme n 2 k. Jar a060z20 xacccuuecxozo eepo-
ATNNOCTNO20 aa20pumMa, deaarowezo ne Goaee 2%/2 obpawenut x opaxy-
ay, cywecmeyem nodepynna D C (Z2)* u coomeemcmeyowas Pynrxyus
[ (Zy)F — B, das xomopoii aieopumm owubaemca ¢ 6EPOATIHOCTILIO
>1/3.

[Jokasareaberso. [na ogHOM M TOM ke moxrpynnst D cymiecTsy-
€T HECKOJbKO Pa3iM4YHbIX O0pakyaoB f. Mu 6ygeM CYMTaTbL, YTO OAMH
U3 HUX BhIOMpaercA CIyd4alHO M paBHOBepoaTHO. (Eciu anrropurM omm-
6aeTca C BEPOATHOCTBLIO > 1/3 mpm cayyalHOM Opakyjae, TO OH Tak-
xKe Oyger ommbaTbCa C BEPOATHOCTHIO > 1/3 mpM kakoM-HUGYAL KOH-
KpeTHOM opakyie.) Cay4alHbIM 0paKky 06JajaeT ClIeyonIuM CBOMCTBOM:
€CIu OYEDEJHOM OTBET Y; He COBNAJAET HU € OJHMM U3 NPEABAYIIUX
OTBETOB ¥i,...,Yj—1, TO OH PABHOMEDHO DACIPEAEJIEH HA MHOXECTBE
B*\{y1,...,yj-1}. Taxum 06pasoM, cryyaWHBIl OpaKy.] SKBUBAJIEHTEH
YCTPOUCTBY C IIaMATBIO, KOTOPOE Ha BOIPOC &; BHAAET HAMMEHBIIEES YUCIO
8; < J, Takoe 4TO T; — Ts; € D. Knaccuyeckyo MammHy MOXHO M3aMe-
HUTb TAKUM OGPa30oM, YTO OHA caMa Oy €T NPOU3BOAUTS C1y9alHBIN BHIGOD
y; € B*\{y1,...,yj-1}, korga s; = j.

IycTs 4mucao BOMPOCOB K opakyty pasuo | < 2%/2. Bes ymenbluenus
OOMIHOCTH BCE BONIPOCH pasnnyHbl. B caydae D = {0} Bce oTBeTH Tak-
XK€ Da3NUYHEl, TO €CThb 8; = j s Bcex j. Temepb paccMOTpuM cCiy-
qait D = {0,2}, rae 2 BuibupaeTcss Cl1y4a#HO C PABHOMEPHBEIM pAacIpe-
JeJeHHeM Ha MHO:KECTBE BCEX HEHYJNEBHIX MIEMEHTOB rpynnmel (Zg)*. To-
T2, HE3ABUCHMO OT HCIOJNBL3YEeMOr'O AIrOPUTMA, S; = j € BEPOATHOCTBIO
> 1-(j—1)/(2¥ - 1). C Bepoarnoctrio > 1 —I(I - 1)/(2(2% — 1)) > 1/2
3TO MMeeT MeCTO A Bcex § = 1,...,l. HamoMHuM, 410 y HaC ecTh gBa ClIy-
4JalHBIX MapaMmeTpa: 2z U r. Mu MoxeM 3apUKCAPOBATL 2 TaKMM 06pasoM,
4TOGBI BEPOATHOCTD NMOXYYEHMA OTBETOB S; = j (414 BCeX j) MO-TIpexHeMy
6nwna Goablie 1/2. llocMoTpuM, 4To 6yeT aenaTh KIaCCHIECKAT MAIlMHA, B
aToM caydae. Ecau ona Brigaer oteer «D = {0}» ¢ BepoaTHOCTLIO > 2/3,
noaoxuM D = {0, 2} — Toraa sHgaBaeMEli 0TBeT 6y1€T HEBEPHEIM C BEPO-
ATHOCTBIO > (2/3) - (1/2) = 1/3. Ecam xke BepoarsocTs oTBera «D = {0}»
Menbine 2/3, nonoxum D = {0}.
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Tenepr onpefenuM KBaHTOBHIM aHAJIOr OMHCAHHOTO BhIle YCTPOHCTBA.
CooTBeTcTBYIOmMI KBAHTOBRIX OPaKyJl -— 3TO YHHTAPHEINA OMEPATOP
Uilz,y) » |z, y d f(z)). (12.2)
(& o6o3Hataer NOGUTOBOE CIOXKEHME). 3aMETHM, YTO KBAHTOBHIH OPaKy
AOMYCKAeT JMHEHHEe KOMOMHALMM PAa3HbIX BOTIPOCOB, IIO3TOMY €0 MOXHO
HCIOIB30BATL Gonee 3beKTUBHO, YeM KIACCHIECKUM OPaKyI.
lycrs E = G/D, a E* — rpynna xapaxrepos Ha E, T.e. roMoMopgu3s-

moB E — U(1). B ciyuae G = (Z2)* rpynny E* MOXHO 0XapakTepu3oBaTh
creayiomumM obpasoMm:
E*={h€ (Zy)F :Vz € (Zo)* (h-2z=0)},
rjae h - z 0603HavaeT CKATAPHOE mpousseseHue no moaymo 2. (CooTmet-
creyrommit h xapaxrep umeet Bug z — (—1)%.) ITokaxeM, Kak MOXHO
NOPOAUTE CTy4aHBIA dneMeHT h € E*, ucnonsaysa oneparop U. Iloposus
AOCTATOYHO MHOI'O CTy4aMHEIX 3JEMEHTOS, MH HaitgeMm rpynmy E*, u, TeM
CAMBIM, MCXOAHYIO moArpynmy I,
Haxuém ¢ Toro, 4To npuroToBAM COCTOSHUE
j6) =272 3 " o) = H®*|0%)
z€G
B OJJHOM KBAHTOBOM perucrpe. Bo BTOPOM permcTp moMecTHM COCTOSHME
|0™) n npumennm onepatop U. 3aTeM BHIGPOCHM BTOPOM PECHCTP, T.e€. He
6yaem ero 6oaplie ncnoab3opate. llonyuuTea cMemanroe cocTOsHUE

p = (Ul 8l )U) =27 3 |nl
z,y:z--yED
Teneps npumenuM oneparop H%k:
v = H¥ pH®F = 2‘“2 Z (=1)*2b¥1a) (b].
a,h . yx~-yeED
Jlerko BuaeTs, yto BemurHa Y. (—1)“*~%¥ ormuna or Hyas TOABKO

z,y:z—~y€D
B TOM ciy4ae, korja a = b € E*. Takum o6paaomM,

7= 15 2 o)l
acE*
ITO B TOYHOCTH MATPHUIA ILIOTHOCTH [JIA CIy“5HHOIO PABHOMEDHO pac-
npejeNeHHoro arementa rpynnsi E*. Teneph ocTanoch BOCLOIL3OBATLCA
CaeAyIomen JeMMOH, KOTOPYI0 MK C(OPMYJIMPYEM B BHAE 3aTa"TH.

3agaqa 12.1. Ilycts Ay, ..., h — He3aBUCHMMELIe CyYalHBEIE DABHOMED-
HO pacnpejejeHHble djJeMeHTrl abdeBoit rpymnir X. JokaxnTe, 4TO OHU
NopoX AaloT Beio rpynmy X ¢ BepostHocTsio > 1 — | X|/2.



BBICTPBIE KBAHTOBBIE AJIIOPUTMB! 91

Takum o6pa3oM, JOCTATOYHO 2k CAYIAMHBEIX BJIEMEHTOB, YTOOHI HOPO-
OUTh BCIO rpynny E* ¢ BEpOATHOCTBIO OMIMOKH < 2-% (Takas MareHb-
Kas BEPOATHOCTDH OIIMOKY NoaydaeTcsa 6e3 0coOBIX 3aTpaT O CPABHEHUIO C
1/3. Y1o6b1 caeaaTs €€ emé MeHble, 3GHEKTUBHEE BCETO BOCTOIb30BATH-
CA CTAHIAPTHOM MPOLELyPON: TIOBTOPUTEH BCE BRIMMC/IEHNE HECKOIBKO Pa3 U
BHIOPATL HanboJee YacTO BCTPEYAOUMUCA OTBET).

IMoaBeaém UTOr: AJIA HAXOXK JEHHMA «CKPBITOM noarpynneny D Tpebyercs
O(k) obpaiennit K KBAHTOBOMY Opakyy. B menom anrropurM umeer ciox-
nocts O(k®).

12.2. PaamoxeHue Ha MHOXHUTEIN M HAXOX JEHUE TIEPHO fa OTHOCHTE/Ib-
HO BO3BEJeHHMA B CT€meHb. DBTOpOe CBUAETEIBCTBO B IOJB3Y TUNOTE3BI
BQP > BPP — 6uicTpoie KBaHTOBHE AJIOPUTMEL DA3JOXKEHUA YUCIA HA
IPOCTLIE MHOXUTEIN ¥ BEIYUCACHUA AUCKPeTHOro jgorapudma. Oun 6pLH
uangensl 11. Hlopom [38]. O6¢cyanm moka DEPBYIO M3 3TUX ABYX 3a1ad.

DAKTOPUBALNA YUCIA. Jano narypansHoe duciao y. Tpebyerca HaiTu
€ro Pas3joXKeHue Ha MPOCTHIE MHOXUTENN

y=pl'py? ... PRt

DTa 3ajada CYUTACTCA CJIOXKHOM HACTOJBKO, MTO HA NPEANOJOXEHUU
O TPYJAHOCTH €€ DeIlleHUs OCHOBBIBAIOTCS NMPAKTUYECKHE ATTOPUTMBL KPHU-
nrorpacdun. C TeOPEeTUIECKON TOYKU 3PEHUA NOT0KEHUE HECKOIBKO XyXKe:
HEM3BECTHO HU CBeléHue K 3ajgade daxkTopusauuu 3ajad u3 kiaacca NP,
HU JIpyr¥e «(IpAMBIE» CBHIETENLCTBA B N0b3y €€ cioxHocTu. (CaoBo «ups-
MBIE» B3ATO B KABBIYKKM H3-33 TOrQ, YTO B HACTOSIIEE BPEMs HEU3IBECTEH
oTeeT Ha Bompoc P =8 NP.) Takum 06pa3oM, IPEANIOIOKEHUE O CIOKHOCTH
3aja49¥ (PAKTOPUIANUM NONOAHAET ¥ 6€3 TOro OBMILHYIO KOJUIEKLHIO He-
JOKA33HHBEIX TUIIOTE3 B BHIYUCIUTEILHOR TEOPUU CIOKHOCTH. KoauyuecTBo
TAKMX TUIIOTE3 XOYEeTCH MO BO3MOXKHOCTH YMEHBIIATH. B 3TOM M COCTOMT
OCHOBHaA LIEHHOCTEL peayabTara llopa — ecnu coBepmmTh OAUH «aKT Be-
PED» U YBEPOBATH B CJIOKHOCTL 334341 (baKTOPU3ANNHN, TO HEOO6XOIUMOCTE
B emé OJHOM aKTe Bepbl (OTHOCHTEIbHO GOJBIUMX BHIYMCIMTETBHEIX BO3-
MOXKHOCTEU KBAHTOBOIO KOMIBISTEPA) OTHAAET.

Meur GygeM CTPOUTH OBICTPBHIM KBAHTOBBIN AJICOPUTM He NI DPeLIeHus
38071 PAKTOPUBAUUH, & AT PEIIeHns Apyrou sagadd HAXOMX/AEHUE [E-
PHOJIA, K KOTOPOM 3aga4a (paKTOPUIALMHA CBOTUTCA C IIOMOIIBIO Kiaccude-
CKOT'O BEPOATHOCTHOI'O AITOPUTMA.

HAXOXAFHME NEPNOAA. UMeeTcsa wHCIO g, 3anucHIBalOleecs He Ooice
geM n geonunmiMu mudpamu (1 € ¢ < 27) u uncio0 @ Takoc, 4To a < ¢,
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(a,q) = 1 ((a,q) obosnavaeT HaMGOABIIME O6MmMit ngeaurens). Hyxuo man-
TH nepuod @ OTHOCUTENBHO ¢, T.€. TAKOE HAMMEHBIIEE HEOTPULATEILHOE
qucao £, 910 a* = 1 (mod q).

Apyrumu croBamu, nepuo -— 5TO NOPALOK YMCIA @ B MYJIbTHUILIUKA-
TUBHOU rpymnne Bbi4eTos (Z/qZ)*. Byaem o603Ha4aTs mepuo wncaa a oT-
HOCHTeJNILHO ¢ Kak per,(a).

Hrmxe MBI MOCTDOUM KBaHTOBBIR ATrOPUTM LA pemeHus 3aJa44 O Ha-
XOX JEeHNM nepuota uucia. Ho madsém ¢ Toro, 4ro onumem xnaccudeckoe
BEPOATHOCTHOE CBEAEHME 3aJa4K (HPAKTOPUIALMY K 33,1a4€ BEITHCICHUA 16~
puoja. ‘luTaTemqro Takxe NpeTaraeTcs BCIOMHUTD BEPOATHOCTHEIN TECT
IIPOCTOTHI IMCJIA, MIIOKEHHBIM B IEPBOK 4acTu (cM. pasaen 3.3).

12.3. CpejeHue paKTOPH3AIMM K BHITHCICHMIO nepuoga. Hrak, npex-
TIOJIOKMM, ITO MBI YMEEM PeIaTh 3a4a41y HaX0X IeHus nepuoga. ScHo, 1To
bakTOPU3ALMIO TMCHA Y MOXHO IOIYYMTh, UCIOIb3YS O(logy) pas moa-
IpOrpamMMy, KOTOpasA IO JI0OOMY COCTABHOMY YMCIY BBIYUCIAET KAKOM-TO
€ro NeJUTeNb C BEPOATHOCTHIO, He Menblnert 1/2. (Konewno, HyxHa Takke
CTaHJapTHAA NPOLEAYPA yCHIEHMs BEPOATHOCTEH, ONMCAHHAL HA C. 36.)

Ilponeaypa naxox genms gesmarenn.

Bxoj: aucmo y.

HOIar 1. IIposepsem uérHocTs y. Ecau y — 4YETHOE, TO BEIAAEM OTBET
«2», B IDOTMBHOM CJIy4ae NEePeXoiuM K mary 2.

IOIAr 2. IIpoBepsem, U3BIEKAETCA MM U3 Y HAMENO KOpeHb k-U cTemenn
npu k = 2,...,logyy. Ecmn y = m”, To oreer «mM», UHAYE IEePEXOquM K
mary 3.

HOIAr 3. BribupaeMm ciyvaitHOEe a cpegu wmcen oT 1 JO ¥, BLIYHCIAECM
T = per,(a) (MCNOMBL3YS UMEIOWIMACA TIO MPELIOIOKEHHIO aIrOpUTM HAXO-
K JEHUSA IEPUOSA) U, €CIN T — HEIETHOE, TO OTBET «y — mpocToes. B mpo-
TUBHOM ciy4ae Haxogum d = (a™/2 —1,y) (ckaxewm, aropurmom EBkmnga)
U MepPexojuM K mary 4.

OIAr 4. Ecim d > 1, To oTBeT «d», B IPOTHBHOM CIy4ae OTBET «y —
MIPOCTOE».

AHamua mpoleypH HAaXOXJeHHA AeTATeI. Hokaxem, 4T0 BeposaT-
HOCTB NOIY“UTh NETUTeNb YUCIA Y B pe3ysTaTe paboThl MpoUeIypEl Ha-
XOXJEHUA NeJUTeNd He MeHbIIe, 4eM 1 — 1/2k‘1, rjge k — 9UCI0 Pa3IMIHbIX
NPOCTHIX fequTened y. (3aMeTUM, B YACTHOCTH, 4TO 3T BEPOATHOCTD PAB-
Ha () A1 MPOCTOTO ¥, TaK YTO JaHHAA MPOLEAYPA MOKET TAKKE UCIOIL3O-
BATBCA M KaK TECT NPOCTOTH uuciaa.) IIpu nokaszarenscTse Ham norpeby-
€TCA KMTalCKasd TeopeMa 06 OCTATKAX M TOT $akT, 94TO MYyJbLTUILIUKA-
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TP!BHa.F( rpyNNa BHYETOB N0 MOAYMO p*, Te P NPOCTOe, — LMKINIECKAs
(em. [2, Tn. 6, §3]).

Ecu r = per,(a) — uéTHOe, TO (a™/? + 1)(a”/? = 1) =0 (mod y). Tax
4TO B 9TOM CJy4ae NpOoUeAypa BEIAACT OTBET «y — MPOCTOE» TOILKO TOCAA,
korga a™/? = —1 (mod y).

3anuieM pasioXeHne § Ha NPOCTHIE MHOXHUTENH Y = ¢ i=1 p;’ mBBEAEM
o603Ha4YeHHUA

o . .
aj=a (modp;’), r;=per s a; = 2%}, rae r; — HeYETHOe.
J

JoxaxeM, 4TO IPOLEAYPaA BEIIAET OTBET ¢y — NPOCTOE» TOT A M TONBKO

TOCJA, KOTAA 8] = Sy = ... = S. JIGACTBAUTENLHO, CCIIHM 8 = 83 = ... =

= 8, = 0, To r He4éTHO (MOCKOIBKY T — HamMeHbmiee obiiee KPaTHOE
2

Bcex ;). BEemmsy =sp=...=s8 21, TO(I il = g (mod pj’) (ncnoan3y-

eM NEKAMYHOCTS (Z [p; ’Z ) a, 3Ha4YMT, ua"/2 = —1 (mod y) (ucnoasayem
j

KuTalCcKylo TeopeMy 06 octaTkax). Hao6oporT, eciu He BCe S; PABHEHI, TO

IpH HEKOTOPOM T IOIYHNM aff=1 (mod pm), T.e. a”/2 £ —1 (mod y).

Ilo kuTaiickoi TeopeMe 06 OCTATKAX CJIy4aWHHIA PABHOMEDHEIH BRIGOD
@ eCTb TO X€ CAMO€, YTO He3ABMCHMLIN CJy4allHEI PABHOMEPHBIH BHIGOD
Bcex a;. Ouennm ans HeKOToporo 3 BEPOATHOCTL COOLITHA 81 = § MpH
He3aBHCMMOM BHIGOpe a;. Ilycts pf! — 1 = 2tq, rae ¢ — HE4ETHOE, g —
obpasytoman (mmktwdeckon) rpynnsl (Z /py*Z)*. Torna

Hai:s1 =8} = I{gzt_‘"‘ : m — He4éTHOE}| =

_ ecau s =0,

- { (2% - 2" g, ecan s> 0,
MO3TOMY BEPOATHOCTb 87 = § He Goabme 1/2. Orcioga ciefyeT uckoMad
OLIEHKA BEPOATHOCTH YCIIEXa BCEH MpOUEAYDPHl HAXOXICHUA JEIUTeNd: Be-
POATHOCTDb COOBITHA §1 = Sg = = 83 He Boie 1 /2" ! noaromy c Bepo—
ATHOCTBIO He Merble 1 —1/ 2"“l npoue,zxypa HAXOXIeHUA NeIUTENA HAauAET
AEJIATEND Y.

12.4. KBaBTOBWN AITOPHTM HaXOX A¢HHA IIEPHOJA: OCHOBHAA Mjed.

PaccMOTpPUM OIEPATOP YMHOXEHMA BHIYETA HA a, AEHCTBYIONMIA MO mpa-
sty U,: |z) — |az mod g). (Boree koppexTnoe obosnauenue — Ugyq,
OJHAKO YMCJIO ¢ HE MEHAETCA Ha MPOTMXKEHMH BCEro BHIYMCJIEHHA, IO3TO-
My MBI ONyCKaeM €ro B HMHJeKcax). DTOT OmepaTop mnepecrasiser Ga-
sucHrie BekTOpH mpu 0 € z < ¢ (wamomumM, 4to (a,q) = 1). Byaem
CYNTATh, YTO HA OCTAJbHEIX GA3MCHHIX BEKTOPAX OH JEHCTBYET TOXJe-
ctBenno, U, : |z) — |z) nmpu z 2 ¢q.
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ITockoabky A YMHOMEHMA BEIYETOB €CThL OOGEIYHASA 6yaeBa cxema no-
auHOMHaabHOrO — O(n?) — pa3Mepa, TO CyIIECTByeT M KBAHTOBAA CXEMa
HNPUMEPHO TAKOr'0 XKe pa3Mepa (MCMOMb3yIOmas HAPOKAT JONOJHMTENLHEIE
(-OMTEI, KaK 3TO OOBACHANOCH PAHbIIE).

Hepecranopka, koropyo 3agaét onepatop U,, pa3GHBAeTCA HA UKL
Inkn, cogepxaiuit a, conepxut u 1 (noc.rre per,(a) —1 uTepanuit Mul nona-
AaeM 3 a B 1). AIropuT™, 0 KOTOPOM MOMAET pedb, HAMHHAET C COCTOAHMA
|1) 1 npumenseT k Hemy onepatop U, 1o mHOry pa3. Ho 3a mpegenst op6uth
a (UMKJ1a NePeCTaHOBKH, KOTOPOMY NMPHHAIJIEKUT @) MBI TAKMMH Ipeobpa-
3oBanuAMH He BhAeM. IloaTOMy paccmMoTpuM orpanmdenne onepatopa U,
Ha NOANPOCTPAHCTBO, HOPOXKAEHHOE OPOUTOH a.

27ri-k/t

Cob6cTBennnte uncna gaa U, : A\ = r*,z:e t — nepuoa.

Cobcreennnte BexTopet jus Uy €, k) Z e 2mikm/t gmy

Jlerko npoBepyuTE, YTO HAMMCAHHEIE BEKTOPH AEHCTBATEILHO COGCTBEH-
Hele. JJOCTATOYHO 3aMEeTHTh, YTO yMHOXEHHe Ha @ HPUBOAUT K CABHLY
MHJEKCOB B CymMMe. Ecin 3aMeHMTL NepeMeHHYIO CyMMHPOBAHMA, YTOGHI
YCTPaHHTL 3TOT CABHUT, MOAYIAM MHOXHUTENL €27 h/t,

Ecan 661 MBI MOram HaMepsaTh COGCTBEHHLIE “HCIA oneparopa U,, To
noayyanu 6ul yncaa k/t. Cravana pas6epéM, Kak 3TO MOXKET HAM MOMOYb
B HAXOX/JEHUH NMEPHOIA.

Ilycrs y Hac ecTs Mammua M, KOTOpas NPH KaxIOM 3aIyCKe BLLIAET
HaMm yucio k/t, rge t — uckomer mepuos, a k — PaBHOMEDHO pacIpeje-
J€nHOe Ha MHOXecTBe {0,...,t - 1} ciyvaitnoe yncio. Mu npegnonaraem,
4TO k/t IIpeJCTaBIeHO B BUE HECOKPATUMON Apo6u k' /t (ecom 661 MammHa
BRIIABANA YHCIO B BUge k/t, TO BOOGIE He 6BLTO GBI POGiem).

Hony1uB neckoasko apoGen Takoro suga ki /t), kb /th, ... k! 1/t], MOXHO
C GOJIBUION BEPOATHOCTBIO HAWTH YMCIO , IPUBOLAA ITH ,z:po6n K o0wemy
3HAMEHATENIO.

Jlemma. Ecau noayueno | dpobeti, mo sepoamuocmy mozo, wmo nau-
MerbuLee 06wee KPAMHOE UT 3HaMEHamenel omauuno om t, mense 3-27,

Mokasaremscrso. [pobu ki/t},...,kj/t| soaydaloTcsa cokpauieHneM
apoben ki/t,... . k/t (T.e. ki/t; = k;/t), rae ki,...,k — HesaBMcuMO
pacnpenenénnele cayvaiHule Ydcaa. JOCTATOYHO, S TO6bI 3TH MCIA GhI-
J¥ B COBOKYITHOCTH B3aMMHO NPOCTHI, TCI'AA HauMeHslnee obluee KpaTHOe
t,...,t; 6yaeT paBHoO t.

BeposarrocTs ToOro, uro ki, ..., k; uMe0T 06yt HIPOCTON JeUTEND P,
He 6onbiue, vem 1/p'. TI0aTOMY BEPOATHOCTB MOAYYNTH He ¢ MOCTE IpHUBe-
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oQ
JeHusA K o6IeMy 3HAMEHATENIO He IPEBOCXOAUT Z lz <3-27! (aTa cymma
k=2
3aBEJOMO BKJIIOYAeT B cebd BCe IPOCTHIE, MEHbIINE ). a
Teneps 6ygem crpouts MamnHy M. OHa Jo/DKHA COAEPKATE CXEMY, U3~
MEpAIONIYIo COOCTBEHHEIE Yucia oneparopa Uy das mowbozo b (a ne TOJBKO
11a b = a — umesa, aus xotoporo umerca nepuod). Todnee roBops, HaMm
HyxeH omneparop U: |b,z) — |b,br mod g), ecu (b,q) = 1. Kak omeparop
U neicTByeT B OCTANBHBEIX CIAy4dasx, HeBaxHO. Ero MoxHO goompegeiuTsb
MO6BIM BBIYMCIATEILHO TPUBMAILHEIM crioco6om. Ha camom gene, Bce mpu-
BeJEHHBIE PaHee PacCyXICHUS 00 UMUTAIMU KIACCHIECKUX CXeM KBAHTO-
BLIMM COXPAHAIOT CHIY M [JS WMUTALUM CXEM, BEIMUCIAAIOMUX YACTHIHO
omnpenenéHHbIe QOYHKINH.

3apaya 12.2. Hcnoasays onepatop U, peaiusyiTe onepaTop A(Uy) pas
a060ro b, B3aMMHO IIPOCTOTO C g.

O6oanaunm Lg x = C(|€ax)) (moanpocrpancTso, nopoxaéunoe o k),

TOrJa MCKOMasd CXeMa [JOMKHA PEAIn30BHIBATL M3MEPSAIOIMH ONepaTop
-1

S Voi ® g, , ¢ oneparopamu Vg Buga [0) = 3, Cy.2|Y, %),

k=0
rge y — HEKOTOpas HecoKkpaTuMmas Apobb, a z — mycop. Ilpu sToM fia

YCJIOBHBLIX BEPOATHOCTEH TOXKHO BRINOJHATHCA HEPABEHCTBO
2
def
p(Hx) < SIE - Va,k‘0>} > 1-¢,
z

0603Ha"aeT HECOKPATUMYIO ApOOb, NPEJCTABIAIIIYIO PAIUOHAIE-

Hoe uucio k/t.

rae

TlocTpoenne TAKOW U3MEPAIOLIEH CXEMHI JOBOJBHO CI0XKHOE, MOITOMY
BHavajge OOBACHUM, KaK U3 Hed cTpourcsa mMammHa M. Bospmém cocTosuune
|1) B xasecTBe HauanpHOTO. [IpAMOe qunc.nenne (anaTeJno pEKOMEHAYeT-

ZTi
rapaHTUpyeT PABHOMEPHOE PaCIpe/je]eHne TACIUTeIeH apo6en. IIposeném

M3MepEHNIE B 5TOM COCTOSIHUM, TOTAA IO (OPMYJIe IOJHOM BEPOATHOCTH I10-
Jy4qaeM

A €ero mpojJeraTh) MoKashBaeT, 4To 1) = |£k ITO paBEHCTBO

P(W(0) @|1)),y) = ZPy\k (11), £x)-

BeposatHocTH Beex [€x) PAaBHHI: P(|1),Ek) = [{&|1)]? = 1/t, a ykasaumoe
BHIlIE CBOMCTBO YCJIOBHBIX BEPOATHOCTEN I'apaHTUPYeT HaM, YTO C BEpO-

ATHOCTBIO 1 — £ 6yJeT noJay4arscs . Kak 6yer BUIHO B JaJIbHEUIIIEM,
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npu noctpoenun W MOXHO CfleJaTh BEINIMHY € CKOJb YLOJHO MAJOH.
Yc1oBHO paboTy MammHEL M MOXHO IPEACTABUTEL B BUAE TAKOIO IPO-
necca:

CIyYauHbIM BHIGOD k £a y#l}<€’
1) | e wen ke, ] <

(6or, urpatomuit B kocTH)
y*l} >1-e

(Cay4ainbii BLIGOD k IPOMCXOANT CaM 1O cebe, 6e3 MPHUMEHEHHA KAKOTO Obl
TO HU ObLIO OonepaTopa. IlpocTo dhopmy.ia HOTHOU BEPOATHOCTH yCTpPOEHA,
TaK, Kak OyATO 10 HaYa/la u3MepeHns IeHePUpPYeTCA CIydaiHoe k, KOTopoe
3aTeM OCTAaeTCA NOCTOAHHBIM. Pasymeercs, popmy.ia ycioBHOM BepOATHO-
CTH BEPHA TOJIBLKO TOTJa, KOTJa oneparop W sABiseTcA M3MepAIOUMAM Ais
3aJaHHEIX HOAIPOCTPAHCTB L, k).

12.5. IlocTpoenne mamepsaiomero omeparopa. Teneps OyeM CTPOUTH
oneparTop, uamepsAoimi cobcreennsie wmcna U,. Kakx yxe 6bu10 ckasa-
HO, MOXKHO OTDAHUIUTHLCA M3YyIeHHEM JE€MCTBHA DTOrO ONEPATOpa HA BXOJ
|€q,k)- HocTpoenue pasnenserca Ha Tpu dTana.

1. Hmem undopmanmio 0 A, = e?™%k rre ¢ = % mod 1 (em. 12.5.1).

2. Jloxammayem 3HadYeHHE ¢ ¢ HEGOMBIION TOYHOCTBIO. CaMoe BpeMs Mos-
9YEPKHYTh, YTO BO BCEX MPHUBOAMMBIX PACCYXKAEHUAX €CTH ABA Iapame-
TPa: 6€POAMNOCTL 0wWubKY € U Mounocmy §. Mel nosydaem HeKOTOpOe
YACIO 2z KAaK pe3yJbTaT U3MEDPEHHs, NPU OTOM JOKHO BBINOJHATLCA
ycaoene Pr(|z — @] > 6] < . Iloka Hac ycTpouT HeGOIBIIAS TOYHOCTS,
ckaxeM, § = 1/8 (em. 12.5.2).

3. [anee HyHO yBeTM4UTH TOYHOCTE. HEO6X0AMMO yMETH OTIMYATE APYT
OT Apyra 4ucia suja ¢ = k/t, rae 0 < k < t < 2". 3ameTM, 4TO
eCciIn kl/tl 75 kQ/tQ, TO lkl/tl —k2/t2| 2 1/t1t2 > 1/22n HOSTOMy,
3Has 3HadeHne @y = k/t ¢ Tounocteio 1/22"+1 | Mpr moxeM onpeseanTs
€ro abCcoMTHO TOYHO (B BHAE HECOKPATUMOM Apobu). UTo6H caerars
9T0 2¢pdeKTUBHO (32 HOIMHOMMATLHOE BPEMs), MOXKHO MCIOIb3OBATH
aNrOpUTM IenHbIX Apobent (cMm. 12.5.3).

12.5.1. Kak noay4ars uH(popMaimio o cobcTBeHHOM wHcae. B pasfe-
ae 11 6sLn BBegén onepatop Z(U,) = (H @ I)A(U,)(H ® I), uamepsiommia
co6cTBeHHEIE UnCIa. B Hamem ciydae Ay = €27%* H0oTOMY MOXKHO 3amm-
CaTh 3TOT ONEPATOP B BHIE

_ 1/1+ 627f’iipk 1— e21riga,c
\:(Ua) = Z Va,k ® Hﬁa'k; Va,k - '2‘ (1 . 627”'80I¢ 1+ 621”"0,c )
k



BBICTPBLIE KBAHTOBBIE AJTOPUTMBI 97

a ero JelCTBUE B BUIE

=(Uy,) 1 4 e27ivek 1 — e2mien
0) @ (&) +3 ( 62 0y + °2 |1)>®|§k>,

TakK 4TO 48 YCIOBHBIX BepO}ITHOC’l‘Cﬁ TIIOaYy1aeM BLIPaXXCHHe

1+ e’7ivk

1+ cos(2mpy)
5 .

2

P(0]k) =

Ham morpebyercsa emgé oneparop Z(iU,). Ero Taxxe HETDYJAHO pea-
JU30BaTh. Peammsauusn, n3o6paxéHHas HA PUCYHKE, UCTIONB3YET olepaTop

0
onepatop A(iU,). JencteuTersno, K yMHOXAET HA i TOJBKO |1), HO Kax
Pa3 B 9TOM ciryyae mpuMeHaeTcs onepatop U, (1o onpeserennio onepatopa
A(U.)). [na onepatopa Z(il/,) ycnopHbIe BEDOATHOCTH paBHbI

- 1 0 . .
K= ( z) U3 cTaHfapTHOro Oasuca. O6BegEHHLIN (parMeHT peanusdyeT

P(0jk) = -l—f—Si—ng”—“"").

’ !
— 7% T
—lap
t /
AU

-— )

Caoxnocrs peanuaanmn onepatopos (U, ) u S(iU,) 2a5ucHT OT Crio%k-
HOCTH peannsanuu onepatopa A(U, ), KOTOpas HEHAMHOL O BBIU ¢ CIOMKHOCTH
peammzauuu onepatopa U, {cM. 3agauy 12.2).

12.5.2. Ouenka yClT0BHLIX BepoATHOCTEH. Mbl Oy 1eM JOKATM30BBIBATE
BHAYEHUE (O}, OUCHUBAA YCJIOBHBIE BEPOATHOCTH, NPUBEIEHHbe Bhie. JLias
MOy TeHUA TAKOM OUEHKH GyjeM mpumeHsnTs onepatopst (U, ; u Z(iU,) k
pasmuiHbBIM «ipubopam» (JONONHMTEIbHBIM G-6utaMm). P coyxaeHus oau-
HAaKOBBI JJ1 O60MX OLiPATOPOB, HOITOMY OTpaHKHIMCs caydaem Z(U, ).

Y Hac ccTh KBAHTOBBIM PErHCTP A, B KOTOPOM HAXOAWTCH €ak). (Ha
CaMOM Jiele TaM BHadae Oblt [1) = -—% Z'k;t) |€x), HO MBI prccMaTpHBACM
|€a,k) TIO OT JETBHOCTH; HTO KOPPEKTHO B CAIY BUIG HAMEPAIGIIErO onepaTo-
pa). 3aBeaém 60IbIIOE KOMMIECTBO (8 IITYK) BCIOMOTATeTsHEIY DPETUCTPOB
AuHOK B 1 6uT. Kaxapmi w3 5Tux perucTpos 6yaeT HCOOIBIOBATHCS ik 0}
npumenerna onepatopa =(U, ).

Kak 6p110 gokasano B pasgere 11 (cm. c. 87), YCJIOBHBIE BEPOATHOCTHU
§
B TakoMm cayuae nepemuoxatorcs. [Jas onepatopa [] Z(U,)[r, 4] yeaopsiie
r=1
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§
BepOATHOCTH ByayT pasuui P(yy,. .. ,yslk) =11 P(yrlk) (3aech gepes y,
r=I
0603HAMEHO 3HAYEHUE B 7-OM OuTe).

Hanee ¢ 6UTaMU, B KOTOPBIX 3AIUCAHBI PE3YJIbTATHI «IKCIEPHMEHTOB),
OyayT yXe NPOM3BOAMTLCA Kjaaccuieckue gercteud. ITockoabKy ycaoBHbIe
BEPOATHOCTH MEPEMHOXKAIOTCA, MOKHO CIUTATE, YTO Ml OLECHUBAEM BEPO-
ATHOCTb BHIMaJcHUA 1 B cepun ucnbitanuin Bepayin.

Ecin monera 6poiueHa s pa3, To Z0aa BLINABIIMX eauHuny (3 y,.)/s npu-
MEpHO DaBHA P(1|k). C kakoW TOYHOCTHIO BepHa Takad ouenka? Ha Teo-

———ZT? T _palk)| > 5} < 2e=%s,

pHH BEpOATHOCTEN M3BECTHO, YTO Pr [

rge ¢ > (0 — HEKOTOpasA KOHCTAHTA. JTO MOKA3BIBAET, UTO NpPU JI060M
(bUKCUPOBAHHOM & MOXKHO J06UTHCA BeposTHOcTH omubku € 3a O(log(1/¢))
MCTIBITAHUH.

UTax, MBI HAYIWINCE HAXCAUTh C HEKOTOPOU TOUHOCTBLIO & CUHYC M KO-
CHHYC OT . Teneps nogbepém & Takum, 9ToOB 3HAYCHUE () MOKHO OBLIO
YCTAHOBUTL T10 3HAYCHUAM CHHYCA U KOCHUHyca ¢ TOYHOCTHIO 1/8. Ha nTom
BTOPOU 3TAIl 3aBEpIlEH.

12.5.3. JKcnoHeHITHATLHO TOYHOE OIPegeJIeHHe cOGCTBEHHBIX YHCeL.
o yBearseHna TOTHOCTH MBI Oy A€M UCHONB30BATh, Hapaay ¢ A(U,), one-
paropst A((U,)?") ansa Beex j < 2n. Uncra MbI MOXeM OBICTPO BO3BOIUTE B
CTeMeHb, & ONepaTophl, Boobuie ropops, — Het. Ho onepatop ymuOXenus
Ha uncao U, 061aaeT CIenyomuM 3aMeH9aTeNbHBIM CBOMCTBOM:

(Ua)p = UaPrno(lq-

Caenoparensno, A((U,)?) = A(U,), rae b = a® (mod ¢). Hyxuble Ham
3HAYEHMS TIapaMeTpa b MOXHO BBIYUCAMTD [IPU IOMOIIM CXEMBI TIOJIUHOMU-
ajlbHOIO pasMepa, a 32TeM MCIOJIL30BAThL Pe3yabTaT 3agadn 12.2.

Bepuémcea k cxeme mynkra 12.5.1. Mbl HaxoZuwiu cOGCTBEHHOE TUCIO
Ap = €*Tx g HEKOTOPOr0 cOGCTBEHHOT0 BEKTOPA |€, 4 ). DTOT XKe BEKTOD
OCTAHETCA COOCTBEHHBIM M A 060N cTereHn omeparopa U,, mModTOMY
MOKHO Ha OJJHOM ¥ TOM € KBAHTOBOM PETMCTPE HCKATH COOCTBCHHOE YUCIO
ang U2 = U,z, oHo paBHO A\ = e*™2%k; g Ud = U,s ono pasno A\ =
= e2mieR,

Jpyrumu caoBamMu, MBI MOXEM € TOYHOCTBIO 1/8 onpeneanTs 3HadeHUA
Ok, 20k, - -+, 22"k 1o Monymo 1. Ho amo nossoasem onpedesums @y ¢
mounocmoio 1/2°"+1 3a nosunomuassnoe epema.

Npes poxasaremscrBa. MHOXKECTBO BO3ZMOXHBIX 3HAUEHUM ) yROOHO
MPEACTARIATL B BUJE OKPYXKHOCTH €IUHUYHOM IIMHBL. 3HAd (f C TOYHO-
cTei0 1/8, Mol BEEAsseM ayry B 1/4 0T Been okpyxHOCTH. 3HaHUME 2004 C
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Bxoa: amugq

W o .
— Beruncnenue cremenein a® (j = 1,...,2n) no moaymo ¢ (kraccuue-
CKoe).

- Cospanne | MTyk KBAHTOBRIX PETHCTPOB, COAEPKALINX 6AIUCHOE COCTO-
Auue |1).

i

-

2s 2s

0j---|0 0f..-}0 4ns AOMOAHHTENbHBIX
0f...]0 0f{...]0 q-6uToB («npu6OpPOBH)

¢ KBaHTOBHIE H3MEDEHUA NP NOMOIIM ONEPATOPOB E(U,,i) n E(anzj ).

ygl) yf.l) y§2ﬂ) . y§2u) Pe3yaLTaThl
0 D) ery) NeTy) H3MepeNnnd —
n e L Ys 1 e | Ys HYJH U €JUHHIBI

o [loacytT 4yucaa Hynel M eaUHMI (xaaccuyeckui).

cosp+4§ cos(22"p) £ 4
sinp+ 4 o sin(22"p) £ 6
o TPUrOHOMEeTPHYECKHE BHITUCICHHA (knaccuueckue).
et ... P e
® YTOYHEHHE SHAYEHMA ¢ HO HAGODY WHCeN @, ..., 22"y (knacchuecxoe).
p+ 9—(2n+1)
¢ Onpejenenne TOYHOrO 3HAYEHUA  IPH [IOMOULH IENHEIX ApOGeit
(xmaccuyeckoe).
K'/t' — necokparumas apoGn, paBHas
LT
7 / !
b ky ki
; s . 7
t 2] t

- Brruucrenne HanGoubwero obmero 3HaMeHATENS (xmaccuueckoe).

Otper: ¢t (¢ BepoaTHOCTBIO oKy < 3 - 27! + 4nle=°%, rge ¢ = const)

Ta6auna 1. O6wman KapTHHA BEIYHCICHHH 110 OIMCAHHOMY AJIrOpHTMY
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TOYHOCTHIO 1 /8 03BONAET BHAEINTD JBE AyTH JIuHON 1/8 Kax aan, mpudyém
TOJBKO OJHA U3 HUX MMEET HEMYCTOE MepecevYeHue C NpesblAyIen Jyrou.

Baxsamne 3aMeyanms.
CytecTBenHO, YTO BEXTOD |£x) HE MOPTUTCA BO BPEMs BEIYUCICHUH.

Bcé BruncieHne B mesnoM 3aBUCHT OT mapameTpoB ! u s. CymMapHas
BEPOATHOCTH OmmMOKH He mpebsimaeT 3 - 2~! + 4nle™°% rge ¢ = const.
Ecnu TpebyeTca moayuuTh OTBET C BEPOATHOCTHIO owmbku < 1/3, cue-
oyeT noaoxuTh | = 4, s = ¢;logn, rae ¢; — HEKOTOpPas KOHCTAHTA.
[Ipu 3TOM NONy4yaeTCs KBaHTOBasA cxema pasmepa O(nlogn).

12.6. O6cyxgenne amropurMa. O6CyauM 1Ba €CTECTBEHHO BOZHMKAIO-
IHUX BOMIIPOCA MO HOBOAY MANOXKEHHOI'O aIrOPUTMA.

— MoxHo 1M HaXoAMTH cOGCTBeHHbIe TMEIa JPYTHX ONEPATOPOB TaK
K€, KaK B alCOPHTMe BH'HcJIeHns nepuoga’ Jla, HanpuMep, MOXHO HAX0-
OUTb COOCTBEHHBIE YNCIA TaKuX onepaTopos U, amst xoropeix U)0) = |0), u
€CTb NIOJMHOMUANIBHAA cXeMa peanu3annu onepatopa A(U). (A3 sagaun 7.5
CIERYET, YTO eCy JIA caMoro onepatopa U/ e¢CTh NONHHOMHAALHAA CXEMa,
To U gas onepatopa A(U) eé Taxkxke MOXHO HOCTPOUTD).

TouHoCTb onpefesieHus COGCTBEHHKIX YHCEJ MTPOU3BOJBLHOIO OIIepaTopa
HEBEJIMKA, TOIMHOMMAIBLHO 33BUCHT OT pa3Mepa CXeMbl. EcaM MOXHO 3¢-
EKTUBHO BHIYMCIATH CTENEHM ONepaTopa (Kak U 6bUIO B pACCMOTPEHHOM
AICOPHTME), TO TOYHOCTb MOXKHO CHEJIATH SKCIOHEHUMATLHON.

-— Kakme co6cTBeHHEIe 9dcIa MBI HaxogaM? Mkul HaxoauM 3HaYeHHe
CJ1y 4auHO BBIOPAHHOTO COGCTBEHHOT O Yucia. Pacnpeenenuem Mo MHOXKECT-
BY BCeX COGCTBEHHBLIX YUACET MOXKHO YIIPABIATH, BLIOMPAA HATAIBLHOE COCTO-
suue (B anropurMe BeIYMcaeHus nepuoga — |1)). Eciu BasTh B KauecTse
HAYAJIbHOrO COCTOAHUE, 3aABAEMOE NUATOHAJBLHOM MATpULEeH MIOTHOCTH

o= 13 la)(a] = %zk: l€x) (€x,

rae |€) npoberaeT MHOKECTBO COGCTBEHHBIX BeKTOPOB U, TO momyduM pas-
HOMEpHOE pacnpeeeHue Ha MHOXKECTBe Bcex co6cTBeHHBIX uncen. B anro-
PHUTMe HaXOX JeHUA NepHOa Ha4aIbHOE COCTOAHNE BHIGUPALIOCH uHaYEe: MBI
BHIGUPAJIN TAKOM BEKTOP, UTOGH NONYyYUTH PABHOMEPHOE pacupejeienuie Ha
COGCTBEHHBIX YUCJIAX, COOTBETCTBYIOIUX ONPEAEJIEHHON OpOUTE, OCTalb-
Hble COOCTBEHHBIE YHCIA He IIOPOXK AAINCH.

3agaqa 12.3. IlocTpoiiTe kBaHTOBYIO CxeMy pa3mepa poly(nlog(1/4)),
peanuaylonyio npeobpasoBanue Dypre Ha rpynne Zj, npu Jgobdom k < 2" ¢
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TO4YHOCTEIO 0. (Onpegenenue cM. B 3agade 8.4. Ykasanue: BOCIIOJIL3YUTECh
pesyabTaroMm 3ajgaun 11.2).

12.7. 3agava o cxpuToi mogrpymme B Z*. AJNropuTMEI, OTKpEITHIE
Caitmonom n IopoM, 06061MAIOTCA HA LOBOILHO HINPOKHMA KIACC 3a4ad,
CBA3AHHBIX C abesieBbIMH rpynnaMu. Camon o6Iuel U3 HUX ABIAETCA 3a4a4a
0 CKpHITOM moarpynme B Z* [23]. K Heit cBoguTCa 3aga4a o CKPBITOH TIOA-
rpynme B J11060# KOHEYHO-TIOPOX AEHHOM afie1eBoM rpyime G, nockonsky G
MOXHO NPeACTaBUTE Kak ¢akTop-rpymny Z* (x1a mexoroporo k).

«Cxpoitas moarpynna» D C Z* usomopopna Z*, TIOCKOJILKY OHA, MMeeT
KOHEYHBIH HHIEKC: MOpAAOK rpynnsl E = Z*/D ue npesocxogut 2", C BH-
YUCIUTENLHOU TOYKH 3pernsa D mpeacranineTcs 6a3mucom (91,---,9%), ABO-
WMHAA 3aIMCE KOTOPOro uMeeT aiauHy pely(k,n). Jlioboi Takol 6a3uc cun-
TA4eTCA PEIIeHneM 33 JaxH. (JKBUBAIEHTHOCTD JBYX 6A3UCOB MOXKHO [POBe-
PHUTE DY MIOMOILHA MOJMHOMHAJIBHOIO AITOPUTMA).

3a1a4a O BHIMMCJICHUM TEPHOJAA ABIACTCA YACTHBIM CIYYAEM 3a0a9H O
CKPHITON moArpynue B Z. HamoMuum, 4To perya) =min{t > 1:a* =1
(mod q)}. @ysuna f: z — a® mod ¢ ynosnersopseT ycaosuio (12.1), rae
D = {mper,(a) : m € Z}. DTa GYHKUMA NOIMHOMHUATHHO BBIMACIMMA,
NOITOMY JII060H NOJMHOMUANLHBLI ATTOPUTM HAXOXK EHMA CKPHITOH TOJ-
TPYIIILL IPE06PasyeTcs B MOJMHOMUAILHEIA AICOPUTM DCLLEHAS 30391 O
BBHIYMCJICHHM TIEPHOJA.

HaBecTHan 3a5a4a BEIMACICHMA AMCKPETHOI'O JOTApHMMa MOKET GLITH
CBEJEHA K 33ja4e O CKpHTOH noarpynme B Z% Juckpemuiim av2apu@mon
YMCTIa @ TI0 OCHOBAHMIO (, TAe ( —— HEKOTOPHIH NEPBOO6PA3HLIN KOPEHE 1O
MOZy.mo mpocToro 4ucia q (obpasyioman (Z/q7Z)*), HaskBACT 5 HaMMeHb-
[Iee MOJOXHUTENBHOE MNCIO § Takoe, YTo (* = a. Paccmorpum dyHkumo
fi(z1,72) = ("'a®2 mod q. d1a pyskuma Taxxe YAOBJICTBOPSET YCI0-
puio (12.1), rge D = {(z1,22) € Z% : (®'a®* = 1 (mod q)}. 3nan Gasuc
noarpynnst D C Z?, nerko HaiTH 51eMeHT BrIa (s,—1) € D. Toraa ¢* = a,
T.€. § eCTh JUCKPETHBIN JOTapU(bM a IO OCHOBAHMIO (.

Omnmeym XKBAHTOBEIA AITOPHTM PELICHHA 334a4YR O CKDBITO NOACpyT-
ne 8 G = Z*. On anarornyen arropurmy ama cayias G == (7.2)%, TonbkO
BMecTo onepaTopa H®¥ nenonrayerca npouesypa uamepe it ~06CTBEHHEX
auces. Bmecto 6asuca camoit rpynner D Mmer 6yaem nekathb cucteMy obpa-
aywomux ana epynnet rapakmepos E* = Hom(E, U(1)) (nepexos ot E* x D
OCYIIECTBJIAETCA HPH MOMOUIM NOIHHOMHUAIBHOIO AITOPUTMA, CM., HAIPH-
mep, (14, T. 1]). XapakTtep

(91,--.,9x) > exp(2mi Z(pjyj)
J
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3ajaérca HabOpOM 4HCeT @1, . .., P 0 MOAYI0 1. 3TO palMOHANLHEIE YH-
cJa €O 3HaMeHaTeldaMy He Goabiue |E*| < 27,

Ecmu nopoauts | = n + 3 ciydadHRIX PABHOMEPHO paclpefeNéHHBIX
XapakTepa ((pgl),...,gp;cl)), cee ((pﬁ”,...,(pg)), TO OHHM HOPOXAAIT BCIO
rpymny E* ¢ BeposTHOCTBIO > 1 —1/2!"" =1 -1/8 (cMm. 3agauy 12.1). Ka-

(r)

KAYIO 13 BEJIUYHH (p]

omnbku < €, rae

AOCTATOYHO 3HATh C TOYHOCTHIO én BEPOATHOCTHBIO

1 1

IlocregHee ycnoBue rapaHTHpPYET, YTO CyMMapHAas BEPOATHOCTb OIIMOKH
6yner ue 6oablue, yeM 1/8 +1/5 < 1/3.
Bribepem goctaToyno Hoasmmoe yncto M = 2™ (KOHKpeTHas OLEHKa, o-

JIy4aeTCa U3 aHAIN3A ANropuT™a). Mu 6ygeM paboTaTh ¢ HeILIMA YACIAMA
B ananasone oT 0 jo M — 1.

{IpuroToBMM B 0AHOM KBAHTOBOM PETHMCTPE AJMHHL K17 COCTOSHME
1) = M7*23 " |g), Tae A = {0,..., M - 1}*.
g€eA

B apyroi peructp nomectum {0™). Ilpumennm kBaHTOBEIM Opakya (12.2) u
BHIGPOCHM BTOPOM perucTp. IloayunTCsa cCMeanHOe COCTOAHMNE

P = Trppms1,..kmenm (U (1) @ 07)(O")UT) = M5 3 |g)(h.
g,h€A:g—heD
Tenepy Mu cO6MpaeMCcsi U3MEPUTH COBCTBEHHDIC 3HAYEHUA OIEPATOPOB
caBura no moaysawo M:
Vj: (gl,...,gj,...,gk) — (gl,...,(gj + 1) mod M,...,gk)

(MEHAETCA TOMBKO j-af KOMIIOHEHTA). JTH ONEePATOPH KOMMYTHPYIOT, TIO-
3TOMY Y HUX €CThb 06Imui 6a31C U3 COGCTBEHHBIX BEKTOPOB, M, 3HAYUT, MOXK-
HO OTIpeJeNATh UX COOCTBEHHEIE YUCaA OqHOBPeMeHHO. CoOCTBEHHBIC YHCIa
umeror pug €% /M CoorsercrByomue co6¢TBeHHEIE BEKTOPHLI PABHBI

k

_ X 955)

lEoran) = M7F/?2 E exp(—27rz E —;Vli)|g1,...,gk).
(91,95 )EA Jj=1

BepoaTHOCTE TOrO, 4TO peanmMayeTcsa JaHHBIH HAGOD S1,..., Sk, PABHA
P(p, ‘Cm,-n,Sk) = (581,---,8klpl{ﬁ,...,u) =

k
) ) C— hi)ss
= M7 S xp(g - h) xal)xa(h) exp(2mi 3 WITi)
9,heZ* j=1

rie x4(-) o6o3HaYaeT XaPAKTEPHCTHIECKYIO QYHKIMIO MHOKecTBa A. Dy-
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pre-00pa3 OT Npou3BeJeHNs PABeH CBEPTKE by pbe-06pa30B COMHOKHUTEICH.
Taxum o6paszoM, nonygaem:

1
P(p, £31,---,8Ie) = _I—ET| Z p‘plv"'y‘Pk(sl7"'78k)’
(w1, 0k)EE*
(sin(Mﬂ'(sj/M ~ i) )"’
Msin(n(s; /M — ¢;)) )

rae p‘Pl,-u,‘Pk(sla .. -,Sk) = H

Jj=1
Ilpu 3ajaHHBIX 3HAYEHUAX @1, ..., ¢t DYHKIAA Porreon (81, -, 8k) AB-
JIAE€TCA BEPOATHOCTHBIM DAaCIpeENeIeHHEM, OTHOCUTEIbHO KOTOPOT'O

Pr[lsj/M — w5 > ﬂ] < 341_5
(B — moboe). Ms1 u3MepsieM BeMuMHH s; /M (kak yxe rOBOPUIOCH, H3Me-
peHHe OJHON U3 HUX HE MEHAET 3HAYEHWs JIPYroOM); IIPU STOM HAC YCTPOUT
TOYHOCTb 3 W BepoATHOCTL oumbkn < 1/MB3. Tem cambiM MBI moay4a-
€M 3HaYeHMA Pi,...,Pr C TOYHOCTBIO 6 = 2f M BEpOATHOCTBIO OMUOKH
< € = 2/Mf. Teneps ocranocsy nogo6pars uucia M u B, 4TO6H ya0BIE-
TBOPDUTb HepaBeHCTBaM 12.3.

Croxnocts amropat™a. Tpebyercs O(n) obpamenuii K opaky.y, Ka-
# b Bonpoc nMeet aauay O(k(n+logk)). PasMep kBaH10BOM CXeMEI ore-
nusaetcs kak O(kn®) poly(log k, log n).

3ameuanme. 11 U3MEPEHUsT COGCTBEHHBIX YHCEJ ONEPATOPOB Vi Mox-
HO BOCHOJB30BATbCA KBAHTOBEIM mpeobpasosanneM Dypve Ha rpynme Z s
npu M = 2™ (cM. 3ajady 8.4). DTO NO3BONAET HECKOTBLKO YMEHbIINTD Pas-
Mep cxeMbl (Ha JOrapudpMUYECKHH MHOXHTENb), OJHAKO NPAXOJUTCE HC-
NIOJMB30BATE HECTAHAPTHLIE BJIEMEHTHI.

13. KBanrosem ananor NP: xnacc BQNP .

MOXHO CTPOMTH KBAHTOBBLIE QHATOTM HE TOJBKO A Kiaacca P, HO u
MIsL APYTUX KIACCHYECKHMX CIOMKHOCTHHIX KAacCOB. Mul pasbepéM mpumep
KBAHTOBOI'O aHANOra Kjacca NP.

13.1. Moandukamms KiacCHIecKnX ompejeleHMs. KBAHTOBOE BLIYH-
CJeHMe, KaK, BIPOYeM, M BEPOATHOCTHOE, HauboJee eCTECTBEHHO OMUCHI-
BATb, HCNOAb3YA YACTUYHO Onpejenénunie GyHkuuu. Panee MbI 06X0AMIHCH
6e3 3TOro noHATHA, YTOOH He YCJIOKHATL U3JIOKEHHE MUITHUMI JeTATAMY,
HO Tenepb OHO HaM NMoTpebyeTcs.

Hacmuuno onpedeaénnas 6yacea Pynxyus — 370 GYHKIHUA

F:B* - {0, 1, (ae onpeneneno)}.
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B atoMm pazgene Bciogy moj 6yJeBnMu GYHKUMAMHA I0APA3yMEBAIOTCA da-
CTHYHO ONpefeNéHHbIE GYJIeBhl (DYHKITUH.

M ewg oano 3amMeydanue o mMOBOLY O603HAMEHUHN: MBI MCTIOAB30BAJIN 060-
3HaveHue P u Jas Knacca NMOJMHOMHMAILHO BHIMMCJAMMEIX (PYHKUMH, U 1Jd
KJ1aCCa MOJHHOMUATHHO Pa3pelMMEIX IPeJUKATOB; Tenepb NOCTYINM aHa-
JIOTMYHO, UCHOAL3ysa o6o3navenua P, NP u T.m. miad KJIaccOB wacTHHHO
ONpefeEéHHEIX QYHKIUN.

P, ecrecTBenHo, 0603Ha4YaeT KJIACC MOJIMHOMUAIBLHO BEIMHUCJIMMBIX da-
CTUYHO ONpeleNéHHuX ¢yHkuui. [IpuBeaéM MoauduuupoBanHOe ompese-
JseHne kiaacca NP.

Onpepenerme 13.1. Pynxyusa F: B* — {0, 1, (ne onpedeaeno)} npu-
nadaexcum wxaaccy NP, ecau ecmv wacmuuno onpedeaénmas @ynwyua
R € P om deyz nepemennbiz, maxas wmo

Fz)=1 => 3y ((yl <q(z) A (R(z,y) = 1)),
F(z)=0 == Vy((yl <allz]) = (R(z,y) = 0)).

Kax u panvwe, q(-) — noaunom.

Yro 6yaer, ecin B onpegenenuu 13.1 saamenuTs ycaosue R € P na ycno-
Bue R € BPP? lloayuurcsa apyrou, ckopee Bcero, 60ee MIMPOKMH KIacc,
KOTOPBIM MOXHO 6bLI0 611 0603HavuTs BNP. O gnako a4a 3TOro kiacca ecThb
Jpyroe, cTaHAapTHOe, 0603Ha4veHue — MA, ykasmiBalouiee Ha TO, 9YTO OH
BXOJIHUT B MEPAaPXMIO KJIACCOB, ONpeLeNaeMuIX uzpamu Apmypa — Mepauna.
06 urpax, KOTOPEIMH 33JAI0TCA CJIOXKHOCTHHIE KIACCH], MBI Y€ TOBODILIN
B pasjene 4.1; urpet Aprypa — Mepanna oTiuvaiorea TeM, 4To ApTyp —
BepOATHOCTHAA NOIUHOMHUANbHAA MammHa Teiopunra. [lopagok 6yks B 060-
3HaveHun MA yka3nIBaeT Ha NOPAJOK XOJ0B: BHavate Mepaun cooblaeT y,
3aTeM ApTyp NpOBepAeT BLINOJHEeHNE npeaukarta R(z,y).

13.2. KBaHTOBOE ompejeieHde 0 aHATOrMH.

Onpepenerme 13.2. Dyuxyua F: B* — {0, 1, (ne onpedeaeno)} npu-
nadacacum xaaccy BQNP, ecau cywecmeyem odnopodnas nocaedosameann-
HOCTb KEGHMNOGLIT CTEM NOAUHOMUAALHO20 NO N PA3MEPQR, PEAAUIYIOUWUT
maxue onepamopbi Uy, : BN — B®Nn ymo

Fo(z) =1 = 3|OP(UE) ®|z) ®[|0N—7"mn) M} >
Fo(z) =0 == VY[ P(Upnf) ®|z) ® |0N="7"m=) M) < po.

3decv F,(-) — ozpanuunenue F na caosa daunvt n, [£) € B®™» m, =
= poly(n), M = |1) @ B®WN~=1) 4 das py u p1 doascro evnoansmoca
ycaosue py —po = N(n~%), a > 0.
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BekTop |€) BHIONHAET POJbL MOACKA3KY (Y) U3 MpeABIyIIETro onpeaene-
uusa. Ham ygo6Hee cauTaTh ero nepsriM apryMenToM onepaTtopa U, (410651
MOXHO 6bLI0 B 060 MOMEHT TNOJOXHTL T KOHCTAHTOM M MCKJIIOYHUTbL U3
0603HAYEHNIT).

3ameuanwe 13.1. B onpegenenuu 13.2 kBaHTOpH 10 |€) BKIIOYAIOT B
ce6s TOMBKO BEKTOPH €ANHUYHON JIMHE. AHANOTMYHOE coTamenne 6y geM
HCIONL30BATE ¥ Jajlee B 3TOM pa3jelie, BEIHOCA HOPMHPOBOYHEIE MHOXKHATE-
JIM 32 3HAK | ).

Ecnn BMecTO 4uMCTHX cOoCTOAHMY |€) pacCMaTPUBATL CMEIUIAHHBIE, TO T0-
JIy4a€TCA BKBUBAJEHTHOE ONPEAeNeHNe: MAKCUMYM BEPOATHOCTH BCE PABHO
AOCTHUTaeTCA HA “TMCTOM COCTOSHMH.

Ilo cytu mpoucxoanT BCE Ta xe urpa Mepauna ¢ ApTypoM, TOILKO
Tenepb MOAYMHAIOIIAACA 3aKOHaM KBaHTOBOM Mexanuku. Coobienne Mep-
auHa (cocrosanue |€)) naét ApTypy BO3MOXHOCTL y6egUTbCA B TOM, YTO
F(z) = 1 ¢ BepoaTHOCTBIO P1, ecd 3TO Tak. A ecm F(z) = 0, To Beposar-
HOCTB, 4TO Mepuuny yaacrtca ybeguts ApTypa B 06paTHOM, HE BEIWIE Dy
78 oboro coobmenua Mepauna.

O6cyauM Tenepb COOTHOLIEHUA MEXAY MOPOTOBLIMU BEPOATHOCTAMH.
W3 npuseaénnoro B onpeaeneHuy 13.2 COOTHOLIEHHA cieyeT ropasao 6osee
CIWILHOE YCJIOBHME HA Do 4 P.

Jlemma 13.1 (ycwrenme BepostrocTen). Ecau F € BQNP, mo ona ydo-
BAETMBOPIET MAKHCE U MAKOMY Bapuanmy onpedeaenus 13.2, 2de ycaosue
p1 —po = Qn~%) sameneno nap; = 1 —¢, pp = €, £ = exp(—0(n?)),
8> 0.

Joxasaremscrpo. O6masn naes yCUIeHHs BEPOATHOCTEN OCTASTCA PExK-
HEeH: PAcCMOTPUM GOJIBIIOE, HO OIPAHUYEHHOE MMOJMHOMOM, KOYHYECTBO KO-
U cxeMbl, peanusywomen onepatop U = U, (urgekc n Mb1 Oygem omyc-
katn). K pesynsraram ux paboTh npuMeHUM QYHKUMIO IOJOCORAHUA C MO-
POTOBHIM 3HAYEHUEM, PA3JENAIOIIMM BEPOATHOCTH P U Py :

k
1, ectn Y z; 2!
Glz1,. .., 2k) = =t (13.1)
0, ectm Y 25 <,
ij=1
rae l = pk, p = (po +p1)/2. Ho Teueps noasaseTca JONOJIHUTEALHAA TPYA-
HOCTL — Mepinn MOXeT nuTaThCa 06MaHyTsL ApTypa, coobuan eMy He-
PAVIOKUMYIO B TEH30PHOE IIPOU3BEJEHNE MOACKA3KY.

Mycte Mul ucnoansyeM k xomuu cxemul U. IlpeaocraBuv Mepnuny

6éabiny0 cBO60OY, PAa3peIIMB B KAa4eCTBE MOJACKA3KH 00V MATPHLY
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motHocTH p € L(B®F™). BepoATHOCTE NOJy4eHNst OTBETOB 21, . . ., 2k TPU
HOJACKA3KE p PAaBHA

P(zy,..., 2| p) = (X @ ... @ X)), (13.2)
rge

X = Ty, (UTTEOU (Igom @ (2,077 7) (2, 0V 7)) ). (13.3)

31ech H§“) — NPOEKTOP Ha MOANPOCTPAHCTBO COCTOAHHUM, UMEIOIIMX @ B
nepsoM g-6ute (t.e. C(la)) ® BEWV-1),

Yrobul y6eauts ApTypa B mpaBwibHocTu F(z) = 1, Mepaun moxer
AaTh HOAcKasky p = pPF, rme p, = |£,)(&z| — coobienne, KoTopoe y6e-
KaaeT Aprypa, gedcTayromero no cxeme U, ¢ BepoaTHOCTHIO Py . [0 o6mum
CBOMCTBaM KBaHTOBOM BePOSATHOCTH, (popmysa (13.2) npeoGpasyercs B

o

k
Pz, zelp) = [ (X)) H (231p2)-

PaccmoTpum Teneps caydadt, korga F(z) = 0. HaM HyXHO OLEHHTE Be-
posaTHOCTs P(21,...,2;) 41 IPOU3BOABHOTO coOGmenns Mepauna p. Bur-
6epeM B pocTpancTse %7 OpTOHOPMUPOBAHHEIN Ga3UC, B KOTOPOM JHa-
ronanuayercs onepatop X (1) (sror omepatop, ouen o, apMuTos). Omne-
patop X = J — X1 nuaronanen B Tom xe Gasnce. OnpefeanM HaGop
«ycI0BHBIX BeposTHOCTels p(z|d) = (d| X (®|d), rae |d) — ogun na Gasuc-
HuIX BekTopoB. (Ouesugro, 4to p(z|d) > 0 n p(0|d) + p(1}|d) = 1.) Toraa

seauauua P(z;,. .., 2| p) npnobpetaer sug
Pz, zlp) = Y Paanp(zild) . p(zlde), Y paa, =1
dy,....de .

(13.4)

3neck py, . q, = {(d1...delpldy ... di).

Dopmyasa (13.4) umeer creaywoulyo HHTepiipeTanuio. PaccMoTpuym Ha-
H6op BepositHocTed P (21, ..., z¢| p) Ans Beex mocnegoBaTeasHOCTER (21, . ..

, Zk) KaK BEKTOD B k-MepHOM BeleCTBEHHOM NPOCTpaHCTBe. MuI moxkasa-
JH, 9TO 3TOT BEKTOP HA NPOU3BOILHOH MOACKA3KE P IPHHAIERKHT BhITY K-
oMl 060M0YKe TAKUX K€ BEKTOPOB Ha PA3JOXKHMMEIX NOACKA3KaX |dy, ..., d,).
Hoatomy HaubOILIMIAA BEPOATHOCT COOBITHA G(21, . .., 2;) = 1 (aas ar0boi
¢ysxmun G) 10CTUraeTcs Ha NOACKA3KAX TAKOr'o BHJAA.

B cayuae, korga ¢ — nmoporosas ¢yrkuus (13.1),

Pmax = m;ler [G(z1,...,2) = 1] p] = Z (f)p{(l ~p)ki (13.5)

izl
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rae p. = maxg) (€| X V|¢). Cornacno ycnopmio, p, > p;, ecan F(z)=1,n
P» < Po, ecut F(z) = 0. OueHuM BEAMYUMHY Ppax B 9THX CIy4asX, COOTBET-
CTBEHHO, CHU3Y U CBEPXY.
Byaem ucnonbaosats nepasencrso Yeprosa (cm. [18]). Mycrs
1-¢ q
H(p,q)=—-(1-p)ln— —pln ¥,
(p,q) =—-(1-p) = Plng
Torga npu p, > p; noaysaem
1 — Pmax < exp(=H(p, p1)k),
amnpup, < po —
Pmax < exp(—H (p, po)k).

W3 nepasencrsa In(1 + z) < = caeayer, aro H(p,q) > 0. Hcnonways 6onee
Tounoe pasnoxkenne In(1+ z) < z — 22/2+ 2% /3, moxwHO nOTYUMTH OUEHKY
H(p,q) = Y(p—q)?). Tax uro npu k = n?**+# yxazanunie B yCIOBMU OLEHKH
HAa € BBHIIOJTHEHHI. 0O

3ameuanme 13.2. BaxXHLIM MOMEHTOM B M3JIOKCHHOM NOKa3aTeNLCTBe
arseTcsa TOT ¢pakT, 410 X O u XV nuarosammsyiorcs s OJHOM ¥ TOM Xe€
Gasuce. Boobe, ycuieHne BEpOATHOCTEH AN HETPUBMAMLHEIX CJIOKHOCT-
HEIX KJIACCOB (KaK KBAHTOBBHIX, TaK M KJIACCHYECKHX) — BEIIb JOBOJIBHO
TOHKAA.

13.3. Ilomanie sagaun. B xiacce BQNP, xax u B NP, 2cTb nonusre 3a-
Aa*ii OTHOCHTEIBHO TOM Xe CAMOM II0JMHOMHUAIBHOM CBOAUMOCTH, KOTOPYIO
MBI DACCMATPUBAIM paHblie. BoT npocreimmit npumep.

3A0AYA 0. 3agasum dyskumo F cregyommm o6pasoM. Hycts Z —
MHO2KECTBO TPOEK BUIA

({onmcanue kBanTOBOW cxeMer W), po,p1),

e NOJ OIMCAaHMEM CXEMHI NOHMUMAETCA e€ NPUOIMXKEHHAY Peaiul3ailis B
CTaHAApTHOM 0asuce, a py — pg = (n™*) (a > 0, n — pa3mep omucanus
cxemnl). Torga qna z € Z

F(z) =1 <= ecan cymecTsyeT BeKTOp |€), mpu JemcTBUM Ha KOTO-
PEII MBI TIOIy4MM B nepBoM 6uTe 1 ¢ neposTHOCTDIO,
66abieHt p;;

F(2) =0 <= ecan gns Bcex |€) BEPOATHOCTS NONY9UTH B NEPBOM GH-
Te 1 MeHblie pyg.

llonnora 3agaum 0 oueBugua. Bcd, 9To Tpebyercs nua [IOCTPOEHUA
CBeAEHNA, CONEPKUTCA B onpeaerernn 13.2. Bxox z BonaéT B onmcasm.
cxemMul W BmecTe co cxemont U,.
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PaccMorpum 6onee untepecnnie npumepni. [Jna mauana AaJuM oOmpe-
AeseHe KBaHTOBOro anasora 3-KH® — nokanenoro ramunsronunana (1o-
KaJbHOCTE ABJIACTCA AHAJONOM OFDAHUYEHHOCTH YHCJIA [ePEMEHHBIX, BXO-
[AIIMX B OJHY AM3BIOHKIMIO).

Onpepenennme 13.3. Onepamop H: B®™ — B®" yagmsaemes k-10kann-
HREIM FAMUIbTOHHAHOM, €CAU ON 6bIPANCAEMCR 6 8ude

H =) HSj],

2de waxcdoe caazaemoe — Ipmumos onepamop, delicmeyouut na MrOHce-
cmee g-6umos Sj, |S;| < k, na ocmassnuiz g-6umaz on deticmeyem mo-
Hedecmeenno.

Ilpu smom ebinoaneno ycaosue nopmuposxy 0 < H; €1 (dpyeumu cao-
sanu, u Hj, w I — H; — noaowcumeavno noayonpedesénnoie).

3AAAYA 1: JOKAJBHBIN TAMHUJABTOHHAH. Hycre Z — muoxecTno
TPOEK BUAA

((omucanme k-rokanbroro ramuistonuana H), a,b),
raek=0(1), 0<a<b, b-a=0(n"), (a>0). Torna 11z € Z
F'(2) =1 <= ecany H ecTb cOGCTBEHHOE YHCIO, He 6ObIIEE a,

F(z) =0 <= ecan Bce cobcrennme yncna H 6oabiue b.

Yreepxgemme 13.2. 3adaua JOKAJBHBIA TAMUILTOHUAH npuxadae-
acum BQNP.

Aoxasareserso. OnuuieM BHadale OCHOBHYIO HAel0. ME MOCTpOMM
TaKyl cxeMy W, KoTOpas HCHONBL3yeT MOACKA3KY M3 MPOCTPAHCTBA, B KO-
TOpoM JedcTByer H, u BHIIaéT OTBeT «aa» (3HadeHue 1) Ha moackaske
In) © BepostHOCTBIO p = 1 — =1 (5| H |n)), rae r — wucao craraeMerx B
ramuipTonnane H. Ecan |n) — cobcrBeHHBII BEKTOD, COOTBETCTBYOMMI
COCCTBEHHOMY MHMCIy @, TO BEDOATHOCTH OTBETA, «Ja» Gyaer

p=1-r""(nH|p) 2 1-r""q,
a eciu Bce co6cTBeHHEIe Yucaa H Goabiue b, To
p=1-r"YHlp) <1-r""b.
Cneppa nmocTpouM Takylo cxeMy AJA OZHOTO CIATaeMOro. Mycrs aTo
Oyaer Hj = 3 Aslths) (1|, AesicTByrommit Ha MHOMXeCTBe q-6UTOB S;. Ho-

CKOJIPKY Pa3MePHOCTBb NIPOCTPAHCTBA, HA KOTOPOM JEHCTBYyeT H;, orpanu-
Y€Ha KOHCTAHTOMW, MBI MOXKEM PealTH3OBATEH OHEPATOP

Wi e, 0) = () @ (VA6l0) + /1= ),
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KOTODHIHl fedcTByeT Ha MHOXecTse g-6utos S; U {(oTeT)}, rae (oTBeT)
0603nadaeT -6MT, U3 KOTOPOrO GepéTca pe3ybTaT PabOTHl CXeMEL. Ha
OCTATBHEIX -6MTax noackasku W JedcTByeT TOXKAECTBEHHO.

Brrancaum BeposTHOCTH 1 B 6uTe peayibTaTa nocie npumenenns W; x
cocroanmo |1,0) (6uT pesyapTaTa ycTanonieH B 0 neped HadanoM pabOTHI
cxemni). Ilyets |n) = 3, ys|s) — Pasnoxenue |7) 0o OpTOrOHAILHOU CH-
cTeme co6CTBeHHBIX BekTopoB H;. MMmeem, 1o onpeaeseHHIo BEPOATHOCTH,

P;(1) = (n,0| W] (I ® |1)(1])W; |n,0) =
N’
(oTBeT)

=<Zy;<ws,0|) wi(Te AW (Zytm, )-

(o'rBeT)

= S VT Ay VT = vl ) = (1= A)wiye = 1= D Aewiy =
a,t 8

8

=1-(nH|n). (13.6)

O6masn cxema W BeIGMpaeT CIyYaidlHO ¥ PABHOBEPOATHO HOMED j, MO-
cre dero npuMenser onepaTop W;. Takoe eicTBHE MOXHO P€aTM30BATH
M3MepsAiomuM onepaTopoM Buja ) |7)(j| @ Wj, npumeHEHHBIM K BEKTOPY

<\—}$ 2] ])) ® |n,0). (Baecy |j) 06o3HauaeT Ga3UCHBIA BEKTOP BO BCIO-

MOCATENbHOM T-MepHOM mpoctpaHcTse.) IIpoBoAA BEMHCACHUS aHANOIMY-
o (13.6), noayyaem

P(1) = Y 20.0,00W] (1 ® (D)) W 13,000 = 3 1P5(1) =
Y {oTBeT) Y (137)
=1—r""(n Hln).

a

Yreepxgenme 13.3. 3adaua JOKA/JALHBIA TAMW/IBTOHHAH noaxa 6
xaacce BQNP omuocumeivho noaunomuasbnot c800uUMOCTAL.

Wpen xokasarenbcrBa BocxoguT K Dennmany [29): samena YHATAPHOU
5BOJIOLMM He 33BUCAIUMM OT BPEMEHH FaMIIbTOHHAHOM (1.€ IEpexoj oT
CXeMHI K JOKATLHOMY MaMAJIbTOHMAHY ).

JokasaremscTBo. MTax, mycTb ecTb cxema pasmepa Lt U = Ug-.. U
Bygem cunTaTh, yro U gedcTBYeT HA MPOCTPAHCTBE M3 N q-6uTOB, NEpPBHIE
M U3 KOTOpBIX — (-OMTHL MOACKA3KH, & OCTANbHEIE -— BCIOMCTATEbHBIE
(B3nTLIE HATIDOKAT Ha BPEMI BLIYHCJICHHH); CIATAEM TAKKe, YTO CXEMa Cl:-
CTOUT W3 ONEpaTOpOR, AEUCTBYIOIINX Ha IMapax -GU1oB.
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lammibrorman, comocrasiseMunt cxeme. OH JeHCTBYeT Ha TPOCTpaH-
cTBE

L=pB®NeCH,

rJe NIePBLIA COMHOXATENb — MPOCTPAHCTBO, Ha KOTOPOM JEHCTBYeT CxeMma,
a BTOPOM COMHOXMTEb — MPOCTPAHCTBO CYETYAKA MArOB (uacwm). Cocro-
KT 3TOT raMWIHTOHNAH U3 TPEX CJATAEeMBIX

H = Hi, + Hprop + Hoyt.

Caaraemoe Hj, OTBe4aeT HAYATLHOMY COCTOAHMIO X PABHO

N
Hyq=| ) 1Od ) ooy, (13.8)
s=m-+1
rae Hga) — MPOEKTOp Ha MOANPOCTPAHCTBO BEKTOPOB, Y KOTOPHIX S-# 6MT

pases . Bropoit comHoXuTeNB B 5TOM hOpMy e A€HCTBYeT B npoCTpaHCTBe
CYETYMKA.
Caaraemoe Hyyt OTBE4aeT KOHEYHOMY COCTOSHHMIO M PABHO

Hou, = " ® |L)(L], (13.9)

37eCh MHI CYATaeM, YTO GUT PeayibTaTa — IEPBHIH.

1, nakonen, cnraraemoe Hpop ONMCHIBAET 3BOJIONMIO CHCTEME ¥ COCTO-
UT, KaK ¥ CJIeJOBATIO OXUIATH, H3 L CIAraeMHX, KAXA0e U3 KOTOPHIX OT-
Be4vaeT 3a nepexof ot j — 1 k j:

L
Hprop = Z Hj,
=1

H; = =305 @ [i)G=11 = 30 ® [i=1)(] + 21® (13)(3] + li~1)-1]).

(13.10)

Kaxpoe ciaraemoe H; geiicTyer na gsa q-6urta u3 TMPOCTPAHCTBA CO-
CTOAHMH U Ha (-6MTH NPOCTPAHCTBA CYETYMKA.
3amena 6asmca. IIponsBesém aameny 6asuca, 3a5aBaeMyio ONepaTopoM

L
W= Uj-...-.Uh ® j){jl.
Jj=0

Honearno obparurs BEHMMaHue Ha TO, ¥T0 W — namepsomumit onepaTop:
U3MepAETCA IHAYEHUE CYETYNKA j M K q-OMTaM NpPOCTPAHCTBA COCTOAHHM
CXeMbI IPUMEHAETCA ONEPaTOP IBOLIOLMHM 33 BpeMm j. _

lamuabTonMan npu Taxol 3aMeHe M3MEHMTCA HA CONPKEHHEIA: H =
= WIHW. Hocmorpum, kak ReHCTBYET COMpskeHne onepaTopom W Ha
craraemeie H.
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Ha cnaraemoe H;, conpsXeHue He BIHUACT:

Hin = WHH W = Hi,. (13.11)
denncTBue Ha craraeMoe Hoyy:
Hows = W Hou W = (UTHE")U) & |LY(L]. (13.12)

Caaraemoe H; cocrout u3 Tpéx. Brayane sanumem gedcTBue conpsxe-
HMA Ha nepBoe M3 claraemux B (13.10):

Wi (=30 @ )G - 1) W =
=2 W e uel) (U @ 1) = W) (Ve Ui ® |9 (t]) =

u,t

1

=5 (00D (06D 16 =1 (- DG - 1) =

1 o /s
=—3Ielni-1l.

Conpsxenne AByX ApYruX ClIaraeMblX IPOUCXOJUT AHAJIOTMYHO, B UTOre
monyaemM

ﬁ]‘ = WTH]'W =

=103 (1i- DG - 1= - DGl - 106G - 1U+1i)Gl) = I8 E

H
Horop = WHHpouW = IQ E, (13.13)
rie
L1
2,0
2 2
1 1
E=YE; = 2 b
Jj=1 %

O1eHKa co6cTBeHHOr 0O YMc/Ia IPK oTBeTe «day. IIpenonoxum, 9TO cxe-
Ma, Ha BXOJ KOTOPOH HoAaH BeKTOD |£), 5aéT orser 1 ¢ BEPOATHOCTBIO He
MeHbIIE, 9eM 1 — £. ITO, MO OIpeJe’eHNI0, O3HAYAET, YTO

- (0)
P(0) = (£, 0l U U |¢,0) < &.
Hokaxewm, 4To B 3ToM ciykdae y H (a, smauut, u y H) ects Masoe

cobeTBerHOe Yncao. I 3Toro npeasABUM TAKON BEKTOP |7)), 4To (7| HI|7)

JOCTATOYHO MaJo (MMHMMyM KBaapaTwiHou ¢opwmsl (| H |-) gocruraeTcs
Ha COGCTBEHHOM BEKTODE).
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B mpocTpancTBe cuéTumMKa BLIGEPEM BEKTOP
L

1 .
Vit
=0
Hcxompr BexTop |7]) pasen |€,0) & |1). Ouenum (7] H |7).
OuesugHo, uto Ejp) = 0. llosTomy

(M| Hprop 1) = 0 = (7] H; |7).
HOCKOJIbe BCe BCIIoMoOoratTejabHbie q-GHTbI BHavaJae y(,'TaHOBJIeI-IbI B 0, TO
HEMUCPEACTBEHHO U3 onpegessomen Gopmyant {(13.8) noaydaem

(ﬁ[ Hin Ifﬂ =0.

Ocranocs OLEeHUTL MOC/JAeJHEee CJaaraeMoe
(il How i) = Gl (UTIO0) @ 1LNL ) = PO) - 355 < 55

Hrax, MBI JoKasaay, 1o

) = (13.14)

G ) < 55,
105TOMY V I €CTL CODCTBEHHOE YHMCIIO ¢ TAKOH e BCPXHEH OLEHKOM.
Oueuxa cofcTBEHHOro 4MCIA IIPH OTBeTe «HeT». B 3TOM cayuae Ham
HY IO MUKA3aTh, ITO BCE COOCTBeHHBIE IMCAA BeJaHKH. [IyeTs aaa moboro
BEKTOD4 |€) BePOATHOCTL OTBeTa 1 He IPEBOCXOAUT &, T. ¢,

(€0 U 16,0y > 1~ €.

Joxamem, 1T0 B 910M Ciydae Bce coOcTBeHHbE qucaa H Goapure aubo pas-
HBI ;| — \/E:)[,“g, rge ¢ — HEKOTOPAast KOHCTAHTA.

AOR"3ATCIBCTBO ZOBOILHO JIMHHOE, MOITOMY BHAMAJIC OPUBEIEM €ro
KParsuy LM, Hpencrasus ramunpToHnan p Buge cymmel H = A; + A,
oueparopos Ay = Hyy+ Hyue 1 Ay = Hpmp, M&I OLEHUM CHU3Y HA¥MEHbLIINE
HOHYICBBI? COOC TBeHHEBIe YHCTa A 1 Ay no otgessrocta. Hoayuny onen-
wu | 1 /L% coorperersenun. YTo0b OLEHUTH HAMMEHBIIEE COBCTBEHHOE
wucao 4p + Ay, mam noTpebyercsa IcMMa, KOTOpAt JaéT Taky OUCHKY /s
LYMMBL ICDC3 OLCHKH I8 CIACAEMBIX M yIOJ MEX Ty WX HYJICBBIMH TIOI-

GPOCTPLHCTBAMU. YITIOM MEX Ay HOAUPOCTpaucTBaMu £, U L3 ¢ HYJCBBIM
nepeceteHuer GyaeM HasbBaTb Bemmauny (L, L), 3a0aBaeMYI0 YCJIOBH-

AMI
m

cosI(Ly, Lo) = max |(171[172)I, 0 <Ly, La) < 5 (13.15)
im)yeL
[n2)€La

Jlemma 13.4. [flyemv Ay, Az — weompuyameavuvie onepamopvi, L,

Ly — uzx nyaesvie nodnpocmpancmea, npuwésm £, Ly = 0. ITycmb maxoce



KBAHTOBBIH AHAJOU NP: Kaacce BQNP 113

Henyaesble cofcmeennbie wucaa Ay u As we menmvwe v. Tozda

A+ Ay > v-2sin® S (13.16)
2de ¥ = 9Ly, Ls) — yeoa mexwcdy Ly u Lo,
Ob6oanaucane A4 > a (A - omepaTop, @ —— HACJIO) HYXKHO IOHUMATH

Kak coxpamenue ot A — al 2> 0. JIpyramu caoBamu, ecmu A > a, To BCE
cobeTreHEbe Yncia A He MeHbIIE a.
|
B nmamenm caydae Mel noayuuM oueHkH 1 u ¢/ L7211 HeHyJeBBIX CO6-
cTBeHBHX miced A; m Ay (06 >TOM yke roBOpPWIOCh Bbime) M sin?d >
2 (1~ e)/{L +1) ana yraa. OTC042 BHITEKAET UCKOMOE HEPABEHCTBO

H>c(l-e)L™3.

Nokasarenserso (remmu 13.4). Ouepuano, 9ro A; > v(l — Hg) n
Ay 2 v(I —Tg,), nodTOMY 10CTATOYHO JoKaszaTh Hepasenctno ([ — 1 ) +
+ (I —Tg,) > 2sin*(1¥/2). Ouo, B ¢BOW OYCpPeiDb, SKBUBAICHTHO TAKOMY
HEPABCHCTBY:

Oy, + 1z, €14 cosd. (13.17)

Ilycts |€) — cobeTecunnit BekTop oneparopa [z, + I, orBegaommn
cobcrenHoMy uucay A > 0. Toraa

e j8) = wilm),  He,l§) =walm),  wilm) + waln2) = Al6),

rae \m) € £ u lip) € Lo — CAUHUYHBIE BEKTODHL, & U U Uy —- HEOTPHUIA-
TeIbHBIE BemecTBeHHbIe ueaa. OTC104a HAX0 UM

A= (€)(Mg, + g, )E) = ud + ul,
A= (wr{m| +ua(na]) () + walme)) = u? + vl + 2uyua Re(n|m).
CrenoBaTensHo,
(1+)A =N =a(u; +u)? >0, rmez= ‘Re(mlng)‘.
Taxuu obpaszom, A < 1+ 2 < 1+ cos?. O

Tenepr MOJAYMHUM YyOOMAHYTHIE Bbliie onenku. Hysepnie monmpoctpas-
crpa ) u A, npeacraBnAlTCA B BULE

L, =B 20" ™ 210) @ BN @ C(|1),...,IL-1) @
o UT(|1) ® BEV-D) @ |L)

(mocreIHUI COMHOKUTEIb BO BCEX CIATAEMBIX OTHOCUTCS K MPOCTPAHCTBY
CIeTINKA),

(13.18)

Ly = B2 @), (13.19)
rae nekTop |y onpenenéH gpopmyson (13.14).
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s oueHkn
Al.LiL >1 (13.20)
AOCTATOMHO 3AMETUTH, YTO A} SABAETCS CyMMOM KOMMYTHDYIOWIMX IPYD
C OPYTrOM NPOEKTOPOB, IO3TOMY BCE€ COOCTBERHEIE YUCIA ITOrO ONepaTopa
LeJsle.
[ns ouenku Aglﬁ% HYKHO HaHTH HEPBOE MOJIOXKHTEIbHOe COGCTBEHHOE

quco MaTpunsl £. Co6cTBeHHEBIE BEKTOPEI i COGCTBEHHEIE Yuciaa F IAOTCA
dopMyramMu

L
) = ax ZCOS(Qk(j + %)) 17, At =1~ cosgy,

rae qx =7wk/(L+1) (k=0,...,L). Orcioga crexyer, 410

7 'y —2
sl ZI—COS(L+1) > L2 (13.21)
Haxowen, myxHO onesnTs yroa mexay noampocrpasHcTBaMu L u Lo.

Byaem ouenuBath KBaApaT KocuHyca yria

2 [y
cos?¥ = max |(n1|n2)| = max (g, |n). (13.22)
Im)eLs In2)€L2
Inz)€L2

IIpexcrasum |n2) B Buge |€) ® |1b). IpoexTop Ha L) pacnajaerca Ha CyMMy
TPE€X NMpoeKTopos, B cooTBeTcTBuM C (13.18). CoBceM Jerko noaCcUMTATH
BKJaJ BTOPOro caaraemoro, on pases (L — 1)/(L + 1). Ilepsoe u Tperne
CHIATaeMEIE B CyMME JaloT

T (M, + T je) < HEE222,

rae Ky = B8N, K, =Ut (1) ® BEW=1) a ¢ — yron mex gy sTuMu ABy-
M MOANPOCTPaHCTBaMU. (3 zech ucnoabayercs HepasercTso (13.17), nony-
YEHHOE B XO[e JOKa3aTeqbCTBa JeMME! 13.4).

Beanduua cos? p paBHa MAKCHMATLHONR BEPOATHOCTH IOy SeHHA OTBETA
1 mcxoHOM CXeMOit; 110 yCIOBHIO OHA HE 6onblie, yeM €. Ilonyuaem Takyio,
npogomnxaouyo (13.22), ouenky:

(malTle, Iy < =2 4 LEVE g 1-VE

RILA S TR T T L+1
CaenosaTensho, sin® 9 = 1—cos? 9 > (1—1/€)/(L+1), kax u yTeep* 1a10ch
BHILE,

Peammarmua cuérwmka. Mur Hanucaan 3aMedaTenbHbI TAMUIBTOHUAH,
MOYTA yIOBAETBOPAIOMINN TPEOYEMBIM CBOHCTBAM. Y HEIG €CThb TOJLKO
OJMH HEAOCTATOK — OH Jullb (log L)-10kanbHeii (B MpocTpaHCTBe CIETIH-
Ka MBI IefCTBYeM HA BCE q-GHTHI).
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ITOT HEJOCTATOK MOXHO MPEOJOJeTh, €CIN BIOXKHMTH NPOCTPAHCTBO
c4éTunka B 60abiee MpocTpaHcTBO. BoabMéM L q-6MTOB, 3aHYMEPOBAHHKIX
ot 1 go L. Uckomoe pioxenue CLt1 — B®L prirmaguT Tak:

9~ 1,...,1,0,...,0).
e N’
J L-j
HcnoabayeMule B KOHCTPYKUMH raMmabTorMasa H onepaTopel Ha npo-
CTPAHCTBE CYETYMKA 3aMEHAIOTCH COTVIaCHO CXeMe

10)(0} a I1{”, 10)(1 a (j0)(1]),15”,
G ma OIS, 1 - DGl ma I, (o)1) Iy, (13:23)
|L)(L| na I, L —1p(L| ma T (j0)1)),
Tenepy oM 3-JOKaabHEE (4 CaM T'AMWIBTOHUAH, ¢ Y4€TOM JEACTBMA HA
q-6UTEI MCXOTHOM CXEMBI, — 5-JTOKATBHEIN).

Eciu rosopuTh TOYHEE, MEI 3AMEHWIM TaMMILTOHMAH H, nedcTBOBaB-
mmit Ha npoctpanctee L = B®N @ CL!| na nosuit ramunsTonuan Heyy,
onpeeneHHE Ha 64abimenM pocTpancTse Lex = BN @ B®L. Onepatop
H,,. oto6paxaeT M0ANpOCTPAHCTBO L C Lexy B c€6A N AEHCTBYET HA HEM
Tak Xe, kak H.

Tenepr BO3HMKaeT HOBasg NMpo6JeMa: YTO AENATH € JHLIHHMMH COCTOA-
HUAMM B PACIIMPEHHOM IPOCTPAHCTBe cuéTumka? Mul crpaBuMCs ¢ 3TOR
npo6ieMont, 106aBUB emE OJHO CIaraeMoe K raMMIbTOHUAHY Hexy:

L-1
Hgytab = Ipon ® Z H_E'O)H_g':-)l'
j=1
Hyaesoe noanpocTpaHcTBO onepaTopa Hgian COBHAZAET CO CTAPHIM pa-
604MM IPOCTPAHCTBOM L, MOITOMY [AONOJHAUTEIBLHOE CJIAraeMoe He MEeHAeT
BEPXHEM OLEHKM MUHUMAIBLHOrO COOCTBEHHOrO YHUCJA IIPH OTBETE «Jar.
IIpu orBeTe (HeT» TpeGyeMyIO HIKHIOW OLEHKY A1A COGCTBEHHBIX YHCeN
oneparopa Heyxy + Hgiab MOXHO NOJYyYHTH chegylomwmyM oGpasom. O6a cia-
raeMbIX OCTABIAIOT NHBAPHAHTHRIM MTOANPOCTPAHCTBO L, MO3TOMY MOXHO
OLUEHKBATDL HE3aBHCHMO Ha L M €ro OpTOroHalbHoM gomonnennu L. Ha £
nmeeMm Hexo 2> ¢(1 ~E)L 3 u Hyap =0, a 52 LY — Heyy > 01 Hypap, > 1.
(3aech MEL DOAB3YEMCA TeM, YTO KaxKA0e U3 (JAraeMbBX raMWIbTOHMAHA,
(13.8), (13.9) u (13.10), ocraeTca HeOTPUUATENLHLIM NpH 3ameHe (13.23)).
B m06om cayuae

Hext + Hstab C(l - \/E)Lﬂ3~

OTO 3aBEpPMAECT AOKA3ATENLCTBO IOJHOTH 334349K O JOKAILHOM MaMUIbTO-
Huane B kiaacce BQNP. 0O
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13.4. Mecro BQNP cpeau jpyrax cIOXHOCTHHIX KJaaccoB. IIpsamo u3
onupejeneHus cieayer, 1ro kiacc BQNP cogepxut knacc MA (a, sHauur, u
BPP, u NP). Huvero 6oaee onpeenéHHoOro o cune «HEJe TEPMUHNPOBAHHEIX»
KBAHTOBHIX AMCOPHTMOB CKa3aTh MOKA Heb3a. )

He caumkoM MaOr0 MoxHO CKa3aTh M 00 UX «C1abocTu».

YrBepxaermme 13.5. BQNP C PSPACE.

MoxasarenbecrBo. MakcuManbHas BepOATHOCTH TOT'O, YTO MOACKA3KA
Mepauna 6y get npunaTa ApTypoM, paBHA MACHMAIBLHOMY COGCTBEHHOMY
umcay onepatopa X = X (em. popmyay (13.3)). HaM nyxHO BEIMMCAMTD
3Ty BeTM4MHY ¢ TOMHOCTBIO O(n~%) (a > 0).

3ameTM, uto 0 € X < 1. /Ina OLEHKHM MAKCHMAJIBLHOIO COBCTBEHHOIO
4yucia 6yfeM UCHONB30BATH CIEAYyOlee NPeJedbHOE PABEHCTRO:

In Amax = lim 2TEX?
d-+00 d
IIycts Amax = A1 2 A2 > ... 2> Aam — COOCTBEHHEIE YHCIA oneparopa X
(3mece m = poly(n) — ammna noackasku). Mmeem onenky
1 3 A¢
InTr x4 njgl ’ m

d ~  d d
M3 KOTOPOHU CJIEAYET, YTO AJIA OUEHKH C IMOJMHOMHUAILHON TOYHOCTBIO HEN-
TPUUIATEILHOTO OLIEPATOPa, AEHCTBYIOMErs Ha M q-6HTaX, JOCTATOMHO Bhl-
YHCIMTD 1€ OT €r0 CTENCHH, OrPAHUIeHHOM HOABHGMOM OT M.

In Apax <

<Indgax + = 1n2,

Beriucaenne semuumurr Tr X ¢ nenaetca Ha AOMHMHOMMATBHON MAMATY
TEM XK€ CIoCOO0M, YITO ¥ MOJEAMPOBAaHHE patOThl KBAHTOBOW CXEMEL 0

daweqamme 13.3. [lony4yeHHBlt pe3ynnTaT MoxHO yemauTh: BQNP C
C PP. [loka3aTelbCTBO HOJHOCTHIO AHATOTHYHO PeIIeHHo 3a4a\u &.3.

damevamme 13.4. Mmu orpanmdwinck ciydaem urp Mepausa u Apry-
Pa, KOTOpEE NPOJOMKAIOTCA OfuH payrg. Hetaewo Owuto nokasamo [45],
4YTO yXe JBYX PayHAOB TAKOH KBAHTOBCH MIPH JOCTATOYHN, YTOGH HO-
ayuutk Beck kaace PSPACE. B knaccuiecxom clywqae 11s 107 vkenus
kinacca PSPACE Tpe6yercs nomHoMHasbHOe KOTMecTBO payH 108 [36, 37],
Npui€éM B MIMPOKMX KPYTaX YSKHX CAELUATACTOB FOCIOICTBYCT MYEHME,
YTO HUKAKOr0 GMKCHPOBAHHOI'O KOIHMYECTBA PAYH 0B HEJOCTATOTHO.

19)TIpeaynpex/enue: B THTEPATYPE BCTPESALTEA APXTOL ANPLAL HUME KBAITOBONO He-
AeTEePMUHUPOBAHHOrO BBIMMCICHMA, 1A% KOTOPUL) TOAYYEH2 NMCAHAA XaDaKTepuszua a
TEPMHHAX KJIACCHIECKHUX CIOXHOCTHBLIX KAaCCOB (CM. [46]). -
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14. Knaccuaeckne ¥ KBaHTOBHIE KOJbI

Kak yxe 06CYyXAaloch paHee, KBAHTOBOE BBIMMCICHUE «HE CIMIIKOM»
4yBCTBUTEIBHO K MOIPEIHOCTAM Pealu3alud yHUTAPHBIX ONepaTOopOB:
OomMO6KY HAaKarIuBawTca TuHerHo. Eciu ecTh MOCIE0BATEIbHOCT YHUTAP-
HEIX omepaTopoB Uy, ..., UL ¥ nociesoBarelbHOCTD IPUGINKEHIH Ui,...
..., UL, ||U; = Ujll < 8, To BRIMOAHAETCA HEPABEHCTBO

WOL-...-0n=Ug-...-Uh]| < L.

OTCIO,E[a. JIErKO 3aKJIHYNTh, HACKOJBKO M3MEHHTCA BEPOATHOCTH MOJaYyYE-

uusa npaBubHOTO oTpera F(z) xsantopoit cxemon U = Up - ... - U (cMm.
onpegenenue 8.1). ITa BEPOATHOCTD (/1€Bas YACTh HEPABEHCTBA B ONpee-
IeHun) MOXeT OLITh 3aMMCaHa KaK (E|UTIMUIE), Tae [€) = |z, 0V "), a

M = |F(z)) @ B3N~™), Hyeer MECTO cl1eayIolas OLEHKA:

[T LD 1€) — (Ut TMUIE)| < 2010 - Ul < 28,
Takum 06pa3oM, TTPM HETOUHON PEATUIAIMHM YHUTAPHEIX GNIEPATOPOB Mpa-
BUJIbHBINA OTBET MOMYYaeTCA C BEPOATHOCTEIO 2 1—€—2L4; B obuwem ciyyae
3TA OIEHKA HeyJYdIIaeMa.

C TOYKHM 3peHUs PUBKTECKON PearTu3alny KBAaHTOBOTO KOMIbLIOTEPA, Mo-
JyIeHHEI Pe3yIbTAT He ABIAETCA yA0BaeTBopuTeabHEM. [lonyyaeres, 4To
pasMep KBaHTOBOW cxeMbl L He JOMKeH NPeBOCXOAUTD 1 /(49), unase pepo-
ATHOCTH TIPABIILHOTO OTBETA MOXeET CTaTh Menbue 1/2. Tlosromy Bosnu-
KAeT BAXKHELH BOIIPOC: MOXHO J1 U36€XKaTh HAKOIIEHNS OIUOOK, NCNONL3Y 1
CXeMH CIen#aabHOro Buaa’l

OTBeT Ha 3TOT BOMPOC MOJOKUTETLHHN. M es cocTouT B TOM, ITOGE!
saxoduposams (3aMEHATD) KaxK el q-6uT, UCTIONL3YIOMMUCA B BHIYUCJIEHHU-
AX, HECKOJIBKWMM TIPY TIOMOLIY OTIPE/IeTEHHOT 0 M30METPUHECKOTO BJIOXKEHMA
V:B — B®” [eno B TOM, 4TO OmMOKH, KAK MPABUIO, IeUCTBYIOT OJHO-
BPCMEHHO Ha HeGOMbIIOE YHCIO (-6UTOB, TOITOMY KOAVNPOBAHUE MOBBIIALT
yCTOMIUBOCTH KBAHTOBOI'O COCTOAHMA.

KoscapyKuum, HeOOXOAUMBIE 1715 OPTaHU3aIMH BBIYHMCJIEHUH €3 MOTepH
TOMHOCTH, JOBOMBHO cIOKHEL [ToApo6HO oy manoxens B (41, 19, 34, 4, 32],
a 34eCb MBI B OCHOBHOM OTPaHMYMMCA 60Jce MPOCTHIM BOTIPOCOM: KakK CO-
XPaHATH HEOTPAHMIEHHO JOJrO 3aJaHHOEe KBaHTOBOE cocroauue? (Jlerko
[IOHATD, YTO 3TO — YACTHHIHM CJy4ai MPeJLIyIero BONpoca, KOraa peaiu-
3yeTca MOCJIeJOBATENLHOCTb TOXAECTBEHHBIX onepaTopoB.) [na perenus
TaKOH yIPOLIEHHOM 334240 KOHKDETHBIH BUA KOAMPYIOIEro OTOOpaXeHus
V HeBakeH; HyXHO 3aJaThb JUUIb OANPOCTPaHCTBO M = ImV C B®",

Onpepenenme 14.1. KBanToBLI KO THHA (1,7M) — ITO MOATPOCTPAaH-
crBo M C B®" paamepnoctu 2™. (ducio m — KOIMYECTBO 3aKOAUPOBAH-
HHIX (-6MTOB — He 06A32TEeJIbHO NOIXKHO OHITH LEABIM).
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Omm6Kn, BO3HUKAIOWHKE IPH XpaHEHHM uHpOpManuu, 6y 1y T NPpUBOAUTL
K TOMY, "ITO COCTOAHME CUCTEMEI Oy AeT BHIXOAUTD 3a npedean M. IlosTomy
HeO6X0AMMO HAYYHTHCA BOCCTAHABIMBATB COCTOSHME CHCTEMEI IIOCHE BO3-
AEUCTBUA OMUOOK ONPEJeNEHHONO THIIA.

14.1. Kraccuseckme kogu. BHauare paccMOTpMM caydai kiaccmye-
CKMX KOAOB. MBI JMIUb CJerka 3aTpOHEM 3Ty OGLIMPHYIO Temy. IloapoGuoe
M3JOXCHNE T€OPUM KOJOB, KODPEKTUDYIOWMX OMMUOKH, (TaK OOLIYHO HA3LI-
BAeTCA HTA HAYKa) MOXHO HaWTH B [9).

Kaaccuueckuil xod muna (n,m) — 3to nogmuoxectso M C B* mour
HocTH 2™. [[ns onucanus omMGOK HEOGXOIMMO TaKXKe ONPELEIHTD KaHaA
C643U — HEYTO BPOJAE HEOJHO3HAIHOrO OTOOpaxeHus B* — B . Cyue-
CTByeT ABe MoJenn ommbok: Gojee peatucTHIHAA — BEPOATHOCTHASA, U
YIPOWEHHASA —— TEOPETHKO-MHOXKeCTBeHHaA. COrIACHO BEPOATHOCTHON MO-
AeaH, KaHal CBA3M 3a]1aeTCA yCIOBHEIMM BEPOATHOCTAMM p(y|Z) mpuema
CI0Ba y IIpU mepejade coBa . Me 6yjem paccMaTpuBaTh cayvall Heaa-
BHCHMO DACTIPEAEIEHHEIX OWHOO0K, MOJaras 9To n' = n, a yCIOBHBE BEpO-
ATHOCTH ONPEAENAIOTCA Yepe3 BEPOATHOCTD OWMOKH DY Mepeade 01HOro
6nra p;:

plylz) = p{*V (1 —py)r-den . (14.1)
3aece d(z,y) — paccmoanue Xommunea (MACIO PASIUTHBIX 6uTOoB).

EcTe cTaHfapTHH €OCO6 YOPOCTHTL MOEIb HE3ABUCUMO pacope-
AeTEHHBIX OMMGOK. OLEHMM BEPOATHOCTH TOTO, YTO cnyyutcea 6onee k
omnbok (kak ACHO U3 (opmyast (14.1), 3Ta BerMuMHA OT T He 3aBHCHT).
Cuuraem, 4To n, k — duxcupoansl, p; — 0. Toraa

Pr(4ucio oumbok > k| = Z <7f)p';(1 —p1)" = o(ph). (14.2)
B
Hrax, BEpOATHOCTE TOr0, YTO YHCIO OUIBGOK BOJBLIE k, Mana. osromy
MOXHO CHIBLHO YIIPOCTUTE MOAETE. ByneM cuuTaTs, 9T0 npu nepegade cio-
Ba T MOXeT MOJIYYUTbCA JI060€ CI0BO y, Takoe uro d(z,y) < k (mapamerp k
3a/]aéT MHTEPECYIOIIMi HAC IOPOT TOYHGCTH), & APYrHUe OMGKU He BCTpE-
YAIOTCH.
Beegém o603uaxenns:

N =B" -—— MHOXECTBO BXOJIOB,
N' =B" ~— MHOXECTBO BREIXOJ(B,
E C N x N' — MHOXeCTBO NepexooB
(oHO e — MHOXeCTBO omubOK).
E(n,k) — MHOXecTBO {(r,y) : d(c,y) € k}.

Onpegenenme 14.2. Koa M wucnpasasem owufixy w3 MHOMKECTBS E, ec-
JU 4iA JOOBIX 1, T2 € M u3 (2,,y) € E u (x2,y) € E caeayer z; = Tq.
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[JpyruMu CIOBAMH 3TO YCIOBHE MOMXKHO CHOPMYIHPOBATH TaK: JIA JIO-
6rrx map (z1,¥1), (T2,y2), npunagaexamux E, w3 1,20 € M u 11 # 72
crenyer y; # ye.

B Tom cayuae, korga E = E(n, k), ropopar, uTo xod ucnpasasem k
owubox.

3amevapme. TepMuH «kOj, MCHPABIAIOMINKE OIKOKI» ARIACTCA HETOY-
HbIM. TIpaBmibHee 6b110 OB CKA3aTh, YTO KOJ OCTABIAET BO3MOXHOCTD A1
ucrnpanienus ommbok. Henpasasowue npeobfpazosanue — 3TO OTOOpaxe-
uue P: N' = N, Takoe uTo, ectu (z,y) € Eu z € M, to P(y) = z,
BLIYMCJIEHIE 3HAYEHUA UCTIPABIAIOIErO IPeo6Pa30BaHUsA HA3LIBAETCA JeK0-
duposanuem.

TIpmmep 14.1. Kopg ¢ noBTopeHuem:
M3 = {(0,0,0),(1,1,1)} C B3.
Takon Koj ucmpaBiseT OfHy OmmubKy.

OueBugnoe o600menne npuMepa 14.1 1puBOAKUT K KIACCHIECKUM KOJAAM,
ucpasasomnM JTboe koandecTso ommbox. IlocTpoum 6osee MHTEPECHEIE
OpuMepH KIacCH4IecKux kogoB. /s Havala JaguM eme OfHO CTaH1apTHOE
onpeejaeHne.

Onpepenenne 14.3. Kojgoeoe paccTosuue —— 3T0
d(M) = min{d(wl,zg) 111,12 € M 1 #£ .’EQ}.

s kopa w3 npumepa 14.1 kogoBoe paccTosuue paBHO 3. imeercs oge-
BUHOE yTBEDXJEHHE.

Yreepxaerme 14.1. Kod ucnpasasem k owubox mozda u moavko mo-
2da, xo2da d(M) > 2k.

14.2. IIpaMepH KIaccHIeCKHX KOJOB.
1. M, tana (n,1); gua vero d(M,) = n.

M, = {(0,...,0), (1,...,1)}.

n n

DTO caMan MPOCTasA CXeMa KOAMpPOoBaHuA. [I0BTOpAEM Kax Al OUT MHO-
ro pas, a NoCie KaxJO0M ONepalui BOCCTAHARIMBAEM KOJOBOE CJIOBO,
3aMeHAsA 3HAYCHHMA GUTOB Ha TO, KOTOPOE BCTPEYAETCA Jalle.
OTa cepus KOJAOB, Kak 6yJeT NOKa3aHO HMXKe, He 06001IAeTCA Ha KBaH-
TOBBLIA CIYYaH.

2. Tlposepka Ha yétHOCTH. KOg M,(f) Tuna (n, n — 1), 14 Hero d(M,(lz)) =
= 2. CoCcTOUT U3 BCEX %EMMHBIT (OB, T.€. CJIOB, COAEPXKAIINX YETHOE
YHCAO eUHHLL.
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3. Koa Xommunra H,. D10 xog Tuna (n, n —r), rge uucion = 27 — 1.
CnoBa w3 B® — 3T0 mocie10BATENLHOCTH GUTOR

T = (2o : @ = 1,...,n). Homep kaxzoro 6ura
100 MOXHO 3aIlMCaTL B JBOMYHOM CHCTEME KAK O =
y 110 = (ai,...,an). BBegém MHOXECTBO KOHTPOJIb-
/ 111 HBIX CYMM
101
010 1i(z) = Z To
011 =l

001 (cymMMMpOBaHUe 3 1€Ch IOHMMAETCH 110 MOAYJTIO 2).

Ha pucynke BhgeseHEl MHOXECTBA GUTOB, BXOLA-

IMX B KOHTPOJbLHEIE CyMMBI IIpH 7 = 3 (m01e3H0

BUJETD B 3TOM KAPTHHKE TPEXMEPHHIA KY6).
MnoxecTBo c10B koga XoMMHUHra 3a7a8TCA yCIOBHEM DABEHCTBA BCEX
KOHTPOJIBEALIX CyMM ( (T. €. OHO ABNAETCA OANPOCTPAHCTBOM IO MOAY-
mo 2). MoxHo nokasars, 4To 411 koga Xommunra d = 3.

14.3. Jlvmeinnte xogut. Ilycto ects muoxectso N = B = Fz. Jlu-
netnsiii kod M C N -— 3T0 nuHERHOE TOANPOCTPAHCTBO. JIMHeiHkIe KOJABI
yAOGHO 3a1aBATh ABOMCTBEHHEIM 6a3uCOM (KaK MHOMKECTBO PEUICHHH CH-
CTEMBI JIMHEWHBIX YDABHOHUH).

Ilprmep 14.2. Koa Xsmmmnra, paccMOTpEHHEBDT BHIINIE, 330aETCA Kal
MHOXECTBO DEIIRHMU CHCTEMBI YPaBHEHHH

i

Zi00 + Z101 + T110 + T11y = pyfz) =0,
0,

-

Zoio + Toi1 + Ti10 + 11y = peo(x)
Zoo1 + o011 + T101 + T111 = pglz) = 0.

Hosromy xog XsMuuura o6pasyer moanpocTpaHcTBO KODPa3MepHOCTH 3.

14.4. KpanToBne kogn. Byaev zapaie onpefenenns aHATONMIHO KIaC-
cirieckomy cay4daro. Habopy ycnosmeix meposirocren (p(yjz) : z € N,y €
€ N') coOTBETCTBYET PMINUCCKM PUatu:yeMoe penbpasoBaHue MATPHI
mwiotHocty T': L(N) = L(N'). AnMeer cMaI it yape 1PHAMA MOAGTE! 1O
4HANOrUM C MHOXeCTBOM nepexogos E ¢ N x N’ onpegenaM npocmpan-
€Meo 0wuboX — NPOMIBONBHOC JMHelHOe mpocTpan- 1o £ C LN, N').
(TakuM 06pasoM, KBAHTOBAA OLWIMOKS —- HTO JIOFROMH THHENHLIT arepaTop
N — N"). EcTb ¥ npamoii aHaor MHOMECTBa £, k). Pacemorpam N =
= N’ = B®". Yepea £[A] o6oaratmm 1¢ omuiKn, KHTOPLE IHCTBYIOT Ha
q-6uTax W3 MHOXeCTBa A M He AEHCTBYIOT HA OCTANbHBIX (-GHTax, T.e.
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E[A]) = L(B®4) ® Igsi-na (3a€ch u ganee [n] 0603Ha4aeT MHOXECTBO BCEX
g-6uros {1,...,n}). Torga nonraraem
E(n,k) = Y £[A).
jAl<k

(3aech CTOMT IPOCTO CyMMa NMOANPOCTPAHCTB, He NpsaMan.) B ganpuenurem
Hac 6yfeT MHTepecOBATL MMEHHO YCTOWYMBOCTD K ommubkam u3 £(n, k).
Ho mepen TeM, Kaxk 3aHATHCA M3YYEHHEM KOJOB, YCTOMYMBEIX K OLIHO-
kaM u3 £(n, k), pacCMOTPHUM AHAIOr MOJETN HE3ABHCHMO PacrpeleleéHHEX
omN6OK B KBAHTOBOM CIIydae M €ro Casb ¢ ommbkamu u3 &(n, k).

14.5. Mojers HesaBHCHMEIX oumGoK B KXBaHTOBOM ciayd4ae. [Ipexmono-
MM, UTO HA KAXK/JALIM q-OUT AEUCTBYET OJHO U TO K€ MAaJO€ BO3MYILIEHHE.
D10 03HAYAET, YTO HA MATPHUIYY ILIOTHOCTH PACCMATPUBAEMOMN CUCTEMHL U3
n q-6uTos JeiicTeyer mpeobpasosanue T = (I + R)®™, rge R — «maaon.
B KJ1acCHYEeCKOM CIytiae MAJOe BO3MYIUEHUE O3HAYAET MANYIO BEPOATHOCTD
ommbku. B KBAaHTOBOM cJyuae Majoe BO3MYIUEHHE MEHsAeT MATPHUIH ILIOT-
HOCTH «He CIMIIKOM CHABHO». ITOGH IPHAATHL DTOMY BEIPAXEHUI) TOYHLIN
CMEIC, HY KHO BBECTH HOPMY HA MATPHUILAX IOTHOCTH, XapaKTEPH3YIOLILYIO
uX 6AM30CTE, & 3aTeM ~— TAKYIO HOPMY Ha PeobPa3OBAHUAX MATPHIL TIOT-
HOCTH, YTOOB! BHIIOJHANIOCH YCIOBHE: MAJOE TI0 HOPMe npeofpasoBaHue Ie-
PEBOAMT MATPHULY ILIOTHOCTH B GAM3KYIO K HEH.

HaynéMm ¢ Toro, 4To BRACHKM, KAKKe HOPMBI IIPUT'OSHEL A% XapaKTepH-
3auuy 61IM30CTH MATPHIL INIOTHOCTH. MaTpHia INIOTHOCTH, KAK MEI IOMHUM
U3 pazjgena 9, 3a1aéT BEPOATHOCTHOE pacupejeqeHue Ha YHCTHIX COCTOAHU-
AX. BepoATHOCTHEIE pacTpeeNennsa eCTECTBEHHO CPAaBHUBATL B £-HOpMe:
ectu p = (py,---,Pn), @ = (1, - -, qn) — ABA pacmpejeleHud, TO MEPOH UX
PasIMYUNA CINTAEM E?:l Ip; — a;] = ||p — qll1. Hagum onpejgenenne anajo-
FUYHON HOPMBL JJIS1 MATPHII ILIOTHOCTH.

Onpegenenne 14.4. Cregosas nHopma oneparopa A € L(N) paBHa
Allee = Tr (\/ATA) . (14.3)

[na 3pMUTOBA QUEPATOPA CIEZOBAA HOPMa — BTO CyMMa MoAyael col-
CTBEHHBIX YUCEI.

3agaua 14.1. TIposeprTe, uTo (14.3) AEHCTBUTEIBHO ONpeAENseT HOP-
My. llokaxuTe, 94TO
| Tr AX]|

X1 (14.4)

([Aflee = sup
X+#0

(IX)} — onepaTopnas HopMa, cM. omp. 7.2 Ha c. 62).
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3apawa 14.2. Ilposepbre BLINOJHEHMe CaeyIONIMX CBOHCTE CIIefOBOU
HODMHI:
a) |ABlle <IBJ 1 Aller, 1) [ Toaq Allee < 1| Aller,
6) IBAlle < Bl |Allees &) |4 ® Bller = [|Allr}| Bl
B) [ Tr A} < {|Afer,

Caepyromas JeMMa OKa3bIBAET, IOIEMY MOXHO PACCMATPUBATE cnefo-
BYIO HOPMY [JIA MATPHI ILIOTHOCTH KAK aHAIOT £1-HODMBI 14 BEPOATHOCT-
HBIX pacrnpegereHu.

Jlemma 14.2. ITycms N = @D, N; — pasaoxcenue npocmpancmea N
8 NPAMYIO CYMMY 63GUMHO OPMOZOKAILKBIT nodnpocmpancme. Tozda das
10601 napst mampuy naomuocmu p, vy

D P(,NG) = PO ML < o=l

MoxasaremcrBo. JleBYI0 4acTb 3TOrO HEPABEHCTBA MOMXHO npeacTa-
BuTh B nuge Tr((p — ¥)B), rae B = 2 (:tIIN) fcno, uwro ||Bf| < 1.
Teneps npumenun npescranienue cie10BoR HOPMBL B Bn,r,e (14.4). O

Teneps KaxkeTcs eCTeCTBEHHHIM onpeseINThb HOpMY npeo6pa3soBaHusa
MATPHUI IWIOTHOCTH QHAJTOIMYHO OIEPATOPHON HOpMe
17X ||er
X [l

¥ MEDHTB ITOH HOPMOH MAJIOCTh BoaMymmienus. () JHAKO NCTIOMbIOBAHUE HOp-
M1 (14.5) Oxa3bIBaeTCs HEyJOOHBIM, TBK KaK OHA HE COIMIACOBAHA C TEH-
3opHbiv npouasesenuen. [loscaum aTo nogpodree. Yrobrt mmeTs onerxy,
AHANOTMYIHYIO OLeHKe {14.2) B KIGCCHYECKOM CTy4iie, MBI JOLKHB! HAITMCATD
Pa3o®. 2HUe

=(I+R®" =T+ Y R*@Lpa+ Y RA0Lgpa (146
|AILk JAI>k

Tl = sup (14.5)

]

v

P

u oueHuTHL Hopmy P mpu yciaoeuu | Plj; « . Ecan Ol BRIIOANAIOCH He-
pasenctso ||T @ R||; < ||T|[1]|R]]1, MoxHO OBLIO 61t Gy <B» THHO MOBTOPHTE
ouenky (14.2). OiHAakO 9TO HEPABEHCTBEO He BCITAa BRIIOIHAETCA.

Hpumep 14.3. Paccmorpum npeobpasopanre
T: jWkl = (k)G Gk = 0,11,

OueBugno, uro |T|y = 1, ograxo ||T Iyl = 2. (TlogehcTnyitre npe-
obpazoBaumnem T ® Iy (p) na oneparop X = 24k 19, )k, KL
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OxasbiBaeTcs (Hike 3To 6T JOKA3aHO), YTO MATONOTUuA npuMepa 14.3
MMeeT OCpaHHYeHHe TO Pa3MepHOCTH. A uMenHo, ecm dim G > dim N, To
IT ® Igllt = IT|lo, rae semnuna ||T||o oT G ne 3apucur. Ilpexae em
IOKAa3hIBATh 3TO YTBEPKIEHHE, IOCMOTPUM HA €ro CAeACTBHUA.

Bo-niepBHIX, ACHO, YTO ONpejeadHHas Takum oGpasom semmamna ||T1|o
ABJAETCA HOPMOU.

Bo-BTOpHIX, NMOCKOAbKY CJ€I0Bas HOPMa MYJbTHUIUIMKATMBHA OTHOCH-
TeapHo TenaopHoro ymHoxkenusa, o [T @ Rlli 2 ||T|h||Rll:. Hosromy
ITllo > ITIls-

B-TpeTbux, u3 onpeaerenus credyet, 4o ||T Ry < ||T|1]|Ril1, mosromy
HUMeeM TaxKue HepaBeHCTBa

ITINRIL < IT® Rlh = (T @ DI @ R)jh < IIT @ Ih|iI ® Rl (14.7)

W3 >THX HEPABEHCTB CIeAyeT MyIbTHILIMKATUBHOCTh HOPMHI || - |[¢, oTHOCH-
TeJILHO TEH30PHOT'O YMHOXEHHUA.

Yrobbl A0KA3aTh IpHBeAénHOe Bhme cBoicTBo HopM ||T @ Iy, nagum
apyroe onpegenenue seauyussl ||T']]o.

Omnpegenenme 14.5. Paccmorpum npeacrasnenns T: L(N) — L(N') B
sune T = Try A-Bt. 3neck A-B' o603nauaer npeobpasopanne X — AX BT,
a A,BeLWN,N'®F), rae F — npousBoabHOe YHUTAPHOE NPOCTPAHCTBO
paamepHocTH He Menbued, dem (dim N)(dim N'). Torga ||T'|l¢, — Tounas
HxHAA CpaHp uncen suga ||A| ||B]| (910 onepaTopHEle HOPMEI) NO BCEM
IPEJCTABICHUAM YKA3AHHOTO BHJA.

3ameuamme. Yciaosue dim F > (dim A)(dim N') rapauTupyet, 4TO Cy-
wecTByeT XoTa 661 ogH0 npescranrenue T = Trx Ag ~B(T). 1A MUHUMU3AIIUN
npoussenenus ||A|| ||B|| rocTaTouHo paccMaTpPUBATh ONEPATOPH C HOPMa-
vu ||A]| < || 4ol u ||B|| < ||Boll, mosTomy unduMy™m JOCTHraeTCA B CHIY
kxoMnakTHOCTH. TO, 4TO OH He 3aBUCHT OT Pa3MepHOCTH J, BHITEKAET U3
ceyIomen TEOPEMHI.

Teopema 14.1. Ecau dim G > dim N, mo ||T|jo = [IT ® Ir(g)lh-

Jokasaremscro. llycts TX = Trr AX Bt. Torpaa, ucnonbays cBou-
CTBA CeJ0BOM HOPMH K3 3aJa4u 14.2, noryyaem

T ® Iug)) X llee =l Trr(A @ Ig) X (B! @ Ig)|lir <

<A ® Ig)X (B @ Ig)lee < IAN IBIHI X [fge-
Hoortomy ||[T|lo 2 11T @ Ing)lh-
JlokasaTh HEPABEHCTBO B OOPATHYIO CTOPOHY HECKONBKO cioxkHee. bea

ymenbmenus obwroctH, ||T'||¢ = 1. Madumym B onpefenenun 14.5 goctu-
raercs npu ||Al| = ||Bl| = 1.
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N

Ilokaxkem cHadaga, 1TO CyHIECTBYIOT TPHA MATPHUULI ILIOTHOCTH P,y €
€ L(N) u 7 € L(¥), Takue 4to Trp (ApAt) = Trar (ByBt) = 7. lycts
K = Ker(A'A - Iy), L = Ker(B'B — I),

E={Ty(4pa): pe D(K)}, F={Tn(ByB"):ve D)},

rae D(£) o6oapadaer MEOXECTBO MATPHI IUIOTHOCTK HA IpOcTpaHcTse L.
Torga E,F C D(F), nosroMy B KavecTse T I'OANTCH JIOGOH MIEMEHT U3
ENF.

Noxaxem, uto ENF # @&. Tak kak E u F — KOMOaKTHBE BHITyX-
JIBl€ MHOXECTBA, JOCTATOYHO NOKA3ATH, YTO HE CYIIECTBYET Pa3AesIOLen
UX CUNEPILIOCKOCTH. [[pyrumu croBaMH, HET TAKOIO 3PMHUTOBA OMEPATODPA
ZeL(F),uro Tt XZ > TrY Z nna mobrx X € E,'Y € F. A 510, B cBOIO
o4epefb, ClefyeT U3 MUHUMATLHOCTH BeauunuH || Af| || B|| no orromenuio k
TipeoOpa3OBaHUIO

A Iy e YA, Bwe (Iy ®€e?)B,

rje ! DOMOXHUTEILHO, HC MAJO.

Arak, nycre Ty (ApAl) = Tra(ByBY) = 7 € D(F), rae p,y €
€ D(N). NpegcraBum p u v B Buge p = Trg (}f)(ff), vy = Trg (]n)(nl),
rae |€),|n) € N ® § — eaunuunnie BeKTOPH. 3/eCb MBI MCIOAB3YEM YCI0-
Bue dim G > dim N u yrBepxpgenue 9.1. onoxum X = [€)(n]. Ouesnguo,
470 || X{fir = 1.

Mokaxewm, 1ro [{T' & Ir(g))X lle > 1. O6o3ravum

X'=(Telg)X, [§)=(4eI)E), ) =(Bel)n),
TODAa

X'=Trr(E)0'),  Tveg(ENE]) = Trarag(n)(n']) = .
Orciona, Bo-neppLrx, CICAYeT, wI0 BeKTOPH |£') 1 (1) uMetoT equnruuHy©O
Aauny. Bo-BTopeix. Halaérca yHurapusii oncpaTop U va mpocrpaHcTse
N'® G, Taxoit uro (U ® Ir)I€') = |n'} (oTo yreepxaenue ns 3azaqu 9.3).
CnezoBaTenBHO,

1
17 > ST = 1 (0 8 1lgh )| = ey = 1 o
Teneps MoxHO onenuTs ocraTounbl uneH P v :bopmyae (14 5), mouru
AOCJOBHO NOBTOPAA PACCYX ACHUA B w1accugecxoM cayvsae. Bon ||R||) < 6,
7o ||R|l¢ < C4, rge C — koncTanTa {(BCE HOpL K SKBHBBJICHTHEL, TIPUIEM
MHOXMTENb OTPAHMYEH Da3MEPHOCTBHIO PPOCTPaHCIra; R geicTByer Ha
NPOCTPAHCTBE MATPMI ILIOTHOCTH CAHOTO G-O1Ta). lICITOIB3ys MYJAbTH
IVIMKATMBHOCTBL HOPMHI || - ||, 3atumi04acM, 9TO

1Pl < [IFilo = o(6").
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IloaroMmy Gyiem npeHeOperaTk BCeMH CIAraeMHMM U3 P, a fellcTBue Bcex
OCTATLHBEIX CIaraeMbix OyfeM yuuThiBaTh. Ilpeobpasosanus R®4 umeror

Bug R®4p = Z X ;p)’i", rae X;, Y; € £(A); caMBOAMYECKH ITO MOXKHO 3aIH-

1
caTsb Tax: R®4 € £(A)-£1(A4). Cymma npeobpasopanuit Z]A[gk Ri@A@I[n]\A
nexut B £(n, k) - E1(n, k). Taxum 06pasoM, MBI HPUXOJUM K BHIBOJLY, ITO
HYXHO paccMaTpuBaTh ommbku ua £(n, k).

14.6. OcHoBuBIe onpefesennd B npocTeinme caejcreud. Caegylomee
onpejeneHue AA6T B KBAHTOBOM Cly4ae GOpMaTbHOE BHIPaXKeHue TpeGoBa-
HUA (PAINYHBEE COCTOSAHMA NEPEXOAAT B PA3IM4HbIE COCTOSAHMA (ITO He-
06XO4MMO€ YCIOBHE BO3MOKHOCTH BOCCTAHOBIEHMs MCXOAHBIX COCTOAHUN
GUINIECKH PEeATH3yeMEIM IPe06Pa3OBaHNEM).

Onpepenenme 14.6. Kpanrosmiit xog (mognpocrpascteo M C N) nc-
npasisget oumbku m3 £ C LN, N'), ecan

Vi&), 1) € MY XY €€ ((6l6) = 0) = ((&IYTXI&) =0).  (148)
Onpepenenue 14.7. Duamveckn peanusyemoe mpeoOpasoBaHue
P: LN') -» L(M)
Ha3bBAETCA ucnpasasrousus (aaa xoga M u mpocrpancTsa ommbok &),
ecan
VT e €-E'Jc=c(T)Vp € LIM) (PTp =c(T)p).
Ecun npu srom T coxpanser caen, 1o ¢(T') = 1.

Teopema 14.2. Ecau x0d M ucnpesarem owubxy u3 £, mo ucnpasas-
wuee npeobpazosanue cyuecmeyem.

TNokasaTenscTpo 6yaer gano Huxe. O6paTHOE yTBEPK AeHUe JOKA3aHO B [4].

Ipamep 14.4. Tpusmaisusit kox Tuna (n,m): mycts M = B®™ ®
®{0"™), a £ = Em + 1,...,n}, T.e. A1 KOAUPOBAHHMA MCIOILIYIOTCA
nepBhle nL -GHTOB, & OWMOKHN JEUCTBYIOT HA OCTAJbHME Q-OUTHI. YciaoBue
{14.8), ouenmHO, BHIIGIHEHO. B KadecTBe MCNpasiAomero npeobpasopa-
HUA MOXHO B3aTh P = Ipgew)y @ R, rae R: X = (Tr X)|0"=7)(0" ™|
Ilpeo6pasoBanue P peaansyeTcs O4eHb NPOCTO: BLIOPACHIBAEM TOCHCIHUE
n ~m @-6MTOB ¥ 3aMeHAeM UX Ha HOBHIE q-6MTHI B cocTosauud |0). IpaxTu-
4eCKOU IMOMb3LI OT TAKOrO KOAd, KOHEYHO, Mano. MHTepecHo, 04HAKO, YTO
J060M KBAHTOBBIA KOJ, HCIPABMAIOWIME OIKMOKY, B ONPEACIEHHOM CMbICIE
NOXOX HA, TPUBHMATLHEIN (cM. Jemmy 14.3 Huxe).

Hpumep 14.5. PaccMOTpnM KBAaHTOBLIM AHAJOI KOJA C IOBTOPEHUEM.
Iycrs mpocrpancteo M = C(|0,...,0),{1,...,1)). Paccmorpum gBa co-
croauus [&) = 10,...,0)+|1,..., ) n}é&) =10,...,0)—1,...,1). Ommbky
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BriGepem Tak: X = I, Y = 0*[l]. OueBnano, uro X,Y € &(n,1). lpn
arom Y|€2) = X|€1), 4TO IPOTHBOpEUNT OnpeseseHnIo KOAR, HCIIPABIAI-
urero omm6ku. ME BRAMM, YTO KOA € IPOM3BOTLHO GOIBIINM TOBTOPEHHEM
He 3alllMIIAeT JaKke OT OXHOM OIMOKH.

Oumbkr Buga 0% (1] nasuBaoTCA KAaccuneckunmy, a omubKy uga o*[1]
HA3KIBAIOTCA (PA306bIMI.

B onpeaenenun 14.6 peds mL1a TOMBKO O MapaxX OPTOrOHANBLHEIX COCTO-
Anmy. [JapaiTe HOCMOTPUM, YTO NOTYYASTCSA HA NPOM3BOIBLHKEIX APAX. 3a-
duxcupyem X, Y € £ u o6o3naunm Z = Y1 X. OxkasmBaerca, 4To

VI€1), [&2) € M (&|Z]&1) = e(Z) (&), (14.9)
rAe ¢(Z) — HeKOTOPOe KOMILIEKCHOE THCJIO, He 3aBHcaee oT |&; ), |&2). dei-
CTBUTEJIBHO, IYCTh |71, . . ., |7}m) — OPTOHOPMUPOBAHHKIH Ga3HC IPOCTPaH-

crea M. Tlo onpeaenennio 14.6 (1;|Zl1x) = 0 npu j # k, a (n;|Z|n;) ve
3aBHCHT OT jJ, TaK Kak

milZIn;) = (el ZIne) = (n; — mel Z1n; + me) + (el Z1m;) — (m;1Z 1) = 0.
(Bce Tpu craraeMbix E NPaBOH YACTH DABEHCTBA PABHH HYMIO, TaK KK

BXOJAINME B HAX TAPE BEKTOPOB OPTOT'OHAJILHEL. )
3amernM, uro ecn X,Y € E(n,k), o Z =YX € £(n, 2k).

Onpegenenne 14.8. Koa M obrapyxcusaem oumbxn w3 " C L(N),
ecau

VI€1),1€2) € MV Z € £ (&1Z161) = ¢(Z)(&)6).

Kodoebin paccmoanues sasupaerca nammenvmee wmeno d = d(M), npu
KOTOPOM KOJ He OGHap) xuBaeT omnbxu u3 &(n, d).

Taxum 06pa3oM, ko4 ucrpapAaeT k ommbok. e 2k < d(M).
Teneps Mp1 nepengem x JOKa3aTeibCTLY TeopeMul 14.2.

Jlemma 14.3. ITycmv xeanmoentti x0d M C N ucnpesasem owubxu u3
& CLW,N'). Tozda cyuecmeyem ynumapnoe npocmpancmso F, uzome-
mpunecroe 6aoxncenue V: M@F -+ N v aunetinoe omobpascenue f: £ —
— F, maxue wmo

VIE) € MV X € £ X1E) = V(&) @ £(X))). (14.10)

Mokasaremscrpo. Ilycte & = {X € &£ : Y{{) € M X|¢) = 0}. Pac-
CMOTPUM (pakTOp-npocTpaHcTBo F = £/ M eCTeCTBEITHOE 0TObpAXKEH e
f: € = F. JluneitHoe oTobpaxenue V: M ® F -+ N, vaosiaeTBopsomee
ycaoBuio (14.10), CTPOMTCA KAHOHAYECK 5M OGLINOM, HYKHO JHMIIb NPOBE-
PHTB €r0 U3OMETPHYHOCTD.

Cxanapuoe mpousBeieHne Ha NPOCTEARCTRE F MOKAO 33,73 Th TIPA TIOMO-
iy QYHKUMHM ¢ U3 CBOMCTBA KoAa (14.9): ecan [m1) = |f(X)) u [n2) = | f(Y)).
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To (n2|m) = (Y1 X). Odenano, 4T0 3Ta BEANIMHA HE BABUCHT OT BLIOOPA
X u Y. Acno Taxxe, uro (njn) > 0, eciu |n) # 0. Popmyaa (14.9) kax pas
U O3HA4aeT, UTO oToOpakeHue V' ABIAETCA NU30OMETPUICCKAM. o

Joxazateascrso (Teopemnr 14.2). Tlpeancrasum npoctpanctso N’ kak
CyMMY B3aMMHO OPTOrOHAJIbHEIX nognpoctpancts: N = (ImV) @ K, rae
V — oTo6paxenue u3 npeastayment semmel Ilyers Wi K - A — ka-
HoHM4eckoe Baoxenue, a R: L(K) - L(M) — npoussonbHoe pusuieckn
peanuayemoe npeobpasoBadue. Torga M MOXKEM ONMpeIeIUTh

Pipe Trr(VIpV) + ROWHpW), e XY (FOY)F(X)).

(PyHKUMA ¢ IMHEHHO MPOJOIKAETCA HA Bee npoctpanctso & - 1), O

Jemmy 14.3 1 gokasarenscTso TeopeMul 14.2 MOXHO HEQOPMANBHO U3-
JOXUTL TakuMm obpaszoM. Koj, HenpaBasiomuil OmubKy, XapaKTepUu3yeTcs
TeM, YTO OmuOKA He CMELIMBAETCA ¢ 3AKOAUPOBAHHON UH(MOPMALMEH, T. €.
0CTaéTCa B BHAE OTAEJBLHOIO TEH30PHOIO COMHOXKMTeNA. Mcnpapnmomee
NpeobpasOBAHUE M3BJIEKAET 3TY «BCTPOEHHYXO ONIMOKY» M BLIODACHIBALT ee
B MYCOPHYIO KOP3{HY.

3agaua 14.3. Ilycte xog M C B®" obnapyxusaet oumbxn us £(A).
Jdokaxure, 4To coctonuue p € L(M) MOXHO BOCCTAHOBUTDL, HE UCTIOABL3YA
(-6uTOB 13 MHOKecTBa A.

14.7. Kop 1lopa [40]. Onumem cepuio KOZOB €O CKOMb YTOZHO GOJIb-
UMM KOAOBLIM paccTosnueM. OHI UCNONB3YIOT 71 = 2 KOJOBBIX G-OHTOB 1
KOAUPYOT oaun q-6ut (T.e. dim M = 2), a xog0BO€ paccTosHue d PaBHO T.

[lockonpKy KOMMYECTBO KOAOBHIX (-OMTOB — TOYHLIM KBaJApAaT, YA06-
HO 331aBaTh OA3UCHBIE COCTOAHUA B TAKOM KOJOBOM IIPOCTPAHCTBE B BUJIE
marputisl. B oTux obosnavenunx koa Wopa nopoxgaercs nexkTopamu

Y1 Y1
o) = 3 (TR o ), (14.11)
Y1, Yn €D Yr  oer e Yr

Jaa apammaa koga Hlopa mam norpebyercs kiaccudukauua OnepaTo-
pos ¢ nomombio MaTpuy Ilayau. Ux, Boobime ropops, TpH, HO I€TBEPTON
matpuuen [Hayaun 6yaem cunTaTth eIMHAYHYIO. BBe1éM HeCTaH AP THYIO UH-
gexcanmio matpun llayau:

/10 10\ .
goo = 01} go1 = 0 -1 =07
01y _ 0 —2 y

010 = 10 =07 g1 = i 0 =0,
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Marpuust [Tayau 3amedaTenbubl T€M, W0 OHR DPMUTODL 1 YHUTAPHLE -
HOBDEMEHHO. BBeaéHHas MHIEKcAUHA NO3BOIACT YAOGHO 3alMCHIBATL KOM-
MYTalNOHHbIE COOTHOLICHUA MeX Ay MaTpuuaMu [ayin

3 /,3
aﬁ Q’Ua’ﬁ'oaﬁ-

(14.12)
MuoxecTso ungexcos o6pasyet rpynny G = Zo @ Zy win 2-MepHOe IpO-
CTPAHCTBO HaJj nosueMm Fs.
Matpuuet ayan o6pasyror 6asuc upocrpaucrsa L(B):
L(B) = C(a00) ® Clog1) ® Clo10) d Clory).
Jas upocrpancrea B%" 6yner yxe 4" 6asucHbix onepaTopoB. Beeaém 060-
3HAYEHHE

o(f) = U(al,ﬂl,QQ,ﬂQ, s 7ana;3n) d:efaal,ﬁl ®0oy,8, ¥ Q0q, Ba-
3aecs f € G" = F;in.

Wcnoasaya xOMMyTalMOHHEIE COOTHOLICHUA, MOKKEO HAIMUCATb, C TOU-
HOCTBIO A0 o6mero gascsoro Muoxunters, o(f) = co(f) - o(f()), rae
&) = (a1,0,0a2,0,...) HasBBaeTca Kiaccuueckol owubrod, a [ =
= (0,061,0,82....) — asosoti owubxni.

Tenepy npoanamuzupyem xoa Ilopa. B cuty mumeitnocTu onpenese-
HUA JOCTATOYHO OIPAHUYHTHLCA M3y'ekneM GasncHeIX ommnbok. Ilycrs 7 €
€ E(r? k), (k <r)u Z = a(f) = col f®)o(f*)). Mockomuky |f] < k (f--
MMCAO HEHYTeBLIX TepeMeHHbIX B f), 1o |f&) 1) <k < r.

Jocrarouno mokasate, 4TO B 3TOM CIyUAe

E1lZ1&) =0, (&]Z1&) = (&l Zl&). (14.13)
PaccmorpuMm gBa cayuasd.
1. Knaccnmyeckas ommbka otandna ot 0. B atom cavuae kaxgoe 6azuchoe

TapOarp = (—1)* " 00ma sap, Oagdas = (~1)

COCTOARUE
Y1 yl\
y2. -0 o0 W2y
w

M3MEHAETCA NOJ ASHCTBUEN 7 B HCKOTOPHIX € fuTax, § < e < r. [loato-
My B CKalApHBIX pousBedennax (14.13) Bce ~iaraemore Oyayvt pasust ().

2. f@ = 0. Ouwmbka uncro ¢usosas: Z = (o"’)ﬂ“ & @ (@) rae
24 B3t < 7. Obosmaumm A = 3, 3. Toraa {en. (14.11))

7S SR 71
Ze) = Y (-pBsowam [n DY

b i
YLy Yr lyr .. .. y,‘/

5]

Hac unrepecyoT snadenus \; nmo mcgymo 2. Benmoxsnr 3 cayras:
a) (Ar,...,Ar) =(0,...,0) (mod 2},
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6) (A,---,A)=(,...,1) (mod 2).

B) (A,...,A) #(0,...,0),(1,...,1) (mod 2).

Cayuah 6) B IeHCTBHTEILHOCTH PEATM3OBATHLCA HE MOXKET, TaK Kak
3. Aj € k < r. B cryyae B) Bce CKalApHEIE IPOU3BEJEHNA 06PAIIAOTCA
B HyJIb, (£4]Z|€a) = 0. B cayuae a) Z|¢,) = |&a), T.€. Z peudcTByeT Ha
KOJOBOM IOANPOCTPAHCTBE TOXAECTBeHHBIM obpasoM. (Takas omubka,
[0 CyWECTBY, HE ABIAETCA OWMOKOH, MOCKOJALKY HUYEro He HMOPTHT).

CaenosaTenbho, (£4]|Z|¢a) = (Eallar)-

Nrak, xkox Illopa obuapyxuBaeT r — 1 ommbKy; KOJOBOE PACCTOAHUE
pPaBHO T.

3ameuanme. Kog llopa ocHOBaH HA AYAJTbHOCTH MEXAY KIACCUYECKUMHU
1 (a3OBHIMHU OMIMOKAMH, KOTOPAsA BHIPAXKAETCA paBeHcTBoM o° = Ho®HY.
BHYTpM KaXIOU CTPOKH Yi,...,Y, DEAIUIOBAH OOBIMHBIM IOBTOPUTEIb-
HBIM KOJ, UCIPABIAIOIIMA Kaaccuyeckue ommbku. CTPOKM OpraHM30BaHKL
B aHAJOTHMYHBLIM KOJ, OTJIMYAIOUIMACI 3aMEeHOM 0a3uca B KaxJIoM (-OuTe:
zyl,...,y,(_l)a(Zj Yy, ..y = (H® - @ H)la, . ..,a). IToT kox uc-
mpasiseT (ha3oBbie OUHIMOKH.

14.8. CumiutekTrdeckue (cra6msupymoume) Koasl [26]. Do aHanor
KIACCHYECKUX JUHEHHBIX KONOB. KBAHTOBBIE CUMILIEKTHYECKHE KOJALI YCT-
POEHEBI TaK e, TOJILKO BMECTO KOHTDOJBHEIX CYyMM OYIYT MCHOIBL30BATHCA
o-onepatopsl (a(ay,B1,.-.,Qn,Bn) B IPEABIAYIIMX 0OO3HAYEHUAX ).

3agaguM, HanpuMmep, TakuM crnocobom ko Ulopa. das wero N = B®’2,
dim M = 2. KogoBoe moanpOCTPAaHCTBO HNOPOXJAEHO ABYMs BEKTOPaMH,
cm. (14.11).

Kaxum ycnoBusaM ygoBIeTBOPAIOT 6a3UCHBIE BeKTOpH M7

1. [dna aobeix j,! (I < r) BbIMOJHEHO a;la;(m)lg) = |£), T.e. Kaxaan
CTPOKa COCTOUT U3 MOBTOPEHMH OJHOrO OUTA.

2. [Jas moboro j < r BEIMOJHEHO [], (a;lafj+l)l) |€) = |€). Yro o3nagaer

a10 ycaosue? Oneparop [], (aflafjHﬂ) [IEPEBO AT

Yi Y y el Ly @1
Yj+1 - Yj41 Yi+1 D1 ... y;51 D1

6a3UCHEIN BEKTOPD B BEKTOp

(ocTanbHEIE CTPOKM HE MEHAIOTCA). DTH JBA BEKTOPA JOMXKHBI BXOAUTH
B |{) ¢ 0OMHAKOBLIMU KO>(DPUIMEHTAMH.

Yreepxaenne 14.4. FEcau |£) ydossemsopsem ycaosuam 1 u 2, mo

[€) = col€)o + c1]€)o-
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Ilpex e uem nepedTH K M3y<ueHUI0 60Jee OOLMX CUMILIEKTUHIECKAX KO-
JOB, PACCMOTPUM NOAPOGHEE CBOUCTBA, 0~ONEPATOPOB.

Kax yxe roBopuiocs, 0-onepaTopsl yA00HO MHAEKCUPOBATDL 3JIEMEHTA-
mu rpymnet G = (Z,)°. ByeMm 0603HAMATDL MYJIbTHUHIEKC o-omnepaTopa
epes ¥ = (QI,/Bh BRI :anyﬂn) € G".

g-oneparopsr 06pasyior 6asuc B L(B®"), 6oxee Toro, ecTs ecTeCTBEH-
Han G™-rpajyupoBkKa:

L(B®") = P C(o(7)).
vEG™
s o-0nepaToOPOB BEINOAHEHBI CACAYIONINE COOTHOUICHUS
N . . win \ .
a(n)a(v) = (=)o (y +7) = (1) (y)a(n),
rae
n

@lay, By, a,, B850, 81, ..., ah, 30) = 2(01,3;- ~ o 3;) mod 4.

i=1
w(y1,72) = (v, 72) mod 2.

Paccmorpum yaMTapHEE IPCOOPA3OBAHMA — IEUCTBUA Y HUTAPHBIX OIC-
patopos X + UXU?'. Takoc geficTBre He MeHAETCA NP AOMHOKeHHH [
Ha YUCIO, PABHOE MO MOAYII €IMHHULE, T0DTOMY I'DYINA YHUTADHBLIX Ipe-
o6pasoBanni umeer sui UT(B%") = U(B%)/U(1). OrMeTum, 1TO yHH-
TapHble Mpeo6pPa3oBaHUsA —— 3TO B TOTHOCTH ABTOMOPMUAMBI *-a1reGpel
L(B®m).

Hac wnTepecyoT Takue mpeobpasosawus, 1aa xotopwix Uc(y)UT =
= o(u(y))-e(y) (u: G® - G™ — nexoropas dynxuun). Oueparop Ua(v)UT
SPMUTOB, I0TOMY ¢(¥) = £1, TO €CTb MBI MOXKeM HAMNUCATH

Us(y)Ut = (=1)*D g(u(v)), u:G" 5 G, v:G" 5 Ly (14.14)
I'pynna Taxux npeoGpa3’oBAHMU HASBIBAETCA POCULUPEHNOT CUMDAEKTUYE-
cxotl epynnot u obosHaqaerca ESp,(n). Onepatopsr u3 3ToH rpynnsr Gy-
[€M Ha3bIBATL CUMILIEKTUYecKuMH. IIpuBeném npuMepst.

1. g-onepatopst. o(f)o(1)o () = o(f)o(1)o(f) = (~1)*Ua(4). B xan-

HOM caydae u(7y) = 7.

1 /1 1
2. Omeparop H = 7 (1 _1>. HenocpeacTBeHHO mpoBepseTcs, YTO
Ho®H =¢*, Ho*H =0¢°, Ho'H = ~oY.
Taxum o6pasom, npeoGpasosanne H - HY € ESpy(1).

MoxxHo nokasats, 110 | ESp,(1)| = 24. Eciiu yuuThiBaTs daszobbie MHO-
XUTeIN, TO NoJdyImiIach Ou1 epynna Kauddopda us 24 -8 = 192 s1emeHTOB.

OcHOBHEIE CBOMCTBA BBEJEHHOIO 0TOOpaxkenus u: G — G™ TakoBBL:
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1. w uuenno Ha G™.

2. wu coxpausier dopmy w, T.e. w(u(f),u(g)) = w({f,g).

OTofpaxenusa ¢ TAKMMH CBOMCTBAMH, KAK M3BECTHO, HA3LIBAIOTCH CUM-
ILIEKTUYECKIMHU; OHM O0pasyoT cumnaexmuueckyrw 2pynny Spy(n). Taxum
06pa3om, onpefenén romomopduam §: ESp,(n) — Spy(n).

Teopema 14.3. Imfd = Sp,(n), Ker® = G" (adpo cocmoum u3
o-onepamopos). Taxum o6pazom, ESp,(n)/G™ = Sp,y(n).

JI1s mOHMMAHUA JOKA3aTEeNbCTBA XKEJATETBHO 3HATHL Y4TO-HUGYAL PO
PACHIMPEHNA M KOroMoaoruu rpymm [15]. HuraTeno, He3aHAKOMOMY C DTUME
MOHATUAMU, Oy €T NpeiloKeH «OOXOTHON NVThY (CM. HIDKE).

Hdokazareasctso. Ilpeobpaszosanue (14.14) 10mKHO 66ITE aBTOMOPRUS-
MoM *-aare6psl L(B®™). DTo uMeeT MECTO TOrjJa ¥ TOJBKO TOIId, KOI'a
COXPAHAIOTCS IPABAIA YMHOXEHHUA ONepaTopon ¢(7v). DTO 03HAYACT, UTO
GOYHKUM t 0613 JaCT YKARAHHBIMA CBOMCTBAMH, & U yAOBIETBOPAET yPaB-

HCHUIO
v(@ +y) ~v(z) = v(y) = w(z,y), (14.15)
rac w(x,y) = Q_(E(I),u(yz)) - w(z,y) €7,

B cayuae, korga u - TOAKICCTBCHHOE OTOOPAKCHME, Ipapad IACTh
ypanterun {14.15) pasua wymo. Pemenusamu asustiiored Bee MHCHHBIC PyH-
KIML. D710 AOKA3LIBaeT, aro Kerf = G

Vruepacaenue Im 6 = Sp,{(n) paBHOCKILHO TOMY, 9TO ypasucuuc (14.15)
HMeeT PONIeHIC TP 000 1« 13 Spy(n). YTrobsl 10Ka3aTh 570, 3aMCTHM,
110 QyHKOUA w 00aagaer cAeIyOnMMU CBOUCTBAMMU:

w(y,z) —w(w +y, z) + w(e, y + 2) —w(z,y) =0, (14.16)

w(z,y) = w(y,z), (14.17)

w(r,z) = 0. (14.18)

Dopayaa (14.16) »T0 ypaBHerde koumkia. OHO O3HATAET, 9TO PYyHK-

Ligil W 305287 CTPYRIYPY {pyTiibl Hi AeKapTOBOM HPOU3BCACHWM MBOKCCTB
07 x 7 coraacuo npasuay (a,p) - (y,q) = (v +y, p+g+wla,y)). Hoaygen-
s rprnna (oDosiat e ) oapaneree gacmupennes G nocpeicTBOM
oo, oo oupegend rovonoppuan: Ar E -5 G7A: (x,p) = 1 ¢ aapoM Zo.
Ypapuenite {11.17) osnaacr, wro rpynna E abeaesa. Hakonen, ypas-
ucnme {14.18) vapanaeT, o BCE DICMCHTBL MpYONL £ uMeoT MopAagok 2
awin 1), Caegonarensno, F 2 (Z4)2" 7 Orcioga BHITEKACT, 9TO paciunpe-
Hue [ = G TpUBMAILHO. CymecTByer romoMopduaM i G -3 E| rakon
4TO Ap = idge. 3anuceBasg 3TOT rOMOMOPRM3M B BUAe 10 & — (z, v(x)),
d

HOJIY 4aeM pelueHuc ypapaenusa (14.15).
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CymecTByeT apyro#, HeCKOIBKO KyCTApHEIH CIOCO6 [JOKA3aTh, 9TO

Imé# = Sp,(n). PaccmoTpuM caegyomme CHMILIEKTHYCCKHE npeobpaso-
Banus: (H - HN)[j], (K - KY)[j] n (A(o®) - AT(0%)) [j, k]. (Hamomuum, uro
K= (1) (z) ). Ux o6pasbl npu roMmoMopduaMe 8 mopox 1ai0T BCIO rTpymmy

Sp,(n). (Hamék Ha JoKa3aTenbCTBO: M06YIO APy BEKTOPOB 71, vy € G™, Ta-
KyI0 9T0 W(71,72) = 1, MOXHO nepeBecTH 3TUMH IPe06Pa3OBAHMAMY B (1,0,
0,0,...) m (0,1,0,0,...).) Ha camoM gene, TakuM COCOGOM MOKHO noJIy-
UMTb M ADPYTOH MHTEDECHBIH De3yJbTAT. YKA3AHHBIE DIEMEHTH CPyTIEI
ESp,(n) mopoxgator Bce marpunp: Iaymm, T.e. sapo romomopdmsMa 6.
CrnenoBaTelbHO, BEDHO Takoe yiBepiK ICHHE.

YrBepx gemme 14.5. I'pynna ESp,(n) nopoxcdaemea saemenmamu
(H-HY[5), (K- KN, (Ae®) - AT(0®)) [j, k).

Mlna nmpumepa nocMoTpuM Ha, geicTeue onepatopa U = A(o®)[1,2]. Ilo
onpegenenmo umeeM Ula,b) = |a,a @ b). [eictene U na obpasyrommue an-
re6pur L(B%2):

UoiUt = o3,

UoiUt = o2 o3,

UolU't = o,

UotU' = ¢%032.
IIpuBeénnrie paBeHCTBA MOXHO 6€3 TPYa MPOBEPATDH MPAMBIM BLITHCIIE-
HueM. O JHaKO MOJe3HO MPUBECTH OOBACHeHNE «Ha maibuax». OnepaTop o2
MOXHO IMOHMMATb KAK H3MEDPEeHHe 3HAYEeHUs COOTBETCTBYIOUIErO (-GHUTA.
[lepBrie aBa paBeHCTBA MPOCTO MOKA3LIBAIOT, KAK MEHAKOTCA 3TH 3HANCHUS
npu 3aMene 6asuca, 3agasaemon U. TpeTbe paBeHCTBO MOKA3EIBAET, UTO
U3MEHEHME 3HAYEHUS BTOPOro -OUTa KOMMYTHDPYeT ¢ 3aMeHOM Oazuca U.
HeTBépTOe — UTO M3MEHEHUE 3HAYEHMA MEPBOTO (-GHUTA NPH HEMIMEHHOM
BTOPOM OMTe B MOBEPHYTOM 0a3uce O3HAYAeT OJHOBPEMCHHOE W3MEHEHHC
3Ha4YeHUH 060UX (-GUTOB B MCXOLHOM Oasuce.

[laguM Temepr onpeneneHre CUMIIEKTUYECKOTO KOAa. B mpocTpancTse
N = B®" mu BrgemMM NMOANPOCTPAHCTBO M ycIoBHAME X;l& = &
(X; Oynmem HasmBaTH nposepounsimu onepamopamu). llpoBepounsie ome-
paTopH OYAYT UMETh BH[

X;=(-D¥a(f;), fi€G" ;€L (14.19)
Bea orpanutvenus OGLIHOCTH MOMXHO CYUTATH, 4TO { fi} nuuenno nezasm-

cummu. Ilorpebyem emé, uTobm Bce omepaTophl X; xommyTuposamu. Ilo-
CKoeKy X; X = (—l)w(ff’f*)Xka, YCJIOBUE KOMMYTHPOBaHHSA O3HAYACT,

w0 w(f, f) = 0.
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Ompepgenerme 14.9. Cumnaexmuueckutf xeanmoevii x00 3agaércsa yc-
nousaMu (14.19), rae Bce X; KOMMy THPYIOT.

HTax, CUMILIEKTHYECKOMY KBAHTOBOMY KOLY COOTBETCTBYeT M3OTPOI-
Hoe noAmpocTpaHcTBO F' C G™; U3OTPONHOCTEL 03HAYAET, YTO A JHOOEX
f, g € F sumoanero w(f,g) = 0. [ToaToMy pasMepHOCTDH CHMILIEKTHYECKO-
o KOJa JIETKO BHIYACIACTCA.

Teopema 14.4. dim M = 2n—dimF

Jlemma 14.6. JIwobot cumnaexmuueckuii xod npusodumca npeobpaso-
sanuamu u3 ESp,(n) x cmandapmuomy eudy, xo2da nposepounviny onepa-
mopamu agasomca o*[1],...,0%[s], ede s = dim F.

HoxasareasctBo. Ilosnpoctparcteo F C G™ MOXHO mepeBecTH OTO-
6paxenuem u3 Sp,(n) B nognpocrpancTso F’| cocTosmee U3 BeKTOPOB BUAA
(0,1,0,82,...,0,5,0,...,0), rae §; — npoussoasurie. COrNacHo Teope-
Me 14.3, sTomy 0T06pa>xenmo COOTBETCTBYET HEKOTOPOE YHMUTAPHOE Ipe-
o6pasopanue U - UT. OHo nepeBoanT K0 I0BOE 0 AIPOCTPAHCTBO B MOATPO-

CTPaHCTBO, 33JaHHOE NPOBEPOYHHIMU oneparopamu to*[j] (j = 1,...,s).
[IpuMenss gomoaHuTensHOe npeobpasosanue suga o(f) - o(f), Bce anaxn
MOXHO CJIE€JATh IUIIOCAMH. O

Tenepe nocMOTpUM, Kakue OMWMOKH CIOCOGEH OGHAPYKUBATEH CUMILIEK-
Tryeckud kog. Hanmomuum, 4To Koj o6HapyxuBaeT omnbku u3 £(n, k), ecau

Vi€), ) € MY Z € E(n, k) (§|Z|n) = c(Z){€[n) (14.20)

Ilo coobpaxkeHMAM JTMHEHHOCTH AOCTATOYHO PACCMATPHMBATE JUIb Z =
= o(g), lgl < k.

Hycrs |n) € M, T.e. Xjln) = |n) aaa Beex j, rae X; = (=1)%a(f;).
O6oanauum Z|n) = |¢), rae Z = o(g). Kak Mu cefiqac ypugum, sextop 1)
SABJIAETCA COGCTBEHHBIM [JJIA BCEX MPOBEPOYHHIX ONEPAaTOpPOB X, MOITOMY
OH 160 NPUHALIEXUT KOJAOBOMY NOANPOCTPAHCTBY M, JU60 eMy OpTOro-
HaneH. [fogecTByeM npoBEpPOYHEIM ONEPATOPOM Ha |1)):

X;\0) = X;Z[n) = (1)U 2X|n) = (~=1)*U9 Z|n) =
= (_I)W(fj,g) ).

Ycnoswme 1)) € M paBHOCHABHO ycaoBuio w(fj,g) = 0 ana scex j. Takue g
06pasyloT JHHeHHOe MOAIPOCTPAHCTBO, KOTOPOe MEI 0603HaYMM F, T.e.
F, ={geG":VfeFuw(f,g) =0}

Bo3MOXHH clefyomue TpH Cayyast:

1. g ¢ F,. Ilpu oTom |¢p) L M, noatomy ({|o(g)|n) = 0. Takyro ommubky
KO OOHADYXHT.
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2. g € F. Takaa omubka GpakTHYECKH HEOTIMINMA OT TOXKJECTBEHHOTO
OmepaTopa, TaK KakK OHa He MEHsAEeT KOJOBOTO BeKTopa |1) (¢ TouroCTHIO
Ao dazosoro muoxuTens). Illycts g = a1 fi + ... + a4 fs, Torga o(g) =
c(g) X7t - ... - X2, rae ¢(g) = +1,+i. B orom cayusae {¢|o(g)|n) =
= ¢(g){€|n) — ycaoue (14.20) BrimonneHo.

3. g € Fy \ F. B atoM cayuae (nposepsre!) (¢|o(g)ln) e nMeeT Bmaa
c(9){¢|n). Takywo oumbky ko1 He OGHADYKMBAET.

OTHMH PacCyXJeHHAMH JOKA3aHA CJAEAYIOWAA TeOpeMa.

Teopema 14.5. Kodosoe paccmosanue 048 cumnaexmuuecxozo xoda M
d(M) = min{|f]: f € Fy \ F}.

3aMeTUM OTINYHeE OT KJIACCHYECKMX JMHEMHBIX KO10B. TaM KojoBoe pac-
CTOAHME ONpEAENAeTCA KaK HAMMEHBIIAA HOPMa BEKTOPA M3 MOANPOCTPAH-
CTBA C BHIKMHYTHM HYJEM. A y CHMILUIEKTHYECKHMX KOJOB HYJIb Pa3yBaeTCA
[0 IOATIPOCTPAHCTBA.

3apava 14.4. IlocTpoliTe cuMILIEKTHYECKMI KBAHTOBEIM KOg Tuna (5, 1),
HCIIPABIAIOLIMI OAHY OIINOKY.

3agaga 14.5. JokaxuTe, 4TO He CYWECTBYeT KBAHTOBOT'O KOJA THIA
(4, 1), ncnpasasiowero ogHy omubKy.

14.9. Topuieckme koau. IlpuBeséM BaKHEIM NPUMEpP CHMILIEKTHYE-
ckoro koga. O crpoutea Tak. IlycTs ecTh kBajpaTHaa pemeTka pa3mepa
r x r Ha Tope. ConocraBuMm KaxaoMmy eé pe6py mo q-6uty. Taxum obpa-
30M, BCero uMeeTcs n = r2 q-6uros. IIpoBepounsie ornepaTopH 6yayT ABYX
THIIOB.

Puc. 6.
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Tan I 3agaérca Bepumnamu. BubepeM HEKOTOpYIO BEPIIMHY S U COMO-
CTaBUM el IPOBEPOYHLIA ONEPATOP

AP =o(ff) = [ oF

F€ ameaga(s)

Tan II 3agaérca rpanamu. Beibepem HeKOTOpyIO IpaHb 4 B COMOCTABAM
€M IIPOBEPOYHLIH OIepaTop

W=oh= T o

J€ rpannna(u)

Onepatopu AS’) u As,z) KOMMYTHUDYIOT, [IOCKOJIbLKY I'DAaHULIA U 3Be3[a
BCerJa IepecekalnTca nmo 4érHoMy ducay pébep. ([lepecTanoBouHOCTS OIme-
pPaTOPOB OJHOT'O THIIA OYEBHIHA.)

XoTa Mt yxasanu 2 + r? = 2r? npoBepoYHLIX OHEPATOPOB (II0 OAHOMY
Ha CPaHb M HA, BEPLIMHY ), MEXIY HEUMH €CTh CooTHomenusa. [Ipouaseenue
scex A(®)-oneparopos, kak u npousseenne scex A(*)-oneparopos, pasubl
TOXJeCTBeHHOMY. MOXHO moka3aThb, 4TO Apyrux cooTHowmenud net. [lo-
atomy dim F = 2r2—2, a dim M = 22. [loaTOMy TOpHYECKMH KO II03BOAAET
3aK0AupoBaTh gBa q-6urta. [locMoTpuM, YeMy paBHO KOLOBOE PACCTOAHHUE
IJLA TOPUYECKOI'0 KOJa.

Jns TopuyecKoro Koja MMEIOTCA €CTECTBEHHBIE Pa3/IOXEHUA

F=F® gF® F, = F_(:‘) ® F_(f)

Ha TOANPOCTPAHCTBA, COOTBETCTBYIOUIME MPOBEPOIHLIM ONEPATOpaM, CO-
CTOAIIMM TOJBbKO U3 07, 60 Toabko w3 of. Takue koan HasmBatorea CSS
xodamy (110 GAMHUAKMAM ABTOPOB, BIEPBLEIE PACCMOTPEBIIMX DTOT KIACC KO-

K0B [25, 44]). B ciyuae Topudeckoro Koia areMeHTh noanpocTpascTs F(2),
F_,_’) nmeior Bug (0, 81, ..., 0, 8,); UM MOXKHO COOCTABUTD 1-11€TIH, T. €. hOp-
MaJbHBIE JUHEeUHBIe KOMOMHanuu pébep ¢ kosddunmentamu fy,...,0, €

€ F,. Duemenram nognpoctpancts (), f) COIOCTABIAIOTCA 1-KOLEMH.

PaccMoTpum BexTOp f,(,z) € F(z), OTBEYAIOINKA I'PaHK ¢ HOMepoM u. Emy
6yaer comocTapieHa l-1ensb, ABIAIOIIAACA MPAHMIIEH DTON MpaHu. Jlerko su-
ZeTs, 9To npoctpancTso F(2) cocront u3 Beex 1-rpanun. AHAJIOMMYHO, BeK-
TOpaM fé’) 6yAyT CONOCTABIAATHCA 1-KOrpaHHUIIE, OPOXK JAIOMIUe BCE IIPO-
CTPaHCTBO 1-KOrpaHUL.

Bo3pMéM npouaBobHLIN dneMeHT g € Fy, g = ¢g@®) + ¢(*). Ycaosus
KOMMYTUPOBAaHUA 3AMUMIYTCA CIEAYIOUMM 06pa3oM:

w(fP,9)=0 = w(f®,¢")=0,

w(fz(;Z),g) =0 w(fuZ)ag(Z)) =0.
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YT06H BHIMOJHATOCH W ( ,Sz) , g(z) ) = 0, HyxHO0, 4T06H B 110601 3Be31€ OBl

J10 98THOe YMCIO PE6ep ¢ HeHy/eBEIMH Becamu u3 g'%). [pyrumu crosamu,
g¥) — 310 1-muKa (¢ KoapdunMenTamu B Z,). AHaTOrM4HO, g®) nomxen
O6LITH 1-KOLMKIOM.

HWrtak, nmpocTpaHCTBa F_(Fz), F_f_z) COCTOAT 3 1-IMKJIOB ¥ 1-KOLMKIOB, a
npocrpancra F(¥)| F(*) cocroar ua l-rpanun u l-xorpanun. Ciegopa-
TENLHO, KOJOBOE PACCTOAHNE €CTh MHHHMMAJLHAA MOMIHOCTH (KOJIHYECTBO
HEHYJEBRIX KO3DPUIMEHTOB) MO LMKJIAM, HE SABJIAKIIAMCA DAHUUAMH, H
KOLMKIaM, He ABIAIOMIMMCA KOIPAHHIAMHU. JIerKo BUAETh, YTO 3TOT MHHH-
MyM paBeH r (HyXHBI JU60 LUK, 160 paspe3, He romoaoruyusie 0). ITo
03HAYAET, YTO TOpPHUECKuH KOf ucnpasaser |(r — 1)/2} omubox.

Byaem o603Ha4aTh KOAR OnmucasHoro suga depes TOR(r).

Jamegamme. Topuyeckme KOJB ABIAIOTCA OUYE€Hb BAXKHBIM HNPHUMEpOM,
06IAAAI0IKMM PAJOM 3aMeYaTeNbHBIX CBOMCTB. B uacTHOCTH, 3TO X00b ¢
aoxasbrbimy nposepxamy. Ilocie10BaTeILHOCTL KOAOB HA3KIBAETCA KOTAMHI
* JIOKAJILHRIMHM TIPOBEPKAMH, €CJIH BHITIOJHEHH] CJIEAYIONIUE yCIOBUA:

-~ KaXAHH IPOBEPOYHHIA ONIEpaTOp AEUCTBYET Ha, O PAHMYEHHOE KOHCTAH-

TOM IHUCIO -OHTOB;
~ KAXABIHA q-6MT BXOAUT B OrDAHMYEHHOE KOHCTAHTOH YMCJIO NPOBEPOY-

HBIX ONEpPaTOpPOB;

— KOJOBO€ PacCTOSHNE HEOT'DAHMYEHHO BO3pACTAaeT.

Takue k0B IPEACTARIAIOT HHTEPEC AJIA 33Ja4H NIOCTPOCHNA BEIYHCANTENb-
HBIX CXeM, yCTOMYMBLIX K oummbkaM. [Ipu ucnpasrennu owmbox MOryT Ipo-
uCXoauTh HOBHIe ommbku. Ho i x040B € JOKANBLHHIMH NPOBEPKAMU CXe-
MBI UCIIPABJIEHUA OWMOOK UMEIOT MUKCUPOBAHHYIO MMIyOHHY, MO3TOMY OfHA
out6ka npu paboTe TAKOM CXeMBI MOPTUT OrPAHNYEHHOE YUCIO (-CHTOB.

14.10. IIpoueaypa ucnparresus oumbok. Onpenenenne 14.6 u Teope-
Ma 14.2 yKa3BIBAIOT TOJLKO Ha NPHHUMIMAILHYIO BO3MOXHOCTH BOCCTAHO-
BHUTb MCXOJHOE COCTOSHME CUCTeMEI Mocie aencTsua ommbku. Ha npumepe
CHMIIEKTHIECKHX KOJOB MMOKAXKEM, KAK PEaJIN3dOBATh NPOLEAYPY UCIpanie-
HUS OWINOKH.

PaccMOTpUM 4acTHBIM caydal, k KoTopomy Bce cogurcs. IlycTs nme-
I0TCA JBe ommbKy, 3ananune onepatopamu X = g(g1), ¥ = o(g2). Torgza
Z =YX =co(g1 — g2) (Jc| = 1). HazoéM cundpomom omubKu g, BEKTOP
(w(g1, f1),---,w(g1,fs)) (ana go — aHANOrNYHO).

BosbméM sekTop |17) € M. O6osnaunm |1p) = X |n). IIpoBeponsre ome-
paTopsl geiicTeyoT Ha |1b) Tak: X;|p) = (—1)*(91:/9)|y). losTomy, usmepss
COGCTBEHHBIC Yucaa X; Ha COCTOSHUHM [tf), MOXKHO U3MEPMTE CUHPOM.
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!

t

.

: cuuapom(g’') = curapom(g)
g =g+f fEF

Q

Puc. 7. Hcnpaprenne omuOku

Eciu xo0BOE PacCTOAHME PABHO K, TO BBINOJIHEHO

Vo (o1l < kulool <B) = (01— 2 € F)V (g1 — g2 & F)) )-

Yeaosue g — g2 € F o3HavaeT 3KBHBAEHTHOCTbL OWIMOOK g1 M g2, T.€.
a(g1)|n) = ca(g2)In) Aaa mo6oro BekTOpa |7) M3 KOAOBOTO NMOANPOCTpAH-
cTBa. Ycnosne gy — g2 ¢ Fy paBHOCMIBHO TOMY, YTO CHHADOMEI OUMOOK g1
u g, ue copnaganT. UTak, 60 OWIMOKM SKBUBAJEHTHHL, MO0 MX MOXHO
Pa3nM4KTh N0 CuHApoMy. ClleOBATENILHO, IO CMHAPOMY MOXHO ONPeJeIuTh
ommbKy ¢ TOYHOCTBIO JO DKBUBAJEHTHOCTH, T. €. 0 MOYJIIO NOANPOCTPaH-
ctea F.

Tenepr ACHO, KaK HYXHO McnpaBiaATh ommbky. Ilocne Toro kak omnpe-
HAeNEH CHMHIPOM, NPMMEHMM OIIEpaTOp, OOPATHBHIA K ONepaTOpy BOCCTAHO-
BIEeHHOM 1O cumapoMy ommbku. IToaydmm cocTosmme, OTINHAKOIIEECA OT
KCXOAHOrO JMIIL Ha (pa3soBHI MHOXKHTeNb. Besa mpoueaypa naofpaxeHa Ha
puc. 7.

Boie paccmoTpen cuydait omubku Tuna o(g). Ha camom gere onméxa
COCTOMT B JeNCTBMM NPeoGpPAa3OBaHUA MATDHI] ILIOTHOCTH BHIA

T= Y  bawo(h)-o(r)
[RI<k, (A<
B ka4ecTBe yIpaxKHeHMA YMTATENO NPEIIaraeTcs NPOBEPUTh, Kak pabo-
TaeT NPUBEAEHHAA BLILIE CXEMA B CIy4Yae Takoro obmero npeo6pa3soBaHuA
MaTpHI] IIOTHOCTH.

3agaga 14.6. IlocTpoiiTe NONMHOMHAILHHIA AICOPUTM ONpEJEICHUS
OUMOKH 110 CHHIPOMY AJA TOPHYECKOT'O KOJA.

14.11. AmmoHM (WLTOCTPaTHBHLI IIPAMEP Ha OCHOBE TOPHIECKOr'0 Ko-
xa). Ha npumepe TOpMYECKOrO KOJa MOXHO JaTh 60see TOYHOE IPEeACTa~
BIEHNE 06 aHMOHHBIX CUCTEMAX, O KOTOPHIX FOBOPHJIOCH BO BBEJEHUH.
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Hrax, BHOBE paccMOTPHMM KBaJDAaTHYIO CETKYy Ha TOpe (a MOXHO M Ha
IJIOCKOCTH — celyac Hac GyfeT MHTEepecOBaTh TONLKO €8 NeHTpalbHAfd
4acTh). Kak u panbine, f1a Kax Aol BEPIIMHB § M KaX O TDaHM u pac-
CMOTDHM MPOBEPOHHLE ONEPATOPH

A= [ o A9= I o

J€ 3Beapna(s) j€ rpaunualu)
CocTosHne KoZ0BOTO HOANPOCTPAHCTBA 324a€TCA YCIOBUAMHA Af,x)lf) =|é),

A1(f)|§) = |¢€). Mx MoxHO nepenncaTts gpyrum cnocoboM. PaccMoTpum cie-
AYIOWHHA 2GMUALTRONUAH — DPMHUTOB OINEPATOP

H=3 (I1-A)+> (1~ 40).

JTOT OnepaTop HeOTPHUUATENLHEIM, IPHYEM €TI0 HyJEBOE NOAMPOCTPAHCTBO
B TOYHOCTH COBNAJAaeT C KOJOBHM MOANPOCTPAHCTBOM TOPHYECKOTO KOJA.
Taxnm 06pa3oM, BEKTOPEI ¥3 KOZOBOT'O MOANPOCTPAHCTBA ABIAIOTCA COO-
CTBEHHBIMH ¥ 06J1a1al0T HAMMEHbIIEH 3HEPrHe (T. €. COOCTBEHHBIM YMCIOM
raMuIbTOHKHaHA). Takne BeKTOPH HA3HIBAIOTCA OCHOBHbIMU COCTNOAKUAMY,
a BEKTOpBI M3 OPTOTOHAIBHOTO JOMOJHEHUA — B036YNCOENHLIMY COCTNOA-
HUAMU.

Paccmorpum Bo3Gyx 1€HHEIE COCTOAHMA C HAMMEHbBIIEN HEHYIEBOU dHEp-
ruel, KOr/la HapyIeHO POBHO JBa YCJOBUA (Hanpumep, BepmMHHLIX). (Un-
C/I0 HApYMIEHHBIX YCIOBMM KaXJOI'O TUNA YETHOE, MOCKOJIBLKY [], A =
= Il AP = .) Torga aas ABYX BepUIMH, B KOTODHIX KOJAOBHIE YCJOBHS
HAPYIIAIOTCS, BHINOJHEHO

APy = —n),  APn) = ~|n).
Kak moxuO monyunTe cocrosnume |n) u3 kogosoro cocrosnusa |£)? Coenu-
HUM p ¥ 8 peméroynnm myrem () u mogeiictByeM Ha |£) omepaTopom
W = HjeC'; 0f. DTOT ONEPaTOp KOMMYTHPYET C MPOBEPOYHEIMHA BEPIIMH-
HEIMH OMEepaTOpaMM [ BCEX MPOMEXYTOYHHX BepuinH nytu C), a B KOH-
[AX — AHTUKOMMYTHPYET: WA® = —APW. Norowum ny = W|€) u
MOKAXEeM, 4TO |7) yAOBIETBOpAET TpeGyeMbiM CBOHCTBaM. [[J1A BEPIIMHHL
(aHAMOTMYHO U 1A D) UMEeM
) = WIg) = WAD[g) = ~ALW|E) = - AP |n)

(ASI)|§) = |€), Tak Kak cocTosnue |£) — kox0BOE).

JIro60oe cocTOAHME CHCTEMBI MOXHO OCTPOUTE M3 INEMEHTAPHKIX BO3OY-
KJEHWA IBYX THMIOB, OAHHM U3 KOTODHIX ©KMBYT» HA BEpIIMHAX, APYTHe —
Ha T'paHAx. JJEeMEeHTapHOe BOabyXIeHHE — B3TO MPOCTO HAPYMIEHHOE KO-
[IOBOE yCJIOBHe, HO Telepb MBI AyMaeM O HéM Kak O wacTuue. JacTuini-
BO30Y K 1€HHA MOXHO JIBUTATh, CO34aBATh N YHUUTOXAaTh. [lapa Boabyx 1e-
HHH [EPBOTO THMIA MOXYYaeTCsA U3 OCHOBHOrO (KOJOBOT'G) COCTOSHMA IEi-
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Cy p

U === 3 =X UM =t = = b =Y [ =
(e (o)

3t
Y

Puc. 8.

cTBueM onepaTopa W, npuBeAéHHOrO BHILE; Mapa BO30YXIEHHHA BTOPOLO
Tuna — JedcTBueM onepatopa V = [] jeCs 0%, rae C2 — myTh, COeauHSA-
IOLIMA JBE CPaHM, KAK ITOKa3aHo Ha puc. 8a). Kak u panbuie npoeepsercs,
ato AP (V16)) = ~V[8).

Yro cnyuuTes, ecau JBUIAThL BO3OY K AeHHE OAHOrO THNa (KpecTHK) BO-
Kpyr Bo36yx aeHusa BToporo Tuna (kpyxoudka)? (CMm. puc. 86).) Isuxenue

— (z)
BO30Y X JeHNA ONMUCHIBAETCA OnepaTopoM [] jec 97 = [1, A+, saBucamm

oT koHTypa 06xoxa C' (3gecw T upoberaet Bce rpauu BHyTpy C'). OueBna-
(=) —
HO, uTO A;’|Y) = |¢¥) ans Bcex r # p. B peayabraTe Mu nony4um

[y = I ofl) = A1) = ~1w).
jec
To ecTh BEKTOD COCTOAHMA JOMHOXWICA HA —1. DTO M O3HAYAET, ITO pac-
CMATpPUBaEeMEIEe BO30YXKAEHUA ABIAIOTCA (afeJeBRIMU) AHMOHAMH.

Ha Tope MOXHO ABUraTh YACTHLH IO ABYM Da3NMYHBIM LUKIAM, 06pa-
ayromumM 6a3uc B rpynmne romonorui. Hanmpumep, MOXHO CO34aTh M3 OCHOB-
HOT'O COCTOSHHMA Napy BO36YKAEHMA OJHOIO TUNA, OGHGCTH OLHO U3 BO3Gy-
X AeHUH 110 UHKITY ¥ NPOAHHUTKJIMPOBATDH CO BTOPHIM BO36YX J€HUEM. DTOT
HPOLECC OMMCKIBAETCA HEKOTOPHIM ONEPATOPOM, AEMCTBYIOIIMM Ha KOXOBOM
NONPOCTPAHCTBE, — HPOU3BEJEHUEM OF BIOJIL MYTH HA PemeTke, 1u6o of
BJAOJb IIyTH Ha JBOUCTBEHHOM peméTke. IIOCKOMbKY CymecTByeT ABa THIA
B030yX feHUH, MEI UMeeM 4 TaKuX OIepaTopa: Yl(z) u Yz,(z) COOTBETCTBY-
IOT OJHOMY 6a3MCHOMY LIUKTY, 2 Yz,(z) u Yl(z) — APYroMy. DTH ONepaTOpH
HEeUCTBYIOT Ha JBa 3aKOAMPOBAHHHIX Q-Outa Kak of,of (i = 1,2), moro-
MY 4TO OHM O6JAJAIOT TAKMMH XK€ KOMMYTALMOHHLIMH COOTHOIICHMAMM:
YY" = —yDy® (ocransume naps koumyTupyior).
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Pemenus 3agaq

B 3TOM YacT¥ NPUBOJATCA PEMICHUA 3aJa4 MM HePOPMAILHLIE yKala-
HUA, IOJIB3YACH KOTOPHIMM 3aMHTEPECOBAHHMIN YUTATENL MOXET BOCCTAHO-
BUTHL CTPOr'O€ PEIIeHNe CAMOCTOATENBHO.

N3 pasgena 1

1.1. HedopManbHO OMMCaTh TAKYI0 MAIKHY Jerko. OHA IePEHOCHT CHM-
BOJIHI IO OJHOMY CJI€Ba HAIIPaBO M CIIPaBa HAJEBO, TOKa He 06HAPYXKUBAET,
9YTO JOCTHTHYTA CEPEIHMHA CJIOBA, IOCIE Yer0 OCTAHABIMBACTCH.

Hanum Teneps GOPMATLHOE OMUCAHME 3TOM MAIIMHEL.

Buemmnun aadasur: A = {0, 1}. Anpasur S = {,0,1,%,0',1'}, nomu-
MO CHMBOJIOB BHEWIHEro altpaBUTa M MyCTOrO CHMBOJIA .., BKIIOYAET TDH
BCIOMOTATEALHLIX METKH, YKA3LIBAIOIIMX HA MOJOKEHHE CHMMBOJIOB, KOTO-
pHIe IEPEHOCATCA.

MHOX€eCTBO COCTOAHUMN YyNPABIAIOLIEr0 YCTPONUCTBA
Q ={q90,95,70, 1,00, 11, 1o, 1 }.
ByxBrt r u | yKasHBaOT Ha HAMPARICHHE TIEPEHOCA CHMBOJIA, MHAEKCH 1PN
Tux 6YKBaX — Ha TEPEHOCHMHIH CHMMBOJI.

Teneps 3agaguM $yHKINIO nepexonos. Jaa Beex nap, Ha KOTOPHIX GyH-
KUUA IEPEXOJ0B He ONpeAeieHa MTPHBOAMMBIMK HIHXKE NPAaBUIaMK, €€ dHade-
HUA MOXHO BHIGMpPATh MIPOM3BOJIBHO.

Hauamo paboTw:

(q0,0) = (ro, ¥, +1), (qo,1) = (r1,%,+1),
(90, =) ~ (g0, =, —1).
IlepBas CTPOKa 03HAYAET, YTO MAIINHA IOCTABHIA METKY B IEPBOM MO3UIAKA

W IOHECJIA BIPABO CMMBOJ, KOTODHIM B e CTos1. BTopas cTpoka o3navaer,
YTO Ha MyCTOM CJOBE MAIUUHA CPa3y OCTAHABIMBAETCH.
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ITepenoc BmpaBo:
(TOaO) — (7'0,0, +1)7 (7'1,0) — (7'1,0, +1);
(ro,1) = (ro,1,+1), (r1,1) — (r1,1,+1).

Mammna JBUTAETCA BOPABO, II0KA HE JOCTUIHET KOHIA CJIOBA WIH METKH.
Iepemena HATPABIECHUA BHIKEHHA CIIPABA HAJIEBO COCTOMT M3 JABYX A€H-
CTBUN: CHATL METKY (€C/IH DTO He MyCTON CHMMBOJ)

(7‘0,0’) = (lo/,O, —1), (7‘1,0') = (111,0, —1),
(7‘0,1’) = (lol, 1,—1), (7‘1,1’) 4 (ll/,l,—l),
(T07u) = (l0’>‘—‘7_1)a (TI,L—‘) > (ll',u,_“l)

¥ MMOCTABUTL €€ Ha JEeBOr'O cocela
(lo,0) = (I, 0", = 1), (l,0) = (o, 1, -1),
(o, 1) = (11,0, ~1), (I1:,1) — (13,1, -1).
ITepenoc BiueBo:
(lo,0) — (lo,0,-1), (11,0) = (Ip,0,-1),
(lo,1) — (L1,1,-1), (l1,1) — (1,1, -1).
ITepemena aBMXKEHHS CJIEBA HAINIPABO:
(lo,*) = (0,0, +1), (L, %) = (go, 1, +1).

3apepiienne paboTH 3aBUCHT OT YETHOCTH JJIMHBI CJIOBA: NPH YETHOM
JJIMHE OCTAHOBKA, MIPOMUCXOANT NPH HavaJe JBUXKEHNA BIPABO

(q070,) — (Qfaoa_l)v (QO71I) — (Qf;la—l);
a IIpY HEYETHOM JIMHE — IPU HAYAIE IBMXXCHHS BICBO

(l0’7*)'_) (Qf,O,—l), (ll’a*)H (Qf;1>—1)1

(Qf,O)H(Qf,O,—l), (qf71)'_) (valv_l)

1.2. HedopmanbHo genaeTcsa clefyrolliee: KO BTOPOMY C1araeMoMmy Io-
o4epégHO JOOABIAIOTCA PA3PAALI IEPBOT0, JOOABICHHBIM PA3PAL CTHPAELT-
ca. /lJobaprenne 04HOrO pa3psAaa NPOUCXOIUT 33 BpeMs, He NPEBHIIAIOIEe
yABOEHHOM IJIMHLI BTOPOr'O CJAraeMoro, Tak 4To obmee BpeMs pabOTH Ma-
HIMHEBL KBAAPATHYHO 3aBUCUT OT JJIMHHI BXOJA.

Hanum Teneps (GOPMATLHOE OMUCAHUE TAKOH MAIINHHL

Buemmmit andasut: A = {0,1,+}. Aadasur S = {_,0,1,+,0,1",+'},
IIOMHMO CHMBOJIOB BHEIIHETO aT(haBUTa M MyCTOrO CHMBOJIA .., BKJAOYAET
TPH BCIIOMOT'ATEJIBHBIX METKH.

MHOXeCTBO COCTOAHUM YNPABIAIOIIErO YCTPORUCTBA

Q = {qO:qfaqp7T0aT17l0’llyd}'
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Byksol 7 1 | yKa3eIBAOT Ha HANPABJICHIE IEDEHOCA CUMBOJA, MHJECKCHL IIPU
5>TUX OYKBaX — Ha MEPEHOCHMBIN CUMBOJ (BI€BO MAllIMHA HOCUT OUT nepe-
HOCa B CACAYIOUUHA Paspai, 4 BOPABO —— JOOABIAEMBIA OUT), B COCTOMINN d
MAaMIHA OCYIIEeCTRAIET cTUpaHue 06paboTaHHOT O Pa3pALa.

Teneps 3agaxuM Gyaxuuo nepexonon. Kaxk u 8 3azase 1.1, gas ue ymo-
MAHYTBHIX HYKE nap (HYyHKUUA [EPEX010B ONpPeeieHa IPOU3BOIbHO.

Haxamo 1 xkorel, paboThI:

! ! .
(qo,O)F—) (q0707+1)~ (q()vl)H (qpvl 7+1)7 (q0)+)H (daov_l)a
((Ip>0) — (QP707+1)) (QIN]—) — ((Ip717+1)a (leh +) — (do _1"
AN !

(QPaO)H(qf707+1)7 (QP71)H (Qfala'{'l)s

(qfaO)H(Q.ﬂO)_l)v (Qf71)’_)((If717“1)
CaMBIl JCBBI CHMBOJ HEPBOTO CAATAGMOT'0 MOMeUaeTes, 1ro0sl He 1IPOIY-
CTUTL KOHell paboTsl. /Jasee MAIIMHA ABMXKCTCA BIPABO B COCTOAHUU (.
Ecu HARJEH 3HAK +, TO NPOUCXOLUT IHEPEX0] K Hadaldly foOapieHUA o4dc-
pesHoro caaraeMoro. Ecau HallgeHa MeTKa, TO OHA CTHPAeTCA, a MalluHAa
OoCTaHABAMBAETCA. IIpH DTOM Ha JeHTe OCTAETCA Pe3y.IbTaT CIOKeHNA (CHn-
TAEM, ITO CyMMa MOXET HAYMHATLCA HYJIAMHA).

Onpegencune 09€peaHOrO 6UTa, KOTOPHIM HYXKHO 100aBIATH KO BTOPO-
My CIATaeMOMY, IEPEHOC €ro BIPABO U MEPEXOJ] B DEXKUM CJOKEHU:

(d,0) — (ro,+,+1), (d,1) = (r1.+,+1),
(d,0") = (g, +', +1), (d, 1) = (r1,+',+1),
(rg,0) — (19,0,+1), (r1,0) = (r1,0,+1),
(ro, 1) » (rg,1,+1), (r1, 1) = (r1,1,+1),
(ro, ) = (lU’?‘—‘a -1), (r1,0) = (L, o, —1),
(r9,0") = (lgr,0,—1), (r1,0") = (11,0, -1),
(ro,1") = (lo 71,—1), (ri, 1) = (L, 1, -1),
(lor, 0) = (lo,0', ~1), (

(

(lor, 1) = (lo, 1, = 1),
CroxeHHe, MOKA. He JTOCTUCHYT 3HAK +
(l0,0) = (lo, 0, =1), (11,0) = (lo, 1, 1),
(lo, 1) = (lo, 1, 1), (L, 1) = (l4,0,-1),
(lo, +) = (d,0,-1), (i, +) = (d,1,-1),
(107+’) = (QP’Ov”’l)v (l, ) = (gp, 1 ,—1).
HOCJIe,E[HHﬂ CTpPOYKa NIPAMCHACTCA B KOHIIe, KOr'Ja JeBee 3HaKa +I y)Ke HU-

yero HeT. [[oaTOMY MalMHa HavYMHAET NBUCATBLCA BIPABO, YTOOHI CTEPETH
OCTABIIYIOCA METKY.
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1.3. JokazaTenncTBO OT npoTHBHOrO. IIpeanonoxuM, 4To TAKOH aJaro-
PUTM €CTb, T.€. CYWIECTBYeT MammHa A, KOTOpasd Ha BXoge ([M],z) aaér
OTBET «Ja», ecan Mawmea M OCTaHABIMBaeTCA HA BXOJE T, B MPOTHBHOM
caytae AaéT orser weT» (depes [M] 0603HatweHO omucanue MammHbl M).
Toraa ecTb 1 Takas mamuua A’, koTopas Ha Bxoge X MojeampyeT paboTy
A na Bxoge (X, X). 3aTeM, ecu OTBeT MaUMHBL A — «1a», TO A’ nauunaeT
IBACATH [OJOBKY BIPABO M HC OCTAHABINBAETCS, 8 €CIM OTBET A — «HeT»,
10 A' OCTAHABAMBAETCA.

Ocranosures au A’ Ha Bxoge [A']? Ecan octaHoBuTes, To A 1aét oTBET
«1a» ma xoge ([A'],[A']). Torga, 1o ompeneeHnIO MAIINHEL A', Ha BXOgE
[A’] ona me octanosutca. Mrak, A’ na xone [A'] re ocranapansaerca. Ho
torga 4 gaér orper «Her» na Bxoge ([A'],[A']). Ho aT0 osmadaer, 4ro A
Ha Bxoje [A'] ocranasmusaerca. [Ipunwmyu K MpOTMBOpPEYNIO.

1.4. Bo-TepBbIx, 3aMeTHM, YTO €CTH AICOPUTM, KOTOPBIM BEITMCHIBAET
oxdy 3a gpyroi Te MT, KOTOpBIe ocmanasausatomes, Oyiydn 3amyllen-
HBIMH Ha TIYCTOM JeHTe. DTOT alropuTM nepebupaer nee mapst ([M],n)
([M] — ommcanue Mammusr M, n —— HaTypaJbHOE qUCI0) W A KAX TOU
napbl MojeaupyeT paGoTy M Ha mycTOM BXOJe B TeueHue 1 TakToB. Ecin
34 TO BPCMs TPOUCXOAUT OCTAHOBKA, TO M BKIOMAETCA B CIHUCOK, CCIH
He 6BLIA BKJAIOYEHA B HCCO PaHee.

Ecn 651 CYyUecTBOBAT CIIE 1 TAKOH airOPUTM, KOTODBIH BLIINCHIBACT
OJHY 3a JpYyTOM MALIMHBL, HE OCIAHABJIMBAIOIIMECH HA NYCTOM BXOXE, TO
MOMKHO 6BLIO OBl TOCTPOUTH W AATOPUTM, IPOBEPSIOIIAA, OCTAHABIMBACTCA
au MT A4 Ha mycToM BXoge: 3amyckaeMm ofa alropuTma NepeducIeHus
A EM, KOTIA OIMCanue A MOABUTCA B OJHOM MM B JPYTOM CIIMCKE.

Ho Toraa cyimectpopal OBl M AINOPUTM, PEMIAIOMMI NpodaeMy 0CTa-
HOBKM: 110 MautMie M u BXOIY & JerkKO CTPOMTCS MAIPHA, KOTOPas chatia-
14 3AMCLIBACT T HA JAeHTY, a zaTem mogeaupyer paborty M. Tax -1mo us
IpeIBLIYIICH 3aJadn 3aKTI0UAEM, TTO HCT aNlOPUTMA, IePeTuCIAOIero
MAIIMHBL. HE OCTAHABIABAIOLIMECS HA IYCTOM CIOBE.

1.5. Orpanmunics vkasasueM. [Las mo6oil suraicmummoh dyakuan b(n)
OPU ZOCTATONHO OOJBIIAX 11 CPEAH MAIMH ¢ 11 CHMBOJAMHA axpaBuTa M
. COCTOTHUAME, OCTARABIMBAIOIMXCA HA TyCTOM BXOJC, MOMHO HAaUTU U
TAXYIO, KOTOpd BECHCTACT nb(n), & 3aTeM BEMMTAET M3 DTOLO TG 10
CHHIC, TOKa He T6HAGT 10 HYy 4.

L6 flyvere waeeter apvaerrongay MT AL padoTamwuatas 38 ppesa
Tt 2onomaowyoges s i Omsmenm aehepyainio samauy M c eaun-
CCBOHBOR CHTOM, MOJACIRPYIOIMYH padory M. AUKpPABRY wiod MALOUHE
AOCTALOTHO BEJK, 9TOOB KOAUPOBATE B OJHCH ATCHKE COACD mUaMOe AICCK
¢ TeM xe HOMepoM Ha JenTax s 1 MHPOPMAUHMIO O HOJIOXKCHUN T'OMOBOK
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(Ha KAaKMX JEHTaX TOJOBKM HAXOAATCA HAJ AYEHKOH C TeM Ke HOMEPOM).
Ynpapisomee ycTPpORCTBO M) NO3BOJAET 3alOMMHATL COACPXKUMOE AHe-
€K, HaJ KOTOPHIMM HaXOATCA TOJOBKH My, M COCTOSHME yHpaBJIAIOIErO
ycrpouctsa Ms.

Mammsga M, paboraeT HUKIAMHA, KAXK LM U3 KOTOPHIX UMMATHPYET OIUH
TakT paboTer M. B mavane xaximoro nukiaa rojoska M; HaxoZUTCA HaJ
CaMOM JTEBON AYEMKOH.

Ilyka cocToUT M3 ABYX MOCIEAOBATENLHLIX NPOXOOB MO 3aMUCAHHOMY
cnoBy. Buagane M; nBuxercs Brmpaso u cobupaeT uHGOPMAIMIO O COCTO-
AHUAX B g49enkax Ma, HaI KOTOPBIMM HAXOIATCA MOJOBKH. IIpu o6paTHOM
OpoxoJe CIpaBa HAMEBO M BBINOMHAET AEHCTBUA, UMUTHPYIOLUIME TAKT pa-
6oru M;. Ha xaxaoe Takoe genicrsue tpebyercs O(1) TakTos.

Iuxn seinoauserca 3a O(S) raxros paborw My, rae S — IIHHA HMC-
mose3yeMon dacTu jgeHTl. Tak xak T'(n) > n, ro S < max{n,T(n)} =
T(n). HoaTomy M; paboraet 3a spems O(ST(n)) = O(T?(n)).

1.7. Tlpusegém enié 6omee nepopManbuoe, YeM B MpPEABIIYIIEH 3aade,
OmucaHue aaropuT™a. AXpaBAT MOIEIUPYIOMIEH MAIUMHEL BEIGEpeM 10CTa-
TOYHO BONBIINAM, YTOOKI KOAMPOBATDL B OQHOU AYEHKE COAEPKUAMOE AIEEK HA
BCEX JEeHTaX, YHGOPMAUMIO O MONOKEHNY TOJOBOK (HA KAKHUX JEHTAX FOAOB-
KN HAXOJATCA HAA JAHHOM AYMEWKOM) M JOTNOJHUTEILHBEIE METKU, KOTODLIE
notpelyioTca B pouecce paboThI.

OnumeM anroput™ A, KOTOPHHA PEWAET TAKYIO 3a0avy: HA ONHOU U3
JIEHT 3alMCaHo ¢I0BO (f,w), HA BTOPOH FOJOBKA HAXOAUTCA B KOHLE HC-
HOAB3YEMOW YACTH JECHTHI, HYXXHO IPOMOJEIYPOBATE PaboTy TPEXJICHTOU-
HOM MAIUMHEI 33 IEPUOJ BPEMEHH ¢ (3AMUCAHHBIA ABOMYHBIM CJIOBOM ), €C/IN
BHAYAJE COCTOAHKE JEHT ONPEIeIeHO CIOBOM 1.

JamumeM Ha cBOOOIHOE MECTO Ha BTOPOH JEHTe Uucio t/2, nocte 1ero
ckomupyeM Tyga ke (t/2)-0KpeCcTHOCTH KaXJOM U3 TOJOBOK Ha BCEX TPex
JIEHTAX UCXOJHON MAIIMHLL ¥ IepEMECTHM TOJIOBKY B KOHEI (JIOBa, W (B KOHeI|
UCIIOAB3YEMOR YaCTH NepBoM JeHTH). K nosy4deHHOMY Ha BTODOM JIEHTE CJI0-
BY IPUMEHNM PEKYPCUBHO AJIrOpUTM A, 10 3aBEPIIEHMH €ro PabOThl CKOMH-
pPyeM Ha MEpPBYIO JEHTY PE3YAbTAT MOLERUPOBAHUA, CKONUPYEM HA BTOPYIO
aeHTy (t/2)-0KPeCTHOCTH FOIOBOK BO BHOBb MOJYHEHHOM COCTOSHMH, OTBE-
9a0IeM COCTOAHHIO TPEXJAEHTOYHOM MAIMHE! Nocie /2 TakToB PabOTHL,
ONATH NEPEMECTUM FOJOBKY B KOHEI| MCIIOJb3yeMOMN YaCTH IIEPBOM JIEHTEHL.
Emé pa3s pekypCMBHO NIpUMEHUM A K CJIOBY Ha BTOPOM JIGHTE, 110 3aBEpIIe-
HUM ero pabOTHl CKONKMPYEM PE3yiIbTaT MOLENMPOBAHNUA Ha NEPBYIO JEHTY.

[l KOPPEKTHOr O ONUCAHUA AITMOPUTMA HYXHO €IIE 331aTh €ro paboTy
Ha cioBe (1,w). B aToM cay4ae nupocTo mpuMeHseM alropMTM, AHAJIOTUY-
HEIU OIIMCAHHOMY B IpeALIAYLIEH 3a1a4e.
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Onepanuio KONMPOBaHHUA C JEHTHI Ha JIEHTY MOXHO OCYMECTBUTEH 3a
JMHEHHOe OT ATWHBI KOMUPYeMOrO CJOBA BPeMS. TTosToMy A4 BpEMEHH
T(t,s) pabOTEl B HaMXYy/IIeM CIy4ae alrOPUTMa A, MOAETMPYIOIIETO Pa-
GOTY TPEXJIEHTOYHON MAIUMHBI 33 BpeMs ¢ Ha CIOBaX JUIMHBL §, TIOJNy<IaeM
OIIEHKY:

T(t,s) < 2T(%, £) + O(t) + O(s). (+)
W3 (%) cpasy clegyerT, YTO NpH HekoTOpOM KoHcTanTe ) mt > 1
T(t,2t) < Cit(logt + 1).
IToaTomy
T(t,s) = O(tlogt) + O(t) + O(s).

3aMeTuM, 4YTO NOJYYUTH CIOBO (t,w) M3 CIOBAa W MOXHO 3a Bpems
lw|logt, ecin t mapecTHO.

AITOPUTM MO/IEJINPOBAHUA TPEXIEHTOYHOU MAIIMHBI H JIBYXJEHTOYHOU
ucnonnayer aaroput™ A creayomuM o6pasoM. Ilpomoaerupyem paboTy
MAIIMHEL 13 HATAILHOTO COCTOAHUA 3a 1 TakT, 3aTeM pafoTy 3a 2 TaKTAa U3
JIOCTUTHYTOr'O COCTOAHUA 1 T. . O1enuM Bpems pabOTHI HTOr0 AT OPHTMA.
[IycTh MCXOAHAS TPEXJICHTOUHAA MAIINHA PA0OTAeT HA CIOBAX JAJTHHBI 1L 32
spemsa T(n) > n. Toraa spema T'(n) paborwm MOJIeJUPYIOWIER MAIITHHBI
Oy1eT OLEHMBATHCA KAK

flog T(n)] flog T(n)]
T'(n) < Z Tt n+28 < Y Om+2%)+0(k2%)+0(2%) <
k=0
flog T(r)]

< Y, O(T(n)=0(T(n)logT(n)).
k=0

1.8. Undopmanus B Mammue ThIOPUHIa NEPEHOCHTCS TOJIOBKO! ympa-
BIAIOMEr0 ycTpoicTBa. Boaee TOYHO 3Ta MBICIAL (OPMYIMpyeTCs Tak.
PaccmoTpuM nociesosaTesnocTs {Q;(x,k)} cocroanun YUPABJIAIOLIETO
ycrpoicrea MT B MOMEHTEI TIEPEXOJ0B T'OOBKH Mexay k-u u (k + 1)-n
aveiikamu npu pabore MT Ha BXOoge T (pPaccMaTpUBaeM IEpexolbl B obe
cToponsl). Pabora Mammael TelopuHTa cpaBa oT k-1 S9EHKHU IOJIHOCTBIO
onpegenseTcs nocienosaTeasHocTs0 {Q;(z, k) }-

Teneps 3anuIIeM HUKHIOK OlEHKY Ha Bpemsa paboTsr MT, KONIMPYIOLIen
pxoaHOe ¢10B0. JHA OCHOBaHA HA TOM, YTO KaX bl NEPEXO] FOJOBKH Tpe-
6yeT orgensHoro TakTa paborer MT. Beeaém napamMeTpr € U Ty, SHAEHU
KOTOPHIX ompejeumM mosxe. Jaa ciosa w wepes Tx(w) OOO3HAMUM THCIO
nepexoIoB TOMOBKY Mexay k-it u (k + 1)-i suenkamu npu pabore MT nHa
Bxoge w. BygeM uckaTh Takoe clioBO w, 4TO T (w) > Tk 1pHU k>=2n/2
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HMockoarky MT xonupyeT Ha4aNbHBIA KyCOK ANUHBL k cnpaBa oT k-i
A1erKy, nocaegosaTensHoctu {Q;(vu, k)} npu GUKCHPOBAHHOM U JOJKHBL
OBITh PA3IUYHBL LA PA3IUIHLIX k-OyKBeHHHIX 108 v. KopoTkux (aiuHbi
He 60JIblIe T) TOCAe0BATENLHOCTER COCTOAHNY YIPABIAIOIIETO yCTPORCTBA,
ne Gonbue, tem (Q7H1/(|Q| — 1), rae Q -~ MHOXECTBO COCTOAHUU yHpa-
BJAIOWEro ycrpouctna. s ao6oro (n — k)-GyKBEHHODO CIOB3 % TPU

o <alor < e, (*
rae A — BHemHUYN aapaBUT, HEPABEHCTBO Tx (VL) > T BBEIIOJIHEHO IO Kpau-
HeU Mepe AaaA J0au 1 — £ oT BcexX k-OyKBEHHBIX CJIOB v. JTO O3HAYAET, YTO
s noan 1 — | A|" ¥ oT peex k-ByKBEHHBIX CJIOB v HEPABEHCTBO Ty (Vu) > T
BHITIOIHAETCA 15 Beex u. [loaTomy npu

n—k 1
[A| £ < - (%)

HAUA8TCA CI0BO w Takoe, 4to T (w) > 7 npu k > n/2.

Ecmu ¢ = (n|A]"/?)"! 10 (*x) Bumoausercs npu & > n/2. Ecau npu
sroM ewé u 7, = |(log(e/2) + %nloglA[)/log]QH, TO (*) BBUIOJIHACTCA
mpu k& > 2n/3. Tlpn Takom BHIGOpe mapamerpos 7, = Q(n) npu k > 2n/3.
Onenunm spems paborer MT Ha caoBe w taxkom, yto 73 (w) > 73, upu k >
> 2n/3 (MBI yXKe JOKA3AIH, YTO TAKOC CIUBO €CTh)

n
n N 2
T(n) > Z =g Q(n) = Q(n?).

k==[2n/3]

Jlas OeHKN MUHHMAILHOIO BpemeHn paboTil 17(n) MOXHO cvTarh,
aro MT prauage pommcwuiBaeT 3a 1)(n) TakToB LOCICAOBATCIBHOCTD KD
oxanx () gamiel n, sater 33 O(R) WArce upoBepact, cOCTOUT JN HOXUA-
HOE CA0BO U3 ogHuX (), ocae vero mpexkpainaeT padoTy, €Ciad 3TO Tak, a
B IPOTUBHOM Cay4ae paboraeT qobHbuiM npzmumamvx cnocotom. Heno, 910
T'(n) = Ti(n) + O{n). B ceow o4epess, T1(n) = O(nlogn). leuncreu-
TEALHO, CCIH OBl MAIIMHA BO BHY TPEHHCH TAMATH MOLUIA XPAHWTH UHCIA,
TO KOMAPOBAHUE CJIOBA M3 HYJeH He ¢031au0 Obl IPOGIeMbL (HAA0 ObLI0 Gbl
HOACYATATE IMHY CI0BA U HOTOM HAMUMCATh CLOAbKO A gyden ). Ho atoro
g
HOV AALUCH 15 0k PRCTHOCT @ CBOCH [ OJOBKK { Mbl MOKEM PACIHMPUTE aipasiiT

VP b HEIRBAS 3(1?0 MalllUH & I‘bI()I')HHFﬂ MOZKET XpahvTb "TUCI0 B ABOM -

WOOTP DT B, UG D CICHTE O S MedTO0 LHS QNG HBTTEIHHBEY COMU LG pan i

SVRERAME CI0RA W HYACH W el 1 aTos fpedetarec

PAKOL Y CRETHMIy BRI TaHIe > Hboul 3 COpRE O e Si 0 H
BEL M0 BOBHTE € CODGHA) TPCOYRIT BOMSHE HOPHAKA qlitBRl (5Eramka,
1.e. O{logn), Tak 110 Beero Mbl yitaguBaeMest 8 O(n log i) rakton
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3ameuanue. Moxuo mnokazate, uro T'(n) = Qnlogn). Yuraremo
OpEeAAAraeTCs CAMOCTOATENBHO NOHATE, KAK HYKHO MOIU(UIIMPOBATE U3~
JI0KEHHYIO BBHILIE HUZKHIOK OLEHKY BPeMeHU PabOThl B XyAmmeM CIydae.

1.9. Tlpupe1énm nIe0 HATUCAHUA TAKOW TPOCPAMMEL.

by em mucaTh nporpamMmy, MOLEIUPYIONIY o paboTy YHUBED CATLHON Ma-
wuHbl Telopunra. IIoCKONbKy 3HAUYeHHe MEePEMEHHOUW MOKET OLITH CKOJIb
YTOAHO BEIUKO, TO B OJHOU IIEPEMCHHOU MOKHO XPAHUTL BCKO JCHTY MAIIH-
ol (Dudpel |S|-UYHOrO NMPeACTABICHNUS YMCIa, ae S — aahaBUT MAIUNHEL).
YKasarclb N0OXKEHNAS MOJOBKH ~— 3TO €IE OJHa NePEMENHAA, COCTOAHUE
YUPABIAMIErO yCTPOUCTBA — TPEThs.

Ipeobpasonanns 3 TUX MEPEMEHHLIX 33 TAKT pabOThHL OMUCHIBAIOTCA TPO-
CTHIMP apUPMETHIECKUMH JeUCTBHAMEU (CJIOXKEHME, YMHOKEHHUE, BO3BEeJe-
HU€ B CTENEeHb, JeJeHMEe C OCTATKOM M HAXO0XK JeHUE 3TOr0 OCTATKA, CpaBHe-
aue ucea). Bee 9TH 4edcTBUA EMKO PEAIU3OBATE 63 PeKYPCHH, UCTIOIB3Y s
UX CTaHJApTHBIE OITpedeseHus U IPUBIeKas HeGoIbiIoe KOJNIECTBO JOMOI-
HUTENLHEIX [IePEMEHHEIX.

IHocKOIBKY COCTOAHMM YUPABIALIEI'O YCTPOUCTBA H CHMBOAOB aXpaBu-
Ta (PUKCUPOBAHHOE YUCIO0, HAOOPOM BJOXKEHHBIX IpoBepoK if-then-else
KOHEYHON IyOMHBI MOXKHO 3aJATh BLIGOD TEKYIIMX 3HAMEHHA dTUX Tepe-
MEHHBIX, M, TeM CaMbIM, QYHKIHUIO IEPEXOIO0B.

3ameqanwe. Korga sHayeHUs nepeMEHHBIX HE ONPAHIYEHB], B OJHOM TTe-
PEMEHHOU MOXHO XPAHUTh LBl MACCUB TAKUX IeDEMEHHBIX:
x x T
(@1,...,&n) — 271372 . pfn,

P;j — HOPOCTHIE HCA. HOSTOMy Or'DAHUYIEHHUE HA YUCI0 ITepEMEHHBIX HECY-
1IeCTBEHHO.

1.10. Bynem ncxath Bee (hyHKIUHN OT JBYX [EPEMEHHBIX, KOTOPEIE BEIPA-
xaroTcsa hopMytamu B Gasuce F. Bravane ectn gBe Takue dyHkuuu (mpo-
exnun): pr(z,y) = z u pa(z,y) = y. Hanee k MHOXECTBY yXXe MOCTPOEHHEIX

$yuknuid F' npuMeHseTca clefyoomad npouegypa. JobanimseM kK MHOXe-
ctBy F' Bce pynxnmu suga f(g1(z1,22), 92(23,24), . -, gr(Tag—1, Tax)), Ta€

z; € {z,y}, 9; € F, f € F. Ecan muOoXecTBO F' YyBEIMUINIOCH, IOBTOPAEM
npoueypy emgé pas. B npoTHBHOM Ci1ydae BO3ZMOXKHBI 4B BapHaHTAa: Jub0
YA€ nnlydeHsl Bce (GYHKIMHM OT ABYX IepeMeHHbIX (Torga 6a3uc MOJOH),
b0 — Het (Torjia 6a3nc He SBAAETCS MOJHBIM).

OnenurM BpeMsa paboThL >TOr0 anroputMa. Pacmupsars MHOXeCTBO F'
MOXHO Juiib 14 pas (Bcero ectb 16 OyJeBrIX (DyHKIME OT ABYX NepeMeH-
ubix). Kaxabit pas Hy:xHO npoBepuTs He Godee | F'/|™ - 2™ = (2m)1+log | F']
BapHAHTOB, I'A€ M — MAKCUMAJIbHOE KOJINIECTBO APIYMEHTOB y GAa3HCHBIX
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dynxumi. Jauna Bxoga (AuuHa 3amuck 6asuca) He npesocxogut | F|2™, a
|F'| = O(1). Tax 4To anropuT™M paboTaeT 3a BpPeMA, OrPAHUYEHHO®e MOIN-
HOMOM OT [JMHBLI BXOJA.

1.11. Bepxusas ouenxa n2" < 201" (mpu n > 2000) gas ¢, cpasy cie-
AYeT W3 NPEACTABJIEHUA (PYHKUUM B (U3 HLIOHKTUBHON HOPMAJLHOH (opMe
{cm. (1.1) Ha c. 22).

[ns nonyvdeHus HYKHEH OUEHKU MOACYMTAEM YMCIO PA3JIMIHBIX CXEM
pasMepa $ U CPABHHMM €r0 ¢ KOJWICCTBOM (PYHKIMH OT N epeMeHHuIX. s
ONPENEIEHHOCTH CIUTAEM, YTO UCTIONL3YETCA CTAHAADTHEIN TTONHLIN 6a31C.
Toraa ana k-ro npucBauBaHUS CXeMBI €CTh He OoJee

2-n+k)n+k-1/2+n+k-1)< (n+k)?
BO3MOMKHOCTEN (KOHBIOHKUMA # IUILIOHKIUA — CHMMeTpUIeCKHe (PpyHK-

LMY, & BEIOMPATH MBI MOXKeM U3 1+ Kk — | IepeMeHHOH ), TO3TOMY KOIUIeCTBO

N, pasnuvHbIX CXeM pasmepa § He Hoablie, 4eM
s

H(n+k)2 < ﬁ m2k? < (2n2)s(s!)2 g 25(1+2logn)+2slog s
k=1 k=1
A uncno 6yeBrIX GYHKIMM OT 7 mepeMeHHBIX pasHo 22 . Ilpu

2" > s(1 + 2logn) + 2slog s (*)

YHKUMT GObIIe, YeM CXeM, IOdTOMY C, > §. Betn § = 1,99", To HepaBeH-
cTBO (*) BoimosHAeTca npu n 2 3000.

1.12. CHoBa ucnoas3yeM IU3BIOHKTHBHYIO HOpMainHYIo (opmy. Ecan
crpouth 1o ¢opmyae (1.1) cxemy u3 saementoB AND u OR, umerommx
IPOUBBOJLHOE YUCJIO BXOJOB, TO MOHAK00UTCA He Honee 3 CI0EB 3IEMEHTOB:
OJUH CJIOW HA OTPUUAHMSA, OUH — Ha KOWBIOHKIIMHU, ¥ OJUH — Ha UTOCOBYIO
IUBBHOHKIIMIO.

1.13. Kaxk rosopunocs Ha c. 21, cxeMy MOXKHO OpPeNCTABIATL B BULE
rpada. U3 xax 101 HeBRIXOJHOU BEPUIMHEL Tpada CXeMBI €CTh XOTA Obl 0 JUH
OpHMEHTHUPOBAHHKIM IyTh B OJHY M3 BHIXOAHHIX BepumH. [losToMy pasmep
CXEMBL OrPAHUYEH CBEPXY CYMMOM 9MC/IA BRIXOAHBIX BEPIUMH M YMCJI3 TAKUX
nyTen.

JnHa OpUEeHTUPOBAHHOTO IYTH B rpade CXeMbI He IPEBOCXOAUT IyOu-
HEl cxeMul d. A cxeMbl B CTAHAAPTHOM Oa3MCEe BXOJHAA CTEICHDL KaX JOH
BepINHEL He 6oabue 2. [1o03ToMy OpUEHTUPOBAHHBIX Iy TEH, BEAYILUMX B Bbl-
XOmHkIe BepinHEL, He 6onbure wem 2% = O(n®W)) (gBuraemcs o BEHIXOIHOM
BEPUIYHLI IPOTUB HANPABJICHUA CTPEIOK U IPUMEHSEM MHIYKIINO).

1.14. Pe3yabTaToB CDaBHEHUA ABYX YHMCEI T U Y TPH — T > ¥, WIK
z =y, nm z < y. BygeM cTpouTh cxeMmy, KOTOpas BLIXAET ABa OuTa pe-
3y/abTaTa, KOAUPYIOMMNE 3TH TPU BO3MOXHOCTH.
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Tn  ceeveennn .’l:n/z xn/z—l ......... To
Yn v Yn/2 Yn/2—1 --vven.n. Yo
Cxema Cmp,, /o Cxema Cmp,, /s
€' =1, ecan uncna paBHEI e’ =1, ectu uncaa paBHL
g=LlLemmzr>y g’ =1l ecmz>y
e:=e Ne"

g:=g'vV(eAg"

e =1, ecan uucna paBHHI
g=l,ecmz >y

Puc. 9. Cxema Cmp,, 411 CpABHEHHA N-PAa3PATHEIX YHCET (Pa3MED CXEMBI
O(n), ray6una — O(logn)

na mpoCTOTH moaraeM, YTO N ABAETCA CTENEHBIO ABOMKH. DTO He
HNOPTUT OLEHKY B ofIieM Cily4dae, IOTOMY YTO MOXHO JONOJHUTHL YHCIA
HYJAMM CJeBa, YTOOH WX [IJIMHA CTala CTeleHbIO ABOMkH. Pasmep Bxoga
YBEIMYUBAETCA IIPH 3TOM He GoJiee 1eM BABOeE.

CxeMy cpaBHeHHA N-Pa3paAAHEIX yucea OyxeM cobupaTh M3 ABYX CX€M,
CPaBHHBAIOLIMX YMCJIA, 00Pa30BaHHEIE NEPBEIMU N/2 pa3pAJAMU U IOCIE-
HUMM /2 pa3psajaMu. 3Has PE3YTbTATH CPABHEHMA STUX ABYX map 4uces,
MOXHO BOCCTAHOBHMTBH M PE3yJbTAT CPABHEHUA HCXOAHBIX YHCET.

KoncTpykuus cxeMul naobpaxena na puc. 9. Ouenuym eé pa3Mep H ray-
6uny. BRINONHAIOTCA CIEAYIOUIME PEKYPPEHTHEIE COOTHOIEHMA

S0 =283 43,  hn=hup+2
U3 nux monyyaem s, = O(n) u h, = O(logn).

Jameqanme. CpaBHEHHE N-3HAMHEIX JBOMYHBLIX YHCEJ T ¥ § PABHOCWIE-
HO ONpPEJENEeHHIO CTAPIIEro pa3pasa uncia T+ (2" —1—y), a uucio 2" —1—y
HAXOAUTCA MO § cxemOH ray6unnt O(1) muHeHHOro pasmepa, (HYXHO IpUMe-
HATb OTPULAHHME KO BceM HepemeHHHIM). IloaToMy nocTaTouHo 6uUIO GbI
penmTh creaymoumyio 3agady 1.15. Mu, naoGopor, 6yseM HCIOIB3OBATHL
CPaBHEHHE YMCEJI IJiA CAOXKCHUA.

1.15. Beeaém o6o3Ha4YeHUs: IYCTh Tp_1,...,To — ABOMYHLIE pal3paasl
NEpPBOTro CIAraeMOro; Yn—1, - - -, Yo — BTOPOTO; Sp, Sn_i,. .., S0 — PadPALLL
Pe3yabTaTa; 'n—1,. .., ¢ — GUTH IEepeHOCa B ClIeJYyIOLIMM pa3pal. Beegém

AOIOMHUTEIBHEIC IIEpEMEHHBIE ¢; = I; D Y3, Lo = 0. Torga so = tg, s; =
=ria®@tupui> 071 =0,r; = (o1 Aty) Vo, npu i > 0 (ecan 6uTH
B CIaraeMEIX PasM4YHbLI, TO OUT mepeHoca TakoH XKe, KaK B MpPEJBIIyILIeM
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pa3psije; ecau OAMHAKOBHI ~— OMT IlepeHOCa COBNAJaeT ¢ ux (o6uM) 3Ha-
YeHUeM).

Iloka MEI BBOAMIM OGO3HAYEHNA, MUMOXOAOM DEIIMIACh 3aJa4a MyHK-
Ta a). JefCTBUTENbHO, IPUCBANBAHUMMA N0 MPUBEACHHLIM BhIUE (GOPMYIaM
HYXHO cge1ats O(n) wryx.

[ns nyskTa 6) KCIOAB3YeM NPEALAYIIYIO 33424y,

3aMeTHM, YTO eCaM eCTh cXeMa pa3Mepa, S u riay6uHE H , BRIMHCAIOmAan
6uTH mepeHoca, TO M3 Heé Jerko cTpouTcsa cxema pasamepa S + O(n) u
raybunsl H + O(1), Boruncasioman cymmy (Bce f; MOryT OBITH HaMJeHBI
NapaJLIelbHO, 1, IIPX M3BECTHRIX GMTAaX NEPeHOCa T;, BCe S; TAKKE MOTYT
OBI'TH HAMJEHB NapaLIETbHO).

Brruncaenue 6¥MTOB nepeHOCa PAaBHOCWIBHO CPABHEHHIO, TaK YTO JOCTA-
TOYHO HAY4INTHCA CPABHHBATEH NMAPALIENLHO BCE «CYPPUKCH 4ucer, T.e.
ANA KAXKJOTO { CDABHUTL YUCIA TiTi_1 -..Z0 ¥ Wi i1 ... Wo-

Brayane cpaBHUM 4MCHA Tp—1Tn-2...20 ¥ “WYn 1 WYn_2 ... Yo MO CXe-
Me, ONMMCAHHOM B TpeJbIAyLIed 3ajade. 3aMETHM, 4TO IpPH paboTe ITOR
CXeMHI Ha HIDKHEM YPOBHE MhI CDABHMBAE€M GUTHI, HA CJAEAYIOIEM ~— JBY-
3HAYHEIE YHCIA, 3aTeM — YeTHIPEX3HAYHBE U T. 4. [lony4yaeM «cyxaromeecs
aepeso». OHO 1aéT peayabTaThl cpaBHeHus 610k0B 1o 2F 6uTOB, B YacTHO-
cTn, Aas cydodukcos aamnu 1, 2, ..., 2™ = n. 31O YNCAA, JBOMYHAA 3ANKUCH
KOTODBIX COJEPXKUT POBHO OAHY eAuHMLY. KOMOMHADYS pe3yanTaThI CpaB-
Henus cydduxcop JauHE 2% U cocegHuX ¢ HUMM 6I0KOB, MOy UM PE€3yabTa-
THI CPaBHEHUA CY(PPUKCOB, JBOMYHAA 3ANMCH IJIMH KOTOPLIX COAEPKHMT JBe
eguHMObL. [Ipogomxkasn 3TOT npouece, MEl HOJAY4YMM Pe3y/bTATH CPABHEHUSA
Bcex cyd¢ukcoB. [IoCKOMBKY KOMYECTBO €AMHNL B ABOMYHON 3ANMNCK JJIu-
HHI cy¢dukca He NpeBocxoguT logn, rmy6uHna noxyvyennou cxeMul O(logn).
PaaMep cxeMul IMHEEH -—— NOMUMO CXeMH CpaBHEHUA Z U 2" —1—y (1uHenwHo-
r'0 pasMepa) MEL KCTOAB3YeM JONOIHATENLHO AL KaXA0ro cydhduKca oOgun
610K, M306PaKEHHKIN B HEHTPE PUC. 9, KOTOPHIHA KOMOVHHMPYET PE3YIbTATH
IPeALIAYINX CPABHEHHH.

1.16. [as Brruncaenvs ¢pyuxune MAJ A0CTATOYHO HAYYMTHCA HOACHH-
THIBATh YHCJIO €AMHUIL] CPEJH 3HAYEHNH NEPEMEHHEIX: JAJblIe MOXHO HC-
IIOJB30BAThH cxeMy u3 3ajgayuu 1.14. Obiee YUCIO €JUHUL PABHO CyMMe 4M-
C/1a eIUHAMD, CPEAV 3HAYEHUH NIePEMEHHEIX OT Ty A0 T{n/7) M YMCJIA €IWHHL
Cpeay 3HAYEHMH NMEPEMEHHBIX OT Z|n/2)+1 A0 Tn. IllpescTaBnas aTo B BH-
e CXeMbl, MOJIY4NM CXeMy Diy6MHH logn, 3IeMeHTaMu KOTOPOW JOMKHED
OHITh QYHKIMM, BEIYMCIAIOINE CyMMYy ABYX uMcen. [Jockoabky aTu 4uuciaa
HE IPEeBOCXOJAT 11, UX ABOMYHAS AJMHA He NpeBocxoauT logn. U3 pewenus
3ajaum 1.15 BurTekaer, yro ray6una Takux cxem O(loglogn). I'my6una sceit
cxemut noaToMy Oflognloglogn) (a pasmep O(n)).



M3 PA3JEJA 1 151

1.17. [dua rpadoB MOXKHO ONPENEIUTh ONEPALINIO BO3BEJEHUA B CTENEHb.
B rpage G* cronpko xe BepmuH, ckoabko ¥ B G, & JBe BEpPIINHK CBA3AHEL
pe6poM, ecin B G MX MOKHO COeJHHUTDL NyTEM He JiuHHee k (B 4acTHOCTH,
G! =G).

I'pacprr GyaeM 3a1aBaTh Mampuyamuy cmexcnocmu. CTPOKK ¥ CTOAOLB
maTpuubl cMexxHocTH A(G) rpada G MHAEKCHPOBAHH BepHIMHAME Cpada.
Ecan (jk) — pebpo G, 10 ajx = 1, B nporueHOM ciyvae ajr = 0. Ham
6yaeT yaoOHO NOMAraTh @j; = 1 ¥ CYUTATHL NEMEHTHI MATPHIE OyJIeBEIMH
nepeMeHHLIMH.

Jlerko moHATH, YTO €CJIH Mexay BepuimHamu B rpade G ecTb nyThb, TO
€CTb ¥ NYThb He JJMHHEE N, rjae n — 4ucio sepuun B rpade G. Tak yto aua
PelleHds 3a4a4¥ JOCTATOYHO MOCTPOUTL CXEMY, BHIYMCJAIOIIYIO MATPHILY
A(G*) gna xakoro-uubyae k > n, u cxeMmy, BHIGHDAIONULYI0O MATPHYHELIA JJie-
MEHT N0 3aJaHHEIM HOMEPAaM CTPOKH K CToab1a.

[J1a M06HIX NONOXUTENBHBX K, §, M, Takux 4T0 k = j+m, CHpaBeIuBO
TOXAECTBO

AGHuw =\ AG)uw ANAGC™)uwy ()

weV(G)

Ecam ckasaTb C/OBaMH, TO 3TO TOXAECTBO O3HAYAELT, YTO HA JIOOOM NyTH
MIuHH k B rpade G, CBA3LIBAIONIEM BEPIIUHEI U ¥ U, €CTh BEPUINHA W TaKafl,
YTO AJMHA MYTH OT ¥ JO W PaBHa j, a JJIMHA IyTH OT W A0 U PaBHA M.
B o6paTHyio CTOpOHY, €ciau eCTh NMYTH MEXAY ¥ M W, W M U MJIUHH ] H
™ COOTBETCTBEHHO, TO HX OObeJWHEHHe AaéT MyTb AJuHH j + m = k u3
u B .

Buiuncienne MATPHYHOTO 2JeMeHTa 1Mo (opMyJe (*) JErko 3amucaThb
B Buge cxeMul raybunel O(logn). Buuncias nociefoBaTeIsHOCTL MATPHL
A(GY), A(G?), A(GY),... nocresoBaTETLHEIM BO3BEEHHEM B KBAJPAT, de-
pe3 [logn] maros Mu moayumm MmaTpuiy A(G2L), rae 2 > n. Dny6una
MOCTPOEHHOM CXeMHI log? n, a pa3Mep NOJIMHOMMAIEH 10 7.

Teneps MOKakeM, KAaK HM3BIEKAThb U3 HAOOpa MATPHYHBIX JJEMEHTOB
BJEMEHT Qjk, €CIM j ¥ k 3ajaHBl ABOMYHLIMHA IPEACTABIEHHAMH Ji ... Jo,
k... ko, | = [logn]. 3ameTnM, 4TO PABEHCTBO ABYX OMTOB I M Yy HpPOBe-
pAETCA B CTAHAAPTHOM 6asuce BOPMYJIOH T = y def (mz A-y) V(T Ay).
[loaTOMy 3HAaYEHHME, BHIYUCIEHHOE IO (HOpMYyIe

!
V U5 55,81 to /\ (sm = ]m) A (tm =8 km) 3 (**)
8;...90,t1...to m=0
BCerfia PaBHO G5 ko Paamep (popmynu (**) nmommHOMMaNeH 1o n. Jler-
KO l'IpeACTa.BHTb aty ¢opmyay cxemon ruybunnt O(logn). MoxHo Takxe
cocIaThCA Ha pe3yabTar 3aja4u 1.19.
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1.18. Ucnoansys Toxaectsa ae Mopraua

A A

MOXHO JOGUTLCA, YTOOHI OTPHIAHMA IIPUMEHINCE IEPBHIMU. A MOCKOJIBKY
~f = f ® 1, cpuMenss npu HeoGxozuMoOCTH TOXAecTBa fe Moprana emd
pa3, MOXHO JOOMTLCSA, YTOOH NOCJIEAHEH NPUMEHAIACh AUIBIOHKIIUA.

Hocue Takux npeo6pa3oBanuit ME IOAYIMM CXeMy, KoTopas ecTs [JHD.
M 3agaua cBenach K TOMy, 9TOOH YO IUTHLCA, YTO KOTUIECTBO KOHBIOHKTOB
(aprymenTos quasionkuuu) B moboi JH®D, sanaomeit dpynknno PARITY,
3KCIIOHEHIMAILHO BEIHKO.

Jlerko moHATEL, YTO MOGOH KOHBIOHKT B Takoi JH®D nomxen cogep-
XKaTb N COMHOXHUTeJeH (B NPOTHBHOM CJly4ae (DYHKIUA, KOTOPYIO 331a6T
ata JTH®D, mHoraa He 6y feT MEHATHCA DM U3MEHEHMM POBHO OLHOT'O U3 eé
aprymentos). KOonBIOHKT, cofepxammuit n COMHOXHTENSH, paBeH 1 POBHO
Ha OJHOM HAbOpe 3HaYeHMH mepeMeHHHX. [103TOMy YMCI0 KOHBIOHKTOB HE
MeHbie qncia eauann pyHkuun PARITY, xoropoe pasno 2771,

3amevaame. MoxHO JOKA3aTh, 4TO CXEMEI M060M DUKCHPOBAHHOMN TTy-
6unnl u3 anementoB NOT u OR, AND ¢ npou3BOILHEIM YMCIOM BXOJOB,
Berqucaaiompe dynkiuio PARITY, umeloT skcnonennnanbueii pasmep. Jo-
Ka3aTeJIbCTBO CTPOMTCA HO MHAYKIMH, OCHOBAHHE KOTOPOH JAIOT CXEMEI
rayOuHE 2 M 3 (M3JI0XEHHEIN BHILE CTyYai).

Joxa3aTeabCTBO 3TOTO yTBepXKAeHUs MOXHO HaiTh B [24]. [Ipusesém
KPATKO€ M3/M0XKEHHEe OCHOBHOM MJed. 3aMeTHM, YTO NPMMEHEHNE JU3BIOHK-
LMH ¥ KOHBIOHKIMH B CXeMe MHHUMAJILHOIO PasMepa I0KHO Yepe,JOBAThCA.
3aMeHsAs IM3BIOHKIMIO KOHBIOHKIMH HA KOHBIOHKIHIO AU3BIOHKLMH, MOX-
HO YMEHBIIMTL ray6uHy cxeMel Ha 2. OfHAKO Da3Mep CXeMEl MOXET TIpH
9TOM YBETHYHTLCA KBAJPATHYHO, IO3TOMY HUKAKON PA3yMHOMN OLEHKY TaK
He oMy 4aeTCA. [l nomyyeHus OLEeHKH cayuatinbimu 06Pa30OM IPUCBONM 3Ha-
YeHUA JACTH NepeMeHHbix. Ilonyyenuas pyHKIuA OT MEHBIIErO YHCIA TIe-
peMenHbx — smb6o PARITY, mu6o eé orpunanne. CxeMHas CIOXHOCTD Aias
orpuuanua PARITY raxas xe, xak u gas camoit PARITY. A ¢ nexoTopoi
BEPOATHOCTRIO HAIIIA, CXEMA YHNPOCTHUTICA U TEPeCTAHOBKA KOHBIOHKUUN M
AM3BIOHKIINA He TIPUBEJET K GOMBIIOMY YBEIMIEHHIO PA3MEPa CXEMEL.

1.19. a) = 6). [I'pad, npeacrasnzioumii GOPMyIy, MOKHO CIEJIATH
AEPEBOM, €C/M Pa3MHOXMTL BXOJHBIE IlepeMeHHnle. PasMep nipu aToM yBe-
Jan4uTeA "e 6osee, yeM BABOE.

Mna nocrpoenns cxemnul ray6unn O(logn), Berancasiomeit gpopmyay X
pa3Mepa 1, UCIOAb3ayeM Niel0, IPEMEHEHHYIO B pemenuy 3a1ay 1.14 u 1.15.

[surasace 0T KOpHA AepeBa, NpPEeJCTABIALLIETO HOPMYIY, ¥ BEIOMpas
KaX IHlil pa3 BepHIMHY, COOTBETCTBYIOILYIO NOA(MOpMYJIe GAIbIIEro pasMe-
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pa, MBIl HalAEM DAHO KIX NO3AHO NOoAMGOPMYaY Z, pa3Mep KOTOPOH JEXHUT
Mexay n/3 u 2n/3. 3amensn B popmyse X mnoadopMmyry Z He3aBUCUMOM
HepeMeHHOH z, moay4aeM ¢hopMyay Y ¢ TAaKUMH e OlleHKaMH Ha Da3Mep.

Ilycts aas Z 1 Y eCTh BEIYMCIAIONIME UX CXeMbl INyOMHBEI He Gogblie
h. HocTpoum a1a Beeit popMyant X cxemy riybunsl He Goaswe h + 3. Ber-
YUCIMM 3 IepeMeHHLIe MOACXeMaMH MyGUHEL He Gousblue h: yo — 3Ha4eHHne
dopmyaer Y mpu 2 = 0, y; — 3Hadenne ¢opMmyasl ¥ npm z = 1, s —
3Ha4enne GopMyanl Z. 3Hadenue [ Bceil GOpPMyJbl PABHO

f=(WoA-8)V(y1As).

OT10 dopmya rayGUHEL 3.

Nrak, ana h(L) — MHHEMATBHOM TIyGHHEI CXeMHI, BEIYACAAIOMWER Pop-
MyJy pasMepa L, BHIIOIHEHO DEeKyppEHTHOe COOTHOIIEeHNe:

2L
h(L) < h(—3-) +3.

M3 mero creayet h(L) = O(log L).

6) = a). J1o cosceM mpocro. [IpeBpaTuM rpad cxeMe B AepeBO,
Pa3MHOXAA IPU HeOOXOAMMOCTH BepIIMHHL. Pa3Mep 3Toro gepesa He OyaeT
IPEBHIIATL KOJMYECTBA OPMEHTHPOBAHHBEIX [IyTEH OT BHIXO4A KO BXOJaM.
A Takux nyTei He Gonee 2.

1.20. BcnoMHMM KOHCTPYKUMIO HEPA3pemnuMoro npeaukara f,(z), npu-
Haanexaiero P/poly, koropas npusegeHa B 3aMedanun 1.1 Ha c. 24.

Ceityac MBI 6y A€M CTPOUTH TAKOM NpeAnKaT f,(z), 4TOGH OH GBLI pas-
pelyM, HO He NpHHagIexal P. Ml moCTpOUM Takylo BHIYMCINMYIO DYH-
Kkuuio p(n), 94To A060A AIrOPUTM €€ BEIMHCJIEHUA paboTaeT JOJblle, YeM
2", JlpyrMMH CIOBaMM, €CTh AJCOPUTM DACIO3HABAHUA IIPUHAIIEKHOCTH
a3piky H, cocTosAmeMy U3 OBOMYHBIX 3AIMCEH TeX YHUCed 7, IJIA KOTOPHIX
w(n) = 1; HO BpeMs pabOTH B HAMXYAIIEM CIy4ae J060r0 TaKOro aJropuT-
Ma Ha CJI0BaxX JIMHBL 71 PAcTET GhicTpee, deM 22 .

Hokaxewm 6osee obmee yrepxkaenue. llycts f(n) — serauciumasn pyn-
kiua. O603naumm vepes My A3BIK, cOCTOAUMI 13 Takux nap ([M], z), uro
mamuHa M Ha Bxoge z ocranasiuBaerca 3a spema f(|z]). [lpunagnexxnocts
3TOMY fA3BIKY pa3pelrMa (3allyCTHM YHUBEDCAJLHYIO MaluHy ThlopHHTa
co Bxogom ([M],z), orcuntaem f(|z|) TakToB paboTet M u mocMoTpUM —
ocraHoBmiack au M). Ho 6rICTpO mpoBepuTs 5Ty pa3pelIMMOCTb HEIb3d,
KaK MMOKA3LIBAET CIeAYIolee PAcCyXk IeHUe, IOYTH IOCIOBHO IOBTOPAIOIIEE
peluenne 3aga4m 1.3.

~ Iycts mammuHa A pacrno3HaéT NPUHALIEHKHOCTH A3LIKY My ciI0B 1IH-
Hel 1 3a BpeMa T'(n). Torga ects u Takas mammHa A', koTopas HA BXO-
ne X sanyckaer A Ha Bxoge (X, X), mocie dero B ciaydae OTBETa «Ja»
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NEPEXOUT B COCTOSHNE, B KOTOPOM I'OJOBKA JBUIAeTCA BNPaBO (M MaIMHa,
He OCTAHABIMBAETCA), & B CIyYae OTBETA (HET» OCTaHaBAMBaeTCH. CMoaenn-
posaTs paboTy A 3a Bpema T'(n) moxHo 3a Bpemsa T'(n) = O(T?(n)). Ecan
T'(n) < f(n), To yro cxaxer A o ciose ([4'],[{A'])? Ecun «ga», T0 npu-
XOAHM K NPOTHBOPEYMIO C onpejeneHueM MammmMee A', ecan «HeT» — Toxe
npuxoguM K npotusopeunio. lloaromy T'(n) > f(n), a T(n) = Q(f/%(n)).

Urak, Mer qoka3anu, 4TO BpeMsa pabOTH M060r0 ATMOPHTMA, PACIIO3HA-
I0IEro NPHHAAIEKHOCTD CJO0BA A3LIKY M He MeHbe, gem ((f1/2).

Bass B kavectse f dbyukumio 22", nonyunm pemenne 3a1a4u.

M3 pasgena 2

2.1. HanomuuM, 4TO IMTEpATOM HA3HIBAETCA NEPEMEHHAA WIHM €6 OTPHU-
uanue. Jlutepansr 6y aeM 0603Ha4aTh ly, Iy, . ... AIropuT™ pemwenns 3azauu
2-KH® 6yger paboraTe B Tpu 2Tana.

ITAnN 1. Mepe6upaem Bce mapel gusbionkuui. Ectm BcTpedaem napy
ly Vz,ly V -z, o gobasisem x KH® auspronkumio 1) V I, Ecau sBee ma-
PH (BKIIOYAaA JOGABICHHEE AWIBIOHKUMH) IPOCMOTPEHH!, TO IEPEXOAUM K
3Tany 2.

OTAN 2. IlpoBepseM And KaxaOW Naphl MEPEMEHHBIX, CKOIBKO AN3b-
IOHKIIMH MCIIONB3yeT 3Ty napy. Ecim xax gas napa ucrnonbayercd He 6osee
OAHOro pasa, TO BhifaéMm orBeT «ia» (KH® Bumomnmma). Ecau Hanuiach
napa nepeMeHHbIX, MCOIb3yeMasd N0 KPallHel Mepe B ABYX AMILIOHKITMAX,
BHITIOJHAEM COKPAIIEHNE: AeJiaeM NOACTAHOBKY PABEHCTB, YKA3AHHLIX B Tpe-
The#l CTPOYKE CAEAYIOWEH TabIMUEL, BO BCE TUIBIOHKINM U €CJIH TONYYaeM
npotusopeune ((r = 0) A(z = 1) mm (z = —y) A (z = y)), TO BHIAEM
OTBET «HET», B NPOTHBHOM Cly4ae NepPeXoiuM K 3Tany 3.

zVy zVy zVy rVy -z Vy arVoy
A A A A A A

TV -y ~zVy -z V-y zV -y —zVy zV-y
r=1 y=1 ="y T=y z=0 y=0

OTAN 3. Pemwaem nonyuennyio Ha sTane 2 3aJa4y C MEHbIIMM THCIOM
NEPEMEHHKIX ¥ MOBTOPAEM €€ OTBET.

KoppekTHOCTE Takoro alropuTMa BHITEKAET M3 CREeLYIOWMX HaGJIoge-
HuH. Bo-nepBhLIX, B CHIIy JIOFHYECKOro TOXAECTBA
(Wve)AlyV-z)) = (L Vi),
Ha NEPBOM JTalle MuI ,lIOGameM CIeICTBHA yXK€ HMECIOIIMXCA KOH'b!OHKuHﬁ.

Bo-BTOpBIX, 4 KaX A0r0 CTOI6HA IPUBEICHHOK BHIE TASIALLL JETKO PO~
BEPHUTBD, "ITO KOHBIOHKIMA NEPBHIX JBYX CTPOYEK DKBUBAJCHTHA DABEHCTBY
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B Tpernen crpouke. [loaTomy BemonunmocTs ncxoauon KHO skeupaneHT-
Ha BRINOJHUMOCTH coxpamennon KHO. ’

Hakonen, gokaxeM, 4TO €CJIH HA KaXO! Nape IEPEMEHHEIX €CTh He 60-
aee oaHon amanioHKuMK, To KH®, noryuennas ko BTopoMy sTaly, BLIIOI-
HnMa. [IpncBonM 3HaYEHME IEPEMEHHON T IPOM3BOJILHLIM 06pa30oM, 3aTeM
y4YTEM BCE CH€ACTBHA D>TOrO NPUCBOEHMA. [lepBOM M3 NEpEMEHHBIX, KOTO-
pOM He NPHCBOEHO 3HAYEHHE, TaKXKe MPUCBOMM 3HAYEHHE MPOM3BOJLHLIM
o6pasom u T. 1. Korga Mul HE mOy4YUM BHINOKHAIOLIErO HAGOpa 3HAYEHHH
nepemeHHEX? TONbKO B TOM ciy4dae, €CIM A1 HEKOTOPOH NMEPEMEHHOH U3
3HAYEHNH PaHee ONpeNeJEHHEIX TepeMeHHRIX 6y nyT ciegosats n 0, u 1. Pac-
CMOTPHM CaMoe paHHee Takoe npoTusopedne. OHO 03HAYAET, YTO UMEIOTCA
mM3BIoHKuMK [y VI u lp V-, a Takxke, 4To [ Vip = 0. Ho 3T0 HeBO3MOXHO,
TaK KaK B 9TOM caydae IuabloHKuMiA [y V l; Ttakxke Bxoaut B KH® nocae
arama 1.

Teneps oneHUM Bpemsa pabOTHL anropuTMa B xyauiem ciaydae. O6o3na-
yuM ero gepe3 T'(n), rage n — 4NCIO NePEMEHHHIX (YMCJIO MEPEMEHHBIX 3a-
BEAOMO He IMPEBOCXOAUT AauHKH Bxoaa). Ilo nocTpoenuio nmeeM creayioumee
PEKYDPPEHTHOE COOTHOIIEHHE

T(n) <On*)+T(n—-1),
otkyga creayer T(n) = O(nd).

2.2. Cmenenb1o BeplIMHH B rpade HA3LIBAETCA KOJNYECTBO pébep, BLI-
XOAALIMX M3 3TOM BepmHH. Heo6X0qMMHM yCIOBHEM CYLIECTBOBAHMA M-
JIEpOBa MYTH ABIAETCA C6R3H0CMb rpada; AODKEH CyLIeCTBOBATE IMYTh U3
J10601 BepIINHK B JI06Y10. YTOOH BHACHUTE, CYLIECTBYET JH JIIEPOB Iy Th
B CBA3HOM rpade, J0CTATOYHO NOACYATATh KOAMIECTBO BEPLIMH HEYETHOMN
crenenu B 3ToM rpacde. Ecau oHO He mpeBoCXoAuT 2, TO 3WIEPOB My Th €CTh,
B IPOTHBHOM CJIy4ae — HET.

BTopas 9acTh 3TOr0 yTBEPXKAEHHSA OYEBHIHA: €CJIH €CTh JMIEPOB My Th,
TO BCE BEPIUMHHL Ipada UMEIOT YETHYIO CTENEHb, KPOME HAYAILHOM M KO-
HEYHOM BEPIUMH JIIEPOBa My TH (€CIH HAYAIbHAA B KOHEYHAA BEPIIMHEL CO-
BIAJAIOT, TO CTEINEHN BCEX BEPIUNH YETHH).

[oKa3’aTenbCTBO CYIMECTBOBAHMSA SWIEPOBA IIYTH OCHOBAHO HAa TAaKOM
IPOCTOM HaGMIOLEHHUN: €CIM €CTh ABA 3aMKHYTHIX MyTH 6e3 obmux pebép,
HO C O6meH BEepIUMHOH, TO MX MOXHO OGBEIMHUTL B OXUH OYTH (MAEM IO
[epBOMY IyTH X0 OOMIEN BEPLIMHEL, IOTOM OGXOAMM BTOPOH HyTh M IPO-
HOJKaeM ABUXKEHHe 1o nepBoMy). [lanee HyXHO NPUMEHNTL MHAYKIMIO IO
4ucay BepumH ¥ pébep B rpacde. KpaTko MaoxuM 3TO MHAYKTHUBHOE pac-
cyxaeHne (YMTATENO PEKOMEHIYEeTCS BOCCTAHOBMTDL OMYIIECHHLIC IETaJu
CaMOCTOATEIBHO).
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Ecau sce Bepmunst rpada G 4ETHOM CTEMeH U, TO BLIGEPEM B HEM KAKOM-
HUOY Ab 3aMKHYTHIA yTe C'. Bri6pocus pé6pa C ua rpada G, noayyum me-
KOTOpPO€ KOJIM4eCTBO CBA3HLIX rpadoB G, . .. , Gy, ¥ KOTODHIX BCE CTEHEeHH
BEpIIMH Y€THBEIE. Tak YTO B KaXAOM M3 3THX rpacdOB €CThb DAIEPOB MyTh
(mo muayxuuu). Kaxaplit 13 Takux rpagoB UMEeT XOTA Obl OAHY BEpIIMHY
Ha C (unave G Gwu1 6bl HeCBA3HBIM). II0BTOMY MOXHO NPHMEHHTEH HAJIO-
XEHHYIO BBIIIE KOHCTPYKUHIO, YTOOR NOCTPOUTD 13 C' U SWIEPOBHIX Iy TeH
B rpadax G; siepos nyts B G.

Ecau B rpacde G ectr gpe'® pepmmnnt newéTHol cTenenu, To BrGepeM
cBA3BIBarolMi ux nyts C. JladpHeillee paccy X JeHUe OCTACTCA PEKHEM.

OcTanoch 3aMeTHTh, YTO M NMOACYET CTENEHM BEPUIMHEL, M IPOBEPKA
CBA3HOCTH rpaa MOTYT GRITH BHIMOMHEHB! 33 NOJIHHOMHANLHOE BPEMSA.

2.3. Paccmorpum npeaukar () € NP. Ilo onpegenennio

Q(z) =3y ((lyl < g(lz) A R(=,y)),

rae () — nomunom, a R(:,-) € P. B gpyro# unTepnperanuu cioBo y —
5T0 coobwmenue Mepauna, foKa3mBarolIee HCTUHHOCTL Q(T).

[Ipeanonoxum, 4o ApTyp nosHOCTHIO A0BepseT Mepauny, a TOT UMeET
NpaBO OTBEYATh TOJABLKO OJHUM GHTOM (M BCerja AaéT MpaBWIBHEIA OTBET
Ha mocTaBiaeHHEIH Bompoc). Torga ApTyp MoXeT BOCCTAHOBUTL CJIOBO Y,
BRIACHAA €r0 GUTH OT NEPBOro X0 MOCJAEAHErO, CACAYIOMMM 06pa3oM. Ec-
JU yX<e U3BECTHHI NepBrie k 6uTOB, 06pa3yolue CiI0BO u, TO ApTyp MO-
KeT MOUHTEpeCcoBaTheA y Mepiuua, cymecTsyeT Ju c1oBo 40z, Takoe YyTo
R(z,u0z). ITpu nonoxurersuom orsere (k+1)-it 6ur nonaraercs pasusim 0,
NnpH OTPUIATETHEHOM — 1.

Ecmu P = NP, 10 ApTyp MOoxeT uMuTHpORaTL Mep.uHa.

2.4. lpunaanexnocTs 33Ja4u 0 napocoyeTanuax kaaccy NP ouesua-
Ha: Mepauny zocTaTouHO pa3buTh MaJBYMKOB M AEBOYEK HA, naphl, mocjiae
4ero ApTyp cMoxeT yGeZuTHCA, YTO Nap POBHO N ¥ BCE BBEIOpAHHEIE APBL
COIJIaCHBI TAHLEBATH.

HoxaszarenscTBo npusagnexuocta P 6y1emM npoBoguTs, nepedgopmyau-
pOBaB 3a34y B TePMHHAX Teopuu rpados. EcTe deydoavunii 2pad (pétGpa
CO€AMHAIOT TOJNBKO BEPIUMHBI M3 Pa3HBIX JOJEH), HYXHO HNPOBEPUTH, CY-
IECTBYET JIM COBEPULEHHOE NAPOCOUEMARUE, T. €. TAKOW HAbop pébep, 4To
Kax[ad BEPIIMHA MHIMAEHTHA POBHO OAHOMY pebpy M3 Habopa (ecam kKa-
X Jlad BepIMHa rpada MHIUACHTHA He 6oaee YeM ogHOMY pebpy m3 Habopa,
TO TaKOH HAGOP HA3BLIBAETCA NAPOCOUEMANUEM, PAIMED NIAPOCOYETAHUA —
KOJIMYECTBO BXOAAIIMX B HEro pébep).

16)Ecm Y Bac moAy4MiICHs rpad, y KOTOPOro pOBHO OJHA BEPHIMHA HEYSTHOW CTeneHu,
TO MPOREDLTE BHIYMCICHUA U HalguTe OmUOKY.
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Puc. 10.

MBI pacCMOTPUM AATOPUTM, TOCIEAOBATEIBHO YBEJAMUUBAIOIIAN TEKY-
mee napocodeTaHue, HaunrHasa ¢ nyctoro. [loctpoenne 3asepuiaerca mbo
COBEPIIEHHBIM TAPOCOYETAHUEM, JTHOO0 JOKA3ATENbCTBOM MAKCHUMAIBLHOCTH
pasMepa TeKyILIero napocoveTanus (M TOrja COBEPLIEHHOI'O NApOCOYeTa-
HUA B rpade HeT).

AnroputM Gy reT HCMOAB30BATD Ui YBEJIMUECHUA Pa3Mepa TEKYLIEro na-
POCOMETaHNA NOCTpPOeHMe uepedyue20 nymu (ITO TAKOW NyTh B Ipa-
e, KOTOPBIM HAYMMHAECTCA ¥ 3aKAHYUBAETCS B BEPUINHAX, HE UHIWAEHTHBIX
p€OpaM NapoCOYETAHusA, M IIPOXOJUT IOIIEDEMEHHO 10 pEOpaM, NpHUHAAle-
XKAIMM ¥ He NPUHAICKALMM NapOCOYCTAHUIO). JAMEHUE B IapOCOYeTa-
HuUM DEGpaA 4YepeayroIlero MyTH, CTOALIME HAa YETHBIX MecTax, Ha peébpa,
CTOAIIME HA HEIETHBIX MECTAX, MKl YBEIM'IUM DPA3MED NaPOCOYETAHUA.

O6o3HaunM Tekymee napocoderanue deped C, a MHOXECTBO BEPILHUH,
MHOUIeHTHBIX pébpam m3 C, — ugepes W (C). llpegnonoxum, 4to B rpade
ecTs napocoderanue C' 66asmero pasmepa. Paccmotpum rpad A, obpaso-
BaHHBIN 00bequnennem pébep C u C'. CTeneHn BepuIMH B TAKOM rpade He
IPEBOCXOAAT 2, IOITOMY €0 KOMIIOHEHTHL CBA3HOCTH — 3TO MY TH (BO3MOX-
HO, HuuHbL 1, T.e. pé€bpa) u uukarl (cM. puc. 10, rjie CIVIOLIHBIMYA JTHHUAMA
n3obpaxens! péépa u3 C, a mrpuxosuiMu — n3 C') HA CTPENKN NOKA HE
Hy>kHO o6pamaTs Buumanne). Tax kak C’ umeer 6onbine pédep, yem C, TO B
A HaNAETCA KOMIIOHEHTA CBA3HOCTH, Cojepxaliaa 6oasue pedep us C', gyem
w3 C. Takas KOMIIOHEHTA SIBJAAETCA, KAK HETPYJHO BUJETH, YePelyIOUInM
MIYTEM.

Nrak, npoBepka MaKCHMATBLHOCTH 33 JAHHOrO apocoydeTanus C paBHO-
CHIBHA MIPOBEPKE CYLIECTBOBAHMA Yepenyouero nyTu. IlocneHon MOXHO
chenaTs, Hanpumep, Tak. Ob6osnatuum gonu rpada depes V u U. Opuen-
mupyem DEOpa rpada COTVIACHO CIAEAYIOIEMY MPABWIY: pébpa, BXOAAINE
B C, Hanpasrensl u3 V B U, a Bce ocranbubie pEGPa HANIPABRIEHBI TPOTH-
BOTIONOXKHO (3Ta OpHEHTaUNs Takxe n3obpaxena Ha puc. 10). Toraa cyue-
CTBOBAHUE YEPEAYIOLIErO MIyTH PABHOCUILHO CYIIECTBOBAHUI) TAKOM IAPhI
Bepmud v € U\ W(C) uv € V\ W{(C), 94T0 13 u B v €CTb OpPHEHTHDPO-
BaHHBIA NyTh. CylIeCTBOBAHUE OPUEHTUPOBAHHOIO MYTH € HAYAIOM U KOH-
LOM B 33 JaHHBIX BEPIINHAX IPOBEPSETCA CIOCOHOM, ONMUCAHHBEIM B PEILICHUN
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3afaqu 1.17, KOTOpEIM pabOTaeT U B CIy4ae OPUEHTUPOBAHHOIO Ipada (ma-
TPHUIa CMEXKHOCTH CTAHOBUTCA HECUMMETPUYHOH, YTO HUKAK HE BIAMZET HA
BBIYUCJIEHHSA).

Urax, MBI goka3any, 4To 3a1a4a O MAPOCOYETAHUAX NIPUHALNEXUT .
OnucarHent BBILE ATCOPUTM HE ONITUMAJEH, YHUTATEIIO IpefNaraeTcsa Io-
AYyMaThb, KAK MOXHO €ro YCKOPUTh.

2.5. 6) Ygo6uee omuceBats ceesenne 3-KHD x 3aaave HEBABUCUMOE
MHOX>XECTBO. B arou 3aave mo rpady G u ancny g rpebyercsa OTIpE/IeUTh,
CymecTsyeT i B rpade G MHOXECTBO BEPIIMH MOLIHOCTH ¢, HUIKAKAA apa
BEPIIMH KOTOPOTO HE CBA3AHA PEOPOM (HE3A6UCUMOE MHOMCECTNEO).

O4enngno, 410 3aga4a KIUKA ana rpaga G SKBUBATCHTHA 3amade HEe-
3ABUCUMOE MHOXXECTBO I JONOJIHATEJNbHOrO rpada G (B zonosxu-
TEIEHOM rpade pébpa U Hepébpa MEeEsF10TCA MecTaMu).

Boaemém 3-KH®D u3 m qu3bioHKuuit, 5 KOTOpEIE BXOIAT Nt IEPEMEHHLIX.
['pad, xoropent conocrasaserca sroun KHD, nveer 2n + 4 BepiuH. K-
AJOM TIEPEeMEHHOR &; COOTBETCTBYIOT JBE DEPUIMHBI, CBABAHHBIC PEOPOM.
/ Homerum nx z; u —z; (cM. puc. 1l1a).

s Kaxmoit fuabOHKUMK COOTBETCTBYIOT
h ly 9YeTHIPE BEPIINMHSL, [MOMAPHO CBA3AHHDBIE
- x; z; pébpamMu Mex Iy cobou. Beprumet, co-
OTBETCTBYIOUINE TIEPEMCHHBIM U JAVD-
IOHKIMAM, CBA3AHBI MEXKIY COOOM Tak,
KQK IOKa3aHo Ha puc. 116), (Hapuconan

fepeMenHan ANIBIOHKIIAA IpUMED A AUABLIOHKOMN [ V s V 3).
a) 6) OueBnguo, 4TO Takoi rpad cTpouT-
Puc. 11. ca no 3-KH® nommrOMUAIEHEIM Alro-

PHUTMOM.

[o mocTpoenuio rpada sicHO, ITO M0GOE HE3ABACHMOC MHOKECTBO €I0
BCPIIMH COAEPXKUT He Goaee n + m s1eMeHnToB. JOKaxeM, ITO HE3ABUCH-
MBI MEOKECTBA DasMepa 1+ 0 HaXOAATCA BO BIAMMHG OQHOSHATION CO-
OIBETCTEIM € BROIOJHAIOMUMY Habopaun sHadennut aan 3-WHD, xoTopoe
HLAACTCA TPABMION: €CTH M3 TPl BeDUIMH, TOMCUYEHHBIX T, U —Z;, B fe-

1, ol

SHBRCHMOE MHOKECTEO RXOANT BEPIIMHA T'j, TO B COOTBETCTBY IOMICM ATOMY
HE3RBUCUMOMY MHOKCCTBY HAGOPE 3HATEHMR Z; = 1, B NpOTUBHOM CIy<tae
; = 0.

Ua pue. 116} Jerke yeMaTpHBactTes KOPPEKTHOCTH TAKOTO COOTBOT-
creria. B HesasMcuMOe MHOKECTBO pasMepa n + m 06a3aHa BXOAMTL XOTA
LI OfHA BepUMHA M3 YeTBEPKH, COOTBETCTBYIOMEN An3booHKinn. Ho 310
G3HAYAeT, MTO XOTA OBl 0JHA U3 BepIINH, IOMedeHHX —iy, —ly, —l3, B 310
MHOXKECTBO He BxoauT. ¥ 5a0bopot, eciinn B3ATE MHOXKECTRO S BepIIMH, CO-
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OTBETCTBYIOINX BhMoAHAomemy Habopy mia 3-KHD, To ono oaxHO3HATHO
IOIOJHAETCA MO HE3ABUCHMOI'O MHOXECTBA pasmepa 1 + m (nmpoBepbTe 1Mo
puc. 116), uTo 111 Kaxaoro HaGopa 3HateHud li,ls,l3 (xpoMe HyJIEBOTO
Habopa!) U3 4eTBEPKM, COOTBETCTBYIOMWEH IN3BIOHKIMHA, OJHO3HATHO BbI-
fupaeTcs BEPIIMHA, KOTOPYIO MOXHO JOOABUTDH K S).

2.6. 6). 3amMeTum, YTO TUCJIO PACKPACOK B 3 uBeTa 110 OYEBUAHBLIM IIDU-
“YMHAM KPATHO 6: mepecTaHOBKA IBETOB COXPAHAET IPABUILHYIO PACKPACKY .

Mycts ects 3-KH® n3 m IM3BIOHKINE, B KOTOPbIE BXOAAT 7. TTePCMEH-
urrx. pad, koTopsiit conoctasagercs aToi KHD, umeer 7m + 2n + 3 Bep-
. [Lasg onucaHus CTPYKTYpPHI Tpada ygo0HO NOMETHTE YACTh BEPLIMIL.
Bo-uepBsix, moMeTuM Tpy sepiumisl aucaamu 0, 1, 2. Bo-BTophix, noMeTuM
KAK ABIM JATEPATOM (TepeMeHHOM Wi eé OTPALIAHUeM) TTO OJHOU BEpPIIMHE.
QcTanbHBE 71 BepIIMH pa3obbéM Ha DPYNNEBL 110 7, KAk 1asd CPYTIa COOT-
BCTCTBYeT OJHOM U3 AM3BIOHKIMH.

Tereps omuimem pédpa sroro rpada. Kak moxasano Ha puc. 12a), sep-
mmnet 0, 1 1 2 coeuHensl Mexay cobon pédpamu. Ha puc. 120) nokasaHw
euré n TpeyroJbHukoB B aToM rpade. WU, Haxkonen, puc. 12B) nmOKa3BIBAET,
KAK COCIMHEHB! PEOPAMM BepIIMHBI, COOTBCTCTBYIONINE KaK 10M U3 BIOHK-
muu. Ha ooy pucyske [y, Iz, [3 0603HaNAIOT JUTEPATBL, BXOIAIME B U3 -
IOHKITMIO. S3aMEeTHM, ITO HEKOTOPbIe PEOpa MBI HEPETUCININ 10 HeCKOIBKY
pas.

QueBHIHO, YTO OMMCAHHOE BBIIE TOCTPOCHUE MOXKH) BBIIOIHATDL 34 1O~
JMHOMUAALHOE OT 1o U m ppems. lokaxeM ero KOppEeKTHOCTb.

PaceMOTpHM, Kakue IpABUWIbHLIE PACKPACKN B 3 IBETA BO3MOXHBI L5
Takoro rpada. Bes orpannieHus OOIIHOCTH MOXKHO CIUTATE, ITO BEPIIMHEL
0, 1 u 2 noxpatuens! B useta 0, 1 u 2 (u3 mecTH PACKpPACOK, Pa3IUIarOMXCA
TIepecTaHOBKAMH [IBETOB MBI BHIGpaJu oany ). Torja BepiIMHeL, MOMeEeHHBIE
7; 1 —z;, Hokpamensl B npera 0 u 1, mpuwyéM ux 1peTa AOMKHBI OBITH
IIPOTUBONOIOXKHEL (CM. puc. 126).

0 1 "% Ti h Iz
- l2 - ll
I3
2 01
KOHCTAHTHL nepeMeHHas AMABIOHKINA
a) 6) B)

Puc. 12.



160 PEWIEHUA 3A0AY

IIpaMBIM 1Eepe60pOM BApPUAHTOBR MOXKHO NIPOBEPUTH, ITO rpac, U30-
Opaxx€HHBIA Ha PUC. 12B) yAOBIETBOPSAET CIEIYIOMIEMY CBOMCTBY: €CJIH Kpa-
CUTDb BePUIMHEL, OTMEYEHHEE IUTepatamMu, B nseTa () min 1, a BepIIUHELL, OT-
MEYE€HHBIE OTPUIAHUAMH JUTEPAJIOB, — B NPOTUBOIMOJOXKHBIE IBeTa 1 mian
0, To mpaBnIbHAS PACKPACKa OCTAIbHBIX BepUIMH 3TOrO rpada B 3 mBeTa
cywecTByeT (M eAMHCTBEHHA!) TOrAa M TOMLKO TOMAA, KOTAA XOTA 6bI OTHO
M3 3HAMEHNH JUTEPAIOB OTANIHO OT ().

IlosroMy npaBuIbHEIE 3-pACKPACKHA IOCTPOEHHOTO Mpada, NI KOTOPHIX
Bepubl 0, 1, 2 mokpamrens B Bera 0, 1, 2 COOTBETCTBEHHO, HAXOAATCA
BO B3aMMHO OJHO3HAYHOM COOTBETCTBUHU C BHIIOMHAIOIINMY HaGOPaMH 3Ha-
YeHUH NepeMeHHBIX ucxoguon 3-KHO.

2.7. [Mannas 3afa4a COZEPKMT OUPAHMYEHHA PA3HOIO BUIA, GOPOTHCA
C KOTOPEIMH y06Hee o oraenbrocTu. ITosToMy Mer chopMyanpyem npo-
MEXYTOIHYIO 3a4a41y ¥ NOCTPOUM IENOYKY MOIHHOMUATILHEIX CBOJHMOCTEN
3a1a9.

Urax, nasosém gamnywo sanaay RP (“restricted puzzle”). agada UP
(“unrestricted puzzle”) moay4aercs, ecanm OTKa3aThes OT OI'DAHUMEHNA HA
TUCIO THIIOB KBAJADATHUKOB M TPEGOBATH (JIOKUTDL NPAMOYTOJIbHHUK 331aH-
HBIX Pa3MepoB, IPUIEM He U3 BCero HabOpa KBAADATHKOB, a U3 HEKOTOPOTO
€ro MOAMHOXECTBA.

Onumeym HehOPMATBLHO LENOYKY CBOINMOCTEH

3-KH® « UP « RP,

KOTOpas A0KaseiBaeT NP-noanoTy ucxomHOM 3a134m.

3-KH® oc UP. [lna omucanus 3TOH CBOIMMOCTH 6yaeM CYMTATL KBa-
APaTHKM pOOOTAMH, KOTOPEIE MOrYT HOAYYATh M NEpefaBaTh COOOLICHHUSA
4epes cTopoHsl. [lapa 6yxB fOmycTHMA, €M O4HA U3 HUX O3HAYAET Iepe-
a1y COOOILIEHUA, & BTOPAas — IPHUEM TOIO XKe COOBIIeHUA.

HUrak, nycts ects 3-KH®, MHOXECTBO mepeMeHHBIX KOTOPOH 0603HA-
4uM depes X, a MHOXKECTBO JU3bOHKIME — 4epe3 D. Yepes D' 0603Ha4mM
MHOXeCTBO BBINOJHUMBIX AUIBIOHKIINH, HOAYHaeMbIX U3 D HOICTaHOBKOMR
3HAYEHUN HEKOTODKIX MEePEMEHHEIX.

Bynem Tenepsb omuceIBATE MHOXECTBO KBAIPATMKOB M X THIBL, M3 KO-
TOPBIX HYXHO Oy IeT CKIaAbIBATH NPAMOYTOMLHUK pa3mepa | X | x |D|. Ogna
CTOPOHA 3TOr0 NPAMOYTOMBHUKA, (AJIA ONPELEIEHHOCTH — JIeBas) COOTBET-
crByeT nepeMenubiM KH®, a apyras (Humxuan) — aussoHKuuaM. Po6oTor-
KBAADATHKH NOY4al0T CleBa COOOIEHnA «x; = 1y mmm «x; = O», z; € X;
IEPEAOT BIPABO TO XK€ CAMOe COOOIIeHNe; MOJIYYal0T CHU3Y JAM3bIOHKIINIO
u3 D'; MOACTABIAIOT B HEE, €CIM BO3MOKHO, [IEPEMEHHYI0 T; U IePEJAOT 0~
JY'ICHHYIO AM3BIOHKIMIO BBEDX, CCJIM HE MOIydYeHO HyJaeBoe 3HaveHue (apy-
THMH CIOBaMM, OTCYTCTBYIOT THMEL, NOIY4AIOLINe CJeBa COOOIIEHNA BUIA
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«Tj = a», a CHU3Y — « @ Z;»). Bce 5T TUNH He COJEpPKAT TPAHMIHBLIX
6yks. A ecTb emé 4 yrioBLIX THIA, IBYM CTOPOHAM KOTOPHIX Pa3PeLieHO BH-
XOAWTH Ha MpaHuLy, u 2| X |+ 2|D| rpannunmx THMOB (0JHA CTOPOHA MOXET
BHIXOJHMTbL Ha CPAHMIY), KOTOPHE HYMEPYIOTCA NEPEMEHHBIMU ¥ IU3BIOHK-
IUAMHM COOTBETCTBEHHO. ByKBH, HamMCaHHEIE HA CTOPOHAX KBaJPaTHKOB
CPAaHMYHHIX THNOB, 06ecneYnBal0T OJHO3HAYHYI COOPKY KOHTYpa MpAMO-
yrompuuka. KBagpaTuk xaxjoro Tuna ogus. A scero tunos O(|X| - |D|).

TaxuMm 06pa3oM, sunonruumocts KH® skBuBanreHTHA BO3MOXKHOCTH CJIO-
XHTb NPAMOYronbHMK pasmepa (| X| + 2) x (|D| + 2) u3 omucaHHOrO BHIIIE
HabOpa TUIIOB KBaJPAaTHKOB.

UP « RP. IlycTh ecTh MHOXECTBO KBaJAPATHKOB, MPHUHALIEKAIIMX
mHOXecTBy TunoB T, kaxjoro Tuna t mo n(t) mryk (3 ,.rn(t) = N), u3
KOTOPHIX HYXKHO CJIOXHWTBL MpPAMOYToidbHUK m X k. Be3 orpannyenus obmr-
HOCTHM MOXHO CYMTaTh, 4To N > 5. [JobaBuMm KBaApaTHKOB: NO 2 IITYKH
U3 M + k JONOJIHUTENBLHBIX THIOB C; M T, YTOOH BBLIOXUTb BHEITHHN KOH-
Typ npsMmoyroabHuka m X k, 4(N — mk) xBaIpaTUKOB emg OZHOrO THMa
U, 9TO6BI MOXKHO GBLIO MCIOJIB30BAThL KBaAPATUKM, HE BOLIEAIINE B IPAMO-
yroasuuk, u (5N + 3)2 — 5N — 2(m + k) + 4mk xBagpaTukos THna v 1A
noayyenus ksaapara. [Tockoasky 5N +3 > |T|+2(m+ k) +2, orpanunyerue
YUCJIa THNOB JJIMHOM CTOPOHH KBajapaTta OyaeT BHIOMHEHO.

ChopMyaupoBaHHEE YCJIOBUA NPAMO NEPEBOAATCA HA A3KIK OYKB M MX
codyetanui. Ha cTOpoHax KBaApPATMKOB THNA ¥ HANUCAHA OLHA M Ta XKe
6yKBa vV, KOTOPAA MOXET COCELCTBOBATEH TOJLKO CaMma ¢ COOOW; Ha OJHOM
CTOPOHE KBAAPATUKA THUIA U HANMUCAHA GyKBa U, KOTOPasg MOXEeT COCeCTBO-
BAThb CO BceMM OyKBaMH, a Ha OCTAIBLHBIX — ¥; HAKOHEI|, HA OJHOH CTOPOHE
KBaJDAaTUKOB THIOB C; ¥ T; HanmucaHa 6yKBa v, a Ha OCTAIbHLIX CTOPO-
HaX HanmucaHul 6yKBHI, o6ecneuuBalonme CGOPKY KOHTYPA MPAMOYTOJbHUKA
m x k.

Takum 06pa3om, YTO6E cobpaTs kBaapaT (5N +3) X (5N +3) u3 HoBOrO
Habopa kBaapaTukoB 1 x 1, Heo6x0A¥MMO M JOCTATOYHO YMeTh COOMpaTh
OPAMOYrOJBHEK 1M X kK M3 HEKOTOPOro MOAMHOXECTBa MCXOJHOro Habopa.

2.8. TlockonbKy yMHOXEHME NCEN MOXKHO MPOM3BECTH 33 TOJHHOMHMANL-
HOe BpemsA, MepauH MoxeT coobmuTs ApTypy M1060€e pa3loXeHne TUCIa 7
Ha IBa MHOXWTEJA.

2.9. JokaxeM NpUHA JIEXKHOCTD 33 a4y IPOCTOTA YUCJIA kiaaccy NP,
[OCTPOMB JJ1A PEILIEHUA STOM 33,134y HeleTePMUHUPOBaHHYI0 MamuRy Thio-
purara N, K0Topas PeKypCHBHO BHI3HIBAET caMy cebd.

Ha Bxox mammue N nogaérca ABOWYHAA 3aMUCh YUCIA P, MPOCTOTY
KOTOpPOro HYXXHO NpOBepUTh. MallnHa HeJeTepMMHHPOBAHHO JIONMCHIBA-
€T NepBOOGPA3HHIN KOPEHb ¢ [0 MOAYNI0 P M Pall]OXKeHHe Ha INPOCTHE
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MHOXHUTENM 4YUCiIa p — 1, T.e. Takue 4UCAA D1, ..., Ps, A1, ..., (g, UTO

8
p-1=]s. )
=1

Mocne sToro Mammza npoeepseT paBeHCTBO (*) (Ha 3TO XBATHT BPEMEHH
O(n?), rae n = logp, Aaxe ecM YMHOXATH GOJbIINE YMCAA 4B CTOJGHKS),
npoeepseT paseHcTBO gP~! =1 (mod p) u Bce HepaBeHCTBA

g 1/pi £ (mod p).

M 3Tux nposepok norpebyerca spema O(nt), tax kak s = O(n), a Boape-
AeHue B crenens ¢ Tpebyet O(log q) ymHoxenui. [Janee MamuMua npoBepseT
NPOCTOTY BCEX Pj, PEKYPCHUBHO BHI3HIBAA CaMy cebd.

Onucannrle Bhllle MPOBEPKM T'apAaHTHPYIOT, YTO NOPAJOK YHCIA ¢ B
rpynne (Z/pZ)* paBeH p — 1, 4TO 3KBUBAIEHTHO IPOCTOTE P.

Ouenum Teneps BpeMsa pabotm Takoi HMT ma Bxoge mamam n. Qo
CKJIAABIBAETCA U3 BPEMEHH, 3aTPAYMBAEMOr0 Ha JeTePMUHUPOBAHHEIE Jei-
CTBHA, ¥ BPEMEHH, 3aTPAYMBAEMOr0 HA HEeJETePMUHUPOBAHHEIE NeHCTBUA.
Kak crieayer ua npuBe jeHHHIX BBILIIE OLEHOK, KOJTMIECTBO J€TePMUHUPOBAH-
HBEIX JEUCTBUI OrPAHUYEHO [IOJMHOMOM OT JJMHHI 3AITMCEH BCEX YHMCel, IPO-
BepAEMBIX HA NMPOCTOTY 33 BpeMsa paboThl. [JauHa 3amuceit mepBoobpPa3HBIX
KODHEe!l M KPATHOCTEH TaKXe OrPaHUYeHa IOIMHOMOM (M Jaxe JHHEMHHO)
OT IJMHEI 3AITMCER BCEX 4HCeN, IPOBEPAEMBIX HA IIPOCTOTY.

Takum 06pasoM, OCTaJOCh OLUEHHTHL JTMHY 3amMCedl 4HCeJ, mpoBepse-
MBIX Ha MpoCTOTy. Ecin B3ATH Ipou3BeeHne BCeX 1HUCEN, IPOBEPAEMbIX Ha
OpOCTOTY Ha k-M YPOBHE DEKYyPCHH, TO OHO 3aBeJOMO MeHBIIE MCXOJHOT'O
yucaa p. IloaTomy cymmapHas anuuHa samucedl aTux umcen He GoJee yeM
B/IBOE NIPEBHILAET AJIMHY 3aNUCH P (JIMHA 3aMHCH OPOU3BEJEHUA IBYX M-
Ces pasBe uTO Ha 1 MeHbINle CYMMBI JJIMH COMHOXHTeNeH). MakcuMaabHOe
U3 4ucel, IPOBEPAEMBIX Ha NPOCTOTY Ha k-M yYDOBHE PEKypPCHH, IO Kpai-
He#l Mepe BJBO€ MeHbILE, YeM MAKCHMMATLHOE M3 4YMCeN, MPOBEPAEMEIX Ha
(k—1)-m yposre. IlosTOMYy MaKCHMATBLHEIA YPOBEHb PEKYPCHH HE IPEBOCXO-
Aut log p. CregoBarensHo, 061as JIMHA 3aIKCEH BCEX YMCEJ, TPOBEPAEMBIX
Ha IIPOCTOTY NpH BXOAe p, pasna O(log® p).

N3 pasgena 4

4.1. 3ameTuM mpexje BCEro, YTo S 3aBeJOMO He MEHbIIe JIMHBI BXOJA
B CWIy KCIOJB3YEMRIX Onpeaenennir.!”)

1) Brisator u Apyrue onpeaenenva. Tak, Hanpumep, kaace log-SPACE onpeaenserca
C TTOMOMILIO ABYXJEHTOYHBIX MAalIMH, Y KOTOPHX Ha OAHOW JEHTE 3amMMCaH BXOJ M C Heé
MOXHO TOJLKO YMTaTh, & HA BTOPOH JeHTe ucroabdyerca namars O(logn).
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TIpeAnonoKnM, YTO JOKA3aHa BEPXHAA OleHKka Buaa 2P°Y(S) ma Bpems
pabOTHI HEJEeTEPMHHUDPOBAHHOM MamuHbl. Torga MOXKHO IOCJIOBHO NMOBTO-
PUTH JOKA33aTENbCTBO TEOPEMHI 4.2, MOCTPOUTD Urpy AauHE poly(S), u BHI-
YHCINTH eé Pe3yIbTAT A€ TEPMUHUDOBAHHOM MamMHON Ha namatd poly(S).

MycTe ecte HMT, paboTatomas Ha namaTu S. B nponecce paboTe ona
MOXET HaxoguThca He 6onee yem B N = |A]% - |Q| - § cocroanmax, rae
Q, A — MHOXeCTBO COCTOSHUM YIPABIAIOLIErO yCTPOUCTBA M BHELIHUH aJ-
¢dasut, cooreTcTBeHHO. X0TA y HMT MoxeT OEHITH HECKOJIBKO BADHAHTOB
Hepexofa U3 JAHHOT'O COCTOAHMSA, U3 NOCJIEIOBATEILHOCTH NEPEXOAOB BCe-
[a MOXKHO BHIOPOCHTL IMKJILI (HM K 9eMy IeIaTh BHAYAJIE HENPaBUILHEIA
Tepexof, a 3aTeM, BEPHYBIIMCh B TO XK€ COCTOSAHME, — MpaBWIbLHEN). Tak
yT0 Bpema paborst HMT orpauuyero 20(5) kak u A1 JEeTEPMUHUPOBAH-
non MT.

4.2. Jlerxo coobpa3uThb, KAK UMHTHPOBATD Opakya F' u3 X, nMes Bos-
MOXKHOCTB 3aKa3hIBaTh opakyJ u3 1. HyxHo sakasats opakyn -F, a nanb-
e 6paTh OTPHLIAHKE OT KaXJOr0 Pe3yJbTAaTa €ro paboTHI.

Knacc PE*, kak u P, 3aMKkHyT OTHOCHTenbHO B3ATHA gonoiaHenui. Tax
YTO OCTATOCH AOKA3aTh BKmoueHne PP* C Y. ,. DTo y1o6HO menaTh, uC-
[OJIB3Y A HCPOBOE OINPEAEIEHHUE KAACCOB L.

Ilycts ecTh mpegukaT F € PT*| a Boraucisiommit €ro mOIMHOMHAIb-
HHIH QITOPUTM HcToas3yeT opakya G € X. Urpy, kotopas sagaér G(z),
o6o3nayum G(z). Onumem Teneps urpy F(z), BRIMCPhI GEIBIX B KOTOPOH
(Tounee, HaMMYME BHIMTPHILUHOM CTPATEruN) SKBUBATeHTEH F(T).

Ileperin xo4 6ebIX B 3TOM UI'Pe COCTOUT B OOBABJIEHUY NOCIEAOBATENb-
nocru nap (fj,z;)}_,. Besle yTBepxAaIOT, YTO 3Ta MOCIEJOBATEILHOCTE
€CTb NpPOTOKOJ OOpaIneHMil K Opakyiay B IpoLecce paboTH aJrOPHTMA C
opakysoM G, Buraucisiomero F(z). Bosee To4HO 3TO 03HAYAeT, 4TO AIro-
pPUTM 06pamaeTcsa K OPaKyay ¢ pas, j-il aanpoc jgelaeTcs O CJIOBe Tj, Opa-
KyJl OTBEYAaeT Ha JTO 3ampoc fj, M OKOHYaTelbHHIM pesyabTaT F(z) = 1.
CregyomuM X0A0M 4€pHHE OOBABIAIOT MHAEKC j U, ecmn f; = 0, To go-
MOJIHMTEJIBHO MEPBHH x04 Genbix B urpe G(z;). Jdaree, ecm f; = 1, To
pasnrpuBaeTca urpa §G(z;), a eciu f; =0, To paswrpeBaerca urpa G(z;)
co caBuroM «Ha Temm»: (i + 1)-it xox Gemnix B F(z) B 3TOM ciaydae COOT-
BETCTBYET i-y XoAy 4épHbIX B G(z;), a (i + 1)-# xox wépHex — (i + 1)-y
xoay 6ensix B G(z;), (k + 1)-# X0 4EpHBIX HA PE3YMLTAT BINAHAA HE OKa-
3LIBAET.

Besble BRIMTCPHBAIOT B 3TOM MI'DE, €CJIHU (:L'j);’.=1 — mIpaBWILHAA TOCJE-
NOBATEIbHOCTE apCYMEHTOB NP OGPAIIEHNAX K OPAKyJdy, Pe3yJbTaT UI'DEl
G(z;) coBnagaet ¢ f;, a pe3yAbTAT PAOOTH AIFOPUTMA JAA BRIMUCIEHHAS J
Ha BXOJe T ¢ oTBeTaMu opakyia (f;)j_, pasex 1.
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JocTaTouno acHo, 4yto ecin F(z) = 1, To y 6eNnIX €CTh BLIMTPHINIHASA
cTparerua B JF(z): mepBuIM XOJ0M CKa3aTh NMpaBly, a Jajibllie UTPaTh B
G(x;) mo crpaTerusM, CyLIeCTBOBAHME KOTOPHIX BEITEKAET M3 DABEHCTBA
fi = G(z;). Ecan xe F(z) = 0, To B KakoM-TO wieHe (fm,Zm) DOCICAO-
BaTensHOCTH (fj, zj)?___l 6eJnle JOKHEI OTKJIOHUTHLCA OT MCTHHLL. YépHEIe
CBOMM XOJOM [IOJXKHEL OGBABATEL M (M, JONOIHUTENLHO, IEPBLIM X0 3a be-
JbIX B urpe G(Z,) npu HEOGXOAUMOCTH), JAIbLHEHIIAA MX CTPATErMA COCTO-
UT B TOM, YTOOH J0OKa3kBaTh f; # G(Z;), MOAB3YyACH COOTBETCTBYIOLIMMU
cTpaTeruaMu aaa G(z;).

M3 pasgena 6

6.1. ITlockoabky KOHBIOHKIMA M OTPHLIAHME O6pa3yIOT MOJHHIA 6a3MC
[Jisi OOBIMHBIX cXeM, u3 jgemM 6.1, 6.2 caeayer, 4TO JOCTATOYHO peanuso-
BaTk GyHKIMK ~g: (Z,y) = (Z,2 @y ® 1) n @. 3amerum, uto —g|l,2] =
= -[2]@ (1, 2], nosTomy aocraTouno peamusosats @. Jaa sToro 3aBenéM
BCIIOMOTaTEABHBIM GUT u, cofepxamuil koHCTauTy 1 (414 3Toro B camom
Hayase ¥ B caMOM KoHue npumensem —{u]). Toraa @ (1, 2] = Ag(y, 1,2].

U3 pasgena 7

7.1. W3 pokasarenncrBa TeopeMu 7.1 caegyeT, YTO AOCTATOYHO HA-
YYMTBCA Peaau3oBHIBATEL BCE onepaToprl Buga A(X), X € U(2) (ynpapas-
€MBIl AByMA q-6uTaMu (a30BEIU CABUT HA —1 ABIAETCA YACTHRIM CIydHaeM:
A?%(—i) = A(K™1)). [Jna arropuT™a NMOCTPOGHMA CXEMBI TPEGYeTCA TaKxKe
KOHCTDYKTHUBHOE [JOKAa3aTeJILCTBO JeMMHI 7.1.

CrniepBa peanu3yeM ynpapiaeMbii Gha30BLIA C/IBHT:

P2 = B, mae )= (Y 5). B =(p 5.

Mockoasky A(XY) = A(X)A(Y), To ocTaérea peaarn3oBaTs onepaTopul Y
3 U(2)/U(1), rae U(1) — noarpynna ¢a3osuix cABUros. MoXHO CYMTATD,
yto Y € SU(2). 3Ta peanusanus uzobpaxena na puc. 13. Hcnoasayemure
B Hell onepaTopul A u B [OMXHE yAOBIETBOPATEL YPABHEHUIO
Ac®*A7'Bo®*B7l =Y. (*)
leoMeTpuvecku ypaBHeHHE (%) SKBHBAJICHTHO TAKOMY YTBEDXKJEHMIO: JIO-
60e BpaleHne TPEXMEPHOT'O IPOCTPAHCTBA €CTh KOMIIO3MIINA JBYX IOBOPO-
ToB Ha yrona 180°. JJokasaTenbCTBO 3TOr0 yTBEPXK ACHHA MOXHO YCMOTPETh
u3 puc. 14.
Ocranocs gokasath JeMMmy 7.1 koncTpykTHBHO. [ Havala 3aMeTHM,
YTO A1A MIOGBIX YHCEN C1,Cz CYWECTBYET YHUTApHAaA MaTpuna V paaMepa
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a
>
180°
A o2
(D)D)
180°
Puc. 13. Puc. 14.

2 x 2 (3dPeKTHBHO BHIYHMCAMMAA C JOOOH 33JaHHOM TOYHOCTHIO J), TAKas

9T0
v () _ (\/|c1|2 +‘|'c'2‘|‘2) ,
C2 0

CreloBaTenbHO, A1 MoGOro ejuHMYHOrO BekTopa |£) € CM cymectsy-
eT nocaesoBaTenbHOCT yHuTapHsx MaTpun VD . VIM=1) qmaxag 910
v . vM-Digy = 1), rae V(¥ peficTByer HA noanpocTpaHCTBe
C(}s), |s + 1)) (xax maTpuusl B ycIOBMM JeMMbl 7.1) M OCTaBAfET HeH3-
MEHHBIMH OCTAJLHEIE 6a3MCHBIE BEKTOPHL.

IlycTs Teneps 3a1aHa yEuTapHas MaTpuna U pasmepa M x M. YMuoxasn
U~ caepa na nogxogsmue marpuust UMD, . ULM-1)  voxno nepese-
ctu nepeut cronben B BekTop |1). Ilpu aToM cToabuer ocraroTcs OpTO-
FOHAJBHEIMM, OITOMY IepBas CTpoka nepexoauT B (1|. HeficTBys TakuM
ke 06pa3oM C OCTAIbHHIMHM -CTOAGHAMH, noxydaeM HaGop marpun U (G:2)
(1<j<s<M=1)(rge U9* peitcryer Ha |s) u |s + 1)), yaosie-
TBOPAIOUIMH YCJIOBHIO
U(]\l—l,M—-l)U(M—2,M—2)U(M—2,M—l) e U(l,l) A U(I,M—l) U—l =I.

AroT Habop cTpouTca arropur™om cioxroctu O(M?) - poly(log(1/9)).

7.2. Hepasenctso (7.6) ciieayeT u3 HENOYKM HEPABEHCTB, CIIPABEIJIMBBIX
A moboro |€):

xyie < ixi-yief < uxi-nyi- i

Jlna pokasaTenncTBa paBeHCTBa (7.7) 3aMETHM, YTO COOCTBEHHHEIE TNCIA
oneparopoB XXt u Xt X cosnagasor.
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W, nakonen, pasenctro (7.8) crenyeT ua TOro, 9ro co6CTBEHHEIE YHUCAA
oneparopa (X ® Y)I (X ® Y) = XX ® Y'Y umetor ua Ajux, rae \j u
pr — cobcreennsle uncaa XX u Y'Y, coorsercraenno.

7.3. [JocTaTo4yHO NpOBEPUTH A1a ABYX coMHOXuTeaen. Hmeem

001 (16) @ [oV™™) = U; (U1]6) @ |0V=") + m)) =
= UU1[€) ® (0N ") + [n2) + Ualmi),
rae ”|1]J)|| < 6; (3 =1,2). Hoaromy
(0201 (16) ® [0V ~™)) = UaUnf€) ® [0V ™) || < 61 + 62

7.4. O6osnaumm M = B®" ® |[0N~"). Bygem uckats onepatop B BHJIE
W = (U ® Ijpy1,..NP)Um + W(I — llpy), rae ysurapusir onepatop W
coxpanser M=, [na Takoro W, oueBNAHO, BEIIOIHAETCSA PABEHCTBO

W (16 ® [0Y ™) = (U]) ® [0V ™),
a||W-U|| < O(d) sxBuBatenTHO TOMY, 4TO 41 Beex ) € M~ prmonHserT-

ca ”(W—f])ln) | = O(8). Mpeacrapaaa W = XU, nony4aeM 5KBUBAIEHTHLIE
yCAOBHA HA YHMTAPHEIN onepaTop X:

X -1I=0@), Xc£t=M",
rae £ =UM.
Teneps HaM HOTpeGyeTCs CNEIYIOWAN JEMMA.

Jemma. Ilycmv £ u M — nodnpocmpancmea KOHeNHOMEPHOZO NPO-
cmpancmea N, maxue wmo |- p|] < 8, 8 < 1/2. Toeda naiidémes ynu-
mapwoiti onepamop X, maxoti wmo || X — I|| = O(8) u XL = M. (3navum,
u XLt = ML)

Mokazaremscrso. Boaomém oneparop YV = IT Il + (7 —TIaq) (1 —Tc).
Cpasy BujgHO, uTO OH nepesogut £ 8 M u L+ 8 ML, na nopmu ||Y — |
NMEEM OLEHKY

1Y = Il = [TpIl = Taq = T + MpTlgf <
< [T = M)+ T (Tag ~ )] €26 < 1.
Onepatop Y se yHuTapumit. Ho U3 npuBegeHHON OUEHKM CJIEfyeT, 4TO OH
HEBLIPOXeHHHIH. PaccMoTpuM yHwrapumit onepatop X = Y (Y'1Y)~1/2,
Oneparop Y'Y coxpanser moampocrpascreo £, nosromy X nepesogut L
B M. Jlns ouenku nopmu X pasnoxum (Y1Y)~1/2 5 pag Teittopa
W'Y V=l432+32% 4., rpez=I-YHY.

MosTomy ||(Y1Y)~1/2 — I|| < (1 - ||Z])~Y/2 — 1 = O(d), orcioga monydaem
X — Il = O(). O
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“ITo6s1 npuMenuTs JeMMY, HEO6X0AMMO OueHuTD Bemmauny ||z —ITum]]-
Umeem ||(U — U @ INIIp]| € 8 (U npubamxaer U B pacimpeHHOM CMBICTE
¢ TouHoCThIO §). O603Havan V = U ® I, nonyaem

e — Mpml] = NOTOAMDT - VI VY| < 26.
Hrax, ycrnosue JeMMEL BHIIOJHEHO (M 3ajaya pemena) npu § < 1/4.

7.5. Cxemy aas oneparopa A(U) MOXHO MOCTPOHTb, HCHOILIYS 3.e-

sewm Ppedxuna F = A(e) — ynpapasemnlit o6Men 6UTaMH. DJEMEHT
dpeskuHa 3343TCA COOTHOIIEHUAMH
0,b,¢) ecama =0
FZ | sy Uy ]
la, b, c) > { |1,e,b) ecama = 1.

Ero MoxHO peann3oBaTh crefyoommM 06pasom:
F(1,2,3] = A@)[1,2,3] A(@)(1,3,2] A@)[1,2,3]

(sametum, uto A(@) = A%(0;) — 370 anement Toddoan).

F

NF L ’<—__ I€)
‘,BXZ\_@,/E@_ 10)

Puc. 15.

Ha puc. 15 nokasano, xak U3 cxeMH aJa onepaTopa U, coxpansmoniero
|0}, mocTpouts cxemy ana A(U). B npamoyronbrukax mpoucxoguT ympa-
BaIAeMEIA O06MeH (-6uTaMu (napaylensHO JEHCTBYET HYXKHOE KOJHYECTBO
snemenToB dpegkuna). Ecau ynpasasiowmit g-6ut pasen |1), To Ha BXOA
cxemul, Beraucasomeit U, 6y et nogan |€), B npoTusroM caydae — [0).

7.6. KaxxarIi u3 paccMaTPHBAEMEIX HOBOPOTOB NOPOX AAET BCIOAY ILIOT-
HOe IIOAMHOX€ECTBO B IOACPYILIE IOBOPOTOB OTHOCHTEILHO (PMKCHPOBAHHOM
npsamoi. IlosTomy ocTanock J0ka3aTh, YTO NOBOPOTH GTHOCHTEILHO JBYX
Pa’MYHEIX HPAMHEIX nopoxaaoT SO(3). Jad aToro J0CTATOYHO A0KA3aTh,
YTO MOATPYIIA, NOPOXAEHHAA BCEMH IOBOPOTAMM OTHOCHTEILHO ABYX pas-
JMYHBLIX NIPAMBIX, JEHCTBYET TPAH3UTHUBHO Ha cdepe (WIH Ha IPOEKTHBHOM
ILIOCKOCTH — MHOX€CTBe OJHOMEPHHIX noanpocrpancts). CrnpaseiuBocTs
aroro $axTa oueBuIHA U3 puC. 16 (ecaIu MOXHO nMepeMemaTLECA [0 BYM Ce-
MeHCTBaM Iapaliered, To u3 JI060M TOYKM Ha chepe MOXHO NONACTb B
mobyio apyryio). CTporoe JOKa3saTenbCTBO NMOdYYAETCA AHAJOIMYHO pellle-
HMIO 3a0a4n 7.7,
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3aMedanme. JTO pelleHHE HEKOHCTPDYKTMBHO: HEJBb3A AATh HUKAKON
BepXHeHl OLeHKM Ha KoamuecTso nosopotoB X, X 1Y, Y1, xomnosnuua
KOTOPBIX NpubimkaeT 3ajaHHel aaeMeHT U € SO(3) ¢ sagaHHO# TO4HO-
cTeio 4. IlpnunHa HEKOHCTPYKTHBHOCTH COCTOMT B CilefyioieM. IIoBopoT
Ha yroia 2ma, TAe & — NPPALMOHANLHOE, IOPOXAAeT BCIOAY ILIOTHOE HOJ-
MHOXEeCTBO B I'PYIIE MNOBOPOTOB OTHOCHTEIBLHO (PMKCHPOBAHHOM IIPAMOMN
(eTa rpymmna, oueBuAHO, naomopdua R/Z). Onnako 4ncIO (& MOXKET OUYeHb
XOpOIWIO NpHOIMAKATECA PAlMOHANBHEIME YuCIaMU (3TO MMEET MeCTO, KO-
rja ko3 bUIMeHTE! HeNHOR Jpo6H, NpeCTABRIAIMIEN ¢, O4eHb OLICTPO pa-
cryt). Toraa moboe r € R/Z npubmmxaercs anementamu suaa na (n € Z)
¢ Mo60o# TOYHOCTHIO § > 0, HO YMCJIO N MOXKET GBITH CKOJIb YIOJHO BEIMKO:
6obile, yem mobas Hanepén 3ajaHHan HbYHKIMAS 0.

KoncTpykTuBHOE J0Ka3aTeIbCTBO U 3¢ dexkTHBHEIA (pH PUKCHPOBAH-
HeX X 1Y) anropuT™ noCTPOEHMA aNnpOKCUMAMK JOBOJIBHO CJIOKHSI [4].

7.7. O6osnaumm [¢') = V7€), rorga H' = V™ 'HV — crabwmoa-
Top C(|¢')). Tak 4TO yTBepkAeHHe 3ajaun NPUOGPETaeT BUA: OOBELMHE-
HHE CTaGIIM3ATOPOB JBYX HECOBIAJAIOLUIMX OJHOMEDHLIX TIOANPOCTPAHCTB
nopoxgaer U(M).

locraTouno nokasaTs, uro rpynna G, nopoxaéunas HUH', neicTByer
TPaH3UTHUBHO HA MHOXECTBE €IHHUYHLIX BEKTOPOB. [JelCTBATENLHO, IYCTh
AN Kaxaoro |y) € M nainércs oneparop Uy € G, Takoi uto Uy|) = [¢).
Torpa

UM)= ] UyH.
loyem
[JloxasbiBaeM TPaH3UTMBHOCTD JEUCTBHA rpynnsl (. 3aMeTHM, 4TO

HIp) = Q) € {In) : |(n|&)| = cos 9},
H'lp) = Q'(9') € {In) : |{n|€)] = cos '},
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rae ¥,9' obo3nadaoT yrie Mexay |¥) u |§), [€)' coorBercTBenHO: cosy =
= |(¥|&)], cos? = |(|€)], 0 < 9,9 < 7/2. B nocareayrommx dopmyrax
MCTIOAB3YETCA TaKXKe Yrol a Mexay sektopamu |€) u [€)': cosa = [{€] &),
0<ag /2

MoxHo npoBepuTh, 4TO npu dimM 2> 3

HQ'(¥) = U QW)
|a=9' | << min(a+¥’,x/2)

H'Q) = U Q'(9").
ja—9|< 9’ <min(a+¥,7/2)

MosTomy

H'|) = Q'(a),

HH'|¢) = U Q),
0<9d<min(2a,n/2)

H'HH'|¢) = U Q'W),

0<9’' <min(3a,n/2)

u T. 1. TakuM 06pasoM, fedCTBYA HA BeKTOP |£) MONepeMeHHO BJeMEHTAMU
us H' u H 10CTaTOYHOE KOIMYECTBO Pa3, MOXKHO MOLY YU Th JI060H eIuHuY-
HEIH BEKTOp |1).

7.8. Hockoasky 0® = HK?H, T0 cTanaapTHRI 63a3UC COJEPKUT MOJ-
HEIK 6a3uC A KJIACCHYECKMX OGDATMMEIX BhIMMCIEHMA (cM. 3ajgady 6.1).
3To, 6arogapa 3ajgade 7.5, MO3BOIAET PEATHIOBATL ONEPATOPHI A(U) s
BCeX aaeMeHTOB fasuca, kpome H.

Teneps paccmorpuM omepatop X = A(HKH) = HA(K)H, xoTopsi,
B CHILy CKa3aHHOIO, PeatusyeTcd B cTaHiapTHOM Gasuce (omeparop K co-
xpanser |0)). Hogeiicteyem nm Ha B®? gBymMs BOBMONHBIMM CHOCOGaMM:
X1 = X[1,2], X2 = X[2,1]. Oneparoput Y; = X1 X5, ¥, = X5 ' X Taixe
peanu3yoTcs B CTaHAapTHOM Oasuce.

3ameTnM, uTo onepaTophi X, X2 (cregoBarensHo, u Y1, Y2) coxpansior
sexToprt [00) u |n) = |01) + {10) + |11). Kpome TOro, BEIMMCICHUAMHA TIPO-
BepseTcA, uTo Yy, Yy HE KOMMYTHPYIOT U MMEIOT, TOMKMO 1, COGCTBEHHEIE
wmena A2 = (1£v/—15)/4 = e*%/2. B SO(3) = U(2)/U(1) oneparo-
Py C TaKMMM COOCTBEHHEIMM YMCJIAMHM COOTBETCTBYET NOBOPOT Ha Yroad ¢.
TlockoabKy A1 He ABIAIOTCA KOpHAMHU M3 1 (u paxke uenbiMu anrebpad-
JeCKMMH YMCIAMM, TaK KaK MX cael paseH 1/2), yrox ¢ HeCOMIMepPHM C
7. A MOCKOMBKY 3TH ONEPATOPH He KOMMYTHPYIOT, UM COOTBETCTBYIOT IO
BODOTEI BOKPYT pasiuyHuIX npameix. [loatomy Y1, Y, nopoxpaioT BCIOAY
mioTHoe moaMuoxkectso B U(L)/U(1), rae £ = C(|00), )+ (cm. 3axa-
4y 7.6).
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[lna 3aBepleHns [OKA3ATENBCTBA JBAXKIBI MPAMEHUM peayJbTaT 3a-
Aaum 7.7. Onepatopm Y, Yz nopoxgator BCIOAY ILIOTHOE€ MHOXECTBO B
U(L£)/U(1), onepatop V = A(K) coxpanser C(]00)) n ne coxparser C(|n)).
Tak 4ro Y1, Yo, V™IV, V, V1Y,V nopoxaator BCIOAY ILIOTHOE MHOXeCT-
8o B U(LHC(|n))) /U(1). Oneparop H([1] ue coxpanser C(|00)); npumenss
PE€3yIbTAT 3a4a4u 7.7 emé pas, moaydaeM BCIOAY ILIOTHOE MHOXECTBO B

U(B®2)/U(1).

7.9. Us nperigymeit 3aja4u clefyer, 4TO MOXHO PEATN30BATH onepa-
Top A(c) ¢ TouHOCTBIO A0 pa3oBoro mHoxuTens, A(c) = e**U. Oneparop
o peannayeTcs To4HO. BoabMEM gomomHHTENbHEIH q-6uT B cocTosunu |0)
u npumennm o*Uo*U™": |0) — c|0). HenspecTHrti dba3opmiit MuONXHTED
COKDAILAeTCs.

7.10. B Gasnce |¢) = \—15(|0) +11)), ) = %(m) — 1)) onmeparop o®
AMArOHAJM3YeTCH, TAK YTO B 9ToM Gasuce R umeer Bun

_ . Loy emix 0
R = —iexp(miac®) = z( 0 e"”o‘) .

A pas a — uppaumonaneHoe 4mCIO, cremeHAME R MOXHO IpUGINKEHHO
peaau3oBaTe M060H onepaTop Buga §° exp(ipo®), KOTOPHI B yKa3aHHOM

Bhille 6a3uce UMEET MATpuuy i° z(_)l)’ rae s =0,1,2,3, |2/ = 1. B

z
0
PeOMETPHIECKOH HHTEPNPETALMH STH ONEPATOPHI COOTBETCTBYIOT OBOPO-
TaM BOKPYr ocu z. Ilpu s = 3 u 2 = i noayyaem amemenT Toddomu:
(A2(R))k ~ A*(0®) (npu moaxogamenm k), Tax 9TO yxe mMeeM mOMHLI
knaccudeckut 6asuc. Ilpu s = 1 u z = 1 nonyyaem A%(3) = A(K) (ua Tpe-
THI Q-GHT 3TOT ONEPATOP AEHCTBYET TOX JECTBEHHLIM obpasom). U3 A(K)
MOXKHO cAlenaTh K, mojaBas Ha ynpapisiommii q-6ut KOHCTaHTY |1) = 0%|0).
C TounocTsio 10 hazosoro mMuoxurers K — ato noBopoT Ha 90° Bokpyr
OCH Z, & KOMNO3NUHMAMH TIOBOPOTOB BOKPYT Z M OAHOI'O IOBOPOTA BOKPYT 2
TpeACTaBIAIOTCA BCe daemenThl SO(3) (ananornuno 3agaye 7.7).

WUrax, Mb monyumin peammsanuio Bcex oneparopos u3 U(2) ¢ TouHO-
CTBIO 10 da3oporo MuoxuTens. Ocranock Hcnoas3oBaTh 3ajavy 7.9 A
TOr'o, YTOOH peaiu30BaTnL H.

7.11. JIio6oe spamenue TPEXMEPHOr'0 MPOCTPAHCTBA peaCTaBIACTCA
KaK KOMIIO3ULMA TPEX NIOBOPOTOB: HA YTOM (¢ BOKPYT OCH Z, 3aTeM Ha yroa
/B BOKpYT OcH T, 3aTeM Ha Yroa v BOKpYT ocu 2. [loaTomy mo6oi oneparop,
AEUCTBYIOIMI HA OJHOM Q-GHTe, IPEACTABIAETCA B BUAE

U = eiei1/00° 4i(B/2)0% ila/2)0* (%)
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Kaxanii u3 onepaTopoB B IpaBoi YacTH (*) BHIpaxaeTcs yepes H u ynpa-
BAAEMEIE (PA3OBHIE CABUTU:

e = A(Ci‘p)UzA(ei‘p)Uz, ei¢a' — A(C-i‘p)UIA(Ci‘p)UI,
o = HA(e'™)H, e’ = He'’ H.

TakuMm 06pa3oM, JiA DEUIEHUs 3aJa4H JOCTATOYHO NMOCTPOUTDH CXEMY,
TIpeICTABIAIONIYIO YIpaBieMbrit ¢hasosri casur A(e) ¢ Tounoctrio O(6).

Bribepem Taxoe g = 2", yto 1/ € g < 2/4. Ilpeanonoxum, 4To y HaC
B PACTIOPSKEHUM €CTh N-OUTOBLIN PETUCTD B COCTOSHUK

q-—-1 .
ln(g, k) = % jzzoexp(zm"fj)m.

3ameruM, 410 |1),(g, k)) —— COGCTBEHHEIM BEKTOP KJAACCUYECKOrO ONEpaTo-
pa V:[j) = |(j — 1) mod g):

V|gpn(g, k)) = 2R/ D |y (g, k)).

IIpumensn x |n(q, k)) onepatop V!, ynpapnseMmurit AONOMHUTETLHEIM Q-
6uTOM, MOJAYy4aeM MCKOMBIH ¢(a3OBEIN CABUI HA 3TOM q-OuTe:

AVH(16) ® [¥n(g, K))) = A ®/D)|€) ® [ipn(q, K))-

(Knaccuuecknit) onepatop A(V!) MoxHo 3a1aTh cXeMOl JMHeHOrO pas-
Mepa B cTaHAapTHOM 6azuce. Ecim k — Heué€THO, TO BHIGOPOM MOAXOAAIIE-
ro | MoxHo mpescTaBuTh onepatop A(e*) ¢ Tounoctsio 27/q = O(6).

BMmecTo TOro, 4TOOH CTPOMTHL CcxeMy, mopoxjawomyw [Y¥,(g,k)), 6y-
aeM 6paThb cMech |tPn(g, k)) npu pasHux k, U3MepATH 3HaveHMe k U BH-
6upaTth |, cooTBETCTBYIOLIEE 3TOMY M3MEpEHHOMY 3HaveHuio. OnumeM Tpe-
6yeMule AeNCTBHUA.

1. Co3zgaém sekTOp

q/2-1
oM™ = o) = 7510 = J5la/2) =~ 3 (g, 25 + 1)
8=0

3amerum, yto 0* = A(i)? = K? peatusyerca TOYHO B CTAHIAPTHOM
6a3nce.

2. Tpouspeaém uaMepenue k C BEPOATHOCTBLIO OMIMEKHM £ < 62; OHO MOXeT
OHTEL NPEeACTARIEHO ONEPATOPOM

q—1
W =3 [n(a, k) (¥n(a, k)| ® Wi,
k=0

rae Wil0) = V1~ elk) ® [mycop(k)) + v({(k)), a BexTopst |Mycop(k))
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u |((k)) — eAMHM4HOM AMMHBI 3aMETHUM, YTO TOYHOCTDb — KBaJPaTHHHA
KOPEHb U3 BEPOATHOCTH OMIUOKU:

1Wel0) - k) @ lwycop())]| = /(1 - VI—e)® + v&° = 0(6).
3. Haipgém Takoe I(k), uro |ki(k)/q - 6/(27)| < 1/q.

4. Tlpumennm A(V!) x pabouemy n-6UTOBOMY PErHuCTpYy, UCOABL3YA GUT, B
KOTOPOM HYXHO CJe1aTh (Ha30BLEIH CABUT, B Ka4€CTBE YHPABIAIOLIETO.

5. O6paTuMm BRIMMCIEHMS, CAeNTaHHHE HA marax 1-3.

Aro6er BepoATHOCTE OmMGKH Gbina Merbme §2, myxusr O(log(1 /6)) sne-
MEHTapHBIX M3MEPEHH#l 1A Kaxjoro u3 omeparopos V, V2, ... V2"
Hockonexy n = O(log(1/4)), o6wmit pasmep cxembr — O(log3(1/6)).

M3 pazgena 8

2
8.1. Ilyers 3, (F(2),2|U|2,0N"™) =1-¢e;,me, < €< 1/2 qa
Bcex r. Ham Hy»XHO oueHuTH BeMduny
Pa) =" (i1, Foy 2k, F), 0°| MU (&, 0N ), 0m+e)
Sien i

215002k

2
’

rge M — onepaTop, peannsyiomui npumerenne byHxkuur MAJ  cooTBet-
CTBEHHBIM 6UTaMm k PEruMCTPOB OTBETA MCXOJHOM CXEMEl M 3aMMCLIBAONIMIL
3HaYeHUe >TON PYHKUMU B PErHCTP OKOHYaTeAbHOro oTBeTa. ([anHa oTBe-
Ta paBHa M, a § JONOJHUTEIbHEIX GUTOB UCHOB3YIOTCA HPH BEIYUCICHUH
MAJ).

Ecmu 6osiee MOOBMHEI PErMCTPOB OTBETa MCXOLHON CXEMEI cofepxar
F(z), To pesyapTaToM npumenenus M obasarensro 6yger F (z). HosTomy

1-p(z) <
<X X T [ s alvHe, 0¥ )| =

z
SC{l... kY. f1.o Sy, 1
ISISk/2  [;=F(=) & j€S

= ¥ G-l o (-t T (222)

1—¢g;

15igk/2 I1S1<k/2

< (\/(1 - ez)ez)k 28 < A% rged= 2v/(1 - ¢e)e.
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8.2. Iockonbky H? = I, uMeeM LIENOYKY PABEHCTB:

Onepatop A(c?) ymHoxaer |1,1) Ha —1, a ocTalbHEIe 6A3UCHBIE BEKTOPH!
HE MEHSAeT.

Ecau caenats 3aMeny 6a3uca TOABKO B yIPaBJAKIIEM (-6MTe, KaK MOKa-
33HO HA PHMCYHKE HHXE, TO IIONYYUTCA ONEPATOP, KOTOPHIM ABJIACTCA TPOU3-
BeJeHMEeM OTPHUAHME B 060MX q-6uTax M «oneparopa Auddysum (Ha c. 68
MuI 0603Ha4amm ero V). JleficTBATENBHO,

H[1)A(c*)[1,2}H[1]|a, b) = H[1]A(0")(1,2] fz 1)%)c, b) =

22 (a+dc|d bEBC)

5 Z (a+d )(b+b") Id bl)
c,b

= H[l]% 3 (=1)*e, b )

Ha pucyuke cieBa noka3aHa CxeMa BHIMUCJIEHUA TAKOI'O OEepaTopa, a Cnpa-
Ba, — €r0 MAaTPHLA B CTAHAAPTHOM 6a3uce:

1 1 1 -1
_1l 1 1-1 1
2 1 -1 1 1
O.I
N -1 1 1 1
8.3. BPP C BQP. Kiaccuieckoe BEpOATHOCTHOE BBIMHMCJIEHHE MOKHO
npeacraButh obpatumon cxemont (Uy, ..., UL), koTopas, Hapagy cO BXOAOM

T, NCTIOAB3YET CAYYAMHYIO NMOCIeI0BATEILHOCTh HyJed M eiuHMil r € B°.
(Kpome none3Horo oTBeTa, CXeMa MOXET CO3JaBATh MyCOP — JTO HEBaX-
HO). 3aMeHuM nepecTaHoBKM U; Ha COOTBETCTBYIOUINE YHUTADHLIE ONepa-
TOPHL 01, a BMECTO CIY4ailHOTO CJIOBA ' IPUTOTOBMM COCTOAHHKE
) = H®*0%) =27/ 3 |r).
rebB
BQP C PP. Iycts cxema (Ui,...,UL) Buuucaser npeankat F(z) c
BEPOATHOCTBIO omubku £ 1/3, obwee uucao 6uToB B cxeme pasHo N, a
|z] = n. BeposaTHOCTB mony4eHHMA OTBETA 1 BHIpAXaeTCA yepe3 MPOEKTOp
I = |1)(1], npumenéuHLIA K EPBOMY Q-6UTY:
p(z) =(z, 0N Uil ... Ul OO ULUL_, - ... Ui]z, 0V~ 7) =

*
= 2_"(:1:,0N_"|VLVL_1 et V_L+1V_L|I,0N_"). )
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3aecs Vi,...,V_ — nepenymeposanume omeparopu Ul,... TI[1],...
..., U1 ¢ oguum uckmouenuem: ecin Uy = H[m] (wm U,I = H[m]), To
cooTBeTCTBYyIOWuit onepatop V; pasen v2H [m]; xomugectso anementos H
B cxeMe 0603Ha4YeHO depe3 h.
Marpuunnie anements oneparopos V; € {v2H, K, K, A(0®), A2(c%),
")} npunagtexar MHOXeCTBY
M = {0, +1, -1, +¢, —i}.

IlepeMHOXaA MATpHIUH, MH OOIy4aeM CyMMY 4MCEI M3 MHOXecTBa M.
ITockoarky MHTepecyomas HaC Beaw4yuHa p(T) BELECTBEHHAA, MBI MOXeM
orpaHM4NThLCA cymMmupoBanueM *1. KpaTHocTu cnaraemux 6yayT Beipa-
KaTbCA B BUJE

#a(z) = {w: Ca(z,w) =1}|, a€ {1},
rae npeaukath C,(z,w) € P onpegenenn unxe. [lonygaem npeacrapienne
p(z) = 27" (#1(z) — #-1(2)).

Jancueniee npuBeaenue ycaoBusa (x) K BUAY M3 OnpefejeHus kaacca PP
yXe He 6yJeT NCIONb30BATh HUKAKOM KBAHTOBOM CIEUMPUKH.
Teneps onuuem npeaukatet C,(z, w) dopmansno. MaTpuinnie anemen-

TH Ipon3pegenus Vi, - ... - V_ MOXHO BHpa3uTs no ¢popmyrae (5.1)
AN
(VL ‘V—L),,y = Z (UL)::L_1 '(U—L)a:_L+1y'
TL-1y-yT~L+1
Ilo onpenenenuio, Cy(u—_r,...,ur) paBHo 1, €CAu ¥ TOABLKO ecau
L
u_p =ur = (z, ON—n)y H (Vj)u,‘u,‘—l =a.
j=—L+1

Jlerko Bugets, uto C, € P: HyXHO NpPEACTABIATE MATPUYHLIE BJCMEHTHI
KaK CTeNneHH 1 M1 CYMMUPOBATh MOKAa3aTeIN CTENEHeH 10 MOAyJio 4.

Ecm F(z) = 0, To p(z) < 1/3; ecin F(z) = 1, To p(z) > 2/3. Utak,
F(z) =1 Torga n TOILKO TOTAa, KOTAa

- 1
p(z) =27 (#1(z) — #-1(2)) > 3
OTO SKBHBAJIEHTHO YCJIOBHIO

#_1(.’5) + 2h_1 < #1(.’5).

3anucaHHOe HEPAaBEHCTBO MOYTH COOTBETCTBYET ONPEJEICHHMIO KJIACCA
PP: ocraérca anme npoBepuTh, YTO JEBaA 4acThb MPEACTABMMA B BHJE
f(z) = {y : R(z,y) = 1}|, R(,-) € P (aaa npaBoit yacTn 310 yXe 1o-
kas3aHo). PyHkumu f Takoro Buja o6pa3yloOT TaK Ha3LBaeMEIH Kaace #P.
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IToxasxeM, ITO 3TOT KIACC 3AMKHYT OTHOCHTENLHO choxenus. Ilycts g(z) =
=|{y: Q(z,y) = 1}}, Q(,-) € P, Torza
() +9(z) = {y: T(z,zy) =1},
rae T(z,0y) = R(z,y), T(z,1y) = Q(z,y).
JoKa3aTeabCTBO 3aKOHYEHO.

PP C PSPACE. 3T0 o4eBuanO. 3aBeaéM ABa CYETYMKA: OauH Aada Ry,
Apyrox — ana R;. Ilepe6upaeM Bce BO3MOXXHEIC 3HAYEHNA Y X YBEJIMYA-
BaeM 3HaueHuA CYETIMKOB AusA Ry, ecim Ri(z,y) = 1. [lorom cpaBuuBaeM
3HAYEHMA CYETUHKOB.

8.4. IlynkT a) ciegyeT u3 mynkTa 6). Jaa 6) npuseaéM cxeMy, KOTO-
pad gaét npubumkénHoe pemenne. [Ipex e Bcero, 3anuimeM pekyppeHTHYIO
dopmyay

[¥n(g)) = cos9|0) ® [Pn-1(q')) +sind|1) ® [hn-1(g")), (*)
rae

g =2"" ¢"=qg-2""1, 9=arccos\/q'/q, ecumqg>2""};

q =gq, ' =1, 9 =0, ecm g < 2L

Oprasusyem pekypCHBHOE BEIMMCIEHHE, HCTIOAB3YA dopMyy (*).

1. Buruucasewm ¢', ¢", 9/%, nocreanee npescrapnsem npubamxénso ! 5Bo-
HIHHIME UugpaMu. 3aOMHHAEM DE3YJIbLTATHI BHIYNCIEHHA B JOMOIHM-
TeJbHLEIX -6uTax.

2. Ilpumensem k mepBoMy q-6uTy peructpa [0"), B KOTODOM HYXHO CO-
3aaTh |Yn(q)), omepaTop

R() = <cosz9 —sinﬂ)’

sinYd cos?Y

3. B ocranpHrix n — 1 6uTax co3faéM COCTOSHME, 3aBUCAHIIEE OT 3HAYCHMA
nepeoro 6ura: eciu oH paseH O, To co3jaém coctoanue {¥,—1(¢')), B
NPOTHBHOM ClIy4ae co3faéM |v¥,_1(q")).

4. ITlporogum BeIYMCIEHME, 0OpaTHOE K ary 1, YTO6K OYMCTHTEL JOMOA-
HUTEJILHYIO IAMATD.

OnepaTtop R(J) peanusyerca npubauxénso. [lycts 9/7 = mel ap27k.
Torga R(Y) ~ R(w/2')% - ... R(n/2)* ¢ Tounoctsio O(27!). Arak, npu-
6mxénHo omepatop R(Y) mpeAcTaBaseTca MPOU3BEACHMEM ONEPATOPOB
A(R(m/2*)), rae k-it paspas umcna ¥/ ynpaBiseT NPUMEHEHHEM Omepa-
Topa R(m/2%).

O6man TOYHOCTEL Takoi cxeMH paBHa 6 = O(n2~!); pasmep, Brpaxen-
HEIH 49epe3 AJAMHY BXOJAa ¥ TOYHOCTH, — poly(n + log(1/6)).

IyukT B). [IpuBesém peanusauumio npeo6pasopanmua Dypre, HalfeHHy)
Komnnepcmurom u, HesaBucumo, Joiuem, B uanoxenun II. Hlopa [39].
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3anyMepyeM q-GMTHI B yGniBatomweM nopaake ot n — 1 10 0. O6o03naunm
Hy=H[jl,  Sp=A(""")60 (<)
Torga oneparop

Vi = H(]SO,ISOQ LI SO,n—ZSO,n—lHlSI,2 e Sl,n—l .
.+Hp_3S0-3,n-28n-3n-1Hn—25n—2n-1Hp1

AA€T MO4YTH TO, 4TO HyxHO: Uy = RV}, rae R — (xnaccuueckwmit) onepaTop,
IIepenuCHIBAIOLIME ABOMIHOE CJIOBO B O6paTHOM mopsajke. Pasmep Takoit
cxemur O(n?).

Jlerxo BUAETH, YTO MOAYIM MATPUIHBIX NEMEHTOB Vj ONpeserstoTcsa
KOIM4eCTBOM onepaTopoB Hj, Tak uTo onu pasum 1/vk, kak u Tpebyetcs.
Ocranoce nposeputs ¢asosuie Muoxurean. lycts

1 .
(Vk)(:n_l...zo,yn_l...yo) = —\7‘; exp(1 : 27‘-50(1:11-—1 3o X0, Yn—1,--. 7y0))'

3amMeTuM, 4TO KaxALIM MATPUYHEI 2JeMeHT Vi eCTh NMpOU3BeJeHME Ma-
TPHYHEIX DIEMEHTOB COMHOXuTenein. llpumenenne H; menser dasy ua 7
TOrAa ¥ TOJLKO TOrAa, KOTAA T; = y; = 1; npuMeHenne S;; poGasiseT k
dase 7/2'~7 Torbko B TOM cy4ae, koraa £; = y; = 1. Hamenenue daser na
2T HM Ha 9TO He BIMAET, I0ITOMY BHIYMCIMM (0 N0 MOAY.JIO 1.

n—1
z;Y; ziy
_ 3Yj g —
So(zn—la--'a107yn—la~-'7y0)_ZT+ Z 2[_7i.—
Jj=0 ogji<i<n
_ Z Ty Z TijYn—1-m _
- ol—i+1 on—j-m
0gjigi<n 0<j+m<n
(apeck pasencTBo Mo Moaymo 1)
n—1 2y n—1 n—1
_ jIn—1-m _ H.n J o m
=Y L= Y 05 Y My,
4,m=0 j=0 m=0

Iocae Toro, xax Mer nepenuieM CI0BO ¥ B 06paTHOM TOPAAKE, MOCIEAHEE
BHIDaXKEHMeE TIpeBpalaerca B Ty/2".

M3 pasgena 9

9.1. Iycte p = 3, prl&k)(&k|. NIpoBepum ycnosua 1)-3) gaa p.
Ycaoeme 1): oueBmgno.
Yeaosue 2): (n]pln) = Ly pe(nléx)(Eeln) = 3p px [(nléx)]? > 0.
Yenosue 3): Trp =3, pe(€rlée) = Y px = 1.
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U nao6opot, ecn p yaosaersopset 1)-3), To p = 3, Ae|€k)(€kl, rae
Ar — COBCTBEHHBIE YMCaIa, a {|¢x)} — OpTOHOpMUPOBaHHKIN Ga3uc M3 oG-
CTBEHHEIX BEKTOPOB.

9.2. Bekropy 1) € N ® F MOXHO €CTeCTBEHHRIM O6pa30oM CONOCTa-
BuTh oneparop ¥: F* — N. IlycTs p; — HeHyJeBhle COOCTBEHHEIE “THCIA
onepaTopa

p =0T = Trx(|$)(Y]) € LIN)

(kax0€ COGCTBEHHOE YMCIO Y IUTRIBAETCSA CTOMBKO Pa3, KAKOBa €ro Kpar-
HOCTB). IIOCKOIBKY p ABIAETCA maTpunei miotnocty, 0 < p; < 1. Iloaoxum
Aj = /Pj» & B KaUeCTBE MHOXECTBa {|¢;)} Bo3BMEM MIO6YI0 OPTOHOPMHPO-
BaHHYIO CHCTeMY COOCTBEHHHIX BEKTOPOB, COOTBETCTBYIOIIMX COOCTBEHHEIM
qudiaaM pj.

OnepaTtop ¥ MOXHO NIPEACTABUTH B BUJIE

=) MG,
J

rae |vj) = /\;I\Ilﬂ{j) € F*. CoorsercTeenHo, (v;| € F** = F. IlepeoGo-
aHaumB (V| 4epe3 |1;), NOMY1aEM HCKOMOE Pa3JIOXKeHHe IMMuzaTa.

9.3. Ycaosue Trx (|91 ) (1)) = Trr(jeh2)(12]), xax cresyer u3 pemenns
IpeblAyIei 321244, NO3BOAAET BRGpaTh pasnoxennsd llimuara aia ji) m
|02) ¢ opunakoBeiMu A; U |£;). 3anuieM STH PadIOXKEHUA

e =Y Nl em), k=12
J

Tockonbky {|n§k))} — OpPTOHOPMHMPOBAHHLIE CEMENCTBA, CYIIECTBYET yHH-
rapHsIi onepaTop U, Takoit yto U |17§.l)) = |17§.2)) aas Bcex j. Torga

(v @)} = 3 A1) @ Ulni) = 3° 2165 @ Inf?) = o).
J J

M3 pasgena 10

10.1. YTBepx/eHHe 32424y BHITEKAET U3 CJEJYIOmEH JeMMBl, KOTOpasd
6yAeT TMOoNe3HA U B JalbHeAIeM.

Jlemma., Pusuuecxu peaausyemvie npeobpa3’06aHUR MAMPUY NAOTHO-
cmu umeom 6ud

8
pr S AnpAl, Y ALAL =1 (*)
m=1 m
xomopolii Gydem HAILIGAMb PAIAOHCENUEM 68 OTEPATMOPHYI0 CYMMY. A 6Ca-
X0€ PAIAOHCERUE 6 ONEPAMOPHYI0 CYMMY MOHCHO NPEICMEsUMb 6 6ude p
 Trp(VpV1), 2de V. — usomempuueckoe eaoxcenue.



178 PENIEHHA 3AAAY

JokasaremscrBo. Ilnan Aokas’aTeabCTBa CAEAYIOMMMA:
a) JOKa)KeM, YTO M3OMETPHYIECKOE BIOKEHME ¥ B3ATHE HACTHYHOIO CJeja
MMEIOT PAIOKEHUE B ONEPATOPHYIO CyMMY;
6) ZOKaXeM, ITO ONEPATOPHLIE CYMMAEI 3aMKHYThl OTHOCHTEIFHO KOMIIO3M-
LHAH;
B) HaMZéM NpeACTABIEHNEe NPOUIBOJILHOM ONIEPATOPHON CyMMEI B BHJIE p —
— Tr _r(Vth).

a) YcioBue M30OMETPUMHOCTH BJIOXKEHMA 3amuceBaercs kak ViV = I
OTO 03HAYAELT, YUTO H3OMETPHUIECKOE BJIOKEHME MPEACTABUMO B BHJE Ole-
PaTOPHOM CYMMH M3 OJHOr'O CJIAraeMoro.

Jlns 4acTHYHOrO ClIefa MMeeTCA CIeYIOUIEe PA3IOKEHHE B ONEPATOPHYIO
CyMMYy:

= WapWh, raeWn=Iv®(m): NOF s N.  (x)

3amernm, 4T0 Wi (|7, k) = Smels), 2 W} (15)) = |7, m).

6) Ilycte 3 A,,pAl,, Ek: B, pBI — PalJIOKEHUA ABYX NpeobpasoBaHui
m

B ONE€PATOPHEIE CYMMHL. TOrAa ¥X KOMIO3MLMA TAKXKe PA3JaraeTcs B One-
PATODHYIO CYyMMY:

> Bi( Y- AwpAl)BL = 3 (BiAm)p(BeAn)',

k m k,m
> (BeAn) (BeAm) = 30 AL (BB ) An = T ALA, =T
k.m m k m

B) IlycTs npeobpasoBasue pa3sioKeHO B ONIEPATOPHYIO cyMMy (*), a F —
$-MepHOe NPOCTPAHCTBO, 6a3UCHBIE BEKTOPH B KOTOPOM 0GO3HAUMM [m).
Orobpaxenne

V=3 An®|m): [&) > Y Anlé) ® |m)
m m
ABJIACTCA usomeTpnlxecng BJIO)KeHHeM, IlOCKOJley
Vv =Y (4] & (Il) (4, ® Im))= S AlA IR - (lm) = .
im {,m

OCTAIOCE 32METHTB, 1TO ONEPATOPHAS CyMMa NPEJCTABNAETCA B BUAE p -5
+ Trx(VpV1). desicTeurenso,

fnf(vpv*)—Z'nf( AnpAl ® Im)(|) = ZAmpA* 0
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10.2. Iycts p € LWV ® F), Ulj) = [§;), YIk) = |m). Torpa
Trr (U Y)p(UY)) =
=T (URY) S punywli DU KIUSY)) =

Jikag' k!

:TT.‘F( Z kaJ'k'|€J)(€J !® |77k (ﬂk’ ) Zp]k}'k|éj (E] | =

NI Jji'k
=U(Trg p)U'.

10.3. Ilycts 3., AmpAI,, —— PaVIOKEHHE B ONEPATOPHYIO CYMMYy Ipe-
o6pasopanua T (cm. 3agagy 10.1). Toraa

Tiaywn = T 1K) = D (1415) - (klALIK).

Takoe mpejicTapjeHKe NO3BOJNAET JErKO MPOBEPUTH CHOPMYIMPOBAHHEIE B
YC/IOBMHM 3aa44 CBOACTBA 2)-B).

Cao¥cTEo a): S Twnwn = 2_(K1Anl) - (klALIK) =
k' k'm
—Z(klA K'Yk |Amld) = Y (Kl AR A ld) = (KIj).
CaoitcTBo 6): Tiiyuen = 9 (1 Amli)(k|ALIEY) " =

m

_Z(J|Am|1 WK | Ay k) = (k’k)(] i)

CBOMCTBO B): Z T jywryli's XK' k| = Z [thm ) (¥m],
35k k m
rae o) = G Arl) 13, 3)-
33

U Hao60pOT, BCAKMH HEOTPULATEJNBHELIA ONEPATOP MOXKHO NPEACTABATE
peuge T =Y |¥m)(¥ml, 0a€ [1m) — moaxopammM 06pa3oM HOPMHPOBAH-
HEIEe COGCTBEHHEIE BEKTOPH T, OTBEYAIOIINE IONOXKUTENLHEIM COGCTBEHHEIM
gucaam. O603HaATMM

[¥m) = D amy;li's i), Am: 1) 2 Y amgsli"),
j’

m,j'Jj

roraa T(j j)(k'k) = 2 G jOmprk- VB yCTOBUA [:_:T(k/j)(k:k) = djx crepyer
m '
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K (X ARAR) 1) = K (D trpntnme;) 1) = 3 Twnwn = .
m k/ I
Ocranoce nposeputs, uro T(|j)(k]) = 3, Am|j)(k|AL:

ZAm'J kIAf = Z Zam] 'j mk’k'] k ' - ZT(J J)(klk)b '

ik m 'K
= T(J5)(kl)-

10.4. CpoiicTea a) 1 6) SKBUBAJEHTHH CBOUCTBaM a) # 6) U3 mpeny-
e 3a1349.

IlycTs ecTh uanyeckn peaiusyeMoe Npeobpa3oBaHMe MATDHI ILIOTHO-
ctu T: p o Tre(VpVt). Torga T @ Igy: p = Tere((V @ Ig)p(V ® Ig)t)
TaKXKe ABIAETCH GUINMECKH DeanM3yeMueIM NpeobpasoBaHWeM M MOITOMY
obnanaeT paznoxenueM B oneparopuyo cymmy. Caegoatennho, T ® Iyg)
NEePEBOUT HEOTPUIATENLHEIE ONEPATOPH. B HEOTPUIIATEAbLHEIE.

s JoKasaTelbCTBA yTBEPXK/AEHMA B APYTYI0 CTOPOHY BHIBEAEM U3
CBOMCTBa B) JaHHOM 3aJ4a4M CBOUCTBO B) NpeALIAYIIEH 3a,]a4H.

YT068I 10Ka3ATH HEOTPUUATENLHOCTE MATPHIED T\t j)(k’ k) TIO IADAM HH-~
AEKCOB, B3ATHIX B CKOOKHM, NMOKaXEM, YTO OHA ABJIAETCA MATPHIEH omepa-
Topa BuAa (I ® T)|)(Y], rae |¥) € N @ N umeer sug [9) = 32, |j) ® 7).

JencTBuTennHO,

UST)WNSl = Y Tynwml N KIRENE = S Tuihweli'i) Kkl

gk k 7.3,k \k

10.5. Bocnomaay eMmca peayaptaToM 3afa4un 10.1. Ilpeacrasum T'p B BUAS
Tre (VpV't). Bosemém [¢) € V. TlockoabKy cocTosnue

Trrer ((VIONVYI) = Trr (Trre (Vi) @IVT)) = Trr (Th)(@)]) = ()|
qucroe, (Vi) = |¢,€(¥)) (310 cregyeT ua 3aMevanus, CAeIaHHOTO MOC/E
dopmyauposku 3agauu 9.2, cM. ¢. 78). U3 mumedtnocTu V cregyer, 4To
[€(¥)) = |€) me 3asucur or [¢p). Hoatomy TX = X ®7, rae v = Trz (|E)E]).

10.6. Bygem cuMTaTh, 4TO Cpasy xe NOCIe U3IMEPEHMA H3MEpPAEMEIE
q-OMTH BHIOPACEIBAIOTCA B «MYCOPHYIO KOP3HHY. DTO COOTBETCTBYET IIpe-
06pa3oBanuio ABYX KBAHTOBHIX GUTOB B KJIACCHYeCKHE:

T:p—r Z(fablplgab)(a’ b).
ab
“ITobu peammaoBaTh npeobpasoBatue T, Hy>XHO CHavaJa I0IEHCTBOBATH
YHUTAPHBIM ONEPATOPOM
H[1JA(o%)(1,2]: |€as) > |b,a),



U3 PA3AEJA 10 181

a 3aTeM mpou3pecTn u3mepenue B Gasuce {|0),]1)}; mocne sToro g-6urm
BHIODACHIBAIOTCA.

Bea orpanuyenus o61HOCTH, EPBLIA (-6UT HAXOAUTCA B YHCTOM COCTO-
auun JPp) = z0]0) +21|1). (Ecau ME OCTPOMM BOCCTAHABIMBAIOIILYIO TIPOLE-
AYPY A1 YMCTHIX COCTOSHUIL, TO OHA O JMHEHHOCTH 6y €T MpOAOIKATHCA
Ha cMemannse). Ha Tperuit -6UT uaMepeHue He JEUCTBYET, IOITOMY MOX-
HO 3aIHCAThb

(T © Iqs) (19) (1 @ o0 6ol ) = S (.5, hbas) (Wasl),
a,b

rae |Yas) = ((€abl ® I8) (1¥)) ® |€00)). Bmecs (€ab| pacemaTpusaerca xax
onepatop B®2 — C, nosromy (£,5| ® Ip: B®? — B. 3ameTum, 4T0 KBapaT
HOPMBI BEKTODA |{qp) PABEH BEPOATHOCTH NONy4YeHuA Mapwl (a, b).

Teneps 3anuiem ABHOE BHPAXKEHUE LA [1ap):

[as) = WZ (€l ® I5) (1¥) ® |d, d)) WZ Easl®h, d) |d) =

ch Eaple, d) |d) = 22 (=1)*8epa,azc|d) = Z(—l)"czc]a@c).

c

W3 sTOro BeipaxkeHus cCpasy ciegyer, YTO
b 1
(6%)" (%" ) = 319).

Taxk 4T0 cocTosiHMeE |1)) B TpeThEM q-GUTE NOTYIHTCA IPUMEHEHMEM OIepa-
TOPOB 0% M 07 C KJIaCCHYEeCKUM YIPABJIECHUEM: YIIPABJAOLMMY IapaMeTpa-
MU ABJAIOTCA M3MEPEHHBIE 3HAYEHU a U b.

|00

O —(—) &

Puc. 17. CxeMa KBAHTOBOH TeJIEIOD TALNH

Cxema KBAaHTOBOM TeJENOpTaUuMu u306pakeHa Ha puc. 17. 3HavKkoM
O o6o3uaven nmepBu OHT, @ — Bropon (q-6ut Amuch), (T) — Tpernit
(q-6ut Boba). Koraa Anuca xouer nepegats q-6ut ¥ Bo6y, ona copepmaer



182 PEUWIEHUA 3ALAY

HM3MEPEeHUA Ha L HUM U CBOMM Q-6MTOM (Jajible 3TH -6MTHl HE HCIONB3YIOT-
i, ¥ OHA BHIGPACHIBAET UX B MyCOPHYIO KOP3MHY). Peay1bTaTh uamepenun
oHa coobuaer Boby mo knaccuyeckoMy kaHaly cBaAsu (Teredony). Bo6,
HCIIONIL3Y A CoOO1eHue AJUCH, IpeBpalnaeT cBou ¢-6ut B q-6ur Q.

M3 pasgena 11

11.1. Tlo onpejerennio KBAHTOBOM BEPOSTHOCTH KMEEM

P(W (100l © )W, 1K) ©N) =
=TF(HC(|/¢))®NW(|0) (O ® P)WT) =
=3 Tr( (1K) (k1) R; (0)(O) B} @ Tiz, pll, ) =

= > Te((1k) 1) B, (10)(0) B]) Tr(Tle o, ) =
=D_[kIB 0P (o, £;) = > P(klj)P(p, £;).

_ t -1 t -1
11.2. BEemu W =3, _ N, @Vi, oW =37, 11, ®V". [losromy
MCKOMasn KBaHTOBaA cxeMma umeer Bug WY W, rae oneparop Y komupyer
B AOTIOJHUTENbHLIN PETHUCTDP IOJE3HEIA PE3YILTATH:

Y:|y,z,v) = |y, z,v B y).

OueHka TOYHOCTH IeJaeTcs Tak xe, Kak p 3ajade 7.11.

U3 pa3pena 12

12.1. HaTepecyiouyio Hac BepOATHOCTL 0603Ha4uM 4epea p(X,[). Ecau
hi, ..., He mopox Aal0T BCIO rpynny X, TO OHM COAEPKATCA B HEKOTOPOH
MakcuMaiabHOU cobcrBennod noarpynne Y ¢ X. Haa xaxaoro Y sepo-
ATHOCTb TaKoOro cOOHTHA He mpeBocxofuT 27, mockomky |Y| < |X|/2.
Taxum 06pasoM, MBI MMEEM OLEHKY

p(X,)>1-K(X)-27,

rae K(X) — 4ucao MakCMMabHEX COGCTBEHHHX NOArpyNn B rpynme X .

loarpynnet AGenepoit rpynnul X HaXOZATCA BO B3AMMHOOJHO3HAYHOM
COU'YBETCTBYM € TIOATPYNNaMy CPYNIEl XADAKTepoB X *, NpH 3TOM MaKCH-
MaJbHEIM COOCTBEHHEIM NOATPYNNAM OTBEYAaT MUHHMAJbHLIE HEHYJIEBbIC
noarpynnul. Kaxjgasa Takasa mogrpynfia nopoXxaaeTcs OJHUM JIE€MEHTOM,
noatomy K(X) < |X*] =X}
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12.2. HocTpouM kaaccuueckmi onepatop Vy € L(B ® B®") (6asncurie

BekTOpH B B®" 3anymepoanu ot 0 go 2" — 1), TAKON 4YTO
Vb|0,0)=|0,1), Vb|170)= |17b)

Torzaa cxema V1[0, B]U[B, A] V[0, B] peamsyer oneparop A(U)[0, A] B

PACHIMPEHHOM CMBICTE.

12.3. O603na4nM 06pa3 BekTOpa |z) npu npeobpasosannn Pypbe yepea
[¢n(k, z)). B 3aaa4e 8.4 MBI Hay 1RINCH CTPOMTE BEKTOP l¥n(k,0)). Kak yxe
oTMe4anoch B pemennn 3agadn 7.11, |¥,(k,z)) — COGCTBEHHBIH BEKTOD
kraccudeckoro oneparopa V: |j) = |(j — 1) mod k), co6cTeennoe umcio
xoToporo pasHo exp(2miz/k).

Hcnonsays o coo6paxKeHus ¥ pe3yabTaT 3adadu 11.2, noctpoum cie-
AYIOLIYIO CXeMy Jis KBaHTOBOTO npeoGpasosanus dypee.

1. B JONOJHHTENILHOM, N3HAYAILHO HYJIEBOM, PECUCTPE MOCTPONM BEKTOD

[n(k,0)). Obiuee cocTosanue nOAyHaeTCA

1
Wik Iz’y)'
i

2. Crenaem da3opwii casur Ha exp(2mizy/ k). Teneps noay1aem cocroaHue
|z) ® |¥n (K, ))-

3. Wamepsa obpaTumeiM o6pasoM (cM. 3ajady 11.2) cob6cTBeHHOE UCIO
onepaTopa V, 1efiCTByOmWEro Ha BTOPO# PErucTp, NpubaBisieM pesyib-
TAT U3MepeHus I K NePBOMY PerucTpy. (3Jech uMeeTcsa B BUAY NOOH-
TOBOE CJ0XeHHMe N0 Mogymo 2). B nepsom peructpe nonyuaercs |0), a
BO BTOpOM — Tpe6yeMmulit pe3yabTat (P, (k,T)).

K3 pazgena 14

14.1. OnepaTop A MOXHO NPeJCTABHTL B BH/E

A=Y Nl ml A >0, (&) = (mylme) = Gk
J

3aecs A} — HeHyJieBLIe COGCTBEHHBIE TMCIa ONEPaTOPa AAY, [¢;) — ero
cO6CTBEHHEIE BEKTODHL, a |1;) = A]-_IAT|§]-). Torga ||Aller = 325 Aj-
[aa moboro onepatopa X

| Tr AX| <0 A Trlg)mlX | < D AlIXH = AN X -
J J

C apyroit croponst, ecmn Baath X = ). |n;){§;|, To | X[ <1, a TrAX =
= || Aller-

W3 JOKa3aHHOT'O NPEICTABIEHUA 1A || - ||¢r J€CKO ciiefyeT HEpaBeHCTBO
TPeyrofbHUKA, a MOJOXKUTENTBHOCTE M OJHOPOHOCTD || - |l¢r O4€BUAHBL
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14.2. CpoutcTBO a):

HABl|i: = sup
X#0

| Tr ABX]| [|4lleclBX |
< su
IXT Sz 0X]
AHalOru4HO JOKA3LIBAETCA U CBOMCTBO 6) (BOCHOJB3yHTECH PABEHCTBOM
Tr ABC = TrCAB).
CpoicTso B):

< Al BI-

= [TAD|

CaoitcTeo r): gua moboro A € LN @ M)
= [E(Tra AX)] [T (AKX © Ta)|
WTn Al = 20 =5 = $8  Xenu < M4l

CBo#cTBO 1):

IA® Bl = Tr/(A® B) (4® B) = Tr (VATA® VBIB) = [|Allul|Bllsr-

14.3. Ilycts F — mpoCTpPasCTBO COCTOAHMH q-GuroB u3 A, a N —
HIPOCTPAHCTBO COCTOAHMH OCTAABHHX q-6uToB. O603HadMM

D=IyQF: NF - N.

Ecmn X,Y € D, o Y1X € Iy ® L(F) = £(A). Crenosarensno, xog M
ucnpasuseT omunbxu u3 D.

IIpeo6pazoBauue T': p +— Trr p MOXET OHITL PA3IOXKEHO B OLNEPATOP-
HyI0 cyMMYy (¥x), cM. pemenue 3aga4u 10.1. Oneparopur W, u3 sT0ro pas-
JOXEHNA MpuHAAIexaT npocTpancTey D, noatomy T € D - DY. Ocranocs
BOCIIOJIL30BATHLCA TeopeMon 14.2.

14.4. Tlpocrpancteo F', cooTBeTCTBYyIOIEE UCKOMOMY KOJY, TIOPOX 13-
eTCA CTPOKaMH TaOaHUIELI

1 0 10 01 01 00
10 01 1 0 ¢ 0 ¢ 1
01 00 01 10 01
01 01 ¢ 0 01 10

Moxuo nposeputs, 4T0 W(f;, fr) = 0 Ana MOGLIX ABYX CTPOK fj, fr. 3ame-
THM, YTO CTOXOUK! B Tabauue pa3buTsl ua naps. Ecau BagTs mobuie gBe na-
PHL, TO cOOTBEeTCTBYIOIME 4 CTOa6UA MMHENHO He3aBUCUMEL. CaeaoBaTe b
HO, M3 CTPOK BCErJa MOXHO COCTABHTD JMHEHHYI0 KOMGHHALMIO, KOTOPAs B
ABYX 33 aHHBLIX TAPAX NO3ULMIA COACPXUT 3aJaHube Yucia. [losTomy ycio-
Busa w(fj,g) =0 (j = 1,2,3,4) npu |g| £ 2 MOryT BBHINONHATBCA TONBKO
ana g = 0.

14.5. (Cwm. [22, 33].) JomycTum, uto M — koj Tuna (4, 1), ucnpasisio-
it oany ommbKky. Torga ox AoskeH OGHAPYKUBATE 10 KPaHEU Mepe ABe
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ommbKy, B 9aCTHOCTH, ommbku B q-6uTax [1,2], a Takxke B q-6uTax (3,4].
DTo 03HAYAET, YTO IPOUIBOIBHOE coCTOsHME p € L(M) MOXHO BOCCTaHO-
BHTB KaK 1O IEPBLIM, TAK 1 [0 OCTEAHMM ABYM g-6nTam (cM. 3ajady 14.3).
IloxaxeM, 4TO 3TO HEBO3MOXKHO.

MycTts Nj — IPOCTPAHCTBO COCTOAHMM G-GMTOB (1,2], a N2 — npocT-
PaHCTBO cocTosuuin q-6utos [3,4], Torga M — 3TO MOANPOCTPAHCTBO B
N, ® Na. Broxenue M — Nj ® Ny ob6osnatinm yepes V (310 usomeTpu-
weckuit oneparop). Illycts Takxke Ti: p = Trn, p u T2: p Tra, p —
npeobpasopanus ommbok, a P: Ni = M u Pp: Ny = M — cooTset-
cTByIomMe ucnpapisiomye npeobpasosanus. Torga npeo6pasosanue P =
(P, @ P)(V-V1): M - M ® M obrajaer ciefyiomum CBORCTBOM: A
moboro p € M

Trw, Pp = Tra, (P ® P)(VpVH) = PTW(VpV!) = p,
Try, Pp = Trw, (P ® P2)(VpVH) = RTa(VpV) = p.

Cornacno 3agade 10.5 mepBoe TOXAECTBO O3Ha4aeT, 4To Pp = p ® 72, Tfie
72 He 3aBUCHT OT p. VI3 BTOPOro TOXJECTBa CIEAYET, ITO Pp=m®op
Toayunin npoTusopedne: 71 ® p = p ® ¥z, TAe p —umoboe.

14.6. OnumeM KpaTKO HAEIO PELIEHUs 3TOM 3aJaH.

OCTATOYHO PacCMOTPETH OGHO M3 ABYX IPAMHIX CJaraeMEIX TOpHUte-
ckoro koga. KoMmonenTa cuaapoMa paBHa 1 41s Takoro yana PeléTKH, B
3Be3Jy KOTOPOT'O BXOAUT HEYETHOE YHMCIO PEOGEp ¢ HEHYJeBEIMU BECaMH B
1-11em, COOTBETCTBYIOEH BEKTOPY OMIMOKM g®.

TlosToMy mOTyYaeM TakKyo 3ajJa4y. 3aJaH0 HEKOTOpOe MHOXEeCTBO D
yanoB pemérkn. M3 Bcex l-uemeit C, rpaHdlia KOTOPBIX COBHAAAET C D,
HYHO BRIODATb Ty, B KOTOPOM HaUMEHbILIEe IUCI0 pébep HeHyJIeBOr'O BeCa.
HeTpyaHO cOO6pPa3uThb, YTO Takas l-1ens pacnagaeTca B OObeMHEHNE Iy~
Telt, COeANHAOMMX yaTnl U3 MHOXeCTBa D (mobnie [Ba Pa3nUiHLIX Ny TH He
uMeroT obmux pébep), NIpUIEM 3TH IIyTH MOXKHO CIMTATH KPATYANILINMA.
Tak 4TO 3aja4a OmpeAeJeHns OUMOKY o CHHAPOMY CBOAMTCA K 3adaue o
636euLennom napocovemanuy: 1al rpad G (B HalleM cIy4ae TONHEN), Ka-
XAOMY €ro pe6py NpHUIKCAH BeC (B HAIeM CJy4ae — PACCTOAHME MEXAY
y3/1aMu TI0 PEIETKeE), HyXKHO HAUTH MapOCOYeTaHue, Ha KOTOPOM JOCTHIra-
eTCst MUHMMYM CyMMBI BECOB IO p&6paM, BXOAAIIMM B NapOCOETaHHE.

Ins 335341 O B3BEIIEHHOM IIAPOCOYETAHNM M3BECTHHI TIONNHOMHAILHEIE
aaropuTM™ul (cM., Hanpumep, {11, ru. 11], rie omncan aIrOpUTM, OCHOBaH-
HBLIN HA WAeAX JUHEHHOrO IPOrPAMMHMPOBAHMA).
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